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Introduction

1 Contexte

Les modeles d’interaction-fluide permettent de décrire divers phénomeénes physiques comme
I’écoulement d’air autour d’une aile d’avion ou d’un pont, le déplacement d’un poisson dans
I’eau, ’écoulement sanguin dans les artéres, etc. Plus généralement, les modeles d’interaction
fluide-structure décrivent ’écoulement d’un fluide en présence d’une structure élastique située a
I'intérieur ou a la frontiére du domaine fluide. On parle d’interaction car la force exercée par le
fluide déforme la structure et cette déformation modifie I’écoulement du fluide.

Le controéle de tels modeles est un enjeu important dans des domaines comme 1’aéronautique,
la biologie ou le génie civil car les conséquences résultantes de cette interaction peuvent étre
catastrophiques. Dans cette thése, nous nous intéressons uniquement a la stabilisation par
feedback autour d’états stationnaires instables. Pour définir cette notion de stabilisation, nous
considérons le systeme suivant :

2/ = F(z) + Bv dans (0,00), 2(0) = 20, (1.1)

ou F' est une application non-linéaire et non bornée dans un espace de Hilbert Z et B € L(V, Z)
est 'opérateur de controle. L’espace de Hilbert V est I’espace des controles. Soit zs une solution
stationnaire du systéme non-linéaire, i.e. une fonction vérifiant

F(zs) =0.

Définition 1 .1. Le systéme (1 .2) est stabilisable en boucle fermée, localement au voisinage de
zs, §'il existe une loi de controle K € L(Z,V) et r > 0 tels que si

l20 — 25| <7,

alors la solution z du systéme en boucle fermée

2 = F(2) + BK(z — z5) dans (0,00), 2(0) = z, (1.2)
vérifie
2(8) = 2ol < Ce 0 — 2, W20, (13)
ouT>0,C>0et|-| est une norme sur l’espace des conditions initiales.

Dans les problemes étudiés ici la stabilisation locale (ou sens de la définition 1 .1) du systéme (1
.2) se ramene a I’étude de la stabilisation du systéme linéarisé

2/ = Az + Bv dans (0,0), 2(0) = zo, (1.4)

ou (A, D(A)) est le générateur d’un semi-groupe continu sur Z. Le systéme (1 .4) est appelé
systeme de contrdle. Nous le représenterons aussi par la paire (A, B).

1
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Définition 1 .2. Le systéeme (1 .4) ou la paire (A, B) est stabilisable par feedback s’il existe une
loi de controle K € L(Z,V) tel que (A+ BK,D(A + BK)) est le générateur d’un semi-groupe
continu exponentiellement stable.

Dans cette these, nous considérons des écoulements dans des domaines de type canal, avec ou
sans obstacle, et en présence d’une structure située a la frontiere du domaine occupé par le fluide.
L’écoulement du fluide est décrit par les équations de Navier-Stokes incompressibles tandis que le
déplacement de la structure vérifie une équation de poutre avec amortissement. Nous supposons
de plus que l'on a des conditions aux limites mixtes pour le fluide. Une condition limite de type
Dirichlet est donnée en entrée du canal. Cette partie de la frontiere est notée I'; (I'indice 7 est
choisi pour inflow). En sortie du canal, nous supposons que ’écoulement vérifie une condition
limite de type Neumann et cette partie est notée I'j,. Sur la partie supérieure et inférieure du
canal, nous imposons soit des conditions de type Dirichlet (chapitre 1) soit des conditions de
type Navier (chapitres 2, 3 et 4).

Le caractere bien posé de ce type de modeles a été étudié dans [15, 25] pour 'existence de
solutions faibles et dans [8, 39, 26] pour 'existence de solutions fortes. La stabilisation autour
d’une solution nulle, par des controles agissant uniquement sur la structure, a été traitée dans
[51].

La simulation numérique de ces modeles a fait I’'objet de nombreux travaux. Deux approches
sont utilisées pour simuler ces systémes. La premiere approche dite monolithique consiste a
résoudre un systéme couplé en un seul bloc (voir par exemple [56, 30]). Dans 'autre approche dite
partitionnée, on découple le systeme pour résoudre séparément les équations du fluide et celles
de la structure puis les recoupler (voir par exemple [21]). L’approche monolithique a ’avantage
d’étre généralement stable contrairement a ’approche partitionnée qui peut donner lieu a des
instabilités numériques si le couplage n’est pas bien pris en compte. Cependant, cette derniere
est plus facile & mettre en ceuvre car on bénéficie des outils déja développés séparément pour le
fluide et la structure.

Dans le chapitre 1, nous supposons que la partie supérieure de la frontiere du canal est
occupée par une structure élastique. Le but sera de stabiliser le systeme fluide-structure, autour
d’une solution stationnaire instable de ce systéme, par soufflage-aspiration sur la partie inférieure
de la frontiere du canal.

Dans les chapitres 2, 3 et 4, un obstacle (une plaque épaisse) est située a l'entrée du canal.
L’écoulement autour de cette plaque épaisse correspond & un écoulement dans une soufflerie
autour d’un obstacle. Le domaine de calcul est ici tronqué (voir Figure 1). Dans ces trois
chapitres, nous présentons des travaux réalisés dans le cadre du projet CARPE ! du RTRA STAE
(Sciences et Techniques de L’Aéronautique et de L’Espace) auquel participent 'IMFT, le LAAS,
I'ISAE, TONERA et 'IMT. Le but de ce projet est d’étudier la stabilisation de 1’écoulement
autour d’une solution stationnaire instable par soufflage-aspiration sur les parois inférieure et
supérieure, supposées fixes, de la plaque. Ici, nous considérons le cas ou les parois horizontales de
la plaque épaisse sont des structures élastiques. Nous étudierons la stabilisation du point de vue
théorique (chapitres 2 et 3) et numérique (chapitres 2 et 4) du systéme couplé fluide-structure
par déformation de paroi. Nous avons développé un code éléments finis a partir de la librairie
getfem++ écrite en C++ pour simuler ces modeles et vérifier I'efficacité des controles construits.

2  Configuration du domaine fluide

Dans tous les chapitres, on désigne par () la configuration de référence du domaine fluide et
par {2, ;) le domaine occupé par le fluide a I'instant ¢ > 0, ou n(t) désigne le déplacement de la

"http ://www.fondation-stae.net/fr/actions,/projets-soutenus/ ?pg=3
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. C domaine de calcul

Fi1Gure 1 — Configuration dans le projet Carpe.

T,

Fb
(a) Configuration de référence du domaine fluide.

Fr/(f)
M

Fi Qn(t) Fn

Fb

(b) Configuration déformée du domaine fluide.

FIGURE 2 — Configurations du domaine fluide (chapitre 1)

structure. On notera par I's (resp. I';;)) la frontiere de  (resp. §2,;)) occupée par la structure.

2 .1 Configuration géométrique dans le chapitre 1
Dans ce chapitre, la configuration de référence du domaine fluide est

Q=(0,0) x (0,1),

ou ¢ > 0 est la longueur du domaine. La structure est localisée sur la frontiere supérieure du
domaine fluide. Nous avons donc
I's =(0,0) x {1}.

Les domaines €2 et €, ;) sont représentés sur la Figure 2.

2 .2 Configuration géométrique dans les chapitres 2, 3 et 4

Dans ces trois chapitres, la configuration de référence du domaine fluide est

Q= (0,L) x (—£,0)\ (0,£,) x (—e, +e),
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e
I
Iy
I Q Ln
I
I
Ie
(a) Configuration de référeP,ce du domaine fluide.
I
Lo
:j__\\| Qﬂ(t) F'rz
Lo
I';

Ie

(b) Configuration déformée du domaine fluide.
FIGURE 3 — Configurations du domaine fluide (chapitres 2, 3 et 4)
ou e, fs, L et £ sont strictement positifs. La structure est localisée sur les parois inférieure
Iy = (0,4s) x {—e} et supérieure '] = (0,45) x {+e} de la plaque épaisse. Nous avons donc
Iy =TI, ult.

Les domaines €2 et €, ;) sont représentés sur la Figure 3.

3 Les équations du modele fluide-structure

Dans les quatre chapitres de la these, la vitesse u = (u1,u2) et la pression p du fluide vérifient
les équations de Navier-Stokes incompressibles écrites dans la configuration déformée

up —divo(u,p) + (u - V)u = 0 dans U {t} < Qs
te(0,00)

divu = 0 dans U {t} x Q)
te(0,00)

u(0) = u dans ).
Le tenseur des contraintes o(u,p) est défini par I’expression
1 T
o) = we(w) ~pl, e(u) = 5 (Vu+ (Vu)"),
ou v est le coefficient de viscosité du fluide.

4
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Nous supposons que le déplacement n de la structure satisfait une équation d’Euler-Bernoulli
avec amortissement écrite dans la configuration de référence (en variables Lagrangiennes)

ne — BAN — yAn + aA?n = ®[u, p] + f, dans (0,00) x I,
n(0) = 77(1) dans I's, m:(0) = ng dans T,
n=0 sur (0,00) x s, n, =0 sur (0,00) x .

Les coefficients a > 0, 8 > 0 and ~y > 0 sont respectivement la rigidité, I’étirement et ’amortisse-
ment de la structure. La quantité ®[u, p] représente I’action du fluide sur la structure et elle est
définie par

@[u,p] = —U(U,p)’rnm Ny(t) - €2,

ot 1,y est la normale unitaire a I', ;) extérieure a €2, et e2 = (0,1). La quantité f, représente
I’ensemble des autres forces qui s’exercent sur la structure.

Nous allons compléter les équations du fluide par les conditions aux limites. A l'interface fluide-
structure, nous avons 1’égalité des vitesses du fluide et de déplacement de la structure

u = ney sur U {t} x Ty
te(0,00)

Dans la configuration du chapitre 1, cette équation signifie
u(t,z, 1+ n(t,x)) = n(t,z) sur (0,00) x L.

Dans les 2, 3 et 4, il faut modifier cette condition en fonction de la configuration du domaine.
On impose un certain profil en entrée I'; du domaine et on laisse la sortie I';, libre, i.e :

u=uwu; sur (0,00) xT; et o(u,p)n=0 sur (0,00) x Iy,

ou u; est le profil imposé (profil de Poiseuille ou approximation d’une couche limite de Blasius
par exemple). Dans le chapitre 1, on a une condition de Dirichlet homogene sur I',

u =0 sur (0,00) x I'}.
Dans les chapitres 2, 3 et 4, on impose des conditions de Navier sur I',

u-n=0 sur (0,00) xTe et e(u)n-7=0 sur (0,00) x I.

4  Quelques notations

Dans ce manuscrit, nous utiliserons les notations suivantes

Q7 = Ureoo) 1t} X Qs T3 = Ure(0.00) 11 X Doy,
QOO:(O,OO)XQ7 2202(0700) x I,
52 = (0,00) x T;, 52 = (0,00) x L.

e

50 = (0,00) x Ty, 2% = (0,00) x T'y.

5 Objectifs de la these

Nous présentons tout d’abord les objectifs des chapitres 2, 3 et 4. Les objectifs du chapitre 1
seront présentés ensuite.
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5.1 Objectifs des chapitres 2, 3 et 4

Dans le chapitre 3, nous étudions la stabilisation du systeme fluide-structure suivant
ut — divo(u,p) + (u- V)u = 0 dans Q;°,
divu =0 dans Q7°, u=meg on X7°, u=gs+hsur X,

u-n=0sur ¥, e(u)n-7=0sur X, o(u,p)n =0 sur X°,

(5.1)
Nt — BAN — yAn + A’y = —o(u,p)|r, ) Ny(t) - €2 — Ps|r €2 -n+ f sur BT,
n =0 sur (0,00) x L5, n, =0 sur (0,00) x A,
u(0) = u° dans Q9. 7(0) = 1 sur Ty, ,(0) = g sur L\,
ou (us,ps) est une solution des équations de Navier-Stokes stationnaires
—divo(us, ps) + (us - V)us = 0, divus = 0 dans 2,
divug =0 dans 2, wus=0sur 'y, wus= gssurly,
(5.2)

us-n=0sur Iy, e(us)n-7=0sur I,

o(us,ps)n =0 sur ['),.

La variable de controle f est de dimension finie n, :
ftzy) =D filhwi(z,y),
i=1

(voir Section 3.7 pour le choix des fonctions w;). Remarquons que si f = 0 et h = 0, alors
(us, ps,0) est solution stationnaire du systéme (5 .1). Dans le chapitre 2, nous étudions un
probleme similaire dans lequel I’équation d’Euler-Bernoulli pour la structure est remplacée par
un systeme de dimension finie. Pour cela, nous recherchons le déplacement 7 de la structure sous
la forme

n(tx) = S (twi(x),
=1

(voir Section 2.7 .3 sur la construction de la famille (w;)1<i<p.). Dans ce cas, le systéme fluide-
structure s’écrit

ut — divo(u,p) + (u- V)u = 0 dans Q;°,
divu =0 dans Q;°, u=meg sur 3¢, u = g5+ h sur (0,00) x I';,

u-n=0sur (0,00) xTe, e(u)n-7=0sur (0,00) x I,

5.3
o(u,p)n =0 sur (0,00) x 'y, u(0) = ug sur Q0. (5-3)
Ny +an+yn, = f,
n(0) =77, n,(0) =n3,
ottm = [nl, -, n"] est le vecteur des déplacements. Remarquons que, pour simplifier le probléme,

nous n’avons pas rajouté dans ’équation de la structure le terme correspondant a ’action du
fluide. Nous vérifions que (us, ps,0) est aussi une solution stationnaire du systeme (5 .3) avec
h=0et f =0. On sait que si le nombre de Reynolds dépasse une certaine valeur critique, la
solution stationnaire (us, ps,0) des systémes (5 .1) et (5 .3) est instable. On se placera dans ce
cas en choisissant le nombre de Reynolds Rey = <= = 200 ol u,, est la vitesse maximale a
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FIGURE 4 — Vorticité de 1’écoulement stationnaire a Reynolds 200.

FIGURE 5 — Vorticité de I’écoulement perturbé.

I'entrée, e I'épaisseur de la plaque et v est la viscosité du fluide. Dans la Figure 4, nous avons
représenté la vorticité de I’écoulement stationnaire pour ce nombre de Reynolds.

En présence d’une perturbation de la condition d’entrée (h # 0), on observe des tourbillons
de von Karman a arriere de la plaque (voir Figure 5). Notre objectif est de déterminer une loi
de controle permettant de stabiliser localement les systemes (5 .1) et (5 .3) autour de la solution
stationnaire (us, ps,0), et d’en déduire une loi de controle permettant de stabiliser les systémes
semi-discrétisés associés et satisfaisant les conditions suivantes :

1. L’algorithme de calcul de la loi de contrdle du systeéme discrétisé doit étre facile a mettre
en ceuvre numériquement. En particulier, nous devons éviter d’avoir a inverser des matrices
pleines.

2. Le systeme projeté semi-discrétisé utilisé pour calculer le contréle doit étre de petite
dimension, identique a la dimension du systéeme projeté pour le modele continu.

3. Méme si 'analyse d’erreur de discrétisation n’est pas faite dans cette these, la stratégie
mise en ceuvre doit nous permettre de faire une étude numérique de convergence. Dans les
calculs numériques menés au cours de cette these, une étude de la convergence de la partie
droite du spectre des opérateurs linéarisés et des valeurs propres associées a été faite, et un
compromis acceptable a été retenu entre précision et temps de calcul.

4. La stabilisabilité des systémes de controle, quand elle ne peut pas étre totalement garantie
pour le probléme de dimension infinie (di au fait que le systéme n’est pas linéarisé autour
de zéro et que uniquement le déplacement normal de la structure est pris en compte) doit
pouvoir étre étudiée pour le probléme semi-discrétisé.

Une telle stratégie, prenant en compte les quatre conditions listées ci-dessus, a déja été mise
en ceuvre pour la stabilisation des équations de Navier-Stokes dans [1]. Nous allons voir que
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sa mise en ceuvre pour des problemes fluide-structure, tels que ceux étudiés dans cette these,
souleve des difficultés nouvelles. Cela nous a conduit a étudier deux stratégies différentes pour les
modeles des chapitres 2 et 3. Nous avons souhaité étudier le modele du chapitre 2, car étant plus
simple que celui du chapitre 3, nous pensions que, d’'un point de vue théorique et numérique,
la stabilisation du systéme (5 .3) serait plus simple et plus efficace que celle du systéeme (5 .1).
L’étude de la stabilisation de ces deux systémes consiste en différentes étapes listées ci-dessous.

Etape 1 : Réécriture en domaine fixe et linéarisation

On réécrit les systemes (5 .1) et (5 .3) dans la configuration de référence, en effectuant un
changement de variables. Puis, nous linéarisons les systémes obtenus autour de la solution
stationnaire (usg, ps,0).

Etape 2 : Réécriture du systéme linéarisé sous la forme d’un systéme de controle (A+wl,B)

Nous montrons que le systéeme linéarisé se décompose en un systeme de controle couplé a une
(chapitre 2) ou deux (chapitre 3) équations algébriques. Nous prouvons que le générateur
infinitésimal A du systéme linéarisé est le générateur d’'un semi-groupe analytique a
résolvante compacte. Cela nous permet de ramener I’étude de la stabilisabilité du systeme
de contrdle a un probléme de continuation unique pour les fonctions propres du systéme
adjoint.

Etape 3 : Construction de la loi de controle

Pour construire la loi de contrdle, nous écrivons le systeme de contréle projeté sur le sous
espace instable. La loi de contréle du systéme projeté (de dimension finie) s’obtient par
résolution d’une équation de Riccati de méme dimension que celle de ’espace instable.

Etape 4 : Stabilisation du systéme non-linéaire

La loi de contrdle construite dans I’étape 3 permet de stabiliser le systéme linéarisé de
dimension finie, puis le systeme linéarisé non-homogéne. Nous démontrons enfin que cette
loi stabilise localement le systeme non-linéaire initial.

Ce programme a été mise en ceuvre dans les chapitres 2 et 3, mais nous avons suivi une approche
différente au niveau de I’étape 2. La réécriture des systeémes linéarisés associés a (5 .1) et (5 .3)
sous la forme d’un systéme de controle repose sur I’élimination de la pression pour obtenir une
équation d’évolution. L’élimination de la pression peut s’obtenir de deux manieres différentes.
Une maniere consiste a utiliser le projecteur de Leray pour les équations de Navier-Stokes, et a
exprimer la pression en fonction de la vitesse de I’écoulement et du déplacement de la structure
dans I’équation de la structure. Cette approche a été utilisée dans [51] et c’est elle que nous
mettons en ceuvre dans le chapitre 3. Une deuxiéme maniére d’éliminer la pression consiste a
utiliser un projecteur pour le systéeme linéarisé qui prend en compte les différents couplages.
C’est Papproche suivie dans [5] et nous 'avons utilisée dans le chapitre 2. Pour le systéme
fluide-structure étudié dans [5], le projecteur permettant d’éliminer la pression est un projecteur
orthogonal. Dans notre cas, la linéarisation étant effectuée au voisinage d’une solution (us, ps, 0)
non nulle, nous n’avons pas les mémes couplages fluide-structure pour les systemes direct et
adjoint. Ainsi, nous sommes conduits & introduire un projecteur oblique II. L’approche du
chapitre 2 n’aurait pas pu étre faite pour le modele du chapitre 3, car 'analyticité du semi-groupe
(etA)tZO dans le chapitre 2 repose essentiellement sur le fait que I’équation de la structure est
de dimension finie. L’approche consistant a utiliser le projecteur de Leray peut s’appliquer au
cas d’une équation de structure de dimension finie ou infinie. Cependant, il est plus difficile de
montrer que la loi de contrdle ne dépend pas du projecteur. Dans le cas ou le projecteur conserve
les couplages fluide-structure, les calculs sont beaucoup plus simples (& I'exception du calcul de
l’adjoint de 'opérateur du systeme linéarisé, dont la caractérisation s’avere délicate).
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Mise en ceuvre des ces approches pour les systémes semi-discrétisés

Les deux approches mentionnées ci-dessus ont été adaptées aux systémes semi-discrétisés associés
(chapitre 4 et Sections 2.8 &4 2.11 du chapitre 2). Les différentes étapes a mettre en ceuvre pour
les systemes discrétisés sont les suivantes.

Etape 5 : Approzimations semi-discrétes

La discrétisation des systémes linéarisés de dimension finie par la méthode des éléments
finis conduit & des systémes semi-discrétisés, de type algébrico-différentiels de dimension
finie. Dans ces systemes, la matrice de rigidité Ay, est du type

-~

A Ay
A{n,, 0

La matrice A correspond a I'’équation différentielle du systéme, la matrice A,y correspond
a I’équation algébrique du systéme, et la matrice Avng correspond & la prise en compte des
multiplicateurs de Lagrange dans le systeme différentiel. Le systéme n’est pas standard
dans la mesure ou /ng # Avno-

Etape 6 : Réécriture des systémes discrétisés

Gréace a 'approximation du projecteur de Leray et du projecteur oblique II, nous découplons
les systémes discrétisés en un systéme de controle (A, B) couplé a des équations algébriques.

Etape 7 : Problémes auz valeurs propres et systéme projeté

La construction de la loi de contrdle permettant de stabiliser le systéme de controle (A, B)
repose la décomposition spectrale de I'opérateur A. Malheureusement, il est difficile de
calculer numériquement A car cela nécessite d’inverser des matrices de grande taille. Pour
surmonter cette difficulté, nous montrons que le probleme aux valeurs propres associé a A
est équivalent au celui associé a Ay, et ce dernier est facile a résoudre numériquement.

Etape 8 : Loi de controle

D’abord, on projette le systeme de contréle sur le sous espace instable. Grace aux liens entre
les problemes aux valeurs propres associés a A et Ay, nous prouvons que la détermination
du systéme projeté sur le sous espace instable ne dépend pas du projecteur utilisé pour
éliminer la pression. La loi de controle du systéme projeté est obtenue en résolvant une
équation de Riccati de petite dimension. A partir de cette loi, nous construisons une loi
de controle toujours indépendante du projecteur et permettant de stabiliser le systeme
linéarisé discrétisé. Grace a des tests numériques, nous montrons que la loi de controle ainsi
construite permet de stabiliser le systéme non-linéaire discrétisé.

L’approche du chapitre 2 consistant a utiliser une projection oblique permet de lever la difficulté
liée au fait que A\vng # Auno. L’approche du chapitre 3, moins adaptée a ce type de probleme et a
la justification de ’étape 4, s’aveére beaucoup plus délicate. En effet, nous devons montrer que la
construction du systéme projeté ne fait intervenir ni le projecteur de Leray, ni le projecteur oblique
(car non calculable numériquement) mais fait intervenir uniquement des produits matriciels
faciles a mettre en ceuvre.

5.2 Objectifs du chapitre 1

Nous présentons maintenant le chapitre 1 dans lequel nous avons étudié (uniquement d’un point
d’un point de vue théorique) la stabilisation d’un modele d’interaction fluide-structure par un
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anjt)

/1]

F1GURE 6 — Configuration déformée du domaine fluide.

controle agissant sur les conditions limites du fluide (voir Figure 6). La configuration géométrique
retenue ici est simple (voir Figure 2). Mais la stratégie développée peut étre appliquée pour
des géométries plus complexes telles celles étudiées numériquement dans [63]. Les applications
potentielles des résultats obtenus de ce chapitre sont donc également importantes. Le systeme
considéré ici est le suivant

ut — divo(u,p) + (u- V)u = 0 dans Q;°,

divu =0 dans Q7°, u = neg sur X7°,

u=gsur X°, wu=u;sur °, o(u,p)n =0 sur X3°,

it — BAN = yAn 4+ ald®*n = =0 (u, p)|r, My - €2 — Ps sur B,
n =0 sur (0,00) x 9, n, =0 sur (0,00) x s,

u(0) = u° dans Q0 n(0) =7 sur T, m(0) =79 sur Ts.

La variable de controle g est sous la forme
Nec
i=1

ou les fonctions w; sont localisées sur une zone de contrdle I'. C I'y (voir Section 1.6 .4 pour
les détails sur leur construction). La stabilisation du systéme couplé au voisinage de zéro, par
un controéle agissant uniquement sur I’équation de la structure élastique, a été étudié dans [51].
Notre probleme semble tres proche de celui traité dans [51] dans le cas de conditions de Dirichlet.
Le fait de considérer la stabilisation, par un controle frontiére localisé ailleurs que sur la structure,
autour d’une solution stationnaire non nulle, et avec des conditions mixtes Dirichlet/Neumann
pour les équations de Navier-Stokes, introduit des difficultés supplémentaires. Tout d’abord,
a cause des conditions mixtes, les solutions des équations du fluide sont moins régulieres. En
particulier, cela rend plus difficile la caractérisation de la pression en fonction de la vitesse du
fluide et du déplacement de la structure. Une autre difficulté est que la réécriture du systeme
couplé sous la forme d’un systeme de controle fait apparaitre la dérivée du controle dans les
équations de la structure. Nous la surmontons en considérant un systéme étendu avec le controle
comme 1'une des variables de ce systeme.

6 Résultats obtenus

Dans le chapitre 1, nous avons montré la stabilisation locale du systeme (5 .4) autour d’une
solution stationnaire instable (us, ps,0) par des controles de dimension finie. De plus le vecteur
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de contrdle g = (g1, - , gn,) est obtenu en résolvant I’équation différentielle ordinaire
g,(t) = Ag(t) + K:w(ewt(Pu © 7;?151) — Us, 1], 7715))

ol w > 0 est le taux de décroissance exponentielle recherché, P est le projecteur de Leray, T, )
est changement de variable qui transforme le domaine €,y en Q (voir (1.3 .2)). L’opérateur K,
est une loi de contrdle obtenue en résolvant une équation de Riccati.

Dans la premiere partie du chapitre 2, nous avons trouvé des lois de contrdles permettant
de stabiliser localement par feedback le systeme couplé (5 .3) autour de la solution stationnaire
(us, ps,0). Les lois de controle sont obtenues en résolvant des équations de Riccati de petite
dimension. De plus, nous montrons que les controles calculés par feedback ne font pas intervenir
le projecteur II utilisé pour réécrire le systéme linéarisé en un systeme de contrdle. Dans la
deuxieéme partie du chapitre, nous avons étudié la stabilisation d’une semi-discrétisation par
éléments finis du systéme (5 .3). En utilisant une approche similaire & celle du modéle continu,
nous déterminons des lois de controles, faciles a calculer numériquement, capables de stabiliser
le systeme semi-discrete linéarisé. Pour finir, grace a des tests numériques, nous montrons que
ces lois de controles permettent de stabiliser le systeme discrétisé associé a (5 .3) autour de la
solution stationnaire.

Dans le chapitre 3, nous obtenons des résultats de stabilisation similaires a ceux du chapitre
2, mais dans ce chapitre la structure vérifie une équation d’Euler-Bernoulli avec amortissement.

Dans le chapitre 4, nous avons montré la stabilisation par feedback de la linéarisation d’un
systéme semi-discrétisé associé (5 .1) autour d’une solution stationnaire instable en utilisant
une approche similaire & celle du chapitre 3. Les lois de controle sont obtenues en résolvant des
équations de Riccati de petite dimension. Grace a des tests numériques, nous avons montré que
ces lois de controle permettent de stabiliser une discrétisation du systeme (5 .1) autour d’une
solution stationnaire instable.

Rappelons que 'analyse conduite au chapitre 2 et celle conduite au chapitre 3 different au
niveau de I’étape 2. Les méthodes de projection sont différentes. Les projecteurs introduits au
chapitre 2 sont mieux adaptés aux systémes couplés fluide-structure mais leur utilisation (pour
lanalyse de la stabilisabilité) semble limitée au cas d’un structure décrite par une équation de
dimension finie. Nous retrouvons cette différence pour les systémes semi-discrétisés dans 1’étape
6 (réécriture des systemes linéarisés sous la forme de systemes de contrdle). C’est la raison pour
laquelle les calculs menés au chapitre 4 sont souvent plus complexes que ceux du chapitre 2.
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Chapter 1

Feedback stabilization of a 2D
fluid-structure model by a Dirichlet
boundary control

1.1 Introduction

In this chapter we are interested in a system coupling a two dimensional fluid flow with the
evolution of a beam localized at the boundary of the geometrical domain occupied by the fluid.

The fluid flow is described by the Navier-Stokes equations while the displacement of the
structure satisfies a damped beam equation.

Stabilizing such systems in a neighborhood of an unstable stationary solution is a challenging
problem. Depending on the applications we want to deal with, it is interesting to look for a
stabilizing control acting either only in the structure equation or only in the fluid equation. The
case of a control acting in the structure equation has been recently considered in [51]. Here we
would like to study the local stabilization of such systems by a boundary control acting only in
the fluid equation.

The procedure we follow in the chapter is a classical one, already used in [51], consisting in
looking for a feedback control stabilizing a linearized system, that we next apply to the nonlinear
system.

We have to emphasize, that in the considered model, the domain occupied by the fluid
depends on the displacement of the beam. Therefore the main nonlinearity in this model comes
from the fact that the equations of the fluid are written in Eulerian variables (therefore in the
deformed configuration), while the equation of the structure is written in Lagrangian variables
(i.e. in the reference configuration).

Thus before linearization, we have to rewrite this coupled system in the reference configuration.
This is performed by using a change of variables. There are mainly two ways to do that. One way
consists in writing the Navier-Stokes equations in Lagrangian variables, in that case the change of
variables is associated with the fluid flow. The other way consists in using a change of variables
associated with the displacement of the structure. The best choice usually corresponds to the
change of variables associated with the most regular unknowns. In our case the displacement of
the structure will be very regular. That is why it is more convenient to use a change of variables
associated to the displacement of the beam. Let us now describe precisely the equations of this
coupled system. The reference configuration of the fluid is

Q= (0,0) x (0,1),
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r b

(a) Reference configuration of the fluid domain.
n(t)

Fi Qn(t) FII

Iy

(b) deformed configuration of the fluid domain.

Figure 1.1 — Configurations of the fluid domain.

where ¢ > 0. The beam is located on I's = (0,¢) x {1}. We also define the sets
I‘b:(O,K) X {0}, FZ:{O} X (0, 1), Fn:{l} X (O,E) and Ty;=T,uUl,Ul};.

Let n be the displacement of the beam from the reference configuration I's. We denote by €2,
the domain occupied by the fluid at time ¢ and by I'; ;) the boundary of 2,;) occupied by the
beam (see Figure 1). We have
Qpy ={(z,y) [0<z <0<y <14n(t,z)} and Ty ={(z,y)|0<z <l y=1+n(t )}
We use the notations

o= U (x20). =5= U ({3 xTy).

te(0,00) te(0,00)
Q> =(0,00) x Q, X =(0,00) xTs, Xp°=(0,00)xT},
Y2 =(0,00) x T, X5 =(0,00) xT'.

We also use the notations
e1 =(1,0) and e =(0,1).
The fluid flow is governed by the Navier-Stokes equations
ut — divo(u,p) + (u- V)u=01in Q7°,
divu =01in Q7°, wu(t,x, 1 +n(t,z)) = m(t,z)ez on X3, u =g on 35°, a1
u=mu;on X, o(u,p)n=0on XX,

u(0) = v’ in Q,0,

where v is the fluid viscosity and
1
o(u,p) = 2ve(u) —pl,  e(u) = 5(Vu+ (Vu)').

The inflow boundary condition wu; is of the form u; = g + h, where g, € HZ(T;; R?) is stationary
data (such as a Poiseuille profile) and h is a time-dependent perturbation of the inflow boundary
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condition gs. The outflow condition on I';, is free, giving rise to a Neumann boundary condition.
Let I'. be a subset of I'y. We assume that ¢ is of finite dimension n,.

g(t,xz,y) = igi(t)wi(x, Y).
=1

The functions w;, localized in the control zone I'. C T'y, are defined in (1.6 .18). The control
variable is the vector

g = (glv T 7gnc)'

The displacement 7 of the beam satisfies a damped beam equation

et — /BAT] - 'YAT]t + CKA27’] = _0(uap)|rn<t)nr](t) - e + fs on Eso’
n=0on (0,00) x s, n, =0 on (0,00) x I, (1.1 .2)
77(0) = 77? on I', nt(o) = 778 on I,

where a > 0, 8 > 0 and v > 0 are the rigidity, stretching and damping coefficients of the
beam. The damping term —vAn, makes analytic the semigroup associated to the equation of
the structure (see [17] and [16]). That is essential to obtain the main result of this chapter. The
vector n, ;) is the unit normal to T, exterior to ;) and d's stands for the boundary of T's.
The stationary force fs is used to counteract the effect of a steady flow on the structure.

Let us notice that systems (1.1 .2) and (1.1 .1) are coupled through the equations (1.1.2);
and (1.1.1)3. The equation u = me2 corresponds to the equality of the fluid velocity and the
displacement velocity of the structure, while the first term in the right-hand side of (1.1.2);
represents the forces exerted by the fluid on the structure.

Let (us, ps) be a solution of the stationary nonlinear system

—divo(us,ps) + (us - V)us =0 in Q,
divugs =0in 2, us=0onTys, wus=0o0nIYy, (1.1 .3)
us =gson 'y, o(us,ps)n =0 on 'y,
(see Assumption 1.4 .1). We choose f; = —ps|r, which implies that (us,ps,0) is a stationary
solution of system (1.1 .2)-(1.1 .1).
For any exponentially decay rate —w < 0 and for given h, u°, n? and 13, such that h, u® — us, n?
and 719 are small enough in appropriate functional spaces, we would like to find g so that the
solution to the control system converges to the stationary solution (us, ps,0), in a sense we will
define later (see Theorem 1.3 .1).
First we rewrite system (1.1 .2)-(1.1 .1) in the reference configuration, and we linearize it around

the stationary solution (us, ps,0,0). The most important step is to find the feedback law able to
stabilize the linearized system

vy —divo(v,p) + (us - V) + (v - V)us — A1y — Agme —wv =0 in Q°°,

diveo = Azm in Q%°, v =1pey on ¥, v =731 gjw; on L°,

v=0o0n XX, o(v,p)n=0on XL,

Mt — M2 —wn = 0 on X5°, (1.1 .4)
Mot — BAN — yAno + aA®n — Ay — wip = ysp on L,

m =0on (0,00) x s, 1, =0on (0,00) x I,

v(0) =v"in Q, 7(0)=n on Ty, 72(0) =nY on T,
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where 75 is the trace operator on I'y; Ay, As, Az and A4 are linear differential operators (see
equation (1.3 .5)). In order to study the stabilizability of the system, we are going to rewrite it as
a classical control problem. For that, we have to eliminate the pressure in the fluid and structure
equations. The pressure is eliminated from the Oseen equations with the Leray projector P.
Indeed, thanks to P, we can split the Oseen equations into two equations, an evolution equation
satisfied by Pv and an algebraic equation verified by (I — P)v. More precisely, we can prove that

Nec
Pvy = (A+wI)Pv+ (Aol — A)PL(n2eaxr, + Y giwixry, Asm) + PAing + PAgns,  Pu(0) = vy,
im1

(I = P)v =V Ngn2 + VNeg + VNaiy Az,

where the Oseen operator A and the lifting operator L are defined in (1.4 .7) and (1.4 .8)
respectively; Ng and N, are defined in (1.5 .3); Ngjy is defined in Section 1.4 .4. Next to eliminate
the pressure in the structure equations, we have to express it in terms of v, 17 and 7s. Formally,
we can derive an elliptic equation for the pressure p from the Oseen equation of system (1.1
4). Unfortunately, due to the Dirichlet/Neumann mixed boundary conditions, we have not
enough regularity on the velocity v for the well-posedness of the equation. However, by using a
transposition method, we are able to express the pressure in terms of v, 71 and 72

p = —Ns(n2t —wn2) — NaivAz(n1,e — wni) + NpAim + NpAano
+Ny(Pv+ VNgn2 + VN.g + VNqgivAsni) — Ne(gr — wg),

where N, and N, are defined in Section 1.4 .4. Finally, we can rewrite system (1.1 .4) in the form

d Pv Pu Pv P
al m|= (A+wl) | m |+ Big+ Ba(g: —wsg), m )= n |,
t 0
T2 12 2 U]

(I - P)U - VNSTIQ + vNcg + VNdivA?)nlv
p = —Ng(n2,s — wn2) — NaivAs (s — wm) + NpAim + NpAan
+Ny(Pv 4+ VNgn2 + VN.g + VNgivAsni) — Ne(gt — wg).

The operators A, B and By are defined in Section 1.5 . The time derivative g; of the control
function g appears in the above equation. That is why we write an extended system by considering
g as a new state variable and by introducing a new control variable f := g; — Ag — wg, where A
is a diagonal matrix such that the spectra of A and A are disjoint. Thus, the extended system
corresponding to (1.1 .4) is

Po Pv Pv Pu0
d [ m m m n
RN = Ae + I + Bef, 0 - ’
dt | m2 ( wI) M2 P (0) 79

g g g 0

(I — P)v = VNsn2 + VNeg + VNaiy Az,
p = —Ns(n2t — wne) — NaiwAs (e — wm) + NpAim + NpAans
+Ny(Pv+ VNgno + VN.g + VNgiyAszn ) — Ne(gr — wg),

where A, and B, are defined in (1.6 .1) and (1.6 .3) respectively. Thus, we are reduced to find
a feedback law IC,, able to stabilize the pair (A, + wl, B.). For that, we first prove that for an
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appropriate choice of the family of functions (w;)1<i<n, the pair (A +wl, B.) is stabilizable. We
deduce that the algebraic Riccati equation

P, € L(Z:), P,=P;>0,

where Z, is the state space, admits a unique solution P,, and that the operator K, = —B}P,,
provides a stabilizing feedback for (A + wl, B.). Since the unstable subspace for A, + wI is of
finite dimension, we can show that the solution to the Riccati equation can be deduced from the
solution to a finite dimensional Riccati equation. In theorem 1.7 .1, we prove that the feedback
law IC,, is able to stabilize the nonhomogeneous linearized system associated to (1.1 .4). Next,
thanks to a fixed point method, we prove that it is also able to locally stabilize the nonlinear
system in the fixed domain (see Theorem 1.8 .2). Finally, we prove the feedback stabilisation of
nonlinear system (1.1 .2)-(1.1 .1) (see Theorem 1.3 .1).

1.2  Functional setting

We define the classical Sobolev spaces in two dimensions

L3(Q) = L*(Q;R?) and H(Q) = H*(;R?), Vs> 0.
We also define the functional spaces

V%Fd( )y={v e L3(Q) |divv=0,v-n=0on Iy},

V(Q) = {v e L3(Q) | divv € L2(Q)},
Hp (Q) ={v e H*(Q) [v=0o0n T4},
Vi, (Q) =H(Q) NV, (Q),
Vi, (@) = Hy, (2) n'V(Q),
H = H'(Q) x (H¥(I's) N H3(Ts)) x Hy(Ts),
Z =V r,(Q) x H§(Ts) x L*(Ts),

Ze =V 1 () x H3(Ts) x L*(Ts) x R™,
for all s > % For w® € L?(Q) given, we define the space

Hic(wo) = {(UOW?’U%) €H | (PUO - Pwoan(ljvngvo) € [D(Ae)7Z€]%v dive? = divw’ + A377? in 0,
10 =nJes on Ty, v® =0 on T';, v° = 0 on T},
(1.2 .1)
equipped with the norm

1%, 7%, 1) lie = 110, nd, )l + (| (Pv® = Pu®, 12,13, 0)[[p(a,) 2] Iy

The operator P is the Leray projector (see Section 1.4 .2) and the operators A, and Ag are
defined in (1.6 .1) and (1.3 .5) respectively. Now, we are going to introduce weighted Sobolev
spaces as in [43]. We denote by C = (z;, zj)1<j<4 the set of the corners of the domain Q. For all
0,5 > 0 and for n =1 or n = 2, we introduce the norms

4
0
lfgoe = 3 J T (1o a8+ 12 = 52) low

|a|<2
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where o = (a1,a2) € N? denotes a two-index, || = a; + o is its length, J, denotes the
corresponding partial differential operator. We denote by H§(€2;R™) the closure of C*°(£2;R") in
the norm ||| Hi(En)- Ve define the weighted Sobolev spaces in two dimensions

L}(Q) = H)(Q;R?) and Hi(Q) = Hi(;R?), Vs> 0.

We introduce the spaces

H21(Q) = L*(0, 00; H2(Q)) N H'(0, 00; L2(12)),

HH(Q) = L*(0, 00 HF(92)) N H' (0, 00; L3(12)),

HA2(52°) = L2(0, 00 H4(Is) N HZ (') N H2(0, 003 L*(T's)),
H2Y(S2) = L2(0, 00; H3(T's)) N HY(0, 00; LA(T,)),
H>Y(2%) = L?(0,00; H3(Tq)) N H'(0, 00; L2(T'y)),

Y = L2(0, 00, L3(Q)) x H21(Q™) x L*(0, 00; LA(T'y)),
X5 = Hy'(Q%) x L*(0,00; H}(Q)) x H*2(°) x H}(£),
X = Hy'(Q) x L2(0,00; H}(Q)) x H¥2(S5°) x H?H(Z2%) x H'(0,00;R™).

1.3 System in the reference configuration and main results

First, we are going to define the spaces of solutions for the coupled system (1.1 .2)-(1.1 .1). For
that, we introduce the mappings

Toi(tay) — (b= (o) (13 1)
and
Tow ¢ (z,y) — (x,z):<x,1+7§/(t$)>, (1.3 .2)

We define the mapping 7;7(1). For all t in (0, 00), 7;]@ transforms 2, ;) into Q. Let n belong to
H*2(X%°). We say that u belongs to the space H, 1(Q"") if

e for all ¢ > 0, the mapping 7, is a C!-diffeomorphism from Q1) into ©,
e yo 7:7_1 belongs to H52’1(Q°°).
Let §p > 0 define in Theorem 1.4 .1. The main result of the chapter is the following:

Theorem 1.3 .1. Let w be positive. We assume that 1./ .1 and 1.6 .1 are satisfied. Then,
there exists r > 0 such that, for all (u®,n9,n3,h) € Hl(Qng) x H3(Ts) N HZ(Ts) x HE(Ts) x
H{(0,00; Hy(T)) satisfying

(UO o 7;@1 — Us, 77?, 77(2)) € I{z'c(-rdi\/[uO o 7:7§1 — Us, 77(1)])7

and
—1
l(u® o T = uss 10, m3) lie + 1€ 2 113 0,002 0y < 7

we can find g € H(0,00;R™) for which there exists a unique solution (u,p,n) in

Hy Q) x L2(0, 00 HY (1)) x HYH(E),
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to the nonlinear system (1.1 .2)-(1.1 .1). Moreover, there exist € > 0 and C > 0 such that

< C(efwt7

—1
H(u o 7;](t) — Ug, W(t)7 nt(t))HH%JFS(Q)XH"S(FS)XHl(FS) >~

for allt > 0.

Remark 1.3 .1. Actually, we are going to look for g as the solution to an additional equation
g =Ag+f, g(0)=0,

where £ is a control vector which can be found in feedback form (see Section 1.6 ).

In order to rewrite system (1.1 .2)-(1.1 .1) in the reference configuration, we make the changes of
unknowns

u(t,x, z) = e“t[u(t,f?ztl)(z, 2)) —us(z, 2)], Dt z,2) = e?t[p(t, 7;7@1) (x,2)) — ps(z, 2)],
m(t,x) = e'n(t,z), Het,x) = e'n(t, ).

A

The system satisfied by (4, p, 71, 7j2) is

iy — div o (i, p) + (us - V)i + (4 - V)us — A1 — Agfly — wit = e Fy[dl, p, 71, 7j2] in Q,
diva = e “div Faiy[@, M1] + Agfp in Q°, 4 = fge on X, 4 = Y1) giw; on °,
G="honX®, o(d,p)n=0on X,

Mt — M2 —wi =0 on X7,

fiog — BAG — YAR + aA®Hy — Agfy — wily = ysp + e I F[d, 1] on B°,

M1 =0 on (0,00) x s, M1, =0on (0,00) x 9L,

20)=2%in Q, H(0) =7/ on s, 72(0) =79 on T,
(1.3 .3)
where 7, is the trace operator on I'y and

@ =u’o 7:7? —us,  G(t) = (0:(t))1<i<n, = e'g(t), h(t,z,2) = e h(t,x, 2).

A

The nonlinear terms Fy and Fy are given in Appendix 1.8, and the nonlinear term Fgy (@, 1] is
defined by

Faiv[ M| = —iidrer + 2i1 gl €. (1.3 .4)

The linear differential operators A;, As, A3 and A4 are defined by

Alﬁl = N (ps,ze2 + Us2Us 2 — 2Vus,zz + vus1zx€1 + Vus,l,xze2) - Vﬁl,:p (us,l,z€2 - us,l,xel)

+zﬁ1,m (ps,zel - 21/“5,:1:2 + Us1Us,z — VUg1,22€2 — Vus,l,:vzel) - Zl/ﬁl,mx (Us,z + us,l,zel)

Aol 1= ZzijoUs 2,
Az == —MUsi gz + 201 ,2Us 1,2,
Ay = v (2Mus2,: — Mgl ,z)-

(1.3 .5)
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1.4 The Oseen system
The goal of this section is to study the nonhomogeneous Oseen system

Mow —divo(w, ) + (us - V)w+ (w - V)us = F in Q, (14.1)
divw=hinQ, w=gonTly, o(w,m)n=0onT,, o

3
where F € L?(Q), h € H(Q) and g € HZ(I';). We choose A\g > 0 in such a way that the
coercivity inequality

)\O/QU-U—I-/QE(U):E(v)—i-/ﬂ[(us-V)v—l-(v.V)us] o> g||v||2v%d(ﬂ), Yo e ViL(Q), (14 2)

is satisfied.

1.4 .1 Regularity of the solutions to the Oseen system

First, we consider the Stokes system

—divo(v,p) =F, dive=0in ,
(1.4 .3)
v=0onTy, o(v,p)n=0o0nT,,

Theorem 1.4 .1. Let F belong to L*(Q). Then, there exists 0 < 6y < 3 such that the solution
(v,p) € V%d(ﬂ) x L2(2) to equation (1.4 .3) belongs (v,p) € HgO(Q) X Hgo (Q) with the estimate

ol (@ + WPl @ < CIFlzy
Proof. See ([44], Theorem 2.5).

We can assume the following result for the stationary Navier-Stokes equations (see [44]).
Assumption 1.4 .1. System (1.1 .3) admits a solution (us,ps) € Hj () x Hj ().

Lemma 1.4 .1. There exists eg € (0,1/2) such that H (Q) C H%JFEO(Q) and Hj (Q) C
Hateo(Q).

Proof. Tt follows from ([43], Lemma 6.2.1).
O

3
Theorem 1.4 .2. For all (F, h,g) € L?(Q) x H(Q) x HZ (Ty), equation (1. .1) admits a unique
solution (w, ) € Hgo (Q) x H}O(Q) with the estimate

lwllez (@) + Il @ < C (IIFHLz(m + 17l o) + H9|H§(Fd)).

Proof. We look for the solution (w, ) in the form (w, ) = (wo, 7o) + (w1, m1) where (wo, ) is
the solution of the equation

—divo(wg,m) = F, divwy=hin Q,
(1.4 .4)
wo=gonTly o(wy,m)n=0onT,,
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and (w1, m) satisfies
Xowi —divo(w, m1) + (us - V)wy + (w1 - V)us = —Xowo — (us - V)wy — (wo - V)us in £,

divw; =0in Q, w=0onTy, o(wy,m)n=0o0nT),.
(1.4 .5)
From ([43], Theorem 9.4.5), equation (1.4 .4) admits a unique solution (w, 7o) in HgO(Q) X Hgo Q)
and

HonHgo(Q) + H7roHH§O(Q) <C (HFHL2(Q) + 1Pl 1) + ’9’H§(Fd)>.

Since us € Hgo(ﬂ), owo + (us - V)wo + (wo - V)us belongs to L2(2) and

[Aowo + (us - V)wo + (wo - V)usllrz) < C <||FHL2(Q) + Al @) + HgHHg(F )> :
0 d

Thus, for A\g large enough, from Lax-Milgram Theorem it follows that there exists a unique
solution (wy,m) € HY(Q) x L?(2) to equation (1.4 .5) with the estimate

willmr o) + [Im1ll2@) < € <|F||L2(Q) + 12l ey + ||9||H0§(Fd)>-
We deduce that Aow; + (us - V)wy + (wy - V)us belongs to L%(Q2) and
[Aowr + (us - V)wi + (w1 - V)us|p2) < C <||F||L2(Q) + [Pl e ) + HgHHg(F )> :
0 d

Thus, thanks to ([43], Theorem 9.4.5), (w1, m1) belongs to H (€2) x Hj () and

+ <C||F + [l + : :
lwtllmz @ + Imlluz @ < (H IL2@) + 1Al (@) ’g’H;S(rd))

1.4 .2 The Oseen operator

We introduce P the orthogonal projection from L2(Q2) onto V%Fd(Q). The operator P is called
the Leray projector. Moreover, for all v in L2(£2), we have

Pv=v—-Vq — Vg,
where ¢; and g2 are the solutions of the equations
Ag; =dive in , ¢ =0 on 01,

and

0
Ags =0, % =@w—-Vg@)nonTy, ¢ =0o0nT,,,.
n

Proposition 1.4 .3. If v belongs to H?SO(Q) then Pv and (I — P)v belong to H(Q). Moreover,
we have

(I — P)v = Vg,
where q is the solution of the equation
L 9q
Aqg = divov in Q, =l onTy, ¢=0onT,. (1.4 .6)
n
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Proof. Equation (1.4 .6) admits a unique solution ¢ € H?(Q). Thus, we can easily show that
Pv=v-VqgeH(Q)N V%FO(Q) and (I — P)v = Vq € HY(Q).

O
Now, we introduce the Oseen operator (A4, D(A)) defined by

D(A)={ve V%d(Q) | 3p € H%%O(Q) s.t diveo(v,p) € L2(Q), o(v,p)n =0 on T},
and (1.4.7)
Av = Pdivo(v,p) — Pl(us - V)v + (v - V)us).

Theorem 1.4 .4. The operator (A, D(A)) is the generator of an analytic semigroup on V%Fd(Q)
and its resolvent is compact.

Proof. The proof is similar to that of ([44], Theorem 2.8).

Proposition 1.4 .5. The adjoint of (A, D(A)) in V°

nr, () is (A", D(A")) defined by
D(A*) ={ve V%d(Q) | 3p € H%+6O(Q) s.tdive(v,p) € L2(Q), o(v,p)n + us -nv =0 on Ty},

and
A*v = Agv + P(us - V)v — P(Vug) .

Proof. See ([44], Theorem 2.11).

1.4 .3 The lifting operators

3 3
We introduce the lifting operators L € L(HG(T'g) x Hl(Q),Hgo(Q)) and L, € L(Hg(I'y) x
H'(Q), Hj (Q)) defined by

L(g,h) =w and Ly(g,h)=m, (1.4 .8)
where (w, ) is the solution of the system

Mow —divo(w, ) + (us - V)w + (w- V)us =0 in Q,

divw=hinQ, w=gonly o(w,m)n=0onT,.

We also introduce the operator D, € L(R"e, Hgo (Q)) defined by

Deg=> giL(w;,0), VYg=(g:)i<i<n, € R™. (1.4.9)
i=1

1.4 .4 Expression of the pressure

The goal of this section is to express the pressure 7 in equation (1.4 .1) in terms of w, F', g and
h. The method used in [51] consists in calculating the divergence of the first equation of (1.4 .1)
in order to get an elliptic equation for . This method does not work here. Indeed, formally 7 is
the solution of the equation

Ar = =X oh — div ((us - V)w + (w - V)us) +div F in Q, 7= 2ve(w)n-n on I'y,
o (1.4 .10)

%:21/divs(w)'n—)\ow-n—((uS'V)w—i—(w-V)us)-n—l—F'noan.
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Since dive(w) ¢ L?(2), the boundary condition

g—ﬂ:2ydive(w)-n—)\ow-n—((us-V)w—}—(w-V)us)-n—i—F-noan,
n

is not well-posed. We are going to use another approach, the transposition method, to define an
equation for the pressure w. First, we consider the equation

o
on
Lemma 1.4 .2. Let ¢ belong to L2(Q). Then, equation (1.4 .11) admits a unique 1) € HQ(Q)
with the estimate

Ay = in Q, =0onTy, Y=0onT,. (1.4 .11)

191 20y < ClICl 20
Proof. Tt follows from ([43], Theorem 6.5.4), ([43], Lemma 6.2.1) and ([36], Chapter 2).

]
For all ¢ € L?(2), we set
(W = Ao/rdg-nw—xofghw—/QF-w
+2u/gs(w) V2 — 2w /Fds(w)n -V +/Q |:(Us -V)w + (w - V)us] -V,
(1.4 .12)

where ¢ € H%(Q) is the solution of equation (1.4 .11).

3
Lemma 1.4 .3. Let (w, F, g, h) belong to H (Q) x L2(Q) x HE (Tq) x HY(2). Then, the operator
¢ belongs to L(L*(2),R) and we have

e <c (HQHL2(rd) + 17l 2y + 1FllL2@) + HwHHg+go(Q)) <1 220

for all ¢ € L*(Q).

Proof. The lemma follows from the following estimates.

-] < Clllay W2y < Clloley e

| ] < Clhllz@llé 2@ < Clbll @ISz

| F V4] < CIF o) IVl 2@ < CIFliz@liCleze)

| 2tw) s V20| < Clletw)lae IVl < Clullno iz,

[ ctwin V6| < Clletw)lnawy IV8llizmy < Clelyg g g 1Sz
Ty

[ e 9w+ (- D] - 6| < Clullm @ Vel < Clwlm <)

O]

Theorem 1.4 .6. If (w,7) € HgO(Q) X HJIO(Q) is a solution of system (1.4 .1) then m is the
unique solution of the problem

Find q € L*(Q) such that / q-C=1(C), V¢eL*9). (1.4 .13)
Q
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Proof. Let (w,m) € Hgo (Q) x Hgo (€2) be a solution of system (1.4 .1) and let ¢ belong to L?(12).
Multiplying the first equation of the system by V1, where 1 is the solution of equation (1.4 .11),
we obtain

)\0/ w.w—/ diva(w,w).w+/[(us.V)w+(w-V)uS]-w—/ F-Vi=0.
Q Q Q Q

(1.4 .14)
By using integration by parts, we get

)\O/Qw-vw——)\O/Qdivw~w+/(mw‘n¢——)\O/Qhw—i—)\o/rdg-m/z, (1.4 .15)

and
/Qdivo(w,ﬂ)-vw = —/Qa(w,n):v2w+/ma(w,7r)n-v2w
= —QV/QE(’LU)IVZ’(/J—F/QTF-ALZ)—F . o(w,m)n - Vi (1.4 .16)
- 2V/Q€(w):V2¢+/Fda(w,7r)n-v2+/ﬂ7r-C-

From equations (1.4 .14), (1.4 .15) and (1.4 .15), it follows that 7 is a solution of equation (1.4
.13). Thanks to Lemma 1.4 .3 and the Lax-Milgram Theorem in L?(Q2), we prove that (1.4 .13)
admits the unique solution.

O
We introduce the following operators:
e Ny € L(L3(Ty), HY(Q)) defined by Nyg = q where q is the solution of the equation
: 9q
Ag =0 in Q, 8—:g'noan, g=0onT,. (1.4 .17)
n
e Ngiv € L(L3(Q), HY(Q)) defined by Ngiyvh = ¢ where ¢ is the solution of the equation
: 9q
Ag=hin Q, a—:Ooan, g=0onT,. (1.4 .18)
n
e N, € LL%(Q), H(Q)) defined by N,F = ¢ + g2 where g1 and g2 are the solution of the
equations
Agr =divF in Q, ¢ =0 on 91, (1.4 .19)
and 9
Ago =0 in ©, ;2 —(F—Vaq)-nonTy, g =0onT,. (1.4 .20)
n
e N, € E(HgO(Q),L2(Q)) defined by N,w = ¢ where ¢ is the solution of the variational
problem

Find ¢ € L?(Q) such that
/qu = 2V/Qg(w) V2 — 21//Fd<€(w)n : v¢+/9 [(us - Vyw + (w- Vyus| - Vo V¢ e LX),

with ¢ the solution of equation (1.4 .11).

Thanks to the Lax-Milgram Theorem, we can easily prove that the operators Ny, Ngiv, IV, and
N, are well-defined.
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Remark 1.4 .1. We have
VN,=1-P.

Theorem 1.4 .7. If (w,7) € HgO(Q) X Hgo (Q) is a the solution of system (1.4 .1) then we have
™ = —)\()ng — )\QNdjvh + NpF + va.

Proof. Thanks to Theorem 1.4 .6, for all ¢ in L%(92), we have

/QWC:)\O/FSg-n¢)\O/thbJr/Q¢divF/FdF~m/J

(1.4 .21)
—|—21// e(w) : V31 — 21// e(w)n - Vi —|—/ [(us -V)w + (w - V)us} -V,
Q Ty Q
where 1) is the solution of (1.4 .11). By integration by parts, we obtain
ON,
| ogme= [ 50—~ [ g (1.4 22)
Iy r, on Q
and
—/ hap = —/ ANiohth = —/ Nawoh. (1.4 .23)
Q Q Q
Thanks to Remark 1.4 .1, we get
/ F.Vi= / CN,F. (1.4 .24)
Q Q
By combining equations (1.4 .21), (1.4 .22), (1.4 .23) and (1.4 .24), we obtain
/WC: —)\0/ Cng—)\g/ CNdth—i—/ CNpF—i—/ (Nyw, VY¢eL*(Q),
Q Q Q Q Q
which implies that
T = —AoNgg — Mo Naiwh + NpF + Nyw.
[

Lemma 1.4 .4. Let (w,7) € HgO(Q) x Hj (Q) be the solution of system (1.4 .1). Then Nyw
belongs to H%“O(Q).

Proof. We start from the identity
T = —MNgg — MoNawh + NpF + N,w.

We know that © € H(%O(Q) C H%+5°(Q) (see Lemma 1.4 .1), N,F belongs to H* (), Naivh

belongs to H'(Q), and Ngg belongs to H'(Q). Hence N,w belongs to H%JFEO(Q).
O

1.4 .5 Rewriting of the Oseen system with semigroup
Theorem 1.4 .8. A pair (w,m) € H%O(Q) X Hgo (Q) is solution of system (1.4 .1) if and only if

(Ao — A)Pw + (A — N\I)PL(g, h) = PF,
(I — P)U) =V Nyg + VNgh, (1.4 .25)
T = —MNgg — \gNaivh + NpF + Nyw.
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Proof. Let (w,7) € Hgo (Q) x Hy (€2) be a solution of system (1.4 .1). We set

Ww=w-—L(g,h) and 7 =m—Ly(g,h).

The couple (w, 7) satisfies the system

AW — divo (W, T) + (us - V) + (@0 - V)us = F in Q,

divo=0inQ, @w=0onTly o(b,7)n=0onT,.

It follows that @ belongs to D(A) and

Hence

The last two equations of (1.4 .25) come from Proposition 1.4 .3 and Theorem 1.4 .7.
Now, we suppose that (w,p) € H§O (Q) x H(}O(Q) is solution of system (1.4 .25). Since

we have

Thus, there exists m

and

XoPi — AP = PF.

(Aol — A)Pw + (A — M\oI)PL(g,h) = PF.

w=w— L(g,h) € D(A).
€ Hateo (€2) such that

A = Pdivo (i, m1) — Pus - V) — P(w - V)us,

o(w,m)n =0 on I'y,.

From the first equation of system (1.4 .25), it follows that

P Mow —divo(d,m) + (us - V) + (0 - V)us — F] =

Thus, there exists mo

From equations (1.4

€ H} () such that
A — div o (W, m + m2) + (us - V) + (0 - V)us = F.

27), (1.4 .28) and (1.4 .29), we obtain the system

X — div o (W, m1 4+ m2) + (us - V) + (0 - V)us = F in Q,

divo=0inQ, @w=0onTy o, +m)n=0o0nT,,.

We deduce that (w, ), with # = m; + m2 — L,(g, h), is the solution of the system

Theorem 1.4 .7 gives

26

Mow —divo(w,7) + (us - V)w + (w- V)us = F in Q,

divw=hinQ, w=gonly o(w,m)n=0onT,.

= —=AoNag — AoNaivh + NpF + Nyw = 7.

(1.4 .26)

(1.4 .27)

(1.4 .28)

(1.4 .29)

(1.4 .30)

(1.4 .31)
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1.5 Reformulation of the linearized system
System (1.3 .3) linearized around (0, 0,0,0) reads as follows:

vy —dive(v,p) + (us - VYo + (v - V)us — Ay — Agma —wv =0 in Q%

dive = Asgmy in Q°°, v =1pez on X°, v = Z?:Cl giw; on Xp°,

v=0onX¥ o(v,p)n=0on XX,

M —n2 —wm =0 on X°, (1.5 .1)
Mo — BANM —yAnz + A’y — Ay — wip = sp on BT,

nm =0on (0,00) x L'y, n15 =0 on (0,00) x I,

v(0) =v"in Q, n(0)=n on Ty, n2(0) =n3 on L.

The goal of this section is to rewrite that system as a control system.

1.5 .1 Properties of the operators A;, A,, A3 and A,
Proposition 1.5 .1. We have
Ay € L(H(T), L*(Q)),
Ap € L(L*(T), L*(Q)),
Az € L(HF(Ts), H'(Q)),
and Ay € L(HZ(Ts), H(Ts)).
Proof. For Ay, Ay and As, the proposition follows from Lemmas 1.5 .1 and 1.5 .1 below, and for

Ay, it follows from [[28], Proposition B.1].
O

Lemma 1.5 .1. If (n,w) belongs to L*(T'y) x H%+5°(Q) then nw belongs to L2(QY) and there

exists C' > 0 such that
[mwlli2@) < CH77HL2(FS)||w||H%+EO(Q)-

Proof. Thanks to the continuous embedding Hz o () < L%(0,1; L>(0,¢)), it follows that

1 14
2 2
[ o= [ ( | @2 dx) @z < Clnlzzqe ol zem00) < Ol ol gy e g
for some constant C' > 0.
]

Lemma 1.5 .2. If (n,w) belongs to HE(Ts) x Lgo () then nw belongs to L?(Y) and there exists
C > 0 such that

[nwll2@) < C||77”H3(FS)HZUHL§O(Q)-

Proof. Since 1 belongs to H}(T's), we have

/; Nz (s)ds

J

1
In(x)| = <|mzllz2,) |z — 2502,
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1.5. REFORMULATION OF THE LINEARIZED SYSTEM

for all 1 < j < 4. Hence

/ nw|?
Q

/ ()| lw(z, 2)|* dxdz
Q

< el [ e
= lelleews o =g vz — P

< neliqe, [ (o=l |z = %) 2

2
(Jz — x;> + |2 — 2| 0w(, z)‘ dxdz

(= 2)” + (z = )Y u(z, )| dxde.

From that inequality, we prove that there exists C' > 0 such that
Inwllez9) < Clinl gz lwles @)
O

We denote by A} € L(L2(Q), H2(Ty)), A5 € L(L3(Q), L3(Ts)), A5 € L(L?(Q2), H%(T;)) and
A} € L(LA(Ty), H %(T)) the adjoints of Ay, Ay, A3z and A4 respectively.

1.5 .2 Definition of the unbounded operator (A, D(A))
For the structure, we introduce the unbounded operator (A, 5, D(Aq ) in HZ(L's) defined by
D(Anp) = HYTs)NH(Ts) and A,p = BA — aA® (1.5 .2)

We equip the space HZ(T's) with the norm

N

(1.8 mzr,y = ((Aap) 2, (—Aa,ﬁ)%ﬁ)m(rs) :/r (BVn - VE+ aAnAf).

s

We introduce the operators Ny € L(L?*(T's), H'(Q)) and N, € L(R", H'(2)) defined by
Nec
Ny = Na(neaxr,) and  Neg = giNa(w;), (1.5.3)
i=1
for all n € L?(T's) and for all g = (g;)1<i<n, € R".
Lemma 1.5 .3. The operator I + 5Ny is an automorphism in L*(Ts).

Proof. The proof is similar to that of ([51], Lemma 3.2).

O
We are going to define the infinitesimal generator (A, D(A)) in Z = V%Fd (Q) x H3(Ts) x L*(T)

of the algebraic partial differential equation (1.5 .1). For that we first introduce
D(A) = {(Pv,m,n2) € V] (Q) x (H*Ts) N Hi (L)) x HZ(T) |

Pv — PL(n2ea2xr,, Asm) € D(A)}.

Lemma 1.5 .4. If (Pv,n1,n2) belongs to D(A) then N,(Pv+ VNgn2 + V NgivyAsny) belongs to
Hateo(Q).

Proof. Let (Pv,n1,m2) belong to D(A). Then, there exists F' € V%Fd(Q) such that
(Aol — A)Pv+ (A = Aol)PL(n2e2xr,, Asm) = F.

We set
v = Pv+ V. Ngn2 + V Naiy Asn,
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and
p = —XoNsn2 — AoNaivAzm + Nyv.

Then, according to Theorem 1.4 .8, we know that (v, p) is the unique solution of the equation

Xov — divo(v, p) + (us - V)v + (v- V)ug = F in Q, (L5 .4)
divo = Agm in Q, v =meaxr, on 'y, o(w,m)n =0 on I,. o

According to Lemma 1.4 .4, we know that N,(Pv + VNsn2 + V NgiyAsny) belongs to H%*'EO(Q).

O
We are now in position to introduce the operator A defined in D(.A) by
A PA+ ()\0[ - A)PL(O, Ag) PAs + ()\0] — A)PL(GQXFS, 0)
A=M;1[ 0 0 I + M;7tA,
0 Aap+vsNpAr + Ay YA + vsNpAg
(1.5 .5)
with
1 0 0
MS — 0 I 0 9

0 /YsNdivA?) 1 + "}/st
and A, is defined in D(A) by

Pv 0
2 ’YSNU(PU + v]\[‘9772 + VNdiVA3771)

Lemma 1.5 .5. Let (F, g, h) belong to L*(Q>°)x H*1(X3°)x (H(0, 0o; L*(2))NL*(0, 00; H(Q2))).
The pair (w, ) € Hg(;l(Qoo) x L?(0, 0o; H510 (Q)) is a solution of system

wy —divo(w, m) + (us - V)w + (w - V)us = F in Q*°, (15.6)
divw=hinQ®, v=gonXiy, o(w,mn=0on%y,
if and only if
Pwy = APw + (oI — A)PL(g, h) + PF,
(I — P)w = VN4g + V Ngivh, (1.5.7)
7 = —Nagi — Nawhe + No(Pw + VNgg + VNgioh) + N, F.
Proof. We rewrite the system (1.5 .6) as follows
Xow —divo(w, m) + (us - V)w + (w - V)us = —wy + Aow + F in Q>
v

(1.5 .8)
divw = h in Q°°,

=gon Xy, o(w,m)n=0onX°.
The term —w; + Aow + F belongs to L?(0,00;L2(Q2)), h belongs to L?(0,00; H'(Q2)) and ¢
3
belongs to L?(0,00; HZ (Ty)). Thus, from Theorem 1.4 .8, it follows that (w, ) € Hg(;l(QOO) X
L%(0, oo; H(}O(Q)) is solution of system (1.5 .6) if and only if
Pw, = APw + (\oI — A)PL(g, h) + PF,
(I — P)w = VNyg + V Ngih, (1.5 .9)
T = —AoNgg — NoNaiwh + Nyw + Np(—wt + dw + F)
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1.5. REFORMULATION OF THE LINEARIZED SYSTEM

Thanks to the second equation of the above system and the identities
va = Ngg + Nagiwh  and NpUt = Nagt + Naivha,

we prove that
m = —Nggt — Naivht + Ny(Pw + VNgg + VNaivh) + N, F. (1.5 .10)
O

Proposition 1.5 .2. The quadruplet (v,p,n1,1m2) € Xs, is a solution of system (1.5 .1) if and
only if

d Pu Pv Pu PY
| mo | =AFeD | m |+ Big+ Ba(g - we), m [0)=] n{ |,
2 n2 2 n9

(I — P)v =V Ngn2 + VN.g + VNaiv Az,
p = —Ng(n2,s —wn2) — Naiv(Aznis — wAzny) + NpyAym + NpAang
+Ny(Pv 4 VNgno + VN g + VNaiyAzni) — Ne(gt — wg),

(1.5 .11)
with
(Mol — A)PD,g 0
Blg = 0 and 82g = 0
(I +7sNg) 195N,V N.g —(I 4 vsNg) 195 Neg

Proof. We suppose that (v,p,n1,m2) € X5, is a solution of system (1.5 .1). Then, (v,p) €
Hgo (Q%) x L*(0, o0; HgO(Q)) is a solution of the system

vy — divo(v,p) + (us - V)v + (v- V)ug = Aimr + Agnp in Q,

divo(t) = Asm in Q*°, v =1pey on X, v =73 " g;w; on ¥°,

v=0o0nX>* o(v,p)n=0on Xr.

The term Ay + Asme belongs to L?(0,00;L2(€2)), the term moeaxr, + i<, giw; belongs
3
L%(0,00; HE (T'y)) and the term Asn; belongs to L?(0, 00; H(Q)). Moreover, we have

Ne
Na(meeaxr, + Y giwi) = Nenmz + Neg,
i=1

and

Ne
L(nzeaxr, + Y _ giwi, Asm) = L(nzeaxr,, Asm) + Deg.
im1

Thus, from Lemma 1.5 .5, it follows that
Pvy = APv + wPv + ()\(]I — A)PL(T]Q@QXFS, A3’I71) + ()\0[ — A)ch + PA1771 + PAQ’I]Q,
(I — P)v =V Ngn2 + VNcg + VNgiv Az,
p = —Ns(n2,t —wn2) — Naiv(Azm ¢ — wAsm) + NpAim + NpAans
+NU(PU + stn2 + vNcg + VNdiVA3T’1> - Nc<gt - wg)-
(1.5 .12)
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Replacing the pressure p by the above expression in the equation satisfied by 72, we obtain

(I +~sNo)n2,t + vsNaivAsm ¢ = Aa g + Vs NpAim + Aam + YAz + s NpAano

+9sNy(Pv + VNgna + VNgivAsni) + w(l + vsNs)n2 + ¥s Ny VNeg — 75 Ne(g — wg).
(1.5 .13)
Thanks to equations (1.5 .12) and (1.5 .13), we prove that (v, p,n1,72) is a solution of system (1.5
.11). We prove the reverse statement by using Lemma 1.5 .5 again.
]

1.6 The extended system

We can see that the time derivative of g appears in system (1.5 .11). In order to get an evolution
equation in the form of a classical control problem, we define an extended system by considering
g as a new state variable and by introducing a new control variable

f:=g —Ag—wg,

where A = diag(Aq,---,A,,.) is a diagonal matrix. We introduce the operator M. € L(Z)
defined by

I 0 0 0

0 I 0 0
Ms,e =

0 73NdivA3 I+ ’Yst 'Ych

0 0 0 I

Lemma 1.6 .1. The operator M. is an automorphism in Z. and we have

I 0 0 0

. 0 I 0 0

YT 0 (N T NawAs (L4 7sNo) ™t —(I +75Ny) 5, N,
0 0 0 I

Proof. 1t follows from Lemma 1.5 .3.

Lemma 1.6 .2. The adjoint of the operator M. in Z. is

I 0 0 0

0 I —(—Aap) tA5N, 0

Mi.=1 0 o I + 74N, 0

0 0 — ( w; - egNs) I

Iy i
Moreover, we have

I 0 0 0
0 I (—Aap) tA5Ns(I+~sNs)™1 0
M2 = (M) =] o o (I +7sNy)™L 0
1

00 ( wi-eQNs(I—i—fyst)_l)
Iy i
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Proof. Let (v,m,1n2,8) and (¢,&1,&2,h) in Z,. We have
(Mse(v, 1,712, 8), (9,€1,62,0)) = (v, d)vo () + (11, 80) 3,y + (1 +7sNs)2, &2) 2,
+(’YsNdivA3?71,§2)Lz(rs) + (vsNeg, §2)r2(r,) + 8- h
Since I + sNs € L(L?*(Ts)) is symmetric, we have
(I +79sNs)n2, &) p2(ry) = (M2, (I + 75 Ns)€2) p2(ry)-

We also have

ONs&o

(vsNaivAzm, §2)L2(r,) = / NaivAgin—5 == = —(Asn1, Ns&2)12(r,) = (1, —(—Aap) T AENE) 2,

and
8N5§2 _

(Vs Neg, §2) r2(ry) :/F Neg Zgl/ w; - e2Ns&o.

We deduce that
(Ms,e(va ni, n2, g)7 (¢7 gl) €2a h)) = ((/U7 n, n2, g)’ M:,e(¢7 517 52) h)) .

Thus, the first part of the lemma is proved. The second part follows from Lemma 1.5 .3.
Now, we introduce the unbounded operator (A, D(A.)) in Z. = Z x R defined by
D(A.) = {(Pv,ni,m, 8) € VL1 () x (HY(D,) N HF(T,)) x H3(Ts) x R™ |

Pv — PL(n2ea2xr,, A3m) — PD.g € D(A)}

and
A PA;+ ()\0[ — A)PL(O, Ag) PAy + ()\QI - A)PL(BQXFS, 0) ()\0[ - A)PDC
0 0 I 0
Ae = Ms_el + Ap7ea
0 Aa,p +vsNpAr + Ay YA + 5Ny Ay 0
0 0 0 A
(1.6 .1)
with
Pv 0
A m _ 0
p.e 2 (I + 'YSNS)_l'Yst(P'U + stT]Q + VNcg + VNdiVA3771)
g 0

As in Lemma 1.5 .4, we can prove that if (Pv,n1,n2,g) belongs to D(A.) then N,(Pv+ VNgny +
VN.g + V NgiyAsni) belongs to H%“O(Q). Thus, the operator A, . is well-defined in D(A,).
The first equation of system (1.5 .11) may be rewritten as

Po Pv Pv Pv°
d | m i i n
— = (Ae +wl + B.f, 0) = , 1.6 .2
dt 72 (A ) 72 ‘ 172 (0) 778 ( )
g g g 0

where the operator B, € L(R", Z,) is defined by
B = (0,0,0, Ign.)" . (1.6 .3)
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1.6 .1 Properties of the unbounded operator (A., D(A.))

In this section, we are going to prove that (A, D(A¢)) is the generator of an analytic semigroup
on Z. and its resolvent is compact.

1.6 .2 Analyticity

Theorem 1.6 .1. The unbounded operator (Ae, D(A)) is the generator of an analytic semigroup
of class C° on Z,.

First, we introduce the unbounded operator (A, D(A,)) in Z, defined by D(A.) = D(A.)
and
A ()\0[ — A)PL(O, Ag) ()\()I — A)PL(@QXFS, 0) ()\0[ — A)PDC

~ 0 0 I 0
Ae =
0 Aa’g ’YA 0
0 0 0 A

We set
K= (I +~sNs) L.

We decompose A, in the form A, = .%Te + ./16,1 + /Te,z + .2673 + A, ¢, where the operators ﬁe’l,
Ac2 and A 3 are defined in D(A.) by

Pv 0 Puv 0
~ O -~ m O
A 771 = ) A - 9y
Rl (Ks —1)Aapm 2 m V(Ks — I)An;
g 0 g 0
Po PA1771 +PA2772
A3 mo| _ 0
© 12 Ks’YszAlnl + K5A4771 + Ks’YszAWz - Ks’YsNdivAi%nZ - Ks’YchAg ’
g 0

for all (Pv,n1,1m2,8) € D(A.). We are going to prove that (/16, D(A,)) is the generator of an

analytic semigroup of class C° on Z,, and that Ac1, Aep and A, 3 are ﬁe—bounded with relative
bound equal to zero.

Theorem 1.6 .2. The unbounded operator (A, D(A.)) is the generator of an analytic semigroup
of class CY on Z..

Proof. The proof is similar to that of ([51], Theorem 3.6).
O

Proposition 1.6 .3. There exist 0 < 6,02 <1 such that Ac1 and A, 5 belong to L(D((—A)"), Ze)
and L(D((—A.)%), Z.) respectively.

Proof. See ([51], Lemma 3.9).
O

Lemma 1.6 .3. There exists C > 0 such that, for all (Pv,n1,m2,8) € D(ﬁe), we have the
estimate

| No(P + V Ny + VNeg + VNase Asm)l| 409 ) < ClPO 12,8 7,
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Proof. Let X be positive and (Pv,n1,72,8) be in D(./Ie). We set

Ff Pv
F! -

FZQ = ()\Ms,e - Ms,eAe) Z;
F. g

As in Proposition 1.6 .6, we can prove that (v, p,n1,72,8) with

v = Pv+ VN2 + VN.g + VNgiv Az,
p = —ANgn2 — ANgivAznm + Ny(Pv + VNgn2 + VN.g + V Ngiy Az ),
is a solution of the system
v —dive(v,p) + (us - V)v + (v- V)us, = Ff in Q,
divo=A3m in Q, v=meyonly, v=37 gw; onTy,
v=0onT;, o(v,pn=0o0nT,,
AN —1ng = FS1 on Iy, (1.6 .4)
Xijg — BAm — YAy + aA’ny = F2 on Ty,
m =0ondl's, M4z =0ondly,
Ag —Ag =F,.
As in the proof of Proposition 1.6 .7, we can show that, for A large enough, system (1.6 .4)

admits a unique solution (v,p,n1,12,8) € HgO(Q) X Hgo () x HY(Ts5) N HE(Ts) x HZ(Ts) x R"
satisfying the estimate

lollez (@) + Pl @ + Imllasey) + lnellm2,) + llgllree < Cll(Fy, Fy, FZ.Fe)lz..
From that inequality and Lemma 1.4 .1, we obtain

< Cllpllmy @ < Cll(Fy, Fy F2 Fe) | 2.< Cll(Pu, .2, 8)

||pHH%+50(Q) HD(Z@)

Using Proposition 1.5 .1, we deduce that

| Ny(Pv + VNgn2 + VN g + VNdiVAISnl)HH%JrsO < Cl[(Pv, 1, m2, g)”D(ﬁe)'

()

Lemma 1.6 .4. The operator Ky belongs to L(H®°(T's)).

Proof. Let g belong to H*°(I'y). Thanks to Lemma 1.5 .3, there exists a unique h € L?(Ts) such
that

h+vsNsh = g.

Since vsNsh belongs to H®(I's), we deduce that h belongs to H*°(I's). Thus, the operator
I + 5Ny is an automorphism in H®0(Ty).
O

Proposition 1.6 .4. The operator A,. € L(D(A.), L*(T,)) is compact.
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Proof.AThanks to Proposition 1.5 .1, Lemmas 1.6 .3 and 1.6 .4, we prove that A, . belongs to
L(D(Ae), H*(I'5)). From the compact embedding H*(I's) < L%(Ty), it follows that A, . €
L(D(A.), L*(T's)) is a compact operator.

[

Proposition 1.6 .5. The operators .%Te,g. 18 ﬁe—bounded with relative bound zero.

Proof. We have to show that, for all € > 0, there exists C. > 0 such that
| AeaPommo.g)|, < e Ae(Po.nm.g)|, +Cell(Po.nm.8)lz, V(Pv,m,meg) € D(A).

We argue by contradiction. We assume that there exist € > 0 and a sequence (Pvk, 1k, M2.k, 8k) €
D(A.) such that

| Ac s (P, m g mo. 1, )| 5 2E Hﬁe(ka,nl,kmz,k,gk)HZe + B (P, 1 2,k 81 .-

Therefore, without loss of generality, we can assume that
H-/Teﬁ(PUIm771,k7772,k»gk)HZ =1 and (Pug, Mk N2,k 8k) — 0 in Z.
With Proposition 1.5 .1 and Lemma 1.6 .4, we have

H-/Zl\e,B(P'Uk?771,k:772,k7gk)HZ = [PAmx + PAnzkllve | (o)
+”K578NpA1771,k + K5A4771,k + KsVszA2772,k - KS"YSNdiVASHZk - Ks7chAgk"L2(Fs)
< Ol M2,k 8K H2(1 ) x L2 (00 xRre -

It follows that
Hfle,?,(kaﬂh,k,UQ,k,gk)HZe — 0,

which is in contradiction with

Hje,ZS(ka, M.,k> 12,k gk)HZe =1.

1.6 .3 Resolvent of A, in Z..

The goal is to prove that the unbounded operator (A., D(.A.) has a compact resolvent. First, we
consider the system

v —divo(v,p) + (us - V)v+ (v - V)us — Aymy — Agno = Fy in Q,

divo=0inQ, v=1eyonly, v=>37° giw;onTy,

v=Asn onT;, o(v,p)n=0o0nT,,

AN —n2 = F} on Ty, (1.6 .5)

A — BAD — yAm + A’y — Ay = ysp + FZ on T,

m =0ondl'y, 7, =0ondly,

g —Ag=F..
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Proposition 1.6 .6. Let (Fy, F} F2 F.) belong to Z. and X belong to the resolvent set of Ae.
The quadruplet (v, p,n1,m2,8) € Hi () x Hy () x (HY(Ts) N HF (L)) x Hi (L) is solution of
system (1.6 .5) if and only if

Pv Fy
Fl

()\Ms,e - Ms,eAe) z; = F:2 y
g F.

(I = P)v =V Ngn2 + VNcg + VNaiv Az,
P = —ANsn2 — ANgivAsm + NpA1ny + NpAang + Ny(Pv + VNgng + VN.g + V Ngiy Azny).
(1.6 .6)

Proof. 1t follows from Theorem 1.4 .8.
O

Proposition 1.6 .7. Let (Fy, F}, F2 F.) belong to Z. and X belong to the resolvent set of Ae.
If X is large enough then system (1.6 .5) admits a unique solution (v,p,n1,Mm2,8) € H%O (©) x
Hj () x (HY(Ds) N H3(Ts)) x H(Ls) with the estimate

lollesz o) + Pl @) + Il + Inellma + lgllene < ClIE, Fy, B Fe) 2.

Proof. We proceed in several steps.

Step 1: System with divergence free.

We are going to rewrite system (1.6 .5) in the form of a system with divergence free. For that,
we make the change of unknowns

Ne Ne
vt=v—-L (Z giwi,A:ﬂh) and p=p— 1Ly (Z giwi>A3771> : (1.6 .7)
i=1 =1

We have
U= T12€2 ON Fs,
which gives
1 1
m=tonly and n = XAQ + XFSI on I';.

We introduce the operator Ly in HZ(I's) defined by
Ly =2 = (B4+7AN)A +aA? — Ay — 7510, A3).

Thanks to the Lax-Milgram Theorem and Proposition 1.5 .1, we can prove that, for A large
enough, Ly is an isomorphism from Hg(F s) into H ’Q(F s). The operator Ly is also an isomorphism
from H*(T's) N HZ(Ts) into L*(Ts). The system satisfied by (9, p,n1,72) can be rewritten in the
form

A0 —div o (0,p) + (us - V)0 + (0 - V)us — A5 = G in €,

divi=0in Q, 0= )\Lf\l%ﬁeg + Ceq on Iy,

0=0onTy ©o=0o0onTly, o(0,p)n=0o0nT,,

A —ng =& on Iy, (1.6 .8)
Lym =~sp+ Gs on L'y,

m =0ondl'y, 7, =0ondly,

g —Ag=F,,
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where

1
A5 = XAWS@Q + Aoys02 + L(0, A3v,02),

1 e
Gf =F + XAlFsl + L(O,Angl) — )\L (Z: g;wi, 0),

Ne
Gy = 7sLy (Z giw;, o) + F?2 4+ \F! —yAF}
¢(=ALy'G, - F}.
From Theorem 1.4 .2 and Proposition 1.5 .1, it follows that there exists C' > 0 such that
[450][L2(0) < Cllvsvallmzr,),

and
1G 2@y + 1Gsl 2y + I 2,y < CIN(FY, Fy F2Fe)| 2.

Step 2: Existence of weak solutions for system (1.6 .8).
First, we consider the first three equations of system (1.6 .8)

Ao — div o (9, ) + (us -V)@+(A-V) s — Asd = Gy in
divo=01in Q, ©= ALy (vsp)e2 + Ces on Iy, (1.6 .9)
0=0onTy =0 nFZ, o(0,p)n =0on T,

We introduce the space
E= {0 VQ)|d=00nT,UT;, o1 =0onTy, tolr, € H}(T,)},

equipped with the norm

N

1
Jolle = (Jollvsey + 12322l lz2qr, )
Multiplying the first equation of (1.6 .9) by ¢ € E, and after some integration by parts, we obtain

)\/Ugf)+2y/ € +/ us - V)0 + (0 V)ug) - ¢ /A5v¢+/17¢2 /Gf(b

Using the equation
Mysp = Lyta — Ly¢ in H™%(Ts),

we obtain
/\/vd)+2u/ tE +/ ((us - V)o + (D V)us) - ¢ — /A5vq5+ /L2@2L¢2
:/QGf.¢+/\/F5L§gL§¢2,
We set
and

1 11
— . - L2(¢L2
/QGf ¢+ /\/Fs )\C >\¢2
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Thanks to the Lax-Milgram Theorem, we prove that © € E is the unique solution of the variational
problem

Find © € E such that a(9,¢) =1(¢), V¢ € E,

and we have the estimate
1
Jolle < € (16 ey + 136 ls2qr, ) < CU(Ey FL F2 Bz

Step 3: Ewistence of strong solutions for system (1.6 .8).
The pair (0, p) is the solution of the system

X0 —dive(0,D) + (us - V)0 + (0 - V)us = (Ao — A0+ Gy — As0 in Q,
divi=0inQ, 0=10%ea0nly, ©=0onTI}, (1.6 .10)

Owolw

Since 9 belongs to V1(2), (A\g — A\) + Gy — A50 belongs to L?(2) and 9262 belongs to H
Thus, from Theorem 1.4 .2, it follows that (0, p) belongs to Hgo (Q) x HgO(Q) and

(Ts)-

1ollez () + 1Pllap @ =< Cll(Ao = A0+ Gy — AsDflz) + H@2HHO%(F = Cll(Fy, FY, F2Fo)| 2.

(1.6 .11)
Moreover, from the last four equations of system (1.6 .8), we get

Il zae,) + Imellaze,) + lglrne < Cll(Fy, Fy F2LFo)| 2. (1.6 .12)

We deduce that system (1.6 .8) admits a unique solution (9, p,n1,12,8) € Hgo (Q) x Hgo (Q) x
(HY(Ts) N HZ(Ts)) x HZ(Ls) with the estimate

10llez () + 1Bllay @ + lInllmaees) + 02l 2 + lglrne < Cl|(Fy, Fy, F2,Fe)l|z.. (1.6 .13)
Step 4: Existence of strong solutions for system (1.6 .5).

According to Theorem 1.4 .2, (L (3-7¢, giwi, Asmi) , Ly, (3°7¢4 giwi, Asn)) belongs to Hgo (Q) x
H 1%0 (©2) and we have

Ne Nec
||L (ZgiwiaA?ﬂh) + || Lp (Zgiwi,A:ﬂh) < C|(Fy, F) F2F)||z.. (1.6.14)
i=1 H2 () i=1 H; (Q)

Thus, thanks to (1.6 .7) and (1.6 .13), system (1.6 .15) admits a unique solution (v,p,n1,72) in
H3,() x Hj, (@) x (HY(Dg) N HF(T,)) x HF(T),
and

lollesz o) + Pl @) + Il + Inallma + lgllene < ClIE, Fy, B Fe) 2.

Theorem 1.6 .8. The unbounded operator (A, D(A.)) has a compact resolvent.
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STABILIZATION BY A DIRICHLET BOUNDARY CONTROL

Proof. Let A > 0 belong to the resolvent of A, and let (Ff,Fsl,FSQ,FC) belong to Z.. There
exists (Pv,n1,1m2,8) € Ze such that

Pv Fy

- m _ -1 Fsl
()‘I Ae) 02 - Ms,e F52
g F.

Thanks to Proposition 1.6 .6, (v,p,n1, 12, g) with

v = Pv+ VNsn2 + VNcg + VNaiy Agm,
p = —ANgn2 — ANaivAsn + NpAim + NpAans + Ny(Pv + VNgn2 + VNeg + VNaivAsni),
is solution of the system

Av —dive(v,p) + (us - V)v+ (v- V)us — Ay — Aanp = Fy in Q,
divo=Azm in Q, v=meaonly, v=>7" gw;only,
v=0onT;, o(v,p)n=0o0nT,,
A1 —ng = F} on Ty, (1.6 .15)
A — BAN — YA, + alA?n — Agmy = vsp + F2 on T,
m =0ondl's, Nz =0ondly,
Ag— Ag=F,..

From Proposition (1.6 .7), (v,p,n1,72,8) belongs to HE (Q) x Hj (Q) x (H*(I'y) N H(Ts)) x
HZ(Ty) and

lollez @ + 1Pllag @ + Imllas,) + linell a2, + llglree < Cll(Fy, Fy, F2.Fe)| ..
From Lemma 1.4 .1 and Proposition 1.4 .3, it follows that (Pv,n1,72,g) belongs to
H2 () x (YD) N HE(T,)) x H(Dy) x R™,

and

[Pl ,t Imllzaqe,) + In2ll m2ee,) + lIgllene < ClI(Ff, FY F2LFC)| 2.

H3+0(Q
Thus, the resolvent of A, is compact in Z, because the embedding
H2=0(Q) x (HY(T,) N HJ(Ty)) x HY(Ty) x R™ < Z,,

is compact.

1.6 .4 Stabilization of the pair (A, + wI, B.)

Let (X\j)jen+ be the eigenvalues A and let J, be the finite subset of N* such that
Re); > —w, Vije .
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1.6 . THE EXTENDED SYSTEM

We consider the eigenvalue problem
Ain C, (¢,1,&1,&) € Hi () x H] (Q) x (H*(I's) N H3(Ts)) x H3(Ts),
Ao — diva(¢,v) — (us - V)d + (Vus)T'¢p =0 in Q,
divp=0in Q, ¢=%&esonly, ¢=0only,
p=0onT;, o(p,¥)n+us-nd=0onT,, (1.6 .16)
A1+ & — (—Aap) T Ai — (—Aap) T ATG + (—Aap) T AR =0 on T,
A + BAE — yAEy — aA?E — A5d — s =0 on Ty,
&1 =00ndl'y, &, =0o0ndl%.
We introduce the spaces (E(\;));ecs, defined by
E(Xj) = {(¢,¥,&1,62) € HE (Q) x H; (Q) x (H(Ts) N HF(Ts)) x HF(Ts) |
(Aj, (0,9, &1,62)) is solution of the eigenvalue problem (1.6 .16)}.
Let m belong to C%(Ty; [0,1]) such that
m=1onT} and m=0onT\T,,

where T is a non empty open set of I'y, and I'J" is a non empty open set of I'.. The function m is
used to localize the action of the control in I'.. We set

W = Vect{mRe (a(éé?, Q/Jf)eg) , mIm (U((b?, @b}“)eg) ,

(1.6 .17)
mRe(N& jez), mIm(N,&h jes) | j € Ju, 1 < b < dj},

where (¢§:’¢§7§f,j7€§,j)1§k§dj is a basis of E(\;). The number d; is the dimension of E();). It
also corresponds to the geometrical multiplicity of the eigenvalue A; of A. We choose the family
(w;)1<i<n. such that

Vect{(wi)lgigm} =W and Vect{(wi)n1+1§i§nc} =W. (1.6 .18)
Assumption 1.6 .1. We assume that
A = diag(aqIgni, aglgnz)  and a1, ag ¢ A, (1.6 .19)

with a; # ag and ny + ng = n.. We also assume that —w ¢ A..

Theorem 1.6 .9. We assume that 1./ .1 and 1.6 .1 are satisfied, and that (w;)1<i<n, s given
by (1.6 .18). Then, the pair (A + wl, Be) is stabilizable.

Proof. Thanks to ([10], Part III, Chapter 1, Proposition 3.3), the pair (A, +wI, B.) is stabilizable
if and only if

Ker(A — A7) nKer(B;) = {0} for all A € C such that Re A > —w.
Let (P¢, &1, &2, h) belong to Ker(AI — A%) NKer(B}). We set

~ P¢
P P
gqb €¢ &1+ (_Aa,ﬂ)_lAi‘;Ns(I + ’Yst)_1§2
é =M} 5; = (I + 5 N,) L6 . (1.6 .20)
h h (/F wi-Ns(I—l—’ysNS)_lfg) +h

40



STABILIZATION BY A DIRICHLET BOUNDARY CONTROL

) belongs to Ker(AI — A¥) then, from Propositions 1.A.2 and 1.A.1, it follows
), with

Since

(P,
that (¢, 1,

gl,g%!:l

1/} 51752 h B B B
=P Ns )

o= Por VNG, (1.6 .21)

= —ANs&2 + Nyo,

is solution of the system

2§ — divo (¢, ) — (us - V) + (Vus)'d =0 in Q,

divg=0inQ, ¢==E&eyonTy, ¢=0o0nTy,

p=0onTy, o(p,)n+us-ne=0onT,,

A+ & — (—Aap) 1A — (—Aap) ' ATd + (—Aap) 1A =0 on Ty, (1.6 .22)
Az + BAE — YA — A’ — A3d — s = 0 on Ty,

51:001101“3, 517;,3:001181“8,

Ah — Ah — (/Fba(d;,d;)eg-wi)'zo.

(2

Moreover, as in Proposition 1.A.1, we prove that

P¢ P¢
AMZ [ & | —AM| & | =0, (1.6 .23)
&2 &2

where A* (resp. M) is the adjoint of A (resp. M;) in Z. From the equation
B:(P¢7£17§27h) =h= 07

we deduce that
h— ( Nyéoes - wi) =0. (1.6 .24)
Iy

1<i<n,

Now, we are going to show that (¢, p, &1, &, h) = (0,0,0,0,0). Since the spectrum of A and A
are disjoint, we can distinguish two cases.

Case 1 : A ¢ o(A). From equation (1.6 .23), it follows that (P,£1,&) = (0,0,0). Thanks to
equation (1.6 .21), we also have (¢,v) = (0,0). Finally, from equation (1.6 .22)7, we get
h = 0. Thus, we have (¢, p,&1,&2,h) = (0,0,0,0,0).

Case 2 : A € 0(A). Then, we can solve the last equation of system (1.6 .22)

h=(\—A)! (/Fb o(p,1)es - wi)

1<i<n,

1 1 - -
=di Ign Ign - w; .
126 ()\—al R Y- ® 2) (/Fb o(9,9)ex w>1§i§nc

Thus, from equation (1.6 .24), we deduce that

/F ((/\—Cll)Ns£2—0'((;~5,'(/~1)>62.wi:0 Vlfignl,

and
A (()‘_QQ)N852_U(Q~571;)) 62‘11)7;:0 vn1+1§l§nc
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1.7 . STABILIZATION OF THE EXTENDED LINEARIZED SYSTEM

Thanks to the construction of (w;)i<i<n., we have

(()\ — 1) Ny — U(QNS,@ZNJ)) eo=0onT} and (()\ — ap)Noéo — 0'((;3,1[))) ea=0onT].

It follows that }
(041 — Oéz)stg =0on F;’—.

Since a1 # ag, the above equality implies that
Nyé&=0on T},

We deduce that 3 o
&=0onTy and o(¢,¥)ea=0o0nT]

Thus, thanks to the unique continuation property of Oseen system ([61], Theorem 1.3),
it follows that (¢,%) = (0,0). From equation (1.6 .22)7, we obtain h = 0. Finally, &; is a
solution of the equation

/BAél - aA2£1 =0 on I,
51 =0 on JI'y, 5173; =0 on JI'y,
implying that & = 0. Thus, we have (¢, p, &1, &, h) = (0,0,0,0,0).

O
Now, we are going to construct a feedback law able to stabilize the pair (A + wl, Be). For that,
we consider the following algebraic Riccati equation

Pw € L(Z:), P,=P;>0,
Pu(Ae + wl) + (Ae + wI)*P,, — P,BB:P, = 0.

Theorem 1.6 .10. We assume that 1./ .1 and 1.6 .1 are satisfied. Then, the operator K, =
—BiP., € L(Ze,R™), provides a stabilizing feedback for (Ae +wl, B.). Moreover, the operator
Ae + wl + B.K,,, with domain D(A. + wl 4+ B.K,) = D(A.), is the generator of an analytic
semigroup exponentially stable on Ze.

Proof. See ([35], Theorem 3).

1.7 Stabilization of the extended linearized system

The goal of this section is to study the stability of the closed-loop nonhomogeneous linear system
v —dive(v,p) + (us - V)v + (v- V)us — Ay — Aoy — wu = Fr in Q°,
dive = div Faiy + Azm in Q*°, v =1pep on X, v = 31", g;w; on ¥p°,
v=nhon ¥>, o(v,p)n =0 on X°,
e = —wm =0 on 257 (1.7 .1)
N2t — BAN — yAn + aln; — Agny — wnp = ysp + Fs on ¥,
m =0on (0,00) x s, n1,=0on (0,00) x IL,
g — Ag —wg = Ku(Pv,m1,m2,8),
0(0) = in @, 7(0)=nfonTs m(0)=nonTy g0)=0,
where K, is the feedback law stabilizing the pair (A + wl, B).
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Theorem 1.7 .1. We assume that 1.4 .1 and 1.6 .1 are satisfied. Let (Fy, Faiy, Fs) belong to Y,
(12,19, 19) belong to Hi(Faiy(0)) and h belongs H(0,00; H(T;)). We assume that there exists
q € L?(0,00; H'(2)) such that

Faiv=00n 3¢, Fav=00n%°, Fgy=0o0n%*, o(w,qn=0 on 3.
The solution (v,p,n1,1n2,8) of system (1.7 .1) satisfies the estimate
(v, p. 2, 8) L, < CR@P 00,13, h, F, Faiv, F),

where

R(0®, 10,03, by By, Faie, Fs) o= [[(0°, 085 19) et 12l 13 0,002 0y 11 (F s Fatis )y 11l 20 ,00:7 (02

Proof. We proceed in three steps.
Step 1: Reformation of the system
We suppose that (v, p,n1,12,8) belongs to X5, .. We make the change of unknowns

0 =0v— Fgyy — L(iLXFi, 0) and p=p—q-— Lp(ilX[‘i, 0), (1.7 .2)
where g € L?(0, 00; H'(Q2)) is such that
o(Fgiv,q)n =0 on X7°.

The quadruplet (9, p,n1,72) is solution of the system

By — div o (0, p) + (us - V)0 + (8- V)us — Ay — Ao — wd = Fy in Q,

divo = Azm in Q°, 0 =1mep on X, 0 =", gjw; on Lp°,

0=0o0n XX, o(0,p)n=0on XL,

Mt —n2 —wm =0 on X3, (L7 3)

Mot — BAN — YAng + aAn — Ay — wng = ysp + Fs on B,

n =0on (0,00) x s, n1,=0on (0,00) x I,

gt — Ag = Ku(P0,m,m2,8) + Fe,

0(0) =" =" —w(0) in Q, 7 (0)=7{ on Ty, 72(0)=n3 onTs, g(0)=0,
where
Fy = Fy—Faiyy+2vdiv e(Fai) — (s V) Faiy— (Faiy- V) us+wFaiy — L(huxr, , 0)— (Ao—w) L(hixr, , 0),

and
F. = Ky, (PFay, + PL(hxr,,0),0,0,0) + vsq + vsLp(hxr;, 0).

As in Proposition 1.5 .2, we prove that (P0,n1,72) is solution of system

Po Po PFy
d|l m m 0
— = (Ae +wl + BK + ~
dt 2 ( ¢ ¢ W) 2 Fs + f)/szFf
g g F. (1.7 4)
Po P(0) o
0
m Ukl
0) = :
2 (©) 77(2)
g 0
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1.7 . STABILIZATION OF THE EXTENDED LINEARIZED SYSTEM

and
(I — P)0 =V Ngn2 + VN.g + VNgivAszm. (1.7 .5)

Step 2: Existence of the solutions to system (1.7 .3).
We have the estimate

(P20, 50,08 O)lipay 2y, + |(PEF 0, B + 7Ny Fy B
2

L2(0,00;Ze) —

(1.7 .6)
Thus, since (Ae + wl + BeKw, D(Ae + wl + B.K,,)) is the generator of an exponentially stable
analytic semigroup on Z, it follows that

1(PD, 71,72, 0| 20,005 (A )y (0.00:20) < CR(V 10115, By By, Faiy, F),
(see 9], Chapterl, Theorem 3.1). We deduce that
||P®||H1(07OO;L2(Q)) S CR(an 77?7 7737 h? Ff7 FdiV7 FS)7 (17 7)
and
[l a2 (seey + M2l 21 (nee) + Hg”Hl(O,oo;R”C) < CR(UO777?77]87h7Ff7FdiV7F5)' (1.7..8)

From (1.7 .8) and (1.7 .5), it follows that (I — P)d belongs H'(0,00; L?(Q)). It implies that
0= Pt + (I — P)do € H'(0,00; L?(2) and

191l £11.(0,00:1.2(02)) < CR(W, i, 03, h, Fy, Fai, Fy). (1.7..9)
For all ¢t > 0, (9(¢),p(t)) is solution of system
Xo0(t) —divo(d(t),p(t)) + (us - V)0 (t) + (0(t) - V)us = G(t) in Q,
divo(t) = Asm(t) in Q, 0(t) =na(t)ex on T's,  0(t) = D1y gi(t)w; on Ty, (1.7 .10)
0(t)=0onTy, o(0(t),p(t))n=0o0nT,,
where N
G =0+ (Ao +w)d — (us - V)0 = (0 V)us + A + Aomp + Fy.
From (1.7 .6), (1.7 .8) and (1.7 .9), it follows that G belongs to L?(0, co; L?(£2)) and
I1G || 2(0,00:L2(2)) < CR(W, 17,15, hy F, Faiy, ).
Thus, thanks to Theorem 1.4 .2, (9(t),p(t)) belongs to H?;O(Q) X H(%O (©) and

12(laz @ + 12O @ < C{1G®) L2 + In2@)] + [[Asm (@Ol |- (1.7.11)
S0 S0 ( )

3
Hg (Ts)
We deduce that (d,p) belongs to L*(0, 00; Hj (2)) x L*(0, 00; Hj (22)) and
19[1 22(0,005122 () + 1Bl 22000511 (2)) < CR(W 07,03, by Fy, v, F). (1.7 .12)
By combining inequalities (1.7 .8) and (1.7 .10), we obtain
H(ﬁvﬁ7 Ui 7727Q>HX60,6 < CR(U()’ 77?7 7787 h7 Ff7 FdiV7 FS) (17 13)

Step 3: Existence of the solutions to system (1.7 .1).
By using Theorem 1.4 .2, we prove that (L(hxr,,0),L,(hxr,;,0)) belongs to Hg(;l(Qoo) X
L*(0, oo; H(}O(Q)) and

HL(iLXFw O)HH(?(;l(Qoo) + ||LP(BXF2" O)HLQ(O,OO;H(%O(Q) < CR(UOW?W% h’Ff’ Faiv, FS)' (1‘7 '14)

Thus, thanks to equation (1.7 .2) and inequality (1.7 .13), we prove that
||(Uap) m, 77279)”X507e < CR(UO7 77(1)7 77(2)7 ha Ffv FdiV7 Fs)
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1.8 Stabilization of the extended nonlinear system

The goal of this section is to study the stability of the closed-loop extended nonlinear system
iy — div o (i, p) + (us - V)i + (4 - V)us — A1 — Agfly — wit = e Fy[dl, p, 71, 7] in Q,
diva = Asfy + e “'div Faiy[@, 1] in Q™°, 4 = fzeg on X, 4 = Y7, giw; on e,
G=honX®, o(a,p)n=0on X,
e — fl2 —win = 0 on X5°,
flag — BAN — AR + a1 — Agify — wily = vsp + e~ Fi[d, f1] on £,
it =0 on (0,00) x A5, fi1e = 0 on (0,00) x 9T,
g — Ag = Ku(Pa,m,n2,8),

@(0)=a°in Q, M(0) =7 on Ty, H2(0)=n9 onT,, g(0)=0,

(1.8 .1)
where C,, is the linear feedback law stabilizing system (1.5 .1). We are going to use the results on
the nonhomogeneous linear system (1.7 .1) and a fixed point argument to prove that system (1.8
.1) is locally exponentially stable. For that, we introduce the mapping G defined by

g : X5oe — Xspe
(uq,C1, ¢z, h) — (v,p,m1,m2,8)
where (v, p,n1,12,8) is the solution of system (1.7 .1) with right-hand sides
(Frlu, g, G, Gy Faiv[u, Gl Fslu, Gi),
initial data (29,79, 79) in Hie(Faiv[6°,79]) and boundary perturbation h € HA (0, oo; HZ(T;)). We

are going to prove that G is well-defined and that there exists R > 0 such that G is a contraction
in

Bso,r = {(v,p, 11,12, 8) € Xsoe | 1(v.0:m,m2,8) x5, SR and  Jle™ M zoo(me) < Nmax},
where 0 < Nmax < 1. We set
B(v,p,m,m,g) = (14 10,0, m0,m,8) [, ) 10, m,m0.8) X,
Now, let us prove some results useful to prove the contraction of the mapping G.
Lemma 1.8 .1. Let n be in H?(X%°). There exists C > 0 such that
170l oo (520 + [IMllc (0,000 () + M2l oo (m20) + M2zl oo (520) < ClInllFra2(see),

and

HntHL2(0,oo;L°°(Fs)) + ”ntCUHLQ(O,oo;LOO(FS)) + HnivawHLQ(O,oo;L"o(Fs)) < CH”HH‘M(ESO)

Moreover, i belongs to Cy([0,00); CH(Ts)).
Proof. Since 1 belongs to H*2(X%°) then by interpolation we have
ne H?(0,00; H*7(I,)), V0<6 <1,
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which gives

(1.8 .2)

where 0 < € < % Thus, thanks to the continuous embeddings
H2(0,00) = Cy([0,00)) and  H=T(Ty) = L=(T),

we have on the one hand 7, 7, and 7., belong to L>°(X$°) and the other terms 1, Mty and 7yzs
belong to L?(0,00; L®(T's)) with the expected estimates. From the continuous embeddings

H%(0,00) < Gy([0,00) and  H>(Iy) = C'(T),

it follows that 1 belongs to Cp([0,00); C1(Ts)).
]
We introduce the nonlinear term g[v, 7;] defined by

Q[Uﬂh] = Z11,22V1- (18 3)

Lemma 1.8 .2. Let (v,nm1) belong to Hggl(Q‘X’) x HY2(X°). Then Fai[v,m] belongs to
H?1(Q™), qv,n] belongs to L*(0,00; HY(Q)) and there exists C > 0 such that

| Faiv[v, mll g2 ey + llglv, mll 220,00;11 (2)) < CHnlHH4’2(E§°)HUHH§(;1(QOO)'

Moreover, we have
O'(fdiv[v7n1]7 Q[va 771])71 =0 on ZSLO

Proof. We have

Faiv[v, m] = —muvier + 21 zv1€2,
and its derivatives are
Fdivie = —M,zV1€1 — NV1,2€1 + 2N 22V1€2 + 201 22V1€2,
]:div,z = —MV1€1 + N1 zv1€2 + 2N12V1 262,
Fdiver = —M,zzV1€1 — 201 201,261 — NV1,22€1 + 2N 202V1€2 + 2211 22V1,2€2 + 271 201 22€2,
-Fdiv,zz = —NU1z.€1 + 2771,1'01,2@2 + 2M,2V1,22€2,
Fdivg = —N1,4V1€1 — N1V1,te1 + 201 t2V1€2 + 201 201 1€2.

(1.8 .4)
The terms of Fyiy[v, 1] involving 11, 71,5 Or 71 e such that 71 ,v1 can be estimated as follows:

Hnl,wleB(Qw) < Hm,x ’LOO(O,oo;LOO(FS))HU1HL2(Q°°)7

and the terms of Fgiv[v, 1] involving m1 ¢, M1tz OF M1 gz, such as ny 42,01, can be estimated as
follows

71,2221 | L2(Q) < M1zl £2(0,00;L00 (o)) V1] Lo (0,00: 22 (02))-
Thus, there exists C' > 0 such that

| Faiv[v, 771]||H2a1(Q°°) < CHUlHHM(zgo)HUHHM(QOO)-
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Similarly to Fgiv[v, 1], we prove that

llglv, mll 21y < Climll a2 see [Vl 2.1 (o)

By using equation (1.8 .4) and the boundary conditions for 7;, we prove that

o(Faiv[v,m], qlv,m]) = 0 on X5°.

O

Lemma 1.8 .3. Let (v,p,n1,12,8) belong to Bsy g. Then Fr[v,p,ni,m2] belongs to L2(Q>) and
there exists C' > 0 such that

| Frlvsp,msmelll 2@y < CB(v,p,m1,m2, 8).

Proof. To prove that F¢[v,p,n1,m2] belongs to L?(Q>), we are going to show that all its terms
belong to L?(Q*°). By using Lemma 1.8 .1, we can prove that all the geometrical nonlinear
terms involving v or its first order derivatives belong to L2(Q>). For example, we have

||771,:c:cvz”L2(Qoo) <C ||771||Loo(zgo) ||Uz||L2(Qoo) < CB(v,p,m,n2,8).
Let us prove that 7y ;v,, belongs to L?(Q>). We have M1, belongs to H(0,00; H}(Ty)) —

)
L>(0,00; Hy(I's)) and v, belongs to L*(0,00; L3 (2)). Therefore, thanks to Lemma 1.5 .2, we
have

Im,2vazll£2(@e) < Cllmallze 0,00m3 0 1221l 220,002 (@) < CB (v, 901,12, 8).

Similarly, we prove that all the geometrical nonlinear terms involving the derivatives of v of order
2 belong to L?(Q).

Now, we are going to estimate nonlinear terms coming from the Navier-Stokes equations as (v-V)v.
Since v € L?(0, oo; H2te (2)) N HY(0, 00; L2(Q2)), we have v belongs L>(0, oc; H%+570(Q)) and
Vo belongs to L?(0, oo; H%“O(Q)). Thanks to [[28], Proposition B.1], we have

[0 P)ollaey < Clollgs g g 190 g oy

Hence

1= Vvl @) = Clvll . Vo]l < CB(v,p,m,m2,8)-

£ 1
oo HITT () L2(0,00;H2 20 (02))

Thus, we prove that F¢[v, p,n1,72] belongs to L2(Q>) with

1F 510, 0 m m2]ll 2 goey < CB(0, 911512, 8)-

O

Lemma 1.8 .4. Let (v,p,m,n2,8) belong to Bs, r. Then Fs[v,m] belongs to L*(Q°°) and there
exists C' > 0 such that

1Fs [0, m]ll2@) < Climllaazsg)l|vll g2 gee)-
0

Proof. 1t is similar to that of the previous lemma.
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1.8 . STABILIZATION OF THE EXTENDED NONLINEAR SYSTEM

Proposition 1.8 .1. 1. Let (v,p,n1,1n2,8) belong to Bs, r. Then, there exists C > 0 such
that

H(]:f[vapanl,nﬂv]:div[va771]7fs[va771])||y + HQ{Uvnl]”LQ(O,oo;L%Q) < CB(vaanl,UQag)'
(1.8 .5)

Moreover, if (v,p,m,n2,8) and (u,q, (1, (2, h) belong to Bs, r then we have

| (F¢lv, psm1,m2, 8, Faw[v, ml, Fs[v,m]) — (Frlu, g, C1, G2, h], Faiv[u, Gl Fslu, Gy

+lglv,m] = alu, Gl 2(0,00:22(0) < CR(A + R) [[(v, p, 11,12, 8) — (u, 4, C1, G2, )||X5076
(1.8 .6)

2. The mapping G is well-defined and for all (v,p,n,m2,8) and (u,q, (1,2, h) in Bs, r, we
have

160, 2512, 8)lx,, , < (H @, g, m3)|l;, + ||h”H1 (0,00;12(Ty)) T B0, p, 771,7727g)) :
and

Hg(vupa 7717772,g) - g(uyq)ChC??h)HX(;m8 < CR(l + R) ||(U,p, 77177727g) - (u7 q, 41742,h>HX60,e .
(1.8 .7)

Proof. 1. Thanks to Lemmas 1.8 .2, 1.8 .3 and 1.8 .4, we prove that (F¢[v, p, n1, n2], Faiv[v, m], Fs[v, 1))
belongs to Y and there exists C' > 0 such that

||(J—'.f[’U,p, 7717772]1fdiv[vvnl]afs[vanl])ny < CB(vaa 7717772ag)'

The inequality (1.8 .6) comes from the fact that we have at least quadratic terms.
2. From Theorem 1.7 .1, system (1.7 .1) with right-hand sides

(‘Ff[vap7 7717772]7]:div[v7771]7]:5[”,771])7

initial data (a°,79,73) € H. 7, [a0,.,9) and boundary perturbation h € H}(0,00; H3(T';)), have a
unique controlled solution G (v, p,n1,72,8) belonging to X5, . with the estimation

||g(U,p, n, 12, g)HX(gO,e S C ||(7?L07 7]97 ng)”zc + CHh”H&(OaOOng(FL))
+C H(‘Ff[v7p7 m, 772]7]:div[% 771]7-F8[va 7]1])”)/ .
Hence, using the first part, we obtain
Hg(vvp777177727 ||X§ - (H 77’17772 ||7,c+HhHH1(OOOH2(F ))+B(U,p,771,772,g)> .

For the second inequality, we use the fact that

g(vapv n,n2, g) - g(u7 q, Cl? C27 h)a
is the controlled solution of system (1.7 .1) with right-hand sides

(‘Ff[v7p7 7717 772] - ff[u7 q7 Cl? CZ]:J:diV[U7 771] - ‘FdiV[u7 T]l]a fS[”) T,l] - fs[u7 ng7

initial data (0,0,0) and no boundary perturbation. Thus, we obtain from Theorem 1.7 .1 and
the first part of this proposition

||g(vapa’r]1,7]23g) - g(U,qv <17<2ah)||X5076 S CR(l + R) ||(U’pa 77177’2ag) - (U, q, ClaCZah)HX(go’e .

O]
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Theorem 1.8 .2. Let Nyax be in |0, 1] and w be positive. We assume that 1.4 .1 and 1.6 .1
are satisfied. Then, there exists r > 0 such that for all (0°,79,73) € Hie(Far[0°, 1)) and
h € HL(0,00; H3(T;)) satisfying the estimate

system (1.8 .1) admits a unique solution (i, p,n1,n2,8) € Xcs5,. Moreover, there exist € > 0 and
C > 0 such that

(@8 m8)|| + WAl g 0.cstzz ) < 7

—wt

le™" N ()l Lo,y < Mmax — and (@) 1.0+ 17O g3,y + 1020151 @,) < C,
Hi(Q)

for all t > 0.

PT’OOf. Let (vav n, M2, g) and (U, q, Cla CQ’ h) belong to B(So,R with

R:= 20(‘

~0 ., 0,0 7
(@8, m)||, + Illza 0.00smr2r) )
where C' is the constant of Proposition 1.8 .1. We set
(ﬁvﬁv 7713 77/27 g) = g(v,p, M2, g)

From Proposition 1.8 .1, we have

R
Hg('l),p, 7]177727g)HX(50’6 S 5 + C(l + R)R2,
and

||g(Uapa77177727g) - g(uvq, <17<25h)||X5076 S CR(l + R) ”(Uapa 771,772ag) - (U7Qa ClaCQ,h)HX(go,e .

Thanks to Lemma 1.8 .1, we also have

le™ || oo (m20) < Cllll a2 (2
We choose Ry small enough such that

R
70 +C(1+ Ro)R2 < Ry, CRy(14+Ro) <1 and CRy < Nmax-

It follows that G is a contraction in Bs, g,. Thus, thanks to the Banach fixed point Theorem,
there exists a unique quadruplet (&, p,M1,72) € Bs, R, such that

G(@,p,M,1M2,8) = (@, P, M, 72, 8)-
We deduce that system (1.8 .1) admits a unique solution (i, p, 71, 72) with the estimates
le™“ Mmllzoe(z) < Mmax  and  [[(4, D, 01, 72, &) x5, . < Ro-
From ([40], Theorem 2.1) and Lemma 1.4 .1, it follows that

la@)l| @Ol e,y + 1920l m1(r,) < CRo.

Hit?(Q)
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1.9. PROOF OF THE MAIN THEOREM

1.9 Proof of the main theorem

Thanks to Theorem 1.8 .2, it follows that, in order to prove Theorem 1.3 .1, we have to check
that the change of variables 7T, ;) is well-defined as a C 1 _diffeomorphism from Q1) into Q for all
1 belonging to H*?(£2°) such that [|1]| 1o (si:¢) < Nmax and for every ¢ € (0, 00). For that, we use
the continuous embedding H*?(X°) < C(0,00;C (Ts)) (see Lemma 1.8 .1). Together with the
estimate ||7]| 00 (s00) < 7max, We show that Ty is a C'—diffeomorphism from Q) into €.

1.A Appendix A: Adjoint of (A, D(A.))

We introduce the operator Ny € E(H(Qso(Q), L%(9)) defined by Ny¢ = q where g is the solution of
the variational problem

Find ¢ € L?(Q) such that
Jac=2 [ e@):V2o-2v [ e Vit [ [ (- V)o+ (Vu)Te] - Vo, v¢eL¥@),
0 Q T, Q

where v is the solution of the equation

Ay = in Q, (;T/’ =0onTly, Y=0onTl,. (1.A.1)
n

3 3
We also introduce the lifting operators D € L(Hg ('), Hj (©2)) and D), € L(Hg (Ts), H; (€2))
defined by
Dg=¢ and Dyg=1, (1.A.2)

where (¢,1)) is the solution of the system

Ao¢ — diva (¢, ) — (us - V) + (Vus) ¢ = 0 in Q,
divp=0inQ, ¢=gesonTlys, ¢=0onTY, (1.A.3)
p=0onT;, o(p,¥)n+us-np=0onT),.

Finally, we introduce the unbounded operator (A#, D(A¥)) defined by

D(AF) = {(Po, &1, 6, h) € VL1 () x (HA(T,) N HF(T,)) x HF(Ts) x R | P — PD& € D(A")},

'I’L,Fd
and
A 0 (ol — A*)PD 0
(—Anp) 43 0 —I + (=Aap) YA + ATVNs) 0O
Af = YNy + A5 —Aug A+ WNGVN, + A3VN, 0 | AL
( 2ve(-)es - wi> 0 — ( 2ve(V N;)ey - wi) A
Iy i Ly i
The operator A%, is defined in D(A¥) by
0
o ( )t ( )
& —(=Aa,8) " A3y Ny (P9 + VNG
'A;fe 52 = 75N¢(P¢+VNS§2) y V(P¢7§Ia§27h)€D(-Af)'
h - (/r Ny(P¢ + VNs&2)es - wi)
b i
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STABILIZATION BY A DIRICHLET BOUNDARY CONTROL

Proposition 1.A.1. Let A belong to R and let (Gf,GL,G?,G.) belong to Z.. The quadruplet
(¢, 0,&1,&) € H (Q) x Hy () x HY(Ts) N Hi(Ds) x HE(Ts) is solution of the system

Ap — div (g, ¥) — (us - V)b + (Vus) o = G in 9,

divp=01inQ, ¢=%es onls, ¢ =0 only,

dp=0o0onT;, o(d,¥)n+us-nd=0 onT,,

A1+ &2 — (_Aa,ﬁ)ilAZ& - (_Aa,ﬁ)ilAiﬂ(b + (_Aa,ﬁ)ilA;ﬂb =Gy onTs, (1.A.4)

A& + BAEL — YAG — al’€y — Ajp — ) = GF on T,

&1 =0o0n0ly, &, =0 ondly,

Ah — Ah — </Fb U(¢,¢)€2'wi> = G,

)

if and only if

Po P Gy
&1 &1 G!
AM; =AY 5|
“l & ‘e | T e
h h G. (1.A.5)

(I = P)p = VN.&,
¥ = —ANy&2 + NyVN,&s + Ny Pg.

Proof. Let (¢,1,&1,&) € HE () x Hj () x H4(Ts) N H3(Ts) x HE(Ts) be a solution of sys-
tem (1.A.4). As in Theorem 1.4 .8, we prove that (¢, ) is a solution of the system

(M — A*)P¢ + (A* — N\oI)PDé&; = Gy,
(I — P)¢p = VN,
1 = —ANs& 4+ Ny(Pd + VN&).

Replacing the pressure ¥ by the above expression in the equations satisfied by & and &, we
obtain

At = A(=Aas) TAENGE = —&o + (= Aap) (AL + ATVNG )& + (= Aap) T ATPG
_(_Aa,ﬁ)_l 373N¢(P¢ + Vngl) + G;a

and

AT + 7sNo)éa = —Aq g€t + YA + 75NV Nola + A5Pd + vsNg(Po + VN&2) + Gz
We also have

o(9,¢)es = 2ve(@)es — ey = 2ve(Po + VINsa)ea + ANs&aea — Ny(Pd + VN E2)ea.

Thus, the last equation of the system becomes

)

Ah — Ah — )\ (/Fb(ngg)eg . wi)i = - ( h Ny(P¢ + VNs&)es - wi)

7

+ ( 2ve(P¢ + VINg&a)es - wi> + Ge.
Ty
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1.A. APPENDIX A: ADJOINT OF (Ag, D(Ag))

Proposition 1.A.2. The adjoint of (Ae, D(Ae)) in Ze is (A%, D(AY)) defined by
D(A) = {(Pé.&1. 6. h) € VE 1 () x (HA(T.) N HZ(T,) x H3(T,) x R™ | Pé— PDg € D(A7) ),

and
A= AFM, ;.

Proof. Let (F, FY, F2,F.) and (G, GL, G2, G,) be in Z.. We consider the two following systems
v —divo(v,p) + (us - V)v+ (v- V)us — Ay — Aonp = Fy in Q,
divo=A3m in Q, v=meyonly, v=>7" gw;only,
v=0onT;, o(v,pn=0o0nT,,
An — 2 = F} on Ty, (1.A.6)
Mg — BAN — yAng + aAPn — Ay = ysp + F2 on Ty,
m =0on dl's, n 4z =0ondl},
g —Ag=F,,
and
Ap — divo(d,¥) — (us - V)¢ + (Vug)T¢p = G in 9,
divg=0in Q, ¢=%&eronly, ¢=0o0nTYy,
p=0only, o(p,Y)n+us-np=0only,,
A1+ &2 — (—Aap) T Aile — (—Aap) T ATO + (—Aap) T ARY = G on Ty, (1LAT)
Aa + BAEL — VAL — el — A3d — 4 = G on T,
&1 =0o0ndl'y, &, =0ondly,
Ah — Ah — (/F (g, v)es - wi) = Ge.
b i

By integration by parts, we prove that

J o = [erv- [ ¢U2—Zgz/ @ )er-wit [ peo = [ Ao

—/ A2772'¢+/A3771"¢7771
- /Gf v—/ 1%—292/ (¢, 1p)es - wz+/ p&a — (A19, M) i-2(r,), m2(T,)

_/r n2A5¢ + <A§¢7?71>H—2(FS),H3(FS)-
We also have

|G aum = [ Caapetm+ B+ [ o-Aupm - [ (Ao A6~ A0

s s E]

- [ A0 AT Au g+ [ (- Aap) AR Au g

E]

= [ Aapatn+ FD + [ 6o(-Aapm — (Al m)n-amr

—(ATo, M) r—2(r),m2(r.) + (A30, M) g-2(r,),m2(r)»
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and

/FS(G§+%7/))772 = /€2F2 /( 045)771‘52_/FS(_A%B)£1772+<AZ£2a771>H_2(Fs),H§(Fs)

+/ pﬁz—/ n2A50.

By combining the three identities, we obtain the identity

Fy 10) v Gy

F} &1 m Gy

Fsz P 62 - T]Q 3 G‘z (1A8)
F. h Z g G, Z

We have to interpret the identity. According to Proposition 1.6 .6, (Pv,n1, 11, g) satisfies

Pv Fy

Fl

()\Ms,e - Ms,eAe) Z; - FZQ
g F.

Thanks to Proposition 1.A.1, (P¢, &, &2, h) satisfies

Pg Gy
1
* A H# 51 — GS
(AMs,e 'Ae ) 62 Gz
h G,
Thus, identity (1.A.8) is equivalent to
Pu Po Pu Po
MM — MoAN| ™ | ] © | o —an| @
( ’ eAe) 72 &2 2 (AMe ¢) &2
g h Ze g h Ze

Therefore, the unbounded operator (A%, D(A¥)) is the adjoint of (A, D(A¢)) in Z..

1.B Appendix B: Nonlinear terms

The nonlinear terms Fy and Fs in system (1.3 .3) are defined by
-Ff [a7ﬁ7 M1, 772] = zfjpll, — Vzﬁl,xx'az - 27/2771,:(:@:& — 2, — vVdiv ]:div[av ﬁl] + Zﬁl,xﬁzel

A —wta oA s I N N —WEA A s IR N N
FMNpze2 + z€ TN L ULUL + 2N pULUs 2 T 201 2Us1Ux + € 7 N1ULU, + NULUs » + 11U 2U,

—%(ew“z +us) + %( T, 4 us ) + %( i, )
+m(ew“m +Us ) + W(e%zz Fug.s) — m( .t ps.s)er
e el s X )+ -9
_%(e_mm +us 1) (e My + us ) — 1%171%(6_‘“@2 + us2) (e iy + us ),
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and A
PN A A PN A vmnm,z —wi A
Fslt,m] =v (M el,z + Meloqs +2Ma2,) — —— (€71, + us1,2)
14 e iy
R 9
U3 van
1 —wt g 1,z —wt &

- ~ (€ U9, + Us2,2) — ~ (€ U9, + Us2z2)-
14 e @ty ( ) 14 e=wtiy ( )
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Chapter 2

Feedback stabilization of
Navier-Stokes equations by
boundary deformation

2.1 Introduction

We are interested in the stabilization of a fluid flow over and below a thick plate, locally around
an unstable stationary flow, by boundary deformations of the plate. The reference configuration

of the fluid domain is
0= [OvL] X [_& E] \ [0768} X [—e,e],

where L, ¢, {5 and e are strictly positive. The boundary I' of 2 is splitted into different parts
F=ryulul.uly,,

where 'y is the part occupied by the structure, I'; is the part where inflow Dirichlet boundary
condition is imposed, I'e and I';, are parts where Navier and Neumann boundary conditions are
respectively prescribed (see Figure 2.1). The velocity us and the pressure ps of the stationary
flow are described by the incompressible Navier-Stokes equations

—divo(us,ps) + (us - V)us =0 in Q,
divug=0in Q, wus=0o0onTy, wus=gsonly, (2.1.1)

us-n=0onT,, e(us)n-7=0o0nT,, o(us,ps)n=0onT,,

FC
I
[
— 0 L,
I
I
T,

Figure 2.1 — Reference configuration of the fluid domain.
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2.1. INTRODUCTION

L.
I
W0
ﬁ Q'l(f) I
Fn(ﬁt)
T,
Fe

Figure 2.2 — Deformed configuration of the fluid domain.

where g5 € HZ(I';; R?) is an inflow boundary condition. The stress tensor o (us, ps) is defined by
the expression

o(us,ps) = 2ve(us) — psl, e(us) = %(Vus + (Vus)T),

where v is the fluid viscosity. We know that if the Reynolds number passes a certain critical
value, the stationary flow (us,ps) is unstable. We assume that we are in that case. We consider
a perturbation h of the inflow boundary condition gs. The goal is to stabilize the perturbed fluid
flow around the stationary flow by deformation of the elastic boundary I'y of the fluid domain.
We assume that the displacement 7 of the the structure is governed by an ordinary differential
equation

n(t,z) = gn%t)wi(x),

(2.1 .2)
My = —oan —n, + f,
77(0) = 77(1)7 nt(o) = "7(2)7
where n = [n',--- ,n"] € R"%, f € R", «a > 0 and v > 0. The functions (w;)1<i<n, C

H*(T's) N H§(Ts) are constructed in Section 2.7 .3. We denote by €2, the domain occupied by
the fluid at time ¢ and by T, ;) the boundary of €2, ;) occupied by the structure (see Figure 2.2).
We use the notations

= U (Bx20) == U ({1 xTy),

te(0,00) t€(0,00)

@ = (0,00) x Q, £ = (0,00) x I,
3¢ = (0,00) x I, 5° = (0,00) x T,

We also use the notations

e1 =(1,0) and e =(0,1).

For any prescribed exponential decay rate —w < 0, and for h, u°, 17(1) and 178, such that h, u°® — u,,
1y and 1Y are small enough in appropriate spaces, we would like to find a control f, in feedback
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STABILIZATION BY BOUNDARY DEFORMATION

form, such that the solution (u,p,n) of system

uy — dive(u,p) + (u- V)u=0in Q°,

divu =0in Q°, u=37 niw;n on Y%, u=gs+hon¥¥,

u-n=00nXX eun-7=0o0n XX o(u,p)n=0on X, (2.1 .3)

My = —an—yn + f,

u(0) = ug on Qyo, n(0) =nf, n,(0)=n3,
converges to the stationary solution (us,ps,0) exponentially (see Theorem 2.3 .1). The equation
u= >, niw;n in system (2.1 .3) corresponds to the equality of the fluid velocity and the
displacement velocity of the structure. In the second part of the chapter, we look for controls, in
feedback form, able to stabilize semi-discrete systems associated to (2.1 .3). Thanks to numerical
tests, we show that the linear feedback laws are able to locally stabilize the full discretization of
the nonlinear system around the stationary solution. To determine the feedback law stabilizing
the nonlinear system (2.1 .3), we proceed into the following steps.

Step 1: System in a fixed domain and linearization.

Thanks to the change of unknowns introduced in (2.3 .1), we rewrite system (2.1 .3) in a
fixed domain

i — divo(a, p) + (@ - V) = Fyla, p,my,m,) in @,

diva = div Faiy[, m] in Q*°, 4= Agmen on ¥°, @ = h on X,

@=0o0n X, e(@n-7=0o0n%XX, o(a,pn=0on XX, 2.1 4)
Me—M2=0,

Mo +om +y102 = f,

a(0) =% in Q. 1,(0) =ni, m,(0) =mn3,

with n; = n and 1, = n;. The nonlinear terms F[a, p, N, o] and Fyi [t, n,] are defined
in (4.A.1). Since we want to stabilize the above system around the stationary solution
(us, ps, 0,0) with an exponential decay rate —w, we make the change of unknowns
d=eMa—uy), p=et(Fops), M =en and My = cn,.
The system satisfied by (4, p, 7);,7),) is
¢ — div o (@, p) + (us - V)@ + (4 V)us — A1f); — Aoy — wit = e “LFf[a, P, 7y, 73] in Q™
div o = Asfy + e “tdiv Fyip[6, 7] in Q°, @ = Ayfyn on °, 4 = h on B
t=0o0n X, e(@)n-7=00n%XX, o(lp)n=0on X,
N1 — T2 — wi)y =0,
Nt + af)y + 7y —wiy = f,

a(0) =4 in Q, 7y(0) =ny, 0,(0) =n3.
(2.1 .5)
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2.1.

Step 2:

Step 3:

o8

INTRODUCTION

Reformulation of the linearized system and stabilizability.

The goal is to rewrite the linearized system

vy —dive(v,p) + (us - VYo + (v - V)us + wv — A1my; — Aamy = 0 in Q°,

divv = A3ny in Q°, v = Aymyn on X°, v =0on X,

v-n=00nX® en-n=00n%L, o(v,p)n=0o0n %L, v(0)=1"inQ,
Mgt — Mo — W = 0, m.(0)= 77(1)7

Moy +amy +9my —wny = f, 13(0) = n9,

(2.1 .6)
as a control system where the operators Aj, Az, Az and Ay are defined in (2.4 .4). To do
that, we have to eliminate the pressure of the fluid equations. In chapter 1, we have used
the Leray projector which leads to split the velocity into two parts. Here, we are going to
use a projector taking into account the fluid-structure couplings of the linearized system.
This approach is followed in [5]. However, we consider here an oblique projector rather
than an orthogonal. Thus, we also take into account the fluid-structure couplings of the

adjoint of the linearized system. Thanks to that projector, denoted by II, we prove that
the linearized system is equivalent to the following one

d v v v UO

el _ _ 0

| m (A+wl) | ny | +Bf, n | (0) mo| 217
P Up) yp) Up T

p=—NsAy(ny; — wny) — NaivAz(ny — wny) + NpAimy + NpAany + Nyv.

The operators A and B are defined in a space Z (see (2.6 .3) and (2.7 .4)) and the operators
N, Ngiy, Np and N, are given in Section 2.5 . We prove that A is the infinitesimal generator
of an analytic semigroup with compact resolvent. This allows us to reduce the stabilizability
of the pair (A + wl, B) to a unique continuation problem. Thanks to an appropriate choice
of the family (w;)i1<i<n,, we prove that the pair (A + wl, B) is stabilizable.

Projection onto the unstable subspace associated to (A + wl,B).

To construct a feedback control law which can be easily determined numerically, we are
going to project system (2.1 .6) onto the unstable subspace associated to A + wl. Let
(Aj); be the eigenvalues of A. We denote by Gr(\;) the real generalized eigenspace of A
associated to A\j. We choose a finite family (););es, containing at least all the unstable
eigenvalues (with nonnegative real part) of A+ wl and set

Zy = @jes, Gr(N)).
There exists a subspace Zs of Z, invariant under (etA)tzo, such that
7 =7, D Zs.
We denote by m, the projection from Z onto Z, parallel to Z;. We prove that there exist

two families (vi, 1y ;,M2,)1<i<d, and (¢4,&;;,82,)1<i<d, satisfying the bi-orthogonality
condition

v Gi
M || &1 =065, V1<4i,5<dy,
M2,i 52,i



Step 4:

Step 5:
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such that
v du, v i V;
Ty, ™ = Z M ) £1,z’ M, ) v (Ua M1 772)T € Za
up! =1 up! & M2,

and that the matrix A, defined by

Ui (Z)j
Ay = [Auijh<ijca, and  Awig=[A| n,; |, &1y ;
M2, 52,;’

is constituted of real Jordan blocks. Moreover, we can prove that there exists p; (resp.
;) such that (v, pi, My, M2,) (resp. (di, i, &1 4, €2,)) corresponds to the real or imaginary
part of a generalized eigenfunctions of the eigenvalue problem (2.7 .7) associatied to the
linearized system (2.1 .6) (resp. (2.7 .8) associated to the adjoint of (2.1 .6)). It follows
from the relations between the generalized eigenfunctions of (2.7 .7) and (2.7 .5) on the
one hand and the relations between the generalized eigenfunctions of (2.7 .8) and (2.7 .6)
on the other hand. Thus, we can construct 7, without having to construct the projector 11
which is not easy to approximate.

Stabilization of the linearized system.
Since the pair (A + w1, B) is stabilizable then (A, + wI, B,), where B, is defined in (2.7
.22), is also stabilizable. Thus, the operator K, = —BL P,, where P, is the solution of the
algebraic Riccati equation

P, € R% xR%, P, =PI'>0,

Pu(Ay +wiga,) + (AL + wiga, )P, — P,B,BI'P, =0,
provides a stabilizing feedback law for (A, + wlgd,, By). We deduce a feedback stabilizing
the pair (A + wl, B) and then the linearized system.
Stabilization of the nonlinear system.

We use a fixed point method to prove that the linear feedback law is able to locally stabilize
nonlinear system (2.1 .4) or equivalently the original system (2.1 .3).

We follow a similar approach to find a feedback law able to stabilize semi-discrete systems.

2.2

Functional setting

We define the classical Sobolev spaces in two dimensions

L%(Q) = L*(Q;R?)  and H¥(Q) = H¥(R?), Vs> 0.

We set

I'o=T;ul’;Url..
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2.3 . MAIN RESULTS

We define the functional spaces
V%,FO(Q) ={veL?(Q)|divv=0,v-n=0o0nTy},

V(Q) ={v e L3(Q) | divv € L2(Q)},

H%O(Q) ={veHY Q) |v=00nTsUT;,v-n=0o0nT.}
V’}L,FO (Q) - Hll—‘() (Q) X V?L,FO (Q)7
H = L2(Q) x R x R",

Z =V9_ (Q) x R x R,

n.To
Z = {(v,nl,ng) € H|divv=Asn; in Q, v-n = Ayn, on T, v-nzOonFo\Fs}.
For w® € HY(Q) given, we define the space
Hie(w®) = {(v%n9,n) € H| (v° —w® 1Y, nY) € [D(A), Z]%, dive® = divw® + A3n) in Q,
v=Amnin onTs, " =0o0nT;, v-n=0onT.},
equipped with the norm

1(0®, m8,m2)llie = (%, 0%, m) |l + [1(° = w,mi, )| D). 2

Nl

The operators Az and Ay are defined in (2.4 .4) and the unbounded operator (A, D(A)) is
defined in (2.6 .3). Now, we are going to introduce the weighted Sobolev spaces. We denote by
C = (Cj)1<j<s the set of the corners of 2. For all §,s > 0 and for n =1 or n = 2, we introduce

the norms
2 0
lzmy = X [ TLriioml

laj<2”¢ jec

where r; stands for the distance to Cj € C, a = (a1, a2) € N? denotes a two-index, |a| = oy + a9
is its length, 0, denotes the corresponding partial differential operator. We denote by Hg(Q, R™)

the closure of C*°(Q2) in the norms ||| H2(QRn)- We define weighted Sobolev spaces in two
dimensions

Li(Q) = HY(Q;R?)  and H;(Q) = Hj(Q;R?), Vs >0,

and the product space
Hs = H(Q) x H}(Q) x R™ x R",

We introduce the spaces
H>H(Q>) = L*(0,00; H*(Q)) N H'(0, 00; L*(Q)),
HPH Q™) = L2(0, 00; HZ(Q)) N H(0, 00; L2(Q)),
HY?(3) = L*(0,00; HY(Ts)) N H?(0, 00; L*(Ts)),
Y = L?(0,00; L2(Q)) x H*1(Q>),
X5 = Hy Q™) x L2(0, 00; HH(2)) x H2(0, 00; R™) x H'(0, 00; R").

2.3 Main results

First, we are going to define the spaces of solutions of system (2.1 .3). For that, we introduce
the change of variables

(2.3 .1)

Ty:(tzy) — (tz,2)= (t,x, (L —e)y —fﬁ(t,x,s(y)e)) 7

C—e—s(y)n(t,z,s(y)e)
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and

(£ —e)y — In(t,, s(y)e)) ’ (2.3 .2)

Tow + (@y) > (@,2) = <$ (—e—s(yn(t,z s(y)e)

where the function s is defined by
s(yy=—1 Vy<0 and s(y)=1 Vy>0.

We define the mapping 7;7(1) in a similar way. The mapping 7, ;) transforms €2, into the reference
configuration 2.

Definition 2.3 .1. Let 1) belong to H*2(X%°). We say that u belongs to Hg’l(Q,OIO) if
e for allt >0, the mapping Ty ) is a C'-diffeomorphism from Q) into L,
e uo 7:7*1 belongs to Hg’l(Qoo).

Let §p defined in Theorem 2.5 .2. The main theorem of the chapter is the following result of
stabilisation for the nonlinear system (2.1 .3).

Theorem 2.3 .1. Let w be positive. We assume that 2.5 .1, 2.7 .2 and 2.7 .1 are satisfied.
There exists > 0 such that, for all (u®,n3,n3,h) € HI(QU?) x R x R x H'(0,00; H3(T;))

satisfying (u® o To' — us,nY,nf) € Hie(Fuiv[u® o To" — us, ) and
1”0 Too® — sy m, m3)llic + 1€ ll i 0 00; 2007 < 7
we can find f € H(0,00;R"), in the feedback form, for which there exists a unique solution

(u,p,m) in - , ) )
H5 (Qp°) x L*(0,00; H™ (1)) x H(0,00;R"™),

to the nonlinear system (2.1 .3) satisfying

< Ce™™, Vt>0,

H(u(t) o nztl) - us»77(75)»nt(t))HH%ﬁ(Q)XRnchnc =

where € > 0 and C > 0.
2.4 System in the reference configuration
In order to rewrite system (2.1 .3) in the reference configuration, we make the change of unknowns

n
Mm@t =M1, man. @] =), ma(t) = [m21(t), - ;M2 (B)] == n:(D).

a(t,x, z) = ult, thl) (x,2)) —us(z,2), pt,z,z):=p(t, 7;7&1) (x,2)) — ps(z, 2),

Thus, system (2.1 .3) is equivalent to the following one

’at - leO’(’lLﬁ) + (’& : V)’EL = Ff[a’ﬁ7nl’n2] in Qoo’
diva = div Faiy[t,m1] in Q%°, @ = Y71 ne ,win on X°, 4 = h on £5°,
@=0o0n X, e(@)n-7=0o0n X, o(a,p)n=0on X,
c (1) 0 ) n (24 1)
Nie — M2 =0,
Moy tamy +ymy = f,

ﬂ<0) = 7]’0 in Q7 771(0) = 77?7 772(0) = 77(2)7
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where 70 = u0 o 7;751. The nonlinear terms are
1

o _ (E=s(x)x)me o 2wl —s(2)2)ma - v((z—0)°ni, —ni) _ 20(l — s(2)2)ni,
Ff[u’p’nl’rh]_f—e—s(z)nluz 5—6—8(2)771 Ugy + (£—6+7]1)2 Uy + (E—G—S(Z)Ul)Quz
V(E - S(Z)Z)T/l TT ~ U(f — 6)771 - . ~ (ﬁ — S(Z)z)nl T ~
— 1y — Uy, — vVdiv Faiy |0, M) + ——F7
(—e—sm T @ c—s(zmP A e L]
slem C+2)me - - slehm
{—e— ,s(,z)mpze2 + l—e—s(z)m Uitz l—e—s(z)m U2tz
and
1
Faiv[t,m] = 57— (s(z)miner + (£ = s(2)2)m,ate2)
(2.4 2)
with

Ne Ne
m= Z nwi  and oy = Z M2,iWi-
i=1 i=1

Now, we are reduced to the stabilisation of system (2.1 .4) around the stationary solution

(us, ps, 0,0) with any prescribed decay rate —w < 0. In order to do that, we make new changes
of unknowns

a(t,z, 2) == e“tu(t, z, 2) — us(z, 2)], Pt 2) == e“[p(t, x, 2) — ps(x, 2)],

f1(t) = ['fll,l(t)v T 7ﬁ1,nc (t)] = e“tm(t), flo(t) = [ﬁQ,l(t)a T ’ﬁz,nc(t)] = emnz(t)-
Thus, we are led to prove the following result.
Theorem 2.4 .1. Let nyax be in (0,¢e) and w be positive. We assume that 2.5 .1, 2.7 .2 and 2.7
.1 are satisfied. There exists r > 0 such that, for all (2°,m9,7m9,) € H;c(Fy,[0°,n%]) and for all
h € HL(0,00; H3(T;)) satisfying the estimate

1%, 1%, 13) llie + 12l 2 0 00112 1)) < 7

we can find a control f € H'(0,00;R"™), in feedback form, for which nonlinear system (2.4 .3)

below admits a unique solution (4,p, ), 7,) € X5, satisfying the estimate

le™ ()l oery) < Nmax— and [|(@(t), 91 (8), 2(0))l] ;34 <G, V>0,

(92) xRme xRre
where iy = Y1 Ty w.

Remark 2.4 .1. As in Chapter 1 (see Section 1.9 ), the estimate

—wt

le™" M () zoer.) < Nmaxs

guarantees that the change of variables Te-wiy is a C'— diffeomorphism from Qe—wg(y) into
for all t > 0.

The system satisfied by (4, p, 7);,7),) is
¢ — div o (@, p) + (us - V)i + (4 V)us — A1) — Aof)y — wit = e F¢[a, p, 1)y, 7o) in Q°,
diva = Asfy + e “tdiv Fio[@, 1] in Q°, 4 = Agf)yn on ¥,

>
I
>
o
=
Ly
8

=0o0on X, e(@)n-7=0o0n3X, o(a,p)n=0on X,

Ny — M2 —wiyp =0,

9o T af) + 7y — wipy = f,

a(0) =ain Q, 7,(0) =n], (0) =y,

(2.4 .3)
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where
0 =" —u,, F@)=[Fi(0),- ,}'nc} = e“'f(t)  and  h(t,z,2) = e“h(t, x, 2).

The nonlinear term F is given in Appendix 2.14 . We introduce the linear differential operators
Ay, Ay and Az defined by

~ s(z Y
Ay = E(—)Z (ps,2€2 + Us 2Us » — 20U 55 + VUs 1 z2€1 + VUs 1 32€2) + Z—Lze (Us,1,2€2 — Us 1,2€1)
{—s(z)z
+<€(_)e)n$ (p&zel - QVUS,mz + Us,1Us,z — Vs 1,22€2 — Vusvl’mzel)
vl —s(z)z
o ( 7 E i )773733 (Us,z + u5717261)7
~ {—s(z)z
PR CETI
—e
~ 1
Asn = {0 — e(S(Z)TIUs,Lx + (0 = s(2)2)n2us,1,2),

for all n € L?(I's). The operators Ay, Ay, Az and Ay are defined by

Ne Ne Ne Nc
Ay = Z Ny iAiwi,  Agf)y = Z Ny Agwi,  Asf)y = Zﬁl,iASwi and  Ayf)y = Z"Ab,iwi'
i=1 i=1 i=1

i=1 -
(2.4 .4)
Proposition 2.4 .2. We have
Ay € L(HF(T,), L2 (9)),
Ay € L(L3(T,), L2 (Q)),
and Az € L(HE(Ts), H'(Q)).
Proof. 1t is similar to that of Proposition 1.5 .1.
O

Corollary 2.4 .3. We have
Ay € L(R™,L2()),

)
Ay € L(R™,L2()),
Az € L(R™, H(Q)),
and Ay € L(R", HZ(Ty)).
We denote by A7 € L(L%(Q),R™), A3 € L(L*(Q),R™), A5 € L(L*(Q),R™) and A} €
L(L2(T),R™) the adjoints of A1, Ay, Az and Ay respectively.
2.5 The Oseen system
We consider the nonhomogeneous Oseen system

Xow —divo(w, m) + (us - V)w + (w - V)us = F in Q,
divw=hinQ, w=gnonly, w=0only, (2.5.1)

w-n=0onT,, ewn-7r=0o0nT., o(w,m)n=0o0nT,,
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3
where F € L%(Q2), g € HZ (I's), h € HY(Q) and \g > 0 obeys
/ (Aov - v+ 2ve(v) re(v) + (us - V)v-v 4 (v V)us - v) > %HUH%,% . (2.5 .2)
Q 0

The goal is to study the regularity of a solution (w, ) of that system and to characterize the
pressure 7 in terms of w, F', g and h. First, we consider the Stokes system

—divo(v,p) = F, dive=0in ,
v=0onTys, v=0onTly

(2.5 .3)
v.n=0onT,, e(v)n-7=0onT,,

o(v,p)n =0 on T,
We recall the spaces
H%O(Q):{veHl(Q) lv=0onT,UT; and v-n=0onT.},

and
Vi, (Q) = Hp (Q) x V) 1, (Q).

n,lo

We shall say that (v,p) € V() x L*(Q) is a weak solution of (2.5 .3) if and only if it satisfies
the following mixed variational formulation

Find (v,p) € HILO () x L?(2), such that ,
a(v, ¢) — b(d,p) = /Q F-¢, ¥oeHL(Q)
bv,d) =0, Vi€ I2(Q),

where

a(v, ¢) = 21//05(1)) ce(p) and  b(v,9) = /Qdiv(v)z/).

Theorem 2.5 .1. Let F be in L2(2). Then equation (2.5 .3) admits a unique weak solution
(v,p) € V%O(Q) x L*(Q) satisfying the estimate

HUHVILO(Q) +lIpllz20) < CllF L2

Proof. 1t follows from ([43], Theorem 9.1.5).
O

We also have regularity results in weighted Sobolev spaces.

Theorem 2.5 .2. Let F be in L?(Q). There exists 0 < 5y < % such that the solution (v,p) €
VII«0 () x L%(Q) to equation (2.5 .3) belongs (v,p) € Hgo (Q) x HgO(Q) with the estimate

||UHH§O(Q) + HPHHgO(Q) < Cf|F[lL2(q)-
Proof. According to ([43], page 397), in order to determine the exponent dp, we have to consider

the equations below depending on the type of the boundary conditions imposed on the two edges
of a vertice Cj and their angle 0.

Case 1: Junction between a Dirichlet and a Navier boundary condition with 0 = 3.
cos()\g)()\ + sin(Am)) = 0. (2.5 4)
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Case 2: Junction between two Dirichlet boundary conditions with 6 = 7.

sz‘n()\g)(AQ - sinQ()\g)) — 0. (2.5 .5)

Case 3: Junction between two Dirichlet boundary conditions with 6 = 37”

3T

sm()\?)()\2 - sing()\?ir

) =0. (2.5 .6)

Case 4: Junction between a Neumann and a Navier boundary condition with 6 = 5.
sin()\g)(—A + sin(\r)) = 0. (2.5 .7)

From ([43], Theorem 9.4.5), the solution (v, p) to (2.5 .3) belongs to H (€2) x Hj () if there
is no solution of the above equations in the strip 0 < Re(\) < 1 — dp. For the equations (2.5
A4), (2.5 .5) and (2.5 .7), there is no solution in the strip 0 < Re(A) < 1. The solution A, to
equation (2.5 .6) with the smallest positive real part is such that Re(\;) ~ 0.54. Thus, there
exists 0 < §p < % such that the solution (v,p) belongs (v,p) € HgO(Q) X Hglo(Q). Moreover, we
have the estimate

lollesz (@ + 1Pl @) < ClFllezcoy.

We can assume the following result for the stationary Navier-Stokes equations (see [44]).

Assumption 2.5 .1. System (2.1 .1) admits a solution (us,ps) € H3 () x Hj ().

Lemma 2.5 .1. There exists 9 € (0,1/2) such that Hgo(Q) C H%JFEO(Q) and H(%O(Q) C
Hiteo(Q).

Proof. Tt follows from ([43], Lemma 6.2.1).
O
Now, we are able to give regularity results for the nonhomogeneous Oseen system.

3
Theorem 2.5 .3. For all (F, h,g) € L*(Q) x HY(Q) x HZ (Ty), equation (2.5 .1) admits a unique
solution (w, ) € H%O(Q) X H(%O (Q2) with the estimate

Juwlles @) + Il ) < € (1P ey + oy + gl )

Proof. The proof is similar to that of Theorem 1.4 .2.

O
In order to characterize the pressure m of system (2.5 .1), we introduce the following operators.

e N, € L(L*(Ty), H'(Q)) is defined by Nyg = q where ¢ is the solution of the equation

Ag=0in Q, ?:gonfs,
n (2.5 .8)
8—2:00nr0\rs, ¢=0onT,.
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o Ngiv € L(L?*(Q), H'(Q)) is defined by Ngj,h = q where ¢ is the solution of the equation

Ag=hin €,
(2.5 .9)
@zoonfo, q=0onT,.
on
e N, € L(L%(Q), HY()) is defined by N,F = q1 + g2 where ¢ and go are the solution of the
equations
Agi =divF in Q, ¢ =0 on 91, (2.5 .10)
and 9
Ags =0 in £, % =(F—-Vq)-nonly g¢g=0onT,. (2.5 .11)
n

o N, € E(H%(Q), L%(9)) is defined by N,w = q where ¢ is the solution of the variational
problem
Find q € L*(Q) such that

/qu = 2u{e(w), V2¢>H%_EO(Q)7H_%+€O(Q) —2v /I‘o e(w)n - Vi

+/ [(us -V)w + (w - V)us} Vi, V(e LAQ),
Q
with ¢ € H 3teo (©2) the solution of the equation

Ay = in , gw:OonI’o7 ¥ =0on T, (2.5 .12)
n

(see Lemma below).

Lemma 2.5 .2. If ¢ belongs to L*(Q2) then equation (2.5 .12) admits a unique solution 1 €
Hateo (Q) and there exists C > 0 such that

Proof. Tt follows from ([43], Theorem 6.5.4), ([43], Lemma 6.2.1) and ([36], Chapter 2).

O
Theorem 2.5 .4. If (w,n) € Hj () x Hj (Q) is a solution of system (2.5 .1) then
T = —AoNsg — AoNaivh + NpF + Nyw.
Proof. The proof is similar to that of Theorem 1.4 .4.
O

2.6 Definition and properties of the unbounded operator (A, D(A))

2.6 .1 The projector II

We introduce the space
H =L*Q) x R™ x R,

equipped with the scalar product

v o
m |.| & Z/QU‘¢+771‘€1+772'£2-
Up) &
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We also introduce the subspaces
Z = {(U,nl,nQ) € H|divv=Asn; in Q, v-n=AmyonTs, v-n=0on FO\FS},
and
Zow = { (¥4, 0,0) 5 g € HE ()}.

We have
H=7® Zsyyp.

We denote by II the projection from H onto Z parallel to Z,;, and by II* the adjoint of IT in H.
Proposition 2.6 .1. For all (v,my,m,) € H, we have

v v — VN, + VINgivAsn, + VNAum,
Im{ n, | = m , (2.6 .1)
M2 Up)
v v — VNpv
I n [=1 m—A3Nv |. (2.6 .2)
2 My + ANpv

Proof. The first part is immediate. Now let (v,m;,7m,) and (¢,&;,&,) belong to H. From
equation (2.6 .1), it follows that

v ¢
nlm || & =/S)U-QS—/Q(Vva—VNdiVAsm—VNSA4n2>-¢+m-£1+n2-eg.
Up) 52

If v and ¢ are regular enough, we have

/Vva-gZ) = —/va-div¢+/ ¢ - nNpv
Q Q o

ON,v
= — [ ANyw-N, PN
/Q pv p¢+/1‘0 on p®

= —/divv-Nqu—/ v - niNpo
Q Lo

= /Qv - VN, ¢.

Similarly, we prove that

/Q VN Asy - ¢ =~y - A3Npé  and /Q VN, Agty - 6 = 1y - ALN,6.

Thus, by density, we obtain

v v v v
oy n [, m = n || ,
Up) Up) Up) Up)

for all (v,m;,m) and (¢, &;,&,) belonging to H.
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We introduce the spaces R
Z =V9 L (Q) x R" x R",

n7F0

and -
Zsup = { (Va, —Ajq, Ajq) s q € Hy, (Q)}_

‘We have o
H=7& Zgyp.

Proposition 2.6 .2. The operator II* is the projection from H onto A parallel to Zgup.

2.6 .2 Definition of the unbounded operator (A, D(A))

We introduce the space
V= {(’U,’I’]l,’l’]2> € H|veHYQ),divv=A3n, in Q,v=AmyonTg,v=00nT;,v-n=0o0n Fe}.
The unbounded operator (A, D(A)) in Z is defined by

D(A) = {(U,T[l,ng) eV|pe H%JFEO(Q) such that divo(v,p) € L2(Q), o(v,p)n =0 on I‘n},

and

v divo(v,p) — (us - V)v — (v - V)us + Ai1my + Aamy
Al o | =11 Up)

2 —an; — M2

(2.6 .3)

2.6 .3 Analyticity of (A, D(A))

In order to prove the analyticity of A, we will decompose into the form A = Ay + A,, where Ay
and A, are defined below. Next, we prove that 4 is the infinitesimal generator of an analytic
semigroup and that A, is Ag-bounded with relative bound zero. First, we introduce the operator
Ag in R™ x R™ defined by

| I — A5NgwAs  —A5N, Ay
T\ ANgwAs T+ AINGA, )

Lemma 2.6 .1. The operator Ag is an automorphism in R™ x R,

Proof. We are going to prove that A, is symmetric and positive. Let (n;,n5) and (&;, &) belong
to R™ x R™. We have

As " ) & = (m - A3NaivAsmy — A§NsA4772) &
yp & R7e xRne

+(ng + AjNsAymy + AjNaivAsny) - &o.

We have
A5NgivAsn, - & = /QNdivA3"71'A3£1

= /QNdivA3"71'ANdivA3£1

- /Q Asm, - NawAsé,
= ny - A5NaivAséy,
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and
ASNAgmy - € = /Q NsAqmy - Aséy

= /QNSA4T’2 : A]\/vdiv‘A?)gl

= _/r Aymy - NaivAszé

= —ny- A} Naiv A3

Similarly, we prove that
AYNsAamy - €5 = my - AfNsAs,

and
AjNaivAszny - € = —np - A3NA4és.

Thus, we have

m 3 _ ™ 3
) (8) () (8),

implying that As is symmetric. Now, let us prove that Ag is positive. We have
A5NaivAsny -my = /QNdivA3771'A3771
= /QNdivAsm - ANgivAsmy
= —/Q V NaivAsny - VNaivAsny,

and
AZNAmy-my = /QNsAwg-Asm

= /QNSA4T]2 ' AZ\rdivf43(’71
= _/1" VNSA4’I’]2 . VNdiVAg’l’]l.
Similarly, we prove that
AZNsAmy - my = /QVNSA4772 - VN Ay,

and
A5 Ny Asmy -1y = /Q V N As1y - VN5 gty

We deduce that

As ™ ’ m
T2 T2 Rre x Rne

N -Mm+ny-m+ /Q V NaivAsn; - VNaivAzny

+ [ VN.Amy - VN.Am, +2 | VNayAsny - TN, Ay,

= N "M +MNy M2+ /Q(VNdivA?)'rll + VN, Agmy,)?.

Hence, Ag is positive.
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O
We introduce the operators (Ag, D(Ag)) and (Ap, D(A,)) in Z defined by
D(Ag) = D(Ap) = D(A),
v divo(v,p) — (us - V)v — (v - V)us + Aimy + Aamy
Ao | m [ =1 ¢ )
Up) Co
and
v 0
Ap | m | =11 PR )
Up) —an; — My — G
with
Cl — A1 _Angv
¢, s AjNyv |-
Lemma 2.6 .2. Let (v,m1,my) belong to D(Apy) and (¢,&,,&5) belong to V. Then, we have
v ¢
Ao o |L| & || = e [ewie0) - [ D= [0 Vo
Q Q Q
M2 &
[y o [ Aot 2w [ A Adk
Q Q T's
Proof. There exists p € H %JFEO(Q) such that
v divo(v,p) — (us - V)v — (v - V)us + Ai1my + Aamy
Ao m [ =1 ¢ ) (2.6 .4)
2 Co
with
¢ —1 [ —AZNw
=A . 2.6 .5
( Co B AjNyv ( )
Without loss of generality, we can assume that p is such that
divo(v,p) — (us - V) — (v - V)us + Ai1my + Aamy € V%,Fo (Q). (2.6 .6)

Indeed, let F' belong to L?(£2) such that
divo(v,p) — (us - V)v — (v - V)us + Aimy + Aamy = F in Q,

and
o(v,p)n =0 on [',.

Then, we have
diveo(v,p) — (us - V)v — (v - V)us + Aimy + Agny = F — N, F,

and
o(v,p)n =0on Iy,

with p = p — VN, F and F — N,F belongs to V?L,FO (©). Using Theorem 2.5 .4, we prove that

p = Nyv. (2.6 .7)
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STABILIZATION BY BOUNDARY DEFORMATION

Since (¢, &;,&,) belong to V, we have
Np¢ = NaivA3&; + NsAs€s.

Thus, from Proposition 2.6 .1, it follows that

¢ ¢ = VNyo ¢ = VNpo
I & = & —A3Npo | = | & — A3NaiwAsE — A3N AL, |- (2.6 .8)
3 2 + AiNpo &y + A NaivA3E + ATNsAs&y

Thanks to equations (2.6 .4), (2.6 .5), (2.6 .6), (2.6 .7) and (2.6 .8), we obtain

v 6
Ao | m || & || = /Q (div (v, p) — (s - VYo — (v Vs + Army + Agmy) - 6
Up) 52

—ASNyv - My + AZNy - 1.
(2.6 .9)
By integration by parts, we get
/diva(v,p)-gb = —2V/ e(v) :€(¢)+/pdiv¢+/ o(v,p)n- ¢
Q Q Q o9
= <2 [ () e(0)+ [ pAsty+ [ (A —p)- Asg,
= —QV/QE(’U) 1e(p) + A5Nyv - & + 2V/ Asmy - As€y — AJNyu - €s.
Is

From equation (2.6 .9), it follows that

v b
Al m || & || = [ @@ - [ Voo [ Vueo
9 & “ “ @ (2.6 .10)
Aot [ Amy-ot2w [ Aum- A
O

Theorem 2.6 .3. The unbounded operator (Ao, D(Aop)) is the generator of an analytic semigroup
of class C° on Z.

Proof. We introduce the bilinear form a defined by

a ;,}1 , Z _ —21//96(1}):6(¢)—/Q(US'V)U'd)—/Q(U-V)uS-qb

yp & (2.6 .11)

+/A1771‘¢+/A2772‘¢+2V/ Azmny - Agéo,
Q Q s

for all (v,my,my) and (¢,&;,&5) in V. Using classical inequalities in Sobolev spaces, we prove
that there exists A1 > 0 and C; > 0 such that

v 2 v v v 2
A|[| m —alfm [,| m >Cr|[[ m , V(u,mm) €V (2.6 .12)
M2 7 M2 M2 N2 /||y
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2.6 . DEFINITION AND PROPERTIES OF THE UNBOUNDED OPERATOR (A, D(A))

We introduce the unbounded operator (Ay, D(Ag)) in Z by

D(-’Z(U) = {(Uﬂhﬂh) eV | a((vvn17n2)a ) € ‘C(Za R)}7

v é v é
AO m ) El =a m ) £1 y
up & up; &

for all (v,my,m,) € D(Ap) and for all (¢,£;,€,) € V. According to [[10], Theorem 2.12],
(Ap, D(Ap)) is the generator of an analytic semigroup on Z. Thus, to complete the proof, we are
going to prove that D(Ap) = D(Ap) and Ay = Ap. From Lemma 2.6 .2, it follows that

v 10) R v ¢
Ao | m | & =[Ao| m 3 )
Up & M2 &

for all (v,my,m3) € D(Ap) and for all (¢,£;,&,) € V. To finish, we have to prove that D(A) =
D(Ap). Tt is obvious that D(Ag) C D(Ap). Now, let (v,7m,,m,) belong to D(Ap). Then, there
exists (w,{,¢y) € Z such that

v (;5 w ¢)
a m |.] & = ¢ || & ;o V(9,€1,8) €V.
> & ¢ &

In particular, we have
/{2(—21/5(1)) ce(p) — (us - V)v- ¢ — (v-V)us-¢+A1n1-¢+A2n2-¢> = /Qw-gb, (2.6 .13)

for all ¢ € C°(Q) N VE, (Q). Due to [[24], Chapter 1, Theorem 2.3], there exists p € L?(Q) such
that
divo(v,p) — (us - V)v — (v V)ug - ¢ + Aimq + Asmy = w. (2.6 .14)

Using equations (2.6 .13) and (2.6 .14), we obtain

/ o(v,p)n-¢ =0, V¢€e Vp (Q),

n

implying that
o(v,p)n =0 on I'y,.

Thus, (v,p) € HY(Q) x L?(Q) is a solution of the system
—divo(v,p) + (us - V)v + (v - V)us = w in €,
divv=A3n,; in Q, v=Amynonl,;, v=0only, (2.6 .15)
v-n=0onT,, e(wn-7=0o0nTl,, o(v,p)n=0o0nT,,.
Thanks to Theorem 2.5 .3, (v, p) belongs to H3(Q) x H}(Q2). Moreover, from equation (2.6 .14),
it follows that div (v, p) belongs to L?(Q2). Thus, (v,n;,m5) belongs to D(Ag). The proof is

complete.
O

Theorem 2.6 .4. The unbounded operator (A, D(A)) is the generator of an analytic semigroup
of class C° on Z.
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STABILIZATION BY BOUNDARY DEFORMATION

Proof. Since Ajp is analytic, it is sufficient to prove that the operator A, € L(D(Ap),Z) is
compact. Let (v,7;,m,) belong to D(Ag) and let (Fy, F}, F2) belong to Z such that

v v Fy
M|l m | Al m | =| FF|. (2.6 .16)
T2 T2 F52
We set
p= —)\1NSA4?72 — )\lNdiVA?)nl + NpAlnl + NpAQT]2 + Nyv + Npr (26 17)

Then, we can prove that (v, p,m;,m,) is a solution of the system
Mo —divo(v,p) + (us - V)v + (v- V)us — A1y — Aany = Fy in Q,
divvo=Asn; in Q, v=Amynonly, v=0onTl}
v.nm=0onT,, e(wn-7=0o0nTl,, o(v,p)n=0o0nT,,, (2.6 .18)

m o\ _ 41 —AsNov | _ Fy
Al(’h) AS(f‘*ZNv“)_(Ff |
Thanks to integrations by parts, we prove that (v,m,my) is the solution of the variational

problem:

Find (v,m,my) such that

v ¢ v ¢ Fy ¢
)\1 m ) 51 —a m ) 51 = Fsl ) £1 9 v(¢7€17£2) € V?
M2 & 2 3 F32 &

(2.6 .19)
(see (2.6 .11) for the definition of a). The bilinear form A;(+,-) — a(-,) is coercive (see (2.6 .12)).
Thus, thanks to the Lax-Milgram Theorem, it follows there exists C > 0 such that

v Ff
m <cC|| F! : (2.6 .20)
2 A F82 VA

Due to Theorem 2.5 .3 and inequality (2.6 .20), the pressure p belongs to HgO(Q) and

Fy
Pl @ < C|[| F : (2.6 .21)
0 F2
s z
Thanks to equation (2.6 .17) and estimate (2.6 .21), it follows that
Fy
N[l ) <C || Fy : (2.6 .22)
50 5
F
s Z
From estimates (2.6 .20) and (2.6 .22), we obtain
v Fy v
Al m ||| <Ol E || <Cll m :
2
up ) Fs A T2 D(A)

which means that A, belongs to L(D(Ap),V). Since the embedding V C Z is compact, the
operator A, € L(D(Ap), Z) is compact.
O
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2.6 . DEFINITION AND PROPERTIES OF THE UNBOUNDED OPERATOR (A, D(A))

2.6 .4 Resolvent of A in 7

The goal is to prove that the operator (A, D(.A)) has a compact resolvent. First, we establish a
preliminary result.

Proposition 2.6 .5. Let (Ff,Fsl,FSQ) belong to H. The quadruplet (v,p,my,my) € Hs, is a
solution of the system

Mv —dive(v,p) + (us - V)v+ (v - V)us — Aimy — Agmy = Fy in Q,
dive=A43sn; in Q, v=Amyn onls, v=0onTy,
v.n=0onTl,, en-7t=0o0nT. o(v,p)n=0onT,, (2.6 .23)
Ainy —ny = F,
Ainy + amy +my = FZ,
if and only if

v Fy
M —A) | my | =1 F |,
( ) s I3 (2.6 .24)

p = —ANsAany — M NaivAsny + NpyAimy + NpAamy + Nyv + N, FY.

Proof. According to Theorem 2.5 .4, it follows that if (v,p,m;,my) € Hs, is a solution of
system (2.6 .23) then

p = —A1NsAgmy — M NaiwAsny + NpyAimy + NpAany + Nyv + N, Fy.

Therefore, it is easy to prove that if (v,p,n,,my) € Hs, is a solution of system (2.6 .23) then
(v,p,m1,My) is a solution of system (2.6 .24). Now, we suppose that (v,m;,n5) is a solution
of (2.6 .24). Using Theorem 2.5 .4, we prove that (v, p) is a solution of the system

AMv —divo(v,p) + (us - V)v + (v - V)us — A1y — Aamy = Fy in Q,
divv=A3n; inQ, v=Amynonl,, wv=0onl} (2.6 .25)
v.nm=0onT,, e(wn-7=0o0nTl,, o(v,p)n=0o0nT,,.

It follows that

v divo(v,p) — (us - V)v — (v V)us + Ai1my + Aamy
Al m | =11 12
2 —aT — 72

Thus, there exists ¢ € Hf. () such that

v divo(v,q) — (us - V)v — (v V)us + A1my + Aamy Fy Vq
A omo| - M2 =| F | +| 0
Up) —an; — N2 F? 0

Hence, (v,p,n;,m,) is a solution of the system
Mv —dive(v,p) + (us - V)v+ (v- V)us — Aimy — Aamy = Fy + Vg in Q,
divv=A3n,; in Q, v=Amynonly, v=0onl}
v.n=0onT,, ewn-r=0o0nTl,, o(v,g)n=0o0nT},,
Any — 1y = Fy,
Mimly + amy +m, = F.
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STABILIZATION BY BOUNDARY DEFORMATION

System (2.6 .25) gives
Mo —divo(v,q) + (us - V)v+ (v - V)ug — Aimy — Aany = Fy in Q,

implying that V¢ = 0. We deduce that ¢ = 0 on Q because ¢ belongs to Hlln(Q). Thus,
(v,p, My, M) is a solution of system (2.6 .23).

O
Theorem 2.6 .6. The unbounded operator (A, D(A)) has a compact resolvent in Z.
Proof. Let (Fy, F}, F?) belong to Z. There exists (v,7,,m5) € Z such that
Pv Fy
()\II - A) ™ = }?31
N2 F?
From Proposition 2.6 .5, it follows that (v, p,n;,n,) with
p = —ANsAuny — M NaivAsny + NpAiny + NpAsny + Nov + Ny Fy,
is the solution of the system
Ao —divo(v, p) + (us - V)o + (v V)us — Aymy — Aomy = Fy in
divo =Asn; in 2, v=Amynonl,, wv=0only
v.n=0onT,, e(wn-7=0o0nTl,, o(v,p)n=0o0nT,, (2.6 .26)
Ay —my = Fy,
Ainy +any +my = F7.
By solving the last two equations, we get
1 2
Imllzne + Imallzne < C (|EE ..+ |2 ) - (2.6 .27)
Next, we consider the system
Ao —divo(v, p) + (us - V)o + (v V)us = A1y + Agmy + Fy in €,
divv=Asnnin Q, v=Amyonly, v=0onT; (2.6 .28)

ven=0onT,, e(wn-7=0o0nTl,, o(v,p)n=0o0nT,,.

Thanks to Theorem 2.5 .3, the above system admits a solution (v, p) satisfying the estimate

lolless oy + Pl o < € (HAml + s Filgay + [Aamll g+ ||A3m|H1<m> -

From Corollary 2.4 .3 and Lemma 2.5 .1, it follows that

1l g0 g T 1l + 2l < C|(Fr B ED)| -

Thus, the resolvent of (A, D(A)) is compact because the embedding H%JF‘EO(Q) X R x R — Z
is compact.
O
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2.6 .5 Adjoint of (A, D(A))

The goal of this section is to determine the adjoint (A", D(A*)) of (A, D(A)) in Z. For that, we
first introduce the unbounded operator (A%, D(A*)) defined in Z by

D(A*) = {(6,€1,€2) € Z| T € HET*0(Q2) such that divo(g,v) € LA(Q),

and U(¢, Q,Z))n“—us : nd’ =0on Fn}a

and
¢ div o (¢, ) + (us - V)¢ — (Vus) "
AF g | =T —ay + Ajp — A5y
3 & — €+ As0+ ALY

Next, we introduce the operator Ny € E(Hgo (Q), L*(Q)), defined by Ny¢ = 1, where 9 is the
solution of the variational problem

Find 1 € L?(Q) such that
o - -
=200, V%) gy hvagy ~ 2, (- T
+ [ [~ e )0+ (VuTo] - Vo, Ve e 1¥@),
with ¢ the solution of the equation

AY = in Q, g—w:()onfo, Y =0onT,.
n

Lemma 2.6 .3. Let G belong to L2(Q) and X belong to R. If (¢,1) € Hgo(ﬂ) x H (Q) is a
solution of the system
)‘¢ - diVO'((Z), w) - (uS ’ V)¢ + (vuS)T¢ = G n Q?
dive=0inQ, ¢=0o0onls, ¢=0only (2.6 .29)
p-n=0o0nTe e(@)n-T=0o0nle, o(p,Y)n+us -np=0 onl,,

then
Y = Ny + N,G.

Proof. The proof is similar to that of Theorem 1.4 .4.
O

Proposition 2.6 .7. Let (Gf,GL, G?) belong to H. The quadruplet (¢,1,&,,&€,) € Hy, is a
solution of system
A6 — divo(, 9) — (us - V) + (Vu)To = Gy in O,
divp=0inQ, ¢=0o0nls, ¢=0onl
p-n=0o0nTe e(@)n-7T=0o0nTle, o(p,Y)n+us -np=0 onT,, (2.6 .30)
Ny + aby — Ao + A3 = G,
Ay — & + 78y — Ashp — Ay = G2,
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STABILIZATION BY BOUNDARY DEFORMATION

if and only if

v Gy
A — A# =1 | Gl |,
( ) Z; o (2.6 .31)

¢ = Nyop + NpGy.

Proof. The proof is similar to that of Proposition 2.6 .5.

O
Now, we introduce the operator M € L£(Z) defined by
My 0 0
M=| —A:N, T 0 |. (2.6 .32)
AN, 0 I

where

My = I — VNgyAsA5N, + VN, A4 ALN,.

Lemma 2.6 .4. The operator My is an automorphism in V().

Proof. To prove the lemma, we are going to show that My is symmetric and positive. Let v and
¢ belong to V(£2). We have

/ VNdiVAgA?;NpU - = —/ NdiVAgAngU . div¢+/ ¢ - nNdiVAgA?;NpU
Q Q Is

ON.
r? Naiv Az A5 Nyv
n

- /Q Natw Ag AN - AN + /
S /Q A AN, - Nygh
S /Q Nyo - Ay AN,
_ /Q Nyv - ANgi A5 AZN 6
S /Q dive - Ny A3 A5N + /F v - nNgiy A3 ALN,
— /Q vV Ngiw A3 A3 N, 6.
Similarly, we prove that
/QVNSA4AZNPU )= /Qv - VN A4 AG N, .
Thus, M} is symmetric. For the positivity, we notice that

/ VNaiAsALN v = — AN, - A5N,o  and / VN AAN0 -0 = ANy - ALN v,
Q Q

Thus, due to its definition, M is positive.
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Lemma 2.6 .5. The operator M is an automorphism in V() x R x R" and we have
-1
Mf 0 0
M™'=| A3N,M;' T 0
—AIN, M 0T

Proof. 1t follows from Lemma 2.6 .4.

Lemma 2.6 .6. We have
[ —VN,=(I-VN,)M;".

Proof. We have
I —=VN, = =VN)MM;" = (I = VN,)(M;' = VNaiyAs AN, M + VN AL AN, M ).
It is easy to show that

VN, (V NaivAsA3N, M) = VNaiw A3 AN, M

and
VN (VN A3 AGN, M 1) = VN AZ AN, M

We deduce that
[—VN,=(I—-VN,)M;".

Lemma 2.6 .7. We have

¢ ¢
vl & | =1 & |, (2.6 .33)
& 3

for all (¢,€,,&,) € Z.
Proof. From Proposition 2.6 .1, it follows that

o ¢+ VNaivA3& + VIN;AsEy
II £1 = €1 ’
& &

where

¢ = ¢ + VINgiy Az, + VN ALE,.

Thus, we obtain

¢ Mo
M| & | =] & +A§Npr_l<?
& & — AN, Mo
Thanks to Proposition 2.6 .1, we deduce that
¢ (I = VN,)M; '
M| ¢ | = 3
'3 £

From Lemma 2.6 .6, we have

(I =VN)M;'$=(I—=VN,)§= (I —VN,)(¢+ VNaiwAs€; + VN, Asly) = 6. (2.6 .34)
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Thus, we obtain

¢ ¢
M| & | =] &
& 3
O
Lemma 2.6 .8. We have
v v
MO | g | = ny |, (2.6 .35)
2 2
for all (v,my,m,) € Z.
Proof. From Proposition 2.6 .1, it follows that
v v — VN,
I fm | = m— AN |,
2 ny + ANpv
and
v v — VNpv — VN (v — VNv) + VNgivAz(n, — A5Npv) + VNGAs(ny + AJNpv)
o | oy | = m — A3Npv
M2 My + A3 Npv
We have
Npv + Np(v — VN,v) = Npv,
and since (v,n;,m,) belongs to Z, we obtain
va = NdivA?)nl + NSA4771'
Hence
v v — V NgivAz A3Npv + VN AL A Nv v
| ny | = ny — A3Npv =M\ m |,
Up’ My + AGNpv M2
and then
v v
M7 [ gy | = m
Up) Up)
O

Lemma 2.6 .9. If (¢,&,,&,) belongs to Z then M~I(¢, &, &5) belongs to Z.

Proof. From Proposition 2.6 .1, it follows that

¢ ¢
I 51 = (3 >
& &

where

¢ = ¢+ VNgiy A€y + VN ALE,.
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Thus, we obtain

¢ Mito
M| & | = &+ ANMS |
¢, & — AIN M ')

Thanks to Proposition 2.6 .1, we deduce that

¢ M;'$ = VN,M; "¢+ VNaiw A3(€ + A:S,NPM{—}«E) + VN, Ay(§y — ATN, M1 9)
NM7'I| & | = & +A§NpM{1¢f
52 52 - AZNpr ¢
Since
¢=MM;'$=M;'¢— VNaiyAsAsN,M; ' 6+ VN, AL AN, M g,
we have
¢ 2M;'§ — VN,M;'§ + VNaivAséy + VN, Ay — &
M-I | & = &
) &

Mp'¢+ (I = VN)M;' 6~ ¢
= &+ ASN, M)

& — AIN Mo

From Lemma 2.6 .6, we have
(I = VN,)M; ' = (I = VN,)¢ = (I = VN)(¢ + VNaiwAséy + VN Asky) = ¢.

We deduce that

6 Mt 6
OM7TIL| & | =| &+ANM % | =MD &
& &y — AN M9 &
O]
Proposition 2.6 .8. The adjoint of (A, D(A)) in Z is (A*, D(A*)) defined by
D(A") = {(¢:£1,€5) € Z | IT"(6,€1,&,) € D(A®)}, (2.6 .36)
and
A* = MHIA#IT". (2.6 .37)
Proof. Let (Fy, F}, F?) and (G, G, G?) be in Z. We consider the two following systems
v —divo(v,p) + (us - V)v+ (v - V)us — Aimy — Aamy = Fy in Q,
dive = Asny in Q,v=mnonly, wv=0onTy
v.n=0onT,, ewn-r=0o0nTl,, o(v,p)n=0o0nT},, (2.6 .38)

)\771_772:Fsl,
Ay + any +my = FZ,
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and
Mg — divo (¢, ¥) — (ug - V)6 + (Vus)Té = Gy in Q,
divp=0inQ2, ¢=0only, ¢=0only
p-n=0onTl,, e(@n-7=0onT,, o(p,Y)n+us-np=0onT),, (2.6 .39)
Ay +agy — Ajo+ Ajy = G,
A&y — &1+ 6 — A3 — Ay = GL.

By integration by parts, we have
[Fo = [Gro= [ Amw [ im0 [ damy-o+ [ Ay
Q Q T's Q Q Q
= [ Grvmmy- A=y - Ajo—my - Ao+, - A,
We also have

F} & +F2 & = Gym+Grmy+my Ajp+n, Al +my - Asp —my - A0

By combining the two identities, we obtain the identity

Fy ¢ Gy v
Fsl 3 61 = Gé s mn . (26 40)
F32 3 Gg Up)

Moreover, we notice that (v,1,,1,) belongs to Z and (¢, &,,&,) belongs to Z. We have to
interpret identity (2.6 .40). First, from Lemmas 2.6 .8 and 2.6 .9, it follows that

D(A*) = {M7'T1(¢, £, &) | (6,&1,&,) € D(AF)}. (2.6 .41)

From Proposition 2.6 .5, we have

v Fy
MN-A| n |=| F!|. (2.6 .42)
N2 F52

Thanks to equation (2.6 .42), Lemma 2.6 .7 and Proposition 2.6 .1, it follows that

Fy o v ¢
Fsl | & = AN —-A)| m ML g
F32 & Up &
v ¢
= O -A)| n |, M| & (2.6 .43)

N2 &

v o

= AN —-A)| m ML €

2 &

From Proposition 2.6 .7, we have

¢ Gy
N —-A7)| & | =1 G} |. (2.6 .44)
& Gz
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Thanks to equation (2.6 .44), Proposition 2.6 .1 and Lemma 2.6 .7, it follows that

Gf v Gf v
G; ’ T]l = H* G; ) 771
Gg Up Gg Up)
10} v
= [(\[-A%)| & || m
& Up)
10} v
= |\ =M TMIANDITM I & |, m (2.6 .45)
& Up
¢ v
= |\ - M'mAFI) M| €& | IT| my
P Up
¢ v
= | (M -M'A*O M| & |, | m
& Up)

Finally, from equation (2.6 .40), (2.6 .43) and (2.6 .45), we obtain

v 0] v 10)
MN-A) | n | M| & = m |, (M - M AP )M T | & ;
Up; & N2 &

for all (v,my,m5) € D(A) and for all (¢, &,,&,) € D(A#). Using (2.6 .41), from the above identity,
and with classical arguments, we can conclude that (A*, D(A*)) is the adjoint of (A, D(A)) in Z.
O

2.7 Stabilization of the linearized system

2.7 .1 Reformulation of the linearized system
The goal is to rewrite the linearized system
vy —dive(v,p) + (us - V)o + (v - V)us + wv — A1my — Aamy = 0 in Q°,
dive = Agn; in Q*°, v =Asmyn on X°, v =0 on X?°,
v-n=00n%®, ewn-n=00nXX, o(v,p)n=00n3%L, v0)="inQ, (2.7.1)
M — M —wim =0, 0,(0) =mnf,
Tos +amy +amy —wiy = f, 0y(0) = 3,
as a control system.

Theorem 2.7 .1. The quadruplet (v,p,n,n9) € X5, is solution of system (2.7 .1) if and only if

d v v v 00
i U (A+wl) | ny | +Bf, n | (0)= 77(5] ’ (2.7.2)
up; 2 Up Up)
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and
p = —NsAs(ny; — wny) — NaivAz(n1y — wny) + NpAiny + NpAon, + Nyo, (2.7 .3)
with
0
B=1u| o |. (2.7 .4)
I]Rnc

Proof. 1t follows from Proposition 2.6 .5.

2.7 .2 Projection onto the unstable subspace associated to A + w/l

Let (X\j)jen= the eigenvalues of A. We denote by Gr(\) the real generalized eigenspace of A and
by GL(X) the real generalized eigenspace of A*. We define the unstable subspaces

Zy = ®jes,Gr(Aj)  and 7 = Bje, Gr(A)),
where J,, is a finite subset of N* such that
Re); > —w, Vje .

We have the decomposition

4 =Z,® ZSa
where Z; is a subspace of Z invariant under (etA)tZO. We denote by 7, the projection onto Z,
along Z; and set g = I — m,. The goal is to express the projector m, in terms of the solutions

to the following eigenvalue problems
AE{C? (U7p77717772) €H507
A —diveo(v,p) + (us - V)v+ (v-V)us — Aimy — Aamy =0 in Q,
divv=A3n; in Q, v=Amynonly, v=0only

(2.7 .5)
v.n=0onT,, e(wn-7r=0o0nTle, o(v,p)n=0o0nT,,,
ANy —my =0,
ANy +any + vy =0,
and
A€ (C7 (¢>7¢751>€2) € H507
Ao — divo(p,v) — (us - V)o + (Vus)T¢p =0 in Q,
divp=0inQ2, ¢=0only, ¢=0o0nT}
(2.7 .6)
d-n=0onTle e(@d)n-7=00onT,, o(dVY)n~+us-np=0onT,,
A&y + oy — Ao+ Az =0,
Ay — &1 +7& — Ay — Ay = 0.
We also consider the eigenvalue problems
v v
AeC, (vm,my) €D(A), Al m |=A| m |, (2.7.7)
2 2
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2.7 . STABILIZATION OF THE LINEARIZED SYSTEM

and
¢ ¢
ANeC, (9,61,8) e DAY, A & |=A"| & |- (2.7..8)
& &

Definition 2.7 .1. A triplet (v, myk,M2x) € D(A) is a generalized eigenfunction for prob-
lem (2.7 .7) of order k associated to a solution (X, (vo, M1 0,M20)) of (2.7 .7) if (Vi, My k> M) 5
obtained by solving the chain of equations

Vg Vj—1
M—-A) | m; |=—| mj1 |, for1<j<k
M2,; MN2,i—1

A quadruplet (vi, pr, M1 k> M2 i) € Hs, is a generalized eigenfunction for problem (2.7 .5) of order
k associated to a solution (X, (vo,po,M1.0,M2,0)) of (2.7 .5) if (Vk, My k> Ma) 95 obtained by solving
the chain of equations

vy — divo(vj, pj) + (us - V)vj + (v - V)us — Aimy j — Aamy j = —vj in Q,

divvj = Asny ; in Q, vj = Agmyn on Ty, v; =0 on [y,

vi-n=0onTl., ej))n-7=0o0nTe, o(vj,pj)n=0 onTy,,

AN — M2 =~y

ANyt an; j+Me; = —Na
for 1 < j < k. We have similar definitions for the adjoint eigenvalue problems (2.7 .8) and (2.7
.6).
Proposition 2.7 .2. A pair (X, (v,p,n1,M2)) € C X Hs, is a solution of eigenvalue problem (2.7
.5) if and only if (A, (v,m1,m3)) € C x D(A) is a solution of eigenvalue problem (2.7 .7) and

p = —ANsA4my; — ANgivAsn, + Nyv.

A quadruplet (vg, pr, M1 s Max) € H is a generalized eigenfunction of order k associated to a
solution (A, (vo, po, M1,0,M2,0)) of (2.7.5) if and only if (A, (vk, M1, M) € D(A) is a generalized
eigenfunction of order k associated to a solution (A, (vo, M1 0,M2,)) of (2.7 .7) and

Pk = —ANsA4my j — ANaivAsny j, + Novg.

Proof. 1t follows from Proposition 2.6 .5.
O

Proposition 2.7 .3. A pair (\, (¢,v,&,,&,)) € Cx Hy, is a solution of eigenvalue problem (2.7
.6) if and only if (\, M~T1(, &, &,)) € C x D(A*) is a solution of eigenvalue problem (2.7 .8)
and

bk VNaivA3& k + VN As&y .
(I - H) gl,k = - 0 )
€k 0

Y = Nyo.

A quadruplet (¢r, Vr, &1 i, &2 k) € Hs, is a generalized eigenfunction of order k associated to a
solution (X, (¢o, Vo, &1.0,€2,0)) of (2.7.6) if and only if (N, (k, &y k. E2x)) € D(A*) is a generalized
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eigenfunction of order k associated to a solution (X, (¢0,&10,&20)) of (2.7 .8) and

b V NaivAs€ , + VNsAs€y i,
-1 | &p | =- 0 ;
&2k 0
Y = Nk

Proof. 1t follows from Propositions 2.6 .7 and 2.6 .8.
O

Theorem 2.7 .4. There exist two families (vi, Ny ;Mo ;) 1<i<d, and (63,81, 82,)1<i<d, of H
such that:

o The family (vi, Ny ;M2 )1<i<d, 5 a basis of Z,.
o The family (M~11(¢s, &1 4, €2,4))1<i<d, 45 a basis of Z;.

o We have the bi-orthogonality condition

v; o
771,1' ) él,i = 6i,j7 V1 S 27.7 S du (27 9)
M2, 52,1'

e The projector m, is characterized by

) du, v 103 Vg
| mo | =D m || & mai |. Y(,n,m)" €Z
up; i=1 up; 2, N2,

o The matriz A, defined by

v ¥
Ay =[Auijhi<ij<d, and  Ayig= Al nmy || &y ;
N2, 52,3'

1s constituted of real Jordan blocks.

Proof. Since A is the generator of an analytic semigroup with compact resolvent, there exist
a basis (vi, M1 ,M2,)1<i<d, Of Zyu constituted of generalized eigenfunctions of A and a basis

(qgiflﬂ-, éQ,i)ISiSdu of Z7 constituted of generalized eigenfunctions of A*, such that

v Gi
'r]l’z' y §l,i = (51'7]’, \V/l S ’L,j S du, (27 10)
N2 52,1'
and
v dy, v ~¢~>¢ (3
Ty, ™ = Z ™ ) §17i 771,1' ) V('U, 7717772)T € Za (27 11)
12 =1 up! & M2,
(see ([22], Lemma 6.2)). We define (¢;,&; ;,&2,) by
Gi 551‘
O &, [=M| & |-
&2, €2,
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2.7 . STABILIZATION OF THE LINEARIZED SYSTEM

and - -
oF VNaivA3€y ; + VN A4y ;
(-1 &,; | =- 0
o 0
Using Lemma 2.6 .7, we prove that
v bi
N || &1 =0ij, V1<4,j<dy,
M2, 52,i
v du v ;i Vi
Ty | M | = Z m || & My | V(v,m, ny)" € Z.
M2 =1 up €2 M2,i
The property of the matrix A, comes from the construction of (vi, my ;, M2 ;)1<i<d, and (@i, &1 4, &2.)1<i<d, -

O]

Remark 2.7 .1. From Proposition 2.7 .2, it follows that there exists p; € Hgo () such that
(Vi, Pi, M4 M2,) € Hs, is a real or imaginary part of a generalized eigenfunction of (2.7 .5) for
all 1 <i < d,. Similarly, from Proposition 2.7 .3, it follows that, there exists 1; € H}O(Q) such
that (¢i,i,€1.4,€2:) € Hs, is a real or imaginary part of a generalized eigenfunction of (2.7 .6).

2.7 .3 Stabilizability of the pair (A + wl, B)

We are going to construct the family (w;)1<i<pn, in such way that the pair (A+wl, B) is stabilizable.
We denote by A} € L(L*(Q), (HY(I's) N H3(Ty))), A3 € L(L*(Q), (HY(T,) N H3(I's))') and
A5 € L(L*(Q), (HY () N HF(T))') the adjoints of A; € L(H*(I's) N H§(Ts), L*(Q)), Az €
L(HAT,) N HZ(T,),L3(Q)) and A3 € L(H*(Ts) N HZ(T,), L*(Q)).

Proposition 2.7 .5. We have
19 = ((wz', AT¢>H4(r5)an(rs),(H4(rs)mHg(rs))/)l. :

A5 = ((wz’, A50) ya FS)OHS(FS),(H‘l(FS)mHg(FS))')i7 o112

A = ((wz,A3¢>H4 YAHZ(T),(HA(Ts)NH2 (T ))/)

and Ajn = (<wi777>H4(FS)ﬂH§(F ),(H4(T's)NHZ (L)) )Z

for all ¢ € L2(Q), for all ¢ € L*(Q) and for all n € L*(Ty).
Proof. We have
(A1m1. B)r2(e) = O mi(A1wi, @)rz) = 01 - (<w27A1¢>H4 OH2(F_g),(H‘l(Fs)mHg(Fs))’)Z.'
i=1

The other identites are proved in a similar way.

O
We consider the eigenvalue problem
AeC, (o,0)€ H%O(Q) X H(}O(Q),
o —diveo(p,v) — (us - V)o + (Vug)Tp =0 in Q,
(¢, 9) —( )¢+ (Vus) (27 13)

divp=0inQ2, ¢=0only, ¢=0o0nl},
p-n=0onT,, e(@n-7=0o0nT,., o(d,Y)n+us -nd=0onT,.
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We introduce the spaces (E();)) e, defined by

E(\) = {(¢,¥) € H (Q) x Hj (Q) | (A}, (¢,1)) is solution of eigenvalue problem (2.7 .13)}.
(2.7 .14)
Finally, we introduce the Riesz operator Rs € L((H*(T's) N HZ(Ts))', HY(T's) N HZ(T's)) defined
by Rsn = &, where £ is such that

(Cm marynm2r), (m ) nE2T)Y = (G E) i r)nH2(T.)-

We choose the family (w;)1<ij<n, in H*(T's) N H3(Ts) such that
Veet {w; | 1< < ne} = Veot{Re[Ry(Afeh — Ajulk + \; A5gk + X;0k)],

mRy(Afh — Aguh + X Aseh + Noh)] | 5 € Ju,1 <k < d;},
(2.7 .15)

where ( ?,¢f)1gk§dj is a basis of E()j). The number d; is the dimension of E();). It also

corresponds to the geometrical multiplicity of the eigenvalue A; of A.
Assumption 2.7 .1. We assume that —w ¢ o(A), 0 ¢ o(A) and o(A) No(As) = 0.
Assumption 2.7 .2. Let A be in C* such that Re A > —w. Assume that (¢,1) is solution of the

equation
A — diva(¢,v) — (us - V)p + (Vus) T =0 in Q,
divp=0inQ, ¢=0o0only, =0 onTls.
If ~ ~ B
(Ao + ) = Ay — Ajo, (2.7 .16)
then (¢,) = (0,0).

Remark 2.7 .2. When us = 0 (case of the Stokes system), the unique continuation property is
proved in [46] and [47]. Unfortunately, the proofs given in these two papers cannot be adapted in
the case us # 0. Indeed, a necessary and may be not sufficient condition to adapt those proofs is
to assume that us is analytic. However, we can numerically see that this property is verified.

Theorem 2.7 .6. We assume that 2.5 .1, 2.7 .2 and 2.7 .1 are satisfied, and that (w;)i1<i<n, is
given by (2.7 .15). Then, the pair (A+ wl, B) is stabilizable.

Proof. Thanks to [[10], Part III, Chapter 1, Proposition 3.3], the pair (A + wI, B) is stabilizable
if and only if

Ker(AI — A*) nKer(B*) = {0} for all A € C such that Re A\ > —w.

Let M~ 'TI(¢,&,,&,) belong to Ker(AI — A*) N Ker(B*). From Proposition 2.6 .7, it follows that
there exists ¢ € L?(Q2) such that (¢, ), &, &,) is solution of system
Ao —divo(e, ¥) — (us - V)¢ + (Vus) "¢ =0 in Q,
divp=0inQ2, ¢=0onl,, ¢=0onl},
pn=0onle, e(@n-1=0o0nT., o(d,Y)n+us -np=0onT,, (2.7 .17)
Ay +aby — Ajg + Azp =0,
Ay — &1 +7& — Ao — Ay = 0.
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2.7 . STABILIZATION OF THE LINEARIZED SYSTEM

Moreover, since

¢
BMTUI| & | =0, (2.7 .18)
&
we can prove that
£, = 0. (2.7 .19)

We are going to show that (¢,v,&;,&,) = (0,0,0,0). For that, we distinguish two cases:

Case 1: X ¢ 0(A*). In that case, we have (¢, 1) = (0,0). Thus, from the last equation of system (2.7
.17) and equation (2.7 .19), we get &; = 0.

Case 2: X € g(A*). It follows that

<€1> _ (A[_A:)1<A1¢—A3¢>.
& As¢ + Ay

We deduce that
A7y @

= 5 (ATp — A3Y) — 55— (A3 + A} 2.7 2
'3 A2+7AJFO[( 19 — A39) AQJFMJFQ( 50+ Asa), (2.7 .20)
and . \
=7 (Alo— A3 —————— (A5 + AY). 2.7 .21
2= N n o O T A G (A0 ) 27 .21)

Since &5 = 0, we have
10 — Az + XNA50 + NAY = 0.

Thanks to Proposition 2.7 .5 and equation (2.7 .12), we obtain
(wi, Ajp — A3+ A5G+ A0) g2y r-2qryys V1< i< e,
and due the construction of the family (w;)i<i<n,, we get
M A3 + ) = A — Ajo.
Thanks to Assumption 2.7 .2, if follows that (¢,1) = (0,0). From the last equation of
system (2.7 .17), we obtain &; = 0.

O]

2.7 .4 The feedback law

We are going to determine a feedback law of finite dimension able to stabilize system (2.7 .1).
For that, we introduce the matrix B, defined by

v; ®;
By := [Bujijlici<d,i<jsn.  and  Bugji=|B| my; || &1 = Mo, &o5 (2.7.22)
M2 52,;‘

Thanks to Theorems 2.7 .4 and 2.7 .6, it follows that the pair (A, + wlga., By) is stabilizable.
Thus, the operator K, = [K&j]lgignc,lgjgdu defined by K, = —BI'P,, where P, is the solution
of the algebraic Riccati equation

P, cR% xR% P, =PrI'>0,
Pu(Ay +wiga,) + (AT + wiga,)P, — P,B,BI'P, =0,
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provides a stabilizing feedback law for (Ay +wlga,, By,). We introduce the operator K € L(H,R")
defined by

v duy o % ¢j
Kfm | = ZKZ] m || &y
yp) j=1 up & 1<i<ng

Theorem 2.7 .7. We assume that 2.5 .1, 2.7 .2 and 2.7 .1 are satisfied. The operator K
provides a stabilizing feedback for (A+wl, B). Moreover, the operator A+ wl + BK, with domain
D(A+ wI + BK) = D(A), is the generator of an exponentially stable analytic semigroup on Z.

Proof. A pair (\, (v,m,,m5)) is a solution of the eigenvalue problem

(% v
Up) 72

if and only if
( As,w BSIC ) ( 7T5(U, 1, 772) ) — ( 71—8(”7 M1 772) )
0 Au,w + B,k TI'U(U, ni, 7’2) 7Tu(1}, U 772) 7
Ayw =my(A+wl), Asw=7s(A+wl), B,=mn,B and Bs;=mnB.

Therefore, if A is an eigenvalue of A + wl 4 BK then either A is an eigenvalue of A, or A is an
eigenvalue of A, ., + B,K. It is clear that if A is an eigenvalue of A, then Re(\) < 0. We can
prove that A € 0( Ay + B,K) if and only if A € o(A, +wI + B, K,,). Thus, if X is an eigenvalue
of Ay + By then Re(A) < 0. We deduce that A+ wl 4+ BK is a generator of an infinitesimal
semigroup which is stable on Z.

The operators A, and A, ., + B,K are the generators of analytic semigroups on Z; and Z,

respectively. Moreover, the operator
0 B:K
o o /)

is a bounded perturbation with relative bound equal to zero of the the analytic operator

As o 0
0 Auw+BK )

Thus, the operator A + wl + BK is a generator of an exponentially stable analytic semigroup.
O

where

2.8 The closed-loop nonhomogeneous linearized system

The goal is to prove regularity results for the solutions to the closed-loop nonhomogeneous linear
system

v —divo(v,p) + (us - V)v + (v - V)us —wv — Aimy — Agny = Fy in Q°,
dive = Asny +div Fgiy in Q°, v =Aymyn on £, v = h on ¥,

v.n=0o0nX¥ ev)n-7=00n3X o(v,p)n=0on XX, (2.8 1)
Mg — Mo —wny =0,
Mot +amy +71Ny —wny = K(v,my,m)"

U(O) = UO in Qv 771(0) = 77(1)7 772(0) = 77(2);

)
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where K is the feedback law stabilizing the pair (A + wl, B).

Theorem 2.8 .1. We assume that 2.5 .1, 2.7 .2 and 2.7 .1 are satisfied. Let (Fy, Faiy) belong
toY and let (v°,m9,n9) belong to H;.(Fuiy(0)), h belong to HE(0,00; H3(T;)). We assume that
Faiv satisfies the following boundary conditions

Faiv =0 on ¥°,  Fgiy =0 on 3°, Fgiy-n=0o0n XX, e(Faiy)n-7=0 on X,

e(Faiv)n =0 on X9°.
(2.8 .2)
The solution (v,p,my,My) of system (2.8 .1) satisfies the estimate

(0.2 m,m2)lx,, < C ([ mdm)||. + 1Al 0.cimzryy + 1(Fs Fanlly)

Proof. First, we make the change of unknown 9 = v — Fg;,. The quadruplet (0,p,n;,m5) is
solution of the system
—dive(0,p) + (us - V)0 + (0 - V)us —wd — Aimy — Aamy = ﬁ’f in Q°,
divo = Agny in Q°, 0= Aumynon X, 0=0o0n X, v-n=0on X,
e(@)n-T7=00n X, o(d,p)n=0o0n3%y, 9(0)= 0 =% —w(0) in Q, (2.8 .3)
7:(0

Mt — Mo — W = 0, )= 77(1J,

Moy T QM + YNy —wny = K(0,my,m0)" + Fs,  my(0) = n9,
where N
Ff = Ff - Fdiv,t + 2VdiV5(Fdiv) - (us ) V)}?div - (Fdiv : V)Us + whyiy,
and _
Fs = K:(Fdivv UiE 772)T‘

We have (2°,79,19) € [D(.A),Z];, ﬁf e L%(0,00;L2(Q)) and F, € L?*(0,00;R") with the
estimate ~
H( a771a’72 H D(A), Z]1 + ”FfHL2 (0,00;L2(Q2)) + HFS||L2(O,00;R"C)

< € (110, m%, 1 llse + 1l azp 0. 0csmzeyy + 1 CFrs Fa) ly ) -

As in Proposition 2.7 .1, we prove that (0,7, 15) is solution of the equation

g0 o Fy 0 9(0)
Zl M= (A+wl+BK)| my [+ 0 |, m |0 =[ n) |. (28.4)
M2 M2 F 2 n9

Since (A 4 wl + BK, D(A + wl + BK)) is the generator of an analytic semigroup exponentially
stable on Z, there exists C' > 0 such that
LQ(O,OO;Z)>

< (10 n8nd),, + ||h|rH5(o,oo;Hg<m) +(Frw)lly)-

+HH (Fy,0, Fy)

~ ~0 0 0
1571572 20 o)) < C (H<v L]

1
From ([43], Theorem 9.4.5), it follows that the pressure p belongs to L?(0, co; HZ (2)) with the
estimate

191 ity = € (1 D+ Wl cizcry = 108y Fas) )
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By combining the three inequalities, we get

I p.m,m2)lx,, < C ([ ndm)||. + 1Al 0 ccsmzryy + 1 (Frs Fa)ly )-

2.9 Stabilization of the nonlinear system

The goal is to prove theorem 2.4 .1. For that, we consider the following closed-loop nonlinear
system

y — divo (@, p) + (us - V)i + (@ V)us — Ar1f)y — Aofly — wi = Fylt, p, Ay, flo] in @,
diva, = Asfy + div Fai [, 7] in Q®°, @ =%yn on £°, 4 =h on ¥,
i-n=00nX®, el@)n-7=00n3%¥®, o(G,p)n=0o0n3L a0)=7a"—usinQ,
ﬁl,t — My —wiy =0, 7,(0)= 77(1),

(2.9 .1)

where K is the linear feedback law stabilizing system (2.7 .1). We are going to prove the stability
of that system.

Theorem 2.9 .1. Let nyax be in (0,¢e) and w be positive. We assume that 2.5 .1, 2.7 .2 and 2.7
.1 are satisfied. There exists r > 0 such that for all (4°,m9,19) € Hic(Fai[0°,19]) and for all
h € HL(0,00; H3(T;)) satisfying the estimate

there exists a unique solution (4, P, M, My) € Xs, to system (2.9 .1) satisfying the estimate

(@, m,m9)||, + 1Al g 0.2 < 7

<C, Vt>O0,

e @)y and 1@ A e ) e <

A n A
where My = 3272 7y jwi.

Proof. The proof is similar to that of Theorem 1.8 .2. It is based on Theorem 2.8 .1 and the
Banach fixed point Theorem.
O

2.10 Semi-discrete approximations

To approximate systems (2.4 .1) and (2.7 .1) by a finite elements method, we introduce finite
dimensional subspaces X; ¢ H(Q) for the velocity, P, C L?(Q2) for the pressure, S;, ¢ H?(Ts)
for the control functions (w;), Dy C H_%(Fs) for the multiplier associated to the Dirichlet
boundary conditions on I';. We denote by (¢i)1<i<n, a basis of Xj, (¢i)1<i<n, a basis of Py,
(C’i)lgigns a basis of Sh, (,Uf'i)lgign.,— a basis of Dh- We set

Ty n

v Np nr Ns
0 0 i
v=> vig;, V=D 0{di, p=> piti, T=D T, wj= Y wii.
i=1 i=1 i=1 i=1 i=1

91



2.10 . SEMI-DISCRETE APPROXIMATIONS

If we denote boldface letters the vectors of the corresponding coordinates, we have

v= (v, ,o0,)", W=, ) p= (o) T = ()T
wh oo Wl

0= (p1,-- Py T1s ,TnT)T, W =
Wy, whe

We introduce the matrix

(Awo)ij = —2V/Qe<¢z-> e(dy) — /Qws V)¢5 - i — /Q«;sj Vus- i V1<i<no, 1<i <y,

Ns Ns
(Aomdig = 20§ [ DG dn (Aum)yy = -l [ oG- 6 VI<i<m, 1<j<n,
k=1 k=1
(Avp)ij = /qudivcbi,, V1<i<ng,, 1<j<n,,
(Av‘r)ij:/rl«‘j'gbia Vi<i<ng, 1<j<ng.
S ns )
(App)ig = — Y wi | AsG-qj, Vi<i<ne,l<j<ny,
Q
k=1
Ns
(Ang‘r)ij:_zwf/r Ckn',uj’ V1§i§nc’1§j§n‘r7
k=1 s
(Mw)ijZ/chj-% V1<i<ng, 1<j<n,,
Avg = {Avp Av'r}; Am@ = [Amp 0}7 Am@ = [O AnzT]
(2.10 .1)
We set
niy=mny+2n., ng=np+n, and n=ng+ ng.
We introduce the mass matrix My, and the stiffness matrix Ay are defined by
M,, 0 0 0 A Aupy Avpy  Avg
0 Igne 0 O 0 0 Igne 0
ML = and AL = . (210 2)
0O 0 0 0 Alp  Ane  Ape O
The finite dimensional approximation of system (2.7 .1) (with w = 0) is
v v 0
d | m m 0
_ = A + ,
Fat | n, E 1 on f (2.10 .3)
o 0 0
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STABILIZATION BY BOUNDARY DEFORMATION

We can rewrite system (2.10 .3) as follows

al v v R v v?
Mol m | =A| m |+ A0 +Bf, | m | (0= ni |,
2 2 M 5
(2.10 4)
v
Agne m | =0,
Up)
where
Mvv 0 0 AU’U Avm AU?72
M = 0 I]Rnc 0 5 A= 0 0 IRnc 5
0 0 IRnc 0 —OéI]Rnc —’}/I]Rnc (2 10 5)
0 Av9 AUG ' '
B 0 ) g’unH = 0 ) Am]@ = AmH
I]Rnc 0 AnQQ
The semi-discrete approximation of the nonlinear system (2.4 .3) is
U ﬂ 0
d | il m 0 . =G o= =
Mp,— | = =A o+ + Frslt@t] + Fql@, 0,71, 75,
Ly B L > f ns| U] gl 11, 2] (2.10 .6)
0 0 h
a(0) =a’, 7,(0) =71, 0,(0) =75,
where
Am, 0 0 Av@
~ 0 0 Ipne 0
AL = )
0 —CYI]Rnc —’)/IRnc
AL, 0 ALy 0
and

Ay = <_2V/§25(¢i) : g(qu))lﬁz}jﬁnu'

The nonlinear terms J,s[@] and F,[, @, i, 7js] are defined by

o FL
- 0 - A o~ 0

fns[U] = 0 and fg[u307n17n2] = 0 )
0 Fo
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where

(i: iuzuj (¢i -V ¢] ¢k> )
1<k<ng

i=17=1

Ny Tip
Fy = (Ff Z@i¢i72ﬁm7ﬁ17ﬁ2l ‘¢k> ;
1=1 Jj=1 1<k<n,
Ty "p
Fo = (Fdiv Zﬂisbi,ZﬁjqwﬁlvﬁZ] ’¢k) :
i=1 J=1 1<k<ny

2.11 Reformulation of the finite dimensional linear system

The goal is to rewrite system (2.10 .4) as a controlled system. For that, we have to eliminate the
multiplier f from the first equation. To do that, we are going to introduce the projection into

Ker(AT /M ~1) parallel to Im(ﬁvng).

vn@

Proposition 2.11 .1. 1. The projector P the projection into Ker(Aan) parallel to Im(Mflﬁwg)
is

P=1- Mﬁlﬁvn@(AanGMil"ziﬂne)ilAZTIO
2. The projector PT the projection into Ker(AvngM_l) parallel to Im(Ayyg) is

PT =T — Appo(AL gM ™ Aypg) P AT oM

3. The projector P the projection into Ker(gfne) parallel to Im(M 1 A,,9) is

f@ == I — MilAvng(A\ZﬂneMilAm?Q)ilA\gna

4. The projector PT the projection into Ker(Afn(,M 1Y parallel to Im(ﬁvng) 18

-~

Pl =71- Avng(AvngM YAyno) ™ YA M
Moreover, we have

PT Ay =0, (P72 =PT, P'M =MP, PTM = (P")2M =P"MP, M 'P"=PM!,
PT Apg =0, (PT)2=PT, PTM =MP, PTM = P")2M =PTMP, M 'PT=PM.

Proof. We can easily prove that the operator

=7

Pl =71- Avng(Am@M LA yng)™ tAL M

is such that (PT)2 = PT. Therefore, PT is the pI"OJeCtIOIl of R™ into Im(PT) _parallel to
Ker(PT). We have to show that Im(IP’T) = Ker(AT oM~1) and Ker(PT) = Im(Aw,g) It is

clear that Ker(Am](,M 1) ¢ Im(P7) and Ker(PT) = Im(Aqmg). To finish, we have to prove that

Im(PT) C Ker(Am@ ~1). If X belongs to Im(PT) then we have X = PTX which implies that
Ao (AL pM " Ayyg) AL )M X = 0.
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Since ;{Ung is of rank ng, we have AZWM_lX = 0 which implies that X € Ker(AfneM_l). We
deduce thatAIm(@T) C Ker(AfneM -1 imd therefore P7 is the proj(iction into Ker(AfngM ~1) par-
allel to Im(A,,g). It is immediate that IP is the projection into Ker(Afng) parallel to Im(M 1 A,,9).
We have similar proofs for PT, P and P”. The rest of the proof is easy.

O

Remark 2.11 .1. The projection P (resp. I@’) is an approximation of the projector 11 (resp. I1*)
introduced in Section 2.6 .1. Moreover, the adjoint of P is P if R™ is equipped with the scalar
product (M-, )gr1 .

We introduce the operator A defined by
A=PM A

Proposition 2.11 .2. System (2.10 .J) is equivalent to the system

d v v v ’UO
P m | =AP| n, | +Bf, m | (0)=|n? |,
75 ), ), 9
(2.11 .1)

v

0 = —(AL gM ™ Aypg) AT JMTTA |y | = (AT gM T Ayyg) AL MBS,
Up)

where

B=PM 'B.

Proof. Let (v,m,m5,0) be a solution of system (2.10 .4). First, we note that (v,n,,ny) =
P(v,1,,m5). Thus, multiplying the first equation of system (2.10 .4) by PT' M ~! and AfngM_l,
we get

d v v v
| m| = PM~A| n, | +PM'Bf = AP | n, | +Bf,
Up) Up Up)
and
v
0 = —(AfpM " Ayyg) TAT M A |y | = (AL M Ayg) AT M B
M2

2.12 Stabilization of the finite dimensional linear system

2.12 .1 Spectral decomposition of the operator AP

We are looking for a decomposition of R™ into a sum of the generalized eigenspaces of the
operators AP and A*P where A* = PM 1A, We can decompose R™ in the form

R™ = Ker(AL ;) ®Im(M ' A,,9) and R™ =Ker(Al ) & Im(M ' Ayyp),
We assume that 0 ¢ o(A). Then, it follows that
Ker(AP) = Ker(P) = Im(M~*A4,,9) and Ker(A*P) = Ker(P) = Im(M ' A,).
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Thus, 0 is an eigenvalue of the operator AP (resp. A*P) and Im(M _11&,,79) (resp. Im(M 1 A,0))

~,

is the corresponding eigenspace. In order to decompose Ker(Afne) (resp. Ker(AUTng)) into the

other eigenspaces of the operator AP (resp. A*Iﬁ’), we consider the following eigenvalue problems

z z
AEC, (2,€,6)€Ker(Aly), A| & |=X]¢& |, (2.12 .1)
3 £
and
R ( (
A e, (’l,b, K1, l‘u'/2) € Kel“(A;Z;ne), A" | k1 | =X kK1 |, (212 2)
K9 K2

Theorem 2.12 .1. A pair (X, (z,£,,&;)) € C* x Ker(Afne) is solution to the eigenvalue prob-
lem (2.12 .1) if and only if (X, (z,€1,&,,0)) with

z
0 = —(AT ,M~' A, AL ,MMA | & |

unb
3
is a solution to the eigenvalue problem
z z
AeC, (2,6,6,0)eC, Ap & | AMp, & , (2.12 .3)
& 3
(7] (7]

Similarly, a pair (A, (Y, k1, Ke2)) € C* X Ker(ﬁfne) is solution to the eigenvalue problem (2.12
.2) if and only if (N, (Y, K1, K2, p)) with

P
p= —(AfnerlAvng)’1Afn9M’1AT K1 |,
K2
s a solution to the eigenvalue problem
P P
AEC, (¥,k1k2,p)eC, AT | "1 —ang | ™ (2.12 .4)
K2 K9
P p

Proof. The proof of the equivalence between the direct eigenvalue problems (2.12 .1) and (2.12
.3) is similar to that of systems (2.10 .4) and (2.11 .1) (see Proposition 2.11 .2). Now, we are
going to prove the equivalence between the adjoint eigenvalue problems (2.12 .2) and (2.12 .4).
It is easy to prove that if (X, (¥, k1, K2, p)) is a solution of (2.12 .4) then (A, (¢, k1, K2)) is a
solution (2.12 .2). Now, we suppose that (A, (¢, k1, Kk2)) € C* X Ker(ﬁgng) is a solution (2.12 .2).
Then, we have

[ ” NEE
P| ki | =] K1 and P[] ky | = M TAT | Ky =0.
K9 Ko K2 K2
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STABILIZATION BY BOUNDARY DEFORMATION

It follows that

P P R P
Ak | —MAT | gy | = -P)M AT | K
K2 K2 K2

Thanks to Proposition 2.11 .1, we obtain

P P
(I-P)M AT | k1 | = M7 Ao (AL gM " Ayyg) AL )M AT | Ky | = =M Ayp.
K2 K2
Hence
P P
AM | k1 | = AT | K1 | + Aypp. (2.12 .5)
K2 K2
We also have
R P
ALy | k1 | =0. (2.12 .6)
K2

Thus, (X, (¥, K1, K2, p)) is a solution of (2.12 .4).
0

Definition 2.12 .1. A vector (2°,£},€}) € Ker(AZnG) is a generalized eigeni')ecz?or of order i for
problem (2.12 .1) associated with a solution (X, (2°,€9,€9)) of (2.12 .1) if (2%, €%, £%) is obtained

by solving the chain of equations

Zj Zj_l
AM—-A)| & |=—] &, for1<j<i
& &
2 2

A wvector (zi,ﬁzi,ﬁé,ﬂi) € C" is a generalized eigenvector of order v associated with a solution
(X, (20,82, €5,0%) of (2.12 .3) if it is obtained by solving the chain of equations

Z‘j Z‘j_l
Ej Ej_l
(AMp—Ap) | 2 | =—Mp | 3k |, for1<j<i
2 &
o’ -1

We have similar definitions for the problems (2.12 .2) and (2.12 .4).

Theorem 2.12 .2. A vector (2%, €1, €5) € Ker(AZné.) is a generalized eigenvector associated with

the solution (X, (2°,€9,£9)) € C* x Ker(Aang) of (2.12 .1) if and only if (X, (2%, &%, €5,0%)) with

i

z
9i:—(AgneM_lﬁvne)_lAZneM_lA & |,
3

is a generalized eigenvector associated with the solution (A, (z,&,,&5,80)) of problem (2.12 .3).
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2.12 . STABILIZATION OF THE FINITE DIMENSIONAL LINEAR SYSTEM

A wector (P!, Kk}, Kb) € Ker(ﬁfne) is a generalized eigenvector associated with the solution
(A, (Y, k1, K2)) € C* x Ker(ﬁfna) of (2.12 .2) if and only if (A, (¥, k1, K2, p)) with

Q/Ji
pi = _(ggr]OMilAW)e)ilA\ZneMilAT K'il )
K

is a generalized eigenvector associated with the solution (A, (1, K1, Ke, p)) of problem (2.12 .2).

Theorem 2.12 .3. There exists a basis (Zi,Eiafé)lgignl of C™ constituted of eigenvectors
and generalized eigenvectors of (2.12 .1) and a basis (', K%, kb)1<i<n, of C™ constituted of
eigenvectors and generalized eigenvectors of (2.12 .2) such that

Ac=F 'APF and AL =& AP,

where Ac is a decomposition of AP into complex Jordan blocks, E is the matriz whose columns
are (2',€1,&5)1<i<n, and ® is the matriz whose columns are (Y', K}, Kb)1<i<n, -

Proof. Using the complex Jordan decomposition of real matrices, we know that there exists a
matrix F € C™ x C™ constituted of eigenvectors and generalized eigenvectors of problem (2.12
.1) such that

Ac = F~'APF.

We set
&=M'FT

Thus, the matrices F' and ® satisfy the bi-orthogonality condition
FTM® =1.

Now, we are going to prove that
AL = 27 TAPD.

From the identities
M~ '®T=F and FAc=APF =PM 'APF,

we deduce that
M'& TA: =PMTAPM &7,

and
Ac®? = T MPM T APM .

Since MP = PTM and PM~! = M_II@T, we have
Ac®T = ®TPT AM—PT
Taking the conjugated transpose, we obtain
DAL =PM ' ATPS.

Hence R
AL = A PH.
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Theorem 2.12 .4. There ezists two basis (v',n},n%)1<i<n, and (¢°,¢},C4)1<i<n, of R™ satis-
fying the bi-orthogonality condition

(vzanZhle)TM(WaC{vC%) :51 fO’f'l Slaj Snlv
and such that
A=E'APE and AT =="'A*PE,

where A is a decomposition of AP into real Jordan blocks, E is the matriz whose columns are
(v, M, m%))1<i<n, and B is the matriz whose columns are ((¢', ¢}, ¢H))1<i<n, -

Proof. We denote by (\;); the eigenvalues of the operator AP. To construct the basis (v%, 7%, 174)1<i<n,
and (¢, ¢4, ¢Y)1<i<n,, we proceed in the following way.

Case 1: X; is real. If (2%,€,,€5) and (¢, k!, k) are generalized eigenvectors associated to Aj,

we can assume that they are real vectors. Thus, we set

(', mi,mb) = (2,€1,&,) and (¢, (1, ¢h) = (', K, Kh).

Case 2: A; is compler. There exists k such that Ay = S\j is also an eigenvalue of APT.

If (27,€%,€5) and (', kY, Kb) are generalized eigenvectors associated to Xj, (2*, €%, €5) and

(wk, K, f@’g) are eigenvectors or generalized eigenvectors associated to Ay, then we may assume
. A b -0 .

that (2°,€],&,) = (2", €%, €5) and (', kY, kb) = (¥*, k%, k§). Thus, we can set

(v',m},mh) = V2Re(2", €1, &) and  (¢',¢1,Ch) = V2Re(y', ki, KY),

and
(v, 07", ny) = V2Im(2', €1,€5)  and (™, CT',CH) = V2Im(¢', K1, K5).

Thus, we have constructed two basis (v%, 0%, 15)1<i<n, and (¢%, ¢4, ¢h)1<i<n, of R™ satisfying
the bi-orthogonality condition

(1’177721,"712)TM(¢]7 jl?CJQ) = 51] for 1 < Z?] < ni,

and such that
A=E'APE and AT =2='A*P

[l

O
Corollary 2.12 .5. We have
A=8TPTAPE and AT = ETPTAPE.
Proof. From the bi-orthogonality of E and =, we have
A =E 'APE = E" MPM ' APE.
Since PM~! = M‘@’T, we get
A =ETPTAPE.
Similarly, we prove that
AT = ETPT APE.
O
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2.12 .2 Projected systems

Let (Aj)jen the eigenvalues of the operator AP. We denote by Gr(A;) the real generalized
eigenspace of AP and Gj(A;) the real generalized eigenspace of A*IP associated to the eigenvalue
Aj. Let oy, be positive. We define the unstable subspaces

Ly = Bjes, Gr(Aj)  and  Z; = $jes, Gr(A))
where J,, is a finite subset of N such that
—ay, <ReA; Vjield,.
We denote by dy the dimension of K = Ker(AP). Without loss of generality, we assume that
Zy = Vect{(v',n1. Mh)1<i<a,}  and K = Vect{(v', 0}, m5)a,+d,+1<i<n: }
where d; = n; — ds — dy. Therefore, we have
R™ =Z,®Zs &K,

where
Zs = Vect{(v", M1, M5))du+1<i<du+ds }»

We denote by

e E, € R™ x R% the matrix whose columns are ((v’,n%,n%))1<i<d,,

e E, € R™ x R% the matrix whose columns are ((v',n%,15))d,+1<i<dy+d.s

e E, € R™ x R% the matrix whose columns are ((¢', ¢}, ¢5))1<i<d,

e =, € R™ x R% the matrix whose columns are ((¢', ¢}, ¢5))an11<i<dy+d.-
Thanks to the bi-orthogonality condition

ETME =1,
we can prove that
ETM=, = Iya,, ETME, = Iys,, ETME, = Oga.ypin, ELME, = Ogayypa.. (2.12.7)

We set

Ay =

[1

TAE,, AT =ETATE, A,=ETAE,, AT =ETATE,. (2.12 .8)

From Corollary 2.12 .5, it follows that

T
Au Opdsxpan  Opdoxpau Ay Ods xRan  ORdo xRu
T T
A = ORdu < Rds As ORdo < Rds and A = O]Rdu % Rds As ORdO < Rds
O]Rdu XRdO O]Rds XRdO O]Rdo XRdO O]Rdu XRdO O]Rds XRdO O]RdO XRdO

We introduce the operators II,, € L(R™,Z,,) and II; € L(R",Z,) defined by
I,=EZE'M and 1,=EEIM.
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Proposition 2.12 .6. The operator 11, is the projection of R™ onto Z,, parallel to Zs & K and
the operator 1lg is the projection of R™ onto Zs parallel to Z, & K.
Moreover, we have the identities

M,P=1, [P=I0, I,+I="P.

Proof. We have

1 =Ee,EME)EIM = E,ET M =11,
because EL M E, = Iga, (see equation (2.12 .7)). Therefore, II, is the projection onto ITm(I1,)
parallel to Ker(II,). Thus, to prove that II, is the projection onto Z, parallel to Zs & K, we
have to show that Im(II,) = Z,, and Ker(Il,) = Z,; ® K. Using the bi-orthogonality condition

E'ME, = Iza, g, we prove that Im(Tl,) = Z,. Using the identities
E'ME, = Ogay ypas, PE, =2, and P'M = MP,

we prove Zs @ K C Ker(Il,,) and since dim(Z; ¢ K) = dim(Ker(II,)), we have Ker(Il,,) = Z; ® K.
We prove similarly that Il is the projection onto Zs parallel to Z, @ K.

Since R R R
MP=P' PE,=2, and P=E,=E,,
we have R
n,P =gz mMP=EE'P'M = E,ELM =11,
and

II,P= EE'MP=EZEP'M=EZE'M=1I,.

The identity 11, + II; = P comes the fact that both the operators P and II, 4 Il are projections
onto Z, @ Z, parallel to K.

O
Proposition 2.12 .7. If (v,n;,m,,0) is solution of system (2.10 .4), then
(UU7nl,u7n2,u)T = EEM(’UJID%)T and (’Usﬂh,sanz,s)T = EzM(v’nl’,’h)T
obey to the system
[ v, Uy [ v, 00
d =T 0
% M = Au M + Bufv M (0) = :‘uM m ’
n2,u n2,u 772,u 77(2)
- - (2.12 .9)
d Vg Vg Vg v?
% 771,3 = AS Tll,s + BS.f? 771,3 (0) = EEM n(l) ’
L 772,5 772,5 L /'72,3 77(2)

where

B,=Z!B and B,=ZE!IB.
Conversely, if the pair ((Vu, M1 u,M24), (Vs, M1 5,M2s)) is solution of system (2.12 .9), then
(’07771777279); with

v vy Vg
M | =FEu| M | TEs| ms |
Up) M2,u M2 |
)
9:_(AgnaM_lgvnb")_lAZnaM_lA m |
2

is solution of system (2.10 ./).
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Proof. Since

we have

d v v
%EEM m = EEA m + EgAvnHO =+ EzBﬂ
2 72

Since

it follows that (vy,n; ,,Ms,,) is the solution of the equation

d | vu vy, vy, . 00
& nl,u = Au nl,u + Bufv T]l,u (0) = EUM T]g
n2,u n2,u 172,u 2
We prove similarly that (vs, 7, 5,72 ) is the solution of the equation
a | vs Vs Vs . 00
% MNi,s = As M,s +Bsf, M,s (0) = Es M 772
772,3 T’Q,s 772,5 n2

Now, we suppose that the pair ((Vu, 11 4;M2.4)s (Vs; M1 5, Ma,5)) is solution of system (2.12 .9).
We want to prove that (v,n;,n,,0), with

v Vy vs |
M | =FEu| My | TEs| M |
N2 M2y M2, |
)
0 = —(Agnerljvne)flAfnerlA m |
2

is solution of system (2.10 .4). Thanks to Proposition 2.11 .2, we are reduced to prove that
(v, My, M) is the solution of the equation

d v v
Up) 2
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We have
d v d Uy Vg
|l m T Ev| My | +Es| M
N2 772,u T’Q,s
v v
d U d s
= Eu@ MNiw |+ Es@ M6
772,u 772,3
Vy Vg
= E,\, N |+ E A, Ms |+ E.B.f + EBsf
772,u ,'72,3
Uy Vg
= APE, | ny, | tAPE;| n1, | + (E.By + EBy)f
n2,u 172,3
Moreover, we have
EB,+EB, = EE'B+EZE'B
= (E,EIM +E;E'M)M~'B
= (0, +1,)M~'B
= B.
Thus, we obtain
d v v
| M| = AP | m, | +Bf.
Up Up

2.12 .3 Linear feedback law

The goal is to find a feedback law able to stabilize system (2.10 .4). Due to Proposition 2.12
.7, it is necessary and sufficient to find a feedback law able to stabilize the equation satisfies by
(Vu, M14>M24)- That is why we make the following assumption.

For all w > —Reo(A,) the pair (A, + wpa.,By) is stabilizable. (2.12 .10)

Hence, for all Q € £L(R%) satisfying @ = QT > 0 and —w < Reo(A,), the following algebraic
Riccati equation

Puw € LR™), Py, =P}, >0,
Pu,w (Au + WI[Rdu) + (Au + WI[RdU)*Pu,w - Pu,wBuB;Pu,w + Q =0,
Py is invertible and A, + wlga, — B,B;P, ., is exponentially stable,

admits a unique solution P, ,,. The operator K, ., = —B;P, ., provides a feedback law stabilizing
the pair (Ay + wgdu, By).
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2.12 .4 Stability of the closed-loop linear system

We are going to prove that the linear closed-loop system

d v v v v ’UO
Mol | =A| m |+ Auwed + By | my |, | m | (0) = ny |, o1g 11
N2 Up Up 2 77(2) ( e )

Algv + AL gny + AL gy = 0,
where K, = KU,WEZM , is exponentially stable.

Theorem 2.12 .8. Let (v°,n9,n9) be in Ker(A,g). The solution (v,my,1,,0) of system (2.12
.11) satisfies the estimates

HHu(v777177’2)HR" < Ceiww(v()?n(l)ﬂng)HR"l’
”HS(Uvnla’rh)HR" < Ce_autH(voan(l)ang)HRnl'

Proof. From Proposition 2.12 .7, ! (vy, 11 4, M2,) = €“'EL MPT (v,1,,m,)T is the solution of

u
the system

d Vy Vy Vy vV
@ewt M | = A+ wlga, —BBiP e | My, |, €| m, | (0)=BlM ng
772,u 772,u T’Q,u n2

Since Ay + wlga, — B,B;P, ., is exponentially stable, there exists C' > 0 such that

H(’Uu, Mo WQ,U)HRdu < Ce_WtW'UOv 77?7 Tlg)HR"l'

The triplet (vs, 7y ,,m,)7 = ELM(v,my,m,)T obeys to the system

g | vs vy Vy Vg v?
% M, = A Mi,s + BSKu,w Mu | M, (0) - EZM 77(2]
772,5 772,5 n2,u M2,s 778

)

Since Re(o(Ay)) < —au,, there exists C' > 0 such that

1w, 11 5512, [l < Ce™® (0%, m,m3) [l

2.13 Numerical results for the nonlinear linear system

We are going to show, by numerical experiments, that the linear feedback law is able the stabilize
nonlinear system. First, let us introduce the parameters of the geometrical configuration used in
the numerical experiments. The fluid domain is contained in the rectangle [0, 50e] x [—21e, 21¢],
where 2e is the thickness of the plate. The length of the plate is 10e. The inflow condition g;
imposed on the boundary I'; = {0} x[—21e, —e]U{10e} x [—¢, e]U{0} X [e, 21¢] is an approximation
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Figure 2.3 — Triangular mesh of the reference configuration of the fluid domain.

of the Blasius boundary layer profile defined by

Un Ve+b <z < 2le,
U 2‘”‘6_2("’”‘6)3+(H)4 Ve<z<etb
m T b b e=T=eTh
gs(x) =4 0 V—-e<z<e,
3 4
., 2az+e_2<x—|—e) +<x+e) Vo_e—b<z<—e
b b b
U, V —2le<z < —e—b,
(2.13 .1)

where Uy, is the maximum velocity at the inflow. The Reynolds number Rey of the fluid and the
thickness b of the boundary layer are defined by

2eU,, 14e

d b= .
o J/Rey

Rey =

We choose
e=0.05, U,=10 and Rey=200.

We use a triangular mesh of 54960 cells, symmetric with respect to the horizontal axis z =0
(see Figure 2.3). For the space discretization, we use generalized Taylor-Hood finite elements
P>-P;-P; for the velocity, the pressure and the Lagrange multipliers leading to 249968 degrees of
freedom. The time discretization is treated by a backward difference formula of order 2. The
geometrical nonlinearities are treated explicitly while a Newton algorithm is used to deal with
the nonlinearities coming from the fluid. The simulations are done with Getfem++ Library.

Spectrum of the discrete Oseen operator

We use an Arnoldi method combined with a ’shift and inverse’ transformation implemented
in Arpack Library to compute the spectrum of the linearized Navier-Stokes equation. We fix
the shift parameter at 10 and the size of the small Hessenberg matrix at 400. In Table 2.1, we
report the first eigenvalues of the linearized Navier-Stokes system. The spectrum the linearized
Navier-Stokes equation is characterized by two complex conjugate unstable eigenvalues A1 and
X2 = A1 (see Figure 2.4).
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Figure 2.4 — Spectrum of the linearized Navier-Stokes operator for Rey = 200.
J 1-2 3—4 ) 6-—17 8§—9 10— 11 12 —-13
Aj| 0.81£8.79i | —0.70+9.63¢ | —0.88] —1.18+7.99¢ | —1.23+11.047 | —1.88+12.60¢ | —2.03 +5.83¢

Table 2.1 — First eigenvalues of the linearized Navier-Stokes operator for Rey = 200.

Efficiency of the feedback law

We are going to show that the linear feedback law constructed in Section 2.12 .3 is able to
stabilize the nonlinear system (2.10 .6). First, we introduce the deformations functions w; and

wo on I'y by

wi(x) = ms(xz)Re 0(¢1,¢1)n ‘nlp,  and  wa(x) = ms(x)Im a(gbl,wl)n -nlr,,

(see Figure 2.5), where mg is a truncation function on I'y, used in order to satisfy boundary

conditions for wy and wo. The function m is defined by

ms(z) =g <f§€) ,

where ¢ is defined by

G(x) Ve < g
g(x) = 5
G(S—SC) Vx> 5,
with
0 V<O,
G(z)={ 2362 —152+10) VO<z<1,
1 Vo >1,

(see Figure 2.6).
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Figure 2.5 — The two deformation functions w; and wo.
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Figure 2.6 — Graph of the truncation mg.
We introduce a boundary perturbation
h(t, ) = p(t)g(z), (213 .2)

in the inflow boundary (0, 00) x I';, localized in time, and defined by

:u(t) = ﬂpert6_30(t_0'5)2 and g(l') = (m0(¢17 wl)n ' n, O)T y

with Bpers > 0 is a parameter to vary the amplitude of the perturbation and m is a truncation
function on I'; that can be defined in a same manner as m  to impose the compatibility conditions
at the junction between I'; and I's (see Figure 2.8).

The perturbation h based on o (¢!, 1!)n.n depends on the eigenfunction corresponding to
the most unstable eigenvalue. It is one of the most destabilizing normal boundary perturbations.
In Figure 2.7, we plot the graph of mo (¢!, ¢!)n -n on I'; and the graph of pu.

Numerical experiments are realized for a given perturbation corresponding to Bt = 0.1
(that corresponds to 10% of the maximum value of the inflow profile). Different values of the
parameters «, v and w are considered. The influence of the parameters a and v (dumping) are
observed varying a = v € {—3,—5,—10} for a fixed value of w = 0. Finally, the rule of w is
studied by considering the best choice already observed (aw = v = —10) and by taking w not
equal to 0 but equal to 6.
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(a) Graph of the function mo (¢, v). (b) Graph of the function p.

Figure 2.7 — Graphs of the functions mo (¢, ) and p.
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Figure 2.8 — Graph of the truncation function m.

In Figure 2.9, we plot the evolution of the L?-norm of the difference between the controlled
solution 4 of the nonlinear system (2.4 .1) and the stationary solution us of the Navier-Stokes
equations for a = v € {—3, 5,10} and Byet = 0.1, and the corresponding L?-norm of the
control. We observe that all choices are able to stabilize the flow. The decay rate is improved
with smaller values of « and v while the L?-norm of the control decreases. However this good
behavior is balanced by the fact that the maximum value of the control is obtained when a and
~ are small.

In Figure 2.10, we report the L*-norm of the displacement of the structure for the lower and
the upper part. As expected, the displacements decrease when a and ~ decrease (that correspond
to increase the dumping).

Finally, in Figure 2.9 and Figure 2.10, we report the results observed when w = 6 (green
curves). We observe that the decay rate is improved with higher value of the shift parameter
w. As expected, the L*>°-norm of the control increases with w however it is effectively applied
during a smaller period. When a shift is used, the displacement of the structure is reduced and
is the smallest one. This phenomena is very interesting in practice.
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2.14 . APPENDIX A: NONLINEAR TERM

2.14 Appendix A: Nonlinear term
The nonlinear term F; in system (2.4 .3) is defined by

e_ i Az e_ i :B:EAZ 2 e_ i waz
Folis i1, 7] = (0= s(z)2)ipt:  v(l—s(2)2)Meatl:  20(0 — s(2)2)hal

{—e {—e {—e
2vs(2) Mtz DV div Faseli, 7] + (0 = s(2)2)M b1 s(z)mp-e2
{—e {—e {—e
= 5 et | (= ()it (£ 5()2)in st
{—e {—e {—e
_e*“’ts(z)ﬁlﬁgaz B s(z)Mlgus, 3 s(2)Musot, (0 — s(2)2)s(z)Mmne(e i, + us 2)
l—e l—e l—e (—e)(l—e—s(z)e“iy)
V(€ — 5(2)2)s(2)Min ga(e™ b, +us,) | 200 = 5(2)2)7F (€™ + us )
(£ —e)(l—e—s(z)e i) (£ —e—s(z)e i )?
_2 ( (Z)Z)S( )771771 1‘( tﬂa:z + us,zz) l/((g - S(Z)Z)2ﬁ%,x - ﬁ%)(eiwtazz + uS7ZZ>
(L —e)(l —e—s(z)e i) (£ —e—s(z)e i )?
2v(l — e —s(z)e” " )i (e ", + ug ) + (¢ — 5<Z)Z)5(Z)ﬁ1ﬁ1,z(€_mﬁz + ps,z)el
(¢ — e)(ﬁ —e— s(z)e "« )? (L —e)(l —e—s(z)e i)
(e s+ pss)en (€ — s(2)2)s(2)imm o (e M1 + us 1) (e My + us,»)
(L —e)(l —e—s(z)e“tq) (L —e)(l —e—s(z)ewi)

i (e g 4 ug2) (e + us 2)
(L —e)(l —e—s(z)e )

with

Ne Nec
=Y fw and Ho=Y AW
-1 i=1
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Chapter 3

Feedback stabilization of a 2D
fluid-structure model by beam
deformation: theoretical analysis

3.1 Introduction

We consider a stabilization problem for a fluid-structure model where the structure is located at
the boundary of the fluid domain. The model couples the incompressible Navier-Stokes equations
with a damped beam equation.
Since the structure is deformed under the action of the fluid, the domain occupied by the fluid at
time ¢ depends on the displacement 7 of the structure and we denote it by €, (see Figure 3.1).
The elastic beam equation is written in the reference configuration, denoted by I's. The deformed
configuration of I's at time ¢ will be denoted by I' ).
The reference configuration for the fluid is denoted by €. The boundary I' of €2 is split into
different parts

I'=r,ululr.,uly,,

where 'y is the part occupied by the structure, I'; is the part where inflow Dirichlet boundary
condition is imposed, I';, is the part where a Neumann boundary condition is prescribed. For
simplicity, a Navier boundary condition is prescribed in I', rather then a Neumann boundary
condition. We use the notations

or= U (B x%u) == U ([t} xTyy),
te(0,00) t€(0,00)

Q> = ((),oo) xQ, ¥ = (O,oo) x T,

X0 = (0,oo) x Iy,  X° = (0, oo) X T,
0, 00)

5% = (0,00) X Iy

We also use the notations e; = (1,0) and ea = (0, 1). The incompressible Navier-Stokes equations
are written as follows:
ut —divo(u,p) + (u- V)u=01in Q7°,
diveu=0in Q)°, u=mnonX¥*, u=u;onXX, (31.1)
u-n=0o0n XX, elun-7=00n%XL o(u,p)n=0on X%,

_ 0
u(0) = u" on Q0
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(a) Reference conﬁguratioP, of the fluid domain.
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(b) Deformed configuration of the fluid domain.

Figure 3.1 — Configurations of the fluid domain

where u and p stand for the velocity and the pressure of the fluid. The stress tensor o(u,p) is
defined by

1
o(u,p) =2ve(u) —pl, e(u) = i(Vu + (Vu)),
where v is the viscosity of the fluid. The damped beam equation reads as follows:
it — BAN — YA 4+ al’n = —o (u, p)|r, ) Ty -1+ fo on £°,

n=0on (0,00) x s, ngy =0 on (0,00) x I, (3.1 .2)
1(0) =nf on Ty, 7(0) =n3 on T,

where a > 0, 8 > 0 and v > 0 are parameters of the structure already indicated in Chapter 1,
and n, ;) is the unit normal of I'; ;) exterior to {2, ;). Clamped boundary conditions are imposed
for the beam equation. In this setting, u; is the inflow boundary condition and f; is a force
exerted on the structure. We assume that u; and f; are in the form

up=gs+h and fy=fs+ [,
where g5 € HZ(T;;R?) and fs € L?(T's) are stationary data (independent of time), h is a

perturbation of the inflow boundary condition gs, and f is a control function of finite dimension
Ne:

ftz,y) = Zcfl(t)wl(x7y)u
i=1
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where the functions w; € L?(T's) are defined in (3.7 .4). Let (us,ps) be a solution of the stationary
Navier-Stokes equations

—divo(us, ps) + (us - V)us =0 in Q,_,
divus =0in 2, wus=0onIls, wus=gsonl}, (3.1.3)

us-n=0onT,, e(us)n-7=0o0nT,, o(us,ps)n=0onT,,

(see 3.4 .1) We choose fs = ps|T's. Thus, (us, ps,0) is a stationary solution of system (3.1 .1)-(3.1
.2). We assume that (us, ps,0) is unstable stationary solution of that system. For any prescribed
exponential decay rate —w < 0 and for given h, u’, n? and 13, such that h, u® — u,, 7y and 19
are small enough in appropriate functional spaces, we would like to find f in feedback form so
that the solution to the control system converges exponentially to the stationary solution in a
sense that we make precise later on. We recall that this problem comes from a stabilization
problem of a fluid flow in a wind tunnel over a thick plate. To achieve this goal we are going to
follow a classical approach.

Step 1: System in a fized domain.

Thanks to the change of unknowns introduced in (3.3 .3), we rewrite system (3.1 .1)-(3.1
.2) in a fixed domain

iy — div o (@, p) + (us - V) + (G- V)us — A1 — Agfly — wit = e Fylt, p, 1, f2] in Q%
diva = Agny + e “tdiv Faio[@, 1] in Q™°, 4 = flan on X°
4=0o0n X, e(@)n-7=0o0n3X, o(a,p)n=0on X
e — 2 —wip = 0 on X°,

fiag — BAN — YAR + Ay — Agiy — wily = 5P + e Fu[ti, ] + f on T,
1 =0 on (0,00) x s, 71, =0on (0,00) x IL,

@(0) =a° in Q, (0) =7 on Ty, 72(0) =73 on T,

(3.1 .4)
where the nonlinear terms F[u, p, 71, 7j2] and Fs[@, ;] are given in Appendix 3.A and the
nonlinear term Fqiy |4, 71] is defined in (3.3 .5). The linear differential operators Ay, As,
As and A4 are defined in (3.3 .6).

Step 2: Reformulation of the linearized system.

Thanks to the Leray projector P, we prove that the linearized system

vy —divo(v,p) + (us - V)o + (v- V)ug — Aim — Agme —wv =0 in Q°°,

dive = Agm in Q*°, v =mnon X, v=0onX,

v-n=0o0nXX, ew)n-7=0o0n%xr, o(v,p)n=0o0n X,

M —n2 —wn = 0 on X, (3.1 .5)
M2t — BANL — YAny + aA’n — Agm —wne =p+ f on £°,

m =0 on (0,00) x L'y, N1, =0 on (0,00) x AL,

v(0) =v"in Q, n(0)=n} on Ty, n2(0) =n3 on I,
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Step 3:

Step 4:
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INTRODUCTION

is equivalent to the following one

J Pv Po Pv PO
Zlm = (A+wl)| m |+Bf, m )= n |,
72 2 n2 75

(I - P)U = VNSTIQ + VNdiVABUI, (31 6)

p= _Ns(nZ,t — (,u?’]g) — NdiVA3(771,t — Uﬂ’]l) + NpA1771 + NPA2772
+Ny(Pv + VN2 + VNaivAsni).

The operators A and B are defined in (3.4 .11) and (3.4 .14) respectively, and the operators
Ns, Naiv, Np and N, are defined in Section 3.4 .2. We prove that A is the infinitesimal
generator of an analytic semigroup with compact resolvent. This allows us to reduce the
stabilizability of the pair (A 4 wl, B) to a unique continuation problem.

Equivalence between eigenvalue problems

For numerical viewpoint (see Chapter 4), the eigenvalues of A are not easy to determine
because A involves several operators, as P, which cannot not be easily approximated. This
is why we look for the eigenvalue problem associated with the linearized system (3.1 .5).
We study the relations between the eigenvalue problems associated A and the eigenvalue
problems associated to (3.1 .5). Using these relations, we will able to construct the feedback
law for the linearized system which can be determined without the Leray projector P.

Projection of the linearized system.

To construct a feedback control law which can be easily determined numerically, we are
going to project system (3.1 .5) onto the unstable subspace for A+ wI. Let ();); be the
eigenvalues of A. We denote by Gr(};) the real generalized eigenspace of A and G (\;)
the real generalized eigenspace of A* associated to ;. We choose a finite family (););e.,
containing at least all the unstable eigenvalues (with nonnegative real part) and set

Zu = Djes,Gr(A;) and  Z,; = @jes, Gr(N)).

We know that there exist subspaces Zs and Z, invariant subspaces under (e*4);>o and
(e"");>0 respectively, such that

Z=27,®%, and Z=2®7Z"

We denote by m, the projection in Z onto Z, along Zs and set 7y = I — m,. In Proposi-
tion 3.7 .1, we prove that there exist two families (v;, 71,4, 12,i)1<i<d, and (¢i,&1,i,62,i)1<i<d,,
satisfying the bi-orthogonality conditions

v; O Pu; Po;
mi |.]| &1 = my | LM & =0;5, V1<4,5<d,,
2, §2,i 2, §2,i
such that
v dy v Po; Pu;
m m - Z m 7M;k Sl,i nl,i ) v(”aﬁlaﬂZ)T S Za
2 =1 N2 §2,i n2,i



Step 5:

Step 6:

3.2
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and that the matrix A, defined by

Py Py,
Ay =[Auijh<ij<a, and  Ayig=[A| m; |, M| & )
n2,i §2,5

is constituted of real Jordan blocks. The operator M, € £(Z) is defined in (3.4 .12). Next,
we prove that (Pv,n1,12) is a solution of the first equation of system (3.1 .6) if and only if

Cu = [((Pv,m1,m2), M (Pi, &14,82,)))i<i<d, and  (vs,N1,s,M2,s) := Ts(Pv,M1,72),

satisfy
dCu - _ 0
E = (Au + WI)Cu + Bufa Cu(o) = <u?
d Vs Vs Us v (3.1.7)
| s | = Ase | ms |+ BsS, ms | (0)=ms| ) |,
2,5 m2,s m2,s 77(2)
where

'AS,w = WS(A—FWI)? Bs :=7msB and CS = [((P’UO777(1)777(2))7M:(P¢i7£1,iagQ,i))hﬁiSdu'
The matrix B, is defined in (3.7 .1).

Stabilization of the linearized system.

To stabilize the linearized system, it is necessary and sufficient to stabilize the equation
satisfied by ¢,. Thanks to an appropriate choice of the family (w;)i1<i<n., We prove that
the pair (Ay + wlga,, By) is stabilizable. Thus, the operator K,, = —BL P,, where P, is
the solution of the algebraic Riccati equation

P, €R% xR P, =PI'>0,
Py(Ay 4 wlga,) + (AL + wlga, )Py — PuB,BLP, =0,
provides a stabilizing feedback law for (A, + wlga., By).

Stabilization of the nonlinear system.

We use a fixed point method to prove that the linear feedback law is also able to locally
stabilize the original nonlinear system.

Functional setting

We introduce the classical Sobolev spaces in two dimensions

L%(Q) = L*(Q;R?) and H(Q) = H*(R?), Vs> 0.

We also define the functional spaces

V?LIO(Q) ={v e L%(Q) | dive =0, v-n =0 on Iy},

V(Q) = {v € L2(Q) | dive € L2(Q)},

Hp (Q)={veH Q) |v=00onT,UT;, v-n=0onT.}
Vo, () =H(Q)n V%,r()(Q),
Vi, (€) = Hy, (Q) N V(Q),

H =L%Q) x H3(Ts) x L*(Ty),

Z =V9 . (Q) x H3(I,) x LA(Ty),

n7F0
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with o =T, UT; UT and s > 1. We denote by C = (C;)1<;<s the set of the corners of Q. For
alld,s >0and forn=1o0orn = 2 we introduce the norms

2
olp@mn = X [ TLriloack,
la|<2 jec

where r; stands for the distance to Cj € C, a = (a1, a2) € N? denotes a two-index, |a| = a; + as
is its length, 0, denotes the corresponding partial differential operator. We denote by Hg(Q; R™)
the closure of C*°(2) in the norms ||| H2(Q:Rn)" We define weighted Sobolev spaces in two

dimensions

Li(Q) = HY(Q;R?) and H;(Q) = H{(Q;R?), Vs >0,
and the product space
Hy = H3(Q) x H(2) x (H'(Ts) N HF(Ts)) x H3(T,).

We introduce the spaces

H>H(Q>) = L*(0, 00; H*(Q2)) N H' (0, 00; L(2)),
HH(Q%) = L*(0, 00 H(2)) N H(0, 003 LA(%2)),
HA2(X°) = L%(0, 00; HY(T's) N HZ(T's)) N H?(0, 00; L3(T)),
H?Y(X®) = L%(0, 00; H(Ts)) N H(0, 00; L3(Ts)),

Y = L*(0,00; L?(Q2)) x H>1(Q) x L*(0, 00; L*(Ty)),
X5 = Hy' (Q%) x L*(0,00; H} () x H*2(S3°) x H*L(Z),
and for w® € L?(Q) given
Hio(w®) = {(v°,n,n3) € HY(Q) x (H*(T's) N HF(T's)) x Hy(Ts) | (Pv® — Pu®,n?,n3) € [D(A), Z]

dive? =divw® + 437 in Q, " =n8nonTs, '=0onT;, v°-n=0o0nT.},
(3.2.1)

1,
2
equipped with the norm

1 m)lic = 11, i)l s oy ey + 1P = Pl i) o 2,
The Leray projector P is defined in Section 3.4 .1. The operators A and As are defined in (3.4
11) and (3.3 .6) respectively.
3.3 System in the reference configuration and main results

Let §g defined in Theorem 3.4 .1. The main result of this chapter is the following.

Theorem 3.3 .1. Let w be positive. We assume that 3.4 .1, 3.7 .2 and 3.7 .1 are satisfied.
There exists r > 0 such that, for all (u®,n9,79) € HI(QU?) x H3(Ts) N H3(Ts) x H}(Ts) and
h € Hg(0,00; Hi (T:)) satisfying (u® o Too' —us,10,n3) € Hie(Faw[a®,n]) and

1

0. 7—1 0,0 7
[u” o 7;7? — Us, M1, M2 |lic + HhHHé(O,oo;Hg(Fi)) <
we can find £ € H(0,00;R™), in feedback form, for which there exists a unique solution (u,p,n)
m

Hy Q) x L2(0, 00 HY () x HYH(ET),
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to the nonlinear system (3.1 .1)-(3.1 .2), satisfying

< Ce™, Vt>0,

-1
H(U(t) o 7;7(15) — Us, 77(75)7 nt(t))HH%JrE(Q)XHs(FS)XHI(FS) -

where € > 0 and C > 0.

The mappings 7, and T, are defined by

Ty (tx,y) — (tz,z)= <t,x, f—ee)ys(_yizgzz:zg;2> , (3.3 .1)
and
{—e)y—In(t,z,s(y)e
Tow : (@,y) — (2,2) = (t,x, é — iys(y)zg,% 8%5) : (3.3 .2)

where the sign function s is defined by
s(yy=—1ify<0 and s(y)=1ify>0.

The mapping 7;7(1) is defined in a similar way. We notice that 7, transforms ,) into the

reference configuration 2. The definition of the space H(?(;l(Q%O) is given in 2.3 .1.
In order the prove that theorem, we make the change of unknowns

u(t,x, z) = e“’t[u(t,%ztl) (x,2)) —us(z,2)], pt,z,2) = ep(t, 7;]11) (x,2)) — ps(x, 2)],

Mt z) = eyt z), ia(tz):=en(t,z), Ft)=(Ffi(t)icicn, = ().
(3.3 .3)
Thus, we are lead to prove the following result.

Theorem 3.3 .2. Let nyax be in (0,€) and w be positive. We assume that 3.4 .1, 3.7 .2 and
3.7 .1 are satisfied. There exists v > 0 such that, for all (4°n?,78) € Hie(Faiv[0°,nY]) and
h) € H}(0,00; HZ(T;) satisfying the estimate

||ﬁ0777(1)a77(2JHic + HhHHg(o,oo;Hg(ri)) =,

we can find a control f € H' (0, 00; R™), in feedback form, for which nonlinear system (5.3 .4)
below admits a unique bounded solution (4, p,n1,72) € X5, with the estimate

(t)>”H%+E(Q)XH3(F5)XH1(FS) S C? Vt > 07

le™ i ()| Loo(ry) < Mmax — and || (@), 2(t), 7t
where € > 0 and C > 0.
Remark 3.3 .1. As in Chapter 1 (see Section 1.9 ), the estimate

He_mﬁl (t) HLOC(FS) < Mmax;

guarantees that the change of variables Te-wizy) is a C'—diffeomorphism from Qe-wtgy) into
for allt > 0.
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The system satisfied by (4, p, 71, 7j2) is

Uy — divo (4, p) + (us - V)i + (4 - V)us — A1y — Agfe —wit = e_m]:f[ﬂ,ﬁ, 1, 2] in Q°,
diva = Az + e “tdiv Faiv[d, 1] in Q®°, 4 =1enon X, 4= h on oo,

4=0o0n X, e(@n-7=00n%X, o(dp)n=0on X,

e — 2 —wi = 0 on X,

fiag — BAN — YAR + Ay — Agiy — wily = 5P + e “ Fo[ti, ] + f on T,

1 =0 on (0,00) x s, 71, =0on (0,00) x IL,

w(0) =a%in Q, 71(0) = n on Ty, #2(0) = 178 on I,
(3.3 .4)

where

fz(t,a:, 2) = e“'h(t,z,2z) and @’ =ulo ’7:731 — Us.
1

The operator 7, is the trace operator on I';. The nonlinear terms F; and F; are given in
Appendix 3.A and Fyiy[€, 1] is defined by

1
{—e

Faivlt,m] = (s(z)Mmirer + (£ — s(2)z)M gl1e2) . (3.3 .5)

The linear differential operators Ay, As, A3 and A4 are defined by

. s(z2)h 20
Alnl = K(—)Z (ps,z€2 + Us 22U,z — 2l/us,zz + Vg1 zz€1 l/us,l,azz€2) + én_il’z (Us,l,z€2 - us,l,xel)
— s(z2)z)m
+(€(_)6)n7x (ps,zel - QVUS,;BZ + Us,1Us,z — VUs 1,22€2 — Vus,l,xzel)
v(l — s(z)z)M
- ( E( ) )77 St (us,z +us,l,z61)a
—e
. {— s(2)z)n
by = oS,
—e
A 1 R N
Agin = (st (€= 5(2)2)s1.2),
. s(2)M .
A4771 = Vv (E(_)zusﬂ,z - 771,:E“s,1,z>-
(3.3 .6)
The linearized system around (us, ps,0,0) of (3.3 .4) is
v —divo(v,p) + (us - V)v + (v V)us — Ay — Aamg — wv = 0 in Q°,
diveo = Agn; in Q°°, v=mnon X¥, v=0on X,
v.n=00nX¥ ew)n-T=00n3X, o(v,p)n=0on XL,
me—n2 —wn =0 on X7, (3.3.7)

Mot — BAM — YA + aA®n — Ay — wng = vsp + f on B,
m =0 on (0,00) x s, M1 =0on (0,00) x I,
v(0) =" inQ, m(0)=n)onTs, n2(0)=n3onT,.
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3.4 Reformulation of the linearized system

3.4 .1 The Oseen and lifting operators

We consider the nonhomogenous Oseen system
Aow —divo(w, 7) + (us - V)w + (w - V)us = F in §,
divw=hinQ, w=gnonl,, w=0onT} (3.4.1)
w-n=0onTe, e(wn-7=0onT,, o(w,m)n=0onT,.

3
2

where F € L%(2), g € HF (T's), h € H(Q) and \¢ > 0 is such that the coercivity inequality

)\0/ m?my/ \a(v)\z—i-/[(us-V)v+(v~V)us] 0> olys @ Yo EVE (), (34.2)
Q Q Q 2 I'o

is satisfied.

3
Theorem 3.4 .1. There exists 0 < 6 < & such that, for all (F,h,g) € L*(Q) x HY(Q) x H (Tq),
equation (3.4 .1) admits a unique solution (w,T) € Hgo (Q) x H510 (Q) with the estimate

Julles @) + Il ) < € (1P ey + iy + gl )
Proof. See Theorem 2.5 .3.

In that theorem, we have supposed that the assumption below is satisfied (see 2.5 .1).

Assumption 3.4 .1. System (3.1 .3) admits a solution (us,ps) € Hj () x Hj ().

Lemma 3.4 .1. There exists eg € (0,1/2) such that Hj (Q) C H%JFEO(Q) and Hj (Q) C
Hiteo(Q).

Proof. Tt follows from ([43], Lemma 6.2.1).
O
Let us denote by P the orthogonal projection from L2(Q) onto V?LIO(Q). The operator P is the

Leray projector associated to our mixed boundary conditions. Moreover, for all v in L2(£2), we
have
Pv=v—-Vqg — Vg,

where g1 and ¢o are the solutions of the equations
Agi =dive in ©Q, ¢ =0 on 01,

and
92

on

Proposition 3.4 .2. Ifv belongs to Hj () then Pv and (I—P)v belong to Hzte (Q). Moreover,
we have

Ags =0, =(w—-Vg)nonTy ¢ =0onT,,.

(I - P)U = VQ7
where q is the solution of the equation
L 9q
Aqg = divov in Q, =l onTy, ¢=0onT,. (3.4 .3)
n
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Proof. Thanks to ([43], Theorem 6.5.4), ([43], Lemma 6.2.1) and ([36], Chapter 2), equation (3.4
.3) admits a unique solution ¢ € H3teo (©2). Thus, we can easily show that Pv = v — Vq €
H3+0(Q) N VO 1 () and (I — P)v = Vg € H+%(Q).

We introduce the Oseen operator (A4, D(A)) in V%FO () defined by N
D(A)={v e V?LEO (Q)|3pe H%J“EO(Q) s.t divo(v,p) € L2(Q), e(v)n-7=0on I,
o(v,p)n=0o0nI',},
and
Av = Pdivo(v,p) — Pl(us - V)v + (v - V)ug].
(3.4 .4)

Theorem 3.4 .3. The operator (A, D(A)) is the generator of an analytic semigroup on VO 1, ().

n7F0

Proof. The proof is similar to that of ([44], Theorem 2.8).

0
Proposition 3.4 .4. The adjoint of (A, D(A)) in V%,FD(Q) is the operator (A*, D(A*)) defined
by
3
D(A*)={v e VfL’Jl:zO(Q) | 3p € H%“O(Q) s.t divo(v,p) € L2(Q), e(v)n-7 =0 on I,
o(v,p)n+us-nv=0 on Ty},
and

A*v = Pdivo(v,p) + P(us - V)v — P(Vug) .
Proof. See ([44], Theorem 2.11).
3 3
Finally, we introduce the lifting operators L € L(Hg (I's) x H*(Q), H3 (Q)) and L, € L(H§ (T's) x
H'(2), Hj (Q)) defined by
L(g,h) =w and Ly(g,h) =, (3.4 .5)

where (w, ) is the solution of

Xow —divo(w, m) + (us - V)w + (w - V)us = 0 in €,

divw=hinQ, w=gnonly, w=0onl}y,

w-n=0onTl,, ewn-r=0onl., o(w,m)n=0onTl,,.

3.4 .2 Expression of the pressure

The goal is to express the pressure 7 of system (3.4 .1) in terms of w, F', g and h. For that, we
introduce the following operators.

e N, € L(L?(Ty), H(2)) is defined by Nsg = q where ¢ is the solution of the equation

Ag=0in Q, %:gonfs,
" (3.4 .6)
a—ZZOOnFO\FS, g=0onT,.

120



STABILIZATION BY BEAM DEFORMATION: THEORY

o Ngiv € L(L*(Q2), H'(Q)) is defined by Ngijvh = q where ¢ is the solution of the equation

Ag=hin €,

o (3.4.7)
7q:00n1"0, g=0onT,.
on

e N, € L(L3(Q), HY(2)) is defined by N,F = q1 + g2 where ¢; and g2 are the solution of the
equations
Agp =divF in 2, ¢ =0 on 01, (3.4 .8)

and

0
Ags =0 in Q, %: (F—=Vq) -nonTy g¢g=0onT,. (3.4 .9)

o N, € E(H%(Q), L*(Q)) is defined by N,w = q where q is the solution of the variational
problem
Find q € L*(Q) such that

/QQC = 24e(w), V)t o gy - dreo(y ~ 2 ~/F0 elwin- Vo
+/ (s V)w + (w- V)u| - Vo, V¢ e LX),
Q

where ¢ € H 3+eo () is the solution of the equation

A = ( in §, g;f:OonFO, Y =0onT,, (3.4 .10)

(see Lemma 2.5 .2).

Remark 3.4 .1. We have
VN, =1-P.

Theorem 3.4 .5. If (w, ) € HgO(Q) X Hgo (Q) is the solution of system (3.4 .1) then we have
T = —MNsg — ANaivh + NpF + N,yw.

Proof. The proof is similar to that of Theorem 1.4 .7.
O

Lemma 3.4 .2. If (w,7) € Hgo () x H(%O(Q) is the solution of system (3.4 .1) then we have
Nyw belongs to Hateo (Q).

Proof. 1t is similar to that of Lemma 1.4 .4.

3.4 .3 Definition of the unbounded operator (A, D(A))
For the structure, we introduce the unbounded operator (A4 g, D(Aq5)) in H3(I's) defined by

D(Aap) = HYT,) N HZ(Ts)  and Aap = BA — aA?.

We equip the space HZ(T's) with the norm

D=

(7775)1{3(1“3) = ((—Aap)2n, (—Aa,ﬁ)%f)ﬂ(rs) = /F (BVn - VE 4+ aAnAf).

121



3.4 . REFORMULATION OF THE LINEARIZED SYSTEM

Lemma 3.4 .3. The operator I + ~vsNy is an isomorphism in L?(T's).

Proof. The proof is similar to that of ([51], Lemma 3.2).

O
Proposition 3.4 .6. We have
A1 € L(HF(T), L2(Q)),
Ay € L(L(Ts), L3 (),
As € L(HF(Ts), H(2)),
and Ay € L(H3(Ts), L3(Ts)).
Proof. 1t is similar to that of Proposition 1.5 .1.
O

We define the space
H =L*Q) x H3(T,) x L*(Ty),

equipped with the norm

v ¢
m |, & = (v, 9)r2(0) + (1, 8) mz(r,) + (12, &2) L2(r,)-
2 &2

We also define the subspace

Z =V2. (Q) x H3(T,) x L*(T).

n,lo
We introduce the unbounded operator (A, D(.A)) in Z defined by

1
51€o
n7FO

D(A) := {(Pv,m,1m2) € V1 () x (HY(Ts) N HF(Ts)) x H§(Ts) | Pv— PL(n2, Asm) € D(A)},

A PA+ ()\()I - A)PL(O, Ag) PAs + ()\()I — A)PL(HXFS,(D

A=M;1[ 0 0 I + M;tA,,
0 Aa,g + ’Ysz/h + Ay ’}/A + ’}/SNPAQ
(3.4 .11)
with
I 0 0
My=1 0 I 0 . (3.4 .12)

0 vsNawAs T+ 7sNs
The operator A, is defined on D(A) by

Pv 0
Ayl m | = 0 , V(Pv,m,m2) € D(A).
2 stNv(Pv + VN5U2 + deivA3771>

and thanks to the lemma below, it is well-defined.

Remark 3.4 .2. We notice that, in My, vsNs corresponds to the so-called added mass effect.
Here, the added mass operator My is not symmetric.
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Lemma 3.4 .4. If (Pv,m,n2) belongs to D(A) then Ny(Pv+ VNsn2 + V NgiwAsn) belongs to
1
HaTe0(Q).

Proof. The proof is similar to that of Lemma 1.5 .4.
O

Proposition 3.4 .7. The quadruplet (v,p,m,n2) € Xs, is a solution of system (3.3 .7) if and
only if

a v Py Pv Po°
x|l m =A+wl)| m |+ Bf, m | (0) = o 7
2 72 N2 778
(I — P)v = VNsn2 + V Naiy Az, (3.4 .13)

p = —Ns(n2,s —wn2) — NaivAsz(m,s —wm) + NpAin + NpAanp
+NU(PU + VNS’OQ + VNdivAlT/l),

with
0

Bf=>fi 0 : (3.4 .14)
=1 (I + ’YSNS)_lwi

Proof. 1t is similar to that of Proposition 1.5 .2.

3.5  Properties of the unbounded operator (A, D(A))

Theorem 3.5 .1. The unbounded operator (A, D(A)) is the generator of an analytic semigroup
of class C° on Z.

Proof. The proof is similar to that of Theorem 1.6 .1.

Theorem 3.5 .2. The unbounded operator (A, D(A)) has a compact resolvent.

Proof. Let A > 0 belong to the resolvent set of A and let (Fy, F}, F?) belong to Z. There exists
(Pv,n1,m2) € Z such that

Pv Fy
()\MS — MSA) m = FS1
72 F?

Thanks to Proposition 3.6 .1, (v,p,n1,n2) with

v = Pv+ VNgn2 + VNgivAzni,
P = —ANgn2 — ANgivAzm + NpAim + NpAana + Ny(Pv + VN2 + V NgivAsn),
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is solution to system
Av —divo(v,p) + (us - V)v+ (v- V)us — Ay — Aonp = Fy in Q,
divv=A3m inQ, v=mnonly, wv=0onTy
v-n=0onT,, elwn-7=00nTle, o(v,p)n=0o0nT,,
(3.5 .1)
)\771 — N2 = Fsl on FS,
Ay — BAN — YAy + alPn — Agm = ysp + Fe on Ty,
m =0on dl's, Mz =0onJdlk.

Using the same method as in the proof of Proposition 1.6 .7, we can show that, for A large,
system (3.5 .1) admits a unique solution (v, p,n1,12) € Hj, with the estimate
HU||H§O(Q) + Hp||H§O(Q) +lmllzae,) + I2llm2e,) < CI\(Fy, F F)| 2
Form Proposition 3.4 .2, we deduce that
\\PU\IV%+SO(Q +lmllasey + In2ll g2,y < CINEFY, Fy L F2)|l 2.

n,lg )

Thus, the resolvent of A is compact in Z because the embedding V2+8O (Q)x (HYTs5) N H(Ts)) x
HE(Ts) C Z is compact.

O
We denote by A} € L(L2(Q), H2(Ty)), A3 € L(L*(Q), L3(Ts)), A% € L(L?(Q2), H %(Ts)) and
A% € L(L*(Ts), H2(T')) the adjoints of Ay, As, A3 and A4 respectively.

Lemma 3.5 .1. The adjoint of the operator My in Z is

I 0 0
M:=| 0 I —(—Aap) '435N;,
0 0 I+ 7N,
Proof. 1t is similar to that of Lemma 1.6 .2.
O
We introduce the lifting operator D € E(HO% (Ts), H3 (€2)) defined by
Dg = ¢, (3.5 .2)

where (¢,1)) is the solution of the system
Aot — divo(6,1) — (us - V)6 + (Vua)Té = 0 in €,
divg=0inQ, ¢=gnonls, ¢=0onTy, (3.5 .3)
p-n=0onTle, e(@)n-7T=0o0nT,, o(p,Y)n+us-np=0onT),.
We also introduce the operator Ny € L(Hj (€2), L*(2)) defined by
Nyo = b, (3.5 .4)

where v is the solution of the variational problem

Find v € L%(Q) such that
[ ¢ =20(e0), V%H%_EO 0 L LB
+ [ [ Vo + (Vu)Te] - Vi, vee 1@,
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with v € H%J“eo(ﬂ) the solution of equation (3.4 .10). We set

A* 0 (Ml — A*)PD
AP = | (“Aap) MAT - A3Ng) 0 —T 4 (=Aag) H(A] — ASNGVN, + AJVN,)
Vs Ng + A3 —Aunp YA 4 s NgV N + A5V N
Proposition 3.5 .3. The adjoint (A*, D(A*)) of (A, D(A)) in Z is defined by
3+eo

D(A*) = {(P¢a€1,§2) € V21, () x (H'(Ts) N H§(Ty)) x H§(Ts) | P — PDé € D(A*)},

and

A* = A" M

Proof. The proof is similar to that of Proposition 1.A.2.

3.6 Eigenvalue problems

The goal of this section is to find relations between the eigenvalue problem associated to A and
the eigenvalue problem associated to system (3.3 .7), i.e.

Pv Pv
A€ (Cv (Pv77717 772) € D(A)7 A m =A m s (36 1)
2 2

and
AE (C, (Uapa 77177’2) € H50’

A —dive(v,p) + (us - V)v+ (v- V)us — A1 — Aanp = 0 in

divv=Asm in Q, v=mnonly, v=0only,

v.n=0onT,, elwn-7=00nTle, o(v,p)n=0o0nT,, (3.6 .2)
An—mn2 =0 on [y,

Any — BAN — YA + e’y — Agmy — ysp = 0 on T,

m =0on 0y, mz=0ondl.

We also consider both the adjoint eigenvalue problems, i.e.

P¢ P¢
A€ Ca (P¢,§1,§2) € D(A*)a A El = A* 61 N (36 3)
&2 &2

and
AeC, (¢,9,61,&) € H,,
A — divo (e, 1) — (us - V)6 + (Vug)Té = 0 in Q,
divg=0inQ, ¢=E&nonl,, ¢=0o0nTy,
p-n=0onTle, e(@)n-7=00nT,, o(p,¢)n~+us-np=0onT),, (3.6 4)
A1+ & — (—Aap) T AL — (—Aap) TATO + (—Aap) A5 =0 on Ty,
Ao + BAE — YA — a6 — A5p — ¢ = 0 on Ty,
&1 =00n0dl'y, &z =0ondlk.
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Definition 3.6 .1. A triplet (Pvg,m i, n2%) € D(A) is a generalized eigenfunction for prob-
lem (3.6 .1) of order k associated to a solution (X, (Pvo,m,0,m2,0)) of (3.6 .1) if (Pvg, m k, M2.k)
s obtained by solving the chain of equations

PU]' P’Uj,1
M-A)| my | =~ mj1 |, for1<j<Ek
12,5 72,51

A quadruplet (vi, pk, M.k, M2,k) € Hs, s a generalized eigenfunction for problem (3.6 .2) of order k
associated to a solution (A, (vo,po, M,0,M2,0)) of (3.6 .2) if (Vk, Pk k,M2.k) s obtained by solving
the chain of systems

Avj —divo (v, pj) + (us - V)vj + (v - V)us — Ay j — Aampj = —vj—1 in Q,
divuo; = Asni; in Q, v =mn only, v;=0only,

vi-n=0onT., ewj)n-71=0o0nTe, o(vj,pj)n=0 only,

A1 — M2, = —Mj-1 on T,

An2j — BAN j — YAy + a1 — Ay — Yspj = =21 on T,
my;=0o0ndls, nijz=0 ondly,

for 1 < j < k. We have similar statements for adjoint eigenvalue problems (3.6 .3) and (3.6 .4).

3.6 .1 Equivalence between direct eigenvalue problems

3
Lemma 3.6 .1. Let (F,h,g) belong to L?(2) x HY(Q) x HZ (T's) and X\ belong to C. The pair
(v,p) € HgO(Q) X Hgo (Q) s solution of system
A —divo(v,p) + (us - V)v+ (v- V)us = F in Q,
divv=hinQ, v=gnonls, v=0onTy (3.6 .5)

v.n=0onT, elWn-T=0o0nT. ov,m)n=0o0nT,,

if and only if

(Al — A)Pv+ (A—XNI)PL(g,h) = PF,
(I - P)'U = VINsg + V Ngivh,
T = —ANsg — ANgivh + NpF' + Nyv.

Proof. 1t is similar to that of Theorem 1.4 .8.
O

Proposition 3.6 .1. Let (Fy, F}, F?) belong to L*(Q) x H3(Ts) x L*(T's) and X belong to C,.
The quadruplet (v,p,n1,m2) € Hs, is solution of the system

v —divo(v,p) + (us - V)v+ (v - V)us — Ay — Aano = Fy in Q,

divv=Asm inQ, v=mnnonlsy, v=0onl;

v-n=0onT, elwn-7=0o0nTl., o(v,p)n=0onT,,

(3.6 .6)

)\771_772:F81 OnPS)

Mg — BAN — yAng + alA®ny — Agmy — ysp = F2 on Ty,

m =0 ondl's, ni,=0 ondly,
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if and only if

Py Pv PFy
M om | =A[ m |+ M F} ;
12 2 F2 + Vs NpF'y

(I — P)v =V Nsn2 + VNaiyAsmi,

p = —ANsn2 — ANaivAzm + NpAim + NpAgng + Ny(Pv + VNgne + VINgiyAzni) + NpF.
(36 .7)

Proof. 1t follows from Lemma 3.6 .1.
O

Theorem 3.6 .2. A couple (X, (v,p,m1,m2)) € C x Hs, is a solution of (3.6 .2) if and only if
(A, (Pv,m1,m2)) € C x D(A) is a solution of (3.6 .1) and

(I — P)U = VNSU2 + deiVA?)nla
p = —ANsn2 — ANaiyAsn1 + NpyAim + NpAana + Ny(Pv + VNgna + V Naiy Azny).

Proof. 1t follows from Proposition 3.6 .1
O

Theorem 3.6 .3. A quadruplet (v, pi, Mk N2.k) € Hs, is a generalized eigenfunction associated
with a solution (A, (vo,Po,M,0,72,0)) of (3.6 .2) if and only if (Pvg,m g, m2k) € D(A) is a
generalized eigenfunction for (3.6 .1) associated with a solution (X, (Pvo,n1.,0,72,0)) and

(I = P)vg = VNgno 1, + V Naiy Azny i,
br = _)‘NSTIZJC - )\NdiVA3n17k' + NpAlnl,k: + NpA27727k + NU(P'Uk; + VNsang + VNdiVA3771,I<:)
—Ngn2, k-1 — NaivA3n g—1-

Proof. Thanks to Proposition 3.6 .1, (vk, Pk, M1k, 72,k) is a generalized eigenfunction of order k
associated with a solution (A, (vo, po,11,0,72,0)) of (3.6 .2) if and only if

P’Uk ka PUk—l
M ome | =A mx | - M7 M k—1 ,
2,k 12,k n2,k—1 + Vs NVpvg—1

(I = P)vr, = VN i, + V- Naiv Az g,
Pk = —ANsm2k — ANaivAsni k. + NpAin g + NpAana kx + No(Po + VNgno g + VNaivAsni k) — Npvg—1,
where (vg_1,Pk—1,M1,k—1,7M2,k—1) is a generalized eigenfunction of order k — 1. Since
Npvg—1 = Nsn2 -1 + NaivAsni k-1,

it follows that

Py, Py, Pup_4
AM me | =A me | = mr—1 |,
N2,k M2,k n2,k—1

(I — P)vg = VN2 + V NaivAsm i,
Pk = —ANsn2k — ANaivAszn k + NpAri g + Np Aot i + No(Pug + VN2 k + VNaiv Azni k)
—Ngn2 k-1 — NaivA3m1 k—1-
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We deduce, by induction, that (v, pg, 71k, 72,%) is a generalized eigenfunction of order £ associated
with a solution (A, (vo, po,n1,0,72,0)) of (3.6 .2) if and only if (Pvg,m k,72,%) is a generalized
eigenfunction of order k associated with a solution (A, (Pvo,n1,0,72,0)) of (3.6 .1).

O

3.6 .2 Equivalence between adjoint eigenvalue problems

3
Lemma 3.6 .2. Let (G,g) belong to L*(Q) x HZ(L's) and X belong to C. A pair (¢,1) €
H<250 (Q) x H(}O(Q) is solution of the system
A — div o (6, 1) — (s - V)6 + (Vus)To = G in Q,
divg=0inQ, ¢=gnonly, ¢=0onl,, (3.6 .8)
dp-n=0o0nTe e(@)n-7=0o0nTe, o(P,Y)n+us-np=0 onT,,
if and only if
(M — A*)Pp + (A* — Mol )PDg + PGy,
(I - P)(b = VDN,
= —=ANsg + Ny + N, G.

Proof. 1t is similar to that of Theorem 1.4 .8.
O

Proposition 3.6 .4. Let (G, GL, G?) belongs to L*(Q) x H(I's) x L*(Ts) and X belong to C.
The quadruplet (¢,,&1,&2) € Hs, is solution of the system

Ao — divo(p, ) — (us - V) + (Vus) T = Gy in Q,

divp=0inQ, ¢=E&nonly, ¢=0only

p-n=0o0nTe e(p)n-7=0o0nTe, o(p,P)n+us -np=0 onT,,

(3.6 .9)
A+ & — (—Aap) 1AL — (= Aap) T ATO + (—Aap) T ASY = Gy on Ty,
Ao + BAE — yAL — OéA2£1 - A;Qb — Vs = Gg on L,
§&1=0o0n0ls, & =0 ondly,
if and only if
P¢ P¢ PGy
AM &1 = -A*M: &1 + G; - (_Aa,ﬂ)_lAg'YszGf )
& & G+ 7 NGy (3.6 .10)
(I — P)¢ = VNs&,
) = —=ANs&a + Ny(Pp + VN&2) + NGy
Proof. 1t follows from Lemma 3.6 .2.
O

Theorem 3.6 .5. A couple (A, (¢,v,&1,&2)) € C x Hy, is a solution of eigenvalue problem (5.6
4) if and only if (A, M}(P¢,&1,&2)) € C x D(A*) is a solution of eigenvalue problem (3.6 .3)

and

(I - P)(b = VNS€27
Y = —AN& 4+ Ng(Pp + VNE).
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Proof. 1t follows from (3.6 .4).
U

Theorem 3.6 .6. A quadruplet (¢r, Vi, &1k, E2.k) € Hs, is a generalized eigenfunction of order k
associated with a solution (X, (¢o, Yo, &1,0,82,0)) of (3.6 .4) if and only if (Py, &1k, Sok) € D(AY)
is a generalized eigenfunction of order k associated with a solution (X, (P¢o,&1,0,&2,0)) of (3.6 .3

and
(I = P)¢r, = VN&op,

Y = =AN&ok + Ny(Por + VN&Eo k) + Nsbog—1.

Proof. Thanks to Proposition 3.6 .4, (¢, ¥k, &1k, 2.k) is a generalized eigenfunction of order k
associated with a solution (X, (¢o, %0, &1,0,&2,0)) of (3.6 .4) if and only if

Poy, Py, Por_q
MM &G | =AM &Gr | = | &1 — (mAap) A5V Npde1 |,
Sk &k So k-1 + Vs NpPr—1

(I = P)¢r, = VN&a,
Y, = —ANs&o i + Ny (P, + VNsEa i) — Npda j—1,

where (¢p—1,Yr—1,&1,k-1,82,k—1) is a generalized eigenfunction of order k£ — 1. Since

Npo —1 = Ns&o -1,

we have
Py, Py, Py
AME | & | =AM | &Gp | —MS| &p—1 |
&k &k §2,k—1

(I = P)¢r, = VN,
Y, = =AN &k + Ny(Por + VN&Eo k) — Nsbop—1.

We deduce, by induction, that (¢x, Yk, {1k, §2,1) is a generalized eigenfunction of order k associated
with a solution (A, (¢o, %0,&1,0,&2,0)) of (3.6 .4) if and only if M (P, &1k, o) is a generalized
eigenfunction of order k associated with a solution (A, M} (P¢o,&1,0,62,0)) of (3.6 .3).

O

3.7 Stabilization of the linearized system

3.7 .1 Projected systems

Let (A\j)jen+ the eigenvalues of A. We denote by Gr(\;) the real generalized eigenspace of A
and G (\;) the real generalized eigenspace of A* associated to the eigenvalue \;. We define the
unstable subspaces

Zy = Djes,Gr(Aj) and  Z, =@y, Gr(})),

where J,, is a finite subset of N* such that
Re)j > —w, Vje .
Moreover, there exists two subspace Z; and Z;, invariant under (etA)tZO and (etA*)tZO, such that

Z=07,87Z, and Z=27"®Z%
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3.7 . STABILIZATION OF THE LINEARIZED SYSTEM

We have identified Z* with Z. We denote by 7, be the projection of Z onto Z, along Z, and by
s be the projection of Z onto Z, along Z,,. We denote by d, the dimension of the subspace Z,.
In the following proposition, we characterize .

Proposition 3.7 .1. There exist two families (vi,m i, M2,i)1<i<d, and (¢i,&14,82)1<i<d, Such
that:

o The family (Pvi,mi,M2,i)1<i<d, S a basis of Z,.

o The family (M7 (Pi,&14,82:4))1<i<d, s a basis of Z;;.
o We hawve the bi-orthogonality conditions
v bi Pu; P,
myi || 1 = mi |- MS | & =0ij, V1<i,j<dy.
12, §2,i 12, §2,i
o The projector m, s characterized by
v dy, v Po; Pu;
Ty m — Z m aM: 51,7; M, ) V(’U,Tll,UQ)T €.
2 i=1 2 §2i 12,
o The matrixz A, defined by
Pyt Po;
Ay = [Auijh<ij<d, and  Ayig=|A| ma [ M| & :
12, §2,

is constituted of real Jordan blocks.

Proof. Since A is the generator of an analytic semigroup with compact resolvent, there exist a basis
(0s, M35 M2,i)1<i<d, Of Z, constituted of real or imaginary parts of the generalized eigenfunctions
of A and a basis (M7 (¢i, €14, €2.4))1<i<a, of Z constituted of the real or imaginary parts of the
generalized eigenfunctions of A, such that

v; bi
mi | Mg | & =0i5, V1<i,j<dy,
n2,i §2,i
and -
v du v bi ;
| om | =) mo | MS | i mi | Y(mm)' ez,
2 =1 n2 §2,i n2,i

(see ([22], Lemma 6.2)). We set
vi = + VNenzi + VNawAsn,  and ¢y = ¢ + VN,

We notice that ~
P’Ui:@i and Pgblqul

Then, we have

v du Puv Po; Pu;
| omo| =D mo .M & mi |, V(vmm) ez
2 =1 2 §2,i n2,i
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We also have

(i P12y = (D3, 0i)vo () + (VN2 + VNaivAsni, VN i)z (o)
(@)
(s, &i)Vﬂ,ro(Q) + (021, Vs Ns€o,i) L2 (ry) — (Asnis Nsb2.i) 12(q)
= (%, Q'Bi)vgyro(m + (2,0, v Ns,i) L2(r,) + (11,5 — (= Aays) T A5NS4 m2(r,)
(

Pvis Péi)vo (o) + (1207 Ns€2) 2(r,) + (mi —(=Aap) M ASNE20) 2 (r,)-

Hence
v; o Pu; Po;
mi |.]| &1 = my | LMD & =0;5, V1<4,5<dy.
M2, §2i 2, §2,i

The last property comes from the construction of (Pvj, m1,i,12,i)1<i<d, and (M (P;, &1.i,£2.4))1<i<ds -
OJ

Remark 3.7 .1. For all1 < i < dy, from Theorem 3.6 .3, it follows that there exists p; € H(%O Q)
such that (vi,pi,mi,n2:) € Hs, is a real or imaginary part of a generalized eigenfunction
of (3.6 .2). Similarly, from Theorem 3.6 .6, it follows that, there exists 1; € Hgo () such that
(i, Vi, €14, &2,1) € Hs, is a real or imaginary part of a generalized eigenfunction of (3.6 .4).

The operator m, can be extended to H, and we have

dy, Pv P¢z PUZ'
mu(v,m,m2) = mo| LM & mi |, Y(v,m,me) € H.
=1 72 §2i 12,

We introduce the matrix B, defined by

By = [Bu,ijhi<i<d,i<j<n, and  Bugj = (Wi &5)r2(r,)- (3.7.1)

We set
Asp =ms(A+wl) and Bs=7B.

We notice that
e || o(z) < Ce™=" Wt >0,

where 0 < g5 < dist(Reo(As ), 0).

Proposition 3.7 .2. The triplet (Pv,n1,12) is the solution of the first equation of system (3./
.13) if and only if

Cu = [((Pv,m1,m2), MS(Pi, €14,62:) ) i<i<d,  and  (vs,M,s,M2,s) = ms(Pv,m1,m2),

satisfy

d¢y
B — (At oD+ Buf, Gu(0) =
d Vs Vs Vs V0 (3.7 .2)
@ M,s = As,w ms + Bs.fv m,s (0) = Ts 77(1) s
M2, N2, N2, 9

where

Gu = (P, m3), M (Pi, €16, 20)i<i<d,
Thanks to that Proposition, the stabilization of the linearized system is reduced to the stabilization
of the pair (A, + wl, By).
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3.7 . STABILIZATION OF THE LINEARIZED SYSTEM

3.7 .2 Stabilizability of the pair (A, + wl, B,)
First, we introduce the unbounded operator (As, D(A)) in H3(Ts) x L?(Ts) defined by

- 2 « H? an = | '

Let A be in C. We introduce the unbounded operator (Ly, D(Ly)) defined on L?(T's) by
D(Ly) = HZ(T's) and
Ly=T+(—A05) " (0 —y)A — A}).

Lemma 3.7 .1. If X does not belong to o(As), then Ly is an isomorphism from H*(I's)N HZ(Ts)
into L?(T's) and we have

(-7 = ( (~A05) A= YA)LY! (~Aas) O = PAA) LT (~Aap) T (~Aa) )

Lyt ALY (—Aap) 7!
We introduce the spaces (E();));jes, defined by

E(\j) ={(¢,v,61,&) € Hs, | (A, (¢,1,&1,&2)) is solution of eigenvalue problem (3.6 .4)}.
(3.7 .3)

We choose the family (w;)i<i<n, such that
Vect{w;|1 <i<n.} = Vect{Regg’j,Imﬁg’j | j € Ju,1 <k <dj}, (3.7 4)

where (qb;“, w;?,g’f,j,g’g,j)lgigdj is a basis of £();). The number d; is the dimension of E()\;). It
also corresponds to the geometrical multiplicity of the eigenvalue A; of A.

Assumption 3.7 .1. We assume that —w ¢ o(A), 0 ¢ 0(A) and {\ € 0(A) | ReA > —w}n{A e
o(As) | ReA > —w} = 0.

We also assume the following property for the Oseen system (see 2.7 .2).

Assumption 3.7 .2. Let X be in C* such that Re A > —w. Assume that (¢,1)) is solution of the
equation

b — div (¢, v) — (uy - V)g + (V)T = 0 in Q,
divp=0inQ, ¢=0o0nly, =0 onls.

If
A A0 +7s) = Az — Al (3.7.5)

then (¢,1) = (0,0).

Theorem 3.7 .3. We assume that 3.4 .1, 3.7 .2 and 3.7 .1 are satisfied, and that (w;)i1<i<n, IS
given by (3.7 .4). Then, the pair (A, + wlgnc, By,) is stabilizable.

Proof. Thanks to ([10], Part III, Chapter 1, Proposition 3.3), the pair (A, + wlgne, By) is
stabilizable if and only if

Ker(A — A*) N Ker(B*) = {0} for all A € C such that Re A > —w.
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Let M(P¢,&1,&2) belong to Ker(AI — A*) N Ker(B*) From Proposition 3.6 .4, it follows that
there exists ¢ € Hj (2) such that

Ap —divo(e,v) —(

divp=0in Q, ¢ =

e(¢p)n-T7=0onT,,

us - V)$ + (Vus) "¢ = 0 in Q,

Enonly, ¢=0only, ¢-n=0onTl,,
o(g,)n+us-np =0on T,

(3.7 .6)
M+ & — (—Anp) T AL — (—Anp) AT+ (—Anp) Tt A5 =0 on T,
Ao + BAE — yALy — aA?E) — Ap = v51p on T,
& =0o0ndly, &, =0o0ndl,.
Since
Po
B*M: | & =0,
)
we have
( wj - 52) =0. (3.7 .7)
Ls 1<i<ne

We are going to prove that

(¢, 1,&1,&) = (0,0,0,0). From equation (3.7 .7) and due to the

construction of (w;)i<i<n,, it follows that & = 0. Next, we can distinguish two cases.

Case 1: X\ ¢ o(A).
§&1=0.

Then, we

have (¢,v) = (0,0) and by using equation (3.7 .6)4 we also have

Case 2: X € 0(A). In that case, A does not belong to o(As). Therefore, we have

3

[«

£2

Since & = 0, we have

which implies

*

(—Aa,p) " (Al — 43

A5 + s

1

) (A A7) ( ¥) )

= L' (—Aap) H(ATo — A5Y + AASG + Myst)).

2

A A0 +75¢) = Azih — A7

Thus, thanks to assumption (3.7 .2), we have (¢,v) = (0,0). Equation (3.7 .6)4 gives

&1 =0.

3.7 .3 The feedback 1

We are going to determine

O]

aw

a feedback law of finite dimension able to stabilize system (3.3 .7).

For that, it is necessary and sufficient to find a feedback law stabilizing system (3.7 .2);. Since
(Ay + wl, B,) is stabilizable, the following algebraic Riccati equation

P, € R% x R,

P,(Ay

P, =PI >0,
+ wlga,) + (AL + wlga, )P, — P,B,BIP, =0,
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3.8 . STABILISATION OF THE NONHOMOGENEOUS LINEARIZED SYSTEM

admits a unique solution P,. Moreover, the operator K, = [K%’]i<i<n.1<j<d, defined by
K., = —BlI'P, provides a stabilizing feedback law for (A, + wlga.,B,). We introduce the
operator K, € L(Z,R") defined by

Pv du Pv Pg;
Kp| m |=|D K mo| LM &y
n2 j=1 72 &5 | <i<ng

Theorem 3.7 .4. We assume that 3.4 .1, 3.7 .2 and 3.7 .1 are satisfied. Then, the operator
ICp, provides a stabilizing feedback for (A+ wl, B). Moreover, the operator A+ wl + BKC,, with

domain D(A+wI + BK,) = D(A), is the generator of an exponentially stable analytic semigroup
on Z.

Proof. The proof is similar to that of Theorem 2.7 .7.

3.8 Stabilisation of the nonhomogeneous linearized system

The goal of this section is to stabilize the nonhomogeneous linearized system associated to (3.3
4)and to give some estimates of the controlled solutions. First, we introduce the feedback law
K € L(H,R™) defined by

v dy o v ¢j
IC m = Z K;’J m s Sl,j . (38 1)
2 =1 2 §2,5 \<i<n,

Remark 3.8 .1. The feedback law K does not depend of the Leray projector P.

We are going to prove that K is able to stabilize the nonhomogeneous linearized system. For
that, we consider the corresponding closed-loop system

vy —divo(v,p) + (us - V)v + (v- V)us — Ay — Agnp — wv = Fy in Q%
dive = Agm +div Fgiy in Q*°, v=mnon X°, v= h on X%,
v.n=0o0n X ew)n-7=0o0nXX o(v,p)n=0on X°,
M+ —mn2 —wm =0 on X°, (3.8 .2)
M2, — BAM — yAnz + @l — wipp = ysp + Fy + 327 [K (v, m1,m) " Jws on 22,
m =0on (0,00) x s, n1,=0on (0,00) x I,
v(0) =" in Q, n(0)=n on Ty, 72(0) =n3 on I,
where [KC(v,n1,m)7]; is the i-th component of the vector K(v,n1,m1)T € R".

Theorem 3.8 .1. We assume that 5.4 .1, 3.7 .2 and 3.7 .1 are satisfied. Let (Ft, Fyiv, Fs) belong
to Y, h belong to H}(0,00; HX(T;)) and (v°,n9,1n9) belong to Hie(Fuiy(0)). We assume that Fy,
satisfies the following boundary conditions
Faiv =0 on X3°, Fgv =0 on X°, Fgiy-n=0 on X, ( )
3.8 .3
e(Faiv)n-7=0 on X, e(Fgiv)n =0 on 3.
The solution (v,p,m,n2) of system (3.8 .2) satisfies the estimate

(0,2, m2) L, < CR(", 0,05, b, Fy, Faie, ),
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where
R(v 777117727h Fy, Faiy, F. s) = ||(v 77711772)||16+Hh”H1(000H2 +||(Ff?Fle1 S)HY‘
Proof. First, we make the change of unknowns

=v — Fyiy — L(ﬁxri, 0) and p=p-— Lp(fzxri, 0). (3.8 .4)

[

Thus, the quadruplet (0, p,n1,72) is solution of the system

—dive(0,p) + (us - V)0 + (0 - V)us — Ay — Aamp —wd = Ff in Q°°,
divo = Agm in Q*°, D =mnon X¥, 0 =0on X,
0-n=0o0n X, e(@®)n-7=0o0n%xX, o(0,p)n=0on X2°,
Mt — N2 —wn =0 on XL, (3.8 .5)
Tt — BAM — yANy + a2y — wipp = ysp + Fy + S0 [K(9,m1,m) T w; on B2,
m =0on (0,00) x s, m1,=0o0n (0,00) x I,
(0) =9 =v" —w(0) in Q, n(0) =7 on Ty, n2(0)=n) on I,

>

where

ﬁ'f =Fr —w + 2vdive(w) — (us - V)w — (w - V)us +ww + XoL(hxr,,0) + L(hixr,,0),

and
F, = F, +Z (w + L(hxr,,0),0,0)  iw; 4+ vsLy(hxr,, 0).

As in Proposition 3.4 .7, we prove that (P0,n1,172) is solution to the system

g [ F? P o PFy
— | m |=A+w)| m [+BK| m |+ 0 ,
dt ~ ~
72 2 72 Fs+~ysNFy
(3.8 .6)
Po Pi(0)
m (0) = T]? ;
2 3
and
(I = P)d = VNgn2 + V Ngiy Azn. (3.8.7)

By integration by parts, we get
(0, 9i)r2() = (P9, Pgi)yo 0@ T (VNsn2 + VNaivAsni, VNsE2,i)12(0)
= (PU7P¢Z')VELYFO(Q) + (02,75 Ns&2,i) 2(ry) — (Asmi, Ns€2.i) 12(q)

= (P@PCZ)%')V?L’FO(Q) + (m2,7sNe2,i) L2 (r,) + (M, —(—Aa,p) T ASNE20) g2(r,)-

Thus, we have

G &; Po Pg,
m || & = mo| M| &y
72 §2,j 72 §2,j
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Hence

>
)
<S>

K1l m :le m
2 12

From that identity, it follows that (P9,n1,72) is a solution of the equation

g [ PO Po PFy
alm|= (A+wl+BKy) [ m |+ 0 |,
2 72 Fs + s NFy
Po Po(0)
m | (0)= m ;
72 U

where the unbounded operator (A + wl + BK,, D(A + wl + BK,)) is the generator of an
exponentially stable analytic semigroup on Z (see Theorem 3.7 .4). The sequel of the proof is
similar to that of Theorem 1.6 .10.

O

3.9 Stabilization of the nonlinear system

The goal is to prove Theorem 3.3 .2. For that, we are going to show that the feedback law /C,
stabilizing system (3.3 .7), is also able to locally stabilize nonlinear system (3.3 .4). We consider
the nonlinear closed-loop system
Gy — div o (@, p) + (us - V)@ + (4 - V)u, — Ayip — Aoilp — wie = Frlt, p, 71, 72) in Q°,
diva = Asny + div Faiv[@, 71) in Q*°, 4 = fjan on X°
-n=00n XX, e(@)n-7=0o0n%XX, o(d,p)n=0on X
M — M2 —wi = 0 on X7,
fop — BAN — yAfy + al?iy — Ayipy — wiy = vsP + Fs[l, ] + 25 [K (@, A1, 71) T Jiws on B,
N =0 on (0,00) x s, N1, =0o0n (0,00) x I,

2(0) =4 in Q, M(0)=n on Ty, 2(0) =nY on T.
(3.9 .1)
Thus, to prove Theorem 3.3 .2, it is sufficient to prove that the system above is locally stable.

Theorem 3.9 .1. Let Nyax be in (0,¢e) and w be positive. There exists r > 0 such that for all
(@°,7?,79) € Hie(Fain[0°,7?]) and h € HE(0,00; HE(T;)) satisfying the estimate

A0 A0 ~0 2
@289, + Il 0ocsmrzeyy < 7

there exists a solution (G, p,n1,n2) € X5, to system (3.9 .1) with the estimate

Heiwaf/l (t)HLOO(Fs) < Nmax and ”(ﬁ(t)v ﬁ(t), ﬁt(t))||H%+E(Q)><H3(FS)><H1(FS) <C, Vt>0,
where € > 0 and C > 0.

Proof. The proof is similar to that of Theorem 1.8 .2.
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3.A Appendix A: Nonlinear terms
The nonlinear terms Fy and F in system (3.3 .4) are defined by

(e - S(Z)z)ﬁﬂlz V(E — s(z)z)ﬁl,mcaz 2V(£ - S(Z)Z)ﬁl,xﬁxz

ff[uapvn17772]: {—e - {—e - /—e
+2VS<Z)771UZZ _ VVdindiv[ﬁ; ﬁl] + (E — S(Z)Z)nl,zpzel . S(z)nlpz€2
{—e {—e {—e
= s iy inds | (= ()it (£ 5(:)2)inatssd
{—e {—e {—e
_e*“’ts(z)ﬁlﬁgaz B s(z)Mdgus, . B s(2)Musot, (0 — s(2)2)s(z)Mne(e i, + us »)
l—e l—e l—e (L—e)(l—e—s(z)e“y)
V(€ — 5(2)2)s(2)Miae (€™ s + usz) | 20(0— 5(2)2)07 5 (€™ s + us2)
(L —e)(l—e—s(z)e i) (6 —e—s(z)e tin)?
_2 ( (Z)Z)S( )771771 x( tﬂ:cz + Us,xz) V((E - S(Z)Z)Z’ﬁix - ﬁ%)(eiwtazz + US,ZZ)
(L —e)(l —e—s(z)e i) (6 —e—s(z)e i )?
2v(l — e — s(z)e”“")n (e ", + us ZZ) + (¢ — S(Z)Z)S(Z)ﬁlﬁl,w(e_mﬁz + ps,z)el
(L — e)(ﬂ —e— s(z)e @t )? (L—e)(l —e—s(z)e )
iR s+ pss)en (€ — s(2)2)s(z)mm g (et + us i) (e, + us,.)
(L—e)(l —e—s(z)e“t7) (L —e)(l —e—s(z)e )

i (e g 4 us2) (e, + us 2)
(L —e)(l—e—s(z)e i)

and
25(2)M1 12 z) vinir e (e, + usq )
Fula ] = v (.t A 2\ 7 , 1,
s[a, ] =v (m,mul,z +ielee + e (o)t
2Vﬁ%(€_wtﬂ2,z + Us,2,z) V(g - e)n%,m(eiwtﬁlz + us,2,z)

B (L —e)(l—e—s(z)e i) {—e—s(z)e “i
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Chapter 4

Feedback stabilization of a 2D
fluid-structure model by beam
deformation: semi-discrete
approximation and numerical results

4.1 Introduction

We study the stabilization of a semi-discrete approximation of the fluid-structure interaction
model introduced in Chapter 3. The model describes the evolution of an incompressible fluid
flow around an elastic structure. The equations of the model are
uy — dive(u,p) + (u- V)u=0in Q°,
divu=0in Q;°, u=mnnon3F®, u=gs+hond,
u-n=0on XX, e(un-7=00n%Xr, o(u,p)n=0onXy°,
(4.1.1)
it — BAN — YA + ald®n = —o(u, p)|r, ;, M) - 1+ fs + f on B,
n=0on (0,00) x s, n, =0 on (0,00) x O,
u(0) = u’ on Q0, n(0) =7{ on T, 17(0) =173 on T,
where u and p are, respectively, the velocity and the pressure of the fluid, n is the displacement
of the structure (see chapter 3 for more details). We have already studied the stabilization of
the continuous model by controls of finite dimension in chapter 3. Here, we look for controls, in
feedback form, able to stabilize discrete approximations of that coupled system.
Thanks to the change of variable 7, defined in (3.3 .1), we rewrite the coupled system in a fixed

domain
(e leU(ﬂ,ﬁ) + (’11 ' V)’INL - Ff{ﬂ'uﬁu 7717772] in Qoo’

diva = divw[a, ;1] in @, @ =1fpn on X°, @ = u; on X2,

@-n=00n XX, e(@)n-7=0o0n XX, o(a,p)n=0on X,

Mt — 12 =0 on X°, (4.1.2)
ot — BAT — VAR + aA?ijy = vp + fs + Fulii, 7] + f on S,

M =0on (0,00) x s, M1 =0on (0,00) x I,

(0)=u"inQ, 7(0)=nfonTs, 72(0)=n3 on Ty,

=g
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where (7, p) is the image of (u, p) by the change of variables, @° is the image of u® and (71, 7j2) =
(n,m¢). The geometrical nonlinear terms Fy, Fgi, and Fy are defined in Appendix 4.A. The control
function f is of finite dimension n,

fta) =3 filtywi(a),
=1

where the family (w;)1<i<p, is defined in (3.7 .4). The linearization of system (4.1 .2) around the
unstable stationary solution (us, ps,0,0) is

vy —divo(v,p) + (us - Vo + (v - V)us — Ay — Aane = 0 in Q%

divo = Agn in Q°°, v =myn on X°, v =0on XX,

v.n=0o0n X ew)n-7=0o0nxX o(v,p)n=0on X°,

M, —n2 =0 on X3, (4.1 .3)

N2 — BAM — yAng + aA?n — Ay = ysp + f on B,

m =0on (0,00) x s, m1,=0on (0,00) x JL,

v(0) =v"in Q, m(0) =n) on Ty, n2(0) =79 on T,
where ~; is the trace operator on I'y. The linear differential operators Ay, As, A3 and Ay are
defined in (3.3 .6).
The goal is to find feedback controls able to locally stabilize approximations of system (4.1 .2)
around the unstable stationary solution (us, ps,0,0) with any exponentially decay rate —w < 0.
We are going to construct a linear feedback law, which is easy to compute, able to locally stabilize

the nonlinear system. To achieve this goal we are going to follow a strategy similar to that used
for the continuous model. It can be summarized in the following steps.

Step 1: Semi-discrete approximation of the linearized system (4.1 .3) and the nonlinear system (4.1

We use a finite element method to discretize systems (4.1 .3) and (4.1 .2). The semi-discrete
approximation of the linearized system (4.1 .3) is written under the form

v v 0
d | n n 0
M - 1 g A 1 + ,
L dt | my L up; M, W f
0 0 0 (4.1 4)
v Y
m (0) = 77(1) )
2 3
or, equivalently
d v v B
M& m | =A| n | + A0+ Bf,
Up) Up)
(4.1.5)
v v Y
A;I;na m - 07 m (0) = 77(1) )
s D n9

where v, n; and n; are approximations of v, ; and 7, respectively. The equations v = nan
on I'y and v = 0 on ['; are treated in a weak form by introducing two Lagrange multipliers
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Step 2:

Step 3:

Step 4:

STABILIZATION BY BEAM DEFORMATION: NUMERICS

75 and T;,. To simplify the writing of the semi-discrete approximation, we concatenate the
multipliers with the other multiplier p (approximation of the pressure p) by introducing
60 = (p, Ts, Tin). The matrices A, My, A, M, ﬁvng, /Alqmg, M,,, B and W are defined in
Section 4.2 .

Reformulation of the finite-dimensional linear system

To rewrite system (4.1 .5) as a control system, we have to eliminate the multiplier 8 from
the equations. To eliminate the multiplier from the equation of v, we use an operator
P, which plays a role similar to that of the Leray projector for the infinite-dimensional
system. Indeed, thanks to IP,, we can split the equation satisfied by v into two equations,
an ordinary differential equation for P! v and an algebraic equation for (I —PZ)v. Next, we
eliminate the multiplier from the equation satisfied by 1, by expressing it in terms of PZ v,
1, and my. Thus, we prove that system (4.1 .5) is equivalent to the following Differential
Algebraic Equation (DAE):

J v v v Y
aPT n | =APT | n, | +Bf, P | n | (0)=P"| 0 |,
N2 n2 N2 778
(I — IP’;;F)U = —M&IAUQNQQA%—;QT’]_ — M,L;}AUQNQQA%;QTIQ7 (4‘1 ‘6)
0 = —Nog Al g1, — Nog A g112.1 — Noo(ALg Myt Ay — App AT 5)m

—N99 (A?;Q MU:} Avnz — Agg AT

7729)"72 - NQGAZGM;}AUUPUT’Uv

where A, B and P are defined in Section 4.3 .2. Thus, to stabilize system (4.1 .4), it is
necessary and sufficient to stabilize the first equation of system (4.1 .6).

FEquivalence between the eigenvalue problems

The construction of the linear feedback law is based on the spectral decomposition of the
operator APT. But, it is numerically difficult to compute that matrix. To overcome this
difficulty, we study the relations between the eigenvalue problem associated with AP and
the eigenvalue problems associated with the pair (M, Ar). Using the relations between
these eigenvalue problems, we will be able to construct the feedback law without having to
compute the matrices A and P7.

Projected systems

Thanks to spectral decomposition of the operator AP and the relations between the
eigenvalue problems associated to APT and (M, Ar), we prove that there exist matrices
E,, E,, 2, and E,, obtained from the eigenvectors of (M, Ar), such that PT (v, ny, 15)
is solution of the first equation of system (4.1 .6) if and only if

(,Uu) 771,u> "72,u)T = EZM(Ua i 772)T and (vsv 771,37 n2,s)T = EZM(’U7 i, 772)T7
obey to the system
d [ v, Uy [ v, v°
a M = Ay Mo + Buf7 M (0) = EfM 772 ;
| T2u 2,0 | T2, m
- _ (4.1.7)
d Vg Vg Vs vV
a M, = A MNis + ]Bsf, M, (0) = EZM 77% )
| T2,s MN2,s L T2,s Up;
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where

=T _ =T
='B and B,=E!B.

[1]

TAE,, B,

[

Au = ZAEUa As =

Moreover, the matrices A, and A, are constituted of real Jordan blocks and
Reo(As) < —aw,
for some o, > 0.

Step 5: Linear feedback law

To stabilize the first equation of system (4.1 .6), it is necessary and sufficient to stabilize
the equation satisfied by (vy, 7y ,,M2,,). Thus, assuming that, for all w > —Re(c(Ay)), the
pair (Ay + wlpa.,B,) is stabilizable, we can find a feedback law by solving the following

algebraic Riccati equation

P, € L(R™), P, =PT >0,
Pu(Ay + wlga,) + (Ay + wilga, ) TP, — P,B,BIP, = 0.

4.2 Semi-discrete approximations

To approximate systems (4.1 .2) and (4.1 .3) by a finite element method, we introduce finite-
dimensional subspaces X, C {v € H(Q) | v-n = 0on I} for the velocity, P, C L?(Q)
for the pressure, S;, of H?(I's) for the displacement and its velocity, Dy C H_%(Fs) (resp.
Djn.p C Hfé(l“z)) for the multiplier associated to the Dirichlet boundary conditions on I'g (resp.
We denote by (¢i)1<i<n, a basis of Xj, (gi)1<i<n, a basis of Py, ({i)i<i<n, a basis of Sj,
(ts,i)1<i<ng, & basis of Dy and (Min,i)lgigndm a basis of D, .

We set

Ny Ny Ns Ns
o 0 . .
v=> vigi, V=D vdi, m=> 1iG m=»_ mG,
i=1 i=1 i=1 i=1

Ny,

p Ndy, s
i
p= Zpi% Ts = E Tsiills,i;  Tin = Z Tin,ilbing, Wj = ijCi-
i=1 i=1 i=1 i=1

If we denote with boldface letters the vectors of the corresponding coordinates, we have

'U:(Ul,"' )Unv)Ta ’UO:(’U?,"' ,’Ugv)T, ’l’h:(n%7 ’H?S)T, n2:(77%’ 777£LS)T’

f = (fla e afnc)Tﬂ b= (pla T ’pnp)T7 Ts = (7—3,1, to ,TndS)T, Tin = (Tin,la - 7Tin,ndin)T7
wi o wle

0 = (ph... Py T,y > Tngs Tin,Ly ** - 7Tin7ndm)Ta W =

For the fluid, we introduce the stiffness matrices Ay, Avp, Avrys Avry, s Ave and the mass matrix
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M, defined by
(Auo)i = —2V/Qe<¢i>  e(¢y) — /Q<us V)65 - i — /Q<¢>j Vus- i V1<i<ng, 1<5< n,
(Aup)i = /ﬂ g;div b,
(Ast)ij = /F Hs,j ° ®is
(Ava)z / Hin,j * b,

V1I<i<ng 1<j<ny,
V1<i<mn,,l<j<ng,
V1<i<ng,1<j<ng,,

zg:/ﬂqu'(ﬁia V1<i<ng, 1<j<ny,
Avg = [Avp AUTS AUTm :

For the structure, we introduce the stiffness matrices Ay, 5., Aponys Anyry, and the mass matrix
M, defined by

Apins) / G - G V1<i<ng 1<j5<ng,
(A )ij = — /F (BVC; - VG + G - AG) + /F At G
(Apna)ij = — /F V(-G

V1<i<mng1l<j<ng,
V1<i<mng1l<j<nsg
zy—Aff97 V1<i<ng 1< j<n,.
We also introduce the coupling matrices Ay, Avy,, Apips Anar, Ape and A,,g defined by
(Aum)ig = [ ArG; - 65
(Auma) / Aoy - .
Anp)i / AsGi - g5,
Anar)ij / Gilt + fs.j»

Am@: {Amp 0 O}’ A?729: [O An27's AT]QTm'

V1<i<ng, 1 <7< ng,
V1<i<ny,l<j<ng,
V1<i<ng1<j<ny,

V1<i<ng1<j<ng,

We set

ny = ny, +2ng, ng=np+mng, +ng, and n=mng+ng.

We introduce the mass matrix My, and the stiffness matrix A defined by

M,, 0 0 0 Ay Avyy Avpy Avg
0 M, 0 0 0 0 A 0

M, = m . A= e (4.2 .1)
0 0 M, O 0 Apm Anpone Ao
0 0 0 0 Aly ALy AL, 0
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The matrices My, and Ay can be rewritten in the form

M 0 A Ay
My, = and Ap = o (4.2
0 0 AT, 0
where
A’Ua Av@ MU»U 0 0
Amo=1 0 |, AL,=1| Ao and M=| 0 M, 0 (4.2
AT)QG Ange 0 0 j\4'7777
The finite-dimensional approximation of system (4.1 .3) is
v v 0
d | n n 0
M v 1 = A 1 + ,
Bt | n "1 n My W f (4.2 .
0 0 0
v(0) =v°, 1 (0)=nt, ma(0) =mnb.
We can also rewrite system (4.2 .4) as follows
P v B v 00
Ma m =A U + A”Unee + B.f7 m (0) = 77(1) )
uB 2 ;2 3
(4.2
v
Agne n | =0,
2
where
Avy  Avyy Auvy 0
A= 0 0 Ay and B= 0 . (4.2.
0 Aﬁ2771 A"72"72 MUUW
The finite-dimensional approximation of the nonlinear system (4.1 .2) is
u u 0
d|a | < | 0 S e
Mp— | = =A -+ + Fusla] + Fyla, 0,7, 17,),
Ldt ,’7~2 L j2 M'f]'f]Wf ns[ ] 9[ ™ 772] (42 .
0 0 h

where N
Avv 0 0 Av9
A\L _ 0 R 0 A771 72 0 ’
0 Anzm Anz 12 An29
Aly 0 AL, 0
and

Avo = (—QV/Qg(@') e ( j>>1<4 o aud (Ao )ij = —/ (BVG - VG + oG - AG).
Y]

S
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The nonlinear terms F,s[@] and Fy[i, 0,7, 1, are defined by

Y F;

- 0 - A - - 0
Frs [u] = 0 and Fg [ua 0, M1 772] = 2|0

g

0 I

where

Fos=— (/ SN asi(di - V), - (bk) ,
Yis1j=1 1<k<n,
by = (/Q Fy
F = (/F F,
Fe = ( [ div Fa,
Q

The inflow boundary condition wu; is taking into account in the vector h € R™.

Ny Np Ns Ns
> i, Y Pigss Y s Y 772,mCm] '¢k) ;
i=1 =1 =1 m=1

1<k<n,

iﬂi@,iﬁl,j@] 'Ck) ,
i1 =1

1<k<ng

Ny ns
> i, Y G| - ar ;0,---,0
i=1 j=1

1<k<n,

4.3 Reformulation of the finite-dimensional linear system

4.3 .1 Approximation of the Oseen operator and of the lifting operator

We consider the system

Mypzi = Az + Ayl + F,
Az;az =g, Z(O) = Zov

where F € R™, g € R™ and 2° € R™. System (4.3 .1) is an approximation of Oseen equations.
The goal is to rewrite it into two equations, an ordinary differential equation and an algebraic
equation. To eliminate the multiplier # from the first equation of (4.3 .1), we are going to
introduce the projection into Ker(AZy) parallel to Im(M,,t A.0).

Proposition 4.3 .1. 1. The projection in R™ onto Ker(ALp) parallel to Tm(M,,' A,g) is
BT =1— My Awg(Al M, Ave) 1 ALy
2. The projection in R™ onto Ker(AL M, 1) parallel to Im(A,g) is
Py =1 — Ayg(AlgMyt Avg) " AL M,

Moreover, we have

P,Aw =0, P2=P, P,M,=M,P P,M,=PM,=">M,P, M P, =P M,

Proof. 1t is similar to that of Proposition 2.11 .1.

O
The projector P! is an approximation of the Leray projector. However, there are two differences
between the operators. Unlike the Leray projection, P is not symmetric when R™ is equipped
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with the usual inner product, but when R™ is equipped with the weighted product (M.!-, )gno.

L.,
This is why P, # PI. The other difference is that the projector P! is used to eliminate the
pressure and the additional multiplier in system (4.3 .1), while the Leray projector is only used
to eliminate the pressure. Now, we introduce the operator A in R™ defined by

A=PTM 1A, (4.3 .2)
Finally, we introduce the lifting operators I and Ly in R™ defined by
Lg=w and Lyg=m (4.3 .3)
where (w, ) is the solution of the system
Appyw + Ao =0, Afgw =g, (4.3 .4)

(see Lemma 4.3 .1 below). The operator A is the approximation of the Oseen operator defined
in (3.4 .4). The operators L. and Ly are the approximations of the lifting operators defined in (3.4
.5). We assume that 0 ¢ o(Ayy).

Lemma 4.3 .1. Let g be in R™. Then, system (4.3 .4) admits a unique solution
(’UJ, 7‘-) = (AJUIAUG( UTGAJUIAUH)_IQ’ _(A;Z;GA;UIAUQ)_IQ)'

Proof. Multiplying the first equation of system (4.3 .4) by AT Al we obtain

VU )

= —(Al A Avg) T Alyw = (AL AL Av) g,

then
w = A;levG(AZQA;leUG)_lg'
O
We set
Noo = (Ao My, Ag) ™. (4.3 .5)

Lemma 4.3 .2. We have
L=A,AgNgg and (I —P)L =M, AyNg.
Proof. The first equality follows from Lemma 4.3 .1. The last equality comes from the fact that
Pl =1 — M,'AyyNaAl,,

(see Proposition 4.3 .1).

U
Now, we are in position to reformulate system (4.3 .1).
Proposition 4.3 .2. System (4.3 .1) is equivalent to
Plz, = APL 2z + PT M 'F — APILg, PI2(0) = PI20,
(I -Pl)z = M, AyyNoeg, (4.3 .6)
0 = —Nyg (g, + Agog + AL M A PTz + AT M UF)
where
Apg = AvT@M&IlAUUM&}AvgNQQ. (4.3 7)

146



STABILIZATION BY BEAM DEFORMATION: NUMERICS

Proof. Let (z,0) be a solution of system (4.3 .1). First, we have
(I —P})z= M, ' AwpNosAlgz = M, Ay Noog.
Next, we multiply the first equation of the system (4.3 .1) by M.,
My'PyMyyzy = My PyAyyz + My Py Ay + M P, F.

Since
PyMy, = My,PT, M ‘P, =PTM,! and P,A. =0,

we obtain
PLzy =PI M, Ayyz + PLMF.
Moreover, we have
z2=Plz4+ (T -PHz=Pl2+ 1T -PLg=P 2 —-PILg+Lg,
and
PTM Ay Lg =PI M LAy ALY AygNogg = M, P, Ay Negg = 0.
Thus, P!z is a solution to the equation
Pz, = APT2 — APTLg + PT M,,'F.
To finish, we have to determine the multiplier 8. Multiplying the first equation of the system by
AT M, L, we obtain
Nyt = ALz, — AL M YA,z — AT MVF
= g, — ALM Ay (I =Pz — AT, M A PT 2 — AL M E
= g, — AL M A, M Ay Nggg — AL M A PT 2 — AT MV
= g, — Ageg — AL, M A, PT 2 — AL M LF.

Hence
6 = —Noy (—gt + Agog + ApMy,! APy = + AvTaM&JlF> :

O
4.3 .2 Definition of the operator A
First, we introduce the operator P in R™ x R™s x R™s defined by
P, 0 0
P=| 0 Igns O . (4.3 .8)
O 0 IR”S
We set
Av6‘
Appo = 0 ) (4.3.9)
0
and
My, 0 0
M = 0 M, 0 , (4.3 .10)
0 Nigny  Myy + Ny,
where
N’V]2772 = AnngggA%;@ and N7I27ll = AWQQNQQAZIQ. (4.3 .11)
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Proposition 4.3 .3. The operator PT is the projector in R™ x R™ xR™ onto Ker(AT ) parallel
to Im(M; ' Ayyp) and the operator P is the projector in R™ x R™ x R" onto Ker(Avn(, )
parallel to Im(Aype).

Moreover, we have

PAyp =0, P?=P, PM,=MP' PM,=PM,=PMP, M 'P=P"M "

Proof. 1t follows from Proposition 4.3 .1.

O
We introduce the operator A in R™ x R"s x R™ defined by
A =PI M Ay, (4.3 .12)
where
Ay Apyy + ApPTLAL 5 Ay, + Ay PTLAT
Ag = 0 0 Apins , (4.3 .13)
Apgo Angn Ao
and

Angv = _An29N99A17;9M1;)1A’U’U7
Aoy = Aniny — AnpoNog (AT M Ay, — Agg AT ), (4.3 .14)

7211
Aoy = Ay — AnpoNog(AT M Ay, — Agg AT ).

2712 7272

Proposition 4.3 .4. System (4.2 .J) is equivalent to the system

d v v v Y
ﬁﬂbT m | = AP m | + BT, pT n | (0) = pT n |,
up Up Up Tlg

(I =P])v = =My AygNog AT gy — Myt AupNop A 4mo, (4.3 .15)
0 = —Noo AL g1 — Noo AL g2y — Noo(Alg My Auyy — Ago AT g)my
—Ngg(A GM Am72 — AggAme) NggAngv_U Avav v,

where
B=M;'B. (4.3 .16)

Proof. Let (v,my,m,,0) be a solution of system (4.2 .4). The couple (v, ) is solution of the
system

Mv’uvt = Avv'v + Av90 + AW]I ™ + AUU277027 (43 17)
Ajgo = (A} gm + Afgm),  v(0) =’

Thus, thanks to Proposition 4.3 .2, we have
Plv; = APJv + APTIL(AT gy + AL ymo) + PT M (Avymy + Avgama),
(I = P)v = =My ' Ay Nog AT yny — Mt Ay Nog AT g,
0 = —Nog AL g1, — Nog AL g112.1 — Noo(ALy My Ay, — Agp AT 5
—NQQ(AZ;)M&}AUW AQ@ATDQ) Ng@AvTGM&) Am,]va’U.
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We also have

Al = —AmeNeeAglam,t - AnzGNQOAZQQTIz,t — Ay,0No0 (AZQM&,IAvm - Aem‘%g) M

— A0 Noo (ATy Mt Avyy — Ago AT 5) My — Ao Nog ATy M LA PTw

= —Npnp Mt — Nn2772772,t + (Anzm - Anzm)nl + (A772772 - Anznz)"h + AUQDP%FU

(4.3 .18)
The system satisfied by n; and 1y is
Mynny e = Aninanz,
Tt mn2T12 (4.3 .19)
Mnnnz,t = Apym M + AnanaNz + Apy00.
Replacing A,,»0 by the expression in (4.3 .18), we obtain
Mnn’h,t = Amnz’ha
(Mm; + annz)nz,t + Nign, M= Amm n + A772772772 + Angvpf'”-
O

4.4 Equivalence between the eigenvalue problems

We are going to study the links between the eigenvalue problems associated to the operator A
and the eigenvalue problem associated to the pair (Ap, M), i.e.

z z
AeC, (26,8)¢ Ker(Afne), AL & | =A]& |, (4.4.1)
3 KN
and ) )
z z
ACC, (26.6,0)cCn Ay | S [ =anm | &, (4.4 2)
§2 3
(7] 0 |
We will also study the links between the adjoint eigenvalue problems
P P
AeC, (,K1,k2) €Ker(Alg), A | k1 | =X| K1 |, (4.4 .3)
K9 K9
and
P P
AEC, (¢, ki,ka,p)eCr, AT | ®Ul=ang | ™t (4.4 4)
Ko K2
0 P
where the operator A# is defined by
A* =PI MT AT (4.4 .5)

We recall that A, is defined in (4.3 .9) and that Ker(Aang) = Im(PT).
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Definition 4.4 .1. A vector (2%, £},8&%) € Ker(Aan) is a generalized eigenvector of order i for
problem (4.4 .1) associated with a solution (X, (2°,€Y9,€3)) of (4.4 .1) if (2%, &%, &%) is obtained

by solving the chain of equations

Zj Zjil

A —A)| & |=-| & |, for1<j<i
I3 IS
2 2

A wvector (2%, €%, €5,0°) € C™ is a generalized eigenvector of order i associated with a solution
(X, (22,€9,€9,8%) of (4.4 .2) if it is obtained by solving the chain of equations

Z‘] zj_l
gj ﬁj—l
AMp—AL) | 23 | ==-Mp | 3hy |, for1<j<i
2 &
6’ 03—1

We have similar definitions for the problems (4.4 .3) and (4.4 .4).

4.4 .1 Equivalence between the direct eigenvalue problems

First, we will establish preliminary results that useful to study the equivalence between (4.4 .1)
and (4.4 .2).

Lemma 4.4 .1. Let F € R™ and g € R™. The couple (%, 9) s a solution of the system

AMy2 = Aypz + Ay + F,
o o v (4.4 .6)
Avez:g7

if and only if

APT2 = APT 2 — APTLg + PTMLF,
(I —PIz = M,,' A,y Ngyg, (4.4.7)
0 = —Nog (-2 + Agog + AT M} A PT2 + AT MIF) .

Proof. The proof is similar to that of Proposition 4.3 .2.

O
Proposition 4.4 .1. Let (z,&,,&5,0) be in C™ such that
Alpz + A%efl + AZQQEQ = 0.
The quadruplet (2,51,52, é) € C" is solution of the equation
z z
_ 1| _ 3}
(AMp —Ar) | ¥ | =—-Mp , (4.4 .8)
& &
0 (7]
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if and only if

Z z
AL -APT| & | =P | & |,
3 3

(I-PT)2 =My AyyNgg AL o€, — M ' AygNpp AT o€,

A

0 = —ANg AT )& — ANpp AT 4€, — Noo (AL M} Avy, — Ago AL )€,

—Nog(AT M Ay, — Agg AL )€y — Npp AT M Ay PT2 + Nog AT €1 + Npg AT 165,
(4.4 .9)
where the operator Agg is defined in (4.3 .7).

A A

Proof. Let (2,€,,€,,0) be a solution of system (4.4 .8). The couple (£,0) is solution of the
System
AMyp2 = AppZ + Ay + Avm£1 + Av772£2 + Myyz,

Alp2 = (Agleél +A529€2)'

Thanks to Lemma 4.4 .1, we have

(4.4 .10)

XPL'2 = APT2 + APTL(ATL o€, + AL &) + PYMy (Auy, €1 + Auy€s) + BT M Mz,
( I[DT)z = —M AvgNggAn 951 M&,lAUGNOHA%;Gé%

0 = —ANp AL o€, — ANpg AL )€, — Nog(AL M Ay, — Agg AT )€,
—Ngg(AvTeM;}Avm — AggAg;e)éQ — NQQAZQM&}lAvaf z — NQQAZHM&}MM,Z.

Since
Alyz + A%e& + Azzefz =0
we have
NogAlyz = —Ngg Al g€, — Nog Al y&,.
Hence

A

0 = ~ANwAL €, — AN AL y€, — Nog(AT, M, A,y — Agg AT €

—Noo (AL, Mt Ay, — Agg AT )€y — Nog ATy M Ay PT 2 + Nog AT &1 + Nog AL €5,
then

Aol = —XAn,pNg AT y&) — AAyoNog AT €5 — ApyoNog(ATy M Ay, — Agg AT )€,
— Ay Noo (AT, M Ay, — Agg AT )€y — Ao Noo ATy M Ay P 2
+A,0Ngo AL y&1 + Ao Nog AT €5

= _)‘anmél )‘anan2 ( n2n Anzm)sl + (;{772772 - Anznz)éZ + A,DUPZS

+N772771£1 + Nn2n2£2'
(4.4 .11)
The system satisfied by &; and &, is

)‘Mnnél = A171172é2 + Mpp&y,
AMnné2 = Anzeé + Anzmél + Anznzé2 + MUUEQ'
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Replacing Anzgé by (4.4 .11), we obtain

AMpn&y = Apinp€a + Mppéy,
A(Mm? + N7I27]2)é2 + Aanmgl = A772771€1 + A772772£2 + AanvTé + anm&l + (M?m + Nn2772)€2'

Thus, (P72, £,,£,) is solution to the equation

z z
AL -APT| & | =-P"| &
3 &

O
Now, we are in position to prove the equivalence between the two direct eigenvalue problems.

Theorem 4.4 .2. A pair (X, (z,€,,€5,0)) is a solution of eigenvalue problem (4.4 .2) if and
only if (X, (PTz,£,,&,)) € C* x Ker(A;‘}Fne) is a solution of eigenvalue problem (4.4 .1) and

(I =Pz = =My Ay Noo AT y&1 — My AygNoo Al y€5,
0= —ANggA%leﬁl — AN@QA%;GﬁZ - Ngg(AvTeM&)lAvm AHGAm@)E
—Ngg(AfaM&}lAvnz A@gAn29)€ Ng@AZeM&)IAUUPvTZ.

Proof. 1t follows from Proposition 4.4 .1.
O

Theorem 4.4 .3. A quadruplet (z i,{i,&é, Bi) is a generalized eigenvector Qf order i associated
with the solution (X, (2°, €9,€9,8°)) of problem (4.4 .2) if and only if (P72 €}, &%) € Ker(Aane)
a generalized eigenvector of order i associated with the solution (X, (P129,£9,£9)) € C* xKer(Ame)
of (4.4 .1) and
(I —PL)z" = =M, ' Ay Nog AT o&1 — M,  AygNop AT 585,
0" = —ANpg AL 4&1 — ANpg AL y&5 — Noo (AL M Ay — Ago AT )€1
—Nog(ALg My Ay, — AaeAme)E — NggAlyM Ay PL 2
—Nog AT €771 — Nog AL €571
The vector (PTz"~1,¢71,£57") € Ker(AT)

Una) s a gemeralized eigenvector of order i — 1 associated
with (X, (P} 2%, €1, €3)).

Proof. Thanks to Proposition 4.4 .1, it follows that (27, &, €%, 0% is a generalized eigenvector of
order i associated with the solution (X, (20, €7, €9, 8°)) of problem (4.4 .2) if and only if

7 zz—l
(- AT | € | =BT | g |,
&5 2

(I —P])z" = —M,' Ay Ngp AT o8 — M tA 9N99A§295g,

0" = —ANgg AL y&1 — ANgg AL 1€ — Nog(Aly Mt Ay, — Ago AT )€}
—Nog(AL Myt Ay, — App AL )& — Nog ATy M 1 A P 2
—Nog AT p&17" — Nog AL y&57"

We deduce the theorem by induction.
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4.4 .2 Equivalence between the adjoint eigenvalue problems

We introduce the operator L# in R™ defined by
L#g = ¢, (4.4 .12)
where (1, p) is the solution of the equation
Apt+Awp =0, Ay =g.
As in Lemma 4.3 .2, we can prove that
L# = A, T AyNgg and (I —PDL# = M, A9 Nog. (4.4 .13)
We introduce the operator A# in R™ defined by
A* =PI 1 AT (4.4 .14)
We also introduce the operator AZE in R™ defined by
Ay = Alg M AT M Aug Ny (4.4 .15)
Lemma 4.4 .2. Let G € R™ and h € R™. The couple (1, p) is a solution of the system

)\Mvvw = Aﬁﬂ/’ + Avep + G,
. (4.4 .16)
Avew = h.
if and only if
APTop = A#*PTyp — A*PIL#h + PT MG,
(I —PY)y = My,' AygNooh, (4.4 .17)
p=—Noo (~Ah + Afyh + AT, M AT PTy + AT MG

Proof. 1t is similar to that of Lemma 4.4 .1.

O]
Proposition 4.4 .4. Let (¢, k1, K2) be in C" such that
Agb'l,b + A%;QK,Q =0.
The quadruplet (1,@, R1,Ra, p) € C" is solution of the equation
b ¥
AWM, — ATy | ™0 | =y | B0 (4.4 .18)
2 K2
p P
if and only if
b ¥
A - ANPT | & | =P | k1 |,
w2 2 (4.4 .19)

(I = PD)ep = =My ! AygNog ATy,
p = —ANgg AL yito + Nog AJy AT ey — Nog AT M T AT PTap + Nyg AT jrcs.

vV U
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Proof. Let (1/3, R1,Ro,p) € C" be a solution of (4.4 .18). Then, (7,@, p) is solution of the system

)\Mvv"ﬁ = AE}’QE + Av@ﬁ + Mvv'ﬁba
I . (4.4 .20)
Av9¢ = _An20m2.

Thanks to Lemma 4.4 .2, we have
APT) = A#PL + AFPTL# AT %y + PLTM M,
(I —P)ep = —M,' Ay Nog AL 4R,
= —ANgyAT yfr + Nopg Af ATy ity — Nog ATy ML AT PT4h — Nog ATy M Mytp.

The equation satisfied by PvT’(; is

AP = AFPL + AFPILF AL yio + PLep. (4.4 21)
Since
Al + Aﬁe’@ =0,
we have
Nog Algth = —Ngg A, gk
Hence
= _)\NGGA 9"52 + N09A99An29’42 NGG)AT M, lAT PT@ZJ + NQQA%;GH27
AmgpA = —AAmgNggAZQeI%Q + AmgNggAz;ATef%g — AmgNggAveM 1AUUP ’(/) + AmgNggA ,0K2
= _ANg;Wl k2 + AnleNegA%A529k2 - A"]leNg@AveM IA;];U]Plj;w + 172171
(4.4 .22)
and
Apop = —AAoNopAj ks + An29N99A22A529’%2 — AnpoNog ALy Myt AT P + Ao Nog AT gk
= —ANpp,Ra + An29N99A#9A£29’%2 - AWQONOGAEGM&}AWPETZJ + Ny K2
(4.4 .23)

The couple (K1, R2) is a solution to the system

}\Mnnﬁ,l = ATY2TI1 Ko + Avm'l,b + Amgp + M, 1,

}\Mnnﬁ,g = ATIlleK'l + AnznzK’Z + Avn2¢ + Amgp + Mnnlig.

Replacing A, ¢p by (4.4 .22) and A,,¢p by (4.4 .23) in the equations of &1 and Ry respectively,
we obtain

AT ko + 0771772“'2 + AT T’l,b + CmUP ’l,b + Mnn"‘l + NT

)‘Mnnﬁ’l +AN, 712771 Rg = n2m vt v nam ¥
XMy + Ny )Ro = Al R1 + AL, Ra + Cppny Ro + AL PT T4p + Cppo P19 + (M, + Nmm)ng,
(4.4 .24)
where 4
Chimy = AmGNGHAegAT AZmM AvHNHOAT297
Chyany = An29N99A09An29 AgnzM 'A 0N90An297

Copo = —Ap g Nog AL, M AT

(O

Chppv = —Ap,gNog AL, M AT,

154



STABILIZATION BY BEAM DEFORMATION:

Thanks to (4.4 .21) and (4.4 .24), we have

0 P
AN -PTM;TOWT | &y | =-PT | k1 |,

R'Q K2

where . S .
AT 0 ALPIL#AT,
C:=|AlL +Cpv 0 AL +Cpyp

T T T

Am?z + C'772“ Amnz Anznz + 0772772

We recall that A# = PT M1 Al with

Avv Avm + AUUPZH"A%O
Ap = 0 0

A772 v A772771

and
Angv = _AnQQNSGAz;oMq;}A’Uva

A=A

N2 mMN2
A =A

7272 n2m2

Ay + Ay PILAL

720
4771 n2 9

A

272

— Ao Nog (AL MM Ay, — Agg AL ),

10

— Ao Nog (AL Myt Avyy — Ago AL ).

720

NUMERICS

To complete the proof we are going to prove that PTM;TCPT = PT M7 T ATPT. We have

Ay
Ay = | Afw + (AwPTLAT )T
AL, + (A PTLAT )T
Hence
0 0
(A5 — O)FT = | ((AwPTLAJ )" = Cpo)PY 0

((AvagLA%;H)T - Cmv)PvT 0

Thanks to equation (4.4 .13), we obtain

T
0o Al
AT
0 A”]Q m
T AT
A771 72 ATIQ 2

AT — AT PTL# AT

n2v VU U 120
AT _ AT _
A772771 A772771 C(7]1 72
AT _ AT _
A?72 72 A772 72 C7I2 72

ALPILHAL, = ALL#AL,— AL (I -PD)L#AL,

vV U

= AvgNggAT —Ag;}Mv_lemgN,ggAT

120

A PILAL , = A,LAT

= AUGNGOAT _Ava&;lAUQNGBAT

— Ay (I — PTLAT

120

120

110

mo 0
= AUQNQQA%;@ —+ Cg;w
and
AW PILAL , = ALAT o — Ay (I = PT)LATL,

= AwNoo Al g — Avu My AygNop AT,
= AypNggAT , + CT

n2v?

120

120

(4.4 .25)

(4.4 .26)

(4.4 .27)

(4.4 .28)
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(the operator A,,q is defined in (4.3 .14)). It follows that

Agzv - AvTngL#Ag 0 — _AUGNOHAn207

(APyLAT )T = Cyy)PY = Ay Nog ALy PY = 0,
(ApPTLAL )T = Copo)PL = Ay,gNog ALy PL = 0,

because P, Ag = 0 (see Proposition 4.3 .1). We recall that

Apg = AT M Ay My AygNgg and A%y = AT MY AT M AL Ny,

Then, we can easily prove that

AnoNoo Ay Al = Ao AlNop ALy and  AygNep Afy ALy =
Hence
Agzm Agzm - Cmnz - A7719A09N90A7729 An19N99A69A7729
and
Az;?"]? A%;WQ - C772772 == A 29A90N99A7720 A 26N09A09A7]29
From equations (4.4 .25), (4.4 .29), (4.4 .30) and (4.4 .30), we obtain
0 0 —AUQNggAn29
AT )P =10 0 0
0 0 0
We deduce that
0 0 —PI Mv_,ulAv@NggAer
PPM;T (AT —C)PT = |0 0 0 =0,

0 0 0
because P M1 A,y = My,Py A = 0 (see Proposition 4.3 .1). Thus, we have

PT M TOPT = PT M T AP,

Now, we are going to prove the equivalence between the eigenvalue problems.

Ao Ay Nog AL

(4.4 .29)

720°

(4.4 .30)

(4.4 .31)

(4.4 .32)

(4.4 .33)

Theorem 4.4 .5. A pair (X, (1, K1, Ke, p)) is a solution of eigenvalue problem (4.4 .4) if and
only if (A, (PTap, k1, ka)) € C* x Ker(AZne) is a solution of eigenvalue problem (4.4 .3) and

(I —PT)ep = —M;AWN%A{QQ@,
p= —)\NQQA%;QKDQ + N@@AZ;A%;QK'/Q — NQQAZGM@IAUUPE’QE.

Proof. 1t follows from Proposition 4.4 .4
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Theorem 4.4 .6. A quadruplet ('t,bi K, kS, p') is a generalized eigenvector of order i associated
with the solution (X, (4°, k9, k9, p°)) of problem (/.4 .4) if and only if (PT!, ki, K,Q) € Ker(Afne)
is a generalized eigenvector of order i associated with the solution (X, (PTy°, k9, Kk9)) € C* x
Ker(Awg) of (4.4 .3) and

(I —PD)y' = =M ! Ay Ngp AL o,

pi = —AN@QA%;QRZé + NQ@A#@A%;GKQ NQGA,UQM IAUUIP)T'l/) + N99A7720K'2

The vector (PL4pi~1 k7! k1) € Ker(AUTnO) is a generalized eigenvector of order i — 1.

Proof. Thanks to Proposition 4.4 .4, it follows that (d)i, k', Kb, p') is a generalized eigenvector
of order i associated with the solution (X, (¥°, k9, k3, p°)) of problem (4.4 .4) if and only if

’l,[Ji ,(/)i—l
A= AFPT | k) | =—PT | k17" |,
K né_l

(I —PD)y' = =Ml AygNop AT o,
p' = —ANg AL yrh + N%A;j;Agz okh — Nog AL, ML Ay, PTap! + Nog AL yr™!

We complete the proof by induction.

4.5 Stabilization of the finite-dimensional linear system

4.5 .1 Spectral decomposition of the operator AP”

We are looking for a decomposition of R™ into a sum of the generalized eigenspaces of the
operator APT. We assume that 0 ¢ o(A). We can decompose R"! as follows

R™ = Ker(Afne) &) Im(Ms_lAvng),

with

Ker(AZna) =Im(P?) and Im(M;'A,y) = Ker(PT).
Thus, since 0 ¢ o(A), we have Ker(APT) = Ker(P") = Im(M;'A,,9). Therefore, 0 is an
eigenvalue of the operator APT and Im(M,; ' A,,) is the corresponding eigenspace. In order
the decompose Ker(A:{ng) into the other eigenspaces of the operator AP”, we consider the
eigenvalue problem (4.4 .1) and the adjoint problem (4.4 .3). We are going prove that the spectral

decomposition of the operators APT and A#PT can be deduced from the study of the eigenvalue
problems (4.4 .2) and (4.4 .4). First, we show the following result.

Lemma 4.5 .1. Let (2,£€,,€&,) € C™ and (¥, k1, Kk2) € C" such that
Algz+ Al g€+ AL y&, =0 and  Alyep + Ayora =0.

Then, we have

(Z7£17£2)T(PMST - M)(’l,b, K1, ""2) =0.
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Proof. We have

(P, —I)M,, 0 0 —AwNgAL, 0 0
T
PM! — M = 0 0 NL.. | = 0 0 N |,
O 0 N772772 O O N”]2772

because
Py, — 1 = —Awg(AL M YA AL MY = — A g Ngg AL ML

(see Proposition 4.3 .1) It follows that

(2,€1, &) (PM] — M) (3, k1, k2) = —2"AugNogALywp + &1 Ay o Nogg AT ga + €5 Ao Nog AT, gk
= —2TANog ATy — €1 Ay gNog ALpap — €5 Ao Nog ATy0p
= _(ZTAUG + E{Am@ + EzTAnze)NeeAfg'l/)
= 0.
]

We set
no = dim(Ker(Ayy9)). (4.5 .1)

Theorem 4.5 .1. There exist two families (2%, &%, €5,0")1<i<n and (Y, kY, kY, p)1<i<n of C"
constituted of eigenvectors and generalized eigenvectors of (4.4 .2) and (4.4 .4) respectively, such
that

e The union of the families (PT 2%, &%, €4)1<i<n, and (2%, €}, €5 nor1<i<n, is a basis of C™
constituted of eigenvectors and generalized eigenvectors of (4.4 .1).

e The union of the families (PTap', K}, k) 1<i<n, and (VY', K%, K5)no+1<i<n, is a basis of C™
constituted of eigenvectors and generalized eigenvectors of (4.4 .3).

e We have the decompositions
Ac=F'APTF  and AL =®'A7PT®,

where Ac is a decomposition of APT into complex Jordan blocks. The matrices F and
® are in the form F = [PTF, Fy| and ® = [PT®, ®;] where F1 is the matriz whose
columns are (2°,€4,€5)1<i<ng, Fo is the matriz whose columns are (2°, €}, €5)nor1<i<ny
&4 is the matrix whose columns are (W’, Hli, Ké)lgz‘gno and ®q is the matriz whose columns
are (', KL, KS)nor1<i<n, - Moreover, we have the following bi-orthogonality conditions

FTMI® =1 and FIM® =1

Proof. Step 1: Decomposition of APT and A#PT. Using the complex Jordan decomposition of
real matrices, we know that there exists a matrix F' € C" x C™ constituted of eigenvectors and
generalized eigenvectors of problem (4.4 .1) such that

We set
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Thus, the matrices F and ® satisfy the bi-orthogonality condition
F'MT® = 1.
Now, we are going to prove that
AL =3 'A*PT D,
From the identities
M71® T =F and FAc=APTF =P M 1APTF,

we deduce that - 7
M7'® " Ac =PTM AP M 1D

and o
Ac® =& MPTM AP ML

Since M,PT = PM, and P M ! = M 1P, we have
Ac® =& PAMIP.
Taking the conjugated transpose, we obtain
DAL =P M TATPT® = A#PT®.

Hence o R
AL =& A#PT®.

Step 2: Construction of F and ®. We denote by (2%,€8,€5); (resp. (9 ,ml,h:Q) ) the columns
of the matrix F (resp. ®). Without loss of generality, we assume that (3° L& €8)1<i<n, and

(¥, ki, Kb)1<i<n, belong to Im(]P’?). We denote by Fy (resp. ®() the matrix whose columns

are (2',€1, &) nor1<i<n, (re'sp.'(fﬁl, K4 K ) ng+1<i<n, )- Finally, we denote by A; the eigenvalue
of APT associated to (2§, &%, &5). Thanks to Theorem 4.4 .3, (2%, &}, €5, 0"); with

2l = 2" — M,' Ay Nog AT, 4&1 — My,! AygNog AT €5,

0" = —AiNgo AT p€1 — MilNap AL o€ — Nog (AL, Mt Ay, — Agg AT )€1
—Noo(ATy Mt vy — A(%)A >£2 — Nog ATy Mt A, PT 2!
—NQOA%QQ N99A7]29 2 y

is a generalized eigenvector of problem (4.4 .2). From Theorem 4.4 .6, (¢%, k%, k%, p*); with
W' = — My A Neg AL gk,
p ==\ N@@A 9%2 +N99A,99An29n2 NQQA,UGM 1AWPT’1/J +N09A7729K'2 ,

is a generalized eigenvector of problem (4.4 .4). We denote by F; (resp. ®1) the matrix whose
columns are (2°, €7, &) 1<i<n, (resp. (¥°, Ky, Kb)1<i<n,). By construction, we have

= [PTF, Fo)=Fy and & :=[PT®, &) = &y,
Step 3: Bi-orthogonality conditions. We have to show that

FTMI'® =1 and FIM®, =1
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Due to the bi-orthogonality condition satisfied by F'y and ®, we have
FTMI'® =1 and PTF)"MI'P'®, = FTPMIPT®, =1 (4.5 .2)
Since PMIPT = PMT, we have
FITM®, = FIPMI®, + FI(M —PMD)®, = FIPMIPT®, + FT (M —PMD)®,.
Therefore, thanks to Lemma 4.5 .1 and equation (4.5 .2), we get
FTM®, =1
O
Theorem 4.5 .2. There exist two families (v',n},nb, 0 )1<i<n, and (¢', ¢4, ¢Ch, pl)1<i<n, of R”
such that
e The union of the families (PTv!, ni, nb)1<i<n, and (v', N}, N5 )ne+1<i<n, 5 a basis of R™.
e The union of the families (PT¢", ¢4, () 1<i<n, and (¢, ¢, Ch)ngr1<i<n, is a basis of R™.
e We have the decompositions
A=E'APTE and AT == 'A7PTE,

where A is a decomposition of APT into real Jordan blocks. The matrices E and Z are
in the form E = [PTE, Eq] and E = [PTE, Eq] where E; is the matriz whose columns
are (v, n%,n5)1<i<n,, Eo is the matriz whose columns are (v', N}, M5)nor1<i<n,, 21 is
the matriz whose columns are (@', ¢, ¢Y)1<i<n, and Eg is the matriz whose columns are
(@', €1, Co)ng+1<i<n, - Moreover, we have the following bi-orthogonality conditions

E'MI'E==1 and ETM=E =1

Proof. We denote by (A;); the eigenvalues of the pair (Mg, Ar). To construct the basis
(’vlv 77’517 7712’ 0;)1§i§n1 and (¢Z’ Czla CZ27 p;)lﬁi'ﬁnl‘a We pI‘QCG@d in the fOHOWiIlg way.
Case 1: X\j is real. If (2°,£7,£5,60") and (¢', K}, K5, p*) are generalized eigenvectors associated to
Aj, we can assume that they are real vectors. Thus, we set
(0", 1,15, 0;) = (2',€1,€5,0°)  and  (¢',¢1,¢h, ) = (¥, K], K, p').
Case 2 )\j is compleﬁp. There exists k such that A\ = j\j is also an eigenvalue of (M, Ar). If
(2%, €0, €5,0%) and (', kY, Kb, p') are generalized eigenvectors associated to \;, (2%, &5, €5, 6%)
and (ka kY kS, pk) are eigenvectors or generalized eigenvectors associated to Ay, then we may
assume that (217 éllv 527 éz) = (zk7 lf7 6157 ak) and (’l)_bla Rll? ’2"127 f_)l) - (d)kv F‘"lf? ”/“’1267 pl) ThllS, we can
set
(v, m1,m5,0;) = V2Re(2',£],£5,0")  and  (¢'.¢],C5, p)) = V2Re(y', k1, K5, p'),
and
Thus, we have constructed two families (v',n%, 1%, 0.)1<i<n, and (¢, ¢}, Ch, pl)1<icn, of R”
satisfying the bi-orthogonality conditions
E'TMI'==1 and EfMmM=E =1,

and such that
A=ET'APTE and AT =='A#PTE.
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Corollary 4.5 .3. We have the following decompositions of APT and A#PT
A=ETM,APTE and AT = ETMIA#PTE.

Proof. 1t follows from the bi-orthogonality of E and =.

4.5 .2 Projected systems

Let (A;)jen be the eigenvalues of the operator APT. We denote by Gr(A;) the real generalized
eigenspace of APT and GR(Aj) the real generalized eigenspace of A#PT associated to the
eigenvalue A;. We define the unstable subspaces

Ly = ®je3, Gr(A;) and  Z; = @je3, Gr(A)),
where J,, is a finite subset of N such that
—ay, <ReAj Vjed,,
for some «, > 0. Without loss of generality, we assume that
Zy = Vect {(PZUZ} i, né)lgiSdu} :
and we denote dy = ng — d,,. Therefore, we have
R™ =Z, ®Zs K,
where
Zs = Vect {(vai» ni, ﬂé)duﬂgigno} and K = Vect {(’Ui, i, né)no+1§i§n1} :
We denote by
e E, € R" x R% the matrix whose columns are (v, n}, ﬂé)lgz‘gduy
e E, € R™ x R% the matrix whose columns are (v, 8, ng)duﬂgigno,
e =, € R™ x R% the matrix whose columns are (d)i, Cil, Cé)lgigdu,
e =, € R™ x R% the matrix whose columns are (gbi, Cil, Cé)du+1§i§n0,
e ©, € R" x R% the matrix whose columns are (0%)<;<q,,
e ©, ¢ R™ x R% the matrix whose columns are (6%)4,11<i<no;
e &, c R x R% the matrix whose columns are (pi)lgigdu,
e &, c R™ x R% the matrix whose columns are (p)q, 11<i<n

Lemma 4.5 .2. We have the relations
ETPMIPTE, =1, ETPMIP'E, =1, EIMI=,=1,
ETPMIPTE, =0, ETPMIP'E,=0, E{PMIPTE,=0,
ETPMIPTE, =0, EIPMIPTE,=0 EIPMIPTE, =0.
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4.5 . STABILIZATION OF THE FINITE-DIMENSIONAL LINEAR SYSTEM

Proof. It follows from the fact the matrices E = [PTE,PTE, Ey] and E = [PTE,PTE,
satisfy the bi-orthogonality condition

[1]
=

ETMIE =1
]
Lemma 4.5 .3. We have
A, Ordu xrds  Opdu xR0 A{ Ordu xrds  Opdu o
A = | Opds Rau As Ords xR0 and AT = | Ogs xpan As ORds xrdo |
Opdo xrdv  Opdo xrds  Opdo xRrdo Opdo xrdv  Opdo wrds  Opdo xreo

where

Ay = ETPM,APTE,, Al = ETPMTA#PTE,, A, =EIPM,APTE,, Al = ETPMTA#PTE,.
(4.5 .3)

Proof. 1t follows from Corollary 4.5 .3.
O

Lemma 4.5 .4. We have the relations
E'ME, =1, E'ME, =1, E'ME,=0, ETM=E,=0.

Proof. Tt follows from the fact the matrices E1 = [E, E;] and B = [E, ;| satisfy the bi-
orthogonality condition
ETM=E, =1

Proposition 4.5 .4. We have
Ay =ETAE,, AL =ETAT=E,, A,=%ETAE, AT =ETATE,.
u

Proof. By construction of the matrices E,, 2, and ®,, we have

A A E (M o[ E . _ )
AT 8’79 G)u =1 0 @U 1 Ay e AE,+Au,00, = ME,A,, AZnBEu —0,
L “Tund 1L u | L 11 u
and
[ AT Ay (=] [M 0][= , o _ -
AT 8779 @Z 10 o0 @Z ] AL de. ATE +Au®, = MEA], Al ,E,=0.
L “Tun 1L ] L 11

We deduce that _
2'ME,A, = ETAE,+El'A,,0,,

= EJAE, + (Al ,B.)" 0,
= ETAE,,

and
ETME N = ETATE, + ETA,®,

= ETATE,+ (AT E,)"®,

vnl
T A\T=
= E, A2,
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STABILIZATION BY BEAM DEFORMATION: NUMERICS

From Lemma 4.5 .4, it follows that
A, =ETAE, and Al =ELATE,.
Similarly, we prove that

As=ETAE, and Al =ETATE,.

S

We introduce the operators II,, € L(R™,Z,,) and II; € L(R"!, Z,) defined by
11, =PT'E,EIPM, and 1, =P EEIPM,.

Proposition 4.5 .5. The operator 11, is the projection of R™ onto Z, parallel to Zs & K and
the operator Il is the projection of R™ onto Zs parallel to Z, ® K.

Proof. We have
1 =p'E,(EIPM,PTE,)EIPM, = PTE,EIPM, =11,

because ELPMPTE,, = Iga, (see equation (??)). Therefore, II, is the projection onto Im(II,)
parallel to Ker(II,). Thus, to prove that I, is the projection onto Z, parallel to Zs, we have
to show that Im(Il,) = Z, and Ker(Il,) = Z; ® K. It is immediate that Im(Il,) = Z, and
Zs ® K C Ker(Il,), and since dim(Zs ® K) = dim(Ker(II,)), we have Ker(II,) = Z;. We prove
similarly that II; is the projection of R™ onto Zs parallel to Z, ® K.

O

Proposition 4.5 .6. If (v, 1,14, 0) is solution of system (4.2 .4), then the triplets (Vu, M1 4> M2.4)
and ('US, 771,37 772,3) deﬁned by
(vuan17u7n2,u)T = EZM(U77717772)T and (’087771,57772,5)T = ESTM(UW17772)T

)

obey the system

d [ v, vy [ v, oY
@ Mo = Ay Mo + B f, Mo (0) = EZ’M 77(1) )
| 2 M2 | 2 n9
- . (4.5 .4)
d Vs Vs Vs ’UO
| M | = A | M | +BAS ne | (0)=EIM ng :
L T]Q,s 772,5 L 772,3 772

where
T =T
B,=E,B and Bs;=E,B.

Conversely, if the pair ((Vu, M1 4sM24), (Vs, M5 Mas)) is solution of system (4.5 .4), then
(’0,771,77279), with

v Uy Vs
P ™m = ]PTEU M + ]PTES Ms |
Up) 772,u n2,s

(I — IP;];)'U = —M&lAvgNggA%ﬂle’r]l — M&)lAvgNggAz;gnz,
0 = _NGOA%GTILt - N@OAZQQTIQJE - NHG(AZQM&}Avm - AH@A%Q)W
—Noo(Ajp My Avy, — Ago A, )0 — Nog Ajg My, Avn Py v,

is solution of system (/.2 .4).
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Proof. Let (v,m;,1m9,0) be a solution of system (4.2 .4). We have

P v v v
M% m | =A| m |+ A0+ Bf, n | (0)=1] 0! |,
s 7, 5 75
(4.5 .5)
v
2

Multiplying the first equation of system (4.5 .5) by EL, we obtain

d v v
aE{M m | =BLA| n | +ELA,0+E.BSf.
M2 T2
We have
ATE, + Appp®y = ME,A]  and A} )=, =0,

(see proof of Propostion 4.5 .4). It follows that

d_ v _ v R v I _
ZEM |y | = NEIM | oy | = @UAL, | my |+ (AD,E)0 + B BS
2 L M2 | 2
.
= ANEIM | my | +ELIBS.
L T2 |

Thus, (Vu; M1 4> Ma,) is the solution of the equation

4| v vy vy, . v
% Mu | = Ay M + By f, Mu (O> = EUM 779 )
n2,u n2,u 772,u 77(2)

We can prove similarly that (vs,ny 4,72 ) is the solution of the equation

d Vg Vs Vs . Y
% Mis = A Mi,s + B f, Mis (0) = Es M 17(1)
"72,5 772,5 772,5 ng

=

Now, we suppose that the pair ((Vu, 11 4;M2.4), (Vs,M1.5:M25)) is solution of system (4.5 .4). We
want to prove that (v,n;,n,,0), with

v Uy Vs
P' | n, | =PTE, M +PTE, Mis |
Up M2.u M2,s

(I —PL)v = — My, Ay Nog AT gny — My, AygNog AL 4,
6 = —Nog AL yn1 4 — Nog AL 91121 — Noo(ALg Myt Ay — Apg AT 5y

—Nog (AL My Ay — Agg AL o)1y — Nog ALy Mt Ay P,
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is solution of system (4.2 .4). Thanks to Proposition 4.3 .4, it follows that it is sufficient to prove
that IP’T(v, 11, M) is the solution of the equation

d v v
%PT n, | = APT | n, | + Bf.
M2 Up)
We have
d . v d . Vy . Vs
dt]P) ™ = % P E, M + P E; Mi,s
N2 M2u N2.s
v v
d v d s
= PTEU% L + ]P)TES% M,s
n27u 772,5
Vy Vs
— PTEuAu nl,u + PTEsAs 77175 + PTEuBuf + PTEsBsf
n27u 772,5
Vu Vs
=AP'E, | n,, | +APTE, | 0, | + (PTEE] + PTEE])Bf,
n2,u "72,5
v
= A]PT 771 + va
Up)
because

PTE =l + PTEETB = (PTE,EIPM, + PTE,ETPM,)B = (II, + I1,)B = B.

4.5 .3 Degree of stabilizability

We are going to show how to choose the eigenmodes for stabilization stabilize. Let A; be an
eigenvalue of APT. There exists a family of indices J A;» of cardinal m; = dim(Gg(A;)), such
that

Zj = Vect {(P1v',nl, mh)ica, | and 25 = Veet { (P ¢, ¢}, Chieay, |-
We denote by E; € R™ x R™ the matrix whose columns are (v¢, 1}, n%)ics iy and E; € R™" xR™
the matrix whose columns are (¢, (J, C%)ie.])\j. In order to avoid dependence on multiplicative

constants, we choose the vectors (¢, ¢i,¢3) such a way that
(¢',€1,¢2) " M (9,1, o) = 1, Vi €y,
We set
Aj=ETJAE; and B;=2]B.

wt

The vector (vj,m; ;,19,)" = "2 M(v,1,,1,)" is the solution of the equation

d | Yi vj R vj ‘:)?
| Mi | = (Aj +wlgm;) | my; | +Bif, my | 0)=1]n1; |, (4.5 .6)
M2,j 2,5 M2,j 5,
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4.5 . STABILIZATION OF THE FINITE-DIMENSIONAL LINEAR SYSTEM

where
v) vV
f=e'f and nl, | =8IM| n}
0
ng,j 2
The control of minimal norm stabilizing system (4.5 .6) is
v
f = B;Pj,w ;|
M2,

where IP; , is the solution of the Riccati equation
]P’j,w € E(ij), ij = ]P)g:w >0,
Pj (A + wlgm;) + (AL + wigm; )Bj, — P B;BI Pj, =0,
IP; . is invertible and Ay 4+ wlgm; — IB%J-IBJTIP’]-M is exponentially stable.

The square norm of the control is

vg? v?
£112 0 0
Hf”LQ(O,OO,RnC) = Pjvw /r'g-],] ? n(]jvj ’
n2,; n2,;

and the norm corresponding to the worst normalized initial condition is

0 0
. '

o 5B | || Ly | ) = maxo(Pr).
VN Mo 5 mg = 0 0
321,502,570 R 772,j n2,j

Therefore, more the number maxo(P;.,) is large more we need a strong control to stabilize
system (4.5 .6). We define the degree of stabilizability d; of the eigenvalue A; by

4.5 .4 Linear feedback law

The goal is to find a feedback law able to stabilize system (4.2 .4) or equivalently (4.3 .15). Due
to Proposition 4.5 .6, it is necessary and sufficient to find a feedback law able to stabilize the
equation satisfied by (vy,ny ,,72,). That is why we make the following assumption.

For all w > —Reo(A,) the pair (A, + wlga,,B,) is stabilizable. (4.5.7)

Hence, for all Q € L£(R%) satisfying Q@ = QT > 0 and —w < Reo(A,), the following algebraic
Riccati equation

IP’U,»UJ 6 E(Rdu)’ ]P)u7w = ]P)/ltl;w Z 0’
Puw(Ay + wlgay ) + (AL + wiga, )Py — Pu B BIP, , +Q =0,

Py, is invertible and A, + wlga, — BUBZIP’UM is exponentially stable,

admits a unique solution P, ,. The operator K, = —BgPu,w provides a feedback law stabilizing
the pair (A, + wilgd., By).
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4.5 .5 Stability of the closed-loop linear system

We are going to prove that the linear closed-loop system

d v v _ v v 'UO
Mo lm | =A| m |+ Auwed +BKy |y |, | m | (0) = nt |,
7, up 7, 7, n9
(4.5 .8)
v
Agne n | =0,
Up)

where K, = Ku,wEgM , is exponentially stable.
Theorem 4.5 .7. Let (v°,nY,n9) € R™ be such that

Algv® + A%e’?? + Aﬁong =0.

The solution (v,my, My, 0) of system (4.5 .8) satisfies the estimates
MLy (v, 1, m2)[[Rms < Ce™! [ (v, 0}, m9)|[m

(v, 7y, M) [Ren < Ce™][(v%, Y, 0g)l|rm,
I = BD)vllgne < Cem[|(v°,ni, m3) [ -

Proof. From Proposition 4.5 .6, € (v, M1 4; M9.)" = "B M (v,m,,m5)T is the solution of the
System

d Uy Uy vy oY
@e‘”t Mo | = A+ wlga, —BBIP, e | My |, | M | (0)=ELlM ng
M2,u N2y N2 M2

Since Ay + wlpa, — BUBEPUW is exponentially stable, there exists C' > 0 such that

1(Vus D10 Mo,0) IR < Ce™[(0%, 1Y, m9)[IRm1 -

The triplet (v, ,,M2,,)" = E'M(v,n,,m,)" obeys to the system

d Vg Vg vy, Vg 0
@ Mi,s = A M + BSKu,w Mu | M, (O> - ECSFM 773
772,5 772,3 772,u 772,5 77(2)

Since Reo(Ay) < —ay, there exists C' > 0 such that

1(ws, 11 5512, [l < Ce™ (0%, m,m3) [l

Finally, we have

I(Z = PY)vllree < Cll(my,m9) [Rns xres < Ce™ (07,13, m3) R
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4.6 . FULL DISCRETIZATION OF THE NONLINEAR SYSTEM

4.6  Full discretization of the nonlinear system

They are mainly two approaches to solve numerically fluid-structure interaction systems. The
first, called monolithic approach, consists to solve the coupled system like a unique problem (see
[56, 30]). The second, called partitioned approach, use two different codes to solve separately the
equations of the fluid and the equations of the structure (see [21]). The monolithic approach
is generally stable contrary to the partitioned approach. However, the implementation is easier
in the latter case because we can use classical tools developed for the fluid and the structure
problems.

In most of numerical codes, the equations of the fluid are rewritten in an Arbitrary Lagrangian
Eulerian (ALE) formulation. For our problem, we use the Lagrangian formulation of the equations
of the fluid because the feedback law is constructed from that formulation. The spatial semi-
discretization of the nonlinear system is given in Section 4.2 (see equation (4.2 .7)). The time
discretization is treated by the backward difference formula of order 2 (BDF2). The geometrical
nonlinearities are treated explicitly and a Newton algorithm is used for the nonlinearities coming
from the equations of the fluid. We denote by dt the time step length. The full discretization of
the nonlinear system is

an+2 ’i],n+1 an 0
3 N\ | A 2 i 1 it 0
—M; — A ~ =—M - - —M -
(th L L) iyt at | oaytt par | | T M, Wt
gn—i—? én+1 é’n hn+2
,an-i—l
,,:-,n-i—l
+Fs[@a"?] + F, ﬁéﬂ ,
én—i—l
for all n € N.

4.7 Numerical results for the nonlinear system

We are going to show, by numerical experiments, that the linear feedback law is able the stabilize
nonlinear system (4.2 .4).

4.7 .1 Data of the numerical experiments

The fluid domain is contained in the rectangle [0,50e] x [—21e,21e], where 2e = 0.1 is the
thickness of the plate (see Figure 4.1). The length of the plate is 10e. The stationary inflow
condition gs imposed on the boundary I'; = {0} x [—21e, —e] U {10e} x [—e,e] U {0} x [e,21e] is
an approximation of the Blasius boundary layer profile defined by

Unm Ve+b<x<2le,
Tr—e x—e\? z—e\?
m |2 -2 <z< :
U( b ( 5 ) —i—( b > Ve<z<e+b
gs(x) =4 0 V-e<z<e,
3 4
U, 2:c+e_2(x+e> +(:U+e> V_e—b<z<—e
b b b
Un V —-2le<z< —e—b,

168



STABILIZATION BY BEAM DEFORMATION: NUMERICS

I
I
Iy
I Q En
I
I
I

(a) Reference conﬁguratio? of the fluid domain.
(&

[
mef)

:ﬁ Qn(t) rn

F//(ﬂ

Ie

(b) Deformed configuration of the fluid domain.

Figure 4.1 — Configurations of the fluid domain

where Uy, is the maximum velocity at the inflow. The Reynolds number Rey of the fluid and the
thickness b of the boundary layer are defined by

2eU,, 14e
v=— o /Rey

We choose
Rey =200 and U, =1.0.

For the structure, we choose the parameters
f=a=10"3 and ~=10"1

We use a triangular mesh of 54960 cells, symmetric with respect to the horizontal axis z = 0
(see Figure 4.2). We derive from that a 1D mesh where the solutions of the beam equation are
computed. For the space discretization, we use generalized Taylor-Hood finite elements Po-IP1-IP¢
for the velocity, the pressure and the Lagrange multipliers, and Hermite finite elements for the
displacement of the structure leading to 250752 total degrees of freedom.

4.7 .2 Computation of the spectra

We use an Arnoldi method combined with a shift and inverse transformation implemented in
Arpack Library to compute the spectrum of the different systems. We fix the shift parameter at
10 and the size of the small Hessenberg matrix at 400. We have computed the spectrum of the
structure, the fluid and the coupled system (see Figure 4.3).

169



4.7 . NUMERICAL RESULTS FOR THE NONLINEAR SYSTEM
Figure 4.2 — Triangular mesh of the reference configuration of the fluid domain.
J 1-2 3 4 5—6 7 8 9-10 11 12
Aj| —2.86£1.30¢ | —4.09| —5.74| —12.924+3.27; | —16.34| —19.99| —30.32+5.507 | —36.77| —42.49
Table 4.1 — First eigenvalues of the structure system.
J 1-2 3—4 5 6—7 8—-9 10—-11 12-13
Aj| 0.81£8.79¢ | —0.70+9.63¢ | —0.88] —1.18+7.997 | —1.23+11.047 | —1.88+12.60¢ | —2.03 +5.83¢
Table 4.2 — First eigenvalues of the fluid system.
J 1-2 3 4-5 6 7T—8 9-10 11-12
Aj| 0.81£8.78 | —0.59 | —0.72£9.59¢ | —0.83 | —0.88+0.79¢ | —1.08+1.867 | —1.224+7.97¢
dy] 0211077 | 5551079 0.2610°" [9.0910°9 0.1310°° 0.2710°° 0.6110°7

Table 4.3 — First eigenvalues of the coupled system and the degrees of stabilizability for w = 6.
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(a) Spectrum of the structure.
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(b) Spectrum of the fluid.
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(¢) Spectrum of the coupled system.

Figure 4.3 — Spectra.
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(a) Graph of the function g.

0.2 0.4 0.6 0.8

(b) Graph of the function p.

Figure 4.4 — Graphs of the functions g and p.

We report, in the Tables 4.1, 4.2 and 4.3, the eigenvalues of the structure, the fluid and
coupled systems close to the imaginary axis. The spectra of the fluid and the coupled systems
are characterized by two complex conjugate unstable eigenvalues while all the eigenvalues of the
structure are with negative real part.

4.7 .3 Efficiency of the controls law.

To test the efficiency of the controls on the nonlinear system, we use the boundary perturbation
h defined in Chapter 2 to destabilize the nonlinear system (see (2.13 .2)). We recall that h is of
the form

h(t,z) = p(t)g(x),
with
:U’(t) = /Bpert€73o(t70'5)2~

We plot in Figure 4.4 the curves of the functions g and p. The parameter B¢ is used to vary
the amplitude of the perturbation.

Small perturbation

We choose the parameter Bpers = 0.1. Thus, the maximal value of the perturbation A corresponds
to 10% of that of g,. In Figure 4.5, we plot the evolution of the L?-norm of the evolution of the
difference between the velocity @ of the uncontrolled nonlinear system and the velocity us of the
stationary system and the evolution of the L*°-norm of the displacement of the lower and upper
part of the structure.

Now, we are going to test the efficiency of the controls on the nonlinear coupled system in three
cases: Z, = Gr(A1) and w =0, Z, = Ggr(A1) and w = 6, and the last Z, = Ggr(A1) & Gr(As3)
and w = 6. The results are reported in Figure 4.6. We have plotted the evolution of the L?-norm
of the difference between the velocity @ of the controlled nonlinear system and the velocity us
of the stationary system, the evolution of L?-norm of the control and the evolution of the L™
norm of the displacement of the lower and upper part of the structure. We observe that when
we increase the shift parameter w, the decay rate is clearly improved, the corresponding control
is stronger but it is effectively applied during a smaller period. One good effect is reported on
the displacement of the structure which is reduced when w growths. We notice that considering
higher dimension of Z,, does not improve the control of the flow and the displacement of the
structure.
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40

(t) — usllL2(q)

a

(a) Evolution of the L?-norm of @ — u.

0.003 T

lower part

0.0025 + upper part

0.002 |

0.0015

71 (8) | oo 1)

0.001

0.0005 |

(b) Evolution of the L*-norm of 17; without control.

Figure 4.5 — Evolution of the L?-norm of & — us and the L®-norm of 7; without control
(Bpert = 0.1).
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(b) Evolution of the L?-norm of the control.
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(c) Evolution of the L*>-norm of the displacement of (d) Evolution of the L>°-norm of the displacement of
the structure (upper part).

the structure (lower part).

Figure 4.6 — Evolution of the L?-norm of & — us and f, and the L>®-norm of n; of different

controls (Bpert = 0.1).
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(a) Evolution of the L?-norm of & — u,.
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(b) Evolution of the L*>-norm of 7.

Figure 4.7 — Evolution of the L?-norm of @& — us and the L>®-norm of 11 without control
(Bpert = 0.5).

Large perturbation

We choose the parameter fper+ = 0.5. Thus, the maximal value of the perturbation i corresponds
to 50% of that of gs. In Figure 4.7, we plot the evolution of the L?-norm of the evolution of the
difference between the velocity @ of the uncontrolled nonlinear system and the velocity us of
the stationary system and the evolution of the L°°-norm of the displacement of the lower and
upper part of the structure. Here, for the control, we only consider the case Z, = Ggr(A1) which
seems to be the best choice and w = 6. In Figure 4.8, we plot the evolution of the L?-norm of
the difference between the velocity @ of the controlled nonlinear system and the velocity wus of
the stationary system, the evolution of L2-norm of the control and the evolution of the L™ norm
of the displacement of the lower and upper part of the structure. As expected, we observe that
the control and the displacement of the structure increase with the perturbation Bpe,. At the
end of the section, we display the vorticity of u (the fluid flow in the moving domain) with and
without control at different times.
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Figure 4.8 — Evolution of the L?-norm of @& —us and the L>-norm of n with control (Bpers = 0.5).
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Vorticity of v at times ¢ = 0. Vorticity of u at times ¢ = 0 (without control).
Vorticity of u at times ¢ = 0.5. Vorticity of w at times ¢ = 0.5 (without control).
Vorticity of u at times ¢ = 0.85. Vorticity of u at times ¢ = 0.85 (without control).
Vorticity of u at times ¢ = 1.2. Vorticity of w at times ¢ = 1.2 (without control).
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Vorticity of u at times ¢ = 1.9. Vorticity of u at times ¢ = 1.9 (without control).
Vorticity of u at times ¢ = 3.2. Vorticity of u at times ¢ = 3.2 (without control).
Vorticity of u at times ¢ = 3.5. Vorticity of u at times ¢ = 3.5 (without control).
Vorticity of u at times ¢ = 4. Vorticity of u at times ¢ = 4 (without control).
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Vorticity of uw at times ¢t = 5. Vorticity of u at times ¢ = 5 (without control).
Vorticity of u at times ¢t = 5.5. Vorticity of u at times ¢ = 5.5 (without control).
Vorticity of u at times ¢ = 6. Vorticity of u at times ¢ = 6 (without control).
Vorticity of u at times ¢ = 7. Vorticity of u at times ¢ = 7 (without control).
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Vorticity of u at times ¢ = 8. Vorticity of u at times ¢ = 8 (without control).
Vorticity of v at times ¢ = 9. Vorticity of u at times ¢ = 9 (without control).
Vorticity of u at times ¢ = 10. Vorticity of u at times ¢ = 10 (without control).
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4.A Appendix A: The geometrical nonlinear terms

The nonlinear terms F, Fy;y and F, in system (4.1 .2) are defined by

o ((—s(z)2)m2 2wl —s(2)2)ma . | v(E=00,—m)_  2w(l—s(z)2)nf,
Fyla, p,nu, n2|= Uy — —Ugy + ) Uyz + S Uy
12 B 11, 2] 0 —e—s(z)m l—e—s(z)m (l—e+m)? (L —e—s(z)m)?

O P (=S
- ’ z 2z T F iv[ W%, Dz
Ce—sCm = Wme—smpte VI T P
o s(mm C+2)me - - slxmm
l—e— s(z)mpze2 R s(z)m e A s(z)m 2tz
_ 1 . .
Faivla,m] = ;— (s(z)mtner + (£ = s(2)2)matires),
- (g_e)nlx - - 2771 - (E_S(Z)Z)n%x~
Fla, = U, zU2x — ’ z |
[t m] = v (6 —e—s(z)m 1,z iz = 5(2) l—e—s(z)m 2

(4.A.1)
where s is the sign function defined by

s(yy=—1lify<0 and s(y)=1ify>0.
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Chapter 5

Conclusion and perspectives

L’objectif de cette these était d’étudier la stabilisation, du point de vue théorique et numérique,
de modeles d’interaction fluide-structure par des controles de dimension finie agissant sur la
frontiere du domaine fluide. Dans le chapitre 1, nous avons traité le cas ou le controle agit
comme une condition de Dirichlet sur les équations de fluide (controle par aspiration/soufflage).
Dans les chapitres 2 et 3, nous avons étudié le cas ou le contrdle est une force appliquée sur la
structure (contrdle par déformation de paroi). Rappelons que le modele du chapitre 2 est un
modele simplifié de celui du chapitre 3. En effet, ’équation d’Euler-Bernoulli pour la structure a
été remplacée par une équation différentielle ordinaire de dimension finie qui, de plus, ne prend
pas en compte 'action du fluide sur la structure. Le chapitre 4 et une partie du chapitre 2 ont
été consacrés a la détermination de lois de contrble permettant de stabiliser les approximations
semi-discretes des modeles des chapitres 3 et 2 respectivement. Nous avons vérifié I'efficacité
de ces lois de controle grace a des tests numériques. Contrairement a ce que nous pensions, les
lois de contréle du chapitre 2 ne sont pas plus efficaces que celles du chapitre 4. En effet, les
résultats numériques des chapitres 2 et 4 sont assez similaires. Pour terminer ce manuscrit, nous
allons présenté quelques perspectives.

1. Propriété de continuation unique

Dans les chapitres 2 et 3, nous avons montré que la stabilisabilité du modele couplé conduit
a un probleme de continuation unique sur les fonctions propres des équations de Navier-
Stokes linéarisés. Nous n’avons pas pu résoudre théoriquement ce probleme. Néanmoins,
nous avons vérifié numériquement la stabilisabilité. De plus, le probleéme a été résolu dans
[46, 47] pour le systéme de Stokes (i.e. ’équation de Navier-Stokes linéarisé autour de la
solution nulle) mais la preuve ne peut pas étre adaptée a notre cas, car elle nous conduit a
supposer que la solution des équations de Navier-Stokes est analytique. Nous explorons
donc d’autres approches.

2. Estimations de modéles

Dans cette these, la loi de controle requiert la connaissance de tout ’état du systéme a
chaque instant, ce qui est irréaliste dans les applications. Nous souhaiterions donc construire
des estimateurs qui, a partir de la mesure de certaines quantités comme la pression du
fluide sur la structure, permettrait de reconstruire 1’état du systeme. La détermination
d’estimateurs pour des problémes fluide-structure est un sujet tres actuel de recherche.
Nous citons par exemple [18, 11].

3. Modéles 3D

Nous souhaitons étendre les résultats obtenus a des modeles fluide-structure en 3D.
L’écoulement sera toujours décrit par les équations de Navier-Stokes incompressibles.
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L’équation d’Euler-Bernoulli pour la structure sera remplacée par une équation de plaque.
Nous pensons que, si le domaine fluide est suffisamment régulier, les résultats obtenus dans
le cas 2D pourraient étre étendus assez facilement au cas 3D. Par contre, si le domaine
fluide est peu régulier, la situation est plus délicate. En effet, nous avons vu, dans le cas
2D, que la géométrie du domaine ou/et la nature des conditions limites peut conduire a
une perte de régularité pour les solutions des équations de Navier-Stokes.

. Formulation ALFE des équations du fluide

La détermination des lois de contrdle permettant de stabiliser des modeles d’interaction
fluide-structure est généralement basée sur une formulation eulérienne des équations du
fluide. Par contre, la plupart des algorithmes de résolution numérique de ces modeéles
sont développés a partir d’une formulation Arbitraire Lagrangienne Eulérienne (ALE) des
équations du fluide. Une perspective de travail pourrait étre de déterminer des formulations
ALE des systemes en boucle fermée que nous avons obtenus aux chapitres 2 et 4 et les
tester numériquement.
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Résumé : L’objet de cette these est 'étude de la stabilisation de modéles d’interaction fluide-structure
par des contrdles de dimension finie agissant sur la frontiére du domaine fluide. L’écoulement du fluide
est décrit par les équations de Navier-Stokes incompressibles tandis que 1’évolution de la structure,
située a la frontiere du domaine fluide, satisfait une équation d’Euler-Bernoulli avec amortissement.
Dans le chapitre 1, nous étudions le cas ou le controle est une condition aux limites de Dirichlet sur les
équations du fluide (contréle par soufflage/aspiration). Nous obtenons des résultats de stabilisation
locale du systeme non-linéaire autour d’une solution stationnaire instable de ce systeme. Dans les
chapitres 2 et 3, nous nous intéressons au cas ou le controle est une force appliquée sur la structure
(controle par déformation de paroi). Dans le chapitre 2, nous considérons un modele simplifié, ou
I’équation d’Euler-Bernoulli pour la structure est remplacée par un systeme de dimension finie. Nous
construisons des lois de controle pour les systémes de dimension infinie, ou pour leurs approximations
semi-discretes, capables de stabiliser les systemes linéarisés avec un taux de décroissance exponentielle
prescrit, et localement les systémes non-linéaires. Nous présenterons des résultats numériques permet-
tant de vérifier ’efficacité de ces lois de controles.
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Abstract : The aim of this thesis is to study the stabilization of fluid-structure interaction models
by finite dimensional controls acting at the boundary of the fluid domain. The fluid flow is described
by the incompressible Navier-Stokes equations while the displacement of the structure, localized
at the boundary of the fluid domain, satisfies a damped Euler-Bernoulli beam equation. First, we
study the case where the control is a Dirichlet boundary condition in the fluid equations (control
by suction/blowing). We obtain local feedback stabilization results around an unstable stationary
solution of this system. Chapters 2 and 3 are devoted to the case where control is a force applied to the
structure (control by boundary deformation). We consider, in chapter 2, a simplified model where the
Euler-Bernoulli equation for the structure is replaced by a system of finite dimension. We construct
feedback control laws for the infinite dimensional systems, or for their semi-discrete approximations,
able to stabilize the linearized systems with a prescribed exponential decay rate, and locally the
nonlinear systems. We present some numerical results showing the efficiency of the feedback laws.

Keywords : fluid-structure interaction, Navier-Stokes equations, Euler-Bernoulli beam equation,
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