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Introduction

Les vagues sont des ondulations de la surface d’un fluide, provoquées par des perturbations
localisées de celle-ci, et se propageant trés loin de leur lieu d’origine. Ce sont les ondes les plus
facilement visualisables, et leur étude forme par conséquent un des plus anciens champs de la
physique. Malheureusement, faute d’outils mathématiques suffisants il a longtemps fallut se
limiter & des observations pratiques. La premiére dérivation d’un modéle rigoureux fut permise
par la découverte par EULER [41, 42, 43] des équations régissant le mouvement des fluides. Les
premiers travaux sur le sujet furent ceux DE LAPLACE [72]| et de LAGRANGE [69, 68], suivi par le
mémoire magistral de CAUCHY [28]. Ces premiers travaux s’intéressaient a la théorie linéaire de
ces équations, c’est-a-dire régissant les ondes proches de ’équilibre, dont le mémoire de CAUCHY
notamment donna une description trés précise grace a I’analyse de FOURIER. Plus tard, ces études
furent reprises par KELLAND [61], RUSSELL [89], AIRY [2], et d’autres encore ; on pourra consulter
pour un historique plus complet de ces commencements U'article de CRAIK [38].

Les équations

Décrivons ces équations, dans leur formulation moderne. Nous travaillons en dimension n > 2,
les dimensions physiques étant » = 2 ou 3. Un contenant nous est donné; mathématiquement
c’est un ouvert connexe ¢, dont le bord .# est imperméable. Un fluide remplit partiellement ce
contenant : il occupe un domaine €2; qui change avec le temps. Le bord de ce domaine peut étre
décomposé en deux parties : la partie correspondant aux fond immergé %; est incluse dans .#,
tandis que la partie séparant le liquide de I’air, nommeée frontiére ou surface libre, sera notée .%;.

Deux cas de figure sont possibles. Dans le premier, le plus traditionnellement étudié, le domaine
du fluide est supposé infini latéralement ; le fond % est donc indépendant du temps, et il est
séparé de la surface .%; par une distance toujours plus grande qu’une quantité h > 0 fixée a
Iavance. Ce cas, celui de la figure 1, décrit les vagues en haute mer.

Dans le second cas, dont 1’étude constitue la deuxiéme partie de cet ouvrage, on permet au
fond d’émerger. Le fond %; et la surface .#; se coupent alors transversalement suivant la ligne
d’eau &, comme sur la figure 2. En dimension 2, représentée sur le dessin, cette ligne d’eau est
composée de points isolés; en dimension 3, c’est un lacet. Plus généralement, en dimension n,
c’est une variété de dimension n — 2. Le domaine €); sera dans ce cas borné.

L’air est supposé inerte et de pression constante; il ne reste donc a décrire que le fluide.
Choisissant la description la plus simple, nous le prendrons parfait, incompressible, non visqueux,
et de densité constante. Il sera alors entiérement décrit par son champ de vitesse v, définit sur £,
et a valeurs dans R". Ces hypothéses simplificatrices sur la nature du fluide sont d’assez bonnes
approximations pour I’eau. Les équations d’EULER nous apprennent alors que le champ de vitesse
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CHAPITRE 0. INTRODUCTION

Ny

FIGURE 1 — Cas non borné

suit les relations

(E) V-v=0

{&v—i—v-Vuz —Vp — ge”,

dans le domaine §2;. Ici, la pression p est une fonction scalaire définie sur 2;. Nous supposons la
présence d’'un champ de gravité constant, dirigé selon —e™ et dont la force est mesurée par la
constante g > 0. La premiére équation est simplement la loi de Newton, tandis que la seconde
assure l'incompressibilité du fluide. Comme nous le verrons plus tard, une conséquence de ces
équations est que la pression est solution d’une équation elliptique dans le domaine. Si on connait
le champ de vitesse, elle sera alors entiérement déterminée par sa valeur sur la surface .%;. La
pression extérieure étant supposée constante, elle peut étre choisie égale a 0 (p est définie & une
constante prés). Il s’agit alors de décrire le saut de pression a travers cette interface. Ce saut,
dont Dorigine physique est la tension de surface (ou capillarité), est proportionnel a la courbure
moyenne de l'interface. Le coefficient de proportionnalité dépend de la taille caractéristique des
vagues étudiées. Il est important pour des vagues de petite longueur d’onde, et ces vagues (ou
vaguelettes), sont dites de capillarité. Pour des vagues de plus grande longueur d’onde, il est
si petit qu’on peut le supposer nul, si bien que la pression est nulle sur la surface. Les vagues
correspondantes sont alors dites de gravité. Ce sont ces derniéres que 'on observe en mer. Il
est important de noter que la prise en compte ou non de la tension de surface méne a des
comportements trés différents, ce qui est reflété par des théories différentes pour chacun des deux
cas.

Il nous reste a décrire le mouvement du domaine €. Il est pour tout temps composé précisément
des particules de fluides, si bien que si l’on suit la trajectoire de chacune de ces particules, trajectoire
obtenue en intégrant le champ de vitesse au court du temps, on obtient le domaine au temps ¢
comme image par le flot du domaine au temps 0. Géométriquement, cela signifie que le champ de
vecteurs 0y +v -V est tangent a la variété U;£2;. Si le champ v est suffisamment lisse, cela entraine
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FIGURE 2 — Cas borné

notamment que les particules composant la surface libre restent toujours les mémes (c’est a dire
que la surface libre est transportée par le flot), et que le champ de vecteur v est tangent au fond.
Si la ligne d’eau .%; est présente, elle est alors elle-aussi transportée par le flot, et ne se décolle
pas du bord .Z.

Le systéme ainsi décrit se rapproche de ce que 'on appelle une équation aux dérivées partielles.
Il s’en distingue cependant par la mobilité du domaine sur lequel il est posé. Il est en outre trés
éloigné, formellement comme qualitativement, des équations dites linéaires, a propos desquelles
la connaissance mathématique est la plus compléte. Il est donc peu surprenant qu’excepté les
travaux déja cités, assez peu de mathématiciens se soient attaqués au sujet durant la majeure
partie des XIX® et XX© siécles. La plupart des efforts étaient concentrés sur I’étude de modéles
approchés, valables seulement dans des régimes bien particuliers. Les deux situations les plus
étudiées étaient celle des vagues de grande amplitude, régie par ’équation linéarisée qu’avaient
déja étudiée LAPLACE, LAGRANGE et CAUCHY, et celle des eaux peu profondes, décrite par de
nombreux modéles comme celui découvert par KORTEWEG et DE VRIES [67] et qui porte leurs
noms.

Ces modéles étaient dérivés formellement & partir des équations totales, et puisqu’on ne
savait rien du modéle original, pas méme s’il avait des solutions, ils n’avaient aucune justification
théorique. Cependant, ils se montrérent si aptes & prédire le comportement des vagues dans de si
nombreuses situations, qu’ils sont toujours a la base de 'océanographie moderne. Ils ont pour la

plupart été rigoureusement justifiés depuis. On en trouvera les références dans le livre de LANNES
[71].

Parallélement, I’étude des équations aux dérivées partielles (ot EDP) se développait fortement.
Les équations étudiées peuvent étre grossiérement séparées en trois catégories. Les équations
elliptiques tout d’abord, dont le prototype est I’équation de LAPLACE, sont indépendantes du
temps et décrivent I’équilibre d’un milieu continu. On a vu que la pression satisfait une équation de
ce type dans le domaine fluide €2;. Plus généralement, la théorie de ces équations est fondamentale
dans I’étude des vagues. Ensuite, les équations paraboliques, dont il ne sera pas question ici, et
dont le prototype est I’équation de la chaleur, et enfin les équations hyperboliques, qui décrivent
fréquemment un phénomeéne ondulatoire, et auxquelles se rattachent le plus nos équations des
vagues. Leur prototype est I’équation qui régit la propagation des ondes sonores, et c’est elle qui
concentra la majorité des efforts des mathématiciens dans ce domaine, durant toute cette période.
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CHAPITRE 0. INTRODUCTION

Probléme de CAUCHY

Dans I’étude d’une équation aux dérivées partielles donnée, le premier probléme & se poser
est nommé probléme de CAUCHY. Il s’agit de montrer que, étant donné ’état du systéme a un
temps donné (que l'on choisit comme origine ¢ = 0), on peut trouver une solution de I’équation
continuant cet état. Dans de nombreuses situations, la solution ne sera pas nécessairement globale,
c’est-a-dire qu’on ne peut pas espérer la continuer pour tout temps. On cherche donc cette
solution sur un intervalle de temps fini [0,77], et il est important que le temps T puisse étre
choisi indépendamment de la forme de la donnée initiale, en ce sens qu’'une petite variation de
celle-ci n’entraine pas I’écroulement du temps 1" vers 0. Additionnellement, on veut que cette
solution soit uniquement déterminée par sa donnée initiale, et enfin qu’une petite variation de
celle-ci n’entraine qu’'une petite variation de la solution. Si I’équation vérifie ces trois conditions,
le probléme de CAUCHY est dit bien posé au sens d’HADAMARD.

Pour pouvoir utiliser efficacement cette notion, il est important de choisir dans quel espace
fonctionnel travailler, c’est-a-dire & quel niveau de régularité se trouvent la donnée initiale et la
solution attendue. C’est en effet en choisissant un tel espace, et en considérant sa topologie, que
I’on peut préciser ce que 'on entend par « petite variation » ; en outre une EDP n’est généralement
pas bien posée dans tous les espaces. Plus précisément, on s’attend & ce que 1’équation soit bien
posée pour des données trés réguliéres, et cesse de I’étre & basse régularité. De plus, les méthodes
utilisées sont généralement plus simples pour des données plus réguliéres. Comme on le verra
cependant dans la deuxiéme partie de ce mémoire, on s’attend & ce que le systéme décrivant les
vagues lorsque la ligne d’eau est présente ne soit bien posé qu’aux régularités intermédiaires. Dans
le cas des équations ondulatoires, les espaces choisis pour mesurer la régularité sont les espaces de
SOBOLEV H?, s € R, basés sur l'espace de Lebesgue L? = HY.

Les raisons pour s’intéresser au problémes de CAUCHY sont multiples. Tout d’abord, les
mathématiciens n’aiment pas raisonner sur des objets qui n’existent pas. On pourrait & bon droit
se questionner sur la pertinence physique d’'un modéle qui n’aurait pas de solution! Ainsi, cette
question est toujours la premiére a traiter dans I’étude d’un tel modéle.

Pour comprendre la deuxiéme raison, il faut observer ce que sera ensuite la stratégie d’étude
d’une telle équation. On cherchera en général a identifier des solutions assez explicites, et dont
le comportement semblera typique, comme par exemple des solutions stationnaires, des ondes
solitaires se propageant sans changer de forme (les solitons), ou des solutions cessant d’exister
en temps finis, soit en concentrant leur énergie ou leur masse en un point, soit en formant des
discontinuités (les chocs). Une fois ces solutions particuliéres identifiées, on voudra montrer leur
stabilité, c’est a dire que des solutions proches de ces solutions particuliéres se comporteront
similairement, si bien qu’avec suffisamment de solutions particuliéres, on espérera décrire toutes
les solutions. Il s’agira donc de développer une théorie perturbative robuste, c’est a dire une
maniére de comprendre le comportement d’une petite variation d’un objet donné. Il se trouve
que les méthodes mises en ceuvre pour résoudre le probléme de CAUCHY sont du méme ordre,
en considérant la solution sur un temps assez court comme une petite variation de sa donnée
initiale. Le probléme de CAUCHY fonctionne ainsi comme un laboratoire d’essai, permettant de
développer une théorie perturbative simple. Ainsi, moins les espaces dans lesquels les solutions
sont recherchées seront réguliers, plus la théorie sera efficace. Cet argument est donc aussi une
raison de s’intéresser au probléme de CAUCHY pour des régularités aussi basses que possible, et
de s’approcher ainsi du seuil ou I’équation devient mal posée.

La derniére raison est liée & la structure hamiltonienne que 1’on retrouve dans de nombreuses
équations d’évolution. Cette structure fait dériver toute la dynamique d’une unique fonctionnelle,
le hamiltonien ; une conséquence de cette structure est que la fonctionnelle en question, qui est
fréquemment ’énergie physique, est conservée le long des solutions. Cette quantité permet souvent



de controler un certain niveau de régularité de la solution, et une théorie de CAUCHY au méme
niveau d’existence permet alors d’obtenir des solutions globales. Comme ce niveau de régularité
est assez bas, cela justifie encore de travailler & une théorie de CAUCHY a faible régularité. Un
des résultats les plus importants de la théorie des vagues est la découverte par ZAKHAROV [111]
de leur structure hamiltonienne. La régularité en est cependant trés basse, correspondant & une
surface et un champ de vitesse L2. A ce niveau de régularité, le sens & donner aux équations n’est
pas clair.

Revenons maintenant & I’historique du probléme. Les premiers résultats d’existence locale pour
les équations des vagues, dans le cas d’un océan infini latéralement et d’un fluide irrotationnel,
furent ceux de NALIMOV [83], SHINBROT [93], KANO et NISHIDA [60], YOSIHARA [109], et CRAIG
[34]. Afin de simplifier la situation, tous ces résultats utilisaient des hypotheéses, soit de petitesse
de la donnée initiale, soit de régularité analytique, en conséquence de quoi ils ne représentaient
pas encore une théorie de CAUCHY compléte. Pour obtenir une telle théorie, il fallut attendre les
résultats de Wu [104, 105], en 2D puis 3D.

Systéme de coordonnées

Comme nous I’avons précisé plus haut, I'une des difficultés majeures dans I’étude de ce probléme
provient de la mobilité du domaine. Une maniére simple de la contourner est de choisir un systéme
de coordonnées globales pour le domaine €2;, c’est & dire une famille de difféomorphismes @,
depuis un domaine fixe vers ;. On obtient alors un systéme de deux équations couplées, une
concernant I’évolution du difféomorphisme ®; et traduisant I’évolution du domaine €2;, et une
correspondant aux équations d’EULER sur le champ de vitesse, mais tirées en arriére sur le
domaine fixe. L’avantage est que ce systéme est posé sur un domaine fixe ; I'inconvénient, nous
y reviendrons, est que la structure algébrique de ’équation est rendue plus complexe. Il y a de
nombreuses maniéres de choisir ces coordonnées, et les équations obtenues sont assez différentes,
quoiqu’équivalentes pour des solutions assez réguliéres. Présentons rapidement les principales, en
détaillant celles qui seront utilisées dans ce mémoire.

La premiére maniére consiste a utiliser I’application lagrangienne, qui n’est autre que le flot
du champ de vitesse : ainsi & un point du domaine initial, on associe sa position au temps t.
Le domaine fixe est alors ce domaine initial. Cette formulation trés physique met en lumiére la
structure variationnelle de 1’équation, comme nous le verrons au chapitre 5; malheureusement la
régularité de ’application lagrangienne est trop faible pour tirer en arriére I’équation d’EULER
sans perdre de régularité. Il y a néanmoins des moyens de passer outre, employés notamment par
CHRISTODOULOU et LINDBLAD [31], LINDBLAD [74, 75], COUTAND et SHKOLLER [32], et CHENG,
COUTAND et SHKOLLER [29].

La deuxiéme méthode emploie en 2D le théoréme de I'application conforme pour ramener )
a un domaine fixe, comme par exemple un demi-plan ou une bande. C’est la méthode employée
par la plupart des articles originaux sur le probléme de CAUCHY cités a la section précédente,
parfois combinée avec I'usage de 'application lagrangienne, comme dans le premier article de
Sijue Wu, car elle simplifie fortement ’étude du probléme elliptique dans le domaine fluide. Le
désavantage de cette méthode est qu’elle est intrinséquement bi-dimensionnelle. Sijue Wu [105] a
cependant étendu cette formulation au cas tri-dimensionnel grace aux algébres de Clifford.

A Vopposé de la formulation lagrangienne, la formulation dite eulérienne ne suit pas les
trajectoires, et redresse chaque domaine & temps fixé indépendamment de son passé. La méthode
précédente en est déja un exemple dans sa formulation originale, bien qu’on la classe généralement
a part en raison de 'emploi qu’on y fait de ’analyse complexe. On parle plutét de formulation
eulérienne lorsqu’on emploie un difféomorphisme non nécessairement conforme pour redresser le
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domaine, ce qui peut se faire en dimension arbitraire. Une maniére d’implémenter cette méthode
est celle utilisée par ZAKHAROV [111] pour exhiber la structure hamiltonienne des équations. Elle
fut ensuite développée par CRAIG, SULEM et SULEM [36] puis CRAIG et SULEM [35], et porte
le nom de systéme de ZAKHAROV-CRAIG-SULEM (ZCS). Comme cette formulation sera utilisée
dans toute la premiére partie de ce travail, nous la décrivons en détail.

Tout d’abord, nous sommes dans la situation de la figure 1, ou le fond est séparé de la
surface par une distance plus grande qu’un h > 0, choisit une fois pour toutes. Nous ajoutons
deux hypothéses simplificatrices. Tout d’abord, nous supposerons que le fluide est potentiel,
c’est-a-dire qu’il existe une fonction scalaire ¢ telle que v = V¢ : c’est notamment le cas pour
un fluide irrotationnel (c’est-a-dire tel que rotv = 0, condition propagée par le flot) dans un
domaine simplement connexe. Cette hypothése est classique en océanographie, au-dela méme de
la sphére mathématique : c’est en effet une excellente approximation pour le cas d’'un océan prés
de I’équateur (ce qui permet de négliger les forces non conservatives, comme celle de Coriolis).
Tous les articles précédemment cités utilisaient d’ailleurs ces hypothéses. Comme le champ de
vitesse est a divergence nulle, cela entraine que A¢p = 0 dans ;. Comme en outre la dérivée
normale 0,¢ au fond est nulle (v est tangent au fond), la théorie elliptique standard nous dit
que la fonction ¢ est entiérement déterminée par sa valeur & la surface libre .%;. Ainsi dans le
cas potentiel, toute la dynamique est concentrée sur la surface. On fait encore ’hypothése que la
surface libre est le graphe d’une fonction 7 au-dessus de I’hyperplan x,, = 0. Dans ce cas, on peut
noter ¥(t,x) := ¢(t,x,n(x)), ol & = x1,...T,_1, et les équations s’écrivent

atﬁ = G(n)wa

7ZCS 1
(208) at7/1+977*"9H(77)+§|Vz1/"2*

1 (Ven - V%t + G(n)y)?
2 1+ [Vl

=0.

L’opérateur G(n)y est I'opérateur de DIRICHLET vers NEUMANN renormalisé : il est défini par

GO = 1+ 1% (ndlyen)

ol ¢ est la solution du probléme elliptique

¢|y:77 = wa
A¢p =0 dans Qy,
and) 2= 0.

L’expression H(n) = V - <\/1+VUT77|2> est celle de la courbure moyenne de la surface, et le

nombre x > 0 mesure 'importance de la capillarité. Pour simplifier les notations, on écrira d =
n — 1 lorsqu’on se servira de cette formulation, si bien que les inconnues sont des fonctions
de (t,z) € R x R%. La variable z,, sera notée y en raison de son role particulier.

L’avantage principal de cette méthode est que les équations y sont posées sur R", ce qui
permet 'usage de nombreuses techniques d’analyse harmonique. L’inconvénient est que le probléme
elliptique, ici encapsulé dans G, est plus complexe. Cette formulation permit & LANNES [70] de
résoudre le probléme de CAUCHY, puis de donner un cadre unifié pour la justification des modéles
asymptotiques. Sur ces sujets, et pour une bibliographie plus compléte, on consultera son livre
[71]. Cette formulation est aussi le point de départ du programme d’ALAZARD, BURQ et ZUILY,
dont il sera question & la section suivante.

La derniére formulation, qui sera celle employée dans la deuxiéme partie du mémoire, se passe
de coordonnées. On y considére le domaine €; comme une variété a bord plongée dans R", et les
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divers calculs sont fait sur des quantités géométriques naturelles, comme le vecteur normal, la
seconde forme fondamentale, et la courbure moyenne. Cette méthode fut employée par BEYER
et GUNTHER [19, 20] et par SHATAH et ZENG [90, 91, 92] pour étudier des situations ou le
domaine est une goutte d’eau, quoiqu’elle s’applique aussi bien aux situations que nous nous
proposons d’étudier. Ses avantages sont multiples : elle s’adapte trés bien a des géométries
compliquées, comme celle de la figure 2 ; elle permet d’éviter certaines complications dues & 1'usage
de coordonnées et qui, dans les autres formulations, obligent a utiliser une quantité nommée
« bonne inconnue d’Alinhac », sur laquelle nous reviendrons dans les preuves de la premiére partie ;
elle s’adapte trés bien a la présence d’un rotationnel, comme dans les articles de Shatah et Zeng;
et enfin toutes les quantités qui y apparaissent ont un sens géométrique, et donc physique. Elle
a néanmoins plusieurs inconvénients : elle se préte mal aux techniques d’analyse harmonique;
la compréhension des calculs nécessite quelques connaissances en géométrie riemannienne; et
enfin, quoiqu’elle soit suffisante pour prouver des inégalités comme les estimations a priori dont il
sera question dans la deuxiéme partie, la résolution du probléme de CAUCHY nécessite de faire
converger des fonctions posées sur un domaine fixe, et donc on ne peut plus faire I’économie
des coordonnées. En ne choisissant celles-ci qu’a la toute fin de I'opération, on peut cependant
conserver les avantages de cette méthode, comme on peut le voir par exemple chez SHATAH et
ZENG [92].

Description des résultats

La premiére partie de ce mémoire s’inscrit dans le programme d’ALAZARD, BURQ et ZUILY,
dont 'objet était I’étude des équations de vagues par le calcul paradifférentiel. Durant les trente
derniéres années, de nombreuses techniques assez sophistiquées ont été développées pour 1’étude
des équations aux dérivées partielles non linéaires. Ces méthodes reposent en partie sur une
décomposition des solutions en fonctions dont le spectre de FOURIER est trés localisé, que l'on fait
ensuite évoluer par I’équation pour en étudier Iinteraction. La plus simple de ces décompositions
est celle dite de LITTLEWOOD-PALEY, dans laquelle les fréquences sont localisées dans des
couronnes dyadiques. Le calcul paradifférentiel de BoNy [21, 22, 23| est une maniére d’organiser
les interactions des différentes piéces en une unique équation, que I’on appelle le paralinéarisé, et
qui présente une analogie structurelle forte avec le linéarisé de 1’équation originale, ce qui permet
de transférer de nombreux résultats de ce dernier, plus simple d’étude, vers le probléme non
linéaire. On retrouvera les principaux résultats de cette théorie & 'annexe A. Pour plus de détail,
on pourra consulter le livre de METIVIER [80].

Les équations des vagues, par exemple sous la forme du systéme de ZAKHAROV-CRAIG-
SULEM, ont une structure fortement non-linéaire, ainsi que non locale, principalement a cause de
Iopérateur de DIRICHLET-NEUMANN. Cet opérateur était le premier obstacle a la paralinéarisation
du systéme; il fut dépassé par ALAZARD et METIVIER [11]. La premiére partie du programme
d’ALAZARD, BURQ et ZUILY [3, 7, 9] fut consacrée & la paralinéarisation du systéme complet, et
a son étude pour résoudre le probléme de CAUCHY par des méthodes d’énergie. La résolution du
probléme de CAUCHY pour des équations non linéaires s’effectue classiquement par la convergence
d’une certaine suite de fonctions vers la solution. La structure de I’équation permet généralement,
par une simple intégration par parties, d’obtenir les bornes permettant cette convergence (on les
appelles estimations d’énergie a priori). Pour des équations complétement non linéaires, comme le
sont celles des vagues, la structure de 1’équation ne permet cependant ni d’identifier la suite, ni
de prouver les estimations. C’est pourquoi une transformation de ces équations est nécessaire ;
classiquement on dérive I’équation en espace, ce qui dans les méthodes employées précédemment
avait le défaut de demander beaucoup de régularité de la donnée initiale. La paralinéarisation
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remplace cette dérivation, tout en étant essentiellement optimale en matiére de régularité. Les
papiers précédemment cités traitaient les cas avec, puis sans tension de surface, prouvant 1’existence
locale dans les espaces de SOBOLEV correspondant & un champ de vitesse spatialement Lipschitz,
puis le cas sans tension de surface dans les espaces de SOBOLEV uniformément locaux, ce qui
permet de s’affranchir de la décroissance vers zéro des solutions & l'infini, associée aux espaces de
SOBOLEV classiques.

Critére d’explosion

Le premier travail accompli dans cette thése était une extension du résultat d’existence locale
pour les vagues de gravité [7]. En conséquence des preuves d’existence locale par méthodes
d’énergie, on peut généralement obtenir un critére d’explosion. Il s’agit de dire que si la solution
dont on a prouvé 'existence cesse d’exister a un temps 7', une certaine norme de cette solution
doit nécessairement tendre vers I'infini lorsqu’on s’approche de ce temps d’explosion. L’intérét
d’une telle proposition réside dans sa contraposée : si on controle la norme en question au temps 7T,
la solution se doit d’exister plus longtemps. Il s’agissait ici de prendre appui sur la formulation
paradifférentielle pour prouver un tel critére. WANG et ZHANG [102] avaient déja proposé un
résultat dans cette direction; j’ai prouvé une amélioration de leur résultat.

Rappelons pour commencer le résultat ’ALAZARD, BURQ et ZUILY ; nous noterons V la
partie horizontale de la vitesse a la surface libre, et B sa partie verticale ; c’est-a-dire

Ve - Vi + G(n)y
1+ [V

B = (9y9)ly=n = v V= (Vad)ly=n = Vut — B

On notera a = —(Vyp)|y=y le coefficient de TAYLOR, qui ne dépend lui aussi que de 7 et .
Théoréme (ALAZARD, BURQ et ZUILY ; théoréme 2.1 de [7]).
Soient d > 1, s > 1+ d/2 et des fonctions (no, o) telles que

1.mo € HF3(RY), € HF2(RY), Vo€ H'(R?), Bye HRY),

2. il existe h > 0 tel que la distance entre le graphe de g et le fond B soit plus grande que h

at=0,

3. il existe une constante aq telle que, pour x € Rd, a(0,x) > ag.
Alors il existe T > 0 tel que le probléme de CAUCHY pour (ZCS) de donnée initiale (o, o) ait
une unique solution (n,1) dans C° ([O,T]; Hst3(RY) x HS+%(Rd)), qui est telle que

1. (V,B) e CP ([O,T];HS(Rd) x HS(Rd)),
2. la distance entre le graphe de n(t), pour 0 <t < T, et le fond B, est plus grande que h/2,
3. pour 0 <t <T etxeR a(t,z) > ag/2.

Mon critére d’explosion est le suivant :

Théoréme (P.).

Sotent d>1,s>14d/2, s> >1/2+d/2 et so—1/2—d/2 > e >0, et soient (g, o) des
fonctions de méme nature qu’au précédent théoreme. Si T est le temps mazimal d’existence de la
solution associée, soit T = 400, soit l'une des quantités suivantes est infinie :

1

— SUPo<i<T 77y
1

T SUPO<t<T ao(1)°

T Sup0§t<T ||(777 1#7 ‘/v B)(t)”Her% (Rd)XH50+% (R%) x H0 (R4) x H* (R4) ’

Xiv



— supo<ier [[a(t) oo ey »
T
— Jo 1(@a+V -Va)(t)|l o (ray dt,

T

T fO ||a’(t)||W%,oo(Rd) dt?
T

I IO g e gy

T
o fo ||(VvB)(t)||W1+a,oo(Rd) dt.
Ici h(t) est la distance entre le fond P et le graphe de la fonction n au temps t, et ag(t) est
UVinfimum de a(t, x).

On trouvera au chapitre 1 d’autres critéres similaires, dont un n’utilisant que des normes
holderiennes, ainsi que leur preuve.

Inégalités de STRICHARTZ

Une des propriétés les plus remarquables des vagues est leur dispersion. Il s’agit ici de cette
propriété physique bien connue, qui veut qu’'une perturbation de la surface de 1’eau, causée par
exemple par la chute d’un corps ou par le vent, et pouvant étre de forme initiale trés irréguliére, se
propage ensuite loin de sa source en des ondes trés réguliéres. Ce phénoméne s’explique aisément
par I’étude du linéarisé des équations, dont on rappelle qu’il est une bonne approximation pour les
vagues de faible amplitude : on y voit que des solutions de spectre localisé & des valeurs distinctes
voyageront & des vitesse de groupe trés différentes; en conséquence de quoi des données initiales
trés irréguliéres se transforment rapidement en une superposition d’ondes planes de fréquences
trés étalées, au fur et & mesure que les composantes de son spectre se dispersent. Le lien entre le
nombre d’onde k et la fréquence w d’une telle solution suit la relation de dispersion

w? =k [k|> + g k|,

dans le cas d’'une profondeur indéfinie. On y observe immédiatement une différence fondamentale
entre les vagues de gravité, pour lesquelles les hautes fréquences voyagent moins vite que les
basses, et les vagues de capillarité, pour lesquelles 'inverse est vrai.

Cette relation, observée par CAUCHY pour le linéarisé autour de ’équilibre, se retrouve en
réalité en linéarisant autour d’une solution arbitraire. On s’attend donc a ce que quelque chose
de ces propriétés subsiste pour le systéme non linéaire. Cependant, comme les ondes planes ne
peuvent plus étre des solutions du probléme complet, ce phénoméne se manifeste nécessairement de
maniére plus subtile. Les vagues ne sont pas les seuls phénoménes physiques ayant ces propriétés;
la classe des équations non linéaires dispersives est large, et ses représentants les plus étudiés
sont I’équation des ondes sonores et ’équation de Schrédinger non linéaire, qui apparait dans
certains phénoménes quantiques. Les manifestations non linéaires de la dispersion sont souvent
divisées entre celles de temps court, et celle de temps long. La premiére catégorie, qui est celle
qui nous intéresse ici, suit 'argument heuristique suivant : puisque le spectre des solutions semble
avoir tendance a s’étaler, des solutions initialement trés peu réguliéres, c’est-a-dire de spectre
trés concentrés, devraient se régulariser instantanément. On peut en pratique mesurer cet effet
régularisant, par des inégalités dites de STRICHARTZ. Il semble naturel que cette régularisation
instantanée permette de résoudre le probléeme de CAUCHY a basse régularité ; et on peut en effet
combiner ces inégalités avec les méthodes d’énergie classique pour améliorer le seuil de régularité.
Leur preuve repose usuellement sur la construction d’une solution approchée, ou paramétrice, sous
la forme d’une intégrale oscillante. Ces intégrales peuvent étres vues comme une généralisation
des solutions planes précédemment évoquées, superposées pour approcher des solutions arbitraires
du probléme non linéaire. On peut alors trés aisément dériver les estimations de STRICHARTZ
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pour ces intégrales, par la méthode de la phase stationnaire, combinée avec un argument di a
STEIN, Pargument TT*.

Les modéles classiques d’équations dispersives, I’équation des ondes et celle de Schrédinger,
ont une non-linéarité assez faible : ces équations sont dites semi-linéaire. Ici, on peut en prendre
comme définition que la partie principale de leur linéarisé ne dépend pas de la solution autour
de laquelle on linéarise. Le résultat est que le chemin pris par les paquets d’ondes, c’est-a-dire
par des solutions localisées en espace et en fréquence, est indépendant de la solution elle-méme.
La structure de l'intégrale oscillante est alors assez simple, et ’obtention des estimations de
STRICHARTZ pour ce type d’équation est maintenant classique et trés bien compris. On consultera
par exemple le livre de TAO [96], et les références qu’il contient.

Les équations des vagues ont cependant une non-linéarité plus forte ; on les dit quasilinéaires.
Pour ce type d’équation, le linéarisé dépend dans sa partie principale de la solution autour de
laquelle on linéarise : le chemin des paquets d’ondes est bien plus compliqué. La paramétrice
est alors plus complexe qu’une simple intégrale oscillante, et doit étre rangée dans la classe des
opérateurs de FOURIER intégraux. Ces paramétrices sont bien plus difficiles & exhiber a basse
régularité, et les estimations de STRICHARTZ obtenues sont typiquement moins bonnes qu’a haute
régularité. Le jeu, pour descendre aussi bas que possible pour le probléme de CAUCHY, est alors
de minimiser cette perte. Le modéle de ce type d’équations est celui des ondes quasilinéaires, qui
apparait notamment en relativité générale ; c’est pour celui-ci que la théorie & été initiée, par
BAHOURI et CHEMIN [16] et par TATARU [97, 98, 99] a partir de travaux de SMITH [94] sur les
équations linéaires a coefficients peu réguliers. Des méthodes plus fines, essentiellement optimale,
furent mises en place par la suite par SMITH et TATARU [95], puis par KLAINERMAN, RODNIANSKI
et SZEFTEL [63].

Au vu de ces remarques, il paraissait naturel de rechercher des inégalités de STRICHARTZ
pour les équations des vagues, la formulation paradifférentielle permettant d’organiser I’équation
d’une maniére adaptée a la recherche d’une paramétrice. C’était la partie suivante du programme
d’ALAZARD, BURQ et ZUILY [4, 8]. Dans ces articles, ils les prouvérent tout d’abord pour les
vagues de capillarité, mais en dimension 2 et a haute régularité seulement ; puis pour les vagues de
gravité, en dimension arbitraire et avec I’application au probléme de CAUCHY & basse régularité.
Comme on ’a remarqué précédemment, les dispersions des cas de gravité et de capillarité sont
trés différentes ; ce qui justifie la séparation des cas.

Le deuxiéme travail de cette thése, accompli en collaboration avec Quang Huy NGUYEN, visait
a prouver les estimations de STRICHARTZ pour les vagues de capillarité, en dimension quelconque
et & basse régularité, puis a les appliquer au probléme de CAUCHY, c’est-a-dire & étendre le
résultat de [4], parallélement & [8].

Avant de citer nos résultats, je rajouterai que les applications de la dispersion & ’existence en
temps arbitrairement long des EDP sont un sujet particuliérement riche, et que de nombreux
résultats ont été obtenus pour les vagues, par WU [106, 107], GERMAIN, MASMOUDI et SHATAH
[45, 46], puis par ALAZARD et DELORT [10] et IONESCU et PUSATERI [58, 59|, et enfin par
HUNTER, IFRIM, TATARU et WONG [53], HUNTER, IFRIM et TATARU [52|, IFRIM et TATARU
[55, 56], IONESCU et PUSATERI [59], et DENG, IONESCU, PAUSADER et PUSATERI [40].

Notre travail sur ce probléme se décompose en trois étapes. Tout d’abord, nous améliorons la
formulation paradifférentielle de [3] pour la rendre valable a basse régularité ; ceci nous permet de
prouver des estimations d’énergie et un critére d’explosions. Nous prouvons ensuite les inégalités de
STRICHARTZ pour ce paralinéarisé. Enfin nous combinons ces ingrédients, ainsi que des estimations
de contraction, pour prouver ’existence locale & basse régularité.

Dans leur article sur le probléme de CAUCHY pour les vagues de capillarité, ALAZARD, BURQ
et ZUILY [3] montrent Pexistence locale pour des données initiales (1o, ¢o) € H*"2 (R?) x H*(RY),
avec une régularité s > 2 + %.
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Introduisons les quantités suivantes

Norme SOBOLEV : MO':T = H(n7w)HLm([O7T];HO+%XHrr) ’ MUaO = “(77071/)0)||Ha+%><H0 )

Norme STRICHARTZ : Zo.r = [[(0, V) 1, (o 7y.cmt 4 ooy -

Alors nos estimations d’énergie sont décrites par le théoréme suivant.

Théoréme (NGUYEN, P.).

Soientd>1, h>0,r>2, p=1ets> % + g. Alors il existe une fonction croissante F : RT —
R, dépendante uniquement de (d, s, r, h), telle que pour tout T € (0,1] et toute solution (n,1))
de (ZCS) sur [0,T) telle que

(n.0) € L (0.7 B x 7))

(mw) e L' (10,705 x )

inf dist(n(t), #B) > h,
it dis (n(t), #)
nous ayons

My < F(Mso+ TF(Ms1) + Zp1).

On remarquera que ces estimations ne sont pas fermées, car elles impliquent la norme de type
STRICHARTZ. A plus haute régularité, s > 2 + %, on pourrait controler cette norme par la norme
SOBOLEV, en utilisant les inégalités de SOBOLEV pour la norme spatiale et la borne triviale sur la
norme de Lebesgue en temps. C’est 1a l'esprit de Particle d’ALAZARD, BURQ et ZUILY [3]. Pour
résoudre le probléme de CAUCHY & plus basse régularité cependant, il est nécessaire de compléter
les inégalités d’énergie par une borne sur la norme STRICHARTZ du méme type. C’est I'objet du
théoréme suivant.

Théoréme (NGUYEN, P.). Soientd > 1, h > 0 et (s,7) € R? tels que

d d
s>2+§fu, 2<r<sf§+,u,

avec |1 et p vérifiant

3 3
— =4 ,d = 1; — =2 i d > 2.
u€<0,20), p sid=1; u€<0710>, p sid>
Alors il existe une fonction croissante F : RT — R telle que pour T € (0,1], pour (n,) une
solution de (ZCS) sur [0,T] telle que infyc(o ) dist(n(t),I') > h, on ait

Z,(T) < F (T.F (MJ(T) + Z,(T))).

Ce théoréme appelle quelques commentaires. Tout d’abord, il s’agit bien d’un effet régularisant,
car la régularité spatiale est un peu meilleure que ce que donneraient les injections de SOBOLEV,
ce qui est mesuré par la quantité u. En revanche, cet effet régularisant n’est pas vrai pour tout
temps ¢, mais uniquement en une version moyennée, mesurée par la norme LP.

Ensuite, le méme type d’estimations est valable pour le probléme linéaire, avec cependant un
meilleur gain de régularité

Hopt =
Hopt =

,p=4 sid=1,
—&, p=2 sid>2.

| ool
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Cette perte par rapport au cas linéaire a deux raisons. La premiére, assez fondamentale, est
que les hautes fréquences se déplacent plus vite que les basses. Deux paquets d’ondes différant
uniquement par 'amplitude de leur fréquence suivent un méme trajet, mais celui de fréquence
plus élevé va plus vite. Leur chemin, pour le probléme non linéaire, peut devenir singulier a un
certain point dépendant de la solution, et nous ne serons plus capable de les suivre passé ce point.
Pour une fréquence arbitrairement grande, le paquet s’y retrouvera en temps arbitrairement
court, et nous ne pourrons pas construire notre paramétrice. La solution, due & LEBEAU [73] puis
a BURQ, GERARD et TZVETKOV [25], est de travailler sur une échelle de temps dépendant de
la fréquence. Comme on le verra dans la preuve, cela entraine une perte dans les estimations
de STRICHARTZ; cet artifice est inutile pour le probléme linéarisé car le chemin ne dépend pas
de la solution. Comme ces inégalités de STRICHARTZ sont un phénomeéne concernant les hautes
fréquences, cette difficulté est spécifique au cas des vagues de capillarité, et n’apparait pas dans
I’étude des vagues de gravité. La deuxiéme partie de la perte est due a la méthode utilisée;
elle est purement technique. De meilleures méthodes, comme celle de SMITH et TATARU [95],
permettraient sans doute de 1’éviter.

La stratégie de preuve peut étre résumée en quelques grandes étapes. Tout d’abord, ’équation
paralinéarisée peut étre vue comme une équation d’évolution pseudodifférentielle, de symbole

dans la classe Sl% ; I’HORMANDER, avec un reste satisfaisant déja les estimations attendues.
Quoique ce symbole soit lisse, son comportement dépend de la régularité de la solution. Ce
comportement se trouve étre trop singulier pour mener la stratégie jusqu’au bout ; la solution
est ici de régulariser les coefficients de cet opérateur. On obtient ainsi une équation satisfaisant
de meilleures estimations, au prix d’un reste qui en satisfait de pires. L’équilibre entre ces deux
facteurs ménera & une perte de régularité dans les inégalités finales, perte dont la valeur est assez
arbitraire.

En décomposant la solution en bandes de fréquences, on peut voir le probléme comme une
famille d’équations pseudodifférentielles, que I'on indexera par h (h petit correspondant aux
hautes fréquences). Il s’agit alors de construire une paramétrice a haute fréquence (c’est-a-dire a
petit h). Avant que cela soit possible, il faut appliquer plusieurs réductions a ’équation. Tout
d’abord, la partie sous-principale du symbole, d’ordre 1/2, peut étre rejetée dans le reste. Ensuite,
il reste a 'ordre 1 un transport par le champ de vitesse; les oscillations de ce terme pourrait
parasiter le terme principal, d’ordre 3/2. Heureusement on peut le supprimer, en suivant les
caractéristiques de ce champ de vitesse aussi loin que sa régularité le permet, ce qui n’apporte
aucune limitation aux inégalités finales.

L’étape suivante, spécifique aux vagues de capillarité, consiste en une renormalisation du temps
a une taille dépendent de h, pour que la vitesse de déplacement des solutions soit bornée quand h
approche 0. On s’est alors ramené a une équation d’évolution semiclassique pour laquelle on peut
facilement construire une paramétrice. Celle-ci est une intégrale oscillante. Sa phase est solution
d’une équation de HAMILTON-JACOBI associée au symbole de 1’équation ; la renormalisation du
temps permet de la trouver sur un temps semiclassique uniforme (donc le temps d’existence réel
tend vers 0 & haute fréquence). La régularisation des coefficients lui permet d’avoir suffisamment
de régularité pour étre utilisable. L’amplitude de l'intégrale oscillante est la solution d’une simple
équation de transport.

On peut alors montrer les inégalités de STRICHARTZ pour cette paramétrice, par la méthode
TT* de STEIN, qui repose elle-méme sur des estimations de noyau obtenue par la méthode de
la phase stationnaire. Ces estimations passent alors & la solution originale, puisque l'intégrale
oscillante est une solution approchée. Elles ne sont cependant valables, & fréquence h, que sur un
petit intervalle de temps de taille dépendant de h. On peut montrer les estimations sur un temps
d’ordre 1 en recollant un grand nombre de ces estimations, ce qui améne une puissance de h
dans les inégalités, et donc une perte de dérivée lorsqu’on prouvera les inégalités pour I’équation
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originale.
Ces estimations jouent un role central dans notre théoréme d’existence locale & basse régularité,
dont voici I’énoncé.

Théoréme (NGUYEN, P.).
Soient d > 1 et trois réels r, s, u tels que

d S sid=1
2<r<s——+u, =% ’

g T M {15’;) sid>2.
Soit (no, o) € Hs+3 x H® tel que dist(ng, ') > h > 0. Alors il existe un temps T > 0 tel que le
probléme de CAUCHY pour (ZCS) ait une unique solution

(n,4) € L™ ([O,T]; H5E % H) nLr ([O,T]; T+ x C’")
oup=4sid=1etp=2sid>2. En outre,
(n,4) € C° ([0,T];HS’+% x H) Vs <s

et
tel[%,fT] dist(n(t),T") > h/2.

La preuve de ces résultats est aux chapitres 2 et 3.

Je présente ensuite une application de ces résultats au probléme de CAUCHY dans un canal.
Il s’agit ici d’étudier, en deux ou trois dimensions, une situation du type de la figure 2, mais
ot le fond ressort a la verticale, formant des murs droits. ALAZARD, BURQ et ZUILY [5] ont pu
prouver que la condition de TAYLOR, dans ce cas, imposait un contact & angle droit avec la
surface de Ieau. Utilisant une procédure due & BOUSSINESQ [24] consistant en une symétrisation
suivie d’une périodisation de la géométrie, ils ont su ramener ce cas a celui du systéme de
ZAKHAROV-CRAIG-SULEM sur le Tore, pour lequel la théorie de CAUCHY par méthodes d’énergie
fonctionne identiquement & celle sur ’espace Euclidien. Le probléme est que cette procédure limite
la régularité des fonctions, méme si on commence par des fonctions réguliéres. Les méthodes
d’énergie sont cependant suffisantes dans le cas des vagues de gravité, comme prouvé dans [5].

Dans le cas des vagues de capillarité en trois dimensions cependant, la régularité est trop
basse, et seules les inégalités de STRICHARTZ permettent de prouver l'existence locale. Il s’agit
donc de prouver ces inégalités dans le cas du Tore, ce qui repose simplement sur une observation
de BURQ, GERARD et TZVETKOV [25] : grace au choix d’une échelle temporelle dépendant de
la fréquence, chaque bande de fréquence se déplace a la méme vitesse. On peut ainsi travailler
dans une carte du Tore pour laquelle la paramétrice déja construite est suffisante. On trouvera ce
théoréme d’existence locale et sa démonstration au chapitre 4.

Fond émergent

Quoique ces derniers résultats soient déja dans le cadre d’un fond réémergent, ils utilisent une
astuce qui ne se généralise pas a des géométries plus complexes. L’étude de celles-ci constitue la
derniére partie de ce mémoire. J'y prouve des inégalités d’énergie a priori, qui sont la premiére
étape vers la résolution du probléme de CAUCHY. Je ne parle ici que des vagues de gravité, la
modélisation des vagues de capillarité étant moins claire.

Il y a pour cela plusieurs obstacles & franchir. Le premier est la complexité de la géométrie, a
cause de laquelle les systémes de coordonnées évoqués plus haut deviennent d’usage peu naturel,
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en introduisant des problémes artificiels. Par exemple, étendre le systéme de ZAKHAROV-CRAIG-
SULEM obligerait a considérer la surface comme un graphe au-dessus d’un domaine lui aussi
mobile, perdant ’avantage du domaine fixe qui nous avait fait choisir ce modéle. Pour contrer
cette difficulté, nous travaillons sans coordonnées, selon la méthode géométrique de SHATAH et
ZENG [90]. L’adoption de ce systéme permet en outre de ne pas se restreindre a des surfaces
formant un graphe, et de traiter le cas d’un fluide de tourbillon non nul trés naturellement.

Il faut ensuite évoquer ’étude du probléme elliptique dans le domaine singulier €);. Ce probléme
est présent initialement dans I’équation satisfaite par la pression p, et apparait ensuite de maniére
proéminente dans l’analyse, afin de réduire ’essentiel de la dynamique & la surface libre. La
présence des coins en deux dimensions, et de ’arréte en dimension plus grande que trois, rend
le probléeme singulier. Il n’est pas difficile de montrer I’existence d’une solution peu réguliére
par des méthodes variationnelles classiques, ni de prouver que cette solution est réguliére loin
de la ligne triple .%; ; cependant prés de celle-ci, cette régularité dégénére. La théorie en est
heureusement assez développée, du moins dans le cas d’'un domaine lisse en-dehors de la singularité.
On consultera le livre de DAUGE [39] pour un développement de la théorie; les contributions
majeures étant dues & KONDRAT'EV [64, 65, 66] et & MAZ'JA et PLAMENEVSKII 79, 78, 77]. On
trouvera une bibliographie plus compléte dans le livre de GRISVARD [49].

Bien que la régularité elliptique dégénére prés d’un point singulier comme un coin, cette perte
de régularité est quantifiée : en deux dimensions, il apparait une série discréte de singularités,
chacune limitant la régularité en terme d’espaces de SOBOLEV & un exposant de la forme (k+1/2)Z
(en choisissant des conditions au bord mixtes de type DIRICHLET d’un coté du coin, et NEUMANN
de l'autre), on w est la valeur de 'angle. Ainsi la régularité elliptique fonctionne comme dans un
domaine lisse, tant qu’on se limite & des espaces de SOBOLEV de régularité plus petite que celle
de la premiére singularité (ici 5-). Le cas des dimensions plus grandes, lorsqu’on généralise le
coin en une arréte d’angle variable comme dans notre probléme, est un peu plus complexe; les
singularités ne sont plus aussi simples & décrire. Néanmoins, la régularité elliptique en dessous
de 5= reste vraie, ou w et la plus grande valeur de 'angle.

Pour éviter des complications, c’est cette régularité en-dessous de la premiére singularité qui
nous intéresse. Ici, les difficultés par rapport a la théorie classique que je viens d’évoquer sont que
I’on travaille avec des domaines dont la frontiére est de régularité limitée, mesurée dans les espaces
de SOBOLEV, et que I'on voudra obtenir des constantes uniformes pour une faible variation du
domaine, afin que celles-ci ne changent pas au cours du temps. Ainsi, pour éviter les singularités,
on travaille & une régularité basse dépendant du plus grand angle possible. Comme on a d’un
autre coté besoin d’un champ de vitesse de régularité Lipschitz pour résoudre le probléme de
CAUCHY par des méthodes d’énergie, on doit travailler a régularité intermédiaire. Ce compromis
n’est possible que pour des angles plus petits que 7/(n + 1).

La derniére difficulté dans cette étude apparait dans la quasilnéarisation de ’équation. Il
s’agit de cette étape, évoquée plus haut, révélant dans I’équation une structure adaptée aux
estimations d’énergie et & la construction d’une suite d’approximations de la solution. Ce role, dans
le cas latéralement infini, est généralement rempli soit par une dérivation spatiale des équations,
soit comme au-dessus par une paralinéarisation. Ici, & défaut d’une théorie paradifferentielle
satisfaisante sur les domaines & bords, cette derniére méthode semble difficile & mettre en ceuvre.
Pour ce qui est de la dérivation spatiale, il a fallut que je me rende compte de son inefficacité
dans ce probléme : j'interpréte ce défaut comme di & ’absence d’une symétrie de translation dans
cette géométrie. Comme le probléme reste cependant invariant par translation temporelle, cette
remarque pousse a essayer de dériver I’équation en temps. Au vu des équations d’EULER, cela
revient & chercher une équation sur le gradient spatial de la pression, ou de maniére équivalente
sur le coefficient de TAYLOR a = —Viyp|.». (Attention au changement de définition de celui-ci
par rapport a la partie précédente ; au vu de la nullité de p sur la surface, ces deux quantités
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sont équivalentes.) Grace a cette approche, on peut effectivement prouver les estimations a priori
résumées dans le théoréme suivant.

Théoréme (P.).
Soient .%; une famille C? en temps d’hypersurfaces H®, et v € C?(H*(t)), solutions des équations
des vagues de gravité dans le domaine défini par le container O.

Icis > 1+ 75, ets < % + 5=, ot W > 0 est un nombre tel que pour tout temps t, pour
tout x € £, w(x) < W. Remarquons que cela implique w < 7.
Supposons aussi 'existence d’un nombre ag > 0 tel que le coefficient de TAYLOR a := —V yp >

ag > 0 pour tout t, et d’un nombre w > 0 tel que w > w pour tout t.

Alors, pour une certaine énergie E(t) = E (Q4,v(t,-)) a définir, contrélant % dans H®
et v € H5(), il existe un temps T > 0, dépendant seulement des normes des données initiales,
tel que Vt € [0,T],

E(t) < E(0) + / ' (E(t)) dt,
0

ot F est une fonction croissante dépendant seulement de w, s, ag, et d’un voisinage des données
e ) ) Lo _1 1
initiales dans la topologie moins réguliere H~2 x H52 ().

On trouvera la preuve au chapitre 5. Elle peut étre séparée en deux parties. La premiére partie
est entiérement consacrée au développement d’outils analytiques pour donner un sens & la régularité
d’une surface, a la topologie sur I’ensemble des surfaces, et & ’étude des opérateurs elliptiques
rencontrés. La partie principale de cette étude est celle de la régularité elliptique au niveau de
Parréte (ou du coin en deux dimensions). Elle se fait localement prés d’un point de l'arréte, en
étudiant le probléeme modele du laplacien a coefficients constants dans un secteur R"™2 x T,
ou I est le secteur angulaire de méme ouverture que celle au point considéré. On supprime alors
les éventuelles variables non bornés grace a la transformée de FOURIER, ce qui nous raméne
a étudier le laplacien dans le domaine I'. On utilise alors la transformée de MELLIN, qui en
polaire transforme la dérivation r@,. en multiplication par A € C, nous ramenant ainsi & inverser
une famille holomorphe sur [0, w] de méme partie principale. Les valeurs propres de cette partie
principale sont des obstructions & cette inversion ; l'inverse est cependant méromorphe, et on
peut retrouver la solution initiale comme somme d’une fonction réguliére et des résidus de cette
famille, qui sont les singularités. La difficulté est ici de développer cette analyse pour un domaine
susceptible de varier en topologie Lipschitz.

La deuxiéme partie de la preuve est plus spécifique au probléme d’évolution. Il s’agit tout
d’abord de trouver I'équation, d’ordre deux en temps, satisfaite par le coefficient de TAYLOR, ce
qui demande quelques calculs. On peut alors s’apercevoir que celle-ci est, aux termes d’ordre
nul prés, 'équation linéarisée autour de la solution. On prend alors comme énergie celle associée
au probléme linéarisé, a laquelle on rajoute la norme appropriée du tourbillon. Cette derniére
satisfait de bonnes estimations car le tourbillon suit essentiellement une équation de transport. Il
s’agit pour finir de montrer que le coefficient de TAYLOR, sa dérivée en temps, et le tourbillon
controlent la solution compléte. Le premier controle la régularité de la surface, puisqu’il est le
gradient transverse de la pression a son lieu d’annulation, la surface libre ; les deux autres variables
controlent la vitesse par un lemme divergence-rotationnel dans le domaine fluide, qui est une
conséquence de la régularité elliptique pour le laplacien.

Il me reste & mentionner que plusieurs travaux ont déja été accomplis dans cette direction :
KINSEY et WU [62], puis WU [108] ont cherché a étendre la stratégie de périodisation utilisée pour
le cas du canal au cas d’un angle non-droit, ce qui les améne & considérer des vagues présentant
des crétes a angles aigus; MING et WANG [81] ont étudié le probléme elliptique dans le cas de
la dimension deux, et ont donné une description compléte des singularités. Enfin GUO et TICE
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[50] et ZHENG et TICE [112] ont étudié la situation analogue pour le probléme de Stokes en deux
dimensions.
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Chapitre

Critere d’'explosion

Cet Article est disponible sur ArXiv; voir [84].

1.1 Introduction

In this paper, we derive a blow-up criterion for the water-waves system, without surface
tension and with arbitrary bottom. The water-waves problem is the study of the motion under
the influence of gravity of a homogeneous, inviscid fluid, typically water, inside a laterally infinite
container, and separated from the atmosphere by a free interface.

We will assume the presence of a constant gravity field acting along the e, axis, distin-
guishing it from the horizontal plane. This horizontal plane will be of dimension d > 1, with
in applications d = 1 or 2. Positions will be expressed in coordinates (z,y) € RY x R. We
write V =V, = (0gy,...,0p,) and V. y = (Vz, 0y).

At each time t € R™, the fluid will occupy a domain €(¢). We suppose that the free surface,
which will be denoted X(¢) is the graph of a continuous function y = 7(t, ) representing the
variation of the water surface from its rest level. In order to account for a wide variety of bottoms,
we will consider a simply connected open subset O of R, such that

Qt) = {(m,y) eRYxR; (x,y) €O,y < n(t,a:)}.

We suppose that there exists h > 0 such that, for all times, the domain §2(¢) contains a horizontal
strip of width h,

(1.1.1) Qn(t) == {(x,y) eRXR; nt,x)—h<y< n(t,x)} C Q).

This means that the bottom, denoted by T', is nowhere emerging (which precludes islands and
beaches).
The velocity v(t,z,y) € R4 of the fluid occupying Q(t) follows the incompressible Euler
equations
O+ (V- Voy) v+ Vi yz, yP = —gey,
divg v =0,

where g is the acceleration of gravity, supposed constant and positive, and where P(t,z,y) € R
is the pressure of the fluid. It is customary in oceanography to impose in addition for the fluid to
be curl-free, so that curl, , v = 0 in Q(t).
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In addition, we need to impose boundary conditions on X(¢) and I'. First there are the
kinematic conditions that the fluid does not cross or leaves those boundaries, so that

v-n=0 onl,

on = \/1 + Yy, ylan)®v-v on %,

where n and v(¢) are the the exterior unit normals respectively to I" and 3(t). At last there is a
dynamic boundary condition on the pressure. We suppose that there is no surface tension at the
surface, which implies that there is no pressure jump between the fluid and the atmosphere. We
assume this atmospheric pressure to be constant, and we can change the definition of P by an
additive constant to take Py = 0. Then

Plyey =0.

Remark. — By imposing for the surface X(t) to be a graph, we implicitly assumed that our
solutions will blow up when this ceases to be the case. It has been proved by Castro,
Cordoba, Fefferman, Gancedo and Gomez-Serrano [26] (see also Coutand-Shkoller [33])
that some cases of a non-graph smooth surface can evolve to a self-intersecting surface,
the so-called splash singularities, where this physical model does not make sense anymore.
This shows that any study of blow-up without the graph hypothesis should involve some
geometric quantities.

— The curl-free hypothesis is a good approximation for most deep-ocean applications, however
it ceases to apply near a cost or when we take the Coriolis effect into account. See Castro
and Lannes ([27]) for a formulation and some results with vorticity.

— Since T is not always smooth, its normal may not be defined. We will later give a variational
meaning to this condition, coinciding with the strong sense when the normal exists.

For more on those hypotheses and on this model see the book by Lannes [70].

Now from the simple connectedness of O, and therefore of €2(t), and because div, ,v = 0
and curl, , v = 0, we see that there exists a scalar function ¢ defined on the fluid domain such
that

Voy, Yy =v  in Q,
Agyd=0 inS

Now the Euler equation (1.1) and the boundary conditions (1.1) and (1.1) can be recast for this
velocity potential, becoming —up to a harmless change of the definition of ¢ by a time-dependent
constant— the Bernoulli formulation

1 .
Db+ 5 [Veyw,yo* + gy = —P in Q(t),
O = 0y — Vpyx,ylan - N, yx, ylag  on 3(t),
Opd=0 onT,
P=0 on X(t).

The Cauchy problem for this system has been widely studied, starting from the works of
Nalimov ([83]), Shinbrot ([93]), Yosihara ([109]) and Craig ([34]). The first results for Sobolev
spaces and without smallness assumptions are due to Wu ([104, 105]). A recent extension with
rougher data, essentially Holder with exponent 3/2 has been proposed by Alazard, Burq and
Zuily in [3], with another extension using Strichartz estimates in [8]. More Recently, Kinsey and
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Wu have obtained in [62] a priori estimates covering the case with angled crests. The next natural
objective is to find a blow-up criterion for the system. Christodoulou and Lindblad ([31]) proved
such a criterion involving geometric quantities for the case without bottom. They showed that
the solutions can be extended as long as the curvature of the surface and the derivative of the
velocity remain bounded. More recently, Wang and Zhang ([102]) used some of the methods of [3]
to prove that as long as

T
sup [0 arge + / (. ylaV, Sy, ylaB)|[%, . dt
o<t<T 0

is bounded, the solution can be extended after the time 7. Here & is the curvature of 3, V and B
are respectively the horizontal and vertical traces of the velocity v at ¥ and p > 2d. We will prove
three blow-up criterions which extend this result. The results proved in this paper involve less
regular norms of the free surface and are valid for the case with rough bottom. More importantly,
we will prove two results which involve only L! norms in time of the highest-order norms. Notice
that one of the results below (see Theorem 1.1.4) is used in [8](see Section 5.4) to deduce an
existence result from a priori Sobolev and Strichartz estimates. Since Strichartz estimates involve
L? norms in time (in dimension d > 2), it is crucial to have a blow-up result which involves only
LP? norms for p < 2. In this direction, we will obtain sharp results involving only L! norms (see
Theorem 1.1.3 and Theorem 1.1.4). In the case of 2D water-waves (d = 1), Hunter, Ifrim and
Tataru have obtained in [52] a blow-up criterion in holomorphic coordinates, corresponding to
ours but sharpened to BMO norms instead of HAqlder norms in space.

An important quantity appears in the analysis of the system (1.1), the so-called Rayleigh-Taylor
coefficient

a = —0yPly—y.

In order to solve the Cauchy problem, we need to make a positivity hypothesis on a. One of the
important contributions of Wu’s articles [104, 105] is that this condition is always true when the
depth is infinite, which corresponds to the case I' = (). Lannes then proved the same result for a
small regular perturbation of a flat bottom ([70]).

Inspired by Craig [34] and Lannes [70], we will use the eulerian formulation of the equations in
connection with elliptic estimates and microlocal or harmonic analysis. In particular, we use the
Craig-Sulem-Zakharov formulation of the equations ([35, 111]). Notice that since the potential ¢
is harmonic, it is entirely determined by its value at the surface. We define

w(tv x) = ¢(tv T, TI(»’U))

The equation can then be recast in terms of 1 and ¢, which are functions defined on R%. In
order to simplify the presentation, Craig and Sulem introduced the use of the Dirichlet-Neumann
operator in [35]. This operator is defined as associating to a function defined on ¥ the exterior
normal of its harmonic extension to Q(t). Here for convenience we re-normalize it to get

Gl = 1+ Vo, ylan* 0,61,

With this operator, we get a closed system of equations, known as the Craig-Sulem-Zakharov
System
9 — Gy =0,

(Yo, ylan - Yy, ylay + G(n))?

. —0.
14| Ve, ylan|

1 1
O+ g+ 5 Ve, ylay]” — 5
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Remark. — Under this formulation, the system is Hamiltonian. This is what motivated the
original idea of Zakharov. The Hamiltonian is

1

1
= wG(n)wder*/ gn” d,
2 Rd 2 Rd

and is conserved by the evolution (see e.g. [71]).
— The formal equivalence of this system to the original one is clear and we refer to [6] for a
rigorous proof.

This work is based upon the paper [7] by Alazard, Burq and Zuily. To recall their main result,
we introduce the vertical and horizontal parts of the velocity at the surface,

B = (0y®)ly=n: V = (Vo,y2, ylas@)|y=n-
Those quantities can be computed from knowing only 1 and . Then

Theorem 1.1.1 (Theorem 2.1 of [7]). Let d > 1, s > 1+ d/2 and consider (no,vo) such that
1.mo € HF5(RY), € HZ(RY), Vo€ H'(R?), Bye HRY),
2. there is h > 0 such that condition (1.1.1) holds for t =0,
3. there is a positive constant ¢ such that, for any = € R?, ap(z) > c.
Then there exists T > 0 such that the Cauchy problem for (1.1) with initial data (no, o) has a
unique solution (n,) in C° ([O,T]; H"z(RY) x HS“‘%(Rd)), such that

1. we have (V, B) € C° ([O,T];HS(Rd) x HS(Rd)>,
2. the condition (1.1.1) holds for 0 <t < T, with h replaced by h/2,
3. forany 0 <t <T and any v € RY, a(t,z) > ¢/2.

The proof of this theorem relies on paradifferential calculus to reduce the equations to a quasi-
linear system, and then use classical energy methods for hyperbolic symmetrizable quasi-linear
systems. Some notions about paradifferential calculus are recalled in appendix A. It has the
advantage of yielding tame estimates of the various nonlinearities, meaning that those estimates
are linear with respect to the higher order norm. This will enable us to derive new a priori energy
estimates for the paradifferential reduction of the system, from which we will derive a blow-up
criterion complementing Theorem 1.1.1.

Our main result will be derived in three different flavors, which we believe are all equally
interesting. The first one controls the dynamic using only Hoélder norms of the quantities.

Theorem 1.1.2. Let d>1, s > 1+ d/2, € > 0 and consider (no,vo) satisfying the assumptions
of Theorem 1.1.1. If T is the maximum existence time of the solution given by this theorem, then
either T = +o00 or one of the following quantities is infinite

‘ -

SUPo<t<T 7

—~|

t)’

-

SUPo<t<T ot
— SUPg<t<T In t)”WlJrEvOO(Rd) )

— supg<ier [(V, B) (@) e o (mey »

— SUPg<t<T ||a(t)||stw(Rd) )

— fOT |(Ora+V -V, y, ylaa)(t)HLoo(Rd) dt,

T
I 1)y ey

)

—~—
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T 3
— e lan (@) gy

T 3
o fo ||(VaB)(t)||W1+s,oo(Rd) dt.
Here h(t) is the largest number h satisfying condition (1.1) at time t and c(t) the largest number ¢

such that a(t,x) > ¢ for all x € RY.

Before introducing the second criterion, we observe that in the case where the domain is
infinitely deep (that is I' = (), the equation enjoys a scaling invariance. The critical space
corresponds to the index s = d/2 4+ 1/2. We expect to find a better criterion by authorizing a
control of a Sobolev norm of a fixed reference index sy close to the scaling. This corresponds to
our second result

Theorem 1.1.3. Letd>1,s>1+4+d/2,s> sy >1/2+d/2 and s —1/2 —d/2 > e >0, and
consider (1o, o) satisfying the assumptions of Theorem 1.1.1. If T is the mazimum existence
time of the solution given by this theorem, then either T = 400 or one of the following quantities
is infinite

— SUPo<¢<T ﬁa

— SUPp<i<T ﬁa

— SUPo<i<T (n,, V. B)(t)HHqﬁ% (Rd)XHbU+% (R)x He0 (R9)x He (R4) ’

SUPo<t<T ||a(t)||WEv°°(Rd) )
— B+ V -y, ylaa)(t)]| o gay dt,

T
— Jo a4 e g
T
o fO ||V‘T7’ll$7yla’n(t)HW%00(Rd) dt’

T
TNV BY Ol gy
Here h(t) is the largest number h satisfying condition (1.1) at time t and c(t) the largest number c
such that a(t,x) > ¢ for all z € R%.

Here the main improvement to the preceding theorem is that we only need to control the
L'-norm in time of the higher order quantities, rather than L2 norms. The proofs of those two
theorems will be parallel, however one can not be deduced from the other.

The last criterion is a simplification of the preceding one, and is the most compact of the
three. It trades a higher reference Sobolev index sy > 3/4 4+ d/2 against control of the Taylor
coefficient.

Theorem 1.1.4. Letd > 1, s> 1+4+d/2, s > s9g > 3/4+d/2 and 1/4 > ¢ > 0, and consider
(N0, o) satisfying the assumptions of Theorem 1.1.1. If T is the mazimum existence time of the
solution given by this theorem, then either T = +o0o or one of the following quantities is infinite

1
— SUWPo<t<T R(1)>

1
SUPo<t<T (1)

7 Sup0§t<T || (n’ QZ}’ ‘/? B) (t)HHsg-P% (Rd)XHSo-F% (R4)x H%0 (R4) x H% (R4) ’
T
T I vlan (D) g A

T
7 fo (v, B)(t)HWlJrs,oo(Rd) dt.
Here h(t) is the largest number h satisfying condition (1.1) at time t and c(t) the largest number ¢

such that a(t,x) > ¢ for all x € R%.

Let us explain why the index 3/4 + d/2 enters into the analysis. As already mentioned, in
the recent paper [8], Alazard, Burq and Zuily used Strichartz estimates to deduce existence

7



CHAPITRE 1. CRITERE D’EXPLOSION

for data with regularity associated to s = 11/12 4 d/2. The theoretical limit of this method is
at s > 3/4 4+ d/2 for d = 2 (since Strichartz estimate gains only 1/4 derivative), and even for
such solutions we expect the quantities in this last theorem to be finite on the existence time
interval. This would not be the case of the quantities supo<; <7 [|7(¢)[lyy2. R4y, corresponding

to the curvature of the surface, or fOT I|(V, B) (t)H?/VHE,OO(Rd) dt, since solutions can be found for
which those quantities would be infinite.

Section 1.2 will start with a rigorous definition of the harmonic extension ¢ and of the
Dirichlet-Neumann, adapted to the case with rough bottom. It also contains in subsection 1.2.2
a maximum principle adapted to this framework, that we believe is of independent interest
and ends with results on the elliptic regularity of this problem and their uses to control the
Dirichlet-Neumann. In section 1.3 we will perform the reduction of the system to a symmetric
quasilinear hyperbolic equation. This imposes to change the variables we work with; in section 1.4
we will construct a parametrix to control the new variables with the originals. Section 1.5 contains
the a priori energy estimates of the new system, and section 1.6 completes the proofs of the
theorems. Appendix A recalls some notions on paradifferential calculus, the main technical tool
of this analysis.

1.2 Elliptic Regularity

Following the general strategy of [7], the first step of the proof is to estimate solutions of the
Laplace equation near the free surface. The method is essentially the same, but we look for tame
estimates whose constants depend on the Holder norm of the surface rather than on its Sobolev
norm. This requires some new techniques, and in particular we shall prove a maximum principle
adapted to this setting. This analysis being valid at fixed time, we will drop the dependence in ¢
for this whole section.

1.2.1 Variational solution

We have to give a suitable sense to quantities defined in 2, from data defined only on the free
surface. Here, we recall this construction.
Those quantities need to be, in a suitable sense, solutions of

Ayyv=0, vlg=Ff Oyu|r=0.
This definition will come from variational theory.

Notation 1.2.1. Let D be the space of functions u € C*°(£2) such that V, ,u € L?(£).
Let then Dy be the subspace of D whose elements are equal to 0 near the top boundary .

Proposition 1.2.2 (Proposition 2.2 of [7]). There exists a positive weight g € L5S.(), equal to
1 near the top boundary of 1, and a constant C > 0 such that for all u € Dy,

/Q oz, y)|u(z,y)? dz dy < C /Q Vg, ) d dy.

Definition 1.2.3. Let H'° be the space of functions u on € such that there exists a se-
quence (Up)neN, with u, € Dy, satisfying

Vi ytn = Viyuin L2(Q, dzdy), u, — uin L*(Q, g(z,y) dz dy).
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We see from Proposition 1.2.2 that %' can be equipped with the norm

[ullg0 = HVIDJJU”LZ(Q)'

As seen in [3], it is a Hilbert space. By regularizing the function 7, we can construct 7, € C;°(R%)
such that 7 — h/20 > n, and

{(x,y) e RYx R; Ne(z) <y < 77(3:)} c Q.
Recall that O denotes the fixed container in which the fluid is located.

Definition 1.2.4. We denote by H!(O) the space of functions & on O such that there exists a
sequence (u,) € C*°(0O) such that

Ve ytn = Vit in L2(0, dzdy), u, — @ in L*(O, §(x,y) dz dy),
where ¢ is the extension of g by 1 to O.

Lemma 1.2.5. Let w be measurable on Q. Then w € HO(Q) if and only if the zero extension
of w to O is in H'(O).

Proof. We follow the proof for the classical Sobolev setting, found for example in [1]. It is routine

to show that V, yw = V, ,w, from which the direct part is immediate.

For the indirect part, suppose w € H!(0). Now we can cover 2 with V, which does not
intersect 3 and V; which does not intersect I'. Then using a partition of unity, we can split w
between wy supported in Vj, which by definition is already in H*°(£2), and w; supported in V.
Then we consider wy (z,y + t), which is in H1(2) and converge to w; as t goes to 07, since the
translation in L? is continuous. This proves that ws, and then w is in H10(Q). O

Let f € H'/2(R%). We define ¥ an H' lifting of f in Q. Let xo(z) € C°°(R) be such that
Xo(z) =11if 2> —1/2 and xo(2) =0 if 2 < —1. Set

U1(z, 2) == Xo(z)eZ‘D”If(x), T € Rd7z <0.
Then set

h

which is well defined and vanishes near the bottom I'.
>From the usual properties of the Poisson kernel, we have

vy =i (0 21, @ e

1l < F (0l ) 111 2y

and

[Pl 0y < Ifll Lo (mey -

We can now use this framework to define v € H' as a variational solution of the problem

_Aw,yu = Aa:,ywv ulZ =0, 3nu\1“ =0.

We then define
vi=u+Y.



CHAPITRE 1. CRITERE D’EXPLOSION

We see from lemma 3.5 of [7] that this is independent of the lifting function ¢ vanishing near
the bottom and we freely get the estimate

/Q|Vr,yv|2dxdy <F <||77||W1=00(Rd)> Hf”?f{l/?(Rd)'

1.2.2 Maximum principle

In studying equation (1.2.1) we will need a weak maximum principle adapted to our variational
formulation. Adapting the proof from [101], we get the following comparison principle.

Proposition 1.2.6. If ¢ is a weakly differentiable function such that:
1. ¢t = max(¢,0) € HO;
2. fQ Viy® Ve yodzdy <0 for all o > 0 in HO;
then ¢ < 0 in Q.
Remark. Condition 1 is the adapted way to say that ¢|x < 0 for the variational space H!°.

Proof. Since ¢t >0, and ¢t € H"O, we have from condition 2, taking o = ¢+
2
||¢+H7.L1,o = /Q vw,y¢+ : Vz,y¢+ dzdy <0

so that ¢ = 0, which is the desired conclusion. O
We can now extend this comparison principle to get the following maximum principle.

Proposition 1.2.7. Letn € W1’°°(Rd), fe H1/2(Rd). If v is the solution of Laplace equation
defined in (1.2.1), and if f is bounded, then

||U||L<x>(9) < ||fHLoc(Rd) :

Proof. Keeping in mind the preceding theorem, the only thing we need to prove is that (v — (1 +
€) ||fHLoo(Rd))+ € H"0. Replacing v with —v and letting € go to 0% will then complete the proof.

To prove this claim, we will use Lemma 1.2.5. Since v € HY%(Q), the zero extension v is
in H'(©). As in subsection 1.2.1, we can extend f to O using the Poisson kernel e*(P=), This

~ ~ +
extension f is bounded by (1+¢€) || f||;~ (see Lemma 1.2.9), so that ('17+ f—Q+¢) Hf||Loo)
is in H!(O) by elementary properties of this space, is zero on O \ T', and so by Lemma 1.2.5

~ +
(F+T-+)l) € H2OQ. 0
We will mainly use the following classical consequence of the maximum principle:

Proposition 1.2.8. If 0 < h/ < h, and Qy = {(z,y) € R* x R,n(z) — h' <y < n(z)}, there
exists a constant Cpy > 0 such that if f € C*t<(R?) N Hz(R?) and v is a variational solution of
(1.2.1),

Hv||C1+€(Qh,) < Cp ||chl+e(Rd) .

Proof. Noticing that v is an H! variational solution of A, ,v = 0 in 4, Corollary 8.36 of [47]
gives this on compact sub-domains of 2., and the constant being uniform, we can deduce the
result on the full Q. O

10



1.2. ELLIPTIC REGULARITY

1.2.3 Straightening the boundary

In order to study further regularity of those solutions, it is convenient to straighten the domain,
transforming an equation with constant coefficients on a variable domain to an equation with

variable coefficients on a fixed domain. As seen in [7], there exists a function 7, such that

h
N« + Z € HOO(Rd)7
h h
n@) o) =2 g ol gy <

L cC{(z,y) € O:y<n.(zx)}

We can take for example

where v > 0 is such that v [[7][y1.0 ga) < B
This gives
h
o —v(Dg), _
191l oo Ry = He n nHLOO(Rd) < vlnllwre @ < 5

thanks to the following classical lemma.

Lemma 1.2.9. Let f € Wh°(R%), ¢ >0, and t > 0. Then e~ ""P=) f ¢ L*°(R?) and

—bt(Dg) £
[ P07 =] gy < € XU ey

4

with C' > 0 a constant.

Now define
Q= {(z,y: 2 € R n(z) <y < n(2)},
Qo = {(z,y) € 01y < mu(2)},
Q = Ql U QQ?
and

Q= {(z,2) ;xR ze 1}, I=(-1,0),
Q= {(z,2) € R? x (=00, —1] : (x,2 4+ 1 +1.(z)) € Qa},
58U

Following Lannes ([70]), we consider the map p from Q to R? defined as

{p(m,z) =(1 4 2)e®*Pe)y(z) — zn,(z) if (z,2) € O,
p(z,2) =2+ 1+n.(x) if (x,2) € Qa,

with 6 = 6([[nlyy 1. (ray) > O small.
Using lemma 1.2.9, we have

h

h
az - = 5
P 5

4

<60 Il ray +
Lo (1)

11



CHAPITRE 1. CRITERE D’EXPLOSION

which, taking § small enough, gives
. h ~
0.p(x,z) > min | 1, 5 ) Y(z,2) € Q,
1V 2l ey < F (Inllwmay) -

This proves that the map (z,z) — (z, p(z, z)) is a C'-diffeomorphism from € to Q.

Lemma 1.2.10. Let I = [—1,0]. We have in Sobolev-type spaces, for any o > 1/2+d/2,

azp -

With 0 <r < 1/2, we have in Holder-type spaces

+ HprHX(,_%(I) <F (HWHWLC’O(R"[)) ||77||H“+%(Rd) ’

h
1
h

X°72(I)
+ Vel <Clnl

LY(I;H7 % (R4)) HTR R

LY(IH 3 (R) =

h
6zp - + ||Va:p||C0 .Cr d S f <||77H 1,00 d ) dy
’ 4l cor.orray) (I;CT(R?)) W0 (R9) (R4)
h
0p— + |V N
‘ P 4 L, C%+T(Rd)) | xp||L2(IC2+ (R")) [”77”1;2 (R%) ]
H $ZpHLz I.C. 2+T(Rd)) [||77||L2 (R%) ]

Proof. (1.2.10) is proved in [7], and the first part of (1.2.10) is a straightforward consequence of
Lemma 1.2.9. The second part of (1.2.10) will be proved with Littlewood-Paley decomposition,

following [102]. We have ||pr|\L2(I o3+ may < KD >,0||L2 s SR, so that we only need to

control this last norm. We can split (D,)p in two parts, (1+z) 02(D2) (D, \n and —ze~VP=) (D, )n,
whose norms will be respectively A and B. For the first part, we have

g 0, ]
?;110) € 77 L2(I;L>° (R4)) + o€ >17 LY(I;L>=(R%))
G(24r) 6227 . 32(Dy)
< 032182 2*1) le e 187 oo (ray + He AO”‘ L2(IxRY)

< Csup 2 1Ay e gy + 180 2re
J=

where we have used extensively Bernstein estimates (A.0.20) and the smoothing effect (A.0.21).

The same method applies for B, taking z = —1 and bounding e~®?" by 1/27. This gives the
expected result, and computations for 9,p — h/4 and the second-order terms are identical. I

Now for a function v defined on €2, put
v(z, 2) = v(z, p(x, 2)).
We then have
@yv)(x, p(z,2)) = Mv(x, 2),  (Vav)(, pz, 2)) = Ag0(z, 2),

1 Vzp
A i=—0,, Ay:=V,— .
' é’zpa ’ 82,08

12



1.2. ELLIPTIC REGULARITY

If v is a solution of A, v = Fp in Q then v satisfies

(A2 +A})o=F, inQ.
This equation can be expanded to

(63 + aA:v + 6 . Vwaz - 782)5 = ﬁo,

o(z=0) = f,
(azp)2 8zpvmp 1 9
=— =2 = 0 A, -V, 0.p).
= TR B T e 3zp( “p+algp+ P)

We also remark that

(A2 +A2)p=0 inQ,
and that
[A1,A2] = 0.

We now derive some estimates on the new coefficients.

Lemma 1.2.11. Let I = [-1,0]. We have for o > 1/2+d/2

2
(1.2.1) ot P (e gty ) 10 o3 gy
(1.2.2) 1B yospy S F (H”HWLOO(R(!)) 7l s gy
(1.2.3) IV o2 gy < f(H”me(Rd)) {H I o3 |
and for any 0 <r <1/2, we have

h?
(1.2.4) T (Il gy ) Il e ey
(1.2.5) 18l corior@may < f(”"”wlvw(m)) nll gz ey -

Proof. We see from (1.2.10) that we can write

h? .
(0:p)% = 16 TG With IGl oy )y < Fllnllwrcemey) 10l o s gay -
We can now decompose

K2 K2 V.ol V.ol
W WP o g Vel
16 16~ 14 |V,pl? 1+ |Vep)?

and we use the tame estimates of (A.0.25) to conclude. The other inequalities are all proved with
the same method, using the other estimates of (1.2.10) and (1.2.10). O

1.2.4 Elliptic regularity in the new domain

We now study the new equation (1.2.3), following the method from [7], with tame estimates
at every step. Recall from (A.0.4) the definition of the spaces

XM(I) = LE(I; HY(RY) N L2(1; H*+3(RY)),
YH(I) = LI H*(RY)) + L2(1; H*~ 2 (RY)).

13



CHAPITRE 1. CRITERE D’EXPLOSION

We suppose ¥ to be a solution of (1.2.3) in I x R%, I = [~1, 0] with the additional assumption

I7]] < 0.

X3 ([-1,00)

We know from [7] that this estimation holds for our variational solutions of (1.2.1), with

1901 ry < F (Il e 1413 gy

The main result of the section will be stated in two versions, corresponding to our two main
theorems.

Proposition 1.2.12. Let e >0, sg > 1/2+4+d/2, and s > 1+ d/2. Let
1 << 1
——<o<s— .
2= - 2

Consider f € H*TY(R?), F € Y°(I) and ¥ satisfying the hypothesis (1.2.4), solution to (1.2.3).
Then for any zy € (—1,0),

(1:26) 19,20 o oo < F (Illicrvemany sy ) [wmanU(Rd) + |||

Yo (I)
1o gty 1V e ety + 1V 3 ]
and
(1.2.7)
192,20 sy < F (0l 3 ) [nvxfnm(RJ) B, ||v.z,ﬁ||x_;([_1,0])} .

Remark. The proof will show that the function F depends on zg and on o. On every application,
those parameters will be fixed, and independent of time.

As in [7], this will be proved by induction on the regularity o. The property that inequalities
(1.2.6) and (1.2.7) hold for o, for all admissible zp, will be denoted by H,. In this notation,
hypothesis (1.2.4) means that H_ /5 is satisfied.

Proposition 1.2.12 is then a consequence of

Proposition 1.2.13. For any 6 such that

1 d

0<5<inf<s,so——)<1

2 2)°2
if Ho is satisfied for some —1/2 < o <s—1/2— 0, then H,1s is satisfied.
To prove this, we first estimate the lower order term.

Lemma 1.2.14. For all J C I,

||

and

< F(Inllwrenzs) (1 Wnlleres ) (1l y 1000 e gy + 10:70 0 ()]

il

Yot (J)

yesaiy < F (Il ) 1000 e
with ﬁl =~0,0.

14



1.2. ELLIPTIC REGULARITY

Proof. For the first inequality, we decompose ﬁl as

1

Fy =8 p—
1 zpazp

0.5+ Awpaipazﬁ—k V,0.p- aipazﬁ —A+B4C.

We then use the paraproduct estimates (A.0.13), (A.0.18), and (A.0.19) to get
1Allyoss < 1A a peenms
1

+ || =—0,v
Xo Hazp

H83p|‘LQ(.];HS*1)’

1, -
< ”fﬂ”’Lﬁ(J;cJ*%) Hazpazv Lo (JxR4)

and using the estimates (1.2.10) and tame estimates gives the majoration for A. Estimates on B
and C follows along the same lines. For the second one, paraproduct estimates give immediately

HVaz5||L1(J;HU+6) < ||az5||L2(J;Ho+%) H’VHL?(J;HSO*l) )
and using the estimate on v from Lemma 1.2.11 enable us to conclude. O
We now replace multiplication by « (resp. 8) with paramultiplication by Ty, (resp. T3).
Lemma 1.2.15. v satisfies the paradifferential equation
20 + TalyT 4 Tp - V0.0 = Fo + Fi + Fy,

for some remainder _
Fy =Ty —a)A0+ (T — B) - V0,0

satisfying for all J C I

|7

vevaery S Fllws o) (14 Il ] 1950 e iy

|7

or

Yors () < ]:(HUHHso(Rd)) ||Vz,z5||xa(J) :

Proof. First, we have

- h? h?

which, according to (A.0.19) and (A.0.15) gives

h2
+ 1)
L2H O+

o — —

16

HFQHYH—& <C |:||Aw5|L°°C*1 (
1V 0:0 e oo 18] sy |-

As o+ +1/2 <s, we have

h2
o — —

HF2HY5+5 =0 {1 * 16

I |19
X2

Using the estimates (1.2.1) and (1.2.2) completes the proof of the first inequality.

15



CHAPITRE 1. CRITERE D’EXPLOSION

Using again (A.0.19) and (A.0.15) gives

h? h?
T w2—|a——]]A0 < C|Av ool - — 1),
H( «~ls (a 16)) ° LlHo+s 18l 2y (Ha 16 ][ 2 pro+3 " )

and

H(T[g - ﬁ) . VQ;8Z@'||L1HU+5 S C Hva;azanLgHa—% ||B||L2Hso ?
so that

~ h? ~

2], <ol |a=T5| L, + 18] 1900

The estimates (1.2.1) and (1.2.2) enable us to conclude once again. O

We can now decouple the equation into a forward and a backward parabolic evolution equation.
Lemma 1.2.16. There exists two symbols a, A in F;(Rd x I) and a remainder Fy such that
(0 — Tu)(0: — Ta)0 = Fo + Fy + Iy + F3,
with
M (a) + M(A) < F (Inllyr.) Inllcree
and for oll J C I

155].sy < 7 Ul Il 192001y

Proof. We see from [7] that this holds true with

a=5(B-&~ VIEE— (B-8P), A= g(~iB- &+ /IalgP — (567,

Using the Holder estimates (1.2.4) and (1.2.5) gives (1.2.16). A straightforward estimate of the
remainder along the lines of [7] ends the proof. O

Proof of Proposition 1.2.13. Still following [7], we apply proposition A.0.18 twice. We will prove
only inequality (1.2.6), since the proof of inequality (1.2.7) is along the same lines.
Suppose first that H, is satisfied. This means that for Jy = [(o, 0], we have

||Vw,z5||xa([<o,0]) <7 (||77||(Ci+5nL2)(Rd)> [||f||Ho+1(Rd) + HFO‘ Yo (n)

+ ||TI||HS+%(Rd) HV’E,ZEHLOC(IXRH) + H5||X7%([—170]) .

We will then prove that, for any ¢; > (o, we have

195l < Fllliersenuman) [ lrssn + [Fol o,

+ HnHHH%(Rd) ||V$725||L°°(I><Rd) + ||VI7Z§||X”(JU) ’

which will finish the proof of the proposition.
Take x a cutoff function such that x(¢p) = 0 and x(z) = 1 for z > {;. We then put
W = x(2)(0; — Ta)v. We see from (1.2.16) that

0, — Ty = F',

16



1.2. ELLIPTIC REGULARITY

with

F' = x(2)(Fo + F1 + Fy + F3) + X/ (2)(0, — Ta)v.
All those terms, the last one excepted, have already been estimated. Since § < 1/2, a simple
computation gives

102 = Ta)lly s sy < 10 = Ta)ol o sy < F (Inllwr ) I

where we have used the fact that A is a symbol of order 1, whose norm has already been estimated
in (1.2.16).

We see from the definition of a that it is elliptic, with an ellipticity constant depending only
on h. Since we have w|,=,, = 0, Proposition A.0.18 gives the estimate

H@HXUJNS(IO) <F (H77H01+E(Rd)) HF/‘

Cclte ”vﬂﬁ,zﬁ”XU(JO) )

Yo+é (JO)

<F (HnH(cmez)(Rd)) [HF”‘ Yot (Jo)

+ ||77HHS+%(R‘1) ||V17726||L°°(I><R’1) + ||VI7Z§||X”(J0)] ’

where we have used the estimates from Lemma 1.2.14, 1.2.15 and 1.2.16. Notice that on
Jy :=[(1,0], we have x = 1, so that

0,0 — Tyv = w.

In fact, we have
0,V — Ty Vv = Vyw + TV,TA%-

Changing z to —z, and using again Proposition A.0.18, we have

VeVl xors( gy < F (Ilnllcus(m)) |:||V1fHHU+5(Rd) + I Vawllyors gy + HVJL’:JHXU(JO)} :

Since [|VowWllyors(z,) < [10] xors(g,). We obtain the estimate

Hvxﬂ’l\)iHXUJFE([CLO] S .F <||77H(Ci+sﬂL2)(Rd)) |:||Vg;f||Ho+1+5(Rd) + HF()‘ Y<’+<5(JO)

+ ||77HH<+%(Rd) ||V$7ZE||L°°(I><R4) + ||Va:,z5||Xa(.]0)i| .
The estimate for 0,v follows from 0,v = Tav + w, the estimate for w and the fact that A is
of order 1. This completes the proof of Proposition 1.2.13, and hence of Proposition 1.2.12. [
1.2.5 Applications

In this section we apply the previous elliptic estimates to study the Dirichlet-Neumann
operator and its paralinearization.

Proposition 1.2.17. Letd>1,s>1+4+d/2, 50 >1/2+d/2, and 1/2 < o < s+ 1/2. Then

|G gra—s < F (JIn

cree) (1 e + 10l sy 190200 ]

and
IGOFgre-s < F (Il o3 ) 1

where v is the harmonic extension of f. We also have

IGM fll e < F (Inllwroe) V20l poo -

17



CHAPITRE 1. CRITERE D’EXPLOSION

Remark. The term ||V, .v||; . can generally be expressed only with terms defined on ¥, using
the maximum principle of Proposition 1.2.7 and its consequence, Proposition 1.2.8.

Proof. As seen in [7], the Dirichlet-Neumann can be expressed by

1 ol
— Waﬂ p - Vv

z=0

Gn)f

Now using Proposition 1.2.12, the estimates on p from (1.2.10), and the tame estimates (A.0.25),
the first two estimates of the proposition immediately follow. The last one is a straightforward
consequence of (1.2.5). O

We know from [7] that the Dirichlet-Neumann can be expressed as
G(n) = To+ R(n),

where

A, €) = /(L4 [Vn@)P) 67 = (Vn(a) - €)%
and R(n) is a smoothing operator. Using tame estimates, we obtain

Proposition 1.2.18. Letd>1,s>14+d/2,0<e<e' <1/2 and1/2<0 <s+1/2. Then
VRO sro-ver < F (Inllase ) (14 Ilgarer) (1o + 0l ey 1V 20l |
and if so > 1/2+d/2 and &’ <sp—d/2—1/2,

VRO Ao et < F (Il ey ) 1 e

Proof. As in the proof of Proposition 1.2.13, we use Proposition A.0.18 to get

102 = T}l xo-sver sy < F (Inllensemsy) ||

Yo-ite’ (Jo)
Now since )
1+ |V,
G(U)f = %@U — Vgp - Vv y
=P 2=0
we set )
1+ |Vep
G = 73| | y o Coi= Vgp.
zP

According to (1.2.10),

4
G-

1 < 1,00 s+ 1 .
cirorty HIe o gty < F ) Il

Let
R/ = Clazv — CQ . Vx’U — (TC1 8Z11 — TCZVQ;’U).

Using the tame estimates of (A.0.25), we verify that
1R oz ro—1+ey < Fnllwroe) 100l Lo (101l sy -
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1.3. PARALINEARIZATION OF THE SYSTEM

Furthermore,
Tglazv — ngaw’ULz:o — (T(lTA’U — Ticz.gvﬂzzo = RH,

with
VR Nggo-sser < F (Inllere ) (V4 Inllgaer ) {11 e+ 1l ey 19,501

Finally, we have
| T, 2)Tacz) — Tcl(z)A(z)|‘Ha_>Ha—1+e’ < F(lnllyp.ee) ||77||0i+s’ ;

and hence
G f =T av —Tigyev | ,_,+ R()f,
where

VRO o0 < Fllnllgre=) (14 Il greer ) [0 aro + 10l sy 190,200 0]

Let

- 1+ ‘3xp|2
= 782p

2

A A= itup-€] _y =1/ (1+100(@) )R — (Oan(z) - )

Then
Gn)f =Txf+ R(n)f,

which concludes the proof of the first inequality. The second one is proved along the same
lines. O

1.3 Paralinearization of the system

We still follow [7] to reduce the equations to a paradiferential hyperbolic system. This process
yields remainders that we need to estimate. To simplify the expression of these estimates, we will
denote by K a constant of the form

1 1
KO = F (5 4 00l ~gy» 1O lemqmoy [l 1By )

with F positive nondecreasing. It will appear in the proof of the first version of our main theorem,

Theorem 1.1.2, involving only Hoélder norms. For the proof of the second version, Theorem 1.1.3,
involving the reference Sobolev norm of index sy > 1/2 + d/2, we will use a constant

11
Kolt) =7 <h’ o la®llwe ey [ (09, V2 B) (t)||H50+%(R%xHﬁ‘O*i(Rd)sto(Rd)beo(Rd)> '
Using Sobolev embeddings, we see that we can take K < Kj.

We still denote by C' a generic constant. To get the optimal regularity, we need to change the
unknowns we are working with, using instead

¢(=Vn, B= 8y¢|y:nv V= vw¢|y:77’ a= _ayP|y:77’
where ¢ is the velocity potential and P the pressure, uniquely determined by the equation
1 2
—P =019+ B V@™ + gy
Those follow the following evolution equations.
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CHAPITRE 1. CRITERE D’EXPLOSION

Proposition 1.3.1. We have

(1.3.1) (O +V-V)B=a—y,
(1.3.2) B +V-V)V = —a(,
(1.3.3) G+ V- -V)(=GnV +(G(n)B + 1,

where the remainder -y satisfies the estimates

ot SK[IV.B)

Il e brm et Ty 1V B)lgare]

and
Wl ey < Ko 1OV Bo)l ey e st ] -

Proof. The first two equations are proved in [7]. For the estimations of v, we start from the
equation
on=B-V-Vn.

Differentiating this with respect to z; yields for i =1, ...,d

d
(0¢+V-V)0in=0;B — Z@Vjaﬂ?,

j=1

and using the definitions of V' and B and the chain rule,
(0 +V - V)0 = [0y0i¢ — V- VO] ly=y + 0in [0y (0yd) — V- VOyo]|y—y.
We now introduce 6;, the variational solution of the problem
Ax,yé’i =0in Q, 91“2 = ‘/i, Bnez =0onl.

Then
G(n)Vi = (0y0; — V- VO;)|s.

We can now write
(Oy =V -V)0idly=y = G(n)V; + R;, where R; = (0, — V- V) (0i¢ — 6;)|x.

If there was no bottom, we would see that at least formally, R; would be 0. Then, in our setting,
we expect a control of this remainder, and to obtain it, we continue to follow [7] and localize the
problem near 3.

Let xo € C°(R), m € H>®(R%) be such that xo(z) = 1if 2 >0, xo(z) = 0 if 2 < —1/4, and

n(x) — % < m(z) <nx)— g
Set
Uie.) = o (P ) @10 - 00 (20,
We see that

Ri = (8y - VUV) Ui|2.
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1.3. PARALINEARIZATION OF THE SYSTEM

And U; satisfies the equation

Aac,in = |:Am,yax0 (y—?;(x)ﬂ (81¢ — 91) = Fi

with

h h
suppl C 51 1 = {(x,y) cx € RY () - 5 Sy <snl)- 5} :
We can then control the right hand term of this equation, using lemma 3.16 of [7], which gives for
all o € N+,

|De < Ca (v B)]

a:,yFiHLoo(sl 1)NL2(S1 1) HIxHE '
2’5 2’5
Then changing variables, we get on the domain Q that
- 2.p)? ~
1+[Vpl
We can then apply the estimate (1.2.6), with f = 0.
a;zUi <KHﬁz s+ & mzﬁi H wzﬁi :|
HV ’ CO([z0,0H*"2) — Y3 * HnHH +4 |V Loe {|Ve. X"z

Using equation 1.3, the control on the X ~2 norm of a variational solution, and the maximum
principle for gradients of Proposition 1.2.8, this yields

(900 o gy < IOV BNyt oot + Tl IOV B ]
Since )
o <1l++6|<772|>n82 v v) . vy
we have )
IRell ey < 5 [IOG B ey et gt + ey 1OV B

The same argument shows that
(Oy — V- V) dy¢ = G(n)B + Ry,

where Ry satisfies the same estimate as R;. This proves the first estimate. The second one follows
exactly the same scheme, using (1.2.7) instead. O

Using the same method, and following proposition 4.5 of [7], it is possible to prove the following
relation.

Proposition 1.3.2. We have G(n)B = —divV 4+, where

Wley < B (1B ey ey + Dl ey IV Bl

and

/
A Y [ —
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CHAPITRE 1. CRITERE D’EXPLOSION

We will now perform a paralinearization of the system. We will start with the estimate for
the first theorem. We introduce as a new unknown

U:=V+1T:B.
Rather than estimating U and ¢ in Sobolev spaces, it will be easier to estimate

Us = <DT>SV + T<<D$>SB,
(s = <Dw>SC

Proposition 1.3.3. We have

(1.3.4)

(O +Tv - V) Us + TuGs = f1,
(at +TV : v) Cs = T)\Us +f23

where X\ is the symbol

Ntz €)=\ (141900, 0)) 6F - (Ve 2) €

and where
Iile < 5 1901y U984 IV Bl + 1V | 1V

+ [ lall g | ey
(1.3.5) cr] AR

+ [IVllgzee + IV Bll o | 181l

HI9l g la = gl |
and

el < 5 | (141901 y ) 1Bl + V1)

(1.3.6) ;

+ (IBllgase + IV llgaee ) Il ey + 1l pury | -

Proof. The computations are long, however they still mirror the ones of [7]. First we paralinearize
the equation
0+ V- -V)V +al =0.

We will prove the identity
(8t+TV-V)V+TQC+T4(&,+TV-V)B: hi

with a remainder h, satisfying

Wall g < K |19V e 1V e + (1 n ||a0;) 16l ey + IV Bl IV

First we have V - VV =Ty - VV + Ay with
[| A

e S CIVV o (V] s -
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1.3. PARALINEARIZATION OF THE SYSTEM

We also have (a — ¢)¢ = T,—¢¢ + T¢(a — g) + R(,a — g) where

1R(¢a = g)ll s < CI<]

Hs—% HaHC% °

*

We can now replace a by g + (0:B +V - VB) to get
Tea =1¢ ((%B + Ty - VB) + T (V - Tv) - VB,
with
[Te (V =Tv) - VBl < ClIVallpoe VBl Lo VI g -

We then commute our identity with (D, )%. Using the product estimates of Theorem A.0.4,
we have the estimates

Ty -V, {Dz)*] V|2 < ClIVlyse [IV]
I17a; (Da)*Cll 2 < Clall 3 lC]

Hs >

Hs—% y

I17¢, (D2)*] (¢ + Tv - V) Bl 12 < CI¢]| 3 1 + Ty - V) B

1
H*" 2

<CIcll_y 1@+ V- V) Bll oy + IV =Tv) - VB

_1
H? 2}

s FIVBI_y V]

H™

<l [Ila — 9|

J

17 [Ty - V,AD2) 1 Bll 2 < C ¢l [Vl 1Bl
1Te, 00+ Ty - V)DL Bl o < C [IVB e + 190l g [V 1Bl

Those commutators estimates prove that
(Or + Ty - V) (D2)°V + T¢(D2)° B) + Ta(D2)°C = f1,

where f satisfies (1.3.5).
We now paralinearize the equation

O +V-V) =GV +CGn)B +.
We use the paralinearization of the Dirichlet-Neumann (1.2.5) to get
(8t+TV'V)C:T)\U+h2

with
ho=—(V —-Tv) -V{+ [T, TN B+ R(n)V + (R(n)B + (( — T¢) TaB + 7.
From Theorem A.0.8, we get

I(V =Tv) - V(]

ok SCIV g IV

Theorem A.0.4 and simple estimates on the symbol A give

[T, T5] B

H* He

Ly SC (AN + A N) |B]
< K[Vl 1Bl
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CHAPITRE 1. CRITERE D’EXPLOSION

Then with the estimates of Proposition 1.2.18 and the maximum principle (1.2.8), we have

VROV y < K (IVIge + 10l ey 19VIlise)

H ™2

and using paraproduct from Theorem A.0.8, a rough estimate of | R(n)B)||, and the maximum
principle (1.2.8),

ICRONBI oy < C (1<l ey IRODB e + 1<) e IRO)BI oy )

< K (Wlges s Blloree + 1Bl ) -

At last, we see thanks to the estimates of Theorem A.0.4 that

1€ =T) ThB|| -y < K [|Bl[ca+e [I<]l

H" 3 HS

Then as in the previous part, commuting the equation with (D,)* and using (1.3.1) yields (1.3.6).
O

In order to obtain a closed inequality system, we need an estimate of ||a(t) — g||Hs, 1 in terms

of the Sobolev norms of the unknowns 7,1, V, B. This is the object of the following proposition.

Proposition 1.3.4. The Taylor coefficient satisfies the estimates

la =gl ey <K [I0ll ey (1410 B)llrse ) + IV Bl 2l ey |

and
lla—gll, -3 S Kollm o, ViBll yors vt e i

Proof. The pressure is defined by
1 s 1 2
P=—{00+5IVudl” +5(0y0)" +9y ),

where ¢ is the harmonic extension of . This means that P satisfies the elliptic equation

AgyP =— |ny¢ ’

with P = 0 on the free surface ¥. We change variables using the transformation p from (1.2.3),
and set

<P(maz) = ¢($’p(xvz))7 ﬂl(xvz) = P(x,p(x,z)) —|—gp(x,z),

with
1
a—g= _78,2%[ .
azp z=0
The elliptic equation on P becomes
029 + aA, g + B - V,0.9 — 0.9 = —a [A%g|? for z < 0,
T =9n on z =0,

where A = (A1, Ag) is defined in (1.2.3).
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1.3. PARALINEARIZATION OF THE SYSTEM

We first need to study the right-hand term of the equation. Since ¢ is harmonic, we recover
from Proposition 1.2.12 and the variational estimate of HngzgoHX, 1 the inequality

1% 20l oy < K [0l ey + 0l ey ] -

Now using the fact that (A? + A3)p = 0, we can recover estimates on d2p from estimates
on V;V; 42, so that

1820] g < K [Ill vy + 100y ] -

At last, using the paraproduct rules, and the estimates on « from Lemma 1.2.11, we find

2
|-alael’| .y <KAo [Nl gers 1A%l oy gpery + 4% o5

<KV, Bl g (Il ey + 160y ]

where HA2$0HL00([ has been estimated from [|A¢|| ;. using (A} + A3)¢ = 0 once again.

~1,0:C571)

For the version with a reference Sobolev index, we recall from the proof of Proposition 1.3.1
that if 6; is the harmonic extension of V;, and if 7; is its straightening by the diffeomorphism p to
the strip, then up to a harmless restriction of the interval J close to the boundary we have

IVeyz (1i = Mio) o1 ) < Ko l|(4, V. B|

1 S § 1 .
HVY2xH " 2xH" 2

()

Also, we have from (1.2.7)
Ve 2Till yoms < Ko [V s -

Combining those two results and doing the same for B and 0, gives
1A% ]| s < Ko 1,0, V, B

1 1 .
H 2 xH 2 x Hx H®

At last, using paraproduct estimates, we gain

2
(1.3.7) H—a\AQw! HYS_% < Ko |n,%,V, B||

H™ 2 x HV 2 x He s H
We then take from [7] the estimate
2
%28y < K [lll 3 + 196, ]
<K (L4 1V B)lgase] [l vy + 1960 vy -

A last application of the elliptic regularity of Proposition 1.2.12 gives the estimate

2
1090 oy < K [l ey (14 1090 ) + || |20y + 1900290 ]

) <
<K [0ll vy, (14 102 B)llcase ) + 10V Bl I8l |

and a last use of the paraproduct gives the first result. The second one follows along the same
lines, using (1.2.7) and (1.3.7) instead. O

We can now perform a symmetrization of the system as follows
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CHAPITRE 1. CRITERE D’EXPLOSION

Proposition 1.3.5. We introduce the symbols

y:=VaA, q:= g,
A
and the new variable
05 := T4Cs.

Then we have the equations

U, + Ty - VU, + Ty 05 = F,
(1.3.8) { ' v " !

005+ Ty - Vb — T, Uy = Fy,

where the source terms Fy and Fy satisfy

Hs

# (1 ey + (LN Blas) (141905 ) ) (14161, )
# (110 Blexss) (1419013 ) 1

IRl < K {(1 - ||Vn||C;) (14 1V B)l ¢ ) 1V, B)|

Hs+% } )
and

IRl < 5 [ (141933 ) NV Bl
+ (14 1V B)lgree + 0ua+V - Vall ) (1+1¢0 ey )
+[[¥] s
(1l g+ 19y ) 10l

Proof. We have from the preceding system (1.3.4) that (1.3.8) is satisfied for

Fl = fl + (T'qu _Ta)CS)

Fo=T,fo+ (T, I\ —T,)Us — [Ty, 0: + Tv - V] .
Thanks to Lemma A.0.12, we have
_1 _1
2.0+ T -Gl o < O [ @) [Vl eaoe + g Bua+ V- Va)] G- -
It can be computed that
%Oii(q) S K7
and that

1
2

My 2(0iq+V -Vq) < KA+ ||0ia+V -Va| o + [[0:V+V - VV|| 1) -

A differentiation of the identity
(O +V-V)n=5B

gives the estimate

(0 +V - q)0z,m

L SUIVBIlpoe + IVVI oo IVl o s
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1.4. ESTIMATES OF THE ORIGINAL UNKNOWNS

so that

(Tys 00+ Ty - VI Gl < K (IV B)lree + 1040+ V- Vall o) 1601, -
The estimates of the other terms give respectively
|(TyT, = Ta)sl g < (@) + 5 ()5 @] NGl -

¢l
[Hnan Il }csn,,é,

[N

|1 = T < € [y

2

(@) (V) + Ay (@)} V] 1L

C
<K [H Jall s + ¥l } A

and lastly
1Ty ol 2 < Cutly * @) 1ol
<Kllfall,,
This, together with the previous estimates, give the expected result. O

The analogous result with the reference Sobolev index is

Proposition 1.3.6. The source terms Fy and Fy from the preceding proposition satisfy
IRl < Ko [ (141991 + 10 Bl ) 10 Bl

<1+||a|| +Ivall, >(1+|<|Hs%)
(1419005 ) Wl |

and
Il < Ko | (14190 y ) 10V
+ (14 1V B)ll g + 190+ V - Vall o) (141103
1l

(1l g+ 19y ) 100

1.4 Estimates of the original unknowns

In order to obtain a closed system of energy estimates, we need a control of the norms
of m,4,V, B, in terms of lower order norms and of norms of Uy, 6s. The formers will then be
studied using transport equations on the various unknowns, and for the latters we will use the
paralinearized system of Proposition 1.3.5.
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CHAPITRE 1. CRITERE D’EXPLOSION

Proposition 1.4.1. There holds

1l ey < K (10sll 2 + 1Sl 1)

1
H°™ 2

+ (V. B)]

IV Bl < & |1 100+ (14 Il g ) 1)

erve (16l + 1G] -
and
Mgﬁ;ng+wwp+(uwm£)mmm}F%

+ IV B)llcae (10sll L2 + 16l g-2) + Il L2 | -

Proof. We start with the estimate on 7. Fist we remark that

HUHHH—% < |nllg2 + [IVnl -3

<K (14160 ,-1)

since (s = (D;)°Vn. We then construct and use a parametrix to go back from 6y = Ty(s to (s.
If our ¢ is small enough, typically 0 < ¢ < s — d/2 — 1, we choose N an integer such that
(N +1)e > 1/2, and we take R = I — T} ,Tq, keeping in mind that ¢ = y/a/A. Then

Cs = Tl/qTqu + RCS
=(I+R+-+R")Ty /T, + RNV,

Then from the composition formula for paradifferential operators in Theorem A.0.4, we have
VRl sguse < C (A @)t (1/a) + 5 )40 (1/g))
<K,

and from the definition of ¢, we see that

ITull oy < 46 (10) < K.

Those estimations put together give

1l vy < B (106l 22 + 1166 M g1 -

To simplify the equations, we worked with the unknown Us = (D,)°V + T¢(D,)*B. We first
show how to go back from this to U =V + T B. We have

(1.4.1) (Dg)°U = Us + [(Dy)*, T¢] B,
and Theorem A.0.4 gives

ID=), T Bll 12 < (i€l _3 11 B]

1 .
H°™2
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1.4. ESTIMATES OF THE ORIGINAL UNKNOWNS

Putting those two identities together gives

1Ol e < WUsll 2 + 1Vl 3 11B]

1 s— 1 .
2 H"" 32
;

Then to get back to B from this, we take the divergence of U and use Proposition 1.3.2 to link V'
and B and the paralinearization of the Dirichlet-Neumann (1.2.5), so that

divU = divI:B
=GB+ +Taw¢B+1T:-VB
=T,B+ R(n)B + Taiv ¢ B+,

where
pi=—-A+1i(-&.
Now p is a symbol of order 1 and 1/p of order —1, with
(1.4.2) M) + (1) < K[Vl

Now we use a new parametrix from 7,5 to B, giving

B = Tl/prB + (I - Tl/pr)B

(1.4.3) , /
=Ty, divU =T,y + Ty (Taive — R(n)) B+ (I —T1,,T},)B.

This gives, using (1.4.2), Proposition 1.3.2, Proposition 1.2.18, and the maximum principle 1.2.8,

1Bl < K (HUHHS 1 lges + 1900y IB ey + R(n)BnH“)

SEK (WUl + (141l 5 ) IV, B ey + 1V, B)llga+= Il
C H

Hs+%) y

which combined with the previous estimate on 1 gives the expected result. Using the relation
U=V +1:B

gives the same estimation on V.
At last, we have the identity
Vi =V 4+ BVn,

and the quantities in the right side have all been estimated, so that a tame estimate on BV
concludes the proof. O

For the version with a reference Sobolev norm, we have a simpler proposition.

Proposition 1.4.2. There holds

170l e s < Ko (166l L2 + 1Sl 1)

1V B) e < Ko [0l 2 + 1V Bl omy ]
and

[l pery, < Ko 10015 + 1V, B ey |-

2

29



CHAPITRE 1. CRITERE D’EXPLOSION

Proof. The first estimate is a simple consequence of the previous proposition and of our hypothesis
that K < Ko.
For the second one, we combine (1.4.1) and (1.4.3) to get

B =T, [div(D,)"*Us + /] + {T% (div(D,) =" [(Da)*, Te] — R(n) — Tu¢) + (I - T%Tp)} B,
=M + RB.

As before, this gives
B=(I+R+---+R")M+R"''B,

where again (N +1)e > 1/2 with 0 < e < sp —1/2 — d/2. Then we see using Proposition 1.3.2
that
1Ml < Ko [0z + 1V B3 ]

We see using (1.4.2) and Proposition 1.2.18 that R is of order —e, with

IRl 7o proe < Ko
when s — % < o < s. This gives the estimate on B, and the estimates on V' and 1 are deduced
from it as in the previous proposition. O
1.5 Energy estimates

We start with a standard energy estimate on the now symmetric quasilinear system (1.3.8).

Proposition 1.5.1. The following estimates hold punctually in time
d
G100l < (el g +100+ V- V)ale +@ (I90l IOV Bl ))

Hsf%) B

(1.5.1)
x (10, 0= + 1z + 1G5l - + (V2 B)]

where @Q is an explicit polynomial of degree 3, and
Vbl <Ko (llall g + 100 +V D) el + 1901y + 10V Bl )

1 .
H5‘2>

Proof. Multiplication of the equations by Us and 6, respectively, followed by integration in space
gives

oy
(15.2) 4

X (H(Us,ﬂs)llm + 1l + 1Csl -+ + 11V, B)]

d
5 [HUSHL2 + HHSHL2] < A+B + C,
with
A= (Ty - VU, Us) + (Tv - V0, 65) ,

B :=(T,0,,Us) — (T, Us, bs) ,
C = (I, Us) + (Fy,05) .

Now using Theorem A.0.4, we see that

(T - V)" + (T -V < ClIVlwre s

)HL2—>L2
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1.5. ENERGY ESTIMATES

and

<),

L2—L2% — 3

Iz, -1

and the estimates on F; and F5 of Proposition 1.3.5 and Proposition 1.3.6 complete the proof. [

The next proposition exploits the transport equations available on the remaining variables to
close the system of estimates.

Proposition 1.5.2. With the same Q as in the previous proposition, there holds, for A = ||| -,
A=|Gllg-—r or A=||(V,B)|

%
d
D a <k (lal_y + 10+ -Dyal e +Q (IV8]_y IV B)lcas-

% (s 0l + 1912 + 166 + 1V By )

and
d
S <o (ol + 100+ - Dallw + 193]y + 104B)cr-
% (10 00l 2 + 192+ 1Gsll -1 + 1V B oy )

We will need the following lemma on transport equations
Lemma 1.5.3. If 0 > 0, and if u solves
(O +V -V)u=f,
Then
% [l e SNV llwroe llull g2 + 1112

and
d o
3 Wullzre S WVl ull e + IV =Tv) - Vall o + (V= Tv) - (D) Vauull 2 + 1 fll e -

Proof. The L? energy estimate is standard, and the Sobolev estimate follows from commuting
the equation with (D, )7, using the L? estimate, and observing that

(D)7, VIVull 2 <|[[(D2)?, Ty ] - Vull 2 + [[{D2)?, V = Tv] - Vul| 1>
SIWVllwroo lull go + 11V =Tv) - Vaull go + I(V = Tv) - (D))" Vul| 15 -

O

Proof of Proposition 1.5.2. First, from the equation on ¢ and the definitions of V' and B we have
the transport equation

1 1
@O+ V-V) = —gn+ 5V + 5B

The previous L? estimate and a simple tame estimate on the L? norms of V2 and B? give the
estimate on .
We then recall equation (1.3.3),

O+ V-V)(=Gn)V +(Gn)B +7,
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and use the previous Sobolev estimate with 0 = s — 1 to get

d .
3 [l SVl Il o + IV = Tv) - VA o + [(V = Tv) - (D2) V(o

F NGV -1 + Kl oo 1G) Bl gro—1 + 1I¢]] gro—2 1G(0) B[ 1,
+ 17l g -

Using the parproduct rules from Theorem A.0.8 gives

IOV =Ty) - Vel < IVCH -4 IV -y

<9l 3 WVl s

and
[(V =Tv) - (Do) 7'V 2 < (D) V| et IV | s
< IValle: VI g -

To estimate the Dirichlet-Neumann operators, we use Proposition 1.2.17, and +y is estimated
using (1.3.1) or (1.3.1).
Recall also that B follows equation (1.3.1),

(0 +V-V)B=a—g.

The Sobolev estimate gives

SIVIwre 1Bl -y + IV =Tv) - VB .y

d
Bl

| =10) - DAVl gl s

and as for ¢, we have

IV =) VBll 1y < VBl IV oy
and
o1 o1
|v=1v)- 08| < |02 3VB|| o VI
<|1Bllcase V1] s -

a — g is estimated using Proposition 1.3.4.
At last V follows equation (1.3.2),

(0, +V V)V = —a(,

so we use the same bound for the commutator that we used for B and remark that

lacl oy S lla =gl y 1€l + (o + llall ) 1o

from which the proposition follows. O
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1.6 Proof of the main results

The main theorems will follow as usual from the expression of the energy estimates. The one
with only Hélder components is

Proposition 1.6.1. Letd > 1, s > 1+d/2, and e > 0. Let (n,v) be a solution of the water-waves
system (1.1) on [0,T] from theorem 1.1.1, and define V, B, h,a,c in the same way. Then

(161)  sup 107 VB o5 oo gty eyt
1 1
g.f~(7: sup . sup — sup [[(8) lyre ety U (V2 B) (1)l e o ety
0<t<T v 0<t<T C 0<t<T 0<t<T
T T
ol [ 1000V Ol ety 2 [ a0l

T T
A|wmm@§mm¢mé WWBWW%mme&>,

with F a positive, strictly increasing function of each of its variable, depending only on d, s, €,

the bottom T', and on ”no’wo’VO’BO”HS*%(Rd)xH”+%(Rd)st(Rd)st(Rd)'

Proof. We see from propositions 1.5.1 and 1.5.2 that if
A= [|(Us, 09)l 2 + 19l 2 + 16l -2 + [[(V, B)]

H3
and if

*

Bi={llall 3 + 110 +V-V)all e +Q (IVall 3 I(V,B)llcz+=) )
C; C

with @ the polynomial of degree 3 of those propositions, then for all ¢ € [0, 7],
d
&A(t) < K(t) x B(t) x A(t) < K x B(t) x A(t),

where
K= sup K(t).
0<t<T
Using Gronwall’s lemma gives

T
sup A(t) < KA(0)exp (/0 B(t) dt) .

0<t<T

Using Hélder inequality to bound

T
[ @ (19l 3 1V ) a
0

*

gives

1 1
sup \A(t) <]—'(T, sup —, sup —, sup [[n(t)[lyrsecomays SUP [[(Vi B)(8)|lyye.o(ray s
0<t<T 0<t<T IV 0<t<T € 0<t<T 0<t<T

T

T
sup [|allyy .0 (mea) ,/ [(Ora+V - Va) ()| Lo ray dt,/ dt,
<t<T 0 0

s o)~

T T
|19 gy 2 mwam%Wmm@w),
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CHAPITRE 1. CRITERE D’EXPLOSION

with F a positive, strictly increasing function of each of its variable, depending only on d,
s, €, the bottom T', and on A(0), which is easily seen to be controlled by the initial data
||7707 1/’07 ‘/Oa BOHHS-%—% XHS+% S HS s Hs"

The water-waves system 1.1 is Hamiltonian, and the Hamiltonian (1.1) controls the L? norm
of 1, so that

0z < ol

Now to finish the proof of the estimate, we remark that for any v > 0 there exists a
constant C,, > 0 such that

1(n, VB <GV, B)ll 2 + v (0, V, B)|

3 14e 14e H”*% HsxHs’
C2Z2xC,T*xC, X X

which, combined with Proposition 1.4.1 gives that ||(n,V, B)”H”% o e 18 finite as soon as the
right side of (1.6.1) is bounded. O

The energy estimate with reference Sobolev index is proved along the same lines, using the
corresponding estimates.

Proposition 1.6.2. Letd > 1, s > 1+4+d/2, s > sy > 1/2+d/2 and 5o —1/2 —d/2 > ¢ > 0.
Let (n,) be a solution of the water-waves system (1.1) on [0,T] from theorem 1.1.1, and define
V,B,h,a,c in the same way. Then

OiltlET || (n’ 1/% ‘/7 B)(t) HHS+% (Rd)XHS+% (Rd)XHs(Rd)XHS(Rd)

1
<-7: T PR ) 9 aVvaB t s0+ 5 s0+ 5 )
= < S oS o S 0 0V B) Dl e oyt ey o ety o ()

T T
0l | 1@+ V VOl b [ 0]y gy

T T
/0 ||V77(t)HW%,oo(Rd) dt7/0 IV, B) ()l 142,00 (ma) dt>7

with F a positive, strictly increasing function of each of its variable, depending only on d, s, sg, €,
the bottom T, and on ||no, o, Vo, Bo|

H3 (R x T 5 (R x 15 (RY) x Ho(RY)”
At last Theorem 1.1.4 is a consequence of the following proposition from [8],

Proposition 1.6.3 (Proposition 3.6 of [8]). For sy > 3/4+d/2, and 0 < e < sy —3/4—d/2,
Jall 3 + 110 +V - V) al
< F (106 VB) D ey o g e ) [1 Fllg e+ IOV Bl

Proof. The estimate on ||a||c 1 is proved in details in [8]. We will record here a proof of the

estimate on ||(0; +V - V) a||L;. First, observe that

O+ V- V)a= 9+ Yoy Vo) (~0,P)],_,
== 0y (0 + Vi Vi) P‘y:n =[O+ Ve yd - Vi), 0] P|y:n :
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The second term on the right hand side is

— [(3t + vgc,y¢ : vf,y) 781/} P‘y:n = Vmay(vb : vrP|y:77 + a§¢ayp|y:n
= aVn - VieOydly—y + alydly—y
=adivV,

where we have used that since P|,—, =0,
0=V(Ply=y) = (Vo P)ly=n + Vn(9yP)|y=n,

and that
divV = Ag@ly=y + V1 - (V20y0)|y=r-

The proposition will then be proved once we have shown that
(162) 110y B+ Yoy Vo) Py < F (1008 ViBY Ol sd o s )

This is a consequence of the following elliptic equation

Ar,y (8t + vmy¢ : Vry) P = (at + vﬂcy¢ ' Vm,y) Am’-,yP + [Ar,y» (8t + v:vy¢ ! vxy)] Vi
= — (O + Yoyt Vo) [V2, 0 +2V2,0 V2, P
1
= =226 V2 (=006 — 5 Veydl” — gy) + 2V - V2, P
2 2
=4V, ¢ -V, P.

Now (1.6.2) follow along the same lines as in Proposition 1.3.4, using the regularity on P already
established in this proposition. O
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Existence a basse régularité

37






Chapitre

Réduction paradifférentielle

Cet article est une collaboration avec Quang Huy NGUYEN. Il a été accepté dans le Bulletin
de la Société Mathématique de France ; voir [86].

2.1 Introduction

We consider the system of gravity-capillary waves describing the motion of a fluid interface
under the effect of both gravity and surface tension. From the well-posedness result in Sobolev
spaces of Yosihara [109] (see also Wu [104, 105] for pure gravity waves) it is known that the
system is quasilinear in nature. In the more recent work [3], Alazard-Burq-Zuily showed explicitly
this quasilinearity by using a paradifferential approach (see Appendix A) to symmetrize the
system into the following paradifferential equation

(2.1.1) (O + Ty (t2) - V + iTyt00) ) ult, ) = f(t, )

where V is the horizontal component of the trace of the velocity field on the free surface, 7 is an
elliptic symbol of order 3/2, depending only on the free surface. In other words, the transport
part comes from the fluid and the dispersive part comes from the free boundary. The reduction
(2.1.1) was implemented for

(2.1.2) uwe LPH; s>2—|—g,
d being the dimension of the free surface. It has many consequences, among them are the local well-
posedness and smoothing effect in [3], Strichartz estimates in [4]. As remarked in [3], s > 2 + d/2
is the minimal Sobolev index (in term of Sobolev’s embedding) to ensure that the velocity filed
is Lipschitz up to the boundary, without taking into account the dispersive property. From the
works of Alazard-Burq-Zuily [7, 8], Hunter-Ifrim-Tataru [52] for pure gravity waves, it seems
natural to require that the velocity is Lipschitz so that the particles flow is well-defined, in view of
the Cauchy-Lipschitz theorem. On the other hand, from the standard theory of quasilinear pdes,
it is natural to ask if the reduction (2.1.1) holds at the Sobolev threshold s > 3/2 + d/2 and then,
if a local-wellposedness theory holds at the same level of regularity? The two observations above
motivate us to study the gravity-capillary system at the following regularity level:
d

, 3
(2.1.3) w€ X = LPHSNLPW2™  with s > 5t
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which exhibits a gap of 1/2 derivative that may be filled up by Strichartz estimates. (2.1.3) means
that on the one hand, the Sobolev regularity is that of quasilinear equations of order 3/2; on the
other hand, the LYW2:>°-norm ensures that the velocity is still Lipschitz for a.e. t € [0,7T] (which
is the threshold (2.1.2) after applying Sobolev’s embedding).

By sharpening the analysis in [3], we shall perform the reduction (2.1.1) assuming merely the
regularity X of the solution. In order to do so, the main difficulty, compared to [3], is that further
studies of the Dirichlet-Neumann operator in Besov spaces are demanded. Moreover, we have to
keep all the estimates in the analysis to be tame, i.e., linear with respect to the highest norm
which is the Holder norm in this case.

From this reduction, we deduce several consequences. The first one will be an a priori estimate
for the Sobolev norm L HS using in addition the Strichartz norm LYW2:°° (see Theorem 2.1.1
below for an exact statement). This is an expected result, which follows the pattern established
for other quasilinear equations. However, for water waves, it requires much more care due to
the fact that the system is nonlocal and highly nonlinear. This problem has been addressed by
Alazard-Burg-Zuily [8] for pure gravity water waves. In the case with surface tension, though the
regularity level is higher, it requires a more precise analysis of the Dirichlet-Neumann operator in
that lower order terms in the expansion of this operator need to be taken into consideration (se
Proposition 2.3.5 below).

Another consequence will be a blow-up criterion (see Theorem 2.1.2), which implies that the
solution can be continued as long as the X'-norm of u remained bounded (at least in the infinite
depth case) with p = 1, i.e., merely integrable in time. It also implies that, starting from a smooth
datum, the solution remains smooth provided its C>*-norm is bounded in time.

For more precise discussions, let us recall the Zakharov/Craig-Sulem formulation of water waves.

2.1.1 The Zakharov/Craig-Sulem formulation

We consider an incompressible, irrotational, inviscid fluid with unit density moving in a
time-dependent domain

Q={(t,z,y) € [0,T] x R xR : (z,9) € U}
where each €); is a domain located underneath a free surface
S = {(z,y) e R x R:y = n(t,z)}

and above a fixed bottom I' = 9 \ ¥;. We make the following separation assumption (H;) on
the domain at time ¢:
Q, is the intersection of the half space

Qe = {(,y) e R x Ry <t x)}
and an open connected set O containing a fized strip around X, i.e., there exists h > 0 such that
(2.1.4) {(z,y) e R*xR:n(x) —h <y <ntz)}cO.

The velocity field v admits a harmonic potential ¢ : Q@ — R, i.e., v = V¢ and A¢ = 0. Using the
idea of Zakharov, we introduce the trace of ¢ on the free surface

1/)(75,96) = ¢(t7$777(t7x))'

Then ¢(¢,x,y) is the unique variational solution to the problem
(2.1.5) Ap=01in Q, o(t,x,n(t,z)) =¢(t,x), Ond(t)|r =0.
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The Dirichlet-Neumann operator is then defined by
5o 0P . .
Gy = V1+|Van|?Big(5-BiglsPig)

= (8y¢)<ta xan(ta .’E)) - Vzn(tvx) ’ (Vx¢)(tax,77(taff))~

The gravity-capillary water waves problem with surface tension consists in solving the following
so-called Zakharov-Craig-Sulem system of (7, 1))

8t77 = G(n)¢7

1
Op = —gn— H(n) = 5|Vatl* +

(2.1.6)

(2.1.7) 1 (Van - Vath + G(n)ph)?

2 14 |Ven?

Here, H(n) denotes the mean curvature of the free surface:

Vn

1 Big).
V14 |[Vnl? 9)

The vertical and horizontal components of the velocity on ¥ can be expressed in terms of n and

1 as

H(n) = —div Big(

Van - Vath + G(UW
1+ |Ven2 7

(2.1.8) B = (vy)|x = V = (vg)|s = Va0 — BV,1.

As observed by Zakharov (see [111] and the references therein), (2.1.7) has a Hamiltonian canonical
Hamiltonian structure

On _on 0y _ OH

o &’ ot on’
where the Hamiltonian H is the total energy given by

1

(2.1.9) H=— YG(n)Y dx + Q/ n’dx —I—/ (V1+|Vn?—1)dz.
2 JRra 2 Jra R

2.1.2 Main results

The Cauchy problem has been extensively studied, for example in Nalimov [83], Yosihara
[109], Coutand- Shkoller [32], Craig [34], Shatah-Zeng [90, 91, 92|, Ming-Zhang [82], Lannes [71]:
for sufficiently smooth solutions and Alazard-Burg-Zuily [3] for solutions at the energy threshold.
See also Craig [34], Wu [104, 105], Lannes [70] for the studies on gravity waves. Observe that
the linearized system of (2.1.7) about the rest state (n = 0,¢ = 0) (modulo a lower order term,
taking g = 0) reads

Oy — | D¢ =0,
atd) - A’I? = 0.
Put ® = |D,|2n + i, this becomes
(2.1.10) 0,® +i|Dy| 3 ® = 0.

Therefore, it is natural to study (2.1.7) at the following algebraic scaling
(n.v) € H* 2 (R") x H*(RY).
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From the formula (2.1.8) for the velocity trace, we have that the Lipschitz threshold in [3]
corresponds to s > 2 + d/2. On the other hand, the threshold s > 3/2 + d/2 suggested by the
quasilinear nature (2.1.1) is also the minimal Sobolev index to ensure that the mean curvature
H(n) is bounded. The question we are concerned with is the following:

(Q) Is the Cauchy problem for (2.1.7) solvable for initial data

3 d
(2.1.11) (0, o) € HV2 x H*, s> 5 457
Assume now that
(2.1.12) (n,¢) € L® ([O,T};HS+% X H) N LY ([O,T]; Wrhee i W"’°°>
with
3 d
(2113) S>§+§, r>2

is a solution with prescribed data as in (2.1.11). We shall prove in Proposition 2.4.1 that the
quasilinear reduction (2.1.1) of system (2.1.7) still holds with the right-hand-side term f(¢, )
satisfying a tame estimate, meaning that it is linear with respect to the Holder norm. To be
concise in the following statements, let us define the quantities that control the system (see
Definition A.0.1 for the definitions of functional spaces):

Sobolev norms : M, = ||(n, ¢)||Loo([07T];HU+% H7)’ Moo = [[(n0, Yo)ll ;o3 4o

“Strichartz norm” : No. = || (1, VI?)Hp([o TW ot x Bl )"

Our first result concerns an a priori estimate for the Sobolev norm M, 1 in terms of itself and the
Strichartz norm N, 7.

Theorem 2.1.1. Letd > 1, h >0, r > 2 and s > % + g. Then there exists a mondecreasing
function F : RT — R™T, depending only on (d,s,r,h), such that: for all T € (0,1] and all (n,)
solution to (2.1.7) on [0,T] with

(n.v) € L= ([0, 7); H**E x H7)

(n, V) € L' ([0, T} W™+ x BL ),
inf dist(n(¢),T h
janf dis (n(®),T) > h,

there holds
Mz < F(Mso +TF(My7) + Npp).

Remark. Some comments are in order with respect to the preceding a priori estimate.

1. We require only Vi € Béo,l instead of ¢ € W™,

2. The function F above can be highly nonlinear. It is not simply a straightforward outcome
of a Gronwall inequality but also comes from estimates of the Dirichlet-Neumann operator
in Sobolev spaces and Besov spaces (see the proof of Theorem 2.4.5).

3. When s > 2 + d/2 one can take r = s — % and retrieves by Sobolev embeddings the a priori

estimate of [3] (see Proposition 5.2 there).
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Our second result provides a blow-up criterion for solutions at the energy threshold constructed
in [3]. Let C7 denote the Zymund space of order r (see Definition A.0.1). Note that C = W™
if r € (0,00)\ {1,2,3,...} while W™ C CT if r € {0,1,2,...}.

Theorem 2.1.2. Letd>1, h>0 and o > 2+ %. Let

(o,1b0) € HF2 x H?,  dist(no,T) > h > 0.

Let T* = T*(no, 1o, 0, h) be the maximal time of existence defined by (2.4.17) and
() € £ ([0, 7); H™" 4 x 1)

be the mazimal solution of (2.1.7) with prescribed data (1o, o). If T* is finite, then for all € > 0,

. * L
(2.1.14) P.(T )+/0 Qe (t)dt + T +00,
where .
P(T*) = sup |In(t)llcz+e + IV (@)llBo, .
te[0,T*) ’
Q=(t) = [In(t) cire T Ve@®)llcr,
T") = inf i ).
h(T") te[lng*)dlst(n(t), )

Consequently, if T* is finite then for all e > 0,

(2.1.15) PQ(T*)+/ QY (t)dt + = +o0,
0

1
(™)

where

PUT*) = sup |In(t)]lcz+< + (V. B)(t)l 5o,
te[0,7) ’

Q2(t) = Il g+ + 1V B) Bz

Remark. 1. We shall prove in Proposition 2.4.7 below that the Sobolev norm of the solution,
l(n, ¢)||L°°([O,T];H"+% crey 0 24 4, is bounded by a double exponential

exp (eC(T) I Qe(t)dt)

where C(T) depends only on the lower norm P.(T). In the preceding estimate, Q). can
be replaced by Q0 by virtue of (2.4.23). These bounds are reminiscent of the well-known
result due to Beale-Kato-Majda [18] for the incompressible Euler equations in the whole
space, where the C'!-norm of the velocity was sharpened to the L>°-norm of the vorticity.
An analogous result in bounded, simply connected domains was obtained by Ferrari [44].

2. If in Q. the Zygmund norm [[V¢[[c: is replaced by the stronger norm [[V4)||p:_, then one
obtains the following exponential bound (see Remark 2.4.2) Y

T
1009 e o sz < OO, GO oy, 50 (CT) / Q. (1)d),

where C(T') depends only on the lower norm P.(T) and o > 2 + 4. The same remarks
applies to QY and (V, B).
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In the survey paper [37] Craig-Wayne posed (see Problem 3 there) the following questions on
How do solutions break doun?:
(Q1) For which a is it true that, if one knows a priori that supi_r 1y [|(n,9)||ce < +o00 then C*°
data (no, o) implies that the solution is C*° over the time interval [-T,T)?
(Q2) It would be more satisfying to say that the solution fails to exist because the "curvature of
the surface has diverged at some point”, or a related geometrical and/or physical statement.
With regard to question (Q1), we deduce from Theorem 2.1.2 (more precisely, from (2.1.14)) the
following persistence of Sobolev regularity.

Corollary 2.1.3. Let T € (0,+00) and (n,v¢) be a distributional solution to (2.1.7) on the time
interval [0, T] such that infjo 1) dist(n(t),T') > 0. Then the following property holds: if one knows
a priori that for some g9 > 0

(2.1.16) sup [|(n(t), Vi (1)) ||

5., < 400
[0,T7] C*2+ OXCi ’

then (1(0),(0)) € H>*(R%)? implies that (n,) € L>=([0,T]; H>*(R%))2.

Theorem 2.1.2 gives a partial answer to (Q2). Indeed, the criterion (2.1.15) implies that the
solution fails to exist if

— the Lipschitz norm of the velocity trace explodes, i.e., Sup[o, =)

— the bottom rises to the surface, i.e., h(T*) = 0.
Some results are known about blow-up criteria for pure gravity water waves (without surface
tension). Wang-Zhang [102] obtained a result stated in terms of the curvature H(n) and the
gradient of the velocity trace

[(V, B)||wi.c = 400, or

N
(2.1.17) / IOV VBt sup [Hnnr = oo, p> 20
0 te[0,T*

The second author [84] showed, for highest regularities,

T*

the temporal integrability was thus improved. In two space dimensions, using holomorphic
coordinates, Hunter-Ifrim-Tataru [52] obtained a sharpened criterion with ||(V, B)||c1+ replaced
by |(VV,VB)| gamo- Also in two space dimensions, Wu [108] proved a blow-up criterion using the
energy constructed by Kinsey-Wu [62], which concerns water waves with angled crests, hence the
surface is even not Lipschitz. Remark that all the above results but [84] consider the bottomless
case. In a more recent paper, [103] considered rotational fluids and obtained

sup  ([[o(®)lwree + [|H(n(6) || z2nLs) = +00 p > 2d,
te[0,T*)

v being the Eulerian velocity. In order to obtain the sharp regularity for Vi and (V, B) in Theorem
2.1.2, we shall use a technical idea from [103]: deriving elliptic estimates in Chemin-Lerner type
spaces.

Finally, we observe that the relation (2.1.13) exhibits a gap of 1/2 derivative from H* to W2
in terms of Sobolev’s embedding. To fill up this gap we need to take into account the dispersive
property of water waves to prove a Strichartz estimate with a gain of 1/2 derivative. As remarked
in [87] this gain can be achieved for the 3D linearized system (i.e. d = 2) and corresponds to the
so called semiclassical Strichartz estimate. The proof of Theorem 2.5.9 on the Lipschitz continuity
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of the solution map shows that if the semiclassical Strichartz estimate were proved, this theorem
would hold with the gain y = % in (2.5.31) (see Remark 2.5.3). Then, applying Theorems 2.1.1,
2.1.2 one would end up with an affirmative answer for (Q) by implementing the standard method
of regularizing initial data. Therefore, the problem boils down to studying Strichartz estimates
for (2.1.7). As a first effort in this direction, we prove in the companion paper [87]| Strichartz
estimates with an intermediate gain 0 < p < 1/2 which yields a Cauchy theory (see Theorem
1.6, [87]) in which the initial velocity may fail to be Lipschitz (up to the boundary) but becomes
Lipschitz at almost all later time; this is an analogue of the result in [8] for pure gravity waves.
The article is organized as follows. Section 2.2 is devoted to the study of the Dirichlet-Neumann
operator in Sobolev spaces, Besov spaces and Zygmund spaces. Next, in Section 2.3 we adapt
the method in [3] to paralinearize and then symmetrize system (2.1.7) at our level of regularity
(2.1.13). With this reduction, we use the standard energy method to derive an a priori estimate
and a blow-up criterion in Section 2.4. Section 2.5 is devoted to contraction estimates; more
precisely, we establish the Lipschitz continuity of the solution map in weaker norms. Finally, we
gather some basic features of the paradifferential calculus and some technical results in Appendix

A.

2.2 Elliptic estimates and the Dirichlet-Neumann operator

2.2.1 Construction of the Dirichlet-Neumann operator

Let n € WH°(R?) and f € Hz(R?). In order to define the Dirichlet-Neumann operator
G(n)f, we consider the boundary value problem

(2.2.1) Apyd=0inQ, ¢|x=f, ndlr=0.

For any h' € (0, h], define the curved strip of width A’ below the free surface
(2.2.2) Qn = {(z,y) rz e R n(z) — ' <y <nx)}.

We recall here the construction of the variational solution to (2.2.1) in [7].

Notation 2.2.1. Denote by Z the space of functions u € C* () such that V, ,u € L?(Q2). We
then define %, as the subspace of functions u € 2 such that u is equal to 0 in a neighborhood of
the top boundary X.

Proposition 2.2.2 (see [3, Proposition 2.2]). There exists a positive weight g € Lo (), locally

loc

bounded from below, equal to 1 near the top boundary of ), say in Qp, and a constant C > 0 such
that for all u € 9y,

(2.23) J[ stetute ) dsdy < ¢ [[ 1920w dedy.
Q Q
Definition 2.2.3. Denote by H%(Q) the completion of %, under the norm

||’LL||* = ||UHL2(Q,g(z,y)dzdy) + Hvz,yu||L2(Q,dzdy)~

Owing to the Poincaré inequality (2.2.3), H*°(Q) endowed with the norm |[ul| = ||V yul r2(q) is
a Hilbert space, see Definition 2.6 [3].
Now, let xo € C*(R) be such that xo(z) = 1if 2 > —1, xo(2) = 0 if 2 < —1. Then with

f e Hz, define
filz,2) = xo(2)e* P f(z), xeR? 2<0.
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Next, define

y—n
(2.2.4) flz,y) = file, %), (2,9) € Q.
This "lifting" function satisfies f|,—,) = f(x), f =0in Q\ Q5 and
(2.2.5) £l ) < KA+ lnllwre)ll 1l ;3 gay-
The map

p— —/ Vaeyf Vayedrdy
Q

is thus a bounded linear form on H?((2). The Riesz theorem then provides a unique u € H%(Q)
such that

(2.2.6) Vo € HY(Q), // Vgt Viypdrdy = — // Vaul * Vaypdrdy.
Q Q
Definition 2.2.4. With f and u constructed as above, the function ¢ := u + f is defined to

be the variational solution of the problem (2.2.1). The Dirichlet-Neumann operator is defined
formally by

(2:2.7) Gl =TT VAP 0ud | ) = 040 V- V6] | .
As a consequence of (2.2.5) and (2.2.6), the variational solution ¢ satisfies
(2.2.8) ¥yl 2@ < K+ Il 1]

Moreover, it was proved in [84] the following maximum principle.
Proposition 2.2.5 (see [84, Proposition 2.7]). Let n € WH*(R?) and f € Hz(RY). There
exists a constant C' > 0 independent of n, 1 such that
[9llL=() < Clfllzemay-
The continuity of G(n) in Sobolev spaces is given in the next theorem.

Theorem 2.2.6 (see [7, Theorem 3.12|). Letd > 1,5 > 3+ 4% and 3 < o < s+ 1. For all
n € Ht2(R%), the operator
G(np): H7 —H!

is continuous. Moreover, there exists a nondecreasing function F: Ry — Ry such that, for all
1
n € H 2(RY) and all f € H(R?), there holds

(2.2.9) IG) fll e < F((n]

o)l

2.2.2 Elliptic estimates

The Dirichlet-Neumann requires the regularity of V, ,¢ at the free surface. We follow [70]
and [7] straightening out Q, using the map

pla,2) = (14 2)e? () — 2 {23 P() — p

(2.2.10)
(z,2) € S :=R% x (—1,0).
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According to Lemma 3.6, [7], there exists an absolute constant K > 0 such that if §||n|w1. < K
then

| >

(2.2.11) 0:p >

and the map (z, z) — (z, p(x, 2)) is thus a Lipschitz diffeomorphism from S to Q. Then if we call
(2.2.12) v(z,z) = ¢z, pz,2)) Y(z,2) €S

the image of ¢ via this diffeomorphism, it solves

(2.2.13) Lv:=(0*+al, +B-V0, —¥I.)v=0 in S
where
(0:p)? 9-pVap 1,
= =2 T 4= 0%p + alyp+ B - Vid.p).
1+ [Vapl? 1+ [Vapl? s )

Sobolev estimates

Define the following interpolation spaces
(2.2.14) XH(J) = C.(I; HH(R) 0 L2(J; HM 2 (RY)),
YH(J) = LL(I HA(RY) + L2(J H' 3 (RY)).

Remark that || - |lyu(s) < |- [[xn-1(s) for any u € R. We get started by providing estimates for
the coefficients «, 3,~. We refer the reader to Appendix A for a review of the paradifferential
calculus and notations of functional spaces.

Notation 2.2.7. We will denote F any nondecreasing function from R* to R™. F may change
from line to line but is independent of relevant parameters.

Lemma 2.2.8. Denote I =[—1,0].
1. For any o > % + g and € > 0, there holds

(2215) o=y 1800y g+ llgog gy < Fllloreo) il oo
2. If u > % then

< F(lul oy,

(2.2.17) el z2r.omy + 1B 22 oy + IV 2 rom-1) < F(||U||C;L+% +[Inllz2).-

221
2216) ol g 4181, s, I,

_1 _3
Ly ?) e ey ?)

Proof. These estimates stem from estimates for derivatives of p. For the proof of (2.2.15) we refer
the reader to Lemmas 3.7 and 3.19 in [7]. Concerning (2.2.16) we remark that o and 5 involve
merely derivatives up to order 1 of n while v involves second order derivatives of 7. Finally, for
(2.2.17) we use the following smoothing property of the Poison kernel in the high frequency regime
(see Lemma 2.4, [17] and Lemma 3.2, [102]): for all k > 0 and p € [1, 00|, there exists C' > 0 such
that for all j > 1, ‘

le™ P Ajul o ey < Ce™ (| Aull Lo ey,

where, we recall the dyadic partition of unity in Definition A.0.1: Id = Z;io A;. The low frequency
part Ay can be trivially bounded by the L?-norm using Bernstein’s inequalities. O
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We first use the variational estimate (2.2.8) to derive a regularity for V, ,v.

Lemma 2.2.9. Let f € Hz. Set
(2.2.18) Em, f) = Vaydll2n)-
1. Ifne C'*%Jre with € > 0 then V, v € C([—1,0; H~ %) and

(2.2.20) 192003y gy < Fllmllese) (14 Il g o) E G, £):

2. Ifn € H 2 with s > 1+ 4 then V, v € C([-1,0]; H"2) and

(2.2.21) Va0 < FlInll or ) E, £)-

X"3([-L,0) =

Remark. 1. By (2.2.8), we have
E(n, f) < K1+ [Inllwro)lI£1l 3 -

However, we keep in the estimates (2.2.19)-(2.2.20) the quantity E(n, f) instead of ||f||H% because

E(n, f) is controlled by the Hamiltonian, which is conserved under the flow. Moreover, as we
shall derive blow-up criteria involving only Holder norms of the solution, we avoid using || f ||H 1

2. The estimates (2.2.19), (2.2.20), (2.2.21) were proved in Proposition 4.3, [102] as a priori
estimates (see the proof there). It is worth noting that we establish here a real regularity result.

Proof. Denote I = [—1,0].
1. Observe first that by changing variables,

(2.2.22) Ve zvll2522) < Flnllwr) Ve y@liz @,y = Fllnllwe<)EMm, ).
Applying the interpolation Lemma A.0.23, we obtain Vyv € X2 (I) and
||va||X_%(1) S IVavllrziz) + 10:Vavl L2 a1
SAVazvllarrz) < Flinllwr<)EM, f).
We are left with (2.2.20). Again, by virtue of Lemma A.0.23 and (2.2.22), it suffices to prove

1020l 211y < Fllnllae) (1 + ||77||Cg+a)E(77, f)

(2.2.23)

A natural way is to compute 9%v using (2.2.13)
831} = —al,v— F-V,0,v+~0,v

and then estimate the right-hand side. However, this will lead to a loss of % derivative of 7. To
remedy this, further cancellations coming from the structure of the equation need to be invoked.
We have

(0y8) (&, pl, 2)) = m—Bev(z, 2) = (Ay0) (z, 2),

0.p
(V28) (2, p(a,2)) = (Vs — %@)v(w) = (Av)(z, 2).

48



2.2. ELLIPTIC ESTIMATES AND THE DIRICHLET-NEUMANN OPERATOR

Set U := Ajv—VpAgv, whose trace at z = 0 is actually equal to G(n) f. Then, using the equation
Ay ¢ =0, it was proved in [7] (see the formula (3.19) there) that 0,U has the divergence form

0,U=V,- (8ZpA2v).
Then, by the interpolation Lemma A.0.23, it is readily seen that U € C(I; H_%) and
1o gpg-1, S Flllloz) B, ).
Now, from the definition of A; 2 one can compute

(U+Vup-Vu0)0.p

Ov = T+ [Vap|? =:Ua+V,v-b
with
. 0.p :: 0:pVp .
L+ [Vepl?’ 1+ [Vepl?
We write Ua = T,U + Tya + R(a,U). By Theorem A.0.4 (i),
TNy -3, S allozm WUl gy -3,  Fllnllcaso B, ).

The term Tya can be estimated by means of Lemma A.0.11 as

1Tl gty S W00 -1 lalloon) S Fllnlless) B, ).

Finally, for the remainder R(a,U) we use (A.0.14), which leads to a loss of % derivative for 7, to
get

IRy 1) S lall e 10y S Fllease) (1 + Il o) B )

»

where, we have used

Il e, S Flllorse) 1+ Il g10):

Finally, the term bV, v can be treated using the same argument as we have shown that V v €
1

C(I; H2). The proof of (2.2.20) is complete.

2. We turn to prove (2.2.21). Observe that by the embedding

(2.2.24) Inllcr+e < Clinll

o2

with 0 < e < s — 3 — ¢, (2.2.19) implies the estimate of V,v in (2.2.21). For 9.v, we follow

the above proof of (2.2.20). It suffices to prove all € C(I; H2) with norm bounded by the
right-hand side of (2.2.21). To this end, we write aU = hU + T(,_p)U + Ty (a — h) + R(a — h,U).
The proof of (2.2.20), combined with (2.2.24), shows that

||TU(G’ - h)”C(I’H*%) + ||T(a7h)U||C(I;H7%) 5 ]:(HTIHHH»%)E(,’L f)
Finally, by applying (A.0.13) (notice that % > %) and using the estimate
||a||C(I;H%+E) 5 Ha||C(I;H57%) S f(||n||Hs+%)7
we conclude that

IR, ),

@l gy ey Oy ), £).

ety SN0l ey
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According to the preceding lemma, the trace V, ,v|,=¢ is well-defined and belongs to H-3.
Estimates in higher order Sobolev spaces are given in the next proposition.

Proposition 2.2.10 (see [7, Proposition 3.16]). Let s > % + g, —% <o<s-— % Assume that
n € H"2 and f € H°T' and for some z € (—1,0)

Va0l =t g 0y <+
Then for any z1 € (—1,0), z1 > 29, we have Vv € X?([21,0]) and
1Vt ey < Fl o) {1l gros + 190l g o
where F depends only on o and zg, 21 .

A combination of (2.2.21) and Remark 2.2.2 implies
190l o < FOl s A5

provided s > % + %. With the aid of Proposition 2.2.10, we prove the following identity, which
will be used later in the proof of blow-up criteria.

Proposition 2.2.11. Let s > % + %. Assume that n € H¥ 2 and f € H3. Then xS H2(Q3h/4)
and the following identity holds

/ FGM)f = IVaydl2a0-
Rd

Proof. We first recall from the construction in subsection 2.2.1 that ¢ = u + f, where f is defined

by (2.2.4) and v € H*°() is the unique solution of (2.2.6). By the Poincaré inequality of Lemma
2.2.2 and (2.2.6), (2.2.5)

lullz2(0,) < CliVayullz) < K1+ [nllwre)llf] 2 -

Therefore, ¢ € L?(€,) and thus, by (2.2.8), ¢ € H'(Q4). Now, applying Proposition 2.2.10 we
have that v = ¢(z, p(z, z)) satisfies for any z; € (—1,0)

IVa 20l L2z 0m0) < FUMI e DI, 5
Then using equation (2.2.13) together with the product rules one can prove that
102022 e opzey < Flnll I3

By a change of variables we obtain V, ,¢ € H'(Qs,/4) and thus ¢ € H?(Qgy,/4).
Now, taking ¢ = u € H19(Q) in the variational equation (2.2.6) gives

/ V.20V u = 0.
Q

Consequently

/|vx,y¢|2:/ ‘Vw,y¢|2_/vw,z¢vw,zu:/vw,y¢vw,yi-
Q Q Q Q
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Since f =0 in Q\ Qy/5, this implies

/ Vo2 = / VayVanl-
Q Q3h /4

We have proved that in {23y, /4, the harmonic function ¢ is H?. Notice in addition that ¢ = 0 near
{y = n—3h/4}. As 03,4 is Lipschitz (n € H'T2+ C W) an integration by parts then yields

| vesel = [ o0 [ rcwr

which is the desired identity. O

The next proposition is an impovement of Proposition 2.2.10 in the sense that it gives tame
estimates with respect to the highest derivatives of n and f, provided V, ,v € LZ°L°.

Proposition 2.2.12 (see [84, Proposition 2.12]). Lets > 1 + 4, —1 <o <s— 1. Assume that
ne H”%, feHt and
V.20 € L([20,0]; L™)

for some zg € (—1,0). Then for any 21 € (20,0) and € € (0,5 — § — %), there exists an increasing
function F depending only on s, o, zg,€ such that

(22.25) Vsl ooy < Flnllcare) {F smss + 1l sy 1V 200 2w (120 0120)

+\|Vz,z””X*%<[zo,0D} '

Besov estimates

Our goal is to establish regularity results for V, v in Besov spaces. In particular, we shall

_1
need such results in the Zygmund space with negative index C, ?, which is one of the new
technical issues compared to [11, 3, 7, 8, 102]. To this end, we follow the general strategy in [11]
by first paralinearizing equation (2.2.13) and then factorizing this second order elliptic operator

1
into the product of a forward and a backward parabolic operator. The study of V, .v in C, *
will make use of the maximum principle in Proposition 2.2.5. The proof of the next lemma is
straightforward.

Lemma 2.2.13. Set
(2.2.26) Riv=(a—Ty)Aw+ (B —Tp) -VO.v— (y—T,)0.v, Rov=T,0,v.

Consider two symbols

(2.2.27) a(l):%(_’ﬂ'g_ talel" - (5-9%)
Au):%(_w-u da ¢ = (8-£)2),

which satisfy a + A = —if3 - &, aA = —a|¢|?. Neat, set
(2.2.28) Ry = —(Tyon Ty — TaA) + Ty 401

Then we have
Lv=(0, —T,n) (0, — Tya))v + Riv + Rov + R3v.
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The next proposition provides a regularity bootstrap for V, v in BY, ; with r > 0. Its proof
is inspired by that of Proposition 4.9 in [102].

Proposition 2.2.14. Let g > 0 and r € [0,1 + &g). Assume that n € C?**0 N L2 f € Hz,
Vf € BL, , and for some z € (—1,0)
~ 1 ~
(2.2.29) Va2t € L=([20,0]; B;f) N L*([zo0, 0]; Bgo)l)
Then, for any z1 € (20,0), we have V, ;v € C([21,0]; BL, ;) and

(2.2.30) Ve zvllc@a.osr ) Sk,e IVl +EM, f),

where, K, ., is a constant of the form
(2.2.31) Flnllgreeo + Inllz2)

with F : RY — RT nondecreasing.

Remark. Tt is important for later applications that our estimate involves only the Besov norm of
Vf and not f itself.

Proposition 2.2.14 is a conditional regularity result. It assumes weaker regularities of V, ,v to
derive the regularity in C([z1,0]; BL, ;). The later will allow us to estimate the trace V, .v|.—o in
the same space.

Proof. Recall the definitions of R; j = 1,2,3 in Lemma 2.2.13. Pick € > 0 such that 2e <
min {%, 1+ €9 — r}. We shall frequently use the following fact: for all s € R and for all § > 0,
there exists C' > 0 such that

1
(2.2.32) Llulles < llulloe,, < Cllulgzes
el . .
Step 1. In this step, we estimate R;v in L*(J; B, {) for any J C [~1,0]. For Ry we write using

the BonyCalculsymboliqueet79 decomposition
(@ —Tp)Azv =Ta wa+ R(Av, ).
Applying (A.0.31) and the assumption (2.2.29) (i) gives

HTANO‘HZZBT—% N HO‘”ZQBH-%-FE”AwUHZoccglfi S K?hfo”vaHZwB;fla
oco,1 5

oo,1

where we have used the facts that r + 3 + 2e < 2 + £y and (by (2.2.17))

v

||E23T+i%+a S ||a||z2cr+%+2a S Kn,e(y
oo, .

Next, noticing that (2 + £9) + (=1 —¢) > 0 and 2 +e9 — 1 —& > r — 1, we obtain by using

(A.0.32)

||R(Amvaa)|‘Z2Br—% S HO‘”Z2C*‘%+50”Am'UHZOOB;Of;E S Kmso”va”ZOOB;fl'

The term (8 — Tg) - V,0,v can be treated in the same way. Lastly, it holds that

ITo.l, o3 ST, o gecletllpm e S KneollO0llpe e,
oo,1 oco,1 >
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and

100, -3 SV, g0 190l 2 e, S Koo 1001 e -
0,1 ! !

Gathering the above estimates leads to

”RlUHZ?(J;B;_l% S Kn,so ||vvaUHZ°C(J;B;f1)'

On the other hand, Rov satisfies (using (A.0.31))

Rov =
H 2V ”EQ 7B 2 H ol 0- HEQ(J_Br—j
S Ilz2 ;00 1920 || (JBrfé)SKﬁsoHaZ vl (B

1P oo,l

)

which is finite due to the assumption (2.2.29).
Next, noticing that (see Notation A.0.7)

Mi(a®) + MIAW) + M(0.4M) S K, .,
we can apply Lemma A.0.16 to deduce that Rs is of order 1 and

150l 2, -ty S B8Vl ety S Kol Varll;

1
L2(B2) (J;B., B

In view of Lemma 2.2.13, we have proved that
(82 - a(l))(a - TA(l))U =F

with

1E] 3, Sk IVazvllo

L2(J;BL 2) o (J;B. ZﬁB_ D

Step 2. Fix —1 < zp < z1 < 0 and introduce & a cut-off function satisfying k|.<., =0, Klz>., = 1.
Setting w = k(2)(0; — Ty1))v, then

(0, — T,o))w =G :=£(2)F + k'(2)(0: — Ty )v.

As w|,=,, = 0, applying Theorem A.0.22 yields for sufficiently large § > 0 to be chosen, that
w € C([20,0]; BY, 1) and

lwllequoorns o S ISP, oy

||/<a/(z)(3z _TA<1))UHE2 r—1

oo d) 1] oo (0,000
Choosing ry > ¢ and using (2.2.32) we deduce

\Y .
lwletz0mz ) Sk 1Vare HLooqu,o};B;’?nB;l)

Now, on [z1,0], v satisfies
(8Z — TA(l))sz =Vw+ TVmA(l)U7 vwv|z:0 = Vf
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After changing z — —z, Theorem A.0.22 gives for sufficiently large § > 0

IVstlleen0hz ) S 19532, + 190 ey 02
(2.2.33) + HTV A<”””Z°° ([21.0; B D) + ||Vrv||i°°([zl,o];ci‘s)

SKe IVABL , + 11V 20l b

Lo ([20,01;BL, £ NBX)

Then, from the equation 0.v = w + Ty)v we see that 0,v € C([z1,0]; BL, ;) with norm bounded
by the right-hand side of (2.2.33). We split

V0| 1
| ””’ZUHLO%[%,O];B;%ﬂB;f,n

into two norms, one is over [zp, z1] and the other is over [z1,0]. The one over [z, z1] can be
bounded by || f HH% using the estimate (2.2.8). Indeed, the fluid domain corresponding to [zg, 1]
belongs to the interior of )y, where ¢ is analytic, and thus the result follows from the standard
elliptic theory (see for instance the proof of Lemma 2.9, [3]). On the other hand, by choosing a
large > 0 and interpolating between B__ 61 and B._ {, the term

00,1

Vv 1
Ve HL°°([z ,0];B" émB;jl)

appearing on the right-hand side of (2.2.33), can be absorbed by HVI»ZUHZOC([zleyBT' yon the
left-hand side, leaving a term bounded by va,zUHEoo( [ 0B Finally, choosing § > 4 + %, we
conclude by (2.2.32), Sobolev’s embedding and (2.2.19)-(2.2. 20) that

||Vw,zv||ioc([zl,o];3 )~ S Ve, zUHLo@(z O)H ™ ) Ko B, f).
O

Corollary 2.2.15. Lets > 3+ 9 o€ (0,s— 2 —2) andr € [0,1+ ). Assume that n € Hstz
and f € H®, Vf € BL, ;. Then for any z € (—1,0) we have V, v € C([z,0]; B, ;) and

IVa,:vlleqzoiby, ) Sk IVFBL, + E f)

Proof. Under the assumptions on the Sobolev regularity of n and f, we can apply Proposition
2.2.10 in conjunction with (2.2.21) to get for any z € (—1,0),

Va0 € C([z, 05 B < C([,01; C2T) < C([2,0]; BZ ).

1
Notice that n € H"2 < C2<0 and Vf € H1 — B2, ;. Then the bootstrap provided by
Proposition 2.2.14 concludes the proof. O

—1 we first establish an a priori estimate.

Considering the case r = —3,

_1
Proposition 2.2.16. Assume that n € C2T50 N L2 for some g9 > 0, and f € L™=, Vf € C. *.
IfV,.veC(z0;Cy ) for some z € (—=1,0) then

2.2.34 Va0 Sty VSl -y + B
(2234) Vel ooty Sk 1951y + Bl D).
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Proof. We follow the proof of Proposition 2.2.15. The first step consists in estimating R;v in
L2C7L. Fix0<e< min{1,e0}. For Ryv, a typical term can be treated as

||(05—TQ)A;CUHZ2(J;C 1) ~ || || ||Axv||Zoo J'C_%

—€

3
L2(J;027°0) )

Kﬂvﬁo HVTU”ZOC J

“Lee

)
On the other hand, Ryv satisfies

IR0l 2001 S Il 00 1 S Kool Sle
b Lo (1;0

T2(r02*) ) Loo(s;00 277

Since Rj is of order 1 with norm bounded by K, ., it holds that
||R3UHZ2(J;C 1 S Ky, so”va”Zoo(J;c;ly

Consequently, we obtain
(82 - a(l))(a - TA(1))U =F

with

||F||Z2(J;C: ) ~ S Kyeol|Va, 20 ||~ o (J:O0 1 -y
Now, arguing as in the proof of Proposition 2.2.15, one concludes the proof by applying twice
Theorem A.0.22, then interpolating the norm ||V, Zv||~ od-e between ||V, Z’UH~ oo and

[Va,20]|foc s with large 6 > 0, where the later can be controlled by E(n; f) via Sobolev’s
embedding. ]

Next, we prove a regularity result, assuming 1/2 more derivative of 7.

Pr0p051t10n 2.2.17. Assume that n € C2+EO N L? for some €0, > 0, and f € L>®N Hz,
VfeC, 2 . Then, for any z € (—1,0) we have V, v € C([z,0]; Cy §) and

(22.35) 190l g3y < Koo {1971 g + (1 ] ) U=}

C([2,01;C. 2) —

Proof. We still follow the proof of Proposition 2.2.15. The first step consists in estimating R;v in
L2C;'. For Ryv, a typical term can be treated as

@ = Ta)Asvliz2 oty S Nllzeggiczteo) 1Az (.02
S Kieo (1 + H77|‘C%+so) ||V$UHZ<>C(J;C:1)'

On the other hand, Rov satisfies
||R2’U||Z2(J;C:1) S ||'YHZ2(J;Loo)||az”HZoo(J;c DY S Kipeo 19 vHLOO(JC 1y
Since Rj is of order 1 with norm bounded by K ., it holds that
||R3UHE2(J;C ) S K, EDHVZD’UHEOC(J;C:I)'

Consequently, we obtain
(6Z - Ta(1))(8z — TA(1))’U = F
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with
HF”E?(J;C:I) S Kneo (1 + ||77HC%+ED)||V:E7zv||ioc(J;c;1)-
Then, arguing as in the proof of Proposition 2.2.15, one concludes the proof by applying twice

Theorem A.0.22: once with ¢ =2, § > 1 and once with ¢ = 1 and § = 1 so that Proposition 2.2.5
can be invoked to have

Ve s0llze (riort) Sk [l

2.2.3 Estimates for the Dirichlet-Neumann operator

We now apply the elliptic estimates in the previous subsection to study the continuity of the
Dirichlet-Neumann operator. Put

1+ [Vapl?

G 9

) CQ = va:p
By the definition (2.2.7), the Dirichlet-Neumann operator is given by

G(U)f = Clazv - <2 . vIU’z:()

(2.2.36) - =
=h azv + (Cl —h )azv - C2 . vwv‘

z=0’

where v is the solution to (2.2.1).

Proposition 2.2.18. Let s > % + %, ne Hs*2 and f € H%. Then we have

(2.2.37) IGON Az <y Wi+ 0l oy {19 e, + B 1)}

Proof. Notice first that by the Sobolev embedding, n € C?*40. Using the formula (2.2.36) and
the tame estimate (A.0.24) we obtain

IG(n) £

Under the hypotheses, Corollary 2.2.15 is applicable with = 0. Hence, in view of (2.2.32), it
holds that

o S Koy eol|Va, 0=l o1 + 0]l 55 Ve 2 0] =0 o

vz e (=1,0),  [[Vavlleoqzoipe, ) Skoe Ve, +EM, f)-

Noticing embedding BY, ; < L™, we deduce

IGO Al Sy W as+ Wl ey {I e, + B )}

which is the desired estimate. O

Proposition 2.2.19. We have the following estimates for the Dirichlet-Neumann operator in
Zygmund spaces.

1. Lets>2+ % e5€(0,s—32—49) andr € (0,14 ¢). Assume that n € H"z and f € H°,
Vf € B 1. Then we have

(2.2.38) IG fllBr, , Skpeo IVl +EM, f),

where recall that K, ., is defined by (2.2.31).
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2.3. PARALINEARIZATION AND SYMMETRIZATION OF THE SYSTEM

2. Let eg > 0. Assume that n € C§+8°, feL®NH? and Vf € C’*_%, then

(2.2.39) NGMFI -3 Srceo VAl -3 + (1+ ||n||c§+50)\|f||Lw.

3. Let g9 > 0. Assume that n € C2T0 N H™We+ and f € H3T%, Vf € C;%, then

(22.40) GO, 3 Sty V] 3+ E 0.5,

Proof. We first notice that [|(j|.=ollj1+<0 < K.

~ €0
1. Using the BonyCalculsymboliqueet79 decomposition for the right-hand side of (2.2.36), we
see that (2.2.38) is a consequence of Corollary 2.2.15, (A.0.28), (A.0.29) and the embedding
BY < L™,
2. For (2.2.39) one applies the product rule (A.0.25) and Proposition 2.2.17.
3. For (2.2.40) we first remark that owing to Proposition 2.2.10, the assumptions n € H't2+,
feH:Ts imply

2€(=1,0), Va.veC([z0H3+8) < O([2,05,Co ?).
Therefore, the a priori estimate of Proposition 2.2.16 yields

Va2 0] Skpeo 13 +EM ),

C([z,O];C:%)
which, combined with (A.0.25), concludes the proof. O

To conclude this section, let us recall the following result on the shape derivative of the
Dirichlet-Neumann operator.

Theorem 2.2.20 (see [71, Theorem 3.21]). Lets > 1+ %, d>1 and ¢ € H?%. Then the map
G(): H"% = H?
is differentiable and for any f € Hs+%,
.1 .
4G f o= lim = (Gl + =) — G)f) = ~Gn)(Bf) — div(V f)

where B and V' are functions of (n,v) as in (2.1.8).

2.3 Paralinearization and symmetrization of the system

Throughout this section, we assume that (n,) is a solution to (2.1.7) on a time interval
I=1[0,T] and

ne L®(I H ) N LI035,
¢ € L™(I; H%), Va1 € LY (I; B, 1)
(25.1) S>§+£l6 >0
2 277"
inf dis > .
%Ielg dist(n(t),I') > h >0
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We fix from now on )
0 < £ < min{e,, 5}

and define the quantities

A = |nllcz+es + [Inlle> + I Vatllo, , + E(n, ),

2.3.2
(232 B =l g, + IVatblzy, +1.

Our goal is to derive estimates for (1, 1) in L>(I; H*tz x H®) by means of & and % and keep
them linear in A.

2.3.1 Paralinearization of the Dirichlet-Neumann operator

Our goal is to obtain error estimates for G(n)y when expanding it in paradifferential operators.
More precisely, as in Proposition 3.14, [3], we will need such expansion in terms of the first two
symbols defined by

A

VAP € = (V- 02,

(2.3.3) 2
1
AO = % [div(a“)w) +i0 A - Va )
with )
.= = _\® vy
(e . (3 .
1+ |vn|2( n-8)

Set A := A1) 4+ \(©),
To study G(n)y, we reconsider the elliptic problem (2.2.1), i.e.,

(2.3.4) Apyd=0inQ, ¢l =17, Ondlr=0.

Let
v(z,2) = ¢(z,p(z,2) (2,2) € S =R x (~1,0)

as in Section 2.2.2. Then, by (2.2.13), v satisfies Lv = 0 in S. Applying Proposition 2.2.12 with
o =s—1 and Corollary 2.2.15 with = 0 we obtain for any z € (—1,0)
IVevllxes ooy Sa 1l + Il oy {IV¥lle, +E@. N},

S (¥l

(2.3.5)

me Il ey
On the other hand, Corollary 2.2.15 with » = 1 yields for any z € (—1,0)
(236) Ve stlleqeopmn ) Sor V6, + . f) Sor 2.
Lemma 2.3.1. We have

020+ ToAyv + T - V0,0 — T,0,0 — To_y = F,
where, for all I € (—1,0], F, satisfies

1F1]

ey

s

et Ser 2 { Il
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2.3. PARALINEARIZATION AND SYMMETRIZATION OF THE SYSTEM

Proof. From equation (2.2.13) and the BonyCalculsymboliqueet79 decomposition, we see that
Fy = —Riv=—(a—Ty)Ayv—(8—T3) VI,v+ R(v,0,v).
Writing (o — Tp)Apv = (o — h? — Ty, _p2) Ao + (h? — Th2)Av, we estimate using (2.3.6)
@ = b2 = Ty ) Al o S 1Tyl = B2 gze + 1R(Ta s — B2 121
S A0l 2p< (@ = B2)| L2
Set Blnll v
Since (h? — Tj,2) is a smoothing operator, there holds by Remark 2.2.2
[(h? = Th2)Apvll e S IVavllzzrz S (L4 Inllwre) 19l 3 Sa 9]
The other terms of I can be treated similarly. O

The next step consists in studying the paradifferential equation satisfied by the good-unknown
(see [11] and the reference therein)

u:=v—"Ty,p withb:= 6ZU.
0xp
Notice that b|,—o = B. Estimates for b is now provided.
Lemma 2.3.2. For any I € (—1,0], we have
(2.3.7) 10l Loo (r;10) Ser 1,
(2.3.8) IVa bl Loe () Ser B,
(2.3.9) ||V3:,zb”Loc(I;C;1) S B.

Proof. We first recall the lower bound (2.2.11)

(2.3.10) d.p >

N >

Observe that with respect to the L°°-norm in z, p and n have the same Zygmund regularity, hence
(2.3.11) IV2 2 pll e (ricey + 192 ol e i) S 1.
Next, applying Corollary 2.2.15 with r = 0 yields
(2.3.12) IVa,zvllems ) Sa 1.
On the other hand, recall from (2.3.6) that

(2.3.13) IVazvlleusy ) Sa 2.

Using equation (2.2.13), 9?v can be expressed in terms of (a, 3,7) and (A,v, V,0,v,0,v). It then
follows from (2.3.13), (2.3.11) and Lemma A.0.14 that

(2.3.14) ||3§U||C(I;Bgc71) Sa B.

~
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CHAPITRE 2. REDUCTION PARADIFFERENTIELLE

Let us now consider
821} = —alA,0,v — 0,ald v — f- Vwafv —0,8-Vz0,v+ 'yafv + 0,70, v.
We notice the following bounds

l0:al 3 +l0:81,

0 Sl
Y oA, 3 Ser

1
;C2) C(I;C. ?)

which can be proved along the same lines as the proof of (2.2.17).
Then using the above estimates and (A.0.25) one can derive

(2315) ”aSUHC(I;CII) ,Sszi B.

The estimates (2.3.7), (2.3.8), (2.3.9) are consequences of the above estimates and the Leibniz
rule. O

Lemma 2.3.3. We have
Pu = Ofu + T Azu+Tg - Vy0,u —T,0,u = F,

where, for all I € (—1,0], Fy satisfies

| Eollzarmsy Sor Z {IInll vy + 1101

Remark. Compared with the equation satisfied by v in Lemma 2.3.1, the introduction of the
good-unknown v helps eliminate the bad term Tj_,7, which is not controlled in L?H®.

Proof. We will write A ~ B if

1A = Bllzarmsy Sor Z {Inll vy + 110

From Lemma 2.3.1, we see that
(2.3.16) Pu=Pv—Phyp="Ts,y—Phip+ F,

and Fy ~ 0. Therefore, it suffices to prove that PTyp ~ T,0.v.
In the expression of PTyp, we observe that owing to Lemma 2.3.2, all the terms containing p and
Vz,.p are ~ 0, hence

(2.3.17) PTyp ~ Ty02p + ToTyAp + T - TyV 0, p.

Next, we find an elliptic equation satisfied by p. Remark that w(x,y) := y is a harmonic function
in Q. Then, under the change of variables (z,2) — (, p(z, 2)), (z,2) € S = R? x (-1,0),

w(z, z) = w(zx, p(z, 2)) = p(z, 2)

satisfies
Lp=(0>+al, +-V,0.—~0.)p=0.

Then, by paralinearizing as in Lemma 2.3.1 we obtain
D2p+Tolup + Ts - V0.0 —To, v ~ 0,
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2.3. PARALINEARIZATION AND SYMMETRIZATION OF THE SYSTEM

where we have used the fact that 7,0,p ~ 0. Consequently,

Ty02p + TyToaDyp + TyTs - Vi02p — Ty Ty ~ 0.
Comparing with (2.3.17) leads to

PTyp ~ [To, Ty)Ap + [T, Ty|VO,p + ToTo, »y-
By Lemma 2.3.2, it is easy to check that [Ty, Tp] is of order —1 and
[T, T]Apll L2 bs Sev Bl Azpllpzirs— Sear Bllnll s s -
In other words, [Ty, Tp]Ap ~ 0. By the same argument, we get [1s,7,]V9,p ~ 0. Finally, since
TyTo, oy ~ Tva,py = To, vy

we conclude that PTyp ~ T.,0,v. O

Next, in the spirit of Lemma 2.2.13, we factorize P into two parabolic operators.

Lemma 2.3.4. Define

(0= (99,40 ),
A0 _ ﬁ (i@ga(l)axA(l) _ 7A(l))

so that

(2.3.18) aW+ AW = —ig.¢e, aWAW = _qlg)?.

Seta=a +a®, A=A 4+ AO agnd R =T,Ts — T,A. Then we have
P=(9.—T) (0. —Ta) + R

and for any I € (—1,0],

et 1Y)

Proof. From the definitions of a, A, we can check that

(23.19) a®A® 4 %3@(1) 9, A 4 M AO) 4 O AN = _ ¢
a+A=—if-&+.
A direct computation shows that
R=(T,Ta —ToA) + (Ty + Ta) + (T -V = T,)) 8. = TyTa — ToA
by the second equation of (2.3.19). Now, we write
T.Ta =T, Tae) + Ty Ty + T Tac) + Ty Taco)-
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We have the following bounds

M (@) + My (AY) S F(llnllg2ee) (1 + IInll 3):

M3 (@) + ML(AW) S F(lInll gz+2),
M%(a@) + M%(A(O)) S F(lInllgz+) (1 + ||Tl||cg),

<

8(a) + MYAD) S F(llnllgz+e)-

Then, applying Theorem A.0.4 (ii) we obtain

1T Taor = To a0 | yu-y g S5
(2.3.20) 1T Tac) = To@am |l yuss o S 5
- [TawTao = Taw a0 |l yusd  u S E

—_
—
[l

1Tar Taoy = To 4@ = Tro,a0.0, 40 s}, e S

)

where = denotes any constant of the form

F(lnl

ez )1+l )
Therefore, the first equation of (2.3.19) implies
|Rull ot S BVl

where, we have replaced HUHL2H*‘+% by HVIUHHH“% according to Remark A.0.1. Finally, writing

Veu= Vv — Ty, pp — TpVip we conclude by means of (2.3.5) and (2.3.7) that

(2:3.21) IVatl ey S B {I6lae + Ul ey

Proposition 2.3.5. It holds that

Gy =T\( =Tpn) +Tv -Vn+ F

H”%}'

Proof. A combination of Lemma 2.3.3 and Lemma 2.3.4 yields

with F satisfying
1E]

e S Bl +
(az - Ta)(az - TA)U = F2;

where, F; satisfies for all I € (—1,0],

(2.3.22) | Follzarmsy Sor 2 {1l + Il ey § -

The proof proceeds in two steps.
Step 1. As in the proof of Proposition 2.2.30, we fix —1 < 2y < 2z; < 0 and introduce k a cut-off
function satisfying k|.<z, =0, K|.>z, =1 . Setting w = £(2)(9, — Ta)u, then

(0, — To)w = G := k(2)Fou + k'(2) (0, — Ta)u.
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2.3. PARALINEARIZATION AND SYMMETRIZATION OF THE SYSTEM

We now bound G in L?([29,0]; H®). First, it follows directly from (2.3.22) that

(2328) K)ol o) S IR Ruls ooty Sor B {186 e + 1l oy | =2 TL

Next, notice that p := &'(2)(9, — Ta)u is non vanishing only for z € I := [z, z1]. In the light of
Lemma 2.3.2,

||Vm,zu||L2(I;HS) S Blnl ot + |V, zUHL2(1 JH®)

Hence

10 = Ta)ullr2(r;m5) Ser Va2l 2 (1m0 Ser Bl + IV, 20l L2 (1;m9).-

HT 2

The fluid domain corresponds to [zg, z1] is a strip lying in the interior of 2}, where the harmonic
function ¢ is smooth by the standard elliptic theory. In particular, there holds (see for instance
the proof of Lemma 2.9, [3])

IV, zvllLzms Sallvll s
Therefore, we can estimate
1P E2((20,0525) S 1002 — Ta)ull L2 (20,2035
Nﬂf ‘%HnHHerl + ||v91 ZU”L2 ([z0,z1];H®)»
Sor B { Il ey + 101153}

This, combined with (2.3.23) , yields

(2:3.24) 1G s 3 oy oy S 2 {1l + Ul oy | = 1L

Consequently, as w|,—,, = 0, we can apply Theorem A.0.21 to have ||w|| X} ([20.0]) < 10, which
implies

(2.3.25) 020 — Taul <IIL

X5 ([z1,0) ~

Step 2. We will write fi ~ fo provided || fi — f2||XS+%([zl o) < II. By paralinearizing (using the

BonyCalculsymboliqueet79 decomposition and Theorem A.0.10) we have

L+ Vo
0.p i

—Vp - Vo~T v,2 0.0+ 2Tpr -Vp— Tb1+|v;>\2 0.p — Tvp -Vv —Tvy, - Vp.
dzp 9zp

Then replacing v with u + T, p we obtain, after some computations, that

1+|Vpl®

9., 0.0 —=Vp - Vo~Tiv,20.u =Ty, Vu+Tyyp—ve - Vp.
z Ozp

Now, using (2.3.25) allows us to replace the normal derivative d,v with the "tangential derivative"
Tyv, leaving a remainder which is ~ 0. Therefore,

T1+J9vp|2 0,u — Tvp -Vu ~ Tru+ Tbvp,vv -Vp
zP

with )
1+ [Vp|

A= 0.p

A—iVp-E&.
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One can check that Al,—g = A = AL 4+ X0 a5 announced. On the other hand, at z = 0,
bVp—-NVuv=BVn—-VyY=V, uw=v¢v—-Tgn.
In conclusion, we have proved that

Gy ~ Tx(y —Tpn) +Tv - Vn.

O
2.3.2 Paralinearization of the full system
Lemma 2.3.6. There exists a nondecreasing function F such that
H(n) =Tm+ f,
where £ = () 4+ ¢ with
1 2 ;
(Vn-§) 1) i @)
(2.3.26) (@ = (1 + |vn\2) e = S ) = L, ),
L[ Vnf? 20
and f € H® satisfying
1z < F lnllyr.ce) nll g IV ey
Proof. We first apply Theorem A.0.10 with w = Vn, p=s— % and p = % to have
\Y 1 Vn&V
7172:Tpvn+f17 p= lI_ N 7]§
V14V A+[VnP)z (1+[VnP)?
with f1 satisfying
il g3 < FAT00=) 1903 IVl
Hence,
H(n) = = div(T,Vn + f1) = Tpe.e—idivpen — div f1.
This gives the conclusion with 1(2) = p¢ - ¢, (V) = —idivpe, f = —div fi. O

We next paralinearize the other nonlinear terms. Recall the notations

g V-V + Gy

, V=V¢y—BVn.
1+ |Vn|?
For later estimates on B, we write
Vi
B=—1 s Vit —— Gy
(2.3.27) 1+[Vy|® 1+ |Vn?

= K(Vn) -V + L(Vn)G(n)Y + G(n)y,

where K and L are smooth function in L°>°(R?) and satisfy K (0) = L(0) = 0. From this expression
and the BonyCalculsymboliqueet79 decomposition, one can easily prove the following.

Lemma 2.3.7. We have
(2.3.28) IV, B)lps, Swr B,
(2.3.20) IV, B)ll = Sur 1.
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Lemma 2.3.8. We have

1(Vn- VY + G(n)v)?

— Ty -V — Ty Ty - Vi — TaG(n) + f,
5 A v -V —TyTp -V —TpGn)Y + f

1 2
3 |Vp|™ —

with f € H® and
1l Ser B{UIllE= + 1] ms} -

Proof. Consider

1 (ab 2
F(a,b,c):fu, (a,b,¢) € R x R? x R.
2 1+ |df
We compute
. :(ab—|—02) b_(ab+02)a 7 8bF_(0Lb—|—(:2)a7 CF:(ab—&—cQ).
1+ |al 1+ |al 1+ |al 1+ |al

Taking a = Vn, b = Vi, and ¢ = G(n)y gives
8.F = BV, 9F =DBVy, 8.F=B.
The estimate (2.2.38) with r = 0 gives
1@, b, ¢)[L Ser 1.
Next, Proposition 2.2.18 implies
lI(a, b, )]

On the other hand, the estimate (2.2.38) with » = 1 implies

w1 Sar 1l yory + 1) ae

[(a,b,¢)llc: Sa 2
Using the above estimates, we can apply Theorem A.0.10 with p = 1 to have

1(Vn- V9 = Gn)w)’
2 1+ [Vy|?

=Tvp - Vn+ Ty, Vi +TeGn)Y + fi,

with

1l gemses Sor 8 { I

By the same theorem, there holds

ey + Il

me-1t1 S Bl

1
5 VU =Toy Vot fo, |fo] -

At last, we deduce from Theorem A.0.4 (ii) (with m = m’ =0, p = 1) and the estimates for (B, V)
in Lemma 2.3.7 that

[Ty —TvTp) -Vl o111 S BV

1 g1
2 H° 2

A combination of the above paralinearizations concludes the proof. O
Lemma 2.3.9. We have
1To, 80| v Sz 2 N1l e s -
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Proof. Applying the paraproduct rule (A.0.19) gives

Tomnll = S 1Bl - ]

T

The proof thus boils down to showing ||6tB||C_% S #. By Theorem 2.2.20 for the shape

derivative of the Dirichlet-Neumann, we have

0y [G(n)Y] = G(n)(0 — Boyn) — div(Voym).

From the formulas of V, B and the definition of G(n)v, the water waves system (2.1.7) can be
rewritten as

dm=B-V-Vn,

(2.3.30) 1 1
b=~V -V — gn+ 5V2 + 532 + H(n).

We first estimate using Lemma 2.3.7 and (A.0.24)

Idiv(Vomn)ll -y SIVB=V(V-Vn)ll 3 SIVB=V(V-Vn)lc: S &

Similarly, we get
100 — BOgn||Lee Sers 1|00 — BOmlcr Ser B-

Consequently, the estimate (2.2.39) yields

IGM)(0e — Bo)l| -3 Ser 2,

*

from which we conclude the proof. Remark that the estimate (2.2.40) is not applicable to
G(n) (8, — Bdyn) since under the assumption (2.3.1) we only have d;1) — By € H2* (due to
the bad term H(n)) and not Hz+s+, O

We now have all the ingredients needed to paralinearize (2.1.7).

Proposition 2.3.10. There exists a nondecreasing function F such that with U := ¢ — Tgn
there holds

o+ Ty -Vn—TU =f1,
(2.3.31) { i+ Ty -Vn—TaU =f

U + Ty - VU + Tyn = f,
with (f1, f2) satisfying

1 P2l ey e Sor B {10+ Il sy } -

Proof. The first equation is an immediate consequence of the equation 9;n = G(n)y and Proposi-
tion 2.3.5. For the second one, we use the second equation of (2.1.7) and Lemmas 2.3.6, 2.3.8 to
get

oY —TeGMY +Ty (VY —Tp -Vn)+Tim=R

with
1Rllze Ser 2 {10l + Wl ey -
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Next, differentiating U with respect to ¢ yields

0U = 0pp —T0m — Ty, pn = 04y — TBG(W)Z/J — To,B7,

where the H®-norm of T, gn is controlled by means of Lemma 2.3.9.
On the other hand,
v¢ — TBVU =VU + TVBW

and by (2.3.28)

I TvTv BNl S 1T9BN e Ser VBl oo 10l e Ser Bl s

The proof is complete. O

2.3.3 Symmetrization of the system
As in [3] we shall deal with a class of symbols having a special structure that we recall here .

Definition 2.3.11. Given m € R, ¥ denotes the class of symbols a of the form a = (") +a(™~1)
with
"™ (z,6) = F(Vn(z),6), o™ V(2,6) = Y Fa(Vn(x),€)dn(x)

|a]=2
such that
1. T, maps real-valued functions to real-valued functions;

2. Fis a C™ real-valued function of (¢, &) € R% x R\ {0}, homogeneous of order m in ¢, and
there exists a function K = K(¢) > 0 such that

F(C,9 > K™, V(¢ € e R x R*\ {0};

3. the F,s are complex-valued functions of (¢,¢) € R% x R4\ {0}, homogeneous of order m — 1
in £.

In what follows, we often need an estimate for u from T,u. For this purpose, we prove the
next proposition.

Proposition 2.3.12. Let m, pu, M € R. Then, for all a € 3™, there exists a nondecreasing
function F such that

(2.3.32) /| gruem < F (7]
(2.3.33) [[ull gutm < F((n]

c2) (ITaullmn + [lullg-2)

c2) (ITaullcs + gz )

here F depends only on m, w, M and the functions F, F,, given in Definition 2.3.11 of the class
.

Remark. The same result was proved in Proposition 4.6 of [3] where the constant in the right
hand side reads F(||n(t)||gs-1), s > 2+ 4.

Proof. We give the proof for (2.3.32), the proof for (2.3.33) follows similarly. We write a =
al™ 4 q(m=1)_ Set b = ﬁ Applying Theorem A.0.4 (ii) with p = ¢ gives TpTym)y = I + 1
where 7 is of order —e and

(2.3.34) [rull gese < F ([Vallee) llullae < F ([nllcree)

] .
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Then, setting R = —r — 1T, (m-1) we have
(2.3.35) (I - R)u="TT,u.

Let us consider the symbol a(™~1) having the structure given by Definition 2.3.11. Applying
(A.0.25) and (A.0.27) yields for |a| = 2 and uniformly for |£| = 1,

1Fa(Vn, )07l cmrve < [[Fa(Vn, E)llc1 |02

colte < F(|In]

c2)-

Similar estimates also hold when taking {-derivatives of Fi,(Vn,§)d3n. Consequently, alm=1 ¢
I and thus by Proposition A.0.6,

||Ta(7n71)uHHu7m+E < ]:(H?ﬂ

o2)|lull g

Because b € T'y™ with semi-norm bounded by F([|n]|o1+) we get

(2.3.36) T T yem—vull gore < F(nllo2) |l g
Combining (2.3.34) with (2.3.36) yields
[ Rull e < F(lInllc2)lull e

In other words, R is a smoothing operator of order —e. Now, multiplying both sides of (2.3.35)
by 1+ R+ ... + RN leads to

uw—RYu=(1+R+..+RVT,T,u.
On the one hand, using the fact that R is of order 0, we get

[(L+ R+ . + RY)LTul gruwsm < F(|[nllo2) | ToToul| e
< Fllnlle2 ) Taull e

On the other hand, that R is of order —e implies

IR ull gt < F(|In]

T —
Therefore, by choosing N sufficiently large we conclude the proof. U
For the sake of conciseness, we give the following definition.

Definition 2.3.13. Let m € R and consider two families of operators of order m,
{A(t) :t €10, T]}, {B(t):te]0,T]}.

We write A ~ B (in ©™) if A — B is of order m — 2 and the following condition is fulfilled: for all

u € R, there exists a nondecreasing function F such that for a.e. t € [0,T],
JA®) = BON, sy < FnOllez ) (1 + O3 )-
Proposition 2.3.14. For any a € ¥ and b € ™ , it holds that
T, T, ~ T,

(in £ ) with
¢ = ) 4 =D 4 m=1ym) 4 Lo g yonn)
i
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Proof. 1. Since the principal symbol a(™) (t) contains only the first order derivatives of n, applying
the nonlinear estimate (A.0.26) we obtain

§72(a(m) (1)) < -7:(“77(15)”01*5 )(1 + Hn(t)”c% )

On the other hand,
1a2(a™ (1)) < F(ln@l ,3)

and
M (@™ (t)) < F(IIn(t) ]| ga+e )-

2. The subprincipal symbol (™~ (t) depends linearly on 9°7 , |o| = 2 and nonlinearly on V7.
Hence a1 ¢ F’f};l and by (A.0.24) and (A.0.26) we have uniformly for || = 1,

IFa(Tnlt ), 05t
< Fa(Valt,),€) = Fa0.€020(t, My +1Fa0.E)] 0500t )y
< F(In®)l, ) IOl 5 -

*

The same estimates hold when taking &-derivatives, consequently

Mz a0 (0) < F(ln®ll ) @)l s -

1/2 C*%

On the other hand,
Mg a0 (0) < F(lIn(®)lez)-

3. We now write
TaTb = Ta(m)Tb(m/) + Ta(m—l)Tb(m/) + Ta(m)Tb(m/—l) + Ta(mfl)Tb(mlfl) .

Using 1. and 2., we deduce by virtue of Theorem A.0.4 (ii) with p = 3/2 that

1 Taem Tyem'y = Taempem') 1 18¢atm 0,50m") | g, gru—cmmnr 3

< F(ln®llga+ ) X+ lIn®ll .5 )-
The same theorem, applied with p = 1/2, yields
<

[T m—2 Tymry — Ta(m—1>b(m')||Hu_>Huf(m4rm’)+%

F(lIn®llez ) (1 + Il .5 )
HTa<m)Tb<m'—1) — Ta(7n—1)b(7n,’) ||Hu_)Hu—(m+m/)+% < f(”n(t)ncf ) (1 + Hn(t)”C% )

Finally, applying Theorem A.0.4 (i) leads to
1T acm 0 Ty’ =) | ey pri—cmmnrrz < F([I0(8)ll 2 )-
Putting the above estimates together we conclude that 7,7, ~ T, in ymtm’ O
Using the preceding Proposition, one can easily verify that Proposition 4.8 in [3] is still valid:
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Proposition 2.3.15. Let ¢ € X°, p € IES v e Dk defined by

[N

q=(1+|0:n*)"2,
p=(L+8:m") "EVAD 412,

@ ReA©®
= VIO + %% ~ L0 ) V@D,

where 1
(=1/2) — __ =
b ~G72)

Then, it holds that

{qw) PO A (/2),072) z'agy(?’/?)azp(l/?)} '

T,T\ ~T,1,, T, ~T,T, (T,)"~T,.
We are now in position to perform the symmetrization.

Proposition 2.3.16. Introduce two new unknowns
(I)l = Tp’I], (I)g = TqU
Then @1, ®o € L([0,T], H%) and

0P, + Ty - VO, — T, 0y = I,
(2.3.37) { i P+ 1y 1= 1y% 1

0@y + Ty - VOy + T, 0y = F,

where, there exists a nondecreasing function F independent of n,v such that for a.e. t € [0,T],
there holds

Proof. 1t follows directly from system (2.3.31) that ®;, ®, satisfy

(2.3.38) [[(F1, )|

wexrte St B ey + 0]

(2.3.39) { 0@y + Ty - V&1 — Ty @y = Ty f1 + Topn + [Tv - V, Tpln + Ra,

0y ®g + Ty - Vg + T, ®g = Ty fo + To,qU + [Ty - V, T,JU + Ry,

where

Ry = (T,Ts — T,T,)¢, Ry =—(T,Ty — T,T,)n.
Let IT denote the right-hand side of (2.3.38). According to Proposition 2.3.15,

|11

e+ || Ra|

s SIL
On the other hand, Proposition 2.3.10 implies

| Tp fill s + | Ty foll s S TL

Owing to Lemma 2.3.7 and the norm estimates for symbols in Proposition 2.3.14, the composition
rule of Theorem A.0.4 (ii) (with p = 1) yields

[Ty -V, Tpln]

e+ [Ty -V, T,]U|

e SIL

It remains to prove
175,

+ 15,4l

<
H S s Hoosts St B
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To this end, we first recall from the first equation of (2.3.30) that 9;n = B — V - V. Hence
[0enllwr.c S # and

My* (0" /?) + M3(010) Sex B,
which, combined with Theorem A.0.4 (i), yields

[Taperra | 1 Toqll o ppe Ser 2

1
Ht2 S Hs

We are thus left with the estimate of ||T8tp(*1/2>|
suffices to show

e According to Proposition A.0.6, it

a1
HT2

(2.3.40) M0 V) <, B
Recall that p(~1/2) is of the form

PP = 3" Fa(Vn,£)00,

|a]=2

where the F, are smooth functions in £ # 0 and homogeneous of order —1/2. Hence,

oD = 3 (0 Fa(V, 01050+ Y FalVn,£)0,057.

|a]=2 |a|=2
It is easy to see that
_1
Mg 2 ([0:Fa(Vn, €)]05n) Ser 1.
For the main term F,(Vn,£)0:0%n we use the first equation of (2.3.30) to have
8:05m = 0% (B — V'V,.1m).

Hence
10:02mll o < 1B =V Vanllor Sor 2.

The product rule (A.0.25) then implies
_1

which concludes the proof of (2.3.40) and hence of the proposition. O

2.4 A priori estimates and blow-up criteria

2.4.1 A priori estimates

First of all, it follows straightforwardly from Proposition 2.3.16 that the water waves system
can be reduced to a single equation of a complex-valued unknown as follows.

Proposition 2.4.1. Assume that (n,%) is a solution to (2.1.7) and satisfies (2.3.1). Let @1, @
be as in Proposition 2.3.16, then

P .= ‘1)1 + Zq)g = Tp’ﬂ + ZTqU

satisfies
(2.4.1) (0 + Ty -V +iT,)® = F,
(242) VE@ e Ser 2 {1l vy + 1000
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In order to obtain H*® estimate for ®, we shall commute equation (2.4.1) with an elliptic
operator  of order s and then perform an L?-energy estimate. Since v(3/2) is of order 3/2 > 1,
we need to choose p as a function of v(3/2) as in [3]:

(2.4.3) o= (7(3/2))%/3’

and take ¢ = T, ®. To obtain energy estimates in terms of the original variables n and v, it is
necessary to link them with this new unknown ¢.

Lemma 2.4.2. We have

(2.4.4) el Ser 1l yor s + 1911 s
(2.4.5) 170l e s + 10l e Ser llepll L2 + M1l 22 + (40 22

Proof. Recall that p € ¥°%, ¢ € X0, and p € X° since ’y(%) € ©3. The estimate (2.4.4) is then a
direct consequence of Theorem A.0.4 (i). To prove (2.4.5) we apply Proposition 2.3.12 twice to get

7l oy Sa N T Tpnll 2 + lInll L2
[l e Ser 1T Tqtll 2 + 11901l 2 -

Clearly, |T,Tpnl 2 < |l¢ll 2 , hence

0l ovs Ser llellze + linllee.
On the other hand,
||T@Tq¢||L2 < ||TquU||L2 + HTquTBUHB
< llellpe + 1T T Tanl 12
Sor llole + Il vy

Se ellge + [Inllz2-

This completes the proof of (2.4.5). O

Proposition 2.4.3. There ewists a nondecreasing function F : Rt — R* depending only on
S, €x, b such that for any t € [0,T],

d o
(2.4.6) o 1lze < F(A) Bz + [llez + llellz2) el
Proof. We see from (2.4.1) that ¢ solves the equation
(2.4.7) O+ Ty -V+iT)) p=T,F+G

where
G =Ty, ® + [Ty - V, T,)® + [T, T,))®.
First, remark that since ¢ - 9,73/?) = 9¢7(3/2) . 9,0 we can apply Lemma 2.3.14 twice: once

with m = s, m’:%, p:%andoncewithm:%, m' =s, p:%toﬁnd

T, Tyl e 12 Sor B
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2.4. A PRIORI ESTIMATES AND BLOW-UP CRITERIA

On the other hand, Theorem A.0.4 (ii) applied with p = 1 gives

[Ty -V, Tp ]

Ho1? So B

Next, we write Oyp = L(V1,£)0;Vn for some smooth function L homogeneous of order s in &,
where by the first equation of (2.3.30) [|8,Vn||Le S %B. Hence

175,

Ho1? Sa B
Putting the above estimates together leads to
1Gll 2 S BN s -
On the other hand, Proposition 2.3.12 applied to u = ®, a = p € ¥° yields

12l e Ser llpll 2 + NIz + [[]] 2

Therefore,
1G> S BNl g2 + [Inllz2 + 9l 22)-

On the other hand, (2.4.2) together with (2.4.5) implies

(2.4.8) IToFllye S Bl + Inllze + 1] 22).

Now, using Theorem A.0.4 (iii) and he proof of Lemma 2.3.14 we easily find that

(2.4.9) [(Tv - V) + (Tv - V)" |lL2512 S B

On the other hand, according to Proposition 2.3.15, (T})* ~ T, so

(2.4.10) 1) — (T)) a2 S .

Therefore, by an L?-energy estimate for (2.4.7) we end up with (2.4.6). O

Proposition 2.4.4. Set W = (n,¢), H" = H™% x H". Then, there exists a mondecreasing
function F : R — R depending only on s,e., h such that for a.e. t € [0,T],

W ()17 < FPHE)[W ()] s dr

2.+ F(PL(1)) / ()W ()

with
P(t) := sup (r).

rel0,t]

Proof. Integrating (2.4.6) over [0,t] and using (2.4.4)-(2.4.5), we obtain

W@

2
fe St (W@ 222 + Il
(2.4.11)

S W)Lz 2 + [W(0)] Gus

2.+ / Ft () BV ()|

Recall the system (2.3.30) satisfied by W:
atT] =B-V. V?’],
1 1
oh =~V -V — gn+ 5v2 + 5B2 + H(n).
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CHAPITRE 2. REDUCTION PARADIFFERENTIELLE

A standard L? estimate for each equation gives

AW O 212 Sor BIW O
Hence .
W (O)[72 2 < IW(0)[ 7212 +/0 F (e (1) B () [W (r)3: dr.
Plugging this into (2.4.11) we conclude the proof. O

Let us denote the Sobolev norm and the "Strichartz norm" of the solution by

Mo’,T = || (777 w)||L°°([0,T];HU+% XH”),
(2.4.12) My = |[(n,9)|e=0l
NT,T = ”(771 Vw)

H 3 xHo’
s qo w3 s,y
We next derive from Proposition 2.4.3 an a priori estimate for tM, r using the control of IV, 7.5

Theorem 2.4.5. Letd>1, h >0 and

Then there exists a nondecreasing function F : RT — R depending only on (s,7,h,d) such that
for all T € [0,1) and all (n,v) solution to (2.1.7) with

(n, %) € L™ ([0,T];HS+% X HS) ,

(n, Vo) € L' ([0, T W™ x B, ).

inf dis r
tel[rol’T]dlbt(n(t), ) > h,

there holds
(2.4.13) Myp < F (Mgo +TF(Ms7) + Nyov) -

Proof. Pick

1 . 1 3 d
0<5<§m1n{§7r—1,s—§—§}.

By Remark 2.2.2, E(n,v¢) < F(|[nllc1+)[[¢[l 3 - Therefore, by applying Proposition 2.4.4 we
obtain

1
oo,

T

with
K(T) = Fig( sup. (D) Dl gz oz + 1O Lo, 3 ) Pig)-
Therefore, it suffices to show for all t < T
I, ) Ol 2+e woe + 1), 3 < F (Moo +TMr).
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2.4. A PRIORI ESTIMATES AND BLOW-UP CRITERIA

By Sobolev’s embeddings, this reduces to

1(n, ) (®)]

< ./_'.(M570 + TMsyT) Vi <T.

HV e gs—e =

Using the Sobolev estimate for the Dirichlet-Neumann in Proposition 2.2.18 in conjunction with
Remark 2.2.2 we get

(2.4.14)  [In(t) —n(0)|

- s/o 10 ()| g2 d = /O IGn())Y (T smrdr < TF(Msr).

Consequently, it follows by interpolation that

N yor - < MO vy + I0() = n(O)] oy
(2.4.15) < My + |In(t) = n(0)[| %1 In(t) — n(0)|
< Mo+ T F(M,(T)).

=0 9 e(0,1)

o2

The estimate for |[1)(t)]| gs-- follows along the same lines using the second equation of (2.1.7) (or
(2.3.30)) and interpolation. O

2.4.2 Blow-up criteria

Taking ¢ > 2 + g and
(2.4.16) (o, o) € HF2 x H?,  dist(no,T') > h > 0,

we know from Theorem 1.1 in [3] that there exists a time T' € (0,00) such that the Cauchy
problem for system (2.1.7) with initial data (1o, o) has a unique solution

() € O (0, T x 17)

satisfying
h
sup dist(n(t),T) > —.
t€[0,T) 2

The mazximal time of existence T* > 0 then can be defined as

(2.417) T* =T*(no,o,0,h) :=sup{T’" > 0: the Cauchy problem for (2.1.7) with data
(n0,%0) satisfying (2.4.16) has a solution (n,1) € C’([O,T'];H"Jr% x H?)

satisfying [é%“f'] dist(n(t),T) > 0} .

It should be emphasized that T* depends not only on (19, 10) and o but also on the initial depth
h. By the uniqueness statement of Proposition 6.4, [3] (it is because of this Proposition that we
require the separation condition in the definition (2.4.17)) the solution (7, ) is defined for all
t < T* and

() € C (0,7 BT x H7)

which will be called the mazimal solution.
We recall the following lemma from [103] (see Lemma 9.20 there).
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Lemma 2.4.6. Let p > 1+ g. Then, there exists a constant C' > 0 such that
lull g1, , < C(1+ lluller) In (e + [full.)
provided the right-hand side is finite.

Proof. For the sake of completeness, we present the proof of this lemma, taken from [103]. Given
an integer N, we have by the Berstein inequality

N
lullpe , = 2lAzulle + ) 2| Ajul L=

j=0 >N
<(N+Dfulloy + > 270+ =m 20| A .
J>N

As 1+ % — i < 0, it follows by Holder’s inequality for sequence that there exists C' > independent
of N such that .
lull s, < (N +Dfulles + C27NE 2 (fuf gu + e).

Choosing N ~ In(e + ||ulzx) so that 27 N#=1=8)(|lu||gu + €) ~ 1, we obtain the desired
inequality. O

Proposition 2.4.7. Letd>1,h >0, 0 > 2+ %, T >0. Let

(n,1) € C([0,T); H*t= x H), dnt dist(n(t),T) > h > 0

be a solution to (2.1.7). Fiz e, € (0,0 — 2 — 4). Then there exists a nondecreasing function F :
R* — R depending only on (0,e.,h,d) such that

2 2 2 eJ§ Q(ryar
M2y < FPAO) (M2, +26)e O 2

with

Qr) =1+ [V(r)llcr + [In(r)llgz+=.
P2(t) = sup ([n(r)llgz+ee + [V(r)llgo, , +H(0)).

rel0,t]
Proof. Recall the definition of <7 (t):
A () = Il czvee + IVOlpy,, +[10llL2 + E(n, ).
Proposition 2.2.11 tells us

B0, (1) < | w6,

hence
e + E(n, ) < H(t) = H(0),

H(t) being the total energy (2.1.9) at time ¢. Here, we remark that the conservation of H follows
by proving %"H(t) = 0, which can be justified under our the regularity H?°. Therefore, Proposition
2.4.4 applied with s = o > % + g yields

(2.4.18) WO < FEPHW)IW ()52 +f(P2(t))/0 B(r)|W ()3 dr
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with
P(t) = sup, (In()ll 2= + V()] o, + H(0))-
re|0,

Next, as V¢ € HS™! with s — 1 > 1+ %, we can apply Lemma 2.4.6 to have

Vel , < CL+IVEller) n(e+ [Ullae) < C(+[Veler) In (2e + [[9]1-).
Consequently,

B(r) < C(1+[Ve(r)|

cr + ()l gz+e ) In (2e + [|W (1) [[3-)-
In view of (2.4.18), this implies
W @) < F(P2(0)[W(0)|3,-+

F(P(t)) / Q) n (26 + [W ()20 ) [W ()|

?_Ls dr

with Q(r) := 1+ [[V3(r)|[cx + [In(r)|| g2+e. . Finally, using a Grénwall type argument as in [18]
we conclude that

W ()3, < F(P20) (IIW(0)]3,0 + 2¢) exp (7)o @ldry _ 9.

Remark. Using (2.4.18) and Gronwall’s lemma we obtain the exponential bound
t
WOl < FPHD)IW(0)[5 exp (f(PQ(t))/O A(r)dr)
provided o > % + % only.
Theorem 2.4.8. Letd>1,h >0, and 0 > 2+ %. Let

(o,1b0) € HT2 x HY,  dist(no,T') > h > 0.

Let T* = T*(no, ¢o, 0, h) be the mazimal time of existence defined by (2.4.17) and
(2.4.19) (n,4) € L® ([O,T*); HO+E H")

be the mazimal solution of (2.1.7) with prescribed data (ng, o). If T* is finite, then for all € > 0,
it holds that

(2.4.20) Ps(T*)Jr/ Q-(t)dt + = +00,
0

1
h(T*)
where

P.(T") = sup |[n(t)|
te[0,T*)

cre + IVE® e,

1
cls

Q:(t) = IIU(t)\\C§+5 + VY (t)]
WT*) = inf_dist(n(t),T).

te[0,T*)
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Consequently, if T* is finite then for all e > 0
’ 1
(2.4.21) PEO(T*) + / Qg(t)dt + Ty = +OO,
0 h(T*)
where

PT) = sup |n(t)llcz+s + (V. B) ()l 5o,
t€[0,T) ’

Q2t) = @l g+ + 1V, B) B

Proof. Suppose that T* < 400 and for some € > 0

K = P.(T") +/ Q:(t)dt + < 4o00.
0

1
h(T*)
Let T € [0,T*) be arbitrary then h(T) > h(T*) > 1/K > 0. As ¢ > 2 + £, it follows from
Proposition 2.4.7 that

(2.4.22) Myr <F (Ma,o +H(0) + P.(T) +
0

T
Qg(t)dt> =L

for some increasing function F : RT™ — R™ depending on 1/K. On the other hand, from the a
priori estimate in Proposition 5.2, [3] we deduce that the existence time for local solutions can
be chosen uniformly for data lying in a bounded subset of H o+3 x H° and satisfy uniformly
the separation condition (Hy). In particular, call 77 be the time of existence for data in the
ball B(0,L) of H°+2 x H® whose surface is away from the bottom a distance (at least) 1/K.
Choosing n(T* — %) as such a datum we can prolong the solution up to the time 7™ + % This
contradicts the maximality of T and thus the blow-up criterion (2.4.20) is proved.

Finally, (2.4.21) is a consequence of (2.4.20) and the facts that

IVl , < ClIViIge , +ClIBlls [ Vnllcs-.

(2.4.23)
IVellge , < ClIVIps , +ClBlls [Vnllgre..

O

Now we give the proof of Corollary 2.1.3 which is stated again for the reader’s convenience.

Corollary 2.4.9. Let T € (0,+00) and (n,v) be a distributional solution to system (2.1.7) on
the time interval [0, T] such that infjy 1y dist(n(t),I') > 0. Then the following property holds: if
one knows a priori that for some gg > 0

(2.4.24) sup [[(n(t), V(1)) < +o0

[O’T] ||C*%+EO><CI

then (n(0),1(0)) € H>®(R%)? implies that (n,v) € L>=([0,T]; H*(R%))2.

Proof. Take o > 2+ ¢ be arbitrary, it suffices to prove that if (1(0),(0)) € H°*+2 x H° then

(n,v) € L=([0,T7; Ho+% x H?). Since 0 > 2+ g, according to the Cauchy theory in [3] one has
a maximal solution
1
(n,) € L=([0,T,); H" T2 x HY).
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By the uniqueness statement of this Cauchy theory, we only need to show that T, > T. Suppose
that T, < T < 400 we get by applying (2.4.21) that for all € > 0

1
su 7V t S4e + =
o 1o, V)OIl 5+ cor TR

On the other hand, by our assumption, h(T") > h(T,) > h(T) > 0 (by the assumption) for all
T' < T,, hence for all € > 0,

sup ||(n, VY)(@)[| 5..  =+oo,
te[0,Ty) c? el

which contradicts (2.4.24). O

2.5 Contraction of the solution map

Our goal in this section is to prove a contraction estimate for two solutions to (2.1.7) in
weaker norms. This will be used in the proof of the convergence of the approximate scheme and
in establishing uniqueness for the Cauchy theory in our companion paper [87]. On the other hand,
the proof will make use of the Strichartz estimate in the same paper. To get started, we have by
straightforward computations the following assertion: (7,1) is a solution to system (2.1.7) if and
only if

(@ +Ty -V +L) (Z) = f(n, )

with

O (s [ I A T}

where
frnp) = G(W)TZJ — (Ix(¢ = Tpn) =Ty - Vn),

L (V- Vv + Gn)y)?
(25.2) P ) = =3IVl + 5 L+ [Vnf?

+ Ty -V =TTy -V —TsG(n)Y — H(n) + Tim — gn.

Assume that (11,11) and (12, 1)2) are two solutions of system (2.1.7) on [0, 7] and satisfy
(ny65) € £ ([0, 7] 4 s o) v ([0, T wrtdee s wnes) =12
with
d

>3+ > 2
S - = r .
2 2

Assume in addition that there exists h > 0 such that

sup dist(n;(¢),T) >h j=1,2.
te[0,T]

Denote for j =1,2

UTi ||( d d)j)HLOQ OT] HU+2XHg)

(2.5.3) Mo =17, 97 |e=ol|
Zlp =P

HOE xHo”
M o+ e e
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Set
m=mn1—mn2, Y=Y —12, 6B=DBy—DBy, o6V=V -V

Define the following quantities
Ps(t) = o)l g + 60,
Py (t) = llon®)llcz-+ + 160 @ -3 »

Psr = ||PS||Loo([0,T]) . Pur= ||PSHLP([07T]) )
P(t) = Ps(t) + Pu(t), Pr=Psr+ Pyr.

3
-3

(2.5.4)

Notation 2.5.1. Throughout this section, we write A < B if there exists a non-decreasing
function F : R* — R* such that A < F(M/}p, M21)B.
2.5.1 Contraction estimate for f>
Recall that we consider B, V as functions of (n,) defined by (2.1.8).
Lemma 2.5.2. We have for a.e. t € [0,T]

6By +IoV®_-

*

< P(b).

1
2
Proof. Assume the estimate for § B. We have

0V =V — BV — BaVin.

Obviously,
Ivse_-

s

y <0l 3 < N109® g < Pu(t).

2

On the other hand,

[1B2Von()[l -3 < 1B2Vn(t)llpe < 00l S Prt)

”c,f

From the product rule (A.0.25) for negative Holder indices , we deduce

SBYm 1 £ 8B I9m O .. S PO
with € > 0 sufficiently small so that ||V (t)||0%+5 < CIVm(®)ll,,.-y - Therefore, we are left

with the estimate for 6 B, for which we use again* the formula (2.3.27)
B =K(Vn)- VY + LVn)Gn)y + Gn)d

where K and L are smooth functions, vanishing at 0. Observe that G(n) has order 1, hence these
three terms have the same regularity structure. We give the proof for the second one since it is a
product with the Dirichlet-Neumann operator

L(Vn)G(m)yr — L(Vn2)G(n2)2 = [L(Vi) — L(Vn2)]G (1)1
+ L(Vn2)[G (1)1 — G(12)v2].

Let us consider the more difficult term L(Vn2)[G(n1)¢1 — G(n2)12. By means of the product rule
(A.0.25) it suffices to estimate the C 2 norm of

G(m)Yr — G(n2)te = G(n1)dy — [G(m) — G(na)] 2.
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2.5. CONTRACTION OF THE SOLUTION MAP

The Holder estimate (2.2.40) together with Remark 2.2.2 implies that
1G0)all -y SNoI g + 0%y S N0%l g + 1000 g

where we have used the fact that s > 2.
For the second term on the right-hand side, we apply Proposition 2.2.20 to have

1 ~
255)  [Gm) ~ Gl = | {GCm) (Bon() +div (Fm)on(t)  dm

where 7j(m) = 1, +mdn, B(m) = B(ij(m), ), V(m) = V(7j(m), ¥s). Theorem 2.2.6 applied
with ¢ = 5 — 2 then yields

(2.5.6) G (m) — G(n2)]42]

H=2 S 1|6n|

Hs—1.
The embedding H 572y O 3 then concludes the proof. O

We introduce the following notation.

Notation 2.5.3. Let f: R? — C¢ be a function of u, we set
duf (w)i = lim f(u + i) — [ ().
Proposition 2.5.4. With f? defined in (2.5.2), it holds for a.e. t € [0,T] that
172 (ms0)(8) = £ (2, 2) ()| o3 S PR).

Proof. Tt suffices to prove that

(2.5.7) Hdnf )i+ dy f2 (0,0

s Sl

-3t ||¢|| ¥

We have f2(n,v) = I + Iy + I3 with

Il :H( )+T‘l777

1 (V- Vi +G(n)p)?
L+ [Vn|?

Iy = _,|v1/,‘2_|_, +Ty -V =TTy -V — TpG(n),
I3 := —gn.

Observe that dyl; = dyl3 = 0. The estimate for d, I3 = —gn is obvious. Observe that I; and
I5 are the remainder of the paralinearization of nonlinear functions in Lemmas 2.3.6 and 2.3.8,
respectively. Putting f(z) = (1 + |z|?)~Y/2, = € R%, we have —H(n) = div f(Vn). Since

—d, f(Vn)n = f'(Vn)Va,

it follows that
—dyH(n)n = div(f' (Vn)V)i + f/(Yn)V - V3.
U sing the BonyCalculsymboliqueet79 decomposition we get

= dpHm)1) = Tiawromen + T-popeen + R=T_m+ R
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CHAPITRE 2. REDUCTION PARADIFFERENTIELLE

with || R gs-3/2 S |19l gro—1 + [19]|gr-1. The Leibnitz rule then implies

dyLi(n)n =T+ R, £ :=d, 0,

so we only need to show that || Tn| gs—s/> < 19l ge—1 + ||9]lcr—1- Indeed, observe that { is of the

form
3

(= Fy((Vn,&)Vi+ Fa(Vn, O V2 + F3(Vn, O Vivin = Y G;(x,€),

j=1

where Fj, j =1,2,3 are smooth in R? x R\ {0}, F} is homogeneous of order 2 in ¢ and Fy, F3
are homogeneous of order 1 in £. By virtue of Theorem A.0.4 () and Proposition A.0.6 we see
that to obtain the desired bound for ||Tyn||zs-s/2 it suffices to prove for j =1,2,3

Sup 108 G1(, )l + sup 108G, (o1 S Callillgr—1 Yo € N

This is true because (assuming without loss of generality that F;(0,£) = 0, for all £) uniformly in

€l =1,
IEL (V) Vil oo S lllwroe S libllero
[F2 (V) V25| o= S I1E2(V0)l| o1
[E(Yn)ViV2n|| oo S [[F(Vn)Viav2al| . S il S lillor-r -

d
2)

. . 3
Vancgl Slillgr—+ €€ (0,5 — 5~

We have shown the desired estimate for ;. By inspecting the proof of Lemma 2.3.8, the estimate
for the H5~%/2-norm of d,Io1 + dyI29) can be obtained by the same method. O

2.5.2 Contraction estimate for f!

Our goal in this subsection is to derive the following estimate.

Proposition 2.5.5. With f! defined as in (2.5.2), it holds for a.e. t € [0,T] that
£ ) () = £ (125 2) ()| gros S Prr() + Ps(D)Q(1)
with

(2.5.8) QW) =1+ @)l ey + D 195 Bllcy -

The key point is that the preceding estimate is tame with respect to the highest Holder norms.
Proposition 2.5.5 will be a consequence of

(2.5.9) I £, )l s S Ml s (1 + ol sy + 1¥llor ) + Il g
1
for all h € H*3 N CL" 2, and

(2.5.10) [ f (1, )|

e S Wl ey (Ul ey )+ g
for all vy € HS N CT.
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2.5. CONTRACTION OF THE SOLUTION MAP

Lemma 2.5.6. The estimate (2.5.9) holds.

Proof. From the definition of f! and Proposition 2.2.20 we have

dyf*(n, )i = —G(B1) — div(V)
—{T5( = Ten) = ThTgn — TaTpi — Ty Vi — Ty Vi }

:ZIj’

Jj=1
where B := d, B(n, )7 (similarly for V, \) and

= TVVn, Iy := 7VV’I7 + Tvvf), I3 := 7T)'\(”L/) — TB77)7
L= T\Tpy, I = —G(Bi) — (div V)i + Ty T,

1. For Iy we write Iy = —Ty,V — R(V7, V) and use (A.0.13), (A.0.21) to estimate
H2ll gros SNV groms 1Vl Lo S 1l o1 -

2. Let us study B and V. For the former, the only nontrivial point is

(2.5.11) dy[G(m)9li = =G(n)(Br) — div(V7).

It holds that
[ dn[GUIill o2 S 110l grs—a + 1V s S M0l s -

Therefore, || B|| g=—2 < ||l z+-1. This, together with the relation V = Vi) — BVy, implies
| Bllzs-2 + IV [[gs—2 < [0l -1
A a consequence, the paraproduct rule (A.0.16) gives (keep in mind that s > % + g)

11l pes S IVl a2 V]

o1 S il

Similarly,

Eallgre-r S I Tgnllzr S IBllms-2llnll vy S Nibllzrs-r

3. For I3 one estimates A exactly as for [ in the proof of Proposition 2.5.4.
4. For I5 we follow [3] using the following cancellation in Lemma 2.12, [3] whose proof applies
equally at our regularity level:

G)B = —divV + R, |R| g < 1.

On the other hand, applying Proposition 3.13 in [7] with ¢ = % o=5— % we obtain the following
paralinearizations

G(n)(B1) = Ty Biy+ F(n, Bn),  G(n)(B) = Txw B+ F(n, B)

with

Hs—1 5 1~

1, Bl s S 7]

Hs—1» ||F(77>B)|
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CHAPITRE 2. REDUCTION PARADIFFERENTIELLE

Then plugging these paralinearizations into the expression of I5 gives (see [3] pages 482 — 483 for
details) I5 = J; + Jo with

Ji = =Ty (B — Tpn — T;B),
J2 =Ty Tpn + [Ty, Tao | B + Ty F(n, B) + (1 — T;) divV — F(n, Bny) — Ty R.

Using (A.0.14) we estimate

11l rer S I1R(B, )]

ws S il e [1Blles S Wl Big(L+ Nnll vy + 1¥lloy ig)-

For J, we only need to take care of the commutator [T}, T\« ]B. Since || B| gs—1 < 1 it suffices to
prove that [T}, T\x)] has order 0 and map H*~' — H* ! with norm bounded by the right hand
side of (2.5.9). This is in turn a consequence of Theorem A.0.4 (ii) and the fact that r—1 > 1. O

Finally, we prove
Lemma 2.5.7. The estimate (2.5.10) holds.
Write B = B(n,v¢), V = V(n,¢). Since G(n) is linear with respect to ¢ we get

dwfl(m d’)w = G(’?)qb - T/\(d} - TB(WZ})W) - Tv(n,¢) -V =: R(n, 1/J)

Estimate (2.5.10) means that R has order —1/2 with respect to ¢ and map H*~3/2 to H*L.
In fact, Proposition 2.3.5 shows that R maps H® to Ht'/2. Here, we will follow the proof of
Proposition 2.3.5 except that the good unknown will not be invoked. Lemma 2.5.7 is a consequence
of the following.

Lemma 2.5.8. Letd>1, h >0 and

3
-+ = 2.
s>2—|—2, r >

Then there exists a nondecreasing function F : Rt x Rt — R* such that for any n € Hs =
satisfying dist(n,T) > h > 0 and ¢ € H* N C", there holds

IG)y = Ta(y = Tpn) = Ty - Vil g

< F (0o, ) {10

Proof. We first apply Theorem A.0.4 (i) to have

(2.5.12)

et 0 Dl 1l ) + 01y }-

| T\Tsn|

e + [Ty - V|

w1 < F (I, 9)]

et ) {11 41V b

On the other hand, as in Lemma 2.5.2 it holds that

1Bl + V15 < FOOE oy pr.) {||¢| et Il }

Therefore, the proof of (2.5.12) reduces to showing
1G> — Tap|| gros

(25.13) < ()t ) {10

et Iy Wl ) + 1,y |-
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2.5. CONTRACTION OF THE SOLUTION MAP

To this end, let ¢ be the solution to (2.3.4). Let v be as in (2.2.12), which satisfies equation (2.2.13).
Let zo € (—1,0) and denote J = [z, 0]. Let IT denote the right-hand side of (2.5.13). Again, to
alleviate notations, we will write A < B provided

According to Proposition 2.2.16 and Remark 2.2.2 (notice that s — % > %), there holds

<
(2.5.14) Hvz,zvﬂcu;d%) Sl g + 19

3.
c, 2

On the other hand, applying Proposition 2.2.10 with ¢ = s — % > —% gives

(25.15) a0l gy S 1960
We will write g1 ~g g2 if the E-norm of g; — g2 is bounded by II. As in Proposition 2.3.3, we set
P:=02+T,A, +T5-V,0, —T,0,.

In view of equation (2.2.13), we have
0= (0> +al, + V.0, —v9.)v = Pv+ Qu
with
Qu = [Tay(a — h?) + R(Av, a — h?)] + [(h? — Tp2) Agv]+
(Tvo.vB + R(VO:v,B)] — [To.07 + R(0:v,7)]-
For the first bracket, we use (A.0.19), (A.0.14) and (2.5.14) to have

< IL

ITav(a = ]| e S

+ HR(Av,a—hQ)H < ”AUHLOCC_% Ha—h2

L2H % L2H %

The other terms can be estimated along the same lines. Consequently,

Pu ~ 0.

L2(J;H )
Next, with two symbols a, A defined in Lemma 2.3.4, the proof of Lemma 2.3.4 shows that
Pv=(0, —Ty)(0, — Ta)v+ (ToTa — ToAy)v.

According to the symbolic estimate (2.3.20) and Theorem A.0.4 (i), (7,74 — TaA;) has order 3
and

I(TaTa = Tala)vll gy S A0l IVl -2 S (U ll )N 2 e g
owing to (2.5.15). We have proved that

(0. — Tu) (0. — Ta)v 0,

~ 3
L2(J;H*™2)

which implies
(8Z - Ta)(az — TA)U ~ys—1(J) 0.
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With this result, one can follow exactly Step 1. of the proof of Proposition 2.3.5 and obtain for
some I = [21,0), z1 € (20,0) that

(2.5.16) |00 — Tav|

Xs—l([) S H

This allow us to replace the normal derivative 9,v with the "tangential derivative" T v, leaving a
term ~ ys-1(y) 0. Therefore, we deduce by using the BonyCalculsymboliqueet79 decomposition
and the estimates (2.5.14)-(2.5.15) that

L+ Vol

8Zp U — Vp - Vv ~Xs=1(T) T1+6|ijp‘2 (9ZU - TVPVU

~Xs=1(T) T1+|Vp\2 TAU - TVPVU
Ozp

NXS—I(I)N T1+Jazv:‘2A'U — TV,UV’U

~Xs=1(T) TA’U

with A = %A —iVn - € satisfying A|.—o = A. The proof of (2.5.13) is complete. O

2.5.3 Contraction estimate for the solution map

In views of the notations (2.5.2), (2.5.4) and (2.5.8) , we have proved in subsections 5.1, 5.2
the following result for a.e. t € [0,7],

1F s 00)(®) = Flma o) O, g < F (M. M2g) (Pu(t) + Ps(DQ() .

Consequently, this together with Lemma 2.5.2 implies that the difference of two solutions satisfies

25 @t (G) = ()
(2:5.18) (g1 (8), g2 (D oy o3 < F (Mo MZ) Big(Pra(t) + Ps(1)Q(t) Big).

Symmetrization

Now, as in Section 2.3.3 we symmetrize (2.5.17) using the symmetrizer

(T, 0 I 0
&_<0 EJ<4E J'

The dispersive part L. Recall the Definition 2.3.13 on the equivalence of two families of operators
A(t) and B(t),t € [0,T]): A~ B if

[— A T10]

By virtue of Proposition 2.3.15 we obtain
T, O 1 0 I 0 0 Ty
0 Ty, )\-Tp I)\I, 1) \Ty 0
<Tp1 0 > < 0 —TM) B < 0 —TplT,\1>
0 T, ) \Ts 0 T4 Te, 0
¢

0 _T’Yqu1> _ ( 0 _T’Y1> <TP1 0 > )
“/Tpl 0 T’Yl 0 0 Tq1

IA(t) — B(t)

ees) (1 I ey )

~
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2.5. CONTRACTION OF THE SOLUTION MAP

Consequently (see (2.5.1) for the definition of £)

0 -T

T, 0 1 0
~ 71 p1
il <T71 0 ) < 0 qu) <_T31 I) .

(I)1 = Tp1 (5']77 <I>2 = qu (61/1 - TBlén)u
on =T, ®
5L ~ n
11<5) <T71‘I)1))

on —T,, P2 1 2
s (50) - (e, 0 <7 0ntazn) (1 im@l ey ) Poco

Therefore, if we set

then &1, P, satisfy

meaning that

The convection part Oy + Ty, V: one proceeds as in the proof Proposition 2.3.16 and obtain

50+ T0 %) (§1) = @0+ T -9y (J1) + R= @+ - 9) (32) + 7

where the remainder R verifies
IRON ey gy < F (Mg, M22) (1 il oy + 61l ) Ps(2):
A combination of two parts yields

0P + Ty, -V, — T, &y = F| + Gy,
(2.5.19) { Py + Ly, 1 ) 1+ Gy

0, @y + Ty, - V0, + T, @y = Fy + Go
where for a.e. t € [0,7],

(2.5.20) H(Fl’F?)HHS_%X]{S_%

IN

F (Mg, M27) Big(L+ |Imll vy + 91 ller Big)Ps(t)
< F (Mgp, M27) Q(t)Ps(t),

)5
Ga Ty (92— Tpyg1))

It follows from (2.5.18) that (G1,G2) also satisfy

and from (2.5.17)

(2.5.21) G, Gl s s < F (Mg, MZ21) Big(Pu(t) + Ps(DQ(t) Big).

H"2xH™ 2

Contraction estimates
Put & := &, + iP5, then
(2.5.22) 0@+ Ty, VO +iT, & =F+G:=(F1+iF;)+ (G +1iGa).

We are now back to the situation of Proposition 2.4.1: we shall conjugate (2.5.22) with an operator
of order s — 3/2 and then perform an L?-energy estimate. As in (2.4.3), we choose

_3
pr = (PPERB =T @,
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After conjugating with T}, , one obtains
(2.5.23) O+ Ty, - V+iTy) =T, (F+G)+H
with
H:=Ty,,,®+ Ty, -V, Ty, ]® +i[T,,, Ty, | ®P.
It is easy to see as in the proof of Proposition 2.4.3 that
250 IH@),,. s < F (Ml M2) Q) [0,
< F (Mgp, M7) Q) (o)l 2 + 1211l 2 )

where we have applied Lemma 2.3.12 in the second line.
On the other hand, from the estimates (2.5.20) (2.5.21) for F, G we get

(2525)  [To(F + Ol < F (Mg M2y) Big(Pa(t) + Ps()Q() Big).
Now, multiplying both sides of (2.5.23) by v and using (2.5.24), (2.5.25), (2.4.9), (2.4.10) lead to

d
@ 16O < F (Mor, Mir) %

{#i91Pu(t) + QUIPs(t) + Q1) 18(0) |2 Big) (1) 2 + Q) eI}

Notice that
T 1
H(I)(t)HLZ § f (Msl,Ta Msz,T) PS(t)a A Q(t)dt § T + T (Z%,T + ZE,T)v

with i =1- % > 0 (recall the notation Zi,T in (2.5.3)). Gronwall’s lemma then implies (see
Notation 2.5.4) for all t <T < 1

lo®le < F(.) (so<o>|m + [ 1@umPstm) + Pt dm)

1
(2.5.26) < F() (IOllys +T7 [0+ Z2p + Z22) Psr + Pur] )

IN

F(.) (PS(O) + TﬁPT)
where
]:() =F (Msl,Tv Ms2,T7 Z71=,T7 ZE,T) .

We want to show that ||(dn, §¢)] o1, go-3 18 also controlled by the right-hand side of (2.5.26).

To this end, one uses again Proposition 2.3.12 to have

[l
164

Then, in view of (2.5.26) it remains to estimate ||51]||H,% and H&/}HH,%. Indeed, we write

16,3 < N6n(O)I -3 + [169(2) — on(0)]

e SNTTp0ml e + ol -3
o3 S ||Tqu51/JHL2 + ||51/’HH—% :

.
<ty [ o]
e
d
< In(O)l,-y +T sup || Zon@®)|
t€[0,7) H™ 2
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The last term can be written as

%577(1?) = G(m(8)i(t) — Gna2(8)2(t) = Glm)op + [Gln(2)) — G(n2(t)))¢ha(t).

The Sobolev estimate for the Ditichlet-Neumann operator in Theorem 2.2.6 applied with o = 1

2
gives
1G ()Yl -y S N91 5 SN0 g -
On the other hand, according to (2.5.6)
IG(m) = Gn2)]dbal 2 < [[[Glm) — G2l o2 S (07| o1

Therefore,
1onll -1 S [16n(O)] -1 +TPsr.

Using the second equation of (2.3.30) and arguing as above, we find that
1691 -3 S N0¢0)l -3 +TPsr.

Putting the above estimates together, we end up with

16, 06Dl o g < F (Mg, M2, ZL, 222) (Ps(0) + T¥ P(1))
which implies (recall that we are assuming s > 3 + 4, r > 2)
(2.5.27) Por < F (Mp, M2y, ZL, Z27) (PS(O) + T PT> .

Observe that (2.5.27) is an a priori estimate for the Sobolev norm of the difference of two solutions.
To close this estimate, we seek a similar estimate for the Hoélder norm, i.e., for Py 7. This is
achieved by applying the Strichartz estimates in our companion paper [87] to the dispersive
equation (2.5.22). According to Theorem 1.1 of [87], if u is a solution to the problem

(O +Tv, -V +iTy, )u=f
with f € L>°([0,T]; H), 0 € R, then it holds that
(2.5.28) lull o gan < F(Zrr) Wl oz + Nl po )

where,

(2.5.29) !

,u:%,p:él when d =1,
p=35, P=2 whend2>2.

Applying this result to u = ® with 0 = s — % leads to

100,y g g < F(Zr) (174Gl g + 190,y )
This, combined with (2.5.20) and (2.5.21), implies for any 2 < r < r’ < s— % +u
101, -3 < F (Ml M2, 20, 220) (Pt @], y)

<F(Mip, M2y, Z}) 1, Z2 1) Pr.
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By interpolating between ' and some lower index, we gain a multiplication factor of the form 7%,
6 > 0 on the right-hand side. Then using the symbolic calculus in Theorem A.0.4 to go back from
® to In, 6y we obtain

(2.5.30) Pyr < F(Mip,Mip, Z}p, Z2 1) T° Pr.

Combining (2.5.27) and (2.5.30) we end up with a closed a priori estimate for the difference of
two solutions of (2.1.7) in terms of Sobolev norm and Strichartz norm: for any 7' < 1, there holds

Pr<F (Msl,T,MsQ,T, Z} r, Z2r) (Ps(0) + T°Pr).

This implies Pr, < F(...)Ps(0) for some T} > 0 sufficiently small, depending only on F(...). Then
iterating this estimate between [T7,2T1], ..., [T — T1,T] we obtain the following result.

Theorem 2.5.9. Let (n;,v;), j = 1,2 be two solutions to (2.1.7) on I =[0,T], 0 <T <1 such
that
(5, 5) € L (I H3 (RY) x H*(R) O L (W2 (RY) x W (R))

with

3 d
(2.5.31) §> 2+ =

d
2 . .
5 T35 <r<s 2+u,

where pi, p are given by (2.5.29) and such that inf,cjo 7 dist(n;(t),I) > h > 0. Set

MiT = ||(nj7q/)j)||Loo([0,T];Hs+% XHS)’ ZZ,T = ||(77j,wj)||LP([O,T];WT+%’°oXWT'foo)'

Consider the differences én := n1 — 19, 61 := Y1 — 1ho and their norms in Sobolev space and
Holder space:

Pr= 1O s ety 1O, s oy

Then there exists a non-decreasing function F : RT x RT — R™T depending only on d,r,s,p, i,
and h such that

Pr < Fp (Msl,Tv M52,T7 Zrl,T7 ZE,T) H(577» 61/1)|t:0||H5*1><HS’% :

Remark. If the Strichartz estimate (2.5.28) had been proved with a gain of 1’ derivative, 1’ € (0, 3],
then Theorem 2.5.9 would have held with p = ¢/ in (2.5.31).
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Chapitre

Inégalités de STRICHARTZ et probléme
de CAUCHY

Cet article est une collaboration avec Quang Huy NGUYEN, et fait suite au précédent. Il a été
publié dans le Journal of Differential Equations ; voir [87].

3.1 Introduction

3.1.1 Equations

The water waves problem is the study of the motion of an incompressible inviscid fluid, lying
above a fixed bottom and below an atmosphere, from which it is separated by a free surface. At
equilibrium, this surface is flat. As soon as one perturbs this equilibrium, the surface will be put
in motion by the combined action of gravity and surface tension.

The velocity of such a fluid will obey the classical Euler equations of fluid dynamics, with the
added difficulty of the moving surface. As such, the domain occupied by the fluid will depend on
the time at which it is observed. We thus consider the time-dependent domain

Q={(t,z,y) €[0,T] x R x R: (w,y) € U}
where each €); is a domain located underneath a free surface
S = {(z,y) x R x Ry = n(t, =)}

and above a fixed bottom I' = 9€; \ ¥;. The physical dimensions are d = 1, 2. We make the
following important assumption on the domain: Assumption (H;)
Q¢ is the intersection of the half space

Q= {(z,y) x R x Ry <n(t,x)}
and an open connected set Qg containing a fized strip around X, i.e., there exists h > 0 such that
{(z,y) x R x R:n(t,z) —h <y <nt,z)} C Q.

This important hypothesis prevents the bottom from emerging, or even from coming arbitrarily
close to the free surface. The study of water waves without it is an open problem.
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It is customary in mathematics to simplify the problem further by supposing the motion of
the fluid to be irotational. This covers a large class of physical applications. Now under this
additional hypothesis, and if the domain is simply connected, the velocity field v admits a potential
¢:Q— R, ie, v=Ve¢. An important observation by Zakharov [111] is that the motion is then
completely determined by the value of the elevation (¢, z) and of the trace ¥ (¢, z) = ¢(t, x,n(t,z))
of the potential at the surface. We can then find ¢ as the unique variational solution of

(3-1~1) Ap=0in Q, o(t, $>77(t7 l‘)) = ’(/)(t,.’);‘), an(bh‘ =0

Now following Craig and Sulem [35] to write a compact version of the equations, we introduce
the Dirichlet-Neumann operator

G =1+ IVMIQ(% ‘ E)
= (0y®)(t, z,n(t,x)) — Van(t, x) - (Vad)(t, ,n(t, 7).

The water wave system can now be rewritten as the following so-called Zakharov-Craig-Sulem
system on (n,v) :

0 = G,
3.1.2 ) (o Vot G2
12 3tw+gn—H(n)+§|Vmw\2—§( " 1+@/’V+n|2(77)w) o,

where H(n) is the mean curvature of the free surface:

. Vn
Hn)=div| ———— | .
(n) ( ﬁﬂvn?)

The vertical and horizontal components of the velocity will play an important role in the analysis
of system (3.1.2). These quantities can be expressed in terms of 1 and ¢ as

Van - V) +G(n)tp
L+|Ven2 7

(3.1.3) B = (vy)|s = V = (vz)|s = Vatp — BVyn.

3.1.2 The problem

In the present paper and its companion [86], we aim to prove local existence for rough data
below the energy threshold, using the dispersive properties of this system. The local existence of
solutions for the water waves system has been extensively studied by many authors, among them
Nalimov [83], Yosihara [109], Coutand-Shkoller [32], Craig [34], Wu [104, 105], Christodoulou-
Lindblad [31], Lindblad[75], Lannes [70], Ming-Zhang [82] and for the case with surface tension,
in Beyer-Giinther [19], Ambrose-Masmoudi [12, 13], Shatah-Zeng [90, 91, 90]. For the full system
with gravity and surface tension, in terms of regularity of data the result of Alazard, Burq and
Zuily [3] reaches an important level:

1 d
(3.1.4) (m0,%0) € H*F2(RY) x H'(RY), s>2+ 3

Observe that by the formulas (2.1.8), this is the optimal Sobolev index to ensure that the initial
velocity field is Lipschitz up to the free surface, which is a quite natural criterion for the flow of
fluid particles to be well-defined, in terms of the Cauchy-Lipschitz theorem.
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Now, let us look at the linearized around the rest state (n = 0,1 = 0) of (3.1.2), with g = 0. It
reads .
8 +i|D|?® =0,

where ® = |D|% 7 + 4. This linear equation is dispersive (see paragraph 3.1.3 below), and
we expect the full system to exhibit dispersive properties as well. The consequences of this
dispersion for long time dynamics have been extensively studied in recent years, starting from
the works of Wu [106, 107], by Germain-Masmoudi-Shatah [45, 46], Alazard-Delort [10], Ionescu-
Pusateri [58, 57|, Hunter-Ifrim-Tataru [52], and Ifrim-Tataru [56, 54].

In this paper, we are interested in the consequences for short time and rough data, the
so-called Strichartz estimates. They are a family of local in time estimates improving the Sobolev
inequalities for a solution of the system, which can then be used to improve the energy estimates
and thus lead to well-posedness with less regularity for initial data. The method to obtain such
results for quasi-linear wave equations was developed by Bahouri and Chemin [15] and by Tataru,
notably in [97].

However until recently, little was known about Strichartz estimates for water waves systems.
In [30], Christianson-Hur-Staffilani proved Strichartz estimate for 2D gravity-capillary waves
under another formulation. Then, Alazard-Burq-Zuily obtained in [4] such a result for solutions to
(3.1.2) at regularity (3.1.4). We want to improve this in two ways, by proving Strichartz estimates

(1) valid for 3D waves,

(2) that can be used to improve the threshold (3.1.4), for both 2D and 3D waves.

In fact, the method used in [4] relies on a reduction specific to the dimension d = 1, so for (1)
we need another method. On the other hand, for (2) one need to derive the Strichartz estimates
assuming that the solution is less regular than (3.1.4) and consequently, the coefficients appearing
in the equation are rougher. Such a program has been carried out by Alazard, Burq and Zuily
in [8] for the pure gravity case. In fact, we shall follow here a similar approach, that is, proving
dispersive estimates using semiclassical analysis. The main novelty is that here, the equation
has infinite speed of propagation, so that we need to construct a parametrix in semiclassical
time. Also, we use at the fullest the regularity of the coefficients to expand the lifespan of this
parametrix.

The first step in this program is to reduce system (3.1.2) to a single equation to which the
method for quasilinear equations can be applied. This uses paradifferential calculus, whose
notations and main features are recalled in Appendix A. Specifically, we proved in the companion
paper [86] that assuming (n,1) to be a solution of (3.1.2) satisfying condition (H;) for all
times ¢t € I = [0, T, such that

(n,9) € L®(I; H¥+ 3 (RY) x HY(RY)) N LP(I; W32 (R?) x W2 (RY)),

where
3 d d 1
3.1.5 -+ =, 2 —=4=
( ) s>2+2, <r<s 2+2,
the system (3.1.2) can be rewritten as
(3.1.6) owu+ Ty - Vu+iTy1,u = f,

where the principal symbol v is of order 3/2, real-valued; the sub-principal symbol w is of order
1/2, complex-valued; the transport field V' is the horizontal part of the velocity field at the free
surface: V = (v, )]s and the remainder term f satisfies the following tame estimate for a.e. t € T

1Ol < F (100 sy 19 ) [T+ 110 g + 19O e ]
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In this article, we shall study equation (3.1.6) independently from its origin in the water waves
system, proving a priori Strichartz estimates for its solution. This will imply a priori Strichartz
estimates for the gravity-capillary waves system (3.1.2). We will then combine them with the
energy and contraction estimates and with a blow-up criterion, all proved in [86], to solve the
Cauchy problem at low regularity such that the initial velocity field may fail to be Lipschitz (up
to the surface).

3.1.3 Main results
Remark that the linearized system of (3.1.2) around the rest state (n = 0,9 = 0) when g =0
reads
8t¢) — AT} = 0,
which can be written
0® +i|Dy|2® =0, with ® = |D,|2n + it).

It classically follows from the explicit formula for the solution, Litlewood-Paley decomposition,
stationary phase and a TT* argument that

||¢|‘prs—%—uopt,oo 5 Hé‘tZOHHS
with
3 .
:u’ot:77p:4 lfdzla
(3.1.7) e e
Mopt =5 — ¢, p=2 ifd>2

Our first result states that the fully nonlinear gravity-capillary waves system (3.1.2) satisfies a
similar estimate to (3.1.7) with

3 3
= — — 1 — _ — — 1 > .
L 20 eifd=1, u 10 ceifd>2

More precisely, we prove

Theorem 3.1.1. Let I =[0,T]),d > 1 and p > 1. Let V(t,z) : I x R? = R? be a vector field
and v, w, wy be the symbols defined by (3.2.1). Consider

3 3
1. — = f d =1; — = ) > 2.
(3.1.8) uE(O,ZO), p=4 ifd=1; 'u€<0’10>’ p=2 ifd>2

Then for any o € R there exist k = k(d) € N and F:R" 5 RT non-decreasing such that the
following property holds:
if f € LP(I; Ho= 10 (RY) and u € L (I; H (RY)) satisfy

(8t+TV 'v+iny+w)u: f7
then we have
(3.1.9) lull ooy, < FCO 1oy + Nl zoe (e e
where T is the sum of semi-norms of the coefficients, defined by (3.2.23) and (3.4.6):
T =Vl o (1. w00 may) + M) + Ni(3) (1) + Nio(w) (1)
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As a corollary, this will imply the corresponding Strichartz estimate for the water waves
equation. To be concise in the following statements let us define the quantities that control the
system:

Sobolev norms : M, r = ||(n, 'QZJ)HLOO([QT];H”*%XH”)’ Moo = [I(n0: Yo)ll ;o3 1o

Blow-up norm : N, 1 = ||(n,1/))||L1([0’T];WU+%,OOXWU.OO)a
Strichartz norm : Z, r = H(n’z/})‘lLP([O,T];WU+%’°°XWu,oc)'

Corollary 3.1.2. Let d > 1, h > 0 and (s,r) € R? such that

S>2+§—N 2<r<s—g+u
2 ’ 2 ’
with p and p as in (3.1.8). Then there exists a non-decreasing F:R" > R such that for
all T € (0,1], for all (n,v) smooth solution of (3.1.2) on [0, T] satisfying inf,cpo ) dist(n(t),T') > h,
there holds
Z,(T) < P (TF (M,(T) + Z,(T))).

In [86], we have established the following energy estimate, blow up criterion and contraction
estimate.

Proposition 3.1.3 ([86, Theorem 1.1|). Letd >1, h >0, p > 1 and (r,s) € R? such that

3 d 1 d
(3110) S>§+§, 2<T<S+§*§.
Then there exists a mon-negative, non-decreasing function F such that: for all T € (0,1] and all
(n,v) smooth solution to (3.1.2) on [0,T] satisfying infic(o ) dist(n(t),I") > h, there holds

M, < F (Ms,[) +TF (Mg + Zr,T)) .

Proposition 3.1.4 ([86, Theorem 1.2]). Letd > 1, h > 0 and indices

3+d< < 1 2<r< +1 d
-+ -<s5<s5— = r<sp+-—=.
2 " 2’ 0T 9 9

Let T* = T*(no, %o, h) be the maximal time of existence and
(n,0) € £ ([0,77); H**3 x 1)

be the mazximal solution of (3.1.2) with prescribed data (no,vo) satisfying dist(no,T’) > h. Then
if T* is finite, we have

lim sup (M, (T') + N (T')) = +o0.

T—T*
Proposition 3.1.5 ([86, Theorem 5.9|). Let p and p as in (3.1.8). Let (n;,v;), j = 1,2 be two
solutions to (3.1.2) on I =[0,T], 0 < T <1 such that

(. 05) € L (I HP 3 (RY) x HY(RY) N LP (W3 (RT) x W(RY))

with
3 d
5> -+ =

d
5t 5 2<r<s—§+u;
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such that infcgo ) dist(n; (), T') > h > 0. Set

M‘s{T = ||(n]3/lpj)||Loo([0,T]1H%+% XHS)’ Zi,T = ||(7]‘j,wj)||LP([O,T];WT+%’OO><W73°°)'

Consider the differences én := n1 — 19, 61 1= 1 — b9 and their norms in Sobolev space and
Holder space:

PT = ”(5777 §w)||L°°(I;H°71><H§7%) + ||(5/’77 51/})||LT’(I;WT71=°°><W7'7%’Oo) M

Then there exists a non-decreasing function F : Rt x Rt — R* depending only on d, r, s, h
such that

PT < F (Msl,Ta Ms2,Ta Z71’,T7 ZE,T) ”(5777 &Z))‘t:O”

3 .
Hs=1xH*™ 2

With the above ingredients we can prove our main theorem about the Cauchy problem.

Theorem 3.1.6. Let d > 1 and two real numbers r, s satisfying

_ {5’0 ifd=1,

d
2<r<s——=+u,
a 3 fd>2.

2

Let (no,10) € H 2 x H® be such that dist(no,T') > h > 0. Then there exists a time T > 0 such
that the Cauchy problem for (3.1.2) has a unique solution

(n’w) eL>® ([O7T]qu+% X Hs) N LP ([O,T];WT+%700 X Wf’,oo)
where p =4 when d =1 and p = 2 when d > 2. Moreover, we have
(n,9) € C° ([O,T];HS/+% X HS/) , Vs <s

and
inf dist(n(t),T") > h/2.
o dis (n(t),T) > h/
Remark. In view of the formulas (2.1.8), the initial velocity field in the Cauchy theory 3.1.6 may

fail to be Lipschitz up to the free surface but it becomes Lipschitz at almost all later time. This
result is parallel to the result in [8] for pure gravity water waves.

The plan of the paper is as follows. First, we prove in Section 3.2 some reduction of the problem,
reducing it to a semiclassical equation. In Section 3.3, we construct a microlocal parametrix for
this equation. Then in Section 3.4, we use it to prove the Strichartz estimates. The last part,
Section 3.5, is devoted to the local existence of solutions. Some needed results about paradiferential
calculus are recalled in Appendix A.
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3.2. REDUCTIONS OF THE SYSTEM

3.2 Reductions of the system

3.2.1 Paradifferential reduction

First of all, we recall precisely the paradifferential reduction of the gravity-capillary system
(3.1.2) that we performed in [86], which requires the following symbols:
— Symbols of the Dirichlet-Neumann operator

A =+ (W) — (V- )7,
1+ [V (.. )

0) _ (1) M) v,
AW = N0 {le (a Vn) +i0: A - Va }
with

aV/) = —/——
1+ [Vn?

— Symbols of the mean-curvature operator:

@) ._ 23 (e (V-9 M. _tg . 5.0@
0 i (1 T (I = (R ) i 0 0,

— Symbols used for symmetrization

—1 _5
2 1

0= 1+ (Tan?) "t p= (4 (Ta?) e+ 0D,

where p(_%) = F(Vn,£)09n, with |a| =2 and F € C°(R x R\ {0}; C) is homogeneous
17,8)0z 1M

of order —1/2 in &.
— Symbols in the symmetrized equation:

3
2 1
v = VIOAD = [[¢? - L@g 7
1+ V|

- [12) Re)(©
w = —%(358;8) Vl(2)>\(l)+ WRQT

Theorem 3.2.1. Let s > %Jr %, 2<r<s— % +% and p € [1,00]. Suppose that (n,1) a solution
of (3.1.2) satisfying condition (Hy) for all times t € I and

(3.2.1)

(3.2:2) (m,9) € L(I; H*F3 (R?) x H*(RY)) 0 LP(I; W22 (RY) x W (RY)),
The complez-valued unknown u = Tpn + T, (v — Tgn) then satisfies
(3.2.3) ou+ Ty - Vu+iTyu = f —iT,u,

where for a.e. t € I,

(3.2.4) IF Ol e < F (Iln(t)l

e 1O ) [L+ 10Oy o + 10Ol |

As mentioned in the introductory section, we shall from now on consider (3.2.3) as an independent
equation with coefficients V, v, w, w; at the following regularity level

VelL® (I; W%W(Rd)d) N LP (I; W2 (RY)7)
(3.2.5)
ne L (1; W2’°°(Rd)) nL? (I; W%’O"(Rd)) ,
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which is sufficient for the semi-norms appearing in Theorem 3.1.1.
We give here some preliminary informations on the principal symbol 7. Define

c’:{geRd;1/4g|§|g4}.

Lemma 3.2.2. 1. The symbol v is in L>(I; W83y N LP(I;C25%) and for all B € N,
there exists Fg : R™ — R" such that for allt € I, € € C/,

(3.2.6) |p&vee), . < B UVa©) ).
(3:27) D29 5 < B V9O ) 1+ 1900 5. ] -
2. There exists an absolute constant Cq > 0 such that with co = Cq(1 + ||Vl e (1 xray) we
have for allt € I, x € RY, and £ € C/,
(3.2.8) |det Hesse (7) (¢, z,&)| > co.
Proof. The proof of part 1. is straightforward using product rules and Sobolev embedding. For a

proof of part 2., we refer to Corollary 4.7 in [8]. O

3.2.2 Localization in frequency

To prove our estimates, we will follow standard procedure: decomposing the solution
using Littlewood-Paley theory and using a parametrix and a TT* argument to derive Strichartz
estimates for those dyadic pieces. We will then bring the pieces back together to derive a Strichartz
estimate for the original solution. Standard definitions and notations for the Littlewood-Paley
decomposition are recalled in appendix A. For j > 0, the dyadic piece Aju verifies the equation

(3.2.9) (8 +iTy + Ty - V) Aju = Fj,
where

Recall that AjA, = 0 if |k — j| > 2. In the sequel, we shall always consider Aju for j large
enough, in particular j > 1 so the spectrum of Aju is always contained in the annulus

Ci={¢eR": 27 < ¢ <27t}

Thanks to the spectral localization of Aju we can replace the paradiferential operators with
pseudodifferential operators. Such a replacement for the transport term is harmless due to the
following lemma.

Lemma 3.2.3 ([8, Lemma 4.9]). We have
Ty - VAJU = Sj,3(V) : VAJU + Rju,

where R;u has its spectrum contained in an annulus C(c12971,¢22711) and satisfies the following
estimate

IRjull o ray < C IV lwrr.oo ey ull s (mey

where the constant C > 0 is independent of u,V, j.
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The preceding lemma was proved in [§] thanks to the special form of the symbol V' (x)¢. Here,
for the highest order term, let us prove the following more general fact for any paradifferential
operator. Let a € ', r > 0 and define

(3.2.11) VieZ, S;a)(x§) = Y279 Dy)a(x, €)

the spatial regularization of the symbol a, where v is given in the Littlewood-Paley decomposi-
tion A.0.1.

Proposition 3.2.4. For every j € N*, define
ToAju = S;_3(a)(x, Dy)Aju+ Rju.

Then the spectrum of Rju is contained in an annulus C(c12771,¢229%Y) and for every p € R we
have the following norm estimate

1R ull i oy < CMI™ (@) [l oy

where the constant C' > 0 s independent of a,u, j.

Remark. If a is homogeneous in £ then S;_za is still homogeneous in §. This remark is important
in the next part when we multiply both side of our equation by h3 to derive a semi-classical
equation.

Proof. Since ¢ = 1 on the support of ¢; for any j > 1, we see that
Riu = T,Aju— Sj_3(a)(x, Dy)o(Dy)Aju.

In the following proof, we shall use the presentation of MA@tivier [80] on pseudodifferential
and paradifferential operators. To be compatible with [80] we also abuse in notations: by I'""
we denote the class of symbols a satisfying (A.0.1) for any ¢ € R? and by M{" the semi-norm
(A.0.2) where the suppremum is taken over ¢ € R9.

1. By definition of the paradifferential operator T, we have T,v = Op(o,0)v where Op(o,0)
denotes the classical pseudodifferential operator with symbol

Ua(xag)g(g) = X(ng,f)a(x,f)g(f).
Hence Ru = Op(a;)u with
aj(2,€) = aa(w,§)e(€)p; (§) — Sj-3(a)(x,£)e(§)e; ().

Now, we write
a; = (0u0p; — a0p;) + (a0p; — Sj-s(a)op;) = aj + aj.
Applying Proposition 5.8(ii) in [80] gives a} € I'g"™" and (remark that (¢;); is bounded in T7)
M7 (a) < CM(aop;) < CM(ap).

On the other hand, if we denote b = agy then a3(z,&) = b(x,£) — ¥j_3(Dy, £)b(x, ). Taking into
account the fact that supp¢; C B(0,C27) we may estimate

a3z, Ol< Y 1Ab@ I < D0 2775 E) e

k>j—2 k>j—2
< C277"[[b(, ) lyyrroe = C277 05 (E)] llal-, €) (&) [lyyr. e
< CA+ €)™ "M (ag), VEER™
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By the same method for estimating |(’“)?a2

3| we obtain that a? € I't"™" and hence a; € T'("™";
moreover

Mgy*"(a;) < CM"(ag).
2. Property (A.0.5) implies in particular that

Ba(0a)(1,€) = 0 for |n = e2(1 +[£]),

here we denote §, the Fourier transform with respect the the patial variable x.
On the other hand, by definition of the smoothing operator

§2Sj-3(a)(z,€)e(€)p;(€) = v(27 " n)Fa(n, €)o(&)p(277€)

which vanish if || > $(1 + [¢]). Indeed, if either [¢] > 277! or [¢] < 297! then ¢(277¢) = 0.
Considering 27=! < [¢| < 29F1 then || > 3(1 + |¢]) > 2772 and thus ¥(27~%)y) = 0. We have
proved the existence of 0 < € < 1 such that

(3.2.12) $za;(n,§) = 0 for [n| > (1 + [¢]).

3. By the spectral property (3.2.12) one can use the Bernstein inequalities (see Corollary 4.1.7,
[80]) to prove that a; is a pseudodifferential symbol in the class Si"; ". Then, applying Theorem
4.3.5 in [80] we conclude that

Rl = 1Dy € OV () -

Finally, the Fourier transform of Rju reads

SRE = [ Fala)€ = nmit) d.

Using the spectral localization property (3.2.12) and the fact that §,(a;)(§ —n,n) contains the
factor ;(n) we conclude that the spectrum of Rju is contained in an annulus of size 27 as
claimed. O

Now we can use the preceding results to rewrite the equation as

(3.2.13) (0 +1iSj-3(7) (@, Dz) + Sj-3(V) - V) Aju = Fj,
(3.2.14) F; =F;j +R; +iR}.

3.2.3 Regularization of symbols

Now, following the classical method for quasilinear equations pioneered by Bahouri and
Chemin in [14] and [15], we further regularize the equation, using a parameter § € (0,1). By doing
S0, we aim to construct a parametrix with a regular enough phase to apply the stationary phase
argument. This results in a slightly worse remainder term, which will in turn result in slightly
worse Strichartz estimates. Eventually, we optimize in §.

Define for all (¢,z,£) € I x RYxR%and j >0,

S(j—3)5(7) (tv xz, g) = w(27(J73)6D$)’Y(t7 x, g)
and similarly S(;_3)5(V)(t, ). Let ¢ € C>(R%), with

1

suppso1cc'_{g;4§|g|§4}, <p1—1onC”;—{g;
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so that it is 1 on the support of the Littlewood-Paley function ¢. Then, equation (3.2.13) can be
rewritten as

(3.2.15) LjAUj(t,$> = (8t + S(j,g)g(V) -V + Z'S(j,;j)g(’y)(a:‘,Dw)(p1<2_ij>) Aju = Fj5,
with
(3.2.16) Fjg =1 (S(j_g)(;’y(:c, Dx) - 5};37(1‘, Dz)) A]"LL + FJI + (S(j_g)g(V) - ijg(V)) . VAju.

The function (; has been inserted to keep into the operator the information about the localization
of its solution A ju.

Next, Lemma 3.2.2 shows that the Hessian in £ of +y is non-degenerate and since S;5() is a small
perturbation of v when j large enough, we also have

Proposition 3.2.5. There ezxists ¢y > 0, jo € N, such that
|det Hesse (Sjs (7)) (£, 2,€)| = co,

forallteI, zeR? ccC,j>j.

3.2.4 Semi-classical formulation
We now want to prove Strichartz estimates for the homogeneous version of equation (3.2.15):

To this end, we recast the problem in the semi-classical formalism with A = 277. One need to
write the pseudodifferential operators as functions of hD,. Since the highest order operator is of
order %, we will multiply the equation by h3. Let us consider the following model operator

3
O +1|D.)2,
which becomes , .
h20, +i|hD,|2 .
To give it the canonical form of a semi-classical equation, we need to put the equation in the
1
semi-classical time ¢ := h~2¢t. In our model, the operator would become

hdy +i |hDy|? .
Here, we have
1S 553t 2, Da)pr (277 Dy) = Sj5(v) (W2 0,0, kD )pr (hDy)

because of the homogeneity of the original symbol v, which is conserved by its spatial regularization.
1
Next, for the change of temporal variable t = hz o we set

(3.2.18) wp(0,2) == uj(hZo,x), Vi(o,2) =Sy g)s(V)(h?o,z),
(3.2.19) Tn(0,2,€) == Sj_55(7) (h¥o, 2, €)1 (6),
(3.2.20) Lin(0,2) = hdy + iTy(z, hD,) + h2Vj, - (hV,),

so that

(3.2.21) h%(LjUj)(h%O', z) = Lywy (o, ),

and we want to establish Strichartz estimates for the semi-classical PDE

(3.2.22) Lrwyp(o,x) = 0.
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Symbolic calculus. To express the regularity of the symbols involved, we define for £k € N
and J a time interval, the quantities

Ne(V)(J) = sup sup DﬁvH ,
k?( )( ) 5Z<k tEJ §EC/ f WN}OO(Rd)
(3.2.23) B 5
Nie(w)(J) = sup sup ||D wH .
HW)() |,6,|Z<k teJ €eC’ e ma)
The regularity of V is tracked under the norm
(3.2.24) E(J) := LP(J; WH>=(R%))4,

To simplify notations, let us set
Ek(J) = IVl + Ne(n) ().
Let us define now our symbol classes.
Definition 3.2.6. Let m € R, yp € R™, and a(o, z, &, h) a smooth function defined on h=2J x
RY x C' x (0, ho), with hg > 0 and smooth in the second and the third argument. We say

that a € Sﬂ?)(h’%J) (resp. a € SZE (h=2.J)) if there is a function Fj : R* — R* for every k € N
(resp. k € N*¥), such that for all (o,2,&,h) € h=3J x R% x C' x (0, ho),

(3.2.25) DeD{a(o, 2,8, h)| < Fi (Sxsa (D)) A1 Jal + |8 < k.

We need a result on composition of such symbols, whose proof is indeed the same as that of
Proposition 4.20, [8].

Proposition 3.2.7. If f is a symbol in S};”(h_%J) (respectively SP*(h==2J)), with m € R, and
we are given two symbols U € SS(h=2.J) and V € SO(h~2.J), then

F(o,y,¢) := f(0,U(0,4,¢),V(0,9,())
is in Sg”(h_%J) (respectively S(}”(h_%J)).

Since n € L>®(I, H*"2(R%)) and V e L>(I, H(R?)) with s > 3 + ¢ we obtain by using
Bernstein inequalities that

Lemma 3.2.8. We have I'y,, V,I'y, Vi, € Sg(h_%l).

Remark. Recall that C” = {5 eR%: % <g < 3}. In the semi-classical scale, Proposition 3.2.5
translates as

(3.2.26) |det Hesse (I'y) (o, 2, )| > co,
for (o,z,&,h) € h=3I x R% x C" x (0, ho], for hy small enough, because ¢; =1 on C”.
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3.2.5 Straightening the transport term

The semi-classical equation (3.2.22) is not perfectly adapted to the construction of a
parametrix, the reason being the term of order h%, which has to be taken into account while
constructing the phase. An easy way around this problem is to remark that this is only a transport
term, and can be straightened by going to the associated lagrangian coordinates. Consider the
solution X (o;y) € R? of the differential equation

(3.2.27) Xn(03y) = h2Vi(o, Xn(o3)),
B Xn(05y) =y,

where y € R%. The vector field Vj, is in L>(h~21; H*(R?))4, and
[WVi(,0)| < CIV Il rmy» Vo) € 3T x R

Then (3.2.27) has a unique solution on h~21. Moreover, we have the following estimates on the
flow (for the proof, see Proposition 4.10 in [8]).

Proposition 3.2. 9 At fized o € h™21, the map y — Xp(o3y) is in C°(R%GRY), and there
exists functions I, :RY = RY such that

. aXh ~ 1 %
0 O
LOO
(i) D5 X0) (@) o < B (IVIgry) 2200 bl Jal 22,
Corollary 3.2.10. If T satisfies
(3.2.28) TE(|Vlg ) < 1

then for any o € h_%l, the map X (o) is a diffeomorphism from R to itself.

Proof. Proposition 3.2.9 shows that for T small enough as in (3.2.28),
invertible. Also, we have

5 (05y) is

1

h™ 2T
Xn(o3) = o] < 2 /0 HV(hES)HLw(Rd) ds < TY7 VLo o1, (e -

with 1/p’ + 1/p = 1. Thus, the map X, (o) is proper. This enables us to conclude using the
Hadamard theorem.
O

We will always assume in what follows that the chosen T satisfies (3.2.28). The Strichatz
estimates for the original solution can be recovered by summing the ones for the short time, the
number of pieces depending only on the LY LS°-norms of V appearing in the final constant.

Now we have to compute how our semi-classical equation (3.2.22) gets affected by this change
of variables. The new unknown will be v, (0,y) = wp (o, Xn(0;y)). The important quantity
is A:= (Tp(hD)wp) (o, Xi(o;y)). Taking o, h,§ as parameters, we have

(2mh)~ // H(X@—a")np (X (y),n) w(z")dz’ dn.
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Now we need to set

1
0X -1
Hi(oy.y) r=/ Tyh (s y+ (1= N)y) d\,  My(oyy,y') = (HL (o39,9))
0

—1

X\ X
M) = ((aayh) (a;y>> - dnlainf) = |aet (55 ) 20 laet M)
Proposition 3.2.9 shows that M and M° are well defined. Remark that M O( ) = M(y,y) and
that J(y,y) = 1. We now change variables in the expression of A, putting 2’ := X (y'). We will

then use X (y) — X(v') = H(y,y')(y — y)andsetn.—M(y,y)Ctoget

(2mh)™ // =) T (X (y), M(y,y")¢) J(y, v )v(y') dy’ dC.
We have proved that
(3.2.29) A = (Th(hDy)wy) (o, Xi(03y)) = Pavn(a,y),

where P}, is a semi-classical pseudodifferential operator of amplitude

(3.2.30) pr(0,y,9',C) :=Th (0, Xn(o3y), Mn(059,y")C) In(o;9,9').
We define the symbol

(3.2.31) pr(0,9,¢) == pnl(0,4,y,¢) = Th (0, Xn(o59), My (03 y)C) -
We also set

(3.2.32) pr(0,y,C) :=pnlo,y,y,¢) = Tn (0, Xn(o:y), My (03 9)C) -
Let us write I, := [0, h21%] and impose a constrain on d:

(3.2.33) 0<6< %

so that for all o € h’%Ih one has

2

(3.2.34) ‘h%a < 1.

Proposition 3.2.11. For every k € N, there exists Fj, : RT — RT, such that
(3.2.35) Dy DZpn(,9, )| < B (N (D) + [Vl ) |1+ b 0o1=0]

where || + 8| < k, and (0,y,¢,h) € h™21, x R x C' % (0, ho).
Consequently, we have

(3.2.36) pn € SALT3L,) and Vup, € SUhTIL).

Remark. Remark that Proposition 3.2.7 implies only the first assertion in (3.2.36). In the
construction of the phase of our parametrix below, to control the flow (see (3.3.6), (3.3.7)) we need
to differentiate p twice in = and thus the first assertion in (3.2.36) implies only 92p € S5 2°(h* I,)
while with the second one, we have 92p € S(;_‘s(h%fh). Consequently, the restriction o < h° is
sufficient instead of requiring o < h?°. This means that the parametrix is constructed in a time
of double length by virtue of the second one.
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Proof. We will consider o € h™z1; and h € (0, ho) as parameters. Denote Ay = Ny (v)(I) +
IV g(r)- First, remark that we can use the identity

(5, ) 2w =1

and Proposition 3.2.9 to get

HMO(?J) - [HLoo(Rd) < F(HVHE) h57

(3.2.37)

1

1
«a n —d|a L |2 n —d|a
1D MO gy < Fo (V1) 0 B[ < B (V) 20, for ] > 1.

Now D? p is a finite linear combination of terms of the form
(DI'T) (X (y), M°(y)C) - Pig|(M°(y)) := A~ B,

where |3’| = |8], and where P,g/(M°(y)) is a homogeneous polynomial of order | 3] in the coefficients
of M°(y). Hence D;‘D? p is a finite linear combination of terms of the form

D;“A . D;’“B, a1+ ag = a.
Concerning B we use (3.2.37) to find

{ 1Bl < Ei(IVlg)

(323 a2 3 d—|az|d
(D328 < B (IV]| ) B0 if o] 2 1

By the fact that T'y, € Sg(h_%l) we see that if @ = 0 then |AB| < Fi(||V|| ). Considering now
|| > 1. If @y = 0 then as = a # 0 and thus by (3.2.38)

|A-99B| < Fy(||V|| g)h® 1ok,

From now on, we assume |a;| > 1. By virtue of the FaA di Bruno formula, we see that DyrAis a
finite linear combination of terms of the form

¢ = (D2D? ') (X (), M°(y)¢) T (DY X ()" (DM (5)¢)"

Jj=1

where 1 < |a| + [b] < |aal, [I;] > 1, 375 (Ipj| + lg;1)lj = e, 3251 pj = a, 25—, 45 = b.
We distinguish 2 cases corresponding to a = 0 or a # 0.

Case I: |a| = 0. Then every p; is 0, and Y75_, [g;||l;| = |a1| > 1, so that at least one
of the |g;||l;| is non null. Then using the boundedness of D?/HT (since T'y, € Sg(h*%f)),
estimates (3.2.37), and the fact that ¢ is bounded on the support of ¢1(M°(y)¢) and thus
of (D?/er)I‘(X(y)7 MPO(y)¢), we obtain

|C| < Fr(Ap)h° 0 Zimllillasl = By (A, )po—0eal,
On the other hand, (3.2.38) implies that [022B| < Ey(||V| »)h~1%2%, VYay € N. Therefore, we
Yy E
conclude in this case that

|C'- 092 B| < Fyu(Ap)h®~ 100,
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Case 2: |a] > 1. We use in this case V,I" € 9, estimate (3.2.37), and Proposition 3.2.9 with the
remark above on the boundedness of ¢ to obtain

‘(DgD?/erF) (X(y),MO(y)C)‘ < Fy(Ag)h—(lal=8,
(DY X ()"

‘ (Dlyj MO (y)C) qj

< Fk(Ak)h_(Iljl_l)lpj‘(S?

< Fk(Ak)hflleqj\‘s_

These estimates imply |C| < Fy,(A)hM with
M = —(la| = 1)d = > (Il = Dlpsld = D Iillas16 = =(Jaa| = 1)5
j=1 j=1

and hence |C| < Fy(Ag)h~(211=D% The second inequality in (3.2.38) then yields
C'- 022 B| < Fiy(Ag)h~ o712,
Summing up, we obtain in any case the desired estimate and complete the proof. O

We also have the following result, whose proof follows that of the preceding and is in fact
simpler.

Proposition 3.2.12. For every k € N, there exists Fj, : R — RT, such that
(32.:39) D D7 D2 (0.5..0)| < B (Ne)(D) + [V gy ) 1410205,
where || + || + 8] < k, and (0,y,¢, h) € h=21; x R x €' x (0, ho).

Concerning the Hessian of the principal symbol, we derive the following result.

Proposition 3.2.13. There exist hg > 0 and cg > 0 such that
|det HGSSC (ph) (vaa C)‘ 2 o,
for (o,y,¢,h) € =21 x R x C x (0, ho]. Here, recall that C = {g ceRY: 1< < 2}.
Proof. The Hessians of p;, and I'j, are conjugated by
0 T 0 0
Hess (pn) (y: ¢) = (M°(y)) " Hess¢ (X (y), M°(y)O)M°(y),

so the result follows from (3.2.37) and (3.2.26) for hg small enough. O

At last, the transport term disappears, since
(3.2.40) (haawh + h%Vh . (th)wh) (0, Xn(o;9)) = hd,vn(o,y).
Now, using (3.2.29) and (3.2.40), the semi-classical equation (3.2.22) becomes
(3.2.41) (Lrwp) (0, Xn(0,y)) = (hOy + iPr) vp(o,y) =0

via the change of spatial variable vy, (0, y) := wp (0, Xi(0;y)).
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3.3 Construction of the parametrix

We want to construct a parametrix for the operator hd, + iP, (recall that the space-time
variables are (0,y)). To compensate for the loss in powers of h incurred while differentiating our
symbols, we will need to restrict ourselves to a small time interval depending on the frequency
and the number of derivative used to regularize: o € h=2 I, = [0, h°].

We will look for a parametrix with the following Fourier integral operator form

(3:3.1) Kolory) = ()™ // e (Onlewm =" 1)y (g, ) xa(n)o(y) dy' dy.
We will take ¢y, to be a real valued phase such that
¢h(07y777) =y-n

and by, an amplitude of the form
L / a¢h ’
(332) bh(gvyvy 777) = bh(aay7n)¢ 8777(073}’77) -y ’

where b|,—o = x(1), x € C2(R*\ {0}) and ¢ € C°(R?) is such that 1(z) = 1 if |2| < 1. At last,
X1 € C§°(Rd) is 1 on the support of x.
3.3.1 Construction of the phase

As usual, the phase will be the solution of the eikonal equation associated with the principal
symbol of the operator,

Oon 9n\ _ — -
(333) % +ph (07117 ay) - 07 ¢h(07y777) =y-n.

We will solve this equation with the method of characteristics. Those are the solution of the
system

. 0

Yn(osy0,m) = aigh (o, yn(0390,m), Ch(o590,1m)) 5 yr(0;90,1) = vo,
(3.3.4)

. 0

Cnlosyo,m) = —aiyh (o, yn(o590,m), Ch(o390,m)) 5 Ch(0590,m) = 1.

This system has a unique solution on h=z1I,. Now let us show that for fixed h, 7, and o this flow
is a global diffeomorphism from R? to itself.
We start by showing that the differential of this map is invertible. Taking h as a parameter,
denote by

m(g) = (07 y(U; Yo, 77)7 C(Ja Yo, 77))

the flow-out of (0, yo, n). Differentiate (3.3.4) with respect to yo. Then at the point (yo,7n), there
holds

52/ _ 82p ay 62p ac 6y )
(3.3.5) 3790(0) — 9ydC (m(g))aT/O(U) afgg(m(a))afyo a), a—yo(o) =14,

6< . 0%p oy %p o ac )

7, 0) = _@(m(a))%(a) - 8<ay(m(o))a—y0 o), 87;0(0) _
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This system is linear, of the form U(c) = M(c)U(c). Then, Proposition 3.2.11 and the remark
that follows it give

(3.3.6) IM@) < P (Mo 1) + VI, op, ) 0%

When we integrate in time over h=2I;, = [0, h?], we get
7 ~ _1
(33.) | 1@ ds < F (M) R+ IV -y,)-

The Grénwall inequality then shows that || (¢)|| is uniformly bounded on A~z I,. Now using (3.3.5)
and noticing that the coefficients of the first equation involve only derivatives of order 0 and 1
in y of p, we obtain by virtue of Proposition 3.2.11

Oyn
3. ——(o; -1,
(338) ‘33/0 (vao,n) d

< P (M) 0) + IV g1y, ) 2

Similarly, since the second equation in (3.3.5) has coefficients containing derivatives of p in y up
to order 2, we have

(3.3.9) ‘ach

%(U;yo,n)' <F (NQ(V)(h_%Ih) N ”V”Ew*%m) '

Now taking h small enough, (3.3.8) gives the invertibility of the matrix gZ’; (0;90,m), and since

7 . ad _1
lyn (a5 90, 1m) — Yol S/O |9jn (s, o0, 1) dSSF(Nz(v)(h 2Ih)+||VHE(h—%zh>) h

for o € h*%Ih, the map yo — yn(0o,y0,7n) is proper. Therefore it is as announced a global
diffeomorphism, and we denote by «j, its inverse:

yn(a390,m) =y < Yo = kn(o;y,n).

Then we can define for hy small enough, for (h,o,y,n) € (0, ho] x (h_%lh) x R? x R? the
real-valued phase

(3.3.10) on(o,y,m) =y-n —/0 P (8,9, Cn (85 60 (s39,m),m)) ds.

Proposition 3.3.1. The function ¢ defined in (3.53.10) solves the eikonal equation (3.5.3).

The proof of this proposition is standard (see for example [113], 10.2.2).
The map ¢ is C! in ¢ and C* in (y,7n). We can study the Hessian of this phase in the n
variable, using our study of the symbol p.

Proposition 3.3.2. For hg small enough, there exists a constant My > 0 such that

|det HeSSn(ﬁbh)(U»yaU” > Moodv
foro e (h_%lh) ,y€ R neCandh e (0,hg].
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Proof. By differentiating the eikonal equation (3.3.3) twice with respect to 7, we find that
d 26
9o (O, 3771 Z (9¢.0¢,p) < 9,Y, (')y) (Oy, Oy, 0)(Oy, D, )

k=1

d
0
aCkp (U Y, ¢) (ayka’fhanjd))
k=1 y

From the initial conditions of the eikonal equation, we obtain the values of the terms at ¢ = 0, so
that

0o (0, 0y, 8)|o=0 = — (0, 0¢;p) (0,,m) ,
so that
Oy, 0n; 0 (0,y,m) = —(0¢,0¢,p) (0,y,m) 0 + 0(0).
Then using Proposition 3.2.13 and taking hy small enough, which means ¢ small, we can conclude

the proposition. O

Now we want estimates of higher orders for the phase and various related quantities. We start
by estimating the derivatives of the flow.

Proposition 3.3.3. There ezists F : R™ — R' such that

P 5
O ) — ] < F (Nel) ) + IV
Yo

ICn =
‘8y0 (o-vyOaT]) =
’8

(3.3.11) (
T v n)| < F(MG)020) + V]

9 _
’ai;l(a;y()ﬂ?)—fd <F

for (h,s,y0,m) € (0, ho] x h=21, x R¢ xC'.
Moreover, for every k > 1 there exists Fj, : RT — R™ such that for (o, B) € N? x N4

{ |D§Dﬁyh(0)\ < Fu(IV o +Nk+1<,y))h5—5|a|7
|D;D5Ch(s)| < Fe(IVIe, +Nk+1(7))h75\a|.

Consequently, ) . ) 1
yn € Sy(h™21,), Cn € S(h™21y).

Proof. The first two estimates of (3.3.11) have already been proven in (3.3.8) and (3.3.9) .
Similarly, if we differentiate the characteristic system (3.3.4) with respect to n we obtain the last
two estimates of (3.3.11).

To prove estimates on higher order derivatives, we proceed by induction and Grénwall inequality
(see Proposition 4.21, [8]). O

We now deduce estimates on some quantities associated to the phase. Define

O,

i (o, Ay + (1 =Ny, n) dA.

(3.3.12) On(o.y,y' n) =
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Corollary 3.3.4. For every k > 1 there exists Fj, : RY — RY such that for (o, 8) € N% x N¢
with |a| + 8] = k, (a1, a2, 8) € N? x N x N with |a1| + |az| + |B| = &,

(3.3.13) Dy Doy m)| < Fe (N3 1) + [V g, ) B0,
310|030} (B2) | < B (Nt 1) 1V, )0
(3.3.15) ‘D;Dﬁ (a;:)(my,n) < B (Ner )03 1) + Vg, ) B0,
(3.3.16) ’D;ID;’-’Dﬁah(a,y,y',n) < F, (Nkﬂ(y)(hf%[hH||VHEW§I )h (laal+laz )8

for all (h,o,y,y',n) € (0, ho] x (h‘%lh) xRYx R x (.

This means that Ky € Sg, 684); € Sg, agn" € 5"S

Proof. The first estimate comes from the relation y(o; x(o;y,n),n) = y which by differentiation
gives

dy Ok 7 Oy Ok _ 3y

3 " By o

Now the case k = 1 follows from (3.3.11), and by differentiating k+ 1 times and using an induction
we get (3.3.13).

From the definition of ¢ as a solution of the Hamilton-Jacobi equation associated to p, we see
that ¢ is a generating function for the Lagrangian surface

{@:0(): . nlasy.m)min(esym)m o € (b3 (y.n) € R},

so that
0 0
(3.3.17) 5*3(07.%77) = ((o;K(o3y,m),n), 87375(0’ y,n) = k(o5 y,n).

This immediately implies (3.3.15), and since ¢ € S, k € $¢ and obviously 1 € S, we can use
Proposition 3.2.7 to get (3.3.14).
At last (3.3.16) follows directly from the definition of 6 and from (3.3.14). O

3.3.2 Construction of the amplitude

The first step in constructing the amplitude is to compute the expression

Tn(0,y,y'\n) = e~ on(ewn) p, (eih_l(i)h(a’y’”)éﬁ (my,y'm)) :

This is a classical computation, identical to the one performed in [8], section 4.7.1. This yields,
taking h,o,y’,n as parameters, for all N € N*,

laf
s =0 (0. 500 ) pe) + S D2 [(037) (500000 06|

1<|a|<N-1

+Un(y) + Rn(y) + Sn(y),

Y (y)

z=y
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where ¥(y) = v (8¢" (o,y,m) — y’) which has been defined in (3.3.2), and 6 has been defined

n (3.3.12). The first remainder contain all the terms where ¥ is differentiated at least once,
(3.3.18)

ol N
EUED SR DI ) R [ [T L M 10}

(o
1<]al<N -1 0<|Bl<]al—1

the second is the Taylor remainder due to the change of phase,

(3:319) R () = gy [ [ €707 w2 )b) dy

with

N —1/9a a
rN(y, 2, 1) = Z ol (1 _)‘)N 1(877@(%2’”"")‘9(3/72))” dA,

and where k € C2° is 1 on the support of p(y, z, u + 6(z, 2’)), which is compact locally in n
because the phase is locally bounded in 7. The last one comes from this x term, and it is

la|+18] 1
IDIEDD ha!ﬁ! //0 (1= NN i) foop (9, y + Mopr) dXdps,

|a\<N 118]=N

(3.3.20) Sn(y)

where

fas(y,2) = 02 D2 [(955) (v, 2,0y, 2)) B(=)]

Now ¢ satisfies the eikonal equation (3.3.3), so that we have

(3.321) e~th W (R, + iP) (eih’1¢<y>'5 (y))

|| =1
—nlabri Y T D (055) (5 002 bG)|

1<|a|<N-1

U(y)

z=y
+ (hbd, ¥ + iUy) + iRN + iSN.

We want this to be O(hV*1). Let

Ja|—1
(3.3.22) Tn :=0,b+1 Z h o D¢ [(8,‘;‘17) (y,2,0(y,2)) b(z)] ’

1<|a|<N-1

z=y’

so that we want Ty = O(h).

Writing
d
L:=0,+ Y ai(y)dy, +cly)
=1
where
0
ai(y) = (n.p) (y aj@)) ,
(3.3.23)

d d
() =3 00,09 (. 520 ) + 3 00000) (.50 0)) (21:91,0) )

i=1
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we can rewrite (3.3.22) as

(3:3.24) Ty =Lhy)+i >~ DE[(957) (5,2, 0y ) b(:)] | _,
2<|al<N-1
For a fixed v satisfying
(3.3.25) O<v<1-9%
we look for b under the form
N
(3.3.26) b= h*"b.
k=0
Inserting this ansatz into (3.3.24) gives, after a change of indices,
N
Ty =Y W™ Lbi(y)
k=0
(3.3.27) N1 Llal—1-v
iy WY = DE(07P) (0,2, 0(y. ) b ()], -
k=1 2<]a|<N-1
We take by as a solution of
Lby =0,
(3.3.28) 0
bo(n)le=0 = x(n),
where x € C°(R%\ {0}) is the Cauchy data needed for b.
Then we will recursively construct b, 1 < k < N as a solution of
t=F=—i Y P D [(035) (50000 2) e ()]
k= Lj—1:= "1 — 0 Y [\OyP) Y, 20, %)) Ok—1\2) ||, _

bk’|o=0 =0.

Again, (3.3.28) and (3.3.29) are solved by the method of characteristics. First we study the
highest-order coefficients.

Lemma 3.3.5. For1<:<d, q; € Sg(h_%lh).

Proof. We know from Proposition 3.2.11 and the remark that follows it that 8,,p € S§. From
Corollary 3.3.4 we have that g—ﬁ € S9. Then, using Proposition 3.2.7 gives the lemma. O

Now consider the differential equation

Y(J) = a(U7Y(U)7n)7
Y(0)=y.

From Lemma 3.3.5, a is bounded, so the system has a unique solution on h=21I,. Now we remark
that

ou_ o 0%
dy  Oyon o> Oy*’
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Thus, using Proposition 3.2.11 and noticing as in the proof of Corollary 3.3.4 that since 22 =

oy
K , we can differentiate to get P9 _ ¢ 05 which is bounded by (3.3.11) and (3.3.13), we
Y g

) oy — 9y oy’
find that g—z is bounded.
Proceeding as in the proof of Proposition 3.2.9, we differentiate the equation in y and use

Gronwall lemma to deduce that
aYy
— -1
‘ oy
so that the map y — Y (o;y,n) is a global diffeomorphism with inverse p(o;Y,n). Now again

differentiating the equation and using the Faa-di-Bruno formula, we can prove by induction the
following result.

<F (NQ(W)(h*%Ih) + IIVHE(h—%zh)) e,

Lemma 3.3.6. The functions Y and p both belong to Sg(h*%Ih).

Now we see that

d b,

S ey = (G240 9,) (@Y (0)) = ()0, Y(0)) + Fyoa(a: Y o),

so that the unique solution of (3.3.28) and (3.3.29) is

bo(o,y,n) = x(n) exp UC(S7Y(S;M(0,y,n),n)m) ds |,
(3.3.30) i (/0 >

bj (0—’ Y, 77) — / ef; C(SI,Y(S/§M(O',?/;7I)’77)’77) ds’ ijl (S, Y(S, ,LL(O'7 n 77)7 77), 77) dS.
0

The main result in the construction of the amplitude is the following proposition on the regularity
of the b;s.

Proposition 3.3.7. The symbols b; are in Sg(h_%lh).
Proof. Step 1. We start by showing that
(3.3.31) eJs el Y (Suloymm)m) ds’ o S’g(h_%lh).

This will be a consequence of the simple remark that if a € S§* with m > 0, then e € Sg. So we
need to show that

(3.3.32) [ el Y (itogmmn) ds € S3En),

First, from Lemma 3.3.6 we now that Y and p both belong to S’g, and then Proposition 3.2.7
implies that Y (s; u(o,y,m),n) € S3. Therefore, once again, by Proposition 3.2.7 we only need to
prove

(3.3.33) / (s, y,n)ds’ € SUh™21,).

(Recall (3.3.23) for the definition of c.)

From Corollary 3.3.4 we know that %) € Sg and giyq; € Sg‘;. On the other hand, one can deduce
from Proposition 3.2.11 that

p(y,n) € S5, 9y 0yp)(y,y,m) € S
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Then, by Proposition 3.2.7 we get

(030)(y: 040 (y)) € S5, (B 0yP)(y,y, 0yb(y)) € S5

and hence
(02p)(y, 0y 6(y)) 26 (y) € S5°.

Consequently,
/ (aﬁp)(s’,y,8y¢(s’,y))8§¢(s',y) ds' € 89, / (Oy Onp) (s, y, Oy (s’ y), ) ds’ € S2.

With this, we get (3.3.32) and thus (3.3.31).
Step 2. We now need to prove that

(3:3.34) | B Y sslo ) ds € S0 1),
0

We write for any 2 < ¢ < N —1,

Gj—l(aa Y, 7]) = hMiliV D,Lz [(8:7@ (Ua Y, z, 0(0’, Y, Z)> 77) bk—l(z)] |

z=y '

Since Y € S’g, by Proposition 3.2.7 we see that to obtain (3.3.34) it suffices to prove that for
any A = (a, f) with |a| + |58] = k > 0 there holds

(3.3.35) DG 1 (5,5 m)| < B (Niesa () (™3 1) + V1] ) oot

E(h™3 1))

where DA = (Dy, Dﬁ) Again, the Faa-di-Bruno formula implies that DAGj,l is a finite linear
combination of terms of the form K - Ko with

K, = hld=1=vph {D? [(8;}73) (0,9,2,0(y,2),n)] |z:y},

Ky = D" D2b; 1(0,y,n),
where A; = («;, 8;), |A1] + |Az| = |A|, |e1| + |e2| = |¢|. By induction, there holds

) ) ) y )
|K,| < Fk(m)h—(|a2|+|bz\)5.
On the other hand, thanks to Proposition 3.2.12, we can deduce without any difficulty that
|Ky| < ﬁk(_._)h\blflwh*(\al|+\L1|)6.

Consequently, |K; - Ko| < Fy,(...)h™ where, since |¢| > 2,

M= =1 —v = (Jau| + 0]} = (las] + 123 = |1l (1 = 8) = 1 = v — |l

(3.3.36)
>2(1-0)—1—-v—Jald=1—-v—20—|a|d > —0 — |ad.
Therefore, we obtain (3.3.35). O

Remark. 1f instead of (3.3.26), one takes b of the usual form b = >~ h*by, then a similar computation
shows that step 2 of the above proof does not work.

In summary, we have proved that
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Proposition 3.3.8. Let ¢, be the solution to the eikonal equation (3.3.3) and b; € SY(h~2 1)
given by the formula (3.3.30). We have

(3.3.37) e (hd, + iP) (e“fld%) = hTNT + hbO, U + iUy + iRy + iSy.
with
1 (N+1)v h‘Oé'_l_u o >
(3.3.38) Ty =ih Z — Dg [(8np) (y,2,0(y,2)) bN(z)] ‘Z:y ,
2<|a|<N-1

and Uy, Ry, Sn given by (3.3.18), (3.3.19), (3.3.20) respectively.

Define the "error" of the parametrix to the exact solution as
(3.3.39) Ry (0,y) := (h0y + iP) (Kv) (0,y) .

Then using the preceding proposition and our study of the phase ¢ and the amplitude before, we
can prove using the stationary phase method as in Proposition 4.31, [8] that v defined in (3.3.1)
is a good parametrix in the following sense

Proposition 3.3.9. Take My an integer. Then for any N € N, there exists a function Fy :
R™ = R" such that

sup || Ri(0, )| oo ety < Fwv V() + IV ) Y (o]l 2
0<o<h?
Remark. In Proposition 4.31, [8], ||v||z2 on the right hand side of the preceding estimate is
replaced by |[v|p:. Let us remark how to get ||v||, . as above. According to Lemma 4.33, [8] R},
can be written as

Rh(aay) :/H}l(gay7y/)v(y/)dy/

where the kernel Hy, satisfies the following property: let kg > d be an integer then we have for
some p > 0

(3.3.40) sup (m(o,y,y',n))k | DEH L (0,y,y)] < Co.nh?Y,
o€l0,h?],yeR,y’€R4|n|<C

with

m(aa Y, y/, 77) = aﬂ¢(0a Y, 77) - y,'
We only need to bound Ry, in L?, the bounds for 85 Ry, in L? follow similarly. Now by the Schur
test it suffices to prove that

sup /IHh(y,y’)I dy < OnhPN, sup /IHh(y, y)|dy' < CnhoN
o€l0,h%],y’€ER o€[0,h%],yeR

In view of (3.3.40) this reduces to

swp [ mlay. ') ody < Cne,
7€[0,h%],y’ €R, |n|<C

sup /(m(my,y’,n»_k”dy’ < OnhPN.
o€[0,h%],yeR,|n|<C

The first inequality was proved in Lemma 4.32, [8]. For the second one, the obvious change of
variables y' — 7 := 0¢¢(o,y,m) — ¥ gives the conclusion.
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3.4 Strichartz estimates
We first derive Strichartz estimates for the semi-classical equation (3.2.41). If v) is the

initial datum for this equation, recall that the parametrix Kv) is defined by (3.3.1), where ¢ and
b were constructed in the preceding section. The kernel of K is

Kh(a, Y, yl) = (27Th)_d / €ih71(¢h(my7n))_y,.n)5f; (07 Y, y/a 77) X1 (77) dn7

so that
Koj, = /Kh(a,y,y’)vﬁ(y')dy’-

The parametrix IC at time 0 is a good approximation of the initial value, as proved below.

Lemma 3.4.1. For any integer My greater than d/2, we have

(3.4.1) Koy (0,9) = vp(y) + ra(y),
(3.4.2) 7l gato (may < Fw (- )RN [oall oy, YN €N

Proof. Keeping in mind the initial conditions imposed on ¢ and b, and the fact that v is localized
in frequency, we have equation (3.4.1) with

uly) = (2nh)™0 // e =T () (1= W (y — o)) o (y') dy' doy.

Now for |8] < My, ijrh (y) is a finite linear combination of terms of the form

—d— ih~Y(y—v')-
et [t s, (- )R d dn. (5] < 18]
where |y — 3| > 1 on the support of Wz, . This is a convolution of v)(y') with

wn(Y) = i1 / Y B ()W, (V)

with |Y| > 1 on the support of ¥g,. This is an oscillating integral, and integrating by parts with
the vector field 1

L=——= Y;0,.

v 2
yields
wn(Y) = W[ YD (5 () W, ()
Hence, the L' norm of wy, is bounded by Fy(...)RM =415l for all M € N, so that for |5 < Mo,
1DFrall o < Far o OpM = o]
This concludes the proof of (3.4.2). O
Now define T}, the propagator of our (homogeneous) semi-classical equation, i.e.,

{ (hds +iPy) (Th(o,00)v)) (y) =0,

4.
(3 3) (E(Uo, 0'0)'02) (Z/) = ’U?L(y)7
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where h € (0, ho] with hg small enough, 0 < |0 — ag| < h%, y € R? and ;}E supported in C. Then
using the Duhamel formula and (3.3.39), (3.4.1) we can write

(3.4.4) T (0, 00)0) = Ko (0 — 00 — T (0, 50)rn — / T (0, 5) Ra(s) ds.

By classical energy estimates, we have that 7j, is bounded on Sobolev spaces (and notably on L?),
uniformly in time. This, combined with Proposition 3.3.9, (3.4.2) and (3.4.4), gives

sup HIC1}2(U)HL2 < F( o) HU2HL2 )
0<o<h$

Thus to use the classical TT* argument and prove Strichartz estimates, we only need to prove
the following lemma.

Lemma 3.4.2. There holds for any 0 < o < h®,

~ _d
|"C(U)’C*(0/)“2||Lw(r{d) < F(Ek) i o —o'| > HUfOLHLl(Rd) )
where K* denotes the adjoint of KC.

Proof. Here we follow the proof of Theorem 10.8, [113]. The bound of the Lemma will be implied
by an L bound on the kernel of C(0)K*(o”), which is

W(o,o' z,2) = (i) 2)2(1 ///6%(dm(071’»77)*dm(v',z,C)*y-(n*C))B dyd¢ dn
7r

where B € S9.
In the (y, () variables, ¢, is non-degenerate and it is stationary at ( =1, y = 0c¢n(d’, 2,().
Thus using stationary phase we get

1 i ) ’

where again B’ € SY.
Now the phase of this oscillating integral is

(5 I:¢h(0, 37777) - ¢h(0/’ 2777)
=(0 = o) (n(0,2,n) + O(|s| + |¢'])) + (x — z,n + o' F (o', z, z,m))

where F' is in S§ with seminorms controled by F'(Z},), and the constant of the O is also of this
form. The phase is stationary when

046 = (I +0'0,F)(x — 2) + (t — 8)@ypn + Olo]| + |o”])) =0,

and since for h small, ¢’ is small and thus (I 4+ 0’0, F) is invertible, the phase can only be
stationary when 2 — z = O(o — ¢’). The Hessian is then

976 = (0 — ') (D;pn(0,2,m) + O(|o| + [o”])).
Since 5,2,ph(07 x,n) is non-singular, stationary phase gives for |c — ¢’| > Ch that
. _4
\W(o,0',2,2)| < F(E)h™ % |o—0o'| 2,
and for |0 — o’| < Ch, it is easily seen that
. . , _d
\W(o,o',2,2)| < F(E)h *<FE)h 2 |o—d| 2

also. This concludes the proof of the Lemma. O
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Now the TT* argument (see Theorem 10.7, [113]) can be invoked to prove the Strichartz
estimates for the parametrix :

Proposition 3.4.3. For any 2 < p < oo, 1 < q < 0o such that
2 d d

p g 2

there is a nonnegative nondecreasing function F such that for 0 < h < hg small enough, there
holds

10 oo sty < FEOR [0 sy -

This, Proposition 3.3.9, (3.4.2) and (3.4.4), the boundedness of 7, on Sobolev spaces and
Sobolev embeddings give the same Strichartz estimates for (3.4.3).

Corollary 3.4.4. For any 2 <p <00, 1 < q < oo such that
2 d d

p q 2

there is a nonnegative nondecreasing function F such that for 0 < h < hg small enough, for
any oo € hfél, there holds

0 FEVE~F |40
Hﬂf"h||Lp((ao,ao+h6);Lq(Rd)) <SFEhy thHL?(Rd)'
Now, recall from (3.2.41) that with vy (0, y) = wi (0, Xr(0,y)) there holds
(Lnwn) (0, Xn(0,y)) = (h0s +iPn) vn(o,y) = 0.

Denoting by Sp(o,09) the flow map of Lpw,(o,2) = 0 we deduce immediately from Corollary
3.4.4 the following estimates.

Corollary 3.4.5. Let x € C>°(R%) be supported in C = {€:1<|¢] <2}, Take 2 < p < o0,
1 < g < oo such that

4=

2 d_d
p q 2

There is a nonnegative nondecreasing function F such that for 0 < h < hg small enough, for
1
any o9 € h™21, there holds with w9 := x(hD,)wo, for any L* function wy, that

(] = A CA g [ Py

We are now in position to derive Strichartz estimates for the operator L;, whose flow map is
denoted by S;, using the relation (3.2.21):

h%(LjUj)(h%O', x) = Ly(o,x)wp(o,2), wp(o,z) = uj(héo7 x) h= 277,

Theorem 3.4.6. Let I; = [to,to + 2790+3)]. There exist k € N, and jo € N such that for
any s € R and € > 0 there exist F, F. : R™ — R such that if we have

LjUj = 0,
’U,]’(to) = U?,
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where u;, u? and Fjs are supported in the annulus C; = {5 : %Qj <lg < C’2j}, then there exist
k = k(d) and jo € N such that for j > jo, we have

- 0 .
sl o, o oo gy S FAV) 6]l oy > A =1,
- 0 L
||Uj||L2+E(Ij’W57%+%7E’OO(Rd)) S F€<N) HujHHs(Rd) I Zfd - 2

We now glue together the Strichartz estimates in the preceding proposition to get Strichartz
estimates in the full time interval.

Corollary 3.4.7. Recall that I = [0,T]. Put s = § + 6. There exist k € N, and jo € N such that
for any s € R and € > 0, there exist F', F. : Rt — R such that if we have

{ Ljuj(t,z) = Fjs(t, x),

(3.4.5) u;(to, x) = ul(z),

where u;, u? and Fjs are supported in the annulus C; = {§ : %Qj <lg < C2j}, then there exist

k = k(d) and jo € N such that for j > jo, there holds

Proof. Take a cut-off y € C2°(0,2) equal to one on [3, 3]. Define for 0 < m < [2¥T] — 2 the

interval I ,, := [m2%, (m + 2)27%7], and the associated cut-off x; ,(t) :== x (t_z”i%;gj ) We have

; tm27s7
Li(xjmui) = X3 kFjs + 257X ( 2 ) U
with x;mu(k2757) = 0. Then applying Theorem 3.4.6 to x;xu; with the help of the Duhamel
formula, noticing that the flow maps S(¢,7) are bounded on Sobolev spaces and x;m = 1
on ((m+ 1)2%, (m+ 2)27<9), we find for d > 2
L1(17HS)>

Then we multiply both sides by 2757/2 and use the fact that u; and Fjjs are supported in annulus
to find

||uj ||Lz(((m+%)27<j’(er%)Q—gj)’st%Jr%fs,oo)

, [t —m27S
=y

< F(ER) (Q_Cj/z 61l L2 ((ma-ss (m2)2-<i), 1) T HujHLoo(z,Hs)> .

< F(Ek) <||Fj6||L1((m2<j,(m+2)2<j)7Hs) +2¢9

H“jHL2<(<m+é>2*<ﬂ',<m+%>2*<1>,w5*%%*%*m)
< F(Ek) (”szS||L2((m2—<j7(m+2)2—<j)’H>—<) + 2<j/2 HUJ'HLOC(I,Hb)) .

At last, elevating at the power 2 and summing back the pieces, and adding the control of the first
and last pieces using Theorem 3.4.6, we find the result as claimed.
The case d = 1 follows along the same lines. O
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The next step is to derive Strichartz estimates for the non-regularized equation. For these
estimates, one need the following higher order semi-norm of ~
(3-4.6) Mi()(J) = ) sup :
181<k £€C

el

Le(JsW2 ™ (R4)

and we put B
E = M) + Ne(M(T) + Ni@)(J) + IVl gy -

Corollary 3.4.8. There exists k € N, and jo € N such that for any s € R and € > 0 there
exist F,F. : Rt = R" such that if we have

(347) {(at+iT7+TV.V)uj:Fj,

u;(0) = u),

where u;, ug and F; are supported in the annulus C; = {f : %2j <lg < CQj}, then there exist
k =k(d) and jo € N such that for j > jo, we have
— ifd=1,

< F(Ek)

143 g e by (L] 71 PP

— ifd>2,

il g ety S P ) (I3 g et ey + 1l ey )

for j = jo-

Proof. By (3.2.14), (3.2.15) and (3.2.16) we have that if u; is a solution of (3.4.7) then u; is also
a solution of (3.4.5) with

Fjg = Fj + Rj + ZR; + (S(j_3)5’7 — Sj_37) Aju + (S(j_3)5(V) — Sj_g(V)) . VAju
= Fj =+ ﬁj.

From Lemma 3.2.3 we have that R; and R; are of order 0. On the other hand, with p=4ifd=1
and p = 2 if d > 2, there holds

[(SG-36(V) = Sj=s(V)) - Vi || Lo o9y mayy < IVl 1851 Lo (1,115 (rey)
H(S(]—?))(s(ry) - Sj—3(7))uj||LP(I7HS—%(1—5)(Rd)) S Mk(v)(']) HujHLOO(LHS(Rd)) .

Those are classical regularization results (See e.g. [100], Section 1.3).
We deduce that

) F

J

<F
Lo(1 " 30O Ra))

Er) sl poe (1, s () -
Now, choosing § = % gives ¢ = %(1 —¢) and then Corollary 3.4.7 concludes the proof. O

Finally, we prove our main theorem.
Proof of Theorem 3.1.1
Let u be as in the statement of the theorem, by (3.2.3) w is a solution of

ou+iTyu+Ty - Vu = f —il,u.
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Then, by (3.2.9) Aju solves
(8t -I-ZT’Y +TV . V) Aju = Fj

with

Fj = Ajf — ZAJ(TW'U/) + 7 [T’YV A]] u+ + [Tv, AJ] . V’LL.
Notice that F}; has spectrum in C;. Applying the symbolic calculus Theorem A.0.4 we deduce
that

185 (Torll gy, < CNe ) Nl e
Ty ATl g ey < ONO) 0l 1y

I[Tv, Al - VUHLP(I;HS)) < CVlg ||UHL0<:(1;Hs)) :
Then we can use Corollary 3.4.8 on Aju to prove
18sul e gy < NGO+ IV (171 g ot gy + Nl ey )
for j > jo, and using the bound
A5l s g oo gayy < €2 Null oo ety < C el oo (1,112 ()
for j < jo, we finally obtain
—Jje )
o g ety S D027 I8 e iy
J

which is bounded by the desired quantity.

3.5 Cauchy problem

We are now in position to derive the Cauchy theory announced in Theorem 3.1.6. Let
s—‘,—l S d
(10,%0) € H"2 x H*, s>2-5+u

be the initial data such that dist(ng,I") > h > 0. We regularize (19, 10) to a sequence (1§, §) €
H* x H* converging to (1g,%0) in Hs*z x H®. Then we can choose a uniform hqg > 0 such
that dist(n§,T") > hg. For each initial condition (1§, ¥5) we know from the local well-posedness
theory in [3] that there exists a smooth solution (n%,°) to (3.1.2) with the maximal life time
interval [0,77). Applying our a priori estimate of Proposition 3.1.3 and the Strichartz estimate of
Corollary 3.1.2 give for each £ > 0

Mig+ Zig < Fug (Moo +T°F (Mir + Zig)) . VT € [0,T7), Ve > 0.
with obvious notations. Combining this estimate with the blow-up criterion in Proposition 2.4.8
one deduces by standard argument that there exists a time 7" > 0 uniformly in € > 0 such that
T > T. Set I =[0,T]. By virtue of Proposition 2.5.9, the sequence (7°, %) is Cauchy in
X785 = 0L HTY(RY) x HET5(RY)) N LP(L; W3 (RY) x W1 (RY))
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and therefore converges strongly to some (n,1) in X*". On the other hand, this sequence is
bounded in

Y7 = (n,1) € L®°(I; HV 2 (RY) x HS(RY) N LP(I; W2 (RY) x W™ (RY)).

Therefore, it converges strongly to (17,¢) in X*"" for any s’ < s, ' < r and weakly to (1, ) in
Y%, Consequently, one can pass to the limit in the system (3.1.2) as ¢ — 0 to have that (n,) is
a distributional solution to (3.1.2). Here, we remark that the only nontrivial point is to pass to
the limit in the Dirichlet-Neumann operator G(n.)v., this is done for example in [§], Corollary
5.16. Finally, by interpolation it holds that

(n,9) € CO(I; H+2 (RY) x HY (RY)), Vs <s,

which completes the proof of Theorem 3.1.6.
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Fond émergent
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Chapitre

Capillarité dans un canal

Cette note est inédite.

4.1 Introduction

The water waves problem studies the motion of a fluid in a container, separated from the
atmosphere by a free-moving interface, under the action of gravity and surface tension. Here we
consider the cases of an infinite canal and of a rectangular basin, with vertical walls.

More precisely, the fluid occupies a time-dependent region €2; situated below a moving
surface ;. Thus the vertical — up-pointing — direction e, is distinguished from the horizontal
directions e, , €;,. To simplify matters we assume that 3; is the graph of a function n(t, z1,x2) —
this means that we forbid configurations where the fluid overhangs itself, like rolls or breakers.
Thus for ¢ € [0, T,

Q= {(z1,22,9) € M x R;b(x) <y < nt,z),z = (x1,22)},

where M = (0,1) x R in the case of an infinite canal or M = (0,1) x (0,L) in the case of a
rectangular basin, and where b is a real continuous function on M, describing the topography of
the bottom. The function 7 is real, continuous, and defined on [0,7] x M. We define by I'; the
portion of the fixed boundary that is underwater,

Ft = 3Qt \ Et'

An important assumption on the domain is that the surface only meets the container along the
vertical walls. Mathematically this means that for ¢ € [0, T7,

(B) Jhy > 0,b(x) < n(t,z) — he, Vo € M.
The fluid is assumed to be perfect, incompressible, non-viscous, and of constant density and

temperature. Thus its velocity field u(t,z1,z2,y) € R>, defined for ¢t € [0,T], (z1,22,y) € U,
follows the incompressible Euler equation

O+ u - Vi yu + Vy oy P = —gey,
Vi - u=0,
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where x := (z1, 22) stands for the horizontal variables, P(t,x,y) € R is the pressure, and g > 0
is the acceleration of gravity, supposed uniform and constant. To simplify the study and focus on
the dynamics of the surface, it is customary to impose in addition the condition

curly 4, v = 0,

which is conserved by the flow.
The free surface is assumed to move with the fluid velocity, thus

om(t,z) = v(t,z) - u(t,z,n(t,x) = uy(t,z,nt, x)) — Vn(t,z) - ug(t, z,n(t, z))

where v = (—Vn, 1) is the exterior normal to X, and u := (ug, uy), with ug := (ug,, ug,). The
velocity field value at the boundary I'; of the container needs to satisfy the no-penetration
conditions

u-n=0

where n is the normal to I';. This and the equations prescribe the normal derivative of the pressure
at I'y, thus we need only to prescribe the pressure at the free surface ;. The presence of surface
tension corresponds to a jump of the pressure across the interface, proportional to its mean
curvature

Vn

V14Vl

Assuming the atmospheric pressure to be a constant — which can be normalized to 0 since the
equation depends only on its gradient — this means that

H(n) :=div

P(t7xa77(tvx)) = —“H(ﬁ)(fvfﬂ%

where k > 0 is the surface tension coefficient.
Under the incompressibility and irrotationality conditions, the velocity of the fluid is the
gradient of a harmonic function ¢ : ; — R. Thus

v = Va0,
with
(4.1.1) Agyd=0 in Q4.
The boundary conditions on ¢ translate as
(4.1.2) Ond =0 onTYy.

Thus if we know the value of ¢ at the free surface ¥;, we can solve the Laplace problem (4.1.1)
in Q; with this Dirichlet datum at ¥; and Neumann condition at the rest of the boundary 0¢;.
Thus we only need to know the evolution of the function

w(f'a J}) = ¢(ta L, 77(?57 JJ))

From the Euler equation and the Pressure value at the surface, we see that
1 s 1 9
0t = —gn -+ wH(n) — 5 Vo[ = 5(8,0 on %,
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while the dynamic boundary condition becomes
On = 0y¢p —Vn-V¢é on 2.

Thus, by introducing the (rescaled) Dirichlet-Neumann map

(GM)Y) (t,x) = Byd(t, z,m(t, x)) — Vn(t,x) - Vo(t,z,n(t,x)) = \/ 1 + [V 0ndlymnie0)

we obtain the system

on —G(n)y =0,
(4.1.3) 1(Vn- Vo + Gn)y)”

2 1+ |Vn[®

1
O+ gn— kH(n) + 5 VoI - =0,

which is due to Zakharov ([111]) and Craig-Sulem ([35]). Here the advantage is that n and 1 are
both real-valued functions of (¢,z) € [0,T] x M.

In this case, the surface X; and the container I' intersect, and the exact nature of the boundary
conditions to be imposed at this intersection are unknown. The Cauchy problem has been
extensively studied in the case where ¥; and I are clearly separated, corresponding to a laterally
infinite ocean with a fixed separation between the bottom and the free surface — see for instance
Nalimov ([83]), Shinbrot ([93]), Yosihara ([109, 110]), Craig ([34]), Beyer and Giinther ([19]),
and Wu (]104, 105]), and the works of Alazard, Burq, and Zuily ([3, 7, 8, 4]). However, if this
separation condition is removed, almost no such results exist. One exception, when surface tension
is absent, is in the case described above of an infinite canal or a rectangular basin with vertical
walls. In this setting, local existence has been proved in [9] using the observation that the angle
between the free surface and the walls is necessarily a right angle, and simple reflection and
periodisation tricks to deduce local existence from results valid on the Torus.

In this article, we prove a similar result in presence of surface tension, thus k # 0, and we
normalize it to 1. Here, there is no physical obligation for the surface to meet the boundary at a
right angle, however we will see that if such is the case initially, it remains true for a short time.
To encode this information, we will introduce for s > 1 + g the space

Hy(M) :={u € H*(M);0,u =0 on oM},

where v is the normal to M. In the case of the rectangular basin, the normal is not defined at the
corners, but this means that both 8,,u and 9,,u are 0 there. Since s > 1+ 4, H*(M) C C*(M)
so that the definition makes sense. This corresponds to Sobolev functions that meet the walls of
the container at right angles. Our theorem is as follows.

Theorem 4.1.1. Takes € (3—35,3),2 <r <s++—1, and M = (0,))xR or M = (0,1)x (0, L).

-3,
Consider initial data )
(0 t0) € Hy "2 (M) x Hy(M),

satisfying Assumption (1.1) at initial time t = 0. Then there exists a time T > 0 depending only
on the norms of those initial data and the hg in Assumption (1.1) such that the Cauchy Problem
of (4.1.3) admits a unique solution

(1) € C (0, 7); Hy"* (M) x Hy(M)) 01 22 ([0,7); 744 () x €7 () ),
satisfying Assumption (1.1) for each time t € [0,T].
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Remark. 1. The condition s < 3 is a necessary limitation to the method. Even starting from
smooth initial data, the symmetrization trick will transform 7 to an H s+3 function of the
Torus, with s < 3, so that the solution we construct will only have this regularity. See
Section 4.2 for details.

2. To solve the Cauchy problem at this low regularity, the energy estimates are insufficient,
and one need to use Strichartz estimates for this equation on the Torus. Nguyen and the
author have proved such Strichartz estimates and used them to solve the Cauchy Problem,
in the case of the whole space, in [86, 87]. We explain in Section 4.3 how this adapt to the
Torus.

3. The use of such Strichartz estimates explains why the uniqueness is only known to holds in
the space

C ([O,T];Hff%(M) X H;(M)) nL? ([o,T];CH% (M) x C" (M)) .

4. In [9], Alazard, Burq and Zuily proved the corresponding result in the absence of surface
tension, within the class of uniformly local Sobolev spaces. In the case of the infinite canal,
this means that no decay of the data at infinity is required. However in the presence of
surface tension, the propagation speed is infinite, and such a result is unlikely to hold.

4.2 Reduction to the Torus

The symmetrization procedure we follow is due to Boussinesq (see [24], p.37) and has been
used by Alazard, Burq and Zuily in [9] for the pure gravity case. This procedure can be describe
as follows.

Take a smooth function u in M, where we take M = (0,1) x R to simplify. We can symmetrize
this function with respect to the line 7 = 0, giving us a function on (—I,1) x R, with the same
values at x1 = —! and z; = [. Thus this function ca be thought as periodic in x1, and thus as
an even function on Ty x R, where T3, := R/2IZ is the flat torus of period 2I. For the case
of M = (0,1) x (0, L), one performs successive symmetrizations along the line z; = 0 and x5 = 0
(the order of these operations does not matter, obviously.) Then one can lift the function to the
flat inhomogeneous Torus TgmL = (R/2lZ) x (R/2L7Z).

Now the problem with this symmetrization procedure is that even if the original function w is
smooth, its reflexion with respect to 1 = 0 is not guaranteed to be smooth. In fact, taking the
example of a linear, non-constant function shows that a Lipschitz singularity appears in general.
However, in the case of functions satisfying 0., u = 0, the singularity is of higher order. The exact
mapping properties of this reflexion, in terms of Sobolev spaces, are summarized in the following
one-dimensional Proposition from [9].

For a smooth compactly supported function v on [0, +00), define its extension v® to R by

v v(y) ify>0
(4.2.1) vV (y) : {U(—y) iy <0,

This map obviously lift to distributions, and thus to Sobolev spaces.

Proposition 4.2.1. (Proposition 6.5 of [9].)

1. Assume that 0 < s < 3. Then the map v — v® is continuous from H*(0,+o0) to H*(R).

2. Assume that % < s < % Then the map v — v is continuous from the space {v €

H*(0,4+00),v'(0) = 0} to H*(R).
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Then we can define the symmetrized-periodized extension of a function u € C§°(M) as follows.
For M = (0,1) xR
u(xy, o) f0<ay <l
(4.2.2) ’U/ﬁ(itl,l'g) = u(—w1,20) if —1<2 <0
w(wy — 2kl x0) if =142kl <xy <142kl k€ Z.
This again lift to Sobolev spaces, and since the periodization procedure preserves regularity we
have the following Corollary.
Corollary 4.2.2. Let M = (0,1) x R.
1. Assume that 0 < s < 3. Then the map u — u* is continuous from H*(M) to H*(T3, x R).
2. Assume that 3 < s < I. Then the map u— u* is continuous from Hy (M) to H*(T3, x R).

it
Thus the regularity s € (3 — 3/10,3) of Theorem 4.1.1 is sufficient for both 7y € H'® (M)
and 1y € HE(M) to keep their regularity by this procedure. This explains the higher limit s < 3.
In the case M = (0,1) x (0, L) we pose
(Z‘l,mg) 1f0§$1§l70§I2§L
(1‘1, 2) if—l§1‘1<0,0§$2§L
u(xy, —x if0<z <Il, -L<x93<0
(4.2.3)  uf(zy,x0) = w(er, —a2) ) ! ?
) if —1<21 <0, -L<29<0
) if =142kl <z <14 2k,
“L+2KL <z <L+2KL, k,K € Z.

( 1, —T2
(561 — 2kl s Ly — 2K L

We again have the following Corollary.

Corollary 4.2.3. Let M = (0,1) x (0, L).
1. Assume that 0 < s < 3. Then the map u — u* is continuous from H*(M) to HS(Tgl oL)-

2. Assume that 3 <s < L. Then the map u— u is continuous from H5(M) to HS(TQl on)-

Now, we have reduced our initial data to Sobolev functions on the flat Torus (or the flat
cylinder). In Section 4.3, we will show how to solve the Cauchy problem for those initial data.
Suppose we have done so, obtaining functions

(.)€ C ([0, T HH (V) x () N1 L2 ([0, T €3 (V) x €7 ()
Here and in what follows,
N: =T xR if M =(0,1) xR,
(4.2.4) ) _
N = TQZ,QL lf M = (O,l) X (O,L).

We now have to show that the restriction of those functions to the original base M solves the
original Cauchy Problem. We start by showing that it is in the good functional space.

Lemma 4.2.4. Take (n,v) as above, the restriction to M of the unique solution to the Cauchy
problem with initial data (ng, wg). Then

(n,0) € € (10,7} Hy (M) < 15, ) 0 L2 (10,75 €74 (3) % €7 (7)),
and (ii(6), $(1)) = ((2), 92(0)) for all t € [0,T).
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CHAPITRE 4. CAPILLARITE DANS UN CANAL

Proof. The fact that
(n,4) € C ([0,T];Hs+%(M) X HS(M)) N L2 ([O,T];C”% (M) x C" (M))

is evident, but we still need to prove the right angle conditions.
Take the case M = (0,1) x R. The water waves equation (4.1.3) is left invariant by the
translation
r1—x + 2kl 1 €Z,

and by the reflection
T+ —I1.

Thus, since the initial data (ng, wg) is also invariant by those transformations, the solution keeps
this invariance property, as a consequence of uniqueness. Now this obviously entails this right
angle result.

The case M = (0,1) x (0, L) follows along the same lines. O

Now the above argument obviously applies also to the harmonic potential ¢ in the periodized
fluid domain, so that 9., (0, z2,y) = 0 and the same on the other boundaries, and ¢ = fi¢. As a
consequence, at a point (¢,x) € [0,7] x M,

Gm(t, z) = G()p(t, ).

Thus the functions (7, ) solve the original Cauchy problem, uniqueness being insured by the
requirement that (nf,1*) = (7,4), for which uniqueness is already known. Thus the proof of
Theorem 4.1.1 is reduced to solving the Cauchy Problem in the periodized space V.

4.3 The Cauchy problem in the periodized space

In the new periodized setting, the bottom is parametrized by the function b* which, since it
does not satisfy any right angle condition, has only limited regularity. It however stays continuous,
and this will be all that we need, taking into account (1.1), which becomes

(B Ihy > 0,b(z) < n(t,z) — hy, Yz € N.
The following Proposition allows one to solve the water waves in N.

Proposition 4.3.1. Take N = Ty, xR or N = TgmL. Suppose s > 3 — % and2 <r < S+T30 —1.
Then if

(ﬁo,z/?o) € B3 (N) x H*(N)

satisfy condition B’, there exists a time T > 0 depending only on the norms of those initial data
and the hg in Assumption (B’) such that the Cauchy Problem of (4.1.3) admits a unique solution

(i, 0) € C (10, 7] HF5 (N) x B () ) (1 L2 ([0, T €™ (V) x €7 (V).

satisfying Assumption (B’) for each time t € [0,T).

The corresponding result was proved in [86] and [87] by Nguyen and the author, in the case
of the whole space in arbitrary dimension. Most of the proof is a straightforward adaptation of
those results, as we explain below. The only apparent difficulty is that the compactness properties
of N would seem to precludes the use of dispersion, and thus of Strichartz estimates for such
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an equation with infinite speed of propagation. However, as explained below, the fact that our
parametrix is constructed on semiclassical times is sufficient to recover the estimates, as in the
strategy of Burq, Gerard and Tzvetkov for Shrédinger equation on compact manifolds (]25]).

The main tool used in the proof is Bony’s paradifferential calculus, which is well-known to
work indistinctly in euclidean space using Littlewood-Paley decomposition, or in the Torus using
Fourier series. We thus can easily extend it to work on N in both cases. The first step of the proof
is a paradifferential reduction of the equations, which rest on an analysis of elliptic regularity of
the Dirichlet-Neumann operator, which stays identical in the periodic setting, and on paraproduct
estimates. Thus, dropping the tildes in the variables for convenience, the analysis in [86] shows
that the equation is equivalent to the paradifferential equation

(4.3.1) Ou+Ty -Vu+iTiu=f
for the complex-valued unknown v := Tp,n + ¢T,(v» — Tgn). Here,

g V1 VY + Gy
L+ [Vn|®

, V:=Vi¢—DBVp

are the vertical and horizontal trace of the velocity at the surface and are thus controlled by the
unknowns 7 and %, the symbols p and ¢ are elliptic, respectively of order 1/2 and 0, and smooth
functions of V7. The symbol + is again elliptic, of order 3/2, and a smooth function of V7. The
remainder f satisfies

1 0ze < 2 (Ul govg 9600 ) [ Nl g+ D]

Now denoting by M(T') the supremum in time of the Sobolev norms of the solution, and
by Z.(T) the L? norm in time of their Holder norms, we can use classical energy estimates to
prove that

MJ(T) < F (MS(O) + T (M(T) + Z,,(T))) .
Then, if we can prove that Z,.(T") is bounded by the same quantity, proving contraction estimates
in a lower order norm and using a quasilinear scheme of convergence as in [86] will complete the

proof.
We thus only have to prove that

Z(T)< .7 (MS(O) +T37 (M(T) + ZT(T))) ,

which are the so-called Strichartz estimates (with loss).

4.4 Strichartz estimates

The main Proposition in this section is the existence of a-priori Strichartz estimates (with
loss of derivatives) in the periodic setting.

Proposition 4.4.1. Take N = 7} xR or N = T%LQL, Suppose s > 3 —3/10 and 2 < r <
s+ 3/10 — 1. Then there is a positive non-decreasing function & such that if

() € C° ([0.7); B3 (N) x H¥(N))
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is a solution to (4.1.3) satisfying condition (B’), then
(7, 9) € L2 ([0. T} €3 (N) x C7(N) )

and there holds
Z(T) £ F (My(0) + THF (M(T) + Z,(T))) .

The strategy used in [87] to prove the corresponding estimates in the Euclidian setting starts
with the symmetrized paradifferential form of the equation, where the remainder is controlled
in terms of the Strichartz and Sobolev norms due to the classical paralinearization process and
several cancellations in the equations. This process applies verbatim to the periodic setting. It
reduces the problem to proving the estimates for an equation of the form

Oiu +iTu+ Ty - Vu =0,

where the T,s are paradifferential operators whose norms are controlled through the energy norm
of the solution.

Then, to simplify the form of the equation, we change variables to follow the velocity flow,
which cancel out the transport term. This again is identical.

The next step is the crucial one. The operator T, is of order 3/2, and thus the equation has
infinite speed of propagation. But since we are only interested in local results in time, and thus to
high frequencies (low frequencies being controlled through Sobolev inequalities), we can put the
equation in semiclassical form, where the small parameter h is the inverse of the frequency (5)71
Then, rescaling the time by putting o := h*%t, we obtain a semiclassical equation of the form

(h0, +iP)v =0,

Then the method of Bahouri-Chemin [15] is used : we regularize the coefficient to lie in the Sy 5
class, construct a WKB parametrix on a small time interval of length [0, k%], and use a TT*
argument to deduce Strichartz estimates. and re-sum the time intervals and the frequency pieces,
before optimizing on ¢ to minimize the loss of derivatives.

To implement this strategy in the periodic setting, it has been remarked by Burq-Gérard-
Tzvetkov [25] that one can use a partition of unity to reduce to initial data compactly supported
in a coordinate patch, construct the parametrix as in the Euclidian setting, and observe that for
sufficiently small initial support and sufficiently short time (depending only on the energy norm
of the solution), the finite speed of propagation implies that the parmatrix is still supported in a
coordinate patch, so that the TT* argument can be applied verbatim, before summing up the
spatial pieces. Then coming back to the Bahouri-Chemin method, one re-sum the time intervals
and the frequency pieces, before optimizing on to minimize the loss of derivatives, which yields
the result.
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Chapitre

Estimations a priori pour un fond
emergent

Cet article est disponible sur ArXiv; voir [85].

5.1 Introduction

Suppose we are given a fixed smooth simply connected domain O of R"™, with n > 2. We call M
its boundary, which we assume to be connected. An incompressible fluid fills a time-dependent
domain Q; C O, delimited by M and a time dependent hypersurface S;. We suppose this surface
to be at all times connected, and such that €2; is always compact and simply connected. The part
of M that bounds €, called the bottom, is thus time-dependent. We denote it by B;.

Our last hypotheses on the domain is that for all times the intersection between M and S; is
along a time-dependent compact codimension 2 submanifold, the water line £;. This intersection
is supposed to be transverse, so that notably the contact angle along L; is bounded away from 0
on each compact time interval. The situation is drawn in figure 5.1.

Figure 5.1 — Geometry of the problem

The fluid is described by its velocity v € R" defined for each t on the domain €;, which
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satisfies the incompressible Euler equations in a constant gravity field

Ow+v-Vu=—-Vp—ge,,
V-v=0,

where for each time ¢, the function p : Q; — R is the pressure of the fluid. The constant g > 0
measures gravity, and e, is a fixed unitary length vector which we think of as the upward direction.
The fluid domain moves with the velocity field, and pressure at the boundary is 0, so that

(BC) { D, := 8, + v -V is tangent to U, Q, ¢ R" ™,

p(t,x) =0, z€S;.

Here D, is the material derivative, and the first condition equivalently says that the velocity
of §; is given by v - N with N the unit outward normal to .%%, and that v - v = 0 with v the unit
outward normal on .Z.

At a time ¢t and a point & € % of the waterline, the angle between %, and .%; measured in
the plane of v and N, will be denoted w(zx).

Our objective is to give a local well-posedness result for the associated Cauchy problem. In this
paper, we concern ourselves with establishing a priori estimates. The study of the water-waves
problem has a long story, starting with Cauchy in [28]. The rigorous derivation of local existence
in Sobolev spaces, however, was only established in 1997, by Wu ([104, 105]). Then a number of
other proofs, improving on the regularity, the shape of the bottom, or using different approaches,
appeared in the last 20 years. We only quote Beyer and Gunther in [19], Christodoulou and
Lindblad in [31] Lannes in [70], Coutand and Shkoller in [32], Alazard, Burq and Zuily in [3, 7],
Hunter, Ifrim and Tataru in [52], and with vorticity, Castro and Lannes in [27], and Shatah and
Zeng in [90, 91, 92].

However, all of those papers assume a laterally infinite ocean, where there is no contact
line. One trick to study such a configuration, when the walls are vertical, is to periodize and
symmetrize. This was done by Alazard, Burq and Zuily in [9], for right angles, and later developed
in the case of general angles by Kinsey and Wu ([62]) and then by Wu ([108]). The case of a more
general angle has only been tackled, to the best of our knowledge, by Ming and Wang in [81]. In
this paper, they study the Dirichlet to Neumann operator associated with such a configuration,
in 2D, and give a complete description of its singularities at the corner.

The model of the Euler equation, with the boundary condition described above, is only an
approximation of the real physical phenomenon. In Practice, viscosity and surface tension are
fundamental to a precise description of the motion close to the corner. Steps in this direction
have been done by Guo and Tice for stability of the equilibrium in [50] and by Tice and Zheng
in [112] for well-posedness, both for the Stoke flow.

Our theorem, stated informally, is as follows. The notation H*® is for the Sobolev spaces based
on L2,

Theorem 5.1.1. Suppose .7, a C? in time family of H® hypersurfaces, and v € C?(H*(§;)),
are solution of the equations.

Here s > 1+ 4, and s < % + 95, where @ > 0 is a number, such that Vt, Vo € £, w(x) < ©.
Notice this implies w < 7.

Assume also that there is a number ag > 0 such that the Taylor coefficient a == —V yp > ag > 0
for allt, and a number w > 0 such that w > w for all t.

Then, for some energy E(t) = E (Qq,v(t,-)), to be defined below, and giving a control of .7

in H and v € H*(), there exists a time T > 0, depending only on the norms of the initial data,
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such that ¥Vt € [0,T],
E(t) < B(0) + / F (E()) dt'
0

where F is an increasing function depending only on w, s, ag, and a neighborhood of the initial
data in the rougher topology HS™2 x HS’%(Qt).

To make this Theorem precise, we need to precise the topology on H® hypersurfaces, which
will be done in 5.3, and to define the Energy. Then Proposition 5.5.1 gives the control of the
unknowns from E and Proposition 5.5.2 gives the time T and the estimation on the evolution
of E.

A few remarks are in order. First, in the classical case of a well-separated bottom and free
surface, we would have the same Theorem, without the restrictions on the angle. The level of
regularity, which corresponds to v € C! by Sobolev embedding, is the best we can find without
using dispersive properties (see for example [7]). Notice we do not assume the field v to be
irrotational.

Second, the condition on the angle arises because of the presence of an edge in the domain.
In such a domain, the elliptic regularity theory degenerates. This elliptic regularity is needed
to make sense of the equations, since p solves an elliptic problem. It also comes into play often
in the analysis. The allowed range for s is the one where elliptic regularity works as in smooth
domains, as will be seen in Section 5.3.

At last, we expect to be able to prove local well-posedness for the same problem, under the
same regularity and with the conditions on the Taylor coefficients and the angle being satisfied
initially, for a time depending only on the norms of the initial data ag, and w.

In Section 5.2, we study heuristically the infinite-dimensional geometry of the problem, derive
the linearized equation, and explain its consequences on our strategy. In Section 5.3, we develop all
the analytical tools needed to study moving hypersurfaces with boundaries and moving domains
with edges the elliptic regularity theory. Since the problem is fully non-linear, a classical strategy
is to find a way to differentiate the equation to reduce it to a quasilinear form, which we hope
to be equivalent to the original one. Usually, one would differentiate in space. However, this
only work for translation-invariant equations, which is not the case of this problem. Instead, we
take advantage of the time-translation invariance, and differentiate in time. This is accomplished
in Section 5.4. At last, the Energy is defined and studied in Section 5.5, where the two main
Propositions are stated.

In our analysis, we are heavily indebted to two works, in which we draw heavily. The first
is the book by Dauge, [39], from which we take the analysis of the elliptic problem. Our main
contribution in this domain is to precise the dependence of the constants in the geometry. To the
best of our knowledge, the div-curl lemma is new. The second work is the series of three articles
by Shatah and Zeng, [90, 91, 92], who developed a coordinate-free framework for the analysis of
the water waves problem. Although the analysis ends up being quite different, due to the failure
of the mean curvature to quasi-linearize the equations, the coordinate-free framework, most of
the notations, and a few computations come directly from there.

5.2 Geometry of the problem

In this section we heuristically derive the linearized equation from the energy. In particular, we
do not discuss the smoothness of the objects involved. Most of this section is from the work [90]
by Shatah and Zeng, where they study the case of a droplet. We show that this heuristic analysis
stays valid in our case, and explain its consequences for our strategy.
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5.2.1 Lagrangian formulation

Under the conditions (BC), the Euler equation (E) is easily seen to admit a conserved energy

EO:/ || dx+g/ " dx,
Q4 Q

where 1z, is the coordinate of z along e”. We want to express (E) as a minimizer of an associated
Lagrangian, under the constraints (BC).
For this, we introduce the Lagrangian coordinates by solving the ODE

dr
S =lta), 2(0) =y,

which gives the spatial path of a fluid particle initially at position y € Q4. Then we introduce for
each ¢ the diffeomorphism u(t, ) : Qo — Q; as the flow of this ODE. The divergence free condition
on v induces that u preserves the volume, and now v = u; ow~'. For any vector field w on Q;, we
write @w = w o u defined on 2y, and the chain rule implies

(521) th = 8tw + VU’UJ = ’lZ]t o uil

Here and in all the following, V,w := (v, Vw) where (,) is the scalar product.
A solution of the Euler equation is thus a particular path, starting from identity, in the infinite
dimensional manifold

I''={®:Qy— R" | ® is volume preserving and ®(%,) C .4} .
Its tangent space at the point ® is
Tol :={w:Q - R" | V-w=0o0n® ) and w-v=0on &%), forw=wod '}.

The energy now takes the form

10 lu tl /
FEy=— G = dy ™ dy.
0= 5 lutlpz(qq) +9G(u) /QO 5ty o,

This suggest that the associated Lagrangian action is

/ ) dt = //Q ddt— /G(u)dt.

It then follows from classical variational principles that a minimizer of this action is a path u
in T whose velocity v(t) should satisfy the equation

(5.2.2) Dyut + gG' (u) =

Here 2 is the covariant derivative on T for the L? metric. We have that I' is a submanifold of the
space of diffeomorphisms from €, equipped with L? metric, whose tangent space is simply the
space of vector fields w on €. Its covariant derivative along a path u is simply w;, so that we
have for an element @w € TT defined above the path u(t) the formula

(5.2.3) Dw = Wy — 1y, (ug, ).

Here IT is the second fundamental form of I' as a submanifold of this space of diffeomorphisms.
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Hodge decomposition To compute II(us, @) we observe that any vector field X in © can be
decomposed uniquely as
X =w+ Vo,

where ¢ is defined as the solution of

A=V X in Q,

(5.2.4) bl =0,
Vola = (X,v).
Thus w verifies
V-w=0in ,
wly = Xz,
(w,v)|z = 0.
This decomposition is easily seen to be L? orthogonal. Thus we can identify
(5.2.5) (TeD)™ = {~ (V)o@ | ¢|» =0}

However since in (5.2.4) we define ¢ by inverting the Laplace operator in a domain with corner,
the parts w and V¢ of the decomposition are not necessarily smooth, even if X is. Thus (5.2.5)
is to be understood only in a heuristic sense.

Covariant derivative Now coming back to (5.2.3), we see that for a path u(¢) in I" with
velocity field u; = v, and a vector field w defined on it, there holds

Qtw = w; + (va,w) ou,

where
Apy . = —tr(DvDw) in Q,

pv,w‘&" =0,
vl/pv,wL% = 7H(@(’U,U)),
with IIz the second fundamental form of the bottom. This can be inferred from (5.2.4) by
taking X = w; ou~! = Dyw.
Now this is in Lagrangian coordinates, and it can be rewritten in Eulerian coordinates,
using (5.2.1). This gives

-@tw = (th + va,w) ou= (8tw +Vw + Vp'u,w) ou.

Gravity force We then compute G'(u). For any w € T,T", take a path in T' indexed by ¢ and
starting from u at € = 0, with tangent vector at ¢ = 0 equal to w. Then

—_ d "
<G/(u),w>Lz(Qo) - de /u(ﬂ )90 o

:/ D.z"dx

u(Qo)

:/ (w,Vz") da
u(Qo)

= / wrz™dS
u(F0)

— [ (09 @) o
u(Q0)
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Here we have used two times the Green formula, and the terms on u(%) vanish since (w,v) =0
there. We have replaced Vz™ with V.77 (m"|u(zyo)), where 77 is the harmonic extension with
homogeneous Neumann condition on the bottom, so that now V.7 (m"|u( yg)) € T,I' and we can
identify it with G'(u).

Then the Euler-Lagrange equations (5.2.2) for our action become in Eulerian coordinates

(5.2.6) ov+v-Vo=—-Vp,, —gVH (z"|%) =—Vp—ge",

with p = p, » +g(e" —H (2"|,)) the physical pressure. Combined with the constraint that vou €
T,I" is the velocity vector of the domain, this gives the Euler equations (E) with boundary
conditions (BC).

5.2.2 The linearized equation

To help us study the Euler equations, we want to find a way to linearize them around a given
solution, i.e. a path u(¢) in T', such that its velocity v = u; € T, I satisfies the Euler equations.
Since we see the Euler equation as a geodesic flow with potential, the natural linearization is
through the Jacobi equation. It is the equation that a time-dependent vector field w € T, (¢)I
defined on the path u has to satisfy if, by moving the curve u by the flow of w, we want it to stay
a solution of the Euler equations. Classically, this is

(5.2.7) D0 + R (uy, 0)uy + gZ*G(u)w = 0,

where # is the Riemann curvature tensor of I' at the point u(t), and 2?G(u) is the Hessian
of G. We need to compute % (us, w)u; and 22G(u)w, or at least their principal parts, from their
bilinear forms. To do this, we consider for a given @ € Ty, (¢t)T" a family of curves u(t, e) € T such
that u(t,0) = u(t), and d.u(t,0) = @w. Then we extend @ to be the tangent vector in &.

The Riemann curvature We use the classical formula
<‘9?(1_)a w)ﬁa w>L2(QO) = <Hu('l_)a 'l_))a Hu(w’ m)>L2(QO) - |HU(67 w)|2L2(QO)

:/ <vPv,vvva,w> dz _/ |va,w|2 dz.
Q4 Q4

Then assuming enough regularity on v and w, we can repetitively use the Green formula and
the definition of p_ to find

/ <va,va va,u,> dx = / pv,vtr(DU}Dw) dx + pv,vvupw,w ds
Qs Q B

= —/ (VDo v, Vpw) dz + Do ((Mor, w) + (Vyw,v)) dS
Qs By

= DQpU,U(w,w) da:—/ wJ‘prU,UdS.
Qs B

Here we have also used the identity
(M, w) + (Vpw, v) = w (w,v) =0,
where w is taken as a derivation, because (w,v) =0 on %, and V - w = 0.
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Then p,, = 0 on .#, and thus V,p,, = wLVNpW,. Then a last application of the Green
formula gives

/ (Vpy.v, VPw.w) dz :/ <w,V<%”(—Vva7va)> dx + D2pv,y(w,w)dx.
Qy Q Qq

Now the second term is expected to be more regular, so that
R(0,0)0 ~ (Zo(v)w) ou
where Zo(v)w = VI (—Vnpypwh).
The gravity term To compute G”(u), we use the formulas (5.4.30) and (5.5.11) for the

evolutions of the normal and the surface element of a surface moving with divergence-free
velocity w :

(G (W), D) 12(0) = 0= (G (), ®) 2y — (G (w), Ze) 12 g,
_a/ wtdS — / (Dew + Vpuy,w) dS

—/ w'wt — "w - (Dw),(N))" +2"N -D.w
7
2" wVyw - N — 2" N -D.w — 2" N - Vpy . dS

= / (w"wl‘ — fEanw N —2"N - va,w) ds.
7

Here T and L are the projection to vector fields respectively tangent and normal to .. Notice
that this operation has limited regularity when . is not smooth. But using repeated Green
formulas give

—/ "N - Vpy 4 dS = —/ VH (2" 7)) VPww + H (2" 7)tr (Dw)?) da
% Q
+ / H(x"| )V - VDo dS
2
—/ VA (") - Vyw dx —|—/ "V, w - NdS
Q &
+ / H (2" ) (Vpw - v + Vv - w)dS
/D2 (2" ) (w, w)da:+/ "Vyw - N — wV, (2" ) dS

7

Then by noticing that

Vo (2| 7) = Vyra" + wt N (@] ) = 0" —w N+ wt (@),

(G (), ) 120, = /y (w)* (N" — A (a"] 7)) dS + / D2 (2| ) (w,w) da

:/qu%”[(N"—JV( ")) dalc—i-/D2 (") (w, w) de.
Q
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Thus again the second term is more regular, so that
G"(u)w ~ (Yw) ou

where Yw = VI [(N™ — A (z™|»)) wh].
Thus the linearized equation becomes in Eulerian coordinates

(5.2.8) DPw + Ho(v)w + g9w = bounded terms.

we observe that both %, and ¢ are of order 1, and that their form is similar. In fact, we can write
(5.2.9) (%o + 99)w = Vi (aw') =: Zyw,

where a is the Rayleigh-Taylor coefficient

(5.2.10) a:=—= (pv,o + (2" ) —2") = —Vnp,

where p is again the physical pressure.

The Rayleigh-Taylor coefficient It can be seen on this equation that there is stability
(meaning exponential decay of the solution) only if the Rayleigh-Taylor condition

(5.2.11) a(t,x) > ¢ > 0,YVr € O

holds for all times, with ¢ an arbitrary positive constant.
Assuming enough regularity, we can compute a at the triple line. There holds

Vopuw = (U, Vo) = v,V pyu) + 0, N) Vpuw = ¥, N) VN po,,
because p,, = 0 on .. Here, AT refer to the tangent part at .. On the other hand,
Vopvw = (v, Vov) = = (1, Vyv)
because (v,v) = 0 on A. Therefore, assuming (v, N) # 0, we find

v-V,v
212 - v = .
(5.2.12) VN P, N

A similar computation can be performed on the gravity part :

0=V (2" 5)= v,V H("|5))+ (v,N) WH(z"|5)
=(e",v— (v, N)N)+ (v, N) Wy (2" | &),

and since Vyz™ = N, we find

5.2.13 — I (x™ —z") =
(5.2.13) IW (A (2"]7) = ") = 9
again assuming (v, N) # 0.

Thus putting together (5.2.12) and (5.2.13) gives for (v, N) # 0 that

_ g+ (v, %)

(5.2.14) N

To see what this means, we specialize to 2D situations, with zero velocity field. Then (v, N) =
— cos(w), with w the angle between the bottom and the free surface, so that the condition a > 0
gives the situation under study as stable.

Of course, when the velocity field is non zero, it can counterbalance the effect of gravity and
change this situation.
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5.3 Analysis on moving domains

In this section, we develop the norms and estimates we need for our analysis. The main
objective is to derive estimates whose constants are independent of the domain.

5.3.1 Surface coordinates

Our first objective is to give a coordinates description of hypersurfaces in a given H®
neighborhood. Take sy > ”;“1. Using local coordinates, one can easily define what it means to be
an H" function on a given H* hypersurface with boundary .. For 59 > r > —sj, those are simply
functions whose coordinates representatives are locally in H”(R"™!) for interior coordinates
and H" (Ri_l) for boundary coordinates. Here Rﬁlr_l is the upper half-plane, and H" functions
are simply restrictions of functions that are H” in the whole plane.

It is easy to see that this produce a Banach space, and a norm can be chosen by taking a
covering of .% by a finite number of coordinates patch, and an adapted partition of unity. However
such a norm is dependent on those choices of coordinates, and therefore we will not use it. After
that, one can define a topology on the space of H* surfaces with boundary contained in our fixed
bottom hypersurface .# by saying that two are close if a diffeomorphism from one to the other is
close to identity in H* norm. It is quite easy to see that the subspace of such surfaces whose
intersection with .# is transverse is an open set, and therefore we can consider a neighborhood of
a given smooth hypersurface .7, consisting entirely of H® surfaces intersecting .# transversally.
By density, any hypersurface is included in one such neighborhood.

Now we will construct such a neighborhood. Take a compact, smooth, reference hypersur-
face ., whose intersection with .# is transverse, and whose boundary is this intersection .%,.
We want to represent close enough surfaces as graphs over .%, and for this we need a good
collar neighborhood of .%,. We cannot use normal coordinates because since we want to represent
surfaces with boundary contained in .#, we need to straighten .# in some way. We accomplish
this through the following lemma. Recall that & is the domain whose boundary is .Z.

Lemma 5.3.1. There exists a smooth unit vector field X, defined on a neighborhood of %, in O,
that is always transverse to % and always tangent to M . There exists 6 > 0 such that the flow
of X

¢: S X [=6,8] > R"”

is a smooth diffeomorphism from its domain to a neighborhood of %, in 0.

Proof. One start by constructing X; always normal to .%, away from its boundary. For this, we
consider .%, only as an hypersurface with boundary of R". We take an open submanifold of it,
which is an hypersurface of R". Now we take the normal to this hypersurface, and we extend it
to a neighborhood in R".

Then in a neighborhood of %, in .#, we can construct a smooth vector field X, tangent
to .4 and transverse to .Z, by extending the normal to .%Z, in .#. Then we can extend it in a
neighborhood of .Z, in & to a smooth vector field tangent to .# and transverse to .7, because
their intersection is transverse.

To finish, we can cover a small enough neighborhood of .%, in & with this neighborhood
where X5 is defined, and an open set whose closure is in the interior of &', and where X; is well
defined. At last, we can use a partition of unity to glue them smoothly to the vector field X.

The existence of ¢, its regularity, and the fact that it is a diffeomorphism for small enough §
is a simple consequence of the theory of ODEs. O
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If we fix an H®® norm on .%,, we can express a neighborhood of it in the space of H® surfaces
with boundary in .# by the condition that there exits a diffeomorphism F' between the two
satisfying

| F— IdHHSO(y*;Rn) < 1.

For §; small enough, this implies transversality of all the surfaces in the neighborhood. Taking
again §; small enough, those surfaces are all contained in the collar neighborhood we just defined.
Then in those collar coordinates, again for ¢; small, those are necessarily graphs above .%,.
Therefore, we can represent such a neighborhood by functions 7¢ defined on .%, with small
enough H® norms, and those give diffeomorphisms

Do (p) == ¢(p,n(p))

in H°(%; R").

All those notions can be restricted to %, so that . is the graph of a function 7.4 which is
the trace of 7. on %, giving a diffeomorphism ® ¢ which is also the trace of & o. If n =2, £ is
just two points, and these terms are well-defined because 1. is H®, and therefore continuous.
For n > 3, those are traces in the Sobolev sense, and those traces are well-defined in H%~2 (L)
since sg > ’%1
Definition 5.3.2. For § > 0 and sy > "7“, we define A(Y,sp,0) as the neighborhood of H*
hypersurfaces . such that their associated .o satisfies |05 | g+ (5,) < 0.

For surfaces .7 in A(%%, s, 9), we can define the Sobolev norms H" (), for —sy < r < sp,
from the reference norm on .%. In the analysis of the evolution problem, we will work with
surfaces in A, := A(F%,s — %, 0), with s > 1+ n/2, and where § > 0 is small enough that all the
above properties hold. However, our surfaces will really be of H® class. The reason for this is that
we do not want any smallness condition in the condition in the norm where the dynamics take
place. The set A, takes the role of a control neighborhood, and by taking ., close to the initial
surface .74, we can treat any case.

Since being in A, is sufficient to have a well-defined ® &, we can use its H® norm to measure

the regularity of .. More precisely, for . € A,, if both ., and . are in H®, we write
(5.3.1) s =12l sy -

Of course, any other choice of reference surface .¥, provides an equivalent quantity, as soon as
both are defined.

We also write

(5.3.2) [y =122l o3 o)

in dimension n > 3. In dimension n = 2, . consist only of two point, whose position on .Z is
controlled by the condition . € A, so that we do not need to control its regularity.

The procedure to prove estimates with constants uniform in A, is to prove them on .%, and
then pushing them forward to .. If we do not study norms greater than HS*%(ﬁﬂ), this will
only involve the H S*%(Y*) norms of ¢ o and CIJ;}, which are uniformly bounded for . € A,.
For example, it is easy to prove the following product estimates, which will be used freely in the
paper.
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Proposition 5.3.3. If s > 1+ 5, %, is a reference hypersurface, & small enough and . € A,
then for any functions f € H () and g € H2(), with s; < s3 < s — =, there holds

. n—1
1fal e < Ol 9l iy i 52 < "o and 0 < 1 + s,

n—1
(<)

. n—1
||f9||Hn(y) <C Hf”Hn(y) ||g||H>2(y) if 52 > and 0 < s1 + so.

Here C' depends only on A,.
Similar inequalities hold on £ in dimension n > 3.

5.3.2 From the curvature to the surface

Recall that the mean curvature x of .¥ is defined as the trace of the second fundamental
form II, whose definition is in turn

(v, w) = = (N, w)

for v,w e T.7.

The regularity of the hypersurface .# can be measured by its curvature x and the curvature x;
of its boundary % taken as a hypersurface of .# (this is only needed in dimension greater than 3).
More precisely, we have the following lemmas, distinguishing between dimension 2 and dimension
greater than 3.

Lemma 5.3.4. For n = 2, take s > 2, a reference hypersurface %, and § > 0 small enough.
Assume the hypersurface . is in A, and k € H5=2(.%). Then the surface . is actually H®, and
we have the following estimates on its geometry:

1, + I o2y + Nl g5y < € (14 Il o))

Lemma 5.3.5. Forn > 3, take s > 1+ 5, a reference hypersurface S, and 6 > 0 small enough.

Assume the hypersurface . is in A, and k € H>2(7), k; € H"3(%). Then the surface . is
actually H®, and we have the following estimates on its geometry:

s + 1] gs—2) + N[l o150y < C (1 F 8l g2y + Rall g z)) :

We also have estimates on the geometry of £ :

Ly Il g gy + Il gy < C (L4 Iy + Il o g ) -
Proof. The proof is standard, and we only give a sketch of it. It rests on the identity
(5.3.3) —ASIl = —P%k + [T)* T — KII2,

which is proved in [90] and stays valid for a hypersurface with boundary. For the case n > 3, the
same identity holds for on .Z in .#. Then one can use ® ¢ to transfer it to an elliptic equation
on some derivatives of 1;, and use elliptic regularity to find the regularity of . and the above
estimates. Using again ® o and elliptic estimates, this time in domains with boundary, keeping in
mind the regularity of .Z as boundary data, we find the regularity of . and the estimates. In
dimension n = 2, we only need to use the identity on ., since as remarked above, the boundary
data consists only of two point whose range are bounded by the condition . € A,.

O

The advantage of this lemma is that now to control the regularity of ., we only need to
control k and k;, which are invariantly defined.
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5.3.3 Internal coordinates

We can easily define Sobolev norms on €2 by considering Sobolev functions as restrictions of
functions Sobolev on R™. Then

el ey = 0f {1 gy 30 = Ul }

This way, the constants of Sobolev injections theorems are independent of the domain . Also,
if ; is a continuous one-parameter family of such domains, we can use that to define the
classes C*(H"(€);)) of functions k-differentiable in ¢ with values in H"(£);), simply by requiring
that an extension of the function to R” be C* in time with value in H"(R"). It is easy to see
that any other reasonable definition of C*(H"(Q;)) coincides with this one, which is in particular
independent of the chosen (continuous) extension operator.

Our objective in this section is to construct a diffeomorphism from Q to €2, with maximal
regularity. As can be seen from the boundaryless case, any construction based on an affine change
of variable would be only of H® regularity, while we want it to be H st3. As we will see, the
existence of this diffeomorphism is a consequence of Sobolev extension theorems in domains with
edges. All of those are based on the following theorem in the model case of the quarter-space.

Lemma 5.3.6. For m € N, the mapping v — {(fx)o<k<m—1, (g1)o<i<i—1} defined by

fk = 8§u|1207 g1 = 8lxu|z:0

foru e C°(RT x R x R"™?) has a unique continuous extension from H™(RT x R x R""?)
onto the subspace of

m—1 m—1
H Hmfkfé(RiF % Rn72) > H Hmflfé(R+ % Rn72)
k=0 =0

defined by
— 0L fr(0) = 0%gy(0), I+ k <m —1 and
1 2
It has a continuous right inverse, the extension operator.
This is a trivial extension of theorem 1.5.2.4 in [48].
With smooth local charts for the manifold with corner 2., we can transfer results on the

quarter-space to results close to .Z,. One such example is the Sobolev extension theorem, used in
the following Proposition on global coordinates.

Proposition 5.3.7. For 6 > 0 small enough, and s > 1+ %, for any &/ € A, there exists a
global diffeomorphism ®q from Q. to Q, restricting to ® » on Fs, and satisfying

H(I)Q”HS(Q*) + ”(I)51||HS(Q) <0,

with C uniform in A,.
Furthermore, if ., and % are both in H®, then

el <C+]71).

b T H(IEIHHH%(Q) =

Proof. As stated, we want the boundary value for &g to be & » on .¥. On %,, which is a
compact hypersurface with boundary %, we need it to restrict to an H*® diffeomorphism to 4,
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with value ® |, on ;. Since this ®»| e, is only H =%, we need a diffeomorphism of maximal

regularity. To define such a diffeomorphism, we use the following construction. Recall that we
have constructed in Lemma 5.3.1 a smooth vector field X whose restriction to .# is a tangent
vector field in a neighborhood of %, and such that for p € %, ®»(p) := ¢(p,nz(p)) with ¢
the flow of X, and ¢ an Hs2 function on .£*. We can extend X to a smooth tangent vector
field on the whole of .#Z by gluing it to the null vector field using a partition of unity. Then
we can extend 7o to an H® function 74 on %, using for example a harmonic extension. Then
defining ®5(p) := ¢(p,nz(p)), with ¢ still the flow of our extended vector field, we get the
promised diffeomorphism. Since ® & is close to identity and we have extended X by the null
vector field, this diffeomorphism is close to identity.
Then we want to construct g as

@Q =1d + E((I)y - Id, Q)% - Id)7

where F(a,b) is a Sobolev extension of (a,b) in Q. Using H s+3 local coordinates and a partition
of unity, we only have to construct such an extension in the model case of the half-plane, which is
trivial, and of the quarter-space, where we want to use Lemma 5.3.6.

The construction of this F is immediate for the case of integers m > 2, because we only need
to prove that we can find the fi, g;, with fo = ® & —Id, g9 = ®» — Id, and with the compatibility
conditions. The only condition needed between ®» — Id and ®4 — Id is their equality at .Z,.
Then finding the other fx, g; is a simple exercise.

Then in the general case, since s > 2, and since the operator E is defined on H™ N H™ 1!, we
can use interpolation between consecutive integers to find our F.

Continuity of E and smallness of the boundary values give us that @ is a diffeomorphism
satisfying the conclusions of the Proposition. O

We can deduce from the existence those coordinates and from Lemma 5.3.6 the extension
theorem we will use in the analysis :

Proposition 5.3.8. For § > 0 small enough, and s > 1+ 5, for any . € A,, and for 1 <o <s,
the restriction operator taking a smooth function in 2 to its trace on . extends to an operator
from H°(Q) onto H°~2(.%). This operator and its right inverse are uniformly continuous
in S €A,

The same statement holds for restrictions to A.

Proof. Again we interpolate between integers m > 1. We only need to show that any f € H o-3% ()
can be associated with a g € HU_%(%) so that f and ¢ satisfy the compatibility conditions.
For m > 2, this is only continuity at the edge, which is easily achieved. For m = 1, we need to
find g such that fol |l f(t) — g(t)||iz(Rn_2) 4t < 4o0. This is obtained by taking g = f. O

We also remark that since functions in Sobolev spaces H?(Q2), o > % are extendible to
functions in H?(R™), and since we can take traces on . (or on ) for those functions, the trace
part of the previous Proposition is valid up to o > %

We will also need product estimates, which have exactly the same form as the one on .¢.

Again they will be used liberally.

5.3.4 Elliptic regularity

Our next point of order is to study two operators that appear frequently in the analysis. The
. . . . . 1
first is the harmonic extension operator #, which takes a function f € H°T2,0< o0 <5 — %,

145



CHAPITRE 5. ESTIMATIONS A PRIORI POUR UN FOND EMERGENT

on . to the solution of

AA(f) =0 in Q,
H (s =1,
VLA (f)|z = 0.

The second one takes an H? ! function ¢ on  and an H°~2 function h on 2 to the solution q=:
A=Y(g,h) of

Ag =g in €,
q|5p = 01
Vodlz = h.

We would like to prove that those mapping are continuous with value in H°+1(Q). These are
both particular cases of the more general problem of finding the regularity of the solution ¢ of
the problem

Au=gin Q,
(5.3.4) uly = f,
VV’LLL% = h7

with (f,g,h) € Ht2() x H7~(Q) x H* "2 (%), where 0 < 0 < s — L, with h =0if o < 1
because it would not be defined in a strong sense.

For future reference, we give the full existence and regularity theory for those problems, and
not only the a priori estimates.

In this endeavor, we are faced with two challenges. The first is technical: in order to use our
estimates in the evolution problem, our constants have to be of the form C(1 + |7|,), with C
uniform in A,. To solve this, we use the global coordinates ®q defined in Proposition 5.3.7 to
pull back the problem to €2, which gives us a family of problems with coefficients bounded by a
constant of the form we want. Then we prove a regularity theory for those problems, using freely
the information that the surface is in A,, but using the information that it is in H® only once.
This will give us the regularity for our problems, with constant as above.

The second challenge is deeper. The domain €2, has an edge, and it is well known that elliptic
problems in domain with corners or edges give solution which have in general a limited regularity
at the corner, whatever the smoothness of the data. We will prove below, using variational
methods, that an H'! solution always exists. If o > 0, one would expect from the case of a regular
boundary that the solution should be H°t!. However, in general for domains with corner, the
solution is not necessarily H°+! at the edge. To be more specific, it can be decomposed between
a regular H°+! part and an explicit sums of singularities of the form 7* or r* Inr where r is the
distance to the edge, and the A are a discrete set of real numbers, here of the form (k + 1/2)7/w
with w the contact angle. Therefore, the first singularity to appear, for A = 5, limits the regularity
of the solution to H'*2&~. To avoid the presence of those singularities in the evolution problem,
we restrict our attention to the case where w < 7/(n + 1), so that we can take the regularity of
the surface to be H® with 1 + % < s < 7= — ; and have at the same time solutions of (5.3.4)
with the expected regularity, and enough regularity of the surface to find solutions to the Cauchy
problem. Our analysis follows closely the method in [39].

Because the meaning of the problem changes from variational to classical as ¢ increases, we
recast it as follows. First, we define for each . € A, the bilinear form

aq(u,v) ::/Vu-ﬁdxz/ Viu - Vv dz,,
Q Q.
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where V, and dx, are the pullback by ® of the gradient and the Lebesgue measure to €),. They
both derive from the pullback of the Euclidean metric to 2, giving a bounded family of H s=3
metrics on {2,. We also identify v and v with their pullback to keep notations simple. Those forms
are well-defined on H'(Q.).

Define the variational space

V= {veHl(Q*),v:()on y*}

The family of diffeomorphisms ®g induce an uniformly bounded family of isomorphism between V'
and the space Vg := {v € H'(Q2),v =0 on 5’} Therefore if a is strongly coercive on Vg with a
constant independent of €2, then it will be strongly coercive on V uniformly in A,. This means
that we have to prove that for any v € Vg,

||UHH1(Q) <C HVUHLz(Q) )

with C' depending only on A..

To prove this, we first remark that since €2 is Lipschitz, the space V is the adherence for
the H' norm of C2°(€2\ .%). Also, because s — 3 > 241, the set A, is bounded in the L> topology,
and therefore all the domains €2 are contained in a band delimited by two parallel hyperplanes.
The function in C°(Q\ .#) are simply the restriction of smooth functions that are zero near the
“upper” hyperplane. Because we have defined the H® norms in € as the quotient norm from R",
our inequality is a consequence of the fact that for those smooth function,

[l < C Vol e

with C depending only on the distance between those hyperplanes, which is simply the Poincaré
inequality. In summary, we have proved the following lemma.

Lemma 5.3.9. There exists a constant C' depending only on A, such that for any & in Ay, the
form aq satisfies for any u € V
2
[ull 1 (o) < Calu, u).

Therefore by Laz-Milgram, the family a generates a bounded family of isomorphisms Ag, between V
and its dual V', defined by (Afu)(v) = aq(u,v).

To simplify the notations, we now omit the subscript €2 from our operators, keeping in mind
that we are really dealing with a family of problems on which our estimates have to be uniform.

The meaning of our problem (5.3.4) changes, as ¢ increases, from variational to classical. To
be precise, we introduce the following family A of operators A(?).

— ForOgagé,wetake

A L HOHYQ,) = HOV3 () x (VIO
where V177 := {v € H'"7(Q.);v|», = 0}. It is defined by
A= (7., 9),

where for any v € V17,
g(v) = a(u,v).
— For%<a<1,wetake

A HOPY QL) = HOF3 (7)) x (HT () x HO ™3 (B,),
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defined by
A= (ulz,, 9,(V,)wulz,),

where for any v € H'=7(€,),
ov) = alu,) = [ (9).0m

with (V,).u the pullback to Z* of V,u on %. Here we have identified H°~! as the dual
to H'77 since 0 < 1 — 0 < 3.
— Forlgagsf%,wetake

A L HOHHQ,) — HOP3 () x HOHQ,) x HO73(8,),

defined by
Ay = (u] 7, —As, (V,)at]2.),

where A, is the Laplace operator for the pulled-back metric.
We remark that this family of operators correspond more properly to —A, which of course
does not change anything.
Because of Green’s identity on the domain €2, there holds

a(u,v):/Q (—A*)uv—l—/y*(vy)*uv—i—/ (V, )i

7

s

for regular functions.
The expression

/ Viu - Vv dr,
Q.

makes sense when the integral is interpreted as a duality product in H? x H=7, for 0 < o < %
Therefore if 0 < 0 < %, for u € H'*7 a(u,.) can be thought of as a linear form on V1~=7. The
definition is to be interpreted in this sense.

If v is zero on . and the functions are regular enough, there holds

a(u,v)—/gg*(vy)*uvz /Q*(—A*)uv,

and again if we take the integral as a duality product, for % < 0 <1 the right-hand side makes
sense for u € H'19 as a linear form on v € H'~7. It is again in this sense that the definition is
to be interpreted.

For o = 1, the Green formula tells us the classical and variational formulations coincide.

Proposition 5.3.10. The operator A©) is an isomorphism between H'(0,) and H2 (%) x (V',
whose inverse has bounded norm as . varies in A..

Proof. Being given (f,g) € H2 (%) x (V)', We want to find u € H°+1(Q,) such that f = u|,
and g(v) = a(u,v) for v € V. We consider a Sobolev extension f — f from Hz(.%,) to H'(Q,).
It exists by a construction similar to the one in the proof of Proposition 5.3.7. Then we use the
strong coercivity of a to find 4 € V such that

a(a,v) = g(v) — a(f,v),

and we set © = u + f . The fact that the constant associated to this construction is uniform in A,
comes from the uniformity of the constant in the coercivity of a. O
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We link those different formulations using the following injections I, s of the target of A"
into the target of A7), for o < o’.
— If 0 < 0 < 0’ < 3, they are the canonical embeddings of the space Hot3 () x (Vi=oy
in Ho't2(.7,) x (V1=oY.
— If0<o< % < d’, we pose I, o (f,g,h) = (f,¢') with

7@ =gt0)+ [ h

which define an embedding from HoF2 (.7,) x (H'=7(,)) x H7~2(2A,) to H 2 (.7,) x
(Vlfa)/'
— If % < 0 < ¢’, again we take the trivial embedding.
We remark that the definition does not depend on a, and is therefore the same for all % € A,.
The following is immediate.

Lemma 5.3.11. 1. For0<o <o <o,
IO',O" OIO",O'” = I(T,o'”-

2. For0<o <o/, /
A(U)|H1+0' = lg,07 OA(U)~

3. For0<o <o, I, is compact.

A a consequence of this and of Proposition 5.3.10, being given (f,g) € HO V2 (%) x (V=)
for 0 <o <%, or(fgh) € HoV2 () x H=Y(Q,) x H°~2(4A,) for 3 <o <s— 3, wecan
always define an H'! variational solution u by

u= (A", (f,9,h).

Because we have included transversality in our definition of A, for any . in it and any point
on its waterline .Z, we can define a contact angle as the angle between the inward normal vector
to £ in # and the inward normal vector to . in .%. This define a continuous function on ¥
because s — % > "7“ and n > 2. Therefore by taking J small enough, which shrinks A,, we can
assume that all the angles of all the surfaces in A, lie in an interval [w,@] with 0 < w and @ < 2.
Our aim is then to prove the following theorem.

Theorem 5.3.12. For any . in A, for any 0 < o < min(s — 1, 5=), the operator AS) is an
isomorphism. The norm of the inverse is uniformly bounded in A.,.

If 7 is also in H®, and if o < min(s — %, 5=), then the operator Ag) is still an isomorphism,
and the norm of the inverse is bounded by C(1 + |.7|,), with C uniform in A..

Because we already now that a variational solution u exists, and because A(®) | yitor = IO,O'OA(U)v
the statements is really on the regularity of this variational solution.

Since €, is compact, the regularity of the solution is equivalent to its regularity in a neigh-
borhood of each point. More precisely, if we show that for any point of ., a solution of the
problem supported in a small enough neighborhood of this point (the neighborhood being uniform
in A,) satisfies the elliptic regularity estimates, then we can cover Q by finitely many open sets
of this form, take an associated smooth partition of unity, and decompose any solution of the
elliptic problem into pieces supported in those open sets, satisfying the elliptic problem with
right-hand side the sum of the localized right-hand-side of the original problem, and a more
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regular localization term. Those pieces will therefore satisfy the regularity theory, which we can
then transfer to the original problem.

Regularity near interior points and near regular points of the boundary is classical, because A
is an elliptic operator so that A, also is. In fact, the maximal angle does not limit the regularity
there. The dependence on the constant comes from the bootstrap nature of the estimates: we
prove the regularity at level H° by assuming it at level H "*%, so that we only need to use the
information that . is H® once.

We concentrate on the case of the neighborhood of a point x € .. The methods rest on the
analysis of a constant-coefficients model operator, which we think of as “frozen” at the point z,
the regularity of which will imply the regularity of the original problem.

Model operator The model operator is constructed as follows. We start with the form a on €,.

It can be written
n
a(u,v) = Z / a; j0;ud;v,
Q.

ij=1

.1 . . . .
where the a; ; are H*~2 functions in €),. Because s — % > "7“7 they are continuous functions and

therefore make sense at . We can then consider the constant coefficient form p on R" ™2 x T,
where I', is the conical sector of the plane of summit 0 and angle w,, the contact angle at x,
defined by the formula

plu,v) = Y / i ;(z)0sudjv.

-2
ij=1 R"2xT,

Then we further reduce the problem to the form [ defined on I', by

2

)= 3 [ ais()ud

dg=1"T«

where we have only kept the derivatives corresponding to the variables in I',. If we had performed
this freezing for the euclidean Laplace operator on 2, we would have found

/Vu-Vv
r

on the 2D angular sector of opening w. Our form [ is simply the pull-back to 'y by d®q(z)|r,. It
also satisfies a Green formula, the pull-back of the one on I', and we can attach it to a family of
problems L(?) in the exact same way we have used for A. The constant-coefficients differential
operator L it is attached to is simply obtained by freezing the principal part of A, at x and
replacing all derivatives in the part tangential to %, by 0, and the Neumann condition is for the
normal vector with constant coefficients frozen at x and projected onto I',. This is again the
pull-back of the Dirichlet-Neumann Laplace operator on I'.

To further simplify the study of those problems, we remark that this definition is really an
invariant notion. The reason is that if we have a local H® diffeomorphism near x to another
neighborhood of a point in the transversal intersection of two hypersurfaces, its differential
at x makes sense again because s —1 > 7, and can be interpreted as a linear diffeomorphism
between R" 2 x I, and the corresponding angular sector R" 2 x I, sending I, isomorphically
onto I". It is then easy to see that the restriction of this linear isomorphism to I', sends [ to the
constant-coefficients form obtained by sending a to the new domain, and freezing the coefficients
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as above. Applying this to the diffeomorphism ® between €2, and €2, we see that the study of
the L(?) is equivalent to the study of the problems derived from the form

/Vu~ﬁdz
r

in the sector I whose angle w is the original contact angle in €. It corresponds to the constant
coeflicients Laplace operator, with Dirichlet condition on one edge and Nfeumann condition on
the other. Because we want our constants to be uniform in A,, we will study those operators in
the fixed domain I',. We will however use the version in I' to find a particular algebraic condition.
Remark that the coefficients of the form [ are a fixed number of constants inhabiting a compact
set as . varies in A,.

We denote by B, the bottom edge and by S, the surface edge of I',. Our aim is to prove the
following Proposition.

Proposition 5.3.13. For any . in Ay, for any 0 < o < o, if there exists u € HY(T,) compactly
supported and

1. (f,9) € HOF5(S.) x (V1) for0<o < 1,
2. (f,9.h) € HTH3(S,) x (H'=7(T)) x HT=3(B.) for § <o <1,
3. (f,g,h) € H7"3 x HT /() x H7"3(B,) for 1 < o,
such that
LOw=Ioo(f.g) (resp. LOu=Io,(f,9.h)),

then u € H°HL(T,), with constants of the good form , depending on the support of wu.

Here we have abused notation to name V177 = {v € H'77(Ty),v|s, = O} and the I, , have
the obvious definitions. Their properties are the same, except that since ', is not compact, they

are only compact on the subspaces of functions supported in a compact K.

The reason of the index 7- is algebraic, and comes from the following. We let (r,6) be the

polar coordinates in I". For any A in C, and any o € R, we define

Q
(5.3.5) Sho = {v =Y M log?rv,(0);v, € H1+”([O,w*])} .

q=0

We say that such a function is a polynomial if it is polynomial in the Cartesian coordinates z1, zo
of the angular sector I',. This is only possible for A € N*, or if v = 0. We can define L on S by
testing against compactly supported function for the duality of V=7 or H'~9, as is easily seen.
Then we say that for v € S, Lv is polynomial if there exists polynomials (f,g) (resp. (f,g,h))
such that v = Iy ,(f,g) (resp. LOv = Iy ,(f,g,h)). If A is not in N*, then (f, g, h) is zero.
At last, L is said to be injective modulo polynomials if v € S*7 is polynomial as soon as (f, g, h)
are polynomials. Again if A is not an integer, this is just injectivity.

Lemma 5.3.14. Let 0 > 0. Then L is injective modulo polynomials exactly for A\ # (k + %)g,
with k € Z.

Proof. 1t is easily seen that this notion is invariant by linear diffeomorphism, and therefore it is
sufficient to check it on the euclidean Laplace operator in I'. In polar coordinates, this is

A= (69,7 + @),
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with Dirichlet condition at # = w, and Neumann condition at § = 0. There, the inward normal
is Jp. Because of the classical ellipticity of A, this notion is independent of the regularity o. We
can therefore check it for smooth v.
Then injectivity modulo polynomials can be computed to be a cascade of ODEs on the v, of
the form
Bgvg + Mg +2M(q + Dvgsr + (g +2)(g + Dvgse =0

for ¢ > 1, with vg41 = vg42 = 0. Then starting from ¢ = @, we show that if A # (k + %)g, all
the v, are 0 except vg, which is such that v is polynomial. If A = (k + %)g, the fact that 97 + \?
is not injective yield immediately a counter-example. O

The rest of the proof is based on the use of the Mellin transform, for which the properties in
Appendix A to [39] will suffice. We only recall its definition,

AN = / r 2

R T
and the following proposition :
Proposition 5.3.15. — Ifu € HP(T,), with B < 1, and u is compactly supported, then the
quantity A u)] is defined up to Reh = p — 1 and analytic in Reh < § — 1 with values

in HP([0,w,]).

— Ifu € HA(T,), with B > 1, and u is compactly supported, then .#[u] is holomorphic
in Re\ < 0 with values in HP([0,w.]). It can be meromorphically extended up to ReX < 3—1.
Let U denote that extension. For ReX €|k, k +1[, k € N, U coincides with 4 [u — Pyu],
where Pyu denotes the Taylor series of order k of w at 0. Finally, the poles of U are simple
and lie in k € N with k < 8 —1, and we have

Resk:Ar)‘U()\) = P,_ju— Pyu.

There is an inversion formula,

L / P (= + iC) G,
R

:27T

u(z)

valid on any vertical line in the domain of holomorphy of .# [u]. At last, one can measure the H”(T,)
regularity of u from the L? norm in ¢ of the H”([0,w,],|¢| + 1) norm in n of .#[u](—n + i¢). Here
and in the following, H?([0,w.], p) is the H? space endowed with the norm

2
2 _ 28 2 15
115, = 2 105 + |||
The interest of the Mellin transform is that it changes rd, into A, so that the problem
Ay =gin T,
u‘@:O = f7
Vu“'@:w = hv
would become, through multiplication by the appropriate power of  and the Mellin transform,
(02 + \)U = 4 [r?g] in Q,
Ulp=o = 4[],
89U|9:w = %[Th]
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Of course, we need to work in €2, and with the associated form I.
To simplify notations, we concentrate on the case s—1> o > %, the proof of the other cases
being similar.
So suppose we are in the hypotheses of Proposition 5.3.13. Then in Mellin, we give the following
definitions.
— The Mellin transform of u is U(X), which is holomorphic in ReA < 0 and defined up
to ReX = 0, with values in H'([0,w.]).
— The Mellin transform of (f,r2g,7h) is (F,G, H)(\), which is meromorphic on Re) < o,
defined up to ReX = o, with values in R x (H'77([0,w.]))’ x R (or R x H771([0, w.]) X R).
Its poles are concentrated at the non-negative integer values of .
— The operator L(®) becomes a holomorphic family of operators .2 (\) : H'([0,w.]) —
R x (V([0,w4]))" defined by

(LO00) (W) = (o). N (. 0)).

with I(A) a holomorphic family of forms on V ([0, w.]) with constant coefficients, bounded
as . varies in A,.

— The Iy, are transformed in a holomorphic family of compact operators % ().

Now the equation on u becomes

ZONUN) = Ao (NEFQN), G, HO)).
It is valid on the common domain of holomorphy of those functions, which is Re\ < 0.

Lemma 5.3.16. For any real numbers ow < 3, there is a constant Cy g uniform in A, such that
for any o < Re\ < B with [Im\| >> 1, again uniformly in A, £ (X\) is invertible and satisfies

| £ON 1 EG)| | < CasIFI+1GI-

The family £ (N~ is meromorphic in C.

Proof. The first step is to deduce the coercivity of [ from the one of a. We can find an H sty
diffeomorphism sending a neighborhood of our point z to a neighborhood of 0 in R"~2 x T, such
that the frozen forms it produce are the p and [ already defined. It suffices to compose our local
coordinates map with the inverse of its linearized at x.

Then the coefficients of this form a are regular enough that

[p(u, 0) = a(u,w)| < C [pull2p + [lul]
for any u € V' with support in B(0, p),p < 1. Combined with the coercivity of a, this yields
el < € {plu,u) + Jull} }
if p is small enough. Applying this to v = u( %) and letting p go to 0 gives
I3 < € {p(v,v) + o3 }

for v compactly supported, and thus by density for any v. Then applying this to v(y, z) = ¥(y)w(z)
with ¢ compactly supported, and equal to one on the unit ball of R" ™2, we get

loll7 < O {(w,w) + w1 Jwll 2} -
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Applying this result to w(z) = x(r)r*u(#), for x compactly supported, equal to 1 near r = 1 and

to 0 near 7 = 0, and for a < Re\ < g, this yields

s ap < Cous {ReUA) @, 0) + 1 g Dl 2 }

Remarking that [[ul|;. < CA™" [Jull g1y}, We get for A big enough

lull3ysay < Cans {ReL(A) (u, w)} -

This holds for u € V ([0, w,]) and is the required coercivity. This is enough to prove the inversibility
of Z(\) and the accompanying estimates.

For the meromorphy, we start by observing that for A, \’ € C, the operator .2 (\) — £ (X
is compact. Then if \g is such that £ (%) ()\y) is invertible, we can write

ZOMN) =20 No)o (I +Z(N)

with
Z(N) =ZLO W) o (LOWN) =20 (N)).

Thus Z()) is a holomorphic family of compact operators, with I + 2 (o) = I invertible. This
implies the meromorphy of the family of index 0 Fredholm operators .Z(®)()\), and therefore the
meromorphy of £ (\)~1, O

Then we need to prove the regularity of the family .Z.
Lemma 5.3.17. For any ReX € [0,0], if U € H'([0,w.]) is such that
LOMNU = 4, (\)(F.G. H),
then U € H° ([0, w.]), and
Ul gosr < C(IF[+11Gll(g1-0y + [ H]

with C' uniform in X and in A,.

Proof. Because the L are constant coeflicients, their coefficients when .# varies in A inhabit a
compact set. Therefore it is sufficient to prove this for a fixed .¥ € A,, with a constant that is an
increasing function of the supremum of the coefficients. The operator family L is elliptic, and
with constant coeflicients. The classical elliptic regularity theory can be applied far from 0, near
any interior and boundary point. The constant depends on the coefficients continuously. Then
applying this regularity to w(z) = x(r)r*u(f) as above, this function being compactly supported
away from 0, we immediately find the announced regularity. O

Then we want to define U()), which only made sense for ReA < 0 initially, in the half-
plane ReA < o. The formula

(5:3.6) U\ = LW HFON), G, H(N)
agrees with the definition of U(X) in the left half-plane, because
f(0)|H1+o =l o o).

Also we have already seen that .2(%)(\)~! is meromorphic. Its poles are the places where .29 ()
fails to be injective. It is immediate that that the injectivity of .2 on H'([0,w,]) is equivalent

154



5.3. ANALYSIS ON MOVING DOMAINS

to the injectivity of L on S* the space defined in (5.3.5). Because of Lemma 5.3.14, we know
that for o < g, this injectivity is true for any A except the integers, where only injectivity
modulo polynomials holds. Therefore the only possible poles of .Z(%)())
of Proposition 5.3.13 are the integers between 0 and o.

Because of the preceding Lemma, .Z(?)(\)~! is also meromorphic with the same poles. Then
because F', G and H where also meromorphic with integer poles, (5.3.6) define a meromorphic
extension of U to Re\ < o, with integer poles.

We want to take the inverse Mellin transform of U(\) along ReA = 0. However, because of
the possible presence of a pole at 0 when ¢ € N, we need to be careful.

First, take ¢’ < o that is not an integer. If already o is not an integer, we can take ¢’ = o.
Then U(A) is meromorphic on ReX < o’.

! when ¢ is in the range

Taking the inverse Mellin transform along ReA = o’, we find a function uy € Hj +1(r,), with
norm bounded by

2
/ReA:J, 1T 1,1y dA-

However )
[T 15 < € [IFQ+IGO sy + IHO]

the value for large A coming from Lemma 5.3.16 and the elliptic regularity, while for the others
values of \ we use the qualitative information that .2 is invertible to find the equality with
constants Cy and then we take the supremum of those constants because A is in a compact set.
This constant is also uniform in A, because the coefficients of the problems are in a compact set.
This means that

ol < € [l g+ lgllyr + A1,y ] -
Now because of the Cauchy formula between ReA = 0 and Re\ = ¢’, we find

Lo’}
u—up = 2ir Y Resx—,r* L7 (\)THEF(N), G, HN)).
pn=0
Then writing u, for the uth residue, we see that for x a cutoff at 0, for u > 0, xu, € V.
Since u € V, we deduce immediately that yug € V' and therefore ug is a polynomial. We want to

prove by recurrence that all the uj are polynomials. By subtracting the ones already known to be
polynomials, it is sufficient to assume that

Vi <k —1,Res,—\r*U(\) = 0.

Then comparing (v — ug,v) and {(u,v) for v € V shows that a(ug,v) is a polynomial. Then
injectivity modulo polynomials shows that uy is a polynomial. The uniformity of the constants
in A, is immediate. This concludes the proof of Proposition 5.3.13 in the case where o ¢ N.

If o € N, we just proved that the regularity holds for ¢’ < 0. Keeping separate the regular
part ug € H o'+1 and the residues (which are polynomials), we see that we only need to prove
that yup € HT! with x a cut-off at 0. Thus we only need to show that

Va,|a| = o + 1, D% € L*(T,).

For this we need to extend

wA) = (Z°(NUN)ja1=+1

up to ReA = o, with the punctual convergence

w(o’ +i-) = w(o +i-) in L2(R x [0,w.]) N L% (R; L*([0,w.])),
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where 2%()) is the Mellin transform of D® and
L2 (R H)) = {u; (1 + [-)7 lu(-)|| € L*(R)} .

Then passing to the limit Rec’” — Reo in the Cauchy formula would give us the result. But the
usual limit case for the Mellin transform (again see [39]) gives the desired result. This concludes
the proof of Proposition 5.3.13.

Full operator. The objective is now to come prove the regularity of the full problem starting
from this model case. Recall that from the full form a we have first constructed a constant
coefficients form p on R"™2 x T', be freezing the coefficients at 0. We can associate to this form p
a series of problems P as we have done for a and [. The first objective is to derive the following
regularity theory for P.

Proposition 5.3.18. For any .’ in Ay, for any 0 < o < 5, if there exists u € H'(R"?xT,)
and

1. (f,g) e HT 2 (R" 2 x 8,) x (V7o) for0 < o < .
2. (f.g,h) € H*3(R" 2 x S,) x (H'"7(R" 2 x I,)) x H"3(R" 2 x B,) for s <o <1,
3. (f,9,h) e HTT2(R"2x 8,) x HY(R" 2 xT,) x H~2(R""2 x B,) for 1 <ro,

such that
POu=1,(f,9) (resp. POu=Io,(f g,h)),

then v € HTHY(R"™2 x I,) near 0, with constant of the good form.

We have again used the obvious definition for V' and the Iy ,. This statement is different from
the one for L only if n > 3, so that their is actually a transverse direction y € R" 2.

Proof. The spirit of the proof is to first go to Fourier in the unbounded variable y € R" 2, and
then use homogeneity to reduce to the dual variable 7 in the sphere S”~3. Then for such an 7,
the regularity far from 0 will be a simple consequence of the classical regularity theory, while the
regularity near 0 will come from the one of L.

Accordingly, for n € S"73, let p(n) be the form deduced from p by going to Fourier in y, or
equivalently replacing the 9y derivatives with multiplication by in®. Let P(n) be the associated

family of problems. Assume we have u € V(L) and (f,g,h) € H°2(S,) x (H*°(T,)) x
H°~z(B,) such that
P(O) (77)“ = IO,J(fag7 h))

We want to prove that u € H""‘l(l"*), with the associated constant uniform in A,. Here u need
not have compact support, which is important for what follows. We can decompose the regularity
between points far from 0 and 0. The regularity at 0 is an immediate consequence of the regularity
of L and the easily established compactness of P(n) — L on compactly supported functions, which
comes from the fact that the associated form a — p(n) involves no first-order derivatives.

For the regularity far from 0, we start by remarking that the regularity of P near any
point (0,z) € R"™2 x I, with |z| = 1 comes immediately from the constancy of its coefficients
and the classical interior and boundary estimates. The constant can be taken uniformly for
those points because they form a compact set. Then applying the associated regularity theory
and estimates to a cut-off near this set times ei27<’7’y>u(272) for v € N* gives the regularity
of u in dyadic crowns exhausting B(0,1)¢, uniformly in 27. Then summing the pieces gives the
regularity far from 0. The constant are of course smoothly dependent on the coefficients of p
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and on 1 € S"2, which inhabits compact set. Therefore it can be taken uniform in A, and
innesn2.

Then we derive that for any € R" 2, if u has compact support in B(0,1), then P(n)@u =
Io.s(f,g9,h) means that v € H°! with estimations uniform in the norms H" (T, |n|). This is
immediate for 7 < 1 because those norms are equivalent to the classical Sobolev norm, and
because P(n) — P(n/|n|) is compact.

For n > 1, we simply apply the regularity of P(n/|n|) to u(z/|n|). The fact that the support
of this function goes to infinity is the reason we needed estimates far from 0 in the preceding step.

Then by using Fourier, those estimates immediately imply Proposition 5.3.18.

O

Then the remainder of the proof of Theorem 5.3.12 is simple. We first deduce from the
regularity of P near 0 the regularity of A near x € %, by mapping a neighborhood of z to a
neighborhood of 0 in R"™2 x T, so that p is its associated frozen coeflicients form, then using
the H 2 (with s > 1 + %) regularity of the coefficients to write that the form a is close to the
form p for functions with support small enough, close to x the size of this support depends only
on the Lipschitz norm of those coefficients, so that it is bounded from below for . € A,. Those
steps are where the regularity of the solution gets limited to s + %

Then combining this with the classic regularity near other points, and using the compactness
of Q,, we can finish the proof. For the last step of regularity, assuming . is H®, one needs
simply to use the H®(f2) regularity of the solution, with constants uniform in A, and then prove
the regularity up to H stz (Q) by repeating the proof above, taking care that the dependence in
the H 2 (Q) norm of the coefficients, and therefore in |7, is linear.

It can be remarked in the proof above that the regularity is limited by the angle only at .Z.
Therefore, if s > 77, the regularity of the solution in the full domain will only be H I+ o~
but we still have the following.

Lemma 5.3.19. Take s > 1 + 5, an H® surface %, as above, and 6 > 0 small enough. As-
sume . € A, is also in H®. Take u a variational solution as above, with data (f,g,h) €
H™% x H" x H’"_%, with 0 <r <s-— % Then u is locally in H™ 1 near any point of Q\ Z.

Other elliptic problems Another elliptic problem in © we will need to solve is

Au=gin Q,
VNULV = f7
vu”'.@ = h7

subject to the natural condition

/gdx:/ de+/ hdS.
Q & B

The resolution is completely analogous to the previous one, although it has to be performed
modulo constants since they are always solution of the homogeneous problem. The only real change
is the model operator, which will of course be the Laplace operator on a sector of angle w, but with
Neumann condition at both sides. It is readily checked that the singularities appear for A = ’%r,

k € N*, and therefore the solution is (modulo constants) in H"*! with 0 < r < min (s . )

27 wmax

In the same vein, one obtain the same regularity result for the Dirichlet-Dirichlet problem,
assuming the two pieces of data can be pasted together at the angle to form a smooth enough
function. The singularities are at the same place as in the Neumann-Neumann case.
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5.3.5 The Dirichlet to Neumann operator

The fundamental operator for the dynamic is the Dirichlet to Neumann operator .4, defined
on functions on . by

N f=WHA(f),

where J2(f) is the harmonic extension of f in (2, satisfying

AA(f) =0in Q,

H (e =1,
W (f)lz = 0.

As a consequence of the preceding analysis, this operator is continuous, elliptic, and self-adjoint
on L*(), for . in A,.

Proposition 5.3.20. Let s > 1+ 5. Let ., be an Hs 3 reference hypersurface, and § small

enough, so that in the corresponding A, the mazimal anlgle satisfies s < o=, and all other

geometric conditions imposed above apply. Let 1 <o <s— 3.
1. Continuity: there is a constant C, depending only on A, and o, such that if & is an
hypersurface in Ay, and f € HO (), then A f € H (), and

1A Fllpze-1(9) < C M fll o) -

2. Ellipticity: there is a constant C, depending only on A, and o, such that if % is an
hypersurface in Ay, and f € H%(Y) is such that A f € H=1(7), then f € H° (%), and

1105y < C {1 Fllgo-sory + 1oy |-

3. Self-adjointness on L?(.Z): If f and g are in H'(.%), then
/ fJngSZ/ gN fdS.
& &

Proof. The operator can be defined on H %(y ) through the following weak formulation : for
any (f,g) smooth enough, the Stokes formula is valid since the domain is Lipschitz, and gives

/ fANgdS= | VHSf - VHgdx.
Z Q

Since the right-hand side is well-defined for f and g in H 2 (), A g is well defined with values
in H=2(.%) (or more precisely in the dual of H2(.#), which is contained in H~2(.%)). From
elliptic regularity for the Dirichlet-Neumann problem, and since the angle condition is verified, it
is well defined and continuous in the range 1 <o < s — %

To prove the ellipticity, we simply remark that under the hypotheses, the harmonic exten-
sion S f is well-defined in H'(Q) and satisfies, in the weak sense, the Neumann-Neumann problem
with value 4" f on .. Since the angle condition for this problem is also respected, the preceding
analysis gives us the required control with an H %(5” ) norm of f in place of the L?(.#) norm.
But then a simple interpolation argument enables us to conclude.

To check that .4 is symmetric, we observe from the Stokes formula that for f and g in H'(.%),

/ fngS:/V%”f-V%gdx:/ g fdS.
& Q &

158



5.3. ANALYSIS ON MOVING DOMAINS

To check self-adjointness, one should consider the closure A of the Dirichlet-Neumann operator
and its adjoint .4 , as unbounded operators on (>2(,5” ). Then we want to prove that all of those
have domain H!(.#). As in the proof of Lannes (|71, Proposition A.14]), we show

HY(.S) C 9(N)C 2(N") Cc H'(S).

The first inclusion is obvious, the second comes from the symmetry of .4, and the last one from
the previous part on ellipticity, with ¢ = 1. O

We can then use Borel’s functional calculus (see for example [88] to define complex powers 4"
of 4. Those will form an analytic family of operators, which coincides at integer powers r = k
with the operator 4% defined by applying .4 k times. By the properties of .4 and complex
interpolation, we will find the following Proposition.

Proposition 5.3.21. Let s > 1+ 5. Let ., be an Hs 2 reference hypersurface, and § small
enough, so that in the corresponding A., the mazimal angle satisfies s < 5=, and all other
geometric conditions imposed above apply. Let O <r < s— %
Then, uniformly in A, there exists a self-adjoint unbounded operator A" on L*(7), with
domain H" (%), which is continuous and elliptic from H° (%) to H*~" (), for anyr < o < s—1.
They form an analytic family of operators, coinciding with classical powers of A~ for r-integers,
and with the Identity for r = 0.

5.3.6 Div-curl Problem

In order to recover the velocity in the following analysis, we will need an elliptic regularity
statement for the following problem on a vector field v : Q2 — R

V-v=ginQ,

V xv=pin §,
(5.3.7) T

((Vo,N))T = f on &

(v,v) = h on A.

Here V x v is a shorthand for the vorticity form p(X) Y = (Vxv,Y) — (WMo, X) which, as is
well-known, can be seen as a function in dimension n = 2 and a vector field in dimension n = 3.
The musical isomorphisms # and b respectively raise and lower the indices through the metric.
Thus f transforms a linear form into a vector. The metric used being the Euclidean metric in €2,
or the metric induced on ., .# or £ when the fields are tangent to either ., %, or .¥. Notice
that in the cases of . and %, this operation has limited regularity.

In our problem, g = 0 and we could assume p = 0, however this does not simplify the proof,
and therefore we may as well study the general case.

The strange boundary condition at . replaces the condition on (v, N), whose regularity
would be limited by N and not by v. Of course, since v is smooth, no such difficulty arises at the
bottom.

In this paper, we will not need the existence of a variational solution for such a problem, so
we concentrate on regularity theorems. We will have two main difficulties.

The first one is already present in the usual case without corners. The surface . is H%, and we
will want the velocity field v € H5(Q). However, if we see v as a vector field on the H*t2-manifold
with corner €, its maximal regularity would be H 5=z (€2), since change of coordinates on vector
fields involve multiplication by D¢q. The way out of this is to transport v by v o ®g, which
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means considering v as an array of functions, whose regularity are only limited at H S+%(Q),
and satisfying some additional relations. Since this is not the canonical way to transport vector
fields, it does not preserve being a gradient, and does not transport the divergence and curl
correctly. Therefore any technique invariant by change of coordinates on vector fields, like the
Hodge decomposition, is useless in this setting. Remark however that there is no problem of
definition for the data, which are all less regular functions.

The second difficulty is again due to the presence of the corner. Since we do not want to
perform an analysis of the singularities as above, our aim is to reduce the problem to a scalar
one, at least locally near the corner, and use the preceding results.

The reason why the boundary data on . is not under the more classical form (v, N) is that N
would limit the regularity of this expression, being only in H*~ 2 () for & € A,. Since v has
maximal regularity on 4, this is not the case on 4.

For the following Proposition, remark that since we only want v € H°(.%) at he maximum,
we do not need to now that . is H®. The information that it is in HS’%, which is included in
the hypothesis . € A, is sufficient. Thus, the constants will not depend on [.7]..

Proposition 5.3.22. Take s > 1+n/2, an-H® hypersurface %, and § > 0 small enough, so that

in particular as above, s < 57— + 5. Then if & € A, if (g, p, f,h) € H7H(Q) x H71(Q) x

H”_%(y) X H"_%(%), with s — 1 < o <, if v is a solution of (5.3.7) in H? (), then

lolzro@) < C [l8llie-soy + Ilzosc0) + 163,y + WALy g + Il
where C' is uniform in A,.

The dependence on ||v|| ;. is good, since as a part of the Hamiltonian, it is a bounded quantity.
Also the condition on the angle correspond to what would be expected for v = V4 and a smooth
geometry, if we wanted 1 to be in H5t!,

Proof. First, remark that by interpolation it is enough to prove the inequality with the quan-
tity [|v]| s-c () for some € > 0 in place of the L? norm. The proof is based on the observation
that (5.3.7) implies that the euclidean coordinates of v satisfy

(5.3.8) Av' = 8]#; +0;f in Q,

so that one can study v’ as a function satisfying an elliptic equation.

The regularity will again be proved locally near any point of €. Near interior points, equa-
tion (5.3.8) is enough.

Near a boundary point xy not in the edge ., the analysis is more involved. Since it is no
different in both components, we concentrate on .. First, we freeze coefficients. More precisely,
we use a local coordinate map v, of class H®, and such that D% is the identity at xg, and a cutoff
to transfer the functions v* close to x to compactly supported functions with value v?(3)) close
to xo. Thus, by pulling back the v’s as functions, we avoid the loss of regularity. Then those
functions, close to xg, satisfy a certain div-curl problem with non-constant coefficients, depending
smoothly on Dy !, which, if frozen at z¢, give the euclidean divergence and curl operators, and
the boundary conditions with the good normals. For example on the divergence part, if x denotes
the inverse of ¢ and v* = w'(x), we have

with Dx(0) = I, and therefore writing

Sw' = Z@iwi(l — (’“)ixi) — Z Bjxiaiwj +g
i i#]
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gives the control
IV - @l s < gl + D0l s 1D = Id] o + COO 1D
Then since Dy is Lipschitz we find that on a ball of radius p,
19wl s < Cllgllgres + ol g + 0] o]

for € > 0 small enough, with C' uniform in A,, independent of p. The same can be done for the
curl and for the boundary data. Then one only needs to prove the regularity near x( for the
frozen constant coefficients, and then take p small enough to absorb the term in the left-hand
side. Remark that even if the right-hand side of the original problem was 0, we would still need
to study the inhomogeneous version since the freezing process produces a right-hand side.

Then one needs only to prove the regularity for a solution of (5.3.7) in a half-space for some
function compactly supported near 0. We again transform the problem into (5.3.8), and study
each coordinates separately. If e,, is the normal coordinate in our half-space, the coordinates v,
for i # n satisfy a Laplace problem, and in terms of boundary data, we find

Vvt =V, (v, ;) = (Y, er) = (V,v,n) + {(V x v)(n),e),

and both of those terms are part of the data. Therefore we have a Neumann boundary condition
for v;, and the regularity is classical. On the other hand, v™ also satisfies a Laplace problem, and

Ve ot = (Vv m)

which is part of the data for all i # n, so that we control the full gradient of v™ on the boundary,
and thus using ||v|| g.— we can control the value of v™ on the boundary. We therefore have a
Dirichlet problem for v™, and we can easily conclude.

The last step is the control near a point of .Z. As above, we reduce it to the same problem in
the angular sector R" ™2 x T'. The components of v in the unbounded direction, being tangential
to all parts of the boundary, can be treated as above. We are left with two components, and we
would like to reduce the problem to a 2D system in the angular sector I". As in the proof of the
scalar problem, we apply the Fourier transform in the unbounded variables. Treating all terms in
the tangential variables and all lower order terms as a right-hand side, we have a problem with
parameter & € R"?, of the form

V.56 = (&) in T,

. V x5 =&() in T,

(5:3.9) (Va(), )T = () on S
( f

Here 9(¢) is for each & a vector field on T'. Also, T is the projection to vector fields tangent
to .. We need to prove weighted in £ estimates for this problem. Again, as in the scalar case,
it is sufficient to prove them for fixed ¢ on the sphere, but with arbitrary large support, and
constants independents of the support.

Now since we are on a straight domain, there is no problem anymore to use vectorial methods.
One can use Hodge decomposition in the angular sector, which exists since I is piecewise regular
and the function has compact support, writing o = V¢+ VL@, where V1 here is the perpendicular
gradient (0o, —01), and such that Vy¢ = 0+ N on S and the same on B. Differentiating those
boundary conditions along the tangential direction 7, we find that we control
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and since we also control v in H5~¢, we control the Neumann data dy¢. The same can be done
on the bottom B, so that we can use A¢ = divo = g and our preceding regularity result for
functions satisfying some elliptic problem with Neumann data on both sides to control V¢ as
expected.

We at last find AQNS =V x v = g, and since <VJ‘Q~5, N> = VTQZ =0, we find q~5 to be constant on

the boundary, and we can again use elliptic regularity for functions with Dirichlet data at both
sides to conclude.
O

We notice that for the case 0 = s — 1, the boundary data can be given under the form (v, N)
and (v, v), because N € H5~2(.%).

5.4 Quasi-linearization

In this section, we want to find a quantity satisfying the linearized equation. As explained in
the introduction, we want to differentiate the equation in time. Since

Div = —-Vp — ge,,

we look for an equation on Vp = Vp, , — gV (2"| ) + gVa™ (the term ge,, does not depend
on time.) As we will see later, the regularity of Vp is equivalent to the regularity of its normal
part a = —Vyp|.», the Taylor coefficient, so we will in fact prove that a satisfies the linearized
equation.

Proposition 5.4.1. Let s > 1+ 5. Let .7, be an H® reference hypersurface, and § small enough,
so that in the corresponding A, the maximal angle satisfies s < % + 5=, and all other geometric
conditions imposed above apply.

Then if % is a continuous family of H® hypersurface belonging to Ay, if v € C(H*()), and
if they satisfy the water waves equations, then the Taylor coefficient a € C(H*~*(%)) follows the
equation

(5.4.1) D?a + aVa = R.

Here, the remainder R is in C(H % (%)), with at each time t

(5.4.2) IRON s, < Q (14, Il i)
where @ is a time-independent polynomial in its variables, whose coefficients depend only on A,
and g.

Proof. This is only a long computation. To start with, we recall that p is the solution of the
elliptic equation

Ap = —tr ((Dv)?) in Q,
(5.4.3) D
Vipla, = —ILa (v, v) + 9"

.Vt:()a

where II 4 (v, w) = — (V,v,w) is the second fundamental form of .#Z and v™ is the component
of v along e,. As a consequence of Theorem 5.3.12, recalling that II_, is smooth, we find
that p € C(H"2(Q,)) with for each time

(5.4.4) 1Pl 3 0y < Q (1745 10l 3 )
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where @ is as in the Proposition. The fact that we can use only the H =2 norm of v means that
the regularity of p is limited by the domain, and not its data.
Then

(5.4.5) D,Vp = — (Vv, Vp)* + VD;p.

We want to find the elliptic problem satisfied by Dyp.

Elliptic problem for D;p First, using (5.4.3),

(5.4.6) D:pls, = D¢ (pls,) = 0.

In Qt7
ADtp = DtAp —+ 2tr (D2p . D/U) + <A'U, Vp> )

where - represents the matrix product. But, using (5.4.3), we find
D;Ap = —Dqtr ((Dv)?) = —2tr (DDyv - Dv) + 2tr ((Dv)?) ,
and the Euler equations give
D;Ap = 2tr (D2p . Dv) + 2tr ((Dv)3) .
Thus we have proved that in £,
(5.4.7) AD,p = 4tr (D?p - Dv) + 2tr ((Dv)?) + (Av, Vp) .

Since both v and Il , are smooth and independent of ¢, we compute easily that on points
of e%t,

(5.4.8) D.v|z = N,v
and for w and w’ tangent to 4,
(5.4.9) D (I (w,w')) = L4 (D] w,w') + Iz (w, D w') — (D*v(v,w),w'),

where T represents the orthogonal projection to the tangent plane of .Z .
On the other hand,

% (D), = Dt (%plas,) + (%v, Vp)lz, +1La (v, V p).

Using the elliptic equation (5.4.3) on p and the preceding computations (5.4.8) and (5.4.9), we
find

D, (Vup|33t) = _2HJ/Z(D:U;U) + <D2Z/(U,v),’l)>|ggt +g (vvy)n‘@t

Euler equations let us conclude
D, (Vipls,) = 2114 (V p,v) + (D*v(v,v),v)|z, — g (Vr)" |4,
Therefore,
(5.4.10) ¥, (Dsp)|@, = 34 (V' p,v) + (D*v(v,v),0)| 5, — 9(Vv)" |z, + (Mo, V)|,
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By grouping together terms of same regularity, we therefore find for D;p the expression
(5.4.11)
Dip =A7" ((Av, V), (Y0, Vp))

+ A7 (4tr (D?p - Dv) + 2tr ((Dv)?) , 314 (V' p,v) + (D*v(v,v),v) — g(Vv)"),
where u = A~!(g, h) is the solution of

Au = g in Qy,
ul.s, =0,
Vl,u|33t Zh.

The elliptic regularity Theorem 5.3.12; combined with product estimates gives us that the
first term of (5.4.11) is in H5(€);), while the second is in H*tz.

If we plug this into (5.4.5), we find
(5.4.12)

D,Vp = — (Vu, Vp)! + VA ((Av, Vp), (Y, Vp))
+ VAL (4‘51" (D2p . Dv) + 2tr ((Dv)3) ,?;l_I//[(VTp7 v) + <D2u(v, v), v> — g(Vvl/)") .

The first line of the right-hand side is in H571(€2), the second in H5 2 (Q;). Let us call
a:= A" ((Av, V), (Y0, VD)),

and

B = A" (4tr (D*p- Dv) + 2tr ((Dv)?),3IL4 (V" p,v) + (D?*v(v,v),v) — g(V)")
so that in short,
(5.4.13) D,Vp = — (Vuv, Vp)* 4+ Va + V8.

Now we need to compute the second derivative in time. For this, we compute the derivative of
each of the three terms of (5.4.13).

First term We first compute
—D; (Vo, Vp)f = — (VDy, Vp) + (Y0, Vp)f — (Vu, D, Vp)* .
From Euler equations, the first term is
—(VDy,v, Vp>ti = <D2p, Vp>ri )
Using the evolution of Vp from (5.4.13) to express the third term, we find
—D; (Vu, Vp)t = (D?p, Vp)* +2 (Y, v, Vp)f — (Vu, Va) — (Vo, V)E.
Using the product estimates we can sum this up as
(5.4.14) —D, (Vv, Vp)f = (D%, Vp)* + R
with R satisfying
(5.4.15) IRl 0y < @ (141, ol o)

with @ as in the Proposition.
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Second term We now compute
(5.4.16) D;Va = VD;a — (Vo, Va)? .

To find expression for D;a, we use the same method as for p. We look for an elliptic problem it
satisfies.
It is immediate that

(5.4.17) D,y = 0.
In the domain €2,
(5.4.18) AD;a = D;Aa + 2tr (D*a - Dv) + (Av, Vay).
Let us concentrate on the first term, using that
Aa = (Av, Vp).
We find
D;Aa = (ADv, Vp) — 2tr (<D2v, Vp) - Dv) — (Vawv, Vp) + (Av,D,Vp) .
Thanks once again to Euler’s equations,
(ADyw, Vp) = — (AVp, Vp) = (Vtr (Dv)?), Vp),

so that again, using the evolution of Vp from (5.4.13),

D;Aa = (Vtr ((Dv)?),Vp) — 2tr ((D?v, Vp) - Dv) — 2(Va,v, Vp) + (Av, Va) + (Av, V).
Combined with (5.4.18), this gives
(5.4.19) D;Aa = (Vtr ((Dv)?),Vp) — 2tr ((D?v, Vp) - Dv)

—2(Vauv, Vp) + 2 (Av, Va) + (Av, V) + 2tr (D« - Dv) .

At last on %,
V.Dia = Di(Va) + (Mo, Va) — (v, Va) .

The first term can be computed from
Vya"@t = <vl/v’ vp> )

and is
Dt(VVOé) = <V,,Dt’U, VP> + <VVUVU7Vp> - <VVVUU7 VP> + <V1/U7 DtvP> .

Using Euler’s equations and (5.4.13) once again,
(5.4.20)

ViDia = =D?*p(v, Vp) + (Y0, Vp) = 2 (Y00, VD) + 2 (Y0, Va) + (Yo, VB) + 1L (v, V@),
Combining (5.4.17), (5.4.19) and (5.4.20) with elliptic and product estimates, we find

(5.4.21) D,Va =-VA~'(0,D%*(v,Vp)) + R
with
(5.4.22) 1Rl 20y < Q (1541 0l -
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Third term We finish by computing

(5.4.23) D,Vj3 = VD, — (Vo, VB)* .
Again we look for an elliptic problem on D,f5.
As above,
(5.4.24) D.j|s, = 0.
In Qt,
AD;3 = D;AS + 2tr (DQB . Dv) + (Av, Bay,
and

DA = 4tr (DD, Vp - Dv) + 4tr (D*p - DDyw) — 8tr (D*p - Dv - Dv)
+ 6tr (DDv - Dv - Dv) — 6tr ((Dv)*) .

At the end end, each of those terms lies in H5~2(€2;), so that

(5.4.25) |AD, 3|

Hs=2(Q;) <Q (l‘%|s’ [v]

HS(Qt)) :
On the bottom,
vl/DtﬁL@t = Dt (VVBL@JL) + <VDU7 Vﬂ> - <VUV7 v5> )

Since

V.Blz, =31y (V' p,v) + (D*v(v,v),v) — g (V)"

we only need to compute the evolution of each of those three terms. The first gives
3D, (V' p,v) = 3114 (DZva, v) 430, (va, Dju) — 3(D2(V p,v),0),
which is easily seen to lie in H5~2(%,). For the second term,
D, <D21/(U,U),’U> = <D4u(v7v,v),v> +2 <D2V(Dtv,v),v> + <D21/(v, v), D),
which is again in H*~ % (A,;). The last term is
—gD; (V)" = =g (Yb,v)" + g (D*v(v,v))",

still in H5~2(%,). Putting all of this together, we see that

(5.4.26) I9DBl 0 ) < Q (14 Iolrer)
Thus in the end, using elliptic regularity,
(5.4.27) 1Dl o0y < Q (1721 10l e ) -
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Equation on Vp We have therefore proved that
D2Vp = (Dp, Vp)* — VA~ (0, D*p(v, Vp)) + R
where
1Rl sy < Q (1541 0l -

To finish, we remark that the first two terms of the right-hand side can be rewritten as

1 2\ 1ot 2 1 2

5V (1991°) = 5927 (0.% 1V8*) = 5V (1991 ) = V£,
where f is solution of

Af =2(Vp,Vir ((Dv)?)) +2tr (D?p)?) in Q,
fle =0,
VVfL@t = 07

and is therefore in H%();). Remarking that on .%, because p|y, =0, Vp = VypN, we find
1
D?Vp = §V%”(a2) +R
with R as above. To finish, we notice that
H(a®) = (A (a)* + HH ()

because of the elliptic problem satisfied by the difference, so that in the end,

(5.4.28) D?Vp = #(a)VH(a) + R
with
(5.4.29) 1Rl 10y < @ (1221 Il g -

Equation on ¢ To transform this into an equation on a, we need to compute the evolution of
the normal to the surface, D, N. We redo the computations of Shatah and Zheng in [90]. First,
because |N| =1,

D,N L N.

Then we can choose 7y tangent to .#;, at the point zy € .%,, and transport it in time as a solution
of
Dir =VNu, 7(to) = 70.

Immediatly,

(D¢N, 19) = — (N, Dy71) = — (Vyu, N) .
Thus
(5.4.30) DN = — ((W,N)”)T € H"3(.%).

This also gives

(5.4.31) (DIN,N) = — |D;N|”> € H 3(%).
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Now since a = — (Vp, N)|.»,, we find
Dja=—(D;Vp,N) —2(D;Vp,D;N) +a(D;N,N),

and the last two terms are in H % (.%,). Thus by taking the scalar product with N of the trace
of (5.4.28),

(5.4.32) D?a +aNVa = H3(.%),

with estimates on the remainder as in the Proposition.

5.5 The energy

Using this quasi-linear form (5.4.32) for the equations, an obvious choice for the energy is
2
(5.5.1) B=/ ‘JVS_%Dta‘ ds + /y al o a) dS + |l 3 gy -
t t

Here, we use the powers of the Dirichlet to Neumann map .4, defined in Subsection 5.3.5, and we
integrate according to the surface element dS of .#;. The first two terms correspond to the energy
for the linearized equation satisfied by a. We will see that those terms do not control the vorticity
part of v, and therefore we added the H*~1(£2;) norm of y := Dv — Dv*, which will be well
controlled because the vorticity is a conservation law for Euler equations. We call Ey := E(t = 0)
the initial energy.

We first need to show that one can recover the original unknown from this energy.

Proposition 5.5.1. Let s > 1+ 5. Let .7, be an H® reference hypersurface, and § small enough,
so that in the corresponding A, the maximal angle satisfies s < % + 5=, and all other geometric
conditions imposed above apply.

Then if 7 is an H® hypersurface belonging to A, and v € H*(S;) are solution of the equations,
and if the Taylor condition a > ag > 0 is satisfied, then E is well-defined, finite, and we have

2 2
L+ @) < F (1003 ) B)
where F is a non-decreasing continuous function of its arguments, depending only on A, ag
and w.

Proof. If . is in H*® and v is in H5(Q)), our elliptic regularity theory gives Vp in H*"z and
therefore a € H5~1(.#), while the formula for D;a tells us it lies in H5~2 (.%). Thus the quantities
composing E are all well-defined.

Now to prove our result, we start with the basic preliminary controls

2

IVl 1) < C ||U||H57% )

because of the elliptic equation (5.4.3) on the pressure, and
ID:Vp o5 () <2 ([0l o3 ) -

because of (5.4.13) and the elliptic equations on a and 8. We notice that

Dta = - <Dtvpa N> - <vp7 DtN> = <Dtvpa N>
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because DV is tangent to . and Vp is normal. Thus

(5.5.2) lal

-t + Dl

i) S (10l et )

Here the traces on . are well-defined because s > 2.
The next step is to use the ellipticity of 4 to find

HS—%(Q)) [H‘/VSilaHL?(y’) + 1}

lall o1y < F (Il

<7 (HU| HS*%(Q)) U’\}&‘ () ||\/a</stla||L2(y) +11,
so that
laliF-so) < Z (0] o3 ) 1+ B
Similarly,
IDeallfye s,y < F (||11||HS_%(Q)) 1+ E].

Next, we want to control Vp and D;Vp with those quantities. To avoid the apparition of |.7|,
in the right-hand side, we use the div-curl problems
V- Vp=—tr((Dv)?) in €,
V xVp=0in Q,
(VVp, NYHT = —(Va)T on .7
(Vp,v) = 1Ly (v,v) — gv™ on %;
and
V -D,Vp = 3tr (D?*p - Dv) + 2tr ((Dv)?) in ©Q,
V x D;Vp = D*p- Dv — (Dv)* - D*p in Q,
(D¢Vp,N) = —=D,a on .
(D Vp,v) =34 (V 'p,v) + <D2u(v,v),v> + g1y (v,e,) on AB.
If s was greater than 3/2+n/2, we could use the information v € H s=3 () directly to conclude.
However, here with s > 1 + n/2, this information only gives tr ((Dv)?) € H*~2(Q) for example,

and this is not enough to conclude. We therefore need to implement a bootstrap procedure. We
see from the above elliptic problems that if s — % < o0 < s, and if we choose e < o — s+ %,

(5.5.3) IVpll ) + ||Dth||Hv*1(Q) <7 (HUHHU*E(Q) 7E> .

o 5@

Here we have first proved the estimate on Vp, then used it to prove the one on D;Vp.
Then we use the problem satisfied by v,

V-v=0in Q,
V X v=pin €,

1
(Vo,N)H)T = E(Dth)T on.¥
(v,v) =0 on A,
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to deduce
1
[oll4e 0y < F (ol ooy ) [1+ B2+ 1Di0 0y ]

Then a simple bootstrap procedure can close the estimates : we find

(5.5.4) IVl DVl 10y + Wy < F (0]emy i - E) -

H%(Q)
To control the regularity of ., we use the formula
Ap = Ayp— kVyp+ D?’p(N,N),

so that, since p|» = 0,
1
K= (Ap — D*p(N,N)) .

Thus we can conclude that

(5:5.5) ¥l g2y < Z (0l o3 iy ) -
If n = 2, this is enough. For n > 3, we need also to control ;. The same formula as above,
seeing .Z as the boundary of & with exterior normal n gives

= —%p (Aggp — D2p(n,n)) = W (Aﬂp - sz(n7n))

where we have used that p = 0 on . to write V,p = (N, n) Vyp. Observing that (n, N) is bounded
from below because § > w > w > 0, we conclude

(5.5.6) —— A (]

(2) H™3(9) E) '

Here the traces make sense because s > % when n > 3. This concludes the proof.
O

The last proposition is the control on the energy. We need to use a control neighborhood both
in ., which is the role of A, and in v € HS_%(Qt).

Proposition 5.5.2. Let s > 1+ 5. Let &, be an H® reference hypersurface, and 6 small enough,
so that in the corresponding A, the mazximal angle satisfies s < % + 5=, and all other geometric
conditions imposed above apply. Let A > 0.

Take %, a C? family of H® hypersurfaces so that %y € A., and v € C*(H*(Q;)), satisfy-
ing ”U(O)HH“%(QO) < A. Assume that (%, v) are solutions of the equations, and that the Taylor
condition a(t,-) > ag > 0 is satisfied.

Then there exists a time T' > 0, depending only on A, A, ag, w, |Zol, and [[v(0,")[| s(qy) s

that for all times t € [0,T], 7, € A, |Jv(t)] < A, and the energy E satisfies

o5 (Q))
B0 < BO) + [ F @) ar,

where F is an increasing function of its argument, and depends only on A, A, ag, and w.

170



5.5. THE ENERGY

Remark that in fact, A, and A can be chosen depending only on the data. Also because
the L°° evolution of a is controlled by the evolution of . € A, and v in H S_%, it is easily seen
that ag can be chosen depending only on the initial data. Thus at the end the time of validity T’
of the Proposition only depends on the norms of the initial data. We do not write the Proposition
in this way, since the point is that the function .# in the control of the energy is uniform in a
neighborhood of the the initial data in a rougher topology.

Proof. The equation being quasilinear, one needs to use control neighborhoods in rougher topolo-

gies.

Control neighborhoods First we prove that .7 stays in A, and ||UHH>—l( ) stays less that A
t

for a short time. This rests on an estimate of the Lagrangian map u(t,-) : Qg — Q¢, which is the
solution of

8tu(t7 y) = ’U(t, u(t7 y))
with initial data w(0) = I. It is immediate that for any 0 < ¢ < and f € H (),

1 0wt M ey < C N e ) 1t M s -
Duality then gives
I|.f o ult, ‘)”H—a(go) <C ||fHH—H(Qt) ||u(t, ')71H25(QO) .
Then
mw>anﬁ0/m Wretay It ey

by writing the ODE in integral form.
Take a large M to be chosen later, and

to = sup {t; o, ) ey + S0l < MV € [O,t}} .

This time is positive because of the continuity of the solution. Then

Jotts = Dllgeony < M [ Il
Thus by ODE estimates, we find a time and a constant C' depending only on u, such that
[u(t,) = Il o) < CF-

This implies that in local coordinates, the function 7 that parametrized . above .7, grows
linearly, so that there is a time ¢; depending only on u, A, and the norms of the initial data, so
that . stays in A, for 0 < ¢ < min {tg, 1 }.

The same construction, using u; = v(t,u(t)) and uy = (Vp — gep) o u, gives that for a
time t9 depending only on p, A,, A and the norms of the initial data, if 0 < ¢ < min {to,¢1,t2}

then Hv(t)||Hs,%(Q) < A.

Evolution of the Curl The evolution of 4 = Dv — (Dv)* can easily be computed to be
(5.5.7) Dy = —(Dv)*u— pDw.

Then it is easy to obtain energy estimates,
d
(5.5.8) Pl < Cllvlla,) [
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Commutators We need to compute the commutator between D; and powers of .4". The one
we need is

(5.5.9) 1D AN Lo ()22 < Clollmsayy »
for % <o <s—1, with C depending only on A,. This will be a consequence of

”[DtaJV]”L(HT(:SQ);H’"*l(Yt)) = CHUHHS(Qt)’

for r € [1/2,s — 1/2], which can be proven for r > 1 by writing the commutator formula,

Dy, ] f = INAT (2D0- D2 for + Nawfore, gyt For — Sty o)
_VVNUfﬁf7 - <VVTfU'N>a

and for r = 1/2 by writing the weak formulation of .4, defined by duality from H?2(.%) to its
dual by

‘/WMwZ/W%VM%
S Q

extending g by D;g = 0, and computing the time derivative.
Then one can use the formula

[Dy, ] = [Dy, #/TANF + N [Dy, NF]

and interpolation to conclude.
We will also need the commutator between .4 and a,

(5.5.10) | [a, 472]|| < Cal

L(Hs—2(F), HE (%)) Hs=1(H)

which can again be proven by interpolation between integer powers, those one being computed
explicitly.

Evolution of the energy Now one can tackle the evolution of the other two terms in the
energy. We write

2
Elz/ ‘JVS*%Dta as
S

and
By =/ a|4*ta| ds.
B

We recall from [90] that for a function f defined on .7,
(5.5.11) 3/ fds = (Def + f(2-v" —kot)) dS,
dt yﬁ yﬁ

and because v is divergence-free,
P -v" — kvt = (Wyo,N) € Hs_%(%) C L™(HA).
Thus this second term is harmless in the estimates.
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First, we prove that

(5.5.12) dp <JVS_%(Dta),JVS_%(aJVa)>

i <5 (10l 1)

L2(A)
Since D;a € H5"2 (%) C L™®(.%), we have

4 (D @), e ()

ai < 7 (Il - 1#Ls)

L2 ()

and (5.5.12) is a consequence of the commutators estimates (5.5.9) and (5.5.10), and of the
self-adjointness of powers of 4.
Along the same lines, the commutator estimate (5.5.9) proves

(5.5.13) dp, - <JVS_%(Dta),JVS_%(D?a)> )

< .
4 | =7 (Wl 1#11)

Thus, using Proposition 5.4.1 on the equation satisfied by a, we conclude

d
8|7 (19 1541,

Using Proposition 5.5.1 to control the right-hand side by a function of E, we conclude the
inequality of our Proposition on the interval of time [0, min {¢¢,#1,t2}]. Then if we choose M
big enough depending only on the initial data and the control neighborhoods, the control of the
energy implies that ¢y is bounded from below by a time ¢, depending only on the initial data.
Also since we have fixed M, t; and ¢y only depend on the initial data. Therefore the control is
valid up to a time T as in the Proposition. O
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Annexe

Calcul paradiftérentiel

A.0.1 Paradifferential operators
Definition A.0.1. 1. (Littlewood-Paley decomposition) Let k € C5°(R?) be such that

k(@) =1 for |A] <1.1, k(#) =0 for |0 > 1.9.
Define
kr(0) = &(2_’“9) for k € Z, Yo = kg, and @ =k — Kg_1 for k> 1.
Given a temperate distribution u, we introduce

Sgu = ki(Dy)u for k € Z,
Aou = Sou, Apu = Spu— Sg_1u for k > 1.

Then we have the formal dyadic partition of unity

oo
u = Z Apu.
k=0

2. (Zygmund spaces) Let s € R and p, ¢ € [1,00]. The Besov space B5  (R%) is defined as the
space of all the tempered distributions u satisfying

[l

g o0
5y = 1@ 1850l ) oller < +oo.

When p = g = oo, Bj, , becomes the Zygumd space denoted by C}.

3. (Holder spaces) For k € N, we denote by W#>°(R%) the usual Sobolev spaces. For p =k + o
with k£ € N and o € (0,1), W*>°(R%) denotes the space of all function u € W*>(R?) such that
all the k' derivatives of u are o-Holder continuous on R?.

Let us review notations and results about BonyCalculsymboliqueet79’s paradifferential calculus
(see [21, 51, 80]). Here we follow the presentation of Métivier in [80] (se also [7], [8]).

Definition A.0.2. 1. (Symbols) Given p € [0,00) and m € R, F;”(Rd) denotes the space of
locally bounded functions a(z,¢) on R? x (R?\ 0), which are C> with respect to & for & # 0
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and such that, for all & € N¢ and all ¢ # 0, the function z — 3?61(95,5) belongs to W (R%)
and there exists a constant C, such that,

1 (0% m—|«
(A.0.1) VIl = 5 108al Ol ey < Call + D™
Let a € I'7"(R?), we define the semi-norm

(A.0.2) M} (a) = sup sup H(l + |§\)|a‘_m8§‘a(-,§)H

la|<d/2+1+p |£]>1/2 we.> (R?)

2. (Paradifferential operators) Given a symbol a, we define the paradifferential operator T, by

—

(A.0.3) Tou(€) = (2m)~° / X(€ — 0, m)(E — m, )b (m)aln) di,

where @(0,&) = [ e %a(x,£) dz is the Fourier transform of a with respect to the first variable;
x and v are two fixed C'*° functions such that:

(A.0.4) Y(n) =0 for [n| <

==

$(n) =1 for |n| >

(S

and x(6,7n) is defined by x(6,7) = ZZ:CXS Kr—3(0)or(n).

Remark. We make the following remarks on the preceding definition.
1. The cut-off x satisfies the following localization property (see [80], page 73) for some 0 < g1 <
g9 < 1

(A.05) {x(ﬂ,n) =1 for || <ei(1+]n))

x(0,m) =0 for |0] > ea(1+ |n]).

Therefore, in the definition of T,u, on the Fourier side, T,u keeps only the regime where u has
higher frequency then a. In particular, when a = 1, we have Tyu = (D, )u, hence

(Th —1): H* > H>®, C;/*—>CZ.
2. As usual, the paraproduct T,u is defined by
T,u= Z Sk_3alApu.
k=0
On the Fourier side, T,u is thus given by the formula (A.0.3) with 1) = 1. Consequently
(To — Ta)u = Ta((l —(Dy))u)
and thus using the fact that for any m > 0 (see Theorem 2.82, [17]),

| Tuolla < Cllallgnllv]

Hr%»'m

we obtain B
(T, —Ts): H® = H>®, C;°—=>0Cr

provided a € C*°. For this reason, we do not distinguish T,u and T,u in this paper.
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Definition A.0.3. Let m € R. An operator T is said to be of order m if, for all 4 € R, it is
bounded from H* to H*~™.

Symbolic calculus for paradifferential operators is summarized in the following theorem.

Theorem A.0.4. (Symbolic calculus) Let m € R and p € [0, 00).
(i) If a € T (RY), then T, is of order m. Moreover, for all p € R there exists a constant K such
that

(A.0.6) 1Tl e < KM (a).
i) If a € T RY),b e ™' (R4) with p>0. Then T, Ty, — Tosp is of order m +m’ — p where
P P #

afb := Z %8?@(30,{)8;11)(1‘,5).

lal<p
Moreover, for all p € R there exists a constant K such that

(A.0.7) | ToTy — Tasv |l oy pru—m-mrso < KM;”(a)Mgnl(b) + KMOm(a)M;”/(b).

(iii) Let a € T7"(R®) with p > 0. Denote by (T,)* the adjoint operator of T, and by @ the complex
conjugate of a. Then (Ty)* — Tox is of order m — p where

1
* a o—
a* = Z Ta‘a!ag a.
la|<p
Moreover, for all p there exists a constant K such that
(A.0.8) I(Ta)* = Tar Nl gy prn—meo < KM (a).
We also need the following definition for symbols with negative regularity.

Definition A.0.5. For m € R and p € (—o0,0), ['7'(R?) denotes the space of distributions a(x, ¢)
on R? x (R?\ 0), which are C°° with respect to ¢ and such that, for all « € N and all £ # 0,
the function x = 9¢a(, §) belongs to C¥ (R?) and there exists a constant C,, such that,

1 o m—|a
(A09) V|§| Z ia Haf a(‘7£)||Cf S Ca(l + |£|) | ‘
For a € I']?, we define
m — - o la|l-mga (.
(A.0.10) My (a) sup sup H(l +1&) O a( ’5)‘ CfRA)

|| <2(d+2)+(p| |€]21/2

Proposition A.0.6 (see [7, Proposition 2.12]). Let p < 0, m € R and a € f‘;”. Then the
operator T, is of order m — p:

(A.0.11) Tl s proeim—or < CMZMa), [Tl

s 503 (m=) < CM;n(a).

Remark. In the definition (A.0.3) of paradifferential operators, the cut-off 1) removes the low
frequency part of u. Therefore, estimates pertaining to T,u can be relaxed, for example, when
a € Ty and u € 8’ such that Vu € Ho*™~1 we have

HTauHHa S CMS”(a)HVuHHUerfl.

Notation A.0.7. Let I C Rand a(z,z,¢) : IxR?xR? — C be a family of symbols parametrized
by z € I. We denote
M(a) = sup M™(p)(a(z,,))-

z€l
The set of such a with M(a) < oo is denoted by I'7"(R? x I).
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A.0.2 Paraproducts
Given two functions a, b defined on R% we define the remainder
(A.0.12) R(a,u) = au — Tyu — Tya.

We shall use frequently various estimates about paraproducts (see chapter 2 in [17], and [7])
which are recalled here.

Theorem A.0.8. 1. Let a,B e R. If a+ > 0 then

(A.0.13) 1R (e, )l yoro-g gay < K lall o gy lull s mey »
(A.0.14) ||R(a7u)||Ha+ﬂ(Rd) <K ||chg(Rd) ||u||HB(Rd) )
(A.0.15) ||R(aau)||cg+B(Rd) <K ||a||cg(Rd) [l C?(Rd)

2. Let sq, 81,59 be such that so < sy and sy < s1 + S — %, then

(AOlG) ||Tau| Hso0 S K HaHHSl Hul Hs2 -
If in addition to the conditions above, s; 4+ s > 0 then
(A.0.17) law = Tuall o < K lall o 1wl g -
3. Let m >0 and s € R. Then
(A.0.18) [Taull g < Kllall g lull g-
(A.0.19) 1Tavell go-m < K llaflg=m lullgs
(A.0.20) | T o™ < K ||a com ||uHCi )
(A.0.21) ITaul: < K llall ol -

Proposition A.0.9. 1. If s, 81,82 € R satisfying s; + s > 0, sy < s1, Sop < sy and sy <
S1 + Sg — g, then

(A.0.22) szl oo < K fJunll o vl e -
2. If s > 0 then

(A.0.23) lurua | e < K(lJurll g luall oo + lluzll o lluall Loo)-
8. If s > 0 then

(A.0.24) luruzlles < K([lurlles l[uzll e + [luzlles [Jutll )
4. Let B> a > 0. Then

(A.0.25) Juruz|[gre < K lluallgs [uzllo-e -

5. Let s > 0 and F € C®(CY) satisfying F(0) = 0. Then there exists a nondecreasing
function F: Ry — Ry such that, for all U € HS(RY)N N L>®° (RN,

(A.0.26) IE @) e < F(IUN oo ) 10z -
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6. Let I € C=(CN) satisfying F(0) = 0, s > 0, and p,r € [1,00]. Then there exists a
nondecreasing function F: Ry — Ry such that for all u € By (R)N N L (R4)N,

(A.0.27) |F oul

B, < F(llullz)llu|

s .
BP;"“

Theorem A.0.10 (see [17, Theorem 2.92]). (Paralinearization) Let v, p be positive real numbers
and F be a C™ function on R such that F(0) = 0. Assume that p is not an integer. For any
u € H*(RY) N CL(RY) we have

HF(U) - TF’(u)uHHqup(Rd) < C(”UHLoo(Rd)) HU”(Jf(Rd) ”uHHM(Rd) :

Remark. In Theorem 2.92, [17], there is a restriction that p is not an integer. In fact, by following
the proof of the same result (but qualitative) in Theorem 5.2.4, [80] one can check that this
restriction can be dropped.

Lemma A.0.11. Let s,r,a € R satisfy
either r<0, s<a4+r or r>0, s<a.
Then there exists C > 0 such that

[Taullers < Cllalor{lu|

co-
Proof. We have by the definition of paraproducts (see Definition A.0.1 and Remark A.0.1),
I Taulfs S D 2% ISk-salpull72 S Y 2% Sk—sallZz | Apul .
k>0 k>0
For small k, we have the easy estimate

3

D22 Si—sallfa | Aruli~ S llallfe ulEe-
k=0

Consider the case r < 0 and s < a+7r. Picke € (0, +r—35). For k > 4, using Sx_3a = Z?;g Aja
we can apply the Holder inequality to estimate (notice that r < 0)

k-3
> 22|18k sallfal|Arullie S ullge Y 27" Big(d |Ajal 2 Big)®
k>4 k>4 =0
k-3 k—3
Sl Y 22607 R N 02| Ajal7. > 272
k>4 =0 j=0
k—3
S lullga > 226707 9209 A a7
k>4 j=0

< llullgellallZe-

Now, if 7 > 0 and s < «, in the second line of the preceding estimate we observe that the series

222—27‘]’7 222(s—a)k¢

=0 k>4

converge. This concludes the proof in the second case. O
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We will also need the following commutator estimate between a paradifferential operator and
a convective derivative

Lemma A.0.12 (Lemma 2.16 of [7]). Let V € C°([0,T]; CLT5(R%)) and let p = p(t,z,€) be a
symbol homogeneous of order m € R in £. Then there exists C > 0 independent if p and V, such
that for any t € [0,T] and any u € C°([0,T; H™(R?)),

[Ty, 0 + Ty - V] U(t)”Lz(Rd)

C{ME @) IV Ol gz + ME @+ V - V) | (| 1 (e

A.0.3 Paradifferential calculus in Besov spaces
Concerning the symbolic calculus in Besov spaces, we have the following results.

Lemma A.0.13 (see [102, Lemma 2.6]). Let s,m,m’ € R, ¢ € [1,00] and p € [0,1].
(i) If a € TP (R?) then
17|

B, ,—Bi 2 < OMg"(a).
(it) If a € TP (RY), b e T3 (R?) then

HTaTb - Tab|

sy spigrenres S OMI(@)MGY (b) + OMg (a) M} (b).

Lemma A.0.14 (see [103, Lemma 2.10]). 1. Let s € R and p,q € [1,00]. Then for any o > 0 we
have

(A.0.28) | Tl

5y, < K min (Jla] < o oz llulsgzz ).

B - llal
2. Let s >0 and p,q € [1,00]. The for any o € R, we have

(A.0.29) IR(a, u)]

By . < K|l

P,

ozllull sy -

To deal with time-dependent distributions, we use the Chemin-Lerner spaces defined as follows
(see Chapter 2, [17]).

Definition A.0.15. For T > 0, s € R, and p,q,r € [1, 0], we set
(A.0.30) ||u||zq([07T];B;,T) = H (2js ||AjuHLq([o7T];Lp(Rd)) );.;OHZ“

Again, when p = r = o0, we denote L([0,T]; B3 ) = L9([0, T]; C%). Notice that [[ul| 7.

||u||Loo(1;c;)~

1,cs) —

The next lemma then follows easily from the proof Lemma A.0.13.

Lemma A.0.16 (see [102, Lemma 2.6]). Lets,m,m’' € R, p,q € [1,00], p € [0,1] and I = [0,T].
(i) If a € TP (I x RY) then

Tallzo iy, > Toimey) < CMa'(a).
(it) If a e TP(I x RY), b e T3 (I x RY) then

IT. T, — | < CM QMG (b) + CMG ()M} (b).

Tap ‘|Zp(I;Bgqu)ﬁZP(I;Bi;(qu”"/H/’
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Finally, the following lemma is a direct consequence of Lemma A.0.28.

Lemma A.0.17 (see [103, Lemmas 2.17, 218|). Let I = [0,T].
1. Let s € R and q,q1,q2,7 € [1,00] with % = q% + q%. Then for any o > 0 we have

(A03D) | Tatdgagrope ) < K min (lall o oo [l en e Il s (e st
2. Let s >0 and q,q1,q2,7 € [1,00] with % = qil + q%. Then for any o € R we have

(A.0.32) 1RG0 7y < K0l 7 ricmey Nl s -

A.0.4 Parabolic regularity
Given I C R, let I'}*(1 x R?) be the set of symbols a(z, z, £) satisfying

M7 (a) =sup  sup sup H(l + |eplel=moga(z; - E)H < 400.
r €] |a|<3d4pt1 [€>1/2 M s (Re)

We need to study the parabolic evolution equation
6271] + pr = f7 wlz:zo = Wo,
with an elliptic symbol p € T'}*(1 x Rd), which means that

p(z2,8) = clé],

for some positive constant c.
Define for ;1 € R the spaces

XM(I) = L&(I; H*(R) 0 L2(I; H"* 3 (RY)),
YH(I) = LL(I; H"(RY) + LE(1; H' 3 (RY)).
We will use the following proposition from [7].

Proposition A.0.18 (Proposition 2.18 of [7]). Let p € (0,1), J = [20,21] CR, p € F})(Rd x J)
with the assumption that
Rep(z;%,§) = clg],

for some positive constant c. Assume that w solves
d:w+ Tyw = F, W[o=2, = Wo-

Then we have

lwllx < K {llwoll g + 11F 1y}
for some positive constant K depending only on r, p,c and M;(p).

In the following study, we will need the following Chemin-Lerner type of time-dependent
spaces. See for example [17].

Definition A.0.19. If s is any real number, and if 1 < p,q,l < oo, we define the space
L2(T; B;l(Rd)) as the space of tempered distributions u such that

T

R lks l

lullzer,ms ety = <Z 2 |Aku||L£<1;Lq>> < too.
keN
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For ¢ = | = 2, LE(I; B3 ,(R%)) = LE(I; H*(R")). Also for ¢ = | = oo, LE(I; B,  (RY)) =
L2(I; C5(R%)). As can be seen for example in [17], we have
||UHE§(I;B;L) < ||u||L§(I;B;,l) if 1 > p, ||UHZ§(I;B;I) 2 ||UI|L§(I;BZJ) itl<p.

The paraproduct properties can be passed to the time dependent spaces as long as the exponents
respect the conditions for Holder inequality.
In the following, we will need the following Bernstein inequalities

Lemma A.0.20. Let1 <p<g< oo, € N<. Then it holds that

1

10° Syl ., < C2EIG=5FD S|, for k€N,

|Arul . < o2k =5 Hal) gy HBﬁAkuHLP for k> 1.
|Bl=lcl

Theorem A.0.21 (see [7, Proposition 2.18]). Let p € (0,1), J = [20,21] C R, p € F;(Rd X
J), q € TY(R? x J) with the assumption that
Rep(z;2,8) = cl¢],
for some constant ¢ > 0. Assume that w solves
Ow+Tow=Tw+ f, W= = wp.
Then for any r € R, if f € Y"(J) and wo € H", we have w € X" (J) and

ol gy < B Lol + 1 Fllyey} -
for some constant K = K(M(p), M{(q),c™") nondecreasing in each argument.
Theorem A.0.22 (see [102, Proposition 3.1]). Letr € R,£ € [1,00] and 1 < q < p < co. Let
p€(0,1), J=[z0,21] CR, a € F;(Rd x J) with the assumption that
Rea(z;x,£) > ¢|¢|,
for some constant ¢ > 0. Assume that w solves

Ow+To,w=F, w—py =wp.

if
r ~ r—14+1
wo € B Fel'(J,B,, )

00,£7

~ ~ el
and there exists § > 0 such that w € LP(J,C;°), then we have w € LP(J, BO:;) and

Jwll. 1 < KZig{|lwo
Lr(J,B_ P

B, + ‘lFllfq(JBT71+é) + Hw||ZIJ(J7C;5) %Zg}.

o0, € oot

for some constant K = K(M(a),c") nondecreasing in each argument. When p = oo, the

left-hand side can be replaced by ||w||c (s pr L

Finally, we recall a classical interpolation lemma.

Lemma A.0.23 (see [76, th 3.1]). Let I = (=1,0) and s € R. Let u € L2(I, H"2(R%)) such
that 8,u € L2(I, H"2 (R%)). Then u € C°(|—1,0], H*(R%)) and there exists an absolute constant
C > 0 such that

o et Mgy < Ol g st gy + 1040 2 g ey

182



Bibliographie

[1] Apams, R. A. et J. J. F. FOURNIER. 2003, Sobolev spaces, Pure and Applied Mathematics
(Amsterdam), vol. 140, 2¢ éd., Elsevier/Academic Press, Amsterdam, ISBN 0-12-044143-8,
xiv+305 p..

[2] ARy, G. B. 1841, «Tides and wavesy, .

[3] ALazarD, T., N. BURrQ et C. ZUiLy. 2011, «On the water-wave equations with surface
tension», Duke Mathematical Journal, vol. 158, n° 3, doi :10.1215/00127094-1345653, p.
413-499, ISSN 0012-7094.

[4] ALAazARD, T., N. BURQ et C. ZUILy. 2011, «Strichartz estimates for water wavesy, Annales

Scientifiques de I’Ecole Normale Supérieure. Quatriéme Série, vol. 44, n° 5, p. 855-903,
ISSN 0012-9593.

[5] ALAzZARD, T., N. BURQ et C. ZuiLy. 2013, «Low regularity Cauchy theory for the water-
waves problem : canals and wave poolsy, dans Lectures on the analysis of nonlinear partial
differential equations. Part 8, Morningside Lect. Math., vol. 3, Int. Press, Somerville, MA|
p. 1-42.

[6] ALAzZARD, T., N. BURQ et C. ZUILY. 2013, «The water-wave equations : from Zakharov to
Eulery, dans Studies in phase space analysis with applications to PDEs, Progr. Nonlinear
Differential Equations Appl., vol. 84, Birkhduser/Springer, New York, p. 1-20.

[7] ALAzARD, T., N. BURQ et C. ZUILy. 2014, «On the Cauchy problem for gravity water
wavesy, Inventiones Mathematicae, vol. 198, n° 1, doi :10.1007/s00222-014-0498-z, p. 71-163,
ISSN 0020-9910.

[8] ALazarD, T., N. BURQ et C. ZUILY. 2014, «Strichartz estimates and the cauchy problem
for the gravity water waves equationsy, arXiv preprint arXiv :1404.4276.

[9] ALazARD, T., N. BURQ et C. ZUILY. 2016, «Cauchy theory for the gravity water waves
system with non-localized initial data», Annales de I’Institut Henri Poincaré. Analyse Non
Linéaire, vol. 33, n° 2, doi :10.1016/j.anihpc.2014.10.004, p. 337-395, ISSN 0294-1449.

[10] ALAzARD, T. et J.-M. DELORT. 2015, «Global solutions and asymptotic behavior for two
dimensional gravity water waves», Annales Scientifiques de I’Ecole Normale Supérieure.
Quatrieme Série, vol. 48, n° 5, p. 1149-1238, ISSN 0012-9593.

183



BIBLIOGRAPHIE

1]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

([19]

20]

21]

22]

23]

184

ArLazArD, T. et G. METIVIER. 2009, «Paralinearization of the dirichlet to neumann

operator, and regularity of three-dimensional water wavesy, Communications in Partial
Differential Equations, vol. 34, n® 12, p. 1632-1704.

AMBROSE, D. M. et N. MAasMoOUDI. 2005, «The zero surface tension limit of two-dimensional
water wavesy, Comm. Pure Appl. Math., vol. 58, n° 10, doi :10.1002/cpa.20085, p. 1287-1315,
ISSN 0010-3640. URL http://dx.doi.org/10.1002/cpa.20085.

AMBROSE, D. M. et N. MasMouDI. 2009, «The zero surface tension li-
mit of three-dimensional water waves», Indiana Univ. Math. J., vol. 58,
n° 2, doi :10.1512/iumj.2009.58.3450, p. 479-521, ISSN 0022-2518. URL
http://dx.doi.org/10.1512/iumj.2009.58.3450.

BAHOURI, H. et J.-Y. CHEMIN. 1999, «équations d’ondes quasilinéaires et effet dispersify,
Internat. Math. Res. Notices, , n° 21, doi :10.1155/5107379289900063X, p. 1141-1178, ISSN
1073-7928. URL http://dx.doi.org/10.1155/5107379289900063X.

BAHOURI, H. et J.-Y. CHEMIN. 1999, «équations d’ondes quasilinéaires et estimations de
Strichartz», Amer. J. Math., vol. 121, n° 6, p. 1337-1377, ISSN 0002-9327.

BAHOURI, H. et J.-Y. CHEMIN. 2002, «Quasilinear wave equations and microlocal analysisy,
dans Proceedings of the International Congress of Mathematicians, Vol. III (Beijing, 2002),
Higher Ed. Press, Beijing, p. 141-153.

BasOURI, H., J.-Y. CHEMIN et R. DANCHIN. 2011, Fourier analysis and nonlinear partial
differential equations, Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences], vol. 343, Springer, Heidelberg, ISBN 978-3-642-16829-
1, xvi+523 p., doi :10.1007/978-3-642-16830-7.

BEALE, J. T., T. KATO et A. MAJDA. 1984, «Remarks on the breakdown of smooth
solutions for the 3-d euler equationsy, Communications in Mathematical Physics, vol. 94,
n° 1, p. 61-66.

BEYER, K. et M. GUNTHER. 1998, «On the Cauchy problem for a capillary drop. I.
Irrotational motiony, Mathematical Methods in the Applied Sciences, vol. 21, n° 12, doi :
10.1002/(SICI)1099-1476(199808)21 :12<1149 : :AID-MMA990>3.0.CO ;2-C, p. 1149-1183,
ISSN 0170-4214.

BEYER, K. et M. GUNTHER. 2000, «The Jacobi equation for irrotational free boundary
flows», Analysis. International Mathematical Journal of Analysis and its Applications,

vol. 20, n° 3, doi :10.1524/anly.2000.20.3.237, p. 237-254, ISSN 0174-4747.

Bony, J.-M. 1979, «Calcul symbolique et singularités des solutions des équations aux
dérivées partielles non linéairesy, dans Journées : Fquations aux Dérivées Partielles (Saint-
Cast, 1979), Ecole Polytech., Palaiseau, p. Exp. No. 1, 7.

Bony, J.-M. 1980, «Propagation des singularités pour les équations aux dérivées partielles
non linéairesy, dans Séminaire Goulaouic-Schwartz, 1979-1980 (French), Ecole Polytech.,
Palaiseau, p. Exp. No. 22, 12.

Bony, J.-M. 1991, «Analyse microlocale des équations aux dérivées partielles non linéairesy,
dans Microlocal analysis and applications (Montecatini Terme, 1989), Lecture Notes in
Math., vol. 1495, Springer, Berlin, p. 1-45, doi :10.1007/BFb0085121.



BIBLIOGRAPHIE

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

BoOUSSINESQ, J. 1910, «Sur une importante simplification de la théorie des ondes que
produisent, a la surface d’un liquide, I’emersion d’un solide ou 'impulsion d’un coup de
venty, Ann. Sci. Ecole Norm. Sup. (3), vol. 27, p. 9-42, ISSN 0012-9593.

BuUrQ, N., P. GERARD et N. TZVETKOV. 2004, «Strichartz inequalities and the nonlinear

Schrédinger equation on compact manifoldsy, American Journal of Mathematics, vol. 126,
n° 3, p. 569-605, ISSN 0002-9327.

CASTRO, A., D. CORDOBA, C. FEFFERMAN, F. GANCEDO et J. GOMEZ-SERRANO. 2014,
«Structural stability for the splash singularities of the water waves problemy», Discrete and
Continuous Dynamical Systems. Series A, vol. 34, n° 12, doi :10.3934/dcds.2014.34.4997, p.
4997-5043, ISSN 1078-0947.

CASTRO, A. et D. LANNES. 2015, «Well-posedness and shallow-water stability for a new
Hamiltonian formulation of the water waves equations with vorticity», Indiana University
Mathematics Journal, vol. 64, n° 4, doi :10.1512/iumj.2015.64.5606, p. 1169-1270, ISSN
0022-2518.

CAUCHY, A. 1827, «Mémoire sur la théorie de la propagation des ondes a la surface
d’un fluide pesant d’une profondeur indéfinie, in "mémoires présentés par divers savants &
I’académie royale des sciences de l'institut de france”, Sciences Mathématiques et Physique,
p- 130.

CHENG, C.-H. A., D. COUTAND et S. SHKOLLER. 2008, «On the motion of vortex sheets
with surface tension in three-dimensional Euler equations with vorticity», Communications
on Pure and Applied Mathematics, vol. 61, n° 12, doi :10.1002/cpa.20240, p. 1715-1752,
ISSN 0010-3640.

CHRISTIANSON, H., V. M. HUR et G. STAFFILANI. 2010, «Strichartz estimates for the water-
wave problem with surface tensiony, Communications in Partial Differential Equations,

vol. 35, n° 12, p. 2195-2252.

CHRISTODOULOU, D. et H. LINDBLAD. 2000, «On the motion of the free surface of a liquid»,
Communications on Pure and Applied Mathematics, vol. 53, n° 12, doi :10.1002/1097-
0312(200012)53 :12<1536 : :AID-CPA2>3.3.CO ;2-H, p. 1536-1602, ISSN 0010-3640.

COUTAND, D. et S. SHKOLLER. 2007, «Well-posedness of the free-surface incompressible
Euler equations with or without surface tension», Journal of the American Mathematical
Society, vol. 20, n° 3, doi :10.1090/50894-0347-07-00556-5, p. 829-930, ISSN 0894-0347.

CoUuTAND, D. et S. SHKOLLER. 2014, «On the finite-time splash and splat singularities for

the 3-D free-surface Euler equationsy, Communications in Mathematical Physics, vol. 325,
n° 1, doi :10.1007/s00220-013-1855-2, p. 143-183, ISSN 0010-3616.

CralG, W. 1985, «An existence theory for water waves and the Boussinesq and Korteweg-
de Vries scaling limitsy, Communications in Partial Differential Equations, vol. 10, n° 8,
doi :10.1080/03605308508820396, p. 787-1003, ISSN 0360-5302.

CrAIG, W. et C. SULEM. 1993, «Numerical simulation of gravity waves», Journal of
Computational Physics, vol. 108, n° 1, doi :10.1006/jcph.1993.1164, p. 73-83, ISSN 0021-
9991.

CrAIG, W., C. SULEM et P.-L. SULEM. 1992, «Nonlinear modulation of gravity waves : a
rigorous approach», Nonlinearity, vol. 5, n® 2, p. 497-522, ISSN 0951-7715.

185



BIBLIOGRAPHIE

37]

38

39]

[40]

[41]

42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

[51]

[52]

186

CraiG, W. et C. E. WAYNE. 2007, «Mathematical aspects of surface wa-
ter wavesy, Russian Mathematical Surveys, vol. 62, n° 3, p. 453. URL
http://stacks.iop.org/0036-0279/62/i=3/a=R03.

CRrRAIK, A. D. 2004, «The origins of water wave theory», Annu. Rev. Fluid Mech., vol. 36,
p.- 1-28.

DAUGE, M. 2006, Elliptic boundary value problems on corner domains : smoothness and
asymptotics of solutions, vol. 1341, Springer.

DENG, Y., A. D. IoNESCU, B. PAUSADER et F. PUSATERI. «Global solutions of the gravity-
capillary water wave system in 3 dimensions», URL http://arxiv.org/pdf/1601.05685v1.

EULER, L. 1755, «Continuation des recherches sur la théorie du mouvement des fluidesy,
Continuation of the research on the theory of fluid motion, Mém. Acad. Berlin, vol. 11, p.
92-132.

EULER, L. 1755, «Principes généraux du mouvement de fluides, mémoire de l'académie des
sciences de berlin, 11%, .

EULER, L. 1761, «Principia motus fluidorumy», Novi Commentarii Acad. Sci. Petropolitanae,
vol. 6, n° 1756/7, p. 271-311.

FERRARI, A. B. 1993, «On the blow-up of solutions of the 3-d euler equations in a bounded
domainy, Communications in mathematical physics, vol. 155, n° 2, p. 277-294.

GERMAIN, P., N. MASMOUDI et J. SHATAH. 2012, «Global solutions for the gravity water

waves equation in dimension 3%, Annals of Mathematics. Second Series, vol. 175, n°® 2,
doi :10.4007 /annals.2012.175.2.6, p. 691-754, ISSN 0003-486X.

GERMAIN, P., N. MASMOUDI et J. SHATAH. 2015, «Global existence for capillary wa-

ter waves», Communications on Pure and Applied Mathematics, vol. 68, n° 4, doi :
10.1002/cpa.21535, p. 625-687, ISSN 0010-3640.

GILBARG, D. et N. S. TRUDINGER. 2015, Elliptic partial differential equations of second
order, springer.

GRISVARD, P. 1985, Elliptic problems in nonsmooth domains, Monographs and Studies
in Mathematics, vol. 24, Pitman (Advanced Publishing Program), Boston, MA, ISBN
0-273-08647-2, xiv+410 p..

GRISVARD, P. 2011, Elliptic problems in nonsmooth domains, Classics in Applied Mathe-
matics, vol. 69, Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA,
ISBN 978-1-611972-02-3, xx+410 p., doi :10.1137/1.9781611972030.ch1. Reprint of the 1985
original [ MR0775683], With a foreword by Susanne C. Brenner.

Guo, Y. et I. TICE. «Stability of contact lines in fluids : 2d stokes flow», URL
http://arxiv.org/pdf/1603.03721v1.

HORMANDER, L. 1997, Lectures on nonlinear hyperbolic differential equations, vol. 26,
Springer Science & Business Media.

HUNTER, J. K., M. IFRIM et D. TATARU. 2016, «Two dimensional water waves in ho-
lomorphic coordinatesy, Communications in Mathematical Physics, vol. 346, n° 2, doi :
10.1007/s00220-016-2708-6, p. 483-552, ISSN 0010-3616.



BIBLIOGRAPHIE

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

HUNTER, J. K., M. IFRIM, D. TATARU et T. K. WONG. 2015, «Long time solutions for
a Burgers-Hilbert equation via a modified energy method», Proceedings of the American
Mathematical Society, vol. 143, n° 8, doi :10.1090/proc,/12215, p. 3407-3412, ISSN 0002-9939.

IFrIM, M. et D. TATARU. , «The lifespan of small data solutions in two dimensional capillary
water wavesy, URL http://arxiv.org/pdf/1406.5471v2.

IrFrIM, M. et D. TATARU. , «Two dimensional gravity water waves with constant vorticity :
L. cubic lifespan», URL http://arxiv.org/pdf/1510.07732v2.

IFrIM, M. et D. TATARU. 2016, «Two dimensional water waves in holomorphic coordinates
IT : global solutions», Bulletin de la Société Mathématique de France, vol. 144, n° 2, p.
369-394, ISSN 0037-9484.

IoNEscu, A. D. et F. PusATERI. «Global regularity for 2d water waves with surface
tension», URL http://arxiv.org/pdf/1408.4428v2.

IoNEscu, A. D. et F. PUSATERI. 2015, «Global solutions for the gravity water waves
system in 2d», Inventiones Mathematicae, vol. 199, n° 3, doi :10.1007/s00222-014-0521-4, p.
653-804, ISSN 0020-9910.

IonEscu, A. D. et F. PUSATERI. 2016, «Global analysis of a model for capillary water
waves in two dimensions», Communications on Pure and Applied Mathematics, vol. 69,
n° 11, doi :10.1002/cpa.21654, p. 2015-2071, ISSN 0010-3640.

KaNo, T. et T. NISHIDA. 1978, «Sur les ondes de surface de ’eau. Une justification
mathématique des équations des ondes en eau peu profonde», C. R. Acad. Sci. Paris Sér.
A-B, vol. 287, n° 3, p. A137-A140.

KELLAND, P. 1844, «Vii. on the theory of waves. part ii», Transactions of the Royal Society
of Edinburgh, vol. 15, n° 01, p. 101-144.

KiNsEY, R. H. et S. Wu. 2014, «A priori estimates for two-dimensional water waves with
angled crestsy», arXiv preprint arXiv :1406.7573.

KLAINERMAN, S., I. RODNIANSKI et J. SZEFTEL. 2015, «The bounded L? curvature
conjecturey, Inventiones Mathematicae, vol. 202, n° 1, doi :10.1007/s00222-014-0567-3, p.
91-216, ISSN 0020-9910.

KONDRAT’EV, V. 1967, «Boundary-value problems for elliptic equations in domains with
concical or angular pointsy, Trans. Moscow Math. Soc., vol. 16, p. 227-313.

KONDRAT’EV, V. 1970, «On the smoothness of the solutions of the dirichlet problems for
second order elliptic equations in a piecewise-smooth domainy, Differential Equations, vol. 6,
p- 1392-1401.

KONDRAT’EV, V. 1970, «Singularities of a solution of dirichlet’s problem for a second
order elliptic equation in a neighborhood of an edge», Differential Equations, vol. 13, p.
1411-1415.

KORTEWEG, D. J. et G. DE VRIES. 1895, «On the change of form of long waves advancing
in a rectangular canal, and on a new type of long stationary waves», Philos. Mag. (5),
vol. 39, n°® 240, p. 422-443, ISSN 1941-5982.

187



BIBLIOGRAPHIE

(68]

(69]

[70]

[71]

[72]

(73]

[74]

[75]

[76]

[77]

(78]

[79]

(80]

[81]

(82]

188

LAGRANGE, J. 1786, Sur la maniére de rectifier deux endroits des" Principes de Newton”,
relatifs a la propagation du son et au mouvement des ondes.

LAGRANGE, J. L. 1781, Mémoire sur la théorie du mouvement des fluides.

LANNES, D. 2005, «Well-posedness of the water-waves equationsy, Journal of the American
Mathematical Society, vol. 18, n° 3, p. 605-654.

LANNES, D. 2013, The water waves problem, Mathematical Surveys and Monographs, vol.
188, American Mathematical Society, Providence, RI, ISBN 978-0-8218-9470-5, xx+321 p.,
doi :10.1090/surv/188. Mathematical analysis and asymptotics.

DE LAPLACE, P. S. 1776, «Suite des recherches sur plusieurs points du systeme du monde
(xxv—xxvii). mém. présentés acad. r», Sci. Inst. France, p. 542-552.

LEBEAU, G. 1992, «Singularités des solutions d’équations d’ondes semi-linéairesy, dans
Annales scientifiqgues de [’Ecole normale supérieure, vol. 25, p. 201-231.

LiNDBLAD, H. 2003, «Well-posedness for the linearized motion of an incompressible liquid
with free surface boundary», Communications on Pure and Applied Mathematics, vol. 56,
n° 2, doi :10.1002/cpa.10055, p. 153-197, ISSN 0010-3640.

LinDBLAD, H. 2005, «Well-posedness for the motion of an incompressible liquid with
free surface boundary», Annals of Mathematics. Second Series, vol. 162, n° 1, doi :
10.4007/annals.2005.162.109, p. 109-194, ISSN 0003-486X.

Lions, J.-L. et E. MAGENES. 1970, Problémes aux limites non homogénes et applications.
Vol. 8, Dunod, Paris, xvii+328 p.. Travaux et Recherches Mathématiques, No. 20.

Maz’ja, V. G. et B. A. PLAMENEVSKIL. 1978, «Estimates in L, and in Holder classes,
and the Miranda-Agmon maximum principle for the solutions of elliptic boundary value

problems in domains with singular points on the boundary», Mathematische Nachrichten,
vol. 81, doi :10.1002/mana.19780810103, p. 25-82, ISSN 0025-584X.

Maz’ja, V. G. et B. A. PLAMENEVSKIL. 1978, «L,-estimates of solutions of elliptic

boundary value problems in domains with ribs», Trudy Moskovskogo Matematicheskogo
Obshchestva, vol. 37, p. 49-93, 270, ISSN 0134-8663.

Maz’ja, V. G. et B. A. PLAMENEVSKIIL. 1978, «Weighted spaces with inhomogeneous
norms, and boundary value problems in domains with conical points», dans FElliptische
Differentialgleichungen (Meeting, Rostock, 1977), Wilhelm-Pieck-Univ., Rostock, p. 161-190.

METIVIER, G. 2008, Para-differential calculus and applications to the Cauchy problem for
nonlinear systems, Centro di Ricerca Matematica Ennio De Giorgi (CRM) Series, vol. 5,

Edizioni della Normale, Pisa, ISBN 978-88-7642-329-1, xii+140 p..

MiING, M. et C. WANG. «Elliptic estimates for dirichlet-neumann operator on a corner
domainy, .

MING, M. et Z. ZHANG. 2009, «Well-posedness of the water-wave problem with surface
tension», J. Math. Pures Appl. (9), vol. 92, n° 5, doi :10.1016/j.matpur.2009.05.005, p.
429-455, ISSN 0021-7824. URL http://dx.doi.org/10.1016/j.matpur.2009.05.005.



BIBLIOGRAPHIE

[83] NaLmvov, V. L. 1974, «The Cauchy-Poisson problem», Institut Gidrodinamiki Sibirskogo
Otdelenija Akademii Nauk SSSR. Dinamika Splosnoi Sredy, , n° Vyp. 18 Dinamika Zidkost.
so Svobod. Granicami, p. 104-210, 254.

[84] bDE POYFERRE, T. | «Blow-up conditions for gravity water-wavesy, URL
http://arxiv.org/pdf/1407.6881v1.

[85] DE POYFERRE, T. , «A priori estimates for water waves with emerging bottom», URL
http://arxiv.org/pdf/1612.04103v1.

[86] DE  POYFERRE, T. et Q.-H. NGUYEN. «A paradifferential reduction for
the gravity-capillary waves system at low regularity and applicationsy, URL
http://arxiv.org/pdf/1508.00326v4.

[87] DE POYFERRE, T. et Q.-H. NGUYEN. 2016, «Strichartz estimates and local existence
for the gravity-capillary waves with non-Lipschitz initial velocity», Journal of Differential
Equations, vol. 261, n° 1, doi :10.1016/j.jde.2016.03.011, p. 396-438, ISSN 0022-0396.

[88] REED, M. et B. SIMON. 1980, Methods of modern mathematical physics. vol. 1. Functional
analysis, Academic.

[89] RUSSELL, J. S. 1845, Report on Waves : Made to the Meetings of the British Association
in 1842-43.

[90] SHATAH, J. et C. ZENG. 2008, «Geometry and a priori estimates for free boundary problems
of the Euler equation», Communications on Pure and Applied Mathematics, vol. 61, n° 5,
doi :10.1002/cpa.20213, p. 698744, ISSN 0010-3640.

[91] SHATAH, J. et C. ZENG. 2008, «A priori estimates for fluid interface problemsy», Communi-
cations on Pure and Applied Mathematics, vol. 61, n° 6, doi :10.1002/cpa.20241, p. 848-876,
ISSN 0010-3640.

[92] SHATAH, J. et C. ZENG. 2011, «Local well-posedness for fluid interface problemsy», Archive
for Rational Mechanics and Analysis, vol. 199, n° 2, doi :10.1007,/s00205-010-0335-5, p.
653-705, ISSN 0003-9527.

[93] SHINBROT, M. 1976, «The initial value problem for surface waves under gravity. I
The simplest case», Indiana University Mathematics Journal, vol. 25, n° 3, doi :
10.1512/iumj.1976.25.25023, p. 281-300, ISSN 0022-2518.

[94] SmiTH, H. F. 1998, «A parametrix construction for wave equations with C1:! coefficients»,
Université de Grenoble. Annales de ’Institut Fourier, vol. 48, n° 3, p. 797-835, ISSN
0373-0956.

[95] SmITH, H. F. et D. TATARU. 2005, «Sharp local well-posedness results for the non-
linear wave equation», Annals of Mathematics. Second Series, vol. 162, n° 1, doi :
10.4007 /annals.2005.162.291, p. 291-366, ISSN 0003-486X.

[96] TAao, T. 2006, Nonlinear dispersive equations, CBMS Regional Conference Series in Ma-
thematics, vol. 106, Published for the Conference Board of the Mathematical Sciences,
Washington, DC; by the American Mathematical Society, Providence, RI, ISBN 0-8218-
4143-2, xvi+373 p., doi :10.1090/cbms,/106. Local and global analysis.

189



BIBLIOGRAPHIE

97]

(98]

9]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

190

TATARU, D. 2000, «Strichartz estimates for operators with nonsmooth coefficients and the
nonlinear wave equationy, American Journal of Mathematics, vol. 122, n® 2, p. 349-376,
ISSN 0002-9327.

TATARU, D. 2001, «Strichartz estimates for second order hyperbolic operators with nons-
mooth coefficients. II», American Journal of Mathematics, vol. 123, n° 3, p. 385423, ISSN
0002-9327.

TATARU, D. 2002, «Strichartz estimates for second order hyperbolic operators with nons-
mooth coefficients. III», Journal of the American Mathematical Society, vol. 15, n°® 2,
doi :10.1090/S0894-0347-01-00375-7, p. 419-442, ISSN 0894-0347.

TAYLOR, M. E. 1991, Pseudodifferential operators and nonlinear PDE, Progress in Ma-
thematics, vol. 100, Birkhduser Boston, Inc., Boston, MA, ISBN 0-8176-3595-5, 213 p.,
doi :10.1007/978-1-4612-0431-2. URL http://dx.doi.org/10.1007/978-1-4612-0431-2.

TRUDINGER, N. S. 1977, «Maximum principles for linear, non-uniformly elliptic ope-
rators with measurable coefficients», Mathematische Zeitschrift, vol. 156, n°® 3, doi :
10.1007/BF01214416, p. 291-301, ISSN 0025-5874.

WANG, C. et Z. ZHANG. 2017, «Break-down criterion for the water-wave equation», Science
China Mathematics, vol. 60, n° 1, p. 21-58.

WaNG, C., Z. ZHANG, W. ZHAO et Y. ZHENG. «Local well-posedness and break-
down criterion of the incompressible euler equations with free boundary», URL
http://arxiv.org/pdf/1507.02478v1.

Wu, S. 1997, «Well-posedness in sobolev spaces of the full water wave problem in 2-d»,
Inventiones mathematicae, vol. 130, n® 1, p. 39-72.

Wu, S. 1999, «Well-posedness in Sobolev spaces of the full water wave problem in 3-D»,
Journal of the American Mathematical Society, vol. 12, n° 2, doi :10.1090/S0894-0347-99-
00290-8, p. 445495, ISSN 0894-0347.

Wu, S. 2009, «Almost global wellposedness of the 2-d full water wave problemy, Inventiones
mathematicae, vol. 177, n° 1, p. 45.

Wu, S. 2011, «Global wellposedness of the 3-d full water wave problem», Inventiones
mathematicae, vol. 184, n° 1, p. 125-220.

Wu, S. 2015, «A blow-up criteria and the existence of 2d gravity water waves with angled
crestsy», arXiv preprint arXiv :1502.05342.

YOSIHARA, H. 1982, «Gravity waves on the free surface of an incompressible perfect fluid of
finite depth», Kyoto University. Research Institute for Mathematical Sciences. Publications,
vol. 18, n° 1, doi :10.2977/prims/1195184016, p. 49-96, ISSN 0034-5318.

YosiHARA, H. 1983, «Capillary-gravity waves for an incompressible ideal fluid», J. Math.
Kyoto Univ., vol. 23, n° 4, doi :10.1215/kjm /1250521429, p. 649-694, ISSN 0023-608X.
URL http://dx.doi.org/10.1215/kjm/1250521429.

ZAKHAROV, V. E. 1968, «Stability of periodic waves of finite amplitude on the surface of a
deep fluid», Journal of Applied Mechanics and Technical Physics, vol. 9, n° 2, p. 190-194.



BIBLIOGRAPHIE

[112] ZHENG, Y. et I. TICE. «Local well-posedness of the contact line problem in 2-d stokes
flow», URL http://arxiv.org/pdf/1609.07085v1.

[113] ZwWORSKI, M. 2012, Semiclassical analysis, Graduate Studies in Mathematics, vol. 138,
American Mathematical Society, Providence, RI, ISBN 978-0-8218-8320-4, xii+431 p.,
doi :10.1090/gsm/138. URL http://dx.doi.org/10.1090/gsm/138.

191






Résumé

Cette thése a pour objet I'étude de certains aspects du pro-
bléme de CaucHY pour I'équation des vagues. Dans la pre-
miére partie, on utilise une formulation paradifférentielle pour
prouver un critére d’explosion pour les vagues de gravité. On
montre ensuite des estimations de STRICHARTZ pour les vagues
de capillarité, avant de les utiliser pour résoudre le probléme
de CaucHY a faible régularité. Dans la deuxiéme partie, on
prouve des estimations a priori pour les vagues de gravité avec
fond émergent.

Mots Clés
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persion

Abstract

This thesis studies some aspects of the Cauchy problem for
the water waves equation. In the first part, we use a paradif-
ferential formulation to prove a blow-up criterion for gravity
waves. We then show some Strichartz estimates for capillary
waves, and use them to solve the Cauchy problem at low regu-
larity. In the second part, we prove a priori estimates for gravity
waves with an emerging bottom.
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