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 �U�I�F �D�B�M�D�V�M�B�U�J�P�O �P�G �)�J�H�H�T �C�P�T�P�O

�S�F�M�B�U�F�E �P�C�T�F�S�W�B�C�M�F�T �J�T �B �W�F�S�Z �B�D�U�J�W�F �T�V�C�K�F�D�U�
 �B�O�E �X�F �O�P�X �I�B�W�F �S�F�M�J�B�C�M�F �Q�S�F�E�J�D�U�J�P�O�T �G�P�S �U�I�F �N�B�J�O �Q�S�P�E�V�D��

�U�J�P�O �B�O�E �E�F�D�B�Z �Q�S�P�D�F�T�T�F�T �J�O �U�I�F �4�. �<�����
 �����
 �����
 �����o�����>��

�.�B�L�J�O�H �T�V�D�I �Q�S�F�E�J�D�U�J�P�O�T �J�O �U�I�F �)�J�H�H�T �T�F�D�U�P�S �Q�S�F�T�F�O�U�T �N�B�O�Z �D�I�B�M�M�F�O�H�F�T�� �*�O �U�I�F �4�.�
 �U�I�F �N�B�J�O �)�J�H�H�T

�C�P�T�P�O �Q�S�P�E�V�D�U�J�P�O �N�F�D�I�B�O�J�T�N �J�T �H�M�V�P�O �G�V�T�J�P�O�
 �B �M�P�P�Q���J�O�E�V�D�F�E �Q�S�P�D�F�T�T �X�I�J�D�I�J�O�D�M�V�E�F�T �B �N�B�T�T�J�W�F �J�O�U�F�S�O�B�M

�U�P�Q �R�V�B�S�L �M�J�O�F�� �"�T �B �S�F�T�V�M�U�
 �J�U �J�T �W�F�S�Z �E�J���D�V�M�U �U�P �F�W�B�M�V�B�U�F �S�B�E�J�B�U�J�W�F �D�P�S�S�F�D�U�J�P�O�T �U�P �U�I�J�T �Q�S�P�D�F�T�T �B�O�E �X�F

�P�O�M�Z �L�O�P�X �J�U �F�Y�B�D�U�M�Z �B�U �/�-�0 �B�D�D�V�S�B�D�Z �<�����
 �����>�� �e�B�O�L�G�V�M�M�Z�
 �X�F �L�O�P�X �U�I�B�U �X�F �D�B�O�N�B�L�F �B�Q�Q�S�P�Y�J�N�B�U�F �Q�S�F��

�E�J�D�U�J�P�O�T �U�I�B�U �S�F�Q�S�P�E�V�D�F �U�I�F �F�Y�B�D�U �S�F�T�V�M�U �W�F�S�Z �G�B�J�U�I�G�V�M�M�Z �C�Z �D�P�O�T�J�E�F�S�J�O�H �U�I�F �M�J�N�J�U �X�I�F�S�F �U�I�F �N�B�T�T �P�G �U�I�F

�U�P�Q �R�V�B�S�L �H�P�F�T �U�P �J�O�m�O�J�U�Z�� �e�J�T �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �S�F�E�V�D�F�T �U�I�F �4�. �U�P �B�O �F�
�F�D�U�J�W�F �m�F�M�E �U�I�F�P�S�Z �	�&�'�5�
 �D�B�M�M�F�E

�U�I�F �)�J�H�H�T �&�
�F�D�U�J�W�F �'�J�F�M�E �e�F�P�S�Z �	�)�&�'�5�
 �<�����o�����> �J�O �X�I�J�D�I �U�I�F �J�O�D�M�V�T�J�P�O �P�G �N�P�S�F �S�B�E�J�B�U�J�W�F �D�P�S�S�F�D�U�J�P�O�T �J�T

�Q�P�T�T�J�C�M�F�
 �X�I�J�D�I �I�B�T �M�F�B�E �U�P �U�I�F �F�T�U�B�C�M�J�T�I�N�F�O�U �P�G �W�F�S�Z �Q�S�F�D�J�T�F �Q�S�F�E�J�D�U�J�P�O�T�<�����>�� �8�I�J�M�F �P�S�J�H�J�O�B�M�M�Z �E�F�W�F�M��

�P�Q�F�E �X�J�U�I �H�M�V�P�O �G�V�T�J�P�O �J�O �N�J�O�E�
 �U�I�F �)�&�'�5 �Q�S�P�W�J�E�F�T �B �X�B�Z �U�P �J�O�D�M�V�E�F �U�I�F �F�
�F�D�U�T�P�G �U�P�Q �R�V�B�S�L �M�P�P�Q�T �J�O

�P�U�I�F�S �Q�S�P�D�F�T�T�F�T �S�F�M�F�W�B�O�U �G�P�S �)�J�H�H�T �C�P�T�P�O �Q�I�Z�T�J�D�T �J�O �B �X�B�Z �U�I�B�U �N�B�L�F�T �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �S�B�E�J�B�U�J�W�F �D�P�S�S�F�D��

�U�J�P�O�T �F�B�T�J�F�S�� �e�F �m�S�T�U �Q�S�P�K�F�D�U �Q�S�F�T�F�O�U�F�E �J�O �U�I�J�T �U�I�F�T�J�T �X�B�T �E�F�W�F�M�P�Q�F�E �U�P �Q�S�P�W�J�E�F �B �N�J�T�T�J�O�H �U�P�P�M �G�P�S �T�V�D�I

�S�B�E�J�B�U�J�W�F �D�P�S�S�F�D�U�J�P�O�T�� �8�F �Q�S�P�W�J�E�F�E �U�I�F �m�S�T�U �Q�P�X�F�S���T�V�Q�Q�S�F�T�T�F�E �D�P�S�S�F�D�U�J�P�O �U�P �U�I�F �C�P�U�U�P�N���R�V�B�S�L �:�V�L�B�X�B
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�J�O �U�I�F �)�&�'�5�
 �X�I�J�D�I �J�T �S�F�M�F�W�B�O�U �X�I�F�O �D�P�O�T�J�E�F�S�J�O�H �U�I�F �/�-�0 �D�P�S�S�F�D�U�J�P�O �U�P �U�I�F �B�T�T�P�D�J�B�U�F�E �Q�S�P�E�V�D�U�J�P�O �B �Q�B�J�S

�P�G �C�P�U�U�P�N �R�V�B�S�L�T �B�O�E �B �)�J�H�H�T �C�P�T�P�O �<�����>�� �5�P �U�I�J�T �F�O�E�
 �X�F �Q�F�S�G�P�S�N�F�E �U�I�F �N�B�U�D�I�J�O�H �P�G �B �G�P�S�N �G�B�D�U�P�S �G�P�S

�U�I�FH � b̄b�E�F�D�B�Z �C�F�U�X�F�F�O �U�I�F �)�&�'�5 �B�O�E �U�I�F �4�.��

�8�I�F�O �D�P�O�T�J�E�F�S�J�O�H �#�4�. �F�Y�U�F�O�T�J�P�O�T �P�G �U�I�F �4�. �)�J�H�H�T �T�F�D�U�P�S�T�
 �B�O�P�U�I�F�S �D�I�B�M�M�F�O�H�F �J�T �U�I�F �M�B�S�H�F �W�B�S�J�F�U�Z �P�G

�N�P�E�F�M�T�
 �X�I�J�D�I �S�B�O�H�F �G�S�P�N �N�J�O�J�N�B�M �F�Y�U�F�O�T�J�P�O�T �T�V�D�I �B�T �U�I�F �U�X�P �)�J�H�H�T �E�P�V�C�M�F�U �N�P�E�F�M �U�P �W�F�S�Z �D�P�N�Q�M�F�Y

�U�I�F�P�S�J�F�T �T�V�D�I �B�T �U�I�F �.�J�O�J�N�B�M �4�V�Q�F�S�T�Z�N�N�F�U�S�J�D �4�U�B�O�E�B�S�E �.�P�E�F�M �<�����
 �����> �P�S �U�I�F�N�B�O�Z �D�P�N�Q�P�T�J�U�F �)�J�H�H�T

�N�P�E�F�M�T �<�����
 �����>�� �6�T�J�O�H �)�J�H�H�T �C�P�T�P�O �P�C�T�F�S�W�B�C�M�F�T �U�P �D�P�O�T�U�S�B�J�O �T�V�D�I �N�P�E�F�M�T �J�T� B � W� F� S� Z � G� S� V� J� U� G� V� M � B� Q� Q� S� P� B� D� I� 


�C�V�U �T�Z�T�U�F�N�B�U�J�D�B�M�M�Z �D�P�O�T�U�S�B�J�O�J�O�H �U�I�F �N�B�O�Z �#�4�. �J�E�F�B�T �B�W�B�J�M�B�C�M�F �J�T �B �W�F�S�Z �J�O�W�P�M�W�F�E �U�B�T�L�� �"�T �B �S�F�T�V�M�U�
 �U�I�F

�E�F�W�F�M�P�Q�N�F�O�U �P�G �N�P�E�F�M �J�O�E�F�Q�F�O�E�F�O�U �X�B�Z�T �P�G �D�P�O�T�U�S�B�J�O�J�O�H �O�F�X �Q�I�Z�T�J�D�T �J�T �B �Q�P�Q�V�M�B�S �U�P�Q�J�D �J�O �N�P�E�F�S�O �Q�I�F��

�O�P�N�F�O�P�M�P�H�Z�� �e�F �D�V�S�S�F�O�U �B�Q�Q�S�P�B�D�I �V�T�F�E �C�Z �F�Y�Q�F�S�J�N�F�O�U�B�M �D�P�M�M�B�C�P�S�B�U�J�P�O�T �J�O �U�I�F �)�J�H�H�T �T�F�D�U�P�S �<���>�
 �Q�S�P��

�Q�P�T�F�E �B�T �B �U�F�N�Q�P�S�B�S�Z �G�S�B�N�F�X�P�S�L �C�Z �U�I�F �)�J�H�H�T �D�S�P�T�T �T�F�D�U�J�P�O �X�P�S�L�J�O�H �H�S�P�V�Q �<�����>�
 �J�T �C�B�T�F�E �P�O �B�H�O�P�T�U�J�D

�m�U�T �P�G �4�. �Q�S�F�E�J�D�U�J�P�O�T �U�P �F�Y�Q�F�S�J�N�F�O�U�B�M �E�B�U�B�� �8�I�J�M�F �J�U �J�T �Q�S�P�Q�F�S�M�Z �V�O�J�W�F�S�T�B�M�
 �U�I�J�T �B�Q�Q�S�P�B�D�I �Q�S�P�W�J�E�F�T �D�P�O��

�T�U�S�B�J�O�U�T �P�O �R�V�B�O�U�J�U�J�F�T �U�I�B�U �B�S�F �O�P�U �X�F�M�M �E�F�m�O�F�E �R�V�B�O�U�V�N���m�F�M�E���U�I�F�P�S�F�U�J�D�B�M �P�C�K�F�D�U�T�
 �N�B�L�J�O�H �U�I�F �D�P�O�O�F�D��

�U�J�P�O �U�P �T�Q�F�D�J�m�D �#�4�. �T�D�F�O�B�S�J�P�T �D�P�N�Q�M�J�D�B�U�F�E�� �%�F�T�Q�J�U�F �C�F�J�O�H �M�F�T�T �V�O�J�W�F�S�T�B�M�
�B�O �B�U�U�S�B�D�U�J�W�F �B�M�U�F�S�O�B�U�J�W�F �J�T �U�I�F

�V�T�F �P�G �U�I�F �4�. �F�
�F�D�U�J�W�F �m�F�M�E �U�I�F�P�S�Z �	�4�.�&�'�5�
�
 �X�I�J�D�I �J�T �U�I�F �M�P�X �F�O�F�S�H�Z �M�J�N�J�U �P�G �B�M�M �#�4�. �F�Y�U�F�O�T�J�P�O�T �X�I�P�T�F

�O�F�X �Q�B�S�U�J�D�M�F�T �E�F�D�P�V�Q�M�F �B�U �-�)�$ �F�O�F�S�H�J�F�T �<�����o�����>�� �e�J�T �U�I�F�P�S�Z �D�B�O �E�F�T�D�S�J�C�F �B�M�M �Q�P�T�T�J�C�M�F �E�F�W�J�B�U�J�P�O�T �U�P �4�.

�P�C�T�F�S�W�B�C�M�F�T �D�P�N�J�O�H �G�S�P�N �I�F�B�W�Z �O�F�X �Q�I�Z�T�J�D�T�
 �F�O�D�P�E�F�E �B�T �U�I�F �8�J�M�T�P�O �D�P�F���D�J�F�O�U�T �P�G �I�J�H�I�F�S �E�J�N�F�O�T�J�P�O�B�M

�J�O�U�F�S�B�D�U�J�P�O�T �C�F�U�X�F�F�O �U�I�F �4�. �m�F�M�E�T�� �#�F�D�B�V�T�F �J�U �J�T �B �G�S�B�N�F�X�P�S�L �E�F�m�O�F�E �J�O �U�I�F �M�B�O�H�V�B�H�F �P�G �R�V�B�O�U�V�N �m�F�M�E

�U�I�F�P�S�Z�
 �U�I�F �S�F�M�B�U�J�P�O �C�F�U�X�F�F�O �4�.�&�'�5 �Q�B�S�B�N�F�U�F�S�T �B�O�E �Q�I�Z�T�J�D�B�M �P�C�T�F�S�W�B�C�M�F�T �D�B�O �C�F �F�T�U�B�C�M�J�T�I�F�E �B�O�B�M�Z�U�J��

�D�B�M�M�Z �B�O�E �T�Z�T�U�F�N�B�U�J�D�B�M�M�Z �J�N�Q�S�P�W�F�E �C�Z �S�B�E�J�B�U�J�W�F �D�P�S�S�F�D�U�J�P�O�T�� �e�F �T�F�D�P�O�E �Q�S�P�K�F�D�U �Q�S�F�T�F�O�U�F�E �J�O �U�I�J�T �U�I�F�T�J�T

�J�T �Q�B�S�U �P�G �U�I�F �P�O�H�P�J�O�H �F�
�P�S�U �U�P �Q�S�P�W�J�E�F �/�-�0 �Q�S�F�E�J�D�U�J�P�O�T �J�O �U�I�F �4�.�&�'�5 �J�O �P�S�E�F�S�U�P �Q�S�P�W�J�E�F �B �M�B�S�H�F �T�F�U

�P�G �P�C�T�F�S�W�B�C�M�F�T �U�I�B�U �D�P�V�M�E �C�F �V�T�F�E �G�P�S �B �H�M�P�C�B�M �m�U �P�G �U�I�F �4�.�&�'�5 �Q�B�S�B�N�F�U�F�S�T�� �8�F�D�P�O�T�J�E�F�S�F�E �U�I�F �H�M�V�P�O

�G�V�T�J�P�O �N�F�D�I�B�O�J�T�N �G�P�S �)�J�H�H�T �C�P�T�P�O �Q�S�P�E�V�D�U�J�P�O �B�O�E �D�B�M�D�V�M�B�U�F�E �U�I�F �/�-�0 �D�P�S�S�F�D�U�J�P�O�T �U�P �U�I�F �U�P�U�B�M �B�O�E �E�J�G��

�G�F�S�F�O�U�J�B�M �D�S�P�T�T �T�F�D�U�J�P�O�T�� �#�F�D�B�V�T�F �J�U �J�T �B �M�P�P�Q���J�O�E�V�D�F�E �Q�S�P�D�F�T�T�
 �U�I�F �/�-�0 �D�P�S�S�F�D�U�J�P�O�T �J�O�W�P�M�W�F �F�W�B�M�V�B�U�J�P�O �P�G

�U�X�P���M�P�P�Q �B�N�Q�M�J�U�V�E�F�T�
 �X�I�J�D�I �N�B�E�F �U�I�F�N �J�N�Q�P�T�T�J�C�M�F �U�P �F�W�B�M�V�B�U�F �U�I�F�N �V�T�J�O�H �B�V�U�P�N�B�U�F�E �/�-�0 �U�P�P�M�T��

�e�F �P�V�U�M�J�O�F �P�G �U�I�F �U�I�F�T�J�T �J�T �B�T �G�P�M�M�P�X�T�� �*�O �$�I�B�Q�U�F�S ���
 �X�F �N�B�L�F �B �S�F�W�J�F�X �P�G �E�J�
�F�S�F�O�U �B�T�Q�F�D�U�T �P�G �-�)�$

�Q�I�Z�T�J�D�T�� �8�F �E�J�T�D�V�T�T �U�I�F �U�I�F�P�S�F�U�J�D�B�M �D�P�O�T�U�S�V�D�U�J�P�O �P�G �U�I�F �4�U�B�O�E�B�S�E �.�P�E�F�M �B�O�E �F�M�F�D�U�S�P�X�F�B�L �T�Z�N�N�F�U�S�Z

�C�S�F�B�L�J�O�H�
 �Q�F�S�U�V�S�C�B�U�J�W�F �D�B�M�D�V�M�B�U�J�P�O�T �G�P�S �I�J�H�I���F�O�F�S�H�Z �I�B�E�S�P�O �T�D�B�U�U�F�S�J�O�H�Q�S�P�D�F�T�T�F�T�
 �F�Y�Q�F�S�J�N�F�O�U�B�M �B�O�E �U�I�F��

�P�S�F�U�J�D�B�M �G�F�B�U�V�S�F�T �P�G �)�J�H�H�T �C�P�T�P�O �Q�I�Z�T�J�D�T�
 �B�O�E �m�O�B�M�M�Z �E�F�T�D�S�J�C�F �U�I�F �4�.�&�'�5�� �*�O �$�I�B�Q�U�F�S ���
 �X�F �J�O�U�S�P�E�V�D�F �U�I�F

�N�B�U�I�F�N�B�U�J�D�B�M �U�P�P�M�T �G�P�S �N�V�M�U�J���M�P�P�Q �D�B�M�D�V�M�B�U�J�P�O�T �U�I�B�U �I�B�W�F �C�F�F�O �S�F�M�F�W�B�O�U �G�P�S �P�V�S �X�P�S�L�� �8�F �m�S�T�U �E�F�T�D�S�J�C�F

�U�I�F �U�F�D�I�O�J�R�V�F�T �V�T�F�E �U�P �S�F�E�V�D�F �U�I�F �D�P�N�Q�M�F�Y�J�U�Z �P�G �N�P�E�F�S�O �N�V�M�U�J���M�P�P�Q �B�N�Q�M�J�U�V�E�F�T�
 �G�P�D�V�T�J�O�H �P�O �U�I�F �U�S�F�B�U��

�N�F�O�U �P�G �J�O�U�F�H�S�B�M�T �C�B�T�F�E �P�O �J�O�U�F�H�S�B�M �G�B�N�J�M�J�F�T �B�O�E �U�I�F �S�F�E�V�D�U�J�P�O �U�P �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �V�T�J�O�H �J�O�U�F�H�S�B�U�J�P�O��

�C�Z���Q�B�S�U�T �J�E�F�O�U�J�U�J�F�T�� �8�F �U�I�F�O �N�B�L�F �B�O �P�W�F�S�W�J�F�X �P�G �T�P�N�F �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M �F�W�B�M�V�B�U�J�P�O �U�F�D�I�O�J�R�V�F�T�
 �E�F��

�T�D�S�J�C�J�O�H �U�I�F �T�Z�T�U�F�N�B�U�J�D�T �P�G �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �B�O�E �P�G �U�I�F �F�Y�Q�B�O�T�J�P�O �C�Z �S�F�H�J�P�O�T�
 �X�I�J�D�I �I�B�W�F

�C�F�F�O �V�T�F�E �F�Y�U�F�O�T�J�W�F�M�Z �J�O �U�I�J�T �U�I�F�T�J�T�
 �B�O�E �Q�S�P�W�J�E�J�O�H �B �N�P�S�F �T�D�I�F�N�B�U�J�D �J�O�U�S�P�E�V�D�U�J�P�O �U�P �O�V�N�F�S�J�D�B�M �J�O�U�F��

�H�S�B�U�J�P�O �N�F�U�I�P�E�T�
 �X�I�J�D�I �X�F�S�F �V�T�F�E �B�T �B �D�S�P�T�T �D�I�F�D�L �P�G �P�V�S �B�O�B�M�Z�U�J�D �S�F�T�V�M�U�� �8�F�D�P�O�D�M�V�E�F �U�I�J�T �D�I�B�Q�U�F�S �C�Z

�Q�S�P�W�J�E�J�O�H �B �S�F�W�J�F�X �P�G �N�V�M�U�J�Q�M�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �B�O�E �U�I�F�J�S �B�M�H�F�C�S�B�J�D �Q�S�P�Q�F�S�U�J�F�T�� �"�G�U�F�S �U�I�F�T�F �J�O�U�S�P�E�V�D�U�P�S�Z

�E�J�T�D�V�T�T�J�P�O�T�
 �$�I�B�Q�U�F�S �� �Q�S�F�T�F�O�U�T �P�V�S �m�S�T�U �P�S�J�H�J�O�B�M �S�F�T�V�M�U�� �U�I�F �F�W�B�M�V�B�U�J�P�O�P�G �U�I�F �Q�P�X�F�S���T�V�Q�Q�S�F�T�T�F�E �D�P�S�S�F�D��

�U�J�P�O �U�P �U�I�F �C�P�U�U�P�N �R�V�B�S�L �:�V�L�B�X�B �J�O �U�I�F �4�.�&�'�5�� �8�F �m�S�T�U �N�P�U�J�W�B�U�F �U�I�F �O�F�F�E �G�P�S �U�I�J�T �D�P�S�S�F�D�U�J�P�O �G�P�S �U�I�F

�J�N�Q�S�P�W�F�N�F�O�U �P�G �U�I�F �Q�S�F�E�J�D�U�J�P�O �P�G �)�J�H�H�T �C�P�T�P�O �Q�S�F�E�J�D�U�J�P�O �J�O �B�T�T�P�D�J�B�U�J�P�O �X�J�U�I �B �Q�B�J�S �P�G �C�P�U�U�P�N �R�V�B�S�L�T

�B�O�E �T�I�P�X �I�P�X �B �G�P�S�N �G�B�D�U�P�S �G�P�S �U�I�F �E�F�D�B�ZH � b̄b �D�B�O �C�F �V�T�F�E �U�P �F�Y�U�S�B�D�U �U�I�J�T �D�P�S�S�F�D�U�J�P�O�� �8�F �U�I�F�O

��



�H�P �P�W�F�S �U�I�F �D�B�M�D�V�M�B�U�J�P�O �P�G �U�I�J�T �G�P�S�N �G�B�D�U�P�S �J�O �U�I�F �4�.�&�'�5�
 �X�I�J�D�I �J�T �B �P�O�F���M�P�P�Q�D�B�M�D�V�M�B�U�J�P�O�� �8�F �E�F�S�J�W�F

�U�I�F �S�F�M�F�W�B�O�U �P�O�F���M�P�P�Q �J�O�U�F�H�S�B�M�T �J�O �B �Q�F�E�B�H�P�H�J�D�B�M �X�B�Z�
 �J�O�U�S�P�E�V�D�J�O�H �T�F�W�F�S�B�M �U�F�D�I�O�J�R�V�F�T �S�F�M�F�W�B�O�U �G�P�S �U�I�F

�E�J�S�F�D�U �J�O�U�F�H�S�B�U�J�P�O �P�G �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�S�J�[�F�E �J�O�U�F�H�S�B�M�T �B�O�E �I�J�H�I�M�J�H�I�U�J�O�H �U�I�F �V�T�F�G�V�M�O�F�T�T �P�G �N�P�E�F�S�O �N�V�M��

�U�J�Q�M�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N �U�F�D�I�O�J�R�V�F�T�� �8�F �U�I�F�O �E�F�T�D�S�J�C�F �U�I�F �N�P�S�F �D�P�N�Q�M�F�Y �D�B�M�D�V�M�B�U�J�P�O �P�G �U�I�F �G�P�S�N �G�B�D�U�P�S �J�O

�U�I�F �4�.�
 �X�I�J�D�I �S�F�R�V�J�S�F�T �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �U�X�P���M�P�P�Q �'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T�� �8�F �D�P�N�Q�V�U�F �U�I�F �S�F�M�F�W�B�O�U �U�X�P��

�M�P�P�Q �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �B�O�E �T�I�P�X �F�Y�Q�M�J�D�J�U�M�Z �I�P�X �U�I�F �F�Y�Q�B�O�E�F�E �J�O�U�F�H�S�B�M�T �J�O �U�I�F �4�. �B�S�F �S�F�M�B�U�F�E �U�P �J�O�U�F�H�S�B�M�T

�B�Q�Q�F�B�S�J�O�H �J�O �U�I�F �)�&�'�5 �D�B�M�D�V�M�B�U�J�P�O�� �'�J�O�B�M�M�Z�
 �X�F �D�P�N�Q�B�S�F �U�I�F �U�X�P �S�F�T�V�M�U�T �U�P �F�Y�U�S�B�D�U �U�I�F �E�F�T�J�S�F�E �8�J�M�T�P�O

�D�P�F���D�J�F�O�U�� �e�F �O�F�Y�U �U�X�P �D�I�B�Q�U�F�S�T�
 �$�I�B�Q�U�F�S �� �B�O�E �$�I�B�Q�U�F�S �� �E�F�T�D�S�J�C�F �P�V�S �T�F�D�P�O�E �P�S�J�H�J�O�B�M �D�P�O�U�S�J�C�V�U�J�P�O��

�U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F �/�-�0 �D�P�S�S�F�D�U�J�P�O �U�P �U�I�F �H�M�V�P�O �G�V�T�J�P�O �Q�S�P�D�F�T�T �J�O �U�I�F �4�.�&�'�5�� �e�F �m�S�T�U �D�I�B�Q�U�F�S �G�P�D�V�T�F�T

�P�O �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F �W�J�S�U�V�B�M �D�P�S�S�F�D�U�J�P�O�T �U�P �U�I�J�T �Q�S�P�D�F�T�T�
 �X�I�J�D�I �S�F�R�V�J�S�F�E �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �U�X�P���M�P�P�Q

�'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T�� �8�F �m�S�T�U �F�Y�Q�M�B�J�O �I�P�X �U�I�F �4�.�&�'�5 �N�P�E�J�m�F�T �)�J�H�H�T �C�P�T�P�O �Q�S�P�E�V�D�U�J�P�O �C�Z �J�O�U�S�P�E�V�D�J�O�H

�U�I�F �S�F�M�F�W�B�O�U �E�J�N�F�O�T�J�P�O �T�J�Y �P�Q�F�S�B�U�P�S�T �U�I�B�U �N�P�E�J�G�Z �J�O�U�F�S�B�D�U�J�P�O�T �C�F�U�X�F�F�O �U�P�Q �R�V�B�S�L�T�
 �H�M�V�P�O�T �B�O�E �)�J�H�H�T

�C�P�T�P�O�T �C�F�G�P�S�F �E�F�T�D�S�J�C�J�O�H �U�I�F �D�B�M�D�V�M�B�U�J�P�O �P�G �U�I�F �B�N�Q�M�J�U�V�E�F �B�U �-�0�� �8�F �U�I�F�O �E�F�T�D�S�J�C�F �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �C�B�S�F

�B�N�Q�M�J�U�V�E�F �B�U �/�-�0 �B�O�E �E�J�T�D�V�T�T �U�I�F �E�J�W�F�S�H�F�O�D�F�T �P�G �U�I�J�T �B�N�Q�M�J�U�V�E�F�� �6�T�J�O�H �U�I�F �L�O�P�X�O �P�O�F���M�P�P�Q �S�F�O�P�S�N�B�M��

�J�[�B�U�J�P�O �B�O�E �J�O�G�S�B�S�F�E �T�U�S�V�D�U�V�S�F�T �P�G �U�I�F �U�I�F�P�S�Z�
 �X�F �F�Y�U�S�B�D�U �B �Q�S�F�W�J�P�V�T�M�Z �V�O�L�O�P�X�O �D�P�V�O�U�F�S�U�F�S�N �B�O�E �V�T�F

�J�U �U�P �P�C�U�B�J�O �U�I�F �S�F�O�P�S�N�B�M�J�[�F�E �B�N�Q�M�J�U�V�E�F�� �8�F �U�I�F�O �E�J�T�D�V�T�T �U�I�F �S�V�O�O�J�O�H �P�G �U�I�F�8�J�M�T�P�O �D�P�F���D�J�F�O�U�T �B�O�E

�U�I�F �B�O�B�M�Z�U�J�D �D�P�O�U�J�O�V�B�U�J�P�O �P�G �U�I�F �B�N�Q�M�J�U�V�E�F �U�P �U�I�F �Q�I�Z�T�J�D�B�M �S�F�H�J�P�O�
 �C�P�U�I �P�G�X�I�J�D�I �X�J�M�M �C�F �V�T�F�E �U�P �T�U�V�E�Z

�U�I�F �Q�I�F�O�P�N�F�O�P�M�P�H�Z �P�G �U�I�F �Q�S�P�D�F�T�T�� �*�O �$�I�B�Q�U�F�S ���
 �X�F �E�F�T�D�S�J�C�F �U�I�F �D�P�N�C�J�O�B�U�J�P�O �P�G �U�I�F �U�X�P �M�P�P�Q �W�J�S�U�V�B�M

�D�P�S�S�F�D�U�J�P�O �U�P �U�I�F �B�N�Q�M�J�U�V�E�F �X�J�U�I �U�I�F �S�F�B�M �F�N�J�T�T�J�P�O �E�J�B�H�S�B�N�T �H�F�O�F�S�B�U�F�E �C�Z�J���/�:�`���T�?�8�n���J�*�!�L�G�P�U�P �Q�S�P��

�E�V�D�F �Q�I�Z�T�J�D�B�M �Q�S�F�E�J�D�U�J�P�O�T �G�P�S �H�M�V�P�O �G�V�T�J�P�O �J�O �U�I�F �)�&�'�5�� �8�F �U�I�F�O �B�E�E�S�F�T�T �U�I�F�J�T�T�V�F �P�G �U�I�F �U�I�F�P�S�F�U�J�D�B�M

�V�O�D�F�S�U�B�J�O�U�J�F�T �P�G �P�V�S �Q�S�F�E�J�D�U�J�P�O�T �S�F�M�B�U�F�E �U�P �U�I�F �N�J�T�T�J�O�H �P�S�E�F�S�T �J�O �U�I�F �Q�F�S�U�V�S�C�B�U�J�W�F �2�$�% �F�Y�Q�B�O�T�J�P�O �B�O�E

�U�I�F �Q�P�X�F�S �T�V�Q�Q�S�F�T�T�F�E �U�F�S�N�T �J�O �U�I�F �4�.�&�'�5 �F�Y�Q�B�O�T�J�P�O�� �8�F �Q�S�F�T�F�O�U �S�F�T�V�M�U�T �G�P�S �U�I�F �U�P�U�B�M �D�S�P�T�T �T�F�D�U�J�P�O

�B�O�E �L�J�O�F�N�B�U�J�D �E�J�T�U�S�J�C�V�U�J�P�O�T �B�T �B �G�V�O�D�U�J�P�O �P�G �U�I�F �8�J�M�T�P�O �D�P�F���D�J�F�O�U�T �B�O�E �E�J�T�D�V�T�T �U�I�F �F�
�F�D�U�T �P�G �U�I�F �/�-�0

�D�P�S�S�F�D�U�J�P�O�T �P�O �U�I�F�T�F �P�C�T�F�S�W�B�C�M�F�T�� �'�J�O�B�M�M�Z�
 �X�F �D�P�O�T�J�E�F�S �U�I�F �Q�P�T�T�J�C�J�M�J�U�Z �U�P �F�Y�U�F�O�E �P�V�S �Q�S�F�E�J�D�U�J�P�O �U�P �J�O��

�D�M�V�E�F �U�I�F �F�
�F�D�U�T �P�G �M�J�H�I�U �R�V�B�S�L�T �J�O �U�I�F �M�P�P�Q �B�O�E �E�J�T�D�V�T�T �U�I�F�J�S �Q�I�F�O�P�N�F�O�P�M�P�H�J�D�B�M �S�F�M�F�W�B�O�D�F�� �8�F �Q�S�P�W�J�E�F

�D�P�O�D�M�V�E�J�O�H �S�F�N�B�S�L�T �J�O �$�I�B�Q�U�F�S ����
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�e�F �4�. �J�T �B �R�V�B�O�U�V�N �m�F�M�E �U�I�F�P�S�Z �	�2�'�5�
�
 �E�F�m�O�F�E �C�Z �J�U�T �T�F�U �P�G �R�V�B�O�U�V�N �m�F�M�E�T�
 �U�I�F�J�S �T�Z�N�N�F�U�S�Z �Q�S�P�Q�F�S�U�J�F�T�


�B�O�E �B�O �B�D�U�J�P�O�
S�4�. �
 �X�I�J�D�I �F�O�D�P�E�F�T �U�I�F�J�S �C�F�I�B�W�J�P�S�� �e�F �B�D�U�J�P�O �D�B�O �C�F �F�O�U�J�S�F�M�Z �D�P�O�T�U�S�V�D�U�F�E �G�S�P�N�U�I�F

�T�Z�N�N�F�U�S�Z �Q�S�P�Q�F�S�U�J�F�T �P�G �U�I�F �m�F�M�E�T �B�O�E �U�I�F �D�P�O�T�U�S�B�J�O�U �P�G �S�F�O�P�S�N�B�M�J�[�B�C�J�M�J�U�Z�B�O�E �U�I�J�T �T�F�D�U�J�P�O �X�J�M�M �P�V�U�M�J�O�F

�U�I�F �Q�S�J�O�D�J�Q�M�F�T �P�G �U�I�J�T �D�P�O�T�U�S�V�D�U�J�P�O �B�O�E �U�I�F�J�S �Q�I�Z�T�J�D�B�M �D�P�O�T�F�R�V�F�O�D�F�T�� �e�F �B�D�U�J�P�O �J�T �J�O�W�B�S�J�B�O�U �V�O�E�F�S �U�I�F

�G�P�M�M�P�X�J�O�H �T�Z�N�N�F�U�S�Z �H�S�P�V�Q��

GSM = P4 � U(1)Y � SU(2)L � SU(3)c, �	�������


�X�I�F�S�FP4 �J�T �U�I�F4���E�J�N�F�O�T�J�P�O�B�M �1�P�J�O�D�B�S�Ï �H�S�P�V�Q�– �X�I�J�D�I �E�F�T�D�S�J�C�F�T �U�I�F �J�O�W�B�S�J�B�O�D�F �P�G �U�I�F �U�I�F�P�S�Z �V�O�E�F�S �T�Q�F��

�D�J�B�M �S�F�M�B�U�J�W�J�U�Z �U�S�B�O�T�G�P�S�N�B�U�J�P�O�T �B�O�E �U�I�F �P�U�I�F�S �H�S�P�V�Q�T �B�S�F �H�B�V�H�F �H�S�P�V�Q�T�
 �E�F�T�D�S�J�C�J�O�H �J�O�U�F�S�O�B�M �T�Z�N�N�F�U�S�J�F�T

�P�G �U�I�F �m�F�M�E�T�� �e�F �M�B�C�F�M�T �P�G �U�I�F �H�B�V�H�F �H�S�P�V�Q�T �B�S�F �U�I�F�S�F �U�P �J�O�E�J�D�B�U�F �U�I�F �S�P�M�F �F�B�D�I �H�S�P�V�Q �Q�M�B�Z�T �J�O �U�I�F �4�.��

U(1)Y �J�T �U�I�F �I�Z�Q�F�S�D�I�B�S�H�F �H�S�P�V�Q�
 �X�I�P�T�F �D�I�B�S�H�F �J�T�y�
SU(2)L �D�P�V�Q�M�F�T �P�O�M�Z �U�P �M�F�G�U���I�B�O�E�F�E �G�F�S�N�J�P�O�T �B�O�E

�U�I�F �)�J�H�H�T �C�P�T�P�O�
 �B�O�ESU(3)c �J�T �U�I�F �D�P�M�P�S �H�S�P�V�Q��

�–�/�P�U�F �U�I�B�U �J�O �Q�S�B�D�U�J�D�F �X�F �X�J�M�M �X�P�S�L �J�O �U�I�F �D�P�O�U�F�Y�U �P�G �E�J�N�F�O�T�J�P�O�B�M �S�F�H�V�M�B�S�J�[�B�U�J�P�O�
 �X�I�F�S�F �X�F �X�J�M�M �D�P�N�Q�V�U�F �B�M�M �R�V�B�O�U�J�U�J�F�T �J�O
d = 4 Š 2� �E�J�N�F�O�T�J�P�O�T �B�O�E �B�O�B�M�Z�U�J�D�B�M�M�Z �D�P�O�U�J�O�V�F �P�C�T�F�S�W�B�C�M�F�T �J�O �U�I�F �M�J�N�J�U� � 0��

��



�e�F �4�U�B�O�E�B�S�E �.�P�E�F�M �D�M�B�T�T�J�D�B�M �B�D�U�J�P�OS�4�. �D�B�O �C�F �D�P�N�Q�B�D�U�M�Z �F�Y�Q�S�F�T�T�F�E �B�T
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� + �
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+
�
L̄� c� Yl e+ ēY•
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�8�I�F�S�FF, W, G, L, e, QL , �uR, dR, � �B�S�F �G�V�O�D�U�J�P�O�T �P�G �T�Q�B�D�F�U�J�N�F �U�I�B�U �U�B�L�F �U�I�F�J�S �W�B�M�V�F �J�O �T�P�N�F �J�S�S�F�E�V�D�J�C�M�F

�S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�GP4 � U(1)Y � SU(2)L � SU(3)c��

�1�P�J�O�D�B�S�Ï �J�O�W�B�S�J�B�O�D�F �J�T �B�V�U�P�N�B�U�J�D�B�M�M�Z �T�B�U�J�T�m�F�E �C�Z �U�I�F �G�B�D�U �U�I�B�U �U�I�F �B�D�U�J�P�O�J�T �X�S�J�U�U�F�O �B�T �U�I�F �J�O�U�F�H�S�B�M �P�G

�B �-�B�H�S�B�O�H�J�B�O

S�4�. =
� + �

Š�
d4xL �4�. �	�������


�X�I�F�S�F �F�B�D�I �U�F�S�N �P�G �U�I�F �-�B�H�S�B�O�H�J�B�O �J�T�M�P�D�B�M�B�O�E �J�T �B �-�P�S�F�O�U�[ �T�D�B�M�B�S�� �e�F �D�P�O�T�U�S�B�J�O�U �P�G �S�F�O�P�S�N�B�M�J�[�B�C�J�M�J�U�Z

�N�F�B�O�T �U�I�B�U �U�I�F �T�F�U �P�G �P�Q�F�S�B�U�P�S�T �J�OL �4�. �J�T �T�U�B�C�M�F �V�O�E�F�S �R�V�B�O�U�V�N �D�P�S�S�F�D�U�J�P�O�T�
 �X�I�J�D�I �J�T �F�R�V�J�W�B�M�F�O�U �U�P �U�I�F

�B�C�T�F�O�D�F �P�G �U�F�S�N�T �P�G �U�I�F �G�P�S�NgO�
 �X�I�F�S�Fg �J�T �B �Q�B�S�B�N�F�U�F�S �B�O�EO �D�P�O�U�B�J�O�T �P�O�M�Z �m�F�M�E�T �B�O�E �E�F�S�J�W�B�U�J�W�F�T �B�O�E

�J�T �P�G �E�J�N�F�O�T�J�P�O> 4��

�8�I�J�M�F �1�P�J�O�D�B�S�Ï �T�Z�N�N�F�U�S�Z �J�T �N�B�O�J�G�F�T�U�
 �U�I�F �J�O�W�B�S�J�B�O�D�F �P�GL �4�. �V�O�E�F�S �U�I�F �H�B�V�H�F �H�S�P�V�Q �J�T �O�P�O���U�S�J�W�J�B�M�M�Z

�S�F�B�M�J�[�F�E�� �(�B�V�H�F �T�Z�N�N�F�U�S�Z �S�F�R�V�J�S�F�T �U�I�F �J�O�W�B�S�J�B�O�D�F �V�O�E�F�S�M�P�D�B�M�U�S�B�O�T�G�P�S�N�B�U�J�P�O�T �P�G �U�I�F �H�B�V�H�F �H�S�P�V�Q�� �'�P�S

�F�Y�B�N�Q�M�F�
 �T�Q�J�O��1/ 2 �m�F�M�E�T �U�S�B�O�T�G�P�S�N �M�J�O�F�B�S�M�Z�
 �X�I�J�D�I �N�F�B�O�T �U�I�B�U �U�I�F�T�F �m�F�M�E�T �B�S�F �W�F�D�U�P�S�T �P�G �T�P�N�F�J�S�S�F��

�E�V�D�J�C�M�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �U�I�J�T �H�B�V�H�F �H�S�P�V�Q �B�O�E �U�I�B�U �G�P�S �B�O�Z �G�V�O�D�U�J�P�OU(x) �G�S�P�N �T�Q�B�D�F�U�J�N�F �U�P �U�I�J�T �J�S�S�F��

�E�V�D�J�C�M�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�
 �U�I�F �U�S�B�O�T�G�P�S�N�B�U�J�P�O

� (x) � U(x)� (x) �	�������


�M�F�B�W�F�T �U�I�F �-�B�H�S�B�O�H�J�B�O �J�O�W�B�S�J�B�O�U�� �6�T�J�O�H �U�I�F �H�F�O�F�S�B�U�P�S�TK a �P�G �U�I�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�
 �U�I�J�T �U�S�B�O�T�G�P�S�N�B�U�J�P�O

�D�B�O �C�F �S�F���F�Y�Q�S�F�T�T�F�E �B�T

� (x) � exp (i� a(x)K a) � (x), �	�������


�G�P�S �T�P�N�F �G�V�O�D�U�J�P�O� a(x)�� �e�J�T�
 �J�O �Q�B�S�U�J�D�V�M�B�S�
 �N�F�B�O�T �U�I�B�U �U�I�F �L�J�O�F�U�J�D �U�F�S�N �D�B�O�O�P�U �F�O�U�F�S �U�I�F �-�B�H�S�B�O�H�J�B�O

�B�M�P�O�F�� �V�O�E�F�S �T�V�D�I �B �U�S�B�O�T�G�P�S�N�B�U�J�P�O

i �̄ (x)��� (x) � i �̄ (x)��� (x) + i �̄ (x)
�

U• ��U
�

� (x). �	�������


�e�J�T �J�T �B �D�P�O�T�F�R�V�F�O�D�F �P�G �U�I�F �G�B�D�U �U�I�B�U �U�I�F �m�F�M�E� �U�B�L�F�T �J�U�T �W�B�M�V�F�T �J�O �U�I�F �U�B�O�H�F�O�U �C�V�O�E�M�F �P�G �B �m�C�F�S �C�V�O�E�M�F

�X�I�P�T�F �C�B�T�F �J�T �.�J�O�L�P�X�T�L�J �T�Q�B�D�F �B�O�E �X�I�P�T�F �m�C�F�S �J�T �U�I�F �H�B�V�H�F �H�S�P�V�Q�� �U�I�F �E�F�S�J�W�B�U�J�W�F �O�F�F�E�T �U�P �D�P�O�U�B�J�O �B

�D�P�O�O�F�D�U�J�P�O �U�F�S�N �U�I�B�U �E�F�T�D�S�J�C�F�T �U�I�F �H�F�P�N�F�U�S�Z �P�G �U�I�F �m�C�F�S�� �*�O �U�I�B�U �M�B�O�H�V�B�H�F�
�U�I�F �J�O�W�B�S�J�B�O�D�F �V�O�E�F�S �H�B�V�H�F

�U�S�B�O�T�G�P�S�N�B�U�J�P�O�T �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �J�O�W�B�S�J�B�O�D�F �V�O�E�F�S �S�F�Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�P�G �U�I�F �m�C�F�S�� �e�F �D�P�W�B�S�J�B�O�U

��



�E�F�S�J�W�B�U�J�W�F �T�I�P�V�M�E �U�I�F�S�F�G�P�S�F �C�F

Dµ = � µ Š iCµ(x), �	�������


�X�I�F�S�FCµ �J�T �U�I�F �D�P�O�O�F�D�U�J�P�O �B�O�E �U�B�L�F�T �J�U�T �W�B�M�V�F�T �J�O �U�I�F �U�B�O�H�F�O�U �T�Q�B�D�F �P�G �U�I�F �H�B�V�H�F �H�S�P�V�Q�
�J���F���
 �U�I�F �-�J�F

�B�M�H�F�C�S�B �P�G �U�I�F �H�B�V�H�F �H�S�P�V�Q�
 �B�O�E �U�S�B�O�T�G�P�S�N�T �J�O �U�I�F �G�P�M�M�P�X�J�O�H �X�B�Z��

Cµ(x) � U• (x)Cµ(x)U(x) + U• (x)� µU(x) �	�������


�X�I�J�D�I �M�F�B�W�F�T�̄ �D� �J�O�W�B�S�J�B�O�U �V�O�E�F�S �H�B�V�H�F �U�S�B�O�T�G�P�S�N�B�U�J�P�O�T�� �*�U �J�T �P�G�U�F�O �D�P�O�W�F�O�J�F�O�U �U�P �E�F�D�P�N�Q�P�T�FCµ(x)

�J�O �U�I�F �C�B�T�J�T �Q�S�P�W�J�E�F�E �C�Z �U�I�F �H�F�O�F�S�B�U�P�S�T �P�G �U�I�F �-�J�F �B�M�H�F�C�S�B��

Cµ(x) = Cµa(x)Ga. �	�������


�e�F �F�Y�B�D�U �G�P�S�N �P�G �U�I�F �D�P�W�B�S�J�B�O�U �E�F�S�J�W�B�U�J�W�F �J�T �J�N�Q�M�J�D�J�U�M�Z �E�F�Q�F�O�E�F�O�U �P�O �U�I�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �U�I�F �m�F�M�E

�J�U �B�D�U�T �P�O�
 �B�O�E �Q�S�P�W�J�E�F�T �B �H�F�O�F�S�J�D �X�B�Z �U�P �D�P�O�T�U�S�V�D�U �H�B�V�H�F���J�O�W�B�S�J�B�O�U �L�J�O�F�U�J�D �U�F�S�N�T �G�P�S �G�F�S�N�J�P�O�T�� �e�F

�L�J�O�F�U�J�D �U�F�S�N�T �G�P�S �U�I�F �G�F�S�N�J�P�O �m�F�M�E�TL, e, QL , �uR, dR �B�S�F �C�V�J�M�U �F�Y�B�D�U�M�Z �J�O �U�I�J�T �X�B�Z �J�O �U�I�F �T�F�D�P�O�E �M�J�O�F �P�G

�&�R�V�B�U�J�P�O �������� �e�F�T�F �U�F�S�N�T �T�B�U�V�S�B�U�F �U�I�F �D�P�N�Q�M�F�U�F �M�J�T�U �P�G �T�Z�N�N�F�U�S�J�D �S�F�O�P�S�N�B�M�J�[�B�C�M�F �P�Q�F�S�B�U�P�S�T �J�O�W�P�M�W�J�O�H

�P�O�M�Z �G�F�S�N�J�P�O �m�F�M�E�T �B�O�E �U�I�F �D�P�V�Q�M�J�O�H �C�F�U�X�F�F�O �U�I�F �G�F�S�N�J�P�O�T �B�O�E �U�I�F �H�B�V�H�F �D�P�O�O�F�D�U�J�P�OCµ(x)��

�e�F �O�B�N�F�T �B�O�E �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�T �P�G �U�I�F �4�. �G�F�S�N�J�P�O�T �B�S�F �E�F�T�D�S�J�C�F�E �J�O �5�B�C�M�F ���������&�B�D�I �G�F�S�N�J�P�O �J�T �B�D�U�V��

�B�M�M�Z �B �U�I�S�F�F���D�P�N�Q�P�O�F�O�U �m�F�M�E�
 �X�J�U�I �F�B�D�I �D�P�N�Q�P�O�F�O�U �D�B�M�M�F�E �B�n�B�W�P�S�P�S �B�G�B�N�J�M�Z�
 �X�I�J�D�I �X�J�M�M �C�F �E�J�T�U�J�O�H�V�J�T�I�F�E

�C�Z �U�I�F �T�U�S�V�D�U�V�S�F �P�G �U�I�F �:�V�L�B�X�B �N�B�U�S�J�D�F�TYi � 
 � X� I� J� D� I � B� S� F3 × 3 �N�B�U�S�J�D�F�T �J�O �n�B�W�P�S �T�Q�B�D�F��

�/�B�N�F �4�Z�N�C�P�MU(1)Y � SU(2)L � SU(3)c

�M�F�Q�U�P�O �E�P�V�C�M�F�UL e =

�

�
� e

eL

	


 Š1 � 2 � 1

�D�I�B�S�H�F�E �M�F�Q�U�P�O �T�J�O�H�M�F�UeR Š2 � 1 � 1

�R�V�B�S�L �E�P�V�C�M�F�UQL =

�

�
�uL

dL

	


 1/ 3 � 2 � 3

�V�Q �R�V�B�S�L �T�J�O�H�M�F�U�uR 4/ 3 � 1 � 3

�E�P�X�O �R�V�B�S�L �T�J�O�H�M�F�UdR Š2/ 3 � 1 � 3

�;�H�I�S�L �������!�;�O�L �M�L�Y�T�P�V�U �Ä�L�S�K�Z �V�M �[�O�L �:�4�� �,�H�J�O �Ä�L�S�K �O�H�Z �[�O�Y�L�L �J�V�T�W�V�U�L�U�[�Z �^�O�P�J�O �Y�L�W�Y�L�Z�L�U�[�[�O�L �[�O�Y�L�L �Å�H�]�V�Y�Z �V�M �L�H�J�O �[�`�W�L �V�M �:�4

�M�L�Y�T�P�V�U��

�*�O �H�B�V�H�F �U�I�F�P�S�J�F�T �T�V�D�I �B�T �U�I�F �4�.�
 �U�I�F �H�F�P�N�F�U�S�Z �P�G �U�I�F �H�B�V�H�F �m�C�F�S �C�V�O�E�M�F �J�T �B �E�Z�O�B�N�J�D �P�C�K�F�D�U�� �"�T

�B �S�F�T�V�M�U�
 �U�I�F �H�B�V�H�F �D�P�O�O�F�D�U�J�P�O�TCµa(x) �B�S�F �Q�S�P�N�P�U�F�E �U�P �E�Z�O�B�N�J�D �m�F�M�E�T�
 �X�I�J�D�I �X�J�M�M �D�P�S�S�F�T�Q�P�O�E �U�P �U�I�F

�N�F�E�J�B�U�P�S�T �P�G �U�I�F �G�V�O�E�B�N�F�O�U�B�M �J�O�U�F�S�B�D�U�J�P�O�T�� �#�F�D�B�V�T�F �P�V�S �H�B�V�H�F �H�S�P�V�Q �J�T �B �T�F�N�J���T�J�N�Q�M�F �-�J�F �H�S�P�V�Q�
 �J�U �J�T

�V�T�F�G�V�M �U�P �V�T�F �U�I�B�U �T�U�S�V�D�U�V�S�F �U�P �E�F�D�P�N�Q�P�T�F �J�U�T �-�J�F �B�M�H�F�C�S�B �B�T �B �E�J�S�F�D�U �T�V�Nu(1) � su(2) � su(3) �B�O�E �U�P

��



�D�I�P�P�T�F �B�O �B�E�B�Q�U�F�E �C�B�T�J�T��
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�	���������


�X�I�F�S�F �U�I�F� a �B�O�ETa �B�S�F �S�F�T�Q�F�D�U�J�W�F�M�Z �U�I�F �H�F�O�F�S�B�U�P�S�T �P�G �U�I�F �S�F�M�F�W�B�O�U �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�GSU(2) �B�O�ESU(3)��

�8�F �X�J�M�M �T�Z�T�U�F�N�B�U�J�D�B�M�M�Z �E�S�P�Q �B�M�M �U�S�J�W�J�B�M �Q�B�S�U�T �P�G �U�I�F �B�M�H�F�C�S�B �B�O�E �V�T�F�y�
� �B�O�ET �U�P �N�F�B�O �U�I�F �N�B�U�S�J�D�F�T �X�J�U�I

0n× n �C�M�P�D�T�� �5�P �S�F�n�F�D�U �U�I�F �G�B�D�U �U�I�B�U �U�I�F �H�B�V�H�F �H�S�P�V�Q �E�F�T�D�S�J�C�F�T �T�F�W�F�S�B�M �J�O�U�F�S�B�D�U�J�P�O�T�
 �X�F �J�O�U�S�P�E�V�D�F �U�I�F

�D�P�V�Q�M�J�O�H �D�P�O�T�U�B�O�U�Tg�
g� �B�O�Egs �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �F�B�D�I �J�O�U�F�S�B�D�U�J�P�O �B�O�E �E�F�m�O�F �U�I�F �G�P�M�M�P�X�J�O�H �m�F�M�E�T

Cµ(x) = g� �y
2

Bµ(x) + gWµI � I + gsGµaTa. �	���������


�e�FB �B�O�EWI �m�F�M�E�T �B�S�F �D�B�M�M�F�E �U�I�F �F�M�F�D�U�S�P�X�F�B�L �H�B�V�H�F �m�F�M�E�T �B�O�EG �U�I�F �H�M�V�P�O �m�F�M�E�� �e�F �H�M�V�P�O�T�
 �B�S�F

�Q�B�S�U�J�D�M�F�T �X�I�P�T�F �F�
�F�D�U �J�T �T�F�F�O �J�O �D�P�M�M�J�E�F�S�T �B�O�E �X�F�S�F �E�J�T�D�P�W�F�S�F�E �J�O ���������
 �X�I�J�M�F �U�I�F �F�M�F�D�U�S�P�X�F�B�L �C�P�T�P�O�T

�I�B�W�F �H�F�O�F�S�J�D �O�B�N�F�T �C�F�D�B�V�T�F �U�I�F�Z �X�J�M�M �C�F �S�F�D�P�N�C�J�O�F�E �V�O�E�F�S �F�M�F�D�U�S�P�X�F�B�L �T�Z�N�N�F�U�S�Z �C�S�F�B�L�J�O�H �U�P �G�P�S�N

�U�I�F �P�U�I�F�S �L�O�P�X�O �W�F�D�U�P�S �C�P�T�P�O�T�
 �U�I�F �Q�I�P�U�P�O	 �
 �E�F�m�O�J�U�F�M�Z �F�T�U�B�C�M�J�T�I�F�E �J�O ���������
 �B�O�E �U�I�FW �B�O�EZ �C�P�T�P�O�T�


�E�J�T�D�P�W�F�S�F�E �J�O ����������

�e�F �C�B�T�J�D �C�V�J�M�E�J�O�H �C�M�P�D�L�T �G�P�S �U�I�F �H�B�V�H�F �T�F�D�U�P�S �P�G �U�I�F �4�. �-�B�H�S�B�O�H�J�B�O �B�S�F �U�I�F �m�F�M�E �T�U�S�F�O�H�U�I�T�
 �X�I�J�D�I �B�S�F

�U�I�F �T�J�N�Q�M�F�T�U �P�C�K�F�D�U�T �U�I�B�U �U�S�B�O�T�G�P�S�N �M�J�O�F�B�S�M�Z �V�O�E�F�S �U�I�F �H�B�V�H�F �H�S�P�V�Q��

Fµ� = � µA� Š � µA� , �	���������


W I
µ� = � µW I

� Š � µW I
� + g
IJK WJµ WK� , �	���������


Ga
µ� = � µGa

� Š � µGa
� + gsf abcGbµGc� . �	���������


�e�F �L�J�O�F�U�J�D �U�F�S�N�T �B�Q�Q�F�B�S�J�O�H �J�O �U�I�F �m�S�T�U �M�J�O�F �P�G �&�R�V�B�U�J�P�O ������ �B�S�F �D�P�O�T�U�S�V�D�U�F�E�P�G �U�I�F �D�P�O�U�S�B�D�U�J�P�O �P�G �F�B�D�I

�m�F�M�E �T�U�S�F�O�H�U�I �X�J�U�I �J�U�T�F�M�G�� �'�P�S �U�I�F �O�P�O���B�C�F�M�J�B�O �m�F�M�E�TW �B�O�EG�
 �B�O�P�U�I�F�S �T�U�S�V�D�U�V�S�F �J�T �I�P�X�F�W�F�S �Q�P�T�T�J�C�M�F��


 µ��� W I
µ� WI�� �B�O�E
 µ��� Ga

µ� Ga�� �
 �X�I�J�M�F �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�F�S�N �G�P�SA �Z�J�F�M�E�T �B �U�S�J�W�J�B�M �D�P�O�U�S�J�C�V�U�J�P�O

�U�P �U�I�F �B�D�U�J�P�O �C�F�D�B�V�T�F �J�U �D�B�O �C�F �T�I�P�X�O �U�P �C�F �B �U�P�U�B�M �E�F�S�J�W�B�U�J�W�F�� �4�J�N�J�M�B�S�M�Z�
 �U�I�F �U�F�S�N
 µ��� W I
µ� WI�� �D�B�O

�C�F �T�B�G�F�M�Z �F�M�J�N�J�O�B�U�F�E �G�S�P�N �U�I�F �-�B�H�S�B�O�H�J�B�O �C�Z �T�P�N�F �U�S�B�O�T�G�P�S�N�B�U�J�P�O�T �P�G �U�I�F �m�F�M�E�T �<�����> �U�I�B�U �M�F�B�W�F�T �U�I�F

�D�M�B�T�T�J�D�B�M �-�B�H�S�B�O�H�J�B�O �V�O�D�I�B�O�H�F�E�� �0�O �U�I�F �P�U�I�F�S �I�B�O�E�
 �U�I�F �N�P�T�U �H�F�O�F�S�B�M �H�B�V�H�F�T�Z�N�N�F�U�S�J�D �-�B�H�S�B�O�H�J�B�O

�T�I�P�V�M�E �D�P�O�U�B�J�O �B �U�F�S�N �P�G �U�I�F �G�P�S�N�
 µ��� Ga
µ� Ga�� �� �*�U �D�B�O �C�F �T�I�P�X�O �U�I�B�U �T�V�D�I �B �U�F�S�N �X�P�V�M�E �J�O�E�V�D�F

�B�O �F�M�F�D�U�S�J�D �E�J�Q�P�M�F �N�P�N�F�O�U �J�O �O�F�V�U�S�P�O�T�
 �X�I�J�D�I �I�B�T �O�F�W�F�S �C�F�F�O �P�C�T�F�S�W�F�E �F�Y�Q�F�S�J�N�F�O�U�B�M�M�Z �B�O�E �D�P�O�T�U�S�B�J�O�T

� < 10Š 11 �<�����>�
 �X�I�J�D�I �F�Y�Q�M�B�J�O�T �X�I�Z �J�U �J�T �O�P�U �J�O�D�M�V�E�F�E �J�O �U�I�F �4�. �-�B�H�S�B�O�H�J�B�O�� �*�U �J�T �O�P�U �V�O�E�F�S�T�U�P�P�E

�X�I�Z �U�I�J�T �U�F�S�N �J�T �[�F�S�P �P�S �F�Y�U�S�F�N�F�M�Z �T�V�Q�S�F�T�T�F�E �J�O �U�I�F �4�.�
 �B�O�E �U�I�J�T �J�T�T�V�F �J�T �S�F�G�F�S�S�F�E �U�P �B�T �U�I�F �T�U�S�P�O�H��

�$�1 �Q�S�P�C�M�F�N�
 �X�I�J�D�I �D�B�O �P�O�M�Z �C�F �T�P�M�W�F�E �C�Z �F�Y�U�F�O�T�J�P�O�T �P�G �U�I�F �4�U�B�O�E�B�S�E �.�P�E�F�M �T�V�D�I �B�T �U�I�F �1�F�D�D�F�J���2�V�J�O�O

�N�P�E�F�M �<�����>�� �&�Y�D�F�Q�U �G�P�S �U�I�J�T �P�Q�F�S�B�U�P�S�
 �U�I�F �m�S�T�U �M�J�O�F �P�G �U�I�F �4�. �-�B�H�S�B�O�H�J�B�O �D�P�O�U�B�J�O�T �B�M�M �U�I�F �S�F�O�P�S�N�B�M�J�[�B�C�M�F

�P�Q�F�S�B�U�P�S�T �J�O�W�P�M�W�J�O�H �P�O�M�Z �H�B�V�H�F �C�P�T�P�O�T �Q�S�F�T�F�S�W�J�O�H �J�U�T �H�B�V�H�F �T�Z�N�N�F�U�S�J�F�T��

����



�e�F �m�O�B�M �D�P�N�Q�P�O�F�O�U �P�G �U�I�F �4�U�B�O�E�B�S�E �.�P�E�F�M �J�T �U�I�F �)�J�H�H�T �m�F�M�E� �
 �X�I�J�D�I �X�B�T �J�O�U�S�P�E�V�D�F�E �C�Z �#�S�P�V�U�


�&�O�H�M�F�S�U �B�O�E �)�J�H�H�T �<�����
 �����> �B�O�E �J�T �U�I�F �T�P�V�S�D�F �P�G �U�I�F �C�S�F�B�L�J�O�H �P�G �U�I�FU(1) � SU(2) �Q�B�S�U �P�G �U�I�F �H�B�V�H�F

�T�Z�N�N�F�U�S�Z�� �e�J�T �m�F�M�E �J�T �B �-�P�S�F�O�U�[ �T�D�B�M�B�S �J�O �U�I�F1 � 2 � 1 �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �U�I�F �H�B�V�H�F �H�S�P�V�Q�� �e�F�S�F

�B�S�F �U�I�S�F�F �Q�P�T�T�J�C�M�F �S�F�O�P�S�N�B�M�J�[�B�C�M�F �H�B�V�H�F �J�O�W�B�S�J�B�O�U �P�Q�F�S�B�U�P�S�T �U�I�B�U �J�O�W�P�M�W�F �U�I�F �)�J�H�H�T �C�P�T�P�O�
 �X�I�J�D�I �B�S�F �B�M�M

�J�O�D�M�V�E�F�E �J�O �U�I�F �M�B�T�U �M�J�O�F �P�G �&�R�V�B�U�J�P�O �������� �e�F �M�B�T�U �U�X�P �U�F�S�N�TŠµ2
�
� • �

�
+ �

�
� • �

� 2
�B�S�F �S�F�G�F�S�S�F�E �U�P �B�T

�U�I�F �)�J�H�H�T �Q�P�U�F�O�U�J�B�M �B�O�E �X�F �X�J�M�M �E�J�T�D�V�T�T �J�O �U�I�F �O�F�Y�U �T�F�D�U�J�P�O �I�P�X �J�U �Q�S�P�W�J�E�F�T �B�N�F�D�I�B�O�J�T�N �U�P �H�F�O�F�S�B�U�F

�N�B�T�T�F�T �G�P�S �U�I�F �H�B�V�H�F �C�P�T�P�O�T �B�O�E �U�I�F �G�F�S�N�J�P�O�T��

�'�J�O�B�M�M�Z�
 �U�I�F �:�V�L�B�X�B �T�F�D�U�P�S �J�T �D�P�N�Q�P�T�F�E �P�G �U�I�F ���U�I �B�O�E ���U�I �M�J�O�F�T �P�G �&�R�V�B�U�J�P�O ������ �B�O�E �J�T �D�P�N�Q�P�T�F�E �P�G

�U�I�F �M�B�T�U �� �Q�P�T�T�J�C�M�F �H�B�V�H�F �J�O�W�B�S�J�B�O�U �U�F�S�N�T�� �*�O �F�B�D�I �P�G �U�I�F�T�F �U�F�S�N�T�
 �U�I�F �)�J�H�H�T�m�F�M�E �J�T �D�P�O�U�S�B�D�U�F�E �X�J�U�I �B

�M�F�G�U���I�B�O�E�F�E �G�F�S�N�J�P�O�J�DSU(2) �E�P�V�C�M�F�U �B�O�E �B �S�J�H�I�U �I�B�O�E�F�E �m�F�M�E�� �" �Q�S�J�P�S�J�
 �U�I�F �:�V�L�B�X�B �N�B�U�S�J�D�F�T �B�Q�Q�F�B�S�J�O�H

�J�O �U�I�F �-�B�H�S�B�O�H�J�B�O �B�S�F �H�F�O�F�S�J�D �N�B�U�S�J�D�F�T�
 �C�V�U �X�F �D�B�O �V�T�F �U�I�F �T�Z�N�N�F�U�S�J�F�T �P�G �U�I�F�-�B�H�S�B�O�H�J�B�O �U�P �D�P�O�T�U�S�B�J�O

�U�I�F�N�� �*�O�E�F�F�E�
 �X�F �D�B�O �B�M�X�B�Z�T �S�P�U�B�U�F �P�V�S �G�F�S�N�J�P�O �m�F�M�E�T �J�O �n�B�W�P�S �T�Q�B�D�F

L � UL L eR � Ueer

QL � VqQL �uR � Vu �uR dR � VddR,
�	���������


�X�I�F�S�F �U�I�FVi �B�O�EUi �B�S�F �P�S�U�I�P�H�P�O�B�M �N�B�U�S�J�D�F�T �B�D�U�J�O�H �P�O �n�B�W�P�S�� �*�O �U�I�F �M�F�Q�U�P�O �T�F�D�U�P�S�
 �X�F �D�B�O �V�T�F �U�I�F�T�F

�U�S�B�O�T�G�P�S�N�B�U�J�P�O�T �U�P �E�J�B�H�P�O�B�M�J�[�F �U�I�F �M�F�Q�U�P�O�J�D �:�V�L�B�X�B �N�B�U�S�J�YYl �
 �X�I�J�D�I �B�M�T�P �M�F�B�W�F�T �U�I�F �L�J�O�F�U�J�D �U�F�S�N �V�O��

�D�I�B�O�H�F�E�� �"�T �B �S�F�T�V�M�U�
 �X�F �D�B�O �D�P�O�T�J�E�F�S �U�I�B�U

Yl =

�



�

ye 0 0

0 yµ 0

0 0 y� ,

	

�

 �	���������


�X�I�F�S�F �U�I�F �J�O�E�J�D�F�T �J�O �U�I�F �F�J�H�F�O�W�B�M�V�F�T �J�O�E�J�D�B�U�F �U�I�B�U �U�I�F �n�B�W�P�S�T �D�P�S�S�F�T�Q�P�O�E �S�F�T�Q�F�D�U�J�W�F�M�Z �U�P �U�I�F �F�M�F�D�U�S�P�O�
 �U�I�F

�N�V�P�O �B�O�E �U�I�F �U�B�V �B�O�E �U�I�F �F�J�H�F�O�W�B�M�V�F�T �B�S�F �S�F�B�M�� �0�O �U�I�F �P�U�I�F�S �I�B�O�E �J�O �U�I�F �R�V�B�S�L �T�F�D�U�P�S�
Yu �B�O�EYd �D�B�O�O�P�U

�C�F �T�J�N�V�M�U�B�O�F�P�V�T�M�Z �E�J�B�H�P�O�B�M�J�[�F�E �J�O �H�F�O�F�S�B�M�� �e�F �D�P�O�W�F�O�U�J�P�O �J�O �U�I�F �4�U�B�O�E�B�S�E�.�P�E�F�M �J�T �U�P �E�J�B�H�P�O�B�M�J�[�FYd

�B�O�E �M�F�B�W�F �U�I�F �N�J�Y�J�O�H �J�OYu�� �8�F �D�B�O �D�I�P�P�T�FVq�
Vd �B�O�EVu �T�V�D�I �U�I�B�U

Yd = Vq �YdV T
d , Yu = V �YuV T

u , �	���������


�X�I�F�S�F�Yd �B�O�E�Yu �B�S�F �E�J�B�H�P�O�B�M �N�B�U�S�J�D�F�T �B�O�EV �J�T �B�O �P�S�U�I�P�H�P�O�B�M �N�B�U�S�J�Y�� �-�F�U �V�T �E�F�m�O�FV = V T
q V � 
 � X� F � D� B� O

�B�M�X�B�Z�T �X�S�J�U�F �U�I�F �R�V�B�S�L �:�V�L�B�X�B �U�F�S�N�T �J�O �U�I�F �-�B�H�S�B�O�H�J�B�O �B�T

Š
�
Q̄L �

� �YddR Š
�
Q̄L � c� V �Yu �uR + �I���D�� �	���������


�e�F �M�F�G�U�P�W�F�S �N�B�U�S�J�YV �U�I�B�U �X�F �D�B�O�O�P�U �S�P�U�B�U�F �B�X�B�Z �J�T �U�I�F �$�,�. �N�B�U�S�J�Y�
 �X�I�J�D�I �I�B�T �U�I�F �Q�I�Z�T�J�D�B�M �D�P�O�T�F��

�R�V�F�O�D�F �P�G �B�M�M�P�X�J�O�H �n�B�W�P�S���D�I�B�O�H�J�O�H �D�I�B�S�H�F�E �D�V�S�S�F�O�U�T �J�O �U�I�F �4�U�B�O�E�B�S�E �.�P�E�F�M��

�ú���ù���ú �&�������%�#� �(������ �$�*�������%�#�* ���#������������

�e�F �T�U�S�V�D�U�V�S�F �P�G �U�I�F �4�U�B�O�E�B�S�E �.�P�E�F�M �J�O �J�U�T �N�B�O�J�G�F�T�U�M�Z �H�B�V�H�F���T�Z�N�N�F�U�S�J�D �G�P�S�N�J�O �&�R�V�B�U�J�P�O ������ �T�F�F�N�T

�U�P �I�B�W�F �N�B�O�Z �E�J�
�F�S�F�O�U �G�F�B�U�V�S�F�T �G�S�P�N �S�F�B�M���M�J�G�F �Q�I�Z�T�J�D�T�� �*�O�E�F�F�E�
 �O�P �G�F�S�N�J�P�O�I�B�T �B �N�B�T�T �U�F�S�N �J�O �U�I�F �-�B��

�H�S�B�O�H�J�B�O �C�F�D�B�V�T�F �U�I�F �H�B�V�H�F �T�U�S�V�D�U�V�S�F �G�P�S�C�J�E�T �E�J�S�F�D�U �M�J�O�F�B�S �D�P�V�Q�M�J�O�H�T �C�F�U�X�F�F�O �M�F�G�U�� �B�O�E �S�J�H�I�U���I�B�O�E�F�E
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�-�P�N�\�Y�L �������!�;�O�L �/�P�N�N�Z �W�V�[�L�U�[�P�H�S �H�Z �H �M�\�U�J�[�P�V�U �V�M|� | =
�

� • � �� �;�O�L �T�P�U�P�T�\�T �V�M �[�O�L �W�V�[�L�U�[�P�H�S �P�Z �H�[|� | = v��

�m�F�M�E�T�� �'�V�U�I�F�S�N�P�S�F�
 �X�I�J�M�F �X�F �I�B�W�F �P�C�T�F�S�W�F�E �U�I�F �F�Y�J�T�U�F�O�D�F �P�G �N�B�T�T�J�W�F �W�F�D�U�P�S�C�P�T�P�O�T�
 �H�B�V�H�F �T�Z�N�N�F�U�S�Z

�B�M�T�P �G�P�S�C�J�E�T �U�I�F �F�Y�J�T�U�F�O�D�F �P�G �N�B�T�T �U�F�S�N�T�� �e�J�T �B�Q�Q�B�S�F�O�U �E�J�T�D�S�F�Q�B�O�D�Z �J�T �E�V�F �U�P �U�I�F �G�B�D�U �U�I�B�U �U�I�F �4�. �V�O��

�E�F�S�H�P�F�T �F�M�F�D�U�S�P�X�F�B�L �T�Z�N�N�F�U�S�Z �C�S�F�B�L�J�O�H�
 �X�I�J�D�I �J�T �B �Q�S�P�D�F�T�T �J�O �X�I�J�D�I �U�I�F �W�B�D�V�V�N �C�S�F�B�L�T �U�I�F �T�Z�N�N�F�U�S�Z�


�B�M�M�P�X�J�O�H �G�P�S �N�B�T�T �U�F�S�N�T �U�P �B�Q�Q�F�B�S�� �e�J�T �J�T �B�O �F�T�T�F�O�U�J�B�M �G�F�B�U�V�S�F �P�G �U�I�F �4�. �B�T �U�I�F�P�S�J�F�T �X�J�U�I �N�B�T�T�J�W�F �H�B�V�H�F

�C�P�T�P�O�T �B�S�F �H�F�O�F�S�B�M�M�Z �O�P�O���S�F�O�P�S�N�B�M�J�[�B�C�M�F �V�O�M�F�T�T �U�I�F�J�S �N�B�T�T �J�T �H�F�O�F�S�B�U�F�E �U�I�S�P�V�H�I �T�Q�P�O�U�B�O�F�P�V�T �T�Z�N�N�F��

�U�S�Z �C�S�F�B�L�J�O�H �<�����>��

�4�Q�P�O�U�B�O�F�P�V�T �T�Z�N�N�F�U�S�Z �C�S�F�B�L�J�O�H �J�T �S�F�B�M�J�[�F�E �C�F�D�B�V�T�F �P�G �U�I�F �T�U�S�V�D�U�V�S�F �P�G �U�I�F�)�J�H�H�T �Q�P�U�F�O�U�J�B�M��

V (� ) = Šµ2
�

� • �
�

+ �
�

� • �
� 2

, �	���������


�X�I�J�D�I �D�B�O �C�F �S�F�Q�S�F�T�F�O�U�F�E �H�S�B�Q�I�J�D�B�M�M�Z �B�T �B �G�V�O�D�U�J�P�O �P�G|� | =
�

� • � �B�T �J�O �'�J�H�V�S�F ��������

�e�J�T �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �N�B�L�F�T �J�U �N�B�O�J�G�F�T�U �U�I�B�U �U�I�J�T �Q�P�U�F�O�U�J�B�M �I�B�T �B �N�J�O�J�N�V�N �B�X�B�Z �G�S�P�N �U�I�F �V�T�V�B�M� = 0 ��

�"�T �B �S�F�T�V�M�U�
 �U�I�F �Q�I�Z�T�J�D�B�M �H�S�P�V�O�E �T�U�B�U�F �T�I�P�V�M�E �D�P�S�S�F�T�Q�P�O�E �U�P �B �T�J�U�V�B�U�J�P�O �X�I�F�S�F�| � |� =
v

�
2

�X�I�F�S�F �U�I�F

�N�J�O�J�N�V�N �P�G �U�I�F �Q�P�U�F�O�U�J�B�M �J�T �S�F�B�D�I�F�E�� �#�Z �N�J�O�J�N�J�[�J�O�H �&�R�V�B�U�J�P�O ���������
 �X�F �m�O�E �U�I�B�U

v2 =
µ2

�
, �	���������


�B�O�E �P�V�S �Q�F�S�U�V�S�C�B�U�J�W�F �F�Y�Q�B�O�T�J�P�O �T�I�P�V�M�E �C�F �U�B�L�F�O �B�S�P�V�O�E �T�V�D�I �B �H�S�P�V�O�E �T�U�B�U�F���#�F�D�B�V�T�F� �J�T �BSU(2)

�E�P�V�C�M�F�U�
 �X�F �D�B�O �Q�B�S�B�N�F�U�S�J�[�F �J�U �J�O �U�I�F �G�P�M�M�P�X�J�O�H �X�B�Z

� (x) = exp( i� (x) �r� )

�

�
0

v + h(x)
�

2
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�X�I�F�S�F �U�I�F� �B�S�F �U�I�F �H�F�O�F�S�B�U�P�S�T �P�GSU(2) �B�O�E �U�I�F �E�Z�O�B�N�J�D�B�M �E�F�H�S�F�F�T �P�G �G�S�F�F�E�P�N �B�S�F �U�I�F �(�P�M�E�T�U�P�O�F �m�F�M�E�T
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� i (x) �B�O�E �U�I�F �Q�I�Z�T�J�D�B�M �I�J�H�H�T �m�F�M�Eh(x)�� �e�J�T �D�I�P�J�D�F �D�P�S�S�F�T�Q�P�O�E�T �U�P �B �W�B�D�V�V�N �J�O �X�I�J�D�I

� � � =
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�e�F�S�F �B�S�F �J�O�m�O�J�U�F�M�Z �N�B�O�Z �E�F�H�F�O�F�S�B�U�F �W�B�D�V�B �B�T �B�O�ZSU(2) �U�S�B�O�T�G�P�S�N�B�U�J�P�O �P�G �U�I�J�T �T�U�B�U�F �Q�S�P�W�J�E�F�T �B �E�J�
�F�S��

�F�O�U �T�U�B�U�F �X�I�J�D�I �N�J�O�J�N�J�[�F�T �U�I�F �Q�P�U�F�O�U�J�B�M�� �J�O�E�F�F�E�
 �U�I�F �U�I�F�P�S�Z �J�U�T�F�M�G �J�T �T�U�J�M�MSU(2) �J�O�W�B�S�J�B�O�U��

�-�F�U �V�T �P�V�U�M�J�O�F �U�I�F �N�B�J�O �D�P�O�T�R�V�F�O�D�F�T �P�G �U�I�F �T�Q�P�O�U�B�O�F�P�V�T �T�Z�N�N�F�U�S�Z �C�S�F�B�L�J�O�H �P�O �U�I�F �4�. �-�B�H�S�B�O�H�J�B�O��

�5�P �U�I�J�T �F�O�E�
 �X�F �X�J�M�M �X�P�S�L �J�O �U�I�F�V�O�J�U�B�S�Z �H�B�V�H�F� 
 � J� O � X� I� J� D� I � X� F � Q� F� S� G� P� S� N � B � M� P� D� B� MSU(2) �U�S�B�O�T�G�P�S�N�B�U�J�P�O �U�P

�F�M�J�N�J�O�B�U�F �U�I�F �E�F�Q�F�O�E�F�O�D�F �P�O �U�I�F �m�F�M�E�T� (x)��

� (x) � exp(Ši� (x) �r� )� (x) =

�
0

v+ h(x)�
2

�

, �	���������


�X�I�J�D�I �B�M�T�P �U�S�B�O�T�G�P�S�N�T �B�M�M �U�I�F �P�U�I�F�S �T�U�B�U�F�T�� �e�F �H�F�O�F�S�B�M �G�P�S�N �P�G �U�I�F �-�B�H�S�B�O�H�J�B�O �J�O �&�R�V�B�U�J�P�O ������ �J�T �M�F�G�U

�V�O�D�I�B�O�H�F�E�
 �C�V�U �U�I�J�T �T�J�N�Q�M�J�m�F�T �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �)�J�H�H�T �m�F�M�E�T �J�O�U�P �J�U�T �D�P�N�Q�P�O�F�O�U�T �H�S�F�B�U�M�Z�� �*�O �U�I�J�T

�H�B�V�H�F�
 �U�I�F �Q�P�U�F�O�U�J�B�M �J�T �S�F�E�V�D�F�E �U�P

V(h) = Š�
v2

4
+ v2�h 2 + v�h 3 +

�
4

h4. �	���������


�"�T �B �S�F�T�V�M�U�
 �J�U �B�Q�Q�F�B�S�T �U�I�B�U �U�I�F �m�F�M�Eh �E�F�T�D�S�J�C�F�T �B �O�F�V�U�S�B�M �T�D�B�M�B�S �Q�B�S�U�J�D�M�F �X�J�U�I �N�B�T�TmH = v
�

2� �
 �U�I�F

�)�J�H�H�T �C�P�T�P�O�� �-�F�U �V�T �O�P�X �X�P�S�L �P�V�U �X�I�B�U �I�B�Q�Q�F�O�T �U�P �U�I�F �D�P�W�B�S�J�B�O�U �E�F�S�J�W�B�U�J�W�F �P�G�U�I�F �)�J�H�H�T �m�F�M�E �C�Z �F�Y��

�Q�B�O�E�J�O�H �F�Y�Q�M�J�D�J�U�M�Z �U�I�F �H�F�O�F�S�B�U�P�S�T �J�O �U�I�FSU(2) �m�F�M�EW ��

|D� |2 =
1
2

�
� µh + ( h + v)

�
Š igB µ Š ig�Wµ

�� �
� µh + ( h + v)

�
+ igB µ + ig�W µ •

��
�	���������


=
1
2

� µh� µh +
1
8

�
g�Bµ Š gW3

µ

� �
g�B µ Š gW3µ�

(v + h)2

+
g2

8

�
W 1

µ + iW 2
µ

� �
W 1µ Š iW 2µ�

(v + h)2
�	���������


=
1
2

� µh� µh +
�
g2 + g�2� v2

8
ZµZ µ +

g2v2

4
W +

µ W µ
Š + �J�O�U�F�S�B�D�U�J�P�O�T�� �	���������


�"�T �B �S�F�T�V�M�U�
 �U�I�F �)�J�H�H�T �m�F�M�E �D�P�W�B�S�J�B�O�U �E�F�S�J�W�B�U�J�W�F �H�F�O�F�S�B�U�F�T �U�I�F �L�J�O�F�U�J�D �U�F�S� N � G� P� Sh �B�O�E �N�B�T�T�F�T �G�P�S �U�X�P

�D�P�N�C�J�O�B�U�J�P�O�T �P�G �H�B�V�H�F �C�P�T�P�O�T�� �e�FZ �m�F�M�E �J�T �B �D�P�N�C�J�O�B�U�J�P�O �P�G �U�I�FB �B�O�E �U�I�FW3 �m�F�M�E�T �U�P �G�P�S�N �B �O�F�V�U�S�B�M

�N�B�T�T�J�W�F �W�F�D�U�P�S �m�F�M�E �B�O�EW1 �B�O�EW2 �D�P�N�C�J�O�F �U�P �G�P�S�N �B �D�I�B�S�H�F�E �N�B�T�T�J�W�F �W�F�D�U�P�S �m�F�M�E�
W ± �� �0�V�U �P�G �U�I�F

�G�P�V�S �F�M�F�D�U�S�P�X�F�B�L �H�B�V�H�F �C�P�T�P�O�
 �U�I�F�S�F �J�T �U�I�F�S�F�G�P�S�F �B �M�B�T�U �D�P�N�C�J�O�B�U�J�P�O �X�I�J�D�I�S�F�N�B�J�O�T �N�B�T�T�M�F�T�T�
 �X�I�J�D�I

�D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �Q�I�P�U�P�O �m�F�M�EA��

Zµ =
g�Bµ Š gW3

µ�
g2 + g�2

, Aµ =
gBµ + g�W 3

µ�
g2 + g�2

, W ±
µ =

W 1
µ 	 iW 2

µ�
2

. �	���������


�e�F �Q�I�P�U�P�O �m�F�M�E �J�T �B�T�T�P�D�J�B�U�F�E �U�P �B �M�F�G�U�P�W�F�SU(1) �T�Z�N�N�F�U�S�Z�
 �M�F�B�W�J�O�H �B �D�P�O�T�F�S�W�F�E �R�V�B�O�U�V�N �O�V�N�C�F�S�
 �U�I�F

����



�D�I�B�S�H�FQ�� �e�F �D�I�B�S�H�F �P�Q�F�S�B�U�P�S �E�F�Q�F�O�E�T �P�O �U�I�F �I�Z�Q�F�S�D�I�B�S�H�F �B�O�E �U�I�F �U�I�J�S�E �H�F�O�F�S�B�U�P�S �P�GSU(2)�¤��

Q =
y
2

+ � 3. �	���������


�'�J�O�B�M�M�Z�
 �M�F�U �V�T �P�V�U�M�J�O�F �U�I�F �F�
�F�D�U �P�G �T�Z�N�N�F�U�S�Z �C�S�F�B�L�J�O�H �P�O �U�I�F �G�F�S�N�J�P�O �T�F�D�U�P�S�� �e�F �P�O�M�Z �B�
�F�D�U�F�E �Q�B�S�U

�P�G �U�I�F �-�B�H�S�B�O�H�J�B�O �J�T �U�I�F �:�V�L�B�X�B �T�F�D�U�P�S�� �3�F�N�F�N�C�F�S �U�I�B�U �X�F �I�B�E �U�I�F �:�V�L�B�X�B �Q�B�S�U�P�G �U�I�F �-�B�H�S�B�O�H�J�B�O

L Y = Š
�
L̄�

� �Yl eR Š
�
Q̄L �

� �YddR Š
�
Q̄L � c� V �Yu �uR + �I���D�� �	���������


= Š
�

f = e,µ,�

yf v
�

2
ēf

L ef
R Š

�

f = d,s,b

yf v
�

2
d̄f

L df
R Š�̄uL V

v �Yu�
2

�uR + �I���D �	���������


�-�F�U �V�T �E�F�m�O�F �U�I�F �Q�I�Z�T�J�D�B�M �V�Q���R�V�B�S�L �T�U�B�U�F�T��

�



�

uL

cL

tL

	

�

 = V• �uL , �	���������


�



�

uR

cR

tR

	

�

 = �uR. �	���������


�6�T�J�O�H �U�I�J�T �O�P�U�B�U�J�P�O�
 �U�I�F �:�V�L�B�X�B �T�F�D�U�P�S �J�T �F�O�U�J�S�F�M�Z �E�J�B�H�P�O�B�M�J�[�F�E

L Y = Š
�

f = e,µ,�

yf v
�

2
ēf

L ef
R Š

�

f = d,s,b

yf v
�

2
d̄f

L df
R Š

�

f = u,c,t

yf v
�

2
ūf

L uf
R + �I���D�� �	���������


�e�J�T �D�I�B�O�H�F �M�F�B�W�F�T �U�I�F �L�J�O�F�U�J�D �U�F�S�N �G�P�S �U�I�F �V�Q �R�V�B�S�L�T �E�J�B�H�P�O�B�M�
 �T�P �U�I�J�T �D�I�P�J�D�F �P�G �C�B�T�J�T �Q�S�P�W�J�E�F�T �U�I�F

�D�P�S�S�F�D�U �E�F�m�O�J�U�J�P�O �G�P�S �U�I�F �Q�I�Z�T�J�D�B�M �m�F�M�E�T �J�O �U�I�F �4�.��

�"�G�U�F�S �F�M�F�D�U�S�P�X�F�B�L �T�Z�N�N�F�U�S�Z �C�S�F�B�L�J�O�H�
 �U�I�F �Q�I�Z�T�J�D�B�M �T�Q�F�D�U�S�V�N �P�G �G�V�O�E�B�N�F�O�U�B�M �Q�B�S�U�J�D�M�F�T �D�B�O �C�F �T�V�N��

�N�B�S�J�[�F�E �B�T �J�O �'�J�H�V�S�F ��������

�&�W�F�S�Z �P�O�F �P�G �U�I�F�T�F �Q�B�S�U�J�D�M�F�T �I�B�T �C�F�F�O �P�C�T�F�S�W�F�E �F�Y�Q�F�S�J�N�F�O�U�B�M�M�Z �J�O �B �T�Q�B�O �P�G ������ �Z�F�B�S�T�
 �G�S�P�N �U�I�F �E�J�T��

�D�P�W�F�S�Z �P�G �U�I�F �F�M�F�D�U�S�P�O �J�O �������� �U�P �U�I�B�U �P�G �U�I�F �)�J�H�H�T �C�P�T�P�O �B�U �U�I�F �-�)�$ �J�O �������� �<���
���>��

�ú���ù���û �2�&�����%�&�� �����#� ��� ���*�����������$

�e�F �U�I�F�P�S�Z �P�G �U�I�F �T�U�S�P�O�H �J�O�U�F�S�B�D�U�J�P�O�
 �N�F�E�J�B�U�F�E �C�Z �H�M�V�P�O�T�
 �J�T �D�B�M�M�F�E �R�V�B�O�U�V�N�D�I�S�P�N�P�E�Z�O�B�N�J�D�T �	�2�$�%�
��

�e�F �2�$�% �-�B�H�S�B�O�H�J�B�O�
 �X�I�J�D�I �J�T �D�P�O�U�B�J�O�F�E �J�O �U�I�F �4�. �-�B�H�S�B�O�H�J�B�O �B�G�U�F�S �F�M�F�D�U�S�P�X�F�B�L �T�Z�N�N�F�U�S�Z �C�S�F�B�L�J�O�H�


�U�B�L�F�T �B �N�V�D�I �T�J�N�Q�M�F�S �G�P�S�N �U�I�B�O �U�I�F �F�M�F�D�U�S�P�X�F�B�L �T�F�D�U�P�S��

L �2�$�%= Š
1
4

Ga
µ� Gµ�

a + q̄f (i �D Š mf ) qf . �	���������


�e�J�T �-�B�H�S�B�O�H�J�B�O �J�T �I�P�X�F�W�F�S �E�F�D�F�J�Q�U�J�W�F�M�Z �T�J�N�Q�M�F�
 �B�T �U�I�F �Q�I�F�O�P�N�F�O�P�M�P�H�Z �P�G �2�$�% �J�T �W�F�S�Z �S�J�D�I �B�O�E �D�I�B�O�H�F�T

�E�S�B�N�B�U�J�D�B�M�M�Z �B�D�S�P�T�T �F�O�F�S�H�Z �T�D�B�M�F�T�� �"�U �I�J�H�I �F�O�F�S�H�Z�
 �U�B�L�J�O�H �B �Q�F�S�U�V�S�C�B�U�J�W�F�F�Y�Q�B�O�T�J�P�O �D�B�O �C�F �V�T�F�E �U�P �Q�S�F�E�J�D�U

�Q�I�Z�T�J�D�B�M �Q�I�F�O�P�N�F�O�B �S�F�M�J�B�C�M�Z�� �"�T �B �S�F�T�V�M�U�
 �J�U �N�B�L�F�T �T�F�O�T�F �U�P �E�F�T�D�S�J�C�F �I�B�S�E �Q�I�Z�T�J�D�B�M �Q�S�P�D�F�T�T�F�T �J�O �U�F�S�N�T

�¤�e�F �H�F�O�F�S�B�U�P�S �J�T �S�F�Q�S�F�T�F�O�U�B�U�J�P�O���E�F�Q�F�O�E�F�O�U

����



�-�P�N�\�Y�L �������!�;�O�L �W�O�`�Z�P�J�H�S �Z�W�L�J�[�Y�\�T �V�M �[�O�L �:�4��

�P�G �J�O�U�F�S�B�D�U�J�P�O�T �C�F�U�X�F�F�O �R�V�B�S�L�T �B�O�E �H�M�V�P�O�T �B�O�E �U�P �F�Y�Q�S�F�T�T �Q�I�Z�T�J�D�B�M �P�C�T�F�S�W�B�C�M�F�T �J�O �Q�P�X�F�S�T �P�G �U�I�FSU(3)

�D�P�V�Q�M�J�O�H �D�P�O�T�U�B�O�Ugs��

�-�P�X���F�O�F�S�H�Z �2�$�% �J�T �I�P�X�F�W�F�S �W�F�S�Z �E�J�
�F�S�F�O�U �E�V�F �U�P �U�I�F �Q�I�F�O�P�N�F�O�P�O �P�G�D�P�O�m�O�F�N�F�O�U�� �*�O�E�F�F�E�
 �B�U �F�O�F�S��

�H�J�F�T �M�P�X�F�S �U�I�B�O �U�I�F �D�P�O�m�O�F�N�F�O�U �T�D�B�M�F� �2�$�%
 200 MeV�
 �R�V�B�S�L�T �B�O�E �H�M�V�P�O�T �B�S�F �D�P�O�m�O�F�E �J�O�U�P �D�P�M�P�S�M�F�T�T

�T�U�B�U�F�T �D�B�M�M�F�E �I�B�E�S�P�O�T�� �)�B�E�S�P�O�T �D�P�N�F �J�O �B �X�J�E�F �W�B�S�J�F�U�Z �B�O�E �I�V�O�E�S�F�E�T �P�G �E�J�
�F�S�F�O�U �T�U�B�U�F�T �I�B�W�F �C�F�F�O �P�C��

�T�F�S�W�F�E �F�Y�Q�F�S�J�N�F�O�U�B�M�M�Z �T�J�O�D�F �U�I�F �m�S�T�U �E�J�T�D�P�W�F�S�Z �P�G �B �I�B�E�S�P�O�
 �U�I�F �Q�S�P�U�P�O�
 �J�O���������� �%�F�T�D�S�J�C�J�O�H �U�I�F �C�F�I�B�W�J�P�S

�P�G �I�B�E�S�P�O�T �G�S�P�N �m�S�T�U �Q�S�J�O�D�J�Q�M�F�T �J�T �F�Y�U�S�F�N�F�M�Z �D�P�N�Q�M�J�D�B�U�F�E �C�F�D�B�V�T�F �P�G �U�I�F �M�P�T�T �P�G �Q�F�S�U�V�S�C�B�U�J�W�J�U�Z �G�P�S �F�O��

�F�S�H�J�F�T �C�F�M�P�X� �2�$�%�� �*�O�E�F�F�E�
 �B�T �T�I�P�X�O �J�O �'�J�H�V�S�F �������
 �U�I�F �T�U�S�P�O�H �D�P�V�Q�M�J�O�H �D�P�O�T�U�B�O�U� s = g2
s / (4� ) �I�B�T

�U�I�F �Q�F�D�V�M�J�B�S �G�F�B�U�V�S�F �P�G �H�S�P�X�J�O�H �B�T �U�I�F �F�O�F�S�H�J�F�T �H�P�F�T �G�S�P�N �J�O�m�O�J�U�Z �U�P� �2�$�%�
 �B�S�P�V�O�E �X�I�J�D�I �U�I�F �U�I�F�P�S�Z �C�F��

�D�P�N�F�T �T�U�S�P�O�H�M�Z �D�P�V�Q�M�F�E �B�O�E �X�F �D�B�O�O�P�U �V�T�F �Q�F�S�U�V�S�C�B�U�J�W�F �F�Y�Q�B�O�T�J�P�O�T �U�P �N�B�L�F �Q�S�F�E�J�D�U�J�P�O�T�� �" �O�V�N�C�F�S �P�G

�F�
�F�D�U�J�W�F �U�I�F�P�S�J�F�T �F�Y�J�T�U �U�I�B�U �E�F�T�D�S�J�C�F �M�P�X �F�O�F�S�H�Z �2�$�% �J�O �B �C�P�U�U�P�N���V�Q �B�Q�Q�S�P�B�D�I�
 �C�V�U �Q�S�F�E�J�D�U�J�O�H �I�B�E�S�P�O

�C�F�I�B�W�J�P�S �G�S�P�N �m�S�T�U �Q�S�J�O�D�J�Q�M�F�T �I�B�T �G�P�S �M�P�O�H �C�F�F�O �B �W�F�S�Z �U�P�V�H�I �O�V�U �U�P �D�S�B�D�L�� �e�F�D�V�S�S�F�O�U �C�F�T�U �B�Q�Q�S�P�B�D�I �J�T

�M�B�U�U�J�D�F �2�$�%�
 �X�I�J�D�I �B�U�U�F�N�Q�U�T �U�P �F�W�B�M�V�B�U�F �U�I�F �Q�B�U�I �J�O�U�F�H�S�B�M �C�Z �E�J�T�D�S�F�U�J�[�J�O�H�T�Q�B�D�F�U�J�N�F �B�O�E �I�B�T �C�F�D�P�N�F �B

�Q�P�X�F�S�G�V�M �U�P�P�M��

�" �D�S�V�D�J�B�M �Q�P�J�O�U �G�P�S �P�V�S �B�C�J�M�J�U�Z �U�P �V�T�F �Q�F�S�U�V�S�C�B�U�J�W�F �2�$�% �J�T �U�I�B�U�
 �B�U �I�J�H�I �F�O�F�S�H�J�F�T�
 �U�I�F �R�V�B�S�L�T �B�O�E �H�M�V�P�O�T

�J�O�T�J�E�F �I�B�E�S�P�O�T�
 �D�P�M�M�F�D�U�J�W�F�M�Z �D�B�M�M�F�E �Q�B�S�U�P�O�T�
 �I�B�W�F �J�O�E�J�W�J�E�V�B�M �J�O�U�F�S�B�D�U�J�P�O�T �U�I�B�U�G�B�D�U�P�S�J�[�F�G�S�P�N �U�I�F �O�P�O�Q�F�S��

�U�V�S�C�B�U�J�W�F �E�Z�O�B�N�J�D�T �P�G �U�I�F �I�B�E�S�P�O�� �*�O�E�F�F�E�
 �U�I�F �I�J�H�I �F�O�F�S�H�Z �J�O�U�F�S�B�D�U�J�P�O�T �P�G�I�B�E�S�P�O�T �D�B�O �C�F �Q�S�F�E�J�D�U�F�E �B�T

�B �E�F�D�P�I�F�S�F�O�U �T�V�N �P�W�F�S �U�I�F �J�O�U�F�S�B�D�U�J�P�O�T �P�G �U�I�F�J�S �D�P�N�Q�P�O�F�O�U�T�
 �N�F�B�O�J�O�H �U�I�B�U �X�F �D�B�O �T�F�Q�B�S�B�U�F �U�I�F �I�B�S�E

�J�O�U�F�S�B�D�U�J�P�O�T �P�G �F�M�F�N�F�O�U�B�S�Z �Q�B�S�U�J�D�M�F�T �G�S�P�N �U�I�F �I�B�E�S�P�O�J�D �Q�I�Z�T�J�D�T �X�I�J�D�I �I�B�Q�Q�F�O�T �B�U �B �E�J�
�F�S�F�O�U �T�D�B�M�F�� �*�O

�U�I�F �O�F�Y�U �T�F�D�U�J�P�O�
 �X�F �X�J�M�M �E�J�T�D�V�T�T �I�P�X �U�I�J�T �Q�I�F�O�P�N�F�O�P�O �J�T �V�T�F�E �U�P �N�B�L�F �Q�F�S�U�V�S�C�B�U�J�W�F �2�$�% �Q�S�F�E�J�D�U�J�P�O�T

����



QCD �_s(Mz) = 0.1181 ± 0.0011

pp –> jets
e.w. precision fits (N3LO)  
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�-�P�N�\�Y�L �������!�,�]�V�S�\�[�P�V�U �V�M �[�O�L �Z�[�Y�V�U�N �J�V�\�W�S�P�U�N� s �^�P�[�O �[�O�L �L�U�L�Y�N�` �Z�J�H�S�LQ �B��� �D�� �;�O�L �[�O�L�V�Y�` �I�L�J�V�T�L�Z �U�V�U�W�L�Y�[�\�Y�I�H�[�P�]�L �I�L�S�V�^

1 GeV

�B�U �I�B�E�S�P�O �D�P�M�M�J�E�F�S�T��

�ú���ú �.���������� �!�#���������%��� ���$ ��� �# �!�#� �%� �� ��� �������$��� ���$

�ú���ú���ù �#�#������ � �'���#�'�����( � �� �!���#�%�&�#�����%���'�� �2�'�5

�.�P�T�U �N�P�E�F�S�O �Q�B�S�U�J�D�M�F �Q�I�Z�T�J�D�T �F�Y�Q�F�S�J�N�F�O�U �B�S�F �T�D�B�U�U�F�S�J�O�H �F�Y�Q�F�S�J�N�F�O�U�T�
 �J�O �X�I�J�D�I �P�O�F �T�U�V�E�J�F�T �U�I�F �D�P�M�M�J��

�T�J�P�O�T �P�G �T�V�C�B�U�P�N�J�D �Q�B�S�U�J�D�M�F�T �U�P �E�F�U�F�S�N�J�O�F �I�P�X �U�I�F�Z �J�O�U�F�S�B�D�U�� �1�S�F�E�J�D�U�J�O�H �U�I�F �P�V�U�D�P�N�F �P�G �T�V�D�I �F�Y�Q�F�S�J��

�N�F�O�U �V�T�J�O�H �2�'�5 �J�T �E�P�O�F �C�Z �D�B�M�D�V�M�B�U�J�O�H�U�S�B�O�T�J�U�J�P�O �B�N�Q�M�J�U�V�E�F�T�
 �X�I�P�T�F �O�P�S�N �J�T �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �G�P�S �B �H�J�W�F�O

�Q�I�Z�T�J�D�B�M �Q�S�P�D�F�T�T �U�P �P�D�D�V�S�� �e�F �R�V�B�O�U�V�N �P�Q�F�S�B�U�P�S �E�F�T�D�S�J�C�J�O�H �H�F�O�F�S�B�M �U�S�B�O�T�J�U�J�P�O�T �C�F�U�X�F�F�O �B�T�Z�N�Q�U�P�U�J�D

�T�U�B�U�F�T �	�T�U�B�U�F�T �X�I�F�S�F �Q�B�S�U�J�D�M�F�T �B�S�F �X�F�M�M �T�F�Q�B�S�B�U�F�E �B�O�E �E�P �O�P�U �J�O�U�F�S�B�D�U �B�O�Z�N�P�S�F�
 �J�T �D�B�M�M�F�E �U�I�FS���N�B�U�S�J�Y�


�Q�S�P�W�J�E�J�O�H �B �D�P�N�Q�B�D�U �E�F�m�O�J�U�J�P�O �P�G �B �U�S�B�O�T�J�U�J�P�O �B�N�Q�M�J�U�V�E�FA i � f �G�S�P�N �B�O �J�O�J�U�J�B�M �T�U�B�U�Fi � U� P � B � m� O� B� M � T� U� B� U� Ff ��

A i � f = � f | S | i � . �	���������


�%�F�U�F�S�N�J�O�J�O�H �U�I�FS���N�B�U�S�J�Y �J�O �H�F�O�F�S�B�M �G�P�S �B �2�'�5 �J�T �B �W�F�S�Z �E�J���D�V�M�U �U�B�T�L �B�O�E �X�F �B�S�F �N�P�T�U �P�G�U�F�O �D�P�O�U�F�O�U �X�J�U�I

�m�O�E�J�O�H �B�Q�Q�S�P�Y�J�N�B�U�F �T�P�M�V�U�J�P�O�T �V�T�J�O�H �Q�F�S�U�V�S�C�B�U�J�P�O �U�I�F�P�S�Z�
 �J�O �X�I�J�D�I �X�F �F�Y�Q�B�O�E �B�S�P�V�O�E �B �G�S�F�F �U�I�F�P�S�Z �J�O

�Q�P�X�F�S�T �P�G �U�I�F �J�O�U�F�S�B�D�U�J�P�O�T �D�P�V�Q�M�J�O�H�T�� �'�P�S �F�Y�B�N�Q�M�F�
 �J�O �U�I�F �D�B�T�F �P�G �2�$�%�
 �U�I�F �T�U�S�F�O�H�U�I �P�G �B�M�M �J�O�U�F�S�B�D�U�J�P�O�T

�J�T �D�P�O�U�S�P�M�M�F�E �C�Z �U�I�F �D�P�V�Q�M�J�O�Hgs �B�O�E �I�J�H�I���F�O�F�S�H�Z �P�C�T�F�S�W�B�C�M�F�T �T�V�D�I �B�T �T�D�B�U�U�F�S�J�O�H �D�S�P�T�T �T�F�D�U�J�P�O�T �D�B�O �C�F

�F�Y�Q�S�F�T�T�F�E �B�T �B�O �B�T�Z�N�Q�U�P�U�J�D �T�F�S�J�F�T �J�O �U�I�F �T�U�S�P�O�H �D�P�V�Q�M�J�O�H

� s =
g2

s

4�
. �	���������


����



�*�O �H�F�O�F�S�B�M�
 �m�O�E�J�O�H �J�O�E�J�W�J�E�V�B�M �F�M�F�N�F�O�U�T �P�G �U�I�FS���N�B�U�S�J�Y �B�T �B�O �F�Y�Q�B�O�T�J�P�O �J�O �Q�P�X�F�S�T �P�G �B �D�P�V�Q�M�J�O�H �J�T �C�Z

�J�U�T�F�M�G �B �E�J���D�V�M�U �U�B�T�L�� �e�F �D�B�O�P�O�J�D�B�M �B�Q�Q�S�P�B�D�I �J�T �U�P �V�T�F �U�I�F �G�B�D�U �U�I�B�U�
 �C�Z �U�I�F �-�4�; �U�I�F�P�S�F�N �<�����>�
 �F�M�F�N�F�O�U�T

�P�G �U�I�FS���N�B�U�S�J�Y �B�S�F �S�F�M�B�U�F�E �U�P �U�J�N�F���P�S�E�F�S�F�E �D�P�S�S�F�M�B�U�J�P�O �G�V�O�D�U�J�P�O�T�� �#�Z �U�I�F �8�J�D�L �U�I�F�P�S�F�N �<�����>�
 �T�V�D�I �D�P�S��

�S�F�M�B�U�J�P�O �G�V�O�D�U�J�P�O�T �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �B�T �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T �P�G �Q�S�P�E�V�D�U�T �P�G�U�X�P���Q�P�J�O�U �G�V�O�D�U�J�P�O�T�
 �B�O�E

�U�I�F �F�Y�Q�S�F�T�T�J�P�O �P�G �U�F�S�N�T �J�O �U�I�F �Q�F�S�U�V�S�C�B�U�J�W�F �F�Y�Q�B�O�T�J�P�O �J�T �S�F�E�V�D�F�E �U�P �B �D�P�N�C�J�O�B�U�P�S�J�B�M �F�Y�F�S�D�J�T�F�� �.�P�E�F�S�O��

�E�B�Z �D�B�M�D�V�M�B�U�J�P�O�T �V�T�V�B�M�M�Z �C�Z�Q�B�T�T �U�I�F�T�F �T�U�F�Q�T �C�Z �V�T�J�O�H �B �Q�J�D�U�P�S�J�B�M �B�Q�Q�S�P�B�D�I�C�B�T�F�E �P�O �'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T��

�'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T �B�S�F �D�P�O�T�U�S�V�D�U�F�E �V�T�J�O�H �'�F�Z�O�N�B�O �S�V�M�F�T�
 �X�I�J�D�I �D�B�O �C�F �E�F�U�F�S�N�J�O�F�E �E�J�S�F�D�U�M�Z �G�S�P�N �U�I�F

�-�B�H�S�B�O�H�J�B�O �P�G �B �U�I�F�P�S�Z �J�O �B�O �B�M�H�P�S�J�U�I�N�J�D �X�B�Z �B�O�E �O�P�X�B�E�B�Z�T�
 �T�F�W�F�S�B�M �U�P�P�M�T �F�Y�J�T�U �U�I�B�U �D�B�O �Q�F�S�G�P�S�N �U�I�J�T

�U�B�T�L �B�V�U�P�N�B�U�J�D�B�M�M�Z �<�����>�� �"�T �B�O �F�Y�B�N�Q�M�F�
 �U�I�F �'�F�Z�O�N�B�O �S�V�M�F�T �P�G �2�V�B�O�U�V�N �$�I�S�P�N�P�E�Z�O�B�N�J�D�T �B�S�F �E�F�T�D�S�J�C�F�E

�J�O �'�J�H�V�S�F ��������

igs	 µ1 Ta1 Šgsf a1a2a3 V (p1, p2, p3) Šig2
sW a1a2a3a4

µ1µ2µ3µ4

i
�p + m

p2 Š m2 Ši
gµ1µ2

p2 Š m2

�-�P�N�\�Y�L �������!�;�O�L �-�L�`�U�T�H�U �Y�\�S�L�Z �V�M �8�*�+ �^�P�[�O �V�U�L �X�\�H�Y�R �Å�H�]�V�Y�� �;�O�L �Z�[�Y�H�P�N�O�[ �S�P�U�L�Z �P�U�K�P�J�H�[�L �X�\�H�Y�R�Z �H�U�K �[�O�L �J�\�Y�S�` �S�P�U�L�Z �P�U�K�P�J�H�[�L

�N�S�\�V�U�Z�� �,�_�[�L�Y�U�H�S �S�P�U�L�Z �O�H�]�L �[�O�L �Z�H�T�L �W�Y�V�W�L�Y�[�P�L�Z �H�Z �[�O�L �J�V�Y�Y�L�Z�W�V�U�K�P�U�N �Ä�L�S�K�Z �H�U�K �[�O�L�P�Y �W�Y�V�W�L�Y�[�P�L�Z ���Z�W�P�U �H�U�K �J�V�S�V�Y �P�U�K�P�J�L�Z�� �T�V��

�T�L�U�[�H�� �H�Y�L �S�H�I�L�S�S�L�K �^�P�[�O �[�O�L �J�V�Y�Y�L�Z�W�V�U�K�P�U�N �U�\�T�I�L�Y�� �;�O�L �[�L�U�Z�V�YV �H�U�KW �J�V�Y�Y�L�S�H�[�L �[�O�L �J�V�S�V�Y �H�U�K �3�V�Y�L�U�[�a �Z�[�Y�\�J�[�\�Y�L�Z �V�M �[�O�L

�P�U�J�V�T�P�U�N �W�H�Y�[�P�J�S�L�Z��

�#�F�D�B�V�T�F �U�I�F �W�F�S�U�J�D�F�T �P�G �'�F�Z�O�N�B�O �B�S�F �B�T�T�P�D�J�B�U�F�E �U�P �G�B�D�U�P�S�T �P�G �U�I�F �J�O�U�F�S�B�D�U�J�P�O �D�P�V�Q�M�J�O�H�T�
 �U�I�F�Z �D�B�O �C�F

�V�T�F�E �E�J�S�F�D�U�M�Z �U�P �m�O�E �B�U �X�I�J�D�I �P�S�E�F�S �B �E�J�B�H�S�B�N �D�P�O�U�S�J�C�V�U�F�T�� �'�J�O�E�J�O�H �U�I�F �Q�F�S�U�V�S�C�B�U�J�W�F �F�Y�Q�B�O�T�J�P�O �P�G �B

�U�S�B�O�T�J�U�J�P�O �B�N�Q�M�J�U�V�E�F �B�U �B �H�J�W�F�O �P�S�E�F�S �J�T �U�I�F�S�F�G�P�S�F �S�F�E�V�D�F�E �U�P �E�S�B�X�J�O�H �B�M�M �Q�P�T�T�J�C�M�F �E�J�B�H�S�B�N�T �U�I�B�U �I�B�W�F �U�I�F

�S�J�H�I�U �F�Y�U�F�S�O�B�M �M�F�H�T �B�O�E �U�I�F �S�J�H�I�U �O�V�N�C�F�S �P�G �W�F�S�U�J�D�F�T�� �'�P�S �B �H�J�W�F�O �O�V�N�C�F�S �P�G �F�Y�U�F�S�O�B�M �M�F�H�T�
 �I�J�H�I�F�S �P�S�E�F�S�T

�J�O �U�I�F �F�Y�Q�B�O�T�J�P�O �D�P�S�S�F�T�Q�P�O�E �U�P �E�J�B�H�S�B�N�T �X�J�U�I �N�P�S�F �D�M�P�T�F�E �M�P�P�Q�T�
 �B�O�E �G�P�S �F�B�D�I �M�P�P�Q �J�O �U�I�F �E�J�B�H�S�B�N�


�U�I�F �N�P�N�F�O�U�V�N �n�P�X�J�O�H �U�I�S�P�V�H�I �P�O�F �M�J�O�F �D�B�O�O�P�U �C�F �m�Y�F�E �C�Z �N�P�N�F�O�U�V�N �D�P�O�T�F�S�W�B�U�J�P�O�
 �B�T �T�I�P�X�O �J�O

�'�J�H�V�S�F ��������

�1�B�S�U �P�G �U�I�F �'�F�Z�O�N�B�O �S�V�M�F�T �J�T �U�I�F �Q�S�F�T�D�S�J�Q�U�J�P�O �U�I�B�U �U�I�J�T �V�O�T�Q�F�D�J�m�F�E �N�P�N�F�O�U�V�Nk �N�V�T�U �C�F �J�O�U�F�H�S�B�U�F�E

�P�W�F�S �V�T�J�O�H �U�I�Fd���E�J�N�F�O�T�J�P�O�B�M �N�F�B�T�V�S�F�
ddk

(2� )d . �	���������


�0�O�F �P�G �U�I�F �J�T�T�V�F�T �U�I�B�U �B�S�J�T�F �X�I�F�O �F�W�B�M�V�B�U�J�O�H �'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T �J�T �U�I�B�U �U�I�F �J�O�U�F�H�S�B�M�T �J�O �U�I�F �B�N�Q�M�J�U�V�E�F�T

�B�T�T�P�D�J�B�U�F�E �U�P �M�P�P�Q �E�J�B�H�S�B�N�T �B�S�F �P�G�U�F�O �E�J�W�F�S�H�F�O�U �J�O �U�I�F �M�J�N�J�Ud � 4�
 �B�O�E �X�F �O�F�F�E �U�P �S�F�H�V�M�B�S�J�[�F �B�O�E

�S�F�O�P�S�N�B�M�J�[�F �U�I�F �B�N�Q�M�J�U�V�E�F�T�� �8�F �X�J�M�M �T�Z�T�U�F�N�B�U�J�D�B�M�M�Z �X�P�S�L �J�O �U�I�F �D�P�O�U�F�Y�U �P�G�E�J�N�F�O�T�J�P�O�B�M �S�F�H�V�M�B�S�J�[�B�U�J�P�O� 
 � J� O

�X�I�J�D�I �X�F �V�T�F �U�I�F �O�V�N�C�F�S �P�G �E�J�N�F�O�T�J�P�O�T �B�T �B �S�F�H�V�M�B�U�P�S�� �X�F �D�P�N�Q�V�U�F �U�I�F �J�O�U�F�H�S�B�M �G�P�S �B �H�F�O�F�S�J�Dd = 4 Š 2


�B�O�E �F�Y�Q�S�F�T�T �J�U �B�T �B �-�B�V�S�F�O�U �T�F�S�J�F�T �J�O
 �X�I�J�D�I �X�F �D�B�O �B�O�B�M�Z�U�J�D�B�M�M�Z �D�P�O�U�J�O�V�F �U�P �D�P�N�Q�M�F�Y
 ��

����



���H���;�Y�L�L���S�L�]�L�S �K�P�H�N�Y�H�T ���I���3�V�V�W���S�L�]�L�S �K�P�H�N�Y�H�T

�-�P�N�\�Y�L �������!�0�U �[�Y�L�L���S�L�]�L�S �K�P�H�N�Y�H�T�Z�� �H�S�S �P�U�[�L�Y�U�H�S �T�V�T�L�U�[�H �H�Y�L �Ä�_�L�K �I�` �[�O�L �L�_�[�L�Y�U�H�S �S�L�N�Z�^�O�P�S�L �P�U �S�V�V�W �K�P�H�N�Y�H�T�Z�� �V�U�L �P�U�[�L�Y�U�H�S

�W�Y�V�W�H�N�H�[�V�Y �W�L�Y �S�V�V�W �P�Z �\�U�K�L�[�L�Y�T�P�U�L�K �H�U�K �P�U�[�L�N�Y�H�[�L�K �V�]�L�Y��

�1�P�M�F�T �J�O �U�I�F �-�B�V�S�F�O�U �T�F�S�J�F�T �P�G �M�P�P�Q �J�O�U�F�H�S�B�M�T �I�B�W�F �U�X�P �P�S�J�H�J�O�T�� �V�M�U�S�B�W�J�P�M�F�U �	�6�7�
 �P�S �J�O�G�S�B�S�F�E �	�*�3�
�� �6�M��

�U�S�B�W�J�P�M�F�U �Q�P�M�F�T �D�P�N�F �G�S�P�N �E�J�W�F�S�H�F�O�D�F�T �J�O �U�I�F �M�J�N�J�U �X�I�F�S�F �U�I�F �M�P�P�Q �N�P�N�F�O�U�V�Nk �H�P�F�T �U�P �J�O�m�O�J�U�Z �X�I�J�M�F

�J�O�G�S�B�S�F�E �E�J�W�F�S�H�F�O�D�F�T �Q�P�U�F�O�U�J�B�M�M�Z �B�Q�Q�F�B�S �X�I�F�O �P�O�F �P�G �U�I�F �Q�S�P�Q�B�H�B�U�P�S�T �J�O �U�I�F �M�P�P�Q �J�O�U�F�H�S�B�M �H�P�F�T �U�P �[�F�S�P

�G�P�S �T�P�N�F �m�O�J�U�F �W�B�M�V�F �P�Gk��

�0�C�T�F�S�W�B�C�M�F�T �B�S�F �N�B�E�F �G�S�F�F �P�G �6�7 �E�J�W�F�S�H�F�O�D�F�T �J�O �U�I�F �M�J�N�J�U
 � 0 �U�I�S�P�V�H�I �U�I�F �Q�S�P�D�F�T�T �P�G �S�F�O�P�S�N�B�M�J�[�B��

�U�J�P�O�
 �J�O �X�I�J�D�I �X�F �S�F�M�B�U�F �U�I�F �Q�B�S�B�N�F�U�F�S�T �U�I�B�U �B�Q�Q�F�B�S �J�O �U�I�F �-�B�H�S�B�O�H�J�B�O�
 �D�B�M�M�F�E �C�B�S�F �Q�B�S�B�N�F�U�F�S�T�
 �U�P �m�O�J�U�F�



 ���J�O�E�F�Q�F�O�E�F�O�U �R�V�B�O�U�J�U�J�F�T �D�B�M�M�F�E �U�I�F �S�F�O�P�S�N�B�M�J�[�F�E �Q�B�S�B�N�F�U�F�S�T�� �-�F�U �V�T �D�P�O�T�J�E�F�S �G�P�S �F�Y�B�N�Q�M�F �U�I�F �H�B�V�H�F

�D�P�V�Q�M�J�O�H �J�O �2�$�%�
gs�� �e�F �C�B�S�F �2�$�% �D�P�V�Q�M�J�O�HgB
s �B�Q�Q�F�B�S�T �J�O �U�I�F �U�F�S�N �D�P�V�Q�M�J�O�H �R�V�B�S�L�T �U�P �H�M�V�P�O�T��

L �2�$�%� gB
s q̄	 µTaqGµ

a. �	���������


�#�F�D�B�V�T�FS�4�. �J�T �B�O �B�D�U�J�P�O�
 �J�U �I�B�T �O�P �E�J�N�F�O�T�J�P�O �J�O �O�B�U�V�S�B�M �V�O�J�U�T �X�I�F�S�F� = c = 1 �
 �X�I�F�O�D�F �U�F�S�N�T �J�O �U�I�F

�-�B�H�S�B�O�H�J�B�O �N�V�T�U �C�Fd���E�J�N�F�O�T�J�P�O�B�M�� �e�F �L�J�O�F�U�J�D �U�F�S�N�T �E�F�U�F�S�N�J�O�F �U�I�F �E�J�N�F�O�T�J�P�O �P�G �U�I�F �m�F�M�E�T �B�O�E �X�F

�D�B�O �V�T�F �U�I�F �J�O�U�F�S�B�D�U�J�P�O�T �U�P �m�Y �U�I�F �E�J�N�F�O�T�J�P�O�B�M�J�U�Z �P�G �U�I�F �D�P�V�Q�M�J�O�H��

[q] =
d Š 1

2
, [Gµ] =

d Š 2
2

,
�
gB

s

�
=

4 Š d
2

. �	���������


�*�G �X�F �X�B�O�U �U�P �E�F�m�O�F �B �m�O�J�U�F �S�F�O�P�S�N�B�M�J�[�F�E �D�P�V�Q�M�J�O�HgR
s �J�O�E�F�Q�F�O�E�F�O�U �P�G �U�I�F �O�V�N�C�F�S �P�G �E�J�N�F�O�T�J�P�O�T�
 �X�F

�O�F�F�E �U�P �D�P�N�Q�F�O�T�B�U�F �G�P�S �U�I�F �E�J�N�F�O�T�J�P�O �P�G �U�I�F �C�B�S�F �Q�B�S�B�N�F�U�F�S �V�T�J�O�H �B�O �F�Y�U�F�S�O�B�M �T�D�B�M�Fµ �X�I�J�D�I �J�T �B �Q�S�J�P�S�J

�B�S�C�J�U�S�B�S�Z�� �8�F �X�J�M�M �U�I�F�S�F�G�P�S�F �E�F�m�O�F �J�O �H�F�O�F�S�B�M

gB
s = µ� gR

s (µ)Zgs , �	���������


�X�I�F�S�FZgs �J�T �U�I�F
 �B�O�Eµ �E�F�Q�F�O�E�F�O�U�S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �D�P�O�T�U�B�O�U�� �e�F �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �D�P�O�T�U�B�O�U�T �B�S�F �E�F�U�F�S��

�N�J�O�F�E �B�T �B�O �F�Y�Q�B�O�T�J�P�O �J�O �U�I�F �S�F�O�P�S�N�B�M�J�[�F�E �D�P�V�Q�M�J�O�H �D�P�O�T�U�B�O�U �C�Z �J�N�Q�P�T�J�O�H �U�I�B�U �B�M�M �U�S�B�O�T�J�U�J�P�O �B�N�Q�M�J�U�V�E�F�T

�J�O �U�I�F �U�I�F�P�S�Z �C�F �G�S�F�F �P�G �6�7 �E�J�W�F�S�H�F�O�D�F�T �J�O �U�I�F �M�J�N�J�U
 � 0 �P�O�D�F �F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �U�I�F �S�F�O�P�S�N�B�M�J�[�F�E

�D�P�V�Q�M�J�O�H�T�� �"�T �B �S�F�T�V�M�U�
 �U�I�F �S�F�O�P�S�N�B�M�J�[�F�E �D�P�O�T�U�B�O�U �E�F�Q�F�O�E �P�O �U�I�F �Q�S�F�D�J�T�F �X�B�Z �U�I�F �E�J�W�F�S�H�F�O�D�F�T �B�S�F �B�C��

�T�P�S�C�F�E�� �*�O �U�I�J�T �U�I�F�T�J�T�
 �X�F �X�J�M�M �V�T�V�B�M�M�Z �X�P�S�L �J�O �U�I�F �N�P�E�J�m�F�E �N�J�O�J�N�B�M �T�V�C�U�S�B�D�U�J�P�O �T�D�I�F�N�F �	MS �T�D�I�F�N�F�
�


�J�O �X�I�J�D�I �U�I�F �S�F�M�B�U�J�P�O �C�F�U�X�F�F�O �B �C�B�S�F �Q�B�S�B�N�F�U�F�S� B �B�O�E �J�U�T �S�F�O�P�S�N�B�M�J�[�F�E �D�P�V�O�U�F�S�Q�B�S�U� R �B�U �B �H�J�W�F�O �P�S�E�F�S

����



�J�O �U�I�F �Q�F�S�U�V�S�C�B�U�J�W�F �F�Y�Q�B�O�T�J�P�O �J�T

� B = SŠ � � / 2
� µ� � � � R

�
N�

n=1

Z (n)
�


 n

�

. �	���������


�X�I�F�S�F
�
� B

�
= 4 Š 
 � 
 �B�O�ES� = (4 � )� exp (Š	
 )� 
 � X� J� U� I	 �U�I�F �&�V�M�F�S���.�B�T�D�I�F�S�P�O�J �D�P�O�T�U�B�O�U �J�T �B �G�B�D�U�P�S

�U�I�B�U �T�Z�T�U�F�N�B�U�J�D�B�M�M�Z �B�Q�Q�F�B�S�T �J�O �M�P�P�Q �J�O�U�F�H�S�B�M�T �B�O�E �J�T �S�F�N�P�W�F�E �J�O�.�4�� �*�O �Q�S�B�D�U�J�D�F�
 �X�F �X�J�M�M �E�S�P�Q �U�I�F �G�B�D�U�P�S�T

�P�GS� �G�P�S �B�M�M �Q�B�S�B�N�F�U�F�S�T �F�Y�D�F�Q�U �G�P�S �U�I�F �T�U�S�P�O�H �D�P�V�Q�M�J�O�H �D�P�O�T�U�B�O�U �B�T �B �N�B�U�U�F�S �P�G �T�J�N�Q�M�J�D�J�U�Z�� �e�J�T �Z�J�F�M�E�T

�E�J�
�F�S�F�O�D�F�T �P�G �P�S�E�F�SO(
 ) �J�O �U�I�F �m�O�J�U�F �S�F�T�V�M�U�T �B�O�E �U�I�F�S�F�G�P�S�F �E�P�F�T �O�P�U �B�
�F�D�U �Q�I�Z�T�J�D�B�M �S�F�T�V�M�U�T��

�e�F �G�B�D�U �U�I�B�U �B�C�T�P�S�C�J�O�H �E�J�W�F�S�H�F�O�D�F�T �J�O �B �m�O�J�U�F �O�V�N�C�F�S �P�G �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �D�P�O�T�U�B�O�U�T �J�T �F�O�P�V�H�I �U�P

�N�B�L�F �B�M�M �U�I�F �U�S�B�O�T�J�U�J�P�O �B�N�Q�M�J�U�V�E�F�T �J�O �B �U�I�F�P�S�Z �G�S�F�F �P�G �6�7 �E�J�W�F�S�H�F�O�D�F�T �J�T �G�B�S�G�S�P�N �U�S�J�W�J�B�M �B�O�E �P�O�M�Z �I�B�Q�Q�F�O�T

�G�P�S �S�F�O�P�S�N�B�M�J�[�B�C�M�F �U�I�F�P�S�J�F�T �T�V�D�I �B�T �U�I�F �4�U�B�O�E�B�S�E �.�P�E�F�M �<�����>��

�0�O�D�F �U�I�F �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �T�U�S�V�D�U�V�S�F �P�G �B �U�I�F�P�S�Z �I�B�T �C�F�F�O �E�F�U�F�S�N�J�O�F�E�
 �S�F�O�P�S�N�B�M�J�[�F�E �B�N�Q�M�J�U�V�E�F�TA R

�D�B�O �C�F �S�F�M�B�U�F�E �U�P �U�I�F �B�N�Q�M�J�U�V�E�FA �F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �U�I�F �C�B�S�F �Q�B�S�B�N�F�U�F�S�T

�

	

Z
1
2
	 A (� B ) = A R(� R), �	���������


�X�I�F�S�F �U�I�F �Q�S�P�E�V�D�U �J�T �U�B�L�F�O �P�W�F�S �U�I�F �F�Y�U�F�S�O�B�M �m�F�M�E�T �B�O�E �U�I�FZ	 �B�S�F �U�I�F �m�F�M�E �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �D�P�O�T�U�B�O�U�T��

�"�G�U�F�S �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �B�N�Q�M�J�U�V�E�F�T �D�B�O �T�U�J�M�M �D�P�O�U�B�J�O �J�O�G�S�B�S�F�E �E�J�W�F�S�H�F�O�D�F�T�� �e�F�T�F �D�B�O�O�P�U �C�F �B�C�T�P�S�C�F�E

�C�Z �S�F�E�F�m�O�J�U�J�P�O�T �P�G �U�I�F �Q�B�S�B�N�F�U�F�S�T�
 �C�V�U �D�B�O�D�F�M �B�H�B�J�O�T�U �T�J�O�H�V�M�B�S�J�U�J�F�T �U�I�B�U�B�Q�Q�F�B�S �J�O �U�I�F �Q�I�B�T�F �T�Q�B�D�F �J�O�U�F��

�H�S�B�U�J�P�O �J�G �P�O�F �D�P�O�T�J�E�F�S�T �*�3���T�B�G�F �P�C�T�F�S�W�B�C�M�F�T �<�����
 �����>�
 �B�T �X�F �X�J�M�M �E�J�T�D�V�T�T �J�O �4�F�D�U�J�P�O ������������

�ú���ú���ú �'�#� �� �������#� ������ �!�#� �����$�$���$ �%� �!���#�%� ������ �!�#� �����$�$���$

�"�Q�Q�M�Z�J�O�H �U�I�F �U�F�D�I�O�J�R�V�F�T �P�G �Q�F�S�U�V�S�C�B�U�J�W�F �2�'�5 �U�P �R�V�B�O�U�V�N �D�I�S�P�N�P�E�Z�O�B�N�J�D�T �J�T�B �T�V�J�U�B�C�M�F �B�Q�Q�S�P�B�D�I �U�P

�F�W�B�M�V�B�U�J�O�H �Q�B�S�U�P�O�J�D �D�S�P�T�T �T�F�D�U�J�P�O�T �G�P�S �Q�S�P�D�F�T�T�F�T �X�I�F�S�F �U�I�F �J�O�J�U�J�B�M �T�U�B�U�F�J�T �E�F�m�O�F�E �J�O �U�F�S�N�T �P�G �Q�B�S�U�P�O�T

�	�R�V�B�S�L�T �B�O�E �H�M�V�P�O�T�
 �*�O�E�F�F�E�
 �U�I�F �S�F�O�P�S�N�B�M�J�[�F�E �T�U�S�P�O�H �D�P�V�Q�M�J�O�H �D�P�O�T�U�B�O�U� R
s (µ) =

�
gR

s (µ)
� 2 / (4� ) �J�T

�B �E�F�D�S�F�B�T�J�O�H �G�V�O�D�U�J�P�O �P�G �U�I�F �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �T�D�B�M�F �B�T �X�F �T�I�P�X�F�E �J�O �'�J�H�V�S�F ������ �B�O�E �J�U �C�F�D�P�N�F�T �T�N�B�M�M�F�S

�U�I�B�O1 �G�P�Sµ � 1 GeV�� �*�U �J�T �I�P�X�F�W�F�S �J�N�Q�P�T�T�J�C�M�F �U�P �Q�F�S�G�P�S�N �Q�B�S�U�P�O �T�D�B�U�U�F�S�J�O�H �F�Y�Q�F�S�J�N�F�O�U�T �E�J�S�F�D�U�M�Z

�C�F�D�B�V�T�F �P�G �D�P�O�m�O�F�N�F�O�U�� �X�F �D�B�O �P�O�M�Z �D�P�M�M�J�E�F �I�B�E�S�P�O�T�� �)�J�H�I���F�O�F�S�H�Z �I�B�E�S�P�O �T�D�B�U�U�F�S�J�O�H �D�B�O �I�P�X�F�W�F�S �C�F

�E�F�T�D�S�J�C�F�E �J�O �U�F�S�N�T �P�G �F�M�F�N�F�O�U�B�S�Z �Q�B�S�U�P�O �T�D�B�U�U�F�S�J�O�H �U�I�B�O�L�T �U�P �G�B�D�U�P�S�J�[�B�U�J�P�O�� �E�V�F �U�P �U�I�F �M�B�S�H�F �T�F�Q�B�S�B�U�J�P�O

�C�F�U�X�F�F�O �U�I�F �U�Z�Q�J�D�B�M �I�B�E�S�P�O�J�D �F�O�F�S�H�Z �T�D�B�M�F �	� 1 GeV�
 �B�O�E �U�I�F �T�D�B�U�U�F�S�J�O�H �F�O�F�S�H�Z �J�O �F�Y�Q�F�S�J�N�F�O�U�T �	13 TeV

�B�U �U�I�F �-�)�$�
�
 �J�O�E�J�W�J�E�V�B�M �Q�B�S�U�P�O �T�D�B�U�U�F�S�J�O�H �Q�S�P�C�B�C�J�M�J�U�J�F�T �B�S�F �B�E�E�F�E �J�O�D�P�I�F�S�F�O�U�M�Z �V�Q �U�P �Q�P�X�F�S �T�V�Q�Q�S�F�T�T�F�E

�D�P�S�S�F�D�U�J�P�O�T �U�I�B�U �T�D�B�M�F �B�U �X�P�S�T�F �M�J�L�F �U�I�F �J�O�W�F�S�T�F �D�F�O�U�F�S���P�G���N�B�T�T �F�O�F�S�H�Z�� �e�F �G�B�D�U�P�S�J�[�B�U�J�P�O �G�P�S�N�V�M�B �G�P�S �U�I�F

�Q�S�P�U�P�O���Q�S�P�U�P�O �T�D�B�U�U�F�S�J�O�H �D�S�P�T�T �T�F�D�U�J�P�O �P�G �U�I�F �Q�S�P�D�F�T�T�V�Tpp � X �B�U �B �D�F�O�U�F�S���P�G���N�B�T�T �F�O�F�S�H�Z
�

s �U�B�L�F�T

�U�I�F �G�P�S�N

� pp� X =
�

i 1 ,i 2

� 1

0
dx1dx2f i 1 (x1, µ)f i 2 (x2, µ)�� ij � X (�s, µ) + O

�
1

�
�s

�
, �	���������


�X�I�F�S�F �U�I�F �T�V�N �H�P�F�T �P�W�F�S �U�I�F �Q�B�S�U�P�O�T �J�O�T�J�E�F �U�I�F �Q�S�P�U�P�O�T�
�� ij � X �J�T �U�I�F �Q�B�S�U�P�O�J�D �D�S�P�T�T �T�F�D�U�J�P�O �G�P�S �U�I�F

�Q�S�P�D�F�T�Tij � X �B�U �U�I�F�Q�B�S�U�P�O�J�D�D�F�O�U�F�S���P�G���N�B�T�T �F�O�F�S�H�Z�s = x1x2s �B�O�Ef i (x, µ) �J�T �U�I�F �Q�B�S�U�P�O �E�J�T�U�S�J�C�V�U�J�P�O

�G�V�O�D�U�J�P�O �	�1�%�'�
 �P�G �U�I�F �Q�B�S�U�P�Oi �J�O �U�I�F �Q�S�P�U�P�O�
 �X�I�J�D�I �D�B�O �J�O�U�V�J�U�J�W�F�M�Z �C�F �J�O�U�F�S�Q�S�F�U�F�E �B�T �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z

�P�G �m�O�E�J�O�H �U�I�F �Q�B�S�U�P�Oi �J�O �U�I�F �Q�S�P�U�P�O �X�J�U�I �B �G�S�B�D�U�J�P�Ox �P�G �J�U�T �U�P�U�B�M �N�P�N�F�O�U�V�N�� �e�F �1�%�' �E�F�Q�F�O�E �P�O �B�O

����
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MSTW 2008 NNLO PDFs (68% C.L.)

�-�P�N�\�Y�L �������!�,�_�H�T�W�S�L�Z �V�M �7�+�- �M�Y�V�T �[�O�L �4�:�;�>�������� �Ä�[ �B�����D��

�B�S�C�J�U�S�B�S�Z �T�D�B�M�F �D�B�M�M�F�E �U�I�F �G�B�D�U�P�S�J�[�B�U�J�P�O �T�D�B�M�F�
 �X�I�J�D�I �D�B�O �C�F �U�I�P�V�H�I�U �P�G �B�T�U�I�F �T�D�B�M�F �U�I�B�U �T�F�Q�B�S�B�U�F�T �U�I�F �I�B�S�E

�Q�I�Z�T�J�D�T �E�F�T�D�S�J�C�F�E �C�Z�� �B�O�E �U�I�F �M�P�X���F�O�F�S�H�Z �Q�I�Z�T�J�D�T �E�F�T�D�S�J�C�F�E �C�Z �U�I�F �1�%�'�� �'�B�D�U�P�S�J�[�B�U�J�P�O �J�T �P�O�M�Z �Q�S�P�W�F�O �G�P�S

�B �T�Q�F�D�J�m�D �T�F�U �P�G �T�D�B�U�U�F�S�J�O�H �Q�S�P�D�F�T�T�F�T �C�V�U �J�T �D�P�O�K�F�D�U�V�S�F�E �U�P �I�P�M�E �H�F�O�F�S�B�M�M�Z�J�O �I�J�H�I �F�O�F�S�H�Z �T�D�B�U�U�F�S�J�O�H �<�����>��

�#�F�D�B�V�T�F �U�I�F �1�%�' �S�F�M�B�U�F �U�P �U�I�F �J�O�U�F�S�O�B�M �E�Z�O�B�N�J�D�T �P�G �I�B�E�S�P�O�T�
 �U�I�F�Z �D�B�O�O�P�U �C�F �E�F�U�F�S�N�J�O�F�E �C�Z �Q�F�S�U�V�S��

�C�B�U�J�W�F �2�$�%�
 �B�O�E �U�I�F �C�F�T�U �B�Q�Q�S�P�B�D�I �B�U �U�I�F �N�P�N�F�O�U �J�T �U�P �N�F�B�T�V�S�F �U�I�F�N �F�Y�Q�F�S�J�N�F�O�U�B�M�M�Z �U�I�S�P�V�H�I �m�U�T �P�G

�F�Y�Q�F�S�J�N�F�O�U�B�M �E�B�U�B�� �e�F �S�F�T�V�M�U �P�G �T�V�D�I �B �m�U �J�T �Q�S�P�W�J�E�F�E �J�O �'�J�H�V�S�F �������� �e�F �m�S�T�U �I�J�T�U�P�S�J�D�B�M �N�F�B�T�V�S�F�N�F�O�U�T

�X�F�S�F �Q�F�S�G�P�S�N�F�E �V�T�J�O�H �E�B�U�B �G�S�P�N �E�F�F�Q �J�O�F�M�B�T�U�J�D �T�D�B�U�U�F�S�J�O�H �	�%�*�4�
 �F�Y�Q�F�S�J�N�F�O�U�T �J�O �X�I�J�D�I �F�M�F�D�U�S�P�O�T �X�F�S�F

�D�P�M�M�J�E�F�E �X�J�U�I �Q�S�P�U�P�O�T �B�U �I�J�H�I �F�O�F�S�H�J�F�T�� �/�P�X�B�E�B�Z�T �E�B�U�B �J�T �V�T�F�E �G�S�P�N �N�B�O�Z �F�Y�Q�F�S�J�N�F�O�U�T �B�O�E �N�B�O�Z �1�%�'

�m�U�T �B�S�F �B�W�B�J�M�B�C�M�F �<�����o�����>��

�3�F�M�B�U�J�O�H �Q�B�S�U�P�O�J�D �m�O�B�M �T�U�B�U�F �U�P �Q�I�Z�T�J�D�B�M�
 �I�B�E�S�P�O�J�D �m�O�B�M �T�U�B�U�F�T �T�F�F�O �J�O �D�P�M�M�J�E�F�S�T �J�T �B�O�P�U�I�F�S �Q�B�S�U �P�G �2�$�%

�U�I�B�U �D�B�O�O�P�U �C�F �Q�S�F�E�J�D�U�F�E �V�T�J�O�H �Q�F�S�U�V�S�C�B�U�J�W�F �2�$�%�� �"�U �U�I�F �F�O�F�S�H�Z �S�F�H�J�N�F �P�G �U�I�F �-�)�$�
 �U�I�F �N�B�J�O �F�Y�Q�F�S�J��

�N�F�O�U�B�M �T�J�H�O�B�U�V�S�F�T �P�G �Q�B�S�U�P�O�J�D �m�O�B�M �T�U�B�U�F�T �X�J�U�I �D�P�M�P�S�F�E �Q�B�S�U�P�O�T �B�S�F �I�B�E�S�P�O�J�D �K�F�U�T�
 �O�B�S�S�P�X�M�Z �D�P�M�M�J�N�B�U�F�E

�C�V�O�E�M�F�T �P�G �I�B�E�S�P�O�T�� �*�O �F�M�F�D�U�S�P�O���Q�P�T�J�U�S�P�O �D�P�M�M�J�T�J�P�O�T �B�U �I�J�H�I �F�O�F�S�H�J�F�T �G�P�S�F�Y�B�N�Q�M�F�
 �N�P�T�U �I�B�E�S�P�O�J�D �m�O�B�M

�T�U�B�U�F�T �B�S�F �U�X�P���K�F�U �m�O�B�M �T�U�B�U�F�T�
 �J�O �X�I�J�D�I �U�X�P �D�P�M�J�N�B�U�F�E �T�Q�S�B�Z�T �P�G �C�P�P�T�U�F�E �I�B�E�S�P�O�T �B�S�F �C�B�D�L���U�P���C�B�D�L �B�T

�T�I�P�X�O �J�O �'�J�H�V�S�F �������
 �X�I�J�D�I �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �M�F�B�E�J�O�H���P�S�E�F�S �Q�B�S�U�P�O�J�D �Q�J�D�U�V�S�F �J�O �X�I�J�D�I �B �Q�B�J�S �P�G �R�V�B�S�L�T

�J�T �Q�S�P�E�V�D�F�E �U�I�S�P�V�H�I �B �W�J�S�U�V�B�M �Q�I�P�U�P�O �P�SZ �C�P�T�P�O�� �'�S�P�N �B �U�I�F�P�S�F�U�J�D�B�M �Q�P�J�O�U �P�G �W�J�F�X�
 �U�I�F �M�J�O�L �G�S�P�N �m�O�B�M

�T�U�B�U�F�T �Q�B�S�U�P�O�T �U�P �I�B�E�S�P�O�J�D �T�U�B�U�F�T �J�T �E�F�T�D�S�J�C�F�E �J�O �U�X�P �T�U�F�Q�T�� �G�S�B�H�N�F�O�U�B�U�J�P�O �B�O�E �I�B�E�S�P�O�J�[�B�U�J�P�O�� �'�S�B�H�N�F�O��

�U�B�U�J�P�O �J�T �T�U�J�M�M �H�P�W�F�S�O�F�E �C�Z �Q�F�S�U�V�S�C�B�U�J�W�F �Q�S�P�D�F�T�T�F�T �B�O�E �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F�S�F�Q�F�B�U�F�E �T�Q�M�J�U�U�J�O�H�T �P�G �Q�B�S�U�P�O�T

�	g � qq̄�
q � qg�
 �y�
�� �*�G �U�I�F �J�O�J�U�J�B�M �Q�B�S�U�P�O �J�T �W�F�S�Z �C�P�P�T�U�F�E�
 �J�U�T �G�S�B�H�N�F�O�U�F�E �W�F�S�T�J�P�O �X�J�M�M �D�P�O�T�J�T�U �P�G �N�B�O�Z

�Q�B�S�U�P�O�T �H�P�J�O�H �J�O �U�I�F �T�B�N�F �E�J�S�F�D�U�J�P�O�T�
 �X�I�J�D�I �X�J�M�M �H�J�W�F �S�J�T�F �U�P �B �K�F�U�� �e�F �Q�F�S�U�V�S�C�B�U�J�W�F �Q�J�D�U�V�S�F �C�S�F�B�L�T �E�P�X�O

�X�I�F�O �U�I�F �U�Z�Q�J�D�B�M �N�P�N�F�O�U�V�N �U�S�B�O�T�G�F�S �J�O �T�Q�M�J�U�U�J�O�H�T �C�F�D�P�N�F�T �M�P�X�F�S �U�I�B�O1 GeV�
 �B�U �X�I�J�D�I �Q�P�J�O�U �U�I�F �E�F��

�T�D�S�J�Q�U�J�P�O �J�T �T�X�J�U�D�I�F�E �U�P �I�B�E�S�P�O�J�[�B�U�J�P�O�
 �X�I�J�D�I �J�T �U�I�F �O�P�O�Q�F�S�U�V�S�C�B�U�J�W�F �Q�S�P�D�F�T�T �J�O �X�I�J�D�I �Q�B�S�U�P�O�T �H�S�P�V�Q

�U�P�H�F�U�I�F�S �U�P �G�P�S�N �Q�I�Z�T�J�D�B�M �I�B�E�S�P�O�T�� �)�B�E�S�P�O�J�[�B�U�J�P�O �N�P�E�F�M�T �B�S�F �O�P�U �D�P�O�T�U�S�V�D�U�F�E �G�S�P�N �m�S�T�U �Q�S�J�O�D�J�Q�M�F�T�


�C�V�U �B�S�F �Q�I�F�O�P�N�F�O�P�M�P�H�J�D�B�M �N�P�E�F�M�T �U�I�B�U �B�S�F �m�U�U�F�E �U�P �F�Y�Q�F�S�J�N�F�O�U��
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�-�P�N�\�Y�L �������!�(�U �L�_�H�T�W�S�L �V�M �H �K�P�Q�L�[ �L�]�L�U�[ �P�U �[�O�L �(�;�3�(�: �K�L�[�L�J�[�V�Y �H�[ �[�O�L �3�/�*

�ú���ú���û �$�������&�����%������ �!���#�%� ������ ���#� �$�$���$�����%��� ���$ ���% �/�-�0

�-�F�U �V�T �C�S�J�F�n�Z �E�J�T�D�V�T�T �U�I�F �T�U�S�V�D�U�V�S�F �P�G �/�-�0 �D�B�M�D�V�M�B�U�J�P�O�T �J�O �2�$�% �B�U �U�I�F �Q�B�S�U�P�O�M�F�W�F�M�� �"�T �X�F �F�Y�Q�M�B�J�O�F�E

�J�O �4�F�D�U�J�P�O �����������
 �I�J�H�I�F�S �P�S�E�F�S �D�P�S�S�F�D�U�J�P�O�T �U�P �P�C�T�F�S�W�B�C�M�F�T �J�O �2�$�% �D�P�O�U�B�J�O �E�J�W�F�S�H�F�O�D�F�T �U�I�B�U �D�P�S�S�F�T�Q�P�O�E

�F�J�U�I�F�S �U�P �6�7 �E�J�W�F�S�H�F�O�D�F�T�
 �P�S �U�P �*�3 �E�J�W�F�S�H�F�O�D�F�T �X�I�J�D�I �E�J�T�B�Q�Q�F�B�S �P�O�D�F �X�F �D�P�O�T�J�E�F�S �*�3���T�B�G�F �P�C�T�F�S�W�B�C�M�F�T�
 �J�O

�X�I�J�D�I �Q�I�B�T�F �T�Q�B�D�F �J�O�U�F�H�S�B�U�J�P�O �E�J�W�F�S�H�F�O�D�F�T �D�B�O�D�F�M �B�H�B�J�O�T�U �U�I�F �*�3 �E�J�W�F�S�H�F�O�D�F�T �P�G �M�P�P�Q �J�O�U�F�H�S�B�M�T�� �8�F �X�J�M�M

�J�M�M�V�T�U�S�B�U�F �P�V�S �E�J�T�D�V�T�T�J�P�O �X�J�U�I �U�I�F �D�S�P�T�T���T�F�D�U�J�P�O �G�P�S �J�O�D�M�V�T�J�W�F �I�B�E�S�P�O �Q�S�P�E�V�D�U�J�P�O �J�O �F�M�F�D�U�S�P�O���Q�P�T�J�U�S�P�O

�T�D�B�U�U�F�S�J�O�H �X�F�M�M �C�F�M�P�X �U�I�FZ �C�P�T�P�O �N�B�T�T�� �e�F �M�F�B�E�J�O�H �P�S�E�F�S �D�P�O�U�S�J�C�V�U�J�P�O �G�P�S �U�I�J�T �P�C�T�F�S�W�B�C�M�F �D�P�N�F�T �G�S�P�N

�U�I�F �'�F�Z�O�N�B�O �E�J�B�H�S�B�N �T�I�P�X�O �J�O �'�J�H�V�S�F �������� �e�F �U�P�U�B�M�
 �V�O�Q�P�M�B�S�J�[�F�E �D�S�P�T�T �T�F�D�U�J�P�O� H �J�T �P�C�U�B�J�O�F�E �C�Z

�

eŠ

e+ q̄

q

�-�P�N�\�Y�L �������!�3�L�H�K�P�U�N���V�Y�K�L�Y �J�V�U�[�Y�P�I�\�[�P�V�U �M�V�Ye+ eŠ � �O�H�K�Y�V�U�Z

�J�O�U�F�H�S�B�U�J�O�H �U�I�F �O�P�S�N �P�G �U�I�F �B�N�Q�M�J�U�V�E�F �P�W�F�S �U�I�F �Q�I�B�T�F �T�Q�B�D�F �P�G �U�I�F �U�X�P �R�V�B�S�L�T
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�X�I�F�S�F� �J�T �U�I�F �F�M�F�D�U�S�P�N�B�H�O�F�U�J�D �D�P�V�Q�M�J�O�H �D�P�O�T�U�B�O�U� = e2/ (4� )�

�

s �J�T �U�I�F �D�F�O�U�F�S���P�G���N�B�T�T �F�O�F�S�H�Z �P�G

�U�I�F �D�P�M�M�J�T�J�P�O�
 �U�I�FQi �B�S�F �U�I�F �R�V�B�S�L �D�I�B�S�H�F�T �B�O�E �U�I�F �T�V�N �S�V�O�T �P�W�F�S �B�D�U�J�W�F �R�V�B�S�L �n�B�W�P�S�T�� �e�F �O�F�Y�U���U�P��

�M�F�B�E�J�O�H �	�/�-�0�
 �D�P�S�S�F�D�U�J�P�O�T�
 �X�I�J�D�I �B�S�FO
�
� 2� s

�
�D�P�N�F �G�S�P�N �U�X�P �E�J�
�F�S�F�O�U �T�P�V�S�D�F�T�� �W�J�S�U�V�B�M �D�P�S�S�F�D�U�J�P�O�T�


�X�I�J�D�I �J�O�D�M�V�E�F �B�O �F�Y�U�S�B �M�P�P�Q�
 �B�O�E �S�F�B�M �F�N�J�T�T�J�P�O �D�P�S�S�F�D�U�J�P�O�T�
 �J�O �X�I�J�D�I �B�O �F�Y�U�S�B �Q�B�S�U�P�O �J�T �D�S�F�B�U�F�E�
 �X�I�J�D�I

�X�J�M�M �B�M�T�P �I�B�E�S�P�O�J�[�F�� �*�O �U�I�F �D�B�T�F �P�Ge+ eŠ � �I�B�E�S�P�O�
 �U�I�F�Z �B�S�F �S�F�B�M�J�[�F�E �J�O �U�I�F �'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T �T�I�P�X�O

�J�O �'�J�H�V�S�F �������� �e�FO(� s) �W�J�S�U�V�B�M �D�P�S�S�F�D�U�J�P�O� 1V �D�P�N�F�T �U�I�S�P�V�H�I �U�I�F �J�O�U�F�S�G�F�S�F�O�D�F �X�J�U�I �U�I�F �-�0 �'�F�Z�O�N�B�O

�

eŠ

e+ q̄

q

�

eŠ

e+ q̄

q

���H���9�L�H�S �L�T�P�Z�Z�P�V�U�Z

�

eŠ

e+ q̄

q

���I���=�P�Y�[�\�H�S �J�V�Y�Y�L�J�[�P�V�U

�-�P�N�\�Y�L ����� �!�-�L�`�U�T�H�U �K�P�H�N�Y�H�T�Z �J�V�U�[�Y�P�I�\�[�P�U�N �[�V �[�O�L �5�3�6 �J�V�Y�Y�L�J�[�P�V�U �[�V �[�O�L �[�V�[�H�S �J�Y�V�Z�Z �Z�L�J�[�P�V�U �M�V�Ye+ eŠ � �O�H�K�Y�V�U

�E�J�B�H�S�B�N�
 �J�O�U�F�H�S�B�U�F�E �P�W�F�S �U�I�F �Q�I�B�T�F �T�Q�B�D�F �P�G �U�I�F �Q�B�J�S �P�G �R�V�B�S�L�Td� 2�
 �B�T �T�I�P�X�O �J�O �&�R�V�B�U�J�P�O ����������
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d� 2 2�3�F
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�e�F �D�P�O�U�S�J�C�V�U�J�P�O �G�S�P�N �S�F�B�M �F�N�J�T�T�J�P�O�T �P�O �U�I�F �P�U�I�F�S �I�B�O�E�
 �E�P�F�T �O�P�U �J�O�U�F�S�G�F�S�F �X�J�U�I �U�I�F �-�0 �B�N�Q�M�J�U�V�E�F

�C�F�D�B�V�T�F �U�I�F �m�O�B�M �T�U�B�U�F �J�T �E�J�
�F�S�F�O�U�� �*�U�T �D�P�O�U�S�J�C�V�U�J�P�O� 1R �J�T �U�I�F�S�F�G�P�S�F �E�J�S�F�D�U�M�Z �U�I�F �T�R�V�B�S�F �P�G �U�I�F �S�F�B�M

�F�N�J�T�T�J�P�O �B�N�Q�M�J�U�V�E�F �J�O�U�F�H�S�B�U�F�E �P�W�F�S �U�I�F �Q�I�B�T�F �T�Q�B�D�F �P�G �U�I�F �U�I�S�F�F���Q�B�S�U�J�D�M�F�m�O�B�M �T�U�B�U�Fd� 3�
 �B�T �T�I�P�X�O �J�O

�&�R�V�B�U�J�P�O ����������
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�"�G�U�F�S �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O�
 �C�P�U�I �D�P�O�U�S�J�C�V�U�J�P�O �D�P�O�U�B�J�O �*�3 �E�J�W�F�S�H�F�O�D�F�T �D�P�N�J�O�H�S�F�T�Q�F�D�U�J�W�F�M�Z �G�S�P�N �U�I�F �M�P�P�Q

�J�O�U�F�H�S�B�M �G�P�S �U�I�F �W�J�S�U�V�B�M �D�P�S�S�F�D�U�J�P�O �B�O�E �G�S�P�N �U�I�F �Q�I�B�T�F �T�Q�B�D�F �J�O�U�F�H�S�B�M �G�P�S �U�I�F �S�F�B�M �F�N�J�T�T�J�P�O �D�P�S�S�F�D�U�J�P�O��

�6�T�J�O�H �E�J�N�F�O�T�J�P�O�B�M �S�F�H�V�M�B�S�J�[�B�U�J�P�O �G�P�S �C�P�U�I �J�O�U�F�H�S�B�M�T �X�F �m�O�E �U�I�B�U
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�*�U �B�Q�Q�F�B�S�T �D�M�F�B�S�M�Z �U�I�B�U �U�I�F �E�J�W�F�S�H�F�O�D�F�T �D�B�O�D�F�M �J�O �U�I�F �U�P�U�B�M �D�S�P�T�T �T�F�D�U�J�P�O��

� H = � 0 +
� s

2�
(� 1R + � 1V ) = � 0

�
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�

�
. �	���������


�*�U �J�T �B �H�F�O�F�S�B�M �G�F�B�U�V�S�F �P�G �J�O�G�S�B�S�F�E �E�J�W�F�S�H�F�O�D�F�T �U�I�B�U �U�I�P�T�F �B�S�J�T�J�O�H �G�S�P�N �S�F�B�M �B�O�E �W�J�S�U�V�B�M �H�M�V�P�O�T �N�V�T�U �D�B�O�D�F�M

�J�G �T�V���D�J�F�O�U�M�Z �J�O�D�M�V�T�J�W�F �P�C�T�F�S�W�B�C�M�F�T �B�S�F �D�P�O�T�J�E�F�S�F�E �<�����
 �����>�� �4�V�D�I �P�C�T�F�S�W�B�C�M�F�T �B�S�F �D�B�M�M�F�E �J�O�G�S�B�S�F�E���T�B�G�F

�P�C�T�F�S�W�B�C�M�F�T �B�O�E �N�V�T�U �W�F�S�J�G�Z �U�I�F �Q�S�P�Q�S�F�U�Z �U�I�B�U �U�I�F�Z �N�F�B�T�V�S�F �U�I�F �T�B�N�F �W�B�M�V�F �P� O � Bn���Q�B�S�U�P�O �m�O�B�M �T�U�B�U�F
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A�
 �X�I�J�D�I �J�T �E�F�U�F�S�N�J�O�F�E �C�Z �T�J�N�V�M�B�U�J�P�O�T�� �e�F �Q�S�P�D�F�T�T�V�Tgg � H � ZZ �J�T �V�T�F�E �B�T �B �S�F�G�F�S�F�O�D�F �G�P�S

�U�I�F �P�W�F�S�B�M�M �O�P�S�N�B�M�J�[�B�U�J�P�O �E�V�F �U�P �J�U�T �P�W�F�S�B�M�M �S�F�M�J�B�C�J�M�J�U�Z�
 �C�F�J�O�H �B �D�I�B�O�O�F�M�X�J�U�I �M�P�X �C�B�D�L�H�S�P�V�O�E�T �B�O�E �T�N�B�M�M

�T�Z�T�U�F�N�B�U�J�D �V�O�D�F�S�U�B�J�O�U�J�F�T�� �e�F �S�F�T�V�M�U �P�G �U�I�J�T �m�U �J�T �T�I�P�X�O �J�O �'�J�H�V�S�F ���������B�� �e�F�T�F�D�P�O�E �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O

�J�T �E�P�O�F �J�O �U�F�S�N�T �P�G �T�J�H�O�B�M �T�U�S�F�O�H�U�I�T�
 �X�I�J�D�I �X�P�S�L�T �V�O�E�F�S �U�I�F �B�T�T�V�N�Q�U�J�P�O�T �U�I�B�U �U�I�F �N�F�B�T�V�S�F�N�F�O�U�T �P�G

�Q�S�P�E�V�D�U�J�P�O �B�O�E �E�F�D�B�Z �T�U�S�F�O�H�U�I�T �D�B�O �C�F �G�B�D�U�P�S�J�[�F�E �V�O�J�W�F�S�T�B�M�M�Z�� �e�F �m�U �Q�B�S�B�N�F�U�F�S�Tµi �G�P�S �Q�S�P�E�V�D�U�J�P�O �B�O�E

µj �G�P�S �E�F�D�B�Z�T �S�F�T�D�B�M�F �U�I�F �U�I�F�P�S�F�U�J�D�B�M �Q�S�F�E�J�D�U�J�P�O�T �G�P�S �U�I�F �D�P�O�U�S�J�C�V�U�J�P�O �P�G �F�B�D�I �N�P�E�F �U�P �U�I�F �N�F�B�T�V�S�F�E �Z�J�F�M�E

�P�G �F�B�D�I �B�O�B�M�Z�T�J�T��

nA = L
�

ij


 A
ij µi µj � �4�.

i × B �4�.
j . �	���������


�e�F �S�F�T�V�M�U �P�G �U�I�J�T �m�U �J�T �T�I�P�X�O �J�O �'�J�H�V�S�F ���������D�� �e�F �U�I�J�S�E �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �J�T �C�B�T�F�E �P�O �U�I�F �J�E�F�B �P�G�D�P�V�Q�M�J�O�H

�N�P�E�J�m�F�S�T�P�G�U�F�O �S�F�G�F�S�S�F�E �U�P �B�T �U�I�F
 ���G�S�B�N�F�X�P�S�L�� �" �D�P�V�Q�M�J�O�H �N�P�E�J�m�F�S
 i �J�T �B�T�T�P�D�J�B�U�F�E �U�P �F�B�D�I �D�P�V�Q�M�J�O�H

�J�O�W�P�M�W�J�O�H �U�I�F �)�J�H�H�T �C�P�T�P�O �B�O�E �U�I�F �D�P�O�U�S�J�C�V�U�J�P�O �P�G �F�B�D�I �D�I�B�O�O�F�M �J�T �S�F�T�D�B�M�F�E�C�Z �B �D�P�N�C�J�O�B�U�J�P�O �L�B�Q�Q�B�T

�C�B�T�F�E �P�O �U�I�F �-�0 �T�D�B�M�J�O�H �P�G �U�I�F �D�S�P�T�T �T�F�D�U�J�P�O �U�J�N�F�T �C�S�B�O�D�I�J�O�H �S�B�U�J�P�� �'�P�S �F�Y�B�N�Q�M�F�
 �J�O �T�F�B�S�D�I �G�P�S �U�I�F �B�T��

�T�P�D�J�B�U�F�E �Q�S�P�E�V�D�U�J�P�O �P�G �B �)�J�H�H�T �C�P�T�P�O �X�J�U�I �B �Q�B�J�S �P�G �U�P�Q �R�V�B�S�L�T�
 �X�J�U�I �U�I�F �)�J�H�H�T �C�P�T�P�O �E�F�D�B�Z�J�O�H �J�O�U�P

�C�P�U�U�P�N �R�V�B�S�L�
 �U�I�F �T�J�H�O�B�M �D�P�O�U�S�J�C�V�U�J�P�O �	�J���F���U�I�F �D�P�O�U�S�J�C�V�U�J�P�O �G�S�P�N �H�F�O�V�J�O�Ft t̄H, H � b̄b�
 �D�P�O�U�S�J�C�V�U�F�T

�U�P �U�I�F �F�W�F�O�U �O�V�N�C�F�Sn �J�O �U�I�F �G�P�M�M�P�X�J�O�H �X�B�Z

n = L 
 
 t 
 b � �4�.
t t̄H × B �4�.

H � b̄b + . . . �	���������


�X�I�F�S�F
 t �	
 b�
 �J�T �U�I�F �D�P�V�Q�M�J�O�H �N�P�E�J�m�F�S �G�P�S �U�I�F �U�P�Q �	�C�P�U�U�P�N�
 �:�V�L�B�X�B �D�P�V�Q�M�J�O�H�� �e�F �S�F�T�V�M�U �P�G�U�I�J�T �m�U �J�T

�T�I�P�X�O �J�O �'�J�H�V�S�F ���������C�� �e�J�T �B�Q�Q�S�P�B�D�I �I�B�T �B �O�J�D�F �J�O�U�V�J�U�J�W�F �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �T�J�O�D�F�
 �B�U �M�F�B�E�J�O�H �P�S�E�F�S�
 �D�I�B�O�H��
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���J���Z�P�N�U�H�S �Z�[�Y�L�U�N�[�O �W�H�Y�H�T�L�[�Y�P�a�H�[�P�V�U

�-�P�N�\�Y�L ���������!�9�L�Z�\�S�[�Z �M�V�Y �[�O�L �Ä�[�Z �P�U �[�O�L �[�O�Y�L�L �W�H�Y�H�T�L�[�Y�P�a�H�[�P�V�U�Z �\�Z�L�K �P�U �B���D��

�J�O�H �U�I�F �D�P�V�Q�M�J�O�H �P�G �U�I�F �)�J�H�H�T �C�P�T�P�O �U�P �B �H�J�W�F�O �4�. �Q�B�S�U�J�D�M�F �J�T �F�R�V�J�W�B�M�F�O�U �U�P �m�O�E�J�O�H �B �W�B�M�V�F �P�G �U�I�F �D�P�S��

�S�F�T�Q�P�O�E�J�O�H �L�B�Q�Q�B �E�J�
�F�S�F�O�U �G�S�P�N �P�O�F�� �)�P�X�F�W�F�S�
 �Q�S�F�E�J�D�U�J�P�O�T �J�O �U�I�F �)�J�H�H�T �T�F�D�U�P�S �B�S�F �W�F�S�Z �T�F�O�T�J�U�J�W�F �U�P

�S�B�E�J�B�U�J�W�F �D�P�S�S�F�D�U�J�P�O�T �T�P �U�I�B�U �U�I�B�U�U�I�F �S�F�M�B�U�J�P�O�T�I�J�Q �C�F�U�X�F�F�O �B �N�P�E�J�m�F�E �J�O�U�F�S�B�D�U�J�P�O �T�U�S�F�O�H�U�I �B�O�E �B �N�F�B��

�T�V�S�F�E �L�B�Q�Q�B �D�B�O �C�F �O�P�O�U�S�J�W�J�B�M�� �'�V�S�U�I�F�S�N�P�S�F�
 �U�I�F �Q�I�F�O�P�N�F�O�P�M�P�H�Z �P�G �4�. �F�Y�U�F�O�T�J�P�O�T �D�B�O �C�F �E�J�
�F�S�F�O�U �U�P

�U�I�B�U �P�G �U�I�F �4�.�� �"�T �B �S�F�T�V�M�U�
 �S�F�M�B�U�J�O�H �U�I�F �N�F�B�T�V�S�F�N�F�O�U �P�G �L�B�Q�Q�B�T �U�P �U�I�F �J�O�U�F�S�B�D�U�J�P�O�T �J�O �B �T�Q�F�D�J�m�D �#�4�.

�N�P�E�F�M �D�B�O �C�F �O�P�O���U�S�J�W�J�B�M�� �0�O�F �T�I�P�V�M�E �U�I�F�S�F�G�P�S�F �C�F �X�B�S�Z �P�G �J�O�U�F�S�Q�S�F�U�J�O�H �U�I�F�L�B�Q�Q�B�T �B�T �#�4�. �D�P�V�Q�M�J�O�H

����



�N�P�E�J�m�F�S�T �B�T �U�I�F�Z �B�S�F �S�F�B�M�M�Z �m�U �Q�B�S�B�N�F�U�F�S�T �U�I�B�U �D�B�O�O�P�U �C�F �U�S�J�W�J�B�M�M�Z �S�F�M�B�U�F�E�U�P �U�I�F �Q�B�S�B�N�F�U�F�S�T �P�G �T�P�N�F

�2�'�5��

�e�F �C�V�M�L �P�G �U�I�F �3�V�O �* �)�J�H�H�T �B�O�B�M�Z�T�J�T �D�B�N�Q�B�J�H�O �X�B�T �D�F�O�U�F�S�F�E �B�S�P�V�O�E �U�P�U�B�M �S�B�U�F�T�
 �X�I�J�D�I �B�M�M�P�X�F�E �U�P

�B�O�T�X�F�S �U�I�F �C�V�S�O�J�O�H �R�V�F�T�U�J�P�O�T �U�I�B�U �G�P�M�M�P�X�F�E �U�I�F �J�O�J�U�J�B�M �E�J�T�D�P�W�F�S�Z�� �J�T �U�I�F �)�J�H�H�T �C�P�T�P�O �Q�S�P�E�V�D�F�E �B�T �X�F

�F�Y�Q�F�D�U� �%�P�F�T �J�U �E�F�D�B�Z �J�O �U�I�F �S�J�H�I�U �D�I�B�O�O�F�M�T� �"�T �N�P�S�F �E�B�U�B �J�T �C�F�J�O�H �H�B�U�I�F�S�F�E �B�O�E �B�O�B�M�Z�[�F�E�
 �X�F �I�B�W�F �B�D�D�F�T�T

�U�P �B �H�S�P�X�J�O�H �C�P�E�Z �P�G �J�O�G�P�S�N�B�U�J�P�O �O�P�U �P�O�M�Z �P�O �U�I�F �S�B�U�F�T�
 �C�V�U �B�M�T�P �P�O �U�I�F �L�J�O�F�N�B�U�J�D�T �P�G �)�J�H�H�T���S�F�M�B�U�F�E

�Q�S�P�D�F�T�T�F�T�� �"�O �J�N�Q�P�S�U�B�O�U �N�J�M�F�T�U�P�O�F �J�O �U�I�J�T �S�F�H�B�S�E �X�B�T �U�I�F �Q�V�C�M�J�D�B�U�J�P�O �P�G �E�J�
�F�S�F�O�U�J�B�M �S�B�U�F�T �G�P�S �)�J�H�H�T

�C�P�T�P�O �Q�S�P�E�V�D�U�J�P�O �<�����
 �����>�
 �X�I�J�D�I �Q�S�P�W�J�E�F�E �U�S�B�O�T�W�F�S�T�F �N�P�N�F�O�U�V�N �T�Q�F�D�U�S�B�
 �B�T �T�I�P�X�O �J�O �'�J�H�V�S�F ����������

�4�V�D�I �N�F�B�T�V�S�F�N�F�O�U�T �X�J�M�M �Q�S�P�W�J�E�F �D�S�V�D�J�B�M �U�P�P�M�T �U�P �U�F�T�U �U�I�F �4�. �E�P�X�O �U�P �U�I�F �T�N�B�M�M�F�T�U �E�F�U�B�J�M�T �B�T �U�I�F�Z �D�B�O
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�T�I�F�E �M�J�H�I�U �P�O �U�I�F �Q�S�F�D�J�T�F �O�B�U�V�S�F �P�G �U�I�F �)�J�H�H�T �C�P�T�P�O �D�P�V�Q�M�J�O�H�T�
 �B�O�E �J�O �Q�B�S�U�J�D�V�M�B�S �Q�S�P�C�F �U�I�F �Q�S�F�T�F�O�D�F �P�G
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�5�F�T�U�J�O�H �U�I�F �Q�S�P�Q�F�S�U�J�F�T �P�G �U�I�F �)�J�H�H�T �C�P�T�P�O �B�U �D�P�M�M�J�E�F�S�T �J�N�Q�M�J�F�T �I�B�W�J�O�H �S�F�M�J�B�C�M�F �U�I�F�P�S�F�U�J�D�B�M �Q�S�F�E�J�D�U�J�P�O�T �G�P�S

�J�U�T �Q�S�P�Q�F�S�U�J�F�T�� �"�O �J�N�Q�P�S�U�B�O�U �F�
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�B�O�E �B�T �T�I�P�X�O �J�O �'�J�H�V�S�F ���������
 �U�I�F �E�P�N�J�O�B�O�U �N�P�E�F�T �B�S�F �L�O�P�X�O �U�P �I�J�H�I �P�S�E�F�S�T �J�O �2�$�%��

�*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �X�J�M�M �G�P�D�V�T �P�O �U�I�F �T�Q�F�D�J�m�D�T �P�G �U�I�F �N�B�J�O �Q�S�P�E�V�D�U�J�P�O �N�P�E�F�
 �H�M�V�P�O �G�V�T�J�P�O�
 �X�I�J�D�I �J�T �B
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�%�F�T�Q�J�U�F �U�I�F �G�B�D�U �U�I�B�U �U�I�F �)�&�'�5 �J�T �O�P�O���S�F�O�P�S�N�B�M�J�[�B�C�M�F�
 �J�U �W�F�S�J�m�F�T �U�I�F �Q�S�P�Q�F�S�U�Z �P�G�P�S�E�F�S���C�Z���P�S�E�F�S �S�F�O�P�S��

�N�B�M�J�[�B�C�J�M�J�U�Z�
 �X�I�J�D�I �J�T �B �H�F�O�F�S�J�D �G�F�B�U�V�S�F �P�G �&�'�5�T�� �&�Y�Q�M�J�D�J�U�M�Z�
 �J�G �P�O�F �U�S�V�O�D�B�U�F�T �U�I�F �)�&�'�5 �-�B�H�S�B�O�H�J�B�O �B�U �B

�H�J�W�F�O �P�S�E�F�Sn �J�O �U�I�F1/m t �F�Y�Q�B�O�T�J�P�O�
 �U�I�F �T�F�U �P�G �P�Q�F�S�B�U�P�S�T �Q�S�F�T�F�O�U �J�O �U�I�F �U�I�F�P�S�Z �J�T �T�V���D�J�F�O�U �U�P �B�C�T�P�S�C

�B�M�M �U�I�F �E�J�W�F�S�H�F�O�D�F�T �U�I�B�U �B�Q�Q�F�B�S �J�O �P�C�T�F�S�W�B�C�M�F�T �J�G �U�I�F�Z �B�S�F �U�I�F�N�T�F�M�W�F�T �U�S�V�O�D�B�U�F�E �B�U �U�I�F �P�S�E�F�Sn�� �*�O �Q�B�S�U�J�D��

�V�M�B�S�
 �U�I�J�T �N�F�B�O�T �U�I�B�U �P�O�F �D�B�O �T�B�G�F�M�Z �D�P�O�T�J�E�F�S �2�$�% �D�P�S�S�F�D�U�J�P�O�T �P�G �)�&�'�5 �P�C�T�F�S�W�B�C�M�F�T�� �'�P�S �F�Y�B�N�Q�M�F�
 �U�I�F

�P�O�F���M�P�P�Q �2�$�% �D�P�S�S�F�D�U�J�P�O �U�P �H�M�V�P�O �G�V�T�J�P�O �J�O �U�I�F �)�&�'�5 �D�P�O�U�B�J�O�T �6�7 �E�J�W�F�S�H�F�O�D�F�T �U�I�B�U �D�B�O �C�F �B�C�T�P�S�C�F�E �C�Z

�E�J�N�F�O�T�J�P�O �� �D�P�V�O�U�F�S�U�F�S�N�T�
 �B�T �T�I�P�X�O �J�O �'�J�H�V�S�F ����������

�e�F �D�P�O�T�U�S�B�J�O�U �U�I�B�U �P�C�T�F�S�W�B�C�M�F�T �T�I�P�V�M�E �C�F �U�S�V�O�D�B�U�F�E �B�U �B �H�J�W�F�O �P�S�E�F�S �J�O �U�I�F �F�Y�Q�B�O�T�J�P�O �U�B�L�F�T �B �W�F�S�Z
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�E�J�N�F�O�T�J�P�O �� �P�Q�F�S�B�U�P�S�� �'�P�S �F�Y�B�N�Q�M�F�
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�G�V�T�J�P�O �Q�S�P�D�F�T�T �X�J�U�I�P�V�U �I�B�W�J�O�H �U�P �D�P�O�T�J�E�F�S �U�I�F �N�B�T�T�J�W�F �R�V�B�S�L �M�P�P�Q�T �U�I�B�U �B�S�F�T�U�J�M�M �P�V�U �P�G �S�F�B�D�I �P�G �F�Y�B�D�U

�D�B�M�D�V�M�B�U�J�P�O�T�� �5�X�P �U�Z�Q�F�T �P�G �D�P�S�S�F�D�U�J�P�O�T �I�B�W�F �U�P �C�F �D�P�O�T�J�E�F�S�F�E �G�P�S �T�V�D�I �D�B�M�D�V�M�B�U�J�P�O�T�� �S�B�E�J�B�U�J�W�F �D�P�S�S�F�D�U�J�P�O�T

�U�P �)�&�'�5 �E�J�B�H�S�B�N�T �B�O�E �D�P�S�S�F�D�U�J�P�O�T �U�P �U�I�F �8�J�M�T�P�O �D�P�F���D�J�F�O�U�T�� �*�O�E�F�F�E�
 �U�I�F �8�J�M�T�P�O �D�P�F���D�J�F�O�U�T �B�S�F �F�Y��

�Q�S�F�T�T�F�E �B�T �B �E�P�V�C�M�F �F�Y�Q�B�O�T�J�P�O �J�O �U�I�F �D�P�V�Q�M�J�O�H �D�P�O�T�U�B�O�U�T �B�O�E �U�I�F �U�P�Q �N�B�T�T�
�J���F���U�I�F� i �J�O �&�R�V�B�U�J�P�O ��������

�B�S�F �U�I�F�N�T�F�M�W�F�T �F�Y�Q�S�F�T�T�F�E �B�T �B �T�F�S�J�F�T �J�O� s�
 �X�I�J�D�I �D�B�O �C�F �P�C�U�B�J�O�F�E �C�Z �N�B�U�D�I�J�O�H �S�B�E�J�B�U�J�W�F �D�P�S�S�F�D�U�J�P�O�T �U�P

�P�C�T�F�S�W�B�C�M�F�T �C�F�U�X�F�F�O �U�I�F �)�&�'�5 �B�O�E �U�I�F �4�.�� �*�O �U�I�F �D�B�T�F �P�G �U�I�F �H�M�V�P�O���G�V�T�J�P�O �P�Q�F�S�B�U�P�S�
 �U�I�J�T �N�B�U�D�I�J�O�H �I�B�T

�C�F�F�O �Q�F�S�G�P�S�N�F�E �U�P �I�J�H�I �P�S�E�F�S�T �<�����
 �����> �B�O�E �G�P�S �F�Y�B�N�Q�M�F �B�U �/�-�0�
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�$�B�M�D�V�M�B�U�J�P�O�T �Q�F�S�G�P�S�N�F�E �J�O �U�I�F �)�&�'�5 �I�B�W�F �C�F�F�O �F�T�T�F�O�U�J�B�M �J�O �Q�S�P�W�J�E�J�O�H �U�S�V�T�U�X�P�S�U�I�Z �Q�S�F�E�J�D�U�J�P�O�T �G�P�S �U�I�F

�H�M�V�P�O �G�V�T�J�P�O �D�S�P�T�T �T�F�D�U�J�P�O�� �*�O�E�F�F�E�
 �U�I�F �/�-�0 �D�P�S�S�F�D�U�J�P�O �J�O �U�I�F �D�P�N�Q�M�F�U�F �4�. �D�I�B�O�H�F �U�I�F �-�0 �S�F�T�V�M�U �C�Z

������ �B�U
�

s = 8 TeV �
 �N�P�U�J�W�B�U�J�O�H �U�I�F �O�F�F�E �U�P �F�W�B�M�V�B�U�F �/�/�-�0 �D�P�S�S�F�D�U�J�P�O�T�
 �X�I�J�D�I �X�F�S�F �D�P�N�Q�V�U�F�E �J�O

�U�I�F �)�&�'�5 �J�O �������� �<�����>�� �e�J�T �S�F�T�V�M�U �Z�J�F�M�E�F�E �B�O�P�U�I�F�S ������ �J�O�D�S�F�B�T�F �J�O �U�I�F �U�P�U�B�M �D�S�P�T�T �T�F�D�U�J�P�O�
 �T�I�P�X�J�O�H

�U�I�B�U �U�I�F �F�Y�Q�B�O�T�J�P�O �X�B�T �D�P�O�W�F�S�H�J�O�H�
 �U�I�P�V�H�I �T�M�P�X�M�Z�� �e�F �/3�-�0 �D�P�S�S�F�D�U�J�P�O�T �X�F�S�F �P�C�U�B�J�O�F�E �J�O �������� �<�����>

�J�O �B�O �F�Y�Q�B�O�T�J�P�O �B�S�P�V�O�E �U�I�F �U�I�S�F�T�I�P�M�E �M�J�N�J�Us � m2
h�
 �Z�J�F�M�E�J�O�H �U�I�J�T �U�J�N�F �B �D�P�S�S�F�D�U�J�P�O �U�P �U�I�F �Q�S�F�E�J�D�U�J�P�O

�T�N�B�M�M�F�S �U�I�B�O ������ �e�F �T�M�P�X �D�P�O�W�F�S�H�F�O�D�F �P�G �U�I�F �Q�F�S�U�V�S�C�B�U�J�W�F �F�Y�Q�B�O�T�J�P�O �G�P�S �U�I�F�H�M�V�P�O �G�V�T�J�P�O �D�S�P�T�T �T�F�D�U�J�P�O
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�-�P�N�\�Y�L ������� �!�.�S�\�V�U �M�\�Z�P�V�U �J�Y�V�Z�Z �Z�L�J�[�P�V�U �P�Upp �J�V�S�S�P�Z�P�V�U�Z �P�U �[�O�L �/�,�-�; �H�Z �H �M�\�U�J�[�P�V�U �V�M �[�O�L �J�L�U�[�L�Y���V�M���T�H�Z�Z �L�U�L�Y�N�` �H�[ �M�V�\�Y �K�P�H�L�Y��

�L�U�[ �V�Y�K�L�Y�Z �P�U �W�L�Y�[�\�Y�I�H�[�P�V�U �[�O�L�V�Y� �̀� �;�O�L �I�H�U�K�Z �H�Y�V�\�U�K �[�O�L �J�L�U�[�Y�H�S �]�H�S�\�L�Z �Y�L�Å�L�J�[ �[�O�L �Z�J�H�S�L �K�L�W�L�U�K�L�U�J�L �V�M �L�H�J�O �W�Y�L�K�P�J�[�P�V�U��
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�ú���ü���ù �.� ������ ���������!�����������% �%���$�%�$ � �� �%���� �4�%���������#�� �.� ������

�5�X�P �N�B�J�O �P�Q�U�J�P�O�T �F�Y�J�T�U �U�P �U�F�T�U �G�P�S �U�I�F �F�Y�J�T�U�F�O�D�F �P�G �O�F�X �Q�I�Z�T�J�D�T �B�U �U�I�F �-�)�$�� �E�J�S�F�D�U �T�F�B�S�D�I�F�T �B�O�E �Q�S�F�D�J��

�T�J�P�O �N�F�B�T�V�S�F�N�F�O�U�T�� �%�J�S�F�D�U �T�F�B�S�D�I�F�T �U�F�T�U �U�I�F �I�Z�Q�P�U�I�F�T�J�T �U�I�B�U �T�P�N�F �O�F�X �Q�B�S�U�J�D�M�F�T �B�S�F �M�J�H�I�U �F�O�P�V�H�I �U�P �C�F

�Q�S�P�E�V�D�F�E �B�U �U�I�F �-�)�$ �B�O�E �B�J�N �B�U �P�C�T�F�S�W�J�O�H �U�I�F �T�J�H�O�B�U�V�S�F �P�G �U�I�F�J�S �Q�S�P�E�V�D�U�J�P�O �F�Y�Q�F�S�J�N�F�O�U�B�M�M�Z�� �e�F �U�Z�Q�P�M��

�P�H�Z �P�G �Q�P�T�T�J�C�M�F �T�J�H�O�B�U�V�S�F �J�T �F�Y�U�S�F�N�F�M�Z �W�B�S�J�F�E �B�O�E �D�B�O �S�B�O�H�F �G�S�P�N �D�M�F�B�S���D�V�U�S�F�T�P�O�B�O�D�F�T �J�O �J�O�W�B�S�J�B�O�U���N�B�T�T

�E�J�T�U�S�J�C�V�U�J�P�O�T �<�����o�����> �J�O �U�I�F �D�B�T�F �P�G �T�J�N�Q�M�F �S�F�T�P�O�B�O�D�F�T�
 �U�P �N�P�S�F �T�V�C�U�M�F �T�J�H�O�B�M�T �X�J�U�I �N�J�T�T�J�O�H �F�O�F�S�H�Z �B�T

�D�P�O�T�J�E�F�S�F�E �J�O �T�F�B�S�D�I�F�T �G�P�S �E�B�S�L �N�B�U�U�F�S �<�����>�
 �P�S �W�F�S�Z �D�P�N�Q�M�J�D�B�U�F�E �m�O�B�M �T�U�B�U�F�T �D�I�B�S�B�D�U�F�S�J�T�U�J�D �P�G �3���Q�B�S�J�U�Z

�D�P�O�T�F�S�W�J�O�H �E�F�D�B�Z�T �P�G �T�V�Q�F�S�T�Z�N�N�F�U�S�J�D �Q�B�S�U�J�D�M�F�T �<�����
 �����>�� �%�J�S�F�D�U �T�F�B�S�D�I�F�T�G�B�D�F �U�I�F �Q�S�P�C�M�F�N �U�I�B�U �N�B�O�Z

�#�4�. �N�P�E�F�M�T �F�Y�J�T�U�
 �B�O�E �N�B�O�Z �P�G �U�I�F �N�P�T�U �Q�P�Q�V�M�B�S �P�O�F�T �T�V�D�I �B�T �U�I�F �N�J�O�J�N�B�M �T�V�Q�F�S�T�Z�N�N�F�U�S�J�D �T�U�B�O�E�B�S�E

�N�P�E�F�M �	�.�4�4�.�
 �<�����
 �����> �I�B�W�F �B �W�F�S�Z �M�B�S�H�F �Q�B�S�B�N�F�U�F�S �T�Q�B�D�F �B�O�E �B �D�P�S�S�F�T�Q�P�O�E�M�Z �S�J�D�I �B�O�E �W�B�S�J�F�E �Q�I�F��

�O�P�N�F�O�P�M�P�H�Z �<�����>�� �0�U�I�F�S �U�Z�Q�F�T �P�G �B�Q�Q�S�P�B�D�I�F�T �U�P �#�4�. �Q�I�Z�T�J�D�T �I�B�W�F �N�B�O�Z �E�J�
�F�S�F�O�U �S�F�B�M�J�[�B�U�J�P�O�T �T�V�D�I

�B�T �F�Y�U�S�B �E�J�N�F�O�T�J�P�O�T �<�����o�������> �P�S �D�P�N�Q�P�T�J�U�F �)�J�H�H�T �N�P�E�F�M�T �<�����
 �����>�
 �N�B�L�J�O�H �J�U�E�J���D�V�M�U �U�P �E�F�W�J�T�F �N�F�U�I��

�P�E�T �U�P �C�S�P�B�E�M�Z �D�P�O�T�U�S�B�J�O �U�I�F�N�� �#�F�D�B�V�T�F �F�Y�Q�F�S�J�N�F�O�U�B�M �T�F�B�S�D�I�F�T �U�B�S�H�F�U �T�J�H�O�B�U�V�S�F�T �B�O�E �O�P�U �N�P�E�F�M�T�
 �B �W�F�S�Z

�Q�P�Q�V�M�B�S �B�Q�Q�S�P�B�D�I �J�O �N�P�E�F�S�O �B�O�B�M�Z�T�F�T �J�T �U�P �V�T�F �T�J�N�Q�M�J�m�F�E �N�P�E�F�M�T �<�������>�
 �X�I�J�D�I �T�Q�F�D�J�G�Z �N�J�O�J�N�B�M �Q�B�S�U�J�D�M�F

�T�Q�F�D�U�S�B �U�P �Q�S�P�C�F �T�Q�F�D�J�m�D �T�J�H�O�B�U�V�S�F�T�
 �X�I�J�D�I �D�B�O �U�I�F�O �C�F �S�F�J�O�U�F�S�Q�S�F�U�F�E �J�O �U�F�S�N�T �P�G �D�P�N�Q�M�F�U�F �N�P�E�F�M�T �B�O�E

�C�F �J�O�D�M�V�E�F�E �J�O �H�M�P�C�B�M �m�U�T �<�������>�� �4�F�B�S�D�I�F�T �J�O �U�I�F �D�P�O�U�F�Y�U �P�G �T�J�N�Q�M�J�m�F�E �N�P�E�F�M�T �B�S�F �U�I�F�S�F�G�P�S�F �B �H�P�P�E �X�B�Z

����



�-�P�N�\�Y�L ���������!�9�L�Z�\�S�[�Z �Z�\�T�T�H�Y�` �M�V�Y �Z�\�W�L�Y�Z�`�T�T�L�[�Y�` �Z�L�H�Y�J�O�L�Z �M�Y�V�T �*�4�: �\�Z�P�U�N �Z�P�T�W�S�P�Ä�L�K �T�V�K�L�S�Z��

�U�P �N�B�L�F �N�P�E�F�M �J�O�E�F�Q�F�O�E�F�O�U �T�U�B�U�F�N�F�O�U�T �P�O �T�Q�F�D�J�m�D �T�J�H�O�B�U�V�S�F�T�
 �B�O�E �D�B�O �Q�S�P�W�J�E�F �D�M�F�B�S���D�V�U �M�J�N�J�U�T �T�V�D�I �B�T

�U�I�P�T�F �T�I�P�X�O �J�O �'�J�H�V�S�F ���������� �/�P�U�F �I�P�X�F�W�F�S �U�I�B�U �U�I�F �M�J�N�J�U�T �G�S�P�N �T�J�N�Q�M�J�m�F�E �N�P�E�F�M�T �V�T�V�B�M�M�Z �O�F�F�E �S�F�J�O�U�F�S��

�Q�S�F�U�B�U�J�P�O�
 �B�T �U�I�F�Z �P�G�U�F�O �N�B�L�F �T�J�N�Q�M�J�G�Z�J�O�H �B�T�T�V�N�Q�U�J�P�O�T �T�V�D�I �B�T �U�I�F �F�Y�J�T�U�F�O�D�F �P�G �B �T�J�O�H�M�F �E�F�D�B�Z �D�I�B�O�O�F�M

� G� P� S � B � H� J� W� F� O � Q� B� S� U� J� D� M� F� �

�"�T �O�P �E�J�S�F�D�U �T�F�B�S�D�I �G�P�S �#�4�. �Q�I�Z�T�J�D�T �I�B�T �S�F�U�V�S�O�F�E �B �Q�P�T�J�U�J�W�F �S�F�T�V�M�U �T�J�O�D�F �U�I�F�T�U�B�S�U �P�G �U�I�F �-�)�$�
 �B �D�P�N��

�Q�M�F�N�F�O�U�B�S�Z �U�Z�Q�F �P�G �B�O�B�M�Z�T�J�T �J�T �H�B�J�O�J�O�H �N�P�N�F�O�U�V�N�
 �C�B�T�F�E �P�O �Q�S�F�D�J�T�J�P�O �N�F�B�T�V�S�F�N�F�O�U�T�� �e�F �J�E�F�B �C�F�I�J�O�E

�U�I�J�T �B�Q�Q�S�P�B�D�I �J�T �U�I�B�U �O�F�X �Q�I�Z�T�J�D�T �Q�B�S�U�J�D�M�F�T �N�J�H�I�U �C�F �U�P�P �I�F�B�W�Z �U�P �C�F �Q�S�P�E�V�D�F�E �B�U �U�I�F �-�)�$ �B�O�E �D�P�V�M�E

�U�I�F�S�F�G�P�S�F �C�F �D�P�O�T�J�E�F�S�F�E �J�O �U�I�F �E�F�D�P�V�Q�M�J�O�H �M�J�N�J�U �<�������> �B�T �J�O�E�V�D�J�O�H �O�F�X �J�O�U�F�S�B�D�U�J�P�O�T �C�F�U�X�F�F�O �4�. �Q�B�S�U�J��

�D�M�F�T�
 �N�V�D�I �M�J�L�F �X�F�B�L �E�F�D�B�Z�T �D�P�V�M�E �C�F �E�F�T�D�S�J�C�F�E �C�Z �B�O �F�
�F�D�U�J�W�F �G�P�V�S���G�F�S�N�J�P�O� J� O� U� F� S� B� D� U� J� P� O� T � B� U � B� O � F� O� F� S� H� Z

�T�D�B�M�F �X�F�M�M �C�F�M�P�X �U�I�F �8 �C�P�T�P�O �N�B�T�T�� �'�S�P�N �B �#�4�. �N�P�E�F�MM �X�J�U�I �P�O�M�Z �I�F�B�W�Z �O�F�X �Q�B�S�U�J�D�M�F�T�
 �P�O�F �D�B�O �U�I�F�S�F��

�G�P�S�F �D�P�O�T�U�S�V�D�U �B�O �F�
�F�D�U�J�W�F �U�I�F�P�S�Z �<�����o�����> �U�I�B�U �E�F�T�D�S�J�C�F�T �U�I�F �F�
�F�D�U�T �P�G �O�F�X�Q�I�Z�T�J�D�T �B�T �D�P�S�S�F�D�U�J�P�O�T �U�P �4�.

�P�C�T�F�S�W�B�C�M�F�T �J�O �B�O �F�Y�Q�B�O�T�J�P�O �J�O �U�I�F �J�O�W�F�S�T�F �Q�P�X�F�S �P�G �U�I�F �I�F�B�W�Z �N�B�T�T �T�D�B�M�F� �P�G �U�I�F �O�F�X �Q�B�S�U�J�D�M�F�T �B�G�U�F�S

�U�I�F�Z �I�B�W�F �C�F�F�O �J�O�U�F�H�S�B�U�F�E �P�V�U �P�G �U�I�F �U�I�F�P�S�Z�� �e�F �-�B�H�S�B�O�H�J�B�O �G�P�S �U�I�J�T �F�
�F�D�U�J�W�F �U�I�F�P�S�Z �J�T �U�I�F�O �F�Y�Q�S�F�T�T�F�E

�B�T �B�O �F�Y�Q�B�O�T�J�P�O �J�O �U�I�J�T �I�F�B�W�Z �T�D�B�M�F��

L M
�&�'�5= L �4�. +

��

i =1

N i�

j =0

c(i )
j (M )

� i O(i )
j , �	���������


�X�I�F�S�FL �4�. �J�T �U�I�F �4�. �-�B�H�S�B�O�H�J�B�O�
 �U�I�F �P�Q�F�S�B�U�P�S�TO(i )
j �I�B�W�F �B�O �F�O�F�S�H�Z �E�J�N�F�O�T�J�P�O �P�G4 + i �B�O�E �U�I�Fc(i )( M )

j

�B�S�F �E�J�N�F�O�T�J�P�O�M�F�T�T �D�P�V�Q�M�J�O�H�T �U�I�B�U �B�S�F �F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �U�I�F �Q�B�S�B�N�F�U�F�S�T�P�G �U�I�F �#�4�. �N�P�E�F�MM � 
 � B� O� E

�U�I�F�S�F�G�P�S�F �P�G�U�F�O �W�F�S�J�G�Z �S�F�M�B�U�J�P�O�T �B�N�P�O�H �U�I�F�N�T�F�M�W�F�T �U�I�B�U �S�F�n�F�D�U �U�I�F �T�U�S�V�D�U�V�S�F �B�O�E �T�Z�N�N�F�U�S�J�F�T �P�GM � � � "� O

����



�F�T�T�F�O�U�J�B�M �G�F�B�U�V�S�F �P�G �U�I�F �F�
�F�D�U�J�W�F �U�I�F�P�S�J�F�T �P�C�U�B�J�O�F�E �C�Z �E�F�D�P�V�Q�M�J�O�H �I�F�B�W�Z �#�4�. �Q�B�S�U�J�D�M�F�T �J�T �U�I�B�U �U�I�F �T�F�U �P�G

�P�Q�F�S�B�U�P�S�T �U�I�B�U �D�B�O �B�Q�Q�F�B�S �J�O �U�I�J�T �F�Y�Q�B�O�T�J�P�O �B�U �F�B�D�I �P�S�E�F�S �J�T �m�O�J�U�F�©�� �"�T �B �S�F�T�V�M�U�
 �J�U �J�T �Q�P�T�T�J�C�M�F �U�P �D�P�O�T�U�S�V�D�U

�B �H�F�O�F�S�B�M �F�
�F�D�U�J�W�F �m�F�M�E �U�I�F�P�S�Z�
 �U�I�F �T�U�B�O�E�B�S�E �N�P�E�F�M �F�
�F�D�U�J�W�F �m�F�M�E �U�I�F�P�S�Z �	�4�.�&�'�5�
�
 �U�I�B�U �D�B�O �E�F�T�D�S�J�C�F �U�I�F

�E�F�D�P�V�Q�M�J�O�H �M�J�N�J�U �P�G �B�O�Z �#�4�. �N�P�E�F�M�� �e�F �-�B�H�S�B�O�H�J�B�O �P�G �U�I�F �4�.�&�'�5 �D�B�O �U�I�F�S�F�G�P�S�F�C�F �F�Y�Q�S�F�T�T�F�E �B�T

L �4�.�&�'�5= L �4�. +
��

i =1

N i�

j =0

c(i )
j

� i O(i )
j , �	���������


�X�I�F�S�F �U�I�J�T �U�J�N�F �U�I�F �T�V�N �P�W�F�S �P�Q�F�S�B�U�P�S�T �D�P�W�F�S�T �B�M�M �Q�P�T�T�J�C�M�F �P�Q�F�S�B�U�P�S�T �U�I�B�U �W�F�S�J�G�Z �U�I�F �T�Z�N�N�F�U�S�J�F�T �P�G �U�I�F

�4�. �B�O�E �U�I�Fci �B�S�F �B�M�M �J�O�E�F�Q�F�O�E�F�O�U �D�P�V�Q�M�J�O�H�T�� �*�O �H�F�O�F�S�B�M�
 �B�O �P�C�T�F�S�W�B�C�M�F �J�O �U�I�F �4�.�&�'�5O �J�T �F�Y�Q�S�F�T�T�F�E �B�T

�B �T�F�S�J�F�T �X�I�J�D�I �N�B�U�D�I�F�T �U�I�F �4�. �Q�S�F�E�J�D�U�J�P�OO�4�. �J�O �U�I�F �M�J�N�J�U� � �

�O� = �O �4�. � +
1
�

�O 1� +
1

� 2 �O 2� + . . . �	���������


�X�I�F�S�F �F�B�D�I �P�S�E�F�S �J�O �U�I�F �F�Y�Q�B�O�T�J�P�O �E�F�Q�F�O�E�T �P�O �U�I�F �8�J�M�T�P�O �D�P�F���D�J�F�O�U�Tc(i )
j �� �" �T�V���D�J�F�O�U �D�S�J�U�F�S�J�V�N �G�P�S

�U�I�F �B�Q�Q�M�J�D�B�C�J�M�J�U�Z �P�G �U�I�F �&�'�5 �B�Q�Q�S�P�B�D�I �G�P�S �B �H�J�W�F�O �#�4�. �N�P�E�F�M �J�T �U�I�B�U �X�I�F�O �P�O�F �N�B�U�D�I�F�T �U�I�F �Q�B�S�B�N�F�U�F�S�T

�P�G �U�I�F �4�.�&�'�5 �X�J�U�I �U�I�P�T�F �P�G �U�I�F �N�P�E�F�M�
 �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �P�C�T�F�S�W�B�C�M�F�T �C�F �D�P�O�W�F�S�H�F�O�U �G�P�S �-�)�$ �F�O�F�S�H�J�F�T��

�'�S�P�N �B �C�P�U�U�P�N �V�Q �Q�P�J�O�U �P�G �W�J�F�X�
 �U�I�F �Q�B�S�B�N�F�U�F�S �T�Q�B�D�F �P�G �U�I�F �4�.�&�'�5 �D�P�O�T�J�E�F�S�F�E �J�O �-�)�$ �T�U�V�E�J�F�E �T�I�P�V�M�E

�C�F �S�F�T�U�S�J�D�U�F�E �U�P �U�I�F �S�F�H�J�P�O �X�I�F�S�F �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �P�C�T�F�S�W�B�C�M�F�T �B�S�F �D�P�O�W�F�S�H�F�O�U��

�0�O�F �D�B�O �Q�F�S�G�P�S�N �N�P�E�F�M �J�O�E�F�Q�F�O�E�F�O�U �U�F�T�U�T �P�G �U�I�F �4�.�&�'�5 �C�Z �m�U�U�J�O�H �J�U�T �Q�S�F�E�J�D�U�J�P�O �U�P �F�Y�Q�F�S�J�N�F�O�U�B�M

�S�F�T�V�M�U�T �G�P�S �4�. �P�C�T�F�S�W�B�C�M�F�T �B�U �U�I�F �-�)�$ �<�������o�������>�� �*�O �U�I�F �D�B�T�F �P�G �B �N�F�B�T�V�S�F�N�F�O�U �D�P�N�Q�B�U�J�C�M�F �X�J�U�I �U�I�F

�4�. �Q�S�F�E�J�D�U�J�P�O�
 �C�P�V�O�E�T �D�B�O �C�F �Q�M�B�D�F�E �P�O �U�I�F �4�.�&�'�5 �Q�B�S�B�N�F�U�F�S �T�Q�B�D�F�
 �X�I�J�M�F �B �T�N�B�M�M �E�F�W�J�B�U�J�P�O �D�B�O �C�F

�m�U�U�F�E �U�P �U�I�F �4�.�&�'�5 �Q�S�F�E�J�D�U�J�P�O �U�P �N�F�B�T�V�S�F �U�I�F �W�B�M�V�F �P�G �U�I�F �4�.�&�'�5 �8�J�M�T�P�O �D�P�F���D�J�F�O�U�T�� �e�F �T�U�S�F�O�H�U�I
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�E�V�D�F�E �U�P �m�O�E�J�O�H �U�I�F �T�F�U �P�G �E�J�B�H�S�B�N�T �U�I�B�U �D�P�O�U�S�J�C�V�U�F �U�P �U�I�F �E�F�T�J�S�F�E �P�S�E�F�S�
�J���F���X�J�U�I �U�I�F �D�P�S�S�F�D�U �O�V�N�C�F�S

�P�G �W�F�S�U�J�D�F�T�� �8�I�J�M�F �U�I�F �E�J�T�D�P�W�F�S�Z �P�G �'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T �I�B�T �U�S�F�N�F�O�E�P�V�T�M�Z �S�F�E�V�D�F�E �U�I�F �D�P�N�Q�M�F�Y�J�U�Z �P�G

�D�B�M�D�V�M�B�U�J�P�O�T �J�O �Q�F�S�U�V�S�C�B�U�J�W�F �R�V�B�O�U�V�N �m�F�M�E �U�I�F�P�S�Z�
 �N�P�E�F�S�O �D�B�M�D�V�M�B�U�J�P�O�T �N�B�L�F �m�O�E�J�O�H �U�I�F �S�F�M�F�W�B�O�U �T�F�U

�P�G �'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T �G�P�S �B �H�J�W�F�O �D�B�M�D�V�M�B�U�J�P�O �B �U�S�F�N�F�O�E�P�V�T �U�B�T�L�� �*�O�E�F�F�E�
 �U�I�F�O�V�N�C�F�S �P�G �E�J�B�H�S�B�N�T �G�P�S

�Q�S�P�D�F�T�T�F�T �X�J�U�I �N�B�O�Z �M�P�P�Q�T �B�O�E �M�F�H�T �D�B�O �S�F�B�D�I �U�I�F �I�V�O�E�S�F�E�T �P�S �U�I�P�V�T�B�O�E�T�
 �N�B�L�J�O�H �U�I�F �V�T�F �P�G �D�P�N�Q�V�U�F�S

�Q�S�P�H�S�B�N�T �U�P �H�F�O�F�S�B�U�F �B�O�E �F�W�B�M�V�B�U�F �'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T �F�T�T�F�O�U�J�B�M�� �4�F�W�F�S�B�M �Q�V�C�M�J�D �D�P�E�F�T �F�Y�J�T�U �U�I�B�U �B�M�M�P�X

�V�T�F�S�T �U�P �T�Q�F�D�J�G�Z �U�I�F �'�F�Z�O�N�B�O �S�V�M�F�T �P�G �B �U�I�F�P�S�Z �B�O�E �Q�S�P�E�V�D�F �F�J�U�I�F�S �B�C�T�U�S�B�D�U �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �U�I�F �E�J�B��

�H�S�B�N�T �<�������>�
 �P�S �E�J�S�F�D�U�M�Z �U�I�F �F�Y�Q�S�F�T�T�J�P�O �G�P�S �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�F�S�N�T �J�O �U�I�F�U�S�B�O�T�J�U�J�P�O �B�N�Q�M�J�U�V�E�F �<�������>��

�0�O�F �P�G �U�I�F �N�P�T�U �Q�P�Q�V�M�B�S �U�P�P�M�T �B�W�B�J�M�B�C�M�F �J�T �U�I�F �Q�S�P�H�S�B�N�Z�:�_���6�<�������>�
 �X�I�J�D�I �J�T �W�F�S�Z �F���D�J�F�O�U �B�O�E �n�F�Y��

�J�C�M�F�� �8�F �E�F�W�F�M�P�Q�F�E �U�I�F �Q�S�P�H�S�B�N�[�;�`���7�@�t�K�H�@�T���`�b�2�`�E�F�U�B�J�M�F�E �J�O �"�Q�Q�F�O�E�J�Y �# �U�P �F�Y�Q�S�F�T�T �U�I�F �E�J�B�H�S�B�N�T

�H�F�O�F�S�B�U�F�E �C�Z�Z�:�_���6�B�T �J�O�Q�V�U �m�M�F�T �G�P�S�6�P�_�J�<�������> �U�P �Q�F�S�G�P�S�N �U�I�F �U�F�O�T�P�S �B�M�H�F�C�S�B �D�B�M�D�V�M�B�U�J�P�O�T �B�O�E �Q�S�P�W�J�E�F

�F�Y�Q�S�F�T�T�J�P�O�T �T�V�J�U�B�C�M�F �G�P�S�J���i�?�2�K���i�B�+����

����



�-�P�N�\�Y�L �������!�,�_�H�T�W�S�L �V�M �H �-�L�`�U�T�H�U �K�P�H�N�Y�H�T �^�O�L�Y�L �[�^�V �W�Y�V�W�H�N�H�[�V�Y�Z �H�Y�L �P�K�L�U�[�P�J�H�S �P�U� 4 �[�O�L�V�Y� �̀� �0�U�K�L�L�K�� �[�O�L �W�Y�V�W�H�N�H�[�V�Y�Z �S�H��

�I�L�S�S�L�K �� �H�U�K �� �H�Y�L �P�K�L�U�[�P�J�H�S��

�*�O �H�F�O�F�S�B�M�
 �B �'�F�Z�O�N�B�O �E�J�B�H�S�B�NA �X�J�U�In �F�Y�U�F�S�O�B�M �M�F�H�T �U�B�L�F�T �U�I�F �G�P�S�N

A = � 1(p1)a1 . . . � n (pn)an Ta1 ...an , �	�������


�X�I�F�S�F �U�I�F� i � B� S� F � U� I� F � X� B� W� F� G� V� O� D� U� J� P� O� T � B� T� T� P� D� J� B� U� F� E � U� P � F� B� D� I � F� Y� U� F� S� O� B� M � M� F� H � B� O� E � I� B� W� F � J� O� E� J� D� F� T� 
 � X� I�J�D�I �X�F �H�S�P�V�Q�F�E

�J�O�U�Pai �
 �E�F�T�D�S�J�C�J�O�H �U�I�F�J�S �U�S�B�O�T�G�P�S�N�B�U�J�P�O �Q�S�P�Q�F�S�U�J�F�T �V�O�E�F�S �-�P�S�F�O�U�[ �B�O�E �H�B�V�H�F �U�S�B�O�T�G�P�S�N�B�U�J�P�O�T�� �*�U �J�T �J�O

�H�F�O�F�S�B�M �N�V�D�I �F�B�T�J�F�S �U�P �X�P�S�L �X�J�U�I �T�D�B�M�B�S �B�N�Q�M�J�U�V�E�F�T �X�I�F�O �P�O�F �X�P�S�L�T �B�U �M�P�P�Q �M�F�W�F�M�
 �B�T �T�D�B�M�B�S �J�O�U�F�H�S�B�M�T

�B�S�F �J�O �H�F�O�F�S�B�M �F�B�T�J�F�S �U�P �I�B�O�E�M�F �U�I�B�O �U�F�O�T�P�S �J�O�U�F�H�S�B�M�T�� �"�T �B �S�F�T�V�M�U�
 �J�U �J�T �P�G�U�F�O �V�T�F�G�V�M �U�P �E�F�D�P�N�Q�P�T�F �U�I�F

�B�N�Q�V�U�B�U�F�E �B�N�Q�M�J�U�V�E�FT �P�O �B �C�B�T�J�T �P�G �U�F�O�T�P�S �T�U�S�V�D�U�V�S�F{ B a1 ...an
i } 1� i � N ��

Ta1 ...an = T1B a1 ...an
1 + · · · + TN B a1 ...an

N . �	�������


�e�J�T �C�B�T�J�T �P�O�M�Z �E�F�Q�F�O�E�T �P�O �U�I�F �F�Y�U�F�S�O�B�M �M�F�H�T�
 �N�F�B�O�J�O�H �U�I�B�U �U�I�F �E�F�D�P�N�Q�P�T�J�U�J�P� O � P� GT �J�T �U�I�F �T�B�N�F �G�P�S �B�M�M

�E�J�B�H�S�B�N�T �D�P�O�U�S�J�C�V�U�J�O�H �G�P�S �B �H�J�W�F�O �B�N�Q�M�J�U�V�E�F �B�U �B�M�M �M�P�P�Q �P�S�E�F�S�T�� �'�P�S �F�Y�B�N�Q�M�F�
 �U�I�F �B�N�Q�M�J�U�V�E�F �G�P�S �)�J�H�H�T

�Q�S�P�E�V�D�U�J�P�O �U�I�S�P�V�H�I �H�M�V�P�O �G�V�T�J�P�OA(gg � H ) �D�B�O �C�F �E�F�D�P�N�Q�P�T�F�E �J�O �B �T�J�O�H�M�F �U�F�O�T�P�S �T�U�S�V�D�U�V�S�F��

A (gg � H ) = � µ1 � µ2 Ta1a2
µ1µ2

= � µ1 � µ2 � a1a2 (p1 �rp2gµ1µ2 Š pµ1
1 pµ2

2 Š pµ2
1 pµ1

2 ) T1, �	�������


�X�I�F�S�F �U�I�F� µi �B�S�F �U�I�F �Q�P�M�B�S�J�[�B�U�J�P�O �W�F�D�U�P�S�T �P�G �U�I�F �H�M�V�P�O�T �B�O�E �U�I�Fai �B�S�F �U�I�F �D�P�M�P�S �J�O�E�J�D�F�T��

�-�F�U �V�T �D�P�O�T�J�E�F�S �P�O�F �T�D�B�M�B�S �G�P�S�N �G�B�D�U�P�ST �B�N�P�O�H �U�I�FTi �J�O �B�OL ���M�P�P�Q �B�N�Q�M�J�U�V�E�F �F�W�B�M�V�B�U�F�E �J�Od �E�J�N�F�O��

�T�J�P�O�T�� �*�U �U�B�L�F�T �U�I�F �H�F�O�F�S�B�M �G�P�S�N

T =
�

j

Aj ({ gm } , { sn} )
� L�

l=1

ddkl

(2� )d

Nj

D n1
1 . . . D nN

N
, �	�������


�X�I�F�S�F �U�I�FAj �B�S�F �S�B�U�J�P�O�B�M �G�V�O�D�U�J�P�O�T �U�I�B�U �E�F�Q�F�O�E �P�O �U�I�F �D�P�V�Q�M�J�O�H�Tgm �B�O�E �U�I�F �F�Y�U�F�S�O�B�M �T�D�B�M�F�Tsn �
 �U�I�F

�O�V�N�F�S�B�U�P�S�TNj �B�S�F �Q�S�P�E�V�D�U�T �P�G �D�P�O�U�S�B�D�U�J�P�O�T �J�O�W�P�M�W�J�O�H �B�U �M�F�B�T�U �P�O�F �M�P�P�Q �N�P�N�F�O�U�V�N �B�O�E �U�I�FDi �B�S�F

�Q�S�P�Q�B�H�B�U�P�S �E�F�O�P�N�J�O�B�U�P�S�T �P�G �U�I�F �G�P�S�N
�
q2 Š m2

�
�X�I�F�S�Fq �J�T �T�P�N�F �D�P�N�C�J�O�B�U�J�P�O �P�G �N�P�N�F�O�U�B �B�O�Em

�T�P�N�F �N�B�T�T�
 �B�O�E �U�I�Fni � N+ �� �/�P�U�F �U�I�B�U �J�O �N�P�T�U �D�B�T�F�T�
 �B�M�Mn1 = · · · = nN = 1 �
 �C�V�U �J�O �T�P�N�F �D�B�T�F�T�


�T�F�W�F�S�B�M �Q�S�P�Q�B�H�B�U�P�S�T �J�O �B �E�J�B�H�S�B�N �D�B�O �C�F �J�E�F�O�U�J�D�B�M�
 �B�T �T�I�P�X�O �J�O �'�J�H�V�S�F ��������

�"�M�M �U�I�F �J�O�U�F�H�S�B�M�T �B�Q�Q�F�B�S�J�O�H �J�O �B �T�J�O�H�M�F �E�J�B�H�S�B�N �T�I�B�S�F �U�I�F �T�B�N�F �T�F�U �P�G �Q�S�P�Q�B�H�B�U�P�S�T{ Di } �
 �B�O�E �J�O �B �H�J�W�F�O

�D�B�M�D�V�M�B�U�J�P�O�
 �J�U �J�T �P�G�U�F�O �U�I�F �D�B�T�F �U�I�B�U �N�B�O�Z �E�J�B�H�S�B�N�T �D�B�O �C�F �E�F�m�O�F�E �X�J�U�I �U�I�F �T� B� N� F � T� F� U � P� G � Q� S� P� Q� B� H� B� U� P� S� T� 
 � P� S

����



�U�I�B�U �E�J�B�H�S�B�N�T �X�J�U�I �G�F�X�F�S �Q�S�P�Q�B�H�B�U�P�S�T �D�B�O �C�F �E�F�m�O�F�E �T�V�D�I �U�I�B�U �U�I�F�J�S �T�F�U �P�G �E�F�O�P�N�J�O�B�U�P�S �J�T �B �T�V�C�T�F�U �P�G

�U�I�F �E�F�O�P�N�J�O�B�U�P�S�T �P�G �T�P�N�F �P�U�I�F�S �E�J�B�H�S�B�N�� �e�J�T �Q�S�P�W�J�E�F�T �V�T �X�J�U�I �B�O �P�S�H�B�O�J�T�B�U�J�P�O�B�M �Q�S�J�O�D�J�Q�M�F �U�P �T�P�S�U �U�I�F

�J�O�U�F�H�S�B�M�T �B�Q�Q�F�B�S�J�O�H �J�O �B �D�B�M�D�V�M�B�U�J�P�O�
 �X�I�J�D�I �J�T �N�V�D�I �O�F�F�E�F�E �B�T �U�I�F �O�V�N�C�F�S �P�G�T�D�B�M�B�S �J�O�U�F�H�S�B�M�T �J�O �B �H�J�W�F�O

�D�B�M�D�V�M�B�U�J�P�O �P�G�U�F�O �S�B�O�H�F�T �J�O �U�I�F �U�I�P�V�T�B�O�E�T�� �"�T �B �S�F�T�V�M�U�
 �X�F �E�F�m�O�F �B �D�P�O�D�F�Q�U �P�G�*�O�U�F�H�S�B�M �'�B�N�J�M�J�F�T�
 �X�I�J�D�I

�B�S�F �B�M�T�P �P�G�U�F�O �D�B�M�M�F�E�5�P�Q�P�M�P�H�J�F�T�
 �G�P�S �B �S�F�B�T�P�O �X�I�J�D�I �X�F �X�J�M�M �I�J�H�I�M�J�H�I�U �T�I�P�S�U�M�Z��

�%�F�m�O�J�U�J�P�O �����-�F�UK = { ki } 1� i � L �C�F �B �m�O�J�U�F �T�F�U �P�G �M�P�P�Q �N�P�N�F�O�U�B�
P = { pi } 1� i � E �C�F �B �m�O�J�U�F �T�F�U �P�G �F�Y�U�F�S�O�B�M

�N�P�N�F�O�U�B �B�O�EM = { mi } 1� i � N �C�F �B �m�O�J�U�F �M�J�T�U �P�G �N�B�T�T�F�T�
 �X�J�U�I �Q�P�T�T�J�C�M�F �S�F�E�V�O�E�B�O�D�J�F�T�� �-�F�UQ = { qi } 1� i � N

�C�F �B �T�F�U �P�G �N�P�N�F�O�U�B �U�B�L�F�O �G�S�P�N
�
�4�Q�B�OQ(K ) \ { 0} + �4�Q�B�OQ(P)

�
�B�O�ED = { Dj = ( qj Š mj )} �T�V�D�I �U�I�B�U

Q[D, P �rP, M ] = Q[K �rK, K �rP, P �rP, M ].

�e�F�'�B�N�J�M�Z�P�S�5�P�Q�P�M�P�H�Z�E�F�m�O�F�E �C�ZD �J�T �U�I�FQ(P �rP, M )���W�F�D�U�P�S �T�Q�B�D�F �H�F�O�F�S�B�U�F�E �C�Z �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�T �P�G

�U�I�F �G�P�S�N
� L�

l=1

ddkl

(2� )d

N
D n1

1 . . . D nN
N

, �	�������


�X�J�U�IN � Q[K �rK, K �rP, P �rP, M ] �B�O�Eni � N+ ��

�e�F �D�P�O�E�J�U�J�P�O �P�O �U�I�F �Q�S�P�Q�B�H�B�U�P�S�T �N�F�B�O�T �U�I�B�U �B�M�M �T�D�B�M�B�S �Q�S�P�E�V�D�U�T �J�O �U�I�F �O�V�N�F�S�B�U�P�S�T �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E

�B�T �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T �P�G �Q�S�P�Q�B�H�B�U�P�S�T �B�O�E �F�Y�U�F�S�O�B�M �T�D�B�M�F�T�� �e�J�T �I�B�T �B �O�J�D�F �D�P�O�T�F�R�V�F�O�D�F �B�T �J�U �Q�S�P�W�J�E�F�T �B

�H�F�O�F�S�B�U�J�O�H �G�B�N�J�M�Z �G�P�S �P�V�S �W�F�D�U�P�S �T�Q�B�D�F�� �*�O�E�F�F�E�
 �M�F�U �V�T �D�P�O�T�J�E�F�S �B �G�B�N�J�M�Z �E�F�m�O�F�E �C�Z �B �T�F�U �P�G �E�F�O�P�N�J�O�B�U�P�S�T

D �
 �U�I�F�O �G�P�S �B�O�Z �O�V�N�F�S�B�U�P�SN �
 �X�F �D�B�O �S�F�X�S�J�U�F �J�U �B�T �B �Q�P�M�Z�O�P�N�J�B�M �P�G �U�I�F �E�F�O�P�N�J�O�B�U�P�S�T �B�O�E �U�I�F �N�B�T�T�F�T��
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�X�I�F�S�F �U�I�Fqk �B�S�F �Q�P�M�Z�O�P�N�J�B�M�T �P�G �U�I�F �F�Y�U�F�S�O�B�M �T�D�B�M�F�T�� �"�T �B �S�F�T�V�M�U �U�I�F �J�O�U�F�H�S�B�M �D�B�O �C�F �S�F�X�S�J�U�U�F�O �P�O�M�Z �J�O

�U�F�S�N�T �P�G �O�V�N�F�S�B�U�P�S�T��
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�#�F�D�B�V�T�F �U�I�Fqk � Q(P �rP, M )�
 �U�I�J�T �T�I�P�X�T �U�I�B�U �U�I�F �J�O�U�F�H�S�B�M�T �P�G �U�I�F �G�P�S�N

I (n1, . . . , nN ) =
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�G�P�S�n � ZN �G�P�S�N �B �H�F�O�F�S�B�U�J�O�H �T�F�U �P�G �U�I�F �G�B�N�J�M�Z�� �8�F �I�B�W�F �E�F�W�F�M�P�Q�F�E �U�I�F �Q�S�P�H�S�B�N�a���A�6�
 �E�F�T�D�S�J�C�F�E �J�O

�"�Q�Q�F�O�E�J�Y �# �U�P �F�Y�Q�S�F�T�T �J�O�U�F�H�S�B�M�T �X�J�U�I �B�S�C�J�U�S�B�S�Z �O�V�N�F�S�B�U�P�S�T �B�T �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T �P�GI (n1, . . . , nN )

�J�O�U�F�H�S�B�M�T��

�0�V�S �E�J�T�D�V�T�T�J�P�O �I�B�T �T�I�P�X�O �U�I�B�U �J�U �X�P�V�M�E �C�F �T�V���D�J�F�O�U �U�P �D�B�M�D�V�M�B�U�F �B�M�M �U�I�FI (n1, . . . , nN ) �U�P �L�O�P�X �B�M�M

�U�I�F �J�O�U�F�H�S�B�M�T �J�O �U�I�F �G�B�N�J�M�Z�� �e�J�T�
 �P�G �D�P�V�S�T�F �E�P�F�T �O�P�U �T�F�F�N �U�P �Q�S�P�W�J�E�F �B �T�J�H�O�J�m�D�B�O�U �T�J�N�Q�M�J�m�D�B�U�J�P�O�
 �B�T �U�I�F�S�F

�B�S�F �T�U�J�M�M �J�O�m�O�J�U�F�M�Z �N�B�O�Z �P�G �U�I�F�N�
 �C�V�U �X�F �T�I�B�M�M �T�F�F �J�O �U�I�F �O�F�Y�U �T�F�D�U�J�P�O �U�I�B�U �X�F�O�F�F�E �U�P �D�B�M�D�V�M�B�U�F �N�V�D�I

�G�F�X�F�S �J�O�U�F�H�S�B�M�T �J�O �S�F�B�M�J�U�Z��

����



I (1, 1, 1) I (1, 0, 1)

�-�P�N�\�Y�L �������!�.�Y�H�W�O�P�J�H�S �Y�L�W�Y�L�Z�L�U�[�H�[�P�V�U�Z �V�M �[�^�V �P�U�[�L�N�Y�H�S�Z �P�U �[�O�L �M�H�T�P�S�` �\�Z�L�K �M�V�Y �[�O�L �J�H�S�J�\�S�H�[�P�V�U �V�M �N�S�\�V�U �M�\�Z�P�V�U �H�[ �3�6

�(�#���!���������� �#���!�#���$�����%���%��� �� � �� �$���������# �����%�����#�����$�*�U �J�T �P�G�U�F�O �V�T�F�G�V�M �U�P �H�J�W�F �B �H�S�B�Q�I�J�D�B�M �S�F�Q�S�F�T�F�O��

�U�B�U�J�P�O �G�P�S �T�D�B�M�B�S �J�O�U�F�H�S�B�M�T�
 �B�T�
 �G�P�S �F�Y�B�N�Q�M�F�
 �U�I�J�T �B�M�M�P�X�T �P�O�F �U�P �F�B�T�J�M�Z �T�F�F�X�I�F�O �J�O�E�J�W�J�E�V�B�M �J�O�U�F�H�S�B�M�T �G�S�P�N

�E�J�
�F�S�F�O�U �U�P�Q�P�M�P�H�J�F�T �B�S�F �B�D�U�V�B�M�M�Z �J�E�F�O�U�J�D�B�M�� �'�P�S �J�O�U�F�H�S�B�M�T �P�G �U�I�F �G�P�S�NI (n1, . . . , nN )�
 �X�F �T�J�N�Q�M�Z �S�F�Q�S�F�T�F�O�U

�P�V�S �J�O�U�F�H�S�B�M�T �B�T �'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T �U�I�B�U �T�I�B�S�F �U�I�F �T�B�N�F �T�F�U �P�G �Q�S�P�Q�B�H�B�U�P�S �E�F�O�P�N�J�O�B�U�P�S�T�� �&�Y�U�S�B �Q�P�X�F�S�T

�P�G �Q�S�P�Q�B�H�B�U�P�S�T �B�S�F �J�O�E�J�D�B�U�F�E �C�Z �E�P�U�T �P�O �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �F�E�H�F�T �B�O�E �O�F�H�B�U�J�W�F �Q�P�X�F�S�T �P�S �O�V�N�F�S�B�U�P�S�T �B�S�F

�H�F�O�F�S�J�D�B�M�M�Z �J�O�E�J�D�B�U�F�E �C�Z �B �E�P�U �J�O�T�J�E�F �U�I�F �E�J�B�H�S�B�N�
 �P�S �B �T�N�B�M�M �O�P�U�F �J�O�E�J�D�B�U�J�O�H �U�I�F �W�B�M�V�F �P�G �U�I�F �O�V�N�F�S�B�U�P�S��

�#�F�D�B�V�T�F �X�F �X�J�M�M �D�P�O�T�J�E�F�S �2�$�% �Q�S�P�D�F�T�T�F�T�
 �X�F �D�P�O�W�F�O�U�J�P�O�O�B�M�Z �B�T�T�J�H�O �H�M�V�P�O �M�J�O�F�T �U�P �N�B�T�T�M�F�T�T �Q�S�P�Q�B�H�B�U�P�S�T

�B�O�E �F�J�U�I�F�S �R�V�B�S�L �P�S �)�J�H�H�T �C�P�T�P�O �M�J�O�F�T �U�P �N�B�T�T�J�W�F �Q�S�P�Q�B�H�B�U�P�S�T�� �'�P�S �F�Y�B�N�Q�M�F�
�D�P�O�T�J�E�F�S �U�I�F �P�O�F���M�P�P�Q �G�B�N��

�J�M�Z �P�G �N�B�T�T�M�F�T�T �C�V�C�C�M�F �J�O�U�F�H�S�B�M�T �E�F�m�O�F�E �C�ZD1 = k2Šm2�
D2 = ( k+ p1)2Šm2�
D3 = ( k+ p1+ p2)2Šm2

�X�I�F�S�Fk �J�T �U�I�F �M�P�P�Q �N�P�N�F�O�U�V�N�
p2
i = 0 �B�O�E(p1 + p2)2 = m2

H �� �8�F �T�I�P�X �J�O �'�J�H�V�S�F ������ �I�P�X �T�P�N�F �J�O�U�F��

�H�S�B�M�T �J�O �U�I�F �G�B�N�J�M�Z �D�B�O �C�F �S�F�Q�S�F�T�F�O�U�F�E�� �8�F �X�J�M�M �V�T�F �U�I�J�T �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �U�I�S�P�V�H�I�P�V�U �U�I�F �O�F�Y�U �D�I�B�Q�U�F�S�T �U�P

�J�M�M�V�T�U�S�B�U�F �U�I�F �M�P�P�Q �J�O�U�F�H�S�B�M�T �X�F �D�P�O�T�J�E�F�S�F�E��

�û���ù���ú �*���%�����#���%��� �� ���* �!���#�%�$ ������ �.���$�%���# �����%�����#�����$

�"�T �X�F �N�F�O�U�J�P�O�O�F�E �J�O �U�I�F �Q�S�F�W�J�P�V�T �T�V�C�T�F�D�U�J�P�O�
 �S�F�E�V�D�J�O�H �U�I�F �J�O�U�F�H�S�B�M�T �J�O �B �'�F�Z�O�N�B�O �E�J�B�H�S�B�N �U�P �U�I�F

�G�P�S�NI (n1, . . . , nN ) �G�P�S �B �H�J�W�F�O �U�P�Q�P�M�P�H�Z �E�P�F�T �O�P�U �S�F�E�V�D�F �U�I�F �O�V�N�C�F�S �P�G �J�O�U�F�H�S�B�M�T �X�F �O�F�F�E �U�P �F�W�B�M�V��

�B�U�F�� �)�P�X�F�W�F�S�
 �U�I�J�T �O�V�N�C�F�S �D�B�O �C�F �T�J�H�O�J�m�D�B�O�U�M�Z �S�F�E�V�D�F�E �B�T �X�F �D�B�O �F�Y�Q�S�F�T�T�B�M�M�U�I�F �J�O�U�F�H�S�B�M�T �P�G �U�I�F �G�P�S�N

I (n1, . . . , nN ) �J�O �B �H�J�W�F�O �G�B�N�J�M�Z �B�T �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O �P�G �B �m�O�J�U�F �O�V�N�C�F�S �P�G �J�O�U�F�H�S�B�M�T �<�������>�� �*�O �P�U�I�F�S

�X�P�S�E�T�
 �G�B�N�J�M�J�F�T �B�S�F �B�M�X�B�Z�T �m�O�J�U�F �E�J�N�F�O�T�J�P�O�B�M �W�F�D�U�P�S �T�Q�B�D�F�T �P�O �U�I�F �m�F�M�E �P�G �S�B�U�J�P�O�B�M �G�V�O�D�U�J�P�O�T �P�G �F�Y�U�F�S�O�B�M

�T�D�B�M�F�T�� �8�I�J�M�F �F�Y�J�T�U�F�O�D�F �U�I�F�P�S�F�N�T �D�B�O �J�O �H�F�O�F�S�B�M �C�F �G�S�V�T�U�S�B�U�J�O�H�M�Z �B�C�T�U�S�B�D�U�
 �X�F �E�P �L�O�P�X �J�O �Q�S�J�O�D�J�Q�M�F �I�P�X

�U�P �S�F�E�V�D�F �P�V�S �J�O�m�O�J�U�F �H�F�O�F�S�B�U�J�O�H �T�F�U �G�P�S �U�I�F �G�B�N�J�M�Z�

�

I (n1, . . . , nN ), �n � ZB
�

�
 �U�P �B �m�O�J�U�F �H�F�O�F�S�B�U�J�O�H

�T�F�U�
 �X�I�J�D�I �J�T �D�P�O�K�F�D�U�V�S�F�E �U�P �C�F �G�S�F�F �B�O�E �U�I�F�S�F�G�P�S�F �P�G�U�F�O �D�B�M�M�F�E �B�C�B�T�J�T�P�G �U�I�F �G�B�N�J�M�Z�
 �P�S �B �T�F�U �P�G�N�B�T�U�F�S

�J�O�U�F�H�S�B�M�T�� �4�F�W�F�S�B�M �N�F�U�I�P�E�T �F�Y�J�T�U �U�P �S�F�B�D�I �B �C�B�T�J�T�
 �B�O�E �U�I�F�Z �B�S�F �B�M�M �C�B�T�F�E �P�O �U�I�F �H�F�O�F�S�B�M �J�E�F�B �J�O �M�J�O�F�B�S �B�M��

�H�F�C�S�B �G�P�S �S�F�E�V�D�J�O�H �B �G�B�N�J�M�Z �P�G �W�F�D�U�P�S�T �U�P �B �G�S�F�F �G�B�N�J�M�Z�� �P�O�F �m�O�E�T �M�J�O�F�B�S �S�F�M�B�U�J�P�O�T �C�F�U�X�F�F�O �U�I�F �W�F�D�U�P�S�T �U�P

�F�M�J�N�J�O�B�U�F �S�F�E�V�O�E�B�O�U �F�M�F�N�F�O�U�T�� �*�O �U�I�F �D�B�T�F �P�G �J�O�U�F�H�S�B�M �G�B�N�J�M�J�F�T�
 �m�O�E�J�O�H �M�J�O�F�B�S �S�F�M�B�U�J�P�O�T �J�T �J�O �Q�S�J�O�D�J�Q�M�F �O�P�U

�T�U�S�B�J�H�I�U�G�P�S�X�B�S�E�
 �C�V�U �U�I�F�*�O�U�F�H�S�B�U�J�P�O���C�Z���1�B�S�U�T �*�E�F�O�U�J�U�J�F�T�	�*�#�1�
 �Q�S�P�W�J�E�F �B �Q�P�X�F�S�G�V�M �U�P�P�M �U�I�B�U �D�B�O �H�F�O�F�S�B�U�F

�B�S�C�J�U�S�B�S�J�M�Z �N�B�O�Z �M�J�O�F�B�S �S�F�M�B�U�J�P�O�T �C�F�U�X�F�F�O �J�O�U�F�H�S�B�M�T �J�O �B �H�J�W�F�O �U�P�Q�P�M�P�H�Z �<�������
 �������>�� �e�F�T�F �*�#�1 �S�F�M�B�U�J�P�O�T

�S�F�M�Z �P�O �U�I�F �G�B�D�U �U�I�B�U �J�O�U�F�H�S�B�M�T �J�O �E�J�N�F�O�T�J�P�O�B�M �S�F�H�V�M�B�S�J�[�B�U�J�P�O �B�S�F �T�I�J�G�U �J�O�W�B�S�J�B�O�U�� �*�O�E�F�F�E�
 �G�P�S �B�O�Z �S�F�H�V�M�B�S
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�F�O�P�V�H�I �G�V�O�D�U�J�P�Of (k)�
 �N�P�N�F�O�U�V�Np�
 �B�O�E �S�F�B�M �O�V�N�C�F�Sh

�
ddk f (k) =

�
ddk f (k + hp)

=� lim
h� 0

�
ddk

f (k) Š f (k + hp)
h

= 0

=�
�

ddk� �f
�k µ (k�) = 0
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�-�F�U �V�T �B�Q�Q�M�Z �U�I�J�T �J�E�F�O�U�J�U�Z �P�O �U�I�F �J�O�U�F�H�S�B�O�E �P�G �P�O�F �P�G �U�I�F �J�O�U�F�H�S�B�M�T �J�O �BL ���M�P�P�Q �U�P�Q�P�M�P�H�Z �E�F�m�O�F�E �C�Z

�Q�S�P�Q�B�H�B�U�P�S�TD1, . . . , DN
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l=1

ddkl

(2� )d
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�k µ

i

vµ

D n1
1 . . . D nN

N
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�J�O �X�I�J�D�I �X�F �D�I�P�T�F �U�P �E�F�S�J�W�F �X�J�U�I �S�F�T�Q�F�D�U �U�P �P�O�F �P�G �U�I�F �M�P�P�Q �N�P�N�F�O�U�Bki �B�O�Evµ �J�T �F�J�U�I�F�S �P�O�F �P�G �U�I�F

�P�U�I�F�S �M�P�P�Q �N�P�N�F�O�U�B �P�S �B�O �F�Y�U�F�S�O�B�M �N�P�N�F�O�U�V�N�� �*�U �J�T �F�B�T�Z �U�P �T�F�F �U�I�B�U �F�W�B�M�V�B�U�J�O�H �U�I�F �M�F�G�U���I�B�O�E �T�J�E�F �P�G

�&�R�V�B�U�J�P�O �������� �X�J�M�M �Z�J�F�M�E �B �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O �P�G �J�O�U�F�H�S�B�M�T �J�O �U�I�F �G�B�N�J�M�Z��

� L�

l=1

ddkl

(2� )d

�
�k µ

i

vµ

D n1
1 . . . D nN

N
=

� L�

l=1

ddkl

(2� )d

�v µ

�k µ
i
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Š
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�D nj
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�e�F �E�F�S�J�W�B�U�J�W�F �J�O �U�I�F �m�S�T�U �U�F�S�N �X�J�M�M �Z�J�F�M�E �� �J�Gvµ = kµ
i �B�O�E �� �P�U�I�F�S�X�J�T�F �B�O�Evµ �D n j

�k µ
i

�J�T �B �M�J�O�F�B�S �D�P�N�C�J��

�O�B�U�J�P�O �P�G �T�D�B�M�B�S �Q�S�P�E�V�D�U�T �P�G �M�P�P�Q �N�P�N�F�O�U�B �B�O�E �F�Y�U�F�S�O�B�M �N�P�N�F�O�U�B�
 �X�I�F�O�D�F �F�B�D�I �U�F�S�N �U�B�L�F�T �U�I�F �G�P�S�N

�E�F�T�D�S�J�C�F�E �J�O �%�F�m�O�J�U�J�P�O ���� �8�F �D�B�O �U�I�F�S�F�G�P�S�F �S�F�E�V�D�F �F�B�D�I �U�F�S�N �U�P �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T �P�GI �J�O�U�F�H�S�B�M�T �B�O�E

�P�C�U�B�J�O �J�E�F�O�U�J�U�J�F�T �P�G �U�I�F �G�P�S�N�

i

Ci I (n1i , . . . , nNi ) = 0 . �	���������


�(�F�O�F�S�B�U�J�O�H �U�I�F�T�F �F�R�V�B�U�J�P�O�T �G�P�S �B �H�J�W�F�O �G�B�N�J�M�Z �Q�S�P�W�J�E�F�T �U�I�F �F�T�T�F�O�U�J�B�M �U�P�P�M�U�P �P�C�U�B�J�O �B �C�B�T�J�T �B�O�E �B�M�M �L�O�P�X�O

�U�F�D�I�O�J�R�V�F�T �B�S�F �C�B�T�F�E �P�O �*�#�1 �S�F�M�B�U�J�P�O�T�� �e�F �m�S�T�U �B�Q�Q�M�J�D�B�U�J�P�O�T �<�������
 �������> �X�F�S�F �C�B�T�F�E �P�O �H�F�O�F�S�B�U�J�O�H �*�#�1

�S�F�M�B�U�J�P�O�T �G�P�S �H�F�O�F�S�B�M �Q�P�X�F�S�T �P�G �U�I�F �Q�S�P�Q�B�H�B�U�P�S�T �B�O�E �T�P�M�W�J�O�H �U�I�F �T�Z�T�U�F�N �P�G �F�R�V�B�U�J�P�O�T �T�Z�N�C�P�M�J�D�B�M�M�Z�
 �U�I�V�T

�Z�J�F�M�E�J�O�H �H�F�O�F�S�B�M �F�Y�Q�S�F�T�T�J�P�O�T �G�P�S �B�O�Z �J�O�U�F�H�S�B�M �J�O �U�I�F �G�B�N�J�M�Z�� �8�I�J�M�F �U�I�J�T �U�F�D�I�O�J�R�V�F �J�T �W�F�S�Z �T�B�U�J�T�G�Z�J�O�H �G�S�P�N

�B �U�I�F�P�S�F�U�J�D�B�M �Q�P�J�O�U �P�G �W�J�F�X�
 �O�P �H�F�O�F�S�B�M �B�M�H�P�S�J�U�I�N �F�Y�J�T�U�T �U�I�B�U �D�B�O �Q�S�P�W�J�E�F �T�P�M�V�U�J�P�O�T �J�O �H�F�O�F�S�J�D �D�B�T�F�T�� �*�O

�U�I�F �G�P�M�M�P�X�J�O�H �X�F �X�J�M�M �Q�S�F�T�F�O�U �B �E�J�
�F�S�F�O�U �N�F�U�I�P�E�
 �X�I�J�D�I �I�B�T �C�F�D�P�N�F �B �T�U�B�Q�M�F �P�G �U�I�F �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M

�D�B�M�D�V�M�B�U�J�P�O �U�P�P�M�C�P�Y�� �U�I�F �-�B�Q�P�S�U�B �B�M�H�P�S�J�U�I�N �<�������
 �������>��

�*�O�T�U�F�B�E �P�G �Q�S�P�W�J�E�J�O�H �B �H�F�O�F�S�B�M �T�P�M�V�U�J�P�O �U�P �U�I�F �T�Z�T�U�F�N �P�G �F�R�V�B�U�J�P�O�T �H�F�O�F�S�B�U�F�E �C�Z �U�I�F �*�#�1 �S�F�M�B�U�J�P�O�T �G�P�S

�H�F�O�F�S�B�M �Q�P�X�F�S�T �P�G �U�I�F �Q�S�P�Q�B�H�B�U�P�S�T�
 �U�I�J�T �N�F�U�I�P�E �S�F�M�J�F�T �P�O �B �U�P�U�B�M �P�S�E�F�S �B�N�P�O�HI (n1, . . . , nN ) �J�O�U�F�H�S�B�M�T�


�X�I�J�D�I �D�B�O �C�F �J�O�U�V�J�U�J�W�F�M�Z �J�O�U�F�S�Q�S�F�U�F�E �B�T �T�P�S�U�J�O�H �U�I�F �J�O�U�F�H�S�B�M�T �J�O �U�F�S�N�T �P�G �D�P�N�Q�M�F�Y�J�U�Z�� �0�O�F �U�I�F�O �C�V�J�M�E�T

�*�#�1 �S�F�M�B�U�J�P�O�T �X�J�U�I �F�Y�Q�M�J�D�J�U �W�B�M�V�F�T �G�P�S �U�I�F �Q�S�P�Q�B�H�B�U�P�S �Q�P�X�F�S�T �T�U�B�S�U�J�O�H �G�S�P�N �U�I�F �M�F�B�T�U �D�P�N�Q�M�F�Y �J�O�U�F�H�S�B�M�T

�B�O�E �N�P�W�J�O�H �V�Q �U�I�F �D�P�N�Q�M�F�Y�J�U�Z �M�B�E�E�F�S �Q�S�P�H�S�F�T�T�J�W�F�M�Z�� �"�U �F�B�D�I �T�U�F�Q �P�G �U�I�F �M�B�E�E�F�S�
 �F�J�U�I�F�S �B�M�M �J�O�U�F�H�S�B�M�T �D�B�O

�C�F �F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �T�J�N�Q�M�F�S �J�O�U�F�H�S�B�M�T�
 �P�S �T�P�N�F �J�S�S�F�E�V�D�J�C�M�F �P�O�F�T �B�Q�Q�F�B�S �U�I�B�U �D�B�O�O�P�U �C�F �S�F�M�B�U�F�E �U�P

�T�J�N�Q�M�F�S �J�O�U�F�H�S�B�M�T�
 �B�O�E �U�I�F�T�F �B�S�F �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T�� �"�G�U�F�S �B �O�V�N�C�F�S �P�G �T�U�F�Q�T�U�I�B�U �J�T �E�F�Q�F�O�E�F�O�U �P�O �U�I�F

�G�B�N�J�M�Z�
 �U�I�F �T�F�U �P�G �N�B�T�U�F�S �J�O�U�F�H�S�B�M �T�U�B�C�J�M�J�[�F�T �B�O�E �D�P�O�T�U�J�U�V�U�F�T �U�I�F �T�F�U �P�G �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T�� �0�O�F �P�G �U�I�F �O�J�D�F

����



�G�F�B�U�V�S�F�T �P�G �U�I�J�T �B�M�H�P�S�J�U�I�N �J�T �U�I�B�U �J�U �T�Q�F�D�J�m�F�T �B �V�O�J�R�V�F�M�Z �E�F�U�F�S�N�J�O�F�E �C�B�T�J�T��

�%�F�m�O�J�U�J�P�O ����� e� F � -� B� Q� P� S� U� B � C� B� T� J� T � G� P� S � B � U� P� Q� P� M� P� H� ZT �F�R�V�J�Q�Q�F�E �X�J�U�I �B �U�P�U�B�M �P�S�E�F�S< �J�T �U�I�F �T�F�U �P�G �J�O�U�F�H�S�B�M�T �P�G �U�I�F

�G�P�S�NI (n1, . . . , nN ) �T�V�D�I �U�I�B�U �O�P �*�#�1 �S�F�M�B�U�J�P�O �D�B�O �F�Y�Q�S�F�T�T �U�I�F�N �B�T �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O �P�G �T�N�B�M�M�F�S�J�O�U�F�H�S�B�M�T��

�8�I�J�M�F �U�I�J�T �B�M�H�P�S�J�U�I�N �D�B�O �J�O �Q�S�J�O�D�J�Q�M�F �m�O�E �B �D�P�N�Q�M�F�U�F �C�B�T�J�T �P�G �U�I�F �G�B�N�J�M�Z�
 �J�U�J�T �P�G�U�F�O �T�V���D�J�F�O�U �U�P �T�U�P�Q

�C�F�G�P�S�F �U�I�B�U�� �*�O �Q�S�B�D�U�J�D�F�
 �X�F �I�B�W�F �B �Q�S�F�D�J�T�F �M�J�T�U �P�G �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�T �X�F �X�B�O�U �U�P �T�J�N�Q�M�J�G�Z�
 �T�P �P�O�F �D�B�O �T�U�P�Q

�X�I�F�O �U�I�F �T�F�U �P�G �*�#�1 �S�F�M�B�U�J�P�O�T �H�F�O�F�S�B�U�F�E �C�Z �U�I�F �B�M�H�P�S�J�U�I�N �J�O�W�P�M�W�F�T �B�M�M �U�I�F �J�O�U�F�H�S�B�M�T �X�F �X�B�O�U �U�P �T�J�N�Q�M�J�G�Z��

�e�F�S�F �J�T �O�P �V�O�J�R�V�F �O�B�U�V�S�B�M �X�B�Z �U�P �E�F�m�O�F �B �U�P�U�B�M �P�S�E�F�S �J�O �B �G�B�N�J�M�Z�� �e�F�S�F �J�T �I�P�X�F�W�F�S �B �O�B�U�V�S�B�M �Q�B�S�U�J�B�M

�P�S�H�B�O�J�[�B�U�J�P�O �Q�S�P�W�J�E�F�E �C�Z�T�F�D�U�P�S�T��

�%�F�m�O�J�U�J�P�O �����*�O �B�O �J�O�U�F�H�S�B�M �G�B�N�J�M�Z �E�F�m�O�F�E �C�Z �U�I�F �T�F�U �P�G �E�F�O�P�N�J�O�B�U�P�S�TD1, . . . DN �
 �U�I�F �T�F�D�U�P�S �J�O�E�F�Y�F�E �C�Z

� � � 1, N � �J�T �U�I�F �W�F�D�U�P�S �T�Q�B�D�F �H�F�O�F�S�B�U�F�E �C�Z �U�I�FI (n1, �r, nN ) �X�I�P�T�F �Q�P�T�J�U�J�W�F �Q�P�X�F�S�T �B�S�F �B�U �N�P�T�U� ��

�'�P�S �F�Y�B�N�Q�M�F�
 �U�I�F �J�O�U�F�H�S�B�M�T �P�G �U�I�F �G�P�S�NI (0, n1, n2) �B�M�M �C�F�M�P�O�H �U�P �U�I�F �T�B�N�F �T�F�D�U�P�S�� �4�F�D�U�P�S�T �Q�S�P�W�J�E�F �B

�T�U�S�V�D�U�V�S�F �P�O �J�O�U�F�H�S�B�M �U�I�B�U �J�T �D�P�N�Q�B�U�J�C�M�F �X�J�U�I �N�B�O�Z �P�Q�F�S�B�U�J�P�O�T��

�t �*�G �X�F �B�Q�Q�M�Z �U�I�F �*�#�1 �J�E�F�O�U�J�U�Z �U�P �U�I�F �J�O�U�F�H�S�B�O�E �J�O �B �H�J�W�F�O �T�F�D�U�P�S�
 �U�I�F �J�E�F�O�U�J�U�Z �P�O�M�Z �S�F�M�B�U�F�T �J�O�U�F�H�S�B�M�T

�X�J�U�I�J�O �U�I�B�U �T�F�D�U�P�S��
�

ddk
(2� )d

�
�k µ

kµ

(k Š m2)(( k + p)2 Š m2)
�E�P�F�T �O�P�U �H�F�O�F�S�B�U�F �O�F�X �E�F�O�P�N�J�O�B��

�U�P�S�T��

�t �e�F �T�B�N�F �J�T �U�S�V�F �G�P�S �E�J�
�F�S�F�O�U�J�B�U�J�P�O��
�

�m
I (0, n1, n2) �Z�J�F�M�E�T �B �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O �P�G �J�O�U�F�H�S�B�M�T �X�J�U�I

�O�P�O���Q�P�T�J�U�J�W�F �m�S�T�U �F�O�U�S�J�F�T

�4�P�N�F �T�F�D�U�P�S�T �B�S�F �S�F�M�B�U�F�E �U�P �F�B�D�I �P�U�I�F�S��

�%�F�m�O�J�U�J�P�O �����(�J�W�F�O �U�X�P �T�F�D�U�P�S�TS �B�O�ES� �J�O�E�F�Y�F�E �C�Z �S�F�T�Q�F�D�U�J�W�F�M�Z� �B�O�E� ��
S� �J�T �B �T�V�C�T�F�D�U�P�S �P�GS �J�G� � � � ��

�8�F �D�B�O �B�T�T�J�H�O �B �E�J�B�H�S�B�N�N�B�U�J�D �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �U�P �F�B�D�I �T�F�D�U�P�S�� �J�U �J�T �U�I�F �E�J�B�H�S�B�N �P�G �U�I�F �J�O�U�F�H�S�B�M �X�I�F�S�F �B�M�M

�O�P�O���O�F�H�B�U�J�W�F �Q�P�X�F�S�T �B�S�F �T�F�U �U�P �� �B�O�E �B�M�M �T�U�S�J�D�U�M�Z �Q�P�T�J�U�J�W�F �Q�P�X�F�S�T �B�S�F �T�F�U �U�P���� �e�F �E�J�B�H�S�B�N �P�G �B �T�F�D�U�P�S �J�T

�S�F�M�B�U�F�E �U�P �U�I�B�U �P�G �J�U�T �T�V�C�T�F�D�U�P�S�T �C�Z �Q�J�O�D�I�J�O�H �U�I�F �M�J�O�F�T �X�J�U�I �O�P�O���Q�P�T�J�U�J�W�F �Q�P�X�F�S�T �J�O �U�I�F �T�V�C�T�F�D�U�P�S��

�*�O�U�F�H�S�B�M�T �X�J�U�I �T�V���D�J�F�O�U�M�Z �N�B�O�Z �O�P�O���Q�P�T�J�U�J�W�F �J�O�U�F�H�F�S �Q�P�X�F�S�T �B�S�F �[�F�S�P�
 �U�I�J�T �J�T �J�O �Q�B�S�U�J�D�V�M�B�S �U�I�F �D�B�T�F

�G�P�S �J�O�U�F�H�S�B�M�T �X�J�U�I �P�O�M�Z �O�F�H�B�U�J�W�F �Q�P�X�F�S�T�
 �T�J�O�D�F �J�O�U�F�H�S�B�M�T �P�G �Q�P�M�Z�O�P�N�J�B�M�T �B�S�F �B�M�X�B�Z�T �T�D�B�M�F�M�F�T�T�� �"�T �B �S�F�T�V�M�U�


�J�U �J�T �O�B�U�V�S�B�M �U�P �J�O�U�F�S�Q�S�F�U �T�F�D�U�P�S�T �X�J�U�I �N�P�S�F �E�F�O�P�N�J�O�B�U�P�S�T �B�T �N�P�S�F �D�P�N�Q�M�J�D�B�U�F�E��

�%�F�m�O�J�U�J�P�O �����-�F�US �B�O�ES� �C�F �U�X�P �T�F�D�U�P�S�T �J�O �B �G�B�N�J�M�Z�� �*�G �J�O�U�F�H�S�B�M�T �J�OS �I�B�W�F �N�P�S�F �E�F�O�P�N�J�O�B�U�P�S�T �U�I�B�O �U�I�F

�J�O�U�F�H�S�B�M�T �J�OS�� 
 � X� F � B� T� T� J� H� O � U� I� F � S� F� M� B� U� J� P� OS� � S��

�4�J�O�D�F �X�I�B�U �X�F �S�F�B�M�M�Z �X�B�O�U �U�P �D�P�O�T�U�S�V�D�U �J�T �B �U�P�U�B�M �P�S�E�F�S �P�O �U�I�F �J�O�U�F�H�S�B�M�TI (n1, . . . , nN ) �U�I�F�N�T�F�M�W�F�T�
 �X�F �B�M�T�P

�O�F�F�E �U�P �E�F�D�J�E�F �P�O �B�O �P�S�E�F�S�J�O�H �C�F�U�X�F�F�O �T�F�D�U�P�S�T�� �4�F�W�F�S�B�M �D�I�P�J�D�F�T �I�B�W�F �C�F�F�O �Q�S�P�Q�P�T�F�E �J�O �U�I�F �M�J�U�F�S�B�U�V�S�F�
 �B�O�E

�I�F�S�F �X�F �Q�S�F�T�F�O�U �U�I�F �P�O�F �E�F�T�D�S�J�C�F�E �J�O �<�������>�� �-�F�U �V�T �D�P�O�T�J�E�F�S �U�X�P �J�O�U�F�H�S�B�M�TI 1 = I (�n1) �B�O�EI 2 = I (�n2)�


�X�F �B�T�T�J�H�OI 1 � I 2 �J�G

���� �U�I�F �T�F�D�U�P�S �P�GI 1 �J�T �T�N�B�M�M�F�S �U�I�B�O �U�I�F �T�F�D�U�P�S �P�GI 2��

I (1, 1, 0) < I (1, 1, 1)

����



���� �J�G �P�O�F �T�F�D�U�P�S �J�T �O�P�U �M�B�S�H�F�S�
 �U�I�F �T�V�N �P�G �U�I�F �Q�P�T�J�U�J�W�F �Q�P�X�F�S�T �P�GI 1 �J�T �T�N�B�M�M�F�S �U�I�B�O �U�I�B�U �P�GI 2��

I (1, 1, 0) < I (2, 0, 1)

���� �J�G �U�I�F�Z �B�S�F �F�R�V�B�M�
 �U�I�F �T�V�N �P�G �U�I�F �O�P�O���Q�P�T�J�U�J�W�F �Q�P�X�F�S�T �P�GI 1 �J�T�M�B�S�H�F�S�U�I�B�O �U�I�B�U �P�GI 2��

I (1, 2, Š1) < I (2, Š2, 1)

���� �J�G �U�I�F�Z �B�S�F �F�R�V�B�M�
 �U�I�F �T�F�R�V�F�O�D�F(n11� (n11), . . . , n1N � (n1N )) �J�T �M�F�Y�J�D�P�H�S�B�Q�I�J�D�B�M�M�Z �T�N�B�M�M�F�S �U�I�B�O

(n21� (n21), . . . , n2N � (n2N )) �
 �X�I�F�S�F� (n) � J� T � � � J� Gn > 0 �B�O�E �� �P�U�I�F�S�X�J�T�F��

I (1, Š2, 2) < I (2, Š2, 1)

���� �J�G �U�I�F�Z �B�S�F �F�R�V�B�M�
 �U�I�F �T�F�R�V�F�O�D�F(Šn11� (Šn11), . . . , Šn1N � (Šn1N )) �J�T �M�F�Y�J�D�P�H�S�B�Q�I�J�D�B�M�M�Z �T�N�B�M�M�F�S

�U�I�B�O(Šn21� (Šn21), . . . , Šn2N � (Šn2N )) ��

I (2, Š1, Š2) < I (2, Š2, Š1)

��

�e�J�T �Q�S�P�W�J�E�F�T �B �U�P�U�B�M �P�S�E�F�S�J�O�H �P�O �U�I�F �J�O�U�F�H�S�B�M�T�
�J���F���G�P�S �B�O�ZI 1�
I 2�
I 3�


�t I 1 � I 2 �P�SI 2 � I 1�


� t � J� GI 2 � I 1 �B�O�EI 1 � I 2�
I 1 = I 2�


� t � J� GI 2 � I 1 �B�O�EI 3 � I 2�
 �U�I�F�OI 3 � I 1��

�-�F�U �V�T �O�P�X �E�F�T�D�S�J�C�F �I�P�X �U�I�F �B�M�H�P�S�J�U�I�N �Q�S�P�D�F�F�E�T �U�P �C�V�J�M�E �B �C�B�T�J�T�� �0�O�F �T�U�B�S�U�T �X�J�U�I �B �M�J�T�U �P�G �J�O�U�F�H�S�B�M�T

I = { I 1, . . . , I n } �� �8�F �E�F�m�O�F �B �T�F�U �P�G �S�F�Q�M�B�D�F�N�F�O�U �S�V�M�F�TR �J�O�J�U�J�B�M�J�[�F�E �B�UR = � �
 �B�O�E �B�O �J�O�U�F�H�F�SK �X�I�J�D�I

�J�T �J�O�J�U�J�B�M�J�[�F�E �B�UK = 1 ��

���� �(�F�O�F�S�B�U�FrK �
 �U�I�F �T�F�U �*�#�1 �S�F�M�B�U�J�P�O�T �X�J�U�I �J�O�U�F�H�S�B�O�E�T �X�I�P�T�F �Q�P�X�F�S�Tn1, . . . , nN �W�F�S�J�G�Z
�

|ni | = K ��

���� �'�P�S �F�B�D�I �*�#�1 �S�F�M�B�U�J�P�O �J�Ork
�

ai Ji = 0 �
 �X�I�F�S�F �U�I�FJi �B�S�F �J�O�U�F�H�S�B�M�T�
 �F�Y�Q�S�F�T�T �U�I�F�N �B�TJ�j =
�

ai /a �j Ji �X�I�F�S�FJ�j �J�T �U�I�F �M�B�S�H�F�T�U �J�O�U�F�H�S�B�M �J�O �U�I�F �S�F�M�B�U�J�P�O��

���� �4�J�N�Q�M�J�G�Z �F�W�F�S�Z �Q�P�T�T�J�C�M�F �J�O�U�F�H�S�B�M �J�Ork �V�T�J�O�HR�
 �U�I�F�OR = R � r k ��

���� �*�G �B�O�Z �P�G �U�I�F �O�F�X �S�F�M�B�U�J�P�O�T �J�T �M�J�O�F�B�S�M�Z �E�F�Q�F�O�E�F�O�U �P�G �U�I�F �P�U�I�F�S�T �J�OR�
 �F�M�J�N�J�O�B�U�F �J�U��

���� �*�G �F�W�F�S�Z �J�O�U�F�H�S�B�M �J�OI �m�H�V�S�F�T �J�O �U�I�F �M�F�G�U���I�B�O�E���T�J�E�F �P�G �B �S�F�M�B�U�J�P�O �J�OR� 
 � T� U� P� Q

���� �&�M�T�FK = K + 1 �B�O�E �S�F�Q�F�B�U��

�"�G�U�F�S �U�I�J�T �Q�S�P�D�F�E�V�S�F �U�F�S�N�J�O�B�U�F�T�
 �U�I�F �T�F�U �P�G �J�O�U�F�H�S�B�M�T �J�O �U�I�F �S�J�H�I�U���I�B�O�E �T�J�E�F �P�G �U�I�F �S�F�M�B�U�J�P�O�T �J�OR �D�P�O�T�U�J��

�U�V�U�F�T �U�I�F �T�F�U �P�G �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �O�F�D�F�T�T�B�S�Z �U�P �F�Y�Q�S�F�T�T �U�I�F �J�O�U�F�H�S�B�M�T �J�OI ��

����



�"�V�U�P�N�B�U�J�P�O �J�T �P�G �D�P�V�S�T�F �D�S�V�D�J�B�M �G�P�S �N�P�E�F�S�O �S�F�B�M���M�J�G�F �B�Q�Q�M�J�D�B�U�J�P�O�T�� �'�P�S �F�Y�B�N�Q�M�F�
 �X�F �X�J�M�M �T�F�F �J�O �$�I�B�Q��

�U�F�S ������ �U�I�B�U �X�F �O�F�F�E �U�P �F�W�B�M�V�B�U�F �N�P�S�F �U�I�B�O �������� �J�O�U�F�H�S�B�M�T �J�O �P�S�E�F�S �U�P �F�Y�Q�S�F�T�T�U�I�F �B�N�Q�M�J�U�V�E�F �G�P�S �)�J�H�H�T

�C�P�T�P�O �Q�S�P�E�V�D�U�J�P�O �B�U �/�-�0 �J�O �U�I�F �4�.�&�'�5�� �)�P�X�F�W�F�S�
 �X�F �P�O�M�Z �O�F�F�E ���� �E�J�
�F�S�F�O�U �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �J�O �P�S�E�F�S

�U�P �F�Y�Q�S�F�T�T �U�I�F�N�� �/�P�U �P�O�M�Z �J�T �J�U �V�O�J�N�B�H�J�O�B�C�M�F �U�P �F�W�B�M�V�B�U�F �U�I�F�T�F �������� �J�O�U�F�H�S�B�M�T �J�O�E�J�W�J�E�V�B�M�M�Z�
 �C�V�U �V�T�J�O�H

�*�#�1 �S�F�E�V�D�U�J�P�O�T �U�P �S�F�E�V�D�F �U�I�F�N �U�P �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �C�Z �I�B�O�E �J�T �B�M�T�P �V�O�S�F�B�M�J�T�U�J�D��

�-�V�D�L�J�M�Z�
 �U�I�F �-�B�Q�P�S�U�B �B�M�H�P�S�J�U�I�N �I�B�T �C�F�F�O �J�N�Q�M�F�N�F�O�U�F�E �J�O �B �O�V�N�C�F�S �P�G �Q�V�C�M�J�D �D�P�E�F�T�
 �M�J�L�F�6�A�_�1�<�������


�������>�
���A�_�<�������>�
�G�B�i�2�_�2�/�<�������>�
 �P�S�E�B�`���<�������> �X�I�J�D�I �B�M�M�P�X �P�O�F �U�P �B�V�U�P�N�B�U�J�D�B�M�M�Z �S�F�E�V�D�F �J�O�U�F�H�S�B�M�T �J�O

�B �U�P�Q�P�M�P�H�Z �U�P �B �T�F�U �P�G �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �X�J�U�I �W�F�S�Z �M�J�U�U�M�F �V�T�F�S �J�O�Q�V�U�� �*�O �Q�S�B�D�U�J�D�F�
 �J�O �U�I�F �Q�S�P�K�F�D�U�T �X�F �X�J�M�M

�Q�S�F�T�F�O�U �J�O �U�I�F �G�P�M�M�P�X�J�O�H �D�I�B�Q�U�F�S�T�
 �X�F �V�T�F�E �C�P�U�I�G�B�i�2�_�2�/�B�O�E�6�A�_�1�U�P �S�F�E�V�D�F �J�O�U�F�H�S�B�M�T �U�P �N�B�T�U�F�S �J�O�U�F��

�H�S�B�M�T��

�û���ú �&�'�����&���%������ �$���������# �����%�����#�����$

�*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �X�J�M�M �E�F�T�D�S�J�C�F �U�I�F �E�J�
�F�S�F�O�U �N�F�U�I�P�E�T �X�F �I�B�W�F �V�T�F�E �U�P �F�W�B�M�V�B�U�F �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�T��

�$�B�M�D�V�M�B�U�J�O�H �N�V�M�U�J�M�P�P�Q �J�O�U�F�H�S�B�M�T �J�T �N�P�S�F �P�G �B�O �B�S�U �U�I�B�O �B �T�D�J�F�O�D�F �B�O�E �O�P �T�Z�T�U�F�N�B�U�J�D�
 �B�M�H�P�S�J�U�I�N�J�D �N�F�U�I�P�E

�J�T �L�O�P�X�O �U�P �P�C�U�B�J�O �U�I�F�N�� �"�N�P�O�H �U�I�F �N�P�E�F�S�O �N�F�U�I�P�E�T�
 �U�I�B�U �P�G �E�J�
�F�S�F�O�U�J�B�M �F�R�V�B�U�J�P�O�T �J�T �Q�S�P�C�B�C�M�Z �U�I�F

�N�P�T�U �Q�P�Q�V�M�B�S�
 �E�V�F �U�P �J�U�T �N�B�O�Z �T�V�D�D�F�T�T�F�T �J�O �E�F�S�J�W�J�O�H �U�I�F �N�P�T�U �D�P�N�Q�M�J�D�B�U�F�E �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�T�
 �T�V�D�I �B�T

�U�I�P�T�F �S�F�M�F�W�B�O�U �G�P�S �W�F�D�U�P�S �C�P�T�P�O �Q�B�J�S �Q�S�P�E�V�D�U�J�P�O �B�U �/�/�-�0 �<�������>�� �e�J�T �N�F�U�I�P�E �I�B�T �U�I�F �Q�B�S�U�J�D�V�M�B�S�J�U�Z �P�G

�S�F�M�Z�J�O�H �O�P�U �P�O �U�I�F �E�J�S�F�D�U �D�B�M�D�V�M�B�U�J�P�O �P�G �U�I�F �J�O�U�F�H�S�B�M�T�
 �C�V�U �P�O �U�I�F �E�F�S�J�W�B�U�J�P�O �P�G �B �T�Z�T�U�F�N �P�G �E�J�
�F�S�F�O�U�J�B�M

�F�R�V�B�U�J�P�O�T �W�F�S�J�m�F�E �C�Z �U�I�F �J�O�U�F�H�S�B�M�T �J�O �B �C�B�T�J�T�
 �X�I�J�D�I �D�B�O �U�I�F�O �C�F �T�P�M�W�F�E �B�T �B�O�F�Y�Q�B�O�T�J�P�O
 �<�������o�������>��

�*�O �U�I�F �Q�S�P�K�F�D�U�T �Q�S�F�T�F�O�U�F�E �J�O �U�I�J�T �U�I�F�T�J�T�
 �X�F �I�B�W�F �I�P�X�F�W�F�S �V�T�F�E �N�P�S�F �U�S�B�E�J�U�J�P�O�B�M �N�F�U�I�P�E�T �U�P �F�W�B�M�V�B�U�F

�J�O�U�F�H�S�B�M�T�
 �X�I�J�D�I �S�F�M�Z �P�O �E�J�S�F�D�U �J�O�U�F�H�S�B�U�J�P�O �J�O �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�� �8�F �X�J�M�M �m�S�T�U �E�J�T��

�D�V�T�T �U�I�F �H�F�O�F�S�B�M �G�S�B�N�F�X�P�S�L �P�G �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S�T �B�O�E �T�I�P�X �I�P�X �P�O�F �D�B�O �J�O�E�V�T�U�S�J�B�M�J�[�F �U�I�F �B�Q�Q�S�P�B�D�I

�Q�S�F�T�F�O�U�F�E �J�O �R�V�B�O�U�V�N �m�F�M�E �U�I�F�P�S�Z �U�F�Y�U�C�P�P�L�T�� �8�F �X�J�M�M �U�I�F�O �E�J�T�D�V�T�T �U�I�F �N�F�U�I�P�E �P�G �S�F�H�J�P�O�T�
 �X�I�J�D�I �J�T �B

�H�F�O�F�S�B�M �T�D�I�F�N�F �U�P �P�C�U�B�J�O �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T �P�G �J�O�U�F�H�S�B�M�T �J�O �D�F�S�U�B�J�O �M�J�N�J�U�T�� �'�J�O�B�M�M�Z �X�F �X�J�M�M �E�J�T�D�V�T�T �U�I�F �O�V��

�N�F�S�J�D�B�M �J�O�U�F�H�S�B�U�J�P�O �P�G �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�T �C�B�T�F�E �P�O �U�I�F �N�F�U�I�P�E �P�G �T�F�D�U�P�S �E�F�D�P�N�Q�P�T�J�U�J�P�O�
 �X�I�J�D�I �X�F �V�T�F�E

�J�O �C�P�U�I �U�I�F �Q�S�P�K�F�D�U�T �Q�S�F�T�F�O�U�F�E �J�O �U�I�J�T �U�I�F�T�J�T �U�P �D�S�P�T�T �D�I�F�D�L �P�V�S �B�O�B�M�Z�U�J�D �S�F�T�V�M�U�T��

�û���ú���ù �'���*�������� �!���#�������%���#�$

�e�F �D�M�B�T�T�J�D�B�M �B�Q�Q�S�P�B�D�I �U�P �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�T �Q�S�F�T�F�O�U�F�E �J�O �N�B�O�Z �2�'�5 �U�F�Y�U�C�P�P�L�T �J�T �C�B�T�F�E �P�O �'�F�Z�O�N�B�O

�Q�B�S�B�N�F�U�F�S�T�
 �X�I�J�D�I �J�T �B �U�F�D�I�O�J�R�V�F �U�P �U�S�B�O�T�G�P�S�N �M�P�P�Q �J�O�U�F�H�S�B�M�T �F�Y�Q�S�F�T�T�F�E �J�O�U�F�S�N�T �P�G �M�P�P�Q �N�P�N�F�O�U�B �J�O�U�P

�J�O�U�F�H�S�B�M�T �P�W�F�S �S�B�U�J�P�O�B�M �G�V�O�D�U�J�P�O�T�
 �X�I�J�D�I �B�S�F �V�T�V�B�M�M�Z �F�B�T�J�F�S �U�P �E�F�B�M �X�J�U�I���e�J�T �B�Q�Q�S�P�B�D�I �J�T �C�B�T�F�E �P�O �U�X�P

�J�E�F�O�U�J�U�J�F�T��

�t �e�F �W�B�M�V�F �P�G �U�B�E�Q�P�M�F �J�O�U�F�H�S�B�M�T��

�
ddk

(2� )d

1
(Uk2 Š F )n = ( Š1)n i (4� )Š d/ 2 �( n Š d/ 2)

�( n)
UŠ d/ 2

F nŠ d/ 2
�	���������


����



� t � e� F�'�F�Z�N�B�O �5�S�J�D�L��

1
D n1

1 . . . D nN
N

=
� ( n)

�

i

�( ni )

� 1

0

�

i

xni Š 1
i dxi

� (1 Š
�

xi )
(
�

xi D i )
n , �	���������


�X�I�F�S�Fn =
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ni �� �e�F �Q�B�S�B�N�F�U�F�S�Txi �B�S�F �V�T�V�B�M�M�Z �S�F�G�F�S�S�F�E �U�P �B�T�'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S�T��

�0�O�F �D�B�O �V�T�F �U�I�F �'�F�Z�O�N�B�O �U�S�J�D�L �U�P �D�P�O�W�F�S�U �BL ���M�P�P�Q �J�O�U�F�H�S�B�M �J�O�U�P �B �U�B�E�Q�P�M�F �J�O�U�F�H�S�B�M��
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�4�J�O�D�F �U�I�FDi �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �B�T(ail kl + biqpq)2 Š m2
i �
 �X�I�F�S�F �U�I�Fpq �B�S�F �U�I�F �F�Y�U�F�S�O�B�M �M�P�P�Q �N�P�N�F�O�U�B

�B�O�E �U�I�Fmi �B�S�F �N�B�T�T�F�T�
 �U�I�F �E�F�O�P�N�J�O�B�U�P�S �P�G �U�I�F �'�F�Z�O�N�B�O���Q�B�S�B�N�F�U�S�J�[�F�E �J�O�U�F�H�S�B�M �D�B�O �C�F �X�S�J�U�U�F�O �B�T

�

i

xi D i = Alm km kl + 2P l kl + M 2 = K T �rA �rK + 2K �rP + M 2, �	���������


�X�I�F�S�FA �J�T �B �T�Z�N�N�F�U�S�J�D �N�B�U�S�J�Y �X�J�U�I �T�D�B�M�B�S �F�O�U�S�J�F�T�
K �J�T �U�I�FL ���E�J�N�F�O�T�J�P�O�B�M �W�F�D�U�P�S �P�G �M�P�P�Q �N�P�N�F�O�U�B�
 �B�O�E

P �B�O�EM �B�S�F �S�F�T�Q�F�D�U�J�W�F�M�Z �B �W�F�D�U�P�S �B�O�E �B �T�D�B�M�B�S �J�O�E�F�Q�F�O�E�F�O�U �P�G �U�I�F �M�P�P�Q �N�P�N�F�O�U�B�� �8�F �D�B�O �V�T�F �U�I�F �T�I�J�G�U

�J�O�W�B�S�J�B�O�D�F �P�G �M�P�P�Q �J�O�U�F�H�S�B�M�T �U�P �F�M�J�N�J�O�B�U�F �U�I�F �M�J�O�F�B�S �U�F�S�N �C�Z �B�Q�Q�M�Z�J�O�H �U�I�F �D�I�B�O�H�FK = K � Š AŠ 1 �rP ��

�

i

xi D i = K �T AK � + �M 2. �	���������


�8�F �D�B�O �U�I�F�O �E�J�B�H�P�O�B�M�J�[�FA �C�Z �Q�F�S�G�P�S�N�J�O�H �B�O �P�S�U�I�P�H�P�O�B�M �U�S�B�O�T�G�P�S�N�B�U�J�P�OK � = RK �� �X�J�U�IK �� =

(�k1, . . . , �kN )�
 �B�O�E �E�F�m�O�F�A = RT AR = �%�J�B�H( �A1, . . . �AN )�� �e�F �J�O�U�F�H�S�B�M �P�W�F�S �M�P�P�Q �N�P�N�F�O�U�B �X�F �O�F�F�E �U�P

�D�P�N�Q�V�U�F �U�B�L�F�T �U�I�F �G�P�S�N

�I =
� �

i

dd�ki

(2� )d

1

( �A1�k2
1 + · · · + �AN �k2

N Š �M 2)n
, �	���������


�8�I�J�D�I �J�T �T�P�N�F�U�I�J�O�H �X�F �D�B�O �E�P �J�U�F�S�B�U�J�W�F�M�Z�� �-�F�U �V�T �E�F�m�O�FUi = �Ai �B�O�EFi = Š
�

j>i

Aj �k2
j + �M 2� � � "� G� U� F� S

�Q�F�S�G�P�S�N�J�O�Hl �J�O�U�F�H�S�B�M�T�
 �X�F �m�O�E

�I = ( Š1)
�

i � L ni (i (4� )Š d/ 2)l �( n Š ld/ 2)
�( n)

� �

i>l

dd�ki

(2� )d

(U1 . . . Ul )
Š d/ 2

(Ul+1
�k2

l+1 Š F l )nŠ ld/ 2
, �	���������


�X�I�J�D�I �U�F�S�N�J�O�B�U�F�T �B�U

�I = ( Š1)n(i (4� )Š d/ 2)L �( n Š Ld/ 2)
�( n)

(U1 . . . UL )Š d/ 2

(F l )nŠ Ld/ 2
. �	���������


�/�P�U�F �U�I�B�U�
 �J�O �U�I�F �O�V�N�F�S�B�U�P�S �P�G�I �

 

Ui �J�T �U�I�F �E�F�U�F�S�N�J�O�B�O�U �P�G �U�I�F �N�B�U�S�J�YA �B�O�EFl = �M 2 = M 2 Š

PT AŠ 1P�� �*�U �J�T �V�T�F�G�V�M �U�P �S�F���T�I�V���F �U�I�F �S�B�U�J�P
U1 . . . UL

(F l )nŠ Ld/ 2
�J�O�U�P

UnŠ (L +1) d/ 2

F nŠ Ld/ 2
�
 �X�I�F�S�FU = �E�F�U(A) �B�O�E

����



F = �E�F�U(A)F l �� �6�T�J�O�H �U�I�J�T �O�P�U�B�U�J�P�O�
 �X�F �D�B�O �H�J�W�F �B �H�F�O�F�S�B�M �G�P�S�N �G�P�S �U�I�FL ���M�P�P�Q �J�O�U�F�H�S�B�MI (n1, . . . , nN )��

I (n1, . . . , nN ) = ( Š1)n(i (4� )Š d/ 2)L �( n Š Ld/ 2)
 

�( ni )

� �

0

� �
xni Š 1

i dxi

�
� (1 Š

�
xi )

UnŠ (L +1) d/ 2

F nŠ Ld/ 2
,

�	���������


�X�I�F�S�F �U�I�F �J�O�U�F�H�S�B�U�J�P�O �D�B�O �C�F �U�B�L�F�O �G�S�P�N0 �U�P� �C�F�D�B�V�T�F �U�I�F �E�F�M�U�B �G�V�O�D�U�J�P�O �G�P�S�D�F�Txi � 1� 
 � B� O� EU �B�O�E

F �D�B�O �C�F �E�F�U�F�S�N�J�O�F�E �G�S�P�N �U�I�F �E�F�O�P�N�J�O�B�U�P�S �P�G �U�I�F �J�O�U�F�H�S�B�M �E�J�S�F�D�U�M�Z �B�G�U�F�S �U�I�F �J�O�T�F�S�U�J�P�O �P�G �U�I�F �'�F�Z�O�N�B�O

�Q�B�S�B�N�F�U�F�S�T�� �%�V�F �U�P �U�I�F�J�S �E�F�m�O�J�U�J�P�O �U�I�B�U �D�B�O �C�F �E�F�U�F�S�N�J�O�F�E �E�J�S�F�D�U�M�Z �G�S�P�N �U�I�F �F�Y�Q�S�F�T�T�J�P�O �P�G �U�I�F �E�F�O�P�N��

�J�O�B�U�P�S �P�G �U�I�F �J�O�U�F�H�S�B�M �B�G�U�F�S �J�O�T�F�S�U�J�O�H �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S�T�
 �F�Y�Q�S�F�T�T�J�O�H �B�O�Z �J�O�U�F�H�S�B�MI (n1, . . . , nN )

�J�O �U�I�F �G�P�S�N �P�G �&�R�V�B�U�J�P�O �������� �J�T �T�U�S�B�J�H�I�U�G�P�S�X�B�S�E �U�P �E�P �B�M�H�P�S�J�U�I�N�J�D�B�M�M�Z �B�O�E �B�V�U�P�N�B�U�F�E �U�P�P�M�T �U�P �E�P �T�P

�G�S�P�N �U�I�F �E�F�m�O�J�U�J�P�O �P�G �B �U�P�Q�P�M�P�H�Z�
 �T�V�D�I �B�T�l�6�<�������>��

�e�F �D�I�P�J�D�F �P�GU �B�O�EF �U�P �Q�B�S�B�N�F�U�S�J�[�F �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�T �I�B�T �T�F�W�F�S�B�M �B�E�W�B�O�U�B�H�F�T�� �'�J�S�T�U �P�G �B�M�M�
 �C�P�U�I

�P�G �U�I�F�N �B�S�F �Q�P�M�Z�O�P�N�J�B�M�T �J�O �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S�T �X�J�U�I �V�O�J�G�P�S�N �E�F�H�S�F�F�� �*�O�E�F�F�E�
 �U�I�F �N�B�U�S�J�YA �I�B�T

�B �Q�P�M�Z�O�P�N�J�B�M �E�F�Q�F�O�E�F�O�D�F �P�O �U�I�Fxi �X�J�U�I �S�B�U�J�P�O�B�M �D�P�F���D�J�F�O�U�T�
 �N�B�L�J�O�HU = �E�F�U(A) �B �Q�P�M�Z�O�P�N�J�B�M �P�G

�V�O�J�G�P�S�N �E�F�H�S�F�FL �
 �X�I�J�M�FF �I�B�T �U�I�F �G�P�M�M�P�X�J�O�H �F�Y�Q�S�F�T�T�J�P�O��

F = �E�F�U(A)F l = �E�F�U(A)
�
M 2 Š PT AŠ 1P

�

= �E�F�U(A)M 2 Š PT �"�E�K(A)P,
�	���������


�X�I�F�S�F �"�E�K(A) �J�T �U�I�F �B�E�K�V�H�B�U�F �N�B�U�S�J�Y �P�GA�
 �D�P�O�T�U�S�V�D�U�F�E �P�V�U �P�G �N�J�O�P�S�T �P�GA�
 �B�O�E �J�T �F�Y�Q�S�F�T�T�F�E �B�T �B �V�O�J�G�P�S�N

� Q� P� M� Z� O� P� N� J� B� M � P� G � E� F� H� S� F� FL Š 1 �J�O �U�I�F �F�O�U�S�J�F�T �P�GA� � � #� F� D� B� V� T� FP �rK �J�T �P�G �V�O�J�G�P�S�N �E�F�H�S�F�F �� �J�O �U�I�F �'�F�Z�O�N�B�O

�Q�P�M�Z�O�P�N�J�B�M�T �B�O�EK �J�T �P�G �E�F�H�S�F�F ���
P �J�T �P�G �V�O�J�G�P�S�N �E�F�H�S�F�F ���
 �U�I�F �T�F�D�P�O�E �U�F�S�N �J�OF �I�B�T �B �V�O�J�G�P�S�N �E�F�H�S�F�F

L + 1 �
 �X�I�J�M�FM 2 �J�T �P�G �E�F�H�S�F�F ���
 �T�P �U�I�B�UF �P�W�F�S�B�M�M �P�G �V�O�J�G�P�S�N �E�F�H�S�F�FL + 1 ��

�"�O�P�U�I�F�S �B�E�W�B�O�U�B�H�F �P�G �V�T�J�O�H �U�I�F�T�F �Q�P�M�Z�O�P�N�J�B�M�T �J�T �U�I�B�U �U�I�F�Z �D�B�O �F�B�T�J�M�Z �C�F �D�P�O�T�U�S�V�D�U�F�E �C�Z �I�B�O�E �G�S�P�N

�U�I�F �U�P�Q�P�M�P�H�Z �<�������>�� �*�O�E�F�F�E�
 �M�F�UG�C�F �U�I�F �H�S�B�Q�I �P�G �U�I�F �J�O�U�F�H�S�B�MI (1, . . . , 1) �J�O �U�I�F �T�F�O�T�F �E�F�m�O�F�E �J�O �4�F�D��

�U�J�P�O ���������� �T�F�F�O �B�T �B �T�F�U �P�G �F�E�H�F�Tei �M�B�C�F�M�M�F�E �C�Z �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S�T �N�V�U�M�J�Q�M�Z�J�O�H �U�I�F �B�T�T�P�D�J�B�U�F�E �Q�S�P�Q��

�B�H�B�U�P�S{ (ei , xi )} �� �e�F �Q�P�M�Z�O�P�N�J�B�MU �D�B�O �C�F �D�P�O�T�U�S�V�D�U�F�E �C�Z �D�P�O�T�J�E�F�S�J�O�HT1�
 �U�I�F �T�Q�B�O�O�J�O�H �����G�P�S�F�T�U �P�GG�


�X�I�J�D�I �J�T �U�P �T�B�Z �U�I�F �T�F�U �P�G �D�P�O�O�F�D�U�F�E �U�S�F�F �E�J�B�H�S�B�N�T �U�I�B�U �D�B�O �C�F �D�P�O�T�U�S�V�D�U�F�E �C�Z�S�F�N�P�W�J�O�HL �F�E�H�F�T �G�S�P�N

G��

U =
�

T �T 1

�

i |ei �� T

xi , �	���������


�U�I�B�U �J�TU �J�T �U�I�F �T�V�N �P�G �N�P�O�P�N�J�B�M �U�I�B�U �B�S�F �U�I�F �Q�S�P�E�V�D�U�T �P�GL �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S�T �B�T�T�P�D�J�B�U�F�E �U�P �Q�S�P�Q�B��

�H�B�U�P�S�T �X�I�J�D�I �D�B�O �C�F �S�F�N�P�W�F�E �U�P �N�B�L�FG�J�O�U�P �B �U�S�F�F�� �8�F �D�B�O �T�J�N�J�M�B�S�M�Z �D�P�O�T�U�S�V�D�UF �P�V�U �P�GT2�
 �U�I�F �T�F�U �P�G

�����U�S�F�F�T �P�GG�
 �X�I�J�D�I �J�T �U�P �T�B�Z �U�I�F �T�F�U �P�G �E�J�T�D�P�O�O�F�D�U�F�E �Q�B�J�S�T �P�G �U�S�F�F�T �U�I�B�U �D�B�O �C�F �D�P�O�T�U�S�V�D�U�F�E �C�Z �S�F�N�P�W�J�O�H

L + 1 �F�E�H�F�T �G�S�P�NG�� �&�B�D�I �T�V�D�I �Q�B�J�S �P�G �U�S�F�F�TT �I�B�T �B�O �B�T�T�P�D�J�B�U�F�E �J�O�W�B�S�J�B�O�Uq2(T)�
 �X�I�F�S�Fq(T) �J�T �U�I�F

�N�P�N�F�O�U�V�N �n�P�X�J�O�H �G�S�P�N �P�O�F �U�S�F�F �U�P �U�I�F �P�U�I�F�S�� �e�F �Q�P�M�Z�O�P�N�J�B�MF �J�T �U�I�F�O �D�P�O�T�U�S�V�D�U�F�E �J�O �U�I�F �G�P�M�M�P�X�J�O�H

�X�B�Z��

F = Š
�

T �T 2

q2(T)
�

i |ei �� T

xi + U
�

i

m2
i xi , �	���������


�X�I�F�S�Fmi �J�T �U�I�F �N�B�T�T �J�O �Q�S�P�Q�B�H�B�U�P�SDi ��

����



�$�����������8�& �5����� �#���� �e�F �$�I�F�O�H���8�V �U�I�F�P�S�F�N �J�T �U�I�F �G�P�M�M�P�X�J�O�H �<�������>

�e�F�P�S�F�N �����-�F�UF : RN � R �C�F �B �I�P�N�P�H�F�O�F�P�V�T �G�V�O�D�U�J�P�O �P�G �E�F�H�S�F�FŠN �
 �U�I�F�O �G�P�S �B�O�Z �O�P�O���F�N�Q�U�Z� �

� 1, N � �

� �

0

�
N�

i =0

dxi

�

�

�

1 Š
N�

i =0

xi

�

F (x)

=
� �

0

�
N�

i =0

dxi

�

�

�

1 Š
�

i � �

xi

�

F (x).

�	���������


�8�I�J�M�F �J�U �T�F�F�N�T �V�O�T�J�H�O�J�m�D�B�O�U�
 �U�I�J�T �U�I�F�P�S�F�N �J�T �B �H�S�F�B�U �I�F�M�Q �J�O �Q�S�B�D�U�J�D�B�M �D�B�M�D�V�M�B�U�J�P�O �P�G �M�P�P�Q �J�O�U�F�H�S�B�M�T

�U�I�S�P�V�H�I �E�J�S�F�D�U �J�O�U�F�H�S�B�U�J�P�O�
 �B�T �D�I�P�P�T�J�O�H �B �T�N�B�S�U �D�P�N�C�J�O�B�U�J�P�O �P�G �W�B�S�J�B�C�M�F�T�U�I�B�U �X�J�M�M �C�F �m�Y�F�E �C�Z �U�I�F �E�F�M�U�B

�G�V�O�D�U�J�P�O �D�B�O �T�V�C�T�U�B�O�U�J�B�M�M�Z �T�J�N�Q�M�J�G�Z �J�O�U�F�H�S�B�M�T�� �*�U �J�T �O�F�B�S�M�Z �B�M�X�B�Z�T �N�P�T�U �V�T�F�G�V�M �U�P �I�B�W�F �P�O�M�Z �P�O�F �W�B�S�J�B�C�M�F

�M�F�G�U�P�W�F�S �J�O �U�I�F �E�F�M�U�B �G�V�O�D�U�J�P�O�
 �T�P �U�I�B�U �J�U �J�T �m�Y�F�E �U�P �P�O�F �B�O�E �P�O�F �J�T �M�F�G�U �X�J�U�I �B�O �J�O�U�F�H�S�B�M �P�W�F�S �B �S�B�U�J�P�O�B�M

�G�V�O�D�U�J�P�O �C�F�U�X�F�F�O0 �B�O�E� �� �1�S�P�W�J�O�H �U�I�F �$�I�F�O�H���8�V �U�I�F�P�S�F�N �D�B�O �C�F �E�P�O�F �T�I�P�S�U�M�Z �C�Z �V�T�J�O�H �B �i�O�P�O�U�S�J�W�J�B�M

�W�B�M�V�F �P�G ���w��

1 =
� �

0

d�
�

�

�

1 Š
1
�

�

�

xi

�
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�-�F�U �V�T �J�O�T�F�S�U �U�I�J�T �F�Y�Q�S�F�T�T�J�P�O �J�O �P�V�S �J�O�U�F�H�S�B�O�E
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�
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�

1 Š
N�

i =0

xi

�
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=
� �
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�
N�

i =0

dxi

� � �

0

d�
�

�

�

1 Š
1
�

�

�

xi

�

�

�

1 Š
N�

i =0

xi

�

F (x), �	���������


�B�O�E �B�Q�Q�M�Z �U�I�F �D�I�B�O�H�F �P�G �W�B�S�J�B�C�M�Fxi = �� i ��

� �

0

�
N�

i =0

dxi

� � �

0

d�
�

�

�

1 Š
1
�

�

�

xi

�

�

�

1 Š
N�

i =0

xi

�

F (x) �	���������


=
� �

0

�
N�

i =0

d� i

� � �

0

d�
�

�

�

1 Š
�

�

� i

�

�

�

1 Š �
N�

i =0

� i

�

F (� ) �	���������


=
� �

0

�
N�

i =0

d� i

�

�

�

1 Š
�

�

� i

�

F (� ), �	���������


�	���������


�U�I�B�O�L�T �U�P �U�I�F �G�B�D�U �U�I�B�U
� �

0

d�
�

� (1 Š a� ) =
� �

0

d�
a�

� (1/a Š � ) = 1 . �	���������


�e�F �U�X�P �L�F�Z �F�M�F�N�F�O�U�T �G�P�S �U�I�J�T �Q�S�P�P�G �U�P �X�P�S�L �B�S�F �U�I�F �I�P�N�P�H�F�O�F�J�U�Z �P�G �U�I�F �M�P�P�Q �J�O�U�F�H�S�B�O�E�
 �X�I�J�D�I �J�T �B�M�X�B�Z�T

�W�F�S�J�m�F�E �G�P�S �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�T �B�O�E �U�I�F �G�B�D�U �U�I�B�U �U�I�F �J�O�U�F�H�S�B�U�J�P�O �J�T �Q�F�S�G�P�S�N�F�E �G�S�P�N0� 
 � U� P� �
 �U�P �F�O�T�V�S�F

�U�I�B�U �B�M�M �N�V�M�U�J�Q�M�J�D�B�U�J�W�F �D�I�B�O�H�F�T �P�G �W�B�S�J�B�C�M�F�T �M�F�B�W�F �U�I�F �C�P�V�O�E�T �V�O�D�I�B�O�H�F�E��

����



�û���ú���ú �"�!�!�#� �)�������%������ �����%�����#�����$�� �%���� �����%��� �� � �� �#������� ���$

�&�W�B�M�V�B�U�J�O�H �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�T �U�I�S�P�V�H�I �E�J�S�F�D�U �J�O�U�F�H�S�B�U�J�P�O �P�G �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�S

�C�Z �B�O�Z �P�U�I�F�S �N�F�U�I�P�E �J�T �P�G�U�F�O �B �E�J���D�V�M�U �U�B�T�L�
 �F�T�Q�F�D�J�B�M�M�Z �G�P�S �U�I�P�T�F �J�O�U�F�H�S�B�M�T�U�I�B�U �E�F�Q�F�O�E �P�O �T�F�W�F�S�B�M �Q�B�S�B�N��

�F�U�F�S�T�� �*�U �J�T �I�P�X�F�W�F�S �P�G�U�F�O �U�I�F �D�B�T�F �U�I�B�U �U�I�F �H�F�O�F�S�B�M �E�F�Q�F�O�E�F�O�D�F �P�O �T�V�D�I �F�Y�U�F�S�O�B�M �T�D�B�M�F�T �J�T �N�P�S�F �U�I�B�O �X�F

�O�F�F�E �U�P �T�U�V�E�Z �U�I�F �Q�I�F�O�P�N�F�O�P�M�P�H�Z �P�G �J�O�U�F�S�F�T�U�J�O�H �Q�I�Z�T�J�D�B�M �Q�S�P�D�F�T�T�F�T �B�O�E �J�U �D�B�O �C�F �B �T�V�D�D�F�T�T�G�V�M �B�Q�Q�S�P�B�D�I

�U�P �P�C�U�B�J�O �B�Q�Q�S�P�Y�J�N�B�U�F �S�F�T�V�M�U�T �G�P�S �P�C�T�F�S�W�B�C�M�F�T �J�O �T�Q�F�D�J�m�D �M�J�N�J�U�T �X�I�J�D�I �T�J�N�Q�M�J�G�Z �U�I�F �D�B�M�D�V�M�B�U�J�P�O�� �*�O �R�V�B�O��

�U�V�N �m�F�M�E �U�I�F�P�S�Z�
 �U�I�J�T �J�E�F�B �F�T�T�F�O�U�J�B�M�M�Z �I�B�T �U�X�P �S�F�B�M�J�[�B�U�J�P�O�T �X�I�J�D�I �B�S�F �U�J�H�I�U�M�Z �S�F�M�B�U�F�E�� �e�F �m�S�T�U �B�Q�Q�S�P�B�D�I

�J�T �C�B�T�F�E �P�O �F�
�F�D�U�J�W�F �m�F�M�E �U�I�F�P�S�J�F�T�
 �J�O �X�I�J�D�I �P�O�F �E�F�S�J�W�F�T �B �-�B�H�S�B�O�H�J�B�O �U�I�B�U �B�Q�Q�S�P�Y�J�N�B�U�F�T �S�F�B�M�J�U�Z �J�O �B

�T�Q�F�D�J�m�D �S�F�H�J�N�F �X�I�J�D�I �B�V�U�P�N�B�U�J�D�B�M�M�Z �H�F�O�F�S�B�U�F�T �P�C�T�F�S�W�B�C�M�F�T �B�T �B �Q�P�X�F�S �T�F�S�J�F�T �J�O �T�P�N�F �T�N�B�M�M �Q�B�S�B�N�F�U�F�S�T��

�e�F �T�F�D�P�O�E �B�Q�Q�S�P�B�D�I �U�P �B�Q�Q�S�P�Y�J�N�B�U�J�O�H �P�C�T�F�S�W�B�C�M�F�T �J�O �H�J�W�F�O �M�J�N�J�U�T �J�T �U�P �Q�F�S�G�P�S�N �U�I�F �F�Y�Q�B�O�T�J�P�O �B�U �U�I�F

�B�N�Q�M�J�U�V�E�F �M�F�W�F�M�� �e�J�T �U�Z�Q�F �P�G �D�B�M�D�V�M�B�U�J�P�O �J�T �B�D�U�V�B�M�M�Z �O�F�D�F�T�T�B�S�Z �G�P�S �&�'�5 �U�I�B�U �B�S�F �V�T�F�E �B�T �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T

�P�G �B �L�O�P�X�O �6�7���D�P�N�Q�M�F�U�F �U�I�F�P�S�Z�–�
 �T�V�D�I �B�T �U�I�F �U�X�P �X�F �E�F�T�D�S�J�C�F�E �B�C�P�W�F�� �"�T �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T �P�G �B �L�O�P�X�O

�U�I�F�P�S�Z�
 �U�I�F �W�B�M�V�F �P�G �U�I�F�J�S �Q�B�S�B�N�B�U�F�S�T �D�B�O �C�F �E�F�S�J�W�F�E �G�S�P�N �U�I�F �Q�B�S�B�N�F�U�F�S�T �P�G�U�I�F �G�V�M�M �U�I�F�P�S�Z�� �e�J�T �J�T

�E�P�O�F �C�Z �U�I�F �Q�S�P�D�F�T�T �P�G�N�B�U�D�I�J�O�H�
 �X�I�J�D�I �X�F �E�J�T�D�V�T�T�F�E �J�O �U�I�F �D�P�O�U�F�Y�U �P�G �U�I�F �4�.�&�'�5 �J�O �4�F�D�U�J�P�O �������� �5�P

�P�C�U�B�J�O �U�I�F �W�B�M�V�F �P�G �U�I�F �&�'�5 �D�P�F���D�J�F�O�U�T�
 �P�O�F �D�B�M�D�V�M�B�U�F�T �U�I�F �Q�S�F�E�J�D�U�J�P�O �G�P�S �B�H�J�W�F�O �P�C�T�F�S�W�B�C�M�F �J�O �U�I�F �&�'�5�


�X�I�J�D�I �J�T �B�V�U�P�N�B�U�J�D�B�M�M�Z �F�Y�Q�S�F�T�T�F�E �B�T �B �Q�P�X�F�S �T�F�S�J�F�T �J�O �U�I�F �F�Y�Q�B�O�T�J�P�O �Q�B�S�B�N�F�U�F�S�
 �B�O�E �J�O �U�I�F �G�V�M�M �U�I�F�P�S�Z�


�X�I�J�D�I �P�O�F �U�I�F�O �O�F�F�E�T �U�P �F�Y�Q�B�O�E�� �*�O �T�J�N�Q�M�F �D�B�T�F�T�
 �J�U �J�T �Q�P�T�T�J�C�M�F �U�P �D�B�M�D�V�M�B�U�F�T�V�D�I �P�C�T�F�S�W�B�C�M�F�T �J�O �U�I�F �G�V�M�M

�U�I�F�P�S�Z �F�Y�B�D�U�M�Z�� �)�P�X�F�W�F�S�
 �J�U �D�B�O �B�M�T�P �C�F �U�I�F �D�B�T�F �U�I�B�U �J�U �J�T �B �C�F�U�U�F�S �D�I�P�J�D�F �U�P�F�Y�Q�B�O�E �U�I�F �G�V�M�M �U�I�F�P�S�Z �Q�S�F��

�E�J�D�U�J�P�O �B�U �U�I�F �J�O�U�F�H�S�B�O�E �M�F�W�F�M�� �e�J�T �J�T �X�I�B�U �X�F �E�P �J�O �$�I�B�Q�U�F�S ���
 �J�O �X�I�J�D�I �X�F �F�Y�U�S�B�D�U �B �)�&�'�5 �D�P�F���D�J�F�O�U

�C�Z �Q�F�S�G�P�S�N�J�O�H �U�I�F �F�Y�Q�B�O�T�J�P�O �C�Z �S�F�H�J�P�O �P�G �B �4�. �U�X�P���M�P�P�Q �B�N�Q�M�J�U�V�E�F��

�e�F �N�F�U�I�P�E �P�G �D�I�P�J�D�F �U�P �Q�F�S�G�P�S�N �T�V�D�I �B�O �F�Y�Q�B�O�T�J�P�O �J�T �U�I�F�N�F�U�I�P�E �P�G �S�F�H�J�P�O�T�<�������>�� �*�U �Q�S�P�W�J�E�F�T �B

�T�Z�T�U�F�N�B�U�J�D �X�B�Z �U�P �E�P �F�Y�Q�B�O�T�J�P�O�T �P�G �M�P�P�Q �J�O�U�F�H�S�B�M�T �B�U �U�I�F �J�O�U�F�H�S�B�O�E �M�F�W�F�M�
 �U�I�V�T �T�J�N�Q�M�J�G�Z�J�O�H �U�I�F �J�O�U�F�H�S�B�M�T

�P�O�F �I�B�T �U�P �D�B�M�D�V�M�B�U�F�� �*�U �D�B�O �C�F �V�T�F�E�
 �B�T �X�F �X�J�M�M �T�F�F �J�O �$�I�B�Q�U�F�S ���
 �B�T �B �X�B�Z �U�P �S�F�M�B�U�F �B �6�7���D�P�N�Q�M�F�U�F �U�I�F�P�S�Z

�U�P �B�O �&�'�5�
 �P�S �B�T �B �X�B�Z �U�P �C�Z�Q�B�T�T �U�I�F �V�T�F �P�G �B�O �&�'�5�� �*�U �J�T �J�O�E�F�F�E �O�P�U �B�M�X�B�Z�T �O�F�D�F�T�T�B�S�Z �U�P �E�F�W�F�M�P�Q �B �G�V�M�M

�&�'�5�
 �X�I�J�D�I �D�B�O �H�F�U �Q�B�S�U�J�D�V�M�B�S�M�Z �J�O�W�P�M�W�F�E�
 �J�G �P�O�F �J�T �P�O�M�Z �J�O�U�F�S�F�T�U�F�E �J�O �B �M�J�N�J�U �P�G �P�O�F �T�J�O�H�M�F �P�C�T�F�S�W�B�C�M�F��

�e�F �D�P�V�O�U�F�S�Q�B�S�U�
 �I�P�X�F�W�F�S�
 �J�T �U�I�B�U �F�W�F�S�Z �O�F�X �P�C�T�F�S�W�B�C�M�F �S�F�R�V�J�S�F�T �U�P �C�F �F�Y�Q�B�O�E�F�E �G�S�P�N �T�D�S�B�U�D�I�
 �X�I�J�M�F

�Q�F�S�G�P�S�N�J�O�H �U�I�F �N�B�U�D�I�J�O�H �P�O�D�F �P�O �T�J�N�Q�M�F �P�C�T�F�S�W�B�C�M�F�T �B�O�E �U�I�F�O �E�P�J�O�H �B�M�M �D�B�M�D�V�M�B�U�J�P�O�T �J�O �B�O �&�'�5 �D�B�O �C�F

�B �C�J�H �B�E�W�B�O�U�B�H�F �J�G �P�O�F �O�F�F�E�T �U�P �N�B�L�F �N�B�O�Z �Q�S�F�E�J�D�U�J�P�O�T �J�O �B �H�J�W�F�O �M�J�N�J�U��

�e�F �N�F�U�I�P�E �P�G �S�F�H�J�P�O�T �J�T �N�P�U�J�W�B�U�F�E �C�Z �U�I�F �P�C�T�F�S�W�B�U�J�P�O �U�I�B�U �N�B�L�J�O�H �F�Y�Q�B�O�T�J�P�O�T �B�U �U�I�F �M�P�P�Q �J�O�U�F�H�S�B�O�E

�M�F�W�F�M �D�B�O �C�F �B �U�S�J�D�L�Z �C�V�T�J�O�F�T�T�� �*�O�E�F�F�E�
 �M�F�U �V�T �D�P�O�T�J�E�F�S �B�O �P�
���T�I�F�M�M �C�V�C�C�M�F �J�O�U�F�H�S�B�M �X�J�U�I �N�B�T�T�J�W�F �Q�S�P�Q�B��

�H�B�U�P�S�T �B�M�S�F�B�E�Z �E�J�T�D�V�T�T�F�E �J�O �<�������>��

I (p, m) =
�

ddk
1

((k + p/ 2)2 Š m2)(( k Š p/ 2)2 Š m2)
, �	���������


�X�I�F�S�F�
m � J� T � B � N� B� T� T � B� O� Ep2 �= 0 �� �*�G �X�F �X�B�O�U �U�P �D�P�O�T�J�E�F�S �B �U�I�S�F�T�I�P�M�E �M�J�N�J�U�
 �J�O �X�I�J�D�Ip2 � 4m2� 
 � X� F � D� B� O

�E�F�m�O�F �B �Q�B�S�B�N�F�U�F�Sy = m2 Š p2/ 4 �B�O�E �U�S�Z �U�P �P�C�U�B�J�O �U�I�F �J�O�U�F�H�S�B�M �B�T �B�O �F�Y�Q�B�O�T�J�P�O �J�O �U�I�F �M�J�N�J�Uy/p 2 � 0��

�e�F �O�B�J�W�F �B�Q�Q�S�P�B�D�I �X�P�V�M�E �C�F �U�P �F�Y�Q�B�O�E �U�I�F �J�O�U�F�H�S�B�O�E�T �J�O �Q�P�X�F�S�T �P�Gy �U�P �P�C�U�B�J�O �J�O �Q�P�X�F�S �T�F�S�J�F�T��

I (p, m) =
�O�B�J�W�F

�
ddk

1
(k2 Š k �rp)(k2 + k �rp)

+ y
�

ddk
2k2

(k2 Š k �rp)2(k2 + k �rp)2 + O
�
y2�

. �	���������


�–�0�G�U�F�O �D�B�M�M�F�E�U�P�Q���E�P�X�O �&�'�5

����



�)�P�X�F�W�F�S�
 �J�G �X�F �M�P�P�L �B�U �U�I�F �F�Y�B�D�U �G�P�S�N�V�M�B �G�P�SI (p, m) �B�O�E �F�Y�Q�B�O�E�
 �X�F �S�F�B�M�J�[�F �U�I�B�U �X�F �B�S�F �N�J�T�T�J�O�H �U�F�S�N�T

�U�I�B�U �X�F �D�B�O �O�F�W�F�S �P�C�U�B�J�O �X�J�U�I �U�I�F �Q�P�X�F�S �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �J�O�U�F�H�S�B�O�E��

I (p, m) = i (� )d/ 2�( 
 )yŠ �
2F1

�
1
2

, 
,
3
2

, Š
q2

4y

�

=
1



+ 2
4y
p2

+ log
�

4y
p2

�
Š

2�
�

y
p

+ . . .

�	���������


�e�F �O�B�J�W�F �F�Y�Q�B�O�T�J�P�O �D�P�S�S�F�D�U�M�Z �S�F�Q�S�P�E�V�D�F�T �U�I�F �m�S�T�U �M�J�O�F �P�G �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �G�V�M�M �S�F�T�V�M�U�
 �C�V�U �X�J�M�M �O�F�W�F�S

�C�F �B�C�M�F �U�P �S�F�Q�S�P�E�V�D�F �U�I�F �M�P�H�B�S�J�U�I�N �B�O�E �U�I�F �U�F�S�N �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P
�

y�� �e�J�T �Q�S�P�C�M�F�N �D�B�O �C�F �F�Y�Q�M�B�J�O�F�E

�C�Z �U�I�F �G�B�D�U �U�I�B�U �P�V�S �O�B�J�W�F �F�Y�Q�B�O�T�J�P�O �C�M�J�O�E�M�Z �D�P�O�T�J�E�F�S�F�E �U�I�B�U �U�I�F �F�Y�Q�B�O�T�J�P�O�Q�B�S�B�N�F�U�F�S �J�T �U�I�F �P�O�M�Z �T�N�B�M�M

�Q�B�S�B�N�F�U�F�S�
 �X�I�J�M�F �U�I�F �M�P�P�Q �N�P�N�F�O�U�V�N �J�T �J�O�U�F�H�S�B�U�F�E �G�S�P�NŠ� �U�P+ � �
 �U�I�F�S�F�G�P�S�F �U�B�L�J�O�H �C�P�U�I �T�N�B�M�M �B�O�E

�M�B�S�H�F �W�B�M�V�F�T��

�e�F �N�F�U�I�P�E �P�G �S�F�H�J�P�O �J�T �B �G�P�S�N�B�M�J�[�B�U�J�P�O �P�G �U�I�F �O�B�U�V�S�B�M �J�E�F�B �G�P�M�M�P�X�J�O�H �U�I�J�T �P�C�T�F�S�W�B�U�J�P�O�
 �U�I�B�U �P�O�F �T�I�P�V�M�E

�E�J�W�J�E�F �U�I�F �J�O�U�F�H�S�B�U�J�P�O �S�B�O�H�F �J�O�U�P �E�J�
�F�S�F�O�U �Q�B�S�U�T �X�I�F�S�F �X�F �L�O�P�X �I�P�X �U�P �U�S�F�B�U�U�I�F �M�P�P�Q �N�P�N�F�O�U�V�N �J�O

�P�V�S �J�O�U�F�H�S�B�O�E �F�Y�Q�B�O�T�J�P�O�� �e�F �P�S�J�H�J�O�B�M �G�P�S�N�V�M�B�U�J�P�O �P�G �U�I�F �J�E�F�B �<�������> �X�B�T �C�B�T�F�E �P�O �U�I�F �N�P�N�F�O�U�V�N �T�Q�B�D�F

�G�P�S�N�V�M�B�U�J�P�O �P�G �M�P�P�Q �J�O�U�F�H�S�B�M�T �B�O�E �D�P�O�T�J�T�U�F�E �P�G �Q�F�S�G�P�S�N�J�O�H �U�I�F �G�P�M�M�P�X�J�O�H �T�U�F�Q�T��

���� �4�F�Q�B�S�B�U�F �Z�P�V�S �J�O�U�F�H�S�B�M �B�T �B �T�V�N �P�G �Q�J�F�D�F�T �X�I�F�S�F �U�I�F �D�P�N�Q�P�O�F�O�U�T �P�G �U�I�F �M�P�P�Q�N�P�N�F�O�U�B �T�D�B�M�F �M�J�L�F

�T�N�B�M�M �P�S �M�B�S�H�F �Q�B�S�B�N�F�U�F�S�T��

���� �&�Y�Q�B�O�E �F�B�D�I �Q�J�F�D�F �J�O �Q�P�X�F�S�T �P�G �U�I�F �T�N�B�M�M �R�V�B�O�U�J�U�J�F�T��

���� �*�O�U�F�H�S�B�U�F �F�B�D�I �Q�J�F�D�F �P�W�F�S �U�I�F �D�P�N�Q�M�F�U�F �S�B�O�H�F �	�G�S�P�NŠ� �U�P+ � �
��

�e�F �D�S�V�D�J�B�M �F�M�F�N�F�O�U �J�O �U�I�J�T �T�F�R�V�F�O�D�F �J�T �T�U�F�Q �� �X�I�J�D�I �T�F�F�N�T �Q�S�P�C�M�F�N�B�U�J�D�� �J�G �X�F�D�P�O�T�J�E�F�S �U�I�F �M�P�P�Q �N�P��

�N�F�O�U�V�N �U�P �T�D�B�M�F �J�O �B �E�F�m�O�J�U�F �G�B�T�I�J�P�O �B�O�E �X�F �U�I�F�O �J�O�U�F�H�S�B�U�F �P�W�F�S �U�I�F �X�I�P�M�F �S�B�O�H�F�
 �X�F �S�F�T�U�P�S�F �U�I�F �G�B�D�U

�U�I�B�U �P�V�S �M�P�P�Q �N�P�N�F�O�U�V�N �H�P�F�T �G�S�P�N �T�N�B�M�M �U�P �M�B�S�H�F�
 �B�O�E �J�O�E�F�F�E �J�G �X�F �F�Y�D�I�B�O�H�F �T�U�F�Q�T �� �B�O�E ���
 �X�F �H�F�U

n ×
�

�O�B�J�W�F

xi I i �
 �X�I�F�S�Fn �J�T �U�I�F �O�V�N�C�F�S �P�G �S�F�H�J�P�O�T �B�O�E �U�I�F �F�Y�Q�B�O�T�J�P�O
�

�O�B�J�W�F

xi I i �J�O �U�I�F �T�N�B�M�M �Q�B�S�B�N�F�U�F�Sx �J�T

�F�Y�B�D�U�M�Z �U�I�F �O�B�J�W�F �J�O�U�F�H�S�B�O�E �F�Y�Q�B�O�T�J�P�O �X�I�J�D�I �X�F �B�S�H�V�F�E �D�B�O �N�J�T�T �D�P�O�U�S�J�C�V�U�J�P�O�T�� �*�O�E�F�F�E�
 �T�U�F�Q�T �� �B�O�E ��

�E�P �O�P�U �D�P�N�N�V�U�F�
 �X�I�J�D�I �D�B�O �C�F �V�O�E�F�S�T�U�P�P�E �G�S�P�N �U�I�F �G�B�D�U �U�I�B�U �T�D�B�M�F�M�F�T�T �E�J�N�F�O�T�J�P�O�B�M�M�Z���S�F�H�V�M�B�S�J�[�F�E �J�O�U�F��

�H�S�B�M�T �B�S�F �[�F�S�P�� �8�I�F�O �X�F �F�Y�Q�B�O�E �U�I�F �J�O�U�F�H�S�B�O�E�
 �X�F �B�S�F �G�B�D�U�P�S�J�[�J�O�H �T�P�N�F �T�D�B�M�F�P�S �D�P�N�C�J�O�B�U�J�P�O �P�G �T�D�B�M�F�T

�P�V�U �P�G �U�I�F �J�O�U�F�H�S�B�M�� �"�T �B �S�F�T�V�M�U�
 �J�O �F�B�D�I �S�F�H�J�P�O�
 �U�I�F �J�O�U�F�H�S�B�U�J�P�O �Q�J�D�L�T �V�Q �P�O�M�Z �U�I�F�T�F �T�D�B�M�F�T �U�I�B�U �S�F�N�B�J�O

�J�O �U�I�F �Q�S�P�Q�B�H�B�U�P�S�T �F�W�F�O �J�G �X�F �J�O�U�F�H�S�B�U�F �P�W�F�S �U�I�F �X�I�P�M�F �S�B�O�H�F �P�G �M�P�P�Q �N�P�N�F�O�U�B�� �-�F�U �V�T �M�P�P�L �B�U �I�P�X �U�I�J�T

�B�Q�Q�F�B�S�T �J�O �P�V�S �C�V�C�C�M�F �J�O�U�F�H�S�B�M �F�Y�B�N�Q�M�F�� �8�F �I�B�W�F �B�M�S�F�B�E�Z �E�J�T�D�V�T�T�F�E �U�I�F �D�P�O�U�S�J�C�V�U�J�P�O �P�G �U�I�F �S�F�H�J�P�O �X�I�F�S�F

�X�F �D�P�O�T�J�E�F�Sk2 � y �X�I�F�S�F �U�I�F �Q�S�P�D�F�T�T �X�F �E�J�T�D�V�T�T�F�E �X�B�T �D�M�F�B�S�� �B�U �F�B�D�I �P�S�E�F�S �J�O �U�I�F �F�Y�Q�B�O�T�J�P�O�
 �U�I�F �T�N�B�M�M

�R�V�B�O�U�J�U�Zy �G�B�D�U�P�S�J�[�F�T �P�V�U �P�G �U�I�F �J�O�U�F�H�S�B�O�E�
 �X�I�J�D�I �D�B�O �U�I�F�S�F�G�P�S�F �P�O�M�Z �Q�J�D�L �B �E�F�Q�F�O�E�F�O�D� F � P� Op2�� �e�F �P�O�M�Z

�P�U�I�F�S �S�F�H�J�P�O �U�I�B�U �D�P�O�U�S�J�C�V�U�F�T �J�T �U�I�F�Q�P�U�F�O�U�J�B�M �S�F�H�J�P�O�X�I�J�D�I �V�O�E�F�S�M�J�F�T �U�I�F �O�P�O���S�F�M�B�U�J�W�J�T�U�J�D �O�B�U�V�S�F �P�G �P�V�S

�F�Y�Q�B�O�T�J�P�O�
 �T�J�O�D�F �J�O �Q�B�J�S �Q�S�P�E�V�D�U�J�P�O�
p2 � 4m2 �D�P�S�S�F�T�Q�P�O�E�T �U�P �Q�S�P�E�V�D�J�O�H �Q�B�S�U�J�D�M�F�T �O�F�B�S �S�F�T�U�� �-�F�U �V�T �Q�J�D�L

�B �G�S�B�N�F �J�O �X�I�J�D�Ip = ( p0, 0, 0, 0) �B�O�E �T�Q�F�D�J�G�Z �U�I�F �T�D�B�M�J�O�Hk � (y/p 0,
�

y,
�

y,
�

y)�� �*�O �U�I�F �J�O�U�F�H�S�B�O�E �P�G

����



I (p, m)�
 �X�F �D�B�O �O�F�H�M�F�D�U �U�I�F �U�F�S�N�T �Q�S�P�Q�P�S�U�J�P�O�B�M �U�Pk2
0 �B�O�E �H�F�U �U�I�F �G�P�M�M�P�X�J�O�H �J�O�U�F�H�S�B�M��

�
dk0ddŠ 1�k

1

(�k2 + p0k0 + y)(�k2 Š p0k0 + y)
. �	���������


�8�F �D�B�O �V�T�F �U�I�F �$�B�V�D�I�Z �U�I�F�P�S�F�N �U�P �J�O�U�F�H�S�B�U�F �P�W�F�Sk0 �B�O�E �H�F�U

i�
�

p2

�
ddŠ 1�k

1
�k + y

, �	���������


�X�I�J�D�I �Z�J�F�M�E�T �U�I�F �N�J�T�T�J�O�H �Q�J�F�D�F �G�S�P�N �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �F�Y�B�D�U �S�F�T�V�M�U�� �*�O �U�I�J�T �J�O�U�F�H�S�B�M�
 �X�F �J�O�U�F�H�S�B�U�F�E

�P�W�F�Sk0 �C�Z �F�Y�U�S�B�D�U�J�O�H �U�I�F �S�F�T�J�E�V�F �P�G �U�I�F �Q�P�M�F�T �P�G �U�I�F �Q�S�P�Q�B�H�B�U�P�S �B�Uk0 = ±
�k2 + y

q0
�
 �T�I�P�X�J�O�H �U�I�B�U�


�E�F�T�Q�J�U�F �J�O�U�F�H�S�B�U�J�O�H �P�W�F�S �U�I�F �X�I�P�M�F �S�B�O�H�F�
 �X�F �P�O�M�Z �D�P�M�M�F�D�U �D�P�O�U�S�J�C�V�U�J�P�O�T �G�S�P�N �U�I�F �S�F�H�J�P�O �X�I�F�S�Fk0 �J�T

�T�P�G�U�� �4�J�N�J�M�B�S�M�Z�
 �U�I�F �J�O�U�F�H�S�B�M �P�W�F�S�k �P�O�M�Z �E�F�Q�F�O�E�T �P�Oy�
 �T�P �U�I�B�U �E�F�T�Q�J�U�F �J�O�U�F�H�S�B�U�J�O�H �B�M�M �U�I�F �X�B�Z �U�P �J�O�m�O�J�U�Z�


�J�U �J�T �U�I�F �T�D�B�M�Fy �U�I�B�U �D�P�O�U�S�P�M�T �U�I�F �J�O�U�F�H�S�B�M��

�0�G �D�P�V�S�T�F�
 �X�I�J�M�F �X�F �S�F�D�P�W�F�S �U�I�F �D�P�S�S�F�D�U �F�Y�Q�B�O�T�J�P�O�
 �U�I�J�T �E�J�T�D�V�T�T�J�P�O �J�T �W�F�S�Z�I�B�O�E���X�B�W�Z�
 �X�I�J�D�I �C�F��

�U�S�B�Z�T �U�I�F �G�B�D�U �U�I�B�U �U�I�F �N�F�U�I�P�E �P�G �S�F�H�J�P�O�T �J�T �O�P�U �Q�S�P�W�F�E �U�P �C�F �D�P�S�S�F�D�U�� �*�U �I�B�T �I�P�X�F�W�F�S �C�F�D�P�N�F �B �N�B�K�P�S

�U�F�D�I�O�J�R�V�F �J�O �U�I�F �U�P�P�M�C�P�Y �G�P�S �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�T �B�O�E �I�B�T �T�V�D�D�F�T�T�G�V�M�M�Z �Q�S�P�W�J�E�F�E �N�B�O�Z

�S�F�T�V�M�U�T�
 �X�I�J�D�I �I�B�W�F �B�M�X�B�Z�T �N�B�U�D�I�F�E �U�I�F �F�Y�Q�M�J�D�J�U �F�Y�Q�B�O�T�J�P�O �P�G �F�Y�B�D�U �S�F�T�V�M�U�T �X�I�F�O �B�W�B�J�M�B�C�M�F�� �*�O �N�P�E�F�S�O

�N�V�M�U�J���M�P�P�Q �D�B�M�D�V�M�B�U�J�P�O�T�
 �I�P�X�F�W�F�S�
 �U�I�F �G�P�S�N�V�M�B�U�J�P�O �E�F�T�D�S�J�C�F�E �B�C�P�W�F �J�O �U�F� S� N� T � P� G � M� P� P� Q � N� P� N� F� O� U� B � I� B� T

�C�F�F�O �N�P�T�U�M�Z �B�C�B�O�E�P�O�O�F�E �J�O �G�B�W�P�S �P�G �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S�T�
 �X�I�J�D�I �J�T �N�V�D�I �N�P�S�F �T�Z�T�U�F�N�B�U�J�D �B�O�E �B�W�P�J�E�T

�T�F�W�F�S�B�M �J�T�T�V�F�T �P�G �U�I�F �M�P�P�Q���N�P�N�F�O�U�V�N �G�P�S�N�V�M�B�U�J�P�O�
 �T�V�D�I �B�T �U�I�F �Q�P�T�T�J�C�J�M�J�U�Z�P�G �E�P�V�C�M�F �D�P�V�O�U�J�O�H �B�O�E �P�G

�P�C�G�V�T�D�B�U�J�P�O �P�G �S�F�H�J�P�O�T �E�V�F �U�P �U�I�F �T�I�J�G�U �J�O�W�B�S�J�B�O�D�F �P�G �U�I�F �M�P�P�Q �N�P�N�F�O�U�B �<�������>�¤��

�*�O �U�I�J�T �G�P�S�N�V�M�B�U�J�P�O �B �S�F�H�J�P�O �J�T �E�F�m�O�F�E �C�Z �B �E�F�m�O�J�U�F �T�D�B�M�J�O�H �P�G �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S�T �J�O �U�I�F �T�N�B�M�M

�Q�B�S�B�N�F�U�F�Sy��

xi � y� i �	���������


�X�I�F�S�F
 i �J�T �T�P�N�F �J�O�U�F�H�F�S�� �*�O �F�B�D�I �S�F�H�J�P�O �X�F �D�P�N�Q�V�U�F �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �J�O�U�F�H�S�B�O�E�T �B�O�E �U�I�F�O �J�O�U�F�H�S�B�U�F

�U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S�T �C�F�U�X�F�F�O �� �B�O�E� �� �.�F�D�I�B�O�J�D�B�M�M�Z�
 �U�I�J�T �D�B�O �C�F �E�P�O�F �C�Z �J�O�U�S�P�E�V�D�J�O�H �B �B�V�Y�J�M�J�B�S�Z

�Q�B�S�B�N�F�U�F�S� �U�P �L�F�F�Q �U�S�B�D�L �P�G �U�I�F �Q�P�X�F�S �E�F�Q�F�O�E�F�O�D�F �P�G �F�B�D�I �U�F�S�N �J�O �U�I�F �J�O�U�F�H�S�B�O�E�� �X�F �B�T�T�J�H�O �B �T�D�B�M�J�O�H

�J�O� �U�P �F�B�D�I �T�D�B�M�F�
 �B �T�D�B�M�J�O�H �J�O� �U�P �F�B�D�I �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S �B�O�E �U�I�F�O �F�Y�Q�S�F�T�T �U�I�F �J�O�U�F�H�S�B�O�E �B�T �B �Q�P�X�F�S

�T�F�S�J�F�T �J�O� �
 �X�I�J�D�I �X�F �D�B�O �T�F�U �U�P �P�O�F �B�G�U�F�S �U�I�F �F�Y�Q�B�O�T�J�P�O�� �e�J�T �U�S�J�D�L �J�T �C�P�U�I �B �V�T�F�G�V�M �C�P�P�L�L�F�F�Q�J�O�H �E�F�W�J�D�F

�U�P �U�S�B�D�L �U�I�F �T�D�B�M�J�O�H �P�G �F�B�D�I �N�P�O�P�N�J�B�M �J�OU �B�O�EF �
 �B�O�E �B �O�J�D�F �U�F�D�I�O�J�D�B�M �U�P�P�M �U�P �E�F�m�O�F �U�I�F �F�Y�Q�B�O�T�J�P�O

�B�M�H�P�S�J�U�I�N�J�D�B�M�M�Z��

�8�I�J�M�F �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �Q�P�M�Z�O�P�N�J�B�M�T �J�O �U�I�F �J�O�U�F�H�S�B�O�E �J�T �T�U�S�B�J�H�I�U�G�P�S�X�B�S�E�
 �U�I�F �U�S�F�B�U�N�F�O�U �P�G

�U�I�F �E�F�M�U�B �G�V�O�D�U�J�P�O �J�O �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �J�T �M�F�T�T �P�C�W�J�P�V�T�� �8�F �D�B�O �B�D�U�V�B�M�M�Z �L�F�F�Q �J�U �B�T

�

�
�

i � �

xi Š 1

�

�
 �G�P�S �B�O�Z �T�V�C�T�F�U� �P�G �U�I�F �J�O�E�J�D�F�T �F�W�F�O �B�G�U�F�S �U�I�F �S�F�T�D�B�M�J�O�H �B�O�E �F�Y�Q�B�O�T�J�P�O�� �e�F�S�F �B�S�F

�U�X�P �X�B�Z�T �P�G �T�I�P�X�J�O�H �U�I�B�U �U�I�J�T �J�T �U�S�V�F��

�¤�e�F �T�I�J�G�U �J�O�W�B�S�J�B�O�D�F �N�F�B�O�T �U�I�B�U �J�U �D�B�O �C�F �U�I�B�U �U�I�F �Q�S�P�Q�F�S�U�Z �P�G �C�F�J�O�H �T�P�G�U �P�S �I�B�S�E �N�V�T�U �C�F �B�T�T�P�D�J�B�U�F�E �U�P �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T
�J�O�T�U�F�B�E �P�G �J�O�E�J�W�J�E�V�B�M �N�P�N�F�O�U�B�
 �X�I�J�D�I �N�J�H�I�U �O�P�U �I�B�W�F �B �X�F�M�M���E�F�m�O�F�E �T�D�B�M�J�O�H�� �"�T �B �S�F�T�V�M�U�
 �J�G �U�I�F �X�S�P�O�H �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �J�T
�D�I�P�T�F�O�
 �J�U �D�B�O �C�F �E�J���D�V�M�U �U�P �m�O�E �S�F�H�J�P�O�T��

����



�t �0�O�F �D�B�O �T�U�B�S�U �G�S�P�N �U�I�F �4�D�I�X�J�O�H�F�S �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �P�G �J�O�U�F�H�S�B�M�T�
 �X�I�J�D�I �J�T �B�M�T�P �G�P�S�N�V�M�B�U�F�E �J�O �U�F�S�N�T

�P�G �U�I�F �4�Z�N�B�O�[�J�L �Q�P�M�Z�O�P�N�J�B�M�T �C�V�U �E�P�F�T �O�P�U �D�P�O�U�B�J�O �E�F�M�U�B �G�V�O�D�U�J�P�O�T�� �*�O �U�I�J�T �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�
 �P�O�F

�D�B�O �F�Y�Q�B�O�E �U�I�F �J�O�U�F�H�S�B�O�E �J�O �Q�P�X�F�S�T �P�G� �B�O�E �U�I�F�O �B�Q�Q�M�Z �U�I�F �D�M�B�T�T�J�D�B�M �U�S�J�D�L �<�������> �U�P �T�X�J�U�D�I �U�P

�'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�� �"�T �U�I�J�T �U�S�J�D�L �P�O�M�Z �S�F�M�J�F�T �P�O �U�I�F �I�P�N�P�H�F�O�F�J�U�Z �P�G �U�I�F �4�Z�N�B�O�[�J�L �Q�P�M�Z��

�O�P�N�J�B�M�
 �X�I�J�D�I �J�T �D�P�O�T�F�S�W�F�E �J�O �U�I�F �F�Y�Q�B�O�T�J�P�O�
 �P�O�F �S�F�B�D�I�F�T �B �'�F�Z�O�N�B�O���Q�B�S�B�N�F�U�S�J�[�F�E �J�O�U�F�H�S�B�M �X�J�U�I

�F�Y�Q�B�O�E�F�E �Q�P�M�Z�O�P�N�J�B�M�T �B�O�E �U�I�F �V�T�V�B�M �E�F�M�U�B �G�V�O�D�U�J�P�O�
 �J�O�E�F�Q�F�O�E�F�O�U �P�G� ��

�t �*�G �X�F �T�U�B�S�U �G�S�P�N �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�
 �X�F �D�B�O �V�T�F �U�I�F �$�I�F�O�H���8�V �U�I�F�P�S�F�N �U�P �L�F�F�Q �P�O�M�Z

�U�I�P�T�Fxi �J�O �U�I�F �J�O�U�F�H�S�B�M �U�I�B�U �X�J�M�M �C�F �S�F�T�D�B�M�F�E �C�Z� 0�� �"�G�U�F�S �U�I�F �F�Y�Q�B�O�T�J�P�O�
 �X�I�J�D�I �M�F�B�W�F�T �U�I�F �E�F�M�U�B

�G�V�O�D�U�J�P�O �V�O�D�I�B�O�H�F�E�
 �X�F �I�B�W�F �O�F�X �J�O�U�F�H�S�B�M�T �X�J�U�I �O�F�X �I�P�N�P�H�F�O�F�P�V�T �J�O�U�F�H�S�B�O�E�T�
 �X�I�J�D�I �J�T �T�V����

�D�J�F�O�U �U�P �V�T�F �U�I�F �$�I�F�O�H���8�V �U�I�F�P�S�F�N �B�O�E �S�F�T�U�P�S�F �B�O�Z �S�F�T�D�B�M�F�Exi �J�O�U�P �U�I�F �E�F�M�U�B �G�V�O�D�U�J�P�O��

�8�F �B�S�F �O�P�X �F�R�V�J�Q�Q�F�E �U�P �X�S�J�U�F �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �B �H�F�O�F�S�J�D �J�O�U�F�H�S�B�M

I = I 0

�
(dxi xai

i ) � (1 Š
�

xi )
Up

F q . �	���������


�"�G�U�F�S �S�F�T�D�B�M�J�O�H �C�Z� �
 �U�I�F �Q�P�M�Z�O�P�N�J�B�M�T �B�S�F �P�S�E�F�S�F�E �J�O �U�I�F �G�P�M�M�P�X�J�O�H �X�B�Z��

U = � � U

nU�

i =0

� i Ui �	���������


F = � � F

nF�

i =0

� i Fi , �	���������


�B�O�E �X�F �D�B�O �X�S�J�U�F �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �B �H�F�O�F�S�J�D �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�MI �� �"�G�U�F�S �T�F�U�U�J�O�H� = 1 �
 �U�I�F �F�Y�Q�B�O�T�J�P�O

�U�B�L�F�T �U�I�F �G�P�S�N

I = I 0

�
(dxi xai

i ) � (1 Š
�

xi )

�
Up

0

F q
0

+
UpŠ 1

0

F qŠ 1
0

(pU1F0 Š qU0F1) + . . .

�

, �	���������


�X�I�F�S�F �U�I�F �O�F�H�M�F�D�U�F�E �U�F�S�N�T �B�S�F �B�M�M �P�G �U�I�F �G�P�S�NP
Ua

0

F b
0

�X�I�F�S�FP �J�T �B �Q�P�M�Z�O�P�N�J�B�M��

�0�G �D�P�V�S�T�F�
 �B �L�F�Z �Q�P�J�O�U �J�O �X�P�S�L�J�O�H �J�O �U�I�J�T �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �J�T �U�P �m�O�E �U�I�F �S�F�M�F�W�B�O�U �S�F�H�J�P�O�T �B�T�
 �F�W�F�O �J�G

�P�O�F �S�F�T�U�S�J�D�U�T �P�O�F�T�F�M�G �U�P
 i � { 0, 1} �
 �U�I�F�S�F �B�S�F2N �Q�P�T�T�J�C�M�F �T�F�D�U�P�S�T�
 �X�I�F�S�FN �J�T �U�I�F �O�V�N�C�F�S �P�G �Q�S�P�Q�B��

�H�B�U�P�S�T�
 �X�I�J�M�F �J�O �S�F�B�M�J�U�Z �N�P�T�U �B�S�F �[�F�S�P�� �e�B�O�L�G�V�M�M�Z�
 �X�F �L�O�P�X �B�O�B �Q�S�J�P�S�J�D�S�J�U�F�S�J�V�N �U�I�B�U �D�B�O �C�F �B�Q�Q�M�J�F�E

�B�M�H�P�S�J�U�I�N�J�D�B�M�M�Z �U�P �m�O�E �S�F�M�F�W�B�O�U �S�F�H�J�P�O�T �<�������> �V�T�J�O�H �H�F�P�N�F�U�S�Z��

�" �T�V���D�J�F�O�U �D�P�O�E�J�U�J�P�O �G�P�S �B �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M �U�P �C�F �[�F�S�P �J�T �U�I�B�U �J�U �C�F �T�D�B�M�F�M�F�T�T�� �*�G �X�F �D�P�O�T�J�E�F�S �B �'�F�Z�O��

�N�B�O �Q�B�S�B�N�F�U�S�J�[�F�E �J�O�U�F�H�S�B�MI �B�O�E �B�Q�Q�M�Z �U�I�F �D�I�B�O�H�F �P�G �W�B�S�J�B�C�M�Fxi � � � i xi �X�J�U�I �B�U �M�F�B�T�U �P�O�F
 i = 0 �


�B�O�E �m�O�E �U�I�B�U �U�I�J�T �U�S�B�O�T�G�P�S�N�T �U�I�F �J�O�U�F�H�S�B�M �I�P�N�P�H�F�O�F�P�V�T�M�Z�
I � � � I I �
 �U�I�F �J�O�U�F�H�S�B�M �J�T �P�C�W�J�P�V�T�M�Z �U�S�J�W�J�B�M

�T�J�O�D�F �J�U �J�T �J�O�E�F�Q�F�O�E�F�O�U �P�G� �� �'�P�S �U�I�J�T �C�F�I�B�W�J�P�S �U�P �I�B�Q�Q�F�O�
 �J�U �J�T �O�F�D�F�T�T�B�S�Z �U�I�B�U�
 �V�O�E�F�S �T�V�D�I �B �D�I�B�O�H�F�
 �C�P�U�I

�4�Z�N�B�O�[�J�L �Q�P�M�Z�O�P�N�J�B�M�T �U�S�B�O�T�G�P�S�N �I�P�N�P�H�F�O�F�P�V�T�M�Z��

U � � � U U

F � � � F F ,
�	���������


�X�I�J�D�I�
 �C�F�D�B�V�T�FU �B�O�EF �B�S�F �Q�P�M�Z�O�P�N�J�B�M�T�
 �J�T �F�R�V�J�W�B�M�F�O�U �U�PUF �U�S�B�O�T�G�P�S�N�J�O�H �I�P�N�P�H�F�O�F�P�V�M�T�Z��

����



�'�V�S�U�I�F�S�N�P�S�F�
 �J�G �B�O �J�O�U�F�H�S�B�M �J�T �T�D�B�M�F�M�F�T�T�
 �N�V�M�U�J�Q�M�Z�J�O�H �J�U�T �J�O�U�F�H�S�B�O�E �C�Z �B �Q�P�M�Z�O�P�N�J�B�M �X�J�M�M �B�M�T�P �Z�J�F�M�E �B

�T�D�B�M�F�M�F�T�T �J�O�U�F�H�S�B�M �T�J�O�D�F �F�B�D�I �N�P�O�P�N�J�B�M �J�T �I�P�N�P�H�F�O�F�P�V�T�� �"�T �B �S�F�T�V�M�U�
 �S�F�N�F�N�C�F�S�J�O�H �U�I�F �T�U�S�V�D�U�V�S�F �P�G �U�I�F

�J�O�U�F�H�S�B�O�E �J�O �U�I�F �F�Y�Q�B�O�T�J�P�O �C�Z �S�F�H�J�P�O �E�F�T�D�S�J�C�F�E �J�O �&�R�V�B�U�J�P�O ���������
 �G�P�S �B �S�F�H�J�P�O �U�P �C�F �J�S�S�F�M�F�W�B�O�U�
 �J�U �J�T

�T�V���D�J�F�O�U �U�P �T�I�P�X �U�I�B�UU0F0 �J�T �I�P�N�P�H�F�O�F�P�V�T �V�O�E�F�S �S�F�T�D�B�M�J�O�H �P�G �B �T�V�C�T�F�U �P�G �U�I�F �Q�B�S�B�N�F�U�F�S�T�� �8�F �X�J�M�M

�O�P�X �T�I�P�X �U�I�B�U �X�F �D�B�O �H�J�W�F �B �H�F�P�N�F�U�S�J�D �D�I�B�S�B�D�U�F�S�J�[�B�U�J�P�O �P�G �U�I�F �S�F�H�J�P�O�T �U�I�B�U �H�F�O�F�S�B�U�F �T�V�D�I �I�P�N�P�H�F�O�F�P�V�T

�Q�P�M�Z�O�P�N�J�B�M�T��

�-�F�U �V�T �T�X�J�U�D�I �U�P �B �H�F�P�N�F�U�S�J�D �E�F�T�D�S�J�Q�U�J�P�O �P�G �U�I�J�T �Q�P�M�Z�O�P�N�J�B�M�� �U�PUF�
 �X�F �T�V�C�T�U�J�U�V�U�F �B �T�F�U �Q�P�J�O�U�TP[UF]

�J�ON + 1 ���E�J�N�F�O�T�J�P�O�B�M �T�Q�B�D�F �B�T�T�P�D�J�B�U�F�E �U�P �J�U�T �N�P�O�P�N�J�B�M�T��

si x
v1
1 . . . xvN

N � �v = ( v0, v1, . . . , vN )T , �	���������


�X�I�F�S�F �U�I�Fsi �J�T �B�O �F�Y�U�F�S�O�B�M �T�D�B�M�F �U�I�B�U �T�D�B�M�F�T �M�J�L�F� v0 �� �*�O �U�I�J�T �Q�J�D�U�V�S�F�
 �J�O �B �S�F�H�J�P�Or �E�F�m�O�F�E �C�Zxj � � r j xj �


�F�B�D�I �N�P�O�P�N�J�B�M �J�T �U�S�B�O�T�G�P�S�N�F�E �J�O �U�I�F �G�P�M�M�P�X�J�O�H �X�B�Z��

si x
v1
1 . . . xvN

N � � v0+ r 1v1+ ...r N vN si x
v1
1 . . . xvN

N �	���������


= � 
r �r
vsi x
v1
1 . . . xvN

N , �	���������


�X�I�F�S�F�r = (1 , r 1, . . . , rN )�� �-�F�U �V�T �D�P�O�T�J�E�F�S �U�I�F �D�P�O�W�F�Y �I�V�M�M �P�GP[UF]�
H [UF]�
 �U�I�B�U �J�T �U�I�F �D�P�O�W�F�Y �Q�P�M�Z��

�U�P�Q�F �X�I�P�T�F �W�F�S�U�J�D�F�T �B�S�F �U�I�F �Q�P�J�O�U�T �P�GP[UF]� � � #� F� D� B� V� T� FUF �J�T �P�G �E�J�N�F�O�T�J�P�O2L + 1 �
 �X�I�F�S�FL �J�T �U�I�F �M�P�P�Q

�P�S�E�F�S�
 �B�O�Z �W�F�D�U�P�S�v �J�OP[UF] �W�F�S�J�m�F�Tv1 + · · · + vN = 2L + 1 �
 �N�F�B�O�J�O�H �U�I�B�UH [UF] �I�B�T �E�J�N�F�O�T�J�P�ON ��

�.�P�S�F �Q�S�F�D�J�T�F�M�Z�
H [UF] �J�T �J�O �U�I�F �I�Z�Q�F�S�Q�M�B�O�F �P�S�U�I�P�H�P�O�B�M �U�P(0, 1, . . . , 1)T �� �8�F �B�S�F �B�M�X�B�Z�T �G�S�F�F �U�P �U�S�B�O�T�M�B�U�F

�B �S�F�H�J�P�O �W�F�D�U�P�S�r �J�O �U�I�F �E�J�S�F�D�U�J�P�O(0, 1, . . . , 1)T �T�J�O�D�F �U�I�J�T �D�P�S�S�F�T�Q�P�O�E�T �U�P �V�O�J�G�P�S�N �S�F�T�D�B�M�J�O�H�T�
 �T�P �X�F �D�B�O

�D�I�P�T�F�r � (0, 1, . . . , 1)T �
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 �C�V�U �F�Y�Q�F�S�J�F�O�D�F �T�I�P�X�T �U�I�B�U �U�I�F �J�O�U�F�H�S�B�M �P�W�F�S�I�B�S�E �Q�B�S�B�N�F�U�F�S�T �J�T �T�J�N�Q�M�J�m�F�E��

�*�U �J�T �I�B�S�E �O�P�U �U�P �X�B�O�U �U�P �N�B�L�F �B �D�P�O�O�F�D�U�J�P�O �C�F�U�X�F�F�O �U�I�J�T �E�J�B�H�S�B�N�N�B�U�J�D �E�F�T�D�S�J�Q�U�J�P�O �B�O�E �U�I�F �&�'�5 �F�Y��

�Q�B�O�T�J�P�O �P�G �B�N�Q�M�J�U�V�E�F�T�� �I�F�B�W�Z �Q�B�S�U�J�D�M�F�T �B�S�F �J�O�U�F�H�S�B�U�F�E �P�V�U �P�G �U�I�F �U�I�F�P�S�Z �B�O�E �M�P�P�Q�T �P�G �T�V�D�I �Q�B�S�U�J�D�M�F�T �B�S�F

�E�F�T�D�S�J�C�F�E �C�Z �O�F�X �M�P�D�B�M �J�O�U�F�S�B�D�U�J�P�O�T �X�I�P�T�F �D�P�F���D�J�F�O�U�T �B�S�F �D�P�N�Q�V�U�F�E �C�Z �F�W�B�M�V�B�U�J�O�H �U�I�F�T�F �M�P�P�Q�T �J�O �U�I�F

�J�O�m�O�J�U�F �N�B�T�T �M�J�N�J�U�� �e�F �D�P�S�S�F�T�Q�P�O�E�B�O�D�F �J�T �P�G �D�P�V�S�T�F �O�P�U �E�J�S�F�D�U�M�Z �P�O�F���U�P���P�O�F �T�J�O�D�F �U�I�F �&�'�5 �E�F�T�D�S�J�Q�U�J�P�O

�X�P�S�L�T �B�U �U�I�F �B�N�Q�M�J�U�V�E�F �M�F�W�F�M �X�I�J�M�F �X�F �B�S�F �E�J�T�D�V�T�T�J�O�H �J�O�E�J�W�J�E�V�B�M �J�O�U�F�H�S�B�M�T�J�O�T�J�E�F �U�I�F �B�N�Q�M�J�U�V�E�F�
 �C�V�U �X�F

�T�I�B�M�M �T�F�F �J�O �$�I�B�Q�U�F�S �� �U�I�B�U �J�U �D�B�O �C�F �B �V�T�F�G�V�M �H�V�J�E�F �U�P �V�O�E�F�S�T�U�B�O�E�J�O�H �U�I�F �N�B�U�D�I�J�O�H �C�F�U�X�F�F�O �U�I�F �4�.

����



�B�O�E �U�I�F �)�&�'�5�� �*�O �Q�B�S�U�J�D�V�M�B�S�
 �X�F �X�J�M�M �P�C�T�F�S�W�F �U�I�F �G�B�D�U�P�S�J�[�B�U�J�P�O �P�G �B�O �J�O�U�F�H�S�B�M �B�Q�Q�F�B�S�J�O�H �J�O �U�I�F �4�. �J�O�U�P �B

�U�B�E�Q�P�M�F �N�V�M�U�J�Q�M�J�F�E �C�Z �B�O �J�O�U�F�H�S�B�M �B�Q�Q�F�B�S�J�O�H �U�I�F �)�&�'�5�
 �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �U�I�F �Q�J�D�U�V�S�F �E�F�T�D�S�J�C�F�E �C�Z �&�R�V�B��

�U�J�P�O ����������

�û���ú���û �/�&�����#�������� ���'�����&���%��� �� � �� �����%�����#�����$

�*�O �U�I�J�T �m�O�B�M �T�F�D�U�J�P�O �F�Y�Q�P�T�J�O�H �U�I�F �N�P�E�F�S�O �U�F�D�I�O�J�R�V�F�T �G�P�S �F�W�B�M�V�B�U�J�O�H �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�
 �X�F �E�J�T�D�V�T�T �C�S�J�F�n�Z

�U�I�F �N�F�U�I�P�E �P�G �O�V�N�F�S�J�D�B�M �F�W�B�M�V�B�U�J�P�O �C�Z �T�F�D�U�P�S �E�F�D�P�N�Q�P�T�J�U�J�P�O�� �e�F �H�P�B�M �J�T �O�P�U�U�P �Q�S�P�W�J�E�F �B �G�V�M�M�Z �D�P�N�Q�S�F��

�I�F�O�T�J�W�F �E�F�T�D�S�J�Q�U�J�P�O �P�G �U�I�F �N�F�U�I�P�E�
 �C�V�U �U�P �S�B�Q�J�E�M�Z �E�F�T�D�S�J�C�F �U�I�F �C�B�T�J�D�T �P�G �U�I�J�T �U�F�D�I�O�J�R�V�F�
 �X�I�J�D�I �X�B�T �V�T�F�E
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�" �T�Z�T�U�F�N�B�U�J�D �B�Q�Q�S�P�B�D�I �U�P �O�V�N�F�S�J�D�B�M�M�Z �F�W�B�M�V�B�U�J�O�H �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�T �V�T�J�O�H�.�P�O�U�F �$�B�S�M�P �N�F�U�I�P�E�T �X�B�T

�Q�S�P�Q�P�T�F�E �J�O �<�������o�������>�� �" �O�V�N�C�F�S �P�G �Q�S�P�H�S�B�N�T �I�B�W�F �C�F�F�O �E�F�W�F�M�P�Q�Q�F�E �U�I�B�U �D�B�O �F�W�B�M�V�B�U�F �'�F�Z�O�N�B�O �J�O��

�U�F�H�S�B�M�T �J�O �U�I�J�T �G�B�T�I�J�P�O �<�������o�������>�
 �J�O �Q�B�S�U�J�D�V�M�B�S �U�I�F �Q�V�C�M�J�D �U�P�P�M�T�a�2�+�.�2�+�<�������> �B�O�E�6�A�1�a�h���<�������>�
 �X�I�J�D�I

�D�B�O �F�W�B�M�V�B�U�F �J�O�U�F�H�S�B�M�T �G�P�S �C�P�U�I �&�V�D�M�J�E�F�B�O �B�O�E �Q�I�Z�T�J�D�B�M �L�J�O�F�N�B�U�J�D�T�� �e�F�Z �B�S�F �P�G�U�F�O �V�T�F�E �B�T �B �D�I�F�D�L �P�G �B�O��

�B�M�Z�U�J�D �D�B�M�D�V�M�B�U�J�P�O�T�
 �C�V�U �I�B�W�F �B�M�T�P �Q�S�P�E�V�D�F�E �N�B�K�P�S �S�F�T�V�M�U�T �X�I�F�S�F �J�O�U�F�H�S�B�M�T �X�F�S�F �O�P�U �L�O�P�X�O �B�O�B�M�Z�U�J�D�B�M�M�Z�


�B�T �X�B�T �U�I�F �D�B�T�F �J�O �U�I�F �D�B�T�F �P�G �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F �/�-�0 �D�P�S�S�F�D�U�J�P�O�T �U�P �)�J�H�H�T �C�P�T�P�O �Q�B�J�S �Q�S�P�E�V�D�U�J�P�O �C�Z

�U�I�F�a�2�+�.�2�+�D�P�M�M�B�C�P�S�B�U�J�P�O �<�������>�
 �X�I�J�D�I �I�B�T �C�F�F�O �B�O �J�N�Q�S�F�T�T�J�W�F�U�P�V�S �E�F �G�P�S�D�F�P�G �U�I�F �S�F�D�F�O�U �Z�F�B�S�T�� �*�O �U�I�F

�Q�S�P�K�F�D�U�T �E�F�T�D�S�J�C�F�E �J�O �U�I�J�T �U�I�F�T�J�T�
 �X�F �V�T�F�E �C�P�U�I�6�A�1�a�h���B�O�E�a�2�+�.�2�+�U�P �D�I�F�D�L �P�V�S �B�O�B�M�Z�U�J�D �S�F�T�V�M�U�T�
 �B�O�E

�U�I�F�Z �I�B�W�F �C�F�F�O �J�O�T�U�S�V�N�F�O�U�B�M �J�O �H�J�W�J�O�H �V�T �D�P�O�m�E�F�O�D�F �J�O �U�I�F �W�B�M�J�E�J�U�Z �P�G �P�V�S �S�F�T�V�M�U�T��

�" �N�B�K�P�S �J�T�T�V�F �X�J�U�I �U�I�F �O�V�N�F�S�J�D�B�M �J�O�U�F�H�S�B�U�J�P�O �P�G �J�O�U�F�H�S�B�M�T �J�T �U�I�F �Q�S�F�T�F�O�D�F �P�G �E�J�W�F�S�H�F�O�D�F�T�� �*�O �B�O�B�M�Z�U�J�D

�D�B�M�D�V�M�B�U�J�P�O�T�
 �X�F �S�F�H�V�M�B�U�F �T�V�D�I �E�J�W�F�S�H�F�O�D�F�T �V�T�J�O�H �E�J�N�F�O�T�J�P�O�B�M �S�F�H�V�M�B�U�J�P�O �J�O �X�I�J�D�I �X�F �T�F�U �U�I�F �O�V�N�C�F�S

�P�G �E�J�N�F�O�T�J�P�O�Td = 4 Š 2
 �B�O�E �U�I�F�O �F�Y�Q�S�F�T�T �P�V�S �J�O�U�F�H�S�B�M�T �B�T �B �-�B�V�S�F�O�U �T�F�S�J�F�T �J�O
 �� �-�F�U �V�T �G�P�S �F�Y�B�N�Q�M�F

�D�P�O�T�J�E�F�S �B �N�B�T�T�M�F�T�T �C�V�C�C�M�F �J�O�U�F�H�S�B�MB (1, 2) �X�J�U�I �P�O�F �Q�S�P�Q�B�H�B�U�P�S �T�R�V�B�S�F�E

B (1, 2) =
�

ddk
i� d/ 2

1
k2((k + p)2)2 =

�
p2� Š � Š 1 �(1 Š 
 )�( Š
 )�( 
 + 1)

�(1 Š 2
 )

= Š
1

p2

+

log
�
p2

�
+ 	

p2 + O(
 ) ,
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�X�I�J�D�I �X�F �D�B�O �S�F�Q�S�F�T�F�O�U �B�T �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S �J�O�U�F�H�S�B�M

B (1, 2) =
� �

0
dx1 (x1 + 1) 2� Š 1 �( 
 + 1)

�
p2x1

� Š 1Š �
= �(1 + 
 )

�
p2� Š 1Š �

� �

0
dx1b(x1, 
 ). �	���������


�#�F�D�B�V�T�F �X�F �O�F�F�E �U�P �F�Y�Q�S�F�T�T �P�V�S �S�F�T�V�M�U �B�T �B �-�B�V�S�F�O�U �T�F�S�J�F�T �J�O
 �
 �X�F �O�F�F�E �U�P �L�F�F�Q �U�I�F �E�J�N�F�O�T�J�P�O�B�M �S�F�H�V�M�B�U�P�S

�F�Y�Q�M�J�D�J�U �B�O�E �F�W�B�M�V�B�U�F �U�I�F �D�P�F���D�J�F�O�U�T �P�G �U�I�F �T�F�S�J�F�T �O�V�N�F�S�J�D�B�M�M�Z�� �0�G �D�P�V�S�T�F�
 �O�B�J�W�F�M�Z �F�Y�Q�B�O�E�J�O�Hb(x1, 
 ) �J�O

�Q�P�X�F�S�T �P�G
 �C�F�G�P�S�F �J�O�U�F�H�S�B�U�J�P�O �C�S�F�B�L�T �U�I�F �S�F�H�V�M�B�U�J�P�O��

b(x1, 
 ) =
1

x1 (1 + x1)
+ O(
 ) , �	���������


�X�I�J�D�I �J�T �U�I�F �P�S�J�H�J�O�B�M �V�O�S�F�H�V�M�B�U�F�E �J�O�U�F�H�S�B�M�
 �T�J�O�D�F �S�F�H�V�M�B�S�J�[�B�U�J�P�O �B�O�E �J�O�U�F�H�S�B�U�J�P�O �E�P �O�P�U �D�P�N�N�V�U�F�� �8�F

�D�B�O �I�P�X�F�W�F�S �U�S�F�B�U �U�I�FxŠ 1Š �
1 �B�T �B �E�J�T�U�S�J�C�V�U�J�P�O �B�O�E �F�Y�Q�B�O�E �J�U �J�O �U�I�F �G�P�M�M�P�X�J�O�H �X�B�Z��

xŠ 1Š �
1 = Š
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�
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x

�

+
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�X�I�F�S�F �X�F �V�T�F �U�I�F �Q�M�V�T �E�J�T�U�S�J�C�V�U�J�P�O

�
dxf (x)

�
logn(x)

x

�

+
=

�
(f (x) Š f (0))

�
logn(x)

x

�
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�J�O�U�F�H�S�B�M�T �X�I�F�O �U�I�F �E�J�W�F�S�H�F�O�D�F�T �B�Q�Q�F�B�S �J�O �U�I�F �M�J�N�J�U �X�I�F�S�F �T�F�W�F�S�B�M �Q�B�S�B�N�F�U�F�S�T �H�P �U�P ���� �-�F�U �V�T �G�P�S �F�Y�B�N�Q�M�F

�D�P�O�T�J�E�F�S �U�I�F �J�O�U�F�H�S�B�M� 1

0
dx1

� 1

0
dx2

1
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�e�F �G�B�D�U �U�I�B�U �B �M�P�H�B�S�J�U�I�N�J�D �E�J�W�F�S�H�F�O�D�F �B�Q�Q�F�B�S�T �J�O �U�I�F �D�P�S�O�F�S �P�G �U�I�F �U�X�P���E�J�N�F�O�T�J�P�O�B�M �J�O�U�F�H�S�B�U�J�P�O �T�Q�B�D�F

(x1, x2) � (0, 0) �N�B�L�F�T �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �E�F�O�P�N�J�O�B�U�P�S �J�O�T�V���D�J�F�O�U �U�P �I�B�W�F �B �S�F�H�V�M�B�U�F�E �J�O�U�F�H�S�B�M
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dx1
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0
dx2
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0
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�U�I�B�U �D�B�O �C�F �S�F�H�V�M�B�U�F�E �V�T�J�O�H �&�R�V�B�U�J�P�O ���������� �-�F�U �V�T �m�S�T�U �T�F�F �I�P�X �J�U �X�P�S�L�T �P�O �P�V�S�F�Y�B�N�Q�M�F��
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�*�G �U�I�F�S�F �J�T �B �T�V�C�T�F�U{ xm } m� S �T�V�D�I �U�I�B�UU �B�O�EF �W�B�O�J�T�I �X�I�F�O �U�I�F �Q�B�S�B�N�F�U�F�S�T �U�F�O�E �U�P ���
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�U�I�B�O �U�I�F �P�U�I�F�S�T �B�O�E �X�F �V�T�F �J�U �U�P �S�F�T�D�B�M�F �B�M�M �Q�B�S�B�N�F�U�F�S�T �B�O�E �G�B�D�U�P�S �J�U�T �E�J�W�F�S�H�F�O�D�F �P�V�U�
 �X�I�J�D�I �H�F�O�F�S�B�U�F�T
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 �U�I�B�U �J�T �U�P �T�B�Z �X�I�F�O
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�J�O �X�I�J�D�I �X�F �D�B�O �J�O�T�F�S�U �U�I�F �F�Y�Q�B�O�T�J�P�O �J�O �&�R�V�B�U�J�P�O �������� �U�P �H�F�O�F�S�B�U�F �N�B�O�Z �D�P�O�W�F�S�H�F�O�U �J�O�U�F�H�S�B�M�T�
 �X�I�J�D�I �X�F
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 �
 �U�P �P�C�U�B�J�O �B �-�B�V�S�F�O�U �T�F�S�J�F�T �P�G �D�P�O�W�F�S�H�F�O�U �J�O�U�F�H�S�B�M�T �J�O �Q�P�X�F�S�T �P�G
 �B�O�E �X�F �D�B�O �D�P�N�Q�V�U�F

�F�B�D�I �J�O�U�F�H�S�B�M �V�T�J�O�H �U�I�F �.�P�O�U�F �$�B�S�M�P �N�F�U�I�P�E��

�/�P�U�F �U�I�B�U �U�I�F �N�F�U�I�P�E �X�F �I�B�W�F �F�Y�Q�M�B�J�O�F�E �J�O �U�I�J�T �T�F�D�U�J�P�O �P�O�M�Z �X�P�S�L�T �J�O �U�I�F �&�V�D�M�J�E�F�B�O �S�F�H�J�P�O�
 �B�T �P�U�I�F�S��
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�D�P�O�U�P�V�S �U�P �C�F �E�F�G�P�S�N�F�E �B�S�P�V�O�E �Q�P�J�O�U�T �X�I�F�S�F �T�V�D�I �T�J�O�H�V�M�B�S�J�U�J�F�T �P�D�D�V�S�� �8�F �X�J�M�M �O�P�U �I�P�X�F�W�F�S �E�J�T�D�V�T�T �U�I�J�T

�B�T�Q�F�D�U �P�G �O�V�N�F�S�J�D�B�M �D�B�M�D�V�M�B�U�J�P�O�T�
 �m�S�T�U �P�G �B�M�M �C�F�D�B�V�T�F �N�P�T�U �P�G �U�I�F �O�V�N�F�S�J�D�B�M �W�F�S�J�m�D�B�U�J�P�O�T �X�F �E�J�E �P�G �P�V�S

�S�F�T�V�M�U�T �X�F�S�F �Q�F�S�G�P�S�N�F�E �J�O �U�I�F �&�V�D�M�J�E�F�B�O �S�F�H�J�P�O�
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�û���û �.�&���%���!���� �!� ���*��� �����#���%�����$
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 �F�M�M�J�Q�U�J�D �J�O�U�F�H�S�B�M�T �I�B�W�F �S�F�D�F�O�U�M�Z �N�B�E�F �U�I�F�J�S

�B�Q�Q�F�B�S�B�O�D�F �J�O �Q�I�Z�T�J�D�B�M�M�Z �S�F�M�F�W�B�O�U �D�B�M�D�V�M�B�U�J�P�O�T�
 �T�V�D�I �B�T �U�I�B�U �P�G �U�I�F �Q�M�B�O�B�S �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �G�P�S �U�I�F �E�F�D�B�Z

�P�G �B �)�J�H�H�T �U�P �U�I�S�F�F �N�B�T�T�M�F�T�T �Q�B�S�U�P�O�T �<�������> �B�O�E �B�S�F �F�Y�Q�F�D�U�F�E �U�P �Q�M�B�Z �B �H�S�P�X�J�O�H�S�P�M�F �J�O �U�I�F �m�F�M�E�� �.�V�D�I

�M�F�T�T �J�T �L�O�P�X�O �P�G �U�I�F �T�U�S�V�D�U�V�S�F �P�G �U�I�F �F�M�M�J�Q�U�J�D �J�O�U�F�H�S�B�M�T �U�I�B�U �B�Q�Q�F�B�S �J�O �M�P�P�Q�J�O�U�F�H�S�B�M�T �U�I�B�O �X�F �L�O�P�X �B�C�P�V�U

�.�1�-�T �B�O�E �X�F �T�I�B�M�M �O�P�U �E�J�T�D�V�T�T �U�I�F�N �J�O �U�I�J�T �T�F�D�U�J�P�O�
 �B�T �B�M�M �J�O�U�F�H�S�B�M�T �F�W�B�M�V�B�U�F�E �P�S �V�T�F�E �J�O �U�I�J�T �U�I�F�T�J�T �D�B�O

�C�F �F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �.�1�-�T��

�û���û���ù �%�����������%��� ���$ ������ �����$���� �!�#� �!���#�%�����$

�.�V�M�U�J�Q�M�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �B�S�F �E�F�m�O�F�E �B�T �J�U�F�S�B�U�F�E �J�O�U�F�H�S�B�M�T �<�������
 �������>

G(a1, . . . , an ; x) =
� x

0

dt
t Š a1

G(a2, . . . , an ; t), �	���������


�X�I�F�S�FG(; x) = 1 � � � e� F�F�O�U�S�J�F�Ta1, . . . , an �B�S�F �D�P�N�Q�M�F�Y �O�V�N�C�F�S�T �B�O�E �U�I�F �W�B�S�J�B�C�M�Fx �J�T �B�M�T�P �D�P�N�Q�M�F�Y�� �e�F

�O�V�N�C�F�S �P�G �F�O�U�S�J�F�T �J�T �D�B�M�M�F�E �U�I�F�X�F�J�H�I�U�P�G �U�I�F �.�1�-�� �" �T�Q�F�D�J�B�M �D�B�T�F �X�I�F�S�F �U�I�F �J�O�U�F�H�S�B�M �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �E�P�F�T

�O�P�U �D�P�O�W�F�S�H�F �J�T �U�I�B�U �X�I�F�O �B�M�M �F�O�U�S�J�F�T �B�S�F ����

G(0, . . . , 0
! "# $

n

; x) =
1
n!

logn(x) �	���������


�e�F �F�O�U�S�J�F�T �D�P�O�U�B�J�O �U�I�F �J�O�G�P�S�N�B�U�J�P�O �P�O �U�I�F �T�J�O�H�V�M�B�S�J�U�J�F�T �P�G �U�I�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T�� �*�O �Q�B�S�U�J�D�V�M�B�S�


G(a1, . . . , aN ; x) �D�B�O �I�B�W�F �B �E�J�W�F�S�H�F�O�D�F �P�O�M�Z �B�Ux = a1 �B�O�E �C�S�B�O�D�I �D�V�U�T �T�U�B�S�U�J�O�H �P�O�M�Z �B�Ux = ai �� �4�P�N�F

�.�1�-�T �E�P �S�F�Q�S�P�E�V�D�F �U�I�J�T �G�V�M�M �T�U�S�V�D�U�V�S�F�
 �M�J�L�FG(1, 2, x) �X�I�J�D�I �I�B�T �B �Q�P�M�F �B�Ux = 1 �
 �B�O�E �C�S�B�O�D�I �D�V�U�T

����



�T�U�B�S�U�J�O�H �B�Ux = 1 �B�O�Ex = 2 �B�T �D�B�O �C�F �T�F�F�O �G�S�P�N �J�U�T �F�Y�Q�S�F�T�T�J�P�O �J�O �U�F�S�N�T �P�G �D�M�B�T�T�J�D�B�M �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T��

G(2, 1, x) = �-�J2(x Š 1) + log(1 Š x) log(2 Š x) +
� 2

12
. �	���������


�)�P�X�F�W�F�S�
 �O�P�U �B�M�M �.�1�-�T �S�F�Q�S�P�E�V�D�F �U�I�J�T �Q�I�F�O�P�N�F�O�P�O �B�O�E �T�P�N�F �Q�P�M�F�T �P�S �C�S�B�O�D�I �D�V�U�T �D�B�O �C�F �B�C�T�F�O�U�
 �B�T �J�T

�U�I�F �D�B�T�F �G�P�SG(0, 1, x) = Š�-�J2(x)�
 �X�I�J�D�I �I�B�T �O�P �E�J�W�F�S�H�F�O�D�F �P�S �C�S�B�O�D�I �D�V�U �T�U�B�S�U�J�O�H �B�Ux = 0 �
 �C�V�U �E�P�F�T

�I�B�W�F �B �C�S�B�O�D�I �D�V�U �T�U�B�S�U�J�O�H �B�Ux = 1 �� �*�U �J�T �J�O �H�F�O�F�S�B�M �O�F�D�F�T�T�B�S�Z �U�P �T�U�V�E�Z �U�I�F �G�V�O�D�U�J�P�O�T �X�F�J�H�I�U �C�Z �X�F�J�H�I�U

�U�P �V�O�E�F�S�T�U�B�O�E �U�I�F�J�S �E�J�W�F�S�H�F�O�D�F �T�U�S�V�D�U�V�S�F��

�"�T �X�F �I�J�O�U�F�E �B�C�P�W�F�
 �.�1�-�T �D�P�O�U�B�J�O �N�B�O�Z �D�M�B�T�T�J�D�B�M �G�V�O�D�U�J�P�O�T �U�I�B�U �B�Q�Q�F�B�S �J�O �M�P�P�Q �D�B�M�D�V�M�B�U�J�P�O�T��

�t �-�P�H�B�S�J�U�I�N�T �B�Q�Q�F�B�S �B�U �U�I�F �m�S�T�U �M�F�W�F�M

G(a; x) = log(1 Š
x
a

) �	���������


�t �1�P�X�F�S�T �P�G �M�P�H�B�S�J�U�I�N�T �D�P�S�S�F�T�Q�P�O�E �U�P �S�F�Q�F�B�U�F�E �B�S�H�V�N�F�O�U�T

G(a, . . . , a
! "# $

n

; x) =
1
n!

logn(1 Š
x
a

), �	���������


�X�F �T�I�B�M�M �T�F�F �U�I�B�U �U�I�J�T �N�B�U�D�I�F�T �U�I�F �E�F�m�O�J�U�J�P�O �P�GG(0, . . . , 0;x) �J�O �U�I�F �G�S�B�N�F�X�P�S�L �P�G�T�I�V���F �S�F�H�V�S�M�B�S��

�J�[�B�U�J�P�O��

�t �$�M�B�T�T�J�D�B�M �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T�
 �X�I�J�D�I �D�B�O �C�F �E�F�m�O�F�E �B�T �B �T�F�S�J�F�T

�-�Jn(x) =
�

k> 1

xk

kn �	���������


�W�F�S�J�G�Z �U�I�F �Q�S�P�Q�F�S�U�Z

�-�Jn (x) =
� x

0

dt
t

�-�JnŠ 1(t) �	���������


�X�I�F�S�F �-�J1(x) = Š log(1 Š x)�� �"�T �B �S�F�T�V�M�U�


G(0, . . . , 0
! "# $

nŠ 1

, 1;x) = Š�-�Jn(x) �	���������


�*�U �J�T �Q�P�T�T�J�C�M�F �U�P �H�F�O�F�S�B�M�J�[�F �U�I�F �T�F�S�J�F�T �F�Y�Q�B�O�T�J�P�O �P�G �D�M�B�T�T�J�D�B�M �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �U�P �N�V�M�U�J�Q�M�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T

�V�T�J�O�H �O�F�T�U�F�E �T�V�N�T�� �-�F�U �V�T �E�F�m�O�F �U�I�F �G�P�M�M�P�X�J�O�H �D�M�B�T�T �P�G �G�V�O�D�U�J�P�O�T

�-�Jm1,...,m k (z1, . . . , zk) =
�

0<n 1< ···<n k

zn1
1 . . . znk

k

nm1
1 . . . nmk

k
�	���������


�*�U �J�T �Q�P�T�T�J�C�M�F �U�P �F�Y�Q�S�F�T�T �U�I�F�T�F �G�V�O�D�U�J�P�O�T �B�T �J�U�F�S�B�U�F�E �J�O�U�F�H�S�B�M�T �U�P �T�F�F �U�I�B�U

�-�Jm1,...,m k (z1, . . . , zk) = ( Š1)kG(0, . . . , 0
! "# $

mk Š 1

,
1
zk

, . . . , 0, . . . , 0
! "# $

m1Š 1

,
1

z1 . . . zk
; 1), �	���������


����



�X�I�J�D�I �Q�S�P�W�J�E�F�T �B �T�F�S�J�F�T �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �G�P�S �B�O�ZG �G�V�O�D�U�J�P�O��

�0�O�F �P�G �U�I�F �O�J�D�F �G�F�B�U�V�S�F�T �P�G �U�I�F �.�1�-�T �P�W�F�S �D�M�B�T�T�J�D�B�M �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �J�T �U�I�B�U �U�I�F�Z �G�P�S�N �B�O �B�M�H�F�C�S�B�� �5�P

�U�I�J�T �F�O�E�
 �M�F�U �V�T �m�S�T�U �C�V�J�M�E �B�T�I�V���F �B�M�H�F�C�S�B�P�W�F�S �T�F�R�V�F�O�D�F�T �P�G �F�O�U�S�J�F�T�� �8�F �D�P�O�T�J�E�F�S �.�1�-�T �X�J�U�I �F�O�U�S�J�F�T

�U�B�L�F�O �G�S�P�N �B�O�B�M�Q�I�B�C�F�U� �B�O�E �C�V�J�M�E �T�F�R�V�F�O�D�F�T�
 �P�S�X�P�S�E�T�C�Z �D�P�O�D�B�U�F�O�B�U�J�P�O�� �8�F �D�P�O�T�J�E�F�S �BQ���W�F�D�U�P�S

�T�Q�B�D�FV (�) �P�G �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T �P�G �M�F�U�U�F�S�T�F��

V (�) = { q1� 1 + . . . qn � n |qi � Q, � i � � , n � N} . �	���������


�e�F �T�Q�B�D�F �P�G �X�P�S�E�TW (�) �J�T �U�I�F�O �U�I�F �U�F�O�T�P�S �B�M�H�F�C�S�B �P�GV(�) �F�Y�U�F�O�E�F�E��

W (�) =
�%

n=0

V (�) 
 n , �	���������


�B�O�E �F�M�F�N�F�O�U�B�S�Z �U�F�O�T�P�S�Tw = � 1 � · · · � � n �S�F�Q�S�F�T�F�O�U �X�P�S�E�T �X�I�J�D�I �X�F �X�J�M�M �X�S�J�U�F �X�J�U�I�P�V�U �U�I�F �U�F�O�T�P�S

�Q�S�P�E�V�D�U��w = � 1� 2 . . . � n �� �e�F �G�B�D�U�P�SV(�) 
 0 = Q1� �
 �X�I�F�S�F1� �J�T �U�I�F �F�N�Q�U�Z �X�P�S�E�
 �J�T �J�T�P�N�P�S�Q�I�J�D �U�P

Q�� �8�F �D�B�O �C�V�J�M�E �B�O �B�M�H�F�C�S�B �C�B�T�F�E �P�O �U�I�F�T�I�V���F �Q�S�P�E�V�D�U� �X�I�J�D�I �J�T �C�V�J�M�U �J�U�F�S�B�U�J�W�F�M�Z��

�%�F�m�O�J�U�J�P�O �����-�F�U�, � � � V (�) �
 �U�I�F �T�I�V���F �Q�S�P�E�V�D�U �P�G �M�F�U�U�F�S�T �J�T �E�F�m�O�F�E �C�Z

� � � � = �� � + � ��, �	���������


�-�F�Uv, v� � W (�) �B�O�Ew = �v, w � = � �v��
 �U�I�F �T�I�V���F �Q�S�P�E�V�D�U �J�T �E�F�m�O�F�E �J�U�F�S�B�U�J�W�F�M�Z �P�O �X�P�S�E�T �C�Z

w � w� = � (v � w�) + � �(w � v�). �	���������


�e�F �T�I�V���F �P�G �U�X�P �F�M�F�N�F�O�U�B�S�Z �X�P�S�E�Tw, w� �J�T �U�I�F �T�V�N �P�G �B�M�M �U�I�F �X�B�Z�T �U�I�F �M�F�U�U�F�S�T �J�Ow �B�O�Ew� �D�B�O �C�F

�J�O�U�F�S�M�F�B�W�F�E �X�I�J�M�F �L�F�F�Q�J�O�H �U�I�F �P�S�E�F�S �J�O �U�I�F �M�F�U�U�F�S�T �P�G �F�B�D�I �X�P�S�E�� �'�P�S �F�Y�B�N�Q�M�F��

ab� cd = abcd+ acbd+ acdb+ cabd+ cadb+ cdab �	���������


�e�F �S�F�B�T�P�O �X�F �J�O�U�S�P�E�V�D�F�E �U�I�J�T �T�U�S�V�D�U�V�S�F �J�T �U�I�B�U �J�U �J�T �D�B�S�S�J�F�E �P�O �U�P �.�1�-�T�� �-�F�U �V�T �X�S�J�U�F �.�1�-�T �X�I�P�T�F

�F�O�U�S�J�F�T �G�P�S�N �U�I�F �X�P�S�Ew = � 1 . . . � n �B�TG(� 1, . . . , � n ; x) = Gw(x) �B�O�E �F�Y�U�F�O�E �U�I�J�T �O�P�U�B�U�J�P�O �U�PW (�)

�T�V�D�I �U�I�B�U �J�Gw = w1 + w2�
Gw(x) = Gw1 (x) + Gw2 (x)�� �e�J�T �H�J�W�F�T �B �W�F�S�Z �T�J�N�Q�M�F �F�Y�Q�S�F�T�T�J�P�O �G�P�S �U�I�F

�Q�S�P�E�V�D�U �P�G �U�X�P �.�1�-�T��

Gw1 (x)Gw2 (x) = Gw1� w2 (x). �	���������


�F�&�Y�Q�M�J�D�J�U�M�Z�
V (�) �D�B�O �C�F �D�P�O�T�U�S�V�D�U�F�E �B�T �U�I�F �W�F�D�U�P�S �T�Q�B�D�F �P�G �G�V�O�D�U�J�P�O�T� � Q �X�J�U�I �m�O�J�U�F �T�V�Q�Q�P�S�U�
 �X�I�F�S�F �B �G�V�O�D�U�J�P�Of
�S�F�Q�S�F�T�F�O�U�T �U�I�F �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O

�

� � �

f (� )�

����



�*�U �J�T �F�B�T�Z �U�P �T�F�F �U�I�B�U �U�I�J�T �X�P�S�L�T �F�Y�Q�M�J�D�U�M�Z �P�O �.�1�-�T �X�J�U�I �T�J�O�H�M�F �F�O�U�S�J�F�T��

G(� 1; x)G(� 2; x) =
� x

0
dx1dx2

1
(x1 Š � 1) (x2 Š � 2)

�	���������


=
� x

0
dx1

� x1

0
dx2

1
(x1 Š � 1) (x2 Š � 2)

�	���������


+
� x

0
dx2

� x2

0
dx1

1
(x1 Š � 1) (x2 Š � 2)

�	���������


= G(� 1, � 2; x) + G(� 2, � 1; x) �	���������


�8�F �D�B�O �H�F�O�F�S�B�M�J�[�F �U�I�J�T �F�B�T�J�M�Z �C�Z �S�F�D�V�S�T�J�P�O�� �-�F�U �V�T �D�P�O�T�J�E�F�S �U�X�P �F�M�F�N�F�O�U�B�S�Z�X�P�S�E�Tw = �v �B�O�Ew� = � �v�

Gw(x)G�
w(x) =

� x

0
dtdt � Gv(t)Gv� (t �)

(t Š � )( t � Š � �)

=
� x

0
dt

1
(t Š � )

�
Gv(t)

� t

0
dt� Gv� (t �)

(t � Š � �)

�
+

� x

0
dt� 1

(t � Š � �)

�

Gv� (t �)
� t �

0
dt

Gv(t)
(t Š � )

�

=
� x

0
dt

1
(t Š � )

(Gv(t)Gw� (t)) +
� x

0
dt� 1

(t � Š � �)

�
Gv� (t �)Gw(t �)

�

=
� x

0
dt

1
(t Š � )

Gv� w� (t) +
� x

0
dt� 1

(t � Š � �)
Gw� v� (t)

= G� (v� w� ) (x) + G� � (w� v� ) (x) = Gw� w� (x),

�	���������


�X�I�F�S�F �X�F �J�E�F�O�U�J�m�F�E �U�I�F �J�U�F�S�B�U�J�W�F �E�F�m�O�J�U�J�P�O �P�G �U�I�F �T�I�V���F �Q�S�P�E�V�D�U�� �0�O�F �J�O�U�F�S�F�T�U�J�O�H �U�I�J�O�H �J�T �U�I�B�U�
 �J�O �U�I�F

�D�B�T�F �P�G �U�I�F �X�P�S�E�T �P�S �U�I�F �.�1�-�T�
 �U�I�F �T�I�V���F �B�M�H�F�C�S�B �E�F�m�O�F�T �B�H�S�B�E�F�E�B�M�H�F�C�S�B�� �P�O�F �D�B�O �P�S�E�F�S �U�I�F �X�P�S�E�T �C�Z

�M�F�O�H�U�I�T �B�O�E �U�I�F �.�1�-�T �C�Z �X�F�J�H�I�U �	�X�I�J�D�I �J�T �K�V�T�U �U�I�F �F�O�U�S�J�F�T �M�F�O�H�U�I�
 �B�O�E �U�I�F �T�I�V���F �Q�S�P�E�V�D�U �P�G �F�M�F�N�F�O�U�T

�P�G �V�O�J�G�P�S�N �X�F�J�H�I�U�Tn �B�O�Em �I�B�T �B �V�O�J�G�P�S�N �X�F�J�H�I�Un + m��

�û���û���ú �5���� �)� �!�� �����������#�� � �� �!� ���*��� �����#���%�����$

�.�1�-�T �J�O�I�F�S�J�U �N�P�S�F �T�U�S�V�D�U�V�S�F �G�S�P�NW (�) �U�I�B�O �J�U�T �H�S�B�E�F�E �T�I�V���F �B�M�H�F�C�S�B�� �*�O�E�F�F�E�
 �X�F �D�B�O �C�V�J�M�E �B �)�P�Q�G

�B�M�H�F�C�S�B �P�V�U �P�GW (�) �U�I�B�U �X�J�M�M �Q�S�P�Q�B�H�B�U�F �U�P �U�I�F �.�1�-�� �e�F �)�P�Q�G �B�M�H�F�C�S�B �J�T �B �T�U�S�V�D�U�V�S�F �U�I�B�U �X�J�M�M �B�M�M�P� X � V� T

�U�P �E�F�D�P�O�T�U�S�V�D�U �D�P�N�Q�M�J�D�B�U�F�E �.�1�-�T �J�O�U�P �U�F�O�T�P�S �Q�S�P�E�V�D�U�T �P�G �T�J�N�Q�M�F�S �G�V�O�D�U�J�P�O�T�
 �X�I�J�D�I �Q�S�P�W�J�E�F�T �V�T �B �U�P�P�M

�U�P �U�V�S�O �B�O�B�M�Z�U�J�D �Q�S�P�C�M�F�N�T �T�V�D�I �B�T �U�I�F �F�T�U�B�C�M�J�T�I�N�F�O�U �P�G �G�V�O�D�U�J�P�O�B�M �J�E�F�O�U�J�U�J�F�T �J�O�U�P �B�M�H�F�C�S�B�J�D �Q�S�P�C�M�F�N�T��

�#�F�G�P�S�F �E�F�m�O�J�O�H �X�I�B�U �B �)�P�Q�G �B�M�H�F�C�S�B �J�T�
 �M�F�U �V�T �m�S�T�U �S�F�G�P�S�N�V�M�B�U�F �U�I�F �B�M�H�F�C�S�B �T�U�S�V�D�U�V�S�F �J�O �U�F�S�N�T �P�G �U�F�O�T�P�S

�Q�S�P�E�V�D�U�T �U�P �N�B�L�F �U�I�F �U�S�B�O�T�J�U�J�P�O �F�B�T�J�F�S��

�e�F�P�S�F�N �����-�F�UA � C� F � B � V� O� J� U� B� M � B� M� H� F� C� S� B � P� W� F� S � B � m� F� M� EF �X�J�U�I �Q�S�P�E�V�D�U� �B�O�E �V�O�J�U1A

�

&
A × A � A

(a, b) � a � b
�	���������


�e�F�S�F �F�Y�J�T�U�T �B �M�J�O�F�B�S �N�B�Qµ �U�I�B�U �S�F�G�P�S�N�V�M�B�U�F�T �U�I�F �Q�S�P�E�V�D�U �B�T �B�O �P�Q�F�S�B�U�J�P�O �P�O �U�I�F �U�F�O�T�P�S �Q�S�P�E�V�D�UA � A �X�I�J�D�I

����



�X�F �D�B�O �E�F�m�O�F �P�O �F�M�F�N�F�O�U�B�S�Z �U�F�O�T�P�S�T �B�O�E �F�Y�U�F�O�E �C�Z �M�J�O�F�B�S�J�U�Z��

µ

&
A � A � A

a � b � a � b.
�	���������


�e�F �B�T�T�P�D�J�B�U�J�W�J�U�Z �P�G �U�I�F �Q�S�P�E�V�D�U �J�N�Q�M�J�F�T �U�I�F �G�P�M�M�P�X�J�O�H �Q�S�P�Q�F�S�U�Z

µ(µ � �J�E) = µ(�J�E� µ), �	���������


�X�I�F�S�F �J�E �J�T �U�I�F �J�E�F�O�U�J�U�Z�
 �X�I�J�D�I �D�B�O �C�F �O�J�D�F�M�Z �T�V�N�N�B�S�J�[�F�E �C�Z �U�I�F �G�P�M�M�P�X�J�O�H �D�P�N�N�V�U�B�U�J�W�F �E�J�B�H�S�B�N

A � A � A
µ
 �J�E � A � A

A � A

�J�E
 µ

� µ � A

µ

�

�	���������


�#�F�D�B�V�T�FA �D�P�O�U�B�J�O�T �B �V�O�J�U1A �
 �U�I�F�S�F �J�T �B �T�V�C�B�M�H�F�C�S�B �J�T�P�N�P�S�Q�I�J�D �U�P �U�I�F �C�B�T�F �m�F�M�EF �	�B�M�M �F�M�F�N�F�O�U�T �P�G �U�I�F

�G�P�S�N
 (f ) = f 1A �G�P�Sf � F�
�� �e�F �F�Y�J�T�U�F�O�D�F �P�G �U�I�J�T �J�T�P�N�P�S�Q�I�J�T�N �D�B�O �C�F �U�B�L�F�O �B�T �B�O �B�Y�J�P�N �J�O�T�U�F�B�E �P�G

�U�I�B�U �P�G �U�I�F �F�Y�J�T�U�F�O�D�F �P�G �B �V�O�J�U �U�P �L�F�F�Q �S�F�G�P�S�N�V�M�B�U�J�O�H �Q�S�P�Q�F�S�U�J�F�T �P�G �U�I�F �B�M�H�F� C� S� B � B� T � P� Q� F� S� B� U� J� P� O� T � P� O � U� F� O� T� P� S

�Q�S�P�E�V�D�U�T��

�%�F�m�O�J�U�J�P�O �����-�F�UA �C�F �B�O �B�M�H�F�C�S�B �P�W�F�SF�
 �X�J�U�I �B �T�D�B�M�B�S �Q�S�P�E�V�D�U �E�F�m�O�F�E �J�O �U�I�F �U�F�O�T�P�S�J�B�M �M�B�O�H�V�B�H�F

s

&
F � A � A

f � a � fa.
�	���������


�e�F �B�M�H�F�C�S�B �J�T �V�O�J�U�B�M �J�G �U�I�F�S�F �F�Y�J�T�U�T �B �V�O�J�U �N�P�S�Q�I�J�T�N
 : F � A �T�V�D�I �U�I�B�U

µ(
 � �J�E) = µ(�J�E� 
 ) = s, �	���������


�X�I�J�D�I �X�F �D�B�O �B�H�B�J�O �T�V�N�N�B�S�J�[�F �J�O �B �E�J�B�H�S�B�N

F � A
�J�E
 � � A � A

A � A

� 
 �J�E

� µ � A

µ

�

s

�

�	���������


�e�B�U �U�I�J�T �J�T �F�R�V�J�W�B�M�F�O�U �U�P �U�I�F �F�Y�J�T�U�F�O�D�F �P�G �B �V�O�J�U �J�T �P�C�W�J�P�V�T�� �J�G �T�V�D�I �B �N�B�Q �F�Y�J�T�U�T�

 (1F) �J�T �U�I�F �V�O�J�U �P�GA

�B�O�E �J�G �B �V�O�J�U1A �F�Y�J�T�U�T�
 �U�I�F �N�P�S�Q�I�J�T�Nf �� f 1A �m�U�T �U�I�F �C�J�M�M��

�e�F �J�E�F�B �P�G �B �)�P�Q�G �B�M�H�F�C�S�B �J�T �U�P �T�V�Q�Q�M�F�N�F�O�U �U�I�F �B�M�H�F�C�S�B �T�U�S�V�D�U�V�S�F �X�J�U�I �O�F�X �P�Q�F�S�B�U�J�P�O�T �U�I�B�U �J�O�W�F�S�U

�U�I�F �B�S�S�P�X�T �J�O �U�I�F �B�C�P�W�F �E�J�B�H�S�B�N�T�� �" �)�P�Q�G �B�M�H�F�C�S�BH �J�T �B�O �B�M�H�F�C�S�B �F�R�V�J�Q�Q�F�E �X�J�U�I �U�I�S�F�F �O�F�X �P�C�K�F�D�U�T�� �B

�D�P�Q�S�P�E�V�D�U� �
 �B �D�P�V�O�J�U� �
 �B�O�E �B�O �B�O�U�J�Q�P�E�FS��

�e�F �D�P�Q�S�P�E�V�D�U �E�F�D�P�N�Q�P�T�F�T �F�M�F�N�F�O�U�T �P�G �U�I�F �B�M�H�F�C�S�B �B�T �U�F�O�T�P�S �Q�S�P�E�V�D�U�T�
 �X�P�S�L�J�O�H �J�O �U�I�F �P�Q�Q�P�T�J�U�F �T�F�O�T�F

�U�Pµ�� �*�U �I�B�T �U�P �I�B�W�F �U�X�P �Q�S�P�Q�F�S�U�J�F�T��

����



�t �$�P���B�T�T�P�D�J�B�U�J�W�J�U�Z��

(� � �J�E)� = ( �J�E� �)� �	���������


�t �$�P�N�Q�B�U�J�C�J�M�J�U�Z �X�J�U�I �U�I�F �Q�S�P�E�V�D�U

�( µ(a � b)) = �( a) � �( b), �	���������


�X�I�F�S�F �X�F �E�F�m�O�F �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �P�G �U�F�O�T�P�S�T �B�T �F�M�F�N�F�O�U���X�J�T�F��

(a � b) � (a� � b�) = ( a � a�) � (b� b�). �	���������


�*�O�E�F�F�E�
 �U�I�F �D�P���B�T�T�P�D�J�B�U�J�W�J�U�Z �S�F�T�V�M�U�T �J�O �U�I�F �G�P�M�M�P�X�J�O�H �E�J�B�H�S�B�N

H � H � H � � 
 �J�E
H � H

H � H

�J�E
 �

�

� �
H

�

�

�	���������


�/�P�U�F �U�I�B�U �P�O�F �P�G �U�I�F �D�P�O�T�F�R�V�F�O�D�F �P�G �U�I�F �D�P���B�T�T�P�D�J�B�U�J�W�J�U�Z �J�T �U�I�B�U �U�I�F�S�F �J�T �P�O�M�Z �P�O�F �X�B�Z �U�P �J�U�F�S�B�U�F �U�I�F

�D�P�Q�S�P�E�V�D�U �U�P �H�F�O�F�S�B�U�F �U�F�O�T�P�S�T �J�OH 
 n ��

H
�

� H � H
� 
 �J�E

� H � H � H
� 
 �J�E
 �J�E

� . . . �	���������


�T�J�O�D�F �B�M�M �P�U�I�F�S �D�I�P�J�D�F�T �B�S�F �F�R�V�J�W�B�M�F�O�U��

�e�F �D�P�V�O�J�U� �J�T �B �N�P�S�Q�I�J�T�NH � F �U�I�B�U �P�Q�F�S�B�U�F�T �U�I�F �S�F�W�F�S�T�F �P�G �U�I�F �V�O�J�U �P�Q�F�S�B�U�P�S
 �
�
 = 1 F� 
 � B� O� E

� D� B� O � C� F � V� T� F� E � U� P � E� F� m� O� Fs• = ( � � �J�E)� �
 �X�I�J�D�I �O�J�D�F�M�Z �S�F�W�F�S�T�F �U�I�F �E�J�B�H�S�B�N �G�P�S �U�I�F �V�O�J�U��

F � H

H � H

� 
 �J�E

�

� �
H

�

s •
�	���������


�'�J�O�B�M�M�Z�
 �U�I�F �B�O�U�J�Q�P�E�FS �J�T �B �O�F�X �T�U�S�V�D�U�V�S�F �X�I�J�D�I �E�P�F�T �O�P�U �I�B�W�F �B�O �F�R�V�J�W�B�M�F�O�U �J�O �U�I�F �B�M�H�F�C�S�B�� �*�U �J�T �B�O

�F�O�E�P�N�P�S�Q�I�J�T�NS : H � H �T�V�D�I �U�I�B�Uµ(S � �J�E)� = µ(�J�E� S)� = 
� �
 �X�I�J�D�I �J�T �T�V�N�N�B�S�J�[�F�E �B�T

H
� � F

� � H

H � H

�

� �J�E
 S

S
 �J�E
� H � H

µ

�

�	���������


����



�5���� �)� �!�� �����������#�� � �� �(� �#���$ �-�F�U �V�T �O�P�X �C�V�J�M�E �B �)�P�Q�G �B�M�H�F�C�S�B �P�O �U�I�F �X�P�S�E �B�M�H�F�C�S�BW (�) � � � 8� F � D� B� O

�D�P�O�T�U�S�V�D�U �B �D�P�Q�S�P�E�V�D�U �D�P�N�Q�B�U�J�C�M�F �X�J�U�I �U�I�F �T�I�V���F �Q�S�P�E�V�D�U �V�T�J�O�H �U�I�F�E�F�D�P�O�D�B�U�F�O�B�U�J�P�O�P�G �X�P�S�E�T��

�( � 1 . . . � N ) =
N�

i =0

� 1 . . . � i � � i +1 . . . � N , �	�����������


�X�I�F�S�F �U�I�F �U�X�P �C�P�V�O�E�T �P�G �U�I�F �T�V�N �B�S�F �U�I�F �Q�S�P�E�V�D�U�T1� � � 1 . . . � N �B�O�E� 1 . . . � N � 1� �� �e�F �G�B�D�U �U�I�B�U

�U�I�J�T �D�P�Q�S�P�E�V�D�U �J�T �D�P�B�T�T�P�D�J�B�U�J�W�F �J�T �F�B�T�Z �U�P �T�F�F�� �C�P�U�I �X�B�Z�T �P�G �B�Q�Q�M�Z�J�O�H �U�I�F �D�P�Q�S�P�E�V�D�U �B �T�F�D�P�O�E �U�J�N�F �X�J�M�M

�Z�J�F�M�E �U�I�F �T�V�N �P�G �B�M�M �Q�P�T�T�J�C�M�F �X�B�Z�T �U�P �D�V�U �U�I�F �X�P�S�E �J�O�U�P �U�I�S�F�F �Q�J�F�D�F�T�� �e�J�T �D�P�Q�S� P� E� V� D� U � J� T � D� P� N� Q� B� U� J� C� M� F � X� J� U� I

�U�I�F �T�I�V���F �Q�S�P�E�V�D�U�
�( a � b) = �( a) � �( b)�
 �B�O�E�
 �M�J�L�F �U�I�F �T�I�V���F �Q�S�P�E�V�D�U�
 �U�I�F �D�P�Q�S�P�E�V�D�U �S�F�T�Q�F�D�U�T �U�I�F

�H�S�B�E�J�O�H �P�GW (�) �C�Z �U�I�F �M�F�O�H�U�I

� (� n ) �
n%

k=0

�
� k � � (nŠ k)

�
. �	�����������


�e�F �B�O�U�J�Q�P�E�F �J�T �E�F�m�O�F�E �J�O �U�I�F �G�P�M�M�P�X�J�O�H �X�B�Z �P�O �F�M�F�N�F�O�U�B�S�Z �X�P�S�E�T

S(� 1 . . . � N ) = ( Š1)N � N . . . � 1, �	�����������


�B�O�E �U�I�F �D�P�V�O�J�U� �D�B�O �C�F �E�F�m�O�F�E �B�T �U�I�F �D�P�F���D�J�F�O�U �P�G �U�I�F �F�N�Q�U�Z �X�P�S�E�� �e�B�U �J�T �G�P�S �B �X�P�S�Ew = q01� +
�

i> 0 wi �
 �X�I�F�S�Fwi � V (�) 
 i �B�S�F �X�P�S�E�T �P�G �M�F�O�H�U�Ii �


� (q01� +
�

i> 0

wi ) = q0. �	�����������


�" ���������%���� �)� �!�� �����������#�� � �� �.�1�-�$ �*�U �T�F�F�N�T �F�B�T�Z �U�P �E�F�m�O�F �B �)�P�Q�G �B�M�H�F�C�S�B �P�O �.�1�-�T �V�T�J�O�H �U�I�F �)�P�Q�G

�B�M�H�F�C�S�B �P�G �X�P�S�E�T�� �8�F �I�B�W�F �B �N�P�S�Q�I�J�T�N� �X�I�J�D�I �N�B�Q�T �X�P�S�E�T �U�P �.�1�-�T���( a1 . . . aN ) = G(a1, . . . , aN ; x)

�B�O�E �J�U�T �J�O�W�F�S�T�F� Š 1(G(a1, . . . , aN ; x)) = a1 . . . aN �B�O�E �X�F �D�B�O �D�P�O�T�U�S�V�D�U

� � = (� � �)�� Š 1, �	�����������


�X�I�F�S�F� �J�T �U�I�F �D�P�Q�S�P�E�V�D�U �P�O �X�P�S�E�T�� �'�P�S �F�Y�B�N�Q�M�F�
 �X�F �D�B�O �D�B�M�D�V�M�B�U�F

� � G(a, b; x) = (� � �) (1 � ab+ a � b+ ab� 1)

= 1 � G(a, b; x) + G(a; x) � G(b; x) + G(a, b; x) � 1.
�	�����������


�8�I�J�M�F �U�I�J�T �T�F�F�N�T �M�J�L�F �B �O�J�D�F �T�U�S�V�D�U�V�S�F �B�U �m�S�T�U�
 �J�U �J�T �W�F�S�Z �M�J�N�J�U�F�E �G�P�S �T�F�W�F�S�B�M �S�F�B�T�P�O�T�� �'�J�S�T�U �P�G �B�M�M�
 �C�F�D�B�V�T�F

�U�I�F�S�F �J�T �B �P�O�F���U�P���P�O�F �N�B�Q�Q�J�O�H �C�F�U�X�F�F�O �X�P�S�E�T �B�O�E �U�I�F�J�O�U�F�H�S�B�O�E�T�P�G �.�1�-�T�
 �U�I�J�T �E�F�m�O�J�U�J�P�O �P�G �U�I�F �D�P��

�Q�S�P�E�V�D�U �N�J�T�T�F�T �B �T�J�H�O�J�m�D�B�O�U �B�N�P�V�O�U �P�G �J�O�G�P�S�N�B�U�J�P�O �S�F�M�B�U�F�E �U�P �U�I�F �J�O�U�F�H�S�B�U�J�P�O �Q�B�U�I�� �*�O�E�F�F�E�
 �.�1�-�T �I�B�W�F

�D�P�N�Q�M�J�D�B�U�F�E �C�S�B�O�D�I �D�V�U �T�U�S�V�D�U�V�S�F�T �B�O�E �T�F�W�F�S�B�M �F�R�V�B�M�M�Z �W�B�M�J�E �.�1�-�T �D�B�O �C�F �E�F�m�O�F�E �G�P�S �B �H�J�W�F�O �T�F�U �P�G �F�O��

�U�S�J�F�T �J�O �T�P�N�F �Q�B�S�U�T �P�GC�� �'�P�S �F�Y�B�N�Q�M�F�
 �P�ORŠ �
G(0, x) �D�B�O �C�F �B�O�B�M�Z�U�J�D�B�M�M�Z �D�P�O�U�J�O�V�F�E �B�TG(0, Šx)± i� �C�V�U

� � �X�J�M�M �O�F�W�F�S �L�O�P�X �B�C�P�V�U �U�I�J�T �D�I�P�J�D�F�� �e�J�T �T�J�H�O�J�m�D�B�O�U�M�Z �M�J�N�J�U�T �U�I�F �Q�P�X�F�S �P�G �U�I�F�D�P�Q�S�P�E�V�D�U �U�P �H�F�O�F�S�B�U�F

�G�V�O�D�U�J�P�O�B�M �S�F�M�B�U�J�P�O�T �C�F�U�X�F�F�O �.�1�-�T�� �'�V�S�U�I�F�S�N�P�S�F�
 �P�V�S �E�F�m�O�J�U�J�P�O �G�B�J�M�T �X�I�F�O �P�O�F �D�P�O�T�J�E�F�S�T �U�I�F �D�B�T�F �P�G

�N�V�M�U�J�Q�M�F �W�B�S�J�B�C�M�F�T �P�S �X�I�F�O �P�O�F �B�M�M�P�X�T �U�I�F �F�O�U�S�J�F�T �U�P �E�F�Q�F�O�E �P�Ox�� �*�O �U�I�J�T �M�B�U�U�F�S �D�B�T�F �G�P�S �F�Y�B�N�Q�M�F�
 �O�P�O��

�U�S�J�W�J�B�M �S�F�M�B�U�J�P�O�T �C�F�U�X�F�F�O �.�1�-�T �B�Q�Q�F�B�S �U�I�B�U �B�S�F �O�P�U �S�F�n�F�D�U�F�E �J�O �U�I�F �B�M�H�F�C�S�B�P�G �X�P�S�E�T�
 �T�F�F �"�Q�Q�F�O�E�J�Y �" �G�P�S

����



�E�F�U�B�J�M�T��

�5���� �(� ���������#� �' ��� �!�#� ���&���% �" �C�F�U�U�F�S �E�F�m�O�J�U�J�P�O �P�G �B �D�P�Q�S�P�E�V�D�U �P�O �.�1�-�T �I�B�T �C�F�F�O �D�P�O�T�U�S�V�D�U�F�E �C�Z

�(�P�O�D�I�B�S�P�W �<�������>�
 �X�I�J�D�I �D�B�O �E�F�B�M �X�J�U�I �N�V�D�I �N�P�S�F �H�F�O�F�S�B�M �D�B�T�F�T �B�T �U�I�B�U �J�O�I�F�S�J�U�F�E �G�S�P�N �U�I�F �)�P�Q�G �B�M�H�F�C�S�B

�P�G �X�P�S�E�T�� �*�U �J�T �F�B�T�J�F�S �U�P �E�F�m�O�F �J�U �V�T�J�O�H �B �O�P�U�B�U�J�P�O �G�P�S �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �X�I�J�D�I�B�M�M�P�X�T �V�T �U�P �D�I�P�P�T�F �U�I�F �C�B�T�F

�Q�P�J�O�U �G�P�S �U�I�F �J�O�U�F�H�S�B�U�J�P�O��

I (a0; a1, . . . an ; an+1 ) =
� an +1

a0

dt
t Š an

I (a0; a1, . . . anŠ 1; t) �	�����������


I (a0; ; a1) = 1 . �	�����������


�e�J�T �J�T �J�O �G�B�D�U �U�I�F �T�B�N�F �D�M�B�T�T �P�G �G�V�O�D�U�J�P�O�T �B�T �U�I�FG(a1, . . . , an ; x)�� �*�O�E�F�F�E�
 �X�P�S�L�J�O�H �J�U�F�S�B�U�J�W�F�M�Z�
 �J�U �J�T

�Q�P�T�T�J�C�M�F �U�P �F�Y�Q�S�F�T�T �B�M�MI ���.�1�-�T �J�O�U�P �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T �P�GG���.�1�-�T �C�Z �D�V�U�U�J�O�H �U�I�F �J�O�U�F�H�S�B�U�J�P�O �B�U �� �T�P

�X�F �D�B�O �G�S�F�F�M�Z �H�P �C�B�D�L �B�O�E �G�P�S�U�I �C�F�U�X�F�F�O �U�I�F �U�X�P �T�F�U�T �P�G �J�O�U�F�H�S�B�M�T��

�0�O �U�I�F�T�F �G�V�O�D�U�J�P�O�T�
 �U�I�F �(�P�O�D�I�B�S�P�W �D�P�Q�S�P�E�V�D�U �J�T �E�F�m�O�F�E �B�T

� I (a0; a1, . . . an ; an+1 ) =
n�

k=0

�

�
�

0<i 1< ···<i k <n +1

I (a0; ai 1 , . . . , ai k ; an+1 ) �
k�

p=0

I (ai p ; ai p +1 , . . . , ai p+1 Š 1; ai p+1 )

	




�	�����������


�e�F�S�F �J�T �B �O�J�D�F �H�S�B�Q�I�J�D�B�M �X�B�Z �P�G �H�F�O�F�S�B�U�J�O�H �U�I�J�T �G�P�S�N�V�M�B��

�t �%�S�B�X �B �D�M�P�T�F�E �T�F�N�J���D�J�S�D�M�F�
 �B�T�T�J�H�O �U�I�F �W�B�M�V�F�Ta0 �B�O�Ean+1 �U�P �U�I�F �F�O�E���Q�P�J�O�U�T �P�G �U�I�F �E�J�B�N�F�U�F�S��

�t �.�B�S�Ln �Q�P�J�O�U�T �B�M�P�O�H �U�I�F �T�F�N�J���D�J�S�D�M�F �B�O�E �B�T�T�J�H�O �U�I�F �W�B�M�V�F�Ta1, . . . , an �U�P �U�I�F�N �J�O �B �D�P�V�O�U�F�S�D�M�P�D�L��

�X�J�T�F �G�B�T�I�J�P�O��

�t �&�B�D�I �U�F�S�N �J�T �H�F�O�F�S�B�U�F�E �C�Z �T�F�M�F�D�U�J�O�Hk �Q�P�J�O�U�Tai 1 , . . . , ai k �B�N�P�O�H �U�I�F �Q�P�J�O�U�T �P�O �U�I�F �T�F�N�J���D�J�S�D�M�F �B�O�E

�E�S�B�X�J�O�H �U�I�F �D�P�O�W�F�Y �Q�P�M�Z�H�P�O �U�I�B�U �I�B�T �U�I�F �W�F�S�U�J�D�F�Ta0, ai 1 , . . . , ai k , an+1 ��

�o �e�F �M�F�G�U���I�B�O�E �T�J�E�F �P�G �U�I�F �U�F�O�T�P�S �Q�S�P�E�V�D�U �J�TI (a0; ai 1 , . . . , ai k ; an+1 )

�o �e�F �U�F�S�N�T �P�G �U�I�F �Q�S�P�E�V�D�U �P�O �U�I�F �S�J�H�I�U���I�B�O�E �T�J�E�F �B�S�F �B�T�T�P�D�J�B�U�F�E �U�P �U�I�F �D�P�N�Q�M�F�N�F�O�U�B�S�Z �D�P�O�W�F�Y

�Q�P�M�Z�H�P�O�T�� �U�I�F �m�S�T�U �J�TI (a0; a1, . . . , ai 1 Š 1; ai 1 ) �F�U�D��

�-�F�U �V�T �M�P�P�L �B�U �I�P�X �U�I�J�T �X�P�S�L�T �P�O �U�I�F �F�Y�B�N�Q�M�F �P�GI (a0; a1, a2; a3)�� �"�T �T�I�P�X�O �J�O �'�J�H�V�S�F ������ �X�F �m�O�E

� I (a0; a1, a2; a3) = I (a0; a1, a2; a3) � 1 + I (a0; a1; a3) � I (a1; a2; a3)

I (a0; a2; a3) � I (a0; a1; a2) + 1 � I (a0; a1, a2; a3)
�	�����������


�e�J�T �E�F�m�O�J�U�J�P�O �J�T �D�P�N�Q�B�U�J�C�M�F �X�J�U�I �U�I�F �Q�S�P�E�V�D�U �P�G �.�1�-�T �B�O�E�
 �B�T �J�O �U�I�F �D�B�T�F �P�G �X�P�S�E�T�
 �J�U �J�T �F�B�T�Z �U�P �T�F�F

�U�I�B�U �J�U �S�F�T�Q�F�D�U�T �U�I�F �H�S�B�E�J�O�H �P�G �.�1�-�T �C�Z �U�I�F �X�F�J�H�I�U�� �*�U �T�V�
�F�S�T�
 �I�P�X�F�W�F�S �G�S�P�N �T�F�W�F�S�B�M �J�T�T�V�F�T �X�I�F�O �P�O�F

�D�P�O�T�J�E�F�S�T �T�Q�F�D�J�m�D �D�I�P�J�D�F�T �G�P�S �U�I�F �F�O�U�S�J�F�T��

����



a0

a1 a2

a3 a0

a1 a2

a3

I (a0; a1, a2; a3) � 1 I (a0; a1; a3) � I (a1; a2; a3)

a0

a1 a2

a3 a0

a1 a2

a3

I (a0; a2; a3) � I (a0; a1; a2) 1 � I (a0; a1, a2; a3)

�-�P�N�\�Y�L �������!�.�Y�H�W�O�P�J�H�S �K�L�Y�P�]�H�[�P�V�U �V�M �[�O�L �J�V�W�Y�V�K�\�J�[� I (a0; a1, a2; a3)��

�e�F �m�S�T�U �J�T�T�V�F �J�T �U�I�B�U �E�J�W�F�S�H�F�O�D�F�T �D�B�O �B�Q�Q�F�B�S �J�O �U�I�F �D�P�Q�S�P�E�V�D�U �P�G �m�O�J�U�F �.�1�-�T �X�I�F�O �T�F�W�F�S�B�M �F�O�U�S�J�F�T

�B�S�F �J�E�F�O�U�J�D�B�M��

� I (1; 0, 1;x) = I (1, 1, x) � I (1; 0; 1) + . . . , �	�����������


�"�O�EI (1, 1, x) =
� x

1

dt
t Š 1

�J�T �B �E�J�W�F�S�H�F�O�U �J�O�U�F�H�S�B�M�� �*�O �P�S�E�F�S �U�P �C�F �B�C�M�F �U�P �V�T�F �U�I�F �D�P�Q�S�P�E�V�D�U �P�O �B�O�Z

�J�O�U�F�H�S�B�M �X�F �F�O�D�P�V�O�U�F�S�
 �X�F �D�B�O �S�F�H�V�M�B�S�J�[�F �U�I�F �.�1�-�T �J�O �T�V�D�I �B �X�B�Z �U�I�B�U �U�I�F�J�S �B�M�H�F�C�S�B�J�D �T�U�S�V�D�U�V�S�F �J�T �S�F��

�T�Q�F�D�U�F�E �X�I�J�M�F �S�F�N�P�W�J�O�H �B�M�M �E�J�W�F�S�H�F�O�D�F�T�� �8�F �V�T�F�T�I�V���F �S�F�H�V�M�B�S�J�[�B�U�J�P�O�
 �X�I�J�D�I �J�T �C�B�T�F�E �J�O �U�I�F �T�U�S�V�D�U�V�S�F �P�G

�U�I�F �.�1�-�T�� �e�F �C�B�T�J�D �J�E�F�B �J�T �U�I�B�U �P�O�F �D�B�O �V�T�F �U�I�F �T�I�V���F �Q�S�P�E�V�D�U �U�P �G�B�D�U�P�S�J�[�F �E�J�W�F�S�H�F�O�D�F�T �P�G �U�I�F �G�P�S�N

G(a, . . . , a; a) �P�V�U �P�G �E�J�W�F�S�H�F�O�U �.�1�-�T �T�Z�T�U�F�N�B�U�J�D�B�M�M�Z�
 �X�I�J�D�I �X�F �D�B�O �U�I�F�O �T�F�U �U�P ���� �-�F�U �V�T �D�P�O�T�J�E�F�S �G�P�S

�F�Y�B�N�Q�M�F �U�I�F �E�J�W�F�S�H�F�O�U �.�1�-G(Š1, 1, Š1)�� �8�F �D�B�O �D�P�O�T�J�E�F�S �U�I�F �G�V�O�D�U�J�P�OG(Š1, 1;x)�
 �X�I�J�D�I �P�O�M�Z �I�B�T �B

�E�J�W�F�S�H�F�O�D�F �B�Ux = Š1�� �6�T�J�O�H �U�I�F �T�I�V���F �B�M�H�F�C�S�B �X�F �D�B�O �m�O�E

G(Š1, 1;x) = G(Š1;x)G(1; x) Š G(1, Š1;x). �	�����������


�/�P�XG(1, Š1;x) �J�T �Q�F�S�G�F�D�U�M�Z �S�F�H�V�M�B�S �B�Ux = Š1�
 �X�I�J�M�F �U�I�F �P�U�I�F�S �U�F�S�N �I�B�T �B �G�B�D�U�P�S�J�[�F�E �M�P�H�B�S�J�U�I�N�J�D �E�J��

�W�F�S�H�F�O�D�FG(Š1;Š1) � B� O� E � T� P � X� F � E� F� m� O� FG�S�F�H(Š1, 1;Š1) = G(1, Š1;Š1)�� �e�F �S�F�B�T�P�O �X�I�Z �U�I�J�T �B�Q�Q�S�P�B�D�I

�X�P�S�L�T �T�Z�T�U�F�N�B�U�J�D�B�M�M�Z �J�T �U�I�B�U �U�I�F �E�F�D�P�N�Q�P�T�J�U�J�P�O �X�F �P�Q�F�S�B�U�F�E �J�O �&�R�V�B�U�J�P�O ���������� �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �J�O �H�F�O��

�F�S�B�M �B�T �B�E�F�D�P�N�Q�P�T�J�U�J�P�O �J�O �-�Z�O�E�P�O �X�P�S�E�T��

�%�F�m�O�J�U�J�P�O �����-�F�U� �C�F �B�O �B�M�Q�I�B�C�F�U �X�J�U�I �B�O �P�S�E�F�S< �
 �F�Y�U�F�O�E�F�E �U�P �F�M�F�N�F�O�U�B�S�Z �X�P�S�E�T �C�Z �U�I�F �M�F�Y�J�D�P�H�S�B�Q�I�J�D �P�S�E�F�S��

�" �X�P�S�Ew = � 1 . . . � n �J�T �T�B�J�E �U�P �C�F �B �-�Z�O�E�P�O �X�P�S�E �J�Gw < � i � i +1 . . . � n �G�P�S �B�O1 < i � n��

�'�P�S �F�Y�B�N�Q�M�Faabb�B�O�Eaaabab�B�S�F �-�Z�O�E�P�O �X�P�S�E�T �	�G�P�Sa < b�
�
 �X�I�J�M�Fbaa �J�T �B �D�P�V�O�U�F�S�F�Y�B�N�Q�M�F�� �"

�U�I�F�P�S�F�N �C�Z �3�B�E�G�P�S�E �<�������> �T�I�P�X�T �U�I�B�U �U�I�F�Z �Q�S�P�W�J�E�F �B �C�B�T�J�T �P�G �U�I�F �T�I�V���F �B�M�H�F�C�S� B � P� G � X� P� S� E� T� �

�e�F�P�S�F�N �����-�F�U� �C�F �B�O �B�M�Q�I�B�C�F�U �X�J�U�I �B�O �P�S�E�F�S< �F�Y�U�F�O�E�F�E �U�P �X�P�S�E�T �C�Z �U�I�F �M�F�Y�J�D�P�H�S�B�Q�I�J�D �P�S�E�F�S�� �-�F�UL(�) <

�C�F �U�I�F �T�F�U �P�G �-�Z�O�E�P�O �X�P�S�E�T�� �"�O�Z �X�P�S�Ew � W (�) �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �B�T �B �Q�P�M�Z�O�P�N�J�B�M �P�G �F�M�F�N�F�O�U�T �P�GL(�) < � � � *� O

����



�P�U�I�F�S �X�P�S�E�T

Q[L(�) < ] = W (�) . �	�X�J�U�I �U�I�F �T�I�V���F �Q�S�P�E�V�D�U �B�T �Q�S�P�E�V�D�U�
�	�����������


�8�F �X�J�M�M �V�T�F �U�I�J�T �U�P �F�Y�U�S�B�D�U �U�F�S�N�T �P�G �U�I�F �G�P�S�NG(a, . . . , a; a)�� �*�O�E�F�F�E�
 �J�G� �B�E�N�J�U�T �B �M�B�S�H�F�T�U �F�M�F�N�F�O�US�


�U�I�F�O �U�I�F �P�O�M�Z �-�Z�O�E�P�O �X�P�S�E �T�U�B�S�U�J�O�H �X�J�U�IS �J�TS ��

� 8� F � D� B� O � E� F� m� O� F � U� I� F � S� F� H� V� M� B� S� J� [� F� E � .� 1� -� TG�S�F�H�J�O �U�I�F �G�P�M�M�P�X�J�O�H �X�B�Z�� �*�GG(� 1, . . . , � n ; � n+1 ) �J�T �E�J�W�F�S�H�F�O�U�


� 1 = � n+1 �� �-�F�U �V�T �E�F�m�O�F �U�I�F �B�M�Q�I�B�C�F�U� = � 1, . . . , � n+1 �	�X�J�U�I �S�F�E�V�O�E�B�O�U �F�O�U�S�J�F�T �S�F�N�P�W�F�E�
�� �8�F �T�U�B�S�U

�C�Z �C�V�M�E�J�O�H �B�O �P�S�E�F�S< � 1 �P�O� �T�V�D�I �U�I�B�U� 1 < i � n + 1 �
� i < � 1 � 1�
 �X�I�J�D�I �J�T �U�S�J�W�J�B�M �C�F�D�B�V�T�F �U�I�F�S�F �J�T

�B �m�O�J�U�F �O�V�N�C�F�S �P�G �M�F�U�U�F�S�T�� �#�Z �U�I�F �3�B�E�G�P�S�E �U�I�F�P�S�F�N�
 �U�I�F �X�P�S�Ew = � 1 . . . � n �B�E�N�J�U�T �B �E�F�D�P�N�Q�P�T�J�U�J�P�O

�J�O�U�P �-�Z�O�E�P�O �X�P�S�E�T �C�B�T�F�E �P�O< � 1 L � 1 � � � e� F� 1���S�F�H�V�M�B�S�J�[�F�E �-�Z�O�E�P�O �X�P�S�E �E�F�D�P�N�Q�P�T�J�U�J�P�O �P�Gw�
w�S�F�H
� 1 �J�T �J�U�T

�-�Z�O�E�P�O �X�P�S�E �E�F�D�P�N�Q�P�T�J�U�J�P�O �X�J�U�I �U�I�F �T�J�O�H�V�M�B�S �X�P�S�E� 1 �T�F�U �U�P ���� �6�T�J�O�H �U�I�F �E�V�B�M�J�U�Z �C�F�U�X�F�F�O �X�P�S�E�T �B�O�E

�.�1�-�T �X�F �E�F�m�O�F

G�S�F�H(w; � n+1 ) = Gw�S�F�H
� 1

(� n+1 ), �	�����������


�X�I�J�D�I �S�F�E�V�D�F�T �U�PG(w; � n+1 ) �J�G �J�U �J�T �O�P�U �E�J�W�F�S�H�F�O�U�
 �X�I�J�M�F �J�G� n+1 = � 1�
 �O�P �F�M�F�N�F�O�U�B�S�Z �X�P�S�E �J�Ow�S�F�H

�T�U�B�S�U�T �X�J�U�I� 1 �T�P �U�I�B�UG�S�F�H(w; � n+1 ) �J�T �S�F�H�V�M�B�S�� �8�F �D�B�O �F�B�T�J�M�Z �F�Y�U�F�O�E �U�I�J�T �E�F�m�O�J�U�J�P�O �U�P �U�I�FI ���.�1�-�T �B�T

�U�I�F�Z �B�M�T�P �W�F�S�J�G�Z �B �T�I�V���F �B�M�H�F�C�S�B��

�e�J�T �S�F�H�V�M�B�S�J�[�B�U�J�P�O �T�D�I�F�N�F �Q�S�F�T�F�S�W�F�T �U�I�F �B�M�H�F�C�S�B�J�D �T�U�S�V�D�U�V�S�F �P�G �U�I�F �.�1�-�T���*�O�E�F�F�E

G�S�F�H
w (x)G�S�F�H

w� (x) = G�S�F�H
w� w� (x), �	�����������


�B�O�E �X�F �D�B�O �T�U�J�M�M �C�V�J�M�E �B �D�P�Q�S�P�E�V�D�U �P�O �S�F�H�V�M�B�U�F�E �J�O�U�F�H�S�B�M�T��

� I �S�F�H(a0; . . . ; an+1 ) =
�

0<i 1< ···<i k <n +1

I �S�F�H(a0; ai 1 , . . . ai k ; an+1 ) �
k�

p=0

I �S�F�H(ai p ; . . . ; ai p+1 ). �	�����������


�"�O�P�U�I�F�S �J�T�T�V�F �U�I�B�U �Q�M�B�H�V�F�T �T�P�N�F �D�I�P�J�D�F�T �P�G �F�O�U�S�J�F�T �B�Q�Q�F�B�S�T �X�I�F�O �X�F �D�P�O�T�J�E�F�S� ���W�B�M�V�F�T�
� n = �-�Jn (1)��

�*�O�E�F�F�E�
 �U�I�F �D�P�Q�S�P�E�V�D�U �P�G �D�M�B�T�T�J�D�B�M �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �J�T

� �-�Jn (x) = � I �S�F�H(0; 1, 0, . . . , 0;x) = 1 � �-�Jn (x) +
n�

k=0

�-�JnŠ k �
logk(x)

k!
. �	�����������


�4�F�U�U�J�O�Hx = 1 �
 �X�F �D�P�O�D�M�V�E�F �U�I�B�U

� � n = 1 � � n + � n � 1. �	�����������


�)�P�X�F�W�F�S�
 �U�I�J�T �J�N�Q�M�J�F�T �U�I�B�U �U�I�F �D�P�Q�S�P�E�V�D�U �J�T �O�P�U �J�O �H�F�O�F�S�B�M �D�P�N�Q�B�U�J�C�M�F �X�J�U�I�N�V�M�U�J�Q�M�J�D�B�U�J�P�O�� �'�P�S �F�Y�B�N�Q�M�F�


�X�F �L�O�P�X �U�I�B�U� 4 = 2
5� 2

2 = � 4/ 90�� �*�G �U�I�F �D�P�Q�S�P�E�V�D�U �X�B�T �C�F�I�B�W�J�O�H �B�T �J�U �T�I�P�V�M�E�
 �X�F �T�I�P�V�M�E �I�B�W�F

� � 4 =
2
5

(� � 2)2 = � 4 � 1 + 1 � � 4 +
4
5

� 2 � � 2. �	�����������


�"�N�P�O�H �U�I�F �Q�P�T�T�J�C�M�F �T�P�M�V�U�J�P�O�T �U�P �S�F�T�U�P�S�F� �B�T �B �N�P�S�Q�I�J�T�N�
 �B �W�F�S�Z �T�J�N�Q�M�F �P�O�F �J�T �U�P �X�P�S�L �N�P�E�V�M�P� 2� 
 � U� I� B� U

�J�T �N�P�E�V�M�P� 2�
 �P�S �F�W�F�O �N�P�E�V�M�P� �� �" �Q�S�F�E�F�D�F�T�T�P�S �U�P �U�I�F �D�P�Q�S�P�E�V�D�U �J�O �M�P�P�Q �D�B�M�D�V�M�B�U�J�P�O�T�
 �U�I�F�T�Z�N�C�P�M� 
 � X� P� S� L� F� E

�J�N�Q�M�J�D�J�U�M�Z �J�O �U�I�J�T �T�D�I�F�N�F �<�������>�
 �B�T �E�J�E �U�I�F �P�S�J�H�J�O�B�M �E�F�m�O�J�U�J�P�O �P�G �U�I�F �D�P�Q�S�P�E�V�D�U �C�Z �(�P�O�D�I�B�S�P�W �<�������>�� �*�U �J�T

�I�P�X�F�W�F�S �C�F�U�U�F�S �U�P �L�F�F�Q �B�T �N�V�D�I �J�O�G�P�S�N�B�U�J�P�O �B�T �Q�P�T�T�J�C�M�F �J�O �U�I�F �D�P�Q�S�P�E�V�D�U �B�O�E�B �D�P�O�T�J�T�U�F�O�U �X�B�Z �P�G �E�P�J�O�H

�U�I�J�T �J�T�
 �J�O �F�T�T�F�O�D�F�
 �U�P �X�P�S�L �N�P�E�V�M�P� 2 �F�Y�D�F�Q�U �J�O �U�I�F �M�F�G�U�N�P�T�U �U�F�S�N �P�G �U�I�F �U�F�O�T�P�S �Q�S�P�E�V�D�U �<�������>�� �-�F�U �V�T �D�B�M�M

����



�U�I�F �B�M�H�F�C�S�B �P�G �S�F�H�V�M�B�U�F�E �.�1�-�TA �
 �X�F �D�B�O �E�F�m�O�F �U�I�F �U�X�P���T�J�E�F�E �J�E�F�B�M �H�F�O�F�S�B�U�F�E �C�Z� 2�
I � 2 = � 2A + A � 2

�B�O�E �U�I�F �B�T�T�P�D�J�B�U�F�E �F�R�V�J�W�B�M�F�O�D�F �S�F�M�B�U�J�P�O

x � y �� x Š y � A � 2 . �	�����������


�8�F �D�B�O �O�P�X �D�P�O�T�U�S�V�D�U �U�I�F�.�1�-�T �N�P�E�V�M�P� 2�
A � 2 �B�T �U�I�F �R�V�P�U�J�F�O�UA �C�Z �U�I�J�T �F�R�V�J�W�B�M�F�O�D�F �S�F�M�B�U�J�P�O�� �*�G �X�F

�O�P�X �T�F�F� �B�T �B�O �P�Q�F�S�B�U�J�P�O �U�I�B�U �N�B�Q�TA �U�PA � A � 2 �
 �X�F �D�B�O �D�P�O�T�J�T�U�F�O�U�M�Z �E�F�m�O�F

� � 2n = � 2n � 1, �	�����������


�X�I�J�D�I �E�P�F�T �O�P�U �D�I�B�O�H�F �U�I�F �Q�S�B�D�U�J�D�B�M �E�F�m�O�J�U�J�P�O �P�G� �G�P�S �U�I�F �D�B�T�F �P�G �H�F�O�F�S�J�D �.�1�-�T�� �#�Z �T�J�O�H�M�J�O�H �P�V�U �U�I�F

�m�S�T�U �F�O�U�S�Z �P�G �U�I�F �D�P�Q�S�P�E�V�D�U�
 �X�F �B�M�T�P �E�F�m�O�J�U�F�M�Z �m�Y �I�P�X �U�I�F �J�U�F�S�B�U�F�E �D�P�Q�S�P�E�V�D�U �T�I�P�V�M�E �X�P�S�L��

A
�
� A � A � 2

� 
 �J�E
� A � A � 2 � A � 2

� 
 �J�E
 �J�E
� . . . �	�����������


�*�U �X�B�T �G�V�S�U�I�F�S �D�P�O�K�F�D�U�V�S�F�E �J�O �<�������> �U�I�B�U �P�O�F �D�B�O �N�B�L�F �U�I�J�T �T�U�S�V�D�U�V�S�F �N�P�S�F �Q�P�X�F�S�G�V�M �C�Z �X�P�S�L�J�O�H�N�P�E��

�V�M�P� �
 �U�I�B�U �J�T �U�P �T�B�Z �U�P �E�F�m�O�F

� : A � A � A � �	�����������


� � �� � � 1. �	�����������


�#�F�D�B�V�T�F� 2 
 � 2�
 �U�I�J�T �J�N�Q�M�J�F�T �U�I�F �E�F�m�O�J�U�J�P�O �P�G �U�I�F �D�P�Q�S�P�E�V�D�U �P�O �F�W�F�O� ���W�B�M�V�F�T�� �8�F �X�J�M�M �T�Z�T�U�F�N�B�U�J�D�B�M�M�Z

�X�P�S�L �X�J�U�I �U�I�J�T �E�F�m�O�J�U�J�P�O �P�G �U�I�F �D�P�Q�S�P�E�V�D�U��

�4�J�O�H�M�J�O�H �P�V�U �U�I�F �m�S�T�U �F�O�U�S�Z �I�B�T �T�F�W�F�S�B�M �D�P�O�T�F�R�V�F�O�D�F�T �P�O �U�I�F �Q�P�M�Z�M�P�H�� �'�J�S�T�U�P�G �B�M�M�
 �J�U �N�B�L�F�T �J�U �D�B�S�S�Z �U�I�F

�J�O�G�P�S�N�B�U�J�P�O �P�O �U�I�F �E�J�T�D�P�O�U�J�O�V�J�U�J�F�T �P�G �U�I�F �G�V�O�D�U�J�P�O�� �-�F�U �V�T �D�B�M�MM x= a �U�I�F �N�P�O�P�E�S�P�N�Z �P�Q�F�S�B�U�P�S

M x= aF (x) =
'

a
dxF (x), �	�����������


�X�I�F�S�F �U�I�F �J�O�U�F�H�S�B�U�J�P�O �J�T �U�B�L�F�O �P�W�F�S �B �T�N�B�M�M �D�P�O�U�P�V�S �B�S�P�V�O�Ea�
 �U�I�F �G�P�M�M�P�X�J�O�H �S�F�T�V�M�U �J�T �Q�S�P�W�F�O �G�P�S �.�1�-�T

�X�J�U�I �H�F�O�F�S�J�D �F�O�U�S�J�F�T �B�O�E �D�P�O�K�F�D�U�V�S�F�E �U�P �C�F �H�F�O�F�S�B�M �<�������>��

� M x= aF (x) = ( M x= a � �J�E) � F (x). �	�����������


�4�J�N�J�M�B�S�M�Z�
 �E�F�S�J�W�B�U�J�W�F�T �P�O�M�Z �B�D�U �P�O �U�I�F �S�J�H�I�U�N�P�T�U �F�O�U�S�Z

�
�F (x)

�x
=

�
�J�E�

�
�x

�
� F (x). �	�����������


�#�P�U�I �P�G �U�I�F�T�F �Q�S�P�Q�F�S�U�J�F�T �D�B�O �C�F �F�Y�U�F�O�E�F�E �U�P �U�I�F �J�U�F�S�B�U�F�E �D�P�Q�S�P�E�V�D�U��

�8�F �B�S�F �O�P�X �J�O �Q�P�T�J�U�J�P�O �U�P �V�T�F �U�I�F �D�P�Q�S�P�E�V�D�U �U�P �T�P�M�W�F �B�D�U�V�B�M �Q�S�P�C�M�F�N�T �U�I�B�U �B�S�J�T�F �J�O �U�I�F �D�B�M�D�V�M�B�U�J�P�O

�P�G �M�P�P�Q �J�O�U�F�H�S�B�M�T�� �*�O �H�F�O�F�S�B�M�
 �U�I�J�T �T�U�S�V�D�U�V�S�F �J�T �V�T�F�E �U�P �H�F�O�F�S�B�U�F �G�V�O�D�U�J�P�O�B�M �F�R�V�B�U�J�P�O�T �C�F�U�X�F�F�O �E�J�
�F�S�F�O�U

�.�1�-�T �J�O �B �T�Z�T�U�F�N�B�U�J�D �B�O�E �B�M�H�P�S�J�U�I�N�J�D �X�B�Z�� �*�O �F�T�T�F�O�D�F �J�G �X�F �X�B�O�U �U�P �T�J�N�Q�M�J�G�Z �B�G�V�O�D�U�J�P�OF (x)�
 �X�I�J�D�I �J�T

����



�F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �X�F�J�H�I�Uw �.�1�-�T�
 �X�F �D�B�O �D�P�N�Q�V�U�F �J�U�T �D�P�Q�S�P�E�V�D�U

� F (x) = 1 � F (x) + F (x) � 1 +
�

i

f i (x) � gi (x). �	�����������


�0�G �D�P�V�S�T�F�
 �U�I�F �m�S�T�U �U�X�P �U�F�S�N�T �E�P �O�P�U �I�F�M�Q �V�T �J�O �B�O�Z �X�B�Z�
 �T�P �J�U �J�T �V�T�V�B�M �U�P �E�F�m�O�F� �F = � F Š 1 �

F (x) Š F (x) � 1 �U�P �B�W�P�J�E �D�B�S�S�Z�J�O�H �U�I�F�N �J�O �F�W�F�S�Z �D�B�M�D�V�M�B�U�J�P�O�� �0�O �U�I�F �P�U�I�F�S �I�B�O�E �U�I�F �S�F�T�U �P�G �U�I�F �D�P�Q�S�P�E��

�V�D�U �J�T �V�T�F�G�V�M �C�F�D�B�V�T�F �J�U �J�O�W�P�M�W�F�T �G�V�O�D�U�J�P�O�Tf i , gi �U�I�B�U �B�S�F �P�G �X�F�J�H�I�U �T�U�S�J�D�U�M�Z �M�F�T�T �U�Pw�� �8�F �D�B�O �U�I�F�S�F�G�P�S�F

�Q�S�P�D�F�F�E �J�O �B�O �J�O�U�F�S�B�U�J�W�F �N�B�O�O�F�S�
 �T�U�B�S�U�J�O�H �X�J�U�I �X�F�J�H�I�U �� �G�V�O�D�U�J�P�O�T�
�J���F���P�S�E�J�O�B�S�Z �M�P�H�B�S�J�U�I�N�T�
 �X�I�F�S�F �G�V�O�D��

�U�J�P�O�B�M �F�R�V�B�U�J�P�O�T �B�S�F �U�S�J�W�J�B�M �B�O�E �J�O�D�S�F�B�T�F �X�F�J�H�I�U �J�U�F�S�B�U�J�W�F�M�Z�� �*�G �X�F �X�B�O�U �U�P �Q�S�P�W�J�E�F �B �T�J�N�Q�M�J�m�F�E �F�Y�Q�S�F�T�T�J�P�O

G(x) = F (x)�
 �X�F �D�B�O �V�T�F �U�I�F �M�P�X�F�S �X�F�J�H�I�U �J�E�F�O�U�J�U�J�F�T �U�P �T�I�P�X �U�I�B�U� �F (x) = � �G(x)�� �e�J�T�
 �I�P�X�F�W�F�S�


�E�P�F�T �O�P�U �T�I�P�X �U�I�B�UF (x) = G(x)� 
 � B� T� � �I�B�T �B �O�P�O���U�S�J�W�J�B�M �L�F�S�O�F�M�� �e�J�T �L�F�S�O�F�M �D�P�O�U�B�J�O�T �D�P�O�T�U�B�O�U�T �T�V�D�I

�B�T �U�I�F �Q�P�X�F�S�T �P�G� �B�O�E� ���W�B�M�V�F�T�� �*�O�E�F�F�E�
 �G�P�S �F�Y�B�N�Q�M�F

� �(�-�J2(x) + � 2) = (1 Š x) � x = � �(�-�J2(x)) . �	�����������


�#�F�D�B�V�T�F �U�I�F �F�M�F�N�F�O�U�T �P�G �U�I�F �L�F�S�O�F�M �P�G� � �B�S�F �V�T�V�B�M�M�Z �S�B�U�J�P�O�B�M �N�V�M�U�J�Q�M�F�T �P�G �L�O�P�X�O �D�P�O�T�U�B�O�U�T�
 �J�U �J�T �I�P�X��

�F�W�F�S �F�B�T�Z �U�P �m�Y �U�I�F�N �O�V�N�F�S�J�D�B�M�M�Z�� �" �E�P�X�O�T�J�E�F �U�P �U�I�J�T �X�B�Z �P�G �H�F�O�F�S�B�U�J�O�H �G�V�O�D�U�J�P�O�B�M �F�R�V�B�U�J�P�O�T �J�T �U�I�B�U

�P�O�F �N�J�H�I�U �H�F�O�F�S�B�U�F �B �M�P�U �P�G �V�T�F�M�F�T�T �S�F�M�B�U�J�P�O�T �B�U �M�P�X�F�S �X�F�J�H�I�U�T �U�P �H�F�O�F�S�B�U�F �B�T�J�O�H�M�F �V�T�F�G�V�M �F�R�V�B�U�J�P�O �B�O�E

�X�P�S�L�J�O�H �D�P�O�T�U�S�V�D�U�J�W�F�M�Z �J�T �P�G�U�F�O �C�F�U�U�F�S��

�"�O�P�U�I�F�S �B�Q�Q�S�P�B�D�I �U�P �F�T�U�B�C�M�J�T�I�J�O�H �G�V�O�D�U�J�P�O�O�B�M �J�E�F�O�U�J�U�J�F�T �J�T �U�P �X�P�S�L �X�J�U�I �U�I�F �J�U�F�S�B�U�F�E �D�P�Q�S�P�E�V�D�U �U�P �D�P�O��

�T�U�S�V�D�U �S�F�M�B�U�J�P�O�T �J�O�T�U�F�B�E �P�G �H�F�O�F�S�B�U�J�O�H �U�B�C�M�F�T �P�G �J�E�F�O�U�J�U�J�F�T�� �#�F�D�B�V�T�F �U�I�F�D�P�Q�S�P�E�V�D�U �Q�S�F�T�F�S�W�F�T �U�I�F �X�F�J�H�I�U

�P�G �P�C�K�F�D�U�T �X�F �D�B�O �V�O�J�R�V�F�M�Z �E�F�D�P�N�Q�P�T�F �U�I�F �D�P�Q�S�P�E�V�D�U �P�OA w�
 �U�I�F �W�F�D�U�P�S �T�Q�B�D�F �P�G �X�F�J�H�I�Uw �.�1�-�T��

�
�
�
A w

=
w�

k=0

� k,wŠ k , �	�����������


�X�I�F�S�F� k,wŠ k �N�B�Q�T �U�PA k �A wŠ k �� �4�J�N�J�M�B�S�M�Z �X�F �D�B�O �E�F�D�P�N�Q�P�T�F �U�I�F �J�U�F�S�B�U�F�E �D�P�Q�S�P�E�V�D�U �J�O �Q�J�F�D�F�T �X�I�F�S�F

�F�B�D�I �U�F�S�N �J�O �U�I�F �U�F�O�T�P�S �Q�S�P�E�V�D�U �I�B�T �B �E�F�m�O�J�U�F �X�F�J�H�I�U �B�O�E �X�F �X�J�M�M �O�P�U�F �U�I�F�N �C�Z �F�Y�U�F�O�T�J�P�O� w1,...,w n � � � 0� G

�Q�B�S�U�J�D�V�M�B�S �J�O�U�F�S�F�T�U �J�T �U�I�F �U�F�S�N �U�I�B�U �I�B�T �P�O�M�Z �X�F�J�H�I�U �P�O�F �P�C�K�F�D�U�T�
� 1,...,1�
 �X�I�J�D�I �D�P�O�U�B�J�O�T �P�O�M�Z �M�P�H�B�S�J�U�I�N�T��

�e�J�T �U�F�S�N �D�B�O �C�F �V�T�F�E �U�P �T�J�N�Q�M�J�G�Z �B�S�H�V�N�F�O�U�T �P�G �.�1�-�T�� �M�F�U �V�T �D�P�O�T�J�E�F�S �G�P�S �F�Y�B�N�Q�M�F �-�J2

�
1

x + i


�
�G�P�S

x � [0, 1]

� 1,1�-�J2

�
1

x + i


�
= Š log

�
1 Š

1
x + i


�
� log

�
1
x

�
�	�����������


= (log (1 Š x) Š log (Šx Š i
 )) � log (x) �	�����������


= log(1 Š x) � log(x) + log( x) � log(x) + i� � log(x) �	�����������


= � 1,1
�
Š �-�J2(x) + log 2(x) + i� log(x)

�
. �	�����������


�X�I�F�S�F �X�F �S�F�N�F�N�C�F�S�F�E �U�I�F �F�Y�Q�S�F�T�T�J�P�O �G�P�S� �-�J2 �G�S�P�N �&�R�V�B�U�J�P�O ������������ �e�J�T�
 �I�P�X�F�W�F�S�
 �J�T �O�P�U �U�I�F �m�O�B�M

�B�O�T�X�F�S �B�T �U�I�F�S�F �D�P�V�M�E �C�F �T�P�N�F �J�S�S�F�E�V�D�J�C�M�F �X�F�J�H�I�U �U�X�P �F�M�F�N�F�O�U�T�
�J���F���T�P�N�Fc� 2 �U�F�S�N�
 �B�O�E �J�O�E�F�F�E �C�Z

�F�W�B�M�V�B�U�J�O�H �U�I�F �U�X�P �F�Y�Q�S�F�T�T�J�P�O �O�V�N�F�S�J�D�B�M�M�Z �P�O�F �D�B�O �T�F�F �U�I�B�U �U�I�F�Z �E�J�
�F�S �C�Z� 2/ 3�� �'�P�S �.�1�-�T �X�J�U�I �I�J�H�I�F�S

����



�X�F�J�H�I�U�
 �V�T�J�O�H� 1,...,1 �E�P�F�T �B�X�B�Z �X�J�U�I �N�P�S�F �J�O�G�P�S�N�B�U�J�P�O�
 �X�I�J�D�I �O�F�F�E�T �U�P �C�F �C�V�J�M�U �J�U�F�S�B�U�J�W�F�M�Z�� �'�P�S �F�Y�B�N�Q�M�F�


�B�U �X�F�J�H�I�U ���
� 2 log(x) �J�T �M�P�T�U �G�S�P�N� 1,1,1�
 �C�V�U �D�B�O �C�F �S�F�D�P�O�T�U�S�V�D�U�F�E �C�Z �U�B�L�J�O�H� 2,1�� �6�T�J�O�H �U�I�J�T �B�Q�Q�S�P�B�D�I�


�H�P�J�O�H �G�S�P�N �U�I�F �U�F�S�N�T �P�G �X�F�J�H�I�U �P�O�F �B�O�E �U�I�F�O �S�F�D�P�O�T�U�S�V�D�U�J�O�H �U�I�F �N�J�T�T�J�O�H �Q�J�F�D�F�T �X�F�J�H�I�U �C�Z �X�F�J�H�I�U�
 �P�O�F

�D�B�O �N�B�L�F �T�V�S�F �U�P �B�M�X�B�Z�T �E�F�B�M �X�J�U�I �T�J�N�Q�M�F �G�V�O�D�U�J�P�O�T �U�P �D�P�O�T�U�S�V�D�U �G�V�O�D�U�J�P�O�B�M�S�F�M�B�U�J�P�O�T��

�û���û���û �"�!�!���������%��� ���$ � �� �%���� �����������#������ �$�%�#�&���%�&�#�� � �� �!� ���*��� �����#���%�����$

�"�������*�%���� ��� ���%�����&���%��� �� � �� �)���#��� ������ �1� ���*��� �����#���%�����$

�" �Q�B�S�U�J�D�V�M�B�S �T�V�C�D�M�B�T�T �P�G �.�1�-�T �J�T �P�G �Q�B�S�U�J�D�V�M�B�S �J�N�Q�P�S�U�B�O�D�F �G�P�S �U�I�F �Q�S�P�K�F�D�U�T�Q�S�F�T�F�O�U�F�E�� �I�B�S�N�P�O�J�D �Q�P�M�Z��

�M�P�H�B�S�J�U�I�N�T�� �e�F�Z �B�S�F �U�I�F �.�1�-�T �X�I�P�T�F �F�O�U�S�J�F�T �B�S�F �U�B�L�F�O �G�S�P�N �U�I�F �B�M�Q�I�B�C�F�U{ 0, 1, Š1} � B� O� E � I� B� W� F � C� F� F� O

�T�U�V�E�J�F�E �F�Y�U�F�O�T�J�W�F�M�Z �<�������>�� �*�O �Q�B�S�U�J�D�V�M�B�S�
 �U�I�F�J�S �B�O�B�M�Z�U�J�D �T�U�S�V�D�U�V�S�F �I�B�T �C�F�F�O �F�O�U�J�S�F�M�Z �F�M�V�D�J�E�B�U�F�E��

�t �J�G �U�I�F �M�B�T�U �F�O�U�S�Z �J�T0�
 �U�I�F �G�V�O�D�U�J�P�O �N�B�Z �I�B�W�F �B �C�S�B�O�D�I �D�V�U �F�Y�U�F�O�E�J�O�H �G�S�P�N0 �U�PŠ� �


�t �J�G �U�I�F �M�B�T�U �F�O�U�S�Z �J�T1�
 �U�I�F �G�V�O�D�U�J�P�O �N�B�Z �I�B�W�F �B �C�S�B�O�D�I �D�V�U �F�Y�U�F�O�E�J�O�H �G�S�P�N1 �U�P+ � �


�t �J�G �P�O�F �F�O�U�S�Z �J�T �����
 �U�I�F �G�V�O�D�U�J�P�O �N�B�Z �I�B�W�F �B �C�S�B�O�D�I �D�V�U �F�Y�U�F�O�E�J�O�H �G�S�P�NŠ1 �U�PŠ� ��

�*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �X�J�M�M �E�F�T�D�S�J�C�F �U�I�F �U�F�D�I�O�J�R�V�F �Q�S�P�Q�P�T�F�E �J�O �<�������> �U�P �B�O�B�M�Z�U�J�D�B�M�M�Z �D�P�O�U�J�O�V�B�U�F �I�B�S�N�P�O�J�D

�Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �U�PŠ1 < x < 0�� �*�O �U�I�J�T �D�B�T�F�
 �B �D�I�P�J�D�F �P�G �C�S�B�O�D�I �D�V�U �J�T �O�F�D�F�T�T�B�S�Z �G�P�S �B�M�M �G�V�O�D�U�J�P�O�T

�X�I�P�T�F �S�J�H�I�U�N�P�T�U �F�O�U�S�Z �J�T0�� �e�F �U�F�D�I�O�J�R�V�F �J�T �D�M�P�T�F�M�Z �S�F�M�B�U�F�E �U�P �U�I�F �T�I�V���F �S�F�H�V�M�B�S�J�[�B�U�J�P�O �B�O�E �X�F �D�B�O

�G�P�S�N�V�M�B�U�F �J�U �J�O �B�O �F���D�J�F�O�U �B�M�H�P�S�J�U�I�N �V�T�J�O�H �-�Z�O�E�P�O �X�P�S�E�T�� �e�F �C�B�T�J�D �J�E�F�B�
 �M�J�L�F �J�O �T�I�V���F �S�F�H�V�M�B�S�J�[�B�U�J�P�O�


�J�T �U�P �G�B�D�U�P�S�J�[�F �P�V�U �G�V�O�D�U�J�P�O�T �P�G �U�I�F �G�P�S�NG(0, . . . , 0;x) �X�I�P�T�F �B�O�B�M�Z�U�J�D �C�F�I�B�W�J�P�V�S �B�S�P�V�O�E0 �J�T �F�B�T�Z �U�P

�E�F�T�D�S�J�C�F�
 �B�O�E �M�F�B�W�F �P�O�M�Z �G�V�O�D�U�J�P�O�T �X�I�P�T�F �S�J�H�I�U�N�P�T�U �F�O�U�S�Z �J�T �O�P�U ����

�5�P �U�I�J�T �F�O�E�
 �X�F �V�T�F �B�O �P�S�E�F�S0 �P�O �U�I�F �B�M�Q�I�B�C�F�U �T�V�D�I �U�I�B�U0 �J�T �U�I�F �T�N�B�M�M�F�T�U �F�M�F�N�F�O�U�
 �G�P�S �F�Y�B�N�Q�M�F

0 < 1 < Š1�� �#�F�D�B�V�T�F �P�G �U�I�J�T �-�Z�O�E�P�O �X�P�S�E�T �D�B�O�O�P�U �I�B�W�F0 �B�T �U�I�F�J�S �M�B�T�U �F�O�U�S�Z �C�F�D�B�V�T�F �U�I�F �X�P�S�E0 �J�T �U�I�F

�T�N�B�M�M�F�T�U �Q�P�T�T�J�C�M�F �X�P�S�E��

�-�F�U �V�T �D�P�O�T�J�E�F�S �B �I�B�S�N�P�O�J�D �Q�P�M�Z�M�P�H�B�S�J�U�I�Ng(x) = G(� 1, . . . , � k , 0, . . . 0)�
� k �= 0 �P�G �X�F�J�H�I�Uw� � � *� O

�P�S�E�F�S �U�P �B�O�B�M�Z�U�J�D�B�M�M�Z �D�P�O�U�J�O�V�B�U�F �J�U �U�PŠ1 < x < 0�
 �X�F �H�F�O�F�S�B�U�F �U�I�F �T�F�UL w �P�G �B�M�M �-�Z�O�E�P�O �X�P�S�E�T �P�G �M�F�O�H�U�I

�T�N�B�M�M�F�S �P�S �F�R�V�B�M �U�Pw �B�O�E �V�T�F �U�I�F�N �U�P �C�V�J�M�E �B �C�B�T�J�T
(

G(w)
i

)
�P�G �.�1�-�T �P�G �X�F�J�H�I�Uw�� �e�F�S�F �F�Y�J�T�U�T �B �T�F�U �P�G

�S�B�U�J�P�O�B�M �O�V�N�C�F�S�Tai �T�V�D�I �U�I�B�U

g(x) =
�

i

ai G
(w)
i . �	�����������


�6�T�J�O�H �U�I�F �T�I�V���F �B�M�H�F�C�S�B�
 �X�F �D�B�O �F�Y�Q�S�F�T�T �F�B�D�I �Q�S�P�E�V�D�U �J�O �U�I�FG(w)
I �B�T �B �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O �P�G �.�1�-�T

�P�W�F�S �X�P�S�E�T �P�G �M�F�O�H�U�Iw�
 �X�I�J�D�I �B�S�F �M�J�O�F�B�S�M�Z �J�O�E�F�Q�F�O�E�F�O�U�G �<�������>�� �"�T �B �S�F�T�V�M�U�
 �X�F �P�C�U�B�J�O �B�O �F�R�V�B�U�J�P�O�P�G

�U�I�F �G�P�S�N

g(x) =
�

w�{ 0,± 1} 4

bwG(w; x), �	�����������


�X�I�F�S�F �U�I�Fbw �B�S�F �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T �P�G �U�I�Fai �� �#�F�D�B�V�T�F �P�G �U�I�F �M�J�O�F�B�S �J�O�E�F�Q�F�O�E�F�O�D�F �P�G �U�I�F �G�V�O�D�U�J�P�O�T �P�O

�U�I�F �S�J�H�I�U���I�B�O�E���T�J�E�F�
 �U�I�J�T �F�R�V�B�U�J�P�O �D�B�O �P�O�M�Z �C�F �T�P�M�W�F�E �J�G �U�I�F �G�P�M�M�P�X�J�O�H �T�Z�T�U�F�N �J�T �T�P�M�W�F�E �G�P�S �U�I�Fai

&
b� 1...� k 0...0 = 1

bw = 0 � w � { 0, ± 1} 4 \ � 1 . . . � k0 . . . 0.
�	�����������


�G�e�J�T �J�T �P�O�M�Z �U�I�F �D�B�T�F �G�P�S �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �X�J�U�I �D�P�O�T�U�B�O�U �F�O�U�S�J�F�T��

����



�6�Q�P�O �m�O�E�J�O�H �U�I�Fai �
 �X�F �P�C�U�B�J�O �B�O �F�Y�Q�S�F�T�T�J�P�O �P�Gg(x) �X�I�J�D�I �J�O�W�P�M�W�F�T �P�O�M�Z �G�V�O�D�U�J�P�O�T �P�G �U�I�F �G�P�S�N

G(0, . . . , 0;x) �B�O�EG(. . . , ± 1;x)�� �8�F �D�B�O �O�P�X �B�O�B�M�Z�U�J�D�B�M�M�Z �D�P�O�U�J�O�V�F �U�I�F �S�F�H�V�M�B�S �M�P�H�B�S�J�U�I�N�T��

G(0, . . . , 0
! "# $

n

; x)
�
�
Š 1<x< 0 =

1
n!

(log(Šx) ± i� )n , �	�����������


�B�O�E �V�T�F �U�I�F �G�B�D�U �U�I�B�U �G�P�SŠ1 < x < 0�
G(� 1, . . . , � n , ± 1, x) = G(Š� 1, . . . , Š � n , 	 1, Šx)��

�3�����&���%��� �� �%� �$����� ���������� ��� �#��

�8�I�F�O �F�W�B�M�V�B�U�J�O�H �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�T �C�Z �E�J�S�F�D�U �J�O�U�F�H�S�B�U�J�P�O�
 �P�O�F �U�B�L�F�T �S�F�Q�F�B�U�F�E �J�O�U�F�H�S�B�M�T �P�W�F�S �N�V�M�U�J��

�W�B�S�J�B�C�M�F �S�B�U�J�P�O�B�M �G�V�O�D�U�J�P�O�T�
 �X�I�J�D�I �N�P�T�U �P�G�U�F�O �Z�J�F�M�E �.�1�-�T�� �*�O �T�V�D�I �D�B�T�F�T�
 �P�O�F �U�S�J�F�T �U�P �U�S�B�O�T�G�P�S�N �U�I�F

�J�O�U�F�H�S�B�M �J�O�U�P �B �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O �P�G �U�F�S�N�T �P�G �U�I�F �G�P�S�N

� �

0
dx

G(a1, . . . , an ; x)
x Š a0

=
*
G(a0, a1, . . . , an ; x)

+�

0
, �	�����������


�X�I�F�S�F �B�M�M �U�I�F �F�O�U�S�J�F�Taj �B�S�F �J�O�E�F�Q�F�O�E�F�O�U �P�Gx�� �e�J�T �L�J�O�E �P�G �B�Q�Q�S�P�B�D�I �S�B�J�T�F�T �U�X�P �J�T�T�V�F�T��

�t �"�Q�B�S�U �G�S�P�N �U�I�F �T�J�N�Q�M�F�T�U �D�B�T�F�T�
 �J�U �J�T �S�B�S�F �U�I�B�U �U�I�Faj �B�S�F �J�O�E�F�Q�F�O�E�F�O�U �P�Gx��

�t �8�I�J�M�F �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F �Q�S�J�N�J�U�J�W�F �B�Ux = 0 �J�T �F�B�T�Z �	�J�U �J�T �� �V�O�M�F�T�T �B�M�Maj = 0 �
 �J�O �X�I�J�D�I �D�B�T�F �U�I�F�S�F

�J�T �B �M�P�H�B�S�J�U�I�N�J�D �E�J�W�F�S�H�F�O�D�F�
�
 �U�B�L�J�O�H �U�I�F �M�J�N�J�Ux � � �J�T �O�P�U �U�S�J�W�J�B�M��

�#�P�U�I �Q�S�P�C�M�F�N�T �D�B�O �C�F �D�B�T�U �J�O �B �T�J�N�J�M�B�S �X�B�Z �G�P�S �T�J�N�Q�M�F �F�O�P�V�H�I �D�B�T�F�T�� �H�J�W�F�O �S�B�U�J�P�O�B�M �G�V�O�D�U�J�P�O�T

Aj (x)�
 �D�B�O �X�F �J�O �H�F�O�F�S�B�M �F�Y�Q�S�F�T�TG(A1(x), . . . , An(x); An+1 (x)) �J�O �U�F�S�N�T �P�G �G�V�O�D�U�J�P�O�T �P�G �U�I�F �G�P�S�N

G(a1, . . . , ak ; x)�
 �X�I�F�S�F �U�I�Faj �B�S�F �J�O�E�F�Q�F�O�E�F�O�U �P�Gx� �&�Y�Q�M�J�D�J�U�M�Z�
 �X�F �X�B�O�U �U�P �m�O�E �B�O �F�Y�Q�S�F�T�T�J�P�O �P�G �U�I�F

�G�P�S�N

G(A1(x), . . . , An(x); An+1 (x)) =
�

i

G(a(i )
1 , . . . , a(i )

n ; x) +
�

i

c(1)
i G(a(i )

1 , . . . , a(i )
nŠ 1; x) + . . . ,

�	�����������


�X�I�F�S�F �U�I�Fa(j )
i �B�O�Ec(k)

i �B�S�F �J�O�E�F�Q�F�O�E�F�O�U �P�Gx �B�O�E �U�I�Fc(k)
i �B�S�F �X�F�J�H�I�Uk �D�P�O�T�U�B�O�U�T �	�X�F �M�J�N�J�U �P�V�S�T�F�M�W�F�T �U�P

� �
 �N�V�M�U�J�Q�M�F� ���W�B�M�V�F�T �B�O�E �.�1�-�T �F�W�B�M�V�B�U�F�E �B�U �S�B�U�J�P�O�B�M �Q�P�J�O�U�T�
�� �8�F �X�J�M�M �D�B�M�M �T�V�D�I �B �G�P�S�N �B�D�B�O�P�O�J�D�B�M �G�P�S�N�P�G

�U�I�F �.�1�-�
 �J�O�U�S�P�E�V�D�F�E �C�Z �<�������>�� �*�O �U�I�F �G�P�M�M�P�X�J�O�H �X�F �P�V�U�M�J�O�F �U�I�F �U�F�D�I�O�J�R�V�F �U�I�F�Z �E�F�W�J�T�F�E �U�P �D�P�O�T�U�S�V�D�U �U�I�F

�D�B�O�P�O�J�D�B�M �G�P�S�N�
 �X�I�J�D�I �J�T �J�N�Q�M�F�N�F�O�U�F�E �J�O�S�Q�H�v�G�Q�;�h�Q�Q�H�b��

�8�F �D�B�O �D�P�O�T�J�E�F�S �X�I�B�U �U�I�F �J�U�F�S�B�U�F�E �D�P�Q�S�P�E�V�D�U �P�G �T�V�D�I �U�F�S�N�T �M�P�P�L�T �M�J�L�F

� 1,...,1c(k)
i G(a(i )

1 , . . . , a(i )
nŠ k ; x) =

�
� 1,...,1c(k)

i

�
�

�
� 1,...,1G(a(i )

1 , . . . , a(i )
nŠ k ; x)

�
�	�����������


=
�

� 1,...,1c(k)
i

�
�

�
log(x Š a(i )

nŠ k) � · · · � log(x Š a(i )
1 )

+ �O�P�O �N�B�Y�J�N�B�M �U�F�O�T�P�S�T�
)

�	�����������


�X�I�F�S�F �X�F �E�F�m�O�F �N�B�Y�J�N�B�M �U�F�O�T�P�S�T �B�T �U�F�O�T�P�S�T �J�O �X�I�J�D�I �O�P �F�O�U�S�Z �J�T �J�O�E�F�Q�F�O�E�F�O�U �P�Gx�� �"�T �B �S�F�T�V�M�U�
 �F�B�D�I �U�F�S�N

�X�J�U�I �B �X�F�J�H�I�Uk �D�P�O�T�U�B�O�U �I�B�T �F�Y�B�D�U�M�Z �P�O�F �U�F�O�T�P�S �X�J�U�In Š k �F�O�U�S�J�F�T �U�I�B�U �E�F�Q�F�O�E �P�Ox �<�������>�� �*�G �B �G�V�O�D�U�J�P�O

g(x) = G(A1(x), . . . , An(x); An+1 (x)) �B�E�N�J�U�T �B �D�B�O�P�O�J�D�B�M �G�P�S�N�
 �X�F �D�B�O �V�T�F �U�I�F �J�U�F�S�B�U�F�E �D�P�Q�S�P�E�V�D�U �U�P

�m�Y �U�I�J�T �G�P�S�N �V�Q �U�P �T�P�N�F �D�P�O�T�U�B�O�U�Tc(k)
i �J�G �J�U�T �J�U�F�S�B�U�F�E �D�P�Q�S�P�E�V�D�U �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �E�F�H�S�F�F �P�O�F

����



�Q�P�M�Z�O�P�N�J�B�M�T�� �*�O�E�F�F�E �M�F�U �V�T �D�P�O�T�J�E�F�S�U�I�F �N�B�Y�J�N�B�M �U�F�O�T�P�S�T �P�G �U�I�F �J�U�F�S�B�U�F�E �D�P�Q�S�P�E�V�D�UT = � 1,...,1g(x)��

T =
�

i

log(a(i )
n x + b(i )

n ) � · · · � log(a(i )
1 x + b(i )

1 ) + �O�P�O �N�B�Y�J�N�B�M �U�F�O�T�P�S�T�� �	�����������


�-�F�U �V�T �D�P�O�T�U�S�V�D�U �U�I�F �M�J�O�F�B�S �N�B�Q��

� (1)
x : log(a(i )

n x + b(i )
n ) � · · · � log(a(i )

1 x + b(i )
1 ) �

&
G(Š bn

an
, . . . , Š b1

a1
; x) �J�G �B�M�Mai �= 0

0 �P�U�I�F�S�X�J�T�F�

�	�����������


�X�I�J�D�I �N�B�Q�T �F�B�D�I �N�B�Y�J�N�B�M �U�F�O�T�P�S �U�P �B �D�B�O�P�O�J�D�B�M �G�P�S�N �.�1�- �X�J�U�I �B �N�B�U�D�I�J�O�H �N�B�Y�J�N�B�M �U�F�O�T�P�S�� �8�F �D�B�O

�U�I�F�O �C�V�J�M�E

T1 = T Š � 1,...,1� (1)
x (T), �	�����������


�X�I�J�D�I �P�O�M�Z �D�P�O�U�B�J�O�T �O�P�O �N�B�Y�J�N�B�M �U�F�O�T�P�S�T�� �-�F�U �V�T �M�P�P�L �B�U �O�F�Y�U���U�P���N�B�Y�J�N�B�M �U�F�O�T�P�S�T �J�OT1�
 �X�I�J�D�I �C�Z

�&�R�V�B�U�J�P�O ���������� �N�V�T�U �D�P�N�F �G�S�P�N �G�V�O�D�U�J�P�O�T �P�G �U�I�F �G�P�S�Nc(1) G(a1, . . . , anŠ 1; x)�� �e�F�S�F �B�S�F �G�F�X �Q�P�T�T�J�C�M�F

�X�F�J�H�I�U���P�O�F �G�V�O�D�U�J�P�O�T�� �U�I�F�Z �X�J�M�M �C�F �F�J�U�I�F�S� �P�S �T�P�N�Flog(� ) �G�P�S �T�P�N�F �O�V�N�C�F�S� �� �*�O �U�I�F �D�B�T�F �X�I�F�Oc = � �


�B �T�J�O�H�M�F �U�F�O�T�P�S �J�T �H�F�O�F�S�B�U�F�E��

� 1,...,1�G (a1, . . . , anŠ 1; x) = � � � 1,...,1G(a1, . . . , anŠ 1; x), �	�����������


�X�I�J�M�F �M�P�H�B�S�J�U�I�N�T �X�J�M�M �C�F �T�I�V���F�E �U�P �F�W�F�S�Z �Q�P�T�J�U�J�P�O��

� 1,...,1 log(� )G(a1, . . . , anŠ 1; x) = log( � ) � � 1,...,1G(a1, . . . , anŠ 1; x) �	�����������


= log( � ) � � 1,...,1G(a1, . . . , anŠ 1; x) + . . . �	�����������


�"�T �B �S�F�T�V�M�U�
 �U�P �m�Y �U�I�F�T�F �G�V�O�D�U�J�P�O�T�
 �J�U �J�T �B�M�X�B�Z�T �T�V���D�J�F�O�U �U�P �D�P�O�T�J�E�F�S �U�F�O�T�P�S�Tt �T�V�D�I �U�I�B�U

t = c � (a1x + b1) � (anŠ 1x + bnŠ 1). �	�����������


�*�O�E�F�F�E�
 �X�F �D�B�O �C�V�J�M�E �U�I�F �N�B�Q

� (2)
x :

,
-.

-/

log(c) � log(a1x + b1) � · · · � log(anŠ 1x + bnŠ 1) ��

log(c)� (1)
x (log(a1x + b1) � · · · � log(anŠ 1x + bnŠ 1))

�B�M�M �P�U�I�F�S �U�F�O�T�P�S�T�� 0.

�	�����������


�B�O�E �V�T�F �J�U �U�P �F�M�J�N�J�O�B�U�F �B�M�M �O�F�Y�U���U�P���N�J�O�J�N�B�M �U�F�O�T�P�S�T �G�S�P�N �U�I�F �T�Z�N�C�P�M �P�G �P�V�S �G�V�O�D�U�J�P�O��

T2 = T1 Š � 1,...,1� (2)
x (T1). �	�����������


�*�O �Q�I�Z�T�J�D�B�M�M�Z �S�F�M�F�W�B�O�U �T�J�U�V�B�U�J�P�O�T�
 �U�I�F�T�F �U�X�P �T�U�F�Q�T �B�S�F �N�P�S�F �U�I�B�O �F�O�P�V�H�I �B�O�E �P�O�F �V�T�V�B�M�M�Z �m�O�E�T �U�I�B�UT1 �P�S

T2 �J�T �[�F�S�P�
 �U�I�F�S�F�G�P�S�F �T�U�P�Q�Q�J�O�H �U�I�F �J�U�F�S�B�U�J�P�O�� �*�O �H�F�O�F�S�B�M�
 �U�I�J�T �E�P�F�T �I�P�X�F�W�F�S �O�P�U �m�Y �U�I�F �G�V�O�D�U�J�P�O �F�O�U�J�S�F�M�Z�


�B�T �X�F �N�V�T�U �S�F�N�F�N�C�F�S �U�I�B�U �U�I�F �J�U�F�S�B�U�F�E �D�P�Q�S�P�E�V�D�U �I�B�T �B �O�P�O���[�F�S�P �L�F�S�O�F�M �X�I�J�D�I�D�P�O�U�B�J�O�T �B�M�M �U�I�F� �W�B�M�V�F�T�


�X�I�J�D�I �X�F �N�V�T�U �m�Y �C�Z �U�B�L�J�O�H �P�U�I�F�S �Q�B�S�U�T �P�G �U�I�F �J�U�F�S�B�U�F�E �D�P�Q�S�P�E�V�D�U�� �-�F�U �V�T �G�P�S �F�Y�B�N�Q�M�F �D�P�O�T�J�E�F�S �U�I�F

����



�G�V�O�D�U�J�P�O �-�J3

�
1

x + i


�
�G�P�S0 < x < 1��

� 1,1,1�-�J3

�
1
x

�
= Š log

�
x Š 1

x

�
� log

�
1
x

�
� log

�
1
x

�
�	�����������


= Š (log(1 Š x) + i� ) � log(x) � log(x) + log( x) � log(x) � log(x) �	�����������


�	�����������


�8�F �D�B�O �V�T�F �P�V�S �N�B�Q�T� (1)
x �B�O�E� (2)

x �U�P �m�O�E �U�I�B�U

� 1,1,1�-�J3

�
1
x

�
= � 1,1,1 (ŠG(0, 0, 1;x) Š i�G (0, 0;x) + G(0, 0, 0;x)) �	�����������


�B�O�E �J�O�E�F�F�E�
 �U�I�F �S�F�D�V�S�T�J�P�O �F�O�E�T �U�I�F�S�F�� �)�P�X�F�W�F�S�
 �J�G �X�F �B�Q�Q�M�Z� 2,1 �U�P �U�I�F �E�J�
�F�S�F�O�D�F �P�G �U�I�F�T�F �U�X�P �G�V�O�D�U�J�P�O�T�


�X�F �m�O�E �U�I�B�U �U�I�F�S�F �J�T �B �M�F�G�U�P�W�F�SŠ 1
3� 2 � log(x)�� �8�F �D�B�O �C�V�J�M�E �G�V�S�U�I�F�S �N�B�Q�T �J�O �H�F�O�F�S�B�M �U�P �E�F�B�M �X�J�U�I �T�V�D�I

�U�F�S�N�T �B�O�E �U�I�F�J�S �I�J�H�I�F�S �X�F�J�H�I�U �F�R�V�J�W�B�M�F�O�U�T�
 �C�V�U �J�O �U�I�J�T �D�B�T�F�
 �X�F �D�B�O �U�S�J�W�B�M�M� Z � m� O� E � U� I� B� U

� 2,1�-�J3

�
1
x

�
= � 2,1

�
ŠG(0, 0, 1;x) Š i�G (0, 0;x) + G(0, 0, 0;x) Š

� 2

3
G(0; x)

�
. �	�����������


�#�Z �D�B�U�D�I�J�O�H �F�W�F�S �I�J�H�I�F�S �X�F�J�H�I�U �D�P�O�T�U�B�O�U�T �J�O �U�I�F �M�F�G�U�N�P�T�U �U�F�S�N �P�G �U�I�F �J�U�F�S�B�U�F�E �D�P�Q�S�P�E�V�D�U�
 �X�F �D�B�O �m�Y �U�I�F

�D�B�O�P�O�J�D�B�M �G�P�S�N �P�G �G�V�O�D�U�J�P�O�T �V�Q �U�P �J�S�S�F�E�V�D�J�C�M�F �D�P�O�T�U�B�O�U�T�� �e�F�T�F �D�B�O �C�F �P�C�U�B�J�O�F�E �O�V�N�F�S�J�D�B�M�M�Z �C�Z �F�W�B�M�V��

�B�U�J�O�H �U�I�F �G�V�O�D�U�J�P�O�T �G�P�S �F�O�P�V�H�I �W�B�M�V�F�T �P�Gx�
 �B�T �X�F �E�J�E �J�O �U�I�F �D�B�T�F �P�G �-�J2(1/x )�� �e�J�T �H�F�O�F�S�B�U�F�T �B �M�J�O�F�B�S

�T�Z�T�U�F�N �X�J�U�I �S�B�U�J�P�O�B�M �T�P�M�V�U�J�P�O�T�
 �X�I�J�D�I �D�B�O �C�F �G�P�V�O�E �W�F�S�Z �F���D�J�F�O�U�M�Z �V�T�J�O�H �U�I�F �1�4�-�2 �B�M�H�P�S�J�U�I�N �<�������>�� �*�O

�U�I�F �Q�B�S�U�J�D�V�M�B�S �D�B�T�F �P�G �-�J3(1/x )�
 �O�P �T�V�D�I �D�P�O�T�U�B�O�U �B�S�J�T�F�T �B�O�E �J�O�E�F�F�E

� 2,1�-�J3

�
1
x

�
= ŠG(0, 0, 1;x) Š i�G (0, 0;x) + G(0, 0, 0;x) Š

� 2

3
G(0; x). �	�����������


�/�P�U�F �U�I�B�U �O�P�U �B�M�M �D�P�O�T�U�B�O�U�T �B�S�F �J�O �U�I�F �L�F�S�O�F�M �P�G �U�I�F �J�U�F�S�B�U�F�E �D�P�Q�S�P�E�V�D�U�� �'�P�S�F�Y�B�N�Q�M�F�
� 1,1�-�J2 (1/ 2) =

Š log(2) � log(2)�� �)�P�X�F�W�F�S�
 �U�I�J�T �F�Y�B�N�Q�M�F �T�I�P�X�T �U�I�B�U �U�I�F�S�F �J�T �B �I�J�H�I �E�F�H�S�F�F �P�G �E�F�H�F�O�F�S�B�D�Z �B�N�P�O� H � D� P� O� �

�T�U�B�O�U�T �J�O� 1,...,1 �B�O�E �J�U �J�T �U�I�F�S�F�G�P�S� F � B � B � C� F� U� U� F� S � D�I�P�J�D�F �U�P �M�F�B�W�F �U�I�F�N �B�T�J�E�F �B�O�E �m�Y �B�M�M �U�I�Fc(k) �D�P�O�T�U�B�O�U�T �P�G

�U�I�F �D�B�O�P�O�J�D�B�M �F�Y�Q�S�F�T�T�J�P�O �V�T�J�O�H� k,1,...,1 �T�J�O�D�F �B�M�M �T�V�D�I �D�P�O�T�U�B�O�U�T �B�Q�Q�F�B�S �F�Y�Q�M�J�D�J�U�M�Z �J�O �U�I�F �M�F�G�U�N�P�T�U �F�O�U�S�Z��

�"�T �U�I�J�T �U�F�D�I�O�J�R�V�F �J�T �V�T�F�E �U�P �D�P�N�Q�V�U�F �J�O�U�F�H�S�B�M�T �P�W�F�S �N�B�O�Z �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S�
 �J�U �J�T �C�Z �E�F�T�J�H�O �W�F�S�Z

�F�B�T�J�M�Z �H�F�O�F�S�B�M�J�[�B�C�M�F �U�P �U�I�F �N�V�M�U�J�W�B�S�J�B�U�F �D�B�T�F �<�������>�� �-�F�U �V�T �D�P�O�T�J�E�F�SN �W�B�S�J�B�C�M�F�Tx1, . . . , xN �X�J�U�I �U�I�J�T �P�S��

�E�F�S�� �" �G�V�O�D�U�J�P�O �J�T �T�B�J�E �U�P �C�F �J�O �B �D�B�O�P�O�J�D�B�M �G�P�S�N �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�J�T �P�S�E�F�S�J�O�H �J�G �J�U �J�T �B �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O

�P�G �G�V�O�D�U�J�P�O�T

G(�a1; x1)G(�a2; x2) . . . G(�aN ; xN ), �	�����������


�T�V�D�I �U�I�B�U�ai �J�T �J�O�E�F�Q�F�O�E�F�O�U �P�G �U�I�Fxj �G�P�Sj � i �� �" �T�V���D�J�F�O�U �D�P�O�E�J�U�J�P�O �G�P�S �U�I�F �B�M�H�P�S�J�U�I�N �U�P �X�P�S�L �J�T �U�I�B�U

�U�I�F �T�Z�N�C�P�M �P�G �U�I�F �G�V�O�D�U�J�P�O �D�P�O�T�J�E�F�S�F�E �C�F �P�G �E�F�H�S�F�F �P�O�F �X�J�U�I �S�F�T�Q�F�D�U �U�P �B�M�M �U�I�Fxi �� �-�F�U �V�T �C�V�J�M�E �N�B�Q�T �U�I�B�U

����



�X�P�S�L �S�F�D�V�S�T�J�W�F�M�Z �U�P �D�P�O�T�U�S�V�D�U �U�I�F�T�F �Q�S�P�E�V�D�U�T��

� xk xk +1 ...x N :

,
---------.

---------/

log(a1xk + b1) � · · · � log(anxk + bn) �� G(Š b1
a1

, . . . , Š bn
an

; xk)
������

log(b1) � · · · � log(bp) � log(ap+1 xk + bp+1 ) � log(anxk + bn) ��

� xk +1 ...x N (log(b1) � . . . log(bp)) G(Š
bp+1

ap+1
, . . . , Š

bn

an
; xk)

������

�	�����������


�X�I�F�S�F �U�I�Fai , bi �B�S�F �J�O�E�F�Q�F�O�E�F�O�U �P�Gxj �G�P�Sj � i �� �*�O�E�F�F�E�
� x1...x N �X�J�M�M �N�B�U�D�I �N�B�Y�J�N�B�M �U�F�O�T�P�S�T �U�P �.�1�-�T �J�O

�D�B�O�P�O�J�D�B�M �G�P�S�N �X�J�U�I �S�F�T�Q�F�D�U �U�Px1 �B�O�E �O�P�O���N�B�Y�J�N�B�M �U�F�O�T�P�S�T �B�T �Q�S�P�E�V�D�U�T �J�O�W�P�M�W�J�O�H �P�O�M�Z �N�B�Y�J�N�B�M �U�F�O�T�P�S�T��

�*�G �U�I�F �G�V�O�D�U�J�P�O�T �B�E�N�J�U�T �B �D�B�O�P�O�J�D�B�M �G�P�S�N�
 �U�I�J�T �S�F�N�P�W�F�T �B�M�M �U�F�O�T�P�S�T �U�I�B�U �E�F�Q�F�O�E �P�O �B�U �M�F�B�T�U �P�O�F �W�B�S�J�B�C�M�F

�J�O �F�B�D�I �F�O�U�S�Z�� �8�F �D�B�O �E�F�B�M �X�J�U�I �D�P�O�T�U�B�O�U�T �B�T �J�O �U�I�F �T�J�O�H�M�F �W�B�S�J�B�C�M�F �D�B�T�F�
 �C�Z �V�T�J�O�H� k,1,...,1�
 �X�I�J�D�I �X�J�M�M

�D�B�U�D�I �P�S�E�F�Sk �D�P�O�T�U�B�O�U�T �J�O �J�U�T �M�F�G�U�N�P�T�U �F�O�U�S�Z��

�" �D�S�J�U�J�D�B�M �Q�P�J�O�U �J�O �U�I�J�T �B�M�H�P�S�J�U�I�N �J�T �U�I�B�U �J�O�E�F�F�E �U�I�F �J�U�F�S�B�U�F�E �D�P�Q�S�P�E�V�D�U �C�F�F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �M�J�O�F�B�S

�G�V�O�D�U�J�P�O�T �P�G �U�I�F �W�B�S�J�B�C�M�F�T�� �8�I�J�M�F �U�I�J�T �E�P�F�T �O�P�U �D�P�W�F�S �B�M�M �.�1�-�T �U�I�B�U �B�Q�Q�F�B�S �X�I�F�O �J�O�U�F�H�S�B�U�J�O�H �M�P�P�Q �J�O�U�F��

�H�S�B�M�T�
 �X�F �D�P�V�M�E �B�Q�Q�M�Z �J�U �U�P �B�M�M �S�F�M�F�W�B�O�U �T�J�U�V�B�U�J�P�O�T �J�O �U�I�J�T �U�I�F�T�J�T �U�P �T�J�N�Q�M�J�G�Z �F�Y�Q�S�F�T�T�J�P�O�T�
 �X�I�J�D�I �B�M�M�P�X�F�E �V�T

�U�P �Q�F�S�G�P�S�N �J�O�U�F�H�S�B�M�T �F�Y�Q�M�J�D�J�U�M�Z��

����



4
�.�B�U�D�I�J�O�H �U�I�F �E�F�D�B�ZH � b̄b�C�F�U�X�F�F�O �U�I�F �4�U�B�O�E�B�S�E �.�P�E�F�M

�B�O�E �U�I�F �)�J�H�H�T �&�
�F�D�U�J�W�F �'�J�F�M�E �e�F�P�S�Z

�5���� ��� �%�%� �� �"�&���#�� �Q�M�B�Z�T �B�O �J�O�U�F�S�F�T�U�J�O�H �S�P�M�F �J�O �)�J�H�H�T �Q�I�Z�T�J�D�T�� �%�F�T�Q�J�U�F �I�B�W�J�O�H�B �S�F�M�B�U�J�W�F�M�Z �M�P�X �D�P�V��

�Q�M�J�O�H �	yb � 0.025�
�
 �U�I�F �E�F�D�B�ZH � b̄b �J�T �U�I�F �E�P�N�J�O�B�O�U �D�I�B�O�O�F�M �G�P�S �B �4�. �)�J�H�H�T �C�P�T�P�O �X�J�U�I �B

125 GeV�N�B�T�T �E�V�F �U�P �L�J�O�F�N�B�U�J�D�T �B�O�E �Q�I�B�T�F �T�Q�B�D�F �F�
�F�D�U�T�� �0�C�T�F�S�W�J�O�H �U�I�J�T �E�F�D�B�Z �J�T �I�P�X�F�W�F�S �D�I�B�M�M�F�O�H�J�O�H

�C�F�D�B�V�T�F �P�G �U�I�F �M�B�S�H�F �C�B�D�L�H�S�P�V�O�E�T �H�F�O�F�S�B�U�F�E �C�Z �2�$�%�
 �F�T�Q�F�D�J�B�M�M�Z �J�O �U�I�F �H�M�V�P�O���G�V�T�J�P�O �Q�S�P�E�V�D�U�J�P�O �N�P�E�F

�<���>�
 �B�O�E �I�B�T �G�P�S �O�P�X �P�O�M�Z �C�F�F�O �Q�S�P�C�F�E �J�O �X�F�B�L �Q�S�P�E�V�D�U�J�P�O �N�P�E�F�T�� �W�F�D�U�P�S �C�P�T�P�O�G�V�T�J�P�O �<�������
 �������> �B�O�E

�B�T�T�P�D�J�B�U�F�E �Q�S�P�E�V�D�U�J�P�O �<�������
 �������>�
 �X�I�J�D�I �J�T �U�I�F �N�P�T�U �T�F�O�T�J�U�J�W�F �D�I�B�O�O�F�M�
 �Z�J�F�M�E�J�O�H �B �T�J�H�O�B�M �T�U�S�F�O�H�U�I �G�P�S �U�I�F

�E�F�D�B�Zµbb = 0 .7 ± 0.3�� �*�O�T�U�F�B�E �P�G �T�U�V�E�Z�J�O�H �U�I�J�T �E�F�D�B�Z�
 �U�I�F �J�O�U�F�S�B�D�U�J�P�O �P�G �U�I�F �)�J�H�H�T �C�P�T�P�O �X�J�U�I �C�P�U�U�P�N

�R�V�B�S�L�T �D�B�O �C�F �U�F�T�U�F�E �V�T�J�O�H �Q�S�P�E�V�D�U�J�P�O �N�F�D�I�B�O�J�T�N�T �J�O �X�I�J�D�I �J�U �Q�M�B�Z�T �B �S�P�M�F�� �e�F �N�B�J�O �T�V�D�I �Q�S�P�D�F�T�T �J�T

�H�M�V�P�O �G�V�T�J�P�O�
 �X�I�F�S�F �B�S�P�V�O�E ���� �P�G �U�I�F �U�P�U�B�M �D�S�P�T�T �T�F�D�U�J�P�O �J�T �D�P�O�U�S�J�C�V�U�F�E �C�Z �C�P�U�U�P�N �R�V�B�S�L�T �<�������o�������>�


�N�F�B�O�J�O�H �U�I�B�U �Q�S�F�D�J�T�F �N�F�B�T�V�S�F�N�F�O�U�T �P�G �U�I�J�T �D�S�P�T�T �T�F�D�U�J�P�O �D�B�O �Q�V�U �D�P�O�T�U�S�B�J�O�U�T �P�OHbb̄�D�P�V�Q�M�J�O�H�T�� �"�O�P�U�I�F�S

�Q�P�T�T�J�C�M�F �B�W�F�O�V�F �J�T �U�P �T�U�V�E�Z �U�I�F �B�T�T�P�D�J�B�U�F�E �Q�S�P�E�V�D�U�J�P�O �P�G �U�I�F �)�J�H�H�T �C�P�T�P�O �B�O�E �C�P�U�U�P�N �R�V�B�S�L�T�
 �X�I�J�D�I �I�B�T

�B �D�P�N�Q�B�S�B�C�M�F �U�P�U�B�M �Q�S�P�E�V�D�U�J�P�O �D�S�P�T�T �T�F�D�U�J�P�O �U�P �B�T�T�P�D�J�B�U�F�E �Q�S�P�E�V�D�U�J�P�O �X�J�U�I �U�P�Q �R�V�B�S�L�T �	�B�S�P�V�O�E0.5 pb �B�U

13 TeV�
 �N�B�L�J�O�H �J�U �B �N�J�O�P�S �Q�S�P�E�V�D�U�J�P�O �N�P�E�F �J�O �U�I�F �4�. �<�������>�� �'�V�S�U�I�F�S�N�P�S�F�
 �T�F�M�F�D�U�J�P�O�D�V�U�T �U�I�B�U �D�P�V�M�E

�J�T�P�M�B�U�F �U�I�J�T �N�P�E�F �X�P�V�M�E �E�S�B�T�U�J�D�B�M�M�Z �S�F�E�V�D�F �U�I�F �D�S�P�T�T �T�F�D�U�J�P�O�� �S�F�R�V�J�S�J�O�H �U�X�Pb���K�F�U�T �I�B�S�E�F�S �U�I�B�O20 GeV

�Z�J�F�M�E�T �B�O �F���D�J�F�O�D�Z �P�G �M�F�T�T �U�I�B�O ���� �<�����
 �������>�� �8�I�J�M�F �B �E�J�S�F�D�U �P�C�T�F�S�W�B�U�J�P�O �J�T �O�P�U �Z�F�U �Q�P�T�T�J�C�M�F �X�J�U�I �U�I�F

�D�V�S�S�F�O�U �E�B�U�B�
 �J�U �J�T �T�U�J�M�M �B �V�T�F�G�V�M �I�B�O�E�M�F �U�P �D�P�O�T�U�S�B�J�O �N�P�E�J�m�F�E �)�J�H�H�T �T�F�D�U�P�S�T �U�I�B�U �D�P�V�M�E �N�B�L�F �U�I�J�T �Q�S�P�D�F�T�T

�N�P�S�F �J�N�Q�P�S�U�B�O�U�
 �T�V�D�I �B�T �U�I�F �.�4�4�. �X�J�U�I �B �T�J�[�F�B�C�M�Ftan � �<�������
 �������>��

�e�F �D�S�P�T�T �T�F�D�U�J�P�O �G�P�Sb̄bH �B�T�T�P�D�J�B�U�F�E �Q�S�P�E�V�D�U�J�P�O �I�B�T �C�F�F�O �D�B�M�D�V�M�B�U�F�E �U�P �/�-�0 �2�$�% �B�D�D�V�S�B�D�Z �C�Z �<�����>��
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�J�O�U�P�6�P�_�J�J�O�Q�V�U �m�M�F�T �U�P �Q�F�S�G�P�S�N �U�I�F �J�O�E�F�Y �D�P�O�U�S�B�D�U�J�P�O�T �B�O�E �%�J�S�B�D �B�M�H�F�C�S�B �U�S�B�D�F�T�� �e�F�T�F �D�P�O�U�S�B�D�U�F�E �F�Y��

�Q�S�F�T�T�J�P�O�T �X�F�S�F �U�I�F�O �J�N�Q�P�S�U�F�E �J�O�J���i�?�2�K���i�B�+���G�P�S �G�V�S�U�I�F�S �U�S�F�B�U�N�F�O�U�� �e�F �J�O�U�F�H�S�B�M�T �X�F�S�F �N�B�U�D�I�F�E �U�P

�U�I�F �E�F�m�O�F�E �U�P�Q�P�M�P�H�Z �V�T�J�O�H�a���A�6��

�e�F �S�F�T�V�M�U �P�G �U�I�F�T�F �P�Q�F�S�B�U�J�P�O�T �Z�J�F�M�E�T��

A �H�G= Š 4ds2 �*(1, 1, 1) mbCHgg g2
s Š 4d �*(Š1, 1, 1) mbCHgg g2

s + 8d �*(0, 0, 1) mbCHgg g2
s

Š 8d �*(0, 1, 0) mbCHgg g2
s + 8ds�*(0, 1, 1) mbCHgg g2

s + 8d �*(1, 0, 0) mbCHgg g2
s

Š 8ds�*(1, 0, 1) mbCHgg g2
s Š 4d �*(1, 1, Š1) mbCHgg g2

s + 8ds�*(1, 1, 0) mbCHgg g2
s

+ 8s2 �*(1, 1, 1) mbCHgg g2
s Š 32�*(0, 1, 1) m3

bCHgg g2
s Š 32�*(1, 1, 0) m3

bCHgg g2
s

+ 32s �*(1, 1, 1) m3
bCHgg g2

s + 8 �*(Š1, 1, 1) mbCHgg g2
s Š 24�*(0, 0, 1) mbCHgg g2

s

+ 16 �*(0, 1, 0) mbCHgg g2
s Š 16s �*(0, 1, 1) mbCHgg g2

s + 16 �*(1, Š1, 1) mbCHgg g2
s

Š 24�*(1, 0, 0) mbCHgg g2
s + 40s �*(1, 0, 1) mbCHgg g2

s + 8 �*(1, 1, Š1) mbCHgg g2
s

Š 16s �*(1, 1, 0) mbCHgg g2
s

�	���������


�e�J�T �J�T �B �P�O�F���M�P�P�Q �U�P�Q�P�M�P�H�Z�
 �T�P �X�F �L�O�P�X �X�I�B�U �U�I�F �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �X�J�M�M �M�P�P�L �M�J�L�F�� �U�I�F�S�F �D�B�O �C�F �U�S�J�B�O�H�M�F�


�C�V�C�C�M�F �B�O�E �U�B�E�Q�P�M�F �J�O�U�F�H�S�B�M�T�–�
 �B�O�E �X�F �X�J�M�M �T�F�F �U�I�J�T �B�Q�Q�F�B�S �X�I�F�O �S�F�E�V�D�J�O�H �U�I�F �G�B�N�J�M�Z �U�P �B �C�B�T�J�T�� �'�P�S �U�I�J�T

�–�#�P�Y�F�T �B�S�F �F�Y�D�M�V�E�F�E �C�F�D�B�V�T�F �X�F �P�O�M�Z �I�B�W�F �U�I�S�F�F �Q�S�P�Q�B�H�B�U�P�S�T

����



�U�P�Q�P�M�P�H�Z�
 �X�F �V�T�F�E�6�A�_�1�8�U�P �E�F�S�J�W�F �U�I�F �*�#�1 �J�E�F�O�U�J�U�J�F�T �B�O�E �S�F�E�V�D�F �B�M�M �U�I�F �J�O�U�F�H�S�B�M�T �J�O �U�I�F �B�N�Q�M�J�U�V�E�F �U� P � B

�T�F�U �P�G �U�I�S�F�F �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T��

�*(1, 1, 1) �*(1, 1, 0)

�*(0, 0, 1)

�	���������


�e�F�T�F �J�O�U�F�H�S�B�M�T �D�B�O �C�F �E�J�S�F�D�U�M�Z �F�W�B�M�V�B�U�F�E �C�Z �J�O�U�F�H�S�B�U�J�O�H �U�I�F�J�S �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�T��

�e�F�Z �B�S�F �P�G �D�P�V�S�T�F �X�F�M�M���L�O�P�X�O �B�O�E �D�B�O �C�F �G�P�V�O�E �J�O �B �O�V�N�C�F�S �P�G �S�F�G�F�S�F�O�D�F�T�
 �C�V�U �U�I�F�S�F �J�T �B �Q�F�E�B�H�P�H�J�D

�J�O�U�F�S�F�T�U �J�O �J�M�M�V�T�U�S�B�U�J�O�H �I�P�X �U�I�F�Z �D�B�O �C�F �F�W�B�M�V�B�U�F�E��

�%���#�����% �����%�����#���%��� �� � �� �%���� �����$�%���# �����%�����#�����$

�&�'�����&���%��� �� � �� �%���� �%�����!� ���� �����%�����#�����e�F �F�B�T�J�F�T�U �J�O�U�F�H�S�B�M �J�T �U�I�F �U�B�E�Q�P�M�F �J�O�U�F�H�S�B�M �*(0, 0, 1)� � � 8� F

�m�S�T�U �O�F�F�E �U�P �F�W�B�M�V�B�U�F �J�U�T �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O��

�*(0, 0, 1) =
�

ddk
(2� )d

1
k2 Š m2

b
=

� 1

0
dx� (1 Š x) i (4� )Š d

2 x1Š d�
�

1 Š
d
2

�
�
x2m2

b

� d
2 Š 1 �	���������


�/�P �G�V�S�U�I�F�S �X�P�S�L �J�T �S�F�R�V�J�S�F�E �U�P �m�O�E

�*(0, 0, 1) = i (4� )Š d
2 �

�
1 Š

d
2

�
�
m2

b

� d
2 Š 1 �	���������


�&�'�����&���%��� �� � �� �%���� ���&�������� �����%�����#�����e�F �C�V�C�C�M�F �J�O�U�F�H�S�B�M �*(1, 1, 0) �S�F�R�V�J�S�F�T �T�M�J�H�I�U�M�Z �N�P�S�F �X�P�S�L �B�O�E

�J�O �Q�B�S�U�J�D�V�M�B�S �J�T �B �O�J�D�F �P�Q�Q�P�S�U�V�O�J�U�Z �U�P �T�I�P�X�D�B�T�F �U�I�F �S�P�M�F �P�G �U�I�F �$�I�F�O�H���8�V �U�I�F�P�S�F�N �J�O �E�P�J�O�H �U�I�J�T �L�J�O�E �P�G

�F�W�B�M�V�B�U�J�P�O��

�-�F�U �V�T �m�S�T�U �D�P�O�W�F�S�U �J�U �U�P �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O��

�*(1, 1, 0) =
� �

0
dx1dx2� (1 Š x1 Š x2) i (4� )Š d

2 (x1 + x2)2Š d �
�

2 Š
d
2

�
(Šsx1x2)

d
2 Š 2 �	���������


�e�J�T �J�O�U�F�H�S�B�O�E �J�T �X�F�M�M���E�F�m�O�F�E �J�O �U�I�F �&�V�D�M�J�E�F�B�O �S�F�H�J�P�Os < 0�� �8�F �X�J�M�M �B�M�X�B�Z�T �Q�F�S�G�P�S�N �J�O�U�F�H�S�B�U�J�P�O�T

�J�O �U�I�J�T �S�F�H�J�P�O �B�O�E �U�I�F�O �B�O�B�M�Z�U�J�D�B�M�Z �D�P�O�U�J�O�V�B�U�F �U�P �U�I�F �S�F�H�J�P�Os > 0 �B�G�U�F�S �J�O�U�F�H�S�B�U�J�P�O�� �8�F �D�B�O �V�T�F �U�I�F

�$�I�F�O�H���8�V �U�I�F�P�S�F�N �U�P �S�F�Q�M�B�D�F� (1 Š x1 Š x2) �C�Z� (1 Š x2) �B�O�E �Z�J�F�M�E

�*(1, 1, 0) =
� �

0
dx1i (4� )Š d

2 (1 + x1)2Š d �
�

2 Š
d
2

�
(Šsx1)

d
2 Š 2. �	���������


����



�*�O �X�I�J�D�I �X�F �D�B�O �J�N�N�F�E�J�B�U�F�M�Z �J�E�F�O�U�J�G�Z �B�O �&�V�M�F�S �C�F�U�B �G�V�O�D�U�J�P�O��

B (a, b) =
�( a)�( b)
�( a + b)

=
� �

0
dz zaŠ 1(1 + z)Š aŠ b, �	���������


�B�O�E �U�I�F�S�F�G�P�S�F

�*(1, 1, 0) =
i (4� )Š d

2 (Šs)
d
2 Š 2�

�
2 Š d

2

�
�

� d
2 Š 1

� 2

�( d Š 2)
. �	���������


�&�'�����&���%��� �� � �� �%���� �%�#������������ �����%�����#�����e�F �U�S�J�B�O�H�M�F �J�O�U�F�H�S�B�M �*(1, 1, 1) �S�F�R�V�J�S�F�T �V�T�J�O�H �N�P�S�F �U�F�D�I�O�P�M��

�P�H�Z �B�T �J�U �X�J�M�M �J�O�W�P�M�W�F �N�V�M�U�J�Q�M�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T�� �*�U �J�T �J�N�Q�P�S�U�B�O�U �U�I�B�U �X�F �D�M�F�B�S�M�Z �J�E�F�O�U�J�G�Z �U�I�J�T �J�O�U�F�H�S�B�M �G�P�S �U�I�F

�V�Q�D�P�N�J�O�H �U�X�P���M�P�P�Q �D�B�M�D�V�M�B�U�J�P�O �X�F �X�J�M�M �Q�F�S�G�P�S�N �J�O �U�I�F �4�.�� �X�F �X�J�M�M �T�F�F �U�I�B�U �J�O�U�I�Fmt � � �F�Y�Q�B�O�T�J�P�O�


�T�P�N�F �U�X�P �M�P�P�Q �J�O�U�F�H�S�B�M�T �B�Q�Q�F�B�S�J�O�H �J�O �U�I�F �E�J�B�H�S�B�N�T �P�G �'�J�H�V�S�F ������ �X�J�M�M �S�F�E�V�D�F� U� P � B � G� P� S� N � U� B� E� Q� P� M� F× �U�S�J�B�O�H�M�F��

�e�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �P�G �U�I�J�T �J�O�U�F�H�S�B�M �J�T

�*(1, 1, 1) =
�

dx1dx2dx3�

�

1 Š
�

i � �

xi

�

i (4� )Š d
2 �

�
3 Š

d
2

�
(x1 + x2 + x3) 3Š d �

x2
3m2

b Š sx1x2
� d

2 Š 3

�	���������


�8�F �D�B�O �V�T�F �U�I�F �$�I�F�O�H���8�V �U�I�F�P�S�F�N �U�P �T�Q�F�D�J�G�Z� = { 3} �B�O�E �E�F�m�O�F �U�I�F �G�P�S�N �P�G �U�I�F �U�S�J�B�O�H�M�F �J�O�U�F�H�S�B�M

�U�I�B�U �X�F �X�J�M�M �N�B�U�D�I �J�O �G�V�S�U�I�F�S �D�B�M�D�V�M�B�U�J�P�O�T

�*(1, 1, 1) =
� �

0
dx1dx2i (4� )Š d

2 �
�

3 Š
d
2

�
(1 + x1 + x2) 3Š d �

m2
b Š sx1x2

� d
2 Š 3

=
� �

0
dx1dx2i (4� )Š d

2 �
�

3 Š
d
2

�
mdŠ 6

b (1 + x1 + x2) 3Š d (1 + rx 1x2)
d
2 Š 3

= i (4� )Š d
2 �

�
3 Š

d
2

�
mdŠ 6

b �5(r )

�	���������


� 8� I� F� S� F � X� F � E� F� m� O� F� Er = Šs/m 2
b �B�O�E �U�I�F �G�V�O�D�U�J�P�O

�5(r ) =
� �

0
dx1dx2 (1 + x1 + x2) 3Š d (1 + rx 1x2)

d
2 Š 3 �	���������


�X�I�J�D�I �X�F �X�J�M�M �O�P�X �F�W�B�M�V�B�U�F �B�T �B �T�F�S�J�F�T �J�O �Q�P�X�F�S�T �P�G �P�V�S �E�J�N�F�O�T�J�P�O�B�M �S�F�H�V�M�B�S�J�[�B�U�J�P�O �Q�B�S�B�N�F�U�F�S
 ��

�5(r ) = T0(r ) + 
T 1(r ) + 
 2T2(r ) + O
�

 3

�
� � � 8� F � m� O� E

T0 =
� �

0
dx1dx2

1
(x1 + x2 + 1) ( rx 1x2 + 1)

T1 =
� �

0
dx1dx2

2 log (x1 + x2 + 1) Š log (rx 1x2 + 1)
(x1 + x2 + 1) ( rx 1x2 + 1)

T2 =
� �

0
dx1dx2

log2 (rx 1x2 + 1) Š 4 log (x1 + x2 + 1) log ( rx 1x2 + 1) + 4 log 2 (x1 + x2 + 1)
2 (x1 + x2 + 1) ( rx 1x2 + 1)

�	���������


�e�F �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F�T�F �J�O�U�F�H�S�B�M�T �D�B�O �C�F �I�B�O�E�M�F�E �J�O �B�O �B�M�H�P�S�J�U�I�N�J�D �X�B�Z�
 �X�I�J�D�I �X�F �X�J�M�M �J�M�M�V�T�U�S�B�U�F �P�O

����



T0 �B�O�E �U�I�F �m�S�T�U �U�F�S�N �P�GT1�� �4�J�O�D�F �X�F �F�Y�Q�F�D�U �U�I�F �S�F�T�V�M�U �U�P �C�F �F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T�
 �U�I�F

�L�F�Z �F�M�F�N�F�O�U �J�T �U�P �P�C�U�B�J�O �J�O�U�F�H�S�B�M�T �P�G �U�I�F �G�P�S�N
2a

0 dx G(...,x )
xŠ b = G(. . . , b, a)�� �e�J�T �J�T �E�P�O�F �V�T�J�O�H �S�F�Q�F�B�U�F�E

�Q�B�S�U�J�B�M �G�S�B�D�U�J�P�O�J�O�H �P�G �U�I�F �E�F�O�P�N�J�O�B�U�P�S�T�� �-�F�U �V�T �T�U�B�S�U �X�J�U�I �U�I�F �T�J�N�Q�M�F�T�U �D�B�T�F��

T0 =
� �

0
dx1dx2

1
(x1 + x2 + 1) ( rx 1x2 + 1)

=
� �

0
dx1dx2

rx 2

(rx 1x2 + 1)
�
rx 2

2 + rx 2 Š 1
� Š

1
(x1 + x2 + 1)

�
rx 2

2 + rx 2 Š 1
�

=
� �

0
dx2

�

� G (Šx2 Š 1, x1)
Šrx 2

2 Š rx 2 + 1
+

G
�

Š 1
rx 2

, x1

�

rx 2
2 + rx 2 Š 1

�

�

�

0

�	���������


�&�W�B�M�V�B�U�J�O�H �U�I�F �Q�S�J�N�J�U�J�W�F �B�U �U�I�F �C�P�V�O�Ex1 = 0 �J�T �F�B�T�Z �J�O �U�I�J�T �D�B�T�F��

lim
x1� 0

G
�

Š 1
rx 2

, x1

�
Š G (Šx2 Š 1, x1)

rx 2
2 + rx 2 Š 1

= 0 , �	���������


�8�I�J�D�I �S�F�T�V�M�U�T �G�S�P�N �U�I�F �G�B�D�U �U�I�B�Ulim
x� 0

G(�a, x) = 0 �J�G�a �= �0�� �*�O �U�I�F �P�U�I�F�S �U�F�S�N�T�
 �X�F �D�B�O �F�O�D�P�V�O�U�F�S �D�B�T�F�T

�J�O �X�I�J�D�I �U�I�F�S�F �J�T �B �M�P�H�B�S�J�U�I�N�J�D �E�J�W�F�S�H�F�O�D�F �B�U ���
�J���F���Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �P�G �U�I�F �G�P�S�NG(�0, x)�� �e�F�T�F �B�S�F �I�B�O��

�E�M�F�E �V�T�J�O�H �B �T�F�S�J�F�T �F�Y�Q�B�O�T�J�P�O �J�O�T�U�F�B�E �P�G �T�J�N�Q�M�Z �U�B�L�J�O�H �U�I�F �M�J�N�J�U�
 �X�I�J�D�I �U�I�F�O �N�B�L�F�T �J�U �P�C�W�J�P�V�T �X�I�F�U�I�F�S

�U�I�F�T�F �M�P�H�B�S�J�U�I�N�J�D �U�F�S�N�T �W�B�O�J�T�I �J�O �U�I�F �M�J�N�J�U �	lim
x� 0

xG(�0, x) = 0 �
 �P�S �B�S�F �B�O �B�D�U�V�B�M �E�J�W�F�S�H�F�O�D�F�� �#�F�D�B�V�T�F �U�I�F

�J�O�U�F�H�S�B�M�T �B�S�F �S�F�H�V�M�B�S�J�[�F�E �B�O�E �U�I�F�S�F�G�P�S�F �P�W�F�S�B�M�M �D�P�O�W�F�S�H�F�O�U�
 �B�M�M �T�V�D�I �E�J�W�F�S�H�F�O�D�F�T �B�S�F �H�F�O�F�S�B�U�F�E �C�Z �J�O�E�J��

�W�J�E�V�B�M �U�F�S�N�T �B�O�E �D�B�O�D�F�M �X�I�F�O �D�P�N�C�J�O�J�O�H �U�I�F�N �B�M�M�� �&�W�B�M�V�B�U�J�O�H �U�I�F �Q�S�J�N�J�U�J�W�F�B�Ux1 = � �J�T �F�R�V�J�W�B�M�F�O�U �U�P

�U�B�L�J�O�H �U�I�F �M�J�N�J�Ux̄1 = 1 /x 1 � 0�� �5�P �P�C�U�B�J�O �U�I�J�T �M�J�N�J�U�
 �X�F �V�T�F �U�I�F �B�M�H�P�S�J�U�I�N �E�F�T�D�S�J�C�F�E �J�O �4�F�D�U�J�P�O ����������

�U�P �S�F�E�V�D�F �B�M�M �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �P�G �U�I�F �G�P�S�NG
�

. . . , 1
x̄1

�
�J�O�U�P �U�I�F �D�B�O�P�O�J�D�B�M �G�P�S�NG(. . . , x̄1) �
 �X�I�F�S�F �U�B�L�J�O�H

�U�I�F �M�J�N�J�U �B�O�E �F�Y�U�S�B�D�U�J�O�H �M�P�H�B�S�J�U�I�N�J�D �E�J�W�F�S�H�F�O�D�F�T �J�T �T�U�S�B�J�H�I�U�G�P�S�X�B�S�E�� �e�J�T �Z�J�F�M�E�T �U�I�F �F�R�V�B�M�J�U�J�F�T��

G
�

Šx2 Š 1, 1
x̄1

�
= ŠG (Š1, x2) Š G (0, x̄1) + G

�
Š 1

x2+1 , x̄1

�

G
�

Š 1
rx 2

, 1
x̄1

�
= G (Šrx 2, x̄1) + G(0, r ) Š G (0, x̄1) + G (0, x2)

�	���������


�&�B�D�I �Q�P�M�Z�M�P�H�B�S�J�U�I�N �Z�J�F�M�E�T �B �M�P�H�B�S�J�U�I�N�J�D �E�J�W�F�S�H�F�O�D�F�
 �X�I�J�D�I �D�B�O�D�F�M �B�H�B�J�O�T�U �F�B�D�I �P�U�I�F�S �X�I�F�O �D�P�N�C�J�O�F�E

�J�O�U�P �50�� �8�F �U�I�F�S�F�G�P�S�F �m�O�E

�50 =
� �

0
dx2

G(0, r ) + G (Š1, x2) + G (0, x2)
rx 2

2 + rx 2 Š 1
�	���������


�*�O�U�F�H�S�B�U�J�O�H �U�I�J�T �G�V�O�D�U�J�P�O �J�O�U�P �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �S�F�R�V�J�S�F�T �Q�B�S�U�J�B�M �G�S�B�D�U�J�P�O�O�J�O�H�
 �X�I�J�D�I �X�P�V�M�E �H�F�O�F�S�B�U�F �V�O��

�X�J�F�M�E�Z �F�Y�Q�S�F�T�T�J�P�O�T �X�J�U�I �U�I�J�T �D�I�P�J�D�F �P�G �W�B�S�J�B�C�M�F�T �B�T �U�I�F �S�P�P�U�T �P�G �U�I�F �Q�P�M�Z�O�P�N�J�B�M �J�O �U�I�F �E�F�O�P�N�J�O�B�U�P�S �P�G

�&�R�V�B�U�J�P�O �������� �I�B�W�F �B �D�P�N�Q�M�J�D�B�U�F�E �S�F�M�B�U�J�P�O �U�Pr ��

rx 2
2 + rx 2 Š 1 = r

�
x2 Š

Šr Š
�

r + 4
�

r
2r

� �
x2 Š

�
r
�

r + 4 Š r
2r

�
. �	���������


�8�F �D�B�O �I�P�X�F�W�F�S �N�B�L�F �B �C�F�U�U�F�S �D�I�P�J�D�F �C�Z �S�F�Q�M�B�D�J�O�Hr �X�J�U�Ir =
�

r
�

r +4 Š r
2r �
 �U�I�F �S�P�P�U �P�G �U�I�F �E�F�O�P�N�J�O�B�U�P�S

����



�U�I�B�U �J�T �Q�P�T�J�U�J�W�F �J�O �U�I�F �&�V�D�M�J�E�F�B�O �S�F�H�J�P�O�� �*�O�E�F�F�E�
 �U�I�F �J�S�S�F�E�V�D�J�C�M�F �Q�P�M�Z�O�P�N�J�B�M�T �B�S�F �U�I�F�O �M�J�O�F�B�S �J�Or��

rx 2
2 + rx 2 Š 1 = Š

(r Š x2) ( r + x2 + 1)
r(r + 1)

. �	���������


�8�F �D�B�O �U�I�F�S�F�G�P�S�F �S�F�X�S�J�U�F �50 �J�O �B �G�P�S�N �X�I�F�S�F �U�I�F �J�O�U�F�H�S�B�U�J�P�O �C�F�D�P�N�F�T �T�U�S�B�J�H�I�U�G�P�S�X�B�S�E��

�50 =
� �

0
dx2

r(r + 1)
�

G
�

0, 1
r(r+1)

�
+ G (Š1, x2) + G (0, x2)

�

(2r + 1) ( x2 Š r)

Š
r(r + 1)

�
G

�
0, 1

r(r+1)

�
+ G (Š1, x2) + G (0, x2)

�

(2r + 1) ( r + x2 + 1)

�	���������


�)�F�S�F �U�I�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �X�I�J�D�I �E�F�Q�F�O�E �P�O1/ (r(1 + r)) �D�B�O �C�F �T�J�N�Q�M�J�m�F�E �F�B�T�J�M�Z �C�F�D�B�V�T�F �U�I�F�Z �B�S�F �T�J�N�Q�M�F

�M�P�H�B�S�J�U�I�N�T��

G
�

0,
1

r (r + 1)

�
� Š G(Š1, r ) Š G(0, r ), �	���������


�C�V�U �J�O �H�F�O�F�S�B�M�
 �J�U �J�T �B �C�F�U�U�F�S �D�I�P�J�D�F �U�P �S�F�Q�M�B�D�Fr �C�Zr �C�F�G�P�S�F �B�Q�Q�M�Z�J�O�H �U�I�F �S�F�E�V�D�U�J�P�O �U�P �D�B�O�P�O�J�D�B�M �C�B�T�J�T �B�O�E

�N�B�L�F �J�U �U�I�F �M�B�T�U �P�G �U�I�F �W�B�S�J�B�C�M�F�T �D�P�O�T�J�E�F�S�F�E �T�P �U�I�B�U �I�J�H�I�F�S �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T�E�F�Q�F�O�E�J�O�H �P�O1/ (r(1 + r))

�C�F �T�J�N�Q�M�J�m�F�E �E�J�S�F�D�U�M�Z�
 �X�I�J�D�I �J�T �X�I�B�U �X�F �E�P �X�I�F�O �Q�F�S�G�P�S�N�J�O�H �U�I�F �D�P�N�Q�M�F�U�F �J�O�U�F�H�S�B�U�J�P�O�� �*�O �B�O�Z �D�B�T�F�
 �X�F

�S�F�B�D�I �U�I�F �G�P�M�M�P�X�J�O�H �G�P�S�N �G�P�S �50�
 �G�P�S �X�I�J�D�I �X�F �P�O�M�Z �O�F�F�E �U�P �S�F�Q�F�B�U �P�V�S �U�S�J�D�L �U�P �F�W�B�M�V�B�U�F �U�I�F �Q�S�J�N�J�U�J�W�F �B�U

�J�O�m�O�J�U�Z��

�50 =
0

r2G(Š1, r)G (Šr Š 1, x2)
2r + 1

+
r2G(0, r)G (Šr Š 1, x2)

2r + 1
Š

r2G(Š1, r)G (r, x2)
2r + 1

Š
r2G(0, r)G (r, x2)

2r + 1
Š

r2G (Šr Š 1, Š1, x2)
2r + 1

Š
r2G (Šr Š 1, 0, x2)

2r + 1
+

r2G (r, Š1, x2)
2r + 1

+
r2G (r, 0, x2)

2r + 1
+

rG(Š1, r)G (Šr Š 1, x2)
2r + 1

+
rG(0, r)G (Šr Š 1, x2)

2r + 1

Š
rG(Š1, r)G (r, x2)

2r + 1
Š

rG(0, r)G (r, x2)
2r + 1

Š
rG (Šr Š 1, Š1, x2)

2r + 1

Š
rG (Šr Š 1, 0, x2)

2r + 1
+

rG (r, Š1, x2)
2r + 1

+
rG (r, 0, x2)

2r + 1

1�

0

�	���������


�"�Ux2 = 0 �
 �X�F �D�B�O �E�J�S�F�D�U�M�Z �U�B�L�F �U�I�F �M�J�N�J�U �B�O�E �m�O�E �U�I�B�U �U�I�F �X�I�P�M�F �Q�S�J�N�J�U�J�W�F �F�W�B�M�V�B�U�F�T �U�P ���
 �T�J�O�D�F �U�I�F�S�F �B�S�F

�O�P �M�P�H�B�S�J�U�I�N�J�D �E�J�W�F�S�H�F�O�D�F�T�� �3�F�Q�M�B�D�J�O�Hx2 �C�Z̄x2 = 1 /x 2 �B�O�E �S�F�E�V�D�J�O�H �U�I�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �U�P �D�B�O�P�O�J�D�B�M

�G�P�S�N�
 �X�F �D�B�O �F�B�T�J�M�Z �U�B�L�F �U�I�F �M�J�N�J�Ux2 � � �B�O�E �m�O�E��

�50 =
1

3(2r + 1)

�
Š3r2G(Š1, r)2 + 3 r2G(0, r)2 + 3 r2G(Š1, Š1, r)

Š 3r2G(Š1, 0, r) + 3 r2G(0, Š1, r) Š 3r2G(0, 0, r)

Š 3rG(Š1, r)2 + 3 rG(0, r)2 + 3 rG(Š1, Š1, r)

Š3rG(Š1, 0, r) + 3 rG(0, Š1, r) Š 3rG(0, 0, r) + 2 � 2r2 + 2 � 2r
�

,

�	���������


����



�X�I�J�D�I �X�F �D�B�O �G�V�S�U�I�F�S �T�J�N�Q�M�J�G�Z �V�T�J�O�H �U�I�F �T�I�V���F �B�M�H�F�C�S�B��

�50 = Š
r(r + 1) G(Š1, Š1, r)

2r + 1
Š

r(r + 1) G(Š1, 0, r)
2r + 1

+
r(r + 1) G(0, Š1, r)

2r + 1

+
r(r + 1) G(0, 0, r)

2r + 1
+

2� 2r(r + 1)
6r + 3

�	���������


�0�G �D�P�V�S�T�F�
 �G�P�M�M�P�X�J�O�H �U�I�J�T �Q�S�P�D�F�E�V�S�F �C�Z �I�B�O�E �G�P�S �B�M�M �U�F�S�N�T �J�O �5(r ) �X�P�V�M�E �C�F �M�P�O�H �B�O�E �Q�B�J�O�T�U�B�L�J�O�H�
 �C�V�U

�J�U �J�T �F�B�T�Z �U�P �T�U�S�F�B�N�M�J�O�F �J�U �P�O�D�F �U�I�F �B�M�H�P�S�J�U�I�N �G�P�S �U�I�F �S�F�E�V�D�U�J�P�O �U�P �U�I�F �D�B�O�P�O�J�D�B�M �G�P�S�N �J�T �J�N�Q�M�F�N�F�O�U�F�E��

�'�P�S �U�I�J�T�
 �X�F �V�T�F�E �U�I�F �Q�S�J�W�B�U�F�J���i�?�2�K���i�B�+���Q�B�D�L�B�H�F�S�Q�H�v�G�Q�;�h�Q�Q�H�b�<�������>�� �e�F �P�O�M�Z �P�U�I�F�S �Q�P�T�T�J�C�M�F �J�T�T�V�F

�J�T �U�I�B�U �P�G �I�B�W�J�O�H �F�Y�Q�S�F�T�T�J�P�O�T �M�J�O�F�B�S �J�O �U�I�F �N�B�T�T �T�D�B�M�F �S�B�U�J�P �B�Q�Q�F�B�S�J�O�H �J�O �U�I�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �T�P �U�I�B�U �U�I�F

�Q�B�S�U�J�B�M �G�S�B�D�U�J�P�O�J�O�H �B�O�E �U�I�F �S�F�E�V�D�U�J�P�O �B�M�H�P�S�J�U�I�N �D�B�O �P�Q�F�S�B�U�F�
 �C�V�U �J�O �P�V�S �D�B�T�F�
 �U�I�F �S�F�Q�M�B�D�F�N�F�O�Ur � r �J�T

�B�M�X�B�Z�T �T�V���D�J�F�O�U�� �)�F�S�F �J�T �U�I�F �B�M�H�P�S�J�U�I�N �X�F �B�Q�Q�M�J�F�E �U�P �D�P�N�Q�V�U�F �U�I�F �U�S�J�B�O�H�M�F �J�O�U�F�H�S�B�M �V�Q �U�P �P�S�E�F�SO
�

 2

�
�


�X�I�J�D�I �J�T �F�T�T�F�O�U�J�B�M�M�Z �U�I�F �N�F�U�I�P�E �E�F�T�D�S�J�C�F�E �J�O �<�������
 �������>��

���� �4�U�B�S�U �X�J�U�IT �
 �B�O �F�Y�Q�S�F�T�T�J�P�O �D�P�O�U�B�J�O�J�O�H �.�1�-�T �J�O�W�P�M�W�J�O�H �U�I�F �W�B�S�J�B�C�M�F�T{ x1, . . . , xN } �B�O�Er�� �4�F�U

j = 1 ��

���� �3�F�E�V�D�FT �U�P �D�B�O�P�O�J�D�B�M �G�P�S�N �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F �W�B�S�J�B�C�M�F�T{ xj , xj +1 , . . . , xN , r} �	�D���G�� �4�F�D�U�J�P�O �����������
��

���� �1�B�S�U�J�B�M �G�S�B�D�U�J�P�O �U�I�F �D�P�F���D�J�F�O�U �P�G �F�B�D�I �Q�P�M�Z�M�P�H�B�S�J�U�I�N �J�OT �X�J�U�I �S�F�T�Q�F�D�U �U�Pxj ��

���� �'�J�O�E �B �Q�S�J�N�J�U�J�W�FTj �P�GT �X�J�U�I �S�F�T�Q�F�D�U �U�Pxj �V�T�J�O�H
�

G(�a, xj )
bŠ xj

= G(�a, b, xj )�� �e�F �J�O�U�F�H�S�B�M �P�GT �J�T

T �
j Š T0

j �
 �U�I�F �E�J�
�F�S�F�O�D�F �P�G �U�I�F �M�J�N�J�U�T �P�GTj �J�O� �B�O�E0��

���� T0 �D�B�O �C�F �P�C�U�B�J�O�F�E �B�T �U�I�F �T�F�S�J�F�T �F�Y�Q�B�O�T�J�P�O �P�GT �J�O0 �V�Q �U�PO
�

x0
j

�

���� �5�P �P�C�U�B�J�OT� �
 �X�F �X�J�M�M �U�B�L�F �U�I�F �M�J�N�J�U1/x j = x̄j � 0�� �4�F�UT� = T(x̄j , xj +1 , . . . )��

���� �3�F�E�V�D�FT� �U�P �D�B�O�P�O�J�D�B�M �G�P�S�N �X�J�U�I �S�F�T�Q�F�D�U �U�Px̄j , xj +1 , . . . , xN , r��

���� �&�Y�Q�B�O�ET� �B�T �B �T�F�S�J�F�T �V�Q �U�PO
�

x̄0
j

�
��

���� �3�F�Q�M�B�D�FT �C�Z �U�I�F �J�O�U�F�H�S�B�U�F�E �W�F�S�T�J�P�OT� Š T0��

������ �J�Gj = N �
 �F�O�E�� �0�U�I�F�S�X�J�T�F�
 �T�F�Uj = j + 1 � B� O� E � H� P � U� P � T� U� F� Q � �� �

�0�G �D�P�V�S�T�F�
 �U�I�J�T �B�M�H�P�S�J�U�I�N �E�P�F�T �O�P�U �X�P�S�L �T�Z�T�U�F�N�B�U�J�D�B�M�M�Z �P�S �X�F �D�P�V�M�E �F�W�B�M�V�B�U�F �B�O�Z �M�P�P�Q �J�O�U�F�H�S�B�M�� �e�F �U�X�P

�D�S�V�D�J�B�M �T�U�F�Q�T �B�S�F �T�U�F�Q �� �B�O�E �T�U�F�Q ���� �U�I�F �T�F�U �P�G �F�O�U�S�J�F�T �P�G �U�I�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T�B�O�E �U�I�F �S�B�U�J�P�O�B�M �Q�S�F�G�B�D�U�P�S�T

�J�OT �O�F�F�E �G�V�M�M�m�M�M �U�I�F �D�S�J�U�F�S�J�V�N �P�G �M�J�O�F�B�S �S�F�E�V�D�J�C�J�M�J�U�Z �E�J�T�D�V�T�T�F�E �J�O �4�F�D�U�J�P�O ���������� �T�P �U�I�B�U �B �D�B�O�P�O�J�D�B�M �G�P�S�N

�D�B�O �C�F �S�F�B�D�I�F�E �B�G�U�F�S �F�B�D�I �W�B�S�J�B�C�M�F �J�T �J�O�U�F�H�S�B�U�F�E��

�3����� �#���������+���� �)�&�'�5 �����!�����%�&����

�.�B�U�D�I�J�O�H �U�I�F �)�&�'�5 �U�P �U�I�F �4�. �D�B�O �P�O�M�Z �C�F �Q�F�S�G�P�S�N�F�E �B�U �U�I�F �M�F�W�F�M �P�G �S�F�O�P�S�N�B�M�J�[�F�E �B�N�Q�M�J�U�V�E�F�T�� �*�O�E�F�F�E�


�U�I�F �U�X�P���M�P�P�Q �E�J�B�H�S�B�N�T �J�O �'�J�H�V�S�F ������ �B�S�F �6�7 �m�O�J�U�F�
 �X�I�J�M�F �P�V�S �P�O�F���M�P�P�Q �U�S�J�B�O�H�M�F �E�J�B�H�S�B�NA �H�G�J�T �6�7 �E�J�W�F�S��

�H�F�O�U��

A �H�G� Š i
� � s

�

� 2
CA CF

�
4m2

b Š s
� mb

2v
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�X�I�F�S�F �X�F �S�F�Q�M�B�D�F�ECggH �C�Z �J�U�T �W�B�M�V�F �B�O�E �B�M�M �U�I�F �D�P�V�Q�M�J�O�H�T �B�S�F �C�B�S�F �Q�B�S�B�N�F�U�F�S�T�� �e�J�T �J�T �B �N�B�O�J�G�F�T�U�B�U�J�P�O

�P�G �P�Q�F�S�B�U�P�S �N�J�Y�J�O�H�� �U�I�F �:�V�L�B�X�B �P�Q�F�S�B�U�P�S �H�F�O�F�S�B�U�F�T �B �D�P�V�O�U�F�S�U�F�S�N �G�P�S �U�I�F �H�M�V�P�O �G�V�T�J�P�O �P�Q�F�S�B�U�P�S��

�*�O �U�I�J�T �T�V�C�T�F�D�U�J�P�O�
 �X�F �X�J�M�M �L�F�F�Q �V�T�J�O�H�T�Z�N�C�P�M�T �X�J�U�I�P�V�U �B �T�V�Q�F�S�T�D�S�J�Q�U �G�P�S �C�B�S�F �D�P�V�Q�M�J�O�H�T �B�O�E �X�J�M�M �B�E�E �B

�T�V�Q�F�S�T�D�S�J�Q�UR �U�P �S�F�O�P�S�N�B�M�J�[�F�E �Q�B�S�B�N�F�U�F�S�T�� �8�F �V�T�F �U�I�F�.�4 �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �T�D�I�F�N�F �G�P�S �P�V�S �D�B�M�D�V�M�B�U�J�P�O��

� s = µ2� SŠ 1
� � R

s , v = µŠ � vR

Cy = µ�

�

CR
y + yR

t

�
� R

s

�

� 2 �
mR

b

mR
t

� �
CF

2

+ � F

� �

,
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�X�I�F�S�F� F �J�T �U�I�F �m�O�J�U�F �R�V�B�O�U�J�U�Z �X�F �X�J�T�I �U�P �P�C�U�B�J�O �V�T�J�O�H �P�V�S �N�B�U�D�I�J�O�H �B�O�ES� = (4 � )� eŠ �� � 
 � X� J� U� I	 �U�I�F

�&�V�M�F�S���.�B�T�D�I�F�S�P�O�J �D�P�O�T�U�B�O�U�� �/�P�U�F �U�I�B�U �U�I�F �)�J�H�H�T �W�B�D�V�V�N �F�Y�Q�F�D�U�B�U�J�P�O �W�B�M�V�F�J�T �O�P�U �B�D�U�V�B�M�M�Z �S�F�O�P�S�N�B�M�J�[�F�E�


�C�V�U �X�F �N�V�T�U �Q�B�Z �B�U�U�F�O�U�J�P�O �U�P �T�F�Q�B�S�B�U�F �U�I�F(4 Š 2
 )���E�J�N�F�O�T�J�P�O�B�M �R�V�B�O�U�J�U�Zv �U�P �U�I�F �����E�J�N�F�O�T�J�P�O�B�M �P�O�F

vR = µ� v �U�P �F�O�T�V�S�F �U�I�B�U �F�B�D�I �Q�J�F�D�F �P�G �U�I�F �B�N�Q�M�J�U�V�E�F �I�B�T �U�I�F �S�J�H�I�U �E�J�N�F�O�T�J�P�O�� �#�F�D�B�V�T�F�X�F �X�P�S�L �X�J�U�I �B

�T�J�O�H�M�F �P�S�E�F�S �J�O �U�I�F �Q�F�S�U�V�S�C�B�U�J�P�O �U�I�F�P�S�Z�
 �U�I�F�S�F �J�T �O�P �O�F�F�E �U�P �T�Q�F�D�J�G�Z �U�I�F �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �P�G �U�I�F �N�B�T�T�F�T

�G�V�S�U�I�F�S �U�I�B�O

mt = mR
t + O

�
� R

s

�
, mb = mR

b + O
�
� R

s

�
, �	���������


�B�O�E �X�F �X�J�M�M �T�V�Q�Q�S�F�T�T �U�I�F �T�V�C�T�D�S�J�Q�U �G�P�S �U�I�F �S�F�O�P�S�N�B�M�J�[�F�E �Q�B�S�B�N�F�U�F�S�T �V�T�F�E �C�F�M�P�X��

�8�F �D�B�O �O�P�X �F�Y�U�S�B�D�U �U�I�F �Q�J�F�D�F �P�G �U�I�F �)�&�'�5 �B�N�Q�M�J�U�V�E�F �G�P�SH � b̄b �P�G �P�S�E�F�SO
�
yt � 2

s

�
�
 �X�I�J�D�I �H�F�U�T �B

�D�P�O�U�S�J�C�V�U�J�P�O �G�S�P�NA b �B�O�E �G�S�P�NA �H�G��

A �)�&�'�5
H � b̄b

�
�
yt 
 2

s
= iy R

t

�
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s
�

� 2
CA CF

�
mb

mt

�
m2

b
(2r + 1)

r(r + 1)18
�

2

�
3G(0, Š1, r) + 3 G(0, 0, r)

Š 3G(Š1, Š1, r) Š 3G(Š1, 0, r) + 9(1 + 2 r) log
�

m2
b

µ2

�
Š 24r + 2 � 2 Š 12

�

+ iy R
t

� � s

�

� 2
�

mb

mt

�
CA
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(2r + 1) 2
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�ü���ú �)�������$���%� ����� �%�%� �� ���������* ���% �%�(� ��� � �!�$ ���� �%���� �4�%���������#�� �.� ������

�-�F�U �V�T �O�P�X �N�P�W�F �P�O �U�P �U�I�F �4�U�B�O�E�B�S�E �.�P�E�F�M �D�B�M�D�V�M�B�U�J�P�O �P�GH � b̄b �B�UO
�
� 2

syt
�
�� �e�F �U�X�P �E�J�B�H�S�B�N�T

�F�O�U�F�S�J�O�H �U�I�F �D�B�M�D�V�M�B�U�J�P�O �B�S�F �T�I�P�X�O �J�O �'�J�H�� �������� �"�T �J�O �U�I�F �)�&�'�5�
 �X�F �B�S�F �D�P�N�Q�V�U�J�O�H �U�I�F�J�S �T�Q�J�O �B�O�E �D�P�M�P�S

�T�V�N�N�F�E �D�P�O�U�S�B�D�U�J�P�O �X�J�U�I �T�Q�J�O�P�S�T �U�P �E�F�B�M �P�O�M�Z �X�J�U�I �T�D�B�M�B�S �R�V�B�O�U�J�U�J�F�T�� �8�F �X�J�M�M �Q�S�P�D�F�F�E �U�I�S�P�V�H�I �U�I�F �T�B�N�F

�T�U�F�Q�T �B�T �J�O �U�I�F �Q�S�F�W�J�P�V�T �T�F�D�U�J�P�O�
 �E�F�m�O�J�O�H �B �U�P�Q�P�M�P�H�Z �B�O�E �S�F�E�V�D�J�O�H �U�I�F �J�O�U�F�H�S�B�M �U�P �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �V�T�J�O�H

�*�#�1 �S�F�M�B�U�J�P�O�T�
 �C�F�G�P�S�F �F�W�B�M�V�B�U�J�O�H �U�I�F �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T�� �e�F �N�B�K�P�S �E�J�
�F�S�F�O�D�F �X�J�U�I �U�I�F �Q�S�F�W�J�P�V�T �T�F�D�U�J�P�O

�J�T �U�I�B�U �X�F �O�P�X �O�F�F�E �U�P �F�Y�Q�B�O�E �U�I�J�T �B�N�Q�M�J�U�V�E�F �J�O �U�I�F �M�B�S�H�Fmt �M�J�N�J�U�� �5�P �E�P �T�P�
 �X�F �X�J�M�M �S�F�E�V�D�F �U�I�F �F�Y�B�D�U

�B�N�Q�M�J�U�V�E�F �U�P �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T�
 �D�P�N�Q�V�U�F �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �N�B�T�U�F�S�T �J�O �U�I�F�M�B�S�H�Fmt �M�J�N�J�U �V�T�J�O�H �U�I�F

�N�F�U�I�P�E �P�G �S�F�H�J�P�O�T �B�O�E �F�Y�Q�B�O�E �U�I�F�J�S �D�P�F���D�J�F�O�U�T �J�O �U�I�F �B�N�Q�M�J�U�V�E�F��

�ü���ú���ù �3�����&�������� �%���� �����!�����%�&���� �%� �����$�%���# �����%�����#�����$

�'�P�S �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F �E�J�B�H�S�B�N�T �J�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �V�T�F�E�Z�:�_���6�U�P �H�F�O�F�S�B�U�F �U�I�F �E�J�B�H�S�B�N�T �J�O �N�Z�s�J�G

�G�P�S�N�B�U �B�O�E �U�I�F�O �U�S�B�O�T�M�B�U�F�E �U�I�F�N �J�O�U�P�6�P�_�J�G�P�S �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F �G�F�S�N�J�P�O �U�S�B�D�F�T�� �8�F �U�I�F�O �J�N�Q�P�S�U�F�E

�U�I�F�T�F �S�F�T�V�M�U�T �J�O�J���i�?�2�K���i�B�+���
 �J�O �X�I�J�D�I �X�F �Q�F�S�G�P�S�N�F�E �U�I�F �S�F�T�U �P�G �U�I�F �D�B�M�D�V�M�B�U�J�P�O�T��

����



D5

D6

D4

D2

D3

D1

�-�P�N�\�Y�L �������!�*�V�Y�Y�L�Z�W�V�U�K�L�U�J�L �I�L�[�^�L�L�U �[�O�L �K�L�U�V�T�P�U�H�[�V�Y�Z �M�V�Y �V�\�Y �[�V�W�V�S�V�N�` �H�U�K �[�O�L �K�L�U�V�T�P�U�H�[�V�Y �P�U �V�U�L �V�M �V�\�Y �-�L�`�U�T�H�U �K�P�H��

�N�Y�H�T�Z��

�"�T �J�O �U�I�F �D�B�T�F �P�G �)�&�'�5�
 �U�I�F �Q�S�F�T�F�O�D�F �P�G �P�O�M�Z �U�X�P �E�J�B�H�S�B�N�T �N�B�E�F �U�I�F �D�I�P�J�D�F �P�G �B �U�P�Q�P�M�P�H�Z �T�U�S�B�J�H�I�U��

�G�P�S�X�B�S�E�� �8�F �P�Q�U�F�E �G�P�S �U�I�F �G�P�M�M�P�X�J�O�H��

D1 = k2
2 Š m2

b, D2 = ( k2 Š p1)2, D3 = ( k2 + p2)2,

D4 = ( k1 Š p1)2 Š m2
t , D5 = ( k1 + p2)2 Š m2

t , D6 = ( k1 Š k2)2 Š m2
t ,

D7 = ( k1 + k2)2 Š m2
t .
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�e�F�J�S �S�F�M�B�U�J�P�O �U�P �U�I�F �'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T �J�T �T�I�P�X�O �J�O �'�J�H�V�S�F �������� �/�P�U�F �U�I�B�U �B�O �F�Y�U�S�B �Q�S�P�Q�B�H�B�U�P�SD7

�O�F�F�E�T �U�P �C�F �B�E�E�F�E �U�P �U�I�F �E�F�m�O�J�U�J�P�O �P�G �U�I�F �U�P�Q�P�M�P�H�Z �T�P �B�T �U�P �E�F�B�M �X�J�U�I �B�M�M �Q�P�T�T�J�C�M�F �O�V�N�F�S�B�U�P�S�T �J�O �J�O�U�F�H�S�B�M�T��

�U�I�F�S�F �B�S�F �� �Q�P�T�T�J�C�M�F �T�D�B�M�B�S �Q�S�P�E�V�D�U�T �J�O�W�P�M�W�J�O�Hk1 �P�Sk2 �T�P �X�F �O�F�F�E �� �Q�S�P�Q�B�H�B�U�P�S�T �U�P �E�F�B�M �X�J�U�I �U�I�F�N �B�M�M��

�6�T�J�O�H �U�I�F�T�F �E�F�m�O�J�U�J�P�O�T�
 �X�F �D�B�O �E�F�S�J�W�F �U�I�F �S�V�M�F�T �G�P�S �U�I�F �T�D�B�M�B�S �Q�S�P�E�V�D�U�T �S�F�Q�M�B�D�F�N�F�O�U�T��

k1 �rk1 = ŠD1 + 1
2D6 + 1

2D7 + m2
t Š m2

b, k2 �rk2 = D1 + m2
b,

k1 �rp1 = Š 1
2D4 + 1

4D6 + 1
4D7 Š 1

2D1, k2 �rp1 = 1
2D1 Š 1

2D2 + m2
b,

k1 �rp2 = 1
2D5 Š 1

4D6 Š 1
4D7 + 1

2D1, k2 �rp2 = Š 1
2D1 + 1

2D3 Š m2
b,

k1 �rk2 = 1
4D7 Š 1

4D6.
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�8�F �D�B�O �O�P�X �E�F�m�O�F �B�O�Z �J�O�U�F�H�S�B�M �J�O �P�V�S �B�N�Q�M�J�U�V�E�F �B�T �B �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T �P�G �J�O�U�F�H�S�B�M�T �P�G �U�I�F �G�P�S�N��

J (n1, . . . , n7) =
�

ddk1

(2� )d

ddk2

(2� )d

1
D n1

1 . . . D n7
7

. �	���������


�"�T �J�O �U�I�F �)�&�'�5 �D�B�M�D�V�M�B�U�J�P�O�
 �X�F �P�C�U�B�J�O�F�E �U�I�F �F�Y�Q�S�F�T�T�T�J�P�O �P�G �U�I�F �U�X�P �E�J�B�H�S�B�N�T�J�O �U�F�S�N�T �P�G �U�P�Q�P�M�P�H�Z

�J�O�U�F�H�S�B�M�T �H�P�J�O�H �U�I�S�P�V�H�I �U�I�F �D�I�B�J�O �P�G�Z�:�_���6�
�[�;�`���7�@�t�K�H�@�T���`�b�2�`�
�6�P�_�J�B�O�E�a���A�6� � � 8� F � V� T� F� E�6�A�_�1�8�U�P
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�S�F�E�V�D�F �U�I�F ���� �J�O�U�F�H�S�B�M�T �B�Q�Q�F�B�S�J�O�H �J�O �U�I�F�T�F �E�J�B�H�S�B�N�T �U�P ���� �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T�X�I�J�D�I �B�S�F �M�J�T�U�F�E �C�F�M�P�X��

J (0, 0, 0, 1, 0, 1, 0), J (1, 0, 0, 1, 0, 0, 0), J (0, 0, 1, 1, 0, 1, 0), J (0, 0, 2, 1, 0, 1, 0),

J (0, 0, 1, 2, 0, 1, 0), J (0, 0, 0, 1, 1, 1, 0), J (0, 1, 1, 1, 0, 0, 0), J (2, 0, 0, 0, 1, 1, 0),

J (1, 0, 0, 1, 0, 1, 0), J (2, 0, 0, 1, 0, 1, 0), J (1, 0, 0, 1, 1, 0, 0), J (0, 1, 1, 1, 1, 0, 0),

J (1, 0, 0, 1, 1, 1, 0), J (2, 0, 0, 1, 1, 1, 0), J (1, 0, 0, 1, 1, 2, 0), J (1, 0, 0, 2, 1, 1, 0),

J (1, 0, 1, 1, 0, 1, 0), J (2, 0, 1, 1, 0, 1, 0), J (1, 0, 1, 2, 0, 1, 0), J (1, 1, 1, 1, 0, 0, 0),

J (0, 1, 1, 1, 1, 1, 0), J (1, 1, 1, 1, 1, 0, 0), J (1, 1, 1, 1, 1, 1, 0).
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�ü���ú���ú �&�'�����&���%��� �� � �� �%���� �����$�%���# �����%�����#�����$ ���� �%���� �����#���� �%� �! �����$�$ ���������%

�0�V�S �H�P�B�M �J�T �U�P �D�P�N�Q�V�U�F �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �4�. �B�N�Q�M�J�U�V�E�F �J�O �U�I�F �M�J�N�J�Umt � � � 
 � T� P � X� F � E� P � O� P� U � O� F� F� E

�U�P �F�W�B�M�V�B�U�F �U�I�F�T�F �J�O�U�F�H�S�B�M�T �F�Y�B�D�U�M�Z�� �*�O�T�U�F�B�E�
 �X�F �F�Y�Q�B�O�E �U�I�F�N �J�O �U�I�J�T �M�J�N�J�U�V�T�J�O�H �U�I�F �N�F�U�I�P�E �P�G �S�F�H�J�P�O�T

�B�O�E �J�O�U�F�H�S�B�U�F �U�I�F �F�Y�Q�B�O�E�F�E �J�O�U�F�H�S�B�M�T�
 �X�I�J�D�I �T�J�N�Q�M�J�m�F�T �U�I�F �Q�S�P�C�M�F�N �H�S�F�B�U�M�Z�� �5�P �U�I�J�T �F�O�E�
 �X�F �V�T�F�E �U�I�F

�J���i�?�2�K���i�B�+���Q�B�D�L�B�H�F�l�6�U�P �P�C�U�B�J�O �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S �F�Y�Q�S�F�T�T�J�P�O �G�P�S �F�B�D�I �P�G �U�I�F�T�F �J�O�U�F�H�S�B�M�T �B�O�E

�U�I�F�O �V�T�F�E �U�I�F �Q�B�D�L�B�H�F���a�u�U�P �m�O�E �S�F�M�F�W�B�O�U �S�F�H�J�P�O�T �B�O�E �F�Y�Q�B�O�E �U�I�F �J�O�U�F�H�S�B�M�T �J�O �F�B�D�I �S�F�M�F�W�B�O�U �S�F�H�J�P�O��

�5�F�D�I�O�J�D�B�M�M�Z �T�Q�F�B�L�J�O�H�
 �U�I�F �F�Y�Q�B�O�T�J�P�O �J�T �T�F�U �V�Q �C�Z �J�O�U�S�P�E�V�D�J�O�H �B �T�Q�V�S�J�P�V�T �Q�B�S�B�N�F�U�F�S� �J�O �X�I�J�D�I �X�F �X�J�M�M

�F�Y�Q�B�O�E �J�O�U�F�H�S�B�M�T �B�O�E �B�T�T�J�H�O�J�O�H �F�B�D�I �F�Y�U�F�S�O�B�M �Q�B�S�B�N�F�U�F�S �B �T�D�B�M�J�O�H �J�O� �� �1�P�T�J�U�J�W�F �Q�P�X�F�S�T �P�G� �B�S�F �B�T�T�J�H�O�F�E

�U�P �Q�B�S�B�N�F�U�F�S�T �U�I�B�U �B�S�F �T�V�Q�Q�S�F�T�T�F�E �J�O �U�I�F �M�J�N�J�U �P�G �J�O�U�F�S�F�T�U �T�P �X�F �X�J�M�M �B�T�T�J�H�O�Q�P�T�J�U�J�W�F �Q�P�X�F�S�T �U�Pmb �B�O�E

s �B�O�E �B �U�S�J�W�J�B�M �T�D�B�M�J�O�H �U�Pmt �� �8�F �D�B�O �B�M�X�B�Z�T �T�I�J�G�U �U�I�F �Q�P�X�F�S�T �P�G� �I�P�N�P�H�F�O�F�P�V�T�M�Z�
 �T�P �U�I�J�T �D�I�P�J�D�F �X�J�M�M

�Q�S�P�E�V�D�F �F�Y�B�D�U�M�Z �U�I�F �T�B�N�F �S�F�T�V�M�U �B�T �J�G �X�F �I�B�E �T�F�O�Umt � � �B�O�E �L�F�Q�Umb �B�O�Es �m�Y�F�E�
 �C�V�U �J�U �I�B�T �U�I�F

�Q�S�B�D�U�J�D�B�M �B�E�W�B�O�U�B�H�F �P�G �Z�J�F�M�E�J�O�H �B �T�F�S�J�F�T �J�O� �X�I�J�D�I �T�U�B�S�U�T �B�U �B �O�P�O���O�F�H�B�U�J�W�F �Q�P�X�F�S�� �e�F �T�D�B�M�J�O�H �X�F �D�I�P�T�F

�J�T �U�I�F �G�P�M�M�P�X�J�O�H��

mt � � 0mt , mb � �m b, s � � 2s. �	���������


�&�B�D�I �S�F�H�J�P�O �J�T �U�I�F�O �E�F�m�O�F�E �C�Z �U�I�F �T�D�B�M�J�O�H �P�G �F�B�D�I �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S �J�O� ��xi � � � i xi �� �e�F �S�F�M�B�U�J�W�F

�T�D�B�M�J�O�H �P�G �U�I�F �Q�B�S�B�N�F�U�F�S�T �E�F�U�F�S�N�J�O�F�T �X�I�F�U�I�F�S �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �Q�S�P�Q�B�H�B�U�P�S �J�O �U�I�F �J�O�U�F�H�S�B�M �J�T �I�B�S�E �P�S

�T�P�G�U�� �"�T �E�J�T�D�V�T�T�F�E �J�O �4�F�D�U�J�P�O �����������
 �U�I�J�T �Q�S�P�W�J�E�F�T �B �O�J�D�F �E�J�B�H�S�B�N�N�B�U�J�D �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �U�I�F �J�O�U�F�H�S�B�M �J�O

�F�B�D�I �S�F�H�J�P�O�
 �X�I�J�D�I �X�J�M�M �I�F�M�Q �V�T �V�O�E�F�S�T�U�B�O�E �I�P�X �U�I�F �N�B�U�D�I�J�O�H �X�P�S�L�T��

�e�F �Q�B�D�L�B�H�F���a�u�Q�S�P�W�J�E�F�T �U�I�F �M�J�T�U �P�G �S�F�H�J�P�O�T �U�I�B�U �D�P�O�U�S�J�C�V�U�F �U�P �F�B�D�I �J�O�U�F�H�S�B�M �J�O �U�I�F �M�J�N�J�U �X� F � B� S� F � D� P� O� �

�T�J�E�F�S�J�O�H�� �'�P�S �F�B�D�I �S�F�H�J�P�O�
 �X�F �S�F�T�D�B�M�F �F�Y�U�F�S�O�B�M �B�O�E �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S�T �B�D�D�P�S�E�J�O�H�M�Z �B�O�E �U�I�F�O �F�Y�Q�B�O�E

�U�I�F �S�B�U�J�P�O�B�M �G�V�O�D�U�J�P�O �J�O �U�I�F �J�O�U�F�H�S�B�O�E �J�O �Q�P�X�F�S�T �P�G� �X�J�U�I�P�V�U �N�P�E�J�G�Z�J�O�H �U�I�F �E�F�M�U�B �G�V�O�D�U�J�P�O�
 �X�I�J�D�I �J�T

�S�J�H�P�S�P�V�T �B�T �X�F �E�J�T�D�V�T�T�F�E �J�O �4�F�D�U�J�P�O ������������

�8�F �I�B�W�F �F�Y�Q�B�O�E�F�E �B�M�M ���� �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �B�O�E �J�O�U�F�H�S�B�U�F�E �U�I�F�N �E�J�S�F�D�U�M�Z �V�T�J�O�H �U�I�F �N�F�U�I�P�E�T �E�J�T�D�V�T�T�F�E

�J�O �U�I�F �Q�S�F�W�J�P�V�T �T�F�D�U�J�P�O�� �e�F�J�S �F�Y�Q�S�F�T�T�J�P�O�T�
 �X�I�J�D�I �X�F �I�B�W�F �D�I�F�D�L�F�E �O�V�N�F�S�J�D�B�M�M�Z �B�H�B�J�O�T�U�6�A�1�a�h��� 
 � B� S� F

�T�I�P�X�O �"�Q�Q�F�O�E�J�Y �$�
 �C�V�U �J�U �J�T �J�O�U�F�S�F�T�U�J�O�H �U�P �T�F�F �P�O �B�O �F�Y�B�N�Q�M�F �I�P�X �U�I�F �F�Y�Q�B�O�T�J�P�O �B�O�E �J�O�U�F�H�S�B�U�J�P�O �X�P�S�L��

�e�F �U�F�D�I�O�J�R�V�F�T �V�T�F�E �G�P�S �J�O�U�F�H�S�B�U�J�P�O�T �B�S�F �U�I�F �T�B�N�F �B�T �U�I�F �P�O�F�T �Q�S�F�T�F�O�U�F�E �J�O �4�F�D�U�J�P�O �������
 �B�V�H�N�F�O�U�F�E �C�Z

�B�O�P�U�I�F�S �U�S�J�D�L�� �J�U �J�T �P�G�U�F�O �V�T�F�G�V�M �U�P �B�Q�Q�M�Z �D�I�B�O�H�F�T �P�G �W�B�S�J�B�C�M�F�T �P�G �U�I�F �G�P�S�Nxi � xi xj �U�P �N�B�L�F �H�B�N�N�B

�G�V�O�D�U�J�P�O�T �B�Q�Q�B�S�F�O�U�� �'�P�S �F�Y�B�N�Q�M�F�
 �B�Q�Q�M�Z�J�O�Hx1 � x1x2�


����



� �

0
dx1dx2 x1(x1 + x2)
 (1 + x2)� =

� �

0
dx1dx2 x1(1 + x1)
 x
 +2

2 (1 + x2)�

=
�( Š� Š 2)�( � + 3)�( Š� Š � Š 3)

�( Š� )�( Š� )
.

�	���������


�-�F�U �V�T �D�P�O�T�J�E�F�S �U�I�F �N�P�T�U �D�P�N�Q�M�J�D�B�U�F�E �N�B�T�U�F�S �J�O�U�F�H�S�B�M �J�O �P�V�S �C�B�T�J�T��J (1, 1, 1, 1, 1, 1, 0)�
 �X�I�J�D�I �D�B�O �C�F

�E�J�B�H�S�B�N�N�B�U�J�D�B�M�M�Z �S�F�Q�S�F�T�F�O�U�F�E �B�T �J�O �'�J�H�V�S�F �������� �)�B�W�J�O�H �T�J�Y �Q�S�P�Q�B�H�B�U�P�S�T �B�O�E �U�I�S�F�F �T�D�B�M�F�T�
 �U�I�F �'�F�Z�O�N�B�O

�Q�B�S�B�N�F�U�F�S �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �U�I�J�T �J�O�U�F�H�S�B�M �J�T �R�V�J�U�F �J�O�W�P�M�W�F�E��

J (1, 1, 1, 1, 1, 1, 0) = Š� d�(6 Š d)� �
dxi (x1x4 + x2x4 + x3x4 + x6x4 + x1x5 + x2x5 + x3x5 + x1x6 + x2x6 + x3x6 + x5x6)6Š 3d

2

×
�
x2

1x4m2
b + x2

1x5m2
b + x2

1x6m2
b + x1x2

4m2
t + x2x2

4m2
t + x3x2

4m2
t + x1x2

5m2
t + x2x2

5m2
t + x3x2

5m2
t

+ x1x2
6m2

t + x2x2
6m2

t + x3x2
6m2

t + x4x2
6m2

t + x5x2
6m2

t + 2x1x4x5m2
t + 2x2x4x5m2

t + 2x3x4x5m2
t

+ x2
4x6m2

t + x2
5x6m2

t + 2x1x4x6m2
t + 2x2x4x6m2

t + 2x3x4x6m2
t + 2x1x5x6m2

t + 2x2x5x6m2
t

+2x3x5x6m2
t + 2x4x5x6m2

t Š sx2x3x4 Š sx2x3x5 Š sx1x4x5 Š sx2x4x5 Š sx3x4x5

Šsx2x3x6 Š sx3x4x6 Š sx2x5x6 Š sx4x5x6)dŠ 6 ,
�	���������


�X�I�F�S�Fxi �J�T �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S �B�T�T�P�D�J�B�U�F�E �U�P �E�F�O�P�N�J�O�B�U�P�SDi �� �1�S�P�D�F�T�T�J�O�H �U�I�J�T �J�O�U�F�H�S�B�M �U�I�S�P�V�H�I

���a�u�
 �X�F �m�O�E �U�I�B�U �U�X�P �S�F�H�J�P�O�T �D�P�O�U�S�J�C�V�U�F �U�P �P�V�S �F�Y�Q�B�O�T�J�P�O��

�)���#�� �#������� �� �*�O �U�I�F �m�S�T�U �S�F�H�J�P�O�
 �U�I�F �T�D�B�M�J�O�H �P�G �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S�T �J�T �V�O�J�G�P�S�N��xi � � 0xi �� �e�J�T

�D�P�S�S�F�T�Q�P�O�E�T �U�P �T�F�U�U�J�O�H �B�M�M �M�P�P�Q �N�P�N�F�O�U�B �I�B�S�E�� �*�O �U�I�F �E�J�B�H�S�B�N�N�B�U�J�D �Q�J�D�U�V�S�F�E�F�T�D�S�J�C�F�E �J�O �4�F�D�U�J�P�O �����������


�U�I�F �D�P�N�Q�M�F�U�F �U�X�P �M�P�P�Q �E�J�B�H�S�B�N �G�P�S �U�I�F �J�O�U�F�H�S�B�M �	�'�J�H�V�S�F �������
 �J�T �S�F�E�V�D�F�E �U�P �B �T�J�O�H�M�F �Q�P�J�O�U�� �e�F �G�V�O�D�U�J�P�O�B�M

�E�F�Q�F�O�E�F�O�D�F �P�G �U�I�F �J�O�U�F�H�S�B�M �J�O �U�I�J�T �S�F�H�J�P�O �I�J�H�I�M�J�H�I�U�T �U�I�J�T �G�B�D�U�� �U�I�F �P�O�M�Z �Q�B�S�B�N�F�U�F�S�T �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P �T�P�N�F

�Q�P�X�F�S �P�G� �B�S�Fs �B�O�Emb�� �"�T �B �S�F�T�V�M�U�
 �U�I�F �D�P�O�U�S�J�C�V�U�J�P�O �G�S�P�N �U�I�J�T �S�F�H�J�P�O �U�B�L�F�T �U�I�F �G�P�S�N

J (1, 1, 1, 1, 1, 1, 0)
�
�
�I�B�S�E=

��

n=0

mn
b

k( n )
�N�B�Y�

k= k( n )
�N�J�O

�
s

m2
b

� k � 6�

i =1

dxi J
(nk )
h (xi ; mt ) �	���������


�&�B�D�I �J�O�U�F�H�S�B�O�E �J�O �U�I�F �F�Y�Q�B�O�T�J�P�O �P�O�M�Z �E�F�Q�F�O�E�T �P�O �U�I�F �U�P�Q �N�B�T�T�
 �X�I�J�D�I �N�F�B�O�T �U�I�B�U �U�I�F�Z �F�T�T�F�O�U�J�B�M�M�Z �B�S�F

�U�B�E�Q�P�M�F �J�O�U�F�H�S�B�M�T �B�O�E �U�I�F�Z �D�P�S�S�F�T�Q�P�O�E �U�P �M�P�D�B�M�J�[�F�E �J�O�U�F�S�B�D�U�J�P�O�T�
 �D�P�O�m�S�N�J�O�H �U�I�F �Q�J�D�U�V�S�F �U�I�B�U �U�I�J�T �S�F�H�J�P�O

�H�F�O�F�S�B�U�F�T �U�I�F �Q�B�S�U �P�G �U�I�F �B�N�Q�M�J�U�V�E�F �X�I�J�D�I �X�J�M�M �C�F �N�B�U�D�I�F�E �U�P �U�I�F �U�S�F�F���M�F�W�F�M�Q�B�S�U �P�G �P�V�S �)�&�'�5 �B�N�Q�M�J�U�V�E�F��

�e�B�U �U�I�F�T�F �J�O�U�F�H�S�B�M�T �B�S�F �U�B�E�Q�P�M�F�T �B�M�T�P �T�I�P�X�T �J�O �U�I�F �T�J�N�Q�M�J�D�J�U�Z �P�G �U�I�F �J�O�U�F�H�S�B�U�J�P�O�
 �X�I�J�D�I �D�B�O �C�F �Q�F�S�G�P�S�N�F�E

�S�F�B�E�J�M�Z �X�J�U�I �P�V�S �M�J�T�U �P�G �U�S�J�D�L�T�� �-�F�U �V�T �E�F�S�J�W�F �U�I�F �m�S�T�U �P�S�E�F�S �J�O �U�I�F �F�Y�Q�B�O�T�J�P�O�
J (00)
h ��

J (00)
h = Š� d�(6 Š d)m2(dŠ 6)

t �

�
�

i � �

xi Š 1

�

(x4 + x5 + x6)dŠ 6

(x3x4 + x6x4 + x3x5 + x3x6 + x5x6 + x1 (x4 + x5 + x6) + x2 (x4 + x5 + x6))Š d/ 2 .

�	���������


�8�F �D�B�O �V�T�F �U�I�F �$�I�F�O�H���8�V �U�I�F�P�S�F�N �U�P �T�Q�F�D�J�G�Z� = { 1} �B�O�E �B�Q�Q�M�Z �U�I�F �S�F�T�D�B�M�J�O�H�Tx4 � x4x6�
x5 �

����



J (1, 1, 1, 1, 1, 1, 0)
�
�
�T�P�G�U=

�-�P�N�\�Y�L �������!�+�P�H�N�Y�H�T�T�H�[�P�J �P�U�[�L�Y�W�Y�L�[�H�[�P�V�U �V�M �[�O�L �Z�V�M�[ �J�V�U�[�Y�P�I�\�[�P�V�U �[�V �[�O�L �P�U�[�L�N�Y�H�SJ (1, 1, 1, 1, 1, 1, 0)

x5x6 �U�P �G�B�D�U�P�S�J�[�Fx6 �P�V�U �P�G �U�I�F �m�S�T�U �U�F�S�N�� �e�F �J�O�U�F�H�S�B�M �P�W�F�Sx6 �U�B�L�F�T �U�I�F �G�P�S�N
2

dx6 xa1
6 (b1 + b2x6)a2 �


�X�I�J�D�I �J�T �B �#�F�U�B �G�V�O�D�U�J�P�O �J�O�U�F�H�S�B�M�� �"�U �U�I�J�T �T�U�B�H�F�
 �X�F �D�B�O �E�J�S�F�D�U�M�Z �J�O�U�F�H�S�B�U�Fx2 �B�O�Ex3��

� �
dxi J

(00)
h = Š16� dm2(dŠ 6)

t �(6 Š d)
� �

dxi
(x4 + x5)3Š d

2 (x4 + x5 + 1) dŠ 9

(d Š 6)(d Š 4)(d Š 2) (x2 + x3 + 1) 3

= Š8� dm2(dŠ 6)
t �(6 Š d)

� �
dxi

(x4 + x5)3Š d
2 (x4 + x5 + 1) dŠ 9

(d Š 6)(d Š 4)(d Š 2)
�	���������


�8�F �B�S�F �O�P�X �J�O �U�I�F �T�B�N�F �T�J�U�V�B�U�J�P�O �B�T �J�O �U�I�F �m�S�T�U �T�U�F�Q�� �C�Z �G�B�D�U�P�S�J�[�J�O�Hx5 �P�V�U �P�G �U�I�F �m�S�T�U �U�F�S�N �U�I�S�P�V�H�I

�U�I�F �S�F�T�D�B�M�J�O�Hx4 � x4x5�
 �X�F �N�B�L�F �U�I�F �J�O�U�F�H�S�B�M �P�W�F�Sx5 �U�B�L�F �U�I�F �G�P�S�N �P�G �B �#�F�U�B �G�V�O�D�U�J�P�O �B�O�E �M�F�B�W�F�T �U�I�F

�J�O�U�F�H�S�B�M �P�W�F�Sx4 �U�S�J�W�J�B�M��

� �
dxi J

(00)
h = Š8� dm2(dŠ 6)

t �(6 Š d)
(x4 + 1) 3Š d

2 x
4Š d

2
5 ((x4 + 1) x5 + 1) dŠ 9

(d Š 6)(d Š 4)(d Š 2)

= 2 dŠ 8� d+ 1
2 m2(dŠ 6)

t
�(6 Š d)�

�
1 Š d

2

�

�
� 9

2 Š d
2

�
�

dx4
1

(x4 + 1) 2

=
2dŠ 8� d+ 1

2 �(6 Š d)�
�
1 Š d

2

�
m2(dŠ 6)

t

�
� 9

2 Š d
2

�

�	���������


�4� ���% �#������� �� �e�F �T�F�D�P�O�E �S�F�H�J�P�O �I�B�T �O�P�O �V�O�J�G�P�S�N �T�D�B�M�J�O�H �J�O �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�F�S�T��

x1 � � 2x1 x4 � � 0x4

x2 � � 2x2 x5 � � 0x5

x3 � � 2x3 x6 � � 0x6

�	���������


�e�F �E�J�B�H�S�B�N�N�B�U�J�D �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �P�G �U�I�J�T �T�D�B�M�J�O�H �J�T �U�I�B�Ux1 . . . x3 �B�S�F �T�P�G�U �B�O�E �U�I�F�S�F�G�P�S�F �V�O�Q�J�O�D�I�F�E

�X�I�J�M�Fx4 . . . x6 �B�S�F �I�B�S�E �B�O�E �U�I�F�S�F�G�P�S�F �D�P�O�U�S�B�D�U�F�E �U�P �B �Q�P�J�O�U�� �"�T �B �S�F�T�V�M�U�
 �X�F �D�B�O �N�B�L�F �B �S�F�Q�S�F�T�F�O�U�B�U�J�P�O

�P�G �U�I�F �T�P�G�U �S�F�H�J�P�O �D�P�O�U�S�J�C�V�U�J�P�OJ (1, 1, 1, 1, 1, 1, 0)
�
�
�T�P�G�U�P�G �U�I�F �J�O�U�F�H�S�B�M �B�T �T�I�P�X�O �J�O �'�J�H�V�S�F ��������

�e�J�T �E�F�T�D�S�J�Q�U�J�P�O �D�M�F�B�S�M�Z �T�V�H�H�F�T�U�T �U�I�B�U �U�I�J�T �T�P�G�U �S�F�H�J�P�O �Q�B�S�U �P�G �P�V�S �J�O�U�F�H�S�B�M �T�I�P�V�M�E �D�P�O�U�S�J�C�V�U�F �U�P �U�I�F

�Q�B�S�U �P�G �U�I�F �)�&�'�5 �B�N�Q�M�J�U�V�E�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �U�I�F �P�O�F���M�P�P�Q �E�J�B�H�S�B�N �J�O �'�J�H�V�S�F�������� �8�F �X�J�M�M �T�F�F �U�I�B�U

�J�U �J�T �J�O�E�F�F�E �U�I�F �D�B�T�F �B�T �J�U �X�J�M�M �B�D�U�V�B�M�M�Z �C�F �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P �U�I�F �U�S�J�B�O�H�M�F �J�O�U�F�H�S�B�M �X�F �I�B�W�F �D�P�N�Q�V�U�F�E �J�O

�4�F�D�U�J�P�O ��������

����



�"�G�U�F�S �J�O�U�S�P�E�V�D�J�O�H �U�I�F �T�D�B�M�J�O�H �J�O� �P�G �U�I�F �Q�B�S�B�N�F�U�F�S�T �J�O �U�I�J�T �S�F�H�J�P�O �J�O �U�I�F �F�Y�Q�S�F�T�T�J�P�O �P�GJ (1, 1, 1, 1, 1, 1, 0)�


�X�F �D�B�O �F�Y�Q�B�O�E �U�I�F �J�O�U�F�H�S�B�M�
 �X�I�J�D�I �O�P�X �I�B�T �B �O�P�O�U�S�J�W�J�B�M �E�F�Q�F�O�E�F�O�D�F �P�O �U�I�F �L�J�O�F�N�B�U�J�D�T �P�G �U�I�F �Q�S�P�D�F�T�T��

J (1, 1, 1, 1, 1, 1, 0)
�
�
�T�P�G�U=

��

n= n�N�J�O

mn
b

� 6�

i

J (n)
s (xi ; mt , s/m 2

b), �	���������


�X�I�J�D�I �X�J�M�M �F�W�F�O�U�V�B�M�M�Z �B�M�M�P�X �U�I�F �J�O�U�F�H�S�B�M�TJ (n)
s �U�P �T�F�F �U�I�S�F�T�I�P�M�E �F�
�F�D�U�T �X�I�F�Os �D�S�P�T�T�F�T4m2

b� � � e� F � m� S� T� U

�O�P�O�U�S�J�W�J�B�M �U�F�S�N �J�T �U�I�F �J�O�U�F�H�S�B�MJ (Š 2)
s �� �e�J�T �U�F�S�N �E�J�W�F�S�H�F�T �J�O �U�I�F �M�J�N�J�Umb � 0 �T�P �J�U�T �D�P�O�U�S�J�C�V�U�J�P�O �X�J�M�M

�B�D�U�V�B�M�M�Z �D�B�O�D�F�M �B�H�B�J�O�T�U �P�U�I�F�S �U�F�S�N�T �J�O �U�I�F �J�O�U�F�H�S�B�M�� �e�J�T �N�F�B�O�T �U�I�B�U �X�F �X�J�M�M�O�F�F�E �U�P �F�Y�Q�B�O�E �U�I�J�T �J�O�U�F�H�S�B�M

�U�P �I�J�H�I�F�S �P�S�E�F�S�T �J�O �U�I�F �F�Y�Q�B�O�T�J�P�O�
 �X�I�J�D�I �X�F �B�D�U�V�B�M�M�Z �O�F�F�E �U�P �E�P �G�P�S �T�F�W�F�S�B�M �J�O�U�F�H�S�B�M�T�� �'�P�S �U�I�F �Q�V�S�Q�P�T�F

�P�G �J�M�M�V�T�U�S�B�U�J�O�H �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �J�O�U�F�H�S�B�M�T �J�O �P�V�S �D�B�M�D�V�M�B�U�J�P�O�
 �J�U �J�T �I�P�X�F�W�F�S �T�U�J�M�M �V�T�F�G�V�M �U�P �H�P �U�I�S�P�V�H�I �U�I�F

�T�U�F�Q�T �P�G �U�I�F �E�F�S�J�W�B�U�J�P�O��

� �
dxi J (Š 2)

s = � dm2(dŠ 7)
t �(7 Š d)

� �
dxi �

�
�

i � �

xi Š 1

�

(x4 + x5 + x6)dŠ 7

((x2 + x3 + 1) ( x4 + x5) + ( x2 + x3 + x4 + x5 + 1) x6)Š d
2 Š 1 �

m2
b (x4 + x5 + x6)

Šs (x4 (x3x6 + x5 (x3 + x6 + 1)) + x2 (x5 (x4 + x6) + x3 (x4 + x5 + x6)))]
�	���������


�e�F �J�O�U�F�H�S�B�U�J�P�O �J�T �Q�F�S�G�P�S�N�F�E �G�P�S �B�M�M �Q�B�S�B�N�F�U�F�S�T �T�B�W�Fx2, x3 �V�T�J�O�H �U�I�F �V�T�V�B�M �U�S�J�D�L�T �B�O�E �X�F �m�O�E

� �
dxi J (Š 2)

s = Š 1
2� d (mbmt )

dŠ 6 �
�
3 Š d

2

� 2
�

dx2dx3 (1 + x2 + x3)3Š d (1 + rx 2x3)
d
2 Š 3

= Š 1
2� d (mbmt )

dŠ 6 �
�
3 Š d

2

� 2
�5(r ),

�	���������


�J�O �X�I�J�D�I �U�I�F �U�S�J�B�O�H�M�F �J�O�U�F�H�S�B�M �X�F �D�P�N�Q�V�U�F�E �J�O �4�F�D�U�J�P�O ������ �B�Q�Q�F�B�S�T �O�B�U�V�S�B�M�M�Z�
 �D�P�O�m�S�N�J�O�H �U�I�F �J�O�U�V�J�U�J�P�O

�U�I�B�U �U�I�J�T �J�T �B �D�P�O�U�S�J�C�V�U�J�P�O �U�P �U�I�F �Q�B�S�U �P�G �U�I�F �B�N�Q�M�J�U�V�E�F �U�I�B�U �X�J�M�M �C�F �N�B�U�D�I�F�E�U�P �U�I�F �P�O�F���M�P�P�Q �E�J�B�H�S�B�N �J�O

�U�I�F �)�&�'�5��

�4����� ���� � �#�����# ��� �#�#�����%��� �� �%� �%���� ���)�!�����$��� ���e�F �M�F�B�E�J�O�H �P�S�E�F�S �D�P�O�U�S�J�C�V�U�J�P�O �G�S�P�N �T�P�N�F �J�O�U�F�H�S�B�M

�Z�J�F�M�E�T �B �E�J�W�F�S�H�F�O�U �D�P�O�U�S�J�C�V�U�J�P�O �U�P �U�I�F �G�P�S�N �G�B�D�U�P�S �J�O �U�I�F �M�J�N�J�Umt � � �
 �B�M�M �P�G �X�I�J�D�I �D�B�O�D�F�M �B�H�B�J�O�T�U �F�B�D�I

�P�U�I�F�S �X�I�F�O �D�P�N�C�J�O�F�E�� �"�T �B �S�F�T�V�M�U�
 �T�F�W�F�S�B�M �J�O�U�F�H�S�B�M�T�
 �J�O�D�M�V�E�J�O�HJ (1, 1, 1, 1, 1, 1, 0)� 
 � O� F� F� E � U� P � C� F � F� Y� Q� B� O� E� F� E

�C�F�Z�P�O�E �U�I�F �M�F�B�E�J�O�H �P�S�E�F�S �J�O �U�I�Fmt � � �M�J�N�J�U �J�O �P�S�E�F�S �U�P �P�C�U�B�J�O �U�I�F�J�S �D�P�O�U�S�J�C�V�U�J�P�O �U�P �U�I�F �m�S�T�U �O�P�O��

�W�B�O�J�T�I�J�O�H �P�S�E�F�S �P�G �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �G�P�S�N �G�B�D�U�P�S�� �0�C�U�B�J�O�J�O�H �U�I�F �J�O�U�F�H�S�B�O�E �G�P�S �U�I�F�T�F �D�P�S�S�F�D�U�J�P�O�T �J�T

�O�P �N�P�S�F �D�P�N�Q�M�J�D�B�U�F�E �B�T �J�O �U�I�F �M�F�B�E�J�O�H �P�S�E�F�S�� �J�U �B�N�P�V�O�U�T �U�P �U�B�L�J�O�H �U�I�F �T�F�D�P�O�E�O�P�O�U�S�J�W�J�B�M �U�F�S�N �J�O �U�I�F

�T�F�S�J�F�T �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �J�O�U�F�H�S�B�O�E �J�O �Q�P�X�F�S�T �P�G� �� �"�M�M �U�I�F �J�O�U�F�H�S�B�M�T �U�I�V�T �P�C�U�B�J�O�F�E �D�B�O �C�F �F�B�T�J�M�Z �J�O�U�F��

�H�S�B�U�F�E �V�T�J�O�H �U�I�F �T�F�U �P�G �U�S�J�D�L�T �M�B�Z�F�E �P�V�U �J�O �U�I�F �Q�S�F�W�J�P�V�T �E�J�T�D�V�T�T�J�P�O �F�Y�D�F�Q�U �G�P�S �U�I�F �/�-�0 �D�P�S�S�F�D�U�J�P�O �U�P �U�I�F

�T�P�G�U �S�F�H�J�P�O �P�GJ (1, 1, 1, 1, 1, 1, 0)�
J (0)
s �� �"�T �J�O �U�I�F �M�F�B�E�J�O�H���P�S�E�F�S �D�B�T�F�
 �B�M�M �Q�B�S�B�N�F�U�F�S�T �D�B�O �C�F �J�O�U�F�H�S�B�U�F�E

����



�T�U�S�B�J�H�I�U�G�P�S�X�B�S�E�M�Z �F�Y�D�F�Q�Ux2 �B�O�Ex3�
 �B�O�E �U�I�F �S�F�N�B�J�O�J�O�H �J�O�U�F�H�S�B�M �J�T �U�I�F �G�P�M�M�P�X�J�O�H��

J (0)
s = Š 1

48� dmdŠ 4
b mdŠ 8

t �
�
2 Š d

2

�
�

�
4 Š d

2

� 2
dx1dx2 (x2 + x3 + 1) Š dŠ 1 (rx 2x3 + 1)

d
2 Š 3

[d (r (x2 (2x2 + 3) + ( x3 + 1) (2 x3 + 1)) Š 4)

Š4r
�
2x2

2 + (2 x3 + 3) x2 + x3 (2x3 + 3)
�

Š 4r + 8
�

�	���������


�8�I�J�M�F �U�I�J�T �J�O�U�F�H�S�B�M �J�T �N�P�S�F �D�P�N�Q�M�J�D�B�U�F�E �U�I�B�O �5(r )�
 �J�U �D�B�O �C�F �F�Y�Q�B�O�E�F�E �J�O �Q�P�X�F�S�T �P�G
 = (4 Š d)/ 2

�B�O�E �F�W�B�M�V�B�U�F�E �V�T�J�O�H �U�I�F �T�B�N�F �B�M�H�P�S�J�U�I�N�� �e�F �S�F�T�V�M�U �P�G �U�I�F �J�O�U�F�H�S�B�U�J�P�O �D�B�O �C�F�G�P�V�O�E �J�O �"�Q�Q�F�O�E�J�Y �$��

�ü���ú���û �5���� ���)�!���������� �4�%���������#�� �.� ������ �����!�����%�&����

�8�F �O�P�X �I�B�W�F �B�M�M �U�I�F �F�M�F�N�F�O�U�T �O�F�D�F�T�T�B�S�Z �G�P�S �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F �'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T �G�P�SH � b̄b �B�U

O
�
� 2

syt (mb/m t )
�

�J�O �U�I�F �4�U�B�O�E�B�S�E �.�P�E�F�M�� �4�J�O�D�F �X�F �I�B�W�F �Q�F�S�G�P�S�N�F�E �U�I�F �S�F�E�V�D�U�J�P�O �U�P �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T

�J�O �U�I�F �F�Y�B�D�U �B�N�Q�M�J�U�V�E�F�
 �J�O�T�F�S�U�J�O�H �U�I�F�J�S �F�Y�Q�B�O�E�F�E �W�B�M�V�F�T �Z�J�F�M�E�T �B�O �F�Y�Q�S�F�T�T�J�P�O �P�G �U�I�F �G�P�S�N

A �4�. =
�

i

Ai (mt , mb, s)

�

�
ni

�N�B�Y�

n= ni
�N�J�O

�
mb

mt

� n k�N�B�Y,i
n�

k= k�N�J�O,i
n

�
s

m2
b

� k

f nk
i (mt , mb, s)

	


 , �	���������


�X�I�F�S�F �U�I�FAi �B�S�F �S�B�U�J�P�O�B�M �G�V�O�D�U�J�P�O�T �P�G �U�I�F �F�Y�U�F�S�O�B�M �T�D�B�M�F�T�
 �U�I�Ff nk
i �I�B�W�F �O�P �Q�P�X�F�S���M�B�X �E�F�Q�F�O�E�F�O�D�F �P�O

mb �B�O�Es� 
 � B� O� Ei �T�Q�B�O�T �F�B�D�I �S�F�H�J�P�O �P�G �F�B�D�I �J�O�U�F�H�S�B�M�� �5�P �P�C�U�B�J�OA �4�. �B�T �B �Q�P�X�F�S �T�F�S�J�F�T �J�Omb �B�O�Es� 
 � X� F

�O�P�X �P�O�M�Z �O�F�F�E �U�P �F�Y�Q�B�O�E �U�I�FAi �U�P �B �T�V���D�J�F�O�U �P�S�E�F�S�� �8�F �D�B�O �D�I�F�D�L �G�P�S �N�J�T�T�J�O�H �P�S�E�F�S�T �J�O �U�I�F �F�Y�Q�B�O��

�T�J�P�O �P�G �U�I�F �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �C�Z �D�I�F�D�L�J�O�H �U�I�B�U �B�O �F�Y�U�S�B �P�S�E�F�S �J�O �U�I�F �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �J�O�U�F�H�S�B�M �X�P�V�M�E �O�P�U

�N�P�E�J�G�Z �U�I�F �F�Y�Q�B�O�E�F�E �G�P�S�N �G�B�D�U�P�SA �4�. �� �*�O �Q�S�B�D�U�J�D�F�
 �X�F �B�E�E �B �E�V�N�N�Z �W�B�S�J�B�C�M�F �U�P �F�B�D�I �N�B�T�U�F�S �J�O�U�F�H�S�B�M�


�S�F�Q�S�F�T�F�O�U�J�O�H �U�I�F �O�F�H�M�F�D�U�F�E �Q�P�X�F�S �T�V�Q�Q�S�F�T�T�F�E �U�F�S�N�
 �B�O�E �D�I�F�D�L �U�I�B�U �U�I�F�T�F �E�V�N�N�Z �W�B�S�J�B�C�M�F�T �W�B�O�J�T�I �X�I�F�O

�X�F �F�Y�Q�B�O�E �U�I�F �G�P�S�N �G�B�D�U�P�S�� �"�G�U�F�S �Q�F�S�G�P�S�N�J�O�H �U�I�J�T �U�B�T�L �V�T�J�O�H �U�I�F �m�S�T�U �P�S�E�F�S �P�G �U�I�F �F�Y�Q�B�O�T�J�P�O �G�P�S �B�M�M �U�I�F

�N�B�T�U�F�S �J�O�U�F�H�S�B�M�T�
 �X�F �G�P�V�O�E �U�I�B�U �X�F �O�F�F�E�F�E �U�I�F �Q�P�X�F�S �T�V�Q�Q�S�F�T�T�F�E �U�F�S�N�T �P�G �T�P�N�F �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �B�O�E

�X�F �U�I�F�S�F�G�P�S�F �D�P�N�Q�V�U�F�E �U�I�F�N��

�8�I�J�M�F �U�I�F �B�N�Q�M�J�U�V�E�F �J�O �U�I�F �4�. �J�T �m�O�J�U�F�
 �J�U �J�T �T�U�J�M�M �S�F�M�F�W�B�O�U �U�P �T�Q�F�D�J�G�Z �B �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �T�D�I�F�N�F �T�P �U�I�B�U

�V�O�X�B�O�U�F�E �G�B�D�U�P�S�T �P�Glog 4� �B�O�E �U�I�F �&�V�M�F�S���.�B�T�D�I�F�S�P�O�J	 �D�P�O�T�U�B�O�U �C�F �S�F�N�P�W�F�E�
 �B�O�E �U�I�F �E�J�N�F�O�T�J�P�O�B�M�J�U�Z

�P�G �U�I�F �B�N�Q�M�J�U�V�E�F �C�F �S�F�T�Q�F�D�U�F�E�� �*�O �P�V�S �D�B�T�F �X�F �P�O�M�Z �O�F�F�E �T�Q�F�D�J�G�Z

� s = µ2� SŠ 1
� � R

s , v = µŠ � vR. �	���������


�"�T �J�O �U�I�F �)�&�'�5�
 �U�I�F �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �P�G �U�I�F �N�B�T�T�F�T �Z�J�F�M�E�T �B �U�S�J�W�J�B�M �D�I�B�O�H�F �T�P�X�F �B�W�P�J�E �V�T�J�O�H �T�V�Q�F�S�T�D�S�J�Q�U�T

�C�F�M�P�X��

�e�F �m�O�B�M �S�F�T�V�M�U �G�P�S �U�I�F �4�. �B�N�Q�M�J�U�V�E�F �G�P�SH � b̄b �B�UO
�
yR

t � R
s

2 (mb/m t )
�

�J�O �U�F�S�N�T �P�G �S�F�O�P�S�N�B�M�J�[�F�E

�Q�B�S�B�N�F�U�F�S�T �J�T

A �4�. = iy R
t

�
� R

s

� 2 CA CF

�
mb

mt

�
m2

b

36
�

2� 2

(2r + 1)
r(r + 1)

�
6G(0, Š1, r) + 6 G(0, 0, r)

Š6G(Š1, Š1, r) Š 6G(Š1, 0, r) + 36 (2 r + 1) log
�

mb

mt

�
Š 78r + 4 � 2 Š 39

�
.

�	���������


����



�ü���û �&�)�%�#�����%��� �� � �� �%����mb/m t ��� �#�#�����%��� �� �%� �%���� ��� �%�%� �� �:�&�����(��

�8�F �O�P�X �I�B�W�F �B�M�M �U�I�F �O�F�D�F�T�T�B�S�Z �F�M�F�N�F�O�U�T �U�P �F�Y�U�S�B�D�U �U�I�FO(mb/m t ) �D�P�S�S�F�D�U�J�P�O �U�P �U�I�F �)�&�'�5 �C�P�U�U�P�N

�:�V�L�B�X�B �D�P�V�Q�M�J�O�H �C�Z �N�B�U�D�I�J�O�H �U�I�F �D�P�O�U�S�J�C�V�U�J�P�O�T �P�G �P�S�E�F�SO
�
yR

t � R
s

2(mb/m t )
�

�U�P �U�I�FH � b̄b �B�N�Q�M�J��

�U�V�E�F �J�O �U�I�F �4�. �B�O�E �J�O �U�I�F �)�&�'�5�� �#�Z �J�N�Q�P�T�J�O�H �U�I�B�U �U�I�F �U�X�P �B�N�Q�M�J�U�V�E�F�T �C�F �F�R�V�B�M �V�Q�U�P �D�P�S�S�F�D�U�J�P�O�T �T�V�Q��

�Q�S�F�T�T�F�E �C�Z �Q�P�X�F�S�T �P�G �U�I�F �U�P�Q �N�B�T�T�
 �X�F �D�B�O �m�Y �U�I�F �W�B�M�V�F �P�G� F �� �*�O�E�F�F�E�
 �U�I�F �E�J�
�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �U�X�P

�D�P�O�U�S�J�C�V�U�J�P�O�T �X�F �I�B�W�F �D�B�M�D�V�M�B�U�F�E �J�T

iy R
t

�
� R

s

�

� 2 �
mb

mt

�
CA m2

b
(2r + 1) 2

r(r + 1)

�

�
6CF log

�
m2

t
µ2

�
+ 5CF + 12� F

12
�
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�"�M�M �U�I�F �Q�B�S�B�N�F�U�F�S�T �J�O �U�I�J�T �F�R�V�B�U�J�P�O�T �B�S�F �S�F�O�P�S�N�B�M�J�[�F�E �Q�B�S�B�N�F�U�F�S�T �F�W�B�M�V�B�U�F�E �B�U �U�I�F �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O

�T�D�B�M�Fµ�� �e�F �N�B�U�D�I�J�O�H �D�P�O�E�J�U�J�P�O �G�P�S� F �J�T �U�I�F�S�F�G�P�S�F��

� F (µ) = Š
CF

12

�
5 + 6 log

�
m2

t

µ2

��
, �	���������


�X�I�J�D�I �X�F �D�B�O �U�S�B�O�T�M�B�U�F �U�P �U�I�F �W�B�M�V�F �P�G �U�I�F �C�P�U�U�P�N �:�V�L�B�X�B �D�P�V�Q�M�J�O�H �J�O �U�I�F �)�&�'�5�B�U �/�-�0 �J�O �U�I�F1/m t

�F�Y�Q�B�O�T�J�P�O��

Cy(µ) = yR
b Š yR

t

�
� R

s

�

� 2 �
mb

mt

�
CF

12

�
5 + 6 log

�
m2

t

µ2

��
. �	���������
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5
�(�M�V�P�O �G�V�T�J�P�O �J�O �U�I�F �4�.�&�'�5 �B�U �U�X�P �M�P�P�Q�T

�e�F �F�Y�Q�F�S�J�N�F�O�U�B�M �D�P�M�M�B�C�P�S�B�U�J�P�O�T �B�U �U�I�F �-�)�$ �I�B�W�F �E�F�M�J�W�F�S�F�E �B �D�P�N�Q�S�F�I�F�O�T�J�W�F�B�D�D�P�V�O�U �P�G �U�I�F �Q�S�P�Q�F�S�U�J�F�T

�P�G �U�I�F �C�P�T�P�O �E�J�T�D�P�W�F�S�F�E �J�O ���������
 �T�I�P�X�J�O�H �U�I�B�U �J�U �C�F�I�B�W�F�T �B�T �F�Y�Q�F�D�U�F�E �G�S�P�N �B �4�U�B�O�E�B�S�E �.�P�E�F�M �)�J�H�H�T

�C�P�T�P�O �X�J�U�I�J�O �V�O�D�F�S�U�B�J�O�U�J�F�T�� �J�U �I�B�T �U�I�F �S�J�H�I�U �T�Q�J�O �B�O�E �Q�B�S�J�U�Z �<�����
 �����>�
 �B�T �X�F�M�M �B�T �U�I�F �S�J�H�I�U �J�O�U�F�S�B�D�U�J�P�O�T �<���>��

�e�F �D�V�S�S�F�O�U �F�Y�Q�F�S�J�N�F�O�U�B�M �Q�S�F�D�J�T�J�P�O �M�F�B�W�F�T �S�P�P�N �G�P�S �T�V�C�T�U�B�O�U�J�B�M �E�F�W�J�B�U�J�P�O�T �J�O �U�I�F �D�P�V�Q�M�J�O�H�T �P�G �U�I�F �)�J�H�H�T

�C�P�T�P�O �U�P �P�U�I�F�S �4�U�B�O�E�B�S�E �.�P�E�F�M �Q�B�S�U�J�D�M�F �B�O�E �J�U �J�T �P�V�S �K�P�C �B�T �U�I�F�P�S�J�T�U�T �U�P �Q�S�P�W�J�E�F �U�I�F �U�P�P�M�T �U�I�B�U �X�J�M�M �F�O�B�C�M�F

�V�T �U�P �F�Y�U�S�B�D�U �F�J�U�I�F�S �U�I�F �N�P�T�U �V�T�F�G�V�M �J�O�G�P�S�N�B�U�J�P�O �G�S�P�N �B �T�J�H�O�B�M�
 �P�S �U�I�F �N�P�T�U �N�F�B�O�J�O�H�G�V�M �D�P�O�T�U�S�B�J�O�U�T �J�G

�X�F �m�O�E �O�P �O�F�X �Q�I�Z�T�J�D�T��

�e�F �J�O�G�P�S�N�B�U�J�P�O �F�Y�U�S�B�D�U�F�E �G�S�P�N �U�I�F �3�V�O �* �P�O �)�J�H�H�T �C�P�T�P�O �D�P�V�Q�M�J�O�H�T �C�Z �"�5�-�"�4 �B�O�E �$�.�4 �J�T �G�P�S�N�V�M�B�U�F�E

�J�O �U�I�F
 ���G�S�B�N�F�X�P�S�L �<�����>�
 �X�I�J�D�I �X�F �E�J�T�D�V�T�T�F�E �J�O �4�F�D�U�J�P�O ������������ �e�F
 �Q�B�S�B�N�F�U�F�S�T �B�S�F �m�U �Q�B�S�B�N�F�U�F�S�T �X�I�J�D�I

�D�B�O �C�F �J�O�U�V�J�U�J�W�F�M�Z �J�O�U�F�S�Q�S�F�U�F�E �B�T �N�P�E�J�m�F�E �D�P�V�Q�M�J�O�H�T �B�O�E �U�I�F�J�S �E�F�m�O�J�U�J�P�O�T�B�S�F �C�B�T�F�E �P�O �U�I�F �M�F�B�E�J�O�H���P�S�E�F�S

�Q�B�S�B�N�F�U�S�J�D �E�F�Q�F�O�E�F�O�D�F �P�G �)�J�H�H�T �Q�S�P�E�V�D�U�J�P�O �B�O�E �E�F�D�B�Z �P�O �)�J�H�H�T �D�P�V�Q�M�J�O�H�T�� �8�I�J�M�F �U�I�J�T �J�T �B�O �J�O�U�V�J�U�J�W�F

�B�Q�Q�S�P�B�D�I �U�P �Q�V�U�U�J�O�H �D�P�O�T�U�S�B�J�O�U�T �P�O �Q�P�T�T�J�C�M�F �O�F�X �Q�I�Z�T�J�D�T �F�
�F�D�U�T �P�O �)�J�H�H�T �D�P�V�Q�M�J�O�H�T�
 �U�I�F �G�B�D�U �U�I�B�U �U�I�F


 �B�S�F �O�P�U �m�F�M�E���U�I�F�P�S�F�U�J�D �Q�B�S�B�N�F�U�F�S�T �N�B�L�F�T �U�I�F�J�S �M�J�O�L �U�P �B�D�U�V�B�M �#�4�. �N�P�E�F�M�T �D�P�N�Q�M�J�D�B�U�F�E�� �&�Y�U�S�B�D�U�J�O�H

�B �Q�S�F�D�J�T�F �S�F�M�B�U�J�P�O �C�F�U�X�F�F�O �U�I�F
 �B�O�E �U�I�F �Q�B�S�B�N�F�U�F�S�T �P�G �B �#�4�. �N�P�E�F�M �F�T�T�F�O�U�J�B�M�M�Z �S�F�R�V�J�S�F�T �D�B�M�D�V�M�B�U�J�O�H

�B�M�M �U�I�F �Q�S�P�D�F�T�T�F�T �D�P�O�T�J�E�F�S�F�E �J�O �U�I�F �F�Y�Q�F�S�J�N�F�O�U�B�M �T�J�H�O�B�M �m�U�T �U�P �B �T�V���D�J�F�O�U �E�F�H�S�F�F �P�G �B�D�D�V�S�B�D�Z�� �e�J�T �J�O��

�W�P�M�W�F�T �N�B�L�J�O�H �N�B�O�Z �D�B�M�D�V�M�B�U�J�P�O�T �J�O �F�B�D�I �#�4�. �N�P�E�F�M �B�U �M�F�B�T�U �B�U �/�-�0�
 �B�T �F�Y�Q�F�S�J�F�O�D�F �I�B�T �T�I�P�X�O �U�I�B�U �-�0

�Q�S�F�E�J�D�U�J�P�O�T �G�B�M�M �G�B�S �G�S�P�N �U�I�F �N�B�S�L �J�O �)�J�H�H�T �Q�I�Z�T�J�D�T��

�"�O �B�M�U�F�S�O�B�U�J�W�F �B�Q�Q�S�P�B�D�I �U�P �E�F�T�D�S�J�C�F �Q�P�T�T�J�C�M�F �O�F�X �Q�I�Z�T�J�D�T �F�
�F�D�U�T �J�O �B �N�P�E�F�M���J�O�E�F�Q�F�O�E�F�O�U �X�B�Z �J�T �U�P �V�T�F

�U�I�F �4�.�&�'�5 �<�����o�����>�� �e�J�T �N�B�L�F�T �U�I�F �S�F�M�B�U�J�P�O �C�F�U�X�F�F�O �U�I�F �T�J�H�O�B�M �B�O�E �U�I�F �N�P�E�F�M���J�O�E�F�Q�F�O�E�F�O�U �E�F�T�D�S�J�Q�U�J�P�O

�N�P�S�F �D�P�N�Q�M�J�D�B�U�F�E�
 �C�V�U �U�I�F �S�F�M�B�U�J�P�O �P�G �#�4�. �Q�B�S�B�N�F�U�F�S�T �U�P �4�.�&�'�5 �Q�B�S�B�N�F�U�F�S�T �J�T �N�V�D�I �T�J�N�Q�M�F�S �U�I�B�O �U�P


 �Q�B�S�B�N�F�U�F�S�T�� �e�J�T �J�T �B �E�F�T�J�S�B�C�M�F �U�S�B�E�F���P�
 �B�T �U�I�F �4�.�&�'�5 �D�B�M�D�V�M�B�U�J�P�O �O�F�F�E�T �P�O�M� Z � C� F � E� P� O� F � P� O� D� F� � � X� F � D� B� O

�F�Y�Q�B�O�E �U�I�F �F�
�P�S�U �U�P �Q�S�P�W�J�E�F �Q�S�F�D�J�T�F �4�.�&�'�5 �Q�S�F�E�J�D�U�J�P�O�T �G�P�S �L�F�Z �Q�S�P�D�F�T�T�F�T �B�O�E �F�Y�U�S�B�D�U �F�Y�Q�F�S�J�N�F�O�U�B�M

�D�P�O�T�U�S�B�J�O�U�T �P�O �4�.�&�'�5 �Q�B�S�B�N�F�U�F�S�T �X�I�J�D�I �D�B�O �U�I�F�O �C�F �U�S�B�O�T�M�B�U�F�E �J�O�U�P �D�P�O�T�U�S�B�J�O�U�T �P�O �#�4�. �N�P�E�F�M�T��

����



�" �O�V�N�C�F�S �P�G �-�)�$ �Q�S�P�D�F�T�T�F�T �I�B�T �C�F�F�O �T�U�V�E�J�F�E �J�O �U�I�F �4�.�&�'�5 �B�M�S�F�B�E�Z�
 �J�O �Q�B�S�U�J�D�V�M�B�S �J�O �U�P�Q �Q�I�Z�T�J�D�T�
 �X�I�F�S�F
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�S�F�E�F�m�O�J�O�H �4�. �m�F�M�E�T �B�O�E �D�P�V�Q�M�J�O�H�T �B�O�E �X�F �B�E�E �U�I�F �)�F�S�N�J�U�J�B�O �D�P�O�K�V�H�B�U�F �P�G �B�M�M �P�Q�F�S�B�U�P�S�T�
 �F�W�F�O �U�PO2

�X�I�J�D�I �J�T �B�M�S�F�B�E�Z �)�F�S�N�J�U�J�B�O�
 �U�P �N�B�U�D�I �U�I�F �D�P�O�W�F�O�U�J�P�O�T �P�G �<�������>��

�e�F �D�P�O�U�S�J�C�V�U�J�P�O �P�G �U�I�F�T�F �P�Q�F�S�B�U�P�S�T �I�B�T �C�F�F�O �T�U�V�E�J�F�E �B�U �-�0 �J�O �<�������>�
 �B�O�E �U�I�F �/�-�0���/�-�- �D�P�O�U�S�J�C�V�U�J�P�O

�G�S�P�NO1 �B�O�EO2 �X�B�T �D�P�N�Q�V�U�F�E �J�O �<�������>�� �e�F �-�0 �S�F�T�V�M�U �V�O�E�F�S�M�J�O�F�E �U�I�F �D�P�N�Q�M�F�Y�J�U�Z �B�T�T�P�D�J�B�U�F�E �X�J�U�IO3�


�X�I�J�D�I �H�F�O�F�S�B�U�F�T �B�O �J�O�U�S�J�D�B�U�F �6�7 �E�J�W�F�S�H�F�O�D�F �T�U�S�V�D�U�V�S�F�� �*�O�E�F�F�E�
 �B�M�S�F�B�E�Z �B�U�M�F�B�E�J�O�H �P�S�E�F�S�
 �U�I�F �E�J�B�H�S�B�N�T

�H�F�O�F�S�B�U�F�E �C�ZO3�
 �F�Y�F�N�Q�M�J�m�F�E �J�O �'�J�H�V�S�F �������D�
 �B�S�F �6�7 �E�J�W�F�S�H�F�O�U �B�O�E �S�F�R�V�J�S�F�T �B �D�P�V�O�U�F�S�U�F�S�N �J�OC2��

CB
2 � CR

3
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�B�T �J�M�M�V�T�U�S�B�U�F�E �T�D�I�F�N�B�U�J�D�B�M�M�Z �J�O �&�R�V�B�U�J�P�O ������ �X�I�J�D�I �E�F�T�D�S�J�C�F�T �U�I�F �T�U�S�V�D�U�V�S�F �P�G �U�I�F �Q�B�S�U �P�G �U�I�F �B�N�Q�M�J�U�V�E�F

�H�F�O�F�S�B�U�F�E �C�Z �U�I�F �&�'�5 �P�Q�F�S�B�U�P�S�TM �&�'�5�� �e�J�T �J�T �U�I�F �B �N�B�O�J�G�F�T�U�B�U�J�P�O �P�G �P�Q�F�S�B�U�P�S �N�J�Y�J�O�H �X�I�J�D�I �B�M�T�P �B�Q��

����



�Q�F�B�S�F�E �J�O �U�I�F �Q�S�F�W�J�P�V�T �D�I�B�Q�U�F�S��

M �&�'�5= C1 × + C3 × + C2 ×

�'�J�O�J�U�F �6�7 �E�J�W�F�S�H�F�O�U �'�J�O�J�U�F

+ �
Z23



C3 ×

�$�P�V�O�U�F�S���U�F�S�N

�	�������


�ý���ú �$�������&�����%��� �� � �� �%���� �����!�����%�&����

�ý���ú���ù �4�%�#�&���%�&�#�� � �� �%���� �����!�����%�&����

�e�Fgg � H �Q�S�P�D�F�T�T �I�B�T �B �W�F�S�Z �T�J�N�Q�M�F �U�F�O�T�P�S �B�O�E �D�P�M�P�S �T�U�S�V�D�U�V�S�F �U�I�B�U �N�B�L�F�T �J�U �F�B�T�Z �U�P �H�P�G�S�P�N �U�I�F �G�V�M�M

�B�N�Q�M�J�U�V�E�F �U�P �B �T�D�B�M�B�S �R�V�B�O�U�J�U�Z �U�I�B�U �X�F �D�B�O �F���D�J�F�O�U�M�Z �E�F�B�M �X�J�U�I�� �e�F �B�N�Q�M�J�U�V�E�F �U�B�L�F�T �U�I�F �G�P�S�N

A(p1, � 1, c1, p2, � 2, c2) = � µ(p1, � 1)� � (p1, � 1)A µ�
�B�N�Qc1c2

= � µ(p1, � 1)� � (p1, � 1)� c1c2 Tµ� M ,
�	�������


�X�I�F�S�F �U�I�F� �B�S�F �U�I�F �Q�P�M�B�S�J�[�B�U�J�P�O �W�F�D�U�P�S�T �P�G �U�I�F �H�M�V�P�O�T�
 �U�I�Fpi �B�S�F �U�I�F�J�S �N�P�N�F�O�U�B�
� i �B�S�F �U�I�F�J�S �I�F�M�J�D�J�U�J�F�T

�B�O�Eci �B�S�F �U�I�F�J�S �D�P�M�P�S�T�� �e�F �U�F�O�T�P�S �T�U�S�V�D�U�V�S�F �J�TTµ� = ( p1 �rp2gµ� Š p�
1pµ

2)�� �8�F �X�J�M�M �V�T�F �U�I�F �T�D�B�M�B�S �J�O��

�W�B�S�J�B�O�Us = ( p1 + p2)2 = 2p1 �rp2 �U�I�S�P�V�H�I�P�V�U �U�I�J�T �D�B�M�D�V�M�B�U�J�P�O �U�P �D�M�F�B�O�M�Z �E�J�T�F�O�U�B�O�H�M�F �U�I�F �Q�I�Z�T�J�D�B�M �)�J�H�H�T

�C�P�T�P�O �N�B�T�TmH = 125 GeV �B�O�E �U�I�F �W�B�S�J�B�C�M�Fs �X�F �V�T�F �J�O �P�V�S �D�B�M�D�V�M�B�U�J�P�O�� �6�O�U�J�M �X�F �E�J�T�D�V�T�T �U�I�F �B�O�B��

�M�Z�U�J�D �D�P�O�U�J�O�V�U�J�P�O �J�O �4�F�D�U�J�P�O �������
 �X�F �X�J�M�M �B�M�X�B�Z�T �B�T�T�V�N�F �U�P �C�F �J�O �U�I�F �&�V�D�M�J�E�F�B�O �S�F�H�J�P�O �	s < 0�
m2
t > 0�
��

�8�F �S�F�H�V�M�B�S�J�[�F �U�I�F �B�N�Q�M�J�U�V�E�F�T �X�J�U�I �E�J�N�F�O�T�J�P�O�B�M �S�F�H�V�M�B�S�J�[�B�U�J�P�O �B�O�E �V�T�F �U�I�F�S�F�H�V�M�B�S�J�[�B�U�J�P�O �Q�B�S�B�N�F�U�F�S


 = (4 Š d)/ 2 �X�I�F�S�Fd �J�T �U�I�F �O�V�N�C�F�S �P�G �T�Q�B�D�F�U�J�N�F �E�J�N�F�O�T�J�P�O�T��

�8�F �D�B�O �P�C�U�B�J�O �U�I�F �T�D�B�M�B�S �B�N�Q�M�J�U�V�E�FM �C�Z �B�Q�Q�M�Z�J�O�H �B �Q�S�P�K�F�D�U�P�SPc1c2
µ� �U�P �U�I�F �B�N�Q�M�J�U�V�E�F �B�N�Q�V�U�B�U�F�E �P�G

�J�U�T �F�Y�U�F�S�O�B�M �T�U�B�U�F�TA �B�N�Q�� �e�F �S�F�R�V�J�S�F�E �Q�S�P�K�F�D�U�P�S �J�T

Pc1c2
µ� =

2
s2(1 Š 
 )

Tµ� � c1c2

N 2
c Š 1

. �	�������


�8�F �X�J�M�M �E�F�D�P�N�Q�P�T�F �U�I�F �C�B�S�F �B�N�Q�M�J�U�V�E�FM B �B�T �G�P�M�M�P�X�T��

M B (s, mB
t ) =

� B
s

�
µŠ 2� S�

�
1

vB M B
�4�. + CB

1

�
vB � 2

M B
1 + CB

2 vB M B
2 + CB

3 M B
3

�

+
�

� B
s

�
µŠ 2� S�

� 2 �
1

vB M B
�4�. + CB

1

�
vB � 2

M B
1 + CB

2 vB M B
2 + CB

3 M B
3

�
,

�	���������


�X�I�F�S�F� B
s �J�T �U�I�F �C�B�S�F �T�U�S�P�O�H �D�P�V�Q�M�J�O�H �Q�B�S�B�N�F�U�F�S�
mB

t �J�T �U�I�F �C�B�S�F �U�P�Q �N�B�T�T�
vB �J�T �U�I�Fd���E�J�N�F�O�T�J�P�O�B�M

�W�B�D�V�V�N �F�Y�Q�F�D�U�B�U�J�P�O �W�B�M�V�F �P�G �U�I�F �)�J�H�H�T �m�F�M�E�
 �B�O�ECB
i �B�S�F �U�I�F �C�B�S�F �8�J�M�T�P�O �D�P�F���D�J�F�O�U�T�� �8�F �B�M�T�P �E�F�m�O�F

S� = exp ( Š
	 ) (4� )� �
 �U�I�F �V�T�V�B�M�.�4 �G�B�D�U�P�S �X�J�U�I	 �U�I�F �&�V�M�F�S���.�B�T�D�I�F�S�P�O�J �D�P�O�T�U�B�O�U �B�O�Eµ �J�T �U�I�F �S�F�O�P�S�N�B�M��

����



�0�Q�F�S�B�U�P�S �7�F�S�U�F�Y �'�F�Z�O�N�B�O �3�V�M�F

O1 t̄tH iC 1
v2
�

2

O2 g1g2H Š8ig2
svC2H µ1µ2 � c1,c2

O3 t̄1t2g3 igsC3v

�
2

2
Ta3

i 1 i 2
[�p3, 	 µ3 ]

O3 t̄1t2g3H ig sC3

�
2

2
Ta3

i 1 i 2
[�p3, 	 µ3 ]

O3 t̄1t2g3g4 ig2
sC3

�
2

2
vf a3a4a5 Ta5

i 1 i 2
[	 µ4 , 	 µ3 ]

O3 t̄1t2g3g4H ig 2
sC3

�
2

2
f a3a4a5 Ta5

i 1 i 2
[	 µ4 , 	 µ3 ]

�;�H�I�S�L �������!�;�O�L �U�L�^ �-�L�`�U�T�H�U �Y�\�S�L�Z �P�U�[�Y�V�K�\�J�L�K �P�U�[�;�`���7�@�t�K�H�@�T���`�b�2�`�� �;�O�L �P�U�K�L�_ �V�M �L�H�J�O �W�H�Y�[�P�J�S�L �P�Z �K�L�Ä�U�L�K �[�V �J�V�Y�Y�L�Z�W�V�U�K

�[�V �[�O�L �P�U�K�P�J�L�Z �H�U�K �T�V�T�L�U�[�H �P�U �[�O�L �-�L�`�U�T�H�U �Y�\�S�L�Z�� �;�O�L �N�S�\�V�U �M�\�Z�P�V�U �V�W�L�Y�H�[�V�Y �J�V�U�[�H�P�U�Z �[�O�L �[�Y�H�U�Z�]�L�Y�Z�L �[�L�U�Z�V�YH µ 1 µ 2 =
(pµ 2

1 pµ 1
2 Š p1p2gµ 1 µ 2 )

�J�[�B�U�J�P�O �T�D�B�M�F�� �*�O �U�I�F �T�V�C�T�F�R�V�F�O�U �T�F�D�U�J�P�O�T �B�O�E �V�O�U�J�M �4�F�D�U�J�P�O �������
 �X�F �X�J�M�M �P�O�M�Z �X�P�S�L �X�J�U�I �C�B�S�F �Q�B�S�B�N�F�U�F�S�T

�B�O�E �P�N�J�U �U�I�F �T�V�Q�F�S�T�D�S�J�Q�U��

�ý���ú���ú �-�0 �����!�����%�&����

�e�F �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F �L�O�P�X�O �S�F�T�V�M�U �G�P�S �U�I�F �-�0 �B�N�Q�M�J�U�V�E�F �G�P�S �H�M�V�P�O �G�V�T�J�P�O �J�O �U�I�F �4�.�&�'�5 �J�T �B �O�F�D�F�T�T�B�S�Z

�T�U�F�Q �G�P�S �U�I�F �D�B�M�D�V�M�B�U�J�P�O �P�G �U�I�F �/�-�0 �D�P�S�S�F�D�U�J�P�O�T�� �/�P�U �P�O�M�Z �E�P�F�T �U�I�J�T �B�N�Q�M�J�U�V�E�F �Q�S�P�W�J�E�F �B �D�I�F�D�L �P�G �P�V�S �J�N��

�Q�M�F�N�F�O�U�B�U�J�P�O�
 �C�V�U �J�U �J�T �O�F�D�F�T�T�B�S�Z �G�P�S �U�I�F �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �B�O�E �U�I�F �T�V�C�U�S�B�D�U�J�P�O �P�G �J�O�G�S�B�S�F�E �E�J�W�F�S�H�F�O�D�F�T��

�4�J�N�J�M�B�S�M�Z�
 �P�V�S �D�I�P�J�D�F �P�G �T�V�C�U�S�B�D�U�J�O�H �)�J�H�H�T �W�B�D�V�V�N �F�Y�Q�F�D�U�B�U�J�P�O �W�B�M�V�F�T �G�S�P�N �U�I�F �P�Q�F�S�B�U�P�S�T �I�B�T �B �D�P�O�T�F��

�R�V�F�O�D�F �P�O �U�I�F �4�. �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �J�O �U�I�B�U �U�I�F �C�B�S�F �T�U�S�P�O�H �D�P�V�Q�M�J�O�H �D�P�O�T�U�B�O�U�B�O�E �U�I�F �C�B�S�F �U�P�Q �N�B�T�T �X�J�M�M

�J�O�D�M�V�E�F �D�P�V�O�U�F�S�U�F�S�N�T �Q�S�P�Q�P�S�U�J�P�O�B�M �U�PC3�� �"�T �B �S�F�T�V�M�U�
 �X�F �O�F�F�E �U�P �D�P�N�Q�V�U�F �U�I�F �D�P�N�Q�M�F�U�F �-�0 �B�N�Q�M�J�U�V�E�F�


�J�O�D�M�V�E�J�O�H �U�I�F �4�. �D�P�O�U�S�J�C�V�U�J�P�O��

�8�F �H�F�O�F�S�B�U�F�E �E�J�B�H�S�B�N�T �V�T�J�O�H�Z�:�_���6�U�P �H�F�O�F�S�B�U�F �E�J�B�H�S�B�N�T �J�O�s�J�G�G�P�S�N�B�U�� �8�F �E�F�m�O�F�E �U�I�F �O�F�X �J�O�U�F�S��

�B�D�U�J�P�O�T �H�F�O�F�S�B�U�F�E �C�Z �U�I�F �E�J�N�F�O�T�J�P�O���T�J�Y �P�Q�F�S�B�U�P�S�T �J�O�[�;�`���7�@�t�K�H�@�T���`�b�2�`�U�P �H�F�O�F�S�B�U�F�6�P�_�J�F�Y�Q�S�F�T�T�J�P�O�T

�G�P�SM �X�I�J�D�I �D�P�V�M�E �C�F �Q�S�P�D�F�T�T�F�E �U�P �F�W�B�M�V�B�U�F �G�F�S�N�J�P�O �U�S�B�D�F�T �B�O�E �J�O�E�F�Y �D�P�O�U�S�B�D�U�J�P�O�T�� �e�F �O�F�X �'�F�Z�O�N�B�O

�S�V�M�F�T �H�F�O�F�S�B�U�F�E �C�Z �P�Q�F�S�B�U�P�S�TO1�
O2 �B�O�EO3 �B�S�F �M�J�T�U�F�E �J�O �5�B�C�M�F ��������

�0��������� � �! ���������#�����$

�e�F �J�O�U�F�H�S�B�M�T �J�O �U�I�F �P�O�F���M�P�P�Q �E�J�B�H�S�B�N�T �H�F�O�F�S�B�U�F�E �J�O �U�I�F �4�. �B�O�E �C�ZO1 �B�O�EO3 �B�M�M �G�B�M�M �J�O �U�I�F �T�B�N�F �U�S�J�B�O�H�M�F

�U�P�Q�P�M�P�H�Z�� �8�F �E�F�m�O�F�E �U�I�F �G�P�M�M�P�X�J�O�H �T�F�U �P�G �E�F�O�P�N�J�O�B�U�P�S�T��

D1 = k2
1 Š m2

t , D2 = ( k1 Š p1)2 Š m2
t , D3 = ( k1 + p2)2 Š m2

t , �	���������


����



�X�I�F�S�Fk1 �J�T �U�I�F �M�P�P�Q �N�P�N�F�O�U�V�N�� �/�V�N�F�S�B�U�P�S�T �B�S�F �I�B�O�E�M�F�E �X�J�U�I �U�I�F �G�P�M�M�P�X�J�O�H �S�V�M�F�T��

k2
1 = D1 + m2

t , k1 �rp1 =
1
2

(D1 Š D2) , k1 �rp2 =
1
2

(D3 Š D1) . �	���������


�*�O�U�F�H�S�B�M�T �J�O �U�I�F �G�B�N�J�M�Z �B�S�F �E�F�m�O�F�E �B�T

I (n1, n2, n3) = µ2� SŠ 1
�

�
ddk1

(2� )d

1
D n1

1 D n2
2 D n3

3
. �	���������


�8�F �V�T�F�E�a���A�6�U�P �S�F�E�V�D�F �B�M�M �U�I�F �T�D�B�M�B�S �J�O�U�F�H�S�B�M�T �B�Q�Q�F�B�S�J�O�H �J�O �U�I�F �P�O�F���M�P�P�Q �E�J�B�H�S�B�N�T �J�O�U�P�M�J�O�F�B�S �D�P�N��

�C�J�O�B�U�J�P�O�T �P�GI �J�O�U�F�H�S�B�M�T �B�O�E �G�P�V�O�E �U�I�F �G�P�M�M�P�X�J�O�H �F�Y�Q�S�F�T�T�J�P�O�T��

�t �4�. �D�P�O�U�S�J�C�V�U�J�P�O��

M �4�. =4 � 2 m2
t

(d Š 2)s

�
4 I (1, 1, 1)

�
(d Š 2)s Š 8m2

t

�
Š

16I (Š1, 1, 1)
s

+
16I (0, 0, 1)

s
+

16I (0, 1, 0)
s

Š
16I (1, 0, 0)

s
+ 8( d Š 5) I (0, 1, 1)

� �	���������


�t �$�P�O�U�S�J�C�V�U�J�P�O �G�S�P�NO1��

M 1 =4 � 2 mt�
2(d Š 2)s

�
4 I (1, 1, 1)

�
(d Š 2)s Š 8m2

t

�
Š

16I (Š1, 1, 1)
s

+
16I (0, 0, 1)

s
+

16I (0, 1, 0)
s

Š
16I (1, 0, 0)

s
+ 8( d Š 5) I (0, 1, 1)

� �	���������


�t �$�P�O�U�S�J�C�V�U�J�P�O �G�S�P�NO3

M 3 =4 � 2

�
2mt

(d Š 2)s

�
16(d Š 3)sJ(1, 1, 1)m2

t + 8( d Š 4)sJ(0, 1, 1)

+ 2( d Š 2)sJ(1, 0, 1) + 2( d Š 2)sJ(1, 1, 0) Š 4(d Š 6)J (0, 0, 1)

Š4(d Š 6)J (0, 1, 0) + 8( d Š 4)J (1, 0, 0) Š 16J (Š1, 1, 1))

�	���������


�8�F �S�F�E�V�D�F�E �U�I�F �T�D�B�M�B�S �J�O�U�F�H�S�B�M�T �B�Q�Q�F�B�S�J�O�H �J�O �U�I�F�T�F �B�N�Q�M�J�U�V�E�F�T �U�P �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �V�T�J�O�H�G�B�i�2�_�2�/

�B�O�E �P�C�U�B�J�O�F�E �U�I�F �F�Y�Q�F�D�U�F�E �U�B�E�Q�P�M�F �	I (0, 0, 1)�
�
 �C�V�C�C�M�F �	I (0, 1, 1)�
 �B�O�E �U�S�J�B�O�H�M�F �	I (1, 1, 1)�
��

�e�F�T�F �J�O�U�F�H�S�B�M�T �B�S�F �P�G �D�P�V�S�T�F �X�F�M�M �L�O�P�X�O �B�O�E �X�F �V�T�F�E �U�I�F�J�S �F�Y�Q�S�F�T�T�J�P�O�T �Q�S�P�W�J�E�F�E �J�O �<�����>�� �e�F�T�F �J�O�U�F��

�H�S�B�M�T �B�S�F �F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �N�V�M�U�J�Q�M�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N �P�G �U�I�F �W�B�S�J�B�C�M�Fx �E�F�m�O�F�E �C�Zs = Šm2
t (1Š x)2/x ��

�*�O �U�I�F �&�V�D�M�J�E�F�B�O �S�F�H�J�P�O �J�O �X�I�J�D�Is < 0�
 �U�I�F �F�Y�Q�S�F�T�T�J�P�O �G�P�Sx �J�T

x =

�
4m2

t Š s Š
�

Šs
�

4m2
t Š s +

�
Šs

. �	���������


�8�F �X�J�M�M �E�J�T�D�V�T�T �U�I�F �B�O�B�M�Z�U�J�D �D�P�O�U�J�O�V�B�U�J�P�O �P�Gx �B�O�E �P�G �U�I�F �.�1�-�T �U�P �U�I�F �Q�I�Z�T�J�D�B�M �S�F�H�J�P�O �J�O �4�F�D�U�J�P�O ��������

�8�F �D�B�O �O�P�X �F�Y�Q�S�F�T�T �U�I�F �P�O�F���M�P�P�Q �E�J�B�H�S�B�N�T �B�Q�Q�F�B�S�J�O�H �B�U �-�0 �J�O �P�V�S �D�B�M�D�V�M�B�U�J�P�O�� �8�F �P�C�U�B�J�O�F�E �F�B�D�I

�Q�J�F�D�F �P�G �U�I�F �B�N�Q�M�J�U�V�E�F �V�Q �U�PO
�

 2

�
�
 �B�T �O�F�F�E�F�E �U�P �D�B�M�D�V�M�B�U�F �U�I�F �*�3 �E�J�W�F�S�H�F�O�D�F�T �P�G �U�I�F �/�-�0 �B�N�Q�M�J�U�V�E�F �J�O

����



�U�I�F �$�B�U�B�O�J���4�F�Z�N�P�V�S �G�P�S�N�B�M�J�T�N �<�������>�� �)�F�S�F �X�F �Q�S�F�T�F�O�U �U�I�F �S�F�T�V�M�U �V�Q �U�PO
�

 0

�
��

M B
�4�. = Ši

x
�
(x + 1) 2G(0, 0, x) Š 2(x Š 1)2

�

(x Š 1)4 �	���������


M B
1 = Š

i
�

2mt

x
�
(x + 1) 2G(0, 0, x) Š 2(x Š 1)2

�

(x Š 1)4 �	���������


M B
3 =

i2
�

2mt




Š
i
�

2mt

� �
x2 Š 1

�
G(0, x) + 2 xG(0, 0, x) Š (x Š 1)2

��
2 log

�
µ2

m2
t

�
+ 1

���

(x Š 1)2

�	���������


�"�T �X�F �E�J�T�D�V�T�T�F�E �J�O �4�F�D�U�J�P�O �������
 �U�I�F �E�J�B�H�S�B�N�T �H�F�O�F�S�B�U�F�E �C�ZO3 �I�B�W�F �B �6�7 �E�J�W�F�S�H�F�O�D�F�� �e�F �D�B�M�D�V�M�B�U�J�P�O

�P�G �U�I�F �U�S�F�F���M�F�W�F�M �D�P�O�U�S�J�C�V�U�J�P�O �G�S�P�NO2 �X�J�M�M �T�I�P�X �U�I�B�U �J�U �D�B�O �C�F �B�C�T�P�S�C�F�E �C�Z �U�I�F �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �P�GC2��

�5�#�����������'���� ���������#����

�e�F �U�S�J�W�J�B�M �D�P�O�U�S�J�C�V�U�J�P�O �H�F�O�F�S�B�U�F�E �C�ZO2 �J�T �W�F�S�Z �T�J�N�Q�M�F �U�P �D�B�M�D�V�M�B�U�F�� �"�Q�Q�M�Z�J�O�H �U�I�F �S�F�M�F�W�B�O�U �'�F�Z�O�N�B�O

�S�V�M�F �J�O �5�B�C�M�F �������
 �X�F �m�O�E

M B
2 = Š32i� 2. �	���������


�"�T �X�F �E�J�T�D�V�T�T�F�E �F�B�S�M�J�F�S�
CB
2 �D�P�O�U�B�J�O�T �B �D�P�V�O�U�F�S�U�F�S�NCR

3 �Z 23/
 �
 �X�I�J�D�I �D�B�O�D�F�M�T �U�I�F �Q�P�M�F �J�O �&�R�V�B�U�J�P�O ��������

�C�Z �T�F�U�U�J�O�H

�Z 23 =
mt

8
�

2� 2v
, �	���������


�J�O �B�H�S�F�F�N�F�O�U �X�J�U�I �U�I�F �M�J�U�F�S�B�U�V�S�F �<�������
 �������
 �������>�� �8�F �X�J�M�M �E�J�T�D�V�T�T �J�O �E�F�U�B�J�M�J�O �4�F�D�U�J�P�O ������ �U�I�F �G�V�M�M �P�O�F���M�P�P�Q

�S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �N�B�U�S�J�Y �G�P�S �P�V�S �T�F�U �P�G �U�I�S�F�F �P�Q�F�S�B�U�P�S�T��

�ý���ú���û �/�-�0 �����!�����%�&����

�8�F �X�J�M�M �O�P�X �D�B�M�D�V�M�B�U�F �U�I�FO
�
� 2

s

�
�W�J�S�U�V�B�M �D�P�S�S�F�D�U�J�P�O�T �U�P �H�M�V�P�O �G�V�T�J�P�O �H�F�O�F�S�B�U�F�E �C�Z �U�I�F �4�. �B�O�E �P�V�S �T�F�U �P�G

�U�I�S�F�F �P�Q�F�S�B�U�P�S�T�� �e�F �4�. �E�J�B�H�S�B�N�T �B�O�E �U�I�P�T�F �H�F�O�F�S�B�U�F�E �C�ZO1 �B�O�EO3 �B�S�F �U�X�P���M�P�P�Q �E�J�B�H�S�B�N�T�
 �B�O�E �U�I�F

�E�J�B�H�S�B�N�T �H�F�O�F�S�B�U�F�E �C�ZO2 �B�S�F �P�O�F���M�P�P�Q �E�J�B�H�S�B�N�T �X�I�J�D�I �X�F �X�J�M�M �I�B�O�E�M�F �T�F�Q�B�S�B�U�F�M�Z��

�6�T�J�O�H �U�I�F �O�P�X �T�U�B�O�E�B�S�E �D�I�B�J�O �P�G �U�P�P�M�T�
 �X�F �H�F�O�F�S�B�U�F�E �J�O�E�F�Q�F�O�E�F�O�U�M�Z �U�I�F �U�X�P���M�P�P�Q �B�O�E �U�I�F �P�O�F��

�M�P�P�Q �E�J�B�H�S�B�N�T �V�T�J�O�H�Z�:�_���6�
 �X�I�J�D�I �X�F �U�I�F�O �U�S�B�O�T�G�P�S�N�F�E �U�P�6�P�_�J�F�Y�Q�S�F�T�T�J�P�O�T �G�P�SM �4�. �
 M i �
 �V�T�J�O�H

�[�;�`���7�@�t�K�H�@�T���`�b�2�`�X�I�P�T�F �J�O�E�J�D�F�T �X�F�S�F �D�P�O�U�S�B�D�U�F�E �B�O�E �H�B�N�N�B �N�B�U�S�J�Y �U�S�B�D�F�T �F�W�B�M�V�B�U�F�E�� �e�F �S�F�T�V�M�U�J�O�H

�F�Y�Q�S�F�T�T�J�P�O�T �X�F�S�F �U�I�F�O �J�N�Q�P�S�U�F�E �J�O�U�P�J���i�?�2�K���i�B�+���G�P�S �G�V�S�U�I�F�S �Q�S�P�D�F�T�T�J�O�H��

�0��������� � �! ���������#�����$

�e�F�S�F �J�T �P�O�M�Z �P�O�F �P�O�F���M�P�P�Q �E�J�B�H�S�B�N�T �H�F�O�F�S�B�U�F�E �C�ZO2 �B�U �P�O�F �M�P�P�Q�
 �B�T �T�I�P�X�O �J�O �'�J�H�V�S�F �������� �*�U �J�T �U�I�F�S�F�G�P�S�F

�T�U�S�B�J�H�I�U�G�P�S�X�B�S�E �U�P �E�F�m�O�F �B �U�P�Q�P�M�P�H�Z �U�P �F�W�B�M�V�B�U�F �U�I�F �M�P�P�Q �J�O�U�F�H�S�B�M �J�O �U�I�J�T �E�J�B�H�S�B�N�� �-�F�U �V�T �E�F�m�O�F �U�I�F

����



�-�P�N�\�Y�L �������!�;�O�L �V�U�L���S�V�V�W �K�P�H�N�Y�H�T �J�V�U�[�Y�P�I�\�[�P�U�N �[�VM B
2

�G�B�N�J�M�Z

j (n1, n2, n3) = SŠ 1
� µ2�

�
ddk1

(2� )d

1

(k2
1)n1 ((k1 Š p1)2)n2 ((k1 + p2)2)n3

�	���������


�8�F �V�T�F�E�a���A�6�U�P �S�F�E�V�D�F �B�M�M �U�I�F �T�D�B�M�B�S �J�O�U�F�H�S�B�M�T �B�Q�Q�F�B�S�J�O�H �J�OM B
2 �U�P �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T �P�Gj �J�O�U�F�H�S�B�M�T��

�8�F �U�I�F�O �V�T�F�E�G�B�i�2�_�2�/�U�P �S�F�E�V�D�F �U�I�F�T�F �J�O�U�F�H�S�B�M�T �U�P �B �C�B�T�J�T �P�G �P�O�M�Z �P�O�F �N�B�T�U�F�S �J�O�U�F�H�S�B�M�
j (0, 1, 1)� 
 � B

�N�B�T�T�M�F�T�T �C�V�C�C�M�F�� �e�J�T �J�O�U�F�H�S�B�M �J�T �U�S�J�W�J�B�M �U�P �F�W�B�M�V�B�U�F �V�T�J�O�H �U�I�F �U�F�D�I�O�J�R�V�F�T�E�F�T�D�S�J�C�F�E �J�O �4�F�D�U�J�P�O ���
 �C�V�U �J�O

�Q�S�B�D�U�J�D�F �X�F �T�J�N�Q�M�Z �V�T�F�E �U�I�F �F�Y�Q�S�F�T�T�J�P�O �Q�S�P�W�J�E�F�E �J�O �<�����>�
 �B�T �X�F �I�B�E �B�M�S�F�B�E�Z �J�N�Q�P�S�U�F�E �U�I�F�J�S �E�F�m�O�J�U�J�P�O�T �G�P�S

�U�I�F �U�X�P���M�P�P�Q �Q�B�S�U �P�G �P�V�S �D�B�M�D�V�M�B�U�J�P�O�� �*�O�T�F�S�U�J�O�H �U�I�F �F�Y�Q�S�F�T�T�J�P�O �G�P�Sj (0, 1, 1) �J�O�U�PM B
2 � 
 � X� F � H� F� U � B � T� P� N� F� X� I� B� U

�D�P�N�Q�M�J�D�B�U�F�E �F�Y�Q�S�F�T�T�J�P�O �X�I�J�D�I �I�J�E�F�T �U�I�F �B�D�U�V�B�M �T�J�N�Q�M�J�D�J�U�Z �P�G �U�I�F �B�N�Q�M�J�U�V�E�F��

M B
2 = 16i� 2

0
3

 2 +

1



�
3G(0, x) Š 6G(1, x) +

� 0

2
+ 3 log

�
µ2

m2
t

��

+ 3G(0, 0, x) Š 6G(0, 1, x) Š 6G(1, 0, x) + 12G(1, 1, x) Š
� 2

4

+ 3G(0, x) log
�

µ2

m2
t

�
Š 6G(1, x) log

�
µ2

m2
t

�
+

3
2

log2
�

µ2

m2
t

�1
�	���������


�e�J�T �J�T �E�V�F �U�P �U�I�F �G�B�D�U �U�I�B�U �P�V�S �D�I�P�J�D�F �P�G �W�B�S�J�B�C�M�F�T(x, mt ) �J�T �O�P�U �X�F�M�M���T�V�J�U�F�E �U�P �U�I�J�T �S�F�T�V�M�U�
 �X�I�J�D�I �J�T

�F�O�U�J�S�F�M�Z �J�O�E�F�Q�F�O�E�F�O�U �P�Gmt �� �8�F �D�B�O �I�P�X�F�W�F�S �T�J�N�Q�M�J�G�Z �U�I�J�T �F�Y�Q�S�F�T�T�J�P�O �H�S�F�B�U�M�Z �C�Z �S�F�W�F�S�U�J�O�H �U�Ps�� �5�P �U�I�J�T

�F�O�E�
 �X�F �D�B�O �V�T�F �U�I�F �G�B�D�U �U�I�B�U �I�B�S�N�P�O�J�D �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �I�B�W�F �L�O�P�X�O �W�B�M�V�F�T �B�Ux = 1 / 2 �X�I�J�D�I �D�B�O �C�F

�D�P�N�Q�V�U�F�E �C�Z�S�Q�H�v�G�Q�;�h�Q�Q�H�b�V�T�J�O�H �U�I�F �U�F�D�I�O�J�R�V�F �Q�S�P�Q�P�T�F�E �J�O �<�������>�� �8�F �D�B�O �F�W�B�M�V�B�U�F �F�B�D�I �Q�P�M�Z�M�P�H�B��

�S�J�U�I�N �J�O �P�V�S �F�Y�Q�S�F�T�T�J�P�O �J�O �U�F�S�N�T �P�G� ���W�B�M�V�F�T �B�O�Elog 2�B�O�E �V�T�F �U�I�F �G�B�D�U �U�I�B�U�
 �B�U �U�I�J�T �Q�P�J�O�U�
m2
t = Š2s �U�P

�F�Y�Q�S�F�T�TM B
2 �J�O �U�F�S�N�T �P�Gs�� �8�F �m�O�E �U�I�F �N�V�D�I �T�J�N�Q�M�F�S �S�F�T�V�M�U

M B
2 = 16i� 2

�
3

 2 +

1



�
� 0

2
+ 3 log

�
Š

µ2

s

��
+

3
2

log2
�

Š
µ2

s

�
Š

� 2

4

�
, �	���������


�X�I�J�D�I �X�F �D�I�F�D�L�F�E �O�V�N�F�S�J�D�B�M�M�Z �B�H�B�J�O�T�U �&�R�V�B�U�J�P�O ����������

�5�(� ����� � �! ���������#�����$

�e�F �D�B�M�D�V�M�B�U�J�P�O �P�G �U�I�F �U�X�P���M�P�P�Q �E�J�B�H�S�B�N�T �H�F�O�F�S�B�U�F�E �C�Z �U�I�F �4�. �B�O�E �U�I�F �P�Q�F�S�B�U�P�S�TO1 �B�O�EO3 �J�T �T�J�H�O�J�G��

�J�D�B�O�U�M�Z �N�P�S�F �D�P�N�Q�M�F�Y �U�I�B�O �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F �P�O�F���M�P�P�Q �E�J�B�H�S�B�N�T �H�F�O�F�S�B�U�F�E �C�ZO2�
 �J�O �Q�B�S�U �C�F�D�B�V�T�F

�U�I�F�S�F �B�S�F �N�B�O�Z �N�P�S�F �E�J�B�H�S�B�N�T�
 �X�I�J�D�I �S�F�R�V�J�S�F �T�F�W�F�S�B�M �E�J�
�F�S�F�O�U �U�P�Q�P�M�P�H�J�F�T��

�*�U �J�T �F�B�T�Z �U�P �T�F�F �U�I�B�U �U�I�F �T�F�U �P�G �U�P�Q�P�M�P�H�J�F�T �E�F�m�O�F�E �J�O �U�I�F �4�. �D�B�M�D�V�M�B�U�J�P�O �P�G �)�J�H�H�T �Q�S�P�E�V�D�U�J�P�O �B�U

����



�/�-�0 �<�����
 �����> �J�T �T�V���D�J�F�O�U �G�P�S �B�M�M �U�I�F �J�O�U�F�H�S�B�M�T �X�F �O�F�F�E �U�P �F�W�B�M�V�B�U�F�� �*�O�E�F�F�E�
 �J�O �P�V�S �D�B�M�D�V�M�B�U�J�P�O�
O1 �P�O�M�Z

�C�S�J�O�H�T �B �D�P�S�S�F�D�U�J�P�O �U�P �U�I�F �W�B�M�V�F �P�G �U�I�FHt t̄ �W�F�S�U�F�Y�
 �N�F�B�O�J�O�H �U�I�B�U �U�I�F�S�F �J�T �B �P�O�F���U�P���P�O�F �N�B�U�D�I�J�O�H �P�G �U�I�F

�4�. �E�J�B�H�S�B�N�T �U�P �U�I�P�T�F �H�F�O�F�S�B�U�F�E �C�ZO1�� �'�V�S�U�I�F�S�N�P�S�F�
 �P�G �U�I�F �G�P�V�S �W�F�S�U�J�D�F�T �H�F�O�F�S�B�U�F�E �C�ZO3�
 �P�O�F �J�T �B�M��

�S�F�B�E�Z �Q�S�F�T�F�O�U �J�O �U�I�F �4�.�
 �B�O�E �U�I�S�F�F �D�B�O �C�F �W�J�F�X�F�E �B�T �Q�J�O�D�I�J�O�H�T �P�G �4�. �E�J�B�H�S�B�N�T�
�B�T �T�I�P�X�O �J�O �'�J�H�V�S�F ��������

�e�F�S�F�G�P�S�F�
 �X�F �V�T�F �U�I�F �T�B�N�F �U�I�S�F�F �G�B�N�J�M�J�F�T �B�T �<�����>�
 �X�I�J�D�I �X�F �D�B�M�MT1�
T2�
T3�
 �B�O�E �X�I�P�T�F �J�O�U�F�H�S�B�M�T �B�S�F

�-�P�N�\�Y�L �������!�;�O�L �]�L�Y�[�P�J�L�Z �P�U�[�Y�V�K�\�J�L�K �I�`O3 �J�H�U �I�L �Z�L�L�U �H�Z ���W�P�U�J�O�L�K�� �:�4 �P�U�[�L�Y�H�J�[�P�V�U�Z��

JTi (n1, . . . , n7) = SŠ 2
� µ4� m4� +2

�
nk

t

�
ddk1

(2� )d

ddk2

(2� )d

1
�

D (i )
1

� n1
· · ·

�
D (i )

7

� n1 , �	���������


�X�I�F�S�F �U�I�F �G�B�D�U�P�S�T �P�Gmt �F�O�T�V�S�F �U�I�B�U �U�I�F �J�O�U�F�H�S�B�M�T �E�P�O���U �I�B�W�F �B �N�B�T�T �E�J�N�F�O�T�J�P�O�
 �X�I�J�D�I �X�J�M�M �N�B�L�F �U�I�F �*�#�1

�S�F�M�B�U�J�P�O�T �T�J�N�Q�M�F�S�
 �B�O�E �U�I�F �E�F�O�P�N�J�O�B�U�P�S�TD (i )
j �B�S�F��

Ti T1 T2 T3

D (i )
1 k2

1 k2
1 Š m2

t k2
1 Š m2

t

D (i )
2 (k1 + p1)2 (k1 + p2)2 Š m2

t (k1 Š k2 Š p1)2

D (i )
3 (k1 + p1 + p2)2 (k1 + p1 + p2)2 Š m2

t (k1 + p1 + p2)2 Š m2
t

D (i )
4 (k2 + p1 + p2)2 Š m2

t (k2 + p1 + p2)2 Š m2
t (k2 + p1 + p2)2 Š m2

t

D (i )
5 (k2 + p1)2 Š m2

t (k2 + p2)2 Š m2
t (k2 + p1)2 Š m2

t

D (i )
6 k2

2 Š m2
t k2

2 Š m2
t (k1 + p1)2 Š m2

t

D (i )
7 (k1 Š k2)2 Š m2

t (k1 Š k2)2 (k1 Š k2)2.

�	���������


�e�F �G�B�D�U �U�I�B�U �X�F �D�B�O �V�T�F �U�I�F �T�B�N�F �U�P�Q�P�M�P�H�J�F�T �B�T �U�I�F �F�Y�J�T�U�J�O�H �4�. �D�B�M�D�V�M�B�U�J�P�O�T �Q�S�P�W�J�E�F�T �B �U�S�F�N�F�O�E�P�V�T

�T�J�N�Q�M�J�m�D�B�U�J�P�O �P�G �U�I�F �D�B�M�D�V�M�B�U�J�P�O �P�G �P�V�S �U�X�P���M�P�P�Q �E�J�B�H�S�B�N�T�� �*�O�E�F�F�E�
 �B�T �B �S�F�T�V�M�U�
 �B�M�M �U�I�F �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T

�J�O �F�B�D�I �U�P�Q�P�M�P�H�Z �B�S�F �L�O�P�X�O �B�O�B�M�Z�U�J�D�B�M�M�Z �B�O�E �X�F�S�F �D�P�N�Q�V�U�F�E �J�O �<�����>�
 �B�O�E �J�O �<�����>�� �8�F �E�F�D�J�E�F�E �U�P �V�T�F

�U�I�F �S�F�T�V�M�U�T �G�S�P�N �<�����> �G�P�S �B�M�M �J�O�U�F�H�S�B�M�T �U�I�B�U �E�P �O�P�U �G�B�D�U�P�S�J�[�F �J�O�U�P �Q�S�P�E�V�D�U�T�P�G �P�O�F���M�P�P�Q �J�O�U�F�H�S�B�M�T �G�P�S �W�F�S�Z

�Q�S�B�D�U�J�D�B�M �Q�V�S�Q�P�T�F�T�� �U�I�F�Z �Q�S�P�W�J�E�F�E �U�I�F�J�S �S�F�T�V�M�U�T �J�O �U�I�F �G�P�S�N �P�G �F�M�F�D�U�S�P�O�J�D�m�M�F�T �X�I�J�D�I �X�F�S�F �T�U�S�B�J�H�I�U�G�P�S�X�B�S�E

�U�P �D�P�O�W�F�S�U �U�P�J���i�?�2�K���i�B�+���� �4�J�O�D�F �X�F �I�B�E �B�M�S�F�B�E�Z �J�N�Q�M�F�N�F�O�U�F�E �U�I�F �P�O�F���M�P�P�Q �J�O�U�F�H�S�B�M�T �Q�S�P�W�J�E�F�E �C�Z �<�����>�


�X�F �V�T�F�E �U�I�F�T�F �S�F�T�V�M�U�T �G�P�S �U�I�F �G�B�D�U�P�S�J�[�F�E �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T�� �e�F �T�F�U �P�G �O�P�O���G�B�D�U�P�S�J�[�F�E �J�O�U�F�H�S�B�M�T �X�I�P�T�F

�F�Y�Q�M�J�D�J�U �W�B�M�V�F�T �X�F �V�T�F �J�T �E�F�O�P�U�F�E �*�O�Ua�y�*�O�Uk �B�O�E �T�I�P�X�O �J�O �'�J�H�V�S�F �������� �8�F �Q�S�P�W�J�E�F �U�I�F �F�Y�Q�M�J�D�J�U �E�F�m�O�J�U�J�P�O

�P�G �U�I�F �J�O�U�F�H�S�B�M�T �X�J�U�I �O�V�N�F�S�B�U�P�S�T �B�T �N�P�N�F�O�U�V�N���T�Q�B�D�F �J�O�U�F�H�S�B�M�T �J�O �"�Q�Q�F�O�E�J�Y�%������ �e�F �G�B�D�U�P�S�J�[�F�E �N�B�T�U�F�S

�J�O�U�F�H�S�B�M�T �B�S�F �E�F�O�P�U�F�E �*�O�Uxy = �*�O�Ux �*�O�Uy�
 �X�I�F�S�Fx, y �B�S�F �Q�J�D�L�F�E �G�S�P�N �\�C�
 �N�C�
 �U�
 �U�S�J�^�
 �X�I�J�D�I �D�P�S�S�F�T�Q�P�O�E

����



k1 · k2

�*�O�Ua �*�O�Ub �*�O�Uc �*�O�Ud �*�O�Ue �*�O�Uf

k1 · k2

3

k1 · k2

�*�O�Ug �*�O�Uh �*�O�Ui �*�O�Uj �*�O�Uk

�-�P�N�\�Y�L �������!�;�O�L �Z�L�[ �V�M �T�H�Z�[�L�Y �P�U�[�L�N�Y�H�S�Z �M�Y�V�T �B�����D��

�S�F�T�Q�F�D�U�J�W�F�M�Z �U�P �B �N�B�T�T�M�F�T�T �C�V�C�C�M�F �J�O�U�F�H�S�B�M�
 �B �N�B�T�T�J�W�F �C�V�C�C�M�F�
 �B �U�B�E�Q�P�M�F �J�O�U�F�H�S�B�M�
 �B�O�E �B �N�B�T�T�J�W�F �U�S�J�B�O�H�M�F

�J�O�U�F�H�S�B�M�� �&�B�D�I �P�G �U�I�F�T�F �J�O�U�F�H�S�B�M�T �I�B�T �C�F�F�O �P�C�U�B�J�O�F�E �B�T �B �T�F�S�J�F�T �J�O
 �B�O�E �F�B�D�I �U�F�S�N �J�O �U�I�F �T�F�S�J�F�T �J�T �B �M�J�O�F�B�S

�D�P�N�C�J�O�B�U�J�P�O �P�G �I�B�S�N�P�O�J�D �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �P�Gx��

�8�F �V�T�F�E�a���A�6�U�P �T�P�S�U �B�M�M �U�I�F �T�D�B�M�B�S �J�O�U�F�H�S�B�M�T �J�O �U�I�F ���� �4�. �E�J�B�H�S�B�N�T�
 �U�I�F ����O1 �E�J�B�H�S�B�N�T �B�O�E �U�I�F ����

O3 �E�J�B�H�S�B�N�T�� �*�O �U�P�U�B�M�
 �X�F �G�P�V�O�E �U�I�B�UM B
�4�. �
M

B
1 �B�O�EM B

3 �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G ������T1 �J�O�U�F�H�S�B�M�T�


������ T2 �J�O�U�F�H�S�B�M�T �B�O�E ������T3 �J�O�U�F�H�S�B�M�T�� �8�F �U�I�F�O �V�T�F�E�G�B�i�2�_�2�/�U�P �F�Y�Q�S�F�T�T �U�I�F�T�F �J�O�U�F�H�S�B�M�T �J�O �U�F�S�N�T �P�G

�N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �G�P�S �F�B�D�I �U�P�Q�P�M�P�H�Z �B�O�E �J�O�T�F�S�U �U�I�F�T�F �F�Y�Q�S�F�T�T�J�P�O�T �J�O�U�PM B
�4�. �
M

B
1 �B�O�EM B

3 �� �"�T �D�P�V�M�E �C�F

�F�Y�Q�F�D�U�F�E�
 �U�I�F �S�F�E�V�D�U�J�P�O �J�O�G�B�i�2�_�2�/�S�F�T�V�M�U�F�E �J�O �B �E�J�
�F�S�F�O�U �T�F�U �P�G �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �U�I�B�O �U�I�B�U �P�G �<�����>�� �8�F

�U�I�F�S�F�G�P�S�F �O�F�F�E�F�E �U�P �F�Y�Q�S�F�T�T �F�B�D�I �N�B�T�U�F�S �J�O�U�F�H�S�B�M �G�P�V�O�E �C�Z�G�B�i�2�_�2�/�B�T �B �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O �P�G �L�O�P�X�O

�J�O�U�F�H�S�B�M�T��

�5�P �U�I�J�T �F�O�E�
 �X�F �V�T�F�E�a���A�6�U�P �T�P�S�U �U�I�F ���� �N�B�T�U�F�S�T �G�S�P�N �U�I�F �M�J�U�F�S�B�U�V�S�F �J�O�U�P �P�V�S �U�P�Q�P�M�P�H�J�F�T�� �8�F �F�Y��

�Q�S�F�T�T�F�E �F�B�D�I �L�O�P�X�O �J�O�U�F�H�S�B�M �B�T �B�O �F�Y�Q�M�J�D�J�U �N�P�N�F�O�U�V�N �T�Q�B�D�F �J�O�U�F�H�S�B�M �B�O�E �U�S�J�F�E �U�P �T�P�S�U �J�U �J�O�U�PT1�
T2 �B�O�E

T3�� �#�F�D�B�V�T�F �U�I�F�S�F �J�T �T�P�N�F �P�W�F�S�M�B�Q �C�F�U�X�F�F�O �U�I�F �C�B�T�F�T �P�G �F�B�D�I �G�B�N�J�M�Z�
 �T�P�N�F �J�O�U�F�H�S�B�M�T �X�F�S�F �N�B�U�D�I�F�E �U�P

�N�P�S�F �U�I�B�O �P�O�F �G�B�N�J�M�Z�
 �C�V�U �G�P�S �F�B�D�I �G�B�N�J�M�Z �U�I�F �O�V�N�C�F�S �P�G �N�B�U�D�I�J�O�H �J�O�U�F�H�S�B�M�T �X�B�T �F�Y�B�D�U�M�Z �U�I�B�U �P�G �N�B�T�U�F�S

�J�O�U�F�H�S�B�M�T �J�O �U�I�F �C�B�T�J�T �G�P�V�O�E �C�Z�G�B�i�2�_�2�/�� �'�P�S �F�B�D�I �G�B�N�J�M�Z�
 �X�F �D�P�V�M�E �U�I�F�O �S�F�E�V�D�F �U�I�F �J�O�U�F�H�S�B�M�T �G�S�P�N �U�I�F

�M�J�U�F�S�B�U�V�S�F �B�T �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T �P�G �U�I�F�G�B�i�2�_�2�/�C�B�T�F�T �U�P �H�F�O�F�S�B�U�F �B �M�J�O�F�B�S �T�Z�T�U�F�N �F�R�V�B�U�J�P�O�T �X�I�J�D�I �X�F

�D�P�V�M�E �U�I�F�O �T�P�M�W�F �U�P �m�O�E �U�I�F �F�Y�Q�S�F�T�T�J�P�O �P�G �U�I�F �U�I�S�F�F�G�B�i�2�_�2�/�C�B�T�F�T �J�O �U�F�S�N�T �P�G �U�I�F �L�O�P�X�O �J�O�U�F�H�S�B�M�T��

�6�T�J�O�H �U�I�F �T�P�M�V�U�J�P�O �P�G �U�I�J�T �T�Z�T�U�F�N�
 �X�F �D�P�V�M�E �F�Y�Q�S�F�T�T �P�V�S �T�D�B�M�B�S �B�N�Q�M�J�U�V�E�F�TM �4�. �
M 1 �B�O�EM 3 �B�T �B

�T�F�S�J�F�T �J�O
 �V�Q �U�P �P�S�E�F�S
 0 �X�I�F�S�F �F�B�D�I �U�F�S�N �J�T �B �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T �P�G �I�B�S�N�P�O�J�D �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �P�Gx��

�8�F �D�I�F�D�L�F�E �U�I�B�U �P�V�S �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �U�I�F �B�O�B�M�Z�U�J�D �G�P�S�N�V�M�B�F �G�P�V�O�E �J�O �U�I�F �M�J�U�F�S�B�U�V�S�F �B�O�E �P�V�S �D�I�B�O�H�F

�P�G �C�B�T�J�T �U�P �U�I�F �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �E�F�m�O�F�E �C�Z�G�B�i�2�_�2�/�X�F�S�F �D�P�S�S�F�D�U �O�V�N�F�S�J�D�B�M�M�Z�� �8�F �F�W�B�M�V�B�U�F�E �E�J�S�F�D�U�M�Z
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�S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �Q�B�S�U�P�O �B�O�E

	 q = 	 q̄ = 3
2 CF , 	 g = 11

6 CA Š 1
3 Nf , �	���������


�S�F�T�Q�F�D�U�J�W�F�M�Z �G�P�S �R�V�B�S�L�T�
 �B�O�U�J���R�V�B�S�L�T �B�O�E �H�M�V�P�O�T�� �*�O �U�I�F �D�B�T�F �P�G �U�I�F �Q�S�P�E�V�D�U�J�P�O �P�G �B �D�P�M�P�V�S�M�F�T�T �T�U�B�U�F �G�S�P�N

�U�I�F �T�D�B�U�U�F�S�J�O�H �P�G �U�X�P �H�M�V�P�O�T�
I 1 �T�J�N�Q�M�J�m�F�T �U�P

I 1 = Š
1
2

eŠ ��

�(1 Š 
 )

�
Šs12

µ2

� Š � �
3

 2 +

� 0
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�8�F �T�V�C�U�S�B�D�U�F�E �U�I�F �*�3 �E�J�W�F�S�H�F�O�D�F�T �G�S�P�N �U�I�F �/�-�0 �B�N�Q�M�J�U�V�E�F�T �J�O �P�V�S �D�B�M�D�V�M�B�U�J�P�O�T �U�P �C�V�J�M�E

M R
F,�4�. = M R

�4�. Š I 1M R
�4�. �	���������


M R
F,i = M R

i Š I 1M R
i i = 1 , . . . , 3, �	���������


�P�V�U �P�G �U�I�F �B�N�Q�M�J�U�V�E�F�T �X�F �I�B�W�F �D�B�M�D�V�M�B�U�F�E �J�O �U�I�F �Q�S�F�W�J�P�V�T �T�F�D�U�J�P�O�� �8�F �D�I�F�D�L�F�E �G�P�S �B�M�M �U�I�F �B�N�Q�M�J�U�V�E�F�T

�C�V�UM R
3 �U�I�B�U �U�I�F�Z �I�B�E �U�I�F �D�P�S�S�F�D�U �*�3 �E�J�W�F�S�H�F�O�D�F �T�U�S�V�D�U�V�S�F �B�O�E �U�I�B�U�
 �J�O�E�F�F�E�
 �U�I�F �T�V�C�U�S�B�D�U�F�E �S�F�N�B�J�O�E�F�S�T

M R
F,�4�. �
M

R
F,1 �B�O�EM R

F,2 �B�S�F �m�O�J�U�F �J�O �U�I�F
 � 0 �M�J�N�J�U�� �0�OM R
F,3�
 �X�F �V�T�F�E �&�R�V�B�U�J�P�O �������� �B�T �B �D�P�O�T�U�S�B�J�O�U

�U�P �m�Y �U�I�F �W�B�M�V�F �P�Gz23 �C�Z �J�N�Q�P�T�J�O�H �U�I�B�U �B�M�M �Q�P�M�F�T �D�B�O�D�F�M�� �8�F �m�O�E

z23 =
mt

16� 2 v
�

2

�
Š

5
6
 2 +

23
4


�
. �	���������


�e�F �W�B�M�V�F �P�G �U�I�F �E�P�V�C�M�F �Q�P�M�F �J�T �J�O �Q�S�J�O�D�J�Q�M�F �m�Y�F�E �C�Z �J�N�Q�P�T�J�O�H �U�I�B�U �U�I�FO(� s) �B�O�P�N�B�M�P�V�T �E�J�N�F�O�T�J�P�O

�N�B�U�S�J�Y �G�P�S �P�V�S �8�J�M�T�P�O �D�P�F���D�J�F�O�U�T �J�T �m�O�J�U�F�� �8�F �I�B�W�F �D�I�F�D�L�F�E �U�I�B�U �U�I�J�T �D�S�J�U�F�S�J�P�O �J�T �T�B�U�J�T�m�F�E �C�Z �P�V�S �S�F�T�V�M�U�


�X�I�J�D�I �Q�S�P�W�J�E�F�T �B �T�U�S�P�O�H �D�I�F�D�L �P�G �P�V�S �D�B�M�D�V�M�B�U�J�P�O��

�" �#�������#�� ����� �&�% �%���� �����'���#���������� �$�%�#�&���%�&�#�� � ��M 3M 3M 3 �e�F �G�P�M�L �X�J�T�E�P�N �B�C�P�V�U �2�$�% �S�B�E�J�B�U�J�W�F �D�P�S��

�S�F�D�U�J�P�O�T �U�F�M�M�T �V�T �X�I�B�U �U�P �F�Y�Q�F�D�U �P�G �U�I�F �E�F�H�S�F�F �P�G �E�J�W�F�S�H�F�O�D�F �P�G �/�-�0 �W�J�S�U�V�B�M �D�P�S�S�F�D�U�J�P�O�T �U�P �B�N�Q�M�J�U�V�E�F�T��

�*�O�E�F�F�E�
 �C�F�D�B�V�T�F �J�O �U�I�F �4�U�B�O�E�B�S�E �.�P�E�F�M�
 �-�0 �D�B�M�D�V�M�B�U�J�P�O�T �B�S�F �B�M�X�B�Z�T �6�7 �m�O�J�U�F�
 �X�F �L�O�P�X �G�S�P�N �U�I�F �S�F�O�P�S��

�N�B�M�J�[�B�U�J�P�O �T�U�S�V�D�U�V�S�F �P�G �U�I�F �B�N�Q�M�J�U�V�E�F �U�I�B�U �U�I�F �/�-�0 �D�P�S�S�F�D�U�J�P�O�T �X�J�M�M �D�P�O�U�B�J�O1/
 �Q�P�M�F�T �P�G �6�7 �B�O�E �*�3

�P�S�J�H�J�O �B�O�E1/
 2 �Q�P�M�F�T �P�G �*�3 �P�S�J�H�J�O�� �)�P�X�F�W�F�S�
 �J�O �P�V�S �4�.�&�'�5 �D�B�M�D�V�M�B�U�J�P�O�
 �U�I�J�T �Q�J�D�U�V�S�F �J�T �Q�F�S�U�V�S�C�F�E �C�Z �U�I�F

�G�B�D�U �U�I�B�U �X�F �D�B�O �G�S�F�F�M�Z �B�T�T�J�H�O �U�I�F �T�D�B�M�J�O�H �J�O� s �P�G �U�I�F �8�J�M�T�P�O �D�P�F���D�J�F�O�U�T�
 �X�I�J�D�I �J�O �P�V�S �D�B�T�F �M�F�B�E�T �U�P �6�7

�E�J�W�F�S�H�F�O�D�F�T �B�U �-�0�� �e�J�T �J�T �O�P�U �B�O �J�T�T�V�F �C�F�D�B�V�T�F �P�V�S �D�I�P�J�D�F �B�M�T�P �F�O�T�V�S�F�E �U�I�B�U �U�I�F �E�J�W�F�S�H�F�O�D�F�T �J�O �U�I�F �-�0

�M�P�P�Q���J�O�E�V�D�F�E �E�J�B�H�S�B�N�T �D�B�O �C�F �B�C�T�P�S�C�F�E �C�Z �U�I�F �U�S�F�F���M�F�W�F�M �E�J�B�H�S�B�N�� �0�O�D�F �X�F �X�P�S�L �X�J�U�I �S�F�O�P�S�N�B�M�J�[�F�E �B�N��

�Q�M�J�U�V�E�F�T�
 �U�I�F �T�U�S�V�D�U�V�S�F �P�G �*�3 �E�J�W�F�S�H�F�O�D�F�T �E�F�T�D�S�J�C�F�E �J�O �<�������> �J�T �S�F�T�Q�F�D�U�F�E�� �e�J�T �J�T �F�B�T�J�M�Z �V�O�E�F�S�T�U�B�O�E�B�C�M�F

�G�S�P�N �U�I�F �G�B�D�U �U�I�B�U �U�I�F �S�F�N�B�J�O�J�O�H �*�3 �E�J�W�F�S�H�F�O�D�F�T �J�O �U�I�F �/�-�0 �D�P�S�S�F�D�U�J�P�O �U�P �U�I�F�B�N�Q�M�J�U�V�E�F �B�G�U�F�S �S�F�O�P�S�N�B�M��

�J�[�B�U�J�P�O �I�B�W�F �U�P �C�F �D�B�O�D�F�M�M�F�E �C�Z �U�I�F �S�F�B�M �F�N�J�T�T�J�P�O�T�
 �X�I�J�D�I �F�O�U�J�S�F�M�Z �G�B�D�U�P�S�J�[�F �G�S�P�N �U�I�F �I�B�S�E �T�D�B�U�U�F�S�J�O�H �B�O�E

������



�U�I�F�S�F�G�P�S�F �B�S�F �B�H�O�P�T�U�J�D �P�G �X�I�F�U�I�F�S �U�I�F �-�0 �E�J�B�H�S�B�N�T �B�S�F �U�S�F�F���M�F�W�F�M �P�S �P�O�F���M�P�P�Q�
 �P�S �J�G �E�J�W�F�S�H�F�O�D�F�T �B�Q�Q�F�B�S

�J�O �U�I�F �6�7�� �8�F �G�P�V�O�E �J�O�E�F�F�E �U�I�B�U �P�V�S �S�F�O�P�S�N�B�M�J�[�F�E �B�N�Q�M�J�U�V�E�F�T �I�B�W�F �B�U �N�P�T�U1/
 2 �Q�P�M�F�T �B�O�E �U�I�B�U �U�I�F�Z

�I�B�W�F �F�Y�B�D�U�M�Z �U�I�F �T�U�S�V�D�U�V�S�F �Q�S�F�E�J�D�U�F�E �C�Z �&�R�V�B�U�J�P�O ���������� �*�U �J�T �I�P�X�F�W�F�S �J�O�U�F�S�F�T�U�J�O�H �U�P �M�P�P�L �B�U �U�I�F �E�J�W�F�S��

�H�F�O�D�F�T �P�G �U�I�F �C�B�S�F �B�N�Q�M�J�U�V�E�F�� �e�F �C�B�S�F �B�N�Q�M�J�U�V�E�F �H�F�O�F�S�B�U�F�E �C�ZO3�
M 3 �D�P�O�U�B�J�O�T �Q�P�M�F�T �V�Q �U�P1/
 3� � � -� F� U

�V�T �T�D�I�F�N�B�U�J�D�B�M�M�Z �E�F�D�P�N�Q�P�T�FM 3 �J�O �U�F�S�N�T �P�G �J�U�T �6�7 �B�O�E �*�3 �E�J�W�F�S�H�F�O�D�F�T �U�P �V�O�E�F�S�T�U�B�O�E �U�I�F�J�S �P�S�J�H�J�O��

M 3 = M R
3,F + I 1 Š �Z �4�.


 s
Š mt �Z �4�.

m
�

�m t

Šmt �Z C
m

�
�m t

Š (�Z C )(1)
33 Š (�Z C )(1)

13

Š (�Z C )(0)
23 Š (�Z C )(1)

23

�	���������


�e�F �T�P�V�S�D�F �P�G �U�I�F1/
 3 �E�J�W�F�S�H�F�O�D�F �J�T �U�I�F �U�F�S�N(�Z C )(0)
23 = ( �Z C )(0)

23 M 2�� �*�O�E�F�F�E�
 �U�I�F �D�P�V�O��

�U�F�S�U�F�S�N(�Z C )(0)
23 �D�P�O�U�B�J�O�T �B1/
 �Q�P�M�F�
 �X�I�J�M�F �U�I�F �B�N�Q�M�J�U�V�E�FM 2 �W�F�S�J�m�F�T

M 2 = M R
2 + �	1/
 �6�7 �Q�P�M�F�T�
= M R

2,F + I 1M R
2 + �	1/
 �6�7 �Q�P�M�F�T�
. �	���������


�#�F�D�B�V�T�FI 1 �D�P�O�U�B�J�O�T1/
 2 �Q�P�M�F�T�
 �U�I�F �P�W�F�S�B�M �E�J�W�F�S�H�F�O�D�F �P�G(�Z C )(0)
23 M 2 �J�T1/
 3�� �e�J�T �J�T �B �S�F�T�V�M�U �P�G �U�I�F

�N�J�Y�J�O�H �P�G �M�P�P�Q �P�S�E�F�S�T �B�O�E �P�G �U�I�F �-�0 �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �P�G �U�I�F �B�N�Q�M�J�U�V�E�F�� �*�U �T�U�J�M�M �m�U�T �U�I�F �H�F�O�F�S�B�M �Q�J�D�U�V�S�F

�P�G �6�7 �B�O�E �*�3 �E�J�W�F�S�H�F�O�D�F�T �P�G �/�-�0 �B�N�Q�M�J�U�V�E�F�T �Q�F�S�G�F�D�U�M�Z�
 �C�V�U �D�P�O�U�S�B�E�J�D�U�T �U�I�F �D�P�N�N�P�O �X�J�T�E�P�N �U�I�B�U �U�I�F�Z

�T�I�P�V�M�E �B�U �N�P�T�U �D�P�O�U�B�J�O1/
 2 �Q�P�M�F�T �C�F�D�B�V�T�F �U�I�J�T �F�Y�Q�F�D�U�B�U�J�P�O �J�T �C�B�T�F�E �P�O �U�I�F �G�B�D�U �U�I�B�U �-�0 �B�N�Q�M�J�U�V�E�F�T �B�S�F

�V�T�V�B�M�M�Z �6�7 �m�O�J�U�F��

�ý���ü �3����� �#���������+���%��� �� ���#� �&�! ���'� ���&�%��� �� � �� �%���� �!���#�������%���#�$

�0�V�S �S�F�O�P�S�N�B�M�J�[�F�E �B�N�Q�M�J�U�V�E�F �E�F�Q�F�O�E�T �F�Y�Q�M�J�D�J�U�M�Z �P�O �U�I�F �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �T�D�B�M�Fµ�
 �X�I�J�D�I �X�F �J�E�F�O�U�J�G�Z �X�J�U�I

�U�I�F �G�B�D�U�P�S�J�[�B�U�J�P�O �T�D�B�M�FµF �X�I�J�D�I �X�J�M�M �C�F �V�T�F�E �J�O �U�I�F �1�%�' �G�P�S �U�I�F �F�W�B�M�V�B�U�J�P�O �P�G �U�I�F �I�B�E�S�P�O�J�D �D�S�P�T�T���T�F�D�U�J�P�O��

�*�U �X�J�M�M �I�P�X�F�W�F�S �C�F �V�T�F�G�V�M �U�P �V�O�E�F�S�T�U�B�O�E �U�I�F �F�W�P�M�V�U�J�P�O �P�G �P�V�S �Q�B�S�B�N�F�U�F�S�T �X�I�F�O �X�F �D�I�B�O�H�F �U�I�F �T�D�B�M�F �B�U

�X�I�J�D�I �U�I�F�Z �B�S�F �F�W�B�M�V�B�U�F�E�
 �m�S�T�U �C�F�D�B�V�T�F �J�U �N�J�H�I�U �C�F �E�F�T�J�S�B�C�M�F �U�P �F�W�B�M�V�B�U�F �U�I�F �D�S�P�T�T �T�F�D�U�J�P�O �X�J�U�I �E�J�
�F�S�F�O�U

�D�I�P�J�D�F�T �P�G �T�D�B�M�F�T �G�P�S �U�I�F �T�U�S�P�O�H �Q�B�S�B�N�F�U�F�S�
 �U�I�F �U�P�Q �N�B�T�T �B�O�E �U�I�F �8�J�M�T�P�O �D�P�F���D�J�F�O�U�T�
 �C�V�U �B�M�T�P �C�F�D�B�V�T�F

�J�U �X�J�M�M �B�M�M�P�X �V�T �U�P �F�W�B�M�V�B�U�F �U�I�F �T�D�B�M�F �E�F�Q�F�O�E�F�O�D�F �P�G �P�V�S �S�F�T�V�M�U �U�P �H�J�W�F �B�O �F�T�U�J�N�B�U�F �P�G �U�I�F �J�N�Q�P�S�U�B�O�D�F

�P�G �N�J�T�T�J�O�H �M�P�H�B�S�J�U�I�N�T �B�U �I�J�H�I�F�S �P�S�E�F�S�T �� �X�I�J�D�I �J�T �P�V�S �C�F�T�U �H�V�F�T�T �G�P�S �U�I�F �J�N�Q�P�S�U�B�O�D�F �P�G �U�I�F �O�F�Y�U �2�$�%

�D�P�S�S�F�D�U�J�P�O�T��

�#�F�D�B�V�T�F �X�F �X�P�S�L �J�O �B �E�F�D�P�V�Q�M�J�O�H �T�D�I�F�N�F�
 �O�F�J�U�I�F�S �U�I�F �S�V�O�O�J�O�H �P�G �U�I�F �T�U�S�P�O�H �D�P�V�Q�M�J�O�H �D�P�O�T�U�B�O�U �O�P�S

�U�I�B�U �P�G �U�I�F �U�P�Q �N�B�T�T �E�J�
�F�S �G�S�P�N �U�I�F �4�. �D�B�T�F �X�J�U�I �� �n�B�W�P�S�T �J�O�.�4�� �8�F �I�B�W�F �D�I�F�D�L�F�E �F�Y�Q�M�J�D�J�U�M�Z �U�I�B�U �U�I�J�T

�J�T �J�O�E�F�F�E �U�I�F �D�B�T�F�� �/�P�U�F �U�I�B�U �J�O �P�V�S �D�B�T�F �X�F �O�F�F�E �U�P �U�B�L�F �J�O�U�P �B�D�D�P�V�O�U �U�I�F �S�V�O�O�J�O�H �P�G �U�I�F �)�J�H�H�T �W�B�D�V�V�N

�F�Y�Q�F�D�U�B�U�J�P�O �W�B�M�V�Fv�
 �X�I�J�D�I �W�B�O�J�T�I�F�T �J�O �U�I�F �M�J�N�J�U
 � 0�� �8�F �m�O�E �U�I�F �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �H�S�P�V�Q �F�R�V�B�U�J�P�O

������



�	�3�(�&�
 �G�P�Sv �V�T�J�O�H �U�I�F �G�B�D�U �U�I�B�U �U�I�F �C�B�S�F �Q�B�S�B�N�F�U�F�S �E�P�F�T �O�P�U �E�F�Q�F�O�E �P�Oµ

0 =
�v B

� logµ2 =
�v RµŠ �

� logµ2 �	���������


=�
�v R

� logµ2 =
1
2


v R. �	���������


�e�F �F�Y�U�S�B�D�U�J�P�O �P�G �U�I�F �3�(�& �G�P�S �U�I�F �P�U�I�F�S �Q�B�S�B�N�F�U�F�S�T �J�T �P�C�U�B�J�O�F�E �J�O �U�I�F �T�B�N�F �N�B�O�O�F�S�� �8�F �F�Y�Q�M�P�J�U�F�E

�U�I�F �G�B�D�U �U�I�B�U �O�P�O�F �P�G �U�I�F �C�B�S�F �Q�B�S�B�N�F�U�F�S�T �E�F�Q�F�O�E �P�Oµ �U�P �H�F�O�F�S�B�U�F �B �D�P�V�Q�M�F�E �T�Z�T�U�F�N �P�G �E�J�
�F�S�F�O�U�J�B�M

�F�R�V�B�U�J�P�O�T �U�I�B�U �J�O�W�P�M�W�F� R
s �
mR

t �
 �B�O�E �U�I�F �8�J�M�T�P�O �D�P�F���D�J�F�O�U�TCi �� �0�V�S �T�D�I�F�N�F �D�I�P�J�D�F �F�O�T�V�S�F�T �I�P�X�F�W�F�S

�U�I�B�U �V�Q �U�P �P�S�E�F�SO(� s)�
 �O�F�J�U�I�F�S �U�I�F �E�F�S�J�W�B�U�J�W�F �P�G� s �P�S �U�I�B�U �P�Gmt �E�F�Q�F�O�E �P�O �U�I�F �E�F�S�J�W�B�U�J�W�F�T �P�G �U�I�F

�8�J�M�T�P�O �D�P�F���D�J�F�O�U�T �o �X�I�J�M�F �U�I�F �S�F�W�F�S�T�F �J�T �P�G �D�P�V�S�T�F �U�S�V�F�� �4�P�M�W�J�O�H �U�I�F�T�F �F�R�V�B�U�J�P�O�T �J�O �B�O �F�Y�Q�B�O�T�J�P�O �J�O


�B�O�E� s�
 �m�O�E �U�I�B�U �J�O �U�I�F �M�J�N�J�U
 � 0

C1(µ2) = C1(Q2) Š
� s(Q2)

�
log

µ2

Q2

�
C1(Q2) + 8 C3(Q2)

m2
t (Q2)
v2

�
+ O

�
� s(Q2)2�

, �	���������


C2(µ2) = C2(Q2) +
�

2
C3(Q2)
16� 2 log

µ2

Q2

mt (Q2)
v

�	���������


Š
�

2
� s(Q2)
192� 3 C3(Q2) log

µ2

Q2

mt (Q2)
v

�
5 log

µ2

Q2 Š 69
�

+ O
�
� s(Q2)2�

, �	���������


C3(µ2) = C3(Q2) + C3(Q2)
� s(Q2)

6�
log

µ2

Q2 + O
�
� s(Q2)2�

. �	���������


�/�P�U�F �U�I�B�UC1 �B�O�EC3 �B�S�F �S�F�O�P�S�N�B�M�J�[�F�E �B�U �P�O�F �M�P�P�Q �B�O�E �U�I�F�S�F�G�P�S�F �P�O�M�Z �D�P�O�U�B�J�O �B �T�J�N�Q�M�F �M�P�H�B�S�J�U�I�N�
 �X�I�J�M�F

C2 �J�T �S�F�O�P�S�N�B�M�J�[�F�E �B�U �U�X�P �M�P�P�Q�T�
 �N�F�B�O�J�O�H �U�I�B�U �J�U �D�P�O�U�B�J�O�T �B �T�J�N�Q�M�F �M�P�H�B�S�J�U�I�N �J�O �U�I�F �m�S�T�U �P�S�E�F�S �U�F�S�N �J�O

�J�U�T �F�W�P�M�V�U�J�P�O�
 �B�O�E �B �T�R�V�B�S�F�E �M�P�H�B�S�J�U�I�N �B�T �X�F�M�M �B�T �B �T�J�N�Q�M�F �M�P�H�B�S�J�U�I�N �J�O �U�I�F �T�F�D�P�O�E �P�S�E�F�S �D�P�S�S�F�D�U�J�P�O��

�ý���ý �"�������*�%���� ��� ���%�����&���%��� �� � �� �%���� �����!�����%�&���� �%� �%���� �!���*�$�������� �#������� ���$

�6�Q �U�P �U�I�J�T �Q�P�J�O�U�
 �U�I�F �F�O�U�J�S�F�U�Z �P�G �P�V�S �D�B�M�D�V�M�B�U�J�P�O �I�B�T �C�F�F�O �Q�F�S�G�P�S�N�F�E �J�O �U�I�F �&�V�D�M�J�E�F�B�O �S�F�H�J�P�O �J�O �X�I�J�D�Is <

0�
 �X�I�J�D�I �X�F �D�B�O �U�S�B�O�T�M�B�U�F �J�O�U�P0 < x < 1�� �*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �X�J�M�M �E�J�T�D�V�T�T �U�I�F �B�O�B�M�Z�U�J�D �D�P�O�U�J�O�V�B�U�J�P�O �P�G �U�I�F

�B�N�Q�M�J�U�V�E�F �U�P �U�I�F �Q�I�Z�T�J�D�B�M �S�F�H�J�P�O�T�� �8�F �I�B�W�F �V�T�F�E �U�I�F �U�P�Q �R�V�B�S�L �C�Z �E�F�G�B�V�M�U �U�I�S�P�V�H�I�P�V�U �U�I�J�T �D�I�B�Q�U�F�S�
 �C�V�U

�J�O �U�I�J�T �T�F�D�U�J�P�O �X�F �X�J�M�M �E�J�T�D�V�T�T �U�I�F �H�F�O�F�S�B�M �D�B�T�F �P�G �U�I�F �B�O�B�M�Z�U�J�D �D�P�O�U�J�O�V�B�U�J�P�O�
 �X�I�J�D�I �E�F�Q�F�O�E�T �P�O �X�I�F�U�I�F�S

�U�I�F �)�J�H�H�T �N�B�T�T �J�T �B�C�P�W�F �P�S �C�F�M�P�X �U�I�F �R�V�B�S�L �Q�B�J�S �Q�S�P�E�V�D�U�J�P�O �U�I�S�F�T�I�P�M�E�� �"�T �B �S�F�T�V�M�U�
 �X�F �X�J�M�M �S�F�W�F�S�U �U�P

�E�J�T�D�V�T�T�J�O�H �B �H�F�O�F�S�J�D �R�V�B�S�L �P�G �N�B�T�Tm �S�V�O�O�J�O�H �J�O �U�I�F �M�P�P�Q�� �e�F �S�F�M�B�U�J�P�O �C�F�U�X�F�F�Ox �B�O�Es �J�O �U�I�J�T �S�F�H�J�P�O

�J�T

x =

�
4m2 Š s Š

�
Šs

�
4m2 Š s +

�
Šs

, �	���������


�B�O�E �P�V�S �B�N�Q�M�J�U�V�E�F �J�T �F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �G�V�O�D�U�J�P�O�T �P�Gx �U�I�B�U �D�B�O �I�B�W�F �C�S�B�O�D�I �D�V�U�T�� �"�T �B �S�F�T�V�M�U�
 �X�F

�m�S�T�U �O�F�F�E �U�P �V�O�E�F�S�T�U�B�O�E �U�I�F �B�O�B�M�Z�U�J�D �D�P�O�U�J�O�V�B�U�J�P�O �P�Gx(s) �B�O�E �P�G �G�V�O�D�U�J�P�O�T �P�Gxs �U�P �U�I�F �S�F�H�J�P�O�T

R1 : 4m2 > s > 0

R2 : s > 4m2.
�	���������


������



x(s)

s = Š�s = + � s = 0s = 4m2
t

�-�P�N�\�Y�L �������!�;�O�L �W�H�[�O �V�Mx(s) �P�UC �M�V�Ys �N�V�P�U�N �M�Y�V�TŠ� �[�V+ � ��

�e�F �S�F�H�J�P�OR1 �J�T �S�F�M�F�W�B�O�U �G�P�S �D�B�M�D�V�M�B�U�J�P�O�T �P�G �U�I�F �B�N�Q�M�J�U�V�E�F �J�O �X�I�J�D�I �U�I�F �)�J�H�H�T �N�B�T�T �J�T �C�F�M�P�X �U�X�J�D�F �U�I�F

�R�V�B�S�L �N�B�T�T�
�J���F���G�P�S �U�P�Q �M�P�P�Q�T�
 �B�O�ER2 �J�T �S�F�M�F�W�B�O�U �G�P�S �U�I�F �P�U�I�F�S �R�V�B�S�L �n�B�W�P�S�T��

�'�P�S �B�O�Z �N�V�M�U�J�W�B�M�V�F�E �G�V�O�D�U�J�P�OF (s) �X�I�J�D�I �I�B�T �B �C�S�B�O�D�I �D�V�U �T�U�B�S�U�J�O�H �B�U �T�P�N�Fs0 � R+ �
 �U�I�F �Q�I�Z�T�J�D�B�M �B�O��

�B�M�Z�U�J�D �D�P�O�U�J�O�V�B�U�J�P�O �B�M�P�O�H �U�I�F �C�S�B�O�D�I �J�T �P�C�U�B�J�O�F�E �C�Z �B�Q�Q�S�P�B�D�I�J�O�H �U�I�F �M�J�N�J�U�C�Z �U�I�F �V�Q�Q�F�S �I�B�M�G���Q�M�B�O�F �<�������>

F�Q�I�Z�T�J�D�B�M(s)
�
�
s� R+ = �M�J�N

� � 0
F (s + i
 ). �	���������


�*�O �Q�B�S�U�J�D�V�M�B�S�
log (Šs) �J�T �B�O�B�M�Z�U�J�D�B�M�M�Z �D�P�O�U�J�O�V�F�E �U�Plogs Š i� �G�P�Ss > 0 �B�O�E
�

Šs �J�T �D�P�O�U�J�O�V�F�E �U�PŠi
�

s��

�*�O �P�V�S �D�B�T�F�
 �J�U �J�T �O�P�X �F�B�T�Z �U�P �m�O�E �U�I�F �B�O�B�M�Z�U�J�D �D�P�O�U�J�O�V�B�U�J�P�O �G�P�Sx �J�OR1��

x(s)|4m2>s> 0 =

�
4m2 Š s + i

�
s

�
4m2 Š s Š i

�
s

, �	���������


�X�I�J�D�I �N�F�B�O�T �U�I�B�U �J�OR1�
x(s) �J�T �P�O �U�I�F �V�Q�Q�F�S���I�B�M�G �D�P�N�Q�M�F�Y �Q�M�B�O�F�� �*�O �U�I�F �S�F�H�J�P�O �B�C�P�W�F �U�I�S�F�T�I�P�M�ER2�


x(s)|s> 4m2 =

�
s Š 4m2 Š

�
s

�
s Š 4m2 +

�
s

, �	���������


�B�O�E �B�T �B �S�F�T�V�M�UŠ1 < x < 0� � � e� F � Q� B� U� I � P� Gx �J�O �U�I�F �D�P�N�Q�M�F�Y �Q�M�B�O�F �B�Ts �H�P�F�T �G�S�P�NŠ� �U�P+ � �J�T �E�F�T�D�S�J�C�F�E

�J�O �'�J�H�V�S�F ������

�"�O�B�M�Z�U�J�D�B�M�M�Z �D�P�O�U�J�O�V�J�O�Hx �J�T �O�P�U �U�I�F �F�O�E �P�G �U�I�F �T�U�P�S�Z�� �*�O�E�F�F�E�
 �P�V�S �B�N�Q�M�J�U�V�E�F �J�T �F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G

�I�B�S�N�P�O�J�D �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �P�Gx�
 �X�I�J�D�I �D�B�O �I�B�W�F �C�S�B�O�D�I �D�V�U�T�� �e�F �Q�P�T�T�J�C�M�F �C�S�B�O�D�I �D�V�U�T �P�G �B �Q�P�M�Z�M�P�H�B�S�J�U�I�N

G(a1, . . . , an , x) �T�U�B�S�U �B�U �U�I�F �Q�P�J�O�U�Tai � {Š 1, 0, 1} �� �#�S�B�O�D�I �D�V�U�T �T�U�B�S�U�J�O�H �B�Ux = 0 �B�O�Ex = Š1 �F�Y�U�F�O�E

�U�Px = Š� �B�O�E �U�I�P�T�F �T�U�B�S�U�J�O�H �B�Ux = 1 �F�Y�U�F�O�E �U�Px = + � �<�������>�� �"�T �B �S�F�T�V�M�U�
 �U�X�P �U�Z�Q�F�T �P�G �J�T�T�V�F�T �D�B�O

�B�S�J�T�F��

�t �J�O�E�J�W�J�E�V�B�M �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �J�O �U�I�F �B�N�Q�M�J�U�V�E�F �D�B�O �I�B�W�F �E�J�W�F�S�H�F�O�D�F�T �B�U �U�X�P �Q�I�Z�T�J�D�B�M �Q�P�J�O�U�T��x = 1

�B�O�Ex = Š1�� �e�F �B�N�Q�M�J�U�V�E�F �J�T �P�G �D�P�V�S�T�F �m�O�J�U�F �B�O�E �B�M�M �T�V�D�I �E�J�W�F�S�H�F�O�D�F�T �I�B�W�F �U�P �D�B�O�D�F�M �B�H�B�J�O�T�U

�F�B�D�I �P�U�I�F�S�� �*�G �X�F �X�B�O�U�F�E �U�P �F�W�B�M�V�B�U�F �P�V�S �B�N�Q�M�J�U�V�E�F �B�U �F�J�U�I�F�S �Q�P�J�O�U�
 �X�F �X�P�V�M�E�O�F�F�E �U�P �F�Y�U�S�B�D�U

�U�I�F �S�F�M�F�W�B�O�U �M�P�H�B�S�J�U�I�N�J�D �E�J�W�F�S�H�F�O�D�F�T �G�S�P�N �F�B�D�I �G�V�O�D�U�J�P�O �B�O�E �D�B�O�D�F�M �U�I�F�N �F�Y�Q�M�J�D�J�U�M�Z�� �"�T �U�I�F �U�X�P

�Q�I�Z�T�J�D�B�M �S�F�H�J�P�O�T �P�G �J�O�U�F�S�F�T�U �B�S�F �O�P�U �M�P�D�B�U�F�E �B�U �U�I�F�T�F �Q�P�J�O�U�T�
 �X�F �E�P �O�P�U �O�F�F�E�U�P �X�P�S�S�Z �B�C�P�V�U �U�I�J�T

�J�T�T�V�F��

������



�t �&�W�B�M�V�B�U�J�O�H �U�I�F �B�N�Q�M�J�U�V�E�F �J�OR2�
 �I�P�X�F�W�F�S�
 �N�F�B�O�T �F�W�B�M�V�B�U�J�O�H �T�P�N�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �B�M�P�O�H �B �C�S�B�O�D�I

�D�V�U �T�J�O�D�F �X�F �I�B�W�Fx < 0�� �-�F�U �V�T �E�J�T�D�V�T�T �I�P�X �U�P �T�P�M�W�F �U�I�J�T �J�T�T�V�F �C�F�M�P�X�� �/�P�U�F �U�I�B�U �C�F�D�B�V�T�F �U�I�F�S�F

�J�T �O�P �C�S�B�O�D�I �D�V�U �P�O �U�I�F �V�Q�Q�F�S �V�O�J�U �D�J�S�D�M�F�
 �X�F �D�B�O �F�W�B�M�V�B�U�F �U�I�F �B�N�Q�M�J�U�V�E�F �J�OR1 �C�Z �V�T�J�O�H �U�I�F �W�B�M�V�F

�G�P�Sx �H�J�W�F�O �C�Z �&�R�V�B�U�J�P�O ����������

�8�F �L�O�P�X �U�I�B�U �I�B�S�N�P�O�J�D �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �X�I�P�T�F �M�B�T�U �F�O�U�S�Z �J�T �O�P�U �B �� �E�P �O�P�U �I�B�W�F �B�C�S�B�O�D�I �D�V�U �B�M�P�O�H

RŠ �� �*�O �T�V�D�I �B �D�B�T�F�
 �X�F �I�B�W�F �U�I�F �S�F�M�B�U�J�P�O

G(a1, . . . , an , Šx) = ( Š1)nG(Ša1, . . . , Šan, x) ( �J�Gan �= 0) . �	���������


�e�F �D�P�O�E�J�U�J�P�O �U�I�B�U �U�I�F �B�N�Q�M�J�U�V�E�F �N�V�T�U �C�F �B�O�B�M�Z�U�J�D �B�O�E �U�I�F �L�O�P�X�O �Q�B�U�I �P�Gx �J�O �U�I�F �D�P�N�Q�M�F�Y �Q�M�B�O�F �H�J�W�F�T

�V�T �B �T�J�N�Q�M�F �X�B�Z �U�P �B�O�B�M�Z�U�J�D�B�M�M�Z �D�P�O�U�J�O�V�F �T�J�N�Q�M�F �M�P�H�B�S�J�U�I�N�T�� �"�T �T�I�P�X�O �J�O �'�J�H�V�S�F �������
 �C�F�M�P�X �U�I�S�F�T�I�P�M�E�


x �J�T �B �V�O�J�U �D�P�N�Q�M�F�Y �O�V�N�C�F�S �J�O �U�I�F �V�Q�Q�F�S �I�B�M�G �Q�M�B�O�F �T�Plog(x) = i� �G�P�S �T�P�N�F� � [0, � ]�� �*�O �Q�B�S�U�J�D�V�M�B�S�


lim
s� 4m2

log(x) = i� �T�P �U�I�F �D�P�O�U�J�O�V�J�U�Z �P�G �U�I�F �B�N�Q�M�J�U�V�E�F �J�N�Q�P�T�F�T �U�I�B�U �U�I�F �S�J�H�I�U �C�S�B�O�D�I �U�P �B�O�B�M�Z�U�J�D�B�M�M�Z

�D�P�O�U�J�O�V�Flog(x) �U�PŠ1 < x < 0 �J�T

log(x)
�
�
Š 1<x< 0 := log( Šx) + i� �	���������


�(�F�O�F�S�B�M�J�[�J�O�H �U�I�J�T �U�P �B�S�C�J�U�S�B�S�Z �G�V�O�D�U�J�P�O�TF (x) �X�J�U�I �B �C�S�B�O�D�I �D�V�U �B�M�P�O�Hx < 0�
 �U�I�F �Q�I�Z�T�J�D�B�M �C�S�B�O�D�I �P�GF

�B�C�P�W�F �U�I�S�F�T�I�P�M�E �J�T

F�Q�I�Z�T(x)
�
�
Š 1<x< 0 = lim

� � 0
F (x + i
 ). �	���������


�8�I�J�M�F �X�F �D�P�V�M�E �Q�F�S�G�P�S�N �U�I�J�T �Q�S�P�D�F�E�V�S�F �P�O �F�B�D�I �Q�P�M�Z�M�P�H�B�S�J�U�I�N �U�I�B�U �I�B� T � B � � � J� O � J� U� T � S� J� H� I� U� N� P� T� U�F�O�U�S�Z�
 �U�I�F�S�F

�J�T �B �N�P�S�F �B�M�H�P�S�J�U�I�N�J�D �X�B�Z �P�G �m�O�E�J�O�H �U�I�F�J�S �B�O�B�M�Z�U�J�D �D�P�O�U�J�O�V�B�U�J�P�O �B�C�P�W�F �U�I�S�F�T�I�P�M�E�� �*�O�E�F�F�E�
 �X�F �L�O�P�X �I�P�X

�U�P �G�B�D�U�P�S�J�[�F �M�P�H�B�S�J�U�I�N�J�D �E�J�W�F�S�H�F�O�D�F�T �P�V�U �P�G �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T�
�J���F���I�P�X �U�P �S�F�D�B�T�U �B�O�ZG(. . . , 0, x) �J�O�U�P �B

�M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O �P�G �Q�S�P�E�V�D�U�T �P�G �Q�P�Z�M�P�H�B�S�J�U�I�N�T �X�I�F�S�F �U�I�F �P�O�M�Z �G�V�O�D�U�J�P�O�T�X�J�U�I �C�S�B�O�D�I �D�V�U�T �B�M�P�O�H �U�I�F

�M�J�O�Fx < 0 �B�S�F �G�V�O�D�U�J�P�O�T �P�G �U�I�F �G�P�S�NG(0, . . . , 0
! "# $

n

, x) = 1 /n ! logn x�
 �X�I�J�D�I �X�F �L�O�P�X �I�P�X �U�P �B�O�B�M�Z�U�J�D�B�M�M�Z

�D�P�O�U�J�O�V�F �U�PR2��

�"�M�H�P�S�J�U�I�N�J�D�B�M�M�Z�
 �U�I�J�T �N�F�B�O�T �U�I�B�U �X�F �U�S�B�O�T�G�P�S�N �P�V�S �F�Y�Q�S�F�T�T�J�P�O �J�O �U�I�S�F�F �T�U�F�Q�T��

�t �&�Y�U�S�B�D�U �U�I�FG(0, . . . , 0, x) �G�S�P�N �U�I�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �J�O �U�I�F �B�N�Q�M�J�U�V�E�F �	�U�I�J�T �J�T �E�P�O�F �V�T�J�O�H �U�I�F

�S�Q�H�v�G�Q�;�h�Q�Q�H�b�G�V�O�D�U�J�P�O�1�t�i�`���+�i�w�2�`�Q�2�b�


� t � 3� F� Q� M� B� D� F � B� M� MG(a1, . . . , ± 1, x) �C�ZG(Ša1, . . . , 	 1, Šx)

� t � 3� F� Q� M� B� D� F � B� M� MG(0, . . . , 0, x) �C�Z

1
n!

(log(Šx) + i� )n =
n�

k=0

(i� )nŠ k

(n Š k)!
G(0, . . . , 0

! "# $
k

, Šx). �	���������


�"�G�U�F�S �U�I�F�T�F �P�Q�F�S�B�U�J�P�O�T�
 �B�M�M �U�I�F �Q�P�M�Z�M�P�H�B�S�J�U�I�N�T �J�O �U�I�F �B�N�Q�M�J�U�V�E�F �I�B�W�FŠx �B�T �B�S�H�V�N�F�O�U �B�O�E �B�S�F �U�I�F�S�F�G�P�S�F

�E�F�m�O�F�E �X�J�U�I�P�V�U �B�N�C�J�H�V�J�U�J�F�T �J�O �U�I�F �S�F�H�J�P�OR2��

������



6
�(�M�V�P�O �G�V�T�J�P�O �J�O �U�I�F �4�.�&�'�5 �B�U �/�-�0

�þ���ù �$�������&�����%��� �� �$���%�&�!

�e�F �S�F�T�V�M�U�T �Q�S�F�T�F�O�U�F�E �J�O �U�I�F �Q�S�F�W�J�P�V�T �D�I�B�Q�U�F�S �D�B�O �C�F �V�T�F�E �G�P�S �B �Q�I�F�O�P�N�F�O�P�M�P�H�J�D�B�M �T�U�V�E�Z �P�G �)�J�H�H�T �Q�S�P��

�E�V�D�U�J�P�O �J�O �U�I�F �4�.�&�'�5�� �8�F �D�P�N�C�J�O�F�E �U�I�F �W�J�S�U�V�B�M �D�P�S�S�F�D�U�J�P�O�T �U�P �H�M�V�P�O �G�V�T�J�P�O �P�C�U�B�J�O�F�E �B�O�B�M�Z�U�J�D�B�M�M�Z �X�J�U�I

�U�I�F �S�F�B�M �F�N�J�T�T�J�P�O �E�J�B�H�S�B�N�T �H�F�O�F�S�B�U�F�E �B�V�U�P�N�B�U�J�D�B�M�M�Z �X�J�U�I�J���/�:�`���T�?�8�n���J�*�!�L�G�P�� �8�F �C�V�J�M�U �P�O �U�I�F �J�N�Q�M�F��

�N�F�O�U�B�U�J�P�O �E�F�W�F�M�P�Q�Q�F�E �G�P�S �U�I�F �D�B�M�D�V�M�B�U�J�P�O �P�G �)�J�H�H�T �C�P�T�P�O �Q�S�P�E�V�D�U�J�P�O �J�O �B�T�T�P�D�J�B�U�J�P�O �X�J�U�I �P�O�F �K�F�U �B�U �-�0

�J�O �U�I�F �4�.�&�'�5 �<�������>�
 �X�I�J�D�I �J�T �E�F�T�D�S�J�C�F�E �C�Z �U�I�F �T�B�N�F �'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T �B�T �U�I�F �S�F�B�M �F�N�J�T�T�J�P�O �D�P�S�S�F�D�U�J�P�O�T

�G�P�S �J�O�D�M�V�T�J�W�F �H�M�V�P�O �G�V�T�J�P�O �B�U �/�-�0�� �*�O�J���/�:�`���T�?�8�n���J�*�!�L�G�P�
 �U�I�F �W�J�S�U�V�B�M �D�P�S�S�F�D�U�J�P�O�T �B�O�E �U�I�F �S�F�B�M �F�N�J�T��

�T�J�P�O�T �B�S�F �D�P�N�C�J�O�F�E �U�P �F�W�B�M�V�B�U�F �U�I�F �Q�B�S�U�P�O�J�D �D�S�P�T�T �T�F�D�U�J�P�O �O�V�N�F�S�J�D�B�M�M�Z �V�T�J�O�H �U�I�F �.�P�O�U�F �$�B�S�M�P �N�F�U�I�P�E�


�X�I�J�D�I �J�T �U�I�F�O �J�O�U�F�H�S�B�U�F�E �P�W�F�S �U�I�F �1�%�' �P�G �U�I�F �Q�S�P�U�P�O�� �e�F �D�B�M�D�V�M�B�U�J�P�O �J�T �N�B�U�D�I�F�E �U�P �U�I�F �Q�B�S�U�P�O �T�I�P�X�F�S

�H�F�O�F�S�B�U�P�S�S�u�h�>�A���3�U�I�B�U �E�F�B�M�T �X�J�U�I �G�V�S�U�I�F�S �Q�B�S�U�P�O �F�N�J�T�T�J�P�O�T��

�5�P �N�B�U�D�I �U�I�F �T�D�I�F�N�F �V�T�F�E �J�O�J���/�:�`���T�?�8�n���J�*�!�L�G�P�
 �X�F �D�I�B�O�H�F�E �U�I�F �N�B�T�T �T�D�I�F�N�F �G�P�S �U�I�F �U�P�Q �R�V�B�S�L

�U�P �U�I�F �P�O���T�I�F�M�M �T�D�I�F�N�F�� �-�F�U �V�T �T�I�P�X �I�P�X �X�F �D�B�O �S�F�M�B�U�F �U�I�F �N�B�T�T �X�F �I�B�W�F �V�T�F�E �J�O �P�V�S �E�F�D�P�V�Q�M�J�O�H �T�D�I�F�N�F

mt
�E�F�D(µ) �U�P �U�I�F �P�O���T�I�F�M�M �N�B�T�Tm�P�T

t �� �e�F�Z �B�S�F �C�P�U�I �S�F�M�B�U�F�E �U�P �U�I�F �C�B�S�F �N�B�T�T��

mB
t = Zm mt

�E�F�D(µ) = �Zm m�P�T
t , �	�������


�X�I�F�S�FZm �B�O�E�Zm �B�S�F �S�F�T�Q�F�D�U�J�W�F�M�Z �U�I�F �U�P�Q �N�B�T�T �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �D�P�O�T�U�B�O�U�T �J�O �P�V�S �T�D�I�F�N�F �B�O�E�J�O �U�I�F

�P�O���T�I�F�M�M �T�D�I�F�N�F�� �5�B�L�J�O�H �U�I�F �W�B�M�V�F �G�P�S�Zm �G�S�P�N �<�������>�
 �X�F �I�B�W�F

mt
�E�F�D(µ) = m�P�T

t

�Zm

Zm
= m�P�T

t

�

1 Š
� s

�

�
4
3

+ log
�

µ2

m2
t

�
+ C3

2
�

2
3

vmt

��

. �	�������


�e�F �4�U�B�O�E�B�S�E �.�P�E�F�M �S�F�T�V�M�U�T �Q�S�F�T�F�O�U�F�E �I�F�S�F �I�B�W�F �C�F�F�O �D�S�P�T�T���D�I�F�D�L�F�E �X�J�U�I �U�I�F�/�-�0���1�4 �J�N�Q�M�F�N�F�O�U�B��

�U�J�P�O �P�G���J�*�a�m�b�>�B�<�������>�� �3�F�T�V�M�U�T �B�S�F �P�C�U�B�J�O�F�E �X�J�U�I �.�.�)�5�������� �-�0���/�-�0 �1�%�'�T �<�������>�
 �G�P�S �-�0 �B�O�E �/�-�0

������



�S�F�T�V�M�U�T �S�F�T�Q�F�D�U�J�W�F�M�Z�� �J�O�Q�V�U �Q�B�S�B�N�F�U�F�S�T �B�S�F

mt = 173 GeV , mh = 125 GeV , mZ = 91.1876 GeV, �	�������


� Š 1
EW = 127.9, GF = 1 .16637× 10Š 5 GeVŠ 2 . �	�������


�e�F �G�B�D�U�P�S�J�[�B�U�J�P�O �B�O�E �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �T�D�B�M�F�T �B�S�F �T�F�U �B�Umh/ 2�� �8�F �J�O�U�S�P�E�V�D�F �B �O�F�X �T�D�B�M�Fµ�&�'�5�B�U �X�I�J�D�I

�X�F �F�W�B�M�V�B�U�F �U�I�F �8�J�M�T�P�O �D�P�F���D�J�F�O�U�T�
 �B�M�T�P �T�F�U �B�Uµ = mh/ 2�
 �X�I�J�D�I �X�F �X�J�M�M �V�T�F �U�P �B�T�T�F�T�T �V�O�D�F�S�U�B�J�O�U�J�F�T

�S�F�M�B�U�F�E �U�P �U�I�F �S�V�O�O�J�O�H �P�G �U�I�F�T�F �D�P�V�Q�M�J�O�H�T�
 �B�T �E�J�T�D�V�T�T�F�E �J�O �U�I�F �O�F�Y�U �T�F�D�U�J�P�O�� �e�F �S�V�O�O�J�O�H �P�G �U�I�F �8�J�M�T�P�O

�D�P�F���D�J�F�O�U�T �J�T �D�P�O�U�S�P�M�M�F�E �C�Z �B �S�V�O�O�J�O�H �P�Q�F�S�B�U�P�S

Ci (µ2) = � ij (µ2, µ2
�&�'�5)Cj (µ2

�&�'�5). �	�������


�$�S�P�T�T �T�F�D�U�J�P�O�T �G�S�P�N �E�J�N�F�O�T�J�P�O���T�J�Y �P�Q�F�S�B�U�P�S�T �D�B�O �C�F �Q�B�S�B�N�F�U�S�J�[�F�E �B�T

� (µ) = � SM (µ2) +
�

i

1TeV2

� 2 Ci (µ2)� i (µ2) �	�������


= � SM (µ2) +
�

i

1TeV2

� 2 Ci (µ2
�&�'�5)�� i (µ2, µ2

�&�'�5) �	�������


�X�I�F�S�F �U�I�F� i �B�S�F �C�V�J�M�U �G�S�P�N �U�I�F �J�O�U�F�S�G�F�S�F�O�D�F �P�G �U�I�F �4�. �X�J�U�I �U�I�F �&�'�5 �B�N�Q�M�J�U�V�E�F�T �B�O�E

�� i (µ2, µ2
�&�'�5) = � ij (µ2, µ2

�&�'�5)� j (µ2) �	�������


�8�F �X�J�M�M �B�M�T�P �D�P�O�T�J�E�F�S �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O�T �P�G �U�I�F �)�J�H�H�T �C�P�T�P�O �U�S�B�O�T�W�F�S�T�F �N�P�N�F�O�U�V�N �B�O�E �S�B�Q�J�E�J�U�Z�
 �X�I�J�D�I

�D�B�O �C�F �Q�B�S�B�N�F�U�S�J�[�F�E �J�O �B �T�J�N�J�M�B�S �G�B�T�I�J�P�O��

�þ���ú �5����� �#���%�������� �&�������#�%�������%�����$

�$�P�O�T�J�E�F�S�J�O�H �/�-�0 �D�P�S�S�F�D�U�J�P�O�T �U�P �4�.�&�'�5 �P�C�T�F�S�W�B�C�M�F�T �Q�S�P�W�J�E�F�T �B �X�B�Z �U�P �S�F�M�J�B�C�M�Z �F�T�U�J�N�B�U�F �U�I�F �T�J�[�F �P�G �N�J�T�T��

�J�O�H �S�B�E�J�B�U�J�W�F �D�P�S�S�F�D�U�J�P�O�T �C�Z �D�P�O�T�J�E�F�S�J�O�H �U�I�F �E�F�Q�F�O�E�F�O�D�F �P�G �P�V�S �S�F�T�V�M�U �P�O �U�I�F �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �B�O�E �G�B�D��

�U�P�S�J�[�B�U�J�P�O �T�D�B�M�F�� �"�T �P�V�S �Q�S�F�E�J�D�U�J�P�O�T �B�S�F �F�Y�Q�S�F�T�T�F�E �J�O �B �E�P�V�C�M�F �F�Y�Q�B�O�T�J�P�O �J�O� s �B�O�E �J�O1/ � �
 �U�I�F�S�F �B�S�F �U�X�P

�N�B�J�O �D�M�B�T�T�F�T �P�G �V�O�D�F�S�U�B�J�O�U�J�F�T �B�T�T�P�D�J�B�U�F�E �U�P �U�S�V�O�D�B�U�J�O�H �U�I�F�T�F �F�Y�Q�B�O�T�J�P�O�T�� �8�F �D�P�O�T�J�E�F�S �U�I�S�F�F �T�P�V�S�D�F�T �P�G

�V�O�D�F�S�U�B�J�O�U�J�F�T �S�F�M�B�U�F�E �U�P �U�I�F �N�J�T�T�J�O�H �P�S�E�F�S�T �J�O �U�I�F �Q�F�S�U�V�S�C�B�U�J�W�F �2�$�% �F�Y�Q�B�O�T�J�P�O

�t �.�J�T�T�J�O�H �P�S�E�F�S�T �J�O �U�I�F �D�B�M�D�V�M�B�U�J�P�O �P�G �U�I�F �D�S�P�T�T �T�F�D�U�J�P�O�� �e�F�T�F �B�S�F �F�T�U�J�N�B�U�F�E �C�Z �W�B�S�Z�J�O�H �U�I�F �S�F�O�P�S��

�N�B�M�J�[�B�U�J�P�O �B�O�E �G�B�D�U�P�S�J�[�B�U�J�P�O �T�D�B�M�F �C�Z �B �G�B�D�U�P�S �P�G2 �B�S�P�V�O�E �U�I�F �D�F�O�U�S�B�M �T�D�B�M�F��

�t �.�J�T�T�J�O�H �P�S�E�F�S�T �J�O �U�I�F �S�V�O�O�J�O�H �P�G �U�I�F �8�J�M�T�P�O �D�P�F���D�J�F�O�U�T�� �8�F �F�T�U�J�N�B�U�F �U�I�J�T �V�O�D�F�S�U�B�J�O�U�Z �C�Z �W�B�S�Z��

�J�O�Hµ�&�'�5�B�S�P�V�O�E �U�I�F �D�F�O�U�S�B�M �W�B�M�V�F �C�Z �B �G�B�D�U�P�S �P�G2�� �#�Z �T�F�Q�B�S�B�U�J�O�H �U�I�J�T �S�V�O�O�J�O�H �V�O�D�F�S�U�B�J�O�U�Z �G�S�P�N

�U�I�F �N�J�T�T�J�O�H �P�S�E�F�S�T �U�I�F �D�S�P�T�T �T�F�D�U�J�P�O �J�U�T�F�M�G�
 �X�F �F�O�T�V�S�F �U�I�B�U �O�P �D�B�O�D�F�M�M�B�U�J�P�O�T �I�B�Q�Q�F�O �J�O �U�I�F �H�M�P�C�B�M

�W�B�S�J�B�U�J�P�O�� �e�J�T �J�T �F�T�Q�F�D�J�B�M�M�Z �S�F�M�F�W�B�O�U �J�G �X�F �D�P�O�T�J�E�F�S �H�M�P�C�B�M �m�U�T�
 �X�I�J�D�I �X�J�M�M �V�T�F �N�F�B�T�V�S�F�N�F�O�U�T �B�U

�E�J�
�F�S�F�O�U �T�D�B�M�F�T�� �U�I�F �3�(�& �F�W�P�M�V�U�J�P�O �X�J�M�M �D�P�O�T�U�J�U�V�U�F �B �N�B�K�P�S �T�P�V�S�D�F �P�G �V�O�D�F�S�U�B�J�O�U�Z�
 �X�I�J�D�I �N�V�T�U �O�P�U

�C�F �V�O�E�F�S�F�W�B�M�V�B�U�F�E��

������



�t �1�%�' �V�O�D�F�S�U�B�J�O�U�J�F�T�
 �X�I�J�D�I �X�F �F�W�B�M�V�B�U�F �V�T�J�O�H �U�I�F �U�I�F �Q�S�P�D�F�E�V�S�F�T �Q�S�P�W�J�E�F�E �X�J�U�I �P�V�S �1�%�' �T�F�U �P�G

�D�I�P�J�D�F��

�e�F �F�W�B�M�V�B�U�J�P�O �P�G �V�O�D�F�S�U�B�J�O�U�J�F�T �B�T�T�P�D�J�B�U�F�E �U�P �U�I�F �N�J�T�T�J�O�H �P�S�E�F�S�T �J�O �U�I�F �4�.�&�'�5 �F�Y�Q�B�O�T�J�P�O �B�S�F �O�P�U�P��

�S�J�P�V�T�M�Z �N�P�S�F �E�J���D�V�M�U �U�P �F�W�B�M�V�B�U�F �S�F�M�J�B�C�M�Z�� �" �O�V�N�C�F�S �P�G �E�J�T�D�V�T�T�J�P�O�T �B�O�E �T�U�V�E�J�F�T �I�B�W�F �C�F�F�O �Q�S�P�E�V�D�F�E �P�O

�U�I�J�T �U�P�Q�J�D �<�������
 �������o�������>�� �-�F�U �V�T �X�S�J�U�F �E�P�X�O �U�I�F �4�.�&�'�5 �F�Y�Q�B�O�T�J�P�O �P�G �U�I�F �D�S�P�T�T �T�F�D�U�J�P�O �V�Q �U�P1/ � 4��
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�X�I�F�S�F �X�F �S�F�T�U�P�S�F�E �U�I�F �E�J�N�F�O�T�J�P�O �M�B�C�F�M �P�G �U�I�F �8�J�M�T�P�O �D�P�F���D�J�F�O�U�T�
 �U�I�F� i |j �B�S�F �U�I�F �E�J�N�F�O�T�J�P�O���� �D�P�O�U�S�J��

�C�V�U�J�P�O �D�P�N�J�O�H �G�S�P�N �U�I�F �T�R�V�B�S�F �P�G �U�I�F �&�'�5 �B�N�Q�M�J�U�V�E�F�T �X�J�U�I �P�O�F �E�J�N�F�O�T�J�P�O���� �P�Q�F�S�B�U�P�S �J�O�T�F�S�U�J�P�O�
 �X�I�J�D�I

�X�F �I�B�W�F �D�B�M�D�V�M�B�U�F�E�
 �U�I�F� |ij �D�P�N�F �G�S�P�N �U�I�F �J�O�U�F�S�G�F�S�F�O�D�F �P�G �U�I�F �4�. �B�N�Q�M�J�U�V�E�F �X�J�U�I �U�I�F �4�.�&�'�5 �E�J�B�H�S�B�N�T

�X�J�U�I �U�X�P �J�O�T�F�S�U�J�P�O�T �P�G �E�J�N�F�O�T�J�P�O �T�J�Y �P�Q�F�S�B�U�P�S�T �B�O�E �U�I�Fsk �B�S�F �U�I�F �J�O�U�F�S�G�F�S�F�O�D�F �P�G �U�I�F �4�. �B�N�Q�M�J�U�V�E�F

�X�J�U�I �U�I�F �4�.�&�'�5 �E�J�B�H�S�B�N�T �X�J�U�I �P�O�F �J�O�T�F�S�U�J�P�O �P�G �B �E�J�N�F�O�T�J�P�O �F�J�H�I�U �P�Q�F�S�B�U�P�S�� �6�T�J�O�H �P�V�S �D�B�M�D�V�M�B�U�J�P�O�
 �X�F

�D�B�O �F�Y�Q�M�J�D�J�U�M�Z �F�W�B�M�V�B�U�F �U�I�F� i |j �C�V�U �O�P�U �U�I�F �U�X�P �P�U�I�F�S �D�P�O�U�S�J�C�V�U�J�P�O�T�� �*�U �I�B�T �C�F�F�O �T�I�P�X�O �V�T�J�O�H �F�Y�Q�M�J�D�J�U

�F�Y�B�N�Q�M�F�T �U�I�B�U �U�I�F�S�F �D�B�O �C�F �O�P �H�F�O�F�S�B�M �B�S�H�V�N�F�O�U�T �C�B�T�F�E �P�O �U�I�F� i |j �U�P �F�T�U�J�N�B�U�F �U�I�F �T�J�[�F �P�G �U�I�F �P�U�I�F�S

�D�P�O�U�S�J�C�V�U�J�P�O�T �P�G �U�I�F �T�B�N�F �P�S�E�F�S �<�������> �B�T �U�I�J�T �J�T �B �N�P�E�F�M �E�F�Q�F�O�E�F�O�U �R�V�B�O�U�J�U�Z��

�þ���û �/�&�����#�������� �#���$�&���%�$ ���� �%���� �%� �! �$�����%� �#

�þ���û���ù �5� �%���� ���#� �$�$ �$�����%��� ���$

�)�F�S�F �X�F �Q�S�F�T�F�O�U �O�V�N�F�S�J�D�B�M �S�F�T�V�M�U�T �G�P�S �H�M�V�P�O �G�V�T�J�P�O �B�U �U�I�F �-�)�$ �B�U13 TeV �G�P�S� �4�. �B�O�E �U�I�F� i � � � e� F

�O�V�N�C�F�S�T �B�S�F �R�V�P�U�F�E �X�J�U�I �U�I�S�F�F �V�O�D�F�S�U�B�J�O�U�J�F�T �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �U�I�F �S�F�O�P�S�N�B�M�J�[�B�U�J�P�O �B�O�E �G�B�D�U�P�S�J�[�B�U�J�P�O

�T�D�B�M�F �E�F�Q�F�O�E�F�O�D�F�
 �U�I�F �&�'�5 �T�D�B�M�F �E�F�Q�F�O�E�F�O�D�F�
 �B�O�E �U�I�F �1�%�' �V�O�D�F�S�U�B�J�O�U�J�F�T �J�O �U�I�B�U �P�S�E�F�S�� �0�V�S �S�F�T�V�M�U�T �B�S�F

�T�I�P�X�O �J�O �5�B�C�M�F ������

13 TeV �-�0 �	�Q�C�
 �/�-�0 �	�Q�C�
 �,���G�B�D�U�P�S

� 1 Š2.87+34 .0%+1 .5%
Š 25.0%Š 1.5% Š4.615+24 .8%+1 .9%

Š 20.0%Š 1.6% ��������

� 2 2630+34 .0%+1 .5%
Š 25.0%Š 1.5% 4080+23 .9%+1 .9%

Š 19.6%Š 1.6% ��������

� 3 50.2+34 .0%+1 .5%
Š 25.0%Š 1.5% 83.0+26 .0%+1 .9%

Š 20.6%Š 1.6% ��������

�;�H�I�S�L �������!�9�L�Z�\�S�[�Z �M�V�Y �[�O�L �[�V�[�H�S �Y�H�[�L�Z �H�[ �3�6 �H�U�K �H�[ �5�3�6�� �;�O�L �[�^�V �X�\�V�[�L�K �\�U�J�L�Y�[�H�P�U�[�P�L�Z �H�Y�L �[�O�L �Z�J�H�S�L �H�U�K �7�+�- �\�U�J�L�Y�[�H�P�U�[�P�L�Z

�8�F �T�F�F �U�I�B�U �U�I�F �D�P�O�U�S�J�C�V�U�J�P�O�T �G�S�P�N �F�
�F�D�U�J�W�F �P�Q�F�S�B�U�P�S�T �I�B�W�FK ���G�B�D�U�P�S�T �U�I�B�U �B�S�F �W�F�S�Z �T�J�N�J�M�B�S�
 �X�J�U�I �B

�S�F�T�J�E�V�B�M �T�D�B�M�F �E�F�Q�F�O�E�F�O�D�F �U�I�B�U �J�T �B�M�N�P�T�U �J�E�F�O�U�J�D�B�M �U�P �U�I�F �4�.�� �*�O �U�I�F �G�P�M�M�P�X�J�O�H �X�F �Q�S�F�T�F�O�U �B�O �B�S�H�V�N�F�O�U

�X�I�J�D�I �F�Y�Q�M�B�J�O�T �U�I�J�T �P�C�T�F�S�W�B�U�J�P�O�� �8�F �D�B�O �E�F�T�D�S�J�C�F �U�I�F �U�P�U�B�M �D�S�P�T�T �T�F�D�U�J�P�O �G�P�S �)�J�H�H�T �C�P�T�P�O �Q�S�P�E�V�D�U�J�P�O

�U�P �B �H�P�P�E �B�D�D�V�S�B�D�Z �C�Z �U�B�L�J�O�H �U�I�F �M�J�N�J�U �P�G �B�O �J�O�m�O�J�U�F�M�Z �I�F�B�W�Z �U�P�Q �R�V�B�S�L�
 �C�F�D�B�V�T�F �N�P�T�U �P�G �U�I�F �Q�S�P�E�V�D�U�J�P�O

�I�B�Q�Q�F�O�T �O�F�B�S �U�I�S�F�T�I�P�M�E�� �*�O �U�I�J�T �F�
�F�D�U�J�W�F �U�I�F�P�S�Z �X�I�F�S�F �U�I�F �U�P�Q �R�V�B�S�L �J�T �J�O�U�F�H�S�B�U�F�E �P�V�U�
 �B�M�M �D�P�O�U�S�J�C�V��

�U�J�P�O�T �G�S�P�N �4�.�&�'�5 �P�Q�F�S�B�U�P�S�T �D�B�O �C�F �E�F�T�D�S�J�C�F�E �C�Z �U�I�F �T�B�N�F �D�P�O�U�B�D�U �J�O�U�F�S�B�D�U�J�P�O
G a
µ� Gµ�

a H �� �e�F �8�J�M�T�P�O

������



�D�P�F���D�J�F�O�U
 �D�B�O �C�F �X�S�J�U�U�F�O �B�T
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 0 +
�
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�X�I�F�S�F
 0 �E�F�O�P�U�F�T �U�I�F �4�. �D�P�O�U�S�J�C�V�U�J�P�O �B�O�E
 i �U�I�P�T�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �F�B�D�I �P�Q�F�S�B�U�P�SOi �J�O �U�I�F �4�.�&�'�5��

� "� T � B � S� F� T� V� M� U � F� B� D� I� i �J�T �H�F�O�F�S�B�U�F�E �C�Z �U�I�F �T�B�N�F �'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T �C�P�U�I �B�U �-�0 �B�O�E �/�-�0 �J�O �U�I�F �J�O�m�O�J�U�F �U�P�Q��

�N�B�T�T �&�'�5�� �e�F �F�
�F�D�U �P�G �S�B�E�J�B�U�J�W�F �D�P�S�S�F�D�U�J�P�O�T �J�T�
 �I�P�X�F�W�F�S�
 �O�P�U �F�O�U�J�S�F�M�Z �V�O�J�W�F�S�T�B�M �B�T �/�-�0 �D�P�S�S�F�D�U�J�P�O�T �U�P

�U�I�F �J�O�m�O�J�U�F �U�P�Q���N�B�T�T �&�'�5 �B�N�Q�M�J�U�V�E�F�T �D�P�N�F �C�P�U�I �G�S�P�N �E�J�B�H�S�B�N�N�B�U�J�D �D�P�S�S�F�D�U�J�P�O�T �B�O�E �D�P�S�S�F�D�U�J�P�O�T �U�P �U�I�F

�8�J�M�T�P�O �D�P�F���D�J�F�O�U�T
 i �
 �X�I�J�D�I �D�B�O �C�F �P�C�U�B�J�O�F�E �C�Z �N�B�U�D�I�J�O�H �U�I�F �4�.�&�'�5 �B�N�Q�M�J�U�V�E�F �U�P �U�I�F �J�O�m�O�J�U�F �U�P�Q �N�B�T�T

�B�N�Q�M�J�U�V�E�F�
 �B�T �J�M�M�V�T�U�S�B�U�F�E �J�O �m�H�� �������� �*�O�E�F�F�E�
 �F�B�D�I
 i �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �4�.�&�'�5 �Q�B�S�B�N�F�U�F�S�T �B�T

�-�P�N�\�Y�L �������!�+�P�H�N�Y�H�T�T�H�[�P�J �K�L�Z�J�Y�P�W�[�P�V�U �V�M �[�O�L �T�H�[�J�O�P�U�N �I�L�[�^�L�L�U �[�O�L �:�4�,�-�; �H�U�K �[�O�L �P�U�Ä�U�P�[�L �[�V�W �T�H�Z�Z �,�-�; �H�[ �3�6 ���S�L�M�[�� �H�U�K �H�[

�5�3�6 ���Y�P�N�O�[���� �;�O�L �5�3�6 �H�T�W�S�P�[�\�K�L �P�U �[�O�L �P�U�Ä�U�P�[�L �[�V�W���T�H�Z�Z �,�-�; �J�V�U�[�H�P�U�Z �[�^�V �L�S�L�T�L�U�[�Z�! �K�P�H�N�Y�H�T�T�H�[�P�J �J�V�Y�Y�L�J�[�P�V�U�Z�� �^�O�P�J�O �J�V�U��

�[�Y�P�I�\�[�L �\�U�P�]�L�Y�Z�H�S�S�` �[�V �[�O�LK ���M�H�J�[�V�Y�Z �H�U�K �>�P�S�Z�V�U �J�V�L�I�J�P�L�U�[ �J�V�Y�Y�L�J�[�P�V�U�Z�� �^�O�P�J�O �H�Y�L �U�V�U���\�U�P�]�L�Y�Z�H�S��

�B �Q�F�S�U�V�S�C�B�U�J�W�F �T�F�S�J�F�T
 i = 
 (0)
i + � s
 (1)

i + O(� 2
s)�� �*�O �U�I�F �J�O�m�O�J�U�F �U�P�Q �N�B�T�T �&�'�5�
 �F�B�D�IK ���G�B�D�U�P�SK i �D�B�O

�C�F �E�F�D�P�N�Q�P�T�F�E �B�T

K i = K U + � s

 (1)

i


 (0)
i

, �	���������


�X�I�F�S�FK U �J�T �U�I�F �V�O�J�W�F�S�T�B�M �Q�B�S�U �P�G �U�I�FK ���G�B�D�U�P�S�
 �X�I�J�D�I �J�T �F�Y�B�D�U�M�Z �F�R�V�B�M �U�PK 2�� �#�Z �T�V�C�U�S�B�D�U�J�O�HK 2 �U�P �F�B�D�I

K i �J�O �U�I�F �J�O�m�O�J�U�F �U�P�Q �N�B�T�T �M�J�N�J�U �O�V�N�F�S�J�D�B�M�M�Z �	�T�F�U�U�J�O�Hmt = 10TeV �
�
 �X�F �D�P�V�M�E �F�Y�U�S�B�D�U �U�I�F �S�B�U�J�P�T� s
� (1)

i
� i

�B�O�E �D�I�F�D�L �F�Y�Q�M�J�D�J�U�M�Z �U�I�B�U �U�I�F�T�F �O�P�O���V�O�J�W�F�S�T�B�M �D�P�S�S�F�D�U�J�P�O�T �B�S�F �T�V�C�E�P�N�J�O�B�O�U �D�P�N�Q�B�S�F�E �U�P �U�I�F �V�O�J�W�F�S�T�B�M

�E�J�B�H�S�B�N�N�B�U�J�D �D�P�S�S�F�D�U�J�P�O�T�
 �X�I�J�D�I �F�Y�Q�M�B�J�O�T �U�I�F �T�J�N�J�M�B�S�J�U�Z �P�G �U�I�F �F�
�F�D�U�T �P�G�S�B�E�J�B�U�J�W�F �D�P�S�S�F�D�U�J�P�O�T �G�P�S �F�B�D�I

�D�P�O�U�S�J�C�V�U�J�P�O��

�"�T �D�P�V�M�E �C�F �F�Y�Q�F�D�U�F�E�
 �U�I�F�S�F �J�T �B �M�B�S�H�F �I�J�F�S�B�S�D�I�Z �C�F�U�X�F�F�O �U�I�F �D�P�O�U�S�J�C�V�U�J�P�O�T�P�GO1 �B�O�EO3�
 �X�I�P�T�F �-�0

�D�P�O�U�S�J�C�V�U�J�P�O�T �B�S�F �M�P�P�Q �J�O�E�V�D�F�E�
 �B�O�E �U�I�B�U �P�GO2 �X�I�J�D�I �B�Q�Q�F�B�S�T �B�U �U�S�F�F �M�F�W�F�M���–

�þ���û���ú �%���$�%�#�����&�%��� ���$

�8�F �I�B�W�F �P�C�U�B�J�O�F�E �E�J�
�F�S�F�O�U�J�B�M �E�J�T�U�S�J�C�V�U�J�P�O �B�U �-�0 �B�O�E �/�-�0 �G�P�S �U�I�F �U�S�B�O�T�W�F�S�T�F�N�P�N�F�O�U�V�N �B�O�E �U�I�F �S�B�Q�J�E��

�J�U�Z �P�G �U�I�F �)�J�H�H�T �C�P�T�P�O �J�O�J���/�:�`���T�?�8�n���J�*�!�L�G�P�� �)�F�S�F �X�F �Q�S�F�T�F�O�U �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O�T �P�C�U�B�J�O�F�E �C�Z �N�B�U�D�I�J�O�H

�P�V�S �/�-�0 �Q�S�F�E�J�D�U�J�P�O �U�P �B �Q�B�S�U�P�O �T�I�P�X�F�S �U�P �H�F�O�F�S�B�U�F �F�W�F�O�U�T �U�I�B�U �D�P�V�M�E �C�F �V�T�F�E �G�P�S �E�F�U�B�J�M�F�E �T�J�N�V�M�B�U�J�P�O�T

�P�G �F�Y�Q�F�S�J�N�F�O�U�B�M �D�P�O�E�J�U�J�P�O�T�� �8�F �Q�B�S�B�N�F�U�S�J�[�F �U�I�F �4�.�&�'�5 �E�J�T�U�S�J�C�V�U�J�P�O �G�P�S �U�I�F �W�B�S�J�B�C�M�FX �U�S�V�O�D�B�U�F�E �B�U
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 �B�O�E �S�B�Q�J�E�J�U�Z �	y�
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�T�I�P�X �U�I�F �O�P�S�N�B�M�J�[�F�E �E�J�T�U�S�J�C�V�U�J�P�O�T
1
� i

d� i

dX
�B�O�E �J�O�D�M�V�E�F �B�O �J�O�T�F�S�U �T�I�P�X�J�O�H �U�I�F �S�B�U�J�P �P�G �F�B�D�I �E�J�T�U�S�J�C�V�U�J�P�O

�U�P �U�I�F �4�. �E�J�T�U�S�J�C�V�U�J�P�O�� �e�F �P�W�F�S�B�M�M �T�D�B�M�J�O�H �D�B�O �C�F �P�C�U�B�J�O�F�E �G�S�P�N �5�B�C�M�F�T ��������
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�-�P�N�\�Y�L �������!�5�V�Y�T�H�S�P�a�L�K �Z�O�H�W�L�Z �V�M �[�O�L �/�P�N�N�Z �[�Y�H�U�Z�]�L�Y�Z�L �T�V�T�L�U�[�\�T �H�U�K �Y�H�W�P�K�P�[�` �K�P�Z�[�Y�P�I�\�[�P�V�U�Z �W�Y�L�K�P�J�[�L�K �I�`� �:�4 �H�U�K� i �H�[

13 TeV �P�U�J�S�\�K�P�U�N �5�3�6 �J�V�Y�Y�L�J�[�P�V�U�Z�� �;�O�L �I�H�U�K�Z �H�Y�V�\�U�K �[�O�L �J�L�U�[�Y�H�S �]�H�S�\�L�Z �Z�O�V�^ �[�O�L �Z�J�H�S�L �\�U�J�L�Y�[�H�P�U�[�P�L�Z �V�M �[�O�L�Z�L �Y�L�Z�\�S�[�Z ���K�P��

�Y�L�J�[ �Z�\�T �V�M �[�O�L �Z�J�H�S�L �K�L�W�L�U�K�L�U�J�L �H�U�K �7�+�- �\�U�J�L�Y�[�H�P�U�[�P�L�Z���� �;�O�L �P�U�Z�L�Y�[ �Z�O�V�^�Z �[�O�L �Y�H�[�P�V �V�M �L�H�J�O �:�4�,�-�; �K�P�Z�[�Y�P�I�\�[�P�V�U �^�P�[�O �[�O�L �:�4

�K�P�Z�[�Y�P�I�\�[�P�V�U��

�"�T �X�F �I�B�W�F �E�J�T�D�V�T�T�F�E �J�O �U�I�F �Q�S�F�W�J�P�V�T �T�F�D�U�J�P�O�
 �U�I�F �U�S�B�O�T�W�F�S�T�F �N�P�N�F�O�U�V�N �T�Q�F�D�U�S�V�N �E�J�T�D�S�J�N�J�O�B�U�F�T

�C�F�U�X�F�F�O �U�I�F �4�. �Q�S�P�E�V�D�U�J�P�O �B�O�E �U�I�F �F�
�F�D�U�T �P�G �U�I�F �4�.�&�'�5 �P�Q�F�S�B�U�P�S�T �J�O �U�I�F �U�B�J�M �P�G �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O�� �'�J�H��

�V�S�F �������B �T�I�P�X�T �U�I�B�U �U�I�F �J�O�U�F�S�O�B�M �E�Z�O�B�N�J�D�T �P�G �U�I�FggH �J�O�U�F�S�B�D�U�J�P�O �T�U�B�S�U �U�P �C�F�D�P�N�F �P�C�T�F�S�W�B�C�M�F �B�S�P�V�O�E

250 GeV�� �0�O �U�I�F �P�U�I�F�S �I�B�O�E�
 �'�J�H�V�S�F �������C �T�I�P�X�T �U�I�B�U �U�I�F�S�F �J�T �M�J�U�U�M�F �I�P�Q�F �U�P �V�T�F �U�I�F �S�B�Q�J�E�J�U�Z �E�J�T�U�S�J�C�V�U�J�P�O

�P�G �U�I�F �)�J�H�H�T �C�P�T�P�O �U�P �Q�S�P�C�F �U�I�F �F�
�F�D�U�T �P�G �4�.�&�'�5 �P�Q�F�S�B�U�P�S�T�� �e�F �E�J�
�F�S�F�O�D�F�T �J�O �T�I�B�Q�F �U�I�B�U �B�Q�Q�F�B�S �G�P�S

�W�F�S�Z �G�P�S�X�B�S�E �)�J�H�H�T �C�P�T�P�O�T�
 �B�S�P�V�O�E|y| > 3.5�
 �B�S�F �O�P�U �T�U�B�U�J�T�U�J�D�B�M�M�Z �T�J�H�O�J�m�D�B�O�U��

�e�F �U�S�B�O�T�W�F�S�T�F �N�P�N�F�O�U�V�N �T�Q�F�D�U�S�V�N �P�G �U�I�F �)�J�H�H�T �C�P�T�P�O �J�T �P�O�M�Z �H�F�O�F�S�B�U�F�E �C�Z �U�I�F�Q�B�S�U�P�O �T�I�P�X�F�S �B�U

�-�0�� �*�U �J�T �U�I�F�S�F�G�P�S�F �F�Y�Q�F�D�U�F�E �U�I�B�U �M�B�S�H�F �E�J�
�F�S�F�O�D�F�T �T�I�P�V�M�E �B�Q�Q�F�B�S �B�U �M�B�S�H�F �U�S�B�O�T�W�F�S�T�F �N�P�N�F�O�U�V�N �X�I�F�O

�J�O�D�M�V�E�J�O�H �/�-�0 �D�P�S�S�F�D�U�J�P�O�T�� �"�T �T�I�P�X�O �J�O �'�J�H�V�S�F �������
 �U�I�J�T �J�T �J�O�E�F�F�E �U�I�F �D�B�T�F �G�P�S �F�B�D�I �D�P�N�Q�P�O�F�O�U �P�G �U�I�F

�D�S�P�T�T �T�F�D�U�J�P�O �B�U �U�S�B�O�T�W�F�S�T�F �N�P�N�F�O�U�B �B�C�P�W�F50 GeV��

�8�I�J�M�F �U�I�F �S�B�Q�J�E�J�U�Z �E�J�T�U�S�J�C�V�U�J�P�O �J�T �P�G �M�J�U�U�M�F �Q�I�F�O�P�N�F�O�P�M�P�H�J�D�B�M �J�O�U�F�S�F�T�U �U�P �E�J�T�F�O�U�B�O�H�M�F �Q�P�T�T�J�C�M�F �4�.�&�'�5

�F�
�F�D�U�T�
 �J�U �J�T �T�U�J�M�M �J�O�U�F�S�F�T�U�J�O�H �U�P �P�C�T�F�S�W�F �U�I�F �F�
�F�D�U �P�G �U�I�F �/�-�0 �D�P�S�S�F�D�U�J�P�O�T�P�O �U�I�J�T �E�J�T�U�S�J�C�V�U�J�P�O �T�J�O�D�F �J�U

�J�T �B�M�S�F�B�E�Z �G�V�M�M�Z �Q�P�Q�V�M�B�U�F�E �B�U �-�0 �F�W�F�O �X�J�U�I�P�V�U �N�B�U�D�I�J�O�H �U�I�F �D�B�M�D�V�M�B�U�J�P�O �U�P �B�Q�B�S�U�P�O �T�I�P�X�F�S�
 �D�P�O�U�S�B�S�Z �U�P

�U�I�F �U�S�B�O�T�W�F�S�T�F �N�P�N�F�O�U�V�N �T�Q�F�D�U�S�V�N�� �e�J�T �N�B�L�F�T �U�I�F �S�B�Q�J�E�J�U�Z �E�J�
�F�S�F�O�U�J�B�MK ���G�B�D�U�P�S �B �S�F�B�M �N�F�B�T�V�S�F �P�G �B�O

�/�-�0 �D�P�S�S�F�D�U�J�P�O�
 �X�I�J�M�F �P�V�S �E�F�T�D�S�J�Q�U�J�P�O �P�G �U�I�FpT �T�Q�F�D�U�S�V�N �S�F�B�M�M�Z �T�I�P�V�M�E �C�F �D�P�O�T�J�E�F�S�F�E �B �-�0 �Q�S�F�E�J�D�U�J�P�O

�T�J�O�D�F �J�U �J�T �U�I�F �m�S�T�U �P�S�E�F�S �X�I�F�S�F �J�U �J�T �O�P�O�U�S�J�W�J�B�M �B�U �U�I�F �Q�B�S�U�P�O �M�F�W�F�M�� �"�T �B �S�F�T�V�M�U�
 �B�T �T�I�P�X�O �J�O �'�J�H�V�S�F �������
 �U�I�F

�T�I�B�Q�F �D�P�S�S�F�D�U�J�P�O �J�O �U�I�F �S�B�Q�J�E�J�U�Z �T�Q�F�D�U�S�V�N �J�T �N�V�D�I �N�J�M�E�F�S �U�I�B�O �G�P�S �U�I�F �U�S�B�O�T�W�F�S�T�F �N�P�N�F�O�U�V�N �T�Q�F�D�U�S�V�N�


������
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�-�P�N�\�Y�L �������!�*�V�T�W�H�Y�P�Z�V�U �V�M �[�O�L �3�6 �H�U�K �5�3�6 �Z�O�H�W�L�Z �V�M �[�O�L �[�Y�H�U�Z�]�L�Y�Z�L �T�V�T�L�U�[�\�T �Z�W�L�J�[�Y�H �V�M� �:�4 �H�U�K �[�O�L� i �� �;�O�L �P�U�Z�L�Y�[�Z �Z�O�V�^

�[�O�L �Y�H�[�P�V�Z �V�M �[�O�L �K�P�H�L�Y�L�U�[�P�H�S �J�Y�V�Z�Z �Z�L�J�[�P�V�U�Z �H�[ �3�6 �H�U�K �H�[ �5�3�6��

�B�M�U�I�P�V�H�I �U�I�F �/�-�0 �S�B�Q�J�E�J�U�Z �T�Q�F�D�U�S�B �B�S�F �O�P�U�J�D�F�B�C�M�Z �N�P�S�F �D�F�O�U�S�B�M��

�þ���ü �%���$���&�$�$��� �� � �� �%���� �����������%�$ � �� ���������% �"�&���#���$

�*�U �X�B�T �O�B�U�V�S�B�M �B�T �B �m�S�T�U �T�U�F�Q �U�P �D�P�O�T�J�E�F�S �U�I�F �4�.�&�'�5 �P�Q�F�S�B�U�P�S�T �U�I�B�U �N�J�O�J�N�B�M�M�Z�N�P�E�J�G�Z �U�I�F �H�M�V�P�O �G�V�T�J�P�O

�Q�S�P�D�F�T�T�
�J���F���U�I�P�T�F �U�I�B�U �N�P�E�J�G�Z �U�I�F �U�P�Q �M�P�P�Q�� �)�P�X�F�W�F�S�
 �U�I�F �4�.�&�'�5 �B�Q�Q�S�P�B�D�I �J�T �T�V�D�D�F�T�T�G�V�M �E�V�F �U�P �J�U�T

�V�O�J�W�F�S�T�B�M�J�U�Z �B�O�E �X�F �T�I�P�V�M�E �O�P�U �N�B�L�F �B�T�T�V�N�Q�U�J�P�O�T �C�Z �F�Y�D�M�V�E�J�O�H �P�Q�F�S�B�U�P�S�T �U�I�B�U �T�F�F�N �M�F�T�T �O�B�U�V�S�B�M�� �8�F

�T�I�P�V�M�E �U�I�F�S�F�G�P�S�F �J�O�W�F�T�U�J�H�B�U�F �X�I�F�U�I�F�S �J�U �X�P�V�M�E �C�F �S�F�M�F�W�B�O�U �U�P �J�O�D�M�V�E�F �U�I�F �F�
�F�D�U�T �P�G �U�I�F �W�B�S�J�B�O�U�TO(f )
1 �B�O�E

O(f )
3 �P�G �P�Q�F�S�B�U�P�S�TO1 �B�O�EO3 �G�P�S �P�U�I�F�S �R�V�B�S�L �n�B�W�P�S�T��

�e�F �D�P�O�T�U�S�B�J�O�U�T �P�O �U�I�F �U�P�Q���R�V�B�S�LO1 �B�O�EO3 �I�B�W�F �C�F�F�O �T�I�P�X�O �U�P �C�F �T�F�U �J�O �B �D�P�N�Q�M�F�N�F�O�U�B�S�Z �X�B�Z �C�Z

�H�M�V�P�O �G�V�T�J�P�O �B�O�Et̄tH �B�T�T�P�D�J�B�U�F�E �Q�S�P�E�V�D�U�J�P�O �J�O �<�������>�� �e�J�T �T�U�B�U�F�N�F�O�U �X�P�V�M�E �I�P�X�F�W�F�S �O�P�U �D�B�S�S�Z �P�O �U�P
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�-�P�N�\�Y�L �������!�*�V�T�W�H�Y�P�Z�V�U �V�M �[�O�L �3�6 �H�U�K �5�3�6 �Z�O�H�W�L�Z �V�M �[�O�L �[�Y�H�U�Z�]�L�Y�Z�L �T�V�T�L�U�[�\�T �Z�W�L�J�[�Y�H �V�M� �:�4 �H�U�K �[�O�L� i �� �;�O�L �P�U�Z�L�Y�[�Z �Z�O�V�^

�[�O�L �Y�H�[�P�V�Z �V�M �[�O�L �K�P�H�L�Y�L�U�[�P�H�S �J�Y�V�Z�Z �Z�L�J�[�P�V�U�Z �H�[ �3�6 �H�U�K �H�[ �5�3�6��

�U�I�F �M�J�H�I�U�F�S �n�B�W�P�S�T �B�O�E �X�F �D�B�O �N�B�L�F �U�I�F �B�S�H�V�N�F�O�U �U�I�B�U �B�O�Z �W�B�M�V�F�T �P�G �U�I�F �8�J�M�T�P�O�D�P�F���D�J�F�O�U�T �P�GO(f )
1 �B�O�E

O(f )
3 �U�I�B�U �X�P�V�M�E �Z�J�F�M�E �B�O �P�C�T�F�S�W�B�C�M�F �F�
�F�D�U �J�O �H�M�V�P�O �G�V�T�J�P�O �U�I�S�P�V�H�I �B �M�J�H�I�U �R�V�B�S�L �M�P�P�Q �X�P�V�M�E �B�M�S�F�B�E�Z �I�B�W�F

�C�F�F�O �D�P�O�T�U�S�B�J�O�F�E �C�Z �U�I�F�J�S �D�P�O�U�S�J�C�V�U�J�P�O �U�P �P�U�I�F�S �Q�S�P�E�V�D�U�J�P�O �N�P�E�F�T�� �*�O�E�F�F�E� 
 � J� GO(f )
1 �C�S�J�O�H�T �B �T�J�H�O�J�m�D�B�O�U

�D�P�O�U�S�J�C�V�U�J�P�O �U�P �H�M�V�P�O �G�V�T�J�P�O�
 �J�U �X�P�V�M�E �C�S�J�O�H �B �N�V�D�I �T�U�S�P�O�H�F�S �D�P�O�U�S�J�C�V�U�J�P�O�U�I�S�P�V�H�I �U�I�F �R�V�B�S�L���B�O�U�J�R�V�B�S�L

�B�O�O�J�I�J�M�B�U�J�P�O �D�I�B�O�O�F�M�� �4�J�N�J�M�B�S�Z�
 �J�GO(f )
3 �J�T �S�F�M�F�W�B�O�U �G�P�S �H�M�V�P�O �G�V�T�J�P�O�
 �J�U �B�M�T�P �H�F�O�F�S�B�U�F�T �T�F�W�F�S�B�M �O�F�X �Q�S�P��

�E�V�D�U�J�P�O �N�P�E�F�T �I�B�Q�Q�F�O�J�O�H �B�U �U�S�F�F �M�F�W�F�M �	qq̄ � Hg�
gq � Hq�
gg � Hqq̄�
 �X�I�J�D�I �X�P�V�M�E �C�F �N�V�D�I �N�P�S�F

�D�P�O�T�U�S�B�J�O�J�O�H�� �e�F �D�P�O�U�S�J�C�V�U�J�P�O �P�G �B�M�M �R�V�B�S�L �J�O�J�U�J�B�U�F�E �Q�S�P�D�F�T�T�F�T �X�P�V�M�E �C�F �T�V�Q�Q�S�F�T�T�F�E �J�O �U�I�F �D�B�T�F �P�G �U�I�F

�C�P�U�U�P�N �R�V�B�S�L�
 �C�V�U �C�P�U�I �P�Q�F�S�B�U�P�S�T �X�P�V�M�E �Z�J�F�M�E �B �T�J�H�O�J�m�D�B�O�U �D�P�O�U�S�J�C�V�U�J�P�O �U�PH b̄b�� �" �E�F�E�J�D�B�U�F�E �T�U�V�E�Z �P�G

�U�I�F �D�P�O�U�S�J�C�V�U�J�P�O �P�G �U�I�F �C�P�U�U�P�N���R�V�B�S�L �S�F�M�B�U�F�E �P�Q�F�S�B�U�P�S�T �X�P�V�M�E �T�U�J�M�M �C�F �J�O�U�F�S�F�T�U�J�O�H �B�O�E �N�J�H�I�U �X�B�S�S�B�O�U

�U�I�F�J�S �J�O�D�M�V�T�J�P�O �J�O �P�V�S �Q�S�F�E�J�D�U�J�P�O�
 �C�V�U �X�F �D�B�O �B�M�S�F�B�E�Z �T�B�G�F�M�Z �O�F�H�M�F�D�U �B�M�M �P�U�I�F�S �n�B�W�P�S�T��

������



7
�$�P�O�D�M�V�T�J�P�O

�*�O �U�I�J�T �U�I�F�T�J�T�
 �X�F �I�B�W�F �Q�S�F�T�F�O�U�F�E �U�X�P �P�S�J�H�J�O�B�M �S�F�T�V�M�U�T �U�I�B�U �F�Y�Q�B�O�E �U�I�F �F�Y�J�T�U�J�O�H �U�I�F�P�S�F�U�J�D�B�M �U�P�P�M�C�P�Y �G�P�S

�U�I�F �T�U�V�E�Z �P�G �U�I�F �Q�S�P�Q�F�S�U�J�F�T �P�G �U�I�F �)�J�H�H�T �C�P�T�P�O �B�U �U�I�F �-�)�$�� �e�F �N�P�U�J�W�B�U�J�P�O �G�P�S �U�I�J�T �X�P�S�L �J�T �S�P�P�U�F�E �J�O �U�I�F

�D�I�B�M�M�F�O�H�F�T �P�G �N�P�E�F�S�O �Q�B�S�U�J�D�M�F �Q�I�Z�T�J�D�T�
 �J�O �X�I�J�D�I �U�I�F �B�C�T�F�O�D�F �P�G �O�F�X �Q�I�Z�T�J�D�T�T�J�H�O�B�M�T �D�P�N�C�J�O�F�E �X�J�U�I �U�I�F

�F�W�F�S �F�Y�Q�B�O�E�J�O�H �C�P�E�Z �P�G �#�4�. �N�P�E�F�M�T �N�B�L�F�T �B �D�P�N�Q�F�M�M�J�O�H �D�B�T�F �G�P�S �Q�S�F�D�J�T�J�P�O �N�F�B�T�V�S�F�N�F�O�U�T �B�T �B �X�B�Z �U�P

�T�U�V�E�Z �U�I�F �4�. �B�O�E �U�P �D�P�O�T�U�S�B�J�O �#�4�. �F�
�F�D�U�T �J�O �U�I�F �N�P�T�U �N�P�E�F�M���J�O�E�F�Q�F�O�E�F�O�U �X�B�Z �Q�P�T�T�J�C�M�F�� �"�T �U�I�F�P�S�J�T�U�T�


�Q�M�B�Z�J�O�H �P�V�S �Q�B�S�U �J�O �U�I�J�T �F�O�U�F�S�Q�S�J�T�F �U�P�E�B�Z �J�N�Q�M�J�F�T �U�B�D�L�M�J�O�H �N�V�M�U�J���M�P�P�Q �D�B�M�D�V�M�B�U�J�P�O�T �U�P �N�B�L�F �Q�S�F�D�J�T�F �Q�S�F��

�E�J�D�U�J�P�O�T�� �5�P �U�I�J�T �F�O�E�
 �X�F �V�T�F�E �N�P�E�F�S�O �N�B�U�I�F�N�B�U�J�D�B�M �U�F�D�I�O�J�R�V�F�T �U�I�B�U �B�S�F �J�O�U�F�S�F�T�U�J�O�H �J�O �U�I�F�J�S �P�X�O �S�J�H�I�U

�C�V�U �I�B�W�F �B�M�T�P �W�F�S�Z �Q�S�B�H�N�B�U�J�D �B�Q�Q�M�J�D�B�U�J�P�O�T �G�P�S �U�I�F �X�P�S�M�E �P�G �Q�B�S�U�J�D�M�F �Q�I�Z�T�J�D�T�� �6�T�J�O�H �U�I�F�T�F �U�P�P�M�T�
 �X�F �I�B�W�F

�C�F�F�O �B�C�M�F �U�P �Q�S�P�W�J�E�F �S�F�T�V�M�U�T �U�I�B�U �X�F �I�P�Q�F �X�J�M�M �I�F�M�Q �T�I�F�E �N�P�S�F �M�J�H�I�U �P�O �U�I�F �)�J�H�H�T �T�F�D�U�P�S��

�e�F �m�S�T�U �S�F�T�V�M�U �Q�S�F�T�F�O�U�F�E �J�O �U�I�J�T �U�I�F�T�J�T �X�B�T �U�I�F �F�Y�U�S�B�D�U�J�P�O �P�G �U�I�F �Q�P�X�F�S���T�V�Q�Q�S�F�T�T�F�E �D�P�S�S�F�D�U�J�P�O �U�P �U�I�F

�C�P�U�U�P�N �R�V�B�S�L �:�V�L�B�X�B �J�O �U�I�F �)�&�'�5�
 �X�I�J�D�I �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �J�O�m�O�J�U�F �U�P�Q �N�B�T�T �M�J�N�J�U �P�G �U�I�F �4�.�� �e�J�T

�D�P�S�S�F�D�U�J�P�O �J�T �O�F�F�E�F�E �U�P �Q�F�S�G�P�S�N �U�I�F �D�P�N�Q�M�F�U�F �D�B�M�D�V�M�B�U�J�P�O �P�G �U�I�FO
�
� 4

syt yb
�

�D�P�S�S�F�D�U�J�P�O �U�P �U�I�F �Q�S�P�E�V�D��

�U�J�P�O �D�S�P�T�T �T�F�D�U�J�P�O �P�G �B �)�J�H�H�T �C�P�T�P�O �J�O �B�T�T�P�D�J�B�U�J�P�O �X�J�U�I �U�X�P �C�P�U�U�P�N �R�V�B�S�L�T �J�O�U�I�F �)�&�'�5�
 �X�I�J�D�I�
 �X�I�J�M�F

�T�V�C�M�F�B�E�J�O�H�
 �J�T �F�Y�Q�F�D�U�F�E �U�P �S�F�E�V�D�F �U�I�F �M�B�S�H�F �U�I�F�P�S�F�U�J�D�B�M �V�O�D�F�S�U�B�J�O�U�J�F�T �J�O�U�I�F �T�U�B�U�F���P�G���U�I�F���B�S�U �D�B�M�D�V�M�B�U�J�P�O��

�5�P �U�I�J�T �F�O�E�
 �X�F �D�B�M�D�V�M�B�U�F�E �U�I�FO
�
� 2

syt
�

�D�P�O�U�S�J�C�V�U�J�P�O �U�P �B �G�P�S�N �G�B�D�U�P�S �D�P�O�U�S�J�C�V�U�J�O�H �U�P �U�I�F �E�F�D�B�Z �P�G �B

�)�J�H�H�T �C�P�T�P�O �U�P �B �Q�B�J�S �P�G �C�P�U�U�P�N �R�V�B�S�L�T �J�O �U�I�F �4�. �B�O�E �J�O �U�I�F �)�&�'�5�
 �X�I�J�D�I �B�M�M�P�X�F�E�V�T �U�P �N�B�U�D�I �U�I�F

�U�X�P �U�I�F�P�S�J�F�T �B�O�E �F�Y�U�S�B�D�U �U�I�F �E�F�T�J�S�F�E �D�P�S�S�F�D�U�J�P�O�� �e�F �)�&�'�5 �D�B�M�D�V�M�B�U�J�P�O �X�B�T �U�I�F �D�P�N�C�J�O�B�U�J�P�O �P�G �P�O�F���M�P�P�Q

�E�J�B�H�S�B�N�T �B�O�E �P�G �B �U�S�F�F���M�F�W�F�M �E�J�B�H�S�B�N �X�I�J�D�I �X�B�T �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P �U�I�F �)�&�'�5 �C�P�U�U�P�N �R�V�B�S�L �:�V�L�B�X�B �B�O�E

�X�F �Q�F�S�G�P�S�N�F�E �U�I�F �D�B�M�D�V�M�B�U�J�P�O �C�Z �S�F�E�V�D�J�O�H �U�I�F �P�O�F���M�P�P�Q �E�J�B�H�S�B�N �U�P �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �X�I�J�D�I �X�F �F�W�B�M�V�B�U�F�E

�F�Y�B�D�U�M�Z �V�T�J�O�H �U�I�F �'�F�Z�O�N�B�O �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�� �0�O�F �P�G �U�I�F �N�B�T�U�F�S�T �X�B�T �B �U�S�J�B�O�H�M�F �J�O�U�F�H�S�B�M �X�I�J�D�I �J�T �F�Y��

�Q�S�F�T�T�F�E �J�O �U�F�S�N�T �P�G �.�1�-�T �B�O�E �X�F �V�T�F�E �U�F�D�I�O�J�R�V�F�T �F�Y�Q�M�P�J�U�J�O�H �U�I�F�J�S �)�P�Q�G �B�M�H�F�C�S�B �T�U�S�V�D�U�V�S�F �U�P �Q�F�S�G�P�S�N

�U�I�F �J�O�U�F�H�S�B�U�J�P�O �B�O�E �P�C�U�B�J�O �U�I�F �)�&�'�5 �G�P�S�N �G�B�D�U�P�S�� �8�F �U�I�F�O �U�V�S�O�F�E �U�P �U�I�F �4�. �G�P�S�N �G�B�D�U�P�S�
 �X�I�J�D�I �J�T �U�I�F

�T�V�N �P�G �U�X�P �U�X�P���M�P�P�Q �E�J�B�H�S�B�N�T�
 �X�I�P�T�F �'�F�Z�O�N�B�O �J�O�U�F�H�S�B�M�T �X�F �B�M�T�P �S�F�E�V�D�F�E �B�T �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T �P�G �B

������
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�4�I�P�S�U�D�P�N�J�O�H�T �P�G� �

�-�F�U �V�T �H�J�W�F �B�O �F�Y�B�N�Q�M�F �P�G �X�I�Z �U�I�F �D�P�Q�S�P�E�V�D�U� � �E�F�m�O�F�E �J�O �4�F�D�U�J�P�O ���������� �J�T �O�P�U �X�F�M�M �E�F�m�O�F�E �C�F�Z�P�O�E �U�I�F

�T�J�N�Q�M�F�T�U �D�B�T�F �X�I�F�S�F �X�F �D�P�O�T�J�E�F�S �B �T�J�O�H�M�F �W�B�S�J�B�C�M�F �B�O�E �P�O�M�Z �D�P�O�T�U�B�O�U �F�O�U�S�J�F�T�� �-�F�U �V�T �D�P�O�T�J�E�F�S �U�I�F �.�1�-

G( 1
x , 1;x)�� �8�F �D�B�O �V�T�F �U�I�F �G�V�M�M �U�F�D�I�O�P�M�P�H�Z �Q�S�P�W�J�E�F�E �C�Z �U�I�F �(�P�O�D�I�B�S�P�W �D�P�Q�S�P�E�V�D�U �U�P �Q�V�U �U�I�J�T �G�V�O�D�U�J�P�O

�J�O�U�P �D�B�O�P�O�J�D�B�M �G�P�S�N��

G
�

1
x

, 1;x
�

= G(Š1, 1;x) Š G(0, Š1;x) Š G(0, 1;x) + G(1, Š1;x) + G(1, 1;x). �	�"�����


�-�F�U �V�T �O�P�X �F�W�B�M�V�B�U�F �U�I�F �D�P�Q�S�P�E�V�D�U� � �P�O �F�B�D�I �T�J�E�F �P�G �U�I�F �F�R�V�B�U�J�P�O��

� �

�
G

�
1
x

, 1;x
��

= 1 � G(Š1, 1;x) Š 1 � G(0, Š1;x) Š 1 � G(0, 1;x) + 1 � G(1, Š1;x)

+ 1 � G(1, 1;x) + G(Š1;x) � G(1; x) + G(1; x) � G(1; x) + G(Š1, 1;x) � 1

Š G(0, Š1;x) � 1 Š G(0, 1;x) � 1 + G(1, Š1;x) � 1 + G(1, 1;x) � 1,

�	�"�����


�X�I�J�M�F

� �

�
G(Š1, 1;x) Š G(0, Š1;x) Š G(0, 1;x) + G(1, Š1;x) + G(1, 1;x)

�
= 1 � G(Š1, 1;x)

Š 1 � G(0, Š1;x) Š 1 � G(0, 1;x) + 1 � G(1, Š1;x) + 1 � G(1, 1;x)

+ G(Š1;x) � G(1; x) + G(1; x) � G(Š1;x) + G(1; x) � G(1; x) + G(Š1, 1;x) � 1

Š G(0, Š1;x) � 1 Š G(0, 1;x) � 1 + G(1, Š1;x) � 1 + G(1, 1;x) � 1,

�	�"�����
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� X� I� J� D� I � J� T � U� P � T� B� Z

� �

�
G

�
1
x

, 1;x
��

Š � �

�
G(Š1, 1;x) Š G(0, Š1;x) Š G(0, 1;x) + G(1, Š1;x) + G(1, 1;x)

�

= ŠG(1; x) � G(Š1;x).
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 �X�F �E�F�T�J�H�O�F� E � B� O � P� V� U� Q� V� U � G� P� S� N� B� U � G� P� S�Z�:�_���6

�U�I�B�U �F�O�D�P�E�F�T �G�F�Z�O�N�B�O �E�J�B�H�S�B�N�T �B�T�s�J�G�P�C�K�F�D�U�T �E�F�T�D�S�J�C�J�O�H �U�I�F �W�F�S�U�J�D�F�T �B�O�E �U�I�F �Q�S�P�Q�B�H�B�U�P�S�T�� �e�F�T�F�s�J�G

�m�M�F�T �X�F�S�F �U�I�F�O �S�F�B�E �C�Z �P�V�S�S�v�i�?�Q�M�Q�S�P�H�S�B�N�[�;�`���7�@�t�K�H�@�T���`�b�2�`�U�P �U�S�B�O�T�M�B�U�F �U�I�F �E�J�B�H�S�B�N�T �J�O�U�P�6�P�_�J

�F�Y�Q�S�F�T�T�J�P�O�T�� �e�F�s�J�G�G�P�S�N�B�U �X�B�T �D�I�P�T�F�O �C�F�D�B�V�T�F �J�U �J�T �C�P�U�I �I�V�N�B�O���S�F�B�E�B�C�M�F�
 �N�F�B�O�J�O�H �U�I�B�U �X�F �D�P�V�M�E

�M�P�P�L �B�U �J�U �B�O�E �V�O�E�F�S�T�U�B�O�E �U�I�F �E�J�B�H�S�B�N�T �E�F�T�D�S�J�C�F�E �J�O �U�I�F �D�P�E�F�
 �B�O�E �U�I�F �N�B�D�I�J�O�F���S�F�B�E�B�C�M�F�
 �N�F�B�O�J�O�H �U�I�B�U

�U�I�F �m�M�F�T �D�P�V�M�E �C�F �J�N�Q�P�S�U�F�E �J�O�U�P�S�v�i�?�Q�M�E�J�S�F�D�U�M�Z �B�T �T�U�S�V�D�U�V�S�F�E �P�C�K�F�D�U�T�
 �B�M�M�P�X�J�O�H �G�P�S �F���D�J�F�O�U �Q�S�P�D�F�T�T�J�O�H��

�&�B�D�I �E�J�B�H�S�B�N �J�T �J�N�Q�P�S�U�F�E �J�O�U�P�[�;�`���7�@�t�K�H�@�T���`�b�2�`�B�T �B�O �P�C�K�F�D�U �D�P�O�U�B�J�O�J�O�H �B �M�J�T�U �P�G �W�F�S�U�J�D�F�T �B�O�E �B �M�J�T�U �P�G

�Q�S�P�Q�B�H�B�U�P�S�
 �X�I�F�S�F �F�B�D�I �Q�S�P�Q�B�H�B�U�P�S �D�P�O�U�B�J�O�T �J�O�G�P�S�N�B�U�J�P�O �B�C�P�V�U �U�I�F �W�F�S�U�J�D�F�T �J�U �J�T �D�P�O�O�F�D�U�F�E �U�P �B�O�E �W�J�D�F

�W�F�S�T�B�� �e�F �Q�S�P�H�S�B�N �D�P�O�U�B�J�O�T�6�P�_�J�<�������> �F�Y�Q�S�F�T�T�J�P�O�T �G�P�S �U�I�F �'�F�Z�O�N�B�O �S�V�M�F�T �P�G �F�B�D�I �W�F�S�U�F�Y �B�O�E �Q�S�P�Q�B�H�B��

�U�P�S �J�O �U�I�F �G�P�S�N �P�G �T�U�S�J�O�H�T �B�O�E �C�V�J�M�E�T �U�I�F �F�Y�Q�S�F�T�T�J�P�O �G�P�S �U�I�F �E�J�B�H�S�B�N �C�Z �m�S�T�U �C�V�J�M�E�J�O�H �U�I�F �F�Y�Q�S�F�T�T�J�P�O �G�P�S

�G�F�S�N�J�P�O �M�J�O�F�T�
 �G�P�M�M�P�X�J�O�H �U�I�F�N �W�F�S�U�F�Y���C�Z���W�F�S�U�F�Y�
 �B�O�E �U�I�F�O �N�V�M�U�J�Q�M�Z�J�O�H �B�M�M �U�I�F �D�I�B�J�O�T �P�G �%�J�S�B�D �N�B�U�S�J�D�F�T

�C�Z �U�I�F �C�P�T�P�O�J�D �W�F�S�U�J�D�F�T �B�O�E �Q�S�P�Q�B�H�B�U�P�S�T�� �e�F �P�V�U�Q�V�U�6�P�_�J�m�M�F �D�B�O �U�I�F�O �C�F �Q�S�P�D�F�T�T�F�E �C�Z�6�P�_�J�
 �X�I�J�D�I �D�B�O

�W�F�S�Z �F���D�J�F�O�U�M�Z �D�B�M�D�V�M�B�U�F �B�M�M �U�I�F �J�O�E�F�Y �D�P�O�U�S�B�D�U�J�P�O�T �J�O �U�I�F �B�N�Q�M�J�U�V�E�F �B�T �X�F�M�M �B�T �D�B�M�D�V�M�B�U�F �U�I�F �%�J�S�B�D �N�B�U�S�J�Y

�U�S�B�D�F�T�� �e�F�6�P�_�J�P�V�U�Q�V�U �X�B�T �G�P�S�N�B�U�U�F�E �U�P �D�P�S�S�F�T�Q�P�O�E �U�P�J���i�?�2�K���i�B�+���T�Z�O�U�B�Y �B�O�E �X�B�T �J�N�Q�P�S�U�F�E �J�O �U�I�J�T

�Q�S�P�H�S�B�N �G�P�S �U�I�F �G�V�S�U�I�F�S �T�U�F�Q�T �P�G �Q�S�P�D�F�T�T�J�O�H��

�.�P�S�F �B�O�F�D�E�P�U�J�D�B�M�M�Z�
 �B�T�[�;�`���7�@�t�K�H�@�T���`�b�2�`�B�M�S�F�B�E�Z �I�B�E �B�M�M �U�I�F �O�F�D�F�T�T�B�S�Z �T�U�S�V�D�U�V�S�F �U�P �S�F�Q�S�F�T�F�O�U �'�F�Z�O��

�N�B�O �E�J�B�H�S�B�N�T �B�C�T�U�S�B�D�U�M�Z �J�O�S�v�i�?�Q�M�
 �X�F �E�F�W�F�M�P�Q�F�E �B �T�N�B�M�M �T�Q�J�O�P�
 �D�B�M�M�F�E�[�;�`���7�@�t�K�H�@�/�`���r�2�`�<�������>�


�X�I�J�D�I �B�V�U�P�N�B�U�J�D�B�M�M�Z �X�S�J�U�F�T�U�G�m���V�G���h�2�s�m�M�F�T �U�P �E�S�B�X �'�F�Z�O�N�B�O �E�J�B�H�S�B�N�T �T�Q�F�D�J�m�F�E �J�O �P�V�S �9�.�- �G�P�S�N�B�U

�V�T�J�O�H �U�I�F �Q�B�D�L�B�H�F�h�B�F�w�@�6�2�v�M�K���M�<�������>��

������



�#���ú �'���������* �#�����&���%��� �� ���� �!�#�����%���������a���A�6

�e�F �J�O�U�F�H�S�B�M�TI (n1, . . . , nN ) �E�F�m�O�F�E �B�C�P�W�F �G�P�S �B �H�J�W�F�O �G�B�N�J�M�Z �Q�S�P�W�J�E�F �V�T �X�J�U�I �W�F�S�Z �V�T�F�G�V�M �U�P�P�M�T �G�P�S �D�B�M��

�D�V�M�B�U�J�O�H �M�P�P�Q �J�O�U�F�H�S�B�M�T �B�T �X�F �T�I�B�M�M �T�F�F �J�O �U�I�F �O�F�Y�U �T�F�D�U�J�P�O�� �8�F �U�I�F�S�F�G�P�S�F �E�F�W�F�M�P�Q�Q�F�E �U�I�F�J���i�?�2�K���i�B�+��

�Q�B�D�L�B�H�F�a���A�6�	�4�P�S�U�J�O�H�"�N�Q�M�J�U�V�E�F�T�*�O�U�P�' �B�N�J�M�J�F�T�
 �U�P �B�T�T�J�H�O �B �U�P�Q�P�M�P�H�Z �U�P �P�V�S �E�J�B�H�S�B�N�T �B�O�E �F�Y�Q�S�F�T�T

�B�M�M �J�O�U�F�H�S�B�M�T �B�T �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T �P�GI (n1, . . . , nN )�� �e�F�S�F �B�S�F �U�X�P �N�B�J�O �G�V�O�D�U�J�P�O�T �J�O �U�I�J�T �Q�B�D�L�B�H�F�


�6�B�M�/�h�Q�T�Q�H�Q�;�v� 
 � B� O� E�h�Q�h�Q�T�Q�H�Q�;�v�� �e�F �m�S�T�U �G�V�O�D�U�J�P�O �U�B�L�F�T �B�T �B�S�H�V�N�F�O�U �U�I�F �F�Y�Q�S�F�T�T�J�P�O �G�P�S �U�I�F �J�O�U�F�H�S�B�O�E

�P�G �B �M�P�P�Q �B�N�Q�M�J�U�V�E�F �B�O�E �B �M�J�T�U �P�G �Q�P�T�T�J�C�M�F �U�P�Q�P�M�P�H�J�F�T �U�I�B�U �O�F�F�E �U�P �C�F �E�F�U�F�S�N�J�O�F�E �C�Z �I�B�O�E�� �5�P�Q�P�M�P�H�J�F�T

�B�S�F �E�F�m�O�F�E �B�T �M�J�T�U�T �P�G �Q�S�P�Q�B�H�B�U�P�S�T �B�M�P�O�H �X�J�U�I �L�J�O�F�N�B�U�J�D �J�O�G�P�S�N�B�U�J�P�O �P�O �U�I�F�F�Y�U�F�S�O�B�M �M�F�H�T�� �e�F �Q�B�D�L�B�H�F

�D�P�O�U�B�J�O�T �I�F�M�Q�F�S �G�V�O�D�U�J�P�O�T �U�P �m�O�E �U�I�F �S�F�Q�M�B�D�F�N�F�O�U �S�V�M�F�T �U�P �F�Y�Q�S�F�T�T �O�V�N�F�S�B�U�P�S�T �B�T �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O�T

�P�G �E�F�O�P�N�J�O�B�U�P�S�T�
 �B�T �X�F�M�M �B�T �U�P �H�F�O�F�S�B�U�F �B�M�M �U�I�F �Q�P�T�T�J�C�M�F �Q�F�S�N�V�U�B�U�J�P�O�T �P�G �J�E�F�O�U�J�D�B�M �M�F�H�T �G�P�S �B �H�J�W�F�O �U�P�Q�P�M��

�P�H�Z�� �e�F�6�B�M�/�h�Q�T�Q�H�Q�;�v�G�V�O�D�U�J�P�O �X�P�S�L�T �C�Z �F�Y�U�S�B�D�U�J�O�H �U�I�F �E�F�O�P�N�J�O�B�U�P�S�T �G�S�P�N �B �'�F�Z�O�N�B�O �E�J�B�H�S�B�N �B�O�E

�U�S�Z�J�O�H �U�P �N�B�U�D�I �U�I�F�N �U�P �U�I�F �M�J�T�U �P�G �U�P�Q�P�M�P�H�J�F�T �	�J�O�D�M�V�E�J�O�H �B�M�M �Q�F�S�N�V�U�B�U�J�P�O�T�P�G �M�F�H�T�
 �C�Z �M�P�P�Q�J�O�H �P�W�F�S �U�I�F�N��

�0�G �D�P�V�S�T�F�
 �U�I�F �D�I�P�J�D�F �P�G �M�P�P�Q �N�P�N�F�O�U�B �J�T �O�P�U �V�O�J�R�V�F �T�P �G�P�S �F�B�D�I �U�P�Q�P�M�P�H�Z �E�V�F �U�P �T�I�J�G�U �J�O�W�B�S�J�B�O�D�F �J�O

�E�J�N�F�O�T�J�P�O�B�M �S�F�H�V�M�B�S�J�[�B�U�J�P�O�
 �T�P �G�P�S �F�B�D�I �U�P�Q�P�M�P�H�Z�
 �X�F �D�P�O�T�J�E�F�S �B�M�M �T�I�J�G�U�T�P�G �P�V�S �M�P�P�Q �N�P�N�F�O�U�Bki �P�G �U�I�F

�G�P�S�N

ki � Aj
i kj + ckpk, �	�#�����


�X�I�F�S�F �U�I�Fpk �B�S�F �U�I�F �F�Y�U�F�S�O�B�M �N�P�N�F�O�U�B �B�O�EAj
i �
ck �B�S�F �U�B�L�F�O �G�S�P�N{ 0, ± 1} �X�J�U�I|�E�F�U(A)| = 1 �� �e�J�T

�J�T �T�V���D�J�F�O�U �U�P �D�P�W�F�S �B�M�M �N�P�N�F�O�U�V�N �T�I�J�G�U�T �B�S�J�T�J�O�H �J�O �Q�S�B�D�U�J�D�F�� �0�O�D�F �B �N�B�U�D�I �J�T �G�P�V�O�E�
 �U�I�F �G�V�O�D�U�J�P�O

�P�V�U�Q�V�U�T �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P�Q�P�M�P�H�Z �B�T �X�F�M�M �B�T �U�I�F �S�F�R�V�J�S�F�E �M�P�P�Q �N�P�N�F�O�U�V�N �T�I�J�G�U �U�P �Q�V�U �U�I�F �E�J�B�H�S�B�N

�Q�S�P�Q�B�H�B�U�P�S�T �J�O�U�P �U�I�F �T�B�N�F �G�P�S�N �B�T �U�I�F �G�B�N�J�M�Z�� �e�F �G�V�O�D�U�J�P�O�h�Q�h�Q�T�Q�H�Q�;�v�U�B�L�F�T �B�T �J�O�Q�V�U �B �'�F�Z�O�N�B�O

�E�J�B�H�S�B�N �B�O�E �U�I�F �P�V�U�Q�V�U �P�G�6�B�M�/�h�Q�T�Q�H�Q�;�v�� �*�U �B�Q�Q�M�J�F�T �U�I�F �M�P�P�Q �N�P�N�F�O�U�V�N �T�I�J�G�U �U�P �U�I�F �E�J�B�H�S�B�N�
 �U�I�F�O

�U�I�F �O�V�N�F�S�B�U�P�S �S�F�E�V�D�U�J�P�O �S�V�M�F�T�
 �X�I�J�D�I �U�S�B�O�T�G�P�S�N�T �U�I�F �E�J�B�H�S�B�N �J�O�U�P �B �M�J�O�F�B�S�D�P�N�C�J�O�B�U�J�P�O �P�G �J�O�U�F�H�S�B�M�T

�X�J�U�I �P�O�M�Z �E�F�O�P�N�J�O�B�U�P�S�T�� �*�U �J�T �U�I�F�O �P�O�M�Z �B �N�B�U�U�F�S �P�G �N�B�U�D�I�J�O�H �F�B�D�I �U�F�S�N �J�O �U�I�F� T� V� N � B� T � B� O�D n1
1 . . . D nN

N

�U�P �F�Y�Q�S�F�T�T �U�I�F �E�J�B�H�S�B�N �B�T �B �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O �P�GI (n1, . . . , nN )��

������



C
�5�X�P���M�P�P�Q �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �J�O �U�I�FH � b̄b�D�B�M�D�V�M�B�U�J�P�O

�*�O �U�I�J�T �B�Q�Q�F�O�E�J�Y�
 �X�F �T�I�P�X �U�I�F �S�F�T�V�M�U�T �G�P�S �U�I�F ���� �N�B�T�U�F�S �J�O�U�F�H�S�B�M�T �U�I�B�U �B�Q�Q�F�B�S �J�O �U�I�F �D�B�M�D�V�M�B�U�J�P�O �P�G �U�I�F

�U�X�P���M�P�P�Q �G�P�S�N �G�B�D�U�P�S �F�Y�Q�B�O�E�F�E �J�O �U�I�F �J�O�m�O�J�U�F �U�P�Q �N�B�T�T �M�J�N�J�U �U�I�B�U �X�F �F�W�M�V�B�U�F�E �J�O �4�F�D�U�J�P�O ������������ �e�F

�J�O�U�F�H�S�B�M�T �T�I�P�X�F�E �I�F�S�F �B�S�F �E�F�m�O�F�E �X�J�U�I �B�.�4 �Q�S�F�G�B�D�U�P�S

J (n1, . . . , n7) = (4 � )Š 2� e2��
�

ddk1

(2� )d

ddk2

(2� )d

1
D n1

1 . . . D n7
7

, �	�$�����


�X�I�F�S�F
D1 = k2

2 Š m2
b, D2 = ( k2 Š p1)2, D3 = ( k2 + p2)2,

D4 = ( k1 Š p1)2 Š m2
t , D5 = ( k1 + p2)2 Š m2

t , D6 = ( k1 Š k2)2 Š m2
t ,

D7 = ( k1 + k2)2 Š m2
t .

�	�$�����


������



�8�F �F�Y�Q�S�F�T�T �P�V�S �J�O�U�F�H�S�B�M�T �J�O �U�F�S�N�T �P�Gt = m2
b/m 2

t

J (0, 0, 0, 1, 0, 1, 0) =
�

Š
1

256� 4

�
1

 2 +

�
Š

1
128� 4

�
1



Š
1

1536� 2 Š
3

256� 4

J (1, 0, 0, 1, 0, 0, 0) =
1

 2

�
t
�

Š
1

256� 4

��
+

1



�
t
log(t) Š 2

256� 4

�
+ t

�
Š

3 log2(t) Š 12 log(t) + � 2 + 18
1536� 4

�

J (0, 0, 1, 1, 0, 1, 0) =
�

Š
1

256� 4

�
1

 2 +

1



�
t
�

Š
1

1024� 4r (r + 1)

�
Š

3
256� 4

�

+
1

9216� 4r 2(r + 1) 2 t2 +
1

2048� 4r (r + 1)
t Š

1
1536� 2 Š

7
256� 4

J (0, 0, 2, 1, 0, 1, 0) =
1

512� 4

1

 2 +

1



�
t2 1

15360� 4r 2(r + 1) 2 + t
�

Š
1

1536� 4r (r + 1)

�
Š

1
512� 4

�

+
17

115200� 4r 2(r + 1) 2 t2 +
1

9216� 4r (r + 1)
t +

18 + � 2

3072� 4

J (0, 0, 1, 2, 0, 1, 0) =
�

Š
1

512� 4

�
1

 2 +

�
Š

1
512� 4

�
1



+
�

Š
1

18432� 4r 2(r + 1) 2

�
t2

+
1

1024� 4r (r + 1)
t +

Š6 Š � 2

3072� 4

J (0, 0, 0, 1, 1, 1, 0) =
�

Š
1

256� 4

�
1

 2 +

1



�
t2

�
Š

1
15360� 4r 2(r + 1) 2

�
+ t

1
1536� 4r (r + 1)

Š
1

256� 4

�

+
�

Š
1

7680� 4r 2(r + 1) 2

�
t2 +

1
1536� 4r (r + 1)

t +
Š6 Š � 2

1536� 4

J (0, 1, 1, 1, 0, 0, 0) =
�

Š
1

256� 4

�
1

 2 +

1



Š log(r (r + 1)) + log( t) Š 3
256� 4

+
2 log(r (r + 1)) log( t) Š log2(r (r + 1)) Š 6 log(r (r + 1)) Š log2(t) + 6 log( t) Š 14

512� 4

J (2, 0, 0, 0, 1, 1, 0) =
�

Š
1

512� 4

�
1

 2 +

1



2 log(t) Š 1
512� 4 + t2 6 log(t) Š 5

9216� 4

+
Š6 log2(t) Š � 2 + 18

3072� 4 + t
2 log(t) Š 3

1024� 4

J (1, 0, 0, 1, 0, 1, 0) =
1

 2

�
t
�

Š
1

512� 4

�
Š

1
256� 4

�
+

1



�
t3

�
Š

1
3072� 4

�
+ t

4 log(t) Š 5
1024� 4 Š

3
256� 4

�

+ t3 10 log(t) Š 21
30720� 4 + t2 6 log(t) Š 11

4608� 4 + t
Š12 log2(t) + 24 log( t) Š 2� 2 + 9

6144� 4 +
Š42Š � 2

1536� 4

J (2, 0, 0, 1, 0, 1, 0) =
�

Š
1

512� 4

�
1

 2 +

1



2 log(t) Š 1
512� 4 + t2 6 log(t) Š 5

9216� 4

+
Š6 log2(t) Š � 2 + 18

3072� 4 + t
2 log(t) Š 3

1024� 4

J (1, 0, 0, 1, 1, 0, 0) =
1

 2

�
t
�

Š
1

256� 4

��
+

1



�
t3

�
Š

1
15360� 4r 2(r + 1) 2

�
+ t2 1

1536� 4r (r + 1)
+ t

log(t) Š 1
256� 4

�

+ t3 log(t) Š 2
15360� 4r 2(r + 1) 2 + t2

�
Š

log(t) Š 1
1536� 4r (r + 1)

�
+ t

�
Š

3 log2(t) Š 6 log(t) + � 2 + 6
1536� 4

�

������



J (0, 1, 1, 1, 1, 0, 0) =
�

Š
1

256� 4

�
1

 2 +

1



�
Š log(r (r + 1)) + log( t) Š 2

256� 4

+ t2
�

Š
1

15360� 4r 2(r + 1) 2

�
+ t

1
1536� 4r (r + 1)

�
+ t2 Š log(r (r + 1)) + log( t) Š 3

15360� 4r 2(r + 1) 2

+
2 log(r (r + 1)) log( t) Š log2(r (r + 1)) Š 4 log(r (r + 1)) Š log2(t) + 4 log( t) Š 8

512� 4

+ t
log(r (r + 1)) Š log(t) + 2

1536� 4r (r + 1)

J (1, 0, 0, 1, 1, 1, 0) =
�

Š
1

512� 4

�
1

 2 +

1



�
t2

�
Š

1
15360� 4r 2(r + 1) 2

�
+ t

1
1536� 4r (r + 1)

+ t3 30r 4 + 60r 3 + 23r 2 Š 7r + 2
92160� 4r 2(r + 1) 2 Š

1
512� 4

�
+ t

18r 2 Š 12(r + 1) log( t)r + 18r Š 1
6144� 4r (r + 1)

+ t3 78r 4 + 156r 3 + 61r 2 Š 17r Š
�
30r 4 + 60r 3 + 23r 2 Š 7r + 2

�
log(t) + 5

92160� 4r 2(r + 1) 2

+ t2 300r 4 + 600r 3 + 215r 2 Š 90
�
4r 3 + 8 r 2 + 3 r Š 1

�
log(t)r Š 85r Š 43

552960� 4r 2(r + 1) 2 Š
1

3072� 2 Š
1

512� 4

J (2, 0, 0, 1, 1, 1, 0) = t

�

Š

�
6r 2 + 6 r Š 1

�
(2 log(t) Š 1)

12288� 4r (r + 1)

�

+ t2

�

Š

�
30r 4 + 60r 3 + 25r 2 Š 5r + 1

�
(3 log(t) Š 1)

138240� 4r 2(r + 1) 2

�

Š
log(t)
512� 4 +

1
512� 4

J (1, 0, 0, 1, 1, 2, 0) =
1



�
t3

�
Š

90r 4 + 180r 3 + 77r 2 Š 13r + 2
215040� 4r 2(r + 1) 2

��
+ t

�
Š

2r 2 Š 12(r + 1) log( t)r + 2 r + 5
18432� 4r (r + 1)

�

+ t3

�

Š
792r 4 + 1584r 3 + 686r 2 Š 106r Š 3

�
90r 4 + 180r 3 + 77r 2 Š 13r + 2

�
log(t) + 17

645120� 4r 2(r + 1) 2

�

+ t2

�

Š
168r 4 + 336r 3 + 172r 2 Š 90

�
8r 3 + 16r 2 + 7 r Š 1

�
log(t)r + 4 r Š 47

1382400� 4r 2(r + 1) 2

�

+
1

256� 4

J (1, 0, 0, 2, 1, 1, 0) =
1



�
t2 1

15360� 4r 2(r + 1) 2 + t
�

Š
1

3072� 4r (r + 1)

�

+ t3
�

Š
10r 4 + 20r 3 + 7 r 2 Š 3r + 1

35840� 4r 2(r + 1) 2

�
+

1
512� 4

�
+ t

3r (r + 1) log( t) Š 2
�
r 2 + r + 1

�

4608� 4r (r + 1)

+ t3

�

Š
176r 4 + 352r 3 + 126r 2 Š 50r Š 6

�
10r 4 + 20r 3 + 7 r 2 Š 3r + 1

�
log(t) + 17

215040� 4r 2(r + 1) 2

�

+ t2 Š36r 4 Š 72r 3 Š 19r 2 + 30
�
3r 3 + 6 r 2 + 2 r Š 1

�
log(t)r + 17r + 29

230400� 4r 2(r + 1) 2

J (1, 0, 1, 1, 0, 1, 0) =
�

Š
1

512� 4

�
1

 2 +

1



�
log(t)
256� 4 Š

5
512� 4

�
+ t

Š26r 2 Š 26r + 6
�
2r 2 + 2 r Š 1

�
log(t) + 19

18432� 4r (r + 1)

+ t2

�

Š
37r 4 + 74r 3 + 23r 2 Š 14r Š 5

�
6r 4 + 12r 3 + 4 r 2 Š 2r + 1

�
log(t) + 12

230400� 4r 2(r + 1) 2

�

Š
log2(t)
512� 4 +

log(t)
128� 4 Š

1
3072� 2 Š

5
512� 4

������
















































