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Résumé

Dans un contexte industriel, l’utilisation de modèles diphasiques d’ordre réduit est nécessaire pour pou-
voir effectuer des simulations numériques prédictives de l’injection de combustible liquide dans les cham-
bres de combustion automobiles et aéronautiques. En effet, les résultats de ces simulations servent à la
conception de nouveaux équipements, plus performants, et qui permettent de réduire la consommation
de carburant ainsi que l’émission de polluants. L’un des facteurs clés d’une combustion de "bonne qual-
ité" est l’amélioration du processus d’atomisation lors de l’injection : la taille et la répartition spatiale
des gouttelettes créées lors de l’atomisation sont en effet déterminants lors de la combustion. Cepen-
dant, ce processus d’injection, depuis le régime diphasique de phases séparées à la sortie de l’injecteur,
jusqu’au régime de phase dispersée qui caractérise le brouillard de gouttelettes, est un problème impli-
quant des mécanismes physiques dans une très large gamme d’échelles. Aujourd’hui, la dérivation d’un
modèle d’ordre réduit capable de prendre en compte toutes ces échelles, mais aussi le développement
de méthodes numériques associées qui soient précises et robustes, demandent des avancées majeures en
modélisation, méthodes numériques et calcul haute performance (HPC). Ces trois aspects sont abordés
dans cette thèse.

La première partie de ce travail est donc consacrée au développement de modèles diphasiques, permet-
tant de décrire plusieurs régimes et configurations d’écoulement. Parmi les approches proposées dans la
littérature, les modèles de mélange compressibles semblent être un point de départ intéressant, puisqu’ils
sont couramment utilisés dans des méthodes de capture d’interface pour les écoulements à phases sé-
parées. Ces méthodes ne nécessitent pas de reconstruction de l’interface, celle-ci est située dans une
zone de diffusion liée choix de discrétisation des équations. A partir des modèles de mélange, et de la
même manière que pour la dérivation de modèles bifluides décrivant les milieux à bulles, le principe
variationnel de Hamilton et le second principe de la thermodynamique sont utilisés ici pour enrichir ces
modèles et décrire des effets de sous-échelles, choisis a priori. Ces effets correspondent à de la pulsa-
tion de l’interface et sont pilotés par deux paramètres: une micro-inertie et une micro-viscosité. Une
hiérarchie de modèles reliés par ces deux paramètres est alors dérivée : le modèles le plus complet de
cette hiérarchie (modèle à 5 équations) intègre ces effets de micro-pulsation, tandis que le modèle le
plus réduit de la hiérarchie (modèle à 3 équations) correspond au modèle de mélange des méthodes de
capture d’interface. Le modèle à 5 équations est comparé à un modèle de référence et à des données
expérimentales dans un contexte de milieux à bulles. Cette comparaison permet de vérifier la pertinence
de ce modèle pour décrire les effets de sous-échelle et aussi d’identifier analytiquement les expressions de
la micro-inertie et de la micro-viscosité. Enfin, une étude de la description géométrique et statistique des
interfaces permet d’envisager de nouvelles pistes pour permettre aux modèles de mélange diphasiques
une description d’effets interfaciaux plus généraux et ainsi d’être couplés avec les modèles cinétiques pour
la description de la phase dispersée.

La seconde partie des travaux présentés dans cette thèse concerne une stratégie de discrétisation des
équations adaptée aux modèles de mélange diphasiques compressibles. D’une part, le caractère bien posé
de ces modèles permet d’adapter des solveurs de Riemann approchés classiques et de résoudre la partie
convective des équations. Les adaptations de ces schémas permet en outre de remédier aux difficultés liées
au rapport élevé des impédances acoustiques et des densités des deux fluides et qui, pour certains schémas
génèrent des surcoûts de calcul. Grâce à une technique de séparation d’opérateurs, les termes sources sont
intégrés indépendamment, à l’aide de solveurs d’équations différentielles ordinaires appropriés et gérant la
raideur des termes sources. Enfin, la nature compressible des équations est connue pour être mal résolue
par des schémas de type Godunov dans des régimes d’écoulement à faibles nombres de Mach. A partir de
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travaux de la littérature, nous proposons des schémas numériques qui résolvent ces difficultés. D’autre
part, nous proposons d’adapter certaines méthodes de volume finis, généralement utilisées sur des grilles
structurées régulières, à des grilles non conformes, caractéristiques de grilles adaptées dynamiquement
(maillages AMR). L’objectif des méthodes présentées est d’augmenter la précision de la solution dans
les zones proches de l’interface, pour limiter sa diffusion. Ces méthodes sont testées sur des problèmes
de Riemann classiques, des tests 1D et des simulations d’écoulements interfaciaux. En particulier, des
simulations de rupture de barrage permettent de tester la stratégie numérique dans des configurations
d’écoulements bas-Mach. Les comparaisons avec des données expérimentales montrent que malgré la
simplicité du modèle, la dynamique de l’écoulement liquide est très bien reproduite par la simulation.

Enfin, la dernière partie aborde le développement d’un code de calcul AMR, ayant une bonne scalabilité
sur des architectures massivement parallèles et permettant la simulation de modèles diphasiques. Basé sur
la bibliothèque AMR p4est, le code CanoP a été développé conjointement par la Maison de la Simulation,
le laboratoire EM2C de CentraleSupélec et l’IFPEn. CanoP permet d’utiliser des schémas de volumes
finis pour résoudre des équations de la mécanique des fluides, telles que les modèles diphasiques, des
modèles de spray ou les équations d’Euler. Des résultats de performance sur la machine Occigen, ainsi
que des simulations 2D et 3D sont ici réalisés et analysés.

L’ensemble du travail constitue une base pour des études plus approfondies des écoulements diphasiques
et des développements de modèles physiques, vers une modélisation unifiée, ainsi que des méthodes
numériques vers des méthodes d’ordres plus élevés. Grâce à sa modularité et à sa scalabilité parallèle, le
code CanoP permet de tester ces nouveaux modèles et schémas pour des coûts de développement et de
simulation réduits.
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Introduction

0.1 General context

0.1.1 Multiphase flows in environmental and industrial contexts

Both our present daily life and long term future are determined by the access and use of energy. That is
the reason why an efficient use of available resources raises multiple challenges, like enabling savings on
their use. This is especially true when these resources are non-renewable. Moreover, the production of
energy often generates pollutants. Controlling and reducing the emissions of these pollutants represent
today the second greatest challenge of the energy sector. Nowadays, fossil fuels still represent a major
source of energy, and more particularly in the transport sector. Due to their increasing scarcity and
increasing cost of extraction, combustion devices relying on this source must be designed so as to improve
the efficiency of the burning processes. A combustion of better quality implies also lower productions of
CO2, which is one of the current main greenhouse gases (in terms of mass it is the most widely produced
greenhouse gas), of nitrogen oxides (NOx), of soots and other particles, which may pose a health risk.
Many research studies are conducted in order to better understand the combustion mechanisms and to
develop more efficient engines. Among the critical mechanisms involved in fuel combustion in aeronautical
and automotive engines, multiphase flows play a key role.

Multiphase flows are characterized by the presence of two or more phases with different properties. For
example, one phase may be liquid while the other is gaseous or solid. An interface delimits the zones
of validity of their intrinsic properties. This interface evolves according to the material velocities of the
phases, to phase transition or to interfacial energies. Multiphase flows can take a large variety of forms
and are encountered in a wide range of natural and industrial processes: their modeling is thus at the heart
of numerous studies. One can mention their presence in numerous energy devices, such as thermal power
plants, where energy is transferred through phase changes, or in nuclear plants, where they are studied
for security purposes. Fluidized beds involve solid-gas or solid-liquid two-phase flows and are used in the
chemical and food industries (Tsuji, Kawaguchi, and Tanaka (1993)). Understanding the interactions
between two-phase flows and mechanical structures is also of large interest in coastal engineering or in
the development of marine energy devices: for example, wave breaking can have damaging effects on
these structures, whose design must then resist these effects (Hayatdavoodi and Ertekin (2016)). Natural
multiphase flows are also the subjects of multiple research studies, such as the motions of particles in
the atmosphere or of sediments in the oceans. One can also find studies on the prevention of natural
hazards, such as avalanches or forest fires. Finally, in the astrophysical domain, the formation of planets
or protoplanetary disks can be described by means of multiphase flows models (Cuzzi, Hogan, and Shariff
(2008)).

The objective of most of these studies is to be able to predict the evolution of multiphase flows in a given
configuration. These predictions may be achieved by using models, i.e. sets of equations, whose solutions
give more or less accurate descriptions of reality. Developing new models or improving existing ones may
be done in several ways. For example, complex phenomena can be better understood from observations
and analysis of experimental studies. Experimental data are also used to validate models predictions.
Models can be developed from theoretical and mathematical grounds. Then, they may predict physical
mechanisms that have not yet been observed experimentally. A third approach consists in using the
numerical simulation to better understand some mechanisms that are experimentally hardly observable.
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Figure 1: Exponential growth of supercomputing power as recorded by the TOP500 list. From TOP500
(2017)

Numerical simulations however necessitate a model, which is solved with appropriate numerical tools.
One category of numerical simulations is called Direct Numerical Simulation (DNS): for a given
model and a given physical phenomenon, a range of scales may be determined for the validity of the
model. Then, the resolution of all the scales of the problem is ensured by a discretization of the equations
that is as fine as the finest physical scales. For turbulent monophasic flows for example, the finest scale
is the Kolmogorov scale. However, for two-phase flows and more specifically for the resolution of the
interfacial phenomena, the smallest scales are often hard to determine. We refer to Scardovelli and
Zaleski (1999) and related works for examples of DNS attempts of two-phase flows. DNS can also
be used to derive averaged laws for a given system, such as experiments do. Indeed, the study of
the whole system may help understand macroscopic-scale or collective effects. However, DNS requires
considerable computational resources. The increasing development of the High Performance Computing
(HPC) infrastructures, has facilitated DNS use. This trend is illustrated in Figure 1, that shows the
evolution during these last years of the performance of the whole HPC resources, of the first and the 500th
machines worldwide. Hence, ever bigger and more complex problems can be simulated with DNS (Chen
(2011)). But numerous local smaller clusters also allow numerical simulations to develop, in the academic
as well as in the industrial sectors. With the computational resources available on such machines, DNS
is often not tractable. Other approaches must be developed: since one cannot simulate all the scales of
the physical problems, one must consider models, which are valid at larger physical scales. These models
are called reduced-order models. Moreover, the numerical tools used to solve these models must be
reliable, accurate and performant, so that physically relevant results can be obtained for a reasonable
computational cost.

Simulations of combustion in automotive (and aeronautical) engines are examples of complex problems,
for which DNS may be very expensive. However, simulation tools are essential for the design of new
mechanical devices, or to study the origins of the pollutant emissions. Among the main focus is the
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Figure 2: Pollutant formation in a φ - T diagram. Source: Kamimoto and hoan Bae (1988)

simulation of the combustion mechanisms, for the reasons that are mentioned in the next section. Nu-
merical strategies for this simulation must be affordable in an industrial context, where both time and
computational resources are valuable.

0.1.2 Overview of current issues about combustion and combustion engines

Let us give an overview of the mechanisms which may reduce the combustion efficiency and cause
the formation of pollutants in combustion engines. More specifically, let us have a look at the two
main categories of reciprocating engines used in the automotive sector: the gasoline and Diesel engines.
For both of them, a mechanical energy is produced by the expansion of burnt gases, issued from the
combustion of a fuel with an oxidizer (the air).

Usually, in gasoline engines, air and gasoline are premixed before entering the combustion chamber.
Combustion is then activated by spark ignition. A certain quality of the combustion is ensured by the
good mixing of air and fuel and the homogeneity of the air-fuel ratio, close to the stoichiometric mixture
in the combustion chamber.

Diesel engines are based on the injection of the liquid fuel directly into the chamber and ignition occurs
due to the air compression. In a first stage of the combustion process, the fuel that has been injected
before ignition starts burning. In a second stage, the flame is located near the fuel jet. Finally, when
the fuel injection is over, the remaining unburnt fuel may continue to burn, according to its location and
the conditions inside the chamber. The pollutants are mainly produced during this last stage, where the
combustion is less controlled and suitable conditions for their development can be found. Figure 2 shows
a diagram of conditions for soots and nitrogen oxides formations. A part of the current research fields
about combustion aims thus at understanding precisely the combustion mechanisms and at the modeling
of the mechanical and thermodynamical processes, related to the pollutants formations. Furthermore, it
is essential to ensure a combustion, as good as possible, during the stage of injection. During this critical
stage, the fuel, injected at a high-pressure and high-velocity regime, is atomized and creates a cloud of
very small droplets. Due to the pressure and temperature conditions in the chamber, these droplets are
then partially vaporized, before this air-fuel mixture starts to burn. If the droplets are too large, they
will not fully evaporate and will not burn during the injection stage. Understanding and improving the
atomization process, so as to get droplets as small as possible, is a research topic that has been studied
by many authors over the years.

In the following sections, we first present the main physical mechanisms involved in the atomization
process, and the physical scales that are associated with these mechanisms. This description will show
that atomization is a multi-scale process, whose modeling and simulation represent still challenges. We
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will present the different approaches that can be found in the literature to deal with this problem, and
show their limits. Then, we will focus on computational techniques used in a HPC context. Finally, we
will present the issues, about modeling and discretization strategies, addressed in the present work, and
our contributions to tackle these issues.

0.2 Physical description of the atomization processes

As we have mentioned in the first section, one key parameter for a combustion of good quality lies in the
way the liquid fuel is atomized. Let us now give a first description of this process. This will highlight
the possible modeling issues.

0.2.1 Primary and secondary break-ups

In Figure 3 we present a sketch of the liquid fuel injected in the chamber. Initially in a one piece of
space volume, called the liquid core, the liquid phase going out of the injector undergoes instabilities
that deform the gas-liquid interface. These deformations grow and create ligaments. Then, due to
different break-up mechanisms, these ligaments are split into drops that are detached from the main
liquid core: this is the primary break-up. Due to interface deformations, bubbles may enter the liquid
phase. Bubbles may also be created by cavitation phenomena, because of strong pressure variations.
These phenomena may appear within the nozzle (Reitz and Bracco (1982)). Finally, the drops that have
detached from the main liquid core can be divided again, creating then a cloud of fine droplets: this is
the secondary break-up.

Understanding precisely the break-up phenomena is still an open research area, and only recent ex-
periments (Marmottant and Villermaux (2004)) or DNS results (Berlemont, Ménard, Aniszewski, and
Vaudor (2016)), have shed some light on this matter. However, it clearly appears that the atomization
is the result of instabilities that grow at the interface between the two fluids. Different phenomena are
competing, among which, the relative inertia of the two phases, their velocities, their viscosities and
surface tension. A classic approach in fluid mechanics consists in analyzing dimensionless numbers that
characterize the flow.

0.2.2 Surface instabilities and dimensionless numbers

Instabilities of different natures contribute to a more or less large extent to the atomization process (see
an illustration in Figure 4). These instabilities are:

• the Kelvin-Helmholtz instabilities, defined by the interface deformation due to a velocity differential
between the two fluids, and the effects of viscosity on the transitional velocity profile,

• the Plateau-Rayleigh instability, occurring at low Reynolds (no turbulence) and low Weber (pre-
dominance of surface tension effects) numbers, after the interface has undergone Kelvin-Helmholtz
instabilities. When these deformations are large enough, the surface forces lead to the separation
of drops from the main liquid core,

• with increasing Weber numbers, the Kelvin-Helmholtz instabilities occur closer to the nozzle exit.

In general, increasing the velocity differential between the liquid and the gas phase tends to increase
the break-up effects. Indeed, increasing the velocity generates more turbulence and also increases the
aerodynamic forces (see Figure 5). The prevalence of these instabilities according to the flow conditions
can be characterized by the following dimensionless numbers:

• the Reynolds number, Re, characterizes the ratio of the inertial forces with viscous ones and the
turbulent regime of the flow (index l is for the liquid phase, g for the gas phase):

Rel,g “
ρl,gul,gDl,g

µl,g
.

Turbulence within the liquid phase contributes to its surface deformation,
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Separated-phase zone

Disperse-phase zone

Figure 3: Sketch of a liquid fuel injection and examples of separated-phases and disperse-phase zones.

• the Weber number We characterizes the ratio of the inertial forces with the surface tension effects.
It may be considered either as an external force ratio applied to the liquid volume by the gas
motion:

We “
ρgpug ´ ulq

2Dl

σl
,

or from the liquid side:

Wel “
ρlu

2
lDl

σl
.

The velocity differential between the two phases contributes to interfacial instabilities, while surface
tension maintains some regularity of the interface (Figure 6),

• the ratio of kinetic energies J is used in cases where the gas motion helps the atomization of the
liquid core (air-assisted atomization, cross-flow configuration):

J “
ρgu

2
g

ρlu2
l

,

• for the ratio of viscosity forces with surface tension effects, one usually considers the Ohnesorge
number Oh defined for the liquid phase by:

Oh “
?
Wel
Rel

“
µl

?
ρlσDl

.

0.2.3 Parameters of the atomization in Diesel engines

Let us complete this part dedicated to the physical description of the atomization processes by giving
some orders of magnitudes of the injection parameters and dimensionless numbers in Diesel engines
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Figure 4: Photograph of the instabilities that can develop at the surface of the main liquid core (picture
from Lasheras and Hopfinger (2000)).

ug (m/s)0 0.4 0.6 0.8 2

Figure 5: Series of photographs of air assisted injection with co-axial jets at different velocities of air.
Sources: CORIA



Introduction 7

ul (m/s)1.4 24 47

Weg0.02 6 24

Figure 6: Series of a free jet injections with different inlet liquid velocities. Sources: CORIA

configurations. In such configurations, the liquid phase is introduced in the chamber at high pressure
and high velocity:

pl « 1.0 ¨ 108 Pa and ul « 1.0 ¨ 102ms´1.

Typical Reynolds and Ohnesorge numbers are:

Re « 1.0 ¨ 104 and Oh « 5.0 ¨ 10´2.

In these conditions, the instabilities lengths and the drops sizes, issued from the primary break-up, are
at the order of 10´5 m. After the secondary break up the droplets can be of a size as small as a few
micrometers (10´6 m). The nozzle diameter is around 10´3 m and the combustion chamber about 10´1

m (Lee and Park (2002)). Turbulent structures also interact with the jet and the droplets, and a typical
size is given by the Kolmogorov scale. Although all these data are only rough estimations (the exact
data strongly depend on the configurations), and only about spatial quantities, one can see that a full
description of the injection process involves a wide range of physical scales.

These problems are called multi-scale problems and their resolution raises difficulties, since all scales
have to be taken into account in a modeling approach for predictive simulations. For example, in Dois-
neau, Sibra, Dupays, Murrone, Laurent, and Massot (2014), it is shown that modeling the interactions
between the cloud of droplets and acoustic phenomena necessitates an accurate description of the dis-
persion in size of the droplets.

Remark 1. Recently, the standard view of liquid atomization has been questioned Dahms and Oefelein
(2013), due to the pressure and temperature conditions, close to the transcritical regime in the new
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configurations of Diesel engines. Although the instabilities mechanisms are different in this regime, the
injection can still be seen as a multi-scale two-phase flow with similar issues.

0.3 Challenges in the modeling of atomization

0.3.1 Different classes of two-phase flows

The question of modeling multi-scale two-phase flows can be approached in two ways:

• one can consider models which are valid at the finest scales of the problem. When describing
the evolution of an interface, such models must predict the motion, deformation, break-ups and
coalescence of this interface. In the case of the atomization of a liquid jet, the typical structures of
the interface may have sizes from 10´3 m close to the nozzle exit down to 10´7 m for the smallest
droplets. Such approach must then be valid at scales that are below 10´7 m,

• one can take advantage of a certain homogeneity of the finest structures and develop an appropriate
reduced-order model. This model will be valid at a scale larger than the finest scales. In two-phase
flows, these structures correspond to different possible topologies of the interface.

In Ishii (1975) and references therein, different categories (or classes or regimes) of two-phase flows are
identified. Among these categories, one has the separated-phase flows, where both phases cover large
and continuous spaces, and their separation is defined by a unique or by few portions of an interface.
Another category is the disperse-phase flow where one of the phases is composed of an extremely
large number of topological objects, surrounded by the other, continuous, phase. Taking the atomization
process as an example, a separated-phase flow corresponds to the region close to the nozzle exit, while
the cloud of droplets enters the category of disperse-phase flows (see Figure 3). The transition zone is
called mixed or transitional flow in Ishii (1975).

Models valid at the finest scales of the problem will be used for DNS. For two-phase flows, this approach
consists in solving continuum equations of fluid mechanics at any location, with fluid parameters, like
density, viscosity or state laws, depending on the phase. The interface is considered as a sharp discontinu-
ity, and jump relations across the interface are used to describe mass, momentum and energy exchanges.
The essential point of DNS is that the interface is assumed to be exactly located. Now, when looking
at the orders of magnitude of the previous paragraph, the DNS approach would require an accuracy up
to 10´7 relatively to the typical scale of the whole domain. This approach is then interesting for the
study of poorly understood interfacial phenomena (like the evaporation of the droplets, drag forces, etc),
but such a problem size is not affordable for numerical simulations of the whole injection process in an
industrial context. It may however be used for the description of the separated-phase zones and may be
coupled with a more appropriate description of disperse-phase flows.

Reduced-order models for two-phase flows include different types of models. Some of these models are
issued from the averaging of the continuum equations, in order to get a mean description at larger scales.
These averaged equations may be used for both separated and disperse phase flows. Other models are
based on a statistical description of the disperse-phase flows.

Let us give some more details about these different methods and discuss then some recent works that
propose to combine approaches for both separated-phase and disperse-phase flows.

0.3.2 Interface tracking and interface capturing methods

We present here a series of methods which aim at modeling two phases that are separated by an interface,
and in particular they aim at predicting the evolution of this interface. These methods are thus well-suited
for separated-phase configurations and can be classified in two categories, according to their definition
of the interface:

• the interface can be defined as a discontinuity, whose motion and evolution are resolved in the
referential of its own motion (in a Lagrangian description): these methods are called interface
tracking methods;
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• the interface is a surface that is represented by a function. The values of this function are evolved
through time in a fixed referential: these are interface capturing methods.

0.3.2.1 Interface tracking methods

The simulation of fluid dynamics often involves to discretize the space using a grid. The numerical
solution is then given at the different points of the grid. In fully Lagrangian methods, this grid is moving
and follows the fluid motion. It is then obvious that, without phase change (evaporation, condensation),
the points that are initially located on the interface will stay on it, and may help locating this interface.
One of the most known methods involving partially a Lagrangian description is the Front Tracking
method (Tryggvason, Bunner, Esmaeeli, Juric, Al-Rawahi, Tauber, Han, Nas, and Jan (2001)), where
the fluid equations are solved on a fixed grid, while a second moving grid is used to track the interface.
The method leads to accurate results, but the combination of different grids may be complex to deal
with in a numerical point of view.

0.3.2.2 Interface capturing methods

Among the interface capturing methods, the function used to implicitly locate the interface may be of
different nature. It can be:

• a level set function that represents the distance separating a given point from the interface in the
vicinity of this interface,

• a piecewise constant function whose discontinuity locus represents the location of the interface,

• a smooth function that experiences important variations in zones of the computational grid that
will represent the interface location as transition zones (like in phase-field or Cahn-Hilliard models).

Let us note that with the second method, two options may be considered:

• the interface is assumed to remain a discontinuity and the method does only handle zones where
the color function is 0 or 1. Often, like with VOF methods, the interface must be reconstructed,

• the color function is allowed to spread due to numerical diffusion, but must converge towards the
real discontinuity when the diffusion is decreased. Also, the method must propose a coherent way
of treating the diffusion zones.

Level-Set

In Level Set methods (see Osher (1988)), the implicit definition of the interface is given by a distance
function (the distance from the interface) ϕ whose zero iso-values draw the interface (see Figure 7a).
This function is advected by the fluid material velocity according to the following law:

Bϕ

Bt
` uT∇ϕ “ 0. (1)

Once this equation is solved over some time iterations, the level-set function must be rescaled, so as to
stay a distance function (i.e. satisfying |∇ϕ| “ 1), at least in the neighborhood of points where ϕ “ 0.

The advantages of the Level Set method are its ease of use and its accuracy for the interface description,
provided that the scale of resolution is actually the scale of the finest interfacial structures. It is moreover
easy to exploit the distance function so as to get the interface geometrical information (see Chapter 3).
Among its shortcomings however, it is well-known that mass is not conserved when the level-set is rescaled
and the method does not provide a model for the unresolved scales.

Volume-of-Fluid

The second widely used interface capturing method is the Volume-of-Fluid ((VOF) method (Hirt and
Nichols (1981)). Now, the phase indicator is given by a color function C, satisfying the following transport
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(a) Illustration of Level-Set method. Source Wikipedia. (b) Illustration of VOF method. Source
Wikipedia.

Figure 7: Level-Set and VOF methods.

equation:

BC

Bt
` uT∇C “ 0. (2)

Then the interface is reconstructed in cells where 0 ă C ă 1 so as to conserve the masses of both phases
(see an illustration of the method in Figure 7b). In the case of incompressible fluids, C can be considered
as the volume occupied by one of the phase, relatively to the volume of the grid cell. This quantity is
then called volume fraction. Ensuring mass conservation comes down to conserve the volumes of both
fluids through the reconstruction of C. While VOF method ensures mass conservation, its use is often
much more complex than the Level-Set method (Le Chenadec (2012)).

Multiple hybrid methods have also been developed to combine the advantages of Level Set and VOF
methods: for instance the CLSVOF method (Bourlioux (1995); Sussman and Puckett (2000); Ménard,
Tanguy, and Berlemont (2007)), or the hybrid Lagrangian-Eulerian methods of Le Chenadec (2012).

All these methods are used in a DNS context, and necessitate high resolution so as to be reliable: it is
indeed not ensured that these approaches are able to capture all deformations when the interface under-
goes strong wrinkling. However, in many cases, or for high-resolution simulations, they provide valuable
information on the interface topology, like the surface area density, which is an essential parameter in
combustion problems.

Let us also mention that compressible methods with interface reconstruction have also been developed
as in Jemison, Sussman, and Arienti (2014) for example.

Diffuse interface and phase-field models

Another approach considers that the interface has in fact a thickness of controlled width. Within this
interfacial zone, a phase-field variable evolves continuously and according to an advection-diffusion law,
so as to satisfy a Cahn-Hilliard type equation (Cahn and Hilliard (1958); Cahn and Hilliard (1959a);
Cahn and Hilliard (1959b)). The interfacial zone must be kept at a constant width δ and in the limit
δ Ñ 0, the sharp interface solution must be recovered. Let us mention that diffuse interface methods
using directly the strong variations of the medium density have also been studied using a van der Waals
equation of state for describing both phases of the flow. One can find more details on these methods in
Jacqmin (1999); Jamet, Lebaigue, Courtis, and Delhaye (2001); Jamet (2010).
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Interface capturing methods based on two-fluid or mixture models

Contrary to the sharp or diffuse interface methods, the interface capturing methods do not need the
interface to be infinitely thin or of controlled width, since they solve two-fluid or mixture models. In
these models, the equations of both fluids are solved, assuming that at px, tq one can find either a pure
fluid, or a mixture of both fluids. The physical discontinuity between the phases is assumed to lie in a
mixture zone, which is created by the numerical diffusion. However, the method must converge to the
exact discontinuity when the numerical resolution is finer. This interface capturing method acts in the
same way as many shock capturing methods, that create smooth but strong gradient zones converging
towards the physical shocks as the space discretization tends to zero.

Dealing with this spread interfacial zones requires to provide constitutive laws for the medium in these
zones. One often refers to mixture laws, since these laws may be derived from real mixture models
(in the same way as the averaged systems of equations). Let us precise that the two fluids are still
immiscible: the mixture zone is considered as a sub-scale set of continuous volumes of the two fluids.

For example, an interface capturing model that will be encountered throughout this thesis is the homo-
geneous and isothermal two-phase model:

$

&

%

Btρ ` div pρuq “ 0
Bt pρY q ` div pρY uq “ 0
Bt pρuq ` div

`

ρuuT ` p Id
˘

“ 0
(3)

where both fluids share the same pressure p and same velocity u. The mixture density and the mass
fraction of one of the fluids will respectively be ρ and Y (the other mass fraction being 1´ Y ). Initially,
both phases are identified by the value of Y field, which is 0 in one of the phase, and 1 in the other. The
numerical resolution leads to the apparition of a zone where 0 ă Y ă 1: this is the mixture zone, and
the real interface lies within this zone. This method is used in several works on separated-phase flows
(Chanteperdrix, Villedieu, and Vila (2002); Grenier, Vila, and Villedieu (2013); Bernard-Champmartin
and De Vuyst (2014)) and has the following advantages:

• the method does not necessitate any reconstruction, which could be computationally expensive,

• numerical diffusion depends on the numerical scheme used to discretize the equations. Gaining in
accuracy simply necessitates an increase of the accuracy of the numerical methods as proposed in
Després and Lagoutière (2001); Kokh and Lagoutière (2010) and used in Bernard-Champmartin
and De Vuyst (2014),

• the mixture zone may have a physical meaning, as we will see in Chapter 2, and is then suitable
for the development of sub-scale models.

Summary of the separated-phase flows modeling

All the methods presented in this section have been designed to solve the evolution of an interface, and
their level of accuracy must comply with the finest scales of the interface deformation. In cases of a
large number of pieces of interface (like in disperse phase flows) or for extremely small deformations of
the interface, using such methods could be computationally expensive. It could be envisioned to couple
them with disperse-phase models, that will be presented hereafter. But this coupling also necessitates
a certain compatibility between the approaches. Among the methods presented here, the interface
capturing method using mixture models seems to be related to the two-fluid models describing disperse-
phase flows, and may possibly be a good candidate for a coupling strategy.

0.3.3 Models and methods for disperse-phase flows

Let us consider a two-phase flow made of a carrier phase and a disperse phase, i.e. a phase composed of
a very large number of particles. Two standard approaches may be used to model this flow category:

• one can consider a macroscopic point of view, where the equations provide the evolution of the
flow mean quantities and the interfacial mechanisms have been averaged,
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• one can consider a mesoscopic scale, where the particles are considered as punctual and their
characteristics are internal variables.

The first approach leads to the derivation of two-fluid systems of equations, usually found in the modeling
of bubbly flows. From the mesoscopic description, two methods can be considered. First, each particle
is followed individually, this is the Discrete Particle Simulation or point-particle DNS. This method may
help understand the interactions between the carrier phase and the particles by taking into account many
mechanisms, such as heat transfers (Zamansky, Coletti, Massot, and Mani (2016)). However, due to the
large number of drops that must generally be simulated, this approach is not affordable for industrial
simulations and are not always well adapted to highly parallel computations, because of potential strong
inhomogeneities in the particles repartition.

The second method is inspired from the kinetic theory for gases: an equation governs the evolution of a
probability density function, that describes the flow of particles. The carrier phase is solved using classic
continuum equations of fluid mechanics, and source terms account for the interactions with the disperse
phase. This method provides efficient models for the description of polydisperse sprays of droplets, which
is an important feature in several industrial flows as well as for combustion simulations.

0.3.3.1 Averaged two-fluid equations

The averaged equations method gives rise to the family of two-fluid models. For example, these models
are used in Cheng, Drew, and Lahey (1985); Antal, Lahey, and Flaherty (1991); Ishii (1975); Drew
and Passman (1999) for the description of bubbly flows. Alternative techniques of derivation, based
on a variational principle, enable to recover similar equations as the averaged equations. These models
have been used for the description of pulsating bubbly flows in Gavrilyuk and Saurel (2002); Gavrilyuk
(2012). Another approach is used in the domain of the combustion of granular media, where the form
of the equations is postulated, and closure terms are derived so as to satisfy the second principle of
thermodynamics (Baer and Nunziato (1986)). Chapter 1 will review in more details these different
derivation techniques.

Usually, the averaged models rely on strong assumptions concerning the sub-scale structures of the
disperse flows. For example, all bubbles are spherical and of the same size. In some works, an equation on
the mean surface area density is added to the usual two-fluid equations and provides further information
on the interface topology. In Drew and Passman (1999); Drew (1990), equations on the mean geometrical
properties of the interface are also proposed. However, their closure still necessitates strong assumptions
on the topology of the interface. Moreover, in the case of sprays of droplets, the range of the droplets
sizes may be very large. This dispersion in size is better handled by the kinetic-based models.

0.3.3.2 Kinetic-based models

Within the category of kinetic-based approaches, one can find a large variety of methods. All these
methods are based on the definition of a number density function (NDF), that describes the statistics
of the population of particles according to the value of their internal variables. A population balance
equation, the Williams-Boltzmann equation (WBE), rules the evolution of this population of particles.
The NDF is defined over a space whose dimension is usually higher than the dimension of the physical
space. Indeed, the evolution of the population of drops will depend on its distributions in size, velocity,
temperature, etc. and on the evolution of these internal parameters. For example, evaporation effects
reduce the sizes of the droplets and thus, the distribution in size is modified. The phase space is the
name of the space of all possible values for these variables, called phase variables. Solving WBE in
all its phase variables dimensions is often very expensive. Consequently, one can consider the following
approach to solve, or approximately solve, WBE:

• when the space dimension is not too large (few phase variables), WBE can be solved directly.
This is done for example in plasma physics with Vlasov equation (Grandgirard, Sarazin, Angelino,
Bottino, Crouseilles, Darmet, Dif-Pradalier, Garbet, Ghendrih, Jolliet, Latu, Sonnendrücker, and
Villard (2007)),

• the stochastic Lagrangian approach (Bird (1994)) is based on samples of representative particles,
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which are tracked using a Lagrangian description. Although this method is accurate and probably
the most widespread for disperse-phase flows, its shortcomings come from its need of a very large
number of particles to converge statistically and the complexity to balance the work load between
the computing units in parallel computational architectures,

• the sectional or multi-fluid method consists in discretizing the NDF along its size dimension (Lau-
rent and Massot (2001); de Chaisemartin (2009); Laurent, Sibra, and Doisneau (2016); Nguyen,
Laurent, Fox, and Massot (2016)). WBE is integrated over the whole phase space in each size
section (which is bounded by a minimum and a maximum value in each section). Simplifying
assumptions (one velocity per size section) allow to derive a system of equations for the number
density of droplets, their mean momentum and mean energy, in each section. The sections may
exchange mass, momentum and energy with each other and with the carrier phase,

• the moments method makes use of equations on high-order moments of the NDF. This method per-
mits an accurate description of polydisperse flows (when the dispersion in size of the population
of droplets is large), but requires closure efforts, either quadrature techniques (McGraw (1997);
Fox, Laurent, and Massot (2008); Yuan, Laurent, and Fox (2012)) or with a reconstruction of the
NDF satisfying an entropy maximization (Massot, Laurent, Kah, and de Chaisemartin (2010a);
Kah (2010); Emre, Kah, Jay, Tran, Velghe, De Chaisemartin, Laurent, and Massot (2015)),

• the last two methods have been combined in hybrid multi-fluid methods: in each size section, a
few high-order moments of the NDF are considered. This method shows an accurate description
of the spray while reducing the number of size sections (Laurent, Sibra, and Doisneau (2016)).

Moreover, a new high-order moments method involving fractional moments has been introduced in
Essadki, de Chaisemartin, Massot, Laurent, Larat, and Jay (2016); Essadki, de Chaisemartin, Laurent,
and Massot (2016). In the following paragraphs, we are presenting this method in more details, since it
presents interesting properties in an eventual coupling strategy.

Number Density Function and Williams-Boltzmann Equation: we consider a set of N particles,
droplets for instance. A particle k, k “ 1, ..., N is represented by a point, that can be its center of mass,
with coordinates xk. The point evolves with a velocity uk, and is characterized by internal variables like
the surface area of the particle Sk, its temperature Tk, etc. Let us remark that for spherical particles,
Sk is characteristic of the size of the particle. For each particle, we define its internal phase space
ξk “ pxk,uk, Sk, Tk, ...q.

Let us consider an infinitely large number of disperse-phase flow realizations for the N particles, in
similar conditions. The mean realization is shown to converge to a normalized N-particles distribution
function f pNq : pt, ξ1, ...ξN q ÞÑ f pNqpt, ξ1, ..., ξN q such that:

ż

Γ

f pNqpt, ξ1, ...ξN qdξ1...dξN “ 1. (4)

This function satisfies the Liouville equation (Liboff (1969)). Now, we can assume that the particles do
not interact with each other, but only with the carrier phase: this allows to reduce the definition of f pNq
to the definition of a single-particle distribution function pt, ξq ÞÑ f p1qpt, ξq and to set:

f pNqpt, ξ1, ..., ξN q “
ź

kďN

f p1qpt, ξkq.

One finally defines the Number Density Function (NDF) f as:

fpt, ξq “ Nf p1qpt, ξq. (5)

With the same assumptions of the independence of couplings between the particles, the NDF can equiv-
alently been defined by:

fpt, ξq “

〈
ÿ

kďN

δpξ ´ ξkq

〉
, (6)
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where ă ¨ ą denotes the average over all realizations, δ is the Dirac delta function. Then, fpt, ξkqdξk is
the probability of finding a particle with a state ξ in the piece of phase space dξk at time t.

From Liouville equation for the N-particles distribution, one can first derive an equation for the one-
particle distribution function, and then Boltzmann equation for the number density function f :

Btf ` Bξ pFfq “ Cpf, fq,

where F stands for the effects applied to the particles which modify its phase state, and Cpf, fq is a
collision operator, valid for binary collisions between the particles. This equation is used in the kinetic
theory for gases. In the specific case of disperse-phase flows, one considers rather the Williams-Boltzmann
equation (WBE) that writes Williams (1958):

Btf ` Bξ pFfq “ Q` Γ,

where Q is a collision and coalescence operator and Γ is a break-up operator. When the phase variables
of a particle are its location x, velocity u, size S and temperature T , then ξ “ px,u, S, T q and WBE has
the form:

Btf ` divxpufq ` divupFufq ` BSpRSfq ` BT pHT fq “ Q` Γ, (7)

with:

• Fu the acceleration forces (for instance due to drag),

• RS the contributions to the size changes (for instance due to evaporation),

• HT the heat transfers.

The direct resolution of (7) in three spatial dimensions involves eight phase dimensions: three for the
position, three for the velocity, one for S and one for T . To reduce the phase space dimension, simplifying
assumptions can be made. For example:

• one can assume that the droplets are of the same size: this is the monodisperse assumption, in
opposition with the polydisperse one,

• one can assume that the droplets of the same size move with a same velocity: this is the monoki-
netic assumption, in opposition with the polykinetic one.

In the following, we will be interested in the dispersion in the droplets sizes and present below a method,
based on the moments of f , which can be used to solve (7).

Moments-based methods: first, let us define the moments of f . Let us assume that the phase
space variables are ξ “ pu, S, T q (x is always resolved), and defineMi1,i2,i3,j,kpt,xq the moment of order
i1 in the x-component of velocity (u1), i2 in the y-component of velocity (u2), i3 in the z-component of
velocity (u3), j in size (S) and k in temperature (T), by:

Mi1,i2,i3,j,kpt,xq “

ż

u

ż

S

ż

T

ui11 u
i2
2 u

i3
3 S

jT kfpt,x,u, S, T qdudSdT. (8)

Usually, the indices i1, i2, i3, j, k are integers and the first order moments in each direction of the phase
space define the mean values of velocity, size and temperature. When assuming that the liquid phase
is incompressible (of phase density ρl) and its internal energy is proportional to temperature, with the
specific heat capacity cP , one has:

M0,0,0,0,0pt,xq “ npt,xq,
ż ż ż

ρlV pSqfpt,x,u, S, T q “ mlpt,xq,

ż ż ż

ρlV pSqufpt,x,u, S, T q “ mlpt,xqvpt,xq,

ż ż ż

ρlV pSqcPTfpt,x,u, S, T q “ mlpt,xqept,xq,
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with npt,xq the number density of droplets, V pSq the volume of one drop given as a function of its surface
area S, mlpt,xq the mass density of liquid (different from the phase density ρl, and the following relation
holds: ml “ αρl where α is the volume fraction of liquid), mlpt,xqvpt,xq the mean liquid momentum
and ept,xq the mean internal energy.

The high-order moments method consists in deriving the equations for a certain number of moments of
the NDF. Closure relations are then necessary, since the integration of WBE (7) brings about multiple
moments of the NDF per equation. To illustrate this, let us derive the equation on the first-order moment
in size, assuming a monokinetic flow: fpt,x,u, S, T q “ npt,x, S, T qδpu ´ upt,xqq. Let us also assume
that the evaporation term follows a d2-law : RS “ ´K, with K a constant and that heat exchanges,
coalescence and break-up terms are zero: HT “ Q “ Γ “ 0. The acceleration force is a drag force given
by a Stokes law: F “

vg´u
τpSq with vg being the gas velocity, τpSq being a characteristic response time of

the droplet to the Stokes drag force. Finally, let us assume that τpSq “ DS, with D a constant. WBE
equation now reads:

Btf ` divxpfuq ` divu
ˆ

vg ´ u

DS
f

˙

´ BSpKfq “ 0. (9)

The multiplication of WBE (9) with Sk, k ą 0, and then the integration over all S, T and u values gives
the following equation for the moments mk “

ş

S

ş

u
Skf :

Btmk ` divxpmkuq “ ψ`k ´ ψ
´
k ´Kmk´1, k ą 0,

and

Btm0 ` divxpm0uq “ ψ`0 ´ ψ
´
0 ,

where ψ`k “ KSkmaxnpt,x, Smax, T q, ψ´k “ KSkminnpt,x, Smin, T q. For the maximum droplets size, we
expect the distribution to vanish. The source term ψ`k is then zero. On the other hand, the minimum
droplet size is Smin “ 0, then, for k ą 0, ψ´k “ 0. The last unclosed source term is finally ψ´0 “ KnpSminq.
Among the possible approaches to close the equations, one can mention quadrature-based methods (Yuan,
Laurent, and Fox (2012); Nguyen, Laurent, Fox, and Massot (2016)), or entropy maximization methods
(Massot, Laurent, Kah, and de Chaisemartin (2010a); Kah, Laurent, Massot, and Jay (2012); Vié,
Laurent, and Massot (2013); Emre, Kah, Jay, Tran, Velghe, De Chaisemartin, Laurent, and Massot
(2015)).

In practice, four moments in size are enough to accurately describe an evaporating polydisperse flow
(Massot, Laurent, Kah, and de Chaisemartin (2010a)) and the numerical methods associated with this
method are shown to be robust.

Fractional moments method: a different form of the high-order moments method has been developed
in Essadki, de Chaisemartin, Massot, Laurent, Larat, and Jay (2016), based on fractional moments in size
of the NDF. These fractional moments can be related to the Gaussian G and meanH curvatures, with the
surface area S and the volume of bubbles V . The Gaussian and mean curvatures are quantities usually
used to describe the geometry of a local piece of surface. One intuitive definition of these quantities may
be given by considering a infinitesimal small piece of surface dΣ, around a point X lying on this surface.
In X, one can define the normal n to the surface. Now, let us consider the set of the intersections of all
planes containing n and X: these intersections are 1D curves with a given curvature k (see an illustration
in Figure 8). The principal curvatures k1 and k2 of dΣ in X are defined as respectively the minimum
and maximum values of k. Then, the mean curvature in X is defined by:

H “
1

2
pk1 ` k2q,

and the Gaussian curvature is:

G “ k1k2.
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Figure 8: Illustration of the local curvatures at Xo.

Now, by noting that, for a spherical droplet of surface area S, the mean and Gaussian curvatures
respectively read: HpSq “ 2π1{2S´1{2 and GpSq “ 4πS´1, and that the volume of a drop is given as a
function of S by V pSq “ S3{2{6π1{2, mean geometrical quantities of the flow (the mean mean curvature
G̃, the mean Gaussian curvature H̃, the mean area density Σ and the volume fraction α) are related to
four fractional moments in size of the NDF:

ΣG̃ “ 4πm0,

ΣH̃ “ 2π1{2m1{2,

Σ “ m1,

α “
m3{2

6π´1{2
.

From the integration of WBE (9) and using the monokinetic closure for velocity, the evolution equations
of these moments are:

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

Btm0 ` divx pm0uq “ ´Kψ´0 ,

Btm1{2 ` divx
`

m1{2u
˘

“ ´
K

2
m´1{2,

Btm1 ` divx pm1uq “ ´Km0,

Btm3{2 ` divx
`

m3{2u
˘

“ ´
3K

2
m1{2,

Bt pm1uq ` divx ¨ pm1ub uq “ ´Km0u ` m0
vg ´ u

D
,

(10)

The terms ψ´0 and m´1{2, the last one being a negative moment, are closed by reconstructing the NDF
npt,x, S,u, T q through an Entropy Maximization algorithm, originally proposed in Mead and Papani-
colaou (1984) and adapted to the moments of system (10) in Essadki, de Chaisemartin, Laurent, and
Massot (2016).

By interpreting some moments of the NDF as geometrical variables, this approach represents a first
step in relating the geometrical description of interfaces with the description of polydisperse clouds of
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droplets. In Chapter 3, we will study in more extent how a statistical description of interfaces can be
used to describe any interfacial configuration.

0.3.3.3 Kinetic models for bubbles

Let us finish this review by mentioning works dedicated to the modeling of bubbly flows with the kinetic
approach. Among the main differences between bubbles and drops is the compressibility of the first
ones, while the second ones are usually considered as incompressible. Effects related to the bubbles
compression, like pulsations, are generally not accounted for in standard kinetic-based models.

For a single bubble, Rayleigh-Plesset’s equation (Rayleigh (1917); Plesset and Prosperetti (1977)) pro-
vides a good description of the evolution of the bubble volume. This equation indeed relates the time
evolution of the bubble radius with the evolution of the pressure field in the surrounding liquid. However,
this equation is not an evolution law for a flow of many bubbles. In the two-fluid system of equations
derived in Gavrilyuk and Saurel (2002), an equation similar to Rayleigh-Plesset’s equation models bub-
bles pulsations through an equation on the gas volume fraction field. In Chapter 2, we will see that this
comes down to generalizing Rayleigh-Plesset’s equation to a flow of monodisperse bubbles.

Kinetic-based models, as derived in Teshukov (2000); Teshukov and Gavrilyuk (2002), aim at generalizing
Rayleigh-Plesset’s equation for a set of bubbles, to get their collective behavior and their interactions
with the liquid velocity field. The equation on the bubbles distribution function is close to Vlasov’s
equation used in plasma physics: the bubbles pulsations have a long-range effect on the liquid velocity
field, which is considered as irrotational and divergence-free. The equations on the first-order moments
of this distribution function are the hydrodynamic equations for the bubbly flow. However, in Teshukov
and Gavrilyuk (2002), the simplifying assumption of monodisperse bubbles is made so as to close the
equations.

0.3.3.4 Summary of disperse-phase flow modeling

The methods that have been presented in this section represent only a small sample of all the existing
models for disperse-phase flows. However, they present interesting properties in a context of unified
approaches, that may describe the whole injection process.

First, the averaged two-fluid models pertain to the same family of models as the models used in interface
capturing methods. From the two-fluid model of Baer and Nunziato (1986), it is indeed possible to recover
system (3) by assuming temperature, pressure and velocity equalities (see Kapila, Menikoff, Bdzil, Son,
and Stewart (2001)). The transition zone of the interface capturing method using the 3-equation model
could thus be considered as zones where the interface evolves and deforms at a sub-scale level. Averaged
effects of this evolution and deformation could then be used to enrich the description of the mixture
zones.

Second, kinetic-based models enable an accurate description of polydisperse flows. Moreover, moments-
based models, and more particularly the fractional moments method, deal with quantities which are
similar to the quantities found in two-fluid models (the mass density, the volume fraction, the area
density). It could then be interesting to explore the physical meaning of the fractional moments in a
more general flow configuration, and to couple them with variables used in separate-phase flow models.

0.3.4 Review of coupling approaches and atomization models

We have seen in the previous sections that the difficulties in modeling the whole flow of the atomization
process is mainly due to the large range of physical scales that must be taken into account and to the
difficulty to accurately localize the interface. On the one hand, interface tracking or interface capturing
approaches are often used for separate-phase flow regimes, under the assumption that all scales are
resolved. These approaches are hardly compatible with disperse phases, made of a large number of
particles and a wide range in size of these particles. On the other hand, averaged models or statistical
approaches are developed for the description of disperse-phase configurations. These two approaches
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are very different, except when considering the mixture models used in interface capturing methods and
which are close to the averaged two-fluid models.

To perform simulations of the whole atomization process, multiple options can be envisioned:

• a unified modeling approach, so as to get a reduced-order description of a two-phase flow indepen-
dently of its class (separated or disperse),

• a coupling between existing models through source terms: the equations for both models are solved
simultaneously and exchange information (mass, volume fraction, particles number...),

• a numerical separation of the zones where one or the other of the models must be solved (and then
use boundary conditions at the interface between the two zones).

In the recent literature, some contributions aim at simulating two-phase flows characterized by the
presence of separated-phase and disperse-phase flows. Let us start with a brief overview of existing
strategies involving Lagrangian approaches:

• in the ELSA code (Beau (2006); Lebas (2007)), a seven-equation two-fluid model, enriched with
an equation on the surface area density, is coupled with the stochastic Lagrangian method for the
description of the disperse-phase. The zones of validity of both models are delimited by threshold
values assigned to the volume fraction and area density,

• in Herrmann (2008); Herrmann (2010b); Herrmann (2010a), an approach combining the Level-Set
capturing method for the separated phases and the stochastic Lagrangian method for the disperse
phase is presented. The transition between both methods is performed through a zone of higher
resolution near the interface. This involves refining parts of the mesh into blocks of finer cells: the
implementation of this method relies on block-based AMR techniques (see the introduction of Part
III). This local finer resolution improves the accuracy of the Level-Set method: fine structures can
be resolved, and those structures, that satisfy certain geometrical conditions, are then transferred
to the disperse phase. The algorithms associated with this method show good results in terms of
parallel performance (Herrmann (2010b)),

• a similar approach was used in Arienti, Li, Soteriou, Eckett, Sussman, and Jensen (2013), with
different algorithms and modeling choices. In particular, the interfacial zones are solved using
the CLSVOF method. The identification of the structures, which are good candidates to feed the
disperse phase, is performed within a single block of cells. Therefore, the resulting method does
not involve communications between the blocks and is simpler.

We can note that these last two coupling strategies use Adaptive Mesh Refinement methods (AMR) in
order to improve the accuracy of the numerical solution. It seems that the approaches of Herrmann
(2010b) and Arienti, Li, Soteriou, Eckett, Sussman, and Jensen (2013) allow a correct description of the
primary break-up. However, they are hardly compatible with a description of a polydisperse spray of
droplets that occur after the secondary break-up, except for a reduced number of configurations.

Now let us consider fully Eulerian methods, which either involve one of the methods based on the kinetic
approach for disperse-phase flows or appear compatible with them.

Interface capturing method using a model for interfacial area

A first work issued from Mandumpala Devassy (2013); Devassy, Habchi, and Daniel (2015) uses an
interface capturing method with the seven-equation two-fluid model from Baer and Nunziato (1986);
Saurel and Abgrall (1999) to solve the fluid equations for both phases. The objective of the modeling
approach is to propose models for the primary and secondary break-ups in turbulent configurations:
turbulence is modeled using Reynolds Averaged Navier Stokes (RANS) equations. The two-fluid system
of equations is then completed by evolution equations on two liquid volume fractions αs and αd, and
three interfacial area variables Σmean, Σs and Σd, inspired by Morel (2007). These five extra variables
are associated with the different two-phase regimes: αd and Σd are the volume fraction and surface area
density for the disperse phase, αs and Σs are the volume fraction and surface density area associated
with the main liquid core structure. Moreover, to better model the interface deformation, a third surface
variable is used. This quantity, Σmean, represents the surface area that the liquid main core structure
would have without its ligament structures. The difference, Σs ´ Σmean, represents the surface area of
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the ligaments, that are generated by the interface instabilities. It is used in a primary break-up model
to determine the size of the drops that are detached from the main core and that feed the disperse
phase. In Devassy, Habchi, and Daniel (2015), the primary break-up model is mainly based on a critical
Weber number that also determines the size and the number of the detached drops, according to the
experimental works of Marmottant and Villermaux (2004); Villermaux (2004). The equations on
αs, αd, Σmean, Σs and Σd involve many terms accounting for:

• the transferred quantities from one phase regime to the others,

• the mean stretching effects for the surface density variables,

• the turbulent effects, that also contribute to surface production.

Contrary to most interface capturing methods, this work assumes that the finest physical scales cannot
be solved numerically. Then it necessitates to model the sub-scale structures. This is achieved by
the equations on the volume fraction and area density variables. In particular, the strong influence of
the turbulent flows on the ligament structures is taken into account by the model. From experimental
correlations, the sub-scale models provide a first estimation of the number and the size of the drops that
are generated through the primary atomization. For secondary break-up, only information related to
the area density is provided. Although the model does not hold a precise information on the dispersion
in size of the disperse phase, one can note however that αd and Σd variables are among the first-order
fractional moments of a number density function, as defined in the previous sections. It seems that the
modeling approach could be compatible with a finer description of the interface topology, for example
by using the notions of curvatures.

Nevertheless, a significant modeling effort may be necessary to remove the contribution of the experi-
mental correlations and obtain a parameter-free approach to predict the dispersion in size of the drops.
Moreover, using multiple volume fraction variables can lead to situations where their sum is greater than
one. These equations must then be handled and solved cautiously.

A coupling of an interface capturing and a sectional method

A second work (Le Touze (2015)) has proposed a coupling between two methods that are specifically de-
voted to the simulation of separated phase and disperse phase flows. A simple 3-equation mixture model,
(similar to equations (3)) is used to solve the separated-phase flow evolution, while a sectional method
(Laurent and Massot (2001)) is used to model the dispersion in size of the droplets. Source terms stand
for break up mechanisms and for a pseudo-coalescence. They are used to model the transfers of mass,
momentum and energy between the liquid phase of the mixture model and the sectional model. These
source terms are active only in certain flow configurations: the break-up terms are activated in zones of
low liquid volume fraction, while coalescence terms are activated in zones of low gas mass fraction. This
prevents both effects to compensate. Indeed, in Le Touze (2015), the expressions for these effects are
given empirically and according to experimental correlations and Le Touze (2015) proposes to consider
that the mixture zones involve sub-scale interface deformation. The intensity of these deformations and
characteristic instabilities frequencies are estimated using local Weber numbers and empirical correla-
tions. In a proof-of-concept context, they also consider that the exchange source terms only affect the
section of largest diameters in the disperse-flow model. Drops are indeed generated with a diameter
that corresponds to the experimental setup, reproduced in the simulation: for example the cryogenic
combustion research test bench Mascotte of ONERA (Le Touze (2015)). Let us finally mention that
the numerical accuracy of the interface capturing method does not involve any interface reconstruction,
and is increased by a new second-order scheme for unstructured grids (Le Touze, Murrone, and Guillard
(2015); Le Touze (2015)).

The method proposed in Le Touze (2015) relies on simple modeling choices like: monodisperse drops
production driven by the break-up processes, single velocity value for these created drops, etc. Never-
theless, it delivers a convenient framework that allows many improvement possibilities. Let us mention,
for example, a better modeling of break-up and coalescence for enabling polydisperse models. This could
be performed by using an evolution equation for the surface area density. Other improvements may be
obtained by accounting for a bubbly phase into a richer two-fluid model (Cordesse (2019)). Finally, by
coupling two Eulerian methods, it also shows robustness and simplicity. However, the computational
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performances do not show to be very good.

However, this approach has several important flaws:

• the compressibility of both fluids, inherent of the mixture model, causes some problems when mass
is added or removed from the liquid phase, generating pressure instabilities,

• while the sectional method for the disperse phase seems to be appropriate in this configuration, the
approach does not allow a coupling with moments methods. Indeed, there is no relation between the
separated-phase variables and any moments of a number density function. The moment methods
can not be used, neither does the hybrid multifluid method,

• in relation with both previous points, one can note that the exchange terms are based on mass
exchange between the two models. The conversion from mass to a geometrical description of
the drops (to the size of the spherical drops) strongly relies on the incompressibility assumption.
However, the liquid phase is assumed to be compressible in the separated-phase model. We can
then wonder whether the mass exchanges from the separated-phase model to the disperse-phase
model can be used in more general configurations,

• multiple volume fractions (ě 3) are involved in this method, like for the method of Mandumpala Devassy
(2013). Although much care is taken to separate the disperse phase from the pure liquid phase, one
cannot completely discard situations involving a superposition of both phases, for instance when
the exchange terms between the models are not very intense. This may lead to inconsistency in
the system.

Other approaches

Let us finally mention other coupling strategies that have been explored recently.

In Fleau, Mimouni, Mérigoux, and Vincent (2015) (see also references therein), a three-field method is
used to simulate bubbly flows. It consists in solving a system of equations similar to a two-fluid model,
but with a supplementary field accounting for the disperse phase. The transfers of mass from one field
to the other are modeled through exchange source terms. In particular, the transfer from the continuous
gas phase to the disperse one occurs when the local curvature of the gas-liquid interface (computed
through the gradient of the volume fraction field and that plays the same role as the color function in
VOF approaches) is above a certain value. This value corresponds to a limit radius of the bubble under
which its resolution as a separate-phase flow is no longer accurate. This threshold value is then related
to the grid size. Some strong modeling hypotheses are made, such as imposing pressure equilibrium
between all fluids and the incompressibility of the flow. Moreover, the disperse phase is assumed to be
made of monodisperse bubbles. Let us mention also that no interface reconstruction is considered, but
an interface sharpening method (see Tiwari, Freund, and Pantano (2013)) is used to prevent its diffusion.

With a very different approach, the method that is described in Doisneau, Arienti, and Oefelein (2017),
studies the possibility of using kinetic-based models to describe the whole injection process, under an
assumption of dense-particle flows near the nozzle exit. The gas phase is modeled using compressible
Navier-Stokes equations, while the liquid spray is described by a multi-fluid model and two moments
per size section. The coupling between both phases is achieved by exchange source terms. In Dois-
neau, Arienti, and Oefelein (2017), a comparison with a DNS simulation using the CLSVOF method
is performed for the Spray A configuration (Bardi, Payri, Malbec, Bruneaux, Pichett, Manin, Bazyn,
and Genzale (2012)). Although the polydispersion of the liquid phase was imposed at the beginning of
the jet (according to a size distribution that was given by the DNS simulation), the new method shows
promising results and the numerical scheme implementation presents good parallel performances.

Summary

In the works presented previously in this section, the use of mixture or two-fluid models appears regularly
and seems convenient to describe interfacial zones. Indeed, these models enjoy several attractive features:
they can involve compressible materials and they can fairly describe separated phases, provided that an
accurate numerical scheme is used. They can also be enriched in order to describe interface instabilities
and primary break-ups. This primary break-up phenomenon is indeed the first key phenomenon of the
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atomization while the secondary break-up produces a strongly polydisperse disperse-phase. Polydis-
persion is well modeled by kinetic-based approaches, especially by equations on moments of a Number
Density Function. Consequently, it seems important that the models used for the primary and secondary
break-ups are able to communicate with moments-based models. This means that enough information
from the break-up must be considered so as to describe the dispersion in size of the drops. This aspect is
missing in most of the works that have been presented above, where models resort to external parameters.

A second aspect that emerges from some of the reviewed works is the effort of increasing the numerical
resolution, by using dynamically adaptive grids (or AMR) or by using interface sharpening methods.
Some numerical choices are naturally related to the modeling or coupling approaches. These choices also
influence the computational costs of the methods and their applicability for computations on parallel
architectures.

0.4 Discretization strategies in a HPC context

In the previous section, we have discussed the different models, or coupling of models, that exist to
describe two-phase flows. The second important aspect of numerical simulations is the way the equations
of these models are discretized and solved numerically. Indeed, the accuracy of the numerical solution
depends on the choice of the numerical scheme in two ways. First, it directly depends on the order of
accuracy of the discretization (size of the mesh, truncation error of the scheme, etc.). Second, since a
method which is well-suited for parallel computation can be used on supercomputers and handle larger
problems sizes: more accurate solutions can be obtained.

0.4.1 Recall of some parallel computing aspects

Nowadays, the architectures of supercomputers are mainly described by a hierarchical structure, made
of:

• a large number of computation nodes, linked by a fast communication network,

• the nodes are composed of a set of processors (often two processors per node), made of several
CPU cores (traditionally around 12 cores per processor). The memory on a node is accessible to
all its cores,

• recent processors may be composed of much simpler cores (they are called then manycore pro-
cessors) or may contain accelerators such as Graphic Processing Units (GPU). These processing
units are designed for arithmetic intense computations, that do not require much access to cache
memory. Such architectures are called heterogeneous architectures.

Associated with the different structure levels presented above, different parallel computating paradigms
can be used.

First, the work load of a computation can be distributed over processes lying on different nodes. Since
the nodes do not share any memory, the processes must exchange data, so that the computation runs
correctly. These messages are usually handled by a Message Passing Interface (MPI) paradigm (Gropp,
Lusk, Doss, and Skjellum (1996)). MPI processes may also be defined within each node when each core
is assigned an MPI process.

On each node, where the memory is easily accessible to all processing units, one can also use a shared-
memory computing paradigm, such as OpenMP (Dagum and Menon (1998)) for example. There, the
work load is again distributed between the processes, under the form of threads. There is no need
for communications between the cores, since the results of their computation updates the common
memory space. However, with this method, one must take care of synchronizing the threads. Recent
improvements of this paradigm consist in defining tasks, and then distributing these tasks between the
computing units (Ayguade, Copty, Duran, Hoeflinger, Lin, Massaioli, Teruel, Unnikrishnan, and Zhang
(2009)). This helps parallelizing pieces of codes, whose computation costs may be very different.

Computations on accelerators are prescribed when highly parallelisable and arithmetic intense tasks
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must be achieved. Indeed, computing units on accelerators do not own much memory, but they are more
numerous and more efficient than CPU cores on processors. Languages, such as CUDA can be used to
perform computations on GPUs.

Finally, recent advances have been made to facilitate computations on heterogeneous architectures, by us-
ing both CPUs and GPUs capacities: for example, StarPU (Augonnet, Thibault, Namyst, and Wacrenier
(2009)) enables to schedule the different tasks of a code and to send them to the appropriate computing
units.

In the following, we will consider the classic MPI paradigm, that can be used on all supercomputers.
Although wall-clock time may be gained with a parallel computation compared to a sequential one, the
following points must be considered to improve the efficiency of the application:

1. the reduction of the total CPU time, i.e. the sum of the times spent on each processing unit,

2. the reduction of the memory consumption of an application,

3. a good scalability, i.e. the wall-clock time should ideally be divided by two when using twice more
processes.

The first point may be achieved by optimizing the code. The second point is often more complex to
deal with, since the prediction of the memory consumption is still an open issue (Rozar (2015)). Finally,
among the factors that may go against the third point, one has:

• many communications between the processes. Indeed, the communication times are not decreasing
when the number of processes increases, on the contrary, according to the type of communication,
they can increase,

• work load imbalance between the processes, i.e. when some processes are assigned shorter tasks
than the others, then they may have to wait for the other processes,

• memory accesses may also be expensive, when the cores must access zones of the memory that are
not contiguous.

In our discretization strategy, we choose to take into account all these aspects. In particular, the space
discretization strategy impacts the possibility of parallelizing the computation.

0.4.2 Discretization methods: from Lagrangian to Eulerian approaches

The time and space (and other phase space variables) discretization of systems of Partial Differential
Equations (PDEs) can be made in very different ways. We present below different spatial discretizations.

Lagrangian grids

In the usual Lagrangian methods, discretized elements move and deform following the medium velocity
field (von Neumann and Richtmeyer (1950)). With these approaches, the discontinuities of the numerical
solution suffer little diffusion. However, when the flow is strongly sheared or has strong vorticity, the cells
of Lagrangian grids are strongly deformed in long times and may lead to poor resolution. Moreover, for
two-phase flows, where each fluid has its own velocity, such Lagrangian methods necessitate two grids, so
as to track each phase. This two-grid system can be computationally expensive and complex to handle.

Mesh-free approaches

Another form of Lagrangian discretization is represented by the mesh-free methods, such as the Smoothed
Particle Hydrodynamics (SPH) methods (Lucy (1977); Gingold and Monaghan (1977)). In SPH ap-
proaches, the fluid is represented by a set of particles, that interact with each other. These interactions
are designed in order to recover the continuous equations of the fluid. In particular, properties are associ-
ated to each particle, such as mass, momentum, energy and a smoothing length over which the properties
are smoothened. The particles evolution is then solved in a Lagrangian way. One of the advantage of
SPH method is that its resolution level can be dynamically adapted, by adapting the smoothing lengths
of the particles according to the flow configuration. For example, in zones of dense numbers of particles,
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(a) Structured grid. (b) Hybrid grid: structured near boundaries, unstructured oth-
erwise.

Figure 9: Examples of fixed structured and unstructured grids. Source Sibra (2015)

this length can be shortened. Another way of adapting the resolution is by splitting the particles into
new particles with shorter smoothing lengths. However, traditional SPH methods show large numerical
viscosities and have difficulties to preserve sharp discontinuities of the flow, like shocks (see the discussion
in Hopkins (2015) and the references therein).

Stationary grids

A stationary grid means that the grid does not follow the fluid motion, but is kept fixed during at least
one time iteration. Fixed grids are grids that will not change during the whole simulation. On the
contrary, adaptive grids can be changed from one iteration to the other by adding or removing grid
elements.

For fixed grids, one usually identifies structured grids for which the connectivity of the elements is
regular. For example in 2D, a grid made of only rectangular elements is structured (see Figure 9a). The
elements of structured grids can be ordered, which simplify their use in practice. Unstructured grids
however are made of elements whose connectivity is not regular, and that cannot be ordered (see Figure
9b). But unstructured grids enable to easily discretize domains with complex geometries, or to define
zones of higher or lower resolutions. The solutions computed on fixed grids are generally less accurate
than Lagrangian ones with respect to the fluid motion: sharp discontinuities may be artificially diffused.
To counteract this issue, adaptive methods have been developed. Unstructured adaptive methods can be
found in the literature (Holmes and Connell (1989)), but the structured methods are more widespread,
through the Adaptive Mesh Refinement and Adaptive Multi-Resolution techniques. We present this last
method in the next section. While parallel computations with fixed grids are usually performed by a
domain decomposition that is defined initially and kept constant during the computation, the efficient
parallelization of adaptive grids is not so obvious.

Hybrid methods

Let us also mention here methods that combine Lagrangian and Eulerian approaches, to benefit from
some of their advantages. Among these hybrid methods, one can find the moving grids (Huang, Ren, and
Russell (1994); Koltakov and Fringer (2013)), Arbitrary Lagrangian Eulerian (Trulio and Trigger (1961);
Hirt, Amsden, and Cook (1974); Vazquez-Gonzalez (2016)) and a mixing of SPH and AMR methods
(Hopkins (2015)). In moving grids methods, the grid is deformed so as to improve the spatial resolution
in zones of interest. So the grid does not necessarily follow the motion of the fluid. In ALE methods, the
mesh can be deformed, but under some regularity constraints. In indirect ALE methods, the grid follows
the motion of the fluid in a Lagrangian way and is regularly reset to a regular grid. During this process,
the numerical solution is then projected onto the new grid.
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0.4.3 Structured adaptive grids methods

The idea of structured adaptive grid methods is to benefit from the adavantages of structured fixed
grids methods (regular connectivity, application of finite volume or finite element schemes), enriched by
the possibility of increasing or decreasing the resolution rate in certain zones of the domain, according
to the needs for accuracy of the solution in these zones. Unlike fixed unstructured grids, the adaptive
structured grids are changing throughout the computation.

Compared to fixed grids, the aim of these adaptive techniques is either to allow a finer simulation
for approximately the same computational cost, or to reduce the computational cost while preserving
the quality of the solution. We adopt this second point of view in the following, and will talk about
compressed grids. The equivalent uniform grid is then simply defined, with respect to a compressed
grid of smallest cells with size ∆x, as a uniform structured grid of cell sizes ∆x. The compression error
is the numerical error introduced by the resolution of the equations on the compressed grid instead of
using its equivalent uniform grid.

Now, there exist different approaches to determine which zones of the domain should be adapted:

1. a mathematical approach, called adaptive multiresolution, based on multilevel analysis of the reg-
ularity of the solution and which enables to control the compression error,

2. heuristic criteria based on the local stiffness of the solution,

3. criteria based on the truncation error of the numerical scheme, and its estimation at a coarser level.

The second and third approaches correspond to the Adaptive Mesh Refinement (AMR) approaches, and
are discussed in Part III. Let us just mention here that the strong development of AMR codes and
libraries has lead to highly scalable methods, well-suited for HPC simulations. For example the p4est
library (Burstedde, Wilcox, and Ghattas (2011)), presented in Chapter 7, was shown to scale up to
458,000 cores.

Multiresolution methods have been developed with the will of controlling the numerical errors in a
rigorous mathematical way. It is based on the decomposition of the solution on an appropriate function
base, the wavelets, associated with a multilevel analysis: each base function carries information at a
given level and a given location. For instance, if a solution does not present locally strong variations,
then the decomposition over the function base will give significant coefficients for the first coarser levels
and negligible values for the other levels. Wavelet decomposition provides information on the regularity
of the solution in both spatial and frequency domains.

First uses of wavelets were made in the image and signal processing communities, where they are largely
used to compress data and pictures. They have also developed in the CFD community, where they are
especially useful for turbulent computations (see a review of these techniques in Schneider and Vasilyev
(2010)).

A simple base of functions is made of piecewise constant functions, that are piecewise constant over a
hierarchy of nested grids: this is the Haar wavelets base. In 1D, these grids are dyadic, in 2D they
correspond to a quadtree-based grid, and in 3D, to an octree-based grid. The multilevel analysis starts
from the finest of these grids, where the solution is given at its finest level. The error generated by the
projection of the solution over the bases associated with one-level coarser grid is computed: the coarser
solution is obtained from the initial one by an averaging process. These successive errors estimations,
from one grid to a coarser one, are evaluated and stored. They are called details of the solution when
considering its coarsest representation. Other wavelets bases can be used to increase the precision of the
method (like the compactly supported orthonormal wavelets of Daubechies (1988)).

Among the methods that use the wavelet decomposition and the multilevel analysis is the adaptive
multiresolution, based on the pioneering works of Harten (1994); Harten (1995), and developed by
Cohen, Kaber, Müller, and Postel (2003); Müller (2003). There, the details issued from the multilevel
analysis are compared with a threshold value: details that are below this threshold are not taken into
account anymore. This allows to associate a level of resolution to the solution at each spatial location,
while ensuring a controlled error. Since the level of the details correspond in fact to a spatial cell size,
this is how the spatial adapted grids are generated.
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In practical resolution of PDEs, and when associated with a numerical scheme, only one level of details is
stored in each cell. On the one hand, at each mesh change, these details are re-evaluated, and cells where
the details are now below the threshold can be coarsened. On the other hand, a prediction step is used
to determine cells where the solution may vary a lot during the scheme updating process. These cells are
then refined and the value set in the smaller cells is computed using an interpolation procedure. For this
prediction step, the method requires a stencil of cells that is composed of multiple layers of neighbors.
Considering the tree structure of the grid, this operation may be costly, due to the tree traversal, and
may prevent to use this method in a distributed memory framework. However, adaptive multiresolution
techniques show good results with shared-memory programming models (Descombes, Duarte, Dumont,
Guillet, Louvet, and Massot (2017)). Applications of adaptive multiresolution can be found in Rossinelli,
Hejazialhosseini, Spampinato, and Koumoutsakos (2011); Deiterding, Domingues, Gomes, Roussel, and
Schneider (2009); Duarte (2011); Duarte, Massot, Descombes, Tenaud, Dumont, Louvet, and Laurent
(2012); Descombes, Duarte, Dumont, Guillet, Louvet, and Massot (2017).

0.4.4 Summary

Each of the discretization strategies presented in this section has its own source of numerical errors
(numerical diffusion for instance), or numerical difficulties (deformed cells for Lagrangian approaches
for example). Different approaches have been developed to counteract these shortcomings, like hybrid
Lagrangian-Eulerian methods, adaptive grids, etc.

The numerical schemes associated with structured grids are widely used and well-developed for the
computation of fluid dynamics. Hence, it seems interesting to consider the structured adaptive grids
framework, which enables to reduce the computational cost by compressing the grid on which the equa-
tions are solved. Among the strategies used to dynamically adapt the grids, although the multiresolution
approach allows a rigorous control of the compression errors, it is not yet suited for distributed parallel
computing, while recent developments of adaptive mesh refinement methods now show performance.

0.5 Overview of a new strategy for the modeling and the simu-
lation of two-phase flows

0.5.1 Main idea of the new strategy

The works presented in this thesis are part of a desire to treat the issues of modeling and simulating the
whole injection process, from the interfacial flows at the exit of the nozzle up to the polydisperse spray of
the liquid droplets. We make the choice of developing a unified modeling approach. More precisely,
we are looking for a reduced-order model, or a hierarchy of reduced-order models, that are handling
the same physical quantities, whatever the flow regime. One classically considers a first set of flow
parameters: the mass, the momentum and the energy of each component. A second set of parameters
will help us to better characterize the flow regime:

• the volume fraction of one of the phase is a good indicator of a dilute disperse regime for instance,
when one of the phases has a negligible volume fraction comparing to the other phase,

• the interfacial area density, that increases in zones of strong interfacial instabilities or in dense
disperse phase regimes,

• geometrical information about the interface, that could be the radius of spherical particles (drops
or bubbles) or in a more general context, the local curvatures of the interface. These geometrical
information should also provide a description of the dispersion in size of the particles,

• the interfacial velocity, when the local evolution of the interface does not follow the dynamics of
the local bulk phases.

Moreover, an appropriate statistics should be able to characterize the distribution of the topological
interface configurations according to all these parameters.
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Figure 10: Relations between the modeling, numerical and computational aspects. The constraint a part
A owes to a part B is represented by an arrow from A to B.

Each of these quantities requires an evolution equation. This equation may contain parameters, whose
values are associated with the structure of the two-phase interface (for example the drag force coefficient,
that depends on the size of the particle) and thus associated with the two-phase regime. The values of
these parameters may evolve continuously from one regime to the other. They may also vanish (or
become very large), which changes the structure of the systems of equations towards reduced equations.
This hierarchical relation from one model to the other will be called asymptotical consistency.

Then, the associated numerical methods will have to satisfy the following criteria:

• they must be consistent and as accurate as possible with respect to the models (this also necessitates
that the equations defining the models satisfy some mathematical properties, as we will see later),

• they must be consistent in the transitions from one flow regime to the other (they should have
asymptotic preserving properties),

• they must be robust in the asymptotic limits or with respect to strong variations of the flow
parameters (with strong gradients of density at the two-phase interfaces for example).

Moreover, we are looking for methods that are compatible with highly parallel computations. For
example, these methods should be easily and equally distributed over a large number of processing units
and should not rely on lots of communications.

Finally, the integration of these numerical methods in a unique code is considered. This code must then
be designed to facilitate the integration of these new numerical methods, and possibly to allow a coupling
of these methods.

In conclusion, we can say that each of the previously mentioned specifications must be fulfilled. How-
ever, it is important to keep in mind that these matters are connected and should be considered and
investigated as connected issues. Examples of connexions between the three axes, that are the modeling,
the discretization choices and the code development, are proposed in Figure 10. Therefore, in this thesis,
we propose an approach combining all these aspects, where the modelling and numerical developments
are regularly assessed with respect to experimental data.

0.5.2 Modeling aspects addressed in the present thesis

The modeling developments presented in this thesis are part of the general strategy, discussed in the
previous paragraph. In particular, they are concerned with the study of the compressible two-fluid and
mixture models, used in the interface capturing strategy without any interface reconstruction. We are
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Figure 11: Illustration of the numerical diffusion of a two-fluid (or mixture) model, and sub-scale
representation of the two-phase interface.

indeed looking for a modeling of the sub-scale effects that may develop in the zones where the interface
is diffused (see an illustration in Figure 11).

By using a variational principle, we can recover the equations of such models and also of models that
are enriched with more sub-scale effects. We present this technique of derivation, inspired by Gavrilyuk
and Saurel (2002), in Chapter 1, and use it to derive a hierarchy of two-phase mixture models, that
are asymptotically consistent. We moreover show that these models present interesting mathematical
properties, that are helpful in the design of appropriate numerical schemes. We show that these models
have a convective part that is hyperbolic and compatible with an entropy budget equation. This entropy
evolution equation allows us to add dissipative terms that are compatible with the second principle of
thermodynamics.

The derivation considered in Chapter 1 involves the use of some parameters to close the equations and
ensure the entropy inequality. In Chapter 2, we propose physical identifications for these parameters, in
the context of bubbly flows, where similar models are used and experimental data are available. From
these identifications, we introduce a first information on the flow topology, that is the radius of the
bubbles. This identification highlights also the physical meaning and the effect of pressure relaxation
towards equilibrium, which is usually assumed to happen infinitely fast.

In Chapter 3, we shall study means of introducing more topological information in the models with
variables that are associated with the characterization of the interface and its deformation. We shall
highlight connections with kinetic-based models that will allow us to derive new terms to our Eulerian
mixture models.

0.5.3 Numerical aspects of our strategy

Two-phase flows simulations and interface capturing methods often raise multiple numerical difficulties,
as for example:

1. the high density ratio between the two components (for instance „ 1{1000 for air-water systems),

2. the difference between the acoustic impedances, which are given by the product of density by sound
velocity („ 4.0 ¨ 102 Pa ¨ s/m for air, „ 1.5 ¨ 106 Pa ¨ s/m for water),

3. stiff equations of states (for mixtures near one-phase states),

4. stiff relaxation first-order source terms,

5. non-conservative equations,

6. the numerical diffusion of the interface,

7. the fluids compressibilities.
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This list is not exhaustive: we could also mention the ratio of the viscosities or, for spray models,
the presence of accumulation zones. With our discretization strategy, we propose to address some of
the issues listed above, and to design numerical schemes that are robust, accurate and of affordable
computational complexity.

The systems of equations derived in Chapter 1 are characterized by a conservative and hyperbolic con-
vective part, that is supplemented by source terms that can be considered as relaxation terms. This
structure of the equations enables the use operator splitting with a classic finite volume scheme for the
convective part and standard solvers for the integration of the source terms. These methods are presented
in the introduction of Part II and in Chapter 4.

However, some difficulties related to compressible two-phase flows involve an adaptation of the classic
methods. First, as we will see in Chapter 4, the ratio of density and of sound velocity of a gas-liquid
mixture may involve an overestimation of the CFL constraint. A modified scheme is proposed in this
same chapter to tackle this problem.

Second, the source terms are strongly non-linear and very stiff, that makes their integration complex
with standard methods. We propose in Chapter 5 a strategy to approximate this integration and ensure
stable results. A special study of the source terms effect on the numerical solution and its asymptotic
limit is also performed in Chapter 5, where we show limitations of the usual Riemann solvers presented
in Chapter 4.

Third, we shall also deal with another specific problem involved with classic Godunov-type methods.
It occurs when those methods are applied to compressible flows and concerns the simulation of low
Mach number flows. This very critical issue has been widely studied (see Dellacherie (2010); Dellacherie,
Omnes, and Rieper (2010) among others) and improvements of the Finite Volume solver introduced
in Chapter 4 will be presented in Chapter 6. The resulting modified schemes will be tested against
simulations of a dam break in Chapter 10.

Finally, Chapter 6 describes a series of numerical tools that allow to increase the accuracy of the numerical
solution. This task will be achieved by using AMR methods, and more particularly cell-based AMR.
This method involves the use of non-conforming meshes, for which classic high-order methods must be
adapted.

0.5.4 Computational challenges and code development

The AMR techniques aim at saving computational resources by reducing the total work load and the
memory consumption. However their use on High Performance Computing architectures is not an easy
task, as we will see in the introduction of Part III. In this context, the p4est library proposes several
solutions to issues related to highly parallel computations and AMR (see its detailed presentation in
Chapter 7):

• p4est algorithms are designed to be highly scalable,

• the concept of forest of trees allows the p4est library to discretize domains with complex geometries,

• the p4est library is based on the Inversion of control principle, that makes it compatible with a
wide number of applications.

We have developed a finite volume code, based on p4est. This development was achieved with the idea
of a generic framework in which all future models and schemes could be integrated. The CanoP code
and its first performance results are presented in Chapter 8.

Finally, Chapter 9 and Chapter 10 show numerical results stemming from classic one-dimensional Rie-
mann problems to multi-dimensional simulations. They aim at validating the models and numerical
methods presented previously as well as their implementation in the CanoP code. The comparisons of
dam breaks of Chapter 10 will especially show that low-Mach configurations can be simulated with a
compressible two-phase model on AMR grids.
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Abstract
In this part, we are interested in the derivation of two-phase models,
which can be used either for the description of separated-phase or of
disperse-phase flows. More specifically, we study two-fluid and mixture
models. In Chapter 1, after an overview of some techniques of derivation
for these models, we propose to use Hamilton’s variational principle and
the second principle of thermodynamics to derive a hierarchy of homo-
geneous two-phase models with sub-scale pulsation effects. These models
are assessed in a context of bubbly flows in Chapter 2. Sub-scale param-
eters are identified and the regimes of validity for each two-phase model
are studied. In Chapter 3, we propose to go further in the modeling of
the sub-scales mechanisms, by studying first the geometrical parameters
of interfaces and their evolution, and then by considering a statistical de-
scription of general forms of interfaces. Chapter 2 and Chapter 3 may
also be found in Drui, Larat, Kokh, and Massot (2016). Chapter 3 is
developed in Essadki, Drui, de Chaisemartin, Larat, Ménard, and Massot
(2017).





Chapter 1

Derivation of a hierarchy of two-phase
mixture models

We can define mixture models, as models that are based on the assumption that, given a two-phase flow,
at any time-space point pt,xq, one can find either one of the two phases, either a mixture of them. For
two immiscible fluids, a mixture zone can be considered in multiple ways:

1. it can be seen as a piece of volume around x, composed by multiple sub-volumes made of only one
of the two phases. The interface or pieces of interface that separate these volumes are not exactly
located,

2. it can be a space location x where, during time dt, both phases have gone through,

3. finally, it can be a space location x where, at a given moment t, the probability of finding either
one phase or the other is not zero nor one. This probability is measured over multiple realizations
of the flow in the same initial and boundary conditions.

The three visions presented above correspond in fact to three averaging operations, that are respectively
space averaging, time averaging and ensemble averaging. In general, we will consider as mixture zones,
control volumes of the flow that contain one or multiple pieces of interface.

This is why mixture models are employed on a one hand in interface capturing methods, for the separated
two-phase flows regime. In this context, the mixture zone appears due to the numerical approximation
of the equations. The interface that separates the two fluids lies in this mixture zone, but is not precisely
localized, unless the numerical resolution is extremely accurate. This approach generally assumes that
the whole physics of the flow is resolved, and some strong assumptions are made, such as pressure
equality between the two fluids (= mechanical equilibrium), velocity equality (= kinematic equilibrium)
or temperature equality (= thermal equilibrium) as in Chanteperdrix, Villedieu, and Vila (2002); Grenier,
Vila, and Villedieu (2013); Bernard-Champmartin and De Vuyst (2014). The number of equations of
these models is then quite low.

On the other hand, one can also use two-fluid models when the interface does not need to be resolved
precisely, but collective physical effects due to a large number of fluid particles (thus, in the presence of
a large number of pieces of interface) have to be modeled. The mixture has then the form of a disperse-
phase flow for example, like a bubbly flow (Cheng, Drew, and Lahey (1985); Gavrilyuk and Saurel
(2002)). But one could also think of a unique interface, that is strongly deformed, due to instabilities,
and whose deformations can be of very small size in comparison with the typical size of the two-fluid flow.
For these two configurations, the collective effects stand for physical effects which may occur across the
interface, like surface tension effects, thermal exchanges or viscous dissipation, and which may depend
on its form and dynamics, i.e. on its local curvature or its local velocity. However, as these effects occur
at a scale, called the sub-scale or microscopic scale, which can not be resolved, they are accounted for
in the equations after being averaged. The number of equations for these two-fluid models is generally
six or seven. Moreover, the equations contain many averaged terms that make the systems complex to
close and to solve, with sometimes ill-posedness issues.
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The idea of this chapter is to study methods that can be used to enrich the models that are usually
used for separated-phase flows, with physical sub-scale effects. These sub-scale effects should model the
interfacial deformations and the interactions of both fluids in the mixture zones at the scales which are
not resolved. Three approaches may then be considered:

• the first one is based on continuum equations and jump relations that are valid at the sub-scale,
and that are then averaged to get equations with collective effects at the scale of interest,

• the second method postulates the form of the averaged equations, and the closure of the equations
are made so as to satisfy the second principle of thermodynamics,

• the third method postulates the averaged energies of the two-phase system, and uses a variational
principle to get the conservative part of the equations. Then the second principle of thermody-
namics is considered to add dissipative mechanisms.

We will use the third approach, to first recover the classic models for interface capturing methods. Then,
inspired by the dynamics of bubbles and by the work of Gavrilyuk and Saurel (2002), we will propose
a series of enriched models, that can be used for a more general two-phase flow description and that
account for some sub-scale effects. The advantage of the methodology is indeed its capacity of selecting
the specific mechanisms that should be modeled. We will moreover see in Chapter 2 that our choices are
relevant in the case of bubbly flows.

Throughout the derivations, we will also take care of the mathematical properties of the equations. In
particular, we will be interested in hyperbolic systems of equations, which are esaily solved with standard
numerical methods, without introducing artificial dissipation effects.

1.1 Derivation methods based on averaging procedure

1.1.1 General overview of the method

As mentioned previously, one method for deriving models that describe two-phase mixtures is based on
the averaging of the continuum equations for both phases and of their relations through the interface,
called jump relations, that are given at the sub-scale. For instance, in a bubbly flow, the sub-scale is
defined as the physical scale where the characteristic lengths are smaller than the bubbles diameters.
These equations and relations are then averaged, using time, space or ensemble averages (see the discus-
sions in Ishii (1975); Drew and Passman (1999) on the choice of one of the averages techniques). This
leads to averaged equations where some terms are unclosed: they can not be expressed as functions of
the other variables. The final step of the modeling work consists in closing these terms. These closures
usually depend on the type of two-phase flow that is modeled.

We are presenting here the broad outline of this method, and give the example of the model of Cheng,
Drew, and Lahey (1985) for bubbles in a second part.

Continuum equations

The continuum equations for each phase are generally the classic balance equations for mass (let ρ be the
local mass density), momentum ρu (with u the local velocity) and energy, where ρE is the total energy
defined as the sum of an internal energy ρe and the kinetic energy: ρE “ ρe` 1

2ρ|u|
2. These equations

are valid inside each component. They write:

Btρ` divxpρuq “ 0, (1.1a)

Btpρuq ` divxpρuuT q “ divxpTq ` ρb, (1.1b)

BtpρEq ` divxpρuEq “ divxpTu´ qq ` ρpr ` bTuq, (1.1c)

where T is the stress tensor, b contains all the body forces, q is a heat flux and r accounts for heating
sources.
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Jump relations

Due to the presence of interfaces in a two-phase mixture, balance equations are discontinuous at certain
locations. One thus needs to specify relations across these interfaces, to ensure the conservation of total
mass, momentum and energy. Let n be the interface unit normal (whose orientation is chosen arbitrarily),
and vi its velocity. The definition of this velocity will be discussed in Chapter 3. There exist indeed
multiple ways in defining an interface (see Pope (1988)), and thus multiple possible definitions for vi.
However, its component along the n vector is uniquely defined (proof in Drew and Passman (1999) and
mentioned in Chapter 3).

Let us consider a piece of fluid V that is divided by an interface Σi into two sub-volumes V1 and V2 such
that V “ V1

Ť

V2. Let n1,i and n2,i be the outward pointing normals to Σi from the point of view of
volume V1 and V2 respectively. Let us integrate the balance equation (such as (1.1a), (1.1b) or (1.1c))
of a quantity φ (φ P tρ, ρu, ρEu) over this piece of volume:

ż

V
rBtφ` divxpFq ´ Ss “ 0

ô

ÿ

k“1,2

ż

Vk
rBtφ` divxpFq ´ Ss “ 0

ô

ÿ

k“1,2

ż

Vk
rBtφ´ Ss `

ż

BVkzΣi
FTn`

ż

Σi

FTi nk,i “ 0

ô

ÿ

k“1,2

ż

Vk
rBtφ´ Ss `

ż

BVk
FTn´

ż

Σi

FTnk,i `

ż

Σi

FTi nk,i “ 0, (1.2)

where S are the external effects, like forces or heat sources, and Fi is the definition of the flux function
at the interface, involving the interfacial velocity and interfacial forces. From the balance laws (1.1a),
(1.1b) and (1.1c) integrated over the volume Vk, k “ 1, 2, one has:

ż

Vk
rBtφ´ Ss `

ż

BVk
FTn “

ż

Vk
rBtφ` divxpFq ´ Ss

“ 0.

Then, from (1.2) one necessarily has for any surface Σi:
ÿ

k“1,2

ż

Σi

FTi nk,i ´

ż

Σi

FTnk,i “ 0

ô

rF´ Fis
T

n “ 0,

where r¨s denotes the jump between the two states and one may choose n “ n1,i.

Performing this integration for equations (1.1a), (1.1b) and (1.1c), gives the following jump relations:

rρpu´ viqs
T

n “ 0, (1.3a)
“

ρupu´ viq
T `T

‰

n “ mσ
i , (1.3b)

rρEpu´ viq `Tu´ qs
T

n “ εσi , (1.3c)

with mσ
i denoting the surface forces and εσi the surface energy contribution.

When the phases are at equilibrium (there is no dynamic process at the interface), one can use the
well-known Young-Laplace equation relating the jump in pressure with the surface tension effect:

rps “ 2σH,

with p the dynamic pressure, H being the local mean curvature of the interface (see a definition in
Chapter 3), and σ the surface tension coefficient.
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Averaging step

The previous equations and jump relations are valid inside each of the component specific domain or at
interfaces only. To get equations for a two-phase mixture, where each interface can not or does not need
to be resolved, we need now to proceed to the averaging of the above equations and relations.

First, a characteristic function χk is needed to isolate each component k during the averaging step
(indeed, each component has its own physical properties such as density or viscosity):

χkpXpt,xqq “

"

1, if Xpt,xq is in phase k,
0, else.

Consequently, the gradient of χk is related to the Dirac distribution associated with the interface δipx, tq:

∇χk “ ´δipx, tqnk,ipx, tq.

χk follows the topological equation (Drew and Passman (1999)):

Btχk ` uT∇χk “ 0, (1.4)

where the velocity field u corresponds to the interfacial velocity vi at the interface. By multiplying
equations (1.1a), (1.1b) and (1.1c) by the characteristic function χk, one obtains a new set of equations
that writes:

Bt pχkρq ` div pχkρuq “ ´δiρ pu´ viq
T

nk,i, (1.5a)

Btpχkρuq ` divpχkρuuT q “ divpχkTq ` χkρb´δi
`

ρupu´ viq
T ´T

˘

nk,i, (1.5b)

BtpχkρEq ` divpχkρuEq “ divpχkpTu´ qqq ` χkρpr ` bTuq´δi pρEpu´ viq ´ pTu´ qqq
T

nk,i.
(1.5c)

Let us note 〈¨〉 the ensemble averaging procedure. This average has the following classic properties (that
is also true for other types of averages):

• linearity (λ is a constant):

〈λa` b〉 “ λ 〈a〉` 〈b〉 ,

• idempotence:

〈〈a〉〉 “ 〈a〉 ,

• Gauss and Leibniz rules:

〈Bta〉 “ Bt 〈a〉 and 〈Bxa〉 “ Bx 〈a〉 .

It is now possible to average the equations (1.5a), (1.5b) and (1.5c), and get equations on the following
variables:

αk “ 〈χk〉 ,
mk “ 〈χkρ〉 ,

pmuqk “ 〈χkρu〉 ,
pmEqk “ 〈χkρE〉 .

It is convenient to introduce also the phasic densities ρk “
mk

αk
, velocities uk “

pmuqk
mk

and energies

Ek “
pmEqk
mk

, as well as pressures pk from the averaging of the stress tensor T. However, all the terms

arising from the averaging process are not closed. This is especially the case of the interfacial terms,
which are written in blue in equations (1.5a), (1.5b) and (1.5c), and will be noted in blue in the following.
Moreover, although constitutive relations (such as the equations of states or the expression of T) are
well known in pure phases, this is no longer the case for the mixture averaged variables. New relations
need to be stated, using a modeling approach that is consistent with the sub-scale structure of the flow.
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Averaged equations

The set of averaged equations can finally be written (k “ 1, 2):

Bt pαkρkq ` div pαkρkukq “ Γk, (1.6a)

Btpαkρkukq ` divpαkρkukuTk q “ divpαkTkq ` αkρkbk`Γkvk,i `Mk, (1.6b)

BtpαkρkEkq ` divpαkρkukEkq “ divpαkpTkuk ´ qkqq ` αkρkprk ` bTk uq`ΓkEk,i `Mkvk,i `Πk,
(1.6c)

where the blue terms stand for the interfacial unclosed terms.

Remark 2. One often finds a variable named the interfacial pressure in the expression of Mk, which
appears then as a classic stress tensor:

Mk “ pk,i∇αk ` M̃k.

The averaging of the jump relations bring further information on the blue source terms and in particular,
one has the global conservation of mass, momentum and energy given by:

ÿ

k

Γk “ 0,

ÿ

k

Mk ` vk,iΓk “ mσ,

ÿ

k

ΓkEk,i `Mkvk,i `Πk “ εσ.

But explicit expressions for these terms relating them with the averaged variables of system (1.6) are
still to be defined, as well as an equation or a relation that enables to compute the volume fractions αk.

For the force terms in blue and the interfacial velocity, the closure work needs to consider the sub-
scale effects again. Simplifications in expressing these effects can be done through assumptions on the
topology of the interface. For instance, assuming spherical bubbles enables to express a part of the jump
in momentum as drag forces. Then, the expressions of these forces can be easily averaged. This ends to
models that are specific to one two-phase flow configuration.

For the closure of the volume fractions, one encounters different approaches in the literature. The
choices made to close these terms often determine the mathematical structures of the equations. Indeed,
the averaged system of equations (1.6) is often qualified as ill-posed, since its convective part is not
unconditionally hyperbolic. Among the closure relations, one finds:

• the equality of the phase pressures, which leads to a system that is not hyperbolic, unless velocities
are also equal: u1 “ u2 (Stewart and Wendroff (1984)),

• multiple definitions of an interfacial pressure (see for example in Stuhmiller (1977)),

• the addition of an equation on volume fraction, which helps recovering the hyperbolicity of the
system.

This last choice leads to a seven-equation system similar to the Baer and Nunziato model Baer and
Nunziato (1986), which is presented in the next section.

Remark 3. In Lhuillier, Chang, and Theofanous (2013) and in Vazquez-Gonzalez (2016), a discussion
is lead on the necessity of the well-posedness character of the systems and alternative solutions to the
enforcing of hyperbolicity are proposed.

1.1.2 Drew’s model for bubbly flows

Let us present here the model for bubbly flows that can be found in Cheng, Drew, and Lahey (1983);
Cheng, Drew, and Lahey (1985); Drew and Passman (1999) and related works. This model has been
derived using an ensemble averaging procedure, with the following assumptions:
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• there is no mass transfer between the gas and the liquid,

• gravity g acts as a bulk force,

• bubbles are spherical, and the distribution in size of the bubbles is monodisperse: all bubbles are
of radius R that may evolve through time: Rptq.

Evolution equations for the mass of the fluids, their momentum and their enthalpy hk, as can be found
in Cheng, Drew, and Lahey (1985), write:

Bt pαkρkq ` div pαkρkukq “ 0, (1.7a)

Btpαkρkukq ` divpαkρkukuTk q “ ´αk∇pk ` αkρkg ` p´1qkα1 rFD ` FVM ` FR ` FBs ´ τk,
(1.7b)

Btpαkρkhkq ` divpαkρkukhkq “ αk
`

Btpk ` uTk∇pk
˘

´ τkuk `
q2k,i
Ls

, (1.7c)

k “ 1 for gas and k “ 2 for liquid.

The forces appearing in the momentum equations are:

• the drag force FD, given for a bubbly flow,

• the virtual mass force FVM , which is a force accounting for the acceleration of a volume of liquid,
that is displaced due to the drift in velocities,

• a reaction force FR due to the variations of the bubbles radii, that modifies the pressure in the
liquid near bubbles,

• the Basset force FB .

τk is the shear stress at the wall (the border of the physical domain). q2k,i{Ls accounts for the interfacial
heat transfers between the phases, due to temperature difference. All these terms get expressions that
depend on the averaged variables αk, ρk, uk, pk and hk Cheng, Drew, and Lahey (1983); Cheng, Drew,
and Lahey (1985).

Now, the unclosed terms are the phasic pressures and the volume fraction α1 (one has indeed α2 “ 1´α1):

• The phasic pressures are related to the densities ρk and enthalpies hk by equations of state (EOS):
pk “ pkpρk, hkq. These EOS also define the phase sound velocity ck:

1

c2k
“ pBpkρkqhk `

1

ρk
pBhkρkqpk .

• For the gas volume fraction α1, one uses the topological assumption on the micro-structure of the
flow: the flow is indeed composed of spherical bubbles of locally unique radius Rptq and with a
number density Npt,xq. The gas volume fraction is then simply given by:

α1pt,xq “
4

3
πR3ptqNpt,xq,

and, with the assumption that bubbles do not coalesce nor fraction, one can assume that their
number density is conserved:

BtN ` divpNu1q “ 0

Now, one has to determine an equation for Rptq. One can note that, by using the very strong assumption
of monodispersity, an equation on the radius Rptq can be determined by considering the physics of a
single bubble. In particular, in the following, we are interested in pulsating bubbles. In Cheng, Drew,
and Lahey (1983); Cheng, Drew, and Lahey (1985), the evolution of Rptq for a bubble that pulsates with
a frequency ω is given by an equation close to the Rayleigh-Plesset equation, that reads:

p1,i´p2 “
ρ2R :R

1´ ikpωqR
`ρ2

9R2

«

2

1´ ikpωqR
´

1

2
´

ˆ

kpωqR

1´ ikpωqR

˙2
ff

`4
µ2

9R

R

„

1´
pkpωqRq2

2p1´ ikpωqRq



`
2σ

R
,
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(1.8)

where kpωq is the wavelength associated with pulsation ω, p1,i is the gas pressure at the bubble interface
and µ2 is the liquid dynamic viscosity. The notation 9́ indicates the temporal derivative: 9R “ dR

dt . One
can note that, up to now, there is no relation for p1i.

Remark 4. The expression of the interfacial heat transfer term, q2k,i{Ls, also requires the definition of
an interfacial temperature T1,i, that must be determined in the same way as p1,i.

From Cheng, Drew, and Lahey (1983); Cheng, Drew, and Lahey (1985), there is no closure for the
interfacial variables. Only complex functions enable to relate them to the radius R and the frequency of
pulsation ω in a linearized version of the equations. This linearization is further discussed in Chapter 2.

1.1.3 Conclusion on the averaging procedure

We have presented one of the ways in which averaged equations for two-phase flows can be derived.
This first method, based on averaging equations that describe the sub-scale physics, enables to get
systems of equations containing plenty of terms standing for averaged physical effects. But these terms
require also an important modeling effort, as well as the closure of all terms of the equations. These
closures are usually based on the sub-scale topology of the interface (for example spherical bubbles).
Moreover, the complexity of the formulae used for these averaged forces or energies makes it usually
hard to discriminate prevailing from neglected physical effects, and to simplify the equations according to
different flow regimes. It is consequently difficult to get the structure of the equations that would result
from simplifying assumptions (such as mechanical equilibrium). Finally, the mathematical structure
of these systems of equations is in general not well-known: they are often not hyperbolic, and their
dissipative structures are often not well identified.

1.2 A method based on postulated equations and second princi-
ple of thermodynamics

A second method to derive two-fluid systems of equations consists in postulating equations according
to the continuum mixture theory (Truesdell (1969)). With this approach, equations of conservation are
first given for each phase. These equations also comprise source and exchange terms that are to be
closed. This closure is performed by considering thermodynamics laws for each phase and ensuring the
second principle of thermodynamics for the two-phase mixture. The choices made during this closure
step are not unique, as noted in Bdzil, Menikoff, Son, Kapila, and Stewart (1999), and the parameters
they involve must be physically identified. We detail below this method, as it was first used in Baer and
Nunziato (1986) for two-phase granular flows. The resulting model is known as the Baer and Nunziato
(BN) model.

Postulated equations

The equations for the two-phase system are assumed to be given for the densities ρk, velocities uk and
internal energies ek by (k “ 1, 2):

Bt pαkρkq ` uTk∇pαkρkq “ ´αkρkdiv pukq ` Γk, (1.9a)

αkρkBtuk ` αkρku
T
k∇uk `∇πk “ αkρkbk ´ Γkuk `Mk, (1.9b)

αkρkBtek ` αkρku
T
k∇ek “ ´πkdivpukq ` αkρkrk ´ divpqkq ´ Γk

ˆ

ek ´
1

2
uTk uk

˙

´Mkuk ` Ek,

(1.9c)

where Γk, Mk and Ek are respectively the mass, momentum and energy exchange terms, bk, rk and qk
are the bulk forces, the external heat sources and the heat fluxes, and πk are the phase pressures. All
these terms must be given constitutive laws and one should also derive an equation for one of the volume
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fractions αk (either a closure law, or an evolution law). The exchange terms are first constrained by the
so-called summing rule, that ensures the conservation of the mixture quantities:

ÿ

k

Γk “ 0,
ÿ

k

Mk “ 0,
ÿ

k

Ek “ 0.

The second law of thermodynamics, as presented below, will provide further constraints on these terms.

Entropy function and inequality

Following the lines of Truesdell (1969), to each phase is associated a thermodynamical entropy ηk and
an entropy flux:

Gk “ αkρkηkuk `
qk ´ αkρkrk

Tk
,

with Tk the phase temperature. A priori, the entropy ηk is a function of all the phase variables:
ηkpαk, ρk,uk, Tkq, and one of the novelty of the work of Baer and Nunziato (1986) is to consider the
volume fraction αk as an independent variable.

The second law of thermodynamics for the two-phase flow states that the following entropy inequality
must be satisfied:

ÿ

k

Btpαkρkηkq ` divpGkq ě 0. (1.10)

The procedure consists now in expanding the inequality (1.10), by using the state laws that relate the
entropy ηk with the density ρk, the pressure pk and the temperature Tk, and to make choices so that the
expanded inequality is always satisfied. We will not detail this procedure here, since a similar approach
will be presented in the next section in a simplified context. Let us just give the resulting relations that
have been derived in Baer and Nunziato (1986).

Closure choices of the BN model

The choices that have been made to close the equations (1.9a), (1.9b) and (1.9c), and to satisfy the
entropy inequality (1.10) provide expressions for the exchange terms that make appear three relaxation
processes:

• a relaxation for the mass exchanges, that depends on the pressure of the solid phase and the differ-
ence between the thermodynamical states of the two phases. This effect is driven by a coefficient
ε,

• a relaxation for the momentum exchanges under the form of drag forces, driven by a coefficient δ,

• relaxation effects in the transfer of energy, driven by a heat coefficient h.

The entropy inequality also enables to set an evolution law for the volume fractions. Let us consider
here α1 (α2 is given by α1 ` α2 “ 1), its equation writes:

Btα1 ` uT1 ∇α1 “
α1α2

µ
pp1 ´ pp2 ` β1qq `

Γ1

ρ1
, (1.11)

with β1 a configuration pressure, that represents the contact forces between the solid grains in the context
of granular beds and µ a compaction viscosity.

Now, the last step of the procedure consists in providing the different coefficients a physical interpretation
and expressions. Therefore, this step depends on the type of two-phase flow that is modeled. In Baer
and Nunziato (1986), expressions for ε, δ and h were found in the literature, as these phenomena had
already been studied experimentally. However, µ was a new parameter, whose effect was not known at
the time of the article. This parameter has since appeared in many two-phase flows models, and has been
identified with viscous effects (see in Gavrilyuk and Saurel (2002) for instance). We present in Chapter
2 a new identification for this parameter.
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Conclusion

The model of Baer and Nunziato has been the subject of multiple studies and is widely used in the
granular media community (see Gallouët, Helluy, Hérard, and Nussbaum (2010) for example and a
review in Bdzil, Menikoff, Son, Kapila, and Stewart (1999)).

Comparing with the method of Section 1.1, the approach that was presented here has the advantage
of better controlling the dissipative effects of the equations, due to their compliance with the second
principle of thermodynamics. Moreover, the seven-equation system is shown to be hyperbolic Embid
and Baer (1992). However, the methodology introduces parameters whose physical meaning is to be
found a posteriori.

The relaxation parameters can be used to derive reduced-order models, as was proposed in Kapila,
Menikoff, Bdzil, Son, and Stewart (2001). In this paper, the characteristic times for velocity and pres-
sure relaxations are studied, and successively assumed to be negligible in comparison with the other
characteristic times of the system. A model with unique velocity and then a model with unique pressure
are thus derived from the BN model. The idea of a hierarchy of models will be studied at the end of this
chapter for a series of other models, but that are also related through relaxation effects.

1.3 A method based on a variational principle and entropy dis-
sipation

Now, let us present the last approach that can be used for the derivation of two-phase models. It has
similarities with the method of section 1.2, since it also involves the second principle of thermodynamics.
However, the convective part of the equations is firstly obtained by a variational principle, after having
postulated the energies for the two-phase system. After a few words on the origins and the history of
the Least Action Principle, that may help understand its theoretical grounds, we will use it to derive
mixture models for gas-liquid two-phase flows.

1.3.1 Origins of the variational principle and general overview

Origins and a history of the Least Action Principle are presented in Berdichevsky (2009): the idea that
Nature tries to minimize its efforts dates back to Aristotle, but first concrete equations were written
by Fermat for solving the problem of light refraction at the interface of two different media. At that
time, it was believed that light takes the path that minimizes its time of propagation from one point to
the other, and so was it for every mechanical process. It evolved to the belief that Nature tries in fact
to minimize its effort (not only in terms of time). Maupertuis introduced the notion of action, which,
for a solid object, is the product of its mass by its velocity and by the length of the considered path.
This definition of the action was improved by Euler. From his works on differential calculus, Euler used
instead the integral of Maupertuis’ action over the path, which is equivalent to the integration over time
of the kinetic energy of the system. Later, Lagrange considered another form of the action functional,
and postulated that the true motion is given by a stationary point of this action under the constraint of
energy conservation. This formulation lead to the well-known Lagrange’s equations:

BL
Bqi

´
d

dt

BL
B 9qi

“ 0,

where qi are N generalized coordinates that describe the system, 9qi are their derivatives with time and
L is the Lagrangian functional defined as the difference between kinetic and potential energies:

L “ Ekin ´ Epot. (1.12)

Finally, Hamilton defined the action as the integral over time of the Lagrangian functional, from t0 where
the system lies at state q0, to a time t1 with a system at state q1:

A “
ż t1

t0

Lpq, 9q, tqdt. (1.13)
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Hamilton’s variational principle states that (see Berdichevsky (2009)): "The true motion is the stationary
point of the functional (1.13) on the set of all paths beginning at point q0 and instant t0 and ending at
point q1 at instant t1." This formulation of the variational principle, as well as the hamiltonian action
are currently one of the two most used forms (with Jacobi’s one).

Remark 5. One can note that, according to the Least Action Principle, two contributions seem to rule
the system evolution: the kinetic energy and potential energies. In the usual equations of mechanics,
these two contributions are also linked as, for example, in the second law of dynamics:

m
dv

dt
“ F,

with F the forces that are applied to the system. In this equation, the forces are not all issued from
potential energies however: for instance, one can consider friction effects, that are dissipative forces.
These dissipative effects cannot be deduced from the Least Action Principle, they must be added afterwards
by other means.

This historical approach mainly concerned mechanics of solid systems. Using the variational principle
to derive equations for continuous systems has then developed and in particular, barotropic two-phase
flow systems were derived with this method in Berdichevsky (1983); Berdichevsky (2009); Bedford and
Drumheller (1983). A methodology for deriving incompressible two-phase equations is given in Geurst
(1986) and a first comparison between these equations and a model issued from the averaging procedure
was done in Pauchon and Smereka (1992). All these works used Lagrange multipliers to solve the
optimization problem that is represented by the Least Action Principle, under the constraints of mass
conservation. Later, these constraints were formulated in the form of virtual displacements in Lagrangian
coordinates, that was simplifying the procedure (see Gavrilyuk, Gouin, and Perepechko (1998); Gavrilyuk
and Gouin (1999); Gavrilyuk and Saurel (2002)). We will use the same techniques in the following
paragraphs.

1.3.2 Example of application of the variational principle in the case of a
gas-liquid two-phase flow

1.3.2.1 Main assumptions and definition of the variables

To illustrate the methodology, as proposed in Gavrilyuk and Saurel (2002), we apply it to derive the
3-equation homogeneous equilibrium barotropic two-phase model (HEM), for mixtures of gas and liquid,
from Chanteperdrix, Villedieu, and Vila (2002). The derivations are indeed quite simple for this model,
since it is based on the following assumptions:

(H1) homogeneity : at each point of the mixture, gas and liquid share the same velocity u,

(H2) equilibrium: gas and liquid stand at mechanical equilibrium (pgas “ pliq),

(H3) barotropic: the thermodynamical state does not depend on temperature (the system is either
isothermal or isentropic),

(H4) there is no phase transition, thus the mass of each component is conserved.

We will see in Chapter 2 how these assumptions can be justified in the context of bubbly media. We will
also see that by assuming (H1), assumption (H2) is a natural consequence of the least action principle.

Let us consider a gas-liquid mixture and note ρk, k “ 1, 2 the mass densities of both components. In the
following, we will use the index 1 for gas and 2 for liquid.

Equations of state

Following hypothesis (H3), we use barotropic Equations of State (EOS):

ρk ÞÑ fkpρkq and ρk ÞÑ pkpρkq “ ρ2
kpdfk{dρkqpρkq, (1.14)

where fk and pk are respectively the specific Helmholtz free energies and the partial pressures of each
fluid, k “ 1, 2. c2k “ pdpk{dρkq denotes the sound velocities within each pure material k.
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Mass conservation

Let us define m1 and m2 as the mass concentrations of gas and liquid respectively: they are the masses of
these components per unit volume. Following assumption (H4), we have the two following conservation
equations for m1 and m2:

Btm1 ` divpm1uq “ 0, (1.15)
Btm2 ` divpm2uq “ 0. (1.16)

Then the total density of the mixture, ρ “ m1 `m2 is also conserved due to assumption (H1):

Btρ` divpρuq “ 0. (1.17)

Let us define the mass fractions of gas Y1 “ m1{ρ and of liquid Y2 “ m2{ρ. In the following, we note
Y “ Y1. Consequently, we also have Y2 “ 1 ´ Y , and from (1.15), one can deduce directly that the
conservation equation for Y writes:

BtpρY q ` divpρY uq “ 0. (1.18)

Volume fractions

The volume fractions of the components, α1 and α2, are defined as the ratio of their volume occupation
over the control volume, and their sum is equal to 1 for immiscible components. By definition, we have
α1 “ m1{ρ1 and α2 “ m2{ρ2. This definition also shows how the volume fractions are related to the
components thermodynamical state. This will be useful later. In the following, we note α “ α1 and then
α2 “ 1´ α.

Let us outline here that all the variables defined above are averaged variables for the mixture.

1.3.2.2 Derivation of conservative equations using the variational principle

The first step in the modeling methodology aims at deriving a system of conservation laws, that is hyper-
bolic and equipped with a mathematical entropy evolution equation. Following the lines of Berdichevsky
(2009) for barotropic fluids, of Gavrilyuk and Saurel (2002) for a system of equations for two compressible
fluids and two temperatures, or of Caro, Coquel, Jamet, and Kokh (2006) for a homogeneous isothermal
two-fluid model, we propose to use a variational approach and Hamilton’s principle of stationary action
to derive the conservative structure of the two-fluid model satisfying the assumptions (H1) to (H4).

Set of variables

Among the variables that can describe the mixture, we choose in this part to use the set pρ, Y,u, αq.

Energies and Lagrangian

The first and most difficult step of the method is the definition of the system energies, in terms of the
averaged variables of interest. Here we only present the method and we will not discuss the possible
choices for the expression of these energies. This is done in the next sections. Let us just assume that
the bulk kinetic energy for the mixture writes:

Ekin “
1

2
ρ|u|2,

and the potential energies are given by Helmholtz’s free energy for the mixture (defined later):

Epot “ ρfpρ, Y, αq.

The Lagrangian L “ Ekin ´ Epot of our system is fully defined, namely:

Lpu, ρ, Y, αq “ 1

2
ρ|u|2 ´ ρfpρ, y, αq. (1.19)
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Lagrangian description

Let V ptq be the volume occupied by a portion of fluid during t0 ď t ď t1 (see Figure 1.1). We note

Ω “ tpx, tq P R3 ˆ rt0, t1s | x P V ptqu,

the subset of all space-time points crossed by V ptq for t0 ď t ď t1.

The space variable X P V p0q denotes the Lagrangian coordinates associated with the reference frame at
the initial instant t “ t0. If pX, tq ÞÑ ϕ is the mapping that gives the position ϕpX, tq at instant t of a
fluid element that was located at X at time t “ t0, then obviously

Ω “ tpϕpX, tq, tq | X P V pt0q, t0 ď t ď t1u.

Eulerian equivalence

From a pure Eulerian point of view, a transformation of the medium is fully characterized by the fields
px, tq ÞÑ pρ,u, Y, αq. Equivalently, we can say that a transformation of the medium is fully characterized
by the Eulerian fields px, tq ÞÑ pY, αq and the Lagrangian mapping pX, tq ÞÑ ϕ under the hypothesis that
ϕ is compliant with the mass conservation.

Family of path

If px, tq ÞÑ pY, αq and pX, tq ÞÑ ϕ is a given transformation of the medium, we consider a family of
transformations px, t, ζq ÞÑ ppY , pαq and pX, t, ζq ÞÑ pϕ parametrized by ζ P r0, 1s such that:

• the physical path is obtained when ζ “ 0:

ppY , pαqpx, t, ζ “ 0q “ pY, αqpx, tq and pϕpX, t, ζ “ 0q “ ϕpX, tq, (1.20)

• pY and pϕ verify the mass and partial mass conservation equations (1.17) and (1.18), for all ζ P r0, 1s.

This family of transformations defines all the conceivable paths from V pt0q to V pt1q that the variables
of the system, and consequently the Lagrangian functional, could follow (see an illustration in Figure
1.1).

Hamilton’s action

The Hamiltonian Action Apζq for the piece of fluid between times t0 and t1 writes:

Apζq “
ż

Ω

Lppu, pρ, pY , pαq dxdt.

The Least Action Principle will then provide the physical path as the one minimizing the variations of
Hamilton’s action.

Infinitesimal transformation

Now, to explicitly get these minimal variations, we adopt the classic definition of the infinitesimal trans-
formations that act on the medium by introducing the infinitesimal displacement px, tq ÞÑ ξ around the
physical path, where

ξ
`

ϕpX, tq, t
˘

“

ˆ

Bpϕ

Bζ

˙

X,t

pX, t, ζ “ 0q,

and by setting for any Eulerian field px, t, ζq ÞÑ pb the infinitesimal variation:

δbpx, tq “

˜

Bpb

Bζ

¸

x,t

px, t, ζ “ 0q. (1.21)
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ϕ̂pX, t, ζ1q

ϕ̂pX, t, ζ2q

V pt0q

V pt1q

Figure 1.1: Scheme representing two different possible paths φ̂ parametrized by ζ1 and ζ2, that transform
the piece of fluid V from it state at time t0 to its state at time t1.

Watching along the lines of Berdichevsky (2009); Gavrilyuk and Saurel (2002); Gavrilyuk (2012), our
hypotheses provide now the infinitesimal variations of ρ, Y and u around the physical path. We obtain
indeed the following relations between these infinitesimal variations and the infinitesimal displacement:

δρ “ ´divpρξq, δu “ Dtξ ´ pξ
T∇qu and δY “ ´pξT∇qY. (1.22)

Remark 6. The details of the derivation of these relations are not given here, as they involve tedious
computations. However, one can note that one of way to get them is to switch the roles of t and ζ and
derive the equations (1.22) like conservation equations.

Let us also note that here the infinitesimal variations are given for A by:

δA “ dA
dζ
pζ “ 0q.

To express the stationary state, let us now compute the infinitesimal variations of the action:

δA “
ż

Ω

«

ˆ

BL
Bu

˙T

δu`
BL
Bρ
δρ`

BL
BY

δY `
BL
Bα

δα

ff

pu, ρ, Y, αqdxdt.

We make the classic assumption (see Gavrilyuk and Gouin (1999); Gavrilyuk and Saurel (2002)) that
for our transformation family, ξ and δα vanish on BΩ. The Green formula and the relations (1.22) allow
us to write

δA “ ´
ż

Ω

"

´ρ∇
ˆ

BL
Bρ

˙

` Bt

ˆ

BL
Bu

˙

` div
ˆ

BL
Bu

uT
˙

` p∇uqT
ˆ

BL
Bu

˙

`

ˆ

BL
BY

˙

∇Y

*T

ξ dxdt

`

ż

Ω

BL
Bα

δα dxdt. (1.23)

Least Action Principle

Finally the Least Action Principle boils down to postulate that a physical transformation of the medium
should extremize the Hamiltonian action A:

δA “ 0.
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Both parts of the integral (1.23) should satisfy this equality, whatever the choices of ξ and δα. This
yields

´ρ∇
ˆ

BL
Bρ

˙

` Bt

ˆ

BL
Bu

˙

` div
ˆ

BL
Bu

uT
˙

` p∇uqT
ˆ

BL
Bu

˙

`

ˆ

BL
BY

˙

∇Y “ 0, (1.24)

BL
Bα

“ 0. (1.25)

For the choice of L expressed by (1.19), we have

BL
Bρ
“
|u|2

2
´ f ´ ρ

Bf

Bρ
,

BL
BY

“ ´ρ
Bf

BY
,

BL
Bα

“ ´ρ
Bf

Bα
,

BL
Bu

“ ρu. (1.26)

Conservative equations

Relations (1.24) and (1.25) will respectively provide the evolution equations for the momentum and
closure relation for the volume fraction. Indeed, reinjecting (1.26) into (1.24) provides

Btpρuq ` divpρuuT q `∇
ˆ

ρ2 Bf

Bρ

˙

“ 0.

Then, we define the medium pressure p by setting

p “ ρ2 Bf

Bρ
. (1.27)

Using the mass and partial mass conservation hypotheses we obtain that the fluid transformations are
governed by the following system of equations

Btρ` divpρuq “ 0, (1.28a)
BtpρY q ` divpρY uq “ 0, (1.28b)

Btpρuq ` divpρuuT q `∇p “ 0, (1.28c)

ρ
Bf

Bα
“ 0. (1.28d)

We recall here that the Least Action Principle only provides the conservative part of our models. More
specifically, it enables to derive the momentum equation (1.28c), that supplements the mass conservation
equations (1.28a)-(1.28b) which have been postulated. Let us also note that the last equation (1.28d) is
a priori not an evolution law, but rather a closure relation, related to the choice of the thermodynamics
laws.

Choice of a mixture free energy

For instance, if we specify the free energy of the medium as the bulk mixture free energy, we set

fpρ, Y, αq “ Y f1

ˆ

ρY

α

˙

` p1´ Y qf2

ˆ

ρp1´ Y q

1´ α

˙

. (1.29)

For this choice, granted that ρ2
kBfk{Bρk “ pk, k “ 1, 2, a straightforward calculation gives that

p “ ρ2 Bf

Bρ
“ αp1 ` p1´ αqp2 and ρ

Bf

Bα
“ p2 ´ p1.

and system (1.28) can then be written:

Btρ` divpρuq “ 0, (1.30a)
BtpρY q ` divpρY uq “ 0, (1.30b)

Btpρuq ` divpρuuT q `∇p “ 0, (1.30c)
p1 “ p2. (1.30d)
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We can see that for this choice of free energy, the Least Action Principle naturally leads to a system
with the equilibrium of the phase pressures. This 3-equation system is well-known in the two-fluid
community: see for instance an application to sloshing in Chanteperdrix, Villedieu, and Vila (2002),
where its mathematical properties are presented. We recall some of these properties briefly below.

Mathematical properties

[P1 ] The equations (1.30a) to (1.30d) define a closed system. Indeed, ρ, Y and u are associated to
their evolution equations. p1 and p2 are computed by using their barotropic pressure laws:

p1pρ1q “ p1

ˆ

ρY

α

˙

and p2pρ2q “ p2

ˆ

ρp1´ Y q

1´ α

˙

.

Finally, one can compute the gas volume fraction α by using the barotropic laws and relation
(1.30d). In Chanteperdrix, Villedieu, and Vila (2002), it is shown that for linearized pressure laws,
the equilibrium volume fraction α is the unique root of a second degree polynomial equation that
lies in r0, 1s.

[P2 ] In one dimension, system (1.30) is hyperbolic, with three eigenvalues that are u, u ´ cWood and
u`cWood. cWood is Wood’s sound velocity for two-phase mixtures with pressure equilibrium (Wood
(1930)). It is defined by:

cWood “

„

ρ

ˆ

α

ρ1c21
`

1´ α

ρ2c22

˙´1{2

. (1.31)

For fixed values of ρ1, ρ2, c1 and c2, cWood is a convex function of α over r0, 1s. What is more, for
a large portion of the segment r0, 1s, the value of cWood is smaller (and even largely smaller) than
the values of c1 and c2 (see in Figure 1.2 Wood’s velocity given as a function of volume fraction).

[P3 ] A mathematical entropy for system (1.30) is given by (see Godlewski and Raviart (1996); Serre
(2007)):

ηpu, ρ, Y, αq “
1

2
|u|2 ` fpρ, Y, αq. (1.32)

One can note that this entropy is in fact equal to the total energy of the system and is then
different from the usual thermodynamical entropy. As explained in Serre (2007), this expression
for entropy is obtained by noting that Euler’s isothermal system of equation can be considered as
the asymptotic limit of Euler-Fourier system (Euler equations with a Fourier’s dissipative source
term). Then by using relations that exist then between the entropies of these two systems, one
recovers the entropy function (1.32). The dissipative structures of system (1.28) associated to the
entropy inequality are examined in the next section.

1.3.2.3 Inclusion of dissipative effects using the second principle of thermodynamics

The aim of this section is to show how to provide a conservative system, obtained through the Least
Action Principle for instance, with dissipative effects that satisfy the second principle of thermodynamics,
that states that the evolution equation of the entropy (1.32) must be signed: increasing physical entropy
or decreasing mathematical entropy. The difference between both entropies is illustrated in the case of
the Euler system for gas dynamics, for which, if the physical entropy is denoted s, then the mathematical
entropy is defined as η “ ´ρs, which is a convex function of the variables of the system. For both of
these definitions, the entropy variations denote the passage of energy from the scale of resolution of the
equations to the sub-scales. More specifically, in this section, we aim at describing small scale dissipation
at the fluids interface. This way, the damping of local sub-scale interfacial mechanisms due to various
dissipative phenomena can be taken into account. This approach is the same as in section 1.2. Here, it
is developed in more detail in a simplified context.
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First, let us suppose that equations (1.30a)-(1.30c) are valid, but we discard the pressure equality closure
(1.30d) and consider again that α is an independent variable (in the same way as in the definition of the
Lagrangian functional).

We now seek for an entropy flux function G and a proper evolution principle for Dtα, such that

Btpρηq ` divpρηu`Gq ď 0,

or equivalently

ρDtη ` divpGq ď 0, (1.33)

where the notation Dt¨ “ Bt ¨ `uT∇¨ is the material derivative. Relation (1.33) reads

divpGq ` ρ
ˆ

Bη

Bu

˙T

Dtu` ρ
Bη

Bρ
Dtρ` ρ

Bη

BY
DtY ` ρ

Bη

Bα
Dtα ď 0.

Using (1.30a)-(1.30c) to express Dtu, Dtρ, DtY and the relations:

Bη

Bu
“ u,

Bη

Bα
“
Bf

Bα
,

Bη

Bρ
“
Bf

Bρ
,

we obtain that

div rG´ pus ` ρ
Bf

Bα
Dtα ď 0. (1.34)

A simple choice for ensuring (1.34) consists in setting

G “ pu and
Bf

Bα
“ ´εDtα,

where ε ą 0 is a constant. This yields a definition of G and an evolution equation for α that reads

Btα` uT∇α “ ´
1

ε

Bf

Bα
.

Remark 7. The choices that have been made previously are arbitrary. We could also have chosen:

Bf

Bα
“ 0

to satisfy the entropy inequality (corresponding to ε “ 0). In this case, the free energy is independent of
α and we recover the non-dissipative system (1.30).

Now, the dissipative system of equations reads:

Btρ` divpρuq “ 0, (1.35a)
BtpρY q ` divpρY uq “ 0, (1.35b)

Btpρuq ` divpρuuT q `∇p “ 0, (1.35c)

Btα` uT∇α “ ´
1

ε

Bf

Bα
. (1.35d)

For the choice of the form of free energy (1.29), system (1.35) finally reads:

Btρ` divpρuq “ 0, (1.36a)
BtpρY q ` divpρY uq “ 0, (1.36b)

Btpρuq ` divpρuuT q `∇p “ 0, (1.36c)

Btα` uT∇α “
p1 ´ p2

ε
. (1.36d)
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Figure 1.2: Frozen velocity of sound (dashed line) and Wood’s velocity of sound (full line) as a function
of volume fraction α. The subcharacteristic condition (cFrozen ě cWood) is verified for all values of α.

We can observe that using the second principle of thermodynamics has lead to a 4-equation system,
where the phase pressures can now be out of the mechanical equilibrium, since α is now an independent
variable that may not satisfy the pressure equality p1

´

ρY
α

¯

“ p2

´

ρp1´Y q
1´α

¯

any longer. However, the
source term of equation (1.36d) has a relaxation effect on the pressures, with a relaxation characteristic
time proportional to ε. This equation is similar to the equation on volume fraction (1.11) of Baer and
Nunziato (1986). In their paper, the expression given to the relaxation parameter was based on an
analogy with the kinetic theory for gases, but their study of the compaction effects lead to the conclusion
that further study was necessary to better identify this parameter. We will propose an identification of
it in the case of bubbly flows in Chapter 2.

Let us conclude this section by studying the mathematical properties of this new two-phase model.

Mathematical properties:

[P4 ] System (1.36) is closed: ρ, Y , u and α have their own evolution equations, while p1 and p2 are
computed using their pressure laws.

[P5 ] In one dimension, the convective part of system (1.36) (i.e. the left hand side of the equations)
is hyperbolic with three characteristic velocities : u (eigenvalue of multiplicity 2), u ´ cFrozen and
u` cFrozen. cFrozen is named frozen sound velocity as it characterizes two-phase systems constantly
out of pressure equilibrium. Its expression is given by:

cFrozen “
`

Y c21 ` p1´ Y qc
2
2

˘1{2
. (1.37)

This acoustic velocity satisfies Whitham’s subcharacteristic condition (Whitham (1974)) regarding
Wood’s sound velocity for the 3-equation equilibrium system (see an illustration on Figure 1.2).
This sucharacteristic property is important when considering relaxation source terms. It ensures
indeed that the system obtained from (1.36) for small values of ε is a diffusive approximation of the
equilibrium system (1.30): this means that a diffusive term in Opεq is added to system (1.30). This
property can be proved by using a Chapman-Enskog expansion of the variables of system (1.36) as
is performed in Chanteperdrix, Villedieu, and Vila (2002). We will use this property in Chapter 4
to derive relaxation numerical schemes.

Let us mention that the 4-equation system was used in Chanteperdrix, Villedieu, and Vila (2002) for
numerical purposes: the Riemann problem is in fact easier to solve exactly for system (1.36) than for
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system (1.30). Using the subcharacteristic property [P5], a relaxation numerical scheme can be designed
(see more detail on these schemes in Chapter 4): it consists in computing the numerical fluxes for (1.36),
in updating all the variables, and then in imposing the equilibrium value for the volume fraction α. This
procedure corresponds to an infinitely fast relaxation, i.e. ε Ñ 0. Therefore, there was no need for a
physical meaning or for any value for ε.

1.3.2.4 Conclusion on the method

This last method, based on a variational principle and the second principle of thermodynamics enables to
select the energies of the system, derive the associated conservative equations and add dissipative terms
that comply with an entropy inequality. A first advantage of this method compared to the methods of
sections 1.1 and 1.2 lies in the a priori selection of the physical effects that have to be modeled. This gives
then simpler systems of equations. Moreover, the equations that are derived have interesting mathemat-
ical properties. In particular, they are closed, hyperbolic and own an entropy function. However, as for
the postulated equations of section 1.2, new parameters are introduced and their physical interpretation
is not obvious.

We have illustrated here the method based on the variational principle to derive two homogeneous two-
fluid models, that are commonly used in the interface capturing methods. In the next section, we apply
the methodology and introduce more sub-scale physics in these models.

1.4 Derivation of a hierarchy of homogeneous two-phase models

Now that we have presented the methodology (in section 1.3), let us use it to enrich the mixture models
with sub-scale physical effects. These effects are naturally present in the equations issued from the
averaging strategy, but in the context of the variational principle, one must associate them with energy
terms.

By taking inspiration of Gavrilyuk and Saurel (2002), we are interested here in modeling the sub-scale
pulsations of the interface due to pressure inequalities. This is indeed a leading physical phenomenon for
bubbly flows, where the bubbles pulsations are strong sources of energy damping. We will then consider
new energy terms in the Lagrangian functional, that are associated with these pulsation effects and with
some other effects that will be discussed later.

In this part, although the new energy terms are inspired by the bubbly media, the resulting equations
have general forms that may apply to different two-phase configurations. This is verified for the case of
bubbles in Chapter 2, and propositions for more general interfacial configurations are given in Chapter
3.

1.4.1 A 5-equation system with micro-inertia and micro-viscosity

Ground hypotheses

From Section 1.3, we consider that velocity equilibrium (H1), barotropic system (H3) and no phase
transition (H4) are still valid assumptions. Moreover, in mixture zones, we assume that:

(H5) the interface is submitted to sub-scale interface pulsations, locally modifying the volume fraction
of the two phases.

Energies

The sub-scale pulsations may be considered as contributing to the kinetic energies (because of the
motion of the interface) or as an internal energy from a macroscopic point of view. We choose the first
interpretation and thus assume that the two-phase system owns a two-scale kinetic energy, composed by
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the bulk kinetic energy 1
2ρ|u|

2 and this pulsational energy that we write:

Epuls “
1

2
ν|Dtα|

2. (1.38)

ν is the inertia associated with the motion of the interface, and is called micro-inertia. We assume
in a first approximation that ν depends on α only, by analogy with Temkin (2005), where the inertia
associated with the pulsation of one bubble is a function of its radius only. And in extension, we assume
it to be true for any two-phase configuration. We will see more precisely the assumptions that are made
and the expression of this term in Chapter 2 for the case of bubbles.

The potential energies are now composed of the Helmholtz free energy ρfpρ, Y, αq and of a configuration
energy α ÞÑ epαq, as referenced in Gavrilyuk and Saurel (2002). This last energy corresponds to the
configuration pressure that appears in the equation for volume fraction in the BN model (1.11). We recall
that the BN model applies to granular flows. In the case of gas-liquid flows, we may use this energy to
describe the surface tension effects. These surface effects are related to the form of the interface. So, in
a first approach, we can assume that this energy only depends on α (it is our unique information about
the interface). To conclude, the Lagrangian writes:

Lpu, ρ, Y, α,Dtαq “
1

2
ρ|u|2 `

1

2
ν|Dtα|

2 ´ ρfpρ, y, αq ´ ρepαq. (1.39)

Least Action Principle and Conservative Equations

We follow the same procedure as in 1.3. First, the infinitesimal variations of ρ, Y and u are given by
the relations (1.22). One can show that the variations of Dtα are related to the variations of α by the
formula:

δpDtαq “ Dtpδαq ` p∇αqT
”

Dtξ ´
´

ξT∇
¯

u
ı

.

The infinitesimal variations of the Hamiltonian action are then given by:

δA “ ´
ż

Ω

"

´ρ∇
ˆ

BL
Bρ

˙

` Bt

ˆ

BL
Bu

˙

` div
ˆ

BL
Bu

uT
˙

` p∇uqT
ˆ

BL
Bu

˙

`

ˆ

BL
BY

˙

∇Y

`

„

Bt

ˆ

BL
BpDtαq

˙

` div
ˆ

BL
BpDtαq

u

˙

∇α`
BL

BpDtαq
∇pDtαq

*T

ξ dxdt (1.40)

´

ż

Ω

„

´
BL
Bα
` Bt

ˆ

BL
BpDtαq

˙

` div
ˆ

BL
BpDtαq

u

˙

δα dxdt.

and according to the Least Action Principle, we have the following relations that define the extremum
of the action:

´ρ∇
ˆ

BL
Bρ

˙

` Bt

ˆ

BL
Bu

˙

` div
ˆ

BL
Bu

uT
˙

` p∇uqT
ˆ

BL
Bu

˙

`

ˆ

BL
BY

˙

∇Y

`

„

Bt

ˆ

BL
BpDtαq

˙

` div
ˆ

BL
BpDtαq

u

˙

∇α`
BL

BpDtαq
∇pDtαq “ 0, (1.41)

´
BL
Bα
` Bt

ˆ

BL
BpDtαq

˙

` div
ˆ

BL
BpDtαq

u

˙

“ 0. (1.42)

Finally relations (1.41) and (1.42) turn out to be, by using the definition of the Lagrangian (1.39):

Btpρuq ` divpρuuT q `∇
ˆ

ρ2 Bf

Bρ
`

1

2
νpDtαq

2

˙

“ 0

´
1

2
pDtνqpDtαq ` BtpνDtαq ` divpuνDtαq “ ´ρ

Bf

Bα
´ ρ

Be

Bα
.

Let us now introduce the mixture pressure p “ ρ2 Bf
Bρ and an auxiliary variable w defined by:

Dtα “
ρY w
?
ν
. (1.43)
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The conservative system of equations writes:

Btρ` divpρuq “ 0, (1.44a)
BtpρY q ` divpρY uq “ 0, (1.44b)

Btpρuq ` divpρuuT q `∇
ˆ

p`
1

2
νpDtαq

2

˙

“ 0, (1.44c)

Btα` uT∇α “
ρY w
?
ν
, (1.44d)

Btw ` uT∇w “ ´
1

Y
?
ν

ˆ

Bf

Bα
`
Be

Bα

˙

. (1.44e)

Entropy dissipation

In the next step, we aim at describing sub-scale dissipation associated with the pulsation kinetic energy
Epuls of (1.38). Indeed, in the case of bubbles, the damping mechanisms associated with bubbles pulsa-
tions are well-known (see the large study conducted in Prosperetti (1977) and the beginning of Chapter
2). In a general two-phase flow context, we propose to introduce irreversible damping effects too, by
adding terms to (1.44) that are compatible with a mathematical entropy evolution equation.

As already seen in section 1.3.2.3, an entropy function for isothermal systems is given by the total energy.
Thus, for system (1.44), it writes:

ρηpu, ρ, Y, α, wq “
1

2
ρ|u|2 `

1

2
pρY wq

2
` ρfpρ, Y, αq ` ρepαq. (1.45)

In the same way as in section 1.3.2.3, we assume that equations (1.44a)-(1.44d) are valid, and discard
(1.44e): Dtw is now a quantity to be defined.

While looking for an entropy flux function G that satisfies

Btpρηq ` divpρηu`Gq ď 0,

the development of the entropy equation leads to:

divpGq ` ρ
ˆ

Bη

Bu

˙T

Dtu` ρ
Bη

Bρ
Dtρ` ρ

Bη

BY
DtY ` ρ

Bη

Bα
Dtα` ρ

Bη

Bw
Dtw ď 0.

Then, using (1.44a)-(1.44d) to express Dtu, Dtρ, DtY , Dtα and

Bη

Bu
“ u,

Bη

Bα
“
Bf

Bα
`
Be

Bα
,

Bη

Bρ
“

1

2
pY wq2 `

Bf

Bρ
,

Bη

Bw
“ ρY 2w,

we finally find that

div
„

G´

ˆ

p`
1

2
pρY wq2

˙

u



`
ρ2Y w
?
ν

ˆ

Bf

Bα
`
Be

Bα
`
?
νY Dtw

˙

ď 0. (1.46)

Once more, we choose to ensure (1.46) by setting

G “

ˆ

p`
1

2
pρY wq2

˙

u and
Bf

Bα
`
Be

Bα
`
?
νY Dtw “ ´ε

Y w
?
ν
,

where ε ą 0 is a constant parameter. This yields a definition of G and a new evolution equation for w
that reads:

Btw ` uT∇w “ ´
ε

ν
w ´

1
?
νY

ˆ

Bf

Bα
`
Be

Bα

˙

.
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Consequently, the generic form of our two-phase flow system reads:

Btρ` divpρuq “ 0, (1.47a)
BtpρY q ` divpρY uq “ 0, (1.47b)

Btpρuq ` divpρuuT q `∇
ˆ

p`
1

2
pρY wq2

˙

“ 0, (1.47c)

Btα` uT∇α “
ρY w
?
ν
, (1.47d)

Btw ` uT∇w “ ´
ε

ν
w ´

1

Y
?
ν

ˆ

Bf

Bα
`
Be

Bα

˙

. (1.47e)

Final form of the system

For the choice of the free energy given in (1.29), this system finally writes:

Btρ` divpρuq “ 0, (1.48a)
BtpρY q ` divpρY uq “ 0, (1.48b)

Btpρuq ` divpρuuT q `∇
ˆ

p`
1

2
νpDtαq

2

˙

“ 0, (1.48c)

Btα` uT∇α “
ρY w
?
ν
, (1.48d)

Btw ` uT∇w “ ´
ε

ν
w `

1

ρY
?
ν

ˆ

p1 ´ p2 ´ ρ
de
dα

˙

. (1.48e)

The new variable w accounts for volume fraction variations due to small scale velocities. It is worth
noting these vibration-like effects impact the total momentum of the mixture and appear as an additional
pressure term in the third equation of system (1.47).

Let us now present some mathematical properties for system (1.48).

Mathematical properties

[P6 ] System (1.48) is closed, assuming ε and µ are known.

[P7 ] In one dimension, the convective part of system (1.48) is hyperbolic with three characteristic
velocities: u (eigenvalue of multiplicity 3), u´ cPuls and u` cPuls, where c is the acoustic velocity
given by:

cPuls “
`

c2
Frozen ` ρpY wq

2
˘1{2 (1.49)

Once again, the sub-scale vibrations have an influence on the macroscopic structure of the system,
here, by appearing in the acoustic velocity.

From now on, we start with model (1.48) and we examine two limit flow regimes, obtained for vanishing
values of the parameters ε and ν. First, we study the case of a negligible micro-inertia compared to the
internal dissipation effects, i.e. ν Ñ 0 and ε “ Op1q. Second, we consider the case when both micro-
inertia and internal dissipation tend to zero, with ν Ñ 0 and ε “ op

?
νq. Both cases allow to recover

the two-phase system derived in section 1.3.2.2. All the systems that are examined are composed of a
conservative part and a (possibly null) stiff source term.

1.4.2 A 5-equation non-dissipative system with micro-inertia

Another and simpler asymptotic limit is obtained when ε Ñ 0 in (1.48). A simple calculation leads to
the 5-equation conservative system given in (1.44). This system is not dissipative, but has the same
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mathematical properties as system (1.48). Nonetheless, it will be studied in Chapter 2, as it isolates the
effects of the micro-inertia ν from the effects of the micro-viscosity ε.

1.4.3 A 4-equation dissipative system

We consider system (1.48) and suppose that ν Ñ 0 for a fixed value of ε. We see that (1.48e) provides
that:

m1w
?
ν
“

1

ε

ˆ

p1 ´ p2 ´ ρ
de
dα

˙

.

By using equation (1.48d) we obtain that the limit regime is governed by

Btρ` divpρuq “ 0, (1.50a)
BtpρY q ` divpρY uq “ 0, (1.50b)

Btpρuq ` divpρuuT q `∇p “ 0, (1.50c)

Btα` uT∇α “
1

ε

ˆ

p1 ´ p2 ´ ρ
de
dα

˙

. (1.50d)

In the specific case de{dα “ 0, we recover the relaxation system (1.36d), studied in Chanteperdrix,
Villedieu, and Vila (2002). Its mathematical properties have been presented at the end of section 1.3.2.3,
and we just recall here that its characteristic acoustic velocity is cFrozen, and a subcharacteristic condition
is satisfied between systems (1.48) and (1.50), as we have: cFrozen ď cPuls.

1.4.4 A 3-equation equilibrium system

The last model of the hierarchy can be obtained either by considering model (1.48) and the two vanishing
coefficients ν Ñ 0 and ε “ op

?
νq, or by taking εÑ 0 in (1.50).

By multiplying each side of (1.50d) by ε2 and then letting εÑ 0, one obtains:

p1

ˆ

ρY

α

˙

´ p2

ˆ

ρp1´ Y q

1´ α

˙

´ ρ
de
dα
pαq “ 0.

The whole system then writes:

Btρ` divpρuq “ 0, (1.51a)
BtpρY q ` divpρY uq “ 0, (1.51b)

Btpρuq ` divpρuuT q `∇p “ 0, (1.51c)

p1

ˆ

ρY

α

˙

´ p2

ˆ

ρp1´ Y q

1´ α

˙

´ ρ
de
dα
pαq “ 0. (1.51d)

and in the specific case de{dα “ 0, we recover the pressure equilibrium closure relation p1 “ p2 from
model (1.30) and the 3-equation system which was studied in Chanteperdrix, Villedieu, and Vila (2002).

1.4.5 Conclusion on the hierarchy of two-phase models

With system (1.51), we have reached the model describing the gas-liquid mixture at its equilibrium
state: pressures instantly balance out and there is no dissipation. The different asymptotic limits are
summarized and illustrated in Figure 1.3. In this figure,the systems are written in a form that makes
appear the source terms, parametrized by ε and ν.
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Complete model (1.47)

BtW
p5q
` div

´

Fp5qpWp5q
q

¯

“ Sp5qpµ, ε,Wp5q
q

4-equation model (1.50)

BtW
p4q
` div

´

Fp4qpWp4q
q

¯

“ Sp4qpε,Wp4q
q

5-equation model (1.44)

BtW
p5q
` div

´

F p5qpWp5q
q

¯

“ Sp5qpµ,Wp5q
q

3-equation model (1.51)

BtW
p3q
` div

´

F p3qpWp3q
q

¯

“ 0

pg “ pl

ε ą 0

µ ą 0µÑ 0

εÑ 0

µÑ 0

εÑ 0

µ ą 0

ε ą 0

Figure 1.3: Schematic representation of the hierarchy of models. Submodels are linked by different
parameters limits.

1.5 Conclusion and perspectives

In this chapter, we have compared three methods that are used in the literature to derive two-fluid and
mixture models:

• the first one is based on the averaging of the continuum equations and the jump relations through
the interface at a scale that is not resolved (the sub-scale). After being closed, the equations that
are thus derived describe a large number of physical mechanisms, whose effective effect is hard to
determine for a given flow configuration,

• the second method uses postulated forms of the mixture equations and performs the closure of the
different dissipative mechanisms under the constraints imposed by the second law of thermodynam-
ics. This involves the definition of new parameters, whose values can be used to derive sub-models,
but whose physical meaning is not known a priori,

• the third method involves a variational principle to get the conservative parts of the equations.
Dissipative structures are then added so as to satisfy the second law of thermodynamics. As for
the second method, the meaning of the parameters that are introduced has to be determined a
posteriori.

We have used the third method to derive a hierarchy of homogeneous two-fluid models. The most
complex of these models takes into account micro-vibrations and damping of these vibrations. By letting
the parameters tend to zero, one recovers successively models with dissipation through pressure relaxation
and a model that is no more dissipative. This last model corresponds to the equations that are usually
used in interface capturing methods. We have then drawn a path from this 3-equation model to an
enriched 5-equation model where a first series of sub-scale effects are accounted for.

The procedure using the variational principle seems promising for a further enrichment of the mixture
models, or, as performed in Gavrilyuk and Saurel (2002), for considering two-fluid models with two
velocities. Now, we must clarify a last point, that is the physical meaning of the micro-inertia ν and ε
parameters. This is the objective of Chapter 2.





Chapter 2

Modeling of pulsating bubbly flows

We recall that in Chapter 1, our approach consisted in enriching a two-phase mixture model, usually used
for interfacial or separated-phase flows, by adding some sub-scale mechanisms, so as to better model the
unresolved interactions between both phases. These sub-scale mechanisms were inspired by the dynamics
of pulsating bubbles, but they were given in a general form that does not especially involve the topology
of the bubbles. This leads to a hierarchy of models of increasing complexity, containing new energies
and new dissipation terms related with new parameters: a micro-inertia ν and a micro-viscosity ε.

These two parameters must now be identified. To do so, one can compare the models with already existing
averaged equations, or with experimental measures, and hence identify the parameters or fit their values
with the experimental data. This identification necessitates to assume a certain flow configuration, and
may not be relevant in any other context. However, this approach can bring interesting information
about the sub-scale mechanisms and help design more general models. In this chapter, we consider the
context of bubbly flows. We first study in more details the mechanisms involved in the pulsations of
bubbles. Two models will be retained: the Rayleigh-Plesset’s equation, as used in the model of Cheng,
Drew, and Lahey (1985), and the model for small-amplitude pulsations of Prosperetti (1977). These
models allow us to propose an identification for ν and two different identifications for ε.

Both these identifications and the relevance of our models to describe a flow of pulsating bubbles are
then tested through comparisons with experimental data. These experimental data are measures of the
dispersion of acoustic waves in bubbly flows and provide interesting information about damping and
resonant phenomena. The same comparisons were performed in Cheng, Drew, and Lahey (1983); Cheng,
Drew, and Lahey (1985) with the model of Cheng, Drew, and Lahey (1985); Drew and Passman (1999),
which is dedicated to bubbly media and includes the description of many physical mechanisms (see
Chapter 1, section 1.1). We can wonder in what extent the sub-scale mechanisms accounted for in our
much simpler two-phase mixture models are sufficient to reproduce the experimental results.

We will close this chapter with a study of the parameters and their roles in the propagation of acoustic
waves: their influence on the phase velocity and on the damping. We will also discuss the difference
between the characteristic velocities of the convective parts of the models, and the sound velocities issued
from the linear acoustic study.

2.1 Physical description of pulsating bubbles

2.1.1 Review of different approaches and models

The first works on bubbly media were interested in describing the dispersion of sound waves by bubbles,
so as to be able to detect submarine objects or, on the contrary, to design acoustic screens using bubbles:
it was indeed observed that air bubbles were very efficient in absorbing sound waves. Consequently,
these studies (Spitzer (1943); Foldy (1945) and references therein) were concerned with the interaction
of bubbles with an external variation of the pressure field. With the assumption that the bubbly media
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is sufficiently disperse, the behavior of a single bubble was first considered. Then, for an acoustic wave
that interacts with a bubble, these studies provided the parts of the incident wave that is absorbed and
the part that is scattered by the bubble, according to the acoustic wave frequency. Already at that time,
three main damping contributions were identified: the acoustic, thermal and viscous damping effects.
The behavior of an ensemble of bubbles, even of different sizes, was then discussed and the collective
effects were obtained by integrating individual contributions and approximating the ranges of bubbles
radii whose effects prevail. It was also noted that, due to the presence of the bubbles, the compressibility
of the liquid phase is changed, and thus the phase velocity of the acoustic wave is also different: from very
little volume fractions of gas, this phase velocity is largely reduced (Wood (1930)). These first models
had been compared with experimental measures some years later, following the work of Silberman (1957):
they showed a good agreement with these measures.

The modeling of the dynamics of one bubble has been further developed in the works of Plesset and
Prosperetti (see a review in Plesset and Prosperetti (1977)), and a more precise description of the bubble
thermodynamics, interior state, heat and mass exchanges with the liquid, has lead, among others, to
improve Rayleigh’s equation Rayleigh (1917). This new equation relates the variations of the bubble
volume to the difference of pressure at the surface of the bubble. It is also valid out of the linear acoustic
regime, as it contains non-linear terms. Rayleigh-Plesset’s equation involves damping due to the liquid
viscosity. As for the other damping mechanisms described in Prosperetti (1977), they are mainly related
to the bubbles interior state, and are given, in this work, in their linear limits only.

Meanwhile, with the development of models designed for numerical simulations, the need of an averaged
description of bubbly flows, thus at a larger scale than the scale of one bubble, have lead to the devel-
opment of averaged-type evolution equations. Works of Ishii (1975) have stated the averaging theories
and procedures, while works of Drew and Passman (see Drew and Passman (1999)) enabled a fine de-
scription of the physics at the liquid-gas interface and averaged flow-field equations taking into account
multiple forces, like the drag, virtual mass or Basset’s forces, as well as heat exchange terms. By using
the Rayleigh-Plesset’s equation, which is added as a closure equation to their system, the dispersion of
acoustic waves described by Drew and Passman’s model are in good agreement with the experimental
measures of acoustic waves propagating in monodisperse flows of bubbles (see Cheng, Drew, and Lahey
(1985)).

Other approaches using averaging methods have been developed, especially for taking into account bub-
bles interactions with each others (see Buyevich and Shchelchkova (1978); Baudoin, Thomas, Coulouvrat,
and Lhuillier (2007) for example).

Finally, the method based on a variational principle and the second principle of thermodynamics, as
presented in Chapter 1, was used in Gavrilyuk, Gouin, and Perepechko (1998); Gavrilyuk and Saurel
(2002); Gavrilyuk (2005) to derive two-fluid models for flows of pulsating bubbles. The micro-structural
equation on volume fraction thus derived is close to the Rayleigh-Plesset’s equation, but with the differ-
ence that it describes the evolution of a field variable, αpt,xq, and not of a sub-scale parameter Rptq. In
these works, the micro-inertia ν and micro-viscosity ε parameters were given expressions that correspond
to the identification we present below, when using Rayleigh-Plesset’s equation. But as we will see, these
identifications lack a part of the damping mechanisms. Moreover, the models issued from the variational
principle have not been compared with the models issued from the averaging procedure yet: we propose
here a first comparison in the linear acoustic regime.

2.1.2 Modeling of one pulsating bubble

In this section, we are interested in two models that describe the physics of one pulsating bubble:

• the first one is Rayleigh-Plesset’s equation, that relates the difference of both phases pressures at
the surface of the bubble, p1i ´ p2i, to the radius of the bubble Rptq, and its first and second time
derivatives, 9Rptq and :Rptq. This equation is used to close Drew’s model (we recall a version of this
model in 1.1, in Chapter 1),

• the second one involves in more detail the effects of the thermodynamical changes inside the bubble
when it undergoes a forced oscillation. However, this model only studies the case of small amplitude
pressure variations. It can then be considered in the context of this chapter, and will be used to
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identify ν and ε, but a deeper work will probably be necessary to provide more general expressions.

Rayleigh-Plesset’s equation

An equation that governs the dynamics of the bubble radius Rptq can be obtained using Bernoulli’s
equation, relating the liquid pressure at the interface p2i and the pressure far from the bubble p28,
considering that the liquid is incompressible and its velocity field is irrotational. One can then introduce
the velocity potential in a spherical coordinate system centered around the bubble: ϕ : pt, rq ÞÑ ϕpt, rq,
where r is the distance from the bubble center. Then Bernoulli’s relation reads:

p2iptq

ρ2
`

1

2
p∇rϕq

2
ˇ

ˇ

ˇ

r“R
` Btϕ|r“R “

p28ptq

ρ2
(2.1)

A form of the potential ϕ is given in Landau and Lifshitz (1966) for a bubble undergoing forced oscillations
by:

ϕpt, rq “ ´
R2ptq 9Rptq eikpr´Rptqq

rp1´ ikRptqq
, (2.2)

with k the wavelength of the oscillations in the liquid medium, and the dot notation 9_ is used for the
time derivative. Moreover, Laplace relation gives the jump relation between the interfacial pressures of
gas p1i and liquid p2i:

p1iptq ´ p2iptq “
2σ

Rptq
´ 2µ2 Brpu2pt, rqq|r“R , (2.3)

where σ is the surface tension, u2 is the liquid velocity component in the axial direction and µ2 is the
liquid dynamic viscosity.

By using (2.2) and (2.3) in (2.1), one obtains an equation on the bubbles radius, as can be found in
Cheng, Drew, and Lahey (1985):

p1i ´ p28 “
ρ2R :R

1´ ikR
` ρ2

9R2

«

2

1´ ikR
´

1

2
´

ˆ

kR

1´ ikR

˙2
ff

` 4
µ2

9R

R

„

1´
pkRq2

2p1´ ikRq



`
2σ

R
. (2.4)

In the limit kR ! 1 (for very small bubbles or low-frequency perturbations), one recovers the classic
Rayleigh-Plesset’s equation Rayleigh (1917); Plesset and Prosperetti (1977):

p1i ´ p28 “ ρ2R :R`
3

2
ρ2

9R2 `
4µ2

9R

R
`

2σ

R
. (2.5)

The next issue consists in determining the interfacial gas pressure p1i, according to the state of the
bubble and in particular given the bubble radius R.

Small amplitude pulsations

In the case of small amplitude oscillations of the bubble, the gas interfacial pressure variations can be
related to the bubble volume and its radius variations. It is done in Prosperetti (1977) by linearizing the
equations of mass, momentum and energy for the gas inside one bubble, using the equations of state and
solving these linear equations using the appropriate boundary conditions at the bubble surface. This
results in considering a polytropic state law for the bubble of the form:

δp1i “ p1,eq

«

ˆ

Req
Req ` δR

˙3κ

´ 1

ff

´ 4µth 9R,

where κ is a complex polytropic exponent and µth a complex thermal damping parameter, whose expres-
sions can be found in Prosperetti (1977). Req and p1,eq are respectively the radius and the gas pressure
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of the bubble at its equilibrium state (non oscillating), while δR and δp1i are the small amplitude radius
and gas pressure variations. These variables are related by:

R “ Req ` δR,

p1i “ p1,eq ` δp1i.

Different pulsational regimes can then be studied, depending on the ratio of different effects, that are:

• the wavelength associated with the acoustic perturbation λac,

• the characteristic thermal length scale in the gas λth, given as a function of the perturbation
frequency,

• the radius of the bubble R.

In particular, when λth{R ! 1, the interior of the bubble is little affected by the acoustic perturbation,
and the bubbles behave adiabatically. On the contrary, when λth is of the order of R, or greater, then the
thermodynamical state of the bubble interior is changed by the external pressure perturbations, implying
thermal dissipation. For very low frequencies, the regime of pulsations of the bubbles can be considered
as isothermal. In general, we consider regimes where λac{R " 1, in order to avoid diffraction effects.

Now, it is possible to linearize the bubbles dynamics equation (2.4), assuming that the amplitude of
oscillations of the bubbles are small: R “ Reqp1 ` zq, z ! 1. The resulting linear equation can be
assimilated to a forced damped harmonic oscillator, with the small amplitude forcing pressure δp2, that
reads (see details of the derivation in Prosperetti (1977)):

ρ2R
2
eq:z ` 2γ ρ2R

2
eq 9z ` ρ2R

2
eqω

2
0z “ ´δp2 (2.6)

The natural frequency ω0 is given in Prosperetti (1977) by:

ω2
0 “ 3κp1,eq

1` 2σReq{peq
ρ2R2

eq

´
2σ

ρ2R3
eq

The damping coefficient γ may be split into three main contributions: γ “ γvis ` γth ` γac (other
mechanisms are considered in Cheng, Drew, and Lahey (1983)). The following expressions are found in
Prosperetti (1977) for these three damping factors:

• the coefficients γvis pertains to viscous effects due to the surrounding liquid and is defined by:

γvis “ 2µ2{pρ2R
2
eqq,

• γth is related to thermal exchanges between the gas and the liquid and writes in Prosperetti (1977):

γth “ 2µth{pρ2R
2
eqq,

with µth a complex function depending on the bubble characteristics and the frequency of oscilla-
tions ω.

• γac concerns acoustic scattering by the bubble and reads:

γac “
1

2
ω
ωReq
c2

ˆ

1`
ωReq
c2

˙´1

with c2 the velocity of sound in the liquid phase.

A review of other expressions for γth and γac is available in Cheng, Drew, and Lahey (1983).

These three damping effects mainly depend on the sizes of the bubble, and for γth and γac also on
the frequency of the pressure perturbation. In Prosperetti (1977), one can find a study of these effects
according to ω and R. This is illustrated in Figure 2.1, issued from this paper. We can then see that,
for most configurations, thermal damping is the main damping effect, while viscous damping increases
for smaller bubbles.
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(a) Req “ 1.0 ¨ 10´2 m. (b) Req “ 1.0 ¨ 10´3 m.

(c) Req “ 1.0 ¨ 10´4 m. (d) Req “ 1.0 ¨ 10´5 m.

Figure 2.1: Damping effects as functions of the pressure perturbation frequency for different bubbles
sizes. The point stand at the natural frequency value. Figures from Prosperetti (1977).
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2.2 Identification of the parameters of the two-phase models in
the case monodisperse bubbly flows

Let us now propose two identifications of the micro-inertia ν and the micro-viscosity ε parameters
which were introduced in Chapter 1, by using the two models for one bubble pulsation presented in the
previous section. The difficulty here lies in the fact that the two-phase systems derived in Chapter 1 use
variables that characterize the flow at the effects of multiple of bubbles at the macroscopic scale. On
the contrary, Rayleigh-Plesset’s equation and the model from Prosperetti (1977) focus on the evolution
of one bubble. We will then make some strong assumptions, namely on the sub-scale topology, that will
permit us to compare the 5-equation model from Chapter 1 with the two one-bubble models.

2.2.1 Assumptions for a flow of bubbles

To recover the same configurations as for the models presented in the previous section, let us consider a
bubbly flow which is monodisperse in size and characterized as follows:

• at each instant and position pt,xq, the distribution of the number of bubbles is defined by the
density function npt,xq and all bubbles are spherical with a radius Rpt,xq,

• given the phasic gas density ρ1pt,xq, all the bubbles have the same mass:

Mbpt,xq “
4

3
πρ1pt,xqR3pt,xq.

The gas volume fraction α and partial mass m1 can now be related to the flow structure parameters by

αpt,xq “
4π

3
R3pt,xqnpt,xq, m1pt,xq “ npt,xqMbpt,xq. (2.7)

In the following, we will use the notation of the material derivative Dt¨ “ Bt ¨ `uTdivx¨.

Now, we make three additional assumptions:

(H1) the mass of each bubble remains constant during a medium transformation (no phase change, nor
break-up, nor collapse),

(H2) the surrounding liquid is incompressible: it has a constant density ρ2 “ ρ2.

(H3) for a bubble located at pt,xq, pressure is uniform within the bubble and equal to p1pt,xq. The
pressure of the liquid surrounding the bubble is equal to p2pt,xq.

Hypothesis (H1) boils down to DtMb “ 0. Using the conservation of the partial mass m1 “ ρY for the
gas (see Chapter 1, equation (1.48b)) and the relation (2.7), we obtain the following conservation law
for n:

Btn` divxpnuq “ 0. (2.8)

The conservation of the partial mass m2 “ ρp1 ´ Y q for the surrounding fluid and hypothesis (H2)
implies that divxpuq is constrained by Dtα through the relation:

Dtα` pα´ 1qdivxpuq “ 0. (2.9)

2.2.2 Identification of the parameters with Rayleigh-Plesset equation

From the 5-equation system of Chapter 1, let us now express Dtα, w and Dtw in terms of R and its
material derivatives.

By using

α “
4π

3

R3m1

Mb
,
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we can write:

Dtα “ α

ˆ

´divxpuq ` 3
DtR
R

˙

. (2.10)

Then using (2.9), we obtain

Dtα “ 3αp1´ αq
DtR
R

.

Expressing m1 with (2.7) and using (1.48d) leads to

w “
?
ν

4π

Mb
p1´ αqR2DtR. (2.11)

Relations (2.11) and (2.10) provide

Dtw “
3αp1´ αq

?
ν

m1

«

ˆ

2´ 3α`
3αp1´ αq

2

ν1

ν

˙ˆ

DtR
R

˙2

`
D2
ttR
R

ff

. (2.12)

Finally, combining (2.12) and (1.48e) gives the evolution equation for R:

p1´p2´ρ
de
dα

“ ε
3αp1´ αq

R
DtR` 3αp1´αqν

ˆ

3p1´ αq `
3

2
αp1´ αq

ν1pαq

ν

˙ˆ

DtR
R

˙2

` 3αp1´αqν
D2
ttR
R

.

(2.13)

We see that the two-phase model (1.48), supplemented by our bubbly flow structure assumptions (H1-
H3), provide an evolution equation (2.13) for a spatial distribution of bubbles radii.

Now, to perform the comparison with Rayleigh-Plesset’s equation, that models the evolution of one
bubble, one has also to assume that:

(H4) locally, the field variable Rpt,xq corresponds to the sub-scale variable Rptq,

and we will identify the material derivatives of R with the time derivatives of R: DtR “ pdR{dtqptq “
9Rptq and D2

ttR “ pd2R{dt2qptq “ :Rptq. Equation (2.13) is now an ODE, analogous to the evolution
equation of a nonlinear oscillatory system with damping and forcing terms that reads:

p1´p2´ρ
de
dα

“ ε
3αp1´ αq

R
9R` 3αp1´αqν

ˆ

3p1´ αq `
3

2
αp1´ αq

ν1pαq

ν

˙

˜

9R

R

¸2

` 3αp1´αqν
:R

R
. (2.14)

From this analogy, ν is connected to the inertial effects, :R, and justifies its name of "micro-inertia",
while ε is related to damping, 9R, which justifies its name of "micro-viscosity". Moreover, under the
strong hypothesis (H4), one can now compare the evolution equation of Rptq with the Rayleigh-Plesset’s
equation (2.5) as presented in the previous section.

We finally make a new assumption that will simplify the identification of ν and ε:

(H5) we examine a flow regime involving a bubble radius and a volume fraction small enough such that
α ! 1.

Moreover, we neglect surface tension effects in (2.5) by setting σ “ 0 and relate p1 ´ p2 ´ ρde{dα in
(2.13) to p1i ´ p2 in (2.5): this means that some information that relates the mean gas pressure p1 to
the gas pressure at the bubble surface p1i may appear within the configuration energy e.

Remark 8. Surface tension effects have not been discussed yet. For future works, we consider modeling
them within the configuration energy e.

Let us now identify the terms in 9R, :R and 9R2, between equations (2.14) and (2.5). We respectively
obtain:

ε
3α

R
“

4µ2

R
,

3α

R
ν “ ρ2R and

3α

R2
ν

ˆ

1

2
ν´1ν1pαq3α` 2

˙

“
3

2
ρ2. (2.15)
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The first two relations of (2.15) allow to identify respectively ε and ν as

εRP “
4µ2

3α
and νRP “

ρ2R
2

3α
“
ρ2p3αq

´1{3

p4πnq2{3
. (2.16)

The third relation of (2.15) is redundant but compatible with the definition of ν expressed in (2.16).

To conclude, we have shown that for the specific flow regime defined by the hypotheses given at the
beginning of this section, the 5-equation two-phase model is able to describe a flow of locally monodisperse
bubbles, through equation (2.13). Moreover, this equation corresponds to the Rayleigh-Plesset equation
(2.5) when the field variable Rpt,xq corresponds to the sub-scale variable Rptq for one bubble. The
resulting value of ν and ε match the results of Gavrilyuk and Saurel (2002) derived in the context of a
Baer-Nunziato-type two-fluid model. Let us mention similar models for micro-inertia in the literature:

• in Temkin (2005), a pulsational energy is considered in the form: Epuls “ 1
2Mpuls

9R2 and Mpuls “

4πρ2R
3,

• an alternative approach that allows to incorporate small scale bubble velocity is also proposed
in Lhuillier, Theofanous, and Liou (2010), by accounting for pseudo-turbulent kinetic energies
generated by particles pulsations Kc “

1
2QpαqpDtRq

2, where Qpαq is proportional to 3α in the
dilute limit of the disperse phase.

One strong assumption that was made here is the uniformity of pressure inside the bubbles. According to
the different studies mentioned previously, this is verified only for very small bubbles and low-frequency
perturbations. In the general case, thermal effects play an important role in the bubbles dynamics.
Taking into account these effects in a two-phase system of equations would probably require to change
the form of the internal energies, and derive the appropriate equations using the procedure of Chapter
1. But, we will see in the next section, and justify it by the comparisons with measures, that a small
modification in the identification of ν and ε can be sufficient, in a linear regime, to recover the missing
physical effects.

2.2.3 Identification of the parameters with linearized equations describing
the bubble dynamics

We further examine the bubbly flow model of the previous section by considering now the regime of small
variations of the bubble radius, so as to recover the configuration of the works of Prosperetti (1977) that
were presented before. Let us assume that

Rptq “ Rp1` rzptqq, npt,xq “ n,
p2pt,xq “ p2 ` rδp2ptq, Mbpt,xq “ Mb,

(2.17)

where R, p2,Mb, n are constant values and 0 ă r ! 1 is a small parameter. If one notes:

α “ 4πR
3
n{3, p1 “ p1pρ1q,

ρ1 “ nMb{α, c1 “ c1pρ1q,
ρ “ αρ1 ` p1´ αqρ2, νpαq “ ν,

then (2.17) yield

α “ αp3` rzq `Opr2q, p1 “ p1 ´ 3ρ1 c1
2rz `Opr2q (2.18a)

ν “ ν `Oprq, ρ
de
dα
pαq “ ρ

de
dα
pαq ` 3αz

„

ρ
d2e

dα2
pαq ´ ρ2

de
dα
pαq



r `Opr2q. (2.18b)

Injecting (2.18) into (2.14), we obtain

p1 ´ p2 ´ rδp2 ´ ρ
de
dα
pαq ´ 3αz

„

ρ
d2e

dα2
pαq ´ ρ2

de
dα
pαq



r “ 3r
`

ρ1 c1
2z ` αε 9z ` α ν:z

˘

`Opr2q.

Identifying same order terms with respect to r yields

p1 ´ p2 ´ ρ
de
dα
pαq “ 0,
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and

3α ν:z ` 3αε 9z ` 3

„

ρ1 c1
2 ` αρ

d2e

dα2
pαq ´ αρ2

de
dα
pαq



z “ ´δp2. (2.19)

Equation (2.19) is a second order linear ODE in z that is consistent with the evolution of a linear
harmonic oscillator with damping and forcing terms. Identifying the terms in (2.19) and (2.6) (R “ Req
and ρ2 “ ρ2) yields the following definitions for ν and ε:

εLin “
4µ2

3α
`

2ρ2R
2

3α
pγth ` γacq , νLin “

ρ2R
2

3α
. (2.20)

Thus, we see that the above analysis and the resulting relation (2.20) provide a definition for ε that is
different from (2.16). More specifically, as εLin ą εRP we can see that (2.20) yields a greater damping
than (2.16). We recall that this difference is due to the simplifying hypotheses at the core of model (1.48)
and our simple bubbly flow model (no thermal exchanges, no pressure fluctuations within the bubbles).

Now that we have identified the different sources of damping and their contributions in the micro-viscosity
expression, formal expressions for γth and γac must be given. However, in the literature, there only exists
formulae for the small amplitude and forced oscillations regime. These formulae rely on the frequency
of the perturbation ω and are complicated functions. In the sequel, we will use the following relations,
that may not be the most physically accurate, but keep it simple:

• Pfriem’s expression for γth that can be found in Cheng, Drew, and Lahey (1983):

γP40th pωq “ ωn
3pγ1 ´ 1q

?
2a1

2
?
ωR

, (2.21)

where a1 is the thermal diffusivity of the gas and γ1 its ratio of specific heats,

• the natural frequency ωn is given by the relation from Cheng, Drew, and Lahey (1983):

ω2
n “

3κ1p1

ρ1R2
, (2.22)

with κ1 the thermal conductivity of the gas,

• for γac we consider the relation found in Prosperetti (1977):

γP77ac pωq “ 0.5
ω2Rc2

c22 ` pωRq
2
. (2.23)

Moreover, constant values for these damping effects can be considered, by evaluating the expressions
(2.21) and (2.23) at the natural frequency (2.22) : γth “ γP40th pωnq and γac “ γP77ac pωnq.

2.2.4 Summary

In this section, we have proposed approaches to identify the micro-inertia ν and micro-viscosity ε param-
eters, by assuming a sub-scale interfacial topology that corresponds to a flow of bubbles of locally unique
radius R. This has first lead to establish an equation for R, (2.13), and then, due to the identification
of R with the sub-scale variable R, to the two following identifications:

• νRP and εRP, issued from the comparison of (2.13) with Rayleigh-Plesset equation, and for which:

νRP “
ρ2R

2

3α
, and εRP “

4µ2

3α
,

• νLin and εLin, issued from the comparison of the linearization of (2.13) for small-amplitude varia-
tions with the works of Prosperetti (1977):

νLin “
ρ2R

2

3α
, and εLin “ εRP `

2ρ2R
2

3α
pγth ` γacq .
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2.3 Comparisons of the two-phase models dispersion relations
with experimental measures and a reference model

In order to verify that the identifications that were performed in the previous section are physically
relevant, we are conducting here a first series of comparisons of the physics described by the two-phase
models of Chapter 1, section 1.4 with the reference model of Drew and Passman (1999) (see 1.1 in
Chapter 1) and its closure equation (2.4). These comparisons are made in the acoustic linear regimes of
the equations. This also enables us to compare these two models with experimental measures of sound
propagation in bubbly flows. Acoustic waves are small amplitude pressure perturbations, for which a
linearized approximation of the equations can be used. Dispersion relations specific to each model are
hence formulated. These analytical dispersion relations are easy to manipulate and permit to understand
the physical effects involved in these particular flow regimes.

A deeper study of the whole system is certainly necessary to draw sounder conclusions, in particular
for comparisons of the non-linear effects of the two models. But, this type of comparisons are far more
complex than comparing dispersion relations. We consider thus the works presented below as a first step
and a basis for further modeling.

2.3.1 Computing the dispersion relations for the two-phase mixture models

Considering smooth solutions of one-dimensional problems, systems (1.48), (1.50) and (1.51) can be
expressed using the generic quasilinear form

BtW `ApWqBxW “ SpWq. (2.24)

Following standard lines Whitham (1974); E. Burman and L. Sainsaulieu (1995), we seek for a monochro-
matic wave solution of (2.24) by writting W in the form

Wpx, tq “ Wp0q ` rWp1qpx, tq `Opr2q, Wp1qpx, tq “ xWp1q exp
´

iωt´ ikpωqx
¯

, (2.25)

where ω is the angular frequency, k the wavelength and r is a small amplitude parameter. The equilibrium
state Wp0q and the perturbation amplitude xWp1q both are constant. The fluid parameters associated to
Wp0q are noted with the superscript p0q and for the sake of simplicity, we suppose that Wp0q is a steady
equilibrium state, i.e. :

up0q “ 0, wp0q “ 0 and p
p0q
1 “ p

p0q
2 .

Injecting (2.25) into (2.24) and identifying terms with respect to the powers of r yields

SpWp0qq “ 0, xWp1q P ker
´

iωId´ ikpωqApWp0qq ´ S1pWp0qq

¯

. (2.26)

Consequently ω and kpωq are bound by the so-called dispersion relation:

det
´

iωId´ ikpωqApWp0qq ´ S1pWp0qq

¯

“ 0. (2.27)

This allows to define the phase velocity cPhase and the spatial attenuation β of the acoustic wave by

cPhasepωq “ Rerω{kpωqs, βpωq “ Imrkpωqs. (2.28)

Let us now detail the results for each system of the hierarchy of models. Using

Hpρ, Y, αq “ ρ
Y p1´ Y qc21pρ1qc

2
2pρ2q

α2p1´ αq2
,
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the dispersion relation, the associated phase velocity cε,νPhase and the spatial attenuation βε,ν for the
two-phase model with micro-inertia (1.48) read

ˆ

kε,νpωq

ω

˙2

“
νω2 ´ iεω ´ c´2

WoodHpρ
p0q, Y p0q, αp0qq

νc2
Frozenω

2 ´ iε c2
Frozenω ´ Hpρp0q, Y p0q, αp0qq

,

cε,νPhasepωq “ Re

„

ω

kε,νpωq



, (2.29)

βε,νpωq “ Imrkε,νpωqs.

For the micro-inertia-free dissipative model (1.50) obtained at the limit ν Ñ 0, ε “ Op1q, we get the
dispersion relation, phase velocity cεPhase and attenuation βε:

ˆ

kεpωq

ω

˙2

“
iεω ` c´2

WoodHpρ
p0q, Y p0q, αp0qq

iεc2
Frozenω ` Hpρp0q, Y p0q, αp0qq

,

cεPhasepωq “ Re

„

ω

kεpωq



, (2.30)

βεpωq “ Imrkεpωqs.

Finally for the full-equilibrium model (1.51) when ν Ñ 0, ε “ op
?
νq, the dispersion relation reads

kpωq2

ω2
“

1

c2
Wood

,

cPhasepωq “ cWood, (2.31)
β “ 0.

We recall that cWood and cFrozen are defined by (1.31) and (1.37).

Finally, let us mention a distinctive behavior of the acoustic waves for the system (1.48) equipped with
both damping and micro-inertia: in the case of low internal dissipation i.e. small values of ε, the dispersion
relation (2.29) has a resonance frequency, that is a function of the equilibrium state as:

ωres “
1

cWood

c

Hpρp0q, Y p0q, αp0qq

ν
. (2.32)

2.3.2 Comparison of the dispersion relations with reference data

From now on, we shall suppose that the compaction energy is zero: epαq “ 0, and that the barotropic
EOS for each pure fluid has the form:

pk “ p0
k ` c

2
k pρk ´ ρ

0
kq, (2.33)

where ck, ρ0
k and p0

k are real constants chosen as follows:

p0
1 “ 1.0ˆ 105 Pa, c1 “ 340m.s´1, ρ0

1 “ 1.2 kg.m´3,

p0
2 “ 1.0ˆ 105 Pa, c2 “ 1500m.s´1, ρ0

2 “ 1000 kg.m´3.

The dispersion relations (2.29), (2.30) and (2.31) now allow us to study the responses of systems (1.48),
(1.50) and (1.51) in the acoustic regime, under a forced pressure oscillation and compare them with
experimental results obtained for bubbly flows. The data we shall use rely on two experimental works by
Silberman (1957) and Leroy, Strybulevych, Page, and Scanlon (2008). In the sequel, elements related to
the experimental data will be denoted with the superscript ref. Let us first briefly outline the framework
of these studies.

The data of Silberman (1957) are considered as reference experimental results in the domain of acoustic
wave propagation for bubbly flows. They have been used for comparisons with several models in the
literature van Wijngaarden (1972); Cheng, Drew, and Lahey (1985); Commander and Prosperetti (1989);



68 Chapter 2 - Modeling of pulsating bubbly flows

Drew and Passman (1999). The experimental method proposed in Silberman (1957) consists in generating
standing waves in steel pipes of various lengths, filled with a bubbly liquid. The sound is generated at
one end of the pipe, while small hydrophones measure sound pressure at the other end. Measures are
performed between two nodes or antinodes that allow to compute the phase velocity and the attenuation.
The size distribution of the bubbles is estimated using photographs. The resulting measures were very
accurate, except near the resonance frequency ωrefres. Indeed, for ω close to ωrefres, the evaluation of the
phase velocity was not possible due to the severe attenuation of the acoustic waves.

In order to obtain data in this range of frequencies, we shall use the work of Leroy, Strybulevych, Page,
and Scanlon (2008). This experimental work studies acoustic wave propagating within a thin hair gel
sample containing air bubbles. The sound waves are produced at one end of the system by a transducer
and measurements are performed by an hydrophone at the other end. The advantage of using the gel is
that the distribution of bubbles radii and volume fractions are accurately known. According to Leroy,
Strybulevych, Page, and Scanlon (2008), the difference in terms of acoustic behavior between water and
gel is negligible regarding the wave dispersion. By using this set up, the results of Leroy, Strybulevych,
Page, and Scanlon (2008) provide accurate data for both phase velocity and attenuation in the vicinity
of ωrefres.

2.3.2.0.1 Comparisons over a wide range of frequencies

We consider a set of measures from Silberman (1957) that involve a flow characterized by R “ 2.5mm
and α “ 5.84ˆ10´4. Using relations (2.16) and (2.20), we obtain the following values for the parameters
of the 5-equation model (1.48) and the 4-equation model (1.50)

εRP “ 2.28, νRP “ 3.57, (2.34)

εLin “ 1.61ˆ 103, νLin “ 3.57. (2.35)

Figure 2.2 displays both phase velocity (Figure 2.2a) and spatial attenuation (Figure 2.2b), for all models
of the hierarchy, for the model of Drew Cheng, Drew, and Lahey (1985) along with the experimental
results.

From this comparison, one can state the following observations, for each main range of frequencies:

• Range ω ! ωref
res. For low frequencies, the pressure perturbation is very slow and we can expect

the bubbles of the system to remain at an equilibrium state with respect to both mechanics and
thermodynamics. Little internal dissipation is involved in this regime, which is visible through the
measures that show a low spatial attenuation. The evaluation of crefPhase in the experiment provides
values that are close to cWood. All the models of the hierarchy show a good agreement with these
data, as seen in Fig. 2.2.

As ω increases, the spatial attenuation βref also increases. This trend is correctly followed by the
models of the hierarchy that accounts for internal dissipation. Nevertheless, Prosperetti (1977)
underlines that in this regime and up to a certain frequency, the thermal dissipation is the dom-
inant internal dissipation effect (see also Figure 2.1). For all models, βε,ν and βε are lower than
experimental data. The five-equation model (1.48) importantly underestimates βε,ν for ε “ εRP,
however for ε “ εLin the match with the reference data is very good.

• Range ω close to ωref
res. Near resonance, βref increases with ω and it becomes very large. On

the contrary, crefPhase decreases as ω increases. It reaches crefPhase “ 0 for some frequency ωrefext ă ωrefres.
For ω P rωrefext, ω

ref
ress, there is a good agreement between cε,νPhase, c

ε
Phase and crefPhase. On the contrary,

there is an important discrepancy between the phase velocity predicted by the model of Drew and
cε,νPhase, c

ε
Phase in this range of frequencies. It is worth noting that cε,νPhase is much closer to the

reference value for ε “ εLin, than for ε “ εRP. Concerning the spatial attenuation, we can see that
models of the hierarchy that account for micro-inertia, namely (1.48) and (1.44) fit quite well the
reference results. In contrast, the models (1.50) and (1.51) yield a poor estimate of the spatial
attenuation. This suggests that the source terms related to ν in (1.47d) and (1.47e) play a key role
in the system behavior when ω « ωrefres. Moreover it also hints that our estimate for ν in (2.16) and
(2.35) is coherent. Finally, the results suggest that the source terms related to ε in (1.44) do not
have a great influence on the values of βε,ν in this range of frequencies.
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Figure 2.2: Dispersion relations for the different models of the hierarchy (full and dashed lines) and
Silberman’s measures (symbols) for radii of bubbles around R “ 2.0 ¨10´3 m, α “ 5.84 ¨10´4, εRP “ 2.28,
εLin “ 1.61 ¨ 103, ν “ 3.57.

• Range ω " ωref
res. For high frequencies, very few experimental data are available and thus the main

comparisons element are given by the model of Drew. In this regime, one can presume that acoustic
radiation effects cannot be neglected. Indeed, the bubbles starts emitting acoustic waves that are
transmitted into the liquid. This process will remove energy from the bubbles and therefore will
become the main damping effect of the system. For all systems of our hierarchy except (1.51), the
phase velocity will tend to cFrozen, which agrees with the behavior of Drew’s model. The spatial
attenuation coefficients of the model hierarchy do not match well the reference data of Drew’s model
in this range of frequencies: (1.50) clearly overestimates damping, while for (1.48) with νRP and
εRP the dissipation is much lower. The micro-viscosity choice εLin clearly increases the damping
effect but it is still much lower than the dissipation of Drew’s model.

In Figure 2.3 and Figure 2.4, one displays two other comparisons that confirm the good matching of the
5-equation model with experimental measures.

2.3.2.0.2 Finer comparison near resonance

In Leroy’s experiment Leroy, Strybulevych, Page, and Scanlon (2008), the set of measures is very dense
for ω close to ωrefres. In this paragraph we discard both 4-equation model (1.50) and 3-equation model (1.51)
since they cannot reproduce a resonant behavior. The bubbles in Leroy, Strybulevych, Page, and Scanlon
(2008) are smaller than those of Silberman (1957), we thus consider different values of pR,αq by setting
R « 8.1ˆ 10´5 m and α “ 1.5ˆ 10´4. Using (2.16) and (2.20) we obtain

εRP “ 8.89ˆ 10´1, νRP “ 1.46ˆ 10´3. (2.36)

εLin “ 87.3, νLin “ 1.46ˆ 10´3. (2.37)

The results we obtain with this set of parameters is coherent with the previous comparison. Indeed, in
Figure 2.5 we can see that for ω close to ωrefres, the phase velocity cε,νPhase is clearly overestimated for εRP,
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Figure 2.3: Dispersion relations for the different models of the hierarchy (full and dashed lines) and
Silberman’s measures (symbols) for radii of bubbles around R “ 2.13 ¨ 10´3 m, α “ 2.2 ¨ 10´3, εRP “
6.06 ¨ 10´1, εLin “ 3.93 ¨ 102, ν “ 6.9 ¨ 10´1.

but the match with experimental data for εLin seems rather accurate. Regarding the attenuation βε,ν ,
the choice of εLin gives clearly a better match with the reference data than εRP. Another comparison
between the 5-equation model and experimental measures from Leroy, Strybulevych, Page, and Scanlon
(2008) are given in Figure 2.6. Again, we can show a good agreement between the experimental data
and the 5-equation model with the identification εLin.
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Figure 2.4: Dispersion relations for the different models from the hierarchy (full and dashed lines) and
Silberman’s measures (symbols) for radii of bubbles around R “ 1.01¨10´3 m, α “ 3.77¨10´4, εRP “ 3.54,
εLin “ 1.58 ¨ 103, ν “ 8.95 ¨ 10´1.
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Figure 2.5: Dispersion relations for the different models of the hierarchy (full and dashed lines) and
Leroy’s measures (symbols) for radii of bubbles around R “ 8.1ˆ10´5 m, α “ 1.5ˆ10´3, εRP “ 8.89¨10´1,
εLin “ 8.73 ¨ 101, ν “ 1.46 ¨ 10´3.
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Figure 2.6: Dispersion relations for the different models of the hierarchy (full and dashed lines) and
Leroy’s measures (symbols) for radii of bubbles around R “ 8.1ˆ10´5 m, α “ 1.5ˆ10´3, εRP “ 1.47¨10´1,
εLin “ 1.59 ¨ 101, ν “ 3.66 ¨ 10´4.

2.4 Study of the influence of the parameters

As we can note when drawing the phase velocity cPhase and spatial attenuation β with respect to the
frequency, the models of the hierarchy presented at the end of Chapter 1 seem to have their own range
of validity in the frequency space, that corresponds to the physics they can model. In this last section,
we discuss some aspects of this hierarchy of two-phase models, that we raise from their linear analysis.

Characteristic and phase velocities

Let us first note that, when accounting for internal damping with ε ą 0 and with micro-inertia (resp.
without micro-inertia), the phase velocity of the acoustic wave cε,νPhase (resp. cεPhase) is different from the
sound velocity cPuls (resp. cFrozen) which is issued from the characteristic velocities of the convective parts
of the systems of equations (when source terms are discarded). This underlines the fact that micro-inertia
and damping source terms have a substantial influence on the phase velocity of the acoustic wave:

• for all models, the low-frequency regime is associated with cWood,

• for the 4-equation and 5-equation systems, the high frequency phase velocity is cFrozen,

• for the 4-equation system, the transition between these two regimes is smooth,

• for the 5-equation system, there is a resonance regime, where the bubbles vibrations, driven by ν,
influence the phase velocity.

We can also note that, considering the characteristic velocities, there is no asymptotic limit of cFrozen
towards cWood when the micro-viscosity parameter ε tends to zero. On the contrary, in the frequency
domain, these limits are recovered. More generally, one recovers the dispersion relations from one model
to its asymptotic limit model by letting the parameters ν and ε tend to 0.

Asymptotic limit along the parameters

Let us examine the variations of the dispersion relations across the hierarchy. As ν and ε reach their
asymptotic limits, the transition from one model to another materializes through the dispersion rela-
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tions (2.29), (2.30) and (2.31). Indeed, we see that

lim
νÑ0

cε,νPhase “ cεPhase, lim
νÑ0

ε“op
?
νq

cε,νPhase “ cPhase, lim
εÑ0

cεPhase “ cPhase.

Le us note that these limits are not uniform over all frequencies, but they are simple limits over all
bounded range of frequencies. This is illustrated in Figure 2.7. Indeed, we can observe that, whatever
the value of ε, there is a frequency above which cεPhase will be close to cFrozen. However, this critical
frequency increases when ε decreases.

The transition from cε,νPhase to cεPhase is however uniform, as illustrated in Figure 2.8. When ν decreases,
the damping effects due to ε prevail, and although the resonant frequency only depends on ν, the effects
of resonance are completely attenuated because of ε. One can also note that the asymptotic behavior for
spatial attenuation at low frequencies does not depend on the value of ν, but is related to the value of ε
for the 4-equation model.

Asymptotic limit along the frequencies

The hierarchical structure of the models also shows through when one spans frequency values ω. Indeed,
if one considers acoustic waves at low frequencies ω ! 1, then the dispersion relations (2.29), (2.30) and
(2.31) yield

ˆ

kε,νpωq

ω

˙2

“

ˆ

kεpωq

ω

˙2

`Opω2q “
1

c2
Wood

`Opωq.

In terms of phase velocities and attenuation we obtain

cε,νPhase “ cεPhase `Opω
2q “ cWood `Opωq, βε,ν “ βε `Opω4q “ Opωq.

In the limit ω Ñ 0 the phase velocity of the acoustic waves for all the models tends to cWood and the
spatial attenuation vanishes.

Let us now turn to high frequencies ω " 1. From (2.29), (2.30) and (2.31) we have
ˆ

kε,νpωq

ω

˙2

“

ˆ

kεpωq

ω

˙2

`O

ˆ

1

ω2

˙

“
1

c2
Frozen

`O

ˆ

1

ω

˙

. (2.38)

Thus the acoustic waves of both systems equipped with internal damping are such that

cε,νPhase “ cεPhase `O
ˆ

1

ω2

˙

“ cFrozen `O
ˆ

1

ω

˙

. (2.39)

Consequently, in the limit ω Ñ `8, the phase velocity of the acoustic waves associated with (1.48) and
(1.44) tends to cFrozen, while it remains constant and equal to cWood for (1.51). In all cases the spatial
attenuation tends to 0.

Conclusion on the parameters study

This study of both types of asymptotic behaviors, that are along the values of the parameters and along
the frequencies, has highlighted several aspects of the hierarchical structure of the three models (1.48),
(1.50) and (1.51):

• the characteristic velocities of the convective parts of the systems do not correspond to the acoustic
velocities,

• while the characteristic velocity cFrozen of the 4-equation system does not tend to the characteristic
velocity cWood of the 3-equation system when εÑ 0, the phase velocity cεPhase tends to cWood over
bounded ranges of frequencies,

• more generally, the dispersion relation for the 4-equation system does not tend uniformly towards
the dispersion relation of the 3-equation system when εÑ 0,



74 Chapter 2 - Modeling of pulsating bubbly flows

101 102 103 104 105 106
102

103

104

frequency (Hz)

c P
h
a
se

(m
/s
)

(a) Phase velocity.

101 102 103 104 105 106
10´5

10´4

10´3

10´2

10´1

100

101

102

103

104

105

frequency (Hz)

β
(d
B
/m

)

cWood

ε = 2.87e+02
ε = 5.74e+02
ε = 1.15e+03
ε = 2.30e+03
ε = 4.59e+03
ε = 9.19e+03
ε = 1.84e+04
ε = 3.68e+04
ε = 7.35e+04
ε = 1.47e+05
ε = 2.94e+05

(b) Spatial attenuation.

Figure 2.7: Phase velocity and spatial attenuation for the 4-equation model and influence of the value
of ε. α “ 5.8 ¨ 10´4, R “ 2.1 ¨ 10´3.
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Figure 2.8: Phase velocity and spatial attenuation for the 5-equation model and influence of the value
of ν. ε “ 9.2 ¨ 103, α “ 5.8 ¨ 10´4, R “ 2.1 ¨ 10´3.
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• this convergence is however uniform from the 5-equation dissipative system to the 4-equation system
when ν Ñ 0,

• finally, the two frequency regimes, that are the equilibrium regime at low frequencies, and the frozen
regime at high frequencies, are recovered analytically for all the models (except for the 3-equation
model in the frozen regime).

These properties will be used for numerical purposes (see Chapter 5).

2.5 Conclusion

First, let us recall the approach that has been chosen in Chapter 1 and in this chapter. With the objective
of enriching mixture models, usually used for interface capturing methods and whose mixture zones are
usually considered as numerically diffused zones, we have introduced new sub-scale mechanisms, by means
of a variational principle and the second law of thermodynamics. These mechanisms stand for interface
pulsations: the form of the new energy is inspired by the pulsations of bubbles and dissipation effects
are associated with these pulsations. Moreover, the pulsation mechanisms are driven by two parameters:
a micro-inertia ν and a micro-viscosity ε. An identification of these parameters has been performed
through comparisons with models dedicated to the dynamics of one bubble. Finally, the identifications
of ν and ε, as well as the relevance of the mixture models, have been assessed in the context of small-
amplitude acoustic wave propagation: the dispersion relations of these models have been compared with
experimental measures of sound dispersion, and with the dispersion relations for Drew’s model Cheng,
Drew, and Lahey (1985).

On a one hand, we can conclude from these comparisons that the 5-equation model seems to describe
correctly the dispersion of sound in bubbly flows and the bubble resonance phenomenon. The pulsation
energy that was postulated a priori and the identifications of the parameters are satisfactory in this
context, although, we also know that some sub-scale effects, related to the thermodynamics of the
bubble interior, could be better modeled. This study has permitted to determine the prevailing sub-scale
mechanisms and has brought some idea for a further modeling of these mechanisms in a configuration
more general than spherical monodisperse bubbles. Going further in the sub-scale modeling is the
objective of Chapter 3, where the geometry of the interface, and the evolution of its deformation are
studied.

On the other hand, the study of the dispersion relations has also shown the ranges of validity for the other
models of the hierarchy: the 3-equation and 4-equation systems. The asymptotic limits from one model
to the other can be observed in the dispersion relations. These limits appear either through vanishing
values of ν and ε, or for low and high frequency regimes. Thus, the 3-equation system characterizes the
low-frequency regime, where bubbles are constantly close to their equilibrium state. Sound propagates at
cWood velocity. The 4-equation system characterizes a higher frequency regime, just below the resonance
frequency. Resonance is described only by the 5-equation system, due to its inertial terms. Finally, at
high frequencies, bubbles are maintained out of equilibrium, and sound propagates at cFrozen velocity.
We will try to recover and discuss these properties numerically in Chapter 5.





Chapter 3

Geometrical description of interfaces
and connexion with spray models

3.1 Introduction

From the results of Chapter 2, we know that the 5-equation mixture model is compatible with a model
which describes some sub-scale effects, namely bubbles pulsations. The idea of this chapter is to give
some clues about a further modeling of microscopic interfacial effects.

Let us recall that the derivation of the equations with micro-inertia effects was performed in Chapter
1 by assuming a pulsation energy, the form of which is inspired from the pulsations of bubbles: the
momentum associated with this energy is given by the product of a micro-inertia with the time evolution
of the bubbles volumes. Since the pulsation energy is given as a function of mean quantities (like volume
fraction), sub-scale quantities standing for the sub-scale structures of the flow do not appear in the final
set of equations: the bubbles radii R and the bubbles density number n are not variables of the two-phase
system. In Chapter 2, we have recovered the evolution equations for n and R, through some restrictive
assumptions on the sub-scale interface topology:

• bubbles are assumed to be spherical,

• the radius of the bubbles is uniform at a sub-scale level (the repartition in size is monodisperse),

• the liquid phase is incompressible in the surroundings of the bubbles.

This leads to a conservation of the bubbles density number (2.8) and a Rayleigh-Plesset-like equation
(2.13).

Now, we are interested in more general interfacial structures. In order to use the same procedure as
in Chapter 1 and Chapter 2, we first study the geometrical properties of surfaces and their evolution
equations. This study is based on the works of Pope (1988); Drew (1990); Morel (2015); Morel (2007).
Then, a statistical approach is considered and a Surface Density Function is derived following the lines
of Pope (1988). This second stage involves the choice of representative variables of the surface evolution.
In a certain extent, this SDF can be related to a Number Density Function (NDF) for the description of
a disperse phase (Williams (1958)). Thus, a first link is made with the kinetic methods for polydisperse
sprays of droplets and the first fractional moments of the NDF (see Introduction, (10) and Essadki,
de Chaisemartin, Massot, Laurent, Larat, and Jay (2016); Essadki, de Chaisemartin, Laurent, and
Massot (2016)). This study provides interesting information about quantities which could be used in the
description of a general two-phase flow, and more specifically in the description of flows of polydisperse
and deformed bubbles. This aspect is discussed at the end of this chapter.

Remark 9. This chapter is based on a current work (Essadki, Drui, de Chaisemartin, Larat, Ménard,
and Massot (2017)) in collaboration with IFPEn and CORIA. It is principally based on existing works
(Pope (1988); Drew (1990); Morel (2015); Morel (2007)). Results will be presented in Essadki, Drui,
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de Chaisemartin, Larat, Ménard, and Massot (2017) in the context of sprays of droplets and the perspec-
tives of this study will provide concrete research axes for the study of bubbly flows.

3.2 Geometrical description and evolution laws of surfaces

First, we are interested in the description and the evolution of surfaces. We recall here the different ways
a surface can be defined. Then, we look for intrinsic properties of the surface, meaning properties which
are independent of the choice of the surface definition. These properties evolve according to laws that
have been derived in Pope (1988) and in Drew (1990). The section ends with the choice of the quantities
that may be used to describe a surface, and will be used as statistical variables.

3.2.1 Geometrical properties of a surface

Let us consider a 3D spatial domain, associated with a fixed referential pO,x1,x2,x3q, and a 2D surface
Sptq in this domain. Two definitions for Sptq are commonly considered:

• an explicit definition, based on a couple of parameters pu, vq P U , U Ă R2, where:

X :
U ˆ R Ñ Sptq
pu, v, tq ÞÑ Xpu, v, tq

and

Sptq “
 

Xpu, v, tq P R3 , pu, vq P U
(

, (3.1)

• an implicit definition, based on an isoline φ0 “ 0 of a function (such as color, level-set functions)
φ P C2

`

R3 ˆ R; R
˘

. Then, the surface is defined by:

Sptq “ tx P R3 , φpx, tq “ 0u. (3.2)

As we will see in the following, the explicit definition has advantages in the definition of the geometrical
properties of Sptq, but it assumes that the surface is regular enough (C2) and cannot handle a set of
separated surfaces, which the implicit definition can. Both definitions are arbitrary: the first one depends
on the choice of the parametrization pu, vq, while the second one depends on the choice of the function
φ. But, they can both be used to define intrinsic properties of the surface.

Normal to the surface

Let Xoptq be a point on the surface at time t such that Xpuo, vo, tq “ Xoptq, and Noptq be the unit
normal to the surface at Xoptq. By definition, Noptq is orthogonal to the tangent plane to the surface at
Xoptq. Let us assume that it is oriented in a given direction. Let us consider its expressions according
to both surface definitions:

• using the explicit definition of the interface (3.1), No is defined by:

Noptq “
BX
Bu ˆ

BX
Bv

ˇ

ˇ

BX
Bu ˆ

BX
Bv

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pu,v,tq“puo,vo,tq

where ˆ denotes the cross product, and | ¨ | the L2-norm in R3,

• with the implicit definition of the surface (3.2), we can note that, since φ defines a constant-property
interface, the derivatives of φ along the tangential directions are zero. Thus, ∇xφ is oriented along
the direction normal to the tangent plane, and reads (see also Aris (1962); Morel (2007)):

Noptq “
∇xφ

|∇xφ|

ˇ

ˇ

ˇ

ˇ

x“Xoptq

.
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Remark 10. One can show the equality of these two definitions, by noting that for any pu, vq P U ,
φ pXpu, v, tq, tq “ 0. Then, since φ is constant (zero) on the surface, one has:

Buφ “ 0 “
BX

Bu

T

∇xφ,

Bvφ “ 0 “
BX

Bv

T

∇xφ.

∇xφ is orthogonal to BuX and BvX, it is then collinear to BuXˆ BvX. The norm of the normal vector
being unity, it remains to study the orientations of ∇xφ and BuX and BvX. For the implicit definition of
the surface (3.2), the orientation depends on the values of function φ on both sides of the interface. On
the other hand, for the explicit definition (3.1), the orientation depends on the parametrization pu, vq.
These two choices are arbitrary, and in the following, we can assume that they are compatible, when used
to describe a unique piece of surface.

Surface area density

Let us consider a piece of surface SVptq, that is contained in a volume V. With the explicit definition
(3.1), the surface area SVptq of SVptq is given by:

SVptq “
ż

UV

ˇ

ˇ

ˇ

ˇ

BX

Bu
ˆ
BX

Bv

ˇ

ˇ

ˇ

ˇ

dudv,

where UV is the set of parameters pu, vq P U such that Xpu, v, tq P V. Let us introduce:

Apu, v, tq “

ˇ

ˇ

ˇ

ˇ

BX

Bu
ˆ
BX

Bv

ˇ

ˇ

ˇ

ˇ

.

Note that Apu, v, tq is related to the area density (or surface-to-volume ratio) of the surface Sptq,
but depends on the parametrization. Since Apu, v, tq is a regular function over the surface SVptq, it
naturally defines a distribution on all the test functions of R3. This way, we introduce a measure Σ of
the area density as a distribution function such that:

〈Σ, ϕ〉 “
ż

U
Apu, v, tqϕpXpu, v, tqqdudv, (3.3)

where the notation 〈¨, ¨〉 is the duality bracket. For the purposes of notations and extensively using the
Dirac delta function δ, we write, in the sense of the distributions:

Σpt,xq “

ż

U
Apu, v, tqδpx´Xpu, v, tqqdudv.

Let us underline that the correct mathematical notation is given by (3.3). In particular, we can recover
the value of the surface area SVptq by taking ϕ “ 1V , the indicator function of V, in (3.3):

SVptq “ 〈Σ,1V〉 .

With the second notation, this will write:

SVptq “
ż

V
Σpt,xqdx.

With the implicit definition (3.2), the surface area SVptq of the piece of surface SVptq is given by the
integral over SVptq of |∇xφ| pt,xq:

SVptq “
ż

SVptq

|∇xφ| pt,xqdx,

so that, with the same notations as in the previous paragraph, we can write in the sense of the distribu-
tions:

Σpt,xq “ |∇xφ| δpφpt,xqq. (3.4)

Remark 11. Using the properties of the Dirac delta function, applied on a composed function, we can
show that the quantity Σpt,xq does not depend on the choice of φ.
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Figure 3.1: Illustration of the local curvatures at Xo.

Curvatures

The normal to the interface and the area density may not be sufficient to describe a local piece of surface,
as they provide only first-order information: they are related to the first-order derivatives of X or φ. The
principal curvatures which are introduced here, are also intrinsic properties of the surface. They provide
second-order information.

The definition of these curvatures for the explicit definition of the surface (3.1) follows the lines of Pope
(1988). Let us consider Xo, a point of the surface, and a local orthonormal referential associated with
Xo, that is Ro “ pXo, e1, e2,N

oq. For any point X P S in the neighborhood of Xo, we know that there
exists a height function h : py1, y2q ÞÑ hpy1, y2q equal to the coordinate of X along No in the referential
Ro, according to the implicit function theorem. Let us also consider y1, y2 the coordinates of X along e1

and e2 respectively. Then we have hp0, 0q “ 0 (corresponding to the point Xo), and, if we denote Bh
Byα

,
α “ 1, 2 the partial derivative of h along the direction eα, we have:

Bh

Byα

ˇ

ˇ

ˇ

ˇ

Xo

“ 0.

Consequently, the first terms of the Taylor series expansion of h at Xo involve the Hessian matrix

Hh “
B2h

ByαByβ

ˇ

ˇ

ˇ

ˇ

Xo

, α, β P t1, 2u. If we introduce a 2D vector y “ py1, y2q in the tangent plane, the Taylor

expansion reads:

hpyq “ yTHhy `Op|y|3q.

Being symmetric, Hh is diagonalizable in an orthogonal basis (Pope (1988)), and its eigenvalues are the
principal curvatures, k1, k2, of the surface at Xo. From a geometric point of view, these curvatures
represent the minimum and maximum curvatures at Xo, and if e˚1 and e˚2 are the eigenvectors of H, the
referential R˚ “ pXo, e˚1 , e

˚
2 ,N

oq is orthonormal (see an illustration in Figure 3.1). Now, let us introduce
the local mean curvature H and Gaussian curvature G, that are defined by:

H “
1

2
trpHhq “

1

2
pk1 ` k2q, (3.5)

G “ detpHhq “ k1k2. (3.6)
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Remark 12. The application:

R2 Ñ Rˆ R`

pk1, k2q ÞÑ pH,Gq s. t. k1 ď k2 or k2 ď k1, and H2 ě G

is a bijection.

From the implicit approach (3.2), one can define the Hessian matrix Hφ “
B2φ

ByαByβ

ˇ

ˇ

ˇ

ˇ

Xo

, α, β P t1, 2, 3u.

It can be shown that (Drew and Passman (1999)):

∇xN “ ´
1

|∇xφ|

`

Id´NNT
˘

Hφ.

In the referential R˚ defined previously, one has:

∇xN “

¨

˝

k1 0 l1
0 k2 l2
0 0 0

˛

‚ (3.7)

where l1 and l2 are two real parameters. From this approach, one can also define the mean and Gaussian
curvatures using k1, k2 and their definitions (3.5) and (3.6).

The normal No, the area density measure Σ and the curvatures H and G, provide us all first and second
order information about the form of the surface in the vicinity of Xo. Moreover, all these properties are
intrinsic properties of the surface. Let us now study how these parameters evolve through time.

3.2.2 Dynamics of a local piece of interface

First let us define a velocity field vIpt,xq and the associated Lagrangian derivative of a quantity apt,xq:

9apt,xq “ Btapt,xq ` vTI ∇xapt,xq. (3.8)

Then, following the works of Pope (1988), Drew (1990); Drew and Passman (1999) and Morel (2007);
Morel (2015), we present the evolution laws for the local variables H, G and Σ.

Interfacial velocity

Let us consider Xpu, v, tq a point on the surface Sptq, that stays on the surface through time. The velocity
vU pu, v, tq of X along its trajectory for a constant parametrization U can be defined by:

vU pu, v, tq “
BXpu, v, tq

Bt
.

The velocity vU pu, v, tq clearly depends on the parametrization pu, vq. Let us show however that the
application X P S ÞÑ vIpX, tq, s. t. vIpXpu, vq, tq “ vU pu, v, tq

TNpXpu, vq, tq does not depend on the
choice of the parametrization U . This means that the normal component of the velocity vU is uniquely
defined.

Let us consider the function ϕ : pu, v, tq ÞÑ φpXpu, v, tq, tq (φ is the same as in (3.2)). By definition, we
have ϕpu, v, tq “ 0. Then:

Bϕpu, v, tq

Bt
“ 0.

We have @X P Sptq:

0 “
BφpX, tq

Bt
`

ˆ

BXpu, v, tq

Bt

˙T

∇XφpX, tq,

“
BφpX, tq

Bt
` vU pu, v, tq

T∇XφpX, tq,

“
BφpX, tq

Bt
` vIpX, tq |∇XφpX, tq|
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by recalling that ∇xφpX, tq “ |∇xφpX, tq|NpX, tq. Then, @X P Sptq, vIpX, tq is given by:

vIpX, tq “ ´
1

|∇xφpX, tq|

BφpX, tq

Bt
.

vIpX, tq depends on the evolution of function φ on the surface, independently of the parametrization
U . Moreover, one could show that vIpX, tq does not depend on the choice of φ. Finally, the normal
component of the interfacial velocity pX, tq ÞÑ vIpX, tq is uniquely defined.

What about the tangential components? By noticing that for any velocity v, one has:

vT∇xφpX, tq “ pv
TNpX, tq |∇XφpX, tq|q,

one can see that the tangential components of the velocity will not influence the evolution of φ. Conse-
quently, without loss of generality, we can define the interfacial velocity VI for any X P S as:

VIpX, tq “ vIpX, tqNpX, tq. (3.9)

Finally, we can also define a velocity field vIpx, tq for any x P R3, such that, when |∇xφpX, tq| ‰ 0:

vIpx, tq “ ´
Bφpx, tq

Bt

∇xφpx, tq

|∇xφpx, tq|
2 .

The function φ is then evolved following the following equation:
9φpx, tq “ Btφpx, tq ` vIpx, tq

T∇xφpx, tq “ 0. (3.10)

Evolution equations for the local variables

We study here the equations that give 9H, 9G and 9Σ (we recall that it must be treated as the derivative
of a distribution). We refer to the works of Drew (1990) for details on the derivation of the first two
following equations and to Pope (1988) for the derivation of the equation on Σ. Let us precise here
that the definition of Σ as a distribution function was not taken into account in the formalism of Pope
(1988). The compatibility of the equations presented below with the definition of Σ is still to be verified.
However, let us present the results that are found in these papers, which state that @X P Sptq:

9Hpt,Xq “ ´
1

2

˜

B2vI

By˚1
2 `

B2vI

By˚2
2

¸

´ p2H2 ´GqvI (3.11)

9Gpt,Xq “ ´H

˜

B2vI

By˚1
2 `

B2vI

By˚2
2

¸

´ 2HGvI `
a

H2 ´G

˜

B2vI

By˚1
2 ´

B2vI

By˚2
2

¸

(3.12)

9Σpt,Xq “ 2HΣvI ´ ΣdivxvI (3.13)

One can note that the first terms appearing on the right-hand sides of equations (3.11) and (3.12) are a
surface Laplace operator. They do not depend on the choice of the local referential, although they are
written here in the referential associated with the principal curvatures. However, the last term appearing
in equation (3.12) is given in the local principal directions, which may cause closure issues for the model.

Remark 13. With vI “ vIN, we can note that:

9N “ BtN` vTI ∇xN “ BtN,

and according to Drew and Passman (1999), the equation for N is then given by:

BtN “ ´∇xvI .

The system made of equations (3.11), (3.12) and (3.13) is not entirely closed. Indeed, one must also
define an equation for vI and deal with the different derivatives along the principal directions that are not
a Laplacian operator. To deal with these derivatives, some modeling is necessary to replace these terms.
While for the interfacial velocity, we could envision to study the balance of forces that are exerted on the
surface, like pressure effects, surface tension effects or drag forces, and thus derive a local momentum
balance law.
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3.2.3 Conclusion on the local description of the interface

To sum up this first section dedicated to the geometrical description of a surface and its evolution, let
us recall its main points:

• a surface can be defined in two ways: explicitly (3.1) or implicitly (3.2),

• from both definitions, one can define intrinsic quantities (independent of the surface definition)
related to the first and second order surface deformations. These quantities are the normal to
the surface, its area density and its principal curvatures, or equivalently its mean and Gaussian
curvatures,

• one can define an interfacial velocity field, such that the velocity vector is normal to the surface,

• in the works of Drew (1990) and Pope (1988), one can find evolution equations for the geometric
quantities, according to the interfacial velocity field,

• these equations are not closed, and their compatibility with the definition of the interfacial density
distribution has not been verified yet.

Let us outline that this description of a surface and the evolution equations of its geometrical properties
are considered at a scale where the surface is assumed to be exactly located.

3.3 Surface density function and probabilistic approach

3.3.1 Ensemble averaged variables

The description of the local geometrical parameters presented in the previous section has little interest
when one tries to solve the motion of a well-localized interface. In this case, solving equation (3.10)
with an appropriate equation on vI is sufficient. On the contrary, in situations where strong fluctuations
of the flow make the exact localization and tracking of the interface complex, these local geometrical
parameters can be used in a statistical approach.

Let us first mention the usual approach that consists in averaging equations (3.11), (3.12) and (3.13) to
get the equations for the mean curvatures H, G and mean surface Σ defined by:

Hpt,xq “ 〈Hpt,xq〉S ,
Gpt,xq “ 〈Gpt,xq〉S ,
Σpt,xq “ 〈Σpt,xq〉 ,

where 〈¨〉 now denotes the ensemble average operator and 〈¨〉S is the average conditioned upon the
presence of the interface:

〈Hpt,xq〉S “
〈Hpt,xqΣpt,xq〉

Σpt,xq
.

Σ is also called the expected surface-to-volume ratio. It is no longer a distribution, since it has been
regularized by the averaging procedure.

Using the topological equation of a two-phase medium:

Btχk ` vTI ∇χk “ 0, k “ 1, 2,

where χk is the characteristic function of phase k, one can also get an equation on the void fraction α,
which is defined by:

α “ 〈χ1〉 .

Equations for these quantities can be found in Drew (1990); Drew and Passman (1999). These equations
may be closed for certain flow configurations, such as bubbly flows.
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3.3.2 A probabilistic description of surfaces

Now, let us consider a description of the interface that permits to treat a larger number of statistical
quantities. This is the probabilistic approach of Pope (1988): we account for the probability that the
surface is in a given state at given point pt,xq. In the following, this state will be defined by the local
values of the curvatures H and G, and by the local value of the interfacial velocity vI . The other
parameters mentioned previously will be given by:

• the normal N is obtained from the interfacial velocity vI , since vI “ vIN,

• the surface area density will be used as the probability measure through Σ.

Then, at any pt,xq, the expected surface-to-volume ratio of the interface, such that its mean and Gaussian
curvatures are Hpt,xq and Gpt,xq respectively, and such that the interfacial velocity is vIpt,xq is given
by the Surface Density Function (SDF) Fs defined by:

Fspt,x, Ĥ, Ĝ, v̂Iq “
〈

Σ δpĤ ´Hpt,xqq δpĜ´Gpt,xqq δpv̂I ´ vIpt,xqq
〉
. (3.14)

It is usual to note ξ̂ “ pĤ, Ĝ, v̂Iq the phase space, and write Fs simply as:

Fspt,x, ξ̂q “
〈

Σ δpξ̂ ´ ξpt,xqq
〉
.

The measure Fspt,x, ξ̂qdxdξ̂ provides the probable surface area which is contained in the spatial volume
dx around x and in the phase space volume dξ around ξ.

Now, the mean surface and mean curvatures are given by the first-order moments of Fs. Indeed, one
has:

ż

ξ̂

Fspt,x, ξ̂qdξ̂ “

ż

ξ̂

ă Σ δpξ̂ ´ ξpt,xqq ą dξ̂

“ă

ż

ξ̂

Σ δpξ̂ ´ ξpt,xqqdξ̂ ą

“ă Σ ą

“ Σpt,xq

and, for instance for the mean mean curvature:
ż

ξ̂

ĤFspt,x, ξ̂qdξ̂ “

ż

ξ̂

Ĥ ă Σ δpξ̂ ´ ξpt,xqq ą dξ̂

“ă

ż

ξ̂

ĤΣ δpξ̂ ´ ξpt,xqqdξ̂ ą

“ă Hpt,xqΣ ą

“ Σpt,xqHpt,xq

This provides a link with the ensemble averaged quantities presented at the beginning of this section.
Now, one must also have equations for these quantities: these equations will be derived from the evolution
equation for the SDF Fs, called the generalized population balance equation (GPBE).

3.3.3 Generalized population balance equation

Let us derive here the evolution equation for Fs. Let us consider the Lagrangian motion of Fs:

9Fspt,x, ξ̂q “ BtFspt,x, ξ̂q ` v̂I
T∇xFspt,x, ξ̂q,
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and let us define the conditional averages ă ¨ ąc for any quantity χ by:

〈
χpt,x, ξ̂q

〉
c
“

〈
χpt,x, ξ̂qΣ δpξ̂ ´ ξpt,xqq

〉
Fspt,x, ξ̂q

.

Now, we have from the definition of Fs (3.14):

BtFspt,x, ξ̂q “ă tBtΣu δpξ̂ ´ ξpt,xqq ` Σ
!

Btδpξ̂ ´ ξpt,xqq
)

ą

“ă tBtΣu δpξ̂ ´ ξpt,xqq ą ´ ă ΣBtξpt,xq∇ξ̂δpξ̂ ´ ξpt,xqq ą

“ă tBtΣu δpξ̂ ´ ξpt,xqq ą ´∇ξ̂ ă ΣBtξpt,xqδpξ̂ ´ ξpt,xqq ą

“ă tBtΣu δpξ̂ ´ ξpt,xqq ą ´∇ξ̂

!

〈Btξpt,xq〉c Fspt,x, ξ̂q
)

and

v̂I
T∇xFspt,x, ξ̂q “ă v̂I

T
t∇xΣu δpξ̂ ´ ξpt,xqq ` Σ

!

v̂I
T∇xδpξ̂ ´ ξpt,xqq

)

ą

“ă v̂I
T
t∇xΣu δpξ̂ ´ ξpt,xqq ` Σ

!

vIpt,xq
T∇xδpξ̂ ´ ξpt,xqq

)

` Σ tdivxvIpt,xqu δpξ̂ ´ ξpt,xqq ą

“ă vIpt,xq
T t∇xΣu δpξ̂ ´ ξpt,xqq ą ´ ă ΣvIpt,xq

T∇xξpt,xq∇ξ̂δpξ̂ ´ ξpt,xqq ą

` ă Σ tdivxvIpt,xqu δpξ̂ ´ ξpt,xqq ą

“ă vIpt,xq
T t∇xΣu δpξ̂ ´ ξpt,xqq ą ´∇ξ̂ ă ΣvIpt,xq

T∇xξpt,xqδpξ̂ ´ ξpt,xqq ą

` ă Σ tdivxvIpt,xqu δpξ̂ ´ ξpt,xqq ą

“ă vIpt,xq
T t∇xΣu δpξ̂ ´ ξpt,xqq ą ´∇ξ̂

!〈
vIpt,xq

T∇xξpt,xq
〉
c
Fspt,x, ξ̂q

)

` 〈divxvIpt,xq〉c Fspt,x, ξ̂q

In the transition from the first to second line, we have used the following development:

v̂I
T∇xδpξ̂ ´ ξpt,xqq “ divx

!

v̂Iδpξ̂ ´ ξpt,xqq
)

“ divx
!

vIpt,xqδpξ̂ ´ ξpt,xqq
)

“ vIpt,xq
T∇xδpξ̂ ´ ξpt,xqq ` tdivxvIpt,xqu δpξ̂ ´ ξpt,xqq

By combining all these terms, we find the following balance equation:

BtFspt,x, ξ̂q`divx
!

v̂IFspt,x, ξ̂q
)

`∇ξ̂

!〈
9ξpt,xq

〉
c
Fspt,x, ξ̂q

)

“ă
 

BtΣ` vIpt,xq
T∇xΣ

(

δpξ̂´ξpt,xqq ą .

By using (3.13), one can finally write the balance equation as:

BtFspt,x, ξ̂q`divx
!

v̂IFspt,x, ξ̂q
)

`∇ξ̂

!〈
9ξpt,xq

〉
c
Fspt,x, ξ̂q

)

“ 〈2HvI ´ divxvI〉c Fspt,x, ξ̂q. (3.15)

We can note that the right-hand side of the balance equation (3.15) is a stretching source term.

Much work has still to be done to close the system of equations, like finding closure laws for 9vI or
modeling the conditional averaged terms in ă ¨ ąc, and maybe considering appropriate assumptions
to reduce the number of variables in the phase space ξ. Considering the different works of Drew and
Passman (1999), this can be done by the equations on the first-order moments of Fs: these equations
may be related with the equations for the mean geometrical variables H, G and Σ.

In particular, one of the situation where simplifications may occur is when Fs is used to describe a
disperse-phase flow made of spherical elements (droplets for instance). We present in the next section
how the surface density function Fs can degenerate to an Number Density Function in that precise case.
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3.4 Surface density function in the disperse phase flow limit

3.4.1 Definition of the number density function

Presented in the Introduction of this thesis, a disperse-phase flow can be described by using a kinetic
approach, based on a number density function (NDF) FN and Williams-Boltzman equation. When
thermal effects are neglected, the phase space ξ̂N for the NDF is made of shape parameters of the
particles (it is often its surface S when assuming spherical particles), and a parameter on its mass center
velocity u.

The measure FN pt,x, ξ̂N qdxdξ̂N gives the probable number of particles contained in the spatial volume
dx around x and in the phase space volume dξN around ξN . Considering that the particles are punctual
objects (they are located at their mass center), and considering a flow made of N particles, the Number
Density Function is defined as:

FN pt,x, ξ̂N q “

〈
N
ÿ

q“1

δpx´ xqqδpξ̂N ´ ξN,qq

〉
,

Let us assume that the internal variables of the particles are: ξN,q “
´

H
p

q , G
p

q , Vq,uq

¯

. Here H
p

q is the
average of the mean curvature over the particle real surface (weighted by the surface area). For a particle
q, located at xq and whose surface is Sqpt,xqq of area Σqpt,xqq, it is defined by:

H
p

qpt,xqq “
〈
Σpt,xq, Hpt,xq1Vq

〉
where Vq is a spatial volume containing the entire particle q and no other particle. In the same way,
G
p

q is the average of the Gaussian curvature over the particle surface. Vq is the particle volume. About
the velocity of the particle, one can note that the surface averaging provides a mean velocity vI

p
q that

could be different from the velocity of the mass center uq due to surface deformations. This question
must be studied in future works, and for now on, we make the assumption that vI

p
q « uq. These internal

properties of the particles can be used to describe a flow made of deformed particles.

With the assumption that all particles are spherical, one can easily define a simplified version of the
NDF. Indeed, one has for a particle q:

H
p

q “ HpG
p

qq “ pG
p

qq
´1{2,

Vq “ V pG
p

qq “
4

3
πpG

p

qq
3{2.

Finally, let us introduce the NDF npt,x, G
p

q ,uq in the case of spherical bubbles defined by:

FN pt,x, ξ̂N q “ npt,x,
x

G
p
, puqδp

x

H
p
´Hp

x

G
p
qqδppV ´ V p

x

G
p
qq

3.4.2 Discrete Surface Density Function

Without making the strong assumption of spherical particles, let us just assume that the particles are
homotopic to spheres. We can then use the Gauss-Bonnet theorem (Weisstein (2017)), to show that for
any such particle q, its surface area Σq writes:

Σq “
4π

G
p

q

.
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From the definition of FN , we can now write:

FN pt,x, ξ̂N q “

〈
N
ÿ

q“1

δpx´ xqqδpξ̂N ´ ξN,qq

〉

“
1

4π

〈
N
ÿ

i

Σq“1G
p

qδpx´ xqqδpξ̂N ´ ξN,qq

〉

“
1

4π

〈
N
ÿ

i

Σq“1
x

G
p
δpx´ xqqδpξ̂N ´ ξN,qq

〉

“

x

G
p

4π
Fppt,x, ξ̂N q. (3.16)

Fp is a new Surface Density Function, since it has the dimension of a surface density (the invert of G
p
).

It is called the Discrete Surface Density Function.

The final results relates the first-order moments of Fp to the first-order moments of Fs. Let us consider
a volume V, containing N particles, such that the border of V does not cross any particle. We have then
the following equalities:

ż

xPV

ż

ξ̂PΩξ

Fspt,x, ξ̂qdxdξ̂ “

ż

xPV

ż

ξ̂NPΩξp

Fppt,x, ξ̂N qdxdξ̂N , (3.17)

ż

xPV

ż

ξ̂PΩξ

ĤFspt,x, ξ̂qdxdξ̂ “

ż

xPV

ż

ξ̂NPΩξp

x

H
p
Fppt,x, ξ̂N qdxdξ̂N , (3.18)

ż

xPV

ż

ξ̂PΩξ

ĜFspt,x, ξ̂qdxdξ̂ “

ż

xPV

ż

ξ̂NPΩξp

x

G
p
Fppt,x, ξ̂N qdxdξ̂N , (3.19)

ż

xPV

ż

ξ̂PΩξ

v̂IFspt,x, ξ̂qdxdξ̂ “

ż

xPV

ż

ξ̂NPΩξp

yvI
pFppt,x, ξ̂N qdxdξ̂N . (3.20)

(3.21)

Let us show this property for the first-order moment in Ĥ:

ż

xPV

ż

ξ̂PΩξ

ĤFspt,x, ξ̂qdxdξ̂ “

ż

xPV

ż

ξ̂PΩξ

Ĥ
〈

Σ δpξ̂ ´ ξpt,xqq
〉

dxdξ̂

“

〈
ż

xPV
Hpt,xqΣdx

〉
“

〈
N
ÿ

q“1

ż

Vq
Hpt,xqΣdx

〉

“

〈
N
ÿ

q“1

ΣqH
p

q

〉

“

〈
N
ÿ

q“1

ż

xPV

ż

ξ̂NPΩξn

ΣqH
p

qδpξ̂ ´ ξ̂N,qqδpx´ xqqdξ̂dx

〉

“

ż

xPV

ż

ξ̂NPΩξn

x

H
p
Fppt,x, ξ̂N qdxdξ̂N

The same demonstration applies to the zeroth-order and other first-order moments of Fs and Fp. These
zeroth- and first-order moments are called the topological moments.
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Σpt,x1q
ˆ

Σpt,x2q
ˆ

Σpt,x3q
ˆ

Σpt,x4q
ˆ

(a) Surface Density Function
statistics (Σ distribution func-
tion) evaluated locally on the sur-
face.

Σ1pt,x1q
ˆ

Σ2pt,x2q
ˆ

Σ3pt,x3q
ˆ

(b) Mean Surface Density Func-
tion statistics (Σi particles sur-
face area): averages over volumes
containing one entire particle.

Σ1pt,x1q
ˆ

Σ2pt,x2q
ˆ

Σ3pt,x3q
ˆ

(c) Number Density Function
statistics (Σi internal variable)
associated with the mass center of
the drops.

Figure 3.2: Illustration of one realization of a set of three drops and what the different statistics stand
for.

3.4.3 Towards a relation between the Surface Density Function and the
Number Density Function

Let us sum up the different distribution functions defined in the previous paragraphs (see also a schematic
representation in Figure 3.2):

• the Surface Density Function Fs provides the statistics of local properties of a surface, or a set
of surfaces. These local properties are the mean curvature H, the Gaussian curvature G and the
interface velocity vI ,

• the discrete Surface Density Function Fp provides the statistics of averaged properties of a set of
surfaces associated with a set of particles. The averaging is made on each particle and provides a
mean mean curvature H

p
, a mean Gaussian curvature G

p
and the mean interfacial velocity vI

p,
which is assumed to be close to the velocity of the mass center of the particle,

• the Number Density Function FN provides the statistics of a set of particles, for which the surface
(related to the mean Gaussian curvature according to the Gauss-Bonnet theorem), the mean mean
curvature and the velocity of its mass center are internal properties.

In a specific configuration, where we assume a disperse-phase flow and a spatial volume V such that
in all the realizations of the flow, the borders of V do not cross any particle, we have also related the
volume-averaged first-order moments of Fp and Fs (relations (3.17) to (3.20)). The next steps for a full
relation between Fs and Fp will necessitate to define a volume-averaging strategy, which preserves the
topological moments and which can be applied to any flow configuration (not only for disperse-phase
flows). This averaging procedure will further necessitate to establish accurate closure relations.

Finally, we have shown how FN and Fp are related (equation (3.16)). Using the Gauss-Bonnet theorem
and Fp, it seems possible to describe flows of deformed drops. However, these types of flows have not
been studied yet from a statistical point of view. Only the spherical case is well known, where the
fractional moments of the NDF are used to describe the polydispersion in size of the droplets (Essadki,
de Chaisemartin, Massot, Laurent, Larat, and Jay (2016)).

3.5 Perspectives for the description of bubbly flows

The work presented in the previous sections is still under development in Essadki, Drui, de Chaisemartin,
Larat, Ménard, and Massot (2017), so as to provide answers to the remaining issues on:

• how to close the equations for the dynamics of the geometrical variables: H, G, Σ, vI and for the
averaged quantities H, G, Σ, vI ,
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• how to properly average the SDF, Fs, to recover the discrete SDF Fp for any flow configuration,

• what is the physical meaning of the first-order moments of Fp in a case of a disperse flow made of
deformed droplets.

Up to now, it seems to show that the mean geometrical quantities H and G play an important role, since
they are related to the first-order moments of surface distribution functions and are also mean quantities
of the two-phase flow. In the context of bubbly flows, it could be interesting to consider energies related
to these quantities for deformed bubbles. Indeed, the bubble deformation may be characterized by
the values of H and G. For example, a surface potential energy could be written in function of these
quantities. In the same way, the pulsation energy could apply to deformed bubbles and then, the volume
variations would be functions of the geometrical parameters. Departing from these energies and using
the procedure based on Hamilton’s variational principle and the second principle of thermodynamics, as
presented in Chapter 1, we may enrich again the two-phase models, and get closer relations between the
mixture models and the kinetic-based models.





Part II

Discretization strategy for two-phase
mixture models





Introduction

Recall of the systems of equations and their mathematical properties

In the following chapters, we propose a discretization strategy to solve the three two-phase models derived
in Chapter 1, section 1.4, numerically. First, let us recall that the systems of equations are:

• the 3-equation homogeneous equilibrium model:
$

&

%

Btρ ` div pρuq “ 0
Bt pρY q ` div pρY uq “ 0
Bt pρuq ` div

`

ρuuT ` p Id
˘

“ 0
p “ p1pρ, Y q “ p2pρ, Y q

• the 4-equation model with relaxation:
$

’

’

’

&

’

’

’

%

Btρ ` div pρuq “ 0
Bt pρY q ` div pρY uq “ 0
Bt pρuq ` div

`

ρuuT ` p Id
˘

“ 0

Btα ` uT∇α “
p1 ´ p2

ε
p “ αp1pρ, Y, αq ` p1´ αqp2pρ, Y, αq

• and the 5-equation system with micro-inertia and micro-viscosity:
$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

Btρ ` div pρuq “ 0
Bt pρY q ` div pρY uq “ 0
Bt pρuq ` div

`

ρuuT `
`

p` 1
2 pρY wq

2
˘

Id
˘

“ 0

Btα ` uT∇α “
ρY w
?
ν

Btw ` uT∇w “
p1 ´ p2

ρY
?
ν
´
ε

ν
w

p “ αp1pρ, Y, αq ` p1´ αqp2pρ, Y, αq

These systems are associated with barotropic pressure laws pkpρkq, k “ 1, 2 with ρ1 “ pρY q{α and
ρ2 “ pρp1 ´ Y qq{p1 ´ αq such that Bρkpk “ c2k ą 0 (the notation Bρp “ Bp{Bρ will be used in the
following). The convex set Ω of admissible values for this system is defined as follows:

Ω “

$

&

%

pρ, Y, αqT P R3

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ρ ą 0
Y P s0, 1r
α P s0, 1r

,

.

-

.

Remark 14. For the 3-equation system, the values Y “ 0, 1 and α “ 0, 1 are also handled by the model.

Generic form of the equations: in the following and according to the rotational invariance of all
the three systems (all directions are solved in the same way), it is convenient to write the three two-phase
systems in 1D under the following form:

$

&

%

Bt pρuq ` Bx
`

ρu2 ` P
˘

“ 0
Btρ ` Bx pρuq “ 0
BtV ` uBxV “ Spρ,Vq

(4.22)
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where V is a vector of transported variables. V contains the two other components of the velocity field
uy and uz, the mass fraction Y and according to the two-phase model, the volume fraction α and/or w.
P pρ,Vq is a pressure function, such that

BρP pρ,Vq “ c2 ą 0, @pρ,Vq P Ω. (4.23)

c is the characteristic velocity, which depends on the two-phase system. Let us also assume:

Bc

Bρ
ě 0. (4.24)

Finally Spρ,Vq stands for the source terms.

Mathematical properties: now, let us give some mathematical properties of system (4.22), that can
help design an appropriate numerical scheme. The convective part of system (4.22) is hyperbolic, under
the assumptions (4.23) and (4.24). Indeed, we show in Appendix A that the associated matrix obtained
in the weak formulation of (4.22), is diagonalizable and possesses three real eigenvalues that are:

λ1 “ u´ c , λ2 “ u` c , λ3 “ u .

We also show in Appendix A that the associated eigenvectors are linearly independent and that:

• the fields associated with λ1 and λ2 are genuinely non linear,

• the fields associated with λ3 are linearly degenerate.

The waves associated with λ1 and λ2 are thus shocks or rarefaction waves, while the wave associated
with λ3 is a contact discontinuity. For each of the three two-phase systems, it is possible to compute
the exact entropic solution to the Riemann problems (this is done in Appendix A). However, this exact
resolution may be complex, especially for the 3-equation system, where the solution is obtained only
through the resolution of an implicit relation. Consequently, the numerical methods presented in the
following, and in Chapter 4 dedicated to finite volume methods, will rely on approximate solutions of
the Riemann problems. Indeed, for all choices we make concerning the discretization strategy, we will
look for a balance between the accuracy of the method and its computational cost, while ensuring its
robustness.

Review of numerical methods for the two-phase systems

These three systems, or close forms of equations, are encountered in different works on two-phase flow
simulations. Let us give a (non-exhaustive) list of these works, and their associated numerical schemes.

3-equation model

The 3-equation system is used Chanteperdrix, Villedieu, and Vila (2002) for simulations of sloshing. The
equations are solved with first-order and second-order finite volume schemes, using a relaxation procedure
(Jin and Xin (1995)). This procedure consists in solving the equations of the 4-equation system with
an exact Godunov scheme (Godunov (2008)) and then projecting the solution on its equilibrium state:
the volume fraction variable α is computed so as to satisfy the mechanical equilibrium p1 “ p2, and
the pressure is then set as p “ p1 “ p2. The second-order scheme is obtained with a MUSCL (van
Leer (1979)) reconstruction and a second-order Runge-Kutta time integration. Both methods show good
results for classic Riemann problems, and for the sloshing tests with artificially low sound velocities ck.

In Grenier, Vila, and Villedieu (2013), the 3-equation system is solved with an upwind finite volume
scheme and a centered pressure discretization. The scheme is implicit for the mass equations and explicit
with a stabilizing term for the momentum equation. These choices are made so as to avoid problems
with low-Mach number flows. The tests of sloshing presented in Grenier, Vila, and Villedieu (2013) do
not require an artificial lowering of the sound velocities. These tests highlight the issues related to the
low-Mach number regime and also show that the choice of the type of mesh (unstructured or cartesian)
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has a non-negligible influence: the resolution was better on unstructured grids than on cartesian grids.
This is also our experience.

Still with the objective of performing simulations in the low-Mach number regime, in Bernard-Champmartin
and De Vuyst (2014), the 3-equation system was discretized on a staggered grid: in the momentum equa-
tion, pressure is taken at the centers of the cells, while velocity is given at their edges. The method also
uses the low-diffusive approach from Després and Lagoutière (1999); Després and Lagoutière (2001); Kokh
and Lagoutière (2010): a downwind discretization of the variable Y is used when possible, i.e. when this
does not cause negative density values. The simulations of dam break problems and their comparison
with experiments show that the method provides physically correct results with a decrease of the diffusion
near the two-phase interface.

4-equation model

In Chanteperdrix, Villedieu, and Vila (2002), the 4-equation system is used as an auxiliary system within
a relaxation procedure used to solve the 3-equation system, as mentioned previously. Indeed, for this
relaxation system, the entropic solution of Riemann problems can be computed exactly with simple
explicit relations, that are given in Chanteperdrix, Villedieu, and Vila (2002) (see also in Appendix
A). Thus, an exact Godunov method can be used to compute the numerical fluxes associated with the
4-equation system. However, the physics related to this model, where the relaxation source term may
play a significant role, is not studied in Chanteperdrix, Villedieu, and Vila (2002), since the source term
is not integrated and the values of the variables are forced to their equilibrium state (p1 “ p2).

A system close to the 4-equation is studied and used in Allaire, Clerc, and Kokh (2002); Kokh and
Lagoutière (2010): its differences are the presence of an energy equation and no source term in the
equation on α (which is moreover considered as a color function). As in Chanteperdrix, Villedieu, and
Vila (2002), the physics which is modeled is in fact the physics of the 3-equation system, since mechanical
equilibrium is imposed: p1 “ p2. The system is solved numerically using a Lagrange-Remap strategy
(Godlewski and Raviart (1996)), where the acoustic and the transport parts of the equations are solved
in two different steps. The acoustic part is solved in Lagrangian coordinates, using a Godunov-type
solver. The transport part is then solved with the low-diffusive procedure (Després and Lagoutière
(1999); Després and Lagoutière (2001); Kokh and Lagoutière (2010)). Numerical tests show an increase
of accuracy of the method comparing with a standard upwind discretization of the color function.

Most of the approaches using the 4-equation system, or systems using a pressure relaxation source term
(like the Baer-Nunziato system of Baer and Nunziato (1986)), do not integrate the source term. Rather,
the method involves a projection of the solution on its mechanical equilibrium state (see the scheme
proposed in Saurel and Abgrall (1999), which is widely used for two-phase flow simulations).

5-equation model

The 5-equation homogeneous system with micro-inertia is close to the multiphase system of Gavrilyuk
and Saurel (2002): this last system takes two velocities into account, as well as equations on energies.
The associated numerical scheme is adapted from Saurel and Abgrall (1999): it consists in a HLL flux for
the conservative terms and specific discretization for the non-conservative ones. In particular, an upwind
discretization is used for the transport equation of α. In Gavrilyuk and Saurel (2002), it is mentioned
that a classic source term integration method is used, but no further details are given.

Summary

Let us sum up the different aspects and issues addressed (or not) in this short review:

1. most of the numerical schemes proposed are based on standard finite volume approaches with
Godunov-type schemes: since the models are compressible, shock may occur and must be handled
by the numerical method,

2. the equation on the volume fraction α in the 4-equation and 5-equation systems necessitates a
particular discretization,
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3. the source term of the 4-equation system is rarely integrated as a relaxation source term. In fact,
the 4-equation system is often used as an auxiliary system in a relaxation procedure,

4. the compressibility of the models may have side effects in a low-Mach number flow regime: dedicated
numerical methods must be used. Moreover, the spatial discretization seems to influence the
accuracy of the solution in the low-Mach number regime,

5. the two-phase interface is spread due to numerical diffusion. Improvement of the methods, like low-
diffusive schemes, refined meshes or higher-order methods, can be used to reduce this diffusion.

We are addressing these issues within the development of our strategy, presented below.

Operator splitting methods

Let us consider system (4.22) and note that it can be written in the form (it is not unique):

BtW `AW ´ BW “ 0, (4.25)

where A stands for the convective operators and B stands for the source terms.

The first aspect of our numerical strategy is an operator splitting or fractional step method (first
uses of the method in Marchuk (1968); Strang (1968); Téman (1969a); Téman (1969b), see also Duarte
(2012) and references therein), that enables to solve the parts of the equations associated with the
different operators in separate steps. For (4.25), and with an initial condition Wpt “ 0,xq “ Wp0qpxq,
this may come down to solve successively the two following problems from time t “ 0 to time t “ tf
(this corresponds to Lie splitting, Trotter (1959)):

"

BtW
p1qpt,xq ` AWp1qpt,xq “ 0,

Wp1qp0,xq “ Wp0qpxq,
(4.26a)

"

BtW
p2qpt,xq ´ BWp2qpt,xq “ 0,

Wp2qp0,xq “ Wp1qptf ,xq.
(4.26b)

Operator splitting methods are widely used, since they facilitate the resolution of complex systems. In-
deed, the resolution of each sub-step can be performed with appropriate methods: for example, standard
Godunov-type schemes for the convective part, Ordinary Differential Equations (ODE) solvers for the
source term, etc. and these methods can be of high-order accuracy. Moreover, when one operator is
much stiffer than the others and necessitates a much smaller time step for being accurately integrated,
operator splitting allows time-stepping or any other appropriate integration method, since each part
of the equation is evolved independently. In Chalons, Girardin, and Kokh (2013); Chalons, Kestener,
Kokh, and Stauffert (2016) for example, the acoustic part and the transport part of the equations are
split (according to the Lagrange-Projection procedure of Godlewski and Raviart (1996)): the acoustic
part is solved implicitly, so as to avoid the CFL constraint on the acoustic waves, while the transport
part is solved with an explicit upwind scheme.

However, some care must be taken when using operator splitting methods, and many studies have been
conducted on different difficulties raised by these methods.

First, operator splitting may introduce a numerical error, called the splitting error. It is given by the
difference between the solutions obtained with and without operator splitting: we refer to Leveque (2004);
Duarte (2012) where this problem is clearly explained in the linear case and some notions are given for
the non-linear case (see also Descombes, Duarte, Dumont, Laurent, Louvet, and Massot (2014)). For
the equation (4.25), one can show that, if the operators A and B commute (AB “ BA), there will be
no splitting error. But they do not commute in the general case and Lie splitting procedure (4.26) may
generate a truncation error of the order of the time step of integration ∆t. Then, the whole scheme
degenerates to a first-order scheme, whatever the order of accuracy of the methods considered for the
integration of the different operators. A second order operator splitting is obtained by using Strang
splitting (Strang (1968)), where (4.26a) is first integrated over ∆t{2, then (4.26b) is integrated over ∆t
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and finally (4.26a) is again integrated over ∆t{2. In Descombes, Duarte, Dumont, Laurent, Louvet, and
Massot (2014), it is moreover shown that it is preferable to integrate the stiffest operator in the last step.
A same order of accuracy may be obtained with the Lie operator splitting, when (4.26a) and (4.26b) are
solved alternatively in first or second positions from one time iteration to the other (Leveque (2004)).

Another delicate point concerns boundary conditions, which may not be consistent with the whole coupled
problem. This issue will not be discussed in our work, and we refer to Hundsdorfer and Verwer (2003)
for examples and discussions.

One may also encounter difficulties with steady-state solutions. These solutions may be hardly solved
when using the fractional step method, when integrating independently the convective part and the
source terms of the equations. This so-called well-balanced issue has been studied and solutions have
been proposed in many works (Cargo and le Roux (1994); Greenberg and Roux (1994); Gosse and Roux
(1996); Gosse (2000); Chinnayya, Roux, and Seguin (2004); Audusse, Bouchut, Bristeau, Klein, and
Perthame (2004)). We propose to adapt one of them for the 3-equation system with a gravity source
term and in a context of Adaptive Mesh Refinement (AMR) in Appendix D.

When the source terms are stiff, for example when εÑ 0 in the 4-equation system and that the convective
time step (computed according to a CFL condition) is much larger than the characteristic time of the
relaxation effects, an error due to the splitting strategy may cause an uncontrolled increase of the
numerical diffusion. This is especially the case when, in the limit of infinitely fast relaxation towards
equilibrium, the asymptotic equilibrium system has a parabolic structure (see the examples of the kinetic
equations in Jin (1999), the Euler equations with friction in Chalons, Girardin, and Kokh (2013) or with
drag force in Chalons, Massot, and Vié (2015)). In this case, using a standard fractional-step method can
give numerical solutions which are bad approximations of the weak solution for the asymptotic system.
This is due to consistency errors in the flux discretization that are proportional to ∆x{µ, where ∆x is
the spatial discretization step, µ is the relaxation parameter and µÑ 0. In order to avoid an arbitrarily
small space step, a modified scheme is proposed in Chalons, Girardin, and Kokh (2013) for example,
which consists in accounting for the source terms when computing the numerical fluxes. The scheme is
inspired from the well-balanced schemes. The consistency errors are then counterbalanced and better
results can be obtained.

In the following, we are using operator splitting methods in two ways:

• to solve the convective part and the source terms of the two-phase systems independently,

• with dimensional splitting, so as to solve separately the spatial components of the numerical flux,
for 2D or 3D computations (see more details in Chapter 6).

We will then propose appropriate and high-order methods for the integration of each operator (Chapter
4 and Chapter 5), and the we will verify that the whole strategy presents no spurious splitting error in
the second part of Chapter 5.

Resolution of the convective part

A wide range of finite volume methods are dedicated to the resolution of compressible systems of equa-
tions, either monophasic or two-phase equations (Godlewski and Raviart (1996); Leveque (2004); Bouchut
(2004); Toro (2009) among many others). In Chapter 4, we choose to use Godunov-type schemes (Go-
dunov (1959)), which are based on the resolution (exact or approximate) of Riemann problems at each
cell interface, so as to compute the numerical fluxes. One of these methods, a relaxation scheme, is even
more used to solve two-phase flow models (Baudin, Berthon, Coquel, Masson, and Tran (2005); Boileau,
Chalons, Bourgouin, Terrier, Laurent, De Chaisemartin, and Massot (2010); Pelanti, Bouchut, and Man-
geney (2011); Girardin (2014)). We show in Chapter 4 that this scheme may overestimate the CFL
constraint at the two-phase interface, leading to very small time steps, which may unnecessarily increase
the cost of a numerical computation. Therefore, we propose a new scheme based on the modified scheme
from Bouchut (2004), and show the benefits of this scheme, named Relax-B. According to the analysis
of Abgrall (1996), we also propose a specific discretization of the equation on α for the 4-equation and
5-equation systems, which ensures that uniform velocity and pressure profiles are preserved.

The issue of the resolution of the compressible two-phase systems in the low-Mach number limit is
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addressed in Chapter 6. Two cures are considered:

• as noticed in Grenier, Vila, and Villedieu (2013) and analyzed in Dellacherie (2010), the resolution
of these equations on unstructured, or even just triangular grids seem to improve the accuracy of
the solution, in certain configurations,

• inspired from the scheme proposed in Chalons, Girardin, and Kokh (2016); Girardin (2014), we
propose a modification of Relax-B that makes it accurate in all Mach number regimes.

These cures are tested and discussed in Chapter 9, where we show that using AMR without one of these
cures provides dramatically poor solutions.

Source term integrations and ODE solvers

The second step of the operator splitting procedure consists in integrating the source terms operators.
For the 4-equation system, this comes down to solve an Ordinary Differential Equation (ODE) in time
which reads:

dtαpt,xq “
p1pρ, Y , αpt,xqq ´ p2pρ, Y , αpt,xqq

ε
,

where density and mass fraction variables are kept constant (since there is no source terms for these
variables), and are noted ρ, Y respectively. For the 5-equation system, this integration comes down to
solve a system of ODE:

$

’

’

&

’

’

%

dtα “
ρY w
?
ν

dtw “ ´
ε

ν
w `

p1pρ, Y , αpt,xqq ´ p2pρ, Y , αpt,xqq

ρY
?
ν

These two ODE are non-linear, because of the term in ∆ppαq “ p1pρ, Y , αpt,xqq´p2pρ, Y , αpt,xqq, whose
expression for linear pressure laws is:

∆ppαq “ po ` c21
ρ Y

α
´ c22

ρp1´ Y q

1´ α
,

where po is a constant. ∆ppαq “ 0 defines the equilibrium state, for which α “ αeq and w “ 0. We
can show (see also in Chapter 5) that the solutions of these two ODE tend to this equilibrium state in
long times, provided that ε ą 0. The characteristic time of this relaxation process, τrelax, depends on the
values of ε and ν, and the smaller ε, the shorter τrelax. When τrelax is much smaller than the integration
time step ∆t, one says that the ODE is stiff . In the limit τrelax ! ∆t, the numerical method may become
unstable or unable to converge to the equilibrium state (this is the case of explicit solvers). A-stable
methods are stable whatever the choice of ∆t. Furthermore, L-stable methods converge towards the
equilibrium state in long times.

Numerical resolution of ODE has a long history and much development of solvers dedicated to the
resolution of stiff ODE has occurred in the last decades. In particular, implicit multi-step (Hindmarsh
(1983); Brown, Byrne, and Hindmarsh (1989a)) or one-step Runge-Kutta (see Hairer and Wanner (1996)
and references therein) methods are shown to be stable and can be extended to high orders of accuracy.
Moreover, their use can be associated with an adaptive time-stepping strategy, which ensures a bounded
numerical error (Hairer, Nørsett, and Wanner (1987); Hairer and Wanner (1996)).

One of these accurate methods, Radau5 (Hairer and Wanner (1996)), has been tested for integrating the
5-equation source term. Due to the non-linearity of the ODE, its solution becomes extremely stiff when
α approaches the values of 0 and 1. Thus, in one of the tests, Radau5 was unable to satisfy the required
accuracy in a reasonable time step size and the routine stopped with an error message. The details on the
results for the problematic case are given in Appendix B. Consequently, in order to get an approximate
solution to the ODE, we must either better understand the dynamics of the ODE and the cases when
it becomes stiff, that may help choosing among the existing solvers which is the best adapted. Or one
can design an approximate solver, whose accuracy is maybe lower than already existing methods, but
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which ensures the stability of the solution. In Chapter 5, we consider the second option, and propose
some approximate solvers for the integration of the 4-equation and 5-equation source terms. These
approximate solvers present also the advantage of a low computational cost comparing with the high-
order solvers. For a first study, these approximate solvers may be interesting to consider. Nevertheless,
because of the AMR strategy, that is discussed in the next paragraph, the cost of the ODE integration
is not really a limiting factor: it is indeed local to each cell of the mesh and easily distributed among the
processes. We could then afford higher order resolutions in future works.

Improving the resolution of the two-phase interface

The last aspect which is addressed in Chapter 6 concerns the reduction of the numerical diffusion in
cases of separated two-phase flow simulations. Let us recall that in the interface capturing approach, the
two-phase interface is not reconstructed and during a computation, it can be spread due to numerical
diffusion. We discuss here a series of methods that permit to improve the accuracy of the numerical
solution.

Our choice is to use AMR, in order to increase the space resolution near interfacial zones, while solving
the monophasic zones at a reasonable cost. AMR techniques are indeed efficient tools for configurations
involving localized fronts (see the discussion in Duarte (2012)). Now, to ensure an accuracy of the
numerical solution which is not damaged by the adapted grid, i.e. a compression error negligible with
respect to the other numerical errors, the AMR methods necessitate to design refinement criteria and
projection formulae to set the values of the solution in cells that are refined or coarsened. Refinement
strategies are proposed in Chapter 6.

A consequence of the use of AMR methods, and in particular in the case of cell-based AMR (see the defi-
nition in the introduction of Part III), is that the solution has now to be computed on non-conforming
grids: the shape of the cells is still regular, but across their faces, they can have more than one neigh-
bor. In Chapter 6, we propose to adapt numerical methods originally used on Cartesian grids for these
non-conforming grids and to benefit from the regularity of the grid to use dimensional-splitting or 1D
slope reconstructions in a second-order MUSCL method.

Remark 15. For unstructured meshes, the monoslope method is one of the standard approach. It is based
on the computation of a unique gradient within each cell. Values at the cell interfaces are then interpolated
with this gradient. An approach where each face of the cell has its own local gradient was developed by
Stoufflet, Periaux, Fezoui, and Dervieux (1987); Buffard and Clain (2010) and is called multisplope. It
is shown to be more accurate than the monoslope approach (Murrone and Guillard (2008)), but could
be applied only on triangular (2D) and tetrahedral (3D) grids. Recent developments have improved the
multislope approach (see Le Touze (2015); Dupif, Lagarde, Boileau, Laurent, and Massot (2015); Dupif
(2017); Dupif, Dupays, Larat, and Massot (2017)).

In our discretization strategy, we are indeed interested in using second-order methods. Many methods
can be used to get second-order (or higher order) finite-volume schemes, among which:

• MUSCL scheme: this method aims at getting a second-order in space solution, using linear
reconstruction of the solution. An extension to 3rd order has also been developed using parabolic
reconstructions (Kermani, Gerber, and Stockie (2003)),

• ENO/WENO schemes: have been developed and are largely used to get high-order schemes (more
than second-order in space). They are based on the interpolation of different degrees polynomials,
using a predefined cell stencil (ENO), that might be weighted (WENO), so as to avoid oscillations
of the solution as much as possible (Jiang and Shu (1996)),

• DG method: the Discontinuous Galerkin method (Cockburn and Shu (1989); Cockburn and Shu
(1998b); Cockburn and Shu (1998a)) is issued from the finite element techniques, but uses in fact
a combination of finite elements and finite volumes. It indeed uses a subdivision of each cell in
quadrature points where a trial space of functions is used to solve the equations, but contrary
to classic finite elements, these functions are not continuous across the cells interfaces. There,
fluxes are computed as in classic finite volume methods and are used to update the values at the
quadrature points in each neighboring cell.
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• Runge-Kutta integration: the methods previously presented are high-order schemes in terms of
spatial resolution. Time integration can also be improved, by considering techniques of integration
for ODEs. Among the mostly used methods is the Runge-Kutta integrations, which can give
schemes with orders of accuracy higher than 2. It consists in computing the different terms, related
to different sub-steps integrations, of a specified averaging formula. For example, the second order
integration from tn to tn`1 “ tn `∆t writes:

W˚ “ Wn `
∆t

2
R pWnq ,

Wn`1 “ Wn `∆tR pW˚q ,

where R is the discrete value of the flux divergence for systems such as (6.1).

• MUSCL-Hancock scheme is a second order in space and time method, based on the MUSCL
linear reconstruction and a prediction of the local solution at an intermediate step. It is detailed
in Chapter 6,

• when using MUSCL methods, the second order in space and in time involves multiple integration
steps and, at the end of the process, a large stencil of neighboring data is involved. These methods
generally show to be Total Variation Diminishing (TVD), which is a property we define below.

Without being unstable, some numerical schemes can develop oscillations near strong discontinuities of
the solution. A way in characterizing the amount of these oscillations is by looking at the total variation
(TV) of the solution. For a scalar function q, it can be defined by (see Leveque (2004) for example):

TV pqq “

ż `8

´8

ˇ

ˇq1pxq
ˇ

ˇ dx.

If q is differentiable, then q1 is the derivative. If q is piecewise constant (on a given grid), then the total
variation can be written as:

TV pqq “
`8
ÿ

i“´8

|qpxiq ´ qpxi´1q| .

If oscillations occur, then the total variation of the solution increases. That is why we are looking for a
non-increasing property for numerical methods, that is in fact called Total Variation Diminishing (Harten
(1983)), and that writes, comparing the solution from time tn to time tn`1:

TV
`

qptn`1q
˘

ď TV pqptnqq . (4.27)

Remark 16. The notion of total variation is well-defined for scalar equations, but its extension to
systems of equations is far from being obvious. The TVD property could be extended for a scheme if it
is TVD for scalar laws. Or one could define a norm | ¨ | for the vector of variables, like a L1-norm using
the projection on the eigenvectors of the system for example (as in Godlewski and Raviart (1996)).

The TVD property has lead to the design of slope limiters in the MUSCL reconstruction method (Haider
(2009)). However, these limiters present the drawback of clipping the extrema of the solution, and the
order of accuracy of the method may be lost in these extremal zones. Another approach is proposed with
the One-Step-Monocity-Preserving (OSMP) methods (Daru and Tenaud (2004)): these methods provide
a high-order resolution using only one layer of neighboring cells and they allow a better resolution near
the extrema.

Summary and organization of the following chapters

Let us sum up the features of the global strategy that will be developed in the following:

• an operator splitting method is used, that enables to integrate independently the convective part
of the equations and their source terms, and that is also used for dimensional splitting in 2D and
3D configurations,
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• relaxation approximate Riemann solvers to solve the convective part of the equations and an
appropriate discretization of the equation on α,

• an ODE solver for the integration of the source terms that is able to handle the stiffness of the
source terms,

• high-order methods that help to reduce the numerical diffusion in the two-phase interfacial zones,

• application of these methods in an AMR context, where the solution must be computed on non-
conforming grids.

Although the frame of our study is the resolution of barotropic homogeneous systems of equations, the
methods that are presented in the three following chapters should apply to more general two-phase
equations, with some adaptations.

Schemes for the resolution of the convective part are presented in Chapter 4. We will take care of
the discretization of the equation on the volume fraction α. We will also consider relaxation methods
and propose a new scheme, which is more convenient than the standard relaxation approach for the
resolution of two-phase flow configurations. The integration of the source terms will be addressed in
Chapter 5. Indeed, due to the strong stiffness of the source terms of the 4-equation and 5-equation
models, a dedicated strategy is necessary. In Chapter 5, we will also test the whole discretization strategy
(operator splitting, approximate Riemann solver and source term solver) for tests of the propagation of
acoustic waves. The objective will be to recover numerically the dispersion relations of Chapter 2, and
the asymptotic behaviors of the different models. Chapter 6 will address the adaptation of standard finite
volume methods on non-conforming grids. We will also investigate the low-Mach problem in Chapter
6, and consider using a simple correction to the usual Godunov-type schemes, as proposed in Chalons,
Girardin, and Kokh (2016).





Chapter 4

Approximate and relaxation Riemann
solvers for the resolution of two-phase
equations

The three two-phase models that must be discretized will be considered in the following generic form:
$

&

%

Bt pρuq ` div
`

ρuuT ` P Id
˘

“ 0
Btρ ` div pρuq “ 0
BtV ` uT ∇V “ Spρ,Vq

(4.1)

where V “ Y for the 3-equation system, V “ pY, αqT for the 4-equation system and V “ pY, α,wqT for
the 5-equation system. This chapter is devoted to the resolution of the left-hand side of the equations,
namely the convective part. We are looking for robust methods, which are also accurate for a reasonable
complexity. We are interested in standard finite volume schemes for compressible equations (Leveque
(2004)). These methods are briefly presented in the first part of the present chapter. Then, the numerical
fluxes are computed by approximate Riemann solvers (Toro (2009); Bouchut (2004)) and more specifically
by relaxation solvers (Jin and Xin (1995); Bouchut (2004)). We will show a shortcoming of Suliciu’s
relaxation scheme (Suliciu (1990); Bouchut (2004)) when two-phase systems are solved, and we will
propose a modification to this method, inspired by Bouchut (2004). This modification is a first proposal,
and needs further developments and studies for the cases of the two-phase systems. This is why, we also
present a HLLC method, which has shown good results in practice. Another delicate point concerns the
discretization of some of the transport equations (equations for V variable). Indeed, from the study of
Abgrall (1996); Saurel and Abgrall (1999), one knows that an inappropriate scheme for the equation on
α can generate pressure oscillations. This is why we also propose a discretization, following the lines
of Godlewski and Raviart (1996); Kokh and Lagoutière (2010) for this variable. The chapter ends with
some numerical tests that verify the proper functioning of the numerical scheme, despite some remaining
issues.

4.1 Overview of the finite volume method

4.1.1 Space and time discretization

In the following, we are considering systems that are solved in periodic or infinite spatial domains, so as
to avoid the issues related to the boundary treatments. The treatment of boundary conditions is indeed
a complex question and goes beyond the scope of this chapter. Thus, let us consider an initial value
problem that writes:

"

BtWpt,xq ` divx pF pWpt,xqqq “ 0, t ą 0, x P R
Wpt “ 0,xq “ W0pxq

(4.2)
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where W : R` ˆ R3 ÞÑ RN is a vector of N conserved variables and F P C2
`

RN ; RN
˘

is their physical
flux. This formulation may correspond to a conservative formulation of equation (4.1), without the
source terms (the source terms will be integrated in a second step, according to the operator splitting
procedure).

In most cases, analytical solutions for the problem (4.2) are out of reach. Then we must resort to
approximate solutions, made of a discrete set of values in space over a discrete series of time steps. Let
us note Wn

i such an approximate solution, given near a point xi and at time tn.

Let us choose a partition of the space, that remains fixed over time, defining a spatial mesh. We consider
then a new problem, made of an approximation of W0 and evolution laws for the values Wn

i . One of
the simplest approximations of W0 is a piecewise constant function W0

i , defined as the volume average
of W0 over each cell Vi of the mesh such that xi P Vi:

W0
i “ |Vi|´1

ż

Vi
W0pxqdV, (4.3)

where |Vi| is the volume of cell Vi. This piecewise constant approximate solution is illustrated in Figure
4.1.

Let us integrate the evolution law (4.2) from time tn ą 0 to time tn`1 ą tn and over the cell Vi:

0 “

ż tn`1

tn

ż

Vi
BtWpt,xqdV dt`

ż tn`1

tn

ż

Vi
divX pF pWpt,xqqqdV dt

“ |Vi|
`

Wn`1
i ´Wn

i

˘

`

ż tn`1

tn

ż

BVi
F pWpt,xqq ¨ ni dΣ dt

where BVi denotes the border of Vi, measured by dΣ and ni is the outgoing normal at the interface.

Now, let us assume that the cells Vi are polyhedral and let us denote Γi,j one face of cell Vi, ni,j its
outgoing normal vector. The neighboring cell at that face will be noted Vj . Then we have:

BVi “
ÿ

j

Γi,j .

An approximation of
ştn`1

tn

ş

BVi F pWpt,xqq ¨ni dΣ dt may assume a uniform numerical flux Fi,j over each
face and constant throughout the time step ∆t “ tn`1 ´ tn, such that:

∆t |Γi,j | Fi,j «

ż tn`1

tn

ż

Γi,j

F pWpt,xqq ¨ ni,jdΣ dt ,

with |Γi,j | the length (in 2D) or surface (in 3D) of the face. The approximate fluxes Fi,j may be given
as functions of the approximate solution at time tn: the scheme is then said to be explicit in time; or
as functions of the approximate solution at time tn`1: the scheme is then implicit in time. For both
options, the scheme accuracy will be at most first-order in time (we are defining the order of accuracy
of the numerical solutions in section 4.1.2). Moreover, the choice of piecewise constant solutions per cell
leads to a scheme, which is at most first-order accurate in space. Within this approach, higher-order
methods will be presented in Chapter 6.

Another approach to finite volume schemes, which can also be considered as a finite difference discretiza-
tion, is represented by the schemes based on a Lax-Wendroff flux formulation (Lax and Wendroff (1960);
Hirsch (1990)). Lax-Wendroff scheme is second-order accurate and more accurate time integration can
be considered with the One-Step Monotonicity Preserving approach of Daru and Tenaud (2004). These
schemes are based on the Lax-Wendroff scheme and on recursive modifications of the flux function so as
to reduce the consistency errors. Although these methods present many advantages, they are not further
considered here: we choose to use Godunov-type methods in the following (Godunov (2008)).
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Figure 4.1: Volume averaged and piecewise constant approximation (in purple) of the continuous solu-
tion (in red).

Finally, the finite volume scheme reads, for a polyhedral cell Vi:

Wn`1
i “ Wn

i `
∆t

|Vi|
ÿ

j

|Γi,j |Fi,j . (4.4)

The discretization using finite volume schemes is intrinsically conservative, provided that the fluxes at
the interface are uniquely defined for both neighboring cells. Since we consider only periodic or infinite
boundary conditions, this means that for any time tn ą 0:

ÿ

i

Wn
i |Vi| “

ż

R
W0pxqdx.

Now, we would like to compare the entropic solution W of the continuous problem (4.2) with the
approximate solution pWn

i q obtained with the discrete initial condition (4.3) and the scheme (4.4). More
particularly, we expect pWn

i q to converge toward W when the space and time steps tend to zero. Some
information on this convergence is brought by the properties of the numerical flux Fi,j which are discussed
in the next paragraph. In the following, we only consider the explicit time integration and assume that
Fi,j is given by:

Fi,j “ F
`

Wn
i ,W

n
j

˘

, (4.5)

where F is the numerical flux and is Lipschitz with respect to Wn
i and Wn

j .

4.1.2 Properties of the scheme and of the numerical fluxes

Convergence

For scalar equations (N “ 1), it is possible to prove the convergence of the discrete solution towards the
unique entropic solution of (4.2), under the assumptions that the numerical flux F is consistent with the
continuous flux F and that the scheme is stable (see Godlewski and Raviart (1996) for example).

On the other hand, for systems of equations (N ą 1), studying the convergence of the numerical schemes
is still an open issue. However, by analogy with the scalar case, some properties of the schemes help the
discrete solution to converge towards the entropic weak solution of system (4.2). These properties are
the consistency of the numerical flux, the preservation of invariant domains and the existence of
a discrete entropy inequality (the last two properties help ensuring the stability of the scheme):

1. The consistency of the numerical flux simply means that, when the numerical solution Wn
i con-

verges towards the continuous solution, then the numerical flux F converges towards the physical
flux F. In other words, one must have F pW,Wq “ FpWq.

2. An invariant domain Ω P RN is such that Wpt,xq P Ω for any pt,xq. For instance for gas dynamics
equations, this domain is made of all solutions with positive density and positive internal energy.
The scheme preserves invariant domains if Wn

i P Ω, @i, @n.
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3. For an entropy-entropy flux pair pη,Gq for system (4.2), the numerical scheme satisfies a discrete
entropy inequality if, for a discrete entropy flux function G consistent with G, one has:

η
`

Wn`1
i

˘

´ η pWn
i q `

∆t

|Vi|
ÿ

j

|Γi,j |G
`

Wn
i ,W

n
j

˘

ď 0. (4.6)

In general cases, properties 2. and 3. necessitate that a CFL (for Courant-Friedrichs-Lewy) condition is
satisfied: this condition gives an upper bound to the value of the time step ∆t according to the values
of the system characteristic velocities (the absolute value of the eigenvalues) and a characteristic length
of the spatial discretization.

For the finite volume scheme defined by (4.4), properties 2. and 3. just above are equivalent to the
following properties on the numerical flux when a CFL condition is satisfied (see Bouchut (2004)):

• the numerical flux preserves invariant domains, in the sense of Bouchut (2004), p. 15,

• the numerical flux is entropic, in the sense of Bouchut (2004), page 17.

Now that we have these rules that help design numerical fluxes, we can wonder how accurate this scheme
is. To answer this question, an analysis of the truncation errors can be performed.

Equivalent continuous equations and truncation errors

In the case of smooth solutions, for each discrete scheme, such as (4.4), one can recover an equivalent
continuous equation (also calledmodified equation) by letting ∆t and the spatial discretization tend
to zero. Let ∆x be a characteristic length of the spatial discretization (for instance ∆x “ maxi,j

´

|V|i
|Γi,j |

¯

),
then the equivalent equation may have the form (see Leveque (1992) for example):

BtWpt,xq ` divx pF pWpt,xqqq “ O p∆tαq `O
`

∆xβ
˘

. (4.7)

which is close to the physical continuous equation from (4.2), up to the truncation error terms:
O p∆tαq and O

`

∆xβ
˘

. The exponents α and β must be positive, and they can be shown to define the
order of convergence of the scheme in time and space respectively, when the scheme is stable enough.
Then, when one talks about schemes that are first-order in time, one assumes that α “ 1.

In the case of discontinuous solutions (like shocks or contact discontinuities) we refer to Leveque (1992),
where the analysis consists in considering approximate continuous solutions. It is shown that the scheme
order of accuracy can be decreased in discontinuous cases compared to smooth solutions.

4.1.3 Godunov-type schemes

Godunov exact solver

With Godunov’s approach, the approximate fluxes Fi,j are defined using the exact solution of the Rie-
mann problem at the cells interfaces WR `

Wn
i ,W

n
j , ξ

˘

, with ξ “ t{x. Riemann problems are defined
by an initial condition made of two constant states. For this problem, the weak entropic solution of
hyperbolic equations like (4.2) may be determined exactly, using the nature of the waves associated
with the eigenvalues of the Jacobian of (4.2), Rankine-Hugoniot jump relations across the shock waves
and contact discontinuities, and Riemann invariants through the rarefaction waves. Then, Godunov’s
numerical flux reads:

Fi,j “ FpWn
i q ´

ż 0

ξ“´8

`

WR `

Wn
i ,W

n
j , ξ

˘

´Wn
i

˘

dξ.

Since the exact solution of the Riemann problem is consistent with the weak continuous solution of
(4.2), it pertains to the convex invariant domains and is entropic, one can show that Godunov’s scheme
satisfies the three properties of flux consistency, preservation of the invariant domains and discrete
entropy inequality cited above, under the following Courant-Friedrichs-Lewy constraint on the time
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step:

∆t ď
1

2
min
i,j

∆xi

|σ˘i,j |
, (4.8)

where |σ˘i,j | is the maximum information velocity inside the Riemann problem at face Γi,j .

Computing the exact solution of the Riemann problem can be quite cumbersome and sometimes com-
putationally expensive. That is why approximate Riemann solvers may be used to design the numerical
fluxes.

Approximate Riemann solvers

It is possible to design approximate Riemann solvers W˚
`

Wn
i ,W

n
j , ξ

˘

by mimicking the properties of
the Riemann problem exact solution. Namely, we require that:

• this solver is consistent:

W˚ pW,W, ξq “ W,

• this solver preserves invariant domains:

if Wn
i ,W

n
j P Ω then W˚

`

Wn
i ,W

n
j , ξ

˘

P Ω,

• the flux associated with this solver is entropic.

For instance, simple solvers consider approximate solutions made of constant states separated by dis-
continuities. The resolution is done by using jump relations through these discontinuities. Examples of
such solvers are the HLL and HLLC schemes Toro (2009); Bouchut (2004).

4.2 Proposition of a numerical scheme adapted to the two-phase
barotropic systems of equations

Now that we have introduced some useful notions, let us go back to the two-phase systems of equations
(4.1) and look for a good numerical scheme to solve them. First, we consider a general formulation of
the numerical scheme, that can be applied to any of the three two-phase models.

In this part, we consider the following 1D system of conservation laws (1D formulation of system (4.1)):

$

&

%

Bt pρuq ` Bx
`

ρu2 ` P
˘

“ 0,
Btρ ` Bx pρuq “ 0,
BtV ` uBxV “ 0,

(4.9)

where V contains the other components of the velocity field: uy and uz ; the mass fraction Y , the volume
fraction α for the 4- and 5-equation systems, and w for the 5-equation system. Let us assume that the
total number of equations is N .

The nature of the waves associated with the eigenvalues of (4.9) have been introduced in the introduction
of Part II, and the exact solutions to the Riemann problems are presented in Appendix A. However,
these solutions may be complex to compute and consequently a Godunov scheme would probably be
computationally expensive. This is why we are interested in approximate Riemann solvers and more
specifically in relaxation methods.

4.2.1 Suliciu’s relaxation method

In non-linear systems of equations, the non-linearities associated with the flux function can be at the
origin of numerical difficulties. The idea of relaxation methods is to modify these systems of equations,
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so as to bypass their non-linearities. Despite the fact that the modifications lead to an enlarged system,
its resolution is easier.

This idea comes from the works of Jin and Xin (1995), where the resulting system is fully linear, and
has been adapted and studied in many works. Among the variants of the relaxation methods, one finds
Suliciu’s approach (Suliciu (1990); Bouchut (2004)), which is well-suited for Euler-type equations, and
which consists in linearizing only the pressure term from the momentum equation (and not the whole
momentum flux as in Jin and Xin (1995)). This method has also been used and studied in Liu (1987);
Chen, Levermore, and Liu (1994); Chalons and Coquel (2005); Chalons and Coulombel (2008); Boileau,
Chalons, and Massot (2015).

Suliciu’s relaxation method consists in considering a new variable Π such that Π tends to P pρ,Vq with a
given rate of convergence ε. In practice in relaxation methods, this parameter is considered as infinitely
small. The equation on the new variable Π is chosen so as to mimic the equation on the real pressure
P . For system (4.9), the equation on P can be deduced from the equations on ρ and V. It writes:

BtpρP q ` BxpρPuq ` ρ
2c2Bxu “ 0. (4.10)

Then, let us assume that the equation on Π writes:

BtpρΠq ` BxpρΠuq ` a2Bxu “ ρ
P ´Π

ε
, (4.11)

where a is a constant that has the dimension of a momentum. An accurate definition of a will be
discussed just below. The new system of N ` 1 equations, with the relaxation effects on the pressure
writes in its conservative form:

$

’

’

&

’

’

%

Bt pρuq ` Bx
`

ρu2 `Π
˘

“ 0
Bt pρΠq ` Bx

`

ρΠu` a2u
˘

“ ρP´Π
ε

Btρ ` Bx pρuq “ 0
Bt pρVq ` Bx pρVuq “ 0

. (4.12)

The new numerical strategy for system (4.9) consists in solving the convective part of system (4.12),
namely:

$

’

’

&

’

’

%

Bt pρuq ` Bx
`

ρu2 `Π
˘

“ 0
Bt pρΠq ` Bx

`

ρΠu` a2u
˘

“ 0
Btρ ` Bx pρuq “ 0

Bt pρVq ` Bx pρVuq “ 0

, (4.13)

and then integrating the source term in the limit ε “ 0. More precisely, this second step comes down to
updating the value of Π so as to get Π “ P pρ,Vq.

The advantage of this strategy is that it involves simple computations, as we will see through the exact
resolution of the Riemann problem, and under a subcharacteristic condition, that the global scheme
is entropic.

Subcharacteristic condition and entropy:

According to Bouchut (2004), if the constant a satisfies the following subcharacteristic condition:

a ą ρc (4.14)

for all values of ρ and c in the Riemann problem, then there exists an entropy ηε and an entropy flux
Gε for the relaxation scheme, whose expressions are given in Bouchut (2004). Then, in Bouchut (2004),
it is shown that, if the entropy inequality is satisfied for ηε, then it is also satisfied for η, which is the
entropy of the original system (4.9).

Another way to show the importance of this subcharacteristic condition is to perform a Chapman-Enskog
expansion on the variable Π as in Chen, Levermore, and Liu (1994) and use its first order variations to
recover the system diffusive character. Indeed, let us consider that:

Π “ Πp0q ` εΠp1q `O
`

ε2
˘

.



Part II - Discretization strategy for two-phase mixture models 109

Then, multiplying equation (4.11) by ε on both sides and letting ε tend to 0 gives at zeroth order:

Πp0q “ P.

Equation (4.11) now writes:

BtΠ` uBxΠ`
a2

ρ
Bxu “ ´Πp1q.

At zeroth order in ε one gets:

BtP ` uBxP `
a2

ρ
Bxu “ ´Πp1q.

Moreover, since P verifies equation (4.10), we have:

´Πp1q “

ˆ

a2

ρ
´ ρc2

˙

Bxu. (4.15)

Let us consider the momentum equation and note that, by keeping the first order term in ε, it writes:

Btpρuq ` Bx
`

ρu2 ` P
˘

“ ´εBxΠp1q `Opε2q

“ εBx

ˆˆ

a2

ρ
´ ρc2

˙

Bxu

˙

`Opε2q.

The right-hand side term of the last line is dissipative, with a viscosity coefficient given by a2

ρ ´ ρc2.
Hence, the modified equation is well-posed provided the viscosity is positive: this condition is equivalent
to the relation (4.14).

Relation (4.14) is also called Whitham’s subcharacteristic condition (see Whitham (1974); Liu (1987);
Jin and Xin (1995)). In the framework of a local Riemann problem with two states WL and WR, we
can define a local constant a by

a “ max pρLcL, ρRcRq . (4.16)

Riemann problem resolution:

Let us now design a numerical scheme for system (4.13). One can easily show that this system is
hyperbolic. It has three eigenvalues:

λ1 “ u´ a{ρ , λ2 “ u` a{ρ and λ2`i “ u, i “ 1, ..., N ´ 1.

In the basis U “
`

u,Π, ρ,VT
˘T , the associated eigenvectors are:

P1 “
`

1,´a,´a2{ρ,0
˘T

, P2 “
`

1, a, a2{ρ,0
˘T

, P2`i “

˜

0, 0,

ˆ

δi“j
γj

˙T

jďN`1

¸T

.

with δi“j “ 1 if j “ i, δi“j “ 0 otherwise. These vectors are obviously linearly independent. Moreover,
the associated fields are linearly degenerate: we can easily verify that ∇Uλj ¨ Pj “ 0, j P J1, N ` 1K.
The waves are then all contact discontinuities and the exact Riemann problem can be solved exactly for
the relaxation system (4.13) by using the jump relations across these waves.

The Riemann problem is composed of four states, separated by the three contact discontinuities (see
Figure 4.2b). Let us denote these states by UL, U˚

L, U˚
R and UR. Let us also note that the eigenvalues

are Riemann invariants across the waves they are associated with. We have thus a first set of relations:

uL ´
a

ρL
“ u˚L ´

a

ρ˚L
, (4.17)

u˚L “ u˚R, (4.18)

uR `
a

ρR
“ u˚R `

a

ρ˚R
. (4.19)
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According to (4.18), we will consider that u˚ “ u˚L “ u˚R (see Figure 4.2). Let us now look at the jump
relations across the wave related with u. There we have, for the momentum equation:

u˚ pρ˚Ru
˚ ´ ρ˚Lu

˚q “ ρ˚Ru
˚2
`Π˚R ´ ρ

˚
Lu
˚2
´Π˚L (4.20)

and we can easily deduce that Π˚L “ Π˚R “ Π˚. Let us introduce an auxiliary variable j such that
j “ uL ´

a
ρL
“ u˚ ´ a

ρ˚L
. The Rankine-Hugoniot jump relation for the momentum equation across the

wave associated with j writes:

j rρ˚Lu
˚ ´ ρLuLs “ ρ˚Lu

˚2
`Π˚ ´ ρLu

2
L ´ΠL,

ô

u˚ pρ˚Lj ´ ρ
˚
Lu
˚q ´ uL pρLj ´ ρLuLq “ Π˚ ´ΠL,

ô

´au˚ ` auL “ Π˚ ´ΠL.

A similar development across the wave associated with the eigenvalue λ3 “ u` a
ρ gives:

auR ´ au
˚ “ ΠR ´Π˚

and from the last two equations, it is now easy to deduce formulae for u˚ and Π˚. Finally, let us look at
V, and the jump relation across the first wave:

j rρ˚LV˚
L ´ ρLVLs “ ρ˚LV˚

Lu
˚ ´ ρLVLuL

ô

V˚
L pρ

˚
Lj ´ ρ

˚
Lu
˚q ´VL pρLj ´ ρLuLq “ 0

ô

´aV˚
L ` aVL “ 0

ô

V˚
L “ VL

The same reasoning leads to V˚
R “ VR.

To conclude, the two intermediate states are defined by:
$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

u˚ “
uL ` uR

2
`

ΠL ´ΠR

2a

Π˚ “
ΠL `ΠR

2
` a

uL ´ uR
2

ρ˚L “

ˆ

1

ρL
`
u˚ ´ uL

a

˙´1

V˚
L “ VL

and

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

u˚ “
uL ` uR

2
`

ΠL ´ΠR

2a

Π˚ “
ΠL `ΠR

2
` a

uL ´ uR
2

ρ˚R “

ˆ

1

ρR
`
uR ´ u

˚

a

˙´1

V˚
R “ VR

(4.21)

and the Riemann solution is given by:

UR pUi,Ui`1, x{tq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

UL “ pu,Π, ρ,V
T qTL, if x{t ď uL ´

a

ρL
,

U˚
L “ pu,Π, ρ,V

T q
T,˚
L , else if x{t ď u˚,

U˚
R “ pu,Π, ρ,V

T q
T,˚
R , else if x{t ď uR `

a

ρR
,

UR “ pu,Π, ρ,V
T qTR, else.

Flux formula:

Now that the intermediate states of the Riemann problem are known, let us go back to the initial set
of variables: W “

`

u, ρ,VT
˘T . To each of the intermediate states Uk of the Riemann solution for the

relaxation scheme, we associate an intermediate state Wk “ fpUkq. f is the projection of U over W
such that the values of ρ, Y , u and V are kept unchanged. Two flux formulae can now be considered:
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x

tu´ c

u` c

u˚

WL

W˚
L W˚

R

WR

(a) Riemann problem for the initial system.

x

t

u` a
ρ

u˚

u´ a
ρ

UL

U˚
L U˚

R

UR

(b) Riemann problem for the relaxation system.

Figure 4.2: Sketch of the wave structure of the two Riemann problems that correspond to the initial
non-linear system (on the left), with the left and right genuinely nonlinear waves, and the relaxation
system (on the right), where the left and right waves are now contact discontinuities.

• the first one uses the Riemann solution:

Fi` 1
2
“ F

`

fpUR pWi,Wi`1, 0qq
˘

, (4.22)

• the other possibility consists in integrating the Riemann problem between t and t ` ∆t, and in
space once from ´L to 0, and once from 0 to L, where L ą max

´

uL ´
a
ρL
, puR `

a
ρR

¯

∆t. This
gives the formula:

Fi` 1
2
“

FpWLq ` FpWRq

2
´

1

2

ÿ

k

|jk|pWk`1 ´Wkq (4.23)

where the jk are the wave velocities (jk P tuL ´ a{ρL, u
˚, uR ` a{ρRu) and Wk the successive

intermediate states.

These formulae are equivalent in the case of Suliciu’s method.

Scheme properties:

Let us check here whether the relaxation scheme verifies the three properties presented in 4.1.2.

Consistency: if WL “ WR “ W, then we clearly have from formula (4.23) that Fi` 1
2
“ FpWq, which

proves that the flux is consistent.

Preservation of invariant domains: let Ω be the convex invariant domain for variable W: it is made
of all positive values for ρ, all values of Y in r0, 1s and each component of V satisfying a maximum
principle. Then, we can extend it to a space Ωε for the variable U, and verify that

U P Ωε ñ W “ fpUq P Ω.

Now, as the Riemann solver is exact for variable U, the scheme can be seen since a Godunov scheme for
the relaxation system, that preserves the invariant domain for U under the CFL condition:

∆t ď
1

2
min
i

∆xi
|σi,j |

, where |σi,j | “ max
k“i,j

ˆ

|uk| `
ai,j
ρk

˙

, (4.24)

and ai,j are given by formula (4.16). Consequently, under the same CFL constraint, the invariant domain
is also preserved for W.

Entropy: as for invariant domains, the exact Riemann solver for U is entropic under the CFL constraint
(4.24), because it is an exact Riemann solver for the relaxation system. According to arguments from
Bouchut (2004), one can show that there also exists a discrete entropy inequality for the entropy η of
the initial system, provided the CFL constraint and the subcharacteristic conditions are satisfied.
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Vacuum and two-phase problems:

The relaxation scheme of Suliciu is robust, but in some configurations the subcharacteristic condition
leads to a large overestimation of the acoustic wave velocities, that is used in the CFL constraint. This
overestimation is due to strong variations of the density and of the sound velocity. Let us illustrate this
by a numerical example:

Variable Left state Right state
density ρL “ 1.0 ρR “ 1.0 ¨ 103

sound velocity cL “ 3.4 ¨ 102 cR “ 1.5 ¨ 103

matter velocity uL “ 0.0 uR “ 0.0

Table 4.1: Two-phase flow configuration, where an interface separates a left gas phase from a right
liquid phase.

Then one has: aL “ 3.4 ¨ 102 and aR “ 1.5 ¨ 106. The time step is computed using the CFL constraint
(4.24), which, in the case of Table 4.1, comes down to:

∆t ď
0.5 ∆x

1.5 ¨ 106
.

This seems to indicate that the waves may propagate up to a velocity of 1.5 ¨ 106 m/s. However, the
maximum physical value of the acoustic waves is cR “ 1.5 ¨ 103. Consequently, the time step ∆t could in
reality be multiplied by 1000. While the HLLC scheme (Toro (2009)) accounts for this correct estimation,
as we will see later, Suliciu’s scheme does not permit it in this configuration.

In practice, this overestimated CFL constraint has two negative effects:

• the cost of the computation is multiplied by 1000 because the times steps are 1000 times too small,

• in certain flow regimes, as in low-Mach number flows, the value of the time step has an influence
on the numerical diffusion: numerical experiments have shown that Suliciu’s scheme gives very bad
results comparing with the HLLC scheme.

The example presented above may be encountered in two flow configurations:

• in compressible single-phase flows (Euler equations), near a strong depression, where a state close
to vacuum is generated. In this case, both density and acoustic velocity decrease locally,

• in two-phase flows at the interface between the two phases. The values that were set in the table
correspond indeed to an air/water interface.

In the next section, we introduce two possible cures to this difficulty. The first one is a modification of
Suliciu’s scheme, while the second one is the HLLC scheme (Toro (2009)).

4.2.2 Bouchut’s correction to vacuum

In Bouchut (2004), a correction to Suliciu’s scheme is proposed in order to better handle vacuum sit-
uations in flows described by the Euler equations. Considering the relaxation system (4.12), the idea
is to add a new equation: this time, this new equation is related to the variable a. This equation is a
transport law that reads:

Bta` uBxa “ 0.

The new system to be solved then writes:
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Bt pρuq ` Bx
`

ρu2 `Π
˘

“ 0

Bt

ˆ

ρΠ

a2

˙

` Bx

ˆ

ρΠ

a2
u` u

˙

“ ρ
P ´Π

a2ε
Btρ ` Bx pρuq “ 0
Bt pρaq ` Bx pρauq “ 0
Bt pρVq ` Bx pρVuq “ 0

. (4.25)
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This system is still hyperbolic with three eigenvalues that are:

λ1 “ u´ a{ρ , λ2 “ u` a{ρ and λ2`i “ u , i “ 1, ..., N ´ 1

and, for the new vector of variables Q “
`

u,Π, ρ, a,VT
˘T , the eigenvectors associated with the eigenval-

ues are:

P1 “
`

1,´a,´a2{ρ,0
˘T

, P2 “
`

1, a, a2{ρ,0
˘T

, P2`i “

˜

0, 0,

ˆ

δi“j
γj

˙T

jďN`2

¸T

.

It is easy to check that the fields associated with the eigenvalues are all linearly degenerate.

The difference now is that a is given by the left and right states and is no longer the maximum value of
these two states. The choice for evaluating a is discussed below.

Using the invariance of u and Π across the wave associated with λ3, the invariance of a, V and u˘ a{ρ
across the waves associated with λ1,2 and using the jump relations across these waves, one can find that
the intermediate states are defined by:

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

u˚ “
aLuL ` aRuR `ΠL ´ΠR

aL ` aR

Π˚ “
aRΠL ` aLΠR ´ aLaRpuR ´ uLq

aL ` aR

ρ˚L “

ˆ

1

ρL
`
aRpuR ´ uLq `ΠL ´ΠR

aLpaL ` aRq

˙´1

a˚L “ aL
V˚
L “ VL

and

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

u˚ “
aLuL ` aRuR `ΠL ´ΠR

aL ` aR

Π˚ “
aRΠL ` aLΠR ´ aLaRpuR ´ uLq

aL ` aR

ρ˚R “

ˆ

1

ρR
`
aLpuR ´ uLq `ΠR ´ΠL

aRpaL ` aRq

˙´1

a˚R “ aR
V˚
R “ VR

(4.26)

The last point is to have a good estimation of aL and aR in the Riemann problem, to ensure that:

• the densities remain positive: ρ˚L ą 0 and ρ˚R ą 0,

• the scheme satisfies a discrete entropy inequality.

It can be done by looking for the lowest possible values for aL and aR in each Riemann problem, so that
the two previous properties are satisfied. An explicit formula is given in Bouchut (2004), provided that
the following assumptions are satisfied:

1. convexity of the pressure law according to 1{ρ:

@ρ ą 0,
d

dρ

´

ρ
a

p1pρq
¯

ą 0,

2. ρ
a

p1pρq Ñ 8 when ρÑ8,

3. Dβ ě 1 s. t. d
dρ

´

ρ
a

p1pρq
¯

ď β
a

p1pρq.

Note that
a

p1pρq “ cpρ,Vq. Under these assumptions, aL and aR can be defined by:

if ΠR ´ΠL ě 0, then

$

&

%

aL “ ρLcpρL,VLq ` βρL

´

ΠR´ΠL
ρRcpρR,VRq

` uL ´ uR

¯

`

aR “ ρRcpρR,VRq ` βρR

´

ΠL´ΠR
aL

` uL ´ uR

¯

`

if ΠR ´ΠL ď 0, then

$

&

%

aL “ ρLcpρL,VLq ` βρL

´

ΠR´ΠL
aR

` uL ´ uR

¯

`

aR “ ρRcpρR,VRq ` βρR

´

ΠL´ΠR
ρLcpρL,VLq

` uL ´ uR

¯

`

(4.27)

with p¨q` being the positive part operator. With these formulae, positiveness of the intermediate values
for density ρ˚L and ρ˚R and a discrete entropy inequality are ensured. They are well-suited for barotropic
Euler equations, with a gamma pressure law.
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With Bouchut’s scheme, the CFL restriction becomes:

vmax∆t

∆x
ď 1, vmax “ max

j

ˆ
ˇ

ˇ

ˇ

ˇ

uj ´
aj
ρj

ˇ

ˇ

ˇ

ˇ

,

ˇ

ˇ

ˇ

ˇ

uj `
aj
ρj

ˇ

ˇ

ˇ

ˇ

˙

. (4.28)

We can note from formulae (4.27) that in the situation when the assumptions 1., 2. and 3. presented
above are verified, the value of a is not far from the value of ρc. Thus, in configurations with an interface
between two phases, one would not have the overestimation of the sound velocity anymore, which allows
the time step to be substantially larger. In practice, it was observed that the time step is almost 1000
times larger with Bouchut’s correction than with Suliciu’s relaxation scheme, in the presence of a two-
phase interface (defined in Table 4.1). The conditions 1., 2. and 3. proposed in Bouchut (2004) are
applicable to barotropic Euler equations: pressure p depends on volume fraction ρ only. In the case of
our two-phase systems, the state laws are different, since the mixture pressure P depends also on some
variables from V, such as Y , α and w. We will see, in the next section, that the same conditions for
the two-phase systems are not always satisfied. The adaptation of Bouchut’s correction to these systems
necessitates further investigation, and the conditions 1., 2. and 3. could probably be adapted. This
has not been done yet, and in the following we will adopt a different strategy. In particular, when the
computation of the intermediate states leads to values out of the set of admissible values Ω, then we can
consider an HLLC approximate solver as can be found in Toro (2009). There exists different forms of
HLLC solvers: they differ by the values which are chosen to compute the wave velocities.

Remark 17. In Bouchut (2004), it is noticed that the corrected relaxation scheme can be identified to
an HLLC solver with a specific choice for the wave velocities, that are aL, u˚ and aR.

4.2.3 HLLC flux and final strategy

HLLC is a simple Riemann solver, made of four states separated by three discontinuities that are: SL,
S˚ and SR. Let us introduce jL “ ρL puL ´ SLq and jR “ ρR puR ´ SRq. The intermediate states are
given by:

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

u˚L “ S˚ “
uRjR ´ uLjL
jR ´ jL

`
pR ´ pL
jR ´ jL

p˚L “ p˚ “
pLjR ´ pRjL
jR ´ jL

` jLjR
uL ´ uR
jR ´ jL

ρ˚L “ ρL
uL ´ SL
S˚ ´ SL

V˚
L “ VL

and

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

u˚R “ S˚ “
uRjR ´ uLjL
jR ´ jL

`
pR ´ pL
jR ´ jL

p˚R “ p˚ “
pLjR ´ pRjL
jR ´ jL

` jLjR
uL ´ uR
jR ´ jL

ρ˚R “ ρR
uR ´ SR
S˚ ´ SR

V˚
R “ VR

(4.29)

In the literature, one can find multiple estimates for SL and SR. We choose here to use an estimation
proposed in Davis (1988) and slightly modified in Toro (2009), which writes:

SL “ ´max p|uL| ` cL, |uR| ` cRq ,

SR “ max p|uL| ` cL, |uR| ` cRq .

As for Bouchut’s corrected scheme, the characteristic velocities for the HLLC scheme are not as restrictive
as those of Suliciu’s relaxation, since they are closer to the exact value of ρc.

Finally, we choose to apply the strategy of Figure 4.3 to compute the numerical fluxes of system (4.9). Let
us name Relax-S Suliciu’s relaxation scheme adapted to the two-phase systems of equations, Relax-B the
corrected scheme proposed in Bouchut (2004) and adapted to our systems.
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Assumption 1. 2.
and 3. verified?

Relax-B scheme
with formulae (4.27) Relax-B with a “ ρc

Does Relax-B
preserve Ω?

Relax-B scheme
with a “ ρc

HLLC scheme

Does HLLC
preserve Ω?

HLLC scheme Relax-S scheme

yes no

yes no

yes no

Figure 4.3: Sketch of the resolution strategy for the numerical flux computation. Ω is the invariant
space.

4.2.4 Resolution of the transport equations and preservation of uniform ve-
locity and pressure profiles

The last point we have to study in this section, concerns the update formulae of some of the variables of
V. Indeed, these variables are transported and not conserved. Until now, we have written the transport
equations in their conservative form and ensured that the set of admissible values Ω is preserved. Now,
some other properties should be verified for the variables V.

First, we want these variables to satisfy amaximum principle, meaning that they are bounded through-
out the simulation. Let v be one of these variables. From time tn to time tn`1, one is looking for the
following property:

@i,min
j
pvptn, xjqq ď vptn`1, xiq ď max

j
pvptn, xjqq.

We may even require a local maximum principle. In 1D this reads:

@i , vptn`1, xiq P r min
kPti´1,i,i`1u

vptn, xkq, max
kPti´1,i,i`1u

vptn, xkqs. (4.30)

Another aspect, which is related to the specific two-phase systems is that initially uniform velocity and
pressure fields must remain uniform throughout the computation. It is known that a bad discretization
of the volume fraction equation may raise difficulties to keep these uniform profiles, and in general
cases, may generate instabilities (see an overview and a solution to this problem in Abgrall (1996)). In
the following, we will then verify this property for the conservative discretization, as formulated in the
previous section, and for an upwind discretization. We will moreover impose that the phasic pressures pk,
if they exist, are also uniform and equal: pk “ p. This means that the scheme must be able to preserve
a pressure equilibrium. Let assume that for all the systems under study: there exists a conservative
variable m, a non-conservative one α belonging to the vector V, and a bijective function of the pressure
q : p ÞÑ qppq such that m writes:

m “ αqppq (4.31)

Remark 18. Relation (4.31) looks like a pressure law. This form of equation has been chosen since it
corresponds to the form of the phasic pressure laws for the two-fluid systems of equations. Here, it will
be useful to perform generic analyses.
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Update using a conservative scheme

Let us first see if the maximum principle is satisfied when the conservative variable ρv is updated using
the approximate Riemann solvers as presented previously. From time tn to time tn`1 “ tn ` ∆t, the
update formula writes:

pρvq
n`1
i “ pρvq

n
i `

∆t

∆x

”

F
´

pρvqRi´ 1
2

¯

´ F
´

pρvqRi` 1
2

¯ı

“ ρni v
n
i ` ρ

˚

i´ 1
2
u˚
i´ 1

2

∆t

∆x
v˚
i´ 1

2
´ ρ˚

i` 1
2
u˚
i` 1

2

∆t

∆x
v˚
i` 1

2
(4.32)

and knowing that the formula for updating ρ writes:

ρn`1
i “ ρni ` ρ

˚

i´ 1
2
u˚
i´ 1

2

∆t

∆x
´ ρ˚

i` 1
2
u˚
i` 1

2

∆t

∆x
, (4.33)

one can see that when dividing (4.32) by (4.33), vn`1
i writes as a convex combination of vni , v˚i´ 1

2

and
v˚
i` 1

2

. Then, the maximum principle is satisfied.

Now, let us assume that at time tn, there is a uniform pressure field p (with p1 “ p2 “ p) and a uniform
velocity field u ą 0. Then, one can show that the update relation for a conservative variable m, such as
the equation (4.33), becomes:

mn`1
i “ mn

i `m
n
i´1u

∆t

∆x
´mn

i u
∆t

∆x
. (4.34)

On the other hand, the equation for α is:

pραq
n`1
i “ pραq

n
i ` u

∆t

∆x
pραq

n
i´1 ´ u

∆t

∆x
pραq

n
i . (4.35)

Combining these two formulae, the update formula of qppq reads (we note qni “ qppni q):

qn`1
i “

mn`1
i

αn`1
i

“
mn`1
i ρn`1

i

pραq
n`1
i

“
qni

`

ρni ` u
∆t
∆x

`

ρni´1 ´ ρ
n
i

˘˘ `

αni ` u
∆t
∆x

`

αni´1 ´ α
n
i

˘˘

pραqni ` u
∆t
∆x

`

pραqni´1 ´ pραq
n
i

˘

and we can see from the last line, that in most cases, we will not have equality between qn`1
i and qni .

Consequently, the pressure value is not kept constant, and according to Abgrall (1996), instabilities may
appear in the numerical solution.

Update using an upwind discretization

Discretizations for the non-conservative variables are proposed in many numerical schemes. We consider
here an upwind scheme inspired from Godlewski and Raviart (1996); Kokh and Lagoutière (2010), which
reads:

vn`1
i “ vni `

∆t

∆x

´

pvuqi´ 1
2
´ pvuqi` 1

2

¯

´ vni
∆t

∆x

´

ui´ 1
2
´ ui` 1

2

¯

. (4.36)

Equation (4.36) can also be written as:

vn`1
i “ vni

ˆ

1´ ui´ 1
2

∆t

∆x

˙

` ui´ 1
2

∆t

∆x
vi´ 1

2

´ vni

ˆ

1´ ui` 1
2

∆t

∆x

˙

´ ui` 1
2

∆t

∆x
vi` 1

2

` vni
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and one can show that, whatever the values of ui´ 1
2
and ui` 1

2
, this last formula is a convex combination

of vni , vni´1 and vni`1. Hence, formula (4.36) satisfies a local maximum principle.

Let us assume now that we have (4.31) and let us look at the updated value of q in the case of uniform
velocity and pressure fields (u ą 0):

qn`1
i “

mn`1
i

αn`1
i

“
qni

`

αni ` u
∆t
∆x

`

αni´1 ´ α
n
i

˘˘

αni ` u
∆t
∆x

`

αni´1 ´ α
n
i

˘

“ qni

There, the pressure profile is kept constant.

Remark 19. Formula (4.36) has been modified in Kokh and Lagoutière (2010) to get a numerical scheme
with very little diffusion on the transported variables. This is performed by noting that formula (4.36) is
in fact an upwind numerical scheme, which is stable under a CFL condition. Fully downwind schemes
are not diffusive, but not stable either. For each system of equations, it is then possible to get a balance
between upwind and downwind fluxes, that maintains the stability of the solution while reducing the
numerical diffusion.

4.2.5 Summary

To conclude this part, let us give the main features of the whole numerical scheme we will use in the
following chapters.

1. spatial and temporal discretization are of first order. The finite volume formulation for the con-
servative variables is given by formula (4.4), which is a standard finite volume formulation (see for
instance in Leveque (2004)),

2. the numerical flux is obtained by a relaxation method, similar to the Suliciu’s relaxation scheme
(Suliciu (1990)), named Relax-S, with a correction inspired by Bouchut (2004) and applied to the
two-phase system (4.9): Relax-B scheme. Since all stability properties have not been proved yet,
the application of the scheme proposed in Bouchut (2004) to our systems of equations could raise
some difficulties. In those cases, we choose either the HLLC numerical scheme, which is close to
Relax-B, or Relax-S scheme, according to the procedure of Figure 4.3,

3. the discretization of some of the transported variables (α and w for the two-phase equations) is
given by the upwind formula (4.36) as it is done in Godlewski and Raviart (1996); Kokh and
Lagoutière (2010),

4. the time step ∆t is computed so as to satisfy the appropriate CFL condition.

The use of Relax-B is an original contribution in the domain of two-phase flows, where Suliciu’s relaxation
or other relaxation schemes are usually used.

4.3 Application of the strategy to the two-phase systems of equa-
tions

Now that the general form of the numerical scheme has been presented, let us see how it can be applied
to each of the three systems of equations (4.37), (4.40) and (4.41).
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4.3.1 Discretization of the 3-equation system

In this part, we consider the 3-equation system (4.37). In 1D, it writes:

$

&

%

Btρ ` Bx pρuq “ 0
Bt pρY q ` Bx pρY uq “ 0
Bt pρuq ` Bx

`

ρu2 ` p
˘

“ 0
p “ p1pρ, Y q “ p2pρ, Y q

(4.37)

Let us also recall some properties of this system:

• Pressure equality: in system (4.37), one assumes a mechanical equilibrium, meaning that p1 “

p2. Consequently, in the momentum equation, the pressure value is also given by this equality:
p “ p1 “ p2, and one can compute the volume fractions of the phases using the pressure laws and:

p1

ˆ

ρY

α1

˙

“ p2

ˆ

ρp1´ Y q

α2

˙

,

with α “ α1 “ 1´ α2. Details are given in paragraph 4.3.1.2.

• Transport equations: from the generic formulation (4.9), the vector V is composed of Y , uy and
uz. Moreover, the mass fraction Y multiplied by the total density ρ gives the partial mass of the
first fluid m1, which is a conserved variable.

• Wood’s sound velocity: the characteristic sound velocity of system (4.37) is Wood’s sound
velocity, which writes using the barotropic pressure laws:

cWoodpρ, Y q “

ˆ

αpρ, Y q2

Y c21
`
p1´ αpρ, Y qq2

p1´ Y qc22

˙´1

.

4.3.1.1 An adapted numerical scheme

Now, we would like to know whether Suliciu’s relaxation scheme with Bouchut’s correction, i.e. Relax-B
scheme, can be applied directly, meaning that the assumptions 1. 2. and 3. from paragraph 4.2.2 are
satisfied.

Let us introduce an auxiliary function Xpρq such that:

a

p1pρq “ cWoodpρ, Y q

“ pXpρqq
´1{2

.

Then, one can compute:

B

Bρ

´

ρ
a

p1pρq
¯

“ cWood

ˆ

1`
ρ

cWood

BcWood

Bρ

˙

“ cWood

ˆ

1´
ρ

2X

BX

Bρ

˙

“ cWood

ˆ

1´
ρ

2X

„

2α

Y c21
´

2p1´ αq

p1´ Y qc22



Bα

Bρ

˙

.

Using pressure equality and the barotropic pressure laws, one can show that:

Bα

Bρ
“
αp1´ αq

ρ

p1´ αqY c21 ´ αp1´ Y qc
2
2

p1´ αq2Y c21 ` α
2p1´ Y qc22

.
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Replacing it in the above relation gives:

B

Bρ

´

ρ
a

p1pρq
¯

“ cWood

˜

1`
αp1´ αq

X

`

p1´ αqY c21 ´ αp1´ Y qc
2
2

˘2

pp1´ αq2Y c21 ` α
2p1´ Y qc22qY p1´ Y qc

2
1c

2
2

¸

“ cWood

˜

1` αp1´ αq

ˆ

p1´ αqY c21 ´ αp1´ Y qc
2
2

p1´ αq2Y c21 ` α
2p1´ Y qc22

˙2
¸

.

The first assumption, B
Bρ

´

ρ
a

p1pρq
¯

ą 0, is clearly verified.

One can also easily show that the second assumption is satisfied, by noting that cWood is bounded for
α P r0, 1s (for a fixed value of mass fraction Y ), and cWood ą m, with m ą 0.

For the third assumption, let us define the new function f : α ÞÑ fpαq such that

fpαq “ αp1´ αq

ˆ

p1´ αqB1 ´ αB2

p1´ αq2B1 ` α2B2

˙2

,

where constants B1 and B2 are positive (and correspond respectively to Y c21 and p1 ´ Y qc22). One can
show that f is defined, continuous and positive over r0, 1s, and fp0q “ 0, fp1q “ 1. Thus, there exists a
maximum value of f within this interval, that depends on the value of the parameters B1 and B2, and
the third assumption is also satisfied.

Studying the variations of f and finding its maximum value in r0, 1s is quite complex. Let us just find
an upper bound. Let us consider the function g : α ÞÑ gpαq defined by:

gpαq “
p1´ αqB1 ´ αB2

p1´ αq2B1 ` α2B2
“
apαq

bpαq
.

One has:

|apαq| ď maxpB1, B2q ď B1 `B2,

and one can show that:

bpαq ě
B1B2

B1 `B2
,

which leads to:

|gpαq| ď
pB1 `B2q

2

B1B2
,

and finally:

fpαq ď
pB1 `B2q

4

pB1B2q
2
.

For the 3-equation system, one choice for β is then:

β3eq “ 1`
pY c21 ` p1´ Y qc

2
2q

4

pY p1´ Y qc21c
2
2q

2
. (4.38)

In practice, the estimation (4.38) is very coarse, and largely overestimates the real coefficient β, especially
in cases where Y p1´Y q ! 1: β3eq may become arbitrarily large, in particular near zones of pure phases.
We can thus wonder whether the three conditions 1., 2. and 3. as proposed in Bouchut (2004) should not
be adapted to the pressure laws we are using here. We propose however to apply Relax-B and change
to HLLC or Relax-S when the computed values of ρ and ρY are out of Ω.
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4.3.1.2 Closure relations and equation on α and p

Once ρ, ρY and ρu are updated using the finite volume scheme, the second step for solving system (4.37)
is to update the pressure variable p.

Following the lines of Chanteperdrix, Villedieu, and Vila (2002), a simple way consists in first computing
α from the equality:

p1

ˆ

ρY

α

˙

“ p2

ˆ

ρp1´ Y q

1´ α

˙

,

which, when using linearized pressure laws in the form:

pk pρkq “ pok ` c
2
kpρk ´ ρ

o
kq,

comes down to solve a second-order polynomial equation of the form:

α2qo ` pq ´ qoqα´ ρY c21 “ 0 , with
"

qo “ ρo2c
2
2 ´ ρo1c

2
1 ,

q “ ρY c21 ` ρp1´ Y qc22 .
(4.39)

There exists a solution of (4.39) in r0, 1s and this solution is unique (see Chanteperdrix, Villedieu, and
Vila (2002)). Pressure is finally computed through p1 or p2 pressure laws:

p “ p1

ˆ

ρY

α

˙

“ p2

ˆ

ρp1´ Y q

1´ α

˙

.

4.3.1.3 Uniform pressure and velocity profiles

In the 3-equation system, no equation is solved by using the advection discretization. Let us see whether
Relax-B preserves uniform velocity and pressure profiles.

Let us assume that at time tn, one has uptn, xiq “ u ą 0 and pptn, xiq “ p. Then at time tn`1 “ tn`∆t,
we will have:

pρuq
n`1
i “ pρuq

n
i `

∆t

∆x

`

ρni´1u
2 ` p´ ρni u

2 ´ p
˘

“ u

„

ρni `
u∆t

∆x

`

ρni´1 ´ ρ
n
i

˘



,

ρn`1
i “ ρni `

∆t

∆x

`

ρni´1u´ ρ
n
i u

˘

,

pρY q
n`1
i “ pρY q

n
i `

∆t

∆x

`

ρni´1Y
n
i´1u´ ρ

n
i Y

n
i u

˘

,

and by dividing the first relation by the second one, one recovers un`1
i “ u.

Now, let us show that the uniform pressure profile is also preserved. At time tn, we have the relation:
ρni Y

n
i “ αni ρ1 with ρ1 such that p1 pρ1q “ p. Then the third update formula reads:

pαρ1q
n`1
i “ ρ1

„

αni `
u∆t

∆x

`

αni´1 ´ α
n
i

˘



.

From ρn`1
i ´ pρY q

n`1
i , we can have a similar relation for ρ2, with p2 pρ2q “ p, that writes:

pp1´ αqρ2q
n`1
i “ ρ2

„

1´ αni ´
u∆t

∆x

`

αni´1 ´ α
n
i

˘



.

Let us introduce α̃ such that α̃ “ αni `
u∆t
∆x

`

αni´1 ´ α
n
i

˘

, and compute ρ̃1 “
pαρ1q

n`1
i

α̃ , ρ̃2 “
pp1´αqρ2q

n`1
i

1´α̃ .
It is obvious that ρ̃1 “ ρ1 and ρ̃2 “ ρ2. Moreover, we also have p1pρ̃1q “ p2pρ̃2q “ p. Consequently, we
can say that α̃ is an equilibrium value of α at time tn`1, and it preserves the uniform pressure field. As
the equilibrium value is unique, we have necessarily αn`1

i “ α̃ and the property is proved.
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4.3.1.4 Summary

Although the explicit formulation for the wave velocities in Relax-B does not directly apply for the 3-
equation system, in practice this scheme has been used for the numerical tests presented at the end of
this chapter and it is stable. In the 3-equation system, there is no non-conservative terms. The system
is closed by the pressure equality. An equilibrium volume fraction can thus be computed, and the whole
numerical scheme preserves uniform velocity and pressure profiles. The unique errors which have been
observed are due to the choice of the linearized pressure laws. Indeed, these laws write:

p1 “ po1 ` c
2
1

ρY

α
,

p2 “ po2 ` c
2
2

ρp1´ Y q

1´ α
,

with c21 “ Op105q and c22 “ Op106q. Then, errors on the computation of α may be amplified by several
orders of magnitude. These errors are observed in the numerical tests, but do not amplify during the
simulations.

4.3.2 Discretization of the 4-equation system

The 4-equation system writes:
$

’

’

’

&

’

’

’

%

Btρ ` Bx pρuq “ 0
Bt pρY q ` Bx pρY uq “ 0
Bt pρuq ` Bx

`

ρu2 ` p
˘

“ 0

Btα ` uBxα “
p1 ´ p2

ε
p “ αp1pρ, Y, αq ` p1´ αqp2pρ, Y, αq

(4.40)

Let us also recall some properties of this system:

• Transport equations: in this system, the vector V is composed of Y , α, uy and uz. As for the
3-equation system, the mass fraction is related to the conservation of the mass of one of the fluids.
It is thus better to update the conservative variable ρY rather than Y . On the contrary, α has to
be updated using the advection discretization, to keep uniform pressure and velocity profiles, as
we will see in section 4.3.2.2.

• Frozen sound velocity: the characteristic sound velocity for the 4-equation system is given by
the Frozen sound velocity:

cFrozenpρ, Y, αq “
b

Y c21 ` p1´ Y qc
2
2.

• Pressure: contrary to the 3-equation system, here pressures p1 and p2 are no longer equal. In the
momentum equation, the mixture pressure P is now defined by

P “ αp1

ˆ

ρY

α

˙

` p1´ αqp2

ˆ

ρp1´ Y q

1´ α

˙

.

4.3.2.1 Adapted numerical scheme

For the 4-equation system, one can use Relax-B scheme with the wave velocities computed with (4.27).
Indeed, it is clear that:

B

´

ρ
a

p1pρq
¯

Bρ
“ cFrozen ą 0,
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and

ρcFrozen ÝÝÝÑ
ρÑ8

8.

Finally, the coefficient β4eq of the third assumption is given by β4eq “ 1. The fluxes for ρ, ρY and ρu
can thus be computed using this flux.

4.3.2.2 Non-conservative equations discretization

The equation on α is discretized using (4.36). To check that the uniform velocity and pressure profiles
are preserved, let us note that from formula (4.31), we have m “ ρY “ αρ1pP q and the demonstrations
of paragraph 4.2.4 are valid.

We can also refer to the proof for the 3-equation system, by noting that we have explicitly the update
relation:

αn`1
i “ αni `

u∆t

∆x

`

αni´1 ´ α
n
i

˘

.

4.3.2.3 Source term and its effects on the solution

In the 4-equation system, the relaxation source term brings the solution closer to a mechanical equilib-
rium. By discarding this source term, numerical solutions can completely differ from the real physics.
In particular, we will see that the solutions to simple Riemann problems differ between the 3-equation
system and the 4-equation one, and the relaxation to an equilibrium solution of the 4-equation solution
is not as efficient as solving directly the 3-equation system. Moreover, as the characteristic velocities are
given by different formulae, except when one deals with pure phases, the temporal discretization may
also vary between the two models. It would be interesting to compare the numerical scheme proposed in
Chanteperdrix, Villedieu, and Vila (2002), where the 4-equation system is used as a relaxation system
in order to solve the 3-equation one, with Relax-B scheme applied directly on the 3-equation system.

4.3.3 Discretization of the 5-equation system

The 5-equation system with both micro-inertia and micro-viscosity writes:
$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

Btρ ` Bx pρuq “ 0
Bt pρY q ` Bx pρY uq “ 0
Bt pρuq ` Bx

`

ρu2 `
`

p` 1
2 pρY wq

2
˘˘

“ 0

Btα ` uBxα “
ρY w
?
ν

Btw ` uBxw “
p1 ´ p2

ρY
?
ν
´
ε

ν
w

p “ αp1pρ, Y, αq ` p1´ αqp2pρ, Y, αq

(4.41)

In application to the generic approach, its specific properties are:

• Transport equations: the vector V is composed of the variables Y , α, w, uy and uz. Once more,
as Y is related to the conservation of a partial mass, we solve it by using the conservative variable
ρY .

• Pulsation sound velocity: the characteristic sound velocity is given by the formula:

c2
Pulspρ, Y, α, wq “ c2

Frozen ` ρ pY wq
2
.

• Pressure: the pressure P appearing in the momentum equation accounts for an additional term
issued from the pulsation energy. It writes:

P “ αp1

ˆ

ρY

α

˙

` p1´ αqp2

ˆ

ρp1´ Y q

1´ α

˙

`
1

2
pρY wq

2
.
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4.3.3.1 Adapted numerical scheme

Bouchut’s explicit formulae for the value of the waves cannot be used here. Indeed, although the first
two conditions are satisfied, namely:

B

´

ρ
a

p1pρq
¯

Bρ
“ cPuls

ˆ

1` ρ
pY wq2

2cPuls

˙

ą 0

and

ρcPuls ÝÝÝÑ
ρÑ8

8,

there does not exist any upper bound to ρ pY wq
2

2cPuls
, as w may take arbitrary large values. Thus, one cannot

find any β5eq to satisfy the third condition. As for the 3-equation system, we can wonder whether an
adaptation of the conditions of Bouchut (2004) to the case of state laws accounting for w would enable
to find more appropriate formulae and stability criteria. For now, we use Relax-B scheme assuming that
β5eq “ 1. If it fails, we will use HLLC scheme.

4.3.3.2 Non-conservative equations discretization

Here, the non-conservative variables are α and w. We choose to discretize them by using (4.36). The
case of initial uniform velocity and pressure profiles is studied by assuming that the initial value of w
is zero everywhere. Indeed, if vibrations occurred at some places, the pressure P in the momentum
equation would not have a uniform profile, unless ρ and Y profiles are also uniform. Therefore, for more
simplicity, we also impose that the schemes preserves w “ 0.

Let us assume that the velocity is u “ u ą 0 and pressure p “ p, then, w is updated by the equation:

wn`1
i “ wni `

u∆t

∆x

`

wni´1 ´ w
n
i

˘

,

and if wni “ 0, then wn`1
i “ 0. The pressure function is thus reduced to the thermodynamic pressure

P “ αp1` p1´αqp2, and using the same arguments as for the 4-equation system, the resolution of α by
using (4.36) preserves a constant pressure profile (and pressure equilibrium).

4.3.3.3 Source terms and their effects on the solution

The source terms in the 5-equation system stand for micro-vibrations effects when w ‰ 0. These
vibrations are generated when there is a pressure disequilibrium: p1 ´ p2 ‰ 0. Without these source
terms, the variable w is only transported and as for the 4-equation system, the resolution of the convective
part only has no physical meaning.

4.4 Some one-dimensional verification tests:

To conclude this chapter, we present here some 1D simulations, which aim at testing the Relax-B nu-
merical scheme (and compare it with Relax-S). Some of these tests are inspired from classic Riemann
problems for compressible fluids that can be found in the literature (Toro (2009)). They have been
applied to the 3-equation system in Chanteperdrix, Villedieu, and Vila (2002) and similar systems in
Kokh and Lagoutière (2010). The exact solutions are computed in Appendix A. As the source terms are
not integrated, these tests do not present any physical interest. We will however see that the Riemann
solutions for one system of equations or an other, can greatly vary. For one of the tests, we perform
a projection of the solution to the 4-equation system on the solution with pressure equilibrium (we let
ε tend to 0), following the strategy of Chanteperdrix, Villedieu, and Vila (2002) but with a different
Riemann solver for the 4-equation system. In our case, we show the difference with the solution given
by the scheme directly adapted for the 3-equation system.
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In the following we do not present numerical results for the 5-equation system. Indeed, we have found
no Riemann problem in the literature for such a system with micro-inertia. Moreover, initially uniform
profiles for w remain uniform, and the resolution of the 5-equation system comes down to solve the
4-equation one. However, it would be interesting to study the effects of non zero gradients of w and see
whether the numerical scheme handles these new configurations.

4.4.1 1D advection test case

The two-phase advection test aims at testing the preservation of uniform pressure and velocity profiles.
Infinite domain boundary conditions are used. The composition of the two-phase mixture is given by
the profile of volume fraction α, which is initially at equilibrium (satisfying p1 “ p2). Moreover, we
impose that a sharp profile initially separates the two phases. This sharp limit illustrates the advantages
of using Relax-B scheme instead of Relax-S. The precise initial conditions are given in the tables below:

WL WR

location x ă 0 x ą 0
pressure p0 “ 1.0 ¨ 105 p0 “ 1.0 ¨ 105

mass fraction YL “ 1.0´ 1.0 ¨ 10´8 YR “ 1.0 ¨ 10´11

velocity u0 “ 1.0 u0 “ 1.0
volume fraction αL “ 1.0´ 1.0 ¨ 10´8 αR “ 1.0 ¨ 10´8

vibration w0 “ 0.0 w0 “ 0.0

On Figure 4.4, we show comparisons between the exact solution and the numerical solutions of the 3-
equation system obtained with Relax-S and Relax-B. Both numerical solutions provide the same level of
accuracy: the initially sharp interface is spread over a few cells due to the numerical diffusion. Veloc-
ity and pressure profiles are kept approximately uniform, except from small amplitude errors that are
illustrated in Figure 4.5. These instabilities are in fact round-off errors due to the choice of the pressure
laws, as explained previously. However they stay bounded throughout the simulation and do not increase
neither when the spatial discretization is finer, as the comparisons of Figure 4.5 show.

The values of the time steps computed for Relax-S and Relax-B are compared in Figure 4.6. They are
given in function of the simulated physical time. One can see that in the initial time steps, the value of
∆t for Relax-S is about 20 times smaller than ∆t computed for Relax-B. This is due to the high ratio of
densities and acoustic velocities on both sides of the interface. Indeed, we have used the following values,
that are close to physical values for air and water:

ρ1 “ 1.0 kg/m3
, ρ2 “ 1.0 ¨ 103 kg/m3

, c1 “ 3.4 ¨ 102 m/s, c2 “ 1.5 ¨ 103 m/s.

Then, due to the numerical diffusion and the creation of a mixture zone, this ratio decreases. We also
present in Figure 4.6 the number of time iterations needed to perform the whole computation, by both
Relax-S and Relax-B schemes. At the end of the simulation, we clearly see that using Relax-B scheme
requires 3 times less time iterations than Relax-S. Moreover, Relax-B scheme is not more complex than
Relax-S scheme and their numerical solutions are of the same order of accuracy (at least for the advection
test). Relax-B seems then more advantageous than Relax-S.

The results for the 4-equation solution obtained with Relax-B scheme are presented in Figure 4.7. As for
the 3-equation resolution, the computation of the pressure leads to small amplitude errors (see Figure
4.8) that stay bounded throughout the computation.

4.4.2 1D Sod shock tube

Sod shock tube is a standard Riemann problem for Euler’s equations (Toro (2009)). In the case of two-
phase flows, a similar test is presented in Chanteperdrix, Villedieu, and Vila (2002) for the 3-equation
system. Here, we perform two types of shock tests. In the first one, the shock occurs in a gas-liquid
mixture (α “ 0.5 everywhere). A rarefaction and a shock waves are created and propagate in the mixture.
In the second test, a two-phase interface separates a gas phase (α “ 1.0´ 1.0 ¨ 10´8) from a liquid phase
(α “ 1.0 ¨ 10´8). In the gas phase, pressure is higher than in the liquid phase. A shock occurs at the
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Figure 4.4: 3-equation system: Relax-S (red circles) and Relax-B (blue crosses) solutions on N “ 100
cells and exact solution for the advection test at time t “ 5.0 ¨ 10´1 s.
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for the advection test case, ∆x “ 0.02 m.
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Figure 4.7: 4-equation system: Relax-B solution on N “ 100 cells and exact solution for the advection
test at time t “ 5.0 ¨ 10´1 s.
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Figure 4.8: 4-equation system: Relax-B solution on 100 cells and exact solution for the advection test
at time t “ 5.0 ¨ 10´1 s. Closer view on velocity and pressure.

interface, and generates a rarefaction wave in the gas and a shock wave in the liquid. This test is also
studied in Chanteperdrix, Villedieu, and Vila (2002).

Mixture shock tube

The initial conditions for this test are given in the table below:

WL WR

location x ă 0 x ą 0
pressure pL “ 5.0 ¨ 105 pR “ 1.0 ¨ 105

mass fraction Y0 “ 4.4 ¨ 10´3 Y0 “ 1.0 ¨ 10´3

velocity u0 “ 0.0 u0 “ 0.0
volume fraction α0 “ 0.5 α0 “ 0.5

vibration w0 “ 0.0 w0 “ 0.0

In Figure 4.9, we compare the solution of the 3-equation system solved with Relax-B with the exact solu-
tion (see Appendix A). We can see that numerical diffusion occurs mainly near the contact discontinuity,
while shock is well-resolved.

In Figure 4.10 are presented the comparisons between Relax-B scheme and the exact solution for the 4-
equation system. There, the final time of the simulation is shorter, as the characteristic waves propagate
with a larger velocity. This is also why we cannot observe much diffusion at the contact discontinuity yet.
Another difference with the solution of the 3-equation system is the profile of α: in the 3-equation case,
this variable is computed using ρ and Y , while in the case of the 4-equation system, it is a transported
variable. Since the initial profile of α is uniform, it stays uniform in the case of the 4-equation system.

Now let us study whether one can recover the solution of the 3-equation system by projecting the
solution of the 4-equation system on the mechanical equilibrium manifold, following the procedure of
Chanteperdrix, Villedieu, and Vila (2002). The results for the mixture shock tube are presented in Figure
4.11. One can see that with this method, numerical diffusion is dramatically high, and the solution of
the 3-equation system is poorly approximated. We will discuss this issue in Chapter 5 and propose new
ideas for a numerical cure.

Two-phase shock tube

The initial conditions are given by:
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Figure 4.9: 3-equation system: Relax-B solution on 100 cells and exact solution for the mixture shock
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Figure 4.10: 4-equation system: Relax-B solution on 100 cells and exact solution for the mixture shock
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Figure 4.11: 4-equation system and relaxation to equilibrium: Relax-B solution on 100 cells and exact
solution of the 3-equation system for the mixture shock test at time t “ 1.0 ¨ 10´2 s.



Part II - Discretization strategy for two-phase mixture models 131

WL WR

location x ă 0 x ą 0
pressure pL “ 1.1 ¨ 105 pR “ 1.0 ¨ 105

mass fraction YL “ 1.0´ 1.0 ¨ 10´8 YR “ 1.0 ¨ 10´11

velocity u0 “ 0.0 u0 “ 0.0
volume fraction αL “ 1.0´ 1.0 ¨ 10´8 αR “ 1.0 ¨ 10´8

vibration w0 “ 0.0 w0 “ 0.0

For this test only, we change the values of the phasic sound velocities: they are now given by c1 “ 3.4 m/s
and c2 “ 15.0 m/s. The aim of this change is to reduce the computational cost of the test by decreasing
the CFL constraint, and consequently increasing the time step ∆t, in order to recover the configuration
of Chanteperdrix, Villedieu, and Vila (2002).

Results and comparisons with the exact solutions are given for the 3-equation and 4-equation systems in
Figure 4.12 and Figure 4.13 respectively. For this test, one can note that the exact solutions for the two
systems of equations are close, so are the numerical solutions. This is due to the fact that the mixture
zone, where 0 ă α ă 1, is reduced to a thin zone near the contact discontinuity. In the rest of the domain,
the configurations are close to pure phases. In these zones, the physics described by the 3-equation and
4-equation systems is nearly the same. Thus, for this test, the procedure consisting in projecting the
values of α and p on their equilibrium value may give good results.
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Figure 4.12: 3-equation system: Relax-B solution on 100 cells and exact solution for the shock test with
gas-liquid interface at time t “ 4.0 ¨ 10´2 s.
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Figure 4.13: 4-equation system: Relax-B solution on 100 cells and exact solution for the shock test with
gas-liquid interface at time t “ 4.0 ¨ 10´2 s.
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4.5 Conclusion

In this chapter, we have proposed a finite volume numerical scheme to solve the convective part of the
two-phase systems of equations. We have first considered the Relax-S scheme, that is used in several
other works from the literature (Girardin (2014) for example). We have shown that, in fact, this scheme
presents some shortcomings when two-phase interfaces are considered: in this configuration, the velocities
of the waves are largely overestimated and the CFL condition on the time step is extremely constraining.
This is why, we have proposed a second scheme, Relax-B, inspired from Bouchut (2004). This new scheme
still necessitates some developments and study (so as to ensure its entropic character), but in practice,
the numerical tests that have been performed have shown good results. The global numerical scheme
is also made of a specific discretization for the volume fraction α (and also for w) for the 4-equation
system, as is proposed in Kokh and Lagoutière (2010). This discretization enables to preserve uniform
pressure and velocity profiles, which is a condition to limit the creation of pressure instabilities (Abgrall
(1996)). The first series of numerical tests, presented at the end of the chapter, show that the Relax-B
scheme provides robust results and is clearly more advantageous compared to Relax-S scheme. We have
also observed that in the mixture zones, the physics described by the 4-equation system is different from
the physics solved by the 3-equation system and in these zones, a strategy consisting in solving the
4-equation system and then projecting on the equilibrium values for α and p does not allow to recover
an accurate approximation of the 3-equation solution. This last aspect is further discussed in Chapter
5, where the source term effects are integrated and tests with a physical meaning are considered.



Chapter 5

Source term integration and numerical
dispersion relations

Let us recall that the systems which have been derived in Chapter 1 can be written in the form of balance
laws:

BtW ` div pFpWqq “ SpWq, (5.1)

where W are the conservative variables, F are the physical fluxes and S are the source terms. Using an
operator splitting, as presented in the Introduction of Part II, one can solve the different parts of (5.1)
in successive steps. First, one solves the convective part of the equations:

BtW ` div pFpWqq “ 0,

and the source terms are integrated next:

BtW “ SpWq. (5.2)

We have studied approximate Riemann solvers in Chapter 4 that will be used to solve the convective
part. Let us look at the integration of the source terms in this chapter. The first natural approach is to
consider classic Ordinary Differential Equations (ODE) solvers, that are proposed by the many works of
the literature (mentioned in the introduction of Part II, and referenced in Hairer and Wanner (1996)).
However, for the integration of the source term of the 5-equation system, these solvers seem to fail in
stiff configurations. This is the case of Radau5 (Hairer and Wanner (1996)) used to integrate the source
term of the 5-equation system in Appendix B. In practice, we do not want to deal with possible errors
raised from ODE solvers. Moreover, in a first approach, we are looking for quite simple solutions for
the source terms integration, at a reasonable accuracy and a reasonable computational cost. These two
points justify the work presented in this chapter: we study approximate solutions to equation (5.2) in
the specific case of the two-phase models of Chapter 1, so as to propose a robust strategy of integration
even in the stiffest cases.

The second issue which is treated in this chapter concerns the asymptotic relations between the different
models. Indeed, we have seen at the end of Chapter 2 that the dispersion relations of the models are
related in two ways:

• by the frequency regime of an acoustic wave,

• by the values of the parameters ε and ν of the source terms.

Numerically, we would like to recover these relations. For example, this could be useful to switch from
one system of equations to another according to given threshold values of the parameters, and then
reduce the computational cost. In the second part of this chapter, we test the whole numerical strategy,
made of the Lie splitting, an approximate Riemann solver and and ODE solver. Our aim is to recover
the analytical dispersion relations numerically. In this part, we will also raise a difficulty which is related
to a too large numerical diffusion in the asymptotic regimes.
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5.1 Integration of the 4-equation relaxation source term

In this section, we are interested in the integration of the source term of the 4-equation system. Let us
recall that this source term appears in the equation on volume fraction α, which writes:

Btα` u ¨∇α “
p1pρ, Y, αq ´ p2pρ, Y, αq

ε
.

Let us also recall that the pressure laws are barotropic, in the form:

ρk ÞÑ pkpρkq, k “ 1, 2,

where ρ1 “ pρY q{α, ρ2 “ pρp1´ Y qq{p1´ αq and the phasic sound velocities ck are defined by

p1kpρkq “ c2k, k “ 1, 2.

From the Lie splitting procedure, taking into account the source term in the numerical resolution of the
4-equation system comes down to solve an ODE in time, that reads:

dtα “
p1pρ, Y , αq ´ p2pρ, Y , αq

ε
,

where the variables ρ and Y are kept constant during this time integration and are thus noted with a ¨
sign. Let us define the function F pαq as:

F :

ˆ

s0, 1r Ñ R
α ÞÑ p1pρ, Y , αq ´ p2pρ, Y , αq

˙

.

In a first time, let us study the properties of the following ODE:

dtα “
F pαq

ε
. (5.3)

5.1.1 Stationary case

First, let us study the case when the initial condition for ODE (5.3) is at equilibrium, meaning αp0q “ αeq.
Then, by definition, p1pρ, Y , αeqq “ p2pρ, Y , αeqq and then: F pαeqq “ 0. The integration is then trivial,
and the solution is αptq “ αeq.

αeq is the unique stationary value within s0, 1r, as by definition, it is the unique value in r0, 1s such that
p1pρ, Y , αeqq “ p2pρ, Y , αeqq. As a consequence, if αp0q ‰ αeq, then αptq ‰ αeq @t ą 0.

5.1.2 Study of the differential equation and exact solution in the non-stationary
case

When αp0q ‰ αeq, let us solve the ODE (5.3) exactly. Let us write it in the form:

Epαqdtα “
1

ε
,

where the function E is defined as:

E :

¨

˝

s0, αeqr
Ť

sαeq, 1r Ñ R

α ÞÑ
1

F pαq

˛

‚.

In the following, we assume that Y Ps0, 1r and ρ ą 0. In the cases Y “ 0 and Y “ 1, F is not well
defined. Indeed, when the mass fraction Y is equal to 0 or 1, volume fraction α is equal to 0 or 1 in the
same way. Then, one of the densities ρk, k “ 1, 2 is equal to the total density ρ while the other is not
defined (because of a division of 0 by 0). For the rest of the present study, we will then exclude the cases
Y “ 0 or Y “ 1, and from a numerical point of view, when these configurations are encountered, we will
assume that dtα “ 0.
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Figure 5.1: Illustration of functions E and D in the specific case of linearized pressure laws (5.5), with
αeq “ 0.6 and α´ “ ´0.1.

5.1.2.1 General form of the solution

Here, the point is to develop a general formulation of the solution, whatever the choice of the barotropic
pressure laws.

Properties of Epαq:

Let us study the function Epαq.

Proposition 1. Considering barotropic pressure laws, function E has the following properties:

1. Epαq is increasing over the interval s0, αeqr and is increasing over the interval sαeq, 1r,

2. Epαq ÝÑ
αÑ0`

0 and Epαq ÝÑ
αÑ1´

0,

3. Epαq ÝÑ
αÑα´eq

`8 and Epαq ÝÑ
αÑα`eq

´8,

4. Epαq ě 0 for α Ps0, αeqr and Epαq ď 0 for α Psαeq, 1r.

Remark 20. the fourth property is a direct consequence of the two first properties.

Proof of Proposition 1. To prove the form of E, let us study F . According to the barotropic pressure
laws, one has:

F 1pαq “ ´c21
ρY

α2
´ c22

ρp1´ Y q

p1´ αq2
.

It is then obvious that F 1pαq ď 0 when α Ps0, 1r. F is then decreasing over s0, 1r and cancels at
α “ αeq. Moreover, F pαq ą 0 over s0, αeqr and F pαq ă 0 over sαeq, 1r. One can easily show also that
F pαq ÝÑ

αÑ0`
`8 and F pαq ÝÑ

αÑ1´
´8. The properties for E are directly derived by applying the inverse

of F on each subdomain s0, αeqr and sαeq, 1r.

E is represented in Figure 5.1 as a function of α for linearized pressure laws (see below).

Now let us define the function Dpαq as one prime function of Epαq over s0, αeqr
Ť

sαeq, 1r. According to
Proposition 1, the properties of D are given by

Proposition 2. 1. Dpαq is increasing ons0, αeqr and is decreasing on sαeq, 1r
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2. Dpαq ÝÑ
αÑα´eq

`8 and Dpαq ÝÑ
αÑα`eq

`8.

Proof of Proposition 2. The first property is a consequence of property 4. of Proposition 1. The second
property is derived from the property 3. of Proposition 1.

Solution of the ODE:

The integration of the ODE (5.3) from t “ 0 to t “ tf ą 0 gives:

Dpαptf qq ´Dpαp0qq “
tf
ε
. (5.4)

In (5.4), the solution αptf q is given implicitly. There may not be any analytical formulation for it, as we
will see for the linearized pressure laws (an illustration of D is given in Figure 5.1 in that case). However,
we have the following properties:

Proposition 3. If αp0q Ps0, αeqr, then there exists a unique αptf q Ps0, αeqr satisfying equation (5.4).
Similarly, if αp0q Psαeq, 1r, then there exists a unique αptf q Psαeq, 1r satisfying equation (5.4).

Proof of Proposition 3. From Proposition 2, we know thatD is increasing over s0, αeqr, andDpαq ÝÑ
αÑα´eq

`8.

If αp0q Ps0, αeqr, as tf ą 0, thenDpαptf qq ą Dpαp0qq and according to the variations ofD on this interval,
αptf q exists and is unique.

The case αp0q Psαeq, 1r is treated the same way.

Proposition 4. If αp0q Ps0, αeqr
Ť

sαeq, 1r, then |αptf q ´ αeq| ă |αp0q ´ αeq|. This means that the
solution is getting closer to the equilibrium state.

Proof of Proposition 4. By assuming that the integration of ODE (5.3) is continuous, if αp0q Ps0, αeqr,
then according to Proposition 3, αptf q exists and is unique in s0, αeqr. Since D is increasing on this
interval, Dpαptf qq ą Dpαp0qq and αptf q ą αp0q. Moreover αptf q ă αeq. Thus we have

0 ă αeq ´ αptf q ă αeq ´ αp0q.

We can apply the same reasoning for the interval αp0q Psαeq, 1r by using the decreasing character of D,
and get then the inequality:

0 ă αptf q ´ αeq ă αp0q ´ αeq.

Combining these two inequalities proves Proposition 4.

From Proposition 3 and Proposition 4, we know that the solution of the ODE, when not initially at
equilibrium, strictly increases (or decreases) towards a stationary solution, that does not lie on the other
side of αeq. Now, αeq is the unique stationary value in s0, 1r. Then, in long times (tf Ñ8), the solution
tends to αeq.

Remark 21. The properties of F can also be deduced from the properties of the entropy. Indeed, let us
assume that the entropy η of the 4-equation system is given by:

ηpρ, Y, u, αq “
1

2
ρu2 ` fpρ, Y, αq,

where f is Helmholtz free energy, which is a convex function of the variables (see proof in Serre (2007)).
Then since

F pαq “ ´ρ Bαη|ρ,Y,u ,

F 1pαq is negative and F is a decreasing function over s0, 1r.
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5.1.2.2 Epαq and Dpαq for linearized pressure laws:

Now let us consider linearized pressure laws in the form:

pk “ po ` c2k pρkpρ, Y, αq ´ ρ
o
kq , k “ 1, 2. (5.5)

With these pressure laws, function E writes:

Epαq “ ´
αp1´ αq

q0α2 ` pq ´ q0qα´ ρY c21
,

with q0 “ ρo2c
2
2 ´ ρo1c

2
1 and q “ ρY c21 ` ρp1 ´ Y qc22. The second order polynomial in the function

denominator always has two real roots, αeq and α´. We know that αeq Ps0, 1r (if Y Ps0, 1r). Moreover
one can show that α´ ă 0, since the product of the two roots must satisfy αeqα´ “ ´ρY c21{q0 and since
q0 ą 0 for the state laws that are chosen such that ρo2c22 ą ρo1c

2
1 (in the other case, we can switch the

indices, and consider α̃ “ 1´ α).

The decomposition of E into partial fractions reads:

Epαq “ B0 `
B1

α´ αeq
`

B2

α´ α´
(5.6)

with:

B0 “
1

q0
,

B1 “
αeqp1´ αeq ´ α´q

q0pα´ ´ αeqq
,

B2 “
α´p1´ αeq ´ α´q

q0pαeq ´ α´q
.

Finally, it is easy to integrate (5.6) to obtain:

Dpαq “ B0α`B1 lnp|α´ αeq|q `B2 lnpα´ α´q, @α Ps0, α0r
ď

sαeq, 1r. (5.7)

Illustrations of functions E and D are given in Figure 5.1.

We do not know the inverse function of D on each subinterval s0, αeqr and sαeq, 1r. However, due to its
properties (Proposition 2) and the properties of its derivative E, classic root-finding algorithms can be
applied.

Remark 22. We can note that the variations of Dpαq in s0, αeqr and sαeq, 1r are larger than the vari-
ations of α, since Dpαq is made of logarithmic terms applied to values inferior to 1. An approximate
solution αptf q to (5.4) can then be given with a high accuracy, while the equation defined by (5.4) is
satisfied with a lower accuracy.

5.1.2.3 An approximate solution to the ODE:

To complete this section, let us consider an approximate solution to the ODE (5.3), obtained by assuming
that αpt “ 0q and αpt “ tf q are close enough for a Taylor expansion in the vicinity of αpt “ 0q to be
valid:

F pαptf qq “ F pαp0qq ` pαptf q ´ αp0qqF
1pαp0qq `O pαptf q ´ αp0qq

2
.
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Or more generally, for a reference value α˚ and a value of α close to α˚, we have:

F pαq “ F pα˚q ` pα´ α˚qF 1pα˚q `O pα´ α˚q
2
, (5.8)

and then, at first order the ODE (5.3) becomes:

dtα “
1

ε

`

F pα˚q ` pα´ α˚qF 1pα˚q
˘

,

whose analytical solution is given by

αptf q “ αp0q exp

ˆ

F 1pα˚qtf
ε

˙

`
F pα˚q ´ α˚F 1pα˚q

F 1pα˚q

ˆ

exp

ˆ

F 1pα˚qtf
ε

˙

´ 1

˙

. (5.9)

For the linearized pressure laws, one will moreover have:

F pαq “ c21
ρY

α
´ c22

ρp1´ Y q

1´ α
´ c21ρ

o
1 ` c

2
2ρ
o
2,

F 1pαq “ ´c21
ρY

α2
´ c22

ρp1´ Y q

p1´ αq2
.

5.1.3 Solving the 4-equation source term numerically

Now, we are interested in accurate, robust and not too costly approximate solutions of (5.3). Four
strategies can be considered:

• a strategy consisting in using the exact solution of (5.3), given by (5.4) and which necessitates a
root-finding algorithm;

• a coarse and naive strategy, based on the integration of the approximate ODE from time t “ 0 to
time t “ tf :

dtα “
F pαpt “ 0qq

ε
;

• implicit integrations that consist in solving, for instance the first order implicit Euler:

dtα “
F pαpt “ tf qq

ε
.

• strategies based on the exact solution of the approximate ODE (5.9).

Higher-order methods, which were mentioned in the introduction of Part II have not been considered
here, since we are comparing quite rough integration methods, but this could be done in a future work.

In the following, we suppose that the integration of the ODE is performed between time t “ tn and
time t “ tn`1 “ tn ` ∆t. We note αn “ αptnq and αn`1 “ αptn`1q the solution obtained with the
different strategies after one time iteration of the different methods. Again, this choice is made for
a first comparison between rough integration methods. In a final strategy, and because of the operator
splitting method, a more accurate integration could be envisioned, involving multiple time iterations.

We recall that ρ and Y are constant during the source term integration.

5.1.3.1 Exact solution approximation

This approach consists in using the relation (5.4) to estimate αn`1. In the case of linearized pressure
laws, the function D is given by (5.7), but its inverse function is not known. Standard root-finding
algorithms can be used due to the properties of D and its derivative E presented above. This method
based on the exact solution, will be used in the following comparisons as a reference solution.
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5.1.3.2 Coarse integration

Here, let us present an explicit strategy which is very coarse and is not A-stable. We try however to
improve it. Let us consider the approximate explicit source term integration, which consists in solving:

dtα “
F pαnq

ε
.

The solution for one time iteration ∆t is given by:

αn`1 “ αn `∆t
F pαnq

ε
. (5.10)

One can see that, according to the values of ∆t and ε, the second term of the right-hand side of (5.10)
may be very large. In our numerical strategy, ∆t is computed according to a CFL condition based on the
conservative part of the system. This computation is thus independent of the value of ε. However, the
value of α should not leave the interval r0, 1s, nor even overpass (or underpass) the value αeq if αn ă αeq
(or αn ą αeq respectively). One must then adapt the time step ∆t before using (5.10).

A first option to ensure that αn`1 P r0, αeqr (or αn`1 Psαeq, 1s according to the initial condition) would
be to adapt the time step to this condition, or divide the explicit integration in multiple time substeps.
But this option is not interesting because one can see that if ε is arbitrarily small, one has to strongly
reduce ∆t or make an arbitrarily large number of substeps, which can be computationally expensive.

Let us instead consider that, from the CFL estimation of ∆t:

τrelax ! ∆t ñ αn`1 “ αeq, (5.11)

where τrelax is a characteristic relaxation time depending on ε, ρn and Y n. The question is now to be
able to correctly estimate τrelax, or to be able to set αn`1 “ αeq when this option seems correct.

According to the previous section 5.1.2.1, one knows that α tends to αeq and that it does not cross the
value αeq. Then, let us set a strategy for the source term integration as:

1. compute αn`1 using the formula (5.10) and compute the equilibrium value αeq using ρn and Y n,

2. compare αn with αeq and αn`1 with αeq:

• if pαn ´αeqq ¨ pαn`1 ´αeqq ă 0, this means that during the integration, α has overpassed the
equilibrium state, which cannot happen physically. Then we enforce αn`1 “ αeq,

• else, this means that ∆t ă τrelax and there is no problem with the explicit integration.

This very coarse explicit integration assumes that the pressure difference remains constant during the
temporal integration. Hence it is less accurate than the approximate integrations presented in the
following.

5.1.3.3 A first approximate relaxation

Due to the form of the source term, which is non-linear, we know that the relaxation is not performed in
an exact exponential way. However, in an approximate approach, we could wonder if such an exponential
integration is far from the real solution, and, as we have seen with the approximate solutions of paragraph
5.1.2.3, for which the exponential approximation appears naturally from the Taylor expansion of the
source term.

Let us then suppose that we are solving a linear ODE of the form:

dtα “
αeq ´ α

β
,

where the parameter β is given by:

β “ pαeq ´ α
nq

ε

F pαnq
.
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One can show that β ą 0 using the variations of F studied in the previous section. The solution to this
new ODE is then given by:

αn`1
β “ αeq ` pα

n ´ αeqq exp p´∆t{βq. (5.12)

We can see that the value of αn`1
β tends to the equilibrium value in long times ∆t Ñ 8, whatever the

value of β.

5.1.3.4 Using the approximate solution

Another approach consists in using the approximate solution presented in paragraph 5.1.2.3. One has
now multiple choices for α˚. Let us present two of them:

• if we know that the time step of integration is negligible compared to the characteristic relaxation
time (∆t ! τrelax), one expects α to stay close to αn during the integration and one can choose
α˚ “ αn. From (5.9), the approximate solution then writes:

αn`1
A “ αn `

F pαnq

F 1pαnq

ˆ

exp

ˆ

F 1pαnq∆t

ε

˙

´ 1

˙

(5.13)

One can note that when ∆tÑ8, this solution tends to αn´ F pαnq
F 1pαnq which is a priori different from

αeq, and could even be out of s0, 1r.

• in situations where α is initially close to αeq, one would like to apply α˚ “ αeq. The approximate
solution would then be given by:

αn`1
B “ αeq ` pα

n ´ αeqq exp

ˆ

F 1pαeqq∆t

ε

˙

. (5.14)

For this solution, α tends to the equilibrium value in long times, but is not very accurate for short
time-integration when αn and αeq differ significantly.

The two approximate solutions αA and αB are A-stable, but αA is not L-stable. We can moreover note
that the initial slopes of αA and αβ solutions are equal: αA solution seems then less interesting than αβ .

5.1.3.5 Implicit integrations

Let us finish this list of approximate solutions by presenting a first and a second-order Euler-type implicit
integration methods for the ODE (5.3). These methods are known to be A-stable and L-stable. The
first-order method is even stiffly accurate (Prothero and Robinson (1974)). Let us give some further
details in the case of the resolution of (5.3).

The first order implicit Euler method applied to the ODE (5.3) comes down to solve:

αn`1 “ αn `∆t
F pαn`1q

ε
. (5.15)

As there is no obvious solution to equation (5.15) (it necessitates to inverse a third order polynomial), one
has to approximate the value of αn`1 using some root-finding algorithm. Let us prove that root-finding
algorithms are applicable, by considering the series defined implicitly by (5.15), and by introducing the
function F∆t{ε:

G∆t{ε :

˜

s0, 1r Ñ R

α ÞÑ α´∆t
F pαq

ε

¸

The series reads:

G∆t{ε

`

αn`1
˘

“ αn.

We have the following properties:
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Proposition 5.

1. Function G∆t{ε is strictly increasing over the domain s0, 1r.

2. Equation (5.15) has a unique solution in s0, 1r.

3. If αn “ αeq, then αn`1 “ αeq.

From properties 1. and 2., one can deduce that root-finding algorithms are applicable in this situation.
The third property means that if the initial value of α is at equilibrium, then the source term preserves
the equilibrium.

Proof of Proposition 5. We have seen previously that F 1pαq ă 0 whatever the value of α Ps0, 1r. Hence
function G∆t{ε is increasing over s0, 1r. From the variations of F , we have also the following asymptotic
limits:

G∆t{ε ÝÑ
0`

´8

G∆t{ε ÝÑ
1´

`8.

Consequently, the equation G∆t{ε pαq “ αn has a solution, which is unique in s0, 1r. Finally, since
G∆t{ε pαeqq “ αeq, because F pαeqq “ 0, this concludes for the third property.

Let us also consider a second order method of type BDF2 (Backward Differentiation Formula, Curtiss
and Hirschfelder (1952)), which reads:

#

αn`1{2 “ αn ` 1
2∆t

Fpαn`1{2q
ε

αn`1 “ 4
3α

n`1{2 ´ 1
3α

n ` 1
3∆tF pα

n`1
q

ε

(5.16)

By using the same reasoning as before, it is possible to prove that this method has the same good
properties as the first order implicit method, and can be solved by using a root-finding algorithm.

5.1.4 Comparisons of the numerical solutions

Here, we propose to compare the solution obtained with the different methods presented in the previous
section. We recall that ∆t “ t ´ tn is the time step of integration, and we compare the solution after
one iteration of the following methods:

• αExact is the exact solution of the ODE (5.3),

• αβ is the solution of an exponential relaxation, and is given by (5.12),

• αA from (5.13) is the solution of the approximate ODE, linearized in the vicinity of the initial
condition,

• αB from (5.14) is the solution of the approximate ODE, linearized in the vicinity of the equilibrium
value,

• αBDF1 is the first-order implicit solution satisfying (5.15),

• αBDF2 is the second-order implicit solution satisfying (5.16).

Finally, we also present a solution made of a hybrid mixing between the approximate solutions, so as to
get a good approximation for both small and large time step of integration ∆t. It reads:

αStratptq “

#

αβptq if t ă t1,

αB ` pαβpt1q ´ αeqq exp
´

F 1pαeqqpt´t1q
ε

¯

if t ě t1,
(5.17)

and t1 is chosen such that αβpt1q “ γαn ` p1´ γqαeq with γ P r0, 1s. The choice of γ could be made by
estimating an optimal value. However, in a first and simple approach, we fix it to 0.5. Improving this
strategy may be done in future works. Let us also note that αStrat Ñ αeq when tÑ8.
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Remark 23. This method is interesting only in the case where one time iteration is performed to inte-
grate the ODE. Otherwise, high-order methods are preferable.

First, we present some tests in a non-stiff configuration, meaning that the time step ∆t is smaller than
the physical relaxation time τrelax. Next, we study stiffer cases, which are encountered where the initial
value of α and/or of the equilibrium value αeq are close to 0 or 1. These configurations are stiff due to
the non-linearity of F in (5.3).

5.1.4.1 Smooth tests

Two smooth configurations are presented in Figure 5.2. The results are given as a function of the
integration time step ∆t, given in abscissa. In Figure 5.2a, the initial value of volume fraction is αn “ 0.9
and the equilibrium is αeq “ 0.1. For this configuration, we can observe that the closest solution to the
exact solution, whatever ∆t is the second order implicit solution αBDF2.

Approximate solutions αβ and αB are closer to αExact than αA. The mixing strategy αStrat enables
to get close to the exact solution for large ∆t. The first-order implicit solution converges slowly to the
equilibrium (in the sense that for large ∆t, it is less accurate than the other solutions), while αA tends
to a volume fraction value that is not the equilibrium.

The same observations can be done for the second smooth case, in Figure 5.2b, where αn “ 0.3 and
αeq “ 0.5. For this case, the mixing solution αStrat seems to give very good results.

5.1.4.2 Stiff configurations

The stiff configurations are defined as configurations where either αn or αeq are close to 0 or 1. In these
cases, the relaxation rate can be very strong, leading also to very large coefficients in the approximate
solutions αβ , αA, αB . Results are presented in Figure 5.3.

In the first configuration (Figure 5.3a), the equilibrium value αeq is very small: αeq “ 1.0 ¨ 10´6. In
this case, the approximate solution which is the closest to the exact solution is αβ . αB has a too large
decreasing rate, while αA does not tend to the equilibrium value. The mixing strategy αStrat does not
seem to be of a good accuracy for this configuration, except for short ∆t. The implicit solutions are
also far from the exact solution: the first order αBDF1 has a slow decreasing rate towards equilibrium,
while the second order αBDF2 underpasses the equilibrium value, and gets closer to 0. We recall that we
compare the different solutions for one integration time step only. The behaviors of αBDF1 and αBDF2

does not mean that the methods are not converging, but are not as accurate as the other approximate
solutions.

With the second configuration (Figure 5.3b), where the initial value is close to 1 (αn “ 1.0´ 1.0 ¨ 10´6),
results seem better for the mixing strategy αStrat, and now αB is closer to the exact solution than αβ
and αA. Implicit strategies are also closer to the exact solution than for the configuration of Figure
5.3a. Here, the stiffness of the solution is due to the value of the initial solution αn: this is why the
approximate methods which are based on a Taylor expansion near αn fail for this test.

5.1.4.3 Conclusion

In conclusion to the previous observations, two options may be considered for the integration of the
source term in the 4-equation system:

• the first one is to use the exact solution, defined implicitly. This is certainly the most reliable choice,
and moreover it is appropriate for the use of root-finding algorithms. We could then envision using
such computationally efficient methods.

• among the approximate solutions, evaluated on one time step ∆t, the mixing solution αStrat seems
to be a promising strategy, provided that the coefficient γ is estimated more precisely than the fixed
value 0.5. In non-stiff cases, it gives good results for a low computational cost. In stiff conditions,
it is still stable.



Part II - Discretization strategy for two-phase mixture models 145

0 0.5 1 1.5 2

¨10´6

0

0.2

0.4

0.6

0.8

1

∆t (s)

α
pt
n
`

∆
tq

αExactptq

αβptq

αAptq

αBptq

αBDF1ptq

αBDF2ptq

αStratptq

(a) Relaxation of α from αn “ 0.9 to αeq “ 0.1. ε “ 1.0 ¨ 103.
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Figure 5.2: Solutions for the integration of (5.3) given as a function of a unique integration time step
∆t. Results for smooth cases: the four approximate solutions in cyan lines, the implicit integrations in
green lines, the mixing strategy in red, the exact solution in black.
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(b) Relaxation of α from αn “ 1.0´ 1.0 ¨ 10´6 to αeq “ 0.5, ε “ 1.0 ¨ 103.

Figure 5.3: Solutions for the integration of (5.3) given as a function of a unique integration time step
∆t. Results for stiff cases: the four approximate solutions in cyan lines, the implicit integrations in green
lines, the mixing strategy in red, the exact solution in black.
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In future work, it would be interesting to consider high-order ODE solvers (Radau5, VODE...) and make
a comparison in terms of computational costs with the computation of the exact solution. In particular,
this computational cost may have a strong influence in a real-case simulation, where the source terms
must be integrated in numerous cells.

5.2 Integration of the 5-equation oscillating source term

The source terms of the 5-equation system have effects on the equations on α and w. We recall here that
in the second stage of the operator splitting process, the integration of the source terms lies in solving
the following system of ODEs:

$

’

’

&

’

’

%

dtα “
ρY w
?
ν

dtw “
F pαq

ρY
?
ν

´
ε

ν
w

(5.18)

where F pαq has been introduced in the previous section. Besides the fact that two variables are now
concerned with the source terms, their nature is different from the relaxation source term of the 4-
equation system. Indeed, while the relaxation source term was behaving similarly to an exponential
decrease towards equilibrium, for the 5-equation system, this decrease is closer to a damped harmonic
oscillator, as system (5.18) also reads:

d2
tα`

ε

ν
dtα´

F pαq

ν
“ 0, (5.19)

obtained by deriving the equation on α with respect to time in (5.18). In this context, F pαq can be
physically interpreted as a non-linear stiffness.

Let us also introduce the vector U “ pα,wq
T , and rewrite (5.18) as:

dtU “ G pUq . (5.20)

5.2.1 Study of the differential equation

Exact integration:

In Chapter 2, we have seen that the equations for α and for w are equivalent to the Rayleigh-Plesset’s
equation, that models the pulsations of bubbles. If the term F pαq in (5.19) were linear, this ODE
would correspond to a damped harmonic oscillator. However, the non-linearity of this term has two
non-negligible effects:

• it is a very strong return term that forces the volume fraction to stay within the interval s0, 1r
whatever the initial conditions and the values of ε and ν (that can lead to very stiff configurations),

• near the limits α “ 0 and α “ 1, it may take arbitrarily large values, which lead to numerical
difficulties in these zones (see for instance the test case of Appendix B where the stiffness of the
ODE is extremely high).

An analytical solution to equation (5.19) is out of reach here. We can only show that in long times,
when ε ą 0, αptq Ñ αeq, and w Ñ 0. For these reasons, we are interested in approximate solutions in
the sequel.

Taylor expansion and approximate solution to the ODE:

As for the relaxation source term of the previous section, let us develop F pαq in a Taylor series near a
chosen value α˚. The formula is given by (5.8). At first-order, the oscillating ODE (5.19) becomes:

d2
tα`

2

τ
dtα` ω

˚
0

2
α`

α˚F 1pα˚q ´ F pα˚q

ν
“ 0, (5.21)
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with τ “ 2ν{ε, ω˚0
2
“ ´F 1pα˚q{ν. The solution of this second order ODE is given by the classic solution

of the damped harmonic oscillator. The integration from t “ 0 to t “ tf reads:

αptf q “ α˚´
F pα˚q

F 1pαq˚
`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

γ˚ expp´tf {τq sinpθ˚ ` ω˚tf q if ω˚0 ą 1{τ,

ˆˆ

L˚

τ
`M

˙

tf ` L˚
˙

expp´tf {τq if ω˚0 “ 1{τ,

A˚ exp

¨

˝´
p1`

b

1´ ω˚0
2τ2qtf

τ

˛

‚ ` B˚ exp

¨

˝´
p1´

b

1´ ω˚0
2τ2qtf

τ

˛

‚ if ω˚0 ă 1{τ,

(5.22)

with:

γ˚ “

˜

L˚
2
`

ˆ

M ` L˚{τ

ω˚

˙2
¸1{2

, θ˚ “ arctan

ˆ

ω˚L˚

M ` L˚{τ

˙

, ω˚ “

`

ε2 ` 4νF 1pα˚q
˘1{2

2ν
,

L˚ “ αp0q ´ α˚ `
F pα˚q

F 1pαq˚
, M “

ρY wp0q
?
ν

,

A˚ “

»

–M `
1´

b

1´ ω˚0
2τ2

τ
L˚

fi

fl

τ

´2
b

1´ ω˚0
2τ2

, B˚ “

»

–M `
1`

b

1´ ω˚0
2τ2

τ
L˚

fi

fl

τ

2
b

1´ ω˚0
2τ2

.

Let us note that the first part of the solution in (5.22) can also been written as:

αptf q “ α˚ ´
F pα˚q

F 1pαq˚
` expp´tf {τq

ˆ

L˚ cospω˚tf q `
M ` L˚{τ

ω˚
sinpω˚tf q

˙

,

where the initial condition is obviously recovered when tf “ 0. We can also see that α ÝÑ
tÑ`8

α˚ ´
F pα˚q

F 1pαq˚
,

with oscillations of pseudo-period ω˚ and a decreasing rate of 1
τ . Both ω

˚ and τ depend on parameters
ε and ν:

• when ε ! ν, the characteristic damping time τ increases, while ω˚ is closer to the natural frequency
ω˚0 . The behavior of the solution is thus close to an undamped harmonic oscillator;

• when ν ! ε, the characteristic damping time τ decreases and the pulsation ω˚ increases. We get
than a solution which is rapidly damped, but whose frequency of oscillations can be large.

The second case appears to be stiff, and can cause integration difficulties.

5.2.2 Numerical source integration strategies

As in the previous section, we consider various approximations of the solution of (5.20), which will be
used in a one time step integration strategy of low-order accuracy:

• solutions based on the exact resolution of a damped harmonic oscillator-like ODE (5.21),

• implicit strategies consisting in solving the system (backward Euler method):

Un`1 “ Un `GpUn`1q, (5.23)

or at higher orders, like the backward differential formulae Curtiss and Hirschfelder (1952), in
solving:

s
ÿ

k“0

akU
n`k “ β

∆t

s
fpUn`sq. (5.24)
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Remark 24. Contrary to the previous section, the exact solution to (5.19) is out of reach here. For
the comparisons of the methods, we will take the solution of a high-order method, namely VODE solver
(Brown, Byrne, and Hindmarsh (1989b)) as a reference solution. A consequence is that we can not study
very stiff cases, since the VODE solver fails.

Let us now present more in detail the different approaches for integrating (5.18). We again integrate
between times t “ tn and t “ tn`1 “ tn `∆t and note αptnq “ αn, αptn`1q “ αn`1.

5.2.2.1 Solutions based on the approximate equation

We consider here the approximate solution (5.22) for two different choices of α˚.

Solution for α˚ “ αn:

Assuming that the integration time step is small compared to the damping characteristic time, ∆t ! τ ,
one can use α˚ “ αn. The approximate solution is then given by (5.22), where in particular

L˚ “
F pαnq

F 1pαnq

The main drawback of this option is that the so-defined solution αAptq does not tend to αeq for large
integration time steps ∆t.

Solution for α˚ “ αeq:

When the initial volume fraction αn is close to the equilibrium value αeq, and the variable w is also close
to 0 (little pulsation effects), one can choose α˚ “ αeq. The approximate solution given by (5.22) has
then the following specific parameters:

F pαeqq “ 0 , L˚ “ αp0q ´ αeq.

This so defined solution αB has a good long time behavior, as it tends to the equilibrium value, but may
be less accurate than αA at very short times when α remains close to αptnq.

Defaults of these approximate solutions:

Although these approximate solutions have the advantage of using approximate analytical formulations,
we will see below with the different tests that they hardly handle stiff cases. These cases occur when αeq
or αn is close to 0 and 1, and the initial decreasing or increasing rate of the solution is large. This may
be due to a large difference between αn and αeq, which implies large values for L˚ and γ˚. In the same
way, large values of wn make the parameter M be large too. The approximate solutions are then going
out of the interval s0, 1r, until the damping effect brings them back closer to the equilibrium value.

5.2.2.2 Implicit integrations

As for the 4-equation source term, we present here the implementation of Backward Differentiation
Formulae for implicit integration. They are known to be A-stable and are easy to use. Moreover, they
are also more stable for integration over small time steps. The drawbacks of these methods may be
their computational cost and their lower accuracy, as we will see when comparing with the approximate
solutions of the previous paragraph.

For the first oder implicit method, let us consider the following system:
$

’

’

&

’

’

%

αn`1 “ αn ` ∆t
ρY wn`1

?
ν

wn`1 “ wn ` ∆t
F pαn`1q

ρY
?
ν

´ ∆t
ε

ν
wn`1
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which, by rearranging the different terms, is equivalent to:
$

’

’

&

’

’

%

αn`1 “ αn ` ∆t
ρY
?
ν

ν ` ε∆t

ˆ

wn `∆t
F pαn`1q

ρY
?
ν

˙

wn`1 “

ˆ

wn `∆t
F pαn`1q

ρY
?
ν

˙

´

1`∆t
ε

ν

¯´1 (5.25)

Then, we can solve the first equation in (5.25) to get αn`1, and then the second one for wn`1.

Let us note that the first equation can be written in the form:

αn`1 “ αn ` Cn `∆t2
F pαn`1q

ν ` ε∆t
,

which is very close to the implicit formula for the 4-equation source term. The same demonstrations
could be used to prove the first two properties of Proposition 5. However, if wn ‰ 0, the third point of
Proposition 5 is not verified, as pulsations described by w bring the system out of equilibrium.

The principle of the second order BDF is the same as for the 4-equation system. It consists in solving
the following system:

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

αn`1{2 “ αn `
1

2
∆t

ρY wn`1{2

?
ν

wn`1{2 “ wn `
1

2
∆t

F pαn`1{2q

ρY
?
ν

´
1

2
∆t

ε

ν
wn`1{2

αn`1 “ 4
3α

n`1{2 ´ 1
3α

n ` 1
3∆t∆tρY w

n`1
?
ν

wn`1 “ 4
3w

n`1{2 ´ 1
3w

n `
1

3
∆t

F pαn`1q

ρY
?
ν

´
1

2
∆t

ε

ν
wn`1

(5.26)

5.2.3 Comparisons of the numerical solutions

In this part, we compare the different approaches presented previously, for the integration of (5.18):

• αA the approximate solution given by (5.22) with α˚ “ αn,

• αB the approximate solution given by (5.22) with α˚ “ αeq,

• αBDF1 the solution obtained with the first order implicit integration satisfying (5.25),

• αBDF2 the solution obtained with the second order implicit integration satisfying (5.26).

A reference solution is provided by VODE solver (from the Scipy.integrate package), integrated through
time with 1000 time steps. The solutions we compare, however, are integrated on only one time step ∆t,
and the results are given as a function of ∆t.

In a first time, we study smooth cases, namely cases with initial conditions close enough to equilibrium
(defined by αn “ αeq and wn “ 0) so that the approximate solutions do not leave s0, 1r.

For very stiff cases, VODE solver may fail to converge (as does Radau5 in Appendix B). The tests we
are presenting below are not too stiff for these methods to work, but stiff enough to show the limits of
our approximate solutions. The question of solving extremely stiff configurations is still open, and we
propose at the end of this section a naive numerical strategy that ensures α Ps0, 1r for a reasonable cost.

5.2.3.1 Smooth cases

We present three smooth configurations, corresponding to the three regimes of the damped harmonic
oscillator:

• in the first regime (see Figure 5.4a), one observes damped oscillations. The approximate solution αB
is very close to the reference solution in long times, and only slightly underestimates the damping
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in short times. The approximate solution αA is not as accurate as αB : the period of its oscillations
is different and it does not tend to the equilibrium state. Both implicit methods do not develop
the oscillating behavior, but tend to the equilibrium in long times.

• in Figure 5.4b, the solution stands close to the critical regime defined by ω˚0 “
1
τ . The approximate

solution αB is again the closest solution to the reference one for this test. The approximate solution
αA does not converge towards the equilibrium state. The second-order implicit method is closer
than in the first test, but is not accurate in long integration times.

• these observations are the same for the third regime, namely the overdamped regime presented in
Figure 5.4c.

5.2.3.2 Stiff cases

In the stiff cases, the initial conditions (αn and wn) are such that the real solution goes very close to
the borders of the admissible values for α which are 0 and 1. While the reference solution is maintained
inside s0, 1r due to the non-linear effects, the approximate solution is not in most cases. From now on,
we do not consider αA, since it gives less accurate results than αB in most cases.

We can observe these defects of the approximate solution αB in Figure 5.5a, where the volume fraction
equilibrium value is close to 1, and the initial condition is such that 1 ´ αn “ 4p1 ´ αeqq. Then, the
approximate solution αB is lead beyond 1. However, we can see that the decreasing rate and the period
of oscillations seem close to the reference solution. As for the smooth case, the implicit solutions are not
oscillating, but stay below 1.

In Figure 5.5b, the volume fraction stays in the neighborhood of the value 0. Although at initial state,
αn “ αeq, a large value of wn generates strong oscillations. In the approximate solution αB , values of α
become negative, but again, periods of oscillations and damping are close to the reference solution. The
implicit solutions still give poor results, although the volume fraction stays positive. We also show in
Figure 5.5c the evolution of the variable w, which is well-approximated by αB .

5.2.3.3 Conclusion and towards a final strategy

Let us first recall that the tests presented above are chosen so that VODE solver can work. There are
indeed many very stiff configurations where this solver fails. For such situations, we are looking for
a robust method, i.e. that is able to keep the value of α in its set of admissible values s0, 1r. With
the objective of developing such methods, we have studied in this section two main approaches for the
integration of the ODE (5.18) (or equivalently (5.19)):

• integrations based on the exact solution of an approximation of (5.19), issued from a Taylor ex-
pansion in the neighborhood of either the initial solution (this is the approximate solution αA) or
the equilibrium value (this is the approximate solution αB);

• standard first and second order implicit Euler methods: αBDF1 and αBDF2 respectively.

These methods have been compared for an integration over one time step ∆t (without sub-steps) for
smooth and stiffer configurations. The approximate method αB provides an integration close to the exact
solution, but with values of α that can leave the interval s0, 1r, especially for small integration times ∆t
where the equation (5.19) is stiff. The first and second-order implicit integrations guarantee α Ps0, 1r,
but their accuracy over one iteration is lower than the approximate solutions. In practice, for the rest of
the present study, we propose to use the approximate solution αB with a clipping process when it gives
unacceptable values for α: in these cases, α is set to ξ or 1 ´ ξ, with ξ ą 0 small enough, but we keep
the value of w.

Before considering higher-order methods in future works, it seems necessary to better understand the
origin of the stiffness in (5.19), and study the influence of the source term integration in practical
applications. In particular, we use αB in the study of the numerical dispersion relations in the next
section. The same study could be done with different ODE solvers and the results could be compared.
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(a) Long time integration and oscillatory regime: ν “ 1.0, ε “ 1.0 ¨ 104.
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(b) Long time integration and critically damped regime: ν “ 1.0, ε “ 1.3 ¨ 105.

Figure 5.4: Comparison of the approximate solutions αA and αB in cyan, the implicit solutions in
green: first-order with diamonds, second-order with triangles. Integration over one time step ∆t. The
reference solution for the integration of (5.18) is given by a VODE solver in black. αeq “ 0.5 ; αn “ 0.4
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(c) Long time integration and overdamped regime: ν “ 1.0, ε “ 5.3 ¨ 105.

Figure 5.4: (continued) Comparison of the approximate solutions αA and αB in cyan, the implicit
solutions in green: first-order with diamonds, second-order with triangles. Integration over one time step
∆t. The reference solution for the integration of (5.18) is given by a VODE solver in black. αeq “ 0.5 ;
αn “ 0.4
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(a) Stiff initial condition which leads to α ą 1 for the approximate solutions:
αn “ 1.0´ 4.0 ¨ 10´2, αeq “ 1.0´ 1.0 ¨ 10´2. ν “ 1.0, ε “ 1.0 ¨ 104.

Figure 5.5: Comparison of the approximate solution αB in cyan, the implicit solutions in green: first-
order αBDF1 with diamonds, second-order αBDF2 with triangles. Integration over one time step ∆t. The
reference solution for the integration of (5.18) is given by a VODE solver in black.
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(b) Stiff initial condition which leads to α ă 0 for the approximate solutions:
αn “ 1.0 ¨ 10´3, αeq “ 1.0 ¨ 10´3, wptnq “ ´7.0 ¨ 104. ν “ 1.0, ε “ 1.0 ¨ 104.
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(c) Stiff initial condition which leads to α ă 0 for the approximate solutions.

Figure 5.5: (continued) Comparison of the approximate solution αB in cyan, the implicit solutions in
green: first-order αBDF1 with diamonds, second-order αBDF2 with triangles. Integration over one time
step ∆t. The reference solution for the integration of (5.18) is given by a VODE solver in black.
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5.3 Numerical tests of the whole discretization strategy

In Chapter 4 and in the first part of this chapter, we have proposed methods to numerically solve the
two-phase systems (4.1). Let us recall here the global strategy:

• the convective and source term parts of the equations are solved in successive steps, according to
an operator splitting method (presented in the introduction of Part II);

• the convective part, which is hyperbolic, is solved numerically with an approximate Riemann solver
Relax-B and an appropriate discretization of the transport equations, as presented in Chapter 4,
section 4.2;

• the source terms are integrated by using approximate solutions of the ODEs, which have just been
presented in this chapter, section 5.1 and 5.2.

This strategy is applied to all systems that were derived in Chapter 1, section 1.4. We have already tested
the accuracy and the robustness of the integration of the convective part, as well as the integration of
the ODEs (for which, strategies to ensure α Ps0, 1r have been proposed). A first question is: "What are
the accuracy and the robustness of the whole strategy?".

Another aspect tested in this section is the ability of the numerical schemes to preserve the asymptotic
limits of the solutions. Indeed, from a modeling point of view, we know that the 3-equation system is
the equilibrium limit of the 4-equation system when the parameter ε tends to zero. When considering
a pressure perturbation in the form of an acoustic wave, this relation between the two systems is also
observed through the phase velocity and spatial attenuation of the wave: when ε decreases, the phase
velocity shifts from the Frozen value (cFrozen) to the Wood’s one (cWood), while attenuation decreases.
In the same way, for a fixed value of ε, when ν tends to zero, the dispersion relations of the 5-equation
system uniformly tend to those of the 4-equation one. These asymptotic transitions have been studied
analytically in Chapter 2, section 2.4. The second question addressed in this section is: "Do the
numerical schemes preserve the asymptotic behaviors of the models?".

5.3.1 Issues in the resolution of low-frequency acoustic waves

In this section, we present an issue which is related to the resolution of the 4-equation system in the
limit εÑ 0: the relaxation numerical scheme that was presented in Chapter 4, section 4.2 is indeed very
diffusive in this asymptotic limit. Thus the expected asymptotic solution of the 4-equation system, which
should be close to the solution of the 3-equation, shows an attenuation of the acoustic waves that is too
high. In order to illustrate this issue, we present first a series of tests, and try to determine the origin of
the problem. Then, we perform an analysis of the truncation error for the relaxation scheme applied to
the 4-equation system, and show that in low-frequency limits, the numerical dispersion relations differ
from the analytical ones. We finally propose a first modified scheme, which improves the accuracy of the
solution for the tests that are presented here, but is not always stable, as we will see in the next sections.

5.3.1.1 First observations from the test of the propagation of a pressure perturbation:

Let us consider a periodic 1D domain on which the following initial conditions apply:
$

&

%

pp0, xq “ fpxq
αp0, xq “ 1.0 ¨ 10´2

up0, xq “ 0
(5.27)

and:

fpxq “

$

&

%

p0 ` sin

ˆ

2πpx´ 0.5q

0.1

˙

if x P r0.45, 0.55s m,

p0 else.

with p0 “ 1.0 ¨ 105. We also assume the pressure equilibrium: p1p0, xq “ p2p0, xq. The space step of the
discretization is ∆x “ 5.0 ¨10´3 m. The Relax-B numerical scheme is used to solve the convective part of
each model, and αB ODE solver is used for the integration of the source term in the 4-equation system.
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For times t ą 0, the pressure perturbation will give rise to two new waves, whose magnitudes are twice
smaller than the initial one. These waves will propagate in the domain at velocities ´c and c, where c
can be cWood, cFrozen or cPuls, according to the model, the values of ε and ν and of the signal wavelength.
They will also be attenuated, according to the model and to the values of the parameters. For instance,
in Figure 5.6a, we show the pressure field ppt, xq at time tf “ 2.0 ¨ 10´4 s for both the 3-equation model
and the 4-equation model with a very large value of ε (ε “ 1.0 ¨ 1015): we can observe that the wave
from the 3-equation model propagates at c “ cWood and the wave from the 4-equation model propagates
at c “ cFrozen. Both waves are little attenuated. This is in agreement with the analytical dispersion
relations in this regime (of frequency and for the value of ε). Now, let us study the case with ε ! 1.

Solutions obtained with the original schemes:

In Figure 5.6b, one can see a comparisons of the 3-equation and 4-equation pressure fields for this test at
a time t “ 5.0 ¨10´3 s and with ε “ 1.0 ¨10´15. Here, we expect the 4-equation solution to be close to the
3-equation one, since ε ! 1: the waves should propagate at c “ cWood and be little attenuated. However,
this is not the case: the wave from the 4-equation model is extremely attenuated and it is thus difficult
to determine its propagation velocity. By comparing the results of the two simulation, we have noted
that the time steps were really different. Thus, we can suspect a harmful numerical diffusion effect. Let
us explore this track.

Solution with a different CFL constraint:

Still considering the same initial conditions, the same models and numerical schemes, let us just change
the time steps in the computation of the 3-equation solution: we choose to consider the CFL constraint
by using cFrozen instead of cWood. This would also come down to take a CFL coefficient of about 0.07
for this special test. The rest of the scheme is kept unchanged, as well as the scheme for the 4-equation
system. The solutions for the 3-equation system with modified CFL constraint and for the 4-equation
system are presented in Figure 5.7a: we can note that the 3-equation solution is more attenuated than
in Figure 5.6b, but is still significantly less attenuated than the 4-equation solution.

Solution with different characteristic velocities:

Let us also change the value of a inside the Riemann problem for the 3-equation: we recall that a
was defined in Chapter 4, section 4.2 and is more or less equal to ρc, with c the characteristic velocity
(cWood, cFrozen or cPuls). Then, for the 3-equation system, we choose to compute a according to cFrozen
instead of cWood. The time steps computation is consequently modified, and comes down to the same
CFL constraint as in the previous paragraph. The rest of the scheme is kept unchanged, as well as the
scheme for the 4-equation system. The solutions for the 3-equation system with modified a and for the
4-equation system are presented in Figure 5.7b. One can now see that the dissipation rates are of the
same order for the 3-equation and 4-equation solutions: both solutions are too attenuated.

The last test consists in going back to the original scheme for the 3-equation system, and change the
computation of a in the scheme for the 4-equation system. Now a is computed according to cWood instead
of cFrozen. One can note, from Figure 5.7c where the results are presented, that:

• the 4-equation solution is still stable, although the subcharacteristic condition is not satisfied for
Relax-B associated to the 4-equation system,

• the dissipation rates of both models are finally of the same order of magnitude, and the wave is
little attenuated.

To conclude briefly from these tests and observations, we can say that the dissipation in the 4-equation
system solution seems to be related to the value of a, which is computed using cFrozen in the original
scheme Relax-B: the value of cFrozen (« 1500 m/s) is used whatever the wavelength of the acoustic
perturbation and whatever the value of ε. However in configurations similar to the test presented here,
the solution of the 4-equation system should be close to the solution of the 3-equation system, according
to the analytical dispersion relations. There, the characteristic velocity is cWood (« 107 m/s). In
Appendix C, we propose an analysis of the truncation errors when the 4-equation system is solved with
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(a) Solution at time t “ 2.0 ¨ 10´4 s; ε “ 1.0 ¨ 1015.
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(b) Solution at time t “ 5.0 ¨ 10´3 s; ε “ 1.0 ¨ 10´15.

Figure 5.6: Propagation of an acoustic wave in a gas/liquid mixture, with α “ 1.0 ¨ 10´2.
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(a) Solution at time t “ 5.0 ¨ 10´3 s; ε “ 1.0 ¨ 10´15. CFL condition for the 3-equation
system is « 0.07.
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(b) Solution at time t “ 5.0 ¨ 10´3 s; ε “ 1.0 ¨ 10´15. The value of a in the 3-equation
Riemann’s solver is chosen as a “ ρcFrozen.

Figure 5.7: Propagation of an acoustic wave in a gas/liquid mixture, with α “ 1.0 ¨ 10´2. N “ 200.
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(c) Solution at time t “ 5.0 ¨ 10´3 s; ε “ 1.0 ¨ 10´15. The value of a in the 4-equation
Riemann’s solver is set to a “ ρcWood.
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(d) Solution at time t “ 5.0 ¨ 10´3 s; ε “ 1.0 ¨ 10´15. Yellow curve corresponds to the
modified Bouchut’s scheme, using a “ ρcPhasep2Π{∆tq.

Figure 5.7: (continued) Propagation of an acoustic wave in a gas/liquid mixture, with α “ 1.0 ¨ 10´2.
N “ 200.
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a Lax-Friedrich’s flux, in the limit of small values of ε. This study deserves improvement and should be
done for Relax-B. However, it seems that the spatial attenuation of acoustic waves in the regime ε ! 1
is artificially increased by numerical diffusion. This has lead us to consider a modified scheme, which is
presented below.

5.3.1.2 Proposition of correction for Relax-B

We propose to adapt the value of a, used in Relax-B scheme according to the analytical dispersion relations
of the 4-equation system, which provide the sound speed cPhase as a function of the wave pulsation ω.

Numerically, the pulsation ω could be related to the numerical time step ω “ 2π{∆t. Then we propose
to modify Relax-B scheme of Chapter 4, section 4.2, such that a “ ρcPhasep2π{∆tq. In the configuration
of the test from the previous paragraphs, this was done with the choice of a “ ρcWood (see results in
Figure 5.7d) in the limit ε ! 1.

One can note that this corrected scheme has a default: when ∆x decreases, due to the CFL constraint,
∆t decreases too, while the physical pulsation of the pressure perturbation is kept unchanged. So, the
value of ω is not really representative of the pressure waves, and for values of ∆x small enough, one
might recover the strong dissipation rate of the 4-equation solution.

Up to now, we have not mentioned the 5-equation model and its associated scheme. In practice (for
the tests presented thereafter), we have not noticed any problem in the limit ν Ñ 0: in this limit, both
4-equation and 5-equation solutions are the same. However, we recover the same problem as for the
4-equation system when ε Ñ 0. Thus, we can propose a similar modification of Relax-B: we compute
the value of a according to a characteristic frequency ω and the acoustic phase velocity cPhasepωq issued
from the analytical dispersion relations. This correction is however far from being a satisfying solution:
in the next section we will encounter configurations where the modified scheme is unstable.

5.3.2 Tests of acoustic waves propagation and numerical dispersion relations

Let us present here two concrete applications of the numerical schemes that have been presented so far:

• the first test consists in studying the propagation of an acoustic wave, when it passes from one
medium to another, namely from a pure liquid phase to a gas/liquid mixture. Due to the difference
of the acoustic impedances of these two media, which depend on the models, and on the values
of parameters ε and ν, a part of the wave is reflected at the interface between these media, while
another part is transmitted;

• from the test of a propagating acoustic wave in a mixture medium (in the same way as for the test
of the previous paragraphs), we compute the propagation velocity and spatial attenuation of the
wave for different values of the parameters ε and ν. Thus we draw the dispersion relations of the
numerical schemes.

For all the tests, we use both Relax-B scheme and the modified version of Relax-B proposed in the
previous section. The source terms are integrated using the approximate ODE solvers from the first part
of this chapter.

5.3.2.1 Study of the acoustic impedance

Let us consider a 1D domain r0, 1s with boundary conditions at infinity and on which the following initial
conditions apply:

$

&

%

pp0, xq “ fpxq
αp0, xq “ gpxq
up0, xq “ 0

(5.28)
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with:

fpxq “

$

&

%

p0 ` sin

ˆ

2πpx´ 0.5q

0.1

˙

if x P r0.45, 0.55s m,

p0 else.

and:

gpxq “

"

1.0 ¨ 10´10 if x ă 0.7 m,
1.0 ¨ 10´4 else.

with p0 “ 1.0 ¨ 105. We also assume the pressure equilibrium: p1p0, xq “ p2p0, xq, and no pulsation
wp0, xq “ 0. The space step of the discretization is ∆x “ 5.0 ¨ 10´3 m.

The left part of the domain (x ă 0.7 m) can be considered as pure liquid, while the right part is a mixture
made of a small volume fraction of gas. The initial condition, as well as the propagation of the pressure
wave is illustrated in Figure 5.8 for the 3-equation model. We can see that, when the wave reaches the
interface between the two media (x “ 0.7 m), one part of the incident wave is reflected and propagates
in the opposite direction, while another part is transmitted in the mixture medium, and propagates at
cWood velocity.

The proportion γr of the incident wave magnitude that is reflected and the proportion γt that is trans-
mitted are related to the acoustic impedances ZL, ZR of the left and right media respectively, by:

γr “
Z1 ´ Z2

Z1 ` Z2
,

γt “
2Z1

Z1 ` Z2
.

For fluid media, the acoustic impedance is given by Z “ ρcPhase.

The comparison of the solutions for the three models and different values of ε and ν are presented in
the different figures of Figure 5.9. For all these tests, one can note little improvement of the corrections
proposed in the last section. This is due to the presence of the liquid phase, whose characteristic velocity
is the most constraining for the time step computation. Moreover, the value of this velocity does not
change with the models.

In Figure 5.9a and Figure 5.9d, one stands close to the equilibrium (ε ! 1 and ν ! 1) and all models
behave as the 3-equation model.

In Figure 5.9b and Figure 5.9e, ε has an intermediate value, while ν ! 1. One can see that the 5-equation
model behaves like the 4-equation model: the wave propagates faster in the mixture medium than cWood
velocity.

In Figure 5.9c, ε " 1 and the wave of the 4-equation system is fully transmitted, propagates at cFrozen
velocity and is little attenuated in the mixture zone. This behavior is also recovered in Figure 5.9g,
where ε " 1 and ν " 1. This regime corresponds to the frozen regime.

In Figure 5.9f, the values of ε and ν are such that the resonance regime is reached. There, we can observe
a strong deformation of the wave when it crosses the two zones interface.

Finally in Figure 5.9h, we show a case where the modified scheme of the previous section becomes
unstable: one can see indeed high-frequency pressure oscillations in the mixture zone (in the red circle).

5.3.2.2 Numerical dispersion relations

From the test case with initial conditions (5.27), we compute the numerical dispersion relations and
compare them with the analytical ones. For simplicity of computations, these relations are not functions
of the acoustic wavelength (as in Chapter 2), but they vary with the values of the parameters: ε for the
4-equation model, ε and ν for the 5-equation model. This has the drawback however of complicating the
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(d) t “ 2.1 ¨ 10´2 s.

Figure 5.8: Propagation of an acoustic wave under the 3-equation model from a liquid zone (α “

1.0 ¨10´10 in the darkest blue zones) to a mixture zone (α “ 1.0 ¨10´4 in the lightest blue zones). Results
are presented for different times of the simulation.
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(a) ε “ 1.0 ¨ 10´15.
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(b) ε “ 1.0 ¨ 105.

Figure 5.9: Propagation of an acoustic wave from a liquid zone (α “ 1.0 ¨ 10´10 in the darkest blue
zones) to a mixture zone (α “ 1.0 ¨ 10´4 in the lightest blue zones). Results for the three models and for
different values of ε and ν are presented at time tf “ 2.8 ¨ 10´4 s.
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(c) ε “ 1.0 ¨ 1010.
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(d) ε “ 1.0 ¨ 10´6, ν “ 1.0 ¨ 10´15.

Figure 5.9: Propagation of an acoustic wave from a liquid zone (α “ 1.0 ¨ 10´10 in the darkest blue
zones) to a mixture zone (α “ 1.0 ¨ 10´4 in the lightest blue zones). Results for the three models and for
different values of ε and ν are presented at time tf “ 2.8 ¨ 10´4 s.
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(e) ε “ 1.0 ¨ 105, ν “ 1.0 ¨ 10´15.
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(f) ε “ 1.0 ¨ 104, ν “ 1.0.

Figure 5.9: Propagation of an acoustic wave from a liquid zone (α “ 1.0 ¨ 10´10 in the darkest blue
zones) to a mixture zone (α “ 1.0 ¨ 10´4 in the lightest blue zones). Results for the three models and for
different values of ε and ν are presented at time tf “ 2.8 ¨ 10´4 s.
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(g) ε “ 1.0 ¨ 1010, ν “ 1.0 ¨ 1010.
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(h) ε “ 4.8 ¨ 103, ν “ 1.0 ¨ 10´2.

Figure 5.9: Propagation of an acoustic wave from a liquid zone (α “ 1.0 ¨ 10´10 in the darkest blue
zones) to a mixture zone (α “ 1.0 ¨ 10´4 in the lightest blue zones). Results for the three models and for
different values of ε and ν are presented at time tf “ 2.8 ¨ 10´4 s.
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analytical formulae for the 5-equation system, due to the resonance phenomena. For this system, only
the asymptotic behaviors (ε ! 1 and ν ! 1) are studied.

For each simulation, the computation is stopped when the wave reaches a given location xstop in the
domain. From the solution at this time step tstop, the phase velocity is given by pxstop ´ xinitq {tstop.
The spatial attenuation is given by half the ratio of the wave magnitude between tstop and the initial
time.

In Figures 5.10, we show the results for the 3-equation and 4-equation models when ε varies. Since the
3-equation model is independent of ε, the relations are constant: the phase velocity is cWood, and the
spatial attenuation is a measure of the numerical dissipation. For the 4-equation model, the numerical
dispersion relations are globally close to the analytical ones. The transition from cWood to cFrozen occurs
at the same value for ε. Moreover, it also corresponds to the maximum spatial attenuation. For small
and large values of ε, this attenuation should be decreasing. But numerically this attenuation is bounded
from below by the numerical dissipation. One can note that the modified scheme from paragraph 5.3.1
gives results that are closer to the 3-equation model for low value of ε.

In Figure 5.11, we present the dispersion relations for the 5-equation model for three fixed values of ε:
1.0 ¨ 10´15, 1.0 ¨ 104 and 1.0 ¨ 1015. For the 5-equation model, the analytical dispersion relations are more
complex to compute, since in the transition zone, multiple modes are excited. Consequently, we only
show the numerical dispersion relations, that correspond to the less attenuated modes. We can see that
for ε “ 1.0 ¨ 10´15, the results tend to the dispersion of the 3-equation model for low values of ν. For
ε “ 1.0 ¨ 104, the 4-equation phase velocity and spatial attenuation are recovered for low values of ν.
Finally, for ε “ 1.0 ¨1015, the system behaves the same whatever the value of ν. Once more, for low values
of ε and ν, the correction proposed in paragraph 5.3.1 enables to recover the same attenuation rate as the
3-equation system. However, in the case of the 5-equation model, the analytical phase velocity is more
complex to estimate and in some cases, the correction underestimates the real velocity of information,
which raises instabilities.
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(b) Spatial attenuation according to ε.

Figure 5.10: Numerical dispersion relations for the 3-equation (black curve) and 4-equation (red curve
for the Relax-B scheme and yellow curve for correction presented in 5.3.1) models, computed from the test
of an acoustic wave propagation (λ “ 0.1 m) in a gas-liquid mixture with α “ 1.0 ¨ 10´2. The analytical
solution is given in blue dashed line.
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(a) Phase velocity according to ν, ε “ 1.0 ¨ 10´15.
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(b) Spatial attenuation according to ν, ε “ 1.0 ¨ 10´15.

Figure 5.11: Numerical dispersion relations for the 3-equation or 4-equation (black curve) and 5-
equation models (green curve for the Relax-B scheme and cyan curve for the modified one), computed
from the test of an acoustic wave propagation (λ “ 0.1 m) in a gas-liquid mixture with α “ 1.0 ¨ 10´2.
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(c) Phase velocity according to ν, ε “ 1.0 ¨ 1015.
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(d) Spatial attenuation according to ν, ε “ 1.0 ¨ 1015.

Figure 5.11: (continued) Numerical dispersion relations for the 3-equation or 4-equation (black curve)
and 5-equation models (green curve for the Relax-B scheme and cyan curve for the modified one), com-
puted from the test of an acoustic wave propagation (λ “ 0.1 m) in a gas-liquid mixture with α “ 1.0¨10´2.
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(e) Phase velocity according to ν, ε “ 1.0 ¨ 104.
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(f) Spatial attenuation according to ν, ε “ 1.0 ¨ 104.

Figure 5.11: (continued) Numerical dispersion relations for the 3-equation or 4-equation (black curve)
and 5-equation models (green curve for the Relax-B scheme and cyan curve for the modified one), com-
puted from the test of an acoustic wave propagation (λ “ 0.1 m) in a gas-liquid mixture with α “ 1.0¨10´2.
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5.4 Conclusion

Let us summarize the different aspects that have been addressed in this chapter. We have first studied
methods for integrating the source terms of our two-phase systems of equations. The difficulty of these
integrations lie in the fact that the ODE may become very stiff in the neighborhood of α P t0, 1u, and
high-order A-stable and L-stable solvers, such as Radau5 (Hairer and Wanner (1996)) or VODE (Brown,
Byrne, and Hindmarsh (1989b)) fail in the integration of the source term of the 5-equation system. This
has motivated the development of solvers dedicated to these particular source terms. The solutions which
have been retained are based on the exact solutions of an approximate ODE and an additional clipping
which ensures α Ps0, 1r. In the future, more work can be done in order to:

• estimate the order of accuracy of these approximate solutions,

• further analyze the origins of the stiffness of the ODE,

• improve the accuracy of the methods, considering high-order integration methods with A-stable
and L-stable properties and which ensure α Ps0, 1r whatever the time of integration ∆t.

Then we have tested the whole numerical strategy, which is based on operator splitting, on Relax-B
scheme and on the approximate source term integration. With a last modification of Relax-B, we have
been able to recover numerically a form of the analytical dispersion relations of Chapter 2 and correct
asymptotic behaviors of the numerical solution. Here again, further investigation of some aspects seem
necessary:

• we have hit a problem of large numerical diffusion in the limit ε Ñ 0 for the 4-equation and
5-equation models. A first cure has been proposed, which is based on the modification of the
characteristic waves in the Riemann problem. However, this modified scheme seems to be unstable
in some configurations, and may probably loose its accuracy when the discretization is refined. A
better modified scheme should be proposed,

• higher-order ODE solvers could be used and the same numerical tests could be performed and
compared with the results presented here, so as to estimate the impact of the order of accuracy of
the source term integration.



Chapter 6

Accurate numerical strategies on
quadrangular non-conforming meshes

6.1 Introduction

The general framework of the numerical simulations we want to perform involves the use of AMR
techniques, and more specifically cell-based Adaptive Mesh Refinement (AMR), by using the p4estlibrary
(presented in Chapter 7) and its applicative code CanoP(Chapter 8). We propose in this chapter a set
of methods which enable to benefit from this AMR framework. In particular, three points are studied
here:

• The cell-based AMR method generates non-conforming grids. The numerical solutions of the two-
phase models must then be computed on these particular grids, which can be considered either as
an unstructured meshes made of cells with a varying number of faces, or as cartesian-like grids,
provided that all cells have a quadrangular shape in 2D (and hexahedral shape in 3D).

• One must also choose a strategy for mesh adaptation, so as to ensure a constant accuracy of the
numerical solution while reducing the cost of the resolution in specified spatial zones.

• Finally, following numerical experiments, it has been noticed that the resolution of compressible
two-phase system on non-conforming grids in the low-Mach number limit gives very poor results.
For monophasic flows, this problem is well-known and different cures to the low-Mach issue exist.
One of them was also proposed for two-phase flows (Girardin (2014)), but is had never been tested
in an AMR framework.

These three aspects are developed in this chapter and we present the methods which have been imple-
mented in the CanoPcode. But first, let us recal two notions that will be referred to at different stages
of this chapter.

Non-conforming grids Cartesian non-conforming meshes are composed of cells of the same topology
type (hexahedron, tetrahedron...) but of possibly different sizes. Contrary to cartesian meshes and usual
unstructured meshes, in non-conforming meshes, although the number of faces of a cell is fixed, the
number of its neighbors across the faces may vary. If the non-conforming mesh is of cartesian type, this
means that its cells can be given an order, linking each cell to its neighbors. A non-conforming cartesian
mesh can be built departing from a conforming cartesian one: cells are then recursively split into new
cartesian sub-grids.

It is standard to give a limit to the number of neighbors across a face, and thus the size ratio of two
neighboring cells. When this ratio is at most two, the mesh is said to be 2:1 balanced. If it is built
from a coarse cartesian mesh, that is to be locally refined, the 2:1 balance constraints each cell to be split
into at most 4 new cells in 2D (and 8 new cells in 3D). Moreover, when a recursive refinement process is
used, the last step must consist in verifying the 2:1 balance constraint between all neighboring cells (an
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Figure 6.1: Example of a non-conforming grid.

illustration of non-conforming mesh with 2:1 balance is given in Figure 6.1). Let us note that the number
of newly created cells in case of refinement is not necessary 4 (or 8) but can be less. Such anisotropic
grids can be found in the works of Freret and Groth (2015) for example.

In the following, we adopt classic notations pertaining to unstructured meshes to describe the AMR
grid: the cell i is noted Ki, its volume is |Ki| while |Γij | and nij are respectively the surface and the
unit normal of the interface between two neighboring cells i and j (or sub-face |Γij |). The vector nij is
oriented from cell i to cell j. We note N piq, the set of all neighboring cells of cell i and Nqpiq, the set of
neighboring cells of cell i in the direction q “ x, y, z.

Conservative / non-conservative variables In this chapter, we consider hyperbolic system of con-
servation laws writing:

BtW ` BxFxpWq ` ByFypWq ` BzFzpWq “ SpWq, (6.1)

where W is the vector of conservative variables, S stands for body force source terms and the fluxes
Fq verify the rotational invariance property FqpWq “ R´1

q FxpRqWq, with Rq being defined as the
associated rotation matrix.

While conservative variables are useful when using Godunov methods (as presented in Chapter 4), other
sets of variables may also be of interest. For example, when using a second-order MUSCL scheme (as
presented later), it is recommended to use the primitive variables or entropic ones, especially during
the slope limiting process. For the Euler system of equations, conservative variables are pρ, ρu, ρEqT ,
primitive ones are pρ,u, EqT , entropic variables pρ,u, sqT or even pp,u, sqT (cf Berthon (2005)).

Ω denotes the open convex set of admissible states for the conservative variables, meaning that any W P Ω
must satisfy some restrictions for the solution to keep a physical meaning. For the Euler equations, Ω is
convex and defined as the set of positive density and internal energy:

Ω “
 

W P RN | ρ ą 0 and E ´ |u|2{2 ą 0
(

(6.2)

Remark 25. We expect other variables to satisfy such admissibility conditions, such as pressure p or
volume and mass fractions in the case of two-phase flows. These conditions are ensured by the state laws
associated with the model.

6.2 Finite volume methods applied to non-conforming grids

In the following paragraphs, we present a series of numerical features, which are related to the resolution
of conservative systems of equations such as (6.1), using finite volume methods on non-conforming grids.
These features are used in the CanoPcode (presented in Chapter 8).

6.2.1 Flux computation and solution update

Let us consider a cell Ki of a 2D non-conforming cartesian grid. This cell has four faces, but may
have more than four neighbors. The strategy we choose to update the solution in cell Ki is to compute
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Figure 6.2: Non-conforming grid and the different fluxes associated with cell Ki in one space direction.

the numerical fluxes Φij through each sub-face Γij of Ki (as illustrated in Figure 6.2), and update the
solution in Ki with the formula:

Wn`1
i “ Wn

i ´
∆t

|Ki|

ÿ

jPN piq

|Γij |Φ
T
ijnij ,

where ∆t is the time step of integration, whose value is discussed below. To ensure the conservation
property, the solution in the neighboring cells of Ki will be updated using the same values of numerical
fluxes Φij .

Remark 26. The choice of computing the fluxes across each sub-face is especially adapted to the cell-
based AMR approach, where non-conforming faces may be encountered for a lot of cells. In block-based
AMR, however, the sub-grids are made of several cells: each sub-grid is considered as a whole sub-domain
and its borders are considered as boundary zones that necessitate special treatment. Usually, a layer of
ghost cells with the same level of refinement as inside the block is created at this boundary zone. The
cells in the ghost layer are filled with copied, averaged or interpolated values of the solution of a coarser
level grid (in case of patch-based), or of the neighboring patch or block. The numerical fluxes are then
always computed between cells with the same level of refinement.

The time step is computed using a CFL condition over the whole grid:

∆t ď
1

2
min

i,jPPN piq

ˆ

σij |Γij |

|Ki|

˙

, (6.3)

where σij is the maximum wave velocity in the Riemann problem at face Γij . The solution is thus
integrated in all cells with the same time step. Local time stepping (or subcycling) is often associated with
AMR techniques (see Berger and Oliger (1984); Berger and Collela (1989); Golay, Ersoy, Yushchenko,
and Sous (2015) among others), but has not been tried yet in our work (except first tests in Fikl (2014)).

6.2.2 Dimensional splitting

The structure of the grid which is considered here (Cartesian-like grids) enables to use standard dimen-
sional splitting (Leveque (2004)). This splitting consists in updating the solution in successive steps using
the numerical flux operators associated with the dimension components of the physical flux Fx, Fy and
Fz from system (6.1). In the following, we will not consider the source terms S: they are systematically
solved using operator splitting (see Chapter 5). A consequence of this choice is discussed in Appendix
D when a gravity source term is added to the equations and well-balanced issues arise.

In the following, we present three dimensional splittings:

• an unsplit method, where fluxes are computed in all directions, and the solution update is performed
in one iteration,

• a Godunov (or Lie) splitting method, where each direction is updated successively, necessitating
thus two iterations in 2D (and three in 3D),
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• a Strang splitting method, where each direction is updated over a half time step successively given
an specified order, and then are updated in another half time step successively in the reverse order.

Remark 27. These three methods have been integrated in CanoP, since some numerical schemes (like
the all-regime scheme presented in section 6.5), necessitate an unsplit strategy. For other cases, the
Godunov and Strang splitting give more accurate solutions, for the reasons presented below.

Unsplit scheme The full scheme using the unsplit method for updating the convective part of (6.1)
in cell Ki from time tn to time tn`1 “ tn `∆t is:

Wn`1
i “

`

l∆t
x `l∆t

y `l∆t
z

˘

Wn
i ´ 2Wn

i , (6.4)

where the operator l∆t
q is defined by

l∆t
q Wi “ Wi ´

∆t

|Ki|

ÿ

jPNqpiq

|Γij |pe
T
q nijqR

´1
q Φij , Φij “ ΦpRqWi, RqWjq, (6.5)

for q “ x, y, z and pWL,WRq ÞÑ Φ being a choice of numerical flux.

The time step ∆t is chosen to satisfy the CFL-like condition (6.3). This restriction ensures the stability
of the solution, as explained is Chapter 4. It can also be seen in the following way: information should
not propagate through more than one cell during the time step ∆t. Moreover, since all directions are
solved and since information may propagate transversally to the directions, condition (6.3) ensures that
the information propagation does not reach a corner neighbor during ∆t.

Dimensional splitting: In order to approximate the solutions of (6.1), dimensional splitting consists,
during a time step ∆t, in solving successive one-dimensional problems, associated with each direction,
using a discretization of (6.1) with a classic 1D finite volume method.

The particularity of non-conforming meshes is that sub-faces have to be dealt with. However, when the
non-conforming grid is cartesian-like, at each sweep in the direction, one can treat all faces and sub-faces
orthogonal to this direction, whatever their number.

The full scheme for advancing the convective part of (6.1) in cell Ki from time tn to time tn`1 is then
given for a first order dimensional slitting by:

W˚
i “ l∆t

x Wn
i , W˚˚

i “ l∆t
y W˚

i , Wn`1
i “ l∆t

z W˚˚
i ,

or which can also be written:

Wn`1
i “ l∆

z l∆
y l∆

x Wn
i . (6.6)

Due to the dimensional splitting, the CFL constraint is not as restrictive as for unsplit methods: since
we solve consecuting 1D problems, the CFL condition may become:

∆t ď min
q

min
i,jPNqpiq

ˆ

σij |Γij |

|Ki|

˙

, q “ x, y, z.

We can note that, compared with formula (6.3), the Courant number 1
2 was changed to 1: although

stability analysis of 1D schemes often requires a Courant number C “ 1
2 (Godlewski and Raviart (1996)),

in practice, choosing C “ 1 gives stable results. One advantage of Lie splitting over unsplit method is
that time steps can be twice as large. For some finite volume schemes, this can have an influence on
the numerical diffusion of the scheme, and consequently on the accuracy of the numerical solution (as
noticed in Leveque (2004)).

However, as mentioned in the introduction of Part II Lie operator splitting introduces a first order
splitting error in time, unless the operators l∆t

q commute. To ensure a higher-order method, one can
then increase the order of accuracy of the solution by using a Strang splitting, or by alternating the order
in which the directions are solved, from one time iteration to the other, as proposed in Leveque (2004).
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Strang splitting: Strang splitting is used here, as Lie splitting, by treating all at once the faces and
sub-faces orthogonal to successive directions. In the case of system (6.1), the procedure comes down to
solve the equations according to the x then y, then z directions on a half time step, and again z then y
then x directions on the other half time step. The update procedure (6.6) is then replaced by:

Wn`1
i “ l∆t{2

x l∆t{2
y l∆t{2

z l∆t{2
z l∆t{2

y l∆t{2
x Wn

i , (6.7)

leading to a numerical scheme that is second order in time and space, provided that each operator l
∆t{2
q

is itself at least second order accurate in time and space. One can note that the z direction is integrated
over two half time steps, instead of one entire. The reason for this is that we consider, in our works,
numerical fluxes, whose order of accuracy is at most two. Then, there can be a difference between
integrating successively two times over 1

2∆t and one time over ∆t. In order to keep an isotropic level of
accuracy, we have chosen to integrate the z direction the way of (6.7). It was noticed in Leveque (2004)
that Strang splitting is not always more advantageous than Godunov splitting, especially for schemes
with a diffusion increasing when the number of time iterations is increased.

Remark 28. When source terms operators lS are considered, the formula (6.7) can be modified as:

Wn`1
i “ l∆t{2

x l∆t{2
y l∆t{2

z l∆t
S l∆t{2

z l∆t{2
y l∆t{2

x Wn
i ,

if the source term is the stiffest operator (and assuming it is solved over ∆t with a sufficient accuracy).

Conclusion on dimensional splittings: We have presented three methods for the integration of the
dimensional components of the flux operator: one unsplit method, which is not the most accurate, but is
required for some numerical schemes (the all-regime scheme for example), when dealing with deformed
grids, or with triangular grids (see end of Chapter 8) ; the Lie splitting method, which gives a priori a
first-order splitting method and a Strang splitting method, which is higher-order accurate, but requires
to integrate over half time steps.

6.2.3 Boundary conditions

Let us give here some details on the boundary conditions that can be applied at the domain borders, and
more particularly on the three conditions that will be used in the numerical tests of Chapter 9, namely
the periodic, infinite domain conditions and symmetric conditions.

Periodic boundary conditions: With these conditions, the domain is assumed to be cyclic or periodic.
For a quadrangular domain, this condition assumes that the cells at the right border of the domain are
neighboring the cells of the left border, and that the cells at the upper border are neighbors of the cells at
the lower border. The treatment of this boundary condition requires particular attention with the grid
management (when defining the connectivities of the cells), but the numerical scheme is not impacted
by this boundary condition.

Infinite domain: The infinite domain let all waves traveling outside of the domain, and assumes that
no new quantity enters the domain. Let W “ pu,Vq

T be the vector of variables composing the solution,
with u the material velocity and V the other variables. If Wi is the value of the solution in cell Ki

at the domain border, with face Γij being the domain boundary with normal nij oriented along the q
direction, then the numerical flux at this face is given by Φij “ ΦpRqWi, RqWiq.

Symmetric boundary conditions: Let us consider the same notations as in the previous paragraph.
With the symmetric boundary conditions, no matter is allowed to go out of the domain. This is ensured
by setting Wj “ pu´ 2puTnijqnij ,Vq

T and computing the numerical flux at the boundary with Φij “

ΦpRqWi, RqWjq.

Remark 29. The last two conditions are defined in a classic way (Leveque (2004)) whatever the type of
grid. Using non-conforming grids is not an issue here.



178 Chapter 6 - Accurate numerical strategies on quadrangular non-conforming
meshes

x

ρptn, xq

ρni

+
xi´2

+
xi´1

+
xi

+
xi`1

+
xi`2

Figure 6.3: Illustration of piecewise linear reconstruction (in blue) of a scalar function in the finite
volume framework.

6.3 MUSCL-Hancock second order reconstruction

Here, we consider again cartesian-like non-conforming grids and we propose to use the dimensional
splitting strategy presented above to solve the solution through a second-order scheme in each direction.
Spatial reconstructions of the solution are made according to the MUSCL scheme (van Leer (1979)) and
with slope limiters (Sweby (1984)), and the second order in time is provided by the predictor-corrector
Hancock’s method (van Leer (1984)).

6.3.1 1D slope reconstruction

A way to obtain a second-order extension of the Godunov method is to consider piecewise linear solutions,
instead of piecewise constant ones. This method was first proposed in van Leer (1979) and is named
Monotonic Upstream Schemes for Conservation Laws (MUSCL).

In fact, these piecewise linear solutions are reconstructed at each time step, and then used for updating
the piecewise constant solutions as defined at the beginning of Chapter 4. In each cell Ki, it is then
evaluated using the local mean value Wi, and the values in the neighboring cells Wi´1 and Wi`1 (see
illustration in Figure 6.3). This helps computing the values Wi,i´ 1

2
and Wi,i` 1

2
at the interfaces of cell

Ki in a more accurate way than with the piecewise constant approach. The idea is, afterwards, to solve
the Riemann’s problems using the reconstructed values Wi´1,i´ 1

2
and Wi,i´ 1

2
at interface i ´ 1

2 and
values Wi,i` 1

2
and Wi`1,i` 1

2
at interface i ` 1

2 . The linear reconstruction does not necessarily apply
on the conservative variables: several authors (Berthon (2005) for example) recommend to choose the
primitive or entropic variables instead.

Then let us consider a smooth change of variables Λ and a set of new variables U such that W “ ΛpUq.
Now, let σi be the local slope of the solution in cell Ki. The local linear approximation is defined by:

Upxq “ Ui ` σi px´ xiq .

For a cell of size ∆x, the approximations of the conservative variables at the interfaces are then given
by:

Wi,i˘ 1
2
“ Λ

ˆ

Ui ˘
1

2
σi∆x

˙

. (6.8)

Remark 30. When performing a reconstruction on variables different from the conservative ones, one
must ensure that the interfacial values are still in the domain of admissible states (meaning ensuring
that density ρ stays positive for instance).

Now, let us note that we have at our disposal three local values (namely Ui´1, Ui and Ui`1) to compute
a linear function, that only necessitates two of them. Multiple choices can be considered, among them:
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• a centered reconstruction for each component U of U:

σcentered
U,i “

Ui`1 ´ Ui´1

xi`1 ´ xi´1
,

• left and right reconstructions:

σleft,right
U,i “

Ui ´ Ui˘1

xi ´ xi˘1
,

where the left slope is assigned ` and the right ´ subscripts.

However, these reconstructions do not always give TVD schemes (see Leveque (2004) for more details).
We call a slope limiter, a function that defines the local linear reconstruction and that ensures the
TVD property of this reconstruction. Usual limiters are minmod, monotonized central, osher, superbee...
As we will not use all of them in the future, let us just give the formula for minmod:

σminmod
U,i “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

σleft
U,imax

˜

0, min

˜

1,
σright
U,i

σleft
U,i

¸¸

if |σleft
U,i| ą 0

0 else
(6.9)

This formula indicates that the slope is chosen as the lowest absolute value between the left and the right
reconstructed slopes, if they both have the same sign. The final slope is null if the left and right slopes
have opposite signs. This choice is quite constraining, since it involves a clipping at extrema, and thus a
loss of accuracy in these zones. Some improvements to this defect can be found in other slope limiters,
or with the One-Step-Monotonicity-Preserving schemes of Daru and Tenaud (2004).

However, MUSCL reconstruction method with minmod limiter enables the numerical scheme to be of
second order in space in zones of smooth variations of the solution, and is TVD. One now needs a method
which is second order in time to hope for a full second-order scheme.

6.3.2 MUSCL-Hancock scheme

Principles and properties of the MUSCL-Hancock scheme: The MUSCL-Hancock method was
first presented in van Leer (1984). One can also find a description in Toro (2009) and a stability analysis in
Berthon (2006). This space and time second-order method is based on a MUSCL linear reconstruction
and on a prediction step for the local variables at an intermediate time step tn`

1
2 “ tn ` ∆t

2 . The
advantage of MUSCL-Hancock method lies in the prediction step that does not need multiple resolutions
of interfacial Riemann’s problems (as in the case of Runge-Kutta methods for instance): one needs to
compute it once using only the local data of cell Ki and the slope of the linear MUSCL reconstruction
σi.

While MUSCL-Hancock method has a low computational cost, it requires nevertheless some constraints
to ensure the L1-stability of the solution (see explanations in Berthon (2006)):

1. the first order scheme used to compute the numerical fluxes must be L1-stable,

2. not all slope limiters are compatible with this method, but only those satisfying the following
criterion, that ensures the preservation of the convex variable space Ω:

κUi ˘ σi∆x P Ω, (6.10)

3. the time steps ∆t must satisfy conditions that are more complex than the usual CFL constraint,
as they depend on different quantities computed during the procedure.

The first constraint is satisfied by the approximate Riemann solvers described in Chapter 4.

A method is proposed in Berthon (2006) to cure the third constraint. In practice, we will see that a CFL
of 1

2 is sufficient for the models and schemes we are using.

As far as the second constraint is concerned, classic slope limiters can be adapted so as to satisfy criterion
(6.10). However, we can show that the minmod limiter verifies (6.10), and that is why we only consider
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this limiter in the following. Indeed, let us assume that initially Wi´1,Wi and Wi`1 P Ω. Then, in the
case when σminmod

i “ σleft
i ě 0, and that conservative variables are reconstructed, we have

Wi ´ σ
minmod
i ∆xleft “ Wi ´

Wi ´Wi´1

∆xleft
∆xleft

“ Wi´1 P Ω

Wi ` σ
minmod
i ∆xright ď Wi ` σ

right
i ∆xright

ď Wi`1

and Wi ` σ
minmod
i ∆xright ě Wi, then, with Ω convex, we have Wi ` σ

minmod
i ∆xright P Ω.

Assuming that σminmod
i “ σleft

i ď 0, we still have Wi ´ σ
minmod
i ∆xleft “ Wi´1 P Ω, and now:

Wi ` σ
minmod
i ∆xright ě Wi ` σ

right
i ∆xright

ě Wi`1

and Wi ` σ
minmod
i ∆xright ď Wi, then, with Ω convex, we have Wi ` σ

minmod
i ∆xright P Ω.

A similar demonstration can be performed with σminmod
i “ σleft

i , and the case σminmod
i “ 0 is trivial.

1D MUSCL-Hancock procedure: Now, let us now detail the MUSCL-Hancock method, as used in
the CanoPcode. We recall that the method decomposes into three steps:

1. linear reconstruction of the solution using MUSCL method,

2. a prediction step at an intermediate time step ∆t{2,

3. interfacial flux computation using the user’s selected flux formula.

Linear reconstruction

We recall that Λ is the change of variables from the set reconstructed variables to the conservative
variables: Λ : U ÞÑ W. At time tn and in the local cell Ki, we compute the slope σni by using the
minmod formula (6.9), and the first intermediate left and right values Un

i,i´ 1
2

and Un
i,i` 1

2

using (6.8). We

will now go back to the conservative variables and define: Wn
i,i´ 1

2

“ Λ
´

Un
i,i´ 1

2

¯

, Wn
i,i` 1

2

“ Λ
´

Un
i,i` 1

2

¯

.

Prediction step

At a fictitious intermediate time step tn`
1
2 “ tn ` 1

2∆t, we evaluate two new predicted variables using
the following formulae:

W
n` 1

2

i,i´ 1
2

“ Wn
i,i´ 1

2
´

1

2

∆t

∆x

´

FpWn
i,i` 1

2
q ´ FpWn

i,i´ 1
2
q

¯

,

W
n` 1

2

i,i` 1
2

“ Wn
i,i` 1

2
´

1

2

∆t

∆x

´

FpWn
i,i` 1

2
q ´ FpWn

i,i´ 1
2
q

¯

.

We can note that in this step, one does not need to consider the values of cells Ki´1 and Ki`1.

Remark 31. In Berthon (2006), this step is considered as the resolution of two Riemann problems inside
the cell Ki: this is how the L1-stability is proved.

Flux computation

Let ΦpWL,WRq be the numerical flux, used for first-order finite volume scheme. The 1D MUSCL-
Hancock scheme finally writes:

Wn`1
i “ Wn

i `
∆t

∆x

´

Φ
´

W
n` 1

2

i´1,i´ 1
2

,W
n` 1

2

i,i´ 1
2

¯

´ Φ
´

W
n` 1

2

i,i` 1
2

,W
n` 1

2

i`1,i` 1
2

¯¯

. (6.11)

Time step evaluation
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Figure 6.4: Illustration of the one-dimensional procedure for slope reconstruction.

As mentioned previously, some care should be taken when computing ∆t. Indeed, to ensure a L1-stability
of the scheme, one can ensure L1-stability for each of its sub-steps. This means that we must ensure
that any intermediate variable W satisfies W P Ω. In practice, we will use the reconstructed variables
Vn
i,i´ 1

2

and Vn
i,i` 1

2

to locally estimate the eigenvalues λki of the Jacobian matrix and compute the time
step according to the following CFL condition:

@i,@k,
|λki |∆t

∆x
ď

1

2
. (6.12)

6.3.3 Application to non-conforming grids

Up to now, we have presented methods for 1D problems, where cells get a left and right neighbor. These
methods can easily be extended to cartesian 2D and 3D grids, using dimensional splitting and solving
a 1D problem in each direction, or simply reconstructing the slopes using the classic minmod formula.
Now, let us consider cartesian non-conforming meshes, as presented at the beginning of this chapter.
In these configurations, we can consider each direction individually, with the particularity that multiple
sub-faces can be associated to each direction.

In the CanoPcode, we have chosen to consider a very rough approach: it consists in computing a slope
for each direction (which is a mixing between the mono-slope and multi-slope approaches, as developed
in Colella (1990)). Although this approach is not TVD, we will see with that the numerical results of
Chapter 9 are however good.

In each direction q, let us consider all faces and sub-faces of a cell Ki, and let us compute the slopes
pσkqkPNqpKiq using the values in cell Ki and in all its neighbors NqpKiq. We note that the 1D mesh
considered here has not a fixed space step ∆x: we must take into account the real distances separating the
cells centers. In CanoP, we use a projection of this distance in the direction where the slope is computed.
For instance in Figure 6.4, the space step ∆xi1 is computed by ∆xi1 “

1
2

`

∆xi `
1
2∆xi

˘

“ 3
4∆xi.

Then we apply the minmod limiter to these slopes two by two, to ensure 1D TVD. The MUSCL-Hancock
procedure is thus applied in each direction separately.

We can note that this procedure is not optimal: although it shows good stability, the order of the scheme
is less than 2, and degenerates easily to a first order scheme due to minmod limiter and due to the large
probability that two slopes are of contrary sign within all the slopes associated with one cell. There is
space for improvement of the considered method.
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6.3.4 Summary of the finite volume methods for non-conforming grids

In the previous two sections, we have presented some methods to solve balance equations such as (6.1)
on non-conforming grids: how fluxes are computed for each sub-face, some boundary conditions, second-
order scheme.

Moreover, we take advantage of the Cartesian-like structure of the considered non-conforming grids to
use some standard methods associated with the finite volume schemes, like the dimensional splitting
strategies or 1D slope reconstruction.

The cartesian character of the grid is not general however. Indeed, to better comply with complex domain
geometries, the cells may be deformed and splitting methods are not adapted there. This is also the
case when considering triangular grids. In these cases, the unsplit strategy is used and multidimensional
slope reconstructions must be designed.

6.4 Refinement strategies for AMR methods

By using AMR, we are looking for a method which is able to preserve the accuracy of a numerical solution
while reducing its computational cost by compressing some parts of the spatial grid. This compression
procedure involves the coarsening of some cells of the mesh and the refinement of other cells, according
to the evolution of the numerical solution. Thus, the two following aspects must be considered:

• the choice of a criterion, according to which cells are refined or coarsened,

• the computation of the numerical solution in the newly created cells.

The choices that are made to treat these two points can greatly influence the accuracy of the numerical
solution and the computational cost of the simulation. Similarly to the choice of a numerical scheme,
one is looking for the best compromise between accuracy and computational cost.

Remark 32. In this paragraph, we are not talking about the computational overhead of AMR codes in
comparison with a code based on cartesian grids. This will be discussed in Chapter 7. We assume here
that, whenever a mesh is compressed (i.e. coarsened out of the spatial zones of interest), the computational
costs are reduced comparing with the resolution on a uniform fine grid with the same level of accuracy.
This statement obviously needs to be refined since mesh handling also has a cost.

6.4.1 Heuristic refinement criteria

The question of choosing a refinement criterion comes down to ensure that the quality of the solution is
not damaged by coarser zones in the spatial domain, while getting as few cells as possible. In Introduction,
we have mentioned multi-resolution methods (Harten (1994)), and AMR methods with criteria based
on the truncation error of the numerical solution (Berger and Oliger (1984); Freret, Ivan, Sterck, and
Groth (2017)). Here, we focus on an approach based on heuristic criteria, and more specifically on the
gradients of some physical quantities.

The idea of the heuristic criteria based on the gradients of the numerical solution is to get a fine mesh
where the solution presents strong variations and coarser cells where the solution is nearly uniform. An
example of adapted grid for a variable φ is given in 1D in Figure 6.5 (blue grid).

In a first approach, the local discrete gradients are estimated by:

∇i` 1
2
φ “ 2

φi`1 ´ φi
∆xi `∆xi`1

.

One can also consider dimensionless versions of these gradients, for non-zero values of the variables:

∇̃i` 1
2
φ “

2

φm

φi`1 ´ φi
∆xi `∆xi`1

, φm “ max p|φi|, |φi`1|q ` ε. (6.13)

with ε ! 1 and ε ą 0.
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Now, the question is to use this quantity to control the local cell size, and thus the local numerical error.
A first option would be to associate to each value of the dimensionless gradient ∇̃i` 1

2
φ a spatial step

f : ∇̃i` 1
2
φ ÞÑ ∆x, where f is a decreasing step function, which is bounded from below. f will then assign

the minimum cell size to cells with gradients values above a given threshold.

A second option is based only on the dimensionless difference of the numerical solution between two
cells:

∆̃i` 1
2
φ “

φi`1 ´ φi
φi

. (6.14)

The norm of this quantity is then compared to a fixed threshold ξ. If |∆̃i` 1
2
φ| ą ξ, then the local cell

must be refined. Else, it can be coarsened.

In CanoP, the second option is retained. Let us justify this choice by comparing the two options in
two configurations encountered during a simulation, namely the grid adaptation according to the initial
condition, which defines the initial grid, and the grid adaptation during the simulation.

Initial condition: the initial condition of a simulation is often provided by an analytical solution. Let
us assume that the initial condition is first given on a uniform grid, with the smallest possible cells.

• With the first option, the procedure consists in visiting all cells of the grid, in computing the local
gradients using (6.13), and then using the step function f to determine the appropriate size of the
cell. The grid is then modified accordingly and the analytical solution is computed in each new
cell.

• With the second option, all cells are also visited, the quantity (6.14) is computed, compared to
the threshold ξ and possibly marked for coarsening. Then, the mesh is modified and all cells that
have been marked are coarsened of one level. The solution in these cells is given by the analytical
solution. This procedure must be done recursively, until coarsening is no more possible.

We can see that, in theory, the first option only necessitates one step of the coarsening procedure, while
the second option is recursive and needs multiple steps. However, in practice, due to mesh management
issues, and especially with cell-based grids, a simple way to adapt the grid according to the first option
is to recursively coarsen the mesh.

Mesh adaptation during the simulation: now, the numerical solution is given at a time tn and we
would like to refine or coarsen zones where this solution presents steep gradients, or on the contrary is
quite uniform.

• With the first option, all cells are visited, local gradients are computed and a corresponding cell
size is prescribed by the function f . Mesh is then changed accordingly and the numerical solution
is updated according to the update formulae discussed in the next paragraph.

• With the second option, all cells are visited, the quantity (6.14) is computed, compared to the
threshold ξ, and cells are marked for refinement or coarsening. Mesh is then changed: cells that
have been marked for refinement are refined by one level, cells that have been marked for coarsening
are coarsened by one level.

The first method ensures that the grid is effectively well adapted to the numerical solution, according to
the definition of the step function f . However, as for the case of the initial solution, this mesh adaptation
would necessitate multiple iterations of grid adaptation. On the contrary, the second approach requires
only one iteration of mesh adaptation, but the new grid may not be entirely satisfactory (if a new
adaptation procedure were applied, the grid would be modified again). For practical reasons, we do
not want to perform recursive mesh adaptation during the simulation. Thus, the option based on the
difference between two cells (6.14) is as accurate as the the option based on the gradient of the solution
(6.13). Considering that, dealing with a threshold ξ is simpler than dealing with the step function f .
We finally retain the criterion (6.14) in our adaptation procedure.

In cases of systems of equations, we must determine on which variables, the refinement criterion must
rely. With a heuristic approach, the choice of the variables of interest will depend on the problem to
be solved. For instance in low-speed interfacial flows, where neither compressible effects nor turbulence
influence the flow, one can afford a fine mesh near the interface and assume that a coarser mesh is enough
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x

φptn, xq

Figure 6.5: Continuous function in red, uniform coarse mesh in purple, adapted mesh in blue.

to solve the zones of low velocity variations. On the contrary, for highly compressible flows, where shocks
and rarefactions may occur, or when one is interested in acoustic wave propagation, one will certainly
have to choose pressure and velocity variations as criteria.

Multiple thresholds can be used when multiple variables are taken into account in the criterion. Equiv-
alently, one can define a unique function W ÞÑ CpWq in each cell Ki, that will be compared with a
unique threshold ξ. This function is thus defined by:

CpWqi “ max
jďN

!

αpjqDpφpjqqi

)

, (6.15)

where N is the number of variables in W, αj is a series of user-defined coefficients and:

Dpφpjqqi “ max
!

∆̃i,kφ
pjq | k P N piq

)

.

Finally, one can use two thresholds for deciding whether to refine or to coarsen, so as to avoid constant
changes of the mesh that would occur when the value of the criterion CpWqi is close to a unique threshold.
These thresholds ξrefine and ξcoarsen are then such that:

ξrefine ą ξcoarsen (6.16)

For each simulation presented in Chapter 9, details on the criteria and thresholds will be given.

6.4.2 Mesh adaptation procedure

Each time the grid must be adapted, one will first go through each cell Ki of the current mesh, and
determine if it has to be refined or coarsened. Assuming a criterion and thresholds are given, the
procedure is then:

1. Compute CpWqi,

2. Compare CpWqi with ξrefine and ξcoarsen:

• if CpWqi ą ξrefine, then cell Ki is marked for refinement,

• else if CpWqi ă ξcoarsen, then cell Ki is marked for coarsening,

• else, it is marked for no necessary change.

3. Mesh is then modified and new values inside each cell are set according to the procedures that are
described in the following paragraphs.

Coarsening cells: When coarsening a set of cells into a larger one (as illustrated in 2D in Figure 6.6),
the only conservative way to set the new variables values of cell Ki is to average the original cells values
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Ki
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Kp0qi
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Kp1qi
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Kp2qi

‚
Kp3qi

refining

coarsening

Figure 6.6: Sketch of a 2D cell refinement or coarsening.

weighted by the volume of these cells. For example for a variable φ, and a coarsening of N old cells into
a new one, this writes:

φpκiq “
1

|κi|

ÿ

jăN

φ
´

κ
pjq
i

¯
ˇ

ˇ

ˇ
κ
pjq
i

ˇ

ˇ

ˇ

When solving systems of equations, in order to conserve quantities such as mass, momentum, energy
during the coarsening process, it seems obvious to do the averaging on the conservative variables. An
other option used to set the values in the coarsened cells is discussed in Appendix D, where gravity
effects are taken into account.

Refining cells: There exist different strategies used when refining cells. The simplest one consists in
simply copying the old variable values of cell κi into the newly created cells. This ensures an automatic
conservation of the conservative variables, and has no impact on the numerical solution before the next
time step in the numerical resolution. This is done for instance in Golay, Ersoy, Yushchenko, and Sous
(2015) when first-order finite volume schemes are used.

However, the point of refining cells is precisely to improve the local accuracy of the solution. Reconstruc-
tion techniques can thus be considered, so as to set the values into each new cell according to the form of
the solution in the neighborhood of these new cells. This information may be based on the estimation of
the local gradients (using directional slope reconstructions or least squares methods). In Ersoy, Golay,
and Yushchenko (2013), it is proposed to use the gradients computed during the second-order MUSCL
scheme. Or, when gravity source terms are present, hydrostatic profiles may need to be reconstructed
in the new cells. All these reconstruction techniques should be used so as to preserve the conserved
quantities.

In the following, except for the gravity cases, which are discussed in Appendix D, we will take the simple
first option: the solution in each new fine cell is equal to the solution in the old coarser cell.

6.4.3 Conclusion on refinement strategies

In this section, we have proposed methods for adaptive mesh refinement that answer the questions:
Where should the grid be adapted? and How can we do it? :

• a heuristic criterion, based on the steepness of the numerical solution, involves to compute the
quantity (6.15). Then, this quantity is compared to a threshold ξ: when larger, the local cell is
refined, otherwise, it can be coarsened. The variables involved in (6.15) depend on the numerical
test,

• the solution which is set in new coarse cells is obtained by the averaging of the conservative values
from the set of the old finer cells. The solution which is set in a set of fine cells is a simple copy of
the solution from the old coarser cell.

These choices have an influence on the compression error of the numerical solution (defined in the
Introduction of Part II), but it is complex to quantify this error and to try to control it when using a
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heuristic criterion as presented above. Indeed, the compression error will depend on the values given to
the refinement and coarsening thresholds, as well as on the simulated configuration. Some analysis of
the compression error is done in Chapter 9 on an advection test case. To deal with this issue, the multi-
resolution approach (of Harten (1994) for example) is probably the method with the most developed
mathematical grounds.

However, some improvement of the methods presented here can be considered for future studies. First, the
second derivative of the solution could be used to better characterize the non-regularity of the solution.
Indeed, with the finite volume schemes, and more particularly when second-order reconstructions are
used, the first-order variations of the solution are already well resolved. Moreover, the second-order
variations of the solution is also important when solving equations with diffusion terms (see for example
Anthonissen, Bennett, and Smooke (2005) and references to their previous works therein).

Second, in Golay, Ersoy, Yushchenko, and Sous (2015), a criterion based on the production of entropy is
used to characterize the spatial zones where refinement is needed. Such criteria could be applied to our
systems of equations, for which the entropy function is known.

The original AMR method of Berger and Oliger (1984) was based the truncation error of the numerical
solution. This error was estimated by computing the solution over two different levels of refinement, and
comparing the two results. Similar ideas are found in Freret, Ivan, Sterck, and Groth (2017).

6.5 Low-Mach flows and Godunov-type schemes

The last numerical aspect we focus on in this chapter concerns the simulation of 2D and 3D fluid flows,
in a low-Mach number regime, i.e. nearly mechanically incompressible flows.

In this context, one characteristic quantity is the Mach number M , defined by the ratio of the fluid
velocity over the speed of sound:

M “
|u|

c
. (6.17)

For instance, with M ă 1, flows are subsonic, for M « 1 they are transonic, for M ą 1 they are
supersonic. One also encounters the classification of weakly compressible or weakly dilatable flows for
M ă 0.1, and mechanically incompressible for M ă 0.01. We will recall in the following paragraph why
flows are considered as nearly incompressible when the Mach number is very low.

It is furthermore well-known that classic Godunov-type schemes for compressible equations (Euler or
Navier-Stokes) give bad results in the low-Mach regime (Guillard and Viozat (1999); Clerc (2000);
Paillere, Viozat, Kumbaro, and Toumi (2000)). The origin of this defect is not yet fully understood:
some analysis for specific initial and boundary conditions and for the barotropic Euler equations show
that finite volume schemes develop a large numerical viscosity, proportional to M , that leads to a poor
spatial numerical resolution.

Different methods are thus being developed to get rid of this defect and to enable simulations of all-Mach
regime flows. For the barotropic two-fluid equations we are considering in this thesis, we will present two
of the possible approaches that have helped to improve the numerical results for interfacial flows. Some
artifacts in the numerical solutions still have to be solved, as we will see in Chapter 9.

6.5.1 Theoretical analysis of the problem

Let us first give some ideas on the continuous equations, and their asymptotic limit when the Mach
number tends to zero. The rigorous derivation of the incompressible equations from the compressible
ones and the convergence of the solutions from the first system towards the second one in the low-Mach
number limit is still a research topic, since only specific configurations (among them the barotropic
equations, periodic or wall boundary conditions...) are now well-known. We refer to the various works of
Klainerman and Majda (1981); Schochet (1986); Schochet (1994); Lions and Masmoudi (1998); Secchi
(2000); Genieys and Massot (2001) for deeper studies on these aspects.
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From now, let us consider a general form of barotropic fluid equations written as:
$

&

%

Bt pρuq ` divx
`

ρuuT ` p Id
˘

“ 0
Btρ ` divx pρuq “ 0
BtV ` u ¨∇xV “ 0

(6.18)

and the pressure p is a function of ρ and V: ppρ,Vq, with Bρp “ c2pρ,Vq the definition of the isentropic
speed of sound and BVp “ βpρ,Vq.

Dimensionless equations

Let us consider smooth solutions to system (6.18), and write:

ρ “ Rρ̃ , u “ U ũ , p “ P p̃.

Moreover, as we are interested in slow flows, let us consider large time and space scales defined by:

t “ T t̃ , x “ Lx̃ , with U “ L{T.

For the sake of simplicity, we assume that the variables V are uniform and constant. Then the problem
comes down to study the barotropic Euler equations, with the relation:

P “ C2pR,VqR

where C is a characteristic speed of sound.

Remark 33. In two-phase flows, and particularly for interfacial flows, the variables ρ and V are spatially
discontinuous. Getting dimensionless equations seems then more complex (a two-phase low-Mach number
system is proposed in Dellacherie (2005) by considering two separate zones of the flow made of pure
phases). In some cases, such as disperse phase flows, smooth profiles of V can however be encountered.
One will assume here that whatever the value of V, the Mach-number regime is the same (M ă 0.01 for
instance).

Using the previous definitions, the dimensionless system of equations can easily be deduced from (6.18)
and writes:

$

’

&

’

%

Bt̃ pρ̃ũq ` divx̃
`

ρ̃ũũT
˘

`
1

M2
∇x̃ pp̃q “ 0

Bt̃ρ̃ ` divx̃ pρ̃ũq “ 0
Bt̃V ` ũ ¨∇x̃V “ 0

(6.19)

with M “ U{C the characteristic Mach number. The low-Mach regime is defined by the two following
conditions:

• M ! 1,

• the variations of ∇x̃p̃ remain of the order of M2.

Incompressible equations

From system (6.19) and by letting M tend to zero, it is then possible to derive the incompressible
equations for a flow with periodic or wall boundary conditions.

As in Dellacherie (2010), let us assume that the dimensionless pressure and velocity write:

p̃pt̃, x̃q “ p̃p0qpt̃, x̃q ` Mp̃p1qpt̃, x̃q ` M2p̃p2qpt̃, x̃q ` OpM3q,

ũpt̃, x̃q “ ũp0qpt̃, x̃q ` M ũp1qpt̃, x̃q ` M2ũp2qpt̃, x̃q ` OpM3q.

From the momentum equation of system (6.19), we see that the spatial derivatives of p̃ are null for the
zeroth and first orders in M ! 1. We then write:

p̃pt̃, x̃q “ p̃p0qpt̃q ` M2p̃p2qpt̃, x̃q ` OpM3q
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and due to the barotropic state laws and the uniformity of V, we can assume that:

ρ̃pt̃, x̃q “ ρ̃p0qpt̃q ` M2ρ̃p2qpt̃, x̃q ` OpM3q

Now, the mass equation can be written at zeroth order in M :

dt̃ρ̃
p0q ` ρ̃p0qdivx̃ũp0q “ 0,

or

divx̃ũp0q “ ´
dt̃ρ̃

p0q

ρ̃p0q
. (6.20)

When integrating this equation on the whole spatial domain Ω, the left-hand side term becomes:
ż

Ω

divx̃ũp0q “
ż

BΩ

ũp0qTn

“ 0

due to the boundary conditions (wall boundary or periodic boundary conditions).

The right-hand side can be written as:
ż

Ω

dt̃ρ̃
p0q

ρ̃p0q
“
dt̃ρ̃

p0q

ρ̃p0q

and assuming that ρ̃p0q ą 0, one finally finds that:

dt̃ρ̃
p0q “ 0.

Density and pressure finally write:

p̃pt̃, x̃q “ p̃p0q ` M2p̃p2qpt̃, x̃q ` OpM3q

ρ̃pt̃, x̃q “ ρ̃p0q ` M2ρ̃p2qpt̃, x̃q ` OpM3q

where p̃p0q and ρ̃p0q are constant quantities. Coming back to equation (6.20), one can see that at zeroth
order in M , the velocity field satisfies:

divx̃ũp0q “ 0.

Finally, when M Ñ 0, the first order in M system writes:
$

’

’

&

’

’

%

Bt̃

`

ũp0q
˘

` divx̃
´

ũp0qũp0qT
¯

`
1

ρ̃p0q
∇x̃

´

p̃p2q
¯

“ 0

divx̃
`

ũp0q
˘

“ 0

Bt̃V ` ũp0q ¨∇x̃V “ 0

(6.21)

This formulation is close to an (inviscid) incompressible system of equations. Now, the pressure variable
is not related to the thermodynamics of the system anymore. When solving the incompressible equations,
one will have to solve both ∇x̃

`

p̃p2q
˘

and ũp0q.

Solving the incompressible equations is a method largely used in numerous flows configuration. We will
describe later the numerical methods that are associated with this approach. Now, to better understand
why the compressible equations and their finite volume schemes are so difficult to use in the low-Mach
configurations, we propose to use the Hodge-Helmholtz theory, as in Dellacherie (2010).
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Hodge theory

The Hodge, or Hodge-Helmholtz decomposition is, for a given vector field, its unique decomposition into
an irrotational part, a solenoidal part and, depending on the domain topology and boundary conditions,
a harmonic part (Hodge (1989); Lemoine (2014)). Let Ω be an open subspace of Rn and v a vector field
on Ω. Then, the Hodge decomposition of v is:

v “ vθ ` vψ ` vh

such that rot pvθq “ 0 and divpvψq “ 0. The last component is not uniquely defined. For examples of
vh, the reader is referred to Lemoine (2014).

The subspaces of irrotational and solenoidal vector fields are respectively noted Eθ, Eψ Ă
`

L2pΩq
˘n . In

the following, we will assume that there is no harmonic component. One can then show that Eθ and Eψ
are orthogonal (EθKEψ) and their sum is the entire space of vector fields:

Eθ ‘ Eψ “ L2pΩq.

For the incompressible equations, the vector field v corresponds to the velocity field, and the incom-
pressible solution remains in the solenoidal subspace Eψ.
In Dellacherie (2010), the low-Mach formulation for the Euler equations (6.19) is written in the form:

Btq `Hq `
L
M
q “ 0 (6.22)

where H and L respectively stand for the convective and acoustic operators, and the variable q is made of
first order variations of ρ and the velocity field ũp0q: q “

`

r, ũp0q
˘T

. On a torus (a domain with periodic
boundary conditions everywhere), the solenoidal subspace Eψ is associated with the subspace E generated
by the solutions q from the kernel of the acoustic operator L (i.e. such that Lq “ 0). Indeed, these
solutions verify the divergence-free condition for the velocity field, divx̃ũp0q “ 0, and a uniform profile
for r: ∇x̃r “ 0. The subspace E is called the well-prepared subspace, and its orthogonal complement for
the Hodge decomposition is noted EK.
Any solution q of (6.22) will then be decomposed as:

q “ q̂ ` qK , with q̂ P E and qK P EK

According to Dellacherie (2010), and from a result of Schochet (1994), if any initial solution qpt “ 0, xq
is well-prepared, in the sense that

}q ´ q̂} “ OpMq,

with } ¨ } the norm for the Hilbert space
`

L2pΩq
˘d associated with the scalar product q1, q2 ÞÑ

ş

Ω
qT1 q2,

then at time t ą 0, solution qpt, xq of (6.19) is close to the solution q̃ of the incompressible equations by:

}q ´ q̃} “ OpMq.

Study of cartesian grids and divergence operators

Up to the end of the previous paragraph, we have focused on the continuous equations, and their low-
Mach number limit. From a discrete point of view, we expect the solutions to satisfy the same kind of
properties: the numerical compressible solution should stay close to the incompressible solution in the
low-Mach number regime.

An analysis of a Godunov-like scheme for the compressible dimensionless system (6.22) reveals that the
equivalent continuous equations (see definition in Chapter 4) write:

Btq `Hq `
L
M
q “ Bνq (6.23)
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where Bν is a non-isotropic diffusive operator, associated with a numerical viscosity ν, whose magnitude
is of order OpC∆x

M q where ∆x is the spatial discrete step. Probably due to this operator, an initially
well-prepared solution is no longer close to the incompressible solution for times t ą 0. This was proved
for the linear case in Dellacherie (2010). On the other hand, cures to Godunov schemes based on the
reduction of this numerical viscosity seem to improve the numerical results, even for the non-linear
equations.

Remark 34. It is possible to define a discrete well-prepared subspace E∆x for a Godunov-like scheme.
It is then the kernel of the operator L

M ´ Bν . For a cartesian discretization, namely a grid made of
quadrangular cells, E∆x is defined as the set of solutions q such that Bxk ũ

p0q
k “ 0, where k are indices

for the spatial directions. This subspace is very small. It is included into the continuous well-prepared
subspace E, but is far from being equal to it:

E∆x Ł E .

In the case of triangular meshes, however, E∆x is different: on these grids, nearly incompressible flows
can be computed using the classic forms of Godunov schemes and compressible Euler equations. This
seems not true however when considering thermal effects, as can be observed in the numerical results of
Dellacherie (2010).

6.5.2 A review of existing cures

Before presenting the two solutions that were retained and implemented in CanoP, we present here some
methods usually employed for computing low-Mach-number flows.

Incompressible equations As we have seen previously, the incompressible systems of equations can
be considered as the asymptotic limit of the compressible ones when M Ñ 0. Incompressible equations
are widely used for simulating hydrodynamics flows in the low-Mach regime. However, by their definition,
most of the standard methods can not be applied in a flow where different Mach-regime must be taken into
account. Methods based on weakly compressible flows (the incompressible equations are slightly modified
so as to account for density variations) have been developed in Pianet, Vincent, Leboi, Caltagirone, and
Anderhuber (2010) and are compared with the solution of compressible equations in Chapter 10.

Godunov schemes on staggered grids One of the most widespread method for dealing with low-
Mach flows and compressible equations consists in considering that velocity and pressure are discretized
at different locations: while the first one is given at the cells interfaces, the second one is taken at the
centers of the cells. This approach is inspired from the resolution of the incompressible equations, where
staggered grids are necessary for sakes of stability (Hirsch (1990)). With compressible equations, it
was used in Woodward and Colella (1984); Liou (1996); Li and Gu (2008); Bernard-Champmartin and
De Vuyst (2014) and with a different naming, in Grenier, Vila, and Villedieu (2013) (where the centered
discretization of the pressure term comes down to a staggered grid). Using a centered discretization
for pressure permits to cancel out the awkward viscosity in the numerical diffusion tensor. The main
drawback of this method is its need for artificial viscosity so as to be stable. We will see later that the
all-regime correction comes down to a centered discretization of pressure, which is close to the staggered
grids method.

Preconditioning The idea of the preconditioning method is to artificially change the compressibility
of the fluid system when the Mach number tends to zero. This is done through the multiplication by a
preconditioning matrix with the temporal operators, enabling to solve the equations at the time scale
of convection and no longer at that of acoustics. This method was introduced by Turkel (1987) and
was then widely developed Turkel (1993); Guillard and Viozat (1999). However, this approach is more
complex to use in practice than other ones: they are not well adapted to complex boundary conditions
and encounters instability issues (Martelot (2013)).
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Modification of the state laws An other approach which is also based on the modification of the
fluids compressibility consists in changing the thermodynamic state laws by artificially lowering the speeds
of sound. This is done for instance in Chanteperdrix, Villedieu, and Vila (2002). This modification has
two advantages: first, with reduced sound velocities, the Mach number is increased, and the numerical
viscosity, of order O

`

∆x
M

˘

is thus smaller. Secondly, in explicit schemes, the time step, restricted by the
CFL condition, can be larger, as the acoustic constraint is reduced. However, as mentioned in Grenier,
Vila, and Villedieu (2013), changing the compressibility may not be physically relevant with respect to
other effects, such as surface tension, acoustic waves... This method is then limited to some particular
flow configurations.

Modified flux function Based on an analysis of the consistency errors for the Godunov-like schemes,
it is possible to change the flux formulae so as to cancel the bad numerical viscosity. This method is
presented in Girardin (2014); Chalons, Girardin, and Kokh (2016) and we will give a larger presentation
of it below.

Triangular grids As mentioned previously, triangular or unstructured grids show good results what-
ever the Mach-number regime, but only with certain boundary conditions, and not with all systems of
equations. This was noticed in Dellacherie (2010); Chalons, Girardin, and Kokh (2016); Grenier, Vila,
and Villedieu (2013); Tsoutsanis, Kokkinakis, Könözsy, Drikakis, Williams, and Youngs (2015) and a bit
further analyzed in Dellacherie, Omnes, and Rieper (2010).

From all these presented methods, we are interested more particularly in two of them:

• the triangular grid method, since it does not need any scheme modification, and in the context of
CanoPcode, its use is simple (see Chapter 8),

• the modified-flux approach of Chalons, Girardin, and Kokh (2016) is also simple to implement
considering our current approximate Riemann solvers (Chapter 4).

6.5.3 The all-regime scheme

The method presented in this part is issued from Chalons, Girardin, and Kokh (2016). It was developed
with the objective of dealing with flows, in which the range of values for the Mach number can be large
and encompass multiple flow regimes. In Chalons, Girardin, and Kokh (2016) the method was applied
to the Euler equations, and in Girardin (2014), an application to a two-fluid homogeneous system is
proposed.

After the presentation of the original all-regime scheme and of its effect on the reduction of the truncation
error, we will propose an adaptation to the numerical methods that were presented in Chapter 4.

Lagrange-Projection scheme

The original all-regime scheme has been developed for the Lagrange-Projection scheme. This scheme is
briefly presented below. Let us first write system (6.18) in the following form:

$

&

%

ρBtu ` ρ
`

uT∇x

˘

u ` ∇xp “ 0
ρBtτ ` ρuT∇xτ ´ divxu “ 0
ρBtV ` ρuT∇xV “ 0

(6.24)

with τ “ 1
ρ the specific volume. The blue terms correspond to the transport part of the equations, while

the purple terms describe the acoustic part. The Lagrange-Projection method is in fact based on the
operator splitting between the convective and the acoustic effects. It comes down to solve successively
the two following subsystems:

$

&

%

Btu ` τ∇xp “ 0
Btτ ´ τdivxu “ 0
BtV “ 0

(6.25)
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which is called Lagrangian part, and
$

&

%

Btu `
`

uT∇x

˘

u “ 0
Btτ ` uT∇xτ “ 0
BtV ` uT∇xV “ 0

(6.26)

which is the projection part. Introducing a mass variable as m “ ρx enables to write system (6.25) in
a conservative form.

In Chalons, Girardin, and Kokh (2016), the Lagrangian part (6.25) is numerically solved using Suliciu’s
relaxation method, and the projection part (6.26) with an upwind Finite Volume scheme.

We can note that the operator decomposition of the Lagrange-Projection method is similar to the operator
decomposition in the low-Mach limit of Dellacherie (2010). It is indeed shown in Chalons, Girardin,
and Kokh (2016) that the issues in the low-Mach regime come from the resolution of the acoustic or
Lagrangian part of the system, while the transport part has no harmful effect.

Truncation errors for the acoustic part

The analysis of the properties of the numerical scheme is performed in Chalons, Girardin, and Kokh
(2016) by first rescaling the discrete equations, as has been done for the continuous system in the
previous paragraphs. This reveals the influence of the Mach number M in the flux formulae. In a low-
Mach regime, where the pressure profile is smooth and of order M2, it is then shown that the equivalent
continuous equations for system (6.25), after being solved with a Suliciu’s relaxation scheme over a
rescaled time step ∆t̃ and on a spatial discretization of space step ∆x̃, writes in 1D

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

ρ̃Bt̃ũ `
1

M2
Bx̃p̃ “ Op∆t̃q `O

ˆ

∆x̃

M

˙

`Op∆x̃2q

Bt̃τ̃ ´ τ̃Bx̃ũ “ Op∆t̃q `OpM∆x̃q `Op∆x̃2q

Bt̃Ṽ “ 0

(6.27)

We can clearly see that in the momentum equation, the truncation error of order
∆x̃

M
will have a nasty

effect when M ! 1 and especially if M ! ∆x. Something should then be done to limit the effect of this
term, apart from arbitrarily decreasing the space step ∆x.

Remark 35. This 1D analysis makes appear a viscous dissipation of order ∆x̃{M , such as the numerical
viscosity estimated in Dellacherie (2010). While for 1D simulations, this numerical viscosity does not
damage the solution, its presence in the non-isotropic dissipation tensor for 2D and 3D cases is really
detrimental.

Modification of the flux function

The analysis of the Suliciu’s relaxation scheme for the acoustic system (6.25), shows that the apparition
of the damaging truncation error comes from a bad estimation of the intermediate value for pressure in
the Riemann solution.

Indeed, for system (6.25), the update formula for velocity writes:

uLAGi “ uni ´
∆t

∆mn
i

´

p˚
i` 1

2
´ p˚

i´ 1
2

¯

with the intermediate pressure p˚
i˘ 1

2

given by:

p˚
i˘ 1

2
“

1

2

`

pni ` p
n
i˘1

˘

˘
a

2

`

uni ´ u
n
i˘1

˘

where a is a constant (see Chapter 4). Rescaling the two previous equations gives:

ũLAGi “ ũni ´
∆t̃

ρ̃ni ∆x̃M2

´

p̃˚
i` 1

2
´ p̃˚

i´ 1
2

¯
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and

p̃˚
i˘ 1

2
“

1

2

`

p̃ni ` p̃
n
i˘1

˘

˘
ãM

2

`

ũni ´ ũ
n
i˘1

˘

.

From the last equation, we can show that the first order term in M should in fact be at second order, so
as to compensate the truncation errors. The idea of the correction proposed in Chalons, Girardin, and
Kokh (2016) is to change the velocity flux function, using a parameter θ in the following way:

p˚
i˘ 1

2
“

1

2

`

pni ` p
n
i˘1

˘

˘
aθ

2

`

uni ´ u
n
i˘1

˘

. (6.28)

The resulting dimensionless equivalent equation for momentum then writes:

ρ̃Bt̃ũ`
1

M2
Bx̃p̃ “ Op∆t̃q `O

ˆ

θ∆x̃

M

˙

`Op∆x̃2q

and a good tuning of θ allows to limit the harmful effects of the truncation errors.

For the Euler equations, the modified Lagrange-Projection scheme has the following properties (see
details in Chalons, Girardin, and Kokh (2016)):

• it is conservative with respect to the conservative variables (density, momentum, total energy),

• under a certain condition (given in Chalons, Girardin, and Kokh (2016)), it satisfies a discrete
entropy inequality,

• density remains positive and if the discrete entropy inequality is satisfied, so does the specific
internal energy,

• with the choice θ “ OpMq, the truncation error in the low-Mach regime is of order Op∆xq.

Remark 36. When θ ! 1, the correction in the momentum flux can be seen as a centered discretization
of the pressure. This property reminds us of the approach of the staggered grids schemes.

Application to Eulerian schemes and limits of the scheme:

The correction to the Lagrange-Projection scheme as presented above can in fact also be applied for
Eulerian schemes. It simply comes down to modifying the pressure value in the solution of the local
Riemann problems. For the three schemes presented in Chapter 4, this writes:

• Relax-S scheme:

p˚
i˘ 1

2
“

1

2
ppi ` pi˘1q ˘ θ

a

2
pui ´ ui˘1q

• Relax-B scheme:

p˚
i˘ 1

2
“
aipi˘1 ` ai˘1pi

ai ` ai˘1
˘ θ aiai˘1

ui ´ ui˘1

ai ` ai˘1

• HLLC flux:

p˚
i˘ 1

2
“
jipi˘1 ´ ji˘1pi

ji ´ ji˘1
˘ θ jiji˘1

ui ´ ui˘1

ji ´ ji˘1

Two defects of the all-regime schemes have however been noticed:

• the first is the instability of the schemes in a 2D or 3D configuration when using a dimensional
splitting, while no difficulty is encountered with an unsplit method. The grounds of this problem
are currently under study, and a solution for the Lagrange-Projection scheme is being tested.

• the second problem is now a known numerical issue: for several low-Mach or all-regime schemes,
checkerboard modes may appear during a simulation (see illustrations in Chapter 9). Some
analysis of this issue can be found in Dellacherie (2009). In the configurations we are interested in,
namely for the two-fluid models with gravity source term, these checkerboard modes appear when
using a locally refined mesh, while they are not visible on uniform grids. These observations will
be discussed in Chapter 9).
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6.6 Conclusion

In this chapter, we have considered different numerical methods, associated with the finite volume
schemes and which are standard in simulations on cartesian grids (Leveque (2004)): these are dimensional
splittings, second-order reconstruction... These methods have been adapted to cartesian non-conforming
grids, since such grids are used in a cell-based AMR framework.

Moreover, the AMR strategy is made of heuristic refinement/coarsening criteria, based on the first-order
spatial variations of the solution, and of simple projection and averaging procedures to set the values of
the numerical solution in newly adapted grids. These choices have been made for their simplicity and
can be further improved. In particular, strategies that would permit to better control the compression
error could be considered.

Finally, we have addressed the issue of the numerical solutions of compressible equations in the low-Mach
number limit. In the AMR framework and when solving two-phase flows, this issue is critical (results
are presented and compared in Chapter 9 and Chapter 10). After a rough presentation of the issue and
the existing cures, we have recalled the all-regime scheme of Chalons, Girardin, and Kokh (2016), which
is compatible with our equations and the finite volume strategies presented in the previous sections.

Different numerical tests involving all these methods are presented in Chapter 9, and aim at verifying
their practical feasibility, robustness and accuracy.



Part III

Adaptive Mesh Refinement methods
and codes





Introduction

In Berger and Collela (1989), two visions of Adaptive Mesh Refinement (AMR) are mentioned. According
to the first one, the goal of AMR would be to increase the accuracy of a computation for a fixed
computational cost. According to the second vision, the point of AMR would be to save computational
cost while preserving the accuracy of the numerical solution. These visions could in fact apply at different
levels of a numerical strategy: for example, when considering the model to solve, when choosing high-
order schemes, etc. That is why adaptive resolution techniques may take several forms. Moreover, these
techniques can be combined: one can adapt the space discretization, the time discretization, the order of
accuracy of time/space discretization, the scales that are resolved and the scales that are modeled. All
of that depend on the specific needs of the computation and the available computational resources.

More specifically, adapting the spatial discretization is a widespread technique in CFD with the use
of unstructured grids, which are designed before the start of the simulation and are kept fixed during
the computation. Highest resolution cells are then located in zones of complex geometry, or in zones
where the flow should develop strong fluctuations of its field or sharp fronts, like near the flame front
in combustion simulations. Fixed unstructured grids are interesting when the locations of these types
of zones can be determined a priori and do not travel too much, and some codes, such as Yales2 code
(Moureau and Lartigue (2015)) show very good computation performances.

For non-stationary or complex flows, however, zones of highest interest can move in the domain, appear
and disappear through the computation, and in general cases, their location is hardly predictable. For
instance, with compressible equations for flow dynamics, shocks may develop due to compression effects
and then propagate. Using a fixed grid for these cases would require a high resolution in most of the
spatial domain, although at a given time, the sharp front can be restricted to a localized spatial zone.
Thus, one may think of using grids that adapt automatically and according to the evolution of the flow,
so as to keep a high level of resolution in the zones of interest, and decrease this level elsewhere.

But handling dynamically adapting grids is more complex than fixed ones and may have inhibited
their use, up to the recent development of even more efficient and scalable AMR algorithms, as well
as increasing communities of users of some widespread public AMR frameworks (see a review of such
block-based AMR codes in Dubey, Almgren, Bell, Berzins, Brandt, Bryan, Colella, Graves, Lijewski,
Löffler, et al. (2014)).

Generalities about structured AMR

In the sequel, we will concentrate on structured AMR (SAMR) approaches, which are characterized by
a resolution of the solution over rectangular grids. In this context, it seems natural to compare theses
methods with fixed Cartesian grids, since they involve the same numerical approaches (finite volume or
finite element schemes).

Main issues:

One of the main issues of AMR codes lies in the overheads (the excess time spent in AMR specific
use in comparison with an equivalent fixed grid use) that are inherently related to each method, by
comparison with a pure cartesian mesh. These overheads come from the management of the mesh
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connectivities. Indeed, in a fixed cartesian mesh, cells are generally indexed using their spatial location
by an pi, j, kq indexing system. Then, updating the solution in each cell of the grid is made in an efficient
and even optimized manner (by traversing all indices) according to the programming language and some
compilation options, the use of accelerators. In adapting and non-cartesian meshes, visiting every cell,
finding the neighborhood of a cell, or partitioning the mesh are no longer as simple as operating the
change of indices i ˘ 1, j ˘ 1 or k ˘ 1, and may necessitate some cleverer memory management. One
side-effect of this first issue is that using high-order numerical schemes, which necessitate large stencils
(meaning many layers of neighboring cells), may not be obvious on AMR grids, especially in a distributed
computation framework.

Another issue is related to parallel computations with AMR methods and a balanced repartition of work
load between the computing units. Indeed, as the mesh is changing, the work load may also change, due
to the creation of zones of finer cells or the gathering or suppression of such cells. Consequently, keeping
an initial domain decomposition through the whole simulation may generate a strong load imbalance.
Re-repartition techniques must then be considered. As described in Gunney and Anderson (2016), a
good partitioning must:

• balance the work load between the processes,

• preserve locality of data, meaning that neighboring cells should lie either in the same subdomain
or in neighboring subdomains,

• avoid communications due to large subdomain interfaces,

• be a fast procedure, since it is called regularly during the computation.

Finally, for certain types of AMR, mapping domains with complex geometry may lead to complicated
strategies, like Embedded boundaries as in Schwartz, Barad, Colella, and Ligocki (2006) or mapped grids
as in Brown, Chesshire, Henshaw, and Quinlan (1997); Henshaw and Schwendeman (2003). In many
applicative AMR codes, however, only unit square or unit cube domains are considered (for example in
Ramses code of Teyssier (2002)).

Some definitions:

Some vocabulary has developed with the AMR techniques. Let us define here some notions that will be
used in the following chapters:

• Cell: a spatial discretization element on which the numerical solution is computed,

• Block: an rectangular set of cells of same size. Patch-based methods are also block-based.
However, tree-based methods can be qualified as block-based only if the leaves of the tree are made
of a block of cells.

• Level of refinement or block level: one quick way to characterize the size of a cell or the
dimensions of a block, is to say how much times the refinement operations have been performed
from the coarsest grid, which is said to be at 0th level of refinement, to the current cell or block.
For instance in two-dimensional quadtrees, let ∆x0 ˆ∆y0 be the cell size of the coarsest grid. A
cell whose level of refinement is n will then be of size ∆x0

2n ˆ
∆y0

2n .

• Meta-data: the set of data used to manage the mesh are called meta-data. They can be associated
to each cell and contain for example, the level of refinement of the cell, the block it pertains, etc.
or they can be more global and contain the connectivities of the grid.

• Conforming / non conforming mesh: AMR grids usually look like cartesian ones, or seem to
contain some cartesian pieces of mesh. However, at a face separating two cells which are not at the
same level of refinement, the corners defining the neighboring cells do not coincide: the mesh is said
non-conforming and the hanging node is the node that is not shared by the two neighbors. This
aspect of the grid may cause some difficulty in finite element approaches, where specific treatment
must be provided for the hanging nodes.

• Grid efficiency: in patch-based AMR, clustering cells that need to be refined into rectangular
patches automatically lead to the refinement of unnecessary cells. The grid efficiency measures
then the ratio of the cells that have been flagged for refinement of the total number of refined cells.
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Figure 7.7: Illustration of the three first levels of refinement of a hierarchical hybrid grid. Reprinted from
Hülsemann, Bergen, and Rüde (2003).

• Compression rate: the compression rate may be defined by the ratio:

ηcomp “
Nunif ´NAMR

Nunif
,

where Nunif is the number of cells in a uniform grid with a spatial discretization as fine as the
finest cells of the AMR grid, and NAMR is the total number of elements (cells, parents cells, ghost
cells...) that are required by the AMR strategy. For instance, if the AMR approach is tree-based,
then NAMR may comprise all branches of the tree. This ratio may define the gain in memory that
AMR methods involve comparing with standard resolution on cartesian grids.

Now, let us present the most widespread AMR methods, which are the patch-based and tree-based AMR
approaches. We will see how they are implemented in different AMR codes and the consequences of
these implementations on the codes performances.

Other AMR approaches may be found in the literature. Let us just mention here the hierarchical
hybrid grids, which are based on an initially coarse mesh, made of blocks, each one containing cartesian
grids. The connectivity of these blocks do not change through time, but grids they contain can be refined
or coarsened independently from the other blocks (see an illustration in Figure 7.7). One can find these
methods in the works of Hülsemann, Bergen, and Rüde (2003) for initial unstructured coarse grids, or
Golay, Ersoy, Yushchenko, and Sous (2015).

Patch-based AMR

Presentation and definitions

The first method presented here was also the first approach that has been developed. It is called patch-
based AMR, and involves stacking multiple grids on top of each other in regions where more accuracy is
required. The extra grids are always finer than the original grid they are supposed to replace. Once the
extra grids are constructed, the equations are solved normally on the finer grids and then interpolated
to the coarser ones.

One example of a patch-based grid can be seen in Figure 7.8. The parent-child relationship between the
grids is kept using a directed acyclic graph or using linked lists. In the scheme proposed in Berger and
Collela (1989), fine grids are allowed to overlap multiple coarser grids and, of course, a coarse grid can
contain any number of finer grids. In the first works on patch-based grids Berger and Oliger (1984), finer
grids were not necessarily aligned with their parent grids. However, the numerical methods were shown
as accurate and much more efficient if they satisfied the following rules for a properly nested grid (see
Berger and Collela (1989)):

• a fine grid starts and ends at the corner of a cell from the coarser grid;

• two overlapping cells have to be separated by at most one level, called the 2:1 constraint.

Generating a patch-based grid is made from an initial uniform grid, by clustering cells that have been
flagged for refinement and by creating a grid with finer cells from this cluster. Clustering algorithms are



200

one of the key points in the patch-based method. The algorithm from Berger and Rigoutsos (1991) is
one of the most widely use, but shows poor parallel performance with distributed computations Wissink,
Hysom, and Hornung (2003). A balance between the compression rate and the number of grids must be
found. Indeed, the higher the number of fine grids, the more it is complex to manage them, and the more
the treatment of boundaries will cost, because the solution there necessitates interpolation procedure.
Moreover, to avoid the regridding and clustering operations at each time step, a safety layer of fine cells
are generated additionally to the patches. For these reasons, the compression rates of patch-based grids
are often not as good as those of cell-based grids, that are presented in the next paragraph.

The development of patch-based AMR is related to a refinement strategy based on an estimation of the
local scheme truncation error Berger and Oliger (1984). Whenever the domain is asked for re-gridding,
the numerical solution, obtained with a finite difference scheme in Berger and Oliger (1984), is computed
twice in each cell: once at the current cell size ∆x and over two time steps 2∆t, and once over a cell
twice bigger 2∆x and over one time step ∆t. The difference between the two solutions gives an idea of
the truncation error, according to Richardson’s extrapolation Richardson (1911). This difference is then
compared with a given threshold, and cells where the error lies below (or above) this threshold can be
coarsened (or respectively refined) (see Berger and Oliger (1984); Berger and Collela (1989) for further
details). Other strategies rely on the estimation of the local error of the solution, like methods based on
an adjoint formulation of the problem (Venditti and Darmofal (2000)), on a posteriori error estimates for
hp adaptivity (Heuveline and Rannacher (2003)) or a priori estimators (Rannacher and Vexler (2005))
for finite elements methods. Finally, the multiresolution approach enables a mathematically rigorous
control of the compression errors (Harten (1994)).
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(a) Patches applied to
flagged cells (cells marked
with a dot).

(b) Grid hierarchy structure.

Figure 7.8: Example of overlapped grids illustrating patch-based AMR.

Advantages and drawbacks of patch-based AMR

The main interest of patch-based AMR is the easy implementation of usual schemes for cartesian grids
to the cartesian patches. Consequently, some patch-based AMR frameworks can easily be used from
existing codes, either for their AMR functionalities, or simply for distributing a uniform Cartesian grids
over processing units (MacNeice, Olson, Mobarry, de Fainchtein, and Packer (2000)). Moreover, the
resolution over large patches is really efficient, and may counterbalance possible overheads due to the
clustering algorithms or inner boundaries treatment.

The distribution over MPI processes is usually made by assigning one process to each patch (but possibly
multiple patches per process) as explained in Gunney and Anderson (2016). This helps balancing the work
load between the processes, especially when time-stepping methods are used (see discussion hereafter).
However, the patches may be of very different sizes, according to the constraints imposed by the method.
This size differences make this partitioning step more complicated.

The connectivities between the patches can be defined by the relations of a given patch with the coarser
patch it pertains. This type of meta-data can be very heavy, and may not be efficient for large numbers
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of refinement levels.

Finally, clustering algorithms may generate overlapping grids. This is avoided as much as possible, but
during the evolution of the simulation and the mesh changes, it is frequent that newly created patches
overlap the other ones. Overlapping is synonym of duplicated cells, which then deteriorates the method
efficiency. To keep an optimal grid hierarchy, the entire re-gridding of the whole domain is regularly
necessary, which again increases the computational costs.

Code examples and applications of patch-based methods

Let give below a list of AMR codes that are usually used and referenced. This list of freely available
codes is not exhaustive and is inspired from D. Calhoun’s website Calhoun (2014).

BoxLib is a widespread block-structured AMR framework, that can be used for solving many different
PDE’s systems. Several applications are based on BoxLib, like CASTRO (Almgren, Beckner, Bell, Day,
Howell, Joggerst, Lijewski, Nonaka, Singer, and Zingale (2010)), MAESTRO (Nonaka, Almgren, Bell,
Lijewski, Malone, and Zingale (2010)), Nyx (Almgren, Bell, Lijewski, Lukić, and Andel (2013)) codes.

SAMRAI (Hornung and Kohn (2002); Gunney and Anderson (2016)) is also widely used to solve PDE’s
in various physical domains.

AMRClaw (Berger and Leveque (1998)) is the first AMR version of the finite volume code ClawPack from
Leveque (2004). It is based on the works and algorithms of Berger and Collela (1989).

AMROC (Deiterding (2004)) is an MPI-parallel and C++ object oriented code based on the algorithms
of Berger and Collela (1989) for solving hyperbolic systems of conservation laws.

Chombo (Adams, Colella, Graves, Johnson, Keen, McCorquodale, Schwartz, Sternberg, and Straalen
(2013)) is a software that enables solving multiple PDE’s and is able to handle complex geometries (by
using an Embedded boundary approach).

Tree-based AMR

Presentation and definitions

The tree-based method involves modifications of an initial coarse mesh (usually a single cell representing
a rectangular domain) by means of recursively dividing its elements into multiple sub-elements with a
fixed ratio. These elements may be blocks or individual cells: with individual cell, the method is called
cell-based. There is non need for clustering algorithms, since each element can be refined or coarsened
(with it neighbors) independently of the other elements of the grid. Compared to patch-based AMR,
this approach avoids the unnecessary refinement of large-sized zones.

The successive refinement stages lead to a structure of the mesh in the form of a tree. For example in
cell-based AMR, cells are refined into two finer cells in 1D, generating a binary tree, into 4 new cells
in 2D, generating a quadtree and into 8 finer cells in 3D: octree. Hence, unlike patch-based AMR,
where trees are only used to handle the grid hierarchy, tree-based AMR generally makes heavy use of
the tree structure to store the mesh, modify it and go through all its cells. However, the use of new data
structures implies new difficulties in implementing numerical methods (new integration routines, storage
strategies and load balancing techniques need to be developed). An other challenge is also making use
of these tools into already existing codes, using their own data structures.

In Figure 7.9a, we can see an example of a 2D quadtree. A quadtree, like any other tree structure, is
directed, in the sense there is only one way from one node to another, and does not contain any cycles.

Some of the main elements of a tree – quadtree or octree – are:

• the node on top that is called the root node,

• each node can be tied to 0 or 4 (resp. 8 for an octree) other nodes beneath it. This node is called
the parent and the 4 (resp. 8) nodes beneath it, if they exist, are called children. A group of
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(a) Example of cell refinement process illustrating cell-
based AMR.

(b) Corresponding representation of the domain using a quadtree
structure.

Figure 7.9: Example of a cell-based grid.

children is sometimes referred to as a family and they have sibling relationships between them,

• leaves are nodes that do not have children.

Issues of tree-based AMR and solutions proposed in the literature

Managing tree-based AMR meta-data raises multiple issues. One of these issues is to know whether we
need to store the whole tree or whether we can store its leaves only. Indeed, the tree structure is useful
to get the cells connectivities, but finding neighbors of a given cell can lead in the worst cases to the
whole tree traversal. An efficient meta-data management would then necessitate as little computation
as possible. This issue of meta-data structure has also to be considered with the fact that, in order to
get scalable algorithms, data structures and algorithms have to consume as little memory as possible.
The replication of the meta-data over each MPI process is also a crucial question in cases of distributed
memory computations.

Over time, various implementation choices have been made to deal with these issues. The first (chrono-
logically), and simplest, implementation involved a pointer-based tree representation with all the connec-
tivity information stored explicitly (see for instance Chiang, van Leer, and Powell (1992)). This approach
presents heavy memory consumption and is poorly scalable.

A lighter alternative was developed by Khokhlov (1998), the Fully Threaded Tree. Most of the connec-
tivity is not stored explicitly, but only some useful relations, leading thus to less memory consumption.
There, leaves of the tree are stored continuously in memory: they are thus gathered in quads (2D) or
octs (3D), enabling to use only one pointer from their parent cell to them, and one pointer from the quad
to its parent cell. Pointers are also used to get the parent cell’s neighbors: 4 other pointers in 2D and
6 in 3D. This algorithm was implemented in the RAMSES code Teyssier (2002) or Gerris Popinet (2003)
(recently improved to Basilisk Popinet (2015)).

Recent libraries, based on the tree linear storage, in the form of hash-maps or linear arrays, have been
preferred (see for instance Sundar, Sampath, Adavani, Davatzikos, and Biros (2007); Sundar, Sampath,
and Biros (2008); Ji, Lien, and Yee (2010)). These solutions have proved to use less memory than the
Fully Threaded Trees, to have a better cache locality and are easier to parallelize (Ji, Lien, and Yee
(2010)): these points are real advantages in the context of HPC. The issues for these new approaches
was then the development of highly scalable algorithms (up to 105 processes) for generating the mesh,
traversing the trees and in particular for the 2:1 balance operation that is really costly.

The p4est library is one example of cell-based AMR that only stores the leaves of the tree. The man-
agement of the cells connectivities heavily relies on the z-order space filling curve (also called Lebesgue
curve) as we will see in Chapter 7. These space filling curves are present in numerous AMR approaches,
but their use is confined to the load partitioning.
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Figure 7.10: Representation of a ForestClaw mesh type, with 8ˆ 8 ClawPack grids and an illustration
of the ghost cells for the blue grid.

Code examples and applications of tree-based methods

PARAMESH (MacNeice, Olson, Mobarry, de Fainchtein, and Packer (2000)) is a fully-linked tree-based
framework. The leaves of the tree in PARAMESH are made of blocks. This AMR framework is equation-
independent, as it only provides routines for the management of the meta-data.

RAMSES (Teyssier (2002)) is a N-body solver and finite volume cell-based code for the resolution of
astrophysical problems. The AMR data structure is based on the Fully Threaded Tree of Khokhlov
(1998).

Gerris (Popinet (2003)) and Basilisk (Popinet (2015)) are two finite volume codes, also based on the FTT
of Khokhlov (1998), and that allow to solve incompressible fluid flows.

p4est (Burstedde, Wilcox, and Ghattas (2011)) is a C cell-based library, relying on Morton’s indexing
for storing the leaves of trees in a linear array. p4estlibrary also enables to perform simulations over
domains of complex geometries, by means of its notion of forest of trees. This library will be described
with further details in the following section.

deal.II (Bangerth, Hartmann, and Kanschat (2007)) is a C++ library that can be used for the resolution
of finite element problems. It initially contained its own cell-based structure, but now interfaces the
p4estlibrary Bangerth, Burstedde, Heister, and Kronbichler (2011).

ForestClaw (Burstedde, Calhoun, Mandli, and Terrel (2013)) was developed as an assembly of p4est and
ClawPack (see details on ClawPack in Leveque (2004)): each cell of the p4est mesh is the support for a
grid of ClawPack. This grid may be of any size, but some works on the performances have shown that
a 32 ˆ 32 grid in 2D enables a real gain of computational time. The cell-based framework is here only
used for the coarse grids management and to benefit from p4est good performance on highly parallel
computers. Although the increase in performance of this method is proved in comparison with uniform
meshes of equivalent cells, it is not obvious that for a same solution accuracy, the larger number of cells
created by the grids are really necessary, and whether the grid efficiency is good. However, this hybrid
methods presents useful aspects for the implementation of high-order methods with large stencils.

Review of AMR numerical features

Agnostic vs applicative AMR codes:

There exists a large number of patch-based AMR codes. Many of them are dedicated to the resolution of
a given physical model or a given numerical method. One can mention here the numerous astrophysical
codes, like Ramses, AstroBEAR, Enzo, MAESTRO, FLASH etc. or AMR frameworks dedicated to hyper-
bolic conservation laws like AMROC, AMRClaw. But several AMR codes have also been developed so
that they can be used in a wide range of applications. Among these codes, one has BoxLib, Chombo, or
SAMRAI or even PARAMESH which only provides mesh functionalities.. These frameworks are said to
be agnostic.
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Finite volume and finite element methods

Many block-based AMR methods enable to solve hyperbolic systems of equations, using finite volume
methods. Indeed, every finite volume or finite difference scheme naturally applies on rectangular blocks
of cells. The main difference with Cartesian grids lies at the borders of the blocks, which are part of the
inner computational domain: cells at these borders are traditionally updated through the interpolation
of the neighboring solution at a finer or coarser level (see Berger and Oliger (1984)).

Although finite element schemes do not specifically require a cell-based type mesh rather than a block-
based one, they are associated with some widespread cell-based codes, such as deal.II Bangerth, Hart-
mann, and Kanschat (2007), and represent the first applications to p4est library (through geophysical
simulations Burstedde, Wilcox, and Ghattas (2011); Burstedde, Stadler, Alisic, Wilcox, Tan, Gurnis,
and Ghattas (2013)). Finite element methods apply easily on adapted meshes, with some care to be
taken at the hanging nodes. The solution chosen in Burstedde, Stadler, Alisic, Wilcox, Tan, Gurnis,
and Ghattas (2013) to deal with this difficulty is to consider only the independent nodes for solving the
equations, and interpolate the solution on the hanging ones.

Nature of the equations that may be solved:

Associated with the finite volume methods many AMR methods are well-suited for the resolution of
hyperbolic systems of conservation laws: this is the case of AMROC, AMRClaw for example.

However, for many applications, such as incompressible flows, Magnetohydrodynamics (MHD) flows, etc.
one needs to solve elliptic equations, like Poisson’s equation, which reads:

∆Φ “ b.

Many AMR codes propose then elliptic solvers, as multigrid (see Minion (1996); Almgren, Bell, and
Szymczak (1996); Howell and Bell (1997); Sampath, Adavani, Sundar, Lashuk, and Biros (2008)) or
multilevel (Popinet (2003)) methods for instance, or are associated with external libraries, such as PETSc
(Balay, Abhyankar, Adams, Brown, Brune, Buschelman, Dalcin, Eijkhout, Gropp, Kaushik, Knepley,
McInnes, Rupp, Smith, Zampini, Zhang, and Zhang (2016)) or Hypre (Ashby and Falgout (1996)).

Local time stepping:

One other feature often encountered in AMR approaches is local time stepping methods. The idea
is to not only save computational costs by reducing the number of grid cells, but also by updating
the solutions in these cells at a frequency closer to their own CFL condition. For example, a coarse
cell could be updated twice as often as a one-level finer one. Once more, one should take care at the
blocks boundaries and use specific time integration methods, such as advancing first the coarser cells and
then interpolating temporally at the intermediate time step Berger and Collela (1989) or using Adams-
Bashforth method Golay, Ersoy, Yushchenko, and Sous (2015). Local time stepping also requires the
knowledge of all cells of the same size to be efficient. This is why it is commonly used in block-based
AMR methods, but one can also find it in cell-based approaches, as in Khokhlov (1998).

Parallel computation and scalability:

One required feature for today AMR codes is their good scalability on highly parallel architectures. As
already mentioned at the beginning of this introduction, a good work load balance between the processors
is essential. To achieve this goal, many AMR codes use space filling curves, like Peano, Hilbert or
Lebesgue curves, to go through all the grid cells and then define balanced subdomains associated to each
MPI process. The second advantage of these curves is that they preserve the locality of the data: two
neighbors on the curve may very probably be neighbors in the real 3D space.

Another tendency today in block-based AMR is the use of OpenMP threads in each block of cells, as in
BoxLib or Chombo for example.
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Criteria for the choice of an AMR library

To sum up the different aspects that have been presented in this introduction, let us establish a list
of criteria, which may help to choose an AMR library for the resolution of our equations. This AMR
framework should:

1. provide an interesting compression ratio of the data,

2. scalable on highly parallel architectures,

3. be agnostic (equation independent) and compatible with different structures of the equations,

4. be easy to use even on domains with complex geometries.

The first point directs us rather to tree-based AMR codes with linear storage of the leaves. Moreover,
with the perspective of considering multi-resolution schemes, cell-based AMR seems interesting. The
third point means that we want the AMR library to only manage the meta-data (the mesh). Finally, all
the criteria are fulfilled by the p4est library: the second point has been verified up to 458 000 cores in
Isaac, Burstedde, Wilcox, and Ghattas (2015) and the last point is answered by two principles used in
p4est that are the inversion of control principle and the forest of trees. In Chapter 7 we present in more
details p4est principles and main functionalities. Then in Chapter 8, we present the applicative code
CanoP, which uses p4est to solve systems of conservation laws with finite volume schemes.





Chapter 7

Description of the p4est library

p4est library has been developed to serve as a parallel cell-based AMR-grid generator and manager for
an increasingly large spectrum of physical applications, since there is a decoupling between the mesh and
numerical method. This is then the first interesting point of p4est library. The other attractive points
of the library, and probably its main force, lie in its algorithms that were proven to have a very large
scalability. p4est moreover handles grids over domains with geometrically complex boundary conditions.
Finally, the inversion of control principle (also called Hollywood’s principle), makes it very flexible and
easy to use.

p4est library makes a heavy use of the z-order space filling curve (and associated Morton’s index), so as
to store linearly the meta-data associated with the leaves of the tree and partition the work load between
the MPI processes, as is done in several other AMR codes. The Morton index is also widely used in
the grid adapting algorithms, based on the previous works of Sundar, Sampath, Adavani, Davatzikos,
and Biros (2007); Sundar, Sampath, and Biros (2008) for one AMR tree. These algorithms have been
extended to a forest of trees in Burstedde, Wilcox, and Ghattas (2011), and have been improved in order
to manage efficiently the inter-tree connectivities and to be scalable on parallel architectures (Burstedde,
Wilcox, and Ghattas (2011); Isaac, Burstedde, Wilcox, and Ghattas (2015)). The principle of a forest of
tree allows to map physical domains with very complex geometries.

While the meta-data of the mesh structure is handled by p4est library, the heavy data or user’s data,
specific to each application, are left to the user, or can be managed by the SC library, jointly developed
with p4est: memory allocation is then done through memory pools. SC library indeed aims at helping
some scientific computations, and contains in particular the definition of C containers and associated
functions for dynamic array management in a parallel environment.

In this chapter, we are giving more details on the main principles of p4est library, which are:

• the indexing of the forest of trees,

• the scalable algorithms for mesh adaptation,

• the interface with a client code via Hollywood’s principle.

7.1 Encoding of a forest of trees by p4est

7.1.1 Macro-mesh and forest of trees

In p4est, a first discretization of a physical space Ω can be represented by multiple trees, called the forest,
each tree covering a subset Ωk of the physical domain. This macro-mesh can be defined manually by
the user, or generated by a meshing software, such as CUBIT or Gmsh. It however has to respect the
following rules:

• it is made of four-angled cells in 2D and hexahedral cells in 3D,
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Figure 7.1: Top-view of the 3D gridding of Antarctica, made of 28 000 octrees. Reprinted from Isaac, Burstedde,
Wilcox, and Ghattas (2015).

• it should be conforming.

An illustration of such macro-meshes is given in figure 7.1. In the following, all topological elements will
get an index: faces will be named fi, i P t0, ..., 3u in 2D, i P t0, ..., 5u in 3D ; edges ei, i P t0, ..., 11u in
3D (they are not defined in 2D) ; corners ci, i P t0, ..., 3u in 2D, i P t0, ..., 7u in 3D. Their indexing for
any leave of a given tree will always be the same, and is given in Figure 7.2. However, two adjacent trees
may have different coordinate systems, according to the positions of the corners that define these trees.
Thus, the connectivities between each of the trees forming the macro-mesh are stored explicitly using
some matrices, that specify for instance (see more details in the code documentation):

• for a given face of a given tree, who the neighboring tree is,

• for a given face of a given tree, what is the index of the same face in the neighboring tree,

• which corners are shared by multiple trees, and for each of these corners what are the neighboring
trees and what is their corresponding corner number

At domain boundaries, the neighboring tree can be referenced as the same inner tree and the same inner
face, meaning that the user will impose here a physical boundary condition. Or the neighboring tree can
be referenced as an other inner tree (or the same tree with an other inner face) and this will automatically
generate periodic boundary conditions.

This connectivity definition allows for a huge flexibility in the macro-mesh definition. For instance, one
can easily define a Möbius strip or a Klein’s bottle.

In the connectivity definition, only the corners are linked to the physical coordinates. The remainder is
only referenced by the different integer indices. This decoupling enables a proper mesh definition without
round-off errors. Moreover, the user can refer to the connectivity matrices at any time and thus recover
the physical coordinates of a given point. This macro-mesh will not change during a computation.

Now the macro-mesh is correctly defined, each tree can evolve independently (or almost independently)
from the others as the mesh is refined and coarsened. Indeed in p4est, each tree is based on reference
cube r0, 2bsd, where b is the maximum level of refinement and d is the space dimension. Thus, each
subdivision of the based cube (named quadrant in 2D and octant in 3D), which is represented as a
leaf in the tree, gets integer spatial coordinates px, y, zq P J0, 2bK3. See in Figure 7.3 a simple example of
a 2D forest of four trees, with its physical (spatial) and its quadtree representations.
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(a) 2D quadrant. (b) 3D octant.

Figure 7.2: Topological elements numbering. Reprinted from Burstedde, Wilcox, and Ghattas (2011).
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(a) Division of an annular do-
main into 4 macro-cells.

Tree 0 Tree 1 Tree 2 Tree 3

(b) The corresponding representation of the domain using 4 quadtrees.

Figure 7.3: Example of a 2D annular AMR grid and its equivalent representation in the form of a
simple forest of quadtrees.

7.1.2 Morton index and linear storage

In p4est, the z-order curve and Morton’s index (Morton (1966)) are used for many purposes:

• they are used to index all the cells of a grid, as illustrated in dashed line in Figure 7.4a and store
their data in a linear array,

• the definition of Morton’s index makes it easy to find a neighbor, a parent or a child of a given cell,

• the linear array can be evenly partitioned and distributed over the MPI processes.

One tree binary indexing

The Morton curve is illustrated in dashed line in Figure 7.4a for a spatial grid and in the corresponding
tree, in Figure 7.4b: this ordering comes down to just visit the leaves in their standard order. The blue
numbers in this figure give the binary index of each node in relation to its family. The combination of
all stages of indices up to the leaves is used to order them in the z-curve: for instance, the index of cell
number 3 is obtained by taking its parent index 00

2 and adding its own index 11
2 to give 0011

2
“ 3,

notation ¨ 2 indicating numbering in base 2.

Finally, let us note that this two-bit binary numbering in 2D corresponds to the position of the quadrants



210 Chapter 7 - Description of the p4est library

0 1

2 3

4

5

6 7

8 9

(a) Adaptively refined square domain. Mesh and z-order
curve.
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(b) The corresponding representation of the domain using a
quadtree.

Figure 7.4: z-order traversal of the quadrants in one tree of the forest and load partition into four
processes. Dashed line: z-order curve. Quadrant label: z-order index. Color: MPI processes.

in their family, where the origin is the lower left corner. Indeed, quadrant 1 in Figure 7.4a stands at
x2 “ 1 and y2 “ 0 which gives its index 01

2 relatively to its parent node. The indexing of all the cells
contained in the linear array can thus be constructed by considering the binary representations of the
coordinates and interwoven in the following way:

m2
3i`2 “ z2

i , m2
3i`1 “ y2

i , m2
3i`0 “ x2

i , @i P J0, b´ 1K, (7.1)

where b is the maximum level of refinement, m2 is the sequence of bits constituting the Morton index,
x2
i is the i-th bit of the binary representation of x.

We can see that using the z-order curve ensures the locality of memory use: indeed, a neighbor in
Morton’s index is probably also a neighbor in the 2D or 3D physical space. Cache memory is thus better
used, as is shown in Bader and Zenger (2006) for matrix multiplication using Peano curve.

Establishing relationships between cells

Since the methods and algorithms are similar in 2D and 3D, we will talk in the following only about
octrees and octants, designing nodes of the octree.

Using Morton index to order the octants of one tree enables to locate easily the parent of a given octant,
its children, its neighbors through a face or an edge, by processing in simple bit flips in the indices.
Details on these algorithms are given in Burstedde, Wilcox, and Ghattas (2011). Let us consider only
two of them here, given as examples.

The Algorithm 1 takes as input an octant, and returns the coordinates and level of refinement of its
parent. This algorithm states that for finding the coordinates of the parent of a given octant o, we are
only interested in the meaningful bits representing the parent’s level of refinement and higher levels. This
is done by “erasing" the value of the bit of weight h, which represents the child’s level of refinement. It
also comes to dividing by 2 the coordinates in each direction of quadrant o.

Algorithm 1: Get the parent of an octant.
Data: Octant o

1 hÐ 2b´o.l;
2 p.lÐ o.l ´ 1;
3 p.xÐ o.x &  h;
4 p.y Ð o.y &  h;
5 p.z Ð o.z &  h;
Result: p

• b is the maximum refinement level.

• For an octant o, o.l denotes its level and
po.x, o.y, o.zq its coordinates.

• & denotes a binary AND that gives 1 only
if the two bits are also 1.

• | denotes a binary OR that gives 1 if any of
the two bits is 1.

•  denotes a binary NOT that gives 1 if the
bit was 0, and 0 otherwise.
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The Algorithm 2 returns the coordinates of the neighboring octant through a given face. This algorithm
simply adds or subtracts the length of the current octant to its coordinates, according to the face number.
One can note that the algorithm returns a octant of the same level as the current octant. This octant
may not exist: it can indeed be finer or coarser the the current quadrant. Thus, once Algorithm 2 has
been called, the effective neighbor has then to be found.

Algorithm 2: Get the neighbor of an octant
through a face.
Data: Octant o, Face f

1 hÐ 2b´o.l;
2 p.lÐ o.l;
3 p.xÐ o.x ` ppf “ 0q? ´h : pf “ 1q? h : 0q;
4 p.y Ð o.y ` ppf “ 2q? ´h : pf “ 3q? h : 0q;
5 p.z Ð o.z ` ppf “ 4q? ´h : pf “ 5q? h : 0q;
Result: p

• b is the maximum refinement level.

• For an octant o, o.l denotes its level and
po.x, o.y, o.zq its coordinates.

Extension to the forest of trees

Up to now, we have presented the ordering of octants in one octree. The specificity of p4est is to be able
to deal with a forest of octrees. In the previous paragraph, we have seen the rules imposed to the forest
definition, and how the inter-tree connectivities are specified. Here, we present how the Morton ordering
of the octants extend to the forest.

This global ordering is simply performed by adding the tree number to the quadrant index, assuming
that the trees are defined so as to preserve some locality.

Some algorithms, such as Algorithm 2 may lead to looking for a neighbor octant in a neighboring tree,
or at the exterior of the domain. These octants will then be named exterior octants. The coordinates
of exterior octants are numbers below 0 or above 2b where we recall that b is the maximum level of
refinement. To manage this situation, two additional bits are used in the octant index.

When we are looking for exterior octants, the inter-tree connectivity must then be used to:

1. identify the neighboring octree that contains this octant. This is given by the matrix that relates
faces to trees, edges to trees, etc,

2. project to the coordinate system associated with the neighboring octree.

The first point results in one neighboring octree when looking for face neighbors, and in multiple ones
when looking for edge or corner neighbors. For these last two cases, the Algorithms 9 and 11 in Burstedde,
Wilcox, and Ghattas (2011) enable to find respectively the set of connected octrees.

The second point is performed by the Algorithms 8 for face neighbor, Algorithms 10 and 12 for edge
and corner neighbors respectively in Burstedde, Wilcox, and Ghattas (2011), where they are detailed.
These algorithms are more complex than the simple bit flips necessary inside one octree, since the two
neighboring trees may not be oriented with the same coordinate system.

7.1.3 Partitioning between MPI processes

Let us first assume that we are performing the computation over only one MPI process. The Morton
indexing, completed by the tree number and the octant level of refinement, enables a bijective represen-
tation of the octree from the linear array to the multidimensional space.

Now, the partitioning of the octants to multiple MPI processes is naturally performed by dividing the
linear storage array (see illustration in Figure 7.4 where each color stands for one of the four MPI
processes). The partition may be balanced using the division of total number of octants per the number
of processes, or according to a weight each octant could be associated with by the user. A good load
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balancing is necessary for the processes not to wait too long for others at the communication points. One
can note that cutting the Morton curve may lead to MPI subdomains that are sometimes not connected,
and whose ratio of boundary surface over inner cells volume is not optimal. However, as we will see in
the next chapter, the overhead related to this fact does not prevail.

To facilitate the research of a given octant and determine its owner process, further to the call for
Algorithm 2 for example, a list of triples pNp, kp, opq with Np the number of octants owned by the
process p, kp its first local octree referenced in the storage array and op the first level-b descendant of
the first octant of the array, is transmitted to each process.

The Algorithm 13 of Burstedde, Wilcox, and Ghattas (2011) returns then the owners of the face, edge
or corner neighbors of a given octant, by a binary search in the list pNp, kp, opq.

This algorithm is called whenever the user is looking for a neighboring octant that does not lie in the
same MPI process as its current one, as well as in the algorithms performing the 2:1 balance or creating
the ghost layers.

7.2 Algorithms for the creation and adaption of a mesh

Let us choose a macro-mesh, a maximum level of refinement and a refinement criterion, we can then
call p4est callback functions to proceed in the forest of trees creation, the refinement and coarsening of
a selection of cells. Let us recall that all these algorithms apply on the meta-data (related to the tree
structure and the mesh management).

7.2.1 Creating the forest and initializing the mesh

Mesh creation is done once, at the very beginning of the simulation. If the initial solution is not imported
from a file (resulting from the dump of a previous solution), thus in each tree, uniform meshes with cells
of a given level are generated. This initial level of refinement is specified by the user. Then, p4est
also creates the first linear arrays containing all these cells, indexed by the Morton index as described
above, and distributed over the processes. Finally, the user can refine and coarsen the mesh recursively,
according to the refinement criterion and based on the initial solution or a replacement function defined
by the user.

7.2.2 Refining algorithm

The refinement of the mesh can be done each time the user needs it. It is performed by one traversal
of the tree, each cell being then refined by one level, or recursively refined until the refinement criteria
are satisfied. Refining the mesh leads to add cells to it, thus to increase the size of the storage arrays.
This is done locally by each MPI process, as there is a priori no need for inter-process communication.
Figure 7.5 illustrates the process of refinement as performed in p4est, for the non-recursive mode and in
a quadtree (2D). This procedure preserves the ordering of the quadrants, by means of a temporary list
that is created and that stores the quadrants waiting for space in the array. This list increases each time
a quadrant is refined. Each quadrant of the initial array is appended to it, and leaves space in the initial
array. If this first quadrant of the temporary list is not to be refined, then it fills the free space. In the
case when it has to be refined, its children are prepended to the temporary list, and the first of them
can now fill the free space in the array. The refinement algorithm runs in OpNpq (recall that Np is the
local number of octants on an MPI process).
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H Local array

Temporary list

(a) Quadrant m is being put back in the final array while quadrant o is appended to the
temporary list.

n0 n1 n2 n3 o

Hm p Local array

Temporary list

(b) Quadrant n has been refined and is replaced by its 4 children ni, i P t0, .., 3u. Quadrant
n0 is being put back in the final array while quadrant p is appended to the temporary list.

Figure 7.5: Two steps of the array traversal for refining the quads.

o0 o1 o2 o3 p

(a) Successive quadrants oi, i P t0, ..., 3u is being tested
whether it is a family and whether it must be coarsened.

o p

(b) Family oi, i P t0, ..., 3u has been coarsened and is
replaced by its parent o. The sliding window made of
empty spaces moves then one step forward, and quadrant
p is copied at its beginning.

Figure 7.6: Two steps of the array traversal for coarsening the quads.

7.2.3 Coarsening algorithm

Such as the refinement algorithm, the coarsening one is able to modify the octant array while keeping
the Morton’s ordering in only one traversal of the local array. The algorithm makes use of a window
that surrounds the empty space, which is created by the coarsening of the octants. This is illustrated in
Figure 7.6 for the case of quadrants (2D), where, in the first step, the group of quadrants oi, i P t0, ..3u
is tested for being a family (getting the same parent) and needing to be coarsened. If this condition is
true, then the family is replaced by its parent, leaving space in the initial array. The window then moves
one step forward and the first quadrant next to the empty zone is copied at the beginning of the window.
This procedure also runs in OpNpq.

7.2.4 2:1 balancing algorithms

The 2:1 balance property of a mesh means that two neighboring cells can not be more than twice as large
or more than half as small. This property is required for some numerical schemes, for example in finite
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(a) Mesh not satisfying
the 2:1 balance: the red
cell is neighboring four
times smaller cells.

(b) Mesh satisfying
the 2:1 balance through
faces, but not through
corners.

(c) Mesh satisfying the
2:1 balance through
faces and corners.

Figure 7.7: Cell based meshes that do and do not satisfy the 2:1 balance constraint.

element methods, and is considered as being better in general to get smooth transitions from coarse to
fine cells. The balance can be verified across faces only, or across faces, edges and corners (see Figure
7.7 for a comparison of the different versions and an example of unbalanced mesh).

The algorithms for 2:1 balancing are called after a mesh modification (refining and coarsening). They
are among the costliest algorithms in cell-based methods, especially when executed in a parallel environ-
ment. Much work has been done to improve their execution times and their scalability (see the latest
improvements for p4est in Isaac, Burstedde, and Ghattas (2012)). We will not give the details of these
algorithms: they can be found in Sundar, Sampath, and Biros (2008); Burstedde, Wilcox, and Ghattas
(2011); Isaac, Burstedde, and Ghattas (2012). The main idea to maintain a good computing perfor-
mance, is to avoid the number and the size of the messages that are passing from one process to the
others. Indeed, the 2:1 balance process needs information on the neighbors of octants, and very often, if
one octant is to be modified (refined), then some of its neighbors have to modified too. The balancing
involves then a recursive procedure. If a naive procedure is used, meaning without accounting for the
distributed aspect of the data, 2:1 balance can be very costly in terms of MPI communication.

In p4est, the procedure for 2:1 balancing requires only one inter-process exchange, by using the notion
of insulation layer of an octant. The insulation layer of octant o, of level l is the set of octants of
same size l that surrounds o. These octants may not exist : their parent or children may replace them in
practice. In these cases, we however say that these octants are contained in o’s insulation layer. If one
of the octants in o’s insulation layer is very small, meaning, it has a level of refinement higher than l` 1,
then it can cause an unbalanced situation. However, this must finally be checked by o’s owner, so as to
avoid useless refinement. The rule to restore the 2:1 balance is indeed to refine the minimum necessary
octants.

2:1 algorithm of p4est is then split into four steps:

1. each MPI process performs a 2:1 balancing for its local octants,

2. for each octant o for which a part of the insulation layer lies out of the set of local octants, a
message is sent to the corresponding owners of these exterior octants with the coordinates and
level of o,

3. each process that receives a requirement checks within its own octants if one of them could cause
o to be split, and if it does, sends it back to o’s owner,

4. from this information, o’s owner process can finalize the 2:1 balancing among its octants.

7.2.5 Ghost cells

In computations using multiple processes, the spatial domain is split and each process treats a given
subdomain. At the boundaries of these subdomains, however, one will often need to access infor-
mation pertaining to an other process, so as to compute the numerical fluxes for instance. To do
so, p4est permits to build a ghost layer, that can be updated each time the user calls the function
p4est_ghost_exchange_data (or other equivalent functions).
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This ghost layer is built by p4est by checking the face and corner neighbors of each cell of the subdomain,
and to which MPI process these neighbors pertain (through the Find_owners algorithm in Burstedde,
Wilcox, and Ghattas (2011) and the use of the z-order curve). If the process is not the local one, the
cell’s data is added to a buffer array, which is intended to the neighbor’s owner. Buffers are then sent
between each process.

In a recent improvement of this procedure, as described in Isaac, Burstedde, Wilcox, and Ghattas (2015),
ghost may also be determined on grids that are not 2:1 balanced.

7.2.6 Other specific algorithms

Some other algorithms are presented in Burstedde, Wilcox, and Ghattas (2011) that show a high scala-
bility. The first one aims at numbering all the nodes of the mesh, which is a bit more complex than cell
numbering. As the use of this algorithm is more specific to finite element approaches, we will not detail
it here.

Finally, a checksum function, based on Adler 32 checksum algorithm, can be used to give the forest a
highly probable unique identifier. This identifier is computed locally on each process and then combined
on the master process through an All_Gather call. This function may be used during codes development
to ensure non-regression of the code.

7.3 p4est library functions

From a user’s point of view, the functions of p4est can be called to create and adapt the mesh, to traverse
it, to create the ghost layers and to write the data in output files. For each of this functionality, the user
may provide a callback function, which tells p4est what has to be done (see a schematic representation
in Figure 7.8). For example, when traversing the mesh to update the numerical solution, the user calls
p4est_iterate function and provides it the callback function related to the solution’s update. Thus
p4est routines calls for the user’s function, according to the Hollywood’s principle. A full example of
p4est usage can be found in Burstedde, Wilcox, and Isaac (2014). We describe here only some of them,
as examples.

7.3.1 Iterators

The function p4est_iterate, whose signature is given in Code 7.1, executes a user-supplied callback
function: iter_volume, iter_face or iter_corner at each cell, face or corner respectively. The proto-
type of such callback function is given in Code 7.2: the user gets information about the local quadrant
through the pointer info and determines what must be applied to that quadrant.

User’s code

Main thread

Callback fn

p4est library

Figure 7.8: Sketch of the interactions between the user’s code and p4est library. Simple arrows stand
for the calls of one function to an other. Double arrows stand for the progression of the computation.
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When p4est_iterate is called, the grid is traversed according to the Morton’s index. The traversal by
faces and corners is performed by the traversal by cells and then loops over local faces and corners. In
each cell (or at each face or each corner), the callback function is then called and executed.

The structure p4est_iter_volume_info_t contains information about the local quadrant, that is given
by p4est to the user. Among these information stand a pointer to the quadrant, its identity number, the
tree number it belongs to.

Code 7.1: Iterator function signature

void p4est_iterate (
p4est_t * p4est, /* p4est forest */
p4est_ghost_t * ghost_layer, /* ghost cells */
void * user_data, /* optional argument to user’s

callback function */
p4est_iter_volume_t iter_volume, /* quadrant callback function */
p4est_iter_face_t iter_face, /* face callback function */
p4est_iter_corner_t iter_corner /* corner callback function */

);

Code 7.2: Prototype of quadrant callback function

typedef void (*p4est_iter_volume_t) (
p4est_iter_volume_info_t * info,/* information about a quadrant

provided by p4est to the user */
void * user_data /* the user context passed to p4est_iterate() */

);

7.3.2 Refining and coarsening

Refining, coarsening, 2:1-balancing and load partitioning are also p4est functions that require user-defined
callback functions. For refinement and coarsening, two callback functions are necessary. The first one,
refine_fn must return 1 if a given quadrant has to be refined and 0 if not. If the quadrant is to be
refined, then p4est uses either the callback function related to initial data filling init_fn or the replace
callback function replace_fn. init_fn is used if the user decides to fill the quadrant with an analytical
solution. This may occur when the initial condition is set. Otherwise, replace_fn defines the operations
to set the values of the heavy data during refinement: for example, projecting the solution from the old
coarse cell into the newly created ones; or during coarsening. The prototype of refine_fn is the same
whether the grid is refined or coarsened. However, information is provided to the user about the old
octants and the new ones, so that it can determines which operation is occurring. The 2:1 balancing is
similar, but does not need the refine_fn callback function. However, the user can define whether the
2:1 constraint must also be applied through corners or only through faces or edges (in 3D).

7.3.3 Ghost layer creation

A simple call to p4est_ghost_new makes p4est create the ghost cells that lie at each MPI subdomain
boundary. Then, calling p4est_ghost_exchange_data will update the ghost layer and the cells content
through MPI communications from one subdomain to the other.

7.3.4 I/O functions

p4est enables to output all the data (user’s data and mesh data) in VTK format. Another useful
functionality lies in the possibility to dump the whole data, tree structure and MPI partition with the
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p4est_save_ext function. The filename that is such produced can then be read by p4est when calling
p4est_load_ext, which will re-create the exact forest structure that has been dumped, while the MPI
partition can be changed (by changing the number of MPI processes for instance).

Finally, the function p4est_connectivity_read_inp is used to create a new connectivity from an ex-
ternal ABAQUS type file.

7.4 Conclusion, references and current improvements of p4est

We have presented the main principles of p4est library. In this library, the z-order space-filling curve
and Morton’s index are not only used for load partition between the MPI processes, as is done in many
other codes, but also for their properties that enable to use simple algorithms to manage the mesh inside
one octree. Moreover, these approaches are extended to forest of octrees and allow thus to map complex
spatial domains. Scalable algorithms have been developed in Burstedde, Wilcox, and Ghattas (2011)
and improved in the subsequent works Isaac, Burstedde, and Ghattas (2012); Isaac, Burstedde, Wilcox,
and Ghattas (2015). It is not necessary for a user to perfectly know the details of these algorithms.
Indeed, he can use p4est library functions, like the iterators, the refinement and coarsening functions,
by only designing the callback functions, applied by p4est library while traversing the gird, refining or
coarsening it. However p4est library only manages the meta-data associated with the mesh structure,
and no application is associated with the library.





Chapter 8

An AMR applicative code: CanoP

8.1 General presentation of CanoP

CanoP can be considered as an applicative software layer of the p4est library, that enables to solve
systems of balance laws with finite volume schemes on 2D and 3D adaptive grids. Indeed, the p4est
library asks for the custom code to provide callback functions. These callback functions are defined in
CanoP, within a framework of classic finite volume solvers, meaning that iterations are performed over
the cells to compute fluxes at the cells interfaces and then updating the values of the variables inside
each cell. CanoP framework aims then at facilitating the integration of new finite volume applications, or
new finite volume features, such as high-order schemes, low-Mach number solvers, etc, that have not yet
been tested in an AMR context. For these reasons, CanoP code itself is permanently evolving. We are
presenting below some features and performance tests of the current version of CanoP, and perspectives
for future developments.

Although functionalities provided by CanoP are still basic, it is today one of the first applicative codes
for finite volume simulations on AMR grids using p4est. Among such other codes (see also Chapter 7),
one can mention ForestClaw, also based on p4est and using Clawpack routines. Clawpack is a library
providing a collection of finite volume methods for systems of conservation laws (Leveque (2004)). This
code is also under development Burstedde, Calhoun, Mandli, and Terrel (2013). The deal.II library, can
also be mentioned here, although it provides finite-element and Discontinuous Galerkin methods. For
a few years indeed, the AMR part of deal.II is also based on p4est (Bangerth, Burstedde, Heister, and
Kronbichler (2011)).

Brief history: The main structure of CanoP was developed in C language, in 2014, during Alex Fikl’s
master’s internship Fikl (2014). During CEMRACS 2014 summer school, the first applications of CanoP,
a scalar advection solver and Suliciu’s solver for the 3-equation system (see Chapter 4), were tested as
well as the use-friendliness of the p4est library Drui, Fikl, Kestener, Kokh, Larat, Chenadec, and Massot
(2016). Later, a solver for the Euler’s equations with gravity source term, and a kinetic solver for
polydisperse spray models have been added (Essadki, de Chaisemartin, Massot, Laurent, Larat, and Jay
(2016)). Difficulties have then arisen about the code maintenance and readability due to the integration of
these multiple applications. From that moment, an effort has been done to split the different applications
and to simplify the process of integrating new ones, through a refactoring of the code using C++ classes,
templates and factories.

8.1.1 Features in CanoP:

Structural features: In Figure 8.1, we show a sketch of the general structure of CanoP. On the left-
hand side are some of the common functionalities, while on the right-hand side are some functionalities
that are specific to each application. Among the common functionalities, one can find:
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CanoP

scalar
advection

two-fluid

spray

gravitational
Euler

• main thread
• time iteration
• mesh adaptation
• connectivity
• geometry
• quadrant management
• I/O

• user data
• numerical scheme
• refinement indicators
• initial conditions

Figure 8.1: General sketch of CanoP framework and main functionalities: related to the common
structures of the code (on the left ), that must be defined by each application (on the right).

• the main steps of the simulation: initialization, loop over time steps, finalization (see also Figure
8.2); bases for finite volume approaches: functions and functionalities are available to help com-
pute time steps, gradients, fluxes...; and AMR tools: routines to automatically handle the mesh
adaptation, the work load partitioning between the MPI processes, routines that handle the grid
geometries, connectivities...

• another set of functions and functionalities that can be used by the different applications, such as
predefined mesh connectivities, geometries or initial conditions.

• input, output and code profiling possibilities.

It is then left to each application:

• the definition of the application variables and associated functions (getter, setter, ...)

• the numerical scheme functions: time step computation, flux computation, cells update... (that
are part of the solver box in Figure 8.2)

• initial and boundary conditions, as they involve specifically the user’s data,

• indicators for refinement and coarsening.

The four current applications are also mentioned in Figure 8.1.

In Figure 8.2 to Figure 8.6 are represented some of the main procedures of CanoP, and their call to p4est
routines and to other libraries (Lua, HDF5).

The main stages of a CanoP run are illustrated in Figure 8.2. They compose a classic finite volume
procedure, with a domain decomposition using MPI and specific calls to AMR routines (for mesh initial-
ization and mesh adaptation). Otherwise, it consists mainly in an initialization step, where all objects are
instantiated, iterations up to a given stopping criterion and a step of finalization destroying all created
objects and pointers.

The initialization step is detailed in Figure 8.3. We first recall that p4est provides the possibility to
dump the whole data (user’s and p4est data) of a simulation, and then reload these data when restarting
a simulation. These options are available in CanoP too. At initialization, either a previously dumped
solution can be loaded by p4est, or it has to create a new one. In the last case, first a macro-mesh has to
be created (named connectivitiy in Figure 8.3), then based on this macro-mesh, p4est creates its forest
structure and the initial mesh, that is uniform. This initial mesh can then be adapted to the initial
solution. In CanoP, we have chosen to set the initial mesh at the finest grid level, and then coarsen it
recursively N “ Lmax ´ Lmin times.

Mesh adaptation occurs in CanoP at each time step. This choice is probably not the best, since it is
computationally expensive and the numerical solution may probably not evolve much from one iteration
to the other. However, up to now, we have not tested other options. The mesh adaptation procedure is
illustrated in Figure 8.4 and follows five steps:
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Initialization init MPI

init solver luaL_newstate, lua_intexpr...

init mesh p4est_new, p4est_load, p4est_refine

Time loop while t ă tmax

solver update p4est_iterate, p4est_ghost_exchange_data...

mesh adapt p4est_refine, p4est_load_partition...

output p4est_save, H5Dwrite

Destroy

Figure 8.2: Sketch of CanoP code structure and calls for p4est functions

1. all cells of the mesh are visited and flagged for being refined or coarsened, according to the refine-
ment criterion and the refinement thresholds that are provided by the parameters of the simulation,

2. the mesh then undergoes a first modification that is the refinement step. This step involves two
callback functions: one managing the flags (see Figure 8.5) and one setting the values in the newly
created cells (see Figure 8.6).

3. the second mesh change is the coarsening stage. Again, two callback functions are necessary: one
managing the flags and that is specific of the coarsening step, and one setting the data in the new
cells. This last function is in fact the same as for the refinement step (see Figure 8.6).

4. the last mesh modification ensures a 2:1 balance. Once more, for this step, the replace callback
function is used by p4est to set the values in the new mesh.

5. the mesh adaptation procedure ends with a re-partitioning of work load the MPI processes.

The replace callback function illustrated in Figure 8.6 involves a basic option for setting the values in
the newly created cells. Indeed, when cells are refined, the variables values of the old cell are simply
replicated in its children. When a family of cells has to be coarsened, then an average on some of the
variables old values is used to set the new ones in the new cells.

Technical features: We present here some features of CanoP code, concerning choices that have been
made to deal with the I/O data.

In CanoP, the parameters of a simulation (see examples of the different options in the table below)
are input data provided in a settings file written in Lua language (if a parameter is absent from the
configuration file, a default value is then assigned to it). The advantages of using Lua library are its
simplicity and flexibility for writing the settings files. Moreover, these files may also contain small
functions (written in Lua) that can be used to set functions in the main code, without having to compile
the whole code again. This could be used to define new initial or boundary conditions for instance. This
is not yet integrated in CanoP.
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Init mesh load file?

load file p4est_load_ext

yes

create connectivity

no

p4est_connectivity_new_copy

new forest p4est_new_ext

for i P rLmin, Lmaxs

coarsen p4est_coarsen_ext

Figure 8.3: Zoom in the init part structure and calls for p4est functions

Mesh adapt mark cells p4est_iterate

refine p4est_refine_ext

coarsen p4est_coarsen_ext

2:1 balance p4est_balance_ext

partition p4est_partition_ext

Figure 8.4: Zoom in the mesh adapt part structure and calls for p4est functions

refine
callback function replace flag

return old flag

Figure 8.5: Zoom in the refine callback function, that informs p4est if the cell should be refined.

replace
callback function nb of outgoing quads?

copy to new quads

N “ 1
refining

mean value over N

N ą 1
coarsening

copy to new quad

Figure 8.6: Zoom in the replace callback function, that computes the value of the newly created quad-
rants.
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Name Description Example
solver_name solver to be created by the

factory
bifluid

tmax simulation final time 1.0
cfl CFL coefficient 0.5

min_refine minimum level of refine-
ment

3

max_refine maximum level of refine-
ment

10

indicator type of refinement criterion "alpha"
epsilon_refine threshold for refinement 2.0 ¨ 10´5

epsilon_coarsen threshold for coarsening
(lower than for refinement)

1.0 ¨ 10´5

connectivity type of domain connectivity "unit"
geometry type of domain geometry

(cartesian, cylindrical)
"cartesian"

initial_condition type of initial condition "bifluid_advection"
boundary type of domain boundary

condition
"reflective"

output_name base name of the output
files

"advection-3-10"

save_count number of output files 10
single_precision possibility to output data in

single precision
1

mesh_info possibility to output mesh
information (MPI rank, tree
number...)

1

write_variables names of the variables to be
output

"alpha, velocity, pressure"

dump_option possibility to dump the
whole p4est and users data
(to restart the simulation
later)

1

load_solution load a previously dumped
file instead of creating a new
forest

0

statistics possibility to compute code
performance statistics

0

One specificity of p4est is its ability to read external mesh files, of type *.inp (ABAQUS type files),
to create complex connectivities and define the macro-mesh. While reading such mesh files is usual in
codes based on fixed unstructured grids, few AMR codes enable it. It is one of the advantages of p4est
its concept of forest of tree. CanoP uses this feature of p4est: whether an external ABAQUS file has
to be read, its name must be provided in the settings file, through the variable connectivity. A small
tutorial on the creation of such mesh files using Gmsh is given in Appendix E.

Although p4est offers a possibility to output the users data and mesh information, CanoP has been using
its own output functions from the beginning of its development. Among the libraries offering parallel
output writing, we have chosen to use HDF5library, which is based on MPI-IO: each MPI process outputs
its part of the mesh and the data associated with. These data are made of metadata, provided by p4est,
and that are the cells connectivities, and of the user’s data (the numerical solution of his simulation for
instance). For these files to be read by Paraview, XDMF files are associated with the HDF5files.

Finally, a structure called statistics provides a set of time measurements for different parts of the code.
This helps drawing a first coarse profiling of a simulation run. When the option is activated in the
settings file, these measures are performed throughout the computation, and gathered in an external
text file. Moreover, for test cases, for which an analytical exact solution is available, L1 and L2 errors
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are computed at the end of the simulation. This is for instance the case with the advection cases, as we
will see in the next chapter.

Code development framework: From the beginning CanoP sources have been put on Git repositories,
whose access was provided to each team involved in the code development (at Maison de la Simulation,
CentraleSupélec and IFPEn). Git also provides some tools (for instance Git hooks) that can be used
for code quality purposes. We consider using these tools in the future. The project aims indeed at
being available to a larger community, once CanoP framework is better structured so as to accept new
applications. Moreover, while a wiki page helps the compilation of the code on several clusters, there is
no user’s guide yet.

About compilation, let us just mention that CMake can be used to generate theMakefile, as CMakeLists.txt
files are available in the project.

Finally, some non-regression tests are being integrated, by using CTest. These tests can be run after
each code change and compilation, so as to verify that the latest modifications do not prevent the code
from running properly. These tests have the form of short simulations, whose results are compared with
reference results. This is useful when different applications are integrated at the same time by different
users.

8.1.2 Applications in CanoP:

Let us quickly present here the four applications that are currently integrated in CanoP’s framework.

Scalar advection equation:

The application solving a scalar c transport equation at velocity u, using an upwind scheme was the first
application of CanoP. The initial value problem simply writes:

#

Btc` uT∇c “ 0,

cp0,xq “ c0pxq,
(8.1)

The velocity field is an external parameter and different test cases have been developed with the solver,
using different velocity fields.

The scheme that is used is an upwind discretization. The refinement criterion is based on the gradient
of the scalar c. Numerical results can be found in Fikl (2014), where tests on subcycling have also been
done.

Although basic, this application has permitted to draw the main framework of CanoP code. More features
have then been added, according to the new applications needs.

Two-phase models:

The second historical equations were those of the two-phase 3-equation model. This system is solved
with Relax-S, Relax-Band HLLC scheme (see their definition in Chapter 4), at first and second-order in
space and time. The integration of this second model has lead to considering a set of numerical features,
presented in Chapter 6. It has also driven to the development of a triangular version of CanoP has
presented at the end of the present chapter.

Up to now, only the 3-equation model has been integrated in CanoP, but the integration of the other
models derived in Chapter 1, using the numerical schemes of Chapter 4 and Chapter 5 should be straight-
forward.

Spray models:

A Eulerian high-order moment model for sprays of drops is also integrated in CanoP. It is based on
the fractional moments of a number density function, that describes the distribution in size of the
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population of drops (see the equations given in Introduction). The equations for the moments are made
of a transport part and an evaporation source term part. The equation on velocity is pressureless and
contains evaporation and drag source terms. Details on the model and its derivation can be found in
Essadki, de Chaisemartin, Massot, Laurent, Larat, and Jay (2016); Essadki, de Chaisemartin, Laurent,
and Massot (2016); Essadki (2017).

The transport part discretization used for this pressureless system of equations is a kinetic scheme
originally developed in Bouchut, Jin, and Li (2003) and then adapted to Eulerian moments model in
de Chaisemartin (2009); Kah, Laurent, Massot, and Jay (2012). A specific ODE solver is used to integrate
the evaporation source terms Massot, Laurent, Kah, and de Chaisemartin (2010b) and is coupled with
the integration of the drag force in the velocity equation.

First results involving the spray model implemented in CanoP can be found in Essadki, de Chaisemartin,
Massot, Laurent, Larat, and Jay (2016). One of the particularity of the spray model comparing with
the two-fluid model is the computational cost of the source terms integration, which is largely prevailing
over any other part of the scheme. Indeed, this integration involves the reconstruction of the Number
Density Function, while ensuring the realizability of its moments (see in Introduction, section 0.3.3.2
for more details on the moments model). Consequently, in spatial zones where the number of drops is
null, updating the variables is immediate: the work load is then no longer defined by the number of cells
only, but a weight should be allocated according to the cost of the ODE integration. The computational
constraint on the source term integration has lead to consider using heterogeneous architectures and
GPUs, in order to reduce the time spent in this task (see Essadki, Jung, Larat, Pelletier, and Perrier
(2017)).

Hydrostatic Euler equations

The equations and numerical schemes used in this application are the same as in Ramses code Teyssier
(2002). Ramses code is an tree-based AMR code for astrophysical applications, which is currently widely
used at CEA.

Thus, with this application, Euler equations with a gravity field are solved using a HLLC scheme for the
convective part and an elliptic solver for the gravity source term. The Euler equations are close to the
two-phase system, but this application presents a few different features:

• a version of the solver in cylindrical coordinates is available,

• the full gravitational system of equations necessitates to solve a Poisson’s equation for the integra-
tion of the gravity source term, that writes as a potential function.

The Poisson’s solver is currently being integrated in CanoP.

8.2 Performance tests using the two-phase application of CanoP

The first results using CanoPcode, which are presented here, are concerned with the code performances
on parallel architectures. We are indeed analyzing the overheads due to the call for MPI functions and
to the use of AMR comparing with uniform grids. A coarse profiling for time spent in some parts of the
code is also presented, although a finer analysis should be done using dedicated tools. However, since
CanoPis still under development, and as no work on optimizing it has been conducted yet, we are only
interested in the main sources of computation cost here.

The aspects we are looking and comparing here are the number of MPI processes, the computation time
(or Wall Clock Time) of the main subparts of the code, and the compression rate of the grid (whose
definition is given in the introduction of Part III. A discussion on the compression errors, and on the
point of using AMR while preserving the same solution’s accuracy is carried out in Chapter 9: we will
study there the influence of the refinement criterion on the compression rate and on the compression
error. In the present chapter, however, we are not interested in the accuracy of the numerical solution,
but only in the code performances according to the grid characteristics.
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(a) Advection profile on one tree and
a uniform mesh.

(b) Advection profiles (8 patterns) on
one tree and adapted mesh.

(c) Advection profiles (8 patterns) on
8 trees and adapted mesh.

Figure 8.7: Pictures of the initial conditions for the numerical tests, that were used to measure
CanoPperformances in 3D.

8.2.1 Presentation of the test case and computational environment

For the following scalability measurements, we choose a 3D configuration of an advection test case. The 3-
equation equilibrium (Chapter 1) system is solved using the relaxation scheme with Bouchut’s correction
(Chapter 4), dimensional splitting, on hexahedral cells and with the following initial conditions, defined
at any point M in a piece of the domain Ω around a central point O:

u “

¨

˝

1
1
1

˛

‚ , p “ 1.0¨105 , α “

$

’

’

&

’

’

%

1.0 if dpO,Mq ă 0.05

0.5

ˆ

1` cos

ˆ

π
dpO,Mq ´ 0.05

0.1

˙˙

if 0.05 ď dpO,Mq ă 0.15

0.0 else

This initial condition is illustrated in Figure 8.7a. Using an idea of Burstedde, Calhoun, Mandli, and
Terrel (2013), this pattern centered around O will be replicated for the weak scaling tests (as illustrated
in Figure 8.7b and Figure 8.7c), so as to keep a constant load per MPI process. Indeed, it is not easy
to control the number of cells with AMR grids, and especially with the heuristic refinement criteria that
are used in CanoP: here, the refinement criterion is based on the variations of α, ξrefine “ 1.0 ¨ 10´5 and
ξcoarsen “ 2.0 ¨ 10´6.

The following results were obtained on GENCI’s OCCIGEN supercomputer, whose technical features
can be find in CINES (2017). The number of MPI tasks per node is less or equal than 24: for NMPI

number of MPI processes, the number of nodes is given by
Z

NMPI

24

^

. Both p4estlibrary and CanoPwere

compiled with the option flag -O3.



Part III - Adaptive Mesh Refinement methods and codes 227

8.2.2 Strong scaling results

We are first interested in the strong scaling of CanoPfor different types of meshes. We choose the initial

condition as described above, defined on a unique cubic tree, where O “

¨

˝

0
0
0

˛

‚. We then simulate the

advection of the initial profile at velocity u during a few milliseconds (tf “ 2.5 ¨10´3), over four different
grids:

• a uniform grid of level of refinement of 9, meaning that it is composed of 29 ˆ 29 ˆ 29 cells;

• an adapted grid of maximum level of refinement of 9 and minimum level of 8, whose mean com-
pression rate during the simulation is of 86 %;

• an adapted grid of maximum level of refinement of 9 and minimum level of 7, whose mean com-
pression rate during the simulation is of 97 %;

• an adapted grid of maximum level of refinement of 9 and minimum level of 6, whose mean com-
pression rate during the simulation is of 98 %.

The same test is performed over NMPI “ 2N MPI processes, where N P t0, ..., 14u, except for the
simulation over the uniform grid where N P t5, ..., 14u.

Results of the mean time of computation per time iteration are shown in Figure 8.8a, and compared
with an ideal scaling, which is defined by:

τidealpNMPIq “
τclockpN0qN0

NMPI
.

Note that N0 “ 32 for the uniform (due to the memory cost of the computation, which prevented it from
being made on a unique node), N0 “ 1 for the adapted grids. The parallel efficiency, defined by:

ηpNMPIq “
τidealpNMPIq

τclockpNMPIq

is presented in Figure 8.8b. Note that the reference number of processes and time of computation is not
the same for the uniform or the adapted grids. Results comparing the efficiencies in Figure 8.8b should
be shifted.

From these figures, one can see that the computation on the uniform grid has a correct scaling up to
1.6 ¨ 104 MPI processes: its efficiency is above 0.5. For the adapted grid with one level of refinement
(with rcomp “ 86 %), the scaling is correct up to 256 processes. For the adapted grids with two and
three levels of refinement (with rcomp “ 97 % and rcomp “ 98 % respectively), the scaling is correct up
to 64 processes.

One can observe that for the adapted grids, there exists a critical number of processes Ncrit above which
the cost of the computation increases with the number of processes. Ncrit « 4096 for the 1-level, 2-level
and 3-level compressed grids. Above Ncrit, the computation time is also larger on the adapted grids than
on the uniform grid.

In Figure 8.8c, we compare the ratio of the computation times between the adapted and the uniform
grids, given as a function of the compression rate, for different numbers of MPI processes. This figure
shows that the same order of computation time can be saved by using adapted grids instead of a uniform
grid up to 1024 processes, whatever the compression rate. Above 4096 processes, one can clearly see that
the ratio of times is close to 1, or even above. The time savings are not perfect: the shift between the
effective ratio and the ideal one is probably due to the cost of the adapting procedures.

CanoP strong scaling for the two-phase application is not perfect, especially when using adapted grids.
However, time is effectively saved when using the adapted grids compared to the computation time for
a uniform gird. For the case we have tested (the 3D advection test with a maximum level of refinement
which is 9), this gain of computation time is true up to Ncrit “ 4096 processes, and it is satisfying up
to 1024 processes. For Ncrit, the number of octants per MPI process is around 3.2 ¨ 104 for the uniform
grid, 4.6 ¨ 103 for the 1-level adapted grid and near 1.0 ¨ 103 for the 2-level and 3-level adapted grids.
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This number is equivalent to a subdomains of uniform grids made of 10 ˆ 10 ˆ 10 cells. We expect
that the communications for this domain decomposition are very expensive comparing with the other
computation tasks.

Let us finally underline that the present results are strongly related with the two-phase application. For
the spray application for example, the source term integration is the prevailing source of computational
costs, and the strong scaling results are quite different (see the results for the spray solver in Essadki,
de Chaisemartin, Massot, Laurent, Larat, and Jay (2016)).

8.2.3 Time repartition between subparts of the code

Now let us look in more details at the parallel efficiencies of two subparts of CanoP: the task related
to the updating of the solver (see Figure 8.2) and the task related to the adaptation of the mesh (in
Figure 8.4). The adaptation task will then be decomposed between the three sub-tasks that are the
refining, coarsening and 2:1 balancing tasks. We perform the same test in the same configurations as
in the previous section, for a strong scaling study. The results are presented in Figure 8.9a and Figure
8.9b.

We can see in Figure 8.9a that the computation cost of the mesh adaptation functions is lower than
the cost of the solver update, up to 2048 MPI processes. Then, the adaptation procedures are more
expensive.

Among the tasks related to adaptation, the 2:1 balance tasks is the most expensive. Then, the refinement
task necessitates more computational time than the coarsening task. This may be explained by the
numerical scheme, the refinement criterion and the test case. Indeed, due to numerical diffusion, the
values of α variable spread over space and the grid needs more refinement than coarsening during the
computation.

Above Ncrit “ 4096 MPI processes, the adaptation tasks become increasingly expensive, and the strong
scaling is lost. This critical number of processes corresponds to the critical number for the 2:1 and
refinement tasks. The coarsening task already shows poorer results around 1024 processes.

The adaptation tasks necessitates more MPI communications than the solver task for the two-phase
application, and is thus critical for a too large number of MPI processes. Once more, let us note that
this observation is strongly related to the numerical scheme and other parameters of the two-phase
application. In the future, for this special test case, we could conduct a study on the frequency at which
the mesh adaptation procedure is applied. Indeed, in the present case, mesh adaptation occurred at each
time iteration. However, changing this procedure may have an influence on the compression error (which
is studied in Chapter 9), since we use heuristic refinement criteria. It should be interesting also to design
better criteria or consider a multiresolution approach that ensures to keep a constant compression error.

8.2.4 Weak scaling results

An other characteristics of a parallel code is its weak scaling, showing how the parallel overheads evolve
for a same amount of work per MPI process.

The weak scaling measures have been performed on three mesh configurations:

• a uniform grid over a unit cube, whose level of refinement is 6 for 2 MPI processes (26 ˆ 26 ˆ 26

total octants), level 7 for 16 MPI processes...

• a forest of unit cubes, with a maximum level of refinement of 6 and a minimum of 2 in each tree.
The pattern defining the initial condition is reproduced once for 2 MPI processes, 8 times for 16
MPI processes...

• a unit cube containing 2NMPI times the initial condition and whose maximum and minimum levels
of refinement depend on NMPI.

Using these configurations, the resulting number of octants per MPI process is given in Figure 8.10a, and
the wall-clock times per iteration of the simulation are presented in Figure 8.10b. Figure 8.10c shows the
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(a) Number of MPI process NMPI vs wall clock time τClock for different com-
pression rates rcomp. Thick lines represent the ideal scaling.

100 101 102 103 104 105

0

0.2

0.4

0.6

0.8

1

NMPI

η

Nocts / rcomp

1.3e+08 / 0 %
1.9e+07 / 86 %
4.4e+06 / 97 %
2.6e+06 / 98 %

(b) Number of MPI process NMPI vs parallel efficiency η “ τClock{pNMPI τ1q
for different compression rates rcomp.

Figure 8.8: Strong scaling results for a 3D simulation case.
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Figure 8.8: (continued) Strong scaling results for a 3D simulation case.

relative time for each test with respect to the computation time for the configuration of 2 MPI processes.

For both Figure 8.10b and Figure 8.10c, a perfect scaling would be a constant whatever the number of
processes. We can note however that the wall-clock time increases with the number of MPI processes.
When comparing the times spent in the solver and in the mesh adaptation parts, we can see that, whether
the solver part is more expensive, it has a better weak scaling than the mesh adaptation part.

8.2.5 Comparisons with standard resolution on uniform grid

Here we compare the execution times of CanoP and a simple 2D code, written in C language and that we
call toyCode. This code is dedicated to the resolution of the 3-equation system on cartesian grids with
Relax-B scheme presented in Chapter 4. It is not parallel and no specific optimization work has been
done on it, except using the compilation option flag -O3.

For a same advection test in 2D, we compare then the computation times of CanoP and toyCode with
equivalent grids (uniform or adapted with a same equivalent uniform grid), of 1024ˆ 1024 cells, for 328
time iterations. Results on one core are presented in Figure 8.11: the execution time for toyCodeis 123 s
and the time for CanoP on the same uniform grid is 284s. Then, for the adapted grids, the computation
time is given as a function of the compression rate rcomp (more precisely in function of 1´ rcomp). The
point is to determine the minimum compression rate that enables a faster computation with CanoP.
The compression rate, for which the two execution times are of the same order, is around 81 %: this
corresponds to two levels of compression. Let us point out here that whatever the compression rate, the
accuracy of the solution is kept constant.

Over uniform meshes, comparisons between CanoP and toyCode show a ratio of their execution times
that fluctuates between 2.2 and 4. However, this comparison is to be qualified due to several differences
between the two codes:

• the scheme implementations differ slightly between the two codes,

• CanoPcontains many more features and options than toyCode. Its structure is consequently more
complex and involves more operations (for instance, data for solving the Riemann’s problems are
reconstructed, whether the scheme is second order or not). In that point of view, some optimizing



Part III - Adaptive Mesh Refinement methods and codes 231

100 101 102 103 104 105
10´2

10´1

100

101

102

103

NMPI

τ c
lo
c
k

solver_0%
solver_86%
adapt_86%
solver_97%
adapt_97%
solver_98%
adapt_98%

(a) Wall clock times for solver and mesh adaptation parts.

100 101 102 103 104 105
10´4

10´3

10´2

10´1

100

101

102

NMPI

τ c
lo
c
k

refine_86%
coarsen_86%
2:1_86%
refine_97%
coarsen_97%
2:1_97%
refine_98%
coarsen_98%
2:1_98%

(b) Wall clock time for refining, coarsening and 2:1 balancing parts.

Figure 8.9: Strong scaling results for a 3D simulation case.
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Figure 8.10: Weak scaling test. Computation time and load repartition.
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Figure 8.10: (continued) Weak scaling test. Computation time and load repartition.

could be considered in the future.

• CanoPis a parallel code, and as shown in the previous paragraphs, has an acceptable scaling up to
some thousands of cores. On the other hand, it would be easy to parallelize toyCodeusing classic
domain decomposition.

Moreover, this kind of comparison depends strongly on the model, the scheme and on the test case.
Indeed, for the spray model for example, the source term is an expensive and local task. Using AMR
for this model is clearly advantageous, as shown in Essadki, de Chaisemartin, Massot, Laurent, Larat,
and Jay (2016). The 4-equation and 5-equation two-phase models also involve the integration of source
terms (see Chapter 5), and thus may be more efficiently solved with AMR.
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Figure 8.11: Execution time for a 2D advection test with respect to the compression rate (for an
equivalent grid of size 1024ˆ 1024).

8.3 Improvements of CanoP code and works in progress

Many improvements of CanoP are currently under progress. Today, the two main axes are:

• an integration of higher-order methods, that necessitate to change the heavy data structures of
CanoP,

• an externalization of the memory management for these data, so as to better use cache locality
and have a better flexibility on the size of the data.

These two aspects are detailed below.

8.3.1 Subgrids and degrees of freedom

Triangular grids

One first and simple modification of the sub-cells degrees of freedom is to divide each quadrangular cell
into to triangular subcells. From a quadrangular mesh, and particularly from the cell-based mesh of
p4est, we propose here a very simple operation that enables to get a triangular mesh, and to perform
tests of Low-Mach number flows (see details about this topic in Chapter 6). This operation is presented
below for the 2D case and propositions are made for their adaptation to 3D (since it has not yet been
tested). It relies on a modification of the user’s data structure, so as to take into account two inner
degrees of freedom in each cell.

With the same idea as in p4est of identifying cells using indices only, we are looking for a simple man-
agement of the triangular grid. Two configurations are considered and illustrated in Figure 8.12: with
the first configuration, quadrangular cells are divided into 2 triangles, with an orientation of their hy-
potenuse according to the Morton’s index of the cells, while in the second configuration, all triangles are
oriented the same way. For sake of simplicity in the 2D case, we have selected the second option. We
will comment this choice regarding the 3D case at the end of this paragraph.

We then give a number to each triangle, in agreement with the face numbering operated by p4est, as
shown in Figure 8.13a: triangle 0 if it contains the face 0, triangle 1 otherwise. Going through all the
triangular cells of the grid will then be made following first the quadrants indices, and secondly the
triangles indices. We can note that, in a tree and through any face of a given triangle, the neighboring
triangle’s number is the opposite one.

Refining and coarsening triangles is done in the same way as for quadrangles (see illustration in Figure
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8.13b): when the quadrant is divided into four new quadrants, the triangles it contains are also split into
four new triangles. This comes down to keep two triangles per quadrangular cell.

Dimensional splitting is not relevant with triangular grids, so we use an unsplit update of the transport
part of the equations with Relax-B. At the faces of the cells, fluxes are computed in the referential of
the normal to the face (which is easily computed for the diagonal face), and then projected in the global
referential.

(a) Division of each quadran-
gular cell into two triangles ori-
ented in the same direction.

(b) Division of each quadran-
gular cell into two triangles ori-
ented in two different directions.

Figure 8.12: Changing an AMR quadrangular mesh into a triangular mesh.

In 3D, there are again several options leading to the division of hexahedral cells into tetrahedral ones.
The least number of such created tetrahedra is 5, but the simplest division leads to 6 tetrahedra, and
is used in the tetrahedral version of p4est in Burstedde and Holke (2016). This is illustrated in Figure
8.14. This 3D version has not yet been implemented in CanoP, but is does not present any difficulty.

Other applications based on multiple degrees of freedom per cell

Triangular grids, built from the quadrangular version of p4est can be seen as a first step towards the
definition of multiple degrees of freedom inside each leaf of the tree. This approach is currently under
study for the implementation of MOOD (Clain, Diot, and Loubère (2011)) or Discontinuous Galerkin
(DG) (see a recent review of this method in Shu (2013)) high-order schemes.

For MOOD schemes, the increase in scheme order is based on a polynomial reconstruction of the solution
inside each cell, using a large stencil of neighbors. This stencil increases with the order of the method.
As it is difficult and costly to find neighbors of neighbors in p4est, the idea is then to add subgrids (or
patches) in each p4est cell. This way, all required neighbors are provided with only one call of neighboring
cells in p4est. This method is being implemented for the hydrostatic Euler application in CanoP.

In DG approach, degrees of freedom of a finite element method are used to set the nodal values of the
polynomials basis. This method has been mentioned for the fractional-moment model in Essadki, Jung,
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(a) Face indexing ac-
cording to p4est and tri-
angle numbering.

2

3

(b) Coarsening of
triangular cells.

Figure 8.13: Changing an AMR quadrangular mesh into a triangular mesh.
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(a) Tetrahedral 3D grid. (b) Division of a hexahedral cell into 6 tetrahedra.

Figure 8.14: Changing a hexahedral mesh into a tetrahedral mesh.

Larat, Pelletier, and Perrier (2017), and is currently being implemented in CanoP.

8.3.2 Memory externalization

The need for uncoupling the user’s data allocation from the management done by p4est has raised from
the observations that, although p4est quadrants data are stored using the Morton index, it is not the case
of the user’s data pointed by these quadrants. Indeed, heavy data are allocated using a memory pool
principle by the SC library. This mismatch in the cache memory can lead to overheads, which increase
with throughout simulation run, when the grid is strongly modified.

To tackle this issue, we have decided to let the allocation of these data be performed by CanoP. This
new memory management will moreover be useful when coupling different CanoP’s solvers, for which the
size of the data may differ. Finally, it may be useful for a hp refinement strategy with the DG method.
This means that both spatial discretization and the order of the polynomial are changed according to
the need of accuracy of the solution.

8.3.3 Other

Other improvements of CanoP consist in the implementation of Poisson’s solver, for the hydrostatic Euler
equations, or also for instance, to solve incompressible Navier-Stokes.

Finally, a cleaning of some functions and an optimization of some parts of CanoP would help improve
the code performances.

8.4 Conclusion

CanoP code is an applicative code of the tree-based AMR framework proposed by the p4est library.
CanoP has been developed so as to allow the integration of different finite volume applications (models
and numerical schemes) and the use of a set of numerical features, related to the finite volume methods.
CanoP code is still under development: it is modified to be more generic through the object-oriented
framework, more performant by means of an externalization of the memory management, new high-order
methods are implemented and tested and a coupling between the applications is envisioned.

The two-phase application was the second application of CanoP. It solves the 3-equation model with
Relax-S, Relax-Band HLLC scheme and may be used at the second order in space and time with the
MUSCL-Hancock scheme. The verifications of the accuracy of these methods in an AMR context is
presented in Chapter 9. Here, we have tested the performance of CanoP for this application and in a
HPC architecture. The scalability results are satisfying, knowing that no optimization work has yet been
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performed for CanoP. A comparison with a simple 2D code shows a factor of 2 to 4 between the two
codes execution times. Once more, these are encouraging results, which could probably be improved by
some code optimization.

Among the other development opportunities, one can note that tree-based grids are at the heart of the
wavelet-based multi-resolution approaches of Harten (1994). However, their use is somehow different
than in AMR approaches. In particular, the prediction stage in the multi-resolution approach involves
stencils of neighboring cells, which are larger than the stencil required for the evaluation of the heuristic
criteria in AMR and which may be expensive to obtain, due to recursive research of neighbors. We can
wonder in what extent these methods can be integrated in CanoP.
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Abstract
In this part, we present a series of numerical tests of 1D, 2D and 3D
AMR configurations. The results have been obtained with the two-phase
application of CanoP code. In Chapter 9, we study the effects of the
refinement criterion on the compression error for an advection test. Then,
we perform two standard Riemann problems. The low-Mach problem is
introduced with a 2D test of a rising bubble. Finally, a 2D dam break test
with an obstacle, and a simple 3D dam break are presented in Chapter 9.
Other configurations of dam breaks are studied in Chapter 10. There, we
compare the results of the compressible two-phase model with experimental
data and an incompressible model. Another study of the low-Mach issue
is also proposed for the first moments of the dam break problem.





Chapter 9

AMR verification tests

9.1 Presentation of the chapter

In this first chapter dedicated to numerical results, we are presenting a series of numerical tests that have
been designed to experience the numerical schemes, presented in Chapter 4 and Chapter 6, and their
integration in the CanoP code. We shall focus on numerical issues that are specific to the AMR context:

• the effects of the non-conforming character of the mesh, that could deteriorate the numerical
solution at the interface between large and smaller cells,

• the effects of dynamically changing grids, that could introduce numerical errors during refinement
or coarsening,

• the influence of the choices of both the refinement criterion and the refinement thresholds on the
numerical solution.

In order to examine these issues, we shall test our discretization strategies and implementation against
classic Riemann problems and multi-dimensional flows.

Another aspect that is emphasized with adapted grids is the difficulty related to the low-Mach number
flows, as we will see with the test of the rising bubble. This test will then be used to test the all-regime
scheme that was presented in Chapter 6, as well as the triangular grids (Chapter 8).

The last two tests deal with the simulation of dam breaks in both 2D and 3D, and in complex domains
(more complex than unit square domains). A further study will be presented in Chapter 10 including
comparisons with experimental data.

In this chapter, we are solving the 3-equation system (derived in Chapter 1) which reads:
$

&

%

Btρ ` divx pρuq “ 0
BtpρY q ` divxpρY uq “ 0
Bt pρuq ` divx

`

ρuuT ` pId
˘

“ ρg

p “ p1

´

ρY
αpρ,Y q

¯

“ p2

´

ρp1´Y q
1´αpρ,Y q

¯

(9.1)

where g stands for the gravity source term (g “ 0 in the first tests), and the pressures pk, k “ 1, 2 are
computed with linearized barotropic pressure laws:

pk “ po ` c2kpρk ´ ρ
o
kq,

with po “ 1.0 ¨ 105, c1 “ 3.4 ¨ 102, c2 “ 1.5 ¨ 103,

ρo1 “ 1.0, ρo2 “ 1.0 ¨ 103, ρ1 “
ρY

αpρ, Y q
, ρ2 “

ρp1´ Y q

1´ αpρ, Y q
.

Let us also define the notion of compression level, that will be used in the discussions. The level of
compression refers to the number of refinement levels separating the finest levels from the coarsest levels
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of refinement. For instance, a 2D grid whose finest level is 12 (finest cells are 22¨12 times smaller than
the whole domain) and coarsest level is 3, has a level of compression of Lcomp “ 12 ´ 3 “ 9. In the
following, this quantity is noted Lcomp

9.2 A 2D advection test case and influence of the refinement
criterion

The first test is a simple advection of a volume fraction profile. This test will provide a ground for con-
vergence studies and for a discussion on the refinement criterion. This test possesses a simple analytical
solution, that allows convergence studies and a discussion on the choice of the refinement criterion, since
L1´ and L2´errors are easy to estimate.

9.2.1 Presentation of the test

Initial and boundary conditions: The initial condition is given by:
$

&

%

pp0,xq “ p0,
αp0,xq “ fpxq,
up0,xq “ u0,

(9.2)

with p0 “ 1.0 ¨ 105, u0 “ p1, 1q
T and:

fpxq “

$

’

&

’

%

0 if |x´ x0| ą L0,

0.5
”

1` cospπ |x´x0|´l0
L0´l0

q

ı

else if |x´ x0| ą l0,

1 else.

We choose, in a unit square domain, the following values for l0, L0 and x0:

l0 “ 0.05,

L0 “ 0.15,

x0 “ p0.5, 0.5q
T .

An illustration of the initial condition is given in Figure 9.1.

The domain is assumed to be periodic. Then the analytical solution is given at time t ą 0 by:
$

&

%

ppt,xq “ p0,
αpt,xq “ fpXpt,xqq,
upt,xq “ u0,

and:

Xpt,xq “

ˆ

x´ u0,xt´ tx´ u0,xtu
y ´ u0,yt´ ty ´ u0,ytu

˙

, u0 “ pu0,x, u0,yq
T , X “ px, yqT .

This test should preserve uniformity of pressure and velocity (see Appendix A). In practice, the final
time for the following tests is tf “ 2.5 ¨ 10´1s, and numerical errors are given by the L1- and L2-norms
of the difference between the numerical solution and the analytical one.

Numerical scheme and refinement criterion: The numerical solutions are computed using Relax-B
(see details in Chapter 4) applied to system (9.1) with g “ 0. We also use directional splitting, and for
second order results, the MUSCL-Hancock reconstruction presented in Chapter 6. The CFL coefficient
is 1 for first-order schemes and 0.5 for second-order ones.

In the following, the criterion used for AMR grids is based on the relative difference of the mixture
density ρ between two cells (see the definition of this criterion in Chapter 6, section 6.4). The value
of the refinement and coarsening thresholds, ξrefine and ξcoarsen, will be given for each test (see their
definition in Chapter 6, section 6.4).
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(a) A grid adapted to the profile of the density ρ (that is related
to the profile of the volume fraction α).

(b) Profile of α along the x´axis.

Figure 9.1: Illustration of the volume fraction profile for the advection test case at the initial condition.
The smallest level of refinement is 3 (∆xmax “ 0.125) and the highest is 7 (∆xmin “ 7.81 ¨ 10´3)

Remark 37. The choice of using ∆ρ rather than using the volume fraction ∆α was made by noticing
that the relative difference between two cells, could be arbitrarily large when α tends to 0 (which is the
case with the initial conditions defined above).

With the following tests, we study the following properties of the numerical methods that have been
implemented in the CanoP code:

• stability of the directional splitting for CFL=1.0 at first order and 0.5 at second order, and preser-
vation of the uniform velocity and pressure profiles,

• order of convergence of the relaxation scheme with Relax-B scheme,

• convergence of the AMR solution and effect of the refinement threshold.

Finally, we shall discuss the choice of the refinement criterion and thresholds and their influence on both
the compression errors and compression rates.

9.2.2 Test of the first order scheme

In Figure 9.2 and Figure 9.3, we present the numerical errors (in L1- and L2-norm) in function of the
spatial discretization and for different grids. For uniform meshes (the darkest blue curves), the abscissa
stands for the side length of one cell. For compressed (adapted) grids, the abscissa gives the side length
of the finest cells ∆xmin, that is also the side length of one cell in an equivalent uniform grid. So we can
compare solutions that have the same equivalent uniform grid. The colors of the curves of the following
series of figures are associated with grids with the same compression levels Lcomp.

In Figure 9.2, the refinement thresholds are ξrefine “ 5.0 ¨ 10´2 and ξcoarsen “ 2.5 ¨ 10´2, while in Figure
9.2, these thresholds are lower: ξrefine “ 1.0 ¨ 10´1 and ξcoarsen “ 5.0 ¨ 10´3.

In both figures, one can first observe that, in the limit of small ∆xmin, the order of convergence is
close to 1, whatever the compression level. However, in this limit, the numerical error increases for
increasing compression levels: the difference between the numerical errors for the uniform grid and the
compressed grids is in fact the compression error εcomp, as defined in Introduction, section 0.4.3. This



246 Chapter 9 - AMR verification tests

compression error is larger in Figure 9.2 than in Figure 9.3. In Figure 9.2, the compression error value
even deteriorates the order of convergence of the solution.

One can also note that for some compressed grids, the numerical error is smaller than the numerical
error of its uniform equivalent grid. This can be explained by the CFL condition that is less restrictive
in the compressed grids, because zones of the solution where the sound velocity is the highest are not
necessarily well refined.

The numerical errors of both uniform and compressed grids are then of same order down to a certain cell
size, that we will note ∆xomin. For grids whose cells are finer than ∆xomin, the compression error prevails
over the scheme error. The value of ∆xomin depends on the choice of ξrefine and ξcoarsen, as one can see
by comparing Figure 9.2 with Figure 9.3: when one decreases ξrefine, one also decreases ∆xomin.

On the other hand, we present in Figure 9.4 the effective compression rates rcomp of the different grids
(defined in the introduction of Part III, section III). The abscissa and colors of these figures are the same
as for Figure 9.2 and Figure 9.3.

As for the compression errors, we can note that ξrefine (and ξcoarsen) have an influence on rcomp: rcomp is
increasing when ξrefine (and ξcoarsen) increases. This means that for higher values of ξrefine and ξcoarsen,
the grid is less sensitive to the variations of the numerical solution.

We finally compute the relations between rcomp and εcomp for two different ∆xmin (that are visually
identified on Figure 9.2, Figure 9.3 and Figure 9.4 by the blue and green vertical dashed lines). In Figure
9.5, the blue curve stands for the largest values of ξrefine and the green curve for the smallest values of
ξrefine. We study here the ratio of the error for the compressed grid εAMR over the error for the uniform
one εunif.

One can see that the values of rcomp can not increase infinitely: they are bounded by a value rcompmax
that is strictly lower than 1, and that depends on the value of ξrefine. Indeed, one can see that the
lower the value of ξrefine, the lower rcompmax. However, choosing small values of ξrefine ensures a lower
compression error εcomp: the green curves are always below the blue ones, and especially in the second
figure, where the εAMR is of the same order as εunif.

Let us summarize here the main observations made for the first-order numerical solutions:

1. the convergence rates of all grids are in agreement with the order of accuracy of the numerical
scheme (first-order here),

2. lowering the refinement threshold helps reducing the compression errors in the limit of small cell
sizes,

3. lowering the refinement threshold also limits the compression rates of the grids.

9.2.3 Test of the second order scheme

In the same way as for the first order scheme, we present here a convergence study of the second-order
scheme, using the MUSCL-Hancock reconstruction. The results are presented in Figure 9.6.

The orders of convergence for uniform grids are: 1.83 in the L1 norm, 1.68 in the L2 norm.

We can see again that the choice of the value for ξrefine has an influence on the accuracy of the solution:
for a given value of ξrefine, εcomp is negligible with respect to the whole numerical error down to a
discretization level ∆xomin. For grids whose finest cells are beyond ∆xomin, εcomp prevails over the other
scheme truncation error. We can note that the value of ∆xomin for the second-order scheme is larger
than the value of ∆xomin for the first-order scheme: this means that the prevailing effects of εcomp appear
on grids that are coarser than for the first-order scheme. This is due to the reduction of the truncation
error for second-order schemes, while εcomp is only related to the AMR grid.

Consequently, even for ξrefine “ 5.0 ¨10´2 and ξcoarsen “ 2.5 ¨10´2, the numerical errors are not satisfying
yet on the finest grids. One could also wonder whether the convergence rate of the compressed grids is
not damaged.

The study of the compression rates yields similar results as the first-order case of previous section (see
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(a) L1 error comparing with the analytical solution.
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(b) L2 error comparing with the analytical solution.

Figure 9.2: Advection test case on different AMR grids (defined by different values of Lcomp) for
ξrefine “ 5.0 ¨ 10´2 and ξcoarsen “ 2.5 ¨ 10´2. First-order Relax-B scheme.
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(b) L2 error comparing with the analytical solution.

Figure 9.3: Advection test case on different AMR grids (defined by different values of Lcomp) for
ξrefine “ 1.0 ¨ 10´2 and ξcoarsen “ 5.0 ¨ 10´3. First-order Relax-B scheme.
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(a) Effective rcomp at the end of the simulation for ξrefine “ 5.0 ¨ 10´2 and ξcoarsen “
2.5 ¨ 10´2.
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(b) Effective rcomp at the end of the simulation for ξrefine “ 1.0 ¨ 10´2 and ξcoarsen “
5.0 ¨ 10´3.

Figure 9.4: Advection test case on different AMR grids (defined by different values of Lcomp) and
different values of ξrefine and ξcoarsen.
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Figure 9.5: Relative compression error given as a function of the compression rate for two refinement
thresholds: ξrefine “ 5.0 ¨10´2 and ξcoarsen “ 2.5 ¨10´2 in blue ; ξrefine “ 1.0 ¨10´2 and ξcoarsen “ 5.0 ¨10´3

in green. First-order Relax-B scheme.
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(a) ξrefine “ 5.0 ¨ 10´2 and ξcoarsen “ 2.5 ¨ 10´2.

10´4 10´3 10´2 10´1 100
10´6

10´5

10´4

10´3

10´2

10´1

∆xmin

L 1
er
ro
r

(b) ξrefine “ 1.0 ¨ 10´2 and ξcoarsen “ 5.0 ¨ 10´3

Figure 9.6: Advection test case on different AMR grids (defined by different compression levels Lcomp).
L1 error comparing with the analytical solution. Second-order Relax-B scheme.
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Figure 9.7). The choice of the value of ξrefine (an ξcoarsen) has an effect on rcomp: a lower value for ξrefine
leads to less compressed grids.

Finally, Figure 9.8 presents the relation between rcomp and εcomp for second-order solutions, with two
different ∆xmin, that are marked by dashed lines in Figure 9.6 and Figure 9.7. The difference with
respect to the first-order case is that low values for ξrefine do not ensure low εcomp anymore: for very
fine grids, the εcomp seems even higher for lower values of ξrefine. This observation seems to confirm that
a refinement criterion based on the spatial first-order variations (∆ρ) of the solution is probably not
adapted here.

9.2.4 Conclusion

From the observations performed on the advection test solved with the first-order and second-order
schemes, one can conclude that both the compression error and the compression rate are directly related
with the values of the refinement thresholds. We have observed that increasing the value of these
thresholds implies an increase of the compression error, which is detrimental for the accuracy of the
numerical solution. However, increasing the value of the refinement thresholds increases the compression
rate, which is interesting in terms of computation costs. This suggests that, in an AMR context, a balance
between compression and accuracy needs to be reached. Nevertheless, one needs to take into account
that in practice, AMR codes like CanoP, may not provide important performance gains when compared
with fixed Cartesian grids codes, unless the compression rate is large enough. Let us also remark that
effective gains of performance between the CanoP code and fixed grid codes is strongly dependent on the
equations that are solved, as well as on the simulation case.

A good balance between compression and accuracy is also dependent on the numerical scheme, the test
setting and the value of the refinement threshold, due to the use of heuristic refinement criteria. For
this reason, we believe that the multi-resolution methods (Harten (1994); Müller (2003); Duarte (2012))
are probably good candidates for simulations that require to maintain the accuracy of the solution at a
given rate.

Other elements may also have influenced the results presented in this section:

• when the grid is refined, there is no reconstruction of the solution in the new fine cells. While, this
should not increase the truncation error when comparing with the former coarse grid, this could
nevertheless represent a source of difference with a solution computed on a fine grid,

• we have noticed for some adapted solutions, that the truncation error was below the truncation error
of the equivalent uniform grid. We believe that this could be the result of the time step choice, that
is constrained by the maximum ratio between the wave velocities (acoustic and material velocities)
and the cell size, evaluated in each cell of the grid. Acoustic wave velocities are often much larger
than the matter velocity: in the case of the advection test computed on uniform grids, this yields
a CFL condition on the time step which is very constraining and may cause numerical dissipation.
However, for the advection test computed on adapted grids, the finest cells match regions where
the acoustic velocity is low, i.e. mixture zones where the volume fraction α is not close to 0 nor
1, and Wood’s sound velocity is much lower than the phasic sound velocities. Consequently, the
constraint induced by the small space step is counterbalanced by the low acoustic velocities values.
On the contrary, in regions where α is close to 0 or 1, the mesh gets coarser: the high sound velocity
values are moderated by the large space steps in the CFL constraint. This feature of the AMR
techniques could be further exploited with the help of local time-stepping methods.
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(a) Effective compression rates at the end of the simulation for ξrefine “ 5.0 ¨ 10´2 and
ξcoarsen “ 2.5 ¨ 10´2.
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(b) Effective compression rates at the end of the simulation for ξrefine “ 1.0 ¨ 10´2 and
ξcoarsen “ 5.0 ¨ 10´3.

Figure 9.7: Advection test case on different AMR grids (defined by different compression levels Lcomp).
Compression rates. Second-order Relax-B scheme.
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Figure 9.8: Relative compression L1-error given as a function of the compression rate for two refinement
thresholds: ξrefine “ 5.0 ¨10´2 and ξcoarsen “ 2.5 ¨10´2 in blue ; ξrefine “ 1.0 ¨10´2 and ξcoarsen “ 5.0 ¨10´3
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9.3 1D Sod and rarefaction test cases

Now let us consider two classic Riemann problems for compressible flows: a shock tube (Sod shock tube)
and a double rarefaction tests (see Toro (2009)). The numerical results are compared with the analytical
solution (see Appendix A). Here, we intend to test the implementation of the numerical schemes in
CanoPand the behavior of the AMR method with other refinement criteria and with the second-order
schemes.

9.3.1 Presentation of the tests

Initial and boundary conditions:

These tests are performed in a 1D configuration, even on the 2D AMR grid. The initial conditions are
given below.
Two-fluid shock initial condition:

WL WR

location x ă 1 x ą 1
p 1.1 ¨ 105 1.0 ¨ 105

Y 1.0´ 1.0 ¨ 10´8 1.0 ¨ 10´11

u 0 0
α 1.0´ 1.0 ¨ 10´8 1.0 ¨ 10´8

Double rarefaction initial condition:

WL WR

location x ă 1 x ą 1
p 1.0 ¨ 105 1.0 ¨ 105

Y 1.0 ¨ 10´3 1.0 ¨ 10´3

u p´1.0, 0.0, 0.0qT p1.0, 0.0, 0.0qT

α 0.5 0.5

The domain is made of two unit squares, so that it has the dimension 2 ˆ 1 m. In the CanoP code,
we then use two trees to get the whole domain. The boundary conditions are reflective. However, the
choice of the final simulation time ensures that no wave involved in the Riemann problem has reached
the domain borders.

Numerical scheme:

For these tests, we use Relax-B scheme applied to system (9.1). g “ 0 here. At second-order,we use the
MUSCL-Hancock method. The reconstructed variables are the partial masses m1 “ ρY , m2 “ ρp1´Y q,
that must be positive (and then ensures the positivity of ρ, p and 0 ă α ă 1), and the velocity u.

As far as the AMR methods are concerned, the refinement criterion is based involves the variations of
α, p and u. We recall here the formulae from Chapter 6 to compute the criterion cpWqi in cell Ki:

CpWqi “ max
jď3

!

Dpφpjqqi

)

,

with φp1q “ α, φp2q “ p, φp3q “ u, and:
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This value is then compared with predefined refinement and coarsening thresholds ξrefine and ξcoarsen. For
both tests, the minimum level of refinement is 1 (∆xmax “ 1{2 m) and the maximum 8 (∆xmin “ 1{28

m).

9.3.2 Numerical results for Sod test

An illustration of the AMR grid is given in Figure 9.9 for the second-order solution. One can see that
the mesh is finer near the rarefaction, the contact discontinuity and the shock waves. However, due to
some oscillations, it is also fine in a zone behind the shock wave. The grid is coarser out of these zones.
One can note that the coarsest cells are not of size ∆xmax ˆ∆xmax: due to the 2:1 balance constraint
(see definition in Chapter 7) and the presence of fine cells in a large part of the domain, these large cells
are not allowed to be used.
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Figure 9.9: Second-order Sod test case: illustration of the mesh and density profile at time tf “ 0.047s.

Comparisons between the first-order and second-order solutions with the analytical solution are given
in Figure 9.10 at time t “ 0.051 s. We can see that, despite the small oscillations of the second-order
solution, this solution is less diffusive than the first-order one, especially near the rarefaction and shock
waves.

9.3.3 Numerical results for the double rarefaction test

The illustration of the AMR grid for the double rarefaction test is presented in Figure 9.11. Here, we
can note that the whole zone between both rarefaction waves is at the finest level of refinement. This is
explained by the variations of the velocity field in this zone, due to small amplitude oscillations. Indeed,
although the magnitude of these velocity perturbations is very low (of the order of 1 ¨ 10´6), when
considering the relative value from one cell to its neighbor, these relative variations can be at the order
of 1. Consequently, the refinement criterion we use here is too sensitive to these variations and leads to
the refinement of this zone. Here again, we can see the limits of using such a heuristic criterion.

Comparisons between the numerical and the analytical solutions are given in Figure 9.12 at time t “ 0.024
s. As for the Sod shock tube, we can see that the second-order solution is less diffusive than the first-order
solution near the rarefaction waves.

9.3.4 Conclusion

With these first tests, we have verified that:

• the numerical methods, presented in Chapter 6, are compatible with AMR grids, and especially, one
recovers the orders of convergence for the first-order and second-order schemes for the advection
test case,

• these methods have been correctly integrated in the CanoP code, although some small-amplitude
oscillations occur near shocks and rarefactions in the Sod and double rarefaction tests,

• the choices made for the refinement criteria permit to compress the mesh near the two-phase
interface (for the advection case) and also near shocks and in the rarefaction zones.

As a practical conclusion, it appears that more sophisticated refinement criteria may improve the simu-
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Figure 9.10: Sod test at time t “ 0.051 s. First-order solution in blue. Second-order solution in orange.
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Figure 9.11: Second-order double rarefaction test case: illustration of the mesh and velocity profile at
time tf “ 0.024s.

lations so that small-amplitude oscillations do not trigger unnecessary refinement, as we have observed
in the double rarefaction case.
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solution in orange.
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9.4 A 2D rising bubble test

Here we intend to test the AMR methods on a two-phase flow system with gravity. The flow will be
governed by equations (9.1) with now g “ p0,´g, 0q

T , g “ 9.81ms´2 (for practical reasons, in our tests,
the gravity vector will be collinear with the second vector of the canonical basis).

9.4.1 Presentation of the test

The rising bubble test will give us the opportunity to study the behavior of our numerical strategies in
a low-Mach number flow. Indeed, the initial condition of this test is a still gas bubble in a still liquid,
so the whole velocity field is null. Then, due to gravity and the difference of density between the bubble
and the environing liquid, the Archimedes’ principle leads to a vertical motion of the bubble. In the first
stages of this motion, the Mach number of in the liquid flow is below 0.01 (see in Figure 9.14 where the
Mach number is computed at time t “ 1.4 ¨ 10´1 s with Relax-B scheme on a uniform triangular grid).

Initial and boundary conditions: The numerical initial condition for this test is given at any point
x “ px, yqT by:

$

&

%

pp0,xq “ fpyq,
αp0,xq “ gpxq,
up0,xq “ 0,

(9.3)

with:

fpyq “ po `

$

&

%

c2l ρ
o
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´

exp
´

´
gpy´h0q

c2l

¯

´ 1
¯

if y ă h0,

c2gρ
o
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´

exp
´

´
gpy´h0q

c2g

¯

´ 1
¯

else,

where h0 “ 0.9, cg “ 3.4 ¨ 102, ρog “ 1.0, cl “ 1.5 ¨ 103, ρol “ 1.0 ¨ 103 po “ 1.0 ¨ 105, g “ 9.81, and

gpxq “

$

&

%

1.0 if y ą h0,
1.0 else if |x´ x0| ă r0,
0.0 else,

with
"

x0 “ p0.5, 0.2qT ,
r0 “ 0.1.

The boundary conditions are reflective on all sides of the domain.

Illustrations of the volume fraction and pressure profiles are given on Figure 9.13. Concerning the initial
conditions, let us remark that:

• we assume that there is a free surface in the upper part of the domain. The reason for this choice
will be illustrated in the following, by comparing the numerical schemes. Moreover, this free surface
changes the effective boundary that is seen by the liquid phase: the boundary conditions in the
liquid phase are then reflective on the vertical borders and on the bottom border, while there is an
interaction with the gas phase at the upper border,

• initially, there cannot be a hydrostatic equilibrium around the bubble, due to Archimedes’ force.
It is then complex to define the exact initial condition. The choice that has been made here is to
consider that the same pressure profile applies in and outside the bubble. This initially hydrostatic
profile is given by the pressure profile in a pure liquid.

The numerical solutions of this test may not be physically relevant. Indeed, multiple effects are not
modeled, such as the liquid viscosity and the surface tension. They may have an influence on the
bubble’s shape and position through time, although the bubble initial dimension is quite large: its radius
is 20 cm.

Another probable cause of error comparing with a physical solution lies in the definition of the initial
condition. Indeed, the initial hydrostatic profile that applies to the liquid phase should not be present
inside the bubble, on a one hand due to surface tension effects, and on the other hand as the density
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(a) Volume fraction profile on a 128ˆ 128 uniform grid. (b) Pressure profile on a 128ˆ 128 uniform grid.

Figure 9.13: Initial condition for the rising bubble test case. The red curve stands for the α “ 0.5
iso-line.

Figure 9.14: Mach number value at time t “ 1.4 ¨ 10´1 s, solution from Relax-B scheme on a uniform
triangular grid made of 2ˆ 128ˆ 128 cells.
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gradient is different between gas and liquid. However, we expect this defect to be rapidly damped during
the numerical simulation, due to pressure balancing.

Finally, the numerical viscosity at the bubble interface leads to zones of gas and liquid mixing, that is
not observed in a physical experiment, and may change the bubble acceleration.

To complete this short discussion, let us say that the results that are presented hereafter, although not
compared with experiments, will enable to show the difficulties of the rising bubble test case, that are:
the low-Mach flow configuration and AMR grids.

Numerical schemes: In the following, we will use the Relax-B scheme applied to system (9.1). The
same scheme with the all-regime modification of Chalons, Girardin, and Kokh (2016) and presented in
Chapter 6, section 6.5, will be noted here Relax-BM. In all following simulations, there is no dimensional
splitting: it is indeed not convenient with the triangular grid, and we have noted that it is not compatible
with the all-regime scheme. However, we use an operator splitting to integrate the gravity source term.
The CFL condition is taken to be 0.5. The numerical solutions are obtained with first order schemes: the
second-order reconstruction could not be tested as it has not been implemented with Relax-BM yet, nor
on triangular grids. Finally, when using adapted grids, the refinement criterion is ∆α, ξrefine “ 1.0 ¨ 10´5

and ξcoarsen “ 5.0 ¨ 10´6.

9.4.2 Comparison of shape and position of the bubble

In this paragraph, we will use the following nomenclature to indicate the different numerical solutions:
Name Scheme Grid Lmin Lmax
BQ_x-X Relax-B scheme quadrangular x X
LMQ_x-X Relax-BM scheme quadrangular x X
BT_x-X Relax-B scheme triangular x X

Uniform grids

Let us first observe the effects of the low-Mach flow on uniform grids. As we can see on Figure 9.15, the
differences between the numerical solutions are noticeable:

• the position of the bubble at the final time differs between the solutions BQ_7-7 and both solutions
LMQ_7-7 and BT_7-7. Indeed, the bubble in BQ_7-7 solution has moved over a shorter distance
than the bubbles LMQ_7-7 and BT_7-7.

• the form of the bubble also differs. While it remains close to a sphere in BQ_7-7, it seems to have
split in LMQ_7-7 and BT_7-7. Moreover, in BT_7-7, the shape is deformed and not symmetric
(due to the orientation of the triangles),

• we can note also that the free surface also deforms. This deformation is located above the bubble
only, while in LMQ_7-7 and BT_7-7, the deformation has spread over the whole surface,

• for solutions that were obtained on finer grids, we can note that the position of the bubble in
BQ_10-10 is higher than in BQ_7-7. By using a finer grid, we probably have removed some
numerical viscosity, that was preventing the bubble from rising in BQ_7-7. However, it is not yet
at the same height as in LMQ_10-10 and BT_10-10,

• the shape of the bubble in LMQ_10-10 and BT_10-10 is much more deformed with this level of
fine grid,

• with the finest grids, numerical diffusion has also been reduced at the gas-liquid interface in all
simulations.

Adapted grids

The same comparisons as in the previous paragraph are now performed on adapted grids. For these
grids, the minimum level of refinement is 7 (∆xmax “ 1{27 m), which corresponds to the coarse uniform
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(a) BQ_7-7 solution. (b) LMQ_7-7 solution. (c) BT_7-7 solution.

(d) BQ_10-10 solution. (e) LMQ_10-10 solution. (f) BT_10-10 solution.

Figure 9.15: Rising bubble test: volume fraction α profile of the different numerical solutions at time
tf “ 0.28s. The red curve stands for the α “ 0.5 iso-line.
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(a) BQ_7-11 solution. (b) LMQ_7-11 solution. (c) BT_7-11 solution.

Figure 9.16: Rising bubble test: volume fraction α profile of the different numerical solutions at time
tf “ 0.28s. The red curve stands for the α “ 0.5 iso-line.

grid of the previous paragraph, and the maximum level is 11 (∆xmin “ 1{211 m), which is one level finer
than the finest grid of the previous paragraph. Comparisons of the solutions BQ_7-11, LMQ_7-11 and
BT_7-11 are presented in Figure 9.16. One can note again differences between Relax-B and Relax-BM:

• the bubble is located at a lower position with BQ_7-11 than with LMQ_7-11 or BT_7-11,

• the bubble shape obtained with LMQ_7-11 and BT_7-11 is strongly deformed. This deformation
is once more not symmetrical with BT_7-11.

Now, by comparing with the solution of uniform grids, one can note few differences between LMQ_7-11
and LMQ_10-10 or BT_7-11 and BT_10-10, apart from lower numerical diffusion with the adapted
grid, because of its highest level of refinement. However, when considering the location of the bubble,
solution BQ_7-11 is closer to solution BQ_7-7 than to solution BQ_10-10. The refinement criterion,
based on ∆α does not seem to help improving the solution obtained on quadrangular grids with the
Relax-B scheme. We will see in the following paragraph, with a study of the velocity field, that the grid
has an influence on u.

9.4.3 Comparison of the velocity fields

General velocity field: As we have noted in the previous paragraphs, the dynamics of the bubble
is significantly dependent on the discretization strategy. The study of the resulting velocity fields sheds
even more light on this matter.

In Figure 9.17, one can note that the velocity fields of solutions BQ_7-7 and BQ_10-10 seem to be
oriented along the vertical and horizontal axes, while for LMQ_7-7 and BT_7-7, it is more isotropic.
The liquid that is pushed by the moving bubble is moving vertically in BQ_7-7, up to the liquid surface.
This explains the apparition of this surface deformation above the bubble. On the contrary, in LMQ_7-7
and BT_7-7, the volume of liquid that is displaced by the bubble, is spread in all directions, and then
goes back below the bubble. One can see that this motion is partially present with BQ_10-10: refining
the grid leads to the same form of velocity field as for LMQ_7-7 and BT_7-7.

Remark 38. This kind of velocity fields reminds us of the Hodge-Helmholtz decomposition analysis that
was mentioned in Chapter 6: in the low-Mach limit, solutions of Godunov-type schemes on Cartesian
grids lie in a space of solutions where Bxux “ 0 and Byuy “ 0 in 2D. However, if the numerical viscosity
is decreased, as in LMQ_7-7 or BQ_10-10, then the solution tends to the divergence-free velocity field
divxu “ 0, that is characteristic of incompressible flows.
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Finally, the non-symmetric deformation of the bubble in BT_7-7 is also visible in its velocity field: we
can see that pieces of the liquid phase move with strong velocity magnitudes in the opposite direction of
the mean fluid motion.

Checkerboard modes due to the all-regime scheme: Although the solution LMQ_7-7 obtained
with the all-regime scheme seems to give more relevant numerical results, some difficulties are encountered
with this method. One of them is related to the apparition of checkerboard modes in the velocity and
pressure fields (see also Dellacherie (2009)). This phenomenon is illustrated in Figure 9.18a in the gas
phase. According to the configuration, these spurious variations may have a non-negligible effect on the
numerical solution. They are probably due to the lack of numerical viscosity, and cures to this defect
are still an open research field.

Pressure waves due to AMR: The other difficulty that can be encountered in compressible flows
with gravity seems to be typical of AMR grids, and is illustrated in Figure 9.18b with a triangular mesh
(but is also present in quadrangular meshes with the low-Mach correction). We can indeed see a sort of
pressure wave, generated just below the bubble, at the frontier of fine and coarser cells. This comes from
an overshoot in the pressure profile just after the refinement or the coarsening of local cells. No solution
has yet been found to tackle this issue. Different procedures for reconstructing the variables data when
refining or coarsening have been tested, but these pressure defects are still generated. However, for the
simulations that were performed up to now, this problem did not show to have a significant impact on
the final numerical solution.

9.4.4 Conclusion

The test case of the rising bubble clearly shows the difficulties related to the low-Mach number regime
when using compressible equations in association with classic Godunov-type schemes. Without any
scheme modification, the solution that is computed on adapted grids, although being less diffusive at the
two-phase interfaces, seems to have the same dynamics as a solution computed on a coarse grid. The
flow dynamics is then improved when a special treatment for the low-Mach regime is used, i.e. either the
all-regime scheme of Chapter 6 or the adapted triangular grid. However, some other problems appear:

• the bubble suffers strong deformations that depend on the grid choice. First tests, consisting in
artificially spreading the bubble interface at the initial condition, were performed and seemed to
show an improvement in the shape of the bubble while preserving the same dynamics. However,
these tests have not been thoroughly studied and are not presented here,

• the scheme with the all-regime modification generates pressure and velocity profiles that are known
as checkerboard modes. This defect does not alter the solution too much for the bubble test case,
but a deeper study would probably show its real influence,

• while the checkerboard modes are not specifically associated with adapted grids (they have been
observed on Cartesian grids too), the problem of the pressure waves, that occurs with Relax-
BM scheme and on the triangular grid, seems to be specifically due to the refining and coarsening
processes.

These observations open new axes of research to better understand the structure of the numerical solu-
tions.
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(a) Relax-B scheme on a uniform 128ˆ 128 grid. (b) Relax-BM scheme on a uniform 128ˆ 128 grid.

(c) Triangular 2ˆ 128ˆ 128 grid. (d) Relax-B scheme on a uniform 1024ˆ 1024 grid.

Figure 9.17: Rising bubble test: velocity field at time tf “ 0.28. The colormaps are different from one
solution to the other.
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(a) LMQ_7-7 solution at time tf “ 0.28 s: horizontal
velocity component.

(b) BT_7-11 solution at time tf “ 0.15 s: pressure profile.

Figure 9.18: Rising bubble test: issues of the low-Mach correction (upper figure) and AMR solutions.

9.5 Dam break with an obstacle

The present dam break simulation will help us to test the ability to use a forest of trees with p4est.
The setting of this test matches the experience of Koshizuka, Tamako, and Oka (1995), and has been
considered as a numerical test in several works (see in Golay, Ersoy, Yushchenko, and Sous (2015);
Bernard-Champmartin and De Vuyst (2014), for instance). Although experimental data is available,
here only qualitative comparisons with the experimental results are performed. In Chapter 10, we will
present a more thorough study of the dam break problem.

Initial and boundary conditions: The numerical initial condition for this test is given at any point
x “ px, yqT by:

$

&

%

pp0,xq “ po,
αp0,xq “ gpxq,
up0,xq “ 0,

(9.4)

with po “ 1.0 ¨ 105 and

gpxq “

"

0.0 if y ă h0 and x ă l0,
1.0 else, with

"

h0 “ 0.292,
l0 “ 0.146.

The boundary conditions are reflective on all the borders of the domain. The dimensions of the domain,
as well as the initial condition are represented in Figure 9.19.

Due to the dimensions of the domain and to get a conforming initial macro-mesh, a forest of 498 trees
is created (using Gmsh as in Appendix E). It is illustrated, as well as the grid at initial time in Figure
9.20. The other figure of Figure 9.20 shows the partition of the domain over 120 MPI processes on the
mesocenter of CentraleSupelec. The total computation time was about 10 hours.

Numerical scheme: The numerical solution is obtained with Relax-B first-order scheme applied to
(9.1). In order to discard possible low-Mach issues, we use a triangular mesh, as displayed on Figure
9.20.
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2.92 ¨ 10´1 m

2.92 ¨ 10´1 m 2.4 ¨ 10´2 m

5.84 ¨ 10´1 m

4.8 ¨ 10´2 m

1.46 ¨ 10´1 m

Figure 9.19: Dimensions and initial condition for the test of the dam break with obstacle.

Figure 9.20: Forest of trees and MPI partition at the initial time of the dam break with obstacle test.
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Time Ntri rcomp
0.00 s 1.1 ¨ 104 0.99
0.20 s 1.8 ¨ 105 0.82
0.30 s 3.3 ¨ 105 0.67
0.40 s 6.4 ¨ 105 0.38
0.50 s 7.9 ¨ 105 0.22

Table 9.1: Number of (triangular) cells Ntri and compression rate rcomp of the grid for the dam break
with obstacle test, at different instants.

The minimum level of refinement in each of the 498 trees is 1, and the maximum level is 5. The refinement
criterion is based on the gradient of the volume fraction α, with refinement thresholds ξrefine “ 5.0 ¨ 10´6

and ξcoarsen “ 1.0 ¨ 10´6.

Visual comparisons with the experimental results: In Figure 9.21, we present a qualitative
comparison between the numerical solution and experimental photographs, issued from Golay, Ersoy,
Yushchenko, and Sous (2015). We make comparisons at four different instants:

• t “ 0.2 s: liquid has flowed through the domain and reached the obstacle, generating a liquid wave
over the obstacle. The simulated wave seems to be a bit finer than the experimental one, but both
its shape and location are coherent with the experimental observations,

• t “ 0.3 s: the wave is moving forward in the direction of the opposite wall. Here again, we can
note a difference in the shape of the wave between the numerical and the experimental solutions,

• t “ 0.4 s: the wave has reached the opposite wall for both numerical and experimental solutions.
The impact of the liquid wave onto the wall seems well represented by the simulation results.

• t “ 0.5 s: the big wave breaks up and starts to fall back behind the obstacle. In particular, one
can note that a second wave is forming close to the obstacle in the experiment. This wave is also
present in the numerical solution.

The solution seems quite spread by the numerical diffusion: the liquid-gas interface is significantly
diffused, leading to the refinement of many cells. Thus, as we can see Table 9.1, the compression rates
for this simulation are in fact low and decrease through time.

Conclusion: With this first dam break case, we have seen that, by using p4est, we can handle a forest of
numerous trees and perform simulations on domains that are more complex than simple unit cubes. Let
us mention that the triangular grid feature of CanoP has only been tested with first-order schemes. This
results in important numerical diffusion in our simulations. The compression rate of the adapted grid
is consequently decreasing during the computation and we gradually loose the advantages of the AMR
grid. An effort should be done here to limit the numerical diffusion at the two-phase interface, by using
higher-order schemes or low-diffusive ones as in Kokh and Lagoutière (2010); Bernard-Champmartin and
De Vuyst (2014). The simulation results are nevertheless satisfying and seem quite coherent with the
photographs of the experiment.
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Figure 9.21: Experimental results (left column, pictures from Golay, Ersoy, Yushchenko, and Sous
(2015)) and numerical solution (right column) for the dam break problem with obstacle at different times.
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Figure 9.21: (continued) Experimental results (left column, pictures from Golay, Ersoy, Yushchenko,
and Sous (2015)) and numerical solution (right column) for the dam break problem with obstacle at
different times.
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9.6 3D dam break simulation

Few 3D configurations are presented in this chapter. Let us recall that a 3D advection test was used to
get the performance results of CanoP in Chapter 8. Here, we present a simple 3D dam-break simulation,
performed in a unit cube.

Initial and boundary conditions: The numerical initial condition for this test is given at any point
x “ px, y, zqT by:

$

&

%

pp0,xq “ fpxq,
αp0,xq “ gpxq,
up0,xq “ 0,

(9.5)

with:

fpxq “ po `

$

&

%

c2l ρ
o
l

´

exp
´

´
gpy´h0q

c2l

¯

´ 1
¯

if gpxq “ 0.0,

c2gρ
o
g

´

exp
´

´
gpy´h0q

c2g

¯

´ 1
¯

else,

where cg “ 3.4, ρog “ 1.0, cl “ 15.0, ρol “ 1.0 ¨ 103 po “ 1.0 ¨ 105, g “ 9.81, and

gpxq “

"

0.0 if y ă h0 and x, z ă l0,
1.0 else, with

"

h0 “ 0.8,
l0 “ 0.4.

The boundary conditions are reflective on all sides of the domain.

Numerical scheme: Here, exceptionally we use Relax-S scheme without any modification, with equa-
tions (9.1) with g “ p0,´9.81, 0qT . Let us underline that the sound velocities cg and cl chosen for this
test are absolutely not realistic. This choice of very low sound velocity values was made in Chanteper-
drix, Villedieu, and Vila (2002); Helluy, Golay, Caltagirone, Lubin, Vincent, Drevard, Marcer, Fraunié,
Seguin, Grilli, Lesage, Dervieux, and Allain (2005); Golay, Ersoy, Yushchenko, and Sous (2015): it allows
to artificially increase the Mach number and to reduce the CFL constraint. In terms of physical interpre-
tation, results have to be carefully considered, especially if compressible effects are indeed non-negligible,
which may lead to incorrect results.

The dam break test is simulated on an AMR grid, whose lowest level of refinement is 3 (∆xmax “ 1.0{23)
and highest level is 8 (∆xmin “ 1.0{28). The refinement criterion is based on ∆α and the refinement
thresholds are ξrefine “ 1.0 ¨ 10´5, ξrefine “ 5.0 ¨ 10´6.

Computational cost: Given the initial conditions and domain geometry, the flow of liquid reaches
the opposite side of the domain within 0.3s and a second wave comes back within 1s. The final time of
the computation is 1.5s.

The computation was performed on 64 nodes, of 8 CPU cores each, of the computing Mesocenter of
Centrale Paris (Intel Xeon R© 5650 processors, QDR Infiniband connectivity). The whole computation
took about 4h for 5.59ˆ 105 time iterations. At the beginning of the simulation, the number of cells was
5.88 ˆ 104 (3.5 ˆ 10´3 compression rate). At the end, due to diffusion and acoustic effects, it reached
1.25 ˆ 106 (7.4 ˆ 10´2 compression rate), while the equivalent uniform mesh would have had around
1.7ˆ 107 cells.

Visual results: The volume satisfying α ă 0.5, standing for the liquid phase, as well as the mesh at
the domain boundaries are represented in the subfigures of Figure 9.22 at different time steps.

Due to the modified pressure laws, we do not encounter low-Mach difficulties and the solution seems to
be physically plausible. However, this observation would require a comparison with experiments or with
a reference solution.
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Figure 9.22: Simulation of a 3D dam break. View of mesh and volume fraction α ă 0.5. Refinement
criterion is α-gradient.
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9.7 Conclusion and future works

The aim of this chapter was to verify the numerical schemes in the context of AMR grids and their
implementation in CanoP through a series of numerical tests. The order of accuracy of the schemes are
preserved on the AMR grids, provided that the refinement criterion and the refinement thresholds are
well designed. These parameters have indeed an influence on the compression error of the solution and
the compression rate of the grid. In the future, it could be interesting to consider refinement strategies
that are closer to the multi-resolution methods, so as to better control both the compression rate and
the compression error, as well as the refinement of parts of the solution where small amplitude variations
are generated by the numerical schemes.

Another aspect that necessitates further study is the interaction between the solution and the grid in
the low-Mach regime for compressible two-phase flows. Although the low-Mach corrections to classic
Godunov-type schemes seem to improve the accuracy of the solutions in this regime, several numerical
problems still remain to be solved. However, in our tests, these problems were not critical enough
to prevent interfacial flows simulations to give results coherent with experimental observations, as is
illustrated in section 9.5 with the qualitative comparison of our numerical solution with experimental
photographs.
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Dam breaks simulations and study

10.1 Introduction

In Helluy, Golay, Caltagirone, Lubin, Vincent, Drevard, Marcer, Fraunié, Seguin, Grilli, Lesage, Dervieux,
and Allain (2005), a benchmark was performed between six models associated with their numerical meth-
ods. The test induces the motion of a solitary wave and its breaking when it reaches a submerged reef.
Several models and methods were tested in this benchmark, including: two-phase mixture models, in-
compressible equations, an incompressible approach with a pseudo-compressibility and shallow-water
equations. In this paper, the low-Mach problem was not mentioned explicitly although artificial sound
velocities were used for the compressible two-phase model.

Following the lines of Helluy, Golay, Caltagirone, Lubin, Vincent, Drevard, Marcer, Fraunié, Seguin,
Grilli, Lesage, Dervieux, and Allain (2005), we propose to test the two-phase 3-equation model (9.1).
We adopt our low-Mach discretization strategy, by choosing either a triangular grid, or the low-Mach
modification of Chapter 6, section 6.5. This modified scheme is based on a HLLC scheme: we will
note it HLLC-M and note HLLC the original scheme presented in Chapter 4, section 4.2.3. Results
are obtained on AMR grids, with the refinement criterion based on ∆̃α (see its definition in Chapter
6, section 6.4). They are compared with the weakly compressible approach of Pianet, Vincent, Leboi,
Caltagirone, and Anderhuber (2010) and experimental data from Martin and Moyce (1952); Lobovsky,
Botia-Vera, Castellana, Mas-Soler, and Souto-Iglesias (2014); Stansby, Chegini, and Barnes (1998) for
dam break configurations.

The dam break test turns out to be a very instructive test for low-Mach separated phases flows simulation
strategies. It has indeed been studied in several works involving different models, numerical methods
and experiments.

First in this chapter, we will present an overview of three experimental works from Martin and Moyce
(1952); Lobovsky, Botia-Vera, Castellana, Mas-Soler, and Souto-Iglesias (2014); Stansby, Chegini, and
Barnes (1998). This shall lead us to consider three sets of experimental data and two different dam break
configurations: the dry-bed and the wet-bed cases. These elements will enable checking:

• the overall flow kinematics, by comparing both height and position of the liquid front at several
instants,

• the dynamics effects of the flow with pressure measures and wave breaking process comparisons.

We will present numerical results obtained with the CanoP code, with the approach of Pianet, Vincent,
Leboi, Caltagirone, and Anderhuber (2010) and compare both numerical approaches with experimental
data.
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10.2 Dam breaks experimental configurations

Let us present here the works whose experimental data are considered in this chapter. In the following,
a dry-bed configuration refers to the configuration for which, initially, there is no water downstream the
dam gate (h “ 0 on figure 10.1). A wet-bed configuration refers to a flow with a water layer covering the
bed of the domain, i. e. h ą 0 in Figure 10.1.

10.2.1 Classic sets of measures for dry-bed configurations

The data issued from Martin and Moyce (1952) have been used in numerous papers for comparisons
with simulation results or for comparisons with other experimental measures (Lobovsky, Botia-Vera,
Castellana, Mas-Soler, and Souto-Iglesias (2014)). They are indeed considered as references due
to the quality of the experimental setup and to the several sets of measures that are available and that
ensure a good reproducibility of the data. The main difficulties in such measures lie in the opening
of the gate and in taking care of a well-dried surface downstream the dam gate. Indeed, theory and
numerical results assume an instantaneous gate opening. Observations show that when the downstream
zone is even slightly wet, the dynamics of the dam breaking is very different (Jánosi, Jan, Szabó, and
Tél (2004)).

Two quantities are measured by 300 fps cameras and studied in Martin and Moyce (1952):

• the residual height of water H0ptq at the origin of the domain (X “ 0 on the schematic represen-
tation on Figure 10.1),

• the position of the wave surge front lptq, which is recorded from the top by a camera located above
the setup.

H and L denote respectively the height and width of the water column at t “ 0 (lp0q “ L). Some
theoretical aspects are also discussed in Martin and Moyce (1952), so as to get time-evolution models
for H0 and l. In particular, for rectangular initial shapes, it is shown, using shallow-water theory and
Ritter (1892), that the dimensionless quantities H0{H and l{L only depend on the ratio n2 of H over
L: n2 “ H{L. The measures of the front velocity in long times agree with the estimate umax „ 2

?
gH

yielded by the shallow-water theory (Ritter (1892)). At the scale of the experiments, it is assumed that
viscosity and surface tension effects are negligible. Another observation from the experiments is that the
flow is essentially a 2D problem. However, some 3D effects may be encountered like the interaction of
the liquid with the side walls, or the deformation of the front surface, as discussed in Jánosi, Jan, Szabó,
and Tél (2004). But as was observed in Lobovsky, Botia-Vera, Castellana, Mas-Soler, and Souto-Iglesias
(2014), these deformations appear only for a wave propagating over a long distance. This will not be the
case in our simulations.

Different configurations (initial liquid volume shapes) are experienced in Martin and Moyce (1952). We
have retained a rectangular initial shape, whose dimensions are given in table 10.2, which corresponds
to the ratio n2 “ 2.

10.2.2 A more recent contribution

More recently, Lobovsky, Botia-Vera, Castellana, Mas-Soler, and Souto-Iglesias (2014) also performed
measures on a dam breaking over dry beds. The aims of their work were:

• to gather precise and reliable data, based on many repetitions of the experiment in a rigorous
experimental setup. Particular care was given to well drying the bed before the dam is released,

• to get further information on the pressure loads, especially on the opposite wall, by means of five
pressure sensors. Four of them are used to get the pressure loads through time at different heights
at the wall (see in table 10.1 P1 to P4 for their exact locations), while the fifth one, P5, is positioned
at the same height as P2: it is used to watch at the three-dimensional aspect of the flow.

A detailed description of their experimental setup is given in their paper, where they also discuss the
different parameters that could have an influence on the flow dynamics. Error estimations for their
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measures are also available. The difference with the work of Martin and Moyce (1952) lies in the
statistical data the approach in Lobovsky, Botia-Vera, Castellana, Mas-Soler, and Souto-Iglesias (2014)
can provide. However, only two configurations are tested in this last paper, while more of these were
considered in Martin and Moyce (1952).

Besides pressure measures, the following data are also available in Lobovsky, Botia-Vera, Castellana,
Mas-Soler, and Souto-Iglesias (2014):

• the height of the liquid phase is provided at different distances from the dam gate (see on Figure
10.1 and the coordinates of H1 to H4 are given in Table 10.1) with video recordings. These data
also include measures when the secondary wave passes. For this period, however, the authors
mentioned that the data were not reproducible.

• the front position was recorded by a digital camera.

The flow configuration can be considered as two-dimensional in a first rough approach. Indeed, no
deformation of the front surface was observed. However the comparisons of pressure measures from P2
and P5 indicate small variations in the transverse direction.

Data measured in Lobovsky, Botia-Vera, Castellana, Mas-Soler, and Souto-Iglesias (2014) are compared
with numerous previous works: a detailed discussion about the differences is given in their paper. The
authors however noticed that for the early times of the liquid motion, there were differences in the front
location with respect to the previous works. They explained this difference either by a different process
of the gate removal, or by the fact that the bet might be slightly wet in the previous works. For later
moments, the measures are in good agreement with measures of the literature. Similarly, the measures
of pressure show certain differences with previous works that are discussed in Lobovsky, Botia-Vera,
Castellana, Mas-Soler, and Souto-Iglesias (2014).

Probe
name

X location Y location

H1 0.3 0.0
H2 0.865 0.0
H3 1.114 0.0
H4 1.3625 0.0
P1 0.0 0.003
P2 0.0 0.015
P3 0.0 0.030
P4 0.0 0.080

Table 10.1: Position of the different probes from Lobovsky, Botia-Vera, Castellana, Mas-Soler, and
Souto-Iglesias (2014) experiment.

10.2.3 Case of wave breaking and wet-bed experiment

In Stansby, Chegini, and Barnes (1998), both dry and wet bed dam breaks are studied, for different
heights of the water layer downstream the dam gate. However, as the authors mention in their paper,
they could not perform dry-bed configurations over a fully dried bed, due to some leakage through the dam
gate. That is why we are only considering here the measures performed for the wet bed configurations.

The dynamics of wet-bed dam breaks differ from the dynamics of dry-bed ones: the first stages of the
flow show the formation of a wave that breaks after some time. Then a pocket of air is entrapped within
the liquid. This air entrapment phenomenon is interesting to study, since compression effects acting in
the gas may lead to damaging effects on solid structures in other and real-sized configurations. The
experimental data from Stansby, Chegini, and Barnes (1998), that are associated with a configuration of
laboratory size, will allow us to test the ability of the numerical methods to reproduce this wave-breaking
phenomenon. Wave breaking phenomenon can also be observed in Lobovsky, Botia-Vera, Castellana,
Mas-Soler, and Souto-Iglesias (2014), after the liquid flow has reached the opposite wall and comes
back to the dam gate location. The data from Stansby, Chegini, and Barnes (1998) are complementary
from these of Lobovsky, Botia-Vera, Castellana, Mas-Soler, and Souto-Iglesias (2014), since they provide
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Figure 10.1: Schematic representation of the dam break configurations.

information about the shape of the liquid-gas interface, which are not available in Lobovsky, Botia-Vera,
Castellana, Mas-Soler, and Souto-Iglesias (2014).

The experimental data were acquired by recording the flow with a video camera that followed the
front position. Perspex powder spread at the surface of the liquid volume before the gate was opened,
and a laser light sheet helped better visualizing the free surface through time. Among the different
configurations experienced, we have chosen one for our simulations which is detailed in Table 10.2.

Finally, let us mention that a model is also proposed in Stansby, Chegini, and Barnes (1998) that allows
to derive an analytical pressure profile for the early instants of the dam break problem.

Martin and Moyce’s configuration Lobovsky’s configuration Stansby’s configuration
L 0.3 0.6 0.6
H 0.6 0.3 0.1
h 0 0 0.01
DX 1.0 1.61 1.2
DY 2.0 0.8 0.2

Table 10.2: Dimensions of the different configurations tested in this study and positions of the probes
for Lobovsky’s experiment.

10.3 Comparisons of the numerical and experimental solutions

We will now compare the dam break experimental data presented in the previous sections to several
numerical methods and models. We will consider simulations performed with the scheme of Pianet,
Vincent, Leboi, Caltagirone, and Anderhuber (2010) for a model made of two viscous incompressible
fluids, separated by a sharp interface. The interface is captured through a VOF method. For more details
about the numerical method, we refer the reader to Vincent, Caltagirone, Lubin, and Randrianarivelo
(2004); Vincent, Larocque, Caltagirone, and Pianet (2007); Pianet, Vincent, Leboi, Caltagirone, and
Anderhuber (2010); Vincent, Sarthou, Caltagirone, Sonilhac, Février, Mignot, and Pianet (2011). Let us
mention that the approach proposes also a weakly compressible variant, the results of which are presented
here only for the wet-bed configurations, but are part of a more thorough work in collaboration with S.
Vincent (Drui, Kokh, Larat, Massot, and Vincent (2017)).

The results obtained for the incompressible model are computed on uniform Cartesian grids. The results
obtained with the CanoP code are computed either on the same uniform grid, or on AMR grids whose
characteristics will be given for each simulation. Moreover, three discretization strategies are considered:

• the HLLC scheme on a quadrangular mesh,

• the HLLC scheme on a triangular mesh,
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Figure 10.2: Comparison between data from Martin and Moyce (1952) and a simulation using CanoPand
uniform triangles of levels 8.

• the HLLC-M scheme (with the all-regime modification) on a quadrangular mesh.

In the sequel, we will use the following nomenclature to name the results obtained by the different
approaches:

• the simulation results from Pianet, Vincent, Leboi, Caltagirone, and Anderhuber (2010) code with
the incompressible fluids will be noted SV_INCOMP_VIS ,

• the simulation results from Pianet, Vincent, Leboi, Caltagirone, and Anderhuber (2010) code with
weakly compressible fluids will be noted SV_COMP_VIS ,

• the simulations from the compressible two-phase model on AMR grids will be noted:

– CANOP_TRI_mM for a triangular AMR grid of minimum refinement level m and maximum
M ,

– CANOP_QUAD_mM for a quadrangular AMR grid of minimum refinement level m and
maximum M ,

– CANOP_LM_mM for a simulation using the HLLC scheme with the low-Mach correction,
over a quadrangular AMR grid of minimum refinement level m and maximum M .

For the AMR simulations, the refinement criterion is based on the volume fraction gradient. The refine-
ment thresholds are ξrefine “ 1.0 ¨ 10´5 and ξcoarsen “ 5.0 ¨ 10´6 (we refer to their definition in Chapter
6). Moreover, as the interface is diffused by the numerical method, the interface is chosen to be situated
at isoline α “ 0.5.

10.3.1 Comparison for Martin and Moyce’s experiment:

The configuration studied in this test is given in Table 10.2. The results for the different simulations and
comparisons for the position of the surge front and the residual height with Martin and Moyce (1952)
data are given in Figure 10.2. One can note that, in the computation using CANOP_TRI_88 , the
simulated front is in advance with respect to the experimental and SV_INCOMP_VIS ones, while the
residual height of water is in good agreement with the experimental measures. The lack of viscosity and
of boundary friction may explain that the liquid phase flows too fast.
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10.3.2 Comparison for Lobovsky’s experiment:

The configuration studied in this test is given in Table 10.2. The data of Lobovsky, Botia-Vera, Castel-
lana, Mas-Soler, and Souto-Iglesias (2014) complete the other experiment studied here, since they provide
information about the flow until it comes back leftward, after the wave has reached the opposite wall
(see illustrations of the flow at different time of the simulation in Figure 10.3).

Figure 10.4 and Figure 10.5 display respectively comparisons data between numerical results and ex-
periments for the front position and the liquid heights at locations H1, H2, H3 and H4 (from Table
10.2).

Until the initial wave formed by the motion of the water column reaches the right boundary of the
domain, we can make similar observations as in section 10.3.1:

• the numerical front is slightly ahead of the experimental data,

• the residual height H1 (Figure 10.5a) is in good agreement with the experiment.

On the other hand, for the liquid height acquired at positions H2 to H4 (Figure 10.5b to Figure 10.5d),
the numerical results show a good match with the measures, except in one aspect: one can observe
a small hump in the measures at the beginning of the signal (near time t ¨

a

g{H « 2) for H3 and
H4. This hump is partially reproduced with SV_INCOMP_VIS simulation, but it does not appear on
CANOP_TRI_18 simulation.

Numerical and experimental solutions present more significant differences when the liquid wave travels
back leftward. The best agreement is for the location H4. For H3, the numerical solution is slightly in ad-
vance, but does not predict a height as high as the experimental data. This is the contrary at H2, where
numerical and experimental signals are synchronized, but the liquid height of CANOP_TRI_18 re-
mains higher than the experimental measure. Finally, for H1, the numerical solution is clearly ahead
of the experimental one. As noticed in Lobovsky, Botia-Vera, Castellana, Mas-Soler, and Souto-Iglesias
(2014), due to the mixing zone that is created when the wave breaks, these height measures are not
repeatable. It is then difficult to draw here a conclusion about the differences between the numerical
and the experimental solutions.

Let us now examine the pressure data. One can note that, due to the overestimated velocity of the
liquid front by CANOP_TRI_18 simulations, the start of pressure increase appears sooner with
CANOP_TRI_18 result than in the measures (see Figure 10.6a) and than in SV_INCOMP_VIS simula-
tions (see Figure 10.6b). SV_INCOMP_VIS computations give moreover results in very good agreement
with the experimental measures, except for the lowest probe P1. The magnitude of the pressure signal in
CANOP_TRI_18 simulation is quite far from the experiments for P1 (see Figure 10.6a). However, as
was mentioned in Lobovsky, Botia-Vera, Castellana, Mas-Soler, and Souto-Iglesias (2014) about the flow
dynamics occurring near P1, it is the probe that gets the higher load from the liquid wave. The pressure
measured at probe P4 is also clearly underestimated by CANOP_TRI_18 solution. Moreover, the quick
decrease of the load that is observed experimentally after the pressure peaks is not well represented by
CANOP_TRI_18 for P1 to P3 probes: the pressure decrease of the numerical solution is indeed slower
in Figure 10.6a. Finally, one can note that when the wave breaks, a quite smooth pressure bump is
measured. This pressure bump is also observable numerically. Through a grid convergence analysis of
paragraph 10.3.4, we will investigate the differences between CANOP_TRI_18 and the experiment.

10.3.3 Comparison for Stansby’s configuration and wave breaking

We consider here a wet-bed case with initial data described in Table 10.2. We reproduce here the
experiment of Stansby, Chegini, and Barnes (1998).

The shape of the interface is given at two different times in Figure 10.7. One can make the following
observations:

• the front of the wave predicted by the numerical solutions is in good agreement with the experi-
mental measures: the wave propagation seems to be correctly captured,
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Figure 10.3: Simulation of the dam break with Lobovsky’s configuration. Numerical results (volume
fraction α values represented on the adaptive grid) obtained with CANOP_TRI_18 at different times
of the simulation.
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Figure 10.4: Comparison of the surge front position between data from Lobovsky, Botia-Vera, Castellana,
Mas-Soler, and Souto-Iglesias (2014), an AMR simulation of levels 1-8 with triangles (512 ˆ 256 ˆ 2 equivalent
uniform mesh) and SV_INCOMP_VIS .

• for the three numerical solutions, the height of the wave is of the same order, and is slightly lower
than the experiment data. This could be explained by the mixing zone created by the breaking
wave, that makes the tracking of the interface quite complex in the experiment,

• air is entrapped by the liquid wave. While there is no experimental data about this air pocket, both
SV_INCOMP_VIS and SV_COMP_VIS give the same results. On the other hand, the numerical
solution given by CANOP_TRI_88 is very diffused in this zone, and the multiple air pockets found
in SV_INCOMP_VIS and SV_COMP_VIS are not visible with CANOP_TRI_88 .

Further investigation may for example rely on the work of Jánosi, Jan, Szabó, and Tél (2004) that could
bring more comparison elements concerning the wave breaking and the air pockets entrapment.

10.3.4 Convergence results for the two-phase compressible approach

As we have noticed in the previous paragraphs, comparisons of the pressure obtained numerically at
probes P1 to P4 differ from the experiment: the pressure overload, due to the wave, begins sooner in the
numerical solution than in the experimental one, while the load peak is lower. Moreover, the wave seems
to move faster in the numerical solution. Here, we are then studying the convergence of the simulations
CANOP_TRI_mM when the mesh is refined, i.e. when the maximum level of refinementM is increased.
In particular, we wonder whether the simulations can better fit the experimental data, with respect to
the motion of the surge front, the liquid heights and the pressure loads. With a series of different grids,
we draw here the main trends of numerical solutions and propose an analysis of the differences between
numerical results and experiment.

We present in Figure 10.8 and Figure 10.9 comparisons of liquid heights and pressure loads for three
different triangular grids:

• a uniform grid with cells of levels 8 that corresponds to ∆x “ 3.125 ¨ 10´3m,

• a uniform grid with cells of levels 9 that corresponds to ∆x “ 1.5625 ¨ 10´3m,

• an adapted grid with lowest level of refinement of 8 that corresponds to ∆xmax “ 3.125 ¨ 10´3m
and highest level of 10, i.e. ∆xmin “ 7.8125 ¨ 10´4m.

One can see on these figures that the results for the liquid heights are not changing significantly with the
mesh resolution: in particular, for the probe H4, the first little hump is still not captured numerically
and the wave is still coming ahead of the experiment.
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Figure 10.5: First comparison between data from Lobovsky, Botia-Vera, Castellana, Mas-Soler, and Souto-
Iglesias (2014), CANOP_TRI_18 and SV_INCOMP_VIS . Liquid heights at the different probes through time.
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(lower graph).

Concerning the pressure measures (Figure 10.9), we can observe that:

1. the pressure peaks for all probes are better resolved when the mesh is finer: their values are higher
when the grid is refined,

2. the beginning of the signal of pressure overloads is more delayed as the mesh gets finer. This is
particularly visible for pressure probes P1 to P3.

The first point may be explained by the decrease of numerical dissipation with finer grids. Indeed, this
numerical dissipation acts as a viscosity. Thus, the higher it is, the higher the fluid momentum gets
dissipated.

The second point is another consequence of the numerical dissipation decrease: with a higher resolution,
the diffusion of the interface is reduced. However, this diffusion is characterized by the spreading over few
cells of a numerical gas/liquid mixture, whose density lies between the density of the gas and the liquid.
Then, this diffusion layer reaches the probes before the real liquid wave, and generates pressure loads,
that are not necessarily physical. The reduction of the diffusion layer, enables to delay the beginning of
this pressure loads.

10.3.5 Conclusion of the comparisons with experiments:

With the study presented in this first part, we have compared the numerical solutions obtained with the
CanoP code, using HLLC scheme on triangular AMR grids, with three sets of experimental data and
with the scheme of Pianet, Vincent, Leboi, Caltagirone, and Anderhuber (2010) for incompressible or
weakly compressible fluids.

The first data, issued from Martin and Moyce (1952) are considered as standard and used in many works.
In the same configurations as the experiment, our numerical solutions show good agreements with the
experimental data:

• although the front of the head is slightly ahead in the numerical results, the time gap in constant
after some time, meaning that the propagation velocity is of the same order of magnitude,

• the height of the residual water column is similar in numerical and experimental results.
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Figure 10.8: A convergence study for the simulations using CanoPover triangular meshes (levels 8-8 in orange,
levels 9-9 in pink, levels 8-10 in red). Representation of the liquid heights recordings at two different probes.

The second data come from the work of Lobovsky, Botia-Vera, Castellana, Mas-Soler, and Souto-Iglesias
(2014) and are complementary to the data of Martin and Moyce (1952), since the height of water is
measured at more locations and for longer times, and pressure data are available. When comparing our
numerical results with the experimental ones, on can draw the same observations as with the comparison
with Martin and Moyce (1952), up to the moment the wave has reached the opposite wall and comes
back to its original place. There, some delays can be observed between numerical and experimental
results. Moreover, some differences in the pressure signals are observed:

• the pressure signal starts sooner in the numerical results than in the experimental ones,

• the pressure peaks at the different probes are lower in the numerical results than in the experimental
ones.

However, these differences seem to be reduced when the discretization of the numerical solution is refined
(with finer grids): the pressure peaks are higher, and the pressure signal provided by the numerical
solution is closer to the experimental one.

Finally, the numerical settings have been tested on a wet-bed configuration, and the shape of the flow was
compared with the data of Stansby, Chegini, and Barnes (1998). Both solutions from CanoP and from
the approach of Pianet, Vincent, Leboi, Caltagirone, and Anderhuber (2010) are in good agreement with
the experiment. However, this experiment provides few information. It would be interesting to consider
other comparisons for this test case.

In all this part, we have considered only computations using HLLC scheme on triangular grids. The
pressure instabilities that were mentioned in Chapter 9 for the case of the bubble have also been observed
here, but they did not prevent the numerical solutions to match the experimental ones. Let us now study
in more details the HLLC scheme computed on quadrangular grids, as well as the HLLC-M scheme.
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Figure 10.9: A convergence study for the simulations using CanoPover triangular meshes (levels 8-8 in orange,
levels 9-9 in pink, levels 8-10 in red). Representation of the pressures recordings at the different pressure probes.
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10.4 An analysis of the low-Mach problem in dam breaks config-
urations

10.4.1 Comparison of the shape of the interface:

To better understand the issue related to the low-Mach configuration, let us first have a look at a com-
parison between different numerical solutions for a dry-bed configuration (here, Lobovsky’s configuration
of table 10.2). In Figure 10.10, we present the results for the liquid surface shape. One can see that the
results given by CANOP_QUAD_88 does not match the other results, that are CANOP_TRI_88 ,
CANOP_TRI_18 , CANOP_LM_88 , CANOP_LM_18 and SV_INCOMP_VIS . The liquid motion
is much slower with CANOP_QUAD_88 than with the other numerical solutions. This defect is even
accentuated with CANOP_QUAD_18 , i.e. when using an AMR quadrangular grid: there, only the
foot of the dam seems to move, while the rest of the liquid column is still.

When using the AMR grid, we could discuss the choice of ∆̃α as the refinement criterion: maybe should
it be preferable to use also a criterion based on pressure and velocity variations? We have seen in the
comparisons with the experimental data of the previous sections, that the choice of the variations of α as
the refinement criterion seems to be correct with HLLC on a triangular grid. Moreover, the same AMR
cartesian grids with the all-regime HLLC-M scheme gives also good results, as one can see on Figure
10.10.

In the sequel, we choose to study the low-Mach problem in the first instants of the dam-break motion,
i.e. where a particular pressure profile is established (as was studied in Stansby, Chegini, and Barnes
(1998)).

10.4.2 Starting up of the dynamics

In the real physical configuration, both gas and liquid stand at hydrostatic equilibrium at each side
of the dam gate, before this gate is removed. Consequently, due to the difference in density between
the two fluids, the hydrostatic pressure gradient is larger in the liquid than in the gas. Once the gate
disappears (which is not possible in reality, but one may suppose that it is removed quickly enough
in the experiments so as to have little influence on the flow dynamics), a disequilibrium then exists at
the vertical interface between gas and liquid. From this moment, the only possible equilibrium state is
obtained when the liquid phase horizontally lies at the bottom of the domain.

The whole motion of the liquid phase can be divided into different stages:

1. the initial disequilibrium modifies the pressure profile inside the liquid phase (see Stansby, Chegini,
and Barnes (1998) and 10.13),

2. liquid momentum is then increased and at the bottom of the liquid column, where the pressure
gradients are the strongest, liquid begins to move to the right,

3. the entire liquid column then flows towards the opposite side of the domain.

Let us study the numerical results obtained during the first two stages. These stages present indeed the
characteristics of being at a very low Mach number regime (as M “ 0 initially).

10.4.2.1 Different initial states and first acoustic effects

In a numerical point of view, one has to define the initial condition for the dam break problem. It is
given at x “ px, yq by:

$

&

%

pp0,xq “ fpxq,
αp0,xq “ gpxq,
up0,xq “ 0,

(10.1)
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with:

gpxq “

"

0.0 if y ă H and x ă L,
1.0 else.

Now, the two following initial pressure profiles can be considered:

• for a sake of simplicity, we could impose a uniform initial pressure:

fpxq “ po,

• we can define a pressure profile closer to the hydrostatic equilibrium by:

fpxq “ po `

$

&

%

c2l ρ
o
l

´

exp
´

´
gpy´Hq
c2l

¯

´ 1
¯

if gpxq “ 0.0,

c2gρ
o
g

´

exp
´

´
gpy´Hq
c2g

¯

´ 1
¯

else,

where cg “ 3.4, ρog “ 1.0, cl “ 15.0, ρol “ 1.0 ¨ 103 po “ 1.0 ¨ 105 and g “ 9.81.

Now, let us discuss and compare the results for these two initial configurations.

Uniform initial condition: with an initial condition made of a uniform pressure profile, in the first
time iteration with CanoP, all vertical (and horizontal) numerical fluxes are null or balanced. The inte-
gration of the gravity source term only generates vertical momentum, that drives the fluids downwards.
At the next time steps, due to the reflective boundary condition at the bottom of the domain, momentum
starts to accumulate in the lowest ranges of cells, leading to an increase of pressure in this zone. This
accumulation propagates gradually upwards, like a compression wave, and finally forms an hydrostatic
profile. This description corresponds to the observations made on the numerical solution, and that is
illustrated in Figure 10.11.
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Figure 10.11: Setting up of the pressure inside the liquid phase for the compressible schemes and a uniform
profile in pressure initial state (here CANOP_TRI_88 solution, but identical results with SV_COMP_VIS ).

One can also note that, once the compression wave has reached the upper liquid-gas interface, then,
due to the difference of acoustic impedance between the two fluids, one part of the wave is reflected
(vertically and horizontally), and one part is transmitted in the gas. These waves propagate and reflect
at the domain borders, as well as in the fluids interface until it is entirely dissipated by the numerical
diffusion. This wave can be seen as a numerical artifact and may be explained on a one hand by the
non-physical initial condition, on the other hand by the non well-balanced character of our numerical
scheme (the gravity source term and the fluxes do not exactly balance over a time step).

Hydrostatic equilibrium initial condition: with an hydrostatic equilibrium profile initially set in
each phase, the compression waves that propagate vertically are not as much visible as in the previously
described configuration. They nevertheless exist since the numerical scheme is not well-balanced.

On the contrary, we can observe in Figure 10.12 an expansion wave in the liquid phase (and a compression
wave in the gas) due to the initial difference of pressure between liquid and gas at the vertical interface.
This wave propagates mainly horizontally in the compressible fluids. It reflects successively and several
times at the vertical boundaries of the domain, and at the vertical gas-liquid interface. The wave is
finally dissipated by the numerical dissipation.

Despite these pressure waves, we can see in Figure 10.12 that the hydrostatic pressure profile is maintained
in the zones of the flow far from the gas-liquid interface, while the pressure profile that leads to the liquid
motion develops near the vertical interface.

So, what is the influence of the initial condition for the numerical solution of the dam break problem?
For the tests that were used in the comparisons with the experimental measures in the previous sections,
we did not notice any significant difference between the two options. However, a quantitative estimation
of the characteristic times for the setting of the pressure profiles and the beginning of the liquid sloshing
would probably be necessary for real-sized configurations.
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Figure 10.12: Setting up of the pressure inside the liquid phase for the compressible schemes and a hydrostatic
profile of pressure initial state (here CANOP_TRI_88 solution, but identical results with SV_COMP_VIS ).

10.4.2.2 Pressure and velocity profiles before sloshing dynamics

Now let us study the pressure and velocity field profiles developed during these first instants of the
motion for the HLLC scheme computed on a quadrangular uniform grid ( CANOP_QUAD_88 ), the
HLLC scheme computed on a triangular uniform grid (CANOP_TRI_88 ) and the all-regime HLLC-M
scheme computed on a quadrangular uniform grid (CANOP_LM_88 ).

One can see on Figure 10.13, that CANOP_TRI_88 and CANOP_LM_88 solutions have similar
pressure profiles (which look like the incompressible solution found in Stansby, Chegini, and Barnes
(1998)). However, the solution given by CANOP_QUAD_88 is different: the pressure isolines do
not join at the foot of the liquid column, like in CANOP_TRI_88 and CANOP_LM_88 . The
pressure gradients are not oriented in the same directions and the horizontal pressure gradient at the
origin of the liquid motion is underestimated in CANOP_QUAD_88 . Thus, as one can not in Figure
10.13, the velocity field of CANOP_QUAD_88 is made of lower values than the velocity fields in
CANOP_TRI_88 and CANOP_LM_88 . This seems to explain then the significant difference of the
shape of the interface in Figure 10.10.

A further study using Hodge’s decomposition of the flow solution during these first moments, could bring
some answers on the bad behavior of the compressible model, but this is left for a future study.
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(a) Pressure profile obtained by
CanoPwithout any Low-Mach correc-
tion.

(b) Pressure profile obtained by
CanoPand triangles.

(c) Pressure profile obtained by
CanoPwith the Low-Mach correction.

(d) Velocity magnitude profile ob-
tained by CanoPwithout any Low-
Mach correction.

(e) Velocity magnitude profile ob-
tained by CanoPand triangles.

(f) Velocity magnitude profile ob-
tained by CanoPwith the Low-Mach
correction.

Figure 10.13: Setting up of the pressure and velocity inside the liquid phase and at the vertical interface for
the compressible schemes just before sloshing (here with CanoP, but identical results with SV_COMP_VIS ).
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10.5 Conclusion

This preliminary study on dam break test cases has allowed to verify that our numerical strategy, based
on the 3-equation compressible two-phase model, the all-regime finite volume schemes and the resolution
on AMR grids, is well-suited for separate-phase configurations, even in a low-Mach regime, when one
uses the triangular grid or the all-regime scheme. The numerical results have indeed been compared
with experimental data, and they show a physical coherence. The numerical dissipation of the scheme
seems to explain the slight differences, since a finer discretization improves the numerical results. Finer
analyses are under study and will be presented in Drui, Kokh, Larat, Massot, and Vincent (2017). In
particular, we will study the compression effects during the wave breaking process. These compression
effects may be important to predict numerically, for example in simulations of fluid-structure interactions
(see a discussion of the impact of waves on coastal infrastructures in Hayatdavoodi and Ertekin (2016)).
With the incompressible equations, such phenomena cannot be reproduced.

Moreover, we better understand the influence of the low-Mach issue in the dam break problem. The
poor results of classic Godunov-type schemes solved on quadrangular grids come from the initial instants
of the motion, when the pressure and velocity profiles are formed: without a low-Mach treatment, these
profiles are different from the profiles computed for incompressible flows, and prevent the liquid from
flowing. Further investigations on the low-Mach issues could be considered by means of an analysis of
the Hodge-Helmholtz decomposition.





General conclusion and perspectives

Conclusions

The injection of liquid fuel in combustion chambers and in particular in Diesel engines, is one important
factor with respect to the quality of the combustion and the formation of pollutants. To help designing
new devices or to better understand the combustion mechanisms, the numerical simulation is today a
widely developed approach, due to the increasing performance of the computational resources. However,
the injection of liquid fuel and its burning are multiphase and multi-scale processes, where all physical
scales play an important role: from turbulent structures, to the deformation of the gas-liquid interface
due to instabilities, the break up mechanisms and the polydisperse cloud of droplets. With a Direct
Numerical Simulation approach, all the scales of the system must be solved. This fine resolution is
computationally very expensive and not yet possible for any flow configuration. This is the reason why
reduced-order models are interesting. In this approach, the equations are solved at a larger scale (than
the finest scales of the problem) and they take into account a description of the effects of the sub-scale
mechanisms. For two-phase flow configurations, some reduced-order models can be used in zones of the
flow where the phases are separated, while others are better adapted to disperse-phase regimes. Up to
now, there does not exist any reduced-order model, that enables to describe all two-phase flow regimes.

The contributions, that have been presented in this thesis address three aspects of simulations of the at-
omization process. First, these contributions are part of the development of a unified modeling approach
for separated phases and disperse-phase flows using reduced-order models. Second, a discretization
strategy for the simulation of the two-phase flow models has also been studied and tested. Finally, an
Adaptive Mesh Refinement (AMR) code has been developed and enables highly parallel computations.

Let us recall that, among the methods used to simulate separated-phase flows, mixture two-phase models
may be associated with an interface capturing method, without any interface reconstruction (as in
Grenier, Vila, and Villedieu (2013); Bernard-Champmartin and De Vuyst (2014) among others). The
method is assumed to converge to the discontinuous locus of the interface separating both phases when
the resolution is finer. The polydisperse clouds of droplets are however considered in a statistical way
as a collection of objects with a spherical topology (see Kah (2010) among many others). First relations
between these two approaches may appear when noting, on a one hand, that several two-fluid models
are used to describe disperse bubbly flows (Drew and Passman (1999); Gavrilyuk and Saurel (2002))
and present similarities with the mixture models. These two-fluid models may also be endowed with
an equation on the interface area density (Drew (1990); Morel (2015); Devassy, Habchi, and Daniel
(2015)), that provides further information about the sub-scale interfacial structures. However, these
models are often made of many terms issued from the averaging procedure and that involve closure
issues. On the other hand, the fractional moments model of Essadki (2017) considers moments of
a number density function that may have a geometrical interpretation. This encourages to consider
two-phase flows configurations that are more general than spherical particles. In our approach, we
propose to use Hamilton’s variational principle to enrich the mixture models with only some selected
sub-scale effects, useful for the description of a disperse flow of bubbles. We have shown that the models
obtained with this approach are actually compatible with a description of bubbly flows, through two well-
identified parameters, a micro-inertia ν and a micro-viscosity ε. Furthermore, these parameters control
the asymptotic relations between a hierarchy of mixture models, from the most enriched model, where
ν ą 0 and ε ą 0, to the model involved in the interface capturing strategy, where ν Ñ 0 and εÑ 0. Now,
from the study of the geometrical description of surfaces, we can propose new paths for introducing
more sub-scale information within these mixture models, based on geometrical quantities, with the
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objective of describing more general interface topologies. Moreover, the relation between the statistical
description of surfaces and the disperse-phase models for spherical bubbles is established in Essadki,
Drui, de Chaisemartin, Larat, Ménard, and Massot (2017). One can see that all these developments
participate in the convergence of both descriptions for separated phases and disperse-phase flows, with
many possible improvements that are mentioned hereafter.

The discretization choices also represent a fundamental aspect of numerical simulations. These choices
must be done so that the equations of the models are accurately resolved, whatever the regime of the
flow, i.e. in the limits of small values for ν and ε, in the low-Mach number limit, etc. Moreover, the
discretization choices should preferably be computationally cheap and compatible with parallel com-
putations. To satisfy these two aspects, we have chosen a discretization strategy made of an operator
splitting method. Then, standard finite volume schemes, adapted to an AMR strategy, are used to solve
the convective part of the equations and ODE solvers are used for the integration of the source terms.
The standard approaches need several modifications, due to some specificities of the two-phase mixture
equations, that are: the density and sound velocity large ratios between both phases, the compressible
nature of the equations and the stiffness of the source terms due to their non-linear character. Let us
recall that these difficulties have been addressed in the following way:

• in cases of sharp gas-liquid interfaces, the ratio of density across the interface may be of the order
of 1{1, 000 and the ratio of acoustic impedance (the product of the density by the sound velocity)
of nearly 2{10, 000. In this situation, Suliciu’s relaxation solver (Suliciu (1990); Bouchut (2004)),
that shows the interesting properties of accuracy and robustness, requires a discretization time
step that is much shorter than other approximate Riemann solvers, like HLLC (Toro (2009)) for
example. This shortcoming may lead to an unnecessary high number of time iterations, which
is computationally expensive. With the will of preserving the good properties of the numerical
scheme, we have proposed to consider a correction of Suliciu’s scheme inspired by Bouchut (2004)
for the case of Euler equations close to a vacuum state. While a more rigorous adaptation of this
correction to the two-phase systems is still to be investigated, the correction proposed in the Relax-B
scheme shows a real improvement compared to Suliciu’s scheme with respect to the computational
cost,

• the discretization of the equation on the volume fraction also requires some care. Indeed, when
this discretization is not able to maintain uniform pressure and velocity profiles, it may generate
instabilities in the numerical solution, as discussed in Abgrall (1996). Then, we choose a standard
upwind discretization for this equation and show that the unique pressure and velocity variations
in the numerical tests are caused by the round-off errors when the pressures values are updated
using the state laws. These errors are not amplified throughout the simulation,

• in the asymptotic limit ε Ñ 0, the solutions obtained with the Relax-B scheme applied on the
4-equation and 5-equation models present a very large numerical dissipation compared to the
numerical dissipation of the equilibrium 3-equation system solved with the Relax-B scheme. The
characteristic sound velocities used to compute the numerical fluxes seem to be at the origin of
this difficulty, since they are independent of the value of the parameter ε. However, the acoustic
phenomena strongly depend on this parameter and are not well reproduced with the standard
schemes. We propose a first modification of the scheme that considers the acoustic phase velocity
obtained with the dispersion relations rather than the characteristic velocity of the convective part
of the equations. This correction enables to recover the correct asymptotic behaviors of the system,
but still suffers from stability issues. We think that a modification of the numerical schemes using
this idea could be developed in a more rigorous way and ensure then a less dissipative asymptotic
behavior of the solution,

• in the low-Mach regime, it is shown that many Godunov-type schemes suffer from a dramatically
high numerical dissipation (Dellacherie (2010)) and this issue is even emphasized on adaptive
grids, as is observed in sloshing (Grenier, Vila, and Villedieu (2013)) or dam-break problems (see
Chapter 10). We propose two cures to this problem. The first one is based on a scheme modification
inspired by Chalons, Girardin, and Kokh (2016) and applied to Relax-B scheme. The second cure is
the change of quadrangular grids to triangular grids, that were shown to provide correct results in
some configurations (Dellacherie (2010)). Both cures have been assessed in different low-Mach tests
(a rising bubble and dam-break cases) where they show effective improvements of the numerical
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results. However, both low-Mach treatments generate some numerical artifacts, either checkerboard
modes or overshoots of pressure when the grid is dynamically adapted,

• a series of first tests using standard high-order and stiffly accurate methods for integrating the
5-equation source term shows that this term can be extremely stiff and lead to the failure of these
solvers. Consequently, we have been interested in the design of ODE solvers dedicated to the
specific source terms of the two-phase mixture models. For both the 4-equation and 5-equation
models, we propose to use the exact solution of an ODE that approximates the original source
term. Endowed with a clipping procedure, these approximate solvers provide solutions that stay
within the admissible values for the volume fraction and that tend towards the equilibrium state
in long integration times.

The choice of using cell-based AMR was initially determined by the possibility of using the p4est library
(Burstedde, Wilcox, and Ghattas (2011)) that shows good performance results on massively parallel
architectures. Furthermore, AMR techniques are well-suited for flows configurations with localized sharp
interfaces, as in separated-phase flows for example. Using AMR implies a certain number of other
choices with respect to the numerical methods. First, we propose to adapt the standard finite volume
methods for Cartesian grids to the non-conforming grids, by using their regular aspect. This choice
enables to use dimensional splittings and 1D slope reconstructions for a second-order MUSCL-Hancock
scheme. Second, the AMR approach necessitates to choose a refinement criterion, that is compared with
a refinement threshold. In our work, we have considered a refinement criterion based on the first-order
variations of the solution, and more particularly on the variations of some of the variables like the volume
fraction. This choice enables to increase the resolution near the interfaces while compressing the other
spatial zones. The value of the refinement threshold must be adjusted according to the simulated test
and to the grid refinement level. Finally, a choice must be made on the way the solution is updated
when the grid is modified (refined or coarsened). In our strategy, when a cell is refined, we simply copy
the value of the old cell into each of the new ones. When a set of cells are coarsened, we compute
the average of the conservative variables to set the solution in the new coarser cell. These choices
have been made for their simplicity and have shown good results for cases where comparisons with
experimental data were possible. In particular, the whole discretization strategy presented above enables
to simulate dam-break cases, which are typical low-Mach flows, using the compressible 3-equation model,
discretized with Relax-B scheme on an AMR triangular grid and with a dynamic refinement of the grid
near the gas-liquid interface. Although this flow configuration may appear far from the atomization
configuration, it represents an interesting test of our numerical choices where they are known to possibly
having difficulties. Let us finally recall that the numerical schemes, that have been presented in this thesis,
have been designed for barotropic homogeneous (one velocity) models. However, all the modifications
and propositions of modifications we have mentioned are probably relevant for more complex two-phase
systems. In particular, they could be applied to the future enriched two-phase models.

The last aspect of numerical simulations we have been interested in and that appears to be essential
for future simulations of the atomization process, is the performance of the computing code in which
the previously mentioned models and schemes are integrated. The compatibility of the AMR techniques
with highly parallel computations is especially a difficult task. We have chosen to use the p4est library
(Burstedde, Wilcox, and Ghattas (2011)), that has the advantages of:

• providing a user-friendly framework to develop AMR applications while being application-free,

• being scalable up to several hundreds of thousands cores,

• proposing a strategy to deal with complex domain geometries.

Based on this library, we have developed the CanoP code, which is a finite volume applicative layer of
p4est. CanoP has also been developed to be a framework for different applications about fluid dynamics.
While still being under development, the first performance tests, among which the tests of the 3D
advection of a volume fraction profile solved with Relax-B scheme, show good results. Moreover, the
CanoP code has been developed so as to facilitate the integration of new applications, by using generic
data structures and by proposing a set of features, related to the finite volume methods or to the AMR
strategies. This will help the development and the testing of the future new reduced-order models.
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Future developments

The results that have been obtained in the three main axes, that are the modeling, the numerical and
the computational axes, are encouraging and justify the different choices that have been made.

The mixture two-phase models show interesting mathematical properties that make them suitable for
accurate numerical simulations. By using the same methodology of derivation, namely by using Hamil-
ton’s variational principle and the second principle of thermodynamics, we can envision to further enrich
these models. Three main aspects may be considered:

• according to the study of the interface geometrical properties and the associated surface density
function, we could consider new energy terms that account for the mean pulsations of deformed
bubbles, or for mean effects of surface tension. Therefore, these terms would involve the first order
moments of the surface density function. The model would enable to describe more general flow
topologies and would be closer to the kinetic models for the droplets,

• in our modeling approach, many strong assumptions have been made, like the kinematic equality
between the phases and the barotropic state laws. With the objective of a full coupling with the
disperse phase, where the velocity of the droplets is a priori different from the gas velocity, it will
be necessary to discard these assumptions and let each phase has its own velocity and temperature
(Cordesse (2019)). As in Gavrilyuk and Saurel (2002), the variational approach could be used to
derive more comprehensive two-fluid models,

• within the equations for the statistical description of the interfaces, many terms still have to be
closed properly.

Moreover, one will have to deal with compressibility issues. Indeed, while droplets are often assumed to
be incompressible, the compression effects in the bubbles pulsations play an important role, as we have
seen with the dispersion of acoustic waves.

The same numerical strategy could be considered to discretize these new models. Some features of
the numerical methods should however be improved. In particular, the following points deserve further
investigations:

• the Relax-B scheme must be more rigorously adapted to the two-phase systems. Indeed, it is
inspired by Bouchut (2004), where it is applied to barotropic Euler equations. Therefore, the
conditions that are imposed to ensure the entropic character of the scheme and to compute proper
acoustic waves velocities are based on pressure laws that depend on the density only. However, in
the two-phase case, the total pressure of the system also depends on the mass fractions and on the
volume fractions of the phases. The conditions proposed by Bouchut (2004) should be reconsidered,

• a correction to the Relax-B scheme should also be developed to rectify the wrong numerical dissi-
pation in the asymptotic limit ε Ñ 0. Indeed, the solution we have proposed is not stable, but it
could inspire a more robust approach,

• the integration strategy for the source terms could be further studied. In particular, based on the
approximate solutions we propose, higher-order strategies could probably be proposed, or strategies
finer than the clipping procedure could be envisioned. These improvements may probably be useful
for the future two-phase models, since they may contain new relaxation terms,

• the specific low-Mach strategies also have some shortcomings and necessitate further investiga-
tion. Especially, we could envision an AMR strategy that prevents the apparition of the pressure
overshoots when the grid is refined and coarsened. Then, it would be interesting to go further in
the simulations of the dam-break cases and compare the compressibility effects that our method
enables to describe and that are not reproduced by methods using incompressible equations.

Moreover, the accuracy of the numerical results could also be increased in several ways. First, an
improvement that does not need much modification of the data structures in the CanoP code consists
in discretizating the equation on the volume fraction by using the low-diffusive scheme of Després and
Lagoutière (2001); Kokh and Lagoutière (2010). This way, the numerical diffusion near interfaces could
be reduced. However, this method has never been tested on AMR grids and we do not know whether
both aspects are compatible. Otherwise, high-order numerical schemes may be considered in the future
simulations. A MOOD method (Clain, Diot, and Loubère (2011)) and a Discontinuous Galerkin scheme
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(Cockburn and Shu (1989)) are currently being integrated in the CanoP code. Both approaches require
some development in CanoP so as to better manage the heavy data memory allocation and enable
a simpler access to large stencils of cells. The improvement of the numerical accuracy also requires
to control the compression error generated by the computations on adapted grids. More appropriate
refinement strategies could be considered:

• still in an AMR approach, one could use criteria based on the local truncation error as in Berger
and Oliger (1984) or on smoothness indicators provided by a high-order numerical method as in
Freret, Ivan, Sterck, and Groth (2017),

• one could consider using a multiresolution approach (Harten (1994); Duarte (2012)) for a mathe-
matical control of the compression error using the multilevel analysis of the solution. However using
such methods in the CanoP code will probably require some further code developments. Indeed,
the multiresolution approach needs a large stencil of cells in its prediction step. Whereas it can
be adapted to shared memory architectures and manycore processors, it is not yet well-suited for
distributed memory architectures.

Finally, let us mention that the perspectives of development and of application for the CanoP code are
numerous. First, the current developments aim at a better management of the memory allocations and
memory access for the user’s heavy data. This will facilitate the use of data structures that may vary
in size, like in a coupling strategy between models or for the adaptivity of the Discontinuous Galerkin
methods in polynomial order. Second, developments of methods for enabling the computation over
heterogeneous architectures is considered. Indeed, the integration of the source terms in the kinetic-based
model requires arithmetic intense computations, that may take a long time on traditional processors. To
this purpose, task-driven programming environment has been tested in Essadki, Jung, Larat, Pelletier,
and Perrier (2017). Finally, new applications, related to astrophysics simulations, will be integrated in
the CanoP code.





Appendix A

Exact Riemann’s solutions for the
two-fluid models

In this appendix, we first study the mathematical properties of the three two-phase models derived in
Chapter 1. We then provide the exact resolution of Riemann problems for these models. Finally, a few
classic Riemann problems are introduced and the solution for three systems are computed.

A.1 General system of equations

A.1.1 Equations and mathematical properties

Let us consider the two-fluid systems under the general form in 1D
$

&

%

Bt pρuq ` Bx
`

ρu2 ` P
˘

“ 0
Btρ ` Bx pρuq “ 0
BtV ` uBxV “ 0

(A.1)

where we have discarded the source terms. In its quasilinear form, and choosing the set of variables
U “

`

u, P,T V
˘T , system (A.1) is equivalent to:

$

&

%

ut ` uux `
1
ρPx “ 0

Pt ` uPx ` ρcpρ,Vq
2ux “ 0

Vt ` uVx “ 0

. (A.2)

We recall that the eigenvalues of system (A.2) are:

λ1 “ u´ c , λ2 “ u` c , λ3 “ u .

If we introduce the vector of variables W “
`

u, ρ,VT
˘T , the eigenvectors associated with the two first

eigenvalues are respectively given by:

P1 “
`

´c{ρ, 1,T 0
˘T

, P2 “
`

c{ρ, 1,T 0
˘T
.

Let us now suppose that V P RN , N ą 0, and let us write γi “ BP
BVi

, i P J0, NK. We can show that the
eigenvectors associated with λ3 write:

P3,i “

˜

0,
δi“1

c2
,

ˆ

δi“j`1

γj

˙T

jăN

,´
1

γN

¸T

.

Finally, one can easily show that P1, P2 and pP3,iqiďN are linearly independent.

Let us also study here the nature of the waves generated by the three eigenvalues and show that:
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• the fields associated with λ1 and λ2 are genuinely non linear, and thus the waves are shocks or
rarefactions;

• the fields associated with λ3 are linearly degenerate and the waves are contact discontinuities.

According to Leveque (2004), the nature of the characteristic fields is given by the behavior across the
phase space Ω of

∇Wλj ¨Pj , j P J1, N ` 2K, (A.3)

where ∇W means the gradient vector obtained by differentiating by each component of vector W. If
(A.3) has a constant sign and does never cancel, then the associated field is genuinely non linear. If
(A.3) is always null, then the field is linearly degenerate. For the three eigenvalues λ1, λ2 and λ3, one
obtains:

• for λ1:

∇Wλ1 “

´

1, ´Bρc, p´∇Vcq
T
¯T

,

and then one has

∇Wλ1 ¨P1 “ ´
c

ρ
´
Bc

Bρ
ă 0,

according to property (4.24) ;

• for λ2:

∇Wλ2 “

´

1, Bρc, p∇Vcq
T
¯T

,

and then one has

∇Wλ2 ¨P2 “
c

ρ
`
Bc

Bρ
ą 0,

according to property (4.24) ;

• for λ3,i, i P J1, NK:

∇Wλ3,i “
`

1, 0, T0
˘T
,

and then one has

∇Wλ3,i ¨P3,i “ 0.

The nature of the fields and waves for the Riemann problem is thus deduced from these three relations.

A.1.2 Integral curves

Let us consider the following Riemann’s problem for system (A.2):

Up0, xq “

"

UL if x ă 0
UR if x ě 0

(A.4)

The solutions to this problem are self-similar: Upt, xq “ Upλt, λxq for λ ą 0. Let us then introduce the
variable ξ “ x{t and 9U “ dU{dξ. System (A.2) can be written as:

$

’

&

’

%

´ξ 9u ` u 9u` 1
ρ

9P “ 0

´ξ 9P ` u 9P ` ρcpρ,Vq2 9u “ 0

´ξ 9V ` u 9V “ 0

. (A.5)

or also under the form of an ordinary differential equation:

pA pUq ´ ξIdq 9U “ 0 (A.6)
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Trivial solution Whatever the value of ξ different from λ1, λ2 and λ3, system (A.6) admits 9U “ 0 as
a solution. This means that when pA pUq ´ ξIdq ‰ 0, then the solution is composed of constant states
Upξq “ U.

Rarefaction waves Let us study the case when ξ “ λ1 and assume that there is no singularity in the
solution. The case ξ “ λ2 can be solved similarly. System (A.5) then writes:

$

’

&

’

%

c 9u ` 1
ρ

9P “ 0

c 9P ` ρc2 9u “ 0

c 9V “ 0

.

First, we can see that the variables V are constant through the wave (as c ą 0). We then have V “ VL.

The two other equations are equal, and the relation between u and P is:

9u`
1

ρc pP,VLq
9P “ 0

As there is no singularity, we can then integrate from ξL, chosen such that UpξLq “ UL, to ξ, and we
will then write the relation between u and P as:

u´ uL `

ż P

PL

dP

ρcpP,VLq
“ 0 (A.7)

Through the waves associated with λ2, the relation is given by:

u´ uR ´

ż P

PR

dP

ρcpP,VRq
“ 0 (A.8)

Shock waves Through shock waves, there is a jump in the solution. Let us then use the Rankine-
Hugoniot relations to get the solution through a shock associated with λ1: let σ be the shock speed,
and

σrρus “ rρu2 ` P s

σrρs “ rρus

σrρVs “ rρVus

where the notation r¨s is used to denote the jump in the variables.

Especially, through λ1, we will get:

σpρLuL ´ ρuq “ ρLu
2
L ` PL ´ ρu

2 ´ P (A.9)
σpρL ´ ρq “ ρLuL ´ ρu (A.10)

σpρLVL ´ ρVq “ ρLVLuL ´ ρVu (A.11)

Equations (A.10) and (A.11) can be written under the form:

ρLpσ ´ uLq “ ρpσ ´ uq

ρLVLpσ ´ uLq “ ρVpσ ´ uq

and injecting the first relation in the second one, it is obvious, provided that u ‰ σ, that V “ VL.

Now, from (A.10), one has the relation for the shock velocity:

σ “
ρLuL ´ ρu

ρL ´ ρ
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that, injected in (A.9), gives:

pρLuL ´ ρuq
2
“ pρL ´ ρq

`

ρLu
2
L ´ ρu

2
˘

` pρL ´ ρqpPL ´ P q

���
�

pρLuLq
2 `
HHHpρuq2 ´ 2ρρLuuL “��

��pρLuLq
2 `
H
HHpρuq2 ´ ρρL

`

u2
L ` u

2
˘

` pρL ´ ρqpPL ´ P q

ρρL pu´ uLq
2
“ pρL ´ ρqpPL ´ P q

This gives:

u “ uL ˘

d

pρL ´ ρqpPL ´ P q

ρρL

And finally, for a left shock where the resulting pressure P must be larger than the left pressure PL:

u “ uL ´

d

pρL ´ ρqpPL ´ P q

ρρL
(A.12)

Similarly, we will have through the 2-wave V “ VR and:

u “ uR `

d

pρR ´ ρqpPR ´ P q

ρρR
(A.13)

Contact discontinuity By definition of the contact discontinuity, λ3 “ u is a Riemann invariant for
this wave. Then, by using the jump relations, one has σ “ u and rP s “ 0: P is also a Riemann’s invariant
here.

A.1.3 Solution to the Riemann’s problem

Let us first summarize the curves that relate u and P through the 1- and 2-waves.

• For λ1 “ u´ cpP,Vq :

u1pξq “ uL ´

$

’

’

’

&

’

’

’

%

ż P pξq

PL

dP

ρcpP,VLq
if P pξq ď PL

d

pρL ´ ρpξqqpPL ´ P pξqq

ρpξqρL
if P pξq ą PL

(A.14)

• For λ2 “ u` cpP,Vq :

u2pξq “ uR `

$

’

’

’

&

’

’

’

%

ż P pξq

PR

dP

ρcpP,VRq
if P pξq ď PR

d

pρR ´ ρpξqqpPR ´ P pξqq

ρpξqρR
if P pξq ą PR

(A.15)

The Riemann’s solution is made of 4 constant states separated by the three waves related to λ1, λ2

and λ3. According to the Riemann’s invariant through the contact discontinuity, one knows that the
intermediate states are given by:

U˚
L “

¨

˝

u˚

P˚

VL

˛

‚ and U˚
R “

¨

˝

u˚

P˚

VR

˛

‚

where P˚ can be found using the equality (A.14) “ (A.15), then u˚ is estimated using (A.14) or (A.15)
where P pξq “ P˚.
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Remark 39. In all these relations, we suppose that we have ρ “ ρpP,Vq, with some good properties.

The Riemann’s solution is then given by:

• if the left wave is a rarefaction wave:

– if ξ ă uL ´ cL:

Upξq “ UL

– if uL ´ cL ď ξ ă u˚ ´ cpP˚,VLq:

Upξq “

¨

˝

u1pξq
ppξq s. t. ξ “ upξq ´ cpP pξq,VLq

VL

˛

‚

– if u˚ ´ cpP˚,VLq ď ξ ă u˚:

Upξq “ U˚
L

• if the left wave is a shock wave, then σL “
ρLuL´ρ

˚
Lu
˚

ρL´ρ
˚
L

and:

– if ξ ă uL ´ σL:

Upξq “ UL

– if uL ´ σL ď ξ ă u˚:

Upξq “ U˚
L

• if the right wave is a rarefaction wave:

– if u˚ ď ξ ă u˚ ` cpP˚,VRq:

Upξq “ U˚
L

– if u˚ ` cpP˚,VRq ď ξ ă uR ´ cR:

Upξq “

¨

˝

u3pξq
ppξq s. t. ξ “ upξq ` cpP pξq,VRq

VR

˛

‚

– if uR ` cR ď ξ:

Upξq “ UR

• if the right wave is a shock wave, then σR “
ρRuR´ρ

˚
Ru

˚

ρR´ρ
˚
R

and:

– if u˚ ď ξ ă uR ` σR:

Upξq “ U˚
R

– if uR ` σR ď ξ:

Upξq “ UR
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A.2 Application to the two-fluid systems

A.2.1 3-equation system

The 3-equation system can be written under the form:
$

’

&

’

%

ut ` uux `
1

ρpp, Y q
px “ 0

pt ` upx ` ρpp, Y qcpp, Y q
2ux “ 0

Yt ` uYx “ 0

. (A.16)

with:

• the pressure given by the pressure equality between the two fluids p “ p1 “ p2,

• the characteristic sound velocity cpp, Y q which is Wood’s sound velocity:

cpp, Y q “

ˆ

ρpp, Y q

ˆ

αpp, Y q

ρ1ppqc21
`

1´ αpp, Y q

ρ2ppqc22

˙˙´1{2

• the vector V is V “ Y .

The functions ρ1ppq and ρ2ppq are give by the fluids state laws, and αpp, Y q by:

αpp, Y q “
Y ρ2ppq

Y ρ2ppq ` p1´ Y qρ1ppq

Finally, ρpp, Y q writes:

ρpY, pq “ αpY, pqρ1ppq ` p1´ αpY, pqqρ2ppq.

We consider here barotropic state laws (for k “ 1, 2):

ρkppq “ ρok `
1

c2k
pp´ poq .

For the 3-equation system, formulae (A.14) and (A.15) can not be written in an explicit form, as there
is no prime function to the function

pp, Y q ÞÑ
1

ρpp, Y qcpp, Y q
.

In practice, one will have to use approximations for the formulae (A.14) and (A.15), and root-finding
algorithms to compute p˚...

A.2.2 4-equation system

For this system, the exact solution to the Riemann’s problem can also be found in Chanteperdrix,
Villedieu, and Vila (2002).

Let us recall here the properties of this system of equations. First, it can be written under the form
(without the source term):

$

’

’

’

&

’

’

’

%

ut ` uux `
1

ρpp, Y, αq
px “ 0

pt ` upx ` ρpp, Y, αqcpp, Y, αq
2ux “ 0

Yt ` uYx “ 0
αt ` uαx “ 0

. (A.17)
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Remark 40. This system deprived from its source terms has no physical meaning. Taking the source
terms into account would modify the differential equation (A.6) and exact solutions would then be much
more complex to find.

With the 4-equation system, α is now an independent variable. The system gets the following properties:

• there exists two fluid pressures p1 and p2 that are no longer equal. They are related to p through
the relation:

p “ αp1 ` p1´ αqp2.

• The characteristic sound velocity is given by the Frozen sound velocity formula:

cpp, Y, αq “
b

Y c21 ` p1´ Y qc
2
2

• the vector V is now composed of V “ pY, αq
T .

Let us assume that the pressure laws are linearized barotropic pressure laws, given by:

ρk : pk ÞÑ ρok `
1

c2k
ppk ´ p

oq .

For the set of variables chosen to write system (A.17), the density is given by:

ρpp, Y, αq “ αρ1pp1q ` p1´ αqρ2pp2q

Let us however change the variables, to integrate more easily the term 1
ρcFrozen

, and consider the set
pρ, Y, αqT . We have then:

ż pe

pi

dp

ρcFrozen
“

ż ρppeq

ρppiq

c2
Frozendρ

ρcFrozen

“ cFrozen log

ˆ

ρppeq

ρppiq

˙

with the following relation between ρ and p:

p “ ρc2
Frozen ` α

`

po1 ´ c
2
1ρ
o
1

˘

` p1´ αq
`

po2 ´ c
2
2ρ
o
2

˘

Functions (A.14) and (A.15) finally write for the 4-equation system:

• For λ1 “ u´ cpP,Vq :

u1pξq “ uL ´

$

’

’

’

&

’

’

’

%

cFrozen log

ˆ

Ao ` P pξq

Ao ` PL

˙

if P pξq ď PL
d

pρL ´ ρpξqqpPL ´ P pξqq

ρpξqρL
if P pξq ą PL

(A.18)

• For λ2 “ u` cpP,Vq :

u2pξq “ uR `

$

’

’

’

&

’

’

’

%

cFrozen log

ˆ

Ao ` P pξq

Ao ` PR

˙

if P pξq ď PR
d

pρR ´ ρpξqqpPR ´ P pξqq

ρpξqρR
if P pξq ą PR

(A.19)

where

Ao “ ´α
`

po1 ´ c
2
1ρ
o
1

˘

´ p1´ αq
`

po2 ´ c
2
2ρ
o
2

˘

,

and the pressure laws are chosen in such a way for Ao to be positive whatever the value of α.
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A.2.3 5-equation system

In the 5-equation system, two variables are transported, that represent a subscale physics. The subscale
effects interact with the macro-variables in the momentum flux, through pressure. This system without
the source terms writes:

$

’

’

’

’

’

&

’

’

’

’

’

%

ut ` uux `
1

ρpp, Y, α, wq
px “ 0

pt ` upx ` ρpp, Y, α,wqcpp, Y, α,wq
2ux “ 0

Yt ` uYx “ 0
αt ` uαx “ 0
wt ` uwx “ 0

. (A.20)

with the following properties:

• pressure p is related to ρ and to the other variables through the phasic pressures p1 and p2 by:

p “ αp1 ` p1´ αqp2 `
1

2
pρY wq

2
.

• the characteristic sound speed is given by the pulsation sound velocity, defined by:

cPulspp, Y, α, wq2 “ c2
Frozen ` ρpY wq

2.

• The vector V is now composed by V “ pY, α,wq
T .

As for the 4-equation system, we first perform a change in the variables, and consider pρ, Y, α, wqT .

Using the same notations as for the 4-equation system, we have the following relation between ρ and p:

p “ ´Ao ` ρ

ˆ

c2
Frozen `

1

2
ρpY wq2

˙

(A.21)

Then, the integral function becomes:
ż pe

pi

dp

ρcPuls
“

ż ρppeq

ρppiq

c2
Pulsdρ

ρcPuls

“

ż ρppeq

ρppiq

a

c2
Frozen ` ρpY wq

2dρ

ρ

“

«

cFrozen log

˜

a

c2
Frozen ` ρpY wq

2 ´ cFrozen
a

c2
Frozen ` ρpY wq

2 ` cFrozen

¸

` 2
b

c2
Frozen ` ρpY wq

2

ffρppeq

ρppiq

Now to recover a function on p, one has to reverse relation (A.21). As it is a second order polynomial
function of ρ, we can easily compute its roots, which are:

ρ` “
´c2

Frozen `
?

∆

pY wq2

ρ´ “
´c2

Frozen ´
?

∆

pY wq2

with:

∆ “ c4
Frozen ` 2pAo ` pqpY wq2.

We can note that Ao ` p is positive, ensuring then the positivity of ∆. It is also obvious that ρ` ě 0
and ρ´ ă 0. The root ρ` then gives the expression of ρ as a function of p.
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A.3 Exact solution to some test cases

Multiple Riemann’s problems are available, and used to test numerical schemes. One can find many of
them in Toro (2009) for instance. We present here some of them with the exact solution associated with
the three systems of equations.

The root-finding algorithm that was used, is a simple dichotomy-based one. It is used to find the pressure
star state by balancing the integral curves for shocks and rarefactions, depending on the initial state. It
is also used then to compute the pressure value within rarefaction fans.

For the 3-equation system, where an integral function must be approximated, we have used the Simpson’s
rule to get a more accurate result.

A.3.1 Advection test case

The first test does not really involve the resolution of the shock and rarefaction waves. Indeed, from one
side of the Riemann’s problem, the variables associated with the acoustic phenomena are constant. The
transported variables alone present a discontinuity. The solution is given by the displacement of this
discontinuity at the fluid’s velocity u0.

WL WR

location x ă 0 x ą 0
pressure p0 p0

mass fraction YL YR
velocity u0 u0

volume fraction αL αR
vibration w0 w0

WL WR

location x ă 0 x ą 0
pressure 1.0 ¨ 105 1.0 ¨ 105

mass fraction 1.0´ 1.0 ¨ 10´8 1.0 ¨ 10´11

velocity 1.0 1.0
volume fraction 1.0´ 1.0 ¨ 10´8 1.0 ¨ 10´8

vibration 0.0 0.0

A.3.2 Monophasic Sod test case

Here, we choose as sound velocities c1 “ 3.0 ¨ 102 and c2 “ 1.5 ¨ 103.

WL WR

location x ă 0 x ą 0
pressure pL pR ă pL

mass fraction Y0 Y0

velocity u0 u0

volume fraction α0 α0

vibration w0 w0

WL WR

location x ă 0 x ą 0
pressure 5.0 ¨ 105 1.0 ¨ 105

mass fraction 4.4 ¨ 10´3 1.0 ¨ 10´3

velocity 0.0 0.0
volume fraction 0.5 0.5

vibration 0.0 0.0

A.3.3 Two-fluid shock test case

Here, we choose as sound velocities c1 “ 3.0 and c2 “ 15.0.

WL WR

location x ă 0 x ą 0
pressure pL pR ă pL

mass fraction YL YR
velocity u0 u0

volume fraction αL αR
vibration w0 w0

WL WR

location x ă 0 x ą 0
pressure 1.1 ¨ 105 1.0 ¨ 105

mass fraction 1.0´ 1.0 ¨ 10´8 1.0 ¨ 10´11

velocity 0.0 0.0
volume fraction 1.0´ 1.0 ¨ 10´8 1.0 ¨ 10´8

vibration 0.0 0.0
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Figure A.1: Monophasic shock solution for the 3-equation system, at different times.
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Figure A.2: Monophasic shock solution for the 4-equation system, at different times.



312 Appendix A - Exact solution to some test cases

´0.5 0 0.5

0

200

400

600

x (m)

ρ
u

´0.5 0 0.5

0

0.2

0.4

0.6

0.8

1

x (m)

α

´0.5 0 0.5

0

200

400

600

800

1,000

1,200

x (m)

m
1

0 s
0.017 s
0.034 s
0.051 s
0.068 s

´0.5 0 0.5

0

200

400

600

800

1,000

x (m)

m
2

Figure A.3: Two-fluid shock solution for the 3-equation system, at different times.
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Figure A.4: Two-fluid shock solution for the 4-equation system, at different times.
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Figure A.5: Double rarefaction solution for the 3-equation system, at different times.

A.3.4 Double rarefaction test case

WL WR

location x ă 0 x ą 0
pressure p0 p0

mass fraction Y0 Y0

velocity uL uR ą uL
volume fraction αL αR

vibration w0 w0

WL WR

location x ă 0 x ą 0
pressure 1.0 ¨ 105 1.0 ¨ 105

mass fraction 1.0 ¨ 10´3 1.0 ¨ 10´3

velocity ´1.0 1.0
volume fraction 0.5 0.5

vibration 0.0 0.0

A.3.5 Pressure disequilibrium and vibrations

WL WR

location x ă 0 x ą 0
pressure p0 p0

mass fraction Y0 Y0

velocity u0 u0

volume fraction α0 α0

vibration wL wR

WL WR

location x ă 0 x ą 0
pressure 1.0 ¨ 105 1.0 ¨ 105

mass fraction 1.0 ¨ 10´3 1.0 ¨ 10´3

velocity 0.0 0.0
volume fraction 0.5 0.5

vibration 1.0 ¨ 104 0.0
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Figure A.6: Double rarefaction solution for the 4-equation system, at different times.
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Figure A.7: Vibrations case for the 5-equation system.
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On the stiffness of the source term in
the 5-equation system

We present in this section tests of the integration of the source term for the 5-equation two-phase system
with the Radau5 solver (Hairer and Wanner (1996); Hairer (2017)) provided by Assimulo Python package
(Andersson, Führer, Akesson, and Gäfvert (2017)).

We recall that the ODE to be solved reads:
$

’

’

&

’

’

%

dtα “
ρY w
?
ν

dtw “ ´
ε

ν
w `

p1pρ, Y , αpt,xqq ´ p2pρ, Y , αpt,xqq

ρY
?
ν

with:

∆ppαq “ p1pρ, Y , αpt,xqq ´ p2pρ, Y , αpt,xqq “ po ` c21
ρ Y

α
´ c22

ρ p1´ Y q

1´ α

where ρ, Y , ν, ε, po, c1 and c2 are constant, whose values are:

ρ “ 500.5, Y “ 1.0 ¨ 10´3, ν “ 1.0 ¨ 10´4, ε “ 1.0,

po “ ´2.5 ¨ 105, c1 “ 3.4, c2 “ 15.

The initial solution is given by:

α “ α0, and w “ 0.0

The Jacobian matrix associated with the ODE is easily computed and reads:

J “

¨

˚

˝

0
ρY
?
ν

∆p1pαq ´
ε

ν

˛

‹

‚

with:

∆p1pαq “ ´c21
ρ Y

α2
´ c22

ρ p1´ Y q

p1´ αq2
.

The Radau5 solver is then run up to time tf “ 1.5 ¨ 10´4 with the following parameters:

Parameter Value Comment
atol 1.0 ¨ 10´4 Absolute tolerance
rtol 1.0 ¨ 10´4 Relative tolerance
inith 1.0 ¨ 10´4 Initial step size
usejac True User-defined Jacobian
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In the table below, we show the minimum time step which has been used by the solver to satisfy the
required tolerance, and the number of iterations performed up to the final time tf , for different initial
values of α0.

α0 ∆tmin Nit
0.8455 2.16261596725e-07 49
0.8456 9.35420622849e-08 52
0.8457 4.16165547752e-08 61
0.8458 2.0556396378e-10 84
0.8459 9.99737517435e-13 109
0.846 4.26982532447e-15 130
0.8461 1.86889349482e-17 150
0.8462 6.09863722023e-20 168

For α0 “ 0.8463, the computation stops with the error message: Exception: Radau5 failed with flag -3.

Finally, for α0 “ 0.8462, we show in Figure B.1 the solution computed by Radau5, at the time steps
represented with the circle markers.
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(a) Whole solution.

(b) Zoom in the stiff zone.

Figure B.1: Representation of the solution for α computed by Radau5, with α0 “ 0.8462.





Appendix C

Analysis of the truncation error in the
numerical resolution of the 4-equation
system

The present study is related to the study of Chapter 5, section 5.3.1. We recall that we have noticed
a large difference between the numerical dissipation of the solution for the 3-equation model and the
solution for the 4-equation system in the equilibrium asymptotic limit. Here, we propose a first analysis
on the origins of this large dissipation.

To get an idea about the effect of the wave velocity on the numerical dispersion relations, and in particular
in the numerical dissipation, let us consider here a simpler finite volume scheme with the Lax-Friedrich’s
flux, applied to the 4-equation system. Let us consider first a conservative variable: W P tρ, ρY, ρuu,
and F pW q its associated flux. The update formula writes:

Wn`1
i “ Wn

i `
∆t

2∆x

“

F pWn
i q ` F pW

n
i´1q ´ ai´1{2

`

Wn
i ´W

n
i´1

˘‰

´
∆t

2∆x

“

F pWn
i`1q ` F pW

n
i q ´ ai`1{2

`

Wn
i`1 ´W

n
i

˘‰

“ Wn
i `

∆t

2∆x

“

F pWn
i´1q ´ F pW

n
i`1q

‰

´
∆t

2∆x

“

ai´1{2

`

Wn
i ´W

n
i´1

˘

´ ai`1{2

`

Wn
i`1 ´W

n
i

˘‰

This corresponds to a centered discretization of the spatial operator, stabilized by an adequate upwind
diffusion term. Indeed, we can see that using Taylor expansion of the continuous variables, in the
following way:

Wi`1 «Wpxi`1q «Wi `∆x
BW
Bx
pxiq `

∆x2

2

B2W
Bx2

pxiq `Op∆x
3q,

and in the same way, we also have:

Wi´1 «Wi ´∆x
BW
Bx
pxiq `

∆x2

2

B2W
Bx2

pxiq `Op∆x
3q

F pWi`1q « F pWiq `∆x
BFpWq
Bx

pxiq `
∆x2

2

B2FpWq
Bx2

pxiq `Op∆x
3q

F pWi´1q « F pWiq ´∆x
BFpWq
Bx

pxiq `
∆x2

2

B2FpWq
Bx2

pxiq `Op∆x
3q
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and

ai`1{2 « ai `
∆x

2

Ba

Bx
pxiq `

∆x2

4

B2a

Bx2
pxiq `Op∆x

3q

ai´1{2 « ai ´
∆x

2

Ba

Bx
pxiq `

∆x2

4

B2a

Bx2
pxiq `Op∆x

3q

We thus can approximate the different parts of the update formula with:

F pWi`1q ´ F pWi´1q « 2∆x
BFpWq
Bx

pxiq `Op∆x
3q

ai´1{2

`

Wn
i ´W

n
i´1

˘

“ ai
BW
Bx
pxiq∆x´

ˆ

1

2

Ba

Bx
pxiq

BW
Bx
pxiq `

1

2
ai
B2W
Bx2

pxiq

˙

∆x2 `Op∆x3q

“ ai
BW
Bx
pxiq∆x´

B

Bx

ˆ

a
BW
Bx

˙

pxiq
∆x2

2
`Op∆x3q

ai`1{2

`

Wn
i`1 ´W

n
i

˘

“ ai
BW
Bx
pxiq∆x`

ˆ

1

2

Ba

Bx
pxiq

BW
Bx
pxiq `

1

2
ai
B2W
Bx2

pxiq

˙

∆x2 `Op∆x3q

“ ai
BW
Bx
pxiq∆x`

B

Bx

ˆ

a
BW
Bx

˙

pxiq
∆x2

2
`Op∆x3q

and the semi-discrete modified equation writes:

Wn`1
i ´Wn

i

∆t
“ ´

BFpWq
Bx

pxiq `
∆x

2

B

Bx

ˆ

a
BW
Bx

˙

pxiq `Op∆x
2q.

Assuming moreover that:

Wn`1
i «Wn

i `∆t
BW
Bt
ptnq `Op∆t2q,

we finally have the equivalent continuous equation:

BW
Bt
ptn, xiq `

BFpWq
Bx

ptn, xiq “
∆x

2

B

Bx

ˆ

a
BW
Bx

˙

ptn, xiq `Op∆tq `Op∆x
2q. (C.1)

For the equation on the volume fraction, let us consider equation (4.36) of Chapter 4. One can show
that the equivalent continuous equation reads:

Bα

Bt
` u

Bα

Bx
“ Op∆x2q `Op∆tq.

Then, the integration of the source term using an approximate method as presented previously, leads to
the following modified equation with its first-order consistency error:

Bα

Bt
“
p1 ´ p2

ε
`O

ˆ

∆t

ε2

˙

. (C.2)

Finally, the total equivalent continuous equation on α reads:

Bα

Bt
` u

Bα

Bx
“
p1 ´ p2

ε
`O

ˆ

∆t

ε2

˙

`Op∆x2q.

Now let us linearize the equations (C.1) and (C.2) about a constant and uniform state Wo such that:
BW
Bx “ 0, uo “ 0 and po1 “ po2. One can write: W “ Wo ` ηW1 ` Opη2q, with η ! 1, and the system of
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equations can be written at first order in η:
$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

Bρ1

Bt
` ρo

Bu1

Bx
“ ao

∆x

2

B2ρ1

Bx2

BY 1

Bt
“ ao

∆x

2

B2Y 1

Bx2

ρo
Bu1

Bt
`

Bp1

Bx
“ ao

∆x

2
ρo
B2u1

Bx2

Bα1

Bt
“

p1
1 ´ p

2
2

ε

(C.3)

The first order perturbation is now assumed to be in the form of an acoustic wave, in the form: W1 “

Ŵ exp piωt´ ikxq. System (C.3) becomes then:
$

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

%

ωρ̂ ´ ρokû “ iao
∆x

2
k2ρ̂

ωŶ “ iaok2 ∆x

2
Ŷ

ρoωû ´ kp̂ “ iaoρok2 ∆x

2
û

ωα̂ “ ´i
p̂1 ´ p̂2

ε

(C.4)

Let us also write p̂ and p̂1 ´ p̂2 in terms of ρ̂, Ŷ and α̂:

p̂1 “ Aoρ̂`BoŶ ` Coα̂

p̂2 “ Doρ̂` EoŶ ` F oα̂

with:

Ao “
c21Y

α
Bo “

c21ρ

α
Co “ ´

c21ρY

α2

Do “
c22p1´ Y q

1´ α
Eo “ ´

c22ρ

1´ α
F o “

c22ρp1´ Y q

p1´ αq2

Then, one has:

p̂1 ´ p̂2 “ pA
o ´Doq ρ̂` pBo ´ Eoq Ŷ ` pCo ´ F oq α̂

p̂ “ pαoAo ` p1´ αoqDoq ρ̂` pαoBo ` p1´ αoqEoq Ŷ ` pαoCo ` p1´ αoqF oq α̂

Now let us write the system (C.4) in its vectorial form:

Apρo, Y o, αo, ω, kq
´

ρ̂, Ŷ , û, α̂
¯T

“ 0

This system has non trivial solutions, if matrix A is non-invertible, meaning:

det pAq “ 0. (C.5)

This last equality defines the dispersion relation for the first order-perturbation of system (C.3).
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By developing (C.5) at first-order in H “ ao∆x
2 , thus by assuming that ∆x ! 1, we obtain the following

relation:

0 “ iρω3 pCo ´ F o ´ iεωq

` ρω r3ωHpCo ´ F o ´ iεωq ` ipAoF o ´ CoDo ` iεωp1´ αoqDo ` iεωαoAoqs k2

` ρH pAoF o ´ CoDo ` iεωp1´ αoqDo ` iεωαoAoq k4.

If we introduce L “ Co ´ F o, M “ AoF o ´ CoDo, N “ p1 ´ αoqDo ` αoAo and K “ k2, the equation
writes:

0 “ iω3 pL´ iεωq ` ω r3ωHpL´ iεωq ` ipM ` iεωNqsK ` H pM ` iεωNqK2 (C.6)

The discriminant of this second-degree polynomial is:

∆ “ ω2 r3ωHpL´ iεωq ` ipM ` iεωNqs
2
´ 4iω3H pL´ iεωq pM ` iεωNq ,

which writes, once more at first-order in H:

∆ “ ´ω2pM ` iεωNq2 ` 2iω3H pL´ iεωq pM ` iεωNq

“ ´ω2pM ` iεωNq2
ˆ

1´ 2iωH
L´ iεω

M ` iεωN

˙

and then in the limit H ! 1:

?
∆ « ˘iωpM ` iεωNq

ˆ

1´ iωH
L´ iεω

M ` iεωN
`OpH2q

˙

,

« ˘iωpM ` iεωNq ˘ ω2H pL´ iεωq `OpH2q.

At first order in H, the two roots of polynomial (C.6) are thus:

K` “
´ω r3ωHpL´ iεωq ` ipM ` iεωNqs ` iωpM ` iεωNq ` ω2H pL´ iεωq

2H pM ` iεωNq

“
´ω2 pL´ iεωq

M ` iεωN
,

K´ “
´ω r3ωHpL´ iεωq ` ipM ` iεωNqs ´ iωpM ` iεωNq ´ ω2H pL´ iεωq

2H pM ` iεωNq

“
´iω

H
´

2ω2 pL´ iεωq

M ` iεωN
.

The dispersion relation associated with K` is equivalent to the analytical dispersion relation of the 4-
equation system, and in the limit εÑ 0, one recovers Wood’s sound velocity for the phase velocity, and
no spatial attenuation.

K´ is associated with a second wave whose attenuation and phase velocity depend on H “ ao∆x
2 . The

smaller the parameter H the larger the wave atenuation. However, in the 3-equation system, a is of
order ρcWood, while for the 4-equation system, it is ρcFrozen: according to the value of α, cFrozen can be
two orders of magnitude larger than cWood. This second (and artificial) wave may disturb the 4-equation
solution even for small values of ε.



Appendix D

Well-balanced schemes

As in Chapter 4, we consider a general system of equations, with barotropic pressure laws and with a
gravity source term, that writes:

$

&

%

Bt pρuq ` divx
`

ρuuT ` P Id
˘

“ ρg
Btρ ` divx pρuq “ 0
BtV ` u ¨∇xV “ 0

(D.1)

where we assume that the gravity acceleration applies only on the second directional component and is
constant: g “ p0,´g, 0q

T (in order to keep the same notations for 2D and 3D cases).

D.1 Issues of balance laws with source terms

For general systems of balance laws in the form:

BtW ` div pFpWqq “ SpWq,

stationary solutions W are defined by the equality:

div
`

FpWq
˘

“ SpWq. (D.2)

For bounded systems, with no particular boundary condition, this equilibrium can be obtained in very
long times (comparing with the other characteristic times of the system) from initial solutions not too far
from this equilibrium. However, usual numerical schemes are often inefficient in getting such a stationary
state, due to large truncation errors near equilibrium, except at the price of a very fine discretization. In
particular, Godunov-type schemes with operator splitting generate small waves that prevent a discrete
equilibrium to be set.

Over the past years, many works have contributed to develop so-called well-balanced schemes, i. e.
schemes that are able to preserve a stationary initial solution. In Cargo and le Roux (1994), Euler
equations with a gravity source term is addressed, where the use of the potential of the gravity field leads
to an homogeneous system of equations and the well-balanced property. Then in Greenberg and Roux
(1994); Gosse and Roux (1996), other source terms are studied for scalar laws and are reformulated as
non-conservative products. Despite the restrictions on the form of the source term, and on the properties
of the flux function, this method was the first version of the current approaches for the shallow-water
equations with a topography source term Gosse (2000); Chinnayya, Roux, and Seguin (2004); Audusse,
Bouchut, Bristeau, Klein, and Perthame (2004), and is also widely used for atmospheric simulations.

An other method consists in using the consistency in the integral sense, as developed in Gallice (2002);
Gallice (2003). This consists in writing generalized jump relations for the Riemann’s problem, that takes
into account a term consistent with the source term. Numerical fluxes are then determined accounting
for the sources effects and lead to well-balanced schemes. This method was later used for asymptotic-
preserving schemes as in Chalons, Girardin, and Kokh (2013).
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D.2 A method based on Cargo-Leroux equations

D.2.1 A new system of equations

Following the lines of Cargo and le Roux (1994); Greenberg and Roux (1994), we consider the resolution
of system (D.1) in the y-direction. There is no modification in the other directions, and a directional
splitting is compatible with the method. Let us introduce the potential variable q such that:

Byq “ ´ρg
Btq “ ρgv

. (D.3)

One can show that this potential exists by noting that the conservation equation on ρ, multiplied by the
constant g can be interpreted as the equation on the divergence of the vector pρg, ρgvqT (with derivatives
with respect to time t and direction y). From the definition of q and the equation on ρ, it is easy to
deduce the equation on q:

Btq ` vByq “ 0

Let us then rewrite system (D.1) in 1D with the new variables q and φ “ P ´ q:
$

’

’

&

’

’

%

Bt pρvq ` By
`

ρv2 ` φ
˘

“ 0
Btρ ` By pρvq “ 0
Btq ` vByq “ 0
BtV ` vByV “ 0

(D.4)

D.2.2 Hydrostatic equilibrium

The continuous hydrostatic equilibrium is defined by:

v “ 0

ByP “ ´ρg (D.5)

and one can compute the continuous hydrostatic equilibrium by integrating the second equation. Using
the pressure law, we can note that this equation comes down to solve a first order ODE that writes:

c2pρ,VqByρ “ ´ρg ´ dpρ,VqPByV (D.6)

where we assume that the profile of V is given and dpρ,Vq “ BV P . According to the chosen thermody-
namic laws, this ODE may be impossible to solve explicitly.

Let us now study a discrete hydrostatic equilibrium. Let us assume that the y-direction is discretized,
and call pyi` 1

2
qi the points of this discretization defining cells, whose centers are located at pyiqi. In a

classic finite volume approach, variables are assumed constant over cells, leading to discontinuities at the
cells interfaces (in yi` 1

2
). Here, let us make the assumption that the pressure profile is differentiable, so

as to integrate the ODE (D.5) properly. Then, from cell Ki to its neighbor, one will have:
ż yi`1

yi

ByP “ ´

ż yi`1

yi

ρgdy

P pyi`1q ´ P pyiq “ ´

ż yi`1

yi

ρgdy

“ ´ρpyiqg
´

yi` 1
2
´ yi

¯

´ ρpyi`1qg
´

yi`1 ´ yi` 1
2

¯

and we can define cell by cell a discrete hydrostatic equilibrium, which is an approximation at first order
of the continuous one. Let us note also that, knowing P pyiq, the value of P pyi`1q in the example is then
given implicitly, as we have ρpyi`1q “ f pP pyi`1q,Vpyi`1qq where the function f : pP,Vq ÞÑ ρ depends
on the state laws. The computation of this discrete equilibrium may then be costly.
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The final discrete equilibrium we consider writes:

vi “ 0

Pi “ P0 ´g
ÿ

0ďjăi

„

ρj
∆yj

2
` ρj`1

∆yj`1

2



(D.7)

where we use the notations Pi “ P pyiq, ρi “ ρpyiq, and ∆yi “ yi` 1
2
´ yi´ 1

2
.

In the following, we are designing a scheme that preserves this discrete equilibrium, when it is given as
an initial condition.

Remark 41. There are many possible discrete equilibria. Finer approximations could be found by using
a Taylor development of the exact solution of ODE (D.5), and then take higher order terms for expressing
the density ρ in one cell. For instance, if the sound velocity c is a constant of ρ, it is then easy to solve
equation (D.5) and use this solution for building the hydrostatic profile.

Suliciu’s flux and new source term Let us use Suliciu’s relaxation method applied to system (D.4).
Let us first note that the variable φ satisfies the following equation:

Btφ` vByφ` ρc
2pρ,VqByv “ 0.

Let us introduce the relaxation variable Φ, that satisfies the following equation:

BtΦ` vByΦ`
a2

ρ
Byv “ λpφ´ Φq,

where a is a constant defined locally as: a “ ρcpρ,Vq, and the relaxation system now writes:
$

’

’

’

’

&

’

’

’

’

%

Bt pρvq ` By
`

ρv2 ` Φ
˘

“ 0
Bt pρΦq ` By

`

ρΦv ` a2v
˘

“ λρpφ´ Φq
Btρ ` By pρvq “ 0
Btq ` vByq “ 0
BtV ` vByV “ 0

(D.8)

which can be solved using the same formulae as in Chapter 4. Let us then recall that the intermediate
states for v and Φ write in function of the left and right states of the Riemann’s problem:

v˚ “
vL ` vR

2
`

ΦL ´ ΦR
2a

Φ˚ “
ΦL ` ΦR

2
` a

vL ´ vR
2

and the numerical fluxes can be given by the physical flux estimated with the solution of the Riemann’s
problem:

Fi` 1
2
“ F pW p0,Wi,Wi`1qq (D.9)

Then, as for Suliciu’s relaxation method, only the variables ρ, v and V are updated using the fluxes.
The auxiliary variables q and Φ must be initialized using the thermodynamic and potential laws.

The question is now to properly define Φ, meaning, to define φ and q, for the scheme to preserve the
hydrostatic equilibrium defined by (D.7).

Proposition 6. Let the discrete value of q be defined as:

qi “ ´

ż yi

y0

ρgdy (D.10)

then the fluxes (D.9) corresponding to the system (D.8) preserve an hydrostatic equilibrium.
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Proof. Let us assume that initially, the hydrostatic equilibrium (D.7) is satisfied in the whole domain,
and especially in cell Ki. To preserve the hydrostatic equilibrium, the fluxes of system (D.8) at the
interfaces must be null or counterbalance. Two features are then to be verified:

1. the intermediate velocity must be null, so that fluxes on ρ and V are also null,

2. the two interfacial fluxes Fi´ 1
2
and Fi` 1

2
for momentum must be equal.

Let us consider the solution of the Riemann’s problem at interface Ii` 1
2
. We already know that vi “ 0

and vi`1 “ 0. What about v˚?

We have:

v˚ “
Φi ´ Φi`1

2a

“
1

2a
pPi ´ qi ´ Pi`1 ` qi`1q

“
1

2a

ˆ

Pi ´ Pi`1 ´

ż yi`1

yi

ρgdy

˙

and according to the definition of the discrete equilibrium (D.7), one has v˚ “ 0. The solution to the
Riemann’s problem for velocity is then null and the first condition the scheme should verify is satisfied.

Let us now compute the difference of fluxes Fi` 1
2
´Fi´ 1

2
for momentum to check the second condition.

We can first note that because vi “ 0, the solution to the Riemann’s problem is the intermediate state.
The flux of momentum is then F˚ “ ρ˚u˚2

` Φ˚. Now, we have seen previously that u˚ “ 0, then it
remains to compute Fi` 1

2
´ Fi´ 1

2
“ Φi` 1

2
´ Φi´ 1

2
.

By definition, we have:

Φi “ Pi ´ qi

“ Pi `

ż yi

y0

ρgdy

and
Φi`1 “ Pi`1 ´ qi`1

“ Pi`1 `

ż yi`1

y0

ρgdy

“ Pi`1 `

ż yi

y0

ρgdy `

ż yi`1

yi

ρgdy

As the initial pressure profile is at equilibrium, the last line of the second inequality can be written as:

Φi`1 “ Pi `

ż yi

y0

ρgdy

“ Φi



Appendix D - Well-balanced schemes 329

and finally Φi` 1
2
“ Φi. In the same way, one has:

Φi´1 “ Pi´1 ´ qi´1

“ Pi´1 `

ż yi´1

y0

ρgdy

“ Pi´1 `

ż yi

y0

ρgdy `

ż yi´1

yi

ρgdy

“ Pi `

ż yi

y0

ρgdy

“ Φi

and Φi` 1
2
“ Φi “ Φi´ 1

2
. The fluxes of momentum are then equal and the equilibrium is preserved.

The definition of qi as given by (D.10) is not practical, as it necessitates an integration on a whole vertical
column of fluid. We are presenting below a modification of the scheme that makes it simpler to use. Let
us introduce Qi` 1

2
, defined by:

Qi` 1
2
“ ´

ż yi`1

yi

ρgdx “ qi`1 ´ qi

and note that:

Φi`1 ´ Φi “ Pi`1 ´ Pi ´Qi` 1
2

and

Φi`1 ` Φi “ Pi`1 ` Pi ` 2qi ´Qi` 1
2
.

However, whatever the solution of the Riemann’s problem at interfaces Ii´ 1
2
and Ii` 1

2
, we can show that

the contribution of Φ in the numerical flux writes:

Φ˚
i˘ 1

2
“ P˚

i˘ 1
2
˘ βQi˘ 1

2
´ qi (D.11)

with β “ 0,´ 1
2 ,´1 according to the states of the Riemann’s problem. Then, the contribution of qi will

cancel when subtracting the fluxes. As it has no role in the rest of the Riemann’s problem, we can ignore
it, when updating cell Ki, and then get rid off its costly initialization.

Let us then give new definitions of the intermediate states of the Riemann’s problem, when considering
cell Ki, given by:

v̂i˘ 1
2

“
vi ` vi˘1

2
˘
Pi ´ Pi˘1 ˘Qi˘ 1

2

2a

P̂i˘ 1
2
“
Pi ` Pi˘1 ¯Qi˘ 1

2

2
˘ a

vi ´ vi˘1

2

(D.12)

One must be aware that these formulae are valid for cell Ki only! They will differ in cells Ki´1 and Ki`1,
leading to interfacial fluxes that are not equal from one side of the face to the other: the scheme is not
conservative, but it was expected, as in reality, the equations contain a source term.

D.2.3 Boundary conditions:

For vertical fluxes, that are computed at the border of the domain, one must also ensure that an initial
equilibrium is preserved.

If we consider reflective boundary conditions, for which the matter fluxes are null, one can enforces the
boundary flux for cell Ki to be:

FpWiq “ pφi, 0,0q
T
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where W “ pρv, ρ, ρVqT .

In the case of an open boundary condition, we must impose that the flux at the border balances the flux
which is computed at the opposite face of the cell. We can then just copy it.

Remark 42. One can use layers of ghost cells so as to compute the boundary conditions. In these cases,
the values that are set in these ghost cells must satisfy the conditions on the fluxes presented just above.

D.3 Numerical features and AMR

D.3.1 Non-conforming meshes:

The scheme developed in the previous paragraph applies on 1D-meshes. It extends without difficulty on
multidimensional cartesian grids, by using the directional splitting. Let us now see how it can be used
on cartesian non-conforming meshes.

Let us first verify that in the y-direction, Proposition 6 is true, and that we can use the modified
intermediate states (D.12).

Let us first define an hydrostatic equilibrium in a case as in Figure D.1a. In fact, by projecting on the
y-axis, one can use directly formula (D.7) to define the hydrostatic equilibrium. Let us now check
the conditions to preserve the equilibrium:

• in the Riemann’s problems at the interfaces, the intermediate value of velocity is null, as one can
follow the lines of the proof of Proposition 6.

• the sum of the fluxes for momentum must be null, in the sense (following the notations of the
Figure):

Φ0
i´ 1

2

2∆yi
`

Φ1
i´ 1

2

2∆yi
´

Φi` 1
2

∆yi
“ 0. (D.13)

According to the proof of proposition 6, one has: Φ0
i´ 1

2

“ Φi, Φ1
i´ 1

2

“ Φi and Φi` 1
2
“ Φi, and then

the residual for momentum is indeed null.

The discrete hydrostatic equilibrium is thus preserved in the configuration of Figure D.1a. One could
show that this is also the case for any other configuration.

We now wonder whether the modified values of intermediate states (D.12) can be used, when computing
the fluxes in cell Ki. In fact, when using the residual formulation (D.13), one can see that the contribution
in qi from the formula (D.11) also cancels.

We can then conclude that the scheme is compatible in the y-direction for a non-conforming mesh.

‚
Ki

‚
Ki`1

‚
K0
i´1

‚
K1
i´1

y

∆yi

∆yi`1

∆yi´1

(a) Case of non-conforming mesh

y

∆y

∆y{2
∆y{4

‚
Ki

‚
Ki´1

‚
K0
i`1

‚
K1
i`1

(b) Case of non-conforming mesh
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Then, let us study the other directions. We consider x-direction (z-direction follows the same lines). In
an AMR case (see an example in Figure D.1b), the centers of neighboring cells in the x-direction can
be at differing heights. Then, according to the hydrostatic equilibrium profile, the pressure within these
cells can differ, and an horizontal velocity is generated, if no particular treatment is done to preserve the
equilibrium.

An idea of scheme modification is to subtract the gravity contribution in the pressure difference between
the cells, in the following way: let us assume that we are in the configuration of Figure D.1b and we are
computing the fluxes between cells Ki and K0

i`1. Assuming that the hydrostatic equilibrium profile is
set initially, and the reference height is given at y0 as in Figure D.1b, then one will have:

P py0
i`1q “ P0 ´

ż y0`∆y{4

y0

ρi`1pyqgdy

and

P pyiq “ P0 ´

ż y0`∆y{2

y0

ρipyqgdy

“ P0 ´

ż y0`∆y{4

y0

ρipyqgdy ´

ż y0`∆y{2

y0`∆y{4

ρipyqgdy

“ P py0
i q ´

ż y0`∆y{2

y0`∆y{4

ρipyqgdy

where the pressure P py0
i q is evaluated at the same height as pressure P py0

i`1q. We will then solve the
Riemann’s problem at the interface between Ki and K0

i`1 by using on the left side the value P py0
i q instead

of P pyiq.

Here is the main defect of the method, and in particular of the chosen discrete hydrostatic profile: even
at equilibrium, there is no reason for P py0

i q to be exactly equal to P py0
i`1q. Indeed, one considers that

the density ρ is constant in each cell, but this is only an approximation at first order of the ODE (D.5).
To see that, let us assume that ρipy0q “ ρi`1py0q “ fpP0,V0q. Let us assume that Vpyiq “ Vpy0

i`1, then
function f is the same in cells Ki and K0

i`1 and:

P 0
i`1 “ P0 ´ fpP

0
i`1qg

∆y

4
,

P 0
i “ Pi ` fpPiqg

∆y

4

“ P0 ´ fpPiqg
∆y

2
` fpPiqg

∆y

4

“ P0 ´ fpPiqg
∆y

4
.

The two formulations above are different, as the one for P 0
i`1 is implicit, while the expression of P 0

i is
given explicitly (while Pi is computed implicitly!).

Remark 43. As noted previously, if the sound velocity c is independent of ρ, we can use the exact
solution of ODE (D.5), which is in exponential form, and an appropriate estimation of q enables to
maintain the hydrostatic equilibrium.

We however retain the following strategy for computing the fluxes in the x-direction between cells Ki
and Ki`1:

• if cell Ki`1 is the same size as cell Ki, then we apply the usual solver with states Wi and Wi`1,

• if Ki`1 is smaller than cell Ki and their centers are not aligned horizontally, let yi`1 be the y-
coordinate of the center of cell Ki`1, then we compute the flux using variables Wi`1 and W̃i
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with:

ũi “ ui

P̃i “ Pi ´ ρig pyi`1 ´ yiq

ρ̃i “ f
´

P̃i

¯

Ṽi “ Vi

• if Ki`1 is greater than cell Ki, let yi be the y-coordinate of the center of cell Ki, then we compute
the flux using variables W̃i`1 and Wi with:

ũi`1 “ ui`1

P̃i`1 “ Pi`1 ´ ρig pyi ´ yi`1q

ρ̃i`1 “ f
´

P̃i`1

¯

Ṽi`1 “ Vi`1

We will see with the numerical results, that this approximation gives better results than the non-modified
schemes, and that it is possible to define a discrete hydrostatic equilibrium, based on a spatial discretiza-
tion at the scale of the smallest cells, that is preserved.

Remark 44. This correction looks like a second-order reconstruction, with the slope defined by the
hydrostatic gradient. When considering that the larger cell is split into two smaller ones, one can note
that the density rho is not conserved. When reconstructing the pressure profile, we must however ensure
that density remains positive.

D.3.2 Second order reconstruction:

We consider here the extension of the well-balanced scheme to the MUSCL-Hancock second-order scheme.

Let us first study the y´direction. We make the following choice for the reconstructed variables: U “

pv, φ, P,Vq
T , where v is the y´component of the velocity u. Let us again consider the configuration of

Figure D.1a and have a look at the slope between cell Ki and Ki`1. The gradient for variable φ, is given
by:

σ
i` 1

2

φ “ 2
φi`1 ´ φi

∆yi`1 `∆yi

“ 2
Pi`1 ´ qi`1 ´ Pi ` qi

∆yi`1 `∆yi

“ 2
Pi`1 ´ Pi `

şyi`1

yi
ρgdy

∆yi`1 `∆yi

Assuming that initially, the discrete hydrostatic equilibrium is set in the domain, one has σi`
1
2

φ “ 0.

Similarly, one will have σi´
1
2 ,0

φ “ 0 and σ
i´ 1

2 ,1

φ “ 0. If v “ 0 initially, then using the same definition
of the auxiliary variable as previously leads to the same formulae as for the first-order scheme: v˚ “ 0,
meaning that all matter fluxes are null, and the residual for the vertical momentum is null too (D.13).

Remark 45. For an initial condition that is not at equilibrium, we have chosen to reconstruct the
pressure variable P as a primitive variable, to then estimate the density ρ at second order in the Riemann’s
problem. While φ can be considered as a pressure deprived from its hydrostatic effects, these effects must
nevertheless be accounted for in the other variables.

In x´direction, one has two possibilities:
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‚

Kp0qi
‚

Kp1qi

‚
Kp2qi

‚
Kp3qi

‚

Ki´1

‚

y

Figure D.1: Refining / coarsening sketch.

1. we could ignore the effects of gravity, and use a simple reconstruction on U “ pu, P,Vq
T ,

2. for configurations such in Figure D.1b we can first use an hydrostatic profile reconstruction in
the largest cells to get more accurate values in the virtual smaller cells and then use this first
reconstruction to compute the gradients of U “ pu, P,Vq

T .

With the first possibility and in the case of an initial hydrostatic equilibrium, one will have P py0
i`1q ă

P piq ă P p1i`1q, and with the minmod slope limiters, the final slope for pressure will be automatically be
null. This degeneracy to a first order scheme could be annoying for configurations close to equilibrium,
but where some acoustic effects necessitate a fine resolution.

With the second option, depending on the discrete hydrostatic equilibrium set initially, the scheme is
almost well-balanced, as we have seen for the first-order version. In non-equilibrium cases, the effects of
gravity will have moreover less effects on the horizontal pressure gradients.

D.3.3 Refining and coarsening cells:

If for any reason, cells have to be coarsened of refined, in order to maintain an hydrostatic equilibrium,
some specific treatment has to be done.

Let us first consider the case of coarsening, and refer to the configuration of Figure D.1. Due to the
conservation of mass, one will have ρi “ 1

4

ÿ

k

ρ
pkq
i . By this average, the hydrostatic equilibrium will not

be preserved.

D.4 Two-fluid equilibrium model

Let us end this part by studying a two-phase flow described by the 3-equation system (from Chapter 1
and Chapter 4), that writes with the gravity source term:

$

&

%

Btρ ` div pρuq “ 0
Bt pρY q ` div pρY uq “ 0
Bt pρuq ` div

`

ρuuT ` p Id
˘

“ ρg
(D.14)

and the pressure is defined by the equality p “ p1pρ, Y q “ p2pρ, Y q, where p1 : pρ, Y q ÞÑ p1pρ, Y q and
p2 : pρ, Y q ÞÑ p2pρ, Y q are the pressure laws for fluids 1 and 2 respectively. In this case, the variable V
may be associated with the mass fraction Y in order to apply the relations from the previous paragraphs.

D.4.1 Hydrostatic equilibrium:

First, we can study the ODE (D.5) and show that its exact resolution is out of reach in most cases.
Indeed, let us assume that the profile of mass fraction is given: Y pyq, then, expressing ρ as a function of



334 Appendix D - Two-fluid equilibrium model

p and Y gives:

ρpp, Y q “
ρ1ppqρ2ppq

Y ρ2ppq ` p1´ Y qρ1ppq
(D.15)

with ρ1 : p ÞÑ ρ1ppq and ρ2 : p ÞÑ ρ2ppq are given by barotropic state laws, and ρ11ppq “ c´2
1 , ρ12ppq “ c´2

2 .
Let us moreover assume that c1 and c2 are constant (linearized pressure laws). Equation (D.5) can now
be written:

ˆ

Y pyq

ρ1ppq
`

1´ Y pyq

ρ2ppq

˙

Byp “ ´g.

This ODE is hardly integrable in the general case. Let us just study the case when the profile of Y is
uniform: Y pyq “ Y . Then, the solution, integrated from y1 “ 0 to y2 “ y is given by:

Y c21 rlnpρ1pppyqqq ´ lnpρ1ppp0qqqs ` p1´ Y qc
2
2 rlnpρ2pppyqqq ´ lnpρ2ppp0qqqs “ ´gy

ln

«

ˆ

ρ1pppyqq

ρ1ppp0qq

˙Y c21
ˆ

ρ2pppyqq

ρ2ppp0qq

˙p1´Y qc22
ff

“ ´gy

ρ1pppyqq
Y c21ρ2pppyqq

p1´Y qc22 “ ρ1ppp0qq
Y c21ρ2ppp0qq

p1´Y qc22 exp p´gyq

and this relation is again an implicit function of p. When Y “ 0, this relation becomes:

ρ2pppyqq “ ρ2ppp0qq exp

ˆ

´
gy

c22

˙

,

and when Y “ 1 it is:

ρ1pppyqq “ ρ1ppp0qq exp

ˆ

´
gy

c21

˙

.

However, in two-phase flows, the profile of Y may take any form, and the exact hydrostatic profile is not
known.

Let us then consider the discrete profile, such as given by formula (D.7). This profile can be used in a
two-phase flow, with the expression for fpP,Vq given by (D.15) (P “ p and V “ Y ).

D.4.2 Vertical and horizontal equilibria:

In the previous paragraph, we have chosen the mass fraction Y as the phasic indicator, and we have
defined the initial profiles using this variable. Another possibility would have been to choose the volume
fraction α, which, in the 3-equation system, is a variable defined by the equilibrium of pressures. Using:

ρpp, αq “ αρ1ppq ` p1´ αqρ2ppq

we could then write the ODE (D.5) as:

Byp “ ´pαρ1ppq ` p1´ αqρ2ppqq g

One can note that in the vertical direction, any profile of Y (or α) can be used to define hydrostatic
equilibria. We could then have an air pocket lying under a water layer. This configuration is possible
because there is no difference in the velocities of the two fluids, preventing bubbles from going upwards
in a liquid phase.

While the vertical profile of Y can have any form, the horizontal one must be uniform. Indeed, an
horizontal gradient of Y would create a gradient of density ρ and then on pressure. As there is no source
term in this direction to counterbalance the gradient of p, then motion appears. This configuration is
typically the case of the dam breaking problem that we will study later in this thesis.



Appendix E

Tutorial on using Gmsh for creating
macro-meshes

E.1 Purpose

We would like to create geometries a bit more complex than only squares and cubes, and do simulation
on them with CanoP. In consequence of these complex geometries, a macro-mesh must also be defined.

Up to know, one branch of CanoP is able to deal with macro-cells that have been read externally through
an ABAQUS-type input file.

Some cleaning of CanoP has remains to be done, however, as just order 1 cases have been computed,
and only reflective boundary conditions have been corrected !

E.2 2D - tutorial

E.2.1 Creating geometry and subdomains

We here present the main steps to create a *.inp file, using Gmsh , that will be read by CanoP. We want
to represent the figure given below:

x

y

Figure E.1: Geometry of the domain.

First, we are going to subdivide this figure into 5 rectangular main subdomains such that this first
macro-mesh is conforming :
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x

y

Figure E.2: Conforming mesh.

x

y

Figure E.3: Non-conforming mesh.

To do so, we first place all the points (for our geometry, there must be 12 points), using :
> Modules

> Geometry
> Add

> Point

We then draw all the lines by linking the necessary points and using :
> Modules

> Geometry
> Add

> Straight line

And finally, we define the surface, by selecting the lines (in counterclockwise order) and using :
> Modules

> Geometry
> Add

> Plane surface

To see the corresponding *.geo file, one may click on :
> Modules

> Geometry
> Edit file

and one may find something like :
// Gmsh project created on Fri Nov 6 13:26:53 2015
Point(1) = {0, 0, 0, 1.0};
Point(2) = {0, 1, 0, 1.0};
Point(3) = {1, 0, 0, 1.0};
Point(4) = {2, 0, 0, 1.0};
Point(5) = {3, 0, 0, 1.0};
Point(6) = {3, 1, 0, 1.0};
Point(7) = {3, 3, 0, 1.0};
Point(8) = {2, 1, 0, 1.0};
Point(9) = {2, 3, 0, 1.0};
Point(10) = {1, 3, 0, 1.0};
Point(11) = {1, 1, 0, 1.0};
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Point(12) = {0, 3, 0, 1.0};
Line(1) = {1, 2};
Line(2) = {2, 12};
Line(3) = {3, 11};
Line(4) = {11, 10};
Line(5) = {4, 8};
Line(6) = {8, 9};
Line(7) = {5, 6};
Line(8) = {6, 7};
Line(9) = {1, 3};
Line(10) = {4, 5};
Line(11) = {2, 11};
Line(12) = {11, 8};
Line(13) = {8, 6};
Line(14) = {12, 10};
Line(15) = {10, 9};
Line(16) = {9, 7};
Line Loop(17) = {9, 3, -11, -1};
Plane Surface(18) = {17};
Line Loop(19) = {2, 14, -4, -11};
Plane Surface(20) = {19};
Line Loop(21) = {12, 6, -15, -4};
Plane Surface(22) = {21};
Line Loop(23) = {13, 8, -16, -6};
Plane Surface(24) = {23};
Line Loop(25) = {10, 7, -13, -5};
Plane Surface(26) = {25};

If some modification has to be applied in this text file, on has to save them and then reload into Gmsh :
> Modules

> Geometry
> Reload

E.2.2 Creating the macro-cells

Now we have defined the geometry and the main subdomains, we can generate a mesh using Gmsh . To
do a cartesian one in each subdomain, one must configure do three operations :

• defining the number of nodes per line, using :
> Modules

> Mesh
> Define

> Transfinite
> Line

and must be aware that for defining 2 cells, one needs 3 nodes...

• imposing that surfaces must be meshed using structured mesh:
> Modules

> Mesh
> Define

> Transfinite
> Surface
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• “recombining" the surfaces:
> Modules

> Mesh
> Define

> Recombine

New lines are then added to the *.geo file :
Transfinite Line {1, 9, 11, 3, 12, 13, 5, 7, 10, 14, 15, 16} = 3 Using Progression 1;
Transfinite Line {2, 4, 6, 8} = 5 Using Progression 1;
Transfinite Surface {18};
Transfinite Surface {20};
Transfinite Surface {22};
Transfinite Surface {24};
Transfinite Surface {26};
Recombine Surface {18, 20, 22, 24, 26};

and the mesh looks like :

x

y

Figure E.4: Macro-mesh.

E.2.3 Saving as ABAQUS file

The last step is to save the mesh as an ABAQUS-type file (by selecting the *.inp extension). The file that
is saved looks like :
*Heading
example-tuto.inp
*NODE
1, 0, 0, 0
2, 0, 1, 0
3, 1, 0, 0
4, 2, 0, 0
5, 3, 0, 0
6, 3, 1, 0
7, 3, 3, 0
8, 2, 1, 0
9, 2, 3, 0
10, 1, 3, 0
11, 1, 1, 0
12, 0, 3, 0
13, 0, 0.5, 0
14, 0, 1.5, 0
15, 0, 2.0, 0
16, 0, 2.5, 0
17, 1, 0.5, 0
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18, 1, 1.5, 0
19, 1, 2.0, 0
20, 1, 2.5, 0
21, 2, 0.5, 0
22, 2, 1.5, 0
23, 2, 2.0, 0
24, 2, 2.5, 0
25, 3, 0.5, 0
26, 3, 1.5, 0
27, 3, 2.0, 0
28, 3, 2.5, 0
29, 0.5, 0, 0
30, 2.5, 0, 0
31, 0.5, 1, 0
32, 1.5, 1, 0
33, 2.5, 1, 0
34, 0.5, 3, 0
35, 1.5, 3, 0
36, 2.5, 3, 0
37, 0.5, 0.5, 0
38, 0.5, 1.5, 0
39, 0.5, 2.0, 0
40, 0.5, 2.5, 0
41, 1.5, 1.5, 0
42, 1.5, 2.0, 0
43, 1.5, 2.5, 0
44, 2.5, 1.5, 0
45, 2.5, 2.0, 0
46, 2.5, 2.5, 0
47, 2.5, 0.5, 0
******* E L E M E N T S *************
*ELEMENT, type=T3D2, ELSET=Line1
13, 1, 13
14, 13, 2
*ELEMENT, type=T3D2, ELSET=Line2
15, 2, 14
16, 14, 15
17, 15, 16
18, 16, 12
*ELEMENT, type=T3D2, ELSET=Line3
19, 3, 17
20, 17, 11
*ELEMENT, type=T3D2, ELSET=Line4
21, 11, 18
22, 18, 19
23, 19, 20
24, 20, 10
*ELEMENT, type=T3D2, ELSET=Line5
25, 4, 21
26, 21, 8
*ELEMENT, type=T3D2, ELSET=Line6
27, 8, 22
28, 22, 23
29, 23, 24
30, 24, 9
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*ELEMENT, type=T3D2, ELSET=Line7
31, 5, 25
32, 25, 6
*ELEMENT, type=T3D2, ELSET=Line8
33, 6, 26
34, 26, 27
35, 27, 28
36, 28, 7
*ELEMENT, type=T3D2, ELSET=Line9
37, 1, 29
38, 29, 3
*ELEMENT, type=T3D2, ELSET=Line10
39, 4, 30
40, 30, 5
*ELEMENT, type=T3D2, ELSET=Line11
41, 2, 31
42, 31, 11
*ELEMENT, type=T3D2, ELSET=Line12
43, 11, 32
44, 32, 8
*ELEMENT, type=T3D2, ELSET=Line13
45, 8, 33
46, 33, 6
*ELEMENT, type=T3D2, ELSET=Line14
47, 12, 34
48, 34, 10
*ELEMENT, type=T3D2, ELSET=Line15
49, 10, 35
50, 35, 9
*ELEMENT, type=T3D2, ELSET=Line16
51, 9, 36
52, 36, 7
*ELEMENT, type=CPS4, ELSET=Surface18
53, 1, 29, 37, 13
54, 13, 37, 31, 2
55, 29, 3, 17, 37
56, 37, 17, 11, 31
*ELEMENT, type=CPS4, ELSET=Surface20
57, 2, 14, 38, 31
58, 31, 38, 18, 11
59, 14, 15, 39, 38
60, 38, 39, 19, 18
61, 15, 16, 40, 39
62, 39, 40, 20, 19
63, 16, 12, 34, 40
64, 40, 34, 10, 20
*ELEMENT, type=CPS4, ELSET=Surface22
65, 11, 32, 41, 18
66, 18, 41, 42, 19
67, 19, 42, 43, 20
68, 20, 43, 35, 10
69, 32, 8, 22, 41
70, 41, 22, 23, 42
71, 42, 23, 24, 43
72, 43, 24, 9, 35
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*ELEMENT, type=CPS4, ELSET=Surface24
73, 8, 33, 44, 22
74, 22, 44, 45, 23
75, 23, 45, 46, 24
76, 24, 46, 36, 9
77, 33, 6, 26, 44
78, 44, 26, 27, 45
79, 45, 27, 28, 46
80, 46, 28, 7, 36
*ELEMENT, type=CPS4, ELSET=Surface26
81, 4, 30, 47, 21
82, 21, 47, 33, 8
83, 30, 5, 25, 47
84, 47, 25, 6, 33
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Titre : Modélisation et simulation Eulériennes des écoulements diphasiques à phases séparées et
dispersées : développement d’une modélisation unifiée et de méthodes numériques adaptées au
calcul massivement parallèle

Mots clefs : Modèle diphasique, solveurs de Riemann approchés, adaptation dynamique de maillages, principe varia-
tionnel, écoulements bas-Mach, rupture de barrage.

Résumé : Dans un contexte industriel, l’utilisation de
modèles diphasiques d’ordre réduit est nécessaire pour
pouvoir effectuer des simulations numériques prédictives
d’injection de combustible liquide dans les chambres de
combustion automobiles et aéronautiques, afin de concevoir
des équipements plus performants et moins polluants. Le
processus d’atomisation du combustible, depuis sa sortie
de l’injecteur sous un régime de phases séparées, jusqu’au
brouillard de gouttelettes dispersées, est l’un des facteurs clés
d’une combustion de bonne qualité. Aujourd’hui cependant,
la prise en compte de toutes les échelles physiques impliquées
dans ce processus nécessite une avancée majeure en termes
de modélisation, de méthodes numériques et de calcul haute
performance (HPC). Ces trois aspects sont abordés dans
cette thèse. Premièrement, des modèles de mélange, dérivés
par le principe variationnel de Hamilton et le second principe
de la thermodynamique sont étudiés. Ils sont alors enrichis
afin de pouvoir décrire des pulsations des interfaces au niveau
de la sous-échelle. Des comparaisons avec des données ex-
périmentales dans un contexte de milieux à bulles permettent

de vérifier la cohérence physique des modèles et de valider
la méthodologie. Deuxièmement, une stratégie de discréti-
sation est développée, basée sur une séparation d’opérateur,
permettant la résolution indépendante de la partie convective
des systèmes à l’aide de solveurs de Riemann approchés stan-
dards et les termes sources à l’aide d’intégrateurs d’équations
différentielles ordinaires. Ces différentes méthodes répon-
dent aux particularités des systèmes diphasiques compress-
ibles, ainsi qu’au choix de l’utilisation de maillages adap-
tatifs (AMR). Pour ces derniers, une stratégie spécifique est
développée : il s’agit du choix de critères de raffinement et
de la projection de la solution d’une grille à une autre (plus
fine ou plus grossière). Enfin, l’utilisation de l’AMR dans un
cadre HPC est rendue possible grâce à la bibliothèque AMR
p4est, laquelle a montré une excellente scalabilité jusqu’à
plusieurs milliers de coeurs de calcul. Un code applicatif,
CanoP, a été développé et permet de simuler des écoulements
fluides avec des méthodes de volumes finis sur des maillages
AMR. CanoP pourra être utilisé pour des futures simulations
d’atomisation liquide.

Title: Eulerian modeling and simulations of separated and disperse two-phase flows: devel-
opment of a unified modeling approach and associated numerical methods for highly parallel
computations.

Keywords: Two-phase model, approximate Riemann solvers, adaptive mesh refinement, variational principle, low-Mach
flows, dam-break.

Abstract: In an industrial context, reduced-order two-phase
models are used in predictive simulations of the liquid fuel
injection in combustion chambers and help designing more
efficient and less polluting devices. The combustion quality
strongly depends on the atomization process, starting from
the separated phase flow at the exit of the nozzle down to
the cloud of fuel droplets characterized by a disperse-phase
flow. Today, simulating all the physical scales involved in this
process requires a major breakthrough in terms of modeling,
numerical methods and high performance computing (HPC).
These three aspects are addressed in this thesis. First, we
are interested in mixture models, derived through Hamilton’s
variational principle and the second principle of thermody-
namics. We enrich these models, so that they can describe
sub-scale pulsations mechanisms. Comparisons with exper-
imental data in a context of bubbly flows enables to assess
the models and the methodology. Based on a geometrical
study of the interface evolution, new tracks are then pro-
posed for further enriching the mixture models using the

same methodology. Second, we propose a numerical strat-
egy based on finite volume methods composed of an opera-
tor splitting strategy, approximate Riemann solvers for the
resolution of the convective part and specific ODE solvers
for the source terms. These methods have been adapted so
as to handle several difficulties related to two-phase flows,
like the large acoustic impedance ratio, the stiffness of the
source terms and low-Mach issues. Moreover, a cell-based
Adaptive Mesh Refinement (AMR) strategy is considered.
This involves to develop refinement criteria, the setting of
the solution values on the new grids and to adapt the stan-
dard methods for regular structured grids to non-conforming
grids. Finally, the scalability of this AMR tool relies on the
p4est AMR library, that shows excellent scalability on several
thousands cores. A code named CanoP has been developed
and enables to solve fluid dynamics equations on AMR grids.
We show that CanoP can be used for future simulations of
the liquid atomization.
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