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Résumé

Cette these traite de deux problémes dans le cadre du programme de
Langlands. Pour le premier probléme, dans la situation de GL2 et un coca-
ractére non minuscule, nous fournissons un contre-exemple (sous certaines
hypothéses naturelles) & la conjecture de Rapoport-Zink, communiquée
par Laurent Fargues.

Le deuxieme probléme concerne un résultat dans le programme de Lan-
glands p-adique. Soit A une algebre Q,-affinoide, au sens de Tate. Nous
développons une théorie d’un espace localement convexe en A-modules
paralléle au traitement dans le cas d’un corps par Schneider et Teitel-
baum. Nous montrons qu’il existe une application d’intégration liant une
catégorie de représentations localement analytiques en A -modules et des
modules de distribution séparés relatif. Il existe une théorie de cohomo-
logie localement analytique pour ces objets et une version du Lemme de
Shapiro. Dans le cas d’un corps, ceci a été substantiellement développé par
Kohlhaase. Comme une application, nous proposons une correspondance
de Langlands p-adique en families : Pour un (p, I')-module trianguline et
réguliére de dimension 2 sur anneau de Robba relatif 24 nous construi-
sons une GL2(Qp)-représentation localement analytique en A-modules. 11
s’agit d’un travail en commun avec Joaquin Rodrigues.



Abstract

This thesis deals with two problems within the Langlands program.
For the first problem, in the situation of GL2 and a non-minuscule cochar-
acter, we provide a counter-example (under some natural assumptions) to
the Rapoport-Zink conjecture, communicated to us by Laurent Fargues.

The second problem deals with a result in the p-adic Langlands pro-
gram. Let A be a Qp-affinoid algebra, in the sense of Tate. We develop a
theory of locally convex A-modules parallel to the treatment in the case of
a field by Schneider and Teitelbaum. We prove that there is an integration
map linking a category of locally analytic representations in A-modules
and separately continuous relative distribution modules. There is a suit-
able theory of locally analytic cohomology for these objects and a version
of Shapiro’s Lemma. In the case of a field this has been substantially de-
veloped by Kohlhaase. As an application we propose a p-adic Langlands
correspondence in families: For a regular trianguline (¢, I')-module of di-
mension 2 over the relative Robba ring Z4 we construct a locally analytic
GL2(Q,)-representation in A-modules. This is joint work with Joaquin
Rodrigues.
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1 Introduction

1.1 Un contre-exemple a la conjecture de Rapoport-Zink

Dans la premiere partie de cette theése, nous fournissons un contre-exemple
a la conjecture de Rapoport-Zink, cf. [49, §1.37] dans la situation suivante:

10 20

Bien que la conjecture en loc.cit. est énoncée dans le cadre analytique rigide,
nous adopterons le langage des espaces de Berkovich. Ici b est associé a I'isocristal
Qp & Qp(2) et p est un co-caractére non minuscule (défini sur Qp) qui controle
la filtration. Soit A}@p la ligne droite affine de Berkovich sur la completion de

I'extension maximale non-ramifiée de Q,, Qp. Pour chaque extension finie L/ Qp,
A(%D (L) correspond & la classe d’équivalence des filtrations p défini sur L (dans
P

la classe de conjugaison de {u}) telle que (b, ) est admissiblelﬂ Dans ce cadre,
la conjecture annonce grossiement (pour un énoncé précis, nous renvoyons le
lecteur & la Conjecture [4.3)).

Conjecture 1.1 (Rapoport-Zink). Il existe un Qp,-systéme local € sur A(l@ qut

¥
satisfait la propriété suivante: Pour tout point u' € A(l@ (L) la représentation
P
galoisienne p-adique

Gal(L/L) 2 (AL ) - GL(Q),

ot le 2éme morphisme vient de £, est isomorphe a la représentation cristalline
déterminée par (b, ,u’)E|.

Donnons une esquisse pour savoir pourquoi la Conjecture [I.I] est fausse. On
commence par définir un espace de modules (analogue & un espace de Rapoport-
Zink) associé & £ qui paramétrise les Z,-réseaux dans £.

Definition 1.2. Définir un espace de modules 4 (E) — Aé , dont les valeurs

aun S — A«% point étale sont donnés par
P

A(E)(S) ={F/S| FeQ,=£[s},

ou F est un Zy-systéme local (un systéme local de Zy-réseauzr dans la termi-
nologie utilisée par de Jong, cf. [18, §4]).

1. De maniére équivalente par le travail de Colmez-Fontaine, cf. [12], la paire (b, u’) donne
naissance a une représentation cristalline.

2. Ici 7{d (Aa ) est le (gros) groupe fondamental étale de recouvrements étales de Al
P

P
comme défini dans [I8] §2]. Dans loc.cit. il est noté par .



Nous appelons le morphisme structurel

TdR - %(5) — A(l@
p

le morphisme de périodes de de-Rham. On démontre facilement que .#(£) est
représentable comme un @p—espace analytique et mgr un recouvrement étale. Il
est naturel de s’attendre & ce que .# (&) a une structure de groupe, mais pour
prouver cela, nous devons supposer que £ € Extl(Qp, Q,(2)) et aussi pour tout
sous-groupe ouvert U C AL |

o

m* 7y = pry Elu + pra Elu, (1)

oum : U XU — U est la loi de groupe de U et pry, : U X U — U sont les
premiére et seconde projections, respectivement

Cela nous permet ensuite de travailler avec .#(£)(*%, la composante con-
nexe de .#(€) autour de I'élément d’identité. Il se trouve que . (€)(%0) est un
@p—groupe analytique de type p-divisible dans le sens de [26]. En utilisant un
théoreme de classification de C,-groupes analytiques de type p-divisible établi
par Fargues, on peut montrer que £¢, = E(f:p7 ou &' est un certain Q,-systeéme lo-

cal sur Aé qui est une extension de Q, par Q,(1). Le Q,-systéme local &’ vient
D

d’un espace de Rapoport-Zink honnéte (I’espace de déformation d’une courbe
elliptique ordinaire sur F,, pour étre precis).

En effet I'isomorphisme &, = 5(’Cp semble étrange. Rappelons que & se
trouve dans une suite exacte

0-Q,(2)=E&—-Q,—0

et £ dans
0— Q1) =& —Q, —0.

Soient py, pa: m! (Aép) — GL3(Q,) les représentations correspondantes a &’

and &, respectivement. On munit GL2(Q,) avec une action de 7§’ (A(ll2 ) via la
p

conjugaison de ps, la clé étant de considérer I’ensemble pointu
H' (x4} ). CLx(Q,))
et en particulier le 1-cocycle donné par
c: ﬂfJ(Aép) — GL3(Qp)
= pi(o)p2(0) "

Une analyse de c obtient une contradiction pour l'existence de £.
Donnons un bref apercu du contenu de la premiere partie de cette these.

3. L’addition dans est considérée comme une somme de Baer dans le groupe abélien
des extensions de Qp par Qp(2) sur U x U.



Dans §4 nous rappelons la conjecture de Rapoport-Zink. Nous avons mis en
place la situation qui méne & un contre-exemple et prouvons que .# (€ )(0’0) est
un objet en groupe dans la catégorie des Qp—espaces analytiques. Par ailleurs
Tqr est un morphisme de groupes.

Dans §5 nous montrons que .7 (£)(%% est de type p-divisible.

Dans §6 nous rappelons l'espace de Rapoport-Zink qui déforme une courbe
elliptique ordinaire sur R,.

Dans §7 nous prouvons qu’il est impossible d’avoir deux Q)-représentations
de 7’ (Aé ), dont 1'une est une extension de Q, par Q,(1) et Pautre est une

P

extension de Q, par Qp,(2) qui sont isomorphes lorsqu’elles sont tirées vers
dJ (Al
m (Acp)~
L’auteur remercie vivement Laurent Fargues de nous avoir proposé ce prob-
leme. En effet beaucoup d’idées lui sont dues sous une forme ou une autre. Il
remercie également Jean-Francois Dat pour de nombreuses conversations utiles.

1.2 Une extension de la correspondance de Langlands p-
adique

Dans la deuxieme partie de cette thése on étudie la correspondance de Lang-
lands p-adique pour GL2(Q,) en familles arithmétiques. Pour donner le con-
texte, rappelons les lignes générales de cette correspondance. Dans [9], [48] et
[16], une bijection V' — II(V) est établie entre les L-représentationsﬁ contin-
ues de dimension 2 absolument irreductibles du groupe de Galois absolu Gq,
de Q, est les L-représentations Banach admissibles unitaires non-ordinaires de
GL2(Qp) qui sont topologiquement absolument irréductibles. Le foncteur in-
verse II — V/(II) est parfois appelé le foncteur Montréal, cf. [9 §IV].

La stratégie de base de la construction du foncteur V' +— II(V) est la suivante:
par I'équivalence de Fontaine, la catégorie des représentations galoisienne en L-
espaces vectoriels est équivalente & celui de (o, I')-modules étales sur le corps
de Fontaine éBL Cette derniére catégorie (-linéarisée) est considérée comme
une mise a niveau parce que ’on peut souvent effectuer des calculs explicites.
Un tel (¢,T')-module D peut étre naturellement considéré comme un faisceau
P*-equivariant®|sur Z,,, ou P = (ZP _0{0} le ) est un sous-semi-groupe du sous-
groupe mirabolique (= (Qo; le )) de GL2(Q,). SiU est un sous-ensemble ouvert
compact de Z,, on note par DU les sections locales sur U de ce faisceau. Dans
[9], une involution magique wp agissant sur D X Z; est définie ce qui permet
(on note que P1(Q,) est construit en collant deux copies de Z, au long de

4. A partir de maintenant, L sera le corps de coefficient, une extension fini de Qp.-

5. Le corps &7, est défini comme des séries de Laurent En ez anT" telles que an, € L
sont bornés et limy, oo an = 0. & est muni d’actions continues de I' = Z;f (on note oq,
a € Z;, ses éléments) et un opérateur ¢ défini par les formules 0o(7) = (1 +7)% — 1 et
¢(T) = (1+T)? — 1. Rappelons qu'un (¢, I')-module est un &-module libre muni d’actions
continus semi-linéaires de I' est (.

6. La matrice (g (1)) codifie I’action de ¢, (8 (IJ) l'action de o4 € T" et ((1] 11;) la multiplica-
tion par (14 T)b.

10



Z;) d’étendre D & un faisceau GL2(Q,)-équivariant sur|Z| P!, qui est noté par
DX, P! ottw = (det D)y~ * ﬂ On récupere la représentation de Banach désirée
(V) (et sa duale) des constituants de D X, P1. Plus précisément, nous avons

une suite exacte courte de GL2(Q,)-modules topologiques
0—-T(V)*®@w— DX, P' - TI(V) — 0.

Soit %y, ’'anneau de Robbal’] avec des coefficients dans L. Par une combi-
naison de résultats de Cherbonnier-Colmez ([5]) et Kedlaya ([38]), les catégories
de (¢, T')-modules étale sur &, et Zr, sont équivalentes. Notons D — D, cette
correspondance. On a des constructions analogues comme ci-dessus pour Dig
et, en particulier, on a un faisceau GL2(Q,)-equivariant U — D,ig K U sur Pl
Si on note IT(V)®" les vecteurs localement analytiques de II(V'), on obtient une
suite exacte

0+ (I(V)™)* @ w — Dyig X, P — TI(V)™ — 0.

Néanmoins, la construction de Dz X, P! n’est pas une conséquence directe de
DX, P!. Cest principalement parce que la formule définissant I'involution ne
converge pas pour un (@, I')-module sur ‘%)LH

Inspiré par les calculs da la correspondance p-adique locale pour les (¢, I')-
modules étale trianguline[lT] Colmez ([I1]) a récemment donné une construction
directe, pour un (pas nécessairement étale) (¢,I')-module A (de rang 2) sur
Zr,, d'une L-representation localement analytique II(A) de GL2(Q,). Plus
précisément, on a le théoreme suivant:

Théoréme 1.3 ([I1], Théoreme 0.1). Il existe une extension unique de A ¢ un
faisceau GLo(Q)p)-équivariant de type Qp—analytiquelﬂ AR, P! sur P! muni
d’un caractere central w. De plus, il existe une L-représentation unique admis-
sible localement analytique II(A), munie d’un caractére central w, de GL2(Q)),
telle que

0—T(A)®@w— AR, P! = TI(A) — 0.

7. A partir de maintenant, P! signifiera P1(Qp).

8. Le caractere det D est le caractere de Q; défini par les actions de ¢ et I' sur A2D. Si
D est étale, il peut également étre vu comme un caractére du groupe de Galois via la théorie
de corps de classe locale. Le caractére x: = — x|z| dénote le caractére cyclotomic. On voit
les deux caractéres commes des caractéres de GL2(Qp) en composant avec le déterminant.

9. Il est défini comme I’anneau des séries de Laurent Zn anT™, anp € L, qui convergent
sur une couronne 0 < vp(7T) < r pour un r > 0.

10. Pour construire I'involution sur Dyig dans le cas étale, on montre que wp stabilise DIX
Z;, ot Dt est le (¢, T')-module sur les éléments surconvergents 6"2 de &7, qui correspondent
a D par la correspondance de Cherbonnier-Colmez , et qu’elle définit par continuité une
involution sur Dyjg X Z; .

11. Un (¢, T')-module de rang 2 est trianguline si c’est une extension de (¢, ')-modules de
rang 1.

12. Un faisceau U — M XU est de type Qp-analytique si, pour tout ouvert compact U C P!
et pour tout compact K C GL2(Qp) qui stabilise U, 'espace M K U est de type-LF et un
D(K)-module continu, ot D(K) est lalgebre de distribution sur K.

11



Le but de ce travail est d’étudier cette correspondance dans le contexte des
familles arithmétiques de (¢, I')-modules. Des résultats dans cette direction sur
le coté l-adique (i.e. la correspondance de Langlands locale classique, cf. [31])
ont été atteints par Emerton-Helm [24]. Les arguments dans [11] reposent forte-
ment sur la théorie de cohomologie des représentations localement analytiques
[43], et plus précisément sur le lemme de Shapiro. Puisque les auteurs ne sont
pas au courant d’une référence pour ces résultats dans le contexte relatif, nous
développons, dans un appendice (cf. @, les définitions et propriétés nécessaires
de GL2(Q,)-représentations localement analytiques en A-modules. Vu que ce
point pourrait porter un intérét particulier, nous le décrivons plus en détail dans
ci-dessous. Nous travaillerons exclusivement avec des espaces affinoides au
sens de Tate, plut6t que de Berkovich ou Huber. Soit A une algebre Q,-affinoide
et soit Z4 Panneau relatif de Robba sur A. Notre résultat principal peut étre
énoncé comme suit:

Théoréme 1.4. Soit A une algébre Q,-affinoide et soit A un (p,I')-module
trianguline sur Za de rang 2 qui est une extension de %a(d2) par Za(01),
ol 01,02 : Qy — A* sont des caractéres localement analytiques satisfaisant
certaines hypothéses de régulam’téE. Alors, il existe une extension de A a un
faisceau GLa(Qp)-équivariant de type Qp-analytique AR, P sur P muni d’un
caractére central w = 610ox 1 et une GL2(Q,)-représentation (pas nécessaire-
ment unique) localement analytz'queE II(A) en A-modules munie d’un caractére
central w, vivant dans une suite exacte

0—IMA)®w— AR, P! = II(A) — 0.

On s’attend a ce que ce résultat ait des applications a I’étude de variétés de
Hecke, cependant dans cette thése nous ne faisons aucune tentative dans cette
direction.

1.3 La construction de la correspondance

La construction de la correspondance suit les lignes générales de [I1], mais
plusieurs difficultés techniques apparaissent en chemin. Décrivons brievement
comment construire la correspondance A +— II(A) et les problémes supplémen-
taires qui se posent dans le cadre relatif (affinoide).

A partir du calcul des vecteurs localement analytiques des séries principales
unitaires ([8, Théoreéme 0.7]), on sait que, si D est un (¢, I')-module trianguline
étale sur &7, de rang 2, alors (II(D))®® est une extension des séries principales.
L’idée de [11] est d’inverser intelligemment ce dévissage de Dy X, P! afin de
le construire a partir de ces piéces.

Pour le reste de cette introduction, soit G = GL2(Q,,) et B son sous-groupe
inférieur de Borel et soient d1, d2 et w comme dans le Théoréme @ En util-
isant une version relative du dictionnaire p-adique analyse fonctionnelle, nous

13. Précisément, on suppose que 616;1 est point par point jamais de la forme xz? ou x~*
pour un ¢ > 0.
14. Voir la Définition pour la définition d’une G-représentation localement analytique

en A-modules.
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construisons, pour ? € {+,—,0}, des faisceaux G-équivariants %Z (1) X, P!
(munis d’un caracére central w) de type Qp-analytique vivant dans une suite
exacte

0— Z5(61) K, Pt = #4(61) K, P! = %, (61) X, P' — 0.

De plus, on peut obtenir des identifications B4(d2,d1)* ® w & %le) X, P!
et Ba(01,02) =2 %5 (61) K, P, ot B4(d1,62) = Ind%((ﬁx*l ® dy) désigne la
série principale localement analytique. Ces identifications nous permettent de
considérer les séries principales localement analytiques (et ses duaux) comme
(les sections globales) des faisceaux G-équivariants sur P d’intérét.

Nous construisons ensuite le faisceau G-équivariant A X, P! sur P! comme
une extension de Z4(d2) X, P! par Z4(61) X, PL. Cela se fait, comme dans
[11], en montrant que les extensions de %4 (d2) par Z4(01) correspondent aux
extensions de %’X (02) K, P! par Z4(61) X, P'. On montre alors qu'une ex-
tension de %’X (02) X, P! par Z4(01) X, P! s’étend & une extension unique de
Ra(02) R, Pl par Z4(61) X, PL. Dés que le faisceau AKX, P! est construit, on
montre que I'extension intermédiaire de %} (02) X, P* par #, (61) K, P! est
scindée. Ainsi, on peut séparer les espaces qui sont Fréchets de ceux qui sont une
limite inductive des espaces de Banach de maniére a découper la représentation
souhaitée TI(A).

Le fait que, pour ? € {+,—,0}, le P*-module %% (61) peut étre vu comme
des sections sur Z,, d’un faisceau G-équivariant sur P!, et que le semi-groupe
Pr= (Z‘;Z;EO} 2) stabilise Z,, montre que %% (61) = %% (61) X, Z,, est automa-

tiquement muni d’une action supplémentaire de la matrice (11, (1)) On note

R (01, 82) 1= (Z4(01) Koy Zy) @ 03

le P -module ainsi défini. Le coeur technique pour prouver le Théoreme
est un résultat de comparaison entre la cohomologie des semi-groupes A+t =

(ZPB{O} ‘;) et P aux valeurs dans %A(élégl) et Z4(01,02), respectivement.

Théoréme 1.5. Le morphisme de restriction de P 4 At induit un isomor-
phisme
HY (P, #4(61,6)) — H (AT, ZA(6:1651)).

Le semi-groupe AT devrait étre considéré comme codant 'action de ¢ et
I'. La difficulté, bien siir, est de capturer l'action de 'involution et c’est 'idée
sous-jacente pour considérer le semi-groupe P En effet P oest plus proche
de capturer l'action de l'involution par rapport & A'. Le Théoréme est
(essentiellement) en train de dire qu’un (¢, I')-module trianguline comme dans
le Théoreme admet une extension & un faisceau G-équivariant sur P?.

Décrivons brievement la démonstration du Théoreme L’idée principale
est de réduire cette bijection au cas d’un point (i.e au cas ot A = L est une
extension finie de Q). La premiére étape consiste & construire un complexe de

Koszul qui calcule la cohomologie de P .
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Proposition 1.6. Soit M un A[ﬁﬂ-module tel que Uaction de P' s'étend a

une action de lalgébre d’Iwasawa Zp[[P+]]. Alors le compleze
Crpny(M): 0 M S MeaMeM S MeMaeMZ M -0
ou[™]

X(z) = (1 = 7)x, (1 = p)z,(y — 1))
Y(z,y,2) = (1= @)z + (1 — )y, (v0a — Dz + (1 — D)z, (y — D)y + (¢ — 1)2)
Z(2,y,2) = (Y00 — Dz + (pdp — D)y + (1 = 7)2

calcule la cohomologie de P'. Cest-a-dire H (Crpn(M)) = Hi(ﬁ+, M).

La nature asymétrique de €7 , (M) est due a la non-commutativité de P
Une estimation brute des morphisms X, Y et Z conduit au corollaire suivant:

Corollaire 1.7. Le complexe €r o (#4(01,02)) est un complexe pseudo-cohérent
concentré en degrés [0, 3]. Dans la terminologie du corps du papier, €r , ~(Za(01,02)) €
DLOC’?’] (A) En particulier, les groupes de cohomologie H' (P+,%’A(51, d2)) sont

les A-modules finis.

Plus précisément, la preuve du Corollaire[I.7]est réduite & prouver la finitude
d'un (¢, I')-cohomologie twisté de %4 (01,02), cf. Lemma [12.11]

Le probleme avec €, (M) est que les opérateurs d, sont difficiles & com-
prendre, rendant le complexe presque impraticable pour des calculs explicites.
On peut cependant linéariser la situation et passer a l'algebre de Lie, ou les
calculs sont souvent réalisables.

Proposition 1.8. Pour M € {L%’If(él,62),%5((51,62)7%L(51,52)}, le complexe

Compar (M) 0 M D MaMeM D Mo Ma M Zs Mo,
ou[I]
X'(z) = ((p — Vz,a*z,u”x)
Y'(z,y,2) = (a*x = (¢ = Dy, u"y — (¥ + 1)z, (pp — 1)z —u " x)
Z'(x,y,2) =u"x + (pp — Dy + (™ +1)2

calcule la cohomologie d’algébre de Lie de P En particulier, H*(P, H (€~ .o+ (M))) =
i Bt
7P, M)

15. Ici 7 = 117?) et 8y = 7—::11 pour tout = € Z;f.

16. Nous renvoyons le lecteur & §12.1| Pour la notion d’un complexe pseudo-cohérent et la
définition de Dy (A).

17. Ici at = ((1) 8) et um = ((1) 8) sont les éléments habituels de ’algebre de Lie gl, de
GLa.

~ X —
18. Ici P = (pzzp (1)), est le sous-groupe non-discret de P
P
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Un calcul long et fastidieux mais direct conduit alors au corollaire suivant.

Corollaire 1.9. Le L-espace vectoriel Hz(ﬁJr,%’L(él, d2)) est de dimension 1.

Les Corollaires et permettent d’analyser une suite spectrale et de
prouver le Théoreme dans le cas ou A est réduit. On conclut alors par
un argument d’induction sur indice de nilpotence du nilradical de A. Via le
complexe €, -, .+ (M) nous obtenons également une preuve alternative de [1T,
Proposition 5.18] dans le cas d’un (g, I')-module cyclotomic. En chemin, nous
montrons également un isomorphisme de comparaison entre la cohomologie con-
tinue et la cohomologie analytique pour certains (¢, I')-modules (cf. Proposition
11.4| pour un énoncé précis).

Cependant, armé avec le Théoréme [I.5] le lecteur peut noter a ce stade qu’il
y a une absence de théorie nécessaire pour conclure (ou méme donner un sens)
le Théoreme Les questions suivantes sont donc inévitables:

Q1 Qu’est-ce qu'un A-module localement convexe?
Q2 Qu’est-ce qu'une G-représentation localement analytique en A-modules?

Q3 Quelle est la relation entre les G-représentations localement analytique en
A-modules et les modules munis d’une action (séparément) continue de
l’algebre de distribution relative (G, A)?

Nous fournissons un ensemble de réponses & ces questions (A1-A3) et prou-
vons certaines propriétés fondamentales concernant la théorie de la cohomologie
localement analytique de 2(G, A)-modules, que nous décrivons dans la section
suivante.

1.4 Familles analytiques de représentations localement an-
alytiques

Rappelons que pour un Q,-groupe localement analytique H, une théorie des
représentations localement analytiques du groupe H en L-espaces vectoriels a
été développée par Schneider et Teitelbaum (cf. [53], [52], [64]). Afin de con-
struire le A-module II(A) du Théoréme muni d’une action de G localement
analytique, on est forcé de développer un cadre raisonnable pour donner un
sens & un tel objet. Il s’avére que, avec un certain soin, une grande partie de la
théorie existante peut étre étendue sans difficultés sérieuses au contexte relatif.

Definition 1.10 (Al). Un A-module localement conveze est un A-module
topologique dont la topologie sous-jacente est un localement convere Qp-espace
vectoriel. On note LCS 4 la catégorie des A-modules localement convexes. Ses
morphismes sont tous des morphismes A-linaires continus.

Il existe une notion de dualité forte dans la catégorie LCS 4, cependant en
dehors de nos applications, elle est mal-comportée (dans le sens ol il y a peu
d’objets réflexifs qui ne sont pas des A-modules libres). Soit H un Q,-groupe
localement analytique.
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Definition 1.11 (A2). Nous définissons la catégorie Repf(H) dont les objets
sont tonnelés, Hausdorff, localement convexes A-modules M munis d’une action
A-linéaire topologique de H tel que, pour tout m € M, le morphisme d’orbite
h — h-m est une fonction localement analytique de H d valeur dans M.

On note LA(H, A) lespace des fonctions localement analytiques de H a
valeur dans A et Z(H,A) = Homy cont(LA(H, A), A) (muni d’une topologie
forte) son A-dual fort, 'espace des distributions de H & valeur dans A. Tous
les deux LA(H, A) et 2(H, A) sont des A-modules localement convexes. Afin
d’algebriser la situation, on procéde comme dans [53] et montre qu’une représen-
tation localement analytique de H est naturellement un module sur I’algebre de
distribution relative. Plus précisément, soit Replj’LB (H) C Rep3(H) la sous-
catégorie pleine se compose d’espaces qui sont de type A-LB et complets (i.e une
limite inductive des espaces de Banach dont les morphismes de transition sont
A-linéaires). Notre résultat principal dans peut étre énoncé comme suit:

Théoréme 1.12 (A3). Chaque représentation localement analytique de H est
munie d’une structure séparément continue A-linéaire d’un P(H, A)—modulelﬂ.
De plus, la catégorie Repf’LB(H) est équivalente d la catégorie des modules
A-modules localement convexes Hausdorff qui sont de type A-LB munis d’une
action P(H,A) séparément continue avec des morphismes continu P(H, A)-

linéaires.

L’idée de prouver le Théoreme est bien sir de se réduire au résultat bien
connu de Schneider-Teitelbaum, cf. [53, Theorem 2.2]. Pour cela, le résultat
intermédiaire principal requis est la proposition suivante.

Proposition 1.13. [ existe un isomorphisme de A-modules localement con-
vezes

@(Ha A) = @(Hv Qp)®QP,LA~

Dans le cas ou H est compact nous montrons que LA(H, A) satisfait & une
propriété bornée que nous appelons A-réguliere (Nous renvoyons le lecteur a
la Definition et Lemma pour les énoncés precis). Cela suffit pour
prouver la Proposition (1.1

Remarque 1.14. La Proposition suivrait immédiatement si LA(H, A) est
complet (pour H compact). Au mieux de nos connaissances, il semble que cette
question soit ouverte si la dimension de H > 2. Si H = Z,, on peut identifier
LA(Z,, A) avec les puissances négatives (de T') dans #Z4 et conclure le résultat,
cf. Lemma En particulier LA(Z,, A) est un exemple d’objet A-reflexif,
qui n’est pas libre.

Finalement, avec 'équivalence de Théoréme [[.12)en téte, nous passons notre
attention aux questions cohomologiques concernant la catégorie RepIX(H ).

Definition 1.15. Soit ¥y s la catégorie des A-modules localement convexes
complet Hausorff munis d’une structure dun 2(H,A)-module A-linéaire sé-
parément continu, prenant comme morphismes tous les morphismes continus

19. Plus précisément, un morphisme A -bilineaire séparément continu 2(H, A) x M — M.
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P(H, A)-linéaires. Plus précisément, nous demandons que le morphisme
P(H,A) x M - M
soit A-bilinéaire est séparément continu.

En suivant Kohlhaase ([43], [63]), on peut développer une théorie de co-
homologie localement analytique pour la catégorie ¥g 4. On peut définir les
groupes HE (H, M) et ExtégH’A(M, N) pour ¢ > 0 et les objets M et N dans
9H 4. Si Hy est un sous-Q,-groupe fermé localement analytique de Hp, nous
avons aussi un foncteur d’inductionindg; t Y1, A — Yu, 4. Notre but princi-
pal, en considérant une telle théorie, est de montrer la version relative suivante
du lemme de Shapiro, qui est crucialement utilisé dans la construction de la
correspondance A — II(A) du Théoréme

Proposition 1.16 (Relative Shapiro’s Lemma). Soit Hy un Qy-groupe locale-
ment analytique et soit Hy un sous-Qp-groupe fermé localement analytique de
Hy. Si M et N sont des objets de G, a et G, a, respectivement , alors il y a
des bijections A-linéaires

Extd,  (indg!(M),N) — Extg,  (M,N)
pour tout ¢ > 0.

Donnons un bref aper¢u du contenu de la deuxieme partie de cette these.
Dans nous étendons le dictionnaire de I'analyse fonctionnelle p-adique au
cadre relatif. Une question clé est d’établir que le faisceau %4 (61) X, P! est
G-équivariant sur P! et de type Qp-analytique.

Dans on utilse la (¢, I')-cohomologie pour recalculer certains résultats
de [4] (dans loc.cit. la (v, T')-cohomologie a été utilisée). Un résultat clé pour
le chapitre suivant est la nullité de H?(A", Z4(6165 ") si et seulment si 6,65
est (point par point) jamais de la forme xz* ou = pour un i > 0 (i.e. 015"
est réguliere).

Dans §12] et [I3] le cceur technique du papier est réalisé. Nous commengons
par prouver la finitude de la P+—coh0mologie pour Z4(01,02). En utilisant
le complexe d’algebre de Lie nous fournissons une preuve alternative de [IT],
Proposition 5.18] (dans le cadre cyclotomic). Nous montrons que la dimen-

sion du groupe de cohomologie supérieure H? (F+,,%’L(51, 02)) est constant (de
dimension 1) quand 6305 L est réguliere.

Dans §14] le Théoréme [I.5] peut alors étre établi.

Dans le mécanisme général développé dans [I1), §6] est utilisé pour
construire II(A) d’un (¢, T')-module réguliere trianguline de rang 2 A, sur Z4.

Dans ’'appendice ( Nous établissons un cadre formel pour le résultat
principal. Nous introduisons la catégorie de G-représentations localement an-
alytiques en A-modules. Nous démontrons qu’il existe une relation entre cette

Hy

Hy cf. Lemma

20. C’est le dual du foncteur d’Induction standard, typiquement noté Ind

A55
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catégorie et une catégorie de modules sur I’algebre de distribution relative dans
le méme esprit de [53]. Il existe une théorie de cohomologie localement an-
alytique qui étend [43] et nous établissons une version relative du lemme de
Shapiro. Ces résultats sont utilisés dans §15}

La dette que ce probléme doit a Pierre Colmez sera évidente pour le lecteur.
Les auteurs lui sont reconnaissants pour avoir suggéré ce probléeme et le re-
mercient pour de nombreuses discussions sur ces différents aspects. Le premier
auteur tient a remercier Jean-Francois Dat pour son encouragement continu
au cours de cette étude. Ensuite, nous voulons remercier Kiran Kedlaya pour
avoir passé d’innombrables heures a répondre a nos questions sur les anneaux de
Robba et a suggérer un argument d’induction crucial. Nous tenons également a
remercier Jean-Francois Dat, Jan Kohlhaase et Peter Schneider pour plusieurs
discussions utiles sur ce que devrait étre la catégorie des G-représentations
localement analytiques en A-modules. Merci encore & Gabriel Dospinescu et
Arthur-César Le Bras pour des conversations fructueuses sur divers sujets.
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2 Part I: A counter-example to the
Rapoport-Zink conjecture
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3 Introduction

In this paper we provide a counter-example to the Rapoport-Zink conjec-
turefT] cf. [49, §1.37] in the situation

10 2 0

Although the conjecture in loc.cit. is stated in the rigid analytic setting, we will
adopt the language of Berkovich spaces. Here b is associated to the isocrystal
Qp © Qp(2) and p is a non-minuscule cocharacter (defined over Q) controlling

the filtration. Consider the Berkovich affine line A(l@ over the completion of
¥

the maximal unramified extension of @, @p. For every finite extension L/ Qp,
A%@ (L) corresponds to the equivalence class of filtrations p’ defined over L (in
P

the conjugacy class of {u}) such that (b, u’) is admissiblelﬂ In this setup the
conjecture roughly states the following (for a precise statement we refer the
reader to Conjecture .

Conjecture 3.1 (Rapoport-Zink). There exists a Qp-local system &€ over Al
P
satisfying the following property: For any point ' € Aé (L) the p-adic Galois
representation !
17 (1)

Gal(L/L) 7 (Ag,) = GL(Qp),

where the 2nd map is coming from &, is isomorphic to the crystalline represen-
tation determined by (b, ')}

Let us provide a sketch for why Conjecture [3.1] is false. One begins by
defining a moduli space (akin to a Rapoport-Zink space) associated to £ which
parametrizes the Z,-lattices in £.

Definition 3.2. Define a moduli-space M (E) — Aé , whose values at an S —

A(é étale point are given by
P

A(E)S) :={F/S| FoQ,=€|s},

where F is a Zp-local system (a local system of Z,-lattices in the terminology
used by de Jong, cf. [18, §4]).

We call the structural map

ﬂ'dR:%(é‘) %A(l@

21. Kedlaya announced a proof of a modified Rapoport-Zink conjecture in [41].

22. Equivalently by the work of Colmez-Fontaine, cf. [12], the pair (b, ') gives rise to a
crystalline representation.

23. Here n’ (A}@ ) is the étale fundamental group of étale covering spaces of Aé as defined

» p
in [I8, §2]. In loc.cit. it is denoted by 7.
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the de-Rham period map. It is not difficult to prove that .# () is representable
as a Qp—analytic space and mqg is an étale covering map. It is natural to expect
that .#(€) has a group structure, but to prove this we need to assume that
£ e Extl((@]g7 Q,(2)) and also for any open subgroup ¢« C Al |

P

m” nly = pry Ely + prs Elu, (2)

where m : U X U — U is the group law of U and pry o : U X U — U are the first
and second projections, respectlvely@

We are then able to work with .2 (£)(®9 the connected component of . (£)
around the identity element. It turns out that M (£)(00) is an analytic Qp group
of p-divisible type in the sense of [26]. Using a classification theorem of analytic
Cp-groups of p-divisible type established by Fargues, one is able to show that
&, = 5@ , where &’ is a certain Q-local system over A(ED which is an extension

of @, by Qp(1). The Qp-local system &£ is coming from an honest Rapoport-
Zink space (the deformation space of an ordinary elliptic curve over F, to be
precise).
Indeed the isomorphism &c, = 5<lcp looks strange. Recall that £ sits in an
exact sequence
0-Qy(2)—=E&—-Q,—0

and &£ in

0— Q1) =& —Q, —0.
Let p1, po: (Al ) — GL2(Q,) be the representations corresponding to £ and
&, respectively. Equlpping GL3(Q,) with an action of 7{’ (A(l@p) via conjugation
of ps, the key is to consider the pointed set

H' (x4} ). CLx(Q,))
and in particular the 1-cocycle given by

c: nd (Al ) — GL2(Qy)
o+ p1(0)pa(0) ™
An analysis of ¢ obtains a contradiction for the existence of £.

Finally we should note that in literature, there is enough to show that the
Rapoport-Zink conjecture is false in our situation (without even assuming the
assumptions we make in this paper). Indeed the existence of such a local system
implies by [45, Theorem 1.5(iii)] that the associated filtered module with inte-
grable connection must satisfy Griffith’s transversality. But by repeating the
proof as in the complex case [19] Proposition 1.1.14], this contradicts that y is
not minuscule, cf. [55, pg. 3]. The interest in the present case is the method of
proof.

24. The addition in is viewed as a Baer sum in the abelian group of extensions of @, by
Qp(2) over U x U.
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Let us give a brief overview of the structure of the paper.

In §2 we recall the Rapoport-Zink conjecture. We set up the situation which
leads to a counter-example and prove that .# (€ )(0’0) is a group object in the
category of @p—analytic spaces. Furthermore mgg is a group homomorphism.

In §3 we show that . (€)% is of p-divisible type.

In §4 we recall the Rapoport-Zink space deforming an ordinary elliptic curve
over F,.

In §5 we prove that it is impossible to have two Q,-representations of
W?J(Aa ), one of which is an extension of Q, by Q,(1) and the other an ex-

¥

tension of Q, by Q,(2) which are isomorphic when pulled back to m$J (A%:p).

Acknowledgements. The author would deeply like to thank Laurent Far-
gues for proposing this problem to us. Indeed many of the ideas are due to him
in one form or another. He would also like to thank Jean-Frangois Dat for many
helpful conversations.

4 The Rapoport-Zink conjecture

We provide a counter-example to the Rapoport-Zink conjecture when the
cocharacter p is not minuscule. Let us recall the conjecture, as established for
example in their book, cf. [49, §1.37]. We follow closely the recount given by
Urs Hartl, cf. [32, Chapter 2].

Let us first recall the definition of filtered isocystals. We denote by Ky :=
W (F,)[5], the fraction field of the ring of Witt vectors over Fy,. Let ¢ =
W (Frob,,) be the Frobenius lift on K.

Definition 4.1. An F-isocrystal over F,, is a finite dimensional Kq-vector space
D equipped with a @-linear automorphism ¢p. If L is a finite field extension of
Ky and Fil® Dy, is an exhaustive separated decreasing filtration of Dr, :== DQg,L
by L-subspaces we say that D := (D, pp,Fil®* D) is a filtered isocrystal over L.
We let tn(D) be the p-adic valuation of det pp and we let

tu(D) = Z@ ~dimy, gr%ﬂ' (Dr)
i€Z

We now need the notion of weak admissibility, which we just call admissi-
ble, after the work of Colmez-Fontaine showed that weakly admissible implies
admissible, cf. [12].

Definition 4.2. The filtered isocrystal D is called admissible if
tg(D) =tn(D) and tg(D') <tn(D')
for any subobject D' = (D', pp|pr, Fil®* D)) of D, where D' is any ¢ p-stable K-

subspace of D which is equipped with the induced filtration Fil® D; = D’LﬂFili Dy,
on D} :=D"®g, L.
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To construct the first ingredient in the Rapoport-Zink conjecture, namely
period spaces, let G be a reductive linear algebraic group over Q,. Fix a conju-
gacy class {u} of cocharacters

uw:Gp, — G

defined over subfields of C,. Let E be the field of definition of the conjugacy
class. Then E is a finite extension of Q,. Two cocharacters in this conjugacy
class are called equivalent if they induce the same weight filtration on the cat-
egory Repg, G of finite dimensional Q,-rational representations of G. There
is a projective variety F over F2 whose C,-valued points are in bijection with
the equivalence classes of cocharacters (from the fixed conjugacy class of {u}).
Namely for V € Rep@P G and a cocharacter p defined over L, one associates a

filtration _
Fill, Vi, := Vi
Jj=>i

of VL :==V ®q, L given by the weight spaces
Vi ={veViuz) -v=2viorallz€Gy(L)}.
This defined a closed embedding of F into a partial flag variety of V'
F — Flag(V) ®q, E,

where the points of Flag(V) evaluated at a Qp-algebra R are the filtrations F*
of V ®q, R by R-submodules which are direct summands such that rkr gri. is
the multiplicity of the weight ¢ of the conjugacy class {u} on V.

A pair (b, ) with an element b € G(Kj) and a cocharacter u : G, — G
defined over L/Kj is called admissible if for some faithful representation p :
G = GL(V) in Repg, G the filtered isocrystal

Db,lt(v) = (V ®Qp va(b) : ¢7F11; VL)

is admissible (we denote by Dy (V) the isocrystal (V ®q, L, p(b) - ¢)). In fact
this holds for any V' € Repg, G, cf. [49, Definition 1.18]. By the work of
Colmez-Fontaine, the filtered isocrystal Dy, (V') is admissible iff it arises from
a crystalline Galois representation Gal(L/L) — GL(U) via Fontaine’s covariant
functor

Dy (V) = Deig(U) = (U @q, Bexis) S /1.

This is an equivalence of categories from crystalline representations of Gal(L/L)
to admissible filtered isocrystals over L. We denote VcriS(Db’M(V)) := U for
Fontaine’s covariant inverse functor. The assignment

Rep@p G — REPQP (L/L), V — Veris (Do, (V)

defines a tensor functor from Repg, G to the category of continuous Gal(L/L)-
representations in finite dimensional Q,-vector spaces.
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Let E = EK, be the completion of the maximal unramified extension of E.
In what follows we consider cocharacters p defined over complete extensions L
of E. Let F** be the E-analytic space associated with the variety F := F@p E.
Rapoport and Zink define the p-adic period space associated with (G, b, {u}) as

F = {p € F*| (b, p) is admissible}

We are now ready to state the Rapoport-Zink conjecture in the form that
we are interested in.

Conjecture 4.3. There exists a unique largest arcwise connected dense open
E-analytic subspace Ff C Fi'® invariant under J(Qp) with F{(L) = Fy*(L)
for all finite extensions L/E and a tensor functor

V: RepQ G—Q,— Loc za
P b

(where Q, — Loc . is the category of local systems of Qp-vector spaces on .Iz'lf)
b

with the following property: For any point pu € ff(L) with L/ E finite, the tensor
functor

Repr G — Repr (L/L), V Veris(Dp, (V)
is isomorphic to the tensor functor
VeVVe
which associates to a representation V. € Repr G the geometric fiber at p of
the corresponding local system V(V).

There has been some evidence to suggest that the conjecture is false when
1 is not minuscule. Indeed for what follows we fix

1 0 0

Now Repr GLs is a tannakian category with tensor generator the standard
representation. This means that any tensor functor V : Repg, GLy, — Q, —
Loc #. is determined by its value on the standard representation.

b

We want to show first that ]-u'gva = A" We take as the model filtration:
13 2 1l 10 A2
(0) = Fil;, C Fil;, = Fil, C Fil, = Q,,
and the isocrystal corresponding to b (associated to the standard representation)
is Q, ® Q,(2). We denote the canonical basis for Q2 by ey, ey and let
Vo=<e > Vi=<ey>,

so that b = p? - idy_ ®idy, . Then the slope decomposition of the isocrystal,
Dy (Q2), associated to the standard representation has the form Dy(Q2) = No &
N1 with

No=V,® Ko, Ni=V_K,.
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We consider the space .% := Grassl((@%) of subspaces F' of dimension 1 (keeping

track of Filz = Fili). It is the easy to see that F' (considered as an L-point of
Z) is admissible iff
Fn((Vy®L)=(0).

That is it may be identified with an affine space of dimension 1, i.e. fgva = Alan,
as promised.

Since the isocrystal corresponding to b is an extension of Q, by Q,(2), it is
natural to assume the same for £, that is there is an exact sequence:

Additional assumption 1.
n: 0=>Qy(2) =-€&—-Q, =0,

where n € Eth(Qpa Qp(2)).

Next we show that we don’t lose generality if we suppose that fg‘ = Alan,
given the following additional assumption on £ := V (standard representation):

Additional assumption 2. For any open subgroup U C ]-v}?,

m” )y = pry Nlu + pra nlu,

where m : U X U — U is the group law of U and pry o : U X U — U are the first
and second projections respectively. The addition is viewed as a Baer sum in
the abelian group of extensions of Q, by Qp(2)

Remark 4.4. The above identity in Ext'(Q,,Q,(2)), where Q, and Q,(2) are
viewed as Q,-local systems over U x U, implies that there is an isomorphism

m” Ely = pry Ely @ pry Elu

and the fact that Hom(Q,, Q,(2)) = 0, implies that this isomorphism is unique.

Indeed given the above assumption on &£, we can take in particular U =
B(0,¢) for some € > 0 small enough, where B(0, ¢) is the open ball around 0 of
radius €. We consider the multiplication by p map:

p: B(0,pe) — B(0,¢).

We see that if £ is defined on B(0, €) satisfying Conjecture and Additional
assumption then so does p*€ defined over B(0, pe). Repeating gives a Q,-local
system, I&n p"*E defined over l&n B(0,p"¢) = A28, Thus we may suppose that

Fo = Aten,
We now define a moduli-space which parametrizes the Z,-lattices in £.

Definition 4.5. Define a moduli-space .# — AY“*", whose values at an S —
ALY étale point are given by

M(S) ={F/S| FoQ,=¢£|s},
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where F is a Zp-local system (a local system of Zy-lattices in the terminology
used by de Jong, cf. [18, §4]). We call the structural map

TdR - M —> Al,an
the de-Rham period map, in analogy with the classical Gross-Hopkins period
map, TGH : <%LT — Plan,

The following proposition shows that .# is representable by an analytic
space.

Proposition 4.6. The space A (which we denote by M (E) if necessary) as
defined above is representable by an étale covering space over AV**. In particular
the period morphism Tag : A — AV is étale and surjective.

Proof. We note that Z, — Loc is a stack over the category of k-analytic spaces

with the étale topology (here we can take & = @Q,). This shows that ./ is at
least a sheaf. Also £ is given by the triple

E=({Ui = AV} Fi, dij)

where
1. {Ui — Al’a“} is an étale covering of A3,

2. for each ¢ there is given an object F; € Z, — LocUi,

3. for each pair 4, j there is given an isomorphism ¢;; : F;
5
These data are subject to the cocycle condition prj; (i) o priy(djx) = priy.(dik)
on the triple product U; X g1.an Uj X pt.an Uy. It follows immediately that .|y,
is representable by a disjoint union of spaces finite étale over U;. Hence [I8|
Lemma 2.3], implies that .# is representable by an étale covering space (which
we also denote by .#) over Al:2n,

Ui X, 1,anU; 7
Uix,1,.aU; 10 the fibre category of Z, — Loc ® Q) over U; X p1.an Uj.

O

For what follows we surpress ‘an’ from the notation (for example A! will
mean AL3%). We note that there is a morphism

M (E) = T[] 5p(Qy)-
Z?

The construction of this morphism is simple. Denote by « the morphism £ — Q,
coming from the extension defining £. If § — Al and F € .#(£)(S5), then
FNQp(2) is a lattice in Q,(2) and u(F) is a lattice in Qp. Denote the index of
FNQ,(2) relative to Z,(2) by a and the index of u(F) relative to Z, by b. The
pair (a,b) then define the morphism. We can therefore rewrite

ME) =[] #E,

(a,b)eZ?

where . (£)(*?) is defined as the fiber of (a,b) under the above morphism.
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Proposition 4.7. M(E)00) s connected and is a group in the category of
Sp(Qy)-Berkovich spaces. Furthermore the period morphism

’/TdR|//{(g)(0,0) %(5)(00) — Ga,

where Al is identified with group structure G, is a morphism of groups.

Proof. We denote by 7’(A') the étale fundamental group due to de Jong
(pointed above 0 € Al), cf. [I8] (there he simply denotes it by ). Recall
that 77 (Al) calculates all étale covers of the base space A'. The structure
morphism Al — Sp((@p)7 defines a morphism

ﬂf‘](Al) — Gal(@p/@p),

which when composed with the cyclotomic character gives a character y of
7 (AY). The character y corresponds to the Q,-local system Q,(1) over Al.
Thus & is given by a morphism

2 «
pimi’(AY) — (% 1),

where a € Z1(7{7(A),Q,(2)) is a continuous 1-cocycle (to see this, the fact
that p is a homomorphism implies « is a 1-cocycle with values in Q,(2) and
together with p being continuous forces « to be a continuous 1-cocycle). We
therefore have

mo(A(£)) = Tm(p)\ GL2(Qp)/ GLa(Zy).

This follows from the fact that the number of orbits of the action of 7{7(A!)
on ./ (£)g is equal to the number of connected components of .# (&), cf. [18,
Theorem 2.10]. We first prove that . (£)(®9 is connected. Tt suffices to show
that Im(a) = @Q,. Recall that for each finite extension K /@p, the fiber of &£
at € A1(K) is given by the crystalline galois representation fabricated by the
Colmez-Fontaine functor. For example at « = 0, this is just Q, ® Q,(2). The
point x € Al (K) gives a section

5,0 Gal(K/K) — 7 (AY).

For = # 0, we claim that the image of cvo s, is an open subgroup of Q,. Indeed
po s, is a group homomorphism from a compact group (namely Gal(K/K))
to the standard Borel subgroup B(Q),). The image is thus a closed subgroup
of B(Q,) and hence a Lie subgroup. The unipotent part corresponds to a o s,
(which is non-trivial as = # 0) and thus has image, an open subgroup of Q,. To
finish the proof of connectedness, we make use of the morphism

xp: Al — AL

This corresponds to an action of multiplying the image of o o s, by p. This is
enough to conclude that Im(a) = Q,.
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We will now show that . (€ )(0’0) is a group object and the period morphism
74r is a morphism of groups with A! identified with G,. It is important to note
that we are working in the category of Sp(Qp)—Berkovich spaces (in particular
our morphisms to Al are not fixed). We first describe the group law. Fix two
morphisms u : S — A! and v : § — A'. Given two points

Fre #(E)Ow: 8 — A" and Fo e #(E)OV(v: 8§ — Al
we note that both F; and F, are extensions of Z, by Z,(2). We can thus
produce their Baer sum F := F; + F2. Explicitly, if we have
0 7Z,(2) 5 7 57,0
0 Z,2) 5 F &2, — 0,
then F is given by
Fim {(f, ) € Fo | g(f) = g ()} / {(h(1),0) — (0.K ()] b € Z,(2)}

Now we have

Fi [1} 2 y*E and Fo [1} >2*€
p p

Denote by m : G, X G, — G, the addition law on G, and pry 5 : G X Gy = G,
the two projections. We see that

1 1
]:[ } F1 { ] + 5 [}
p p p
=u"E+v*E
= (pryou x v)*E 4 (prgou X v)*€

= (uxv)"(pr] € +pr; &)
= (u X v)*m*&
= (u+0)"€

where u+v is the addition law under m : G, x G, — G,. The above calculation
shows that
Fe()ODu+v:8—Al). (3)

This gives us the required group law. The existence of an inverse follows from
Ext'(Z,,Z,(2)) being a group. The canonical section 0 : Sp((@p) — A forces
the crystalline galois representation of & to be precisely Q, @ Q,(2). This has a
canonical lattice Z, ®Z,(2) providing the identity section for .# (£)(:%). Finally
T4r 18 a morphism of groups follows from . O

5 Analytic groups of p-divisible type

In this section we recall Fargue’s notion of analytic groups of p-divisible
type and prove that .# (€)% is such an object. For brevity we abuse notation
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slightly and write mqg for wdR" H(E)00)" For an extensive study, we refer the
reader to [26]. Fix a field K of complete valuation of rank 1, an extension of Q,

(e.g. Qp).

Definition 5.1. An analytic K-group of p-divisible type is an analytic K -group
commutative G such that

1. The multiplication by p, G Bal G, is a surjective and finite morphism.

2. If |G| denotes the underlying topological space, then for all x € |G|,

li "r=0.
7L—1>1’-‘1I-100p t
Remark 5.2. Fargues’s original definition is in the rigid-analytic setting. Here
we work directly in the Berkovich setting. In our particular case, this creates
no problems. We also have an equivalence of categoies:

{paracompact hausdorff strictly K — analytic Berkovich spaces}

= {quasi-paracompact gs rigid-analytic varieties/K} .

such that if X is a quasi-paracompact gs rigid-analytic variety/K and X" is
its associated Berkovich space, then the underlying set of X is the set of points
x € X such that [ (z) : K] < 0.

We show that .#(£)(®0 is an analytic Qp—group of p-divisible type. The
last section shows that is an analytic QQ,-group. Moreover by construction of
the group law it is clearly also commutative.

Remark 5.3. The multiplication by p map, p : .#(£)(©0) (@p) — M (E)O0) (@p)
is easily seen have closed image on the (classical) Tate points. That is those
points whose residue field is a finite extension of Q,. Indeed suppose that we

have a sequence pz; ——» x where z; and x are such points. It suffices to show
that z = pz for some z. Now since mgr is an étale covering map, it follows
that it is an isomorphism around the identity element. That is there exists
Vcu#(E )(070) an analytic subgroup containing the identity element such that
marlv: V — (B°(0,€),+). Thus for 4,j > N for some N > 0, we have that
p(z; — x;) € V"8 and hence z; — z; € V'e. Tt follows that z; 1299 2 for some
z and hence x = pz.

We begin by showing that kermgr is a p-divisible group. Note first that
ker mgRr is a Qp—analytic group étale over Qp. Thus it is of dimension 0 and is
determined by its classical points. Now kermgr is a p-divisible group iff it is
p>-torsion (i.e. ker mqr = ker mgr [p°°]), ker mar [p] is finite (cf. Lemma and
the multiplication by p on ker mqgr is surjective (cf. Lemma . Note however
for K a finite extension of Qp

ker mar (K) = ker(H' (Gal(K/K),Z,(2)) — H'(Gal(K/K),Q,(2))),
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where the map on the RHS is the obvious one, sending a representation V' to
V ® Qp. Finally since

H(Gal(K )/ K), Z,(2)) []ﬂ — B (Gal(F/K), Q(2),

it follows that ker mqr(K) = ker mar[p™](K) for every finite extension K/Q,
and so ker mgr = ker mqr[p*°], as desired. Together with Lemmas and
we have proved the following theorem:

Theorem 5.4. We have the following exact sequence:

O —T — .#(&)0 TaE, Ay —0,
P

where T' is a p-divisible group over (@p, T4r 1S an €tale surjection such that
ker mqr identifies with T.

Proof. See the above paragraph O
Corollary 5.5. .#(£)*9 is an analytic @p—group of p-divisible type.

Proof. This follows from Theorem [5.4] and |26 Proposition 18]. O

It remains to prove ker mgg [p>°] is a p-divisible group. We have the following
commutative diagram,

0 —— kerﬂ'dR[p] — ///(5)(0"0) [P] —0

0 —— kermgqp ———— A#(£)00) T, Al

Xp Xp Xp

0 —— kermgg ——— ()00 T, Al

where all columns are left exact and the two bottom rows are left exact. Thus
by a version of the nine-lemma, the top row is also left exact giving:

ker mag [p] & .4 ()0 [p].

Now for [K : Q,] < oo, it is clear that kermgr(K) denotes the group of
Gal(K /K)-crystalline representations which are extensions of Z,, by Z,(2), whose
associated Qp-representation is Q, & Q,(2) (the group law is given by the Baer
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sum on Ext'(Z,,Z,(2)), induced by the group law on .# (€)% (K)). Thus we
have an isomorphism of groups

ker rar[p|(K) = H'(Gal(K/K), Z,(2))).

We now give two proofs of the following lemma. The first is an indirect
calculation on (¢, I')-modules. The second is more direct.

Lemma 5.6. Given K as above and a p-adic Gal(K / K)-representation V, in
Zy-modules, the p-torsion of H'(Gal(K /K), V) is finite and bounded as [K : Q)]
increases. Thus in particular

ker mar [p)(@,) = lim ker mq [p) (K)

is finite.

Proof. Let D := D(V) be the (¢,T')-module associated to V. By the thesis of
Laurent Herr, cf. [34], we can commute the Galois cohomology of V' directly
in terms of D using the Herr complex (Cy ~, (K, V) concentrated in degrees
[-1,3)):

0—sD (p—1,7x—1) DaD (vk—1)pry —(¥—1) pry

D —0,

where vg is a generator of I' i := Gal(K (up~)/K).

Theorem 5.7. H'(Cy . (K,V)) = H(Gal(K/K),V) for alli € N

Proof. This is proven in [34, Théoréme 2.1 and Proposition 4.1]. O

We get the induced exact sequence (cf. |25, Lemme 1.5.5]):

D¥=1 — D \'*
0 — HY(Gal(K/K),V) — () — 0.
Tk —1 Y1
The interest in this exact sequence is that the modules D¥=! and % have a

natural interpretation in Iwasawa theory.

Proposition 5.8. is a Zp-module of finte rank and no p-torsion.

_D_
o—1
Proof. This is proven in |25 Proposition 1.5.6 and Lemme 1.7.1]. O

Thus regarding the question of p-torsion, we are reduced to the study of

=1
wafl' We have the exact sequence:

0— D=t L p¥=t =% .,

where the module € := (1 — ) D¥=! is free of rank 2[K : Qp] over Zy[[T'k]], cf.
[6, Proposition 6.3.2]. This induces an exact sequence
De=t p¥=1 ¢

0— — — — 0,
Tk —1 Tk —1 vx —1
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coming from taking the long exact sequence of I' x-cohomology and noting that
'k is pro-cyclic. Now Z,[[I'k]] = Zy[A] ® Z,[[T]], where A is the torsion
submodule of I'x. Note also that the action of v on € corresponds to multi-
plication by T'4+1. Thus the module 'w;g—l has no p-torsion. Finally, using freely
the notation of Fontaine (cf. [25] §I]), we compute: D¥=! = (A®z, V)Hrw=1 =

(A?=t @y, V)Hx = VHr  Thus all the p-torsion in H'(Gal(K/K),V) comes

from IYKHfl which is a finite Z,-module. Further as K increases, we will have at
most
—"
p
7k —1
p-torsion.

O

We now give a more direct proof of Lemma in the case V = Z,(2) and
even calculate the order of ker mgg [p™].

Lemma 5.9. The group ker mqr[p"] is of order p™.

Proof. We follow the notation of Lemma [.6l We have an exact sequence of
Gal(K /K )-modules

0= Z,y(2) <25 7,(2) — (Z/p"Z)(2) — .

Taking the long exact sequence of cohomology we obtain that H*(Gal(K /K), Z,(2))[p"]
identifies with

coker (H?(Gal(K /K), Z,(2)) — H°(Gal(K/K), (Z/p"Z)(2))) .
As [K : Q) increases, we see that
H*(Gal(K/K), Z,(2)) = 0 and H*(Gal(K/K), (Z/p"Z)(2)) = (Z/p"Z)(2).

This completes the proof. O

6 Rapoport-Zink spaces and Q,-local systems

This section is an application of [I8], §6], applied to an ordinary elliptic curve
over F,. The deformation space of an ordinary abelian variety was studied by
Serre-Tate and a summary is given in [36, §2]. Let us recall the definition of
a Rapoport-Zink space (without EL or PEL-structure). Let H be a p-divisible
group over a perfect field k of characteristic p, of height h and dimension d.
Consider the category Artyy(;y of Artinian local algebras over W (k) with residue
field k. An object of Artyy(x) is a pair (R, j), where R is an Artinian local algebra
with residue field k and j : W (k) — R is a local homomorphism of local rings.
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Definition 6.1. Let R € Arty (). A deformation of H to R is a pair (G, p),
where G is a p-divisible group over R and

p:H—-GRrk

is an isomorphism locally for the fppf topology. Let Defy be the associated
Junctor on Artyy (1, taking R to the set of isomorphism classes of deformations
(G,p) of H to R.

Recall the following theorem of Rapoport-Zink, cf. [49, Theorem 2.16].

Theorem 6.2. The functor Defy is representable by a formal scheme M over
Spf W(k), which locally admits a finitely generated ideal of definition. FEv-
ery irreducible component of the reduced subscheme is proper and M 1is non-
canonically isomorphic to the functor represented by the formal spectrum

Spt W(k)[[T1, - - -, Tagh—a)]-

Now let H be the p-divisible group over E;, associated to an ordinary elliptic
curve over IF,

H = ppee X Qp/7Zy,.

To describe its isocrystal, let e1, es be the canonical basis for Qf, and let
Vo=<e > Vi=<ey>.

As the element b € GLy(K() we take b = p -idy_ @idy,. Then the isocrystal
associated to H is Q, ® Q,(1). The slope decomposition has the form N =
NO (5] N1 with

No =V, ® Ko, N, = V_ ® K.

We consider the space % := Grassl((@f)) of subspaces F' of dimension 1. It is
the easy to see that F' (considered as an L-point of .%) is admissible iff
Fn(Vy®L)=/(0).

That is the admissible locus may be identified with an affine space of dimension
1.
We now return to study the functor Defy, with H as above.

Definition 6.3. Let S be a scheme such that p is locally nilpotent in Og. A
p-divisible group X — S is said to be ordinary if X sits in a short exact sequence

0—-T—>X—-FE—0

where T is a multiplicative p-divisible group (i.e. locally T'[p"] is diagonalizable)
and E is an étale p-divisible group. Such an exact sequence is unique up to
unique isomorphism.

Remark 6.4. Suppose that X is an ordinary p-divisible group over S = Spec(K),
where K D IF, is a perfect field. Then there exists a unique splitting of the short
exact sequence 0 - T — X — F — 0 over K.
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Proposition 6.5. Suppose that S is a scheme over W (k) and p is locally nilpo-
tent in Og. Let Sy = S x Og/pQOg, the closed subscheme defined by the ideal
pQOgs of the structure sheaf Og. If X — S is a p-divisible group such that X x g.5¢
is ordinary, then X — S is ordinary.

Proof. This is a consequence of the rigidity of finite étale group schemes and
commutative finite group schemes of multiplicative type, cf. [20, Exposé X]. O

Now H is an ordinary p-divisible group over R,. It sits in a canonical split
short exact sequence

0= pipe = H — Qp/Zy — 0.

Let T; — Spec(W(F,)/p'W (F,)) and E; — Spec(W (F,)/p'W (F, )) be the
multiplicative, respectively étale p-divisible group over Spec( (Fp)/p'W (F,))
which lifts ppe, respectively Q,/Z,, for each ¢ > 1. Both T; and E; are
unique up to unique isomorphism. Taking the limit of T;[p™], respectively
E;[p"] as i — oo, we get a multiplicative, respectively étale p-divisible group
T — Spec(W (F,)), respectively E — Spec(W(F,)). Let G, be the completion
of G, along its unit section. The theorem below shows that the deformation
space of H has a natural structure as a group object isomorphic to G,,, of
dimension 1.

Theorem 6.6. 1. Every deformation X — Spec(R) of H over an Artinian
local W (F,)-algebra R is an ordinary p-divisible group over R. Therefore
X sits in an exact sequence

0—1T x R—X—>FEx R — 0.

W (F,) W (Fp)

2. The deformation functor Defy has a natural structure via the Baer sum
construction, as a functor from ArtW(F ) to the category of Abelian groups.
p
In particular the unit element in Defp(R) corresponds to the split p-
divisible group
(T xw, E) Xwe, It

8. There is a natural isomorphism of functors
@m l> DefH .

Proof. Statements 1 and 2 follow from Proposition [6.5} It remains to prove
statement 3. By 1, over any Artinian local W (F,)-algebra R, we see that
Defrr(R) is the set of isomorphism classes of extensions of E Xw(F,) R by
T Xy 5,) B. We have also seen that Def p(R) is naturally isomorphic to the
inverse limit

yLn EXt%/p'rLZ((Z/an)R? Np”,R)v

n

where the Ext group is computed in the category of fppf-sheaves of Z/p"Z-
modules over Spec(R). This makes sense because the category of finite flat
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R-group schemes in the category of fppf-sheaves is closed under extensions.
Now in the fppf-topology, the Kummer sequence

z—=2"

1=, -G, — G, = 1

is always exact even if n is not invertible in the underlying scheme. So we can
apply Kummer theory directly to compute Hflppf(Spec(R), n) for any n, cf. [47,
§4, pg. 125], for an explicit computation. By Kummer theory, we have

Exty 7 (Z/P"2) s pipn 1) = R* [ (R*)P".
Since mpg is nilpotent and R/mp = Fp is perfect, it is easy to compute

lim R*/(R*)"" = 1+ mp,

n

where the transition morphisms are given by restriction and are compatible with
.. . . . 1 .
the transition morphisms in lim Exty .5 ((Z/p"Z) R, ppr,r). Finally note that

Gm(R) =1+ mp. O

Remark 6.7. The above theorem holds (with the same proof) for the category C
of complete local noetherian W (F,)-algebras with residue field FF,,. That is we

can define Defy as a functor on C and we would have @m =5 Defy as functors
on C. Hence there is a universal p-divisible group H"™ over Def ;.

Let R be a ring and Nilp}) denote the category opposite of the category
of R-algebras on which p is nilpotent. We now define the Tate module of a
p-divisible group G over R. We follow closely [57], §3.3].

Definition 6.8. The Tate module of G is defined as a sheaf

T(G)(S) = lim G[p")(S)

on Nilp. Clearly T(G) is a locally constant sheaf of Z,-modules.
The next result says that the Tate-module commutes with analytification.

Proposition 6.9. We have that

as analytic sheaves on Spec(R)*".
Proof. This follows from the proof of [57, Proposition 3.3.2]. O

Definition 6.10. We define the rational Tate module of G as
V(G)*" = @T(G)a“
P

where the transition morphisms are multiplication by p
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Remark 6.11. [57, Proposition 3.3.1] says that T'(G) is representable as a scheme

over Spec(W(F,)) and since p : T(G)* — T(G)*" is an open immersion, it
follows that V(G)®" is representable by an analytic space over Spec(R)**.
Fix a scheme X such that X" is reduced and BT x the stack of p-divisible

groups over X equipped with the fppf topology. Consider the functors between
stacks

Tp . BTX — Zp - @X&n
G s T(G)™

and

V, : BTx — @, — Loc s
G V(G)™.

Proposition 6.12. The functors T}, and V), are fully faithful and exact.

Proof. The fully faithful part is [I8, Proposition 6.2(ii)]. Exactness is obvious.
O

Take the p-adic period morphism associated to Def g, 7 : Defy — Ab#® and
let & denote V(H"V)2m a Q,-local system on Def3}.

Proposition 6.13. The rational Tate-module £’ descends to a local system,
which we denote again by &', of Qp-vector spaces on Alan,

Proof. In order for £ to define a local system on A'2" it suffices to show that

— 7 : Defyf — AL is a covering for the étale topology.

— There is descent datum ) : pri & = prs £ over Def3} X 41,.n Def3y where
pr; : Def%' Xa1.an Defy — Def?' is projection onto the ith factor, such
that 1 satisfies the cocycle condition on Def3y X 41,40 Defiy X 41,00 Def?r.

The first point is well known and goes back to the work of Dwork. For the second
point, let D be the constant filtered isocrystal over A" given by (D(H),wg- <

D(H)). We have canonical descent datum
id : pr} #*D = pry n*D

over Def%}' X p1.an Def}'. We have the object pr; H'V:a" as an object of the
stack BTDef'}l; X p1,an Defan & Qp. Note that BTDefe;; X y1,am Defan is stack on the
quasi-étale topology of formal models of Def%' X g1.an Defar, Whose values on a
given formal model X are p-divisible groups over X. Finally BTpefar x ,; ., Defar ®
Q, is the stack associated to BTDefe;; X 41, Defan whose pre-stack were mor-
phisms up to quasi-isogeny. The functor from this stack to filtered isocrystals is
fully faithful by [I8, Proposition 6.6] and sends prj H"V:*" to pr¥ 7*D. Thus
one obtains descent datum

~

w . PI“T Huniv,an BN pl‘; Huniv,an
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in BTpefar 1 an Defzp ® Qp. One applies the rational Tate module functor V,
together with Proposition [6.9] and takes

b= Vp(y) i & S pry &
as required. This yields the local system £ on Al2%, O

Note that & sits in an exact sequence 0 — Q,(1) — & — Q, — 0. The
next proposition summarizes the work done in this section.

Proposition 6.14. There is an isomorphism of (@p-analytic groups
Gm = .(£)0),
Proof. This follows from Theorem [6.6] and Proposition [6.13] O

7 Final Calculations

In this section we begin by showing that .# (€ )(0 ) is the analytification of an

actual p-divisible group. First of all note that the property of being an analytic
p-divisible group is stable by base change and so .# (& ) 0 g a Cp-analytic
group of p-divisible type. We have the following lemma glvmg the helght and
dimension of .Z (&) opo)

Lemma 7.1. ///(5)8)’0) has dimension 1 and height 1.

Proof. First note that dimension and height are invariant by base change. Thus
it suffices to show that .2 (€)% has the specified dimension and height. We
have that mar : #(£)(®%) — Al is an étale surjection. Since A' has dimension 1,
it follows that .#(£)(*:?) has dimension 1. By definition the height of .2 (£)(®:0)
is the height of its associated p-divisible group, . (€)% [p>=]. As remarked
earlier, for K a finite extension of Qp, we have

M(E) OV [p>](K) = H (Gal(K /K), Zy(2))[p™]
= ker(H'(Gal(K /K), Z,(2)) — H' (Gal(K/K),Q,(2))).
Following the proof of Lemma we see that p-torsion in H'(Gal(K /K),Z,(2))
Z?f%f. The latter is of the form Z,/p"Z, for n > 0 (since the
action of 4 € 'k is non-trivial in Z,(2)#%), which has exactly p, p-torsion.
Hence the p-divisible group . (£)(0:0) [p“’} must have height 1. O

comes from

The previous lemma together with a classification result of Fargues in [20],

allows us to deduce the precise form of .Z (€ )(Ofo).

~

Prop051t10n 7.2. As Cp-analytic p-divisible groups, we have (€ )00) =
%17Cp, where (Gm &, is the completion of G, &, along its unit section. This

implies that the analytification, @f};QP, is the open unit ball, with center 1,

equipped with its natural multiplicative structure.
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Proof. By [26], Théoréeme 3.2] and Lemma it follows that either .Z (€ )(O 0) o
G, or M(E)E)” = Qy/Zy x G Since A(€)*) is connected, by [26
Proposition 6] .Z (€ )(0’0) has finitely many connected components. Thus .# (€ )(0;0)

is connected and this rules out .# (€ ) (0.0) o ~Q,/Z, x G&". Hence .4 (& )(O 0) o

Tian
m,Cp

We claim that we have ¢, = g(f:,; Indeed by Proposition we have
that ///(5)8;0) = ///(8’)&0) x~ @2?,@ as analytic groups. Now the logarithm
@%I,C,, — A(l:p is a Q,/Z,-torsor (it is an étale covering with kernel Q,/Z,). Let

I = @Xp G Cy (viewed as a projective system, or a perfectoid space for the

as claimed. O

associated adic space). Then J# — @an , is a Zp-torsor and S — Al is a

Qp-torsor which is pro-étale. Now as G“‘“ is an analytic group of p—dlv1Slble
type, it is naturally equipped with an actlon of Z,. This induces an action of
Qp x Z;, on 2 (the first component acts via the torsor structure J# — ACP and

the second component is induced from Z; — Aut(@fyﬁcp). Now let

Bl o Z; QP
: Z;

and note that B! acts on # via <)(\)1 ;f) o X A € QX Zy. Now
2

consider

IndG%Q(Qp)% = X B1 GLZ(QP)

We claim that IndGLZ @) corresponds to the infinite level Rapoport-Zink
space associated to aw‘;cp (recall that we are deforming H, the ordinary p-

divisible group). Indeed this follows from results of [29]. Taking ¥’ = 1, b =

0

taking connected components and noting JY = Spd F,[[t'/?™]], cf. [56, Remark

18.2.5(3)]) s° = be, o The claim now follows from [29, Corollary 4.14].

Repeating the construction for ///(5)810) and ///(5’)8)’0), we see that

(1 2), G = GLg, p minuscule in Proposition 4.21 in loc.cit. gives (after

Ind 2(@,,)1 %(5)(0 ,0) ~In d Z(QP)L%(‘SI)SZO) (4)

><P xXp

Now

Indyy* @) im ()7 Xary(0,) @ = Ee,
xp
and similarly

GL ~
Ind (@) L/// N XLy, QF 22 &

b
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By , this implies £c, = ‘%p’ as promised.
We now rephrase this condition in terms of fundamental groups. First we
need a lemma relating the geometric étale fundamental group 7’ (A(l;p) and the

étale fundamental group 7§’ (A%JJ ).
D

Lemma 7.3. There is an exact sequence of prodiscrete groups

1= H = xf(A} ) = Gal(@,/Qy) = 1,

where H 1is the closure of the image of W?J(A}CP) — W?J(Aa ).

D

Proof. Exactness on the right follows from [I8, Proposition 2.12]. Exactness
on the left is by definition of H. Let’s prove exactness in the middle. It is
clear that the composition is trivial. This is because for every finite étale cover
X — Sp(Q,), the base change X Xsp(@,) A}CP — A}Cp is a trivial cover. Let U C

W?‘](A%}p) be an open subgroup and let X — Aép be the connected étale cover
corresponding to U. Then U contains the image (:= I) of 7/ (A(lcp) — (Aép)
iff Xc, = A%:p, cf. [60, Proposition 5.5.5]. Note also that the intersection of
all open subgroups containing I is the closure H of I in 7§ (A%@p), cf. Lemma
5.5.7(1) in loc.citﬁ Finally [I8, Lemma 2.14] gives that kernel of 77{1‘](&%%) —

Gal(@p / @p) coincides with H. This completes the proof.
]

Remark 7.4. Armed with Lemma it is natural to proceed as follows. The
inflation-restriction exact sequence applied to

1= H = ' (AL ) = Gal(Q,/Q,) = 1,

gives a diagram

0 — H'(Gal(Q,/Qy), Qp(1)) — H'(x (4} ), Qy(1))

0 — H'(Gal(Q,/Qy), Qp(2)) — H(m" (Ag ), Qp(2))

where we have identified H'(H,Q,(1)) and H'(H,Q,(2)) via a choice of ba-
sis for Q,(1) as a Q,-vector space. Now the condition &, = Eép means

25. Technically Lemma 5.5.7(1) in loc.cit is for profinite groups but the same proof works
in our situation.
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v ([f1]) = 72([f2]) (here [—] denotes the class of the relevant 1-cocycle in the
cohomology group, fi is a 1-cocycle corresponding to £’ and fs is a 1-cocycle
corresponding to &£). To obtain a contradiction we need to compare the images
of 71 and 72. Unfortunately this is difficult to do (in this setup) due to a lack
of morphism between H!(m{’ (A(l@p),(@p(l)) and H!(r{’ (Aép),@p@)) which is
compatible with v; and 7,. To overcome this difficulty, the key is to keep track of
& and &’ via one cohomology group, albeit we will need to consider non-abelian
cohomology of groups, so this will be a pointed set.

7.1 Non-abelian cohomology of groups

In this section we provide the set-up of non-abelian cohomology that is
required. Consider the following situation: Let G be any profinite group and H a
normal subgroup (we will apply what follows to our situation with G = 7¢/ (A}Q )

P

and H as in Lemma . Suppose
p1,p2: G — GL(V)

are two QQ,-representations of G, of the same dimension (later we will set p; and
p2 to be the stalk at a geometric point of £ and &, respectively). Define the
following action of G on GL(V)

Vo € G, Vg € GL(V), “g = pa(a)gpa(o) "
The key to comparing p; and po is to consider the following function
c: G— GL(V)
o co = p1(o)pa(o)t

Lemma 7.5. The function c as defined above is a 1-cocycle, thatisc € Z1(G,GL(V)).
Moreover ¢ ~ 1 iff p1 = ps.

Proof. For any «, 8 € G,

cap = p1(af)pa(aB) !
= p1(@)p2(a) M pa(a)p1(B)p2(B) ' pa(a) "]

=cq ¥ Cp.

This proves c is indeed a 1-cocycle. For the last part note that ¢ ~ 1 iff there
exists b € GL(V) such that ¢, = b=1 -7 b = b~ !py(0)bpe(0) L. Plugging ¢, =
p1(0)p2(o)~t gives precisely p; = p,. This completes the proof. O

Suppose now that p1|g= po|m (this will be the condition that &, = &’CP)
and so by Lemma ¢|g~ 1. In this case it is natural to start analysing the
inflation-restriction exact sequence (of pointed sets)

1 — HY(G/H,GL(V)?) - HY(G,GL(V)) = H*(H,GL(V)).
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We now specialize to our situation. By Lemma G/H = Gal(@p/(@p).
We will also replace GL(V) by the upper Borel subgroup B whose lower-right
entries are 1. We begin by computing B .

Lemma 7.6. As a Gal(@l)/@p)-module, B 2~ Q,(2).

Proof. Suppose g = (a 11)) € BH . This means that for all 0 € H

9= pa2(0)gp2(0) " (5)
Computing the RHS of gives

p2(0)gpa(0) " = (1 a21(")> (“ ’1’) (1 —ai(o))

_ (a b+ (1— a)ag(a))

1

where ap: G — Q, is determined by the class of £ in Hl(ﬂ?J(Aép),Qp(Q)).

Since as|p is certainly non-trivial, we must have that a = 1. Finally to deter-
b
1

1 b _

p2(o) ( 1) pa(o)

xX*(0) az(0)) (1 b (x72(0) —x*(0)az(o)

1 1 1
1 bx*(o)
1 .
Thus it follows that the action of G on B¥ is given by x2. This completes the
proof. O

. . 1
mine the action of ¢ € G on (

)

> € B we compute

We following lemma says that H 1(Gal(@p / Qp), Q,(2)) is enormous and it is
therefore hopeless to study the cocycle ¢ in Hl(Gal(@p/((il)p)7 Qp(2)).

Lemma 7.7. We have that Hl(Gal(@p/Qp),Qp(Z)) is of dimension 1 over Qp.

Proof. Probably the quickest way to see this is via the exponential map of Bloch-

Kato. The point is that if V is a semi-stable representation of Gal(Qp/Qp),
whose Hodge-Tate weights are > 2, then the Bloch-Kato exponential map

expy : Dar(V) — H'(Gal(@,/Q,),V)

is an isomorphism, cf. [I, Théoréme 6.8]. Applying this to V' = Q,(2) gives the
result. O
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To obtain a contradiction for the existence of £ consider the following com-
position of maps

v % o B ~ %
H'(Gal(Q,/Qy), Qy(2)) = H' (G, B) = H'(Gal(Q,/Qp), B), (6)
where the first map is inflation and the second morphism is coming from the
section Sp(Q,) — Aé defined by the origin point. Explicitly this composition

sends a cocycle (class)

d: Gal(@,/Q,) —» Q,(2)

to the cocycle

Gal(Q,/Q,) —» G - Gal(Q,/D,) % Q,(2) — B, (7)

where the first map is induced by the section Sp(@p) — Aé . Since the compo-
p

sition of the first two maps in @ is the identity, the composition of a and 3 is
given by the map on cohomology induced by the morphism

Q,(2) — B.

We now compute 3([c]) in two ways. First of all, we know that there exists

c: Gal((@p/(@p) — Q,(2) a 1-cocycle such that a([¢/]) = [¢]. On the other hand
at the origin both representations p; and py are split and so the cocycle ¢ gets
sent to a 1-cocycle (via the second map ) of the form

" Gal(@p/(@p) — B

s ().

But o a([']) is a 1-cocycle of the form (which we continue to denote by ¢’)

¢: Gal(Q,/Q,) — B
o (14O,

By construction the two 1-cocycles are ¢/ ~ ¢’ in Hl(Gal(@p/Qp),B). This
means that there exists b € B such that

(1 ID) = () et ®)

Rearranging (8) gives["|
b <x2(0) (o) +c’(0)> bl (X(U) xl(o)az(o)) . ()

26. Recall that pa(o) = (XQ(O') 0421(0))
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Comparing the determinants of both sides of @D gives a contradiction. This

means that the Q,-local system £ does not exist, giving a counter-example to
Conjecture [£.3]
As a corollary of the previous sections, we conjecture the following result:

Conjecture 7.8. For the datum

1 0 2 0
o-ctno=(3 2) w0 )

there does not exist an adic space X over Spa(@p) such that
X° = Sht(G,b,u) .

Remark 7.9. Conjecture [7.8]is interesting because it advocates the importance
of diamonds which are not coming from classical adic spaces. One could attempt
to prove Conjecture as follows (we will freely employ the notation of [56]):
There is a period map mgy: Sht(g,p,.) — Bir/ Fil? X $pd(Q,) Spd(@p) and there
is a natural morphism v: Bj,/Fil® XSpd(Q,) Spd(Q,) — A(l@p. One can show

that there is a Qp-local system F over Big/ Fil? X S$pd(Qy) Spd(@p) such that
Sht(g b,y = 4 (F). The fact that there is a counterexample to the Rapoport-
Zink conjecture means that F does not descend to a Qp-local system over A([li

D
via v. One would expect that this implies .# (F) does not come from an adic
space.
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8 Part II: Arithmetic families of (¢, [')-modules
and locally analytic representations of

GL?(Qp)
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9 Introduction

9.1 An extension of the p-adic Langlands correspondence

The aim of this article is to study the p-adic Langlands correspondence for
GL2(Qp) in arithmetic families. To put things into context, let us recall the
general lines of this correspondence. In [9], [48] and [I6], a bijection V + II(V)
between absolutely irreducible 2-dimensional continuous L—representationsﬂ
of the absolute Galois group Gq, of Q, and admissible unitary non-ordinary
Banach L-representations of GL2(Q,) which are topologically absolutely irre-
ducible is established. The inverse functor II — V(II) is sometimes referred to
as the Montréal functor, cf. [9, §IV].

The basic strategy of the construction of the functor V' — II(V) is the
following: by Fontaine’s equivalence, the category of local Galois representations
in L-vector spaces is equivalent to that of étale (p,T")-modules over Fontaine’s
field @@L@ The latter (linearized-) category is considered to be an upgrade as
one can often perform explicit computations. Any such (p, T')-module D can be
naturally seen as a Pt-equivariant sheaf over Z,, where Pt = (ZPB{O} le)

is a sub-semi-group of the mirabolic subgroup (= (QO; le )) of GL2(Qp). If U
is a compact open subset of Z,,, we denote by DX U the sections over U of this
sheaf. In [9], a magical involution wp acting on DX Z is defined, allowing one
(noting tht P*(Qy) is built by glueing two copies of Z,, along Z)) to extend D
to a GL2(Qp)-equivariant sheaf overlﬂ P!, which is denoted D X,, P!, where
w = (det D)X*IE One then cuts out the desired Banach representation II(V')
(and its dual) from the constituents of DX, P'. More precisely, we have a short
exact sequence of topological GL2(Q,)-modules

0—-T(V)*®w— DX, P' - TI(V) — 0.

Let %}, denote the Robba ringE with coefficients in L. By a combination of
results of Cherbonnier-Colmez ([5]) and Kedlaya ([38]), the categories of étale
(¢,T')-modules over &, and Z, are equivalent. Call D + D, this correspon-
dence. We have analogous constructions as above for Dy, and, in particular,

27. During all this text, L will denote the coefficient field, which is a finite extension of Q.
28. The field &, is defined as the Laurent series Znez anT™ such that a, € L are bounded

and limp,— oo an, = 0. & is equipped with continuous actions of I' = Z;; (we note oq,
a € Z,', its elements) and an operator ¢ defined by the formulas 0o (7) = (1 + 7)% — 1 and
@(T) = (14T)P —1. Recall that a (¢,I")-module is a free &-module equipped with semi-linear
continuous actions of I" and .

29. The matrix (g ?) codifies the action of ¢, (g (1)) the action of o, € IT" and ((1) ll’) the

multiplication by (1 + T)°.

30. From now on, P! will always mean P'(Q,).

31. The character det D is the character of Q; defined by the actions of ¢ and T on A2D.
If D is étale, it can also be seen as a Galois character via local class field theory. The
character x: x — z|x| denotes the cyclotomic character. We see both characters as characters
of GL2(Qp) by composing with the determinant.

32. It is defined as the ring of Laurent series Zn anT"™, an, € L, converging on some annulus
0 < vp(T) < r for some r > 0.
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we have a GL2(Q,)-equivariant sheaf U +— D, XU over P. If we note II(V)*"
the locally analytic vectors of II(V'), we get an exact sequence

0 (IL(V)*™)* @ w — Dyg X, P1 — TI(V)* — 0.

The construction however of D,z X,, P! is not a straightforward consequence of
DX, P!. This is mainly because the formula defining the involution does not
converge for a (¢, I')-module over %Llﬂ

Inspired by the calculations of the p-adic local correspondence for triangu-
line[ étale (i, I')-modules, Colmez ([L1]) has recently given a direct construc-
tion, for a (not necessarily étale) (o,T')-module A (of rank 2) over Zr, of a
locally analytic L-representation II(A) of GL2(Q,). More precisely, we have
the following theorem:

Theorem 9.1 ([11], Théoréme 0.1). There exists a unique extension of A to
a GL2(Qp)-equivariant sheaf of Qp-analytic typelﬂ AR, P! over P with cen-
tral character w. Moreover, there exists a unique admissible locally analytic
L-representation II(A), with central character w, of GL2(Q,), such that

0—T(A)"®@w— AR, P! = TI(A) — 0.

The purpose of the present work is to study this correspondence in the con-
text of arithmetic families of (¢, F)—modulesm The arguments in [I1] strongly
rely on the cohomology theory of locally analytic representations developed in
[43], and specifically on Shapiro’s lemma. Since the authors are not aware of
any reference for these results in the relative setting, we develop, in an appendix
(cf. §A]), the necessary definitions and properties of locally analytic GL2(Q,)-
representations in A-modules. Since this point might carry some interest on its
own, we describe it in more detail in below. We will exclusively work with
affinoid spaces in the sense of Tate, rather than Berkovich or Huber. Let A be
a Q,-affinoid algebra and let Z4 be the relative Robba ring over A. Our main
result can be stated as follows:

Theorem 9.2. Let A be a Q,-affinoid algebra and let A be a trianguline (o, I")-
module over Za of rank 2 which is an extension of %a(d2) by Za(d1), where
01,02 : Qp — A are locally analytic characters satisfying some regularity
assumptionslﬁ. Then there exists a unique extension of A to a GL2(Qp)-

33. To construct the involution on Dyig in the étale case, one shows that wp stabilises DX

ZZf , where DT is the (¢, T')-module over the overconvergent elements éag of &7, corresponding to
D by the Cherbonnier-Colmez correspondence, and that it defines by continuity an involution
on Dyjg X Z;f.

34. A rank 2 (¢, I')-module is trianguline if it is an extension of rank 1 (¢, I')-modules.

35. A sheaf U — M R U is of Qp-analytic type if, for every open compact U C P! and
every compact K C GL2(Qp) stabilizing U, the space M R U is of LF-type and a continuous
D(K)-module, where D(K) is the distribution algebra over K.

36. Results concerning representations in famillies on the ¢-adic side (i.e. the classical local
Langlands correspondence, cf. [31]) have been achieved by Emerton-Helm in [24].

37. Precisely, we suppose that 616;1 is pointwise never of the form yz® or % for some
1> 0.
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equivariant sheaf of Qp-analytic type A K, P over P! with central charac-
ter w = 010ax "' and a (not mecessarily unique) locally analytic GL2(Qp)-
representatzbnlﬂ II(A) in A-modules with central character w, living in an exact
sequence

0—-TA)®w— AKX, P! - TI(A) — 0.

This result is expected to have applications to the study of eigenvarieties,
however in this paper we make no attempt to say anything in this direction.

9.2 The construction of the correspondence

The construction of the correspondence follows the general lines of [11], but
several technical difficulties appear along the way. Let’s briefly describe how
to construct the correspondence A — II(A) and the additional problems that
arise in the relative (affinoid) setting.

From the calculation of the locally analytic vectors of the unitary principal
series ([8, Théoréme 0.7]), one knows that, if D is an étale trianguline (p,T)-
module over &, of dimension 2, then (II(D))*" is an extension of locally analytic
principal series. The idea of [II] is to intelligently reverse this dévissage of
Dyig X, P! in order to actually construct it from these pieces.

For the rest of this introduction let G = GL2(Q,) and B be its lower Borel
subgroup and let d;, d2 and w be as in Theorem Using a relative version
of the dictionary of p-adic functional analysis, we construct, for ? € {+, —, 0},
G-equivariant sheaves %% (61) X, P! (with central character w) of Q,-analytic
type living in an exact sequence

0— Z5(61) K, Pt = %a(61) K, P! - %, (61) X, P — 0.

Moreover, one can get identifications B (d2,01)* @ w = %2(51) X, P! and
Ba(61,62) =2 %5 (61) X, P!, where Ba(d1,02) = Ind%(élx_l ® 02) denotes the
locally analytic principal series. These identifications allow us to consider the
locally analytic principal series (and their duals) as (the global sections of) G-
equivariant sheaves over P! of interest.

We then construct the G-equivariant sheaf AKX, P! over P! as an extension
of Za(02) X, P by #Z4(61) K, PL. This is done, as in [II], by showing that
extensions of %4 (d2) by Z4(01) correspond to extensions of %Z1 (d2) X, P! by
R4 (61)X,PL. One then shows that an extension of Z} (62) X, P! by Z4(1)X,,
P! uniquely extends to an extension of Z4(52) X, P by Z(61) X, P. Once
the sheaf A X, P! is constructed, one shows that the intermediate extension
of %’j{(ég) X, P! by Ky (01) R, P! splits and thus one can separate the spaces
that are Fréchets from those that are an inductive limit of Banach spaces so as
to cut out the desired representation II(A).

The fact that, for ? € {+,—,0}, the P*-module %% (6;) can be seen as

sections over Z,, of a G-equivariant sheaf over P!, and that the semi-group Pr=

38. See Definition for the definition of a locally analytic G-representation in A-modules.
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(Z‘;Z;EO} (1)) stabilizes Z,,, show that %% (61) = %% (01) X, Z, is automatically

equipped with an extra action of the matrix ( zl, (1)) We call
R4(81,02) := (B (01) By Zpy) @ 057

the P -module thus defined. The technical heart for proving Theorem isa
comparison result between the cohomology of the semi-groups A* = (% 0} 0)

and P with values in ,%’A((Sl&;l) and Z4(01,d2), respectively.

Theorem 9.3. The restriction morphism from P to AT induces an isomor-
phism
HY (P, %24(61,82)) = H (A", Z4(5:651)).
The semi-group AT should be thought of as encoding the action of ¢ and
I'. The difficulty of course is to codify the action of the involution and this

is the underlying idea for considering the semi-group P'. Indeed P should
be thought of as getting closer to tracking the involution. Theorem is (es-
sentially) saying that a trianguline (¢, T')-module as in Theorem admits an
extension to a G-equivariant sheaf over P!.

Let us briefly describe the proof of Theorem The main idea is to reduce
this bijection to the case of a point (i.e to the case where A = L is a finite
extension of Q). The first step is to build a Koszul complex which calculates

P+—cohomology.

Proposition 9.4. Let M be an A[Fﬂ—module such that the action of P e

tends to an action of the Iwasawa algebra Zp[[P+]]. Then the complex

Cron(M): 0 M S MeaMaM S MaMae M2 M0
wherePY)

X(z)=(1-7)z,(1 -9z, (y—1)z)
Y(2,y,2) = (1 = ¢bp)z + (1 — )y, (v0a — D)z + (7 = 1)z, (v = Dy + (¢ — 1)2)
Z(z,y,2) = (70 — D)z + (pdp — L)y + (1 —7)2

calculates PJr—cohomology. That is H (€r ~(M)) = Hi(ﬁ+7 M).

The asymmetric nature of €, (M) is due to the non-commutativity of P
A crude estimation of the maps X, Y and Z leads to the following corollary.

Corollary 9.5. The complex € o ~(Za(01,02)) is a pseudo-coherent complex
concentrated in degrees [0,3]. In the terminology of the body of the paper,
Crpn(Za(61,02)) € DI[)OgB] (A) In particular the cohomology groups H* (P+,%A (61,02))
are finite A-modules.

39. Here 7= (19) and 6, = 221 for all:(;EZ;;.

p1 —1
40. We refer the reader to §12.1| for the notion of a pseudo-coherent complex and the defi-
nition of Dy (A).
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More precisely the proof of Corollary is reduced to proving finiteness of
a twisted (p,T")-cohomology of Z4(01,062), cf. Lemma [12.11]

The issue with € , (M) is that the operators d, are difficult to comprehend,
rendering the complex almost impractical for explicit computations. One can
however linearize the situation and pass to the Lie algebra, where calculations
are often feasible.

Proposition 9.6. If M € {%g(dl,52),%5(61,52),%L(51,62)} then the com-
plex

Cgu*,cp,aJr(M)O%MLM@M@MLM@M@MZ—/)M—)O,
where[]

X'(z) = ((¢ — Da,atz,u"z)

Y'(z,y,2) = (aTox — (¢ — Dy,u"y — (at + 1)z, (pp — 1)z —u"x)

Z'(a,y,2) =u"x+ (pp — Dy + (a* +1)2

calculates the Lie-algebra cohomology 0fﬁ+. In particular, H°(P, H €y p.a+(M))) =
7P, M)
A long, tedious but direct calculation then leads to the following corollary.

Corollary 9.7. The L-vector space Hz(ﬁ+,<%’L(61, d2)) is of dimension 1.

Corollaries and allow for an analysis of a spectral sequence to take
place and prove Theorem[0.3]in the case where A is reduced. One then concludes
via an induction argument on the index of nilpotence of the nilradical of A. Via
the complex €, , ,+ (M) we also obtain an alternative proof of [T}, Proposition
5.18] in the case of a cyclotomic (p,I')-module. Along the way we show a com-
parison isomorphism relating continuous cohomology and analytic cohomology
for certain (@, T')-modules (cf. Proposition for a precise statemtent).

Armed with Theorem [0.3] the reader may notice at this point however, that
there is an absence of theory required to conclude (or even make sense of)
Theorem [9.2] The following questions are therefore unavoidable:

Q1 What is a locally convex A-module?
Q2 What is a locally analytic G-representation in A-modules?

Q3 What is the relation between locally analytic G-representations in A-modules
and modules equipped with a (separately) continuous action of the relative
distribution algebra 2(G, A)?

We provide a set of answers to these questions (A1-A3) and prove some
fundamental properties regarding the locally analytic cohomology theory of

2(G, A)-modules, which we describe in the following section.

41. Here at = ((1) 8) and u~ = (? 8) are the usual elements of the Lie algebra gl, of GLo.

~ X —
42. Here P = (pZZP (1)), is the non-discrete subgroup of P
p
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9.3 Analytic families of locally analytic representations

Recall that for a locally Qp-analytic group H, a theory of locally analytic
representations of the group H in L-vector spaces has been developed by Schnei-
der and Teitelbaum (cf. [53], [52], [54]). In order to construct the A-module
II(A) of Theorem with a locally analytic action of G, we need to develop
a reasonable framework to make sense of such an object. It turns out that,
with some care, much of the existent theory can be extended without serious
difficulties to the relative context.

Definition 9.8 (A1l). A locally convex A-module is a topological A-module
whose underlying topology is a locally conver Qp-vector space. We let LCS,4
be the category of locally convex A-modules. Its morphisms are all continuous
A-linear maps.

There is a notion of a strong dual in the category LCS 4, however outside
of our applications, it is ill-behaved (in the sense that there are few reflexive
objects which are not free A-modules). Let H be a locally Q-analytic group.

Definition 9.9 (A2). We define the category Rep's(H) whose objects are bar-
relled, Hausdorff, locally convexr A-modules M equipped with a topological A-
linear action of H such that, for every m € M, the orbit map h — h-m is a
locally analytic function on H with values in M.

Denote LA(H, A) the space of locally analytic functions on H with values in
Aand 2(H, A) = Homy cont(LA(H, A), A) (equipped with the strong topology)
its strong A-dual, the space of A-valued distributions on H. Both LA(H, A)
and Z(H, A) are locally convex A-modules. In order to algebrize the situation,
one proceeds as in [53] and shows that a locally analytic representation of H
is naturally a module over the relative distribution algebra. More precisely
let Repf’LB(H ) C Rep's(H) denote the full subcategory consisting of spaces
which are of A-LB-type (i.e inductive limit of Banach spaces whose transition
morphism are A-linear) and complete. Then our main result in §A|can be stated
as follows:

Theorem 9.10 (A3). Every locally analytic representation of H carries a sep-
arably continuous A-linear structure of P(H, A)—modulelﬂ. Moreover, the cat-
egory Repf’LB(H) is isomorphic to the category of complete, Hausdorff locally
conver A-modules which are of A-LB-type equipped with a separately continuous

9(H, A)-action with morphisms all continuous Z(H, A)-linear maps.

The idea to prove Theorem [9.10] is of course to reduce to the well known
result of Schneider-Teitelbaum, cf. [63, Theorem 2.2]. To achieve this, the main
intermediary result required is the following proposition.

Proposition 9.11. There is an isomorphism of locally conver A-modules

9(H,A) = 2(H,Q,)®q,, A

43. More precisely, a separately continuous A-bilinear map 2(H, A) x M — M.
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In the case where H is compact we show that LA(H, A) satisfies a bounded-
ness property which we call A-regular (we refer the reader to Definition and
Lemma for the precise statements). This is enough to prove Proposition
.11

Remark 9.12. Proposition would also follow immediately if LA(H, A) is
complete (for H compact). To the best of our knowledge this seems to be an
open question if the dimension of H > 2. If H = Z,,, one can identity LA(Z,, A)
with the negative powers of Z4 and conclude the result, cf. Lemma In
particular LA(Z,, A) is an example of an A-reflexive object, which is not free
as an A-module.

Finally with the equivalence of Theorem in mind, we switch our atten-
tion to cohomological questions concerning the category Replj‘(H ).

Definition 9.13. Let ¥y 4 denote the category of complete Hausdorff locally
convexr A-modules with the structure of a separately continuous A-linear P(H, A)-
module, taking as morphisms all continuous Z(H, A)-linear maps. More pre-
cisely we demand that the module structure morphism

PH,A)x M —- M
is A-bilinear and separately continuous.

Following Kohlhaase ([43], [63]), one can develop a locally analytic coho-
mology theory for the category ¥u 4. One can define groups H! (H,M) and
EthgH,A(M7 N) for ¢ > 0 and objects M and N in gH’A If H, is a closed lo-

cally Q,-analytic subgroup of Hy, we also have an induction functorindg; t G, A —
%, 4. Our main purpose in considering such a theory is to show the following
relative version of Shapiro’s lemma, which is crucially used in the construction

of the correspondence A +— II(A) of Theorem (9.2

Proposition 9.14 (Relative Shapiro’s Lemma). Let Hy be a locally Q,,-analytic
group and let Hy be a closed locally Qp-analytic subgroup. If M and N are
objects of Gu, a and G, a, respectively, then there are A-linear bijections

Extg,  (indg!(M),N) — Extg,  (M,N)
for all ¢ > 0.

Structure of the paper. In we extend the dictionary of p-adic funca-
tional analysis to the relative setting. A key issue is to establish that the sheaf
Z(61) ¥, P! is G-equivariant over P! and is Q-analytic.

In we use (@, I')-cohomology to recalculate some results from [4] (in
loc.cit. (¢, T")-cohomology was used). A key result for the subsequent chapter is

44. For example ExtlgH A(M, N) classifies extensions of topological A-modules which are
split. Y
45. This is the dual of the standard Induction functor, typically denoted Indgé, cf. Lemma

A55
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the nullity of H2(AT,Z4(6,65 ") iff 5,65 " is (pointwise) never of the form xz’
or z~* for some i > 0 (i.e. 6,0, " is regular).

In §12] and [I3] the technical heart of the paper is carried out. We begin by
proving the finiteness of ?+—Cohomology for #4(01,92). Using the Lie-algebra
complex we provide a different proof of [II], Proposition 5.18] (in the cyclo-
tomic setting). We show that the dimension of the higher cohomology group
H2(ﬁ+,<%’L(51, 82)) is constant (of dimension 1) when 8,8, " is regular.

In §14] Theorem [9.3]is then established.

In the general machinary developed in [111 §6] is used to construct II(A)
from a regular trianguline (¢, I')-module of rank 2 A, over Z4.

In the appendix ( we establish a formal framework for the main result.
We introduce the category of locally analytic G-representations in A-modules.
We prove that there is a relationship between this category and a category of
modules over the relative distribution algebra in the same spirit of [53]. There
is a locally analytic cohomology theory extending that of [43] and we establish
a relative version of Shapiro’s Lemma. These results are used in
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9.4 Notations

Let A be a Q-affinoid algebra equipped with its Gauss-norm topology (mak-
ing it a Banach space with norm |- [4 and va = —log, | - [4 a fixed valuation).
We will denote

€ = GL(Qy), A+:<zp\0{0} g), P+:(zp\0{0} z1> P*=(Z;\Z{f}

As usual we note I' = Z, P! = P(Q,) and we assume p > 2 throughout.

For n > 1 we set r,, := W and denote the element <]1) (1)> by 7. For

two continuous characters d1,d2: Q; — A we will denote § = 6162_1)(1 and

w = §109x ! where x(x) = z|z| corresponds to the cyclotomic character via
local class field theory. We denote by (d1) := 61(1), the weight of d;.
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10 Preliminaries

We start by recalling, in the relative case, some well-known constructions
that will play a key role in our construction.

10.1 Dictionary of relative functional analysis

Let us first set up some notation and definitions.

10.1.1 Relative Laurent series rings

The theory of relative Robba rings has been expounded by Kedlaya-Liu in
[40]. For 0 < r < s < oo (with r and s rational, except possibly s = o), the
relative Robba ring %4 is defined by setting,

Ay = BB, A AN = Nim B Ay =l )

o<r<s s>0

where L%"g’ps] is the usual Banach ring of analytic functions on the rigid analytic
annulus in the variable T' with radii r < v,(T") < s with coefficients in Q,,. The

Banach ring %’K’S] is equipped with valuation v!"*! defined by:

o™l = inf  wa(f(2)) = min (

r<va(z)<s

g (0a0x) + 78), Jf (vao0) + o)
for f =3, czanT" € %K’S].

This definition admits an interpretation in terms of rings of analytic func-
tions over a rigid space: if I = [r, s] and if Ag:g = Sp(Q,(T')) denotes the affine
rigid line with parameter T, then noting B; the admissible open subset of Agfg
defined by v,(T") € I, we have a natural isomorphism

#, = O(Sp(A) x By).

We can also interpret these rings in terms of Laurent series (power series oo € I)
with coefficients in A in the usual way. For s < r; we have an A-linear ring
endomorphism ¢ : ,@K’s] — %K/p’s/p], sending T to (1 + T)? — 1, inducing
an action of the operator ¢ over Z4 and we also have a continuous action of
the group I', commuting with that of ¢, whose action is given by the formula
0a(T) = (1+T)*—1, a € Z), over all rings defined above.

Lemma 10.1 (Lemme 1.3 (v) []). For every interval I C|0, 00|, the ring %4
is a flat A-module. In particular, Z4 is flat over A.

10.1.2 Locally analytic functions and distributions

The Robba ring #Z 4 is well interpreted in terms of distributions and locally
analytic functions. Define Z} := %’12700] which is stable under the action of
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¢ and T' (equipped with the subspace topology), and note Z, = %a /%’X
(with the induced action of ¢ and I' equipped with the quoitent topology). The
algebra of distributions with values in A is defined as[%|

@(ZPaA) = Q(ZWQ]J)@Q;)A’ (10)

where the tensor product in is independent of the choice of injective or
projective tensor product (as Z(Z,,Q,) is Fréchet and A is Banach). Let
LA(Z,, A) be the space of locally analytic functions on Z, with values in A.
If pe 2(Zy, A), it’s Amice transform is defined as

A=Y /Z (Z)T"u(x) c &t

neN
Finally, for f € %4, we define its Colmez transform as (for all = € Z,)

65(@) = resol(1+T)~* F(T) 170 = resol(1+ ) f),

where for f =3, a,T", we put reso(fdT") = a_; (as usual we set ¢ := log(1+
T)). We then have the following result due to Chenevier, cf. [4, Proposition 2.8]

(cf. also [37, Lemma 2.1.19]), generalizing those of Colmez, cf. [1I, Théoréme
2.3] (cf. also [51]):

Proposition 10.2.
- Tfj_e Amice transform p — <7, induces a topological isomorphism 2(Z,,, A)
X .
- Tl?e Colmez transform f — ¢ (x) induces a topological isomorphism %, =
LA(Z,, A) @ x L.
- Ifpe P(Z,, A) and f € Za, then fz,, Of - p= reSO(J,l(,dH)fli—TT).
— We have a (¢,T')-equivariant short exact sequence

0— D(Zy,A) = Ba — LA(Zp, A) @ x " = 0.

o~

The Robba ring Z4 is equipped with a left inverse of ¢ constructed as
follows: For s < rq the map @f;g%f;"’s] — %’K/p’s/p] given by (fi)i=o,...p—1 —
Zf:_ol (14 T)%p(f:) is a topological isomorphism and allows us to define v :

[r/p,s/pl [r,s] - .
AP gt by o = p 1Tr%[£/p’s/p]/¢(@x’s])' We also note ¢ : Z4 —
Z 4 the induced operator, which is continuous, surjective and is a left inverse of
®.

10.1.3 Multiplication by a function
If e 2(Zy,A) and a € LA(Z,, A), we define the distribution ayp by the

formula
/ ¢~04,u::/ ag - .
Z, Z,

46. A priori this is different to Definitio where the relative distribution algebra for
a general locally Qp-analytic group is defined. Lemma says that these definitions are
equivalent.
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If a € Zy,n € N and if we take o = 1,4pnz, the characteristic function of the
compact open a + p"Z, C Z,, then we note Res,ypnz, the multiplication by a.
Via the Amice transform this translates to

'Q{Rcsa+pnzp (n) = ReSaer”Zp%;m
where the restriction map on the RHS translates to Resqypnz, = (1 +T)%p" o

Yr(1+T)~*, cf. [1T), §2.1.1].
Since 1 is surjective, we have a I'-equivariant exact sequence

0= 2L, A)— %, - LA(ZS, A) @ x ' — 0.
Lemma 10.3. If u € 2(Z,, A) and f € Z4 then we have
V() = Dy and Sy(py = P(P5),

where (p) is given by fzp o) = fpzp &(x/p)-p, and for any ¢ € LA(Z,,, A),
we set 1(¢)(x) = ¢(px)
Proof. In the case where A is a finite extension of Q,, this is [II, Proposition
2.2]. In our setup the same proof carries over. For the first equality we have that
(pov)(n) = Respz, pu by construction and so p(@(,)) = Respz, 7, = o,
from which we deduce the result.

For the second equality note that

by (@) =reso((1+T) " (f)dt)

D veso(((1 4 T)7" f)dt)

W peso((1+T) 7= fdt)
= ¢y (p)
= P(¢r)(z)
where (i) follows from the identity ¢((1 +T)7P*) = (1 +T) "% and (ii) follows

from the identity resg o ¥ = resy.
O

The following corollary is now immediate.

Corollary 10.4. If u € 9(Zy, A) (resp. ¢ € LA(Z,, A)), the condition ¥(p) =
0 (resp. (@) = 0) translates into p (resp. ¢) being supported on Z .

10.1.4 The differential operator 9

We define an A-linear differential operator 9 : Z4 — %4 by the formula
df (T)

Of = (1 +T)=5"

This operator plays an important role in the subsequent constructions that we
will consider.
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Lemma 10.5.
~ If f € Za then dpog(x) = xds(x).
~Ifpe 2(Zy, A), then 04, = y,,.
— 0 is bijective on %’Xzo.
Proof. In the case when A is a finite extension of Q,, this is [I1], Proposition 2.6

and Lemme 2.7]. In our setup the same proof carries over. For the first point,
we have

oy () = reso((147) 0 12 ) = eso(O(HT) ™ )k (14T) ™ ) 1500 = w5 (0),

where for the last equality, we have used the fact that resy(0%2 Al‘i—TT) = 0. For
the second point, we have

g = [ 2 +T) = [ 4T = 0,
Z Z,

p

Finally, the last point follows from the fact that 0 is bijective on Z(Z, A) and
LA(Z,, A) (the first two points show that it is just multiplication by z) and the

short exact sequence 0 — Z(Z,, A) — R — LA(Z,A)@ x ' = 0. O

10.1.5 Q,-Analytic sheaves and relative (p,I')-modules

A crucial notion developed by Colmez is that of an analytic sheaf. This
plays a greater role in the study of (¢, I')-modules for Lubin-Tate extensions (in
the sense of [42]) associated to a finite extension F' # Q,. In analogy with[IT]
Defintion 1.6], we define:

Definition 10.6. Let H be a locally Qp-analytic semi-group and X an H-space
(totally disconnected, compact space on which H acts by continuous endomor-
phisms). An H-sheaf M over X is the datum:

1. For every compact open U C X, a topological A-module .# W U, with
MRY=0
2. For each U C 'V of compact opens, there are continuous A-linear restric-
tion maps:
Resy: MRV — M KU,

such that if U = U} U; and s, € 4 KU; for 1 <i<mn, such that
U; _ U;
ResUmUj 5; = ResUZmUj S5,

then there exists a unique s € .4 KU, such that Resgi s=s; for alli.

8. There are continuous A-linear isomorphisms:
gu: A RU = 4 K gU

for every g € H and U compact open, satisfying the cocycle condition,
gnu © hy = (gh)u for every g,h € H and U compact open. Moreover for
every compact open U, the morphism g — gy is a continuous morphism
of the stabiliser Hy (of U) to Homa cont (4 R U).
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Since we will be primarily interested in attaching H-sheaves to (p, I')-modules,
we have the following definition, cf. [37, Definition 2.2.12].

Definition 10.7. Let r € (0,71). A p-module over %’f’r] is a finite projective
%’]X’r]-module MO equipped with an isomorphism

R 0,7/p] ~ RS o,r
M]O ] ®(@]§>T]7ip r@% p] [a] M]O ] ®(@L?’T] %14 /p]

A (¢,T')-module over %L?’T] is p-module M%7 over ,%’L?’T] equipped with a com-
muting semilinear continuous action of T'. A (¢,T')-module over Z 4 is the base

change to Z4 of a (p,T')-module over %’]X’r] for some r. Let ®T'(Z4) denote
the category of (p,')-modules over Z4. Morphisms are % a-linear morphisms
commuting with the actions of ¢ and T.

In order to equip an H-sheaf with an action of a Lie algebra (so that one
can perform explicit calculations), the following definition beckouns.

Definition 10.8. For (H,X) € {(P",Z,), (G,P")}, we say that an H-sheaf A
over X is Qp-analytic if for all open compact U C X, #RU is a locally convex
A-module of A-LF-type (cf. Deﬁnition and a continuous P (K, A)-module
for all open compact subgroups K C H, stabilizing U.

The point of Definition is that a (p,I')-module A over #Z4 naturally
provides a Qp-analytic P*-sheaf over Z,,, which codifies its (¢, I')-structure, cf.
[11, §1.3.3]. For z € A one sets

pra b bk ~ x
0 1 2= (1+T)¢"coa(z) if k€ Nya € Z),beZy,.

If U is an open compact of Z,, we can write U as a finite disjoint union
Ii+r2,
iel

and we define Resy by the formula

Resy = E Resitprz,
iel

1 4 n_ n 1 —
Resi-}-pnzp:(o 1)090 o o(o 1).

This turns out to be independent of choice as

z = Z Res;ypz, 2.

i mod p

where we set

One then sets A X U to be the image of Resyy. The aim is to show that for a
trianguline (p, ')-module over Z4, we can extend the corresponding P*-sheaf
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over Z, to a G-sheaf over P. Moreover the global sections of the latter will cut
out the locally analytic G-representation in A-modules that we are attempting
to attach to A.

We have the associated definition for (¢, I")-module over Z4.

Definition 10.9. A (o, T')-module over Z 4 is said to be analytic if its associated
P -sheaf over Z, is analytic.

Remark 10.10. Every (¢,T')-module over #Z4 is Qp-analytic (as the base field
is Qp), cf. |2, Lemme 4.1] or [37, Lemma 2.2.14(3)], for why the action of I is
locally analytic.

10.1.6 Multiplication by a character on %4
Let L be a finite extension of Q,. Let N > 0. For f € %, X Z,f = .%’zbzo
and i € (Z/pNZ)*, we write f; = YN (1 + T)~'f so that
=) a+T)N().
i€(Z/pN Z)*

If £ > 0, by the Leibnitz rule we can write

k
dr=aor| 3 A+ | = > Z()’”HTV NN 1)

i1€(Z/pNZ)* i€(Z/pNZ)* j=
This formula suggests the following proposition:

Proposition 10.11 (Proposition 2.9, [I1]). 1. If ¢ : Z; — L* is a locally

analytic character and f € %ﬁzo, the expression

2 Z( Do Vi @),

i€Z) (mod pN) I= 0

where k(8) = 6'(1) is the weight of §, converges in ZY=Y for N > N(k) to
an element ms(f) that does not depend on N > N (k) or on the choice of
representatives of Z (mod p™). Here N (k) is an integer depending on k.

2. The map ms : #r WZy — X1 WZy thus defined, is continuous and sta-
bilizes %] X Z,) . Furthermore it induces multiplication by 6 on P(Z), L)
and LA(Z), L).

Let N > 0. For f € ZAaNZ; = %’woandzezx,wewrite fi =
Y™ (1 +T)~"f so that

f= > (+D)¢"f

i€(Z2/pNZ)>

We have the following relative version of Proposition
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Proposition 10.12. If 0 : Z) — A* is a locally analytic character and f €
%’X:O, the expression

2 Z( Do+ TN @),

i€Z) (mod pN) I= =0

where k(0) = §'(1) is the weight of &, converges in %z:o for N big enough
(depending only on &) to an element ms(f) that does not depend on N or on
the choice of representatives of Z, (mod pM).

Moreover, the map ms : #a WZ) — FaWZ; thus defined, is continu-
ous, stabilizes %j{ X Z)y and induces the multiplication by 6 on Z(Z,,A) and
LA(Z), A).

Proof. For A = L a finite extension of Q,, this is [I1, Proposition 2.9] (cf. also
[28, §3.2]). Since a similar argument works for the general case, we only provide
a sketch here. We start by recalling some easy and standard estimations. For
O<r<s<ry andgee%’z[g’s] we have
_ plr/p, s/p]( (9)) = plrs] (9).
— rr((g)) 2 o (g) — 1.
— o™ (g, (g)) = vlmol(g) for all @ € Zy.
— ol (9kg) > o[l (g) — ks.
By definition of the topology of the LF-space Z4, we need to show that there
exists an s > 0 such that, for all 0 < r < s, the general term

£(6) = ("@)5( Y~ (1 + T)piN (90 1)

J
of the series defining ms(f) goes to zero (in %K’s]) as j goes to +o0.

Observe that f;(d) € %’f"s] whenever s < ry and f € %’f’s]. We continue
estimating the valuation of the terms appearing in the expression for f;(d). For
anyO<r<s<rN we have

(14 T)) = 0 () = o (5(0) = 0.

= olrel(("9))) = vA((”g@)) > j(min(va(r(6)),0) — 517). Note by Cs5 =

min(va(k(9)),0) - 545
— oSN (7 i) > v”](f) — N — jpNs (as is shown by an immediate
calculation using all the estimations made in the last paragraph).
Putting all this together, we get

o™ (£5(8) = o™ (f) +5(Co + N = N/j = pNs).

Observe that this estimation does not depend on r. So for any N > 0 large
enough (and s < ry) such that Cs + N — N/j — p~s > Olﬂand any 0 < r < s,
the general term f;(6) tends to zero in %K’S] as j — 4oo and thus the series
converges. This completes the proof of the existence and continuity of mg(f).

47. Take, for instance, any N > —Cs + 1.

99



A small calculation shows that the value Cs can be bounded only in terms
of the valuation of §(1 + 2p) and that, for f fixed, the formula defines a rigid
analytic function on the A-points of the rigid analytic space X whose A points
parametrize continuous characters Homcom(Z;,AXWith values in %Z’S].
Using the Zariski density of the points = +— x* in X[*] one shows, on the one
hand the independence of ms(f) on the choice of a system of representatives
of ZX(mod p"), and on the other hand, using the fact that, if 6(x) = 2%, then
ms(f) = 0% f and that d extends to 24 the multiplication by z on Z(Z,, A) and
on LA(Z,, A), that ms(f) extends also the multiplication by § for any locally
analytic character §. This completes the proof. O

10.2 Duality

Let ®T'(Z4) denote the category of (¢,T')-modules over %4, cf. Definition
In the process of constructing II(A) we will need the notion of duality. If
A € OI(Za4), we set A = Homgp, (A, %Z4(x)) and denote by

() AXA = Zaly)

the induced pairing. We impose a (i, I')-structure on A by setting

forall € A, z € A and g € {04, ¢}. Note that A € ®T(Z,).
The pairing ( , ) defines a new pairing

{,}:AxA—= A
(2,2) — reso({o_1(2), 2)),

where res (Zkez akadT) = a_1. Assuming that A is free over Z 4, the point

is that the pairing { , } identifies A and A as topological duals of A and A
respectively, cf. [14] Proposition I11.2.3].

10.3 Principal series

Let d1,02: Q; — A be two continuous characters. We define B(d1,02)
to be the space of locally analytic functions ¢: Q, — A, such that 6(z)¢ (%)
extends to an analytic function on a neighbourhood of 0. We equip B4(d1,02)

with an action of G defined by

((Ccl 2) -qb) (z) = 02 (ad — be)d(a — cx)d (;lx__ci) .

48. For the existence of X, cf. [37, Proposition 6.1.1].
49. i.e that any rigid analytic function on X vanishing at those points vanish.
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One can show that B4 (d1,02) = Ind%(élx_l ®d2) (where B is the lower-half
Borel subgroup of G). Here d;x ™! ® d is viewed as the character (CI 2) —

d1x 1(a)da(d). For the definition of Ind%(élx‘l ® d02), cf. Remark The
topology of Ba(d1,d2) is by definition the topology coming from LA(G/B, A),
cf. Definition This makes B4(d1,d2) into a Hausdorff, complete, locally
convex A-module, cf. Definition [A4] and Lemma [A714]

The strong topological dual of B4(d1,d2), cf. Definition identifies with
a space of distributions on P! equipped with an action of G defined by

/Pl ¢ (Z‘ Z) =07 xad = be) [ o+ d)o (‘”3 + b) ().

cx+d

10.4 The G-module %Z4(0) X, P*

Suppose A € ®I'(#4) is of rank 2 and trianguline. In this section, we
follow [T, §4.3], to construct the G-modules Z4(8) X, P! which will be the
constituents of the G-module AX,, P!. Once AKX, P! is constructed, we will see
that one of its constituents is the representation II(A), which we are searching
for. Since we are only interested in constructing representations of GL2(Q,),
the constructions from [II] (where representations of GLy(F'), for F/Q,, a finite
extension, are constructed) simplify considerably.

We start by recalling a structure result for arithmetic families of (p,T)-
modules.

Proposition 10.13 (Theorem 3.1.1,[37]). Let A be a Qy-affinoid algebra and let
A € ®T(Za4). There exists r(A) such that, for any 0 < r < r(A), y—1 is invert-
ible on (AI9NY=0"and the A[T, (v — 1)~ ']-module structure on (Al%1¥=0 eq-
tends uniquely by continuity to a %’f’ﬂ (T')-module structure for which (Al%m1)¥=0
is finite projective of rank d = rankg, A. Moreover, if A is free over Za, then
(A1) Y=0 4dmits a set of d generators over %L?’T] ™).

Remark 10.14.

— The proof of the last statement of Proposition [I0.13] can be found in the
the proof [37, Theorem 3.1.1]. In general there exists a finite projective
Z s-module N such that AP N is free of rank m over #Z 4 and the proof in
loc.cit. shows that (Al%7»]1)¥=0 admits a set of m generators over Z4(I").

— Taking direct limits we also get that A¥=Y is a finite projective module
over Z(T") of rank d, admitting a set of m generators (m = d if A is free).

— In the case when A = %4, one can show that A¥=Y is a free module of
rank one over Z4(T") generated by (1 + T), cf. [4, Proposition 2.14 and
Remarque 2.15].

If A = %4 we have a short exact sequence of I'-modules

0= (Z)"=" = 2" = (#,)V=° — 0.
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Recall that (Z4)V=" = # K2 = P(Z,A) via the Amice transform, and
that we have an involution w, on it given by

. — -1 .
[ o) wan / o)

The involution is I'-anti-linear in the sense that we have w, o o, = o, o w,

for all @ € Z). We denote by ¢ : Za(I") — Za(T') the involution defined by
oo+ 0, on T

Lemma 10.15. There exists a unique Z(I')-anti-linear involution w, with
respect to L on ZaWZ) extending that on %X XZ). Moreover, w, satisfies

— Wy = 0w, 0.
- Vow,=—-w,oV.
— Wy o Resgypnz, = Resg-14pynz, 0wy, for alla € Z;, n > 1.

Proof. Take a generator e of the free Z4(I")-module %4 X Z,; of rank one such
that e € Z; X Z); (e.g (1+T), cf. Remark [10.14)). This forces

wi(A-e) = t(A) - wy(e)

for every A € Z(T'), where w,(e) € Z} WZX is well defined since e € Z; NZY.

For the rest of the properties we can use [I1, Lemme 2.14] which shows that
they hold for w, acting on %X XZ, (the same proof carries over for any A). We
only show the first one, the other two being immediate. Let 2 = A\-e € ZAXZ
for some A € Z4(T"). We have

Oow,00(A-e) = x(A) Qow,(A-0e) = x(N) O(t(N)-wy(0e)) = t(N)-Oow,00(e) = t(N)w.(e) = wy(2).
O

The following gives a relation between ms and w,.

Lemma 10.16. If: Z) — A* is a continuous character, then
ms O Wy = Wx OMg—1.

Proof. By Lemma, [10.15] the identity is true for 6 = 2* for all k¥ € Z (this is
because 9F = mgr ). Now the functions 6 — mgsow, and  — w, omgs—1 are rigid
functions and coincide on z* for all k € Z. Thus they coincide for all §. O

If A € ®I'(#4), w: Q) — A (for applications w will be 8162x ! for any
two continuous characters d1,d2: Q,f — A*) is a locally analytic character and
¢ is an involution on AKZX, we can define a module AKX, , P! (cf. [IT] §3.1.1]

for details) equipped with an action of a group G generated freely by a group Z
isomorphic to the torus {(8 2), a € Qy} (acting on AKX, , P! via multiplication

by w), a group A° = Z) (encoding the action of 0,), a group U = pZ, (encoding

50. i.e satisfying ws o A = t(A) o wy for all X € Z4(T).
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the multiplication by (1 + T')°, b € pZ,) and the elements (# (1)) (encoding the

action of o) and w = ((1) (1)) Precisely, the G-module A K, “ P! is defined as
AR, , P ={(z1,22) EA XA : Resz (z1) = L(RGSZ; (z2))}

and the action of G on an element z = (21,22) € AN, , P! is described by the
following formulae:
- (?é) TR = (22>Z1)'
= (§9) 2= (w(a)z1,w(a)z), a € Q.
(69) ==((§ ?)Zhw(a)(“al 0)22), a € Zy.
~If 2/ = (59)z, then Respz, 2’ = (59)21 and Resz, w2’ = w(p)i(z2).
- IfbepZ, and 2’ = ((1) 11’) z then Resz, 2" = ((1) ll’) - z1 and Resyz, w2’ =
up(Respz, (22)), where

u, =w(l+b)(§ 3 oo ((1‘*‘8)72 b(l"'lb)fl) otLo ((1) (1+§’)71) on AT X pZ,.

Lemma 10.17. The functor M — M K, , P! is an exact functor from P7-
modules living on Z,, to G-modules living on P1(Q,).

Proof. Let 0 — M’ — M — M" — 0 be a short exact sequence of P™-modules.
We claim that we have an exact sequence 0 — M’ K, , Pl > M M. P! -
M" K, , P, Let’s show that the last arrow is surjective (for exactness in the
middle and injectivity, the proof is similar). Let (c,d) € M"K,, ,P' and (a,b) €
M x M be any lifting. The element Reszga — L(ReSZ; b) maps to zero in M"
and so there exists an element x € M’ such that Reszz a— L(RGSZ; b) = x. The

element (a — z,b) € M K, , P! maps then to (c,d). O

For 01,62 : Q; — A* continuous characters, recall that we have set § =
6165 'x 1w = 6162x ", We will soon be working with A € ®T'(%4) which is
an extension of Z4(d2) by Z4(01). Thus we need to twist appropriately the
current involution w,, cf. Lemma on £, X Z>< We define an involution
Lgl)gzﬂ acting on the module Z4(01) X ZX by the formulalﬂ

151,65 (f ® 01) = (01 (—1)ws 0o ms-1(2)) @ d1.

We get in this way a module Z4(d1) M4, 5, P!, that we simply note
Ra(01) B, P, equipped with an action of G. We show in what follows that
this action of G factorises through G.

Recall that, for a finite extension L of Q, and A € ®I'(#) of rank 1 or 2
(if it is of rank 2, assume it is also trianguline), w : Q, — L* locally analytic
and ¢ an involution on A X Z), we have (cf. [I1]) a G module A X, PL. the
following lemma shows that, for A = Z4(d1), our construction specializes to
that of Colmez.

51. The fact that is, 5, is an involution follows from Lemma [10.16
52. By Proposition [10.12} this formula is well defined.
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Lemma 10.18. Let m C A be a mazimal ideal of A, L = A/m, A € OI'(Z4).
Assume that A is either of rank 1 or 2 (if it is of rank 2, assume it is also
trianguline) and w, ¢ be as above. Then the G-module (A K, P') @4 L is
canonically isomorphic to (A ® 4 L) R,er PL.

Proof. This is immediate. The uniqueness of both involutions w, defined in
Lemma [10.15above and in [I1], Proposition 2.19] shows that they both coincide
(since they do on ZT X P1). O

The following result provides a link between the — X, P! construction and

principal series, cf. §10.3]

Lemma 10.19. We have[”]
- %Z(él) X, Pl BA((52,51)* Qw
-~ %5 (61) ¥, P! = By(61,62).
Moreover Z%(01) X, P! and %7 (61) X, P! are Q,-analytic sheaves.

Proof. This is essentially [IT], Corollaire 4.11]. The same proof carries over with
A in place of L (since one only checks that both actions of G coincide and the
coefficient ring plays no role). The last part follows from Lemma O

For the rest of this paper we note %Z4(d1,92) to be the ?+—module
.@A(Jl, 52) = (%A((Sl) &w Zp) ® 52_1
We set %} (61,62) the sub-P -module of #a(d1,02) corresponding to Z}, and

K, (81,02) to be the quotient of Z4(d1,92) by %j(&l,ég).

Remark 10.20. As A*-modules, Z4(01,02), Z}(01,02) and % (01, 02) are re-
spectively isomorphic to Z4(6105 "), Z4(6165 ") and LA(Z,, A) ® §. The tech-

nical heart of this paper is to compare the ?+—coh0mology of #Z4(d1,02) and
the At-cohomology of 24 (5,65 1), cf.

The following is the main result of this section, which is a relative version of
[11, Proposition 4.12].

Proposition 10.21. The action of G on RA(61) R, P factorises through G
and we have an exact sequence of G-modules

0— BA(52,51)* Rw — %’A((h) &w :P1 — BA(51,52) — 0.

Moreover Z4(61) X, P! is a Q,-analytic sheaf.

53. By B4(d1,02)* we mean Hom 4 cont (B (d1,02), A) equipped with the strong dual topol-
ogy, cf. Deﬁntition where (—)* is denoted by (—); there.

54. We warn the reader that the module we call Z4 (41, d2) is not the one noted in the same
way in [II, §4.3.2]. In our notation, %4 (d1,02) corresponds to the module Z4(d1,d2,n) for
n =1 as defined in [I1} §5.6].
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Proof. We reduce the result to the case of a point, cf. [I1, Proposition 4.12],
using an inductive argument on the index 7 > 0 of nilpotence of A.

Suppose first that i = 0, i.e that A is reduced. Take z € Z4(61) X, P! and g
in the kernel of G — G. We need to show that (g—1)z = (21, 22) = 0. Letm C A
be any maximal ideal of A and note L = A/m. Since (#Z4(61) X, P!) ®4 L =
R1,(61) X, P, then we know by [11], Proposition 4.12] that z; = 0 mod m. If we
write z; = ZnGZ anI™, i = 1,2, this means that a,; = 0 mod m and hence,
since this holds for every maximal ideal m and since A is reduced, we deduce
that a, ; = 0 for every n and hence z; = 0 as desired.

Suppose now the result is true for every affinoid algebra of index of nilpotence
< j and let A be an affinoid algebra whose nilradical N satisfies N7+! = 0 and
g be in the kernel of G — G. We have the following short exact sequence

0= (Zan R PY) @ayny N = Zs Ry, P = Zp /i K, PP — 0.

By the base case of a reduced affinoid algebra and by the inductive hypothesis,
the element g — 1 induces a linear endomorphism of the short exact sequence
above which vanishes on (Z 4,y X, P!) ®a/N N7 and Ra/ni K P! respectively.
Therefore it vanishes on Z4 X P!, which shows the desired result. ’

For the second part, we first observe that, if we call K,,, = ( 1;5;3” 1 _I:_;:r% %p ),
then the decomposition K, = ( pmlzp 1+p9nzp ) ( 1+p(;nzp P mlz” ) shows that it is
enough to show the existence of an action of the distribution algebra of U’ =
(pmlzp (1)) for some m > 0.

We claim that, as a consequence of the identity H}, (Ul,%,q (61,02))
Hl(Ul,%A(él,ég)) of Proposition the action of U on H4(0) is locally
analytic and hence extends to a separately continuous action of (U , A) (since
X4 is barrelled it will also be jointly continuous, cf. [23, §0.3.11]). Indeed,
calling M = % 4(01,d2), which is an LF-space, we need to show that, for any
m € M, the orbit map o,,: U = Mis locally analytic. By the definition of a
locally analytic function, one reduces to the case where M is Banach.

12

=1
Consider now any continuous 1-coycle ¢: U — M such that ¢(7) = m. Then
¢ defines a function (which we continue to denote by ¢)
74 —1
c
T—1

c:Zy—->M: awc(rt?) =

(1)

which is, by Proposition cohomologous to a locally analytic 1-cocycle.
Since 1-coboundaries are trivially locally analytic, it follows that c¢ is locally
analytic. By expanding 7¢ =}, (2)(7 — 1)™ one gets that

=3 (2) -1,

n>1

55. This decomposition follows by noting that (‘Z g) = (Cal—l dibga—l ) (‘6 ll’), for (CCL g) €
K.
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which shows that the Mahler coefficients of the function ¢ are given by a,(c) =
(r — 1)~ 1m. But the Mahler coefficients of the orbit map are nothing but
apn(0m) = (7 — 1)™m, thus showing that o, is a locally analytic function, com-
pleting the proof. O

11 Cohomology of (p,I')-modules

In this section we recalculate some results of [4] using (¢, I')-cohomology.
We calculate higher cohomology groups studied in [I1, §5], in preparation to
extend the results in loc.cit. to the affinoid setting. Let us begin by recalling
the definition of analytic cohomology. Let H be a Q,-analytic semi-group (e.g.

AT, P+, G). Let M be a complete, Hausdorff locally convex A-module (cf.
Definition with the structure of a seperately continuous A-linear 2(H, A)-
module (i.e. M is an object of the category ¥m 4, cf. Deﬁnition. We note
LA®(H, M) to be the complex

0 — LA°(H, M) 25 LAY (H, M) 25 ...
where LA"(H, M) := LA(H™, M) and d,4; is the differential

n—1

dni16(gos - gn) = go-c(gr, - gn)+ D (=1 e(gos- -, gigis1s - - gn)+H(=1)"e(go, - -, gno1)-
=0

Throughout H:, (H, M) will denote the ith cohomology group of this complex.
For a detailed introduction to H, (although in a slightly different setting) we
refer the reader to the paper of Kohlhasse, cf. [43]. Finally H'(H, M) will
denote continuous (semi-)group cohomology.

n
For n € N, denote by U™ = <(1) plzp)

Lemma 11.1. If A € ®T(Z4), then H: (U™, A) =0 Vn € N, ifi =0, 1.

Proof. For i = 0, we note that H? (U™, A) = AU+ =1 For j = 1, we have a
map

Ho, (U™, A) = H' (U™, A),

since the continuous 1-coboundaries are in correspondence with the locally an-
alytic 1-coboundaries. Finally U™ is procyclic and so

HY(U™, A) = A/ ((1 FT - 1) —0,

as (1 +T)P" — 1 is invertible in Z,. O
o (ZX 0
Denote by AY = 6’ 1) and let A be a (¢,T')-module over Z4. We

construct a natural map

02 : Ext!(Za,A) — HL (AT, A).
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Let A be an extension of Za by A and let e € A be a lifting of 1 € Z4.
Then g — (g — 1)e, g € AT, is an analytic 1-cocycle and induces an element of
HL (A%, A) independent of the choice of e. Thus we obtain the desired map.

Proposition 11.2. For any (¢, T')-module A over Za, ©> is an isomorphism.

Proof. For injectivity of ©%, let A be an extension of %4 by A in the category
of (p,T)-modules whose image under ©* is zero. Let e € A be a lifting of
1 € Z4. Then there exists d € A, such that (g —1)e = (g — 1)d for all g € A™.
Then g(e —d) = e —d for all g € A" and thus A=AOR, a5 a (p,T)-
module. For surjectivty of ©2, given a 1-cocycle g — ¢(g) € A, we can extend
the (¢,T')-module structure on A to the Z4-module A = A ® Z e, such that

p(e) =e+c(p) and v(e) = e+ ¢(y) for vy € T O
Next we relate HE (AT, A) to a Lie-algebra cohomology, where calculations

N
can be made explicit. We denote by ®*+ the semi-group (p 0 (1)), where p =

01
p-action and the T-action). For A a (p,T')-module over %4, we denote by
Hi. (AT, A) to be the cohomology groups of the complex:

<p 0>. We have that AT = &+ x A (this decomposition breaks up the

z—(Vz,(p—1)x) AaA (a,b)—(p—1)a—Vb

00— A A — 0.

We will be interested in the A%-invariants, H{, (A) := H°(A° H{, (AT, A)).
By a simple calculation we see that:

HSH(A+7A) - Hgle(A) — A‘P:LF:l.

Now let A be an extension of Zp by A and let e € Abe a lifting of 1 € Z 4.

Then (Vxe, (¢ —1)e) is a 1-cocycle in the above complex which is I'-invariant,

whose class does not depend on e. Thus we obtain a map:
A
@Lie : Halm(A—i_a A) - Hﬁie(A)'
Lemma 11.3. For any (¢,T)-module over Za, O, is an isomorphism.

Proof. Copy the proof of [I1, Lemme 5.6]. O

11.1 Continuous vs. analytic cohomology

In this section we show the following comparison between locally analytic
cohomology defined by Lazard, cf. [44, Chapitre V, §2.3] and continuous group
cohomology.

Proposition 11.4. Let 61,02: Q; — A* be continuous characters. If

M e {Z5(51,02), %4 (61,02), #a(01,02) } ,
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then the natural application
H (P" M) H(P, M)
is an isomorphism for all i > 0 (here H® (f+, M) denotes continuous cohomol-
0gy)-
Proof. From the exact sequence of P -modules
0 — Z}(61,69) — Ba(61,62) — B (61,02) = 0,

it suffices to prove the result for 21 (01, d2) and % (01, 02). So suppose M €
K} (61,69), %7 (61,02). Indeed for ? € {an, )} we have spectral sequences

Hi(AT, BT, M)) — HIY(P", M) (11)
and for 57 > 0 fixed
HY(AY, HE (@, HI(T', M))) = Hi*M(AY 5T, M), (12)
where Ul = ( 1 O). We claim that
pZ, 1

H (T, M) — HI(T", M). (13)

is an isomorphism. Indeed this is true for j = 0 and for j = 1 it is enough to
prove that a continuous 1-cocycle c: U - M satisfying

"L

T—1 ¢
for all a € Z,, is locally analytic. Indeed this follows from the fact that MX,, P! is
a Qp-analytic sheaf, cf. Lemma (note that ¢(7%) = 3", <, (¢)(7=1)""e(7)
and (7 — 1)"c(7) are the Mahler coefficients of the locally analytic function
U - M given by g — g-c(7), cf. [15, §IV.2]). Since ®7 is discrete we have an
isomorphism

e(t?) =

HY,(@F HY, (U M) = HY(@F, 5 (T, M),
The same argument (for proving is an isomorphism) gives an isomorphism
i (A%, HY, (0%, H, (U, M) — H'(A°, HY(@* B (U, M))).

Spectral sequences and now give the result.
O

Remark 11.5. In the setting of Proposition one cannot apply Lazard’s
classical result [44, Théoréme 2.3.10] because M is not of finite type over A.
Note also that a similar proof yields isomorphisms H{ (A", M) = HY (AT, M)
for all ¢ > 0.
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11.2 The cohomology of ®+

Let 6 : Q) — A* be a continuous character. We next compute explicitly
some ®*-cohomology. Note that as ®* is discrete, analytic cohomology coin-
cides with standard (continuous) cohomology. In particular we will be interested
in the groups H'(®+, %, ®6) and H (®*+, #} ®6) viewed as A%-modules. Since
@ is infinite cyclic, these cohomology groups vanish for i > 2.

11.2.1 The case of Z,

We begin with some notation. If N > 0, we set Pol<y(Z;, A) C LA(Z), A)
to be the free sub A-module of rank N + 1 consisting of polynomial func-
tions of degree at most N with coefficients in A. Observing that LA(Z,’, A) N
Pol<n(Zp, A) = () we set

Ty = LA(Z}, A) & Poloy (Z,, A).

Here is a lemma describing the kernel and cokernel of 1 — ap on the locally
analytic functions:

Lemma 11.6. Let o € A*. Then
1. 1—ap: Z, — X, is injective.
2. If N > 0 is large enough, then Ty + (1 — )%, = #Z, and Ty N (1 —
ap)Z; = (1 —ap)Pol<n(Zy, A).

Proof. We first prove injectivity. Note that this is already proved in [4, Lemme
2.9(ii)]. We repeat the argument here. If ¢ € %, is in the kernel of 1 — agp,
then ¢ = a™¢"™(¢) ¥V n € N. Recall the action of ¢ on Z}:

10) (g) if x € pZ
(- 9)(x) = P/ :

0 if x & pZ,
Thus ¢ is zero on p"Z; and hence ¢ = 0, as desired.

We next prove the second assertion. Let N > 0 be such that |a~1pN*l| < 1,
so that in particular 1 — ap™ = —ap™(1 —a~1p/) € AX for all j > N. Let
¢ € LA(Zy, A) and n be such that ¢ is analytic on every ball i +p"Z, (i € Z)),
then we can write 1,nz,¢ = Z;;OS a;1l,nz,@7 and so the function

+00 s
¢—(1—ayp) Z ﬁ;_jlpnflzﬁ] ;
J=N+1 p

which is well defined since the elements 1 — ap™@ € AX, can be expressed as
the sum of a polynomial of degree N and a locally analytic function vanishing
on p"Z,. Hence every ¢ € %, is of the form ¢ + Py + (1 — ap) g2, with Py €
Pol<n(Z,, A) and ¢1, ¢2 € LA(Z,, A) such that ¢; vanishes in a neighbourhood
of 0. In particular ¢, is of the form 37" ¢y ;, with ¢, ; € LA(p'Zy, A). Writing
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P (d1,) = (1 = (1 = ap))"y*(a”"¢1;) and upon expanding (1 — (1 — ayp))’
expresses ¢; ; as a sum of elements in (1—ap)%Z, and ' (a™"¢; ;) € LA(Z), A).

We calculate next the intersection Ty N (1 — ap)Z,. If (1 —ap)p = ¢’ + P
for some ¢ € LA(Zy, A), ¢ € LA(Z), A) and P € Pol<(Z,, A), then we have
Y((1—ap)p) = ¥(P) (as LA(Z), A) = LA(Zp, A)¥=°). Thus () —a)-¢ = 9(P)
and hence ¢(z) = a~(¢(pxr) — P(px)) for all = (recalling that (- ¢)(x) =
¢(pr)). Repeating gives ¢(z) = a "¢(p"z) — a "P(p"z) — " P(p"1z) —
...—a~ ' P(pz), which shows that ¢ is analytic on Z,,. Writing ¢(z) = ZiZO a;x’,
P(z) = ZINZO bpa™ on Z, with a;,b; € A, the equality ¢(pz) — ad(x) = P(px)
gives

+oo N
Z(p” —a)a;x’ = Z bz
i=0 i=0

on Z,. This gives (p" — a)a; = 0 for ¢ > N and thus a; = 0 (since (p" —
a) = p"(1 —ap™™) € A*), which implies that ¢ € Pol<n(Z,, A) and hence
TnN(1—ap)Z; C (1 —ap)Polcn(Z,,A). To prove the reverse inclusion, we
note that, if P(z) = Zﬁio a;z" € Pol<n(Zy, A), then

N

(1—ap)P = 1< P+1pz, - Z(l —ap Hayr
i=0

N N
= alzg . Zp_iaixi + Z(l — ap_i)aia?i eTn
i=0 i=0
O

The following three statements are now immediate from the above lemma,
the identity H.,(®*, M) = H'(®*, M) and the description of the continuous
cohomology of a cyclic group.

Corollary 11.7. H°(®T, %, ® §) = 0.

Corollary 11.8. For N large enough, we have a short ezact sequence (of A°-
modules)

0— (1 - ap)Poley(Zy, A) @6 — Tn @6 — HY (T, %, @) — 0.

11.2.2 The case of %’X.

As in the preceding section, the calculation of the cohomology of the group
&1 acting on %K will reduce to the following lemma

Lemma 11.9. Let a € A, consider 1 — ayp: %j{ — .%j and let N be large
enough. Then

ker(1 — ap) = ker(1 — ap: Pol<n(Z,, A)"),
coker(l — ap) = coker(1 — ap: Pol<n(Zp, A)").

In particular:
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1. ker(l — ap) = EB?LO Ann(1 — ap®)tt and 1 — ayp is injective if o is such
that (1 — ap®) is not a zero divisor for any i.
2. 1 — o is surjective if 1 — ap® € AX for all i € N.
Proof. This is essentially [4, Lemme 2.9 (ii)], of which the idea of proof comes
from [7, Lemme A.1]. We provide a sketch here. Choose N > 0 an integer

large enough so that [apV 1| < 1. Then 1 — ayp is invertible on TVT1% 7. To
conclude, it suffices to remark that there is a ¢-stable decomposition:

N
#Z% = (P Aty o TN 22}
=0

and that (1—agp)(t?) = (1—ap’)t!. We get then the desired result for the kernel
and cokernel of 1 — a observing that Amice transform identifies @, v At
with the dual of Pol<n(Z,, A). o

Remark 11.10. Observe that if o = p~* for some i € N, then the kernel of
1—op: Z — % contains A-t', which is identified with the free A-module of
rank one generated by the distribution sending a function f to f()(0) via the
Amice transformation.

Corollary 11.11. Let j € {0,1} and N be large enough. We have
HI (&, %} ®0) = HI (®F, Polan(Zy, A)* ®9).

In particular

~ HY®*, %% ®68) £ 0 if and only if 1 — §(p)p® divides zero for some i € N.

~ HY(®T, 25 ®6) # 0 if and only if there exists ani € N such that 1—§(p)p’
vanishes at some point of Sp(A).

11.3 The A’-cohomology

We next compute some A%-cohomology, for which we use the description of
analytic cohomology in terms of the action of the Lie algebra. Fix a continuous
character n : Z; — A, viewing it naturally as a character of AD,

11.3.1 The case of LA(Z), A) ® 7.

Lemma 11.12. V+x(n) is surjective on LA(Z,, A) and its kernel is generated
by the set of ¢n, with ¢ locally constant.

Proof. We compute for ¢ € LA(Z,), A),

(o) — 1 2/0) = 6)

a—1 a—1

= —x¢' ()
and thus

(V + k() (on) = —x(¢'n + s(n)z™" én) + £(n)én = V() - n,
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where the first equality follows from the relation 7'(z) = n'(1)n(z)z~*. We see
that to show (1), multiplying by 7 if necessary (recall that 1 takes values in A*
so multiplication by 7 is invertible), we can assume k(1) = 0. The description
of the kernel is clear and surjectivity follows from surjectivity of ¢ — ¢’ (as we
can easily see integrating a power series). O

Proposition 11.13.
1. HSH(AO,LA(Z;,A) ®mn) is a free A-module of rank 1 generated by 12577.
2. HL,(A°,LA(Z, A) @n) = 0.

Proof. Note that for i € {0,1} and M € ®T(Z4), HE, (A%, M) is computed by

the A% invariants of the cohomology of the complex

0—>Mz>M—>O.

To see this, it suffices to repeat Lemma ignoring the action of ®*. As
Vipon) = ((V+k(n))¢) ®n, the two assertions follow from lemma the
first cohomology group is trivial since (V + k(7)) is surjective, and if ¢n ® 7 is
killed by V and fixed by A°, then ¢(az)n(z) = ¢(x)n(z) for every a € A® and
so ¢ is constant on Z, hence the result. O

11.4 The A"-cohomology

In this section we denote §: Q,; — A* a continuous character, a = 4(p)
and § = §(a). Let N be large enough and set Pol<y = Pol<y(Z,, A). We next
calculate the A*-cohomology of Z; ® &, #} ® ¢ and hence that of Z4 ® 4.
11.4.1 The case of #Z, ®J.

Lemma 11.14. We have HY(A", %, @ §) = 0.
Proof. This follows from Corollary [I1.7] O

Lemma 11.15. The groups H (A", %, ®6), i = 1,2, live in an exact sequence
of A-modules

0 = ((1-ap)Poley @) L (Ty @6)F — HY(AT, %5 @)
—  HY(A% (1 - ap)Poley ® ) L HY (A", Ty ®6) — H* (AT, %, @6) =0
Proof. Inflation-restriction and Corollary [I1.7] give
HY AT, %, @ 6) = H'(A°, HY(®1, % ®6)).

The result follows then by taking the long exact sequence of A°-cohomology
associated to the short exact sequence of A°-modules of Corollary O

In order to calculate H' (AT, %2~ @ §), we need to examine the cokernel of
f and the kernel of g. We first begin with a lemma stating some preliminary
reductions.
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Lemma 11.16.
1L (In@d) =A- (150 @ DN, Ann(1 — fa~?) -zt

2. (1 — ap)Pol<y ® N = (1 — ag) @fio Ann(1 — Ba™") - a*
3. Hl(AO,TN ® 5) = HI(AO7POISN ® 5)

Proof. Since Ty = LA(Z), A) ® Pol<y (as A%-modules), the first point follows

from Proposition [11.13(1) and the fact that (1 — B7)(a;2?) = a;(1 — Ba=%)at.
The second point follows from the same calculation, the fact that v commutes

with ¢ and Lemma [TT.6]1).
The third point is a consequence of Proposition [11.13{(2). O

Lemma 11.17. H?(AY, %, ®0) = &N A/(1 —ap™,1— Ba™).

Proof. As calculated in the proof of Lemma if Q) = a0 +ax+ ...+
aNxN S PO]SN, then (1 — OLC,O)Q €Ty = LA(Z;,A) ©® PO]SN is given by

N N
(1-ap)Q = algx Zaip*ixi & Zai(l —ap Ha'. (14)
=0 i=0

Using Lemma [11.16)3), we need to calculate the cokernel of the following com-
position:

HY(AY, (1 — ap)Poley @ 6) — H'(A°, Ty ® 6) = H' (A, Pol<y ®0)).

By equation above, this map sends the class of (1 — ap)Q in H*(A°, (1 —
ap)Pol<y ©6) to the class of SN a;(1—ap~)zt in H'(A°, (1 — Poley ®6)).
Since Pol<y = ®N ;A - 2 and since the action of ¢ and v commute, we easily
see that this cokernel is given by @Y A/(1 — ap~,1 — Ba™?) as claimed. O

Corollary 11.18. H?*(AT, %, ® §) = 0 if and only if § is pointwise never of
the form x* for any i > 0.

Proof. This follows immediately from the last lemma, observing that, if § is
pointwise never of the form ! if and only (1 — ap™% 1 — Ba~%) = A for all
ieN. O

An explicit description of the cokernel of f and the kernel of g seems a
difficult task, but we can describe them in a particular case that will be of
interest to us.

Proposition 11.19. Let ¢ : Q) — A* be such that ¢ is pointwise never of the
form x® for any i > 0. Then H' (A", %, ® ) is a free A-module of rank 1.

Proof. First note that as & is pointwise never of the form xz* for any i > 0,
(1—ap~% 1—Ba"*%) = A. The key observation, which appears in the proof of [4
Théoréme 2.29], is that, if a,b € A are such that (a,b) = A, then multiplication
by a is bijective on A/bA and on Ann(b). Indeed, if u,v € A are such that
au + bv = 1, then multiplication by u provides an inverse for this map.
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We first show that ker(g) = 0. As in the proof of Lemma [11.17, we consider
the following composition

H! (AO7 (1 —ap)Poley ® ) — H! (AO7TN ® 0) = Hl(A07POISN ®0))

and we show in this case that it is injective. It is easy to see, from the formulas
describing the action of ¢ and T, that the problem reduces to showing that, for
every i = 0,...,N, if b; € A is such that a;(1 — ap~™®) = (1 — Ba~%)b;, then
b; € (1 — ap™¥)A, which is a consequence of the fact that multiplication by
1 — Ba~" is bijective on A/(1 — ap™)A.

In a similar way, one can show that coker(f) is a free A-module of rank one
using Lemma 1) and (2), and the fact that multiplication by (1 —ap™) is
bijective on Ann(1— Ba~%). This shows that H!(A", %4 ®4) is a free A-module
of rank one and completes the proof.

O

11.4.2 The case of Z ® 4.
Lemma 11.20. Let N be large enough. Then

1. HO(A°, HO(®+, %% ©6)) = @~ , Aun(1 — ap’, 1 — Ba’) - 1.

2. H'(A°, HO(®+, %} ® 0)) = @Y, Ann(1 — ap?) /(1 — Ba) - t'.

3. HO(A, HY(o+, % ®0)) = @~ , Ann(1 — fai: A/(1 — ap?)) - t'.
4. HY(AY HY(®F, 7% ©6)) = DN, A/(1 — api, 1 — Bat) - t.

Proof. This follows easily from Lemma [[T.9 and Corollary [[T.TT} observing that
(1= Boa)(t) = (1 - fab)ti. .

Proposition 11.21. Let 6 : Q) — A* be such that ¢ is pointwise never of the
form =% for any i > 0. Then H'(A*, %% ® ) =0 fori e {0,1,2}.

Proof. First note that as ¢ is pointwise never of the form x~* for any i > 0,
(1 — ap’,1 — Ba’) = A. This implies, as in the proof of Proposition that
multiplication by 1 — Ba’ is bijective on Ann(1 — ap’) and on A/(1 — ap’).

The vanishing of H(A*, Z} ®6) follows from Lemma 1) and the fact
that multiplication by 1 — Sa’ on Ann(1 — ap') is injective.

The vanishing of H?(A*, %Z% ®6) follows from Lemma 4) and the fact
that multiplication by 1 — Ba’ on A/(1 — ap') is surjective.

In what concerns the vanishing of H*(A*,Z1 ® §), the inflation-restriction
sequence gives

0— HY(A°, HY(®F, %} ®0)) — H (A', %} ®56) — H° (A", HY(®T, #®6)) — 0.
The result is now an easy consequence of Lemma [11.20(2) and (3) and the fact

that multiplication by 1 — Sa’ is surjective on Ann(1 — ap’) and injective on
A/(1 — ap?), respectively. O
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11.4.3 The case of Z4, ®

The calculation of H*(A*, %4 ® §) is now formal using the (long exact se-
quence of AT-cohomology associated to the) short exact sequence of AT-modules

0= RBLR06— Ra— By @5 ' —0.
Moreover in the so-called regular case, we are able to compute it explicitly.m

Proposition 11.22. Let § : Q; — A* be such that ¢ is pointwise never of
the form xx® nor of the form x=% for any i > 0. Then H°(A"Y, %4 ® §) =
H2(AT, %4 ®0) =0 and H* (A", %4 ® ) is a free A-module of rank 1.

Proof. The long exact sequence of AT-cohomology associated to the short exact
sequence of AT-modules

0= RBLR0—RBa— R, 20 =0

and the fact that HO(A*, 2, @ 6x ') = H*(AT, %} ®6) = 0, cf. Lemmall1.14
and Proposition [11.21] yields

0— HY (AT, %} @6) - H' (AT, %4 ®0) —» H' (AT, %, @ 6x ') — 0,

and so
H*(AY, %2 ®0) 2 H* (%, @ 0x ).

The result follows then from Proposition [11.19] and Proposition [L1.21 O

Remark 11.23.

— The calculations of this section show that, for M € {Z}, %, %4}, the
A-modules H (A%, M ® §) are finite (as also proved in [4]).

— H?(AT, %4 ®6) = 0 if and only if § is pointwise never of the form ya?,
i € N. Indeed, this is a necessary condition by Corollary For the
converse first note that if 6 is never of the form yz® nor = for any i € N,
then H?(A", %4 @ §) = 0 by Proposition On the other hand,
if § reduces to =% for some i > 0 at some point of Sp(A), we use the
following argument to reduce to the case of a point (A a finite extension
of Q). The finiteness of the A-module H?(A", %4 ® §), the vanishing of
H3(AY, %4 ® ), the fact that Z4 is a flat A-module (cf. Lemma
and the Tor-spectral sequence

Tor_,(HI(A™, %4 ® 6), A/m) = HP (AT B p/m © )

show that H*(AT, Zs®6)@ A/m = H?(AT, %4/ ®6) for every maximal
ideal m C A. Since H*(A",Z/m ® 6) = 0 (cf. [11, Théoréme 5.16]), we
can conclude that H?(A*, Z4 ® §) = 0 by Nakayama’s lemma.

56. This result is already proved by similar methods in [4, Théoréme 2.29].
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12 Relative cohomology

Over the next few sections we prove an isomorphism between the P
cohomology and the A*-cohomology with coefficients in %Z4(d1,d2) assuming
0105 ! is regular. This is a generalization of a result of Colmez, who proves it for
the case where A is a finite extension of Q, and we indeed reduce the general
result to that case using some arguments on derived categories inspired by [37].

12.1 Formalism of derived categories

In this section we fix a noetherian ring A. Let D~ (A) denote the derived
category of A-modules bounded above. We begin by recalling the notion of a
pseudo-coherent complex. For a detailed explanation we refer the reader to [58]
Tag 064N]

Definition 12.1.

1. An object K® of D~ (A) is pseudo-coherent if it is quasi-isomorphic to a
bounded above complex of finite free A-modules. We denote by Dy (A) C
D~ (A) the full subcategory of pseudo-coherent objects of D~ (A).

2. An A-module M is called pseudo-coherent if M[0] € D, (A).

We have the following simple Lemma detecting when a module is pseudo-
coherent.

Lemma 12.2. An A-module M is pseudo-coherent iff there exists an infinite
resolution
coe s AP AB M5 0

Proof. This is just rephrasing part (2) of Definition m O

Since A is noetherian, Lemma can be further strenghened to the fol-
lowing.

Lemma 12.3. An A-module M is pseudo-coherent iff it is finite.

Proof. We first show that a finite A-module M is pseudo-coherent. Indeed since
M is finite, one may choose a surjection A®™ — M. Then having constructed
an exact complex of finite free A-modules of length ¢, we can extend by choosing
a surjection

APt ker(AP™ 5 A1),

Here we have implicitly used that a submodule of a finite A-module is finite.
Conversely, a pseudo-coherent module is finite by Lemma [12.2 O

The following Lemma allows us to use induction-type arguments when trying
to prove results concerning pseudo-coherent complexes.

Lemma 12.4. Let K* € D~ (A). The following are equivalent
1. K* € D, .(A).
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2. For every integer m, there exists a bounded complex E® (depending on m)
of finite free A-modules and a morphism o : E®* — K*® such that H'(«) is
an isomorphism for i > m and H™(«) is surjective.

Proof. Suppose (1) holds. Let E*® be a bounded above complex of finite free
A-modules and let E* — K*® be a quasi-isomorphism. Consider the naive
truncation at place m

FY:oi 50— E™ > E™HE ...

Then the induced maps F» — K*® satisfy condition (2).

Suppose (2) holds. We are going to construct our bounded above complex E*®
of finite free A-modules (which will be quasi-isomorphic to K*) by descending
induction. Since K* is bounded above, there is an integer a, such that K™ = 0,
Vn > a. By descending induction on n € Z, we are going to construct a complex

Friooi 50— F" 5 F" T o 5 P 50—

and a morphism a,, : F? — K®, such that H'(q,,) is an isomorphism for i > n
and a surjection for i = n. For the base case n = a, we can take F' = 0 Vi.
Now consider the induction step. Let C* = cone(F2 == K*). The long exact
sequence of cohomology coming from the triangle

Ey - K* — C* — F3[1]

gives H'(C*®) = 0 for i > n. It is easy to see that condition (2) is stable by exten-
sions and so in particular C*® satisfies condition (2). We claim that H"~(C*)
is a finite A-module. Indeed choose a bounded complex D*® of finite free A-
modules and a morphism § : D®* — C'* inducing isomorphism on cohomology in
degrees > n and a surjection in degree n — 1. It suffices to show H"1(D*®) is a
finite A-module. Let ¢ be the largest integer such that E* # 0. If t = n—1, then
the result is clear. If t > n — 1, then D'~! — D! is surjective as H'(D®) = 0.
As Dt is free, we see that D'~! = D' @ D*. It suffices to prove the result for the
complex (D’)®, which is the same as D® except has D’ in degree t — 1 and 0 in
degree t. The result follows by induction. Hence H"~1(C*) is a finite A-module
as claimed.

Choose a finite free A-module F*~! and a map p : F*~! — C"! such that
the composition F*~1 — C"~! — C™ is zero and such that F"~! surjects onto
H"=1(C*). Since C"~! = K"~! & F™ (by definition of the cone), we can write
p = ("1, —d""!). The vanishing of the composition F*~! — C"~1 — C",
implies these maps fit into a morphism of complexes:

0 Fr1 ar—! Fm Frntl N
J Janl J{az Jazﬁ—l
— Kn72 N anl K" KnJrl - ...
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Moreover we obtain a morphism of triangles

(F*—..) ——— (F" 1 > ...) ——— !

| | [

(F" = -..) K* ce

By the octaeder axiom for triangulated categories, our choice of p implies that
the map of complexes
(F*' 5 ...) 5 K*

induces an isomorphism in degrees > n and a surjection in degree n — 1. O

Remark 12.5. The above proof also shows the following useful fact. If a complex
in D;C(A) has trivial cohomology in degrees strictly greater than b, then it is
quasi-isomorphic to a complex P* € Dy (A) with P* =0 Vi > b+1 and each P’
is finite free Vj € Z. The proof also shows that D (A) is stable by extensions.

Since A is noetherian, we have the following simple criterion for detecting
whether an object in D~ (A) is pseudo-coherent.

Proposition 12.6. An object K* € D~ (A) is pseudo-coherent iff H'(K*®) is a
finite A-module for all i.

Proof. If K®* € D~(A) is pseudo-coherent then every cohomology H'(K*®), is
a finite A-module. For the converse suppose that H*(K*®) is a finite A-module
for all i. By Lemmas and m H'(K*)[0] satisfies condition (2) of Lemma
Let n be the largest integer such that H™(K*®) is non-zero. We will prove
the Proposition by induction on n. We have the distinguished triangle

T<n—1K® — K* — H"(K*®)[—n].

Fix an integer k. Now H"(K*®)[—n| satisfies condition (2) of Lemma for
m = k. Since condition (2) for m = k is stable under extensions, K* satisfies
condition (2) for m = k if 7<,,_1 K * satisfies condition (2) for m = k. The result
follows by induction. O

12.2 The Koszul complex

Let a be a generator of Z)* and note
v=(8%), ¢=(Y) 7=0(1Y)
which are generators of the group P satisfying the following relations:

Y =¥,

-1
a

1T=T07,
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p1? =T,

giving a finite presentation of the group generated by those elements (proof:
using those relations we can write any other relation as ¢p*7Yy* = 1 which in
turn implies © = y = z = 0) We thus have the following result. We need a
lemma describing the nilpotent nature of 7 — 1

In this subsection we compute a complex that computes P+-cohomology, cf.
Lemma This is an analogue of the Koszul complex in a non-commutative
setting. The reader can compare this with the complex constructed in [62]
§1.5.1] which calculates Galois cohomology. In loc.cit. the construction is some-
what simpler because of the non-triviality of the center (of the group under

consideration). Let M be a P -module such that the action of P extends to

an action of the Iwasawa algebra Zp[[ﬁ+]] and define

Crpr 0 MSMeoMoM S MeaMaM S M0 (15)
where
X(@) = (1-71)2,(1 -, (y-1)z)

Y(z,y,2) = (1= @)z + (1 — D)y, (v0a — Dz + (1 — D)z, (y — D)y + (¢ — 1)z)
Z(z,y,2) = (¥0a — Dz + (90p = Dy + (1 = 7)z

where,
1—7P _
p= g =l+r+.. 47" !
fora€Z;,beZ,
b —1 ba\, , e
| =Z(n)w —)r ezl -1,
n>1
Tt -1
-1

which is a well defined element since, as 7°" — 1 as n tends to 400, 7 — 1 is

topologically nilpotent in the Iwasawa algebra Z,[[T — 1]] = Z,[[U]] C Zp[[P+]].
The construction of €, , is obtained from taking successive fibers of smaller
complexes. Define

€ 0-ME M0 (16)

where
D(z):=(r—1)x

and

G0 M5 MoM S M0 (17)
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where
E(z) = ((r — D, (¢ — 1)z)
F(z,y) = (pop — Dz + (1 —1)y

We now define morphisms between the complexes. We note by [¢p — 1] :
€, — €, the morphism:

% .0 M M 0
pr_l J{Lp(;pl
€, :0 M M 0

and [y — 1] : €., — -, the morphism:

Grp 0 M Me M M 0
L’yl Js L’yéal
%y 0 M Mo M M 0

where s(z,y) = ((v0q — 1)z, (v — 1)y)

Lemma 12.7. There are distinguised triangles

%= ¢ g,

and
Crpmy = Crp H %,
in D™ (A).

Proof. This is evident from the definition of the cone of a morphism in D~ (A)
and the relations @0, - Y0, = V04 - @0p, (V0 —1)(7 —1) = (7 —1)(y — 1) and
(0dp = (1 =1) = (T = (e = 1) O

We now show that C , ., computes P+—coh0mology. Recall the complex

‘K%,Y:O%MiM@Mi)M%O
where
E'(z) = ((1-¢)z,(y - 1))
Fl(z,y) = (y =Dz + (¢ — 1)y

calculates the AT-cohomology of M. There is an obvious restriction mor-
phism €, — %, whose kernel (as a morphism in the abelian category of
chain complexes) is
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ot 0 M S Mo M M0

where

E"(x) = (1 — pdp)z, (y0a — 1))
F'(x,y) = (Y00 — D + (@, — 1)y

Lemma 12.8. The complex €; ., calculates the ?+—coh0mology groups. That
is Hi(%y.p.) = H(P", M).

Proof. This is just a reinterpretation of the Hochschild-Serre spectral sequence.
We have a distinguished triangle

Crion = Con - G (18)
in the derived category D~ (A), where the morphism
1—7:%,,— ‘fj,‘ffyi“
pZ, 1

a semi-group G we denote by R denote the derived functor of (). For M a
F+—module, we claim that

is component-wise just 1 — 7. Let U = ( ! 0) so that P* = U x AT. For

RU(M) = (0 » M =5 M* —0)

where M* is isomorphic to M as U-modules, but is equipped with a twisted
(¢, v)-action (which we denote by (¢,7)):

©-m =@, -mand ¥ -m =y, - m.

First note that 1—7: M — M* is indeed a morphism of P -modules (this follows
from the relations (yd, — 1)(7 — 1) = (1 — 1)(y — 1) and (¢, — 1)(7 — 1) =
(r—1)(p—1)). Now HY(U, M) is equipped with a natural (i, v)-action (which
we denote by (¢',7")):

O e =p-crpand y ¢y = Cra,

where ¢, is the value of the 1-cocycle ¢ with [c] € HY(U, M), at 7. To prove the
claim it suffices to show that ¢ - c;» = @, - ¢, and v - cre = 79, - ¢-. However
these follow from the fact that ¢ is a 1-cocycle. Thus by the Hochschild-Serre
spectral sequence we have

R (M) = RAT (0= M =5 M* - 0).

57. Here RU is viewed as a function from D+ (ﬁ+ — Mod) to DT (AT — Mod).
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Therefore applying RA" to the distinguished triangle
(0— M 5 M* = 0) —» M =T M
gives the distinguished triangle
RP" (M) - RAT (M) 5 AT (M%) (19)

and it is easy to see that RA" (M) = %, and RA" (M*) = Gt The result
now follows from comparing the triangles and . O

12.3 Finiteness of cohomology

In this subsection we show that the cohomology groups
Yaria
H' (P ,Z4(01,02))

are finite-type A-modules. The idea is to reduce the problem to finiteness of
AT -cohomology, cf. [4], [37] and finiteness of twisted A*-cohomology.

The first thing to note is that the complexes %, , -, are well defined for
M € {%#}(0),#(5), %4 ()}, which is a consequence of the following lemma.
Lemma 12.9. Let M € {%;(61,62), Za(01,02), #%(61,62)}. The action of
P estends by continuity to an action of the distribution algebra @(ﬁi A). In

particular, M is equipped with an action of the Twasawa algebra Z,[[P " ]].

Proof. For the proof of this lemma, we use some facts of (which is inde-
pendent of the present section). For M € {#1(61,02), %4 (01,02)}, the result
is a consequence of the isomorphisms %7 (6;) X, P! = B4(d2,01)* ® w and
K5 (01) K, P! = B4(61,62) of Lemma [10.19] the fact that the locally analytic
principal series are equipped with an action of the distribution algebra 2(G, A)
and the fact that, since P stabilizes Z,, then f%’fqi)(dlﬁg) = (f%’fqi)((?l) X,
Z,) ® 65" inherits an action of the distribution algebra @(?4_, A), and in par-

ticular an action of the Iwasawa algebra Zp[[P+]}. For M = %4(d1,02), the
result follows by the same arguments noting that, since %2(d;) X, P! is an ex-
tension of Z 5 (§)X,, P! by 27 (§) X, P! in the category of separately continuous
2(G, A)-modules, it is also equipped with an action of 2(G, A). O
The main theorem of this subsection is the following.

Theorem 12.10. If M = Z(01,02) then €, € Dy (A). In particular, the
A-modules Hi(ﬁ+,%(51,52)) are finite.

Proof. Recall that we have the distinguished triangle

Cripry = Coy — Coo™

in the derived category D~ (A). By Theorem 4.4.2, [37], €, € D,.(A). Thus
by Lemma to prove the result it is enough to show €% € D (A). This
now follows from Lemma [2.17] O
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Lemma 12.11. For M = %(61,62), the A-modules H (€ %) are finite.

Proof. To prove this lemma, we still proceed by a dévissage argument. We
define a complex

1—¢é,

Cs, 1 0 M M 0

and we observe that we have a distinguished triangle
twist 1—78a
Gy —> Cpo,, — Cips,,-
Moreover, by taking long exact sequences associated to the short exact se-

quence 0 — %’X(élﬁg) — H(01,02) = H4(01,02) — 0, it is enough to show
finiteness for % (01, 02) and % (61, d2). The lemma follows from O

Lemma 12.12. For M € {#*(01,02), # (61,02)}, the A-modules H' (€5
are finite.

Proof. The case of 21 (81, 02) follows directly from lemma [12.13| below, which
shows that the cohomology of the complex €5, is already of finite type.
For %~ (41,02), the long exact sequence associated to the triangle ‘532“ —

—Y0a .
%505;» L %WSP ylelds

0 = HOELY) = HO(€ps,) 2% HO(Gs,) — H (CL) — H (€ p5,) —L2% HO(%,s,)
— H*(€°) — 0,
and the result follows then from lemmas [[2.14] and O

Lemma 12.13. The operator 1 — p8, : X#4(61,62) — #%(61,02) has finite
kernel and cokernel.

Proof. The proof of this lemma is an adaptation of lemma Let N be
big enough such that [5(p)p"| < 1. We show that 1 — 8, : TNZ}(61,82) —
TN %j{ (01, 02) is bijective. For that, we construct an inverse of this operator by
proving that Y, - (6,)* converges. Observe that (¢d,)" = ©*6,« and that the

operator d,x = 1+7+... 4Pl = kg (T—=1)4+...+ (74’16*1 —1) is bounded
(independently of k) by a constant C.

By identifying %;{(51, d2) with the space of analytic functions on the open
unit ball equipped with the Fréchet topology given by the family of norms
(I - ljo,r))o<r<1 and the action of ¢ twisted by d(p), we have (cf. lemme 2.9.(ii),
M) [*(TN)j0,,q < Crp™™* for some constant C, > 0 and hence, for f €

TN%+(61,02) and any 0 < r < 1,

A\
|(<P5p)k(f)|[o,r] = \goképk(f)\[oﬂ < CC| flio. <pN> :

which shows that the expression zk>0(4p6p)k converges. We deduce that the
kernel and cokernel are, respectively, a submodule and a quotient of Pol< x(Z,, A).
This concludes the proof. O
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Lemma 12.14.
— The operator 1 — o, : X, (61,02) = %, (61, 02) is injective.
~ If N > 0 s big enough, then Z, (1,062) = (1—90,)% 4 (61, 02)+LA(Z), A)+
POlgN(Zp; A)

Proof. For the first point, exactly as in the proof of lemma if (1—¢d,)f =0
then ¢d,f = f and, applying this and the identity (¢d,)" = ©"dyn succes-
sively|>°} we get ¢™dp» f = f and so f is supported on p"Z, for all n > 0 and
hence vanishes everywhere.

We now prove the second assertion. By a direct calculation solving a differ-
ential equation locally, we can show that every ¢ € % (61, d2) is of the form ¢+
Py+(1—ap)pa, with Py € Pol<n(Zy, A), 92 € %4 and ¢; who is zero in a neigh-
bourhood of 0, and thus of the form Z;:Ol @1,i, with ¢1; € LA(piZ; , A). Writ-
ing @'Y (¢1,1) = @000 = (98p)" (8, 10)" = (1—(1=08,))" (8, ) (@ 1,3)
and upon expanding (1 — (1 — d,))" expresses ¢y ,; as a sum of elements in
(1 — b))%, (01,62) and ¢*(a™"¢1,;) € LA(Z;, A). 0

Lemma 12.15. The operator 1 — 0, : LA(Z,,A) — LA(Z;,A) has finite
kernel and cokernel (as A-modules)

Proof. For the sake of brevity write M = LA(Z,’, A). We have a morphism of
complexes (in the abelian category of chain complexes)

0 M— 0
Jl'f‘ Jl'r
0 M 2% 6 0

Note that the cokernel of this morphism of complexes vanishes by Lemma [I3.10]
(the same proof carries over with L replaced by A). Thus by Proposition @
it suffices to show that M7=" is a finite A-module. Take f € M™=!. Then by
definition of the action of 7 on Z# (41, 62) we have

1—px

f() :6<1—px>f( d )

Repeating this procedure we see that the value of f(x) determines the value of

f (1_‘/’]“;”) for all k € Z. Now 1 — pZ is dense in 1 — pZ, and so (1 — pZ)~! is
dense in 1 — pZ,. By continuity of f, this implies that the values f(1), f(2),

..+ f(p—1) determine f completely. This proves the result.

O

1P

58. We denote pn =

1—-7 °
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13 The P -cohomology

In this section we fix a finite extension L of Q,, two continuous charac-
ters 1,02 : Z,) — L* and we consider the modules %}j(él, d2), %1, (01,02) and
X (81,902) (for brevity we will omit the subscript L). We systematically cal-
culate all ?+—coh0mology groups of these modules, which will be essential in
comparing them to their AT-cohomology. This section is inspired by combining
two observations. The first is that if M is equipped with a continuous action of
P such that this action induces an action of the Lie algebra of F+, then we can
simplify cohomological calculations by passing to the Lie algebra. The second
is that we have a good enough understanding of the infinitesimal action of the
Lie algebra on a (¢,T')-module so as to be able to make explicit computations
(cf. [2], [22]). For the commodity of the reader, the main results of this section
can be summarized as follows:

Proposition 13.1.
— Let M+ = %+((51,52).
1. If 6105 ¢ {x~ % i € N}, then Hj(ﬁ+,M+) =0 forallj.
2. If 616, =1y, then dimy HI(P ", My)=1,1,1,0 for j =0,1,2,3.
3. If 6165 = o=, i > 1, then dimy HI(PT,M,) = 1,3,3,1 for j =
0,1,2,3.
— Let M_ = %_(51,52).
1. If 6,61 ¢ {xa',i € N}, then dimy, H/ (P, M_) = 0,1,1,0 for j =
0,1,2,3.
2. If 6165 = xai, i € N, then dimy HI(P,M_) = 0,2,2,1 for j =
0,1,2,3.
— Let M = %(51,52).
116,651 ¢ {2~i € N} U{xa',i € N}, then dim, H/(P", M) =
0,1,1,0, for j =0,1,2,3.
2. If 6105 " =g, then dimy Hi(P',M)=1,2,2,0, for j = 0,1,2,3.
3. If 6105 = a=%,i > 1, then dimy HI(PT, M) = 1,3,2,0, for j =
0,1,2,3.
4. If 61651 = xat i € N, then dimy HY(P', M) = 0,2,2,1, for j =
0,1,2,3.
Remark 13.2. Observe that the result about Hl(ﬁJr,(%""’((Sl, 85)) when 0,0, =
x7' i > 1, is in contradiction with [I1, Lemme 5.21]. There seems to be a
mistake in loc.cit., where the twisted action of AT on H!(U, M) is not taken

into account. This changes slightly the results of [I1], getting unicity of the
correspondence only for the non-pathological case 6,6, ' ¢ {z~% i > 1} (indeed,

the restriction H (P, %(61,85)) — H'(AT,%(51,05)) turns out to be only
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surjective, but not injective). The authors plan to study this supplementary
extensions in more detail in the near future.

13.1 The Lie algebra complex

We note
1 0 - 0 0 0 1 _ 0 0
+ — +_ —
=G ) =6 )=o) =6 o)
the usual generators of the Lie algebra gl, of GLy. We note that [a™,u™] = —u~

and ppu~ = u" .
Denote by Hi,, (ﬁJr, M) the cohomology groups of the complex

Gopar 0 M MaMaM S MeaMaMZM—0  (20)

where
X'(x) = ((¢ — Dx,a"z,u"x)
Y'(z,y,2) = (aTz — (¢ = Dy, u"y — (a* + 1)z, (pp — 1)z — u”2)
Z'(x,y,2) =u"z+ (pp — Dy + (™ +1)2
~ Zzx 0 = . =+
Let P := P . Note that P is a p-pro-subgroup of P .
pZ, 1

Lemma 13.3. If M € {#71(61,62), % (01,02),%(61,62)}, the natural applica-
tion
H'(P™,M) = H*(P, Hi;.(P", M)

s an isomorphism.
Proof. The same proof as Lemma m shows that there is a spectral sequence
) L NP
Hi; (A" H], (U, M)) = H{;/(P", M)

where H{, (U, M) is defined to be the cohomology of the complex

0—>M£>M—>0.

For the definition of H{iC(AJE, —), cf. [I1 §5.2]. The result now follows from
[61, Corollary 21] by taking P-invariants on both sides. O

Remark 13.4. For future calculations, we need to explicit the action of P on the
different Lie algebra cohomology groups. Recall that this group acts naturally
on the module and by its adjoint action on the Lie algebra. Take for instance
(2,9,2) € M® a 1-cocycle on the Lie algebra complex Gu-,p,a+ Tepresenting
some cohomology class. An easy calculation shows that, if o, € A°, then, as
cohomology classes

0a - (2,y,2) = (0a2,04Y, 0042).
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If we want to calculate the action of 7, say, on 1-coycles, in the same way, we

get
ri-r _1
T(z,y,2) = (T + T(pilog(T) 2, TY — PT 2,TZ).

The formula for the first coordinate is obtained by using the fact that Lie alge-
bra cohomology is calculated by ‘differentiating locally analytic cocycles at the
identity’ (cf. [61]), and it can be taken as a formal formula (since there might
be some convergence problems) but it will be enough for us (in general, one
should replace 7 by 7" for some n big enough).

13.2 Deconstructing cohomology

In order to compute cohomology we build the complex - , o+ from smaller
complexes. Define

(fu7:0—>M2>M—>O,

where
D(z):=u"=z
and
E F
Co—p: 0> M —->MOM — M —0,
where

E(r) = (u"z,(p — 1)z)
F(z,y) = (pp — )z —u"y.

We now define morphisms between the complexes. We note by [p — 1] :
6,- — 6,- the morphism:

%~ :0 M M 0
J«p—l sz—l
%,- :0 M M 0

and [a*] : €,- , = €,- , the morphism:

©y 0 M Mo M M 0
La-*— Js La*"‘rl
%y 0 M Mo M M 0

where s(z,y) = ((a* + 1)z, aty)

87



Lemma 13.5. We have the following distinguished triangles in D~ (L):
S L N

[a™]
(fu—,%,ﬁ - (gu‘w ’ (gu‘ﬁp‘

Proof. This is evident from the definition of the cone of a morphism in D~ (L).
O

The following lemma will be the cornerstone of our cohomology calculations.

Lemma 13.6.
1. HO(%M—,Wﬁ) = H'([a*]: HO(%U_W)).
2. We have the following exact sequences in cohomology:
0— H'([a"]: H*(%\- ) = H (G- pa+) = H([a*]: H (G- ,)) — 0,
(21)
0— H'([p—1]: H'(6,-)) = H (%,-,) = H(lp — 1]: H'(%,-)) — 0.
(22)

3. We have the following exact sequences in cohomology:
0— H'([a*]: H' (64~ ) = H*(Gu- par) = H([aT]: H(C ) = 0,
(23)
wo) 2 H ([p = 1] - H'(E,-)). (24)
4o H(Cym p0v) = H ([a*]: H*(%,- ).

H*(%,

Proof. This follows from taking long exact sequences in cohomology from the
triangles in Lemma [13.5 O

The module from which we are taking cohomology should be clear from con-
text, and whenever it is not specified, it means that the result holds for any such
module. Notations should be clear, for instance, we have H%([a™]: H(6,- ,)) =

My =0w=1a"=0 Hl([q*]: H(%,- ,)) = coker([at]: H(G,- ,)) = coker(a®: M¥ =0#=1
M =0.9=1) et cetera desunt.

Remark 13.7. From the definition of the action of the group on the different
terms of the Hochschild-Serre spectral sequence, or on the Lie algebra coho-
mology, as the composition of the natural action on the module with inner
automorphisms on the group or on the Lie algebra, we can calculate the explicit
action of P on each constituent component of the exact sequences appearing in
Lemma and Lemma For instance, the action of A° on the third term
of Equation , on the terms of Equation and on those of Lemma M(él)
is twisted by x (this comes from the identity o, 'u~c = au™), while it acts as
usual on the other terms (since A° commutes with itself and with ). We can
check that 7 acts as usual on each separate term (but the sequences do not split
as a sequence of U-modules).

88



13.3 The Lie algebra cohomology of %~ (01, 0s)

The following conglomerate of technical lemmas on the action of the Lie al-
gebra on Z (d1, 02) will culminate in the main Proposition [13.24]of this section,

calculating the F+—cohomology on this module, following the strategy suggested
by Lemma [13.6

Lemma 13.8. Call M = %~ (61,02) and let f € M. Under the identification
(as modules) M = LA(Z,, L), the infinitesimal actions of a*, u~ and ¢ are
given by|f|

(@ (@) = K(8) f(z) — af'(x),

(™ f)(z) = w(O)zf(z) — 2*f'(x),

(0f)(@) = 6(n)f (p) .

0

Proof. First note tat, for (Z 1) € P and f € % (61,02), the action of P

on #Z~(81,02) is given by

((‘g ?) ~f>(3:) - 6(a—bx)f(axbz>.

The action of ¢ is now evident and that of at follows from a direct calculation.

Viewing £~ (01, 2) as the module Z~ equipped with action of PJF, we have,
by [22, Théoréme 1.1],

u” = —t7IV(V + k(d2071)),

where here V = t%. Recall that, by the dictionary of functional analysis,
multiplication by ¢ and % become, respectively, the operations of derivation
and multiplication by x on LA(Z,, L). In particular we have V(f) = f + xf’.
The description of the action of u~ follows now from a direct computation.

O

By an inoffensive abuse of language, we will talk in the sequel about the
action of the elements a* and u~ on LA(Z,, L) (resp. LA(Z), L)), by which we
mean their action on %~ (81, d2) under the identification 2~ (61, 2) = LA(Z,, L)
(resp. #(61,02) WZ) = LA(Z},L)).

13.3.1 Calculation of H(€,- , ,+):

Proposition 13.9. Let M = %~ (61,62). We have H°(€,~ , o+) = 0.

Proof. This follows immediately from the injectivity of 1 —§(p)y on LA(Z,, L).
O

59. Observe that, in the formula for ¢ below, f (%) is taken to be zero whenever z € Z;;,

so the precise formula should be (¢f)(z) = 1pz, (z)d(p) f (%)
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13.3.2 Calculation of H*(%,- ,):
Lemma 13.10. The operator u™ restricted to LA(Z,, L) is surjective on LA(Z,, L).

Proof. This is an easy exercise on power series that we leave to the reader. [
Lemma 13.11. If M = %~ (01, 92) then:
1. If 6(p) & {pl| 1> —1}, or if §(p) = p® for some i > 0 and x(8) # i, then
H*(%,- ,) =0.
2. Otherwisem H*(,- ,
Proof. Suppose first §(p) & {p| i > —1}. Note that, by [IT, Lemme 5.9],

M =LA(Z)) ® (pp — 1) M.

) is of dimension 1 naturally generated by [z*+1].

By Lemma |13.6]

H*(G,-
Thus it suffices to show that the map pp—1: M/u~M — M/u~M is surjective.
This follows from the fact that

) = coker([p — 1] : M/u™M).

M 22N N Mju M

is surjective (where the second map is the natural quotient map) since u™ is
surjective on LA(Z,, L) by Lemma 13.10}
Suppose now 6(p) € {pz| i > —1}. In this case, by [II}, Lemme 5.9], we have

M = (LA(Z)) + (pp — M) & L - &'+, (25)

where LA(ZX) N (pp — 1)M = L - 1, z" 1.

Suppose first i > 0. If k() # i then (k(§) — i) tu~2® = 2*TL. Thus in this
case the map M Pl oA M /u” M is surjective and the result follows. On
the other hand if k(d) = 4 then z**! is not in the image of u~ and in this case
H*(€,- ,)=L-a".

Finally consider the case i = —1. In this case, as 1z, is never in the image
of u™ the result follows. O

13.3.3 Calculation of H*(€,- , ,+):

At this stage, we can already deduce the following.
Proposition 13.12. Let M = %~ (01, 62).

~ If 6(p) = p', i > —1, and K(6) = i, then H*(C,- , q+) is of dimension 1

naturally generated by [x*1].

— Otherwise H*(€,,~ 4.q4+) = 0.
Proof. This follows from Lemma 4) and Lemma [13.11] by observing that
the action of [a™] on H?(€,- ,) = M/(u~,pp—1) is given by a® +1, and using
the formula (e + 1)[z*T!] = (k(§) — 4)[x*T]. O

60. i.e if §(p) = p~ 1, or if §(p) = p* for some i > 0 and k(J) = i.
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13.3.4 Calculation of H'(%,- ,):

The following lemma describes the kernel of v~ acting on %~ (d1,02) in the
appropriate way so as to calculate (cf. Corollary|13.14)) the left term of Equation

of Lemma Deﬁnelﬂ

2\ #(9)
Xu(s) == {f € LA(Z§)| flz) = Z C; (;) 1,1 pnz, for some n > 0}.
ie(z/pnZ)*

Lemma 13.13. If M = %~ (61,92) = LA(Z,,L). Then
1. If 6(p) € {p'| i = 0}, orif 6(p) = p" for some i >0 and r(6) # i, then

M =0 = X5 ® (1 —p)M"™ =

2. Otherwise - - _
MY =0 = (X + (L —p)M" )@ L -2,

Furthermore X5 N (1 — @)M* =% is the line L - 1 xa".

Proof. (1): First suppose that d(p) # p~t. Take f € M* =°. Since §(p) ¢
{p| i > —1}, by [11, Lemme 5.9], we can uniquely write f = fi + (1 — ¢) f2
where f; is supported on Z and fo € M. Thus 0 = v f = ™ fi +u~ (1 -
©)fa = u f1 + (1 — pp)u~ fo. We deduce, again using [I1, Lemme 5.9], that
u” fi = u” fo = 0. Solving the differential equation v~ f; = 0 gives precisely
J1 € X(s)-

Suppose now d(p) = p~!. Repeating the same procedure as above, since
pd(p) = 1, in this case [I1, Lemme 5.9] gives u™ f; = blZ; and (1 —pp)u™ fo =
—blZ; for some b € L. This implies u™ fo = —blzp. This equation has no
solution unless b = 0 (as can be easily seen upon expanding in power series
around zero), in which case we obtain again u™ f; = u~ fo = 0.

Suppose finally that §(p) = p’ for some i > 0 and x(8) # i. By [I1, Lemme
5.9], we can write f = f1 + (1 — @) f2 + az’, where f; is supported on /i
foeMandac L. ThusO=u"f=u"fi+u (1 —p)fs+au"z' =u"fi +
(1 — pp)u~ fo + a(k(8) — i)'+, The latter implies

O=u"fi+(1—ppuf (26)
0 = a(k(8) —i)x*! (27)

Again by [IT, Lemme 5.9] (this time with a = pd(p) = p'*!), the first equation
implies u™ f1 = bl x 2" and (1 —pp)u~ fo = —blxz*! for some b € L. This

implies u~ fo = —bz'!. But all the solutions to the equation u~ fo = —bx't!

61. Observe that, upon developing (z/4)"(9) = Zk>0 ('C”gf)> (z/i — 1)™ and observing that

vp((nsf))) > k(min(k(9),0) — p%l), we see that (/i)%(%) is a well defined analytic function
on ¢ 4 p"Zy, for n big enough.
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7

are of the form f = b5 + fy where f5 € M* =Y is any element. Observe
finally that the set

Zi
k(0) —1
is exactly X, (5). On the other hand, since x(8) # i, equation forces a = 0.
This shows that M* =% is the sum of X, and (1 — @)M" =0.

We now show that it is indeed a direct sum: if d(p) is not equal to p® for
some ¢ > 0 then this is immediate. Suppose then that d(p) = p*, ¢ > 0 and

#(8) # i and suppose that f; = (1 —)g for some g € M* =9 f; € Xy (5)- Then
by the same lemma [IT, Lemme 5.9] we get

- (fi —1-¢) JIbe L, fr e LA(Z), L), u” f1 = 1zxa'"}

fi= bllz; ' =(1-¢)g (28)

for some & € L. Then 0 = u™ f; = b/(k(0) —1)1,x2*"! so that ¥’ = 0 and hence
g=0and f; =0 as well.
(2): This follows from the same arguments as last two paragraphs, noting

the following differences. On the one hand, if x(d) = i, then the value a in
equation is free to take any value in L. On the other hand, if x(0) = 4,

then there is no solution to the equation u~fy = —bz**! unless b = 0 (expand
around zero). In that case equation gives u~ f; = u~ f» = 0. Finally, note
that L - 1, 2t € (1 —)M* =Y whence the result. O

Observing that coker([¢ — 1]: H(%,-) = coker(¢ — 1: M* =), we get the
following:

Corollary 13.14. If M = Z~ (01, 062) then
1. If 6(p) € {p'| i = 0}, orif 6(p) = p" for some i >0 and r(8) # i, then
H' ([ —1]: H(€,-)) = Xu(s)-
2. Otherwise

H([p = 1]: H(,-)) = (Xu(s)/L - 1gza’) @ L+ o).

Proof. This is an immediate consequence of Lemma [13.13 O

We now proceed to calculate the right side term of Equation of Lemma
Note that the action of [p — 1] on H*(%,-) = M/u™M is given by pp — 1.
Lemma 13.15. If M = %~ (01, 92) then

1. If §(p) & {pl| 7> —1}, or if §(p) = p*, i >0, and Kk(8) # i, then HO([¢ —
1]: HY(%,-)) = 0.

2. Otherwise H([p — 1]: HY(€,-)) = L - [z*F1].
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Proof. (1): Suppose first that §(p) & {p’| i > —1}. Take f € M and suppose
that (1 — pp)f = u~h for some h € M. We write h = h; + (1 — p)ho with
hy supported on Z;. Then (1 —pp)f = u~h = u~hi + (1 — pp)u~hy. By
uniqueness and by injectivity of (1 — pp) we obtain f = u™ hs.

Now suppose §(p) = p’ for some i > 0 and k() # i. Take f € M and suppose
that (1 —pp)f = u~h for some h € M. We write h = hy + (1 — ¢)ha + ax® with
hy supported on Z5 and a € L. Then (1—pp)f =u"h =u"hi+(1—pp)u~ha+
a(k(8) —i)xtTL. This forces a = 0 and (1 —pp)(f —u~hg) = b1 21 for some
b€ L. Hence f —u"hy = bx'*! and thus f = u~ (h2 + ﬁxi).

(2): Suppose first 6(p) = p~t. Take f € M and suppose that (1 — pp)f =
u~h for some h € M. We write h = h; + (1 — ¢)hs with hy supported on
Z);. Then (1 —pp)f =u"h =u"hy + (1 —pp)u~hy. Then u~h; = blyx =
(1 —=pp)(f —u~hz). The last equality implies that f —u~hy = b1z, and hence
f = blz, modulo u~. In this case, if b # 0, then blz, is not in the image of

u~. Hence
ker(pp —1: M/u”M) = L-[1g,].

Finally if 6(p) = p* for some i > 0 and x(J) = i, then the question is whether
2+ is in the image of u~. Indeed taking f(z) € LA(Z,, L) and expanding u~ f
in a small ball around 2 = 0, we see that the coefficient of z'*! is 0. Hence x**!
is not in the image of u~, as we have already pointed out. This completes the
proof. O

We can at this stage easily deduce the following corollary, which gives a
complete description of H*(€,- ,):

Proposition 13.16. Let M = %~ (61,02). Then

1. If 6(p) ¢ {pl| 7> —1}, or if §(p) = p', i > 0, and k(5) # i, then
Hl(%u*,ap) = XK((S)'

2. If §(p) =p~ !, then Hl(%u_W) lives in an exact sequence
0= X5y = H (y-p) = L-[17,] = 0.
3. If5(p) = p', i >0, and x(8) = i then Hl(‘fu_w) lives in an exact sequence
0= (Xu) /L 1gx )@ L-[z'] > HY(%,-,) = L -2 —0.

Proof. This is an immediate consequence of Lemmas 13.15| and Corollary
1314 O

13.3.5 Calculation of H*(¢,- ,)-

We have already explicitly calculated the second exact sequence of
Lemma in Proposition [13.16] The left hand side term of Equation
is easy to deal with:

Lemma 13.17. If M = %~ (01,0) then H°(%,- ,) = 0.
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Proof. This follows immediately from the injectivity of 6(p)¢ — 1 on LA(Z,, L),
cf. Lemma M(l) O

We calculate the kernel of [a™*] on ker([p — 1]: H'(%,-)):

Lemma 13.18. If M = %~ (01, 02) then
1. If 8(p) & {p’| i = —1}, orif 6(p) = p* for some i > —1 and r(6) # i, then
[at] on HY([¢ — 1]: HY(6,-)) is injective.
2. Otherwise the kernel of [a™] on H([p — 1]: HY(%,-)) is (naturally iso-
morphic to) L - [x*T1].

Proof. We use Lemma If 6(p) ¢ {p'| i >0} orif §(p) = p' for some
i > 0 and k(9) # ¢, then ker(pp — 1: M/u M) = 0 and the result is obvious. If
k() =i then

ker(pp — 1: M/u~M) = L - [z*1].

In this case (a® + 1) “‘1] 0.
Suppose now 6(p) = p~ L. In this case

ker(pp —1: M/u"M) =L -[1z,]

and, since (at + 1)1z, = (k(0) + 1)1z, the result now follows depending on
whether x(d) = —1 or not. O

The last needed ingredient is the kernel of [a*] on H'([p — 1]: H(4,-)).
Lemma 13.19. If M = %~ (61, 92) then

1. If 6(p ¢{p | z>0} or if §(p) = p* for some i > 0 and k() # i, then

ker([a™]: H ([p — 1]: H*(%,-))) = Xe(5)-
2. Otherwise
ker([a™]: H'([p —1]: H(€,-))) = (Xp(s)/L - 1zx2") © L - [27].

Proof. This is an immediate consequence of Lemma(13.14} noting that a™ X,.(5) =
0 and that a*2? = 0 whenever x(J) = i. O

Now we can calculate the first Lie algebra cohomology group with values in

%_(51,52).

Proposition 13.20. Let M = %~ (61,02). Then
1. If 8(p) & {p’| i = —1}, orif 6(p) = p* for some i > —1 and K(6) # i, then

Hl (%u_ ,ap,a‘*’) = Xﬁ((s) .

2. If 6(p) = p* for some i > 0 and k(0) = i, then H' (€, , 4+) lives in an
exact sequence

0= Xo@)/L - 1gxa' @ L-[2'] = H(Cy- par) = L[z =0
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3. If6(p) =p~ " and k(8) = —1 then H (€~ , o+) lives in an ezact sequence
0= Xus) = H (Cu- pat+) = L [17,] = 0.

Proof. By Lemma [13.17| and the short exact sequence of Lemma we
have
Hl(‘fuf,%w) = ker([a™t]: Hl(‘ﬁufﬂp)).

Since the short exact sequence (22)) splits as a sequence of a™-modules, we
have

0 — ker(a®™: M* =°/(p—1)) — ker([a™]: H' (Cu-p)) — ker(a™+1: (M/u™ M)P¢=1) — 0.

Now (1) (resp. (2), resp. (3)) follows from (1) (resp. (2), resp. (1)) of
Lemma [I3.19) and (1) (resp. (2), resp. (2)) of Lemma O

13.3.6 Calculation of H*(¢,- ,.):
We start by calculating the left side term of equation of Lemma m

Lemma 13.21. If M = %~ (01, 92) then
1. If §(p) & {pl| 7> —1}, or if §(p) = p* for some i > —1 and k() # i, then

coker([a™] : Hl(%unp)) = X, (5)-
2. If §(p) = p* for some i >0 and k(5) = i, we have a short exact sequence

0— XH((;)/L-IZ; ' ®L-[z'] = coker([a] : H'(C,- ,)) — L-[z""'] — 0.

3. If §(p) = p~! and k(8) = —1 then we have a short exact sequence
0— X5 — coker([a™] : Hl(%f’@)) — L-[1z,] = 0.

Proof.

1. Suppose first that §(p) & {pz| 1> 71}, or that §(p) = p® for some i > 0
and k(9) # i. By Proposition 1), we have H(€,- ) = X,,(5). The
result follows then by noting that the action of [a™] on this space is given
by a™, and that a* X, 5 = 0 (since zat f =u™ f).

We now deal with the case where d(p) = p~! and x(8) # —1. In this case
H'(€,- ) is described by (2) of Proposition and the result follows
from Lemma 1) below.

2. If 6(p) = p" for some i > 0 and x(§) = i, then H'(€,- ) is described by
(3) of Proposition Note that [a™] acts as a™ on the left term of the
exact sequence, and as a™ + 1 on the right hand side term. The result
follows then by Lemma 2) and by noting that a* 2 = 0.

3. This case follows in the same way, using Proposition [13.16{2) and Lemma

i5:23(2).
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O
The next lemma describes the cokernel of [a™] on H([p — 1]: H(%,-)).

Lemma 13.22. If M = %~ (81,62) and §(p) = p* for some i > —1 then
1. If k(8) # i then coker([a™]: H([p — 1]: H*(%,-))) = 0.
2. If K(0) =i then coker([at]: H([¢ — 1]: H'Y(,-))) is (naturally isomor-
phic to) L - [x*1].

Proof. We use Lemma [13.15] Suppose first ¢ > 0. If x(0) # ¢ then ker(pp — 1 :
M/u~M) = 0 and the result is obvious. If () = ¢ then

ker(pp —1: M/u"M) = L-[1z 2"

In this case (a* + 1)zt = 0.
Suppose now ¢ = —1. In this case

ker(pp —1: M/u"M) =L - [1g,]

and so (a™ + 1)1z, = (k(0) + 1)1z,. The result now follows depending on
whether (6) = —1 or not. O

We finally calculate the right hand side term ker([a™]: H*(%,- ,)) of equa-
tion of Proposition m
Lemma 13.23. If M = #(61,92). Then

1. If 8(p) & {p’| i = —1}, orif 6(p) = p* for some i > —1 and K(6) # i, then
ker([a*]: H*(%,- ,)) = 0.

2. Otherwise ker([at]: H%(%,

wmp)) = L[]
Proof.

1. If §(p) # p~! the result follows since, by Lemma [13.11} we know that
H*(€,- ,) =0. 1f 6(p) = p~' (and hence (0) # —1) then H?*(€,- ,) =
L -1z, and, since (at 4+ 1)1z, = (k(d) 4+ 1)1z, it is injective.

2. Note first that [a*] acts on H*(¢,- ,,) as a™ +1. By (2) of Lemma [13.11]
H*(6,- ,) = L-2""" and the result follows since (a* + 1)zt = 0.

]
We are now ready to compute H?(6,~ , o+):

Proposition 13.24. If M = Z(61,02) then
1. If 8(p) & {p’| i = —1}, orif 6(p) = p* for some i > —1 and K(6) # i, then

H*(Cy- pa+) = Xu(s)-
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2. If 6(p) = p* for some i > 0 and k(6) = i, then H?*(C,- ,q+) lives in an
exact sequence

0—=Y; > H*(Cy- pa+) > L-[271] =0,
where

0_>X"(5)/L'1z;xi69[w[xi]—>Yi—>L-[a:i+1]—>o_

3. If6(p) =p~ ! and k(8) = —1 then H*(€,~ o o+) lives in an ezact sequence
0= Y 1= H* Gy pa+) — L-[17)] =0,

where
0— Xy = Y1 — L-[1z,] = 0.

Proof. (1) (resp. (2), resp. (3)) follows from (1) (resp. (2), resp (3)) of Lemma
13.21)and (1) (resp. (2), resp. (2)) of Lemma [13.23 O

13.4 The P -cohomology of %~ (6;,,)

We can now just calculate the P-invariants of the Lie algebra cohomology
to calculate the ﬁJr—cohomology of Z~ (61, 02).

13.4.1 Calculation of H*(P", %~ (51,05)):
Lemma 13.25. Let M = %~ (01,062). Then HO(F+,M) =0.
Proof. Obvious from Proposition [I3.9] O

13.4.2 Calculation of Hl(?+7%_(61,(52)):
Lemma 13.26. If M = % (01, 92) then

1. If§(z) # 2* for anyi > 0 then H' (ﬁ+, M) is of dimension 1 and generated

by 1Z,>< 5 ® (5

2. If §(x) = 2* for some i >0 then H' (P+, M) is of dimension 2.
Proof. Start observing that the action of P on the Lie algebra cohomology is
explicitly given in Remark (cf. also Remark|13.7): the action of 7 on each of
the extremities of the exact sequences of Lemma, is the usual one, while the
action of A" is given by the usual one, except for the term ker([p—1]: H(%,-)),

on which its action is given by the usual action twisted by x.
- Suppose we are under the hypothesis of Proposition [13.20(1). Then

H' (Cgu* ,Lp,aJr) = Xﬁ(é) .
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Note v = o, € AY a topological generator. Let f € HO(A?, X,(s)) and write

x\ ©(8)
f(l') = Z C; (;) 1i+p"'zp7 n Z 0.
i€(2/pnZ)*
Since vf = f, we have

z\ #(9) x \ #(9)
7\ 1’L n - 5 7 (7) 1ia n
Z ¢ (z) +p"Zyp (a) Z ¢ ia +p"Zp

i€(Z/pnZ)* 1€(Z/pnZ)*
x\ #(%)
= 5(0,) Z Cig—1 (;) 1i+p"Zp'
1€(Z/pnZ)*
Thus §(a)ciq—1 = ¢; which implies ¢, = c16(a), for any a € Z;5. This implies

flz) = cﬁ(x)lzg.

Since (SIZ; is fixed by 7, the result follows from Lemma [13.

- We now place ourselves under the hypothesis of Proposition [13.20(2). We
have

0= Xps)/L-1gxa’ ® L [2'] = H (G par) = Lo [277] = 0. (29)

To calculate the A%-invariants of X := X5/ L - 1% x*, we just consider the
p
short exact sequence of I'-modules

0= L-1gxa" = Xy = X =0

and take the associated long exact sequence. One easily sees that
— if §(z) # ', then H°(A° L - 1pra:") = HY(A° L - 1Z;xi) = 0 so that
HO(A° X) =H°(A°, X,.5)) = L~ 1z§ 0.

— If §(x) = 2, then A° fixes 1Zxxi, so we get a long exact sequence
0— L1yx0 — L-1,x0 — H° (A%, X) = L-1,x0 = H'(A°, X,.5) = H' (A%, X) — 0.

NOW Hﬁie(AO,XH((;)) = X,{(,g) and SO HI(AO,XH((;)) = HO(AO,XR(,;)) =
L-17x0. It follows that « is an isomorphism and so H(A% X) = 0. Note
also that this implies H'(A°, X) = 0.
Thus, if 6(z) # o', H' (€4~ pa+)” = L - 1y §. Suppose now §(z) = z'.
Since the action of A° on each of the terms of Equation is locally constant,
taking invariants is exact and we obtain

0= L-[2'] = H' (G, por)™ = L[zt = 0.

taking U—inyariants Qf this exact sequence (note that T([:L”H]) = [1””_;;] =
[ + platT?] + p[2™3] + ... = [2*7] mod u~ if §(x) = z*), we obtain the

desired result.
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- Finally, suppose that hypothesis of Proposition [13.20|(3) hold. We have
0— XH((;) — Hl(cgu,’%w) — L ]‘Zp — 0,

and the result follows similarly. O

13.4.3 Calculation of Hz(ﬁ+,%’(51,52)):
Lemma 13.27. If M = %~ (61, 92) then
1. If § # x* for any i > 0, then H2(ﬁ+, M) is of dimension 1 and generated
by lz;6 ® 0.
2. Ifi > 0 and 6(z) = x' then H2(P ', M) is of dimension 3.

Proof. - Suppose first that we are in the case of Proposition [13.24(1). Then

H? (Cu-p,at) = Xi(5), and the result follows as in Lemma [13.26 above.
- We now deal with the case of Proposition |13.24(2). We have

0—=Y — Hz(%u*,tpycﬁr) — L- [z”l] — 0, (30)
0— Xn(d)/L~]_Z;<:1;i ®L- 2t Y = L[] = 0.

Again, the action of P on each component is described in Remark As
before, since the action of P is locally constant, taking P-invariants of the short
exact sequence (30) gives

0— ()P = HX%\ pat)? = (L- [P = 0.

Now, [2#+1] is invariant under the action of A° and 7 if and only if §(x) = z* for
some 7 > 0, and the P-invariants of Y, were calculated in Lemma This
allows us to conclude.

- The case of Proposition 3) is treated similarly. O

13.4.4 Calculation of H3(F+,%_(61,52)):

Lemma 13.28. Let M = %~ (01, 62).
- If6 = x%, i > 0, then HS(P+,%’(51,62)) is of dimension 1 naturally
generated by [x*H1].
— Otherwise H3(?+,%_(51, d2)) = 0.

Proof. This follows by taking P-invariants to the results of Proposition [13.12
by observing that the action of 7 is the natural one, and that of A° is twisted
by x. O
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13.5 The P -cohomology of %Z*(6;,8,): a first reduction

In this section we calculate all F+—coh0mology groups of Z71(61,0,) as de-
scribed in Proposition [13.1
We first start with a lemma that allows us to reduce, as we have already done
before for the AT-cohomology (cf. 7 the calculation of H? (ﬁ+, Xt (61,02))
to that of Hi(ﬁ—s_7 Pol<n(Z,,L)*(d1,92)) for N > 0 big enough, where Pol<n(Z,, L)*(d1, d2)
denotes the sub-module of Z7*(d1,d2) corresponding to Pol<y(Z,, L)* under
the identification (as L-vector spaces) Z7(01,02) = Z*. We also recall that,
under the Amice transform, we have an identification Pol<n(Z,, L)*(d1,d2) =

@®N ,L-t'. This module is stable under the action of P by [I1, Lemme 5.20]
and the action of P is explicitly given by

j
ga(t) =610, (a)a’t!, () = 6165 (p)p't, T(H) =) (j_ Z)pj"’th,
h=0

where we have set kK = —# (0105 ") — 1. Observe that, if x € {0,1,..., N — 1}
and j = k+ 1, then 7t/ = tJ.

Lemma 13.29. We have, for every i and for N big enough,
H (P, % (61,65)) = H(P", Pol< y (Zp, L)* (61, 52)).

Proof. This follows from the Hochschild-Serre spectral sequence and the same
arguments of Lemma Observe that it suffices to take N such that |5(p)| <
O

pN.
13.6 The Lie algebra cohomology of Pol<y(Z,, L)*(d1,d2)

From now on until the end of this section, call M = Pol<x(Z,, L)*(1,02),
which we identify with @ ,L -t equipped with the corresponding action of P
Let us now calculate the Lie algebra action on the module M.

Lemma 13.30. For f € M, the infinitesimal actions of a™ and u~ and the
action of ¢ are given by

(a® f)(t) = (k(01) — K(02)) f(t) + (1),
(u™ f)(t) = (k(d2) — k(1) — 1) f'(t) — tf"(t),
(pf)(t) = 6185 (p) f ().

62. The first F+—c0homology group of this module is calculated in [II, Lemme 5.21] but, as
we mentioned earlier, there are some small mistakes there, whence the incompatibility with
our results.
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Proof. First note that as a At-module, 2+ (8y, d2) is identified with Z+ (5,65 ").
The action of ¢ is now evident. For the action of a™ note that (oa f (t) =
6165 1(a) f(at) for any a € Z). The derivative of the function g(a) := 6165 Ya)f(at
evaluated at a = 1 is precisely (k(d1) — £(82))f(t) + tf(t).

Finally viewing %#~ (01, d2) as the module #Z~ equipped with action of F+,
we have by, [22] Théoréme 1.1],

—t7IV(V — k(6207 1)),
where here V = t%. Thus

d

(W™ )(t) = -5 (V- k(0207 ) (F)(t)

_ _%(t F(t) = K567 1) £ (1))
= (K(d2) — w(d1) — ) f'(t) = tf" (1)

13.6.1 Calculation of H%(€,- , ,+):
Call k = k(6,65 1).

Lemma 13.31.
1. If 6165 (p) =p~ %, i >0, and k = —i, then HYC,~ pa+)=L-t".
2. Otherwise HY(€,- 4.q+) = 0.

Proof. The formula u=t/ = j(—k — j)t/~1 shows that M* =0 = L -0 if x ¢
{-i,N>i>1},and M* =0=L-°® L-¢ ifmz—i,NziZ 1.

Suppose kK = —i,4 > 1. In this case t% is not killed by a™ and,since we have
atth = (k + j)t’ and (') = 616, 1 (p )pjtﬂ, we see that the term ¢ is in the
kernel of a™ and ¢ — 1 if and only 1f 516, 1 (p) =p~ .

On the other cases, the term ¢ is in the kernel of ™ and ¢ — 1 if and only
if K =0 and 6,6, ' (p) = 1. This completes the proof. O

13.6.2 Calculation of H'(€,- , ,+):

In the following we note £ = k(0105 ). Observe also, for the following
statements, that 6,0, ' (p) = 6(p) (since x(p) = 1).
Lemma 13.32.
1. If §(p) ¢ {p izO}, or if 6(p) = p~* for some N >1i > 1 and k # —i,
then H'(€,- ,) = 0.
2. If 6(p) =1 then H*(6,- ,) = L - [t°].
3. If 6(p) =p~" for some i > 1 and k = —i then H'(,- ) lives in an ezact

sequence ) .
0—L-[t'| - H (- ,)—L-[t'"""]—0.
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Proof. We use equation of Lemma to calculate this group. First ob-
serve that, if x ¢ {—i, N > i > 1}, then H'(%,-) = L - [t"] and HY(¢,-) =
L[t Y oL -[tV]if k = —i, N > i > 1. The result now follows by considering the
kernel of [p — 1] on H*(%,-) and the cokernel of [¢ — 1] on H?(%,,-). Observe
that N being chosen big enough, the term [tV] ends up always being killed. [

We now calculate the extremities of the short exact sequence of of

Lemma [13.6

Lemma 13.33.

1. If 6(p) ¢ {p~%i > 0}, or if 6(p) = p~%, i > 0, and Kk # —i, then
H([a*]: HY(%,- ) = 0.
2. Otherwise H'([a™]: H*(€,- ,)) = L [t'].
Proof. Observe first he formula
att' = (k + i)t
1. In the first case we have H%(%,

uT e
0.

2. If 6(p) = p~" for some i > 0 and k = —i, then H°(¢,- ,) = L -t and
a™t® = 0 giving the result.

) so in particular H*([a™] : H°(€,- ) =

O

Lemma 13.34.

1. If 6(p §7_-‘{p_z|z>0} or if §(p) = p~%, i > 0, and kK # —i, then
H([a*]: H(%,-,)) =0

2. If 6(p) =1 and k =0, then H°([a*]: HY(%,- ,)) = L - [t°].

8. Otherwise we have an exact sequence

0= L-[t' = H([a"]: H (G- ,)) = L-[t'"'] —0.

aT acts via

Proof.
1. If 6(p) ¢ {p~"|i=>0}, orlfd()—p_iforsomeiz and K # —i,
the group H'(%),- ) is already zero by Lemma ( ) ( ) =1and
] a

k # 0, then, by Lemma [13.32((ii), H*(¢,-,) = L - [t

multiplication by &, so it is injective.
2. This follows easily from Lemma [13.32((ii).

3. If §(p) = p~* for some i > 1 and £ = —i, then by Lemma|13.32(3) we have
an exact sequence

0= L-[t'l = H (G4 ) = L-[t'""1] =0,
where [a*t] acts as a* on the LHS term and as a™ + 1 on the RHS term.

We deduce the result since a™t! = (a™ + 1)t~ = 0.
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O
We can now put everything together to calculate the Lie algebra cohomology.

Proposition 13.35. Let M = Pol<n(Z,,L)*(61,062). Then

1. If §(p) ¢ {p~%i > 0}, or if 6(p) = p~% i > 0, and Kk # —i, then
H1<Cgu*,cp,a+) = 0.

2. If §(p) =1 and k =0, then Hl(‘fu—%ﬁ) lives in a short exact sequence
0—L-[t°) = H Gy pa+) = L-[t'] — 0.
8. Otherwise we have short exact sequences
0= L-[t'] = H (Cu pat) = Zi = 0,
0—=L-[t'|—=Zi—L-[t'""']—o.

Proof. This is an immediate consequence of Lemma[13.33]and Lemma[13.34 O

13.6.3 Calculation of H*(%,- , .+):

Using the same methods based on Lemma we calculate H*(€,~ , o+)
for the module M = Pol<y(Z,, L)*(01,02). The following series of lemmas
systematically calculate each term appearing on Lemma [I3.6] Since the cal-
culations are in the same spirit, we leave the easy proofs to the reader. Call
k= r(0105 ) as before.

The following two lemmas calculate H?(%),
on it.

- ) and the kernel of [a™] acting
Lemma 13.36.

1 Ifk=—i,i>1, and 6(p) = p~*, then H*(€,+,,) = L - [t"1].

2. Otherwise H*(€,+,,) = 0.

Lemma 13.37.
1. Ifk=—i,i>1, and 6(p) = p~*, then H([a*]: H*(%,- ,)) = L- [t 1].
2. Otherwise H%([a™]: H*(%,- ,)) = 0.

We calculate now the cokernel of [a™] on H' (€~ ,).

Lemma 13.38.

1. If 6(p) ¢ {p‘i,i > 0}, or if 6(p) = p~* for some N >1i >0 and k # —i,
then H([a*]: H*(€,- ,)) = 0.

2. If 6(p) =1 and k =0, then H'([a*]: H*(€,- ,)) = L - [t°].

3. If 6(p) =p~* for some i > 1 and k = —i then H'([a™]: H'(%,- ,)) lives
in an exact sequence

0= L-[t' = H ([a"]: H (G- ) = L-[t'"'] —0.
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‘We conclude

Proposition 13.39.

1. If 6(p) ¢ {p’i,z’ > 0}, or if §(p) = p~t for some N > i >0 and k # —i,
then H*(€y 5 4+) = 0.

2. If6(p) =1 and k =0, then H*(€,~ , 0+) = L - [t°].

3. If 6(p) = p~t for some i > 1 and k = —i then H2(C€u_7%a+) lives in an
exact sequence

0= Z— H*Cy- pa+) = L-[t771],

0= L-t'1-Z—=L-[t"'—0.

13.6.4 Calculation of H*(€,- , ,+):

Proposition 13.40.
1. If k=—i,i>1, and 6(p) = p~*, then H3(Cy+ po+) = L-[t"71].
2. Otherwise H3(€y+ pa+) = 0.

Proof. Immediate from Lemma [13.306] O

13.7 The P -cohomology of R (01,02)

We take P-invariants to calculate group cohomology from the Lie algebra
cohomology.

13.7.1 Calculation of HO(P', %" (51,0,))

Lemma 13.41.
1. If 6105 =277, i >0, then HY (G- p0+) = L - 1.
2. Otherwise HY(€,- 4.q+) = 0.

Proof. This follows by taking P-invariants on Lemma and observing that
T fixes t". O
13.7.2 Calculation of H'(P', %" (51,0,))
Lemma 13.42. If M = Z7"(61,82) then

1If 6,650 ¢ {27 | i >0} then H'(P', M) = 0.

2. If 61051 = 2~ for some i > 0 then Hl(?—ir7 M) is of dimension 2.

Proof. To calculate the fixed points by P on the Lie algebra cohomology after
all the identifications we have made, recall that we have rendered these actions

explicit in Remark
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1.

Suppose first that we are in the situation of Proposition [13.35(1). In this
case HY(€,- ,.q+) = 0 and the result is immediate.
Now assume we are in the case of Proposition [13.35|(2), then we have

0— L[t = H (G- pat+) = L-[t°] = 0.

Note also that, by Remark AD acts on each term on the extremi-
ties via multiplication by 6,6, ' (which is not trivial by hypothesis). We
conclude by taking A° invariants of this sequence.

Finally, suppose that the hypothesis of Proposition (3) are satisfied.
Then we have exact sequences

0= L-[t'] = H (Cu- pat) = Zi = 0,
0= L-[t'|—=Zi—L-[t'""']—0.

Again, by Remark AD acts on the first term of the two SES’s as
multiplication by 6165 '|,x # x~* and on the second term of the second
SES via multiplication by xd;605 4 zx 7 X", The result also follows by
taking A%-invariants.

If 51551 = 1pr, then we are in the sit~uation of Proposition [13.35(2), and
the result follows since everything is P-invariant.

If (51(52_1 = g% for some ¢ > 1, we are in the situation of Proposition

[[3.35(3). Note that, by Remark 7 acts on each of the extremities
of the long exact sequences of ) just as 7. In this case, the term
t*~1 of the second short exact sequence is not fixed by the action of 7, so
taking P-invariants in the short exact sequences gives the result.

O

13.7.3 Calculation of H2(P', %% (51,6,))
Lemma 13.43.

1.
2.

3.

If 616, ¢ {a=,i > 0}, then H2(P', M) = 0.

If(51(52—1 = 1Q§ then H? (?Jr, M) is of dimension one naturally isomorphic
to L - [tY].

If 6165 =27, i > 1, then HQ(ﬁJr,M) is of dimension 3.

Proof. This follows by taking P invariants in Lemma [13.39 O

13.7.4 Calculation of H3(P+,%+(51,5g))
Lemma 13.44.

1. If 610, = 7% i > 1, then H3(?+,M) is of dimension 1 naturally gen-
erated by [t'~1].
2. Otherwise H3(ﬁ+7 M) =0.
Proof. Immediate from Lemma [13.40] O
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13.8 The P -cohomology of Z(6;,6)

Call, for x € {+, —,0}, M, the module Z*(d1,d2). We use the short exact
sequence
0O—-My ->M—>M_—0 (31)

in order to calculate the PJr—cohomology of M. We restate one of the proposi-
tions announced at the beginning of this section.

Proposition 13.45. Let M = %(61,02). Then

1. If 6,6, ¢ {a—%,i € N}YU{xa!,i € N}, then dim; H/ (P, M) = 0,1, 1,0,
for 7 =0,1,2,3.

2. If 6105 " =gy, then dimy, HI(P' M) =1,2,2,0, for j =0,1,2,3.

3. If6,6; =2~ i € N, then dimy HI (P, M) =1,3,2,0, for j = 0,1,2,3.

4. If 61651 = xa',i € N, then dimy, Hj(ﬁ+,M) =0,2,2,1, for j =0,1,2,3.
Proof. For a P -module N we note, for simplicity H!(N) = H!(P ", N). Con-
sider the long exact sequence on cohomology associated to the sequence of Equa-
tion 3]
0— H'(M,)— H' (M) — H°(M_) - H'(My) - H*(M) — H*(M_)

— H*(My) — H*(M) — H*(M_) — H*(My) — H*(M) — H*(M_) — 0.

Recall that we have already calculated (cf. Lemmas [13.25] [13.26] [13.27] [13.28]
[[3.41] , [13.42] [13.43] [13.44)all of the Hi(M.).

If 6,6, ¢ {x~* i € N}, then H7(M,) for all j, which implies that H’ (M) =
HI(M_).

If5,6, ' =27 i € N, then H*(M_) = H*(M_) = 0 and the map H' (M) —
H'(M_) is the zero map (cf. [I1, Corollaire 5.23(ii)], which is independent of
[T1, Lemme 5.21]). We hence have H!(M) = H'(M, ), and an exact sequence

0— HY(M_) — H*(My) — H*(M) — H*(M_) — H3(M,) — H*(M) — 0.

By the same arguments as the ones in the proof of [IT, Théoréme 5.16], we can
show that in this case the map H3(M,) — H3(M) is the zero map, hence we
deduce H3(M) = 0 and dimH?*(M) = 2, which completes the proof. O

14 A relative cohomology isomorphism

Definition 14.1. We call a character § : Q¢ — A* regular if pointwise (mean-
ing the reduction for each mazimal ideal m C A) it is never of the form xx® or
x~% for some i > 0.

Remark 14.2. By [, Corollaire 2.11], if § is regular then H?(A+, Z(5)) = 0.
Moreover in the setting of a point (A is a finite extension of Q,), (51(52_1 1 Q) —
L* is regular implies the pair (1, d2) is generic in the sense of [I1].
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The following is a relative version of [IT), Proposition 5.18].

Proposition 14.3. Suppose A is reduced. Let 61, 62 : Qy — A such that

0105 Y is reqular. Then the restriction morphism from P to AT, induces a
surjection:
H' (P, %#4(51,65)) — H' (A", #4(5:65)).

Proof. We work at the derived level. For the sake of brevity let C%+ denote the
Koszul complex €, , of §12.2] Similarly let C'%; denote the complex €, . We

have a canonical morphism:
O (Ba(51,62)) — Chs (Ba(6105))
in D (A). Let
C* = Cone(C%Jr (#a(61,09)) = C%+ (Za(61651)))
and note that C* € D (A) by Remark The distinguished triangle
C%+ (ZA(61,09)) = C+ (Za(61651)) — C*®
induces a long exact sequence in cohomology
o HY (O3 (#a(01,02))) = HY (Ch1 (Za(6165 1)) = HY(C®) — -

Moreover since 24 (91, 02) is a flat A-module and 24 (91, 02)@ 4 A/ M = R g/ (01, 02)
for any maximal ideal m C A, it follows that

O (Ra(61,62)) O AJn = O (B (51, 52)).
Similarly we have
O+ (#4(01671)) ®F AJm 2 CHe (Zajm (0163 1)).-

Hence the morphism A — A/m induces a morphism of distinguished triangles
which by the functoriality of the truncation operators gives a morphism of long
exact sequences

s HY(C% (Ra(01,02))) — HY(Chy (Za(01071))) —— HY(C*) —"— -
= HYC% (Raym(01,02)) = HN(CR4 (Baym(61631))) L HY(o @k Afm) s

By [II], Proposition 5.18] (see also Proposition [13.1]), « is an isomorphism
and so 3 is the zero morphism. We claim that ~ is the zero morphism as well.
To do this, we take advantage of the spectral sequence:

Tor_,(H(C*®), A/m) = HPY(C* ¥ A/m),
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whose 2nd page takes the form

0 0 0
Tory(H?(C*), A/m) Tor (H?(C*), A/m) H*(C®) @4 A/m
Tors(H'(C*), A/m) Tor; (H(C*), A/m) HY(C*) @4 A/m
Tory(HO(C*), A/m) Tor, (HO(C*), A/m) HO(C®) @4 A/m

The long exact sequence in cohomology
= HY(C% (Za(61,62))) = HY(CR4 (Za(816,1))) =0 = HY(C®) = 0 — -

implies that H3(C*) = 0 hence explaining the top row. Moreover since 6,6,
is regular, H2(C%, (Z(6165"))) = 0 by [, Corollaire 2.11] (see also Remark
11.23). By Proposition H?’(C%+ (#4(01,62))) = 0 and thus from the long
€xact sequence

o= 0= H*(C*) — H( 2 (#a(61,02))) =0 =0 — -

we deduce that H?(C*®) = 0. Hence the spectral sequence degenerates at the
2nd page in degree 1 cohomology and so H}(C* @ A/m) = HY(C*) @4 A/m.
Similarly the spectral sequence

Tor_,(H(Cs (Za(0165 1)), A/m) = HPTI(Chs (Ra/m(61057)))

implies H?(C2. (Za/m(3105 ")) = H*(C24 (#4(6183 1)) ©a A/m. Thus in the
diagram

C—— HY(C% (Ra(610, 1)) ——— H'(C*) —— H*(C%.(R4(61,02))) — 0

| i |

C— HY(Ch (Bapm(01051))) D HY(C® @F Afm) 25 HA(C2, (Raym(01,02))) — 0

we have 1 =y, ® A/m. By Proposition [ is an isomorphism of dimension
1 vector spaces over A/m for every m C A. Thus = is a surjective morphism of
locally free A-modules, cf. [37, Lemma 2.1.8(1)], which are locally of dimension
1. Hence it is an isomorphism and so -y is the zero morphism, as desired. This
completes the proof. O
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Proposition 14.4. Suppose A is reduced. Let 01, 02 : Q; — A such that

5152_1 is reqular. Then the restriction morphism from P to AT, induces an
injection:
HY (P, #a(61,05)) — H'(AY, Z4(5:651)).

Proof. Keeping the notation used in the proof of Proposition since H*(C*)
is locally free, Tor; (H'(C*®), A/m) = 0. But the spectral sequence

Tor_,(HI(C®), Aj/m) = HPT(C* @" A/m)

abuts to 0 in degree 0 as « is an isomorphism. This implies that H*(C*)®A/m =
0 for every maximal ideal m C A. By Nakayama’s Lemma it follows that H°(C*)
is 0 and we deduce the result. O

Theorem 14.5. Suppose A is reduced. Let 61, 62 : Q — A* such that 61651

is reqular. Then the restriction morphism from P to AT, induces an isomor-
phism:
HY (P, %4(61,82)) — H (A", Za(6:6;1)).

Proof. This is a consequence of Propositions [T4.3] and [T4.4] O

We are now ready to handle the case when A is non-reduced. We begin by
proving a slightly enhanced version of Theorem [I4.7]

Proposition 14.6. Suppose A is reduced and M a finite A-module (equipped
with trivial ?Jr-action). Let 01, 02 : Q — A such that 6162_1 is reqular. Then
the restriction morphism from P to AT, induces an isomorphism:

HY (P, %#4(61,62) @4 M) — HY (AT, Za(5:65") @4 M).

Proof. To prove surjectivity, we follow the proof of Proposition [[4.3] In fact the
only thing that needs to be checked is that

HY (P, By (01,02) ©a M) — H(AY, Bp g (9105") @4 M)

is an isomorphism. Denote by M’ := M ® 4 A/m, so that the above is equivalent
to showing

Hl(ﬁ+,§£{4/m(51,52) Qa/m M) — Hl(A+,%A/m(515;1) @am M), (32)
is an isomorphism. Now M’ is flat over A/m and so by the Tor-spectral sequence
HY (P, Bajm(01,02) @ apm M') = H' (P, Bty (61, 62)) @y M’

and similarly
HY (AY, B 5 (61,02) @ajm M') = H (AT, B ) (61,62)) @4 jm M.

Thus the morphism is an isomorphism by [I1, Proposition 5.18]. The rest
of the proof of Proposition m goes through with C* replaced by C* @ M.
For injectivity the proof of Proposition remains unchanged except with C*
replaced by C* @™ M. This completes the proof. O
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We now need a lemma that guarantees the connection morphisms are 0 in a
certain long exact sequence.

Lemma 14.7. Let A be an Qp-affinoid algebra and I C A an ideal of A. Let
01, 09 : Q; — A such that 5152_1 is reqular. The short exact sequence

0—-I—-A—->A/I—=0
induces an injective morphism
HX(P', BA(51,62) @4 1) — H2(P', Ba(51,02)).
Proof. By Lemma [13.3] it suffices to show that the morphism
HEo(PT, Za(01,02) @4 1) = Hio (P, R4 (61,62))

coming from the long exact sequence in Lie algebra cohomology of Pis injec-
tive. Recall the Lie algebra complex from §I3.1}

(gu*,ga,cfr:0%M$M@M@M£>M@M@M£>M—>O

where

Alz) = (¢ — Da,a™x,u"x)
B(z,y,2) = (aTz — (¢ — Dy,u"y — (™ + 1)z, (pp — 1)z —u"x)
C(r,y,2)=u 2+ (pp — Dy + (a* +1)z.

It suffices to show that if (z,y,2) € %5‘93 such that B(z,y, z) € %3193 @4 I, then
(z,y,2) € %1?3 ®4 I. Since

HEie(AJrv%A(éla 62) ®a I) - Hﬁie(A+7<@A(5l7 52))

is injective (this follows from the fact that HZ, (A1, %21 (61,082)) = 0 for every
finite extension L of Q,), it follows that (z,y) € Z%* @ I. Thus the problem
is the following: f € Z4 such that

(at+1)feRs@aTand (pp —1)f € Ba @41

and one must show that f € #4 ®4 1.
Call F = pd(p)p — 1 and denote by Z; := %4 @4 I. We will show that,
if f € #a is such that F(f) € %y, then f € %Z;. We first observe that this
statement is true for %"j. Indeed:
— If ¢ € LA(Z,, A) is such that F(¢) € LA(Z,,I), then call ¢ € LA(Z,, A/I)
the reduction of ¢ modulo I. We have then F(¢) = 0, but F is injective
on LA(Z,, A/I), so ¢ = 0, which translates into ¢ € LA(Z,, I).

— The claim that, for u € %j, then F(u) € 92’[* implies p € %;r follows
from a direct calculation by looking at the coefficients of the power series
expression of u.
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Consider now the following commutative diagram given by the residue map
f=2 ez T =[x — ¢p(x) = reso((l—&—T)_’”f(T)li—TT) = ano a,n,l(ﬂ:l)]:

0 — ZL — %s — LA(Zy, A) — 0

JF LF JF
0 — Z5 — #a — LA(Zy,A) — 0

Let f =3, czanT™ € Za be such that F(f) € #Z;. Then we have F(¢s) €
LA(Z,,I) and this implies by the first point of the last paragraph that ¢, €
LA(Z,,I) and hence a,, € I for all n < 0. Hence, if we write f = f~+ f*, where
[~ =Y c0anT™ and ft =3~ a,T", we get that F(f~) € %; (because
f~ € %)) and hence F(ft) = F(f)—F(f~) € %y, which implies that f* € %;
and allows us to conclude that f € #;. This completes the proof.

O

Remark 14.8. The statement of Lemma is not surprising as P acts trivially
on the coefficient algebra A in %4 (d1,02).
Theorem 14.9. Let 61, 62 : Q; — A* such that 6105 1 is reqular. Then the

restriction morphism from P to AT, induces an isomorphism:
H' (P, %4(51,05)) — H' (A", Z4(5:65)).

Proof. Since A is in particular noetherian its nilradical is nilpotent. Thus it is
natural to proceed via induction on the index of nilpotence ¢ > 0. The base case
i = 0 (meaning A is reduced) is Theorem Suppose by induction the result
is true for index i and suppose now N'*! = 0. For the sake of brevity denote
Xpyi = %A((517(52)®ANi, Xa = %A((Sl,ég) and XA/Ni = %A((Sl,(SQ)@AA/Ni.
The short exact sequence

0— Xn: = Xa— Xyn: =0

gives a commutative diagram

H(P", Xan) 5 HY(P , Xyi) — H'(P, Xa) — H'(P, Xapn:) & HXP, Xyi)

J{ J{O&l J{O&z J{O{S
HO(AT, X4 n:) -5 HYAY, Xyi) — HY(AY, X4) — HY(AT, X4 /51) —— 0.

The two rows come from long exact sequences in cohomology and commutativity

comes from functoriality of the restriction morphism H* (P+, —) — HY(A*,-).
By Lemma the connecting morphism p is the zero morphism. Identifying
XA/N'i with %A/Ni((sl,ég) and Xy with %A/N((Sl,dg) @A/N Ni; we see that
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ay is an isomorphism by Proposition and a3 is an isomorphism by the
inductive step. On the other hand by [4, Proposition 2.10] the morphism

HY(AT, X4) = HY (A", X 4 /n1)

is surjective. Thus £ is the zero morphism. By the commutativity of the first
square, this implies that 8’ is the zero morphism. Thus by the 5-Lemma, s is
an isomorphism and this proves the result. O

15 Construction of the correspondence

In this section we construct, following [I1, Chapter 6], the correspondence
A — II(A) for a regular (p,I')-module A over the relative Robba ring %4,
interpolating the analogous construction of loc. cit. at the level of points. The
construction is inspired from the calculation of the locally analytic vectors in the
unitary principal series case (corresponding to the case when A is trianguline
and étale), cf. [7], [§], [I0] and involves a detailed study of the Jordan-Holder
components of the G-module A X,, P!. We will see that the sought-after repre-
sentation II(A) is cut out from these constituents.

There are a couple of differences between the approach taken in [I1] and the
one taken in the present paper that merits to be pointed out. On the one hand,
in constrast to loc. cit. where the construction is carried out more generally for
the case of a Lubin-Tate (¢, I')-module, we work in the usual cyclotomic con-
text, which simplifies many of the proofs and steps. This is mainly due to the
rich structure of the %4 (I')-module AY=% for A € ®I'(%Za). Secondly, we are
only able to carry out the construction for regular trianguline (¢, T')-modules
(cf. Definition . Indeed it is only for those objects that our cohomology
comparison theorem of the last chapter works. The last modification between
our approach and the one taken in loc. cit. is found in the argument show-
ing that the middle extension of B4(d1,d2)* ® w by Ba(d1,02) in the proof of
Theorem splits, where we give a more direct method.

15.1 The main result
We begin with a definition.

Definition 15.1. Let A be a trianguline (¢,T)-module over %4, which is an
extension of Ba(02) by #a(61). We say that A is regular if 5155 " Q, — A~
is reqular in the sense of Definition [IZ.1}

The following theorem is a relative version of [I1, Theorem 6.11] in the case
when the pair (d1, d2) is generic and also pointwise not of the form x~¢ for some

1> 0, cf. Remark
Theorem 15.2. Suppose A is a reqular (p,T")-module over #Z4 such that

0— Za(d1) = A — R4 (02) — 0.
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Then there exists a locally analytic A-representation H(A)m of GL2(Q,), with
central character w, such that we have an eract sequence

0—TMA)®w— AKX, P! - TI(A) — 0.

Moreover TI(A) is an extension of Ba(d2,01) by Ba(d1,02). Furthermore if
A is a non-trivial extension of #a(d2) by Za(61) then II(A) is a non-trivial
extension of B(02,01) by Ba(01,92).

Remark 15.3. Contrary to [I1, Theorem 6.11], unless A is a finite extension
of Qp, then II(A) will not be of compact type (this is because A is not of
compact type as a locally convex Q,-vector space). Thus II(A) is almost never
an admissible G-representation in the sense of [54]. It is however of A-LB-type,
cf. Definition [A T3]

Before we begin to prove Theorem we need to define and construct the
G-module A X, P!,

15.2 Notations

We let Ext'(%4(02), Z4(61)) denote the group of extensions of %4 (d2) by
% 4(01) in the category of (¢, I')-modules over Z4. Note that, since every (p,I')-
module over #Z,4 is analytic (cf. Remark , this last group coincides with
the extension group Extl (%Z4(d2),24(61)) in the category of analytic (p,I')-
modules over Z 4

Let H be a finite dimensional locally Q,-analytic group. We refer the reader
to the appendix for the necessary definitions and properties of the theory of lo-
cally analytic H-representations in A-modules. We just recall that ¥ 4 (cf.
Definition denotes the category of complete Hausdorff locally convex A-
modules equipped with a separately continuous A-linear 2(H, A)-module struc-
ture and we let Extj, (M, N ) denote the group of extensions of M by N in
the category ¥y a.

Ezample 15.4. From Lemma [10.19] and Proposition [10.21] it follows that, if
? € {+, —, 0}, then the spaces #Z%(;) K, P! are objects of the category g .

If H; is a closed locally Q,-analytic subgroup of a locally Q,-analytic group
H;y, we have an induction functor indgf t Y, A — Y, 4, cf. Lemma We
cite the following fact from the appendix that will be of much use to us, cf.

Proposition

63. It is probably unique but we are unable to show this. This comes down to knowing that
the Ext! of certain principal series is a free A-module of rank 1.

64. This fact can also be seen by using the bijections Ext!(%Za(02),Za(61)) =
HY (AT, %4(51651)) = HL (AT, 24(6185 1)) = Extl, (%4 (82),%4(51)) where the equalities
follow from [4, Lemme 2.2], Proposition and Proposition respectively.

65. Note that this is called EthgH,A (M, N) in the appendix. We warn the reader that ¥ o

is not an abelian category and so one needs to define precisely what the group of extensions
means, cf. Deﬁnition@
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Proposition 15.5 (Relative Shapiro’s Lemma). Let Hy be a locally Q,-analytic
group and let Hy be a closed locally Qp-analytic subgroup. If M and N are
objects of G, a and Y, a, respectively, then there are A-linear bijections

Ext{, (indgg (M),N) — Ext{, (M,N)

for all ¢ > 0.
15.3 Extensions of Z}(5,) X, P! by Z4(6,) X, P!
Denote by P = (%”: (1)
X
half Borel B = (%’; QOX> and U = (p%p ?) We are now ready to state

P
the first result toward a proof of Theorem [I5.2] which is essentially a formal
consequence of Theorem [14.9

> the lower-half mirabolic subgroup of the lower-

Theorem 15.6. Let 1, do: Q; — A* such that 5152_1 is reqular. Then there
18 a natural isomorphism

Extg (%2 (82) B, P, Z4(61) K, P1) = Ext!' (%a(d2), Za(61)).

Proof. Denote by %#4(61,92) X P! the ?—module (Z4(61) K, P1) ® (52_1, SO
that Z4(01,92) is identified with the sub-P -module (%#(61) Ry, Zp) @ 651 of
RA(01,062) WP, The proof is done in several steps and follows the proof of [T}
Théoréme 6.1] in the case where A is a finite extension of Q,.

(Step 1) We first descend from G to P using Shapiro’s Lemma. Since
K (62) K, Pl Ind%((hx‘l ® 02)* ® w, cf. Lemma [10.19} using Lemma

[A755 we get that
A (62) B, Pt = IndZ(05 " @ 67 'x)* = indE (02 @ x~'01).
So by Proposition (for ¢ = 1) we get
Extg (% (02) Ko, P', Z24(61) B, P') 2 Ext(d2 ® X '61, Za(01) K, P).

Since we are only interested in locally analytic representations with a
central character w, we don’t loose any information by passing from B
to P (since both dy ® x 7161 and Za(d;1) X, P! have the same central
character, namely w) and thus we have

Extr(02 ® X161, Za(61) Ky, P') & Exty;(d2 ® x 101, Za(01) K, P').

Then, since (as P-modules) Z4(01,02) R P! =2 (Z4(61) K, PY) ® (6, @
X607 1), the RHS in the above equality is also equal to

H (P, %4(5,,0,) X PY),

66. Here d is seen as a character of P, by setting d2 (Z (1)) = d2(a).
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(Step 2) We now descend from P to P". That is the restriction of R A(61,02)X
P! toa P -module induces an isomorphism

HL (P, %A(6:,0,) RPY) = HL (P, %4(51,6,) RPY).

This is shown in the exact same way as in [I1, Lemme 6.4].
(Step 3) Finally we descend from Z4(d1,02) X P to Z4(81,02). More pre-

cisely we show that the inclusion %Z(01,02) C Za(d1,62) MNP (as P
modules) induces an isomorphism

HE\(PT %4(61,85)) = HL(P, %4(61,65) RP).

Indeed by the long exact sequence in cohomology associated to the short
exact sequence

0—).@,4((51,52)—)%,4(51,62)&131—>Q—>O, (33)

where we define Q 1= (#4(61,02)XP) /% 4(61,02)RZ,) as a ?+—module,
it suffices to show that H? (P, Q) = HL (P",Q) = 0.

First observe that Q = Z4(61,02) X (P! — Z,,) as U -modules and that

_ _ ~1

H;n(Ul,Q) = 0. Indeed, since U = (2 é) uo ((1) po ), it is enough
to show that HL (UY %) = 0, which follows from Lemma For the
same reason Hgn(Ul, Q@) =0 and so Hgn(ﬁ+, Q)=0.

Finally, let ¢ — ¢4 be a locally analytic 1-cocycle over P with values in

Q. By adding a coboundary we can assume that ¢, = 0 for every g € Ul.
For a € Z,\{0}, let a(a) = (& 9). By the relation a(a)( 4, 1) = (; 9)(a)

pl
we get Coq) = (11, ?)ca(a) and thus c,(,) = 0 for every a € Z,\{0} since
(11j ?) — 1 is injective on @ (since w ((;,(1)) — l)iu = (éf) — 1 is injective
on #Z(61,062) Xy, pZy, ). Thus ¢y =0 for all g € P

Steps 1-3 show that
Exts (%2 (8,) B, P, Z4(6,) B, PY) 2 HY (P, %A(51,55)).

The result now follows from Theorem [14.9] and Proposition [I11.4

15.4 The G-module A X, P!

In this section we show, following [IT], §6.3], the existence of an unique
extension AKX, P! extending that of %’j (02)X,, by Z4(61) X, P associated to a
trianguline (¢, T')-module A € Ext' (%4 (02), Z4(61)) over Z4 by Theorem
As in the introduction, we observe that working in the context of cyclotomic
(¢, T) simplifies considerably several proofs and constructions.

We begin by a lemma permitting to extend the involution.
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Proposition 15.7. Let A, Ay € ®I'(#Z4) be in an exact sequence 0 — Ay —
AL RA(5) =0, ford: Q) — A* locally analytic, and let Ay = o= (% (0)) C
A. Letji: Z5(T) — #5(T) and j: #a(T) — Za(T) be the involutions defined
by oo > d(a)o, . The any Z7 (T)-anti-linear involution ¢ ALNZS — ALKZS
with respect to j+m stabilizing AM\XZ extends uniquely to an Z(L)-anti-linear
involution with respect to j on AN Z}.

Proof. As %% (I')-modules we have

for some e; € Ay KZ)Y, with o,(e2) = d(a)ez, a € Z); and similarly, as

% 4(T')-modules we have
AKX Z; ~ (AKX Z;) DZA) - e,

so that, in particular, the module A, K Z7 contains a basis of AKX Z as a
Z 4(T)-module. Since the involution " we are looking for (on AKX Z)) extends
¢t and is Z4(T)-anti-linear, we are forced to set, for any z = 21 + Aea, 21 € Ay,
AE XA (F),

V(z) = u(21) +i(AN)e(e2).

Since every element of A can be uniquely written in this way, we deduce the
result.

O

Denote by Gt = (pZpr gg) NG, B = (Z;\Z{pO} Z%) and note that
Pt cGT, B ¢ G+ and that G stabilizes Z, so that, if M is a G-equivariant
sheaf over P!, then M X Z,, inherits an action of GT. The next result explicitly
describes the isomorphism of Theorem [15.6] and gives the construction of the
G-module A X, P! for a regular (¢,I')-module A over %Z4.

Proposition 15.8. Let M be a non-trivial extension of %% (62) X, P! by
Ra(01) R, PL. Then:

1. M constains a unique G* -submodule A, which is an extension of Z% (62)X,,
Z, by %4(61) R, Zy,.

2. There exists a unique A € ®T(Z4) which is an extension of Za(d2) by
R 4(61) such that Ay is identified with the inverse image of % (82) in A.

3. AL KZ; is stable under w and, if we denote by v the involution of A XZ}
induced by w, then M = AL K, , Pl

4. The involution ¢ extends uniquely to a Za(T')-anti-linear involution (with
respect to j defined above) on ARZ) and AKX, , P! is a G-module which
is an extension of #a(02) K, Pt by Za(01) X, PL.

Proof. We follow the proof of [11 Proposition 6.7,].

67. i.e. satisfying toX = j1(A\) o
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1. Note that G* stablizes Z,, and so Z5 (52) K, Z, is a G*-module. Step 1
of Theorem [I5.6] shows that

H(02) Ky Z, = ndSL (371 @ 671 x)" = indS (6, ® X 101).
We have an exact sequence of GT-modules
0 — Za(61) Ry Zyy — Za(61) K, Pt — Q' — 0,

where we define Q' := (Z4(61) X, P')/(Za(61) K, Z,) as a GT-module.
Proposition gives

Extés (25 (62) By Zyp, Q) = Extrs (62 © X101, Q)
D FxtL, (3 @ x 61, Q)

@

where (i) follows from the fact that 6o ® x =161 and Z4(61) K, (P! — Z,)
have the same central character w, and (ii) follows from Step 3 of the
proof of Theorem m This proves the existence of a GT-submodule
A, C M. We now prove uniqueness. If X C M is a GT-extension of
F}(62) Ry, Zy, by Za(61) Ky, Zy, and e € X is a lift of 1 ® 63 € Z(52),
then ((117 ?) — 1) e € #a(01) R, Z,,. Writing e = €’ + z for some e’ € A,
and z € Q’, we see that ((;?) — 1) -2 € Ha(61) K, Z,. Thus z =0 as
((;9) — 1) is injective on @' (noting that Q' = 24 (61) K,, (P! — Z,,) as
T -modules).

2. This follows from the fact that extensions (as A*-modules) of Z1 (2) by
A (01) are in correspondence with extensions of Z4(02) by %4 (d1).

3. Since Ay is a GT-module, by restricting to P, we can think of it as a
P*-module living on Z,. Thus the notation A K Z, makes sense.

For i € Z; the identity

oGa)=6 )0 )

1
and the fact that < ; ?) € G implies that

w(Ay B (i +pZ,) C Ay B (i +pZ,) (34)

The inclusion in is in fact an equality since w is an involution. This
shows the stability of A, KZ} by w.

To show the equality of the statement, it suffices to show that the sequence

(z

0 Ay RZY 2O A g AL

(y,2)—y+w-z
_—

M =0 (35)
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is exact. The exactness on the middle is clear since any section sup-
ported on Z, such that it’s involution is also supported on Z, is neces-
sarily supported on Z;. Finally, to prove surjectivity of Ay & Ay — M
in (35), it suffices to note that induced applications %4 (01) & Za(01) —
Ra(61) K, P and Z1 (02) ® Z5(62) — % (62) K, P! are surjective.

4. The existence and uniqueness of ¢ follows from Proposition [I5.7} For the
last part it suffices to show that the action of G on A X, P! factorizes
via G. First note that if A is a finite extension of Q, the result follows
from [IT], Proposition 6.7(iv)].

We now proceed by induction on the index ¢ > 0 of nilpotence of A.
Suppose first that A is reduced. Take (21,22) € A K,, P! and g in
the kernel of G — G. Tt suffices to show that y = (¢ — 1)z = 0. Call
y = (y1,¥2). Let m C A be a maximal ideal. By Lemma and
by the result for the case of a point, y; = 0 mod m. If we write y; =
Y onez Unil™ ® Y ez an T for i = 1,2 we see that a,; = 0 mod m and
hence y; = 0 so that y = 0, as desired.

Suppose now the result is true for every affinoid algebra of index of nilpo-
tence < j and let A be an affinoid algebra whose nilradical N satisfies
Nit1 = 0 and g be in the kernel of G — G. We have the following short
exact sequence (note that A is a flat A-module because it is an extension
of flat A-modules and so is A X, , P! who is topologically isomorphic to
two copies of A)

0— (AN, , PHYos N - AK,, P' = (AKX, ,P) @4 A/N/ — 0.

We can identify (A X, P') ®4 A/N7 with (A @4 A/N7) K, P! and
(AKX, , PYY®s N7 with (A®s A/N)KX,,, P! ®a/N NI. The result now
follows by the inductive hypothesis and the base case.

O
From now on we denote by A X,, P! the module A Mo, P! constructed in
Proposition [15.8
15.5 The representation II(A)

We are now almost ready to construct the representation II(A) and prove
Theorem We will need some preparation results. We start by showing

that H'(P ", 2%, (61,02)) is a free A-module in the quasi-regular case

Proposition 15.9. Let d1,02: Q; — A* be locally analytic characters such
that 0105 Vs quasi-reqular. Then there is an isomorphism

HY (P, %5 (01,82)) = A.

68. Here quasi-regular means that pointwise d1 5;1 is never of the form xz® for some i > 0.
Clearly regular implies quasi-regular.
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Proof. This will follow from Proposition [I1.19) and Lemma [I5.11] below. O
Lemma 15.10. %, is a flat A-module.

Proof. For 0 < r < s < oo rings %’ I'are Banach A-algebras of countable type.

Thus by [39, Lemma 1.3.8], we can identify %’X ool /%[X >l with the completed
direct sum @®;c; Ae; where (e;);ec; form a potentially orthonormal basis. We note

in the following (,%’[T *)~ the module .%K’s] / %K’Oo]. Under this identification, if
I C A’ is a finitely generated ideal of A, then

I®a (%[r N> Bicsle;

This implies that the morphism I ®4 (2")~ — (%!7*)~ is injective. Thus
(%K’S])’ is a flat A-module. Observe that, in fact, the quotient %’K’S] /%K’Oo]
does not depend on 7 and coincides with %’L?’S] /9?12’00] so that this last module
is flat. Finally, since filtered colimits are exact, this implies that

lim 92390 = a9 = 2

>0

is a flat A-module.
O

Lemma 15.11. Let 61,62: Q) — A* such that 51551 s quasi-reqular. The
restriction morphism

HY (P, %5 (01,02)) — HY(AY, %5(0))
s an isomorphism.

Proof. This is precisely the same proof as Theorem With Z, replacing Za.
The key points are the following
— The morphism
P +(Z4(01,02)) = CY1 (%4 (0))

is in D,.(A) by Lemmas [11.14] an and Proposition [11.19

- %, is ﬁat A-module, cf. Lemma 15 1 This means that for any maximal
ideal m C A we have

24 (5 (01,02)) @Y Afm = C2 4 (), (01, 62))

and

Chr (23(0)) ®F Afm = CL (%), (9))-

~ Since 8,6, ' is quasi-regular, H2(C%, (%, (0))) = 0 by Corollary [11.18
— The result is true when A is a finite extension of Q,,, cf. [II, Lemme 5.24].
O
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This completes the proof of Proposition [15.9) Finally we need a lemma
which identifies A X, -1 P! as the topological dual of A X, P! (equipped with
the strong topology).

Lemma 15.12. If A is an extension of #a(02) by Z4(61) and if the G-module
AR, Pl exists, then its dual is A X, -1 PL.

Proof. This is the same proof as [I1, Proposition 3.2], so we just provide a
sketch. It suffices to construct a perfect pairing which identifies A X, P! and
AKX, -1 P! as the topological duals of one another (as topological A[G]-modules).
To construct this pairing first note that if (A,w,¢) is compatible, then so is

(A, w1, 1%), where
CPARZY - ARZy

is the involution of AKX Z, adjoint to that of + with respect to the pairing {,}
(cf. §10.2| for the definition of { , }). To see this one first defines a pairing

{,}pr: (AR, 1. PYx (AR, , P — 4
by the formula
{%,2z}p1 := {Resz, Z,Resz, 2} + {Res,z, w - Z,Respz, w - z}.

One then proceeds to check that {g- %, ¢-z}p1 = {%, 2}p: for all g € G. Finally
one notes that since { , } is perfect, so is { , }p1. O

Proof of Theorem . By Proposition [[0.21] Theorem [I5.6] and Proposition
[15.8 we have that

AR, P" =[Ba(02,01)" ®w — Ba(01,02) — Ba(01,02)" ® w — Ba(82,61)].
We begin by showing that the middle extension [Ba(d1,02) — Ba(01,02)* @ w]

is split in the category ¥c 4. We compute

(%)

Extl(B(61,05)* ® w, &5 (61) B, PY) & Extl(d, @ x 161, %5 (61) K, PY)
(i#)
~ Exti(6 ® x~ 01,25 (61) K, P

where (4) follows from Proposition and (i1) follows from the fact that both
(62 @ x7101) and #;(61) K, P! have the same central character. Then as

P-modules
(Z,(6) B, PHY @ (6,1 @ x6; 1) = (24 (01) Ky P @65

Let us denote by % (61,d2) K P! the P-module (%2} (6;) X, P') ®d; ', so that
we get

Exth(0, @ X8, %5 (1) B, P') = H, (P, %5 (51,6,) R PY),

69. The notation M = [My — M2 — ... — My] means that M admits an increasing filtration
0C Fy C...C Fy, = M by sub-objects such that M; = F;/F;_1 fori=1,...,n.
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Finally, by [IT, Lemme 6.4]
Ho (P 5 (61, 62) R PY) = HY (P, %5 (51,62) O PY).
Putting this calculations together, we conclude that
Exts(B(61,85)" @ w, 25 (61) K, PY) = HL (P, %7 (61,8,) R PY).

Consider the commutative diagram:

HL (P, %A(51,6)) —— H: (P, %4(61,55) R PL)

J J

HL (P %5(61,00) ——— HL(P,%5(61,6,) R PY),

where the top horizontal arrow is an isomorphism by Theorems [[4.9] and [15.6]
By reinterpreting the extensions in terms of cohomology classes, we see that
showing that the middle extension [B(d1,d2) — Ba(d1,02)* ® w] splits is equiv-
alent to showing that the right vertical arrow is the zero morphism. Now, by
Proposition H;n(ﬁ+,%2(51,52)) is a free A-module of rank 1 and the
same proof as the first point in [T, Remarque 5.26] now shows that the bottom
horizontal arrow

HL (P, %5 (81,62) — HL(P", %5 (61,65) I PY)

is the zero morphism and so is the right vertical arrow, proving the claim.

It follows that A K, P! is an extension of II; by I} ® w, where II; and
I, are extensions of B4 (d2,0;) by Ba(d1,62). By Lemma it follows that
I1; = II,. We now define TI(A) := II,.

Furthermore if A is a non-trivial extension of Z4(d2) by Z4 (1), then so is
the extension of B4 (81,02)* @ w by Za(61) X, P! (recalling that

Extg (%5 (02) B, P, Z4(61) K, P1) = Ext!' (%Z4(d2), Z4(61)),

cf. Theorem|15.6). This implies that II(A) is a non-trivial extension of B4 (2, d2)
by Ba(d1,02) and finishes the proof.
O

A The category of locally analytic G-representations

in A-modules

Let A be an affinoid Qp-algebra (in the sense of Tate). Unless otherwise
stated H will be a locally Q,-analytic group (for applications H will be a closed
locally Q,-analytic subgroup of GL2(Q,)). We attempt to generalise some defi-
nitions from [50] in the case where the base coefficient is an Q,-affinoid algebra.
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There are some results in this direction in [35], §3] although our approach is dif-
ferent. In particular, our aim is to give a reasonable definition of the category
of locally analytic H-representations in A-modules, Rep's(H), analogous to the
definition in [53] §3] (in the case where A is a finite extension of Q,), and to
study the (locally analytic) cohomology of such a representation.

A.1 Preliminaries and definitions

In what follows if V and W are two locally convex Q,-vector spaces and in
the situation that the bijection

1% ®va£ W -V ®Qp777 w

is a topological isomorphism, we write simply V ®q, W and V@QPW to denote
the topological tensor product and its completion, respectively. Note that H is
strictly paracompact (this means that every open covering of H admits a locally
finite refinement of pairwise disjoint open subsets) and so it admits a covering
of pairwise disjoint open compact subsets.

We need to define a notion of a locally convex A-module. First we recall the
definition of a topological A-module.

Definition A.1. A topological A-module is an A-module endowed with a topol-
ogy such that module addition +: M x M — M and scalar multiplication
t AX M — M are continuous functions (where the domains of these func-
tions are endowed with product topologies).

Definition A.2. Let M be an A-module. A seminorm q on M is a function
q: M — R such that
- q(am) = |a|g(m) for all a € A and m € M, where |-| is some non-zero
multiplicative seminorm on A.
- g(m +n) <max{qg(m),q(n)} for any m,n € M.

Let (gi)icr be a family of seminorms on an A-module M. We define a
topology on M to be the coarsest topology on M such that

1. Al ¢;: M — R, for i € I, are continuous.
2. All translation maps m + —: M — M, for m € M, are continuous.

Remark A.3. One would at a first glance be tempted to define a locally convex
A-module as a topological A-module whose underlying topology is given by
a family of seminorms in the above sense. The problem with this definition
is twofold. The Q,-affinoid algebra A equipped with the topology defined by
the Gauss norm say, will not necessarily be a locally convex A-module (unless
A is reduced). This is essentially due to the fact that the Gauss norm is not
necessarily multiplicative on A. On the other hand the topology on A defined by
the seminorms coming from the Berkovich spectrum M(A) coincides with the
topology induced by the spectral seminorm (f € A — maxze pqea)|f(2)[). Under
this topology A will indeed be a locally convex A-module but not necessarily
Hausdorff.

122



Due to Remark we define a locally convex A-module in the following
way.

Definition A.4. A locally conver A-module is a topological A-module whose
underlying topology is a locally convex Qp-vector space. We let LCS4 be the
category of locally convex A-modules. Its morphisms are all continuous A-linear
maps.

Remark A.5. Let us show that this definition is coherent in the case when
A = L is a finite extension of Q,. That is, that a locally convex Qp-vector
space equipped with a continuous multiplication by L is also an L-locally convex
vector space.

We employ the notion of [50, §4]. Let L be a finite extension of Q,. It
is clear that any locally convex L-vector space in the sense of loc.cit. satisfies
the conditions of Definition [A74] On the other hand, let M be a locally convex
Q,-vector space (whose topology is defined by a family of lattices %) equipped
with a continuous multiplication by L. We show that we can equip M with
a system of lattices &’ satisfying conditions (lc1) and (1c2) of [50, §4] with K
there replaced by L defining the same topology as . Let x; be a Z,-basis of
Op. For U € #,set U' =3, x;U and denote #' = {U' : U € A}. It is easy to
see that this family of Op-lattices satisfies conditions (lc1) and (1c2). We show
that the topology defined by %’ coincides with that defined by 4.

- Let U € AB. Since multiplication by z; is an homeomorphism (multiplica-
tion by xi_l being a continuous inverse) x;U for all 4 is open (in the topology
defined by #). Thus so is > x;U = U’, which shows that the topology defined
by 4 is finer than that defined by %’.

- On the otherhand, let U € 4. We show now that there exists V' € %’
such that V/ C U. Let V be such that V C x;lU for all ¢ (again we use the fact
that multiplication by x; ! is open and (Ic2)). Then > 2,V C 3 w2, 'U C U.
This completes the proof of the claim.

Lemma A.6. A equipped with its norm topology is a barrelled, complete Haus-
dorff locally convex A-module.

Proof. Consider the induced Gauss norm on A, |-|. By [3] §3.1, Proposition 5(i)],
|-| is a Qp-algebra norm. Thus A equipped with its norm topology is a locally
convex Q,-vector space. Moreover since |-| is sub-multiplicative (|ab|< |al-b]),
multiplication by A is continuous. Finally since the topology is defined by a
norm, it is Hausdorff and A is a Q,-Banach algebra for this norm. Note that
all Banach spaces are barrelled, cf. [50, page 40]. O

We now prove that there is a well defined Hausdorff completion for a locally
convex A-module.

Lemma A.7. For any locally convex A-module M there exists an up to unique
topological isomorphism unique complete Hausdorff topological A-module M to-
gether with a continuous A-linear map

CM:M—>]/\4\
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such that the following universal property holds: For any continuous A-linear
map f: M — N into a complete Hausdorff locally convex A-module N there is
a unique continuous A-linear map f: M — N such that

fZJ?OCM-

Proof. Uniqueness follows from the universal property. For the existence, replac-
ing M by M /{0} if necessary, we may assume that M is Hausdorff (note that {0}
is a locally convex A-module and thus so is M/{0}). We consider M as a locally
convex Q,-vector space and let M be as in [50, Proposition 7.5]. We show that

Misa topological A-module. It is easy to see that AxM=AxM (as locally
convex Q-vector spaces). By the universal property in loc.cit. the A-module
structure A x M — M extends to a continuous morphism a: A X M — M.
Since M — M is an injection and M is dense in M it follows that o exhibits
M asa topological A-module. Finally since ¢y, is an injection it is A-linear. [

From now on when A is considered as a locally convex A-module, we will
assume it is equipped with its Gauss-norm topology, (A, |- |a)-

We need the notion of the strong dual of a locally convex A-module. This
will be much less well behaved compared to the classical situation when A is
a finite extension of Q. For example if the dimension of H is greater than 1
then we do not even know if LA(H, A) is A-reflexive, cf. Conjecture and
Remark

Definition A.8. Let M be a locally convex A-module. As an abstract A-module,
we define the
Ml; = Hom g cont (M, A)

Now equip Homq, cont(M, A) with the strong Qp-locally convex topology and
give

M C Homgq, cont (M, A)
the induced subspace topology. We call M} equipped with this topology, the strong
dual of M. We say M is A-reflexive if the canonical morphism M — (M})} is
a topological isomorphism.

Remark A.9. Let M be a locally convex A-module. The strong dual M{ can
equivalently be defined with the topology obtained by taking the sets {f: M —
Alf(B) C U} for B C M a bounded set and U C A open, as a system of
neighbourhoods of 0.

Let R € {Qp, A}. For M and N locally convex R-modules, we will sometimes
write Lrp(M,N) := Homp cont(M, N) equipped with the strong topology. If
M is a locally convex Q,-vector space, then we will denote the classical strong
dual of M, cf. [50, Chapter 1, §9], by M(/Qp,b'

We now prove that M as given by Definition is indeed a locally convex
A-module.

Lemma A.10. If M is a locally convex A-module, then so is its strong dual
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Proof. By [50} §5], M} is a locally convex Q,-vector space. So it suffices to show
that multiplication by A is continuous. This comes down to chasing definitions.
Let || be the Gauss norm on A. For any bounded set B of M (viewing M as a
locally convex Q,-vector space), we have the seminorm (on Homq, cont (M, A))

pa(f) == sup,eplf(v)].

The locally convex topology on Homgq, cont(M, A) is then defined by the family
of seminorms {pp}pecmp where A is the set of all bounded subsets of M. For
any finitely many seminorms pp,,pg,,--.,Ps, in the given family and any real
number € > 0 the open sets

{f S Home,cont<M7 A)| PBsPBys - - - 7pB7v(f) S 6}

form a basis around 0 of Homq, cont(M, A). For any a € A we have pg(af) <
la|pp(f) and now it is easy to see that multiplication by A is continuous on
Homgq, cont(M, A). Thus it is also continuous on Hom 4 cont (M, A). O

Ezample A.11. By [37, Lemma 2.1.19] (cf. also [I7, 5.5 Proposition]), we have
topological isomorphisms

ACA,b(%Z;A) = %X, ﬁA’b(%A,A) =X4.

Note that, if we denote by #7 the sub-A-module of #Z4 given by Laurent series
whose non-negative powers of T' vanish, equipped with it’s induced topology,
then we have (Z})t = %Z} and (Z})* = #Z3 (the orthogonal is taken with
respect to the natural separately continuous pairing Z4 x Za — A, (f,g9) —
réso(f(T)g(T)dT)). This shows that Z and Z7 are closed sub-A-modules of
%4 and that we have a topological decomposition Z4 = % ® #5 (cf. [50,
Proposition 8.8(ii)]). We can conclude, by using [50, Lemma 5.3(ii)], that we
have a topological isomorphism of locally convex A-modules Z, = %} and
Ky = Ra)RY. On the other hand, the same argument of [37, Lemma 2.1.19)
shows that
Lap(Z,A) =%

Indeed, as in loc. cit., the inverse to the natural map #Z4 — Homa cont(Za, A)
induced by the pairing rés is given by associating, to any 1 € Hom4 cont (%4, A),
the power series Y., ., u(T~'™)T™. This series lies in Z} if and only if
w(T~1=m) =0 for all n > 0, or equivalently p(#7) = 0. This shows in particular
that the spaces %j and #Z, are A-reflexive.

We need to recall some classical definitions adapted to our context:

70. Note that, identifying #Z, = li_r)nS FZL?’S] /%f’Jroo], one can see (cf. Lemma and
Lemma below) that L4 (%Z,,A) = lim ﬁAyb(%f’s]/%’]O"’r“],A) is Fréchet (observe
that the space %f’s] /P/ZL?’_'—OO] with its topology defined by v!%:5], where v1%:% is the valuation
induced by v[™s] for any r < s, is a Banach space).
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Definition A.12. A Cauchy net in a locally conver A-module M is a net
(m;)ier in M (a family of vectors m; in M where the index set I is directed)
such that for every € > 0 and every seminorm q. (defining the topology on M ),
3k such that for all \,p > K, go(mx —my) < e. M is complete if and only if
every Cauchy net converges.

Definition A.13. Let R € {Q,, A} and let M be a locally convex R-module.
We say M is a Fréchet space if it is metrizable and complete. We say M is R-
LB-type if it can be written as a countable increasing union of R-Banach spaces
with R-linear injective transition morphisms. We say M is R-LF-type if it can
be written as a countable increasing union of locally conver R-modules which
are Fréchet spaces with R-linear injective transition morphisms.

A.2 Relative non-archimedean functional analysis

Here are our first (and main) examples of locally convex A-modules:

Lemma A.14. %’X, %’:{ XP, Z,, #5 WP, Z4 and #s ®P' are complete
Hausdorff locally convex A-modules. Moreover 7 and %% R P are Fréchet
spaces, #5 and %, XP' are of A-LB-type and Za and Z4 X P! are of A-LF-
type. For 7 € {+,—,0} we have that

%; = %?QP®QPA7
Z) WP = (%5, RWP)Rq, A

Proof. We first prove the statement for Z7, ? € {+, —,0}. By M lemme 1.3(i)]
we have an isomorphism as Fréchet spaces (in the category of locally convex
Q,-vector spaces) Z, = %(Sp ®QPA‘ Thus %7 is a locally convex Q,-vector
space. Multiplication by A is clearly continuous on %6}7 ®q, A (the latter is

also a locally convex Q,-vector space) and so by Lemma the completion
7 is a locally convex A-module.
By example £, is A-reflexive and so by Remark |A.32( we have an

E}(;Irelérphism E, = ,%’(SP@JQPA. Moreover #Z, = lim %L?’S] /%X’Jroo] is A-LB-
Finally by definition Z, is A-LF-type and since #a = #Z} © %, (as topo-
logical A-modules), it is also Hausdorff and complete. We compute
R =Ry DR,
= (#4,5q,4) ® (%q,%q,4)
= (%&, © Zq,)0q,4A
= %q,8q,A.
We finally observe that, if M € {Z}, %, %a}, then M X P! (with its
topology induced by the inclusion MXP! C M x M) is topologically isomorphic

to M x M, the isomorphism given by z — (Resz, (2), ¥ (Resz, (wz))) with inverse
(21,22) — (21, 9(22) + w(Reszg (21))). O

126



Let M be a Hausdorff locally convex A-module. We define a locally convex
A-module LA(H, M) of all M-valued locally analytic functions on H.

Definition A.15. An M-index Z on H is a family of triples

{(Hi, ¢i, M;) Yier

where the H; are pairwise disjoint open subsets of H which cover H, each
¢;: Hy — Qg 18 chartm for the manifold H whose image is an affinoid ball
and M; < M is a continuous linear injection from an A-Banach space M; into
M. Let Fy,(M;) be the set of all functions f: H; — M; such that f o ¢; " is an
M;-valued holomorphic function on the affinoid ball ¢;(H;). Note that Fy,(M;)
is an A-Banach space. We set

]:I(M) = H‘F%(Mi)v

i€l

where Fr(M) is equipped with the direct product topology (in particular it is a
locally convex A-module). We then deﬁnelﬂ

LA(H, M) := ling Fr(M)
T

equipped with the Qp-locally convex inductive limit topology.

Remark A.16. In Definition in order to see that LA(H, M) is a locally
convex A-module, one needs to check that multiplication by A on LA(H, M) is
continuous. Indeed since, -: Ax M — M is continuous, then so is Ax Fy, (M;) —
Fy,(M;). This implies that multiplication Bz: A x Fz(M) — Fz(M) is contin-
uous. Denote by B: A x LA(H, M) — LA(H, M), the multiplication by A on
LA(H, M). The continuity of B follows from the continuity of the Bz (cf. the
3rd paragraph of the proof of Lemma where a similar problem is proved).

Lemma A.17. Let (V.|| -[|) be a Qp-Banach space and let Vi C V4§, be the

unit ball. Given a constant C' and a vector v € V., if |l(v)|, < C for alll € Vj
then |jv|]| < C.

Proof. This is a direct consequence of the Hahn-Banach theorem. Applying [50}
Proposition 9.2] with U :=V, g := || - ||, U, := Qpu and |l,(v)], > ||v|| for all
a € Q, we obtain a linear form ! € Vj and |I(v)], > ||v]|. O

To kick-start our study of locally convex A-modules and their relationship to
Rep's(H) (cf. Definition we need to know that LA(H, A) is well-behaved.
Féaux states explicitly in his thesis (cf. [27]) that he does not know if LA(H, A)
is complete. The completeness of LA(H, A) has since become somewhat of a
folklore conjecture:

71. To be more precise one takes H; an affinoid rigid analytic space over Qp isomorphic to

a closed ball, so that ¢; induces an isomorphism ¢/ : H; = H;(Qp)-
72. This colimit is taking place in the category of Qp-locally convex vector spaces.
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Conjecture A.18. If H is a compact locally Qp-analytic group then LA(H, A)
is complete.

Remark A.19. If Conjecture is true then one can show that LA(H, A) &
LA(H,Q,)®q, A= LA(H,Q,)®q,, A, cf. Remark If H is of dimension
1 then Conjecture [A1§]is true, cf. lemma[AT4]

Although we are unable to prove Conjecture we show that LA(H, A)
is sufficiently well-behaved for applications.

Definition A.20. Let R € {Q,,A}. We call a Hausdorff R-LB-type V =
lignn V,, R-regular if, for every bounded subset B of V', there exists an n such
that V,, contains B and B is bounded in V,,.

Remark A21. Let R € {Q,,A}. By [23| Proposition 1.1.10 and 1.1.11], a
Hausdorff semi-complete R-LB-type is R-regular.

Before we state our next result we need some notation. Via Mahler expan-
sions (cf. [44} III. Théoréme 1.2.4]), the set of continuous functions from Z¢ to
Q, can be viewed as the space of all series

> ()

aeNd

with ¢, € Q, such that |co|— 0 as |a|— 0. Here as usual

(2=

d
|ae]:= Zai
i=1

for x = (z1,...,24q) € Zg and multi-indices @ = (ay,...,aq) € N% We are
grateful for G. Dospinescu for supplying us with the idea for the following lemma.

and

Lemma A.22. If H is a compact locally Qp-analytic group then LA(H,A) is
A-regular.

Proof. By choosing a covering of H by a finite number of open subsets isomor-
phic (as locally Qp-analytic manifolds) to Zg for some d € N, we suppose that
H = Z, cf. |21, Corollary 8.34]. For each h € N and f € LA(H,A), write
f=nenean(f)(Z), an(f) € A, the Mahler expansion of the continuous func-
tion f. By Amice’s theorem (cf. [44] III. Théoréme 1.3.8] or [I3] Théoréme

1.4.7]), we have
LAh(ng Qp) = @ Qp : kn,h <Z>

neNd
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where knp := [p~"na|!. .. [p7"nq4]!, and where LA, (Z2, Q,) denotes the space

of functions which are analytic on every ball of poly-radius (h,...,k). One also
obtains -
x
LA, (ZS, A) = :
n(Z8A) = P Ak (n>,
neNd

which shows in particular that each LAh(Zg, A) is complete. By definition, we
also have

=

LA(ZY, A) = i
[S

LA, (ZS, A).

1

>
Z

We denote the norms on LA, (H,Q,) and LA,(H,A) by |- |nq, and | - |5 4,
respectively and vy, q, and vp, 4 their respective valuations.
Consider the Q,-bilinear application

B: Ag, , x LA(H,A) — LA(H, Q)
(4 f)=lof.

Note that the Mahler coefficients of [ o f are then just given by a,(l o f) =
l(an(f))-

We show that the map B above is continuous. Note (as is easily seen by
looking at Mahler expansions) that restriction gives, for every h € N, Q,-
bilinear forms

Bh: bp7b X LAh(H, A) — LAh(Hv QP)
(l7f) Hlof

We claim that B is continuous if and only if By, is continuous for every h € N.
Indeed, by the definition of the locally convex final topology, the topology of
LA(H, Q) is defined by the family of all lattices L C LA(H, Q) such that
LNLAL(H, Q) is open (in LA, (H, Qp)) for all h € N. So let L be such a lattice.
We want to show that L' := B~1(L) is open (in Aq,» * LA(H, A)). Note first
that L' is a lattice: if a € Z,, and if (z,y) € L’ then B(a(z,y)) = a*B(xz,y) € L
so that a(z,y) € L' and, if (z,y) € Aq , x LA(H, A), then there exists an
a € Qp such that aB(x,y) € L and, writing a = a/pk, o € Z,, we also
have that (a’)?B(z,y) € L, whence a/(z,y) € L', which proves that L’ is a
lattice. So (again by definition of the locally convex final topology), L’ is open
if and only if L' N (Ag , x LAx(H, A)) is open for every h € N. Noting
By - A/Qp,b x LAy (H, A) — LA, (H,Qp) for n > h the composition of Bj, with
the natural continuous inclusion LA, (H, Q,) — LA, (H,Q,), we have that

L'N(Aq, » x LAW(H, A)) = B '(L)N(Aq, , x LAL(H, A))
= B HYLNU,>LAL(H,Q,)) N (Ag, , X LAL(H, A))
= Un>n[B ' (LNLA,(H,Q,)) N (Aq, » X LAL(H, A))]
= UnsnBj  (LNLA,(H,Qy)),
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which is open if each By, (and hence By, ;) is continuous. This proves the claim.

We finally prove that each map By is continuous. Indeed |By(l, f)|nq, =

Lo fln.q, < [ll|[flna (where [[-]| is the norm on Ag ) and so B is continuous.
Let T'C LA(H, A) be a bounded subset and consider

S:= Ay x T C Ag,, x LA(H, A)

where Ay C Agq_ , is the unit ball. Then S is bounded and so is B(S), since B
is continuous. By [23| Proposition 1.1.11], LA(H, Q,) is Q,-regular and so for
some h > 1, B(S) is contained in LA} (H, Q,) and there exists a constant C
such that

vhq, (Lo f)= inf v,(l(an(f))) = vp(knn) = C

for all | € Af. Lemma now implies that va(a,(f)) — vp(knn) > C for all
n € N9, Now

va(an(f)) = vp(knns1) = valan(f)) — vp(knn) + vp(knn) — vp(knnt1)

[n|—+o00

> C +vp(kn,n) — vp(kn,hy1) —— 400

This implies that f € LAhH(Zg, A) for all f € T. We now compute

Vs alf) = inf va(@n(£) = vplknra)

= n%’:‘nl\fId 'UA(an(f)) - ’Up(kn,f) + ’Up(kn,h) - vp(kn,thl)

>C
since vy (kn,n) — Vp(kn n+1) > 0. This shows that T is contained and bounded

in LAy 11(Z2, A). Thus LA(H, A) is A-regular. O

Remark A.23. For an alternative proof of the fact that the Q,-bilinear map B
in the proof of Lemma [A722] is continuous, note that B is the composition of
the morphisms

idxa

B: Ag, , x LA(H, A) =% AQ 4, x (ABq, ~LA(H,Qp))
= Ag, 18q,x(A9q, LA(H, Q)
= (A, 48q,~4)8q, ~LA(H, Q)
5y LA(H, Q,),
where « is the morphism of [23] Proposition 2.2.10] (cf. the discussion imme-

diately after loc.cit.) which is a continuous bijection. The last morphism £ is
induced from the pairing of A and A’wa.
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A.3 Relative locally analytic representations

In this section we define the category Rep's(H) and we study the structure
of a locally analytic representation over the relative distribution algebras, gen-
eralizing some fundamental work of Schneider and Teitelbaum to our relative
setting.

The following definition is similar to [33], Définition 3.2].

Definition A.24. An object M in Rep's(H) is a barrelled, Hausdorff, locally
convexr A-module equipped with a topologicalm A-linear action of H, such that,
for each m € M, the orbit map h — h-m is an element in LA(H,M). Mor-
phisms are given by continuous A-linear H-maps.

Remark A.25 (locally analytic induced representation). Let G be a locally Q,-
analytic group, H a closed locally Q,p-analytic subgroup and suppose that G/H
is compact. Let M be an object of Rep'(H), which is Banach. Then

Indf (M) := {f € LA(G,M) | VYh; € H; : f(hiha) =hy" - f(h1)}

identifies (as topological A-modules) with LA(G/H, M), cf. [27, Satz 4.3.1].
Moreover Ind$ (M) (equipped with the natural action of G: (g - f)(z) =
f(g~'x)) is an object of Rep's (@), cf. Satz 4.1.5 in loc.cit.

To track the action of 2(G)[¥ on LA(G/H, M) induced by the above iso-
morphism, we need to explicit this isomorphism. Any choice of a section
G/H — G gives an isomorphism of locally Q,, analytic manifolds G = G/H x H.
This gives an isomorphism LA(G,M) = LA(G/H x H,M) and the space
Ind% (M) C LA(G, M) is identified with the sub-module {f : f(g,h) =
h=t- f(g,1), g € G/H,h € H} of LA(G/H x H,M). On the other hand,
the composition

LA(G/H, M) — LA(H,End(M)) x LA(G/H, M) — LA(G/H x H, M)

Fe (o7 F) = 1@ h) = p(h) ™ - F(9)],

where we have noted p~! : H — GL(M) the representation of H on M, induces
an isomorphism between LA(G/H, M) and the image of Ind% (M) in LA(G, M).

It will turn out that every complete object of Replj(H ) carries a structure of
a Z(H, A)[®lmodule. The following lemma is essentially [63, Proposition 1.3].

Lemma A.26. Let M be a locally convex Qp-module and let N be a locally
convex A-module. Then f(a®x) = af(x) defines a topological A-linear isomor-
phism

Eme(M, N) = £A7b(M dqQ,,r A,N)

73. We say that the H-action on M is topological if H induces continuous endomorphisms
of M.

74. This is the distribution algebra with coefficients in Qp, cf. Definition

75. we refer the reader to the proof of [27, Satz 4.3.1].

76. cf. Definition
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Proof. For f € Lq,(M,N), the map f is given by the composition of the
continuous map M ®q, ~ A - N ®q,r A induced by a ® x — a ® f(x) and
the (continuous) map N ®q, - A — N induced by the A-module structure on
N, so it is well defined. The inverse of f — f is given by g — go, where
go(z) = g(x®1). This shows that the map of the statement induces an A-linear
bijection.

The fact that it’s a topological isomorphism follows from [50, Corollary
17.5(iii)]: the map a: M — M ®q,» A defined by m +— m ® 1 induces an
homeomorphism between M and it’s image, and so the image of any bounded
subset of M is bounded in M ®q, » A and, conversely, the inverse image (i.e
its intersection with M C M ®q,,» A) of any bounded subset of M ®q, » 4 is
bounded in M. To show that f — f is continuous, it is enough to show that,
it BC M ®q,~ A is bounded and if U C N is an open setlZI, then the inverse
image of the set {f: M ®q,~ A — N | f(B) C U} is open in Lq, (M, N),
but this inverse image is nothing butlﬂ {f: M = N | f(a=Y(B)) CU)}, which
is open since a~!(B) is bounded in M. Conversely, if B C M is bounded and
U C N is open, then the inverse image of {f: M — N | f(B) C U} by the
map g — go is {g: M ®q, .« A — N | g(a(B)) C U}, which is open since a(B)
is bounded in M ®q, » A, and shows that the inverse map is continuous. This
completes the proof. O

Corollary A.27. In the setting of Lemma[A.26, if in addition N is Hausdorff
and complete, then

£Qp,b(M’ N) l> [’A,b(M@QP,TrA)N)

Proof. This is an immediate consequence of Lemma above and the univer-
sal property of Hausdorff completion, cf. [50, Corollary 7.7]. O

Remark A.28. Since [50, Corollary 17.5(iii)] holds for projective as well as induc-
tive tensor product, both Lemma and Corollary hold with inductive
tensor product replacing the projective one.

Definition A.29. We define the space of distributions on H with values in A
as the strong dual of LA(H, A);, (cf. Deﬁm’tion

(H, A) == LA(H, A),.

Lemma A.30. Let R € {Q,,A}. If V = hgn Vi, is R-regular (cf. Definition
then for any locally convex R-module, the natural map Lrp(V,W) —
l'gln Lry(Va, W) is a topological isomorphism which is R-linear.

Proof. This is the same proof as [23] Proposition 1.1.22]. The crucial point in
loc.cit. is that a Hausdorff semi-complete R-LB-type is R-regular. O

77. One can assume U is an A%-module where A° is the subset of A whose norm is less
than 1. Indeed by choosing a presentation of A = Qp(T1,Ts,...,Tyn)/I, one can consider
U = ZTZ' -U. One then repeats the argument of Remark

78. It is enough to suppose B = By ®q,, AY where B)y is a bounded lattice in M.
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Lemma A.31. Let H be a compact locally Qp-analytic group. We have an
isomorphism of locally conver A-modules

2(H,A) = 9(H,Qp)Rq, A.
In particular, 2(H, A) is an A-Fréchet space.
Proof. By [560}, Proposition 20.9] we have
9(H7 QP)®Q;)77TA = LQp7b(9(H7 Qp)bp,lﬂ A)

We conclude by observing that (we use the notation from the proof of Lemma
A.22))

EQ;:J?(D(Hv QP)QQP,MA) = Eprb(LA<H7 Qp)aA)

@LQPJJ(LAn(Ha QIJ)7 A)

n

li

=)

Lap(LAL(H,Q,)®q, A, A)

1

= i

=

Lap(LA,(H,A),A)

ol

2 Lau(LA(H, A), A)
Y g(H, A),

where (i) follows by reflexivity of LA(H, Q,) (cf. [63, Lemma 2.1 and Theorem
1.1]), (ii) follows from Lemma (iii) follows from Corollary (iv) is

an immediate consequence of the definition of LA, (H, A), (v) is a consequence
of Lemmas and and (vi) is by definition. The last assertion follows
since Z(H, Q,) is Fréchet and A is Banach so their completed projective tensor
product is Fréchet. This completes the proof. O

Remark A.32. For H a compact locally Q,-analytic group, the natural mor-
phism
a: LA(H,A) — LA(H,Q,)®q, A

is (cf. the discussion immediately after [23], Proposition 2.2.10]) a continuous
bijection. We do not know whether it is actually a topological isomorphism, cf.
Conjecture By [46], Theorem 2], this is the case if LA(H, A) is complete
(note that LA, (H, A) has a Schauder basis, by Amice’s theorem, so it has the
approximation property). We claim that « is a topological isomorphism if and
only if LA(H, A) is a reflexive A-module. Indeed, this follows from the following
equalities:

Lap(P(H,A),A) = Lap(2(H,Qp)Rq, A, A)
= Lq,»(Z(H,Q,),A)
= Lq,»(Z(H, Qp)va)@meA
= LA(H,Q,)®q, ~A.
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The aim is now to obtain a version of Lemma without the assumption
that H is compact.

Lemma A.33. Let {H;}icr be pairwise disjoint compact open subsets which
cover H. Then there is a (A-linear) topological isomorphism

2(H,A) =P 2(H;, A).

Moreover (H, A) is complete and Hausdorff.

Proof. We have a topological isomorphism

LA(H, A) = [ [LA(H;, A).

The claim now follows from the fact that there is a topological isomorphism
([TLAH:, A)), = D LA, A);

To see this last fact, one repeats the same proof for [50, Proposition 9.11].
Finally 2(H, A) is complete and Hausdorff follows from [50, Corollary 5.4 and
Lemma 7.8]. O

Lemma A.34. Let H be a locally Qp-analytic group. We have an isomorphism
of locally convexr A-modules

9(H, A) = 2(H,Q,)®q,,.A.

Proof. This is an immediate consequence of Lemmas and Let {H;}ier
be pairwise disjoint compact open subsets which cover H.

@i [@(Hlv QP) ®Qp7’/ A] — -@(Hv Qp) ®Qy. A

| J

®, [7(H:.Qp)®q,.A] —— Z(H,Q,)®q, . A

Now [23, Lemma 1.1.30] implies that the top horizontal arrow is a topological
isomorphism. By definition the right vertical arrow is a topological embedding
(since Z(H,Q,) is Hausdorff, so is Z(H,Q,) ®q, A, cf. [50, Corollary 17.5(i)])
that identifies its target with the completion of its source. We will show that
the same is true for the left vertical arrow which will imply that the bottom
horizontal arrow is a topological isomorphism, as required. Since the composite
of the top horizontal arrow and the right vertical arrow is a topological embed-
ding, the same is true for the left vertical arrow. It clearly has dense image and
the target (= Z(H, A)) is complete. This completes the proof. O
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Remark A.35. In the setting of Lemma [30, 1.1.3 Proposition 6][] shows
that
P(H,A) = 2(H,Qp)®q, A

is a topological isomorphism.

The following is a relative version of the integration map constructed in [53]
Theorem 2.2].

Lemma A.36. Let H be a locally Qp-analytic group and let M be a complete
Hausdorff locally convexr A-module. There is a unique A-linear map

I: LA(H, M) — HomA,cont(@(H7 A)aM)7

satisfying I(¢)(0n, @ 1) = ¢(h) for all ¢ € LA(H, M) and all h € H. Here
on € 2(H,Qy) such that 6,(f) := f(h) for all f € LA(H, Q,).
Moreover, if M is A-LB-type (cf. Deﬁnition then this map is a bijec-

tion.

Proof. By [53, Theorem 2.2] (cf. also the comment immediately after its proof),
one has a unique map

Iq,: LA(H, M) — Homq, cont(Z(H,Q,), M),

satisfying Iq,(¢)(6r ® 1) = &(h), h € H, and which is bijective if M is of
Q,-LB-type. Note that this map is clearly A-linear.

By Lemma one reduces to show the result for H compact. So assume
H is compact. By Corollary (where we forget the topologies), since M is
Hausdorff and complete, there is an A-linear bijection

r: Homq, cont(2(H, Qp), M) = Homa cont(Z2(H, Qp)®q, <A, M).
Moreover, Lemma [A-31] gives an isomorphism
s: Homa cont (2 (H, Q,,)@QP,WA, M) = Homa cont(2(H, A), M).
The composition of all these maps (soroIq,) gives the desired map
I:LA(H,M) — Homa cont(2(H, A), M).
The result follows. O

Before we state the main result of this section we need to equip 2(H, A)
with a ring structure (in particular a convolution product). We show that the
convolution product on (Z(H, Q,), %), cf. [53], §2], extends to Z(H, A). Indeed
by Lemma [A34] we have an isomorphism of locally convex A-modules

2(H,A) = 2(H,Q,)8q,, A

79. The proposition essentially states that direct sums commute with (completion) of pro-
jective tensor product.
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We define for hi, ho € H an A-bilinear, separately continuous map

*a: (2(H,Qp) ®q,. A) x (2(H, Qp) ®q,,. A) = (Z(H,Qp) ®q,. A)
(5h1 (24 1) X (6112 (2] 1) — ((Shl * 6}12 X 1)

Since the Dirac distributions d;, for h € H are dense in 2(H,Q,), cf. [53]
Lemma 3.1], x4 is well defined. Note that %4 is separately continuous since
is separately continuous, cf. [53, Proposition 2.3]. It is clear that *4 extends
uniquely to an A-bilinear, separately continuous map (which we denote by x,
abusing notation)

x: 9(H,A) x 9(H,A) — 2(H, A).
The following lemma summarizes the above discussion.

Lemma A.37. (9(H, A),*) is an associative A-algebra with 6 ® 1 (1 € H is
the unit element) as the unit element. Futhermore the convolution x is separately
continuous and A-bilinear.

Let Replj’LB(H ) C Rep'$(H) be the full subcategory consisting of spaces

which are A-LB-type and complete. As a result we obtain the following corollary.

Corollary A.38. The category of Repf’LB(H) is isomorphic to the category of

complete, Hausdorff locally convex A-modules which are of A-LB-type equipped
with a separately continuous P(H, A)-action (more precisely the module struc-
ture morphism P(H, A) x M — M is A-bilinear and separately continuous) with
morphisms all continuous P(H, A)-linear maps.

Proof. This is an immediate consequence of Lemma [A-30] O

A.4 Locally analytic cohomology and Shapiro’s lemma

In this section we prove Shapiro’s Lemma for a relative version of the co-
homology theory developed by Kohlhaase in [43]. We should warn the reader
that Lazard’s definition of locally analytic cohomology of a locally Q,-analytic
group via analytic cochains, cf. [44] Chapitre V, §2.3] (or [59] for a modern
treatment), does not always coincide with the cohomology groups defined in
[43]. Futhermore the cohomology groups defined by Kohlhasse are finer than
that of Lazard, in the sense that they themeselves carry a locally convex topol-
ogy. In what follows however, we will ignore this extra structure. Let us first
explain the setup. Let H be a locally Q,-analytic group (for applications H will
be a closed locally Qp-analytic subgroup of GL2(Q,)). We will follow closely
the treatment in [43], albeit in a relative setting. In particular we are able to
reduce many of the arguments to the case considered in loc.cit. The key is

lemma [A.34]
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Definition A.39. Let ¥y 4 denote the category of complete Hausdorff locally
convexr A-modules with the structure of a separately continuous A-linear P(H, A)-
module, taking as morphisms all continuous Z(H, A)-linear maps. More pre-
cisely we demand that the module structure morphism

9H,A)x M —- M
is A-bilinear and separately continuous.

Remark A.40. Alternatively, one sees that ¢y 4 can be also defined as the
category of complete Hausdorff locally convex Q,-modules with the structure
of a separately continuous Z(H, A)-module, taking as morphisms all continuous
P(H, A)-linear maps.

As a consequence of Lemma and the fact that 2(H, A) is complete
and Hausdorff (cf. Lemma [A.33) the convolution product (Z(H, A), *) induces
a unique continuous A-linear mapﬂ

D(H,A)®4,2(H,A) — 9(H, A). (36)

We now endow ¥y 4 (and LCSy4) with the structure of an exact category.
A sequence in ¥ 4 (or LCS4)

(o7 i (677
"'—>Mi—1—1>Mia—>Mi+1i>"'

is called s-ezact if M; = K;® L; (as topological A-modules) where K; := ker(a;)
and «; induces an isomorphism (as topological A-modules) between L; and
KiJrl.

Remark A.41. A sequence in 9y 4
O—-M-—-N-—>P—0

is s-exact iff it is split in the category of topological A-modules.

Definition A.42. An object P of 9 a is called s-projective if the functor
Homg,, , (P,-) transforms all short s-exact sequences

0— My — My — Mz —0
in 9y 4 into exact sequences of A-modules.
Lemma A.43. If M is any complete Hausdorff locally convexr A-module, then
P(H,A)&4,M

is an object of G 4.

80. The tensor product Z(H, A)@A,LQ(H, A) deserves some explanation. First one forms
the abstract tensor product Z(H,A) ® 4 9(H,A) and equips it with the injective tensor
product topology. This means that the topology is universal for separately continuous A-
bilinear maps 3: V x W — U where V,W and U are locally convex A-modules. Then one
takes the Hausdorff completion.
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Proof. Indeed 2(H, A)@ A, M, being Hausdorff and complete by definition, it
suffices to remark that by tensoring the identity map on M with we obtain
a continuous A-linear map

D(H,A)B4,(2(H,A)B4,M) = (2(H,A)B4,2(H, A)®4, M — D(H,A)D4,M.
O

We'll call an object of the form Z(H, A)&a4,M (for M any complete Haus-
dorff locally convex A-module) in ¥y 4 s-free. Notice that s-free does not imply
it is free as an A-module. As one expects, s-projective modules can be viewed
as direct summands of an s-free module.

Lemma A.44. An object P of 9y 4 is s-projective if and only if it is a direct
summand (in G a) of an s-free module.

Proof. First note that for any complete Hausdorff locally convex A-module M
and any object N of ¥ 4 there is a natural continuous A-linear bijection

Homg,, ,(2(H,A)®4,M,N) — Homa cont (M, N).

This is the same proof as the first paragraph of the proof of Lemma (with
A replaced by 2(H, A)). The result now follows from [63, Proposition 1.4]. O

We will be interested in considering the cohomology of objects in ¥ 4 and
so we need the notion of a resolution.

Definition A.45. If M is an object of 9 a then by an s-projective s-resolution
of M we mean an s-exact sequence

B -1 A
in G a in which all objects X; are s-projective.
For an object M of 9y 4 let B_y1(H, M) := M and for ¢ > 0 let
By(H,M) := 2(H, A)&a,, By—1(H, M)

with its structure of an s-free module. For ¢ > 0 define

—

dg(60®- - -@5,@m) := Y (=1)"6o®...0;0;41®- - RF;@m+(—1)15® - -®@4_1@F,m.
0

<

Lemma A.46. For any object M of Gu a the sequence (Bq(H,M),dq)q>0 is
an s-projective s-resolution of M in G 4.

Proof. This is an immediate consequence of [43, Proposition 2.4]. The critical
point is that by Lemma [A-34]

By(H,M) = 9(H, A)®,Bq-1(H, M) = 2(H,Q,)®q, .. Bqs-1(H, M)

and so the By(H, M) defined above coincide with the ones defined in [43]. One
proves that the splitting is as A-modules and not just as Q,-vector spaces by
exhibiting a contracting homotopy consisting of continuous A-linear maps, cf.
[63, §2]. O
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Definition A.47. If M and N are objects of G 4 we define Ext%H_A (M,N)

to be the qth cohomology group of the complex Homg,, , (Be(H, M), N) for any
q=0.

Remark A.48. Definition [A47] is independent of the s-projective s-resolution
one takes for M. To see this it suffices to show that if M is s-projective and N
any object of ¥y 4 then Extgqé;HyA (M, N) is trivial for all ¢ > 0. The proof is the
same as [63, Proposition 2.2(b)].

Remark A.49. For any two objects M and N of ¥y 4, as usual EXt{quYA (M,N)
is the set of equivalence classes of s-exact sequences

O->N—-FEF—-M-—0

with objects E of ¥y 4. The point is that for P an object of ¥y 4, there are
natural maps 0*: Extf, (P, M) — ExtZ'' (P,N) such that

0 — Homg,, , (P, N) — Homg,, , (P, E) — Homg,, ,(P,M) %5 Exty, (P,N) - ---

is exact. To construct a bijection between EthquY (M, N) and the set of equiv-
alence classes of s-exact sequences S: 0 - N — E — M — 0, one takes P = M
and sends S to 0*(idas). One then checks that this gives a bijection.

As in the setting of [43], one can identify the categories of separately con-
tinuous left and right Z(H, A)-modules. If M and N are objects of ¥y 4, M
a right module, we define M@@(H7A)7LN to be the quotient of M@)A,LN by the
image of the natural map

M&a,2(H, A)&a,N — M&a,N
meIXn—=>médn—mQ on,

where m € M, n € N and § € P(H, A). The induced topology is the quotient
topology.

Lemma A.50. For any complete Hausdorff locally conver A-module M and
any object N of G a there is a natural A-linear topological isomorphism

(M®a,2(H,A)@g (s 1), N =2 M&a,N.

If the object P of 9y 4 is s-projective then the functor Pé@(H7A)7L(') takes s-
exact sequences in Yy o to exact sequences of A-modules. If P is s-free this
functor takes s-exact sequences in G A to s-exact sequences in LCSy.

Proof. The first part is [63, Proposition 1.5]. The second part follows from that
fact that (—)®q,,.M preserves the s-exactness of sequences of locally convex
A-modules and Lemma [A.44] O

Let H; be a locally Qp-analytic group and let Hs be a closed locally Q,-
analytic subgroup. For an object M of ¥, 4 we set
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ind [} (M) := 2(H1, A)@g(g1,,4),, M. (37)
For to be a functor[’] we need the following lemma.

Lemma A.51. The (right) 2(Ha, A)-module 2(Hy, A) is s-free. In particular
there is an A-linear topological isomorphism

D(H1, A) = D(H,/Ha, A)® 4,2 (Ha, A).
Proof. The proof of [43, Lemma 5.2] gives that
P(H1,Qp) = I (Hy/Ha, Qp)%q,, 7 (Ha, Qp) (38)
We now compute

@(HDA) (2 ‘@(Hth)@QP*LA
Y 91,/ Q))80q, 2 (H>, Qy)Eq, A
(g) .@(Hl/HQ, Qp)®QP,L~@(H27 A)

= 9(H1/H2,Q,)Rq,, A® 4, P (Ha2, A)
(2) .@(Hl/Hg, A)@AJ.@(H%A)

where (i), (iii) and (iv) follows from Lemma and (ii) follows from (38).
This completes the proof. O

We are now ready to prove the following lemma. The proof is similar to the
proof of [43] Proposition 5.1].

Lemma A.52. The functor

indg; tYh,.A — ng,A
M — indj;t (M)

takes s-exact sequences to s-exact sequences and s-projective objects to s-projective
objects.

Proof. Lemmas[A.50]and [A.51]imply that there is a natural A-linear topological
isomorphism
ind [} (M) = 9(H,/Hy, A)® 4, M. (39)

Thus indg; (M) is Hausdorff and complete. Its structure of a separately continu-
ous Z(H,, A)-module is the one induced from the s-free module 2(H,, A)&4,, M.
The final assertion follows from Lemmas [A750] and [A5T] and the fact that
indgz (M) respects direct sums. O

81. It is a priori not clear that indg;(M) is an object of ¥, A.
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Lemma A.53 (Relative Frobenius reciprocity). If M and N are objects of
Y, A and Yy, a, respectively, then there is an A-linear bijection

Homg,, ,(ind}}(M),N) — Homg,, ,(M,N)
Proof. From the proof of Lemma we have an A-linear bijection
a: Homgy,, ,(Z(Hy, A)®4,M,N) — Homg cont (M, N)
g alg)

where a(g)(m) := g(1 ® m). It follows directly from the definitions that a
continuous Z(Hj, A)-linear map g¢ from the left factors through indflé (M) (=

PD(Hy/Ha, A)® 4, M) if and only if a(g) is Z(Hz, A)-linear. O

Proposition A.54 (Relative Shapiro’s Lemma). Let Hy be a locally Q,-analytic
group and let Hy be a closed locally Qp-analytic subgroup. If M and N are ob-
jects of Gm, A and G, a, respectively, then there are A-linear bijections

Extd, (indjj} (M), N) — Extf, (M, N)
for all ¢ > 0.

Proof. Choose an s-projective s-resolution Xo — M in 9y, 4 (e.g. (By(H, M), dy)q>0)-
By Lemma the complex ind2'(X,) — indg; (M) is an s-projective s-
resolution of indp} (M). By Lemma there is an A-linear isomorphism of

complexes
Homg,, , (indj}(X.), N) — Homy, , (Xs, N).

The result now follows. O

The next result relates locally analytic induction Indg;, cf. Remark
and the functor indg;.

Lemma A.55. Let §: Hy — A* be a locally analytic character and suppose

Hy/H> is compact and of dimension 1. Then Indgié and (Indg; 6); are objects

of Yu, 4 (where (Indg;(;); is equipped with Hy-action: (hy-F)(f) := F(h{*-f)

for F € (Indgéé);, fe Indgéé and hy € Hy) , and we have an isomorphism
(mdfh0)’ = indfio~!

in the category Y, A-

Proof. Indeed by Remark IA.25|, Indgéé = LA(H,/Hs, A) as locally convex A-

modules. By Remark [A.19]°“| the latter is a complete locally convex A-module

82. It is important that H;/Ho2 is of dimension 1 here.
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of A-LB-type. Thus Indggé is an object of Repﬁ’LB (Hy). By Corollary

it follows that Indﬁéé is an object of ¥, 4 as claimed.
Now as locally convex A-modules

/
(Indg; 5)b > LA(H, /Ha, A),
(i)
~ 9(H,/Hs, A)

i

~ Hy¢c—1
~ 1ndH25

—
a2

where (i) is by definition and (ii) follows from (39). By [27, §4.3] we get a
continuous H;-equivariant A-linear composition[*’|

/
ind161 < 9(H,, A) — (Indgéé)b, (40)

which is an isomorphism.
Thus we get a continuous H;-equivariant A-linear topological isomorphism

!
o indﬁiéfl = (Indg;(S)b.

/

b !/
Proposition 3.2], it follows that (Indﬁié)b is an object of ¥, 4. Since ({40)) is
Hi-invariant, by continuity, « is Z(Hy, A)-linear. This completes the proof. [

Thus (Indg; 6) is a locally analytic H;-representation in A-modules. By [53]
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