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Ni∑
j=0

c
(i)
j

Λi
O

(i)
j ,

ci O
O Λ → ∞

〈O〉 = 〈O 〉+ 1

Λ
〈O1〉+

1

Λ2
〈O2〉+ . . .

c
(i)
j

L5 =
cαβ
Λ

(
(L̄αφ

c)(φc†Lβ) +
)
,

α, β

Λ

cαβ
� 1014 GeV



L(6)
= L +

1

Λ2

∑
i

ciOi,

(2) O
O
(
1/Λ2

)
1/Λ

〈O〉 = 〈O 〉+ 1

Λ2

∑
i

ci 〈Oi〉 ,

〈Oi〉

〈Oi〉 =
∑
p

∫
dΦ2

(
A (p)A†

i (p)
)
O,

A (p) Ai(p)

Oi

cBi = Zijc
R
j ,

Z

mB
t = mR

t + δm +
1

Λ2

∑
i

ciδm
(i)
t .

c
(4)B
i = Xijc

(4)
j + Yijkc

(2)
j c

(2)
k .



3



φ4

A n

A = ψ1(p1)
a1 . . . ψn(pn)

anTa1...an ,

ψi

ai

T {Ba1...an
i }1≤i≤N

Ta1...an = T1B
a1...an
1 + · · ·+ TNBa1...an

N .

T

A(gg → H)

A(gg → H) = εμ1εμ2T a1a2
μ1μ2

= εμ1εμ2δa1a2 (p1 p2gμ1μ2 − pμ1
1 pμ2

2 − pμ2
1 pμ1

2 )T1,

εμi ai

T Ti L d

T =
∑
j

Aj ({gm} , {sn})
∫ L∏

l=1

ddkl
(2π)d

Nj

Dn1
1 . . . DnN

N

,

Aj gm sn

Nj Di(
q2 −m2

)
q m

ni ∈ N+ n1 = · · · = nN = 1

{Di}



K = {ki}1≤i≤L P = {pi}1≤i≤E

M = {mi}1≤i≤N Q = {qi}1≤i≤N(
Q(K) \ {0}+ Q(P )

)
D = {Dj = (qj −mj)}

Q[D, P P, M ] = Q[K K, K P, P P, M ].

D Q(P P, M)

∫ L∏
l=1

ddkl
(2π)d

N
Dn1

1 . . . DnN
N

,

N ∈ Q[K K, K P, P P, M ] ni ∈ N+

D N

N =
∑
k

qkD
a1k
1 . . . DaNk

N ,

qk

∫ L∏
l=1

ddkl
(2π)d

N
Dn1

1 . . . DnN
N

=
∑
k

qk

∫ L∏
l=1

ddkl
(2π)d

1

Dn1−a1k
1 . . . DnN−aNk

N

.

qk ∈ Q(P P,M)

I(n1, . . . , nN ) =

∫ L∏
l=1

ddkl
(2π)d

1

Dn1
1 . . . DnN

N

�n ∈ ZN

I(n1, . . . , nN )

I(n1, . . . , nN )



I(1, 1, 1) I(1, 0, 1)

I(n1, . . . , nN )

D1 = k2−m2 D2 = (k+p1)
2−m2 D3 = (k+p1+p2)

2−m2

k p2i = 0 (p1 + p2)
2 = m2

H

I(n1, . . . , nN )

I(n1, . . . , nN )

{
I(n1, . . . , nN ), �n ∈ ZB

}



f(k) p h∫
ddk f(k) =

∫
ddk f(k + hp)

=⇒ lim
h→0

∫
ddk

f(k)− f(k + hp)

h
= 0

=⇒
∫

ddk′
∂f

∂kμ
(k′) = 0

L

D1, . . . , DN ∫ L∏
l=1

ddkl
(2π)d

∂

∂kμi

vμ

Dn1
1 . . . DnN

N

= 0,

ki vμ

∫ L∏
l=1

ddkl
(2π)d

∂

∂kμi

vμ

Dn1
1 . . . DnN

N

=

∫ L∏
l=1

ddkl
(2π)d

∂vμ

∂kμi

1

Dn1
1 . . . DnN

N

−
N∑
j=1

nj

Dnj

∂Dnj

∂kμi

vμ

Dn1
1 . . . DnN

N

.

vμ = kμi vμ
∂Dnj

∂kμi

I

∑
i

CiI(n1i, . . . , nNi) = 0.

I(n1, . . . , nN )



T <

I(n1, . . . , nN )

D1, . . . DN

ν ⊂ �1, N� I(n1, , nN ) ν

I(0, n1, n2)

∫
ddk

(2π)d
∂

∂kμ
kμ

(k −m2)((k + p)2 −m2)

∂

∂m
I(0, n1, n2)

S S′ ν ν ′ S′ S ν � ν ′

S S′ S

S′ S′ ≤ S

I(n1, . . . , nN )

I1 = I(�n1) I2 = I(�n2)

I1 ≤ I2

I1 I2

I(1, 1, 0) < I(1, 1, 1)



I1 I2

I(1, 1, 0) < I(2, 0, 1)

I1 I2

I(1, 2,−1) < I(2,−2, 1)

(n11θ(n11), . . . , n1Nθ(n1N ))

(n21θ(n21), . . . , n2Nθ(n2N )) θ(n) n > 0

I(1,−2, 2) < I(2,−2, 1)

(−n11θ(−n11), . . . ,−n1Nθ(−n1N ))

(−n21θ(−n21), . . . ,−n2Nθ(−n2N ))

I(2,−1,−2) < I(2,−2,−1)

I1 I2 I3

I1 ≤ I2 I2 ≤ I1

I2 ≤ I1 I1 ≤ I2 I1 = I2

I2 ≤ I1 I3 ≤ I2 I3 ≤ I1

I = {I1, . . . , In} R R = ∅ K

K = 1

rK n1, . . . , nN
∑ |ni| = K

rk
∑

aiJi = 0 Ji Jĵ =∑
ai/aĵJi Jĵ

rk R R = R ∪ rk

R

I R

K = K + 1

R

I



ε

∫
ddk

(2π)d
1

(Uk2 −F)n
= (−1)ni(4π)−d/2Γ(n− d/2)

Γ(n)

U−d/2

Fn−d/2



1

Dn1
1 . . . DnN

N

=
Γ (n)∏
i

Γ(ni)

∫ 1

0

∏
i

xni−1
i dxi

δ (1−∑xi)

(
∑

xiDi)
n ,

n =
∑

ni xi

L

I(n1, . . . , nN ) =
Γ(n)∏
Γ(nj)

∫ ∏
i

ddki
(2π)d

∫ ∏
j

dxjx
nj−1
j δ(1−

∑
nk)

1

(
∑

xkDk)
n .

Di (ailkl + biqpq)
2 − m2

i pq

mi ∑
i

xiDi = Almkmkl + 2P lkl +M2 = KT A K + 2K P +M2,

A K L

P M

K = K ′ −A−1 P

∑
i

xiDi = K ′TAK ′ + M̃2.

A K ′ = RK ′′ K ′′ =

(k̃1, . . . , k̃N ) Ã = RTAR = (Ã1, . . . ÃN )

Ĩ =

∫ ∏
i

ddk̃i
(2π)d

1

(Ã1k̃21 + · · ·+ ÃN k̃2N − M̃2)n
,

Ui = Ãi Fi = −
∑
j>i

Aj k̃
2
j + M̃2

l

Ĩ = (−1)
∑

i≤L ni(i(4π)−d/2)l
Γ(n− ld/2)

Γ(n)

∫ ∏
i>l

ddk̃i
(2π)d

(U1 . . .Ul)
−d/2

(Ul+1k̃
2
l+1 −Fl)n−ld/2

,

Ĩ = (−1)n(i(4π)−d/2)L
Γ(n− Ld/2)

Γ(n)

(U1 . . .UL)
−d/2

(Fl)n−Ld/2
.

Ĩ
∏Ui A Fl = M̃2 = M2 −

P TA−1P
U1 . . .UL

(Fl)n−Ld/2

Un−(L+1)d/2

Fn−Ld/2
U = (A)



F = (A)Fl L I(n1, . . . , nN )

I(n1, . . . , nN ) = (−1)n(i(4π)−d/2)L
Γ(n− Ld/2)∏

Γ(ni)

∫ ∞

0

(∏
xni−1
i dxi

)
δ(1−

∑
xi)

Un−(L+1)d/2

Fn−Ld/2
,

0 ∞ xi ≤ 1 U
F

I(n1, . . . , nN )

U F
A

xi U = (A)

L F

F = (A)Fl = (A)
(
M2 − P TA−1P

)
= (A)M2 − P T (A)P,

(A) A A

L − 1 A P K

K P F
L+ 1 M2 F L+ 1

G I(1, . . . , 1)

ei

{(ei, xi)} U T1 G
L

G
U =

∑
T∈T1

∏
i|ei �∈T

xi,

U L

G F T2
G

L + 1 G T q2(T ) q(T )

F

F = −
∑
T∈T2

q2(T )
∏

i|ei �∈T
xi + U

∑
i

m2
ixi,

mi Di



F : RN → R −N ν ⊂
�1, N� ∫ ∞

0

(
N∏
i=0

dxi

)
δ

(
1−

N∑
i=0

xi

)
F (x)

=

∫ ∞

0

(
N∏
i=0

dxi

)
δ

(
1−
∑
i∈ν

xi

)
F (x).

0 ∞

1 =

∫ ∞

0

dη

η
δ

(
1− 1

η

∑
ν

xi

)
.

∫ ∞

0

(
N∏
i=0

dxi

)
δ

(
1−

N∑
i=0

xi

)
F (x)

=

∫ ∞

0

(
N∏
i=0

dxi

)∫ ∞

0

dη

η
δ

(
1− 1

η

∑
ν

xi

)
δ

(
1−

N∑
i=0

xi

)
F (x),

xi = ηαi

∫ ∞

0

(
N∏
i=0

dxi

)∫ ∞

0

dη

η
δ

(
1− 1

η

∑
ν

xi

)
δ

(
1−

N∑
i=0

xi

)
F (x)

=

∫ ∞

0

(
N∏
i=0

dαi

)∫ ∞

0

dη

η
δ

(
1−
∑
ν

αi

)
δ

(
1− η

N∑
i=0

αi

)
F (α)

=

∫ ∞

0

(
N∏
i=0

dαi

)
δ

(
1−
∑
ν

αi

)
F (α),

∫ ∞

0

dη

η
δ (1− aη) =

∫ ∞

0

dη

aη
δ (1/a− η) = 1.

0 ∞



I(p,m) =

∫
ddk

1

((k + p/2)2 −m2)((k − p/2)2 −m2)
,

m p2 �= 0 p2 → 4m2

y = m2−p2/4 y/p2 → 0

y

I(p,m) =

∫
ddk

1

(k2 − k p)(k2 + k p)
+ y

∫
ddk

2k2

(k2 − k p)2(k2 + k p)2
+O
(
y2
)
.



I(p,m)

I(p,m) = i(π)d/2Γ(ε)y−ε
2F1

(
1

2
, ε,

3

2
,− q2

4y

)
=

1

ε
+ 2

4y

p2

+ log

(
4y

p2

)
− 2π

√
y

p
+ . . .

√
y

−∞ +∞

−∞ +∞

n×
∑

xiIi n
∑

xiIi x

k2 � y

y p2

p2 � 4m2

p = (p0, 0, 0, 0) k ∼ (y/p0,
√
y,
√
y,
√
y)



I(p,m) k20∫
dk0d

d−1�k
1

(�k2 + p0k0 + y)(�k2 − p0k0 + y)
.

k0

iπ√
p2

∫
dd−1�k

1

�k + y
,

k0 k0 = ±
�k2 + y

q0
k0

�k y

y

y

xi ∼ yκi

κi

∞
ρ

ρ ρ

ρ

U F

δ

(∑
i∈ν

xi − 1

)
ν



ρ

ρ

xi ρ0

xi

I = I0

∫
(dxi x

ai
i ) δ(1−

∑
xi)

Up

Fq
.

ρ

U = ρκU
nU∑
i=0

ρiUi

F = ρκF
nF∑
i=0

ρiFi,

I ρ = 1

I = I0

∫
(dxi x

ai
i ) δ(1−

∑
xi)

(
Up
0

F q
0

+
Up−1
0

F q−1
0

(pU1F0 − qU0F1) + . . .

)
,

P
Ua
0

F b
0

P

κi ∈ {0, 1} 2N N

I xi → ακixi κi = 0

I → ακI I

α

U → ακUU
F → ακFF ,

U F UF



U0F0

UF P [UF ]

N + 1

six
v1
1 . . . xvNN → �v = (v0, v1, . . . , vN )T ,

si ρv0 r xj → ρrjxj

six
v1
1 . . . xvNN → ρv0+r1v1+...rNvN six

v1
1 . . . xvNN

= ρr vsix
v1
1 . . . xvNN ,

�r = (1, r1, . . . , rN ) P [UF ] H[UF ]

P [UF ] UF 2L+ 1 L

�v P [UF ] v1 + · · ·+ vN = 2L+1 H[UF ] N

H[UF ] (0, 1, . . . , 1)T

�r (0, 1, . . . , 1)T

�r ⊥ (0, 1, . . . , 1)T UF
�r UF

{�vi}i∈ν P [UF ]

V �r (�vi − �vj) �r = 0

�w �w �r > �vi �r �w = �vi+a�r+ �w⊥r �r ⊥ �w⊥r

a > 0 V �r

V H[UF ] H[UF ] Φ �r

�r H[UF ]

Φ

H[UF ]

H[UF ]

�r φ

H[UF ] N φ N − 2 N + 1

φ �r (0, 1, . . . , 1)T �w

(0, w1, . . . , wN )T wi = 0

xi → αwixi U F

N H[UF ]



I Γ

I =
∑
γ

IΓ/γ ◦TIγ ,

Γ

IΓ/γ

γ Iγ γ T

◦
IΓ/γ

γ Γ/γ

γ Γ/γ

γ γ

ρ



d = 4 − 2ε ε

B(1, 2)

B(1, 2) =

∫
ddk

iπd/2

1

k2((k + p)2)2
=
(
p2
)−ε−1 Γ(1− ε)Γ(−ε)Γ(ε+ 1)

Γ(1− 2ε)

= − 1

p2ε
+

log
(
p2
)
+ γ

p2
+O(ε) ,

B(1, 2) =

∫ ∞

0
dx1 (x1 + 1)2ε−1 Γ(ε+ 1)

(
p2x1

)−1−ε
= Γ(1 + ε)

(
p2
)−1−ε

∫ ∞

0
dx1b(x1, ε).

ε

b(x1, ε)

ε

b(x1, ε) =
1

x1 (1 + x1)
+O(ε) ,

x−1−ε
1

x−1−ε
1 = −1

ε
δ(x) +

∑
n

εn

n!

(
logn(x)

x

)
+



∫
dxf(x)

(
logn(x)

x

)
+

=

∫
(f(x)− f(0))

(
logn(x)

x

)
.

ε

∫ 1

0
dx1

∫ 1

0
dx2

1

(x1 + x2)2+ε
.

(x1, x2) → (0, 0)

∫ 1

0
dx1

∫ 1

0
dx2

1

(x1 + x2)2+ε
→ 1

ε

∫ 1

0
dx2

∫ 1

0
dx1

δ(x1 + x2)

(x1 + x2)
+ . . .

∫ 1

0
dx1

∫ 1

0
dx2

1

(x1 + x2)2+ε
=

∫ 1

0
dx1

∫ x1

0
dx2

1

(x1 + x2)2+ε
+

∫ 1

0
dx2

∫ x2

0
dx1

1

(x1 + x2)2+ε
,

∫ 1

0
dx1

∫ 1

0
dx2

1

(x1 + x2)2+ε
=

∫ 1

0
dx1

∫ 1

0
dx̃2

1

x1+ε
1 (1 + x̃2)2+ε

+

∫ 1

0
dx2

∫ 1

0
dx̃1

1

x1+ε
2 (1 + x̃1)2+ε

.

x2 = x1x̃2 x1 = x2x̃1

∫ 1

0
dx1

∫ 1

0
dx2

1

(x1 + x2)2+ε
=

1

ε

(∫
dx̃2

1

(1 + x̃2)2
+

∫
dx̃1

1

(1 + x̃1)2

)
+ . . . ,

N



∫ ∞

0

∏
i

dxix
ni−1
i δ

(
1−
∑
i

xi

)
Un−ld/2

Fn−(l+1)d/2

=
∑
j

∫ ∞

0
dxjx

nj−1
j

∫ xj

0

∏
i �=j

dxix
ni−1
i δ

(
1−
∑
i

xi

)
Un−ld/2

Fn−(l+1)d/2

=
∑
j

∫ ∞

0

dxj
xj

∫ 1

0

∏
i �=j

dx̃ix̃
ni−1
i δ

⎛
⎝1− xj

∑
i �=j

x̃i

⎞
⎠ Un−ld/2

j (xi �=j)

Fn−(l+1)d/2
j (xi �=j)

,

xi �=j → xix̃j xj

U F

∫ ∞

0

dxj
xj

δ

⎛
⎝1− xj

∑
i �=j

x̃i

⎞
⎠ = 1.

j

k Ii1,...,ik
i1, . . . , ik

Ii1,...,ik =

∫ 1

0

k∏
l=1

dxilx
ail+εbil
il

∫ 1

0

∏
m �∈

{j,i1,...,ik}

dxmxnm−1
m

Un−ld/2
ji1...ik

(xm)

Fn−(l+1)d/2
ji1...ik

(xm)

{xm}m∈S U F
xm̂

Ii1,...,ik,m̂ m̂ ∈ S

Uji1...ik = 1 + . . .

Fji1...ik = σ + . . . ,

σ

∫ 1

0

k∏
l=1

dxilx
ail+εbil
il

∫ 1

0

∏
m �∈

{j,i1,...,ik}

dxmxnm−1
m

Un−ld/2
ji1...ik

(xm)

Fn−(l+1)d/2
ji1...ik

(xm)
,

ε ε

F



G(a1, . . . , an;x) =

∫ x

0

dt

t− a1
G(a2, . . . , an; t),

G(;x) = 1 a1, . . . , an x

G(0, . . . , 0︸ ︷︷ ︸
n

;x) =
1

n!
logn(x)

G(a1, . . . , aN ;x) x = a1 x = ai

G(1, 2, x) x = 1



x = 1 x = 2

G(2, 1, x) = 2(x− 1) + log(1− x) log(2− x) +
π2

12
.

G(0, 1, x) = − 2(x) x = 0

x = 1

G(a;x) = log(1− x

a
)

G(a, . . . , a︸ ︷︷ ︸
n

;x) =
1

n!
logn(1− x

a
),

G(0, . . . , 0;x)

n(x) =
∑
k>1

xk

kn

n(x) =

∫ x

0

dt

t
n−1(t)

1(x) = − log(1− x)

G(0, . . . , 0︸ ︷︷ ︸
n−1

, 1;x) = − n(x)

m1,...,mk
(z1, . . . , zk) =

∑
0<n1<···<nk

zn1
1 . . . znk

k

nm1
1 . . . nmk

k

m1,...,mk
(z1, . . . , zk) = (−1)kG(0, . . . , 0︸ ︷︷ ︸

mk−1

,
1

zk
, . . . , 0, . . . , 0︸ ︷︷ ︸

m1−1

,
1

z1 . . . zk
; 1),



G

Σ Q

V (Σ)

V (Σ) = {q1σ1 + . . . qnσn|qi ∈ Q, σi ∈ Σ, n ∈ N} .

W (Σ) V (Σ)

W (Σ) =

∞⊕
n=0

V (Σ)⊗n,

w = σ1 ⊗ · · · ⊗ σn

w = σ1σ2 . . . σn V (Σ)⊗0 = Q1Σ 1Σ

Q �

σ, σ′ ∈ V (Σ)

σ� σ′ = σσ′ + σ′σ,

v, v′ ∈ W (Σ) w = σv, w′ = σ′v′

w� w′ = σ(v� w′) + σ′(w� v′).

w, w′ w w′

ab� cd = abcd+ acbd+ acdb+ cabd+ cadb+ cdab

w = σ1 . . . σn G(σ1, . . . , σn;x) = Gw(x) W (Σ)

w = w1 + w2 Gw(x) = Gw1(x) + Gw2(x)

Gw1(x)Gw2(x) = Gw1�w2(x).

V (Σ) Σ → Q f∑

σ∈Σ

f(σ)σ



G(σ1;x)G(σ2;x) =

∫ x

0
dx1dx2

1

(x1 − σ1) (x2 − σ2)

=

∫ x

0
dx1

∫ x1

0
dx2

1

(x1 − σ1) (x2 − σ2)

+

∫ x

0
dx2

∫ x2

0
dx1

1

(x1 − σ1) (x2 − σ2)

= G(σ1, σ2;x) +G(σ2, σ1;x)

w = σv w′ = σ′v′

Gw(x)G
′
w(x) =

∫ x

0
dtdt′

Gv(t)Gv′(t
′)

(t− σ)(t′ − σ′)

=

∫ x

0
dt

1

(t− σ)

(
Gv(t)

∫ t

0
dt′

Gv′(t
′)

(t′ − σ′)

)
+

∫ x

0
dt′

1

(t′ − σ′)

(
Gv′(t

′)
∫ t′

0
dt

Gv(t)

(t− σ)

)

=

∫ x

0
dt

1

(t− σ)
(Gv(t)Gw′(t)) +

∫ x

0
dt′

1

(t′ − σ′)

(
Gv′(t

′)Gw(t
′)
)

=

∫ x

0
dt

1

(t− σ)
Gv�w′(t) +

∫ x

0
dt′

1

(t′ − σ′)
Gw�v′(t)

= Gσ(v�w′)(x) +Gσ′(w�v′)(x) = Gw�w′(x),

n m n+m

W (Σ)

W (Σ)

A F � 1A

�

{
A×A → A
(a, b) → a� b

μ A⊗A



μ

{
A⊗A → A
a⊗ b → a� b.

μ(μ⊗ ) = μ( ⊗ μ),

A⊗A⊗A μ⊗ � A⊗A

A⊗A

⊗μ

�
μ � A

μ

�

A 1A F

ε(f) = f1A f ∈ F

A F

s

{
F⊗A → A
f ⊗ a → fa.

ε : F → A

μ(ε⊗ ) = μ( ⊗ ε) = s,

F⊗A ⊗ε � A⊗A

A⊗A

ε⊗

�
μ � A

μ

�

s

�

ε(1F) A
1A f �→ f1A

H
Δ η S

μ



(Δ⊗ )Δ = ( ⊗Δ)Δ

Δ(μ(a⊗ b)) = Δ(a)�Δ(b),

(a⊗ b)� (a′ ⊗ b′) = (a� a′)⊗ (b� b′).

H⊗H⊗H � Δ⊗ H⊗H

H⊗H

⊗Δ

�

� Δ H

Δ

�

H⊗n

H
Δ
� H⊗H

Δ⊗
� H⊗H⊗H

Δ⊗ ⊗
� . . .

η H → F ε ηε = 1F

s† = (η ⊗ )Δ

F⊗H

H⊗H

η⊗

�

� Δ H

�

s †

S

S : H → H μ(S ⊗ )Δ = μ( ⊗ S)Δ = εη

H η � F
ε � H

H⊗H

Δ

� ⊗S

S⊗
� H⊗H

μ

�



W (Σ)

Δ(σ1 . . . σN ) =

N∑
i=0

σ1 . . . σi ⊗ σi+1 . . . σN ,

1Σ ⊗ σ1 . . . σN σ1 . . . σN ⊗ 1Σ

Δ(a� b) = Δ(a)�Δ(b)

W (Σ)

Δ (Σn) ⊂
n⊕

k=0

(
Σk ⊗ Σ(n−k)

)
.

S(σ1 . . . σN ) = (−1)NσN . . . σ1,

η w = q01Σ +∑
i>0wi wi ∈ V (Σ)⊗i i

η(q01Σ +
∑
i>0

wi) = q0.

Φ Φ(a1 . . . aN ) = G(a1, . . . , aN ;x)

Φ−1(G(a1, . . . , aN ;x)) = a1 . . . aN

ΔΦ = (Φ⊗ Φ)ΔΦ−1,

Δ

ΔΦG(a, b;x) = (Φ⊗ Φ) (1⊗ ab+ a⊗ b+ ab⊗ 1)

= 1⊗G(a, b;x) +G(a;x)⊗G(b;x) +G(a, b;x)⊗ 1.

C R− G(0, x) G(0,−x)±iπ

ΔΦ

x



I(a0; a1, . . . an; an+1) =

∫ an+1

a0

dt

t− an
I(a0; a1, . . . an−1; t)

I(a0; ; a1) = 1.

G(a1, . . . , an;x)

I G

ΔI(a0; a1, . . . an; an+1) =

n∑
k=0

⎛
⎝ ∑

0<i1<···<ik<n+1

I(a0; ai1 , . . . , aik ; an+1)⊗
k∏

p=0

I(aip ; aip +1, . . . , aip+1 −1; aip+1)

⎞
⎠

a0 an+1

n a1, . . . , an

k ai1 , . . . , aik
a0, ai1 , . . . , aik , an+1

I(a0; ai1 , . . . , aik ; an+1)

I(a0; a1, . . . , ai1 −1; ai1)

I(a0; a1, a2; a3)

ΔI(a0; a1, a2; a3) = I(a0; a1, a2; a3)⊗ 1 + I(a0; a1; a3)⊗ I(a1; a2; a3)

I(a0; a2; a3)⊗ I(a0; a1; a2) + 1⊗ I(a0; a1, a2; a3)



a0

a1 a2

a3 a0

a1 a2

a3

I(a0; a1, a2; a3)⊗ 1 I(a0; a1; a3)⊗ I(a1; a2; a3)

a0

a1 a2

a3 a0

a1 a2

a3

I(a0; a2; a3)⊗ I(a0; a1; a2) 1⊗ I(a0; a1, a2; a3)

ΔI(a0; a1, a2; a3)

ΔI(1; 0, 1;x) = I(1, 1, x)⊗ I(1; 0; 1) + . . . ,

I(1, 1, x) =

∫ x

1

dt

t− 1

G(a, . . . , a; a)

G(−1, 1,−1) G(−1, 1;x)

x = −1

G(−1, 1;x) = G(−1;x)G(1;x)−G(1,−1;x).

G(1,−1;x) x = −1

G(−1;−1) G (−1, 1;−1) = G(1,−1;−1)

Σ <

w = σ1 . . . σn w < σiσi+1 . . . σn 1 < i ≤ n

aabb aaabab a < b baa

Σ < L(Σ)<

w ∈ W (Σ) L(Σ)<



Q[L(Σ)<] = W (Σ).

G(a, . . . , a; a) Σ S

S S

G G(σ1, . . . , σn;σn+1)

σ1 = σn+1 Σ = σ1, . . . , σn+1

<σ1 Σ ∀1 < i ≤ n + 1 σi <σ1 σ1

w = σ1 . . . σn

<σ1 Lσ1 σ1 w wσ1

σ1

G (w;σn+1) = Gwσ1
(σn+1),

G(w;σn+1) σn+1 = σ1 w

σ1 G (w;σn+1) I

Gw (x)Gw′ (x) = Gw�w′(x),

ΔI (a0; . . . ; an+1) =
∑

0<i1<···<ik<n+1

I (a0; ai1 , . . . aik ; an+1)⊗
k∏

p=0

I (aip ; . . . ; aip+1).

ζ ζn = n(1)

Δ n(x) = ΔI (0; 1, 0, . . . , 0;x) = 1⊗ n(x) +

n∑
k=0

n−k ⊗
logk(x)

k!
.

x = 1

Δζn = 1⊗ ζn + ζn ⊗ 1.

ζ4 =
2
5ζ

2
2 = π4/90

Δζ4 =
2

5
(Δζ2)

2 = ζ4 ⊗ 1 + 1⊗ ζ4 +
4

5
ζ2 ⊗ ζ2.

Δ ζ2

π2 π

ζ2



A ζ2 Iζ2 = ζ2A+Aζ2

x ∼ y ⇐⇒ x− y ∈ Aζ2 .

ζ2 Aζ2 A
Δ A A⊗Aζ2

Δζ2n = ζ2n ⊗ 1,

Δ

A
Δ
� A⊗Aζ2

Δ⊗
� A⊗Aζ2 ⊗Aζ2

Δ⊗ ⊗
� . . .

π

Δ : A → A⊗Aπ

Δπ �→ π ⊗ 1.

ζ2 ∝ π2 ζ

Mx=a

Mx=aF (x) =

∮
a
dxF (x),

a

ΔMx=aF (x) = (Mx=a ⊗ )ΔF (x).

Δ
∂F (x)

∂x
=

(
⊗ ∂

∂x

)
ΔF (x).

F (x)



w

ΔF (x) = 1⊗ F (x) + F (x)⊗ 1 +
∑
i

fi(x)⊗ gi(x).

Δ′F = ΔF − 1 ⊗
F (x)−F (x)⊗1

fi, gi w

G(x) = F (x) Δ′F (x) = Δ′G(x)

F (x) = G(x) Δ′

π ζ

Δ′( 2(x) + π2) = (1− x)⊗ x = Δ′( 2(x)).

Δ′

Aw w

Δ
∣∣
Aw

=

w∑
k=0

Δk,w−k,

Δk,w−k Ak⊗Aw−k

Δw1,...,wn

Δ1,...,1

2

(
1

x+ iε

)
x ∈ [0, 1]

Δ1,1 2

(
1

x+ iε

)
= − log

(
1− 1

x+ iε

)
⊗ log

(
1

x

)
= (log (1− x)− log (−x− iε))⊗ log (x)

= log(1− x)⊗ log(x) + log(x)⊗ log(x) + iπ ⊗ log(x)

= Δ1,1

(
− 2(x) + log2(x) + iπ log(x)

)
.

Δ 2

cπ2

π2/3



Δ1,...,1

π2 log(x) Δ1,1,1 Δ2,1

{0, 1,−1}

0 0 −∞

1 1 +∞

−1 −∞

−1 < x < 0

0

G(0, . . . , 0;x) 0

0 0

0 < 1 < −1 0 0

g(x) = G(σ1, . . . , σk, 0, . . . 0) σk �= 0 w

−1 < x < 0 Lw

w
{
G

(w)
i

}
w

ai

g(x) =
∑
i

aiG
(w)
i .

G
(w)
I

w

g(x) =
∑

w∈{0,±1}4
bwG(w;x),

bw ai

ai{
bσ1...σk0...0 = 1

bw = 0 ∀w ∈ {0,±1}4 \ σ1 . . . σk0 . . . 0.



ai g(x)

G(0, . . . , 0;x) G(. . . ,±1;x)

G(0, . . . , 0︸ ︷︷ ︸
n

;x)
∣∣
−1<x<0

=
1

n!
(log(−x)± iπ)n ,

−1 < x < 0 G(σ1, . . . , σn,±1, x) = G(−σ1, . . . ,−σn,∓1,−x)

∫ ∞

0
dx

G(a1, . . . , an;x)

x− a0
=
[
G(a0, a1, . . . , an;x)

]∞
0
,

aj x

aj x

x = 0 aj = 0

x → ∞

Aj(x) G(A1(x), . . . , An(x);An+1(x))

G(a1, . . . , ak;x) aj x

G(A1(x), . . . , An(x);An+1(x)) =
∑
i

G(a
(i)
1 , . . . , a(i)n ;x) +

∑
i

c
(1)
i G(a

(i)
1 , . . . , a

(i)
n−1;x) + . . . ,

a
(j)
i c

(k)
i x c

(k)
i k

π ζ

Δ1,...,1c
(k)
i G(a

(i)
1 , . . . , a

(i)
n−k;x) =

(
Δ1,...,1c

(k)
i

)
�

(
Δ1,...,1G(a

(i)
1 , . . . , a

(i)
n−k;x)

)
=
(
Δ1,...,1c

(k)
i

)
�

(
log(x− a

(i)
n−k)⊗ · · · ⊗ log(x− a

(i)
1 )

+ )

x

k n−k x

g(x) = G(A1(x), . . . , An(x);An+1(x))

c
(k)
i



T = Δ1,...,1g(x)

T =
∑
i

log(a(i)n x+ b(i)n )⊗ · · · ⊗ log(a
(i)
1 x+ b

(i)
1 ) +

φ(1)
x : log(a(i)n x+ b(i)n )⊗ · · · ⊗ log(a

(i)
1 x+ b

(i)
1 ) →

{
G(− bn

an
, . . . ,− b1

a1
;x) ai �= 0

0

T1 = T −Δ1,...,1φ
(1)
x (T ),

T1

c(1)G(a1, . . . , an−1;x)

π log(χ) χ c = π

Δ1,...,1πG(a1, . . . , an−1;x) = π ⊗Δ1,...,1G(a1, . . . , an−1;x),

Δ1,...,1 log(χ)G(a1, . . . , an−1;x) = log(χ)�Δ1,...,1G(a1, . . . , an−1;x)

= log(χ)⊗Δ1,...,1G(a1, . . . , an−1;x) + . . .

t

t = c⊗ (a1x+ b1)⊗ (an−1x+ bn−1).

φ(2)
x :

⎧⎪⎨
⎪⎩

log(c)⊗ log(a1x+ b1)⊗ · · · ⊗ log(an−1x+ bn−1) �→
log(c)φ

(1)
x (log(a1x+ b1)⊗ · · · ⊗ log(an−1x+ bn−1))

�→ 0.

T2 = T1 −Δ1,...,1φ
(2)
x (T1).

T1

T2

ζ



3

(
1

x+ iε

)
0 < x < 1

Δ1,1,1 3

(
1

x

)
= − log

(
x− 1

x

)
⊗ log

(
1

x

)
⊗ log

(
1

x

)
= − (log(1− x) + iπ)⊗ log(x)⊗ log(x) + log(x)⊗ log(x)⊗ log(x)

φ
(1)
x φ

(2)
x

Δ1,1,1 3

(
1

x

)
= Δ1,1,1 (−G(0, 0, 1;x)− iπG(0, 0;x) +G(0, 0, 0;x))

Δ2,1

−1
3π

2 ⊗ log(x)

Δ2,1 3

(
1

x

)
= Δ2,1

(
−G(0, 0, 1;x)− iπG(0, 0;x) +G(0, 0, 0;x)− π2

3
G(0;x)

)
.

x 2(1/x)

3(1/x)

Δ2,1 3

(
1

x

)
= −G(0, 0, 1;x)− iπG(0, 0;x) +G(0, 0, 0;x)− π2

3
G(0;x).

Δ1,1 2 (1/2) =

− log(2)⊗ log(2)

Δ1,...,1 c(k)

Δk,1,...,1

N x1, . . . , xN

G(�a1;x1)G(�a2;x2) . . . G(�aN ;xN ),

�ai xj j ≤ i

xi



φxkxk+1...xN :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

log(a1xk + b1)⊗ · · · ⊗ log(anxk + bn) �→ G(− b1
a1
, . . . ,− bn

an
;xk)

log(b1)⊗ · · · ⊗ log(bp)⊗ log(ap+1xk + bp+1)⊗ log(anxk + bn) �→

φxk+1...xN (log(b1)⊗ . . . log(bp))G(− bp+1

ap+1
, . . . ,− bn

an
;xk)

ai, bi xj j ≤ i φx1...xN

x1

Δk,1,...,1

k



4
H → bb̄

yb � 0.025 H → bb̄

125 GeV

μbb = 0.7± 0.3

Hbb̄

0.5 pb

13 TeV

b 20 GeV

tanβ

bb̄H

O
(
α2
s

)
O
(
α3
s

)



A(0)
b A(1V )

b A(1R)
b A(0)

t

bb̄H

A(0)
b A(1V )

b A(1R)
b

A(0)
t

A(1V )
t

g

g

b̄

b

g

H

A(1R)
t(

A(1V )
t

) (
A(1R)

t

)
bb̄H

O
(
ytybα

4
s

)
A(0)

b A(1R)
b

(y2b ) (y2b + ybyt)

σ 0.478+60%
−35% 0.448+20%

−20% 0.411+25%
−28%

δσ/σ

bb̄H

O
(
ytybα

4
s

)



Â(0)
t Â(1V )

t

bb̄H

dσ ∝ α2
sy

2
b

∣∣∣A(0)
b

∣∣∣2 + α3
s

[
y2b

(
2
(
A(0)

b A(1V )
b

)
+

∫
dΦ
∣∣∣A(1R)

b

∣∣∣2)+ 2ybyt

(
A(0)

b A(0)
t

)]

+ 2α4
sytyb

(
A(0)

b A(1V )
t +A(1V )

b A(0)
t +

∫
dΦA(1R)

b A(1R)
t

)
,

O
(
ytybα

4
s

)
A(1V )

t

yb = yb +
ytα

2
s

mt
δyb,

O
(
ytybα

4
s

)

dσ ∝ α2
sy

2
b

∣∣∣A(0)
b

∣∣∣2 + α3
s

[
y2b

(
2
(
A(0)

b Â(1V )
b

)
+

∫
dΦ
∣∣∣A(1R)

b

∣∣∣2)+ 2ybyt

(
A(0)

b Â(0)
t

)]

+ α4
sytyb

(
2

(
A(0)

b Â(1V )
t +A(1V )

b Â(0)
t +

∫
dΦA(1R)

b Â(1R)
t

)
+

δyb
mt

∣∣∣A(0)
b

∣∣∣2) ,

bb̄H



H → bb̄

A =
∑
σσ′ij

v̄σ
′

b̄ (p2)u
σ
b (p1)δ

ijAH→bb̄ = CA

(
( � p1 +mb)AH→bb̄

( � p2 −mb)
)
,

u(p1) v̄(p2) b

AH→bb̄ H → bb̄

AH→bb̄ = ūσb (p1)δijAH→bb̄
vσ

′
b̄ (p2).

1/mt

O
(
ytg

4
s

)
H → bb̄

1/mt

O
(
ytα

2
s

)



H → bb̄

1/mt

Lyb = −Cyb√
2
hb̄b Cyb = yb +O

(
1

mt

)
−i

Cyb√
2

LHgg = −1

4
CHggGμνG

μνh CHgg =
αs

3πv
iCHgg (g

μνp1 p2 − pν1p
μ
2 )

LbG = gsG
μ
a b̄T aγμb igsγ

μT a

O(g4syt) H → b̄b
1/mt

A

Ab = −i
CybCA√

2

(
s− 4m2

b

)
.

A

A = iCHgg (igs)
2
∫

ddk

(2π)d
((−i)( � p1 +mb)γμi( � k +mb)γν(−i)( � p2 −mb))

(k + p2)
2 (k2 −m2

b

)
(k − p1)

2 (gμνp1 p2 − pν1p
μ
2 ) .

d



A

(n1, n2, n3) =

∫
ddk

(2π)d
1

Dn1
1 Dn2

2 Dn3
3

=

∫
ddk

(2π)d
1(

(k − p1)
2
)n1
(
(k + p2)

2
)n2 (

k2 −m2
b

)n3

k k = D3 +m2
b , k p1 =

D3 −D1

2
+m2

b , k p2 =
D2 −D3

2
−m2

b .

A =− 4ds2 (1, 1, 1)mbCHgg g
2
s − 4d (−1, 1, 1)mbCHgg g

2
s + 8d (0, 0, 1)mbCHgg g

2
s

− 8d (0, 1, 0)mbCHgg g
2
s + 8ds (0, 1, 1)mbCHgg g

2
s + 8d (1, 0, 0)mbCHgg g

2
s

− 8ds (1, 0, 1)mbCHgg g
2
s − 4d (1, 1,−1)mbCHgg g

2
s + 8ds (1, 1, 0)mbCHgg g

2
s

+ 8s2 (1, 1, 1)mbCHgg g
2
s − 32 (0, 1, 1)m3

bCHgg g
2
s − 32 (1, 1, 0)m3

bCHgg g
2
s

+ 32s (1, 1, 1)m3
bCHgg g

2
s + 8 (−1, 1, 1)mbCHgg g

2
s − 24 (0, 0, 1)mbCHgg g

2
s

+ 16 (0, 1, 0)mbCHgg g
2
s − 16s (0, 1, 1)mbCHgg g

2
s + 16 (1,−1, 1)mbCHgg g

2
s

− 24 (1, 0, 0)mbCHgg g
2
s + 40s (1, 0, 1)mbCHgg g

2
s + 8 (1, 1,−1)mbCHgg g

2
s

− 16s (1, 1, 0)mbCHgg g
2
s



(1, 1, 1) (1, 1, 0)

(0, 0, 1)

(0, 0, 1)

(0, 0, 1) =

∫
ddk

(2π)d
1

k2 −m2
b

=

∫ 1

0
dxδ (1− x) i(4π)−

d
2x1−dΓ

(
1− d

2

)(
x2m2

b

) d
2
−1

(0, 0, 1) = i(4π)−
d
2Γ

(
1− d

2

)(
m2

b

) d
2
−1

(1, 1, 0)

(1, 1, 0) =

∫ ∞

0
dx1dx2δ (1− x1 − x2) i(4π)

− d
2 (x1 + x2)

2−d Γ

(
2− d

2

)
(−sx1x2)

d
2
−2

s < 0

s > 0

δ (1− x1 − x2) δ (1− x2)

(1, 1, 0) =

∫ ∞

0
dx1i(4π)

− d
2 (1 + x1)

2−d Γ

(
2− d

2

)
(−sx1)

d
2
−2.



B(a, b) =
Γ(a)Γ(b)

Γ(a+ b)
=

∫ ∞

0
dz za−1(1 + z)−a−b,

(1, 1, 0) =
i(4π)−

d
2 (−s)

d
2
−2Γ
(
2− d

2

)
Γ
(
d
2 − 1

)2
Γ(d− 2)

.

(1, 1, 1)

mt → ∞
×

(1, 1, 1) =

∫
dx1dx2dx3δ

(
1−
∑
i∈ν

xi

)
i(4π)−

d
2Γ

(
3− d

2

)
(x1 + x2 + x3)

3−d
(
x23m

2
b − sx1x2

) d
2
−3

ν = {3}

(1, 1, 1) =

∫ ∞

0
dx1dx2i(4π)

− d
2Γ

(
3− d

2

)
(1 + x1 + x2)

3−d
(
m2

b − sx1x2
) d

2
−3

=

∫ ∞

0
dx1dx2i(4π)

− d
2Γ

(
3− d

2

)
md−6

b (1 + x1 + x2)
3−d (1 + rx1x2)

d
2
−3

=i(4π)−
d
2Γ

(
3− d

2

)
md−6

b (r)

r = −s/m2
b

(r) =

∫ ∞

0
dx1dx2 (1 + x1 + x2)

3−d (1 + rx1x2)
d
2
−3

ε

(r) = T0(r) + εT1(r) + ε2T2(r) +O
(
ε3
)

T0 =

∫ ∞

0
dx1dx2

1

(x1 + x2 + 1) (rx1x2 + 1)

T1 =

∫ ∞

0
dx1dx2

2 log (x1 + x2 + 1)− log (rx1x2 + 1)

(x1 + x2 + 1) (rx1x2 + 1)

T2 =

∫ ∞

0
dx1dx2

log2 (rx1x2 + 1)− 4 log (x1 + x2 + 1) log (rx1x2 + 1) + 4 log2 (x1 + x2 + 1)

2 (x1 + x2 + 1) (rx1x2 + 1)



T0 T1 ∫ a
0 dxG(...,x)

x−b = G(. . . , b, a)

T0 =

∫ ∞

0
dx1dx2

1

(x1 + x2 + 1) (rx1x2 + 1)

=

∫ ∞

0
dx1dx2

rx2

(rx1x2 + 1)
(
rx22 + rx2 − 1

) − 1

(x1 + x2 + 1)
(
rx22 + rx2 − 1

)
=

∫ ∞

0
dx2

⎡
⎣G (−x2 − 1, x1)

−rx22 − rx2 + 1
+

G
(
− 1

rx2
, x1

)
rx22 + rx2 − 1

⎤
⎦
∞

0

x1 = 0

lim
x1→0

G
(
− 1

rx2
, x1

)
−G (−x2 − 1, x1)

rx22 + rx2 − 1
= 0,

lim
x→0

G(�a, x) = 0 �a �= �0

G(�0, x)

lim
x→0

xG(�0, x) = 0

x1 = ∞
x̄1 = 1/x1 → 0

G
(
. . . , 1

x̄1

)
G(. . . , x̄1)

G
(
−x2 − 1, 1

x̄1

)
= −G (−1, x2)−G (0, x̄1) +G

(
− 1

x2+1 , x̄1

)
G
(
− 1

rx2
, 1
x̄1

)
= G (−rx2, x̄1) +G(0, r)−G (0, x̄1) +G (0, x2)

0

0 =

∫ ∞

0
dx2

G(0, r) +G (−1, x2) +G (0, x2)

rx22 + rx2 − 1

r

rx22 + rx2 − 1 = r

(
x2 −

−r −
√
r + 4

√
r

2r

)(
x2 −

√
r
√
r + 4− r

2r

)
.

r r =
√
r
√
r+4−r
2r



r

rx22 + rx2 − 1 = −(r− x2) (r+ x2 + 1)

r(r+ 1)
.

0

0 =

∫ ∞

0
dx2

r(r+ 1)
(
G
(
0, 1

r(r+1)

)
+G (−1, x2) +G (0, x2)

)
(2r+ 1) (x2 − r)

−
r(r+ 1)

(
G
(
0, 1

r(r+1)

)
+G (−1, x2) +G (0, x2)

)
(2r+ 1) (r+ x2 + 1)

1/(r(1+ r))

G

(
0,

1

r(r + 1)

)
→ −G(−1, r)−G(0, r),

r r

1/(r(1 + r))

0

0 =

[
r2G(−1, r)G (−r− 1, x2)

2r+ 1
+

r2G(0, r)G (−r− 1, x2)

2r+ 1
− r2G(−1, r)G (r, x2)

2r+ 1

− r2G(0, r)G (r, x2)

2r+ 1
− r2G (−r− 1,−1, x2)

2r+ 1
− r2G (−r− 1, 0, x2)

2r+ 1
+

r2G (r,−1, x2)

2r+ 1

+
r2G (r, 0, x2)

2r+ 1
+

rG(−1, r)G (−r− 1, x2)

2r+ 1
+

rG(0, r)G (−r− 1, x2)

2r+ 1

− rG(−1, r)G (r, x2)

2r+ 1
− rG(0, r)G (r, x2)

2r+ 1
− rG (−r− 1,−1, x2)

2r+ 1

−rG (−r− 1, 0, x2)

2r+ 1
+

rG (r,−1, x2)

2r+ 1
+

rG (r, 0, x2)

2r+ 1

]∞
0

x2 = 0

x2 x̄2 = 1/x2

x2 → ∞

0 =
1

3(2r+ 1)

(
−3r2G(−1, r)2 + 3r2G(0, r)2 + 3r2G(−1,−1, r)

− 3r2G(−1, 0, r) + 3r2G(0,−1, r)− 3r2G(0, 0, r)

− 3rG(−1, r)2 + 3rG(0, r)2 + 3rG(−1,−1, r)

−3rG(−1, 0, r) + 3rG(0,−1, r)− 3rG(0, 0, r) + 2π2r2 + 2π2r
)
,



0 =− r(r+ 1)G(−1,−1, r)

2r+ 1
− r(r+ 1)G(−1, 0, r)

2r+ 1
+

r(r+ 1)G(0,−1, r)

2r+ 1

+
r(r+ 1)G(0, 0, r)

2r+ 1
+

2π2r(r+ 1)

6r+ 3

(r)

r → r

O
(
ε2
)

T {x1, . . . , xN} r

j = 1

T {xj , xj+1, . . . , xN , r}

T xj

Tj T xj

∫
G(�a, xj)

b− xj
= G(�a, b, xj) T

T∞
j − T 0

j Tj ∞ 0

T0 T 0 O
(
x0j

)
T∞ 1/xj = x̄j → 0 T∞ = T (x̄j , xj+1, . . . )

T∞ x̄j , xj+1, . . . , xN , r

T∞ O
(
x̄0j

)
T T∞ − T0

j = N j = j + 1

T

A

A � −i
(αs

π

)2
CACF

(
4m2

b − s
) mb

2v

1

ε
,



CggH

R

αs = μ2εS−1
ε αR

s , v = μ−εvR

Cy = με

(
CR
y + yRt

(
αR
s

π

)2(
mR

b

mR
t

)(
CF

2ε
+ΔF

))
,

ΔF Sε = (4π)εe−εγ γ

(4 − 2ε) v

vR = μεv

mt = mR
t +O

(
αR
s

)
, mb = mR

b +O
(
αR
s

)
,

H → bb̄ O
(
ytα

2
s

)
Ab A

A
H→bb̄

∣∣
ytα2

s
= iyRt

(
αR
s
π

)2
CACF

(
mb

mt

)
m2

b

(2r+ 1)

r(r+ 1)18
√
2

(
3G(0,−1, r) + 3G(0, 0, r)

− 3G(−1,−1, r)− 3G(−1, 0, r) + 9(1 + 2r) log

(
m2

b

μ2

)
− 24r+ 2π2 − 12

)
+iyRt

(αs

π

)2(mb

mt

)
CA

m2
b√
2

(2r+ 1)2

r(r+ 1)
ΔF .

H → bb̄ O
(
α2
syt
)

mt

mt



D5

D6

D4

D2

D3

D1

D1 = k22 −m2
b , D2 = (k2 − p1)

2, D3 = (k2 + p2)
2,

D4 = (k1 − p1)
2 −m2

t , D5 = (k1 + p2)
2 −m2

t , D6 = (k1 − k2)
2 −m2

t ,

D7 = (k1 + k2)
2 −m2

t .

D7

k1 k2

k1 k1 = −D1 +
1
2D6 +

1
2D7 +m2

t −m2
b , k2 k2 = D1 +m2

b ,

k1 p1 = −1
2D4 +

1
4D6 +

1
4D7 − 1

2D1, k2 p1 =
1
2D1 − 1

2D2 +m2
b ,

k1 p2 =
1
2D5 − 1

4D6 − 1
4D7 +

1
2D1, k2 p2 = −1

2D1 +
1
2D3 −m2

b ,

k1 k2 =
1
4D7 − 1

4D6.

J(n1, . . . , n7) =

∫
ddk1
(2π)d

ddk2
(2π)d

1

Dn1
1 . . . Dn7

7

.



J(0, 0, 0, 1, 0, 1, 0), J(1, 0, 0, 1, 0, 0, 0), J(0, 0, 1, 1, 0, 1, 0), J(0, 0, 2, 1, 0, 1, 0),

J(0, 0, 1, 2, 0, 1, 0), J(0, 0, 0, 1, 1, 1, 0), J(0, 1, 1, 1, 0, 0, 0), J(2, 0, 0, 0, 1, 1, 0),

J(1, 0, 0, 1, 0, 1, 0), J(2, 0, 0, 1, 0, 1, 0), J(1, 0, 0, 1, 1, 0, 0), J(0, 1, 1, 1, 1, 0, 0),

J(1, 0, 0, 1, 1, 1, 0), J(2, 0, 0, 1, 1, 1, 0), J(1, 0, 0, 1, 1, 2, 0), J(1, 0, 0, 2, 1, 1, 0),

J(1, 0, 1, 1, 0, 1, 0), J(2, 0, 1, 1, 0, 1, 0), J(1, 0, 1, 2, 0, 1, 0), J(1, 1, 1, 1, 0, 0, 0),

J(0, 1, 1, 1, 1, 1, 0), J(1, 1, 1, 1, 1, 0, 0), J(1, 1, 1, 1, 1, 1, 0).

mt → ∞

ρ

ρ ρ

mb

s mt ρ

mt → ∞ mb s

ρ

mt → ρ0mt, mb → ρmb, s → ρ2s.

ρ xi → ρκixi

ρ

xi → xixj

x1 → x1x2



∫ ∞

0
dx1dx2 x1(x1 + x2)

α(1 + x2)
β =

∫ ∞

0
dx1dx2 x1(1 + x1)

αxα+2
2 (1 + x2)

β

=
Γ(−α− 2)Γ(α+ 3)Γ(−α− β − 3)

Γ(−α)Γ(−β)
.

J(1, 1, 1, 1, 1, 1, 0)

J(1, 1, 1, 1, 1, 1, 0) = −πdΓ(6− d)∫ ∏
dxi (x1x4 + x2x4 + x3x4 + x6x4 + x1x5 + x2x5 + x3x5 + x1x6 + x2x6 + x3x6 + x5x6)

6− 3d
2

×
(
x21x4m

2
b + x21x5m

2
b + x21x6m

2
b + x1x

2
4m

2
t + x2x

2
4m

2
t + x3x

2
4m

2
t + x1x

2
5m

2
t + x2x

2
5m

2
t + x3x

2
5m

2
t

+x1x
2
6m

2
t + x2x

2
6m

2
t + x3x

2
6m

2
t + x4x

2
6m

2
t + x5x

2
6m

2
t + 2x1x4x5m

2
t + 2x2x4x5m

2
t + 2x3x4x5m

2
t

+x24x6m
2
t + x25x6m

2
t + 2x1x4x6m

2
t + 2x2x4x6m

2
t + 2x3x4x6m

2
t + 2x1x5x6m

2
t + 2x2x5x6m

2
t

+2x3x5x6m
2
t + 2x4x5x6m

2
t − sx2x3x4 − sx2x3x5 − sx1x4x5 − sx2x4x5 − sx3x4x5

−sx2x3x6 − sx3x4x6 − sx2x5x6 − sx4x5x6)
d−6 ,

xi Di

xi → ρ0xi

ρ s mb

J(1, 1, 1, 1, 1, 1, 0)
∣∣ =

∞∑
n=0

mn
b

k
(n)∑

k=k
(n)

(
s

m2
b

)k ∫ 6∏
i=1

dxiJ
(nk)
h (xi;mt)

J
(00)
h

J
(00)
h = −πdΓ(6− d)m

2(d−6)
t δ

(∑
i∈ν

xi − 1

)
(x4 + x5 + x6)

d−6

(x3x4 + x6x4 + x3x5 + x3x6 + x5x6 + x1 (x4 + x5 + x6) + x2 (x4 + x5 + x6))
−d/2 .

ν = {1} x4 → x4x6 x5 →



J(1, 1, 1, 1, 1, 1, 0)
∣∣ =

J(1, 1, 1, 1, 1, 1, 0)

x5x6 x6 x6
∫
dx6 x

a1
6 (b1 + b2x6)

a2

x2 x3

∫ ∏
dxiJ

(00)
h = −16πdm

2(d−6)
t Γ(6− d)

∫ ∏
dxi

(x4 + x5)
3− d

2 (x4 + x5 + 1)d−9

(d− 6)(d− 4)(d− 2) (x2 + x3 + 1)3

= −8πdm
2(d−6)
t Γ(6− d)

∫ ∏
dxi

(x4 + x5)
3− d

2 (x4 + x5 + 1)d−9

(d− 6)(d− 4)(d− 2)

x5

x4 → x4x5 x5

x4

∫ ∏
dxiJ

(00)
h = −8πdm

2(d−6)
t Γ(6− d)

(x4 + 1)3−
d
2 x

4− d
2

5 ((x4 + 1)x5 + 1)d−9

(d− 6)(d− 4)(d− 2)

= 2d−8πd+ 1
2m

2(d−6)
t

Γ(6− d)Γ
(
1− d

2

)
Γ
(
9
2 − d

2

) ∫
dx4

1

(x4 + 1)2

=
2d−8πd+ 1

2Γ(6− d)Γ
(
1− d

2

)
m

2(d−6)
t

Γ
(
9
2 − d

2

)

x1 → ρ2x1 x4 → ρ0x4

x2 → ρ2x2 x5 → ρ0x5

x3 → ρ2x3 x6 → ρ0x6

x1 . . . x3

x4 . . . x6

J(1, 1, 1, 1, 1, 1, 0)
∣∣



ρ J(1, 1, 1, 1, 1, 1, 0)

J(1, 1, 1, 1, 1, 1, 0)
∣∣ =

∞∑
n=n

mn
b

∫ 6∏
i

J (n)
s (xi;mt, s/m

2
b),

J
(n)
s s 4m2

b

J
(−2)
s mb → 0

∫ ∏
dxiJ

(−2)
s = πdm

2(d−7)
t Γ(7− d)

∫ ∏
dxiδ

(∑
i∈ν

xi − 1

)
(x4 + x5 + x6)

d−7

((x2 + x3 + 1) (x4 + x5) + (x2 + x3 + x4 + x5 + 1)x6)
− d

2
−1 [m2

b (x4 + x5 + x6)

−s (x4 (x3x6 + x5 (x3 + x6 + 1)) + x2 (x5 (x4 + x6) + x3 (x4 + x5 + x6)))]

x2, x3

∫ ∏
dxiJ

(−2)
s = −1

2π
d (mbmt)

d−6 Γ
(
3− d

2

)2 ∫
dx2dx3 (1 + x2 + x3)

3−d (1 + rx2x3)
d
2
−3

= −1
2π

d (mbmt)
d−6 Γ

(
3− d

2

)2
(r),

mt → ∞
J(1, 1, 1, 1, 1, 1, 0)

mt → ∞

ρ

J(1, 1, 1, 1, 1, 1, 0) J
(0)
s



x2 x3

J
(0)
s = − 1

48π
dmd−4

b md−8
t Γ

(
2− d

2

)
Γ
(
4− d

2

) ∫
dx1dx2 (x2 + x3 + 1)−d−1 (rx2x3 + 1)

d
2
−3

[d (r (x2 (2x2 + 3) + (x3 + 1) (2x3 + 1))− 4)

−4r
(
2x22 + (2x3 + 3)x2 + x3 (2x3 + 3)

)
− 4r + 8

]
(r) ε = (4 − d)/2

H → bb̄

O
(
α2
syt (mb/mt)

)

A =
∑
i

Ai(mt,mb, s)

⎛
⎝ ni∑

n=ni

(
mb

mt

)n k ,i
n∑

k=k ,i
n

(
s

m2
b

)k

fnk
i (mt,mb, s)

⎞
⎠ ,

Ai fnk
i

mb s i A mb s

Ai

A

log 4π γ

αs = μ2εS−1
ε αR

s , v = μ−εvR.

H → bb̄ O
(
yRt α

R
s
2 (mb/mt)

)

A = iyRt
(
αR
s

)2
CACF

(
mb

mt

)
m2

b

36
√
2π2

(2r+ 1)

r(r+ 1)

(
6G(0,−1, r) + 6G(0, 0, r)

−6G(−1,−1, r)− 6G(−1, 0, r) + 36 (2r+ 1) log

(
mb

mt

)
− 78r+ 4π2 − 39

)
.



mb/mt

O(mb/mt)

O
(
yRt α

R
s
2(mb/mt)

)
H → bb̄

ΔF

iyRt

(
αR
s

π

)2(
mb

mt

)
CAm

2
b

(2r+ 1)2

r(r+ 1)

⎛
⎝6CF log

(
m2

t
μ2

)
+ 5CF + 12ΔF

12
√
2

⎞
⎠ .

μ ΔF

ΔF (μ) = −CF

12

(
5 + 6 log

(
m2

t

μ2

))
,

1/mt

Cy(μ) = yRb − yRt

(
αR
s

π

)2(
mb

mt

)
CF

12

(
5 + 6 log

(
m2

t

μ2

))
.
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κ κ

κ

κ

κ



tt̄ tt̄H

L = L +
∞∑
i=1

Ni∑
j=0

c
(i)
j

Λi
O

(i)
j ,

O
(i)
j 4 + i Λ

c
(i)
j

1/Λn

1/Λ2

1/Λ

Ci =
ci
Λ2

.



O1 O2 O3

O1 O2 O3

O1 = Q̄LφtR(φ
†φ− v2

2
) + ,

O2 = g2sG
a
μνG

μν
a (φ†φ− v2

2
) + ,

O3 = gsQ̄LTaσ
μνtRG

a
μνφ+ ,

σμν = i [γμ, γν ] /
√
2

αs

O2

O1 O2 O3

O3 C2

CB
2 � CR

3

δZ23

ε
,

M



M = C1 × +C3 × +C2 ×

+δ
Z23

ε
C3 ×

gg → H

A(p1, σ1, c1, p2, σ2, c2) = εμ(p1, σ1)εν(p1, σ1)Aμν
c1c2

= εμ(p1, σ1)εν(p1, σ1)δc1c2T
μνM,

ε pi σi

ci Tμν = (p1 p2g
μν − pν1p

μ
2 )

s = (p1 + p2)
2 = 2p1 p2

mH = 125 GeV s

s < 0 m2
t > 0

ε = (4− d)/2 d

M Pc1c2
μν

A

Pc1c2
μν =

2

s2(1− ε)
Tμν δc1c2

N2
c − 1

.

MB

MB(s,mB
t ) =

αB
s

π
μ−2εSε

(
1

vB
MB + CB

1

(
vB
)2

MB
1 + CB

2 vBMB
2 + CB

3 MB
3

)

+

(
αB
s

π
μ−2εSε

)2(
1

vB
MB + CB

1

(
vB
)2

MB
1 + CB

2 vBMB
2 + CB

3 MB
3

)
,

αB
s mB

t vB d

CB
i

Sε = exp (−εγ) (4π)ε γ μ



O1 t̄tH iC1
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√
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G(0, x) + 2xG(0, 0, x)− (x− 1)2

((
2 log

(
μ2

m2
t

)
+ 1
)))

(x− 1)2

O3

O2 C2

O2

MB
2 = −32iπ2.

CB
2 CR

3 δZ23/ε

δZ23 =
mt

8
√
2π2v

,

O
(
α2
s

)
O1 O3

O2

M Mi

O2



MB
2

j(n1, n2, n3) = S−1
ε μ2ε

∫
ddk1
(2π)d

1

(k21)
n1((k1 − p1)

2)n2((k1 + p2)
2)n3

MB
2 j

j(0, 1, 1)

j(0, 1, 1) MB
2

MB
2 = 16iπ2

[
3

ε2
+

1

ε

(
3G(0, x)− 6G(1, x) +

β0
2

+ 3 log

(
μ2

m2
t

))
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+
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mt = 173 GeV , mh = 125 GeV , mZ = 91.1876 GeV ,

α−1
EW = 127.9 , GF = 1.16637× 10−5 GeV−2 .
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−25.0%−1.5% −4.615+24.8%+1.9%

−20.0%−1.6%

σ2 2630+34.0%+1.5%
−25.0%−1.5% 4080+23.9%+1.9%

−19.6%−1.6%

σ3 50.2+34.0%+1.5%
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)

O
(
α2
syt
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Hbb̄



A
ΔΦ

ΔΦ

G( 1x , 1;x)

G

(
1

x
, 1;x

)
= G(−1, 1;x)−G(0,−1;x)−G(0, 1;x) +G(1,−1;x) +G(1, 1;x).

ΔΦ

ΔΦ

(
G

(
1

x
, 1;x

))
= 1⊗G(−1, 1;x)− 1⊗G(0,−1;x)− 1⊗G(0, 1;x) + 1⊗G(1,−1;x)

+ 1⊗G(1, 1;x) +G(−1;x)⊗G(1;x) +G(1;x)⊗G(1;x) +G(−1, 1;x)⊗ 1

−G(0,−1;x)⊗ 1−G(0, 1;x)⊗ 1 +G(1,−1;x)⊗ 1 +G(1, 1;x)⊗ 1,

ΔΦ

(
G(−1, 1;x)−G(0,−1;x)−G(0, 1;x) +G(1,−1;x) +G(1, 1;x)

)
= 1⊗G(−1, 1;x)

− 1⊗G(0,−1;x)− 1⊗G(0, 1;x) + 1⊗G(1,−1;x) + 1⊗G(1, 1;x)

+G(−1;x)⊗G(1;x) +G(1;x)⊗G(−1;x) +G(1;x)⊗G(1;x) +G(−1, 1;x)⊗ 1

−G(0,−1;x)⊗ 1−G(0, 1;x)⊗ 1 +G(1,−1;x)⊗ 1 +G(1, 1;x)⊗ 1,



ΔΦ

(
G

(
1

x
, 1;x

))
−ΔΦ

(
G(−1, 1;x)−G(0,−1;x)−G(0, 1;x) +G(1,−1;x) +G(1, 1;x)

)
= −G(1;x)⊗G(−1;x).



B



I(n1, . . . , nN )

I(n1, . . . , nN )

ki

ki → Aj
ikj + ckpk,

pk Aj
i ck {0,±1} | (A)| = 1

αDn1
1 . . . DnN

N

I(n1, . . . , nN )



C
H → bb̄

J(n1, . . . , n7) = (4π)−2εe2εγ
∫

ddk1
(2π)d

ddk2
(2π)d

1

Dn1
1 . . . Dn7

7

,

D1 = k22 −m2
b , D2 = (k2 − p1)

2, D3 = (k2 + p2)
2,

D4 = (k1 − p1)
2 −m2

t , D5 = (k1 + p2)
2 −m2

t , D6 = (k1 − k2)
2 −m2

t ,

D7 = (k1 + k2)
2 −m2

t .



t = m2
b/m

2
t

J(0, 0, 0, 1, 0, 1, 0) =

(
− 1

256π4

)
1

ε2
+

(
− 1

128π4

)
1

ε
− 1

1536π2
− 3

256π4

J(1, 0, 0, 1, 0, 0, 0) =
1

ε2

(
t

(
− 1

256π4

))
+

1

ε

(
t
log(t)− 2

256π4

)
+ t

(
−3 log2(t)− 12 log(t) + π2 + 18

1536π4

)

J(0, 0, 1, 1, 0, 1, 0) =

(
− 1

256π4

)
1

ε2
+

1

ε

(
t

(
− 1

1024π4r(r + 1)

)
− 3

256π4

)
+

1

9216π4r2(r + 1)2
t2 +

1

2048π4r(r + 1)
t− 1

1536π2
− 7

256π4

J(0, 0, 2, 1, 0, 1, 0) =
1

512π4

1

ε2
+

1

ε

(
t2

1

15360π4r2(r + 1)2
+ t

(
− 1

1536π4r(r + 1)

)
− 1

512π4

)

+
17

115200π4r2(r + 1)2
t2 +

1

9216π4r(r + 1)
t+

18 + π2

3072π4

J(0, 0, 1, 2, 0, 1, 0) =

(
− 1

512π4

)
1

ε2
+

(
− 1

512π4

)
1

ε
+

(
− 1

18432π4r2(r + 1)2

)
t2

+
1

1024π4r(r + 1)
t+

−6− π2

3072π4

J(0, 0, 0, 1, 1, 1, 0) =

(
− 1

256π4

)
1

ε2
+

1

ε

(
t2
(
− 1

15360π4r2(r + 1)2

)
+ t

1

1536π4r(r + 1)
− 1

256π4

)

+

(
− 1

7680π4r2(r + 1)2

)
t2 +

1

1536π4r(r + 1)
t+

−6− π2

1536π4

J(0, 1, 1, 1, 0, 0, 0) =

(
− 1

256π4

)
1

ε2
+

1

ε

− log(r(r + 1)) + log(t)− 3

256π4

+
2 log(r(r + 1)) log(t)− log2(r(r + 1))− 6 log(r(r + 1))− log2(t) + 6 log(t)− 14

512π4

J(2, 0, 0, 0, 1, 1, 0) =

(
− 1

512π4

)
1

ε2
+

1

ε

2 log(t)− 1

512π4
+ t2

6 log(t)− 5

9216π4

+
−6 log2(t)− π2 + 18

3072π4
+ t

2 log(t)− 3

1024π4

J(1, 0, 0, 1, 0, 1, 0) =
1

ε2

(
t

(
− 1

512π4

)
− 1

256π4

)
+

1

ε

(
t3
(
− 1

3072π4

)
+ t

4 log(t)− 5

1024π4
− 3

256π4

)

+ t3
10 log(t)− 21

30720π4
+ t2

6 log(t)− 11

4608π4
+ t

−12 log2(t) + 24 log(t)− 2π2 + 9

6144π4
+

−42− π2

1536π4

J(2, 0, 0, 1, 0, 1, 0) =

(
− 1

512π4

)
1

ε2
+

1

ε

2 log(t)− 1

512π4
+ t2

6 log(t)− 5

9216π4

+
−6 log2(t)− π2 + 18

3072π4
+ t

2 log(t)− 3

1024π4

J(1, 0, 0, 1, 1, 0, 0) =
1

ε2

(
t

(
− 1

256π4

))
+

1

ε

(
t3
(
− 1

15360π4r2(r + 1)2

)
+ t2

1

1536π4r(r + 1)
+ t

log(t)− 1

256π4

)

+ t3
log(t)− 2

15360π4r2(r + 1)2
+ t2

(
− log(t)− 1

1536π4r(r + 1)

)
+ t

(
−3 log2(t)− 6 log(t) + π2 + 6

1536π4

)



J(0, 1, 1, 1, 1, 0, 0) =

(
− 1

256π4

)
1

ε2
+

1

ε

(− log(r(r + 1)) + log(t)− 2

256π4

+t2
(
− 1

15360π4r2(r + 1)2

)
+ t

1

1536π4r(r + 1)

)
+ t2

− log(r(r + 1)) + log(t)− 3

15360π4r2(r + 1)2

+
2 log(r(r + 1)) log(t)− log2(r(r + 1))− 4 log(r(r + 1))− log2(t) + 4 log(t)− 8

512π4

+ t
log(r(r + 1))− log(t) + 2

1536π4r(r + 1)

J(1, 0, 0, 1, 1, 1, 0) =

(
− 1

512π4

)
1

ε2
+

1

ε

(
t2
(
− 1

15360π4r2(r + 1)2

)
+ t

1

1536π4r(r + 1)

+t3
30r4 + 60r3 + 23r2 − 7r + 2

92160π4r2(r + 1)2
− 1

512π4

)
+ t

18r2 − 12(r + 1) log(t)r + 18r − 1

6144π4r(r + 1)

+ t3
78r4 + 156r3 + 61r2 − 17r −

(
30r4 + 60r3 + 23r2 − 7r + 2

)
log(t) + 5

92160π4r2(r + 1)2

+ t2
300r4 + 600r3 + 215r2 − 90

(
4r3 + 8r2 + 3r − 1

)
log(t)r − 85r − 43

552960π4r2(r + 1)2
− 1

3072π2
− 1

512π4

J(2, 0, 0, 1, 1, 1, 0) = t

(
−
(
6r2 + 6r − 1

)
(2 log(t)− 1)

12288π4r(r + 1)

)

+ t2

(
−
(
30r4 + 60r3 + 25r2 − 5r + 1

)
(3 log(t)− 1)

138240π4r2(r + 1)2

)
− log(t)

512π4
+

1

512π4

J(1, 0, 0, 1, 1, 2, 0) =
1

ε

(
t3
(
−90r4 + 180r3 + 77r2 − 13r + 2

215040π4r2(r + 1)2

))
+ t

(
−2r2 − 12(r + 1) log(t)r + 2r + 5

18432π4r(r + 1)

)

+ t3

(
−792r4 + 1584r3 + 686r2 − 106r − 3

(
90r4 + 180r3 + 77r2 − 13r + 2

)
log(t) + 17

645120π4r2(r + 1)2

)

+ t2

(
−168r4 + 336r3 + 172r2 − 90

(
8r3 + 16r2 + 7r − 1

)
log(t)r + 4r − 47

1382400π4r2(r + 1)2

)
+

1

256π4

J(1, 0, 0, 2, 1, 1, 0) =
1

ε

(
t2

1

15360π4r2(r + 1)2
+ t

(
− 1

3072π4r(r + 1)

)

+t3
(
−10r4 + 20r3 + 7r2 − 3r + 1

35840π4r2(r + 1)2

)
+

1

512π4

)
+ t

3r(r + 1) log(t)− 2
(
r2 + r + 1

)
4608π4r(r + 1)

+ t3

(
−176r4 + 352r3 + 126r2 − 50r − 6

(
10r4 + 20r3 + 7r2 − 3r + 1

)
log(t) + 17

215040π4r2(r + 1)2

)

+ t2
−36r4 − 72r3 − 19r2 + 30

(
3r3 + 6r2 + 2r − 1

)
log(t)r + 17r + 29

230400π4r2(r + 1)2

J(1, 0, 1, 1, 0, 1, 0) =

(
− 1

512π4

)
1

ε2
+

1

ε

(
log(t)

256π4
− 5

512π4

)
+ t

−26r2 − 26r + 6
(
2r2 + 2r − 1

)
log(t) + 19

18432π4r(r + 1)

+ t2

(
−37r4 + 74r3 + 23r2 − 14r − 5

(
6r4 + 12r3 + 4r2 − 2r + 1

)
log(t) + 12

230400π4r2(r + 1)2

)

− log2(t)

512π4
+

log(t)

128π4
− 1

3072π2
− 5

512π4



J(2, 0, 1, 1, 0, 1, 0) =
1

ε2

(
1

t

(
− 1

512π4

))

+
1

ε

(
t

(
− 1

30720π4r2(r + 1)2

)
+ t2

10r4 + 20r3 + 7r2 − 3r + 1

107520π4r2(r + 1)2
+

1

t

log(t)

512π4
+

1

3072π4r(r + 1)

)

+
3110r4 + 6220r3 + 1967r2 − 1143r + 486

22579200π4r2(r + 1)2
t2

+ t

(
−81r4 + 162r3 + 49r2 − 32r − 15

(
6r4 + 12r3 + 4r2 − 2r + 1

)
log(t) + 60

460800π4r2(r + 1)2

)

− log(t)

3072π4r(r + 1)
+

1

1536π4r(r + 1)
+

1

t

(
−3 log2(t) + π2

3072π4

)
log(t)

1536π4
− 5

4608π4

J(1, 0, 1, 2, 0, 1, 0) = t
14r2 + 14r − 6

(
2r2 + 2r − 1

)
log(t)− 13

36864π4r(r + 1)

+ t2
44r4 + 88r3 + 26r2 − 18r − 10

(
6r4 + 12r3 + 4r2 − 2r + 1

)
log(t) + 19

460800π4r2(r + 1)2

− log(t)

512π4
+

3

512π4

J(1, 1, 1, 1, 0, 0, 0) =
1

ε

(
1

t

r(r + 1)
(
−3G(−1,−1, r)− 3G(−1, 0, r) + 3G(0,−1, r) + 3G(0, 0, r) + 2π2

)
768π4(2r + 1)

)

+
1

t

1

1536π4(2r + 1)

(
r(r + 1)

(
π2G(−1, r) + 8π2G

(
−1

2
, r

)
− π2G(0, r)− 6G(−1,−1, r)− 6G(−1, 0, r)

+6G(0,−1, r) + 6G(0, 0, r)− 6G(−1,−1,−1, r)− 6G(−1,−1, 0, r)− 6G(−1, 0,−1, r)− 6G(−1, 0, 0, r)

−12G

(
−1

2
,−1,−1, r

)
− 12G

(
−1

2
,−1, 0, r

)
+ 12G

(
−1

2
, 0,−1, r

)
+ 12G

(
−1

2
, 0, 0, r

)
+6G(0,−1,−1, r) + 6G(0,−1, 0, r) + 6G(0, 0,−1, r) + 6G(0, 0, 0, r) + 6G(−1,−1, r) log(t)

+6G(−1, 0, r) log(t)− 6G(0,−1, r) log(t)− 6G(0, 0, r) log(t)− 4π2 log(t) + 30ζ(3) + 4π2
))

J(0, 1, 1, 1, 1, 1, 0) = t2
log(r(r + 1))− log(t) + 1

46080π4r2(r + 1)2
+ t

−2 log(r(r + 1)) + 2 log(t)− 3

12288π4r(r + 1)

+
log(r(r + 1))

512π4
− log(t)

512π4
+

3

512π4



J(1, 1, 1, 1, 1, 0, 0) =
1

ε

(
1

t

r(r + 1)
(
−3G(−1,−1, r)− 3G(−1, 0, r) + 3G(0,−1, r) + 3G(0, 0, r) + 2π2

)
768π4(2r + 1)

)

+
1

t

1

1536π4(2r + 1)

(
r(r + 1)

(
π2G(−1, r) + 8π2G

(
−1

2
, r

)
− π2G(0, r)

−6G(−1,−1,−1, r)− 6G(−1,−1, 0, r)− 6G(−1, 0,−1, r)− 6G(−1, 0, 0, r)− 12G

(
−1

2
,−1,−1, r

)

−12G

(
−1

2
,−1, 0, r

)
+ 12G

(
−1

2
, 0,−1, r

)
+ 12G

(
−1

2
, 0, 0, r

)
+ 6G(0,−1,−1, r)

+6G(0,−1, 0, r) + 6G(0, 0,−1, r) + 6G(0, 0, 0, r) + 6G(−1,−1, r) log(t)

+6G(−1, 0, r) log(t)− 6G(0,−1, r) log(t)− 6G(0, 0, r) log(t)− 4π2 log(t) + 30ζ(3)
))

+ t
−3G(−1,−1, r)− 3G(−1, 0, r) + 3G(0,−1, r) + 3G(0, 0, r) + 2π2

46080π4r(r + 1)(2r + 1)

+
rG(−1,−1, r)

1536π4(r + 1)(2r + 1)
+

rG(−1, 0, r)

1536π4(r + 1)(2r + 1)
− rG(0,−1, r)

1536π4(r + 1)(2r + 1)

− rG(0, 0, r)

1536π4(r + 1)(2r + 1)
+

G(−1,−1, r)

1536π4(r + 1)(2r + 1)

+
G(−1, 0, r)

1536π4(r + 1)(2r + 1)
− G(0,−1, r)

1536π4(r + 1)(2r + 1)
− G(0, 0, r)

1536π4(r + 1)(2r + 1)

− r

2304π2(r + 1)(2r + 1)
− 1

2304π2(r + 1)(2r + 1)

J(1, 1, 1, 1, 1, 1, 0) =
1

ε

(
t

(
− r2 + r − 1

15360π4r(r + 1)

))

+
1

t

(
−r(r + 1)

(
−3G(−1,−1, r)− 3G(−1, 0, r) + 3G(0,−1, r) + 3G(0, 0, r) + 2π2

)
1536π4(2r + 1)

)

− G(−1,−1, r)

6144π4(2r + 1)
− G(−1, 0, r)

6144π4(2r + 1)
+

G(0,−1, r)

6144π4(2r + 1)
+

G(0, 0, r)

6144π4(2r + 1)

+
−86r2 − 86r + 91

921600π4r(r + 1)
t− r log(t)

1536π4(2r + 1)
− log(t)

3072π4(2r + 1)
+

1

9216π2(2r + 1)
+

1

1152π4



D
gg → H

c =

∫
ddk1
(2πd)

ddk2
(2πd)

k1 k2

(k21 −m2
t )k

2
2

(
(p1 − k1)2 −m2

t

)
(p1 − k1 + k2)

2 −m2
t

(
(p2 + k1 − k2)2 −m2

t

)
h = int

ddk1
(2πd)

ddk2
(2πd)

k1 k2

(k21 −m2
t )(k

2
2 −m2

t )
(
(p1 − k1 + k2)2 −m2

t

)
(p2 + k1 − k2)2

k =
ddk1
(2πd)

ddk2
(2πd)

k1 k2

k22(k1 −m2
t )
(
(p1 + p2 − k1 − k2)2 −m2

t

)



s = s/mt2

T1 T1

B1

JT1(0, 0, 0, 0, 0, 1, 1), JT1(0, 0, 0, 1, 0, 1, 1), JT1(0, 0, 0, 1, 1, 1, 1), JT1(0, 0, 1, 0, 0, 1, 1),

JT1(0, 0, 1, 0, 1, 1, 1), JT1(0, 0, 2, 0, 0, 1, 1), JT1(0, 1, 0, 1, 0, 1, 1), JT1(0, 1, 0, 2, 0, 1, 1),

JT1(0, 2, 0, 1, 0, 1, 1), JT1(1, 0, 1, 0, 0, 0, 1), JT1(1, 0, 1, 1, 0, 1, 0), JT1(1, 0, 1, 1, 0, 1, 1),

, e, f , g, h, i,

j , k, , , , .

T2 T2

B2

JT2(0, 0, 1, 0, 0, 1, 0), JT2(0, 0, 1, 0, 0, 1, 1), JT2(0, 0, 1, 0, 1, 1, 1), JT2(0, 0, 1, 1, 0, 1, 0),

JT2(0, 0, 1, 1, 1, 1, 0), JT2(0, 0, 2, 0, 0, 1, 1), JT2(0, 1, 0, 1, 0, 1, 1), JT2(0, 1, 0, 2, 0, 1, 1),

JT2(0, 1, 1, 0, 1, 1, 1), JT2(0, 1, 1, 1, 0, 1, 1), JT2(0, 2, 0, 1, 0, 1, 1), JT2(0, 2, 1, 1, 0, 1, 1),

JT2(1, 0, 1, 1, 0, 1, 0), JT2(1, 0, 1, 1, 1, 1, 0),

b, c, d, f , g, h, i,

j , k, , , , , .

T3 T3

B3

J (0, 0, 0, 0, 1, 1, 0) J (0, 1, 1, 0, 1, 0, 0) J (0, 1, 1, 0, 1, 1, 0)

J (0, 2, 1, 0, 1, 0, 0) J (1, 0, 1, 0, 1, 0, 0) J (1, 0, 1, 0, 1, 0, 1)

J (1, 0, 1, 0, 2, 0, 1) J (1, 0, 1, 1, 1, 0, 1) J (1, 1, 1, 1, 1, 0, 1)

J (2, 0, 1, 0, 1, 0, 1) J (2, 0, 1, 1, 1, 0, 1) 0

a, b, c, f , g, h, i, j , k, , .



T1

JT1(0, 0, 0, 0, 0, 1, 1) =

JT1(0, 0, 0, 1, 0, 1, 1) =

JT1(0, 0, 0, 1, 1, 1, 1) =

JT1(0, 0, 1, 0, 0, 1, 1) = j

JT1(0, 0, 1, 0, 1, 1, 1) = f

JT1(0, 0, 2, 0, 0, 1, 1) = j
((−7s2+14s−16)d2+(37s2−74s+88)d−24(2s2−4s+5))

(d−4)(s−4)2s

+ k
24(d2−5d+6)(s−1)

(d−4)(s−4)2s
+ (d−2)(−22s+d(7s−4)+16)

(d−4)(s−4)2s

JT1(0, 1, 0, 1, 0, 1, 1) = g

JT1(0, 1, 0, 2, 0, 1, 1) = − (−4s+d(s+2)−6)(d−2)2

4(d−3)(2d−7)(s−4)s

+ g
((s2−2s+4)d2+(−7s2+15s−24)d+4(3s2−7s+9))

(2d−7)(s−4)s

− h
(3d−8)(−4s+d(s+2)−6)

(2d−7)(s−4)s − i
2(s−2)

(2d−7)(s−4)

+ (d−3)(3sd+2d−10s−8)
2(2d−7)(s−4)s

JT1(0, 2, 0, 1, 0, 1, 1) = g
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