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Résumé

Analyse numérique de systemes hyperboliques-dispersifs

Mots Clefs : équations aux dérivées partielles, équation de Korteweg-de Vries, différences
finies, estimations d’erreur, convergence numérique, ondes progressives

Résumé : Le but de cette these est d’étudier certaines équations aux dérivées partielles
hyperboliques-dispersives. Une part importante est consacrée a I’analyse numérique et plus par-
ticulierement a la convergence de schémas aux différences finies pour I’équation de Korteweg-de
Vries et les systémes abcd de Boussinesq. L'étude numérique suit les étapes classiques de consis-
tance et de stabilité. Nous transposons au niveau discret la propriété de stabilité fort-faible des
lois de conservations hyperboliques. Nous déterminons 1’ordre de convergence des schémas et
le quantifions en fonction de la régularité de Sobolev de la donnée initiale. Si nécessaire, nous
régularisons la donnée initiale afin de toujours assurer les estimations de consistance. Une étape
d’optimisation est alors nécessaire entre cette régularisation et1’ordre de convergence du schéma.
Une seconde partie est consacrée a I’existence d’ondes progressives pour 1’équation de Korteweg-
de Vries-Kuramoto-Sivashinsky. Par des méthodes classiques de systemes dynamiques : systeme
augmenté, fonction de Lyapunov, intégrale de Melnikov, par exemple, nous démontrons 1'exis-
tence d’ondes oscillantes de petite amplitude.

= N >

Numerical analysis of hyperbolic-dispersive systems

Keys words : partial differential equations, Korteweg-de Vries equation, finite differences,
error estimates, numerical convergence, traveling waves

Abstract : The aim of this thesis is to study some hyperbolic-dispersive partial differential

equations. A significant part is devoted to the numerical analysis and more precisely to the
convergence of some finite difference schemes for the Korteweg-de Vries equation and abcd
systems of Boussinesq. The numerical study follows the classical steps of consistency and sta-
bility. The main idea is to transpose at the discrete level the weak-strong stability property for
hyperbolic conservation laws. We determine the convergence rate and we quantify it according
to the Sobolev regularity of the initial datum. If necessary, we regularize the initial datum for the
consistency estimates to be always valid. An optimization step is thus necessary between this
regularization and the convergence rate of the scheme.
A second part is devoted to the existence of traveling waves for the Korteweg-de Vries-
Kuramoto-Sivashinsky equation. By classical methods of dynamical systems : extended systems,
Lyapunov function, Melnikov integral, for instance, we prove the existence of oscillating small
amplitude traveling waves.
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Glossaire

Notations
partie entiere.

[a, 1] I'ensemble des entiersentreaetb: {a,a+1,a+2,..,b—2,b—1,b}.
<

a il existe une constante c telle que a < cb.
i transformée de Fourier de u.
H*(R) espace de Sobolev d’indice s dont la norme est 1

Il = (S (L+1E12)° @ (@) dE)"
14 fonction indicatrice de A valant 1si x € A et 0 sinon.

Equations étudiées

Airy l'équation d’Airy d;u + d3u = 0.
BBM l'équation de Benjamin-Bona-Mahony (I — 92)d;u + 0y (“72) =0.
Burgers I’équation de Burgers 0;u + 0y <“72> =0.
Fisher-KPP I’équation de Fisher—Kolmogorov—Petrovsky—Piskunov O = 2u+u(l—u).
KdVv I’équation de Korteweg-de Vries 0su + 0y ( ) +d3u =0.
Kdv~ I’équation de Korteweg-de Vries avec dispersion négative

o1t + 0y (”;) —d3u = 0.
KdVv-4 I’équation de Korteweg-de Vries avec diffusion d’ordre 4

Ot + 0y (”72) = uddu —¢otu, wu,¢c>0.
KdV-KS I’équation de Korteweg-de Vries-Kuramoto-Sivashinsky

Ol + Oy (”7) = AQ%u + pddu —gotu, A,u,¢>0.
KdV-B I’équation de Korteweg-de Vries-Burgers

011l + Oy <2> = AQ%u+ uddu, A,u>0.
systeme abcd le systéme suivant : (I — bd2)d; + (I + ad?)dxu + dx(qu) =0

(I —do2)dsu + (I + cd2)a,1 + 9:(%) = 0.
Schémas numériques
Ax pas d’espace du schéma.
At pas de temps du schéma.
Dy opérateur de dérivation discréte décentré a droite, D (a); = i NS 4,
D_ opérateur de dérivation discrete décentré a gauche, D_ (a), = j i Z;f’l
D, opérateur de dérivation discréte centré, D (a); = w.
Up solution exacte moyennée sur une maille en espace (et parfois en temps)
(ua)] = g [ (e, )y 0w (u8)] = s J ™ [ uls ypdyds
(v}“) y solution numérique.
jm)

vii
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(ef) i) erreur de consistance.
Jn

(e’?) erreur de convergence e = v — (up)".
] (jn) ] ) J

¢ ([0,N], 2 (Z espace fonctionnel dans lequel 1’ordre de convergence est étudié, de norme
A p q 8

00 = y A 71 2.
1]l (o np.2(2) n:[l[é%ﬂ\/m
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CHAPITRE 1

Introduction générale

es équations dont il sera question dans cette these permettent de modé-
liser des phénomenes hydrodynamiques comme les écoulements dans les
rivieres et d’expliquer l'apparition de chocs dispersifs avec oscillations. Il
s’agit d’équations de type hyperbolique-dispersif, avec une dérivée troisieme
en espace.
Pour de tels systemes, comme nous ne disposons pas en général de formules explicites pour les
solutions du probleme de Cauchy;, il est trés utile d’utiliser des approximations numériques pour
obtenir des informations sur le comportement qualitatif des solutions. Il est nécessaire dans ce
cas de s’assurer que la solution numérique converge bien vers la solution exacte.
Le but de cette these est d’étudier d"un point de vue numérique et théorique certains de ces
systemes hyperboliques-dispersifs.

1.1 Dérivation hydrodynamique des systemes étudiés

Nous nous intéressons au mouvement des vagues ou plus généralement au mouvement des
ondes de gravité a la surface d"un fluide supposé parfait, incompressible, irrotationnel et soumis
a la seule force gravitationnelle. Nous nous focaliserons principalement sur un régime particu-
lier : le régime des grandes longueurs d’onde en eau peu profonde.

Dérivation hydrodynamique du systeme abcd. Comme expliqué en préambule, nous consi-
dérons un fluide parfait, incompressible, en écoulement irrotationnel dont la surface libre a I'ins-
tant t et a la position X = (x,y) € R? est donnée par 7(t, X). Nous supposerons de plus que la
topographie est celle d'un fond plat, i.e z = —H. L'amplitude maximale de la surface libre est
notée A et A correspond a sa longueur d’onde, conformément a ce qui est représenté a la figure
1.1.

La dynamique d"un tel fluide peut étre décrite par les équations d’Euler a surface libre, écrites
ici avec la formulation de Bernouilli :

Ax.p =0, —H<z<y,
az(P = 0, zZ = _H,
aﬂ7 + Vxﬁ . Vx(,b = ang, z=1,

1
ap+ 5 (IVxapl) +82=0, z=1,
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FIGURE 1.1 — Variables du probleme

avec Vx. = (0x, 0y, BZ)T, Vx = (8x,8y)T et Ax, = 02 + 85 + 2. Dans le systéme précédent, ¢
correspond au potentiel, dont I'existence est assurée par '’hypothése d’irrotationnalité qui per-
met d’écrire le champ de vitesse w comme w = Vx.¢. En adimensionnant le systeme, deux
grandeurs caractéristiques apparaissent : le parametre de non linéarité € ainsi que le parametre
de profondeur y, définis comme suit

cn A e (HY
=5 ¢ U= 1)

La complexité de ce systeme d’équations conduit a étudier des régimes particuliers liés a des
asymptotiques précises sur € et u. Par exemple, I'hypothese de faible profondeur d’eau, y < 1,
et de grande amplitude, € = O(1), permet d’obtenir le systéme de Saint-Venant

dh+V - (hw) =0,
ot (hw) + V- (hw®@w)+ Vp =0,

ot h(t, X) := n(t,X) + H représente la hauteur de l'eau, p(t, X) := M la pression du fluide
et ¢ la constante gravitationnelle universelle. Ce systéme ne prend pas du tout en compte les
effets dispersifs.

L’asymptotique qui nous intéressera dans toute la suite correspond au régime des faibles
amplitudes en eau peu profonde dans le régime de Boussinesq, qui se traduit par les hypotheses
suivantes

el uxl et e~y

La derniere hypothese sur 'ordre de grandeur relatif de € et p s’appelle '’hypothéese de Bous-
sinesq et peut étre reformulée en utilisant le nombre de Stokes S := ﬁ = 1%2
permet de prendre en compte les termes non-linéaires, diis aux petites amplitudes mais aussi les
termes dispersifs, dis aux grandes longueurs d’onde et donc d’étudier I'équilibre entre les deux.
Supposer que le nombre de Stokes est d’ordre 1 signifie que les effets non linéaires et les effets

dispersifs sont du méme ordre de grandeur.

~ 1. Ce régime

Introduisons un degré de liberté supplémentaire et notons wy(t, X) la vitesse horizontale &
une hauteur #H, avec 0 < ¢ < 1 (le fond correspondant a ¢ = 0 et la surface libre a ¢ = 1), voir
figure 1.2.

Par abus de notations, nous noterons toujours X, t, (¢, X) et ¢ les variables adimentionnées,

X, v, e VR 175)

T) (la déviation de la surface libre par rapport a sa position au repos) et 2Ax

En négligeant les termes du second ordre ou plus (ceux avec €, je ou y? en facteur), Bona,
Chen et Saut [16] obtiennent le systéme suivant, que nous appellerons systéeme abcd (une géné-

1. Ce systeme a fait I’objet de mon projet du CEMRACS 2015 [35]
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ZL> H Wy .

FIGURE 1.2 — Variables wy et ¥H pour le systeme abcd

ralisation a des ondes avec tension de surface se trouve dans [40])

(t,X) € [0,T] x R?, (1.1)

(I — ubgA) o + div wy + agp div Awg + e div (qwy) = 0,
(I — ]/ldgA) atZUg + V17 + Cg]/lVAﬂ + €ewy - le9 =0,

ol [ est l'opérateur identité et les parametres ay, by, cy, dg vérifient

1501 1 2_1 B
1119—2<l9 —3> K1, b§—2<l9 3> (1 Kl),

1 1
Cﬂzi(l—ﬁz)Kz—BO, dﬂzi(l—ﬂz)(l—K2>.

Dans ce qui précede, x; et xp sont des nombres réels sans signification physique, par contre ¢

représente la hauteur (adimensionnée) de I'eau a laquelle on étudie notre systéeme. La variable

Bo représente le nombre de Bond : un nombre sans dimension qui mesure la tension de surface

g

Bo := 7ng2

avec ¢ la tension de surface (par exemple entre 'eau et l'air), g I'accélération de la pesanteur,
p la densité du fluide et H la hauteur caractéristique du fluide, déja introduite précédemment.
Notons la relation entre ces quatre coefficients : ag + by + cy +dy = % — Bo.

Remarque 1.1. Lorsque la tension de surface est négligée (Bo = 0) et que ay = cy, alors le systeme peut
étre totalement symétrisé, voir [74] avec € = et le changement de variables vy := wy(1 + 517)

{ (I — ebyA) 941 + div vy + age div Avyg + § div (o) = 0, (12)

(I —edgD) 009 + Vi + ageV Ay + € (37Vn + 3 (v - V) vp + 2vgdivos + 1 V|vg|?) =0,
avec la méme contrainte sur les parametres : 2ay + by +dy = %

Remarque 1.2. L'erreur entre la solution du systéme d’Euler a surface libre et la solution du systéme
abed au temps t est d’ordre O(€?t), voir [18] ou [2]. Ceci prouve la pertinence de I'approximation des
équations d’Euler a surface libre par le systéme abed.

Remarque 1.3. Nous avons supposé ici un fond plat, cependant de nombreux travaux généralisent les
résultats initiaux a des topographies plus variables. Dans [29], deux cas sont étudiés : une faible variation
topographique, & = O(e) avec B I'amplitude maximale du fond, et une variation forte & = O(1). Dans
[31], une topographie dépendante du temps est considérée.

Par la suite, nous restreindrons notre étude a un systeme de dimension 1 (X = x) et omettrons
la dépendance en @ de toutes les variables. Le systeme abcd avec coefficients unitaires s’écrit alors
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(I —b92) 9sm + 91 + ad3u + 9y (qu) =0,
(1 do2) duu-+ g + ey + o (5) =0, () SOTIXR o (abed)
avec la contrainte 1
a—i—b—l—c—i—d:§—Bo. (1.3)

= R >

Dérivation hydrodynamique de I’équation de KdV. Supposons maintenant une propaga-
tion unilatérale de la vague selon les x croissants. Les opérateurs de divergence et de gradient
dans le systeme (1.1) sont donc remplacés par la dérivée partielle d,. Certains choix de para-
metres ay, by, cp, dy conduisent a I'équation de Korteweg-de Vries comme par exemple le choix
de ay = %,blg = cy = dyp = 0 (avec Bo = 0) dans [18]. En supposant € = p (en accord avec le
régime de Boussinesq), les auteurs diagonalisent une premiere fois le systeme (1.1) en définissant
les variables N = wy + 1 et V = wy — 1 puis utilisent un développement WKB de la forme

N(t,x) =~ Ny(et,x —t) + €Ny (et, t,x),
V(t,x) =~ Vo(et,x +t) +eVi(et, t, x).

A Vordre le plus bas, ils obtiennent deux équations de Korteweg-de Vries découplées

2
Mg + dxhp + %eax (no) + 1 (1 — Bo) eaino =0,

2 2\3
3 w3 1/1
01wy — O, Wwq + Eeé)x (;) ~5 <3 — Bo) eaiwo =0,

en posant 19 (f, x) = No(et, x —t) et wy(t, x) = Vy(et, x +t) (nous avons enlevé la dépendance en
¢ pour plus de clarté).

Remarque 1.4. Il est également possible d’obtenir deux équations découplées de Korteweg-de Vries, en
partant du systeme symétrisé (1.2) avec ag = cy = ¢ — 3Bo et by = dyg = 0, cf [74] (section 7.1.1).

Remarque 1.5. L'estimation suivante, dont une preuve se trouve dans [74],

1
(7, w) = (1", W ) || 1o 0,0, 15 (R)2) = O€t2),

avec KAV = 100 of KAV — 1AW permet de justifier I'approximation des équations d’Euler i surface

libre unidirectionnelles par I'équation de Korteweg-de Vries (appelée KAV par la suite).

Remarque 1.6. L'équation de Korteweg-de Vries a été pour la premiere fois établie par Boussinesq et doit
son nom a Korteweg et de Vries qui I'ont redécouverte en 1895 dans [69]. Sa dérivation rigoureuse n’a été
envisagée qu’a partir de 1985, voir par exemple [62] et [37] (I'équation de Korteweg-de Vries y est dérivée
a partir de l'équation de Boussinesq 1D et non du systéme abcd comme expliqué ci-dessus).

Comme vu précédemment, ’hypothese d’une propagation uniforme conduit a ’équation de
Kdv

3 1/1
ding + dxng + Eengaxno + 5 (3 — Bo> yaino =0. (1.4)
En supposant une propagation bi-directionnelle avec des ondes faiblement transverses selon y,

nous obtenons l"équation de Kadomtsev-Petviashvili (KP) d’apres [60] (une dérivation rigou-
reuse se trouve dans [2] ou [75])

3 1/1 0%
Jy <atno + dynp + Eenoaxno + 5 <3 — Bo) ‘uaing> + §8§n0 =0,
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Z
avec y = % le rapport des longueurs d’onde dans les deux directions.
Y

Lorsque la tension de surface est élevée (par exemple dans une eau tres peu profonde), Bo >
1, I'équation de KP est appelée équation KP-I. Lorsque la tension de surface est faible voire
inexistante, Bo < 3, I'équation KP est appelée équation KP-IL.

Remarque 1.7. Pour le cas critiqgue Bo = %, la dispersion fait intervenir un terme d’ordre cing, que ce
soit pour I'équation de KAV ou I'équation KP [57].

En posant u(t,x) := ng(t,x + t) (afin d’éliminer le terme de transport) et en s’intéressant
aux équations a coefficients unitaires, on trouve les formes (conservatives) plus classiques pour
(KdV) et (KP)

2
it + 9y (”2> Ru =0, (KdV)
et
12
ax <atu +ax <2> 8§u> + )\aﬁu = 0, (KP)
avec A = %1.

Une étude des différentes asymptotiques de I'équation d’Euler a surface libre est détaillée
dans [2], ainsi que I’existence de solutions en temps long.

Remarque 1.8. En linéarisant I'équation (KAV) autour de I'état d’équilibre u = 0, nous retrouvons
I'équation d’Airy
ot +93u = 0. (Airy)

= R >

Dérivation hydrodynamique de I’équation de BBM. Avec les mémes hypothéses hydro-
dynamiques que celles faites pour obtenir 1’équation de KdV (onde de faible amplitude en eau
peu profonde sous I’hypothése de Boussinesq), il est également possible d’obtenir une variante
de KdV, appelée I'équation de Benjamin-Bona-Mahony [10], équation de BBM par la suite :

1/1
ding + 9o + genoaxno ~35 <3 — Bo> yataino =0 (1.5)

en supposant Bo < % En effet, a I'ordre zéro d,ng = —dnp + O(e + i), ce qui permet (au moins
formellement) de passer de KdV a I'équation de BBM. L’équation avec des coefficients unitaires
prend la forme classique

9 (1—92) u+ 0y <”22> =0. (BBM)

Cette équation est aussi appelée équation RLWE pour «regularized long-wave equation», étudiée
pour la premiere fois par Peregrine en 1966 [89] pour 1’étude des mascarets de petite amplitude.
Cette équation (BBM) possede de meilleures propriétés dispersives que (KdV). En effet, la rela-
tion de dispersion pour I'équation (BBM) linéarisée (autour de I'état d’équilibre u = 1) est

_ ¢
WEM(g) = o,

alors que celle de (KdV) est

WEV(E) =g - 2.
Ainsi, la relation de dispersion n’est pas bornée pour (KdV) et la vitesse de phase v4 () := % =
1 — &2 devient négative pour ¢? > 1 (ce qui contredit I’hypothese de propagation unidirection-
nelle selon le sens des x croissants) [10].
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Remarque 1.9. Le fait que la relation de dispersion ne soit pas bornée pose aussi probleme d’un point de
vue plus numérique. En effet, a cause de cette relation non bornée, les phénomenes de petites amplitudes ont
tendance a se propager a tres grande vitesse dans le sens des x décroissants [10]. Les erreurs numériques
sont justement un exemple de phénomeénes de petites échelles. Pour avoir un schéma plus stable, il est donc
intéressant numériquement d'utiliser I'équation de (BBM).

Remarque 1.10. On peut de méme obtenir une équation de type BBM-II en partant de I'équation KP-II,
cf [81].

e S >

Dérivation hydrodynamique de 1’équation KdV-KS. FEtudions maintenant le méme fluide
incompressible, visqueux (de viscosité v) mais cette fois-ci en mouvement sur un plan incliné
d’un angle # < 1 comme représenté sur la figure 1.3.

FIGURE 1.3 — Ecoulement d’un fluide sur un plan incliné

La hauteur H ne représente plus la hauteur verticale au repos mais la hauteur au repos dans
la direction normale au plan incliné (le fluide étant au repos lorsque sa surface est parallele au
plan incliné). L’'amplitude maximale A sera choisie normale au plan incliné. Nous supposerons
le mouvement unidirectionnel et dirigé dans la direction de 1’axe des x, seule la variable x sera
donc considérée par la suite. La longueur d’onde du fluide dans le sens de la plus grande pente
sera notée Ag et w(t, x) représentera sa vitesse selon la plus grande pente a l'instant t en position
X.

En toute généralité, le fluide vérifie les équations de Navier-Stokes avec condition de non
glissement sur le plan incliné. L’asymptotique des grandes longueurs d’onde et des petites am-
plitudes conduit comme pour I'équation de KdV a introduire les parametres de non linéarité et
de profondeur € et . En négligeant les O(‘u%, J/#€) dans ’équation, on obtient 'équation de
Korteweg-de Vries-Kuramoto-Sivashinsky suivante, équation KdV-KS par la suite, (par abus de
notation 7 sera la variable adimensionnée %), cf [102, 58]

041 + 4501 + 61021 + 5,935 4 6305 = 0,

avec 6 = O (\/fi(R — cotana)), &, = O(u(1 + R(R — 3cotanx)) et 63 = O(u). Le nombre R
correspond au nombre de Reynold

gH3sina

R := ,
21?2
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et représente le rapport entre les forces d’inertie du fluide et ses forces visqueuses. La valeur
critique

5
R* = 1cotanoc

correspond au seuil d’instabilité : pour un nombre de Reynold plus faible les solutions constantes
(pour lesquelles la surface du fluide est paralléle au plan incliné) sont stables, pour un nombre
de Reynold plus grand, des instabilités se forment [102] et de petites variations autour de 1’état
d’équilibre croissent exponentiellement. Apparaissent alors des instabilités hydrodynamiques
appelées des «roll-waves».

Nous nous intéresserons a I'équation

12

st + Oy ( 5 ) = A2u+pddu —cotu, A>0,u>0,¢6>0, (KdV-KS)

et étudierons particulierement le cas ott R = R* c’est-a-dire I’'équation (KdV-4)

u2

sl + Oy ( 5 ) = yaiu — gaiu, u>0,¢>0. (KdV-4)
Attention, les variables A et y, dans les équations (KdV-KS) et (KdV-4), sont ici des parametres
de I'équation, ce ne sont plus la longueur d’onde ni le parametre de faible amplitude.

Remarque 1.11. L'équation de KAV-KS peut aussi étre dérivée a partir des équations de Saint-Venant
visqueux sur plan incliné

dth + 9y (hw) =0,
}2

¢ (hw) + 0y (hwz + 2P2> =h—w® + 19, (hd,w).
Le parametre F correspond ici au nombre de Froude qui mesure le rapport entre I'énergie cinétique et I'éner-
gie potentielle gravitationnelle du fluide. Une fois les variables adimensionnées pour que la hauteur de la
surface libre non perturbée (paralléle au plan incliné) vérifie H = 1, le nombre de Froude (adimensionné)
vaut
tan(a)

C

avec C le coefficient de friction [104]. L'asymptotique formelle autour du nombre de Froude critique (F =
2),i.ele passage a la limite F = 2 dans les équations de Saint-Venant sur plan incliné, conduit a I'équation

de KAV-KS suivante

F =

2
041 + Oy ('72> +04(02n + 9ty) + 6503y = 0,

avec 0 < 64 ~F -2 <1, ¢f[9, 105, 86].

1.2 Problémes de Cauchy

Tout d’abord listons les résultats connus d’existence théorique pour les différents problemes
de Cauchy associés aux équations étudiées.

1.2.1 Résultats d’existence connus pour 1'équation de KAV

Résultats d’existence locale. Les premiers résultats d’existence locale dans l'espace de So-
bolev H*(R) ont été prouvés pour s > 2 dans [91] et pour s > 3 dans [63], par exemple.
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Dans [64], Kenig, Ponce et Vega démontrent 1’existence locale dans H*(R) pour s > % Plus
précisément, ils démontrent que si 1y € H*(IR) avec s > 3, alors, il existe un temps 6 ne dépen-
dant que de ||uo]|ps(r) tel que

ueC(0,6], H¥(R)) et  a,u e L*[0,8],L*(R)). (1.6)
Pour cela, ils utilisent les effets régularisants suivants sur w, solution de o;w + 82’7 oy = 0:

e l'estimation de Strichartz (ou effet régularisant global)

1
(102 ot gt )< clnlliza

o l'effet régularisant local

T
sup [ |dkw(t, x)|?dt < c||w0||i2(]R)
x€R

2p—1
Dans les inégalités précédentes, c est une constante et [0, * | est défini par sa transformée de

Fourier en espace (notée .# ou™) par .# <]8x4 ]u) (¢,8) = ]@]Tu t,¢).

Remarque 1.12. A la section 3.2, nous aurons besoin d'une borne L*([0, T], L*(IR)) sur la dérivée de
u pour s > 3 avec un temps T arbitraire (équation (1.6) mais avec T a la place de ). Nous I'avons
automatiquement pour s > 1, d'apres [64] (voir le paragraphe suivant sur 'existence globale). Pour
s € [2,1[, nous aurons besoin de descendre i L?(IR) et d’utiliser I'existence locale dans L*(R), expliquée
ci-dessous.

Les résultats d’existence locale pour des régularités plus faibles font intervenir d’autres outils
comme les espaces de Bourgain X5P [24], dont la norme est

1

s = f, Q41607 (1 o= 1) a6, Pagee)

avec 7 la transformée de Fourier de u en espace et en temps. Dans [24], la question de I'existence
locale dans L2(IR) est prouvée : il existe § un temps dépendant de la norme ||u|| 12(r) tel que

u € C([0,6], L*(R)) N X% pour b €]3,1].

Remarque 1.13. Dans toute la suite, nous nous restreindrons aux espaces de Sobolev H*(R) a indice
s positif, mais il existe des résultats d’existence locale pour des régularités plus faibles que L*(R). Dans
[66], Kenig, Ponce et Vega démontrent I'existence d'un temps 6 ne dépendant que de ||uol|ps(r) tel que

u € C([0,6], H(R)) N X%t pour s €] — 3,0] et b €]3,1].
= R >

Résultats d’existence globale. Le but de l'existence globale est de montrer que si uy € H*(R)
alors u € C([0, T], H°(R)) pour un temps T arbitrairement grand.

Beaucoup de résultats d’existence globale se basent sur les existences locales et les quantités
conservées. En effet, I'équation de KdV possede une infinité de lois de conservation [64]

/11‘2 u?(t, x)dx, /]R ((83514)2 - ;u3> (t,x)dx, /]R <(8,26u)2 - gu(axu)2 + 356u4)> (t,x)dx

10



Chapitre 1. Introduction générale
En utilisant ces lois de conservation et le fait que les temps d’existence locale § ne dépendent que
des normes ||uo||ps(r), On peut itérer les résultats d’existence locale pour obtenir une existence
sur tout [0, T], avec T arbitrairement grand. L'existence globale est ainsi prouvée pour s > 0 dans
[24].

Notons également que pour s > 2 : 9,u € L*([0, T], L*(R)), voir [64] et [24].

Remarque 1.14. Le caractere globalement bien posé est aussi connu pour des indices de Sobolev négatifs :
pour s > _?I dans [33], par exemple.

Une syntheése des résultats d’existence locale et globale se trouve dans [99] ou [80].

1.2.2 Résultats d’existence connus pour le systeme abcd

Condition de signe sur les variables 4, b, c,d. En plus de la condition (1.3) sur les coefficients
a,b,c et d, seules deux configurations possibles assurent au systeme abcd (linéarisé autour de
I’état d’équilibre au repos) d’étre linéairement bien posé

1<0,c<0,b>0,d>0, (1.7)
oua=c>0,b>0,d>0, (1.8)
voir par exemple Bona, Chen et Saut [17], Anh [4], ou Linares, Pilod et Saut [79]. A partir de
maintenant, nous nous focalisons seulement sur la configuration (1.7). Le tableau 1.1 recense

les équations classiques de la littérature correspondantes a cette configuration en fonction des
termes de dispersion présents (dispersion de type BBM 029; et de type KdV 93).

b>0,d>0 b=0,d>0 b>0,d=0 b=0,d=0
a=c=0 BBM-BBM syst. de Boussinesq | BBM-Burgers | syst. de Saint Venant!
a<0,c=0 KdV-BBM syst. de Kaup
a<0,c<0 KdV-KdV
a=0,c <0 | syst. de Bona-Smith BBM-KdV Euler-Korteweg?

TABLE 1.1 — Cas particuliers aveca < 0,¢ <0,b > 0,d >0

Remarque 1.15. Le systeme (abcd) n’est pas le seul couplage possible entre KAV et BBM, il existe
d’autres «combinaisons» physiquement réalistes a commencer par l'équation de Korteweg-de Vries-
Benjamin-Bona-Mahony (KdV-BBM)

2
(I — bd2)dsu + A5t + ad>u -+ (”2) =0, (KdV-BBM)

oita € Retb > 0. A notre connaissance, cette équation a été introduite pour la premiere fois par Bona
et Smith en 1975 [22] comme une régularisation de KdV. L'équation de (KdV-BBM) peut étre réduite a
I'équation (BBM) par un changement de variable : si u vérifie (KdV-BBM) avec a = b, alors v définie par

o(t,x) :=u(t,x —t)
vérifie 0y + 20,0 + Oy (%2) — a039¢v = 0 (qui est I'équation (BBM) avec terme de transport a vitesse
2).

1. une asymptotique différente % = O(1), pas de dispersion
2. avec un coefficient de capillarité constant (ce qui arrive par exemple en mécanique des fluides classique) [25]

11




Section 1.3. Aspect numérique

Existence d’une solution au probléme de Cauchy. La question de l'existence globale n’a, a
notre connaissance, été prouvée que dans le cas classique du systéeme de Boussinesq (2 = b =
c = 0,d > 0), étudié par Amick [3] et Schonbek [93] ainsi que danslecasb =d > 0,4 < 0,c <0
(qui inclut le systeme de Bona et Smith, par exemple) avec données initiales petites [17, 23]. Pour
les cas plus généraux, l'existence de solutions en temps long, c’est-a-dire de 'ordre de O(1), a
été traitée dans [27] pour la configuration (1.7) en excluant deux cas

a=d=0,c<0,b>0,
(1.9)
a=b=0,c<0,d>0,
a l'aide d’estimations sur I'énergie
£ () =7y + €0 = )V [7swy + € (—)bIV] 7 ry (1.10)

+[ul

%{s(m) +e(d—a)|[Vu| %JS(R) + e (—a)d||V2ul

2
Hs (]R)’

pour s € R. Nous rappelons ci-dessous le théoréeme d’existence de [27]. Soit s € IR, considérons
les indices suivants :

Spe = s +sgn (b) —sgn(c), (111)
Sad =S +sgn(d) —sgn(a), )
ot la fonction sgn est définie par :
1 if x>0,
sgn (x) = 0 if x=0,
-1 if x<0.

Théoreme 1.16. Soient a,c < 0and b,d > 0 en excluant les deux cas (1.9), s un entier tel que
5
5> 5= sgn(b+4d),

et spe, Saq définis par (1.11). Supposons que (1o, 19) € H% (R) x H% (R) alors il existe un temps
strictement positif T = O (L) et une solution unique

(,u) € C([0, T[, H***(R) x H*(R))

au systeme (abcd).

1.3 Aspect numérique

Les trois premiers chapitres de cette thése sont consacrés au calcul des solutions approchées
des équations décrites ci-dessus.

1.3.1 Principaux résultats numériques sur les équations linéaires

Notations générales. Dans la suite, nous nous focaliserons essentiellement sur les méthodes
de différences finies & un pas. Le pas de temps At > 0 et le pas d’espace Ax > 0 sont pris
uniformes pour simplifier I'analyse. Nous notons " = nAt pour tout n € [0, N] avec N = | £ ],
ol | -] représente la partie entiere et x; = jAx pour tout j € Z. La discrétisation du modele
consiste a calculer une solution numérique approchée v} a chaque point du maillage (", xj) =
(nAt, jAx).

12



Chapitre 1. Introduction générale
Définition 1.17. Soit u la solution exacte de I'EDP, et Fpiaxv = 0 avec v = (07)(n,j)€[[0/NﬂXz, un
schéma numérique discrétisant cette EDP.
® L'erreur de consistance €} est définie par

6;41 = (fAt,AxMA);l, (Tl,j) S [[0, N]] X Z.

Ici, up représente une solution constante par morceaux sur chaque maille, construite a partir de u (sa
construction sera détaillée a la définition 1.18).

e Le schéma est stable dans (*(Z) s'il existe une constante K, indépendante de At et Ax, telle que
10" || 2(z) < K|[©°]]2(z), V1 € [0, N].

‘i n n 5 1 n :
o La différence v [ (up) j est appelée Uerreur de convergence et nous la noterons ej par la suite.

e Un schéma est convergent en norme £ ([0, NJ, KZ(Z)) s’il existe p et q tels que
[[e™ || (ponp,2(2)) = O(ALF + AxT).

Les puissances p et q sont appelées vitesses de convergence (ou ordre de convergence) du schéma.

La condition de Courant-Friedrichs-Lewy (condition CFL)
La stabilité n’est parfois assurée que sous une relation liant At et Ax. Une telle relation est appelée condi-
tion de type Courant-Friedrichs-Lewy et sera abrégée par la suite en condition de type CFL.

Nous utiliserons certaines simplifications dans les notations et définissons pour cela les opéra-
teurs discrets décentré a droite, a gauche et centré suivants

o 1 o't — o ot — ot
j+1 ] D n j j—1 n j+1 j—1
= —, _v); = ———, (D) 1= ——. 1.12
Ax ( )] Ax ( c )] ZAX ( )
Nous les appellerons respectivement right winded scheme, left winded scheme et central scheme en
anglais. Ils constituent les « briques élémentaires » pour toute autre dérivation d’ordre élevée, cf

remarque 1.22.

(DJrv);-1 :

= R >

Objectifs et buts suivis. Notre étude numérique porte essentiellement sur 1’équation de (KdV)
(et ses variantes suivantes : Airy, (KdV-BBM)) ainsi que sur le systéme (abcd). Son objectif est
double :

e déterminer 'ordre de convergence en espace et en temps de certains schémas aux diffé-
rences finies pour ces équations

e quantifier cet ordre de convergence en fonction de la régularité de Sobolev de la donnée

initiale.

Afin d’étudier d"un point de vue numérique nos schémas, nous nous plagons dans un espace
discret qui imite ’espace L?(IR), I’espace noté par la suite /3 (Z) et dont la norme est définie par

o]]2 += (Z Ax (v]-)2> . (1.13)

jez

Pour les suites numériques dépendant du temps et de 1’espace, nous utilisons 1'espace suivant
([0, N]; 4(Z)) dont la norme est

1

2 2
o= (jo,Np:3(2)) := sup (Z Ax (v?) ) . (1.14)

neo,N] \jez
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Section 1.3. Aspect numérique
Grace a ce poids Ax rajouté dans la norme discrete, nous avons

He||£°°([[O,N}],£2A(Z) = [lo— uAHL""([O,T],LZ(]R))-

Il nous reste a préciser cette fonction u, (déja mentionnée par exemple a la définition 1.17)
construite a partir de u et qui représente une fonction constante par morceaux sur chaque maille
que nous comparerons a la solution numérique (U?)(n,j). Nous construisons cette fonction up
comme suit.

Définition 1.18. Soit u la solution exacte de I'équation considérée telle que u|i—o = uo, alors nous
définissons la suite

. 1 inf(#"7LT) e i (0 ) e TL NI Z
(uA)j o [inf (tn+1 T) _tn] /t" /x M(S,y) yas, s (Tl,]) € [[ ’ ]] X 4,

i
Xj+1 .
uA]—A / y)dy, sij €.

(1.15)

A partir de la suite moyennée <[u A];l) i) nous construisons la fonction constante par morceaux u telle
nj
quessi (t,x) € [t",inf ("1, T) [x[x}, xj 11, alors ua(t, x) = (ua); .

Remarque 1.19. e La moyenne en espace dans u, facilite I'étude de 'erreur de consistance. En effet, le
calcul de [|€"[| 2 (z), & n fixé, fait intervenir ¥jcz Ax|[ua]} 2. Le fait d’avoir une intégrale en espace dans
up assure la sommabilité de cette somme en faisant apparaitre la norme de Sobolev H*(R) pour s € R de
u

Il = ( [, (0+1P)° @) P ) 116)

avec il la transformée de Fourier de u.

o L'intégrale en temps ne sert que pour les équations non linéaires : elle permet au coefficient K de la
définition de stabilité 1.17 de ne dépendre que de ug et non des uy. Nous reviendrons sur cette explication
a la remarque 3.45. Pour les équations linéaires du chapitre 2, nous n’intégrerons pas en temps dans les
définitions up.

Pour répondre a notre deuxieme objectif (quantifier I'ordre de convergence en fonction de la
régularité), nous avons initialisé nos schémas avec des données 1 parfois trés peu régulieres.
Cependant, I'étude de la consistance se fait par développements de Taylor jusqu’a un certain
ordre voulu, parfois plus élevé que la régularité de la donnée initiale u(. Lorsque la régularité de
la donnée initiale est insuffisante pour mener a bien nos calculs, il est intéressant de rajouter une
étape intermédiaire de régularisation de cette donnée initiale. Nous procéderons toujours de la
méme maniére pour cette étape et garderons les mémes notations. Lorsque ug n’a pas la régularité
souhaitée, nous la régularisons par produit de convolution avec une suite régularisante (¢°)
construite comme suit.

Soit x une fonction C* telle que

6>07

e 0<x<1,

e x=1dans[-1,

1
'3
o x(=¢) =x(8),v¢ € [-L1].

| et & support compris dans [—1, 1],

Soit ¢ tel que ¢ () = x (&) (nous rappelons que ¢ représente la transformée de Fourier de ¢) et
pour tout § > 0, nous définissons ¢° tel que ¢? (&) = x (6¢), ce qui implique ¢° = ¢ ().
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Notations : Etapes de régularisation

Nous notons u la solution exacte de 'EDP étudiée partant de la donnée initiale peu réguliére u.

La solution numérique du schéma choisi sera notée (U}Z)(n,j)e[[o,N]]xz-

Soit u’ la solution exacte de 'EDP avec u := ugx ¢° comme donnée intiale, ol x représente le
produit de convolution.

Nous notons ensuite ((05)}1)(11,]')6[[0,N]]><Z la solution numérique obtenue en appliquant le schéma a

7 B g 5 .
la donnée initiale (u3)x :

1 Xj+1
of = (uh)a = o [ o g (y)dy.

j

Remarque 1.20. Cette régularisation est un argument classique déja présent dans [43] par exemple.

La méthode consiste alors a régulariser la donnée initiale, a faire 1’étude de convergence et
ensuite a déterminer 1’écart entre la solution régularisée et la solution partant d’une donnée peu
réguliere. Ce qui revient par inégalité triangulaire a

HeHew([[o,N]],eg(z)) = [|ua — UHE”([[O,NMi(Z))

< [lua — (”5)A||£°°([[O,N]],EZA(Z)) +1(u)a — U‘S||ew([[o,N]],zzA(Z)) +|[o° — 9| le=(1o.N1,2 (2))-

Le premier et le dernier terme reviennent a étudier 1’écart entre la solution (continue ou numé-
rique) régularisée et la solution partant d'une donnée peu réguliere. IIs se traitent respectivement
par stabilité de 'EDP et stabilité du schéma numérique. Le terme central correspondant a I’erreur
de convergence pour une donnée tres réguliere. Pour ce terme, les développements de Taylor de
la partie sur la consistance ne sont pas problématiques.

Remarque 1.21. Notons que dans le cadre de la résolution numérique d une équation, nous ne pouvons
travailler qu’en domaine borné. Cette remarque sera par exemple a garder en mémoire au chapitre 3 oit
I'analyse théorique de convergence se fait sur tout R mais oit les illustrations numériques ne concernent
que des solutions périodiques.

Résultats obtenus sur les équations dispersives linéaires. Illustrons tout d’abord notre étude
sur une généralisation de I’équation d’Airy : 1’équation linéaire dispersive d’ordre 2p + 1

du(t,x) + 97 u(tx) =0, (tx)€0,T] xR,

avec p € IN. Le cas p = 1 correspond a I’équation d’Airy et le cas p = 0 a I'équation de transport.

Le schéma numérique choisi consiste en un 6-schéma a 2p + 2 ou 2p + 3 points, selon que
nous utilisons les schémas décentrés a droite, a gauche ou le schéma centré

+1
v}”l 1 OAt (DEP—HU)? = o — (1 0)At <D3p+1v)"i, (j,n) € Z x[0,N], (1.17a)
j J

1 Xj1
0 __ .
'U]' = Fx /x/ l/lo(y)dy, ] € Z, (117}3)
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avec

" " 2p+1 (2p+1 (_1)k
(D%PHU)j = (Di]ﬂﬂz})j = k;) kAgC)ZWUZ_k+f+1 (schéma décentré a droite(j].18a)

" n 2pt1 2p+l —1)k

ou (D%erlv)j = (DZ,pHv)j = kzo %Z’Zm (schéma décentré a gauche)(1.18b)
n n 1 n

ou <D3p+lv> = <D3p+lv> =3 (DipHv + D2,p+10> ~ (schéma centré). (1.18¢)
) ) )

Remarque 1.22. Ces opérateurs de dérivation d’ordre élevé Dy peuvent se réécrire comme composition
des opérateurs élémentaires D, introduits en (1.12) :

;

p?¥*'.=p,D,..D,D_D_..D_,

p+1 fois p fois
2p+1
p*"'.=D.D...D.D_D_..D_,
p fois p+1 fois
p¥*.=p,.D,..D.D.D_D_..D_,
p fois p fois

D¥ :=D.D...D.D_D_..D_.

p fois p fois

Nous montrons que la stabilité dépend de la parité de p.

Proposition : Stabilité des schémas décentrés
Les schémas décentrés a droite (1.17a) avec (1.18a) sont stables dés que p est impair sous condition CFL

det di if 2p+1
e type dispersi AF(1 —26) < AJ;ZP

Alors que les schémas décentrés a gauche (1.17a) avec (1.18b) sont stables dés que p est pair sous la
méme condition CFL.
Dans les cas contraires, la stabilité est assurée sous une condition non classique

pp p+1 (2p+1) 2
40 (o) ¢ <A [20 -1+ 26%Cat],

avec C > 0 une constante indépendante de Af et Ax.

1
La condition (p + 1) (W) P AR < A [260 — 1+ 20*CAt] est non classique dans
le sens ou1 elle impose une restriction sur Ax et non At. Par la suite, nous nous focaliserons sur les
schémas stables avec une condition de type CFL. Lorsquun schéma décentré est utilisé, 1'équa-
tion de transport sera donc discrétisée a gauche, I’équation d”Airy a droite, I'équation dispersive
linéaire d’ordre 5 a gauche, et ainsi de suite. Ce résultat est a la base du schéma décentré choisi
pour discrétiser I’équation de Korteweg-de Vries.

La stabilité /> met aussi en lumiere une condition de type Courant-Friedrichs-Lewy (ou CFL)
dispersive tres restrictive, nous avons besoin de pas de temps trés petits difficilement réalisables
en pratique. C’est pour contourner cette condition que nous utiliserons dans toutes les simula-
tions numériques, des schémas implicites (donc sans condition de type CFL) ou des schémas de
Crank-Nicolson.

Pour montrer la convergence, nous utilisons le théoréme de Lax et Richtmyer [76]
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Chapitre 1. Introduction générale
Théoreme 1.23. Un schéma aux différences finies linéaire, stable et tel que son erreur de consistance
vérifie la majoration ||€"||2z) = O(AtF + AxP), pour p et q deux entiers, est convergent dans

([0, N1, (A(Z)) au sens oit

an - (uA)n “gw(HOfNE/Zi(Z)) - O(Atp —+ qu)

Remarque 1.24. Le théoreme de Lax-Richtmyer suppose le caractére linéaire du schéma numérique (et
de I'EDP a résoudre), or I'équation de KAV et le systeme abcd ne le sont pas. Nous ne pourrons donc pas
utiliser ce théoreme pour (KdV) et (abcd).

Une part importante de I'étude est accordée a la détermination de I'ordre de convergence en
fonction de la régularité de Sobolev de la donnée initiale uy. Pour les équations linéaires disper-
sives d’ordre élevé, la régularité de Sobolev de la donnée initiale est transmise a la solution en
tout temps, sans perte ni gain de régularité globale, cf lemme 2.5. Cela nous permet d’exprimer
les estimations de consistance et de stabilité seulement en fonction des normes de Sobolev de 1
(et non de la solution u(t,.) pour t # 0). Nous pouvons alors étudier 1’évolution de ces estima-
tions lorsque la donnée initiale est plus ou moins réguliere.

Théoréme : Ordre de convergence de (1.17a)-(1.17b) avec (1.18)

e Lorsque ug € H*(R), les schémas sont convergents en temps & I'ordre mmi;'i’?z) (ou 2m‘“é;'i’;+3) dans
le cas du schéma de Crank-Nicolson).
min(s,2p+3)

e Pour l'ordre en espace, le schéma centré est convergent a I'ordre 2

min(s,2p+2)
2p+2

pTE= e Les schémas décentrés,

s’ils sont stables, sont convergents a I'ordre en espace.

Nous utilisons des formules de consistance pour les dérivées temporelles et spatiales précises
a l'ordre 1 (voir 2 pour les schémas centrés ou de Crank-Nicolson) en espace et en temps. Il est
donc naturel de retrouver un ordre de convergence égal a 1 (ou 2) pour le schéma numérique,
lorsque les estimations de consistance ont un sens.

Pour des données initiales de faible régularité, il nous faut d’abord régulariser 1y comme
expliqué précédemment. Il y a alors une compétition entre la régularisation de ug et le cofit
de cette régularisation au niveau des dérivées. Il est donc nécessaire de trouver le juste milieu
qui nous permettra de régulariser assez pour que les estimations de consistance aient un sens
mais pas trop pour ne pas avoir de dérivées de la suite régularisante trop raides (et donc trop
cotiteuses). Cela aboutit a des ordres de convergences fractionnaires. Ces ordres semblent étre
les ordres optimaux de convergence d’apres les résultats expérimentaux de la section 2.2.3.

1.3.2 Principaux résultats numériques sur I’équation de KdV

Etat de l'art sur 'aspect numérique. La méthode des différences finies est une approche trés
classique de résolution, et nous noterons comme précédemment Ax et At la grille discrete spatio-
temporelle et (07) (n,j) la solution numérique. Un des premiers schémas aux différences finies uti-
lisés pour résoudre (KdV) est le schéma saute-mouton explicite proposé par Zabusky et Kruskal
dans [106]

n+l _ _n—1 n N | N no_ N no _ n,n no_ N
v v; +(Uj+1 +U]’+Uj—1)(vj+1 Uj—l)_’_UjJrZ 2Uj+1+20j71 Uin

2At 6AXx 2Ax3

=0,

avec des conditions aux bords périodiques. Ce schéma a trois niveaux en temps préserve la
norme ¢! discrete et est convergent a 'ordre deux en temps et en espace. Cependant, il néces-
site une condition CFL de stabilité assez restrictive, cf [101]

At 4
E |:’umax‘ + AJC2:| <1

17



Section 1.3. Aspect numérique
Notons qu’il est nécessaire d’initialiser ce schéma par une autre discrétisation : pour le pre-

mier pas de temps, nous pouvons par exemple remplacer la discrétisation centrée temporelle
140
par i A tv] .
Dans [101], Vliegenthart propose différents schémas numériques comme le schéma de Lax-

Friedrichs

o 4ot
S & Sl (v”

j L j+1>2_ (v;‘l—l)2 n
At 4Ax 2Ax3

no_ on no_ .n
Ui, — 204 + 20 — v, 0

Ce schéma dissipatif ne nécessite pas d’initialisation particuliere comme celui de Zabusky et
Kruskal. Néanmoins, il est convergent a ’ordre un en temps et deux en espace et requiert toujours
une condition de stabilité restrictive At = O(Ax3).

Greig et Morris dans [50] utilisent le schéma de Hopscotch suivant

n+l _ _n n 2 n 2 no_ n no_.n
Oy ) O Dt 20 200 T ) est pair
At 4Ax 2Ax3 Y J pair,
U]r,“rl _ U;? (U;,:Lll)Z _ (U7j11)2 U;lj_rzl _ 20}1_;1 + 20}1:31 o U}fljzl o . '
At * 4Ax + A3 =0, si(j+n)estimpair.

Comme nous pouvons le voir, dans un tel schéma un point sur deux au temps 7 + 1 est déterminé
de maniere explicite et un point sur deux est déterminé implicitement. Ce schéma conservatif a
deux niveaux en temps a une erreur de convergence en O(At> + Ax?). La condition CFL de
stabilité est ici AA—; Humax\ — ﬁ} <1.

Dans tous les exemples précédents, le pas de temps At doit respecter la condition dispersive
restrictive At = O(Ax?). Le prix a payer pour utiliser un schéma sans condition CFL trop forte
est d’impliciter la dispersion, comme expliqué précédemment. Winther dans [103], par exemple,
propose un schéma aux différences finies implicite a douze-points avec trois niveaux en temps,
d’ordre deux en espace et en temps. Son schéma est basé sur une reformulation de I’équation de
KdV en le systéme suivant

o — dyw = 0,
2

u
w=—u— >

Dans [98], Taha et Ablowitz utilisent le schéma suivant

n+l _ _n n+1/..n n _ontlion n n+l _ »_n+l n+l _ _n+l
v; 0] N v (v]- + v]-+1) v (v]- + U]-_l) N v 20].+1 —|—20].71 vt 0
At 6Ax 2Ax3 !

qui est du premier ordre en temps et d’ordre deux en espace. Aucune condition restrictive de
stabilité n’est nécessaire, mais ils doivent résoudre un systeme quasi-pentagonal a chaque pas
de temps.

Plus récemment, Holden, Koley et Risebro dans [55] prouvent la convergence d'un schéma
de Lax-Friedrichs avec la dispersion implicitée sous la CFL At = O(Ax% ). Is s’affranchissent de
la condition CFL dispersive en implicitant la dispersion mais n’exhibent pas d’ordre de conver-
gence pour leur schéma. Ils prouvent également la convergence forte de la solution numérique
vers la solution classique si 1y € H?(R) et une convergence faible dans L?(]0, T[; L2 (R)) si
ug € L? (]R)

Remarque 1.25. I est intéressant de remarquer qu’une des premieres preuves d’existence et d’unicité de
solutions pour (KdV) repose sur un schéma proche des différences finies, cf [96],

dvéit) _ Uj(t)vj+l(t)6;xvj_l(t) N (Uj+1(f))26;x(vj—1(f))2 +5Uj+1(t) — 3v;(t) Z;Uj_l(t) - Uj—Z(t)‘
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Mentionnons également d’autres méthodes numériques pour résoudre (KdV). Kanazawa,
Matsuo et Yaguchi [61] utilisent le schéma aux différences finies compact suivant, combiné a une
méthode discrete variationnelle (visant a imiter la formulation variationnelle dans un cadre dis-

cret) :
n+l _ _n n+1\2 n+1_,n AV n+1 n
7Y s (_(”]’ Al _(5<1>)2<”j ”]’))
C c *

At 6 2

L'opérateur 6=!> correspond a l'équivalent discret compact de 9y et est déterminé par

S i (05 fiin + 057 fi1) + BV fipa + 65 i) = aff“szﬂ + bf”im{’*z + cfﬁszﬁ,

pour tout vecteur (f;);. Un jeu de données possible pour les parametres sont & = %, B =0,
a=1%,b=}etc = 0.Ceschéma conserve l'énergie discréte et est précis a l'ordre six. Li
et Visbal dans [78] combinent, quant a eux, un schéma compact en espace a une méthode de
Runge-Kutta d’ordre quatre en temps.

Comme expliqué précédemment, deux effets sont présents dans I’équation de KdV : le terme
non linéaire de Burgers et le terme dispersif d”Airy. Holden, Karlsen, Risebro et Tao dans [54]
proposent une méthode de splitting d’opérateurs. Cette méthode se base sur la forme particuliere
de (KdV) : dsu = Lpu + Lau, avec Lp le terme différentiel de type «Burgers» et L4 le terme
différentiel de type «Airy». En notant ®5(t)u, la solution de 1’équation de Burgers partant de 1
et D4 (t)ug celle de I'équation d’Airy partant de uy, ils décomposent la solution de (KdV) partant
de ug en

u(nAt) =~ (Op(At)PA(AL)) " up, pour le splitting de Godunov,

w(nt) ~ <(¢B(A2t)q>A(f))(@A(AZt)cDB(At))) uy,  pour le splitting de Strang.

2
Les auteurs prouvent que la formule de Godunov est précise a 'ordre 1 en temps pourvu que
up € H°(R), avec s > 5 et que la formule de Strang est précise a 1’ordre deux en temps pourvu
que up € H*(R), avec s > 17 (ou pour une donnée initiale dans H**>(IR) avec s > 1 dans [56]).
La difficulté pour ce schéma est de prouver que la solution de 1'équation de Burgers n’explose
pas en temps fini. En effet, la solution d’Airy est prise comme donnée initiale pour 'équation
de Burgers, mais elle n’est pas forcément «bien préparée» et les oscillations de la solution d’Airy
pourraient amener a la formation de chocs en temps fini. Le point essentiel repose sur le fait que
la solution de (KdV) elle-méme est bornée dans H*(R) en tout temps, a ce niveau de régularité.
Ascher et McLachlan dans [7] combinent un splitting de Strang a un schéma symplectique pour
imiter d’un point de vue discret la structure hamiltonienne de I'équation de KdV. En effet, (KdV)

est une équation hamiltonnienne d’Hamiltonien J# = [, (9.u)?(t, x) — % (t,x)dx. Ils obtiennent
X

un schéma qui nécessite seulement une faible CFL At < m mais requiert la résolution d'un
gros systeme a chaque pas de temps. Notons que le schéma compact de Kanazawa, Matsuo et
Yaguchi [61] est lui aussi symplectique.

Pour finir, il existe une grande richesse de schémas de type éléments finis. Dans [8], Baker,
Dougalis et Karakashian étudient ’approche classique de Galerkin pour I’équation de KdV avec
condition initiale 1-périodique. La méthode de Galerkin consiste a créer une approximation de la
solution en utilisant des fonctions discontinues, polynomiales par morceaux ou splines. A la fois
la solution reconstruite et la fonction test sont donc discontinues. Ils utilisent des splines de degré
r — 1 et combinent un schéma de Newton (pour la partie non-linéaire) a un schéma de Crank-
Nicolson (pour la dérivée en temps). L'ordre de convergence qu’ils obtiennent est O(At? + Ax")
a condition que la CFL suivante soit respectée At < cAx3 avec ¢ suffisamment petit pour assurer
la convergence de I'algorithme de Newton.

Pour obtenir des schémas avec un ordre plus élevé, Dougalis et Karakashian, cf [45], utilisent
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une méthode de Galerkin discrete (toujours pour I'équation de KdV avec donnée initiale pério-
dique) basée sur une méthode de Runge-Kutta d’ordre trois ou quatre en temps et une méthode
de Newton en espace. Leur erreur de convergence est en O(At? 4+ Ax") avec p = 3 ou 4 (selon
la méthode de Runge-Kutta utilisée) et avec des splines de degré r — 1. La CFL est dans ce cas
At = O(Ax) et ug doit étre assez régulier.

Récemment, Bona et al., dans [13], ont établi une méthode de Galerkin pour 1’équation géné-
ralisée de KdV 1-périodique (dans cette équation, la non-linéarité est remplacée par u?*!). Leur
but est de proposer un schéma non dissipatif pour simuler de maniére plus précise les ondes pro-
gressives (traveling waves en anglais) qui sont des solutions a énergie constante, et qui sont mal
capturées par des schémas trop dissipatifs. Leur schéma est basé sur une projection non locale
de la solution, consistante avec le terme dispersif de (KdV).

Résultats obtenus sur (KdV). Nous avons choisi de discrétiser 1'équation de KdV par un
schéma de Rusanov pour la partie non linéaire et un 8-schéma décentré a droite pour la partie
linéaire ce qui donne le schéma numérique suivant, avec 6 € [0, 1],

(o't — ot v\ TAx
J 14D, (=) +6D.DyD_(v)"" +(1-6)D. D D_(v)} = —==D,D_(0v)",
At 2 j I J 2 J

(n,j) € [0,N] x Z, (1.19)
1 /%

v? = A—x/ " up(y)dy, j € Zsiuy € H*(R), avecs > 6, (1.19b)
%j

o 1 qyn 5 . . s 3

o) = A—x/ up* ¢°(y)dy, je€ Zsiuy e H(R), avec 2 <s<6. (1.19¢)

%j

\

La fonction ¢° est la suite régularisante introduite page 14. Nous énoncons ci-dessous le principal
résultat de convergence numérique obtenu sur 1'équation de KdV.

Théoreme 1.26. Convergence pour une donnée initiale quelconque

Supposons uy € H*(R) avec s > % et T > 0. Choisissons ag > 0 et T > 0 tels que

[ (ua)" [l + a0 = suEI (ua)] |+ a0 <7, n€N. (1.20)
jE

Soit By €]0,1], il existe wy > 0 tel que
At < wy, Ax < wy,

et Af
4(1-20)— <1-—
( )Ax3_ IBO/

1| At
| — <1 - .
|:T+2:| Ax <1 ,BO

Alors, le schéma aux différences finies (1.19a)-(1.19b) (si s > 6) ou (1.19a)-(1.19¢) (sinon) avec le coeffi-
cient de Rusanov valant la constante t choisie précédemment et les pas de temps et d’espace At et Ax
satisfaisant la condition de Courant-Friedrichs-Lewy (condition CFL) (1.21), vérifie, pour tout 7 €]0,s — %],

(1.21)

n 2 q
[e™ = (pon1,3 (2)) < ®T,%,HMUHH% (1 + |Mo||H§+ﬂ> AxT, (1.22)
® g= 12i2573i%§5§3!
o g= m1r16(s,6), si3<s
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La quantité ®T,% o]l 3 est définie par
x’ HZ

[0l g6 .
>
ATf%/HHOHH% ( T+% + ||”0HH4 + ||u0HH%+,7||”0||H1 , SIs > 6,

Q)

T, 25 Nluoll

3
H4

C

3
T3CerT 1 .3
AT,%HM()HH% +exp < 3 HuO”]{i)] <T+% +1+ |MO||Hmin(l,s)> [uollps, si 155< 6,

ou C est une constante, x ne dépend que de |[|ug|| ;2 (g) €t A est défini par

T, fy lluol
H

o C 2 Atz 3 1 T T At
AT,ﬁ—;,\luoHH% = exp <2 (1+r ) <1+sz) (T+(T4 +T2)|lugl] e ) CeT\ [T{1+ 5.

Remarque 1.27. Dans la définition précédente de @ a1 .\, , le terme (% + || o ]| s+
S 2

3
4

HMOHH%JH?HL[OHHl> pours > 6 (et (w%l +1+ H”OHHmin(Ls)) \[140|| s pour 3 < s < 6) vient de la contri-
2
bution de I'erreur de consistance, alors que A, ), ot principalement dil a la stabilité du schéma. Le
X/ ui
3
4 . T CexT . N 3 . , . .
terme supplémentaire exp <2€HMOHHZ > qui apparait pour y < s < 6 provient de l'approximation

)

de u par u® comme expliqué page 14.

Remarque 1.28. Les résultats précédents sont encore valables pour un pas de temps et un coefficient de
Rusanov dépendants du temps At" et T".

Remarque 1.29. -Nous retrouvons donc dans le précédent théoreme, les conditions CFL classiques de
type hyperbolique pour un schéma de Crank-Nicolson ou un schéma implicite, ainsi que la condition dis-
persive de type Airy pour un schéma explicite.

-La condition classique TAt < Ax est appelée condition hyperbolique puisqu’elle implique le méme sca-
ling que celui utilisé dans les équations hyperboliques At <+ Ax. En comparaison, la condition CFL
4[1—26] % < 1 — By est appelée condition CFL dispersive a cause du scaling At < Ax>.

-L'hypothese [t + 1] &L < 1 — By semble étre une hypothese technique, qui semble pouvoir étre remplacée
par la condition CFL hyperbolique classique TAt < Ax.

Pour démontrer ce théoreme, nous suivons la méthode classique d’étude de consistance et
de stabilité, cette méthode sera détaillée dans I'introduction 3.1 du chapitre 3. La partie stabilité
semble étre la plus délicate puisqu’il faut tenir compte simultanément des termes dispersifs et
des termes hyperboliques de I’équation. Pour la traiter, nous transposons d"un point de vue dis-
cret I'inégalité de stabilité fort-faible des lois de conservation hyperbolique, pour plus de détails
voir [39]. Cette inégalité s’écrit, pour r et s deux constantes

HZU(T) - M(T)HLZ([—N]) < C(T,M)HZUO - HOHLZ([—r—sT,r—i-sT])/

avec w une solution faible et u la solution forte. L'idée est de remplacer la solution faible par la
solution numérique.

Une part importante de 1’'étude porte aussi sur la quantification de 1’ordre de convergence
en fonction de la régularité de Sobolev de la donnée initiale. Lorsque cette donnée initiale n’est
pas suffisamment réguliere pour assurer les estimations de consistance, nous la régularisons au
moyen d’une suite régularisante (comme expliqué page 14). Néanmoins, nous supposerons tou-
jours up au moins dans H i (R). Il faut s’assurer que 1’étape de stabilité est toujours valide, méme
avec l'étape de régularisation. Pour cela, nous tirons profit de la régularité minimale requise :
puisque ug est au moins dans H i(R), la solution exacte sera globale sur [0, T}, restera en tout
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temps dans le méme espace de Sobolev que 1 et surtout dyu sera dans L*([0, T], L*(R)), ce qui
assure au coefficient C(T, u) de l'unicité fort-faible d’étre indépendant du parametre de régula-
risation. La nécessité d’avoir un facteur C(T, u) indépendant de la régularisation et intégrable
en temps nous empéche d’initialiser le schéma par des données de régularités plus faibles que
Hi(R).

Remarque 1.30. Nous venons de voir que la partie stabilité du schéma utilisé pour (KdV) néces-
sitait une certaine régularité (ug € H %(]R)). Lorsque nous majorons l'erreur, par inégalité triangu-
laire, comme détaillé page 14, il faudrait donc avoir une certaine régularité sur v° pour pouvoir ma-
jorer ||v° — 0| (> ([0,N], 2 (2)), C¢ qui parait complexe a démontrer. Nous contournons la difficulté en

changeant I'initialisation du schéma et définissons l'erreur de convergence comme ||e|| =([ON)2(Z) =

|lua —o°|| = ([0,N],2 (z)) (seulement dans les cas oit ug est peu régulier) (voir théoreme 1.26).

Numériquement, les ordres de convergence expérimentaux semblent coincider avec les ré-
sultats théoriques (au moins jusqu’a une régularité H3(R), voir la section 3.7), il semblerait donc

min(s,6)

que l'ordre optimal du schéma soit bien Ax~ s . Pour des régularités plus faibles que H>(R),
les résultats numériques semblent montrer que 1'ordre théorique n’est pas optimal et que la ré-
gularisation qu’on a introduite tend a sous estimer l'ordre de convergence du schéma. Au vu

min(s,6)

de ces résultats expérimentaux, I'ordre optimal serait toujours Ax ¢ alors que nous trouvons
. 5 _
théoriquement un ordre en Ax2-2.

1.3.3 Principaux résultats numériques sur le systeme abcd

Etat de I’art numérique. La résolution numérique du systéme abcd a fait 1'objet de nom-
breuses études, la premiére, a notre connaissance, étant le travail de Peregrine [89] sur le systeme
classique de Boussinesqa =b =c =0, d = % Depuis, d’autres cas particuliers ont été traités.
Par exemple, Bona et Chen dans [14] implémentent un algorithme numérique précis a 1’ordre
quatre en temps et en espace du systéme BBM-BBM (qui correspond aux parameétres a = ¢ = 0,
b = d = 1/6). Bona, Dougalis et Mitsotakis dans [19] et [20] proposent un schéma basé sur une
discrétisation temporelle de type Runge-Kutta implicite et une discrétisation spatiale de type mé-
thode de Galerkin avec splines périodiques pour le systeme KdV-KdV,b =d =0,a =c =1/6,
avec conditions aux bords périodiques.

Ce choix de schéma basé sur une approximation de type Galerkin combinée a une méthode
de Runge-Kutta a aussi été étudié pour une gamme plus large de choix des parametres a,b, c, d
par Antonopoulus, Dougalis et Mitsotakis dans [5]. Dans [6], les auteurs ’étendent a des condi-
tions aux bords de type Dirichlet homogenes et des conditions aux bords réflechissantes sur les
systéemes de type Bona-Smitha = 0, b = d > 0, ¢ < 0. Ils utilisent leur schéma pour étudier les
interactions entre deux solitons.

Plus récemment, Bona et Chen [15] fournissent une preuve numérique d’explosion en temps
fini pour le systtme BBM-BBM. Ce phénomene d’explosion semble se produire a la collision
frontale de deux solitons particuliers de ’équation de BBM.

Résultats numériques obtenus sur (abcd). Nous avons suivi la méme discrétisation tempo-
relle et spatiale que pour I’équation de KdV. La partie non linéaire est ainsi discrétisée au moyen
d’un schéma de Rusanov, (nous noterons par la suite 71 et 7> les deux coefficients de viscosité
de Rusanov). Par contre, une discrétisation centrée pour la partie dispersive a été préférée a la
discrétisation décentrée de I'équation de (KdV). Pour ne conserver qu'une condition CFL hyper-
bolique, nous avons implicité les termes de dispersion et de transport, ou utilisé un schéma de
Crank-Nicolson pour certains cas.
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Nous noterons (17] )(n) €t (u )(n j) les solutions numériques du schéma suivant

A (1=bD2D) (™ =) + (I +aD-D-) (6D ()] ™" + (1= 0)Dc ()] ) + De (u);

7 (1—sgn (b)) mAxD.D_ ()7,

L (1—dD, D) (i — ) + (I+¢D D) (6D ()" + (1~ 6)De (1))) + 1De (2)]
1 (1~ sgn (d)) ©AYD,D_ ()",

(1.23)
avecn > O etj € Z.Nous choisissons 0 =1sibd =0et 0 = % sib > 0etd > 0. Nous initialisons
le schéma par la donnée initiale moyennée sur une maille en espace, comme précédemment,

x]+1

;= 10 () dy,

0 _
4, e Z. 1.24
{ M? Alx Xj] ] (]/) d]// J ( )

Nous noterons
ef =ni —(na)j et fi'=ui—(ua)f

les deux erreurs de convergence, avec 77 et u définies par la définition 1.18.

Remarque 1.31. Une distinction se fera ici entre les valeurs de b et d. Deux cas se distinguent : sib > 0 et
d > 0, la dispersion de type BBM assure, méme au niveau discret une certaine régularité. La convergence
aura lieu sans nécessiter de CFL ni de viscosités Ty et Tp. Par contre, dés que bd = 0, il faudra supposer
une CFL hyperbolique et des viscosités de Rusanov t; non nulles.

Nous restreignons notre étude aux parametres
a<0,¢<0,b>0,d>0,

en excluant les cing cas suivants :
a=b=0,d>0,c<0,
a=d=0,b>0,c<0,
b=d=0,c<0,a<0, (1.25)
a=b=c=d=0,
a=b=d=0,c<0.

Remarque 1.32. Cette restriction au niveau des parametres permet d’assurer le caractére bien posé au
niveau continu des équations, comme précisé en (1.7)-(1.8).

Théoreme 1.33. Convergence du schéma (1.23)
Soita<0,b>0,c<0etd > 0enexcluant les cas (1.25), considéronss > 9sibd =0ets >6sib >0

etd > 0, considérons (g, ug) € H%« (R) x H% (R) et T > 0tel que (1, u) € C([0, T], H%(R) x H%4(R))
soit la solution sur [0, T] du systéme (abcd) partant de la donnée initiale (779, uo), avec

Spe = s +sgn (b) —sgn(c),
Sad =S +sgn (d) —sgn(a).

Choisissons o > 0, 77 > 0 et .o, > 0 tels que
(1—sgn(bd)) (J|urllje +a0) <7 et (1—sgn(bd)) (||u4lle +a0) <1, nel[0,N].
Soit By €]0, 1], il existe une constante wy > 0 (dépendant de g, Bo, 71, T2 €t sup ||(17(t), 1u(t)) || ysve  prad)
te[0,T]

telle que si le nombre de pas de temps N € IN et le pas d’espace Ax sont choisis tels que

=T/N<wy et Ax<wy
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et

max{(1 —sgn(b)) 7, (1 —sgn(d)) }At < (1 — o) Ax. (1.26)

et si nous considérons le schéma numérique (1.23) avec les viscosités numériques 1; et T choisies pré-
cédemment, si nécessaire, et l'initialisation (1.24), alors ce schéma numérique est d’ordre un en temps et
en espace. Plus précisément, les erreurs de convergence satisfont 'inégalité suivante

sup € (", f") < Capea { AP + 852},
ne[0,N]

ou Cypeq dépend des parametres a,b,c,d, de sup |[(7(t), u(t))|| oo « g2 €t de T et ou £ est I'énergie

te[0,T]
suivante

E(e,f) =llelfz + (b —c) [D+e|f2 +b(—c) [ID+D—ell7z
+1flliz + (@ —a) |D+fz2 +d(~a) [D+D-f|z - (1.27)

Remarque 1.34. Puisque nous avons choisi le schéma de Crank-Nicolson (§ = 1) lorsque b > Oetd > 0,
nous retrouvons méme un ordre de convergence en espace égal a deux dans ce cas

sup € (", f") < Cupea {At2 + Ax4} .
nef0,N]

La méthode suivie pour déterminer ce résultat de convergence sur (abcd) consiste a transpo-
ser au cas d'un systeme la méthode suivie pour 1’équation de (KdV), voir 'introduction 4.1 du
chapitre 4. La stabilité est toujours déterminée a partir d"une inégalité de type inégalité de stabi-
lité fort-faible obtenue par intégrations par parties discretes. Nous établissons les estimations de
stabilité directement sur un équivalent discret de I'énergie continue (1.10) : I'énergie (1.27). Nous
retrouvons bien expérimentalement des ordres de convergence égaux a un lorsque les schémas
sont discrétisés par des estimations consistantes a 1’ordre un (voir la section 4.5).

1.4 Ondes progressives

Une technique classique pour analyser les phénomenes propagatifs est la recherche de cer-
taines solutions particulieres appelées ondes progressives (ou traveling wave en anglais), représen-
tées par exemple en figures 1.4(a) et 1.4(b).

Définition 1.35. On dit que v(t, x) est une onde progressive de vitesse ¢ € R joignant les états u_ et u
s'il existe un profil u tel que
o(t,x) :==u(x —ct), (tx) € R?

satisfaisant lim u(¢) = uy et lim u) (&) = 0 pouri € {1,2,3,..}.

= {—*Eoo

Remarque 1.36. Si la vitesse de propagation c est positive, I'onde se propage vers la droite, alors que pour
une vitesse de propagation c négative, I'onde se propage vers la gauche.

La partie IV a pour but d’étudier I'existence d’ondes progressives pour 'équation (KdV-4),
cas particulier de I"équation (KdV-KS).

1.4.1 Orbites hétéroclines, orbites homoclines

Lorsqu’une onde progressive v est solution d'une EDP (de dérivée en espace d’ordre n au
plus), son profil u vérifie nécessairement une EDO (d’ordre 1), que I’on peut réduire a un systéeme
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d’ordre 1 dans I'espace des phases {X = (u,u’,u”, ...,u(”*l))t, u € R}
d
—X
dg
la fonction F dépendant, entre autre, de la vitesse c et de la non linéarité.

Nous pouvons donc décrire une onde progressive a travers son profil, en prenant le point de vue
d’un systeme dynamique. Nous rappelons tout d’abord 1'orbite de Xy : c’est I'ensemble

(§) = F(X(¢)), X€eR, (1.28)

{x € R", tel qu'il existe ¢ € R, tel que X (&) = x, avec X(0) = X, }.

Il existe des orbites particulieres parmi lesquelles les orbites hétéroclines et homoclines.

Définition 1.37. Soit X la solution du systeme (1.28) partant de X (0) = X. S'il existe X 1., deux points

d’équilibre du systeme (1.28) (i.e F(X+) = 0) vérifiant glim X()=X_et glim X (&) = X4, alors
——00 —+00

Uorbite de X est dite

e hétérocline si X # X4,
e homoclinesi X _ = X,.

Une orbite hétérocline correspond donc a une onde progressive avec des états inital et fi-
nal différents et une orbite homocline correpond a une onde solitaire (ou soliton). Nous avons
représenté schématiquement cette correspondance a la figure 1.4, lorsque le plan des phases cor-

respond a {(u,u’), u € R}.

(b) Soliton (onde solitaire)

du/de
[
\J
]
du/d¢

u u

(c) Orbite hétérocline (d) Orbite homocline

FIGURE 1.4 — Correspondance onde progressive avec u_ # u, /orbite hétérocline et onde soli-
taire/orbite homocline

1.4.2 Principaux résultats d’existence d’ondes progressives sur 1’équation KdV-KS

Equations diffusives-dispersives. I’équation de KdV-KS tient son nom des deux équations
sous-jacentes : I’équation dispersive (avec poids i) de KdV

02

0;0 + dy <2> = yaiv, u=>0
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Section 1.4. Ondes progressives
et ’équation diffusive de Kuramoto-Sivashinsky (KS)

02

9¢v + Oy (2) =Ao%v—cdtv, A>0,¢>0. (KS)

L’équation (KS) apparait dans de nombreux phénomenes physiques : elle a été établie initiale-
ment pour 1'étude des petites instabilités thermiques diffusives dans les fronts de flammes [95]
ou l'étude des systemes de réaction-diffusion [70].

Remarque 1.38. Nous noterons KAV~ I'équation avec dispersion négative :

2
0+ 9y (”2) = udds, u>0 (KdV-)

afin de la différencier de I'équation classique de KAV avec dispersion positive :

02

040 + 0y <2> +;48;°’Cv =0, wu>0.
Qu’il y ait ou non un poids y sur la dispersion, nous appellerons I'équation KAV ou KAV~ par abus de

langage.

Selon les parameétres A, i et ¢ considérés dans 1’équation, nous retrouvons d’autres équa-
tions classiques des écoulements de fluides. Un résumé des équations obtenues en fonction des
parameétres est donné par le tableau 1.2.

e Ainsi, lorsqu’il n’y a ni dispersion, ni diffusion (A = p = ¢ = 0), il s’agit de I'équation de
Burgers.

e Il est parfois intéressant de prendre en compte la viscosité du fluide considéré. Dans ce cas,
nous obtenons I'équation de Burgers visqueux (A # 0, p = ¢ = 0).

e L'équation de KAV~ -Burgers, ou (KdV - B) par la suite, correspond a 1’équation de KdV -
KS sans diffusion d’ordre 4 (A, 4 > 0, ¢ = 0).

dispersion
non (u = 0) oui (u # 0)
non
(A=0) (¢ =0) Burgers non visqueux Kdv~
g (c=0) Burgers visqueux KdV~-Burgers!
g ordre 2
= (A#0)
(¢ #0) KS KdV~-KS
ordre 4
(A=0) (¢ # 0) | Burgers avec diffusion d’ordre 4 | KdV~ avec diffusion d’ordre 4!

TABLE 1.2 - Equations diffusives-dispersives en fonction des valeurs des parametres A, y et ¢

. -

1. Ala partie IV, nous nous focaliserons exclusivement sur ces deux équations.
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Etat de I’art sur les ondes progressives pour (KdV-KS). Certaines équations répertoriées dans
le tableau 1.2 sont déja connues pour posséder de telles ondes progressives. Par exemple,

o(t,x):=c— (= qu)tanh ((u_ — 1) (x — ct)) , pour (t,x) € R?
2 4A
est une onde progressive pour 1’équation de Burgers visqueux (A > 0 et p = ¢ = 0). Elle se
déplace a vitesse ¢ = ““7"= et permet de relier les états d’équilibre u_ et u, < u_.
Pour I'équation de (KdV) (A = ¢ = 0, y = —1), John Scott Russel observe en 1834 un phéno-
mene de propagation de vague dans un canal a vitesse et amplitude constantes

«Cette onde continua sa marche dans le canal sans que sa forme et sa vitesse parussent s’altérer
en rien.» >

Il s’agit de la premiére observation connue d"un soliton ou onde solitaire. L'expression du soliton
de KdV est la suivante Ve
c

u(t,x) = 3c sech? (2(x — ct)>

avec ¢ > 0, la vitesse de propagation. On voit que la vitesse de déplacement du soliton dépend
directement de son amplitude : plus 'amplitude est grande et plus la vitesse sera importante.

Remarque 1.39. Pour ramener (KdV ™) avec dispersion a poids, a la forme classique de I'équation de
KAV : dsu + 0y <”72> + d3u = 0, il suffit de poser le changement de variable

u(t,x) = —ilv(—y%t,y%x).
],[3

Ainsi, le soliton de (KdV ™) s’écrit

o(t,x) = —30 sech? <2\§’ﬁ(x + Ut))

1 .
avec ¢ = pusc > 0, et on retrouve un soliton se propageant vers la gauche.

Remarque 1.40. La notion de soliton s’est, depuis, généralisée a d’autres domaines que I'hydrodynamique
comme I’optique (dans les fibres optiques), la physique des plasmas, la chimie des matériaux, I’acoustique...
Les propriétés d'un soliton sont intéressantes, par exemple lorsque deux solitons se croisent, il n'y a aucun
changement de leur direction, de leur vitesse et de leur amplitude respectives. L'apparition de soliton ne
peut avoir lieu que par I'équilibre qui se réalise entre terme(s) non-linéaire(s) et terme(s) dispersif(s).
L’équation de KdV apparait donc comme un «modele jouet» afin d'étudier et de mieux comprendre ces
phénomenes non linéaires localisés.

De nombreuses études ont été menées afin de montrer I'existence d’ondes progressives pour
certaines valeurs des parametres A, u et ¢. Par exemple, une des premiéres études, menée par
Mock en 1976 [84], concerne 1’équation

eu + Ay (f(u)) = —gayu, (1.29)

avec f lipschitz. Mock s’est inspiré de 'EDO (1.28) dans l'espace des phases pour démontrer
par une méthode de tir que I'on peut joindre les deux états u_ et u, prescrits, sous certaines
conditions de signe sur F.

2. M.H. Darcy and M.H. Bazin. Recherches Hydrauliques. Deuxiéme partie, Paris, Imprimerie Impériale, p.9, 1865
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Remarque 1.41. Notons que le résultat principal de [84] est, en fait, de démontrer un résultat d’existence
de solutions faibles pour le systeme hyperbolique de loi de conservation 0;u + 0y (f (1)) = 0. Ces solutions
faibles seront obtenues par passage a la limite ¢ — 0 sur les solutions de (1.29). Cette technique de viscosité
évanescente est classique, voir [94] par exemple.

L'existence d’ondes progressives pour 1’équation de KdV-Burgers : 0;u + 0y (“72) = Ao%u —

#d3u dans le cas particulier 4 = 1 a été étudiée dans [59]. Il y est démontré que I'onde solitaire
(pour A = 0) devient progressivement une onde progressive oscillante (pour de petits A)

Bona et Schonbek, dans [21], généralisent I'étude précédente au cas A et y quelconques.
En étudiant «géométriquement» le champ de vecteur associé a I'EDO de KdV-Burgers, ils dé-
montrent I'existence d’ondes progressives oscillantes si la dispersion est plus importante que
la diffusion A> < 4u(u_ — c) et d’ondes progressives monotones pour une forte diffusion
A% > 4u(u_ — c). Ils exhibent alors le bon scaling diffusif-dispersif : A> = O(u). Le comporte-
ment des ondes progressives est aussi détaillé asymptotiquement lorsque A — 0 ou # — 0: sans
dispersion 'onde progressive tend vers 1'onde progressive de 1’'équation de Burgers visqueuse
alors que sans diffusion, I’'onde progressive tend vers le soliton de (KdV), et nous retrouvons
dans ce dernier cas les résultats de [59].

Mentionnons également les travaux de Levy et Shearer [77] qui s’intéressent aux ondes
progressives pour un systéeme formé de 1'équation (KdV-KS) couplée avec une équation sur la
concentration d"un tensioactif ainsi que les travaux de Mansour [82] qui démontre la persistance
de I'onde solitaire de KdV pour une équation (KdV-KS) avec des coefficients A, y, ¢ < 1.

e . >

Résultats obtenus sur (KdV-KS). Nous avons démontré 'existence d’ondes progressives de
faible amplitude pour 1'équation (KdV-KS) avec non linéarité générale lorsque le nombre de
Reynold converge vers le nombre de Reynold critique R*. Pour cette asymptotique, 1'équation
est dégénérée (i.e A = 0) et correspond a I'équation de (KdV-4) avec non linéarité générale :

Ot + 9y (f(u)) = pd>u — cotu, (1.30)

avec f une fonction convexe telle que f(0) = f/(0) = 0 et f(0) > 0. Lorsque f(&) = %2, nous
retrouvons (KdV-4).

Dans notre cas particulier de 1’équation (1.30), nous introduisons des profils d’onde remis a
I'échelle afin que les coefficients de 'EDO du plan de phase soient tous de I'ordre de I'unité

o(t,x) =u (x _1Ct> .
g?)

Ceci nous permet de connaitre les bonnes échelles entre les parameétres : y = (’)(g% )

Nous nous focalisons surtout sur des ondes progressives avec états initial et final différents, ce
qui revient a prouver l'existence d’orbites hétéroclines dans I'espace des phases.

Théoréme 1.42. Onde progressive pour (1.30)
Supposons f convexe telle que f(0) = f/(0) = 0 et f/(0) > 0. dans (1.30). Il existe 7 > 0 tel que pour

uy €] —n,0][, il existe une onde progressive (de petite amplitude) joignant 0 a u a vitesse ¢ = %
solution de (1.30).

Remarque 1.43. Nous avons fixé u_ = 0 dans le précédent théoreme sans perte de généralité, puisqu’il
suffit de considérer f(&) = g(&+u_) — g(u_) — ¢'(u_)¢ avec une non linéarité g quelconque pour se
ramener au cas oit u_ = 0, cf remarque 5.2.
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1.5 Plan de la these

Le manuscrit se découpe en cinq chapitres détaillés ci-dessous.

Chapitre 2. Nous amorgons l'étude numérique de I'équation de KdV en étudiant tout d’abord
I’équation dispersive linéaire sous jacente : I'équation d”Airy

o +3u =0

qui est une linéarisation de I'équation de KdV autour de zéro. Nous étudions dans ce chapitre
la stabilité et la convergence de schémas aux différences finies pour I’équation d”Airy mais aussi
pour une généralisation de cette équation : les équations dispersives linéaires de dérivée spatiale
d’ordre impair

atu+aff’“u =0, peNN.

Cette classe d’équations regroupe I'équation de transport a vitesse un (p = 0) par exemple et
bien stir I’équation d"Airy (p = 1). Nous avons établi que la stabilité est assurée par un schéma
décentré a gauche pour p pair (I'équation de transport par exemple) et a droite pour p impair
(I’équation d’Airy par exemple).

L’étude est généralisée au cas des équations aux dérivées d’ordre pair en espace quelconque : les
équations polyharmoniques

du+ (—1)PoFu=0, peN.

Ce chapitre est partiellement issu de I’acte de conférence [34].

Chapitre 3. Dans ce chapitre, nous discrétisons 1’équation (KdV) par le schéma aux différences
finies (1.19a)-(1.19b) ou (1.19a)-(1.19¢). La convergence du schéma par rapport a la régularité de
Sobolev de la donnée initiale (théoreme 1.26) est démontrée et des simulations numériques sont
effectuées afin de montrer que ces ordres de convergence semblent optimaux si ug € H°(R), avec
s > 3).

A cause de la présence des termes non linéaire et dispersif, la stabilité du schéma est prouvée par
une méthode directe reposant sur des intégrations par parties discretes. Une grande connaissance
des opérateurs de dérivations élémentaires D, D_ et D, définis en (1.12) est donc nécessaire
et une synthese des différents calculs de normes discretes, intégrations par parties discretes et
dérivations de produits discrets sont résumés dans ce chapitre.

Nous remarquons que cette connaissance des opérateurs élémentaires nous permet d’exhiber
explicitement le flux numérique associé a I'entropie quadratique ”72 pour I'équation de Burgers a
la fin de ce chapitre.

Certains résultats de ce chapitre se trouvent dans [36].

Chapitre 4. Ce chapitre est consacré a I'étude numérique du systéme (abcd). Nous choisissons
d’étudier au préalable I"équation mixte de KdV-BBM

2
(I — b0?%) 9su + 0y <”2> + (I +ad3) 0yu = 0.

Pour a = 0, nous retrouvons 1'équation de (BBM) (avec un terme de transport) et pour b = 0,
nous retrouvons 1'équation de (KdV) (avec un terme de transport). Nous avons adapté 'étude de
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stabilité et de convergence faite sur 'équation de KdV a cette équation mixte. Nous retrouvons
des conditions de type CFL hyperboliques ou dispersives selon les valeurs des parametres a et b,
en utilisant un schéma décentré a droite ou a gauche selon le signe de a.

Nous généralisons 1'étude numérique au systeme (abcd) et démontrons la décroissance de cer-
taines énergies dans des espaces H!(R) ou H2(IR) discrets selon les valeurs des parametres a, b, ¢
et d (cf théoreme 1.33). Les simulations numériques semblent valider les résultats théoriques.

Il s’agit d'un travail en collaboration avec Cosmin Burtea [28].

Chapitre 5. L’existence d’ondes progressives pour I'équation de (KdV-KS) fait I'objet de ce cha-
pitre. En utilisant les outils des systemes dynamiques (théoreme de la variété centrale, fonction
de Lyapunov, intégrale de Melnikov...), nous montrons 'existence d’ondes progressives de petite
amplitude pour I'équation de (KdV-4) généralisée, c’est-a-dire le théoréme 1.42 pour 1'équation
(1.30).

Nous retrouvons aussi les résultats de Bona et Schonbek [21] pour 1’équation de KdV-Burgers
¢ = 0 (onde monotone lorsque la dispersion est plus faible que la diffusion et onde oscillante
sinon) par une analogie intéressante avec 1’équation de Fisher-KPP.

= >
Chapitre 6. Ce chapitre, trés prospectif, constitue une introduction préliminaire a 1’étude de
stabilité des ondes progressives pour 1'équation de (KdV-KS). En calculant numériquement la

fonction d’Evans sur l’axe réel R™, sur 'axe imaginaire pur iR ainsi que sur un voisinage de 0
dans C, nous conjecturons la stabilité spectrale de telles ondes progressives.
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DEUXIEME PARTIE

Etude des équations linéaires de dérivées
d'ordre éleve
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CHAPITRE 2

Numerical analysis of high-order linear
equations

E compute the rate of convergence of right-winded, left-winded and central finite difference
0-schemes for linear PDEs with an arbitrary odd order spatial derivative term

du(t,x) + 3 u(t,x) =0, (t,x)€[0,T] xR,

with p € IN. We prove convergence of the first or second order for smooth initial data, and fractional order for any
initial data. The numerical results match the theoretical orders proved. We finally mimic the convergence study for
high-order polyharmonic heat equations

du(t,x) + (=1)PoFu(t,x) =0, (t,x) € [0,T] x R.

In contrast, we consider only a central numerical scheme.
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Chapitre 2. Numerical analysis of high-order linear equations
2.1 Introduction (en francais)

e chapitre est consacré a l’analyse numérique des équations aux déri-
vées partielles linéaires d’ordre P quelconque en espace. Nous restreignons
I'étude a la dimension 1 d’espace sans terme de bord, le probleme de Cauchy
associé a ces EDP s’écrit alors sous la forme

{ duu(t, x) + (=1)PaPu(t,x) =0, (t,x) €0, T] xR,

U, ,=u, XxE€ R,

sP) = (1- (P-2151) ) 15

ot |-] est la partie entiere. La forme générique de ces équations permet, en réalité, de traiter
des EDP ayant des caractéristiques, des solutions et des comportements tres différents. Citons
quelques cas particuliers connus :

2.1)

avec P € N et

e équation de transport d;u(t, x) + dyu(t,x) =0, (t,x) € [0,T] X R,
e équation de la chaleur d;u(t, x) — d3u(t,x) =0, (t,x) € [0, T] x R,
e équation d’Airy 9;u(t, x) + d3u(t,x) =0, (t,x) € [0,T] x R,

e équation diffusive d’ordre quatre d;u(t, x) + diu(t,x) =0, (t,x) € [0,T] x R.

= R >

Parité du parametre P. Selon la parité du parameétre P, nous pouvons regrouper I’ensemble
de ces équations en deux classes aux propriétés distinctes. Lorsque P est impair, P = 2p + 1,
I’équation (2.1) prend la forme suivante

ot x) + 9 T u(tx) =0, (tx)€0,T]xR. (2.2)
Nous l'appellerons équation linéaire dispersive d’ordre 2p + 1. Le cas p = 0 est particulier puis-
qu’il n’a pas d’effet dispersif.
Lorsque P est pair, P = 2p, les équations sont paraboliques et de type diffusif

dru(t, x) + (=1)Pau(t,x) =0, (t,x) €[0,T] x R. (2.3)

Dans toute la suite, nous les appellerons équations de la chaleur polyharmonique d’ordre 2p.
Ces équations ont la propriété de régulariser instantanément les solutions, comme l'illustre la
proposition suivante.

Proposition 2.1. Soit u solution de (2.3). Alors, pour toute donnée initiale ug € L? (R), u est dans
C® ([to, +oo[, R), pour tout ty > 0.

La distinction des équations selon la parité de P est aussi justifiée d'un point de vue plus
numérique. En effet, lorsque I'équation est discrétisée spatialement par des différences finies
d’ordre 1 ou 2, les dérivées d’ordre pair 9% sont généralement discrétisées en utilisant des for-

. i . . . 2pt1 . .
mules centrées, alors que les dérivées spatiales d’ordre impair 95/~ peuvent faire appel a des
formules décentrées a gauche, a droite ou centrées.
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Remarque 2.2. La présence du facteur (—1)? dans les équations oir ‘P est pair, équations (2.3), est pri-
mordiale pour assurer I'existence ou la non-explosion des solutions. En effet, sans ce coefficient, ou avec
(—=1)P* au lieu de (—1)7, 'EDP (2.3) est équivalente au probleme de I'équation de la chaleur polyhar-
monique rétrograde, qui est un probleme mal posé dii au caractere irréversible de la diffusion thermique.
Il n’en est pas de méme pour les équations oir P est impair. Pour I'équation de transport par exemple, le
signe de la vitesse de transport n’a aucune influence sur l'existence ou non d’une solution. Il s’agit d’une
équation réversible (et le parametre (—1)F est, dans ce cas, inutile).

= R >

Schémas numériques utilisés. Nous rappelons ici le schéma numérique utilisé, avec t" =

nAt pour tout n € [0,N] ou N = | L], x; = jAx pour tout j € Z et la solution

(+)

17 (jm)elo,N]xZ
numérique. Dans le cas P impair, nous avons testé les schémas décentrés a droite et & gauche a
2p + 2 points, ainsi que le schéma centré a 2p + 3 points et dans le cas P pair, nous avons testé le
schéma centré a 2p + 1 points

+1
ol 1+ 0AL (D%PHUY = o — (1-6)At (D%’JHUY, (j,n) € Z x [0, N], (2.4a)
] ]

SIP:2p+1 0 1 i ; . ~ ”
Uf_Ax/xj uo(y)dy, je€Z, (2.4b)
avec
2p+1 (2p+1\/_ 17\k
2p+1_ \" 2p+1 \" _ (k)( 1) n . . P .
(D. U)j = <D+ U>j = k;o va_kﬂ.ﬂ (schéma décentré a droite)(2.5a)
2p+1 2p+1 -1 k
2p+1 \" 2p+1 \" (k)( ) no . P PN
ou (D. v)j = <D, v)j = 1;) AT (A (schéma décentré a gauche), (2.5b)
1
ou (D%pﬂz}); = <D§p+1v>; =3 (Diﬁlv + DZpHv): (schéma centré), (2.5¢)
et
+1
v¢4+9@4WN<D?@7 :vf—ﬂ—Oﬂ—DﬂM<D?ﬂé,@n)er[QNMém
. ) )
siP=2 .
Pl L / T o)y, i € Z, (2.6b)
Fo Ax Uy
avec
w & DD . .
(DC v)j = ngr]_kﬂ (schéma centré). (2.7)

Dans les deux cas, nous définissons l’erreur de consistance de la maniére suivante.

Définition 2.3. e Pour tout (n,j) € [0, N] x Z, I'erreur de consistance €” est définie par

j
(un)] ™ — (un)]

' 1
€f = = L 16 (DiMA)}H +(1-10) (Di”A)}q /
avec D = D! donnés par (2.5a)—(2.5c) ou D = (—1)? DZP donné par (2.7), et
n_ 1 /xf“ n
wa)j = 5z J,, w9,

pour u solution exacte du probleme de Cauchy (2.1).
e L'erreur de convergence est, quant a elle, définie par

ef = —(up)j, (n,j)€[0,N] xZ. (2.8)
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Chapitre 2. Numerical analysis of high-order linear equations

Il s’agit, dans la définition précédente, de comparer la solution numérique a la solution exacte
moyennée sur une maille en espace. Le choix d'une telle moyenne est motivé par 'utilisation de
la norme /3 (cf introduction générale) qui fait intervenir une somme sur tous les entiers relatifs ;.
La moyenne sur chaque maille permet, en effet, de retrouver l'intégrale sur tout R et ainsi, d’avoir
une somme finie sans hypothese supplémentaire. A contrario, il est relativement plus compliqué
de montrer que la somme des |u(t", x;) |? est bien finie (cf remarque 2.16). Ce choix de moyenner
la solution exacte justifie aussi l'initalisation du schéma numérique par une moyenne sur chaque

0= (uA)? pour tout j € Z ce qui implique

maille [x;, xj;1] : cette initialisation permet d’avoir v j

O _ .
ej = 0, VjeZ.
Principaux résultats. Il est intéressant de noter que dans le cas ott P est impair, la stabilité

dépend de la parité de | 2 |. Plus précisément, nous démontrons le résultat suivant (cf proposi-
tion 2.19)

Résultat : Schémas décentrés et P impair

Les schémas décentrés a droite (2.4a) avec (2.5a) sont stables sous la condition de Courant-Friedrichs-

Lewy (condition CFL) At(1 —26) < A’fz’;“ dés que L%J est impair alors que les schémas décentrés a

gauche (2.4a) avec (2.5b) sont stables sous la méme condition dés que L%J est pair.

Les résultats de convergence sont les suivants (¢f théorémes 2.39 pour P impair ou 2.50 pour

P pair).

Résultat : Ordre de convergence pour le cas P impair

e Lorsque ug € H’(R), les schémas (2.4a) sont convergents en temps a I'ordre mi“é;;w) ou Zminé;f'p)

dans le cas du schéma de Crank-Nicolson (6 = %).

e Pour ce qui est de l'ordre en espace, le schéma centré (2.4a) avec (2.5c) est convergent a I'ordre
2%@*2). Les schémas décentrés (2.4a) avec (2.5a) ou (2.5b), s’ils sont stables, sont convergents a

) min(s,P+1)
I'ordre =57+ en espace.

Résultat : Ordre de convergence pour le cas P pair

Lorsque ug € H*(IR), le schéma (2.6a) avec (2.7) est convergent a 'ordre %ﬁzp) en temps et 2%@4’2)

en espace. 4
Le schéma de Crank-Nicolson (0 = %) est convergent en temps a 'ordre 2%7;37)).

Organisation du chapitre. Pour les raisons évoquées précédemment, nous traitons séparé-
ment le cas P impair (cf section 2.2) du cas P pair (cf section 2.3). Néanmoins, la méme méthode
sera appliquée aux deux cas : une étude de consistance tout d’abord par développements de
Taylor et différences divisées (sous-sections 2.2.1.2 pour le cas impair et 2.3.1.1 pour le cas pair),
suivie d'une étude de stabilité par l'utilisation de la transformée de Fourier (sous-sections 2.2.1.3
et 2.3.1.2). Pour finir, l'ordre de convergence sera quantifié en fonction de la régularité de la
donnée initiale (sections 2.2.2 et 2.3.2). Lorsque cela est nécessaire, nous régularisons les données
initiales par produit de convolution avec une suite régularisante.
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Section 2.2. High-order linear dispersive equations
2.2 High-order linear dispersive equations

For the particular case p = 1, that is Airy equation, our schemes (2.4a) with (2.5a) or (2.5b)
or (2.5¢) are very similar to those studied by Mengzhao in [83]. He reviews some classical finite
difference schemes named rightside/leftside/central explicit schemes (which correspond to our
explicit right-winded/left-winded/central schemes), Crank-Nicolson case (which corresponds

to § = 1 in our scheme). He even details the leap-frog scheme, when the time derivative is
.Ufl+17.014’l—1 0774—17.01_1
approximated by -~—x;/—, not by -~ Because of the strong similarities between Mengzhao’s

schemes and ours, we recover the same stability conditions in Subsection 2.2.1.3.

Remark 2.4. For more simplicity, we detail proofs on right-winded difference scheme (2.5a) and explain
in some remarks the differences that occur in the left-winded and central cases, respectively (2.5b) and
(2.5¢0).

2.2.1 Order of accuracy for an initial datum in H**2(RR)

We hereafter find some conditions on 0, At and Ax for the schemes to be consistent and stable,
to conclude the convergence study according to the Lax-Richtmyer Theorem 1.23. In this section,
initial data is supposed to be smooth enough for all computations to be valid, without needed
any regularization tool. Indeed, supposing ug regular is sufficient to ensure the same regularity
for u(t,.) for all t € [0, T] because of the following result.

Lemma 2.5. Let u be a solution of (2.2). If ug € H*(R), forany s > Othen u(t,.) € H*(R), Vt € [0, T).

Proof. If u is a solution of (2.2), then by linearity of the equation, all the derivatives of u verify
(2.2) too and by Fourier transform, the L?>-norm of all its derivatives are conserved :

||a]§”(tr~)HL2(1R) = ||a]3<cu0||L2(]R)r

for all k € IN. O

2.2.1.1 A review of divided differences

We recall in this subsection the basic properties of divided differences of a function f, which
are useful to simplify calculus of the consistency error.

Definition 2.6. Given a function f and k + 1 points (xo, ..., xx), the divided difference of order k of f is
defined recursively by :

flxjl = f(x)), Vi e 2,
flx1, ., x¢] — f[x0/-~xk*1], Yk > 1.
X — X0 B

flxo, %1, x%] =
The first main property reads as follows and is proved for example in [42] by using Rolle’s
theorem.

Proposition 2.7. Let (xo, ..., xj) be a sequence of | + 1 distinct points and assume that f € C!(R). Then
there exists ¢ € (min(xo, ..., X), max(xo, ..., Xj)) such as

0))
f[xO,...,x]] — f ]'(é)
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Chapitre 2. Numerical analysis of high-order linear equations

Moreover, if we assume an additional hypothesis on the distribution of (xo, ..., xx), then

flxo, ..., xx] has an explicit formula. Indeed, for all (J,£) € N?, and (xy, ..., X¢47), ] + 1 points
regularly spaced of /1, we have, by induction on | :

i (,{) (=1 f (xxs0)

f[Xg,...,Xng]] = k=0 ]']’1] . (29)

Thanks to the previous equality, the divided differences enjoy the following lemma.

Lemma 2.8. Letj € Z, p € N and (xj_p_1,...,Xj+ps1) 2p + 3 points regularly spaced of h, then the
following equations hold

2p 2p
)» (ka ) (—)Ff (ks j-p) )3 (2kp ) (—1)FF (xpps))
—0 s
SBjopr el = (2p)th?v B (2p)!h? ’

241 150 1 q 241 1n g
L ( pk >(_1)k+lf(xk+fp> )3 ( pk )(—1)kf(xpk+j+1)
_ k=0 _ k=0
Hipr s X il = (2p + 1)1 - (2p + 1) 12T /

2p+1 2p+1 2p+1 2p+1
= (e ) L () 0 )
f[xf—l”—l’xf—l’""’xf+l7] = (2p—|—1)!h2p+1 - (2p+1)!h2p+1

Proof. We use Equation (2.9) respectively with (J,¢) = (2p,j—p), (J,{) = 2p+1,j — p) and
(J.6)=@2p+1,j—p-1). M

Combine Proposition 2.7 and Lemma 2.8. Then, under the same hypothesis of Lemma 2.8 and
if f is smooth enough, the divided difference of order 2p + 3 of f is equal to :

2 2
ka:() ( ]f)(_hilzkf(xp_k'f‘]') _ (2P)!f[xj—p/ . xj+p] _ f(2p)((:), (210)

with ¢ € (xj—plxj+p)/

2p+1 2p+1y  1\k ;
Yo ( k );2:31 f(xP*kﬂ“) =(2p+ 1)!f[x]-,p,..., x]'+p+1] = f(sz)(g)/ (2.11)

with & € (xj_p, Xj1pt1),

2p+1 2p+1N\ 10\k .
Bico G O DT 100) (0 1)yt i) = 1), 212

with ¢ € (x]-,p,l, xj+p)-
Sums are considerably simplified thanks to the previous relations, as shown in the following
lemma.

Lemma 2.9. Forall ¢ and p in N, there exists y € (—p, p) such that

0 if ¢ < 2p,
22’” 2p C1fp— k) =1 if ¢ =2p,
= N R T

((—2p)! P
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Section 2.2. High-order linear dispersive equations

Proof. We set g, : y + y', and we use Equation (2.10) with f = ¢, h = 1,j = 0 and x; = i for
ie”Z.

In that case,

2p
v () te-n =g,

k=0

with ¢ € (x_p,xp) = (—p, p). We compute the derivative function of g, to conclude. d

If we apply this proof with Equation (2.11) (respectively (2.12)) instead of (2.10), we have
similarly the following results.

Lemma 2.10. Forall ¢ € N and p € N, there exists y € (—p, p + 1) such that

0 if0<2p+1,
)3 ( pr >(—1)k(P—k+1)€= o iff=2p+1, (2.13)
k=0 k (! 14

(—2p—1
(T if 0> 2p+1.

Lemma 2.11. Forall ¢ € N and p € N, there exists y € (—p — 1, p) such that

0 if0<2p+1,
2p+1 . o
3 <2P+1>(_1)k(p_k)g: 0! ifl =2p+1,
k=0 k o

(—2p—1

2.2.1.2 Consistency estimate
Proposition 2.12. Assume ug € H¥2(R) (and ug € HP3(R) if 6 = 1) then, for the right-winded

or left-winded finite difference schemes (2.5a) and (2.5b), there exists a constant C > 0 independent of
Ax, At and u verifying the following consistency inequality
L%IR)) '

L2<IR)> '

Remark 2.13. In Section 2.2.1.2, we suppose the initial datum regular enough to compute all the needed
derivatives and the Taylor expansion up to the desired order.

1 dp+2 2p+2 6p+3
||€||€°°([[O,N]];€2A(Z)) <C (At ’2 - 6‘ Haxp uOHLZ(]R) + AxHaxp uOHLZ(]R) + AF* Haxp 200]
For the central finite difference scheme (2.5c), the consistency inequality is as follows

1 4p+2 2p+3 6p+3
llellg=(rong22)) = € <Af ’2 - 9’ 103" uo|[ 2wy + B([07 w2 () + AF Haxp Ug

Proof of Proposition 2.12. For uy € H* 72 (R) and for the right-winded finite difference scheme,
one has

2041 2p+1y,_ 1\k ,
21, V" _ (prtt, )y G )EDT (1 / ; -
(D. uA)j = (D+ uA)j = k;() VeI ax Jy u(t", y+ (p—k+1)Ax)dy | .

Using a Taylor expansion (in space) up to order 2p + 2 and exchanging the two sums inside
leads to

2p+1
) 1 /ml 241 ot y) (Zero (= DF(p — k+1)8x")
+

2p+1 _
(D MA) T Ax I AxZHT

dy+(Ry)},  (2.14)
Xj (=0
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Chapitre 2. Numerical analysis of high-order linear equations

where

(R+)]r‘l =

U prelrokear i Pue,z) (D0 (DDA + (p -k E DAY -2
H/x /y (2p+1)! Ax2p+1 zay.

For simplicity, we will only use [|R" ||,z < CAx| 03 Pu(en, 2Ry, with C > 0 a constant inde-
pendent of Ax and u. Equation (2.14) is s1mphf1ed thanks to Lemma 2.10. Eventually, we obtain
(sz i A)]n = & f 1Py (1, y)dy + (R+)j . Similarly, by adapting the previous computation,

one has, if § # 1 5

‘ X m+l
e [ [ s ) +
X "

2p+1 >”+1 1 /x
D -
( + U j Ax \ Jx;

]
and, if 6 = %
. X X
(DipHuAy . </ ot u(t",y)dy+/ " Ay u(e, y)dy
j Ax \. xj Xj

s (1 api +1 71

n+l n
In order to compute the difference w that appears in Definition 2.3, we perform a

Taylor expansion (in time) up to order 2 (order 3 if § = 7). Gathering all those results together
yields (if 6 # %)

i+l
e - / ]H/ B%u (s,x) 7)11511964‘ */ " / a a2p+1 (s,y)dsdy + 6 (R )"+1 +(1-0) (Ry)]
n AtAx Xj tn !

and, if 6 = %

tn+1 n+1

1 Xj+1 1 _g)2 0 [ T, opi
e}fl = AfAx / /tn a?u(s, y)%dsd}/ + H /x ‘/tn a%axp"’_ 1,[(5, y)(t”+1 — S)dsdy
)

+6(R )”“+(1f9) (Ry)] -

The conclusion comes from the relation d;u(t, x) = —aipHu(t, x) and the Cauchy-Schwarz in-
equality (if 0 # 1)

tn+1

||e"||§isc</m M1+ ) 5 [ Bl ) Pads + RIIRE (1 - 0)IRE |ﬁz>, 215)

jEZ

e 1
and, if 0 = 3
tﬂ

i+ 16 3
]2 gc(/t” AR +6%) 1 [ 08 us,y) Psdy + 6% R + (1 62 |RY ||Ez>. (2.16)
jeZ i

The conservation of the L2-norm (cf Lemma 2.5) concludes the proof. O

Remark 2.14. The reqularity H*P*2(R) (or HP+3(R) if 0 = 1) is essential in this proof and comes from
the Taylor expansion in time, which involves d2u(t", x) (or 9293 u(s,y) if 6 = 3).

Remark 2.15. We follow exactly the same guidelines for the left-winded finite difference scheme. For the
central finite difference scheme, we need to perform a Taylor expansion in space up to order 2p + 3 to

. n . . 2p+3
obtain (DZP“L,A)j =&  tu(t,y)dy + (Ro)} , with ||RE]| 2 < CAX[[9Y uo| 2w
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Section 2.2. High-order linear dispersive equations
Remark 2.16. The previous proof explains our choice of &= [77' u(t",y)dy instead of u(t",x;) in the

Xj

consistency error (cf Definition 2.3). Indeed, the (3 -norm implies, among other terms, the presence of
X
Y [ kus,y) Pasdy
JjEZ Y

in Equations (2.15) and (2.16), and this sum is well defined for ug € H*(R). Without integrating on each
cell [x;, xj11], the upper bound would be

Y [ku(t", x)
jez

and the summability would be more difficult to prove.

2.2.13 Stability

We note, for all (U;“) and ¢ € [0,1],

jez

01(g) == Y ofe?™ in L2([0,1])
keZ

(the sequence (v;‘)(n,]-) is seen as Fourier-sequence of the function v). Parseval inequality yields
the equivalence of the norms :

1 o~
Y Axlol = Ax/o o (&) | de. 2.17)

jez
Eventually, we define the shift operator S’ by S‘v" = (v, )jez thus, S lyn = = 2imlegn,

Definition 2.17. If the scheme is linear with constant coefficients, we define the amplification factor A({)
of the scheme by

vt (§) = A(§)0"(8), g€ [01].
This Fourier description enables us to set the following proposition about the stability.

Proposition 2.18. A linear scheme with constant coefficient is stable as defined in Definition 1.17 if and
only if, there exists a constant C > 0 independent of At and Ax such that, for all At, Ax < 1 (possibly
satisfying a CFL condition)

A@) < (1+cap), geo1).

We use the previous proposition to find the following CFL conditions of stability.

Proposition 2.19. e Asymptotically, when Ax and At decrease towards 0, the right-winded scheme (2.5a)

is stable under the CFL condition
Apr—H

2%
for p odd, and stable provided if there exists a constant C > 0 (independent of Ax and At) such that

AH(1—20) <

1
(2p+1

pp Pl f) _ 2
(p+1)<(2C)p(2p+1)2p+1) Ax 7T < At[20 — 14 20°CAt],

for p even. The reverse occurs for the left-winded scheme (2.5b).
o The central scheme (2.5¢) is always stable if there exists a constant C > 0 independent of Ax and At

such that the following CFL condition occurs : At(1 — 260) < 2CA272

24p
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Chapitre 2. Numerical analysis of high-order linear equations

Remark 2.20. For the right-winded scheme with p odd and the left-winded scheme with p even, the
asymptotic Proposition 2.19 gives the same results than taking C equal to zero in Proposition 2.18.

The results of Proposition 2.19 on the Courant-Friedrich-Lewy conditions of stability is sum-
marized in Table 2.1.

p even
p odd
p=0 p#0
(Advection)
Right-winded stable provided that stable provided that stable under the CFL cond.
scheme Ax < AH(20 — 1+ 262CAt) BAYTT < AH(268 — 1+ 262CAt) At(1—20) < A’;’;“
1
5=+ (Gepgymm)
Left-winded | stable under the CFL cond. | stable under the CFL cond. stable provided that
2p+1
scheme At(1—260) < Ax At(1—20) < A’;’;ﬂ BAx 71 < A(20 — 1+ 262CA)
1
B=(+1) (Gppmm)
Central stable under the CFL cond. | stable under the CFL cond. | stable under the CFL cond.
scheme At(1—20) < 2CAx2 At(1—29) < 2587 At(1—29) < 2CA8T

TABLE 2.1 - Stability results for finite difference 6-schemes

Remark 2.21. For p even and the right-winded scheme (respectively for p odd and the left-winded
scheme), the stability conditions are unconventional in the sense that they impose a restriction on Ax
with respect to At. Hereafter, we deal only with "classical” CFL condition and consider the right-winded
scheme for p odd and the left-winded scheme for p even.

The following computation will simplify the proof of Proposition 2.19.

Lemma 2.22. One has, for all ¢ € [0,1],

k=0

2p+1 - /
2 <2ij_ 1) (_1)ke—217t(r7—k—&-1)ér = e—zn{;’ (_Zl’sin(né’))zp—i_l :

Proof of Lemma 2.22. We have to develop the left hand side, which holds

k=0

k=0

_ 2inpt (efZiné B 1)2”“

— ¢~ (—2isin(7) )Pt

2p+1 2 2p+1 2p—k+1
PH1N, ko —2in(p—k+1)E _ 2inpe 2p+1\ Lk (—2ine\ PR
) ( v )( 1)%e =e ) v (-1) <e >

Proof of Proposition 2.19. The right-winded finite difference scheme (2.5a) leads to

o1 (E) (1 n Wz% (
k=0

N .y 2p+1
5(2) (1—W »

OAt

k=0

2p+1

2p+1

L > (_1)k62in(pk+1)§>

k

) (—1)ke_2i”(7”_k+1)g> , forany ¢ in [0, 1].
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Section 2.2. High-order linear dispersive equations
The two sums are simplified thanks to Lemma 2.22. We finally obtain v"+1(&) = A%f = (&)0"(E),
with A" the amplification coefficient defined by, ¥Z € [0, 1]

(1 - Hgre (=i +1 (2sin(m)) ")

2p+1
AP () = 38 . (2.18)
(1 are e (i1 (2sin(mg) )
According to Proposition 2.18, we are looking for a condition ensuring
2p+1 2 2 .
‘A+ (C)’ < (14 CAt)* forany ¢ in [0,1]. (2.19)

CASE p EVEN : ‘ Assume that the parameter p of the spatial derivative is even. Then we get

(=) e = —je™im = _jcos(rt€) — sin(7¢).
Condition (2.19) leads to, for any ¢ in [0, 1],

(1-0)%(an)?

1‘w<Zsin<n¢>>2”“<—sin<”@)+ A (28 (—sin(rt)?
_n\2 2
W (2sin(g)) " cos(n)?
2 2
< (1+caty? (1 - (A%))ifﬂ (2sin(ng))# ! (—sin(ng))+ m (2sin(7g))* * (~sin(n¢))?
2 2

Hence, it simplifies into, for any ¢ in [0, 1],

22PH2A¢ (sin (7)) *P
Apr—i—l

[1+ 2COAt + 0C*AF?

(2sin (7&))* At

At (1720 = 20°CAL — 07C*AF)

< At[2C+ C3At].

We rewrite the previous inequality into

22742 (sin (&) P2 [1 4+ 2COAt + OC2AL

(2sin (78))*" At
Ax2r+1

(1—20—20°CAt — 0*°C2At*) | < Ax*PT1[2C+ C?At], VZ €[0,1]. (2.20)

Remark 2.23. Asymptotically when At and Ax decrease towards 0, Inequality (2.20) implies that 1 —
20 < 0. Otherwise, the left hand side is positive and can not be upper bounded by the right hand side
(which is as small as possible). Hereafter, for the case p even, we focus only for @ > 1, for this reason.

By defining X := 2sin(7t¢) € [—2,2], we are looking for a relation between At and Ax which
allows to have, for all X € [—2,2] and for all 0 € [%, 1],

At
Ax2p+1

X2 [142COAt + 0*C* AP + X*+2 [1—20 — 20°CAt — 6°C2A#?] < Ax*T1[2C + C?At] .

Let feven be the even function defined by

At
Ax2r+1

feven(X) 1= X2 [14 2C0At + 0>C? A + X2 [1—20 —20°CAt — 6°C>A#*] .
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Chapitre 2. Numerical analysis of high-order linear equations
Proving that the maximum of feyen is less or equal to Ax2r+1 [ZC + CZAt} is a sufficient condition
to obtain the stability of the scheme. The maximum is obtained for Xmax, satisfying

s o (pt 1)Ax?PH 1+ 2COAt + 62C2 AR 2.21)
T (2p +1)At[1 — 20 — 202CAt — 02C2A12) ‘

Remark 2.24. Since 6 > 1, the right hand side of Equation (2.21) is positive as expected.

Therefore, one has

At

2p+2 2
feven(Xmax) = Xnfax 1+2CO0At + 92C2At2 + anaxm (1

— 20 — 20°CAt — 0*°C*At?)

2p+2 22 A 52 p
= Xmax |1+ 2COAt 4+ 0°C°At°| —— .
o [142COAt + 6°C ]2p+1>0

A condition which allows foven(Xmax)?” < Ax? (2p+1) [ZC + CzAt} ¥ would be a sufficient condi-
tion to obtain stability of the scheme. One has

P2 (p + 1)2PF2Ax 2D @042) [1 4 2COAL + 02C2AR] T2

feven(Xmax)ZP = 2p+2
(2p + 1)4P+2A12P+2 [1 — 20 — 202CAt — 2C2A2]°F

Imposing

P (p + 1272022200 14 2C0AE + 62C2A1) P

(2.22)
< [2C + C?Af)™ (2p + 1) F2AL2P2 [20 — 1 + 26°CAt + 62C2AL]

2p+2
is thus sufficient to obtain the stability of the right-winded finite difference scheme (2.5a) with p

even. Asymptotically, when At and Ax decrease towards 0, Condition (2.22) becomes

_P_

(2p+1)
pr(p+1)Ax =T < (20)

14 2p+1 2
7T (2p+1) 7T A [20 — 1+ 202CA] .

For 0 # 1, a sufficient condition for the stability is thus

1

P P
(p+1) 207 ap T 1) Ax T < At[20 —1]. (2.23)

For the Crank-Nicolson case (8 = %), a sufficient condition is

1

2(p+1) pr Pt ) 2
C ((2(:)’” Cp+ipi) AYTT <AR (2.24)

Remark 2.25. e Aguin, the parameter 0 has to verify 0 > 1 for Relation (2.23) to be possible.
e For p = 0, we recognize the classical condition Ax < At(20 — 1), which is the stability condition for
the right-winded scheme to be stable for the advection equation.

Thus, the right-winded finite difference scheme with p even is stable under the condition
(2.23) for 6 > % and the condition (2.24) for the Crank-Nicolson case, for At and Ax small enough.

‘ CASE p ODD : ‘In this case, the parameter p of the spatial derivative is odd, then

(—i)2P+1e 178 — joimE — jeos(rE) + sin(rE).

45



Section 2.2. High-order linear dispersive equations
Condition (2.19) becomes, for any ¢ in [0, 1],

- 20 asin(eg) 7 sinr) + IO asinng) 2 s
W (2sin(7¢))*"* cos(76)°
< (1+ CAb? (1 + (Azf)ifﬂ (2sin(7c&))* 1 sin(7&)+ (iz()ﬁ?jz (2sin(7c&))* 2 sin(7Z)?
+m (2sin(7g))*P+2 cos(ng)2> .

We simplify the previous inequality to obtain, for any ¢ in [0, 1]

(2sin (7)) ** [~1 — 2COAL — OC2AL

(2sin (70&))*" At

AT (1= 20— 20°CAL— 0°CPAF)

< AXPTL[2C + C2At] . (2.25)

Remark 2.26. If 1 — 20 < 0, Inequality (2.25) is automatically satisfied because the left hand side is
negative so no CFL condition is needed.

As for the even case, we are searching for a condition to impose that the maximum of the even
function f,qq is less or equal to Ax?P*! [ZC + CZAt] with

fodd(X) 1= X212 {—1 —2COAt — OC*AF + XZP% (1—26—26°CAt — 92C2At2)] , Xe€[-22].

This time, the maximum of f,qq is obtained for Xmax = 2 (Which would mean choosing ¢ = %)
A sufficient condition to obtain the stability condition is as follows

2p+2 | _ 1 _ _ 2 A 42 2p 28
2 [ 1 —2COAt — C* At -2 Ax2P+1(

1—260 —20°CAt — GZCZAtz)] < AxPPHL[2C 4+ CPAt .
Asymptotically, when At and Ax decrease towards 0, the previous CFL condition becomes
Ax2p+1

22r 7
which is sufficient to ensure Inequality (2.25), for Ax and At small enough.

AH(1—26) < (2.26)

Thus, the right-winded finite difference scheme is stable under the CFL condition (2.26) for p
odd and for At and Ax small enough.

Remark 2.27. We recognize that, if 6 > %, there is no CFL condition.
Proposition 2.19 is a straightforward consequence. ]

Remark 2.28. For the left-winded finite difference scheme, the only difference in the amplification coeffi-
cient is e instead of e~ (in both the numerator and denominator) :

Ay - (1 — e (_Zism(”é))zpﬂ)

(14 atrer® (~2isin(2))* ")

The parity needed for the stability changes because of that difference.
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Chapitre 2. Numerical analysis of high-order linear equations
For the central finite difference scheme, e~ is replaced with cos(7t¢) in the numerator and the
denominator of the amplification coefficient :

A2p+1(§) - &;)Gzzﬁi cos(7¢) (—2isin(m§))2p+1
1+ (Ax)2P+1 cos (&) (—2isin(m&))*P

2.2.1.4 Error estimates

We recall the well-known discrete Gronwall lemma, whose proof can be found in [42], for
example.

Lemma 2.29. Let (t"),eN be an increasing sequence and (v") e be a nonnegative sequence such that
we define h" := t""1 — " > 0, forn € N. Let A > 0 and (w"),en be a sequence satisfying

" < (14 AR")0" + |w"|, Vn € N.
Then, the following inequality comes true
n—1
v" < exp(A(t" = 19))0" + Y exp(A(t" — ) [wk|, VneN.
k=0

With Definition 2.3 of the convergence error, we are now able to state the main result of this
section.

Theorem 2.30.

For an initial datum 1y € H**2(RR) (and uy € HP*3(R) if & = 1), there exists C > 0 a constant inde-

pendent of At and Ax such that the error estimate of the right-winded finite difference scheme (2.5a) (if p
is odd) or of the left-winded finite difference scheme (2.5b) (if p is even) satisfies
LZ(IR)) '

LZ(R)) ’

a4;7+2

2p+2
x uO‘ x

+ Ax
L2(R)

1 6p+3
||e||zoo([[o,N]];£2A(z)) <C (At ‘2 - 9‘ ’ Mo‘ + At Haxp MO‘

under the CFL conditions recalled in Table 2.1.
For the central finite difference scheme (2.5c), the convergence rate becomes

1
llell (g2 (z)) =€ <At ‘2 _9‘ ’

under the CFL conditions of Table 2.1.

[2(R)

4p+2
axﬁ u()H

+AX2 Haﬁ””uo‘ ]L AR Haﬁ””uo‘

L*(R) *(R)

Remark 2.31. All those results are gathered in Table 2.6.

Proof of Theorem 2.30. We suppose p odd, so we work with the right-winded finite difference
scheme. The case p even, with the left-winded scheme is similar. The definition of the conver-
gence error implies

Al ().

i _ A2p+1 o
ent1(g) = AT (8)e(8) - 11 i?pérle in¢ (—1)2p+1(2sin (7€) ) 2P+

One has e (7i)12p T s (7 P o) < 1 and the stability condition gives
‘ ‘Azp i ‘ ‘L‘” (1) < 1+ CAt. Thus, we obtain the following estimate, by discrete Gronwall lemma
(Lemma 2.29)

n
e |z < (L+CABle"|2 + Atlle"|| 2 < T[] 2 + AteT Y [[¥]] 2.
k=0
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Section 2.2. High-order linear dispersive equations
The initial condition 79, Equation (2.4b), together with Definition 2.3 of u, and the consistency
error in Proposition 2.12 conclude the proof. O

Remark 2.32. As expected, for the particular case 8 = % (the so-called Crank-Nicolson case), the rate
of convergence in time is better as illustrated in Table 2.6, provided uy € HOP*3(R) (and not only in
H4p+2 (]R) ).

2.2.2 Less smooth initial data

The previous order of accuracy is obtained for initial data uy at least in H4P+2(IR) (or
H*3(R) if = J). In this section, our aim is to relax this hypothesis to obtain rates of conver-
gence for non-smooth initial data, for example, 19 € H*(R) with s > 0.

2.2.2.1 A regularization of 1

When u is not smooth enough to verify uy € H*2(R) (or H?"3(R)), we regularize it
thanks to mollifiers (¢°) We recall here the construction introduced in general introduction
(cf page 14).

Let x be a C*°-function such that

6>0"

e 0<x<1,
e x=1in[-3, 4] and supp(x) C [—1,1] (where supp is its support),
o x(=8) = x(¢),v¢ € [-1,1].

Let ¢ be such as ¢ () = x (&) (we recall that ¢ stands for the Fourier transform of ¢) and for all

o~

6 > 0, we define ¢° such that ¢° (&) = x (6¢), which implies ¢° = ¢ (5). Eventually,

e we shall still denote by u the exact solution of (2.2) starting from the initial datum .

e The numerical solution of (2.4a)-(2.4b) is still named (v?) (nj)E[ON]xZ-

e Let u’ be the solution of (2.2) with ug := 1 * ¢° as initial datum, where % stands for the
convolution product.

e We denote then ((0‘5)7)(,1,]-)6[[0, N]xz the numerical solution obtained by applying the nume-

rical scheme (2.4a) from the initial datum (1)), :
1 [+
o) = (up)a = - / ,. o x ¢° (y)dy. (2.27)

We first need to quantify the dependence of the Sobolev norms of ug with respect to .

Lemma 2.33. Assume (m,s) € R2withm > s > 0and ug € H*(R). Let u be such as ul = ug * ¢°,
then there exists a constant C independent of 6 such as

C
15| [ r) < s o[ s () (2.28)

Proof. According to (1.16), the H™

—

R)-norm of u{ verifies
1+ 1213)" [x (52) [P0 (€) Pde
(1+121%) @ ()* (1 +[&*)™ 7 |x (6¢) [*de.

T

[0 % ¢°| 3 ()

<
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Chapitre 2. Numerical analysis of high-order linear equations

By hypothesis on x and its support, there exists a constant C > 0 such as (1 + |¢ |2)m75 < W%

and moreover, one has |x (6¢) | < 1, which concludes the proof. O

We need then to know the rate of convergence of uj toward 1o with respect to §, which is
summarized as follows.

Lemma 2.34. Assume ug € H*(R) with 0 < ¢ < s, then, there exists a constant C independent of &
such that

||uo — “gHHf(JR) < C(SSJHMOHHS(R)-
Proof. By definition of the H ‘(R)-norm (1.16), we have, for s > £ :
o — 1By = [ 1+ 2P (@) (1~ x(62))2 g

o 2
= e [P @) (TGA ) e

Hypothesis on x implies that sup 1?‘#

S—t
zeR

equality (1 -+ |&?)¢|¢[2¢~9 < C(1 +|&[?)*, with C a constant,

< C; with C; a constant. Hence, by using the in-

0 = |y < €G3 [ (1416 1o @) e
< CC§52(SJ)H“0H§5(R)-
O

Remark 2.35. We recognize the competition mentioned in general introduction between the reqularity
and the stiffness of the derivatives. Indeed, the derivation of Lemma 2.33 reveals = whereas the regulari-
zation of Lemma 2.34 discloses 5t for 0 < £ <'s < m. More precise is the regularization, steeper is the
derivation. A compromise has to be found to regularize enough to perform Taylor expansions but without
needing to many derivatives.

2.2.2.2 Initial datum in H°(R) with s > 2p +2

As explained previously (c¢f Remark 2.14), the regularity of ug is determined by the Taylor
expansion in time. A first step is then to deal with the time term in error estimates. The following
proposition provides that the time error prevails until uy € H?*2(IR), for which the spatial error
becomes predominant.

Proposition 2.36. Assume uy € H°(R) with s > 2p + 2, and let us fix M = min(s,4p + 2) (and
M = min(s,6p + 3) if 6 = 1), then there exists a constant C > 0 independent of At and Ax, such
as the error estimate for the right-winded (respectively left-winded) finite difference scheme, if p is odd
(respectively even), yields

M 1 2 2 2M cn
||e||goo<[[o,N}];g/2;(z)) <C <At4”+2 5~ 9’ HaxMMOHLZ(IR) + AxHaprr uo||r2(w) + A Jeas “OHLZ(]R)> /

under CLF conditions of Table 2.1.
For the central difference scheme, we suppose s > 2p + 3, and one has (for the same M and M")

M 1 2 3 2Mn cn
||e||goo<[[o,N]];4i(z)) <C <At4”” 5~ 9’ 1030 | 2wy + A2 o] |2y + At [[2}! “0”1}(112)) /
under CFL conditions of Table 2.1.
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Section 2.2. High-order linear dispersive equations

Proof of Proposition 2.36. The triangular inequality applied to the convergence error gives
||€n||z2A = |Jua — UH@ < E + &5 + Ef with

2\ %
5 = (Z Ax <Ax / j+1 u(t", x) — u5(tn,x)dx> ) , (2.29)

jeZ

_ 2\ 2
Ej = (Z Ax (Alx /:]“ ul (", x)dx — (v‘s)?> ) , (2.30)

B = <Z ax (@) _07)2>2. (2.31)

JEZ

Cauchy-Schwarz inequality together with the conservation of the L>-norm (¢f Lemma 2.5) yield

1
2

— Xj+1
2 < <2 [ e - e >|2dx> < o — iz
JEZ VY
From Lemma 2.34 with/ =0and s = M (ors = M if § = %), there exists a constant C such that
— 1 cn cn
< ¢ (043 - o1tz + 4" Loy 4 i ) -

For the E5-term, we use the previous sectlon (Section 2.2.1). Indeed, E% corresponds to the

convergence error for a smooth initial datum . Hence, one has, if CFL conditions of Table 2.1
are true,

- 4p+2 +2 6p+3 5
25 < C (e~ 0| 108 2l + 512 Pl + AL il )
At 2p+2 Atz cn
§C<(54P+2M’ ’|8Mu0||L2 + Axl[8 uoliaqr) + e 192 Holliaqw) )

where the latest inequality comes from Lemma 2.33 with (m,s) = (4p +2, M), (m,s) = (2p +
2,2p+2)and (m,s) = (6p + 3, M™").

Finally, the stability of the scheme gives the following estimate for 2% :
25 = |1(0")" = "|[a < ||ug — uol|L2w)

Thus, the convergence error is upper bounded by

1 cn cn
[e"]]z <C <5M '2 - 9’ |03 10| | 2() + 0™ 1{9:1}||a£cv1 uol|r2(wr)

At 2p+2 Atz cn
+W ‘ ‘ HaMMOHLZ ) + Ax|[0y . uol|r2ry + WHay MOHLZ(]R)) :
Proposition 2.36 comes from the optimal choice for 6 : § = Atﬁ (oré = Atﬁ if 6 = %). O

Remark 2.37. The result for the central finite difference scheme is proved exactly in the same way, with
the same s, m, £ and .

Remark 2.38. For p = 0, 0 # % and the central finite difference scheme, we have to perform the same
guidelines while exchanging the role of At and Ax. The choices of § = Ax3 and M =2 give :

"] onpacz < C (811020l l2r) + At 320l |2y ) -
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Chapitre 2. Numerical analysis of high-order linear equations
2.2.2.3 [Initial datum in H°(R) with s > 0

The main result of this chapter is summarized in the following theorem where the initial
datum ug has any Sobolev regularity.

Theorem 2.39.

Assume that CFL conditions of Table 2.1 are true. Assume that ug € H*(R) with 0 < s, then, there exists

a constant C > 0 independent of At and Ax, such that the right-winded (respectively left-winded) finite
difference scheme if p is odd (respectively even) has the following error-estimate

min(s4p+2) min(s,2p+2) .
ap+2 | |a;n1n(2p+2,s)

P
uol| 2Ry +Bx 7

1 in(4p+2,5)

lelles(on122) SC(N 2—9\llai“‘“(” ’ toll2 )
min(s,6p+3) .

+AET e ||a§1m(6p+3's)uo||L2(m>>'

The previous inequality becomes for the central finite difference scheme

min(s,4p+2) | ] in(4 +2 min(s,2p+3) in(2p+3,
el (o762 2) SC(At z—e\uaxf“m( P2 g |y + A% || g
mln(56p+
—|—Ai’2 ||am1n 6P+3S) ||L2(IR)) )

Remark 2.40. The previous results are summarized in Table 2.6.

Proof of Theorem 2.39. Here again, we suppose that p is odd, we thus detail the proof for the right-
winded finite difference scheme. We have already proved the case s > 4p + 2 in Section 2.2.1 and
the case 2p +2 < s < 4p + 2 in Subsection 2.2.2.2. Let us now focus on the case 0 < s < 2p + 2.

The proof of Theorem 2.39 follows the same guidelines as the proof of Proposition 2.36.

Let ug € H*(R), we regularize this initial datum thanks to mollifiers (¢°) 50 Whose properties

are listed in Subsection 2.2.2.1. This involves introducing the same new unknowns u, ug and

(@)") -

CASE 0 # % :| The convergence error (e?) (i) is upper bounded by the same Ef, E and Z%,

defined in (2.29)-(2.31). Lemma 2.34 with £ = 0 and s = s leads to
B + 85 < C&°||0%uol | 2R

By definition u{ € H*(R), Vk > 0, therefore Proposition 2.36 applies with k = 2p + 2 and
M = min(k,4p + 2) = 2p + 2. It gives the following estimate for Z7 :

1< C (Atzw 110372 ud | 2my + D] |03 2 ud]| 2 ) ((mzm + Ax) 11037 21| 2 ) .
We then apply Lemma 2.33 with m = 2p + 2 and s = s. Finally, it yields

Pt
At + Ax

02p+2—s

HEHHQ < C | &°||95uol [ r2(r) + [[0%u0l [ 12(r)

1

p+l 2p+2
The conclusion comes from the optimal choice § = <At2p+1 + Ax> .
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Section 2.2. High-order linear dispersive equations

CASE 0 = % : | The Crank-Nicolson case leads to

Atg%é +Ax>
|l < C | &l0xuoll2r) + =z l10%uoll2(w)

1
4p+4 2p+2
The optimal choice is in this case § = <Atﬁz+3 + Ax) p. O

Remark 2.41. The left-winded scheme, with p even, is exactly the same. The central finite difference
scheme is proved with the same method except for the variable k, which is taken k = 2p + 3 for that
scheme and M = min(k,4p +2) = 2p + 3 (if p # 0). Thus, the upper bound for Z becomes, (if 0 # 3)

2p+3 243 s
Bl <C (At4p+z|aip+3ug||L2(R) + Ax2||a§P+3ug||L2(R)> <C ((Atw + sz) ||a3;”+3ug||Lz(R)> .
This implies (if 0 # 1)

<At‘21§12 + Ax?

52p+3=s |05 o] ‘LZ(IR)

le"llg < C | &°l[0%uol| 2wy +

and (if 6 = 1)

p2pt3 >
At + Ax
Hen”ei <C ‘5sHafc“0HL2(R) + 52p+3—s Hai“OHLZ(]R)

Remark 2.42. For p =0, 0 # % and the central scheme, the same holds to obtain

At—f—Ax%
le"lz < (‘55 + 52_s> [[03uol 2 (r)

Nf—=

and we conclude with 6 = (At + Ax%>

2.2.3 Numerical results

In order to illustrate numerically the previous results, we perform two sets of examples : on

the one hand, we compute the numerical rate of convergence of various equations for a fix initial
datum and on the other hand, the equation is fixed and we test different initial data.
In all examples, the computational domain is set to [0,50] subdivided into | cells with | €
{800, 1600, 3200, 6400, 12800, 25600, 51200, 102400} and the numerical simulation is performed up
to time T = 5. Not to have a too restricted Courant-Friedrichs-Lewy condition, we implement
the implicit scheme (6 = 1) and impose At = Ax.

Remark 2.43. To study convergence of the scheme, mesh size aims to be smaller and smaller : Ax*P*1 is
so incredibly small. Therefore, dispersive CFL condition is a very restrictive condition, unworkable in most
cases. However, it turns on only for 6 < % That is why, all our numerical experiments will be carry out
with § > 1.

=2
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Chapitre 2. Numerical analysis of high-order linear equations

Since exact solutions are not always known, the convergence error is computed between the
solution with | cells and a 'reference” solution with 2] cells in space.
Since the indicator function 1, L belongs to H(]0, L]) for all s < %, we build test functions in

H*([0,L]) with s <  + k by integrating k-times the indicator function. Such functions will be
denoted in H2%~([0, L]). For more details about this construction see Section 3.7.
The first test consists of fixing 1 in H %_([O, L]) or H %_([0, L]) and compute the convergence

rate for p = 0 (advection equation), p = 1 (Airy equation) and p = 2. The numerical results are
gathered in Tables 2.2 and 2.3 and correctly match with the expected theoretical rates. We choose

right-winded or left-winded schemes according to p.

p=0 p=1 p=2
Ax (Advection) (Airy) (Fifth-order derivative)
error in order error in order error in order
=(0,N; A(2)) (=(0,N; A(2)) (=(0,N; (2))
6.250.10~2 2.985.10°
3.125.102 2.757.1073 0.115
1.563.1072 2.441.1073 0.175
7.813.1073| 1.194.10~* 1.348.1073 2.176.1073 0.166
3.906.1073| 7.381.107° 0.694 | 1.125.1073 0.261 | 1.961.1073 0.149
1.953.1073| 4.471.107° 0.723 | 9.670.10~* 0.219
9.766.107%| 2.664.107° 0.747 | 7.968.10* 0.279
4.883.107*| 1.585.107° 0.749 | 6.572.107* 0.278
theoretical 0.750 0.250 0.150
TABLE 2.2 — For a Sobolev regularity H 2~
p=0 p=1 p=2
Ax (Advection) (Airy) (Fifth-order derivative)
error in order error in order error in order
>(0,N; 4(2)) (=(0,N; 3(Z)) (>(0,N; 3 (2))
6.250.10~2 3.388.102
3.125.102 3.639.1072 0.093
1.563.1072 3.032.1072 0.263
7.813.1073| 2.586.1073 1.011.1072 2.528.1072 0.262
3.906.1073| 1.347.1073 0.940 | 7.507.1073 0.430 | 2.138.10°2 0.242
1.953.1073| 6.873.10~* 0.971 | 6.267.1073 0.261
9.766.107%| 3.437.10* 0.999 | 4.401.10°3 0.510
4.883.1074| 1.719.10~4 1.000 | 3.074.1073 0.520
theoretical 1.000 0.417 0.250

TABLE 2.3 — For a Sobolev regularity H 3

For the second sample of examples, the equation is fixed (p = 0 for Subfigure 2.1(a) and
p = 1 for Subfigure 2.1(b)) whereas the Sobolev regularity of the initial data is fluctuating. As
shown in Figure 2.1, the theoretical rates are represented by the blue line and the numerical rates
correspond to the red dots. The exponent of the Sobolev regularity of u( is shown in the x-axis.
Again, the different rates match very well, which tends to indicate that the convergence orders
we have proven are optimal.
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FIGURE 2.1 — Numerical versus theoretical orders

2.3 High-order polyharmonic heat equations

The high-order polyharmonic heat equation (2.3) is discretized according to the centered
scheme (2.6a)-(2.6b) with (2.7). We follow exactly the same guidelines of the previous section
to establish the convergence error : a first step consists on stating consistency estimates and we
set the stability CFL-type condition in a second step. We conclude the proof by a discussion on
the convergence rate according to the Sobolev regularity on the initial datum.

2.3.1 For an initial datum in H*"(R)

2.3.1.1 Consistency estimate

For more simplicity in proofs of this section, we establish a link between the even case and
the odd case in the following lemma.

Lemma 2.44. Let (a7)(n,j)€[0,Nﬂ «z be a sequence, for all integer p, one has

Ax (Df"’a)}1 = (Diplax — (szflax , (n,j) €0,N] x Z.

Proof. By definition of odd operators Dip Land D! (cf Relations (2.5a) and (2.5b)), it yields
2p—1 2p—1
-1 \"_ (p2p-1 N1 2p =1\, kn 2p =1\, k.
(7)) (o)) = e | 5 () e B ()0
The change of variable k — k + 1 in the second sum enables us to sum up the terms

2p—1
2p-1_\" 2p-1 \" _ 1 2p—-1 2p—1 k
(0274)) - (0270), = gter [ £ (7 )+ ()] 0fon sty

We conclude due to the identity (2”,: b+ (zlf__ll) = (zkp). O

We are able now to set the consistency estimate for the polyharmonic heat equation.
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Chapitre 2. Numerical analysis of high-order linear equations
Proposition 2.45. Assume uy € H*(R) (and up € HP(R) if 6 = %), then there exists a constant
C > 0 independent of At and Ax such that the consistency error verifies

H€H€°°([[0,N]};ei(z) <C <At

1 4 2p42 6
7 9‘ HaJCPMOHLZ(]R) + szHaprr M0||L2(1R) + AtzHaxpuOHLz(]R)> .

Proof. It should be recall that the consistency error is defined in Definition 2.3. We first focus on

the space part, by a Taylor expansion (in space) up to order 2p + 2 and an exchange of the two
sums

no 28 (2Py(—1)k i1
(D?puA)j = Z % (Alx /xj u(t",y+ (p—k)Ax)dy)

k=0

1 [ ( )25 atu(tn,y) (oo (=D (p — k)'ax’)

= | 5
Ax Jx; = ! Ax=F

2, y) (Teo (=DM (p — k)1 ax2+1) )
(2p+1)! Ax2P dy + (RC)]'
with
(R) = ! /xm /y+(p—k)Ax O 2, 2) ity CH (1)K (y + (p — k) Ax — z) 1 o
I Ax y 2p +1)! Ax2P Y

Lemma 2.9 simplifies the first sum :
2p 2
A~ ax ty)dy Ax (2p+1)! Ax?P Y “i
Lemma 2.44 (with a; = k*P*1, Ax = 1 and ] = 0) is used for the second sum

2 2p k 2p+1 . 2p—1 k 2p+1 ! 2p—1 k 2p+1
- — k)2l = - —k P+_§ — —k —1)%Pt+1,
kg)(k)( D*(p—k) Z ( k )( D (p—k) ( k )( D (p 1)

k=0 k=0

A change of variable k — 2p — 1 — k in the first sum simplifies the previous expression

2p 2p—1 B
Z (2kp> (_1)k(p_k)2p+1 ( 2p+2 Z <2pk 1) (—1)k(p—k—1)2p+l

k=0

fpi( ) (=) (p —k—1)?*!

=0.

Let us now focus on the time term of the consistency error. A Taylor expansion (in time) gives

us
n_ s n (=1)P ¥+ 2p 0 — 1 T X 2 n+l
€ _Ax/xj oru(t",y)dy + Ax /xj oy u(t",y)dy + AxAt ; / aiu(s,y)(t s)dsdy
At i1, Xjy1 1,"“rl (tn—H _ S)Z
Hlopygag [, ’y)dy”{ﬂ 1}Axm/ fu Aty dsdy
—1)POAE el
| (-1reat

x; P x
A / " O du(t", y)dy + 6 / " / 9 2u(s,y) ("1 — s)dsdy
v

]

+0 (R 4+ (1-0) (R -

We recognize the polyharmonic heat equation in the two first terms. For the other, we square
the expression and use Cauchy-Schwarz inequality. As for the odd case, there exists a constant C

such that ||R”|| e < CAx?| \azf’ 2 u(t",.)||r2(r)- Proposition 2.45 is then proved. O
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2.3.1.2 Stability

Proposition 2.46. For small At and Ax, the scheme (2.6a) is stable under the CFL condition

Ax?P

AH1=26) <

(2.32)

Once again, we adapt some lemmas of Section 2.2 to the case P = 2p. For example, the
equivalent of Lemma 2.22 is the following one.

Lemma 2.47. Forall ¢ € [0,1] and p € IN, it holds

% <2p) (_1)ke—2in§(p—k) — 22P(—1)psin2p (7G)
: )

k=0

Proof of Lemma 2.47. We develop the sum to simplify

2p , 2 : - , ,
Z <2kp> (_1)ke—21m§(p—k) _ eZmép Z <2kp) (_1)k (e—Zmé)zp k _ eZm{jp (e—Zlné‘ o 1)2P

k=0 k=0
_ Q2inép [e—ing (e—ing _ein§>]2P _ 22p( )Psm (7¢).

Proof of Proposition 2.46. We use the Fourier transform as in the case P = 2p + 1, to obtain

At 2 (2p - At (2 :
_1\p _1\k,—2in¢(p—k) | _ #n _(—1\P(1 — P (_q1ykp—2ing(p—k)
1+(-1) 9sz”;§—0<">( 1)% 1 q ll (-1F(1 9)Ax2pk§_ol<k)( 1)%e ]

Thanks to Lemma 2.47, the previous identity is simplified into

Z’]\n+1

g1 [1+9A 222 (n@)} :5"[1—(1—9) Af

A 2Igzzpsm (mj)].

The amplification coefficient AZ" is defined for all ¢ € [0,1] such as
1— (1 — 0)-8L2%Psin? (71¢)

A%
1+ G%ZZPstp(né)

AP(E) =

2
As for the case P = 2p + 1, we are looking for conditions ensuring ‘A?p (é)‘ < (14 CAt)? for

any ¢ € [0,1]. After developing the amplification coefficient, this conditions must ensure

At At
_92p+l(q _ s 2P _ 2 4p i~ 4p
1-2°7"(1 G)szpsm () +(1—-20+6 >Ax4P2 sin*f (7t¢)
2042 i1y Of 2 AP,
< (14 2CAt+ C°At7) (1427 Gmsm P(rg) + 6 At o2 Psin®? (&) | .

That means

: 0 . .
A2 | (1 — 26) sin®? (&) — 22 AX?P sin®P (&) — 2CO*At sin*? (&) — ZTPAX

20Ax%P At
_% Sin2p<7T§) — 0*C?AP sin4p(7'£€> < 22PHIAXPP sin2p(n§) +2CAx".

For At and Ax asymptotically small, this condition is equivalent to the following CFL-type condi-

tion
Ax?P

(1-20)At < Sy
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Chapitre 2. Numerical analysis of high-order linear equations

2.3.1.3 Convergence error

The equivalent result of Theorem 2.30 is as follows.

Theorem 2.48.

For an initial datum uy € H*(R) (and uo € H® (R), if & = 1), the error estimate of the finite difference

L%JR)) ’

scheme (2.6a) satisfies

4
axpuo‘

2 2p+2
+ 02|

+At2‘

6
axpuo‘

1
||e||£°°([[0,N]];E2A(Z)) <C (At ’2 - 9‘ ‘

under the CFL condition (2.32).

L[2(R) L[2(R)

Proof of Theorem 2.48 . The same milestones as for the previous case (cf Section 2.2) apply. The
convergence error verifies

—— ~ At ~
ent1(E) = AZP(&)eh(E) — en(E), V& elo1].
The stability condition || A% © < 1+ CAt, the upperbound || ——+——— <
y A (E)|=(j01)) < pp BT 0@ ||y o)
1 together with the triangular inequality lead to
e 2oy < e Ir2(o,7) (14 CAL) + At|[€™]|r2((o,1))-
Thanks to Parseval identity (2.17) and Gronwall Lemma 2.29, the convergence error satisfies
le"llx < eIl 2 + TeCT sup [[e¥]|z.
A A ke[O,N] A
The conclusion of Theorem 2.48 is a straightforward consequence. O

2.3.2 For aless smooth initial datum

We relax the strong regularity of 1y and follow exactly the same key stones of previous section
on P odd. As previously, we adopt a two-stage approach : first we weaken the regularity until
H?PT2(R) in order to equalize the needed regularity in At-term and in Ax-term. We reduce only
the regularity in At-term because it is the most demanding term. Then, we lower both regularity
in At- and Ax-term until L2(R). Let us start with step one : a H??2(R)-reduction.

Proposition 2.49. Assume ug € H°(R) with s > 2p + 2 and fix M = min(s,4p) (and M =
min(s, 6p) for Crank-Nicolson case, § = 1), then there exists a constant C > 0 independent of At and
Ax, such that the following error estimate holds true, under CFL condition (2.32).

M
HeHew(o,N;ezA(z)) <C <At4v

1 2p+2 M cn
5 9’ 103 w0 || 2Ry + Ax?| (03 “uo| 2 gy + AL [[0} “OHLZ(]R)> :

Proof. We regularize 1y with the mollifiers introduced in Section 2.2.2.1 and keep the same nota-

tions : u) consists on the regularized initial datum, u° the exact solution from u$ and ([o° 17 )

the numerical solution from () ,.
The triangular inequality give ||e"|| e < B + &5+ 85, with EI' defined in (2.29)-(2.31). The
upper-bound Ef and E5 are unchanged with respect to Section 2.2.2.2 :

— ]. cn cn .
a? <C <§M ’2 —0’ ||aﬁAM0HL2(]R) + oM ]1{9:%}HaxM MQHL2(]R)> , forie{1,3}.
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Section 2.3. High-order polyharmonic heat equations
Upper bound E7 holds from Theorem 2.48, to become, under CFL condition (2.32),

s eyt

L AR
12 (IR) 56p—MC”

MCV[
8x Ll()’

M 2 [|A2p+2
54—M |2 & uO"LZ(R)+Ax Hax uo‘

Lz(m) '
The optimal choice for J is
5= At (oré := A% for Crank-Nicolson case).

O

In the second step, we are now able to outline our main result for the P even case : the
convergence rate for any regularity of u.

Theorem 2.50.

Assume that uy € H*(R) with 0 < s, then there exists a constant C > 0 independent of At and Ax such
that, under CFL condition (2.32)

min(s4p) |1 : 4 2min(s,2p+2) . 2p+2
lellgo(on:2 () < C (At i ‘2—9’ ot p)uo||L2(1R)+Ax T |[arine )MOHLZ(IR)

2 min(s,

6p) i
+At 6p ‘ ‘a;nln(pr) M0| |L2(1R)> .

Proof. For 0 < s < 2p + 2, following the same guidelines as for the proof of Theorem 2.39, one
has

(Atzlzf‘l’sz)
1
le"lliz = C | O°l[0xuoll2(m) + ~—5zppa=s[19xt0ll 2wy | - for 6 # 5,
and
NS B
le"|l;z < C | &[l0%uol | r2(r) + 2P ||0%uol|12r) |, for Crank-Nicolson case.

We perform the following choices for §
2p+2 2pF2
6= <Atﬂ + Ax2> " , for 6 # %,

and :
2p+2 2p+2

0= (At?’ﬂ + Ax2> , for Crank-Nicolson case.
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Chapitre 2. Numerical analysis of high-order linear equations

2.3.3 Numerical results

For the numerical simulations, we have fixed the final time T = 5 and the space domain [0, L]
with L = 50, discretized into | cells with

J € {800, 1600, 3200, 6400, 12800, 25600} .

Not to have a too restrictive CFL condition we use the implicit scheme (6 = 1) or the Crank-
Nicolson scheme (6 = %), and fix At = Ax. To find initial data in H*(R), we have used the same
construction than in Section 2.2.3 (for more details, see Section 3.7 t00).

Exactly as before, we perform two types of comparison. The first one consists of fixing the
regularity of the initial datum and testing it on the heat equation (with p = 1) and the fourth-
order equation (p = 2). We obtain Tables 2.4 and 2.5 for a Crank-Nicolson scheme 0 = %

p=1 p=2
Ax (Heat equation) (Fourth-order)
error in order error in order
(0, N; 4(2)) (2(0,N;4(2))
6.250.1072| 1.530.1073 8.780.107°
3.125.1072| 8.656.10 % 0.822 | 6.706.1073 0.389
1.563.1072| 4.984.10~* 0.796 | 5.153.1073 0.380
7.813.1073| 2.909.10~* 0.776 | 3.969.1073 0.377
3.906.1073| 1.713.10¢ 0.764 | 3.059.1073 0.376
1.953.1073| 1.013.10* 0.757 | 2.359.10°3 0.375
theoretical 0.500 0.250
TABLE 2.4 — For a Sobolev regularity H 2~ Case P even
p=1 p=2
Ax (Heat equation) (Fourth-order)
error in order error in order
(0, N; 4(2)) (0, N; £4(2))
6.250.10~2] 2.977.103 4.727.10~2
3.125.1072| 1.277.1073 1.221 | 3.073.1072 0.622
1.563.1072| 5.416.10* 1.237 | 1.995.102 0.624
7.813.1073| 2.287.10~* 1.244 | 1.294.1072 0.625
3.906.103| 9.636.10°° 1.247 | 8.389.103 0.625
1.953.1073| 4.056.10° 1.249 | 5.440.1073 0.625
theoretical 0.833 0.417

TABLE 2.5 — For a Sobolev regularity H 2~ Case P even

The second kind of comparison consists of fixing the equation (i.e choosing whether p = 1 or
p = 2) and initializing the scheme with various initial data. This comparison is summarized in
Figure 2.2 for p = 1 (the heat equation) and Figure 2.3 for p = 2 (the fourth-order equation). In
both figures, the Crank-Nicolson scheme is illustrated to the left and the implicit scheme to the
right.

We recall that we have chosen At = Ax. We anticipate a first order for implicit scheme and
second order for Crank-Nicolson scheme, for smooth initial datum. Experimental results fit this
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assumption. However, for non smooth initial datum, experimental orders seem better than theo-
retical ones.

An explanation of the differences between experimental and theoretical rates (in Tables 2.4-
2.5 and Figures 2.2-2.3) could be as follows. Contrary to the high-order dispersive equations, the
high-order polyharmonic heat equations have a regularizing effect, ¢f Proposition 2.1. Namely,
the exact solution at time t would be significantly smoother than the initial datum 1. However,
we do not have taken into account this natural regularization in our theoretical results : we keep
thinking about only ug. This is why we obtain theoretically poorer results that the experimental
simulations. From the experimental results, it appears that the optimal (conjectured) convergence
order would be

min(s,2p) .
Ax— 7, if =1,

min(s4p) 1 if Ax = At.
Ax 2p , lf 0 — E’

We find interesting to notice that the experimental slope does not appear to depend on the
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value of 6 : the experimental slope is always ﬁ whether 6 =  or 6§ = 1, as illustrated in Figure

24.
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TROISIEME PARTIE

Analyse numérique de I'équation KdV et
du systeme abcd
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CHAPITRE 3

Error estimates for a finite difference
scheme for the Korteweg-de Vries
equation

25 his chapter deals with the numerical analysis of the Cauchy problem for the Korteweg-de Vries

equation with a finite difference scheme. We consider the Rusanov scheme for the hyperbolic
flux term and a 4-points 0-scheme for the dispersive term. We prove the convergence under a

hyperbolic Courant-Friedrichs-Lewy condition when 6 > % and under an "Airy” Courant-

Friedrichs-Lewy condition when 6 < % More precisely, we get the first order convergence rate for strong solutions
in the Sobolev space H*(R), s > 6 and extend this result to the non-smooth case for initial data in H°(R), with
s > % , to the price of a loss in the convergence order. The orders of convergence seem optimal with experimental
simulations in some cases, at least when s > 3.
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Chapitre 3. Error estimates for a finite difference scheme for the Korteweg-de Vries equation
3.1 Introduction (en francais)

ans ce chapitre, nous nous intéressons a I’analyse numérique pour le pro-
bleme de Cauchy de 'équation de Korteweg-de Vries suivant

o1 (t, x) + Oy (f) (t,x) +3u(t,x) =0, (tx)€[0,T] x R3.1a)

up,_,(x) = uo(x), x € R. (3.1b)

Nous précisons dans les paragraphes suivants le schéma numérique que nous avons choisi
d’utiliser.
Schéma numérique pour KdV. L’équation de Korteweg-de Vries possede un terme non linéaire
Ox (”72) qui est le méme que celui qui apparait dans ’équation de Burgers non visqueuse, ainsi

qu’un terme dispersif d3u qui est celui de I'équation d’Airy, étudiée en partie 11. Nous gardons
les mémes notations que pour les schémas numériques précédents : At sera le pas de temps et
Ax le pas d’espace. Les points du maillage seront comme précédemment notés t" := nAt, pour
n € [0,N] et x; := jAx, pour j € Z.

e Concernant la discrétisation du terme non linéaire, nous choisissons le schéma de Rusanov,
initialement introduit dans [90], qui s’écrit pour I"équation de Burgers,

n+l _ o 2

n
9% Y9 vy _TAx n :
At +DC<2>j 5 D.D_(v)j, (n,j)€[0,N]xZ,

1 Xj1
0 _
v = s /xj up(x)dx, x¢€Z.

Remarque 3.1. Les opérateurs D., Dy et D_ ont déja été introduits au chapitre 1. Nous rappelons
néanmoins que

ot (o)) — (0®)) ot — 20" + o
D. <v) _ ( )]+1 ( )]—1 ot D.D_(0)! = j+1 it
j

4Ax Ax?

La constante de Rusanov T est choisie telle que ||| e < T, pour assurer la stabilité de ce schéma.

Remarque 3.2. Un des avantages du schéma de Rusanov est d’étre moins diffusif que d’autres schémas
(comme par exemple le schéma de Lax-Friedrichs) et d"avoir une diffusion linéaire (et explicite : Dy D_ (v)]”
par rapport au schéma de Godunov par exemple), il est aussi facilement implémentable et converge (au plus

a l'ordre un) vers la solution faible entropique de I"équation de Burgers si TAt < Ax et ||| |gzog;>o < T[49].

e Concernant le terme dispersif d’Airy, nous utilisons les résultats de la partie II et choisissons
un 0-schéma décentré a droite.
Cela aboutit au schéma suivant, pour 1’équation de KdV, avec 6 € [0,1],

( UJV'IH B U? v?\" +1 TAx
T -+ DC <2> ‘ + 9D+D+D7 ('U);l + (1 — 0)D+D+D, (0)7 = TD+D,(0)?,
]
(n,j) € [0,N] x Z, (3.2a)
1 Xj+1 .
v? = Az /x up(y)dy, jeZ. (3.2b)
\ ]

67



Section 3.1. Introduction (en frangais)

Remarque 3.3. En développant tous les opérateurs D, selon la remarque 1.22 et les relations (1.12),
nous obtenons le schéma

2 2
n+l _ _n n — (o n+1 n+1 n+l _ _n+1
v v’ (le) (vjfl) o <vj+2 3vily + 30 vy )

]
AL 4Ax Ax3
N v}‘ﬂ - 30;?“ + 30}1 - 0;171 _ Thx v;?ﬂ - 20}1 + 0;171
Ax3 2 Ax? '

Remarque 3.4. o Tous les résultats de cette partie sont valables avec un pas de temps variable At" et un
coefficient de Rusanov variable t". Pour plus de simplicité, nous omettrons la dépendance en n.

o Le schéma (3.2a)-(3.2b) est une généralisation de celui étudié par Holden, Koley et Risebro [55]. En effet,
ils considerent le schéma de Lax-Friedrichs pour le flux hyperbolique combiné avec un schéma implicite
décentré a droite, pour la partie dispersive. Cela correspond a choisir TAt = Ax et 6 = 1 dans le schéma
(3.2a)-(3.2b).

Remarque 3.5. En suivant la remarque 2.1 de [67], utiliser le schéma numérique (3.2a)-(3.2b) avec 6 = 1
revient d'une certaine maniere a utiliser un opérateur de splitting mais la trés forte condition de réqularité
de uq nécessaire pour les opérateurs de splitting (par exemple, ug dans H'*>(R), avec r > 1 quelconque,
dans [56], pour assurer la convergence d’ordre deux dans H"(R)) est ici remplacée par la condition CFL
entre At et Ax. En effet, le schéma (3.2a)-(3.2b) peut étre vu comme la résolution successive des deux
schémas suivants

o résolution de I'équation de Burgers par le schéma de Rusanov

n
ntl 0? TAXAt
U]. p— Z)j —AtDC <2>] + 5 D+D7 e

o puis résolution de I'équation d’Airy par un schéma implicite du premier ordre

1
n+s
’07-1+1 _ T

] ] n+1 __
7At + D+D+D,Uj =0.

Burgers ot SAI ry

Sionnote S, ces deux opérateurs précédents, on trouve que le schéma (3.2a)-(3.2b) se réécrit

A B .
v]’-’“ = (SA;W oS Wgeys) vi, V(nj)€[0,N]xZ.

Nous rappelons la définition de 'erreur de convergence
67 = UA(tn, x]) — MA(tn, x]-), (n,j) € [[0, N]] X Z, (33)
ol v et up sont les deux fonctions suivantes définies par morceaux :

pourn € [0,N]etje Z

un(t,x) = (un)j, (o (34)
{UA(t,x) _ o, T 7si (t,x) € [t",inf <t + T) [ [xj, xj41].

n

Dans ce qui précede, (v v} %) (n,j) est le vecteur de la solution numérique et (( A) ]

) _le vecteur
n,j

construit a partir de la solution exacte tel que

1 /inf(t”+1,T)

n_ Xj+1 . .
(uA)]. = Axfinf (7L, T) — 71 /x u(s,y)dyds, si(n,j)€[1,N]xZ,

j (3.5)
xf+1 .
(ua) ] = Ax / y)dy, sijeZ.

tn
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Remarque 3.6. Pour plus de simplicité, nous poserons At = inf(T,t"*1) — " par la suite.

L’erreur de consistance est, quant a elle, définie par

()] ™ = (ua)] u2\"
€]r-l = ] Af ] + DC <A) +9D+D+D_ (MA);H_l
j
A
+(1-6)DDyD_ (us)] — %Dm, (us)}, (n,j) € [0O,N] x Z. (36)

= R >

Résultats principaux de ce chapitre. Le premier résultat concerne les données initiales tres
régulieres.

Théoreme 3.7. Convergence pour une donnée initiale réguliere
Supposons ug € H*(R), avec s > 6. Choisissons ag > 0 et T > 0 tels que

|| (ua)" [|¢= + a0 = sup| (ua)j' | +a0 < T, n €N. (3.7)
JEZ
Soit Bo €]0,1], il existe wy > 0 tel que
At < wy, Ax < wy,

et At
4(1—-20) — <1-—
( G)Ax?’_ IBO’

1] At
| — < 1-Bo.

{T+ 2} Ax 1P
Alors, le schéma aux différences finies (3.2a)-(3.2b) avec la constante de Rusanov T choisie précédem-
ment, les pas de temps et d’espace At et Ax vérifiant la condition de Courant-Friedrichs-Lewy (condition
CFL par la suite) (3.8), vérifie, pour tout 7 €]0,s — 3],

(3.8)

n
<
e e (po.ny,2(2)) < Ar, st

ol
iy (1+||M0||;%+,,)<T+EI ol + ol ol | A, 39)

ou " est défini par (3.3)-(3.4)-(3.5) et A, Al PR
T

3
4

2

C 5 At 3 1 k3T T At
Mgy = (5 (1+7) (14 5) (T+ @ e il 4617) ) e fr{i+ 1
(3.10)
la variable C est une constante, K3 etk dépendent seulement de ||uol|;2(g)-

Remarque 3.8. L'hypothese [T+ 1] &L < 1 — By semble étre une hypothése technique, qui peut silre-
ment étre remplacée par la condition CFL hyperbolique classique TAt < Ax. En effet, les resultats expé-
rimentaux semblent en accord avec le théoreme 3.7 tout en choisissant la CFL classique, voir la section
3.7.

Remarque 3.9. Par la suite, 17 sera choisi positif, aussi petit que possible. Ainsi, les normes ||ug||gs+1 (R)
seront utilisées dans le sens de la norme ||ug||gs+ (R).

Le deuxiéme résultat traite des données initiales moins réguliéres uy € H°(R), s > 3/4.
Pour cela, il est nécessaire d’introduire une régularisation comme en partie II (et introduite dans
l'introduction générale a la page 14) et de changer l'initialisation du schéma. Nous reprenons ¢°
la suite régularisante, comme précédemment
e nous appelons u la solution exacte de (KdV) partant de la donnée initiale u.

e Soit u° la solution de (KdV) avec uj = ug x ¢’ comme donnée intiale, ot x correspond au
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produit de convolution.
e Nous notons ensuite ((v° )7)(,14)6[[0,]\,%2 la solution numérique obtenue en appliquant le

schéma (3.2a) a la donnée initiale (1) :

1 Xj+1
()} = (ug)a = B/] o * ¢° (y)dy. (3.11)
Xj

Théoréme 3.10. Convergence pour une donnée initiale peu réguliere

Supposons uy € H¥(R) avec s > 3. Choisissons ay > 0 et T > 0 tels que

[ (ua)" [l + a9 <7, n€N.
Soit By €]0,1], il existe wy > 0 tel que
At <wy,  Ax < wy,

et 4(1—29)%§1—/§0,
) Atx (3.12)
128 <1 B,
{T+2} Ax 1P

Alors, le schéma aux différences finies (3.2a)-(3.11) avec la constante de Rusanov T choisie précédemment
et les pas de temps et d'espace At et Ax vérifiant la condition de type CFL (3.12), vérifie, pour tout 7 tel
que ;7 €]0,s — 3],

n 2
[1e" e (go,n1,2 (2) SFT,%,HH()HH% (1+ |”0”H§+v> <T T

avec e" définie par (3.3)-(3.4)-(3.5) avec (05)]*? a la place de v? et avec

1

+1+ |u0||Hmin(1,s)> ||u0||Hsqu,

_ s + 3
® = 195,813 <53,

— min(s,6) i ko T
¢ g=—¢"",813<s. T%C3e%
La quantité T est définie par T’ =C|A exp | —32—||u ol
9 T, AL lug)| par Iy at LA Jug| 5 TP s—lluoll s | |+

3 3
H4 H4

NS

H

A 2 ol 5 €St défini par (3.10), C et C% sont deux constantes et K3 ne dépend que de ||uol|2(g)-

3
H4

Remarque 3.11. e Si 1y € H*(IR) avec s > 6, alors le théoreme 3.10 implique un ordre de convergence
égal a un et nous retrouvons le résultat du théoréeme 3.7 dans ce cas.

o Notez que le résultat est valide pour tout temps T > 0 puisque a ce niveau de régularité, nous avons des
solutions globales de I'équation de KAV qui conservent leur régularité de Sobolev au cours du temps.

Méthode suivie. Pour démontrer le théoréme 3.7, nous démontrons la consistance et la
stabilité du schéma. La principale difficulté dans la preuve est de traiter en méme temps le terme
hyperbolique et le terme dispersif et la partie la plus délicate de la preuve consiste en 1’étude de
la stabilité du schéma. Une idée est alors de tirer profit du fait que les solutions exactes restent
régulieres sur tout [0, T]. L'idée principale est de transposer au niveau discret la propriété de
stabilité fort-faible classique pour les lois de conservation hyperboliques. Cette méthode se base
sur les estimations d’entropies relatives développées par Dafermos [39] ou DiPerna [44].

Définition 3.12. Considérons une équation hyperbolique écrite sous la forme conservative
9+ 9x(f(u)) = 0. (3.13)

e Soit 17 une fonction convexe et g tel que §' = n'f’, alors (1,g) est appelé un couple entropie/flux
d’entropie associée a I’'EDP (3.13).

e Soit (17,g) un couple entropie-flux d’entropie avec en plus 1 € C2(R) et "(u) > a > 0, pour tout
u € R. Le couple d’entropie relative-flux d’entropie relative ((.|.),g(.;.)) est défini par

n(ufo) :=n(u) —n(0) —n'(v) - (u - v) (3.14a)
g(u;0) :=g(u) = g(v) —n'(0) - (f(u) = f(v)), V(u,v)€R. (3.14b)

70



Chapitre 3. Error estimates for a finite difference scheme for the Korteweg-de Vries equation

La stricte convexité de 57 permet d’obtenir une estimation a priori de la solution dans L?(R),
puisque pour tous u,v réels, on a 17(u|v) > §|u — v|?. Estimer l'intégrale i, #7(u|v)dx est donc
un moyen d’estimer u — v dans 12, et cela conduit a une inégalité de stabilité leoc, a la base de
I'unicité fort-faible de Dafermos [39] : considérons u la solution forte et w une solution faible d’un
méme probleme de loi de conservation, on a pour toutr > 0:

/ w(x, T) — u(x, T)Pdx < C(T, u) / lwo(x) — uo(x)2dx, (3.15)
|x|<r |x|<r+sT

avec C(T,u) < +oo si u est lipschitzienne. La constante s > 0 est choisie telle que |g(w;u)| <
s (w|u). Cette inégalité (3.15) s’appelle l'unicité fort-faible : pour une méme donnée initiale, toute
solution faible coincide avec la solution forte sur son domaine de définition (cf [39]).

Remarque 3.13. Notons que le facteur d’amplification C(T,u), qui apparait a 'équation (3.15), est in-
dépendant de la solution faible w : il ne dépend que de la solution « la plus réguliere » des deux et fait plus
précisément intervenir la norme fOT loxu(t,.)|| L~dt. Notons également que dans le cas particulier d’une

entropie quadratique no(u) = “72, entropie relative se simplifie considérablement o (u|v) = @, pour
2
no(u) := %.

Pour de faibles régularités, le facteur d’amplification fOT 19x2°(t,.) || L=dt est fini et peut étre

borné indépendemment du parameétre de régularisation § du moment que la donnée initiale est
dans H®, s > 3/4 (grace aux estimations de Strichartz qui assurent que d,u € L*([0, T], L*(R)).
Nous pouvons donc utiliser cette méthode, méme pour de faibles régularités.
Nous suivrons cette heuristique mais non pas en comparant une solution forte u avec une solu-
tion faible w. Nous allons remplacer w par la solution numérique (v;l) (n,j) et essayer de trouver le
pendant discret d"une inégalité d’entropie relative. Les étapes des preuves de convergence seront
donc les suivantes :

Etapes clés : preuve de convergence pour (KdV)

e Etude de la consistance

e Dérivation d’une inégalité d’entropie discréte entre la solution numérique (v;’)(
moyennée par morceaux .

» Obtention des conditions CFL pour assurer la stabilité (%

e Inégalité finale par le lemme de Grénwall

n,j) €t la solution exacte

= N >

Organisation du chapitre. Nous détaillons la preuve des deux résultats principaux énoncés
ci-dessus. En section 3.2, nous énongons les résultats de la théorie de Cauchy pour (KdV) que
nous utiliserons par la suite. La section 3.3 est consacrée a ’analyse de l'erreur de consistance
€ (les preuves des lemmes techniques sont répertoriées au niveau de l'annexe B). . Le but de
la section 3.4 est d’obtenir 1'inégalité discrete d’entropie relative, équation cruciale par la suite
pour établir la stabilité. Le taux de convergence pour une donnée initiale réguliére est finalement
déterminé en section 3.5 et pour une donnée initiale peu réguliere en section 3.6. Finalement,
certains résultats numériques illustrent le taux de convergence théorique et semblent montrer
qu’il est optimal pour s > 3, en section 3.7. Une digression sur le flux numérique de 1’équation
de Burgers pour l'entropie quadratique conclut cette partie, en section 3.8.

Remarque 3.14. Par la suite, la lettre C représente une constante strictement positive qui peut étre
différente d'une ligne a 'autre et qui peut étre choisie indépendemment de At, Ax, u, ug, T et 6. Nous
noterons x toute constante ne dépendant que de ||uol|12(g)-

e R >
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Section 3.2. Known results on the Cauchy problem for the KdV equation
3.2 Known results on the Cauchy problem for the KdV equation

Let us recall the definition of Bourgain spaces. A tempered distribution u(t, x) on IR? belongs
to X*? if its following norm is finite

1
2

s = ([ f 0+ D% (Lt o= ) 1 (5,00 Pagae)

where i is the space and time Fourier transform of u. We shall also use a localized version of this
space, u € X*(I) where I C R is an interval if ||u]| yss(;) < +00 where

[etll o1y = inf{[[2]| o0, /1 = 0t}
By using results from [64], [24], [65], see for example the book [80], we get the following theorem.

Theorem 3.15. Consider s > 0,1 > b > 1/2. There exists a unique global solution u of (3.1a)-(3.1b),
with ug € H*(R), such that for every T > 0, u € C([0, T], H*(R)) N X**([0, T]). Moreover, there exists
ks > 0, depending only on s and on the norm ||ug||;2 and Cs > 0, depending only on s, such that, for any
T>0,

T

o sup [[u(t)|lmsr) < Cslluollpsrye™",
te[0,T]

. 3 4-—i KﬁT .
o ifs> 4 loullLioriomy ST H”OHHg(R)CgE i, fori €{1,2}.

The growth rate in the above estimates is not optimal.

Note that a local well-posedness result for s > 3/4 follows directly from [64]. In the present
paper, we will be only interested in s > 3/4, nevertheless, to get the global well-posedness for
s € [3/4,1), we need to go through the L? local well-posedness result.

Proof. Let us just briefly explain how we can organize now classical arguments to get the result.
We refer for example to [65], [80] for the details. The existence is proved by a fixed point argument
on the following truncated problem :

v+ F(v)

such that )

FE)(0) = x(0e P —x(0) [ e, (x (5) 50) o

where x € [0,1] is a smooth compactly supported function which is equal to 1 on [—1,1] and
supported in [—2,2]. For |t| < § < 1/2, a fixed point of the above equation gives a solution of
the original Cauchy problem, denoted by u.

Fix C > 0, that does not depend on u, such that

_ 33
Ix(£)e™ "% uo]l xor < Clluto]| 2.

We can first prove that F is a contraction on a suitable ball of X*?, provided 8C?||ug||;26f < 1 for
some 3 > 0 (that is related to 1 > b > 1/2) that does not depend on ¢ nor u. In particular, for the
fixed point, we can ensure that

[0][x00 < 2C]luo [ 2-

Next, by using again the Duhamel formula, we can obtain, for s > 0,

[ollxse < eslluoll s + esoPllollxon |0l s < eslluoll s + 2¢5Clluoll 1267 [0l e,
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where ¢; depends only on s. In particular, by choosing J, possibly smaller than previously, such
that 2¢;C||ug|| 207 < 1/2, we thus obtain that

lollxes < 2eq o]l

Next, by using that the X5 norm for b > 1/2 controls the C (R, H?) norm (see for example [99]
Lemma 2.9 page 100), we obtain that

ulleqo,e,m:r)) < I0llem msr)) < Bslltollms(r),

where By depends only on s. Since the existence time 6 depends only on the L%2-norm of the
initial datum and that the L2-norm is conserved for the KdV equation, we can iterate the above
argument to get a global solution. Moreover, in a quantitative way, by choosing n = |T/5] +1
and iterating n times, we obtain that

llleqo ey + el xspor) < B lluollas < Cslluollse™",

where x; depends only on s and ||ug||;2 while C; depends only on s.

Finally, since the Strichartz estimate in the KdV context (see [64]) reads
1 _ 433
19x] e~ ol s 1) < Clutoll 2,

by using the embedding properties of the Bourgain spaces (see again [99] Lemma 2.9 page 100),
we obtain that

oetllisos,18) < 1052 lsm sy < 2l g0 < Clluoll -
Again by iterating this estimate, we finally obtain that

K3T

HaquL;‘([O,T],L;") < CgH”OHng ¢

and the desired estimate follows from the Holder inequality.

3.3 Consistency error estimate

This section is devoted to the computation of the consistency error defined by Equation (3.6).
As a starting point, by using Theorem 3.15, we obtain the following estimates on the averaged
solution ux.

Lemma 3.16. Let u be the exact solution of (3.1a)-(3.1b) from ug € H*(R), s > § and un be defined by
(3.5). Then there exists C > 0, depending only on s, and x5 > 0, depending only on s and on ||ug|| 2, such
that, for any T > 0 and any n € [0, NJwith N = | L],

ol (ua)" lles < Ce*Tluoll e,
tn+1

. 3 ; ; i T )
tn *

(3.16)

Proof. The Sobolev embedding H*(R) < L*(R), for s > 1 yields the inequality

1 1

)" e < [ 1t ) syt < C sup [[u(t, )
t te[0,T)
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Section 3.3. Consistency error estimate
Theorem 3.15 implies

|| (a)" e < CCslltto| sy ™"
which proves the first estimate of Lemma 3.16.

To prove Equation (3.16) for i = 1, we use a Taylor expansion :

tVH—l

n Xj+1
At ||Dy (ua) AtAx2 ; /x u(s,y + Ax) — u(s,y)dyds

Hewz

goo
tn+1

Xj+1 y+Ax
AxZAt / / «U(s, z)dzdyds

tn+1

< [ N2su(s, )l ds.

For i = 2, the same Taylor expansion gives, thanks to the Cauchy-Schwarz inequality,

1 P xi pyAx 2
ACAE / / dxu(s, z)dzdyds

tVl+1

Eoo

At||Dy (up)"| [ =

At
< ——— AtAx
= Ax*AR2 /

goo

Xj+1
/ / ||0xu(s,.)]| |Loodzdyds
tVH—l

< [, ldsu(s, )l ds.
Theorem 3.15 concludes the proof.
O

Remark 3.17. The Sobolev reqularity of the initial datum is at least H 3 (R) in Theorem 3.10 because we
need to control fo ||0xu(t,. )| (R )dt, fori € {1,2} in some of the proofs. This is explicitly needed in
Lemma 3.16, Theorem 3.15 and in the definition OfAT,%,H in (3.10).

3

.a;

As a consequence, we control the Ei—norm of the consistency error € defined in (3.6) in terms
of the initial datum thanks to the following proposition.

Proposition 3.18. Consider uy € H*(R), with s > 6. There exist C > 0 and x > 0, depending only on
\|uo|| 12, such that, for any n € (0,5 — 3] and for any T > 0,

[1€" e gy < CeT (1+ 1Mol 5., ) {At lluol e+ Ax [lluolls + ol 3. lluolln ]}
(3.17)

Proof. The consistency error satisfies the following inequality (cf. Appendix A.1 for the proof) :

e lles o, 2) < B {At sup [ (1+ |lul 3 ) 111l
te[0,T]

+Ax sup | (14 |ullis) HuHHf;JrHaxul\L?HuHHﬂ}/
te[0,T]

with B; a constant that does not depend on u, ug, T, At and Ax. By using the Sobolev embedding
Hzt1(R) < L®(R), with 7 > 0, we obtain

te[0,T]

1" lemgonpzy < B {At sup [(Huuuz ) HuHHg}

#ax sup [(1+Huu ) il 1] 3+,7H“HH1}}-

te[0,T
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Theorem 3.15 enables to rewrite

2 (ZKl 1+K5)T 2
[1€" |l m(rong.2) < At B1CoC3 e 27 [(1 + ||u0||H%+q> ||uo|yH6}
+8x CeT [ (14 Iluoll ., ) ol + 1ol 3., 1l |1 |

with C = max (BiCy ,,Ca, BiCy ,,C1, BiCs ) and & = max (iy ., + 4,3, +K1,K ).

Inequality (3.17) follows from the fact that there exists a constant B, > 2 such that

(1+ luoll g0 ) < B2 (14 Ilmol ., )

We fix C = max (BlC(,C%H], B26> and ¥ = max (2K%+,7 + Kg,,?). O
2

3.4 Stability estimate

The stability property will be proved in stating a discrete weak-strong stability type inequa-
lity : Equation (3.37). This inequality gives an upper bound of the convergence error at time n + 1
with convergence error at time n. However, some terms CinV of (3.37) are in factor of derivatives
on the convergence error (e;-“)( , which are not controlled at this first step : we will cancel those
terms in Section 3.5.

m.j)

3.4.1 Preliminary results

We here collect some discrete "Leibniz’s rules" (Lemma 3.19), £2-norm identities (Lemma 3.20)
and discrete integrations by parts formulas (Lemma 3.22) which will be used in Subsection 3.4.2.
Their proofs lie in Appendix B.1.

Lemma 3.19. Let (a;)jez and (bj)jcz be two sequences and let D, D, D_ be the discrete operators
defined in (1.12). One has, forany j € Z. :

[ ] D+D7 (a)] = D7D+ (ﬂ)j, (318)
D (ab); = ajy1Dy (b); + bjD (a);, (3.19a)
* D_ (ab); = aj1D_ (b); + b;D_ (a);, (3.19b)
° Dc(ab)] = Dc(a)jb]'_H + El]'_ch(b)]', (3.20)
. De(ab); = b;De(a); + ”fz—“m(b)j + ‘”T‘lp,(b)j, (3.21)
4D (a), = % D, (%), - % (D- (a)j>2, (3.22a)
aiD_ (a); = %D, (), + % (D, (a)]-)z. (3.22b)
Lemma 3.20. For (a]-)jGZ a sequence in (% (Z), one has
2 2
. y [D+ (a) ]} = [D, (a) ]} , (3.23)

JEZ jEZ
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. Y. |De <azz>]r > [Dc (a)]}2 (af”;a’_ly (3.24)

S L = ML = O S

Applying (3.25) to D1 (a) ; rather than a; enables to state

Corollary 3.21. Let (a]) be a sequence in (3 (Z). One has

Y [p:DiD )] = 5 L [0D @] i X [DiDc@] . G2s)

JEZ JEZ jEZ

Lemma 3.22. Let (af)jeZ and (bf)jez be two sequences in (% (Z). One has

° Z D+ (El)] b] = — Z El]'D_ (b)], (327)
jez jez
° Z Dc (ﬂ)] b] = — Z El]'DC (b)] ’ (328)
jez jez
Ax 2
. Y aDs(a); ==Y = D (a)], (329)
jez jeZ
Ax? 3
. Y Ds (@) a0 = — - = [Ds ()], (3.30)
jEZ jEZ
4AX? 3
. Y De (a);aj-1aj1 = — 3 == [De ()], (3.31)
jeZ jEZ
. Y D (ab); = Y Dy (b), 7, (3:32)
jEZ jEZ
1
e Y D.D_ (a); Dc (ab); = — ) FDJr (b);ajaj41 + ) A ~3Dc (b);aj-1aj11. (3.33)
jez jez 2¥ jez

With (3.30) and (3.31), taking (b)jcz = (%]) jez in (3.32) and (3.33) gives the following corol-
lary.

Corollary 3.23. Let (aj)].ez be a sequence in (4 (Z). One has

a’ Ax? 3
) jeZZ D (2> i ].GXZ; T [P @] (3.34)
a2> 1 3 2 3
° D.(—= | D+D- L= D 17— < p, 7 (3.35)
fGXZ; <2 i @) jEZZ6 [ ’ (a)f} 3 [ (”)J
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3.4.2 The discrete relative entropy inequality

We focus on the derivation of the /3 -stability inequality (3.37), which corresponds to a discrete
equivalent of a weak-strong estimate.
Combining (3.2a), (3.3) and (3.6), we obtain

2 n
e;?“ +6AtD,.D,D_ (e)?“ =e¢f = (1-60)AtD D, D_ ()7 — AtD, (2) | (3.36)
]
A At
— AD, (uge)! + =Dy D_ (e)] — Atel, (n,j) € [0,N] x Z.

Remark 3.24. There is an additional term D, (uAe) with respect to the scheme (3.2a) because of the
nonlinearity.

Proposition 3.25 (¢3-stability inequality). Let (e’ ) (jn) be the convergence error defined by (3.3) with
respect to Scheme (3.2a)-(3.2b). For every 6 € [0, 1] At > 0and Ax > 0, for every (n,j) € [0,N] x Z
and vy € [0,3) and o € {0,1}, one has

‘e"+1+9AtD+D+D,(e)"+1 * <||e"+0atD, Dy D_(e)? +AtCKdV|\e”||
+ A" — (1 9)AtD+D+D_(e) 172 + 286G [|D+ (o) ||,2 +At2CKdV || De (e) ||1’i (3.37)
+ AtCKY | |DyD_ (e HZ + AtCKYV | Dy D (e Hfz +MCEYV ||DLD4D- (e HezA

At
+At||e"\\§ZA {1+4Ax —|—At},

where the coefficients CKV, fori € {a,b,c,d, e, f}, are defined in Equations (3.38a)-(3.38f).

At 3
CHA = [ + 11D ()"l (2= 9+[2T+||€"||€°° )"l
AP , At )
A D s B+ S (e 20Y), (3380)
ckav .= <A6XD+() —r) (Ax — TAL) + (1 — 0)At|[Dy (up)" |77, (3.38b)
2T
CEM 2= 11" [1 4 82] [ ()| o = 4 201 el (0)" i + 2] e, (3.380)
Ax
CH = 81(1.= 6) [ 1D ()" + 211D ()" 1] (3.35)
1 1
Ax27Y 4 [[e"]| oo + 9]]€"| |2 AXT2
cfd":zz(l9)At{||(uA)”|éw+||e"|éw+ ] 5 "] —Ax, (3.38)

1—0)Ax?
2

1 _1
CR = At{u_zm( o B [+ 9" b ]
2

+At(1 - )||D+ MA H[oo} - — (338f)
Remark 3.26. The purpose of Proposition 3.42, here below, will be to control the right hand side terms
CKV-with i € {b,c,d,e, f} only in terms of up and not v. This is why, this inequality can be viewed as a
weak-strong inequality.

Proof of Proposition 3.25. We square Equality (3.36)

2
Y Ax (e]’-’“ + 6AtD+D+D,(e)7+1) = |yRHsf§ﬂ’V||§i + ||[RHSKY | [ + |\RH5£<W]|§i +AR[e"| 17
jez
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with

[RHSFV|2 = Y Ax (e;?)z + Y Ax(1—0)2A8 [D+D+D_ (e)ﬂ2 + Y AxAP

jez jeZ. jeZ
ZAtzAx 2
+ Y AxAR D, (upe) ]] + Y a2 e ()]
jEZ jEZ
2 n
||RHSKdV||€2 == ) 2(1-0)AxAte! DDy D_ (e)f — ) 2AxAte} D (2> — Z 2AxAte] De (upe)}
j€Z jEZ i jez
+ ) TAPAt! DD (e)f + ) 2(1—)AxAPD. D4 D (e)] Dc (une)]
jezZ jEZ

2 n
+ 3 2(1-0)AxAPD D1 D_ (e)} De (e) — Y tAPAP(1-60)D.D4D- (e)} D+ D ()}
j

jEZ 2 JEZ

2\ " 2\ "
+ Y 2AxAPD, <52> D (upe)} — Y TAXPARD, (Z) D.D_ (o))
] ]

JEZ JEZ
— Y tAX*APD, (une); D+D— ()], (3.39)
jez
and
2 n
d e
||IRHSE V|\§2A = — ) 2AxAte] (e;l —(1-6)AtD,D,D_ (e);?> + Y 2AxA#D, <2>j ¢/

JEZ jez

+ ) 2AxAPD (upe)} €f — ) TAX*APD, D (e)] €.
j€Z JEZ

Right Hand Side |[RHSS?V||%. We here will bound |[RHSKV||%,
A A
¢ To this aim, we use the discrete integrations by parts formulas of Subsection 3.4.1, to see that,

thanks to Identity (3.24),
2 2
e2\" ) n]2 (€1 T e
D. <2>j] - jGZZAxAt [DC (e)].} el

Y AxAf
jez

2
e Tobound } ;c7 AxAt? {DC (u Ae)ﬂ , we use the following result, proved in Appendix B.1.

Lemma 3.27. Let (a]-)]. g ond (b]-)]. < be two sequences in (3 (Z.), then they satisfy the following inequa-
lity

L [Petan] "< £ {0+ 5 [(00)"+ (0-8)7] } (D)
+JEZZ { )Zt(bf“) +i(D+bj)2+i(D_bj)2}(aj)2. (3.40)

Relation (3.40) gives

Y AxAf [DC (upe) } Y AxAf { ([ ]?)2 + % (DJr (uA);l>2 + % (D_ (uA)?)Z} (Dce}“)2

jEZ jEZ

+y AtZAx {([m]?l)z + ([uA];?H)Z + % (D+ (m)?)z + % (D, (uA);?)Z} (e;’)z.

jez
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2 2 2
We turn our attention to the term ) ;e A"ZAta { (D+(MA)7> + (D_(MA);?) } (Dce]’?) . Definition

of Dce? gives

N
552 e o< s (4

JEZ jEZ

= ZA AtI\D+ (ua)" |3 e} .

jez
e Thanks to Relation (3.25), one has
T2A2Ax3 2
Y [D+D (e) ] Y 2APAx [D+( ] Y 2APAx [D (e )ﬂ .
jeZ JEZ jEZ
All this yields
IRHSEV|I2, < Y axar? [D+D+D (e )7]2 (6% + (1-20)) + Y T*APAx [D+ (e)ﬂ2
jEZ jez
2 n]? e;7+1+e;7_1 ’ At no\2
+jeZzAxAt [De ()] 5 + [ (ua) ]] +]€ZZAx( ) {1+ = {([uA]jl)
. \2  3At N2 3At N2 A
+ ([“A}Hl) + (D+( )j) T (D, (M)j) +2sz||D+(uA)"||%m} } (341)

Right Hand Side ||[RHSK?" | |§2 . Wenext focus on ||[RHSK?Y | |§2 and on its different ten terms.
A A
¢ By Relation (3.27) together with (3.29) we obtain

Y —2(1-6)AtAxe!D D D_(e)} = ) 20AtAxef D D.D_(e)} + ) 2AtAxD_(e)] D D—(e)}
JEZ JEZ JEZ
2
— Y 20AtAxe! D1 DD (e)f — Y- AtAx? [DiD-(e);] .
J€Z j€zZ

Identity (3.26) enables to write

Y. —2(1—-60)AtAxef DD D (e)} = ) 20AtAxef D DD (e)]
jEZ JEZ
Ax 2 2
— Y arse [D+D+D (e) } — Y AtAS [D+Dc(e)ﬂ .
jEZ 4 JEZ

e Thanks to Identity (3.34), one has

e?\" Ax3At 3
— ¥ 2AxAt} D, (2> =Y == [p: )] -

jeZ ] jeZ

e Identity (3.32) gives
— ¥ 280t D, (uae)) = Y ~AxAD. (un)] eell; < ZAxAt( ) 1D (n)™ || -
jEZ jEZ JEZ

e Moreover, Relations (3.18) and (3.27) imply

2
Y TAAt!DLD_()! = Y ~TAXAt [D+ (e)ﬂ
jez jez
e To bound ¥z 2(1 — 6)A*AxD D D_ (e)]

i De (u Ae);l we use Lemma 3.28, whose proof lies in
Appendix B.1.
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Section 3.4. Stability estimate
Lemma 3.28. Let (af)jeZ and (bf)jez be two sequences in (3 (Z) and o € {0,1}. One has

Y, D+D:D- (a); De (ab); <Z {ym (41D ()‘}<D+D+D_(a)].>2
j€
“Ea{ime ””‘Asz(b)}(m @)+ Z3llps 015 (01 @)
_].ezz;bf <D+DC (“)f)z‘L],eZZ;LLL {’D— (0); |+ |D+ (b), \} ()% (3.42)

Thanks to this lemma applied with a; = e/ and b; = (u A)Y ;- one has

Y 2(1—0)A*AxD D4 D- (e)} D (une)]

jez
3 x
I S2Y0 ) {ID. (wa)} | +|D- (ua)! [} (D2D1D_ (@)}
je
T Affx(l ~0) {ID_ (ua)} |+ 1D+ wa)! 1} (&)

e Ax n\2
+jeZZ:(l—9)At2Ax{HD+(uA) ’|£°°_7D (uA) }<D+D ()])
—|—ZZ:(1—9)AxAt2HD+ (ua)" |57 (Ds (e ]) Zzz (1-0)AxAR (ua)} (D4 De (e )7)2,

J€ j€

for o € {0,1}.

e To bound Y;c7 2(1 — 0)At>?AxD, D, D_ (e)]’.Z D, (%)n, we use Lemma 3.29 (proved in Ap-
)
pendix B.1).
Lemma 3.29. Let (”J')jez be a sequence in (4 (Z) and vy € [0, 3), one has

2 1 2 1
a Ax2=7 + ||al| o + 9||a||7eAxT 2 2
L0000 () < L AR (D, D))
JEZ j  jez

+ Y llalle~ (D4 De(a);)*.

jez
Applying this inequality to a; = ¢], one gets
e\
Y 2(1-0)AAxD,D.D_ (e)! D, <>
; ] 2 /.
jeZ ]

2
< Y APAx(1-6) (Ax%*W + e + 9|\e”]|%wa7’%> (D+D_ (e);?)
jez

2
+ Y 2(1— 6)ARAX||e"|| (D+Dc(e);?) .
jez

Once again, Relation (3.26) transforms

2
Y A2Ax(1 - 6) (Ax%’“Y +1le"| + 9] ]e”H%waV*%) (D+D, (e);?)
jez
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to obtain

2 n
Y 2(1-6)AAXD. D, D_ (e)! D <e>
JEZ 2 j
2 1_ 2 _1 n\2
< Y APAx(1-6) [sz Y [l | + 9|]e"| 2o AxT } (D+DC (e)]-)
jez
2 n n 2
+ Y 2(1 — 0)APAx|["]| <D+Dc(e)]»)
jez
A2 Ax3 2
+Y1-0—; [Ax%*wr e[| +9He”yy§ooAx7*%} (D+D+D_(e)7) .
jez

Remark 3.30. Thereafter, a; will be replaced by the unknown e; whereas b; will be replaced by the exacte
solution [uA]7. We could not use Lemma 3.28 with b; = % instead of Lemma 3.29 because D (b); in
Lemma 3.28 will be replaced by D (%)] =D; (%)Jn which is always unknown.

e Relation (3.29) gives

AxX3AF?

~ Y t(1-0)APAYPD.D,D_(e)!D,D_(e)l = Y (1-6)t [D+D+D, (e);?r.

J
jeZ jez

e To deal with } jc7 2AXA D, (%)n Dc(uAe);?, we use Lemma 3.31 (see Appendix B.1 for its
]

proof).

Lemma 3.31. Let (aj)].ez and (b]-)].ez be two sequences in (3 (Z), then one has

a? 2aj,1bj11 +aj1bj
ZDC(ab)].DC<2>_:2{DC(a)j] T
]

jez

~ Y De (b), [Dc (a)]} = — L 3DeDe (b); a7 (343)

jez
Identity (3.43) with a; = e and b; = (ua); gives

e2\" 2
Y 2AxAPD, <2> De(upe)) = ¥ AxAP [DC (e)ﬂ [(uA);?H ey + (ua)y e]'f_l]
]

jEZ JEZ

8AXAL? 3 2AxAt? 3
— Y ———Dc(up)? |Dc(e)]| =) D.D. (up)? (") .

£ 000,y [oc(0f] - £ 25 D0 (1)

e Relation (3.35) yields
e2\" TAX? A 3 2TAX?AL?
—ZrszAtZDC <2> DD_(e)} = Z_T [D+ (e)ﬂ Z 3 [DC( )ﬂ
jezZ J jez jez

e Relation (3.33) implies

— Z TAX* A D, (uae)i DD (e)j = Z TA* D, (ua); €jefq — Z TA* D, (ua)} €fqef .
JEZ JEZ jEZ
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Section 3.4. Stability estimate
Thus, thanks to the Cauchy-Schwarz inequality,

2 2
— Y TAARD (une)] DD () < Y- TAR(Dy (1a)" || (e;?) + Y TAR(|D (u4)" || (e;l) .
jEZ JEZ jEZ

Gathering all these relations yields the following inequality, for o € {0,1},

2At

||RHS§"IV||§§ <y 20AtAxej Dy D D_(e) + Y Axat {|D+M2||goo 3

JEZ JjEZ
TAt TAt (1-9) 2
+ 1Dl + I Dett |l + 2 [D+uz|+|Duzu}(e7)

+ L= 0082 1D (ua) 11 + 511D (1)l (D4 D- e

jeZ
Ax? TAtAX _ 2
+ Y AxAt {6D+ (e)f —TAx = —=—D. (e)} + (1 - 0)At] D+(uA)"||§J} [D+ (e)ﬂ (3.44)
jez

8Ax? 2TAx 2
+j€ZZ AxXAP {(“A);’lﬂ e7+1 + (“A)?—l ‘3771 - TDC (”A)? D, (3)}1 + TDC (3)7} [Dc (e)ﬂ
+ Y Athx {—Ax —2(1 = 0)At (up)} +2(1 - 0)At||e"||

jeZ

2
81— 0) [Ax T 1 [l + 9]Je" Bt ] } (D2 D))

Ax3 1—0)Ax2At  At?(1 -6
+EAtAx{—+T( ; + (2 L 1D+ (0] 1+ D= ()]
jeZ
AtAx? 2
+(1-0) (85377 Jle" || + 9||e"||§wa7%)} [D+D:D- ()]

Right Hand Side ||[RHSX?| 7. Let us now focus on ||[RHSKY| |7, and its four different
terms. : :
e From Young's inequality,

2
— Y 2AxAt (e;? —(1- 9)AtD+D+D,(e);1> el < Y Axat (37 —(1- 9)AtD+D+D,(e);?)
J€EZ jez

+ Y AtAx (e;-‘)z. (3.45)
jez

¢ Once again, we apply Young's inequality to obtain

2 n
Y 28xAPD, (;) o<y AR [e;?]z + Y APAY
jeZ ] jez jez

Then, Identity (3.24) gives
2
2\ " 2 2 [ell  +el
Z 2AxA D, <2> ‘ e]'-l < Z At? [eﬂ + Z AP AX? [DC (e)ﬂ % ,
JEZ ] JEZ JEZ
e One also has

Y 20xAPD, (une)] € = Y A ((uA);?H ey — (ua)l e;’_1> el

jez jez
) 2
< Z Af? (e?) | (ua)"|[7 + Z AP <€7> :
JEZ j€Z

82



Chapitre 3. Error estimates for a finite difference scheme for the Korteweg-de Vries equation
e Finally, we see that, thanks to Young's inequality

Y —TAXPAPD,D_ (o)} el = Y mtz(]+1 2e;?+e;-11) ¢

jEZ jEZ
2 2
2 2 2
< Y 20%At (e;?) +Y 2t (e;?) .
jez jez

Final inequality
To conclude, the convergence error satisfies the following inequality

2
Y Ax ( n+1 4 9AtD, D, D_ (e )”“) < Y Ax (e]" +0AtD,D,D_ (e);l) + At |e"|% A,
jez jez 8

+ Y AtAx (e]'f — (1-0)AtD.D,D_ (e);?)z + Y AxAtA, [D+ (e)ﬂ 1Y AxAPA, [DC (e)?r
JEZ JEZ JEZ

+ Y AxAtAy (D.D- (e);?)z + Y AxAtA, (Dy D, (e);?)z + Y AtAxAg [DD.D- (e)]] ’
jeZ jez jez

At
ny|2
+ Atlle Heg {1 +4—Ax +At},

with
2 2
(alia)” (alfn)”  arfs N2, 3 N2 | AP
L [ / v i 2t ni2
A= AL S B (D)) 4 3 (0 ()} ] + 1D )
1-6 TAt
+ 832 (1D el 1+ 1D ()] ] + 11D a)” lle (14 )
AL 20t At
+7HDC (uA) Hf‘” - TDch (uA)] j +H (||(uA)n||%oo +2T2),
Ax? _ TAxAt
Ay = TZAt+—D+() — TAx D (e)] + (1= 6)At]| Do (ua)" 1227,

6

2
+e; 2
1 1
A, = <H2> 14 Ax] + <[MA]7) _ 24 (uA);l+1 e;7+1 + (uA)]r'l,l 3;11

B 8Ax?
3

Ax
A= (1= 008t | D ()"l + 51D ()" 1]

Aei= =2(1 = 0)At (ua)] +2(1 = O)AH][e"|| i~ — Ax + AT — 6) [Ax3 7+ [[e"][ = + 9" B Ax77H],

2TAx
D¢ (ua); De (e)] + 5 D¢ (e)7,

and

(1 —0)Ax? N At(1—
2 2

O 11D (0a)) |+ ID- (1a)] |

Ax?
4

Ag:= At {(1 —20) +

A 3
(Axi_7 + ||e"|| g +9|]e”||gwa7_2)} _ 2

+(1-0)—- 1

o Since ||DcDe (ta)" ||~ < a5 [1De (ua)" |, ||De (a)" e < [|Dy ()" |~ and
n
At[|Dy (ua)" [l < ZAtHuAHE‘” then
A, < CKY,
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Section 3.5. Rate of convergence

where CK?V is defined by (3.38a).

e For A;, we recognize the definition (3.38b) of
e For the term A., we have

KdVv
CcKav.,

1

1 2
Ac < €112 11 5] 411 (08)" B = T g ()i + 360 (4a)]y + 5 () €

N

2T
T3 (ua)i_q1€f1+ §||€n’|£°°-

Thus, one has A, < Cfdv (3.38¢).
e Furthermore, from (3.38d) and (3.38e)

Ay =CF"
and
A, < CKdV,
e Atlast, we see that Af < lefdv defined by (3.38f). Proposition 3.25 is then proved. O

3.5 Rate of convergence

In the left hand side of the ¢3-stability inequality (3.37), e]’.”rl appears in the operator I +
0AtD D, D_. The study of this dispersive operator is the aim of Subsection 3.5.1.
In the right hand side of (3.37), D1 (e);?, D,D_ (e);-1 appear in factor of some terms CX4V. Since

we have no control on these derivatives of the convergence error, we reorganize terms Cl.KdV in

Subsection 3.5.2 to obtain non-positive terms : the E; and F; terms of Corollaries 3.38 and 3.40.

We notice that the reorganization is not exactly the same for 6 > 1 and 6 < 1, therefore, we state

two corollaries.
In Subsection 3.5.3, Proposition 3.42 gives correct CFL hypothesis to cancel extra terms E; and
F; and concludes the convergence proof, by an induction method.

3.5.1 Properties of dispersive operators

Definition 3.32. Let (a;)jcz a sequence in {3 (Z), we define the two following dispersive operators :

(Aa); = a;+ 0AtD, D, D_(a);, (3.46)

(Ba); :=a;— (1—0)AtD. D D_(a);. (3.47)

Proposition 3.33. For every At > 0 and Ax > 0, the operator A is

o continuous (with a norm depending of % ) from (3 to (%,

e invertible.

Moreover, one has the following inequality, for any sequence (aj)j ez € 3 (z)

160At 40At
lallf < [lAalff < {1+ A5 [1+ AXS} } lall7 . (3.48)

Remark 3.34. Inequality (3.48) implies that the inverse of A is continuous too from (3 to (3 with a norm

independent of %.
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Chapitre 3. Error estimates for a finite difference scheme for the Korteweg-de Vries equation
Proof. Givena € (4 (Z), we may define the function @ € L? ([0, 1]) and the shift operator S such
as in the beginning of Subsection 2.2.1.3. The function Aa corresponds to the denominator of the
amplification factor AZfH (¢) computed in (2.18), with p = 1. Therefore, we obtain

Aa () = Zi{l + 81'(9AA—J:L3671'”é sin® (7'(@)} .

The operator A is so inversible and its inverse is defined by .4~ 1a(§ ) = 1 o) a(g).

1+819Ae*”“- sin
Moreover, this operator (and its inverse) is continuous since

2

1 AN ~
HAaH?ZA :Ax/o ‘1+816Ax33 ¢ sin3 (&) | |a(&)|2dE.

Yet, the module |1 + 819A AL eI sin® (7€) ‘2 is equal to

11802 o in it () = (1480 2L sint () )+ (862 cos (g sind () )
1 Ax3e sin = AxS sin Ax3 COs sin

At At
:1+166Fsm (72¢) (1 +46Esm (nC))
€1, 1+169 <1+49Ax3)]

Thus, the operator A verifies

T At A T
ax [ [a()Pde < || Aaly < {1+169A i (1 +49A;3>}Ax/0 a(¢)[2de.

We conclude by using Parseval identity (2.17). O

Remark 3.35. The norm of the inverse operator A~1 is upper bounded by 1 (independent of % ). This
independence is crucial to be able to impose a hyperbolic Courant-Friedrichs-Lewy condition, and not a
dispersive one.

The operator A enables us to control not only the £3-norm (as proved in Proposition 3.33) but
also an h%-discrete norm and h3-discrete norm as explained in the following proposition.

Proposition 3.36. Let A be the operator defined by (3.46), then for any sequence (a;)jcz in {3 (Z), one
has
|| Aall7; = llal|%, +0AtAx||DD_(a)|[f; +6°A*||D+D4D—(a)][7;.
Proof. We develop the ¢3-norm of (.Aaj)]. 7"
Y Ax (aj+60AtD D4 D_(a);)* = Y. Ax (a;)* + Y 20AxAta;D D D_(a); + Y 6*AxA? (DD D_(a);)”.
jEZ jez jez jez
Let us focus on the cross term. Discrete integration by parts (3.27) together with (3.29) (with
D_(a); instead of a;) give
Y 20AtAxa;DyDiD_(a); = — Y 20AtAxD_(a);D+D_(a); = Y 0AtAx* (D4D_(a) ]-)2,
JEZ JEZ JEZ

which concludes the proof. O

Furthermore, the following proposition enables us to compare ||Bal e to || Aa| ]ng modulo a
classical dispersive CFL condition.
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Section 3.5. Rate of convergence
Proposition 3.37. For 6 € |0, 1], assume the following CFL condition be true At(1 —26) < AT"B, then,
for any sequence (a]')jez in (X (Z), it holds

2
Y Ax (aj —(1-6)AtD,.D.D_ (a)].) < || Aal[2. (3.49)
jez

Proof. We develop the expression

Y Ax (aj— —0)AtD,.D,D_ (a) )2 Y Ax (a +0AtD, D, D_ (a) ) Y 2AxAta;D,D.D_ (a);
jEZ j€Z jez
+ Y AxAP(1—26) (D+D+D, (a)].)Z.
jEZ

By applying Relations (3.27) and (3.29) (with D_ (a ) instead of 4;), the previous equation be-
comes

2 2
Y Ax (a]- — (1-6)AtD,.D,D- (a) ) Y Ax (a +0AtD, D, D_ (a) ) Y APAL <D+D (a) )
JEZ jEZ JEZ
2
+ Y AxA(1 - 26) (D+D+D, (a)]-) .
jeZ
CASE 0 > % :| Proposition 3.37 is proved.
CASE 0 < % :| We transform the third derivative thanks to Identity (3.26), to obtain

JGZZAx( (1—0)AtD,. D, D_ (a) ) ZAx (a]+9AtD+D+D ()])2

~ Y aar(D,0-(@)) + X 4N2(A1x—29> (0:0-(@),) - X 4N2(A1x—29> (D:D. (a),)"

jez jez jez

Since At(1 —26) < AT"3, the term M is upper bounded by AtAx?, which transforms the

previous equation into

Y Ax (@~ (1—6)AtD.D,.D- (a)].)2 = Y Ax (aj+0AtD. D, D- (a)].)2
jeZ jez

2 J—
_ ]EZZ: Ax2Af <D+D7 (a)]->2 +];Z: AAX? <D+D7 (a)].>2 B ].EZZ 4At(A1x29) <D+DC ("‘)j)z.

The conclusion of the proposition is a straightforward consequence, since 1 — 26 > 0. ]

3.5.2 Simplification of Inequality (3.37)

The previous study of the dispersive operator A enables us to reorganize terms in /2 -stability
inequality (3.37) in a way simpler to study : signs of new terms are easier to identify. The reorga-
nization is not exactly the same for 6 > % and 0 < %, as seen in the two following corollaries of
Proposition 3.25.

Corollary 3.38 (Corollary of Proposition 3.25). Consider Scheme (3.2a)-(3. 2b) Let (e]’-’)(]-/n) be the

convergence error defined by (3.3). Then, for every n € [0,N], v € [0, 3) and 6 > %, one has

[ A2 < ||Ae" |12 [1+Atc;<dV} + AtE, |[Dy ()" [[% + MPEC ||De ()|

A } (3.50)

+ AtE, ||D4D; (e Héz—l—AtEfHD+D+D \|€Z+At\|e”y|€2 {1+4A+At
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with

At At 3
G = [l (1+ 5 ) + 1D+ ()" 1o (7 55 [mueﬂmw )l )
vV At
4+ [IDy (ua)"| |2 [\fr A2 +1421 ZAx, (3.51a)
Ax
E,:= Z —Dy (e ) — 7| (Ax — TAt), (3.51b)
2T
Ee = la)" B+ {1171 [0 8]+ 2l sl + e b =2, @510
1 Ax%*”Y—i— e | +9||e" ZooAx“V*%
Ee122(1—9)At{||(”A)n|!ew+||€”||ew+2+[ e =0Tl ~ax,
(3.51d)
1 1

_ =082 [ 1 A el £l far—t]) A

Ef.—At{(l 20) + 5 |t 45 + : s
(3.51e)

Remark 3.39. Corollary 3.38 is, in fact, true for all 6 # 0 provided that At(1 —260) < ATX3 for6 < 1,
but we essentially use it for > 1.

Proof. We choose o = 0 in Inequality (3.37).
e First, we upper bound ||e" — (1 — 9)AtD+D+D_(e)”H in (3.37) by ||e" + 6AtD D D_(e)" ||

thanks to Proposition 3.37.
e We tranform Cfdv in (3.38b) into

CKYV = Ey 4+ (1 — 0)At||Dy (up)"| 3,
with

E, = <A6x Dy (o)} — r) (Ax — TAL) . (3.52)

The C{fdv-term in (3.37) thus is

2 2
éAxAtCKdV <D+e]”) - éAxAtEb (D+e7) +(1-0)A2||D.uf || [Dye"|[B. (353)
] ]

For any sequence (;)jez in /3 (Z), the following Gagliardo-Nirenberg inequality
ID+(a)l|7z < llalla|ID+D-(a)llz
is valid even with the /3-norm. We will use it on || D (e)"| \?2 in (3.53), to obtain
A

[le"|[2 VOAtAx||[DD—(e)"|| 2
VOAtAxX '

(1= 0)AL[| Dy ()" 7| D" |[7; < (1= O)AL[| Dy ()" [

Proposition 3.36 enables to make ||.Ae" |7, appear and
A

5 - - 5 - ||e" +6AtD D, D_(e)" H
(1= 0) At D (un)"|[oo | |D+€"|[iz < (1= 8)AL| Doy (14n)" [

vV OALAx
(1-6) VAt

VL AHID (a)"[2l[€" + 6AtD, D, D ()|

Vo VAx

<
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Section 3.5. Rate of convergence
e As a third step, we transform the Cfi(dv—term of (3.37) (recall that o = 0) :

]EZZ; AxAtCKdV (D+D_(e);7>2 _ jezz;(l —0)A*Ax <D+D_(e)}1>2

1-6
—|—( o )AtHD+(uA)n|‘ngAtAxHDJFD_(e)n"%‘

2
Relation (3.26) allows to rewrite the term }_;c7 (1 — 0)At>Ax <D+ D_ (e);“) :

tzAx

Y. (1-0)82x (DD (e)})" = X (1 - 0)a2x (D, Defe)?) + Y (1-0 (D-D.D_(e)’.

JEZ JEZ jEZ
Proposition 3.36 gives

(1-0)
26

—0
AHID ()| 0AtAZ]|D D (0)"[ Py < LD AID. (ug) "l 1" + 661D, D, D (o)

e Eventually, we focus on the C}(dv-term in (3.37). We decompose C}(dv into
CF?V = Cg + AP(1 = 0)[ D (ua)"] |6

with

(3.54)

1-— Az Al_'Y nwgnzmAy_l A3
Cg:At{<1_29)+( 2) X _ X2 +Heng+ HEHI xT72 B I

which leads to the following inequality (thanks to Proposition 3.36) :

ACEY||DD 4D (e)"] \%i

(1-0)
92

(1-9)
92

= MCg||D+ DD (e)' | + A [D (ua)"[ 1= |10AID, D, D ()" 2

< AMCe||D D D ()" + L AH[D, (ua)"] =€ + 6AD, D, D (e)"| 3.

Thanks to all the previous relations, we rewrite Inequality (3.37) as

[[Ae™ % <[ Ae"| % [1+ MERV] + AL, [|Ds (0)"| |7, + APCE™Y [|D, (e)"| |7
AtAx?

+ A [CEY (1 0)At] |[DsDe (e)"[[7; + At [Cg+(1—9) ]HD+D+D )"l

At
ny|2
+ Atfle"|[7, {1 +4AX+At},

with

At 1-6 1—-6 At 2 3
B = gl (14 0 ) + 105 ()" e (20 2 T22 £8 fort 2penom + Sl )

iz | (1=0) VAL AP 2 At
11D (1) le Tt a| P12

For 0 € [1,1], one has EX?V < GK4V with GK4V defined in (3.51a). Finally, we define E := CX4V
and E, := CKV 4 (1 — 9)At and Ef := Cg + (1 — 0) 2o,
O
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Chapitre 3. Error estimates for a finite difference scheme for the Korteweg-de Vries equation
Corollary 3.40 (Corollary of Proposition 3.25). Consider Scheme (3.2a)-(3.2b). Let (e;l)(]-,n) be the
convergence error defined by (3.3). Then, for every n € [0,N], v € [0,3) and 6 < 3, one has, if At(1 —
20) < &2,

AR, < (LA B [14 GEWVAt] + AtFy| D (¢)"| 2 + APE||De(e) | + AtFql DD (e)" |
At
2 2
+ AtE||Dy De(e)"|[% + At[le"| % {1 A+ At},

with

At At 2 3
G = [ B (1+ 5 ) + 11D ()"l (7 55 [2+ 51171l + 311 0a)" e )

+ [|1D5 (ua)" |2 \f\‘? A2 +1+2T2%, (3.55a)
Fy = <A6XD+( )~ r) (Ax — TAL) + (1 — 0)AH||Dy (up)" ||, (3.55b)
Foi= || (ua)" |3 + {He”H%w [1+ Ax] +2[[€" || (a)"| e~ + 2T|re”|lf°°} -T, (3559
Fio= 1y {At (1-20)  1=0)A% _g)sz [r+ AxiTT Heww;guen”f“A"H] (3.55d)

_ 2 3
4811 = 6)|ID. (1) e+ TP 1D 0l + GENID- ) N | = 55

F.:= 2(1—9>At{\| ()" [le= + [l€" = + 2

AxET 4 [[e] | +9ue"|\%w“7%] }

ANt 1—0)Ax?
-2 2{(1—20)+( 2)

2
K1~ 0)][Ds (us)" ||~} . (355¢)

Axz=7 + |[e" || + 9||e”]|%mAx7—§]
T+

Remark 3.41. The variables GK?V are identical in both previous corollaries. It is noticed that Corollary
3.40 is valid for all 0 but thereafter, it will be mainly used for § < %.

Proof. We choose ¢ = 1 in Inequality (3.37).
e From Relation (3.26), we transform the C]Ifdv—term in Inequality (3.37) into

jEZZ: AtAXCKDY <D+D+D_e]’-‘>2 - jezz AtAxCKIY [Aiz (D+D_e;?)2 - A42 <D+D )2] .

e We upper bound ||e" — (1 —6)AtD D, D_(e)"||7, by |le" +6AtD, D D_(e)"|| 2 thanks to Pro-
position 3.37, to obtain, instead of Inequality (3.37),

e+ 6AtD, D D_(e)"|[% < [|e" + AOD,DyD_(e)"|[% [1 + CKV AL 4 At} + ACE Dy (o)1

2 ~KdV ny|2 Kdv 4C,If<dv ny|2
+ APCKY|Dy(e) 3 + a4 CEY + =L 4D Do)

4CJI§dV Af
Kdv 2 2
+At{ce - sz } ||D+DC(€)”||Z2A+At|’€n‘|€i {1 +4A_X+At}
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Section 3.5. Rate of convergence
We note F, := ngV + 1 and verity F, < fodv. Finally, we fix F, := Cfdv witho =1, F, := Cde,

kav , 4 kav _ 4CF
Pd::Cd +szWlth0':1andPe::Ce — AL

O

In the following, we will have to show that E; and F; are non-positive to loop the estimates.

3.5.3 Induction method

Before proving our main theorem 3.7, we state a fruitful proposition, which concludes the
stability stage and gives the CFL conditions to obtain the non-positivity of extra terms E; and F;.

Proposition 3.42. Let ag > 0 and By € (0,1) such that

[[(ua)"|ee + a0 < T, ne[0,N], (3.56)

there exists wqy > 0 such that
At < wy, Ax < wy,

and such that the following CFL conditions be true

At
4(1-20) 15 <1-po, (3.57a)
1] At
il I
[r+ 2] i <1 o (3.57b)

If there exists iy € [0, 1) such that, for every n € [0, N], ||e" | < Ax277, then, for all 6 € [0,1], we
have
A2, < (1A% {1+ atGEY Y 4 alen]Z d1 a2 4 ae 3.58
[ A2 < || Ae| I, {1+ AGEY | 4 Atfle"|[f S 1+4 5+ AL, (3.59
with GKV defined by (3.51a).

Remark 3.43. The upper bound wq must be chosen for the following inequalities to be verified

w&ﬂ < 37,
o for6 > 1,
-(%*¢@ﬁﬂw€ﬂ+awmww+§s%, (359)
. ww§7 < Bo, (3.60)
. (1—29)+(1_29)‘”% [r+;+121w§7] <0, ifo> % (3.61)
N0 Pt < o, o=, (3.62)
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Chapitre 3. Error estimates for a finite difference scheme for the Korteweg-de Vries equation
o forf < %,

-<%*¢Pﬁ“mﬁﬂ+ﬂwmww+§s%, 3.63)
. 12w§ T <y, (3.64)
1-60)(1— 1—B0) 19 wi "
y ( 2(1 )_(29)50) [[(1a)" |00 + (3T +‘B§)w§ T+ L:(;T < Bo, (3.65)
-0y [ 1 1,
* - WO [T T }
+ 1= Ol (=00 | 3B + DI < gy, (a66)

Howeuver, the previous required conditions are certainly not optimal.

Proof. We dissociate two cases according to the value of 0.

CASE > 1 :
We show the non-positivity of coefficients E; in Corollary 3.38, fori € {b,c,e, f}.

e Sign of £}, : We get by developing D (¢)}

Ax [le™]] g
—D 1< .
6 + (e)] = 3
The hypothesis on ||e" ||~ of Proposition 3.42 and the choice of a small Ax < wy (cf. Remark
3.43) give
€ e < * < 0 <T

3 - 3 - 3 ~
and due to the CFL condition (3.57b), one has

Ax — TAt > 0.

Thus, E, < 0.

e Sign of E. : For the term E_, thanks to the hypothesis ||e" || < Ax2~7, we obtain

1
2TAx? 'V} 2

_ — 1_
E. < H(uA)”H%m—i—{[Axl 21+ A1) 4 2853 (1)" | om + T = TR

AsT > wap+ || (ua)" ||, if Ax < wy is sufficiently small (cf Remark 3.43, Inequality (3.59)),
one has

02 1-2v 2-2y -7 n ZT‘U(%JY 2
Ee < [l(ua)"|ix + 9§ [wo 2+ 2| + 205 "l (1a)" = + —2— ¢ — T 0.

e Sign of E, : since we suppose |[¢"| |~ < Ax277, the term E, satisfies

1 13
Ee =2(1-6)At {H(”A)"Hew +5+ 2Ax5‘7} — Ax.
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Section 3.5. Rate of convergence
As6 > %, 2(1—6) <1, and, thanks to the choice of T (3.56), one has

At 1 13 At
EeSAt{T~I—;+123Ax%_7}—Ax:Ax{[T%—} 14 BN 1—7}

Ax 2 2 Ax
If Ax < wy is small enough and using hyperbolic CFL (3.57b), one has
1BAL 1y B0 Bo) 1y 130 fo) e
2 Ax =2 41 : - 2t+1 O

which is less than By thanks to Inequality (3.60). Thus one has
E. <0.

e Sign of E; : the dispersive CFL-type condition (3.57a) together with hypothesis ||e"|[;~ <
Axz=7 give

(1—6)Ax? I VI Ax®
< — -~ 7 -
Ef_At{(l 20) + 5 T+ + 5 Ox T

which is non-positive if Ax < wy is sufficiently small. Indeed :

- if0 > %, one has chosen w such that

_ i < (1— 2o 2
(1-26)+ 5 Ax r+2+2sz < (1-20)+ 5 W |TH 5+ 5w
thanks to Inequality (3.61),

: 1
- 1f9 = 2/
AtAx? 1 11, . Ax® Ax® [ At 1 11At , 1
= R B e el e I Ax3 T
Ers—4 [TjLerzsz ] 1 1 {Ax [T+2] oAt }

and Condition (3.57b) together with Ax < wy for wy verifying Inequality (3.62) enable
us to conclude about the non-positivity of Ey.

Thus Estimate (3.58) is proved for 6 > %

CASEf < 1 :

In the same way, from Corollary 3.40, we show the non-positivity of F;, fori € {b,c,d, e}.
e Sign of F, : one has, by definition of F, and by hypothesis ||e" ||~ < Ax2=7

o< (D0 @) — 1) (v =700 +2(1-6) 311 a)" 1

<Ax\|e"|\gm TAL||e" || oo

At
— TAx + T2At +2(1 — G)E"(“A)n‘ |geo

- 3 3
1 1
Ax2=7 Ax2™7 At
< — — — —06 " goo
<t [TAt <1+ 3T ) Ax <1 3T 2(1 )AXZTH(uA) ¢ )]
At At Ax2=7 Ax2=7 At

< — 4+ — — 2(1—16 " goo

s Thx [TAx+Ax 3 1+ 3T +2 >Ax2TH J'lle ]
The hyperbolic CFL condition (3.57b) and the dispersive one (3.57a) (we recall that 1 —260 >
0 in that case) imply

(1-Bo)AxtT  Axbo Ax(1— Bo)
FE<tAx|1-fpy+—F—"+—F——-14+——+4+(1—-0 o |
b > [ ,BO 3T+% 37 ( ) ( )H( ) Hf

The choice of wy small enough to satisfy Inequalities (3.65) (cf Remark 3.43) implies F, < 0.
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Chapitre 3. Error estimates for a finite difference scheme for the Korteweg-de Vries equation

e Sign of F, : since F. = E., we follow exactly the same proof as for 6 > % to show F. < 0.

e Sign of F; : thanks to Relation (3.55d), one has

4
Fi=— (At
d sz{
(1—6)Ax? Ax3

+0t(1= OlIDs ()" llm + =P LD a)lem + D () 1 ] - 5 -

(1—26)+

(-0 [ A1 |l m + 9]le"] B
2 2

Since |[e"||~ < Ax277, it becomes, thanks to dispersive CFL (3.57a),

Fd:Ax{ii;(l—ZG)—szA;(l—O) T mfﬂ]
+880 (1= 0) e +201 — 0) e+ (1~ )3 e — 1
gm{iﬁﬁ)ﬂ-zeﬂﬂﬂ-e) r+1m;“ <12(—1fi3)229A);‘2(1—9)|yugy|6m
+1-0) 0PI g+ - )2 g -1
— Ax {ii;(l —20) + A;c(21(1_—25)0) (1-0) |t+ HA;%v]

-0 = [ 0]

For Ax < wq small enough such that (3.66) be verified and thanks to the CFL condition
(3.57a), one has
F; <0.

e Sign of F, : we develop F. to obtain

1=
F, <2(1-0)At {||<uA>"r|zw + fo%—v} - 281 26) 201 - o)At |7 11A2]
8At?
— 25 (L= O (a)" [l
1 4Nt 2A¢t
< 2(1 = )Mt {[|(ua)"llew + 1282877 — 7} - 255 [<1 —26)+ (1 9>u<uA>"Ww] .

Since 6 < 1, one has 1 — 26 > 0 then —% [(1—26) + 225(1 —0)||(ua)"||=] < 0. The

choice of a small Ax < wy satisfying (3.64) and the choice of T (3.56) give F, < 0.
O

We are now able to demonstrate by induction and by Gronwall Lemma 2.29 our main result

for a regular initial datum : Theorem 3.7.

Remark 3.44. The induction method is used to control the norm ||e"||~ in the factor coefficient GK4V
of Proposition 3.42. However, we can not perform the induction directly on (3-norm, we have to take
into account the contribution of Airy term via the dispersive operator A. Thus we have to perform the
induction method on Ae".
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Section 3.5. Rate of convergence

Proof of Theorem 3.7. Let v € [0,1), we choose the Rusanov coefficient T such that (3.7) is true,
for every n € IN. This choice is possible because of Theorem 3.15 which proves that the exact
solution belongs to LY for t € [0, T]. We suppose the two CFL conditions (3.8) and eventually, we

choose Ax small enough as in Proposition 3.42, and also small enough to satisfy

A, (14 0lEy.,) ("fﬂ'jﬁ Tl OHH4+Huouwuuom) <L e
with AT,%/H%HH% defined in (3.10).
Let us prove by induction on n € [0, N] the inequality
"] | < AXE7T. (3.68)

Initialisation. For n = 0, Equation (3.68) is true because Expressions (3.2b) and (3.5) imply
e? =0, jeZ.

Heredity. Assume Estimate (3.68) is true for n > 0, let us prove this estimate for n + 1.
The induction hypothesis (3.68) at step n enables to control the term that seemed problematic in
GK4V of Proposition 3.42 : the norm ||e"| .

Once controlling the £*-norm, we use the first inequality of (3.16) to upper bound At|| D (up)" ||
and At||D; (up)" ||2, Proposition 3.42 thus becomes (by splitting GX?V)

2 pm+1 ) At
A 1% < [l A6 1 {1+Atcz+ » ( /, Haxu(t,.)m;odt) G&}Mtuenr@ {1+4Ax +At},

i=1

with

At At At At
Gl = [||ug||§w (1+A> +1+2r2Ax} < [1+||uA||§%o£m(1+A )+2Ax 2]
and
At 2 1 3 At 2
— _ — 7= — n 00 _— r — 00 o0
o= [7+A (2T+3Ax2 +2||(uA) ¢ >] {7+A (2T+3Ax2 + ||MA||g o )}
and
= V2 =+ —|.
\/ A
Due to the CFL condition, we have, denoting by C a number independent of 7, u, At and Ax
" ’ At
Gy <C(1+T |1+ — =: Gy, (3.69)
Ax
n<C 1+ﬁ[1+1'] =: G (3.70)
1> Ax - Y1y .
and
VAT
c2_ [\f\ﬁ F =: Gep. (3.71)

We can now apply the discrete Gronwall Lemma 2.29 (noticing that e? =0, j € Z). It pro-
vides, for every n € [0, N — 1],

2
HAE"HH% < exp (t”“Gb + Z/o
i=1

thrl

At
|[0xu(s, )HLOO dsccz) sup Hen”gz {1+4A+At}
ne[0,N]

(3.72)
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Chapitre 3. Error estimates for a finite difference scheme for the Korteweg-de Vries equation
Finally, Theorem 3.15 and Proposition 3.18 give, for 0 < 7 < 6 — 3,

2
+1/12 2 2 2 2 2 2 2 2
A1 < A% g (1+lwol?,.,) {At ol + 852 [luols + ol ., ol | }
with
k3T 3 1 At
AZT,%,HLIOH 3 =exp (TGb + HMOHH% Ce 1 |:Gc,1T4 + Gc,2T2]> CZEZKTT {1 +4E + At}
H4

At? 3 1 k3T At
<o (14 (14 85) (T (rh e Thlualg¢4) ) e {4 2,

with C independent of 1y and «, K3 dependent only on ||u]| 2.

Since |[e"™1]]7, <[] Ae"*!||%, (Proposition 3.33), the previous inequality gives
A A

2
e < A2y (1 lol? g, )" {Arlol B + A% | uoliZs + lluol? 5., ol 2] }
H4
2 (Juol%
< A% sl (1 + HuoH;%w) (fz + lluollFs + lluol 5., lluollF | Ax%,
1A (t+3)
(3.73)

where the last inequality is obtained thanks to the CFL condition (3.57b).

Conclusion. It remains to verify the induction hypothesis (3.68) at step 1 + 1. The definition
of the ¢3-norm, Identity (1.14), together with the inclusion /> C (%, holds
el

Vix

According to the upper bound (3.73), the £*°-norm is bounded as follow

[le*[le= <

n+1
™ e < A at g

14l
(1+Huo\|;%+,,)< L uoll s + luoll 3., luoll | VA%

Hi T+ %
The choice of a small Ax (in order to verify (3.67)) implies thus ||e" ||~ < Ax2~". The
induction hypothesis is then true for n + 1. O

Thus, we have proved Equation (3.9) with (3.10).

Remark 3.45. The choice of a time average in the definition of ua, Equation (3.5), is dictated by the
discrete Gronwall Lemma 2.29 on (3.72). Indeed, applying discrete Gronwall Lemma introduces the fol-
lowing term Y-N_o At||Dy (up)" ||he which is controlled thanks to the estimate (3.16), where the time
integral plays a crucial role.

Regarding the space average in the definition of u,, its necessity comes from controlling the sumon j € Z
in the consistency estimates (A.2).

3.6 Convergence for less smooth initial data

In this section, we relax the hypothesis 1y € H®(R) and adapt the previous proof for any
solution in Hi (R) to obtain Theorem 3.10. When uy is not smooth enough to verify ug € H*(R),
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Section 3.6. Convergence for less smooth initial data

we regularize it thanks to mollifiers (¢°) s=0 s explained in general introduction. Recall that we
denote the mollifiers by (¢°)s0, whose construction is based on x a C®-function such that xy = 1
on [—1,3], x is supported in [—1,1] and x(&) = x(—¢&). We denote the exact solution of (3.1a)
from ug by u, the exact solution from ug x ¢° by u’ and the numerical solution from (3.11) by

( [05]7> (n,j)€[0O,N]xZ:

Hereafter, we will use Lemma 2.33 and 2.34 on the approximation results between u° and u,
which are mentioned for the first time in Subsection 2.2.2.1. We need moreover, the following

result about the speed of decrease for the Sobolev norms of u.

Proposition 3.46. Assume m > s > 0and uy € H*(RR) then,

T o] |HS(]R)
om—s 4

sup Hu‘s(t,.)HHm(lR) < Cefm
te[0,T]

where C is a number which depends on m and x,, depends on ||ug|| 2 and m. Both are independent of 6.

Proof. We combine Theorem 3.15 and Lemma 2.33.

3.6.1 Proof of convergence Theorem 3.10

Letap > 0and By € (0,1), let us assume
[lukllee + 20 < T, n€N.

There exists wy > 0 such that
At < wy, Ax < wy,

and such that the following CFL conditions be true

At

17 At
S 2 < g,
[T+2}Ax— Po

We eventually assume that 1y € H*(R) with s > 2.
By using a triangle inequality, the global error is upper bounded by
le"l < BT + &3,

with

]

[x1
—3
Il
=~ 1
U
>
=
VR

with Notation (3.4), and

j

_ 1 il’lf(t"+l,T) "Xt 5 5
B = {Z Ax <Ax[inf(t"+1,T) — /tn / u°(s, x)dxds — (v°)

JEZ

_ (2 ax (4] - (05)7)2> g

JEZ
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Ax[inf(#"+1,T) — 7] /t" /x u((s, x) — u®(s,x)dxds
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Chapitre 3. Error estimates for a finite difference scheme for the Korteweg-de Vries equation

Let us first focus on term E'. The Cauchy-Schwarz inequality implies &} < 31[1p} [|lu(t,.) —
te[0,T
u(t,.)| |12(r), which imposes to study the difference between u and ul.

Since u and u° are two solutions of the initial equation (3.1a), one has

0 (u - u‘5> +a§ (u - u‘5> + udy (u —u‘5> + (u — u‘s) 9,1u° = 0.

Multiplying by (u — u°), integrating the equation and changing u° in u — (1 — u°) in the latest
term yield

2 2
dt/ u(t,x)) dx—/autx)((tx)_zu(tx)) dx

+ /lR u(t,x) —u (t,x)>28x [u(t,x) - (u(t,x) - u‘s(t,x))} dx =0,

thus 5 )
d |u(t,.) —u?(t, )|z, - [[9xu(t, )HL‘” 2
4 d < e, ) = (4, By

The previous inequality looks like the ’weak-strong uniqueness” of DiPerna [44] or Dafermos
[38, 39]. The L?(R)-norm of the difference u — u’ is then upper bounded by

t
e =t By < exp (| 12sts)umiaods ) o = B
3 k3T 5
< exp <T4C%e i Hu()HH%> ||uo — u8||%2(IR)

where x 3 and C 3 are defined in Theorem 3.15. Then

3 K3T
Y 5 TKC%e 1 5
5Y < sup [|u(t,.) —u’(t,.)[|2r) < exp — luoll 3 | Iluo — uollr2(w)
te[0,T]
Lemma 2.34 implies
TiC.e1’
B < C5SH”0||HS(1R)QXP %HMOHH% . (3.74)

In the other hand, the term E7 corresponds to Estimate (3.73) derived in Subsection 3.5.3 with a
smooth initial datum. It remains us to quantify the dependency of it upper bound with respect
to 0. Thanks to Theorem 3.7, one has

- 145 e ;
B, < AT'%'HL{%HH% <1+ |u 0HH2+,]) < T:_% + (gl + HugHH%Jr;,HMSHHl Ax,

with Ay ALy ‘SH defined by (3.10). As ug belongs to H*(R) with s > 3, then \|u8||H% =

—' »Nm

[luoll ;5 andHuoH v = ol 1

Lemma 3.47. For every s > 3, there exists C, depending only on s and on ||ug|| 2, such that, if ug €

H*(R),

IIuo||H6
T+ 2

[[140]| s 1
+ [l e + 1] 2+;;H“OHH 56 C 11 + 1+ [[uo || gmincis) | -
2
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Section 3.6. Convergence for less smooth initial data
Proof. We apply Lemma 2.33 with s = 6,4, 3 + 77,1 and the biggest power of J is ﬁ. O

Thus, an upper bound for E7 is

- 1 [[uo]| 1
=< A, (1 10l2,,) (H Pt ””‘)”Hmi“(l'”) Cgos A

H4 2

However, for Theorem 3.7 to be applied, we need to choose a small Ax such that condition
(3.67) is true. With the above lemma, this condition is satisfied if

1 [uollms _ 1
2
At fuof 5 (1H ol ., ) <T+§ ‘<,>> Ct <=, (7

H4

what is of course possible to ensure (and is assumed in the following). Hence, the convergence
error (e]') 7 is upper bounded by

1
n 2
le"]] 2 < C [AT,g,|u0.|H3 (1+1ml?,.,) (T+1 +14 uuoHHmu,s)>

N

for n € [0, NJ.

The key point is to find the optimal 6, in other words, the parameter § which makes both terms
%, coming from Zf and 5% - coming from E7 in (3.76) equal while respecting the constraint (3.75).
It is exactly the same guidelines of Sectlons 2.2.2 or 2.3.2, but we have an additional constraint

here. Defining § = Ax” summarizes the problem in the following system

Ax
Axa(6—s)’

der th: traint : ! < L
under the constraint : o < 2.

Find a such that : Ax™ =

Three cases have to be considered :

o if % < s < 6 — 67, the constraint is binding and we have to choose a which transforms the
constraint inequality in an equality : 2 = L. In that case, the rate of convergence is given

by the smallest term between Ax* and % ie. Axis.

e If6-6y<s<6,a=¢g 1 enables both terms Ax* and Ao 6 o)
the constraint. This choice of a gives a rate of convergence of Axs.

; to be equal without violating

o If s > 6, the result of Theorem 3.7 applies.

Since 7y is in [0, 1) (cf. Lemma 3.29, Proposition 3.42 and induction hypothesis (3.68)), we take the
optimal y: ¢ = % — 1 with 7 small and # > 0. The conclusion of the theorem is a straightforward
consequence.

Remark 3.48. The choice of ¢ is independent of the reqularity s of the initial datum, if 3 <s < 6.
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Chapitre 3. Error estimates for a finite difference scheme for the Korteweg-de Vries equation
Remark 3.49. Contrary to what happens for linear dispersive equations with less smooth initial data (Sec-
tion 2.2.2 and Section 2.3.2 in Chapter 2), we have to use the numerical solution from u and not from ug.
Namely, the scheme in Theorem 3.10 is (3.2a)-(3.11) and not (3.2a)-(3.2b). We will explain in this remark
that difference.

The majoration of EY comes from the stability of the continuous EDP, the majoration of &5 comes
from the convergence error in smooth case and the majoration of Ef comes from the stability of the
numerical scheme. However, one has proved, for KAV equation, the stability of the scheme provided

u € L*([0,T], Hi(R)). An upper bound for E thus requires for the numerical solution ([05]?)(;1,]‘)

to be in the discrete equivalent of L®([0, T], Hi (R)). Since this discrete regularity is not verified, no up-

per bound of &5 is available. To deal only with EY and EY, we have to initialize the numerical scheme with
s

ug.

3.7 Numerical results

In this section, the previous results are illustrated numerically by some examples and the
numerical convergence rates are computed for the KdV equation.

3.7.1 Convergence rates

Through the rest of the section, the computations are performed with an implicit scheme
f = 1 in order to avoid the dispersive CFL condition. Our purpose is to gauge the relevance of
our theoretical results on the rate of convergence with respect to Ax. To this end, the time step
is chosen according to the hyperbolic CFL condition. More precisely, T is numerically chosen
such that 7" =  max \v;‘ and At" = 2% This choice seems surprising related to the CFL

ke[o,n—1],j€[0,]]

of Theorems 3.7 and 3.10 but, as explain in Remark 3.8, the condition [t + 3]At < Ax seems
technical and may be replaced by the classical one TAt < Ax. Eventually, we fix the final time
T =0.1.

We can not simulate numerical solutions on Z as done in the theoretical results. We have to
take into account numerical boundaries : we use periodic initial data. We fix the space domain to
[0, L] with L = 50 (except for cnoidal wave where L = 1) and fix | = | & |.

Remark 3.50. Notice that the theoretical results do not apply rigorously since the solutions do not belong
to H*(IR) because of their periodicity.

The convergence rate rj is computed with

. log (Ey) —log (Ex)
! log(2)

When the exact solution is known (e.g. for the cnoidal-wave solution), the variable E; corres-
ponds to the following difference

E; = su e = su ’ o — ([upal? ,
J neuo];v]]H ( ]>je[[0,]]] e ne[[ogn] ( ])je[[o,]]] <[ A]J)/e[[o,n] a
with (0)jeqo,) the numerical solution computed with ] cells in space and <[uA];?>]'€[[O,]]] the J-

piecewise constant function from the analytical solution. However, for test cases with an unk-
nown exact solution, the convergence error is computed from two numerical solutions with dif-
ferent meshes and E is replaced by the following E;
B = swp (1), on = (%) ol
P o N e =\ jepn
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Previously, ¢/ := w}. forall j € [0, ]|, where (w”) is a numerical solution computed with a
! ! !/ jeno2]]

refined grid with 2] space meshes. In that case, ( "
! /jetor

, plays the role of the exact one ( N .
play 48lj ) o
Remark 3.51. We have considered exactly 2] space meshes for the refined numerical solution. Moreover, in
all cases, 0 is a grid node, therefore, the error Ej is nothing but the difference between every two consecutive

values for (w]") and every value for <v;?)je[[o,]]]'

, computed from the refined numerical

solution (w’?)
17 jel02]]

j€lo2]]

3.7.2 Smooth initial data

To assess the optimality of Theorem 3.7, the corresponding test cases are carried out with two
smooth periodic initial data, either the cosinusoidal initial datum

up(x) = cos (22-[3() ,

or the so-called cnoidal-wave initial datum. This cnoidal-wave solution represents a periodic
solitary wave solution of the Korteweg-de Vries equation whose analytical expression is known

as follow : . .
u(t,x) = —acn? (4K(m) <y§ (x — > — vyét)> ,
s 2

where j1 = 5}, and en(z) = en(z : m) is the Jacobi elliptic function with modulus m € (0,1)
(we choose m = 0.9) and the parameters have the values a = 192muK(m)? and v = 64u(2m —
1)K(m)?. K(m) is the complete elliptic integral of the first kind (cf [13]).

Both results are gathered in Figure 3.1 for cosinusoidal solution and Figure 3.2 for cnoidal-wave
solution. We display the values of r with respect to | in the left table and post the corresponding
graph in logarithmic scale on the right. The first order is confirmed for both initial data whether
in tables or in graphs.

Cosinusoidal solution 104 numerical slope= 1.0081
ug(x) = cos(%#x)
error in numerical |
] Ax (=(0,T,(A(Z)) order |~/
computed with E; = i

1600 | 3,1250.102 6,2062.10 5 g, 10
3200 | 1,5625.102 3,1033.10°° 0.9999 g
6400 | 7,8125.1073 1,5517.107° 09999 | ©
12800 | 3,9063.1073 8,0795.10~° 0.9415
25600 | 1,9531.1073 |  4,1435.10° 0.9634 ool |
51200 | 9,7656.10~* 1,9974.10°¢ 1.0527 107 Ax 107

100

FIGURE 3.1 — Experimental rate of convergence for cosinusoidal solution
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Cnoidal-wave 107}
error in numerical

] Ax (*(0,T,(A(Z)) order o

computed with E; =

1600 | 6.2500.10~% 8.9875.10~% Z

3200 | 3.1250.10~% 452531074 0.9899 s
6400 | 1.5625.10~* 2.2636.1074 0.9994 S 404

12800 | 7.8125.10° 1.1292.10* 1.0034
25600 | 3.9062.107° 5.7102.107° 0.9837

numerical slope= 0.99553

10

1073

A X

FIGURE 3.2 — Experimental rate of convergence for cnoidal-wave solution

3.7.3 For a regularity between H3(IR) and H'°(RR)

To illustrate numerically Theorem 3.10, we initialize the scheme with a less regular initial
datum. We test two kinds of periodic initial data in H*(R), with s > 3. The first one is compu-
ted from some integrations of the indicator function and leads to initial data in H*(R) with s a

half-integer. The second one is computed from the periodized square root function and leads to
initial data in H*(R) with s an integer.

Tests achieved from the indicator function. Since the indicator function 1, L belongs to

H*([0,L]) for all s < 3, an idea to construct a periodic function in H**¢ ([0, L]), with s < 1 and

¢ € IN* is to integrate £ times the periodic indicator function. For instance, after a first integration,
the initial datum

up(x) = XLy + (L— x)ﬂ[%,L]

is periodic and "almost" in H 2 ([0, L]). By reiterating the process of periodization and integration,

we obtain initial data in H*([0, L]), withs = 7,3, 11 ... The numerical results are rather closed
to the theoretical ones as summarized in the following table.

Sobolev regularity s=2 |s=3 |s=14"
Experimental convergence rate | 0.66016 | 0.78307 | 0.97340
Theoretical convergence rate | 0.58333 | 0.75000 | 0.91667

We detail some tests below : s = 7 in Figure 3.3,and s = 5 in Figure 3.4. For each figure,
the graph on the right illustrates the error in £*(0, T, ¢3(Z)) with respect to the mesh size Ax
in logarithmic scale. Those errors and those mesh sizes are detailed in the table on the left. On
the graph, we have displayed the points cloud but also the least squares regression and the
numerical slope of that regression line is considered to be the experimental convergence rate. For

more simplicity, we denote H*~ (IR) the space H*~*(IR) with £ > 0 as small as possible.
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9 «107® numerical slope= 0.66016
w € HI~([0,L]) i
error in numerical | 5
] Ax (*(0,T,(3(Z)) order N'—_l,/] ]
computed with E; S
12800 | 3.9063.10° 8.8562.10~° x_J 4
25600 | 1.9531.103 5.5291.10° 0.6796 =
51200 | 9.7656.10~* 3.4903.10°° 0.6637 ® 3
102400 | 4.8828.10~* 2.2460.10~° 0.6360
107 1072
A X
FIGURE 3.3 — Experimental rate of convergence for 1y € H - ([o,L])
5 - numerical slope= 0.78307
up € H2"([0,L]) 0 |
error in numerical
J Ax (=(0,T,A(Z)) order -
computed with E N:,
1600 | 3.1250.102 6.5105.10~° S
3200 | 1.5625.1072 |  3.9541.103 071941 | =
6400 | 7.8125.1073 2.2620.1073 0.80574 % 10
12800 | 3.9063.102 1.3091.1073 0.78909
25600 | 1.9531.1072 7.4923.10~* 0.80504
51200 | 9.7656.10~% 4.4105.10~* 0.764470 ppe ppe
A X

FIGURE 3.4 — Experimental rate of convergence for 1y € H 2=([0,L])

Remark 3.52. The relative error between the experimental rate and the theoretical one is sometimes si-
gnificant, for example, this relative error is more than 12% in the case s = §—. However, the theoretical
rate is an asymptotic result for Ax and At small enough. As seen in the table on the left of Figure 3.3,

the numerical order appears to be decreasing when Ax decreases, which agrees closely with the theoretical
results.

Tests achieved from the square root function. Since the square root function is in
H'~ ([0, L]), we construct a H*~ ([0, L]) function by integrating the square root function s — 1
times. However, we need, in addition, a periodic initial datum, this is why we add the beginning
of a Taylor expansion for the function and its derivatives up to (s — 1)-th to be continuous and
periodic. More precisely, we search the coefficients b;, i € [1,s] such that the function
b—zx2 - @x3... — %xs
2 3! s!

and all its derivatives up to (s — 1)-th be equal for x = 0 and for x = L. To find those coefficients,
we just have to solve the matrix system

4l
12 —px —

L2 I3 14 L Lsi2
L' 35 1 - by (s — 1)rs—3

L § 5 (LH by 51 27

2 3! sfl ! (S— 1 (S— 7)Ls—§
0 L %2 L b3 = 2 2
(s—2)!
00 0 0 ... L bs s sy s
(s—3)5—35)(s—3)...5L
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The following tests correspond to s € [4, 10].

The comparison between the experimental rates of convergence and the theoretical ones are
very closed and gathered in the following table.

Sobolev s=4 s=05 s=6 s=7 | s=8|5s=9 |[s=10
regularity
Experimental | 0.67225 | 0.86032 | 0.98708 | 0.99485 | 1.0060 | 1.0148 | 1.0062
convergence rate
Theoretical 0.66667 | 0.83333 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
convergence rate

Some results are developed below (19 € H*™ (R) in Figure 3.5 and up € H°~(R) in Figure

numerical slope= 0.67225

1072

)

2
A

error L>(0,T,L

1078

1072
A X

FIGURE 3.5 — Experimental rate of convergence for uy € H*~ ([0, L])

3.6).
ug € H*~ ([0, L])
error in numerical
J Ax (0, T, 43(2)) order
computed with E;

1600 | 3.1250.10—2 4.6454.10°3

3200 | 1.5625.1072 2.8109.1073 0.72476

6400 | 7.8125.1073 1.7147.1073 0.71307
12800 | 3.9063.1073 1.0892.1073 0.65474
25600 | 1.9531.1073 6.8793.10~% 0.66290
51200 | 9.7656.10* 4.3185.1074 0.67172

up € H=([0,L])
error in numerical
] Ax (0, T, (3 (Z2)) order
computed with E;

1600 | 3.1250.10~2 1.1066.10~2

3200 | 1.5625.1072 6.0878.1073 0.86208
6400 | 7.8125.1073 3.3067.1073 0.88054
12800 | 3.9063.1073 1.8609.1073 0.82941
25600 | 1.9531.1073 1.0240.1073 0.86182
51200 | 9.7656.10* 5.5475.10~4 0.88424

numerical slope= 0.86032

102}

)

2
A

error L>(0,T,L

10}

1073

102
A X

FIGURE 3.6 — Experimental rate of convergence for ug € H>~ ([0, L])

3.7.4 For a regularity between L?(R) and H>(R)

Theoretically, the necessity to bound fOT [|0xu(s,.)

)

ds in (3.72) forces to choose s > %. In

addition, the necessity to bound ||e"||;~ in GK?V in (3.51a) in order to apply the Gronwall Lemma
2.29 leads to choose Ax such as Equation (3.67) be true which forces to have the constraint
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1

063 <

Ax7

1

in (3.75). However, those restrictions may be only technical and the rate of conver-

gence seems to be Axs for all s € [0,3). This is based on the following numerical results.

Tests achieved from the indicator function.

3 -, %_, 5 , whose results are listed

The integration from the indicator function
enables us to obtain examples of functions in H*(R) withs = 1
below.

5—

Sobolev regularity s=1 |s=3 |s=3"
Experimental convergence rate | 0.08795 | 0.25500 | 0.42595
"Conjectured" convergence rate | 0.08333 | 0.25000 | 0.41667

More precisions are given in Figures 3.7 (for uy € H 2= (R)), 3.8 (forup € H - (R)) and 3.9 (for
iy € H2~(R)).

%1073 numgrical slope= 0.087948‘

uy € H2~ ([0, L])
error in numerical 105 ’
J Ax (0, T,43(2)) order |, 0
computed with E; = 95)
3200 | 1.5625.10—2 1.0567.102 S o
6400 | 7.8125.1073 9.8843.1073 0.094 |3
12800 | 3.9063.1073 9.2992.103 0.0880 |5 ®°
25600 | 1.9531.1073 8.7490.1073 0.0879 sl
51200 | 9.7656.10~% 8.2289.1073 0.0885
102400 | 4.8828.10~* 7.7468.1073 0.0871 & e e
A X
FIGURE 3.7 — Experimental rate of convergence for 1y € H2~ ([0, L])
. 0g 7X10-4 numerical slope= 0.25500‘
MOGHE_([O,L]) o6l
error in numerical 2.4}
J Ax (=(0,T,(A(Z)) order | — 22;
computed with E; = 2
3200 | 1.5625.1072 2.6584.10~% e e
6400 | 7.8125.10°3 2.2108.10~* 02660 |7 '
12800 | 3.9063.1073 1.8624.10~% 02474 | 5 14}
25600 | 1.9531.1073 1.5632.10~* 0.2526 ol
51200 | 9.7656.10~% 1.3074.10~% 0.2578 '
102400 | 4.8828.10* 1.0949.10~* 0.2560 e ppe

104

A X

FIGURE 3.8 — Experimental rate of convergence for g € H2~ ([0, L])
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uy € H%_([O L]) «10° numerical slope= 0.42595
o , ‘ ‘
error in numerical 3 ,
J Ax (0, T, (A(Z)) order —~ 6
computed with E; I
3200 | 1.5625.102 8.4546.107° S
6400 | 7.8125.10° |  6.1968.10° 04482 | T °
12800 | 3.9063.1073 4.6531.1075 0.4133 S 5l
25600 | 1.9531.1073 3.4745.107° 0.4214 ®
51200 | 9.7656.10~* 2.5795.107° 0.4297
102400 | 4.8828.10~* 1.9199.10° 0.4260 2L 3

A X

FIGURE 3.9 — Experimental rate of convergence for 1y € H2 ([0, L])

Tests achieved from the square root function. As before, the second test consists in perio-
dizing the square root function to create an initial datum in H*~ (R) withs = 1,2,3.

Sobolev regularity s=1 s=2 s=3
Experimental convergence rate | 0.16984 | 0.33806 | 0.50173
"Conjectured" convergence rate | 0.16667 | 0.33333 | 0.50000

Some precisions for those tests are given in Figures 3.10, 3.11 and 3.12.

numerical slope= 0.16984

wo € H=([0,1]) 00
error in numerical '
] Ax (0, T, A(Z)) order | — %%
computed with E; = 0.022¢
1600 | 3.1250.102 2.6762.1072 S o002}
3200 | 1.5625.1072 2.3501.10~2 0.18748 T oorsl
6400 | 7.8125.10°3 2.0793.102 0.17660 s
12800 | 3.9063.1073 1.8595.10~2 0.16119 0.016]
25600 | 1.9531.103 1.6602.10~2 0.16360
51200 | 9.7656.10~4 1.4787.102 0.16701 0014~ e

A X

FIGURE 3.10 — Experimental rate of convergence for ug € H'~ ([0, L])
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1y € HZ_([O, L]) 65 510’? numerical slope; 0.33806 _
error in numerical 5_2 1
J Ax (*(0,T,(A(Z)) order — 5}
computed with E; 745t
1600 | 3.1250.10~2 6.6322.1073 5 4
3200 | 1.5625.102 5.2115.1073 0.34779 | % 385
6400 | 7.8125.1073 4.0950.1073 0.34783 S gl
12800 | 3.9063.1073 3.2699.1073 0.32461 °
25600 | 1.9531.10% | 2.5937.10°3 0.33426 2e
51200 | 9.7656.10~4 2.0449.1073 0.34296 5 ~
10 N X10
FIGURE 3.11 — Experimental rate of convergence for uy € H> ([0, L])
%10 numerical slope= 0.50173
u0€H3_([0,L]) 1ob ! *
error in numerical 10+
] Ax (0, T, Ei(Z))~ order 8
computed with E; =6l
1600 | 3.1250.10~2 1.2295.10~2 £O“
3200 | 1.5625.1072 8.5386.103 0.52599 2 4}
6400 | 7.8125.1073 5.8964.1073 0.53416 S
12800 | 3.9063.1073 4.1913.1073 0.49245
25600 | 1.9531.103 2.9576.1073 0.50298 ol
51200 | 9.7656.10~4 2.0778.1073 0.50937 16’3 10‘72

A X

FIGURE 3.12 — Experimental rate of convergence for uy € H>~ ([0, L])

We summarize the theoretical and numerical results in Figure 3.13. The blue line corresponds
to the theoretical rate of convergence, the dashed line matches the conjectured rate and the red
dots stand for the numerical rates of convergence. Both are intertwined, which validates the rate

of convergence of minT(“%) with s the Sobolev regularity of the initial value.

rate of convergence

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
I L
6 8 10
Yy

regularit

FIGURE 3.13 — Rates of convergence according to the Sobolev regularity of 1. — Rates proved in
this chapter (solid line) versus experimental rates (dots)
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3.8 Afterword : go one step further in the Burgers and Airy structure

of (KdV)

As explain in Section 3.1, the KdV equation is a "combination" between the Burgers equa-
tion and the Airy one. The previous convergence study could be used to recover (granted in an
unusual way) the classical CFL conditions for Airy and Burgers equations and hence enables to
understand the contribution of both terms.

3.8.1 The Airy equation

We focus in this subsection on the dispersive term of KdV equation, the Airy equation

ou(t,x) +du(t,x) =0, (t,x)€0,T] xR,

We consider the right winded scheme (2.4a) with (2.5a) (with p = 1) with initialization (2.4b).
By performing exactly the same proof than the one for (KdV), we recover the Airy equivalent of
Proposition 3.25, which enables to highlight the dispersive CFL condition (by an unusual way).

Proposition 3.53. Let (e?) (n,j) and (e}‘)(n,]-) be respectively the convergence and the consistency error for
the 0-linear scheme (2.4a)-(2.4b) with (2.5a) apply to Airy equation. Then, the following discrete relative
entropy inequality is true, for A defined by (3.46)

14" 2 < || Ae" | + Atlle" — (1—0)ADDD(e)"|[f + Al[€"| 7, {At+1}
+ AC™ D De(e)”|[fy + ACE™| D Dy D (e)" |,

where, the constants C2""Y are defined as follow

c = —Ax, (3.77)
. A 3
Ci™ = AH(1-20) - Tx. (3.78)

Remark 3.54. The same dispersive CFL conditions are recovered, both with Fourier analysis (cf Table 2.1,
with p = 1) and within the relative entropy method, which consolidates our intuition that this second
method is a good alternative for equations which combine hyperbolic and dispersive terms.

3.8.2 The Burgers equation

Unsurprisingly, the dispersive operator A comes from the Airy term. It is implied in the next
subsection that the induction method comes from the Burgers term. To prove this hint, let us
consider the non viscous Burgers equation

12

oru(t, x) + 0y ( 5

> (t,x)=0, (t,x) €0, T] xR,

discretized thanks to the Rusanov scheme

ol

j v} ?\"  TAx " ,
A + D, <>] = TDJFD,(U)j, (n,j) € [0,N] x Z,

with initial condition
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Remark 3.55. Notice that the reqularity of the initial data is not always propagated at any time : Burgers
equation can create discontinuous solution, named shock, even from a smooth initial datum. However, in
this subsection, we focus only on smooth exact solution and consider the final time T small enough such
that T < Tyiow up With Tyioe up the blow up time, if Tyioy up exists. The exacte solution is taken to be equal
to the strong solution with a sufficient reqularity, for example u € C?([0, T],R) .

3.8.2.1 The well-known hyperbolic CFL

The convergence error satisfies

e\" TAtAX .
el = ¢ — AID, (E); — AtDc (uae)] + ———D+D_(e)} = Atef, (n,j) € [0,N] x Z, (3.79)

and verifies the following property, which is the Burgers equivalent of Proposition 3.25.

Proposition 3.56. Let be the convergence error satisfying Equation (3.79). For every

n
<ef ) (n,j)€[0,N]xZ
(n,j) € [0,N] x Z, ones has

At
e 112 < [le"|2 + At (14 Co8) [le| 2, + atlle| 2 {1+At+4A}
A A A A X

T Atclljurgers ||D+ (e)nH?ZA + Atchurgers ||Dc (e)n| |§i )

The variables C2""3" are defined below

B At 2 3
Co 8% =[] (a)"[ [ + 11D+ (ua) e (14 = |20+ Zlle" e + S (1a)" e
Ax 3 2
At? , At ) )
oz 1D ()"l + o (1a)" e 4+27%), (3.800)
A
Cgurgers = <6XDJr (e)? — T> (Ax — TAL), (3.80b)
B 2T
Ce ™ = {le [ [+ Ax] + [[(1a)"| [ = 7 4 211" [ ()"l + S le" - (3.80c)
We recognize in Cf 8T and Cf "8 the factor Cfdv and Cde (without 0-terms which pro-
vided from the Airy part). The term CPU8er s exactly the same as CX4V.

Remark 3.57. We have to upper bound the norm ||e"|| s in C2"8"S _term. We could use an induction
method as the one developed for (KdAV) in Subsection 3.5.3, however, the Burgers equation and the Rusanov
scheme verify the well-known maximum principle :

aréi]g(uo(x)) <u(tx) < 1}162]11%((110(3()), V(t,x) € [0,T] X R,

and

r)géiﬂgl(uo(x)) <vj < r}gle%%((uo(x)), Y(n,j) € [0,N] x Z.

Therefore, we know a natural bound for the convergence error : ||e" || < 2||ug]| L.

Remark 3.58. The hyperbolic CFL condition TAt < Ax is imposed to obtain wagers < 0 and the

Rusanov coefficient T is chosen such that ||uo| |~ < T to obtain C2""8""° < 0. Once again, the maximum

principle enables to impose the classical condition ||ug||p~ < T instead of ||u||;~ < T. Note that the
hyperbolic CFL is the classical one, without % as for KAV equation in (3.8). The additional % comes from the
cross terms between Airy part and Burgers part when we square Equation (3.36) in the proof of Proposition
3.25
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3.8.2.2 Numerical entropy flux for Burgers equation

We will just digress in this subsection and move away from the convergence proof, to caution
that preliminaries lemmas of Subsection 3.4.1 are also useful to compute explicitly numerical
entropy flux. All the discrete integrations by part of the Subsection 3.4.1 enable us to explicit the

numerical entropy flux G associated with the quadratic entropy #o(u) = %

Remark 3.59. We recall that the continuous entropy flux go associated to this quadratic entropy 1o is
ul

go(u) :==%.
Proposition 3.60. Assume the CFL conditions

{ 2/ uo| |y < T (3.81a)
TAt < Ax, (3.81b)

be true then, the numerical entropy flux associated with a quadratic entropy is

AL 03 At (v (u)®  Tuv A\ v*  TAE (T Uy o
W’””‘(”m)u*(“m)( it _T(l_ZAx)2+Ax(4+6>u'

More precisely, the numerical solution (v}“)(n’]-) verifies

(ZJ”+1>2 o (vn)z n n n o
j j g(vj—i-l’vj) - g(vj’vj—l)
+ <0,
2At Ax

(n,j) € [0,N] x Z.

Remark 3.61. Those numerical entropy flux G is consistent with the (continuous) entropy flux go. Indeed

ALY ud At (ud Tu? AL\ u?>  TAt T u
S IR R [ (L Y ) B (L e
G (u,u) (+Ax>12+< Ax><4+2> T( 2Ax>2+Ax <4+6)“
3[1 TAt 1 TAt TAt] 2 |:T TzAt_T<1 TAt) TZAt]

2 12ax "1 1ax T 6Ax IAx

2 2Ax

2 4Ax

— —.3
_31,[

= go(u).

Before proving Proposition 3.60, we have to enforce some preliminaries lemmas of Subsec-
tion 3.4.1. Indeed, since we do not sum over j € Z in the present subsection, some terms of
preliminaries lemmas do not cancel each other any more, and we have to be more precise to de-
termine them.

We recall the shift operator S*, introduced in Subsection 2.2.1.3, defined by

<Sla>j = ajy, <8_1a>j =4 .

First of all, the /2-norm identities of Lemma 3.20 are changed as follows.

Lemma 3.62. For (a;)jcz a sequence in (% (Z), then

D, (a)]}2 (%1;%1)2 (3.82)

T
o
7 N
NSy
~
S~
N
Il

[D+D, (a)]}2 = 53 [D+ (a)]}2 + %m (aS‘1a> i [DC (a)]}2 — 5D (). (383)
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Proof. All the proofs of this section are gathered in Appendix B.2. O

The discrete integrations by parts of Corollary 3.23 are specified in the following lemma.

Lemma 3.63. Assume (a;)jcz be a sequence in (3 (Z), then it holds

a?\  Ax? 5 1 3 1 12
a;D, <2>]- == [D+ (a)]} + D+ (a%);+ 7D+ (aS a )j. (3.84)

Moreover,
a2 2 3 2 3
D.D_ (a), D, <2> =3 [DC (a)]} + 53D (@) + 2 [D+ (a)].]
]
-1 2
A Ds (aS a )j. (3.85)

Last but not least,

_ 2. 1 2 1 -1
4D D_ (a), = — [D+ (a)]} + Dy (a%); = =D+ (aS a)j. (3.86)
Proof. Those inequalities are proved in Appendix B.2. ]

Remark 3.64. Integrating previous lemmas enables us to find Lemma 3.20 and Corollary 3.23 of Subsec-
tion 3.4.1.

We are now able to compute the numerical entropy flux G.
Proof of Proposition 3.60. As to obtain the discrete relative entropy inequality, we square numeri-

cal scheme. The resulting equality is similar to the one in the beginning of the proof of Proposition
3.25, but without sums, without e}" and without up :

(v’?“)z — (rhs!")® + (rhs})? (3.87)

]
2
2\
D R
(%)
(rh ”)2 = —2At0"D 0—2 n—l—TAxAtv”D D (U>n—TAt2AXD Uj nD D_(v)}
Sp) = jczj jErE =AY C2j+_j'

with
2 N2, T2AP2Ax? 12
(ths")? := (vj) + At +T[D+D,(v)j] ,

Lemma 3.62 enables us to simplify (rhs!")* term

) 2 2 (/T 2 2
(ths!')” = (v]”) + A {DC (v)ﬂ <]2]> — T 5 + T2AP |:D+(v);?:|

T2At?
+—D- (vS‘lv>j - D ()]

Lemma 3.63 gives

2 (Ax TAt At n [ TAt
n\2 _ n a4 n_ . _ 2t n i 1.2 at
(rhsy)” = AxAt {D+(v)]} { 6 D+(v)] T 6 D+(v)] } + =Dy (vS % )j { 1}

L \" | 2TAPAx 3 27TAf? no At TAt
+ TAID. (v7) — TAID,, (vS 1v)j+ . [Dc(v);?] - S5 De (v3>j+6D+(v3);7{Ax—l}.
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Equation (3.87) becomes

2 2
") — (o -1 1.2 37\ "

(1 ) <]) :D+<{7At_1}{rvS v+vS v +v}> +ED+(02);
j

2At Ax 2 4 12 2
TAt 5 (v TV\"  Ax 212 [ Ax ; TAt
— D (Axv {3+2}>]. +5 D)) {6D+<”>f T T A
2
At 712 v?+1 + U]r'l_l s 2TAx "
+ 5 [Dc (U)j} { (2 -7+ 3 Dc(v)j . (3.88)

However, since D, = %, the D, term can be simplified into

At 5 (v TV At 5 (v TV At 5 (v T\
De <Ax” {3+2})]. =D+ (mv {6+4}>].+D— et ].
At , (o TV TAt Sv 1\"
_p, (T fv T D, (Btg1,p]o v T
+<Axv {6+4}>j+ +(Ax8 v{ 6 +4}>j
and the numerical flux writes

TAt wS v 08?2 »¥1\" T n ™At , o TV
D — -1 — —Dy (v?)) = D¢ [ —v*{ =+ =
+<{Ax }{ 2 T3 +12}>j+2 + (@) C(Axv {3+2}>j

TAt *\" TAL wS o 0S| \" ) T TAt
—D+({‘M1}1z)ﬁm<{m‘1}{ 2 T })ﬁD*(”z{l‘zAx})

n

j

™A 5 (ST )"

Thus, Equation (3.88) is transformed into

(U}m)z_ <v}1)2 0\ Dx 12 [ Ax i TAL
- & o S 2)

2
RN AL ©° A JeSTe o (STM)T | ot TAt
G(v,8 'v) := {1 + } T {1 . >+ 1 v 1 Ax

S}

Let us focus on the right hand side of (3.89). CFL conditions (3.81a)-(3.81b) together with the

2
maximum principle imply the non positivity of the coefficient behind [D+ (0)7] . For the second
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term, one has

2
ot 4ot 2TAX ot — Tl
< j+1 j 1) —T2+ DC(U)]HS HU”H%oo_TZ‘F j+1 j—1

2 3 3
2 n||2
< 10" — 72 T |07
L
2
< < 2l B - )
<0.
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CHAPITRE 4

Energy estimates for a finite difference

scheme on the abcd system

e abcd system is studied numerically according to a specific finite difference scheme. The non

6 ;

linear term is discretized with respect to a Rusanov scheme and a center scheme is used for the
BBM- and KdV-type dispersion. To establish the convergence rate of this scheme, we develop a
method which generalizes the one used for (KAV) equation in Chapter 3. The main step consists
on establishing an energy estimate which mimics the continuous one in [27]. We demonstrate the first order accurate
in time and space and illustrate our theoretical results with some experimental simulations done on solitary waves.
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Chapitre 4. Energy estimates for a finite difference scheme on the abcd system
4.1 Introduction (en francais)

onsidérons le systeme abcd avec coefficients unitaires

(I —b02) 0417 + O + ad3u + 9 (yu) = 0,
{ (1 do) du+auy +ciiy 0, (5) =0, 0 SOTIXR o (abed)
avec la contrainte
a+b+c+d= . Bo, avec Bo le nombre de Bond. 4.1)

3

e R >

Schémas numériques pour le systéme abcd. Le but de ce chapitre est de généraliser 1’étude
numérique faite sur I'équation de (KdV) au chapitre 3 & un systeme de deux équations couplées :
le systéme abcd. La partie non linéaire est, comme pour (KdV), discrétisée au moyen d’un schéma
de Rusanov. Nous noterons par la suite 71 et 7> les deux coefficients de viscosité de Rusanov. Par
contre, une discrétisation centrée pour la partie dispersive a été préférée a la discrétisation décen-
trée de I'équation de (KdV) afin d’éviter les problemes de stabilité en fonction du décentrement,
déja évoqués au chapitre 2. Pour ne conserver qu'une condition CFL hyperbolique, nous avons
implicité les termes de dispersion et de transport, ou utilisé un schéma de Crank-Nicolson pour
certains cas.

Soient At et Ax les pas de temps et d’espace. Soit (17, u) la solution réguliere du systéme
(abcd), comme précédemment, nous considérons leur moyenne sur une maille en espace et en
temps 774, up € £ ([0, N]; 4 (Z)) définies par

n inf(T, i1 i
(’7A)j = m n ( )f;;] "1 (s,y) dyds, ’
n 1 inf(T,t"+1) Xj41 (Tl,]) € [[11 N]] XZ,
(uA)]‘ = m e fx] u (S,y) dyds,
avec l'initialisation suivante (4.2)

0._ 1 ¥+
{ (1a); = 5z /" 1o () dy, ez

0. 1 Xj+1
(un)! = 3 [ o () dy,
La solution du schéma numérique, défini ci-dessous, sera notée ( 17]’7, u]”) (n,j)c[o,N]xz €t les erreurs

de consistance, définies ci-dessous aussi, notées ((€1)7, (€2)}) (1) c[o,N] xz- Finalement, nous défi-
nissons les deux erreurs de convergence par

el =yt — n et Eir.l:e’,1+1:|:g’7,
)]1 ]7)]1 (WA)L ( i)1]1 ]n+1 ]n (43)
fj:u]-—(uA)]. et (F )j:fj j:f]-.
L’équivalent discret de ’energie £ (1.10) sera choisi tel que
2 2 2
€ (e,f) = lell?s + (b= ) [Dyel% +b(~c) [D2D—ell%
2 2 2
FUFI% + (d —a) [ Do I +d (~a) [|DD_fI% (44)

Remarque 4.1. Nous pouvons remarquer sur le cas continu que la présence des termes b et/ou d permet
de régulariser le systéme. En effet, I'équation devient dans ce cas une EDO

o = (I —b0%) "' (I +ad2) dxu+ (I —bd3) '0x (u),

oit (I —bd2) 719y (7u) correspond a un produit de convolution. Cette distinction est conservée au niveau
discret puisque notre étude est scindée en deux parties selon la valeur des parametres b et d.
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‘CAS b>0ETd>0: ‘Considérons (1o, up) € H*(R) x H%i(R) avec s suffisamment grand pour
assurer une certaine régularité a la solution et sy, s,; définis par (1.11). Le schéma numérique
considéré est le suivant

ar (I=bD D) (g}t =) + 3 (I +aD+D-) (DC ()} + Dc (u);?“) + D (qu)j =0,

(4.5)

ar (I =dDyD-) (uf™ —uf) + 3 (I +cD+D-) <DC (1)j + De (;7)7“) + 1D, (uz);l =0,
pour tout n > 0 et j € Z. Nous initialisons le schéma par la donnée initiale moyennée sur une
maille en espace, comme expliqué en introduction générale,

AT jez. (4.6)

= ax Jy/ o (y)dy,

Les erreurs de consistance sont dans ce cas définies par

& (=D D) (1)) = (7a)}) + 3 (1+aDy.D-) (De ()] + De ()} )
+Dc (11aua); =t (€1);,
4.7)
47 (I—=dDy D) ((ua)!™ = (ua)]) +3 (I+¢DyD-) (DC ()" + D (,M);?H)

+3Dc (13)] = (e2)7,

{
ol 77, et u, sont définis par (4.2).

Remarque 4.2. Comme précisé en remarque 4.1, le fait d’avoir b > 0 et d > 0 assure, méme au ni-
veau discret, une certaine régularité et le schéma sera stable méme sans le terme de viscosité de Rusanov
T

$AxDD_(.).

Cecas (b > Oetd > 0) assure un controle des dérivées discretes jusqu’a 1’ordre deux et
ainsi un contrdle de I'énergie discrete (4.4). Le raisonnement continu de [27] peut se reproduire a
I'identique au niveau discret et nous permet de démontrer notre premier résultat de convergence,
résumé dans le théoréme suivant.

Théoréme 4.3. Convergence du schéma dans lecasb > 0etd > 0
Soita <0,b > 0,c <0etd > 0, considérons s > 6, (1o, 19) € H*< (R) x H%4 (R) et T > Otelque (7, u) €

C([0, T], H(R) x H%4(IR)) soit la solution sur [0, T] du systéme (abcd) partant de la donnée initiale

(10, up). Soit N € NN, il existe une constante wy dépendant seulement de sup ||(17(), u(t)) | gspe x fgoaa
te[0,T)

telle que si le nombre de pas de temps N et le pas d’espace Ax sont choisis tels que

At=T/N <wy et Ax<wy

et si nous considérons le schéma numérique (4.5) avec linitialisation (4.6), alors ce schéma numérique
est d’ordre un en temps et en espace. Plus précisément, les erreurs de convergence définies par (4.3)
satisfont 'inégalité suivante

sup & (", f") < Capeq { AP + 852}, 48)
ne[0,N]

ou C,pcq dépend des paramétres a,b,c,d, de sup ||(17(f), u(t)) || gswe « s €L dE T €t £ est définie par (4.4).
te[0,T]

Remarque 4.4. 1l n’y a donc pas de condition CFL nécessaire pour assurer la convergence lorsque b > 0
etd > 0.
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CAS bd = 0 : | Comme pour le cas précédent, nous considérons (1o, ug) € H®(R) x H%i(R)
avec s suffisamment grand et s, s,; définis par (1.11). Le schéma numérique avec lequel nous
travaillons est le suivant

L (1=bD,D_) (" = ") + (I +-aD; D_) De ()" + D¢ (yu)!

% (1—sgn (b)) nAxDD- ()7,

(

(4.9)
4 (I—dDyD_) (' —u) + (I+c¢DyD-) D ()”“+ 3De (u?)}

J =1 (1—sgn(d)) nAxD,D_ (u);,

avecn > Oetj € Z etlaméme condition initiale que précedemment, définie par (4.6). Les erreurs
de consistance sont donc définies par

4 (1 =bDD_) ((1a)] ™" = (1a)7) + (I+aD1D-) D (un); ™" + De (11a1a)]
— (61)7 + % (1 —sgn(b)) mAxD4D_ (17A);.1 ,
(4.10)
& (1= dD-D) ((ua)] ™ = (ua)}) + (I +D4 D) De ()" + 3De (1)}

= (e2)] + 3 (1 —sgn(d)) 2AxD, D (ua);,

ou 17 et up sont toujours définis par (4.2). Comme pour I'équation de (KdV), les coefficients de
Rusanov 7 et T, ainsi que le pas de temps At pourraient dépendre de n. Cependant, pour plus
de clarté, nous n’écrirons pas cette dépendance.

Pour ce cas, nous nous intéressons aux parametres

1<0,¢<0,b>0,d>0, avec bd =0

en excluant les cing cas suivants :

a=b=0,d>0,c<0,

a=d=0,b>0,c<0,

b=d=0,¢c<0,a<0, (4.11)
a=b=c=d=0,

a=b=d=0,c<0.

Remarque 4.5. De haut en bas, les deux premiers cas étaient déja exclus dans I'étude continue de [27],
voir (19). Lescasb =d =0, ¢ < 0, a < O0eta =b = ¢ = d = 0 semblent particulierement
délicats a cause du manque de symetrie de I'opérateur hyperbolique du systéeme (abcd) (cependant, [97]
pourrait consister un début de preuve). Pour finir, lecasa = b = d = 0, ¢ < 0 est lui aussi particulier
car I'énergie ne controle pas assez de dérivées discrétes sur 1 pour pouvoir borner la version discréte du
terme non linéaire 0 (nu) (cependant, il serait intéressant d utiliser les récents résultats de [25] pour notre
probléme de convergence).

Le résultat de convergence devient dans ce cas

Théoreme 4.6. Convergence du schéma dans le cas bd = 0
Soita < 0,b>0,c <0etd > 0avec bd = 0 en excluant les cas (4.11), considérons s > 9, (1o, up) €

Hoe (R) x H% (R) et T > 0 tel que (n,u) € C([0,T], H%(R) x H%4(IR)) soit la solution sur [0, T] du
systéme (abcd) partant de la donnée initiale (79, 1g). Choisissons ag > 0, 73 > 0 et T, > 0 tels que

|upllpo + a0 <71 €t |Jurllje +20 <o, 1€ [0,N].
Soit By €]0,1], il existe une constante wy > 0 (dépendant de g, Bo, 71, T2 €t sup || (17(t), 1u(t)) || ysve s prsad)
te[0,T]
telle que si le nombre de pas de temps N € IN et le pas d’espace Ax sont choisis tels que

=T/N<wy et Ax<wy
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et

max{(1 —sgn(b)) 7y, (1 —sgn(d)) }At < (1 — o) Ax, (4.12)

si nous considérons le schéma numérique (4.9) avec les viscosités 1; et 1, choisies précédemment ainsi
que linitialisation (4.6), alors ce schéma numérique est d’ordre un en temps et en espace. Plus précisé-
ment, les erreurs de convergence définies par (4.3) satisfont I'inégalité suivante

sup £ (", f") < CopeaAX?,
nelo,N]

ou Cypeq dépend des paramétres a,b,c,d, de sup ||(7(t), u(t))|| pysve « paa €L dE T
te[0,T]

Remarque 4.7. Dans le cas oit ['un des parametres b et/ou d est nul, une condition CFL de type hyperbo-
lique (4.12) est nécessaire.

Méthode suivie. Nous adaptons la méthode développée sur I'équation de (KdV) au chapitre 3
afin de prouver les deux principaux théorémes précédents. Cette méthode consiste a dériver une
inégalité d’entropie discrete entre la solution numérique (v ] )(n j) et la solution exacte moyennée
ua. Pour ce faire, nous introduisons un opérateur dispersif, voir (3.46),

A:=1+6AtD,D,D_

et montrons par récurrence que sous condition CFL, nous obtenons bien cet équivalent discret
recherché, équation (3.58) :

+1712 2 2
|| Ae" H% < ||Ae”\|Zi {1+AtC}+CAt||e”||E2A.

L'utilisation du lemme de Gronwall 2.29 permet de boucler la récurrence et de prouver 1’ordre
de convergence. Revenons quelques instants sur cet opérateur dispersif, nous avons montré qu’il
permettait de controler 1'énergie /3 a la Proposition 3.36

| Ael |7z = llel[?; +0AtAX||D4D(e)|[f; +6*At*|| DD D (e)| |75

Cet opérateur dispersif est donc constitué de 1’energie || - ||,2 (terme d’ordre 0) et de termes
d’ordre 2 en At? et AxAt. Seule I'énergie (d’ordre 0) nous intéresse pour prouver l'ordre de
convergence et nous utilisons la majoration || - [|7, < [|A - ||7, pour conclure.

A

Généralisons ce processus dans un premier temps a 1'équation de (KdV-BBM), comme cela
sera développé en section 4.2. L'opérateur dispersif est naturellement modifié pour prendre en
compte la dispersion de type BBM et devient dans ce cas, voir équation (4.14),

A" .= (I —=bDD_) 4 abAtD,D,D_.
D’aprés 1’équation (4.17) que nous rappelons ci-dessous,

[1A%|[% = [lel[%; + b*|D+D—(e)|[f; +a*Ar6%||D+DD_(e) |7 +2b||D+(e)| |7
+aAtAx||D1 D (e)|[% +abAtoAX|| D1 DD (e)|%,

cet opérateur permet de controler I'énergie (termes d’ordre 0)
|- Hﬁi +2bHD+(‘)Hﬁi + b2HD+D—<‘)H§i-
Remarque 4.8. Nous retrouvons bien le cas de I'énergie Ei dans le cas de (KdV)i.eb = 0.
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Passons maintenant au systeme (abcd). L'énergie du systeme correspond a £ définie en (4.4) et

'opérateur dispersif est donc beaucoup plus volumineux. Nous travaillerons donc directement
avec I'énergie & et chercherons une estimation d’énergie semblable a

(1—CAHE(e™, 1) < (14 CAE(e", f) + CAt||€e}| yﬁi + CAt|| €} yﬁi.

Selon les parametres a,b, c,d, le terme ||e}|| @ peut étre modifi¢ en ||er| ’iﬁ + ||D (1) |§i (c'est
le cas par exemple quand cd # Oouc # 0,b = d = 0), idem pour €} (par exemple, pour les
casab # Ooua # 0,b = d = 0). La conclusion de la preuve de convergence suit les mémes
étapes clés que pour (KdV) (au chapitre 3) : I'utilisation du lemme de Gronwall combiné avec un
raisonnement par récurrence. Cependant, nous utiliserons une version «plus forte» du lemme
de Gronwall discret : la version rappelée au lemme 4.27. Nous synthétisons les grandes étapes
de la preuve de convergence dans le cas du systeme (abcd) ci-aprés.

Etapes clés : preuve de convergence pour (abcd)

o Etude de la consistance
¢ Obtention d’une estimation d’énergie sous condition CFL hyperbolique
o Inégalité finale par le lemme de Gréonwall «version forte»

Par la suite, nous détaillerons surtout 1’étape d’obtention d"une estimation d’énergie pour 1'éner-

gie €.
(=~ S

Organisation du chapitre. La premiére section, section 4.2 est consacrée a une étude prélimi-
naire sur (KdV-BBM) avant d’étudier par la suite le systeme (abcd). Nous discutons en sous-
section 4.2.1.2 de ce que deviennent ces résultats pour le cas d"un terme de dispersion de type
KdV négatif ou dans le cas d’'un schéma totalement centré en sous-section 4.2.2. Cela constitue
un premier pas vers le systeme (abcd), pour lequel nous avons choisi un schéma centré pour
discrétiser les termes de dispersion.

Le reste du chapitre est consacré, quant a lui, au systeme (abcd) et contient les preuves des prin-
cipaux résultats : les théorémes 4.3 et 4.6.

La section 4.3 regroupe la preuve (complete) du théoreme 4.3 dans le cas bd > 0. Comme expli-
qué précédemment, dans ce cas établir I’estimation d’énergie pour I'erreur de convergence peut
étre fait en suivant a la lettre 'approche de [27] pour le systeme continu, c’est 1’objet de la sous-
section 4.3.1. La seconde étape clé de la preuve (avec la récurrence et le lemme fort de Gronwall)
est détaillée en sous-section 4.3.2.

La section 4.4 regroupe la preuve du théoréme 4.6 dans le cas bd = 0. Seule I'étape de dériva-
tion d’estimées d’énergie est détaillée. Un premier résultat technique sur la partie hyperbolique
du systéme est démontrée en sous section 4.4.1. Il s’agit essentiellement d"une réécriture d’in-
égalités prouvées en filigrane au chapitre 3 sur (KdV). Nous détaillons ensuite en sous-sections
442,443 et4.4.4les preuves d’énergie selon un évantail de choix possibles pour a,b, c et d.

Pour finir, et dans le but de valider nos résultats théoriques concernant 1’ordre de conver-
gence, nous comparons les solutions numériques a certaines solutions exactes de type solitons,
établies par Chen dans [30] ou [14] en section 4.5.

Remarque 4.9. L'objectif de ce chapitre n’est pas de quantifier I’ordre de convergence en fonction de la
régularité, comme nous avons pu le faire au chapitre 3. Nous nous focalisons plutdt sur les estimations
d’énergie sur € (étape 2). Nous supposerons donc le temps T suffisamment petit pour assurer I’existence
d’une solution exacte réguliere pour toutes les configurations des parametres a, b, c et d considérés.

= R >
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4.2 One step towards the abcd system : the KdV-BBM equation

We deal with a generalization of (KdV) equation with an additional dispersion term of
BBM-type : the Korteweg-de Vries-Benjamin-Bona-Mahony equation (KdV-BBM) which com-
bines both a BBM-type dispersive operator 929; and a KdV-type operator 92

2
(I — b02)0su + dyu + adu + o, (”2) =0, (KdV-BBM)
wherea € Rand b > 0. Contrary to the (KdV) equation studied in Chapter 3, the KdV dispersive
coefficient a is not signed.

We adapt the numerical scheme of Chapter 3 to this equation and derive CFL condition sta-
bility and rate of convergence. As expected, only a hyperbolic CFL is need with a non zero BBM
dispersion and the dispersive "Airy" CFL is necessary (according the 0-scheme used) when the
BBM dispersion cancels. The scheme is first order accurate both in space and time.

Remark 4.10. It is physically relevant to study the case of a negative dispersion in Korteweg-de Vries
equation. Indeed, before normalize to one the coefficient in KAV equation, the dispersive coefficient is equal

to 1 /1
z(g‘B")”

with Bo > 0 the Bond number and y > 0 the shallowness parameter, as seen in (1.4). Therefore, a negative
dispersion corresponds to a large Bond number (Bo > % ) i.e a significant surface tension.

Remark 4.11. In order to distinguish both cases with a negative or positive dispersion, we denote (KdV ™)
the KdV type equation with a negative dispersion

2
01l + Oy <”;> +ad’u =0, witha <0. (KdV™)

When the dispersion parameter a is non negative, we still denote (KdV), the corresponding equation,
which would correspond to a (KAV™) equation.

It is relatively easy to switch from one sign of dispersion to an other. To this end, we define
the following change of variables

o(t,x) := —u(t,—x), (tx) € R
The function u is solution of (KdV) if and only if v is solution of (KdV ™).

The study in this section has a double aim : on the one hand, we seek to get a better unders-
tanding of the discretized BBM-dispersive operator (and as we will see, proving convergence
results becomes much more easy with the BBM dispersive b term than for the KdV equation, in
Chapter 3). On the other hand, it can be seen as a shy attempt towards attacking the resolution
of the abcd system (detailed in Sections 4.3 and 4.4).

Remark 4.12. To more closely mimic the abcd system we add an advection term in the KdV-BBM equa-
tion, not present in the study of KdV in Chapter 3 for instance.

4.2.1 Left and right winded numerical schemes

We first work with left winded (respectively right winded) scheme according to the sign of
the KdV dispersive coefficient a. Indeed, the decentralization of the scheme depends on the sign
of the dispersion : 2 > 0 corresponds to the studied cases so far and is linked with a right win-
ded scheme, whereas 2 < 0 corresponds to (KdV ™) and is linked with a left winded numerical
scheme.
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4.21.1 The case of a non negative dispersion (2 > 0)

We discretize (KdV-BBM) according to the numerical scheme, for any (n,j) € [0, N] x Z

(I =bDD-)ef*! +-aAt9D, D, D_ef*! = (I = bDD-)ef — AtDc(e)} — AtDc (eun)?
e\" LT ; . (413)
—AMD: (5 | —a(1-0)AD,D D ¢} + 5 AtAXD, D _ef — Atej.
j

As a > 0, we have adapted the discretization used for KdV and chosen a center discretization
both for the BBM dispersive b term and the advection term Dc(e)}“.

Theorem 4.13.

Choose oy > 0 and By € (0,1), there exists wy > 0 such that

At=T/N < wy, Ax < wy,
and
e if b £ 0:ant(1—20) < bAx,
{r+ ;]l{#o}] At < (1— Bo)Ax, (if a = 0 we may take TAt < Ax)

oif b=0:< ||T+u}l|lpe+ap<T,
3
aAt(1 —26) < ATx(l — Bo).

Then, the numerical scheme (4.13) with the Rusanov coefficient T and the time step At and the space size
Ax chosen as previously is of first order in €2A-norm.

Remark 4.14. e Both cases a = 0 and a > 0 are included in the previous CFL condition.

e When b # 0, we can choose T = 0 because we have no minoration condition on T. Indeed, the term
—bD. D_ brings enough control.

Remark 4.15. The case b = 0 is not detailed here, because it corresponds more or less to the KAV equation
(with the added advection term AtD, (e)}1 ). The proof is so similar to the one of KAV + advection (ifa # 0)
or Burgers + advection (if a = 0), treated in Chapter 3.

We are looking for the case b # 0 here, which corresponds to a simpler case than KdV equa-
tion because of the laplacian (coming from the BBM dispersive operator 929;u) in the equation.

The discrete relative entropy inequality

We will follow essentially the same guidelines than the ones developed for KdV equation in
Subsection 3.4.2 and Section 3.5. First, we change a little the definition of dispersive operators .4
and B (Equations (3.46) and (3.47)) to take into account the BBM dispersive term : bD D_

Definition 4.16. Let (¢;)jcz a sequence in (3 (Z), we define the dispersive operators
(A%e) = (1= bD.D-)e; + adAD, DD (¢); (4.14)
j
and
(B”'be)j .= (I—bD.D_)e; —a(1—6)AtD, D, D_e;. (4.15)
The operator I corresponds to identity operator.

We are now able to state the discrete inequality entropy for the (KdV-BBM) equation.
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Proposition 4.17. Let (e’ )(] nyezx[o,N] be the convergence error defined by (4.3) with respect to Scheme
(4.13). For every 0 € [0, 1] At >0, Ax >0, forall n € [0, N], one has

ab n+1
(ar%e)
//2

n
< |[(B*%)"|| . +t (I1Dc(e)"ll¢g (111 +whllem + [le" || =)
A (4.16)

eIl |1De (1) [[) + Bt [[€"]I

Proof. We recall that T = 0 when b # 0.
The numerical scheme rewrites with dispersive operators A%’ and B%

(‘Aa,be);1 (Bub )] — AtD, ( ) — AtD, (euA) — AtD, <622)]n —Ate}-“.

By a triangular inequality, one has

< H(B“'be)n +AtHD ((1+u +5) )n
>~ o c A > e
/i 03

However, we can develop the middle term thanks to Relation (3.20)

1D ((1+ua+3) &) Il
(§7%e)"

n n 1e "
= [|Dc(e)" + De(ua)" (%) +De(e)" (87'ua) + Dc(e)”(sz) +De(e)" = ||

< |IDe(e)"ll g (111 +urlle= + [l [le=) + [le" |1 De (1a)" [] =

‘ ‘ b n+1

LA
A

The shift operator S¢ (with £ € {—1,1}) has already been introduced in Subsection 2.2.1.3.

Properties of discrete dispersive operators A%’ and 3"

First and foremost, the dispersive operators A% and B! are able to control the fi—norm, as
follows.

Proposition 4.18. Let (e)cz be a (3-sequence. For a positive BBM dispersion (b > 0) one has

b b
llellg < [[A™ellz and [|D+(e)llz < Ael| 2.

I
\ﬁ
Remark 4.19. Since || D, (e)| |4§ < ||D4+(e)| |sz, then \/1—277 ||A%Pe| |ng is also an upper bound for the central

derivative operator D..

Proof. We compute the £3-norm of (A"’e);

HA“'beHﬁi = HEH% + 1| ’D+D—<€)H%2A + ﬂzAt292HD+D+D—(€)H§i —2b ) AxeiD,D_(e);
jez
+2aAt0 )~ Axe;D D D_(e); —2abAtf Y  AxD,D,D_(e);DyD_(e);.
jEZ jez

The discrete integration by parts (3.27) together with Relation (3.29) give
[1A"%e|[% = [lel[%; + b*|D+D—(e)|[7; + a*Ar6%||D+DD_(e) |7 +2b||D+(e)| |72

4.17)
+aAtfAx||DyD_ (e )HeZ + abAtOAx||D+DyD_ (e )HZZ

Proposition 4.18 is a straightforward consequence (we recall that a and b are non negative). [

122



Chapitre 4. Energy estimates for a finite difference scheme on the abcd system

Then, we are able to associate B’ to A%’ under a dispersive CFL (exactly as in Proposition
3.37)

Proposition 4.20. Under the CFL condition
aAt(1 —26) < bAx, (4.18)

then, for any sequence (e;);cz
HBa’be‘ ’22 < ||-Au'be||22'
I &

Proof. First of all, we compute the ¢3-norm of B*’e, which gives us

HBa,be”%i = H(I — bD-l‘D—)eH%ZA — 2[1(]_ — Q)At Z AX(I - bD+D_)€jD+D+D_(€)]'
jez (4.19)
+a*(1—0)*Ar||D D D_(e)|[7;.

By discrete integrations by parts (Relations (3.27) and (3.29)), it holds
—2a(1—0)At Y Ax(I —bDD_)ejD,DyD_(e); = —a(1 — 9)AtAx||D+D_(e)||§2
jezZ A
—ab(1— 9)AtAx]|D+D+D_(e)]|§i.

By developing ||(I —bDD_)e ngr one has
[1B"e|[7; = [lellf; +2bI[D- ()[4

+||D+D_(e)||% {b*+ abAtAx — aAtAx}
A
+||D+DD_(e)||7 {ab0AtAx + a*0>At* + a*(1 — 20)At* — abAtAx} .
A

The CFL condition a(1 — 20)At < bAx, the non negativity of a and Identity (4.17) imply

1B el 2y < [A el .

Convergence of the scheme

We prove Theorem 4.13 in this paragraph. We details only the final discrete entropy inequa-
lity, since the guidelines are the same as those of KdV equation : Gronwall Lemma 2.29 coupled
with an induction hypothesis on the smallness of e”.

Proposition 4.18 transforms Equation (4.16) into

1A% < (B 4+l A%z (1114wl + 11"~ + V2D [ Dete] = ) +At][e" .

&
NGT:
Young's inequality gives

At 2
LA < (B2 (1+286) + 51 (I[1+ bl + 1€l + VEBI|Der [liw)” (24 A1) [ A"

+ At||e”H§ZA(2 + At).
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Section 4.2. One step towards the abcd system : the KAV-BBM equation
Proposition 4.20 enables us to conclude

1
e < (LAerlfy (14 o (2 g5 (L s+ 17
2
+Vb||Dery )" (2 + At))] + At|le"|I7; 2+ ).

The conclusion comes from the Gronwall Lemma 2.29 together with an induction hypothesis
[le"[|e < CAx%*“V, with ¢ € (0, %)_

4.2.1.2 The case of a negative dispersion (a < 0)

We have to deal with the case 2 < 0 in order to better fit to abcd system. Indeed, according
to the general introduction, the abcd system is well-posed only in two cases (1.7)-(1.8). We have
chosen to deal with only the first configuration: a < 0,c <0,b > 0and d > 0.

For that case, we have to use a left winded dispersion i.e. D D_D_ instead of D.D,D_. The
numerical scheme writes then

(I =bD4D-)ef*! +-aAt9D.D_D_(e)j™! = (I - bD.D_)e} — AtDc(e)] — AtDc(eun)}

2\ " - (4.20)
n n n
— AtD, (2 > —a(1=0)AtD.D-_D—(e)} + 5 AtAXD. D_(e)] — Ate].
j

The proof follows exactly the same guidelines (this is why we do not detail it) and the conclusions
are the same provided the CFL becomes
oif b # 0:|a|At(1 —260) < bAx,

1
|:T—|— 2]l{a?é0}:| At < Ax(1— Bo),
o ifb=0:4 |[1+ulllp+a<T,
A 3
la|AH(1 — 20) < Tx(l—ﬁo).

Remark 4.21. By defining f}' := —e’ ;, the sequence ( f]”) jez satisfies the non negative dispersion scheme
(4.13) with —a instead of a and —1 — (uA)ﬁj instead of the advection speed 1 + (uA)]’.‘ provided (e;?)jgz
satisfies (4.20). Switching from a positive dispersion to a negative one is then obvious provided we choose
the well decentralization for the discrete dispersive operator. This change of variables exactly corresponds
to the discrete equivalent of the continuous change of variables to switch from (KdV) to (KdV ™).

4.2.2 For a centered scheme

Since we will use a centered scheme for the abcd system, a first step is to focus now on the
centered scheme for the KdV-BBM equation :

(I =bDD-)ef*" +-a8AtD D_Dc(e)*! = (I —bD4D-)e" — AtDc(e)} — AtDc (eun)?
2
e

4.21)
— AtD, < 5

n
T
) - a(1—0)AtDD_D(e)] + EAtAxD+D_(e)” — Mtej.
)

Since the scheme is centered, we can consider either a > 0 or a < 0 without changing the strategy
of the proof and the scheme.

Theorem 4.22.

Choose «y > 0, By € (0,1), there exists wy > 0 such that
At <wy, Ax < wy,
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and
eif b £0:|a|(1—26) <0,

1
|:T+ 2]1{“#0}:| At < Ax(l — ﬁo),

|1+ upllee +ag <7,
la|(1—20) < 0.

e ifb=0:

Choose the numerical scheme (4.21) with the Rusanov coefficient T, At and Ax as previously. Then the
numerical dispersive operator

1422 1, = LI, +2811D ()% +¥21ID+D- ()% +@aR¢||D. D-De()]

satisfies
AL ||2 < C(At+Ax),

with C independent of Af, Ax and e". Thus, the numerical scheme (4.21) is of first order in space.

Proof. The proof is adapted from Chapter 3 for b = 0 and from Subection 4.2.1.1 for b # 0. O

The abcd system

We are interested to derive discrete energy estimates for the abcd system, by following the
main steps used for KdV in Chapter 3 or KdV-BBM equations. The discrete dispersive operator
A% (equivalent respectively of A in Chapter 3 or A%’ of Section 4.2) is not used on behalf of its
length and we study directly the energy € instead of A™ for simplicity. It corresponds to the
discrete equivalent of the conserved continuous energy £ (1.10) of [27]. A distinction is made
between two cases according to the BBM dispersive terms of the system.

When b > 0and d > 0, both equations have a BBM - type operator and we consider the numerical
scheme (4.5), with a Crank-Nicolson discretization for the KdV dispersive term.

When bd = 0, in certain respects, we have a limited degree of freedom and we used an
implicit KdV dispersive term, Scheme (4.9).

Remark 4.23. The discretization used to design the numerical schemes (Crank-Nicolson scheme or im-
plicit scheme) are chosen in order to ensure a not too restrictive CFL condition, only a hyperbolic one is
needed as we will see later.

4.3 Non zero BBM-dispersive term in both equations : abcd system
with b,d > 0

We see from numerical scheme (4.5) that the equations governing the convergence error
(e;?, f]”> are the following :
(I=bD1D-) (E7)} + 5 (I+aD+D-) Dc (F*)} + AtDnc (eun)] ) )
+AtD, (17Af)]- + AtD, (ef)]- = —At (61)]. ,
(4.22)
(I—dD4D-) (F7)! + % (I+cDyD-) Dc (ET)? + AtD, (fAuA);? )
n
+3 D (f?); = —At(e2)] .

We recall the main result of this section.
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Theorem 4.24. Convergence rate in the case b > 0,d > 0

Leta <0,b>0,c <0andd > 0. Consider s > 6, (19,ug) € H% (R) x H% (R) and T > 0 such that

(n,u) € C([0,T], H** (R) x H% (R)) is the solution on [0, T| of the system (abcd). Let N € IN, there

exists a positive constant wy depending on sup ||(7(¢), u(t)) || gsse « g=ae SUCh that if the number of time
te[0,T]

steps N and the space discretization step Ax are chosen such that

T
AtzﬁgwoandAxgwg,

if we consider the numerical scheme (4.5) along with the initial data (4.6) as well as the approximation

n n . . . . .
((WA)]' , (uA)j ) ()ElON]Z defined by (4.2), then, the numerical scheme (4.5) is first order convergent i.e.

the convergence error defined in (4.3) satisfies :

sup € (€", f") < Caped {At2 + sz}, (4.23)
ne[0,N]

where C,,.; depends on the parameters a,b,c,d, on sup ||(17(t), 1(t))]| yspe « ees @nd ON T @nd & is defined
te[0,T]
by (4.4).

Remark 4.25. As we have chosen the center scheme for the space discretization, we have even the second
order convergence rate in space

sup E (", f") < Caped {At2 + Ax4} )
nef0,N]

4.3.1 Discrete energy inequality

Proposition 4.26. There exist two constants By and By depending on a,b,c,d and on the {*°-norm of
((WA)]'-Z , (uA);?) and (DC(qA);?,DC(uA)7> and proportional to max {||e"||s, ||f"||¢=}, such that, for
all (n,j) € [O,LN—-1] x Z

£ (a”“, f”“) < 2At[[€"|[ + (1+ AtBY)E (", f") + AtByE (e”“, f”“) , (424)
with (e}q,f]-”) the two convergence errors defined by (4.3) and ||e”]|€i = max{|](61)”||£zA, ||(e2)" |4§}'

Proof. As we announced in the introduction, we will establish energy estimates imitating the
approach from the continuous case. Let n € [0, N] and observe that by multiplying the first
equation of §4.22) by (I+cDyD_) (E*);l, the second by (I +aD,D_) (1—"*);1 and adding up the
results, we find that :

ILHS |2 = |[RHS™ | % (4.25)

with

||LHS‘”’C”’]|§i =Y Ax(I—-bD,D_) (13—);1 (I+cDyD_) (E+);?

jez
+3 Ax(I—dDyD-) (F7)] (I+aD.D-) (F*)}

jez

At n n
+5 jezz Ax [(I+aD;D-)D; (F*)! (I+¢eDyD-) (EY)]

+(I+¢cD+D-)Dc (E7)! (I+aD.D-) (F*)!]
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and
[[RHS™ |2, = — AtAx Y D (eun)] + De (7af)}] (1+¢D4D-) (EY)
8 jez

— AtAX Y De (fua)f (I+aDyD- )(P+);?
JEZ

—AtAx ) D (ef)] (I+cD.D-) (E*)]
jez

——AxZD "(I+aDyD_) (FN)"
jeZ /

— AtAx Y [(el)y (I+c¢DyD-) (E*)! + (e2)] (I+aD;D-) (1-"+)ﬂ :
jeZ

Left hand side |[LHS"*||%,. Notice that
A
Y AxL(ET)] L (EF)] =|ce" 3 — (L[|, (4.26)
j€z
with £ any linear operator (for instance, £ = D a derivative operator of order /, as in our case).
o With this in mind, developing Yjez Ax(I —bD+D_) (E7)} (I +cD+D_) (E*)] holds
—\" N ) ntl 2 2 =\ (E+)\"
jEZZ: Ax(I=bD4D_) (E7); (I+cDyD_) (E7); = |e" ez = lle"ll72 —jEZZ: AxbD, D_ (E7); (ET);

+ Y AxcD,D-_ (E+)7 (E—);? +b(—c) [||D+D,(e)”+1||§i — ||D+D,(e)"||§d .
jeZ.

Relation (3.27) together with (4.26) enable us to simplify

Y Ax(I-bD,D-) (E‘)7 (I4+cDyD.) (E+);? = |ye”+1||§i — ||e”||§2A (4.27)
jez

+ (=) [IID+ ()™ I = 1D+ (e)"]I% ] +b(=0) [ID+D-(e)"*|I%, — |ID+D—(e)" |3 ]
e Similarly, we obtain

Y Ax(I—dD.D_) (F"); (I+aDyD-) (F*)7 = [|f" "M% — [If"I[% (4.28)
j€z

+(d = a) [[[D+ ()" = D4 (F)"IIE] +d(=a) [ID4D-(F)" |1, —1D-D-(F)" 11 ]

e Both operators D, and I 4+ cD; D_ commute, thus, by (3.27), it becomes

%ZAx |(I4+aD.D-)D; (F)] (1+¢D;D-) (E¥);
jez

+(I+¢cDyD-)D, (E7)! (I+aD.D-) (F*)!]

:Azt%Ax [—(1+aD+D,)(P+) (I+cD:D-)D (E*)}
j€

+(I+¢cDyD-)D, (E7)! (I+aD.D-) (F*)!]
= 0.

Right hand side ||[RHS"*| \?2 . We treat the five terms which occur in the right hand side of
A
(4.25).
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e Using (3.20), we first write

n

At HDC (eun);

= At HS‘le”DC(uA)” + Sl D.(e)" ,
ZA éA
D)l

< AH[De(ua)" | | 71"

P +AtH81uZ
A

1
vb—c

1
n n n n
< atmax (i e 1D ()"} max {1, i (1€l + VB el )

< atmax ([ D)) max {1, —= b2y /e e, ).

Proceeding in a similar fashion with the other terms we arrive, thanks to the Cauchy-Schwarz
inequality, at (we recall that ¢ < 0)

< armax {1, b (IDes)" e 1€ + 5 e VE=< [D(e)"] )

-anxy |De (eus)! +De (yaf)}] (1+¢D1D-) (E*)!
je

< 8¢ (1Dl + 19 10" lg) ()

By Equation (4.3) on ET, one has

|pD- (E7)"

éZA)

2—C
A

[E)"],, =[P (B, < 1"l +11ell = elID D&l =€l ID+D-(e)"l
_E n+1 fn+1 n fn
gmax{l,U b}Z [\/5(3 +1, frt )+\/¢‘,’(e f )} :
These together give
_AtijEZZ; [DC (eun)! + Ds (qu)ﬂ (I+¢D,D_) (EV))

< AtCL1E (€, 1) + AtCo € <e”+1, f”“) , (4.29)

where C; 1 and Cy1 can be written, for example, as a numerical constants multiplied with :

1
max {1, v/ —Z} [max{HuZHEm N De(up)™|| o } max {1, \/m} (4.30)

+max{quugw,HDC(nA)”Hgoo}maX{L\/dlfa}] '

e We treat —AtAx Y icz Dc (qu);f’ (I+aD;D-) (F*)}1 in same spirit as above in order to obtain
that

— AtAx Y De (fua)} (I+aDs Do) (F4)! < AtC1o€ (¢", f") + AtCop€ <e"+1, f”“) ., (431)
jez

where C; 2 and Cy» are multiples of :
1 a
max { ||t || jeo , [|De(tp)™|| jo tmax< 1, ———— smax<1,4/—= ;. 4.32
(Rl 1Dl ey ma {1, e {1,/ 5 ] 432)

e In order to treat other terms, we first observe that

1De ()"l = [[ 57" Delr)"+ 8 Defe)"| , < " lem D) g + 1"l 1Dl

"= V@ = a [ De(f)" 1+ [1£"]e= VB = ¢ | Dele)"l ) -

§max{

T i)
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Thus, we obtain

—AtAx Y De (ef ) (I+¢Dy D) (E)! < AtCi5E (", f) + MCaaE <e"+1, f"+1) . (433)
jez

where Cy 3 respectively C; 3 are proportional with

max { e, L max {1,/ a1 117} (4.3

e The same holds for —3'Ax Y ;e D, (fz);1 (I+aDyD_) (F+)7, namely, we get that

- %Ax Y De( fz);? (I4+aDyD_) (F+)7 < AtCi4E (€7, f") + AtCou& (e"“, f"“) , (4.35)
jez

where Cj 4 respectively C; 4 are proportional with

\/dlfamax{l,\/—fl} 1" e (4.36)

e Let us treat the last term. We denote
el = max {llefll  lef ez }

and we write that, thanks to Cauchy-Schwarz inequality (we recall that c < 0 and a < 0)

— AtAx ) [(61)7 (I+c¢DyD_) (E+);7 +(e2); (I+aDyD-) (1-"+)ﬂ
jez

< arfefl ([ )"

—c|psD- (E7)"

o) +arletls (]| )

By applied Young inequality, we recover the /3-norm of ¢" and f".

|p-D- (F)"

fi)

2 2 —a
o e

—AtAx Y. [(61)7 (I4cD,D.) (E+);? +(e2)! (I+aD.D-) (F+)}1]
jez

<aatfle" + At (|l + 113 + D D-e|[a +a*|DoD_f"|1%)
+At ( fn+1

< ny2 —c —a n o gn —¢ —a n+1 gn+1
< 2At e \|€ZA+Atmax{1, = d}E(e,f)+Atmax{1, == S(e f ) (4.37)

2
en+1 .
5

+|

2
o+ DD+ DD )
A

Gathering the informations from (4.25), (4.27), (4.28), (4.29), (4.31), (4.33), (4.35) and (4.37), we

obtain the existence of two constants B; and B, that depend on 4, b, ¢,d, and on the /*-norm of
n

((17A);-1 ,(un); ) and (DC(WA);Z, D.(u A)]’.’) (dependence which we can track using relations (4.30),

(4.32), (4.34) respectively (4.36)) and that are proportional to max {||e" ||z, || f"|| ¢~} such that
E (1, f1) = € (e, ") < 20t €|[fy + ALBIE (¢", ") + ALBoE (e, 141)

which rewrites as Equation (4.24).
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Section 4.3. Non zero BBM-dispersive term in both equations : abcd system with b,d > 0
4.3.2 Convergence of the scheme

We begin this section with a stronger discrete version of Gronwall’s lemma, a proof of which
can be found in [32] :

Lemma 4.27. Let (u"),.cny, (0") en - (") jen be sequences of real numbers with w" > 0 foralln € N
which satisfies

n—1
u < " + Z wkuk,
k=0
forall n € IN. Then, for any n € IN, we have :
n—1

u" < max of (1+wj).
ke[Ln] g

This subsection is devoted to the proof of Theorem 4.24.

Proof of Theorem 4.24. Exactly as for the KdV case, we remove the dependency of ||e"||s and
[|f"||¢~ in Proposition 4.26 by induction. Let us arbitrary fix n € [0, N — 1]. Suppose the strong
induction hypothesis

[f]le~ <1 and [[f¥lm <1, (4.38)

for all k € [0, n].
This is obvious true for n = 0, since ¢! = f]-0 = 0, for all j € Z. Let us prove that ||e" || < 1

]
and [[f" | < 1.
Inequality (4.24) is thus available for any k € [0,n] and constants B; and B, may be upper
bounded by C; and C; independent of Hek H goo One has, for all k € [0, n]

2At
c ( k+1 k+1) < H k
¢ f —1-AtC €

Namely, it becomes

5<ek+1, fk+1)_ g(ek,fk>§ 1_22;2 Hek

Thus, taking the sum of all these inequalities and noticing that e? = f]Q = 0, we end up with

-

2 At(C1+C2) k k
eg+<1+ 1— AtG >5<e'f>'

2 At(C1—|—C2) k rk
2 T1-AtG, 5(e'f>‘

2(n+1)At max
1—AtCy  ke[on]

2 At Cl—l-Cz

zi+ — AtCy Zg( )

Applying the strong discrete Gronwall inequality, Lemma 4.27, and using the fact that the consis-
tency error is order one accurate in time and space, see Section A.2, we get

2(71+1)At (n+1)At(C1—|—C2)
n+1l n+1 <
£ (e f ) =T1-atc, P < 1- AtC, kefon]

< Tlc_('gg) exp (Tl((il /;g;)) {(Ax)2 + (At)z},

€k

< (en+1’fn+1> <

2
€k

a

where C (1o, 1g) is some constant depending on the initial data (%o, u). Thus, for Ax, At small
enough and using the inequality :

1
n+1 <C en+1 2

[oo

1
e D+(e)n+l 2

A

7
A
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Chapitre 4. Energy estimates for a finite difference scheme on the abcd system
with C a constant, we get that for sufficiently small Ax and At :

fn+1

We can assure that the inductive hypothesis (4.38) holds for all k € [0,n + 1]. Obviously, this
allows to close the estimates and to provide the desired bound.

<1 (4.39)

e"HHE < 1and ‘

€°°

O]

Remark 4.28. In reality, the Taylor expansion of Section A.2 could be developed a step further to cancel
terms in factor of Ax* and Ax3, thanks to the use of a center scheme. It enables us to recover the second
order in space

c (en+1,fn+1> < mexp <m> {(Ax)4 + (At)Z} ,

cf Remark 4.25.

4.4 KdV equation coupled with BBM equation : abcd system with bd =
0

As announced in the introduction, in this section we aim at providing a proof for our second
main result. We recall that we will treat the case where the parameters verifiy :

1<0,¢<0,b>0,d>0, withbd =0,

excluding the five cases :
a=b=0,d>0c<0,
a=d=0,b>0,c<0,
b=d=0,c<0,a<0, (4.40)
a=b=c=d=0,
a=b=d=0,c<0.

Theorem 4.29. Convergence rate in the case bd = 0
Leta < 0,b >0,c < 0andd > 0 with bd = 0, excluding the cases (4.40). Consider s > 9,

(10, u0) € He (R) x H% (R) and T > 0 such that (7, u) € C([0, T], H% x H®«) is the solution on [0, T]
of the system (abcd). Choose ay > 0,71 > 0, T, > 0 such that :

||uz||€m +ay < 1 and HuZng +ag <1, nelN.

Let Bo € (0,1), there exists wy > 0 (depending on ag, Bo, 71, T2 and on sup || (17(t), u(t)) || gspe  ggoaa) SUCH
te[0,T]
that if the number of time steps N € IN and the space discretization step Ax are chosen in order to verify

At =T/N < wy, Ax < wy,

and
max{(1 —sgn(b)) 7, (1 —sgn(d)) m}At < (1 — o) Ax,
if we consider the numerical scheme (4.9) along with the initial data (4.6) and the numerical viscosities
71 and ©, as well as the approximation ((WA)’.‘, (up)?) defined by (4.2), then the numerical
] 1/ (nj)e[LN]xZ

scheme (4.9) is first order convergent i.e. the convergence error defined in (4.3) satisfies :

sup & (¢", ") < Capet (A%)%,

ne0,N

where C,;; depends on the parameters a,b,c,d, on sup ||(17(t), 1(t))|| yspe x pyeed @A ON T.
te[0,T]
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Section 4.4. KdV equation coupled with BBM equation : abcd system with bd = 0
Remark 4.30. In the first case, b > 0 and d > 0, the discrete energy & corresponds to a H>-discrete norm
on both u and 1, if a and c are non zero. In the case where b = 0 or d = 0, it corresponds to a H'-discrete
norm and possibly even a L?-discrete norm according to the value of parameters a and c.

As opposed to the previous result, the proof of Theorem 4.29 is rather sensitive to the different
values of the a, b, ¢, d parameters.

In this section, we only detail the derivation of the energy inequality for £ (the equivalent of
the discrete entropy inequality of KAV equation (3.37)). This inequality is summarized as follows.

Proposition 4.31. Assume ||e"||s, ||f"]|¢=, | sgn(a)|||Ds (f)" ||~ < Ax2~7, with ¢ € (0,%) and
|sgn(cd)|||D+D—(f)"|l¢= <1, forall n € [0, N]. Then the following energy estimate holds true
(1 — max {sgn(b),sgn(d)} CAt) & (e”“,f”“) < (1+CAHE (e, f1)
+ (At +max {| sgn(c)|,1 —sgn(b)} Atz) Cllef]| |§§
+ (At + max {|sgn(a)|, 1 — sgn(d)} At*) C||e]| |§i (4.41)
+ (At + Af?) max {| sgn(cd)|, | sgn(c)| (1 — max {sgn(b),sgn(d)})} C||D+ (e1)" Iz
+ (At + Af?) max {|sgn(ab)|, | sgn(a)| (1 — max {sgn(b),sgn(d)})} C[|D (€2)" |[7.

with C > 0 depending on |[115[|¢=, [|De(17a)"le=, [[3]le, [|De(ua)" |l and || Dy De(un)" || -

In order to close the estimates and ensure the convergence proof (as the one made in Sub-
section 4.3.2, for the case b > 0 and d > 0) we perform as usual an induction hypothesis on the
smallness of ||e"|| and/or ||f"||se and/or ||Dy(f)"||e according the cases. It is sufficient to
assume by induction

1_ ) 1
[l Lo, [Lf" e, L sgn(@)[[| D+ ()" [l < Ax277, - with y € (0, 7). (4.42)

Hypothesis (4.42) is sufficient to assure the hypothesis of Proposition 4.33, Proposition 4.34 and
Proposition 4.31. The energy estimate (4.41) is thus satisfied and the convergence rate (Theorem
4.29) is a consequence of the discrete strong Gronwall inequality, Lemma 4.27 (all the previous
guidelines are detailed in Subsection 4.3.2 for the case b > 0 and d > 0).

The proofs of Proposition 4.31 are strongly based on inequalities implicitely proved for Bur-
gers terms of KdV equation in Chapter 3 and recalled in the following subsection.

4.4.1 Burgers-type estimates

Let us state the first consequences coming from Burgers estimates.

Proposition 4.32. Let (uj)jcz € (*(Z), such that ||Dy(u)||(z) < +0o0 and A > 0 respectively
B € (0,1). Fix « > 0 and T such that
e 42 < 7.

Then, there exists a sufficiently small positive number gq such that the following holds true. Consider two

positive reals At, Ax such that
TAL

Tx <1- ,3/ Ax < g
and (¢;)jez € * (Z), such that

1
Mlelle < Ax277, with y € (0,3).
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Chapitre 4. Energy estimates for a finite difference scheme on the abcd system

Then, there exists a positive constant C depending on the £*°-norms of (u;) ez and <D+ (u) ) - such

J jEZ
that

e T
He _ AID, <(u + A§> e) + ZAxAtD+D(e)H£i < (1+CAt) ez -

Proof. We define

B L e T
BP0 _ AID, (e <u + A§)>J_ + S AXAD,D-(e);

We compute the (3-norm :

2

+) AxAt? [DC (ue)}2

|57 = [[e] |, + Y AxAPA2 ]
jez

jez

2
e
.(3)
2/
T2ALAX3 2

+Y [D.D_(¢)]> — Y 2AxAtAe; D, <62> = ) 2AxAte;D (ue);
J

jEZ JEZ jEZ

2

2 2 €

+ Z TAx"Ate;D. D_ (e); + Z 2AxA°AD, (2) D (ue),
jEZ jEZ ]

2
— Y TAX*APPAD, (e> D,D_(e)j — Y TAX*A*D. (ue); D.D_(e);.
/ 2 /. f ]

JEZ j jEZ

Equations (3.41) and (3.44) (without 6-terms, D, D_, D, D, and DyD,D_ terms due to Airy
term) lead to the following upper bound

3AL?
185787 [T < |lel |7 {1 + At||u| 2 + T!ID+(M)II%w + At{|Dy (u)] [

2At? TAL? TAt? AP )
+E)‘HDC<”>H€"°H6W"° + Tx’|D+(u>H€"° + TxHDcW)W“’ + M”D+(u)|‘[°°}

Ax2At APA
2AD, (e); — TAtAY — 2T

+ Y Ax(Dy(e)))? [T2At2 + AD+(e)j]
j€z
8Ax?

3

+ A |De(e) 7 {AZIIEH?w +[ulffe — 7+ 27 el [l e + =5 Al De (1)l [ De(e) |

2TAx
2D |

However, we almost recognize Cf Y85 defined by (3.80b) in the previous equation. The only
difference results in AD (e); instead of D (e); :

AX?A AA
202 + 280D (e) - ratax — 22D (o).
We choose ¢ such that .
o < (Bfuflp) ™2, (4.43)
to ensure
Ax Mlelle _ dx3=r g2
I 0

Combined with the hyperbolic CFL-type condition ZA! < 1 — B, this implies

Ax

Ax2At At
X XTAD+(6)]- = <6)\D+(€)]' - T> (Ax —TAH) At <0

T2 AL + AD, (e); — TAtAx —
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Section 4.4. KdV equation coupled with BBM equation : abcd system with bd = 0
In the same way, we almost recognize C2""8"°, defined by (3.80c)

8Ax2 2TAx
3 MIDe(u)]le=[IDe(e)[le~ + —5=Al[De(e) [ -

A2lell7e + [ullfe — 7+ 2A el | ul e~ +

For ¢ satisfying

2T
—¢

- 1 8 3 1
ey " +265 lulle + 3||De(u) [ imeg "+ Feg T <o, (4.44)

the condition ||u||s + a < T implies

8Ax2 2TAx

A2lellze =+ Tl [E = 7 + 22 lell ] + =5—AlIDe ()= [De(e)] | = + =

ADe(e)]] = < 0.

Proposition 4.32 results from the fact that there exists C; such that /1 + CAt <1 + C;At with

3At 2At TAt

1
C i= [l + 251D () B + 11D ()] e + 5 1De0) [l AxE = 4+ 251D a1
TAt At? )
+ EHDc(”)Wm + EHDH”)H/@-
The upper bound gy must be chosen such that Conditions (4.43) and (4.44) be satsified. O

The next result is an immediate consequence of the preceding one.

Proposition 4.33. Consider (u)jcz € {* (Z) such that (D (u);)jez € £*(Z) and A > 0 respectively
B € (0,1). Fix « > 0 and T such that
Jullpe + < .

Then, there exist two sufficiently small positive numbers g, €1 such that the following holds true. Consider
two positive reals At, Ax such that

At
- S1-B, Ax<e

and (¢)jez € 1*(Z), (v))jez € (* (Z) such that
1
Al < AX2T, with y € (0.5), [olly < e1and | Ds(o)] < 1.

Then, there exists a positive constant C depending on the {*-norms of (u;)jcz and (DJr (u) ) - such
je

j
that :

e T
He —&tD; (e (u+o+ AE)) + SAXAD.D-(¢) Hez < (1+CA) [leflz - (4.45)
A

Proof. Let us consider T > ||u||,~. Let us suppose that ¢; is chosen small enough such that
40| < &1+ |t < T

Then, taking a smaller At and Ax if neccesary, we may apply Proposition 4.32 with u + v instead
of u in order to establish Estimate (4.45). O

The latest lemma concerns the same Burgers-type estimate but for the derivative of (e;)jcz.
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Chapitre 4. Energy estimates for a finite difference scheme on the abcd system
Proposition 4.34. Consider (uj)icz € {*° (Z) such that (D (u);)jez € {*°(Z) and A > 0 respectively
B € (0,1). Fix « > 0 and T such that

Juflw +a < 7.

Then, there exist two sufficiently small positive numbers €, €1 such that the following holds true. Consider
two positive reals At, Ax such that

TAt
Ax <1- ,B/ Ax < g
and (Ej)]‘gz € (2 (Z), (’(’)]‘)]‘GZ SN (Z) such that
1
Allell g, A Dyell o < AxZ7, withy € (0,5, (4.46a)
[0l < e1and [ D-llp, | DsD- (0, 1D+ D- (1) < 1. (4.46D)

Then, there exist two positive constants C1,Co depending on the £*°-norms of (u;) ez, <DJr (u) ].) - and
IS

(DCDJr (u)]-)jEZ such that :

HD+e _ AtD, D, (e <u Yo+ A%)) + %AxAtD+D+D,(e)

o S Cibdtelg+ (14 CAY [ID-elg -
A

Proof. Let us observe that

T
Dy (e); — AtD4. D, (e (u +o+ Ag))j + 3AXAD.DLD- (o),

= D.(e)j — AtD (Ds (e) (u+0+ Ag))j ~ At (8" (e) Dy (ut o+ Ag))j + %AxAtD+D_D+ (e);

= D4 (e)j — AtD. <D+ (e) (u +0v+ %Sl(e) + /\Z)) + %AxAtDJFD_DJr ()
— AtD, (31 (e) D (u))j — AtD, (31 (e) D (v))j.

Owing to the hypothesis (4.46a)-(4.46b) and Proposition 4.33 with v + 2S5 (e) + A% instead of
v and 0 instead of A, we may choose ¢y small enough which ensures the existence of a positive
constant C; such that :

< (1+GAN Dy ()] 2

D. () — AtD. <D+ (e) <u o+ %81 () + /\e>> + %Amtmp_m @,
A

2
(4.47)
Moreover, using the derivation formula (3.20), it transpires that
H—AtDC (8"(e) D+ () =MD (8" (e) D+ (v) ) (4.48)
G

< At{[|DeD+ (u) [l g+ [DeD+ (0) [l o] llell g + At ([[D+ ()| g + 1D+ (@) [lg) [ D+ ()] -
The conclusion follows from Estimates (4.47) and (4.48). O

44.2 Thecaseb=d =0

Thecasea < 0,b=c=d=0

The convergence error satisfies :

e/ ™1 + AtD(f)]! +astDyD_Dc(f)i*! = e} — AtDc (eup); — AtDc (ef )]

—AtDc (11af)j + 3 AtAxDD_(e)! — At (e1)}, (4.49)

i+ DD ()1 = f = ADc (f (ua + 3f)); + 3AtBxD D (f)} — Bt (e2)]
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Section 4.4. KdV equation coupled with BBM equation : abcd system with bd = 0
with

max {1, T} At < Ax(1— Bo),
1 || + 20 < min {7, 2}, n € [0,N].

We consider the energy functional
2 2 2
E (e, f) = llels + 1% + (—a) D+ 1% -

Proof of Proposition 4.31 in the case a < 0,b = c = d = 0. In order to recover a discrete H'-type
control for (f')(n)efonjxz (necessary for the control of £(e, f)), let us apply /—aD- to the

]
second equation of (4.49). We get that :

n

VD (P Ay i Do = VD (1 veasn (7 (us s 1))

]
+ \/—a%AtAxD+D+D,( ) = V=abtD, (e2)!.  (450)

We consider now the three equations system comprised of System (4.49) with added Equation
(4.50). As previously, we square the equations, and add them together. Young’s inequality enables
us to obtain, with Cy a constant

2

g

2
+
g

" 4 At (I+aDyD_) D.(f)"+1 4 AtD(e)"

2
ot |V=aD (£ + Atv/=aD; De(e)"!

< (At+82) Collef 73 + (Bt +A8) Collef I + (—a) (At + (A7) CollD+-(e2)" 172

+ ||[RHS*<?| |§i , (4.51)
with
2
[[RHS"||7, := (1 + CoAt) ||le" — AtD, (eup)" — AtD. (ef )" + %AtAxDJrD_(e)” 2
A
A
+ (At + (A1) Co [[Dc (naf)"
1 "o 2
+ (1 + CoAt) ‘ fn — AtD, (f (LIA + 2f)> + EZAfoD+D, (f)n
@

2
+ (14 CoAt) (—a)

‘D+(f)” — AtDD. (f (uA + ;f»n + %AtAxD+D+Df (f)"

g

Let us consider the right hand side of (4.51). Owing to Proposition 4.33 and Proposition 4.32 and
thanks to hypothesis of Proposition 4.31 (||e"|| s, || f"||¢e, || D+ (f)"]] = < Ax277), we have that

2
¢" — AtD, (eun)" — AtD. (ef)" + %AtAxDm,(e)" LS@rcan|elh, @5
A
respectively that
1 "o 2
‘ F" — AtD, <f <uA + 2f>> + ZMAXDLD-(F)"|| < (14 Cont) £ (4.53)
%

Proposition (4.34) ensures the existence of constants C3, C4 such that :

2

(—a)

‘D+(f)” — AtD, D, <f <uA + J;))n + %Amxmmp,(f)” .

< (14 Csbt) (=a) | D ()" 72 + Cal=a)At | f"]|7 . (4.54)
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Chapitre 4. Energy estimates for a finite difference scheme on the abcd system
Finally, we have that, thanks Relation (3.20)

1D ()" 17 < 211De ()" 1F 1 + 2 & 1 (1D ("1

w2
< 2max { [0 ()|, VAl } £ (", 1. (4.55)

Next, we compute the left hand side of (4.51). First of all, we observe that

H\/?a[)+ (F)"*! + Atv/=aD, Do(e)" ||

A

2 2
= —qa HD-i-(f)”Jrl , aAt? ‘ D+DC(€)W+1H ) + 2aAt Z AxD,.D_ (f)7+1DC(e>}1+1‘
£ fa jezZ
Moreover, one has
2 2
e+ At (I+aDyD_) Dc(f)"™ 2 + ‘ 1 AtD (o)™ o= ||en+1|‘%2A
A A

+ Y 20AtAxe! DL D_De(f)! ! + AP H (I+aDyD_)D.(f)"*!
jez

2

12 2 192
2 TR +AE(IDe(e) [
A A A

Eventually, we get, for the left hand side,

2 2 2
"+ At(I+aDy D) Df"1| | + ‘ fr st |+ H\/—aDJrf"“ +Aty/=aD. Dee" ||
A A A
2 2 2
=& (e, 1) 4 a2 | (1 + aD1.D-) De(f)"! ot A2 | De(e)™! - abt?|| Dy De(e)" ! .
> € (en—i-l’fn—l—l) _ (4.56)

Gathering relations (4.51), (4.52), (4.53), (4.54), (4.55) and (4.56) yields

£ (e, 1) < (Bt + (a8) Co (llet I + lesl + (—a) ID+e311%)
+ (14 CAt) € (", ).

4.4.3 Thecaseb=0,d >0

Thecasea=b=c=0,d > 0.

In this case, without any difficulties, we are able to prove a more general result. Indeed, we
will show that the following general 6-scheme :

a1 =) + (1= 6)Dc (u)} +6Dc(u)] ™! + De (qu)} = “2*D+D— ()],
(4.57)

>

§i (1—dDyD-) (" — u) + (1= 6)Dc (1)} + 6D ()} + §De (12)] = 0.

is adapted to study the classical Boussinesq system, with

At < Ax(1— Bo),
U]l + 20 <71, ne[0,N].

The convergence error verifies :
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Section 4.4. KdV equation coupled with BBM equation : abcd system with bd = 0

(

(E)} + At (1—0) De (f)] +0AtD: (f) + AtD. (eun) + AtDc (1af)}
+AtD (ef )] = FAtAXxD.D- (e); — At (e1);,
(4.58)
(I—dDy D) (F7)] + At (1—0) De (e)] + 0AtD, (e) ' + AtDc (fup)]
+5Dc (f?)] = —Bt(e2)] -

Recall that in this case :
2 2 2
£ (e,f) = llel% + I£11% +d DA -

Proof of Proposition 4.31 in the casea = b = ¢ = 0,d > 0. Multiply the second equation of (4.58)
with (F*);1 we recognize (4.28), (4.31), (4.35), and a part of (4.37), all with a = 0. Proceeding
as we did in Section 4.3.1, we obtain that there exist two constants C; ; and C; 1 depending on d,
|tz |l joos || DuR | o such that :

‘ fn+1

D

2
o Il = AlDL ()"l < AtlleSIE + AIC1AE (", f")  (459)
A

1 1 n 1 n
+ALCy € (eﬂ+ frt ) — AH(1—0) Y AxDe(e)] (F¥)} — 0At Y AxD(e)*! (FF)!.
jEZ jEZ
Notice that Relation (3.28) combined with Cauchy-Schwarz inequality, Young inequality
and the upper bound ||D.(.)|| g < [ID+ ()] @ (for example in Inequality (3.25)) simplifies

Ljez AxDc(e)!(F*)!

1 1
Y- AxD(e)} (F)! < [l + 5 lIDe(F)" s + 5 1D ) s
jez.

1 1

< — nogny L = o (pntl il

_max{l,zd}g(e,f)—i—zdg(e f )
A similar inequality holds true for } ;7 AxD. (fz);?+1 (F +)7
Next we rewrite the first equation of (4.58) as

T
e}”l =ej —AtDc (e (ua + f))j + EAtAxDJrD_ (e)j —At(1—0)Dc(f); — (f%AlfDC(f)}“Jrl
- AtDC (T]Af)7 — At (61);-1 .

Thus, using the Proposition (4.33) and the Relation (3.20) we get that

en+1

T
< ||e" — AtD. (e (un + f))" + o MtAXD D (e)" B

A A

+ 8t [[(1=0) De ()" + D)"Y, +At]|De (naf)" || + At et
A

5%)

De (18)"l|} (1"l + 1De (0]l ) + Atk 2

< (1+CAH) [l¢"]| 2 + AtC12EE (€7, f7) + CooAtE (e"+1, f"+1) +At[l€f] 2. (460)

< (1+CA1) ]| + At ((1 = 0) [P (F)"llz + 0 |[De (£

+ Atmax { |73l

with C1; and C;» depending on |[#74 || . and || Dc (17a)" || ;o.- From (4.60), we deduce that

en—i—l

2 2 2
P (At +AF) Co e fliz + (1 + Caat) [|e"[|12

+ (BE+ D) Cia€ (¢, ") + (At + AR) Coaé ("1, f71) . (461)
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Chapitre 4. Energy estimates for a finite difference scheme on the abcd system
Adding up the estimates yields

(1-CiAt) E (eﬂ+l,f"+1) < (At+AR) Co [lel | + At led|f + (1+ Coat) € (e, £7).

Thecasea < 0,b=0,c=0,d >0

In this case, the convergence error satisfies :

ef ™1+ AtD(f) ! +adtDD_Dc(f)*! = eff — AtDc (eun)? — AtDc (ef )} — AtDc (yaf)]

+3AtAxD.D_(e)] — At (e1);,

(I—dDyD-) fi*' + AtDc(e)] " = (I —dDyD-) f' = AtD. (f (ua + 5f))] — Bt (e2)],

with
TAt < Ax(1— Bo),
[u} || +a0 <71, ne0,N]

For that case, we will work with the energy functional :
E (e, f)i=dlle|fz + (=a) [|(I - dD+D-) fz ,

which is better adapted to the system corresponding to the particular values of the parameters
in view here. Of course, £ is equivalent to the energy from (4.4).

Proof of Proposition 4.31 in the case a < 0,b = ¢ = 0,d > 0. By summing up the square of the ¢3-

norm of the first equation by d, the square of the 4 norm of the second one by (—a), we get that
(thanks Relations (3.27) and (3.28))

E (e, 1) +2(a + d)Atax L ¢ IDe(f)] " + AALYIDe(f)" I + 288 (=a)dl|D+De(F)" 1y
jE
+ (=a)AP||De(e)" [ + APa%d| D4 D-De(F)" 17
< (At + AP)Cod ||€} |[F + (At + AP)Co (—a) &5 172

2

+ (14 AtCo) d ||e" — AtDc (e (up + f))! + - AtAXD, D_(e)"

2
+ (14 ACo) (—a) [[(1 —dDD-) f*|% + (At + A2) Cod ||De (naf)"[ 72

o)

n-+1 n+1 n+1y(2 n—+1y2
20t8x(d+a) DDA > —at(d = a)| DIl — at(d —a)|len

a

n (At + At2> Co (—a) 2

L
b

We notice that

Z —AtClg (en—i-l’fn—&-l) )
Using Proposition 4.33 we get that

2
(1+ AtCo)d || — AtD, (e (us + £))" + %AtAxDJrD_(e)” 22

A

< (1+C2At)d||e”]|§i.
Also, we have due to (3.20) :
2 2
|1De (naf)"|[72 < 2|[De ()" [ 111172 + 211al17=11De ()" 172 < Co€ (", f) -
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Proceeding as above, we get that :

UGS

Adding up the above estimate gives us :

< max {[| De(un)"| [, [|ual 7o, 1De(F)" o, |Lf"] 17} Caf (", £7) -

(1= Cibt) € (L, f741) < (8t + (A1) Cod [|€]]1F + (Bt + (A1) Co (—a) 3
+ (1+ CsAb) € (e", f1).

O
Thecasea < 0,b =0,c<0,d >0
In this case, the convergence error satisfies :
(et AtD(f)IH! 4+ aAtDD_Dc(f)} ™! = € — AtDc (eun); — AtDe (ef )}
—AtD, (17Af) TlAtAxD+D (e)f — At ((—:1)] ,
(4.62)

(I—dD.D_) f""! + AtD(e)i*" + cAtD . D_Dc(e)*! = (I - dD.D )f]”
—AD (f (ua+ zf))j — At(e2)7,

with
At < Ax(1— Bo),
1] + 20 < 11, n € [0,N].

Again, in order to close the estimates and prove the convergence of the scheme, we will be using
the following energy functional :

E (e, f) = (=a) [lell + (—cd) | D+(e)|Z2 + (—a) || (I = dD+D-) fz ,

which is equivalent to the one from (4.4).

Proof of Proposition 4.31 in the casea < 0,b = 0,c < 0,d > 0. In order to derive a H 1 control on
e"t1, let us apply v/ —cdD in the first equation, to obtain

V—=cdD.(e){*! + AtV —cdD De(f)] ! + v/ —cdaAtD, D D_De(f)i

=V —CdD+( ) — AtV — D+D (euA) — AtV — D+D (ef) vV — AtD+D (ﬂAf)

+ %\/—chtAxmmD,(e)]. — V=cdAtD, (&) (4.63)
We focus now on the system composed of both equations of (4.62) with Equation (4.63) in addi-

tion. We will multiply the first and second equations of (4.62) by (—a) thereafter. As before, we
square the three equalities to compute the /4 -norm.

Left hand side |[LHS"~°| |§2 . Let us observe that
A

2
e AED,(f)"™! + aAtD, DD, ()"

b=0[12 ._
ILHS" | = (a) .

2
+ (—cd) | D (e)"*! + AtD, De(f)"*! +aAtD. D, D_De(f)" |
‘A

2
—a) H (I—dDyD_) f™*! + AtD.(e)"*! +cAtD.D_De(e)"™*| .
A
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e We develop each term.

2
(—a) || + AtDc(f)"*! + aAtD D_D.(f)" ™ o
2 2 2
= (=a) [, + (—a)ar? HDC(f)”“ N HD+D,DC(f)”+1 p (4.64)
A A A
2
+ 2(—Q)AtAX Z g;,/l""ch (f)7+1 _ ZazAtAx Z €?+1D+D_DC (f);i-‘rl 4 ZazAtz HD_A,_DC (f)n-‘rl .
jez jez A
e Along with
2
(—cd) HD+ ()" + AtD.Dc(f)"*! +astDy Dy D-De(f)"| (4.65)
A
2 2 2
= (=cd) [ D ey, + (=ed) A2 | D1De(£)" ||, + (—ed) a?A82 | DD DD,
A A A
2
+2acdAr? | D4 D_De(f)"!|, —2cdntax Y Di(e)i* D1 De(f)) !
A jez
— 2acdAtAx Y D+(e);‘+1D+D+D,DC( f)]’.‘“,
jEZ
e and
2
(—a) H (I—dD.D-) f*! 4+ AtD.(¢)"*! + cAtD, D_De(e) "', (4.66)
A

+ (—a)AP HDC(e)”+1 ’

4

= (~a)[(1—aD, D) pr11

4

2 2 A2 1 2
L (A HD+D,DC(e)"+
A

2
+2acA | D1 D(e)"*! Hez +2(~a)AtAx Y (I—dD D) f1+1D, ()"
A JEZ
—2acAtAx Y fi 1D D_Dc(e)! +2acdAtAx ), D+ D—(f)i*'D.D_Dc(e); .
JEZ JEZ

Observe that the last term from (4.65) cancels with the last term of (4.66), according to Relations

(3.27) and (3.28). The same is true for } ;7 e}r."H D, (f)]"Jrl in (4.64) and Yjcz f].”JrlDC(e);.1+1 in (4.66).
Therefore, by integrating by part ) ;cz e}’”rl D.D_D.(f)"!in (4.64) and Yicz f]?”l D.D_D,(e)"!

j j
in (4.66), it yields

HLHSb:OH% > €& <en+1/fn+1> + 2a2AtijeZZ: Dc(e)]r,t+1D+D_(f);¢+1
—2cdAtAx ) D4 (e)f " D De(f)f ! +2adAtAx ) D+ D—(f)] " De(e)™*!
jEZ jEZ
—2acAtAx ) D D_(f)] "1 De(e)] .
jEZ
Young inequality enables us to lower bound this left hand side.

[LHS"O|%, > € ("1, 1) — (a? = cd +d(—a) +ac) At {||D+(e)"* |3, + D+ D-(F)" % }

> (1-C1AN E (e”H,f”“) .
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Right hand side ||[RHS""| |7, - Let us now focus on the right hand side of the squared equa-
A
tions.

[IRHS"|[%, := (—a)

2

¢" — AtD. (eup)" — AtD, (ef)" + %AtAxD+D_(e)” — AtD, (yaf)" — Atel

2
—cod HD+(e)” — AtD4 D, (e (up + f))" + %AtAxD+D+D_(e)” — AtDD, (7af)" — AtD ()"

“A
2

(I—dD,D_) f" — AtD, (f (uA + ;f))n — Ate) p
e Firstly, using Cauchy-Schwarz inequality and Propositign 4.33, we get that
(—a)
< (-a)
+ (=a) (At + AR)C | De (1 f)" [ + (—a) (A + AP)Colef

2
< (1+CAY) (=a) [|e"|[& + (At + AP) (=a)Co || De (11af)"|[ 2 + (At + AP) (~a)Co [[ef I -
e Using Proposition 4.34 and Young inequality, we get that

2

¢" — AtD, (eup)" — AtD. (ef)" + %AtAxDJrD_(e)” — AtD, (yaf)" — Atel

2
¢" — AtD, (eup)" — AtD. (ef)" + %AtAxD+D_(e)” L (1+Cont) (4.67)

A

2
—cd HD+(€>" — AtDy De (e (up + f))" + %AfAXD+D+D—(e)n — AtD.De (1af)" — AtD4 (e1)" 2

A

2
< —cd(1 + CoAt) HD+e” — AtD, D, (e(up + f))" + %Amxmml), (e)"

4
—cd(At+ AP)Co | D+ De (naf)" |72 — ed (At +A2)Co | D (e1)" |2

< —cd (MCy [le"][7 + (14 Catt) D+ ()17 ) — ed (At + AR)Co | D+ (e1)" |2

— cd(8t + A2) max { |75, 1D+ (74)" |, 11D+ De7a) 112} (1£"1% + 1D+ (F)" 1173 + 1D+D-(f)" 3 )
< —cd(At + AP)Cy ||D+(el)"||§i + (—cd)||D+e"||§i + AtGSE (€%, f1) . (4.68)

¢ Using once again Young inequality, we get that

—a|/(1—dDyD_) f" — AtD, (f (uA—k;f))n _ Atel

2

a
g—a(1+CoAt)||(Ide+D,)f”||§2Afa(At+At2)C0 DC( (uA+ f)) At+At2)C0||ez||Ez
—”(At"‘Atz)COHGz”gZ + CAtmax {1, [[up][e, |[D4-(ua)"|[e=} € (", f7) )II(I—dD+D )f”llgz

(4. 69)
From (4.64)- (4.68) we get that

£ (1, F1) (1 - Ci) < (At + AR) Col(—a) ([}, — allef 3 + (~o)d Dl %)
+ (1+ AtG) € (e, ).

444 Thecased =0,b>0

Thecasea=c=d=0,b > 0.

In this case, as for the classical Boussinesq system (the casea = b = ¢ = 0,d > 0, page 137) we
derive estimates for a more general scheme : the following 6 scheme where the advection term is
discretized according to a convex combination of n and n + 1
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4 (I=bD D) (! =) + (1= 0) D, (u)] + 6D ()] + D (3u)} = 0,

AT —uf) + (1= 0)De ()] +6Dc ()7 + 3Dc (u?)} = 2*D,D_ ()],

with
HAt < Ax(1— Bo),
U]l + 20 < T2, 1€ [0,N].

The convergence error verifies :

(I=bDyD_) (E7)] + At (1—6) De ()7 +0AtD, (f)] 7! + AtD (eup)]
+AtD, (mf) + AtD (ef); = —At (1)},

(4.70)
(F7)7 + At (1—0) D (e)] + 0AtD (¢)] ™! + AtD, (fun)} + 5 De ()7
\ = TZAtAxDJrD (f) — At ()] -
We work with
2
E (e f) = llellzz +bID+ ()i +IIf 117 (4.71)

and the proof of energy estimate (4.41) is as follows.

Proof of Proposition 4.31 in the casea = ¢ = d = 0,b > 0. We multiply the first equation by (E+)7.
The left hand side corresponds to (4.27) with ¢ = 0. We obtain

( 22) = (Ile" 17 + b 1D+ ()" %)

12
:—AtAxZ[ (F)] +0Dc ()] + De (eup)] + De (naf)} + De (ef) + (e >-} (E7);.
jeZ

n+1 2

A P b HDJr(e)”Jr1

Integration by parts (3.27) gives
2
( ) = (11 + b 1D ")

= —AtAx Y (1)) (EY)] +Atax ) [ (1=0) f +0f e (ua)] + (7a)] 7 ~|—e”f]]DC (E)!
jeZ jeZ

< At [l + AICIE (1, f141) 4 AGE (€, f7), (4.72)

2
n+1 B + b "D+(€)n+l

e

with C; and C; two constants proportional to

1
1+ Emax{l, [[upl e, [|17Alle} -

Using the second equation of (4.70), the triangle inequality along with Proposition 4.32 we get
that :

At
£, < |17 = D (Fua)" = SDc ()" + S AtAXDLD- (f)"
62
+ Bt ledll g + Bt (1=0) [ De ()"l + b6 | De (e
A
< At[lef ] + (1+CAR)[|f" ]l i3 + At (1= 0) [|De (0)"]] 2 +At9HD ”“HZZ. (4.73)
A

Thus, by adding up estimate (4.72) with the square of the estimate (4.73) we get that

(1-C3At) € (e”“,f”“) < Atef[I7 + (At + AP)Co ||} 17 + (1+ Catt) € (€7, 7).
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The casea < 0,b >0,c =d = 0.

The convergence error satisfies :

(I =bD1D-) i ™! + AtD:(f)] ™! +astD+D_Dc(f)j ™! = (I - bD,D_) e

—AtD. (eun)j — AtD. (ef )] — AtD. (af); — At (e1); (4.74)

[N+ AtD ()1 = f — AtDc (f (un + %f));? + FAtAXDD_ ()] — At (e2)",
with

At < Ax(1— Bo),
1], + 20 < T2, 1 € [0,N].

Consider the energy functional we will work with
2 2 2 2
€ (e,f) = llel% + b [IDsel% + [I£1% + (—a) [ Do A1

Proof of Proposition 4.31 in the case a < 0,b > 0,c = d = 0. Let us multiply the first equation of
(4.74) with 2€7+1 to obtain :

2 en+1

2 2
 t 2 HD+ (e) 1 Hzg +2AtAY Y De(f)1 el !+ 2aAtAx Y DL D De(f) el
JeZ JEZ
= 2Ax g (I—bDyD-)efel™ —2AtAX g [DC (eun)] + De (ef)7 + De (naf)] + (el);?] eft
] ]

< el’H—l

* b |Dee | 4B + b Dyet 2

+ 2At[| D, (e”A)7 + De (ef)7 + De (’7Af);‘1 H(ZZA et

2 +1)2
Al Aelle (4.75)

The last inequality is due to Cauchy-Schwarz and Young inequalities.
Notice that

IDe (euta)] + De (ef)} + De (af)] ;2 < CLEZ(e", f),

with C; proportional to
n n n n l 1
max {|[u ||, || De(tta)" [, |11 ]/ || De ()" e } max £, —, 1 0.

Thus, Equation (4.75) becomes

2 2
1 1 1 1 1 1
|+ HD+(3)”+ . 208 Y De(f)r et + 2aMtAx Y- D4D-De(f) ey
A A JEZ JEZ
2
< [le"||7 + b |D+e"|[72 + CIALER (e, f) [l o TO lef |72 + At ||e™+! e (4.76)
A A

Next, taking the square of the £3-norm of the second equation of (4.74) and using Proposition
4.33, we get that

2 2
fn+1H€2 4+ 2AtAx Zf]ﬁ#’lDC(e);hLl +At2 HDC(e)Vl+1
A i€z

a
1 "o 2
< (At+AF?) G ||e§|y§2A + (14 CoAt) ‘ f* — AtD, <f <uA - 2f)> - ?ZAtAxDJrD_ (N"
a
< (At+A8) Co €517z + (1+ CoAt) || f]I7 - 4.77)

144



Chapitre 4. Energy estimates for a finite difference scheme on the abcd system
When we will sum up Equations (4.76) and (4.77), both terms

E Dc n+1 n+1 and 2fn+1Dc( )n+1
jEZ jEZ

will cancel each other, thanks to Relation (3.28). We have to cancel ) jcz D+ D—_Dc(f );.”13;7“ in
(4.76) too. This is the aim of the following computation.

Appling /—aD, into the second equation of (4.74) and taking the square of the /3-norm of the
resulting equation yields (with Proposition 4.34)

~a) D (et ; +2(~a) AtAX Y D, (F) DL Do) + (~a) AP [ D Defe)

: 2
jEZ A
< (At+ AF7) Co (—a) || Dy (€2) sz
1 n 2
+ (U4 Codt) (=) [ D4 (9" = 1D, (1 (st 37 ) ) + FaroaDD.D- ()
0
(At—|— Atz) C() HD+ 62 H/Z + 1 + CgAt) ( ) HD.;_(f)nH%i + AtCy (—a) Hf”H?i . (4.78)

Adding up the estimates (4.76), (4.77) and (4.78) leads to

(1= CsAnE (e, f11) < At|ef|li; + (At +A2) Co (lle51F; + (—a) [ D3Iz )

+ (14 CeAt) E (", ).
dJ
The casea < 0,b > 0,c < 0,d = 0.
Finally, in this case, the convergence error satisfies :
(I=bD4D-)ef " + AtD(f)} " +aAtD D_D(f)j ™! = (I - bD,D-) ]
—AtD (eun)i — AtD. (ef) — AtDc (qaf)j — At (e1)7,
4.79)

fIF1 4 AtD(e)! ! + cAtDD_D(e)!! = fI' — MDc (f (ua+ 3f));
+3AtAxDD- (f)} — At (e2)],

\
with

At < Ax(1— Bo),

[ || + a0 < T2, 1€ [0,N].

In this case, we will use the energy functional :
€ (e,f) = (=) (I = bD+D-) e[|z + || flI72 + (—=a) b||D+(f)|7z -

Proof of Proposition 4.31 in the casea < 0,b > 0,c < 0,d = 0. Taking the square of the first equa-
tions of (4.79) and multiplying the result with (—c) yields

HLHSd 0|| - —C) (I—bD D )en+l 2 +(—C)At2 D (f)n-l—l 2
A +- 2 ¢ 2
A A
2 2
+ (=) aZAﬂHmD,DC(f)"“ . +2acAt2HD+DC(f)”+1 .
A A
—2cAtAx Y (I—bDyD_) e]’.““lDC(f);-“rl 2acAtAx ) e”+1D+D Dc(f)”Jrl
JEZ j€Z
+2acbAtAx Y Dy D_(e )”+1D+D D¢( f)”+1 (4.80)
jez
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Taking the square of the ¢4 -norm of the second equation of (4.79), we get that

2 2 2 2
[LHSE) 12, = ‘ o + o HDC(e)”“ .+ (car)? ‘D+D,Dc(e)”+1 |, —2cAF HD+DC(6)”+1 p
A A A A A

+ ZAtijEZZ; S Do) + ZCAtijGZZ; fH D4 D-Dc(e)i . (4.81)

Let us observe that the terms

20tAx ) fiDe(e)it! and 2cAtAx ) D D_Dc(e)i*!, in (4.81)
jez jez

and

—2acAtAx ) e 'DD_Dc(f)i*! and —2cAtAx ) (I —bD+D-)ef* ' De(f)
JEZ jEZ

7“, in (4.80)

can be lower bounded by the energy —AtCE (e" !, 1) (by using integrations by parts (3.27)
and Cauchy-Schwarz inequality) such that they do not raise any issues. In order to get rid of the
term

2acbAtAx Y D D_ (e);l+1D+D_DC ( f);f“ in (4.80) (4.82)
jez
we will apply /(—a) bD into the second equation of (4.79) and consider the square of the
ﬁi-norm of the result. First, let us compute :

2
[[LHS{O|% := (=a)b | D (£)"*! + AtD4De(e)"™*! + cAtD D4 D-De(e) ™!

2= 2

= (—a)b HD+(f)”+1H; + (—a) bAR HD+DC(6)”+1H; 4 (—a)b(cAt) HD+D+D,DC(e)"+1 ;
A A 2

+2(—a)bAtAx Y Do (f)i Do De(e) i +2(—a)beAtAx ) D4 (f) " D+ D D-_Dc(e)j ™
j€z jez

2
+ 2abeAt? HD+D_DC(e)"+1

aQ

(4.83)

Of course the problematic term from (4.82) will cancel with
—2abeAtAx ) D+ (f){ " D+DD_Dc(e)j ™
jez

appearing in (4.83). The additional term 2 (—a) bAtAXY e D+(f)]’.l+1D+Dc(e)7+1 in (4.83) can
be once again lower bounded by the energy —AtCE (e"t1, f**1) (by using integrations by parts
(3.27) and Cauchy-Schwarz inequality).

Let us now interest to the right hand side. For the first equation of (4.79), we obtain by Young
inequality
[IRHS{|[%; < (—c¢) (At +AF) Gy letll7z + (14 Codt) (=) (I = bD+D-) e"|[7z + C1ALE (e", f7) .
In the previous inequality, we have upper bounded At|| — D.(eup)" — Dc(ef)" — Dc(yaf)"| |§2 by

A

n n n n 1 1 n n
{3 1D )" e 15 e | Delra )l Y max { o o heen, )
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The second equation of (4.79) gives

2
[IRHSS=|%, < (At—i— Atz) Colle5 |7 + (1+ CoAt) ‘

f* = AtD (f (uA + ;f))n + ZAtAXD4 D (f)"

g

< (At + At2> Colles|% + (1+Crat) | £"]% .
A A
Moreover, using Proposition (4.34) we get
IRHSO 2, < (—a)b (At + A2) Co [ D} s + Cabt(—a)b LI + (14 Catdt) (=) b| D £

Putting together Estimates (4.80), (4.81) (4.83) and the upper bounds of RHS¢=, for i € {1,2,3},
we get that

(1= Cant) € (&4, f771) < (Bt + D) Co (—c) lef [ + (At + A2) Co ([l + (—ab) D31 )
+ (1+GCsAt) E (e, f1).

4.5 Experimental results

To illustrate our numerical results, we compare in this section the exact solution and the
numerical one, for several values of a, b, ¢ and d. The simulation is done by fixing [0, L] the
space domain with L = 40. Moreover, we use periodic boundary conditions. Those conditions
are not absorbing boundary conditions, which would mimic perfectly the behavior on Z, but we
fix the final time T small enough and we take the initial conditions localized enough in order to
minimize boundary effects.

The comparisons between the exact solution and the numerical one (Figures 4.2-4.7) are done
with the space cell size Ax = % and a time step At = 0.001. The convergence results (Tables
4.1-4.4) are computed with a number of cells | satisfying | € {640,1280,2560,5120,10240}. In

these tables, we choose the final time T = 2 and the time step is taken to At" = W to

te[0,¢"],x€[0,L]
verify the CFL-type condition. In the case where bd = 0, we choose the Rusanov coefficients T;

verifying 7" > [|u}i ||s~ and 73 > ||u|| s, when they are needed.

4.5.1 Linear case

First of all, we test the linear case

(I —b0%) s + (I +ad2) ayu =0,
(I = doR) 9t + (I+cd3) 0,y =0,
Mt=0 = Mo, Ujt=0 = Uo.
For that case, the discrete energy is conserved when b and d are non zero and for the Crank-

Nicolson scheme (as the one we chose previously). We illustrate this conservation in Figure 4.1.

We choose a = —%, b= %, c= —% and d = % and initialize the scheme with

3 .15/ L
no(x)—gsech (2 7<x 2)),

up(x) = 2\1@sech2 <; ; (x - ;)) .
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Section 4.5. Experimental results
For Ax = 2%, At = 0.001 and nor 7; neither 7, we obtain the conservation of the discret energy,
more or less 10711, as illustrated in Figure 4.1.

0.9714500

0.9714400

>0.9714300
=
@
<
w

0.9714200

0.9714100

0.9714000
0

0.5 1 1.5 2
time

FIGURE 4.1 — Energy conservation in the linear case

452 Caseb >0,d >0
First we consider the BBM-BBM system (2 = 0,b = z,c =0,d = 1) for which two different

exact solutions are known. The first of them is obtamed in [14] and corresponds to the exact
traveling-wave solution of [30] :

" n(t,x) = 145{ 2+C°Sh<3\/g<x_;_gt>>}sech4<310(x_§_g>>,

1 L
u(t,x) = TSSech2 <\/3TO <x —5~ gt>> .

The results are represented in Figure 4.2.

ime : t= ime : t= 0.l
5 t e : t 0000 10 i i 't e t' 0000'
exact
0 - - numerlcal
2k - - numencal
-4 0 I L i 1 . . A
0 40 0 5 10 15 20 25 30 35 40
tlme t- 1 000 time : t= 1.000
2 10 T T T T T
exact
0 - - numencal
“r - numencal
-4 L L 0 L L L . L
0 40 0 5 10 15 20 25 30 35 40
tlme t— 2, 000 time : t= 2.000
2 10 T T T T T
exact
0 - numerlcal
= s bt
s exacl
- numencal
-4 0 i L i I 1 L I
0 5 40 0 5 10 15 20 25 30 35 40

FIGURE 4.2 — Case (A) wherea =0, b = %, c=0,d= % : results for 7 (left) and u (right)

Next, we consider the exact solution obtained in [30], whose expression is

n(t,x)=-1,

e = (1) G (4 (x- b))

We choose Cs = 2 and p = 1.1 in order to construct the numerical solution. The corresponding
result can be found in Figure 4.3.
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time : t= 0.000 time : t= 0.000
-0.5 T T T T T T T 3 T T T T T T T
exact exact
— = numerical 251 — — numerical| 4
= -1 )
oL 4
15 1 1 1 1 1 1 1 151 1 T 1 1 1 n |
0 5 10 15 20 25 30 35 40 0 5 10 40
time : t= 2.000 hme t_ 2. 000
-0.5 T T T T T T T 3 T T
exact exact
— — numerical 25F
= -1 3
2+
15 L L L L L L L 15 T n |
0 5 10 15 20 25 30 35 40 0 5 10 40
time : t= 4.000 tlme t_ 4. 000
-0.5 T T T T T T T 3 T T
exact exact
— — numerical 251
= - >
2+
15 L L L L L L L 15 1 n n |
0 5 10 15 20 25 30 35 40 0 5 10 15 40
X

FIGURE 4.3 - Case (B) wherea =0,b=1%,c=0,d = % : results for 77 (left) and u (right)

In order to illustrate our theoretical rate of convergence, we perform the previous examples
with increasingly smaller space meshes. The experimental rates are gathered in Table 4.1.

Case (A) Case (B)
Ax

energy error | exp. rate | energy error | exp. rate
6.25000.10~2 | 4.48993.10° 8.51815.10~2
3.12500.1072 | 2.05132.10° 1.13270 | 4.14750.10~2 | 1.03830
1.56250.1072 | 9.80969.10~1 | 1.06450 | 2.04332.10~2 | 1.02133
7.81250.1073 | 4.79738.10~! | 1.03181 | 1.01409.10~2 | 1.01073
3.90625.1073 | 2.37234.10~! | 1.01580 | 5.05189.10~3 | 1.00529

TABLE 4.1 — Experimental rates of convergence for b,d # 0

Another example regards the case a =
[30]. The exact solution is

~Zb=17

The results are gathered in Figure 4.4 and Table 4.2.

The last example of this paragraphisa = 0,b = 1, ¢ =

exact solution writes

n(t x) =
u(t,x) = (1- g)Cs + Cspsech? <\2@ <x - == C5t>> ’

(D)

-1,

157

— _2
=5

with C; = 3 and p = 2 to obtain Figure 4.5 and Table 4.3.

and d = % which is discussed in

= —% and d = %, studied in [30]. The
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time : t= 0.000

0.6

time : t= 0.000

0.6
0.4

04t

T T T T T T
exact
A — = numerical| ] -
To2t /——\ . o2t /' \ .
0f { 0f {
L L L L

T T
exact
— = numerical| ]
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FIGURE 4.4 — Case (C) where a = —%, b= %, c= —%, d= % : results for 7 (left) and u (right)
Case (C)
Ax
energy error | exp. rate
6.25000.10~2 | 2.27860.102
3.12500.10~2 | 1.126019.10~2 | 1.01692
1.56250.10~2 | 5.612993.103 | 1.00439
7.81250.1073 | 2.847910.10~3 | 0.97887

TABLE 4.2 — Experimental rates of convergence for a,b,c,d # 0

Case (D)
Ax

energy error | exp. rate
6.25000.102 | 6.39353.101
3.12500.102 | 3.09159.10~! | 1.04826
1.56250.10~2 | 1.52031.10~! | 1.02399
7.81250.103 | 7.53884.10~2 | 1.01195
3.90625.10~3 | 3.75388.10~2 | 1.00596

TABLE 4.3 — Experimental rates of convergence for b, c,d # 0

Remark 4.35. In these four examples, there is nor viscosity T neither To. The terms b and d enable to

control and stabilize the scheme, even for the nonlinear Rusanov term, as shown in Figures 4.2-4.5.

With the previous choices of At and Ax, we recover the first order convergence, but notice that the schemes
would be second order accurate in space and first order in time. When At = Ax?, the second order is well

found.
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time : t= 0.000

time : t= 0.000
T T T T T T T 8 T T
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— = numerical exact
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FIGURE 4.5 — Case (D) wherea =0, b = %, c= —%, d= % : results for 77 (left) and u (right)

4.5.3

Casebd =0

We decide to cancel b by testing two examples. First, wetakea =b=c=0,d = %. The exact
solution is detailed in [30] :

n(tx) = —1,
u(t,x) = (1 -

(E)

0

6

i)

2 2

For Figure 4.6, we have fixed Cs = 1 and p = 2.

-0.5

In the second example, we choose the case a =
the exact solution developed in [30]

)Cs+%sech2 <f (x—L—CSt>>.

time : t= 0.000 2 i i 'time : t‘= 0.000' ‘ ‘
T T T T T T T
exact
Bl
1t 1
L L L L L L L 05 1 L L L L I L
5 10 15 20 25 30 35 40 0 5 10 15, 20 25 30 35 4
time : t= 2.000 2 i i 'tlme : t‘= 2-000' i ‘
— — numerical S 1.5F — = numerical| 4
1+ 1
L L L L L L L 05 1 L I L L L L
5 10 15 20 25 30 35 40 0 5 10 15, 20 25 30 35 4
time : t= 4.000 2 time : t= 4.000
T T T T T T T T T T T T T T
exact
e 5t [ Ral |
Bl
1+ 1
1 1 1 1 1 1 1 05 1 1 1 1 1 1 1 |
5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 4

X

FIGURE 4.6 — Case (E) wherea =b=c=0,d = % : results for 7 (left) and u (right)

We obtain Figure 4.7.

e (Y7 (L,
4sec:h 5 <x 2+ 1t
3 (V7 L

gsech 2<x—2+

0

—%, b=c=0andd = %,for which we know
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time : t= 0.000 time : t- 0. 000
. : : o
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0 5 10 30 35 40 0 5 10 30 35 40
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= exact = exact
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, . . 0 .
Ak :
= =1 exact
-1r ‘ -2 - — numerical |
2 1 1 1 1 1 1 1 73 1 1 1 1
0 5 10 15 20 25 30 35 40 0 5 10 30 35 40
X
1 1. :
FIGURE 4.7 — Case (F) wherea = —¢, b = c = 0,d = 5 : results for 7 (left) and u (right)

The experimental rates of convergence in the two cases b = 0 are gathered in Table 4.4. In all

Case (E) Case (F)
Ax

energy error exp. rate energy error exp. rate
6.25000.10~2 | 5.94214.10~2 3.62176.10~!
3.12500.1072 | 3.01052.102 | 0.98097 | 1.92823.10~' | 0.93164
1.56250.10~2 | 1.51573.10~2 | 0.99000 | 1.00366.10~' | 0.94780
7.81250.1073 | 7.60581.1073 | 0.99483 | 5.16267.10~2 | 0.95784
3.90625.1073 | 3.80985.1073 | 0.99737 | 2.63453.1072 | 0.96715

TABLE 4.4 — Experimental rates of convergence when b = 0and d > 0

the previous experimental results, the first order convergence is recovered, which matches to the
theoretical results.

4.6 Afterword : traveling waves collision

Recently, in [15], the authors simulate the collision of two traveling waves moving in opposite
directions in [—L, L] in the BBM-BBM case (¢ = 0,b = ¢,c = 0,d = 6) Motivated, by their results,
we simulated the same phenomena but for different Values of the a, b, c, d parameters.

First, we used our numerical results and performed the same experiment described in [15].
The initial condition is fixed to
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with

et (g (e 51) ) = et (5 (x e 51))
t,x) = —sech” | — | x — x4 £ =t ——sech* | — (x—xy =t} ),
1+ (t, x) 5 /10 ++5 1 /10 5

where x4 = i%.

The space domain is fixed at [—14, 14] and initially, the traveling waves are centered in x; = 7
and x_ = —7. We choose the same space size and time step as in [15], namely Ax = 0.02 and
At = 0.00001. The simulation suggest that blow-up occurs while the explosion time appears to
be around t = 4.5 as shown in Figure 4.8, result which is very close to the one obtained in [15].

We believe that it is an interesting feature that performing the same kind of experiments
for different values of the parameters suggests different qualitative behavior. Indeed, for (a =
—%, b= %, c=—%,d = 1), Figure 4.9 suggests that there is no blow-up resulting from the
collision of two traveling waves. The experiment is performed for the same value of At and Ax

as in the previous case. This time, the initial value is

with

where x4 = j:%.
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FIGURE 4.8 — Explosion for (2 = 0, b = %, c=0,d= %) : results for 7 (left) and u (right)
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QUATRIEME PARTIE

Etude de I'équation de Korteweg-de
Vries-Kuramoto-Sivashinsky
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CHAPITRE 5

Small-amplitude traveling waves for
KdV-KS with fourth order diffusion

specific dispersive-diffusive Korteweg-de Vries-Kuramoto-Sivashinsky equation is studied,
the one without the second order diffusion : 0;v + Oy (%) = ud3v — ¢otv. We exhibit the

existence of small amplitude traveling wave solution. Arquments from dynamical systems
such that central manifold theorem, bifurcation theory and Lyapunov function are used. As

an aside, a digression is made on the KdV-KS equation without fourth diffusive term, the KdV-Burgers equation :
studying traveling waves for this equation could be limited to the study of traveling waves for the well-known

Fisher-KPP equation.
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Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
5.1 Introduction (en francais)

ous nous intéressons dans ce chapitre 8 montrer 1’existence d’onde pro-
gressive (ou traveling wave) pour 1’équation de KdV~-KS dégénérée sans
diffusion d’ordre deux (i.e I'équation de KdV~ avec diffusion d’ordre
quatre)

02

010 + 0y ( 5 ) = uddv — ¢otv. (Kdv—-14)

Dans la suite, nous considérons une non linéarité plus générale
90 +9x [f(0)] = posv — ¢330, (5.1)
avec 4 > 0 et ¢ > 0 deux constantes et f une fonction convexe au moins de classe C? telle que

£(0)=f(0)=0 et f’(0)>0. (5.2)

Remarque 5.1. & D’apres les hypotheses (5.2), il existe une fonction h au moins de classe C° telle que
f(x) = x*h(x).

L’onde progressive que nous considérons a le profil suivant

o(t,x):=u <x _1Ct> (5.3)
g3

avec la vitesse c et le comportement asymptotique

lim u(¢) =u_ =0
——o0

et lim u® =0, pourie{l,2,3}.
Clim u(@) =uy <0 {—rtoo (©) P { J
—r+00

Remarque 5.2. En réalité, les hypotheses f(0) = f'(0) = 0 et u_ = 0 ne sont pas restrictives. En effet,
étudier les ondes progressives joignant u_ a u a vitesse ¢ > 0 pour I'équation

910 + 0x [§(v)] = pojv — ¢d3,

avec g une fonction C? convexe est équivalent i étudier les ondes progressives joignant 0 d uy —u_ < 0
a vitesse ¢ — §'(u_) pour I'équation

010+ 9y [f(v)] = ‘uaf’cv — gaiv

avec
f@) =8 +u)—gu)—g'u)i
L’hypothese f(0) = f'(0) = 0 est alors bien satisfaite.

Le résultat principal de ce chapitre est le théoreme suivant.

Théoréme 5.3. Onde progressive pour (5.1)

Supposons que dans I'équation (5.1), f soit convexe telle que f(0) = f/(0) = 0 et f”/(0) > 0. Il existe

n > 0 tel que pour tout u €] — 7,0, il existe une onde progressive (de petite amplitude) joignant 0 a u
et se déplagant a vitesse ¢ = %j) solution de (5.1).
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Section 5.1. Introduction (en frangais)

Remarque 5.4. Une telle solution est illustrée par exemple en Figure 5.1. Les différents parametres sont
fixés comme suit : p = 0.01 et ¢ = y%. La condition initiale est égale a la fonction indicatrice : up(x) =
%]l (x<Ly Le domaine [0, L] avec L = 20 est considéré avec des conditions aux bords de Dirichlet

u(t,0)=0.1, Vt>0 et u(t,L)=0, Vt>0.

et le temps final T est fixé a T = 80. A partir de t ~ 40, 'onde progressive semble atteinte (sous-figure
5.1(a)). En sous-figure 5.1(b), le comportement de I'onde progressive est illustré pour 40 < t < 80 et
sans surprise, le profil semble se translater dans le sens des x croissants sans changer d’amplitude. La
condition initiale ne satisfait pas u_ = 0 mais comme expliqué en remarque 5.2, cette hypothése est juste
une simplification de calcul.

=64 | 1
0.15
=48 | < 0.1
1232 M 0.05
t=16 j/\/\/-—i
-0.05
t=0 0
5
I 10 80
15 60 70

0 5 10 15 20 X204

X

u(t,x)

time

o

50
t
(a) De la fonction indicatrice a I’'onde progressive (b) Propagation de I’'onde progressive

FIGURE 5.1 - Onde progressive pour (KdV—-4) (f(x) = "2—2) - A gauche : pour 0 < t < 64, a
droite : pour 40 < t < 80

Variétés stable, instable et centrale. Comme expliqué en introduction générale, étudier
l'existence d’onde progressive revient a étudier I'existence d’orbite hétérocline entre deux points
d’équilibre. Dans l’espace des phases, 'EDO étudiée s’ecrit

FX© =FX(@©), XeRr" 54
la fonction F dépendant, entre autre, de la vitesse c et de la non linéarité f.

Afin de savoir s’il existe une orbite hétérocline joignant deux points d’équilibre X _ et X, il est
important de connaitre (au moins qualitativement) le comportement des orbites au voisinage
de ces points. Une notion qui sera primordiale dans cette étude est la notion de variétés stable,
instable et centrale, dont nous rappelons ici les énoncés (qui peuvent se retrouver dans [52] ou
[100])

Remarque 5.5. Soit le systeme différentiel (5.4) avec F un champ de vecteur régulier. Supposons que
Xo soit un point d’équilibre du systeme. On notera B , Ex et EY respectivement les espaces propres
stable, instable et central. C’est-a-dire, les espaces propres associés aux valeurs propres de partie réelle
respectivement strictement négative, strictement positive ou nulle de la jacobienne de F en X.

Théoréme 5.6 (théoréme de la variété stable/instable). Soit le systeme différentiel (5.4). Supposons
que Xo soit un point d'équilibre du systeme et que F soit de classe C¥, k > 2 dans un voisinage de X.
Alors, il existe un voisinage V(Xo) C R" de Xo et deux applications ®s : Ey — Ex @ Eg, et
D, : IE;‘(0 — ]E§(O @ ES . toutes deux de classe C¥, tels que :
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Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
CDZ'(X()) =0, DCI)Z‘<X0) =0, pOMT’i € {s,u},

Uensemble Wy = {X; + ®i(X;), X; € Ey }NV(Xo), pouri € {s,u} est localement inva-
riant par le flot associé i (5.4).

Si X(0) € Wy, alors X(¢) §—+> Xo. Si X(0) € Wx, alors X(5) — Xo.
—+00

§——o0

Si DF(Xo) n'a pas de valeur propre de partie réelle nulle, alors

Wi, = {X(0) € V(X0), X(@) —= Xo} e Wi, = {X(0) € V(X0), X(&),— Xo}.
Théoreme 5.7 (théoréme de la variété centrale). Supposons les mémes hypotheses que pour le théoreme
5.6. Supposons de plus que DF (X) a des valeurs propres de partie réelle nulle. Alors, il existe un voisinage
V(Xo) C R" de X et une application @, : B — Ey @ By de classe C*, tels que :

[ ] ®C(X0) — 0, D®C(XO) - 0,

o lensemble Wy, = {Xc+ Pc(Xc), Xc € E }NV(Xo) est localement invariant par le flot
associé a (5.4).

o SiX(¢) € V(Xo), V¢ € Ralors X(G) € Wy, . Autrement dit, W5 contient les solutions bornées
et petites dans un voisinage de X du systéme (5.4).

Définition 5.8. L'ensemble Wy est appelé la variété (locale) stable, Wy la variété (locale) instable et
Wy, la variété centrale.

Remarque 5.9. e Puisque les variétés sont définies par Wy = {X; + ®;(X;), X; € Ex } N
V(Xo), pouri€ {s,u,c} ondit que W est tangent a I'espace propre Ey .
o Les variétés stable et instable sont uniques par contre, il n'y a pas toujours unicité de la variété centrale.

Nous utiliserons principalement le troisiéme point du théoreme de la variété stable/instable :
si la trajectoire part d"un point initial situé sur la variété stable, elle converge dans le futur vers
le point d’équilibre. Si elle part d’un point initial situé sur la variété instable, c’est qu’elle pro-
vient dans le passé du point d’équilibre. Pour ce qui est du théoreme de la variété centrale, nous
utiliserons principalement le dernier point : les orbites bornées du systeme global (5.4) sont des
images des orbites sur la variété centrale. Connaitre la dynamique de la variété centrale permet
donc de connaitre la dynamique bornée du systeme global (5.4).

Méthode suivie. Nous détaillons ici la méthode suivie pour montrer I’existence d"une orbite

hétérocline de petite amplitude € := |u_ — uy| < 1. Nous rappelons que dans l'espace des
phases notre systeme du premier ordre s’écrit
d

dféX(C) = F(X(%), XeR

et que 'orbite joint les états d’équilibre X_ et X a vitesse c. Nous projetons ce systéeme sur
la variété centrale afin de réduire sa dimension. Il faut toutefois nous assurer que les points
d’équilibre X _ et X appartiennent bien a cette variété centrale.

Dans un premier temps, il est nécessaire de montrer qu’il existe des solutions qui «dé-
collent» du point d’équilibre X_ (ce qui n’est a priori pas évident puisqu’il s’agit justement
d’un point d’équilibre). Nous utilisons pour cela la variété instable : les trajectoires situées
dessus proviennent dans le passé de X_. Il nous faut donc prendre une trajectoire telle que
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Section 5.1. Introduction (en frangais)

X (0) appartienne a cette variété instable et, par le théoréme de la variété instable, nous avons
lim X(¢) =X_.

{——o0

Il faut ensuite montrer que la trajectoire dans le futur issue de ce X(0) est bien globale (pour
que sa limite quand ¢ — +o0 ait bien un sens). L’existence de cette trajectoire est assurée par le
théoréme de Cauchy-Lipschitz. Pour montrer sa globalité, nous montrons qu’elle reste confinée
dans un domaine «piege» et utilisons le théoréme de sortie de tout compact (théoreme 5.52).

Il nous reste a construire ce domaine invariant. En nous rappelant que nous nous sommes
restreints a I’étude des ondes de petites amplitudes € := |u_ — u| < 1,nous étudions le systeme
limite correspondant a € = 0. Ce systeme possede une orbite homocline et nous étudions son
devenir lorsque le systeme est perturbé par €. Le compact invariant qui va piéger la solution est
dans ce cas obtenu par la combinaison de 'étude de cette bifurcation d’homocline et par une
fonction de Lyapunov globale.

La derniere étape consiste a montrer la convergence vers I'état d’équilibre X . Nous résu-
mons ci-dessous ces étapes.

Etapes clés : preuve de I'existence d’une orbite hétérocline

e Détermination du systeme autonome de degrés 1 dans I'espace des phases
e Réduction du systéme par projection sur la variété centrale
e Preuve gu’il existe une solution X qui «décolle» de X_, par le théoréme de la variété instable

¢ Quitte a étudier les ondes progressives de petite amplitude, étude de 'homocline du systéme limite
singulier (lorsque u_ = uy)

e Etude de la bifurcation de 'homocline quand I'amplitude 1 — u varie

e Preuve que la solution X est globale par étude des lignes de niveau d’'une fonction de Lyapunov
globale et par le théoréme de sortie de tout compact

e Convergence de la solution vers I'état d’équilibre X

e S >

Organisation du chapitre. La section 5.2 a pour but d’étudier les points d’équilibre du sys-
téme et de déterminer ceux qui sont attractifs et ceux qui sont répulsifs. Nous utilisons en section
5.3 la méthode du systéme augmenté qui consiste a considérer la vitesse de propagation comme
une variable du systéme afin de créer une variété centrale. La projection sur la variété centrale
correspond a la section 5.4. Nous montrons en section 5.5 que le systeme limite correspondant a
uy = u_ posséde une homocline qui correspond a celle de KdV avec temps rétrograde et mon-
trons qu’elle se transforme en une orbite hétérocline pour le systéeme perturbé, cf sections 5.6 et
5.7.

Nous finissons par une petite digression sur 1’équation (KdV - B) en section 5.8. En remarquant
que le systeme autonome de (KdV - B) dans l'espace des phases correspond a celui de 1'équa-
tion de Fisher-KPP (sous-section 5.8.1), nous montrons les résultats d’existence d’ondes progres-
sives pour (KdV - B) déja connus mais en nous ramenant a I’équation de Fisher-KPP. La encore,
nous remettons a 1’échelle les ondes progressives afin que les coefficients de 'EDO dans 1’es-
pace des phases soient de 1’'ordre de 1'unité en cherchant une onde progressive sous la forme

o(t,x) =u (x\;}ﬁf) .

162



Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
5.2 Speed of propagation and equilibrium points

The ansatz u necessary satisfies the following EDO
—al @)+ f @) = Fu@) —uhQ), R
An integration of the previous EDO combined with the asymptotic behavior at —co give
—eu@) +f@) = Fu¥@) -uVQ), ter, 55)
which gives the following relation for ¢ and f, when ¢ — +o0

c = fluy) (5.6)

Uy

Remark 5.10. We recall that c is well-defined since u < 0. Notice that in our case (uy < u_ and f
convex such that f(0) = f'(0) = 0and f"(0) > 0), the speed c is negative. Indeed, the convexity of f
implies the growth of the function

g:xr—>{f(xx)' ifx 70,
£(0), ifx=0.

Hypotheses f'(0) = 0 and u < 0 conclude on the sign of c.

As explained in Section 5.1, the first step is to transform the EDO satisfied by the ansatz u by
a first-order autonomous system in the phase space

u u'
L v u” . (5.7)
g \ » Lu" +cu— f(u)
g3

Remark 5.11. The rescaling by g% in the ansatz (5.3) enables to determine the weights of dispersion with

respect to diffusion. Indeed, the resulting term 1y in the autonomous system must be of zero-order so

c3
u® = O (¢?). Thereafter, we denote A := 45 > 0 and one has A = O(1).
c3
Let us first have a look on the equilibrium points of that autonomous system.

Proposition 5.12. System (5.7) has two equilibrium points (0,0,0)! and (u,0,0)".
e The point (0,0,0)" is a saddle point with W(uo,o,O) (respectively WE;O,O,O) ) its unstable manifold (resp.
stable maniflod). Moreover, one has
dim (WFO,O,O)> =2 and dim (W(so,o,o)) =1
e Whereas the point (u4,0,0)" is a saddle point with

dim (WEAM,O,O)) =1 and dim (WELI+,O,O)> =2.

c 0 A
characteristic polynomial writes x(x) := —x3 4+ Ax? + c. We denote x; for i € {1,2,3}, the (real

010
Proof. e For the point (0,0,0)" the jacobian matrix of the linearized system is (O 0 1 ) and the
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Section 5.3. The extended system and the small amplitude hypothesis
or complex) roots. Vieta’s formulas give relations between these roots and the coefficients of yx :

X1+x2+x3=A>0, (5.8a)
X1X2 + Xox3 + x1x3 = 0, (5.8b)
X1x2x3 = ¢ < 0. (5.8¢)

Relation (5.8c) implies x1, x2, x3 # 0.
Let us first suppose that there exist one real root, say x;, and two complex conjugate roots, say x;
and x3. Since xpx3 = R(x2)? + F(x2)? > 0, Relation (5.8¢c) implies x; < 0. Relation (5.8b) gives

2010 (x2) + R(x2)* + F(x2)* = 0.

Hence, the real part of x; (and x3) must be positive.
In the case where all the roots are real, there are necessary one non positive root, say x; < 0 and
the other roots have the same sign, say x» and x3, according to (5.8c). Thanks to relation (5.8b),
we conclude that

x1(x + x3) = —x2x3 < 0.
The sum x; + x3 is then positive and we conclude that x, > 0 and x3 > 0.

In a nutshell, in all cases, there are two roots with positive real part and one root with negative
real part, Proposition 5.12 is a straightforward consequence.

0 1
e For the point (u,0,0) t the jacobian matrix of the linearized system is 0 0
c—f'(uy) 0 A
We recall that the tangent to a differentiable convex function is always below the function, it
yields

0
1

F(x) 2 fu)(x— i) + f(uy), VreR
Fix x = 0 in the previous inequality (and f(0) = 0) gives (f/(0) > 0 thus the inequality is strict)

flug) < f'(us)us
then (since 4 < 0)
u
e flun) =T puyy o
Uy
The previous argumentation made for the point (0,0,0)" is thus valid for (u,0,0)" provided that
we change ¢ < 0 into ¢ — f'(u) > 0. The sign of the roots are so reversed. O

5.3 The extended system and the small amplitude hypothesis

Our aim in this chapter is to prove the existence of an orbit, solution of (5.7), connecting
(0,0,0)" to (u4,0,0)". It is nothing else than proving the intersection between the unstable ma-
nifold of (0,0,0)f and the stable manifold of (u,0,0)!. Thus, we are looking for the intersection
of two 2-dimensional surfaces in a 3-dimensional space. Moreover, these 2-dimensional surfaces
depend on ¢ and u, then the intersection seems difficult to prove by topological arguments.
First of all, we overcome this ordeal by bringing back the system to a well-known situation : the
situation near (0,0,0)". This is why we consider only small amplitude traveling waves which
correspond to limiting our study to the orbits near (0,0,0)".

The second idea to overcome this issue is to consider the following extended (or augmented)

system
/

u u

d u/ u//

dg | u" | 7 | AW+ cu— f(u) (59
c 0
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Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
instead of System (5.7). The «extended system» method is an usual hint in fork theory, for
example in [52] or in the study of homoclinic bifurcations in [71]. Studying the existence of the
ansatz u is then equivalent to studying the existence of an heteroclinic orbit connecting (0, 0,0, ¢)*
to (u4,0,0,c¢)!, solution of the extended system (5.9).

Thereafter, we will focus our attention only on small amplitude traveling waves, which means
|uy —u_| < 1. Our choice of u_ = 0 implies |u; | < 1. This condition feeds back into the speed
of the traveling wave. Indeed, Relation (5.6) together with the small amplitude hypothesis imply

o = 10

> ur|+0@ul) < 1.

For the case of (KdV™- 4) equation, the non linearity is f(u) = ”72 then ¢ = % and we immedia-
tely see that a small amplitude |u, | < 1implies a small speed of propagation |c| < 1. The choice
of a small amplitude traveling wave (and thus a small traveling speed) enables us to deal only
with local orbit near (0,0,0,0)". This observation will be essential and spearheads the reduction
on the center manifold (cf Section 5.4).

Hereafter, we note
E:=|c|=—-c>0,

and introduce a small parameter € > 0. The extended system will be studied in the phase space
R3 x (—7,0) where 7 > 0 and (—7,0) is a neighborhood of 0 in R~ and rewrites

u u

d u/ u//

ac | " | | Au" —eu— f(u) (5.10)
—€ 0

Proposition 5.13. There exists (—n1,171) C R a neighborhood of 0 with 11 > 0, such that, for o €
(—11,11), there exists a unique 2 (c) € R such that f(;;?(gf))) = 0. Moreover, it holds
e 2°(0) =0,and linb@ = L with h introduced in Remark 5.1,

o

~ h0)
eifc <0, 2(0) <0,
e if c defined by (5.6) belongs to (—11,11), 2 (¢) = us.

Proof. e We reuse the function g introduced in Remark 5.10
g:=R"—=R

oo 112
X

This function is extended by continuity to R by defining ¢(0) = f/(0) = 0 and ¢'(0) = @ #0
and is so of class C!. Since f is a C? function, strictly convex in a neighborhood of 0. Thus, g is an
increasing function locally around 0, say in (—#1,#1), with 73 > 0.
By the bijection theorem applied on (—#,71), there exists a unique 2 (¢) € R such that
(X (o)) = f(;;i(%)) = o for 0 € (—n1,11). Since g(0) = 0, then by unicity of 27(0), one has
2°(0) =0.
e Moreover, the function / introduced in Remark 5.1 verifies 2 (0)h (2 (0)) = 0. It gives, for all
cg#0,h(Z(0)) #0and

Z (o) 1
o (Z(0)
The previous relation enables to compute (lrig(l)%@ = h(lT) (it is well-defined since h(0) = f ”2(0) #

0).
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Section 5.4. The center manifold reduction

e Furthermore, ¢ < 0 means g(2(¢)) < g(0) and the increasing of ¢ in (—#1,%1) leads to
Z (o) <0.

e To conclude, if ¢ € (—11,%1), Equation (5.6) of ¢ and the unicity of 2"(c) imply 2" (¢) = uy. O

Remark 5.14. For the (KAV ™ - 4) equation, the non linearity is f(x) = "72 and the existence of the
function 2 is trivial since 2 (o) = 20.

Henceforth, we fix 7 small enough to have (—#,0) C (—#1,11)-

Proposition 5.15. The extended system (5.10) has two types of equilibrium points : (0,0,0,0)" and
(2 (0),0,0,0)" with o € (—1,0). Furthermore, we can report the dimensions of the unstable, stable and
center manifolds for each points

dim (Wihg0,) =2 dim (Wigee) =1 and dim (Wye0) =1,
and

dim (W 0)000)) =1 dim (W o00)) =2 and - dim (W 0000 ) = 1

Proof. e The jacobian matrix of (0,0,0,0)" is , with the following characteristic

©oq oo
oo -
> = o
o oo

0 0 0
polynomial x(x) := —x [—x> + Ax? + ¢]. In the brackets, we recognize the characteristic poly-
nomial of the point (0,0,0)" for System (5.7). We have already proved that there are two eigenva-
lues with a positive real part and one negative real part eigenvalue.

0 1 0 0
e The jacobian matrix of (2°(¢),0,0,0)" is 0 01 0 with the characte-
Y o—f(Z(e) 0 A Z(0)
0 0 0 0
ristic polynomial x(x) := —x [—x®>+ Ax? +0 — f/(2(0))]. The only difference is the sign of
o — f'(Z(0)). Indeed, the definition of 2 (¢) leads to ¢ = f (5? ((U'T))) and the convexity of f im-

plies @ — f'(x) > 0 as soon as x < 0 (this argument has already been used in the proof of
Proposition 5.12). Since ¢ € (—#,0), one has

c— f'(Z(0)) > 0.

The signs of the eigenvalues are thus reversed with respect to the (0,0,0, o)’ -case. ]

5.4 The center manifold reduction

We will use a method detailed for example in [52] to compute the projection of our system
on the center manifold. We first decompose the extended system (5.10) into a linear part (around
(0,0,0,0)") and a non linear one

u 01 0 O u 0
df« | [00 10 u 0
ag v ] {00 A Of]|u T —eu — f(u)
—€ 00 0O —€ 0
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Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
The linear part corresponds to the matrix

o O -

0
1
L:= A

o O OO
o O O O

0 0

The rest (i.e the non linear part) corresponds to the function

u 0

u' 0
Bler 7 | e s

—€ 0

5.4.1 Study of the linear part

Before investigating the center manifold, we have to determine the center (and unstable)
eigenspaces of the linear part L.

Proposition 5.16. The matrix L has two eigenvalues 0 and A\ whose characteristics are as follows.

o The eigenvalue A is a simple eigenvalue.

o The eigenvalue 0 is an algebraically third eigenvalue but a geometrically double one : there is only two
linearly independents eigenvectors and we have to consider the generalized eigenspace

# 0\ /1\ /0

E* -— G A d IEc,generalized -5 0 0 1
(0,0,0,0) *= Span 1 an (0.0,0,0) := Span ol 1ol |0
0 1 0 0

Proof. e The two eigenvectors associated to 0 are {; := (0,0,0, 1)t and {» := (1,0,0, O)t. In order
to complete the generalized center eigenspace we choose a vector (3 such that £{3 = {>. We can
fix 3 := (0,1,0,0)".

e The eigenvector associated to the eigenvalue A is {4 := (%, %,1,0) g
O

Remark 5.17. The center manifold reduction for the linear part is nothing but a decomposition in Jordan
blocks of the matrix L.

The basis ({1,2,(3,{4)" satisfies
L1 =0, L{H=0, L3B=0, Lii=Al.
The dual basis is (7, (3,3, ;)" with

0 1 0 0
0 0 1 0

g* = ’ Cé = 1 |- gék = 1| g* =
' 0 Az —A ! 1
1 0 0 0

By definition, they verify
L'zy=0, L=z, L£'g=0 L7 =A0
and <€z’, 5]*> =0y, V(i,j) € {1,2,3,4}, where LT is the transpose matrix of L.
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Section 5.4. The center manifold reduction
Proposition 5.18. Let X be a point in the phase plan R® x (—n,0). If (u,u’,u", —€) are its coordinates
in the canonical basis and («, B, 7y, 8)" its coordinates in the new basis ({1, (2,3, ()" then

(0 = —¢, B o
Bp=u u ”_/3*'/}52'
_AZI /: v
o and W=+ A (5.11)
Y=u _X/ u//:51
o =1u" —€=u.

5.4.2 Projection on the center manifold
According to the center manifold theorem (Theorem 5.7), there exists a function @, satisfying
®.(0)=0 and DP(0)=0 (5.12)
such that the center manifold verifies

, lized
Wirono) = {Xe+ @ (Xo), Xe € E(ni!™ and @ (X.) € o0 b

Remark 5.19. Thanks to Properties (5.12) of ®., a Taylor expansion gives the following relation

D.(X,) = <X/O1 D2®,(sX.) (1 — s)ds X> .

c,generalized

Hence, there exist two functions B. and Y. defined on ]E(O,O,O,O) such that
De(X.) =1 (Xe, Be(X.) X.) (5.13)
and, forall e € R
P (eX.) = (X, Bc(eX() €X,) = €2 (X, B:(eX,) X.) =: eZ‘I’C(Xc;e). (5.14)

Since IEESYS"OEB”)HZM = Span {{1, {2, 3}, this suggests that the only non zero component of ®. is the

(4 direction.

Remark 5.20. Thus there exists ¢ defined on R3, such that, for X, = «l1 + Bl> + 73 € ]Ezgfglrg’g;lized,

O (Xe) = gc(—a, B,7) 04

By abuse of notation, we equally use ®. or ¢.. The same is true for Y.(X;€) or Yc((—a, B,v);€) and
B:(X.) or Be(—w, B,7v)-

If X € W(Co,o,o,o) with X = a1 + B2 + v{3 + (4, one has the following decomposition

X =al1+ Bl + 73

and
0= (—a,B,7).

The function ®, cancels in (0,0,0,0) by definition but also in some other points, as detailed
in the following property.
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Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
Proposition 5.21. Let 0 € (—1,0) and 2 (o) be the unique real such that ! (;EV(ET‘T))) = 0 (as defined in
Proposition 5.13), then the function ®. satisfies

®.(—0,0,0) =0, Vo € (—1,0), (5.15a)
{ P (—0,2(0),0)=0, Yoe(—y,0). (5.15b)

Proof. The equilibrium points of the extended system are (0,0,0,0)" and (2(¢),0,0,0)" for

€ (—1,0) in the canonical basis of R* (according to Proposition 5.15). Thanks to the change
of coordinates (5.11), theses equilibrium points write, in the ({1, {2, {3,{4) basis, (¢,0,0,0)! and
(0, Z (0),0,0)".

These equilibrium points correspond to stationnary trajectories around (0,0,0,0)" and so
belong to the central manifold W(o 0,0,0)7 thanks to the central manifold theorem, Theorem 5.7.

Thus, the relation 6 = ®.(—a, B, y) is valid for the equilibrium points and it gives (5.15a) and
(5.15b). O

Once projected on the central manifold W(o 0,0,0)7 the augmented system (5.10) becomes

d
d—ge—O
f(B+ =G
ddg B+ ﬁ (Zf’v) n ( - ) (5.16)
d €,B €q)c(€r,31r)/) f (ﬁ—l— eﬁry )

The 6 coordinate satisfies the EDO
d €d 0
o= (B )

Remark 5.22. The previous system can be rewritten in the form of a linear part and a non linear one

0
€ 00 0 O € <1>Ee oesn
+
dlB|_(0010 B N ﬁ+eq>c(e,ﬂ,7)+f(ﬁ A )
|\ 000 0Jtx eﬁ+e¢c(€ﬁ'y)+f<5+®c( )
0 000 A/ \d

P lep e p(pis)

The linear matrix corresponds to the decomposition in Jordan blocks of L as already mentioned in Remark
5.17.

Remark 5.23. Since the equilibrium points which we are interested in, namely (0,0,0,C)t and
(u4,0,0,0)" = (2(c),0,0,c)!, belongs to the central manifold, our goal is to exhibit an heteroclinic
orbit from (c,0,0)! to (c,u+,0)t = (¢, Z'(c),0)" in the («, B, v )-frame.

5.4.3 Foliation in «

The projection on the central manifold enables us to reduce the system from a four-
dimensional system (5.10) to a three-dimensional one (5.16). Moreover, we have
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Section 5.4. The center manifold reduction
Hence, we can consider only leaves of a foliation successively : we fix x = —é(= c), with
€ € (0,17). The autonomous system is reduced to a two-dimensional one

d 5 ed.(ep) (PTG
0155:7+/€\ﬁ+€ (Z4ﬁv)+ ( - )

d e coepm f(BHHEE)

TN A3 A

(5.17)

Proposition 5.24. There exists a neighborhood of 0, called (—12,12), with 1, > 0, such that, for € €
(—12,12), the only two equilibrium points of (5.17) are (0,0)" and (2 (—€),0)!, with X" the function
introduced in Proposition 5.13

Proof. The equilibrium points of (5.17) verify

—0,
e [/3+®C(if'7>} +f<l3+ (Af 7)> =0

Since we have supposed f(0) = 0 in Hypothesis (5.2), equilibrium points correspond to (B,0)"

2

such that |
gy B0 o _é:f(ﬁﬁ’ff;f'm)
’ v o
that means
o q’(j\f‘” w0 B cp(f\fe) = 2(-¢). (5.18)

We denote &z the set of equilibrium points in the (B, )-frame. Based on the above consideration,
one has

é%::{([ﬁ,O)tele,suChthat ,3+q)c(izﬁ'0)20 or [S—l—q)c(i'f'o):%(—é)}.

First and foremost, (0,0)" and (2" (—¢€),0) belongs to &; thanks to Property 5.21. Let us demons-
trate that &; is reduced to these only two points. We define two functions on IR?

D.(x,y,0
f1<x/y) =y+ (AZy );
d.(x,vy,0
Fa(x,y) —y+(A2y ) — 2 (—x).

Both functions are continuous, because of the continuity of 2" and ®.. They satisfy J; (0,0) =
F2(0,0) = 0 since 2°(0) = 0, ¢f Proposition 5.13. Moreover, the condition D®.(0) = 0 in (5.12)
implies 9,71(0,0) = 9,F2(0,0) = 1. The implicit function theorem gives the existence of a neigh-
borhood of 0, called (—1#2,%2) with #, > 0 and a unique function B;, for i € {1,2} such that:
foralle € (—12,12),

pr 2P _gpomie) and oy PP o) o=,
Then, the equilibrium set verifies
{(0,0)",(2(=6),0'} € & C {(#1(8),0)', (P2 (¢),0)' }
For a fixed € = ¢, the unicity of P; and P, implies P1(€) = 0 and Pr(€) = 2 (—€), and
Proposition 5.24 is proved. O
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Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
Thereafter, we diminish # if necessary in order to have (—#,%) C (—#1,%71) N (—#2,12)-

Remark 5.25. In the (B, y)-frame, our goal is to connect (0,0)" to (2(c),0)! = (u,0)! by an hetero-
clinic orbit.

5.4.4 Blowup of the system : a singular change of coordinates

The equilibrium points (0,0)" and (2°(—€),0)" are actually very closed because € corresponds
to a small parameter. In the asymptotic case € — 0, they are even equal. As explained in Section
5.1, to encapsulate the solution in a trapping region and prove that it is global (step 6 of key
guidelines, page 162), we choose to study the asymptotic regime and its related homoclinic orbit.
We have to blow up the system in order to distinguish as much as possible both equilibrium
points and to cancel their dependency into €.

We perform the following singular change of coordinates

1.0 C
X(¢) =7 <\/g> (5.19)

which leads to the two-dimensional system

¢

e ((1,X,VEY)e)
A2

é EY);e 2 &2 EY);e
n <X+ TE((l,i;fY), )) I (éX—l— ‘Pc((l,/?\(éfy), )>] . (5.20)
x | e ((LXVEY)e) | 4 e¥((1,X,V/EY)e) 2 ¥ ((1,X,VEY)e)

We recall that ¥, is defined in Remark 5.19 and % in Remark 5.1

4 = Y+W[X+

=

Proposition 5.26. For € € (0,7), with € # 0, there exists only two equilibrium points for (5.20) : (0,0)*
and (@,O)t. Moreover, (0,0)" is a saddle point (respectively (ﬁ 0)! a stable spiral) for € € (0,71).

Proof. e The equilibrium points verify

Y =0,
X4 €Y. ((1/,\)2(,0);6) n (X . €Y. ((1A)2(/0);é))2h <éX N 29, ((XZX,O),é)> _o
The definition of & in Remark 5.1 leads to
Y =0,
X—i—é‘FC((1 X,0);¢) =0 or f( X+w) = —¢.
A2 X + ez‘f’c((l X0))

that means, by definition of 2" in Proposition 5.13

Y=0
€Y. ((1,X,0);6) €Y. ((1,X,0);6)  2Z(—e)
{X+ Az =0 or X+ A2 - .
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Section 5.4. The center manifold reduction
By defining the two functions

x¥:((1,y,0);x)

-7:1<x;]/) :]/+ A2 7
x¥.((1,v,0); x X (—x
Falxy) =y + C((AZ ix) Ex ).

One has F1(0,0) = % (0, —h(l—o)) = 0 because alclgb ’%SX) = ﬁo) thanks to Proposition 5.13. Mo-

reover, one has too 9,71 (0,0) = 9,7,(0, — h(lio)) = 1. We conclude the proof thanks to the implicit
function theorem, exactly as the same guidelines used for Proposition 5.24.

e To demonstrate that (0,0)" is always a saddle point, we compute the jacobian matrix at (0,0)" :
ﬁ O _% 1 + O =2
U \E (€%) VEE\/AINFO(7)
c =3 2A2
*+0(e) o (62)
origin is thus a saddle point for the perturbed system.

. The eigenvalues are and have an opposite sign. The

e Since ¥, ((1, ‘%(é_é),O);é) =0and h (2 (—€)) = ﬁ (thanks to Remark 5.19, Propositions
Ve =3 =2
B} t Y4+ 0lez) 1+0 (€

5.21 and 5.13), the jacobian matrix at (M,O) is ( A2 ( > ( )) . The eigen-

‘ ~-lyo@ o (é%)
Eti /AN O(E)

2A2

values are , thus implies that this equilibrium point is a stable spiral. O

Remark 5.27. The square root \/4A3 + O(€) in the latest line of the previous proof is always well-defined
since, A\ is non negative, its order of magnitude is one and € < 1.

Remark 5.28. In the (X, Y')-frame, our goal is to connect (0,0) to (££,0)" = ({—9, 0)! by a heteroclinic
orbit.

Remark 5.29. Numerically, with the same parameters, the same initial condition and the same Dirichlet
boundary conditions that those chosen for Figure 5.1, the desired heteroclinic orbit in the phase space is

illustrated in Figure 5.2. Since f(x) = %z in this example, 2 (c) = 2c and we want to connect (0,0)" to
(—2,0)%

0.5}

du/d¢
@

-0.5¢

FIGURE 5.2 — Heteroclinic orbit : traveling wave in the phase space in (X, Y)-frame
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Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
5.5 Singular limit system

We consider first the limit case where & = 0 in (5.20). The singular limit system rewrites

;gx Y,
i X X0 FeR. (5.21)

This limit system has fruitful properties, for instance, starting with its hamiltonian structure.

Proposition 5.30. The limit system (5.21) is an hamiltonian system whose Hamiltonian is given by

A =R*— R
(X,Y)HJ\(Xth(lO))Z—Fl;z—};(i)(X—Fh(lO))?) (5.22)
This function is constant along trajectories of limit system (5.21).
Proof. For ¢ € R, one has
7 (x@.Y©) = 3 (x@ h(lo) %@+ vov o -"2 (x@+ ) X©
= L X@X@) ~ "PR@X @)+ Y@Y'©)

We recognize also the hamiltonian structure of limit system (5.21)

d
d

O]

A particular level curve of # is the one goes through the origin which corresponds to the
level G Ah( - Actually, this level curve corresponds to an homoclinic orbit as described in the
following property.

Proposition 5.31. There exists a homoclinic orbit (X"™, Y™\t at the saddle point (0,0) for the limit
system (5.21). This homoclinic orbit crosses the X-axis in (—%(O),O)t and corresponds to the solitary
wave with a unit speed for the weighted KAV equation

(vhom)2
2

90" + 21(0)0, ( ) + Ad3vM™ = 0.

t
The other equilibrium point of (5.21) is the center (—%, 0) .

Proof. e First of all, jacobian matrix at (0,0)" writes <(1) é) with characteristic polynomial

A

2 — 1. The origin is thus a saddle point with eigenvalues — N and — f <0.

x(x) =x
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Section 5.6. Perturbed system : a homoclinic bifurcation
e Moreover, let v be the solitary wave at speed one of the weighted KdV equation, then its
ansatz " (t, x) = u""™ (x — t) satisfies

"

—adon 1 h(0) ()4 A (o) o,

We fix
{X’wm(@ = (),

YIU(E) = (um) (=§),

then, (Xhom, Yhom)t verifies the limit system (5.21). Then there exists an homoclinic orbit since

yhom Q.
—+oo

e The homoclinic orbit coincides with the isoline of level ¢ Ah( GAR(O) of JZ. It passes through the X-
axis in (0,0)f or (—W,O)t.
0

t
o The other equilibrium point is (— h(lio)' 0) . The jacobian matrix at this point is < 1 (1)> Since

K
the eigenvalues are pure imaginary numbers : +-i—, the equilibrium point ( %, ) is a center.

O]

\/7/

We have represented in Figure 5.3 those particular orbit of level ———~and the level curves of

the Hamiltonian /7.

6Ah(0)

FIGURE 5.3 — Level curves of the Hamiltonian 7 in the (KdV - 4) case (h = %) and for A =1-
The blue curve corresponds to the level 2 and the red one to the homoclinic orbit

5.6 Perturbed system : a homoclinic bifurcation

Thereafter, the main issue is to determined what happens to this homoclinic orbit when we
consider the total system (5.20) with parameter é # 0. There is no reason why the unstable
manifold WFO,O) should still intersect the stable manifold W(So,o) and therefore, this homoclinic
orbit splits in two. The question then is to identify the mutual positions of W(lf),o) and W(so,o)' We
follow the Melnikov method, introduced by Melnikov in 1963.

First and foremost, from the homoclinic orbit when é = 0, ¢f Figure 5.4(a), there are two

possible scenarios : W is on the inside of W(SO’O), scenario 1 ¢f Figure 5.4(b), otherwise W(”OIO)

is on the outside of W, o), Scenario 2 cf Figure 5.4(c).
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1 1 1

0.5 0.5 0.5

0 > 0 > 0
05 -0.5 -0.5
-1 Bl B
-3 -2 -1 0 -3 -2 -1 0 -3 -2 -1 0
X X X
(a) Homoclinic orbit when € = 0 (b) W(uo,o) is on the inside of W(SO,O) (o) W(uo,o) is on the outside of W(SO,O)
(Scenario 1) (Scenario 2)

FIGURE 5.4 — Two possible scenarios from the homoclinic orbit

In order to connect (0,0)* to (@,O)t (i.e (—2,0)" in Figure 5.4) in the future, the unstable
manifold of (0,0)! must not pass through the stable manifold of (0,0)" (otherwise, the homoclinic
orbit persists). Thus, the stable manifold plays the role of a fence that blocks solutions of the
system (5.20) from crossing it. The mutual positions of W(uo,o) and W(SO,O) are then determining
in the existence of the traveling wave. For instance, the first scenario, for which WE‘O’O) is on the

inside of Wy, f Figure 5.4(b), seems to give the best way to reach (‘%_(CC),O)t (ie (—=2,0)" in
Figure 5.4) from (0,0)" without crossing the top fence Wioo)-

Remark 5.32. However, notice that studying the mutual positions W(“O,O) and WE;O,O) alone is not suffi-
cient to determine the existence of the traveling wave. There may be pathogenic cases as those presented in
Figure 5.5. Although the scenario 1 seems to be the ideal case, the solution may not converge to ({—(CC), 0)!
(i.e (—2,0)" in Figure 5.4) as illustrated in Subfiqure 5.5(a). We can imagine an other situation where the

solution converges to (%7(;) ,0)! (i.e (—2,0)" in Figure 5.4) while scenario 2 occurs, see Subfigure 5.5(b).

0.5 0.5

-0.5 -0.5

-3 2 - 0 -3 2 - 0
X X

(a) Not favorable scenario 1 (b) Favorable scenario 2

FIGURE 5.5 — Pathogenic cases

To exclude these pathogenic cases, we will use a global Lyapunov function, cf Section 5.7.

5.6.1 The Melnikov integral

In this subsection, we recall the main ideas of the Melnikov method, detailed for example in
[71] and [51].
Consider a two-dimensional system with parameter
d

d?X =F(X;9), X=(X,X) €R? 8cR, (5.23)
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Section 5.6. Perturbed system : a homoclinic bifurcation

where F := (F, F)" is C® smooth. Suppose moreover, that, when ¢ = 0, this system has a hy-
perbolic saddle point X§"¥¢ (i.e a saddle point with no zero eigenvalue of the jacobian matrix at
X3mdley and a homoclinic orbit Tg. Let & € R + X1™ (&) be a parametrization of this homocli-
nic orbit. Eventually, suppose that, for ¢ small enough, equilibrium persists and there exists (an
other) hyperbolic saddle point X354/,

Fix & = 0 and consider T the cross section going through X2 (0). This local section is
directed by n(X™(0)), the unit normal to Ty at X/ (0). Since, this section ¥ is orthogonal to
the tangent of the homoclinic orbit at X" (0), one has

1 ~R (X§(0);0)
IF (X ();0) 11\ B (X5 (0):0)

Remark 5.33. Notice that the orientation of the normal n(X " (0)) is chosen for the basis
(£(XPom(0)), n(XA™(0))! to be «positively» oriented, when t(Xh™(0)) stands for the tangent of the
homoclinic orbit at X1 (0).

n(Xg""(0)) = (5.24)

Let us now perturb the homoclinic orbit with a small parameter &. Consider X} (respective-
ment X7%) the intersection between the stable manifold W;mdh, and the section X (respectively
4

between the unstable manifold W}"(Sm,g and the section X).
9

Remark 5.34. Even with ¢ # 0, both stable and unstable manifolds pass through the local cross section X,
thus both points X3 and X are well-defined. Indeed, . is orthogonal to I'g then the intersection between
W;sadd,e and X is a transversal intersection. The same is true for the intersection between W;Sﬂdd,e and X.
0 0
Recall that a transverse intersection is robust : a transversal intersection is stable after a small perturbation,
of [41] for example. Then, when X is substituted by X3¢, the stable/unstable manifolds WS adater
0

W}”(aadd,e are substituted by W;{soadd,,_,, W;%addle and the transversal intersections are preserved.

Remark 5.35. The definition of X and Xy are illustrated in Figure 5.6. We have chosen a reparametri-
zation of T such that X1 (&) = 0) corresponds to the intersection between the homoclinic orbit Ty and
the x-axis. The normal vector corresponds here at the horizontal exterior normal vector (in blue in Figure
5.6).

1
05 S
Xz?
> 0
n \
u
0.5 X g
-
3 2 1 0

FIGURE 5.6 — Definition of points X} and X} — The normal vector is represented in blue.

We introduce then a function which enables us to measure the displacement (i.e the distance)
of the invariant manifolds W;Sﬂdd,e and W;Sadd,e, a detailed presentation could be found in [92].
9 9

Definition 5.36. Let (—13,13), with 53 > 0 be a neighborhood of 0. We define .#, the split function
(also called the separation function) by

M = (—173,173) — R
8 (XX, n(XE"(0)) ),
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Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
when X5X% corresponds to the vector from X% to X' and n(X1°™(0)) the normal vector defined by (5.24).

Remark 5.37. Note that Feng and Hu in [47] define their split function by Ay(¢) := <X”Xf9, (X’g"’”(g))>.
And thus, for &y = 0, one has Ay (0) := .4 (9).

It would be very difficult to compute exactly this split function, but the idea of Melnikov was
to compute the first terms of a Taylor expansion,

M(O) = A (0) + g2 (0)8 + O(8?).

The existence of the homoclinic orbit at @ = 0 implies .#(0) = 0, the second term dy.#(0) is

called the Melnikov integral and we can compute it exactly, as stated in the following proposition,
cf [92] or [71].

Proposition 5.38. Consider a two-dimensional system
d

dg with X = (X,Y) € R%L 9 € R,

having at © = 0 a saddle equilibrium point X" and a homoclinic orbit Tg. Let & € R +— X" (&) be a
parametrization of this homoclinic orbit. Then, the Melnikov integral is equal to

—+o00

. (0) = /

—00

{exp - ["aivr (xim(010) ag] | F (xi(@0) noaF (X (@):0) o

where
divF = (axFl + asz) and FAJdyF = (Flalng - anlgFl) .

We can conclude on the mutual positions of the invariant manifolds as follows.

Corollary 5.39. e If dy.# (0)0 > 0, the unstable manifold is on the outside of the stable manifold (scena-
rio 2 of Figure 5.4(c)).

o If 99.#(0)8 < O, the unstable manifold is on the inside of the stable manifold (scenario 1 of Figure
5.4(b)).

Remark 5.40. In the conclusions of our Corollary 5.39, we recognize the conclusion of Theorem 9 of [47].

Remark 5.41. There exists a way to define Melnikov integral for any dimensional system. First, note that
{exp [— foé divF (X’é"m((f);O) dC] } F (XS””(C);O) A dgF (X’S"WC);O) could be rewritten in terms

of a scalar product

{exp [~ ["aive (xg(00) ]} 11F (xin 000) Il ( (x5 (@) ouF (X @050) ).

Secondly, notice that {exp [— fo(: divF (X’gom(g);o) dg} } ||F (Xh”m( ); ) ||n (Xhom(é)) is the
unique (within a scalar multiple) bounded solution (called z(&) therafter) of the adjoint equation

d t 2

GZ=—A (6)Z, ZeR?

with A({) := DxF (Xh"m(é) ) the jacobian matrix of F (with respect to X) at X = X" (&) and
¢ = 0. We can extend the definition of Melnikov integral to any n-dimensional system by defining

(2(2),90F((X{"(2);0) ) d.

—+o0

99.1(0) = [

More details can be found in [71].

[oe]
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Section 5.6. Perturbed system : a homoclinic bifurcation
In the particular case of a 2-dimensional Hamiltonian system, the computation of the Melni-
kov integral is significantly simplified thanks to the following proposition, proved in [71].

Proposition 5.42. Consider a two-dimensional system endowed with an Hamiltonian structure at ¢ = 0

;:X: J(VA)(X)+0g(X), X=(XY)ecR,0cR

with | = (_01 é) and V. = (9xH, 9y ), having at © = 0 a saddle equilibrium point X3

and a homoclinic orbit Tg. As before, let & € R + X" (&) be a parametrization of this homoclinic
orbit but in the hamiltonian case, we can also described the homoclinic orbit in terms of level sets of
A :To = {X € R? suchthat 7 (X) = (XF)). Assume the interior of T is the domain
QO := {X € R?, such that #(X) < (X)), Then the Melnikov integral along T is equal to

99.4(0) = /Q (div g) (X, Y) dXdY.

5.6.2 Study of the homoclinic bifurcation

We substitute /€ by ¢ in (5.20) in order to reduce system (5.20) to the classical form (5.23)
studied in the previous subsection

X =F(X,Y;9),
(5.25)
d—gY =hk(X,Y;0),
with,
1V Y, ((1, X, 19Y);192)
F1(X,1/;z9):1/+P X+ N
2
Y, ((1,X, 19Y);192) 5 Y, ((1,X, 19Y);192)
- (X + e h|9° X+ e ,
2
02¥((1,X,0Y);6%) 2 ¥ ((1,X,8Y);6%)
NS S (2. 220100 <X+ e ) h(“” A
2( s Ly - X A3 A

If necessary, we diminish 5 such that (—#,7) C (—#1,11) N (=12, 12) N (=13, 13).
To apply the Melnikov method, we have to verify that there exists a saddle point X5 for ¢ # 0.
However, the origin (0,0)" is always a saddle point, thanks to Proposition 5.26, then

xspddle — (0,0), Vo € (0,7).

We will apply Proposition 5.38 in our case. Since the limit system has an Hamiltonian struc-
ture, cf Proposition 5.30, one has

OxFy (X" (&),0) 4 ayF (X"™(&),0) = 0.

Melnikov integral is nothing but

+o00

20.0(0) = [ (RasE: — Bdoky) (X1 (0), Y™ (2),0) e, (5.26)

—o0

178



Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
Thus, it yields

dsFy (X, Y,O) = z +
8191-"2 (X, Y; 0) =0.

Menikov integral becomes in our case

20t (0)= [ -, (Xé’om(e) + 1(0) (x’aow)z)zdc <o.

Since ¥ = /€ > 0, Corollary 5.39 implies that the scenario 1 of Figure 5.4 is occured.

Remark 5.43. As explain in Proposition 5.30, our limit system (5.21) is hamiltonian. However, the per-
turbed system (5.20) is not exactly as those studied in Proposition 5.42, since in our case, the perturbation
g still depends on ©. However, at first order in 8, one has

d 8 )
2
dy_ X XH0)

Green'’s theorem implies

[ taivg) xvyaxay = [ (g (3@, i @) n (X, @) ) e,

where n (XA (&), Yiom(&)) is the exterior normal to Q) at point (Xi™(Z), Yo (g)) . We recognize the
same relation as before

w0 =~ [ L [xtmi@) 40 (xim @)’ e

5.7 Global «weak» Lyapunov function : elimination of pathogenic
cases

As mentioned in Remark 5.32, scenario 1 alone does not ensure the convergence to the equi-

librium state (@, 0)!, with € = —c. We have to exclude pathogenic cases illustrated in Figure
5.5. Pathogenic case of Subfigure 5.5(b) is automatically excluded since the unstable manifold is
in the inside of the stable manifold. It means that we have to justify that the pathogenic case of
Subfigure 5.5(a) fails : this is the aim of this section.

5.7.1 A global «<weak» Lyapunov function

Let us return to the initial coordinates of the system (5.7) in phase plan (u,u’,u”)".

179



Section 5.7. Global «weak» Lyapunov function : elimination of pathogenic cases
Proposition 5.44. Let c € R, define the following function

L= R® — R
x? X3
(x1,%2,x3)" c%—ﬁ(xl)—kAf—xgxz

with F a primitive of f. Then, Z. is decreasing along trajectories of System (5.7).

Remark 5.45. By abuse of language, we call £, a «weak» Lyapunov function because of its decrea-
sing along trajectories and the fact that £,(0,0,0) = 0. We do not impose £.(x1,x2,x3) > 0 for

(xll X2, x3)t # (O/ O/ O)t

Proof. We multiply by u’ the EDO satisfied by the ansatz, Equation (5.5). Denote a primitive of f
by .#, it holds

B [A(uz)z] = (") + (")

It yields

We recognize in the left hand size the derivative d%,,%(u(é ), u'(&),u"(¢)).The conclusion of Pro-
position 5.44 is straightforward. O

The successive changes of coordinates correspond to the following relations

c= —F,

(@) — ex(veg) + XL XWED), VEVIVED) )
w (@) = ebv(veg) + XL X(ED, VEV(VER))E),
u’(8) = &Y. ((1, X(VEg), VeY (Veg));e).

(5.27)

The function .Z. can be defined also in the (X, Y)-frame, as follows.

Definition 5.46. We define the function £¢ such that
Le:=R*—>R

(X, V) éiée <€X L XL X Vi) gy, XX, verlie) oy (q,x, \/EY);€)> :

N? ’ A
Explicitely, it becomes

((1LX, ; 2¥ . ((LX,\/€Y)se)
) - KO (o )
€ 7 - 2 €3

+ é <Y_|_ Vete((1, X, \/EY)}€)>2 —Y.((1,X, \/Ey);€> <\/EY—|— e¥:((1,X, \/EY);€)> ‘

2 A A

Let us focus on the behavior of £(X, Y), essentially on the X-line, for the asymptotic case € — 0.
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Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
Proposition 5.47. Let Xy € (—oo, —ﬁo)) and w > 0 such that (Xo — w, Xo + w) C (—oo, —ﬁ),
there exists Vx,(0) a neighborhood of 0, which depends on X, such that for all € € Vx,(0), the restriction

of £e at the X-axis :

R —+ R
X — £:(X,0)

is decreasing on (Xo — w, Xo + w).

Proof. e Let us first study the limit case € = 0. By definition of .%#, one has

29 ((1,X,0); e2¥.((1,X,0);
d(ﬂ(e)@rs (0 >e>)) _f(eX—i—— (%0 >e>> (Heach(u,x,o);e))

dXx €3 €? A2

Thanks Remark 5.1, we know the asymptotic behavior of this derivative when € — 0

F (ex + €X((LX0)e)
d ( ( A? > :th(o)

lim —
613’(1) dX 63

Due to the previous calculation, we state

2¥.((1,X,0);¢)
d ‘ d F <€X 4 Sl LRl A2 ) )

Since h(0) > 0 (we recall that h(0) = @ with f strictly convexe in a neighborhood of 0),

X — £0(X,0) is decreasing on (—oo, —ﬁ) U (0, +00).

e Then, for the perturbed case, assume Xy € (—o0, — )). Since (—oo, —ﬁ) is an intervalle on

)
which the limite case restriction is decreasing, there exists w > 0 such that (X — w, Xo + w) C
(—o0, — ﬁ) and a neighborhood Vx, (0) of € such that the restriction X — £¢(X,0) is decreasing
on (XO —w, Xy + a))

O]

5.7.2 The trapping region

This subsection is devoted to prove that the orbit is trapped in a compact () defined in Corol-
lary 5.49. First of all, we exclude the pathologic cases.

Let us assume that there exists an orbit which realizes the pathogenic case on Sub-
figure 5.5(a). More precisely, we denote (X(&),Y(¢))! the solution of System (5.20) from
(X(0),Y(0)) € Wio0)- The unstable manifold theorem, Theorem 5.6, implies automatically

that (X(¢),Y(&))! {;’H (0,0)!, hence, we only have to check the behavior of the solution in the
—

future.

In the limit case € = 0, the transversal intersection between the homoclinic orbit (X" (&), Yhom (g))t
and the X-axis, say at { = &, implies the existence of &; > 0 such that (X(&;),Y(¢1))! (solution
of (5.20)) crosses the X-axis. Without loss of generality, we can assume that X(¢;) belongs to a
neighborhood of X} (¢), since & < 1.

Remark 5.48. This transversal intersection argument has already been used in Remark 5.34, to prove the
intersection of the perturbed unstable manifold and the X-axis, i.e the existence of XY, idem for Xj.
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Section 5.7. Global «weak» Lyapunov function : elimination of pathogenic cases

Assume, moreover, that the solution again crosses the X-axis in the future in ¢, > ¢;, with
X(&2) < X(&1) (as illustrated in Subfigure 5.5(a)). As before, the smallness of € enables us to
suppose that X (&) belongs to a neighborhood of X[ (¢&).

On the one hand, one has

Le(X(62),0) > Le(X(61),0). (5.28)
Indeed, Proposition 5.31 implies that (X" (&), Y (&))! = (—%(0), 0)f. We fix
Xo = __5 € (—o0 —L] and w such that X (&), X(&2) € [—i —w —i%—w]z
0 T 2m(0) " h(0) Vs 2h(0) 7 2h(0)
in Proposition 5.47. If necessary, we diminish € in order to —%@ +w < —h(l—o). Thus, there
exists V_ . (0) a neighborhood of 0 such that, foré € V_ . (0), the restriction X — £:(X,0) is
decreasing on [—%(0) - w, _TBEO) + w].
On the other hand, one has
Le(X(82),0) < £e(X(1),0). (5.29)

Indeed, the non increasing of .Z_; along trajectories, cf Proposition 5.44, implies

G2 1 G2 i G2 1 1 61 i 61
$—€ = =) = < $—€ = =) —=))
(M(ﬁ)u(\@)u(ﬁ)) (M(ﬁ)u(\@)u(\@))
Relation (5.29) comes from the definition of £z : £:(X(¢),Y(&)) = élﬁf,é(u(%), u’(\%), u”(%)).
We obtain a contradiction between Relations (5.28) and (5.29). The pathogenic case of Subfi-
gure 5.5(a) is hence impossible.

Hereafter, we fix the section X in the X-axis direction in Remark 5.34 and then, X i@ = (Xf@, 0)

corresponds to the intersection between the stable manifold W(SO 0) and the X-axis, with ¢ = /€.

Corollary 5.49. The solution (X,Y)" is confined in a compact Q) whose three boundaries are
(X/ Y)/ ’g € <_°°/ 61]/
(X X(E1)]

and
W(So,()) AR~ xRT.

Proof. Previously, we have demonstrated that the solution can not cross the segment [Xf/g, X(&1)]
(with (5.28) and (5.29)).

As soon as u” # 0, the «<weak» Lyapunov function is decreasing. However, there exists (at least)
a time {3 such that 1" (&3) # 0 on the trajectory, there excludes the case when the solution crosses
W(SO’O) NIRRT x RT, (since in that case, the stable manifold theorem implies the convergence of the
solution toward (0,0)" in the future). There also excludes the periodic cases (when the solution
crosses itself again). Then the solution is stricly in the inside of Q). ]

Remark 5.50. The «weak» Lyapunov function £¢ may also be used to study the global bifurcation of the
homoclinic orbit instead of the help of Melnikov integral. Indeed, to eliminate the unfavorable scenario
(scenario 2) in Figure 5.4(c) and to prove that only the favorable scenario (scenario 1) in Figure 5.4(b)

occurs, we could proceed as follows. Let (Xi/g' 0) and (X%, 0) be the two points defined in Remarks 5.34

and 5.35, with & = /€. Since £¢ is decreasing along trajectories (cf Proposition 5.44 and Definition 5.46),
one has

Sé(Xi/E’ 0) > ,25(0) and 8@(0) > £§(Xu\/g, 0)
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Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
Therefore, it holds £z(X° -,0) > £:(X",0).

\/E’ \/E/
However, for € small enough and w such that Xf/g, X”\‘/E - (—%(0) —w, —%(0) + w)z, £z is decrea-
sing along (min(Xi/E, X%),max(){i@, X”\/E)) (cf Proposition 5.47). Only the case, Xi‘/g < Xi’/g is thus

possible, which bans the scenario 2 of Figure 5.4(c).
We are now able to demonstrate the main theorem, Theorem 5.3

Proof of Theorem 5.3. We recall the classical arguments to prove the existence of a traveling wave
for (5.1). These guidelines are significantly the same than those used in [73] to study the traveling
wave solution of one-dimensional non conservative hyperbolic system :

e proof of the existence of a local solution around (0,0)" (by Proposition 5.51)

e extension to IR of the existence region of the solution (by Corollary 5.53)

e convergence (with oscillations) towards (@, 0)! (by Corollary 5.55)

Let us diminish # to have (—#,%) C (—=n1,171) N (=n2,12) N (=n3,13) NV __3 (0). Let€ € (0,7).

2h(0)

Proposition 5.51. There exists a trajectory (X,Y)!, defined locally on an open set around (0,0)" and
which converges to (0,0)! when & — —oo.

Proof. We consider the Cauchy problem composed of System (5.20) and initial condition
(X(0),Y(0)) € Wio0)- By Cauchy-Lipschitz theorem, there exists a unique maximal solution

(X,Y)! defined locally around (0, 0)!. Moreover, the unstable manifold theorem, Theorem 5.6,
implies automatically that (X(¢), Y(&))! C—> (0,0)". O

——00

Thereafter, (X, Y)" will denote this solution.
2 (—€)

Our aim is then to prove that (X,Y)’ converges to (—=~,0)" in +oc0. A first step consists of

demonstrating that the previous solution can be extended on IR.

We recall the well-known «Compact break» theorem, see for example [100],

Theorem 5.52 («Compact break» theorem). Let (a,b) C R be an open set and f : (a,b) x R" — R"
continuous and locally Lipschitz in its second variable. Let y be a maximal solution defined on (§_,Z+) of

the Cauchy problem
{ X' = f(& x),

x\t:o = Xp.

If ¢+ < b then y leaves any compact set as ¢ approaches to & i.e for any compact set O3, y(&) ¢ Q) for &
sufficiently close to ¢ . The same result occurs for ¢ —.

Corollary 5.53. The maximal solution (X,Y)" is global.

Proof. The maximal solution is trapped in the compact (), thanks to Corollary 5.49, then it is
global by the «Compact break» theorem. O

The maximal solution (X, Y)! is then defined on R and confined in a compact subset : the
hypotheses of the following theorem are all true, see [100].
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Section 5.8. Afterword : Traveling waves for KdV-Burgers equation
Theorem 5.54 (Poincaré-Bendixson theorem). Given an autonomous system in R

Let x(¢) be a solution which stays in a compact set for all {. Then either x(&) converges to an equilibrium
point when ¢ — +o00, or it converges to a single periodic cycle.

Corollary 5.55. The maximal solution (X,Y)" converges in the future to (%(gé) ,0)f.

Proof. By the Poincaré-Bendixson theorem, we have to eliminate the periodic cycle case and the
homoclinic case (when (X, Y)! goes back to (0,0)"). However, the (strict) decreasing of %, in some
intervals along trajectories excludes the convergence to a periodic orbit and the convergence to
the fixed point (0,0)". O

Then we have achieved to connect the unstable equilibrium (0,0)’ to the stable equilibrium
Z (—¢)

(@,O)t. Moreover, the traveling wave oscillates around (=—==,0), since the equilibrium

2(=¢) ,0)! is a stable spiral (see Proposition 5.26).

€

point (

We have achieved to connect (0,0)" to (@, 0)! in the (X, Y)-frame. The change of coordi-
nates (5.27) implies the connection between (0,0,0,¢)! and (u4,0,0,¢)" in the (u, v/, u”, ¢)-frame
(thanks to Proposition 5.21 and relation 2 (¢) = u). O

5.8 Afterword : Traveling waves for KdV-Burgers equation

A little aside concerning the Korteweg-de Vries-Burgers equation,
Uz 2 3 —
0tV + 0y 5 )= A0V + 1oyo, (Kdv~-B)

with A > 0 and p > 0, is studied in this section.

As before, we focus on the traveling wave solutions and prove their existence and behavior.

Remark 5.56. Bona and Schonbek in [21] have already answered this question. But their proof is more
"geometrical” and constructive than ours. And, it would be interesting to mention our proof which makes
the link between the KAV~ -Burgers equation and the well-known Fisher-KPP equation.

Desired traveling wave solutions have the form

o(t,x):=u <x\;;t> ,

where u is the ansatz and ¢ > 0 the wave speed. The traveling wave also satisfies the asymptotic
conditions

Clirgmu(é) uy, and gliri\oou (&) =0, forie {1,2}.

Remark 5.57. We are interested in traveling wave relevant to an heteroclinic orbit, therefore, we suppose
Uy #u_.

The following result is the main theorem of the section.

Theorem 5.58. Traveling wave for KdV - Burgers equation

e If uy > u_, there does not exist a traveling wave of speed ¢ > 0 connecting u_ to u.

184



Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
o If uy < u_,there exists a traveling wave of speed c > 0. Moreover, this traveling wave

- decreases monotonically to u if A2 > 4u(u_ —c)
- and has an oscillation behavior around u. if A < 4u(u_ — c).

Remark 5.59. Notice that Theorem 5.58 is the one proved by Bona and Schonbek in [21]. However, their
oscillations occur around the unstable state u_ whereas for our case, they occur in the future, around u..
This difference results in the initial equation. Bona and Schonbek study

o

ai.‘vl‘f‘ax < 2

> + yaivl = Aaivl,

whereas we focus on the equation
v3 2 3
at'()z + ax E = )\axvz + ,uaxUZ-

In both cases, parameters A and y are non negative. Since v (t,x) = —v1(t, —x), the behavior of the
solutions are reversed.

To illustrate numerically Theorem 5.58, we choose A = 0.1 and two dispersive parameters
pop =105 oru = 0.54(;_‘72. The first verifies A2 < 4u(u_ — ¢) and the seconde A? >

4(u_—c) —c)
4u(u_ —c). We fix u_ = 1 and u4 = 0 and initialize the scheme with
1, ifx< E,
_ 2
Upg =
0, ifx> L
7 —_— 2 .

Finally, we fix the space domain to [0, L] with L = 50, the boundary conditions to Dirichlet
conditions and the time domain to [0, 40].

=0 A
20 4 \\/{m

04
054 0
0 % 024
40 t 20 40

X 60 0

v(t,x)

0 t
X 60

(a) Strong dispersion y = 10.54(1372%) (b) Weak dispersion i = 0.54(1372%)

FIGURE 5.7 — Traveling wave solution for the KdV ~-Burgers equation

5.8.1 From KdV-Burgers equation to Fisher-KPP equation

Note that the ansatz u necessary satisfies the following EDO, where ' stands for the derivation
with respect to § = x —ct,

(@) + () @) = (@) +u"(@), EeR
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Section 5.8. Afterword : Traveling waves for KdV-Burgers equation
It follows immediately by integrating between —co and ¢ that

A / 11
—clu—u_)+ =—u +u". (5.30)
T

When ¢ — o0 and since u; # u_ (¢f Remark 5.57), we obtain a relation between the asymp-
totic states 1+ and the speed c:

Uy +u_
==
Rearranging some terms in (5.30) gives
A —u_
w' oy Ly 2T (=2(c—u_)+(u—u-)).

Vi 2

Let us now perform an affine change of variables combined with a rescaling in ¢ by defining

V) = gy ( o 5) T

Remark 5.60. Since c = “3"= with the hypothesis uy. < u_, the difference c —u_ = "““5"= is negative
and the previous change of variables is well defined.

This new variable y verifies the asymptotic behavior

lim (&) =1, lim (&) =0 and lim y'(¢)=0

E——0o E—ro0 {—rdoo

and the following well-known equation

Al
i+ T Y Sy (5.31)

We recognize the EDO satisfied by the ansatz of a traveling wave of speed

A 1
0= —/|—
\/ﬁ c—u_

>0,

solution of Fisher-KPP equation.

Remark 5.61. The Fisher-Kolmogorov-Petrovsky-Piskunov equation, Fisher-KPP equation hereafter, de-
rived in 1937, is a model of species dynamics with diffusion and logistic growth [48, 68]. We consider here
the dimensionless equation, namely the diffusion constant, the growth rate of the species and the carrying
capacity are all equal to one. Therefore, this equation takes the form

0,0 — 320 = v(1 — 0).
A traveling wave moving with speed o > 0, say y(x — ot), satisfies the following EDO

—oy' —y" =y(1-y)

and we recognize (5.31) with 0 := % \/Z

Proving the existence of a traveling wave for Fisher-KPP is hence enough to prove the exis-
tence of traveling wave solution of KdV~-Burgers equation.
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Chapitre 5. Small-amplitude traveling waves for KAV-KS with fourth order diffusion
Proposition 5.62. There exist traveling waves with speed o, solutions of Fisher-KPP equation connecting
(1,0)! to (0,0)". These traveling waves decrease monotonically if ¢ > 2 and have an oscillatory behavior
fo<o<2

Proof. This proof is initiated in Section 13.2 of [85] and is detailed in Appendix C. ]

Proof of Theorem 5.58. Thanks to Proposition 5.62, there exists a monotone traveling wave so-

A 1

lution for KdV-Burgers equation if o = iy e 2 2. This traveling wave is oscillating if

_ A 1
U—ﬁ _c—u_<2‘ OJ
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CHAPITRE 6

Stability of the traveling wave for the

KdV-KS equation

65 he study of the traveling wave for KdV-KS equation, initiated in Chapter 5, is pursued by the

diffusion term.

question of the stability of this traveling wave. By using Evans function, we prove numerically
that this traveling wave seems to be spectrally stable for the degenerate KAV-KS equation wi-
thout second order diffusion term and for the degenerate KdV-KS equation without fourth order
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Chapitre 6. Stability of the traveling wave for the KdV-KS equation
6.1 Introduction (en francais)

ne fois que l'existence d’ondes progressives est prouvée, une question na-
turelle est de déterminer la stabilité de ces ondes : c’est le but de ce chapitre.
Il s’inscrit dans la suite du chapitre 5 et nous étudions les mémes équations :
I'équation de KAV~ avec diffusion d’ordre quatre

2
0 + Oy <Z’2) = 130 — cotv, (KdV—-4)

avec u > O et ¢ > 0, ainsi que I'équation de KAV~ -Burgers (I"équation de KAV~ avec diffusion
d’ordre deux)
2

0t + 0y < 5 ) = /\aiv + yaiv, (KdV~—-B)

avec A > 0etyu > 0.

Nous nous focaliserons sur la stabilité spectrale, qui revient a linéariser 1’équation autour de
I'onde progressive et déterminer le spectre de 1’opérateur linéarisé associé.

Définition 6.1. L'onde progressive est dite spectralement stable, si le spectre de I'opérateur linéaire associé
n’intersecte pas le demi-espace C = {p € C : R(p) > 0}\{0}.

Il nous faut alors étudier le spectre de cet opérateur et plus particulierement, son spectre
discret (I’ensemble des valeurs propres isolées). Pour cela, nous avons choisi d’étudier numéri-
quement la fonction d’Evans. Il s’agit d"un outil qui permet de localiser les valeurs propres d'un
opérateur de dimension infinie et donc qui généralise d'une certaine maniere la notion de po-
lyndme caractéristique. Si cette fonction s’annule sur C;, il existera une valeur propre de partie
réelle strictement positive : I'onde progressive ne sera pas stable.

En tracant numériquement les fonctions d’Evans, pour les deux équations étudiées (KdV - 4)
et (KdV™-B), Figures 6.2 - 6.3 - 6.4 pour 1'équation (KdV - 4) et Figures 6.5 - 6.6 - 6.7 pour
(KdV™- B), elles semblent ne pas s’annuler en dehors de 0 et les ondes progressives étre stables
pour ces équations. Néanmoins, un calcul théorique de la fonction d’Evans sur le demi-espace
C; serait nécessaire pour conclure catégoriquement quant a la stabilité spectrale des ondes pro-
gressives.

= R >

Organisation du chapitre. L’analyse faite dans ce chapitre est principalement prospective et
’accent est mis sur la résolution numérique des fonctions d’Evans considérées.
En section 6.2, nous rappelons l'obtention de I'opérateur linéaire associé a l'onde progressive
dans le cas général. Nous rappelons aussi les différents éléments qui décomposent un spectre
(sous-section 6.2.2.1) ainsi que la définition de la fonction d’Evans (sous-section 6.2.2.2).
Nous appliquons en section 6.3 ces différents rappels a I’équation (KdV - 4). L'algorithme utilisé
pour calculer la fonction d’Evans est détaillé en section 6.4.
Finalement, I'étude de stabilité est effectuée sur I'équation (KdV - B) en section 6.5.

e R >
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Section 6.2. Linear stability and the Evans function : a revue
6.2 Linear stability and the Evans function : a revue

A natural approach to juge the stability of the traveling wave is to study the behavior of the
solution near the traveling wave : it is the linearized stability analysis.

6.2.1 From the PDE towards the p-dependent first-order dynamical system via the
spectral problem

Consider the generic PDE
00 +0x (f(v)) = L, 22,000 (6.1)

with £, 5 any linear operator (depending on ¢ and o, fori € [1,n], n € N) and f any non
linearity. Suppose that (6.1) possesses a traveling wave u and consider a solution v with the
following ansatz
o(t,x) =9(t,x —ct),

with

O(t,x —ct) :=u(x —ct) +w(t,x — ct),
the variable @ appears like a very small perturbation of the traveling wave. As for Chapter 5, we
denote by ¢ the change of coordinates x — ct and the ansatz o thus satisfies the following PDE

90 — €950+ 9¢ (f(9)) = L1, 3,1 (9),

which rewrites at the first order in term of @ (since u is the traveling wave)

d
atw - Ca(;‘w + w?g (fl(u)) + f,(u)a(:w — £t/a§,a%’m’agw. (62)

By introducing a perturbation of the form @(t, x — ct) := eP'w(x — ct), with p € C, the previous
equation becomes the following eigenvalues equation

pw—cf;g er;ij (f'(u)) +f’(u);5w = ﬁt,f—g,g,. P
The problem may be reformulated in a spectral problem
Mw=pw, peC, weH"'(R), (6.3)
with M the following linearized operator
M=~ (F @) I+ (= F0) 4Ly o
‘: dC b g2’ agh

In the previous expression, I stands for the identity operator.

The spectral problem (6.3) may be rewritten in term of a p-dependent first-order dynamical
system

d
d?W(g) =A(p,O)W(E), (0,8 ECxR, (6.4)
RN
where W := (w, %’, ‘;%", o, ’ilc,,lf{’) and A(p, ¢) is the companion matrix associated to the linea-

rized operator M.
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Chapitre 6. Stability of the traveling wave for the KdV-KS equation
Remark 6.2. There exists a classical method to study the stability of the traveling wave. We heuristically
detail the cornerstones of this method. From Equation (6.2), we obtain

¢ — 0z + Jg (Df ' (u)) = Lid,32,..000-
By taking @ = 0g¥ and integrating the equation, we obtain
0t — O + f'(u)d¢y = Lo,V

We then have to multiply by §j and integrate it to get

;t/myz2 /f// d(j ()dC /( ta,ag,...,agy_> (&)g(g)dg.

In most cases, [ (ﬁt,ag,ag,...,agy) (&)y(&)d¢ is signed. Moreover, f"(u) > 0 because f is supposed to be a

72
convex function. If the traveling wave u is monotone, we may conclude about the finiteness of [, % (Z)d¢.
In our case, the oscillations of u prevent us to use that classical method of stability study and we need to
study the spectral stability.

6.2.2 Spectrum of linearized operator M

We consider M as an operator on L?(R) whose domain is H" (R).

Remark 6.3. Hereafter, we denote o (M) (resp. 0pss(M) and 04i5.(M)) the spectrum of M (resp. the
essential spectrum and the discrete spectrum). We recall the definition of spectrum, essential spectrum and
discrete spectrum

o(M) = {p € C: M — pI does not have a bounded inverse},
Oaisc(M) := {p € C : p is an isolated eigenvalue},
Oess(M) := o (M)\yisc(M).

Definition 6.4. The traveling wave u is said to be (spectrally) stable if
(M) {p € €, R(p) = 0} = {0}.

According to the previous definition, we have to understand more in details both essential
and discrete spectra of M to study the spectral stability of the traveling wave u.

6.2.2.1 Essential spectrum

We define two limit matrices

Ai(p) = lim A(p, ), peC.
==
In the same way, we may associate two limit operators M. A comprehension of the spectrum
of these two limit operators enables to better understand the essential spectrum of M, according
to [53] or [88],

Proposition 6.5. The essential spectrum of M contains the region inside or on the curves o (M) and
o(M_) and does not intersect the region C\{o (M) U o (M_)} which includes the right half-plane.
We call hereafter this region C .
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Section 6.2. Linear stability and the Evans function : a revue
6.2.2.2 Eigenvalues of M and Evans function

There exist different definitions of Evans function, introduced first by Evans in 1972 [46]. An
overview of these possible definitions as well as connections between them can be found in [11].
According the designation of [11], we use in this section the «mixed» Evans function definition.

We suppose that A (p) := ghrf A(p, &) has k eigenvalues with negative real part and n — k
—» 00

eigenvalues with positive real part. We denote E? (p) (respectively E% (p)) the k dimensional
stable (respectively n — k dimensional unstable) subspaces of A (p). We may choose ®; ;. de-
caying solutions of (6.4) such that

% (p) := (im Span {@1,+(0,8), P2,1-(0,8), s Pis (0, )}
E% (10) = CEIPwSpan {cbl,f (P/ é)/ qDZ,— (P/ g)/ ey anfk,f (P/ é)} :

Consider now the adjoint ODE
dng(C) =—[A(p, Q)" Z(&) = -Z'(O)A(p,E),  (p.) ECXR, (6.5)
where § = R(p) — iS(p) and [A(p, &)]" = [A(p, )] is the adjoint matrix.

Likewise, [A(p, )] has always k eigenvalues with negative real part and 1 — k eigenvalues with
positive real part. We define in the same way E%"(p) (respectively E'/*(p)) for the adjoint ma-
trices [A+(p)]" and ¥; - solutions of (6.5) such that

EY(p) := lim Span {¥1,4(0,0), ¥2,+(0,€), s ¥uio (0, €)},
E”(p) = lim Span {¥1-(p.{), ¥2-(0,€), - ¥i—(0,8)} -
Definition 6.6. The Evans function D_ : C — R is defined by
(¥1,-, P1+) ... (F1,-, D)
D_(p) := det : : .
(Y-, DP1,4) - (Yr— Pr) £=0
As explained previously, this definition is sometimes called «mixed » Evans function [11].
This function is studied in details in [88], however, we are only interested in the zeros of D_ with

positive real part in our stability study. Indeed, the link between eigenvalues and Evans function
is detailed in the following proposition.

Proposition 6.7. Assume p & 0.55(M), then p is an eigenvalue of M if and only if D_(p) = 0.

We have to know whether there exists (at least) a zero of D_ of positive real part or not.
Remark 6.8. We could also define the Evans functionas D, : C — R
<\Ij1,+/ q>1,—> cee <T1,+/ ch—k,—>
Dy (p) := det : : :
<1Y1’l—k,+/ q)l,—> R <‘Yn—k,+/ ®1’l—k,—> =0

The two previous definitions (D_ and D) differ from a function B, see [11] for more details :

Dy(p) = B(p)D-(p), peC.

A fundamental property of B is that this function does not vanish in C* UV, where Vy is a neighborhood
of 0, where C™ is defined in Proposition 6.5. Then zeros of D_ coincide with zeros of D+ in {p € C :
R(p) > 0}. This is why, we could use equally D_ or D to study the stability of the traveling wave.
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Chapitre 6. Stability of the traveling wave for the KdV-KS equation
6.3 The p-dependent first order system for (KdV - 4) equation

We apply this method to the (KdV - 4) equation. For that equation, one chooses a particular

ansatz : u | *5¢ |, in order to obtain the ratio A := - in the ODE verified by u, which is more
¢3 ¢3

relevant than both factors i and ¢ separated (see Chapter 5). We perform the same choice for the
perturbation @ and then obtain

[t x—ct x —ct _ t x—ct
Ul —7,—7 | =1Uu 1 T =, — |-
<€3 63 ) ( G3 ) <€3 63 )

The linearized operator is

du d a3 at
Kdv—4 ._ _ _ H _
M = d§I+(C u) §+g% iy

The companion matrix writes

0 1 0 0
ARV (p, ) = 8 8 (1) (1) ,  with A:= ﬁz
c3

—p— %) c—u(@) 0 A

6.3.1 Limit matrices AK"~4(p)

This subsection is devoted to the study of the limit matrices AKV=4(p), when & converges

towards +oo
lim AN (p, ) = AKX (p).

—+oo
More explicitly, one has
0 1 0 0
0 0 1 0
KdV—4( \ ._
AT e) = o 0 1 (6.6)
—p c—ur 0 A
Remark 6.9. In the same way, we have MKV =4 equals to
d d? d*
KdV—4
= (0= Up) = + Aoes — —.
M (c—ux) dz + i dgt

Proposition 6.10. For p > 0, both limit matrices AX"~%(p) defined in (6.6) have two eigenvalues with
positive real part (named K3jf4 (p)) and two eigenvalues with negative real part (named KE (p))-
Proof. The characteristic polynomial of AX?~4(p) writes

x(x) = xt = AxX® + (—c+us)x +p.

As for the proof of Proposition 5.12, we denote x; for i € {1,2,3,4}, the (real or complex) roots
related to the coefficients of x by the following Vieta’s formulas

X1+x2+x3+x3=A>0, (6.7a)
X1Xp + X1x3 + X1%4 + XpX3 + Xox4 + Xx3x4 = 0, (6.7b)
X1X2X3 + X1X2X4 + X1X3X4 + XpX3X4 = Cc — U+ SO, (6.7¢)
X1x2x3x4 = p > 0. (6.7d)



Section 6.3. The p-dependent first order system for (KdV ™ - 4) equation

Relation (6.7d) implies x1, x2, x3, x4 # 0.

e Suppose that x; is complex (and that x; is its complex conjugate), then x1x2 = R(x1)? + S(x7)?
and x; + x2 = 2R(x1). Relation (6.7d) implies x3x4 > 0 (thus x3 and x4 have the same sign, if
they are real) and Relation (6.7b) implies that x3 + x4 has not the same sign than $(x;). Thus,
R(x1)(= R(x2)) has not the same sign than R(x3)(= R(x4)) if x3 and x4 are complex numbers
(or the same sign than x3 and x4 if they are real numbers).

e Suppose that the four roots are real. Relation (6.7a) implies that (at least) one root (say x3) is
positive. Relation (6.7d) implies that (at least) one root among x1, x2, x4 (say x4) is positive and
that x1, xp have the same sign. Relation (6.7b) rewrites (x1 + x2)(x3 + x4) + x1x2 + x3x4 = 0 and
it implies that x; 4+ x < 0 then x1,x; < 0 < x3, x4. O

6.3.2 The essential spectrum of MK4V—4

Proposition 6.11. The essential spectrum of MX4V =4 does not intersect the half-plane C; with
Cl:={peC:R(p) = 0}\{0}.

Proof. By Fourier transform, we obtain

U(Midv_4) = LeJlR{p €eC:p= 4 itT(c—ugy — ATZ)}.

Then o(MX4V=4) does not intersect the set {p € C : R(p) > 0}. Moreover, p € o(MKV=4)n
{p € C: R(p) =0} implies T = 0 and so does p.

We have proved that c(MEV~4) N C} = @. However, by Proposition 6.5, the essential spectrum
of MK#V=4 is contained in the region left or inside the curves o/(MX4V~%) and o(MX?V~4) thus
C; does not intersect pes (MKIV—4), O

Remark 6.12. In Figure 6.1, we have represented in blue and red lines the spectrum of limit operators
o (MEWV=4) The essential spectrum goss( MKV =4) belongs to the grey region. Figure 6.1 is obtained by
fixing A =1anduy = -1, u_ =1

FIGURE 6.1 — Spectrum of the limit operators MX?~* and essential spectrum of MK#V—4

Remark 6.13. The essential spectrum of MX®V =4 lies on the left half plane {R(p) < 0} U {0}, thanks
to Proposition 6.11. Thus the stability property of Definition 6.4 is linked to study whether there exists (at
least) an isolated eigenvalue of MX?V =4 of positive real part or not.
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Chapitre 6. Stability of the traveling wave for the KdV-KS equation
6.4 Numerical computation of the Evans function

6.4.1 Inacomplex neighborhood of the origin

As AXYV=%(p) have two eigenvalues with negative real part, we have ®; , . solutions of (6.4)
and ¥ + solutions of (6.5) such that

E% (p) = Jim Span {®14(p,0), ®2+(p. )},
E" (p) := hmooSpan{Cbl (0,6), P2—(0,G)},
EY(p) := Jim Span {¥1+(0,€), ¥2+(p.0)},
E™ (p) := hm  Span {¥1,-(0,¢), ¥2-(0,6)} -

The Evans function is defined by

(Y1, P14) (Y1, P2 +>) ‘
D_ ;= det ’ ’ ’ ’ .
Q ¢ ((‘Yz,,‘l>1,+> (¥, ®24) ) 2 g

By noticing that det ({¥;,®;)),_, SZ(H (F1,- A¥2), (Prp A D)), the
wedge products description may be simpler in some cases (especially, in numerical compu-

tations).

Remark 6.14. e Starting from the canonical basis of C", named (e;)ic1,,), We can define the exterior

algebra, named also Grassmann alegra, \¥(C™"), which is a (% )-dimensional subspace whose the induced
orthonormal basis is {e; Ney, N ... Nej,1 <ip <iy <..<ip<n}.

e Every linear system d%X(é‘) = B(&)X (&) on C", with B(E) a n x n matrix, may induce a linear system

on NF(C™) : ;

Z xk#y = B (k]
X (@) =BUE@XN),

with XK(&) := X1 A Xo Ao A X, X; € C" and BE (&) the following operator

k
BH(E) (X1 AXo A AXe) = Y Xi A AB(E) X A oo A X
j=1

More details on the construction of BIX (&) operator may be found in [1] or [26].

Remark 6.15. Ifn — k < k, a better choice would be to compute BI"=*, as for the (KAV - B) case.

By applying the previous reminder on the p-dependent first-order linear system (6.4) on C*,
we deduce a p-dependent linear system on A\?(C*) :

T = AP WEQ), (pf)eCxR, (63)

with AP (p, &) (Wi A W) = (Ao, &)W1) A W + Wi A (A(p, §)W2).
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Section 6.4. Numerical computation of the Evans function
We obtain for A% (p, &) the following matrix

0 1 0 0 0 0
0 0 1 1 0 0

c—u(g) 0 A 0 1 0

A(p,¢) 0 0 0 0 1 0
p+ 9 0 0 0 A1

0 p—i—%((j) 0 —c+u(@ 0 A

Remark 6.16. If xi°(p), i € {1,2,3,4} are the eigenvalues of Ay(p). Then, x;° + K].i, (i,j) €

{1,2,3,4}2,i # j are the eigenvalues ofA[f (p). Its biggest real part eigenvalue is thus K3i + K, and its
smallest : ki + 5.

The function ®; 4 A @, ; appears as a solution of (6.8) decreasing at maximal rate x;” + &, in
+ooand ¥; - A ¥y, — as a solution of the adjoint wedge ODE
e AGT IR ©9)
This wedge description is used to compute Evans function numerically. We follow the same
algorithm of [26] or [1].

Remark 6.17. Numerically, translating the spectrum of A% (p, &) or [A[Z] (o, 5)} ) by the smallest ei-
genvalue is more robust than solving directly (6.8) or (6.9). In that case, solutions @1 N Po 4 and
Y1 A Yo, are computed as solutions of (6.8) or (6.9) starting from {* in +oo or y~ in —oo, which are
eigenvectors associated to Kf + x5, as explained in the following algorithm.

Algorithm : Computation of D_ for (KdV~- 4) equation

e Let k" + x5 be the eigenvalue of AE (p) with the smallest real part. Let Z*(p) an ( ) be respectively
the associated eigenvectors for A[f] (p) and { AP (p)] , such that (*(p), 1~ (p ))

e Determination of ®; . A &, ;. : Compute W,P] solution of

dw/?

270wy = | a2 (et et 2] (2] +

(€)= [AP(p8) = (e + )1 W (@) such that W(g) — ¢ (p)
e Determination of ¥; _ A 'Y, : Compute ZF[,Z} solution of

az, 2] 2 L 2 -

15 (=270 |APp,0) — (x +x;)1] suchthat Z7(@) — (p)

e Determination of the Evans function : D_(p) = <Z£,2](0),WF[,2] (O)>.

In the following, we present some numerical results for the Evans function applied on the
(KdV~-4) equation. We have performed three tests : the first one on the positive real line R™,
the second one on the imaginary axis {p = it witht € R} (for computations, we choose t €
[—10000,10000]) and the last one on a complex domain Q) in the neighborhood of the origin

Q = {p € C, such that R(p) € [0,6],3(p) € [-3,3]}.

For all cases, we have fixed u; = —1,u_ = 1and A = % = 1. Figure 6.2 corresponds to the
3

Evans function D _ on the positive real line, Figure 6.3 to the computation of D_ on the imaginary
axis and Figure 6.4 to the modulus of D_ on the domain Q.

Sa)
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Chapitre 6. Stability of the traveling wave for the KdV-KS equation
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FIGURE 6.2 — Evans function D_ (p) for the (KdV - 4) equation on the real axis
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FIGURE 6.3 — Evans function D_ on the imaginary axis, for the (KdV - 4) equation
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FIGURE 6.4 — Evans function D_ on the domain (), for the (KdV - 4) equation
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Section 6.4. Numerical computation of the Evans function

The illustration of the Cauchy problem starting from the indicator function, see Figure 5.1(a),
let us suppose that those traveling wave is stable, since the solution seems to converge towards
the traveling wave. This intuition is enforced by the previous numerical study of the Evans func-
tion : we may see that the Evans function does not vanish on C; (except for p = 0), which implies
that the linear operator M has no zero on the real line. The traveling wave seems to be spectrally
stable.
However, this is a preliminary result because we have to compute theoretically D_.

Remark 6.18. The relation D_(0) = 0 is expected because d—g (the derivative of the traveling wave)

verifies M%" = 0. As it belongs to L2(]R), it appears as an eigenfunction of M for the eigenvalue p = 0.
Therefore, it is normal for D_ to vanish in p = 0.

Remark 6.19. A property of the Evans function is illustrated by those figures :

D_-(A)=D_(A), A€C,

where = stands for the complex conjugate.

o Indeed, the Evans function on the imaginary axis is perfectly symmetric in Figure 6.3.

o We recover this symmetry when D_ is computed on a neighborhood of the origin : Figure 6.4.

e From this property, one concludes that D_(A) € R for A € R, as shown in Figure 6.2 which corres-
ponds to the Evans function on the positive real line.

6.4.2 In the real high-frequency limit

Studying numerically the Evans function D_ only in a neighborhood of the origin is relevant
because we can prove that D_ does not vanish in the real high-frequency limit. More precisely,
the following proposition is true.

Proposition 6.20. There exists pg > 0 such that for all p > po, the Evans function D_ does not vanish.

The proof is based on the homotopy method developed in [11] and used, for instance, for
diffusion-dispersion equations in [72].

For 6 € [0,1] and ag > 0 fixed, we build the homotopy operator

du d a3 d* d*
KdV—4(gy ._ _g%H ALY - I C R A PO
M 0) := 9d61+9(c u)dg +9g% P 9d§4 (1 9)“051@’4'
The spectral problem associated to MX4V~4(9) writes
du dw udPw  dw diw 4
—Gd—{:w%—G(C—u)d—(:~|—9g—%d—é3 —(9d—§4 - (1—9)(xod—€4 =pw, peC, we H*(R), 6€]0,1],
(6.10)
and the p-dependent first-order dynamical system becomes
d _
V@) = AR (0,6, 0)W(E,0), (p,6,0) €CxRx[0,1],
with the companion matrix
0 1 0 0
KdV—4 0 0 ! 0 - H
A (p,g,0) := 0 0 0 1 ,  with A:= T (6.11)
—p—G%(@ Oc—0u(Z) 0 A 6
9-‘1—(1—9)0{0 9-‘1—(1—9)0{0 9+(1—9)(XO
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Chapitre 6. Stability of the traveling wave for the KdV-KS equation
As before, both limit matrices AKX ~4(p,0) := hm AKV=4(p,¢,0) have two eigenvalues

with positive real part (named «&,(p,0)) and two ei envalues with negative real part (named
P P 34\0 g g p
Kﬁ (p,0)), this allows to define a two-parameters Evans function

<1P1 _’CD1+> <‘P1 —,q>2+>> ‘
D— /9 = d t 4 ’ , , ) ,9 -
(p ) ¢ <<T2,—/ ®1,+> <‘P2,_, @2,+> (p é ) o

Remark 6.21. For § = 1, we recognize MX¥V=4(1) = MXV=4and D_(p,1) = D_(p), defined in
Section 6.3 and Subsection 6.4.1.

The key point of this paragraph is summarized in the following lemma.

Lemma 6.22. There exists pg > 0 such that, for all 6 € [0, 1], the operator MX?V=4(8) has no eigenvalue
p in (po, +00).

Proof of Lemma 6.22. Let p € R and 6 € (0,1]. Suppose that there exists w # 0, such that
MEKV=4(0) = pw.
On the one hand, multiplying the spectral problem (6.10) by w and integrating it over R gives

du w2
—/H{edg( d(;’+/ 7 dg+/ 0Ad§3 )w(Z)de

/9d§4 6)de — /( ~0)ao dC4 Jdg = p/

Some integrations by parts give

- [ @@ [ o (fl;(c))zdc—/ng ~ oo (206 ) az=p |

Since, 6 € (0, 1], one simplifies the previous equality into

d*w 2
A2 || 2(x

du

o 1P+ (100

(6.12)

pliolft < 5 |

On the other hand, multiplying the spectral problem (6.10) by and integrating it over R
gives

- feG @@ o+ [ oc—u@ (G >d€‘+/9/\d€3 )‘Z}’(é)dé

dtw , . dw
—/Red&@) - [0 -0 O% @0 =p [ wl

Some integrations by parts give
0 d*u dw . \? Pw,_\°
[ @@ [oc—u@) (55@) d- [ en(%50) dt=o

Thus, one has

d2
d§2

deU 2

QA' <9HC—MHL00(]R)
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Section 6.4. Numerical computation of the Evans function
Since 6 > 0, this implies

Pw||? ‘dw 2 1‘ d*u )
A= <l — ul|pe — + === w
% e —ull; ] g Il
Gagliardo-Nirenberg inequality ||w’||7, ®) < ][ 2wyl [w” || 12(r) simplifies the previous relation
into
Pw||? d>w 1‘ d*u
All— < |lc — u||je w2 —_— — == w||?
% le—wllsculbellom |7 |+ 5|72 Nl
Let Q := H HLz L >0, then Q verifies
Tolzw
1 ||d%u
AQ? < |[c — ul| Q+‘
le =l @+ 5 |2 .o
leulueqry Nl o
Choose Qg := A , the positive root of
1 ||d%u
AX? — ||c — ul[~ X—’ ,
e~ w5 |72 .o

el < Qo ||w| |L2(]R), by definition of Q. Injecting this

upper bound in Equation (6.12) gives

1||du
2
pllie] Bagg, < (2\ -

+ (14 ap) Q%) , there is not non-zero solution w. Thus the operator

one has Q < Qp, which implies H

L2(R)

L=(RR)

+(1+ 040)%) ||| |72 g

— [ 1]]du

P> po:= <2 ‘ 4@ || Lo (R)
MHKAV=4(9) has eigenvalue p only in (—oo po), for 6 € (0,1].

If 9 = 0, one has MKWV=4(0) := —uco dC4 Suppose that there exists w # 0 € H*(RR), such that

— 00 a1 d(’;4 w = pw. By multiplying by 2 d§3 % and integrating by part, we obtain

0=, <ch> %

Therefore, MX4V=4(0) has no eigenvalue for p > 0, a fortiori, for p > po. O

We are now able to prove Proposition 6.20.

Proof of Proposition 6.20. Thanks to Lemma 6.22, there exists pg > 0, such that MX4V=4(9) has
no eigenvalue p in (pg, +0), for all & € [0,1]. However, the eigenvalues of MX?V=4(9) and the
zeros of D_(+,0) coincide, according to Proposition 6.7. Thus, D_(+,6) does not vanish for p €
(po, +00), and for all 6 € [0,1].

Therefore, thanks to Remark 6.21 and thanks to homotopy, we conclude that, for all p; > pog

—+oo

sgn(D—(p1)) = sgn(D-(p1,1)) = sgn(D—(p1,0)) = lim sgn(D(p,0)) # 0.
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Chapitre 6. Stability of the traveling wave for the KdV-KS equation

Remark 6.23. We have thus to better understand D_(p,0), for p > po. Using the limit companion
matrices

0O 1 00
0 010
Kdv—-4 13 Kdv—4 _
Ai (Pl,O) '—ggrfooA (pl,C,O)— 0 00 1]
—2 0 0 0

Xp

one can prove that D_(p,0) > 0. The method is detailed for a diffusion of second order-dispersion equation
in [72].

Remark 6.24. Proposition 6.20 is a preliminary work because it enables to study the Evans function only
for the real high-frequency. A further analysis for p € C with |p| > py is needed.

6.5 Afterword : Stability for the traveling wave of (KdV - B) equation

For the (KdV - B) case, the relevant ratio is -~ and so the ansatz is chosen such that

Vi

_( t x—ct> (x—ct) _< t x—ct>
0| —, =u 40—, — .
VIV v VI VH
The linearized operator becomes in the (KdV - B) case

du d A d? a3
Kdv-B ._ _ _ - -
M = d§I+(C u) d6+\/ﬁd§2+d63

and the companion matrix

0 1 0
AKdV—B(plg) . 0 0 1
p+i(E) —ctu@) -2
For (KdV - B) equation, the characteristic polynomial of AX?V =5 (p)is x(x) := —x° — ﬁxz -

(¢ — ux)x + p. Thus, the eigenvalues x;"(p) satisfy

R(x (p), R(x5 (p) <0 < R(x5 (p))

and
dim (E5 (p)) = dim (E*"()) = 2,

whereas
dim (E" (p)) = dim (E%"(p)) = 1.

The D, definition (cf Remark 6.8) is simpler, in that case, because the determinant <‘Pi,+, CIDJ',,>
is reduced to a scalar. So we prefer to use it. Moreover, since dim (E“ (p)) = 1, the Grassmann
algebrais A\'(C%) = C®and AlY(p, &) = A(p, &). The algorithm that we follow is then the same as
for (KdV™-4) with D instead of D_ (and the biggest eigenvalue K;E (p) instead of the smallest).

Algorithm : Computation of D for (KdV~- B) equation

e Let x5 be the (only) eigenvalue of A (p) with positive real part. Let {~(p) and 7 (p) be respectively
the associated eigenvectors for A_(p) and [A(p)]", such that (™ (p), 7T (p)) = 1.

e Determination of ®_ : Compute W, solution of

‘;V??@) = [A(p, &) — x5 I] W,(&) such that W, (&) il ¢ (p)
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Section 6.5. Afterword : Stability for the traveling wave of (KdV ™ - B) equation

e Determination of Y. : Compute Z, solution of

3

(&) = =Zp(C) [Ap.€) —

such that Z,(&) — 77 (p)

G—+oo

o Determination of the Evans function : D (p) = (Z,(0), W,(0)).

Remark 6.25. The results are similar to those of [87], the difference being that the authors study
(KdV™- B) equation with u < 0. The situation is thus reverse and they use preferentially D_ instead

Of D+.
We have performed the same type of numerical computations as the ones for the (KdV - 4)
equation, with the parameters u, = —1, u_ =1and ﬁ =1

In Figure 6.5, we represent D for (KdV ™ - B) equation, only on the non negative real line R*.
The image by D of the imaginary axis is represented in Figure 6.6. Eventually, in Figure 6.7, the

modulus of D (p) is represented for p € Q).

x1073

(a) For p € [0,10)

18

161
141
12}
10}

D(p)

N O N A O ®

x107°

0 0.5 1 1.5 2

p
(b) Zoom in a neighborhood of 0

FIGURE 6.5 — Evans function for the (KdV - B) equation
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Chapitre 6. Stability of the traveling wave for the KdV-KS equation
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(c) Closer zoom in a neighborhood of 0

FIGURE 6.6 — Evans function D for the (KdV - B) equation on the imaginary axis

%103
2.5

FIGURE 6.7 — Evans function on the domain (), for the (KdV - B) equation

As for (KdV™ - 4) equation, Evans function does not vanish on C; (except for p = 0) and the
linearized operator seems not have zero on C;. However, this intuition has to be enforced by the
theoretical study of Dy on C; to really conclude on the stability of the traveling wave.
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Conclusion et perspectives

ous avons étudié d'un point de vue essentiellement numérique certaines

équations aux dérivées partielles hyperboliques-dispersives. Nous nous

sommes focalisés sur des schémas aux différences finies et avons étu-

dié 'ordre de convergence de ces schémas par la méthode classique de
consistance et de stabilité.

Ordre de convergence des schémas pour KdV. Tout d’abord la stabilité des schémas dé-
centrés dépend du terme dispersif : lorsque le terme dispersif est de la forme 3271, les schémas
décentrés a droite seront stables (sous condition CFL) si p est impair et ceux décentrés a gauche
seront stables (sous condition CFL) si p est pair.

La stabilité est la partie la plus délicate de 1’étude puisqu’il faut prendre en compte en méme
temps les termes hyperboliques et dispersifs qui apparaissent dans les équations étudiées. Cette
étape est déterminée par une méthode directe d'intégrations par parties discretes qui revient a
transposer d'un point de vue discret la stabilité fort-faible des lois de conservation hyperbolique.

Nous avons déterminé I’ordre de convergence des schémas mais surtout nous les avons quan-
tifiés par rapport a la régularité de la donnée initiale. Lorsque cette derniere était trop peu régu-
liere pour assurer les estimations de consistance, nous 1’avons régularisée au moyen d’une suite
régularisante. Nous avons dii alors trouver un compromis entre cette régularisation et 'ordre de
convergence des schémas pour ne pas trop perdre en convergence. L'étape de stabilité est tou-
jours valable méme pour de faibles régularités car nous avons considéré des données au moins
dans Hi (R) ce qui impose a la solution exacte d’étre bien définie globalement et au facteur de
I'inégalité fort-faible d’étre indépendant du parametre de régularisation.

Nous avons généralisé cette étude aux sytemes abed.

Ondes progressives. Nous avons démontré 1'existence d’ondes progressives de petite am-
plitude pour une équation de KdV-KS sans terme de diffusion d’ordre deux. Nous nous rame-
nons tout d’abord a étudier les trajectoires proches de 0 par projection sur la variété centrale.

Nous avons étudié le systeme limite (lorsque les états initial et final sont égaux) et démontré
que I'homocline du systeme limite singulier se transformait en orbite hétérocline pour le systéeme
perturbé (lorsque les deux états sont distincts).

Dans une étude tres prospective, nous avons commencé a étudier numériquement la fonction
d’Evans. Les premiers résultats semblent conclure en faveur de la stabilité spectrale des ondes
progressives.

}
/

Terminons ce manuscrit par quelques perspectives a courts et moyens termes.

Partie III. Le systeme abcd tel qu'il est décrit dans [16] possede en réalité un petit parametre
€ au niveau des termes de dispersion et de non linéarité, qui correspond au parametre de non
linéarité et au parametre de faible profondeur (cf page 5, avec € = p)
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Conclusion et perspectives

(I —€bd2)d + (I + €ad?)ou + €dy (nu) =0,

2
(I — edd?)osu + (I 4 €cd?)o.n + €0, <u2> =0.
Pour des temps assez faibles, seuls les phénomenes de transport sont vraiment significatifs, ce
qui n’est plus le cas a partir d’un certain temps a cause des termes dispersifs et non-linéaires.
Une question naturelle est alors de savoir ce que deviennent les résultats numériques de stabilité
et de convergence lorsque ce petit parametre € est pris en compte. La difficulté serait d’obtenir
des majorations uniformes en € afin de ne pas avoir un ordre de convergence en 4*. L'utilisation

de schémas de type Asymptotic Preserving pourrait étre un premier élément de réponse.
= R >

Partie IV. L’étude de la stabilité des ondes progressives n’est qu’amorcée dans ce manuscrit
et permet de conjecturer que les ondes progressives sont spectralement stables. Une étude théo-
rique plus poussée serait intéressante pour justifier cette conjecture.

Pour connaitre le nombre de zéros de la fonction d’Evans dans le demi-espace C;, une idée
est de calculer I'indice (ou winding number en anglais) c’est-a-dire le nombre de fois que 1'image
de I’axe imaginaire pur par D_ : {D_(p), p = it,t € R} «tourne» autour de l’origine, cf [87].

Dans un second temps, une étude théorique de la fonction d’Evans serait intéressante. Il
serait délicat de la déterminer pour tout p et une premiere approche serait de se restreindre a
p € RT. Une méthode classique consiste a calculer 'indice de stabilité T, cf [12], qui revient a
comparer les signes de la fonction d’Evans en +co et de sa dérivée en 0. Si ces deux signes sont
égaux, I'argument est insuffisant et I'étude doit étre approfondie. Par contre, s’ils sont différents,
la fonction d’Evans s’annule nécessairement en (au moins) un point de 1’axe réel positif (d"apres
le théoréme des valeurs intermédiaires) et 1’'onde progressive n’est dans ce cas pas stable par
annulation de la fonction d’Evans sur R™.
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ANNEXE A

Computations of consistency errors

E recall in this annex the computation of consistency error for several
equations. The definition of consistency error is given in the general
introduction, in Definition 1.17.

Remark A.1. In this appendix, C will denote any positive constant independent of u, 1, Ax and At, which
can differ from one line to the other.

A.1 Consistency error for the KdV equation (Chapter 3)

The consistency error is defined by (3.6). For simplicity, we note in this appendix t"™! =
inf(t"*1,T) and At = t"*! — t", which corresponds to the following expression, for (n,j) €
[0,N] x Z

tn+1

Xj+1
€ = AtzAx /t /x u(s+ At,y) — u(s,y)dyds
]
=:(a)
i+l x; 1 . 2
— / " Ax)dyds | — / s,y — Ax)dyds
" 4Ax AtAx Sy ulery + Ax)dy AxAt oy & Y
1 _ 9 tn+l xj+1
T AtAA /t / u(s,y +2Ax) —3u(s,y + Ax) +3u(s,y) — u(s,y — Ax)dyds
X

tn+2

Xj+1
AtAx4 i+l / M(S’y + ZAX) - 3“(5,]/ + Ax) + 3“(51 ]/) - M(S,y - AX)dde

B <2AtAx2 /t

tYl+l

/xm u(s,y+Ax) —2u(s,y) +u(s,y — Ax)dyds) .
%j
(A1)

Let us first deal with (a)-term. In order to simplify the following equations, we denote, for v

in IR
K Xj+1
(v): AxAt / /t

tn+1

2
(s,y+ vAx)dsdy) .
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Annexe A.1. Consistency error for the KdV equation (Chapter 3)
A straightforward computation yields

2 Xj41 Xj+1 f"“
) = AR /x /t” / /t (s,y)dsdydsdy
j
xj gl 7 5
= @ / ]H/t /]H/t [axu(s,y)+/ 8%u(s,v)dv+/ thu(r,y)dr] u(s,y)dsdydsdy
. x n

g+l

Xjt1 Xj+1 [ Xj+1
At/ /t u(sy) xusy)dey+AtAx/ / /t
i x !
AtZAx / / /t /t

Thus, the (a) term in Equation (A.1) rewrites

g+l

v

(s,y)/ o%u(s,v)dvdsdydy
y

m+1

S
(s,y)/ Oyt (T, 7)dTdsdsdydy.
S

1 1
(a) = K(1) — K(~1) :21<'(0)+/0 K”(w)(l—w)dw—k/o K" (—w)(~1 + w)dw,

and after some Taylor expansions, since u is a solution of (KdV), it holds

Xj+1 3 d dsd Xjt1  [Xj+1
‘_AxAt/t / / |t”wy|wsy+AtA2/ / /
i Xttt "
tzAxZ/ / /t /t (s,y / Oyt (T, y)dr|dsdsdydy+ / |K™ (w w)dw
g+l y+2Ax
4Ax/ |K" (— dw+AtAx /]H/ 0%u(s,z |dz+/ |i)4 u(s,z)|dz
p
y—=A y+24
+/ |a4 (s, z)|dzdyds+AtAx /t"+1 //H/ \84 (s,z |dz+/ |8§u(s,z)|dz

tn+1

X y+Ax
+/ |B4 u(s,z |dzdyds+2AxAt / Hl/ 102u(s, z |dz+/ |a2 u(s,z)|dzdyds.
tn

m+l i +1

v
s,y)/ 0%u(s, v)dv|dsdiydy

tn+1

Thus, once applying Cauchy-Schwarz inequality, the previous inequality becomes

At | Xjt1 5 2 1 Xj1 it 9 )

B/tn /x,- (atu(w,y)) dwdy + AfAx /xj /tn / / u(s,y)o2u(s, v)} dvdsdydy
1 ya " e IS P "2

+W / /t” /x]- ./t” /S [u(s,y)oxtu(t,7)|" drdsdydsdy + S 2||K ||L°°([71,1])

1— 2A AR 2 02A x
x/ /]+1 (a‘}tu(s,z)) dzds + ——— /]+1 84 (s, z)) dzds
th Xj m+1

At
T2 X 2
Ax/ /]H (832614(5,2)) dzds] ,
tn X]'

with C a constant.

n2
|€j| <C

However, one has

Xj+1
K// _ / J /
At2 g

tn+1 tn+1

/ / (s,y +vAx)u (5, v + vAx)dsdiydsdy

tn+l

At2 / ]H/ / ]H/ oxu(s,y + vAx)o,u(5, 7 + vAx)dsdydsdy,
tn
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Annexe A.1. Consistency error for the KdV equation (Chapter 3)
which gives, thanks to Cauchy-Schwarz inequality

tn+1 tn+l

Ax _ 2 _
K" (v)]> <C [AtZ / [|u(s, HLoo/ / u(s,y +vAx))” dsdyds

2
i+l
<2Ax/ /]H (3xu(s,y + vAx))? dsdy) ]
pr

Therefore, it yields

Y Axlef]> < C [Atz sup [[07u(t,.)|[72 + Ax sup |[u(t,.)|[7s sup |[03u(t, )T,
j€zZ t€[0,T] te[0,T] t€[0,T] *

+ At sup [u(t,.)|[Zs sup [[0xu(t, )I[7; + Ax? sup [[u(t,.)|[f= sup [|03u(t,.)||7;
te[0,T] te[0,T] te[0,T] te[0,T]

+0x% sup |[9xu(t,.)||[72 sup |[0xu(t,)||Ts +Ax? sup |[9zul[], +Ax* sup [[o3ul|7;
te[0,T) “te[0,T] ’ nef0,N] nef0,N]
(A.2)

Let us then compute ||0?u|| 12 in (A.2). Thanks to the KdV equation, the time derivative is
equal to

0% = 2u (deu)? + u20%u + 50,u0%u + 2udtu + 3 (92u)” + .

For the term 9,udu, we use then the relation, for all u and v in H*"#(RR)

%

2(R) <C |:HMHL°°(1R) |‘UHH“+5(R) + HvHLw(]R) HuHH“ﬂ%(]R)} : (A.3)
Hence

107l < C [||u|\L;o||axu||i§ + ol [Fe 1030l 2 + el g el Iz + [Nl e 10l 2 + 0%l 74 + ||aa6cu||[§} :

For the term ||0yu|| 14, We use an integration by parts and Cauchy-Schwarz inequality to ob-
tain

||8xu||‘i§:/]R(axu(x))3 /3u )02u(x) ((x))* dx < 3 [Ju| o ||0%u]| 5 [0t -

We thus conclude | |9 u| |i§ <

quLg‘

For the term |[93u/|?,, we again use an integration by parts and the Cauchy-Schwarz inequa-
lity to write

[92ul[4y = /R (92u(x))’ 92u(x)dx = /R —30%u(x) (02u(x))? Dy (x)dx
< 3l02ulfy [ Ghu(0)? @uu(an) P dx,

which implies thanks to Relation (A.3) ||9%u| \24 < C||u laﬁu‘ ! L2
For the ||0yu(t, )| 2-term in (A.2), it holds
18 (t, )72 = || = @xue(t,))* — u(t, Joqu(t, ) — dju(t,-)[|F,
< C [t sl B2t |y + 1ostt, 1y + [0t )2 .
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To conclude, we obtain with (A.2)

1€ leon,3) < € [At P (IIuII%;oHuHHg + | el s+ [Tl Lpag - el [ el [z + ||”||H§)
tel0,T

e sup. (Hoel a1l 1z + 1191l oy + ey + HuHH;)] :
te|0,T

what can be simplified into

st sup (Il el iz + el oz 1] g + 1]

|€"[lgoon,2) < C
t€[0,T]

Fax sup. (Mol e a1+ el e gy + Huqu)] .
tel0,T

Thus the consistency error is upper bounded by

e lwonz) < € {At up (1 Ul ) 1l
tel|0,

+0x sup | (14 |[ulliz) ||u||H§+HaquL;«HuHH;}}.
t€[0,T]

Remark A.2. The previous computation enables to determine an upper-bound of the consistency error for
the Rusanov scheme

(ua)f ™ = (ua)} A\"  TAx
j j
€ = ; + D, <A>j — ——DyD_(ua)j,

with u, obtained by averaging the solution of Burgers equation, and not KAV equation. We obtain

e o) < € {At sup (1l + 1l B ) 1ol
te|0,T

+x sup | (1+]]ullis) ||u||H;+||axu||L;o||u||H;}}.
t€[0,T)

A.2 Consistency error for the abcd system (Chapter 4)

We consider the numerical scheme as general as possible, and deal with a 0 discretization of
the advection term. Once again, for simplicity, we note t"*! = inf(#"*!, T) and At = #"+1 — ¢".

A.2.1 Consistency error for the first equation of the abcd system : €

By definition of the consistency error, on has, for all (n,j) € [0, N] x Z

n+l1 n
(e1)! = (I —bD4D_) (wA)f () ) +(I+aD.D_) (ODC (us)i ™+ (1 - 6)D, (uA)’.Z>

j At j j

T
+ De (51a18)] = 5 AxDD—(11a)}-
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A= ()]
; ,

We define

Etime:(I_bD+D*) <(rl A

Einear = (I +aD+D-) (8D ()} ™ + (1= 0)Dc (ua)} ),

Enon linear — DC (WA”A)]' ’

T
Eviscosity = %AXD-FD— (WA)?

We define Q = [x}, xj;1] x [t",t"T]. We will only develop the non linear part and enonce the
results for the other parts. By Taylor expansions and Cauchy-Schwarz inequality, one has

Xj+1
E4 <
[Eme| < C (AtAx/ /t

1

3¢ (s,y) — baZ0em (s, y)dsdy + \/ HBMHU

Ax At
+bAx,/ Kt”aiatﬂ“Lz(Q) +by/ AxHaazca%ﬂHLz(Q)> .
In the same way, we develop the Ejje,-term.
xj+1 t”+1 3 5
|Elinear| < C AtAx/ /t xu 5, y +aa S Yy dey+9 ||a aquLz + Ax ||a uHL2
axy/ 2% 08 0,/ 28) 19,2 Axy/2X)98
lalaxy [ 511050l + 1oy 5193l 12y + lal ey | T 185l 12y )

We will develop the non linear part. As for the KdV equation (Section A.1), we denote K the
function on [0, 1]

tn+1

x:
= / " / / / (s,y + vAx)u(t, x + vAx)dxdydsdt.
Xj tn tn
The non linear part will be computed by a Taylor expansion of K :
1 1
2857 A Enon tinear = K(1) = K(=1) = 2K'(0) + [ K'(w)(1 = w)dw + [ K"(~w)(=1+ w)duw.
0 0
Thus, we have to compute the first derivative of K
Xj+1 Xj+1
) = / / / / Axaxn s,y +vAx)u(t,x + vAx) + Axy(s,y + vAx)oxu(t, x + vAx)dxdydsdt
p
Xj+1 j+1 x
= / / / Axaxn s,y + vAX) {u(s,y + vAx) + / oxu(s,z+ vAx)dz
xj tn t" y
t y
+ / o1 (T, x + vAx)dT] + Axoyu(t, x + vAx) {q(t, X + vAx) + / ox1(t,z + vAx)dz

S
—l—/ atn(T,y—i-vAx)dT} dxdydsdt
t
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The previous equality leads to

tn+1

> Xj+1
= Ax At/ / x(nu)(s,y +vAx)dsdy
tn
j+1 j+1

+ AxAt/ / / / 0x77(s, vy + vAX)dxu(s, z + vAx)dzdxdyds

Xj tn Jx; y

X TN pxg oy

+ AxAt/ / / / oxu(t, x +vAx)0yn(t,z + vAx)dzdxdyds

.Xj tn

Xj+1 Yj+1
e [
X]' " tn

Xj+1 Xj1 +1
+ Ax / / / / / oxu(t, x +vAx)0m (T, y + vAx)dtdxdydsdt
JXj £ Jxi S t

tn+1

/ 0x7(s, y + vAx)9su (T, x + vAx)dtdxdydsdt
S

Moreover, we have to compute the second derivative of K (exactly as in Section A.1 for the KdV
equation).

K'(v) = AX2A / /
tn

+ AxAt /x'j+1 /tn /x_]+1 /y Ax*1(s,y + vAX)0xu(s, z + VAX) + Axdy1 (s, y + vAX)d2u(s, z + vAx)dzdxdyds
]

tn+1

2Ax (0xu0yn) (s,y + vAx) + Ax (uaiq) (s,y +vAx) + Ax (qBiu) (s,y + vAx)dsdy

Yipr P ey )
+ AxAt / / / / Axosu(t,s + vAx)ox1(t, z + vAx) + Axoyu(t, x + vAx)0 (¢, z + vAx)dzdxdyds
t X

Xj+1 Xj+1
a0
tn tn

j+1 Xj+1
[0
" tn

Applying once again the Cauchy-Schwarz inequality gives

tn+

t
/ Ax21(s,y + vAX)u(T, X + VAX) + Axdy1 (s, y + vAX)du(T, X + vAx)dTdxdydsdt

1

/ Ax2u(t, x + vAx)dm (T, y + vAX) 4+ Axdxu(t, x + vAX)d1 (T, y + vAx)dtdxdydsdt.

K'(v)] <C (AxBAfllaquLz 1011l 2(q) + AEAX [l 210371 2() + AEAX[[1]] 2 11031l | 2
+ DA% |12 ) [0x1]| 2 ) + Ax*At][03u]| 2y 10577 || 2 () + A A3 || 2 |91l 2
+ACAR[9x11|| () [190e9x1]| 12 ) + AX°AR][De1 | 12 103Ul |12 ) + Ax*AL[[0:9x1 ] 12(q HaquB(Q))'

Thus, the Eop jinear-term rewrites

i+ tn+l
[Enon tneae| < C <Axm L7 st (s, 9)dsdy + 1/ 25 0wl oyl eul 2
At Ax
) ml0et Loy Punlozg) + ) ol 2o sl +\/—||axu||mg>||axmrLz(Q)

Ax Ax
/2l (o 10371120 AL 03l l 20 +Ax\/ ||a77||L2(Q)||a”||L°°

+Ax\/ 211030l 2(0) Pl (0) + VAFAR] 22 |y Prl 2y + VAFAR| Pl | st 2
VBER ] 12| 930 |1y + VBERR] 12 321 1))

Finally, one has

‘Eviscosity‘ a \/7/7 | ‘ 77‘ ’LZ
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Then, when we sum up all the previous results, we obtain

e+l

Xj+1
— L), mtsw) = 00u(s,) + dsa(s,v) +addu(s,y) + o) 5, )y

+ \/lela%7||L2(Q) + be\/;HaféatﬂHy(Q) + b\/gWia%’?HLZ(Q) + 9\/g||axat”||L2(Q)

+Ax\/§||aiu|L2(Q) + |a|Ax\/§||a§cu||L2(Q) + |a|9\/gata?c”||L2(Q) + ﬂ|Ax\/§||32”||L2(Q)

+\/Tx||axﬂ||L2Q)||ax”||Lw +\/E||ax’7||u>° |[0rull 120 +\/E||at77|L2(Q [[0xu|[ L= (g
\/7||au|L°° ) 119x77[ 12 ||MHL°° 31l l12(g) \/7||77||L°° |93 l12(g)

+Ax\/ Ha Mlr2(g)ll9xull=(0) +Ax\/ 1030l 20y 1) + VOB [321 ]|yl 2

+ VAfo||ax77||Lw(Q)||atax“\\Lz(Q) + VAtAxHaf’ﬂ|L2(Q)||ayzcu||L°°(Q) + VALAX||0:9x77| | 2 () [|9xu] | Lo )

T Ax
|l

We recognize the initial equation on the first line. We recall the relation

¥ Axllflfg) = &x [ [ 1f(s,y)Pdyds < Axat sup [[£(t,) ey = AxH£(t, )
jez te[0,T]
(A.4)

61]_

+

1

Eventually, when we compute the £3-norm, we obtain
€11 < € (A2][2y| Py + B2Ax 105000 By + PO 13203 | Py + 2AR[0:210] e
+Ax4||aiu’|Lg°L§ + |af*Ax*] |03 [Tz + a0 AL][0:03u [ 1oz + [af*Ax[030 [F
+ A0 |[Fpo o] 0l [T 1o + A [0 [T 10r1t [Fop2 + AL 901 [T 2] 0] [0
+ A2 [0xul [T 192712 + A% [t 1030 T2 + AP | Eppe] 05 2
+Axt || ngHax“HL?L;o+Ax4HaaZc“H wL2Hax’7HL°°L°°+At2Ax2Ha 77HL°°L°°Hat“HL°°L2
+ APAR 0 B 1010510 Bz + APAR 11| B 1020 B
AN 900 D| F + (1) 85210371y )
In some cases, D €] is needed. To obtain an upper bound, we perform the same computations
and find
D€l < € (A1[2200| gz + AP(I923 By + 02022005 | B + BPAR 320 o
+ Ax2||833‘u||L?oL§ + |a*Ax?||o3u]|? o2 T 0% At|[020;u || rer2 T |a| 20 A ||0; 84u||Lsz
T A0z + 028408 s + A% [02| P 0st1l | )
+ 8130132 s+ A1 3271 B0 +At2||axn|rLooLmHafquLmLz
+At2|32“HL°°L°°Hat’7HZ°°L2 +At2”a ul [Feorz |19ecr |7 Le12 +szHaZMHL”LZHaxﬂHL;"’Lg’f
820l By 1920 Bz + A2 1 g 0312 + A2y | B 03] o
TN DNl ST 1 DI SR T
AP AL 0% B 1] 2y + APAR1327 0Dt oy
b APAR| Do 190l B + BPAC 307 B 19300
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AP A 3,0, gz [ 020 o + ALA [0 1] o [050% B

+17ax[93 n||m2) .

A.2.2 Consistency error for the second equation of the abcd system : €}

By definition of the consistency error, on has for the second equation

up ) = (up)!
(€2)] = (I—dD;D-) <( »); N ( A>]> +(I+cDyD_) <6Dc (7a)] ™+ (1= 6)D: (m);?)

2 n
+Dc <uZA> — %AXDJFDfuZ/ (n/j) € [[O’N]] X Z.
)

We adapt the previous computations with (d,c, 7}, u}) instead of (b,a, u},#}). The only diffe-
rence is concerning the non linear term

Ky (v) := o /tn /XJ+1/t (s,y +vAx)u(t, x + vAx)dxdydsdt.
So one has
Enon tnar < (Aw [ s sty Y2 ouulim ol o
+ Y2 il Sl 8 )+ A 38 s

—+V AtAx‘ ’ajzcl/lHLoo(Q)HatuHLZ(Q) =+ Vv AtAXHaxu‘ |Lw(Q)||ataquL2(Q)> .

The consistency error verifies

tn+1 2

Xj+1 u
(e ) < (AtAx/x /t o1(s,y) daiatu(s,y) + 0+1(s,y) —|—c8,3€17(s,y) +8x3(s,y)dsdy

At At
+\/—Ha%umz +dAx\/—xuaiatuuLz )+ dy [ 110307l 1ag) + 04/ 5= 18:d11 |12 )
+Ax\/ 1937111200 +\cmx\/ 183711 20 +||e\/ 19193112 +rcmx\/ 19371 112(0)

m
+\/Euaxuumgnwxuuw \/ 1920|3514 | 20 fnunm 011924 |20)

vV Ax
+ Ax \/X| |82M||Lz ) 10x1t][ (@) + V AtAX| |03 || ()| 9] 12(Q) + VALAX||0xu| () ||0r0x 1| 12 0)

TVAX |
[[oxullr2(q) | -

_|_

2V/At

Finally, one has, thanks to the relation (A.4)
I3l < C (Aszazqusz +d? At [030su[Fe o + A2 AR|[D307ul [ 5 + 02 AL (02011772
+ Ax*[039 oz + el A 10371 e + e P2 A ]10:030 | [Fop2 + [P A 03] [
+Ax2||ax“||LgoL§||ax”|’L°°L°° + A8 |0, ”||L°°L°°||at“|| o2 +AX2||M||L°°L°°||azu||L°°L2
+ D030 Feo o 105 [F oo o + AP AX?||0F0] | Frop o 1052 [Foo 2

+APA 0] [ 1900l B + BAR 03By )
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For D €}, the results are similar to those for D €Y.

Remark A.3. If we use a Taylor expansion a step further for E, .y, 1ineqr We recover

ef]% <O (At2+Ax4) and [|e5|I%, < O (At2+Ax4).
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ANNEXE B

Proofs of technical Lemmas dealing with
the operators Dy, D_, D,

E gather in this appendix all the proofs of the useful lemmas relating
to the discrete operators D, D_ and D, introduced first in Equation

(1.12) in general introduction and the cornerstone of Section 3.4.1 of
Chapter 3.

B.1 Proofs of useful Lemmas of Section 3.4.1

Proof of Lemma 3.19. Identities (3.18) to (3.22b) are proved by developing the expressions. O
Proof of Lemma 3.20. e Relation (3.23) is obtained by developing the sums.

e Relation (3.24) is proved by summing the square of Identity (3.20) with b; = %

e Relation (3.25) is obtained by developing the expression :

¥ [Di0- @) = x U 2

2
jez jez Ax

2 . . ) . 2 _Ag.a. 2
B ai g — 4aj1a;+2aj1a; 1+ 4aj daja; 1+ ai_y
o Z Ax?t
JEZ

2 2 2 oo 2
B Z 411]-+1 —2aj1a; + a; B a4 2a; 1aj41 + ai_y
= Ax* Ax*

2 2 2 2
B 4 05— 2aj1a; + a; 4 @ — 2a; 1aj41 + ai_y
n ].;Z; Ax2 Ax? ~Ax2 4Ax2 '

Proof of Lemma 3.22. e Identities (3.27) and (3.28) derive from developing the sums.

e Relation (3.29) is a straightforward consequence of (3.22a).
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e For (3.30), one has

2 .2, 2 _ 3
Z D (a) v B Z EljJrllZ] aja]+1 B Z 3ﬂ]+1ﬂ] + 3a]+1a] ﬂ Z Ajr1 — 4j

+ jet+1 = AL - = - —
jez jez Ax jez 3Ax jez Ax

e Likewise, Identity (3.31) is proved by the same way

2 o a2 a2 L. o2 3
7 4Aj-1 — Aj4107_4 4474 3aj+1a],1 —|—3a]+1a]._1 a;_y
Y Dc(a )j4j-18j11 = ) =)
iz iz 2Ax =7 3 8Ax
3
-y _4Ax [ﬂj+1 - ﬂj—l]
iz 2Ax

e The proof of (3.32) is based on a development of the expression of D.(ab); as explained

below

a; 1b'+1—a'_1b‘_1 b; 1a; 1a‘—b‘a' 1a; b; 1—b‘
Zaj (ab L Zu] J+1%5 2Ax] ] — Z JH1%+ ZJAx 17+ — Z ]+2Ax ]aj+laj-
JEZ JEZ JEZ JEZ

e For Relation (3.33), we expand

Y D.D_(a); D (ab);

JEZ

_ y (o1 =20 00) (@b = (80 =20 %01) [8-164)
= 2Ax3

-y (a+1) bj1 — 20841541 + @ 18j51b51 — a418;-1b1 + 248101 — (a7-1) by
= 2Ax3

-y —2ajaj1bj41 + 2a;414;b; N aj1aj41bjy1 —aj1a;1bj
= 2Ax3 2Ax3

_ ]EZZ ]+A1 - a]+161j +].€ZZ I%;Ax?_laj_‘_luj_l.

Proof of Corollary 3.23. e Identity (3.34) is based on (3.32) with b; = % and Relation (3.30).

e Proving (3.35) corresponds to choose b; = % in Identity (3.33) and using Relations (3.30)

and (3.31).
O
Proof of Lemma 3.27. Inequality (3.40) is based on Relation (3.21)
% D))’ = ¥ [60ca);+ %00 )+ 2D )
jEZ JEZ
2
=Y (4)* (De(a);)" + ¥ byajaDe (@), Dy (), + ¥ biDe ()0 1D (b),
j€Z jeZ jEZ
aj11 2 aj+14j-1 ’
jEZ JEZ JEZ
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Young inequality implies

E<Dc(ab)j)2§2(b) (De (a j) +Z ZAt a]+1 +2 ' (De(0) )2(D+(b)j)2

jeZ jeZ JEZ ]gZ
W e E Y (o) (0 o) 22 (S0 m) + D3 (% )
1 a c i — i + i i .
jEZ 27t - jEZ 2 / ] ]EZ ! ]EZ 2 J
0
Proof of Lemma 3.28. We use relation (3.21) to develop D DD (a); D. (ab); which gives
aj_
Y DiD.D_(a); Dc(ab); = )  D+DyD_ (a); [b]-DC (a); + ]2“ Dy (b)]+’TlD, (b)]}
JEZ jez
2
< Y. 5D,D.D(a);Dc(a);+ Y % (D.DD- (a);) D (b);
]eZ ]eZ
]+1
+ |+2 D,D.D_ (a) |+Z D (b); |-
JGZZ 4At & ( ) = 4At j
(B.1)

The conclusion comes from the following Lemma.

Lemma B.1. Let (aj)jGZ and (bf)jez be two sequences in (3 (Z), o be in {0,1} and v be non negative.
Then, it holds

Y 5D, D, D_ (), D, (a); < ;{Axv <’D(2b)f|g v ’D(Zb)J"a) _ Asz_bj} (p:D- (a)j)2

jeZ JEZ

+22AV|D+()I“’(D+( ) Zb(D+DC()>2. (B.2)

j€Z jez

Proof of Lemma B.1. By developing D. (); and using Relation (3.27), it holds

Y. DD, D_ (a), Dc (a); = ¥ 2D, D.D_ (@) D (a); + ¥ 2D D4 D_ (a);D- (a);

jez j€z jez
bj bj
— _Jg DD (a);D- <21D+ (a)]-) —jg DD (a);D- (2’D (a)]-> :

We focus first on the term — } ;e D+ D (a)]- D_ (%D+ (a)]->. Equality (3.19b) gives

D_ (b). )
— Y. DiD_(a); D <ZD+ ) - Y D.D_ ( 2( )]D— (a)j—f—Z]DJFD_ (a)j> .

JEZ jEZ
Eventually, Young inequality provides
b, AXY|D_bi|” 2 D (b); 77 2
i i j
=), DyD-(a); D- ( 2D+ <a>]-) <y (DeD-)) + ¥ — i (0 @)
JEZ JEZ j€ez

—Z (DD ( )])2.

]EZ
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For the term — } ;e D1 D (a)]- D_ (%D, (a)]-> , one has thanks to Equality (3.19b),

D_ (b);
2

- DiD_ (a); D- (l;jD_ (a)]) =-)Y D.D_ (a); <

JEZ JEZ

bi_1
D_ (a); + ]TD_D_ (a)j) .
Hence, it holds (by Young inequality)

-Y DyD_ (a); D- (Z;JD (11)]->

jeZ
Ax'|D_b;|” 2 D+ (b); [*77 2 bj_1
<Y 2" (pyD_(a).) + Y — L (Dya)*— Y 2 D.D_(a), D_D_ (a),
jGZZ 4 ( + J) jezz 4AxY (D+a)) ],GZZ 2 F j j
Ax'|D_bj|” > Dy (b); > 2
= Z (DJFD*QJ') + Z 4Ax]’/ (DJFaj)
jeZ jez

DyD_aj+D_D _aj\?

- L () - p A (0upoa) e U (Do)

jEZ jEZ JEZ
AXY|D_b;|" b g +b; \D+ ) |2 7 2
< x (M BTN (b b Yy (DD T (D (a);)"
: 4 4 j
jeZ jez jEZ

By collecting the previous results, one has

Y b,D D, D_ <)

j€Z JEZ

Ax"]D bi|”  Ax"[D_b;|”  bj_1 — b ’
{ +— T+ ]}(D+Daj)

D b.2717
+2|+2(Achv|(D+< ) Y b; (Dy Deay)”.

JEZ j€zZ

Lemma B.1 is then proved. O

Lemma 3.28 is a consequence, with v = 0.

Proof of Lemma 3.29. To prove Lemma 3.29, the following lemma is useful.

Lemma B.2. Let (aj)jcz be a sequence in (4 (Z), then one has

ID-all . < /3llall=||D+ D-all 5.

Proof of Lemma B.2. We compute the following sum thanks to the discret integration by parts
(3.27)
4 3
Y (D+a))' = Y (D+a))’ Diaj = = ¥ D | (Dsa))’ | ay
= jez jez

We use Relation (3.19b) to develop D_ [(D+aj)3} (line 1, hereafter) and D_ [(D+(a) j)z] (line 2,
hereafter)

- LD [(Diay) }ﬂ] -2 D [( a);) ] D_(a)ja; - ) (D+a;)* D-D-(a);a;

jez jez jez.

= — Y DyD_(a); (D-a;)*aj — Y_ D1 (a);D+D_(a);,D_(a)ja; — Y_ (D+a;)* D~D_(a);a;.
jEZ jEZ JEZ
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Annexe B.1. Proofs of useful Lemmas of Section 3.4.1
We recover D, (a) j in the second sum, which gives

D.a;)?
) (D+a] =—) D.D_a;(D- a] —) 2D.D C(a)].)z +Y D+D(a)ja]-(+2/)
jEZ JEZ JEZ jez
(D “1)2 2
+ Z D+ ? - Z (D+ﬂ]‘) D+D7(Ll)]'ﬂ]'
j€Z jeZ
)jai (D_a; (D+a')2
__2 > ) —221)+ a)ja; (Deaj)? — Y. D.D_ 72 L

jeZ jEZ j€z
Multiplying by Ax and applying Cauchy-Schwarz inequality simplify the £3-norm

Hﬂllew

ID1allyy < "2 1DLD ()| ]1D-all% +2llall | [D+ D (@)l Deal By

||ﬂ||1z°°

+-——ID+D-(a)llzID-alff.

However, one has

a1 —aj+a;—ajiq\*
HDﬂHﬁ—ZAx( j+1 — a4+ a;—aj 1)
=7/ 2Ax

_ Z Ax ajy1 —aj + aj—aj1 2 ajt1 — 4a; + aj—aj_q 2
iz 2Ax 2Ax
2 2 2
aji1 — 4aj — a1 ajr1 —4aj a; —aj_1
Y ar o (Y j ’ j— o (% j o (%Y
L A < 2Ax ) * ( 2Ax 2ax ) T\ T aax
1 /a1 —a\* 1 a1 —ai\2 (aj—aj_1\> 1 ai—ai_1\*
< VoAxS (2T ZA ] ] (| SAx (2T
—].EZZ: x4< Ax > 3 x< Ax Ax ) i\ T ax

jez
4
<Y Ax <a]+1 af)

JEZ

< |IDsallh
Equation (B.3) is changed as follows
[ID+allg < 3llalle||D+D—(a)ll|1D-all3
Then it holds
D alfy, < 3llalle||D+D-(@)] |-

Lemma B.2 is thus proved. O

Remark B.3. Lemma B.2 is also valid for the classical discret (*-norm instead of ¢4 -norm.

To prove Lemma 3.29, we first develop the left hand side thanks to (3.21)

jgmpm (a); De (Jj:jémmp (a); E]Dc (a)]-+]TD+ (a)j+fTD, (a);] -
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Annexe B.1. Proofs of useful Lemmas of Section 3.4.1
o The first term } ;. %D+D+ D_ (a); D (a); is treated with Lemma B.1 of Appendix B with v =

1 — v and o = 0, which rewrites

Y UD,.D,D (a <Y - {Ax%—W—MDa]} (DsD_)*+ Y ——— (D,a;)*
jeZ 2 ]eZ 2 jez 4Ax2=Y
- Z (D+Da;)?
]EZ

e For the second term, we integrate by parts thanks to (3.27) and (3.19b)

¥ 0:0.D- (0), D1 (a); = ¥, ~D.D- (@) D- (%D (0))

JEZ jez
2
. D, (a);
a +\4);
= 2 —D.D-_ (a); Z]D+D, (a); + (4)
jEZ
Young inequality completes the upper bound
aj+1 2 4; 1 2, 1,
Y. DiDyD(a); “ D (a); < Y — (D+D_(a))) R (D+D—(a);)" Ax2
j€Z jezZ j€z
1 4
Dy (a
jez 8Ax2 T (D+(a))
e For the third term, Relation (3.27) together with (3.19a) gives
ai_q ai_q
ﬁ DD;D- (a); ]TD, (a); = Z —DyDy (a); Dy <]4D (”)j)
jEZ jeZ
a Dy (a);_
= Z —D+D+ (ll)] {4]D+D_ (ﬂ)] =+ i ] 1 _ (ﬂ)/}
jez
2
g] <D+D+ (ﬂ)] + D+D7 (ﬂ>]> g]-
= — = + — D+D+ 11 ; + D+D )
iz 2 2 ]eZZ 8 ( ]) ]GZZ ( 1)
2
D_ (a)
— ). D4D4 (a); ( n ])
jeZ
< ¥ -7 (0iD@))+ ¥ T (DD (a))? (DD (@)
jeZ jEZ j€Z
1 4
+ a);
jez 8Axz “’( +())

Gathering all these results yields
2 A %—’y A a1 —a;
) D.DyD—(a);D. (‘;)S y { xz _ ?x[)_(a)]-Jr J 18 J} (D+D—(a)].)2
j

JEZ jEZ
Z Py D+“J‘)4 — Y a; (D De(a);)*.
L ‘

Lemma B.2 concludes this proof

2
1 gl

- AxET ol + 91 2 2
¥ 0.0:0-@p (%) < ¥ 237 4 (D, D_(a),)* + Y llallim (D De(a);)?
]

j€Z j€Z 2 jeZ
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O
Proof of Lemma 3.31. For Identity (3.43), the right hand side yields
2ai1bii1+a;_1b;i_4 3 4Ax?
Y [De (o)) PRI IIEE 5 D (b), [De ()] 25— F gDeD, (6
jeZ jez ]ez
_ 2 a?+1bj+1 + a12+1aj_1bj_1 - 2a]2+1aj_1bj+1 - 2a]'+1a]2-71b]-_1 + ajilﬂl]'+1b]'+1 + a?ﬁlb]-_l
= 8AX2
-y ( j+1 — ) a]3'+1 B 3“12#1”]'*1 + 3’1j+111]2‘_1 - ”]321 <4Ax2> -y 1bj2 —2bj + b];zzﬁ
jez 8Ax3 3 S35 4 j
Adding the first two sums gives
Z a]3‘+1bj+1 - 361]2-+1{1j_1b]‘ 1— 3LZ] 1€l]+1b]+1 + LZ] 1b] 1+ 261] 1b]+1 + Zb] 1El]+1
2
jez 24Ax
The sum yields then
2aj,1bj41 +aj1bj 3 4Ax?
Y [De(a), | I 3 D), [De ()] 55 - z L pDe(
jEZ JEZ
. Z a?+1b]'+1 - 3a]2.+1a]-,1b]-,1 - 3[1]2‘—1aj+1bj+1 + a]',lbjf1 + lejilbjjq + Zb]',1tlj+1
- 2
iz 24Ax
B Z 1b]+1a] 1 2ba +0b; 1a]+1
=3 4Ax2
_y al1bjn — a7 i b1 — a7 apabj + a7 b
o 2
jez 8Ax
2 2
_ (aj+1b]’+1 - ﬂjlbj1> <“j+1 - “jl)
iz 2Ax 4Ax
2
= )_ Dc(ab); D (2>
j€Z j
O

B.2 Proofs of useful Lemmas of Section 3.8.2.2

Proof of Lemma 3.62. e Relation (3.82) is obtained thanks to

2 2
o (2N | @1 =907 (a1 +aj0)
‘ j 16Ax2
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Annexe B.2. Proofs of useful Lemmas of Section 3.8.2.2

e Identity (3.83) comes from developing the sum

2 Ay —2a; +a;i_1\?>
_ (%t ] j—1
[D+D* (a)]-] o ( Ax? )

2 ; . 2 2 2
_ daj, —8aja; +4a n dajiraj—4ajai—1 307, 2ap0a0 T

Ax* Ax* Ax* Ax* Ax*
2 2 2 2 2
_ A ) 4 (g g G~ st A A G
B Ax* Ax3 Ax Ax* Ax*

4 4

= 52 [P+ @] + 5D+ (a570) — 5z [Pe@)] — 55D (@)

Proof of Lemma 3.63. e To prove Equation (3.84), we develop the expression
2D aj _ “J'”]ZH - “]‘“;2—1
m\2 ), 4Ax

I a2 a2
ajai,q a]+1aj+a]+1aj aja;_

4Ax
3
_ (4—aa)” a} n @l | G — a4l
12Ax 12Ax  12Ax 4Ax
A2 51 o1 s
=0 [D+ (a)]} + EDJr (a )j+ 1D+ (aS a >j'

e We prove now Equation (3.85).

a? Qi1 — 20+ a1\ (B — 04
D.D_ D “ _ ] ] ] ] ]
+D-(a); De < 2 ) ; ( Ax2 ) 4Ax

3 . .2 .2 3 22 02
a: u]+1a]-_1+a]_1aj+1 aj_q 2a]aj71 211]11

4Ax3 4Ax3
3 2 2 3 3 3 3 2 2_ 3
_ —ajq 3a]-+1a]-_1 + Sa]»_lajH + ai_q A A A~ 3a]-aj+1 +3aj+1aj —a;
12Ax3 3Ax3 6Ax3
3 3 2 2
B aj+1 — ﬂ]- n 11]‘[1]-71 — Clj+1€lj
6Ax3 2Ax3
3 3 3 3
_ 2N 2 G a1 G-\ 1 GG 1 (a571a?)
3 2Ax 3Ax2 2Ax 6 Ax 6Ax2  Ax 28x2 i
2 3 2 3 1 3 1 3 1 -12
=3 [DC (a)]-] + WDC (a )j+ 3 [D+ (a)]-] - 6Ax2D+ (a )j - 2Ax2D+ (aS a )j.

e To prove Equation (3.86), we develop in the same way.

a4 — g2 7
ajdjyq 2a].—|—a]a],1

aiDyD_ (a); = Av2
a2, —2a;.qa;+a?> —aai.q+a>,—a>+aa_
_ JH14j iy j#+1 j+1 j j#i—1
Ax? Ax?
2
() n atq —af _ Gjdj —ajaj
Ax? Ax? Ax2

=— [D+ (a)]}2 + 1D+ (az)]. — &DJr (aS’la)j.
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ANNEXE C

Traveling wave solution for Fisher-KPP
equation

s explain in Subsection 5.8.1, proving the existence of a traveling wave
for Fisher-KPP is hence enough to prove the existence of traveling wave
solution of KAV~ -Burgers equation. This annex is devoted to the existence
proof of traveling wave for Fisher-KPP equation.

Proposition C.1. There exist traveling waves with speed o, solutions of Fisher-KPP equation connecting
(1,0) to (0,0)". These traveling waves decrease monotonically if ¢ > 2 and have an oscillatory behavior
ifo<o<2

Remark C.2. In most cases, the Fisher-KPP equation is used to model the evolution of a population and
u stands for the density of population. Only the case 0 < u < 1 has a biological meaning and the case
of an oscillatory traveling wave is not relevant. This is why the proof for ¢ < 2 is often not detailed in
literature. However, in the KdV-Burgers case, we do not know a priori the sign of the speed o, we have
thus developed a unified method.

In the phase space, the Fisher-KPP EDO of the ansatz writes
X= (C.1)
Y = —0Y - X(1-X), '

where ' always denotes the derivation with respect to ¢.

Proposition C.3. The system (C.1) has two equilibrium points (1,0)" and (0,0)".

1
e The point (1,0)" is a saddle point with the unstable eigenspace IEE‘LO) = Spanq | _,. \z/m and

1
the stable eigenspace ]E?LO) = Span { (_(,_ 202+4> }

1 1
e Ifo > 2, thepoint (0,0)" is a stable node with stable eigenspace ]E?o,o) = Span { ( U+\2/m> , < agﬂ) }

e If0 < 0 < 2, the point (0,0)" is a stable spiral.

Proof. e For the point (1,0)?, the Jacobian matrix is <0 R~ Voltd

1 o
1 _0> , with eigenvalues A1 =

0and A, = ==Y *2 V2‘72+4<0.
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Annexe C.1. Location of the unstable manifold W(”LO)

-1 —0
and A, = =724 < 0 (if 0 > 2) and Ay = ~CHYA=C and A, = “YAE (if 0 < 0 < 2).

e For the point (0,0)!, the Jacobian matrix is ( 0 1 ) with eigenvalues Ay = =CHYT—2 V2‘72*4 <0

O

Since the point (1,0)" is a equilibrium point, it is not clear, a priori, if a solution can «take off»
this point. This question is answered thanks to the unstable manifold theorem, Theorem 5.6.

Finding a traveling wave is eventually nothing else than proving that the unstable manifold
of (1,0) and the stable manifold of (0,0) intersect each other. We have thus to understand what
this unstable manifold Wi1,0) 1s- Since the unstable eigenspace IEE’LO) is a one-dimensional sub-
space, so does the unstable manifold W(”LO) but we need to study it slightly more precisely and
this is the aim of the following subsection.

C.1 Location of the unstable manifold W(“LO)

To study the location of the unstable manifold we use a specific function .2 whose main
features are detailed as follows.

Proposition C.4. The functional

- (—oo,%)xIR - R
(C.2)
(X,Y) X2+Y2—2—X3
3

is a Lyapunov function for (0,0), i.e. it is decreasing along trajectories, £(0,0) = 0and £ (X,Y) > 0,
forall (X,Y)" # (0,0).
Proof. Let ¢ € R, system (C.1) gives

déi” (X(8),Y(€)) =2X(8)Y(8) +2Y (&) (—oY(Z) — X(5)(1 - X(£))) — 2X*(5)Y(¢Z)

— -2072(g)
<0, (sinceo > 0).

This function is then decreasing along trajectories.
It is straightforward to verify that £ (X,Y) > 0 for (X,Y) € (—o0,5) x R. O

3

2
Remark C.5. The graph of £ comprises two types of level sets T := {(X,Y)!, such that £(X,Y) =
A}

o if A > L, the level curve is composed only of one infinite branch

o ifA < %, the level curve is composed of a closed branch (in the half plane {X < 1}) and an infinite
branch (in the half plane {X > 1}). These two branches do not intersect each other.

Figure C.1 illustrates the isolines of £ .

We essentially use the decreasing property of .2 and the following crucial observation : there
exists a closed compact () € (—oo, 3] x IR, containing the two equilibrium points (0,0) and (1, 0)*
and the closed branches mentioned in Remark C.5. This observation comes from the following

property.
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Annexe C.1. Location of the unstable manifold Wﬁ 0)
Proposition C.6. Let Q) := {(X,Y)!, such that £ (X,Y) < £(1,0) and X < 1}.

e Then, Q) is compact and contains the two equilibrium points (0,0)" and (1,0)".
o All closed branches of isolines of £ are included in Q).
e Moreover, the unstable manifold of (1,0)°, W(”LO), intersects Q).

Remark C.7. We have represented the level sets of £ and the domain ) in Figure C.1.

\/eﬁ i
A
SP
% ° %%
05 . /
o
- X
4 05 o0 05 1 15 ©®2
X

FIGURE C.1 - Level sets of .Z - the blue domain corresponds to the compact () and the red line
to the level set going through (1,0)

Proof of Proposition C.6.  The domain Q) is closed by definition. Moreover, if (X,Y) € Q, then
X2+ Y2 -2 < land X < 1so

XP+Y < o+

2x3
= <.
5 =

Q| =

Thus, Q is included in the ball of radius 1 and center (0,0)! and then it is bounded. By Heine-
Borel theorem, () is compact.
e Since . is a Lyapunov function, one has .#(0,0) = 0 < #(1,0) then (0,0)" and (1,0)" are
included in Q).
e By Remark C.5, the closed branches of isolines correspond to a level A < % = #(1,0) and
X < 1. They then compose the domain ).
e The level set .#(1,0) (the red line in Figure C.1) is characterised by the equation
2 2 2X3 1
X 4+Y° - 3 =3

which corresponds to the two following curves

[2X3 1
Ytop(X> = T - X2 + 5/

2X3 1
Yoottom (X) = — = X2+ 3

Both curves are not differentiable at X = 1 but own left and right derivatives. Indeed,

Yip(X) ~Yip(1) Y& —X0+] A (x—1p 2K 1)
B X—-1 - X

X -1 —1 = sgn(X—1) 3

+ 1.
Likewise, one has

Ybottom(X) - Ybottom(l)
X—-1

2(X—1)
3

= —sgn(X —1) +1.
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Annexe C.1. Location of the unstable manifold W(“LO)

The right and left derivatives hence verify

- Yiop(X) — Yiop(1)  Yoortom (X) — Yoottom (1)
d_Yiop(1) := 1 =1, oY 1) = lim ~bottom ottom —1,
top( ) Xg]il‘ X _—1 and bottom( ) Xlﬁl— X —1
T Ytop(X) - Ytop(l) - T Yhottom(X) — Ybottom(U _
a+Yt0P(1) T Xlil;]il+ X —1 - 1/ a+Ybottom(1) T XIE?JF X -1 =-1

Thus, the equations of the "tangents" to the level set .#(1,0) at (1,0) are

y=-—-x+1,
y=x-—1

To verify if the unstable manifold VV(”1 0) intersects (), we just have to ensure that the two sca-

. -1
lar products between the unstable eigenvector and the two tangent vectors t;,, = < 1 > and

thortom = (:1) are both non negative or both non positive. It yields

_H\i/m Jtop ) = —1+ _U—‘_\z/m <0, caroc >0,
and
_U+\1/¢T+4 s tpottom ) = —1+ U_\/zm <0, carc >0.
Therefore, proposition C.26 is true. O

Figure C.2 illustrates the intersection between () and VV(”1 0)"

0.6 PSR

0.4

0.2

mas Y]
W)

-0.2

-0.4

-0.6

|
1
|
{
E
\
N
N
N
\

(a) Foroc =23 (b) Forc =18

FIGURE C.2 — Vector field of the Fisher-KPP autonomous system and trapping region () - the
black vectors correspond to unstable eigenvector for (1,0)! and stable eigenvector for (0,0)
which are connected via the traveling wave

Remark C.8. The Lyapunov function £ of the Fisher-KPP equation defined in Proposition C.4 closely
resembles the Hamiltonian 7 for (KAV-KS) equation (or more generally Equation (5.1)) defined in Propo-
sition 5.30 in Chapter 5, in terms of both expressions ( (C.2) versus (5.22)) and Figures (Fig. C.1 versus
5.3). Indeed, a change of coordinates enables us to switch from one to another. By defining

X0 (2) = h(O)X(VAE) +1,
YP(8) i= VAR(0)Y(VAZ),

then, if (X,Y)! satisfies the limit system (5.21), the variables (Xf*PP,YfkPP)t satisfies the Fisher-KPP
system (C.1) with a null speed, i.e with ¢ = 0 and vice versa. It follows that trajectories of Fisher-KPP
with a null speed are constants along level sets of £ but only decreasing along these level sets with a non
zero speed.
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Annexe C.2. The proof of Proposition C.1

C.2 The proof of Proposition C.1

The existence of a traveling wave for Fisher-KPP equation follows the same guidelines as the
one used for Equation (5.1). We choose (Xp, Yo) € )/V(“1 0) M Q) (it is possible thanks to Proposition
C.6) and consider the Cauchy problem

X'(§) =Y(2), (ER,
Y(§) = —oY(§) = X()(1-X(Z)), {eR
(X(0),¥(0))" = (Xo, %o)".

e Proof of the existence of a local solution around (1,0)".

By Cauchy-Lipschitz theorem, there exists a unique maximal solution (X, Y)! defined lo-

cally around (1,0)!. Moreover, thanks to the unstable manifold theorem, it converges to
(1,0)! in —oo. Thereafter, (X, Y)" will denote this solution.

e Extension to R of the existence region of the solution.

Proposition C.9. The maximal solution from (Xo, Yo)" is bounded. More precisely, it is trapped in
Q.

Proof. Let ¢ > 0 be in the domain of definition of the maximal solution (X, Y)!. We know
that (X, Y)! is defined locally around (1,0) then (X(&), Y(&))! € (—o0,3) x R, the domain
where . is a Lyapunov function.

Since (X, Yp)! € Q, then Z(Xo, Yo) < -£(1,0). However, by Proposition C .4, the function
- is a Lyapunov function, it then decreases along trajectories. Therefore, it holds

1

Z(X(6),Y(¢)) = Z(Xo, Yo) = £(1,0) = 7.

(C.3)
Thanks to Remark C.5, (X,Y)" belongs then to a level curve composed of two branches
which do not intersect each other. Since (X, Y)! is continuous, it can not jump from one
branch to another. The choice of (Xp, Yp)" imposes Xy < 1 and so (X, Y)’ belongs to the
closed branch of the isoline :

X(¢) <1 (C.4)
Conditions (C.3) and (C.4) imply that (X(&),Y(&))! € Q. The maximal solution is then
trapped in the compact Q. O

By the «Compact break» theorem 5.52, we conclude that the maximal solution (X, Y)t is
global.

e Convergence (with monotonicity or oscillations) towards (0,0)".

Corollary C.10. The maximal solution (X,Y)" converges to (0,0)".

Proof. By the Poincaré-Bendixson theorem 5.54, we have to eliminate the periodic cycle case
and the homoclinic case (when (X, Y)! goes back to (1,0)). We have proved that the maxi-
mal solution stays in () included in the domain of definition of .. Then ¥ is decreasing
along trajectories. Thanks the proof of Proposition C.4, we may even notice that

d
dg
A trajectory can not be periodic (or converge to a periodic cycle) around (0,0)" because if
such a trajectory would exist, it would necessarily intersect the domain R x R*, where .¥

Z(X(8),Y()) <0 if Y(Z) #0.
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Amnnexe C.2. The proof of Proposition C.1
is strictly decreasing. It could not reach its previous .Z-level in the future.
Since W(”LO) is not tangent to the horizontal axis, and since we have chosen (X, Yo)! €
Wii,0) M€, the functional .Z" will be strictly decreasing around (Xo,Yp) and will not reach
it initial .#-level in the futur, which bans the homoclinic case. O

Proposition C.11. The traveling wave of speed o is monotone if o > 2. Otherwise, it oscillates
around (0,0)".

Proof. If ¢ > 2,(0,0)" is a stable node of the linearized system (cf Proposition C.3) whereas
it is a stable spiral in the small speed case. O

Remark C.12. There exists an other (more well-known) proof of existence of a traveling wave for Fisher-
KPP equation if ¢ > 2. This proof is based on the same guidelines as those before, but the compact () is
replaced by a triangle trapping region. More precisely, let T be the triangle defined by the vertex (1,0)",
(0,0)" and (1, —%)". Then the vector field defined by the Fisher-KPP autonomous system is pointing
inwards T . Indeed, the outside normal of the triangle T are ny,p = (0, 1)f, Nright = (1,0)! and niycrinea =

(=5, —1)!, and all the scalar products with respect to the vector field are non positive :

<<—UY - }12(1 - X))XE[OJ] 'nt0p> = —X(1-X) <0, (since X € [0,1])

Y=0
and
Y ) =Y <0, (since Y € [-2,0])
—0Y — X(l o X) X=1 rnrlght — < U, (sInce 2,
Ye[—-5,0]
and

Y o
<<—0Y - X(1— X)> Xe[0,1] ’ni”C””Ed> = EY"' X(1-X)
Y=—5X

2
— [_Z+1—X] X <0, (since o > 2).

Then the triangle ‘T is a compact trapping region, which possesses one branch of WZ‘O 1 (the one direc-
i\

ted by the eigenvector <—1, %‘72“) ) and one branch of Wioo) (the one directed by the eigenvector

(1, _a+\2/m>f ,

The vector field as well as the trapping region T are represented in Figure C.3. We can see in the zoom
figure that T is not a trapping region anymore as soon as o < 2.

A 1

We prefer the previous method with () to the one with T because o = i\ e in our case. We do

not know a priori the sign of o — 2, so it is easier to have a unique method which covers all the cases.
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