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Résumé

Résumé

Dans cette thése, on étudie le phénomeéne de localisation d’Anderson des opé-
rateurs de Schrodinger & N particules qui englobe aussi bien la localisation expo-
nentielle des fonctions propres que la localisation dynamique.

Dans un premier temps, on considére le modéle d’Anderson discret multi-
particulaire avec un potentiel aléatoire & valeurs indépendantes et identiquement
distribuées i.i.d. dont la distribution commune est au moins log-Holdérienne et une
interaction de courte portée. On établit pour ce modéle la localisation d’Anderson
pour les énergies suffisamment proches du bas du spectre aprés avoir montré qu’il
est non-aléatoire.

D’autre part, on montre que la localisation compléte des systémes mono-
particulaires s’étend aux systémes multi-particulaires ayant une interaction glo-
bale suffisamment faible et pour un désordre arbitraire. Pour ce résultat, 1'exis-
tence d’une densité bornée de la distribution commune des variables aléatoires
i.i.d. est nécessaire et on le montre pour des interactions ayant une forme treés
générale mais bornées.

Les résultats sont démontrés a l'aide de l'adaptation aux systémes multi-
particulaires de 1’analyse multi-échelle & énergie variable qui permet de traiter
des distributions singuliéres contrairement a la méthode des moments fraction-
naires.

Les estimées de Wegner intervenant notamment dans l’analyse multi-échelle
sont établies pour des cubes vérifiant une propriété de séparabilité en utilisant le
Lemme de Stollmann. On démontre également 'estimée de Combes-Thomas qui
joue un role important dans I'analyse des énergies extrémes.

Mots-clefs

Opérateurs aléatoires, systémes multi-particulaires, basses énergies, faibles in-
teractions.



Multi-particle localization for disordered quantum systems at low
energies or with weak interaction

Abstract

In this thesis, we study for the N-particles Schrodinger operators the Ander-
son localization phenomenon which consists of both exponential localization of
eigenfunctions and dynamical localization.

We first consider the discrete multi-particle Anderson model with a short range
interaction and a random potential whose values are independent and identically
distributed i.i.d. with a log-H6lder continuous common probability distribution
function. For such model, we show that the bottom of its spectrum is non-random
and prove the Anderson localization for energies sufficiently close to the spectral
edge.

On the other hand, we establish that the complete localization from single-
particle systems extends to multi-particle systems with sufficiently weak inter-
action at arbitrary disorder and for absolute continuous probability distribution
function of the i.i.d random variables.

The results are proved by an adaptation to multi-particle systems of the vari-
able energy multi-scale analysis which allows singular distributions instead of the
fractional moments method.

Wegner bounds, useful for the multi-scale analysis are proved for separable
cubes using the Stollmann’s Lemma. We also prove the Combes-Thomas estimate
which plays an important role in the analysis of extreme energies.

Keywords

Anderson localization, random operators, multi-particle systems, low energies,
weak interaction.
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Chapitre 1

Introduction et présentation des résultats

1.1 Introduction

En mécanique quantique I’évolution temporelle d’une particule représentée par
un état 1, est gouvernée par 1’équation de Schrodinger

0
—p = HY 1.1
ot HW est le Hamiltonien définit par
h2
HY = ——A+V,
2m

agissant sur H = L*(R?) ou (*(Z%) avec A le Laplacien modélisant 1’énergie
cinétique de la particule et V' est un potentiel décrivant la structure physique du
systéme et agissant comme opérateur de multiplication par la fonction V(z). Les
solutions de I’équation sont de la forme

{ P(t) = et Dy,
Y(0) = .

Ainsi, pour décrire le comportement des états (), il est utile d’analyser les
propriétés spectrales de Iopérateur HW. Dans une telle analyse la constante %
joue un role fictif et il est coutume de supposer % =1.

Pour des systémes parfaitement ordonnés a potentiels périodiques, i.e., V(x —
z0) = V(z) pour tout € Z¢ ou R? et un certain zp € Z< fixé, il est établit
[Eas73|, RST8] que le spectre de l'opérateur de Schrodinger H (1) est absolument
continue et constitué de bandes. Dans ce cas, la particule évolue librement dans
tout 'espace.

Cependant, la présence de désordre induit des effets particuliers sur les parti-

cules quantiques. Pour les décrire, P.W. Anderson [And58|, a introduit un modele
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qui porte son nom et qui lui a valu le prix nobel de physique «le modéle d’Ander-
son». Dans le modéle d’Anderson, le désordre est pris en compte par le caractére
aléatoire du potentiel externe V. Dans 'approximation monoparticulaire, il est
décrit par 'opérateur de Schrodinger aléatoire

HY(w) = —A 4+ V(z,w),

agissant sur U = W(z) € (2(Z%) et ot {V(x,w)} constitue un champ aléatoire a
valeurs indépendantes et identiquement distribuées relatif & un espace probabilisé
(Q,B,P).

Un phénomeéne important qui apparait pour les opérateurs H m(w) est la loca-
lisation d’Anderson qui se traduit par la présence de spectre purement ponctuel
avec décroissance exponentielle des fonctions propres & l'infini. Une autre pro-
priété plus forte et trés intéressante dans la description de 1’évolution temporelle
du systéme est la localisation dynamique qui exprime le fait que la particule reste
concentrée au voisinage de 'origine uniformément en temps.

On rappelle (cf. [RS80]) que 'espace H se décompose en H = H,, & H. =
Hpp @ Hae D Hse, 00t Hpp, He , Hae et Hse sont respectivement les sous-espaces cor-
respondants a la composante purement ponctuelle, continue, absolument continue
et singulierement continue de la mesure spectrale associée & H™(w). On note les
spectres des restrictions de HM (w) a ces différents sous-espaces par o, (H™M (w)),
avec ® = pp, ¢, ac, sc.

Un résultat basé sur les travaux de Ruelle [Rue69|, Amrein, Georgescu [AGT3]
et Enss [Ens78] et connu comme Théoréme de RAGE, donne une premiére idée
de la dynamique associée aux opérateurs HM(w) : si on note By la boule fermée
de Z* de centre 0 et de rayon R et A C Z? un domaine borné, alors

(a) ¢ € H,, implique

lim sup Z e "Hap(x)|* | =0,

R—o0 4>
120 ¢ Br

(b) ¥ € H,. implique
lim l/T S le (@) ) dt = 0
T—o0 T 0 oA .

Dans le cas (a), on dit que I’état 1) est localisé en opposition aux états diffus ou
étendus correspondant au cas (b) ot la particule se déplace dans tout l'espace. Les
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premiers résultats mathématiquement rigoureux sur la localisation d’Anderson ont
été obtenus par L. Pastur, I. Golsheid and S. Molchanov [GMT76l, (GMP77, [Mol7§|
dans le cadre de la dimension 1 et pour 'opérateur de Sturm-Liouville. La locali-
sation d’Anderson pour les opérateurs de type H m(w) a été initialement prouvée
par Kunz et Souillard [KS80] en dimension 1 pour des distributions a densité
bornée. Toujours en dimension 1 plusieurs autres résultats ont suivi incluant des
potentiels singuliers de type Bernoulli [Pas80, PF92| [Car82] [Kot84], [Kot86, [KS87,
CKM&8T, IDSS02]. Les méthodes sont basées sur I'étude de 'exposant de Lyapou-
nov et des fonctions de corrélations et ne s’étendent pas en dimension d > 2.

Pour d = 2 d’apres des expériences physique, on s’attend encore & la localisa-
tion compléte comme dans le cas d = 1 mais les bornes d’analyse multi-échelle
pourraient étre moins forte que pour le cas d = 1. Bref c¢’est un sujet encore en
débats dans les mathématiques des systémes désordonnés quantiques.

En dimension quelconque, le travail réalisé par Frohlich et Spencer [FS83| dans
le cas discret, basé sur ’analyse multi-échelle et établissant ’absence de diffusion
dans le modele d’Anderson & basses énergies ou a grand désordre fut une étape
importante dans la localisation multi-dimensionnelle. Par la suite Martinelli et
Scoppola [MS85] d’une part et Frohlich et al. [FMSS85] d’autre part établissent
respectivement ’absense de spectre absolument continu et la localisation d’An-
derson & grand désordre ou a basses énergies. Plus tard, von Dreifus et Klein
[vDK89| simplifient 'analyse multi-échelle et proposent par la méme occasion une
nouvelle preuve de la localisation d’Anderson. L’adaptation de 'analyse multi-
échelle au cas continu a été réalisé dans [MH84| [CH94! [Klo95al, Klo95bl, (CHM96].
La localisation dynamique quant a elle a été initialement démontrée par Aizen-
mann et Molchanov [AM93, [Aiz94] dans le cas discret via la méthode des moments
fractionnaires et dans le cas continu dans [GB98|, [FK96, RJYS96]. La méthode
des moments quand elle s’applique conduit naturellement a la localisation dyna-
mique mais nécessite des distributions assez réguliere (généralement absolument
continue & densité bornée). Tandis que 'analyse multi-échelle permet de traiter
un large spectre de potentiels aléatoires incluant des potentiels singuliers de type
Bernoulli [Car82, I[CLI0| en dimension 1. Cependant une analyse supplémentaire
est requise afin d’en déduire la décroissance des fonctions propres et la localisation
dynamique. La localisation dynamique par des méthodes reposant sur ’analyse
multi-échelle a été au départ démontrée par Germinet et De Bievre [GB9§]|. Plus
tard, Damanik et Stollmann [DSOI] montrent que les estimées d’analyse multi-
échelle entrainent la localisation dynamique forte au sens de l'espérance. Une
version plus fine (en norme Hilbert-Schmidt) de la localisation dynamique a éga-
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lement été prouvée par Germinet et Klein [GKOI]|. Dans cette thése, on se servira
de I'analyse multi-échelle pour établir la localisation d’Anderson et dynamique
multi-particulaire.

L’analyse multi-échelle est un procédé inductif sur des échelles ou longueurs
{Li}r>0 avec comme relation de récurrence Ly = [L§] +1,1 < a < 2. On
commence par restreindre I'opérateur H™M(w) a des cubes C’élk)(u) de coté Ly,
avec conditions aux bords nulles. L’analyse multi-échelle consiste alors a établir
la décroissance (généralement exponentielle) a toutes les échelles, des éléments

matriciels loin de la diagonale de 'opérateur restreint H (1)1
i) (w)

babilité convenable. L’étape inductive est basée sur 'identité géométrique de la

(w) avec une pro-

résolvante qui permet d’établir une relation entre les éléments matriciels des ré-
solvantes correspondant aux échelles k et k4 1. En effet un résultat central pour
I’analyse multi-échelle et qui utilise 'identité géométrique de la résolvante établit
la décroissance des éléments matriciels dans un cube a partir de la décroissance
dans des sous-cubes disjoints et de leur non-résonance. La résonance d’un cube
Cgk)(u) par rapport a une certaine énergie E caractérise le fait que cette énergie

soit trés proche du spectre de 'opérateur H(Cl()l)( )
L \U
’hypothese inductive sur des échelles { L}, 'étape suivante consiste a estimer en

probabilité les résonances. Cela se fait a ’aide des estimées de Wegner.

(w). De ce fait, se servant de

Le role des hypotheéses telles grand désordre ou voisinage des énergies extrémes
est de pouvoir établir les estimées de 1’échelle initiale. Dans le cas des basses
énergies qui nous intéresse, cette estimée est basée d'une part sur 'estimée de
Combes-Thomas qui fournit une décroissance des résolvantes locales pour des
énergies en dehors du spectre et d’autre part sur I'étude des asymptotiques de
Lifshitz de la densité d’états intégrée.

Le cas des potentiels aléatoires corrélés a été analysé par Dreifus et Klein
[vDK91] qui ont démontré la localisation d’Anderson des champs Gaussiens & co-
variances décroissantes et des champs de Gibbs complétement analytiques. Kriiger
[Krul2], a quant a lui, établit la localisation pour des potentiels corrélés a corré-
lations exponentiellement décroissantes par une méthode reposant sur une forme
d’analyse multi-échelle & estimée de Wegner inductive développée précédemment
par Bourgain et al. [BGS02| et améliorée dans [Bou02, Bou07|. Plus récemment,
Klopp [Klo12| a analysé les statistiques spectrales des valeurs propres de l'opéra-
teur de Schrodinger & potentiels faiblement corrélés dans le régime localisé.

Rappelons le modéle d’Anderson dans 'approximation multi-particulaire avec
un nombre de particule N > 2 fini. L’étude mathématique de tels opérateurs est
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relativement récente. La structure générale de I’'Hamiltonien N-particulaire avec
interaction est la suivante :

HY(w) = -A+ ) V(zj,w)+ U, (1.2)

il opére sur ¥ = W(xy,...,2,) € (*((ZY)N), ot A est I'opérateur Laplacien
sur (ZHN = ZN1 vV 1 79 x Q — R est un champ aléatoire relatif & un espace
probabilisé (2, P) qui agit comme operateur de multiplication par la fonction
Vix,w) = Zf\il V(z;,w) et U: (ZY)N — R est un potentiel d’interaction entre
les particules quantiques et agit aussi comme opérateur de multiplication par la
fonction U(x). Les premiers résultats sur la localisation d’Anderson des opérateurs
HW)(w) ont été obtenus d'une part par Chulaevsky et Suhov [CS09al, [CS09b] en
étendant 'analyse multi-échelle aux systémes multi-particulaires et d’autre part
par Aizenmann et Warzel [AW09, [AW10] qui ont réalisé cette extension pour la
méthode des moments fractionnaires. Dans les deux cas, il a été supposé que le
champ aléatoire V est a valeurs indépendantes et identiquement distribuées et
que l'interaction U est de portée finie.

Dans [AW09, [AWT10], les auteurs établissent la localisation spectrale et dyna-
mique sous le régime de grand désordre ou de faible interaction. Compte tenu de
la spécifité de la méthode des moments, Aizenmann et Warzel ont supposé que
la distribution commune des variables aléatoires admet une densité bornée véri-
fiant une condition technique supplémentaire. Tandis que Chulaevsky et Suhov
[CS09D], ont obtenus la localisation spectrale multi-particulaire sous le régime de
grand désordre et pour des distributions Holdériennes. Notre travail qui traite le
cas des basses énergies compléte ces précédents travaux.

Un probléme important qui apparait dans I’étude des systémes multi-particulaires
et notamment dans la localisation prés du bas du spectre est celui de I'ergodicité
car les résultats d’ergodicité de la théorie monoparticulaire ne s’appliquent pas
ici. En effet, il n’y a plus ergodicité a partir des translations comme dans le
systeme monoparticulaire. Telle est la raison pour laquelle I'ergodicité n’est pas
utilisée dans notre stratégie générale concernant le fait que le bas du spectre est
non-aléatoire. L’ergodicité permet d’aprés un résultat di & Pastur, d’obtenir que
presque stirement, le spectre o(H W (w)) vérifie :

o(HV(w)) = 5,

ol X est un sous ensemble fermé de R. De plus, il existe des sous-ensembles X,
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Yiaes 2se tels que avec P-probabilité 1,
Opp(H(l)(w)) = Dpp UGC(H(D(W)) = Ygc USC(H(U(W)) = Ygc.

ot 0,)(HV (W), 04e( HV (W), o5e(HM (w)) désignent respectivement le spectre
purement ponctuel, absolument continu et singuliéerement continu de H m(w).
Comme conséquence, la borne inférieure du spectre Ey = inf o(H ™" (w)) est non-
aléatoire.

Nous décrivons dans le paragraphe suivant les divers travaux de la thése.

1.2 Présentation des travaux de la thése

Dans cette étude on considére 'espace de probabilité (€2,B,P) donné par
QO =R%” B=BR?,

(ot B(R) est la tribu borélienne de R) et un potentiel externe V : Z% x  — R
défini par V(z,w) = w, pour w = (w;);eze. On s’intéresse alors aux propriétés
spectrales des Hamiltoniens N-particulaire {H™)(w),w € Q). Soit N > 2 un
entier fini qui peut étre arbitrairement grand. L’analyse multi-échelle nécessite
de considérer aussi les Hamiltoniens H™(w) correspondant aux sous-systémes a
n particules pour tout n = 1,..., N. Ainsi, on introduit les notations suivantes
pour tout n =1,..., N.
Soit v > 1, on considére la norme max | - | sur Z” définie par

|z| = max{|xi|,...,|z,|}, (1.3)

pour xr = (xl, e ,x,,) € Z". Occasionnellement (par exemple dans la définition
du Laplacien), on utilisera la norme | - |; définie par

[zl = [z 4 - 4 ). (1.4)

La configuration d’un systéme de n particules quantiques distinctes sur Z<¢ o
d > 1 est un entier fixé, est représenté par un vecteur

X = (:Eh R $n) < (Zd)n = anv

ol z; = (x§1), o ,azg.d)) €Z% j=1,....,n et A est le Laplacien sur Z"? défini

par
(AP)(x) = > (¥(y)-¥(x)= Y ¥(y)-2n¥(x), (1.5)

yEZ”d yEZ”d
ly—x[1=1 ly—x|1=1
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pour tout ¥ € (2(Z"), x € Z™. Noter que A est borné et —A est positif. On
considérera les opérateurs de Schrédinger aléatoire H™ (w) pour n = 1,..., N de
la forme suivante déja vue en ((1.2)

H"(w) = —A + Z V(z;,w)+U
j=1

agissant sur I'espace de Hilbert H(™ = ¢2(Z). (1.3) et (1.4) sont compatibles
avec l'identification Z% = (Z9)" i.e.,

x| = max z;],
x[1 = |z1]i + -+ [2n ],

pour x = (r1,...,2,) € (Z)". Pour le régime faiblement interactif, on intro-
duit un paramétre h > 0 qui permet de mesurer la force de l'interaction. Plus
précisément on a 1’Hamiltonien suivant :

n
H"(w) = —A+ Y V(zj,w)+ U,

j=1
ot la dépendance avec la force de I'interaction est visible selon que h > 0 est petit
ou non.
1.2.1 Hypothéses générales
(I1). Le potentiel d’interaction

U: (ZD)" - R

est borné et de la forme

Ux)= > Oz —al), x=(21,...,2,) €Z", (1.6)

1<i<j<n
o &: N — R, est une fonction positive a support compact
droe N:  supp @ C [0, 7). (1.7)

L’étude du régime faiblement interactif ne nécessite pas I'interaction U d’étre
positive, pour cette raison on introduit I’hypothése plus générale suivante.
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(I2). L’interaction
U: (Zd)n R
satisfait pour tout n = 1,.
Z @\x,—xj X = (x1,...,2,) € Z",
1<i<ji<n

oit X = (1,...,2,) € (Z)" et la fonction ® n’est pas nécessairement positive.
De plus,
dro € N:  supp ® C [0, 7]

Pour décrire les hypothéses sur le potentiel aléatoire
V7% Q= R,

on a besoin d’un certain nombre de notations. On désigne par Fy la distribution
sur R des variables aléatoires i.i.d. V(z,w). Soit £ € R

et soit u la mesure associée sur R, i.e,
p(la, b)) = Fy(b) — Fv(a).

On pose
s(p, ) = sup p([a, a + €]) = sup(Fy(a + ) — Fy(a)).

aceR aceR
On définit aussi

L¥((1+|2))"") = {f : R > R| Sup [f(@)(1+ )| < oo},

pour un certain x € (0, 1).
Le support d’une mesure p est défini par

supppu={r €R|pu((xr —e,x+¢)) >0,Ve > 0}. (1.8)

(P1). La distribution commune g des variables aléatoires i.i.d. V(z,w) vérifie
0 € supp p C [0, +00). De plus, elle est log-Holdérienne, & savoir :
C
€)= P{V(0,w) € |a, < —
s(p, €)= sup PAV(0,w) € la, a+¢l} Tn 2!
ou C € (0,00) et A > 0 est suffisamment grand.
(P2). Le potentiel aléatoire V : Z% x Q@ — R est i.i.d. et borné, i.e., il existe
M € (0,00) tel que supppu C [—M, M]. De plus , la mesure de probabilité
posséde une densié bornée, ie., P{V(0,w) € A} = pu(A) = [, p(N)dA, et p €
L((1 + [a]) 1)
Les résultats suivants ont été 'objet de projets d’articles [Ekalll, [Eka12].

(1.9)
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1.2.2 Détermination du bas du spectre

Comme dit plus haut, sans avoir recours a ’ergodicité, il n’est pas trivial d’éta-
blir que le bas du spectre Eén) des Hamiltoniens H™ (w) est presque stirement
constant. Or, un tel résultat est crucial pour la localisation d’Anderson. Sous des
hypothéses adéquates mais trés générales (I1) et (P1) sur linteraction U et le
potentiel aléatoire V', on montre que presque siirement, toutes les quantités E(()n)

sont identiquement nulles.

Théoréme 1.1. Soit n =1,...,N. Sous les hypothéses (I1) et (P1), avec pro-
babilité 1 :
[0,4nd] € o(H™ (w)) C [0, 400).

Par conséquent,
EM =info(HM (W) =0 p.s.

Les idées de la preuve apparaissent déja sous une forme différente dans le livre
de P. Stollmann [Sto01] dans le cas des opérateurs de Schrodinger monoparti-
culaire dans L?(RY). Dans notre cas, la présence de I'interaction entraine des
changements majeures dans la preuve. L’argument repose sur le Lemme de Borel-
Cantelli et sur le fait qu’en réalité U'intervalle [0, 4nd] est le spectre du Laplacien
dans ¢*(Z"?). En effet, étant donné que l'interaction est de portée finie on peut
trouver une suite de cubes dans Z" sur lesquels 'interaction est identiquement
nulle et ayant des projections totales disjointes sur Z¢. Les événements relatifs a
de telles projections sont indépendants. Ensuite, étant donné une suite de Weyl
pour le Laplacien et a support dans un cube centré en l'origine, on la translate de
facon a ce qu’elle soit a support contenu dans I'un des termes de la suite des cubes
ot 'interaction est nulle. La suite translatée reste une suite de Weyl pour le La-
placien et un argument probabiliste sur le potentiel aléatoire permet de conclure.
Pour plus de détails sur ce résultat, on renvoie au Chapitre [3

Dans le modéle d’Anderson, pour tout £ € R, la limite

lim L~ " card {n . E,(H™(w)

L—o

o) S B}
existe et est appélée densité d’états intégrée de H™ (w).

Sous des hypothéses adéquates, d’apres un résultat da a Klopp et Zenk [KZ09),
la densité d’états intégrée de I’'Hamiltonien n-particulaire H™ (w) existe et coin-
cide avec celle de 'Hamiltonien monoparticulaire H™) (w). De ce fait, si un résultat
analoque est établi dans le cadre discret, d’aprés la théorie sur le modéle d’Ander-
son a potentiel aléatoire ergodique, nous savons que la denstité d’états intégrée
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N admet un comportement de Lifshitz au voisinage du bas du spectre (voir par
exemple le Théoreme 6.1 dans [Kir0g|) & savoir :
In|[In V(E)| d

lim o= "o
ENEY In(E — Ey7) 2

Etant donné que pour tous les Hamiltoniens H™ (w), n =1,... N, E(()n) =0, on
peut en déduire que tous les Hamiltoniens H™ (w) admettent un comportement
de Lifshitz au voisinage de 0.

Les résultats suivants concernant le régime des basses énergies sont démontrés

au Chapitre [3]

1.2.3 Analyse multi-échelle multi-particulaire 4 basses énergies

Comme dans sa version monoparticulaire, I’analyse multi-échelle dans sa ver-
sion multi-particulaire initialement développé par Chulaevsky et Suhov [CS09D]
dans le cas de grand désordre reste une induction sur les échelles {L;}. Mais a
cela s’ajoute une induction sur le nombre de particules n = 1,..., N. Cepen-
dant, les estimées de Wegner servant & controler de fagon adaptée les probabilités
des résonances sont établies & partir du Lemme de Stollmann [Sto00, [Sto01] et
de l'information sur les projections des cubes (n-particulaire) sur Z¢. En effet,
des évenéments relatifs & deux cubes disjoints dans Z"? ne sont pas forcément
indépendants comme dans le cas monoparticulaire. C’est pour cette raison qu’on
introduit la notion de cubes séparables ou la projection partielle (voir totale) de
I'un des cubes est disjointe de la réunion des autres projections et de celles de
I’autre cube. Plus précisément :

Définition 1.2. On dit qu'un cube C(Ln)(x) = C’g)(xl) X e X Cg)(:vn) est
J-séparable d'un autre C(Ln)(y) = C’S)(yl) X e X
ensemble non-vide J C {1,--- ,n} tel que

C’g)(yn) s'il existe un sous

U] n (U el Je®wn | =o.

JET J¢T (=1

La paire (C(Ln) (x), an) (y)) est dite séparable si |x —y| > 7TNL et si I'un des
cubes est J-séparable de 'autre.

Cette propriété permet par indépendance et conditionnement de fixer certaines
variables aléatoires afin d’appliquer le Lemme de Stollmann. La séparabilité est
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une propriété vraiment essentielle, car on aurait pu penser a des cubes suffisam-
ment distants, mais le fait d’avoir des cubes & distance suffisamment grande ne
garantit pas leur séparabilité. Comme exemple, on se place en dimension d = 1
et n = 3 et on pose x = (a,a,b) € Z3 et y = (a, b, b) € Z? alors pour tout L > 0,
les cubes

CPx)=(-L+aa+L] x[-L+a,a+L] x[-L+bb+L)N7Z
et
CP(y)=(-L+a,a+ L x [-L+bb+L]x[-L+bb+L)NZ>

bien qu’ & distance |a — b| qui peut étre arbitrairement grande si a # b ne sont
pas séparables car I'une des projections d’un cube intersecte toujours la projection
totale de ’autre cube.

On peut aussi se demander pourquoi une induction sur le nombre de particules
et pas une preuve directe pour tout n = 1,..., N pour des cubes séparables?
L’induction sur les échelles de k a k+1 utilise le fait que les projections totales des
cubes sont disjointes afin d’utiliser I'indépendance et évaluer la probabilité d’une
intersection d’événements relatifs a ces projections. Cependant, cette derniére
propriété est plus restrictive que la séparabilité et restreindre ’analyse multi-
échelle uniquement a de tels cubes n’est pas suffisant pour établir la localisation
d’Anderson via le schéma que nous utilisons et qui remonte & von Dreifus et Klein
[vDKS89]. En effet, pour un certain cube dans Z", il existe une infinité de cubes
a distance suffisamment grande et dont les projections totales intersectent celle
du premier cube. Autrement dit, il n’est pas possible de confiner dans une région
bornée tous les cubes dont les projections totales intersectent celle du premier.
Or, tel est le cas concernant les cubes non-séparables. Cela nous conduit de ce fait
a distinguer différentes sortes de cubes : ceux proches de la diagonale principale
D de 7"

D={xec(ZY) :x=(z,...,x),zcZ,

dont les centres ont un petit diamétre et qu’on appellera par la suite dans notre
schéma cubes totalement interactifs et ceux suffisamment éloingés de la diagonale
principale D dont les centres peuvent avoir des diameétres arbitrairement grand
qui seront appélés cubes partiellement interactifs.

Les cubes totalement interactifs et a distance suffisante sont ceux dont les
projections totales sont disjointes permettant ainsi de reproduire I'induction sur
les échelles comme dans le cas monoparticulaire, ¢’est ce qui justifie la condition
de distance |x —y| > 7N L dans la définition 1.2. Par contre, pour 'analyse des
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cubes partiellement interactifs, il est nécessaire de définir judicieusement cette
notion de facon a ce que l'interaction se décompose sur un tel cube éloigné de
la diagonale. Comme conséquence, I’'Hamiltonien se décompose lui aussi comme
somme de deux Hamiltoniens ayant un nombre de particules strictement plus
petit. L'idée est donc de déduire des informations sur I’Hamiltonien originel a
partir des informations sur les sous-Hamiltoniens : d’ot I'induction sur le nombre
de particules.

Le schéma d’induction présenté par Chulaevsky et Suhov [CS09b| sous le ré-
gime de grand désordre ne peut pas étre directement utilisé dans le cas des basses
énergies et a dii étre modifié. Par exemple ce schéma utilise le fait qu'un certain
parameétre p(N,g) — +oo quand le désordre |g| — +oo. Pour démarrer l'ana-
lyse multi-échelle & basses énergies, on se sert de l'estimée de Combes-Thomas
et d'une estimée de grande déviation pour le processus {V(z,w)},cz¢ & valeurs
indépendantes et identiquement distribuées.

Soit 1 <n < N. Etant donné m > 0 et une énergie £ € R, le cube C(Li)(u) C

7" est dit (E,m)-non-singulier ((E,m)-NS) si la résolvante (Hgl()n)( - )
L u
vérifie k
max |(H"), — E) "' (u,v)| < emm+h DY
et [He V)| < 7
vV—u|=Lg

dans le cas contraire, on dit que le cube est (E, m)-singulier ((E£,m)-S). Nous
avons le Théoréeme suivant qui établit la validité des estimées d’analyse multi-
échelles pour toutes les échelles :

Théoréme 1.3. Soit n =1,...,N. Sous les hypothéses (I1) et (P1), pour tout
p > 6Nd, il existem >0 et B* > EéN) tel que pour toute paire de cubes séparable
Cl(w) et Cf)(v)

P {EIE el: C(LTQ(u) et C(LT;)(V) soient (F, m)—S} < L,;2P4N_n, pour tout k > 0,
ou I = (—o0, E7].

1.2.4 Localisation d’Anderson i basses énergies

Ce résultat utilise les estimées de ’analyse multi-échelle et le schéma que nous
proposons qui donne une décroissance exponentielle des fonctions propres en terme
de norme-max, étend celui devéloppé par von Dreifus et Klein [vDK89] aux sys-
témes multi-particulaires.
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Théoréme 1.4. Sous les hypothéses (I1) et (P1), il existe E* > ESN) tel que
avec P-probabilité 1,

(i) le spectre de HN)(w) dans [E(()N), E*] est non-vide et purement ponctuel ;
(ii) les fonctions propres W;(x,w) correspondant aux valeurs propres E;(w) €
[E(SN),E*] décroissent exponentiellement vite a l'infini : il existe m > 0 et
Ci(w) > 0 tels que
W, (x, w)| < Cylw)e ™M, (1.10)

1.2.5 Localisation dynamique i basses énergies

On obtient plus précisément la localisation dynamique en terme de la norme
Hilbert-Schmidt. Cette version est plus fine que les autres formes de localisation
dynamique précédemment établies [GBI8, [DS01] et a été initialement dévéloppée
par Germinet et Klein [GKO01] dans le contexte des opérateurs différentiels dans
RY.

On note By I'ensemble des fonctions mesurables bornées f : R — R telles que
[l < 1.

Théoréme 1.5. Sous les hypothéses (I11) et (P1), il existe E* > E(()N) et s* >0
tel que pour toute région bornée K C ZN et tout 0 < s < s* :

E{sup |X\Sf(H<N>(w))PI(H<N>(w))1KH; < o0, (1.11)

feB;

ot (|X|¥)(x) := |x|¥(x), P;(H™(w)) est le projecteur spectral de H™ (w) sur
" intervalle I := [E(SN), E~.

Il est possible d’étendre les résultats ci-dessus aux potentiels aléatoires corrélés
vérifiant la condition d’indépendance a grande distance (IAD). Cela impose de
changer de notion de séparabilité et supposer les projections a distance suffisante.
Un autre point important est 'estimée de grande déviation pour le processus
{V(x,w)},eze qui n’est pas automatique si les variables aléatoires V (x,w) sont
corrélées.

Les résultats suivant qui concernent le régime des faibles interactions sont dé-
montrés au Chapitre [

1.2.6 Analyse multi-échelle multi-particulaire & faible interaction

Dans I'étude du régime faiblement interactif, il est judicieux d’introduire un
paramétre permettant de controler la force de l'interaction U. Ainsi, on réecrit
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les Hamiltoniens n-particulaire H™ (w), n = 1,..., N de la facon suivante :

n
H"(w) = -A+> V(zjw)+hU, heR

j=1
L’approche est différente par rapport a celle proposée en Section [1.2.3] En effet
c’est le démarrage de I'estimée de longueur initiale Ly qui crée la différence. Dans
le premier cas de figure 'on se sert de 'estimée de Combes-Thomas pour établir
I’analyse multi-échelle, tandis que dans le régime faiblement interactif ’on se sert
des résultats de localisation mono-particulaire en dimension 1. Le régime faible-
ment interactif requiert une légére modification la propriété de non-singularité.
En effet ici on fait dépendre cette propriété par le parameétre h permettant de
controler la force de 'interaction. Lorsque h = 0, le systéme multiparticulaire est
supposé sans interaction. Le cube est donc dit (E, m, h)-non singulier par rapport

a I’Hamiltonien Hgn) (w). La stratégie dans ce régime repose sur plusieurs étapes :

(1)

(1) A partir de l'estimée du systéme sans interaction on établit celle du systéme
faiblement interactif par un argument perturbatif utilisant les identités de
la résolvante.

(2) Enfin, on développe l'induction pour le systéme faiblement interactif & éner-
gie fixe et on endéduit par la suite 'estimée a énergie variable.

On a que sous les hypotheéses (I2) and (P2), avec P-probabilité 1
N
o(H(w)) C [-N(4d + M) — |B||[U]|, N(4d + M) + |1[| U]].
Dans le reste de la section on pose

I =[-1—N(4d+ M) — |h|||U||, N(4d + M) + |h|||U|| + 1]

et on définit pour un certain L > 0 et des points x,y € ZV9 ;

Fey(E) = ‘(HCW) - E)il(xa y)I, Fx(E)= max Fxy(E).
L yeo-cM(x)

le résultat est le suivant :
Théoréme 1.6. Soientn = 1,...,N et 6 € (0,1/3). Sous les hypothéses (12)
et (P2), il existe h* > 0 tel que pour tout |h| < h* et pour toute paire de cubes
séparables C(LZ)(X), Cﬁ)(y) on a :

p(1+6)%

P {HE € I : min{Fy(E), Fy(E)} > 2L, ° } < C(|I|,N,d

_p(+o)®
)L, +(2N+1)d7
pour tout k >0, ou I =[—1— N(4d+ M) — |h|||U||, N(4d + M) + |h|||U|| + 1]
et p > 6Nd/(1— 30).
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1.2.7 Localisation d’Anderson compléte a faible interaction

Théoréme 1.7. Sous les hypothéses (12) and (P2), il existe h* > 0 tel que pour
tout h € (—=h*,h*) I’ Hamiltonian H;LN), avec interaction d’amplitude |h|, admet
la localisation d’Anderson compléte, i.e., avec P-probabilité 1,

(i) le spectre de H™ purement ponctuel,

(ii) les fonctions propres W;(x,w) relatif aux valeurs propres E;(w) € Idécroissent
rapidement a l'infini : pour chaque ¥, pour tout x € ZN? et des constantes

a,c,Ci(w) >0 |
[W;(x,w)| < Ci(w)e MR,

1.2.8 Localisation dynamique a faible interaction

On définit B; 'ensemble des fonctions bornées mesurables f : R — R satisfai-
sant || flloc < 1. On a

Théoréme 1.8. Sous les hypothéses (12) et (P2), il existe h* > 0 tel que pour
tout h € (—h*, h*) et toute fonction borélienne f : R — R, toute région bornée
K c ZN%t tout s > 0 on a :

E [sup |X\Sf(H(N)(w))PI(HELN)(w))lKHZS} < 0. (1.12)

feB;

ot (|X|¥)(x) := |x|¥(x), P;(HN(w)) est la projection spectrale de HN) (w)
dans lintervalle 1.






Chapter 2

Multi-scale analysis scheme

In this chapter, we present the main tools which are used in the multi-scale
analysis in both the low energy and the weak interaction regimes. Only fairly
general assumptions are needed: the interaction should be of short range and
the distribution of the i.i.d. random potential at least log-Holder continuous, see
assumptions (I1) and(P1), or very singular see assumptions (I12) and (P2) from

Section [1.2.1l

2.1 Basic notations and geometric resolvent equations

Given any finite subset A C Z"?, we define its internal boundary
O A={vezZ": dist(v,Z"\ A) =1}, (2.1)
its external boundary
O"A={ve Z"N\ A - dist (v, A) = 1}, (2.2)
and its boundary

0N = {(V, V) e 7" x 7

v — V|1 =1and eitherve A, v ¢ Aorv¢A, V'EA}.
(2.3)
The distance between two subsets A, A’ C Z" is defined by
dist(A,A’) = min |z —2|.
reAN,x’'EN’
We will mostly work with the restriction Ap of the Laplacian A to a subset
A C 7" with simple boundary conditions, i.e., its matrix elements A (X,y) =

A(x,y) whenever x,y € A and Ax(x,y) = 0 otherwise. For the initial step of
the multiscale analysis at low energy, it will be convenient to consider first the
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Neumann restriction AY whose quadratic form is given by

(0. (-ANe) =5 3 e —ok) (24

x,yeA
Ix—yl1=1

Vi, ¢ € F2(A),

and then use the inequality AY < A,. For more information on boundary

conditions in the lattice case we refer to the book by Kirsch [Kir08]|. We denote

the spectrum of sz) by U(HXL)) and its resolvent by

-1

Ga(E) = (HX‘) - E) , EcR\ a<HA). (2.5)

[ts matrix elements G (x,y; E) are usually called the Green functions of the
operator HXZ). Let A C Z™. Define the boundary operator I'y by

[ -1 if(x,y) € 0A
FA(X7Y)_{ 0 otherwise.

The Hamiltonian H™ can be written as follows:
H® =H ¢ HY + T4, (2.6)

where we identified ¢2(Z") with ¢?(A) @ (?(A°). The matrix elements of sz) &>
HXLC) are given by:

H{'(x,y) ifxye€A,
HE@(X, y) ifx,y € AS,

0 otherwise.

HY o HY)(x,y) =

Consider two subsets A; C Ay C Z™ and define the relative boundary
6A2A1 = {(X,y) ’ |X — y‘l =1land x € Al,y € AQ\Al or X € AQ\Al,y € Al} .

We then have the following important relation

H{ =Hy @ HY\, +T4 (2.7)

with
0 ifx=yandx¢€ Ay,
A, B 0 ifx=yandx € A\ Ay,
Laxy) = —1 if (x,y) € Op, A4,
0 otherwise.
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We summarize in Theorem the geometric resolvent equations for Green func-
tions and eigenfunctions which play an important role in the inductive step of the
multiscale analysis and the decay of eigenfunctions respectively.

Theorem 2.1. (A) If A; C As and x € Ay, y € Ax\ Ay and if E ¢ (o(HY) U
o(HY)), then

G@(x,y; FE) = Z G\ )(X V; E)G( )(V y; E). (2.8)

(v,v')eOA,;
VEAl v EAQ

(B) Let A C Z" and E ¢ o(H )) If W is a solution of the equation H™WW¥ =
EW, then for any x € A

Tx) = > Gy E)¥(z) (2.9)
(v,z)€0A
yeO~A,zeO0TA

Proof. (A) Let E ¢ ( ( ))UO'(H( ))UU(HEX)\A )). Assertion (2) of Proposition

A.1 combined with (2.7)) imply by a calculation
<H@—Erl<H”@Hﬁm — B - (MY oHY), |~ ) 'TR(HY - E)
(2.10)
one sees that (HEX Y H )\A —E)l = (HX? -E)'o (H( )\A — E)~. Hence if
x €A,y € Ay \ Ay, we have (H( Yo HY )\Al E)~Y(x,y) = 0. Thus it follows

from (2.10 m ) that
(Hy, — E)”

As\

'(x,y)
Z WaHY - B (x, V)T (v,v)HY) - B) (v, y)

= Z GV (x,v; E)GY (V' y; E).
(v,v)eOA,
VGAl,VIGAQ

This proves ) for £ ¢ o(H A)\A ). Now, observe that the latter equation
does not depend on the domain Ay \ A; and both sides of (2.8)) exist and are
analytic outside of J(HX?) U U(HE@), so the formula holds true for all £ ¢
o(HY) Uas(HY).

(B) Let ¥ be a solution of the equation H™WW = EW, then by (2.6):

0=H" - E)Ww=H{oH +T) - E)V,
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so that (HXL) 0 HXLC) — E)¥ = T\ W for £ ¢ o(H (n)) So for any x € A,
U(x) = —[(HY - B)'Ta0)(x) = Y GY(xy;E)¥(z). O
(y,z)e0A

According to the general structure of the MSA, we will consider lattice rect-
angles, for u = (uy,...,u,) € Z™ and given a sequence of lengths {L; : i =

nt

n

(w) = [T ¢ (), (2.11)
where -
CP(u) = {z € 2% |o —w| < Li}.
By C(Ln)(u) we denote the n-particle cube, i.e.,
CWu)={xez":|x—ul<L}.

Clearly, |C(Ln)(u)| ;= card C(Ln)(u) = (2L + 1)™. We will often use the simpler
estimate \C(Ln)(u)| < (3L)™. For any u = (uy,...,u,) € Z"™, we define its
projection IIu by
MTu:= {uy,...,u,} CZ% foru= (uy,..., u).
More generally, for any nonempty subset J C {1,...,n} we define the J-
projection by
Il7u:= {Uj,j € j} c zZ°.

(Note that for 7 = {1,...,n} we have I1; = II.) Respectively, for an n-particle

rectangle
C(”)(u) = C’Ll(ul) X - X CLn(un) C an

we can consider its J—projection for any J C {1,...,n}:
I;C™ () = | Cy,(u)) € Z°. (2.12)
JjeJ

Again, for 7 = {1,...,n} we will write IIC™(u) instead of I7,C™(u).

2.2 Separability

The notion of separability is crucial for the proof of the Wegner estimates which
are important to bound the probability of resonances in a good way. Separability
was initially introduced in the framework of the multi-particle multi-scale analysis
in [CS09D] in the discrete case and in [BCSS10] in the continuum.
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Definition 2.2. Let C(x) = [T,_, , O} (x:) and C™(y) =[], _, C} (1)
be two rectangles. l

(i) C"™(x) is J-pre-separable from C™ (y) if there exists a nonempty subset
J C {1, ---,n} such that

J e ) | n | | e x)uinc(y) | =9
JEJ Jj¢T
(ii) A pair (C™(x), C"(y)) is pre-separable if one of the rectangle is J-pre-
separable from the other.
(iii) Set L = max{L;, L} :i =1,...,n}. A pair (C"(x),C"(y)) is separable
if and only if it is pre-separable and |x —y| > 7N L.

Now, we state some geometric facts for pairs of separable cubes.

Lemma 2.3. Let L > 1 and x € 7.

(A) There exists a collection of n-particle cubes CgZ)L(X(E)) with x,(f) e{ry,...,z,}

forallk=1,--- n, 0=1,...,k(n), k(n) < n" such that if a configuration
y satisfies |y — x| > TNL and

K(n)
y ¢ [JCh "),
=1

then the cubes C(Ln) (x) and C(Ln)(y) are separable.

(B) Let C(Ln>(y) C Z™ be an n-particle cube. Any cube C(Ln)(x) with |y —
x| > maxi<j<n |yi — y;| + SNL is J-separable from C(Ln)(y) for some
J CAlL,...,n}.

Proof. We proceed as in [BCSS10]. (A) Let L > 0, 0 # J C {1,...,n} and
y € Z". {y;}jc7 is called an L-cluster if the union

(1)
U ()
jeJ
cannot be decomposed into two non-empty disjoint subsets. Next, given two
configurations x,y € Z", we proceed as follows:

1. We decompose the vector y into maximal L-clusters I'y,..., '3 (each of
diameter < 2nL) with M < n.
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2. Bach position y; corresponds to exactly one cluster I';, j = j (i) € {1,..., M }.

3. If there exists j € {1,..., M} such that I'; N HC(Ln)(X) = (), then cubes
C(Ln)(y) and C(Ln)(x) are separable.

4. If (3) is wrong, then for all k = 1,..., M, T'y N HC(Ln)(X) # (). Thus for
all k =1,...,M, 3 = 1,...,n such that I'; N C(Ll)(xi) # (). Now for any
j = 1,...,n there exists k = 1,..., M such that y; € I'y. Therefore for
such k, by hypothesis there exists ¢ = 1,...,n such that I', N ngl)(ari) + ().
Next let z € I'y N Cg)(:ci) so that |z — x;| < L. We have that

lyj — @il <y — 2| + |z — i
<2nL — L+ L =2nL

since y;, z € I';. Notice that above we have the bound |y; — 2| < 2nL — L instead
of 2nL because y; is a center of the L-cluster I';. Hence for all j = 1,...,n y;
must belong to one of the cubes C’Q(i)L(xl) for the n positions (y1,...,yn). Set
k(n) = n". For any choice of at most x(n) possibilities, y = (y1,...,y,) must
belong to the Cartesian product of n cubes of size 2nL i.e. to an nd-dimensional
cube of size 2nL, the assertion then follows.

(B) Set R(y) = maxi<i j<n |yi — yj| + 5N L and consider a cube C(Ln)(x) with
ly — x| > R(y). Then there exists ig € {1,...,n} such that |y;, — x;,| > R(y).
Consider the maximal connected component Ay = (J;c s C’g)(xi) of the union

U, C’g)(xi) containing z;,. Its diameter is bounded by 2nL. We have

dist(Ax, HC(Ln)(y)) = min |u — v,

now since
|aji0 - yZo’ < ‘xio - U| + ‘U, - U| + ‘U - yio’a

then

dist(Ax, HC(Ln) (y)) = min|u — v

u,v

> ‘xio - yio| - dlam(AX) — max |’U - yio"
v7yi0

Recall that diam(Ay) < 2nL and

max |v — ¥;,| < max |v — y;| + max |y; — Y|,
U7yi0 v yio
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for some j = 1,---n such that v € C’g)(yj). Finally we get
dist(Ax, IIC (y)) > R(y) — diam(Ay) — (2L + diam(ITy)) > 0,

this implies that C(Ln) (x) is J-separable from C(Ln)(y) with J the index subset
appearing in the definition of Ay. ]

2.3 Wegner estimates

The Wegner estimates initially introduced by Wegner [Weg81| play a crucial
role in the inductive step of the multiscale analysis. The proof which uses Stoll-
mann’s Lemma was originally developped by Stollmann for single-particle Ander-
son models [Sto01] and later adapted to the two-particle systems by Chulaevsky
and Suhov [CS08]. Notice that Stollmann’s Lemma was extended to correlated
random potentials by Chulaevsky [Chu08]. Kirsch [Kir07], obtained optimal mul-
tiparticle Wegner estimates for absolutely continuous distributions with a bounded
density:.

Let J be a non-empty set of finite cardinality |J| = p. J is identified with
{1,...,p}. Let R/ = RP, the Euclidean space with canonical basis (e, ..., ep).
Consider

Ri:{q:(ql,...,qp) ERJ:qj ZO’jzl,...,p}.
Definition 2.4. ¢ : R — R is called diagonally monotone if
(i) for all r € RY and v € RY,

O(v+7r) > d(v).
(ii) Moreover for e = e + -+ +¢, € R/, for all v € R” and ¢ > 0,
O(v +te) — P(v) > t.

Stollmann’s Lemma was initially formulated for general product of measures
[Sto00, [Sto01]. Here since we are concerned with i.i.d. random potentials with a
common probability distribution p, we formulate it directly as in [CS08|, [Chu0§]
for product measures of the form pu/ =y x -+ x g on R”.

Lemma 2.5 (Stollmann’s lemma). Let J be an index set of finite cardinality
|J| = p, u a probability measure on R, pu’ = p x --- x p a product measure
on R7. If the function ® : R7 — R is diagonally monotone, then for any open
interval I C R we have:

p'{q: ®(q) € I} < p-s(Fv, |1)).
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Proof. Let I = (a,b), b—a=¢ > 0. Set
A={q:9(q) <a},
Aj=A A=A | +(0,elej:={q+tej: g A |, t €0,¢]}.

Clearly, A5 is an increasing sequence in j. The diagonal monotonicity hypothesis
of ® implies
{q:®(q) < b} C A

Indeed, if ®(¢q) < b then for r:=q—c-e,
O(r) < P(r+cece)—e=0(q) —e<b—c<a.
Thus r € {® < a} = A. Hence,
q=r+ec-e€ A,
Now we have that

{g:®(q) € I} ={q: ®(q) € (a,b)}
={q:®(q) <b} \{q: P(q) <a}
C A\ A

Moreover

pP{q: ®(q) € I} < (A5\ A)

- (U (A;\A;o)

j=1
p
<Y P (A5 A5,
7=1

For ¢4y = (g2, -+ 1 qp) € RP~L set

Il(q;él) ={q €eR: (qn, Q;él) € A7\ A}

By definition, (q1,4},) € Aj \ A if there exist (a1,...,a,) € A7\ A such that
¢y = (az,...,a2) and q1 = a1 + ¢ for some ¢ €]0,¢]. Therefore I;(q},) is an
interval of length < e. Since p is a product measure

W (A5 A) = / a (L) / du(qr) < s(Fy.e). (2.13)
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Similarly, we obtain for j =2,--- | p,
WA\ A ) < s(Fye).

Therefore
p
p{q: ®(q) € I}t < Z (A5\A5) <p-s(fv,e). [

Deﬁnition 2.6. Let n > 1 f =1/2, and E € R be given. Consider a rect-
angle C(u) = ] 10 ( ;) and set L = min,_; _,{L;}. C™(u) is called
E-resonant (E-R) if

.....

dist [E o (H(C()n)( )

)} <e (2.14)
Otherwise it is called E-non-resonant (E-NR).

Definition 2.7. Let £ € R be given. A cube C(Ln)(v) C 7™ of size L > 2 is
called E-completely non-resonant (E-CNR) if it does not contain any E-R cube
of size > L?/®. In particular, Cp(v) is itself E-NR.

Theorem 2.8. Given two pre-separable rectanglesC ( ) = HZ 10 ( ), Cn (u’)
Hizl CL/, ( i): we have:

(A) foranye >0 and E € R

]P’{dist [a(HgL)(u)),E} < 5} < |CO(w)| min 11,00 ()]s (Fy, 2¢),

(B) for any e > 0,
P {dist |o(H, ) o(HE, )] <2}
< 1G] G W) - max ma(| 1G], [1.C W)} - 5(Fy, 2).

.....

Proof. (A) Without loss of generality, assume that L; = min;—;_,{L;} and set
J = I1,C™(u), p = |J|. Assume that J = {y1,..., ¥y}

Let {Ag()m(u) k=1,...,|C™(u)|} be the eigenvalues of Hgl()n)(u) (w). For any
subset A C Z?, denote by P, and E,, the probability and the expectation with

respect to random variables {w, : * € A}. The random Hamiltonian ng()n) ()

.....
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write as

(W) = —A 4+ U(x +wal

=-A+U(x +Zz5w%

=1 j=1
n
i=1 yelICM (u)\J

Now, we have

[C") (u)] ®
< Y P{E-A Wl <¢]
k=1
[C") (u)] "
= Prcm g © PHIE = Agu ) (@)| < €}
k=1
[C™ (u)]
= Y Encoule (@nser : |E = X9 (w)| <)
k=1
Consider the function ®(w) := Ag?n) () (w). We show that @ is diagonally mono-

tone:

Hgl(zz)(u)(w+t'(lv" 1) = -A+Ux —|—Zzégglijy]

=1 j=1
nop
Y D bay,

i=1 j=1

> H, @)+t 1d,

since x1 € J so that 0z 4. > 1. Therefore, by the min-max principle
1= 1 ] 1Y%,y
(cf. Theorem we have:

k k
A @+t (1,0, 1) > MG (@) + 1.
We then apply the Stollmann’s Lemma, i.e., Lemma 2.5 and obtain,
0w = (@olves : N o @) — BT < &) < 1] s(e).
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Finally,

P {dist(E, o(HY), (@) < g} <|C™ ()| - IL,C™ ()| - s(Fy, 2¢),

which proves (A).
(B) Without loss of generality, we can assume that C™(u) is pre-separable
from C™(u'):

37 c{l,...,n}: njc<">(u)m(njcc< )(w) U ITC™ (u ))—@

(Otherwise, we exchange the roles of C™(u) and C™ (u’).) Let
{(Nik=1,..,C"W[}, K =1, CW )]},

be the eigenvalues of H(C()"( ) and H(g()n) () respectively. For any 7 € J, we

proceed as in (A) and set J = UiC(")(u). We also assume as in (A) that J =
{v1,...,y,}. Therefore, we have:

P {dist(o/(HY, ), o (HE, ) < <

= Promwunco s @ Pr{dist(e(HE, ), o(Hgl ) < <}
[C™ ()| [C ()] o )
Z ' Z E rco yumem w1 M((wr)wer - |>‘é<n>(u)(w) - Aém)(u,)(w)\ <e)l.
=1 j=1

(2.15)
As in case (A) we have that the function ®(w) := Aé(n (u )( w) is diagonally mono-
tone. Therefore the Stollmann’s Lemma implies that

{w = (@r)aes + Mgty (@) = Aty @] < 8} < |1 - s(Fy, 22),

Finally,

P {diSt(O(Hng,)(u)), U(H(g()n)(u/))) < 8}

< [CM ()] [C™ (u)] - H}aXnI{}aX{IUC (W), [[LC™ ()} - s(Fy, 2¢).0

.....

Corollary 2.9. Let « = 3/2 and p > 6Nd. Assume that the random potential
satisfies assumption (P1) with A > 4¥ap + 6aNd, then

(A) for any E € R

P {C(Ln)(x) is not E-CNR } <L, (2.16)
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(B)

P {EIE € R : neither C (x) nor CV(y) is E-CNR} <1 (2.17)
Proof. (A), we have
{ " (x )1snotECNR}
:P{HyeC 30 LMY <0< L,C ()ISE—R}
< [CPI(L+ 1) x P{C{"(y) is B-R}

<(Q2L+1)"(L+1)xP {d1st[E o(H, 2”)( )< e”}
n n _/B
< B x O (v)] x G ()] x s(, 2e77) (2.18)
< Const - LA < =4 (2.19)

where we used Theorem [2.8| (A) in equation (2.18]) and assumption (P1) on log-
Holder continuity of the marginal distribution p in equation (2.19)), provided L is
large enough.

(B) First, note that for any given pair of cubes Cé?)(ul) and Cg)(uQ) with L1/ <
(1,05 < L, one has

P {HE e R: Cg?)(ul) and Cég>(u2) are E—R}
_Pp {EIE e R : dist[E, a(Hg)j(uj))] <el =1, 2}
<P {dist[a(H(gzl ) O (HE )] < 2e—Lﬁ/“}
< (3L) V. Const LA/,

by Theorem and assumption (P1). Counting the number of possible centers

u', u? in the respective cubes of radius L and the number of possible values ¢1, 5,

we conclude that

P {HE € R : neither C(Ln)(x) nor C(Ln)(y) is E—CNR}
—P{3E R, u' € CV(x), Iu® € C(y), 301, b, with LYV* < £,,0, < L :
Cg)(ul) and CZ)(UQ) are E-R}
< (3L)2 . [2. (3L)2 V4. Const LA/ < 4P,
since A > 4¥pa + 9Nd. O
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Corollary 2.10. Assume that the random potential satisfies assumption (P2),
then

(A) for any E € R
P {C(L")(x) is not E-CNR } < el (2.20)

for some 7 € (0,1).
(B)
P {HE € R : neither Cén)(x) nor C(Ln)(y) is E—C’NR} <e L (2.21)

for some 7 € (0,1).

Proof. The proof follows the same lines as that of Corollary but the RHS
bounds are sub-exponential decaying since used the Hélder continuity of the prob-
ability distribution instead of the log-Holder continuity as in Corollary 2.9 [

2.4 Combes—Thomas estimate

The Combes-Thomas estimate proposed here is borrowed from [Kir08] and for
the sake of completeness, we also give the proof. We begin with a general result
on operator theory which is used in the proof (cf. [Wei80)]).

Lemma 2.11. Let A C Z¢ and A be an operator on (*(\) with matriz elements
A(u,v). Then A is bounded if

a; = supz |A(u,v)] < 00

UEA'UGA

as = supz |A(u,v)] < 0.

UEA'UGA

Moreover we have
IA] < ay%ay.

Proof. Let us set
B(u,v) = |A(u,0)|'?, C(u,v) = |A(u, v)|*sgnA(u,v)

with sgn A(u,v) = 0 if A(u,v) = 0 and sgn A(u,v) = % if A(u,v) # 0.
Then we have

A(u,v) = B(u,v)C(u,v).
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and
Z |B(u,v)|* < a; < 00
veA
Z 1C(u,v)|* < ay < .
ueA

Now

2

Z 1, v) (0 f)
2 Z Bl Y |G v) (5, ]
< a1 3 O, 0) Pl 6 ) P
< a1azz | (60, ) 7

= ayaz| |

IAfI* = Z

(O]

so [|Af]| < ayay*||f|| for all f € 2(A).

Theorem 2.12. Consider a lattice Schrodinger operator
Hy = —Aj\+ W(:C)

acting in (>(N), A C Z is a finite subset, v > 1, with an arbitrarylﬂ potential
W: A — R. Suppose that E € R is such that dist(E,o(H)) > n with n € (0, 1].
Then

Vaz,ycA (H—E) " (z,y)| <2ptemloyl (2.22)

Proof. Let ;> 0 to be specified later. Fix xy € A, define the operator of multi-
plication F' = Fj,, on (*(A) by

Fu(z) = Fyu(z) = e!fo=ly(z).
Then for any operator A:

(Fi AR, (z,y) = e Hoom2h Az, )iyl (2.23)

1. This includes the cases of single- and multi-particle operators, that differ only by their potentials.
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Setting F' = F),
(H = B)™ (@, )| = <= [P (H = B) ™ F(a,y)

— eI (FUHE — B) )]
< e Heyh(FIHEF — E)7Y|. (2.24)

Therefore using the resolvent equation (Proposition A.1), we have

(F'HF -E)'=H-E)'—(F'HF - E)Y"(F'HF — H)(H - E)™*
yielding
(F'HF —E)'I+(F'HF -H)(H—-E)Y)=(H—-E)".

If|(F'HF-H)(H—FE)™|| < 1, then the operator (I+(F1HF—-H)(H-FE)™1)
is invertible and obtain

(F'HF —E)'=H-E)'I+ (F'HF —H)(H-E))™".  (2.25)
We now focus on the operator F~'HF — H. Equation (2.23]) implies
S FTHE, — H)(u,v)| < ) e #hreherlh

veA vilu—v]1=1
< 2upuet, (2.26)
For the last inequality we used that for |u —v]; < 1
|z —uli = |z = vfi] < Ju—vfy <1.
Further, for |a] <1 and p > 0,

et — 1] < et — 1| =el =1

< / 1ue‘“fahf < el
An analogous estimate to for uois obtained by exchanging the roles of u
and v. Hence Lemma implies
|F'HF — H| < 2upe.
Set p1 = g3 Since n < 1
|(F\HF — HY(H — B) | < |(FHF — H)||[(H — B)"|

1
< 2vuel—
n

0 ol 2.27
12Ve n (227)

2v
1
5

IA
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Above we used that e < e < 3 since n < 1. Therefore the operator I +
(F-'HF — H)(H — E)~! is invertible and using the Neumann series we conclude
that

(I +(F'HF —H)(H-E)H)™!| <2 (2.28)
Equation ({2.25)) leads to
I(F7'HF —E) Y| =(H-E)" (I +(F'HF - H)(H — E)")7!|
2
S —
n

and by (2.24)
(H = BE) ! (a,y)| < e " M|(F'HF — E)7||

< Ze-vhle-ul =

n
2.5 Fully and partially interactive cubes

Definition 2.13 (fully/partially interactive). An n-particle cube C(Ln>(u) c Zn?
is called fully interactive (FI) if
diam [Tu = max |u; — u;| < n(2L + 19), (2.29)

G
and partially interactive (PI) otherwise.

Partially interactive and fully interactive cubes are used in the framework of
the inductive step of the multiscale analysis which will be done in the nexts two
Chapters. We clarify the notion of PI cubes in the following simple statement.

Lemma 2.14. If a cube C(Ln)(u) is PI, then there exists a subset J C {1,...,n}
with 1 < card J < n — 1 such that

dist <HJC(LH)(U), HJCC(LH)(U)> > 7.

Proof. Tt is convenient to use the canonical injection Z¢ < R%: then the notion
of connectedness in R? induces its analog for lattice cubes. Set R := 2L + ry and
assume that diam //u = max; ; |u; — uj| > nR. If the union of cubes Cg/)Q(uZ—),
1 < ¢ < n, were not decomposable into two (or more) disjoint groups, then it
would be connected, hence its diameter would be bounded by n(2(R/2)) = nR,

hence diam I7u < nR which contradicts the hypothesis. Therefore, there exists
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an index subset J C {1,...,n} such that |u; — u;,| > 2(R/2) for all j; € J,
72 € J°€, this implies that

dist (njcg”(u), njccgl)(u)) — min dist (cg”(uﬁ), cg>(uj2))

€T j2eT¢

> jleg}}gnejc wj, — uj,| — 2L > ry.
[]
If C(Ln)(u) is a PI cube by the above Lemma, we can write it as
C(u) = " () x ¢ ("), (2.30)
with / )
dist (ncg" (), Ic" >(u")) > 1y, (2.31)

where W' =uy = (u; : j € J), 0’ =uye = (u; : j € J°, n' = cardJ and
n” = card J¢. Throughout, when we decompose the cube C(Ln) u) as (2.30), we
will implicitly assume that the decomposition holds.

The main outcome of the previous Lemma is that on a PI cube C(Ln)(u) the
interparticle interaction can be decompose as follows, U(u) = U(u’) + U(u”).
This allows the induction on the number particles using information on n’-particle
subsystems for any n’ < n. Now we turn to geometrical properties of FI cubes.

Lemma 2.15. Let n > 2, L > 2ry and consider two n-particle fully interactive
cubes C(L”)(u) and C(L”)(V) with |x —y| > TnL. Then

e ynmnciw) = o.
Proof. 1f for some R > 0,

R <|x—y|= max |z; —yjl,

then there exists 1 < jo < n such that |x;, — y;,| > R. Since both cubes are fully
interactive, we can use (2.29)) for the centers x, y and write:

|z, — x| < diam ITx < n(2L + ry),
1y, — v, < diam [Ty < n(2L + ry).
By triangle inequality, for any 1 < 4,7 < n and R > 7nL > 6nL + 2nry, we
have
[z = yi| = |2, — wil — l@jo — @il = lyj —
> 6nL + 2nrg — 2n(2L + 19) = 2nL.
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Therefore, for any 1 <1i,5 <n,

min dist(C} (2;), O} (y;)) > min|z; — yj| — 2L > 2(n — 1)L > 2L.
1,] %,
This means that
dist(I1C} (x), 1C{" () = mindist (C1(z), V() > 0. O
2Y)

Definition 2.16. Let « = 3/2. The multiscale analysis is based on a length
scale { L }r>o which is chosen as follows. The length-scale {Lj}x>0 is a sequence
of integers defined by the initial length-scale Ly > L§(ro, N, d) for some large
enough Lo(N,d,r9) > 0, and by the recurrence relation

This length scale {L;}r>0 is assumed to be chosen at the beginning of the
multiscale analysis, except that in the course of the analysis it is often required
that L be large enough.

Definition 2.17. Let m > 0 and E € R be given. A cube C(L”)(u) c 7,

1 <n < N is called (F, m)-nonsingular ((F,m)-NS) if £ ¢ O'(Hgb()n)( )) and
. \a
max |G, (u,v;E)| < e rmEnl 2.32
veo-CcWm) | CF (“)( ) (2:32)
where v(m, L,n) = v(m, L,n, N) is defined by
v(m, L,n) = m(1 4 L~ YNt 5 (2.33)

Otherwise it is called (E,m)-singular ((E,m)-S).
Given an n-particle cube C(LTZ)H(u) and £ € R, we denote

— by MSQP(C(LZL(U),E) the maximal number of pairwise separable (E,m)-
singular cubes C(L?(u(j)) cc (u)

Lyt

— by MEGIP(C(LZL(u), FE) the maximal number of pairwise separable, (E,m)-
singular PI cubes C(LTZ)(u(j)) C C(Li)ﬂ(u);

— by MPI(C(LTZl(U),E) the maximal number of (not necessarily separable)

(E,m)-singular PI cubes C}”(u)) ¢ CY” () with [u) —ul| > TN L,
for all j # §';
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— by MFI(C% ") (), E) the maximal number of (E, m)-singular cubes FI C(LTZ)(u(j)) C
| () with [u?) —al| > TN L for all j # j/F]
by M(C(L ™) (), E) the maximal number of (E, m)-singular cubes C(LZ)(u(j)) C
) (u ) with dist(u,9-CY” (w)) > 2Ly and [u¥) — u)| > TNL; for

all j 45
Further, set

Mpi(CYY (w), 1) == = s Mpi(CY (u), B). (2.34)
Mri(CY) (), 1) := = sup Mri(CY (u), B). (2.35)
Clearly
Mpi(CJ, (w), E) + Mrr(CF) (w), E) = M(CY, (w), B).
Lemma 2.18. (i) If M(C}” (u),E) > r(n)+2 with x(n) = n", then M**(C{" (u), E
2.
(i) If Mpr(CY”. (u), E) > k(n) +2 then My (CY (u),E) > 2.

Proof. Assume that Msep(C(LKl(u),E) < 2, (i.e., there is no pair of separable
cubes of radius Ly, in Cﬁll(u)), but M(Cgﬂgl(u), FE) > k(n)+2. Then C(LTZ)Jrl(u)
must contain at least x(n) + 2 cubes C(LZ) (vi), 0 <@ < k(n) + 1 which are non
separable but satisty |v; — vy| > TN Ly, for all i # /. On the other hand, by
Lemma [2.3 there are at most x(n) cubes CéZ)L (yi), such that any cube C(LTZ)(X)

with x ¢ U‘7 1 Qn)Lk(yj) is separable from C( )( 0). Since for all i # ', |v; —
vy| > TN Ly, there must be at most one center v; per cube C;n)L (yj), 1 <j <

k(n), hence we come to a contradiction:
k(n)+ 1< k(n)

indeed v; € |J; Cg?Lk(yj), i=1,---,k(n) + 1. The same analysis holds true if
we consider only PI cubes. ]

Definition 2.19. Let 1 < n < N. We say that two subsets A, B C 7" touch if
A NB # 0 or if there exist x € A and y € B such that |x —y| = 1.

2. Note that by lemma , two FI cubes Cg?(um) and C(LT;)(u(j/)) with [u) — u")| > 7N Ly are automatically
separable
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In the following, we adapt Lemma 4.2 from [vDK89| to our multi-particle case.
In the rest of the text and more precisely in the following Lemma parameter
J:=n"4+5
Lemma 2.20. Let m = (12Nd)L, 1/2 , E e R. Suppose that
(i) € (u) is E-CNR,
(i) Mei(CY,, (w). B) + My(CY) (w). B) < J.
Then there exists Ly(J,N,d) > 0 such that if Ly > L5(J,N,d) we have that
CY” (u) is (E,m)-NS.

Proof. By (ii) there are at most J cubes of size Lj contained in C(Lzll(u) and
with centers at distance > 7N Lj that are (E,m)-S. Therefore we can find x; €

CY. (u) with
dist(xl-,(‘?_C(LZ) (w)) > 2Lg,i=1,--- ,r < J such that if
+1

x e CY (w)\ [ JCy) (),

then C(Lnk)(x) is (F,m)-NS. Observe that the cubes Cg@k(xi) and ng)k(:ci/) for
i # i’ do not touch, indeed
dist(CYy) (x:), CSp (xir)) > |x; — xg| — 4Ly,
>TNL;, —4L; > 1.

Note that, if x € 8+Cg?k(xj) for some j =1,--- ,r then x ¢ | J,_, Cg?k(xi).
Next, let A C C%ZLl(u) and x € A,y € C(LZ)H(u) \ A, it follows from the
resolvent identity that

G\ G\ £)G™ 'y E).
V) = 3 GllemEIGey (v E)
(z,2")€0A
Thus
|Gg‘(7, xyiB) < | Y 16V (x zEB)| |G oy (21,y1 B (2.36)
Lk+1 zcd- A Lk+1

for some z; € OTA.
Fix v € 9CY” (u) and let x € C}” (), with dist(x,0"C}" (u)) > Lj.
We have two cases:
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(a) C(Lnk) (x) is (£, m)-NS. In this case

> IGM(xz B)| <2 nd - Lyt te (bl (2.37)
ZG@‘CS-ZC) (x)

and by (2.36)

‘G(C?;()n) (X, v: E)| < 2nd.nd_defle*’Y(m,Lkm)Lk‘th()n) (Zl, y; E)l, (238)

Lk+1( ) Lit1
for some z; € 8*0(&) (x).

(b) c\ (x) is (E,m)-S. In this case we have that x € cl (x;) for some i =
Ly 2L
L--er If dist(Cg@k(xi), o-c\ (u)) > Li+1, then equation (2.36]) gives

Ly

(n)

Lk+1(u)

xviB)<| > |GY,

2Ly, (x:)
z€0™ C;Z)k (xi)

(x,7 E)|| IGL), (21, Vi E)

Lk+1( )

for some z; € 8+ng)k(xi). Observe that dist(CgE)k(Xi),O_C(erl(u)) >
Li + 1, implies
dist(z, 0~ CY. (u)) > L.

Since the cubes ng)k(xz-) are F-NR we have:

(n)

Lk+1( )

(x,v; E)| < 2V%. Nd(2L;)" !

1/2 n
x BTG, (@, viE)
Lpt1

and since the cube C(LTZ)(Zl) is (£, m)-NS, we apply (2.36)) and (22.37)) getting

Gl (Vi E) < @Y NdP L) L
CLk+1(u)
X e(QLk)l/Q_W(m’Lk’n)Lk|G(n()n) (z2,Vv; E)|
CLk+1(u)
< (2Nd . Nd)2(2)nd_l(Lk + 1)2(nd—1)
x Bl GEL, (2, v )|
CLk+1(u)
for some zo € (9+C(LTZ>(21). Thus
G VB e TG, | mviE)|(239)
+1 E+1
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where

v (m, Lg,n) = v(m, Ly, n) (2L;)Y% 4+ 2(nd — 1) In(Ly + 1)

_ 1 [
Ly
+In((2Y Nd)?)(2)")]
> y(m, Ly, n) — [6Nd +2In(2Y'Nd)] L, '/
>m — [6Nd+2m(2VNd)] L, > 0,
since m = (12Nd)L81/2.

If x € C(Li)ﬂ(u), dist (X, 8_C(LZ)+1(u)> > Ly, let

2nd . nd - Lp71 . emv(mlin)e if x ig as case (a)

W(x) =
e~V (mLen)Le if x is as case (b).
Then (2.38) for case (a) and (2.39)) for case (b) say that
GL), (o ViE) < W)IGY,  (2,viE)|

Lk+1( ) Lk+1( )

for some z € C” (u).

Ljiq
To estimate |G$()n) : )(u, v; B)| for v € 8*0221@), we start from u and find
Ly \U

Z1,Zs, ... by applying the above procedure repeatedly when possible, getting after

r steps,
Gl W WViE) S WG, (20,viE) < W@W(2)|GY),  (22.v;
CLkJrl( ) CLk+1 ) CLk+1 )
< S WW(z) - Wz)IGY, (@ viE)]
CLk+1(u)
For this to be possible, zq, ...z, 1 must satisfy the conditions of either (a) or

(b). Observe that in the first step, i.e, for x = u, either case (a) or (b) is done and
this means that the set of z1, ..., z,_1 is non-empty. Indeed, if C(LZ)(u) is (F, m)-
NS then we are in case (a). Otherwise C(L?(u) is (£, m)-S. Sou € ng)k(xi) for
some 7. Next, denote by diam(Cé@k (x;)) the diameter of C;@k (x;)). Then

dist(CY;) (x;),07CY) () > Ly — diam(CY;) (x,)
> Ly — 4Ly > Ly + 1,
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if Ly > C(N, J) for some constant C (N, J) > 0. Thus the conditions of case (b)
are satisfied.
Let r; and r9 be the number of times we had the bounds ) and ( -
respectlvely We have
‘G . (U_,V;E)| < 2Nd . Nd - de—l(e—y(m,Lk,n)Lk)rl (e—fy’(m,Lk,n)Lk)rg

Lk:+1( )

‘G Z7’1+T2+17V;E)|'

o !

Notice that we have a lower bound for r; corresponding to the case where all
the bad cubes Cé?) are met, namely:

Ly —4JL
> 2kt - k
k

By the assumption (i) of the Lemma, C(Li) (u) is E-NR, so |G (u )(E)H <

k+1

> Ly L — 4.

1/2 !
el Since v/ (m, Ly, n) > 0, e 2V (m:Lem)le < 1 Therefore

GU (v B)| < (28 N e ) ol
Lk+1( )
S efm/Lk—&-l
where
1 e 1
m' = I (r1v(m, Ly, n) Ly, — ri m(2VINQ) L) — PR
k+1

Since L;HlL];l —4]<r < LkHL,;l we obtain

4JL
m' > ~y(m, L, n) —y(m, Ly, n) d
Ly
L Lpt1, ona -1 1
In(2V*Nd)L" _—

> 7(m7 Lk‘) n) - 7(m7 Lka n) 4‘]L];1/2
— L;'(n(2VNd)) + (nd — 1) In(Ly)) — L;,*"*
> y(m, Ly, n)[L = (4] +n(2¥'Nd) + Nd) L, /]
if Ly > L3(J, N,d) for some L(J, N,d) > 0 large enough. Since v(m, Ly, n) =
m(1 + 1—1174—;1/8>N—n+17

N—n+1
y(m, Ly, n) <1+L1/8> ’ N 140"

7(m7 Lk‘—l—h TL) 1+ L 3/16 1+ L 3/16
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Therefore we can compute

V(vakvn) Nd 1/2
1 —(4J+In(2"°Nd) + Nd)L,
S 47 4 (N + N
14 L, '/ 12
> =T (1~ (4] + In(2VINd) + Nd)L; V) > 1,
716
1+ L,

provided Ly > L3(J,N,d) for some large enough Lj(.J,N,d) > 0. Indeed,
denote by C(J, N,d) the constant 4J + In(2Y¥42Nd) + Nd. Observe that if
Ly > L3(J, N,d) for some large enough L3(J, N,d) > 0 then

1> C(J,N,d)L.*® + C(J,N,d)L;”® + L*"°

so that

L, > C(J, N, )L, + C(J,N,d)L,”"® + L,
yielding

— C(J,N,d)L, 1/2—{—L];1/8_C(JN d)L, 5/8 1+ L] 3/16
thus

1+ L)1 - C(J,N,d)L;"*) > 1+ L
finally, we have the desired bound:

1+ L—1/8

—3/16(

— C(J,N,d)L;,"*) > 1.
1+ L,

Therefore, we obtain that m’ > v(m, ly1,n) and |G

. —y(m,Li11,n) L1
C<L,;+1(u)(u,v, E)|<e :

This completes the proof of Lemma, [2.20] ]



Chapter 3

Multi-particle eigenfunctions decay and
localization at low energies

In this chapter, we prove localization for multi-particle systems with a number
of particles bounded by some integer N < oo. The value of N > 2 may be
arbitrary, but once it is chosen, it is fixed for the rest of the scaling analysis, and
several important parameters used in our scheme depend upon N.

3.1 Assumptions and the main results
3.1.1 Assumptions

(I1). The potential of inter-particle interaction
U: (ZH" - R
is bounded and of the form
Ux)= > Oz —al), x=(21,...,2,) € Z", (3.1)
1<i<j<n
where ®: N — R, is a compactly supported non-negative function:
droe N:  supp @ C [0, 7). (3.2)
We will call rg the “range” of the interaction U.

(P1). It is assumed that 0 € supp u C [0,4+00). Further, the probability distri-
bution function Fy is log-Holder continuous. More precisely,

s(Fy,e) :=sup(Fy(a+¢)— Fy(a)) < ﬁ (3.3)

acR
3
for some C' € (0,00) and A > 5 % 4Np + 9Nd.

The last condition depends on the parameter p which will be introduced in prop-
erty (DS.k,n, N) below.
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3.1.2 The results
For any n = 1,..., N, we denote by o(H™(w)) the spectrum of H™(w)) and
E(()n) the infimum of o(H™ (w)).

Theorem 3.1. Let 1 < n < N. Under assumptions (I1) and (P1), we have with
probability one:

(0,4nd] € o(H™ (w)) C [0, 400).
Consequently,

EM = info(HM(w) =0 aus.

Theorem 3.2. Under the assumptions (I11) and (P1), there exists E* > EéN)
such that with P-probability one,
(i) the spectrum of HW)(w) in [EéN), E*| is nonempty and pure point;

(ii) any eigenfunction W;(x,w) with eigenvalue F;(w) € [ESN),E*] is exponen-
tially decaying at infinity: there exist a non-random constant my > 0 and
a random constant C;(w) > 0 such that

P, (x,w)| < Ci(w)e_m+|x|. (3.4)

Denote by B; the set of bounded Borel functions f : R — R such that || f||c <
1.

Theorem 3.3. Under the assumptions (I1) and (P1), for any s* > 0 there exists
£ > ESN) such that for any bounded set K C ZN? and any s € (0, s*), we have

X2 £ (O () Py (H ) 1|

E {sup < 00, (3.5)

JeBy

where (|X|W)(x) = x| ¥ (x), Pr(HN(w)) is the spectral projection of HN)(w)
onto the interval I := [ESN), E*].

We will carry out a finite induction on the number of particles n varying from
1to N.

The inductive step from n — 1 to n requires information on n/-particle systems
for all n’ = 1,...,n — 1. This can be briefly explained by the fact that the
induction step involves the analysis of the decompositions of an n-particle system
into two subsystems with n’ and n” = n —n/ particles, for any n' =1,...,n — 1.
So it is assumed that all necessary bounds are available for n'-particle systems
with any n' =1,...,n — 1.
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Since our main method is (a multi-particle adaptation of) the multiscale analy-
sis, the induction step from n—1 to n involves also a scale induction, i.e., induction
over a sequence of scales Ly, £ > 0. The starting point of the scale induction
requires key bounds of the multiscale analysis to be established at the initial scale
Ly.

Throughout this Chapter, we assume that the initial scale length of the multi-
scale analysis satifies the bound.

LO 2 LB(Na d7 7“O)'

for some large enough L§(N,d,rg) > 0. Given n = 1,..., N, the following
property for some m > 0 and E* > 0 will play an important role in our main
strategy.

(DS.k,n, N). For any pair of separable cubes CEZ)(u) and C(LZ)(V)
P {HE e 1:CP(u), C(v) are (E,m)_s} <L (3.6)
where m > 0, E* > 0, p > 6/Nd, and [ = (—o0, E*] are fixed.

3.2 Initial multi-particle multi-scale analysis bounds
3.2.1 Initial scale bounds

For any n = 1,..., N, we first prove the following result which relies on the
Combes-Thomas’s Lemma and a large deviations estimate from the study of the
Lifshitz asymptotics in the single-particle model.

Lemma 3.4. Let HV(w) = —A + V(z,w) + -+ 4+ V(xy, w) + U(x) be an n-
particle random Schrédinger operator in (2(Z") where U and V satisfy (I11) and
(P1) respectively. Then, for any C' > 0 there exist arbitrarily large Lo(C) > 0

and Cy,c > 0 such that for any cube C(L?(u) the lowest eigenvalue Eén)(w) of

Hg%))(u) (w) satisfies

P{E (w) < 20Ly*} < ¢y Lde 1" (3.7)

Proof. Since the interaction potential U is nonnegative, it follows from the min-

max principle that the lowest eigenvalue Eén) (w) of H"

(m(w) is bounded from
ci

below by the lowest eigenvalue E(()n) (w) of the operator without interaction,

~

H) (@) = =B+ Vanw) + - 4 V(@n,w).
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Denote H; = KQ(CSO)(U,')). The above operator can be rewritten as follows:

Vo Vv
j—1 times n—j times

HY (@)=Y 1y ® @l QH) @1y, @ @1y, (3.8)
CLO (u) j:l . J/ N vl

where H;l)(w) = _A(Cl(L)”(u-) +V(z;,w), g =1,...,n, is acting in H;. Hence the
0 J
(n)

lowest eigenvalue E(gn)(w) of ﬁc“”( )(w) has the following form:
Lo \U

~(n 1
ES(w) =" BN (W),
j=1

where E(()lj is the lowest eigenvalue of H J(.l). All eigenvalues E(()lj) are nonnega-

tive due to the nonnegativity of the operators H j(-l) with nonnegative external
potential, so that for any s > 0,

P{E’é”>(w) < s} < p{E(gQ(w) < s} .

Therefore, Lemma follows from Theorem applied to the single-particle
Schrodinger operator Hl(l). O

Remark 3.5. It is to be emphasized that for the initial scale bound, the amplitude
of the interaction potential is irrelevant, provided that it is nonnegative. In other
words, a nonnegative interaction enhances the “Lifshitz tails” phenomenon.

Theorem 3.6 (initial scale estimate). Under assumptions (I1) and (P1), for

any p > 0, there exists arbitrarily large Lo(N,d, p) such that if m := 12NdL51/2
and E* := (12Nd)(2Y¥"'m), then (DS.0,n, N) is valid for anyn =1,..., N,

Proof. Set C = (12Nd)?-2¥+! and let C}”(x) be a cube in 2. Consider w € Q

such that the first eigenvalue E(gn)(w) of Hg()n)( ) satisfies Eén)(w) > QCLal/Q.
Lo \W

Then for all £ < C’Lal/2 = E* we have

dist(E, a(Hg(>n)( (@) = EMw)— E>CLy"? =n>0.
Lo \U

Therefore, for any v € 8*C(L?(u) we obtain by the Combes-Thomas estimate

(Theorem [2.12))

—1/2

CL
G E,u,v)| <20 ' L)? e v o,

ot
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—12

/
T]Vd = 2N+1m. ThUS

|G

Now observe that

—171/2 _oN+1y,
o (B w, V) <20 LLY2 =2 e
< 20_1L(1)/26—27(m,L0,n)L0

< ei’y(maL(ﬁn)LO

9

for Ly large enough, since
v(m, L,n) = m(1 4+ LYV < w2V,
This implies that C(L?(u) is (£, m)-NS. Thus
welwen ‘ C" (u) is (E,m)-NS VE < E*}.
Therefore
P {EIE < B, C(u) is (E, m)—S} <P {E§”>(w) < QCL(;W} ,

and by Lemma

1/4

IED{E ) < 20Ly*Y < O Lie™ M

- - d—cLd/4 2p 4N
Finally, the quantity C)L{e for Lo sufficiently large is less than L, :

This proves the claim since the probability for two cubes to be singular at the same
energy is bounded by the probability of either one of them to be singular. ]

In the rest of the Chapter, the parameters m and E* are as in Theorem
and we denote by I the interval (—oco, E*].

3.2.2 Single-particle multi-scale induction

We have just established the single particle initial scale bound property (DS.0, 1, V).
It remains to perform the inductive step k ~» k+ 1 for the single particle random
Hamiltonian H"(w). Namely, we will prove

Theorem 3.7. Under assumptions (I1) and (P1), there exists L*(d) > 0 such
that if Ly > L* and if for k > 0, (DS.k,1, N) holds true, then (DS.k+ 1,1, N)
holds true.

Before we turn to the proof, we need an auxiliary result. Recall that M (C’gk)+1 (w); E)
is the total number of (F, m)-S cubes C’éw(vj) C C'g) (u) with |v/ —v?'| > TN Ly,
k k+1
for all j £ j'.
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Lemma 3.8. Under assumptions (I1) and (P1), let k > 0 and assume that
property (DS.k, 1, N) holds true for all pairs of separable single particle cubes.
Then for any £ > 1

P {M(C&Ll(u); E) > 2@} < (0, d) Lo (3.9)

Proof. If there exist 2¢ pairwise separable single particle cubes C'gk) (ut)) C’gjﬂ (u),
1 <7 <2/, then those cubes are disjoints. So for any pair C'gk)(u(zi_l)), C'g)(u(%))

k

the Hamiltonians H (1)1 , and H (1)1 _are independent and so are their
C«ék)(u(zz—m) C]gk)(u(m))
spectra and Green functions. For ¢ =1,--- |/, set

A, ={3F el C’gk)(u(%_l)) and C'gk)(u(%)) are (F,m)-S}.

Using assumption (DS.k, 1, N) fori =1,--- ¢, we have

4N—1

P{A} < LY,

and by independence of events Ay, .-, Ay,

P {ﬁlA} < (Lf”‘*”)g.

To finish, note that the number of different families of 2¢ cubes nglk)(u(j)) is

bounded by

L om

(26)' L1 (u)’% < C(E, d)L%ﬁda. .

Proof of Theorem [3.7. Let Cgkll(x), Cgk)ﬂ (y) be a pair of separable cubes. Set

By ={3FE€el: 01(31;@11 () and C’ggﬂ(y) are (E,m)-S}
Y = {JF € I : neither C'gk)ﬂ(x) nor C'gk)ﬂ (y) is E-CNR}
M, ={3E€l:M(C}) (x);E)> 6}
M, ={3E € I: M(CY), (y);E) = 6}

since n" +5 = 6 forn = 1. Let w € By \ ¥ U M,, then VE € [ C’g}il(x)
or C’gk)ﬂ(y) is F-CNR and M(C’g) (x); E) < 3. The cube C’gkil(x) cannot be

k+1

E-CNR: indeed by Lemma [2.20it would be (E,m)-S. So the cube C’gk)ﬂ (y) is E-
CNR and (£, m)-S. This implies again by Lemma [2.20] that M(Cg) (y); E) > 6.

k+1
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Thus w € M, and B4y C XU M, U M,. Using corollary 2.9 and Lemma [3.8] we
finally get

P{Bu} <P{S}+P{M,}+P{M}

_6 pyN-1
<L ot (for £ = 2)
Lo opav—1 1o opyva —2p4N-1
< ELHZ{ + §Lk+€ - Lk+€ ’

Since p > 4aNd by assumption and provided Ly > L* for some large enough
L* > 0. O

3.3 Multi-particle multi-scale induction

Given n = 2,..., N, assuming (DS.k — 1,n/,N) foralln’ =1,...,n — 1 and
(DS.k,n/, N) forany n' = 1,...,n—1, we now prove (DS.k+1,n, N), separately
for the following three types of pairs of cubes:

() C(LZL(X) and C(LZ)H(y) are both Pl-cubes.

(II) ngl(x) and C\" (y) are both Fl-cubes.

L1

(III) One of the cubes C(L?H (x) or C(Li)ﬂ (y) is PI, while the other is FIL.
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3.3.1 Pairs of PI cubes

The diagonal I in Z2

1
Cr ()
Pairs of PI cubes: for d =1, n =2, x = (21, 22) and y = (y1, y2)

We consider here a pair of separable partially interactive cubes C(LTZ)H(X) and
c (y) and prove that (DS.k + 1,n, N) holds for such a pair.

Lyt
Let C(LZ)H(U) = C(LZL(UI> X C(Lijl(u”) be a PI-cube. We also write x = (x/, x”)

(LTZ)H(U), in the same way as (u’,u”). The corresponding

has the form:

for any point x € C

Hamiltonian Hc(n)
Liyq (u)

P(x)=(—AP)(x)+ [U)+ V(,w) + UX") + V(x",w)] ¥(x)
(3.10)

H$<)n)

Lk+1(u)

or, in compact form

H™ —H") oi+1eH")
iy, el () Cy,), ()

The representation (3.10]) follows from Lemma [2.14]
We denote by G™) (1, v'; E) and G"")(u”, v"; E) the Green functions relative

to H™), and H™), , respectively. Let
C(Ln) I CS:n ) (u//)
k+1 k+1

.....

{()\iﬁpi)}izl 77777 |C§:T;’3rl(u/)| and {(:ujvgbj)}j:l |ngn”) (u")]
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be the eigenvalues and corresponding eigenfunctions of ") and H"), :
Oy (v Oy ()
Then we can choose eigenvectors W;; of H(n()n) () as tensor products
Ly \U
Wi;(x) = pi(x) ® ¢;(x"), (3.11)

while corresponding eigenvalues are given by the sums

The eigenvectors of finite volume Hamiltonians appearing in subsequent argu-
ments and calculations will be assumed normalized. Introduce the following

Definition 3.9 ([KN13|). Let 1 < n < N and E € R. Consider a PI cube
C(Ln)(u) = C(Ln)(u’) X C(Ln >(u”). Then C(Ln)(u) is called E-highly non resonant
(E-HNR) if

(i) for all u; € J(Hg//) ), the cube C(Lnl)(u’) is (E — u;)-CNR and

L)

(i) for all A; € o(H™), ) the cube C\"(u") is (E — \;)-CNR.

H" (w)

Definition 3.10 ((£,m)-tunnelling). Let 1 < n < N, E € R and m > 0.
Consider a PI cube C(Ln)(u) = C(Ln )(u’) X C(Ln )(u”).
Then C(Ln)(u) is called
(i) (E,m) left-tunnelling ((E,m)-LT) if Iu; € o(H(C”(/;),,)( ,,) such that c™ ()
L u

contains two separable (E — p;,m)-S cubes Cl(”l)(vl) and Cl(n/)(VQ) with
L = [I*] + 1. Otherwise, it is called (£, m) non-left-tunnelling ((E,m)-
NLT).

(i) (E,m) right-tunnelling ((E, m)-RT) if IN; € a(Hgg,)(u/)) such that C"") (u”)
contains two separable (E — A;;m)-S cubes Cl(nﬂ)(vl) and Cl(nﬂ)(VQ) with
L = |I*] + 1. Otherwise, it is called (E,m) non-right-tunnelling ((E,m)-
NRT).

(iii) (£, m)-tunnelling ((E, m)-T) if either it is (£, m)-LT or (£, m)-RT. Oth-
erwise it is called (F, m)-non-tunnelling ((£, m)-NT).

We reformulate and prove Lemma 3.18 from [KN13| in our context.

Lemma 3.11. Let E € R. If a PI cube C(Ln)(u) = anl)(u’) X C(Lnu)(u”) is not
E-HNR then
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(i) either there exist LY* < ¢ < L, x € C(Ln/)(u’) such that the n-particle
rectangle C™ = Cén)(x) X an )(u”) C C(Ln)(u) is E-R.

(ii) or there exist LY* < (< L,x € C(Ln”)(u,,) such that the n-particle rectangle
c =) x ¢"(x) c CV(u) is E-R.

Proof. By Definition 3.9} if C(Ln)(u) is not F-HNR then either (a) there exists
L € O'(H(g( ) ) such that C(Ln)(u’) is not £ — 11;-CNR or (b) there exists \; €

Ln//) (u”)

O'(H(n/) ) such that C(Ln“)(u”) is not £'— \;-CNR. Let us first focus on case (a).

i (w)
Since Cén )(u’) is not £ — p;-CNR there exists LV/* </ < L, x € C(Ln )(u’) such

that Cén/)(x) C C(Ln/)(u’) and Céﬂl)(x) is E—p-R. So dist(E — p;, U(Hg(/z/)< ))) <
) X
(n')

C(”')(x)) such that |[E — p; —n| < et
14
Now consider C = Cén)(x) X (Ln )(u”), since the cube C(Ln)(u) is PI we have

O'(HgL()n)) — O-(H(C%Z/)(X)) + J(Hg(Tz")L(u”)>7 hence

e’ Therefore there exists n € o(H

dist(E,c(HY W< |E—pj—n| <e .

Ccm)

Thus C™ is E-R. The same arguments show that case (ii) arises when (b) occurs.
]

Lemma 3.12. Let « = 3/2. For any p > 6Nd assume that the random potential
satisfies (P1) with A > 4¥ap+6aNd. Let C(Ln)(u) = C(Ln >(u’) X C<Ln )(u”) and
C(Ln)(v) = C(Ln)(v’) X an )(v”) be two cubes:

(A) Suppose that C?(u) and C(Ln)(v) are PI cubes then

P {EIE € R, neither C(Ln)(u) nor C(Ln) (v) is E—HNR} < L4,

(B) Suppose that C(Ln)(u) is a PI cube while C(Ln) (v) is a FI cube. Then

P {EIE e R, C"(u) is not E-HNR and C\”(v) is not E-CNR} <L,
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Proof. (A) We have using Lemma [3.11]

P{3E € R, neither C" (u) nor C\")(v) is E-HNR}

<P{IEER, {,ly; L'V <01, 6, <L, xeC ), y e C!),

C")(x) x CY"(u")  C(u) and CJ(y) x CY"(v")  C(v) are E-R}
(3.13)

+P{EE €R, (1,0, LV < 01,6, < L, x € CY")(u"), y € C")(v"),

C (') x € (x) ¢ CY(u) and C(v') x CI(y) € CY(v) are E-R}
(3.14)

+PEBEER, {10y LV < l,6, < Lxe CY), yecC! (v":

C"(x) x ") (u") € € (u) and CY" (v') x C"(y) € C"(v) are E-R}
(3.15)

+PEEER, {6 : LV < 4,6, < L, xe CY ("), y € CI(v):

Ci (') x C"(x) c () and C}(y) x CY")(v") € C(v) are E-R}
(3.16)

Let us compute the first term in the RHS. The arguments for the other terms are
similar. We estimate

B

. -/
" S {HE € R, dlSt(E, O-(HCZLI)(X)XC(Ln”)(u”))) <e 1,

dist(E, o(H <o f)

TL/ n”
i (y)xCy )

H _Lﬁ/a}

< {dist(c(H

n! n!! [0} n! n!!
Cél)(X)XC(L )(u”))’ ( C§2)(y)><Ci )(V//)))

< (3L)* V. Const - LA,

Above, we used Theorem[2.8/and condition (P1). Counting the number of possible
centers in the respective cubes of radius L and the number of possible values of
(1,05 we obtain:

B13) < (3L)2nd - L* - (3L)* V4. Const - L=4/°
lL—ﬁle
4

IA

)

since A > 4¥pa + 9Nd. Finally the sum of the four probability terms yields the
assertion (A) of the Lemma.
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(B)
P{3E € R, C\"(u) is not E-HNR and C™(v) is not. - CNR}
<P{IE E€R, {1,y LV* < ,,0, < L, XEC ), y e (v,
C")(x) x Cy")(u") € C(u) and C{"(y) € C}"(v) are E-R} (3.17)
+P{EEER, {1, 6, L'V < 0,6, <L, x € cgl ™), y € C(v):
C(u') x C")(x) € C(n),(u) and C"(y) € C(v) are E-R}. (3.18)

We compute the first term in the RHS, the calculation for the second term is
similar. Following the same lines as in part (A), we have:

B17) < (3L)*. L?. (30)>*V. Const - L~/

since A > 4¥pa + 9Nd. Therefore the sum of the two probability terms yields
the assertion. ]

Lemma has its analog for the weakly interacting regime under assumption
(P2). The following statement, where the main ideas of the proof do not change,
is proved in a similar way as Lemma [3.12| using Theorem instead of Theorem
2.8 as above.

Lemma 3.13. Let £ € [ and C(Lnk)(u) be a PI cube. Assume that Cg;)(u) is
(B,m)-NT and E-HNR. Then C}(u) is (E,m)-NS.

Proof. Consider a PI cube C(nk)( ) = C(n/)(u’) X C(n//)( ). Let {\i, pi} a:nd
{11, ¢} be the eigenvalues and corresponding eigenvectors of H(C(,Z,)( N and Hg(n)/,)( )

L u
respectively. Then we can choose the eigenvectors W;; and correksponding eiggn—
values Ej; of Hc(n (u )( w) as follows.

Vij=0i®¢;,  Eij=N+p

By the assumed E-HNR property of the cube C(LTZ)(u), for all eigenvalues \; one
has C%n//)(u”) is £ — \;-CNR. Next, by assumption of E-NT, C(LZH)(U”) does not
contain any pair of separable (E — X\;;m)-S cubes of radius Ly_; therefore by
Lemma [2.18 M(C(LTZ)JFI(U), F) < k(n) + 2 and Lemma [2.20| implies that it is also
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(E — \;,m)-NS, yielding

max ~ max G (" V" E — \)| < e mben)Le (3.19)
{Ai} v”ea—Cg:/)(u”)
The same analysis for C(Ln/)(u’ ) also gives
max max |G™(u,v;E — ,uj)‘ < e vtmLen)Li (3.20)

i} vieo-ci )

For any v € 8C(LZ)(u), |lu—v| = L, thus either |v/ —u'| = Ly or v/ —u"| = L.
Consider first the latter case. Equation (3.19) applies and we get

pi()ei(v')¢;(u")o;(v")
Z E i = [

< lpi)ei(v) "G u’, v E - \)

’ qu‘—

< (2L, + 1™V max  max [GPW (" v E-N)|,

i vreac ()

S (2Lk —|— 1)(n_1)d . e_’y(maLk,n—l)Lk
~[y(m,Lg,;n—1)—L; " ln(sz+1)("_1)d]Lk.

(since [lplloo < 1)

But by Definition ([2.33):
v(m, Li,n) = m(1 + L,;l/S)N_”H,
with m = (12Nd)L, 1/2 . Moreover, for 2 <n < N,
y(m, Ly, n — 1) — y(m, Ly,n) > L ' In(2L; + 1)1,
Indeed, setting C7 = 12Nd,

7(m7 Ljyn — 1) - ’y(m, Ly, n) = mL_l/S(l + L_1/8)N—n+1

and for Ly (hence Ly) sufficiently large,
L' In(2Ly, + 1) < L (n — 1)d(3L,)*® < C,L®.

Thus, C(LT;)(u) is (F,m)-NS. Finally, the case |[u’ — v/| = Ly, is similar. O
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Lemma 3.14. Let 2 < n < N and assume property (DS.k,n’, N) for any 1 <
n’ < n. Then for any PI cube c (y) one has

Lyt

0 , 1 yyan—n
P{3IE € I,C" (y) is (E,m)-T} g§Lkﬁ§4 . (3.21)

Lyt

Proof. Consider a PI cube C(Ln) (y) = C(Lﬂl(y’) X C(Lifl (y"). Define the events

k+1

Ty:={ There exists £ € I, such that C(LZ)H(y) is (F,m)-tunnelling},

LTy:={ There exist £ € I and p1; € U(Hgl(/;),,) " ) such that C(LTZL (y') contains

Liya
two separable (E — p;, m)-singular cubes of size Ly},

RTy:={ Thereexist £ € I and \; € O'(Hgl(/)) /)) such that C(Li?l(y”) contains

£Z+1
two separable (E — \;, m)-singular cubes of size Ly} .

By Definition [3.10, Ty C LTy U RTy~.

Now, since &/ € I and p; > 0 we have £ — pi; < E*. So for any j, B —u; € 1.
Further using property (DS.k,n', N) we have
‘C(LT,:L (¥ (n")

4N—n/

P{LTy} < Cr (L™
N—(n—1)
< C(n, N, d)Ll:iZ{l a7+3(n—1)d.
A similar argument also shows that
_9p D L3 1ya
P{RTy} <C(n,N,d)L,.; ° :
so that
(n) . —op 0 3 1)a
P {HE eI:CY (y)is (E. m)-T} < C(n,N,d)L. .

The assertion follows by observing that 2p4V="=1 /o —3(n —1)d > 4p4™ " for
a = 3/2 provided Ly is large enough and p > 4aNd = 6/Nd. ]

Theorem 3.15. Let n = 2,...,N. There exists L7 = Li(N,d) > 0 such that
if Lo > Li and if for k > 0 (DS.k,n', N) holds true for anyn’ =1,...,n—1,
then (DS.k+1,n, N) holds true for any pair of separable PI cubes C(LTZ)H(X) and
c ().
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Proof. Let c! (x) and C(LZ)H (y) be two separable PI-cubes. Consider the events:

Ly
By ={3F€el: C(LTZ)H(X) and C(LT;)H(y) are (E,m)-S},
R = {3FE € I: neither ci (x) nor ci (y) is E-HNR},

L1 L1

Ty={3E e l:C" (x)is (E,m)-T},

Liya

Ty ={3E€l:C (y)is (E,m)-T}.

If w € Byer \ R, then VE € I, C (x) or CY (y) is E-HNR. If C (y) is

Liya

E-HNR, then it must be (E,m)-T: otherwise it would have been (E,m)-NS by
Lemma [3.13] Similarly, if c\ (x) is E-HNR, then it must be (E, m)-T. This

Ly

implies that
Bk+1 C R U Tx U Ty.

Therefore,
P{Bi1} < P{R} +P{Ty} +P{T,}
1 4 4N—n 1 —4 4N—n
<P {R} + §Lk+€ + §Lk+]1) )

where we used (3.21)) to estimate P{Tx} and P{Ty}. Also by Lemma [3.12] we

have that P{R} < L', ”. Finally

—4N —4paN—n —2paN—n
P{Bj} <L "+ LT <L . (3.22)

]
Lemma 3.16. With the above notations, assume that (DS.k — 1,n', N) holds

true for alln’ =1,...,n—1 then

32 n —4N —4paN—n
—L3 (LT L) (3:29)

P {MPI(C(L’?H(u), 1) > w(n) + 2} <

Proof. Suppose that MPI(CE-Z) (u),I) > k(n)+2, then by Lemma/2.18| MPS,GIP(C(L?H(U), I) >

+1

2, i.e., there are at least two separable (E,m)-singular PI cubes C(LZ)(u(jl)),
C(L?(u(ﬁ)) inside C(Lzl(u). The number of possible pairs of centers {utt), ut2)}
such that

C};) (ut), Cf () < O (w)
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is bounded by L2 Then, setting

By = {3E € I, CY(u?), CV(u?) are (E,m)-S},

we have
2nd

se n 3 n
P {MPIP(C(LkLI(u), 1) > 2} < TLiﬁ x P{B}}

with P{B;} < L,;4Np + L,;4P4N7n by (3.22)). Here By is defined as in Theorem
B.15 O

3.3.2 Pairs of FI cubes

The diagonal D in

Pairs of Fl-cubes: for d =1, n =2, x = (x1,22) and y = (y1, ¥2)-

Our aim now is to prove (DS.k+ 1,n, N) for a pair of separable fully interactive

cubes C(Lnk)+1 (x) and C(LT;)H (). The main result of this subsection is Theorem [3.18|
We need the following preliminary result.

Lemma 3.17. Given k > 0, assume that property (DS.k,n, N) holds true for
all pairs of separable FI cubes. Then for any £ > 1,

P {MFI(c%(u), ) > 26} < C(n, N, d, () L3 204" (3.24)
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Proof. Suppose there exist 2¢ pairwise separable, fully interactive cubes
C(LTZ)(u(j)) c ¢ (w), 5 = 1,...,2¢. Then, by Lemma [2.15 for any pair

L1

C(LT,?(U(%_D)’ C(LTZ)(U(%))7 the corresponding random Hamiltonians HSQ")(M%—U)
k

and Hg?n)( o) are independent, and so are their spectra and their Green func-
L \U
tions. For ¢ =1,...,¢ we consider the events:

A; = {HE €l: C(LZ)(u(%_l)) and C(LTZ)(u(%)) are (E,m)—S} :
Then by assumption (DS.k,n, N), we have, fori =1,..., ¢,
P{A} < LY (3.25)

and, by independence of events Ay, ..., Ay,

L
p{ N A =TTPA) < (5,77 (3.26)

1<i<t
To complete the proof, note that the total number of different families of 2¢ cubes
CY'(u¥) c ¢y’ (u),j=1,...,2(, is bounded by

k+1

|
—)c“‘) (W) < cn, N, e, d) L2, =

(20)! | " Err
Theorem 3.18. Let n = 2,..., N. There exists Ly = L3(N,d) > 0 such that if
Lo > L5 and if for k>0
(i) (DS.k—1,n',N) foralln' =1,...,n— 1 holds true,
(ii) (DS.k,n, N) holds true for all pairs of FI cubes,
then (DS.k+1,n, N) holds true for any pair of separable FI cubes C(LZ)H(X) and
cy (v).

Above, we used the convention that (DS. — 1,7, N) means no assumption.

’2€

Proof. Consider a pair of separable FI cubes C(LZ)H (x), C(Lill(y) and set J =
k(n) + 5. Define

Bii1 = {3 Eel: C(LT;)+1 (x) and ci (y) are (E,m)—S} :

Liy1

Y= {3 E € I : neither C(L?H (x) nor C(erzrl(y) is E—CNR} :
Sy = {HE eI:M(CY (x):E)=J+ 1} ,
S, = {HE eT:M(CY (v),E)>J+ 1} .
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Let w € Byyg. If w ¢ ¥ U Sy, then VE € [ either C(LZL(X) or C(Li)ﬂ(y) is
E-CNR and M(C(LTZL(X),E) < J. Thus the cube C(n) (x) cannot be E-CNR:

indeed, by Lemma [2.20]it would be (F,m)-NS. So the cube C( ") 0., (v) is E-CNR
and (E,m)-S. This implies again by Lemma [2.20] that

M(CY (y),E) > J+1.

L1

Therefore w € Sy, so that By1 C X U Sx U Sy, hence

P{Bii} < P{S} + P{Se} + P{Sy)

and P{¥} < L,;flvp by Corollary 2.9. Now let us estimate P{Sx} and similarly
P{S, }. Since

(x), E) + My (C

Lyt

MPI(C( n)

Lyt

(x), ) > M(CY (x), E),

the inequality M(C(LT;)+1 (x), E) > k(n)+6, implies that either MPI(C(LTCL (x), E) >

k(n) + 2, or MFI(CS—ZL(X), FE) > 4. Therefore, by Lemma [3.16/ and Lemma [3.17
(with ¢ = 2),

P{S,} < ]P’{HE € I: Mp(CY (x),E) > r(n) + 2}
+P {HE € I: My(CY (x),E)> 4}

< %ML%TQ(L;ZMP + LYY 4 On, N, d) L
< C(n,N,d) (lejg”—ﬂnd + Lkﬁw 2nd ki’;ﬁlN "+4nd)

< C(n, N, d)< k+i4Nn+4nd) (a = 3/2)
< LA

where we used p > 4aNd = 6/ Nd. Finally

4N 1 —9pgN—n —9pgN—n
P{Br} < Li" + §Lk+€ <Lt
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3.3.3 Mixed pairs of cubes

The diagonal I in Z2

CP(y)

()

Mixed pairs of cubes: for d =1, n =2, x = (21, 29) and y = (y1, y2).

Now it remains only to derive (DS.k + 1,n, N) in case (III), i.e., for pairs of
n-particle cubes where one is PI while the other is FI.

Theorem 3.19. Let n =2,...,N. There exists Ly = L{(N,d) > 0 such that if
Lo > Li(N,d) and if for k >0,

(i) (DS.k— 1,7, N) holds true for alln' =1,...,n—1,
(ii) (DS.k,n', N) holds true for alln’ =1,...,n—1 and

(iii) (DS.k,n, N) holds true for all pairs of FI cubes,

then (DS.k+1,n, N) holds true for any pair of separable cubes C(LTZ)H (x), C(LZL ()
where one 1s PI while the other is F1I.

Proof. Consider a pair of separable n-particle cubes C(LZ)H(X), C(LZ)H(y) and sup-

pose that C(Lﬂrl (x) is PI while C(Li)ﬂ (y) is FL. Set J = k(n) + 5 and introduce
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the events
Bri1 = {HE el: C ( ) and C(LTZ)H (y) are (E,m)—S},
X ={3EB € 1:C{) (x)isnot B-HNR and Cf!) (y) is not E-CNR},
TX:{HEEI cl (x) is (E,m)-T},
S, = {HE el M(C(Lk)+1(y),E) > ]+ 1} .

Let w € Byt \ (X U Ty), then for all E € I cither CY” (x) is E-HNR or
C(LZ)H(y) is F-CNR and C(LZ) (x) is (E,m)-NT. The cube C(LZL(X) cannot be
E-HNR. Indeed, by Lemma [3.13] it would have been (E,m)-NS. Thus the cube
C<L?+1(Y) is E-CNR, so by Lemma [2.20), M(C(LTQH(y);E) > J + 1: otherwise

C(LZ)H(y) would be (E, m)-NS. Therefore w € Sy. Consequently,

Bk+1 C XUTXUSy.

Recall that the probabilities P{Tx} and P{S,} have already been estimated in

Sections (3.3.1 and [3.3.2l Also P{X} < L,:f:p by Lemma [3.12l We therefore
obtain

P {B1} < P{X} + P{Ty} + P{S,}

1 N—n 1 N— N—n
4N —4p4 —2p4 2p4
< L., "+ §Lk+€ + ZLH?{ R A O

3.3.4 Conclusion

Theorem 3.20. Let n = 1,...,N and H"(w) = —A + > i Vizj,w) + U,
where U, V satisfy (I1) and (P1) respectively. Then for any p > 6Nd there exist
m > 0 and E* > E(()N) such that (DS.k,n, N) holds true for all k > 0 provided
Lo > Li(N,d,r —0) > 0 for some large enough Li(N,d,ry) > 0.

Proof. We show by induction on n that (DS.k,n, N) holds true for all £ > 0.
Notice that the parameters m, E* > 0 are given by Theorem [3.6, For n = 1,
property (DS.k, 1, N) for all £ > 0 is valid using Theorems and 3.7 Now
suppose that for all 0’ =1,...,n — 1, (DS.k,n’, N) holds true for all £ > 0, we
aim to prove that (DS.k,n, N) holds true for all £ > 0. For k£ =0, (DS.0,n, N)
is valid using Theorem [3.6] Next, suppose that (DS.k',n, N) holds true for all
k" < k, then combining this last assumption with (DS.k,n’, N) above, one can
conclude that
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(i) (DS.k,n, N) holds true for all £ > 0 and for all pairs of PI cubes, using
Theorem [3.15]

(ii) (DS.k,n, N) holds true for all £ > 0 and for all pairs of FI cubes, using
Theorem [3.18]

(iii) (DS.k,n, N) holds true for all £ > 0 and for all mixed (PI + FI) pairs of
cubes, using Theorem [3.19]

Hence Theorem is proven. O

3.4 Almost sure lower spectral edge: proof of Theorem 3.1

The proof is based on the well-known Weyl argument. Assumption (I1) implies
that the interaction U is non-negative and (P1) implies that the random potential
is non-negative almost surely. So o(H™ (w)) C [0, +-00) almost surely. It remains
to prove that [0,4nd] C o(H™(w)) a.s. Let k,m € N*. Define I}, = [0, =]

» km
and

Bim = {x c 7l . n;m\xz — x| > 1o+ ka}
i#]

where r( is the range of the interaction U. For k, m € N*, introduce the following
sequence {x“*™},cn. defined by

X&k’m _— Ck,m(ck,mg + 1, C]g’mg + 2, R ,Ck,mg + nd) E an)

where Ci,,, = 19 + 2km + Nd 4+ 1. Obviously xbkm ¢ By for any £ € N*.
Using the identification Z" = (Z9)" xt%™ write as x"*™ = Cjn(x1, ..., Xn)
with x; = (1 = 1)d+ 1+ Cipl,...,id+ Cypl), i =1,...,n.

We claim that for £ # ¢ HC](:) (xbkm) N rnct (x“#m) = (). Indeed

m km

1<i,5<n

!
xg’k’m — Xﬁ ’k’m‘ — 2km.

> min |X;

i,]
For any 7,7 € {1,...,n},

x; " — x| = Ol (i = j)d + Chn(l = 0)
> CF [l =€) = Chli = jld.
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Thus
dist <HC](€771(X€’k’m), HC;%(xgl’k’m)) > CF, — Cppmax|i — jld — 2km
’ 0J

> Cp o — CrmNd — 2km
= Ckm(Ckm — Nd) — 2km > 0.

For any ¢, k, m € N*, define

Qé,k,m(Xg’k’m) — {w €eQ:vVj=1,...,n,Vy; € C,gg(xﬁ’k’m), V(yj,w) € Ikm} .

We have that P {Qg’k,m(xg’k’m)} = ,u(]km)"(%mﬂ)d and the latter quantity is > 0,
since 0 € supp . S0 3oy P{Qepm(x™)} = +o0. Since ITCP (x"F™) N
HC,&Q(XF”“’"‘) = (), the corresponding events Qg ., (x"*™) and Qgy j,m(x7F™)

are independent. Set
Qpn = {w Qe (x55™) occurs for infinitely many £ > 1};

the Borel-Cantelli Lemma implies that P {Q. ,,,} = 1. Note that if w € Qy,, then
3¢ > 1 such that w € Q%™ (x5%m) Define

Qoo =) [ -

kE>1m>1

We have that P{Q0.} = 1. Now, let w € . and recall that [0,4nd] C
o(H™(w)). Since w € Q, we have that for any k,m > 1, 3¢* > 1 such that
w € Qpe g (x7F™). Recall that [0,4nd] = o(—A). Let E € [0,4nd]. By Theo-
rem IE, there exists a Weyl sequence ¢F for £ and —A with a bounded support,
i, 6E|l = 1, [[(=A) — E)¢E|| — 0 as m — oo and supp ¢Z C Cy" (0) for

some kg € N*. The translated sequence 57% defined by 55;()() = ¢F (x — x" ko)
is also a Weyl sequence for F and (—A), i.e,

[(~a) — BYSE] — o, (3.27)

and supp &E C C,(Qm(xg*’k&m). Further, for all y € Z" one has
~ n ~
V5, w)d5 )] < Tl OE ) (3.28)

Indeed, both sides of (3.28)) vanish outside C;z)m(xg*’kE ™), while on Cg;)m(xg*’kE )
it follows directly from our choice of w. Therefore,

HV(“’)%H = ,@Lml\gﬁlla (3.29)
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while UgZ = 0. Because U vanishes on C,E/,Z)m(xg*’k’f’m) since x* kM € By o

Collecting ([3.27) and (3.29)), we conclude that
[(E@) = B)ull < [((=A) = E)gull + [Vonll — 0.

Thus {¢£,m € N*} is indeed a Weyl sequence for H™ (w) and E. Therefore E €
o(H™ (w)). Finally, since P {Qy} = 1, we conclude that [0,4nd] C o(H™(w))
almost surely. ]

3.5 [Exponential localization at low energy: proof of Theorem

Now we will derive from the results of Theorem [3.20] spectral exponential
localization in the low energy regime. We will use the fact ([Ber68), Kir08), [Sim83])
that almost every energy E with respect to the spectral measure of HV) (w) is a
generalized eigenvalue of HV) (w), i.e., there is a polynomially bounded solution of
the equation HV) (w)¥ = EW. It suffices therefore to prove that with probability
one, the generalized eigenfunctions of H®Y) (w) decay exponentially fast at infinity.

For a proof see Theorem |A.7| Let E € [ESN), E*] be a generalized eigenvalue of
HW)(w). Following [vDK89, [CS09al, [FMSS85|, we will prove that if the bound
(DS.k, N) is satisfied for all k£ > 0, with some m > 0, then

v
Vpe (0,1): limsup IHM

|x| =00 x|

< —pm.

Given u € Z"? and an integer k > 0, set, using the notations of Lemma ,
K(N)

R(u):= max |u—u®], by(u):=TN+R(u)L;', M(u)= | J CHy, (u®)
=1

and define
N N
Ajy1(u) = c'V) (u) \ Cl()kL)k(u),

T bbbk Lga

where the parameter b > 0 will be chosen later. One can easily check that:
N
My (u) € M) (w).

Hence, if x € Ajyq1(u), then the cubes C(LZZ)(X) and C(LZZ)(u) are separable by
Lemma 2.3 Define the event,

Qp(u) := {3E € [E(()N), E7], and x € Ag.1(u): C(L]kv)(x) and C(L]Z)(u) are (E,m)—S}.
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Property (DS.k, N) implies that

P{Qu(u)} <P {HE € (=00, B"], and x € Api1(u): CPV(x) and P (u) are (E, m)-s}
< (2bbjs1Ligr + 1)NL
< (2bbysr + 1>NdL];2p+aNd,

since p > (aNd + 1)/2 (in fact p > 6Nd) we have >~ (P {Q;(u)} < co. Thus,
setting
Qoo := {Vu € Z"? Qy(u) occurs finitely many times}.

ZNd

By the Borel-Cantelli Lemma and the countability of , we have that

P{Q.) =1.

Therefore, it suffices to pick w € .o and prove the exponential decay of
any nonzero generalised eigenfunction ¥ of HWY) (w). Since ¥ is polynomially
bounded, there exist C,t € (0, 00) such that for all x € Z?

W (x,w)| < C(x])"

Since W is not identically zero, there exists u € Z"? such that ¥(u) # 0. Let us
show that there is an integer k1 = k1 (w, F,u) such that Vk > k;, the cube C(LZ)(u)
is (FE,m)-S. Indeed, given an integer k& > 0, assume that C({Q(u) is (E, m)-NS.
Then by the geometric resolvent inequality for the eigenfunction (2.9), combined

with the definition of an (F,m)-NS cube (cf. (2.32))), we have
¥(u)| < C(N,d)LY4e=mle . /)
)| < CNLLY e ()

< O'(N,d) LY e ™ (1 Ju| + Ly)! — 0

Lj—o0
This shows that if Cg)(u) is (E,m)-NS for arbitrary large values of Lj (i.e.,
for an infinite number of values k), then |¥(u)| = 0, in contradiction with the
definition of the point u. So there is an integer k1 = ky(w, E,u) < oo such that
Vk > ki the cube C(L]Z)(u) is (E,m)-S. At the same time since w € Q. there
exists ko = ko(w,u) such that if & > ko, Qi(u) does not occurs. We conclude
that Vk > max{ky, ko} for all x € Aj41(u), C(L]Z) (x) is (£, m)-NS. Let p € (0,1)

and choose b such that
1+ I+p

L—p’
so that obviously C%( u) C bbk+1Lk+1( u). Define

14+p

b >

A (W) = Cly e, (W) \ Gl () © Apia ().

1+p —-p
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Fix x € Apy1(n).

1. Since |x — u| > Zle

1-p?
(ﬁ%(xga+C¥Ziﬁﬂ>::‘X——u|—lmLk

> x—ul = (1—p)lx — ]

= plx—ul.

b1 Lkt

2. Since [x —u| < =,

ma(&a—cm” (u»::bm+ﬂ¢ﬂ-m-m

bbg11Lk11
> (1+p)lx—ul-[x—u

= plx —ul.

The interior boundary of the annulus A1 (u) is given by 0~ A, 1(u) = 0~ Cééii—ll/k—i-l (u)U
N
(9+Cl()kL)k(u). Thus
. _ . . + ~(V) . — ~(N)
dist(x, 0" Agy1(u) ) = min |dist(x,07C,, 7, (u) ), dist{x,07Cy, " ;. (u)
> plx —ul.

We have that if [x —u[ > byLo/(1 — p) then there exists k& > 0 such that
x € Ap+1(u).

Now, let k > max{k;, ko }, so the cube C(L]Z)(X) must be (E, m)-NS. Hence by
the geometric resolvent inequality for eigenfunctions (2.9)), we get

W (x)| < C(N, d) LY e ™0 D W (vy)| with vy € 97CH(x). (3.30)

If x € App1(u) with & > max{ky, ks }, we can iterate the bound (3.30) at least
(L, +1)"!p|x — ul times and, using the polynomial bound on ¥ to obtain

—1/8 (Le+1)"" plx—u]
W (x)| < CX]V,d)LQ”‘le_"“1+Lk/)Lk} ’ C(14 Ju| +bLyy1)". (3.31)

We can conclude that given p/, 0 < p/ < 1, we can find k3 > max{k;, k2} such
that if £k > ks then
[W(x)] < PP,

if [x —ul| > %. Finally, we see that

1
limsup — In |¥(x)| < —pp'm. O

|x| =00 ‘X‘
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3.6 Dynamical localization at low energies: Proof of Theorem

Dynamical localization via multi-scale analysis was proven initially by Ger-
minet and De Bievre [GB9§| and by Damanik and Stollmann (cf. [DS01) Sto01]).
In our work, we use a different approach, originally developed by Germinet and
Klein [GKO01] in the framework of differential operators in RY. This will allows us
to derive from the results of the multiparticle multi-scale analysis strong localiza-
tion.

Before we turn to the proof of Theorem [3.3] we need to make the following
observations. For every bounded set K C Z" figuring in Theorem there
exists ko > 0 such that K C C(L]Z)(O). Now for j > ko, set

0

() (N)
MJ(O) = C(7N+1)Lj+1 (0) \ C(7N+1)Lj (O)

Observe that for any y € C(L]j)(O) we have C%VV)Lj (y) C CE;V]\),+1)Lj(O). Hence, if

x € M;(0) and y € C(L]j)(O), we have that |y — x| > 7NL;. Since diam(Ily) <
2L, it follows that |y — x| > diam(/ly) + 3NL,. Thus using assertion (B) of
Lemma [2.3] the cubes C(L]j)(x) and C(LN)(y) are separable. We need the following

J

statement establishing the decay of the kernels in the Hilbert-Schmidt norm.

Lemma 3.21. Under assumptions (I1) and (P1). Then there exists an integer
ki1 > 0 such that for any bounded function f: R — R all j > ki, x € M;(0) and

y € C(0)

E| sup ||5xf(H)PI(H)5YH§-IS

<e b2 (3.32)
[[flloe=<1

where p > 6Nd.
Proof. Define
B; = {V)x € I, either Cg)(x) or Cg)(y) is ()\,m)—NS} :
Consider a bounded function f : R — R and set f; = fx7, where x7 is the

indicator function of the interval I. We have by the definition of the Hilbert-
Schmidt norm:
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10xf 1 )8yl = D [oxS1(H)dy s, 8v)I°

z,veZNd

= 37 [(f(H)0,0,, 6x0,) )

2,vEZN
= [(f1(H)dy, 0x)["
= {6, fr(H)Sy)[*.
If w € B; then either Cg) (x) or C(sz)(y) is (A, m)-NS for all A € I. Since
| (Ox, f1(H)dy) | = [ {0y, f1(H)dx) |,

we can assume without loss of generality that Cg) (x) is (A\,m)-NS. Now using
Theorem [A.7], we get

16 S (E)y g < | (6, Sr(ED)S)
/\f ) Ty (V)] dp()

and the function ¥ : x — Tx () is a polynomially bounded generalized eigen-
function for p a.e. A. Next, the geometric resolvent inequality for generalised
eigenfunctions (2.9) gives

W ()] < [9CE (x)| | ()
< C(N,d)LY* e (1 + |x| + Lj)'
< C(N, d)quzt+Nd—le—ij < e mhif?,
for 7 > ki with k1 > 0 large enough. Yielding

16x f1 ()85 [l 75 < | fllocp(T)e 5572
< || flloce™™ 572,

For w € Bf, we have

10xf1(H)dy | ;g = [0, fr(H)Oy)[ < [ f]loo-

Finally, we can conclude that

E |fs||up1H5XfI(H)5YHZS < e "LPP{B;} + P{Bj}
OOS

< e—ij/2 + Lj—2p.
Where we used (DS.k, N) to bound P{B{}. O
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We are now ready to finish the proof of Theorem . Namely, let K c ZN4,
7 > kq as in Lemma [3.21| and p > 6/Nd the parameter appearing in the RHS of
property (DS.k, N). Set s = 2p — Nd—1. For any s € (0, s") and any bounded
function f: R — R we have

2
E sup H)]_K
[fllee<1 H HHS]
2
=5 1 X3 fr(H)1
<E| swp o ol XIAi(E)L H]
—1—201 (N, d)L3 4 Z E | sup |5xf](H)1K|§IS]
izk xeM;( Iflle<1
2
<E sup (N) X %fl H 1K6x
Hf||oo<1 EZJ:\M C7N+1)Lk )‘ ’ ( )
2
+Z(11 (N,d) L34 Z E| sup |5xf1(H)5y|HS]
2k x€M;(0) 1F o<1
yeCy, (0)
2
<E| su H)5.
a Hf||oop_ ); (7N+1)Lk ( ) ]
+ CQ(N, d Lé\id Z L?s—FaNd (e_ij/z n Lj_2p>
J>k1

mL; -
< C4(N.d, [K|)Lf, + Co(N, d) LYy LostaNd (e_2 + L 2?’)

Jj=>ky

<oo [ (since s < 2p — Nd — 1)



Chapter 4

Multi-particle localization for the weakly
interacting system

For the analysis of localization properties of a multi-particle system with weak
interaction, it is convenient to introduce the amplitude h of the interaction and
represent the N-particle Hamiltonian of the system by:

H:=H"(w)=-A+ V(W) +hU, heR, (4.1)

where V(w) = V(x,w) = V(21,w) + -+ + V(zy,w) and h is a parameter mea-
suring the strength of the non-random interaction U. For h = 0, one has a system
of N non-interacting quantum particles subject to a common random potential
V:Z%x Q — R. Technically, we will prove in this chapter stability of initial
MSA bounds from the one-dimensional single-particle estimates to the multipar-
ticle estimates under sufficiently weak interaction. This will allows us to perform
multiparticle multiscale analysis for the weak interacting multiparticle Anderson
model leading to the complete Anderson localization.

Since the notions of resonance and singularity have been defined in Chapters
and [3] with respect to a given random ensemble of Hamiltonian, with fixed pa-
rameters, it is convenient to change now the notations and to introduce explicitly

the parameter h of HEIN) (w). Forany n =1,..., N we will say that

(i) acube C%n)(u) is (F, h)-resonant, if it is E-resonant with respect to H;Ln)(w);

(ii) a cube C(Ln)(u) is (E, m, h)-singular, if it is (F, m)-singular with respect to
H" ()



78 CHAPTER 4. MULTI-PARTICLE LOCALIZATION FOR THE WEAKLY INTERACTING SYSTEM

4.1 Assumptions and the main results
4.1.1 Assumptions

(I2). Fix any n = 1,...,N. The potential of inter-particle interaction U is
bounded and of the form

Ux)= > Oz —al), x=(21,...,2),

1<i<j<n
where ¢ : N :— R is a compactly supported function such that
drg € N:supp® C [0, o). (4.2)
To describe our assumptions on the random potential
V:7Z%%x Q= R,

we need some notations. Denote by Fy the distribution function on R of the i.i.d.
random variables. Namely, let £ € R

Fy(FE) =P{V(0,w) < E}
and let p be the associated measure on R, i.e,

1([a, b)) = Fy(b) — Fy(a).

Define the quantity

s(p,e) = sup p([a, a +€]) = sup(Fy(a +¢) — Fy(a)).

a€eR aceR

We also define

LmK1+Mﬂ““%={f:R—+Rﬁ££V@ﬂﬂ+ﬁﬂfﬂﬂ<cwh

for some xk € (0, 1).

(P2). The random potential V : Z¢ x Q — R is i.i.d. and bounded, i.e., there
exists M € (0,00) such that supp u C [—M, M]. Furthermore, the probability
distribution measure p has a bounded density, i.e., P{V(0,w) € A} = u(A) =
J4p(N)dX, and p € L>=((1 + |z])'*7).

Note that assumption (P2) above implies that p is Holder continuous of order
1.
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Remark that, under the assumptions (I2) and (P2), we have that the spectrum
of the one-dimensional mutiparticle Hamiltonian HEZN) (w) satisfies:

o(HM(w)h) C [-N(4d + M) — |n||U||, N(4d + M) + |h||U]]] a.s.
Therefore it suffices for our purposes to show Anderson localization on

I=[-1— N(4d+ M) — |h|||U||, N(4d + M) + |n||U|| + 1].

4.1.2 The results

Theorem 4.1. Under assumptions (12) and (P2), there exists h* > 0 such that
for any h € (—=h*, h*) the Hamiltonian HEZN), with interaction of amplitude |h|,
exhibits complete Anderson localization, i.e., with P-probability one,
(i) the spectrum of H™ is pure point,
(ii) the eigenfunctions ¥;(x,w) relative to eigenvalues E;(w) € I are rapidly
decaying at infinity: for each W; for all x € ZNd
a,c,Ci(w) >0

and some constants

W (x, w)| < Cyw)e @MD"

Denote by B; the set of bounded measurable functions f : R — R such that
| fllse < 1. We now give our result on strong Hilbert-Schmidt dynamical local-
ization of any order.

Theorem 4.2. Under assumptions (12) and (P2), there exists h* > 0 such that
for any h € (=h*, h*) any bounded Borel function f : R — R, any bounded region
K c ZN? and any s > 0 we have:
. 2
B | sup | 1X1E A )P (1 )1
feB; HS

< 00. (4.3)

where (| X|¥)(x) := |x|®(x), P;(H®™)(w)) is the spectral projection of HV)(w)
onto the interval /.

4.2 Fix-energy MSA bounds under weak interaction

In this Section we fix d = 1, i.e., we consider here the one-dimensional multi-
particle random Hamiltonian H;lN) (w) = —A 4+ V(x,w) + hU(x) acting in the
Hilbert space £2(Z"). Now, we aim to prove stability of the MSA bounds from
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the single-particle lattice systems to multiparticle systems with sufficiently weak
interaction in the interval

I =[=1—N(4d+ M)[n[[|U]|, N(4d + M) + ||||U]| + 1],
Consider the one-dimesional single-particle Hamiltonian
HY(w) = —A +V(w)

with a non-constant i.i.d. random potential V' : Z x @ — R. Recall that in
one-dimensional Anderson models one can prove strong estimates on the Green
functions (cf. [CLI0, KS80, vDK89|) and also on eigenfunction correlators.

It follows for example by Theorem IX (a) in [KS80] that for all Ly large enough
and any bounded interval I C R if,

T, e )(:U y, [;w) = Z [0 (2)Y;(y)],

Ejec(HY I
( C(l)(u))

There exists a constant (1) > 0 such that

E {cho)(u)(x’ Y, I;w)} < e Aoyl (4.4)
where { £}, %} o) BT the eigenvalues and corresponding eigenfunctions
of
H(l) (w)

4.2.1 The initial MSA bound for the n-particle system without interaction

The main result of this subsection is Lemma given below. The proof of
Lemma relies on an auxiliary statement formulated below, Lemma [4.4 We
need to introduce first

[P ) i =1, O i,

3

the eigenvalues and the corresponding eigenfunctions of 23 ()1)( )( w),i=1,...,n
L U
Then the eigenvalues F;, ; of the non-interacting multlpagtlcle random Hamil-

tonian
H" (w) are written as sum

Cly (w)
Bin = 200 = X0 4 A0
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while the corresponding eigenfunctions W; ; can be chosen as tensor products

The eigenfunctions of finite volume Hamiltonian are assumed normalised.

Theorem 4.3. Let 1 <n < N and [t as in ([£.4). Consider m* = min(gxihy7, 2" ).
Then for all E € I and allu € Z":
P {cgy(u) is (E,m", 0)-5} < L (4.5)

with Lo large enough.
The proof of Lemma [4.3] relies on the following auxiliary statement.

Lemma 4.4. Let be given N >n > 2, m* > 0, a cube C(L?(u), and E € R. Sup-
pose that C(L?(u) is E-NR, and for any operator HC(TIL)O(ui)’ all its eigenfunctions
Y; satisfy

[ (us) i (i £ Ly)| < 7210 Fomto, (4.6)
Then Cg;)(u) is (E,m*,0)-NS, provided that Ly > L.(m*, N,d).

Proof. Fix any y € 8’0%?@). There exists ¢ € [1,n] such that \uz — yz\ =
Ly. Decompose the cube C(n)( ) as follows: C(L?(u) = Cg_l)(u) ( i)
u € ZV9 In a similar way, we factorize every eigenfunction, \Ilk( ) =

Wi (u') ¥i(u;), and the respective eigenvalue, Ej = E4; + )\;i). Now we have
that

(1) :
G (WY B Z\Ifk/ VRy) Gy, (05 B = B).

Lo (Uz

Here |||l < 1, since H\I'ng = 1, therefore,

—2v(m*,Lo,n)Lg

77(m* 7L07n)L0
g )

e—Lo

|GC(L7E)(U) (u7 y; E)’ < (2L0 + 1)nd
for L large enough (depending on m*, N, d). O

Proof of Lemma [{.5. We will say that H(n)( ) is m*-localized if all conditions

- ) for the eigenfunctions of all operators H ( ()1 ) are satisfied. Introduce the

LO Uj
events

N = {H" ( )(w) is not m*-localized },

R :={C), (u) is B-R }.
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Then by Lemma {4.4]
P {C(LT?(U_) is (E,m", O)—S} <P{N}+P{R},

E [TC(;O)(UZ)(U“ U; + L(), ]; w)

e—2v(m*,Lo,n) Lo

IA

+P{R},

~ / * —n

Y

~

since 2v(m*, Lo, n) < 2V TIm* < [i.

4.2.2 The initial MSA bound for weakly interacting multi-particle systems

Now we derive the required initial estimate from its counterpart established
for non-interacting systems.

Theorem 4.5. Let 1 < n < N, m* Suppose that the Hamiltonians H(()n)(w)
(without inter-particle interaction) fulfill the following condition: for all E € I
and all u € 7

P{CP () is (B,m",0)-5} < £, (4.7)
p* > 6Nd,
Then there exists h* > 0 such that for all h € (—h*, h*) the Hamiltonian H;ln) (w),

with interaction of amplitude |h|, satisfies a similar bound: there exist some p >

6Nd, m > 0 such that for all E € I and all u € Z™
P {cgj}(u) is (E,m, h)-s} < L0

Proof. Note first that the assumption of Lemma [4.5]is proved in the statement of
Lemma (.3l Set
By=MH"., _—E)! heR

CyY (u),h

Gl

By definition, a cube C(L?(u) is (F,m*, 0)-NS iff

max

(14 Ly )N L (4.8)
yeo~CY (u)

GCS.ZJ)(u),O(u’ y; E)‘ S € )

Therefore, there exists sufficiently small € > 0 such that

max
yed-CY (u)

G oW ¥; E)‘ < et N e (4.9)
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where m = m*/2 > 0. Since, by assumption, p* > 6Nd, there exists 6/Nd < p <
* AN—n
p* and 7 > 0 such that L_2p4 -7 > L62p £ With such values p’ and T,

inequality . ) with p* > 6/ Nd implies
P{C(u) is (E,m*,0)-S} < Ly " — .
Next, it follows from the second resolvent identity that

1G ey 0 (E) = Gy n BN < [RHTON- G ) o (B IG

By Lemma 2.8, applied to Hamiltonians H(n()n) and H(n()n)
CL, (u),0 C
there is B(7) € (0, +00) such that

LO (u)’h’

(4.10)

w.n (Bl
(4.11)
for any 7 > 0

(B(r))* < 5.

(4.12)

-
P{IGeg o)l > B} < 7
T
P{IC gy () = B} < T
Therefore,

]P’{HGC(n 10E) = G (BN 2 (R U1 B*(7)}
<P{|\Gc<n> o BNl = B(r }+P{\|Gc<n> W Bl = B(r)}
coT_ T
- 4 2

Set h* := sromEmE > 0. We see that if |h| < h*, then |h| x ||U|| x
Hence,
€ T
P{HGC(") GC(L’“;)(u),h“ 2 5} < 21’

Combining ({4.9), (4£.10), and ( -, we obtain that for all £ € I
P{C{"(u) is (E,m,h)-S}
< IP’{C(") (u) is (E,m", O)—S}
+IP’{||GC(n) ol E) = GC(n B)|| > }

< (LOQP"*N " 7) +§ < L02p4N "

4.2.3 Multiscale induction

We recall the following facts: For any 1 <n < N, if C(Ln)(u) and

two FI cubes with |[u — v| > 7N Ly, then HC<Ln)(u) N HC%) (v)
Given an n-particle cube C(Li)ﬂ(u) and F € R,

C(Ln) (v) are
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— by ]\4131(C(L7?+1 (u), F) the maximal number of (not necessarily separable) par-
tially interactive (E,m)-singular cubes C(LZ)(u(j)) C C(LZ)H(u) with [ul) —
ul)| > 7TNL, for all j # j";

— by MFI(C(LTQH(u), E) the maximal number of fully interactive
(E, m)-singular cubes C(LZ)(u(j)) C 05321(“) with [u¥) —ul)| > TN L, for
all j # 4

Fixed energy bounds for PI cubes

Lemma 4.6. /Let E e ]R.H Consider a PI cube with the canonical decomposition
C(Li)(u) = C(LT;)(U’) X C(LT; )(u”). Assume that

(i) Vuj e o(H ) the cube C(LTZ)(u’) is (B2 — pj,m)-NS,

//)

ci (u)

(ii) VA, € o(H the cube Cg:/)(u”) is (E — \;,m)-NS.

C(L’:)(u/))
Then the cube C(LZ)(u) is (E/,m)-NS.

Proof. By Definition of the canonical decomposition, the subconfigurations u’ and
u” are non-interacting so that U(u) = U(u’) + U(u”) and H(g()n)( ) reads as
L, \U

H"  —Hg") I+IoH™), .
o~ eyw U T e

Therefore its eigenvalues are the sums E;; = \; + u; where {\;} = O'(Hg(/z/)( /))
L, U

and {y;} = J(Hé(’/)ﬁ)( )). Eigenvectors of Hé()n)( , can be chosen in the form
Ly Ly

U;; = ¢ ® ¢j, where {(p; } are eigenvectors of H( ) ) and {¢;} are eigenvectors
Lk
of H( (n),/ . We have
Lk (u’)
pi(u)ei(y")e;(u”)d;(y")
Gy B ZZ E N — 1, (4.13)
q v
= Z SOZ C(n//)( )( Y ,E — )\Z) (414)

—Z% "e;(y") C<n )(u vy E — ). (4.15)
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For any y € 8*C(L?(u) either |u’ — y'| = Ly or [u” —y"| = Li. In the former
case using (4.15)) combined with assumption (i) we have

Gopn(uy: )| < O, (@) x e 0,
while in the latter case, we have by and (ii),
G (u,y; B)| < |C ()] x e 0mben bl
Now it is easy to see that, for 2 <n < N
v(m, Lg,n — 1) — L In(2L, + 1) > y(m, Ly, n),
if L is sufficiently large. This implies the required result. ]

Lemma 4.7. Let2 < n < N. Consider € (0,1/3), and0 < m < 1/(2VT112Nd).
Assume that for all E€ 1,1 <n' <n,u € Z" and p > %

P {cgi')(u') is (E,m, h)-s} < A

then for all E € I and any PI cube C(LZ)(u) c z

P {c(g;)(u) is (E,m, h)-s} < [ 0"
Proof. Consider the canonical decomposition C(L?(u) = C(LT:)(u’ ) X C(Li/)(u” ) of
the cube C(LZ)(u). It follows from the definition of a PI cube that HC(LZ/)(u’) N
HC%Z”)(U”) = (). By virtue of Lemma 4.6

P {cg?(u) is (E,m, h)-s}

O ()

<P {El,uj € O'(Hgl ),,) ) : C(LZ)(u') is (B — pj,m, h)—S}

+P {axi € amgég,)(w)) - CY (W) s (B — A, m, h)-S} .

Let us focus on the first term in the RHS. The second term will be bound with
similar arguments.

P {Huj € O'(H((;l(/;)//)( N)) ; C(LTZ)(U/) is (B — pj,m, h)—S}
L, \u

_E [IP’ {auj € J(Hg(n),,)(uu)) . CY (W) is (B — py,m, h)-S\SB”} ] ,

Ly
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Whe,;e B” is the sigma-algebra generated by the values of the random potential in
C"(u"). Now for E € I, assume first that B —p; < —1—N(4d+ M) — |h[|[U].
then since \; > —N(4d + M) — |h|||U]|, we have that

dist [E — I, O'(Hgl(z/) / )] = min (A — (E — p))
Ly (W) =1, |CYY) ()

> —N(4d + M) — [a[|[U] = (£ = ) > 1,

next if £ — p; > N(4d+ M)+ |h|||U||+1, then since \; < N(4d+ M)+ |h|||U]],
we also have that:

dist [E — py,o(E"), )] =  min  ((E—)—\)
Cp, (W) =1, |CY ()]

> (B = pj) = N(4d + M) + [A[|[U]| > 1.
In either case, the Combes-Thomas estimate (Theorem ) implies that

m (;— / D S P A
ax ‘ (n )/ (u' y,' E — ,u)‘ < 2Ze a0 Y|
(n') C(n)(u,) ) ) 9

y’ea—CL% (u’) Lo

< o mAHLG N THLy  —q(m.Lon!) Lo

Thus, C(LT;/)(u’) must be (E — p;,m,0)-NS provided m < 1/(2VT112Nd). Since
the random potential is i.i.d. and HC(LT:)(III) N HC%ZN)(U”) = () one has

P {El,uj S O(Hg(’;)//) ) C({:)(u') is (E — pj,m, h)—S|%”}

Ly, (u”)

< sup IP){C(LT:)(u') is (E",m, h)—S} a.s.
Erel

Hence by hypothesis
El/eI
We finally obtain:
IP) 3 ) H(n//>
M.? < 0( C(n//)

( //)) . C.(L"Z)(u/) iS (E _ luj7m7 h)—S}
L, \U
S C(n,N, d)LZd—2p44N_n(1+9)k

_ N-—n k
<1 6paN =" (146)

Y
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6Nd

13- Similarly

since p >

' {HA oy, ) CL (") is (B = \ym, h)-S} < L
Ly

Fixed energy scale induction

Let us set for kK >0

Py, = sup P{cgj(u) is (E,m, h)-s}.

ucznd

Qi1 = sup IP’{C( )H(u) is (F, h)—R}.

uezZnd

Skr1 = sup P {C(Lk) (u) contains a PI (E,m, h)-S cube of size Lk} :

ucznd

Theorem 4.8. Assume that condition (P2) holds true. Assume that for all k > 0
and E € I the following conditions are satisfied:

(i) for allw’ € Z7, 1 < n/ < n,
P{Cy () is (B,m, h)-S} < LA
(ii) for all u € Z™
P {cgf(u) is (E,m, h)-S} < [P0
Then for all E € I and all u € Z™
P{Cy (w) is (B,m, h)-s} < L2000
Proof. First observe that assumption (i) implies by Lemma that

Skt1 < C(N, d)Lk—HL paraor

a(1+0) p4 7n(1+9)k+1

< C(n,d)L k+1
L _opaN—n(14p)+
< ZLkJer) )

since p > %. Next, by lemma [2.20] if C(Z)H(u) is (K, m,g,h)-S then, it is

(E,g,h)-R or MPI(C(LZ) (), E) + MFI(C(Lk) (u),E) > n"+6 > 2. There are
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32nd
2
Thus,

L,%H pairs of Lj-cubes with centers at distantce > 7NL; in C( ) (u)

32nd
Py < 5 —L29PE + Qi1 + Sk

Let us assess the first term in the RHS:

32nd

ond — A 4N (14-9)kH
5 LkLPk < C(n,d)L k+1 2

L opaN-n(1 gyt
< ZLkH ’

since p > f]\;)‘é and 0 < 6 < 1/3. On the other hand using corollary [2.10] we have

that

ﬁ 2p4N7n<1+9)k+1
Qk-i—l <e Bict1 < 2Lk+1 )

since
—In(1/2) + 2p4Y "1+ 0) ' In Ly < In2 4 2p2° a0 In L
< C(p,n, N)2" a1 n L,
<Ly <Ll
Indeed

B s, InC(n, N, p) k1) In(2a) N lnlnLo’

5/ In LO 5/ In LO ﬂ/ In L()
it Ly > L(n, N,p) for some large enough L(n, N,p) > 0. Now we can conclude
that

«

—2p4N7“(1+0)k+1
S < Ly ,

as required. ]

Conclusion

Taking into account the above results, we finally get by induction on n that
for all E € I and all u € 2™

P{C () is (B,m, h)-S} < L2 forall k> 0. (4.16)

4.3 Variable-energy MSA bounds for the weakly interacting system

To derive the variable energy bound from its fixed energy counterpart, we
follow the same strategy as in [Chul2]. Let I be a bounded interval, i.e., |I| < oo.
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Given an integer L > 0 and points x,y € ZV? set:

Fxy(B) = |Gam (%Y E)|, Fx(E)= max Fxy(E).
)= Gy oy B Fx(B) = i Fa ()

Let a > 0, also introduce

Exy(a) ={F €l:Fxy(F)>a} Ex(a)={F €l:Fx(E)>a}.
Theorem 4.9. Let L € N*, x € ZV? y € 8_C(LN)(X). Let {)\j}jzl ..... ™ ()
be the eigenvalues of Hg\g,)(x)(w) and I C R a bounded interval. Let be given
numbers a, b, c, P, > 0 such that

b < min{|C"" (x)|ac?, ¢} (4.17)

and for all E € 1
P{Fi(E) > a} <Pr. (4.18)

Then there is an event By(b) with P{Bx(b)} < b~ YI|Pr, such that for all w ¢
B (b), the set

Ex(2a) = Ex(2a,w) ={F € [ : Fx(E) > 2a}
Ij, IjZ{EEIZ‘E—)\j‘ <

15 contained in a union of intervals | ).
f Uyzl,...7|c<LN><x)|
26}, )\j el.

Proof. Set for b > 0
Bx(b) = {w € Q2 : mes(Ex(a)) > b}
By Chebychev’s inequality and Fubini’s Theorem combined with we have
P{Bx(b)} < b 'E [mes(Ex(a))]
=5 /IdEIE [Lip (m)5a) | <OHIIPL.

Let w ¢ By(b), so that mes(Ex(a,w)) < b. Consider the function

v, (x)¥;(y)
\—E

f:E— GC(LN)(X)(X,y;E) = Z
J
and set

R(2¢) = {A € R:min |\; — A\| > 2¢}
J

R(c) ={A € R:min |\; — \| > c}.
J
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Observe that for £ € R(c), |f(F)| < C*2|C(LN) (x)|. Now, we show by contrapo-
sition that with w ¢ By y(b)

{Eel: \GC(LN>(X)(X,y;E)| > 2a} NR(2¢) = 0.

Assume otherwise and consider any point A* in the non empty set figuring in the
above LHS and let J = {F € I : |E' — X*| < b} C R(¢), b < ¢. Then for any

E € J, one has by (4.17)
N 2 (V)] = 1B = X] sup |f/(E)] > 20 = |CL (x)[e* b = a
e

so J C Exy(a) and |Exy(a)| > mes(J) = 2b > b contrary to the choice of w. We
therefore get the assertion, since the set R(c) is independent of y. O

Taking into account the results of the fixed energy MSA established in the
previous subsection (cf. (£.16)), we have Pr, < L;2p(1+9)k with p > 2 0 <
6 < 1/3. A straightforward calculation shows that, with L = Lg, k > 0, the
condition (4.17) is satisfied with the following numbers: a = a(Lyg), b = b(Ly),
c=c(Ly)

_ v Nd _—Pk

_m dpy Pk
a(Ly)=1L,°, b(Ly)=L, ", c(Ly)=32L,",

provided that pp > 5Nd. The latter inequality follows from our assumption that
p > 6Nd/(1— 30), since pp, = p(1 + 6)*. These values will be used below.

Theorem 4.10. Assume that assumption (P2) holds true, then for any pairs of

separable cubes C(L]kv)(x), Cgkv)(y), k>0, one has

P {HE e I : min{Fx(E),Fy(E)} > 2L,€p5k} < C(|I|,N,d)y L, » TV
Proof. With the above choice of a, b, ¢, introduce the events
Ex={F el :Fx(F)>2a(Ly)}, Ey={Fel:Fy(E)>2a(L)}

as in Theorem [.9] Further, introduce the events By (b), b = b(Ly,) relative to the
cube C(LZZ) (x) in the same way as in the proof of Theorem |4.9) and By (b) relative

to the cube C(L]kv)(y). Set B(b) = Bx(b) U By (b). For any w ¢ B(b),

dist(E, o (HO, 1)) < 2e(Ly), dist(B, o(HLY),

™ (x) c(y)

)) < 2¢(Ly).
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Thus applying Theorem (B), we obtain:

PAECNE, #0) < PO} + P {dilo(HY, o0, ) < 4e(L)}

™) cy)
< |I|L,* + C(N, d) LD (e( L))

4.4 Proof of Theorem

Given u € Z"? and an integer k£ > 0, set, using the notations of Lemma ,

K(N)
R(u) := EZlmaf(N) lu—u|, bp(u) :=7TN+R()L.", M(u) = U ngjvv)Lk(u(g))
2

and define
Apn(w) = C) (W \ CY (w),

T bbg1Lga
where the parameter b is to be chosen later. One can easily check that:
N
My (u) C C{Y) (u).
Moreover, if x € Aj,1(u), then cubes Cg)(x) and C(L]Z)(u) are separable by
Lemma 2.3 Define the event

Qp(u) = {IE € I, and x € Ay (u): min{Fy(E), Fu(E)} > zL,;’%’“}.

Theorem implies that

P {Q} < (20by1 Ly + D)MC(I], N, d) L;TkJr@NH)d

Na 20" g
S <2bbk+1 + 1) Lk 5 5

The series >, P{Qx(u)} < co converges. Thus By Borel-Cantelli Lemma,
P{Qc} :=P{Vu € Z" Qy(u) occurs finitely many times} = 1.

Therefore, it suffices to pick the potential {V(y,w),y € Z} with w € Q.
and prove the exponential decay of any nonzero generalised eigenfunction ¥ of
H. Since ¥ is polynomially bounded, there exist C,¢ € (0, 00) such that for all
x € 7N

1 (x,w)| < C(x])"
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Since W is not identically zero, there exists u € Z"? such that ¥(u) # 0. Let us
show that there is an integer ki = ki (w, E, u) such that Yk > k;, Fy(E) > 2L, °

P
. Indeed, given an integer k > 0, assume that Fy(E) < 2L, °. Then by the
geometric resolvent inequality for the eigenfunction implies that

W(u)| < C(N,d)LY L% o
W) < OV AR e )

+Nd 1
(

< C'(N,d)L, 1+ |u| + L)' — 0.
k00

This shows that if F,(F) < 2L,;? for arbitrary large values of Ly, (i.e., for an
infinite number of values k), then |¥(u)| = 0, in contradiction with the definition
of the point u So there is an integer k1 = ki(w, F,u) < oo such that Vk > k;

Fu(E) > 2L, °. At the same time since w € Qy there exists ks = ko(w, u) such
that if & > kg, Qk( ) does not oceurs. We conclude that Vk > max{ky, ko} for

all x € Api1(u), Fx(E) < 2L, °. Let p € (0,1) and choose b such that

1
b>—+p.
1—p

introduce the annuli N
Ap = CJ)(w\ €l (w),

with

r bbk+1 "o bk‘—i—l

Cp = . Cp = :

1+p 1—0p

Now observe that, if [x —u| > byLo/(1 — p), then there exists k > max{k;, ko }
such that x € Apy1(u). Thus, the cube C(N) (x) must satisfied the bound

max |GC(N)( (u,v; E)| <2L, B0yt < Qe mb)™ (4.19)
vE@‘CgZ)(u) L

for some constants a, ¢, C' > 0. The bound (4.19)) implies that
| ( )l <C-e” a(ln Ly)t*e (‘u‘) . LkConst < C(\u\) . e_a’(lnLk)l—i-c’ (4.20)

where a’ > a/2 > 0 for large values of k (hence, Ly). Next, since x € Api1, we
have that
In|x —u| <In(c,,Ly1) = In(c, L) = + aln Ly,

which implies that

> Injx —u| —¢
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for large values of k. Therefore, the bound ( - implies that
B (0)| < C(Juf) - e BB < O]y oo G
with a” =a’'/2 >0 [

4.5 Proof of Theorem 4.2

Before we turn to the proof of Theorem [.2] we need to make the following
observations. For every bounded set K C ZN? figuring in Theorem [4.2] there
exists ko > 0 such that K C C ( ). Now for j > ko, set

MJ'(O) = CE%H (0) \ CE7N+1 (0).

J+1
Observe that for any y € CLj (0), C;JA\?L (y) C C(7N+1 ( ). Then, if x € M;(0)

andy € C(LZJ,V)(O), we have that |y—x| > 7N L;. Since dlam(ﬂy) < 2L;, it follows
that |y — X] > diam(ﬂy) + 3NL;. Thus using assertion (B) of Lemma

the cubes C (X) and C ( ) are separable. We need the following statement
establishing the decay of the kernels in the Hilbert-Schmidt norm.

Lemma 4.11. Consider a random Schrodinger operator H sastisfying assump-
tions of Theorem [4.3. There exists ky > 0 such that for any bounded Borel
function f: R — R all k> ki, x € M;(0) andyEC )( 0):

_p(46))
s |axf<H>PI<H>6y|zS] < eIy o1, N, d)L; N
w0<1

E

(4.21)
where a,c € (0,00), 0 € (0,1/3) and p > 6Nd/(1 — 306).

Proof. Define

p(1+6)7 _p(1+6)7
— {V)\ € I, either Fx(\) <2L; ° or Fy(\) <2L; ° }

Consider a bounded Borel function f : R — C and set f; = fxr, where x; is the
indicator function of the interval /. We have:

10w fr(H)Syll7g = Y {6 f1(H)dy6,, 6v)|

z,veZNd

= 3 [(fr(H)8y8, 00,

z,veZNd
= |(f1(H)dy, 6x)[’
= (6, fi(H)8,) [
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For w € Bj, since

[ (0, f1(H)dy) | = | (dy, f1(H)dx) |.

_ p(1+6)J

we can assume without loss of generality that Fx(A\) < 2L, ° . Now using

Theorem [A.7], we get

10x f1(H)oy[l5 < [(Ox, fr(H)dy)|

/|f ) Ty V)] dp(A)

and the function ¥ : x — Txy(A) is polynomially bounded for p a.e. A. Next,
the geometric resolvent inequality for eigenfunctions gives

1w (x)| < [oct (x

p(1+6)7

|20 e

J

_ p(1+0)
< CO(N,d)LY'L; (14 [x] + L)

p(1+9) +at+Nd—1 —a(ln L)'t

< C(N,d)L; < e MR

where a,c > 0 are some constants and provided j > ky for some k; > 0 large

enough. yielding

o< 1Bl < 11D el L)'

For w € Bf, we have

< | f oo™ EDT,

10/ 1(H)dy | ;g = [0, [1(H)Oy)| < || f]loc-

Finally, since by Theorem
conclude that

4.10

p(1+9)]
P{BS} < C(|I|,N,d)L, (2N+1)d, we can

E| sup [[oxfr(H)dylps | < e "H°P{B;} +P{B5}

1flleo=1

Jite p(1+9)
S e—a(lnL + +O(|I| N d) +(2N+1)d.

]

Now we finish the proof Theorem . Let K C ZV9 with |[K| < oo, j > ky as
in Lemma and p > 6Nd/(1 — 30) for any 6 € (0,1/3). Pick any s > 0 and



4.5. Proo¥ or THEOREM [4.2] 95

any bounded Borel function f: R — R. Then we have

2
E S [1X]7 f(H 1KHHS]
2
<E| sup |1 (0)\X’§fI(H)1K
It Il TN DRy HS
+3 " CuN, AL, Z E| sup [|6xfr(H)1k|7g
= ceno)  LIflest
2
<E| sup () |X‘§fI(H>1K5x
1<l ;Z;Vd Can Lk
+> CiN. AL, Y E| sup ||5xf1(H)5yifs]
>k xeM,(0) 1£llee=1
yeCyy (0)
. 2
<E| sup |X‘%fI(H)5x
1<l );{ (7N+1)L
1 . p(l+6’)
+ Co(N, d)LY ZLO‘5+°‘Nd< L)L oI, N, d)L; (QN“’d)
JjZk1

S 03(N7 d; |I<|)lrjz1 + C§(|I‘7 N) d)L]Z;id Z L'(])(S—FO(Nd (e—a(lnLj)H—c + Lf

00! | (9N 41)d
j
J=k1

< 0






Appendix A

Auxiliary results

A.1 Linear operators in Hilbert Spaces

The following statements can be found e.g. in the book [RST78, [Sto01].

A.1.1 Basic definitions and properties

Let H be a complex Hilbert space with the scalar product (,) linear in the
second argument. A linear operator in H is a map T : D(T') — H where D(T)
is the domain of T'.

Definition A.1. A linear operator 1" in H is

1. densely defined if the closure D(T) = H,

2. invertible if there exists an operator S in H such that ST =TS = I, where
I is the identity operator of H.

3. bounded if there exists M < oo such that ||| < M|y for all v € H. In

this case, we set

Ty
170 = sup 80— o 7 = sup T

o 191 o<t =1
Definition A.2. Let T be a linear operator in H.
1. The resolvent set of T is defined by

p(T)={z € R|T — z: D(T) — H is invertible and (T — z)~' € B(H)}.

2. The spectrum of T is denoted by o(7T) and is the complementary of its
resolvent set, i.e, o(T) =R\ p(T).

3. We denote by V,(T') the set of eigenvalues of T'. Clearly V,(T') C o(T).
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4. The discrete spectrum of T is the set og4;5(T) of all its isolated eigenvalues
of finite multiplicity. The essential spectrum o.s5(7"), is the complementary
of the discrete spectrum, i.e., oe5s(T) = o(T') \ 04is(T).

For z € p(T), the operator (T — z)~! is called the resolvent of T" and satisfies
the following properties known as resolvent identities.

Proposition A.1. Consider two linear operators S, T in H.
1. For all z,2" € p(T), we have

(T—2)'=—(T-)'=-T -2 (T-2)" (A1)
— (2= )T -2y YT —2)"". (A.2)

2. For all z € p(T) N p(S) we have
(T—2) = (S—2)"t'=(T -2 (S-T)(S -2 (A.3)

A.1.2 Self-adjoint operators

Let T € B(#H). The adjoint T* of T is defined by
D(T") ={¢ e H| " € H with V¢ € D(T),(To,¢) = (¢,9")},

T = .
Definition A.3. A linear operator 17" in H is
— Hilbert-Schmidt if for any orthonormal basis {e;}, we have >_. ||Te;]|? < oo.
In this case the Hilbert-Schmidt-norm ||T||%¢ = >, [|T€;||* is independent
of the basis.
— symmetric if it is densely defined and

(Tg, ) = (o, T¢), Vo¢,¢ € D(T),
— self-adjoint if it is densely defined and T =T
We denote S(H) the set of self-adjoint operators in H.

Theorem A.4 (Weyl criterion |[RS80]). Let T be a self-adjoint operator and
A € R. Then the following assertions are equivalent

(i) A€ o(T)

(11) there exists a normalised sequence v, € D(T) of bounded support such
that ||(T — Xy, || — 0. Such a sequence is called a Weyl sequence for T and
A
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Let
po(T) = inf {(¢, To) : ¢ € D(T), ||¢|| = 1},
and

pr(T) = sup  inf{(p,T¢) : ¢ € D(T), [[¢]| = 1,¢Ltby, ..., ¢n}

wla"'ad]keH

for k > 1. The operator T is bounded from below if o(T") > —o0. po(7T) is then
the infimum of the spectrum.

Let T be a self-adjoint operator with purely discrete spectrum, i.e., o(T) =
04is(T). Then, we can order its eignevalues as follows

Eo(T) < E\(T) < Ep(T) < -

where each eigenvalue is repeated according to its multiplicity. Theorem
below establish a relation between the Ej and py.

Theorem A.5 (The min-max principle [RS78|). If T is a self-adjoint operator
that is bounded from below and has purely discrete spectrum, then

A.2 Results from the single-particle theory

Consider a single-particle cube Cg) (u) C Z% and define Eélz(w) = inf o (HW(w)
the single-particle result at low energy is the following statement which we do not
proof. Indeed a complete proof of the statement is given in the article by Kirsch

[Kix08).

Theorem A.6 (|Kir08]). Assume that the random potential V' satisfies assump-

tion (P1). Then, for any C' > 0 there exists arbitrary large Lo(C) > 0 and

C4, ¢ > 0 such that for any cube C'go)(u) the lowest eigenvalue E(()}]%(w) ofHél()l) (w)
Lo

)

(u)
satisfies

P{E}(w) <20L,"*} < C1 LR (A4)

A.3 Generalized eigenfunction expansion

Let I C R and denote by v(I) = P;(H) the projection valued measure associ-
ated to H. Set

Unm (1) = (0n, (1))
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Consider a sequence {ay, }pezp with a,, > 0, >~ a,, = 1 and define

— Z anVn,n(I) (A5)

nezb

p is called a spectral measure with total mass p(R) = 1.

Theorem A.7. Let p be a spectral measure for H = A+ W (z) acting in (*(ZP),
Then there exists measurable functions T, ,, such that

(50 £8,) = [ FVTn N (A6)

for any bounded measurable function f. Furthermore, the functions ¥(n) :=
Tym(A) for any fized m € ZP satisfy

HY = )\¥  forp a.e. A
and are polynomually bounded 1.e
(W (n)| < C(1+|n]), for someC >0 andt > 0.
Proof. The Cauchy-Schwarz inequality implies that
V()] < Vn,nU)l/ZVm,m([)l/z'
Hence, the v, ,, are absolutely continuous w.r.t. p, i.e.,
p(J) =0= v,,(J) =0.

Thus by the Radon-Nikodym Theorem there exist measurable functions 7;, ,,, (den-
sities) such that

thanlD) = [ TumNdol3) (A7)

T, m are defined up to sets of p-measure zero and since v,,,, > 0 the functions
T, are nonnegative p-almost surely (p-a.s.). Moreover

=) ()

nezpb

:E: a%y/m nn dp

nezpb
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Hence, Y a, T, n(A) = 1 (p-a.s.). Consequently,

1
Ton(A) < —.

Qp

Therefore

/ Tn,mu)dpm\ (D)
< Vo (1) Y 0 (1)1

(f Tn,nmdp(x))m (f Tn,mu)dpm)m

1 1

< aplan?p(I).
Thus

1

Tom| < a2 im?. (A.8)
It follows from that for any bounded measurable function f:

(0 3} = [ ST (N)dp().

In particular for f(A) = Ag(A) (g of compact support).

/ MG T (Ndp(N)

= (0y, Hg(H)d,,)
= (H6,,9(H)om)
= 7 (= (e g(H)80)) + (V) +2D) (8, g(H)5,)

el=1

=3 <_ / g(A)Tw,m(A)dp(A)) + / g(N)(V(n) 4+ 2D) T, m(N)dp(N)

le|=1

_ / gNHT, (N dp(N),

where H,, T, () is the operator H applied to the function n — T}, ,,(A). Thus

/ GAT,m(Ndp(A) = / GOV Ho T (N)dp(V).

for any bounded measurable function g with compact support. It follows that
for p-almost all X\ and for any fixed m € ZP, the function 1(n) = T, (\) is a
solution of Hiy = M. By (A.8) the function v satisfies

[ (n)] < Coar, 2.
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Recall that the sequence «,, has only to fulfill a;, > 0 and > a, = 1. We may
now choose a,, = ¢(1 + |n|s)~? for an arbitrary 8 > D yielding

[p(n)] < C(1+ |n|o)? ™
for an € > 0. The assertion of Theorem then follows. ]
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