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Introduction

...all models are wrong, but some
are useful.

Box G. E. P.

The first chapter is devoted to a problem of non-parametric estimation. The
difference from parametric estimation is that the unknown object to be estimated
is infinite dimensional. As a model we have continuous time observations of a
periodic inhomogeneous Poisson process with the known period 7. We suppose
that the observation is done in the time interval [0, 7], where T' = n7. The setting
of the problem is asymptotic, that is, we will consider the case where n tends
to infinity. A Poisson process is a point process - random countable realizations
in some space, called the state space. We will identify the Poisson process with
the counting process of the points of a realization in bounded subsets of the state
space. Hence, the Poisson process is a non-negative, integer-valued process. To
each Poisson process is associated a measure on the state space, called the mean
measure of the Poisson process. If the state space is the interval [0, T], then each
locally-compact Borel measure can be given by a single function, which, for the
mean measure we call the mean function. If the mean function A(-) is absolutely
continuous with respect to the Lebesgue measure

then the function A(+) is called the intensity function of the Poisson process. Pe-
riodicity of the Poisson process means that the intensity function exists and is a
T—periodic function

At) =Nt +kr), ke Z,,te0,7].

The periodic Poisson process {X(t), t € [0,T], T = n7} with the known period 7
can be transformed to a Poisson process on the interval [0, 7], observed indepen-

7
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dently n times, using the following notations

X;t)=X((—Dr+t)—X((j— D7), t €[0,7],
X; ={X;(t),te0,7]},j=1,---,n.

Hence, our observations will be i.i.d. (independent, identically distributed) Poisson
processes X" = (X, Xy, -+ ,X,,) on the interval [0, 7]. We consider the problem
of the estimation of the mean function. The mean function estimation problem is
very close to the distribution function estimation problem from i.i.d. observations
of real random variables. More precisely, we can construct consistent estimators
without regularity conditions on the unknown object (since there is an unbiased
estimator for the unknown object). It is well known that, for example, in the
density (i.i.d. random variables case) or intensity (inhomogeneous Poisson pro-
cess) estimation problems, even for constructing a consistent estimator we have to
impose regularity conditions (existence and Holder continuity of some derivative,
[40]) on the unknown object. In the works of Kutoyants [21],[20] it was shown that
the empirical mean function

A =3 X0

is consistent, asymptotically normal estimator with the optimal rate and is even
asymptotically efficient for a large number of loss functions (including polynomi-
als). Our work treats only the case of Ly loss function or known as mean integrated
squared error (MISE). Asymptotic efficiency we understand in the following way.
For all estimators the following lower bound is true

lim lim sup n/ EA(An(S)—A(S))QdSZ/ A*(s)ds,
§—0n—+oo A€V;s 0 0

where Vj is a shrinking vicinity of A* in sup norm

Vs ={A() : Jup [A(E) = A*(2)] < 6}

The estimator A, (t) for which we have equality

lim lim sup n/OT Ex(An(s) — A(s))%ds = /OT A*(s)ds

d—0n—+oo AEV;
is said to be asymptotically efficient.
We will use this result in a slightly modified way

inf lim sup (EA||\/ﬁ(An —A)|? —/ A(t)dt) =0,
0

An n—+oo AEF
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where F is a subset of a ball of radius R centered around a given (known) mean
function A*. The statement of asymptotic efficiency of the mean function is true for
several bounded sets (particularly for 3(R) and FP" (R, S), see below for defini-
tions), and, obviously, if it is true for some set, then it is true for all sets containing
that set. The empirical mean function is not the only asymptotically efficient esti-
mator. Our first goal is to construct a class of asymptotically efficient estimators.
Below we always consider a kernel type estimator

An(t) = /0 ' Ko(s — t)(An(s) — Au(s))ds + A, (t),

with non-negative, integrable, normalized kernels K, (-) on [—Z, 7],

Kou)>0, [ Knyudu=1neN,

3
that are symmetric and we continue them 7 periodically on the whole real line R
T

Ko(u) = Kn(—u), Kn(u) = Kn(u+k7), u e [—% :

],kez.

Then, their Fourier coefficients with respect to the trigonometric basis will be

Ay =Arp, Ay = \/gxm,nmm — A3 + AL,
Nopyip = \/ngl,n(Azm,n — A5 ) F A5 LEN,

with

A= /0 AWt A = /0 A Da(t)dt.

Our first result states
Proposition ([6]). Suppose that the kernels satisfy also the condition

:
—Koyn—1
Y

as n — +o0. Then, over a A, centered B(R) = {A: [][A(t) — Au(t)]?dt < R} ball
of mean functions in La, the following equality holds

2

n sup — 0,

>1

lim  sup <EAWE(An _ A /OTA(t)dt> 0.

n—-+o0o AEB(R)
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We prove also
Proposition. For the kernel-type estimator with kernels satisfying the condition

\/§K2l,n -1

2l
T

2

n sup — 0,

>1

as n — +o0o, the following equality holds
lim  sup (EA||\/E(/~\n —N)? —/ A(t)dt) =0,
n—+00 Acx(R) 0

where the set X(R) is
Y(R) = {A, /OT(A(t) — A (1)2dt < R, A, (0) = A(0) =0, A (1) = A(T)} :

To give explicitly a class of asymptotically efficient estimators
Remark. Suppose that K(u), u € [—%, %] s a mon-negative, integrable, normal-
ized function

K(u) >0, uc [—% g] , / K (u)du = 1,
3

which is symmetric and we continue it T periodically on the whole real line
T
2

Let the positive sequence h, < 1 be such that h2’n — 0, n — +oo. Then, the
kernels

K(u) = K(—u), K(u)=K(@u+kr), ue [—% } ke Z.

Ko(u) = hinK (}%) J[{\ul < %hn}

2

satisfy the condition

\/§K2l,n —1

2nl
T

n sup — 0.

>1

To compare asymptotically efficient estimators we prove the following result. Let

P, s) = {a0)s [P < R A©) =0, A0) = 5,

where R > 0, S >0, m > 1, m € N are given constants. Periodicity means that
the intensity function A(-) is periodic (hence the equality of its values and the
values of its derivatives on the endpoints of the interval [0, 7]). Introduce as well

2m

1= I,,(R, S) = (2m — )R (% B S(m _ 1)) .
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Proposition. Then, for all estimators A, (t) of the mean function A(t), following
lower bound holds

lim  sup  noi </0 B (A (t) — A(t))2dE — E/OTA(t)dt) > I

n—+00 Ae FE"(R,S) n

This inequality compares second order asymptotic term of maximal loss over some
non-parametric class of functions (under additional regularity conditions on the
unknown mean function). Hence the estimators reaching that lower bound will
be called second order efficient. In our work we explicitly calculate asymptotic
minimal error for the second order estimation. The constant I1,,(R,.S) plays the
same role in second order estimation as the Pinsker constant in density estimation
problem or the inverse of the Fisher information in the regular parametric estima-
tion problems. But unlike mentioned problems here the constant is negative. This
is due to the fact that for the empirical mean function

E,\ / T(f\(t) — A(t)%dt = 1 / TA(t)dt,

n

therefore the second term is equal to zero. We propose also an estimator
+00
AL (1) = Nondo(t) + Z KinNinti(t),
=1

where {¢;};/% is the trigonometric cosine basis on Ly[0,7]. For the first order
efficiency we used the trigonometric basis with both sine and cosine functions
present, here we took only the cosine basis to avoid technical difficulties and, as a
result, the proposed estimator does not depend on the center of the ellipsoid (here
it is present as the quantity S). Al,n are the Fourier coefficients of the empirical
mean function with respect to this basis and

~ m S T m 2m—1

K, = <1 - a;) , Q= {—— ,
N nR7 (2m —1)(m —1)

T 1

1
N, = —(a})"m ~ Cn2=-1, r, =max(z,0), z € R.
m

7l

T

We emphasis the fact that though in the definition there is an infinite sum, but in
reality it contains only finite terms, but the number of terms N,, tends to infinity
as n — 400 with the rate nz=-1. Our next result is

Proposition. The estimator Af(t) attains the lower bound described above, that
i,

2m

im  sup  nEE ( /O B (AL (1) — A(1)2dE — © /O TA(t)dt) "

n—=+00 \c FPE(R,S) n
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That is, our proposed estimator is asymptotically second order efficient. Result is
presented in [6].

The explicit calculation of the asymptotic error in a non-parametric estimation
problem was first done by Pinsker [36] in the model of observation of a signal in
the white Gaussian noise. The idea was to consider the minimax risk of integral-
type quadratic loss functions on a Sobolev ellipsoid. The concept of second order
efficiency was introduced by Golubev and Levit [I3] in the problem of distribution
function estimation for the i.i.d. model. In the paper [13], authors proved a lower
bound which allows to compare second term of the expansion of the maximal
loss over some set of functions and minimize that term. They proposed also an
estimator which attains that lower bound, hence that lower bound is sharp.

Later, second order efficiency was considered for some other models. For example,
Dalalyan and Kutoyants [3] proved second order asymptotic efficiency in the esti-
mation problem of the invariant density of an ergodic diffusion process. Golubev
and Hérdle [12] proved second order asymptotic efficiency in partial linear models.

The second chapter of this work is devoted to the approximation problem of the
solution of a forward-backward stochastic differential equation (forward BSDE
or FBSDE). We suppose that the diffusion coefficient of the forward equation
depends on an unknown one-dimensional parameter, therefore the solution of the
backward equation also depends on that parameter. It is well-known that if we
observe the solution of a stochastic differential equation on the whole interval,
even bounded and very small, then we can estimate the unknown parameter in
the diffusion coefficient “without an error”, hence it is not a statistical problem.
Our considerations are based on the observations of the solution of the forward
equation on a finite interval, at equidistant discrete points. As the number of
observations tends to infinity, the distance between the observation times tends to
zero. Such a statement of problem is called high frequency asymptotics. At a given
point of time we have to construct an estimator for the unknown parameter based
on the observation times before that time only, hence we have to construct an
estimator process. We are seeking an estimator which is computationally simple,
but of course, we do not want to lose in the performance of the estimator (we
want it to be still asymptotically efficient). For that reason we are looking for an
estimator which is also asymptotically efficient.

The BSDE was first introduced in the linear case by Bismuth [2] and in general
case this equation was studied by Pardoux and Peng [33]. Since that time the
BSDE attracts attention of probabilists working in financial mathematics and has
obtained an intensive developement (see, e.g. El Karoui et al. [5], Ma and Yong
[30] and the references therein). The detailed exposition of the current state of



Introduction 13

this theory can be found in Pardoux and Rascanu [35].

We consider the following problem. Suppose that we have a stochastic differential
equation (called forward)

dX, =S (t, Xy)dt + o (9,t, Xy)dW,, Xy, 0<t<T,

and two functions f (¢, z,y,z) and ® (x) are given. We have to find a couple of
stochastic processes (Y3, Z;) such that it satisfies the stochastic differential equation
(called backward)

dYt:—f(t,Xt,}/t,Zt)dt—FthWt, OStST

with the final value Yr = & (Xr).

The solution of this problem is well-known. We have to solve a special partial
differential equation, to find its solution u (¢, x,9) and to put Y; = u (t, Xy, ) and
Zy=o0 (797 t Xt) ’U/;: (ta X, 19)

We are interested in the problem of approximation of the solution (Y3, Z;) in the
situation where the parameter 9 is unknown. Therefore we first estimate this pa-
rameter with help of some good estimator v5,,,0 < ¢ < T based on the discrete time
observations (till time ¢) of the solution of the forward equation and then we pro-
pose the approximations Y,* = u (t, X, 19;,1) , Lf =0 (19;71, t,Xt) ul, (t,Xt,QS‘;n).
Moreover, we show that the proposed approximations are in some sense asymp-

totically optimal.

The main difficulty in the construction of this approximation is to find an estimator
-process 97,0 <t < T which can be easily calculated for all £ € (0,77 and at the
same time has asymptotically optimal properties. Unfortunately we cannot use the
well-studied pseudo-MLE (maximum likelihood estimator) based on the pseudo-
maximum likelihood function because its calculation is related to the solution of

nonlinear equations and numerically is sufficiently difficult problem.

The one-step MLE was proposed in the local asymptotically normal statistical
models by Le Cam [25] as a method to improve an arbitrary estimator with the
optimal rate up to an asymptotically efficient one. Volatility parameter estima-
tion has another asymptotic property. Under regularity conditions, the volatility
parameter estimation model is locally asymptotically mixed normal ([4], [9], [I1]).
We propose here a one-step MLE-process, which was recently introduced in the
case of ergodic diffusion [23] and diffusion process with small noise [24]. As in
the construction of the one-step MLE, we take a preliminary estimator and im-
prove its asymptotic performance by transforming it to an optimal estimator. The
difference is that the one-step MLE-process allows us even to improve the rate
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of the preliminary estimator. Note that the multi-step Newton-Raphson proce-
dure for construction of parameter estimators was first proposed by Kamatani
and Uchida [19]. They considered the discrete time observations in the case of
observations of ergodic diffusion process where the unknown parameters were in
the drift and diffusion coefficients. The asymptotics in their work corresponds to
the “high frequency” and large samples. The multi-grid process allows them to
obtain asymptotically efficient estimators. The review of statistical problems for
the BSDE model of observations can be found in [22].

Note that the problem of volatility parameter estimation by discrete time obser-
vations is actually a well developed branch of statistics (see, for example, [38] and
references therein). The particularity of our approach is due to the need of updated
on-line estimator J;,, which depends on the first observations up to time .

Let us fix some (small) 7 > 0. We call the interval [0, 7] the learning interval
and we construct the estimator process for the values of ¢t € [r,T]. Based on
the learning interval we construct a preliminary estimator, then we improve this
estimator up to an optimal (asymptotically efficient) estimator which, on the other
hand, is computationally easy calculable. As a preliminary estimator 197771 we
take a particular minimum contrast estimator (MCE) (for a general method of
constructing MCE estimators for the diffusion parameter see [9]) which is called the
pseudo-maximum likelihood estimator (PMLE), constructed by the observations
X7 = (XO,XtM, - ,XtN’n), where tn, < 7 < tnt1,. To defining the PMLE
introduce the log pseudo-likelihood ratio

Ly (9, X%) ———Zln [270% (0,tj-1, Xy, ) 0]

Zk: Xt] th—l -5 (tj—hth—l) 5]2
o (V,tj-1,X4,_,) 0

J=1

and define the PMLE 197,71 by the equation

LT,N(7§T,H7 XN) = sup LT,N (197 XN) 9
PIS(S)

This estimator is consistent and asymptotically conditionally normal ([9])

1907 Jj— 17Xt )
1907 Jj— 17Xt )

w; +o0(1)

%(ﬁm ﬂo)_ﬂm () IIZ

= & (Vo) =L (Vo) 1\/_/ g?—i;{;dw(s).
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Here the random Fisher information matrix is

S . T
HT (190) — 2/ 9 (190757Xs) g (190757Xs) dS
0

02 (ﬁg,S,Xs)
and
N
(Yo, t;— 1>Xt )60, t—1, Xy, )"
‘rn 19 :2 s 5—>H‘r 79 )
D ; 19 tj 1,Xt ) ( 0)

where dot means the derivative with respect to the unknown parameter 9.

Introduce the pseudo score-function (A4;_; (¥) = o2 (19, ti-1, Xt]._l))

For any t € [r,T] define k by the condition ¢, < t < tg.1. The one-step MLE-
process is introduced by the relation

Ot = Ve + VO Ln(0r0) D07, X5, k=N+1,...,n. (0.1)
Our goal is to show that the corresponding approximation

*
Y;kn_

u(ty, Xep %%,)  k=N+1,....n

is asymptotically efficient. To do this we need to present the lower bound on the
risks of all estimators and then to show that for the proposed approximation this
lower bound is reached. Our first result is

Proposition. The one-step MLE-process U5 .,k = N + 1,...,n is consistent,
asymptotically conditionally normal (stable convergence)

A¢(Po)
L ()

and is asymptotically efficient for t € [1.,T| where 7 < 7. < T and for bounded
loss functions.

572 (95, — Yo) => & (Vo) , & (V) =

Then we prove a lower bound for the approximation of the solution of a FBSDE
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Proposition. Suppose that the coefficients of the diffusion process satisfies R con-
ditions, then, for the loss function {(u) = |ulP, p > 0, the following lower bound is
true

h_m h_m sup Eﬁg (671/2 (}_/;fk,n - }/tk)) 2 E’L90€</U/(1907 t? Xt)ft(ﬁo))

e—0n—+o0 |[9—do|<e

Here u (9, t, x) satisfies the equation

ou ou a(ﬁ,t,x)Qazu_ ou
a—i—S(t,x)a—x%— 5 ax2——f t,x,u,a(ﬁ,t,x)% .

Proposition. Suppose that the conditions of regularity hold, then the estimators

Ytz,n - U’(tk‘? Xy z,n)v z;

tk,n

= u;(tk7 th? Z,n)g(tkv tha ﬂz,n>’ lk € [T’ T] )

are consistent Y;© . — Yy, Zf . — Zy, (convergence in probability) and asymp-

totically conditionally normal (stable convergence)

SR, =Y = (a(t, X0, 00), & (V)
o1/ (Z:kn - Ztk) =0 (thtvﬁO) <u; (ta X, 190) , & (790»

+ ul, (t, Xy, 90) (6 (¢, X4, Do), & (D).

These results are presented in the work [7].

It have to be mentioned that we could construct the approximation of Y; and Z;
as follows

}Aft,n = U(t, Xt7 ék,N) and Z; =0 <1§t,Na t; Xt) u/g; (ta Xt7 791?,N> )

that is, using only the preliminary estimator. Note that this type of approximation
is not asymptotically efficient, since we use only part of the observations (only the
learning interval). Hence we are looking for another estimator of ¢ which can
provide smaller error of estimation.

Then, we are considering a Pearson diffusion
dX; = - X dt + /I + X2dW,, Xy, 0<t<T.
For this model, using the preliminary estimator

N N
_ n
In = g | X = X8 220X (X=X ] - X3

=1
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we propose the one-step MLE process

& \/g b [th - tj—1 + ‘thjfl(ﬂ2 - <,§N + Xt2j—1> 6
=dy+V0)
TS ) (Ix+x2.,) V5

*
ﬁtk,n

,T<tk§T.

and prove the proposition
Proposition. The one-step MLE-process 1

*

t.n 18 consistent: for any v >0

Py, ( max |V, — Y| > y> — 0

N<k<n ! tem
and for all t € (1,T) the convergence

571/2 (19*

tr,m

- 190) = G (%)

holds. Moreover, this estimator is asymptotically efficient.

The result is presented in [§].
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Chapter 1

Estimation of the mean of a
Poisson process

1.1 Introduction

As an introduction to the theory of Poisson processes can be used the book [1§],
for the introduction to the statistical theory of Poisson processes we refer to [21].

This chapter deals with the second order estimation problem for the mean function
of a Poisson process. Poisson process is a special type of point processes which
serves for modeling the occurrence of random events during a time interval, with
the property that the number of events are stochastically independent on non-
intersecting time intervals and have the Poisson distribution on these intervals.
Being the simplest example of a point process with useful applications in modeling
various random events (as for example, arrivals of clients in some serving loca-
tions) it serves as one of the building blocks for creating statistical concepts for
stochastic processes. In this chapter, observing an inhomogeneous Poisson process
on a segment of the real line independently several times, our goal is to estimate
the mean function of that process in an asymptotically efficient way, as the num-
ber of observations tends to infinity. The problem has very evident resemblance
to the estimation problem of the distribution function of a real random variable
from independent, identically distributed observations. As in the latter problem,
where empirical distribution function turns out to be an asymptotically efficient
estimator in the minimax sense (see, for example, [10],]28]), the empirical mean
function is an asymptotically the best estimator for the mean function for various
loss functions ([21],]20]). To compare the performances of estimators throughout
this chapter we use only the Hilbert space norm of square integrable functions and

19



20 CHAPTER 1. ESTIMATION OF THE MEAN OF A POISSON PROCESS

are interested in minimizing the mean integrated square error (MISE) asymptot-
ically over bounded sets. Obviously enough, the empirical mean function is not
the only asymptotically efficient estimator for the mean function in this sense. We
start by construction a class of estimators that share the same property over some
specified compact set. The main result of this chapter consists of proving a lower
bound, which compares the second order mean integrated square error (SMISE)
of all estimators and allows to compare the asymptotically efficient (first order)
estimators. The proof is done using the technique developed in [1], which uses the
van Trees inequality from [10]. Thus, following the work [13], we introduce the
notion of the second order asymptotic efficiency. This is done under additional
smoothness assumptions on the unknown mean function. The rate of convergence
of the second order term is explored and the limit constant of the SMISE is calcu-
lated. The latter plays the role of the Pinsker constant of nonparametric estimation
problems where the rate of convergence is less than the classical parametric rate
of convergence. The whole notion of the second order efficiency (introduced in [13]
for the distribution function estimation and carried out for various other models in
[3],[12]) serves as an analogue of the Pinsker theory [36] (see also [31],[40]) for the
problems where the classical parametric rate of convergence is attained in a non-
parametric estimation problem. In the last part of this chapter, the construction
of the second order asymptotically efficient estimator is given.

1.2 Model description

We consider the mean function estimation problem of a periodic Poisson process
with the known period 7. Recall that {X(¢), ¢t € [0, 7]} is an inhomogeneous Pois-
son process if for each fixed time point it is a non-negative, integer-valued random
variable, starts from zero X (0) = 0 almost surely, has independent increments and
there is a non-decreasing, continuous function A(t) such that

k
P(X(t)— X(s)=k) = We—[l\(t)—l\(@]’ 0<s<t<T kelZ,,
(Z, denotes the set of all non-negative integer numbers). Here A(t), t € [0, 7] is
called mean function of the Poisson process, because EX (t) = A(t). For each non-
decreasing, continuous function there is a Poisson process with the mean function
being that function ([18]), hence the mean functions will be identified with these

functions. If the mean function is absolutely continuous
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then A(-) is called the intensity function. Periodicity of the Poisson process means
that the intensity function exists and is a 7—periodic function

At) =Nt +kr), ke Z,,te]0,7].

The periodic Poisson process {X(t), t € [0,T], T = n7} with the known period 7
can be transformed to a Poisson process on the interval [0, 7], observed indepen-
dently n times, using the following notations

Xj(t) = X((G = D7 +1) = X((G = D7), t €[0,7],
Xj = {Xj(t), t e [077']}, ] = 1,' e, N.

Hence, we observe i.i.d. observations of an inhomogeneous Poisson process on a
segment of the real line X" = (X, Xy, -+ ,X,,) where X; = {X;(¢), t € [0,7]} is
a Poisson process on the interval [0, 7]. The estimation problem of the intensity
function is well developed in various works by several authors. We mention here
only two of them [21], [37] and an upcoming book [20]. In this chapter we consider
the problem of estimation of the mean function A(t).

For a Poisson process X (¢) with the mean function A(¢) denoting by 7 (t) = X (t) —
A(t),
X(t) = At) +=(b),

therefore, the estimation problem of the mean function can be seen as an informa-
tion transmission problem, where the noise 7(t), unlike the classical Gaussian white
noise model, depends on the unknown function A(¢). Indeed, En(t) = 0, Varn(t) =
A(t).

Suppose X = {X(t), t € [0,7]} is a Poisson process which induces a measure on
the Skorokhod space (D, B(D),{Py, 6 € © = [«, ]}) from the given parametric
family. Denote by A(6,t) the mean functions of the corresponding measures. If
Suppeo A(0,7) < 400 and A(6,-) > 0, then the measures {Py, 8 € © = [o, (]}
are equivalent and the Radon-Nykodim derivative (the likelihood function) for all
0,0, € © equals

In L(6, 6, X) /0 I ;((6)91’7tt))dX(t) _ /0 "IN, 1) — A0, Ddt.

Take \(01,t) = A,

lnL(Q,X):/T[ln/\(e,t)—ln)\]dX(t)—/T[)\(Q,t)—)\}dt,
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then, the derivative of the logarithm of the likelihood ratio equals (7w(0,t) = X (t)—
A(6, 1))

d1n L(6, X) g NCR) g
gnigA) AX (1) — dt — dr(6.1).
90 /0 X0, 1) (*) /0 90 /0 NCE) m(6,%)

Finally, the Fisher information of a Poisson process equals

. 2 N ENCORE
1(0) = By (mg—(j’x)) :/0 [A(‘;et)] A6, t)dt. (1.1)

Each function A, (t) = A,(t,X") which is measurable with respect to (w.r.t.) the
observations is called an estimator. This general definition of an estimator does
not depend on the estimating object, but obviously, to have “good” estimators
we need to compare it with the unknown object, subject to the estimation. For
this reason we need a loss function, which, in our case, is the expectation of the
Lo—norm, the mean integrated squared error (MISE) denoted by E,||A — A|[?,
here [|A]|? = [ A%(¢)dt, A € Ly[0, 7], (for the estimators not square-integrable the
MISE is supposed +00) and E, is the mathematical expectation w.r.t. the measure
induced by the Poisson process under the assumption that its true mean function
is the given function A(-). A very simple, on the other hand, an asymptotically
the best estimator (see below for definitions) is the empirical mean function (the
EMF)

~ 1 —
Raft) = = 3,00,
j=1
For our subsequent results an important role will play the equality
Eallvih, - DI = [ A (1.2)
0

This means that the EMF tends to the unknown mean function in expected square
norm, that the rate of convergence is the classical y/n rate, as in parametric prob-
lems, and the asymptotic value of the MISE (which is, in fact, non-asymptotic) is
the right-hand side of the equation. The first question that arises is the possibility
of construction of estimators with the rate of convergence higher than y/n and for
the highest (optimal) rate the minimal (attainable) asymptotic MISE. The answer
of the first part of this question is negative and the minimal (attainable) asymp-
totic MISE is that of the EMF. The following theorem of Kutoyants ([20]) states
these facts.
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Denote by X(R) the set of absolutely continuous mean functions centered around
given (arbitrary) absolutely continuous mean function A, with intensity functions
satisfying

S(R) = {A, /0 M) — A (D)2dE < R, AL(0) = A(0) = 0, Au(r) = A(T)} .

Theorem 1.1. In the Ly estimation problem of the mean function the optimal rate
of convergence is \/n and the minimal asymptotic MISE is that of the empirical
mean function, uniformly over the set ¥(R)

i it swp (Eallvih, - I - [CaGa) =0, (3

n—+oo An AEX(R)

where infy s taken over all possible estimators.

The theorem in [20] is stated slightly differently (for shrinking vicinities). The
proof is given in the Appendix.

Remark 1.1. This result is true for sets other than ¥(R) too (see in the Appendiz).
For example, we can take an Ly ball centered around A* or take higher order
derivatives in the definition of ¥(R)

/ T(A(p) () — AP ()2dt <R, pe N
0

In fact, if we take as a set only the center of the above set {A.}, the result is
not true for arbitrary A, (there is a counterezample of an estimator with smaller
asymptotic MISE than that of the EMF, it is called the Hodges estimator ([20]).)
The set has to be sufficiently “rich” ([10]), that is, to contain certain (exponential)
functions. The result is true for all sets containing these functions. We will
characterize these functions during the proof. o

1.3 First Order Efficiency

In this section we are going to construct a class of estimators that also satisfy the
equation (1.3)), thus are also asymptotically efficient (as the EMF). Consider the
kernel-type estimators, defined as the convolution of the EMF

Ao(t) = /0 Ko(s — YA, (s)ds,
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where the kernels K, (-) are non-negative, integrable, normalized functions on
[_57 %]7 .
3
Ko(u) > 0, / Ko(u)du=1,n €N,
—3
that are symmetric and we continue them 7 periodically on the whole real line R

T

Ko(u) = Kn(—1), Kn(u) = Kn(u+k7), u e [—g :

] ke Zz. (1.4)

Consider the trigonometric basis, which is a complete, orthonormal basis in L0, 7]

1 2 2ml 2 . 2ml
o(t) = \/; Pau(t) = \/;COS %tu Pauri(t) = \/;Siﬂ %tu LeN.

A simple calculation of the Fourier coefficients of the kernel-type estimator (1.5
w.r.t. this basis gives us

~ ~ ~ T ~ ~ T ~
Aip =M, Ny = \/;K2l,nA2l,n7 Agiy1m = \/;KZZ,TLAQZ—H,na leN,
where
A= / An(H)ey(t)dt, Ay, = / A () gy (t)dt, Ky, = / K, (t)di(t)dt.
0 0 0

Indeed,

Ay = /OT A () (t)dt = %Zn; /OT X;(s) (/OT K, (s — t)gbl(t)dt) ds
_ %2: /0 X;(s) (/_ Ko(w) (s — u)du) ds.

We calculate separately the even and odd Fourier coefficients

_ 21 <~ [T 5 . 27l

Aopy1n = \/;ﬁ ]El /0 X;(s) </ST K, (u)sin — (s — u)du) ds
21 = [7 2 ° 2

= \/j— Z/ X;(s)sin ils (/ K, (u) cos iludu) ds
Tn <= Jo T . T
21 [T 2ml ’ 2ml

— \/j— Z/ X;(s) cos ) </ K, (u)sin ludu) ds.
Tn = Jo T s T
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Since

ISR

2
/ K, ( sm—ludU—/ K, (u)sin iludu-O

27l
/ K, (u) cos —udu— K( ) cos —udu— \/7K2ln>

then (the second one can be proved in the same way)

A2l+1 n \/>K21 n A2l+1 ny A2l n \/7K2l n AZZ ne

The kernel-type estimators are linear estimators and we are going to prove asymp-
totic efficiency of these estimators for appropriately chosen kernels. To anticipate
the theory that we will develop in the next section, we modify these estimators to
fit into the set ¥(R). This set is centered around the (known) mean function A,,
hence we will consider the following kernel-type estimators (we freely use A, in the
definition of the estimators since it is known)

RN

_ /O " Ko — £)(An(s) — Au(s))ds + A (2). (1.5)

Then, their Fourier coefficients will be

A - Al K3 A2l N \/7K2l n A2l no A2l) + A2l7

A2l+1 n \/7K21 n A2l—+—1 n - A21+1) + A21+17 l N7 (16>
with
A= / A)G(t)dt, A = / A (£)u(t)dt
0 0

We are proceeding with the calculation of SMISE for the introduced estimators.
Using the Parseval equality with the (1.6), and denoting o7, = E[A;, — Ay|?, we
get

“+o00

~ " T
Ea|[vai(A, = )12 = Bal V(A = NI = D7 (5K, = 1) nloh, + o5,)

=1
pe 2
Ko, — 1
e

[(Aoy — A)? + (Mg — A§l+1)2]-

(1.7)
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Using the fact that (see the equation ([1.2))

S

o 1 T
EAllA, — Al? = 2:—/Atdt< A*
= AP = ot = [ A< Tae),
we obtain from (|1.7)) the following upper bound

Ea|lvi(A, — A2 — / A(t)dt < sup (%Kgm - 1) TA*(7)+
0

>1
~
—Kop—1

Since ||A|| < ||A — A.|| + ||A.]| < VR +]|A.|| and using the fact VEKy, <1, we

get
1- %Kgm <2 (1 . \/gKgl,n) ,

and also because of the inequality

2

+ nsup
1>1

+o0
D l(As = A5)? + (Mg — A5y)).
=1

+o0

Z[(Agl — A3+ (Ao — A1) <R,

=1

we state the first result on the construction of asymptotically efficient estimators

(see the Remark [1.1] since we maximize here over the ball B(R), not the set ¥(R)
as it is stated in the Theorem [1.1]).
Proposition 1.1. For the kernel-type estimator (1.5)) with a kernel satisfying (1.4)

and the condition
p=
—Kyp—1
V3

as n — +00, over a A, centered B(R) = {A: [[(A(t) — A.(¢))*dt < R} ball of

mean functions in Lg, the following equality holds

2

n sup — 0,

1>1

lim  sup (EA||\/5(]\n AP - /OTA(t)dt) —0.

n—+%0 AcB(R)

In fact, it is a variation of the EMF and, in some sense, is artificially created. We
would like to enlarge the class of asymptotically efficient estimators, in order to
have much more practical estimators. From the second term in the right-hand side
of , we see that imposing additional regularity conditions on the unknown
mean function (we replace the ball B(R) in Ly by the compact set ¥(R) which is
called a Sobolev ellipsoid), we can relax the condition of uniform convergence of
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Fourier coefficients of the kernel to 1. And one of the reasons of doing this is that we
would like also to describe a class of asymptotically efficient estimators not in terms
of the Fourier coefficients of the kernel, but to give the kernel function explicitly
(not by its Fourier series). The second result on construction of asymptotically
efficient estimators is given by the following proposition.

Proposition 1.2. For the kernel-type estimator with a kernel satisfying

and the condition )
\/§K2l,n —1

2l
T

n sup — 0,

>1

as n — 400, the following equality holds

lm  sup (EAM(fxn - [ TA(t)dt) 0,

n=+00 Aex(R)

where the set ©(R) is defined in the Theorem [1.1]

Proof. Using the equality and denoting 67, = n(o3, + 03,1,) (27”1)2 , we
can write
Exl[Va(A, = )| = Eal|[Vn(A, — AP = f %5%
=1 T
+ %212111) %&12 f [(2 l) (Agy — A§l> (A1 — A21+1) (1.8)
Simple calculations give us ([6]) 03, +0%,1,, = 2 (55) ( \/7 A2l> where

= [, AMt)eu(t)dt. Whence 67, = 2A(1) — 24/ 2 A1

The mean function A belongs to the set ¥(R) if and only if its Fourier coefficients
satisfy the inequality (see the proof of the Proposition

o3 AN
Z [(T) (A — Aél)Q + (g1 — A§l+1)2

=1

<R,

therefore, we can write
|EA||\/_(A — A)|* = Eallvn(A, —A)II | <
+00 TK2 TK2 TK. n_l 2
Z 2 2ln \/> 2ln)\2l+’l’LSUp (\/; 21, ) R

7rl 27rl 2rl ) 2
=1 21 ()
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1—/T Ko Koln
Denote h,, = sup;>; # Evidently, \/2; 2% < hy,, 1> 1. Consider the set

of all sequences that satlsfy this inequality

_ T _
= {KQZ,n, \/;Kﬂ,n <1

Now, find the minimal sequence on the set I

_ 2 27l
0 . _
Ky, = arg min | Ko, f (1 ho, . )+ )

Obviously, passing from Ky, to Kgl,n will increase the right-hand side of ({1.8)).
Hence

T

1_\/_K2ln }
) 2nl — " :

[EallVr(A, = MI[* = Eal[Va(A, = DI <
4 +oo 1— Kon KOn
AT Y w 2 \[ w Lk 1015 EVS WA (1.9)

=1

The third term of the right-hand side tends to zero, as n — 400, because of the
condition of the theorem. For the second term, use the Cauchy-Schwarz inequality

T 0
2 K2ln
l

+o00 o
;% 22 21 Ql")\gl_Qh Z—)\ZZ

)’
< %h, (io (#)2> <lij A§,> 2 < oh, (:ﬁ (%)j 1Al

=1

o (55 (G) e

N

Here we have used the fact that SN = Jy A*(t)dt and that A € X(R). There-

fore, the second term in also has a numerlcal sequence as its upper bound
which tends to zero.

Consider the first term of (1.9)). First, A(7) = A.(7). Then, denoting the entire
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part of following sequence by N,, = [g i} , we find

+o0 1— KO n Ny T KO n)2 +oo - 9
27rl 2l Z 27rl 3 ™ Z <ﬁ> -

= R ) R

Nn 2h 27rl h2 (27rl 2 +00o

Z 2l * Z (2#[) -

=1 ( T ) l=Nn+

hnT Y1 2

EDI L > ()

I=Nn+1

Using the fact that the following limit exists (it is a positive number smaller that
1 and is called the Euler-Mascheroni constant)

n

1
7: hm f)/na ’yn— __lnn

n—+oo l

and the fact that > ;% N1 — 0, a8 n — +00, we get

+o0 T 0 2
1- §<K2l,n) o hnT 2
zz_; (= o (Yo, &I No) = o, N Z (m) ’

T

I=Nn+t

which tends to zero, since h2n — 0, as n — +o0o. Therefore, the first term of
(1.9) also tends to zero. u

Remark 1.2. Suppose that K(u), u € [—%, %} 1s a non-negative, integrable, nor-
malized function

z

’ K(u)du =1,

T

T T
K >07 [__7_]7
(u) >0, ue€ 55

N

which is symmetric and we continue it T periodically on the whole real line
K(u) = K(-u), K(u)=K(u+kr), u€ [ > 2} keZ.

Let the positive sequence h, < 1 be such that h2n — 0, n — +oo. Then, the
kernels

Ko(u) = hinK (h—‘;) 1[{|u| < %hn} (1.10)

satisfy (L.4) and the condition of the proposition[1.4
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Indeed, (1.4) is obvious and

oo [0 (i) sl = oo () e
:/27 K“)COS(ﬂh t) i < 3 }ar—1=

2wl
:/ K(t) [cos (ih t> — cos(())} dt.
Since the trigonometric functions satisfy the Lipschitz condition with the constant
1, then
T 27l —3
— Koy — 1| < —h,, K (t)dt.
‘\/g 2 ’ T ’ _z ( )

2

ISR IV

r
2

N

Hence, as n — 400,

\/_ 2ln_

27rl
T

n sup < nh,7 — 0,

>1

which ensures that the kernel type estimator (1.5) with the kernel (1.10)) is asymp-
totically efficient over the set ¥(R). o

1.4 Second Order Efficiency

As it was mentioned in the previous section to establish first order efficiency we
do not need any regularity conditions. Now, imposing regularity conditions on the
unknown mean function we compare second term of the expansion of the mean
integrated square error, which allows us to compare first order asymptotically effi-
cient estimators. An estimator, for which the asymptotic error of the second term
is minimal, is called second order asymptotically efficient estimator (see Proposi-
tion . Below, we establish the lower bound for the second term of the expansion
of the mean integrated square error, find asymptotic error explicitly and construct
a second order asymptotically efficient estimator.

1.4.1 Presentation of results

We consider here an ellipsoid centered not around a given mean function, but
centered around the null function. For a given integer m > 1 consider the following
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set of non-decreasing, positive functions on [0, 7] such that their (m—1)th derivative
is absolutely continuous and

FPr(R,S) = {A(-) : /T[A(m)(t)]th <R, A0) =0, A(T) = S} ,m > 1, (1.11)

where R > 0, S > 0 are given constants. Periodicity means that the intensity
function A(-) is periodic (hence the equality of its values and the values of its
derivatives on the endpoints of the interval [0, 7]).Introduce as well

2m

I =1L, (R, S) = (2m — 1)R (% G f;(m - 1)) T (112)

Proposition 1.3. Consider Poisson observations X = (X1, Xg,++,X,,). Then,
for all estimators A, (t) of the mean function A(t), following lower bound holds

lim  sup  noet </0 B (A, (f) — A(t))2dE — l/OTA(t)(it) > I

n—+00 A€ F(R,S) n

In the next proposition we propose an estimator which attains this lower bound,
thus we will prove that this lower bound is sharp. Introduce

N
A5 (1) = Rondo(t) + D KinAinou(t),
=1

where {¢}/% is the trigonometric cosine basis in Ly[0, 7], A, are the Fourier
coefficients of the empirical mean function with respect to this basis and

~ m S T m 2m—1
K n — 11— : ) = |—— )
L ( 0‘") L {nm 2m —1)(m —1)

N, = %(a;)_% R~ Cn2mlfl, ry = max(z,0), z € R.

7l

T

The next proposition states
Proposition 1.4. The estimator A% (t) attains the lower bound described above,
that s,

im  sup  n2h ( /0 B (A () — A(D)2dt — /O TA(t)dt) "

=+ Ae Fon(R,S) n
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1.4.2 Proof of Proposition [1.4

Consider the Ly[0, 7] Hilbert space. Evidently, FP*"(R,S) C Ly[0,7]. The main
idea of the proof is to replace the estimation problem of the infinite-dimensional
(continuum) mean function by the estimation problem of infinite-dimensional but
countable vector of its Fourier coefficients. Recall that the space L0, 7] is isomor-
phic to the space

“+00 —+o00 %
ly = {ez O D o< +oo}, 16| = (Zef) .
1=0 1=0

Our first goal is to describe the set © C /5 of Fourier coefficients of the functions
from the set F¥"(R, S).

Consider a complete, orthonormal system in the space Ly [0, 7],

do(t) = \/;’ o (t) = \/gcos %lt, leN. (1.13)

For the first order efficiency we used the trigonometric basis with both sine and
cosine functions present, here we took only the cosine basis to avoid technical
difficulties and, as a result, the proposed estimator does not depend on the center
of the ellipsoid (here it is present as the quantity S). Each function f € Ly[0, 7] is
a Lo—limit of its Fourier series

+o00 r
f(t) = Z@@(t), 6, = / f(t)éy(t)dt.
1=0 0

Suppose that T T
A = A dt, N = A dt.
= [ e x = [ et

Then
Lemma 1.1. The mean function A belongs to the set FE (R, S) if and only if its
Fourier coefficients w.r.t. the cosine trigonometric basis satisfy

“+oo 7Tl 2m
> (-) A2 <R, A(r)=S5, (1.14)
=1 N7

or, the Fourier coefficients of its intensity function satisfy

400 .y 2(m—1)
> (—) M <R, Ar)=85. (1.15)

=1
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For the proof see, for example, [40] (lemma A.3). To introduce the estimator
denote the Fourier coefficients of the empirical mean function by

A T A 1 o
A= [ RalOar(0dt 1€ 200 A0 = 1> X0
0 j=1

Counsider the estimator

Here K, are some numbers. Without loss of generality we can take Ky, = 1,
that is A, = Ao . In this case, using the Parseval’s equality, we get

+oo +o00o
Exl[A, — AP = EallA, — A2 =) (K7, — Dot + Y | Kiw — 17 A7. (1.16)
=1 1=1
Here Jl%n =E, (Aln — A;)?. To compute this quantity, introduce the notation

mi(t) = X;(t) — A(1).

In the sequel, we are going to use the following property of stochastic integral (see,
for example, [1§])

EA{/OTf(t)dwj(t)/ t)dm;(t 1 / f()g(t)dA(t), f,g € Ls]0,7].

Further, in view of the integration by parts, we have

25 [ 5 ([ o)

which entails that
o= Ealia - =1 [0 (/ s ) A(H).

Simple algebra yields

o, = % (ﬁ)2 [A(r) _ %/O cos @”t) )\(t)dt] |
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Combining with ((1.16]), this leads to

—+00
T

A " S
Bl - A2~ Bal, - A = 535 (2

7l

“+00 —+o00
1 /2 T2
+Y (K — 1)?A7 + E\[FZ <E> (1 — K2 (1.17)
=1 =1

For the third term in the right-hand side we have

\[Z wz — K <
2 |1—Kl2m X s\t AN
<2 Zp _ESW_E:(7> w(Z)

T =1

1 2 |1 o Kl2 +o00 7l 2(m—1) 2 [+ 7l -2\ 2
Ry LA - 22 § -
=a VT E lel <T) *) \ & <T)

Using (1.15)) from the Lemma we obtain

+o00 7l 2(m—1) %
§:(7) x| <VR

=1

) (K2, 1

Hence
11— | K0

()"

Now, consider the first two terms of the right-hand side of the equation ((1.17)).
Introduce a set of possible kernels (for all ¢, > 0)
%}.
From ([1.14) follows
+0o0

= S1Ea NITRING » PSITOTE) 5 6 JEAts

=1

Ki,—1 R 2
22" C()” w23 (5) k- ar

))\2[ < max
n 1

7l

7rl

Cn: {Kln . |Kln_1’ <
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Hence, minimizing the later over the set C,

7l

) 11
o) (1.13)

Ky = arg min | K| = (1 -

we obtain

s (BallAn = A2~ By A, - AJ?) <
AEFE(R,S)
5 <X 2 C 1- K2,
—Z(l) (Klzn—l)+ciR+—max|l—,i’
n l ’ no ()
=1 T
Here A,(t) is the estimator corresponding to the kernel K (u). In fact, we have

not yet constructed the estimator. We have to specify the sequence of positive
numbers ¢, in the definition (1.18)). Consider the function

(1.19)

—+00
T

Hcy) = %Z (ﬁ)Q (K2, —1)+ R

and minimize it with respect to the positive sequence ¢,,. Introduce as well N,, =

1
%cn ™ Then

S N2 [, (7" ml\" T\2 9
H@")—;[Z () ( (_) o (‘) )‘Z(a> FaR
I<Np, >Ny,

To minimize this function consider its derivative
S T2 a2 AN
H'(c,) = — — 2¢, | — -2 — 2c, R = 0. 1.2
=23 () oo ()2 () [ r2em

Consider such sums (8 € N)

hence, if ¢, — 0, as n — +0o0,

1 1
— ) I’ Pd
T Ll — / Pz,

I<Np

that is,

[g"]ﬁﬂ (1+0(1)), n— +oo.

+1

> -

I<N,
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1
Using this identity we can transform (1.19) (remembering that N,, = Z¢, ™)

H B N

I<N,
S 7\ 2(m—1) N2m—1 r\m—2 Nm—1
Z e (X n (D)) = e R(1+0(1)),
n(c 5 =) m—l) eufi(1 +ol1))
St _m-t 1 1
——Cn, m — = —Cp 1 1 .
nr <2m—1 m—l) e R(L+o(1))
Finally, for the solution of (1.20)), we can write
ST m Zn-1
r=a (1 1 = —— . 1.21
G an o), oy = [l (121)

Now, using the identity (8 € N, 5 > 1)

1 1 oo
Z / —dz- (I+o0(1)), n — +o0,
.o

==
>N, v Nn
for g =2
1 1
Z l—QZF-(1+0(1)),n—>+oo,
I>Nn,, n
calculate
S m\ 2(m=1) N2m—1 Tym—2 N™1 ™2 1
H ¥\ 2 *\2 [T n o * [ n N .
() n {(C”> (7’) 2m — 1 2n <7’> m—1 (7‘(‘) NJ (1+0(1))
ST ()" () " 1
N\2p 21 x\2 \"n _9prn (N *\2 P
FGPR=2T [<cn> 2l e T ()| (L of1) + ()R
ST 1 —2m?
=2 (c)m 1 1 VR =
) gy (L o) + (R

2m—1

= (—2m)R(c;)m (c5) 5 (1+0(1)) + (¢)*R =
=—(2m — 1)(04;)2]%(1 +0o(1)),

where we have used the relation ([1.21)). Now, choosing the sequence ¢, = o for
the definition of the estimator in ([1.18]), we obtain from (1.19))

swp  (BallA, = A2 = By J[A, - AJF) <
AEFEE(R,S)

. C 11— ’Kﬂ,n‘z’
< —(2m — 1)(a})*R(1 + o(1)) + — max (="

(1.22)
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If we show that

— max —— 2t = o(n~2m-1), (1.23)
then, since

we get from (|1.22)

m n¥1  sup (EAH[\n — A|]> = Ep||A, — A||2) < -IL
n—-+o0o AE.FyZ;LET(R,S)

This combined with the proposition will end the proof. To prove ([1.23)) recall that

~ m S T m 27;,;7;1
Kn=(1- ) o= | == .
' ( “">+ o [nRﬂzm—l)(m—l)]

Therefore, for m > 1 we have

7l

T

1 1-KZ| 2 1-K., 2 C (=722
—max ————=— —MmMaxX———— — —Q, — = oln 2m-1),
nol (™ T (2" n " o Ee

T T

1.4.3 Proof of Proposition [1.3

Consider the following minimax risk

Ry =inf sup (BallAy — Al = Eal[A, — ).
An FPET(R,S)

where the inf is taken over all possible estimators A,, = A, (¢, X") (functions A, (¢, -)
that are measurable w.r.t. the second variable). We have to prove that

2m
lim n2m-1R, > —IL

n—-+oo

The proof follows the main steps from [I3]. The following graphic represents the
sketch of the proof.

A. Reduction of the minimax risk to a Bayes risk.

B. Choosing a parametric family of functions, where the Bayesian prior distribu-
tion is concentrated (the heavy functions).
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Figure 1.1: Sketch of the proof
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~ ~ -

Ellispoid \\
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C. Calculation of the Bayes risk for the least favorable prior.
D. Shrinking the least favorable prior to fit the ellipsoid.

In the part C, in the problem of Bayes risk maximization, we replace the set of all
prior distributions concentrated on the ellipsoid F*"(R, S) by the set of all prior
distributions concentrated on that ellipsoid in mean. Thus we enlarge the class of
possible prior distributions, as it is represented in the third graphic of the Figure
[1.1] Hence, the necessity of the part D (see Remark [1.4)).

Reduction to a Bayes risk of a parametric family

For each estimator A, (t) there exists an estimator A,, € F?¢’(R,S) so that (see
also Section 3.3.2, [40])

Eal|A, — All* > Ej|[A, — A"

Indeed, if A, ¢ L,[0,7] then this inequality is trivial for all A, € F£"(R,S) and
if A, € Ly[0, 7] then we can take as A,, the projection of the estimator A, on the
closed, convex set FF°"(R,S). Therefore

Ro> il sup (Eallh, = Al ~ EallA, — AJP).
AneFp" (R.S) FEE™(R,S)

For each parametric family of mean functions
{A? = A(0,t), t €[0,7],0 € © C £?},

denote
0y ={0 €0, c F27(R,5)}, ©5=6\ 6y,
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and suppose that there is a probability measure Q(df) defined on the set ©. The
subset © of the Hilbert space £, as well as the measure Q(6), will be chosen latter.
Hence

R,>  inf sup (BpllA, = Al = BalJA, - A1)
An€Fi " (R,S) AeFEE"(R,S)
>t s (Bl - A~ EollA, — A%2)
An€Fi " (R,S) N6 FEET(R,S)

> /(E9||An—A9||2_E9||f\n—A0||2>Q(d@)
Ch)

~ A€FRT(R,S)

= inf B (|1 = A= [|A, - A7)
An€FE(R,S)

- sup /
An€FE(R,S) J©

:RZ_R?I’

(Bol 1A =A%) = EolA, — A”|?) Q(a0)

c
0

where E is the expectation with respect to the measure Q(df)P"(dz) and the last
equality is a notation.

Bayes risk evaluation of an auxiliary parametric family
In this subsection we are interested in the evaluation of the term R;. Denote

0 A\ — A A912 A Af)2 * _ inf o A
(A’ ) = E (180 = A1~ [[An = AP) , then, R}, = | inf - ra(A”,A)

Using the Parseval’s equality for the basis (1.13]), we can write

+o0
(A%, K) = D7 {B| Rk =AY~ ElAyn — AL},

k=0

with
R = / Ra(D)én()dt, A = / AB, Do(b)dt, Ay, = / An()r(t)dt.

The paper [I] suggested that the lower bound for this term can be obtained using
the van Trees inequality. For various types of this inequality see [10]. The following
one is called the Lo-type van Trees inequality ([10]) (for a special case of this
inequality see [13], for the proof in the one dimensional parameter case see also
[40]).
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Suppose (X, A, {Py, 0 € O}, v) is a measurable space, where the probability mea-
sures are absolutely continuous w.r.t. the measure v(dx)

Py<<v,0€0, f(z,0)= %(9&)

Here © = [[,-°[au, Bi] C % is a hyper-rectangle. Introduce the following conditions

I. f(z,0) is measurable in (z,0) and for v almost all z € X the functions ) —
f(z,0) are absolutely continuous on the segment [cv, S/,

I1. The Fisher information is finite and integrable

of (x,0)

= W e vaxr 0 o
Ik(e)_/)(<f(x79)> F(z, 0)v(dz) < + ,/@Ik(e)d0<+ JkEN,

ITI. The components of the vector 6 = (01, 6,,-- ) are independent random vari-
ables w.r.t. the Lebesgue measure, with the absolutely continuous densities

pr(), T € [ag, Bi], so that pr(ax) = pe(Br) = 0 and

I, = /Bk LAC) Yoo, kEN.
o DPr()

Denote by Q the distribution of the vector 6.

IV. The function ¢(0) is such that 6, — 1(0) are absolutely continuous on
[k, O], k € N, and Eqy(6) < +oc.

Now, suppose that the components of X" = (X, X5,--- , X,,) are independent,
identically distributed according to the law Py. Denote the distribution of X" by
P"(dz) and by E the expectation w.r.t. the measure Q(df)P"(dx).

Theorem 1.2 (The van Trees inequality, [10]). Under the assumptions I-IV, for
all estimators 1, = 10, (X™) the following inequality holds

@Qw@

i|2
00y 7kEZ+_

The proof of this inequality is given in the Appendix.

We use the van Trees inequality for the Poisson measures, to obtain an inequality
for the Fourier coefficients of the mean function. Recall the form of the Fisher
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information for a family of Poisson measures (1.1). Taking () = A, and ap-
plying the van Trees inequality for the Poisson measures, we obtain the following

inequality
OAY
Eq 7 00 }
E|Ay, — A2 > [ il

Remark 1.3. We are going to choose a parametric family in a way to maximize the
right-hand side of the above inequality. Such functions we call the heavy functions.

keZ,. (1.24)

The family of these functions will be the least favorable. o
Consider the second order mean integrated Bayes risk for the a parametric family
+o00
ra(A% ) = 3 {EIRp = AP~ ElAg, - AL} =
k=0
400 B
- Z {ElApy — AY? =07} (1.25)
k=0

To compute the variance o7, = E|Ay,, — A?|? introduce the notations
w0 = X0 = A, a0 = [ u(s)ds
t
In the sequel, we are going to use the following property of stochastic integral

EA[/OT f(t)dwj(t)/ t)dm;(t } / f(t) f,g € Ly[0, 7].

Further, in view of the integration by parts, we have

a1 [amion =35 ([ o)

which implies that

o2, :-EQ/ (/ bu(s s)sz(Q,t):lEQ/Tg,%(s))\(G,t)dt. (1.26)

The van Trees inequality - gives us the following lower bound

AL
( [EQ ‘%k} 2 )
— Ok

n(A
9’ nEQIk —|— 1.

M

e [Bet] - nBql(6)a, 5ot .
o nEQIk(H) + 1 o nEQIk(G) + I ' '
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The Fourier coefficients of the function from the parametric family can be written
as

- | " AG, et = / A0, )gu(t)dt,

ONY [T ONO) . [T A(nA,t))
a_gk_/o 91(1) 5. dt_/o 91(1) =5 N6, )

and the application of the the Cauchy-Schwarz inequality entails

{EQgﬂ < Eq [ /0 ' g,%(t))\(e,t)dt] EQl(6).

The equality in the Cauchy-Schwarz inequality possible if and only if, for some
constant c € R
d(In \(6,1))

= t), ke Z,.
aek Cgk( )7 e +

Hence, the solutions of these differential equations with the terminal condition

A(r)=Sis

A0, 1) exp {Z Orgr(t } (1.28)

are the heavy functions, so the right-hand side of (1.24) will be maximal and for
this parametric family

| e =1.0), (1.20)
0
therefore ((1.27)) becomes
+oo
- Eqlx( 1 Eqly(0)1
Tn(A@,A ) ——Z Q k Q 0( ) 0

nEQIk —|— Ik n nEQIO(Q) + 10 -

1 X Egli(A) I, Iy
> = -2 1.30
20 e (130

We have to impose conditions on the parametric set © for the heavy functions
A(0,1) to fit the ellipsoid F*"(R, S). Consider the following set

0, = {9 : (g)ﬂzj (?)2@2) 07 < R} : (1.31)
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We are going to show that asymptotically, if /, norm of the parameter 6 tends to
zero over the set O, then the parametric family asymptotically fits the ellipsoid
FPr(R,S). We need also to calculate the asymptotics of the Fisher information
of the mentioned parametric family. The following lemma is similar to Lemma 9
from [13].

Lemma 1.2. Consider the parametric family with 6 € ©1 N O,,, where O

is defined in and
+00
0, = {9 ; Zé’i < 5n} , en =o((Inn)™h).
k=0
Then, as n — +oo, uniformly in 6 € ©1 N O,, the following properties hold
1. A0, 7) =S +0(1),
2. 1,(0) — 2 (i)2 for allk € N,
3. [T A0, 4)]2dt < R+ o(1).
Proof.

1. Using the Cauchy-Schwarz inequality we can write

ng (t)0k| <

k=0

“+o00
0
< CZ ’“k‘ < C||0||,, < Cen — 0,

hence from ([1.28)) we obtain the following uniform convergence over ©; N9,
as n — +00o s
A0, t —
( ) ) — '

which implies
A0, t) — S.

2. According to ([1.29)
T S T S
I (0) = (N0, t)dt — dt == (—) .
(0 = [ atoro.a— 2 [ gwa =2 (T)

3. Following a suggestion from [I3] (Lemma 9), we are going to use a well known
fact from [39]. For a function ¢(-) periodic on [0, 7| the following inequality
istrue for 0 < s < k

s _ 28+ 1
sup |g®(t)]> < Cllg™|1*]1g| ", p= :

1.32
te(0,7] 2k ( )
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Denote f(t) = >.,°0 Orgi(t), F(t) = e/®. For the (m — 1)th derivative of

F(t) we have the following representation

FD () = F@O V(0 + PO, S 0)),

(1.33)

where P(-) is a polynomial. Then, using the Parseval’s equality, we find (see

([-31))

g G\2E% /g 2m=2) +o00
s = (2) S (2) T #sr WP=Xth<e 0
k=0

k=1

Applying (1.32)) for g = f’ with k=m — 1 and 1 < s < m — 2 gives us

2

1) 2m=3 1
sup |f(@)? < Ol ||| f]]mT — 0.

te[0,7]
Since, according to the first statement of this Lemma,

F(t) —1

uniformly, as n — +o0, then, combining previous statements with ([1.33)), we

get
| O, = A < R+ o),
0

Using the Lemma[I.2] we can transform ((1.30) to

(Mg, Ay) > 15003 2GR () L (1+0(1)) 1o
n 0y 4iin) = — - .
niond (#)2 + I n’

Least favorable Bayesian risk calculation

(1.34)

In this subsection we are going to carry out C and D parts of the proof, namely, to
choose the least favorable prior distribution Q(f) and to calculate the correspond-
ing Bayesian risk. For a general overview of the Bayes risk maximization problem

we refer to [17].

Recall that Q(#) is the distribution of the vector 6 and the conditions on Q(#)
are that it has to be concentrated on some hyper-rectangle (Theorem and the

vector 6 has to satisfy the inequality (Lemma

2 400 2(m—2)
() e
T T

k=1
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We have to choose a prior distribution satisfying these two conditions, which max-
imizes the functional (see (|1.34))

15 1

k=1 ”gi + (%)2’

where I, is the Fisher information of the co-ordinate 6;,.

First, independence is less favorable ([I7]), that is, the co-ordinates 6, must be
chosen independently Q(df) = H;r:f p;(0;)dd;. Then, for each random variable £

with the density p(z), the variance 02 and the Fisher information I = R [p];(é))]zdx,
the following inequality o2 - I > 1 holds, with the equality if and only if £ is nor-
mally distributed. Therefore, denoting ¢ = i, we have to choose 6, distributed

N (0, ). Thus, we derive the maximization problem of the functional

15 <R 1
Slo)=—-—)
o naee+ (%)

{90 = (pr)r>1 (g)zg (%k)%m_m o < R} .

Applying the Lagrange multipliers method, first, for a constant u2, i > 0 we have
to solve the equality

1S n2 L (SN (k)22
ﬁ; S k2 2 —H ; T ’
[n?¢k+ (=) ]

over the set

whence

1
m

and denoting W = G) Z, we obtain the solution of the above mentioned equa-

SEE () ) o

tion
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The number W can be found from the equation

Actually, since ¢? depends on n, the number W = W,, also depends on n, hence,
as n — 400, we can find the asymptotics of W,.

+00 2(m—1) m
cx(7) ((5) ) om
nT T k n

k=1

LS~ (TR N g
nT T k S
k<W

lg (1)2(771—1) Z [kam—Q o k2(mfl)] — R,
nT T
k<W

R [

}(1+dD)=R.

nT\T m—1 2m—1

Finally for W = W,, we have the following asymptotic behavior, as n — 400,

w, =T 1 4 o(1)). (1.36)

Now, we are going to calculate the maximal value of the functional S(p). Using
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(1.35) we calculate

152 1
S = —_—— _— =
o) T L s (2

T

e 5@

<w \r k kE>w
_ 15 (%)2 T SR L (1 o(1) =
L k<w k>W
=_=2 (;) ——(L+0(1)) =
= —R(@m - 1)n§R (m — 1)7212771 - 1) 771;[/(1 o) =

2m

|7 o) -

5 m
7R (m—1)2m —1)

= —R(2m — 1)71_2317?1 [
= —n_%ﬂ(l +o(1)).

Where we have used ((1.36) and the definition of II. Lemma combining with

(1.30) gives us
ra(A?,A,) > —n 2T TI(1 + o(1)),

for all estimators A,,, hence
RE > —n =T II(1 + o(1)).
If we show that RY = o(n_%), then we can write

Rp > —n 2 1(1 4 o(1)),

which was the statement of the Proposition [1.3]

Completion of the proof of the Proposition

The finish the proof of the Proposmon we have to show that for the residual
term we have R? = o(n~ T 7n-1). We use a technique from [40] (Section 3.3.2).
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Denote d = suppezrerps [|All. Then, for ©g = {0 : A(0,-) € F7"(R,S)} (see
([T31))

Ri< s f
AneFi"(R,S) J 6§

<2 [ @+ Inirau + 7 [ idra)

By the Cauchy-Schwarz inequality we have

EA/T(AH() AD, ) dt—l/OTA(e,t)dt'Q(de)

n

[ Indra (/ IIAelle9)> (/ﬁ(de)) ,

1401 PQ(d0) < (EqllAol|*)2/Q(65).

95

Finally, for the residual term we obtain
IRY| < 2[d2Q(65) + (Eql|Av|[)7v/Q(6§ VT Bl QG
nl < 0 allAall")7 vV Q(O5)] + =~ (EqllAdl")2V/Q(65)).

Since d* and Eql|Ag||* are bounded then to prove RS = o(n~2°7) we have to
prove that

Q(65) = o(n~ 1),

Remark 1.4. We have mentioned earlier that in the Bayes risk mazimization
problem we looked for the least favorable prior distribution not among the probabil-
ity distributions concentrated on the ellipsoid FP" (R, S), but among the probability
distributions concentrated on that ellipsoid in mean. Hence, the obtained normal
distributions for 0, satisfy the condition

~+00 2(m—2)
E
T

k=1

only in mean. To shrink the feast favorable prior to fit the ellipsoid we have
to slightly modify the variances of the components 0. We will consider the 6
normally distributed with the zero mean and the variance ¢, 0 < § < 1, which
are approximations of the variance . o
Remark 1.5. In the Theorem[1.3 we need 0y, to be concentrated on bounded inter-
vals, which is not the case if we take these random variables normally distributed.
We are going to take bounded random variables, which asymptotically has the same
properties as the chosen least favorable normal distributions. o
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Consider i.i.d. random variables with zero mean, unit variance and density p(z),
such that for some G > 0

/ 2
\§k|<GandI:/ P'(@) dr=146,0<d<1.
r p()

Suppose that the measure Q(df) is induced by the random variables 0, = &1/ ¢2,

where o %% (%kf ((W(lk— 5))m_1)+‘

In this case the main part of the lower bound ([1.34) will not change

S(eh) = =)L +o(1)

and since
G\ 2 EX /o 2Am=2)
T T
k=1
we find

(§)2 > <W—k)2(m2) Eqf} = (1 - 9)R(1 +o(1)).

T) N\ T
Using this equality calculate (see ([1.31]))

Q(e7) =Q { <§>2§ (%k)?(mm s R} )

k=1

S 2 +oo 7Tk3 2(m—2) 252 22
- Q <—) Z(—) (0 —E6?) >0Rpy <e P,
T T

k=1

here, the last part is due to the Hoeffding’s inequality (see, for example, Lemma
2.8, [40]) and

p=c (g)z > (i—k)4(m_2) (¢h)* =

k<W
G_Q (ﬁ)‘l(m_l) |:Wm(1 _ 6)m 2 W4m—3
k<W

n? T km - n?

hence P = O(ninfl), which in turn gives us Q(05) < exp(—C’nﬁ).
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For sufficiently large n we have Q(0,) = 1, according to the choice of ¢} and &,
(see Lemmal[l.2). Hence Q(0,,NO;) = Q(O1). Using the statement 3 from Lemma

[1.2] we get
lm_Q(6)) = lim Q(6,n6)) = lim_Q(ey),

n—-+oo
therefore

Q(6;) < exp(—Cnz1).

To obtain the statement of the Proposition let n — 400 and & — 0 in the
following inequality

2m—1 2m

II(1 4 o(1)) + o(n™ 2»-1).

n
Ry > —
=19



Chapter 2

Approximation of the solution of
a BSDE

2.1 Stochastic differential equations

To introduce stochastic differential equations we need the definition of the Wiener
process. Consider a probability space (2, F,P).

Definition 2.1 ([29]). A stochastic process (W), 0 < t < T is called Wiener
process if

1. Wy =0 almost sure,

2. It has independent increments,

3. Wy — Wy has normal N'(0, |t — s|) distribution,

4. For almost all w € Q) the functions Wy = Wi(w) are continuous on 0 <t < T.

Denote the natural filtration of the Wiener process F}" = o(Wy, s <t), 0 <t < T.
The Wiener process is a continuous (W;, F}V) martingale

EW|FY) =W, t > s,

moreover

E((W, = W) FY) =t —s.

Like any process with independent increments the Wiener process is a Markov

process
E [f(wt+s>|]:!v] =E [f(Wt+s)’WS] )

for any measurable function with sup, |f(z)| < +oc.

o1



52 CHAPTER 2. APPROXIMATION OF THE SOLUTION OF A BSDE

Consider a non-homogeneous stochastic differential equation (SDE)
dX, = S(t, X))t + o(t, X,)dW,,  Xo =0, ¢ € [0,T]. (2.1)
Proposition 2.1 ([29]). Under the conditions (Vx,y € R, Vt € [0,T])
1. |S(t,z) — S(t,y)|> + |o(t,z) — o(t,y)|* < Lz — y|?, (Lipschitz condition)
2. S%(t,x) + o*(t,x) < L(1 + 2?), (no faster than linear growth condition)

the stochastic differential equation (2.1)) has a unique, strong solution, that is, there
exits a (F}V)—adapted stochastic process {X;, t € [0,T]} on the probability space
(2, F,P), which satisfies with probability 1

t t
X, =29 +/ S(u, X, )du +/ o(u, X, )dW,, t € [0,T].
0 0

Uniqueness means that for another process {Y;, t € [0,T]} with such properties

one has
P(sup |[X;—Y >0)=0.

0<t<T

Remark 2.1. Since Xy = xg is constant then it has all moments
o

The theory of backward stochastic differential equations relies on the martingale
representation theorem.

2.2 Backward stochastic differential equations

In this section we are going to introduce the notion of the backward stochastic
differential equation (BSDE) in the Markovian case. In this case the backward
stochastic differential equations are called forward backward stochastic differential
equations (FBSDE).

2.2.1 Markovian case

Let us recall what is the BSDE in the Markovian case. Suppose that we are given a
filtered probability space <Q, (Ft)ieqory ,P) with the filtration (Ft)c( 1 satisfying

the usual conditions. Define the stochastic differential equation (called forward)

dX; = S(t, Xp) dt + o(t, Xy) AWy, Xo, 0<t < T,
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where (W, F;,0 <t < T) is the standard Wiener process and X, is Fy measurable
initial value. The trend coefficient S (¢, z) and diffusion coefficient o (¢, z) satisfy
the Lipschitz and linear growth conditions

S (t,2) =S (ty)f* + o (te) —o (ty)]* < Lz -yl (2.2)
S*(t,z) +0” (t,z) < C (1+27), (2.3)

for all z,y € R and for all ¢ € [0,T]. Here L > 0 and C' > 0 are some constants. By
these conditions the stochastic differential equation has a unique strong solution
(see Liptser and Shiryaev [29]).

Further, for given two functions f (¢, z,y, z) and ® (x) we have to construct a couple
of processes (Y}, Z;) such that the solution of the stochastic differential equation

dY;f = _f<t7Xt7}/t7Zt> dt—'_Zt th7 0 St §T7
(called backward) has the terminal value Yy = ® (X7r).

This equation is often written as follows
T T
y, = @(XT>+/ f(5. X0 Ve Z,) ds—/ ZW, 0<t<T.
t t

We suppose that the functions f (¢, z,y, z) and ® (z) satisfy the conditions
|f (twrvyl?'zl) - f (t7x7y2722)‘ <L <|y1 - y2’ + ’21 - 22|> )
|f (tz,y,2)[+ @ (2)] < O (1 +zf"),

for all z,y, z,y;, 2z € R, i = 1,2 and for all t € [0, T]. Here p > 0.

This is the so-called Markovian case. For the existence and uniqueness of a solution
see Pardoux and Peng [34].

The solution (Y}, Z;) can be constructed as follows. Suppose that w (¢, x) satisfies
the equation

du ou  o(t,x)’u du
E—FS(t,iL‘)%—FTw——f t,.Z',U,O'(t,[L’)% s

with the terminal condition u (7, x) = & ().

Let us put Y; = u (¢, X;), then we obtain by It6’s formula

2 02
v = [ 2 4 5,3y 2 4 (KO

ou

oz

Hence if we denote Z;, = o (t, X;) u, (¢, X;) then this equation becomes
dY; = _f (t7Xt7)/%7Zt) dt—i_Zt th7 }/b :U(07X0)
with the terminal value Yy = u (T, X7) = ® (X7).
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2.2.2 Black and Scholes model

To illustrate the results from the previous section we consider a particular model,
which is called the Black-Scholes model. We consider the following forward equa-
tion

dXt = CYXtdt + ﬁXt th, XU = 2o, 0 S t S T

and two functions f (z,y, z) = By + yxrz and ® (x). We have to approximate the
solution of the backward equation

dY, = —BY,dt — vX, Zydt + Z,dW,, Yy = @ (Xr)

in the situation where ¥ € (a,b),a > 0 is unknown.

The corresponding partial differential equation is

ou ou  9%x? 0%u
E—F(Oé—i-ﬁ’)/)l‘%—i— 5 @—Fﬁu—o, u (T, z,0) = (x).

The solution of this equation is the function

B(T_t) o0 22 2
u(t,x,9) = € S ($e<a+19'y—192>(T—t)—z) &,

V21 (T —t) -

Hence, using this function we can find the solution of the FBSDE.

2.3 Statement of the problem

2.3.1 Continuous time observations

Let us remind the situation which we have in the case of continuous time observa-
tions of the solution of the stochastic differential equation

dX, =S, Xy) dt + o(9,¢, X)) dW,, Xo, 0<t<T.
(see, e.g., [41]). By Itd’s formula

t t
X2 = X2+ 2/ X, dX, + / o (o, S,X3)2 ds,
0 0

where vy is the true value.
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The trajectory fitting estimator (TFE) J* of the parameter ¥ can be defined as
follows

T 2
inf {XQ X7 - /XdX / ﬁsX)d}dt

€0 J
2
:/ [XQ X2—2/XdX / ds] dt.
0

In this case also the estimator is equal to the unknown parameter (with probability
1) ¥* = ¥y under the following mild identifiability condition : for any v > 0 with
probability 1 we have

2

T t t
inf / U o(ﬂ,s,Xs)st—/ o(ﬂo,s,Xs)st} dt > 0.
|’l9—190|>l/ 0 0 0

If this condition is not fulfilled, then on an event of positive probability, for some

Y1 # Yo we have

t t
/ o (191,3,X5)2 ds = / o (Yo, S,X5)2 ds, vVt € [0, 7],
0 0

which implies that for all ¢ € [0, T
0'2 (191,t7Xt) = 02 (190, t,Xt) .
In such a situation no estimation method can provide us a consistent estimator.

Let us illustrate this situation by several examples.

Example 1. Suppose that o, (9,2) = VOh (z),9 € (a,0), @ > 0, and the
observed process is

dX, = Sy (X)dt + VOh, (X)dW,, Xy, 0<t<T,

where S; (X) and h; (X)) are some functionals of the past, say,
¢ ¢
S0 = M X)+ [ NisXds, h(0=PX0+ [ als. X ds
0 0

where M (-), N (), P (), q(-) are smooth functions. This is an example of so-called
diffusion type process [29].

To estimate ¢ without error we use two approaches. The first one is the TFE

T t t 2
" = arg inf / {Xf - X3 - 2/ X d X, — 19/ h? (X) ds} dt
0 0 0

Y€O

T t t
~ Dy (h)_l/ [Xf—Xg—z/ Xsts]/ K2 (X) ds dt = 0,
0 0

0
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DT(h):/OT (/Othg(X)ds>2dt

The second possibility is the following. Let G (z) be a two-times continuously
differentiable function. By the It6’s formula for G (X;) we can write
Uo

G (X)) =G (Xo) + /t G (X,) dX, + 7/ G (X,) h? (X)ds.

where

We solve this equation w.r.t. (with respect to) ¥y and obtain for all ¢ € (0, T with
probability 1 the equality

5 2G(X) — 26 (Xo) ~2 ;G (X,) dX,
t— f(f el (XS) h (X)2 ds S

Therefore we have for all t € (0, T] the estimator ¥J; = 5. Note that we need not
to know S (-) and the only condition we use is that for all ¢ € (0,7

/t G" (X,)h?(X)ds # 0.
0

Therefore we obtain an estimator of the unknown parameter without error.

Example 2. Suppose that the unknown parameter is ¢ = (94, ...,9,4) € Ri and
the diffusion coefficient

d
o (0,6, X) =X+ Ol (t,X;), € (a,B),

=1

where A > 0 and the functions h; (-) > 0 are known and ¥, > 0, [ =1,...,d.
The observed diffusion process is

dXt =95 (t,Xt) dt +0 (79, t, Xt) th, Xo, 0 S t S T.

If we denote the vector H; = (Hyy, ..., Hiy)
t
Hl,t:/hl(S,Xs)dS, lzl,...,d,
0
and introduce d x d matrix H,; and vector f(t by the relations

t t
H, = / HHds, X, = [Xf - X2 - 2/ X, dX, — At} H,,
0 0
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then the TFE is
t s
VU = H;l/ [Xf - X2 - 2/ X,dX, — )\s] H,ds = ¥g.
0 0

Here we suppose that the matrix H; for some values of ¢ is non degenerate and we
calculate the estimator for these values of t. We see that once more we estimate
the unknown parameter without error.

Therefore in the case of continuous time observations the approximations
)A/t =Uu (t, Xt, Qgt) and Zt = U;: (t, Xt, lgt) o (lgt, t, Xt)

or Yg = w(t, Xy, 97) and Z, = !, (t, X,,97) 0 (07,1, X,) are without errors: Y; =
}/:‘,7 Zt = Zt'

2.3.2 High frequency asymptotics

Recall that in the case of continuous time observations there is no statistical prob-
lem of estimation of ¥ because the measures {Png), ¥ e @} corresponding to dif-
ferent values of ¥} are singular.

Then in Example 1 with h; (X) = h (¢, X;) and G (x) = x? we obtain the well-
known estimator

ﬁk,n - ) -
25:1 h (tj—l’ th—1)2 0

It can be easily shown that if n — oo then for a fixed ¢ and corresponding k = [”Tt}
we have these convergences in probability

k
3 XtQk — X02 -2 Zj:l thfl (th T th*l) 5 Z
n

k t
X, (X, - X, ) —>/ X, dX,,
0

j=1
k t
Zh(tj_l,xtj_l)%a/ h (s, X,)?ds
j=1 0

and therefore, in probability,

XP - X§—2 )y XdX,
[Th(s, X, ds

ﬂk,n — 0-



o8 CHAPTER 2. APPROXIMATION OF THE SOLUTION OF A BSDE

2.4 Parameter estimation

2.4.1 Minimum contrast estimator

In this section we are considering the construction of the estimators in general
case. The observed forward equation

dXt =5 (t, Xt) dt +o (19, t,Xt) th, X(), 0 S t S T (24)
can be written as
t tj
X, — X, :/ S (s, X,) ds +/ o (9,5, X,) AW, (2.5)
tj 1 ti—1
but we consider a (wrong) model which we obtain if we replace the functions

S (s, X;) and o (¥, s, X;) in these integrals by the constant on the interval [t;_1, ;]
values S (tj_l, th_l) and o (19, ti—1, th_l) respectively. Then we obtain

Xy~ Xy =S (tn X, )+ o (0. X, ) (Wy — W ). (26)
Note that if is true then the random variables
Xy, — Xy, — S (tj-1,X,,_,) 0
o (9,t; 1, X;.1) Vo
are i.i.d. with the standard Gaussian distribution N (O, 1).
Introduce the log pseudo-likelihood for the model

j=1,...,n

Ly (9, X%) ———Zln [2m0® (9,521, X0, ) O]
7=0
_S(J 17th—1)5]2

k
Z (19 ti1, Xy, )0

Jj=1

and define the pseudo-maximum likelihood estimator (PMLE) @t,n by the equation

Lt,k(ét,nan) = sup Lt,k (H,Xk) )
6cO

As it was already explained such estimator cannot be used for the construction
of the approximations of BSDE due to the complexity of the calculations of the
solution of this equation for all £ in nonlinear case. Below we will use this estimator
as a preliminary one for the construction of an one-step MLE-process.

Regularity conditions. (R)
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Ry The functions S (-) and o () satisfy the conditions of Lipschiz and of linear
growth.

Ry The function o (9,t,x) is strictly positive and has two continuous derivatives
w.r.t. 9.

|6 (0,8, 2)| + 16 (4,8, 2)]| < C(1+][z]) (2.7)

R3 With probability one, the information matriz

Lo (9,8, X6 (0,5, X,)"
]I 19 :2 ) ) S Y ) S d
+(9) /0 o2 (9,5, X,) ’

is strictly positive for all t € (0,T].

Ry The function u (t,x,9) is continuously differentiable w.r.t. ¥ and the derivative
satisfies the condition

i (£, 2,9)] < C (1+ [a]?).

It is convenient to replace the likelihood ratio function by the contrast function

k
U (0,X%) = dIna (0,421, X, )
7=1
: (th B th—l -5 (tj_1,th,1) 5)2

i Z a (ﬁ,tj_l,th_l) ’

J=1

where a (0,t,x) = o (0,t,x)*. The estimator U, satisfies the equation
U (ﬁm,X’“) = inf Uy (9, X*). (2.8)
JeO

The contrast function converges to the following limit

t
/ |:a(190:57Xs) 1 a<190737Xs) dS
0

Utk (ﬁ,Xk) — U (0, X") = a(9,s,X,) o a(v,s, Xs)

t
+/ Ina (9, s, Xs) ds.
0

Identifiability condition.
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I, The random function U; (9,X"),9 € ©,0 < t < T with probability 1 has a
unique minimum at the point ¥ = vy

inf U, (9,X7) = U (90, X)), 0<t<T.

In realty this condition requires only the uniqueness of the solution since the func-
tion x — z — Inx attains its minimum at z = 1 implies that U;(J, X") is al-
ways larger than U, (0o, X*). Hence ¥y is always a minimum point of the mapping
9 Uy(0, X1).

Introduce the vector-process

t.
&(00):]@(00)1\/5/0 %dw(s), 0<t<T.

Note that the Wiener process w (s),0 < s < T here is independent on the diffusion
process X,,0 < s <T.

For given t € (0,7 the value t; in the estimator ﬁtk’n satisfies the condition
by <t <Ttpqr-

2.4.2 Local asymptotic mixed normality

Theorem 2.1. Suppose that the Regularity and Identifiability conditions are ful-
filled. Then for all t € (0,T] the estimator O, ,, is consistent and asymptotically
conditionally normal (stable convergence)

\/g <1§tn - 190) = & (Vo) - (2.9)

Moreover this estimator is asymptotically efficient.

The proofs of this theorem can be found in [4] (lower bound, d = 1) and in [9]
(properties of estimator, d > 1).

Let us outline the proof. Suppose that the consistency of the estimator @tk,n defined
by the equation (2.8)) is already proved.

Introduce independent random variables

w; = (20) [(Wtj - Wtj,1)2 — (5] , Ew; =0, Euw;=46, Ewjw =0
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for j # i and note that the empirical Fisher information matrix

k

o) 1907 Jj— 17Xt ) (ﬁOth—17Xt'_1>T
I 2 ! I 2.1
i (Do) =2 o2(0,t;-1, Xy, ,) O — L (%) (2.10)

7j=1
as n — oo. Then by the Taylor’s expansion of the solution ﬁm of the system of
d-equations

O,y (0, X*)
09

we can write the representation of the MCE

512 (ém - 190> —

I, .. (9o) 1\/_20190’“’)( ) w; (1+0(1)).

10—1907j 17Xt )

=0

The symbols 0, O are always understood in the sense of convergence in probability.

Now the convergence (2.9)) follows from (2.10) and (stable convergence)

7907 J— 1aXt ,1 / 190,5 X
:} w S).
; 190, j— 1,Xt 19 S, X ( )

Note that the approximation Ym = u(t,th,ﬁt,n) is computationally difficult to
realize because solving the equation for all tx,k = 1,...,n especially in non
linear case is almost impossible. This is the reason for proposing the one-step
MLE-process as follows.

Let us fix some (small) 7 > 0 and denote by 197771 the MCE constructed by the
observations X™" = (Xo, Xy, ., ..., X¢y, ), where tn, <7 < tniip.

By the Theorem [2.1] this estimator is consistent and asymptotically conditionally
normal

N

<1§T,n_7~90>: rn (Vo) 1\/520190’ -1 Xt,)

o 1907 ]flaXt', )

w; +o(1)

S

= & (Vo) =L (Uo)~ \/_/ gz’—z;;dw(s)-

Here the random Fisher information matrix is

To (190, S, Xs) o (1907 S, XS)T
I =2 :
T (190) /0 o2 (1907 s, Xs) ds
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2.5 Approximation of the solution

In this section we are considering a statistical problem of the estimation of the
solution of a FBSDE. We suppose that the diffusion coefficient of the forward
equation depends on an unknown parameter, hence the solution of the FBSDE
also depends on that unknown parameter. Based on the observations from the
solution of the forward equation we construct two process-estimators to efficiently
approximate the solution of the FBSDE.

2.5.1 Estimator process

We consider the problem of the approximation of the solution (Y;, Z;) of BSDE in
the situations, where the forward equation contains an unknown finite-dimensional
parameter ¥:

dXt == S(t,Xt> dt + 0'(19,757 Xt) th7 X(), 0 S t S T. (211)
Then the solution u of the corresponding partial differential equation

2 2
@%-S(t,x)g—?;%—a (9,8,2) 0% _ f(t,x,u,a(ﬂ,t,x)%),

ot 2 ox? ox

depends on ¥, i.e., u = u (t,z,9). The backward equation
dY, = —f(t, X, V3, Zy) dt + Z, dW;, 0<t < T,

we obtain if we put Y; = u (¢, Xy, 9) and Z; = ), (¢, X3, 9) o (9,¢, X;). But as 9 is
unknown we propose the natural approximations

Yt :u(taXtaﬁ;:)? Zt :U;(t,Xhﬂ:) O-<19;€k’t7Xt)'
Here 97,0 <t < T is some good estimator-process of ¥ with small error. In this
problem the good estimator means the following

o U =7 (X"), i.e., it depends on observations X' = (X,,0 < s <) till time
L.

e Fasy to calculate for each t € (0,T].

e Provides an asymptotically efficient estimator of Y;, i.e., we have in some
sense

~ 2 _
By (Yi-Y,) — minE, (% - ¥)".
Y:
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As we have already fixed the approximation Y; as Y, = u(t, Xy, ¥5) the main prob-
lem is how to find a good estimator-process ¥;,0 <t <T7?

Observe that the problem of estimation of ¥ is singular, i.e., the parameter ¢ can
be estimated by continuous time observations without error. The problem become
more interesting if we consider the discrete time observations. Suppose that the
solution of the equation ([2.4)) is observed in discrete times t; = 2% and we have to
study the approximations

}/;f = u(tka tha ﬁtk)7 Ztk =0 (ﬁtka tkv th> U;(tk, tha 0%)7 k= 17 sy

k
of the solution Y;, Z; of BSDE
d}/; == —f(t, Xt,}/;, Zt) dt + Zt th, O S t S T

Here k satisfies the conditions t;, < t < t;y; and the estimator ﬁtk can be con-
structed by the observations X* = (X, X;,, ..., X;,) up to time ¢;. The properties
of estimators we study in the so-called higher frequency asymptotics: n — oo. Ob-
serve that the problem of estimation of the parameter 1 in the case of discrete-time
observations of the processes like (2.4)) was extensively studied last years (see, e.g.,
[38] and the references therein).

2.5.2 One-step maximum likelihood estimator (MLE) pro-
cess

Introduce the pseudo score-function (4;_1 (J) = o (9, ¢;_1, thfl)Q)

A (0,XF) =) 0 (9, X,

j—17

th)

M-

1

J

(X, = Xy = 8510)" = A1 (9)6] A (9)
: 243, (9) V5

I

J

For any t € [r,T] define k by the condition t; <t < tx,; and the one-step PMLE-
process by the relation

G =V + VO L (0r0) A7, X5, k=N+1,...,n.  (212)
Our goal is to show that the corresponding approximation
Y*

tk,TL

:u(tk,th,ﬁz’n),k:N—I—l,...,n
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is asymptotically efficient. To do this we need to present the lower bound on the
risks of all estimators and then to show that for the proposed approximation this
lower bound is achieved.

Of course we could construct the approximation of Y; and Z; as follows
Kk,n = 'U/(tk-, th7 ﬁk,n) and Ztk,n = u;g(tku tha 19]6,71)0- (rﬁk,nu tk; th) )

that is, using only the first estimator. Note that this type of approximation is
not asymptotically efficient, since for constructing the estimator for the parameter
we are not using whole observations, but only part of it. That is why we are
constructing another estimator of ¥ which can provide smaller error of estimation.

2.5.3 Local asymptotic mixed normality

First we recall some known results on asymptotically efficient estimation of the
parameter . The family of measures {ng’n), v e @} induced in R* by the obser-

vations X* are locally asymptotically mized normal (LAMN), i.e., the likelihood
ratio

(k,n)
dP190+ﬁ

Zkn (v) = dT;’n)
0

v
, UEVn—{U.ﬁo—l-%E@},

admits the representation

1
Fi (0) = exp {<U’ A (Y0, X)) = §U]Ik‘,n (o) v + rn} :

where r, — 0 = r,(v,9) — 0 in probability for fixed ¥y € © and fixed v € R.
The proof can be found in [4] (d = 1) and in [I1] (d > 1).

In statistical problems with such property of the families of measures we have,
so-called, Jeganathan-type lower bound on the risks of all estimators ¥y, ,,:

lim lim sup Egl (672 (9, — ) > Egl (& () -

e—0n—o0 |§—g|<e

Here ¢ (v) ,v € R? is some symmetric, non decreasing loss function (see the condi-
tions in [16]).

Therefore we can call estimator 7y ,, is asymptotically efficient if for some function
¢(-) and all ¥y € © we have the equality

lim lim  sup Eg¢ (672 (95, —0)) = Eg,l (& (90)) -

e—0n—oo ‘19—190|§5
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We say that the estimator-process ¥ ,,, k = N+1,...,n is asymptotically efficient
for the values t € [r,, T}, if we have this equality for all ¢t € [7,,T]. Here 0 < 7 <
T < T

Theorem 2.2. The one-step MLE-process U .,k = N + 1,...,n is consistent,
asymptotically conditionally normal (stable convergence)

52 (05, — Vo) = & (Vo) (2.13)

and is asymptotically efficient for t € [1.,T| where T < 7. < T and a bounded loss
functions.

Proof. The proof follows the main steps of the similar proof given in [23].

We have for any v > 0 the estimates

P ([0, — o] > v} < PG |

I

+ szun) {‘\/5 Hk,n(éT,n)_lAk,n(ﬁT’n, Xk) > g} .

We can write

~

’L97—7n —’(90 — 0

B (Drn) = Lea(V0)| < €

and
\/g ‘Ak,n(ﬁfr,ka) - Akﬂ‘b(ﬁ()?Xk)’ — 0.

Further, it can be shown that

Pl {(JS ]Ik,n(ﬂo)*lAkm(ﬁo,X’“)‘ > g} .

Moreover, more detailed analysis allows to verify the uniform consistency as well:

Pfglf)’") { max ‘ﬁzn - 190} > 1/} — 0

N+1<k<n

See the similar problem in [23], Theorem 1. The asymptotic conditional normality
as well follows from the similar steps. We have

512 (192,71 - 190) =07 <1§T,n - 190) + Hkvnmﬂn)_lAkﬂmTv”’ Xk)
= 5_1/2 (1/9\7',71 - 190) - ]Ik,n(éT,n)_lAk»"(ﬁo’ Xk)

+ ]Ik,n(@f,n>71 [Ak,n(éﬂna Xk) - Ak,n<'l907 Xk) .
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The central statistics
L (D7)~ A (Y0, X*) = & (90).
We have to show that
by =072 (= 90) + T ()™ [Din(Drn, X5) = Ao, X5)] — 0.
The representation

Ak,n(éﬂna Xk) - Ak,n(ﬁm Xk)

_ ]Zi;/olé (190 Y (@T,n _ 190> ,th,pXt) (0n _ 190) dv

allows us to write

Hk,n(ﬁr,n)bn
k \/_ <7§T,n_190>
= |Len(Vrn) + /f LX) do V| ~————F
k 2, Horas %) ] 75
where 9 (v) = 190+U( 190> Further
k
2 L0 X, X) =Z£<ﬁo,xtjfl,xtj>+0<ém_ﬁo>
Jj=1 j=1
k T
Aj1 (99) Aja (Y0)
o ]Z = 2A2 ) \/3—1-0(1)

because in two other terms after the differentiation
(X, = Xy = 851 0)° = A1 (9)6] Ay (9)

£, % 242 (9) V6

th) -

j=1

contains the quantity

[th _th—l - 51‘715]2 - Ajfl (190)5 =0 (J 17Xt; 1’1(’l )6

2
tj 2
+ (/ [S (s, Xs) = S (tj-1, Xy, ,)] ds +/ o (s, Xs, V) dWs>
ti_1 ti—1

ti - tj
_2/ Xs [S(S,XS)—S(tjfl,thil)} d$+2/ XSO'(S,XS,'Lgo)dWS
tj—1 i—1

tj
—I—/ [0'2 (S,Xs,ﬁo) - 0'2 (tj_l,th_l,ﬁo)] ds =0 (52) + @) (5) .
tj—1

j—
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Here Xg =X, — Xy,_, — Sj15. Hence

s

Xs = / [S (T’, Xr) -5 (tj—l?th—1>] dr +/ g (T, XT7’L90) dWr

tj—1 tj—1

=0 (63/2) +o0 (tj—lu th_17190) [WS - Wtj_J + O (5) .

Note that for the stochastic integral as n — oo we have
tj o
/ R0 (s, X, o) AV,
tj_l

tj
= 0% (tj-1, Xt ,, V) / Wy — Wi, ] AW, (14 0(1))
tji—1

W, —W,. ) —¢
— 0'2 (tj_l’th—17190) [( t; t;—l) ] |

2

Therefore

k 1
Hk’n(r&ﬂn) + Z/ g(”ﬁ ('U) ,th717th) dv \/5
j=1"0

k

= Tahr) - 30 B o

Jj=1

=L n(Vrn) — Len(Po) +0(1) — 0.

The obtained relations prove the convergence ([2.13). More detailed analysis shows
that this convergence is locally uniform. Hence the one-step MLE-process is
asymptotically efficient for the bounded loss functions. [ ]

In the next section we are considering asymptotically efficient approximation of

the solution of a FBSDE. For that reason we establish a lower bound to compare
all estimators.

2.5.4 Lower bound on approximation of the solution of a
FBSDE

We are considering a system of SDEs,

dXt = S(t, Xt)dt + 0'(19, t7Xt)th7 XO = Xy, t € [07T], (214)
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satisfying the conditions of existence and uniqueness. Here the unknown parameter
¥ is one-dimensional and belongs to an open interval © = (a, 3) C R. We have
the observations at discrete times 0 =ty <t} <ty <--- <t, =1, t; = j% of the
solution of this SDE

X" = (X, Xiyy oo, X))
Denote by k the number of observation times before the time moment ¢

T
n

tn
T

For our statistical model we have only the observations up until the time ¢

Xk = (Xt())ti e 7th)7

0:t0<t1<t2<-'-<tk§t<tk+1, k‘:|: :| tk—k’— 0= —

which induce the probability measures Pg’k on R*. The probability measures
{P?" 9 € O} are equivalent.
Proposition 2.2 (Gobet, [11]). If the following conditions are fulfilled

1. the diffusion coefficient o(9,t,x) is of class C*™*, (a > 0) with respect to
the parameter ¥, the functions S,o,¢,5',0" are of class C%? with respect to
(t,z) and o', S" are uniformly bounded (dot is the derivative w.r.t. ¥, prime
w.r.t. the variable x ),

2. o(V,t,x) >0, forally € ©, x € R, t € [0,T],

then the family of probability measures {PZ’k, Y € O} satisfies the LAMN condition
at each point ¥ = vy of the parametric set ©, that is, the Radon-Nikodym derivative
of Pl9 5y WeTL P" has such a representation

n,k

» 1
In dﬂPO—::,\k/g(Xk) = vA, (V) — 51}21”’,@(190) + (v, %),
Yo

where rp, (v, 99) — 0, in Pg’k probability, for every v € R and

b 1907 Jj— 17Xt )

nk 190 2:: 1907 ~ let ) (U)tj - U)tjfl) == At(ﬁo) =
o (Yo, s, Xs)
- va [ S ),

stably in Py " law, w(t) is a Wiener process independent on {X,,0 < s <t} and

k .

Z (o, tj1, Xe,_,)” Lo (o, 8, X5)?
n 19 -9 e j—1 (5 I 19 — 2/ )9 s dS,
k 0 ) 1907 Jj— 1,Xt] 1) t( O> 0 U(ﬁo,S,XS)Z

in PZf probability.
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Lemma 2.1. Under the conditions of Proposition[2.9 the stochastic process

Y (Yo, v) = evA(90) = 3071 (%)

has mathematical expectation equal to 1.

Proof. Denote & = j%, n = +/1;(Y), then ¢ is a standard normal distribution

independent on 7 and

Yi(do,v) = e"r 0,

Eevér— b _ / / e AP(E <y < y) =
RJR

_ / e 30’ / e~ dzdP(n < y) = / e 2"V e APy < y) = 1,
R R R

since P(§ < z,n <y) =P <x)P(n <y). Hence

Eev2t(Wo)=5v1i(0) _ 1

[ |
Remark 2.2. The LAMN condition does not imply the absolute continuity of mea-
sures Pg;’i V5o and Pj,%f, but one can estimate the singular part of these measures
by the lemma above. Indeed,

n,k
Yo+Vov (~rk
n1—1>I-il:loo Eﬂo Pn7k ( ) =1
Yo
Since i
dP™
ﬂo:fv (Xk) — ovA(Y0)=5[vI*Le (Vo)
dP
0
stably in law, hence
n,k
lim Eg,— 2500 (XF) > Eerd00) -3l — 1
n—-+oo Pﬂé)
on the other hand i
E 7904-\/31) k < 1’
() <
finally we obtain
n,k
. Yo+v/dv k\
n1—1>r-l{looE ©apnt (X5 =1
0
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Remark 2.3. In fact, the expectation is equal to 1 without limit since the measures
induced by discrete observations are equivalent. o

Next proposition is used in proving the lower bound in the statistical model where
we have local asymptotic mixed normality property.

Proposition 2.3 (Jeganathan, [15]). If the family of measures {P* 9 € ©}
defined above satisfies the LAMN condition at the point ¥ = 9y € O, then there
exist

e an increasing sequence {my} tending to infinity as n — +o0,

e functions ¢, : © x R — R so that

sup |c, (Yo, v) — 1| — 0,
[v] <8

as n — +oo, for every 0 > 0, such that, denoting
Zi o (0) = o (Do, v)el2n 0= 30 Ik 00)]

where

Ay (U0) = A (Vo) I(|Ank (Fo)| < M),

and
nk (4) = / 71 (0)P2,

we have following convergences

]' Sup|v|<b Ee’L)A;‘L’k(ﬁO)*%UQIt(ﬁO) _ 1‘ — O

— 0,

n,k n,k
2. SUPg|<p ‘fa SRy o Jo £4Q35,
for all B>0,b>0, as n — +00.

Proof. Since A, (Vo) = Ay(o), then, for each a > 0, A7 (Vo) = AF(Vo),
where we have denoted

AL k(o) = An (Vo) T{[An k(Do) < a,

Af (o) = Ad(Wo)I{[A(Do)] < af .

From this weak convergence we derive

Sup EevAf{yk(z?o)févQIn,k(ﬁo) B Eemg(ﬁo)—%v?h(ﬁo) 0
[v|<e

Y
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as n — 400, for each fixed o > 0. This result is similar to the fact that from
weak convergence (convergence of distribution functions) follows convergence of
characteristic functions. Therefore, for all & > 0, € > 0, there exits n. € N such
that starting from number n. we have

1
sup Eemg’k(ﬁo)—gvﬁn,k(ﬁo) . Eemg(ﬂo)—%v%(ﬁo)

[v| <«

<e,

hence there is a sub-sequence of natural numbers k,, € N such that for all n > k,,,

< —

Sup EevAmk(ﬁo)f%ﬂIn,k(ﬁo) B EevA{”(ﬁg)fév%t(ﬁo) .
m

[v]<m

Since one can always construct the sequence k,, in such a way that k1 < ky <
«oo <k, <---, then, choosing a sequence m,, of natural numbers in the following
way

kmn <n< kmn-i-l

(each natural number n is in some interval [k;, kj11), so we are constructing cor-
respondence between n and the index of the left point of that interval), we have
that m,, is increasing, though not strictly, m,, — +00, as n — 400, and

1
<—,

* 1 *
sup ‘EevAn,k(ﬂO)_EUQInyk(ﬂo) _ EevAt (19())—%11211(19())
my,

[v[<map

where Ay (J9) = A1 (o) and Aj(dg) = A" (Y). Hence, for all b > 0 we can

write

EevAfz,k(ﬁO)_%UQIn,k(ﬂO) o EevA;‘(’ﬁo)—%vQIt(ﬂo)

sup
[v]<b

— 0,

as n — +00. Now, we are going to show that for all b > 0

sup
[v|<b

e L |

as n tends to infinity. Using Lemma [2.1| we can calculate

sup [Eea (P0)=30"1:(00) _ 1‘ B

ol <b
sup EevAt(ﬁo)f%vzlt(ﬁo) . EeUAt(ﬁo)*%UzIt(ﬁo) _
[v|<b

= sup/ e~V (%) qp <
[v]<b J{|A(F0)[>mn}

/ dP = P{|A(00)] > my} —> 0,
{1At(o)|>mn}
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as n — 400, since [;(¥) > 0 and m,, — +o0, as n — +o00. Combining two
previous convergences we get

sup EevA:z,k(ﬁo)_%UQIt(ﬂo) . 1‘ <

o] <b B

sup Eem;yk(ﬁo)—%ﬂt(ﬂo) . Eem;(ﬂo)—%mt(ﬂo) +

[v]<b

+ sup [Eev2i(0)-3v*h(%) _ 1) — 0, n — +o0,
[v|<b

Hence,

sup
[v]<b

EevAn.,(00) =507 (Do) _ 1‘ — 0.

Once more using Lemma [2.1] we can show that

dPn,k’ R .
Zyy,(v) = ;PO—:[“(X’C), Zon (V) = Coso(g, )€ s (P0)=3711(D0) (2.15)
Jo

are uniformly integrable. Indeed from LAMN condition we have
Z,(v) = ¢ E£ =1,

(in fact this means contiguity of corresponding measures), and using Lemma
we also obtain
lim EgOZn,k(v) = 1,

n—->-+o0o

that is, we can pass to the limit under the sign of the integral, which is possible if
and only if the sequence Z,, ;(v) is uniformly integrable. In the same way, since

A

Zn,k(’l]) — Zn,k(v) — 0,
in PZf probability, as n — +oo, then

Zn,k’(v) - (Zn,k(v> - ka(v)) + Zn,k(v) = 57 Ef =L

Finally, for all v € R

A

hm E%Zn,k(v) = 1,

n—>-+00

that is, an(v) is uniformly integrable too. Hence second assertion of the theorem
follows. .

Conditions R. Diffusion process ([2.14) is such that
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1. With respect to ¥, the diffusion coefficient o (1, ¢, z) has the derivative and
6(0,t,x) —(0,t,x)] < H|J —9|% ¥I,0 €O, a>0,

2. With respect to x, the function (1, ¢, ) is of class C? (twice continuously

differentiable), the functions o (9, ¢, z), S(¢,z) are of class C?,
3. With respect to t, the functions

S(t,x),0(0,t,2),6(9,t,x),0'(V,t,z),5(t, )

are of class C!,

4. For the diffusion and drift coefficients we have
o' (9, t,2)| < A, |S'(t,z)| <A, o, t,z) >0,

and

Z(? ) >r>0, V(U,t,x) €©x[0,T] xR,

(v,

~ |

,T)
5. u(9,t,x), v (9, t, ), W' (9,t,x) are continuous w.r.t. the parameter ¥ and
¢(t, z,9)] < C(1 + [z["), p> 0,

where ¢(t,x,9) = (9, t,x), v (9, t,x), o' (9, x).
Theorem 2.3. Suppose that the coefficients of the diffusion process (2.14)) satisfies
R conditions, then, for the loss function ¢(u) = |ulP, p > 0, the following lower
bound is true
lim lim  sup Byl (672 (Vion — Yi,)) = Ego (Yo, t, X1)& (D)),

e—0n—+oo |[J—vo|<e

(Vo) =

A¢(o)
L ()

Proof. We are following the ideas of the proof of [14]. Denote

A= sup Egf (072 (Vi = i) =
"19—19()|<€

> L By {£[672 (Vo — i)]} 0,

2e [9—g|<e

Using the change of variable ¥ = 1y + v/év one has

1 B _
= %/||<b By s {g [5 V2 (Y;k’" N Ytk)] } dv,
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for any constants b > 0, > 0, as n is sufficiently large. Using the Taylor’s
expansion we obtain

Vi = u(ty, Xo, 0) = u(ty, Xi, 9o + Vov) =
= u(te, Xy, , 90) + Vovi(ty, X, , 9 + a(v)Vov) =
=Y + alty, X, 0)Vov, 0<a(v) <L
Here we have denoted
Y = u(ty, Xy, 00), 0 =+ a(v)Vov.
Therefore we obtain the inequality

1 _ _ _
Az g | Boi {6712 (Vigm = V) = ity X,y )| | v,
Denote ¢,(z) = min(a, ¢(x)). Since the loss function is positive, then, changing the
measure, one has

A> % » Ey, {ea [5—1/2 (Yoo — Y22) — vit(ty, Xy, 0 } ﬂ“” X’“)} dv
- % \v\<bE190 {ga [571/2 (Vi = Yip) = vity, Xo,., 0 } }
- 2lb \v\<bE190 {ga [5_1/2 (Vo = Y5) — iy, Xo,. 0 } < ’k(v)> } v
+% ol <b B, {E“ [5_1/2 (Yo = i) = vilte, X, 0) ] }
- % \fu\<bEﬂ° {ga [571/2 (Yin = ¥5,) = viti, Xo,, 0 } }dv +o(l).

Here we have used the Proposition[2.3] Suppose that the Lipschitz condition holds
for the derivative

ity Xo, Do + a(0)VOV) — alty, Xy, 90)| < Llo(v)|[V6|v],
since ¢, (u) also satisfies the Lipschitz condition
[la(u) = La(v)] < Lofu — v,
then,
)za[a—lﬂ (Yoo — Y2) — vitlty, Xop, 0)] — o [67% (Yoo — Y2) — vtt(ty, Xep, Do) ‘
< Lo|v|[i(te, Xy, V) — it Xo,,90)] < LoL|o|a(v)[Vd < LoLb*V3,
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Further,
e'UAn,k(190)_%‘v‘21n,k(190) < eVBnk(%0) < C,

since |v| < b and A, () is a truncation of some vector (hence, it is bounded).
Then,

1

50 Ey, {LoLb2\/Sevﬁmkwo)—%IvIZImMo)} dv < GV,
lv]<b

where C is a constant. Hence, this term is o(1) as 6 — 0. Finally we have such an
inequality

A> L Ey, {ga (6712 (Vi — Y2) — vit(ty, Xe,, Do) Zn,k(v)} dv + o(1).
20 Jj)<b

Denote

1 An,k(ﬁo)2 A
£, = e? k0 gy —y /In,k(ﬁo) . n,k(ﬁo)
In,k(ﬁ[))

0P (Y —Y) | Aus(o)
I w(ty, Xi,, Uo) Lok(do)

Using these notations and changing the order of integration by Fubini’s theorem
one can obtain

1 . Y _1iy2
A>-E . X - Y| esig 1),
et 2b N {Sn /R'b g [u(tk‘y (78] 190) (77 In’k(§0)>] € y} + 0( )

where
. b} |

~

An k()

{‘\/ nkﬁO nk790

.

Then, on this set K 5 = {|y| < Vb} C K. Since &, > 0 and the loss function is
positive,

N o Lt Xe, 90) | 1 — —3lvqydP? + o(1).
_Qb/g/K [u ks Aty 0)<7] nk(%))]e ydPy +o(1)

Denote
An,k (190)
In,k (790)
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By the Anderson’s lemma one has

. Yy _11,2
Co |U(te, Xty , Do) [ — —==—== ]| € 21Vl dy >
/Kﬁ [ t VLo (Do)

> / ga [u(tka thu 190>L] 6_%‘y|2dy - J((I, b)
Ky

Therefore,

1 . Y _1yy2
Az—/ n/ Oy |y, Xi, , 00) ——e— | e 2 dydP?
5% Cf . [(k t> Vo) In,k(ﬁo)] ydPy,

+o(1) = %/ﬂd%k +o(1)

_ J(a,b) A B Vb
- =5 | D {fn]l{ <b —In,k(ﬁo)}}jLO(l).

An,k(ﬁ())
Passing to the limit we get
lm A J(a,b)Qb—\/E‘

In,k(’l?O)
n—--+o0o vV 27‘(’ 2b

Since a, b are arbitrary, then

lim  J(a,b) = B, ((i(0, t, X,)& ().

a—-> 400
b—+o0

2.5.5 Asymptotically efficient approximation of the solu-
tion of a FBSDE

Introduce for the values t; € [, T] the estimators

*
Yiem

= u(tkatha Z,n)a Z;

t,n

= u;: (tlﬁ th: ﬁz,n)a(tka th? Z,n)-

Theorem 2.4. Suppose that the conditions of reqularity hold, then the estimators

(Yo

ter,T]) and (Z;

t,n

te[r,T])
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are consistent

Y*

ti,m

}/;7 Zz;wn Zt?

and are asymptotically conditionally normal (stable convergence)

V(Y =Y = (a(t, X0, 00), & (V)
o2 (Zt*k n Zt/c) =0 (thta 790) <U;: <t7Xt,190) , & (190»

+ ul, (¢, Xy, 90) (6 (t, X4, Do), & (D0))-

Proof. Let us denote vy, = 5172 (19271 — ) and write the Taylor expansion

Y;‘/Z n — u(tka th, 190 + 51/2“1:,71) = u(tk7 th? 790)
+ 82 () st Xy, 00)) + 0 (6717)
ZZ; n—Uu (tk, th, 190 + (51/2’0k n) (tk, th, ’&0 + 51/22}]@ n)

= 0 (ty, Xo, Do) (i, (b, X, 90) s & (Vo))
ol (b, Xy, 00) (6 (try Xy Do) 5 € (V0)) +0 (5712

Now the proof follows from the Theorem [2.2] and the regularity of the functions
w (), () and o (). .

T

Remark 2.4. Note that we do not evaluate the difference 6-"*(Yy, —Y;) for
t € [tg, trr1) because in the representation

O (Y = Vi) = 0 (Y, = Vi) + 67V, - YY)
for the second term we have the relation

571/2<Y; - Y;fk) = 571/2“20(@ th’ 190) (Xt - th)

(W, = Wi,)
Vi =T
=l (t, Xy, %0)o (Do, tr, X1, ) & vV on (1) (1+0(1))

= u;(t>th7190)U (1907tkath) (1 +0(1))

Here ¢ ~ N (0,1) and v, (t) = (tper —tr) "' (t —tx). The study of the limit of
vy, (t) for allt € [0,T] is a special interesting problem. o

To prove the optimality of the presented approximations Y;* , and Z; , we need

the lower bound of Jeganathan type given in the following pI‘OpOSlthIl Below

n (t’ Xt7 190) = <u; (t’ Xt7 190) ) ft (190)> + U; (t7 Xt7 190) <é- (t’ Xt’ 190) ) §t (790)>
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Proposition 2.4. Let the conditions of reqularity be fulfilled. Then for all esti-
mators Yy, n, and Z, , we have

h_m h_m sup Eﬁé (5_1/2 (Ytk,n - }/tk)) > Eﬂog ((U (ty Xt7 190) ) ft (190)>) )

e—=0n—o0 |¥—dg|<e

lim lim sup Ey/ (5 (Ztk n— Ztk)) > Ey, ¢ (n(t, X¢,90)) -

e—=>0n—o0 [9—dg|<e

The proof of this proposition is similar to the proof of the lower bound in the
problem of approximation of the solution of BSDE in the asymptotics of small
noise given in the works [24].

Example. Black-Scholes model. We are given the forward equation
dXt = CKXtdt + ?9Xt th, X(] = X, 0 S t S T

and two functions f (z,y,z) = Sy + yrz and ® (x). We have to approximate the
solution of the backward equation

dY; = —BY,dt — v X, Z,dt + Z,dW,, Yy = & (X7)

in the situation where ¥ € (a,b),a > 0 and is unknown.

The corresponding partial differential equation is

ou 0 V?z? 0*u
e (oz+197)a:a—u+ 5 8—+6u—0 u(T,z,0) = (x).
The solution of this equation is the function
B(T—t) o] 22 2
u(t,z,9) = —— e TP (xe(aw%i)(T—t)_Z) dz.
V2m92 (T —t) J-
The discrete-time observations are X™ = (X, Xy, ..., X}, ). We can calculate the

pseudo MLE-process

1
k—1 2
lgtkvn B < Z Xt]+1 Xt] ath5)2> .

7=0 tj

The estimator of Y; = u (t, Xy, %) is

o T tk)+ﬁ(T tk)

R 92
fftk / o <the(a+v9tk,m— e )(T—tk)—2> dz,
\/2’/T’L9 - tk)

tkn
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where k = [%n}

Approximation of Z;, = Jo X,/ (t, X;,09) can be written explicitly as well.

The one-step MLE-process is constructed as follows. Let us fix a learning interval

[0,7],7 < T and introduce the estimator ém constructed by the observations

XN = (Xo, X, ..., Xsy), where N = [2I] as preliminary. Then we have

1
2.

;;,n - 197’,71 + Z |:(X.7 - th—l - ath—15)2 - ng’anj—l(s ’

=1
The corresponding approximations are
Yy = (te, Xoy 950 Zr =95, Xl (t, X, 05, N+1<k<n

and by Theorem and by Proposition [2.4] these approximations are asymptoti-
cally conditionally normal and asymptotically efficient.

2.5.6 Pearson diffusion

To illustrate the results obtained in the first chapter we consider an example of a
parameter estimation problem for the particular model of observations of Pearson-
type diffusion process

AX, = —X,dt + /O + X2 dW,, X,, 0<t<T. (2.16)

Here ¢ € © = (o, 5) ,a > 0 is unknown parameter.

Note that this is a particular case of the family of stochastic processes known as
Pearson diffusions [38], section 1.3.7.

It is easy to see that in the case of continuous time observation the problem of
parameter estimation is degenerated (singular), i.e. the unknown parameter ¥ can
be estimated without error. Indeed, by Ito’s formula we can write

t t
X; :X§+2/ Xsts+/ [0+ X2] ds.
0 0
Hence for all ¢ € (0, 7] we have the equality

t t
R [Xf - X2 - 2/ X, dX, —/ X2 ds] (2.17)
0 0
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and U = ¢. This effect is due to the singularity of the measures induced by the
observations in the space of realizations.

Such problems of parameter estimation in the diffusion coefficient are usually
studied in the case of discrete time observations X" = (Xy,, X4,, ..., Xy, ), where
0=ty <t <...<t,=T. Then the problem is no more singular and became
an interesting statistical estimation problem. There is a diversity of the choice of
observing times ¢;. In this section we present results from the paper [7]. We take
the simplest case of equidistant observations, i.e. t; = jd,0 = % and we study the
properties of the estimators in the asymptotics of high frequency as n — oo. Our
goal is to construct an asymptotically efficient estimator of the parameter ). Note
that the family of measures induced by the observations X* = (X;,, X4, ..., X},)
with t; satisfying ¢, <t < tx41 and fixed t are locally asymptotically mized normal
(LAMN) and for all estimators ¥; we have the lower bound for the risk

lim lim sup Byl (VE (0] — ) = Eal (G (9)) (2.18)

v—0n—o00 |[¥—do|<v

Here as a loss function £ (-) can be taken, for example, polynomial ¢ (u) = |u|”,p >
0. For the definition of the random function ¢; (¥y) see (2.22)) below. An estimator
v} is called asymptotically efficient if for all ¥y € © we have

lim lim  sup Eyf (\/% (19;—19)) — Byl (G (00)) . (2.19)

v—0n—o0 |19—190‘<V

The proof of this statement can be found in [4] and [16].

The estimator we construct in two steps. First we propose a consistent estimator
¥y of this parameter based on the first N observations X~ = (X;,, X;,,..., X;,)
on the time interval [0,7]. Here 7 = ty = NZI. Then using this estimator and
one-step type device we propose an asymptotically efficient estimator.

The first consistent estimator we obtain from the equality (2.17) by replacing the
integrals by the corresponding integral sums
- n

In =
NT TN

N N
XtQN - Xg —2 Z th,l [th - th,l] o Z Xtle(S] ’
j=1 j=1

The consistency of this estimator follows immediately from the limits

N - N -
X, (X, - X, ] —>/ X, dX,, ZX@_15—>/ X2ds
0 = 0

J=1

and the relation ([2.17)).



2.5. APPROXIMATION OF THE SOLUTION 81

The next step is to see the behavior of the error of estimation.

Consider &y = VN (19]\[ — 19). Then

fN — [/ X 2dX —|—X dS ZXtJ 1 (th - th—l) +Xt]'_16j|

7j=1

We have
Xt [ Xt] ) / X,dX, = / th L= s} dX,

X (X, 1—Xs]ds+/ [Xi,_, — Xs| Vo + X2 dW,
ti—1

j—

0(53/2 / (/ mdw>mdw

Wy, ) =6
2

=0 (6%?) + (190 + XEH> [(Wtj

=0 (8*?) + (190 + XfH) \/gwj,

where we used the estimate X, — X;, , = O (6"/2) and denoted

L (Wtj — Wtj—1)2 —9
J \/% )

We have as well

Ew; =0, Ew? =0, Bwjw; = 0,7 # J.

tj tj
—/ des:/ X2, - X2 ds=0(5).
ti—1

tj_l

Therefore we obtain the stable convergence (see [38])

(190+ij71> w;+o(l) = & = \/E/O (Do + X2) duw (s).

More detailed analysis shows that we have the convergence of moments too: for
any p > 0

N

ngEﬂO ‘1§N — 190|p — Eﬁo |§T|p .
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The pseudo log-likelihood function is

o) El s

2

It is easy to see that the equation L (19, XN ) = 0 has no solution, which can be
written in explicit form. Hence the corresponding pseudo MLE cannot be written
in explicit form too. Remind that this estimator is asymptotically efficient [4], [9].

Our goal is to use the well-known one-step MLE device [25], [26] in the construction
of one-step MLE-process. This estimator-process is asymptotically equivalent to
the pseudo MLE but can be calculated in explicit form. This type of estimator-
processes were proposed in [23] in the problem of approximation of the solution
of backward stochastic differential equation for several models of observations (see
the review of recent results in [22]).

Let us fix t € (7,7] and take such k that ¢, <t < tg11. As n — oo we have
k — oo and t;, — t. We consider the estimation of ¥ by the observations X* =
(Xty, Xty5 - - -, Xy, ). Recall that by the first XV observations we already obtained
the estimator 9. Denote the pseudo Fisher information

I, (o) 1§k: 0 L (Do) l/t N
tem (Do) = 5 5 tWo) =5 | 53 .
: 2]11 <790+X2 ) 2 Jo (190+X32>

The one-step MLE-process introduced first in [23] is

.
5N+\/5i (X, — X, +X, 0" (0N+ij_1> 5

i LT <t <T.

tr,n _ _ 2
; p 2y (Ix) (I + X7 _,) Vo
Let us denote
i [th B th—l + th—15]2 o (79 + Xt2>1> 0
A (0,X%) =) L T <t <T.

=1 2 (79 + ijl>2 V6

The main result concerning the Pearson diffusion is the following theorem.
Theorem 2.5. The one-step MLE-process v}, ,, is consistent: for any v > 0

kT

Py, ( max |19 190‘ > V) — 0 (2.20)

N<k<n
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and for all t € (1,T) the convergence
572 (95, — Vo) => G (Vo) (2.21)
holds. Moreover, this estimator is asymptotically efficient in the sense (2.19).

Proof. The consistency of the estimator is proved following the same steps as it
was done in [23] and we follow the main steps of the proof of the similar result in
[23], where can be found the details. We have the presentation

Atk,n (1§N7 Xk)

SR, =) =072 (I — o) + ~

( tg,n 0) ( N 0) ]Itk,n (rﬁN)

_ Ay (On, XF) — A, L, (9, XF
:5—1/2 (19N_790) + ks ( N ]1) (ﬁo)tkv ( 0 )

tr,n

- 1 1 Ay (U0, X*)

T+ A N 9 ,Xk _ . k>
ks ( N ) <Htk,n (79]\[) Htk,n (Q?o)) Htk,n (190)

We have the stable convergence
Atk,n (,1907 Xk) ,19 /

I[tk,n (190) 0 \/_ 790 + X2

From the continuity of Fisher information I, ,, (¥) and consistency of ¥y we obtain

1 1

— G (o) = (2.22)

= — 0.
]Itkﬂ’l (19N) Htk,n (790)
Further
Bupn (T, X*) = By (90, X5 D (I, X*) (I = )
Ly (D) T, (00)

L (9 _ _
B i, < N) 5—1/2 (19N . 190) +o (51/2) _ _5—1/2 (/19N . 790) +o (51/2) )
]Itimn (190)

Hence (stable convergence)

Atk,n (1907 Xk)
I[t;c,n (790)

It can be shown that the moments converge too: for any p > 0

Eg, |07 (07, — Y0) | — Eu, |G (90)[".

52 (95, — ¥o) = +0(1) = ¢ ().

Moreover this convergence is uniform on 1J. Therefore the one-step MLE-process
is asymptotically efficient estimator for polynomial loss functions. [ ]
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Remark 2.5. The asymptotically efficient estimator process is constructed for
values t € (1,T|. Note that it is possible to have such process for allt € (0,T]. To
do this we have to consider the preliminary estimator Oy on the interval [0, 7,,] with
Tn — 0 but sufficiently slowly. As it follows from the proof of the similar result in
[23] we have to take N = n* with r € (3,1). Then &, = & = V2 (9o + X3) 1,
where n ~ N (0,1). Now for all t € (0,T] we have

mer (Vo) = 012 (95, — o) = ¢ (Vo).

More detailed analysis shows that the random process n.r (Vo) , 7 <t <T with any
T € (0,T) weakly convergences to ¢; (V) , 7 <t < T in the space of continuous
on 1., T] functions (see [23] for details). o



Conclusion

In this work we considered two models. In the first chapter we considered non-
parametric estimation problem for the mean function of an inhomogeneous Poisson
process. We obtained the following results:

I. Consider a kernel type estimator with the kernel K, : R — R
A(t) _/ Ko(s — 1) (An(s) — Au(s))ds + A, (1),
0

Then, their Fourier coefficients with respect to the trigonometric basis will
be

A=Ay, Ay = \/gKQZ,,L(AQ,m — A%) + A3,
Aopyr = \/gKm,n([\le,n — A5 ) F A5 LEN,

with

A = /0 CAW(t)dE, AT = /0 A (bt

1. For the mentioned kernel-type estimator with a kernel satisfying (|1.4])
(see in the text) and the condition

:
—Kop—1
Y

then, over a A, centered B(R) = {A: [ (A(t) — A.(t))*dt < R} ball of
mean functions in Ly, the following equality holds

2

n sup — 0, n — 400,

>1

lim sup (EA||\/E(]\n —N)|]? - /OTA(t)dt> = 0.

n—-+00 AEB(R)
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2. For the kernel-type estimator with a kernel satisfying (1.4)) and the

condition
\/EK oin — 1

2l
T

2

n sup — 0,

>1

as n — +o00o, the following equality holds

lim  sup (EAM(M—A)H?— / TA(t)dt):o,

n—+00 Aes)(R)
where the set X(R) is defined in the Theorem [1.1]
3. Suppose that K(u), u € [—~Z,Z] is a non-negative, integrable, normal-
ized function

x
2

K(u)>0,ue€ [—%,a ,/_ K(u)du =1,

(VR

which is symmetric and we continue it 7 periodically on the whole real
line -

K(u) = K(=u), K@ =K@u+r)ue|-Z.7].
Let the positive sequence h, < 1 be such that h2n — 0, n — +oo.
Then, the kernels

Ko (u) = hinK (hin) 1{jul < Zha}

satisfy ((1.4) and the condition of the previous proposition.

4. For all estimators A,,(¢) of the mean function A(t), following lower bound
holds

lim sup  mInT (EA||/_\n—A||2—EA||An—A||2> > —TI.
n—+o00 AeFh (R,S)

5. We propose an estimator

+oo
A:(z<t) = [\O,RQSO (t) + Z Kl,nAl,n¢l<t)7

=1

where {¢;},"% is the trigonometric cosine basis on L0, 7] and

Ky = (1 —

N, = ~(a

n

7l

T

) e[S om o
") nRT(2m—1)(m —1) ’

(a )‘% ~ Cnﬁ, ry = max(x,0), x € R.
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Then, the estimator A}(t) attains the lower bound described above,
that is,

lim  sup  naeT <EA|]/_\n — A2 - EaJ|A, — A||2) — 1L

n—-4o00 AG?&ST(R,S)

That is, our proposed estimator is asymptotically second order efficient.
Results are presented in [6].

II. In the second chapter we considered the problem of the estimation of the
solution of a FBSDE and obtained the following results: For the solution of
a SDE

dXt = S(t, Xt)dt + U(l?, t, Xt)dW(t)

observed at discrete moments of time we introduce the pseudo score-function

(here A;_; (V) = o (19, ti1, thfl))

k
A (0,X%) =0 (9, X, X))

j=1

[(th — X, =S 0) = A (0) 5] Ay, (0)

242, (0) V3

and the random Fisher information

To (1907 87X8) o (190’ 87X5)T
I, (9y) = 2 ds.
(o) =2 [ HREZAT R0,

For any t € [r,T] define k by the condition ¢, < ¢ < tx41 and the one-step
PMLE-process by the relation

ﬁz,n = 7§T,n + \/5 Hk,n(ﬁT,n)ilAk,n(éT,n, Xk), k=N + 1, oo, n.

1. The one-step MLE-process v,k = N + 1,...,n is consistent and
asymptotically conditionally normal (stable convergence)

572 (95, — Y0) => & (Vo)

and is asymptotically efficient for ¢t € [r,,T] where 7 < 7, < T and a
bounded loss functions.



Conclusion 88

2. Suppose that the coefficients of the diffusion process satisfies R condi-
tions, then, for the loss function ¢(u) = |ul?, p > 0, the following lower
bound is true

lim lim sup Eof (572 (Vi — ¥2,)) 2 B (W0, £, X0)&(00)).

e—0n—+oo |[9—dg|<e
Here u (¥, t, z) satisfies the equation

ou du o (V,t,x) u B

ou
E—FS(t,x)%—l— 5 902 —f(t,x,u,a(ﬂ,t,x)%>.

3. Suppose that the conditions of regularity hold, then the estimators
Yin = u(tka thv ﬁz,n)a 2y = u;:(tkv th; 19;;”)0'(&?, th> 192,71)7 te € [7—7 T] ’I

te,n tg,m
are consistent Y7, — Yy, Zf |, — Z;, and are asymptotically condi-
tionally normal (stable convergence)

6712 (Vi = Vi) = (0 (t, X0, 00) , & (o)),

0TV(ZE = Zy) = o (t, Xy, Vo) (i, (£, X4,90) , & (o))
+ 'LL; (t7 Xt? ?90) <U (t, Xta l90) ) ’St (190»

4. Consider a Pearson diffusion
dXt - —Xtdt + V 79 + XtQ th, Xo, 0 S t S T

For this model, using the preliminary estimator

N N
Xpo—Xg=-2) X (X, - X, ] - Zijﬁ] :
J=1 Jj=1
we propose the one-step MLE process

k |:th - th,I + th715:|2 - <6N + X2

tj—1

— n
Oy = ——
NT TN

)5
,TStkST.

05, =0On+V0Y — 5

7j=1 QHtk,n (19]\[) (’19]\7 + XtQj_l) \/S
and prove that the one-step MLE-process Jj ,, is consistent: for any
v >0

Py, ( max ‘ﬁ:kn —190’ > V) —0

N<k<n
and for all ¢ € (7, T] the convergence
5712 (95, — Y0) => G (Vo)
holds. Moreover, this estimator is asymptotically efficient.

The results are presented in [7],[8].



Appendix

Proof. [Theorem We are going to use an important equality, that p—almost
everywhere (y is the Lebesbue measure on © and p(0) < 400)

0f(X;,0)
E 9% =0,je{l,--- ,nh keN.
’ (f(Xj,w) { I

To prove this, first note that

af(X,8)
90,

' d0v(dz) < +o00.

Indeed, for v—almost all x € X the function 6, — f(x,0) is absolutely continu-
ous on [ay, Bk], hence the derivative w exists almost everywhere on [ag, By

Choose x € X so that 6 — f(z,0) is absolutely continuous, then

Of(z,0)
00y,

{0k € low, Be] = f(2,0) =0} C {0 € [an, Bi] : =0} U A,

where A, C [ag, Bk] is of Lebesgue measure 0. Then, denoting, B = {(z,0) :
f(z,0) # 0} and using the Tonelli theorem to write the double integral as an
iterated integral

aek ‘ ) ‘ 1(B)dbv(dz) =

a0y,
Of(,0) Of (x,0)
/@ ( /X f(aek 5 I(B)Py( dx)d&— / / aek B)Py(dz)d6.

Applying the Cauchy-Schwarz inequality to the last integral gives us

8f x,0)
00,

] V(de) < (Balu(6))} v/(8) < +oc.
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Therefore, we can use the Fubini theorem, according to which for all a, b € [ag, G|

//afagkx )d6y _/X(/: af(gz;x)dgk) v(dz) =

_ /X £(0, 2)]o,op(dz) — /X £(0,2) gy —av(dz) = 0,

since f(0,z) is a density for all € ©. Here a,b and 6, were arbitrary, therefore
for p—almost all # € ©

9f(X;,9)
0, af(0,z) _
Ho (f(Xj,H)) /X o6, V4 =0

The function py.(9) [}, f(X;, ) is absolutely continuous in ), and since py(ay) =
pk(Br) = 0, hence

P 9 n
/ 20, (pk(g) Hf(Xj79)> doy = 0,

k j=1
by same arguments, using the integration by parts formula,

Br n B n
(o )a(zk ( (9)Hf(Xj,e)> d6y, = _/ ag(,(f)pk(f))ﬂf()(j,@)dek.

7j=1 k 7=1

ap

Combining these two equalities, for the estimator 1, = 1, (X™) the equality holds

Bk n
/ (tn — (0 ))62 (Pk:(@kz) Hf(Xj79>> doy, =

=1

Bk n
/a aggk)pk(9k>ﬂf(Xj,0)dek.

k j=1

Consider 0% = (0;,--- ,0,_1,0k41,---), the parameter # without the 6 coordi-
nate, the corresponding set ) = {§®) 0, € [ay, 3], # k}, and its distribution
Q™ (d#™). Integrating the last equality w.r.t. the measure Q) (d®))v"(dx) gives

Br n
/n /@(k) / Wn = 9()) (p’“ (0%) Hf ) ) | d6,Q" (6™ (d) =

Bk 61/) n (k) (k) )
/"/@(k)/a 00, pk Hk Jl_[lf(Xjae)dekQ (d@ )V (dq;)
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Using the Foubini theorem, we can show that the right-hand side equals to

%00 - 9v(0)
(*)y,m —F
L L | e )T, 00, (069)(3) = By
Modifying also the left-hand side, we finally can write
0 n
(00 T, 1(X.0)) 9(6)
n— (0 - dO)Py(dz) = E .
L Lo G oy Q0P ) = By
Applying the Cauchy-Schwarz inequality we deduce
/ / 0))*Q(d6)Py (dz) / /Y2 Q(d9)Py(dz) >
2v(0)]”
> |Eq———
with the notation
L (0TI 1(6.9))
pe(O) IT5= F(X5.0)
First, calculate the following derivatives
a n
20, pk(ek)Hf<Xj70> =
“ - of(X;,0)
g )+ pr(6 X.,0) - =L ... f(X,,0) =
kjl_[lf pi( k);f( 1,0) a6, f( )
n ,(9 ) n 8f(Xj76)
Pr\Vk 00y,
= pr(6 f(X;,0 + .
1 k)j[[l X5.0) Pr(6r) ;f(Xj,H)
Further, the following mathematical expectation equals
n 0F(X;0) \ 2
Pl (0r) 20y,
E + =
(pk<9k) JZ f(X;, 9))
o (6) no OF(Xu0) Of(X;0) G f(X;,0)
k 80k ng k Bak
( 9) +Z]ZE (X.,0) +; o (0) F(X,.0)
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Here, we use the following identities

f(Xi,0)  Of(X;,0) 9f(X4,0) 0f(X;,0)
E 00y, 00, :E 00y, E 90y, =0,
9<f<Xz-,e>f<Xj,0> P\ L0 ) T\ FX0)

n® 5 o)y (e _
= (Pk(Q) f(X5.0) ) /@pk(9)E0 f(X;.0) Q(d6) =0,
)

Of(X;,0) \ 2 / 2 2
0) Pi(0)
E | —2% :EIQ,E(pk( ) —E (’“ — 1.
(f(Xj,m) l? B ) ~Pe\no
0f(X;.0)
These identities are true because of the basic identity Ey <%) = (. Combining

all these facts we get

5 (PO T, £(X.0))
pe(0k) [T5=, £(X;5,0)

Finally, in the Cauchy-Schwarz inequality above, we can replace

/ / Y2Q(d9)Pj(dz) = EY? = nEql,(0) + I,
nJe
which completes the proof. [ |

Proof. [Theorem . We want to proof that for all estimators A,

lim  sup (EAM(M - [ TA(t)dt) >0,

n—+oo AeFh (R,S)

where
FP(R,S) = {A() : /T[A(m)(t)]2dt < R, A0) =0, A(T) = S} ,meE Z,.

Periodicity means that the intensity function A(+) is periodic (hence the equality of
its values and the values of its derivatives on the endpoints of the interval [0, 7]).
For m = 0 we get an Ly ball

Fr(R, S) = {A(-) : /O A*(t)dt < R, A(0) =0, A(T) = S} :
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For m > 1 the statement of this theorem follows from the Proposition [[.3] From
Lemmall.1] we know that A € F#"(R, S) if and only if its Fourier coefficients w.r.t.
the cosine basis satisfy

400 7l 2m
> (—) A? <R, A(1) = S.

T
=1

Using the inequalities

IV VAT CIANe V2= (T o A (wl\*
Sa-3 () (5) = (T (D) = ()T (H)

therefore F5“(R,S) C Fi(R1,S) C F§“(R2,S), which ensures that for the
functional

Fo(Bo, A) = En|[Va(R, — A2 - / " Ayt

the following is true

sup  F,(A,,A)>  sup  F,(A,,A)>  sup  F,(A,,A),
AeFF"(R2,9) AEFP"(Ry,S) AEFE(R,S)

and since the Theorem is true for m > 1 then, the Theorem is true for m = 0 and
m = 1. [



Appendix

94




Bibliography

1]

Belister E.N. and Levit B.Ya., (1995) On minimax filtering over ellipsoids.
Math. Methods of Statist., 4, 259-273.

Bismut J.M., (1973) Conjugate convex functions in optimal stochastic con-
trol. J. Math. Anal. Appl., 44, 384-404.

Dalalyan A.S. and Kutoyants Yu.A., (2004) On second order minimax es-
timation of invariant density for ergodic diffusion. Statistics € Decisions,

22(1), 17-42.
Dohnal G., (1987) On estimating the diffusion coefficient. J. Appl. Probab.,
24(1), 105-114.

El Karoui N., Peng S. and Quenez M., (1997) Backward stochastic differential
equations in finance. Math. Fin., 7, 1-71.

Gasparyan S.B.; (2015) Second order asymptotical efficiency for a Poisson
process. J. Contemp. Math. Anal., 50(2), 98-106.

Gasparyan S.B. and Kutoyants Yu.A., (2015) On approximation of the BSDE
with unknown volatility in forward equation. Armenian J. Mathem., 7(1),
59-79.

Gasparyan S.B. and Kutoyants Yu.A., (2015) An example of one-step MLE-
process in volatility estimation problem. Izvestia of NAS, Seria Math., 50(3),
71-76.

Genon-Catalot V. and Jacod J., (1993) On the estimation of the diffusion
coefficient for multi-dimensional diffusion. Ann. IHP, Sec. B, 29(1), 119-151.

Gill R.D. and Levit B.Ya., (1995) Applications of the van Trees inequality:
a Bayesian Cramér-Rao bound. Bernoulli, 1(1-2), 59-79.

Gobet E., (2001) Local asymptotic mixed normality property for elliptic
diffusion: a Malliavin calculus approach. Bernoulli, 7(6), 889-912.

95



Bibliography 96

[12]

[13]

[14]

[15]

[16]

[17]

[21]

[22]

23]

[24]

[25]

[26]

[27]

Golubev G.K. and Hérdle W., (2000) Second order minimax estimation in
partial linear models. Math. Methods Statist., 9(2), 160-175.

Golubev G.K. and Levit B.Ya., (1996) On the second order minimax esti-
mation of distribution functions. Math. Methods Statist., 5(1), 1-31.

Ibragimov I.A. and Khasminskii R.Z., (1981) Statistical Estimation. Asymp-
totic Theory. Springer, N. Y.

Jeganathan P., (1982) On the asymptotic theory of estimation when the limit
of the log-likelihood ratios is mixed normal.Sankhya A, 173-212.

Jeganathan P., (1983) Some asymptotic properties of risk functions when
the limit of the experiment is mixed normal.Sankhya A, Pt.1, 45, 66-87.

Johnstone I. M., (2015) Gaussian Estimation: Sequence and Wavelet Models.
Book draft, version - September 8.

Kingman J.F.C.; (1992) Poisson Processes. Oxford University press.

Kamatani K. and Uchida M., (2015) Hybrid multi-step estimators for
stochastic differential equations based on sampled data. Stat. Inference
Stoch. Process., 18(2), 177-204.

Kutoyants Yu. A., (2016) Introduction to Statistics of Poisson Processes. To
appear.

Kutoyants Yu.A., (1998) Statistical Inference for Spatial Poisson Processes.
Lecture Notes in Statistics 134, Springer, N. Y.

Kutoyants Yu.A., (2014) Approximation of the backward stochastic differen-
tial equation. Small noise, large samples and high frequency cases. Proceed-
ings of the Steklov Institute of Mathematics, 287, 133-154.

Kutoyants Yu.A., (2015) On multi-step MLE-processes for ergodic diffusion.
Submitted.

Kutoyants Yu.A. and Zhou L., (2014) On approximation of the backward
stochastic differential equation. J. Stat. Plann. Infer., 150, 111-123.

Le Cam L., (1956) On the asymptotic theory of estimation and testing hy-
potheses. Proc. 3rd Berkeley Symposium I, 355-368.

Lehmann E.L. and Romano J.P., (2005) Testing Statistical Hypotheses. (3rd
ed.) Springer, N. Y.

Levanony D., Shwartz A. and Zeitouni O., (1994) Recursive identification in
continuous-time stochastic process. Stochastic Process. Appl., 49, 245-275.



Bibliography 97

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

Levit B.Y., (1978) Infinite-dimensional informational bounds. Theory
Probab. Appl., 23(2), 388-394.

Liptser R. and Shiryaev A.N., (2005) Statistics of Random Processes.
Springer, N. Y.

Ma J. and Yong J., (1999) Forward-Backward Stochastic Differential Equa-
tions and their Applications. Lecture Notes in Mathematics. Springer, Berlin.

Nussbaum M., (1999) Minimax risk: Pinsker bound. In Encyclopedia of Sta-
tistical Sciences, (Update volume 3), S. Kotz (Ed.), New York: Wiley, 451-
460.

Oksendal B., (1992) Stochastic Differential Equations: An Introduction with
Applications. Springer, N. Y.

Pardoux E. and Peng S., (1990) Adapted solution of a backward stochastic
differential equation. System Control Letter, 14, 55-61.

Pardoux E. and Peng S., (1992) Backward stochastic differential equation
and quasilinear parabolic differential equations. In Stochastic Partial Dif-
ferential equations and Their Applications, Lecture Notes in Control and
Information Sciences, 176, 200-217.

Pardoux E. and Rascanu S., (2014) Stochastic Differential Equations, Back-
ward SDEs, Partial Differential Equations. Springer, N. Y.

Pinsker M.S., (1980) Optimal filtering of square-integrable signals in Gaus-
sian noise. Probl. Inf. Transm., 16(2), 120-133.

Reynaud-Bouret, P. (2003) Adaptive estimation of the intensity of inhomo-
geneous Poisson processes via concentration inequalities. Probab. Theory Rel.
126(1), 1053-155.

Serensen M., (2009) Estimating functions for diffusion-type processes. In
Statistical Methods for Stochastic Differential Equations, Kessler, Lindar and
Serensen (Ed’s), Chapman & Hall/CRC, Boca Raton, 1-107.

Tikhomirov V.M., (1976) Some Problems in Approzimation Theory. Moscow
Univ. Press, Moscow. (In Russian).

Tsybakov A.B., (2009) Introduction to Nonparametric Estimation. Springer
Series in Statistics, Springer, N. Y.

Wong E., (1971) Representation of martingales, quadratic variation and ap-
plications. SIAM Journal on Control, 9, 4, 621-633.



UNIVERSITE
BRETAGNE
LOIRE

Thése de Doctorat

Samvel GASPARYAN

uniVErs-i'Eé“Maine

Deux problémes d’estimation statistique pour les processus stochastiques

Two problems of statistical estimation for stochastic processes

Résumé

Le travail est consacré aux questions de la statistique des
processus stochastiques. Particuliérement, on considére deux
problemes d'estimation. Le premier chapitre se concentre sur
le probleme d'estimation non-paramétrique pour le processus
de Poisson non-homogéne. On estime la fonction moyenne de
ce processus, donc le probleme est dans le domaine
d'estimation non-paramétrique. On commence par la définition
de l'efficacité asymptotique dans les problémes non-
paramétriques et on procede a exploration de I'existence des
estimateurs asymptotiquement efficaces. On prend en
considération la classe des estimateurs a noyau. Dans la these
il est démontré que sous les conditions sur les coefficients du
noyau par rapport a une base trigonométrique, on a l'efficacité
asymptotique dans le sens minimax sur les ensembles divers.
Les résultats obtenus soulignent le phénomene gu'en imposant
des conditions de régularité sur la fonction inconnue, on peut
élargir la classe des estimateurs asymptotiquement efficaces.
Pour comparer les estimateurs asymptotiquement efficaces (du
premier ordre), on démontre une inégalité qui nous permet de
trouver un estimateur qui est asymptotiquement efficace du
second ordre. On calcule aussi la vitesse de convergence pour
cet estimateur, qui dépend de la régularité de la fonction
inconnue et finalement on calcule la valeur minimale de la
variance asymptotique pour cet estimateur. Cette valeur joue le
méme rdle dans I'estimation du second ordre que la constante
de Pinsker dans le probleme d'estimation de la densité ou
encore l'information de Fisher dans les problemes d'estimation
paramétrique.

Le deuxieme chapitre est dédié au probleme de I'estimation de
la solution d’une équation différentielle stochastique rétrograde
(EDSR). On observe un processus de diffusion qui est donnée
par son équation différentielle stochastique dont le coefficient
de la diffusion dépend d’un parameétre inconnu. Les
observations sont discrétes. Pour estimer la solution de
'EDSR on a besoin d’un estimateur-processus pour le
parameétre, qui, chaque instant n’utilise que la partie des
observations disponible. Dans la littérature il existe une
méthode de construction, qui minimise une fonctionnelle. On
ne pouvait pas utiliser cet estimateur, car le calcul serait
irréalisable. Dans le travail nous avons proposé un estimateur-
processus qui a la forme simple et peut étre facilement calculé.
Cet estimateur-processus est un estimateur asymptotiguement
efficace et en utilisant cet estimateur on estime la solution de
'EDSR de maniére efficace aussi.

Mots clés estimation non-paramétrique, efficacité
asymptotique, processus stochastiques

Abstract

This work is devoted to the questions of the statistics of
stochastic processes. Particularly, the first chapter is devoted
to a non-parametric estimation problem for an inhomogeneous
Poisson process. The estimation problem is non-parametric
due to the fact that we estimate the mean function. We start
with the definition of the asymptotic efficiency in non-parametric
estimation problems and continue with examination of the
existence of asymptotically efficient estimators. We consider a
class of kernel-type estimators. In the thesis we prove that
under some conditions on the coefficients of the kernel with
respect to a trigonometric basis we have asymptotic efficiency
in minimax sense over various sets. The obtained results
highlight the phenomenon that imposing regularity conditions
on the unknown function, we can widen the class of
asymptotically efficient estimators. To compare these (first
order) efficient estimators, we prove an inequality which allows
us to find an estimator which is asymptotically efficient of
second order. We calculate also the rate of convergence of this
estimator, which depends on the regularity of the unknown
function, and finally the minimal value of the asymptotic
variance for this estimator is calculated. This value plays the
same role in the second order estimation as the Pinsker
constant in the density estimation problem or the Fisher
information in parametric estimation problems.

The second chapter is dedicated to a problem of estimation of
the solution of a Backward Stochastic Differential Equation
(BSDE). We observe a diffusion process which is given by its
stochastic differential equation with the diffusion coefficient
depending on an unknown parameter. The observations are
discrete. To estimate the solution of a BSDE, we need an
estimator-process for a parameter, which, for each given time,
uses only the available part of observations. In the literature
there exists a method of construction, which minimizes a
functional. We could not use this estimator, because the
calculations would not be feasible. We propose an estimator-
process which has a simple form and can be easily computed.
Using this estimator we estimate the solution of a BSDE in an
asymptotically efficient way.

Key Words non-parametric estimation, asymptotic
efficiency, stochastic processes
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