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✐♥t❡r❛❝t✐♦♥ ❛♥❞ ❛ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧ ✇❤♦s❡ ✈❛❧✉❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧②
❞✐str✐❜✉t❡❞ ✐✳✐✳❞✳ ✇✐t❤ ❛ ❧♦❣✲❍❧❞❡r ❝♦♥t✐♥✉♦✉s ❝♦♠♠♦♥ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥✳ ❋♦r s✉❝❤ ♠♦❞❡❧✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❜♦tt♦♠ ♦❢ ✐ts s♣❡❝tr✉♠ ✐s ♥♦♥✲r❛♥❞♦♠
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❚❤❡ r❡s✉❧ts ❛r❡ ♣r♦✈❡❞ ❜② ❛♥ ❛❞❛♣t❛t✐♦♥ t♦ ♠✉❧t✐✲♣❛rt✐❝❧❡ s②st❡♠s ♦❢ t❤❡ ✈❛r✐✲
❛❜❧❡ ❡♥❡r❣② ♠✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s ✇❤✐❝❤ ❛❧❧♦✇s s✐♥❣✉❧❛r ❞✐str✐❜✉t✐♦♥s ✐♥st❡❛❞ ♦❢ t❤❡
❢r❛❝t✐♦♥❛❧ ♠♦♠❡♥ts ♠❡t❤♦❞✳

❲❡❣♥❡r ❜♦✉♥❞s✱ ✉s❡❢✉❧ ❢♦r t❤❡ ♠✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s ❛r❡ ♣r♦✈❡❞ ❢♦r s❡♣❛r❛❜❧❡
❝✉❜❡s ✉s✐♥❣ t❤❡ ❙t♦❧❧♠❛♥♥✬s ▲❡♠♠❛✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❡ ❈♦♠❜❡s✲❚❤♦♠❛s ❡st✐♠❛t❡
✇❤✐❝❤ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ❡①tr❡♠❡ ❡♥❡r❣✐❡s✳

❑❡②✇♦r❞s

❆♥❞❡rs♦♥ ❧♦❝❛❧✐③❛t✐♦♥✱ r❛♥❞♦♠ ♦♣❡r❛t♦rs✱ ♠✉❧t✐✲♣❛rt✐❝❧❡ s②st❡♠s✱ ❧♦✇ ❡♥❡r❣✐❡s✱
✇❡❛❦ ✐♥t❡r❛❝t✐♦♥✳



❘❡♠❡r❝✐❡♠❡♥ts

❏❡ t✐❡♥s  ❡①♣r✐♠❡r ♠❛ ❣r❛t✐t✉❞❡  ♠❛ ❞✐r❡❝tr✐❝❡ ❞❡ t❤Łs❡ ❆♥♥❡ ❇♦✉t❡t ❞❡ ▼♦♥✲
✈❡❧ q✉✐ ♠✬❛ ♣r♦♣♦sØ ❝❡ ♣r♦❜❧Ł♠❡ ❡♥ ✈✉❡ ❞✬✉♥❡ t❤Łs❡ ❞❡ ❞♦❝t♦r❛t✳ ❏❡ ❧❛ r❡♠❡r❝✐❡
Ø❣❛❧❡♠❡♥t ♣♦✉r t♦✉t❡s ❧❡s ❛❝t✐♦♥s q✉✬❡❧❧❡ ❛ ❡♥tr❡♣r✐s❡s ❡t ❧❛ ♣❛t✐❡♥❝❡ ❡t ❧❛ ❝♦♠✲
♣rØ❤❡♥s✐♦♥ ❞♦♥t ❡❧❧❡ ❛ s✉ ❢❛✐r❡ ♣r❡✉✈❡ t♦✉t ❛✉ ❧♦♥❣ ❞❡ ♠❡s r❡❝❤❡r❝❤❡s✳

❏❡ r❡♠❡r❝✐❡ Ø❣❛❧❡♠❡♥t ❱✐❝t♦r ❚❝❤♦✉❧❛❡✈s❦✐ ♣♦✉r s❛ ❞✐s♣♦♥✐❜✐❧✐tØ✱ ❧❡s ♠✉❧t✐♣❧❡s
Ø❝❤❛♥❣❡s ❡t ❞✐s❝✉ss✐♦♥s q✉✬♦♥ ❛ ♣✉ ❛✈♦✐r t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❧❛ t❤Łs❡ s❛♥s ♦✉❜❧✐❡r s♦♥
s♦✉t✐❡♥ ✐♥❢❛✐❧❧✐❜❧❡✳ ▼❡r❝✐ ❛✉ss✐ ❞❡ ♠✬❛✈♦✐r ❛❝❝✉❡✐❧❧✐ ❞❛♥s ✈♦tr❡ ❧❛❜♦r❛t♦✐r❡ ♣❡♥❞❛♥t
❝❡rt❛✐♥s ❞❡ ♠❡s ✈♦②❛❣❡s ❡t ❞Ø♣❧❛❝❡♠❡♥ts✳

❏❡ t✐❡♥s ❛✉ss✐  ❡①♣r✐♠❡r t♦✉t❡ ♠❛ ❣r❛t✐t✉❞❡  ❧✬❯♥✐✈❡rs✐tØ P❛r✐s ❉✐❞❡r♦t ❛✉✲
❥♦✉r❞✬❤✉✐ ♠❡♠❜r❡ ❞❡ ❧❛ ❣❛♥❞❡ ❯♥✐✈❡rs✐tØ ❞❡ ❙♦r❜♦♥♥❡ P❛r✐s ❈✐tØ ❡t ❡♥ ♣❛rt✐❝✉✲
❧✐❡r ❧✬✉♥✐tØ ❞❡ ❢♦r♠❛t✐♦♥ ❡t ❞❡ r❡❝❤❡r❝❤❡ ❞❡ ♠❛t❤Ø♠❛t✐q✉❡s ♣♦✉r ♠✬❛✈♦✐r ❛❝❝♦r❞Ø
✉♥ s♦✉t✐❡♥ ✜♥❛♥❝✐❡r ♣♦✉r ♠❡s r❡❝❤❡r❝❤❡s ❞♦❝t♦r❛❧❡s✳ ❏❡ r❡♠❡r❝✐❡ Ø❣❛❧❡♠❡♥t ❧❡s
❞✐✛Ør❡♥ts r❡s♣♦♥s❛❜❧❡s ❞❡ ❞✐r❡❝t✐♦♥ ❞❡ ❧✬✉♥✐tØ ❞❡ ❢♦r♠❛t✐♦♥ ❡t ❞❡ r❡❝❤❡r❝❤❡ ❞❡
♠❛t❤Ø♠❛t✐q✉❡s ❡t ❛✉ss✐ ❧❡s ❞✐✛Ør❡♥ts r❡s♣♦♥s❛❜❧❡s ❞✉ ❧❛❜♦r❛t♦✐r❡ ✿ ✐♥st✐t✉t ❞❡ ♠❛✲
t❤Ø♠❛t✐q✉❡s ❞❡ ❏✉ss✐❡✉ P❛r✐s ❘✐✈❡ ●❛✉❝❤❡ q✉✐ ♦♥t t♦✉❥♦✉rs ØtØ  ❧✬Ø❝♦✉t❡ ❡♥✈❡rs
❧❡s ❞♦❝t♦r❛♥ts✳ ❏❡ ♣❡♥s❡ ❡♥ ♣❛rt✐❝✉❧✐❡r  ●❡♦r❣❡s ❙❦❛♥❞❛❧✐s ❡t ■s❛❜❡❧❧❡ ●❛❧❧❛❣❤❡r
❡♥ t❛♥t q✉❡ ❞✐r❡❝t❡✉rs ❞❡ ❧✬✉♥✐tØ ❞❡ ❢♦r♠❛t✐♦♥ ❡t ❞❡ r❡❝❤❡r❝❤❡ ❞❡ ♠❛t❤Ø♠❛t✐q✉❡s✱
 ❍❛❦❛♥ ❊❧✐❛ss♦♥✱ ❈❤r✐st✐❛♥ ❇❧❛♥❝❤❡t✱ P❛tr✐❝❡ ▲❡ ❈❛❧✈❡③ ❡t ▲♦❝ ▼❡r❡❧ ❡♥ t❛♥t
q✉❡ ❞✐r❡❝t❡✉rs s✉❝❝❡ss✐❢ ❞✉ ❧❛❜♦r❛t♦✐r❡ ❡♥✜♥✱  ●✐❧❧❡s ●♦❞❡❢r♦② ❡t ❘Ø❣✐s ❞❡ ▲❛
❇r❡tŁ❝❤❡ ❡♥ t❛♥t q✉❡ ❞✐r❡❝t❡✉rs ❞❡ ❧✬Ø❝♦❧❡ ❞♦❝t♦r❛❧❡✳

❏❡ r❡♠❡r❝✐❡ ❑♦♥st❛♥t✐♥ P❛♥❦r❛s❤❦✐♥ ❡t ▼✐❝❤❛❡❧ ●♦❧❞st❡✐♥ ♣♦✉r ❛✈♦✐r ❜✐❡♥ ✈♦✉❧✉
tr♦✉✈❡r ❞✉ t❡♠♣s ♣♦✉r Øt❛❜❧✐r ❞❡s r❛♣♣♦rts ♣♦✉r ♠❡s tr❛✈❛✉① ❞❡ t❤Łs❡✳ ❈❡❧❛ ❞✐t✱
❥❡ r❡♠❡r❝✐❡ ❛✉ss✐ t♦✉t❡s ❧❡s ❛✉tr❡s ♣❡rs♦♥♥❡s ❞♦♥t ◆✐❦♦❧❛✐ ❑✐t❛♥✐♥❡ ♣♦✉r ❛✈♦✐r ♣✉
s❡ ❧✐❜Ør❡r ❡t ❛❝❝❡♣tØ ❞✬Œtr❡ ♠❡♠❜r❡ ❞✉ ❥✉r② ❞❡ ♠❛ t❤Łs❡✳ ❆ t♦✉s ❧❡s ♠❡♠❜r❡s ❞✉
❥✉r②✱ ❥❡ ✈♦✉s ❞✐t ♠❡r❝✐ ✦

❏❡ r❡♠❡r❝✐❡ ❛✉ss✐ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞♦❝t♦r❛♥ts ❞❡ ❧✬✐♥st✐t✉t q✉❡ ❥✬❛✐ ♣✉ ❝♦♥♥❛tr❡



✻

♣♦✉r ❧✬❡♥t❡♥t❡ ❝♦r❞✐❛❧❡ ❞♦♥t ❝❤❛❝✉♥ ❛ s✉ ❢❛✐r❡ ♣r❡✉✈❡ ❛✉ ❝♦✉rs ❞❡ ❝❡tt❡ ❛✈❡♥t✉r❡
♣❛ss✐♦♥❛♥t❡ q✉✬♦♥t ØtØ ❧❡s r❡❝❤❡r❝❤❡s ❡♥ ✈✉❡ ❞✬✉♥ ❞♦❝t♦r❛t✳

❏❡ ♥❡ s❛✉r❛✐s ♦✉❜❧✐❡r ❞❡ r❡♠❡r❝✐❡r ❧❡s ❛✉tr❡s ♣❡rs♦♥♥❡❧s ❞❡ ❧✬❯♥✐✈❡rs✐tØ  s❛✈♦✐r
❧❡s ❞✐✛Ør❡♥ts ❜✐❜❧✐♦t❤Ø❝❛✐r❡s✱ ❧❡s r❡s♣♦♥s❛❜❧❡s ❛❞♠✐♥✐str❛t✐❢ ❡t ✐♥❢♦r♠❛t✐q✉❡ ❞✉ ❧❛✲
❜♦r❛t♦✐r❡ ❞❡ ♠❛t❤Ø♠❛t✐q✉❡s ❞❡ P❛r✐s ❈❡♥tr❡✳



❚❛❜❧❡ ❞❡s ♠❛t✐Łr❡s

✶ ■♥tr♦❞✉❝t✐♦♥ ❡t ♣rØs❡♥t❛t✐♦♥ ❞❡s rØs✉❧t❛ts ✾

✶✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✶✳✷ PrØs❡♥t❛t✐♦♥ ❞❡s tr❛✈❛✉① ❞❡ ❧❛ t❤Łs❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✷✳✶ ❍②♣♦t❤Łs❡s ❣Ø♥Ør❛❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✶✳✷✳✷ ❉Øt❡r♠✐♥❛t✐♦♥ ❞✉ ❜❛s ❞✉ s♣❡❝tr❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✶✳✷✳✸ ❆♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ♠✉❧t✐✲♣❛rt✐❝✉❧❛✐r❡  ❜❛ss❡s Ø♥❡r❣✐❡s ✳ ✳ ✶✽
✶✳✷✳✹ ▲♦❝❛❧✐s❛t✐♦♥ ❞✬❆♥❞❡rs♦♥  ❜❛ss❡s Ø♥❡r❣✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
✶✳✷✳✺ ▲♦❝❛❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡  ❜❛ss❡s Ø♥❡r❣✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✶✳✷✳✻ ❆♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ♠✉❧t✐✲♣❛rt✐❝✉❧❛✐r❡  ❢❛✐❜❧❡ ✐♥t❡r❛❝t✐♦♥ ✳ ✷✶
✶✳✷✳✼ ▲♦❝❛❧✐s❛t✐♦♥ ❞✬❆♥❞❡rs♦♥ ❝♦♠♣❧Łt❡  ❢❛✐❜❧❡ ✐♥t❡r❛❝t✐♦♥ ✳ ✳ ✳ ✳ ✷✸
✶✳✷✳✽ ▲♦❝❛❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡  ❢❛✐❜❧❡ ✐♥t❡r❛❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷ ▼✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s s❝❤❡♠❡ ✷✺

✷✳✶ ❇❛s✐❝ ♥♦t❛t✐♦♥s ❛♥❞ ❣❡♦♠❡tr✐❝ r❡s♦❧✈❡♥t ❡q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺
✷✳✷ ❙❡♣❛r❛❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✷✳✸ ❲❡❣♥❡r ❡st✐♠❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✷✳✹ ❈♦♠❜❡s✕❚❤♦♠❛s ❡st✐♠❛t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
✷✳✺ ❋✉❧❧② ❛♥❞ ♣❛rt✐❛❧❧② ✐♥t❡r❛❝t✐✈❡ ❝✉❜❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r✲
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■♥tr♦❞✉❝t✐♦♥ ❡t ♣rØs❡♥t❛t✐♦♥ ❞❡s rØs✉❧t❛ts

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

❊♥ ♠Ø❝❛♥✐q✉❡ q✉❛♥t✐q✉❡ ❧✬Ø✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✬✉♥❡ ♣❛rt✐❝✉❧❡ r❡♣rØs❡♥tØ❡ ♣❛r
✉♥ Øt❛t ψ✱ ❡st ❣♦✉✈❡r♥Ø❡ ♣❛r ❧✬Øq✉❛t✐♦♥ ❞❡ ❙❝❤r❞✐♥❣❡r

i
∂

∂t
ψ = H(1)ψ, ✭✶✳✶✮

♦ø H(1) ❡st ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❞Ø✜♥✐t ♣❛r

H(1) = − ~2

2m
∆+ V,

❛❣✐ss❛♥t s✉r H = L2(Rd) ♦✉ ‘2(Zd) ❛✈❡❝ ∆ ❧❡ ▲❛♣❧❛❝✐❡♥ ♠♦❞Ø❧✐s❛♥t ❧✬Ø♥❡r❣✐❡
❝✐♥Øt✐q✉❡ ❞❡ ❧❛ ♣❛rt✐❝✉❧❡ ❡t V ❡st ✉♥ ♣♦t❡♥t✐❡❧ ❞Ø❝r✐✈❛♥t ❧❛ str✉❝t✉r❡ ♣❤②s✐q✉❡ ❞✉
s②stŁ♠❡ ❡t ❛❣✐ss❛♥t ❝♦♠♠❡ ♦♣Ør❛t❡✉r ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ V (x)✳ ▲❡s
s♦❧✉t✐♦♥s ❞❡ ❧✬Øq✉❛t✐♦♥ ✭✶✳✶✮ s♦♥t ❞❡ ❧❛ ❢♦r♠❡

ψ(t) = e−itH
(1)

ψ0

ψ(0) = ψ0.

❆✐♥s✐✱ ♣♦✉r ❞Ø❝r✐r❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡s Øt❛ts ψ(t)✱ ✐❧ ❡st ✉t✐❧❡ ❞✬❛♥❛❧②s❡r ❧❡s
♣r♦♣r✐ØtØs s♣❡❝tr❛❧❡s ❞❡ ❧✬♦♣Ør❛t❡✉r H(1)✳ ❉❛♥s ✉♥❡ t❡❧❧❡ ❛♥❛❧②s❡ ❧❛ ❝♦♥st❛♥t❡ ~2

2m

❥♦✉❡ ✉♥ r♦❧❡ ✜❝t✐❢ ❡t ✐❧ ❡st ❝♦✉t✉♠❡ ❞❡ s✉♣♣♦s❡r ~2
2m = 1✳

P♦✉r ❞❡s s②stŁ♠❡s ♣❛r❢❛✐t❡♠❡♥t ♦r❞♦♥♥Øs  ♣♦t❡♥t✐❡❧s ♣Ør✐♦❞✐q✉❡s✱ ✐✳❡✳✱ V (x−
x0) = V (x) ♣♦✉r t♦✉t x ∈ Zd ♦✉ Rd ❡t ✉♥ ❝❡rt❛✐♥ x0 ∈ Zd ✜①Ø✱ ✐❧ ❡st Øt❛❜❧✐t
❬❊❛s✼✸✱ ❘❙✼✽❪ q✉❡ ❧❡ s♣❡❝tr❡ ❞❡ ❧✬♦♣Ør❛t❡✉r ❞❡ ❙❝❤r❞✐♥❣❡r H(1) ❡st ❛❜s♦❧✉♠❡♥t
❝♦♥t✐♥✉❡ ❡t ❝♦♥st✐t✉Ø ❞❡ ❜❛♥❞❡s✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ ♣❛rt✐❝✉❧❡ Ø✈♦❧✉❡ ❧✐❜r❡♠❡♥t ❞❛♥s
t♦✉t ❧✬❡s♣❛❝❡✳

❈❡♣❡♥❞❛♥t✱ ❧❛ ♣rØs❡♥❝❡ ❞❡ ❞Øs♦r❞r❡ ✐♥❞✉✐t ❞❡s ❡✛❡ts ♣❛rt✐❝✉❧✐❡rs s✉r ❧❡s ♣❛rt✐✲
❝✉❧❡s q✉❛♥t✐q✉❡s✳ P♦✉r ❧❡s ❞Ø❝r✐r❡✱ P✳❲✳ ❆♥❞❡rs♦♥ ❬❆♥❞✺✽❪✱ ❛ ✐♥tr♦❞✉✐t ✉♥ ♠♦❞Ł❧❡



✶✵ ❈❤❛♣✐tr❡ ✶✳ ■♥tr♦❞✉❝t✐♦♥ ❡t ♣rØs❡♥t❛t✐♦♥ ❞❡s rØs✉❧t❛ts

q✉✐ ♣♦rt❡ s♦♥ ♥♦♠ ❡t q✉✐ ❧✉✐ ❛ ✈❛❧✉ ❧❡ ♣r✐① ♥♦❜❡❧ ❞❡ ♣❤②s✐q✉❡ ✓❧❡ ♠♦❞Ł❧❡ ❞✬❆♥❞❡r✲
s♦♥✔✳ ❉❛♥s ❧❡ ♠♦❞Ł❧❡ ❞✬❆♥❞❡rs♦♥✱ ❧❡ ❞Øs♦r❞r❡ ❡st ♣r✐s ❡♥ ❝♦♠♣t❡ ♣❛r ❧❡ ❝❛r❛❝tŁr❡
❛❧Ø❛t♦✐r❡ ❞✉ ♣♦t❡♥t✐❡❧ ❡①t❡r♥❡ V ✳ ❉❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♠♦♥♦♣❛rt✐❝✉❧❛✐r❡✱ ✐❧ ❡st
❞Ø❝r✐t ♣❛r ❧✬♦♣Ør❛t❡✉r ❞❡ ❙❝❤r❞✐♥❣❡r ❛❧Ø❛t♦✐r❡

H(1)(ω) = −∆+ V (x, ω),

❛❣✐ss❛♥t s✉r Ψ ∼= Ψ(x) ∈ ‘2(Zd) ❡t ♦ø {V (x, ω)} ❝♦♥st✐t✉❡ ✉♥ ❝❤❛♠♣ ❛❧Ø❛t♦✐r❡ 
✈❛❧❡✉rs ✐♥❞Ø♣❡♥❞❛♥t❡s ❡t ✐❞❡♥t✐q✉❡♠❡♥t ❞✐str✐❜✉Ø❡s r❡❧❛t✐❢  ✉♥ ❡s♣❛❝❡ ♣r♦❜❛❜✐❧✐sØ
(Ω,B,P)✳

❯♥ ♣❤Ø♥♦♠Ł♥❡ ✐♠♣♦rt❛♥t q✉✐ ❛♣♣❛r❛t ♣♦✉r ❧❡s ♦♣Ør❛t❡✉rs H(1)(ω) ❡st ❧❛ ❧♦❝❛✲
❧✐s❛t✐♦♥ ❞✬❆♥❞❡rs♦♥ q✉✐ s❡ tr❛❞✉✐t ♣❛r ❧❛ ♣rØs❡♥❝❡ ❞❡ s♣❡❝tr❡ ♣✉r❡♠❡♥t ♣♦♥❝t✉❡❧
❛✈❡❝ ❞Ø❝r♦✐ss❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s  ❧✬✐♥✜♥✐✳ ❯♥❡ ❛✉tr❡ ♣r♦✲
♣r✐ØtØ ♣❧✉s ❢♦rt❡ ❡t trŁs ✐♥tØr❡ss❛♥t❡ ❞❛♥s ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧✬Ø✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡
❞✉ s②stŁ♠❡ ❡st ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡ q✉✐ ❡①♣r✐♠❡ ❧❡ ❢❛✐t q✉❡ ❧❛ ♣❛rt✐❝✉❧❡ r❡st❡
❝♦♥❝❡♥trØ❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧✬♦r✐❣✐♥❡ ✉♥✐❢♦r♠Ø♠❡♥t ❡♥ t❡♠♣s✳

❖♥ r❛♣♣❡❧❧❡ ✭❝❢✳ ❬❘❙✽✵❪✮ q✉❡ ❧✬❡s♣❛❝❡ H s❡ ❞Ø❝♦♠♣♦s❡ ❡♥ H = Hpp ⊕ Hc =
Hpp⊕Hac⊕Hsc✱ ♦øHpp✱Hc ✱Hac ❡tHsc s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s s♦✉s✲❡s♣❛❝❡s ❝♦r✲
r❡s♣♦♥❞❛♥ts  ❧❛ ❝♦♠♣♦s❛♥t❡ ♣✉r❡♠❡♥t ♣♦♥❝t✉❡❧❧❡✱ ❝♦♥t✐♥✉❡✱ ❛❜s♦❧✉♠❡♥t ❝♦♥t✐♥✉❡
❡t s✐♥❣✉❧✐Łr❡♠❡♥t ❝♦♥t✐♥✉❡ ❞❡ ❧❛ ♠❡s✉r❡ s♣❡❝tr❛❧❡ ❛ss♦❝✐Ø❡  H(1)(ω)✳ ❖♥ ♥♦t❡ ❧❡s
s♣❡❝tr❡s ❞❡s r❡str✐❝t✐♦♥s ❞❡ H(1)(ω)  ❝❡s ❞✐✛Ør❡♥ts s♦✉s✲❡s♣❛❝❡s ♣❛r σ•(H(1)(ω))✱
❛✈❡❝ • = pp, c, ac, sc✳

❯♥ rØs✉❧t❛t ❜❛sØ s✉r ❧❡s tr❛✈❛✉① ❞❡ ❘✉❡❧❧❡ ❬❘✉❡✻✾❪✱ ❆♠r❡✐♥✱ ●❡♦r❣❡s❝✉ ❬❆●✼✸❪
❡t ❊♥ss ❬❊♥s✼✽❪ ❡t ❝♦♥♥✉ ❝♦♠♠❡ ❚❤Ø♦rŁ♠❡ ❞❡ ❘❆●❊✱ ❞♦♥♥❡ ✉♥❡ ♣r❡♠✐Łr❡ ✐❞Ø❡
❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❛ss♦❝✐Ø❡ ❛✉① ♦♣Ør❛t❡✉rs H(1)(ω) ✿ s✐ ♦♥ ♥♦t❡ BR ❧❛ ❜♦✉❧❡ ❢❡r♠Ø❡
❞❡ Zd ❞❡ ❝❡♥tr❡ 0 ❡t ❞❡ r❛②♦♥ R ❡t Λ ⊂ Zd ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥Ø✱ ❛❧♦rs

✭❛✮ ψ ∈ Hpp ✐♠♣❧✐q✉❡

lim
R→∞

sup
t≥0

X
x/∈BR

|e−itHψ(x)|2
 = 0,

✭❜✮ ψ ∈ Hc ✐♠♣❧✐q✉❡

lim
T→∞

1

T

Z T

0

 X
x∈Λ

|e−itHψ(x)|2
!
dt = 0.

❉❛♥s ❧❡ ❝❛s ✭❛✮✱ ♦♥ ❞✐t q✉❡ ❧✬Øt❛t ψ ❡st ❧♦❝❛❧✐sØ ❡♥ ♦♣♣♦s✐t✐♦♥ ❛✉① Øt❛ts ❞✐✛✉s ♦✉
Øt❡♥❞✉s ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ❝❛s ✭❜✮ ♦ø ❧❛ ♣❛rt✐❝✉❧❡ s❡ ❞Ø♣❧❛❝❡ ❞❛♥s t♦✉t ❧✬❡s♣❛❝❡✳ ▲❡s



✶✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✶

♣r❡♠✐❡rs rØs✉❧t❛ts ♠❛t❤Ø♠❛t✐q✉❡♠❡♥t r✐❣♦✉r❡✉① s✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✬❆♥❞❡rs♦♥ ♦♥t
ØtØ ♦❜t❡♥✉s ♣❛r ▲✳ P❛st✉r✱ ■✳ ●♦❧s❤❡✐❞ ❛♥❞ ❙✳ ▼♦❧❝❤❛♥♦✈ ❬●▼✼✻✱ ●▼P✼✼✱ ▼♦❧✼✽❪
❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ 1 ❡t ♣♦✉r ❧✬♦♣Ør❛t❡✉r ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡✳ ▲❛ ❧♦❝❛❧✐✲
s❛t✐♦♥ ❞✬❆♥❞❡rs♦♥ ♣♦✉r ❧❡s ♦♣Ør❛t❡✉rs ❞❡ t②♣❡ H(1)(ω) ❛ ØtØ ✐♥✐t✐❛❧❡♠❡♥t ♣r♦✉✈Ø❡
♣❛r ❑✉♥③ ❡t ❙♦✉✐❧❧❛r❞ ❬❑❙✽✵❪ ❡♥ ❞✐♠❡♥s✐♦♥ 1 ♣♦✉r ❞❡s ❞✐str✐❜✉t✐♦♥s  ❞❡♥s✐tØ
❜♦r♥Ø❡✳ ❚♦✉❥♦✉rs ❡♥ ❞✐♠❡♥s✐♦♥ 1 ♣❧✉s✐❡✉rs ❛✉tr❡s rØs✉❧t❛ts ♦♥t s✉✐✈✐ ✐♥❝❧✉❛♥t ❞❡s
♣♦t❡♥t✐❡❧s s✐♥❣✉❧✐❡rs ❞❡ t②♣❡ ❇❡r♥♦✉❧❧✐ ❬P❛s✽✵✱ P❋✾✷✱ ❈❛r✽✷✱ ❑♦t✽✹✱ ❑♦t✽✻✱ ❑❙✽✼✱
❈❑▼✽✼✱ ❉❙❙✵✷❪✳ ▲❡s ♠Øt❤♦❞❡s s♦♥t ❜❛sØ❡s s✉r ❧✬Øt✉❞❡ ❞❡ ❧✬❡①♣♦s❛♥t ❞❡ ▲②❛♣♦✉✲
♥♦✈ ❡t ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ❝♦rrØ❧❛t✐♦♥s ❡t ♥❡ s✬Øt❡♥❞❡♥t ♣❛s ❡♥ ❞✐♠❡♥s✐♦♥ d ≥ 2✳

P♦✉r d = 2 ❞✬❛♣rŁs ❞❡s ❡①♣Ør✐❡♥❝❡s ♣❤②s✐q✉❡✱ ♦♥ s✬❛tt❡♥❞ ❡♥❝♦r❡  ❧❛ ❧♦❝❛❧✐s❛✲
t✐♦♥ ❝♦♠♣❧Łt❡ ❝♦♠♠❡ ❞❛♥s ❧❡ ❝❛s d = 1 ♠❛✐s ❧❡s ❜♦r♥❡s ❞✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡
♣♦✉rr❛✐❡♥t Œtr❡ ♠♦✐♥s ❢♦rt❡ q✉❡ ♣♦✉r ❧❡ ❝❛s d = 1✳ ❇r❡❢ ❝✬❡st ✉♥ s✉❥❡t ❡♥❝♦r❡ ❡♥
❞Ø❜❛ts ❞❛♥s ❧❡s ♠❛t❤Ø♠❛t✐q✉❡s ❞❡s s②stŁ♠❡s ❞Øs♦r❞♦♥♥Øs q✉❛♥t✐q✉❡s✳

❊♥ ❞✐♠❡♥s✐♦♥ q✉❡❧❝♦♥q✉❡✱ ❧❡ tr❛✈❛✐❧ rØ❛❧✐sØ ♣❛r ❋r❤❧✐❝❤ ❡t ❙♣❡♥❝❡r ❬❋❙✽✸❪ ❞❛♥s
❧❡ ❝❛s ❞✐s❝r❡t✱ ❜❛sØ s✉r ❧✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ❡t Øt❛❜❧✐ss❛♥t ❧✬❛❜s❡♥❝❡ ❞❡ ❞✐✛✉s✐♦♥
❞❛♥s ❧❡ ♠♦❞Ł❧❡ ❞✬❆♥❞❡rs♦♥  ❜❛ss❡s Ø♥❡r❣✐❡s ♦✉  ❣r❛♥❞ ❞Øs♦r❞r❡ ❢✉t ✉♥❡ Øt❛♣❡
✐♠♣♦rt❛♥t❡ ❞❛♥s ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡✳ P❛r ❧❛ s✉✐t❡ ▼❛rt✐♥❡❧❧✐ ❡t
❙❝♦♣♣♦❧❛ ❬▼❙✽✺❪ ❞✬✉♥❡ ♣❛rt ❡t ❋r❤❧✐❝❤ ❡t ❛❧✳ ❬❋▼❙❙✽✺❪ ❞✬❛✉tr❡ ♣❛rt Øt❛❜❧✐ss❡♥t
r❡s♣❡❝t✐✈❡♠❡♥t ❧✬❛❜s❡♥s❡ ❞❡ s♣❡❝tr❡ ❛❜s♦❧✉♠❡♥t ❝♦♥t✐♥✉ ❡t ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✬❆♥✲
❞❡rs♦♥  ❣r❛♥❞ ❞Øs♦r❞r❡ ♦✉  ❜❛ss❡s Ø♥❡r❣✐❡s✳ P❧✉s t❛r❞✱ ✈♦♥ ❉r❡✐❢✉s ❡t ❑❧❡✐♥
❬✈❉❑✽✾❪ s✐♠♣❧✐✜❡♥t ❧✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ❡t ♣r♦♣♦s❡♥t ♣❛r ❧❛ ♠Œ♠❡ ♦❝❝❛s✐♦♥ ✉♥❡
♥♦✉✈❡❧❧❡ ♣r❡✉✈❡ ❞❡ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✬❆♥❞❡rs♦♥✳ ▲✬❛❞❛♣t❛t✐♦♥ ❞❡ ❧✬❛♥❛❧②s❡ ♠✉❧t✐✲
Ø❝❤❡❧❧❡ ❛✉ ❝❛s ❝♦♥t✐♥✉ ❛ ØtØ rØ❛❧✐sØ ❞❛♥s ❬▼❍✽✹✱ ❈❍✾✹✱ ❑❧♦✾✺❛✱ ❑❧♦✾✺❜✱ ❈❍▼✾✻❪✳
▲❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡ q✉❛♥t  ❡❧❧❡ ❛ ØtØ ✐♥✐t✐❛❧❡♠❡♥t ❞Ø♠♦♥trØ❡ ♣❛r ❆✐③❡♥✲
♠❛♥♥ ❡t ▼♦❧❝❤❛♥♦✈ ❬❆▼✾✸✱ ❆✐③✾✹❪ ❞❛♥s ❧❡ ❝❛s ❞✐s❝r❡t ✈✐❛ ❧❛ ♠Øt❤♦❞❡ ❞❡s ♠♦♠❡♥ts
❢r❛❝t✐♦♥♥❛✐r❡s ❡t ❞❛♥s ❧❡ ❝❛s ❝♦♥t✐♥✉ ❞❛♥s ❬●❇✾✽✱ ❋❑✾✻✱ ❘❏❨❙✾✻❪✳ ▲❛ ♠Øt❤♦❞❡
❞❡s ♠♦♠❡♥ts q✉❛♥❞ ❡❧❧❡ s✬❛♣♣❧✐q✉❡ ❝♦♥❞✉✐t ♥❛t✉r❡❧❧❡♠❡♥t  ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞②♥❛✲
♠✐q✉❡ ♠❛✐s ♥Ø❝❡ss✐t❡ ❞❡s ❞✐str✐❜✉t✐♦♥s ❛ss❡③ rØ❣✉❧✐Łr❡ ✭❣Ø♥Ør❛❧❡♠❡♥t ❛❜s♦❧✉♠❡♥t
❝♦♥t✐♥✉❡  ❞❡♥s✐tØ ❜♦r♥Ø❡✮✳ ❚❛♥❞✐s q✉❡ ❧✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ♣❡r♠❡t ❞❡ tr❛✐t❡r
✉♥ ❧❛r❣❡ s♣❡❝tr❡ ❞❡ ♣♦t❡♥t✐❡❧s ❛❧Ø❛t♦✐r❡s ✐♥❝❧✉❛♥t ❞❡s ♣♦t❡♥t✐❡❧s s✐♥❣✉❧✐❡rs ❞❡ t②♣❡
❇❡r♥♦✉❧❧✐ ❬❈❛r✽✷✱ ❈▲✾✵❪ ❡♥ ❞✐♠❡♥s✐♦♥ 1✳ ❈❡♣❡♥❞❛♥t ✉♥❡ ❛♥❛❧②s❡ s✉♣♣❧Ø♠❡♥t❛✐r❡
❡st r❡q✉✐s❡ ❛✜♥ ❞✬❡♥ ❞Ø❞✉✐r❡ ❧❛ ❞Ø❝r♦✐ss❛♥❝❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❡t ❧❛ ❧♦❝❛❧✐s❛t✐♦♥
❞②♥❛♠✐q✉❡✳ ▲❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡ ♣❛r ❞❡s ♠Øt❤♦❞❡s r❡♣♦s❛♥t s✉r ❧✬❛♥❛❧②s❡
♠✉❧t✐✲Ø❝❤❡❧❧❡ ❛ ØtØ ❛✉ ❞Ø♣❛rt ❞Ø♠♦♥trØ❡ ♣❛r ●❡r♠✐♥❡t ❡t ❉❡ ❇✐Ł✈r❡ ❬●❇✾✽❪✳ P❧✉s
t❛r❞✱ ❉❛♠❛♥✐❦ ❡t ❙t♦❧❧♠❛♥♥ ❬❉❙✵✶❪ ♠♦♥tr❡♥t q✉❡ ❧❡s ❡st✐♠Ø❡s ❞✬❛♥❛❧②s❡ ♠✉❧t✐✲
Ø❝❤❡❧❧❡ ❡♥tr❛♥❡♥t ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❢♦rt❡ ❛✉ s❡♥s ❞❡ ❧✬❡s♣Ør❛♥❝❡✳ ❯♥❡
✈❡rs✐♦♥ ♣❧✉s ✜♥❡ ✭❡♥ ♥♦r♠❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t✮ ❞❡ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❛ Ø❣❛✲



✶✷ ❈❤❛♣✐tr❡ ✶✳ ■♥tr♦❞✉❝t✐♦♥ ❡t ♣rØs❡♥t❛t✐♦♥ ❞❡s rØs✉❧t❛ts

❧❡♠❡♥t ØtØ ♣r♦✉✈Ø❡ ♣❛r ●❡r♠✐♥❡t ❡t ❑❧❡✐♥ ❬●❑✵✶❪✳ ❉❛♥s ❝❡tt❡ t❤Łs❡✱ ♦♥ s❡ s❡r✈✐r❛
❞❡ ❧✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ♣♦✉r Øt❛❜❧✐r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✬❆♥❞❡rs♦♥ ❡t ❞②♥❛♠✐q✉❡
♠✉❧t✐✲♣❛rt✐❝✉❧❛✐r❡✳

▲✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ❡st ✉♥ ♣r♦❝Ø❞Ø ✐♥❞✉❝t✐❢ s✉r ❞❡s Ø❝❤❡❧❧❡s ♦✉ ❧♦♥❣✉❡✉rs
{Lk}k≥0 ❛✈❡❝ ❝♦♠♠❡ r❡❧❛t✐♦♥ ❞❡ rØ❝✉rr❡♥❝❡ Lk+1 = bLαkc + 1✱ 1 < α < 2✳ ❖♥
❝♦♠♠❡♥❝❡ ♣❛r r❡str❡✐♥❞r❡ ❧✬♦♣Ør❛t❡✉r H(1)(ω)  ❞❡s ❝✉❜❡s C(1)

Lk
(u) ❞❡ ❝tØ Lk

❛✈❡❝ ❝♦♥❞✐t✐♦♥s ❛✉① ❜♦r❞s ♥✉❧❧❡s✳ ▲✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ❝♦♥s✐st❡ ❛❧♦rs  Øt❛❜❧✐r
❧❛ ❞Ø❝r♦✐ss❛♥❝❡ ✭❣Ø♥Ør❛❧❡♠❡♥t ❡①♣♦♥❡♥t✐❡❧❧❡✮  t♦✉t❡s ❧❡s Ø❝❤❡❧❧❡s✱ ❞❡s Ø❧Ø♠❡♥ts
♠❛tr✐❝✐❡❧s ❧♦✐♥ ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❡ ❧✬♦♣Ør❛t❡✉r r❡str❡✐♥t H(1)

C
(1)
Lk

(u)
(ω) ❛✈❡❝ ✉♥❡ ♣r♦✲

❜❛❜✐❧✐tØ ❝♦♥✈❡♥❛❜❧❡✳ ▲✬Øt❛♣❡ ✐♥❞✉❝t✐✈❡ ❡st ❜❛sØ❡ s✉r ❧✬✐❞❡♥t✐tØ ❣Ø♦♠Øtr✐q✉❡ ❞❡ ❧❛
rØs♦❧✈❛♥t❡ q✉✐ ♣❡r♠❡t ❞✬Øt❛❜❧✐r ✉♥❡ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡s Ø❧Ø♠❡♥ts ♠❛tr✐❝✐❡❧s ❞❡s rØ✲
s♦❧✈❛♥t❡s ❝♦rr❡s♣♦♥❞❛♥t ❛✉① Ø❝❤❡❧❧❡s k ❡t k + 1✳ ❊♥ ❡✛❡t ✉♥ rØs✉❧t❛t ❝❡♥tr❛❧ ♣♦✉r
❧✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ❡t q✉✐ ✉t✐❧✐s❡ ❧✬✐❞❡♥t✐tØ ❣Ø♦♠Øtr✐q✉❡ ❞❡ ❧❛ rØs♦❧✈❛♥t❡ Øt❛❜❧✐t
❧❛ ❞Ø❝r♦✐ss❛♥❝❡ ❞❡s Ø❧Ø♠❡♥ts ♠❛tr✐❝✐❡❧s ❞❛♥s ✉♥ ❝✉❜❡  ♣❛rt✐r ❞❡ ❧❛ ❞Ø❝r♦✐ss❛♥❝❡
❞❛♥s ❞❡s s♦✉s✲❝✉❜❡s ❞✐s❥♦✐♥ts ❡t ❞❡ ❧❡✉r ♥♦♥✲rØs♦♥❛♥❝❡✳ ▲❛ rØs♦♥❛♥❝❡ ❞✬✉♥ ❝✉❜❡
C

(1)
Lk
(u) ♣❛r r❛♣♣♦rt  ✉♥❡ ❝❡rt❛✐♥❡ Ø♥❡r❣✐❡ E ❝❛r❛❝tØr✐s❡ ❧❡ ❢❛✐t q✉❡ ❝❡tt❡ Ø♥❡r❣✐❡

s♦✐t trŁs ♣r♦❝❤❡ ❞✉ s♣❡❝tr❡ ❞❡ ❧✬♦♣Ør❛t❡✉r H(1)

C
(1)
Lk

(u)
(ω)✳ ❉❡ ❝❡ ❢❛✐t✱ s❡ s❡r✈❛♥t ❞❡

❧✬❤②♣♦t❤Łs❡ ✐♥❞✉❝t✐✈❡ s✉r ❞❡s Ø❝❤❡❧❧❡s {Lk}✱ ❧✬Øt❛♣❡ s✉✐✈❛♥t❡ ❝♦♥s✐st❡  ❡st✐♠❡r ❡♥
♣r♦❜❛❜✐❧✐tØ ❧❡s rØs♦♥❛♥❝❡s✳ ❈❡❧❛ s❡ ❢❛✐t  ❧✬❛✐❞❡ ❞❡s ❡st✐♠Ø❡s ❞❡ ❲❡❣♥❡r✳

▲❡ r♦❧❡ ❞❡s ❤②♣♦t❤Łs❡s t❡❧❧❡s ❣r❛♥❞ ❞Øs♦r❞r❡ ♦✉ ✈♦✐s✐♥❛❣❡ ❞❡s Ø♥❡r❣✐❡s ❡①trŒ♠❡s
❡st ❞❡ ♣♦✉✈♦✐r Øt❛❜❧✐r ❧❡s ❡st✐♠Ø❡s ❞❡ ❧✬Ø❝❤❡❧❧❡ ✐♥✐t✐❛❧❡✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ❜❛ss❡s
Ø♥❡r❣✐❡s q✉✐ ♥♦✉s ✐♥tØr❡ss❡✱ ❝❡tt❡ ❡st✐♠Ø❡ ❡st ❜❛sØ❡ ❞✬✉♥❡ ♣❛rt s✉r ❧✬❡st✐♠Ø❡ ❞❡
❈♦♠❜❡s✲❚❤♦♠❛s q✉✐ ❢♦✉r♥✐t ✉♥❡ ❞Ø❝r♦✐ss❛♥❝❡ ❞❡s rØs♦❧✈❛♥t❡s ❧♦❝❛❧❡s ♣♦✉r ❞❡s
Ø♥❡r❣✐❡s ❡♥ ❞❡❤♦rs ❞✉ s♣❡❝tr❡ ❡t ❞✬❛✉tr❡ ♣❛rt s✉r ❧✬Øt✉❞❡ ❞❡s ❛s②♠♣t♦t✐q✉❡s ❞❡
▲✐❢s❤✐t③ ❞❡ ❧❛ ❞❡♥s✐tØ ❞✬Øt❛ts ✐♥tØ❣rØ❡✳

▲❡ ❝❛s ❞❡s ♣♦t❡♥t✐❡❧s ❛❧Ø❛t♦✐r❡s ❝♦rrØ❧Øs ❛ ØtØ ❛♥❛❧②sØ ♣❛r ❉r❡✐❢✉s ❡t ❑❧❡✐♥
❬✈❉❑✾✶❪ q✉✐ ♦♥t ❞Ø♠♦♥trØ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✬❆♥❞❡rs♦♥ ❞❡s ❝❤❛♠♣s ●❛✉ss✐❡♥s  ❝♦✲
✈❛r✐❛♥❝❡s ❞Ø❝r♦✐ss❛♥t❡s ❡t ❞❡s ❝❤❛♠♣s ❞❡ ●✐❜❜s ❝♦♠♣❧Łt❡♠❡♥t ❛♥❛❧②t✐q✉❡s✳ ❑r❣❡r
❬❑r✉✶✷❪✱ ❛ q✉❛♥t  ❧✉✐✱ Øt❛❜❧✐t ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ♣♦✉r ❞❡s ♣♦t❡♥t✐❡❧s ❝♦rrØ❧Øs  ❝♦rrØ✲
❧❛t✐♦♥s ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ❞Ø❝r♦✐ss❛♥t❡s ♣❛r ✉♥❡ ♠Øt❤♦❞❡ r❡♣♦s❛♥t s✉r ✉♥❡ ❢♦r♠❡
❞✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡  ❡st✐♠Ø❡ ❞❡ ❲❡❣♥❡r ✐♥❞✉❝t✐✈❡ ❞Ø✈❡❧♦♣♣Ø❡ ♣rØ❝Ø❞❡♠♠❡♥t
♣❛r ❇♦✉r❣❛✐♥ ❡t ❛❧✳ ❬❇●❙✵✷❪ ❡t ❛♠Ø❧✐♦rØ❡ ❞❛♥s ❬❇♦✉✵✷✱ ❇♦✉✵✼❪✳ P❧✉s rØ❝❡♠♠❡♥t✱
❑❧♦♣♣ ❬❑❧♦✶✷❪ ❛ ❛♥❛❧②sØ ❧❡s st❛t✐st✐q✉❡s s♣❡❝tr❛❧❡s ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ ❧✬♦♣Ør❛✲
t❡✉r ❞❡ ❙❝❤r❞✐♥❣❡r  ♣♦t❡♥t✐❡❧s ❢❛✐❜❧❡♠❡♥t ❝♦rrØ❧Øs ❞❛♥s ❧❡ rØ❣✐♠❡ ❧♦❝❛❧✐sØ✳

❘❛♣♣❡❧♦♥s ❧❡ ♠♦❞Ł❧❡ ❞✬❆♥❞❡rs♦♥ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♠✉❧t✐✲♣❛rt✐❝✉❧❛✐r❡ ❛✈❡❝
✉♥ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡ N ≥ 2 ✜♥✐✳ ▲✬Øt✉❞❡ ♠❛t❤Ø♠❛t✐q✉❡ ❞❡ t❡❧s ♦♣Ør❛t❡✉rs ❡st



✶✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✸

r❡❧❛t✐✈❡♠❡♥t rØ❝❡♥t❡✳ ▲❛ str✉❝t✉r❡ ❣Ø♥Ør❛❧❡ ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ N ✲♣❛rt✐❝✉❧❛✐r❡ ❛✈❡❝
✐♥t❡r❛❝t✐♦♥ ❡st ❧❛ s✉✐✈❛♥t❡ ✿

H(N)(ω) = −∆+
NX
j=1

V (xj, ω) +U, ✭✶✳✷✮

✐❧ ♦♣Łr❡ s✉r Ψ ∼= Ψ(x1, . . . , xn) ∈ ‘2((Zd)N)✱ ♦ø ∆ ❡st ❧✬♦♣Ør❛t❡✉r ▲❛♣❧❛❝✐❡♥
s✉r (Zd)N ∼= ZNd✱ V : Zd × Ω → R ❡st ✉♥ ❝❤❛♠♣ ❛❧Ø❛t♦✐r❡ r❡❧❛t✐❢  ✉♥ ❡s♣❛❝❡
♣r♦❜❛❜✐❧✐sØ (Ω,P) q✉✐ ❛❣✐t ❝♦♠♠❡ ♦♣❡r❛t❡✉r ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ❧❛ ❢♦♥❝t✐♦♥
V (x, ω) =

PN
i=1 V (xi, ω) ❡t U : (Zd)N → R ❡st ✉♥ ♣♦t❡♥t✐❡❧ ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡

❧❡s ♣❛rt✐❝✉❧❡s q✉❛♥t✐q✉❡s ❡t ❛❣✐t ❛✉ss✐ ❝♦♠♠❡ ♦♣Ør❛t❡✉r ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ❧❛
❢♦♥❝t✐♦♥U(x)✳ ▲❡s ♣r❡♠✐❡rs rØs✉❧t❛ts s✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✬❆♥❞❡rs♦♥ ❞❡s ♦♣Ør❛t❡✉rs
H(N)(ω) ♦♥t ØtØ ♦❜t❡♥✉s ❞✬✉♥❡ ♣❛rt ♣❛r ❈❤✉❧❛❡✈s❦② ❡t ❙✉❤♦✈ ❬❈❙✵✾❛✱ ❈❙✵✾❜❪ ❡♥
Øt❡♥❞❛♥t ❧✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ❛✉① s②stŁ♠❡s ♠✉❧t✐✲♣❛rt✐❝✉❧❛✐r❡s ❡t ❞✬❛✉tr❡ ♣❛rt
♣❛r ❆✐③❡♥♠❛♥♥ ❡t ❲❛r③❡❧ ❬❆❲✵✾✱ ❆❲✶✵❪ q✉✐ ♦♥t rØ❛❧✐sØ ❝❡tt❡ ❡①t❡♥s✐♦♥ ♣♦✉r ❧❛
♠Øt❤♦❞❡ ❞❡s ♠♦♠❡♥ts ❢r❛❝t✐♦♥♥❛✐r❡s✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s✱ ✐❧ ❛ ØtØ s✉♣♣♦sØ q✉❡ ❧❡
❝❤❛♠♣ ❛❧Ø❛t♦✐r❡ V ❡st  ✈❛❧❡✉rs ✐♥❞Ø♣❡♥❞❛♥t❡s ❡t ✐❞❡♥t✐q✉❡♠❡♥t ❞✐str✐❜✉Ø❡s ❡t
q✉❡ ❧✬✐♥t❡r❛❝t✐♦♥ U ❡st ❞❡ ♣♦rtØ❡ ✜♥✐❡✳

❉❛♥s ❬❆❲✵✾✱ ❆❲✶✵❪✱ ❧❡s ❛✉t❡✉rs Øt❛❜❧✐ss❡♥t ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ s♣❡❝tr❛❧❡ ❡t ❞②♥❛✲
♠✐q✉❡ s♦✉s ❧❡ rØ❣✐♠❡ ❞❡ ❣r❛♥❞ ❞Øs♦r❞r❡ ♦✉ ❞❡ ❢❛✐❜❧❡ ✐♥t❡r❛❝t✐♦♥✳ ❈♦♠♣t❡ t❡♥✉ ❞❡
❧❛ s♣Ø❝✐✜tØ ❞❡ ❧❛ ♠Øt❤♦❞❡ ❞❡s ♠♦♠❡♥ts✱ ❆✐③❡♥♠❛♥♥ ❡t ❲❛r③❡❧ ♦♥t s✉♣♣♦sØ q✉❡
❧❛ ❞✐str✐❜✉t✐♦♥ ❝♦♠♠✉♥❡ ❞❡s ✈❛r✐❛❜❧❡s ❛❧Ø❛t♦✐r❡s ❛❞♠❡t ✉♥❡ ❞❡♥s✐tØ ❜♦r♥Ø❡ ✈Ør✐✲
✜❛♥t ✉♥❡ ❝♦♥❞✐t✐♦♥ t❡❝❤♥✐q✉❡ s✉♣♣❧Ø♠❡♥t❛✐r❡✳ ❚❛♥❞✐s q✉❡ ❈❤✉❧❛❡✈s❦② ❡t ❙✉❤♦✈
❬❈❙✵✾❜❪✱ ♦♥t ♦❜t❡♥✉s ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ s♣❡❝tr❛❧❡ ♠✉❧t✐✲♣❛rt✐❝✉❧❛✐r❡ s♦✉s ❧❡ rØ❣✐♠❡ ❞❡
❣r❛♥❞ ❞Øs♦r❞r❡ ❡t ♣♦✉r ❞❡s ❞✐str✐❜✉t✐♦♥s ❍❧❞Ør✐❡♥♥❡s✳ ◆♦tr❡ tr❛✈❛✐❧ q✉✐ tr❛✐t❡ ❧❡
❝❛s ❞❡s ❜❛ss❡s Ø♥❡r❣✐❡s ❝♦♠♣❧Łt❡ ❝❡s ♣rØ❝Ø❞❡♥ts tr❛✈❛✉①✳

❯♥ ♣r♦❜❧Ł♠❡ ✐♠♣♦rt❛♥t q✉✐ ❛♣♣❛r❛t ❞❛♥s ❧✬Øt✉❞❡ ❞❡s s②stŁ♠❡s ♠✉❧t✐✲♣❛rt✐❝✉❧❛✐r❡s
❡t ♥♦t❛♠♠❡♥t ❞❛♥s ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ♣rŁs ❞✉ ❜❛s ❞✉ s♣❡❝tr❡ ❡st ❝❡❧✉✐ ❞❡ ❧✬❡r❣♦❞✐❝✐tØ
❝❛r ❧❡s rØs✉❧t❛ts ❞✬❡r❣♦❞✐❝✐tØ ❞❡ ❧❛ t❤Ø♦r✐❡ ♠♦♥♦♣❛rt✐❝✉❧❛✐r❡ ♥❡ s✬❛♣♣❧✐q✉❡♥t ♣❛s
✐❝✐✳ ❊♥ ❡✛❡t✱ ✐❧ ♥✬② ❛ ♣❧✉s ❡r❣♦❞✐❝✐tØ  ♣❛rt✐r ❞❡s tr❛♥s❧❛t✐♦♥s ❝♦♠♠❡ ❞❛♥s ❧❡
s②stŁ♠❡ ♠♦♥♦♣❛rt✐❝✉❧❛✐r❡✳ ❚❡❧❧❡ ❡st ❧❛ r❛✐s♦♥ ♣♦✉r ❧❛q✉❡❧❧❡ ❧✬❡r❣♦❞✐❝✐tØ ♥✬❡st ♣❛s
✉t✐❧✐sØ❡ ❞❛♥s ♥♦tr❡ str❛tØ❣✐❡ ❣Ø♥Ør❛❧❡ ❝♦♥❝❡r♥❛♥t ❧❡ ❢❛✐t q✉❡ ❧❡ ❜❛s ❞✉ s♣❡❝tr❡ ❡st
♥♦♥✲❛❧Ø❛t♦✐r❡✳ ▲✬❡r❣♦❞✐❝✐tØ ♣❡r♠❡t ❞✬❛♣rŁs ✉♥ rØs✉❧t❛t ❞ß  P❛st✉r✱ ❞✬♦❜t❡♥✐r q✉❡
♣r❡sq✉❡ sßr❡♠❡♥t✱ ❧❡ s♣❡❝tr❡ σ(H(1)(ω)) ✈Ør✐✜❡ ✿

σ(H(1)(ω)) = Σ,

♦ø Σ ❡st ✉♥ s♦✉s ❡♥s❡♠❜❧❡ ❢❡r♠Ø ❞❡ R✳ ❉❡ ♣❧✉s✱ ✐❧ ❡①✐st❡ ❞❡s s♦✉s✲❡♥s❡♠❜❧❡s Σpp✱



✶✹ ❈❤❛♣✐tr❡ ✶✳ ■♥tr♦❞✉❝t✐♦♥ ❡t ♣rØs❡♥t❛t✐♦♥ ❞❡s rØs✉❧t❛ts

Σac✱ Σsc t❡❧s q✉❡ ❛✈❡❝ P✲♣r♦❜❛❜✐❧✐tØ 1✱

σpp(H
(1)(ω)) = Σpp σac(H

(1)(ω)) = Σac σsc(H
(1)(ω)) = Σsc.

♦ø σpp(H(1)(ω))✱ σac(H(1)(ω))✱ σsc(H(1)(ω)) ❞Øs✐❣♥❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡ s♣❡❝tr❡
♣✉r❡♠❡♥t ♣♦♥❝t✉❡❧✱ ❛❜s♦❧✉♠❡♥t ❝♦♥t✐♥✉ ❡t s✐♥❣✉❧✐Łr❡♠❡♥t ❝♦♥t✐♥✉ ❞❡ H(1)(ω)✳
❈♦♠♠❡ ❝♦♥sØq✉❡♥❝❡✱ ❧❛ ❜♦r♥❡ ✐♥❢Ør✐❡✉r❡ ❞✉ s♣❡❝tr❡ E0 = inf σ(H(1)(ω)) ❡st ♥♦♥✲
❛❧Ø❛t♦✐r❡✳

◆♦✉s ❞Ø❝r✐✈♦♥s ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ s✉✐✈❛♥t ❧❡s ❞✐✈❡rs tr❛✈❛✉① ❞❡ ❧❛ t❤Łs❡✳

✶✳✷ PrØs❡♥t❛t✐♦♥ ❞❡s tr❛✈❛✉① ❞❡ ❧❛ t❤Łs❡

❉❛♥s ❝❡tt❡ Øt✉❞❡ ♦♥ ❝♦♥s✐❞Łr❡ ❧✬❡s♣❛❝❡ ❞❡ ♣r♦❜❛❜✐❧✐tØ (Ω,B,P) ❞♦♥♥Ø ♣❛r

Ω = RZd

, B = B(R)Zd

,

✭♦ø B(R) ❡st ❧❛ tr✐❜✉ ❜♦rØ❧✐❡♥♥❡ ❞❡ R✮ ❡t ✉♥ ♣♦t❡♥t✐❡❧ ❡①t❡r♥❡ V : Zd × Ω → R
❞Ø✜♥✐ ♣❛r V (x, ω) = ωx ♣♦✉r ω = (ωi)i∈Zd✳ ❖♥ s✬✐♥tØr❡ss❡ ❛❧♦rs ❛✉① ♣r♦♣r✐ØtØs
s♣❡❝tr❛❧❡s ❞❡s ❍❛♠✐❧t♦♥✐❡♥s N ✲♣❛rt✐❝✉❧❛✐r❡ {H(N)(ω), ω ∈ Ω}✳ ❙♦✐t N ≥ 2 ✉♥
❡♥t✐❡r ✜♥✐ q✉✐ ♣❡✉t Œtr❡ ❛r❜✐tr❛✐r❡♠❡♥t ❣r❛♥❞✳ ▲✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ♥Ø❝❡ss✐t❡
❞❡ ❝♦♥s✐❞Ør❡r ❛✉ss✐ ❧❡s ❍❛♠✐❧t♦♥✐❡♥s H(n)(ω) ❝♦rr❡s♣♦♥❞❛♥t ❛✉① s♦✉s✲s②stŁ♠❡s 
n ♣❛rt✐❝✉❧❡s ♣♦✉r t♦✉t n = 1, . . . , N ✳ ❆✐♥s✐✱ ♦♥ ✐♥tr♦❞✉✐t ❧❡s ♥♦t❛t✐♦♥s s✉✐✈❛♥t❡s
♣♦✉r t♦✉t n = 1, . . . , N ✳

❙♦✐t ν ≥ 1✱ ♦♥ ❝♦♥s✐❞Łr❡ ❧❛ ♥♦r♠❡ ♠❛① | · | s✉r Zν ❞Ø✜♥✐❡ ♣❛r

|x| = max{|x1|, . . . , |xν|}, ✭✶✳✸✮

♣♦✉r x =
(
x1, . . . , xν


∈ Zν✳ ❖❝❝❛s✐♦♥♥❡❧❧❡♠❡♥t ✭♣❛r ❡①❡♠♣❧❡ ❞❛♥s ❧❛ ❞Ø✜♥✐t✐♦♥

❞✉ ▲❛♣❧❛❝✐❡♥✮✱ ♦♥ ✉t✐❧✐s❡r❛ ❧❛ ♥♦r♠❡ | · |1 ❞Ø✜♥✐❡ ♣❛r

|x|1 = |x1|+ · · ·+ |xν|. ✭✶✳✹✮

▲❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞✬✉♥ s②stŁ♠❡ ❞❡ n ♣❛rt✐❝✉❧❡s q✉❛♥t✐q✉❡s ❞✐st✐♥❝t❡s s✉r Zd ♦ø
d ≥ 1 ❡st ✉♥ ❡♥t✐❡r ✜①Ø✱ ❡st r❡♣rØs❡♥tØ ♣❛r ✉♥ ✈❡❝t❡✉r

x = (x1, . . . , xn) ∈ (Zd)n ∼= Znd,

♦ø xj = (x
(1)
j , . . . , x

(d)
j ) ∈ Zd✱ j = 1, . . . , n ❡t ∆ ❡st ❧❡ ▲❛♣❧❛❝✐❡♥ s✉r Znd ❞Ø✜♥✐

♣❛r

(∆Ψ)(x) =
X
y∈Znd

|y−x|1=1

(Ψ(y)−Ψ(x)) =
X
y∈Znd

|y−x|1=1

Ψ(y)− 2dnΨ(x), ✭✶✳✺✮



✶✳✷✳ PrØs❡♥t❛t✐♦♥ ❞❡s tr❛✈❛✉① ❞❡ ❧❛ t❤Łs❡ ✶✺

♣♦✉r t♦✉t Ψ ∈ ‘2(Znd)✱ x ∈ Znd✳ ◆♦t❡r q✉❡ ∆ ❡st ❜♦r♥Ø ❡t −∆ ❡st ♣♦s✐t✐❢✳ ❖♥
❝♦♥s✐❞Ør❡r❛ ❧❡s ♦♣Ør❛t❡✉rs ❞❡ ❙❝❤r❞✐♥❣❡r ❛❧Ø❛t♦✐r❡ H(n)(ω) ♣♦✉r n = 1, . . . , N ❞❡
❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡ ❞Ø❥ ✈✉❡ ❡♥ ✭✶✳✷✮

H(n)(ω) = −∆+
nX
j=1

V (xj, ω) +U

❛❣✐ss❛♥t s✉r ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt H(n) = ‘2(Zdn)✳ ✭✶✳✸✮ ❡t ✭✶✳✹✮ s♦♥t ❝♦♠♣❛t✐❜❧❡s
❛✈❡❝ ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ Zdn ∼= (Zd)n✱ ✐✳❡✳✱

|x| = max
1≤j≤n

|xj|,

|x|1 = |x1|1 + · · ·+ |xn|1,

♣♦✉r x = (x1, . . . , xn) ∈ (Zd)n✳ P♦✉r ❧❡ rØ❣✐♠❡ ❢❛✐❜❧❡♠❡♥t ✐♥t❡r❛❝t✐❢✱ ♦♥ ✐♥tr♦✲
❞✉✐t ✉♥ ♣❛r❛♠Łtr❡ h > 0 q✉✐ ♣❡r♠❡t ❞❡ ♠❡s✉r❡r ❧❛ ❢♦r❝❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥✳ P❧✉s
♣rØ❝✐sØ♠❡♥t ♦♥ ❛ ❧✬❍❛♠✐❧t♦♥✐❡♥ s✉✐✈❛♥t ✿

H
(n)
h (ω) = −∆+

nX
j=1

V (xj, ω) + hU,

♦ø ❧❛ ❞Ø♣❡♥❞❛♥❝❡ ❛✈❡❝ ❧❛ ❢♦r❝❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡st ✈✐s✐❜❧❡ s❡❧♦♥ q✉❡ h > 0 ❡st ♣❡t✐t
♦✉ ♥♦♥✳

✶✳✷✳✶ ❍②♣♦t❤Łs❡s ❣Ø♥Ør❛❧❡s

✭■✶✮✳ ▲❡ ♣♦t❡♥t✐❡❧ ❞✬✐♥t❡r❛❝t✐♦♥

U : (Zd)n → R

❡st ❜♦r♥Ø ❡t ❞❡ ❧❛ ❢♦r♠❡

U(x) =
X

1≤i<j≤n
Φ(|xi − xj|), x = (x1, . . . , xn) ∈ Znd, ✭✶✳✻✮

♦ø Φ: N → R+ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣♦s✐t✐✈❡  s✉♣♣♦rt ❝♦♠♣❛❝t

∃ r0 ∈ N : supp Φ ⊂ [0, r0]. ✭✶✳✼✮

▲✬Øt✉❞❡ ❞✉ rØ❣✐♠❡ ❢❛✐❜❧❡♠❡♥t ✐♥t❡r❛❝t✐❢ ♥❡ ♥Ø❝❡ss✐t❡ ♣❛s ❧✬✐♥t❡r❛❝t✐♦♥ U ❞✬Œtr❡
♣♦s✐t✐✈❡✱ ♣♦✉r ❝❡tt❡ r❛✐s♦♥ ♦♥ ✐♥tr♦❞✉✐t ❧✬❤②♣♦t❤Łs❡ ♣❧✉s ❣Ø♥Ør❛❧❡ s✉✐✈❛♥t❡✳



✶✻ ❈❤❛♣✐tr❡ ✶✳ ■♥tr♦❞✉❝t✐♦♥ ❡t ♣rØs❡♥t❛t✐♦♥ ❞❡s rØs✉❧t❛ts

✭■✷✮✳ ▲✬✐♥t❡r❛❝t✐♦♥
U : (Zd)n → R

s❛t✐s❢❛✐t ♣♦✉r t♦✉t n = 1, . . . , N

U(x) =
X

1≤i<j≤n
Φ(|xi − xj|), x = (x1, . . . , xn) ∈ Znd,

♦ø x = (x1, . . . , xn) ∈ (Zd)n ❡t ❧❛ ❢♦♥❝t✐♦♥ Φ ♥✬❡st ♣❛s ♥Ø❝❡ss❛✐r❡♠❡♥t ♣♦s✐t✐✈❡✳
❉❡ ♣❧✉s✱

∃r0 ∈ N : supp Φ ⊂ [0, r0].

P♦✉r ❞Ø❝r✐r❡ ❧❡s ❤②♣♦t❤Łs❡s s✉r ❧❡ ♣♦t❡♥t✐❡❧ ❛❧Ø❛t♦✐r❡

V : Zd × Ω → R,
♦♥ ❛ ❜❡s♦✐♥ ❞✬✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ♥♦t❛t✐♦♥s✳ ❖♥ ❞Øs✐❣♥❡ ♣❛r FV ❧❛ ❞✐str✐❜✉t✐♦♥
s✉r R ❞❡s ✈❛r✐❛❜❧❡s ❛❧Ø❛t♦✐r❡s ✐✳✐✳❞✳ V (x, ω)✳ ❙♦✐t E ∈ R

FV (E) := P {V (0, ω) ≤ E}
❡t s♦✐t µ ❧❛ ♠❡s✉r❡ ❛ss♦❝✐Ø❡ s✉r R✱ ✐✳❡✱

µ([a, b]) = FV (b)− FV (a).

❖♥ ♣♦s❡
s(µ, ε) = sup

a∈R
µ([a, a+ ε]) = sup

a∈R
(FV (a+ ε)− FV (a)).

❖♥ ❞Ø✜♥✐t ❛✉ss✐

L∞((1 + |x|)1+κ) := {f : R → R| sup
x∈R

|f(x)(1 + |x|)1+κ| <∞},

♣♦✉r ✉♥ ❝❡rt❛✐♥ κ ∈ (0, 1)✳
▲❡ s✉♣♣♦rt ❞✬✉♥❡ ♠❡s✉r❡ µ ❡st ❞Ø✜♥✐ ♣❛r

suppµ = {x ∈ R
µ ((x− ε, x+ ε)) > 0,∀ε > 0}. ✭✶✳✽✮

✭P✶✮✳ ▲❛ ❞✐str✐❜✉t✐♦♥ ❝♦♠♠✉♥❡ µ ❞❡s ✈❛r✐❛❜❧❡s ❛❧Ø❛t♦✐r❡s ✐✳✐✳❞✳ V (x, ω) ✈Ør✐✜❡
0 ∈ suppµ ⊂ [0,+∞)✳ ❉❡ ♣❧✉s✱ ❡❧❧❡ ❡st ❧♦❣✲❍❧❞Ør✐❡♥♥❡✱  s❛✈♦✐r ✿

s(µ, ε) := sup
a∈R

P {V (0, ω) ∈ [a, a+ ε]} ≤ C

| ln |2A
✭✶✳✾✮

♦ø C ∈ (0,∞) ❡t A > 0 ❡st s✉✣s❛♠♠❡♥t ❣r❛♥❞.

✭P✷✮✳ ▲❡ ♣♦t❡♥t✐❡❧ ❛❧Ø❛t♦✐r❡ V : Zd × Ω → R ❡st ✐✳✐✳❞✳ ❡t ❜♦r♥Ø✱ ✐✳❡✳✱ ✐❧ ❡①✐st❡
M ∈ (0,∞) t❡❧ q✉❡ suppµ ⊂ [−M,M ]✳ ❉❡ ♣❧✉s ✱ ❧❛ ♠❡s✉r❡ ❞❡ ♣r♦❜❛❜✐❧✐tØ µ
♣♦ssŁ❞❡ ✉♥❡ ❞❡♥s✐Ø ❜♦r♥Ø❡✱ ✐✳❡✳✱ P {V (0, ω) ∈ A} = µ(A) =

R
A ρ(λ)dλ✱ ❡t ρ ∈

L∞((1 + |x|)1+κ)✳
▲❡s rØs✉❧t❛ts s✉✐✈❛♥ts ♦♥t ØtØ ❧✬♦❜❥❡t ❞❡ ♣r♦❥❡ts ❞✬❛rt✐❝❧❡s ❬❊❦❛✶✶✱ ❊❦❛✶✷❪✳



✶✳✷✳ PrØs❡♥t❛t✐♦♥ ❞❡s tr❛✈❛✉① ❞❡ ❧❛ t❤Łs❡ ✶✼

✶✳✷✳✷ ❉Øt❡r♠✐♥❛t✐♦♥ ❞✉ ❜❛s ❞✉ s♣❡❝tr❡

❈♦♠♠❡ ❞✐t ♣❧✉s ❤❛✉t✱ s❛♥s ❛✈♦✐r r❡❝♦✉rs  ❧✬❡r❣♦❞✐❝✐tØ✱ ✐❧ ♥✬❡st ♣❛s tr✐✈✐❛❧ ❞✬Øt❛✲
❜❧✐r q✉❡ ❧❡ ❜❛s ❞✉ s♣❡❝tr❡ E(n)

0 ❞❡s ❍❛♠✐❧t♦♥✐❡♥s H(n)(ω) ❡st ♣r❡sq✉❡ sßr❡♠❡♥t
❝♦♥st❛♥t✳ ❖r✱ ✉♥ t❡❧ rØs✉❧t❛t ❡st ❝r✉❝✐❛❧ ♣♦✉r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✬❆♥❞❡rs♦♥✳ ❙♦✉s ❞❡s
❤②♣♦t❤Łs❡s ❛❞Øq✉❛t❡s ♠❛✐s trŁs ❣Ø♥Ør❛❧❡s (I1) ❡t (P1) s✉r ❧✬✐♥t❡r❛❝t✐♦♥ U ❡t ❧❡
♣♦t❡♥t✐❡❧ ❛❧Ø❛t♦✐r❡ V ✱ ♦♥ ♠♦♥tr❡ q✉❡ ♣r❡sq✉❡ sßr❡♠❡♥t✱ t♦✉t❡s ❧❡s q✉❛♥t✐tØs E(n)

0

s♦♥t ✐❞❡♥t✐q✉❡♠❡♥t ♥✉❧❧❡s✳

❚❤Ø♦rŁ♠❡ ✶✳✶✳ ❙♦✐t n = 1, . . . , N ✳ ❙♦✉s ❧❡s ❤②♣♦t❤Łs❡s (I1) ❡t (P1)✱ ❛✈❡❝ ♣r♦✲
❜❛❜✐❧✐tØ 1 ✿

[0, 4nd] ⊂ σ(H(n)(ω)) ⊂ [0,+∞).

P❛r ❝♦♥sØq✉❡♥t✱
E

(n)
0 := inf σ(H(n)(ω)) = 0 ♣✳s✳

▲❡s ✐❞Ø❡s ❞❡ ❧❛ ♣r❡✉✈❡ ❛♣♣❛r❛✐ss❡♥t ❞Ø❥ s♦✉s ✉♥❡ ❢♦r♠❡ ❞✐✛Ør❡♥t❡ ❞❛♥s ❧❡ ❧✐✈r❡
❞❡ P✳ ❙t♦❧❧♠❛♥♥ ❬❙t♦✵✶❪ ❞❛♥s ❧❡ ❝❛s ❞❡s ♦♣Ør❛t❡✉rs ❞❡ ❙❝❤r❞✐♥❣❡r ♠♦♥♦♣❛rt✐✲
❝✉❧❛✐r❡ ❞❛♥s L2(Rd)✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ❧❛ ♣rØs❡♥❝❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❛♥❡ ❞❡s
❝❤❛♥❣❡♠❡♥ts ♠❛❥❡✉r❡s ❞❛♥s ❧❛ ♣r❡✉✈❡✳ ▲✬❛r❣✉♠❡♥t r❡♣♦s❡ s✉r ❧❡ ▲❡♠♠❡ ❞❡ ❇♦r❡❧✲
❈❛♥t❡❧❧✐ ❡t s✉r ❧❡ ❢❛✐t q✉✬❡♥ rØ❛❧✐tØ ❧✬✐♥t❡r✈❛❧❧❡ [0, 4nd] ❡st ❧❡ s♣❡❝tr❡ ❞✉ ▲❛♣❧❛❝✐❡♥
❞❛♥s ‘2(Znd)✳ ❊♥ ❡✛❡t✱ Øt❛♥t ❞♦♥♥Ø q✉❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡st ❞❡ ♣♦rtØ❡ ✜♥✐❡ ♦♥ ♣❡✉t
tr♦✉✈❡r ✉♥❡ s✉✐t❡ ❞❡ ❝✉❜❡s ❞❛♥s Znd s✉r ❧❡sq✉❡❧s ❧✬✐♥t❡r❛❝t✐♦♥ ❡st ✐❞❡♥t✐q✉❡♠❡♥t
♥✉❧❧❡ ❡t ❛②❛♥t ❞❡s ♣r♦❥❡❝t✐♦♥s t♦t❛❧❡s ❞✐s❥♦✐♥t❡s s✉r Zd✳ ▲❡s Ø✈Ł♥❡♠❡♥ts r❡❧❛t✐❢s 
❞❡ t❡❧❧❡s ♣r♦❥❡❝t✐♦♥s s♦♥t ✐♥❞Ø♣❡♥❞❛♥ts✳ ❊♥s✉✐t❡✱ Øt❛♥t ❞♦♥♥Ø ✉♥❡ s✉✐t❡ ❞❡ ❲❡②❧
♣♦✉r ❧❡ ▲❛♣❧❛❝✐❡♥ ❡t  s✉♣♣♦rt ❞❛♥s ✉♥ ❝✉❜❡ ❝❡♥trØ ❡♥ ❧✬♦r✐❣✐♥❡✱ ♦♥ ❧❛ tr❛♥s❧❛t❡ ❞❡
❢❛♦♥  ❝❡ q✉✬❡❧❧❡ s♦✐t  s✉♣♣♦rt ❝♦♥t❡♥✉ ❞❛♥s ❧✬✉♥ ❞❡s t❡r♠❡s ❞❡ ❧❛ s✉✐t❡ ❞❡s ❝✉❜❡s
♦ø ❧✬✐♥t❡r❛❝t✐♦♥ ❡st ♥✉❧❧❡✳ ▲❛ s✉✐t❡ tr❛♥s❧❛tØ❡ r❡st❡ ✉♥❡ s✉✐t❡ ❞❡ ❲❡②❧ ♣♦✉r ❧❡ ▲❛✲
♣❧❛❝✐❡♥ ❡t ✉♥ ❛r❣✉♠❡♥t ♣r♦❜❛❜✐❧✐st❡ s✉r ❧❡ ♣♦t❡♥t✐❡❧ ❛❧Ø❛t♦✐r❡ ♣❡r♠❡t ❞❡ ❝♦♥❝❧✉r❡✳
P♦✉r ♣❧✉s ❞❡ ❞Øt❛✐❧s s✉r ❝❡ rØs✉❧t❛t✱ ♦♥ r❡♥✈♦✐❡ ❛✉ ❈❤❛♣✐tr❡ ✸✳

❉❛♥s ❧❡ ♠♦❞Ł❧❡ ❞✬❆♥❞❡rs♦♥✱ ♣♦✉r t♦✉t E ∈ R✱ ❧❛ ❧✐♠✐t❡

lim
L→∞

L−nd card
n
n : En(H

(n)(ω)|
C

(n)
L (0)

) ≤ E
o
,

❡①✐st❡ ❡t ❡st ❛♣♣Ø❧Ø❡ ❞❡♥s✐tØ ❞✬Øt❛ts ✐♥tØ❣rØ❡ ❞❡ H(n)(ω)✳
❙♦✉s ❞❡s ❤②♣♦t❤Łs❡s ❛❞Øq✉❛t❡s✱ ❞✬❛♣rŁs ✉♥ rØs✉❧t❛t ❞ß  ❑❧♦♣♣ ❡t ❩❡♥❦ ❬❑❩✵✾❪✱

❧❛ ❞❡♥s✐tØ ❞✬Øt❛ts ✐♥tØ❣rØ❡ ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ n✲♣❛rt✐❝✉❧❛✐r❡ H(n)(ω) ❡①✐st❡ ❡t ❝♦✐♥✲
❝✐❞❡ ❛✈❡❝ ❝❡❧❧❡ ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ♠♦♥♦♣❛rt✐❝✉❧❛✐r❡H(1)(ω)✳ ❉❡ ❝❡ ❢❛✐t✱ s✐ ✉♥ rØs✉❧t❛t
❛♥❛❧♦q✉❡ ❡st Øt❛❜❧✐ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✐s❝r❡t✱ ❞✬❛♣rŁs ❧❛ t❤Ø♦r✐❡ s✉r ❧❡ ♠♦❞Ł❧❡ ❞✬❆♥❞❡r✲
s♦♥  ♣♦t❡♥t✐❡❧ ❛❧Ø❛t♦✐r❡ ❡r❣♦❞✐q✉❡✱ ♥♦✉s s❛✈♦♥s q✉❡ ❧❛ ❞❡♥st✐tØ ❞✬Øt❛ts ✐♥tØ❣rØ❡



✶✽ ❈❤❛♣✐tr❡ ✶✳ ■♥tr♦❞✉❝t✐♦♥ ❡t ♣rØs❡♥t❛t✐♦♥ ❞❡s rØs✉❧t❛ts

N ❛❞♠❡t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ▲✐❢s❤✐t③ ❛✉ ✈♦✐s✐♥❛❣❡ ❞✉ ❜❛s ❞✉ s♣❡❝tr❡ ✭✈♦✐r ♣❛r
❡①❡♠♣❧❡ ❧❡ ❚❤Ø♦rŁ♠❡ ✻✳✶ ❞❛♥s ❬❑✐r✵✽❪✮  s❛✈♦✐r ✿

lim
E&E

(1)
0

ln |lnN (E)|
ln(E − E

(1)
0 )

= −d
2
.

❊t❛♥t ❞♦♥♥Ø q✉❡ ♣♦✉r t♦✉s ❧❡s ❍❛♠✐❧t♦♥✐❡♥s H(n)(ω)✱ n = 1, . . . , N ✱ E(n)
0 = 0✱ ♦♥

♣❡✉t ❡♥ ❞Ø❞✉✐r❡ q✉❡ t♦✉s ❧❡s ❍❛♠✐❧t♦♥✐❡♥s H(n)(ω) ❛❞♠❡tt❡♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t
❞❡ ▲✐❢s❤✐t③ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ 0✳

▲❡s rØs✉❧t❛ts s✉✐✈❛♥ts ❝♦♥❝❡r♥❛♥t ❧❡ rØ❣✐♠❡ ❞❡s ❜❛ss❡s Ø♥❡r❣✐❡s s♦♥t ❞Ø♠♦♥trØs
❛✉ ❈❤❛♣✐tr❡ ✸✳

✶✳✷✳✸ ❆♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ♠✉❧t✐✲♣❛rt✐❝✉❧❛✐r❡  ❜❛ss❡s Ø♥❡r❣✐❡s

❈♦♠♠❡ ❞❛♥s s❛ ✈❡rs✐♦♥ ♠♦♥♦♣❛rt✐❝✉❧❛✐r❡✱ ❧✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ❞❛♥s s❛ ✈❡r✲
s✐♦♥ ♠✉❧t✐✲♣❛rt✐❝✉❧❛✐r❡ ✐♥✐t✐❛❧❡♠❡♥t ❞Ø✈❡❧♦♣♣Ø ♣❛r ❈❤✉❧❛❡✈s❦② ❡t ❙✉❤♦✈ ❬❈❙✵✾❜❪
❞❛♥s ❧❡ ❝❛s ❞❡ ❣r❛♥❞ ❞Øs♦r❞r❡ r❡st❡ ✉♥❡ ✐♥❞✉❝t✐♦♥ s✉r ❧❡s Ø❝❤❡❧❧❡s {Lk}✳ ▼❛✐s 
❝❡❧❛ s✬❛❥♦✉t❡ ✉♥❡ ✐♥❞✉❝t✐♦♥ s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s n = 1, . . . , N ✳ ❈❡♣❡♥✲
❞❛♥t✱ ❧❡s ❡st✐♠Ø❡s ❞❡ ❲❡❣♥❡r s❡r✈❛♥t  ❝♦♥tr❧❡r ❞❡ ❢❛♦♥ ❛❞❛♣tØ❡ ❧❡s ♣r♦❜❛❜✐❧✐tØs
❞❡s rØs♦♥❛♥❝❡s s♦♥t Øt❛❜❧✐❡s  ♣❛rt✐r ❞✉ ▲❡♠♠❡ ❞❡ ❙t♦❧❧♠❛♥♥ ❬❙t♦✵✵✱ ❙t♦✵✶❪ ❡t
❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡s ♣r♦❥❡❝t✐♦♥s ❞❡s ❝✉❜❡s ✭n✲♣❛rt✐❝✉❧❛✐r❡✮ s✉r Zd✳ ❊♥ ❡✛❡t✱
❞❡s Ø✈❡♥Ł♠❡♥ts r❡❧❛t✐❢s  ❞❡✉① ❝✉❜❡s ❞✐s❥♦✐♥ts ❞❛♥s Znd ♥❡ s♦♥t ♣❛s ❢♦r❝Ø♠❡♥t
✐♥❞Ø♣❡♥❞❛♥ts ❝♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ♠♦♥♦♣❛rt✐❝✉❧❛✐r❡✳ ❈✬❡st ♣♦✉r ❝❡tt❡ r❛✐s♦♥ q✉✬♦♥
✐♥tr♦❞✉✐t ❧❛ ♥♦t✐♦♥ ❞❡ ❝✉❜❡s sØ♣❛r❛❜❧❡s ♦ø ❧❛ ♣r♦❥❡❝t✐♦♥ ♣❛rt✐❡❧❧❡ ✭✈♦✐r t♦t❛❧❡✮ ❞❡
❧✬✉♥ ❞❡s ❝✉❜❡s ❡st ❞✐s❥♦✐♥t❡ ❞❡ ❧❛ rØ✉♥✐♦♥ ❞❡s ❛✉tr❡s ♣r♦❥❡❝t✐♦♥s ❡t ❞❡ ❝❡❧❧❡s ❞❡
❧✬❛✉tr❡ ❝✉❜❡✳ P❧✉s ♣rØ❝✐sØ♠❡♥t ✿

❉Ø✜♥✐t✐♦♥ ✶✳✷✳ ❖♥ ❞✐t q✉✬✉♥ ❝✉❜❡ C
(n)
L (x) = C

(1)
L (x1) × · · · × C

(1)
L (xn) ❡st

J ✲sØ♣❛r❛❜❧❡ ❞✬✉♥ ❛✉tr❡ C
(n)
L (y) = C

(1)
L (y1) × · · · × C

(1)
L (yn) s✬✐❧ ❡①✐st❡ ✉♥ s♦✉s

❡♥s❡♠❜❧❡ ♥♦♥✲✈✐❞❡ J ⊂ {1, · · · , n} t❡❧ q✉❡[
j∈J

C
(1)
L (xj)

 ∩

[
j /∈J

C
(1)
L (xj) ∪ (

n[
‘=1

C
(1)
L (y‘))

 = ∅,

▲❛ ♣❛✐r❡ (C
(n)
L (x),C

(n)
L (y)) ❡st ❞✐t❡ sØ♣❛r❛❜❧❡ s✐ |x − y| > 7NL ❡t s✐ ❧✬✉♥ ❞❡s

❝✉❜❡s ❡st J ✲sØ♣❛r❛❜❧❡ ❞❡ ❧✬❛✉tr❡✳

❈❡tt❡ ♣r♦♣r✐ØtØ ♣❡r♠❡t ♣❛r ✐♥❞Ø♣❡♥❞❛♥❝❡ ❡t ❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❞❡ ✜①❡r ❝❡rt❛✐♥❡s
✈❛r✐❛❜❧❡s ❛❧Ø❛t♦✐r❡s ❛✜♥ ❞✬❛♣♣❧✐q✉❡r ❧❡ ▲❡♠♠❡ ❞❡ ❙t♦❧❧♠❛♥♥✳ ▲❛ sØ♣❛r❛❜✐❧✐tØ ❡st



✶✳✷✳ PrØs❡♥t❛t✐♦♥ ❞❡s tr❛✈❛✉① ❞❡ ❧❛ t❤Łs❡ ✶✾

✉♥❡ ♣r♦♣r✐ØtØ ✈r❛✐♠❡♥t ❡ss❡♥t✐❡❧❧❡✱ ❝❛r ♦♥ ❛✉r❛✐t ♣✉ ♣❡♥s❡r  ❞❡s ❝✉❜❡s s✉✣s❛♠✲
♠❡♥t ❞✐st❛♥ts✱ ♠❛✐s ❧❡ ❢❛✐t ❞✬❛✈♦✐r ❞❡s ❝✉❜❡s  ❞✐st❛♥❝❡ s✉✣s❛♠♠❡♥t ❣r❛♥❞❡ ♥❡
❣❛r❛♥t✐t ♣❛s ❧❡✉r sØ♣❛r❛❜✐❧✐tØ✳ ❈♦♠♠❡ ❡①❡♠♣❧❡✱ ♦♥ s❡ ♣❧❛❝❡ ❡♥ ❞✐♠❡♥s✐♦♥ d = 1
❡t n = 3 ❡t ♦♥ ♣♦s❡ x = (a, a, b) ∈ Z3 ❡t y = (a, b, b) ∈ Z3 ❛❧♦rs ♣♦✉r t♦✉t L ≥ 0✱
❧❡s ❝✉❜❡s

C
(3)
L (x) = ([−L+ a, a+ L]× [−L+ a, a+ L]× [−L+ b, b+ L]) ∩ Z3

❡t

C
(3)
L (y) = ([−L+ a, a+ L]× [−L+ b, b+ L]× [−L+ b, b+ L]) ∩ Z3

❜✐❡♥ q✉✬  ❞✐st❛♥❝❡ |a − b| q✉✐ ♣❡✉t Œtr❡ ❛r❜✐tr❛✐r❡♠❡♥t ❣r❛♥❞❡ s✐ a 6= b ♥❡ s♦♥t
♣❛s sØ♣❛r❛❜❧❡s ❝❛r ❧✬✉♥❡ ❞❡s ♣r♦❥❡❝t✐♦♥s ❞✬✉♥ ❝✉❜❡ ✐♥t❡rs❡❝t❡ t♦✉❥♦✉rs ❧❛ ♣r♦❥❡❝t✐♦♥
t♦t❛❧❡ ❞❡ ❧✬❛✉tr❡ ❝✉❜❡✳

❖♥ ♣❡✉t ❛✉ss✐ s❡ ❞❡♠❛♥❞❡r ♣♦✉rq✉♦✐ ✉♥❡ ✐♥❞✉❝t✐♦♥ s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s
❡t ♣❛s ✉♥❡ ♣r❡✉✈❡ ❞✐r❡❝t❡ ♣♦✉r t♦✉t n = 1, . . . , N ♣♦✉r ❞❡s ❝✉❜❡s sØ♣❛r❛❜❧❡s ❄
▲✬✐♥❞✉❝t✐♦♥ s✉r ❧❡s Ø❝❤❡❧❧❡s ❞❡ k  k+1 ✉t✐❧✐s❡ ❧❡ ❢❛✐t q✉❡ ❧❡s ♣r♦❥❡❝t✐♦♥s t♦t❛❧❡s ❞❡s
❝✉❜❡s s♦♥t ❞✐s❥♦✐♥t❡s ❛✜♥ ❞✬✉t✐❧✐s❡r ❧✬✐♥❞Ø♣❡♥❞❛♥❝❡ ❡t Ø✈❛❧✉❡r ❧❛ ♣r♦❜❛❜✐❧✐tØ ❞✬✉♥❡
✐♥t❡rs❡❝t✐♦♥ ❞✬Ø✈Ł♥❡♠❡♥ts r❡❧❛t✐❢s  ❝❡s ♣r♦❥❡❝t✐♦♥s✳ ❈❡♣❡♥❞❛♥t✱ ❝❡tt❡ ❞❡r♥✐Łr❡
♣r♦♣r✐ØtØ ❡st ♣❧✉s r❡str✐❝t✐✈❡ q✉❡ ❧❛ sØ♣❛r❛❜✐❧✐tØ ❡t r❡str❡✐♥❞r❡ ❧✬❛♥❛❧②s❡ ♠✉❧t✐✲
Ø❝❤❡❧❧❡ ✉♥✐q✉❡♠❡♥t  ❞❡ t❡❧s ❝✉❜❡s ♥✬❡st ♣❛s s✉✣s❛♥t ♣♦✉r Øt❛❜❧✐r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥
❞✬❆♥❞❡rs♦♥ ✈✐❛ ❧❡ s❝❤Ø♠❛ q✉❡ ♥♦✉s ✉t✐❧✐s♦♥s ❡t q✉✐ r❡♠♦♥t❡  ✈♦♥ ❉r❡✐❢✉s ❡t ❑❧❡✐♥
❬✈❉❑✽✾❪✳ ❊♥ ❡✛❡t✱ ♣♦✉r ✉♥ ❝❡rt❛✐♥ ❝✉❜❡ ❞❛♥s Znd✱ ✐❧ ❡①✐st❡ ✉♥❡ ✐♥✜♥✐tØ ❞❡ ❝✉❜❡s
 ❞✐st❛♥❝❡ s✉✣s❛♠♠❡♥t ❣r❛♥❞❡ ❡t ❞♦♥t ❧❡s ♣r♦❥❡❝t✐♦♥s t♦t❛❧❡s ✐♥t❡rs❡❝t❡♥t ❝❡❧❧❡
❞✉ ♣r❡♠✐❡r ❝✉❜❡✳ ❆✉tr❡♠❡♥t ❞✐t✱ ✐❧ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡ ❞❡ ❝♦♥✜♥❡r ❞❛♥s ✉♥❡ rØ❣✐♦♥
❜♦r♥Ø❡ t♦✉s ❧❡s ❝✉❜❡s ❞♦♥t ❧❡s ♣r♦❥❡❝t✐♦♥s t♦t❛❧❡s ✐♥t❡rs❡❝t❡♥t ❝❡❧❧❡ ❞✉ ♣r❡♠✐❡r✳
❖r✱ t❡❧ ❡st ❧❡ ❝❛s ❝♦♥❝❡r♥❛♥t ❧❡s ❝✉❜❡s ♥♦♥✲sØ♣❛r❛❜❧❡s✳ ❈❡❧❛ ♥♦✉s ❝♦♥❞✉✐t ❞❡ ❝❡ ❢❛✐t
 ❞✐st✐♥❣✉❡r ❞✐✛Ør❡♥t❡s s♦rt❡s ❞❡ ❝✉❜❡s ✿ ❝❡✉① ♣r♦❝❤❡s ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ ♣r✐♥❝✐♣❛❧❡
D ❞❡ Znd

D = {x ∈ (Zd)n : x = (x, . . . , x), x ∈ Zd},
❞♦♥t ❧❡s ❝❡♥tr❡s ♦♥t ✉♥ ♣❡t✐t ❞✐❛♠Łtr❡ ❡t q✉✬♦♥ ❛♣♣❡❧❧❡r❛ ♣❛r ❧❛ s✉✐t❡ ❞❛♥s ♥♦tr❡
s❝❤Ø♠❛ ❝✉❜❡s t♦t❛❧❡♠❡♥t ✐♥t❡r❛❝t✐❢s ❡t ❝❡✉① s✉✣s❛♠♠❡♥t Ø❧♦✐♥❣Øs ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡
♣r✐♥❝✐♣❛❧❡ D ❞♦♥t ❧❡s ❝❡♥tr❡s ♣❡✉✈❡♥t ❛✈♦✐r ❞❡s ❞✐❛♠Łtr❡s ❛r❜✐tr❛✐r❡♠❡♥t ❣r❛♥❞
q✉✐ s❡r♦♥t ❛♣♣Ø❧Øs ❝✉❜❡s ♣❛rt✐❡❧❧❡♠❡♥t ✐♥t❡r❛❝t✐❢s✳

▲❡s ❝✉❜❡s t♦t❛❧❡♠❡♥t ✐♥t❡r❛❝t✐❢s ❡t  ❞✐st❛♥❝❡ s✉✣s❛♥t❡ s♦♥t ❝❡✉① ❞♦♥t ❧❡s
♣r♦❥❡❝t✐♦♥s t♦t❛❧❡s s♦♥t ❞✐s❥♦✐♥t❡s ♣❡r♠❡tt❛♥t ❛✐♥s✐ ❞❡ r❡♣r♦❞✉✐r❡ ❧✬✐♥❞✉❝t✐♦♥ s✉r
❧❡s Ø❝❤❡❧❧❡s ❝♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ♠♦♥♦♣❛rt✐❝✉❧❛✐r❡✱ ❝✬❡st ❝❡ q✉✐ ❥✉st✐✜❡ ❧❛ ❝♦♥❞✐t✐♦♥
❞❡ ❞✐st❛♥❝❡ |x− y| > 7NL ❞❛♥s ❧❛ ❞Ø✜♥✐t✐♦♥ ✶✳✷✳ P❛r ❝♦♥tr❡✱ ♣♦✉r ❧✬❛♥❛❧②s❡ ❞❡s



✷✵ ❈❤❛♣✐tr❡ ✶✳ ■♥tr♦❞✉❝t✐♦♥ ❡t ♣rØs❡♥t❛t✐♦♥ ❞❡s rØs✉❧t❛ts

❝✉❜❡s ♣❛rt✐❡❧❧❡♠❡♥t ✐♥t❡r❛❝t✐❢s✱ ✐❧ ❡st ♥Ø❝❡ss❛✐r❡ ❞❡ ❞Ø✜♥✐r ❥✉❞✐❝✐❡✉s❡♠❡♥t ❝❡tt❡
♥♦t✐♦♥ ❞❡ ❢❛♦♥  ❝❡ q✉❡ ❧✬✐♥t❡r❛❝t✐♦♥ s❡ ❞Ø❝♦♠♣♦s❡ s✉r ✉♥ t❡❧ ❝✉❜❡ Ø❧♦✐❣♥Ø ❞❡
❧❛ ❞✐❛❣♦♥❛❧❡✳ ❈♦♠♠❡ ❝♦♥sØq✉❡♥❝❡✱ ❧✬❍❛♠✐❧t♦♥✐❡♥ s❡ ❞Ø❝♦♠♣♦s❡ ❧✉✐ ❛✉ss✐ ❝♦♠♠❡
s♦♠♠❡ ❞❡ ❞❡✉① ❍❛♠✐❧t♦♥✐❡♥s ❛②❛♥t ✉♥ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s str✐❝t❡♠❡♥t ♣❧✉s
♣❡t✐t✳ ▲✬✐❞Ø❡ ❡st ❞♦♥❝ ❞❡ ❞Ø❞✉✐r❡ ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧✬❍❛♠✐❧t♦♥✐❡♥ ♦r✐❣✐♥❡❧ 
♣❛rt✐r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡s s♦✉s✲❍❛♠✐❧t♦♥✐❡♥s ✿ ❞✬♦ø ❧✬✐♥❞✉❝t✐♦♥ s✉r ❧❡ ♥♦♠❜r❡
❞❡ ♣❛rt✐❝✉❧❡s✳

▲❡ s❝❤Ø♠❛ ❞✬✐♥❞✉❝t✐♦♥ ♣rØs❡♥tØ ♣❛r ❈❤✉❧❛❡✈s❦② ❡t ❙✉❤♦✈ ❬❈❙✵✾❜❪ s♦✉s ❧❡ rØ✲
❣✐♠❡ ❞❡ ❣r❛♥❞ ❞Øs♦r❞r❡ ♥❡ ♣❡✉t ♣❛s Œtr❡ ❞✐r❡❝t❡♠❡♥t ✉t✐❧✐sØ ❞❛♥s ❧❡ ❝❛s ❞❡s ❜❛ss❡s
Ø♥❡r❣✐❡s ❡t ❛ ❞ß Œtr❡ ♠♦❞✐✜Ø✳ P❛r ❡①❡♠♣❧❡ ❝❡ s❝❤Ø♠❛ ✉t✐❧✐s❡ ❧❡ ❢❛✐t q✉✬✉♥ ❝❡rt❛✐♥
♣❛r❛♠Łtr❡ p(N, g) → +∞ q✉❛♥❞ ❧❡ ❞Øs♦r❞r❡ |g| → +∞✳ P♦✉r ❞Ø♠❛rr❡r ❧✬❛♥❛✲
❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡  ❜❛ss❡s Ø♥❡r❣✐❡s✱ ♦♥ s❡ s❡rt ❞❡ ❧✬❡st✐♠Ø❡ ❞❡ ❈♦♠❜❡s✲❚❤♦♠❛s
❡t ❞✬✉♥❡ ❡st✐♠Ø❡ ❞❡ ❣r❛♥❞❡ ❞Ø✈✐❛t✐♦♥ ♣♦✉r ❧❡ ♣r♦❝❡ss✉s {V (x, ω)}x∈Zd  ✈❛❧❡✉rs
✐♥❞Ø♣❡♥❞❛♥t❡s ❡t ✐❞❡♥t✐q✉❡♠❡♥t ❞✐str✐❜✉Ø❡s✳

❙♦✐t 1 ≤ n ≤ N ✳ ❊t❛♥t ❞♦♥♥Ø m > 0 ❡t ✉♥❡ Ø♥❡r❣✐❡ E ∈ R✱ ❧❡ ❝✉❜❡ C(n)
Lk
(u) ⊂

Znd ❡st ❞✐t (E,m)✲♥♦♥✲s✐♥❣✉❧✐❡r ✭(E,m)✲◆❙✮ s✐ ❧❛ rØs♦❧✈❛♥t❡ (H
(n)

C
(n)
Lk

(u)
− E)−1

✈Ør✐✜❡

max
v∈Znd

|v−u|=Lk

(H(n)

C
(n)
Lk

(u)
− E)−1(u,v)

 ≤ e−m(1+L
−1/8
k )N−n+1Lk,

❞❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐r❡✱ ♦♥ ❞✐t q✉❡ ❧❡ ❝✉❜❡ ❡st (E,m)✲s✐♥❣✉❧✐❡r ✭(E,m)✲❙✮✳ ◆♦✉s
❛✈♦♥s ❧❡ ❚❤Ø♦rŁ♠❡ s✉✐✈❛♥t q✉✐ Øt❛❜❧✐t ❧❛ ✈❛❧✐❞✐tØ ❞❡s ❡st✐♠Ø❡s ❞✬❛♥❛❧②s❡ ♠✉❧t✐✲
Ø❝❤❡❧❧❡s ♣♦✉r t♦✉t❡s ❧❡s Ø❝❤❡❧❧❡s ✿

❚❤Ø♦rŁ♠❡ ✶✳✸✳ ❙♦✐t n = 1, . . . , N ✳ ❙♦✉s ❧❡s ❤②♣♦t❤Łs❡s (I1) ❡t (P1)✱ ♣♦✉r t♦✉t

p > 6Nd✱ ✐❧ ❡①✐st❡ m > 0 ❡t E∗ > E
(N)
0 t❡❧ q✉❡ ♣♦✉r t♦✉t❡ ♣❛✐r❡ ❞❡ ❝✉❜❡s sØ♣❛r❛❜❧❡

C
(n)
Lk
(u) ❡t C

(n)
Lk
(v)

P
n
∃E ∈ I : C

(n)
Lk
(u) ❡t C

(n)
Lk
(v) s♦✐❡♥t (E,m)✲❙

o
≤ L−2p 4N−n

k , ♣♦✉r t♦✉t k ≥ 0,

♦ø I = (−∞, E∗]✳

✶✳✷✳✹ ▲♦❝❛❧✐s❛t✐♦♥ ❞✬❆♥❞❡rs♦♥  ❜❛ss❡s Ø♥❡r❣✐❡s

❈❡ rØs✉❧t❛t ✉t✐❧✐s❡ ❧❡s ❡st✐♠Ø❡s ❞❡ ❧✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ❡t ❧❡ s❝❤Ø♠❛ q✉❡ ♥♦✉s
♣r♦♣♦s♦♥s q✉✐ ❞♦♥♥❡ ✉♥❡ ❞Ø❝r♦✐ss❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❡♥ t❡r♠❡
❞❡ ♥♦r♠❡✲♠❛①✱ Øt❡♥❞ ❝❡❧✉✐ ❞❡✈Ø❧♦♣♣Ø ♣❛r ✈♦♥ ❉r❡✐❢✉s ❡t ❑❧❡✐♥ ❬✈❉❑✽✾❪ ❛✉① s②s✲
tŁ♠❡s ♠✉❧t✐✲♣❛rt✐❝✉❧❛✐r❡s✳



✶✳✷✳ PrØs❡♥t❛t✐♦♥ ❞❡s tr❛✈❛✉① ❞❡ ❧❛ t❤Łs❡ ✷✶

❚❤Ø♦rŁ♠❡ ✶✳✹✳ ❙♦✉s ❧❡s ❤②♣♦t❤Łs❡s (I1) ❡t (P1)✱ ✐❧ ❡①✐st❡ E∗ > E
(N)
0 t❡❧ q✉❡

❛✈❡❝ P✲♣r♦❜❛❜✐❧✐tØ 1✱

✭✐✮ ❧❡ s♣❡❝tr❡ ❞❡ H(N)(ω) ❞❛♥s [E
(N)
0 , E∗] ❡st ♥♦♥✲✈✐❞❡ ❡t ♣✉r❡♠❡♥t ♣♦♥❝t✉❡❧ ❀

✭✐✐✮ ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s Ψi(x, ω) ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s Ei(ω) ∈
[E

(N)
0 , E∗] ❞Ø❝r♦✐ss❡♥t ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ✈✐t❡  ❧✬✐♥✜♥✐ ✿ ✐❧ ❡①✐st❡ m > 0 ❡t

Ci(ω) > 0 t❡❧s q✉❡
|Ψi(x, ω)| ≤ Ci(ω)e

−m|x|. ✭✶✳✶✵✮

✶✳✷✳✺ ▲♦❝❛❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡  ❜❛ss❡s Ø♥❡r❣✐❡s

❖♥ ♦❜t✐❡♥t ♣❧✉s ♣rØ❝✐sØ♠❡♥t ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❡♥ t❡r♠❡ ❞❡ ❧❛ ♥♦r♠❡
❍✐❧❜❡rt✲❙❝❤♠✐❞t✳ ❈❡tt❡ ✈❡rs✐♦♥ ❡st ♣❧✉s ✜♥❡ q✉❡ ❧❡s ❛✉tr❡s ❢♦r♠❡s ❞❡ ❧♦❝❛❧✐s❛t✐♦♥
❞②♥❛♠✐q✉❡ ♣rØ❝Ø❞❡♠♠❡♥t Øt❛❜❧✐❡s ❬●❇✾✽✱ ❉❙✵✶❪ ❡t ❛ ØtØ ✐♥✐t✐❛❧❡♠❡♥t ❞Ø✈Ø❧♦♣♣Ø❡
♣❛r ●❡r♠✐♥❡t ❡t ❑❧❡✐♥ ❬●❑✵✶❪ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ♦♣Ør❛t❡✉rs ❞✐✛Ør❡♥t✐❡❧s ❞❛♥s
Rd✳

❖♥ ♥♦t❡ B1 ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ♠❡s✉r❛❜❧❡s ❜♦r♥Ø❡s f : R → R t❡❧❧❡s q✉❡
kfk∞ ≤ 1✳

❚❤Ø♦rŁ♠❡ ✶✳✺✳ ❙♦✉s ❧❡s ❤②♣♦t❤Łs❡s (I1) ❡t (P1)✱ ✐❧ ❡①✐st❡ E∗ > E
(N)
0 ❡t s∗ > 0

t❡❧ q✉❡ ♣♦✉r t♦✉t❡ rØ❣✐♦♥ ❜♦r♥Ø❡ K ⊂ ZNd ❡t t♦✉t 0 < s < s∗ ✿

E

sup
f∈B1

|X|
s
2f(H(N)(ω))PI(H

(N)(ω))1K

2
HS


<∞, ✭✶✳✶✶✮

♦ø (|X|Ψ)(x) := |x|Ψ(x)✱ PI(H
(N)(ω)) ❡st ❧❡ ♣r♦❥❡❝t❡✉r s♣❡❝tr❛❧ ❞❡ H(N)(ω) s✉r

❧✬ ✐♥t❡r✈❛❧❧❡ I := [E
(N)
0 , E∗]✳

■❧ ❡st ♣♦ss✐❜❧❡ ❞✬Øt❡♥❞r❡ ❧❡s rØs✉❧t❛ts ❝✐✲❞❡ss✉s ❛✉① ♣♦t❡♥t✐❡❧s ❛❧Ø❛t♦✐r❡s ❝♦rrØ❧Øs
✈Ør✐✜❛♥t ❧❛ ❝♦♥❞✐t✐♦♥ ❞✬✐♥❞Ø♣❡♥❞❛♥❝❡  ❣r❛♥❞❡ ❞✐st❛♥❝❡ ✭■❆❉✮✳ ❈❡❧❛ ✐♠♣♦s❡ ❞❡
❝❤❛♥❣❡r ❞❡ ♥♦t✐♦♥ ❞❡ sØ♣❛r❛❜✐❧✐tØ ❡t s✉♣♣♦s❡r ❧❡s ♣r♦❥❡❝t✐♦♥s  ❞✐st❛♥❝❡ s✉✣s❛♥t❡✳
❯♥ ❛✉tr❡ ♣♦✐♥t ✐♠♣♦rt❛♥t ❡st ❧✬❡st✐♠Ø❡ ❞❡ ❣r❛♥❞❡ ❞Ø✈✐❛t✐♦♥ ♣♦✉r ❧❡ ♣r♦❝❡ss✉s
{V (x, ω)}x∈Zd q✉✐ ♥✬❡st ♣❛s ❛✉t♦♠❛t✐q✉❡ s✐ ❧❡s ✈❛r✐❛❜❧❡s ❛❧Ø❛t♦✐r❡s V (x, ω) s♦♥t
❝♦rrØ❧Ø❡s✳

▲❡s rØs✉❧t❛ts s✉✐✈❛♥t q✉✐ ❝♦♥❝❡r♥❡♥t ❧❡ rØ❣✐♠❡ ❞❡s ❢❛✐❜❧❡s ✐♥t❡r❛❝t✐♦♥s s♦♥t ❞Ø✲
♠♦♥trØs ❛✉ ❈❤❛♣✐tr❡ ✹✳

✶✳✷✳✻ ❆♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡ ♠✉❧t✐✲♣❛rt✐❝✉❧❛✐r❡  ❢❛✐❜❧❡ ✐♥t❡r❛❝t✐♦♥

❉❛♥s ❧✬Øt✉❞❡ ❞✉ rØ❣✐♠❡ ❢❛✐❜❧❡♠❡♥t ✐♥t❡r❛❝t✐❢✱ ✐❧ ❡st ❥✉❞✐❝✐❡✉① ❞✬✐♥tr♦❞✉✐r❡ ✉♥
♣❛r❛♠Łtr❡ ♣❡r♠❡tt❛♥t ❞❡ ❝♦♥tr♦❧❡r ❧❛ ❢♦r❝❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ U✳ ❆✐♥s✐✱ ♦♥ rØ❡❝r✐t



✷✷ ❈❤❛♣✐tr❡ ✶✳ ■♥tr♦❞✉❝t✐♦♥ ❡t ♣rØs❡♥t❛t✐♦♥ ❞❡s rØs✉❧t❛ts

❧❡s ❍❛♠✐❧t♦♥✐❡♥s n✲♣❛rt✐❝✉❧❛✐r❡ H(n)(ω)✱ n = 1, . . . , N ❞❡ ❧❛ ❢❛♦♥ s✉✐✈❛♥t❡ ✿

H(n)(ω) = −∆+
nX
j=1

V (xj, ω) + hU, h ∈ R.

▲✬❛♣♣r♦❝❤❡ ❡st ❞✐✛Ør❡♥t❡ ♣❛r r❛♣♣♦rt  ❝❡❧❧❡ ♣r♦♣♦sØ❡ ❡♥ ❙❡❝t✐♦♥ ✶✳✷✳✸✳ ❊♥ ❡✛❡t
❝✬❡st ❧❡ ❞Ø♠❛rr❛❣❡ ❞❡ ❧✬❡st✐♠Ø❡ ❞❡ ❧♦♥❣✉❡✉r ✐♥✐t✐❛❧❡ L0 q✉✐ ❝rØ❡ ❧❛ ❞✐✛Ør❡♥❝❡✳ ❉❛♥s
❧❡ ♣r❡♠✐❡r ❝❛s ❞❡ ✜❣✉r❡ ❧✬♦♥ s❡ s❡rt ❞❡ ❧✬❡st✐♠Ø❡ ❞❡ ❈♦♠❜❡s✲❚❤♦♠❛s ♣♦✉r Øt❛❜❧✐r
❧✬❛♥❛❧②s❡ ♠✉❧t✐✲Ø❝❤❡❧❧❡✱ t❛♥❞✐s q✉❡ ❞❛♥s ❧❡ rØ❣✐♠❡ ❢❛✐❜❧❡♠❡♥t ✐♥t❡r❛❝t✐❢ ❧✬♦♥ s❡ s❡rt
❞❡s rØs✉❧t❛ts ❞❡ ❧♦❝❛❧✐s❛t✐♦♥ ♠♦♥♦✲♣❛rt✐❝✉❧❛✐r❡ ❡♥ ❞✐♠❡♥s✐♦♥ 1✳ ▲❡ rØ❣✐♠❡ ❢❛✐❜❧❡✲
♠❡♥t ✐♥t❡r❛❝t✐❢ r❡q✉✐❡rt ✉♥❡ ❧Ø❣Łr❡ ♠♦❞✐✜❝❛t✐♦♥ ❧❛ ♣r♦♣r✐ØtØ ❞❡ ♥♦♥✲s✐♥❣✉❧❛r✐tØ✳
❊♥ ❡✛❡t ✐❝✐ ♦♥ ❢❛✐t ❞Ø♣❡♥❞r❡ ❝❡tt❡ ♣r♦♣r✐ØtØ ♣❛r ❧❡ ♣❛r❛♠Łtr❡ h ♣❡r♠❡tt❛♥t ❞❡
❝♦♥tr♦❧❡r ❧❛ ❢♦r❝❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥✳ ▲♦rsq✉❡ h = 0✱ ❧❡ s②stŁ♠❡ ♠✉❧t✐♣❛rt✐❝✉❧❛✐r❡ ❡st
s✉♣♣♦sØ s❛♥s ✐♥t❡r❛❝t✐♦♥✳ ▲❡ ❝✉❜❡ ❡st ❞♦♥❝ ❞✐t (E,m, h)✲♥♦♥ s✐♥❣✉❧✐❡r ♣❛r r❛♣♣♦rt
 ❧✬❍❛♠✐❧t♦♥✐❡♥ H

(n)
h (ω)✳ ▲❛ str❛tØ❣✐❡ ❞❛♥s ❝❡ rØ❣✐♠❡ r❡♣♦s❡ s✉r ♣❧✉s✐❡✉rs Øt❛♣❡s ✿

✭✶✮

✭✶✮ ❆ ♣❛rt✐r ❞❡ ❧✬❡st✐♠Ø❡ ❞✉ s②stŁ♠❡ s❛♥s ✐♥t❡r❛❝t✐♦♥ ♦♥ Øt❛❜❧✐t ❝❡❧❧❡ ❞✉ s②stŁ♠❡
❢❛✐❜❧❡♠❡♥t ✐♥t❡r❛❝t✐❢ ♣❛r ✉♥ ❛r❣✉♠❡♥t ♣❡rt✉r❜❛t✐❢ ✉t✐❧✐s❛♥t ❧❡s ✐❞❡♥t✐tØs ❞❡
❧❛ rØs♦❧✈❛♥t❡✳

✭✷✮ ❊♥✜♥✱ ♦♥ ❞Ø✈❡❧♦♣♣❡ ❧✬✐♥❞✉❝t✐♦♥ ♣♦✉r ❧❡ s②stŁ♠❡ ❢❛✐❜❧❡♠❡♥t ✐♥t❡r❛❝t✐❢  Ø♥❡r✲
❣✐❡ ✜①❡ ❡t ♦♥ ❡♥❞Ø❞✉✐t ♣❛r ❧❛ s✉✐t❡ ❧✬❡st✐♠Ø❡  Ø♥❡r❣✐❡ ✈❛r✐❛❜❧❡✳

❖♥ ❛ q✉❡ s♦✉s ❧❡s ❤②♣♦t❤Łs❡s (I2) ❛♥❞ (P2)✱ ❛✈❡❝ P✲♣r♦❜❛❜✐❧✐tØ 1

σ(H
(N)
h (ω)) ⊂ [−N(4d+M)− |h|kUk, N(4d+M) + |h|kUk].

❉❛♥s ❧❡ r❡st❡ ❞❡ ❧❛ s❡❝t✐♦♥ ♦♥ ♣♦s❡

I = [−1−N(4d+M)− |h|kUk, N(4d+M) + |h|kUk+ 1]

❡t ♦♥ ❞Ø✜♥✐t ♣♦✉r ✉♥ ❝❡rt❛✐♥ L > 0 ❡t ❞❡s ♣♦✐♥ts x,y ∈ ZNd ✿
Fx,y(E) = |(H

C
(N)
L

− E)−1(x,y)|, Fx(E) = max
y∈∂−C(N)

L (x)

Fx,y(E).

❧❡ rØs✉❧t❛t ❡st ❧❡ s✉✐✈❛♥t ✿

❚❤Ø♦rŁ♠❡ ✶✳✻✳ ❙♦✐❡♥t n = 1, . . . , N ❡t θ ∈ (0, 1/3)✳ ❙♦✉s ❧❡s ❤②♣♦t❤Łs❡s (I2)
❡t (P2)✱ ✐❧ ❡①✐st❡ h∗ > 0 t❡❧ q✉❡ ♣♦✉r t♦✉t |h| ≤ h∗ ❡t ♣♦✉r t♦✉t❡ ♣❛✐r❡ ❞❡ ❝✉❜❡s

sØ♣❛r❛❜❧❡s C
(n)
Lk
(x)✱ C

(n)
Lk
(y) ♦♥ ❛ ✿

P

∃E ∈ I ✿ min{Fx(E)✱ Fy(E)} ≥ 2L

−p(1+θ)k

5

k


≤ C(|I|, N, d)L−p(+θ)k

5 +(2N+1)d

k ,

♣♦✉r t♦✉t k ≥ 0✱ ♦ø I = [−1−N(4d+M)− |h|kUk, N(4d+M) + |h|kUk+ 1]
❡t p > 6Nd/(1− 3θ)✳



✶✳✷✳ PrØs❡♥t❛t✐♦♥ ❞❡s tr❛✈❛✉① ❞❡ ❧❛ t❤Łs❡ ✷✸

✶✳✷✳✼ ▲♦❝❛❧✐s❛t✐♦♥ ❞✬❆♥❞❡rs♦♥ ❝♦♠♣❧Łt❡  ❢❛✐❜❧❡ ✐♥t❡r❛❝t✐♦♥

❚❤Ø♦rŁ♠❡ ✶✳✼✳ ❙♦✉s ❧❡s ❤②♣♦t❤Łs❡s (I2) ❛♥❞ (P2)✱ ✐❧ ❡①✐st❡ h∗ > 0 t❡❧ q✉❡ ♣♦✉r

t♦✉t h ∈ (−h∗, h∗) ❧✬ ❍❛♠✐❧t♦♥✐❛♥ H
(N)
h ✱ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥ ❞✬❛♠♣❧✐t✉❞❡ |h|✱ ❛❞♠❡t

❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✬❆♥❞❡rs♦♥ ❝♦♠♣❧Łt❡✱ ✐✳❡✳✱ ❛✈❡❝ P✲♣r♦❜❛❜✐❧✐tØ 1✱

✭✐✮ ❧❡ s♣❡❝tr❡ ❞❡ H(n) ♣✉r❡♠❡♥t ♣♦♥❝t✉❡❧✱

✭✐✐✮ ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡sΨi(x, ω) r❡❧❛t✐❢ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s Ei(ω) ∈ I❞Ø❝r♦✐ss❡♥t
r❛♣✐❞❡♠❡♥t  ❧✬✐♥✜♥✐ ✿ ♣♦✉r ❝❤❛q✉❡ Ψj ♣♦✉r t♦✉t x ∈ ZNd ❡t ❞❡s ❝♦♥st❛♥t❡s
a, c, Ci(ω) > 0

|Ψi(x, ω)| ≤ Ci(ω)e
−a(ln |x|)1+c

.

✶✳✷✳✽ ▲♦❝❛❧✐s❛t✐♦♥ ❞②♥❛♠✐q✉❡  ❢❛✐❜❧❡ ✐♥t❡r❛❝t✐♦♥

❖♥ ❞Ø✜♥✐t B1 ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❜♦r♥Ø❡s ♠❡s✉r❛❜❧❡s f : R → R s❛t✐s❢❛✐✲
s❛♥t kfk∞ ≤ 1✳ ❖♥ ❛

❚❤Ø♦rŁ♠❡ ✶✳✽✳ ❙♦✉s ❧❡s ❤②♣♦t❤Łs❡s (I2) ❡t (P2)✱ ✐❧ ❡①✐st❡ h∗ > 0 t❡❧ q✉❡ ♣♦✉r
t♦✉t h ∈ (−h∗, h∗) ❡t t♦✉t❡ ❢♦♥❝t✐♦♥ ❜♦rØ❧✐❡♥♥❡ f : R → R✱ t♦✉t❡ rØ❣✐♦♥ ❜♦r♥Ø❡
K ⊂ ZNd❡t t♦✉t s > 0 ♦♥ ❛ ✿

E

sup
f∈B1

|X|
s
2f(H(N)(ω))PI(H

(N)
h (ω))1K

2
HS


<∞. ✭✶✳✶✷✮

♦ø (|X|Ψ)(x) := |x|Ψ(x)✱ PI(H
(N)(ω)) ❡st ❧❛ ♣r♦❥❡❝t✐♦♥ s♣❡❝tr❛❧❡ ❞❡ H(N)(ω)

❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ I✳





❈❤❛♣t❡r ✷

▼✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s s❝❤❡♠❡

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t t❤❡ ♠❛✐♥ t♦♦❧s ✇❤✐❝❤ ❛r❡ ✉s❡❞ ✐♥ t❤❡ ♠✉❧t✐✲s❝❛❧❡
❛♥❛❧②s✐s ✐♥ ❜♦t❤ t❤❡ ❧♦✇ ❡♥❡r❣② ❛♥❞ t❤❡ ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥ r❡❣✐♠❡s✳ ❖♥❧② ❢❛✐r❧②
❣❡♥❡r❛❧ ❛ss✉♠♣t✐♦♥s ❛r❡ ♥❡❡❞❡❞✿ t❤❡ ✐♥t❡r❛❝t✐♦♥ s❤♦✉❧❞ ❜❡ ♦❢ s❤♦rt r❛♥❣❡ ❛♥❞
t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧ ❛t ❧❡❛st ❧♦❣✲❍❧❞❡r ❝♦♥t✐♥✉♦✉s✱ s❡❡
❛ss✉♠♣t✐♦♥s (I1) ❛♥❞(P1)✱ ♦r ✈❡r② s✐♥❣✉❧❛r s❡❡ ❛ss✉♠♣t✐♦♥s (I2) ❛♥❞ (P2) ❢r♦♠
❙❡❝t✐♦♥ ✶✳✷✳✶✳

✷✳✶ ❇❛s✐❝ ♥♦t❛t✐♦♥s ❛♥❞ ❣❡♦♠❡tr✐❝ r❡s♦❧✈❡♥t ❡q✉❛t✐♦♥s

●✐✈❡♥ ❛♥② ✜♥✐t❡ s✉❜s❡t Λ ⊂ Znd✱ ✇❡ ❞❡✜♥❡ ✐ts ✐♥t❡r♥❛❧ ❜♦✉♥❞❛r②

∂−Λ =

v ∈ Znd : dist

(
v,Znd \Λ


= 1

, ✭✷✳✶✮

✐ts ❡①t❡r♥❛❧ ❜♦✉♥❞❛r②

∂+Λ =

v ∈ Znd \Λ : dist (v,Λ) = 1


, ✭✷✳✷✮

❛♥❞ ✐ts ❜♦✉♥❞❛r②

∂Λ =
n
(v,v0) ∈ Znd × Znd

 |v − v0|1 = 1 ❛♥❞ ❡✐t❤❡r v ∈ Λ✱ v0 /∈ Λ ♦r v /∈ Λ✱ v0 ∈ Λ
o
.

✭✷✳✸✮
❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ s✉❜s❡ts Λ,Λ0 ⊂ Znd ✐s ❞❡✜♥❡❞ ❜②

dist(Λ,Λ0) = min
x∈Λ,x0∈Λ0

|x− x0|.

❲❡ ✇✐❧❧ ♠♦st❧② ✇♦r❦ ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ ∆Λ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ∆ t♦ ❛ s✉❜s❡t
Λ ⊂ Znd ✇✐t❤ s✐♠♣❧❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✐✳❡✳✱ ✐ts ♠❛tr✐① ❡❧❡♠❡♥ts ∆Λ(x,y) =
∆(x,y) ✇❤❡♥❡✈❡r x,y ∈ Λ ❛♥❞ ∆Λ(x,y) = 0 ♦t❤❡r✇✐s❡✳ ❋♦r t❤❡ ✐♥✐t✐❛❧ st❡♣ ♦❢
t❤❡ ♠✉❧t✐s❝❛❧❡ ❛♥❛❧②s✐s ❛t ❧♦✇ ❡♥❡r❣②✱ ✐t ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ ❝♦♥s✐❞❡r ✜rst t❤❡



✷✻ ❈❤❛♣t❡r ✷✳ ▼✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s s❝❤❡♠❡

◆❡✉♠❛♥♥ r❡str✐❝t✐♦♥ ∆N
Λ ✇❤♦s❡ q✉❛❞r❛t✐❝ ❢♦r♠ ✐s ❣✐✈❡♥ ❜②

ϕ, (−∆)NΛφ

=

1

2

X
x,y∈Λ

|x−y|1=1

(ϕ(x)− ϕ(y))(φ(x)− φ(y)) ✭✷✳✹✮

∀ϕ, φ ∈ ‘2(Λ),

❛♥❞ t❤❡♥ ✉s❡ t❤❡ ✐♥❡q✉❛❧✐t② ∆N
Λ ≤ ∆Λ✳ ❋♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❧❛tt✐❝❡ ❝❛s❡ ✇❡ r❡❢❡r t♦ t❤❡ ❜♦♦❦ ❜② ❑✐rs❝❤ ❬❑✐r✵✽❪✳ ❲❡ ❞❡♥♦t❡
t❤❡ s♣❡❝tr✉♠ ♦❢ H(n)

Λ ❜② σ(H(n)
Λ ) ❛♥❞ ✐ts r❡s♦❧✈❡♥t ❜②

GΛ(E) :=

H

(n)
Λ − E

−1

, E ∈ R \ σ

HΛ


. ✭✷✳✺✮

■ts ♠❛tr✐① ❡❧❡♠❡♥ts GΛ(x,y;E) ❛r❡ ✉s✉❛❧❧② ❝❛❧❧❡❞ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥s ♦❢ t❤❡
♦♣❡r❛t♦r H(n)

Λ ✳ ▲❡t Λ ⊂ Znd✳ ❉❡✜♥❡ t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ΓΛ ❜②

ΓΛ(x,y) =


−1 ✐❢ (x,y) ∈ ∂Λ
0 ♦t❤❡r✇✐s❡.

❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ H(n) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿

H(n) = H
(n)
Λ ⊕H

(n)
Λc + ΓΛ, ✭✷✳✻✮

✇❤❡r❡ ✇❡ ✐❞❡♥t✐✜❡❞ ‘2(Znd) ✇✐t❤ ‘2(Λ)⊕ ‘2(Λc)✳ ❚❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ♦❢ H(n)
Λ ⊕

H
(n)
Λc ❛r❡ ❣✐✈❡♥ ❜②✿

(H
(n)
Λ ⊕H

(n)
Λc )(x,y) =


H

(n)
Λ (x,y) ✐❢ x,y ∈ Λ,

H
(n)
Λc (x,y) ✐❢ x,y ∈ Λc,

0 ♦t❤❡r✇✐s❡.

❈♦♥s✐❞❡r t✇♦ s✉❜s❡ts Λ1 ⊂ Λ2 ⊂ Znd ❛♥❞ ❞❡✜♥❡ t❤❡ r❡❧❛t✐✈❡ ❜♦✉♥❞❛r②

∂Λ2
Λ1 =

n
(x,y)

 |x− y|1 = 1 ❛♥❞ x ∈ Λ1✱y ∈ Λ2 \Λ1 ♦r x ∈ Λ2 \Λ1✱y ∈ Λ1

o
.

❲❡ t❤❡♥ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦rt❛♥t r❡❧❛t✐♦♥

H
(n)
Λ2

= H
(n)
Λ1

⊕H
(n)
Λ2\Λ1

+ ΓΛ2

Λ1
, ✭✷✳✼✮

✇✐t❤

ΓΛ2

Λ1
(x,y) =


0 ✐❢ x = y ❛♥❞ x ∈ Λ1,
0 ✐❢ x = y ❛♥❞ x ∈ Λ2 \Λ1,

−1 ✐❢ (x,y) ∈ ∂Λ2
Λ1,

0 ♦t❤❡r✇✐s❡.



✷✳✶✳ ❇❛s✐❝ ♥♦t❛t✐♦♥s ❛♥❞ ❣❡♦♠❡tr✐❝ r❡s♦❧✈❡♥t ❡q✉❛t✐♦♥s ✷✼

❲❡ s✉♠♠❛r✐③❡ ✐♥ ❚❤❡♦r❡♠ ✷✳✶ t❤❡ ❣❡♦♠❡tr✐❝ r❡s♦❧✈❡♥t ❡q✉❛t✐♦♥s ❢♦r ●r❡❡♥ ❢✉♥❝✲
t✐♦♥s ❛♥❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✇❤✐❝❤ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣ ♦❢ t❤❡
♠✉❧t✐s❝❛❧❡ ❛♥❛❧②s✐s ❛♥❞ t❤❡ ❞❡❝❛② ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s r❡s♣❡❝t✐✈❡❧②✳

❚❤❡♦r❡♠ ✷✳✶✳ ✭❆✮ ■❢ Λ1 ⊂ Λ2 ❛♥❞ x ∈ Λ1✱ y ∈ Λ2 \Λ1 ❛♥❞ ✐❢ E /∈ (σ(H
(n)
Λ1
) ∪

σ(H
(n)
Λ2
))✱ t❤❡♥

G
(n)
Λ2
(x,y;E) =

X
(v,v0)∈∂Λ1

v∈Λ1,v
0∈Λ2

G
(n)
Λ1
(x,v;E)G

(n)
Λ2
(v0,y;E). ✭✷✳✽✮

✭❇✮ ▲❡t Λ ⊂ Znd ❛♥❞ E /∈ σ(H
(n)
Λ )✳ ■❢ Ψ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ H(n)Ψ =

EΨ✱ t❤❡♥ ❢♦r ❛♥② x ∈ Λ

Ψ(x) =
X

(y,z)∈∂Λ
y∈∂−Λ,z∈∂+Λ

G
(n)
Λ (x,y;E)Ψ(z). ✭✷✳✾✮

Pr♦♦❢✳ ✭❆✮ ▲❡t E /∈ (σ(H
(n)
Λ1
)∪σ(H(n)

Λ2
)∪σ(H(n)

Λ2\Λ1
))✳ ❆ss❡rt✐♦♥ ✭✷✮ ♦❢ Pr♦♣♦s✐t✐♦♥

❆✳✶ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✷✳✼✮ ✐♠♣❧② ❜② ❛ ❝❛❧❝✉❧❛t✐♦♥

(H
(n)
Λ2

−E)−1 = (H
(n)
Λ1

⊕H
(n)
Λ2\Λ1

−E)−1− (H
(n)
Λ1

⊕H
(n)
Λ2\Λ1

−E)−1ΓΛ2

Λ1
(H

(n)
Λ2

−E)−1.

✭✷✳✶✵✮
♦♥❡ s❡❡s t❤❛t (H(n)

Λ1
⊕H

(n)
Λ2\Λ1

−E)−1 = (H
(n)
Λ1

−E)−1⊕ (H
(n)
Λ2\Λ1

−E)−1✳ ❍❡♥❝❡ ✐❢

x ∈ Λ1✱ y ∈ Λ2 \Λ1✱ ✇❡ ❤❛✈❡ (H
(n)
Λ1

⊕H
(n)
Λ2\Λ1

−E)−1(x,y) = 0✳ ❚❤✉s ✐t ❢♦❧❧♦✇s
❢r♦♠ ✭✷✳✶✵✮ t❤❛t

(H
(n)
Λ2

− E)−1(x,y)

= −
X

v,v0∈Λ2

(H
(n)
Λ1

⊕H
(n)
Λ2

− E)−1(x,v)ΓΛ2

Λ1
(v,v0)(H

(n)
Λ2

− E)−1(v0,y)

=
X

(v,v0)∈∂Λ1

v∈Λ1,v
0∈Λ2

G
(n)
Λ1
(x,v;E)G

(n)
Λ2
(v0,y;E).

❚❤✐s ♣r♦✈❡s ✭✷✳✽✮ ❢♦r E /∈ σ(H
(n)
Λ2\Λ1

)✳ ◆♦✇✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ❧❛tt❡r ❡q✉❛t✐♦♥
❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❞♦♠❛✐♥ Λ2 \ Λ1 ❛♥❞ ❜♦t❤ s✐❞❡s ♦❢ ✭✷✳✽✮ ❡①✐st ❛♥❞ ❛r❡
❛♥❛❧②t✐❝ ♦✉ts✐❞❡ ♦❢ σ(H(n)

Λ1
) ∪ σ(H

(n)
Λ2
)✱ s♦ t❤❡ ❢♦r♠✉❧❛ ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ E /∈

σ(H
(n)
Λ1
) ∪ σ(H(n)

Λ2
)✳

✭❇✮ ▲❡t Ψ ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ H(n)Ψ = EΨ✱ t❤❡♥ ❜② ✭✷✳✻✮✿

0 = (H(n) − E)Ψ = (H
(n)
Λ ⊕H

(n)
Λc + ΓΛ − E)Ψ,



✷✽ ❈❤❛♣t❡r ✷✳ ▼✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s s❝❤❡♠❡

s♦ t❤❛t (H(n)
Λ ⊕H

(n)
Λc − E)Ψ = −ΓΛΨ ❢♦r E /∈ σ(H

(n)
Λ )✳ ❙♦ ❢♦r ❛♥② x ∈ Λ✱

Ψ(x) = −[(H
(n)
Λ − E)−1ΓΛΨ](x) =

X
(y,z)∈∂Λ

G
(n)
Λ (x,y;E)Ψ(z).

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❣❡♥❡r❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ▼❙❆✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❧❛tt✐❝❡ r❡❝t✲
❛♥❣❧❡s✱ ❢♦r u = (u1, . . . , un) ∈ Znd ❛♥❞ ❣✐✈❡♥ ❛ s❡q✉❡♥❝❡ ♦❢ ❧❡♥❣t❤s {Li : i =
1, . . . , n}✱

C(n)(u) =
nY
i=1

C
(1)
Li
(ui), ✭✷✳✶✶✮

✇❤❡r❡
C

(1)
Li
(ui) =


x ∈ Zd : |x− ui| ≤ Li


.

❇② C
(n)
L (u) ✇❡ ❞❡♥♦t❡ t❤❡ n✲♣❛rt✐❝❧❡ ❝✉❜❡✱ ✐✳❡✳✱

C
(n)
L (u) =


x ∈ Znd : |x− u| ≤ L


.

❈❧❡❛r❧②✱ |C(n)
L (u)| := cardC

(n)
L (u) = (2L + 1)nd✳ ❲❡ ✇✐❧❧ ♦❢t❡♥ ✉s❡ t❤❡ s✐♠♣❧❡r

❡st✐♠❛t❡ |C(n)
L (u)| ≤ (3L)nd✳ ❋♦r ❛♥② u = (u1, . . . , un) ∈ Znd✱ ✇❡ ❞❡✜♥❡ ✐ts

♣r♦❥❡❝t✐♦♥ Πu ❜②

Πu := {u1, . . . , un} ⊂ Zd, ❢♦r u = (u1, . . . , un).

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❢♦r ❛♥② ♥♦♥❡♠♣t② s✉❜s❡t J ⊂ {1, . . . , n} ✇❡ ❞❡✜♥❡ t❤❡ J ✲
♣r♦❥❡❝t✐♦♥ ❜②

ΠJu := {uj, j ∈ J } ⊂ Zd.
✭◆♦t❡ t❤❛t ❢♦r J = {1, . . . , n} ✇❡ ❤❛✈❡ ΠJ = Π✳✮ ❘❡s♣❡❝t✐✈❡❧②✱ ❢♦r ❛♥ n✲♣❛rt✐❝❧❡
r❡❝t❛♥❣❧❡

C(n)(u) = CL1
(u1)× · · · × CLn

(un) ⊂ Znd

✇❡ ❝❛♥ ❝♦♥s✐❞❡r ✐ts J ✲♣r♦❥❡❝t✐♦♥✱ ❢♦r ❛♥② J ⊆ {1, . . . , n}✿

ΠJC
(n)(u) =

[
j∈J

CLj
(uj) ⊂ Zd. ✭✷✳✶✷✮

❆❣❛✐♥✱ ❢♦r J = {1, . . . , n} ✇❡ ✇✐❧❧ ✇r✐t❡ ΠC(n)(u) ✐♥st❡❛❞ ♦❢ ΠJC
(n)(u)✳

✷✳✷ ❙❡♣❛r❛❜✐❧✐t②

❚❤❡ ♥♦t✐♦♥ ♦❢ s❡♣❛r❛❜✐❧✐t② ✐s ❝r✉❝✐❛❧ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❲❡❣♥❡r ❡st✐♠❛t❡s ✇❤✐❝❤
❛r❡ ✐♠♣♦rt❛♥t t♦ ❜♦✉♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ r❡s♦♥❛♥❝❡s ✐♥ ❛ ❣♦♦❞ ✇❛②✳ ❙❡♣❛r❛❜✐❧✐t②
✇❛s ✐♥✐t✐❛❧❧② ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ♠✉❧t✐✲♣❛rt✐❝❧❡ ♠✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s
✐♥ ❬❈❙✵✾❜❪ ✐♥ t❤❡ ❞✐s❝r❡t❡ ❝❛s❡ ❛♥❞ ✐♥ ❬❇❈❙❙✶✵❪ ✐♥ t❤❡ ❝♦♥t✐♥✉✉♠✳



✷✳✷✳ ❙❡♣❛r❛❜✐❧✐t② ✷✾

❉❡✜♥✐t✐♦♥ ✷✳✷✳ ▲❡t C(n)(x) =
Q

i=1,...,nC
(1)
Li
(xi) ❛♥❞ C(n)(y) =

Q
i=1,...,nC

(1)
L0
i
(yi)

❜❡ t✇♦ r❡❝t❛♥❣❧❡s✳

✭✐✮ C(n)(x) ✐s J ✲♣r❡✲s❡♣❛r❛❜❧❡ ❢r♦♠ C(n)(y) ✐❢ t❤❡r❡ ❡①✐sts ❛ ♥♦♥❡♠♣t② s✉❜s❡t
J ⊂ {1, · · · , n} s✉❝❤ t❤❛t[

j∈J

ΠjC
(n)(x)

 ∩

[
j /∈J

ΠjC
(n)(x) ∪ΠC(n)(y)

 = ∅.

✭✐✐✮ ❆ ♣❛✐r (C(n)(x),C(n)(y)) ✐s ♣r❡✲s❡♣❛r❛❜❧❡ ✐❢ ♦♥❡ ♦❢ t❤❡ r❡❝t❛♥❣❧❡ ✐s J ✲♣r❡✲
s❡♣❛r❛❜❧❡ ❢r♦♠ t❤❡ ♦t❤❡r✳

✭✐✐✐✮ ❙❡t L = max{Li, L0
i : i = 1, . . . , n}✳ ❆ ♣❛✐r (C(n)(x),C(n)(y)) ✐s s❡♣❛r❛❜❧❡

✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ♣r❡✲s❡♣❛r❛❜❧❡ ❛♥❞ |x− y| > 7NL✳

◆♦✇✱ ✇❡ st❛t❡ s♦♠❡ ❣❡♦♠❡tr✐❝ ❢❛❝ts ❢♦r ♣❛✐rs ♦❢ s❡♣❛r❛❜❧❡ ❝✉❜❡s✳

▲❡♠♠❛ ✷✳✸✳ ▲❡t L > 1 ❛♥❞ x ∈ Znd✳
✭❆✮ ❚❤❡r❡ ❡①✐sts ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ n✲♣❛rt✐❝❧❡ ❝✉❜❡s C

(n)
2nL(x

(‘)) ✇✐t❤ x
(‘)
k ∈ {x1, . . . , xn}

❢♦r ❛❧❧ k = 1, · · · , n✱ ‘ = 1, . . . , κ(n)✱ κ(n) ≤ nn s✉❝❤ t❤❛t ✐❢ ❛ ❝♦♥✜❣✉r❛t✐♦♥
y s❛t✐s✜❡s |y − x| > 7NL ❛♥❞

y /∈
κ(n)[
‘=1

C
(n)
2nL(x

(‘)),

t❤❡♥ t❤❡ ❝✉❜❡s C
(n)
L (x) ❛♥❞ C

(n)
L (y) ❛r❡ s❡♣❛r❛❜❧❡✳

✭❇✮ ▲❡t C
(n)
L (y) ⊂ Znd ❜❡ ❛♥ n✲♣❛rt✐❝❧❡ ❝✉❜❡✳ ❆♥② ❝✉❜❡ C

(n)
L (x) ✇✐t❤ |y −

x| > max1≤i,j≤n |yi − yj| + 5NL ✐s J ✲s❡♣❛r❛❜❧❡ ❢r♦♠ C
(n)
L (y) ❢♦r s♦♠❡

J ⊂ {1, . . . , n}✳

Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❛s ✐♥ ❬❇❈❙❙✶✵❪✳ ✭❆✮ ▲❡t L > 0✱ ∅ 6= J ⊂ {1, . . . , n} ❛♥❞
y ∈ Znd✳ {yj}j∈J ✐s ❝❛❧❧❡❞ ❛♥ L✲❝❧✉st❡r ✐❢ t❤❡ ✉♥✐♦♥[

j∈J

C
(1)
L (yj)

❝❛♥♥♦t ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t✇♦ ♥♦♥✲❡♠♣t② ❞✐s❥♦✐♥t s✉❜s❡ts✳ ◆❡①t✱ ❣✐✈❡♥ t✇♦
❝♦♥✜❣✉r❛t✐♦♥s x,y ∈ Znd✱ ✇❡ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ❲❡ ❞❡❝♦♠♣♦s❡ t❤❡ ✈❡❝t♦r y ✐♥t♦ ♠❛①✐♠❛❧ L✲❝❧✉st❡rs Γ1, . . . ,ΓM ✭❡❛❝❤ ♦❢
❞✐❛♠❡t❡r ≤ 2nL✮ ✇✐t❤ M ≤ n✳



✸✵ ❈❤❛♣t❡r ✷✳ ▼✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s s❝❤❡♠❡

✷✳ ❊❛❝❤ ♣♦s✐t✐♦♥ yi ❝♦rr❡s♣♦♥❞s t♦ ❡①❛❝t❧② ♦♥❡ ❝❧✉st❡r Γj✱ j = j(i) ∈ {1, . . . ,M}✳

✸✳ ■❢ t❤❡r❡ ❡①✐sts j ∈ {1, . . . ,M} s✉❝❤ t❤❛t Γj ∩ ΠC
(n)
L (x) = ∅✱ t❤❡♥ ❝✉❜❡s

C
(n)
L (y) ❛♥❞ C

(n)
L (x) ❛r❡ s❡♣❛r❛❜❧❡✳

✹✳ ■❢ ✭✸✮ ✐s ✇r♦♥❣✱ t❤❡♥ ❢♦r ❛❧❧ k = 1, . . . ,M ✱ Γk ∩ ΠC
(n)
L (x) 6= ∅✳ ❚❤✉s ❢♦r

❛❧❧ k = 1, . . . ,M ✱ ∃i = 1, . . . , n s✉❝❤ t❤❛t Γk ∩ C
(1)
L (xi) 6= ∅✳ ◆♦✇ ❢♦r ❛♥②

j = 1, . . . , n t❤❡r❡ ❡①✐sts k = 1, . . . ,M s✉❝❤ t❤❛t yj ∈ Γk✳ ❚❤❡r❡❢♦r❡ ❢♦r

s✉❝❤ k✱ ❜② ❤②♣♦t❤❡s✐s t❤❡r❡ ❡①✐sts i = 1, . . . , n s✉❝❤ t❤❛t Γk ∩ C(1)
L (xi) 6= ∅✳

◆❡①t ❧❡t z ∈ Γk ∩ C(1)
L (xi) s♦ t❤❛t |z − xi| ≤ L✳ ❲❡ ❤❛✈❡ t❤❛t

|yj − xi| ≤ |yj − z|+ |z − xi|
≤ 2nL− L+ L = 2nL

s✐♥❝❡ yj, z ∈ Γk✳ ◆♦t✐❝❡ t❤❛t ❛❜♦✈❡ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞ |yj−z| ≤ 2nL−L ✐♥st❡❛❞
♦❢ 2nL ❜❡❝❛✉s❡ yj ✐s ❛ ❝❡♥t❡r ♦❢ t❤❡ L✲❝❧✉st❡r Γk✳ ❍❡♥❝❡ ❢♦r ❛❧❧ j = 1, . . . , n yj
♠✉st ❜❡❧♦♥❣ t♦ ♦♥❡ ♦❢ t❤❡ ❝✉❜❡s C(1)

2nL(xi) ❢♦r t❤❡ n ♣♦s✐t✐♦♥s (y1, . . . , yn)✳ ❙❡t
κ(n) = nn✳ ❋♦r ❛♥② ❝❤♦✐❝❡ ♦❢ ❛t ♠♦st κ(n) ♣♦ss✐❜✐❧✐t✐❡s✱ y = (y1, . . . , yn) ♠✉st
❜❡❧♦♥❣ t♦ t❤❡ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ n ❝✉❜❡s ♦❢ s✐③❡ 2nL ✐✳❡✳ t♦ ❛♥ nd✲❞✐♠❡♥s✐♦♥❛❧
❝✉❜❡ ♦❢ s✐③❡ 2nL✱ t❤❡ ❛ss❡rt✐♦♥ t❤❡♥ ❢♦❧❧♦✇s✳

✭❇✮ ❙❡t R(y) = max1≤i,j≤n |yi − yj|+ 5NL ❛♥❞ ❝♦♥s✐❞❡r ❛ ❝✉❜❡ C(n)
L (x) ✇✐t❤

|y − x| > R(y)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts i0 ∈ {1, . . . , n} s✉❝❤ t❤❛t |yi0 − xi0| > R(y)✳
❈♦♥s✐❞❡r t❤❡ ♠❛①✐♠❛❧ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t Λx :=

S
i∈J C

(1)
L (xi) ♦❢ t❤❡ ✉♥✐♦♥S

iC
(1)
L (xi) ❝♦♥t❛✐♥✐♥❣ xi0✳ ■ts ❞✐❛♠❡t❡r ✐s ❜♦✉♥❞❡❞ ❜② 2nL✳ ❲❡ ❤❛✈❡

dist(Λx, ΠC
(n)
L (y)) = min

u,v
|u− v|,

♥♦✇ s✐♥❝❡
|xi0 − yi0| ≤ |xi0 − u|+ |u− v|+ |v − yi0|,

t❤❡♥

dist(Λx, ΠC
(n)
L (y)) = min

u,v
|u− v|

≥ |xi0 − yi0| − diam(Λx)−max
v,yi0

|v − yi0|.

❘❡❝❛❧❧ t❤❛t diam(Λx) ≤ 2nL ❛♥❞

max
v,yi0

|v − yi0| ≤ max
v

|v − yj|+max
yi0

|yj − yi0|,



✷✳✸✳ ❲❡❣♥❡r ❡st✐♠❛t❡s ✸✶

❢♦r s♦♠❡ j = 1, · · ·n s✉❝❤ t❤❛t v ∈ C
(1)
L (yj)✳ ❋✐♥❛❧❧② ✇❡ ❣❡t

dist(Λx, ΠC
(n)
L (y)) > R(y)− diam(Λx)− (2L+ diam(Πy)) > 0,

t❤✐s ✐♠♣❧✐❡s t❤❛t C(n)
L (x) ✐s J ✲s❡♣❛r❛❜❧❡ ❢r♦♠ C

(n)
L (y) ✇✐t❤ J t❤❡ ✐♥❞❡① s✉❜s❡t

❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Λx✳

✷✳✸ ❲❡❣♥❡r ❡st✐♠❛t❡s

❚❤❡ ❲❡❣♥❡r ❡st✐♠❛t❡s ✐♥✐t✐❛❧❧② ✐♥tr♦❞✉❝❡❞ ❜② ❲❡❣♥❡r ❬❲❡❣✽✶❪ ♣❧❛② ❛ ❝r✉❝✐❛❧
r♦❧❡ ✐♥ t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣ ♦❢ t❤❡ ♠✉❧t✐s❝❛❧❡ ❛♥❛❧②s✐s✳ ❚❤❡ ♣r♦♦❢ ✇❤✐❝❤ ✉s❡s ❙t♦❧❧✲
♠❛♥♥✬s ▲❡♠♠❛ ✇❛s ♦r✐❣✐♥❛❧❧② ❞❡✈❡❧♦♣♣❡❞ ❜② ❙t♦❧❧♠❛♥♥ ❢♦r s✐♥❣❧❡✲♣❛rt✐❝❧❡ ❆♥❞❡r✲
s♦♥ ♠♦❞❡❧s ❬❙t♦✵✶❪ ❛♥❞ ❧❛t❡r ❛❞❛♣t❡❞ t♦ t❤❡ t✇♦✲♣❛rt✐❝❧❡ s②st❡♠s ❜② ❈❤✉❧❛❡✈s❦②
❛♥❞ ❙✉❤♦✈ ❬❈❙✵✽❪✳ ◆♦t✐❝❡ t❤❛t ❙t♦❧❧♠❛♥♥✬s ▲❡♠♠❛ ✇❛s ❡①t❡♥❞❡❞ t♦ ❝♦rr❡❧❛t❡❞
r❛♥❞♦♠ ♣♦t❡♥t✐❛❧s ❜② ❈❤✉❧❛❡✈s❦② ❬❈❤✉✵✽❪✳ ❑✐rs❝❤ ❬❑✐r✵✼❪✱ ♦❜t❛✐♥❡❞ ♦♣t✐♠❛❧ ♠✉❧✲
t✐♣❛rt✐❝❧❡ ❲❡❣♥❡r ❡st✐♠❛t❡s ❢♦r ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ❛ ❜♦✉♥❞❡❞
❞❡♥s✐t②✳

▲❡t J ❜❡ ❛ ♥♦♥✲❡♠♣t② s❡t ♦❢ ✜♥✐t❡ ❝❛r❞✐♥❛❧✐t② |J | = p✳ J ✐s ✐❞❡♥t✐✜❡❞ ✇✐t❤
{1, . . . , p}✳ ▲❡t RJ ∼= Rp✱ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s (e1, . . . , ep)✳
❈♦♥s✐❞❡r

RJ
+ = {q = (q1, . . . , qp) ∈ RJ : qj ≥ 0, j = 1, . . . , p}.

❉❡✜♥✐t✐♦♥ ✷✳✹✳ Φ : R → R ✐s ❝❛❧❧❡❞ ❞✐❛❣♦♥❛❧❧② ♠♦♥♦t♦♥❡ ✐❢

✭✐✮ ❢♦r ❛❧❧ r ∈ RJ
+ ❛♥❞ v ∈ RJ ✱

Φ(v + r) ≥ Φ(v).

✭✐✐✮ ▼♦r❡♦✈❡r ❢♦r e = e1 + · · ·+ ep ∈ RJ ✱ ❢♦r ❛❧❧ v ∈ RJ ❛♥❞ t > 0✱

Φ(v + te)− Φ(v) ≥ t.

❙t♦❧❧♠❛♥♥✬s ▲❡♠♠❛ ✇❛s ✐♥✐t✐❛❧❧② ❢♦r♠✉❧❛t❡❞ ❢♦r ❣❡♥❡r❛❧ ♣r♦❞✉❝t ♦❢ ♠❡❛s✉r❡s
❬❙t♦✵✵✱ ❙t♦✵✶❪✳ ❍❡r❡ s✐♥❝❡ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ✐✳✐✳❞✳ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧s ✇✐t❤ ❛
❝♦♠♠♦♥ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ µ✱ ✇❡ ❢♦r♠✉❧❛t❡ ✐t ❞✐r❡❝t❧② ❛s ✐♥ ❬❈❙✵✽✱ ❈❤✉✵✽❪
❢♦r ♣r♦❞✉❝t ♠❡❛s✉r❡s ♦❢ t❤❡ ❢♦r♠ µJ = µ× · · · × µ ♦♥ RJ ✳

▲❡♠♠❛ ✷✳✺ ✭❙t♦❧❧♠❛♥♥✬s ❧❡♠♠❛✮✳ ▲❡t J ❜❡ ❛♥ ✐♥❞❡① s❡t ♦❢ ✜♥✐t❡ ❝❛r❞✐♥❛❧✐t②
|J | = p✱ µ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R✱ µJ = µ × · · · × µ ❛ ♣r♦❞✉❝t ♠❡❛s✉r❡
♦♥ RJ ✳ ■❢ t❤❡ ❢✉♥❝t✐♦♥ Φ : RJ → R ✐s ❞✐❛❣♦♥❛❧❧② ♠♦♥♦t♦♥❡✱ t❤❡♥ ❢♦r ❛♥② ♦♣❡♥
✐♥t❡r✈❛❧ I ⊂ R ✇❡ ❤❛✈❡✿

µJ {q : Φ(q) ∈ I} ≤ p · s(FV , |I|).
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Pr♦♦❢✳ ▲❡t I = (a, b)✱ b− a = ε > 0✳ ❙❡t

A = {q : Φ(q) ≤ a} ,

Aε
0 = A✱ Aε

j = Aε
j−1 + [0, ε]ej :=


q + tej : q ∈ Aε

j−1, t ∈ [0, ε]

.

❈❧❡❛r❧②✱ Aε
j ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ✐♥ j✳ ❚❤❡ ❞✐❛❣♦♥❛❧ ♠♦♥♦t♦♥✐❝✐t② ❤②♣♦t❤❡s✐s

♦❢ Φ ✐♠♣❧✐❡s
{q : Φ(q) < b} ⊂ Aε

p.

■♥❞❡❡❞✱ ✐❢ Φ(q) < b t❤❡♥ ❢♦r r := q − ε · e✱

Φ(r) ≤ Φ(r + εe)− ε = Φ(q)− ε ≤ b− ε ≤ a.

❚❤✉s r ∈ {Φ ≤ a} = A✳ ❍❡♥❝❡✱

q = r + ε · e ∈ Aε
p.

◆♦✇ ✇❡ ❤❛✈❡ t❤❛t

{q : Φ(q) ∈ I} = {q : Φ(q) ∈ (a, b)}
= {q : Φ(q) < b} \ {q : Φ(q) ≤ a}
⊂ Aε

p \ A.

▼♦r❡♦✈❡r

µp {q : Φ(q) ∈ I} ≤ µp
(
Aε
p \ A


= µp

 
p[
j=1

(
Aε
j \ Aε

j−1

!

≤
pX
j=1

µp
(
Aε
j \ Aε

j−1


❋♦r q06=1 = (q2, · · · , qp) ∈ Rp−1✱ s❡t

I1(q
0
6=1) = {q1 ∈ R : (q1, q

0
6=1) ∈ Aε

1 \ A}.

❇② ❞❡✜♥✐t✐♦♥✱ (q1, q06=1) ∈ Aε
1 \ A ✐❢ t❤❡r❡ ❡①✐st (a1, . . . , ap) ∈ Aε

1 \ A s✉❝❤ t❤❛t
q06=1 = (a2, . . . , a2) ❛♥❞ q1 = a1 + t ❢♦r s♦♠❡ t ∈]0, ε]✳ ❚❤❡r❡❢♦r❡ I1(q06=1) ✐s ❛♥
✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣t❤ ≤ ε✳ ❙✐♥❝❡ µp ✐s ❛ ♣r♦❞✉❝t ♠❡❛s✉r❡

µp (Aε
1 \ A) =

Z
dµp−1(q06=1)

Z
I1

dµ(q1) ≤ s(FV , ε). ✭✷✳✶✸✮
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❙✐♠✐❧❛r❧②✱ ✇❡ ♦❜t❛✐♥ ❢♦r j = 2, · · · , p✱

µp(Aε
j \ Aε

j−1) ≤ s(FV , ε).

❚❤❡r❡❢♦r❡

µp {q : Φ(q) ∈ I} ≤
pX
j=1

µp(Aε
j \ Aε

j−1) ≤ p · s(FV , ε).

❉❡✜♥✐t✐♦♥ ✷✳✻✳ ▲❡t n ≥ 1✱ β = 1/2✱ ❛♥❞ E ∈ R ❜❡ ❣✐✈❡♥✳ ❈♦♥s✐❞❡r ❛ r❡❝t✲
❛♥❣❧❡ C(n)(u) =

Qn
i=1C

(1)
Li
(ui) ❛♥❞ s❡t L = mini=1,...,n{Li}✳ C(n)(u) ✐s ❝❛❧❧❡❞

E✲r❡s♦♥❛♥t ✭E✲❘✮ ✐❢

dist
h
E, σ

(
H

(n)

C(n)(u)

i
< e−L

β

. ✭✷✳✶✹✮

❖t❤❡r✇✐s❡ ✐t ✐s ❝❛❧❧❡❞ E✲♥♦♥✲r❡s♦♥❛♥t ✭E✲◆❘✮✳

❉❡✜♥✐t✐♦♥ ✷✳✼✳ ▲❡t E ∈ R ❜❡ ❣✐✈❡♥✳ ❆ ❝✉❜❡ C
(n)
L (v) ⊂ Znd ♦❢ s✐③❡ L ≥ 2 ✐s

❝❛❧❧❡❞ E✲❝♦♠♣❧❡t❡❧② ♥♦♥✲r❡s♦♥❛♥t ✭E✲❈◆❘✮ ✐❢ ✐t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② E✲❘ ❝✉❜❡
♦❢ s✐③❡ ≥ L2/3✳ ■♥ ♣❛rt✐❝✉❧❛r✱ CL(v) ✐s ✐ts❡❧❢ E✲◆❘✳

❚❤❡♦r❡♠ ✷✳✽✳ ●✐✈❡♥ t✇♦ ♣r❡✲s❡♣❛r❛❜❧❡ r❡❝t❛♥❣❧❡s C(n)(u) =
Qn

i=1C
(1)
Li
(ui)✱ C

(n)(u0) =Qn
i=1C

(1)
L0
i
(u0i)✱ ✇❡ ❤❛✈❡✿

✭❆✮ ❢♦r ❛♥② ε > 0 ❛♥❞ E ∈ R

P
n
dist

h
σ(H

(n)

C(n)(u)
), E

i
< ε
o
≤ |C(n)(u)| min

i=1,...,n
|ΠiC

(n)(u)|s(FV , 2ε),

✭❇✮ ❢♦r ❛♥② ε > 0✱

P
n
dist

h
σ(H

(n)

C(n)(u)
), σ(H

(n)

C(n)(u0)
)
i
< ε
o

≤ |C(n)(u0)| · |C(n)(u)| · max
i=1,...,n

max
u,u0

{|ΠiC
(n)(u)|, |ΠiC

(n)(u0)|} · s(FV , 2ε).

Pr♦♦❢✳ ✭❆✮ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❛ss✉♠❡ t❤❛t L1 = mini=1,...,n{Li} ❛♥❞ s❡t
J = Π1C

(n)(u)✱ p = |J |✳ ❆ss✉♠❡ t❤❛t J = {y1, . . . , yp}✳
▲❡t {λ(k)

C(n)(u)
: k = 1, . . . , |C(n)(u)|} ❜❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ H(n)

C(n)(u)
(ω)✳ ❋♦r ❛♥②

s✉❜s❡t Λ ⊂ Zd✱ ❞❡♥♦t❡ ❜② PΛ ❛♥❞ EΛ✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ❛♥❞ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✇✐t❤
r❡s♣❡❝t t♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s {ωx : x ∈ Λ}✳ ❚❤❡ r❛♥❞♦♠ ❍❛♠✐❧t♦♥✐❛♥ H

(n)

C(n)(u)
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✇r✐t❡ ❛s

H
(n)

C(n)(u)
(ω) = −∆+U(x) +

nX
i=1

ωxi

= −∆+U(x) +
nX
i=1

pX
j=1

δxi,yjωyj

+
nX
i=1

X
y∈ΠC(n)(u)\J

δxi,yωy.

◆♦✇✱ ✇❡ ❤❛✈❡

P
n
ω : dist(E, σ(H

(n)

C(n)(u)
(ω))) ≤ ε

o
≤

|C(n)(u)|X
k=1

P
n
|E − λ

(k)

C(n)(u)
(ω)| ≤ ε

o

=

|C(n)(u)|X
k=1

·PΠC(n)(u)\)J ⊗ PJ{|E − λ
(k)

C(n)(u)
(ω)| ≤ ε}

=

|C(n)(u)|X
k=1

EΠC(n)(u)\J [µ
J((ωx)x∈J : |E − λ(k)(ω)| ≤ ε)].

❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ Φ(ω) := λ
(k)

C(n)(u)
(ω)✳ ❲❡ s❤♦✇ t❤❛t Φ ✐s ❞✐❛❣♦♥❛❧❧② ♠♦♥♦✲

t♦♥❡✿

H
(n)

C(n)(u)
(ω + t · (1, . . . , 1)) = −∆+U(x) +

nX
i=1

pX
j=1

δxi,yjωyj

+ t

nX
i=1

pX
j=1

δxi,yj

≥ H
(n)

C(n)(u)
(ω) + t · Id,

s✐♥❝❡ x1 ∈ J s♦ t❤❛t
Pn

i=1

Pp
j=1 δxi,yj ≥ 1✳ ❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ♠✐♥✲♠❛① ♣r✐♥❝✐♣❧❡

✭❝❢✳ ❚❤❡♦r❡♠ ❆✳✺✮ ✇❡ ❤❛✈❡✿

λ
(k)

C(n)(u)
(ω + t · (1, . . . , 1) ≥ λ

(k)

C(n)(u)
(ω) + t.

❲❡ t❤❡♥ ❛♣♣❧② t❤❡ ❙t♦❧❧♠❛♥♥✬s ▲❡♠♠❛✱ ✐✳❡✳✱ ▲❡♠♠❛ ✷✳✺ ❛♥❞ ♦❜t❛✐♥✱

µJ(ω = (ωx)x∈J : |λ(k)
C(n)(u)

(ω)− E| ≤ ε) ≤ |J | · s(µ, ε).
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❋✐♥❛❧❧②✱

P
n
dist(E, σ(H

(n)

C(n)(u)
(ω))) ≤ ε

o
≤ |C(n)(u)| · |Π1C

(n)(u)| · s(FV , 2ε),

✇❤✐❝❤ ♣r♦✈❡s ✭❆✮✳
✭❇✮ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t C(n)(u) ✐s ♣r❡✲s❡♣❛r❛❜❧❡

❢r♦♠ C(n)(u0)✿

∃J ⊂ {1, . . . , n} : ΠJC
(n)(u) ∩


ΠJ cC(n)(u) ∪ΠC(n)(u0)


= ∅.

✭❖t❤❡r✇✐s❡✱ ✇❡ ❡①❝❤❛♥❣❡ t❤❡ r♦❧❡s ♦❢ C(n)(u) ❛♥❞ C(n)(u0)✳✮ ▲❡t

{λk : k = 1, . . . , |C(n)(u)|}, {λk0 : k0 = 1, · · · , |C(n)(u0)|},

❜❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ H(n)

C(n)(u)
❛♥❞ H

(n)

C(n)(u0)
r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❛♥② i ∈ J ✱ ✇❡

♣r♦❝❡❡❞ ❛s ✐♥ ✭❆✮ ❛♥❞ s❡t J = ΠiC
(n)(u)✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ ❛s ✐♥ ✭❆✮ t❤❛t J =

{y1, . . . , yp}✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡✿

P
n
dist(σ(H

(n)

C(n)(u)
), σ(H

(n)

C(n)(u0)
)) ≤ ε

o
= PΠC(n)(u)∪ΠC(n)(u0)\J ⊗ PJ{dist(σ(H(n)

C(n)(u)
), σ(H

(n)

C(n)(u0)
)) ≤ ε}

≤
|C(n)(u)|X
i=1

·
|C(n)(u0)|X
j=1

EΠC(n)(u)∪$C(n)(u0)\J [µ
J((ωx)x∈J : |λ(i)

C(n)(u)
(ω)− λ

(j)

C(n)(u0)
(ω)| ≤ ε)].

✭✷✳✶✺✮
❆s ✐♥ ❝❛s❡ ✭❆✮ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ Φ(ω) := λ

(i)

C(n)(u)
(ω) ✐s ❞✐❛❣♦♥❛❧❧② ♠♦♥♦✲

t♦♥❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ❙t♦❧❧♠❛♥♥✬s ▲❡♠♠❛ ✐♠♣❧✐❡s t❤❛t

µJ{ω = (ωx)x∈J : |λ(i)
C(n)(u)

(ω)− λ
(j)

C(n)(u0)
(ω)| ≤ ε} ≤ |J | · s(FV , 2ε),

❋✐♥❛❧❧②✱

P
n
dist(σ(H

(n)

C(n)(u)
), σ(H

(n)

C(n)(u0)
)) ≤ ε

o
≤ |C(n)(u0)| · |C(n)(u)| · max

i=1,...,n
max
u,u0

{|ΠiC
(n)(u)|, |ΠiC

(n)(u0)|} · s(FV , 2ε).

❈♦r♦❧❧❛r② ✷✳✾✳ ▲❡t α = 3/2 ❛♥❞ p > 6Nd✳ ❆ss✉♠❡ t❤❛t t❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧
s❛t✐s✜❡s ❛ss✉♠♣t✐♦♥ (P1) ✇✐t❤ A > 4Nαp+ 6αNd✱ t❤❡♥

✭❆✮ ❢♦r ❛♥② E ∈ R

P
n
C

(n)
L (x) ✐s ♥♦t E✲❈◆❘

o
≤ L−4N p, ✭✷✳✶✻✮
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✭❇✮

P
n
∃E ∈ R : ♥❡✐t❤❡r C

(n)
L (x) ♥♦r C

(n)
L (y) ✐s E✲❈◆❘

o
≤ L−4N p. ✭✷✳✶✼✮

Pr♦♦❢✳ ✭❆✮✱ ✇❡ ❤❛✈❡

P
n
C

(n)
L (x) ✐s ♥♦t E✲❈◆❘

o
= P

n
∃y ∈ C

(n)
L (x)✱ ∃‘ : L1/α ≤ ‘ ≤ L,C

(n)
‘ (y) ✐s E✲❘

o
≤ |C(n)

L (x)|(L+ 1)× P
n
C

(n)
‘ (y) ✐s E✲❘

o
≤ (2L+ 1)nd(L+ 1)× P


dist[E, σ(H

(n)

C
(n)
‘ (y)

)] < e−‘
β


≤ (3L)nd+1 × |C(n)

‘ (y)| × |C(1)
‘ (y1)| × s(µ, 2e−‘

β

) ✭✷✳✶✽✮

≤ Const · L3nd+1L−A/α < L−4Np, ✭✷✳✶✾✮

✇❤❡r❡ ✇❡ ✉s❡❞ ❚❤❡♦r❡♠ ✷✳✽ ✭❆✮ ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✶✽✮ ❛♥❞ ❛ss✉♠♣t✐♦♥ (P1) ♦♥ ❧♦❣✲
❍❧❞❡r ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ µ ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✶✾✮✱ ♣r♦✈✐❞❡❞ L ✐s
❧❛r❣❡ ❡♥♦✉❣❤✳
✭❇✮ ❋✐rst✱ ♥♦t❡ t❤❛t ❢♦r ❛♥② ❣✐✈❡♥ ♣❛✐r ♦❢ ❝✉❜❡s C(n)

‘1
(u1) ❛♥❞ C

(n)
‘2
(u2) ✇✐t❤ L1/α ≤

‘1, ‘2 ≤ L✱ ♦♥❡ ❤❛s

P
n
∃E ∈ R✿ C(n)

‘1
(u1) ❛♥❞ C

(n)
‘2
(u2) ❛r❡ E✲❘

o
= P

n
∃E ∈ R : dist[E, σ(H

(n)
C‘j

(uj))] < e−‘
β
j , j = 1, 2

o
≤ P

n
dist[σ(H

(n)
C‘1

(u1)), σ(H
(n)
C‘2

(u2))] < 2e−L
β/α
o

≤ (3L)(2n+1)d · Const L−A/α,

❜② ❚❤❡♦r❡♠ ✷✳✽ ❛♥❞ ❛ss✉♠♣t✐♦♥ (P1)✳ ❈♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ❝❡♥t❡rs
u1,u2 ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ❝✉❜❡s ♦❢ r❛❞✐✉s L ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ‘1, ‘2✱
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

P
n
∃E ∈ R : ♥❡✐t❤❡r C(n)

L (x) ♥♦r C(n)
L (y) ✐s E✲❈◆❘

o
= P{ ∃E ∈ R✱ ∃u1 ∈ C

(n)
L (x)✱ ∃u2 ∈ C

(n)
L (y)✱ ∃‘1, ‘2 ✇✐t❤ L1/α ≤ ‘1, ‘2 ≤ L :

C
(n)
‘1
(u1) ❛♥❞ C

(n)
‘2
(u2) ❛r❡ E✲❘}

≤ (3L)2nd · L2 · (3L)(2n+1)d · Const L−A/α ≤ L−4Np,

s✐♥❝❡ A > 4Npα + 9Nd✳
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❈♦r♦❧❧❛r② ✷✳✶✵✳ ❆ss✉♠❡ t❤❛t t❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧ s❛t✐s✜❡s ❛ss✉♠♣t✐♦♥ (P2)✱
t❤❡♥

✭❆✮ ❢♦r ❛♥② E ∈ R

P
n
C

(n)
L (x) ✐s ♥♦t E✲❈◆❘

o
≤ e−τ1L

1/2

, ✭✷✳✷✵✮

❢♦r s♦♠❡ τ1 ∈ (0, 1)✳

✭❇✮

P
n
∃E ∈ R : ♥❡✐t❤❡r C

(n)
L (x) ♥♦r C

(n)
L (y) ✐s E✲❈◆❘

o
≤ e−τ2L

1/2

, ✭✷✳✷✶✮

❢♦r s♦♠❡ τ2 ∈ (0, 1)✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❧✐♥❡s ❛s t❤❛t ♦❢ ❈♦r♦❧❧❛r② ✷✳✾ ❜✉t t❤❡ ❘❍❙
❜♦✉♥❞s ❛r❡ s✉❜✲❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②✐♥❣ s✐♥❝❡ ✉s❡❞ t❤❡ ❍❧❞❡r ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♣r♦❜✲
❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✐♥st❡❛❞ ♦❢ t❤❡ ❧♦❣✲❍❧❞❡r ❝♦♥t✐♥✉✐t② ❛s ✐♥ ❈♦r♦❧❧❛r② ✷✳✾✳

✷✳✹ ❈♦♠❜❡s✕❚❤♦♠❛s ❡st✐♠❛t❡

❚❤❡ ❈♦♠❜❡s✕❚❤♦♠❛s ❡st✐♠❛t❡ ♣r♦♣♦s❡❞ ❤❡r❡ ✐s ❜♦rr♦✇❡❞ ❢r♦♠ ❬❑✐r✵✽❪ ❛♥❞ ❢♦r
t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ❛❧s♦ ❣✐✈❡ t❤❡ ♣r♦♦❢✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ ❛ ❣❡♥❡r❛❧ r❡s✉❧t
♦♥ ♦♣❡r❛t♦r t❤❡♦r② ✇❤✐❝❤ ✐s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ✭❝❢✳ ❬❲❡✐✽✵❪✮✳

▲❡♠♠❛ ✷✳✶✶✳ ▲❡t Λ ⊂ Zd ❛♥❞ A ❜❡ ❛♥ ♦♣❡r❛t♦r ♦♥ ‘2(Λ) ✇✐t❤ ♠❛tr✐① ❡❧❡♠❡♥ts
A(u, v)✳ ❚❤❡♥ A ✐s ❜♦✉♥❞❡❞ ✐❢

a1 = sup
u∈Λ

X
v∈Λ

|A(u, v)| <∞

a2 = sup
v∈Λ

X
u∈Λ

|A(u, v)| <∞.

▼♦r❡♦✈❡r ✇❡ ❤❛✈❡
kAk ≤ a

1/2
1 a

1/2
2 .

Pr♦♦❢✳ ▲❡t ✉s s❡t

B(u, v) = |A(u, v)|1/2, C(u, v) = |A(u, v)|1/2s❣♥A(u, v)

✇✐t❤ s❣♥ A(u, v) = 0 ✐❢ A(u, v) = 0 ❛♥❞ s❣♥ A(u, v) = A(u,v)
|A(u,v)| ✐❢ A(u, v) 6= 0✳

❚❤❡♥ ✇❡ ❤❛✈❡
A(u, v) = B(u, v)C(u, v).
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❛♥❞ X
v∈Λ

|B(u, v)|2 ≤ a1 <∞X
u∈Λ

|C(u, v)|2 ≤ a2 <∞.

◆♦✇

kAfk2 =
X
u

X
v

A(u, v) hδv, fi


2

=
X
u

X
v

B(u, v)C(u, v) hδv, fi


2

≤
X
u

"X
v

|B(u, v)|2
X
v

|C(u, v) hδv, fi |2
#

≤ a1
X
u,v

|C(u, v)|2| hδv, fi |2

≤ a1a2
X
v

| hδv, fi |2

= a1a2kfk2

s♦ kAfk ≤ a
1/2
1 a

1/2
2 kfk ❢♦r ❛❧❧ f ∈ ‘2(Λ)✳

❚❤❡♦r❡♠ ✷✳✶✷✳ ❈♦♥s✐❞❡r ❛ ❧❛tt✐❝❡ ❙❝❤r❞✐♥❣❡r ♦♣❡r❛t♦r

HΛ = −∆Λ +W (x)

❛❝t✐♥❣ ✐♥ ‘2(Λ)✱ Λ ⊂ Zν ✐s ❛ ✜♥✐t❡ s✉❜s❡t✱ ν ≥ 1✱ ✇✐t❤ ❛♥ ❛r❜✐tr❛r② ✶ ♣♦t❡♥t✐❛❧
W : Λ → R✳ ❙✉♣♣♦s❡ t❤❛t E ∈ R ✐s s✉❝❤ t❤❛t dist(E, σ(H)) ≥ η ✇✐t❤ η ∈ (0, 1]✳
❚❤❡♥

∀ x, y ∈ Λ
(H − E)−1 (x, y)

 ≤ 2η−1 e−
η

12ν |x−y|. ✭✷✳✷✷✮

Pr♦♦❢✳ ▲❡t µ > 0 t♦ ❜❡ s♣❡❝✐✜❡❞ ❧❛t❡r✳ ❋✐① x0 ∈ Λ✱ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r ♦❢ ♠✉❧t✐✲
♣❧✐❝❛t✐♦♥ F = Fx0 ♦♥ ‘

2(Λ) ❜②

Fu(x) = Fx0u(x) = eµ|x0−x|1u(x).

❚❤❡♥ ❢♦r ❛♥② ♦♣❡r❛t♦r A✿(
F−1
x0
AFx0


(x, y) = e−µ|x0−x|1A(x, y)eµ|x0−y|1. ✭✷✳✷✸✮

✶✳ ❚❤✐s ✐♥❝❧✉❞❡s t❤❡ ❝❛s❡s ♦❢ s✐♥❣❧❡✲ ❛♥❞ ♠✉❧t✐✲♣❛rt✐❝❧❡ ♦♣❡r❛t♦rs✱ t❤❛t ❞✐✛❡r ♦♥❧② ❜② t❤❡✐r ♣♦t❡♥t✐❛❧s✳
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❙❡tt✐♥❣ F = Fx

|(H − E)−1(x, y)| = e−µ|x−y|1|F−1(H − E)−1F (x, y)|
= e−µ|x−y|1|(F−1HF − E)−1(x, y)|
≤ e−µ|x−y|1k(F−1HF − E)−1k. ✭✷✳✷✹✮

❚❤❡r❡❢♦r❡ ✉s✐♥❣ t❤❡ r❡s♦❧✈❡♥t ❡q✉❛t✐♦♥ ✭Pr♦♣♦s✐t✐♦♥ ❆✳✶✮✱ ✇❡ ❤❛✈❡

(F−1HF − E)−1 = (H − E)−1 − (F−1HF − E)−1(F−1HF −H)(H − E)−1

②✐❡❧❞✐♥❣

(F−1HF − E)−1(I + (F−1HF −H)(H − E)−1) = (H − E)−1.

■❢ k(F−1HF−H)(H−E)−1k < 1✱ t❤❡♥ t❤❡ ♦♣❡r❛t♦r (I+(F−1HF−H)(H−E)−1)
✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞ ♦❜t❛✐♥

(F−1HF − E)−1 = (H − E)−1(I + (F−1HF −H)(H − E)−1)−1. ✭✷✳✷✺✮

❲❡ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ♦♣❡r❛t♦r F−1HF −H✳ ❊q✉❛t✐♦♥ ✭✷✳✷✸✮ ✐♠♣❧✐❡sX
v∈Λ

|(F−1
x HFx −H)(u, v)| ≤

X
v:|u−v|1=1

|e−µ|x−u|1eµ|x−v|1 − 1|

≤ 2νµeµ. ✭✷✳✷✻✮

❋♦r t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✭✷✳✷✻✮ ✇❡ ✉s❡❞ t❤❛t ❢♦r |u− v|1 ≤ 1✿

||x− u|1 − |x− v|1| ≤ |u− v|1 ≤ 1.

❋✉rt❤❡r✱ ❢♦r |a| ≤ 1 ❛♥❞ µ > 0✱

|eµa − 1| ≤ |eµ − 1| = eµ − 1

≤
Z 1

0

µeµtdt ≤ µeµ

❆♥ ❛♥❛❧♦❣♦✉s ❡st✐♠❛t❡ t♦ ✭✷✳✷✻✮ ❢♦r u ✐s ♦❜t❛✐♥❡❞ ❜② ❡①❝❤❛♥❣✐♥❣ t❤❡ r♦❧❡s ♦❢ u
❛♥❞ v✳ ❍❡♥❝❡ ▲❡♠♠❛ ✷✳✶✶ ✐♠♣❧✐❡s

kF−1HF −Hk ≤ 2νµeµ.

❙❡t µ = η
12ν ✳ ❙✐♥❝❡ η ≤ 1✿

k(F−1HF −H)(H − E)−1k ≤ k(F−1HF −H)kk(H − E)−1k

≤ 2νµeµ
1

η

= 2ν
η

12ν
e

η
12ν

1

η
✭✷✳✷✼✮

≤ 1

2
.



✹✵ ❈❤❛♣t❡r ✷✳ ▼✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s s❝❤❡♠❡

❆❜♦✈❡ ✇❡ ✉s❡❞ t❤❛t e
η

12ν ≤ e ≤ 3 s✐♥❝❡ η ≤ 1✳ ❚❤❡r❡❢♦r❡ t❤❡ ♦♣❡r❛t♦r I +
(F−1HF −H)(H −E)−1 ✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞ ✉s✐♥❣ t❤❡ ◆❡✉♠❛♥♥ s❡r✐❡s ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t

k(I + (F−1HF −H)(H − E)−1)−1k ≤ 2. ✭✷✳✷✽✮

❊q✉❛t✐♦♥ ✭✷✳✷✺✮ ❧❡❛❞s t♦

k(F−1HF − E)−1k = k(H − E)−1(I + (F−1HF −H)(H − E)−1)−1k

≤ 2

η

❛♥❞ ❜② ✭✷✳✷✹✮

|(H − E)−1(x, y)| ≤ e−µ|x−y|1k(F−1HF − E)−1k

≤ 2

η
e−

η
12ν |x−y|1.

✷✳✺ ❋✉❧❧② ❛♥❞ ♣❛rt✐❛❧❧② ✐♥t❡r❛❝t✐✈❡ ❝✉❜❡s

❉❡✜♥✐t✐♦♥ ✷✳✶✸ ✭❢✉❧❧②✴♣❛rt✐❛❧❧② ✐♥t❡r❛❝t✐✈❡✮✳ ❆♥ n✲♣❛rt✐❝❧❡ ❝✉❜❡ C(n)
L (u) ⊂ Znd

✐s ❝❛❧❧❡❞ ❢✉❧❧② ✐♥t❡r❛❝t✐✈❡ ✭❋■✮ ✐❢

diamΠu ≡ max
i6=j

|ui − uj| ≤ n(2L+ r0), ✭✷✳✷✾✮

❛♥❞ ♣❛rt✐❛❧❧② ✐♥t❡r❛❝t✐✈❡ ✭P■✮ ♦t❤❡r✇✐s❡✳

P❛rt✐❛❧❧② ✐♥t❡r❛❝t✐✈❡ ❛♥❞ ❢✉❧❧② ✐♥t❡r❛❝t✐✈❡ ❝✉❜❡s ❛r❡ ✉s❡❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢
t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣ ♦❢ t❤❡ ♠✉❧t✐s❝❛❧❡ ❛♥❛❧②s✐s ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥ t❤❡ ♥❡①ts t✇♦
❈❤❛♣t❡rs✳ ❲❡ ❝❧❛r✐❢② t❤❡ ♥♦t✐♦♥ ♦❢ P■ ❝✉❜❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ st❛t❡♠❡♥t✳

▲❡♠♠❛ ✷✳✶✹✳ ■❢ ❛ ❝✉❜❡ C
(n)
L (u) ✐s P■✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡t J ⊂ {1, . . . , n}

✇✐t❤ 1 ≤ cardJ ≤ n− 1 s✉❝❤ t❤❛t

dist

ΠJC

(n)
L (u), ΠJ cC

(n)
L (u)


> r0.

Pr♦♦❢✳ ■t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ✉s❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ✐♥❥❡❝t✐♦♥ Zd ,→ Rd❀ t❤❡♥ t❤❡ ♥♦t✐♦♥
♦❢ ❝♦♥♥❡❝t❡❞♥❡ss ✐♥ Rd ✐♥❞✉❝❡s ✐ts ❛♥❛❧♦❣ ❢♦r ❧❛tt✐❝❡ ❝✉❜❡s✳ ❙❡t R := 2L+ r0 ❛♥❞
❛ss✉♠❡ t❤❛t diamΠu = maxi,j |ui − uj| > nR✳ ■❢ t❤❡ ✉♥✐♦♥ ♦❢ ❝✉❜❡s C(n)

R/2(ui)✱
1 ≤ i ≤ n✱ ✇❡r❡ ♥♦t ❞❡❝♦♠♣♦s❛❜❧❡ ✐♥t♦ t✇♦ ✭♦r ♠♦r❡✮ ❞✐s❥♦✐♥t ❣r♦✉♣s✱ t❤❡♥ ✐t
✇♦✉❧❞ ❜❡ ❝♦♥♥❡❝t❡❞✱ ❤❡♥❝❡ ✐ts ❞✐❛♠❡t❡r ✇♦✉❧❞ ❜❡ ❜♦✉♥❞❡❞ ❜② n(2(R/2)) = nR✱
❤❡♥❝❡ diamΠu ≤ nR ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❤②♣♦t❤❡s✐s✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts



✷✳✺✳ ❋✉❧❧② ❛♥❞ ♣❛rt✐❛❧❧② ✐♥t❡r❛❝t✐✈❡ ❝✉❜❡s ✹✶

❛♥ ✐♥❞❡① s✉❜s❡t J ⊂ {1, . . . , n} s✉❝❤ t❤❛t |uj1 − uj2| > 2(R/2) ❢♦r ❛❧❧ j1 ∈ J ✱
j2 ∈ J c✱ t❤✐s ✐♠♣❧✐❡s t❤❛t

dist

ΠJC

(n)
L (u), ΠJ cC

(n)
L (u)


= min

j1∈J ,j2∈J c
dist


C

(1)
L (uj1), C

(1)
L (uj2)


≥ min

j1∈J ,j2∈J c
|uj1 − uj2| − 2L > r0.

■❢ C(n)
L (u) ✐s ❛ P■ ❝✉❜❡ ❜② t❤❡ ❛❜♦✈❡ ▲❡♠♠❛✱ ✇❡ ❝❛♥ ✇r✐t❡ ✐t ❛s

C
(n)
L (u) = C

(n0)
L (u0)×C

(n00)
L (u00), ✭✷✳✸✵✮

✇✐t❤
dist


ΠC

(n0)
L (u0), ΠC

(n00)
L (u00)


> r0, ✭✷✳✸✶✮

✇❤❡r❡ u0 = uJ = (uj : j ∈ J )✱ u00 = uJ c = (uj : j ∈ J c)✱ n0 = cardJ ❛♥❞

n00 = cardJ c✳ ❚❤r♦✉❣❤♦✉t✱ ✇❤❡♥ ✇❡ ❞❡❝♦♠♣♦s❡ t❤❡ ❝✉❜❡ C
(n)
L (u) ❛s ✭✷✳✸✵✮✱ ✇❡

✇✐❧❧ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡ t❤❛t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✷✳✸✶✮ ❤♦❧❞s✳
❚❤❡ ♠❛✐♥ ♦✉t❝♦♠❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ▲❡♠♠❛ ✐s t❤❛t ♦♥ ❛ P■ ❝✉❜❡ C

(n)
L (u) t❤❡

✐♥t❡r♣❛rt✐❝❧❡ ✐♥t❡r❛❝t✐♦♥ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡ ❛s ❢♦❧❧♦✇s✱ U(u) = U(u0) + U(u00)✳
❚❤✐s ❛❧❧♦✇s t❤❡ ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ♥✉♠❜❡r ♣❛rt✐❝❧❡s ✉s✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦♥ n0✲♣❛rt✐❝❧❡
s✉❜s②st❡♠s ❢♦r ❛♥② n0 < n✳ ◆♦✇ ✇❡ t✉r♥ t♦ ❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❋■ ❝✉❜❡s✳

▲❡♠♠❛ ✷✳✶✺✳ ▲❡t n ≥ 2✱ L > 2r0 ❛♥❞ ❝♦♥s✐❞❡r t✇♦ n✲♣❛rt✐❝❧❡ ❢✉❧❧② ✐♥t❡r❛❝t✐✈❡
❝✉❜❡s C

(n)
L (u) ❛♥❞ C

(n)
L (v) ✇✐t❤ |x− y| > 7nL✳ ❚❤❡♥

ΠC
(n)
L (u) ∩ΠC

(n)
L (v)) = ∅.

Pr♦♦❢✳ ■❢ ❢♦r s♦♠❡ R > 0✱

R < |x− y| = max
1≤j≤n

|xj − yj|,

t❤❡♥ t❤❡r❡ ❡①✐sts 1 ≤ j0 ≤ n s✉❝❤ t❤❛t |xj0 − yj0| > R✳ ❙✐♥❝❡ ❜♦t❤ ❝✉❜❡s ❛r❡ ❢✉❧❧②
✐♥t❡r❛❝t✐✈❡✱ ✇❡ ❝❛♥ ✉s❡ ✭✷✳✷✾✮ ❢♦r t❤❡ ❝❡♥t❡rs x, y ❛♥❞ ✇r✐t❡✿

|xj0 − xi| ≤ diamΠx ≤ n(2L+ r0),

|yj0 − yj| ≤ diamΠy ≤ n(2L+ r0).

❇② tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ❢♦r ❛♥② 1 ≤ i, j ≤ n ❛♥❞ R > 7nL > 6nL + 2nr0✱ ✇❡
❤❛✈❡

|xi − yj| ≥ |xj0 − yj0| − |xj0 − xi| − |yj0 − yj|
> 6nL+ 2nr0 − 2n(2L+ r0) = 2nL.



✹✷ ❈❤❛♣t❡r ✷✳ ▼✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s s❝❤❡♠❡

❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② 1 ≤ i, j ≤ n✱

min
i,j

dist(C
(1)
L (xi), C

(1)
L (yj)) ≥ min

i,j
|xi − yj| − 2L > 2(n− 1)L ≥ 2L.

❚❤✐s ♠❡❛♥s t❤❛t

dist(ΠC
(n)
L (x), ΠC

(n)
L (y)) = min

i,j
dist


C

(1)
L (xi), C

(1)
L (yj)


> 0.

❉❡✜♥✐t✐♦♥ ✷✳✶✻✳ ▲❡t α = 3/2✳ ❚❤❡ ♠✉❧t✐s❝❛❧❡ ❛♥❛❧②s✐s ✐s ❜❛s❡❞ ♦♥ ❛ ❧❡♥❣t❤
s❝❛❧❡ {Lk}k≥0 ✇❤✐❝❤ ✐s ❝❤♦s❡♥ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ❧❡♥❣t❤✲s❝❛❧❡ {Lk}k≥0 ✐s ❛ s❡q✉❡♥❝❡
♦❢ ✐♥t❡❣❡rs ❞❡✜♥❡❞ ❜② t❤❡ ✐♥✐t✐❛❧ ❧❡♥❣t❤✲s❝❛❧❡ L0 > L∗

0(r0, N, d) ❢♦r s♦♠❡ ❧❛r❣❡
❡♥♦✉❣❤ L0(N, d, r0) > 0✱ ❛♥❞ ❜② t❤❡ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥

Lk+1 = bLαkc+ 1.

❚❤✐s ❧❡♥❣t❤ s❝❛❧❡ {Lk}k≥0 ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝❤♦s❡♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡
♠✉❧t✐s❝❛❧❡ ❛♥❛❧②s✐s✱ ❡①❝❡♣t t❤❛t ✐♥ t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ❛♥❛❧②s✐s ✐t ✐s ♦❢t❡♥ r❡q✉✐r❡❞
t❤❛t L0 ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤✳

❉❡✜♥✐t✐♦♥ ✷✳✶✼✳ ▲❡t m > 0 ❛♥❞ E ∈ R ❜❡ ❣✐✈❡♥✳ ❆ ❝✉❜❡ C
(n)
L (u) ⊂ Znd✱

1 ≤ n ≤ N ✐s ❝❛❧❧❡❞ (E,m)✲♥♦♥s✐♥❣✉❧❛r ✭(E,m)✲◆❙✮ ✐❢ E /∈ σ(H
(n)

C
(n)
L (u)

) ❛♥❞

max
v∈∂−C(n)

L (u)

GC
(n)
L (u)

(u,v;E)
 ≤ e−γ(m,L,n)L, ✭✷✳✸✷✮

✇❤❡r❡ γ(m,L, n) = γ(m,L, n,N) ✐s ❞❡✜♥❡❞ ❜②

γ(m,L, n) = m(1 + L−1/8)N−n+1 > m. ✭✷✳✸✸✮

❖t❤❡r✇✐s❡ ✐t ✐s ❝❛❧❧❡❞ (E,m)✲s✐♥❣✉❧❛r ✭(E,m)✲❙✮✳

●✐✈❡♥ ❛♥ n✲♣❛rt✐❝❧❡ ❝✉❜❡ C(n)
Lk+1

(u) ❛♥❞ E ∈ R✱ ✇❡ ❞❡♥♦t❡
✖ ❜② M sep(C

(n)
Lk+1

(u), E) t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ♣❛✐r✇✐s❡ s❡♣❛r❛❜❧❡ (E,m)✲

s✐♥❣✉❧❛r ❝✉❜❡s C(n)
Lk
(u(j)) ⊂ C

(n)
Lk+1

(u)

✖ ❜② M sep
PI (C

(n)
Lk+1

(u), E) t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ♣❛✐r✇✐s❡ s❡♣❛r❛❜❧❡✱ (E,m)✲

s✐♥❣✉❧❛r P■ ❝✉❜❡s C(n)
Lk
(u(j)) ⊂ C

(n)
Lk+1

(u)❀

✖ ❜② MPI(C
(n)
Lk+1

(u), E) t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ✭♥♦t ♥❡❝❡ss❛r✐❧② s❡♣❛r❛❜❧❡✮

(E,m)✲s✐♥❣✉❧❛r P■ ❝✉❜❡s C(n)
Lk
(u(j)) ⊂ C

(n)
Lk+1

(u) ✇✐t❤ |u(j) − u(j0)| > 7NLk
❢♦r ❛❧❧ j 6= j0❀



✷✳✺✳ ❋✉❧❧② ❛♥❞ ♣❛rt✐❛❧❧② ✐♥t❡r❛❝t✐✈❡ ❝✉❜❡s ✹✸

✖ ❜②MFI(C
(n)
Lk+1

(u), E) t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ (E,m)✲s✐♥❣✉❧❛r ❝✉❜❡s ❋■C(n)
Lk
(u(j)) ⊂

C
(n)
Lk+1

(u) ✇✐t❤ |u(j) − u(j0)| > 7NLk ❢♦r ❛❧❧ j 6= j0 ✷✳

✖ ❜②M(C
(n)
Lk+1

(u), E) t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ (E,m)✲s✐♥❣✉❧❛r ❝✉❜❡sC(n)
Lk
(u(j)) ⊂

C
(n)
Lk+1

(u) ✇✐t❤ dist(u(j), ∂−C
(n)
Lk+1

(u)) > 2Lk ❛♥❞ |u(j) − u(j0)| > 7NLk ❢♦r
❛❧❧ j 6= j0✳

❋✉rt❤❡r✱ s❡t

MPI(C
(n)
Lk+1

(u), I) := sup
E∈I

MPI(C
(n)
Lk+1

(u), E). ✭✷✳✸✹✮

MFI(C
(n)
Lk+1

(u), I) := sup
E∈I

MFI(C
(n)
Lk+1

(u), E). ✭✷✳✸✺✮

❈❧❡❛r❧②

MPI(C
(n)
Lk+1

(u), E) +MFI(C
(n)
Lk+1

(u), E) ≥M(C
(n)
Lk+1

(u), E).

▲❡♠♠❛ ✷✳✶✽✳ ✭✐✮ ■❢M(C
(n)
Lk+1

(u), E) ≥ κ(n)+2 ✇✐t❤ κ(n) = nn✱ t❤❡♥M sep(C
(n)
Lk+1

(u), E) ≥
2✳

✭✐✐✮ ■❢ MPI(C
(n)
Lk+1

(u), E) ≥ κ(n) + 2 t❤❡♥ M sep
PI (C

(n)
Lk+1

(u), E) ≥ 2✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t M sep(C
(n)
Lk+1

(u), E) < 2✱ ✭✐✳❡✳✱ t❤❡r❡ ✐s ♥♦ ♣❛✐r ♦❢ s❡♣❛r❛❜❧❡

❝✉❜❡s ♦❢ r❛❞✐✉s Lk ✐♥ C
(n)
Lk+1

(u)✮✱ ❜✉tM(C
(n)
Lk+1

(u), E) ≥ κ(n)+2✳ ❚❤❡♥ C
(n)
Lk+1

(u)

♠✉st ❝♦♥t❛✐♥ ❛t ❧❡❛st κ(n) + 2 ❝✉❜❡s C(n)
Lk
(vi)✱ 0 ≤ i ≤ κ(n) + 1 ✇❤✐❝❤ ❛r❡ ♥♦♥

s❡♣❛r❛❜❧❡ ❜✉t s❛t✐s❢② |vi − vi0| > 7NLk✱ ❢♦r ❛❧❧ i 6= i0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜②
▲❡♠♠❛ ✷✳✸ t❤❡r❡ ❛r❡ ❛t ♠♦st κ(n) ❝✉❜❡s C(n)

2nLk
(yi)✱ s✉❝❤ t❤❛t ❛♥② ❝✉❜❡ C

(n)
Lk
(x)

✇✐t❤ x /∈
Sκ(n)
j=1 C

(n)
2nLk

(yj) ✐s s❡♣❛r❛❜❧❡ ❢r♦♠ C
(n)
Lk
(v0)✳ ❙✐♥❝❡ ❢♦r ❛❧❧ i 6= i0✱ |vi −

vi0| > 7NLk✱ t❤❡r❡ ♠✉st ❜❡ ❛t ♠♦st ♦♥❡ ❝❡♥t❡r vi ♣❡r ❝✉❜❡ C
(n)
2nLk

(yj)✱ 1 ≤ j ≤
κ(n)✱ ❤❡♥❝❡ ✇❡ ❝♦♠❡ t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✿

κ(n) + 1 ≤ κ(n)

✐♥❞❡❡❞ vi ∈
S
j C

(n)
2nLk

(yj)✱ i = 1, · · · , κ(n) + 1✳ ❚❤❡ s❛♠❡ ❛♥❛❧②s✐s ❤♦❧❞s tr✉❡ ✐❢
✇❡ ❝♦♥s✐❞❡r ♦♥❧② P■ ❝✉❜❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✶✾✳ ▲❡t 1 ≤ n ≤ N ✳ ❲❡ s❛② t❤❛t t✇♦ s✉❜s❡ts A,B ⊂ Znd t♦✉❝❤ ✐❢
A ∩B 6= ∅ ♦r ✐❢ t❤❡r❡ ❡①✐st x ∈ A ❛♥❞ y ∈ B s✉❝❤ t❤❛t |x− y| = 1✳

✷✳ ◆♦t❡ t❤❛t ❜② ❧❡♠♠❛ ✷✳✶✺✱ t✇♦ ❋■ ❝✉❜❡s C
(n)
Lk

(u(j)) ❛♥❞ C
(n)
Lk

(u(j0)) ✇✐t❤ |u(j) − u(j0)| > 7NLk ❛r❡ ❛✉t♦♠❛t✐❝❛❧❧②

s❡♣❛r❛❜❧❡



✹✹ ❈❤❛♣t❡r ✷✳ ▼✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s s❝❤❡♠❡

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛❞❛♣t ▲❡♠♠❛ ✹✳✷ ❢r♦♠ ❬✈❉❑✽✾❪ t♦ ♦✉r ♠✉❧t✐✲♣❛rt✐❝❧❡ ❝❛s❡✳
■♥ t❤❡ r❡st ♦❢ t❤❡ t❡①t ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡❧② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ♣❛r❛♠❡t❡r

J := nn + 5

▲❡♠♠❛ ✷✳✷✵✳ ▲❡t m = (12Nd)L
−1/2
0 ✱ E ∈ R✳ ❙✉♣♣♦s❡ t❤❛t

✭✐✮ C(n)
Lk+1

(u) ✐s E✲❈◆❘✱

✭✐✐✮ MPI(C
(n)
Lk+1

(u), E) +MFI(C
(n)
Lk+1

(u), E) ≤ J ✳

❚❤❡♥ t❤❡r❡ ❡①✐sts L̃∗
2(J,N, d) > 0 s✉❝❤ t❤❛t ✐❢ L0 ≥ L̃∗

2(J,N, d) ✇❡ ❤❛✈❡ t❤❛t

C
(n)
Lk+1

(u) ✐s (E,m)✲◆❙✳

Pr♦♦❢✳ ❇② ✭✐✐✮ t❤❡r❡ ❛r❡ ❛t ♠♦st J ❝✉❜❡s ♦❢ s✐③❡ Lk ❝♦♥t❛✐♥❡❞ ✐♥ C
(n)
Lk+1

(u) ❛♥❞
✇✐t❤ ❝❡♥t❡rs ❛t ❞✐st❛♥❝❡ > 7NLk t❤❛t ❛r❡ (E,m)✲❙✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ✜♥❞ xi ∈
C

(n)
Lk+1

(u) ✇✐t❤

dist(xi, ∂
−C

(n)
Lk+1

(u)) ≥ 2Lk✱ i = 1, · · · , r ≤ J s✉❝❤ t❤❛t ✐❢

x ∈ C
(n)
Lk+1

(u) \
r[
i=1

C
(n)
2Lk

(xi),

t❤❡♥ C
(n)
Lk
(x) ✐s (E,m)✲◆❙✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❝✉❜❡s C

(n)
2Lk

(xi) ❛♥❞ C
(n)
2Lk

(xi0) ❢♦r
i 6= i0 ❞♦ ♥♦t t♦✉❝❤✱ ✐♥❞❡❡❞

dist(C
(n)
2Lk

(xi),C
(n)
2Lk

(xi0)) ≥ |xi − xi0| − 4Lk

> 7NLk − 4Lk > 1.

◆♦t❡ t❤❛t✱ ✐❢ x ∈ ∂+C
(n)
2Lk

(xj) ❢♦r s♦♠❡ j = 1, · · · , r t❤❡♥ x /∈
Sr
i=1C

(n)
2Lk

(xi)✳

◆❡①t✱ ❧❡t Λ ⊂ C
(n)
Lk+1

(u) ❛♥❞ x ∈ Λ✱ y ∈ C
(n)
Lk+1

(u) \ Λ✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡
r❡s♦❧✈❡♥t ✐❞❡♥t✐t② t❤❛t

G
(n)

C
(n)
Lk+1

(u)
(x,y;E) =

X
(z,z0)∈∂Λ

G
(n)
Λ (x, z;E)G

(n)

C
(n)
Lk+1

(u)
(z0,y;E).

❚❤✉s

|G(n)

C
(n)
Lk+1

(u)
(x,y;E)| ≤

" X
z∈∂−Λ

|G(n)
Λ (x, z;E)|

#
|G(n)

C
(n)
Lk+1

(z1,y;E)| ✭✷✳✸✻✮

❢♦r s♦♠❡ z1 ∈ ∂+Λ✳
❋✐① v ∈ ∂−C

(n)
Lk+1

(u) ❛♥❞ ❧❡t x ∈ C
(n)
Lk+1

(u)✱ ✇✐t❤ dist(x, ∂−C
(n)
Lk+1

(u)) ≥ Lk✳
❲❡ ❤❛✈❡ t✇♦ ❝❛s❡s✿
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✭❛✮ C(n)
Lk
(x) ✐s (E,m)✲◆❙✳ ■♥ t❤✐s ❝❛s❡X

z∈∂−C(n)
Lk

(x)

|G(n)(x, z;E)| ≤ 2nd · nd · Lnd−1
k e−γ(m,Lk,n)Lk, ✭✷✳✸✼✮

❛♥❞ ❜② ✭✷✳✸✻✮

|G(n)

C
(n)
Lk+1

(u)
(x,v;E)| ≤ 2nd ·nd ·Lnd−1

k e−γ(m,Lk,n)Lk|G(n)

C
(n)
Lk+1

(z1,y;E)|, ✭✷✳✸✽✮

❢♦r s♦♠❡ z1 ∈ ∂+C
(n)
Lk
(x)✳

✭❜✮ C(n)
Lk
(x) ✐s (E,m)✲❙✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ t❤❛t x ∈ C

(n)
2Lk

(xi) ❢♦r s♦♠❡ i =

1, · · · , r✳ ■❢ dist(C(n)
2Lk

(xi), ∂
−C

(n)
Lk+1

(u)) ≥ Lk+1✱ t❤❡♥ ❡q✉❛t✐♦♥ ✭✷✳✸✻✮ ❣✐✈❡s

|G(n)

C
(n)
Lk+1

(u)
(x,v;E)| ≤

 X
z∈∂−C(n)

2Lk
(xi)

|G(n)

C
(n)
2Lk

(xi)
(x, z;E)|

 |G(n)

C
(n)
Lk+1

(u)
(z1,v;E)|

❢♦r s♦♠❡ z1 ∈ ∂+C
(n)
2Lk

(xi)✳ ❖❜s❡r✈❡ t❤❛t dist(C
(n)
2Lk

(xi), ∂
−C

(n)
Lk+1

(u)) ≥
Lk + 1✱ ✐♠♣❧✐❡s

dist(z1, ∂
−C

(n)
Lk+1

(u)) ≥ Lk.

❙✐♥❝❡ t❤❡ ❝✉❜❡s C(n)
2Lk

(xi) ❛r❡ E✲◆❘ ✇❡ ❤❛✈❡✿

|G(n)

C
(n)
Lk+1

(u)
(x,v;E)| ≤ 2Nd ·Nd(2Lk)nd−1

× e(2Lk)
1/2|G(n)

C
(n)
Lk+1

(u)
(z1,v;E)|

❛♥❞ s✐♥❝❡ t❤❡ ❝✉❜❡ C(n)
Lk
(z1) ✐s (E,m)✲◆❙✱ ✇❡ ❛♣♣❧② ✭✷✳✸✻✮ ❛♥❞ ✭✷✳✸✼✮ ❣❡tt✐♥❣

|G(n)

C
(n)
Lk+1

(u)
(x,v;E)| ≤ (2Nd ·Nd)2(2Lk)nd−1Lnd−1

k

× e(2Lk)
1/2−γ(m,Lk,n)Lk|G(n)

C
(n)
Lk+1

(u)
(z2,v;E)|

≤ (2Nd ·Nd)2(2)nd−1(Lk + 1)2(nd−1)

× e(2Lk)
1/2−γ(m,Lk,n)Lk|G(n)

C
(n)
Lk+1(u)

(z2,v;E)|

❢♦r s♦♠❡ z2 ∈ ∂+C
(n)
Lk
(z1)✳ ❚❤✉s

|G(n)

C
(n)
Lk+1

(u)
(x,v;E)| ≤ e−γ

0(m,Lk,n)Lk|G(n)

C
(n)
Lk+1

(u)
(z2,v;E)| ✭✷✳✸✾✮



✹✻ ❈❤❛♣t❡r ✷✳ ▼✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s s❝❤❡♠❡

✇❤❡r❡

γ0(m,Lk, n) = γ(m,Lk, n)−
1

Lk
[(2Lk)

1/2 + 2(nd− 1) ln(Lk + 1)

+ ln((2Nd ·Nd)2)(2)nd−1)]

≥ γ(m,Lk, n)−

6Nd+ 2 ln(2NdNd)


L
−1/2
k

> m−

6Nd+ 2 ln(2NdNd)


L
−1/2
0 > 0,

s✐♥❝❡ m = (12Nd)L
−1/2
0 ✳

■❢ x ∈ C
(n)
Lk+1

(u)✱ dist

x, ∂−C

(n)
Lk+1

(u)

≥ Lk✱ ❧❡t

W (x) =


2nd · nd · Lnd−1

k · e−γ(m,Lk,n)Lk ✐❢ x ✐s ❛s ❝❛s❡ ✭❛✮

e−γ
0(m,Lk,n)Lk ✐❢ x ✐s ❛s ❝❛s❡ ✭❜✮.

❚❤❡♥ ✭✷✳✸✽✮ ❢♦r ❝❛s❡ ✭❛✮ ❛♥❞ ✭✷✳✸✾✮ ❢♦r ❝❛s❡ ✭❜✮ s❛② t❤❛t

|G(n)

C
(n)
Lk+1

(u)
(x,v;E)| ≤ W (x)|G(n)

C
(n)
Lk+1

(u)
(z,v;E)|,

❢♦r s♦♠❡ z ∈ C
(n)
Lk+1

(u)✳

❚♦ ❡st✐♠❛t❡ |G(n)

C
(n)
Lk+1

(u)
(u,v;E)| ❢♦r v ∈ ∂−C

(n)
Lk+1

(u)✱ ✇❡ st❛rt ❢r♦♠ u ❛♥❞ ✜♥❞

z1, z2, . . . ❜② ❛♣♣❧②✐♥❣ t❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡ r❡♣❡❛t❡❞❧② ✇❤❡♥ ♣♦ss✐❜❧❡✱ ❣❡tt✐♥❣ ❛❢t❡r
r st❡♣s✱

|G(n)

C
(n)
Lk+1

(u)
(u,v;E)| ≤ W (u)|G(n)

C
(n)
Lk+1

(u)
(z1,v;E)| ≤ W (u)W (z1)|G(n)

C
(n)
Lk+1

(u)
(z2,v;E)|

≤ · · · ≤ W (u)W (z1) · · ·W (zr−1)|G(n)

C
(n)
Lk+1

(u)
(zr,v;E)|.

❋♦r t❤✐s t♦ ❜❡ ♣♦ss✐❜❧❡✱ z1, . . . zr−1 ♠✉st s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❡✐t❤❡r ✭❛✮ ♦r
✭❜✮✳ ❖❜s❡r✈❡ t❤❛t ✐♥ t❤❡ ✜rst st❡♣✱ ✐✳❡✱ ❢♦r x = u✱ ❡✐t❤❡r ❝❛s❡ ✭❛✮ ♦r ✭❜✮ ✐s ❞♦♥❡ ❛♥❞
t❤✐s ♠❡❛♥s t❤❛t t❤❡ s❡t ♦❢ z1, . . . , zr−1 ✐s ♥♦♥✲❡♠♣t②✳ ■♥❞❡❡❞✱ ✐❢ C(n)

Lk
(u) ✐s (E,m)✲

◆❙ t❤❡♥ ✇❡ ❛r❡ ✐♥ ❝❛s❡ ✭❛✮✳ ❖t❤❡r✇✐s❡ C
(n)
Lk
(u) ✐s (E,m)✲❙✳ ❙♦ u ∈ C

(n)
2Lk

(xi) ❢♦r

s♦♠❡ i✳ ◆❡①t✱ ❞❡♥♦t❡ ❜② diam(C
(n)
2Lk

(xi)) t❤❡ ❞✐❛♠❡t❡r ♦❢ C(n)
2Lk

(xi))✳ ❚❤❡♥

dist(C
(n)
2Lk

(xi), ∂
−C

(n)
Lk+1

(u)) ≥ Lk+1 − diam(C
(n)
2Lk

(xi))

≥ Lk+1 − 4Lk > Lk + 1,



✷✳✺✳ ❋✉❧❧② ❛♥❞ ♣❛rt✐❛❧❧② ✐♥t❡r❛❝t✐✈❡ ❝✉❜❡s ✹✼

✐❢ L0 > C(N, J) ❢♦r s♦♠❡ ❝♦♥st❛♥t C(N, J) > 0✳ ❚❤✉s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❝❛s❡ ✭❜✮
❛r❡ s❛t✐s✜❡❞✳

▲❡t r1 ❛♥❞ r2 ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s ✇❡ ❤❛❞ t❤❡ ❜♦✉♥❞s ✭✷✳✸✽✮ ❛♥❞ ✭✷✳✸✾✮✱
r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❤❛✈❡

|G(n)

C
(n)
Lk+1

(u)
(u,v;E)| ≤ 2Nd ·Nd · Lnd−1

k (e−γ(m,Lk,n)Lk)r1(e−γ
0(m,Lk,n)Lk)r2

× |G(n)

C
(n)
Lk+1

(u)
(zr1+r2+1,v;E)|.

◆♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r r1 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛❧❧
t❤❡ ❜❛❞ ❝✉❜❡s C(n)

‘i
❛r❡ ♠❡t✱ ♥❛♠❡❧②✿

r1 ≥
Lk+1 − 4JLk

Lk
≥ Lk+1L

−1
k − 4J.

❇② t❤❡ ❛ss✉♠♣t✐♦♥ ✭✐✮ ♦❢ t❤❡ ▲❡♠♠❛✱ C(n)
Lk+1

(u) ✐s E✲◆❘✱ s♦ kG
C

(n)
Lk+1

(u)
(E)k <

eL
1/2
k+1✳ ❙✐♥❝❡ γ0(m,Lk, n) > 0✱ e−r2γ

0(m,Lk,n)Lk ≤ 1✳ ❚❤❡r❡❢♦r❡

|G(n)

C
(n)
Lk+1

(u)
(u,v;E)| ≤


2Nd ·Nd · Lnd−1

k e−γ(m,Lk,n)Lk

r1
eL

1/2
k+1

≤ e−m
0Lk+1

✇❤❡r❡

m0 =
1

Lk+1

(
r1γ(m,Lk, n)Lk − r1 ln(2

NdNd)Lnd−1
k


− 1

L
1/2
k+1

.

❙✐♥❝❡ Lk+1L
−1
k − 4J ≤ r1 ≤ Lk+1L

−1
k ✇❡ ♦❜t❛✐♥

m0 ≥ γ(m,Lk, n)− γ(m,Lk, n)
4JLk
Lk+1

− 1

Lk+1

Lk+1

Lk
ln(2NdNd)Lnd−1

k )− 1

L
1/2
k+1

≥ γ(m,Lk, n)− γ(m,Lk, n) 4JL
−1/2
k

− L−1
k (ln(2NdNd)) + (nd− 1) ln(Lk))− L

−3/4
k

≥ γ(m,Lk, n)[1− (4J + ln(2NdNd) +Nd)L
−1/2
k ]

✐❢ L0 ≥ L∗
2(J,N, d) ❢♦r s♦♠❡ L∗

2(J,N, d) > 0 ❧❛r❣❡ ❡♥♦✉❣❤✳ ❙✐♥❝❡ γ(m,Lk, n) =
m(1 + L

−1/8
k )N−n+1✱

γ(m,Lk, n)

γ(m,Lk+1, n)
=

 
1 + L

−1/8
k

1 + L
−3/16
k

!N−n+1

≥
1 + L

−1/8
k

1 + L
−3/16
k



✹✽ ❈❤❛♣t❡r ✷✳ ▼✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s s❝❤❡♠❡

❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❝♦♠♣✉t❡

γ(m,Lk, n)

γ(m,Lk+1, n)
(1− (4J + ln(2NdNd) +Nd)L

−1/2
k )

≥
1 + L

−1/8
k

1 + L
−3/16
k

(1− (4J + ln(2NdNd) +Nd)L
−1/2
k ) > 1,

♣r♦✈✐❞❡❞ L0 ≥ L̃∗
2(J,N, d) ❢♦r s♦♠❡ ❧❛r❣❡ ❡♥♦✉❣❤ L̃∗

2(J,N, d) > 0✳ ■♥❞❡❡❞✱
❞❡♥♦t❡ ❜② C(J,N, d) t❤❡ ❝♦♥st❛♥t 4J + ln(2Nd 2Nd) + Nd✳ ❖❜s❡r✈❡ t❤❛t ✐❢
L0 ≥ L̃∗

2(J,N, d) ❢♦r s♦♠❡ ❧❛r❣❡ ❡♥♦✉❣❤ L̃∗
2(J,N, d) > 0 t❤❡♥

1 > C(J,N, d)L
−3/8
k + C(J,N, d)L

−5/8
k + L

−3/16
k ,

s♦ t❤❛t
L
−1/8
k > C(J,N, d)L

−1/2
k + C(J,N, d)L

−5/8
k + L

−3/16
k ,

②✐❡❧❞✐♥❣

1− C(J,N, d)L
−1/2
k + L

−1/8
k − C(J,N, d)L

−5/8
k > 1 + L

−3/16
k ,

t❤✉s
(1 + L

−1/8
k )(1− C(J,N, d)L

−1/2
k ) > 1 + L

−3/16
k ,

✜♥❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❞❡s✐r❡❞ ❜♦✉♥❞✿

1 + L
−1/8
k

1 + L
−3/16
k

(1− C(J,N, d)L
−1/2
k ) > 1.

❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥ t❤❛tm0 > γ(m, lk+1, n) ❛♥❞ |GC
(n)
Lk+1

(u)
(u,v;E)| ≤ e−γ(m,Lk+1,n)Lk+1✳

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✵✳



❈❤❛♣t❡r ✸

▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞

❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈❡ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r ♠✉❧t✐✲♣❛rt✐❝❧❡ s②st❡♠s ✇✐t❤ ❛ ♥✉♠❜❡r
♦❢ ♣❛rt✐❝❧❡s ❜♦✉♥❞❡❞ ❜② s♦♠❡ ✐♥t❡❣❡r N < ∞✳ ❚❤❡ ✈❛❧✉❡ ♦❢ N ≥ 2 ♠❛② ❜❡
❛r❜✐tr❛r②✱ ❜✉t ♦♥❝❡ ✐t ✐s ❝❤♦s❡♥✱ ✐t ✐s ✜①❡❞ ❢♦r t❤❡ r❡st ♦❢ t❤❡ s❝❛❧✐♥❣ ❛♥❛❧②s✐s✱ ❛♥❞
s❡✈❡r❛❧ ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡rs ✉s❡❞ ✐♥ ♦✉r s❝❤❡♠❡ ❞❡♣❡♥❞ ✉♣♦♥ N ✳

✸✳✶ ❆ss✉♠♣t✐♦♥s ❛♥❞ t❤❡ ♠❛✐♥ r❡s✉❧ts

✸✳✶✳✶ ❆ss✉♠♣t✐♦♥s

✭■✶✮✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ♦❢ ✐♥t❡r✲♣❛rt✐❝❧❡ ✐♥t❡r❛❝t✐♦♥

U : (Zd)n → R
✐s ❜♦✉♥❞❡❞ ❛♥❞ ♦❢ t❤❡ ❢♦r♠

U(x) =
X

1≤i<j≤n
Φ(|xi − xj|), x = (x1, . . . , xn) ∈ Znd, ✭✸✳✶✮

✇❤❡r❡ Φ: N → R+ ✐s ❛ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥✿

∃ r0 ∈ N : supp Φ ⊂ [0, r0]. ✭✸✳✷✮

❲❡ ✇✐❧❧ ❝❛❧❧ r0 t❤❡ ✏r❛♥❣❡✑ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ U✳

✭P✶✮✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t 0 ∈ suppµ ⊂ [0,+∞)✳ ❋✉rt❤❡r✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐✲
❜✉t✐♦♥ ❢✉♥❝t✐♦♥ FV ✐s ❧♦❣✲❍❧❞❡r ❝♦♥t✐♥✉♦✉s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

s(FV , ε) := sup
a∈R

(FV (a+ ε)− FV (a)) ≤
C

| ln |2A
✭✸✳✸✮

❢♦r s♦♠❡ C ∈ (0,∞) ❛♥❞ A >
3

2
× 4Np+ 9Nd.

❚❤❡ ❧❛st ❝♦♥❞✐t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛r❛♠❡t❡r p ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ♣r♦♣✲
❡rt② (DS.k, n,N) ❜❡❧♦✇✳



✺✵ ❈❤❛♣t❡r ✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

✸✳✶✳✷ ❚❤❡ r❡s✉❧ts

❋♦r ❛♥② n = 1, . . . , N ✱ ✇❡ ❞❡♥♦t❡ ❜② σ(H(n)(ω)) t❤❡ s♣❡❝tr✉♠ ♦❢ H(n)(ω)) ❛♥❞
E

(n)
0 t❤❡ ✐♥✜♠✉♠ ♦❢ σ(H(n)(ω))✳

❚❤❡♦r❡♠ ✸✳✶✳ ▲❡t 1 ≤ n ≤ N ✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s (I1) ❛♥❞ (P1)✱ ✇❡ ❤❛✈❡ ✇✐t❤
♣r♦❜❛❜✐❧✐t② ♦♥❡✿

[0, 4nd] ⊂ σ(H(n)(ω)) ⊂ [0,+∞).

❈♦♥s❡q✉❡♥t❧②✱

E
(n)
0 := inf σ(H(n)(ω)) = 0 ❛✳s✳

❚❤❡♦r❡♠ ✸✳✷✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s (I1) ❛♥❞ (P1)✱ t❤❡r❡ ❡①✐sts E∗ > E
(N)
0

s✉❝❤ t❤❛t ✇✐t❤ P✲♣r♦❜❛❜✐❧✐t② ♦♥❡✱

✭✐✮ t❤❡ s♣❡❝tr✉♠ ♦❢ H(N)(ω) ✐♥ [E
(N)
0 , E∗] ✐s ♥♦♥❡♠♣t② ❛♥❞ ♣✉r❡ ♣♦✐♥t❀

✭✐✐✮ ❛♥② ❡✐❣❡♥❢✉♥❝t✐♦♥ Ψi(x, ω) ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡ Ei(ω) ∈ [E
(N)
0 , E∗] ✐s ❡①♣♦♥❡♥✲

t✐❛❧❧② ❞❡❝❛②✐♥❣ ❛t ✐♥✜♥✐t②✿ t❤❡r❡ ❡①✐st ❛ ♥♦♥✲r❛♥❞♦♠ ❝♦♥st❛♥t m+ > 0 ❛♥❞
❛ r❛♥❞♦♠ ❝♦♥st❛♥t Ci(ω) > 0 s✉❝❤ t❤❛t

|Ψi(x, ω)| ≤ Ci(ω)e
−m+|x|. ✭✸✳✹✮

❉❡♥♦t❡ ❜② B1 t❤❡ s❡t ♦❢ ❜♦✉♥❞❡❞ ❇♦r❡❧ ❢✉♥❝t✐♦♥s f : R → R s✉❝❤ t❤❛t kfk∞ ≤
1✳

❚❤❡♦r❡♠ ✸✳✸✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s (I1) ❛♥❞ (P1)✱ ❢♦r ❛♥② s∗ > 0 t❤❡r❡ ❡①✐sts

E∗ > E
(N)
0 s✉❝❤ t❤❛t ❢♦r ❛♥② ❜♦✉♥❞❡❞ s❡t K ⊂ ZNd ❛♥❞ ❛♥② s ∈ (0, s∗)✱ ✇❡ ❤❛✈❡

E

sup
f∈B1

|X|
s
2f(H(N)(ω))PI(H

(N)(ω))1K

2
HS


<∞, ✭✸✳✺✮

✇❤❡r❡ (|X|Ψ)(x) := |x|Ψ(x)✱ PI(H
(N)(ω)) ✐s t❤❡ s♣❡❝tr❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ H(N)(ω)

♦♥t♦ t❤❡ ✐♥t❡r✈❛❧ I := [E
(N)
0 , E∗]✳

❲❡ ✇✐❧❧ ❝❛rr② ♦✉t ❛ ✜♥✐t❡ ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s n ✈❛r②✐♥❣ ❢r♦♠
1 t♦ N ✳

❚❤❡ ✐♥❞✉❝t✐✈❡ st❡♣ ❢r♦♠ n− 1 t♦ n r❡q✉✐r❡s ✐♥❢♦r♠❛t✐♦♥ ♦♥ n0✲♣❛rt✐❝❧❡ s②st❡♠s
❢♦r ❛❧❧ n0 = 1, . . . , n − 1✳ ❚❤✐s ❝❛♥ ❜❡ ❜r✐❡✢② ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡
✐♥❞✉❝t✐♦♥ st❡♣ ✐♥✈♦❧✈❡s t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❛♥ n✲♣❛rt✐❝❧❡ s②st❡♠
✐♥t♦ t✇♦ s✉❜s②st❡♠s ✇✐t❤ n0 ❛♥❞ n00 = n− n0 ♣❛rt✐❝❧❡s✱ ❢♦r ❛♥② n0 = 1, . . . , n− 1✳
❙♦ ✐t ✐s ❛ss✉♠❡❞ t❤❛t ❛❧❧ ♥❡❝❡ss❛r② ❜♦✉♥❞s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❢♦r n0✲♣❛rt✐❝❧❡ s②st❡♠s
✇✐t❤ ❛♥② n0 = 1, . . . , n− 1✳



✸✳✷✳ ■♥✐t✐❛❧ ♠✉❧t✐✲♣❛rt✐❝❧❡ ♠✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s ❜♦✉♥❞s ✺✶

❙✐♥❝❡ ♦✉r ♠❛✐♥ ♠❡t❤♦❞ ✐s ✭❛ ♠✉❧t✐✲♣❛rt✐❝❧❡ ❛❞❛♣t❛t✐♦♥ ♦❢✮ t❤❡ ♠✉❧t✐s❝❛❧❡ ❛♥❛❧②✲
s✐s✱ t❤❡ ✐♥❞✉❝t✐♦♥ st❡♣ ❢r♦♠ n−1 t♦ n ✐♥✈♦❧✈❡s ❛❧s♦ ❛ s❝❛❧❡ ✐♥❞✉❝t✐♦♥✱ ✐✳❡✳✱ ✐♥❞✉❝t✐♦♥
♦✈❡r ❛ s❡q✉❡♥❝❡ ♦❢ s❝❛❧❡s Lk✱ k ≥ 0✳ ❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ t❤❡ s❝❛❧❡ ✐♥❞✉❝t✐♦♥
r❡q✉✐r❡s ❦❡② ❜♦✉♥❞s ♦❢ t❤❡ ♠✉❧t✐s❝❛❧❡ ❛♥❛❧②s✐s t♦ ❜❡ ❡st❛❜❧✐s❤❡❞ ❛t t❤❡ ✐♥✐t✐❛❧ s❝❛❧❡
L0✳

❚❤r♦✉❣❤♦✉t t❤✐s ❈❤❛♣t❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ s❝❛❧❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♠✉❧t✐✲
s❝❛❧❡ ❛♥❛❧②s✐s s❛t✐✜❡s t❤❡ ❜♦✉♥❞✳

L0 ≥ L∗
0(N, d, r0).

❢♦r s♦♠❡ ❧❛r❣❡ ❡♥♦✉❣❤ L∗
0(N, d, r0) > 0✳ ●✐✈❡♥ n = 1, . . . , N ✱ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣❡rt② ❢♦r s♦♠❡ m > 0 ❛♥❞ E∗ > 0 ✇✐❧❧ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ♦✉r ♠❛✐♥
str❛t❡❣②✳

(DS.k, n,N)✳ ❋♦r ❛♥② ♣❛✐r ♦❢ s❡♣❛r❛❜❧❡ ❝✉❜❡s C(n)
Lk
(u) ❛♥❞ C

(n)
Lk
(v)

P
n
∃E ∈ I : C

(n)
Lk
(u), C

(n)
Lk
(v) ❛r❡ (E,m)✲❙

o
≤ L−2p 4N−n

k , ✭✸✳✻✮

✇❤❡r❡ m > 0✱ E∗ > 0✱ p > 6Nd✱ ❛♥❞ I = (−∞, E∗] ❛r❡ ✜①❡❞✳

✸✳✷ ■♥✐t✐❛❧ ♠✉❧t✐✲♣❛rt✐❝❧❡ ♠✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s ❜♦✉♥❞s

✸✳✷✳✶ ■♥✐t✐❛❧ s❝❛❧❡ ❜♦✉♥❞s

❋♦r ❛♥② n = 1, . . . , N ✱ ✇❡ ✜rst ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇❤✐❝❤ r❡❧✐❡s ♦♥ t❤❡
❈♦♠❜❡s✲❚❤♦♠❛s✬s ▲❡♠♠❛ ❛♥❞ ❛ ❧❛r❣❡ ❞❡✈✐❛t✐♦♥s ❡st✐♠❛t❡ ❢r♦♠ t❤❡ st✉❞② ♦❢ t❤❡
▲✐❢s❤✐t③ ❛s②♠♣t♦t✐❝s ✐♥ t❤❡ s✐♥❣❧❡✲♣❛rt✐❝❧❡ ♠♦❞❡❧✳

▲❡♠♠❛ ✸✳✹✳ ▲❡t H(n)(ω) = −∆ + V (x1, ω) + · · · + V (xn, ω) +U(x) ❜❡ ❛♥ n✲
♣❛rt✐❝❧❡ r❛♥❞♦♠ ❙❝❤r❞✐♥❣❡r ♦♣❡r❛t♦r ✐♥ ‘2(Znd) ✇❤❡r❡ U ❛♥❞ V s❛t✐s❢② (I1) ❛♥❞
(P1) r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥✱ ❢♦r ❛♥② C > 0 t❤❡r❡ ❡①✐st ❛r❜✐tr❛r✐❧② ❧❛r❣❡ L0(C) > 0

❛♥❞ C1, c > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② ❝✉❜❡ C
(n)
L0
(u) t❤❡ ❧♦✇❡st ❡✐❣❡♥✈❛❧✉❡ E

(n)
0 (ω) ♦❢

H
(n)

C
(n)
L0

(u)
(ω) s❛t✐s✜❡s

P

E

(n)
0 (ω) ≤ 2CL

−1/2
0


≤ C1L

d
0e

−cL1/4
0 . ✭✸✳✼✮

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ U ✐s ♥♦♥♥❡❣❛t✐✈❡✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♠✐♥✲
♠❛① ♣r✐♥❝✐♣❧❡ t❤❛t t❤❡ ❧♦✇❡st ❡✐❣❡♥✈❛❧✉❡ E(n)

0 (ω) ♦❢ H(n)

C
(n)
L0

(ω) ✐s ❜♦✉♥❞❡❞ ❢r♦♠

❜❡❧♦✇ ❜② t❤❡ ❧♦✇❡st ❡✐❣❡♥✈❛❧✉❡ eE(n)
0 (ω) ♦❢ t❤❡ ♦♣❡r❛t♦r ✇✐t❤♦✉t ✐♥t❡r❛❝t✐♦♥✱eH(n)

C
(n)
L0

(u)
(ω) = −∆+ V (x1, ω) + · · ·+ V (xn, ω).



✺✷ ❈❤❛♣t❡r ✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

❉❡♥♦t❡ Hi = ‘2(C
(1)
L0
(ui))✳ ❚❤❡ ❛❜♦✈❡ ♦♣❡r❛t♦r ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿

eH(n)

C
(n)
L0

(u)
(ω) =

nX
j=1

1H1
⊗ · · · ⊗ 1Hj−1| {z }
j−1 t✐♠❡s

⊗H(1)
j ⊗ 1Hj+1

⊗ · · · ⊗ 1Hn| {z }
n−j t✐♠❡s

✭✸✳✽✮

✇❤❡r❡ H(1)
j (ω) = −∆

(1)

C
(1)
L0

(uj)
+ V (xj, ω)✱ j = 1, . . . , n✱ ✐s ❛❝t✐♥❣ ✐♥ Hj✳ ❍❡♥❝❡ t❤❡

❧♦✇❡st ❡✐❣❡♥✈❛❧✉❡ eE(n)
0 (ω) ♦❢ eH(n)

C
(n)
L0

(u)
(ω) ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

eE(n)
0 (ω) =

nX
j=1

E
(1)
0,j (ω),

✇❤❡r❡ E(1)
0,j ✐s t❤❡ ❧♦✇❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ H(1)

j ✳ ❆❧❧ ❡✐❣❡♥✈❛❧✉❡s E(1)
0,j ❛r❡ ♥♦♥♥❡❣❛✲

t✐✈❡ ❞✉❡ t♦ t❤❡ ♥♦♥♥❡❣❛t✐✈✐t② ♦❢ t❤❡ ♦♣❡r❛t♦rs H(1)
j ✇✐t❤ ♥♦♥♥❡❣❛t✐✈❡ ❡①t❡r♥❛❧

♣♦t❡♥t✐❛❧✱ s♦ t❤❛t ❢♦r ❛♥② s ≥ 0✱

P
n eE(n)

0 (ω) ≤ s
o
≤ P

n
E

(1)
0,1(ω) ≤ s

o
.

❚❤❡r❡❢♦r❡✱ ▲❡♠♠❛ ✸✳✹ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ❆✳✻ ❛♣♣❧✐❡❞ t♦ t❤❡ s✐♥❣❧❡✲♣❛rt✐❝❧❡
❙❝❤r❞✐♥❣❡r ♦♣❡r❛t♦r H(1)

1 ✳

❘❡♠❛r❦ ✸✳✺✳ ■t ✐s t♦ ❜❡ ❡♠♣❤❛s✐③❡❞ t❤❛t ❢♦r t❤❡ ✐♥✐t✐❛❧ s❝❛❧❡ ❜♦✉♥❞✱ t❤❡ ❛♠♣❧✐t✉❞❡
♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ ✐s ✐rr❡❧❡✈❛♥t✱ ♣r♦✈✐❞❡❞ t❤❛t ✐t ✐s ♥♦♥♥❡❣❛t✐✈❡✳ ■♥ ♦t❤❡r
✇♦r❞s✱ ❛ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡r❛❝t✐♦♥ ❡♥❤❛♥❝❡s t❤❡ ✏▲✐❢s❤✐t③ t❛✐❧s✑ ♣❤❡♥♦♠❡♥♦♥✳

❚❤❡♦r❡♠ ✸✳✻ ✭✐♥✐t✐❛❧ s❝❛❧❡ ❡st✐♠❛t❡✮✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s (I1) ❛♥❞ (P1)✱ ❢♦r

❛♥② p > 0✱ t❤❡r❡ ❡①✐sts ❛r❜✐tr❛r✐❧② ❧❛r❣❡ L0(N, d, p) s✉❝❤ t❤❛t ✐❢ m := 12NdL
−1/2
0

❛♥❞ E∗ := (12Nd)(2N+1m)✱ t❤❡♥ (DS.0, n✱N) ✐s ✈❛❧✐❞ ❢♦r ❛♥② n = 1, . . . , N ✳

Pr♦♦❢✳ ❙❡t C = (12Nd)2 · 2N+1 ❛♥❞ ❧❡t C(n)
L0
(x) ❜❡ ❛ ❝✉❜❡ ✐♥ Znd✳ ❈♦♥s✐❞❡r ω ∈ Ω

s✉❝❤ t❤❛t t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ E(n)
0 (ω) ♦❢ H(n)

C
(n)
L0

(ω)
s❛t✐s✜❡s E(n)

0 (ω) > 2CL
−1/2
0 ✳

❚❤❡♥ ❢♦r ❛❧❧ E ≤ CL
−1/2
0 = E∗ ✇❡ ❤❛✈❡

dist(E, σ(H
(n)

C
(n)
L0

(u)
(ω))) = E

(n)
0 (ω)− E > CL

−1/2
0 =: η > 0.

❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② v ∈ ∂−C
(n)
L0
(u) ✇❡ ♦❜t❛✐♥ ❜② t❤❡ ❈♦♠❜❡s✲❚❤♦♠❛s ❡st✐♠❛t❡

✭❚❤❡♦r❡♠ ✷✳✶✷✮

|G
C

(n)
L0

(u)
(E,u,v)| ≤ 2C−1L

1/2
0 e−

CL
−1/2
0

12Nd L0.



✸✳✷✳ ■♥✐t✐❛❧ ♠✉❧t✐✲♣❛rt✐❝❧❡ ♠✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s ❜♦✉♥❞s ✺✸

◆♦✇ ♦❜s❡r✈❡ t❤❛t CL
−1/2
0

12Nd = 2N+1m✳ ❚❤✉s

|G
C

(n)
L0

(u)
(E,u,v)| ≤ 2C−1L

1/2
0 e−2N+1mL0

≤ 2C−1L
1/2
0 e−2γ(m,L0,n)L0

≤ e−γ(m,L0,n)L0,

❢♦r L0 ❧❛r❣❡ ❡♥♦✉❣❤✱ s✐♥❝❡

γ(m,L, n) = m(1 + L−1/8)N−n+1 < m× 2N .

❚❤✐s ✐♠♣❧✐❡s t❤❛t C(n)
L0
(u) ✐s (E,m)✲◆❙✳ ❚❤✉s

ω ∈ {ω ∈ Ω
C(n)

L (u) ✐s (E,m)✲◆❙ ∀E ≤ E∗}.

❚❤❡r❡❢♦r❡

P
n
∃E ≤ E∗✱ C(n)

L0
(u) ✐s (E,m)✲❙

o
≤ P

n
E

(n)
0 (ω) ≤ 2CL

−1/2
0

o
,

❛♥❞ ❜② ▲❡♠♠❛ ✸✳✹✱

P

E

(n)
0 (ω) ≤ 2CL

−1/2
0


≤ C1L

d
0e

−cL1/4
0 .

❋✐♥❛❧❧②✱ t❤❡ q✉❛♥t✐t② C1L
d
0e

−cLd
0/4 ❢♦r L0 s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✐s ❧❡ss t❤❛♥ L−2p 4N−n

0 ✳
❚❤✐s ♣r♦✈❡s t❤❡ ❝❧❛✐♠ s✐♥❝❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r t✇♦ ❝✉❜❡s t♦ ❜❡ s✐♥❣✉❧❛r ❛t t❤❡ s❛♠❡
❡♥❡r❣② ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡✐t❤❡r ♦♥❡ ♦❢ t❤❡♠ t♦ ❜❡ s✐♥❣✉❧❛r✳

■♥ t❤❡ r❡st ♦❢ t❤❡ ❈❤❛♣t❡r✱ t❤❡ ♣❛r❛♠❡t❡rs m ❛♥❞ E∗ ❛r❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✸✳✻
❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② I t❤❡ ✐♥t❡r✈❛❧ (−∞, E∗]✳

✸✳✷✳✷ ❙✐♥❣❧❡✲♣❛rt✐❝❧❡ ♠✉❧t✐✲s❝❛❧❡ ✐♥❞✉❝t✐♦♥

❲❡ ❤❛✈❡ ❥✉st ❡st❛❜❧✐s❤❡❞ t❤❡ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ✐♥✐t✐❛❧ s❝❛❧❡ ❜♦✉♥❞ ♣r♦♣❡rt② (DS.0, 1✱N)✳
■t r❡♠❛✐♥s t♦ ♣❡r❢♦r♠ t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣ k  k+1 ❢♦r t❤❡ s✐♥❣❧❡ ♣❛rt✐❝❧❡ r❛♥❞♦♠
❍❛♠✐❧t♦♥✐❛♥ H(1)(ω)✳ ◆❛♠❡❧②✱ ✇❡ ✇✐❧❧ ♣r♦✈❡

❚❤❡♦r❡♠ ✸✳✼✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s (I1) ❛♥❞ (P1)✱ t❤❡r❡ ❡①✐sts eL∗(d) > 0 s✉❝❤
t❤❛t ✐❢ L0 ≥ eL∗ ❛♥❞ ✐❢ ❢♦r k ≥ 0✱ (DS.k, 1✱N) ❤♦❧❞s tr✉❡✱ t❤❡♥ (DS.k + 1, 1✱N)
❤♦❧❞s tr✉❡✳

❇❡❢♦r❡ ✇❡ t✉r♥ t♦ t❤❡ ♣r♦♦❢✱ ✇❡ ♥❡❡❞ ❛♥ ❛✉①✐❧✐❛r② r❡s✉❧t✳ ❘❡❝❛❧❧ t❤❛tM(C
(1)
Lk+1

(u);E)

✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ (E,m)✲❙ ❝✉❜❡s C(1)
Lk
(vj) ⊂ C

(1)
Lk+1

(u) ✇✐t❤ |vj−vj0| > 7NLk
❢♦r ❛❧❧ j 6= j0✳



✺✹ ❈❤❛♣t❡r ✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

▲❡♠♠❛ ✸✳✽✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s (I1) ❛♥❞ (P1)✱ ❧❡t k ≥ 0 ❛♥❞ ❛ss✉♠❡ t❤❛t
♣r♦♣❡rt② (DS.k, 1✱N) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ ♣❛✐rs ♦❢ s❡♣❛r❛❜❧❡ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ❝✉❜❡s✳
❚❤❡♥ ❢♦r ❛♥② ‘ ≥ 1

P
n
M(C

(1)
Lk+1

(u);E) ≥ 2 ‘
o
≤ C(‘, d)L2‘ dα

k L−2‘ p 4N−1

k . ✭✸✳✾✮

Pr♦♦❢✳ ■❢ t❤❡r❡ ❡①✐st 2‘ ♣❛✐r✇✐s❡ s❡♣❛r❛❜❧❡ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ❝✉❜❡s C(1)
Lk
(u(j)) ⊂ C

(1)
Lk+1

(u)✱

1 ≤ j ≤ 2‘✱ t❤❡♥ t❤♦s❡ ❝✉❜❡s ❛r❡ ❞✐s❥♦✐♥ts✳ ❙♦ ❢♦r ❛♥② ♣❛✐r C(1)
Lk
(u(2i−1))✱ C(1)

Lk
(u(2i))

t❤❡ ❍❛♠✐❧t♦♥✐❛♥s H(1)

C
(1)
Lk

(u(2i−1))
❛♥❞ H

(1)

C
(1)
Lk

(u(2i))
❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ s♦ ❛r❡ t❤❡✐r

s♣❡❝tr❛ ❛♥❞ ●r❡❡♥ ❢✉♥❝t✐♦♥s✳ ❋♦r i = 1, · · · , ‘✱ s❡t

Ai = {∃E ∈ I : C
(1)
Lk
(u(2i−1)) ❛♥❞ C(1)

Lk
(u(2i)) ❛r❡ (E,m)✲❙}.

❯s✐♥❣ ❛ss✉♠♣t✐♦♥ (DS.k, 1✱N) ❢♦r i = 1, · · · , ‘✱ ✇❡ ❤❛✈❡

P {Ai} ≤ L−2p 4N−1

k ,

❛♥❞ ❜② ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ ❡✈❡♥ts A1, · · · ,A‘✱

P

(
‘\
i=1

Ai

)
≤

L−2p 4N−1

k

‘
.

❚♦ ✜♥✐s❤✱ ♥♦t❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❢❛♠✐❧✐❡s ♦❢ 2‘ ❝✉❜❡s C(1)
Lk
(u(j)) ✐s

❜♦✉♥❞❡❞ ❜②
1

(2‘)!
|C(1)

Lk+1
(u)|2‘ ≤ C(‘, d)L2‘ dα

k .

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✼✳ ▲❡t C(1)
Lk+1

(x)✱ C(1)
Lk+1

(y) ❜❡ ❛ ♣❛✐r ♦❢ s❡♣❛r❛❜❧❡ ❝✉❜❡s✳ ❙❡t

Bk+1 = {∃E ∈ I : C
(1)
Lk+1

(x) ❛♥❞ C(1)
Lk+1

(y) ❛r❡ (E,m)✲❙}

Σ = {∃E ∈ I : ♥❡✐t❤❡r C(1)
Lk+1

(x) ♥♦r C(1)
Lk+1

(y) ✐s E✲❈◆❘}

Mx = {∃E ∈ I :M(C
(1)
Lk+1

(x);E) ≥ 6}

My = {∃E ∈ I :M(C
(1)
Lk+1

(y);E) ≥ 6}

s✐♥❝❡ nn + 5 = 6 ❢♦r n = 1✳ ▲❡t ω ∈ Bk+1 \ Σ ∪Mx✱ t❤❡♥ ∀E ∈ I C
(1)
Lk+1

(x)

♦r C(1)
Lk+1

(y) ✐s E✲❈◆❘ ❛♥❞ M(C
(1)
Lk+1

(x);E) ≤ 3✳ ❚❤❡ ❝✉❜❡ C(1)
Lk+1

(x) ❝❛♥♥♦t ❜❡

E✲❈◆❘✿ ✐♥❞❡❡❞ ❜② ▲❡♠♠❛ ✷✳✷✵ ✐t ✇♦✉❧❞ ❜❡ (E,m)✲❙✳ ❙♦ t❤❡ ❝✉❜❡ C(1)
Lk+1

(y) ✐s E✲

❈◆❘ ❛♥❞ (E,m)✲❙✳ ❚❤✐s ✐♠♣❧✐❡s ❛❣❛✐♥ ❜② ▲❡♠♠❛ ✷✳✷✵ t❤❛tM(C
(1)
Lk+1

(y);E) ≥ 6✳
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❚❤✉s ω ∈My ❛♥❞ Bk+1 ⊂ Σ ∪Mx ∪My✳ ❯s✐♥❣ ❝♦r♦❧❧❛r② ✷✳✾ ❛♥❞ ▲❡♠♠❛ ✸✳✽✱ ✇❡
✜♥❛❧❧② ❣❡t

P {Bk+1} ≤ P {Σ}+ P {Mx}+ P {My}

≤ L−4Np
k+1 + C(d)L

− 6
α p 4

N−1+6d

k+1 ✭❢♦r ‘ = 2✮

≤ 1

2
L−2p 4N−1

k+1 +
1

2
L−2p 4N−1

k+1 = L−2p 4N−1

k+1 .

❙✐♥❝❡ p > 4αNd ❜② ❛ss✉♠♣t✐♦♥ ❛♥❞ ♣r♦✈✐❞❡❞ L0 ≥ eL∗ ❢♦r s♦♠❡ ❧❛r❣❡ ❡♥♦✉❣❤eL∗ > 0✳

✸✳✸ ▼✉❧t✐✲♣❛rt✐❝❧❡ ♠✉❧t✐✲s❝❛❧❡ ✐♥❞✉❝t✐♦♥

●✐✈❡♥ n = 2, . . . , N ✱ ❛ss✉♠✐♥❣ (DS.k − 1, n0✱N) ❢♦r ❛❧❧ n0 = 1, . . . , n− 1 ❛♥❞
(DS.k, n0✱N) ❢♦r ❛♥② n0 = 1, . . . , n−1✱ ✇❡ ♥♦✇ ♣r♦✈❡ (DS.k+1, n,N)✱ s❡♣❛r❛t❡❧②
❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ t②♣❡s ♦❢ ♣❛✐rs ♦❢ ❝✉❜❡s✿

✭■✮ C(n)
Lk+1

(x) ❛♥❞ C
(n)
Lk+1

(y) ❛r❡ ❜♦t❤ P■✲❝✉❜❡s✳

✭■■✮ C(n)
Lk+1

(x) ❛♥❞ C
(n)
Lk+1

(y) ❛r❡ ❜♦t❤ ❋■✲❝✉❜❡s✳

✭■■■✮ ❖♥❡ ♦❢ t❤❡ ❝✉❜❡s C(n)
Lk+1

(x) ♦r C(n)
Lk+1

(y) ✐s P■✱ ✇❤✐❧❡ t❤❡ ♦t❤❡r ✐s ❋■✳



✺✻ ❈❤❛♣t❡r ✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

✸✳✸✳✶ P❛✐rs ♦❢ P■ ❝✉❜❡s

C
(1)
Lk
(x2) C

(1)
Lk
(x1)

C
(1)
Lk
(y1)C

(1)
Lk
(y2)

❚❤❡ ❞✐❛❣♦♥❛❧ D ✐♥ Z2

P❛✐rs ♦❢ P■ ❝✉❜❡s✿ ❢♦r d = 1✱ n = 2✱ x = (x1, x2) ❛♥❞ y = (y1, y2)

x✳

C
(2)
Lk
(x)

y

C
(2)
Lk
(y)

❲❡ ❝♦♥s✐❞❡r ❤❡r❡ ❛ ♣❛✐r ♦❢ s❡♣❛r❛❜❧❡ ♣❛rt✐❛❧❧② ✐♥t❡r❛❝t✐✈❡ ❝✉❜❡s C
(n)
Lk+1

(x) ❛♥❞

C
(n)
Lk+1

(y) ❛♥❞ ♣r♦✈❡ t❤❛t (DS.k + 1, n,N) ❤♦❧❞s ❢♦r s✉❝❤ ❛ ♣❛✐r✳

▲❡tC(n)
Lk+1

(u) = C
(n0)
Lk+1

(u0)×C
(n00)
Lk+1

(u00) ❜❡ ❛ P■✲❝✉❜❡✳ ❲❡ ❛❧s♦ ✇r✐t❡ x = (x0,x00)

❢♦r ❛♥② ♣♦✐♥t x ∈ C
(n)
Lk+1

(u)✱ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s (u0,u00)✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❍❛♠✐❧t♦♥✐❛♥ H

C
(n)
Lk+1

(u)
❤❛s t❤❡ ❢♦r♠✿

H
(n)

C
(n)
Lk+1

(u)
Ψ(x) = (−∆Ψ)(x) + [U(x0) +V(x0, ω) +U(x00) +V(x00, ω)]Ψ(x)

✭✸✳✶✵✮
♦r✱ ✐♥ ❝♦♠♣❛❝t ❢♦r♠

H
(n)

C
(n)
Lk+1

(u)
= H

(n0)

C
(n0)
Lk+1

(u0)
⊗ I+ I⊗H

(n00)

C
(n00)
Lk+1

(u00)
.

❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✭✸✳✶✵✮ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✶✹✳
❲❡ ❞❡♥♦t❡ ❜②G(n0)(u0,v0;E) ❛♥❞G(n00)(u00,v00;E) t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥s r❡❧❛t✐✈❡

t♦ H
(n0)

C
(n0)
Lk+1

(u0)
❛♥❞ H

(n00)

C
(n00)
Lk+1

(u00)
✱ r❡s♣❡❝t✐✈❡❧②✳ ▲❡t

{(λi, ϕi)}i=1,...,|C(n0)
Lk+1

(u0)| ❛♥❞ {(µj, φj)}j=1,...,|C(n00)
Lk+1

(u00)|
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❜❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ H(n0)

C
(n0)
Lk+1

(u0)
❛♥❞ H

(n00)

C
(n00)
Lk+1

(u00)
✳

❚❤❡♥ ✇❡ ❝❛♥ ❝❤♦♦s❡ ❡✐❣❡♥✈❡❝t♦rs Ψij ♦❢ H
(n)

C
(n)
Lk+1

(u)
❛s t❡♥s♦r ♣r♦❞✉❝ts

Ψij(x) = ϕi(x
0)⊗ φj(x

00), ✭✸✳✶✶✮

✇❤✐❧❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❣✐✈❡♥ ❜② t❤❡ s✉♠s

Eij = λi + µj. ✭✸✳✶✷✮

❚❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ ✜♥✐t❡ ✈♦❧✉♠❡ ❍❛♠✐❧t♦♥✐❛♥s ❛♣♣❡❛r✐♥❣ ✐♥ s✉❜s❡q✉❡♥t ❛r❣✉✲
♠❡♥ts ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥s ✇✐❧❧ ❜❡ ❛ss✉♠❡❞ ♥♦r♠❛❧✐③❡❞✳ ■♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❉❡✜♥✐t✐♦♥ ✸✳✾ ✭❬❑◆✶✸❪✮✳ ▲❡t 1 ≤ n ≤ N ❛♥❞ E ∈ R✳ ❈♦♥s✐❞❡r ❛ P■ ❝✉❜❡
C

(n)
L (u) = C

(n0)
L (u0) × C

(n00)
L (u00)✳ ❚❤❡♥ C

(n)
L (u) ✐s ❝❛❧❧❡❞ E✲❤✐❣❤❧② ♥♦♥ r❡s♦♥❛♥t

✭E✲❍◆❘✮ ✐❢

✭✐✮ ❢♦r ❛❧❧ µj ∈ σ(H
(n00)

C
(n00)
L (u00)

)✱ t❤❡ ❝✉❜❡ C(n0)
L (u0) ✐s (E − µj)✲❈◆❘ ❛♥❞

✭✐✐✮ ❢♦r ❛❧❧ λi ∈ σ(H
(n0)

H
(n0)
L (u0)

) t❤❡ ❝✉❜❡ C(n00)
L (u00) ✐s (E − λi)✲❈◆❘✳

❉❡✜♥✐t✐♦♥ ✸✳✶✵ ✭(E,m)✲t✉♥♥❡❧❧✐♥❣✮✳ ▲❡t 1 ≤ n ≤ N ✱ E ∈ R ❛♥❞ m > 0✳
❈♦♥s✐❞❡r ❛ P■ ❝✉❜❡ C(n)

L (u) = C
(n0)
L (u0)×C

(n00)
L (u00)✳

❚❤❡♥ C
(n)
L (u) ✐s ❝❛❧❧❡❞

✭✐✮ (E,m) ❧❡❢t✲t✉♥♥❡❧❧✐♥❣ ✭(E,m)✲▲❚✮ ✐❢ ∃µj ∈ σ(H
(n00)

C
(n00)
L (u00)

) s✉❝❤ t❤❛tC(n0)
L (u0)

❝♦♥t❛✐♥s t✇♦ s❡♣❛r❛❜❧❡ (E − µj,m)✲❙ ❝✉❜❡s C
(n0)
l (v1) ❛♥❞ C

(n0)
l (v2) ✇✐t❤

L = blαc + 1✳ ❖t❤❡r✇✐s❡✱ ✐t ✐s ❝❛❧❧❡❞ (E,m) ♥♦♥✲❧❡❢t✲t✉♥♥❡❧❧✐♥❣ ✭(E,m)✲
◆▲❚✮✳

✭✐✐✮ (E,m) r✐❣❤t✲t✉♥♥❡❧❧✐♥❣ ✭(E,m)✲❘❚✮ ✐❢ ∃λi ∈ σ(H
(n0)

C
(n0)
L (u0)

) s✉❝❤ t❤❛tC(n00)
L (u00)

❝♦♥t❛✐♥s t✇♦ s❡♣❛r❛❜❧❡ (E − λi,m)✲❙ ❝✉❜❡s C
(n00)
l (v1) ❛♥❞ C

(n00)
l (v2) ✇✐t❤

L = blαc + 1✳ ❖t❤❡r✇✐s❡✱ ✐t ✐s ❝❛❧❧❡❞ (E,m) ♥♦♥✲r✐❣❤t✲t✉♥♥❡❧❧✐♥❣ ✭(E,m)✲
◆❘❚✮✳

✭✐✐✐✮ (E,m)✲t✉♥♥❡❧❧✐♥❣ ✭(E,m)✲❚✮ ✐❢ ❡✐t❤❡r ✐t ✐s (E,m)✲▲❚ ♦r (E,m)✲❘❚✳ ❖t❤✲
❡r✇✐s❡ ✐t ✐s ❝❛❧❧❡❞ (E,m)✲♥♦♥✲t✉♥♥❡❧❧✐♥❣ ✭(E,m)✲◆❚✮✳

❲❡ r❡❢♦r♠✉❧❛t❡ ❛♥❞ ♣r♦✈❡ ▲❡♠♠❛ ✸✳✶✽ ❢r♦♠ ❬❑◆✶✸❪ ✐♥ ♦✉r ❝♦♥t❡①t✳

▲❡♠♠❛ ✸✳✶✶✳ ▲❡t E ∈ R✳ ■❢ ❛ P■ ❝✉❜❡ C
(n)
L (u) = C

(n0)
L (u0) × C

(n00)
L (u00) ✐s ♥♦t

E✲❍◆❘ t❤❡♥



✺✽ ❈❤❛♣t❡r ✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

✭✐✮ ❡✐t❤❡r t❤❡r❡ ❡①✐st L1/α ≤ ‘ ≤ L✱ x ∈ C
(n0)
L (u0) s✉❝❤ t❤❛t t❤❡ n✲♣❛rt✐❝❧❡

r❡❝t❛♥❣❧❡ C(n) = C
(n0)
‘ (x)×C

(n00)
L (u00) ⊂ C

(n)
L (u) ✐s E✲❘✳

✭✐✐✮ ♦r t❤❡r❡ ❡①✐st L1/α ≤ ‘ ≤ L✱ x ∈ C
(n00)
L (u00) s✉❝❤ t❤❛t t❤❡ n✲♣❛rt✐❝❧❡ r❡❝t❛♥❣❧❡

C(n) = C
(n0)
L (u0)×C

(n00)
‘ (x) ⊂ C

(n)
L (u) ✐s E✲❘✳

Pr♦♦❢✳ ❇② ❉❡✜♥✐t✐♦♥ ✸✳✾✱ ✐❢ C(n)
L (u) ✐s ♥♦t E✲❍◆❘ t❤❡♥ ❡✐t❤❡r ✭❛✮ t❤❡r❡ ❡①✐sts

µj ∈ σ(H
(n00)

C
(n00)
L (u00)

) s✉❝❤ t❤❛t C(n0)
L (u0) ✐s ♥♦t E − µj✲❈◆❘ ♦r ✭❜✮ t❤❡r❡ ❡①✐sts λi ∈

σ(H
(n0)

C
(n0)
L (u0)

) s✉❝❤ t❤❛t C(n00)
L (u00) ✐s ♥♦t E−λi✲❈◆❘✳ ▲❡t ✉s ✜rst ❢♦❝✉s ♦♥ ❝❛s❡ ✭❛✮✳

❙✐♥❝❡ C(n0)
L (u0) ✐s ♥♦t E − µj✲❈◆❘ t❤❡r❡ ❡①✐sts L1/α ≤ ‘ ≤ L✱ x ∈ C

(n0)
L (u0) s✉❝❤

t❤❛t C(n0)
‘ (x) ⊂ C

(n0)
L (u0) ❛♥❞ C

(n0)
‘ (x) ✐s E−µj✲❘✳ ❙♦ dist(E−µj, σ(H(n0)

C
(n0)
‘ (x)

)) <

e−‘
β

✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts η ∈ σ(H
(n0)

C
(n0)
‘ (x)

) s✉❝❤ t❤❛t |E − µj − η| < e−‘
β

✳

◆♦✇ ❝♦♥s✐❞❡r C(n) = C
(n0)
‘ (x)×C

(n00)
L (u00)✱ s✐♥❝❡ t❤❡ ❝✉❜❡ C

(n)
L (u) ✐s P■ ✇❡ ❤❛✈❡

σ(H
(n)

C(n)) = σ(H
(n0)

C
(n0)
‘ (x)

) + σ(H
(n00)
C(n00)L(u

00))✱ ❤❡♥❝❡

dist(E, σ(H
(n)

C(n))) ≤ |E − µj − η| < e−‘
β

.

❚❤✉s C(n) ✐s E✲❘✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥ts s❤♦✇ t❤❛t ❝❛s❡ ✭✐✐✮ ❛r✐s❡s ✇❤❡♥ ✭❜✮ ♦❝❝✉rs✳

▲❡♠♠❛ ✸✳✶✷✳ ▲❡t α = 3/2✳ ❋♦r ❛♥② p > 6Nd ❛ss✉♠❡ t❤❛t t❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧

s❛t✐s✜❡s (P1) ✇✐t❤ A > 4Nα p+6αNd✳ ▲❡t C
(n)
L (u) = C

(n0)
L (u0)×C

(n00)
L (u00) ❛♥❞

C
(n)
L (v) = C

(n0)
L (v0)×C

(n00)
L (v00) ❜❡ t✇♦ ❝✉❜❡s✿

✭❆✮ ❙✉♣♣♦s❡ t❤❛t C
n)
L (u) ❛♥❞ C

(n)
L (v) ❛r❡ P■ ❝✉❜❡s t❤❡♥

P
n
∃E ∈ R✱ ♥❡✐t❤❡r C(n)

L (u) ♥♦r C
(n)
L (v) ✐s E✲❍◆❘

o
≤ L−4Np.

✭❇✮ ❙✉♣♣♦s❡ t❤❛t C
(n)
L (u) ✐s ❛ P■ ❝✉❜❡ ✇❤✐❧❡ C

(n)
L (v) ✐s ❛ ❋■ ❝✉❜❡✳ ❚❤❡♥

P
n
∃E ∈ R✱ C(n)

L (u) ✐s ♥♦t E✲❍◆❘ ❛♥❞ C
(n)
L (v) ✐s ♥♦t E✲❈◆❘

o
≤ L−4N p.



✸✳✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ♠✉❧t✐✲s❝❛❧❡ ✐♥❞✉❝t✐♦♥ ✺✾

Pr♦♦❢✳ ✭❆✮ ❲❡ ❤❛✈❡ ✉s✐♥❣ ▲❡♠♠❛ ✸✳✶✶

P{∃E ∈ R✱ ♥❡✐t❤❡r C(n)
L (u) ♥♦r C(n)

L (v) ✐s E✲❍◆❘}
≤ P{∃E ∈ R✱ ‘1, ‘2; L1/α ≤ ‘1, ‘2 ≤ L✱ x ∈ C

(n0)
L (u0)✱ y ∈ C

(n0)
L (v0)✱

C
(n0)
‘1

(x)×C
(n00)
L (u00) ⊂ C

(n)
L (u) ❛♥❞ C

(n0)
‘2

(y)×C
(n00)
L (v00) ⊂ C

(n)
L (v) ❛r❡ E✲❘}

✭✸✳✶✸✮

+ P{∃E ∈ R✱ ‘1, ‘2✱ L1/α ≤ ‘1, ‘2 ≤ L✱ x ∈ C
(n00)
L (u00)✱ y ∈ C(n00)(v00)✱

C
(n0)
L (u0)×C

(n00)
‘1

(x) ⊂ C
(n)
L (u) ❛♥❞ C

(n0)
L (v0)×C

(n00)
‘2

(y) ⊂ C
(n)
L (v) ❛r❡ E✲❘}

✭✸✳✶✹✮

+ P{∃E ∈ R✱ ‘1, ‘2✿ L1/α ≤ ‘1, ‘2 ≤ L x ∈ C
(n0)
L (u0)✱ y ∈ C

(n00)
L (v00)✿

C
(n0)
‘1

(x)×C
(n00)
L (u00) ⊂ C

(n)
L (u) ❛♥❞ C

(n0

L (v0)×C
(n00)
‘2

(y) ⊂ C
(n)
L (v) ❛r❡ E✲❘}

✭✸✳✶✺✮

+ P{∃E ∈ R, ‘1, ‘2 : L1/α ≤ ‘1, ‘2 ≤ L✱ x ∈ C
(n00)
L (u00)✱ y ∈ C

(n0)
L (v0)✿

C
(n0)
L (u0)×C

(n00)
‘1

(x) ⊂ C
(n)
L (u) ❛♥❞ C

(n0)
‘2

(y)×C
(n00)
L (v00) ⊂ C

(n)
L (v) ❛r❡ E✲❘}

✭✸✳✶✻✮

▲❡t ✉s ❝♦♠♣✉t❡ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❘❍❙✳ ❚❤❡ ❛r❣✉♠❡♥ts ❢♦r t❤❡ ♦t❤❡r t❡r♠s ❛r❡
s✐♠✐❧❛r✳ ❲❡ ❡st✐♠❛t❡

✭✸✳✶✸✮ ≤ {∃E ∈ R, dist(E, σ(H
C

(n0)
‘1

(x)×C
(n00)
L (u00)

)) < e−‘
β
1 ,

dist(E, σ(H
C

(n0)
‘2

(y)×C
(n00)
L (v00)

)) < e−‘
β
2}

≤ {dist(σ(H
C

(n0)
‘1

(x)×C
(n00)
L (u00)

), σ(H
C

(n0)
‘2

(y)×C
(n00)
L (v00)

)) < e−L
β/α}

≤ (3L)2n+1)d · Const · L−A/α.

❆❜♦✈❡✱ ✇❡ ✉s❡❞ ❚❤❡♦r❡♠ ✷✳✽ ❛♥❞ ❝♦♥❞✐t✐♦♥ (P1)✳ ❈♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡
❝❡♥t❡rs ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ❝✉❜❡s ♦❢ r❛❞✐✉s L ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢
‘1, ‘2 ✇❡ ♦❜t❛✐♥✿

✭✸✳✶✸✮ ≤ (3L)2nd · L2 · (3L)(2n+1)d · Const · L−A/α

≤ 1

4
L−4Np,

s✐♥❝❡ A > 4Npα + 9Nd✳ ❋✐♥❛❧❧② t❤❡ s✉♠ ♦❢ t❤❡ ❢♦✉r ♣r♦❜❛❜✐❧✐t② t❡r♠s ②✐❡❧❞s t❤❡
❛ss❡rt✐♦♥ ✭❆✮ ♦❢ t❤❡ ▲❡♠♠❛✳



✻✵ ❈❤❛♣t❡r ✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

✭❇✮

P{∃E ∈ R✱ C(n)
L (u) ✐s ♥♦t E✲❍◆❘ ❛♥❞ C(n)(v) ✐s ♥♦t E✲❈◆❘}

≤ P{∃E ∈ R✱ ‘1, ‘2✱ L1/α ≤ ‘1, ‘2 ≤ L✱ x ∈ C
(n0)
L (u0)✱ y ∈ C

(n)
L (v),

C
(n0)
‘1

(x)×C
(n00)
L (u00) ⊂ C

(n)
L (u) ❛♥❞ C

(n)
‘2
(y) ⊂ C

(n)
L (v) ❛r❡ E✲❘} ✭✸✳✶✼✮

+ P{∃E ∈ R✱ ‘1, ‘2✱ L1/α ≤ ‘1, ‘2 ≤ L✱ x ∈ C
(n00)
‘1

(u000)✱ y ∈ C
(n)
L (v)✿

C
(n0)
L (u0)×C

(n00)
‘1

(x) ⊂ C(n)L(u) ❛♥❞ C
(n)
‘2
(y) ⊂ C

(n)
L (v) ❛r❡ E✲❘}. ✭✸✳✶✽✮

❲❡ ❝♦♠♣✉t❡ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❘❍❙✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠ ✐s
s✐♠✐❧❛r✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❧✐♥❡s ❛s ✐♥ ♣❛rt ✭❆✮✱ ✇❡ ❤❛✈❡✿

✭✸✳✶✼✮ ≤ (3L)2nd · L2 · (3L)2n+1)d · Const · L−A/α

≤ 1

2
L−4Np,

s✐♥❝❡ A > 4Npα + 9Nd✳ ❚❤❡r❡❢♦r❡ t❤❡ s✉♠ ♦❢ t❤❡ t✇♦ ♣r♦❜❛❜✐❧✐t② t❡r♠s ②✐❡❧❞s
t❤❡ ❛ss❡rt✐♦♥✳

▲❡♠♠❛ ✸✳✶✷ ❤❛s ✐ts ❛♥❛❧♦❣ ❢♦r t❤❡ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ r❡❣✐♠❡ ✉♥❞❡r ❛ss✉♠♣t✐♦♥
(P2)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✱ ✇❤❡r❡ t❤❡ ♠❛✐♥ ✐❞❡❛s ♦❢ t❤❡ ♣r♦♦❢ ❞♦ ♥♦t ❝❤❛♥❣❡✱
✐s ♣r♦✈❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ▲❡♠♠❛ ✸✳✶✷ ✉s✐♥❣ ❚❤❡♦r❡♠ ✷✳✶✵ ✐♥st❡❛❞ ♦❢ ❚❤❡♦r❡♠
✷✳✽ ❛s ❛❜♦✈❡✳

▲❡♠♠❛ ✸✳✶✸✳ ▲❡t E ∈ I ❛♥❞ C
(n)
Lk
(u) ❜❡ ❛ P■ ❝✉❜❡✳ ❆ss✉♠❡ t❤❛t C

(n)
Lk
(u) ✐s

(E,m)✲◆❚ ❛♥❞ E✲❍◆❘✳ ❚❤❡♥ C
(n)
Lk
(u) ✐s (E,m)✲◆❙✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ P■ ❝✉❜❡ C
(n)
Lk
(u) = C

(n0)
Lk

(u0) × C
(n00)
Lk

(u00)✳ ▲❡t {λi, ϕi} ❛♥❞

{µj, φj} ❜❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ♦❢H(n0)

C
(n0)
Lk

(u0)
❛♥❞H(n00)

C
(n00)
Lk

(u00)

r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ ✇❡ ❝❛♥ ❝❤♦♦s❡ t❤❡ ❡✐❣❡♥✈❡❝t♦rs Ψij ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✲
✈❛❧✉❡s Eij ♦❢ HC

(n)
Lk

(u)
(ω) ❛s ❢♦❧❧♦✇s✳

Ψij = ϕi ⊗ φj, Eij = λi + µj.

❇② t❤❡ ❛ss✉♠❡❞ E✲❍◆❘ ♣r♦♣❡rt② ♦❢ t❤❡ ❝✉❜❡ C
(n)
Lk
(u)✱ ❢♦r ❛❧❧ ❡✐❣❡♥✈❛❧✉❡s λi ♦♥❡

❤❛s C(n00)
L (u00) ✐s E − λi✲❈◆❘✳ ◆❡①t✱ ❜② ❛ss✉♠♣t✐♦♥ ♦❢ E✲◆❚✱ C(n00)

Lk
(u00) ❞♦❡s ♥♦t

❝♦♥t❛✐♥ ❛♥② ♣❛✐r ♦❢ s❡♣❛r❛❜❧❡ (E − λi,m)✲❙ ❝✉❜❡s ♦❢ r❛❞✐✉s Lk−1 t❤❡r❡❢♦r❡ ❜②
▲❡♠♠❛ ✷✳✶✽ M(C

(n)
Lk+1

(u), E) < κ(n) + 2 ❛♥❞ ▲❡♠♠❛ ✷✳✷✵ ✐♠♣❧✐❡s t❤❛t ✐t ✐s ❛❧s♦



✸✳✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ♠✉❧t✐✲s❝❛❧❡ ✐♥❞✉❝t✐♦♥ ✻✶

(E − λi,m)✲◆❙✱ ②✐❡❧❞✐♥❣

max
{λi}

max
v00∈∂−C(n00)

Lk
(u00)

G(n00)(u00,v00;E − λi)
 ≤ e−γ(m,Lk,n

00)Lk. ✭✸✳✶✾✮

❚❤❡ s❛♠❡ ❛♥❛❧②s✐s ❢♦r C(n0)
L (u0) ❛❧s♦ ❣✐✈❡s

max
{µj}

max
v0∈∂−C(n0)

Lk
(u0)

G(n0)(u0,v0;E − µj)
 ≤ e−γ(m,Lk,n

0)Lk. ✭✸✳✷✵✮

❋♦r ❛♥② v ∈ ∂C
(n)
Lk
(u)✱ |u−v| = Lk✱ t❤✉s ❡✐t❤❡r |v0−u0| = Lk ♦r |v00−u00| = Lk✳

❈♦♥s✐❞❡r ✜rst t❤❡ ❧❛tt❡r ❝❛s❡✳ ❊q✉❛t✐♦♥ ✭✸✳✶✾✮ ❛♣♣❧✐❡s ❛♥❞ ✇❡ ❣❡tG(n)(u,v;E)
 = X

i,j

ϕi(u
0)ϕi(v

0)φj(u
00)φj(v

00)

E − λi − µj


≤
X
i

|ϕi(u0)ϕi(v
0)| ·

G(n)(u00,v00;E − λi)


≤ (2Lk + 1)(n−1)dmax
{λi}

max
v00∈∂C(n)

Lk
(u00)

G(n)(u00,v00;E − λi)
 , ✭s✐♥❝❡ kϕk∞ ≤ 1✮

≤ (2Lk + 1)(n−1)d · e−γ(m,Lk,n−1)Lk

= e−[γ(m,Lk,n−1)−L−1
k ln(2Lk+1)(n−1)d]Lk.

❇✉t ❜② ❉❡✜♥✐t✐♦♥ ✭✷✳✸✸✮✿

γ(m,Lk, n) = m(1 + L
−1/8
k )N−n+1,

✇✐t❤ m = (12Nd)L
−1/2
0 ✳ ▼♦r❡♦✈❡r✱ ❢♦r 2 ≤ n ≤ N ✱

γ(m,Lk, n− 1)− γ(m,Lk, n) > L−1
k ln(2Lk + 1)(n−1)d.

■♥❞❡❡❞✱ s❡tt✐♥❣ C1 = 12Nd✱

γ(m,Lk, n− 1)− γ(m,Lk, n) = mL
−1/8
k (1 + L

−1/8
k )N−n+1

= C1L
−1/2
0 L

−1/8
k (1 + L

−1/8
k )N−n+1 > C1L

−5/8
k ,

❛♥❞ ❢♦r L0 ✭❤❡♥❝❡ Lk✮ s✉✣❝✐❡♥t❧② ❧❛r❣❡✱

L−1
k ln(2Lk + 1)(n−1)d ≤ L−1

k (n− 1)d(3Lk)
3/8 ≤ C1L

−5/8
k .

❚❤✉s✱ C(n)
Lk
(u) ✐s (E,m)✲◆❙✳ ❋✐♥❛❧❧②✱ t❤❡ ❝❛s❡ |u0 − v0| = Lk ✐s s✐♠✐❧❛r✳



✻✷ ❈❤❛♣t❡r ✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

▲❡♠♠❛ ✸✳✶✹✳ ▲❡t 2 ≤ n ≤ N ❛♥❞ ❛ss✉♠❡ ♣r♦♣❡rt② (DS.k, n0✱N) ❢♦r ❛♥② 1 ≤
n0 < n✳ ❚❤❡♥ ❢♦r ❛♥② P■ ❝✉❜❡ C

(n)
Lk+1

(y) ♦♥❡ ❤❛s

P

∃E ∈ I,C

(n)
Lk+1

(y) ✐s (E,m)✲❚

≤ 1

2
L−4p 4N−n

k+1 . ✭✸✳✷✶✮

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ P■ ❝✉❜❡ C(n)
Lk+1

(y) = C
(n0)
Lk+1

(y0)×C
(n00)
Lk+1

(y00)✳ ❉❡✜♥❡ t❤❡ ❡✈❡♥ts

Ty✿❂④ ❚❤❡r❡ ❡①✐sts E ∈ I✱ s✉❝❤ t❤❛t C(n)
Lk+1

(y) ✐s (E,m)✲t✉♥♥❡❧❧✐♥❣⑥✱

LTy✿❂④ ❚❤❡r❡ ❡①✐st E ∈ I ❛♥❞ µj ∈ σ(H
(n00)

C
(n00)
Lk+1

(y00)
) s✉❝❤ t❤❛tC(n0)

Lk+1
(y0) ❝♦♥t❛✐♥s

t✇♦ s❡♣❛r❛❜❧❡ (E − µj,m)✲s✐♥❣✉❧❛r ❝✉❜❡s ♦❢ s✐③❡ Lk⑥✱

RTy✿❂④ ❚❤❡r❡ ❡①✐st E ∈ I ❛♥❞ λi ∈ σ(H
(n0)

C
(n0)
Lk+1

(y0)
) s✉❝❤ t❤❛tC(n00)

Lk+1
(y00) ❝♦♥t❛✐♥s

t✇♦ s❡♣❛r❛❜❧❡ (E − λi,m)✲s✐♥❣✉❧❛r ❝✉❜❡s ♦❢ s✐③❡ Lk⑥✳
❇② ❉❡✜♥✐t✐♦♥ ✸✳✶✵✱ Ty ⊂ LTy0 ∪ RTy00✳
◆♦✇✱ s✐♥❝❡ E ∈ I ❛♥❞ µj ≥ 0 ✇❡ ❤❛✈❡ E −µj ≤ E∗✳ ❙♦ ❢♦r ❛♥② j✱ E −µj ∈ I✳

❋✉rt❤❡r ✉s✐♥❣ ♣r♦♣❡rt② (DS.k, n0✱N) ✇❡ ❤❛✈❡

P {LTy} ≤
|C(n0)

Lk+1
(y0)|2

2
|C(n00)

Lk+1
(y00)|L−2p4N−n0

k

≤ C(n,N, d)L
−2p 4N−(n−1)

α +3(n−1)d

k+1 .

❆ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛❧s♦ s❤♦✇s t❤❛t

P {RTy} ≤ C(n,N, d)L
−2p 4N−(n−1)

α +3(n−1)d

k+1 ,

s♦ t❤❛t

P
n
∃E ∈ I : C

(n)
Lk+1

(y) ✐s (E,m)✲❚
o
≤ C(n,N, d)L

−2p 4N−(n−1)

α +3(n−1)d

k+1 .

❚❤❡ ❛ss❡rt✐♦♥ ❢♦❧❧♦✇s ❜② ♦❜s❡r✈✐♥❣ t❤❛t 2p 4N−(n−1)/α − 3(n− 1)d > 4p 4N−n ❢♦r
α = 3/2 ♣r♦✈✐❞❡❞ L0 ✐s ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ p > 4αNd = 6Nd✳

❚❤❡♦r❡♠ ✸✳✶✺✳ ▲❡t n = 2, . . . , N ✳ ❚❤❡r❡ ❡①✐sts L∗
1 = L∗

1(N, d) > 0 s✉❝❤ t❤❛t
✐❢ L0 ≥ L∗

1 ❛♥❞ ✐❢ ❢♦r k ≥ 0 (DS.k, n0✱N) ❤♦❧❞s tr✉❡ ❢♦r ❛♥② n0 = 1, . . . , n − 1✱

t❤❡♥ (DS.k+1, n,N) ❤♦❧❞s tr✉❡ ❢♦r ❛♥② ♣❛✐r ♦❢ s❡♣❛r❛❜❧❡ P■ ❝✉❜❡s C
(n)
Lk+1

(x) ❛♥❞

C
(n)
Lk+1

(y)✳



✸✳✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ♠✉❧t✐✲s❝❛❧❡ ✐♥❞✉❝t✐♦♥ ✻✸

Pr♦♦❢✳ ▲❡tC(n)
Lk+1

(x) ❛♥❞C(n)
Lk+1

(y) ❜❡ t✇♦ s❡♣❛r❛❜❧❡ P■✲❝✉❜❡s✳ ❈♦♥s✐❞❡r t❤❡ ❡✈❡♥ts✿

Bk+1 =

∃E ∈ I : C

(n)
Lk+1

(x) ❛♥❞ C
(n)
Lk+1

(y) ❛r❡ (E,m)✲❙

,

R =

∃E ∈ I : ♥❡✐t❤❡r C(n)

Lk+1
(x) ♥♦r C(n)

Lk+1
(y) ✐s E✲❍◆❘


,

Tx =

∃E ∈ I : C

(n)
Lk+1

(x) ✐s (E,m)✲❚

,

Ty =

∃E ∈ I : C

(n)
Lk+1

(y) ✐s (E,m)✲❚

.

■❢ ω ∈ Bk+1 \ R✱ t❤❡♥ ∀E ∈ I✱ C(n)
Lk+1

(x) ♦r C(n)
Lk+1

(y) ✐s E✲❍◆❘✳ ■❢ C(n)
Lk+1

(y) ✐s
E✲❍◆❘✱ t❤❡♥ ✐t ♠✉st ❜❡ (E,m)✲❚✿ ♦t❤❡r✇✐s❡ ✐t ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ (E,m)✲◆❙ ❜②
▲❡♠♠❛ ✸✳✶✸✳ ❙✐♠✐❧❛r❧②✱ ✐❢ C(n)

Lk+1
(x) ✐s E✲❍◆❘✱ t❤❡♥ ✐t ♠✉st ❜❡ (E,m)✲❚✳ ❚❤✐s

✐♠♣❧✐❡s t❤❛t
Bk+1 ⊂ R ∪ Tx ∪ Ty.

❚❤❡r❡❢♦r❡✱

P {Bk+1} ≤ P {R}+ P{Tx}+ P{Ty}

≤ P {R}+ 1

2
L−4p 4N−n

k+1 +
1

2
L−4p 4N−n

k+1 ,

✇❤❡r❡ ✇❡ ✉s❡❞ ✭✸✳✷✶✮ t♦ ❡st✐♠❛t❡ P{Tx} ❛♥❞ P{Ty}✳ ❆❧s♦ ❜② ▲❡♠♠❛ ✸✳✶✷✱ ✇❡

❤❛✈❡ t❤❛t P {R} ≤ L−4N p
k+1 ✳ ❋✐♥❛❧❧②

P {Bk+1} ≤ L−4Np
k+1 + L−4p4N−n

k+1 < L−2p4N−n

k+1 . ✭✸✳✷✷✮

▲❡♠♠❛ ✸✳✶✻✳ ❲✐t❤ t❤❡ ❛❜♦✈❡ ♥♦t❛t✐♦♥s✱ ❛ss✉♠❡ t❤❛t (DS.k − 1, n0✱N) ❤♦❧❞s
tr✉❡ ❢♦r ❛❧❧ n0 = 1, . . . , n− 1 t❤❡♥

P
n
MPI(C

(n)
Lk+1

(u), I) ≥ κ(n) + 2
o
≤ 32nd

2
L2nd
k+1


L−4Np
k + L−4p 4N−n

k


. ✭✸✳✷✸✮

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛tMPI(C
(n)
Lk+1

(u), I) ≥ κ(n)+2✱ t❤❡♥ ❜② ▲❡♠♠❛ ✷✳✶✽✱M sep
PI (C

(n)
Lk+1

(u), I) ≥
2✱ ✐✳❡✳✱ t❤❡r❡ ❛r❡ ❛t ❧❡❛st t✇♦ s❡♣❛r❛❜❧❡ (E,m)✲s✐♥❣✉❧❛r P■ ❝✉❜❡s C

(n)
Lk
(u(j1))✱

C
(n)
Lk
(u(j2)) ✐♥s✐❞❡ C(n)

Lk+1
(u)✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ♣❛✐rs ♦❢ ❝❡♥t❡rs {u(j1),u(j2)}

s✉❝❤ t❤❛t
C

(n)
Lk
(u(j1)), C

(n)
Lk
(u(j2)) ⊂ C

(n)
Lk+1

(u)



✻✹ ❈❤❛♣t❡r ✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

✐s ❜♦✉♥❞❡❞ ❜② 32nd

2 L2nd
k+1✳ ❚❤❡♥✱ s❡tt✐♥❣

Bk = {∃E ∈ I✱ C(n)
Lk
(u(j1))✱ C(n)

Lk
(u(j2)) ❛r❡ (E,m)✲❙},

✇❡ ❤❛✈❡

P
n
M sep

PI (C
(n)
Lk+1

(u), I) ≥ 2
o
≤ 32nd

2
L2nd
k+1 × P {Bk}

✇✐t❤ P {Bk} ≤ L−4Np
k + L−4p 4N−n

k ❜② ✭✸✳✷✷✮✳ ❍❡r❡ Bk ✐s ❞❡✜♥❡❞ ❛s ✐♥ ❚❤❡♦r❡♠
✸✳✶✺✳

✸✳✸✳✷ P❛✐rs ♦❢ ❋■ ❝✉❜❡s

❚❤❡ ❞✐❛❣♦♥❛❧ D ✐♥ Z2

P❛✐rs ♦❢ ❋■✲❝✉❜❡s✿ ❢♦r d = 1✱ n = 2✱ x = (x1, x2) ❛♥❞ y = (y1, y2)✳

x

C
(1)
Lk
(x2)

C
(1)
Lk
(x1)

C
(2)
Lk
(x)

y

C
(2)
Lk
(y)

C
(1)
Lk
(y2)

C
(1)
Lk
(y1)

❖✉r ❛✐♠ ♥♦✇ ✐s t♦ ♣r♦✈❡ (DS.k+1, n,N) ❢♦r ❛ ♣❛✐r ♦❢ s❡♣❛r❛❜❧❡ ❢✉❧❧② ✐♥t❡r❛❝t✐✈❡
❝✉❜❡s C(n)

Lk+1
(x) ❛♥❞ C

(n)
Lk+1

(y)✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s ❚❤❡♦r❡♠ ✸✳✶✽✳
❲❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡❧✐♠✐♥❛r② r❡s✉❧t✳

▲❡♠♠❛ ✸✳✶✼✳ ●✐✈❡♥ k ≥ 0✱ ❛ss✉♠❡ t❤❛t ♣r♦♣❡rt② (DS.k, n,N) ❤♦❧❞s tr✉❡ ❢♦r
❛❧❧ ♣❛✐rs ♦❢ s❡♣❛r❛❜❧❡ ❋■ ❝✉❜❡s✳ ❚❤❡♥ ❢♦r ❛♥② ‘ ≥ 1✱

P
n
MFI(C

(n)
Lk+1

(u), I) ≥ 2‘
o
≤ C(n,N, d, ‘)L2‘dnα

k L−2‘p 4N−n

k . ✭✸✳✷✹✮
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Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❡r❡ ❡①✐st 2‘ ♣❛✐r✇✐s❡ s❡♣❛r❛❜❧❡✱ ❢✉❧❧② ✐♥t❡r❛❝t✐✈❡ ❝✉❜❡s
C

(n)
Lk
(u(j)) ⊂ C

(n)
Lk+1

(u)✱ j = 1, . . . , 2‘✳ ❚❤❡♥✱ ❜② ▲❡♠♠❛ ✷✳✶✺✱ ❢♦r ❛♥② ♣❛✐r

C
(n)
Lk
(u(2i−1))✱ C(n)

Lk
(u(2i))✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❛♥❞♦♠ ❍❛♠✐❧t♦♥✐❛♥s H

(n)

C
(n)
Lk

(u(2i−1))

❛♥❞ H
(n)

C
(n)
Lk

(u(2i))
❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ❛♥❞ s♦ ❛r❡ t❤❡✐r s♣❡❝tr❛ ❛♥❞ t❤❡✐r ●r❡❡♥ ❢✉♥❝✲

t✐♦♥s✳ ❋♦r i = 1, . . . , ‘ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡✈❡♥ts✿

Ai =
n
∃E ∈ I : C

(n)
Lk
(u(2i−1)) ❛♥❞ C

(n)
Lk
(u(2i)) ❛r❡ (E,m)✲❙

o
.

❚❤❡♥ ❜② ❛ss✉♠♣t✐♦♥ (DS.k, n,N)✱ ✇❡ ❤❛✈❡✱ ❢♦r i = 1, . . . , ‘✱

P {Ai} ≤ L−2p 4N−n

k , ✭✸✳✷✺✮

❛♥❞✱ ❜② ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ ❡✈❡♥ts A1, . . . ,A‘✱

P
n \
1≤i≤‘

Ai

o
=

‘Y
i=1

P(Ai) ≤
(
L−2p 4N−n

k

‘
. ✭✸✳✷✻✮

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢✱ ♥♦t❡ t❤❛t t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❢❛♠✐❧✐❡s ♦❢ 2‘ ❝✉❜❡s
C

(n)
Lk
(u(j)) ⊂ C

(n)
Lk+1

(u)✱ j = 1, . . . , 2‘✱ ✐s ❜♦✉♥❞❡❞ ❜②

1

(2‘)!

C(n)
Lk+1

(u)
2‘ ≤ C(n,N, ‘, d)L2‘dnα

k .

❚❤❡♦r❡♠ ✸✳✶✽✳ ▲❡t n = 2, . . . , N ✳ ❚❤❡r❡ ❡①✐sts L∗
2 = L∗

2(N, d) > 0 s✉❝❤ t❤❛t ✐❢
L0 ≥ L∗

2 ❛♥❞ ✐❢ ❢♦r k ≥ 0

✭✐✮ (DS.k − 1, n0✱N) ❢♦r ❛❧❧ n0 = 1, . . . , n− 1 ❤♦❧❞s tr✉❡✱

✭✐✐✮ (DS.k, n✱N) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ ♣❛✐rs ♦❢ ❋■ ❝✉❜❡s✱

t❤❡♥ (DS.k+1, n,N) ❤♦❧❞s tr✉❡ ❢♦r ❛♥② ♣❛✐r ♦❢ s❡♣❛r❛❜❧❡ ❋■ ❝✉❜❡s C
(n)
Lk+1

(x) ❛♥❞

C
(n)
Lk+1

(y)✳

❆❜♦✈❡✱ ✇❡ ✉s❡❞ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t (DS.− 1, n✱N) ♠❡❛♥s ♥♦ ❛ss✉♠♣t✐♦♥✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ♣❛✐r ♦❢ s❡♣❛r❛❜❧❡ ❋■ ❝✉❜❡s C
(n)
Lk+1

(x)✱ C(n)
Lk+1

(y) ❛♥❞ s❡t J =
κ(n) + 5✳ ❉❡✜♥❡

Bk+1 =
n
∃E ∈ I : C

(n)
Lk+1

(x) ❛♥❞ C
(n)
Lk+1

(y) ❛r❡ (E,m)✲❙
o
,

Σ =
n
∃E ∈ I : ♥❡✐t❤❡r C(n)

Lk+1
(x) ♥♦r C(n)

Lk+1
(y) ✐s E✲❈◆❘

o
,

Sx =
n
∃E ∈ I :M(C

(n)
Lk+1

(x);E) ≥ J + 1
o
,

Sy =
n
∃E ∈ I :M(C

(n)
Lk+1

(y), E) ≥ J + 1
o
.



✻✻ ❈❤❛♣t❡r ✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

▲❡t ω ∈ Bk+1✳ ■❢ ω /∈ Σ ∪ Sx✱ t❤❡♥ ∀E ∈ I ❡✐t❤❡r C
(n)
Lk+1

(x) ♦r C
(n)
Lk+1

(y) ✐s

E✲❈◆❘ ❛♥❞ M(C
(n)
Lk+1

(x), E) ≤ J ✳ ❚❤✉s t❤❡ ❝✉❜❡ C
(n)
Lk+1

(x) ❝❛♥♥♦t ❜❡ E✲❈◆❘✿

✐♥❞❡❡❞✱ ❜② ▲❡♠♠❛ ✷✳✷✵ ✐t ✇♦✉❧❞ ❜❡ (E,m)✲◆❙✳ ❙♦ t❤❡ ❝✉❜❡ C(n)
Lk+1

(y) ✐s E✲❈◆❘
❛♥❞ (E,m)✲❙✳ ❚❤✐s ✐♠♣❧✐❡s ❛❣❛✐♥ ❜② ▲❡♠♠❛ ✷✳✷✵ t❤❛t

M(C
(n)
Lk+1

(y), E) ≥ J + 1.

❚❤❡r❡❢♦r❡ ω ∈ Sy✱ s♦ t❤❛t Bk+1 ⊂ Σ ∪ Sx ∪ Sy✱ ❤❡♥❝❡

P {Bk+1} ≤ P{Σ}+ P{Sx}+ P{Sy}

❛♥❞ P {Σ} ≤ L−4N p
k+1 ❜② ❈♦r♦❧❧❛r② ✷✳✾✳ ◆♦✇ ❧❡t ✉s ❡st✐♠❛t❡ P{Sx} ❛♥❞ s✐♠✐❧❛r❧②

P{Sy}✳ ❙✐♥❝❡

MPI(C
(n)
Lk+1

(x), E) +MFI(C
(n)
Lk+1

(x), E) ≥M(C
(n)
Lk+1

(x), E),

t❤❡ ✐♥❡q✉❛❧✐t②M(C
(n)
Lk+1

(x), E) ≥ κ(n)+6✱ ✐♠♣❧✐❡s t❤❛t ❡✐t❤❡rMPI(C
(n)
Lk+1

(x), E) ≥
κ(n) + 2✱ ♦r MFI(C

(n)
Lk+1

(x), E) ≥ 4✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✸✳✶✻ ❛♥❞ ▲❡♠♠❛ ✸✳✶✼
✭✇✐t❤ ‘ = 2✮✱

P{Sx} ≤ P
n
∃E ∈ I :MPI(C

(n)
Lk+1

(x), E) ≥ κ(n) + 2
o

+ P
n
∃E ∈ I :MFI(C

(n)
Lk+1

(x), E) ≥ 4
o

≤ 32nd

2
L2nd
k+1(L

−4Np
k + L−4p 4N−n

k ) + C(n,N, d)L
4dn− 4p

α 4N−n

k+1

≤ C(n,N, d)


L
− 4Np

α +2nd

k+1 + L
− 4p

α 4N−n+2nd

k+1 + L
− 4p

α 4N−n+4nd

k+1


≤ C̃(n,N, d)


L
− 4p

α 4N−n+4nd

k+1


✭α = 3/2✮

≤ 1

4
L−2p 4N−n

k+1 ,

✇❤❡r❡ ✇❡ ✉s❡❞ p > 4αNd = 6Nd✳ ❋✐♥❛❧❧②

P {Bk+1} ≤ L−4Np
k+1 +

1

2
L−2p4N−n

k+1 < L−2p4N−n

k+1 .



✸✳✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ♠✉❧t✐✲s❝❛❧❡ ✐♥❞✉❝t✐♦♥ ✻✼

✸✳✸✳✸ ▼✐①❡❞ ♣❛✐rs ♦❢ ❝✉❜❡s

C
(1)
Lk
(x1)

C
(1)
Lk
(x2) C

(1)
Lk
(y2)

C
(1)
Lk
(y1)

❚❤❡ ❞✐❛❣♦♥❛❧ D ✐♥ Z2

▼✐①❡❞ ♣❛✐rs ♦❢ ❝✉❜❡s✿ ❢♦r d = 1✱ n = 2✱ x = (x1, x2) ❛♥❞ y = (y1, y2)✳

x

C
(2)
Lk
(x)

y

C
(2)
Lk
(y)

◆♦✇ ✐t r❡♠❛✐♥s ♦♥❧② t♦ ❞❡r✐✈❡ (DS.k + 1, n,N) ✐♥ ❝❛s❡ ✭■■■✮✱ ✐✳❡✳✱ ❢♦r ♣❛✐rs ♦❢
n✲♣❛rt✐❝❧❡ ❝✉❜❡s ✇❤❡r❡ ♦♥❡ ✐s P■ ✇❤✐❧❡ t❤❡ ♦t❤❡r ✐s ❋■✳

❚❤❡♦r❡♠ ✸✳✶✾✳ ▲❡t n = 2, . . . , N ✳ ❚❤❡r❡ ❡①✐sts L∗
3 = L∗

3(N, d) > 0 s✉❝❤ t❤❛t ✐❢
L0 ≥ L∗

3(N, d) ❛♥❞ ✐❢ ❢♦r k ≥ 0✱

✭✐✮ (DS.k − 1, n0✱N) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ n0 = 1, . . . , n− 1✱

✭✐✐✮ (DS.k, n0✱N) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ n0 = 1, . . . , n− 1 ❛♥❞

✭✐✐✐✮ (DS.k, n,N) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ ♣❛✐rs ♦❢ ❋■ ❝✉❜❡s✱

t❤❡♥ (DS.k+1, n,N) ❤♦❧❞s tr✉❡ ❢♦r ❛♥② ♣❛✐r ♦❢ s❡♣❛r❛❜❧❡ ❝✉❜❡s C
(n)
Lk+1

(x)✱ C
(n)
Lk+1

(y)
✇❤❡r❡ ♦♥❡ ✐s P■ ✇❤✐❧❡ t❤❡ ♦t❤❡r ✐s ❋■✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ♣❛✐r ♦❢ s❡♣❛r❛❜❧❡ n✲♣❛rt✐❝❧❡ ❝✉❜❡s C(n)
Lk+1

(x)✱ C(n)
Lk+1

(y) ❛♥❞ s✉♣✲

♣♦s❡ t❤❛t C(n)
Lk+1

(x) ✐s P■ ✇❤✐❧❡ C
(n)
Lk+1

(y) ✐s ❋■✳ ❙❡t J = κ(n) + 5 ❛♥❞ ✐♥tr♦❞✉❝❡



✻✽ ❈❤❛♣t❡r ✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

t❤❡ ❡✈❡♥ts

Bk+1 =
n
∃E ∈ I : C

(n)
Lk+1

(x) ❛♥❞ C
(n)
Lk+1

(y) ❛r❡ (E,m)✲❙
o
,

X =
n
∃E ∈ I : C

(n)
Lk+1

(x) ✐s ♥♦t E✲❍◆❘ ❛♥❞ C
(n)
Lk+1

(y) ✐s ♥♦t E✲❈◆❘
o
,

Tx =
n
∃E ∈ I : C

(n)
Lk+1

(x) ✐s (E,m)✲❚
o
,

Sy =
n
∃E ∈ I :M(C

(n)
Lk+1

(y), E) ≥ J + 1
o
.

▲❡t ω ∈ Bk+1 \ (X ∪ Tx)✱ t❤❡♥ ❢♦r ❛❧❧ E ∈ I ❡✐t❤❡r C
(n)
Lk+1

(x) ✐s E✲❍◆❘ ♦r

C
(n)
Lk+1

(y) ✐s E✲❈◆❘ ❛♥❞ C
(n)
Lk+1

(x) ✐s (E,m)✲◆❚✳ ❚❤❡ ❝✉❜❡ C
(n)
Lk+1

(x) ❝❛♥♥♦t ❜❡
E✲❍◆❘✳ ■♥❞❡❡❞✱ ❜② ▲❡♠♠❛ ✸✳✶✸ ✐t ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ (E,m)✲◆❙✳ ❚❤✉s t❤❡ ❝✉❜❡
C

(n)
Lk+1

(y) ✐s E✲❈◆❘✱ s♦ ❜② ▲❡♠♠❛ ✷✳✷✵✱ M(C
(n)
Lk+1

(y);E) ≥ J + 1✿ ♦t❤❡r✇✐s❡

C
(n)
Lk+1

(y) ✇♦✉❧❞ ❜❡ (E,m)✲◆❙✳ ❚❤❡r❡❢♦r❡ ω ∈ Sy✳ ❈♦♥s❡q✉❡♥t❧②✱

Bk+1 ⊂ X ∪ Tx ∪ Sy.

❘❡❝❛❧❧ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s P{Tx} ❛♥❞ P{Sy} ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ❡st✐♠❛t❡❞ ✐♥

❙❡❝t✐♦♥s ✸✳✸✳✶ ❛♥❞ ✸✳✸✳✷✳ ❆❧s♦ P {X} ≤ L−4Np
k+1 ❜② ▲❡♠♠❛ ✸✳✶✷✳ ❲❡ t❤❡r❡❢♦r❡

♦❜t❛✐♥

P {Bk+1} ≤ P{X}+ P{Tx}+ P{Sy}

≤ L−4Np
k+1 +

1

2
L−4p 4N−n

k+1 +
1

4
L−2p 4N−n

k+1 ≤ L−2p 4N−n

k+1 .

✸✳✸✳✹ ❈♦♥❝❧✉s✐♦♥

❚❤❡♦r❡♠ ✸✳✷✵✳ ▲❡t n = 1, . . . , N ❛♥❞ H(n)(ω) = −∆ +
Pn

j=1 V (xj, ω) + U✱
✇❤❡r❡ U✱ V s❛t✐s❢② (I1) ❛♥❞ (P1) r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ ❢♦r ❛♥② p > 6Nd t❤❡r❡ ❡①✐st

m > 0 ❛♥❞ E∗ > E
(N)
0 s✉❝❤ t❤❛t (DS.k, n,N) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ k ≥ 0 ♣r♦✈✐❞❡❞

L0 ≥ L∗
0(N, d, r − 0) > 0 ❢♦r s♦♠❡ ❧❛r❣❡ ❡♥♦✉❣❤ L∗

0(N, d, r0) > 0✳

Pr♦♦❢✳ ❲❡ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n t❤❛t (DS.k, n,N) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ k ≥ 0✳
◆♦t✐❝❡ t❤❛t t❤❡ ♣❛r❛♠❡t❡rs m,E∗ > 0 ❛r❡ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✻✳ ❋♦r n = 1✱
♣r♦♣❡rt② (DS.k, 1✱N) ❢♦r ❛❧❧ k ≥ 0 ✐s ✈❛❧✐❞ ✉s✐♥❣ ❚❤❡♦r❡♠s ✸✳✻ ❛♥❞ ✸✳✼✳ ◆♦✇
s✉♣♣♦s❡ t❤❛t ❢♦r ❛❧❧ n0 = 1, . . . , n− 1✱ (DS.k, n0✱N) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ k ≥ 0✱ ✇❡
❛✐♠ t♦ ♣r♦✈❡ t❤❛t (DS.k, n,N) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ k ≥ 0✳ ❋♦r k = 0✱ (DS.0, n✱N)
✐s ✈❛❧✐❞ ✉s✐♥❣ ❚❤❡♦r❡♠ ✸✳✻✳ ◆❡①t✱ s✉♣♣♦s❡ t❤❛t (DS.k0, n✱N) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧
k0 < k✱ t❤❡♥ ❝♦♠❜✐♥✐♥❣ t❤✐s ❧❛st ❛ss✉♠♣t✐♦♥ ✇✐t❤ (DS.k, n0✱N) ❛❜♦✈❡✱ ♦♥❡ ❝❛♥
❝♦♥❝❧✉❞❡ t❤❛t



✸✳✹✳ ❆❧♠♦st s✉r❡ ❧♦✇❡r s♣❡❝tr❛❧ ❡❞❣❡✿ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ✻✾

✭✐✮ (DS.k, n,N) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ k ≥ 0 ❛♥❞ ❢♦r ❛❧❧ ♣❛✐rs ♦❢ P■ ❝✉❜❡s✱ ✉s✐♥❣
❚❤❡♦r❡♠ ✸✳✶✺✱

✭✐✐✮ (DS.k, n,N) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ k ≥ 0 ❛♥❞ ❢♦r ❛❧❧ ♣❛✐rs ♦❢ ❋■ ❝✉❜❡s✱ ✉s✐♥❣
❚❤❡♦r❡♠ ✸✳✶✽✱

✭✐✐✐✮ (DS.k, n,N) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ k ≥ 0 ❛♥❞ ❢♦r ❛❧❧ ♠✐①❡❞ ✭P■ ✰ ❋■✮ ♣❛✐rs ♦❢
❝✉❜❡s✱ ✉s✐♥❣ ❚❤❡♦r❡♠ ✸✳✶✾✳

❍❡♥❝❡ ❚❤❡♦r❡♠ ✸✳✷✵ ✐s ♣r♦✈❡♥✳

✸✳✹ ❆❧♠♦st s✉r❡ ❧♦✇❡r s♣❡❝tr❛❧ ❡❞❣❡✿ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶

❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❲❡②❧ ❛r❣✉♠❡♥t✳ ❆ss✉♠♣t✐♦♥ (I1) ✐♠♣❧✐❡s
t❤❛t t❤❡ ✐♥t❡r❛❝t✐♦♥U ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ (P1) ✐♠♣❧✐❡s t❤❛t t❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧
✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❛❧♠♦st s✉r❡❧②✳ ❙♦ σ(H(n)(ω)) ⊂ [0,+∞) ❛❧♠♦st s✉r❡❧②✳ ■t r❡♠❛✐♥s
t♦ ♣r♦✈❡ t❤❛t [0, 4nd] ⊂ σ(H(n)(ω)) ❛✳s✳ ▲❡t k,m ∈ N∗✳ ❉❡✜♥❡ Ik,m = [0, 1

km ]
❛♥❞

Bk,m =


x ∈ Znd : min

i 6=j
|xi − xj| > r0 + 2km


✇❤❡r❡ r0 ✐s t❤❡ r❛♥❣❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ U✳ ❋♦r k,m ∈ N∗✱ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣
s❡q✉❡♥❝❡ {x‘,k,m}‘∈N∗ ❞❡✜♥❡❞ ❜②

x‘,k,m = Ck,m(Ck,m‘+ 1, Ck,m‘+ 2, · · · , Ck,m‘+ nd) ∈ Znd,

✇❤❡r❡ Ck,m = r0 + 2km + Nd + 1✳ ❖❜✈✐♦✉s❧② x‘,k,m ∈ Bk,m ❢♦r ❛♥② ‘ ∈ N∗✳
❯s✐♥❣ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ Znd ∼= (Zd)n✱ x‘,k,m ✇r✐t❡ ❛s x‘,k,m = Ck,m(x1, . . . ,xn)
✇✐t❤ xi = ((i− 1)d+ 1 + Ck,m‘, . . . , id+ Ck,m‘)✱ i = 1, . . . , n✳

❲❡ ❝❧❛✐♠ t❤❛t ❢♦r ‘ 6= ‘0✱ ΠC
(n)
km(x

‘,k,m) ∩ΠC
(n)
km(x

‘0,k,m) = ∅✳ ■♥❞❡❡❞

dist

ΠC

(n)
km(x

‘,k,m), ΠC
(n)
km(x

‘0,k,m)

= min

1≤i,j≤n
dist


C

(n)
km(x

‘,k,m
i ),C

(n)
km(x

‘0,k,m
j )


≥ min

i,j

x‘,k,mi − x‘
0,k,m
j

− 2km.

❋♦r ❛♥② i, j ∈ {1, . . . , n}✱x‘,k,mi − x‘
0,k,m
j

 = Ck,m|(i− j)d+ Ck,m(‘− ‘0)|

≥ C2
k,m|‘− ‘0| − Ck,m|i− j|d.



✼✵ ❈❤❛♣t❡r ✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

❚❤✉s

dist

ΠC

(n)
km(x

‘,k,m), ΠC
(n)
km(x

‘0,k,m)

≥ C2

k,m − Ck,mmax
i,j

|i− j|d− 2km

≥ C2
k,m − Ck,mNd− 2km

= Ck,m(Ck,m −Nd)− 2km > 0.

❋♦r ❛♥② ‘, k,m ∈ N∗✱ ❞❡✜♥❡

Ω‘,k,m(x
‘,k,m) =

n
ω ∈ Ω : ∀j = 1, . . . , n, ∀yj ∈ C

(1)
km(x

‘,k,m
j ), V (yj, ω) ∈ Ikm

o
.

❲❡ ❤❛✈❡ t❤❛t P

Ω‘,k,m(x

‘,k,m)

= µ(Ikm)

n(2km+1)d ❛♥❞ t❤❡ ❧❛tt❡r q✉❛♥t✐t② ✐s > 0✱

s✐♥❝❡ 0 ∈ suppµ✳ ❙♦
P

‘≥1 P

Ω‘,k,m(x

‘,k,m)


= +∞✳ ❙✐♥❝❡ ΠC
(n)
km(x

‘,k,m) ∩
ΠC

(n)
km(x

‘0,k,m) = ∅✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✈❡♥ts Ω‘,k,m(x
‘,k,m) ❛♥❞ Ω‘4,k,m(x

‘0,k,m)
❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❙❡t

Ωk,m =

ω : Ω‘,k,m(x

‘,k,m) ♦❝❝✉rs ❢♦r ✐♥✜♥✐t❡❧② ♠❛♥② ‘ ≥ 1

;

t❤❡ ❇♦r❡❧✲❈❛♥t❡❧❧✐ ▲❡♠♠❛ ✐♠♣❧✐❡s t❤❛t P {Ωk,m} = 1✳ ◆♦t❡ t❤❛t ✐❢ ω ∈ Ωk,m✱ t❤❡♥
∃‘ ≥ 1 s✉❝❤ t❤❛t ω ∈ Ω‘,k,m(x‘,k,m)✳ ❉❡✜♥❡

Ω∞ =
\
k≥1

\
m≥1

Ωk,m.

❲❡ ❤❛✈❡ t❤❛t P {Ω∞} = 1✳ ◆♦✇✱ ❧❡t ω ∈ Ω∞ ❛♥❞ r❡❝❛❧❧ t❤❛t [0, 4nd] ⊂
σ(H(n)(ω))✳ ❙✐♥❝❡ ω ∈ Ω∞✱ ✇❡ ❤❛✈❡ t❤❛t ❢♦r ❛♥② k,m ≥ 1✱ ∃‘∗ ≥ 1 s✉❝❤ t❤❛t
ω ∈ Ω‘∗,k,m(x

‘∗,k,m)✳ ❘❡❝❛❧❧ t❤❛t [0, 4nd] = σ(−∆)✳ ▲❡t E ∈ [0, 4nd]✳ ❇② ❚❤❡♦✲
r❡♠ ❆✳✹✱ t❤❡r❡ ❡①✐sts ❛ ❲❡②❧ s❡q✉❡♥❝❡ φEm ❢♦r E ❛♥❞ −∆ ✇✐t❤ ❛ ❜♦✉♥❞❡❞ s✉♣♣♦rt✱
✐✳❡✳✱ kφEmk = 1✱ k((−∆) − E)φEmk → 0 ❛s m → ∞ ❛♥❞ suppφEm ⊂ C

(n)
kEm

(0) ❢♦r

s♦♠❡ kE ∈ N∗✳ ❚❤❡ tr❛♥s❧❛t❡❞ s❡q✉❡♥❝❡ eφEm ❞❡✜♥❡❞ ❜② eφEm(x) = φEm(x− x‘
∗,kE ,m)

✐s ❛❧s♦ ❛ ❲❡②❧ s❡q✉❡♥❝❡ ❢♦r E ❛♥❞ (−∆)✱ ✐✳❡✱

k((−∆)− E)eφEmk −→
m→∞

0, ✭✸✳✷✼✮

❛♥❞ supp eφEm ⊂ C
(n)
kEm

(x‘
∗,kE ,m)✳ ❋✉rt❤❡r✱ ❢♦r ❛❧❧ y ∈ Znd ♦♥❡ ❤❛sV(y, ω)eφEm(y) ≤ n

kEm
|eφEm(y)|. ✭✸✳✷✽✮

■♥❞❡❡❞✱ ❜♦t❤ s✐❞❡s ♦❢ ✭✸✳✷✽✮ ✈❛♥✐s❤ ♦✉ts✐❞❡C(n)
kEm

(x‘
∗,kE ,m)✱ ✇❤✐❧❡ ♦♥C(n)

kEm
(x‘

∗,kE ,m)
✐t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ♦✉r ❝❤♦✐❝❡ ♦❢ ω✳ ❚❤❡r❡❢♦r❡✱V(ω)eφEm ≤ n

kEm
keφEmk, ✭✸✳✷✾✮



✸✳✺✳ ❊①♣♦♥❡♥t✐❛❧ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣②✿ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷ ✼✶

✇❤✐❧❡ UeφEm = 0✳ ❇❡❝❛✉s❡ U ✈❛♥✐s❤❡s ♦♥ C
(n)
kEm

(x‘
∗,kE ,m) s✐♥❝❡ x‘

∗,kE ,m ∈ BkEm✳
❈♦❧❧❡❝t✐♥❣ ✭✸✳✷✼✮ ❛♥❞ ✭✸✳✷✾✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

k(H(ω)− E)eφmk ≤ k((−∆)− E)eφmk+ kVeφmk −→
m→∞

0.

❚❤✉s {eφEm,m ∈ N∗} ✐s ✐♥❞❡❡❞ ❛ ❲❡②❧ s❡q✉❡♥❝❡ ❢♦r H(n)(ω) ❛♥❞ E✳ ❚❤❡r❡❢♦r❡ E ∈
σ(H(n)(ω))✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ P {Ω∞} = 1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t [0, 4nd] ⊂ σ(H(n)(ω))
❛❧♠♦st s✉r❡❧②✳

✸✳✺ ❊①♣♦♥❡♥t✐❛❧ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣②✿ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷

◆♦✇ ✇❡ ✇✐❧❧ ❞❡r✐✈❡ ❢r♦♠ t❤❡ r❡s✉❧ts ♦❢ ❚❤❡♦r❡♠ ✸✳✷✵✱ s♣❡❝tr❛❧ ❡①♣♦♥❡♥t✐❛❧
❧♦❝❛❧✐③❛t✐♦♥ ✐♥ t❤❡ ❧♦✇ ❡♥❡r❣② r❡❣✐♠❡✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢❛❝t ✭❬❇❡r✻✽✱ ❑✐r✵✽✱ ❙✐♠✽✸❪✮
t❤❛t ❛❧♠♦st ❡✈❡r② ❡♥❡r❣② E ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ♦❢ H(N)(ω) ✐s ❛
❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♦❢H(N)(ω)✱ ✐✳❡✳✱ t❤❡r❡ ✐s ❛ ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ♦❢
t❤❡ ❡q✉❛t✐♦♥H(N)(ω)Ψ = EΨ✳ ■t s✉✣❝❡s t❤❡r❡❢♦r❡ t♦ ♣r♦✈❡ t❤❛t ✇✐t❤ ♣r♦❜❛❜✐❧✐t②
♦♥❡✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢H(N)(ω) ❞❡❝❛② ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st ❛t ✐♥✜♥✐t②✳
❋♦r ❛ ♣r♦♦❢ s❡❡ ❚❤❡♦r❡♠ ❆✳✼ ▲❡t E ∈ [E

(N)
0 , E∗] ❜❡ ❛ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♦❢

H(N)(ω)✳ ❋♦❧❧♦✇✐♥❣ ❬✈❉❑✽✾✱ ❈❙✵✾❛✱ ❋▼❙❙✽✺❪✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ✐❢ t❤❡ ❜♦✉♥❞
(DS.k,N) ✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ k ≥ 0✱ ✇✐t❤ s♦♠❡ m > 0✱ t❤❡♥

∀ρ̃ ∈ (0, 1) : lim sup
|x|→∞

ln
|Ψ(x, ω)|

|x|
≤ −ρ̃m.

●✐✈❡♥ u ∈ ZNd ❛♥❞ ❛♥ ✐♥t❡❣❡r k ≥ 0✱ s❡t✱ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ▲❡♠♠❛ ✷✳✸✱

R(u) := max
‘=1,...,κ(N)

|u−u(‘)|, bk(u) := 7N+R(u)L−1
k , Mk(u) =

κ(N)[
‘=1

C
(N)
7NLk

(u(‘))

❛♥❞ ❞❡✜♥❡
Ak+1(u) := C

(N)
bbk+1Lk+1

(u) \C(N)
bkLk

(u),

✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r b > 0 ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t✿

Mk(u) ⊂ C
(N)
bkLk

(u).

❍❡♥❝❡✱ ✐❢ x ∈ Ak+1(u)✱ t❤❡♥ t❤❡ ❝✉❜❡s C
(N)
Lk

(x) ❛♥❞ C
(N)
Lk

(u) ❛r❡ s❡♣❛r❛❜❧❡ ❜②
▲❡♠♠❛ ✷✳✸✳ ❉❡✜♥❡ t❤❡ ❡✈❡♥t

Ωk(u) :=

∃E ∈ [E

(N)
0 , E∗], ❛♥❞ x ∈ Ak+1(u)✿ C

(N)
Lk

(x) ❛♥❞ C
(N)
Lk

(u) ❛r❡ (E,m)✲❙
o
.



✼✷ ❈❤❛♣t❡r ✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

Pr♦♣❡rt② (DS.k,N) ✐♠♣❧✐❡s t❤❛t

P {Ωk(u)} ≤ P
n
∃E ∈ (−∞, E∗], ❛♥❞ x ∈ Ak+1(u)✿ C

(N)
Lk

(x) ❛♥❞ C
(N)
Lk

(u) ❛r❡ (E,m)✲❙
o

≤ (2bbk+1Lk+1 + 1)NdL−2p
k

≤ (2bbk+1 + 1)NdL−2p+αNd
k ,

s✐♥❝❡ p > (αNd+ 1)/2 ✭✐♥ ❢❛❝t p > 6Nd✮ ✇❡ ❤❛✈❡
P∞

k=0 P {Ωk(u)} < ∞✳ ❚❤✉s✱
s❡tt✐♥❣

Ω<∞ := {∀u ∈ ZNd,Ωk(u) ♦❝❝✉rs ✜♥✐t❡❧② ♠❛♥② t✐♠❡s}.
❇② t❤❡ ❇♦r❡❧✲❈❛♥t❡❧❧✐ ▲❡♠♠❛ ❛♥❞ t❤❡ ❝♦✉♥t❛❜✐❧✐t② ♦❢ ZNd✱ ✇❡ ❤❛✈❡ t❤❛t

P {Ω<∞} = 1.

❚❤❡r❡❢♦r❡✱ ✐t s✉✣❝❡s t♦ ♣✐❝❦ ω ∈ Ω<∞ ❛♥❞ ♣r♦✈❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢
❛♥② ♥♦♥③❡r♦ ❣❡♥❡r❛❧✐s❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥ Ψ ♦❢ H(N)(ω)✳ ❙✐♥❝❡ Ψ ✐s ♣♦❧②♥♦♠✐❛❧❧②
❜♦✉♥❞❡❞✱ t❤❡r❡ ❡①✐st C, t ∈ (0,∞) s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ ZNd

|Ψ(x, ω)| ≤ C(|x|)t.
❙✐♥❝❡ Ψ ✐s ♥♦t ✐❞❡♥t✐❝❛❧❧② ③❡r♦✱ t❤❡r❡ ❡①✐sts u ∈ ZNd s✉❝❤ t❤❛t Ψ(u) 6= 0✳ ▲❡t ✉s
s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛♥ ✐♥t❡❣❡r k1 = k1(ω,E,u) s✉❝❤ t❤❛t ∀k ≥ k1✱ t❤❡ ❝✉❜❡C

(n)
Lk
(u)

✐s (E,m)✲❙✳ ■♥❞❡❡❞✱ ❣✐✈❡♥ ❛♥ ✐♥t❡❣❡r k ≥ 0✱ ❛ss✉♠❡ t❤❛t C(n)
Lk
(u) ✐s (E,m)✲◆❙✳

❚❤❡♥ ❜② t❤❡ ❣❡♦♠❡tr✐❝ r❡s♦❧✈❡♥t ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥ ✭✷✳✾✮✱ ❝♦♠❜✐♥❡❞
✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ (E,m)✲◆❙ ❝✉❜❡ ✭❝❢✳ ✭✷✳✸✷✮✮✱ ✇❡ ❤❛✈❡

|Ψ(u)| ≤ C(N, d)LNd−1
k e−mLk · max

v:|v−u|≤Lk+1
|Ψ(v)|

≤ C 0(N, d)LNd−1
k e−mLk(1 + |u|+ Lk)

t −→
Lk→∞

0.

❚❤✐s s❤♦✇s t❤❛t ✐❢ C(n)
Lk
(u) ✐s (E,m)✲◆❙ ❢♦r ❛r❜✐tr❛r② ❧❛r❣❡ ✈❛❧✉❡s ♦❢ Lk ✭✐✳❡✳✱

❢♦r ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✈❛❧✉❡s k✮✱ t❤❡♥ |Ψ(u)| = 0✱ ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣♦✐♥t u✳ ❙♦ t❤❡r❡ ✐s ❛♥ ✐♥t❡❣❡r k1 = k1(ω,E,u) < ∞ s✉❝❤ t❤❛t
∀k ≥ k1 t❤❡ ❝✉❜❡ C

(N)
Lk

(u) ✐s (E,m)✲❙✳ ❆t t❤❡ s❛♠❡ t✐♠❡ s✐♥❝❡ ω ∈ Ω<∞ t❤❡r❡
❡①✐sts k2 = k2(ω,u) s✉❝❤ t❤❛t ✐❢ k ≥ k2✱ Ωk(u) ❞♦❡s ♥♦t ♦❝❝✉rs✳ ❲❡ ❝♦♥❝❧✉❞❡
t❤❛t ∀k ≥ max{k1, k2} ❢♦r ❛❧❧ x ∈ Ak+1(u)✱ C

(N)
Lk

(x) ✐s (E,m)✲◆❙✳ ▲❡t ρ ∈ (0, 1)
❛♥❞ ❝❤♦♦s❡ b s✉❝❤ t❤❛t

b >
1 + ρ

1− ρ
,

s♦ t❤❛t ♦❜✈✐♦✉s❧② C
(N)
bkLk
1−ρ

(u) ⊂ C
(N)
bbk+1Lk+1

1+ρ

(u)✳ ❉❡✜♥❡

Ãk+1(u) = C
(N)
bbk+1Lk+1

1+ρ

(u) \C(N)
bkLk
1−ρ

(u) ⊂ Ak+1(u).
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❋✐① x ∈ Ãk+1(u)✳

✶✳ ❙✐♥❝❡ |x− u| > bkLk

1−ρ ✱

dist

x, ∂+C

(N)
bkLk

(u)

= |x− u| − bkLk

> |x− u| − (1− ρ)|x− u|
= ρ|x− u|.

✷✳ ❙✐♥❝❡ |x− u| ≤ bbk+1Lk+1

1+ρ ✱

dist

x, ∂−C

(N)
bbk+1Lk+1

(u)

= bbk+1Lk+1 − |x− u|

≥ (1 + ρ)|x− u| − |x− u|
= ρ|x− u|.

❚❤❡ ✐♥t❡r✐♦r ❜♦✉♥❞❛r② ♦❢ t❤❡ ❛♥♥✉❧✉sAk+1(u) ✐s ❣✐✈❡♥ ❜② ∂−Ak+1(u) = ∂−C
(N)
bbk+1Lk+1

(u)∪
∂+C

(N)
bkLk

(u)✳ ❚❤✉s

dist

x, ∂−Ak+1(u)


= min

h
dist

x, ∂+C

(N)
bkLk

(u)

, dist


x, ∂−C

(N)
bbk+1Lk+1

(u)
i

≥ ρ|x− u|.

❲❡ ❤❛✈❡ t❤❛t ✐❢ |x − u| > b0L0/(1 − ρ) t❤❡♥ t❤❡r❡ ❡①✐sts k ≥ 0 s✉❝❤ t❤❛t
x ∈ Ãk+1(u)✳

◆♦✇✱ ❧❡t k ≥ max{k1, k2}✱ s♦ t❤❡ ❝✉❜❡ C(N)
Lk

(x) ♠✉st ❜❡ (E,m)✲◆❙✳ ❍❡♥❝❡ ❜②
t❤❡ ❣❡♦♠❡tr✐❝ r❡s♦❧✈❡♥t ✐♥❡q✉❛❧✐t② ❢♦r ❡✐❣❡♥❢✉♥❝t✐♦♥s ✭✷✳✾✮✱ ✇❡ ❣❡t

|Ψ(x)| ≤ C(N, d)LNd−1
k e−m(1+L

−1/8
k )Lk|Ψ(v1)| ✇✐t❤ v1 ∈ ∂+C

(N)
Lk

(x). ✭✸✳✸✵✮

■❢ x ∈ Ãk+1(u) ✇✐t❤ k ≥ max{k1, k2}✱ ✇❡ ❝❛♥ ✐t❡r❛t❡ t❤❡ ❜♦✉♥❞ ✭✸✳✸✵✮ ❛t ❧❡❛st
(Lk + 1)−1ρ|x− u| t✐♠❡s ❛♥❞✱ ✉s✐♥❣ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❜♦✉♥❞ ♦♥ Ψ t♦ ♦❜t❛✐♥

|Ψ(x)| ≤
h
C(N, d)LNd−1

k e−m(1+L
−1/8
k )Lk

i(Lk+1)−1ρ|x−u|
C(1+ |u|+ bLk+1)

t. ✭✸✳✸✶✮

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❣✐✈❡♥ ρ0✱ 0 < ρ0 < 1✱ ✇❡ ❝❛♥ ✜♥❞ k3 ≥ max{k1, k2} s✉❝❤
t❤❛t ✐❢ k ≥ k3 t❤❡♥

|Ψ(x)| ≤ e−ρρ
0m|x−u|,

✐❢ |x− u| > bk3Lk3

1−ρ ✳ ❋✐♥❛❧❧②✱ ✇❡ s❡❡ t❤❛t

lim sup
|x|→∞

1

|x|
ln |Ψ(x)| ≤ −ρρ0m.
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❉②♥❛♠✐❝❛❧ ❧♦❝❛❧✐③❛t✐♦♥ ✈✐❛ ♠✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s ✇❛s ♣r♦✈❡♥ ✐♥✐t✐❛❧❧② ❜② ●❡r✲
♠✐♥❡t ❛♥❞ ❉❡ ❇✐Ł✈r❡ ❬●❇✾✽❪ ❛♥❞ ❜② ❉❛♠❛♥✐❦ ❛♥❞ ❙t♦❧❧♠❛♥♥ ✭❝❢✳ ❬❉❙✵✶✱ ❙t♦✵✶❪✮✳
■♥ ♦✉r ✇♦r❦✱ ✇❡ ✉s❡ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤✱ ♦r✐❣✐♥❛❧❧② ❞❡✈❡❧♦♣❡❞ ❜② ●❡r♠✐♥❡t ❛♥❞
❑❧❡✐♥ ❬●❑✵✶❪ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ✐♥ Rd✳ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇s ✉s
t♦ ❞❡r✐✈❡ ❢r♦♠ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♠✉❧t✐♣❛rt✐❝❧❡ ♠✉❧t✐✲s❝❛❧❡ ❛♥❛❧②s✐s str♦♥❣ ❧♦❝❛❧✐③❛✲
t✐♦♥✳

❇❡❢♦r❡ ✇❡ t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✱ ✇❡ ♥❡❡❞ t♦ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣
♦❜s❡r✈❛t✐♦♥s✳ ❋♦r ❡✈❡r② ❜♦✉♥❞❡❞ s❡t K ⊂ ZNd ✜❣✉r✐♥❣ ✐♥ ❚❤❡♦r❡♠ ✸✳✸ t❤❡r❡
❡①✐sts k0 > 0 s✉❝❤ t❤❛t K ⊂ C

(N)
Lk0

(0)✳ ◆♦✇ ❢♦r j ≥ k0✱ s❡t

Mj(0) = C
(N)
(7N+1)Lj+1

(0) \C(N)
(7N+1)Lj

(0).

❖❜s❡r✈❡ t❤❛t ❢♦r ❛♥② y ∈ C
(N)
Lj

(0) ✇❡ ❤❛✈❡ C
(N)
7NLj

(y) ⊂ C
(N)
(7N+1)Lj

(0)✳ ❍❡♥❝❡✱ ✐❢

x ∈ Mj(0) ❛♥❞ y ∈ C
(N)
Lj

(0)✱ ✇❡ ❤❛✈❡ t❤❛t |y − x| > 7NLj✳ ❙✐♥❝❡ diam(Πy) ≤
2Lj✱ ✐t ❢♦❧❧♦✇s t❤❛t |y − x| > diam(Πy) + 3NLj✳ ❚❤✉s ✉s✐♥❣ ❛ss❡rt✐♦♥ ✭❇✮ ♦❢

▲❡♠♠❛ ✷✳✸✱ t❤❡ ❝✉❜❡s C(N)
Lj

(x) ❛♥❞ C
(N)
Lj

(y) ❛r❡ s❡♣❛r❛❜❧❡✳ ❲❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣
st❛t❡♠❡♥t ❡st❛❜❧✐s❤✐♥❣ t❤❡ ❞❡❝❛② ♦❢ t❤❡ ❦❡r♥❡❧s ✐♥ t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♥♦r♠✳

▲❡♠♠❛ ✸✳✷✶✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s (I1) ❛♥❞ (P1)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r
k1 ≥ 0 s✉❝❤ t❤❛t ❢♦r ❛♥② ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f : R → R ❛❧❧ j ≥ k1✱ x ∈ Mj(0) ❛♥❞

y ∈ C
(N)
Lj

(0)

E

"
sup

kfk∞≤1

kδxf(H)PI(H)δyk2HS

#
≤ e−mLj/2 + L−2p

j , ✭✸✳✸✷✮

✇❤❡r❡ p > 6Nd✳

Pr♦♦❢✳ ❉❡✜♥❡

Bj :=
n
∀λ ∈ I, ❡✐t❤❡r C(N)

Lj
(x) ♦r C(N)

Lj
(y) ✐s (λ,m)✲◆❙

o
.

❈♦♥s✐❞❡r ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ f : R → R ❛♥❞ s❡t fI = fχI ✱ ✇❤❡r❡ χI ✐s t❤❡
✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧ I✳ ❲❡ ❤❛✈❡ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍✐❧❜❡rt✲
❙❝❤♠✐❞t ♥♦r♠✿
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kδxfI(H)δyk2HS =
X

z,v∈ZNd

|hδxfI(H)δyδz, δvi|2

=
X

z,v∈ZNd

|hfI(H)δyδz, δxδvi|2

= |hfI(H)δy, δxi|2

= |hδx, fI(H)δyi|2 .

■❢ ω ∈ Bj t❤❡♥ ❡✐t❤❡r C(N)
Lj

(x) ♦r C(N)
Lj

(y) ✐s (λ,m)✲◆❙ ❢♦r ❛❧❧ λ ∈ I✳ ❙✐♥❝❡

| hδx, fI(H)δyi | = | hδy, fI(H)δxi |,

✇❡ ❝❛♥ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t C(N)
Lj

(x) ✐s (λ,m)✲◆❙✳ ◆♦✇ ✉s✐♥❣
❚❤❡♦r❡♠ ❆✳✼✱ ✇❡ ❣❡t

kδxfI(H)δykHS ≤ |hδx, fI(H)δyi|

≤
Z
I

|f(λ)| |Tx,y(λ)| dρ(λ)

❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ Ψ : x → Tx,y(λ) ✐s ❛ ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✲
❢✉♥❝t✐♦♥ ❢♦r ρ ❛✳❡✳ λ✳ ◆❡①t✱ t❤❡ ❣❡♦♠❡tr✐❝ r❡s♦❧✈❡♥t ✐♥❡q✉❛❧✐t② ❢♦r ❣❡♥❡r❛❧✐s❡❞
❡✐❣❡♥❢✉♥❝t✐♦♥s ✭✷✳✾✮ ❣✐✈❡s

|Ψ(x)| ≤
∂C(N)

Lj
(x)
 e−mLj |Ψ(x0)|

≤ C(N, d)LNd−1
j e−mLj(1 + |x|+ Lj)

t

≤ C(N, d)Lαt+Nd−1
j e−mLj < e−mLj/2,

❢♦r j ≥ k1 ✇✐t❤ k1 ≥ 0 ❧❛r❣❡ ❡♥♦✉❣❤✳ ❨✐❡❧❞✐♥❣

kδxfI(H)δykHS ≤ kfk∞ρ(I)e−mLj/2

≤ kfk∞e−mLj/2.

❋♦r ω ∈ Bc
j ✱ ✇❡ ❤❛✈❡

kδxfI(H)δykHS = |hδx, fI(H)δyi| ≤ kfk∞.
❋✐♥❛❧❧②✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

E

"
sup

kfk∞≤1

kδxfI(H)δyk2HS

#
≤ e−mLj/2P {Bj}+ P{Bc

j}

≤ e−mLj/2 + L−2p
j .

❲❤❡r❡ ✇❡ ✉s❡❞ (DS.k,N) t♦ ❜♦✉♥❞ P{Bc
j}✳



✼✻ ❈❤❛♣t❡r ✸✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❞❡❝❛② ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❛t ❧♦✇ ❡♥❡r❣✐❡s

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳ ◆❛♠❡❧②✱ ❧❡t K ⊂ ZNd✱
j ≥ k1 ❛s ✐♥ ▲❡♠♠❛ ✸✳✷✶ ❛♥❞ p > 6Nd t❤❡ ♣❛r❛♠❡t❡r ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❘❍❙ ♦❢
♣r♦♣❡rt② (DS.k,N)✳ ❙❡t s∗ = 2p

α −Nd− 1✳ ❋♦r ❛♥② s ∈ (0, s∗) ❛♥❞ ❛♥② ❜♦✉♥❞❡❞
❢✉♥❝t✐♦♥ f : R → R ✇❡ ❤❛✈❡

E

"
sup

kfk∞≤1

|X|
s
2fI(H)1K

2
HS

#

≤ E

"
sup

kfk∞≤1

1C
(N)
(7N+1)Lk1

(0)
|X|

s
2fI(H)1K

2
HS

#

+
X
j≥k1

C1(N, d)L
s
j+1

X
x∈Mj(0)

E

"
sup

kfk∞≤1

kδxfI(H)1Kk2HS

#

≤ E

"
sup

kfk∞≤1

X
x∈ZNd

1C
(N)
(7N+1)Lk1

(0)
|X|

s
2fI(H)1Kδx

2
#

+
X
j≥k1

C1(N, d)L
s
j+1

X
x∈Mj(0)

y∈C(N)
Lk1

(0)

E

"
sup

kfk∞≤1

kδxfI(H)δyk2HS

#

≤ E

"
sup

kfk∞≤1

X
x∈K

1C
(N)
(7N+1)Lk1

(0)
|X|

s
2fI(H)δx

2
#

+ C2(N, d)L
Nd
k1

X
j≥k1

Lαs+αNdj


e−mLj/2 + L−2p

j


≤ C3(N, d, |K|)Lsk1 + C2(N, d)L

Nd
k1

X
j≥k1

Lαs+αNdj


e−

mLj
2 + L−2p

j


<∞ . ✭s✐♥❝❡ s < 2

αp−Nd− 1✮



❈❤❛♣t❡r ✹

▼✉❧t✐✲♣❛rt✐❝❧❡ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ✇❡❛❦❧②

✐♥t❡r❛❝t✐♥❣ s②st❡♠

❋♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ❧♦❝❛❧✐③❛t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ ❛ ♠✉❧t✐✲♣❛rt✐❝❧❡ s②st❡♠ ✇✐t❤ ✇❡❛❦
✐♥t❡r❛❝t✐♦♥✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❛♠♣❧✐t✉❞❡ h ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❛♥❞
r❡♣r❡s❡♥t t❤❡ N ✲♣❛rt✐❝❧❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ s②st❡♠ ❜②✿

H := H
(N)
h (ω) = −∆+V(ω) + hU, h ∈ R, ✭✹✳✶✮

✇❤❡r❡ V(ω) = V(x, ω) = V (x1, ω) + · · · + V (xN , ω) ❛♥❞ h ✐s ❛ ♣❛r❛♠❡t❡r ♠❡❛✲
s✉r✐♥❣ t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ♥♦♥✲r❛♥❞♦♠ ✐♥t❡r❛❝t✐♦♥U✳ ❋♦r h = 0✱ ♦♥❡ ❤❛s ❛ s②st❡♠
♦❢ N ♥♦♥✲✐♥t❡r❛❝t✐♥❣ q✉❛♥t✉♠ ♣❛rt✐❝❧❡s s✉❜❥❡❝t t♦ ❛ ❝♦♠♠♦♥ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧
V : Zd × Ω → R✳ ❚❡❝❤♥✐❝❛❧❧②✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ ✐♥ t❤✐s ❝❤❛♣t❡r st❛❜✐❧✐t② ♦❢ ✐♥✐t✐❛❧
▼❙❆ ❜♦✉♥❞s ❢r♦♠ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s✐♥❣❧❡✲♣❛rt✐❝❧❡ ❡st✐♠❛t❡s t♦ t❤❡ ♠✉❧t✐♣❛r✲
t✐❝❧❡ ❡st✐♠❛t❡s ✉♥❞❡r s✉✣❝✐❡♥t❧② ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥✳ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇s ✉s t♦ ♣❡r❢♦r♠
♠✉❧t✐♣❛rt✐❝❧❡ ♠✉❧t✐s❝❛❧❡ ❛♥❛❧②s✐s ❢♦r t❤❡ ✇❡❛❦ ✐♥t❡r❛❝t✐♥❣ ♠✉❧t✐♣❛rt✐❝❧❡ ❆♥❞❡rs♦♥
♠♦❞❡❧ ❧❡❛❞✐♥❣ t♦ t❤❡ ❝♦♠♣❧❡t❡ ❆♥❞❡rs♦♥ ❧♦❝❛❧✐③❛t✐♦♥✳

❙✐♥❝❡ t❤❡ ♥♦t✐♦♥s ♦❢ r❡s♦♥❛♥❝❡ ❛♥❞ s✐♥❣✉❧❛r✐t② ❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞ ✐♥ ❈❤❛♣t❡rs
✷ ❛♥❞ ✸ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❣✐✈❡♥ r❛♥❞♦♠ ❡♥s❡♠❜❧❡ ♦❢ ❍❛♠✐❧t♦♥✐❛♥✱ ✇✐t❤ ✜①❡❞ ♣❛✲
r❛♠❡t❡rs✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❝❤❛♥❣❡ ♥♦✇ t❤❡ ♥♦t❛t✐♦♥s ❛♥❞ t♦ ✐♥tr♦❞✉❝❡ ❡①♣❧✐❝✐t❧②
t❤❡ ♣❛r❛♠❡t❡r h ♦❢ H(N)

h (ω)✳ ❋♦r ❛♥② n = 1, . . . , N ✇❡ ✇✐❧❧ s❛② t❤❛t

✭✐✮ ❛ ❝✉❜❡C(n)
L (u) ✐s (E, h)✲r❡s♦♥❛♥t✱ ✐❢ ✐t ✐s E✲r❡s♦♥❛♥t ✇✐t❤ r❡s♣❡❝t t♦H(n)

h (ω)❀

✭✐✐✮ ❛ ❝✉❜❡ C(n)
L (u) ✐s (E,m, h)✲s✐♥❣✉❧❛r✱ ✐❢ ✐t ✐s (E,m)✲s✐♥❣✉❧❛r ✇✐t❤ r❡s♣❡❝t t♦

H
(n)
h (ω)✳



✼✽ ❈❤❛♣t❡r ✹✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ s②st❡♠

✹✳✶ ❆ss✉♠♣t✐♦♥s ❛♥❞ t❤❡ ♠❛✐♥ r❡s✉❧ts

✹✳✶✳✶ ❆ss✉♠♣t✐♦♥s

✭■✷✮✳ ❋✐① ❛♥② n = 1, . . . , N ✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ♦❢ ✐♥t❡r✲♣❛rt✐❝❧❡ ✐♥t❡r❛❝t✐♦♥ U ✐s
❜♦✉♥❞❡❞ ❛♥❞ ♦❢ t❤❡ ❢♦r♠

U(x) =
X

1≤i<j≤n
Φ(|xi − xj|), x = (x1, . . . , xn),

✇❤❡r❡ φ : N :→ R ✐s ❛ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t

∃r0 ∈ N : suppΦ ⊂ [0, r0]. ✭✹✳✷✮

❚♦ ❞❡s❝r✐❜❡ ♦✉r ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧

V : Zd × Ω → R,

✇❡ ♥❡❡❞ s♦♠❡ ♥♦t❛t✐♦♥s✳ ❉❡♥♦t❡ ❜② FV t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦♥ R ♦❢ t❤❡ ✐✳✐✳❞✳
r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ◆❛♠❡❧②✱ ❧❡t E ∈ R

FV (E) := P {V (0, ω) ≤ E}

❛♥❞ ❧❡t µ ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ ♠❡❛s✉r❡ ♦♥ R✱ ✐✳❡✱

µ([a, b]) = FV (b)− FV (a).

❉❡✜♥❡ t❤❡ q✉❛♥t✐t②

s(µ, ε) = sup
a∈R

µ([a, a+ ε]) = sup
a∈R

(FV (a+ ε)− FV (a)).

❲❡ ❛❧s♦ ❞❡✜♥❡

L∞((1 + |x|)1+κ) := {f : R → R| sup
x∈R

|f(x)(1 + |x|)1+κ| <∞},

❢♦r s♦♠❡ κ ∈ (0, 1)✳

✭P✷✮✳ ❚❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧ V : Zd × Ω → R ✐s ✐✳✐✳❞✳ ❛♥❞ ❜♦✉♥❞❡❞✱ ✐✳❡✳✱ t❤❡r❡
❡①✐sts M ∈ (0,∞) s✉❝❤ t❤❛t suppµ ⊂ [−M,M ]✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥ ♠❡❛s✉r❡ µ ❤❛s ❛ ❜♦✉♥❞❡❞ ❞❡♥s✐t②✱ ✐✳❡✳✱ P {V (0, ω) ∈ A} = µ(A) =R
A ρ(λ)dλ✱ ❛♥❞ ρ ∈ L∞((1 + |x|)1+κ)✳

◆♦t❡ t❤❛t ❛ss✉♠♣t✐♦♥ (P2) ❛❜♦✈❡ ✐♠♣❧✐❡s t❤❛t µ ✐s ❍❧❞❡r ❝♦♥t✐♥✉♦✉s ♦❢ ♦r❞❡r
1✳



✹✳✷✳ ❋✐①✲❡♥❡r❣② ▼❙❆ ❜♦✉♥❞s ✉♥❞❡r ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥ ✼✾

❘❡♠❛r❦ t❤❛t✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s (I2) ❛♥❞ (P2)✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ s♣❡❝tr✉♠
♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠✉t✐♣❛rt✐❝❧❡ ❍❛♠✐❧t♦♥✐❛♥ H

(N)
h (ω) s❛t✐s✜❡s✿

σ(H(N)(ω)h) ⊂ [−N(4d+M)− |h|kUk, N(4d+M) + |h|kUk] ❛✳s✳

❚❤❡r❡❢♦r❡ ✐t s✉✣❝❡s ❢♦r ♦✉r ♣✉r♣♦s❡s t♦ s❤♦✇ ❆♥❞❡rs♦♥ ❧♦❝❛❧✐③❛t✐♦♥ ♦♥

I = [−1−N(4d+M)− |h|kUk, N(4d+M) + |h|kUk+ 1].

✹✳✶✳✷ ❚❤❡ r❡s✉❧ts

❚❤❡♦r❡♠ ✹✳✶✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s (I2) ❛♥❞ (P2)✱ t❤❡r❡ ❡①✐sts h∗ > 0 s✉❝❤ t❤❛t

❢♦r ❛♥② h ∈ (−h∗, h∗) t❤❡ ❍❛♠✐❧t♦♥✐❛♥ H
(N)
h ✱ ✇✐t❤ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛♠♣❧✐t✉❞❡ |h|✱

❡①❤✐❜✐ts ❝♦♠♣❧❡t❡ ❆♥❞❡rs♦♥ ❧♦❝❛❧✐③❛t✐♦♥✱ ✐✳❡✳✱ ✇✐t❤ P✲♣r♦❜❛❜✐❧✐t② ♦♥❡✱

✭✐✮ t❤❡ s♣❡❝tr✉♠ ♦❢ H(n) ✐s ♣✉r❡ ♣♦✐♥t✱

✭✐✐✮ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s Ψi(x, ω) r❡❧❛t✐✈❡ t♦ ❡✐❣❡♥✈❛❧✉❡s Ei(ω) ∈ I ❛r❡ r❛♣✐❞❧②
❞❡❝❛②✐♥❣ ❛t ✐♥✜♥✐t②✿ ❢♦r ❡❛❝❤ Ψj ❢♦r ❛❧❧ x ∈ ZNd ❛♥❞ s♦♠❡ ❝♦♥st❛♥ts
a, c, Ci(ω) > 0

|Ψi(x, ω)| ≤ Ci(ω)e
−a(ln |x|)1+c

.

❉❡♥♦t❡ ❜② B1 t❤❡ s❡t ♦❢ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s f : R → R s✉❝❤ t❤❛t
kfk∞ ≤ 1✳ ❲❡ ♥♦✇ ❣✐✈❡ ♦✉r r❡s✉❧t ♦♥ str♦♥❣ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❞②♥❛♠✐❝❛❧ ❧♦❝❛❧✲
✐③❛t✐♦♥ ♦❢ ❛♥② ♦r❞❡r✳

❚❤❡♦r❡♠ ✹✳✷✳ ❯♥❞❡r ❛ss✉♠♣t✐♦♥s (I2) ❛♥❞ (P2)✱ t❤❡r❡ ❡①✐sts h∗ > 0 s✉❝❤ t❤❛t
❢♦r ❛♥② h ∈ (−h∗, h∗) ❛♥② ❜♦✉♥❞❡❞ ❇♦r❡❧ ❢✉♥❝t✐♦♥ f : R → R✱ ❛♥② ❜♦✉♥❞❡❞ r❡❣✐♦♥
K ⊂ ZNd ❛♥❞ ❛♥② s > 0 ✇❡ ❤❛✈❡✿

E

sup
f∈B1

|X|
s
2f(H(N)(ω))PI(H

(N)
h (ω))1K

2
HS


<∞. ✭✹✳✸✮

✇❤❡r❡ (|X|Ψ)(x) := |x|Ψ(x)✱ PI(H
(N)(ω)) ✐s t❤❡ s♣❡❝tr❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢H(N)(ω)

♦♥t♦ t❤❡ ✐♥t❡r✈❛❧ I✳

✹✳✷ ❋✐①✲❡♥❡r❣② ▼❙❆ ❜♦✉♥❞s ✉♥❞❡r ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ✜① d = 1✱ ✐✳❡✳✱ ✇❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠✉❧t✐✲
♣❛rt✐❝❧❡ r❛♥❞♦♠ ❍❛♠✐❧t♦♥✐❛♥ H

(N)
h (ω) = −∆ + V(x, ω) + hU(x) ❛❝t✐♥❣ ✐♥ t❤❡

❍✐❧❜❡rt s♣❛❝❡ ‘2(ZN)✳ ◆♦✇✱ ✇❡ ❛✐♠ t♦ ♣r♦✈❡ st❛❜✐❧✐t② ♦❢ t❤❡ ▼❙❆ ❜♦✉♥❞s ❢r♦♠



✽✵ ❈❤❛♣t❡r ✹✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ s②st❡♠

t❤❡ s✐♥❣❧❡✲♣❛rt✐❝❧❡ ❧❛tt✐❝❡ s②st❡♠s t♦ ♠✉❧t✐♣❛rt✐❝❧❡ s②st❡♠s ✇✐t❤ s✉✣❝✐❡♥t❧② ✇❡❛❦
✐♥t❡r❛❝t✐♦♥ ✐♥ t❤❡ ✐♥t❡r✈❛❧

I = [−1−N(4d+M)|h|kUk, N(4d+M) + |h|kUk+ 1],

❈♦♥s✐❞❡r t❤❡ ♦♥❡✲❞✐♠❡s✐♦♥❛❧ s✐♥❣❧❡✲♣❛rt✐❝❧❡ ❍❛♠✐❧t♦♥✐❛♥

H(1)(ω) = −∆+ V (ω)

✇✐t❤ ❛ ♥♦♥✲❝♦♥st❛♥t ✐✳✐✳❞✳ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧ V : Z × Ω → R✳ ❘❡❝❛❧❧ t❤❛t ✐♥
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❆♥❞❡rs♦♥ ♠♦❞❡❧s ♦♥❡ ❝❛♥ ♣r♦✈❡ str♦♥❣ ❡st✐♠❛t❡s ♦♥ t❤❡ ●r❡❡♥
❢✉♥❝t✐♦♥s ✭❝❢✳ ❬❈▲✾✵✱ ❑❙✽✵✱ ✈❉❑✽✾❪✮ ❛♥❞ ❛❧s♦ ♦♥ ❡✐❣❡♥❢✉♥❝t✐♦♥ ❝♦rr❡❧❛t♦rs✳

■t ❢♦❧❧♦✇s ❢♦r ❡①❛♠♣❧❡ ❜② ❚❤❡♦r❡♠ ■❳ ✭❛✮ ✐♥ ❬❑❙✽✵❪ t❤❛t ❢♦r ❛❧❧ L0 ❧❛r❣❡ ❡♥♦✉❣❤
❛♥❞ ❛♥② ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧ I ⊂ R ✐❢✱

Υ
C

(1)
L0

(u)
(x, y, I;ω) :=

X
Ej∈σ(H(1)

C
(1)
L0

(u)
)∩I

|ψj(x)ψj(y)|,

❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t eµ(I) > 0 s✉❝❤ t❤❛t

E
h
Υ
C

(1)
L0

(u)
(x, y, I;ω)

i
≤ e−eµ|x−y|. ✭✹✳✹✮

✇❤❡r❡ {Ej, ψj}j=1,··· ,|C(1)
L0

(u)| ❛r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥❢✉♥❝t✐♦♥s

♦❢
H

(1)

C
(1)
L0

(u)
(ω)✳

✹✳✷✳✶ ❚❤❡ ✐♥✐t✐❛❧ ▼❙❆ ❜♦✉♥❞ ❢♦r t❤❡ ♥✲♣❛rt✐❝❧❡ s②st❡♠ ✇✐t❤♦✉t ✐♥t❡r❛❝t✐♦♥

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s ▲❡♠♠❛ ✹✳✸ ❣✐✈❡♥ ❜❡❧♦✇✳ ❚❤❡ ♣r♦♦❢ ♦❢
▲❡♠♠❛ ✹✳✸ r❡❧✐❡s ♦♥ ❛♥ ❛✉①✐❧✐❛r② st❛t❡♠❡♥t ❢♦r♠✉❧❛t❡❞ ❜❡❧♦✇✱ ▲❡♠♠❛ ✹✳✹✳ ❲❡
♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ✜rst

{(λ(i)ji , ψ
(i)
ji
) : ji = 1, . . . , |C(1)

L0
(ui)|},

t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ H(1)

C
(1)
L0

(ui)
(ω)✱ i = 1, . . . , n✳

❚❤❡♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s Ej1...jn ♦❢ t❤❡ ♥♦♥✲✐♥t❡r❛❝t✐♥❣ ♠✉❧t✐♣❛rt✐❝❧❡ r❛♥❞♦♠ ❍❛♠✐❧✲
t♦♥✐❛♥
H

(n)

C
(n)
L0

(u)
(ω) ❛r❡ ✇r✐tt❡♥ ❛s s✉♠

Ej1...jn =
nX
i=1

λ
(i)
ji

= λ
(1)
j1

+ · · ·+ λ
(n)
jn
,



✹✳✷✳ ❋✐①✲❡♥❡r❣② ▼❙❆ ❜♦✉♥❞s ✉♥❞❡r ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥ ✽✶

✇❤✐❧❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥❢✉♥❝t✐♦♥s Ψj1...jn ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛s t❡♥s♦r ♣r♦❞✉❝ts

Ψj1...jn = ψ
(1)
j1

⊗ · · · ⊗ ψ
(n)
jn
.

❚❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ✜♥✐t❡ ✈♦❧✉♠❡ ❍❛♠✐❧t♦♥✐❛♥ ❛r❡ ❛ss✉♠❡❞ ♥♦r♠❛❧✐s❡❞✳

❚❤❡♦r❡♠ ✹✳✸✳ ▲❡t 1 ≤ n ≤ N ❛♥❞ eµ ❛s ✐♥ ✭✹✳✹✮✳ ❈♦♥s✐❞❡rm∗ = min( 1
2N12Nd , 2

−N−1eµ)✳
❚❤❡♥ ❢♦r ❛❧❧ E ∈ I ❛♥❞ ❛❧❧ u ∈ Zn✿

P
n
C

(n)
L0
(u) ✐s (E,m∗, 0)✲❙

o
≤ L−2p∗4N−n

0 , ✭✹✳✺✮

✇✐t❤ L0 ❧❛r❣❡ ❡♥♦✉❣❤✳

❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸ r❡❧✐❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✉①✐❧✐❛r② st❛t❡♠❡♥t✳

▲❡♠♠❛ ✹✳✹✳ ▲❡t ❜❡ ❣✐✈❡♥ N ≥ n ≥ 2✱ m∗ > 0✱ ❛ ❝✉❜❡ C
(n)
L0
(u)✱ ❛♥❞ E ∈ R✳ ❙✉♣✲

♣♦s❡ t❤❛t C
(n)
L0
(u) ✐s E✲◆❘✱ ❛♥❞ ❢♦r ❛♥② ♦♣❡r❛t♦r H

(1)
CL0

(ui)
✱ ❛❧❧ ✐ts ❡✐❣❡♥❢✉♥❝t✐♦♥s

ψj s❛t✐s❢②
|ψj(ui)ψj(ui ± L0)| ≤ e−2γ(m∗,L0,n)L0. ✭✹✳✻✮

❚❤❡♥ C
(n)
L0
(u) ✐s (E,m∗, 0)✲◆❙✱ ♣r♦✈✐❞❡❞ t❤❛t L0 ≥ L∗(m

∗, N, d)✳

Pr♦♦❢✳ ❋✐① ❛♥② y ∈ ∂−C
(n)
L0
(u)✳ ❚❤❡r❡ ❡①✐sts i ∈ [1, n] s✉❝❤ t❤❛t |ui − yi| =

L0✳ ❉❡❝♦♠♣♦s❡ t❤❡ ❝✉❜❡ C
(n)
L0
(u) ❛s ❢♦❧❧♦✇s✿ C

(n)
L0
(u) = C

(n−1)
L0

(u0) × C
(1)
L0
(ui)✱

u0 ∈ Z(n−1)d✳ ■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✇❡ ❢❛❝t♦r✐③❡ ❡✈❡r② ❡✐❣❡♥❢✉♥❝t✐♦♥✱ Ψk(u) =

Ψk0(u
0)ψi(ui)✱ ❛♥❞ t❤❡ r❡s♣❡❝t✐✈❡ ❡✐❣❡♥✈❛❧✉❡✱ Ek = E6=i + λ

(i)
ji
✳ ◆♦✇ ✇❡ ❤❛✈❡

t❤❛t

G
C

(n)
L0

(u)
(u,y;E) =

X
k0

Ψk0(u
0)Ψk0(y

0) G
(1)

C
(1)
L0

(ui)
(ui, yi;E − E6=i).

❍❡r❡ kΨk0k∞ ≤ 1✱ s✐♥❝❡ kΨkk2 = 1✱ t❤❡r❡❢♦r❡✱G
C

(n)
L0

(u)
(u,y;E)

 ≤ (2L0 + 1)nd
e−2γ(m∗,L0,n)L0

e−L
β
0

≤ e−γ(m
∗,L0,n)L0,

❢♦r L ❧❛r❣❡ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥ m∗, N, d✮✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳ ❲❡ ✇✐❧❧ s❛② t❤❛t H
(n)
L (u) ✐s m∗✲❧♦❝❛❧✐③❡❞ ✐❢ ❛❧❧ ❝♦♥❞✐t✐♦♥s

✭✹✳✻✮ ❢♦r t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ❛❧❧ ♦♣❡r❛t♦rs H(1)

C
(1)
L0

(ui)
❛r❡ s❛t✐s✜❡❞✳ ■♥tr♦❞✉❝❡ t❤❡

❡✈❡♥ts

N := {H(n)

C
(n)
L0

(u)
(ω) ✐s ♥♦t m∗✲❧♦❝❛❧✐③❡❞ },

R := {C(n)

C
(n)
L0

(u) ✐s E✲❘ }.



✽✷ ❈❤❛♣t❡r ✹✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ s②st❡♠

❚❤❡♥ ❜② ▲❡♠♠❛ ✹✳✹✱

P
n
C

(n)
L0
(u) ✐s (E,m∗, 0)✲❙

o
≤ P {N}+ P {R} ,

≤
E
h
Υ
C

(1)
L0

(ui)
(ui, ui ± L0, I;ω)

i
e−2γ(m∗,L0,n)L0

+ P {R} ,

≤ e(−eµ+2γ(m∗,L0,n)L0 + e−L
β0
0 ≤ L−p∗ 4N−n

0 ,

s✐♥❝❡ 2γ(m∗, L0, n) < 2N+1m∗ ≤ eµ✳
✹✳✷✳✷ ❚❤❡ ✐♥✐t✐❛❧ ▼❙❆ ❜♦✉♥❞ ❢♦r ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ ♠✉❧t✐✲♣❛rt✐❝❧❡ s②st❡♠s

◆♦✇ ✇❡ ❞❡r✐✈❡ t❤❡ r❡q✉✐r❡❞ ✐♥✐t✐❛❧ ❡st✐♠❛t❡ ❢r♦♠ ✐ts ❝♦✉♥t❡r♣❛rt ❡st❛❜❧✐s❤❡❞
❢♦r ♥♦♥✲✐♥t❡r❛❝t✐♥❣ s②st❡♠s✳

❚❤❡♦r❡♠ ✹✳✺✳ ▲❡t 1 ≤ n ≤ N ✱ m∗ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❍❛♠✐❧t♦♥✐❛♥s H
(n)
0 (ω)

✭✇✐t❤♦✉t ✐♥t❡r✲♣❛rt✐❝❧❡ ✐♥t❡r❛❝t✐♦♥✮ ❢✉❧✜❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✿ ❢♦r ❛❧❧ E ∈ I

❛♥❞ ❛❧❧ u ∈ Znd

P
n
C

(n)
L0
(u) ✐s (E,m∗, 0)✲❙

o
≤ L−2p∗4N−n

0 , ✭✹✳✼✮

p∗ > 6Nd,

❚❤❡♥ t❤❡r❡ ❡①✐sts h∗ > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ h ∈ (−h∗, h∗) t❤❡ ❍❛♠✐❧t♦♥✐❛♥ H
(n)
h (ω)✱

✇✐t❤ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛♠♣❧✐t✉❞❡ |h|✱ s❛t✐s✜❡s ❛ s✐♠✐❧❛r ❜♦✉♥❞✿ t❤❡r❡ ❡①✐st s♦♠❡ p >
6Nd,m > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ E ∈ I ❛♥❞ ❛❧❧ u ∈ Znd

P
n
C

(n)
L0
(u) ✐s (E,m, h)✲❙

o
≤ L−2p 4N−n

0 .

Pr♦♦❢✳ ◆♦t❡ ✜rst t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ▲❡♠♠❛ ✹✳✺ ✐s ♣r♦✈❡❞ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢
▲❡♠♠❛ ✹✳✸✳ ❙❡t

G
C

(n)
L0

(u),h
(E) = (H

(n)

C
(n)
L0

(u),h
− E)−1, h ∈ R.

❇② ❞❡✜♥✐t✐♦♥✱ ❛ ❝✉❜❡ C(n)
L0
(u) ✐s (E,m∗, 0)✲◆❙ ✐✛

max
y∈∂−C(n)

L0
(u)

GC
(n)
L0

(u),0
(u,y;E)

 ≤ e−m
∗(1+L

−1/8
0 )N−n+1L0, ✭✹✳✽✮

❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts s✉✣❝✐❡♥t❧② s♠❛❧❧  > 0 s✉❝❤ t❤❛t

max
y∈∂−C(n)

L0
(u)

GC
(n)
L0

(u),0
(u,y;E)

 ≤ e−m(1+L
−1/8
0 )N−nL0 − , ✭✹✳✾✮
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✇❤❡r❡ m = m∗/2 > 0✳ ❙✐♥❝❡✱ ❜② ❛ss✉♠♣t✐♦♥✱ p∗ > 6Nd✱ t❤❡r❡ ❡①✐sts 6Nd < p <

p∗ ❛♥❞ τ > 0 s✉❝❤ t❤❛t L−2p4N−n

0 − τ > L−2p∗4N−n

0 ✳ ❲✐t❤ s✉❝❤ ✈❛❧✉❡s p0 ❛♥❞ τ ✱
✐♥❡q✉❛❧✐t② ✭✹✳✼✮ ✇✐t❤ p∗ > 6Nd ✐♠♣❧✐❡s

P{C(n)
L0
(u) ✐s (E,m∗, 0)✲❙} < L−2p4N−n

0 − τ. ✭✹✳✶✵✮

◆❡①t✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s❡❝♦♥❞ r❡s♦❧✈❡♥t ✐❞❡♥t✐t② t❤❛t

kG
C

(n)
L0

(u),0
(E)−G

C
(n)
L0

(u),h
(E)k ≤ |h| kUk · kG

C
(n)
L0

(u),0
(E)k · kG

C
(n)
L0

(u),h
(E)k.
✭✹✳✶✶✮

❇② ▲❡♠♠❛ ✷✳✽✱ ❛♣♣❧✐❡❞ t♦ ❍❛♠✐❧t♦♥✐❛♥s H(n)

C
(n)
L0

(u),0
❛♥❞ H

(n)

C
(n)
L0

(u),h
✱ ❢♦r ❛♥② τ > 0

t❤❡r❡ ✐s B(τ) ∈ (0,+∞) s✉❝❤ t❤❛t

P

kG

C
(n)
L0

(u),0
(E)k ≥ B(τ)


≤ τ

4
,

P

kG

C
(n)
L0

(u),h
(E)k ≥ B(τ)


≤ τ

4
.

❚❤❡r❡❢♦r❡✱

P

kG

C
(n)
L0

(u),0
(E)−G

C
(n)
L0

(u),h
(E)k ≥ |h| kUkB2(τ)


≤ P


kG

C
(n)
L0

(u),0
(E)k ≥ B(τ)


+ P


kG

C
(n)
L0

(u),h
(E)k ≥ B(τ)


≤ 2

τ

4
=
τ

2
.

❙❡t h∗ := 
2kUk(B(τ))2 > 0✳ ❲❡ s❡❡ t❤❛t ✐❢ |h| ≤ h∗✱ t❤❡♥ |h| × kUk× (B(τ))2 ≤ 

2 ✳
❍❡♥❝❡✱

P

kG

C
(n)
L0

(u),0
−G

C
(n)
L0

(u),h
k ≥ 

2


≤ 2

τ

4
. ✭✹✳✶✷✮

❈♦♠❜✐♥✐♥❣ ✭✹✳✾✮✱ ✭✹✳✶✵✮✱ ❛♥❞ ✭✹✳✶✷✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛❧❧ E ∈ I

P

C

(n)
L0
(u) ✐s (E,m, h)✲❙


≤ P


C

(n)
L0
(u) ✐s (E,m∗, 0)✲❙


+ P


kG

C
(n)
L0

(u),0
(E)−G

C
(n)
L0

(u),h
(E)k ≥ 

2


≤
(
L−2p04N−n

0 − τ

+
τ

2
< L−2p04N−n

0 .

✹✳✷✳✸ ▼✉❧t✐s❝❛❧❡ ✐♥❞✉❝t✐♦♥

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝ts✿ ❋♦r ❛♥② 1 ≤ n ≤ N ✱ ✐❢ C(n)
L (u) ❛♥❞ C

(n)
L (v) ❛r❡

t✇♦ ❋■ ❝✉❜❡s ✇✐t❤ |u− v| > 7NLk✱ t❤❡♥ ΠC
(n)
L (u) ∩ΠC

(n)
L (v) = ∅✳

●✐✈❡♥ ❛♥ n✲♣❛rt✐❝❧❡ ❝✉❜❡ C(n)
Lk+1

(u) ❛♥❞ E ∈ R✱



✽✹ ❈❤❛♣t❡r ✹✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ s②st❡♠

✖ ❜②MPI(C
(n)
Lk+1

(u), E) t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ✭♥♦t ♥❡❝❡ss❛r✐❧② s❡♣❛r❛❜❧❡✮ ♣❛r✲

t✐❛❧❧② ✐♥t❡r❛❝t✐✈❡ (E,m)✲s✐♥❣✉❧❛r ❝✉❜❡s C(n)
Lk
(u(j)) ⊂ C

(n)
Lk+1

(u) ✇✐t❤ |u(j) −
u(j0)| > 7NLk ❢♦r ❛❧❧ j 6= j0❀

✖ ❜② MFI(C
(n)
Lk+1

(u), E) t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ❢✉❧❧② ✐♥t❡r❛❝t✐✈❡

(E,m)✲s✐♥❣✉❧❛r ❝✉❜❡s C(n)
Lk
(u(j)) ⊂ C

(n)
Lk+1

(u) ✇✐t❤ |u(j) − u(j0)| > 7NLk ❢♦r
❛❧❧ j 6= j0

❋✐①❡❞ ❡♥❡r❣② ❜♦✉♥❞s ❢♦r P■ ❝✉❜❡s

▲❡♠♠❛ ✹✳✻✳ ▲❡t E ∈ R✳ ❈♦♥s✐❞❡r ❛ P■ ❝✉❜❡ ✇✐t❤ t❤❡ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥
C

(n)
Lk
(u) = C

(n0)
Lk

(u0)×C
(n00)
Lk

(u00)✳ ❆ss✉♠❡ t❤❛t

✭✐✮ ∀µj ∈ σ(H
C

(n00)
Lk

(u00)
) t❤❡ ❝✉❜❡ C

(n0)
Lk

(u0) ✐s (E − µj,m)✲◆❙✱

✭✐✐✮ ∀λi ∈ σ(H
C

(n0)
Lk

(u0)
) t❤❡ ❝✉❜❡ C

(n00)
Lk

(u00) ✐s (E − λi,m)✲◆❙✳

❚❤❡♥ t❤❡ ❝✉❜❡ C
(n)
Lk
(u) ✐s (E,m)✲◆❙✳

Pr♦♦❢✳ ❇② ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥✱ t❤❡ s✉❜❝♦♥✜❣✉r❛t✐♦♥s u0 ❛♥❞
u00 ❛r❡ ♥♦♥✲✐♥t❡r❛❝t✐♥❣ s♦ t❤❛t U(u) = U(u0) +U(u00) ❛♥❞ H

(n)

C
(n)
Lk

(u)
r❡❛❞s ❛s

H
(n)

C
(n)
Lk

(u)
= H

(n0)

C
(n0)
Lk

(u0)
⊗ I+ I⊗H

(n00)

C
(n00)
Lk

(u00)
.

❚❤❡r❡❢♦r❡ ✐ts ❡✐❣❡♥✈❛❧✉❡s ❛r❡ t❤❡ s✉♠s Eij = λi + µj ✇❤❡r❡ {λi} = σ(H
(n0)

C
(n0)
Lk

(u0)
)

❛♥❞ {µj} = σ(H
(n00)

C
(n00)
Lk

(u00)
)✳ ❊✐❣❡♥✈❡❝t♦rs ♦❢ H(n)

C
(n)
Lk

(u)
❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥ t❤❡ ❢♦r♠

Ψij = ϕi⊗φj✱ ✇❤❡r❡ {ϕi} ❛r❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ H(n0)

C
(n0)
Lk (u0)

❛♥❞ {φj} ❛r❡ ❡✐❣❡♥✈❡❝t♦rs

♦❢ H(n00)

C
(n00)
Lk

(u00)
✳ ❲❡ ❤❛✈❡

G
C

(n)
Lk

(u)
(u,y;E) =

X
λi

X
µj

ϕi(u
0)ϕi(y

0)φj(u
00)φj(y

00)

E − λi − µj
✭✹✳✶✸✮

=
X
λi

ϕi(u
0)ϕi(y

0)G
C

(n00)
Lk

(u00)
(u00,y00;E − λi) ✭✹✳✶✹✮

=
X
µj

φj(u
00)φj(y

00)G
C

(n0)
Lk

(u0)
(u0,y0;E − µj). ✭✹✳✶✺✮
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❋♦r ❛♥② y ∈ ∂−C
(n)
Lk
(u) ❡✐t❤❡r |u0 − y0| = Lk ♦r |u00 − y00| = Lk✳ ■♥ t❤❡ ❢♦r♠❡r

❝❛s❡ ✉s✐♥❣ ✭✹✳✶✺✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ss✉♠♣t✐♦♥ ✭✐✮ ✇❡ ❤❛✈❡

|G
C

(n)
Lk

(u,y;E)| ≤ |C(n00)
Lk

(u00)| × e−γ(m,Lk,n−1)Lk,

✇❤✐❧❡ ✐♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ ✇❡ ❤❛✈❡ ❜② ✭✹✳✶✹✮ ❛♥❞ ✭✐✐✮✱

|G
C

(n)
Lk

(u,y;E)| ≤ |C(n0)
Lk

(u0)| × e−γ(m,Lk,n−1)Lk.

◆♦✇ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱ ❢♦r 2 ≤ n ≤ N

γ(m,Lk, n− 1)− L−1
k ln(2Lk + 1)(n−1)d > γ(m,Lk, n),

✐❢ L0 ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❡ r❡q✉✐r❡❞ r❡s✉❧t✳

▲❡♠♠❛ ✹✳✼✳ ▲❡t 2 ≤ n ≤ N ✳ ❈♦♥s✐❞❡r θ ∈ (0, 1/3)✱ ❛♥❞ 0 < m ≤ 1/(2N+112Nd)✳
❆ss✉♠❡ t❤❛t ❢♦r ❛❧❧ E ∈ I✱ 1 ≤ n0 < n✱ u0 ∈ Zn0d ❛♥❞ p > 6Nd

1−3θ

P
n
C

(n0)
Lk

(u0) ✐s (E,m, h)✲❙
o
≤ L

−2p4N−n0(1+θ)k

k ,

t❤❡♥ ❢♦r ❛❧❧ E ∈ I ❛♥❞ ❛♥② P■ ❝✉❜❡ C
(n)
Lk
(u) ⊂ Znd

P
n
C

(n)
Lk
(u) ✐s (E,m, h)✲❙

o
≤ L

−6p4N−n(1+θ)k

k .

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ C
(n)
Lk
(u) = C

(n0)
Lk

(u0) ×C
(n00)
Lk

(u00) ♦❢

t❤❡ ❝✉❜❡ C
(n)
Lk
(u)✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ P■ ❝✉❜❡ t❤❛t ΠC

(n0)
Lk

(u0) ∩
ΠC

(n00)
Lk

(u00) = ∅✳ ❇② ✈✐rt✉❡ ♦❢ ▲❡♠♠❛ ✹✳✻

P
n
C

(n)
Lk
(u) ✐s (E,m, h)✲❙

o
≤ P


∃µj ∈ σ(H

(n00)

C
(n00)
Lk

(u00)
) : C

(n0)
Lk

(u0) ✐s (E − µj,m, h)✲❙


+ P


∃λi ∈ σ(H

(n0)

C
(n0)
Lk

(u0)
) : C

(n00)
Lk

(u0) ✐s (E − λi,m, h)✲❙


.

▲❡t ✉s ❢♦❝✉s ♦♥ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❘❍❙✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ✇✐❧❧ ❜❡ ❜♦✉♥❞ ✇✐t❤
s✐♠✐❧❛r ❛r❣✉♠❡♥ts✳

P

∃µj ∈ σ(H

(n00)

C
(n00)
Lk

(u00)
) : C

(n0)
Lk

(u0) ✐s (E − µj,m, h)✲❙


= E


P

∃µj ∈ σ(H

(n00)

C
(n00)
Lk

(u00)
) : C

(n0)
Lk

(u0) ✐s (E − µj,m, h)✲❙|B00


,
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✇❤❡r❡ B00 ✐s t❤❡ s✐❣♠❛✲❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧ ✐♥
C

(n00)
Lk

(u00)✳ ◆♦✇ ❢♦r E ∈ I✱ ❛ss✉♠❡ ✜rst t❤❛t E−µj < −1−N(4d+M)−|h|kUk✱
t❤❡♥ s✐♥❝❡ λi ≥ −N(4d+M)− |h|kUk✱ ✇❡ ❤❛✈❡ t❤❛t

dist


E − µj, σ(H

(n0)

C
(n0)
Lk

(u0)
)


= min

i=1,...,|C(n0)
Lk

(u0)|
(λi − (E − µj))

≥ −N(4d+M)− |h|kUk − (E − µj) > 1,

♥❡①t ✐❢ E−µj > N(4d+M)+ |h|kUk+1✱ t❤❡♥ s✐♥❝❡ λi ≤ N(4d+M)+ |h|kUk✱
✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t✿

dist


E − µj, σ(H

(n0)

C
(n0)
Lk

(u0)
)


= min

i=1,...,|C(n0)
Lk

(u0)|
((E − µj)− λi)

≥ (E − µj)−N(4d+M) + |h|kUk > 1.

■♥ ❡✐t❤❡r ❝❛s❡✱ t❤❡ ❈♦♠❜❡s✲❚❤♦♠❛s ❡st✐♠❛t❡ ✭❚❤❡♦r❡♠ ✷✳✶✷ ✮ ✐♠♣❧✐❡s t❤❛t

max
y0∈∂−C(n0)

L0
(u0)

|G(n0)

C
(n0)
L0

(u0)
(u0,y0;E − µj)| ≤ 2e−

1
12Nd |u

0−y0|

< e−m(1+L
−1/8
0 )N−n0+1L0 = e−γ(m,L0,n

0)L0.

❚❤✉s✱ C(n0)
L0

(u0) ♠✉st ❜❡ (E − µj,m, 0)✲◆❙ ♣r♦✈✐❞❡❞ m ≤ 1/(2N+112Nd)✳ ❙✐♥❝❡

t❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧ ✐s ✐✳✐✳❞✳ ❛♥❞ ΠC
(n0)
Lk

(u0) ∩ΠC
(n00)
Lk

(u00) = ∅ ♦♥❡ ❤❛s

P

∃µj ∈ σ(H

(n00)

C
(n00)
Lk

(u00)
) : C

(n0)
Lk

(u0) ✐s (E − µj,m, h)✲❙|B00


≤ sup
E00∈I

P
n
C

(n0)
Lk

(u0) ✐s (E 00,m, h)✲❙
o

❛✳s✳

❍❡♥❝❡ ❜② ❤②♣♦t❤❡s✐s

sup
E00∈I

P
n
C

(n0)
Lk

(u0) ✐s (E 00,m, h)✲❙
o
≤ L

−2p4N−n0(1+θ)k

k .

❲❡ ✜♥❛❧❧② ♦❜t❛✐♥✿

P

∃µj ∈ σ(H

(n00)

C
(n00)
Lk

(u00)
) : C

(n0)
Lk

(u0) ✐s (E − µj,m, h)✲❙


≤ C(n,N, d)L

nd−2p·4·4N−n(1+θ)k

k

≤ L
−6p4N−n(1+θ)k

k ,



✹✳✷✳ ❋✐①✲❡♥❡r❣② ▼❙❆ ❜♦✉♥❞s ✉♥❞❡r ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥ ✽✼

s✐♥❝❡ p > 6Nd
1−3θ ✳ ❙✐♠✐❧❛r❧②

P

∃λi ∈ σ(H

(n0)

C
(n0)
Lk

(u0)
) : C

(n00)
Lk

(u00) ✐s (E − λi,m, h)✲❙


≤ L

−6p4N−n(1+θ)k

k .

❋✐①❡❞ ❡♥❡r❣② s❝❛❧❡ ✐♥❞✉❝t✐♦♥

▲❡t ✉s s❡t ❢♦r k ≥ 0

Pk = sup
u∈Znd

P
n
C

(n)
Lk
(u) ✐s (E,m, h)✲❙

o
.

Qk+1 = sup
u∈Znd

P
n
C

(n)
Lk+1

(u) ✐s (E, h)✲❘
o
.

Sk+1 = sup
u∈Znd

P
n
C

(n)
Lk+1

(u) ❝♦♥t❛✐♥s ❛ P■ (E,m, h)✲❙ ❝✉❜❡ ♦❢ s✐③❡ Lk
o
.

❚❤❡♦r❡♠ ✹✳✽✳ ❆ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥ (P2) ❤♦❧❞s tr✉❡✳ ❆ss✉♠❡ t❤❛t ❢♦r ❛❧❧ k ≥ 0
❛♥❞ E ∈ I t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✭✐✮ ❢♦r ❛❧❧ u0 ∈ Zn0d✱ 1 ≤ n0 < n✱

P
n
C

(n0)
Lk

(u) ✐s (E,m, h)✲❙
o
≤ L

−2p 4N−n0(1+θ)k

k ,

✭✐✐✮ ❢♦r ❛❧❧ u ∈ Znd

P
n
C

(n)
Lk
(u) ✐s (E,m, h)✲❙

o
≤ L

−2p 4N−n(1+θ)k

k .

❚❤❡♥ ❢♦r ❛❧❧ E ∈ I ❛♥❞ ❛❧❧ u ∈ Znd

P
n
C

(n)
Lk+1

(u) ✐s (E,m, h)✲❙
o
≤ L

−2p 4N−n (1+θ)k+1

k+1

Pr♦♦❢✳ ❋✐rst ♦❜s❡r✈❡ t❤❛t ❛ss✉♠♣t✐♦♥ ✭✐✮ ✐♠♣❧✐❡s ❜② ▲❡♠♠❛ ✹✳✼ t❤❛t

Sk+1 ≤ C(N, d)Lndk+1L
−6p 4N−n(1+θ)k

k

≤ C(n, d)L
nd− 6

α(1+θ) p 4
N−n(1+θ)k+1

k+1

≤ 1

4
L
−2p 4N−n(1+θ)k+1

k+1 ,

s✐♥❝❡ p > 6Nd
1−3θ ✳ ◆❡①t✱ ❜② ❧❡♠♠❛ ✷✳✷✵✱ ✐❢ C(n)

Lk+1
(u) ✐s (E,m, g, h)✲❙ t❤❡♥✱ ✐t ✐s

(E, g, h)✲❘ ♦r MPI(C
(n)
Lk+1

(u), E) +MFI(C
(n)
Lk+1

(u), E) ≥ nn + 6 > 2✳ ❚❤❡r❡ ❛r❡



✽✽ ❈❤❛♣t❡r ✹✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ s②st❡♠

< 32nd

2 L2nd
k+1 ♣❛✐rs ♦❢ Lk✲❝✉❜❡s ✇✐t❤ ❝❡♥t❡rs ❛t ❞✐st❛♥t❝❡ > 7NLk ✐♥ C

(n)
Lk+1

(u)✳
❚❤✉s✱

Pk+1 ≤
32nd

2
L2nd
k+1P

2
k +Qk+1 + Sk+1.

▲❡t ✉s ❛ss❡ss t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❘❍❙✿

32nd

2
L2nd
k+1P

2
k ≤ C(n, d)L

2nd− 4
α(1+θ)p 4

N−n(1+θ)k+1

k+1

≤ 1

4
L
−2p 4N−n(1+θ)k+1

k+1 ,

s✐♥❝❡ p > 6Nd
1−3θ ❛♥❞ 0 < θ < 1/3✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✉s✐♥❣ ❝♦r♦❧❧❛r② ✷✳✶✵✱ ✇❡ ❤❛✈❡

t❤❛t

Qk+1 ≤ e−Lβ0
k+1 <

1

2
L
−2p 4N−n(1+θ)k+1

k+1 ,

s✐♥❝❡

− ln(1/2) + 2p4N−n(1 + θ)k+1 lnLk ≤ ln 2 + 2p2k+1αk+1 lnL0

≤ C(p, n,N)2k+1αk+1 lnL0

≤ Lβ
0αk+1

0 ≤ Lβ
0

k+1.

■♥❞❡❡❞

αk+1 ≥ lnC(n,N, p)

β0 lnL0
+ (k + 1)

ln(2α)

β0 lnL0
+

ln lnL0

β0 lnL0
,

✐❢ L0 ≥ L(n,N, p) ❢♦r s♦♠❡ ❧❛r❣❡ ❡♥♦✉❣❤ L(n,N, p) > 0✳ ◆♦✇ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡
t❤❛t

Sk+1 ≤ L
−2p 4N−n(1+θ)k+1

k+1 ,

❛s r❡q✉✐r❡❞✳

❈♦♥❝❧✉s✐♦♥

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❛❜♦✈❡ r❡s✉❧ts✱ ✇❡ ✜♥❛❧❧② ❣❡t ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n t❤❛t
❢♦r ❛❧❧ E ∈ I ❛♥❞ ❛❧❧ u ∈ Znd

P
n
C

(n)
Lk
(u) ✐s (E,m, h)✲❙

o
≤ L

−2p 4N−n(1+θ)k

k ❢♦r ❛❧❧ k ≥ 0. ✭✹✳✶✻✮

✹✳✸ ❱❛r✐❛❜❧❡✲❡♥❡r❣② ▼❙❆ ❜♦✉♥❞s ❢♦r t❤❡ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ s②st❡♠

❚♦ ❞❡r✐✈❡ t❤❡ ✈❛r✐❛❜❧❡ ❡♥❡r❣② ❜♦✉♥❞ ❢r♦♠ ✐ts ✜①❡❞ ❡♥❡r❣② ❝♦✉♥t❡r♣❛rt✱ ✇❡
❢♦❧❧♦✇ t❤❡ s❛♠❡ str❛t❡❣② ❛s ✐♥ ❬❈❤✉✶✷❪✳ ▲❡t I ❜❡ ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧✱ ✐✳❡✳✱ |I| <∞✳



✹✳✸✳ ❱❛r✐❛❜❧❡✲❡♥❡r❣② ▼❙❆ ❜♦✉♥❞s ❢♦r t❤❡ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ s②st❡♠ ✽✾

●✐✈❡♥ ❛♥ ✐♥t❡❣❡r L > 0 ❛♥❞ ♣♦✐♥ts x,y ∈ ZNd s❡t✿

Fx,y(E) = |G
C

(N)
L (x)

(x,y;E)|, Fx(E) = max
y∈∂C(N)

L (x)

Fx,y(E).

▲❡t a > 0✱ ❛❧s♦ ✐♥tr♦❞✉❝❡

Ex,y(a) = {E ∈ I : Fx,y(E) ≥ a} Ex(a) = {E ∈ I : Fx(E) ≥ a}.

❚❤❡♦r❡♠ ✹✳✾✳ ▲❡t L ∈ N∗✱ x ∈ ZNd✱ y ∈ ∂−C
(N)
L (x)✳ ▲❡t {λj}j=1,...,|C(N)

L (x)|

❜❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ H
(N)

C
(N)
L (x)

(ω) ❛♥❞ I ⊂ R ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧✳ ▲❡t ❜❡ ❣✐✈❡♥

♥✉♠❜❡rs a, b, c,PL > 0 s✉❝❤ t❤❛t

b ≤ min{|C(N)
L (x)|−1ac2, c} ✭✹✳✶✼✮

❛♥❞ ❢♦r ❛❧❧ E ∈ I

P {Fx(E) ≥ a} ≤ PL. ✭✹✳✶✽✮

❚❤❡♥ t❤❡r❡ ✐s ❛♥ ❡✈❡♥t Bx(b) ✇✐t❤ P {Bx(b)} ≤ b−1|I|PL s✉❝❤ t❤❛t ❢♦r ❛❧❧ ω /∈
Bx(b)✱ t❤❡ s❡t

Ex(2a) = Ex(2a, ω) = {E ∈ I : Fx(E) ≥ 2a}

✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ✉♥✐♦♥ ♦❢ ✐♥t❡r✈❛❧s
S
j=1,...,|C(N)

L (x)| Ij✱ Ij = {E ∈ I : |E − λj| ≤
2c}✱ λj ∈ I✳

Pr♦♦❢✳ ❙❡t ❢♦r b > 0

Bx(b) = {ω ∈ Ω : mes(Ex(a)) > b}

❇② ❈❤❡❜②❝❤❡✈✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ❋✉❜✐♥✐✬s ❚❤❡♦r❡♠ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✹✳✶✽✮ ✇❡ ❤❛✈❡

P {Bx(b)} ≤ b−1E [ mes(Ex(a)) ]

= b−1

Z
I

dE E

1{Fx(E)≥a}


≤ b−1|I|PL.

▲❡t ω /∈ Bx(b)✱ s♦ t❤❛t mes(Ex(a, ω)) ≤ b✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

f : E → G
C

(N)
L (x)

(x,y;E) =
X
j

Ψj(x)Ψj(y)

λj − E

❛♥❞ s❡t

R(2c) = {λ ∈ R : min
j

|λj − λ| ≥ 2c}

R(c) = {λ ∈ R : min
j

|λj − λ| ≥ c}.



✾✵ ❈❤❛♣t❡r ✹✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ s②st❡♠

❖❜s❡r✈❡ t❤❛t ❢♦r E ∈ R(c)✱ |f 0(E)| ≤ c−2|C(N)
L (x)|✳ ◆♦✇✱ ✇❡ s❤♦✇ ❜② ❝♦♥tr❛♣♦✲

s✐t✐♦♥ t❤❛t ✇✐t❤ ω /∈ Bx,y(b)

{E ∈ I : |G
C

(N)
L (x)

(x,y;E)| ≥ 2a} ∩ R(2c) = ∅.

❆ss✉♠❡ ♦t❤❡r✇✐s❡ ❛♥❞ ❝♦♥s✐❞❡r ❛♥② ♣♦✐♥t λ∗ ✐♥ t❤❡ ♥♦♥ ❡♠♣t② s❡t ✜❣✉r✐♥❣ ✐♥ t❤❡
❛❜♦✈❡ ▲❍❙ ❛♥❞ ❧❡t J = {E 0 ∈ I : |E 0 − λ∗| ≤ b} ⊂ R(c)✱ b ≤ c✳ ❚❤❡♥ ❢♦r ❛♥②
E ∈ J ✱ ♦♥❡ ❤❛s ❜② ✭✹✳✶✼✮

|f(E)| ≥ |f(λ∗)| − |E − λ∗| sup
E0∈J

|f 0(E 0)| > 2a− |C(N)
L (x)|c−2 · b ≥ a

s♦ J ⊂ Ex,y(a) ❛♥❞ |Ex,y(a)| ≥ mes(J) = 2b > b ❝♦♥tr❛r② t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ω✳ ❲❡
t❤❡r❡❢♦r❡ ❣❡t t❤❡ ❛ss❡rt✐♦♥✱ s✐♥❝❡ t❤❡ s❡t R(c) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ y✳

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡s✉❧ts ♦❢ t❤❡ ✜①❡❞ ❡♥❡r❣② ▼❙❆ ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡
♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ✭❝❢✳ ✭✹✳✶✻✮✮✱ ✇❡ ❤❛✈❡ PLk

≤ L
−2p(1+θ)k

k ✇✐t❤ p > 6Nd
1−3θ ✱ 0 <

θ < 1/3✳ ❆ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t✱ ✇✐t❤ L = Lk✱ k ≥ 0✱ t❤❡
❝♦♥❞✐t✐♦♥ ✭✹✳✶✼✮ ✐s s❛t✐s✜❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❜❡rs✿ a = a(Lk)✱ b = b(Lk)✱
c = c(Lk)

a(Lk) = L
−pk

5

k , b(Lk) = L
− 4pk

5

k , c(Lk) = 3
Nd
2 L

−pk
5

k ,

♣r♦✈✐❞❡❞ t❤❛t pk ≥ 5Nd✳ ❚❤❡ ❧❛tt❡r ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t
p > 6Nd/(1− 3θ)✱ s✐♥❝❡ pk = p(1 + θ)k✳ ❚❤❡s❡ ✈❛❧✉❡s ✇✐❧❧ ❜❡ ✉s❡❞ ❜❡❧♦✇✳

❚❤❡♦r❡♠ ✹✳✶✵✳ ❆ss✉♠❡ t❤❛t ❛ss✉♠♣t✐♦♥ (P2) ❤♦❧❞s tr✉❡✱ t❤❡♥ ❢♦r ❛♥② ♣❛✐rs ♦❢

s❡♣❛r❛❜❧❡ ❝✉❜❡s C
(N)
Lk

(x)✱ C
(N)
Lk

(y)✱ k ≥ 0✱ ♦♥❡ ❤❛s

P
n
∃E ∈ I : min{Fx(E),Fy(E)} ≥ 2L

−pk
5

k

o
≤ C(|I|, N, d)L− pk

5 +(2N+1)d

k

Pr♦♦❢✳ ❲✐t❤ t❤❡ ❛❜♦✈❡ ❝❤♦✐❝❡ ♦❢ a, b, c✱ ✐♥tr♦❞✉❝❡ t❤❡ ❡✈❡♥ts

Ex = {E ∈ I : Fx(E) ≥ 2a(Lk)}, Ey = {E ∈ I : Fy(E) ≥ 2a(Lk)}

❛s ✐♥ ❚❤❡♦r❡♠ ✹✳✾✳ ❋✉rt❤❡r✱ ✐♥tr♦❞✉❝❡ t❤❡ ❡✈❡♥ts Bx(b)✱ b = b(Lk) r❡❧❛t✐✈❡ t♦ t❤❡
❝✉❜❡ C(N)

Lk
(x) ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✾✱ ❛♥❞ By(b) r❡❧❛t✐✈❡

t♦ t❤❡ ❝✉❜❡ C(N)
Lk

(y)✳ ❙❡t B(b) = Bx(b) ∪ By(b)✳ ❋♦r ❛♥② ω /∈ B(b)✱

dist(E, σ(H
(N)

C
(N)
Lk

(x)
)) ≤ 2c(Lk), dist(E, σ(H

(N)

C
(N)
Lk

(y)
)) ≤ 2c(Lk).



✹✳✹✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶ ✾✶

❚❤✉s ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✳✽ ✭❇✮✱ ✇❡ ♦❜t❛✐♥✿

P {Ex ∩ Ey 6= ∅} ≤ P {B(b)}+ P

dist(σ(H

(N)

C
(N)
Lk

(x)
), σ(H

(N)

C
(N)
Lk

(y)
)) ≤ 4c(Lk)


≤ |I|L−pk

6

k + C(N, d)L
(2N+1)d
k (c(Lk))

≤ C(|I|, N, d)L− pk
5 +(2N+1)d

k .

✹✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶

●✐✈❡♥ u ∈ ZNd ❛♥❞ ❛♥ ✐♥t❡❣❡r k ≥ 0✱ s❡t✱ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ▲❡♠♠❛ ✷✳✸✱

R(u) := max
‘=1,...,κ(N)

|u−u(‘)|, bk(u) := 7N+R(u)L−1
k , Mk(u) =

κ(N)[
‘=1

C
(N)
7NLk

(u(‘))

❛♥❞ ❞❡✜♥❡
Ak+1(u) := C

(N)
bbk+1Lk+1

(u) \C(N)
bkLk

(u),

✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r b ✐s t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t✿

Mk(u) ⊂ C
(N)
bkLk

(u).

▼♦r❡♦✈❡r✱ ✐❢ x ∈ Ak+1(u)✱ t❤❡♥ ❝✉❜❡s C
(N)
Lk

(x) ❛♥❞ C
(N)
Lk

(u) ❛r❡ s❡♣❛r❛❜❧❡ ❜②
▲❡♠♠❛ ✷✳✸✳ ❉❡✜♥❡ t❤❡ ❡✈❡♥t

Ωk(u) :=

∃E ∈ I, ❛♥❞ x ∈ Ak+1(u)✿ min{Fx(E),Fu(E)} ≥ 2L

−pk
5

k

o
.

❚❤❡♦r❡♠ ✹✳✶✵ ✐♠♣❧✐❡s t❤❛t

P {Ωk} ≤ (2bbk+1Lk+1 + 1)NdC(|I|, N, d)L− pk
5 +(2N+1)d

k

≤ (2bbk+1 + 1)NdL
−p(1+θ)k

5 +αNd

k ,

❚❤❡ s❡r✐❡s
P∞

k=0 P {Ωk(u)} <∞ ❝♦♥✈❡r❣❡s✳ ❚❤✉s ❇② ❇♦r❡❧✲❈❛♥t❡❧❧✐ ▲❡♠♠❛✱

P {Ω<∞} := P

∀u ∈ ZNd,Ωk(u) ♦❝❝✉rs ✜♥✐t❡❧② ♠❛♥② t✐♠❡s


= 1.

❚❤❡r❡❢♦r❡✱ ✐t s✉✣❝❡s t♦ ♣✐❝❦ t❤❡ ♣♦t❡♥t✐❛❧ {V (y, ω), y ∈ Zd} ✇✐t❤ ω ∈ Ω<∞
❛♥❞ ♣r♦✈❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ ❛♥② ♥♦♥③❡r♦ ❣❡♥❡r❛❧✐s❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥ Ψ ♦❢
H✳ ❙✐♥❝❡ Ψ ✐s ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞✱ t❤❡r❡ ❡①✐st C, t ∈ (0,∞) s✉❝❤ t❤❛t ❢♦r ❛❧❧
x ∈ ZNd

|Ψ(x, ω)| ≤ C(|x|)t.



✾✷ ❈❤❛♣t❡r ✹✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ s②st❡♠

❙✐♥❝❡ Ψ ✐s ♥♦t ✐❞❡♥t✐❝❛❧❧② ③❡r♦✱ t❤❡r❡ ❡①✐sts u ∈ ZNd s✉❝❤ t❤❛t Ψ(u) 6= 0✳ ▲❡t ✉s

s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛♥ ✐♥t❡❣❡r k1 = k1(ω,E,u) s✉❝❤ t❤❛t ∀k ≥ k1✱ Fu(E) ≥ 2L
−pk

5

k

✳ ■♥❞❡❡❞✱ ❣✐✈❡♥ ❛♥ ✐♥t❡❣❡r k ≥ 0✱ ❛ss✉♠❡ t❤❛t Fu(E) < 2L
−pk

5

k ✳ ❚❤❡♥ ❜② t❤❡
❣❡♦♠❡tr✐❝ r❡s♦❧✈❡♥t ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥ ✐♠♣❧✐❡s t❤❛t

|Ψ(u)| ≤ C(N, d)LNd−1
k L

−pk
5

k · max
v:|v−u|≤Lk+1

|Ψ(v)|

≤ C 0(N, d)L
−pk

5 +Nd−1

k (1 + |u|+ Lk)
t −→
Lk→∞

0.

❚❤✐s s❤♦✇s t❤❛t ✐❢ Fu(E) < 2L
−pk

5

k ❢♦r ❛r❜✐tr❛r② ❧❛r❣❡ ✈❛❧✉❡s ♦❢ Lk ✭✐✳❡✳✱ ❢♦r ❛♥
✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✈❛❧✉❡s k✮✱ t❤❡♥ |Ψ(u)| = 0✱ ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ ♣♦✐♥t u✳ ❙♦ t❤❡r❡ ✐s ❛♥ ✐♥t❡❣❡r k1 = k1(ω,E,u) < ∞ s✉❝❤ t❤❛t ∀k ≥ k1

Fu(E) ≥ 2L
−pk

5

k ✳ ❆t t❤❡ s❛♠❡ t✐♠❡ s✐♥❝❡ ω ∈ Ω∞ t❤❡r❡ ❡①✐sts k2 = k2(ω,u) s✉❝❤
t❤❛t ✐❢ k ≥ k2✱ Ωk(u) ❞♦❡s ♥♦t ♦❝❝✉rs✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ∀k ≥ max{k1, k2} ❢♦r

❛❧❧ x ∈ Ak+1(u)✱ Fx(E) < 2L
−pk

5

k ✳ ▲❡t ρ ∈ (0, 1) ❛♥❞ ❝❤♦♦s❡ b s✉❝❤ t❤❛t

b >
1 + ρ

1− ρ
.

✐♥tr♦❞✉❝❡ t❤❡ ❛♥♥✉❧✐ eAk+1 = C
(N)
c0kLk+1

(u) \C(N)
c00kLk

(u),

✇✐t❤

c0k =
bbk+1

1 + ρ
, c00k =

bk+1

1− ρ
.

◆♦✇ ♦❜s❡r✈❡ t❤❛t✱ ✐❢ |x − u| > b0L0/(1 − ρ)✱ t❤❡♥ t❤❡r❡ ❡①✐sts k ≥ max{k1, k2}
s✉❝❤ t❤❛t x ∈ eAk+1(u)✳ ❚❤✉s✱ t❤❡ ❝✉❜❡ C

(N)
Lk

(x) ♠✉st s❛t✐s✜❡❞ t❤❡ ❜♦✉♥❞

max
v∈∂−C(N)

Lk
(u)

|G
C

(N)
Lk

(u)
(u,v;E)| ≤ 2L

−p
5 (1+θ)

k

k ≤ Ce−a (lnLk)
1+c

, ✭✹✳✶✾✮

❢♦r s♦♠❡ ❝♦♥st❛♥ts a, c, C > 0✳ ❚❤❡ ❜♦✉♥❞ ✭✹✳✶✾✮ ✐♠♣❧✐❡s t❤❛t

|Ψ(x)| ≤ C · e−a(lnLk)
1+c · C(|u|) · LConstk ≤ C(|u|) · e−a0(lnLk)

1+c

, ✭✹✳✷✵✮

✇❤❡r❡ a0 ≥ a/2 > 0 ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ k ✭❤❡♥❝❡✱ Lk✮✳ ◆❡①t✱ s✐♥❝❡ x ∈ eAk+1✱ ✇❡
❤❛✈❡ t❤❛t

ln |x− u| ≤ ln(c0kLk+1) = ln(c0kL
α
k ) = c000k + α lnLk,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

lnLk ≥
ln |x− u| − c000k

α
≥ 1

2
ln |x− u|,
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❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ k✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❜♦✉♥❞ ✭✹✳✷✵✮ ✐♠♣❧✐❡s t❤❛t

|Ψ(x)| ≤ C(|u|) · e−a0·(
1
2 ln |x−u|)1+c ≤ C(|u|) · e−a00(ln |x−u|)1+c

,

✇✐t❤ a00 = a0/2 > 0 ✳

✹✳✺ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷

❇❡❢♦r❡ ✇❡ t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✱ ✇❡ ♥❡❡❞ t♦ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣
♦❜s❡r✈❛t✐♦♥s✳ ❋♦r ❡✈❡r② ❜♦✉♥❞❡❞ s❡t K ⊂ ZNd ✜❣✉r✐♥❣ ✐♥ ❚❤❡♦r❡♠ ✹✳✷ t❤❡r❡
❡①✐sts k0 > 0 s✉❝❤ t❤❛t K ⊂ C

(N)
Lk0

(0)✳ ◆♦✇ ❢♦r j ≥ k0✱ s❡t

Mj(0) = C
(N)
(7N+1)Lj+1

(0) \C(N)
(7N+1)Lj

(0).

❖❜s❡r✈❡ t❤❛t ❢♦r ❛♥② y ∈ C
(N)
Lj

(0)✱C(N)
7NLj

(y) ⊂ C
(N)
(7N+1)Lj

(0)✳ ❚❤❡♥✱ ✐❢ x ∈ Mj(0)

❛♥❞ y ∈ C
(N)
Lj

(0)✱ ✇❡ ❤❛✈❡ t❤❛t |y−x| > 7NLj✳ ❙✐♥❝❡ diam(Πy) ≤ 2Lj✱ ✐t ❢♦❧❧♦✇s
t❤❛t |y − x| > diam(Πy) + 3NLj✳ ❚❤✉s ✉s✐♥❣ ❛ss❡rt✐♦♥ ✭❇✮ ♦❢ ▲❡♠♠❛ ✷✳✸✱

t❤❡ ❝✉❜❡s C(N)
Lj

(x) ❛♥❞ C
(N)
Lj

(y) ❛r❡ s❡♣❛r❛❜❧❡✳ ❲❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t
❡st❛❜❧✐s❤✐♥❣ t❤❡ ❞❡❝❛② ♦❢ t❤❡ ❦❡r♥❡❧s ✐♥ t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♥♦r♠✳

▲❡♠♠❛ ✹✳✶✶✳ ❈♦♥s✐❞❡r ❛ r❛♥❞♦♠ ❙❝❤r❞✐♥❣❡r ♦♣❡r❛t♦r H s❛st✐s❢②✐♥❣ ❛ss✉♠♣✲
t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳ ❚❤❡r❡ ❡①✐sts k1 ≥ 0 s✉❝❤ t❤❛t ❢♦r ❛♥② ❜♦✉♥❞❡❞ ❇♦r❡❧
❢✉♥❝t✐♦♥ f : R → R ❛❧❧ k ≥ k1✱ x ∈ Mj(0) ❛♥❞ y ∈ C

(N)
Lj

(0)✿

E

"
sup

kfk∞≤1

kδxf(H)PI(H)δyk2HS

#
≤ e−a(lnLj)

1+c

+ C(|I|, N, d)L−p(1+θ)j

5 +(2N+1)d
j ,

✭✹✳✷✶✮
✇❤❡r❡ a, c ∈ (0,∞)✱ θ ∈ (0, 1/3) ❛♥❞ p > 6Nd/(1− 3θ)✳

Pr♦♦❢✳ ❉❡✜♥❡

Bj :=
n
∀λ ∈ I✱ ❡✐t❤❡r Fx(λ) < 2L

−p(1+θ)j

5

j ♦r Fy(λ) < 2L
−p(1+θ)j

5

j

o
.

❈♦♥s✐❞❡r ❛ ❜♦✉♥❞❡❞ ❇♦r❡❧ ❢✉♥❝t✐♦♥ f : R → C ❛♥❞ s❡t fI = fχI ✱ ✇❤❡r❡ χI ✐s t❤❡
✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧ I✳ ❲❡ ❤❛✈❡✿

kδxfI(H)δyk2HS =
X

z,v∈ZNd

|hδxfI(H)δyδz, δvi|2

=
X

z,v∈ZNd

|hfI(H)δyδz, δxδvi|2

= |hfI(H)δy, δxi|2

= |hδx, fI(H)δyi|2 .



✾✹ ❈❤❛♣t❡r ✹✳ ▼✉❧t✐✲♣❛rt✐❝❧❡ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ✇❡❛❦❧② ✐♥t❡r❛❝t✐♥❣ s②st❡♠

❋♦r ω ∈ Bj✱ s✐♥❝❡
| hδx, fI(H)δyi | = |


δy, fI(H)δx


|,

✇❡ ❝❛♥ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t Fx(λ) < 2L
−p(1+θ)j

5

j ✳ ◆♦✇ ✉s✐♥❣
❚❤❡♦r❡♠ ❆✳✼✱ ✇❡ ❣❡t

kδxfI(H)δyk2 ≤ |hδx, fI(H)δyi|

≤
Z
I

|f(λ)| |Tx,y(λ)| dρ(λ)

❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ Ψ : x → Tx,y(λ) ✐s ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞ ❢♦r ρ ❛✳❡✳ λ✳ ◆❡①t✱
t❤❡ ❣❡♦♠❡tr✐❝ r❡s♦❧✈❡♥t ✐♥❡q✉❛❧✐t② ❢♦r ❡✐❣❡♥❢✉♥❝t✐♦♥s ❣✐✈❡s

|Ψ(x)| ≤
∂C(N)

Lj
(x)
 · 2L−p(1+θ)j

5

j · |Ψ(x0)|

≤ C(N, d)LNd−1
j L

−p(1+θ)j

5

j (1 + |x|+ Lj)
t

≤ C(N, d)L
−p(1+θ)j

5 +αt+Nd−1
j < e−a(lnLj)

1+c

,

✇❤❡r❡ a, c > 0 ❛r❡ s♦♠❡ ❝♦♥st❛♥ts ❛♥❞ ♣r♦✈✐❞❡❞ j ≥ k1 ❢♦r s♦♠❡ k1 ≥ 0 ❧❛r❣❡
❡♥♦✉❣❤✳ ②✐❡❧❞✐♥❣

kδxfI(H)δykHS ≤ kfk∞ρ(I)e−a(lnLj)
1+c

≤ kfk∞e−a(lnLj)
1+c

.

❋♦r ω ∈ Bc
j ✱ ✇❡ ❤❛✈❡

kδxfI(H)δykHS = |hδx, fI(H)δyi| ≤ kfk∞.

❋✐♥❛❧❧②✱ s✐♥❝❡ ❜② ❚❤❡♦r❡♠ ✹✳✶✵ P

Bc
j


≤ C(|I|, N, d)L−p(1+θ)j

5 +(2N+1)d
j ✱ ✇❡ ❝❛♥

❝♦♥❝❧✉❞❡ t❤❛t

E

"
sup

kfk∞≤1

kδxfI(H)δyk2HS

#
≤ e−mLj/2P {Bj}+ P


Bc
j


≤ e−a(lnLj)

1+c

+ C(|I|, N, d)L−p(1+θ)j

5 +(2N+1)d
j .

◆♦✇ ✇❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ❚❤❡♦r❡♠ ✹✳✷✳ ▲❡t K ⊂ ZNd ✇✐t❤ |K| <∞✱ j ≥ k1 ❛s
✐♥ ▲❡♠♠❛ ✹✳✶✶ ❛♥❞ p > 6Nd/(1 − 3θ) ❢♦r ❛♥② θ ∈ (0, 1/3)✳ P✐❝❦ ❛♥② s > 0 ❛♥❞



✹✳✺✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷ ✾✺

❛♥② ❜♦✉♥❞❡❞ ❇♦r❡❧ ❢✉♥❝t✐♦♥ f : R → R✳ ❚❤❡♥ ✇❡ ❤❛✈❡

E

"
sup

kfk∞≤1

|X|
s
2fI(H)1K

2
HS

#

≤ E

"
sup

kfk∞≤1

1C
(N)
(7N+1)Lk1

(0)
|X|

s
2fI(H)1K

2
HS

#

+
X
j≥k1

C1(N, d)L
s
j+1

X
x∈Mj(0)

E

"
sup

kfk∞≤1

kδxfI(H)1Kk2HS

#

≤ E

"
sup

kfk∞≤1

X
x∈ZNd

1C
(N)
(7N+1)Lk1

(0)
|X|

s
2fI(H)1Kδx

2
#

+
X
j≥k1

C1(N, d)L
s
j+1

X
x∈Mj(0)

y∈C(N)
Lk1

(0)

E

"
sup

kfk∞≤1

kδxfI(H)δyk2HS

#

≤ E

"
sup

kfk∞≤1

X
x∈K

1C
(N)
(7N+1)Lk1

(0)
|X|

s
2fI(H)δx

2
#

+ C2(N, d)L
Nd
k1

X
j≥k1

Lαs+αNdj


e−a(lnLj)

1+c

+ C(|I|, N, d)L−p(1+θ)j

5 +(2N+1)d
j


≤ C3(N, d, |K|)Lsk1 + C 0

2(|I|, N, d)LNdk1
X
j≥k1

Lαs+αNdj


e−a(lnLj)

1+c

+ L
−p(1+θ)j

5 +(2N+1)d
j


<∞





❆♣♣❡♥❞✐① ❆

❆✉①✐❧✐❛r② r❡s✉❧ts

❆✳✶ ▲✐♥❡❛r ♦♣❡r❛t♦rs ✐♥ ❍✐❧❜❡rt ❙♣❛❝❡s

❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❝❛♥ ❜❡ ❢♦✉♥❞ ❡✳❣✳ ✐♥ t❤❡ ❜♦♦❦ ❬❘❙✼✽✱ ❙t♦✵✶❪✳

❆✳✶✳✶ ❇❛s✐❝ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s

▲❡t H ❜❡ ❛ ❝♦♠♣❧❡① ❍✐❧❜❡rt s♣❛❝❡ ✇✐t❤ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t h, i ❧✐♥❡❛r ✐♥ t❤❡
s❡❝♦♥❞ ❛r❣✉♠❡♥t✳ ❆ ❧✐♥❡❛r ♦♣❡r❛t♦r ✐♥ H ✐s ❛ ♠❛♣ T : D(T ) → H ✇❤❡r❡ D(T )
✐s t❤❡ ❞♦♠❛✐♥ ♦❢ T ✳

❉❡✜♥✐t✐♦♥ ❆✳✶✳ ❆ ❧✐♥❡❛r ♦♣❡r❛t♦r T ✐♥ H ✐s

✶✳ ❞❡♥s❡❧② ❞❡✜♥❡❞ ✐❢ t❤❡ ❝❧♦s✉r❡ D(T ) = H✱

✷✳ ✐♥✈❡rt✐❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡r❛t♦r S ✐♥ H s✉❝❤ t❤❛t ST = TS = I✱ ✇❤❡r❡
I ✐s t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r ♦❢ H✳

✸✳ ❜♦✉♥❞❡❞ ✐❢ t❤❡r❡ ❡①✐sts M <∞ s✉❝❤ t❤❛t kTψk ≤Mkψk ❢♦r ❛❧❧ ψ ∈ H✳ ■♥
t❤✐s ❝❛s❡✱ ✇❡ s❡t

kTk = sup
kψk6=0

kTψk
kψk

= sup
kψk≤1

kTψk = sup
kψk=1

kTψk.

❉❡✜♥✐t✐♦♥ ❆✳✷✳ ▲❡t T ❜❡ ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r ✐♥ H✳

✶✳ ❚❤❡ r❡s♦❧✈❡♥t s❡t ♦❢ T ✐s ❞❡✜♥❡❞ ❜②

ρ(T ) = {z ∈ R
T − z : D(T ) → H ✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞ (T − z)−1 ∈ B(H)}.

✷✳ ❚❤❡ s♣❡❝tr✉♠ ♦❢ T ✐s ❞❡♥♦t❡❞ ❜② σ(T ) ❛♥❞ ✐s t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♦❢ ✐ts
r❡s♦❧✈❡♥t s❡t✱ ✐✳❡✱ σ(T ) = R \ ρ(T )✳

✸✳ ❲❡ ❞❡♥♦t❡ ❜② Vp(T ) t❤❡ s❡t ♦❢ ❡✐❣❡♥✈❛❧✉❡s ♦❢ T ✳ ❈❧❡❛r❧② Vp(T ) ⊂ σ(T )✳



✾✽ ❆♣♣❡♥❞✐① ❆✳ ❆✉①✐❧✐❛r② r❡s✉❧ts

✹✳ ❚❤❡ ❞✐s❝r❡t❡ s♣❡❝tr✉♠ ♦❢ T ✐s t❤❡ s❡t σdis(T ) ♦❢ ❛❧❧ ✐ts ✐s♦❧❛t❡❞ ❡✐❣❡♥✈❛❧✉❡s
♦❢ ✜♥✐t❡ ♠✉❧t✐♣❧✐❝✐t②✳ ❚❤❡ ❡ss❡♥t✐❛❧ s♣❡❝tr✉♠ σess(T )✱ ✐s t❤❡ ❝♦♠♣❧❡♠❡♥t❛r②
♦❢ t❤❡ ❞✐s❝r❡t❡ s♣❡❝tr✉♠✱ ✐✳❡✳✱ σess(T ) = σ(T ) \ σdis(T )✳

❋♦r z ∈ ρ(T )✱ t❤❡ ♦♣❡r❛t♦r (T − z)−1 ✐s ❝❛❧❧❡❞ t❤❡ r❡s♦❧✈❡♥t ♦❢ T ❛♥❞ s❛t✐s✜❡s
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❦♥♦✇♥ ❛s r❡s♦❧✈❡♥t ✐❞❡♥t✐t✐❡s✳

Pr♦♣♦s✐t✐♦♥ ❆✳✶✳ ❈♦♥s✐❞❡r t✇♦ ❧✐♥❡❛r ♦♣❡r❛t♦rs S, T ✐♥ H✳

✶✳ ❋♦r ❛❧❧ z, z0 ∈ ρ(T )✱ ✇❡ ❤❛✈❡

(T − z)−1 − (T − z0)−1 = (z − z0)(T − z)−1(T − z)−1 ✭❆✳✶✮

= (z − z0)(T − z0)−1(T − z)−1. ✭❆✳✷✮

✷✳ ❋♦r ❛❧❧ z ∈ ρ(T ) ∩ ρ(S) ✇❡ ❤❛✈❡

(T − z)−1 − (S − z)−1 = (T − z)−1(S − T )(S − z)−1. ✭❆✳✸✮

❆✳✶✳✷ ❙❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦rs

▲❡t T ∈ B(H)✳ ❚❤❡ ❛❞❥♦✐♥t T ∗ ♦❢ T ✐s ❞❡✜♥❡❞ ❜②

D(T ∗) = {ψ ∈ H
 ∃ψ∗ ∈ H ✇✐t❤ ∀φ ∈ D(T ), hTφ, ψi = hφ, ψ∗i},

T ∗ψ = ψ∗.

❉❡✜♥✐t✐♦♥ ❆✳✸✳ ❆ ❧✐♥❡❛r ♦♣❡r❛t♦r T ✐♥ H ✐s
✖ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ✐❢ ❢♦r ❛♥② ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s {ei}✱ ✇❡ ❤❛✈❡

P
i kTeik2 <∞✳

■♥ t❤✐s ❝❛s❡ t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t✲♥♦r♠ kTk2HS =
P

i kTeik2 ✐s ✐♥❞❡♣❡♥❞❡♥t
♦❢ t❤❡ ❜❛s✐s✳

✖ s②♠♠❡tr✐❝ ✐❢ ✐t ✐s ❞❡♥s❡❧② ❞❡✜♥❡❞ ❛♥❞

hTφ, ψi = hφ, Tψi, ∀φ, ψ ∈ D(T ),

✖ s❡❧❢✲❛❞❥♦✐♥t ✐❢ ✐t ✐s ❞❡♥s❡❧② ❞❡✜♥❡❞ ❛♥❞ T ∗ = T ✳

❲❡ ❞❡♥♦t❡ S(H) t❤❡ s❡t ♦❢ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦rs ✐♥ H✳

❚❤❡♦r❡♠ ❆✳✹ ✭❲❡②❧ ❝r✐t❡r✐♦♥ ❬❘❙✽✵❪✮✳ ▲❡t T ❜❡ ❛ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦r ❛♥❞
λ ∈ R✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t

✭✐✮ λ ∈ σ(T )
✭✐✐✮ t❤❡r❡ ❡①✐sts ❛ ♥♦r♠❛❧✐s❡❞ s❡q✉❡♥❝❡ ψn ∈ D(T ) ♦❢ ❜♦✉♥❞❡❞ s✉♣♣♦rt s✉❝❤

t❤❛t k(T − λ)ψnk −→
n→∞

0✳ ❙✉❝❤ ❛ s❡q✉❡♥❝❡ ✐s ❝❛❧❧❡❞ ❛ ❲❡②❧ s❡q✉❡♥❝❡ ❢♦r T ❛♥❞
λ✳



❆✳✷✳ ❘❡s✉❧ts ❢r♦♠ t❤❡ s✐♥❣❧❡✲♣❛rt✐❝❧❡ t❤❡♦r② ✾✾

▲❡t
µ0(T ) = inf {hφ, Tφi : φ ∈ D(T ), kφk = 1} ,

❛♥❞

µk(T ) = sup
ψ1,...,ψk∈H

inf {hφ, Tφi : φ ∈ D(T ), kφk = 1, φ⊥ψ1, . . . , ψk}

❢♦r k ≥ 1✳ ❚❤❡ ♦♣❡r❛t♦r T ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ✐❢ µ0(T ) > −∞✳ µ0(T ) ✐s t❤❡♥
t❤❡ ✐♥✜♠✉♠ ♦❢ t❤❡ s♣❡❝tr✉♠✳

▲❡t T ❜❡ ❛ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦r ✇✐t❤ ♣✉r❡❧② ❞✐s❝r❡t❡ s♣❡❝tr✉♠✱ ✐✳❡✳✱ σ(T ) =
σdis(T )✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ♦r❞❡r ✐ts ❡✐❣♥❡✈❛❧✉❡s ❛s ❢♦❧❧♦✇s

E0(T ) ≤ E1(T ) ≤ E2(T ) ≤ · · ·

✇❤❡r❡ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ✐s r❡♣❡❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✐ts ♠✉❧t✐♣❧✐❝✐t②✳ ❚❤❡♦r❡♠ ❆✳✺
❜❡❧♦✇ ❡st❛❜❧✐s❤ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ Ek ❛♥❞ µk✳

❚❤❡♦r❡♠ ❆✳✺ ✭❚❤❡ ♠✐♥✲♠❛① ♣r✐♥❝✐♣❧❡ ❬❘❙✼✽❪✮✳ ■❢ T ✐s ❛ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦r
t❤❛t ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❛♥❞ ❤❛s ♣✉r❡❧② ❞✐s❝r❡t❡ s♣❡❝tr✉♠✱ t❤❡♥

Ek(T ) = µk(T ) ∀k ≥ 0.

❆✳✷ ❘❡s✉❧ts ❢r♦♠ t❤❡ s✐♥❣❧❡✲♣❛rt✐❝❧❡ t❤❡♦r②

❈♦♥s✐❞❡r ❛ s✐♥❣❧❡✲♣❛rt✐❝❧❡ ❝✉❜❡ C(1)
L (u) ⊂ Zd ❛♥❞ ❞❡✜♥❡E(1)

0,L(ω) = inf σ(H(1)(ω)|
C

(1)
L (u)

)✱
t❤❡ s✐♥❣❧❡✲♣❛rt✐❝❧❡ r❡s✉❧t ❛t ❧♦✇ ❡♥❡r❣② ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t
♣r♦♦❢✳ ■♥❞❡❡❞ ❛ ❝♦♠♣❧❡t❡ ♣r♦♦❢ ♦❢ t❤❡ st❛t❡♠❡♥t ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❛rt✐❝❧❡ ❜② ❑✐rs❝❤
❬❑✐r✵✽❪✳

❚❤❡♦r❡♠ ❆✳✻ ✭❬❑✐r✵✽❪✮✳ ❆ss✉♠❡ t❤❛t t❤❡ r❛♥❞♦♠ ♣♦t❡♥t✐❛❧ V s❛t✐s✜❡s ❛ss✉♠♣✲
t✐♦♥ (P1)✳ ❚❤❡♥✱ ❢♦r ❛♥② C > 0 t❤❡r❡ ❡①✐sts ❛r❜✐tr❛r② ❧❛r❣❡ L0(C) > 0 ❛♥❞

C1, c > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② ❝✉❜❡ C
(1)
L0
(u) t❤❡ ❧♦✇❡st ❡✐❣❡♥✈❛❧✉❡ E

(1)
0,L(ω) ♦❢ H

(1)

C
(1)
L0

(u)
(ω)

s❛t✐s✜❡s

P

E

(1)
0,L(ω) ≤ 2CL

−1/2
0


≤ C1L

d
0e

−cL1/4
0 . ✭❆✳✹✮

❆✳✸ ●❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥ ❡①♣❛♥s✐♦♥

▲❡t I ⊂ R ❛♥❞ ❞❡♥♦t❡ ❜② ν(I) = PI(H) t❤❡ ♣r♦❥❡❝t✐♦♥ ✈❛❧✉❡❞ ♠❡❛s✉r❡ ❛ss♦❝✐✲
❛t❡❞ t♦ H✳ ❙❡t

νn,m(I) = hδn, ν(I)δmi
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❈♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ {αn}n∈ZD ✇✐t❤ αn > 0✱
P
αn = 1 ❛♥❞ ❞❡✜♥❡

ρ(I) =
X
n∈ZD

αnνn,n(I) ✭❆✳✺✮

ρ ✐s ❝❛❧❧❡❞ ❛ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ✇✐t❤ t♦t❛❧ ♠❛ss ρ(R) = 1✳

❚❤❡♦r❡♠ ❆✳✼✳ ▲❡t ρ ❜❡ ❛ s♣❡❝tr❛❧ ♠❡❛s✉r❡ ❢♦r H = ∆+W (x) ❛❝t✐♥❣ ✐♥ ‘2(ZD)✳
❚❤❡♥ t❤❡r❡ ❡①✐sts ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s Tn,m s✉❝❤ t❤❛t

hδn, f(H)δmi =
Z
f(λ)Tn,m(λ)dρ(λ) ✭❆✳✻✮

❢♦r ❛♥② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❢✉♥❝t✐♦♥s Ψ(n) :=
Tn,m(λ) ❢♦r ❛♥② ✜①❡❞ m ∈ ZD s❛t✐s❢②

HΨ = λΨ ❢♦r ρ ❛✳❡✳ λ.

❛♥❞ ❛r❡ ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞ ✐✳❡

|Ψ(n)| ≤ C(1 + |n|)t, ❢♦r s♦♠❡ C > 0 ❛♥❞ t > 0.

Pr♦♦❢✳ ❚❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s t❤❛t

|νn,m(I)| ≤ νn,n(I)
1/2νm,m(I)

1/2.

❍❡♥❝❡✱ t❤❡ νn,m ❛r❡ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✳r✳t✳ ρ✱ ✐✳❡✳✱

ρ(J) = 0 =⇒ νn,m(J) = 0.

❚❤✉s ❜② t❤❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❚❤❡♦r❡♠ t❤❡r❡ ❡①✐st ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s Tn,m ✭❞❡♥✲
s✐t✐❡s✮ s✉❝❤ t❤❛t

νn,m(I) =

Z
I

Tn,m(λ)dρ(λ). ✭❆✳✼✮

Tn,m ❛r❡ ❞❡✜♥❡❞ ✉♣ t♦ s❡ts ♦❢ ρ✲♠❡❛s✉r❡ ③❡r♦ ❛♥❞ s✐♥❝❡ νn,m ≥ 0 t❤❡ ❢✉♥❝t✐♦♥s
Tn,n ❛r❡ ♥♦♥♥❡❣❛t✐✈❡ ρ✲❛❧♠♦st s✉r❡❧② ✭ρ✲❛✳s✳✮✳ ▼♦r❡♦✈❡r

ρ(I) =
X
n∈ZD

αnνn,n(I)

=
X
n∈ZD

αn

Z
I

Tn,n(λ)dρ(λ)

=

Z
I

X
n∈ZD

αnTn,n(λ)dρ(λ).
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❍❡♥❝❡✱
P
αnTn,n(λ) = 1 ✭ρ✲❛✳s✳✮✳ ❈♦♥s❡q✉❡♥t❧②✱

Tn,n(λ) ≤
1

αn
.

❚❤❡r❡❢♦r❡Z
I

Tn,m(λ)dρ(λ)

 = |νn,m(I)|

≤ νn,n(I)
1/2νm,m(I)

1/2Z
I

Tn,n(λ)dρ(λ)

1/2Z
I

Tn,m(λ)dρ(λ)

1/2

≤ α
− 1

2
n α

− 1
2

m ρ(I).

❚❤✉s
|Tn,m| ≤ α

− 1
2

n α
− 1

2
m . ✭❆✳✽✮

■t ❢♦❧❧♦✇s ❢r♦♠ ❆✳✼ t❤❛t ❢♦r ❛♥② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✿

hδn, f(H)δmi =
Z
f(λ)Tn,m(λ)dρ(λ).

■♥ ♣❛rt✐❝✉❧❛r ❢♦r f(λ) = λg(λ) ✭g ♦❢ ❝♦♠♣❛❝t s✉♣♣♦rt✮✳Z
λg(λ)Tn,m(λ)dρ(λ)

= hδn, Hg(H)δmi
= hHδn, g(H)δmi
=
X
|e|=1

(−hδn+e, g(H)δmi) + (V (n) + 2D) hδn, g(H)δmi

=
X
|e|=1


−
Z
g(λ)Tn+e,m(λ)dρ(λ)


+

Z
g(λ)(V (n) + 2D)Tn,m(λ)dρ(λ)

=

Z
g(λ)H(n)Tn,m(λ)dρ(λ),

✇❤❡r❡ HnTn,m(λ) ✐s t❤❡ ♦♣❡r❛t♦r H ❛♣♣❧✐❡❞ t♦ t❤❡ ❢✉♥❝t✐♦♥ n→ Tn,m(λ)✳ ❚❤✉sZ
g(λ)λTn,m(λ)dρ(λ) =

Z
g(λ)HnTn,m(λ)dρ(λ),

❢♦r ❛♥② ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ g ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt✳ ■t ❢♦❧❧♦✇s t❤❛t
❢♦r ρ✲❛❧♠♦st ❛❧❧ λ ❛♥❞ ❢♦r ❛♥② ✜①❡❞ m ∈ ZD✱ t❤❡ ❢✉♥❝t✐♦♥ ψ(n) = Tn,m(λ) ✐s ❛
s♦❧✉t✐♦♥ ♦❢ Hψ = λψ✳ ❇② ✭❆✳✽✮ t❤❡ ❢✉♥❝t✐♦♥ ψ s❛t✐s✜❡s

|ψ(n)| ≤ C0α
−1/2
n .
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❘❡❝❛❧❧ t❤❛t t❤❡ s❡q✉❡♥❝❡ αn ❤❛s ♦♥❧② t♦ ❢✉❧✜❧❧ αn > 0 ❛♥❞
P
αn = 1✳ ❲❡ ♠❛②

♥♦✇ ❝❤♦♦s❡ αn = c(1 + |n|∞)−β ❢♦r ❛♥ ❛r❜✐tr❛r② β > D ②✐❡❧❞✐♥❣

|ψ(n)| ≤ C(1 + |n|∞)
D
2 +ε

❢♦r ❛♥ ε > 0✳ ❚❤❡ ❛ss❡rt✐♦♥ ♦❢ ❚❤❡♦r❡♠ ❆✳✼ t❤❡♥ ❢♦❧❧♦✇s✳



❇✐❜❧✐♦❣r❛♣❤✐❡

❬❆●✼✸❪ ❲✳ ❆♠r❡✐♥ ❛♥❞ ❱✳ ●❡♦r❣❡s❝✉✳ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❜♦✉♥❞❡❞ st❛t❡❞ ❛♥❞
s❝❛tt❡r✐♥❣ s❛t❡s ❛♥❞ s❝❛tt❡r✐♥❣ st❛t❡s✳ ❍❡❧✈✳ P❤②s✳ ❆❝t❛✱ ✹✻ ✿✻✸✺✕✻✺✽✱
✶✾✼✸✳

❬❆✐③✾✹❪ ▼✳ ❆✐③❡♥♠❛♥♥✳ ▲♦❝❛❧✐③❛t✐♦♥ ❛t ❡❛❦ ❞✐s♦r❞❡r✱ s♦♠❡ ❡❧❡♠❡♥t❛r② ❜♦✉♥❞s✳
❘❡✈✳ ▼❛t❤✳ P❤②s✳✱ ✻ ✿✶✶✻✸✕✶✶✽✷✱ ✶✾✾✹✳

❬❆▼✾✸❪ ▼✳ ❆✐③❡♥♠❛♥♥ ❛♥❞ ❙✳ ▼♦❧❝❤❛♥♦✈✳ ▲♦❝❛❧✐③❛t✐♦♥ ❛t ❧❛r❣❡ ❞✐s♦r❞❡r ❛♥❞
❡①tr❡♠❡ ❡♥❡r❣✐❡s ❛♥ ❡❧❡♠❡♥t❛r② ❞❡r✐✈❛t✐♦♥✳ ❈♦♠♠✉♥✳ ▼❛t❤✳ P❤②s✳✱
✶✺✼ ✿✷✹✺✕✷✼✽✱ ✶✾✾✸✳

❬❆♥❞✺✽❪ P✳ ❆♥❞❡rs♦♥✳ ❆❜s❡♥❝❡ ♦❢ ❞✐✛✉s✐♦♥ ✐♥ ❝❡rt❛✐♥ r❛♥❞♦♠ ❧❛tt✐❝❡s✳ P❤②s✳
❘❡✈✳✱ ✶✵✾ ✿✶✹✾✷✕✶✺✵✺✱ ✶✾✺✽✳

❬❆❲✵✾❪ ▼✳ ❆✐③❡♥♠❛♥♥ ❛♥❞ ❙✳ ❲❛r③❡❧✳ ▲♦❝❛❧✐③❛t✐♦♥ ❜♦✉♥❞s ❢♦r ♠✉❧t✐✲♣❛rt✐❝❧❡
s②st❡♠s✳ ❝♦♠♠✉♥✳ ▼❛t❤✳ P❤②s✳✱ ✷✾✵ ✿✾✵✸✕✾✸✹✱ ✷✵✵✾✳

❬❆❲✶✵❪ ▼✳ ❆✐③❡♥♠❛♥ ❛♥❞ ❙✳ ❲❛r③❡❧✳ ❈♦♠♣❧❡t❡ ❞②♥❛♠✐❝❛❧ ❧♦❝❛❧✐③❛t✐♦♥ ✐♥ ❞✐✲
s♦r❞❡r❡❞ q✉❛♥t✉♠ ♠✉❧t✐✲♣❛rt✐❝❧❡ s②st❡♠s✳ ♣❛❣❡s ✺✺✻✕✺✻✺✱ ✷✵✶✵✳

❬❇❈❙❙✶✵❪ ❆✳ ❇♦✉t❡t✱ ❱✳ ❈❤✉❧❛❡✈s❦②✱ P✳ ❙t♦❧❧♠❛♥♥✱ ❛♥❞ ❨✳ ❙✉❤♦✈✳ ❆♥❞❡rs♦♥ ❧♦❝❛✲
❧✐③❛t✐♦♥ ❢♦r ❛ t✇♦✲♣❛rt✐❝❧❡ ♠♦❞❡❧ ✇✐t❤ ✇✐t❤ ❛❧❧♦② t②♣❡ ❡①t❡♥❛❧ ♣♦t❡♥t✐❛❧✳
❛r❳✐✈ ✿✶✵✵✼ ✿✸✽✶✺✱ ✷✵✶✵✳

❬❇❡r✻✽❪ ❏✳ ❇❡r③❛♥s❦✐✐✳ ❊①♣❛♥s✐♦♥ ✐♥ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ s❡❧❢ ❛❞❥♦✐♥t ♦♣❡r❛t♦rs✳
♣r♦✈✐❞❡♥❝❡✱ ❘■✱ ❚r❛♥s✳ ▼❛t❤✳ ▼♦♥♦❣r❛♣❤s✳ ❆♠❡r✐❝❛♥ ♠❛t❤❡♠❛t✐❝❛❧ s♦✲
❝✐❡t②✱ ✶✾✻✽✳

❬❇●❙✵✷❪ ❏✳ ❇♦✉r❣❛✐♥✱ ▼✳ ●♦❧st❡✐♥✱ ❛♥❞ ❲✳ ❙❝❤❧❛❣✳ ❆♥❞❡rs♦♥ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r
s❝❤r♦❞✐♥❣❡r ♦♣❡r❛t♦rs ♦♥ Z2 ✇✐t❤ q✉❛s✐✲♣❡r✐♦❞✐❝ ♣♦t❡♥t✐❛❧✳ ❆❝t❛✳ ▼❛t❤✳✱
✶✽✽ ✿✹✶✕✽✻✱ ✷✵✵✷✳

❬❇♦✉✵✷❪ ❏✳ ❇♦✉r❣❛✐♥✳ ❊st✐♠❛t❡s ♦♥ ❣r❡❡♥ ❢✉♥❝t✐♦♥s ❧♦❝❛❧✐③❛t✐♦♥ ❛♥❞ t❤❡ q✉❛♥t✉♠
❦✐❝❦ r♦t♦r ♠♦❞❡❧✳ ❆♥♥✳ ▼❛t❤✳✱ ✶✺✻ ✿✷✹✾✕✷✾✹✱ ✷✵✵✷✳

❬❇♦✉✵✼❪ ❏✳ ❇♦✉r❣❛✐♥✳ ❆♥❞❡rs♦♥ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦r q✉❛s✐♣❡r✐♦❞✐❝ ❧❛tt✐❝❡ s❝❤❞✐♥❣❡r
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