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Résumé

L’objectif de cette thèse est l’étude de la fonction zêta des hauteurs motivique associée
à un problème de comptage de courbes sur les compactifications équivariantes d’espaces
affines, résolvant au chapitre 6 l’analogue motivique de la conjecture de Manin pour celles-
ci.

La fonction zêta des hauteurs provenant du problème de comptage considéré est récrite
convenablement à l’aide d’une formule de Poisson motivique démontrée au cinquième cha-
pitre, qui généralise celle de Hrushovski-Kazhdan. Chaque terme est alors décomposé sous
la forme d’un produit eulérien motivique, dont la définition et les propriétés sont établies
au chapitre 3. La convergence de ces produits eulériens doit être comprise pour une topo-
logie des poids que nous introduisons au quatrième chapitre et qui repose d’une part sur
la théorie des modules de Hodge de Saito, et d’autre part sur une mesure motivique sur
l’anneau de Grothendieck des variétés avec exponentielles, construite dans le chapitre 2 à
l’aide de la notion de cycles évanescents motiviques.

On en déduit ainsi une description de l’asymptotique d’une proportion positive des
coefficients du polynôme de Hodge-Deligne des espaces de modules des courbes sur la
compactification équivariante donnée, lorsque le degré tend vers l’infini.

Mots-clefs : Anneaux de Grothendieck des variétés, hauteurs, compactifications équi-
variantes d’espaces affines, problème de Manin, théorie de Hodge, cycles évanescents.
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Abstract

The goal of this thesis is the study of the motivic height zeta function associated to the
problem of counting curves on equivariant compactifications of vector groups, solving in
chapter 6 the motivic analogue of Manin’s conjecture for such varieties.

The motivic height zeta function coming from this counting problem is rewritten in
a convenient way using a Poisson summation formula proved in chapter 5, and which
generalises Hrushovski and Kazhdan’s motivic Poisson formula. Each term is then expressed
as a motivic Euler product, the definition and properties of the latter being established
in chapter 3. The convergence of these Euler products must be understood for a weight
topology which we introduce in the fourth chapter and which relies both on Saito’s theory
of mixed Hodge modules and on a motivic measure on the Grothendieck ring of varieties
with exponentials, constructed in chapter 2 using the notion of motivic vanishing cycles.

We deduce from this a description of the asymptotic of a positive proportion of the
coefficients of the Hodge-Deligne polynomial of the moduli spaces of curves on the given
equivariant compactification, when the degree goes to infinity.

Key words : Grothendieck rings of varieties, heights, equivariant compactifications
of vector groups, Manin’s problem, Hodge theory, vanishing cycles.
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Chapitre 1

Introduction

1.1 Le problème de Manin classique
L’une des grandes préoccupations de la théorie des nombres et de la géométrie algé-

brique dans les dernières décennies est le lien subtil qui existe entre la répartition des points
rationnels ou entiers d’une variété algébrique définie sur un corps de nombres et certains
de ses invariants géométriques. Soient F un corps de nombres et X une variété projective
sur F , munie d’un fibré en droites ample L. Un tel fibré en droites fournit (à une fonction
bornée près) une fonction hauteur H : X(F )→ R+ telle que pour tout réel B, l’ensemble

{x ∈ X(F ), H(x) ≤ B}

soit fini. On notera alors, pour tout ouvert de Zariski U de X,

NU,H(B) := #{x ∈ U(F ), H(x) ≤ B}.

Lorsque l’ensemble U(F ) est lui-même infini, on peut s’interroger sur le comportement
asymptotique de NU,H(B) lorsque B tend vers +∞. Dans tous les cas connus, il est de la
forme

NU,H(B) ∼
B→∞

CBa(logB)b−1

avec C > 0 et a ≥ 0 des réels, et b ∈ 1
2Z, b ≥ 1.

C’est avec des conjectures, ou plutôt, des questions, énoncées par Manin et al. dans
[FMT] et [BM], à la fin des années 80, que fut initié un vaste programme cherchant à
donner une interprétation géométrique des exposants a et b, en termes des classes du fibré
en droites L et du faisceau canonique KX dans le groupe de Néron-Severi de X, ainsi que
du cône des classes des diviseurs effectifs. Pour pouvoir produire un énoncé vraisemblable,
il faut bien entendu faire quelques restrictions sur les variétés considérées. En particulier,
on ne peut espérer avoir une asymptotique décrivant correctement la géométrie de X
que si l’ensemble X(F ) est Zariski-dense dans X. La conjecture de Lang, qui affirme que
cela ne devrait pas être le cas pour les variétés de type général, fait que la plupart des
questions considérées se restreignent de plus aux variétés dites de Fano, c’est-à-dire de
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fibré anticanonique ample. On considère parfois une classe plus large de variétés, les variétés
presque de Fano, pour lesquelles, notamment, K−1

X n’est plus nécessairement ample, mais
gros, c’est-à-dire appartenant à l’intérieur du cône effectif, ce qui est suffisant pour que la
hauteur correspondante satisfasse la propriété de Northcott dans un ouvert non vide de la
variété. Pour ces variétés, les conjectures prennent une forme particulièrement simple si on
compte les points par rapport à la hauteur anticanonique :

Problème 1. Soit X une variété presque de Fano sur un corps de nombres F , telle
que X(F ) soit Zariski dense dans X. Soit H une hauteur relative au faisceau anticanonique
sur X. Existe-t-il un ouvert dense U de X vérifiant

NU,H(B) ∼
B→∞

CHB(logB)r−1 (1.1)

où r est le rang du groupe de Picard de X, et CH une constante strictement positive ?

Notons qu’il est nécessaire d’autoriser la restriction à un ouvert, pour prendre en
compte des phénomènes d’accumulation de points rationnels sur des fermés stricts, oc-
cultant leur répartition sur l’ouvert complémentaire. Mentionnons également la forme plus
précise de cette conjecture par Peyre, qui proposa dans [Pey95] une interprétation pour
la constante CH en termes de certains volumes d’espaces adéliques. La définition de cette
constante fut ajustée par Batyrev et Tschinkel, qui y ajoutèrent, dans [BT98] un facteur
cohomologique.

Le premier résultat de ce type a été obtenu par Schanuel [Sch], bien avant la première
formulation des conjectures, dans le cas où X et U sont l’espace projectif Pn

F , avec de
plus une formule explicite pour la constante CH . Dans l’article [FMT], il est montré que
la formule (1.1) est vérifiée pour les variétés de drapeaux (avec U = X). Depuis, une
réponse affirmative a été apportée à la question 1, et souvent même à son raffinement
par Peyre, dans de nombreux cas particuliers, par diverses approches, parmi lesquelles on
peut citer l’analyse harmonique, les torseurs universels ainsi que la méthode du cercle. Il
existe cependant également des contre-exemples, dont celui de Batyrev et Tschinkel [BT98],
qui expliquent pourquoi nous avons préféré énoncer la conjecture ci-dessus sous forme de
question. L’outil principal, commun à la plupart des approches, est la fonction zêta des
hauteurs

ζU,H(s) =
∑

x∈U(F )
H(x)−s,

qui est une fonction définie sur une partie du plan complexe, dont les propriétés de conver-
gence (abscisse de convergence, ordre du premier pôle, coefficient en ce pôle) sont liées, par
des théorèmes taubériens, aux exposants et à la constante intervenant dans l’asymptotique
cherchée. Plus précisément, le problème 1 se reformule alors essentiellement de la manière
suivante :

Problème 2. Soit X une variété presque de Fano sur un corps de nombres F , telle
que X(F ) soit Zariski dense dans X. Soit H une hauteur relative au faisceau anticanonique
sur X. Existe-t-il un ouvert dense U de X tel que la série ζU,H(s) converge absolument
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pour Re(s) > 1, et se prolonge en une fonction méromorphe sur l’ouvert {Re(s) > 1 − δ}
pour un certain réel δ > 0, avec un unique pôle d’ordre r = rg Pic(X) en s = 1?

De même que le problème 1, cette question peut être raffinée en demandant de plus
que le coefficient du terme principal de ζU,H(s) en 1 soit la constante prédite par Peyre.

1.2 Le problème de Manin par l’analyse harmonique
Le premier cas traité par des techniques d’analyse harmonique fut celui, cité plus haut,

des variétés de drapeaux : il s’agissait de remarquer que la fonction zêta des hauteurs était
dans ce cas une série d’Eisenstein, et d’appliquer les résultats de Langlands pour déduire
les propriétés analytiques de celle-ci. Ensuite, au milieu des années 90, Batyrev et Tschinkel
traitèrent le cas des variétés toriques, l’ouvert U dans ce cas étant l’orbite ouverte de l’action
du tore sur la variété. Leur argument, fondé sur la formule sommatoire de Poisson, utilise
de manière cruciale cette action, et a pu être généralisé à de nombreuses autres variétés
munies d’une action d’un groupe algébrique avec une orbite ouverte, par exemple certaines
compactifications équivariantes de groupes algébriques. Une compactification équivariante
d’un groupe algébrique G est une variété (projective et lisse) X ayant un ouvert dense
isomorphe à G, et munie d’une action G × X → X de G qui étend la loi de groupe
G×G→ G. Outre les variétés toriques qui sont exactement les compactifications équiva-
riantes des tores algébriques, le problème de Manin a été résolu pour les compactifications
équivariantes d’espaces affines ([CLT02], [CLT12]), ainsi que pour des compactifications de
certains groupes algébriques non-commutatifs ([ShTTB03], [ShTTB07], [ShT04], [ShT16],
[TTB], [TT]). Expliquons les grandes lignes de l’argument dans le cas des compactifications
équivariantes d’espaces affines traité par Chambert-Loir et Tschinkel, et qui jouera un rôle
privilégié dans cette thèse. Soit X une compactification équivariante du groupe G = Gn

a

pour un certain n ≥ 1, définie sur un corps de nombres F . Pour chaque place v de F , on
dispose d’une hauteur locale Hv : G(Fv)→ R+, la hauteur H étant donnée par la formule

H(x) =
∏
v

Hv(x),

qui fournit une manière d’étendre H au groupe localement compact G(AF ), où AF est le
groupe des adèles du corps F . Le groupe G(AF ) est autodual, et le groupe G(F ) peut se
voir comme un sous-groupe discret de G(AF ) d’orthogonal identifié à lui-même, de sorte
qu’en appliquant la formule de Poisson à la fonction zêta des hauteurs (après vérification
des hypothèses d’intégrabilité nécessaires), on obtient :

ζH,G(s) =
∑

x∈G(F )
H(x)−s =

∑
ξ∈G(F )

F (H−s)(ξ), (1.2)

où F désigne la transformation de Fourier. Cette égalité vaut dès que la partie réelle de s
est assez grande. De plus, la fonction H−s étant invariante modulo un sous-groupe compact
de G(AF ), sa transformée de Fourier est de support contenu dans un tel sous-groupe, ce
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qui réduit la sommation sur G(F ) dans le côté droit à une sommation sur un réseau. Il se
trouve que cette procédure réarrange convenablement les termes, et le terme correspondant
au caractère trivial (c’est-à-dire ici à ξ = 0), dans tous les cas où cette méthode a fonctionné
et lorsque H est la hauteur anticanonique, est l’unique porteur du premier pôle avec le bon
ordre. Pour le prouver, on utilise de nouveau la décomposition en facteurs locaux

F (H−s)(ξ) =
∏
v

F (H−sv )(ξv)

et on étudie les facteurs séparément. Ceux-ci se présentent sous la forme d’intégrales de
type fonction zêta d’Igusa, pour lesquelles on obtient pour presque toute place v une
expression explicite par réduction dans le corps résiduel, dont la convergence est étudiée en
utilisant des majorations à base d’estimées de Lang-Weil. Aux places archimédiennes, des
intégrations par parties permettent d’obtenir des bornes polynomiales en s. Pour le nombre
fini de places restantes, des majorations plus grossières suffisent. Dans le cas où la hauteur
considérée est la hauteur anticanonique, cela permet de voir que le terme correspondant à
ξ = 0 a un pôle en s = 1 avec le coefficient prédit par Peyre, d’ordre le rang du groupe de
Picard, que les autres termes ont des pôles d’ordre strictement plus petit, et que la fonction
s 7→ (s − 1)rgPic(X)ζH,G(s) admet un prolongement holomorphe à <(s) > 1 − δ pour un
certain δ > 0.

Si la question du dénombrement des solutions entières d’équations diophantiennes est
naturelle, personne n’avait jamais abordé cette question sous l’angle géométrique suggéré
par Manin, lorsque dans [CLT12], Chambert-Loir et Tschinkel proposèrent également une
solution au problème de Manin pour les points entiers dans le cas des compactifications
équivariantes partielles d’espaces affines. Une telle compactification partielle U est vue
comme le complémentaire, dans une compactification équivariante X, d’un diviseur D
qui géométriquement est à croisements normaux stricts. De même que précédemment,
elle contient un ouvert dense G isomorphe au groupe additif Gn

a . On fixe des modèles de
X,U,D au-dessus de l’anneau des entiers OF , un ensemble fini de places S incluant les
places archimédiennes, et on cherche à compter les points de G(F ) qui sont S-entiers par
rapport au modèle de U choisi. Notons que ce problème inclut le problème précédent, car
dans le cas où D = ∅, si le modèle choisi pour D est vide également, alors tous les points
de G(F ) seront S-entiers, par projectivité de X. Pour ce problème de comptage, la bonne
hauteur à considérer n’est plus la hauteur anticanonique, mais la hauteur log-anticanonique,
c’est-à-dire associée au fibré en droites −(KX+D), qui est gros. Chambert-Loir et Tschinkel
prouvent alors que le nombre N(B) de points S-entiers de hauteur log-anticanonique plus
petite que B satisfait l’asymptotique

N(B) ∼ CB(logB)b−1

où C est une constante réelle strictement positive, et où l’exposant b est donné par la
formule

b = rg Pic(U) +
∑
v∈S

(1 + dim C an
Fv (D)). (1.3)
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Ici, pour chaque v, C an
Fv (D) est un complexe simplicial qui encode les propriétés d’incidence

des composantes de D au-dessus de la place v. Le terme 1+dim C an
Fv (D) correspond exacte-

ment au nombre maximal de composantes de D sur Fv dont l’intersection a des Fv-points.
Bien entendu, dans le cas particulier U = X, tous ces termes sont nuls, et on retrouve le
résultat précédent pour les points rationnels.

1.3 Le problème de Manin sur les corps de fonctions
Pour le moment, nous nous sommes toujours restreints au cas où F est un corps de

nombres. Le cas où F est le corps de fonctions k(C) d’une courbe projective lisse C sur
un corps fini k de cardinal q fut évoqué pour la première fois par Batyrev et Manin ([BM],
paragraphe 3.13). Dans ce cas, les hauteurs utilisées (convenablement normalisées) vont
prendre leurs valeurs dans l’ensemble qZ, ce qui interdit l’existence d’une asymptotique
telle que celle annoncée dans la question 1. Cela dit, la question 2 reste valide, à la petite
modification près que la fonction zêta correspondante sera dans ce cas 2iπ

log(q) -périodique, et
qu’il faut donc autoriser, en plus du pôle en 1, des pôles en 1 + 2iπm

log(q) pour tout entier m.
Autrement dit, il sera plus judicieux ici de considérer la fonction zêta des hauteurs comme
une fonction de la variable t = q−s, ce qui permet la reformulation suivante du problème 2
qui tient compte de cette périodicité :
Problème 3. Soit C une courbe projective lisse connexe sur Fq, dont on note F le corps
des fonctions. Soit X une variété presque de Fano sur le corps F , telle que X(F ) soit
Zariski dense dans X. Soit H la hauteur relative au fibré anticanonique sur X. Existe-t-il
un ouvert dense U de X tel que la série ζU,H(t) converge absolument sur le disque défini par
|t| < q−1, et se prolonge en une fonction méromorphe sur le disque défini par |t| < q−1+δ

pour un certain réel δ > 0, avec un unique pôle d’ordre r = rg Pic(X) en t = q−1 ?
Précisons qu’en général on peut cependant s’attendre à d’autres pôles d’ordre < r sur

le cercle |t| = q−1, en particulier dans le cas de certaines variétés toriques déployées. Le
problème acquiert dans le cas fonctionnel une interprétation géométrique supplémentaire :
si on choisit un modèle X de X au-dessus de la courbe C, les points rationnels d’un ouvert
U de X correspondent aux sections σ : C → X du morphisme structurel π : X → C
telles que, en notant ηC le point générique de C, σ(ηC) ∈ U(F ). Si on se donne un fibré en
droites L sur X (génériquement ample, ou du moins gros), la hauteur d’une telle section
par rapport à L est donnée par qd, où d est le degré du fibré en droites σ∗L sur C. La
fonction zêta des hauteurs s’écrira alors

ζU,L(s) =
∑

x∈U(F )
H(x)−s =

∑
d≥0

mdq
−ds,

avec
md = |{σ : C → X , σ(ηC) ∈ U(F ), deg σ∗L = d}|.

Ainsi, des informations sur la convergence de la fonction zêta donneront l’asymptotique
du cardinal md des points de hauteur qd donnée, qui sera l’analogue dans ce cadre de la
formule 1.1.
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Le problème de Manin sur les corps de fonctions sur un corps fini reste à ce jour assez
peu étudié : il faut citer néanmoins à ce sujet les travaux de Bourqui [Bou02, Bou03, Bou11],
qui traitent entièrement le cas des variétés toriques (en recourant à l’analyse harmonique
d’une part, et à la méthode des torseurs universels d’autre part), ainsi que les articles [LY]
et [Pey12] traitant indépendamment le cas des variétés de drapeaux généralisées, l’article de
Peyre donnant de plus l’interprétation de la constante. La méthode de Peyre est analogue à
celle de Franke, Manin et Tschinkel pour les variétés de drapeaux sur les corps de nombres,
l’utilisation des travaux de Langlands étant remplacée par celle des résultats de Morris au
sujet des séries d’Eisenstein sur les corps de fonctions.

Les progrès récents de l’intégration motivique suggèrent enfin la généralisation suivante
du problème de Manin sur les corps de fonctions : les sections σ : C → X telles que
σ(ηC) ∈ G(F ) et deg σ∗L = d admettent un espace des modules Md, qui est un k-schéma
quasi-projectif. L’intérêt de l’étude géométrique de tels espaces de modules en lien avec les
conjectures de Manin avait déjà été souligné par Batyrev. Plus précisément, suivant une
idée de Peyre, on peut s’interroger non seulement sur l’asymptotique du cardinal md de
Md(k), mais plus précisément aux propriétés, lorsque d est grand, de la classe de Md dans
l’anneau de Grothendieck des variétés KVark sur k : en tant que groupe, celui-ci est défini
comme le quotient du groupe abélien libre sur les classes d’isomorphismes de variétés sur k
par les relations de la forme

X − U − Z
pour toute variété X et tout sous-schéma fermé Z de X de complémentaire ouvert U . La
structure d’anneau provient du produit des variétés : en notant les classes dans KVark entre
crochets, on a [X][Y ] = [X ×k Y ] pour toutes les k-variétés X et Y . On note L = [A1

k]
la classe de la droite affine, et on considère par ailleurs souvent l’anneau de Grothendieck
localisé MC = KVark[L−1].

La classe d’une variété dans l’anneau de Grothendieck contient un grand nombre d’in-
formations géométriques sur cette variété : on dispose en effet de nombreuses mesures
motiviques, c’est-à-dire de morphismes d’anneaux de KVark vers d’autres anneaux, asso-
ciant à une classe [X] divers invariants géométriques de X. Parmi celles-ci, dans le cas où
le corps est fini, on peut citer la mesure de comptage

KVark → Z
[X] 7→ |X(k)|

qui permet de récupérer le nombre de points rationnels de la variété. Pour un corps quel-
conque k, en fixant une clôture séparable ks de k et ` un nombre premier inversible dans k,
le polynôme d’Euler-Poincaré (associé à la cohomologie à coefficients dans Q`) définit éga-
lement une mesure motivique

KVark → Z[t]
[X] 7→ EP (X)(t)

qui pour une variété projective et lisse X vaut

EP (X)(t) =
2 dimX∑
i=0

(−1)i dimQ`
H i

ét(X ⊗k ks,Q`)ti.
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Un autre exemple du même genre, et qui sera important pour nous, est le polynôme de
Hodge-Deligne :

KVarC → Z[u, v]
[X] 7→ HD(X)(u, v) ,

envoyant la classe d’une variété complexe projective et lisse X sur le polynôme

HD(X)(u, v) =
∑

0≤p,q≤dimX

(−1)p+qhp,q(X)upvq

défini à partir des nombres de Hodge hp,q(X) de X. En remarquant que HD(L) = uv, on
peut en outre prolonger cette mesure en un morphisme d’anneaux

HD : MC → Z[u, v, (uv)−1].

L’observation fondamentale qu’on peut faire ici est que, maintenant que nous avons
posé ces définitions, il est possible de donner un sens à une version du problème de Manin
au-dessus d’un corps fonctions d’une courbe k(C) même lorsque le corps de base k n’est
plus nécessairement fini, voire est de caractéristique nulle : il s’agirait alors de s’interroger,
par exemple, sur certains invariants géométriques de l’espaceMd lorsque d tend vers l’infini,
comme sa dimension, ou son nombre de composantes irréductibles de dimension maximale.
Dans ce cadre, que nous appellerons motivique, la notion de fonction zêta des hauteurs
prend la forme d’une série

ZU,L(T ) =
∑
d≥0

[Md]T d ∈ KVark[[T ]] (1.4)

à coefficients dans l’anneau de Grothendieck, appelée fonction zêta des hauteurs motivique.
Ce genre de fonctions ont été étudiées par Bourqui dans [Bou09] pour certaines variétés to-
riques. Une première difficulté qui apparaît dans ce cadre est la question de la convergence
d’une telle série. L’anneau de Grothendieck KVark, ou, plutôt, l’anneau Mk = KVark[L−1]
obtenu en inversant la classe L de la droite affine dans KVark, admet une topologie natu-
relle induite par la filtration dimensionnelle : pour tout n ∈ Z on définit FnMk comme le
sous-groupe de Mk engendré par les classes de la forme [X]L−m où X est une k-variété
telle que dim(X) −m ≤ n. Il est alors naturel de dire que la série ci-dessus converge en
L−s si dim[Md] − ds → −∞ lorsque d → +∞. Malheureusement, en particulier à cause
du caractère assez grossier de la notion de dimension, cette convergence est peu maniable.
Dans cette thèse, nous allons utiliser une topologie un peu plus fine, provenant de la théo-
rie des poids en cohomologie. Notons que dans [Bou09] Bourqui obtient néanmoins une
convergence par rapport à la filtration dimensionnelle (dans l’anneau de Grothendieck des
motifs de Chow), car la filtration dimensionnelle perçoit, dans le cas des variétés toriques
déployées dont il y est question, l’annulation des poids maximaux nécessaire à la conver-
gence. Puis, dans [Bou10], Bourqui introduit une topologie similaire à la notre, dont l’idée
apparaît également dans [Ekedahl].
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1.4 Résultat principal de cette thèse
Nous allons maintenant décrire le contenu de cette thèse. L’objet principal en est l’ob-

tention d’un analogue motivique du théorème de Chambert-Loir et Tschinkel sur le comp-
tage des points entiers sur les compactifications partielles d’espaces affines décrit ci-dessus.
Il s’agit, comme dans le cas arithmétique, de l’établir à l’aide de l’analyse harmonique, ce
qui demande l’élaboration d’outils adaptés à cet effet dans le cadre motivique. Commençons
par décrire le résultat obtenu.

Hypothèse 1. Soit C0 une courbe lisse quasi-projective connexe sur un corps k algébri-
quement clos de caractéristique nulle, soit C sa compactification projective et lisse, et soit
S = C \ C0. On pose F = k(C) le corps des fonctions de C. On se donne un k-schéma
projectif irréductible X muni d’un morphisme non-constant π : X → C, U un ouvert de
Zariski de X , et L un fibré en droites sur X . Nous faisons les hypothèses suivantes sur les
fibres génériques X = XF , U = UF et le fibré en droites L = LF :

— X est lisse, l’ouvert U de X contient un ouvert dense G isomorphe à Gn
a,F , et U

et X sont munis d’une action de G qui étend la loi de groupe de G. Autrement dit
X (resp. U) est une compactification (resp. compactification partielle) équivariante
du groupe additif Gn

a .
— le bord ∂X = X \ U est un diviseur D à croisements normaux stricts.
— le fibré en droites L sur X est le fibré log-anticanonique −KX(∂X).

Comme ci-dessus, nous nous intéressons aux espaces des modules des sections σ : C →
X telles que σ(ηC) ∈ Gn

a(F ) (où ηC est le point générique de C), mais nous nous re-
streignons à celles qui correspondent à des points S-entiers, ce qui revient à imposer de
plus σ(C0) ⊂ U . Du point de vue géométrique, la première condition signifie qu’une telle
section σ : C → X ne sort de G qu’en un nombre fini de points de C, appelés pôles,
et la seconde qu’en les v ∈ C0, σ(v) reste toujours contenu dans U . Si on note (Dα)α∈A

les composantes irréductibles de X \G, le diviseur log-anticanonique s’écrit sous la forme∑
α∈A ρ′αDα pour des entiers ρ′α strictement positifs. Le fibré en droites L étant générique-

ment log-anticanonique, il s’écrit sous la forme L = ∑
α∈A ρ′αLα où pour tout α ∈ A , la

restriction du fibré Lα à la fibre générique est Dα. Pour d ∈ Z notons Md l’espace des
modules des sections σ qui vérifient de plus deg σ∗L = d. Au vu de la description de L
ci-dessus, à un nombre fini de places près (car L peut avoir un nombre fini de composantes
verticales), seuls les pôles de σ contribuent à ce degré, l’apport de chaque pôle étant la
somme des degrés d’intersection de σ en ce pôle avec les diviseurs Lα (l’ordre du pôle par
rapport à Lα), pondérés par les entiers ρ′α. On vérifie que les espaces Md sont vides pour
d� 0, de sorte qu’on peut définir la fonction zêta des hauteurs motivique par

Z(T ) =
∑
d∈Z

[Md]T d ∈ KVark[[T ]][T−1]. (1.5)

En plus de l’hypothèse générique ci-dessus, il faut imposer quelque chose sur le modèle U
pour que les espaces Md soient non-vides. Il se trouve qu’une hypothèse de type « principe
de Hasse » est suffisante :
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Hypothèse 2. Nous supposons qu’il n’y a pas d’obstruction locale à l’existence de telles
sections, c’est-à-dire que pour tout point fermé v ∈ C0 nous avons G(Fv)∩U(Ov) 6= ∅, où
le corps Fv est le complété de F au point v, et Ov son anneau des entiers.

Pour comprendre cette hypothèse, il est utile de reformuler la condition sur les sections
dans un langage adélique. Chaque section correspond à un unique point σ(ηC) de G(F ), qui
par plongement diagonal fournit un point de l’ensemble G(AF ) des points de G à valeurs
dans les adèles du corps F . A un nombre fini de places près, pour un point v ∈ C0 qui n’est
pas un pôle de σ, la composante de σ dans G(Fv) est un élément de G(Ov). La condition
d’intégralité σ(C0) ⊂ U dit alors que pour tout v ∈ C0, la composante de σ dans G(Fv)
est un élément de U(Ov) : la non-vacuité de l’intersection G(Fv) ∩ U(Ov) est donc une
condition nécessaire à l’existence d’une telle section.

Sous ces hypothèses, ainsi que sous une troisième hypothèse concernant les produits
eulériens motiviques, on obtient la convergence souhaitée pour une topologie sur l’anneau
de Grothendieck MC que nous expliciterons plus bas :

Théorème 1. On suppose k = C, on se place sous les hypothèses 1 et 2 ainsi que sous
l’hypothèse 3 expliquée plus bas, et on note b l’entier donné par la formule (1.3). Il existe
un entier a ≥ 1 et un nombre réel δ > 0 tels que la série de Laurent (1 − (LT )a)bZ(T )
converge pour |T | < L−1+δ et prend une valeur effective non-nulle en T = L−1.

Ainsi, l’ordre du pôle de la fonction zêta des hauteurs motivique est donné par la
même formule que dans le résultat de Chambert-Loir et Tschinkel mentionné à la fin de la
section 1.2. La valeur effective non-nulle en L−1 mentionnée dans l’énoncé est un élément
du complété M̂C pour la topologie considérée : elle se présente comme un produit infini de
volumes locaux, et est un analogue motivique de la constante de Peyre.

Pour tout ensemble k-constructible M , nous notons κ(M) le nombre de composantes
irréductibles de dimension maximale deM . Le polynôme de Hodge-DeligneHD se prolonge
en une mesure motivique

M̂C → Z[[(uv)−1]][u, v]
sur le complété sus-cité, et le théorème 1, via l’utilisation de cette mesure motivique,
fournit une description du comportement asymptotique de dim(Md) et κ(Md), la présence
de l’exposant a imposant une distinction selon la classe de congruence de d modulo a. De
plus, un raisonnement de type principe de Lefschetz permet de s’affranchir de l’hypothèse
k = C présente dans le théorème.

Corollaire 2. Pour tout p ∈ {0, . . . , a− 1}, l’un des cas suivants se produit lorsque d tend
vers l’infini dans la classe de congruence de p modulo a :
(i) Soit lim sup dim(Md)

d
< 1.

(ii) Soit dim(Md)− d a une limite finie et

log(κ(Md))
log d

converge vers un élément de {0, . . . , b− 1}.

9



De plus, le second cas de figure se produit pour au moins un entier p ∈ {0, . . . , a− 1}.
Une condition sur les classes de congruences ne peut pas être évitée en général : par

exemple, si le diviseur log-anticanonique est le multiple (L′)a d’une classe dans Pic(X ),
alors Md = ∅ pour d - a. Remarquons d’autre part que nous obtenons en fait même un
résultat plus précis, qui décrit une proportion positive des coefficients du polynôme de
Hodge-Deligne de Md : nous renvoyons à la proposition 4.7.3.1 du chapitre 4 pour plus de
détails.

Il est important de signaler deux cas particuliers importants de ce résultat : lorsque
X = U nous obtenons un analogue motivique du résultat de Chambert-Loir et Tschinkel
dans [CLT02] pour les points rationnels sur les compactifications équivariantes d’espaces
affines. Dans ce cas, il n’y a aucune condition sur les pôles des sections. A l’inverse, le cas
U = GF où l’on n’autorise que les sections ayant des pôles dans l’ensemble fini C \ C0
a été traité dans l’article [ChL] de Chambert-Loir et Loeser en suivant la même idée de
preuve que celle décrite ci-dessus pour le problème de Manin classique. A cause de la
restriction sur les pôles, seul un ensemble fini fixé de places contribue à la hauteur. De
plus, à degré d fixé, les ordres des pôles des sections comptabilisées dans l’espace Md sont
essentiellement bornés par d. En revenant à la description adélique ci-dessus, on voit alors
que la fonction caractéristique des sections paramétrées par Md est une fonction sur les
adèlesG(AF ) dont la restriction àG(Fv) est, pour presque tout v, la fonction caractéristique
de G(Ov). Plus précisément, à cause de la borne sur les ordres de pôles et de l’équivariance
de la compactification, cette fonction caractéristique est une fonction de Schwartz-Bruhat
motivique. L’outil principal utilisé par Chambert-Loir et Loeser est la formule de Poisson
motivique de Hrushovski et Kazhdan, qui est justement vérifiée pour ce genre de fonctions,
et permet, en l’appliquant à la fonction caractéristique de Md dans G(AF ) pour chaque d,
de réécrire la fonction zêta Z(T ) sous la forme

Z(T ) =
∑

ξ∈G(F )
Z(T, ξ),

où les Z(T, ξ) sont des séries à coefficients dans un anneau de Grothendieck décrit plus
loin. Cette égalité est l’analogue, dans ce cadre, de l’identité (1.2). Chambert-Loir et Loeser
étudient alors les fonctions Z(T, ξ) séparément : puisque, comme expliqué plus haut, seul
un nombre fini de places contribue, celles-ci sont des produits finis de facteurs locaux (alors
que les décompositions H(x) = ∏

vHv(x) chez Chambert-Loir et Tschinkel avaient, elles,
un nombre infini de facteurs différents de 1) qui peuvent être réécrits comme des intégrales
motiviques sur l’espace d’arcs de la variété X , de type fonctions zêta d’Igusa motiviques,
dont l’étude remonte à Denef et Loeser ([DL98]). Par une méthode analogue à l’analyse de
Chambert-Loir et Tschinkel, la réduction au corps résiduel étant remplacée par la réduction
de l’espace d’arcs à la fibre spéciale, Chambert-Loir et Loeser prouvent que chaque facteur
est une fonction rationnelle. Ainsi, dans cette situation la fonction zêta des hauteurs se
trouve être rationnelle, et dans [ChL] l’équivalent du théorème 1 s’énonce en décrivant ses
dénominateurs. Le coefficient en L−1 est dans ce cas un produit fini de volumes motiviques.

Notre approche dans ce texte est grandement inspirée de celle de Chambert-Loir et
Loeser, mais demande cependant plusieurs adaptations majeures. Tout d’abord, puisque
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nous imposons moins de contraintes sur les pôles des sections que nous comptons, ceux-
ci ne vivent plus dans un ensemble fini fixé : les produits de facteurs locaux, finis chez
Chambert-Loir et Loeser, n’ont donc plus de raison de l’être dans notre cas de figure, et
pour traiter ce problème, nous avons besoin de donner un sens à des analogues motiviques
des produits infinisH(x) = ∏

vHv(x) utilisés par Chambert-Loir et Tschinkel. D’autre part,
la fonction caractéristique des sections paramétrées par l’espace Md est dans notre cadre
une fonction adélique compliquée, et une application directe de la formule de Poisson de
Hrushovski et Kazhdan n’est a priori pas possible. Enfin, l’apparition de produits infinis
pose la question de leur convergence, ce qui demandera l’introduction d’une topologie
adaptée sur les anneaux de Grothendieck considérés.

1.5 Outils et schéma de la preuve

1.5.1 Produit eulérien motivique
Il est bien connu que la fonction zêta de Riemann

ζ(s) =
∑
n≥1

1
ns

admet une décomposition en produit eulérien

ζ(s) =
∏
p

(1− p−s)−1 =
∏
p

(
1 + p−s + p−2s + . . .

)
,

où le produit se fait sur l’ensemble de tous les nombres premiers. Chaque facteur, séparé-
ment, converge pour <(s) > 0, mais le produit converge seulement pour <(s) > 1. Cette
propriété de décomposition en produit eulérien est vérifiée plus généralement pour les séries
de Dirichlet ∑

n≥1
a(n)n−s =

∏
p

(1 + a(p)p−s + a(p2)p−2s + . . .)

où a : N → C est une fonction multiplicative. Un autre exemple, plus géométrique, est
donné par la fonction zêta d’une variété X sur un corps fini Fq :

ζX(s) := exp
∑
m≥1

|X(Fqm)|
m

q−ms

 .
En notant Xcl l’ensemble des points fermés de la variété X, celle-ci peut en effet être écrite
sous la forme d’un produit infini

ζX(s) =
∏
x∈Xcl

(1− q−sdeg x)−1. (1.6)

Ici, comme pour la fonction zêta de Riemann, chaque facteur local converge pour <(s) > 0,
mais la série ζX(s) converge seulement pour <(s) > dimX : le fait de faire le produit
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avance l’abscisse de convergence de la dimension du schéma sur laquelle on fait le produit.
L’exemple de la fonction zêta de Riemann peut aussi être compris de cette manière, si
on voit l’ensemble des nombres premiers comme l’ensemble des points fermés du schéma
arithmétique Spec (Z) de dimension 1.

La méthode de preuve esquissée ci-dessus pour le problème de Manin classique au-
dessus d’un corps de nombres montre que les deux outils principaux pour l’aborder sont la
possibilité de décomposer en un produit infini de facteurs locaux, et la théorie de Fourier.
Le chapitre 3 de cette thèse introduit à cet effet une notion de produit eulérien motivique
qui donne un sens, pour toute variété quasi-projective X et toute famille X = (Xi)i≥1
de variétés quasi-projectives au-dessus de X (ou, plus généralement, de classes dans un
anneau de Grothendieck relatif au-dessus de X), à un produit de la forme∏

x∈X

(
1 +X1,xt+X2,xt

2 + . . .
)
, (1.7)

où on peut voir chaque Xi,x comme la fibre de Xi au-dessus du point x ∈ X. Par analogie
avec les exemples ci-dessus issus de la théorie des nombres, il faut penser à la variable t
comme correspondant à q−sdeg x, du moins lorsque le corps k est algébriquement clos.

Pour définir (1.7), nous commençons par construire les coefficients de la série qui devrait
être le développement d’un tel produit. En tentant de développer (1.7) naïvement, on
observe que toute contribution au coefficient de degré n consiste à choisir un certain terme
dans chaque facteur, de sorte à ce que la somme des degrés des termes choisis soit n, ce
qui induit une certaine partition de l’entier n. Nous construisons séparément la partie du
coefficient de degré n correspondant à une partition π de n fixée. En notant π = (ni)i≥1 où
ni est le nombre d’occurrences de l’entier i dans la partition π, de sorte que ∑i≥1 ini = n,
nous définissons le produit symétrique SπX de la famille X de la manière suivante : tout
d’abord, puisque nous voulons construire la partie du coefficient de degré n correspondant
à la partition π, il s’agit de choisir chaque terme Xi,vt

i dans exactement ni parenthèses, ce
qui nous amène à considérer le produit ∏

i≥1
Xni
i . (1.8)

D’autre part, ces termes ont été choisis dans des facteurs distincts, c’est-à-dire se trouvant
au-dessus de points v ∈ X distincts. Ainsi, en considérant le morphisme∏

i≥1
Xni
i →

∏
i≥1

Xni

induit par les morphismes structurels Xi → X, nous devons nous restreindre aux points
du produit (1.8) d’image dans ∏i≥1X

ni ayant toutes ses coordonnées distinctes, autrement
dit, se trouvant dans le complémentaire de la grande diagonale. En notant∏

i≥1
Xni
i


∗,X
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l’ouvert ainsi obtenu, il ne reste plus qu’à observer qu’il n’y a pas d’ordre particulier entre
les facteurs du produit eulérien ci-dessus et qu’il convient donc de quotienter par l’action
naturelle du produit de groupes symétriques ∏i≥1 Sni agissant par permutation. Nous
posons donc

SπX =
∏
i≥1

Xni
i


∗,X

/
∏
i≥1

Sni ,

qui existe comme variété sous les hypothèses de quasi-projectivité supposées ci-dessus. Le
produit eulérien (1.7) sera ainsi introduit dans la section 3.8 tout d’abord comme une
notation pour la série

1 +
∑
n≥1

 ∑
π partition

de n

[SπX ]

 tn ∈ KVark[[t]].

En montrant diverses propriétés de la construction géométrique que nous venons de décrire,
nous mettrons en évidence dans la section 3.8 des règles de calcul avec cette notion de
produit eulérien, dont la propriété de multiplicativité∏

x∈X

(
1 +X1,xt+X2,xt

2 + . . .
)

=
∏
x∈U

(
1 +X1,xt+X2,xt

2 + . . .
) ∏
x∈Y

(
1 +X1,xt+X2,xt

2 + . . .
)

pour tout sous-schéma fermé Y de X d’ouvert complémentaire U , qui montre que nous
avons effectivement défini quelque chose qui se comporte comme un produit.

Un exemple important de série à coefficients dans KVark est la fonction zêta de Kapra-
nov, introduite par Kapranov dans [Kapr]. Pour une variété quasi-projective X sur k, on
note SnX, pour tout n ≥ 0 sa n-ième puissance symétrique Xn/Sn, qui est également une
variété quasi-projective, et on définit

ZX(t) =
∑
n≥0

[SnX]tn ∈ KVark[[t]].

C’est l’analogue motivique de la fonction ζX(s) ci-dessus, au sens où, pour k fini, elle se
spécialise vers cette dernière via la mesure de comptage. Sa décomposition en produit
eulérien motivique est donnée par

ZX(t) =
∏
x∈X

(1 + t+ t2 + . . .) =
∏
x∈X

1
1− t ,

ce qui est l’analogue motivique de la décomposition en produit eulérien (1.6) de la fonction
zêta d’une variété sur un corps fini. Notons que cette écriture de ZX(t) était déjà possible
dans le cadre de la notion de puissance motivique due à Guisein-Zade, Luengo et Melle
([GZLM]), dont nos produits eulériens sont une généralisation.

13



1.5.2 Formule de Poisson de Hrushovski et Kazhdan
La formule de Poisson de Hrushovski et Kazhdan, démontrée dans [HK09], est un

analogue motivique (d’une version affaiblie) de la formule de Poisson sur les adèles d’un
corps de nombres telle qu’elle intervient dans la démonstration du théorème de Chambert-
Loir et Tschinkel ci-dessus. Tout d’abord, pour pouvoir faire de l’analyse de Fourier dans
un cadre motivique, il convient de travailler dans un groupe de Grothendieck plus grand,
le groupe de Grothendieck des variétés avec exponentielles KExpVark d’un corps k. Il
est donné comme le quotient du groupe abélien libre sur les classes d’isomorphisme de
couples (X, f) avec X une variété sur k et f : X → A1 un morphisme, par des relations
de découpage analogues à celles de l’anneau KVark classique, ainsi que par la relation
supplémentaire

(X ×A1, pr2) (1.9)

pour toute variété X sur k, avec pr2 : X×A1 → A1 la seconde projection. Il y a également
un produit sur KExpVark tel que dans le cas où le corps k est fini, la mesure de comptage
sur KVark s’étende, pour tout caractère non-trivial ψ : k → C∗ du corps k, en une mesure
motivique

KExpVark → C
[X, f ] → ∑

x∈X(k) ψ(f(x)) (1.10)

la relation (1.9) traduisant le fait que, le caractère ψ étant non-trivial, on ait∑
x∈k

ψ(x) = 0,

propriété essentielle au fonctionnement de l’analyse de Fourier. Les fonctions «motiviques »
que nous considèrerons prendront leurs valeurs dans l’anneau KExpVark, ou plutôt dans
son localisé E xpMk obtenu en inversant la classe [A1, 0]. L’application naturelle KVark →
KExpVark donnée par [X] 7→ [X, 0] est un morphisme d’anneaux injectif.

La formule de Poisson classique sur les adèles d’un corps de nombres F s’énonce souvent
pour des fonctions de Schwartz-Bruhat. Ce sont des combinaisons linéaires de fonctions
f : AF → C s’écrivant sous la forme de produit

f =
∏
v

fv

tel que pour toute place v, fv soit une fonction Fv → C sur le complété Fv en v, lisse à
décroissance rapide si v est archimédienne, localement constante à support compact si v
est non-archimédienne, et égale à la fonction caractéristique 1Ov de l’anneau des entiers de
Fv pour presque toutes les places non-archimédiennes. Au-dessus d’un corps de fonctions,
nous n’avons que des places non-archimédiennes, et Hrushovski et Kazhdan proposent un
analogue géométrique d’une fonction de Schwartz-Bruhat pour celles-ci.

Pour une fonction de Schwartz-Bruhat f : F → C définie sur un corps local non-
archimédien F (dont on note O l’anneau des entiers, t une uniformisante et k le corps
résiduel), on dispose de deux entiers M,N ≥ 0 tels que f soit nulle en dehors de t−MO, et
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invariante modulo le sous-groupe tNO . Par conséquent, une telle fonction peut être vue
comme une fonction sur le quotient t−MO/tNO, qui se trouve être un k-espace vectoriel de
dimension M +N . Ainsi, dans le cadre motivique, une fonction de Schwartz-Bruhat locale
(de niveau (−M,N)) sera une fonction définie sur un espace affine AM+N

k (noté A(−M,N)
k

pour garder en mémoire les valeurs deM et N) et à valeurs dans l’anneau KExpVark. Plus
précisément, elles sont introduites comme les éléments de l’anneau de Grothendieck relatif
KExpVarA(−M,N)

k

.
Cette construction peut également être effectuée pour produire un analogue motivique

pour les fonctions localement constantes et à support compact définies sur un produit fini
de corps locaux, et la formule de Poisson de Hrushovski et Kazhdan est démontrée pour ces
fonctions. Ainsi, cette formule est l’analogue de la formule de Poisson sur les adèles d’un
corps de nombres F , mais appliquée à une fonction adélique f : AF → C dont la restriction
au complété Fv pour presque toute place v est la fonction caractéristique de l’anneau des
entiers Ov.

Comme nous l’avons déjà mentionné plus haut, cette formule était suffisante pour les
besoins du travail de Chambert-Loir et Loeser [ChL], car la fonction hauteur pour le pro-
blème de comptage considéré vérifiait cette hypothèse très restrictive. Dans le cas général
que nous traitons, les pôles des sections que nous comptons ne sont pas fixes. Il s’agit alors
d’établir un cadre dans lequel on peut appliquer la formule de Hrushovski et Kazhdan
en famille, en faisant varier le lieu des pôles des sections. Pour cela, nous utilisons la no-
tion de produit symétrique introduite plus haut. Pour expliquer cela dans un cas simple,
considérons, pour tout i ≥ 1 et pour deux entiers Mi, Ni ≥ 0 la variété

A(−Mi,Ni)
C := C ×A(−Mi,Ni)

k

au-dessus de la courbe C. On peut former, pour tout entier m ≥ 0 le produit symétrique

Sm((A(−Mi,Ni)
C )i≥1)

de la famille
(
A(−Mi,Ni)
C

)
i≥1

. Ce produit symétrique est naturellement muni d’un mor-
phisme vers la puissance symétrique SmC. On observe que pour tout zéro-cycle effectif
D = ∑

vmvv ∈ SmC(k), la fibre de Sm((A(−Mi,Ni)
C )i≥1) est de la forme∏

v∈C
A(−Mmv ,Nmv )
k ,

c’est-à-dire que c’est le domaine de définition d’une fonction de Schwartz-Bruhat au sens
de Hrushovski et Kazhdan, dont le support et les pôles sont contrôlés, respectivement, par
les zéro-cycles

−
∑
v

Mmvv et
∑
v

Nmvv.

Ainsi, en faisant varier le zéro-cycle D, on peut de cette manière paramétrer des fonctions
de pôles variables (si les Mi sont suffisamment grands) et de supports variables (si les Ni

sont suffisamment grands). Nous expliquons ensuite que toutes les opérations de la théorie
de Hrushovski et Kazhdan peuvent être effectuées en famille au-dessus de SmC pour tout
m ≥ 1, et justifions en particulier la validité de la formule de Poisson dans ce cadre.
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1.5.3 Filtration par les poids et convergence
Revenons maintenant à la fonction zêta des hauteurs motivique (1.5). Grâce à un dé-

coupage des espaces de modules Md suivant les valeurs et ordres des pôles des sections,
on peut lui appliquer la formule de Poisson dans le cadre du paragraphe précédent. Cela
nous permet, de manière analogue à ce qui a été expliqué dans la section 1.2, de réécrire
la fonction zêta sous la forme

Z(T ) =
∑

ξ∈k(C)n
Z(T, ξ) (1.11)

pour des séries Z(T, ξ) à coefficients dans E xpMk, chacune admettant une décomposition
en produit eulérien. Nous arrivons maintenant à la question de la convergence de ces pro-
duits eulériens : comme chez Chambert-Loir et Tschinkel, nous souhaitons montrer que la
série Z(T, 0) est l’unique responsable du premier pôle de la fonction Z(T ) en L−1, et la
prolonger méromorphiquement au-delà de celui-ci. Nous avons mentionné plus haut que
la filtration dimensionnelle sur l’anneau de Grothendieck des variétés ne peut pas nous
fournir la convergence attendue pour la fonction Z(T ). Pour comprendre cela, revenons
aux majorations de Chambert-Loir et Tschinkel : pour presque tous les facteurs locaux,
leurs calculs font apparaître des différences de la forme Dα(Fq) − qn−1 pour chaque com-
posante irréductible Dα du diviseur à l’infini D, q la puissance d’un nombre premier, et n
la dimension de X. Afin d’obtenir la convergence souhaitée, il est crucial d’utiliser ici une
majoration non triviale, donnée par les estimées de Lang-Weil [LW] :∣∣∣Dα(Fq)− qn−1

∣∣∣ ≤ cqn−
3
2 , (1.12)

pour une constante c > 0. Dans le cadre motivique, les calculs sont complètement ana-
logues, et on se retrouve donc naturellement avec le même genre de différence, à savoir
[Dα] − Ln−1 ∈ Mk. En général, la dimension de cet élément de Mk sera n − 1 : par
exemple, si [Dα] est une courbe de genre g ≥ 1, alors, le polynôme de Hodge-Deligne

HD([Dα]− Ln−1) = (1 + gu+ gv + uv)− uv = 1 + gu+ gv,

est de degré 1, ce qui montre que [Dα] − Ln−1 ne peut être une combinaison linéaire
d’éléments de dimension ≤ 0. La filtration dimensionnelle fournit donc une borne plus
faible que celle de Lang-Weil dans le cas arithmétique, et on est par conséquent conduit à
utiliser une topologie un peu plus fine sur l’anneau de Grothendieck des variétés, construite
à l’aide de la théorie de Hodge.

Supposons temporairement que k = C. Il existe une mesure motivique

χHdg : MC → K0(HS),

appelée réalisation de Hodge, à valeurs dans l’anneau de Grothendieck des structures de
Hodge, qui à la classe d’une variété complexe Y associe

χ(Y ) =
2 dimY∑
i=0

(−1)i[H i
c(Y (C),Q)], (1.13)
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où [H i
c(Y (C),Q)] est la classe dans K0(HS) de la structure de Hodge mixte sur le i-ème

groupe de cohomologie singulière à support compact de Y (C). Il y a une filtration crois-
sante naturelle (W≤nK0(HS))n∈Z par les poids sur l’anneau K0(HS), donnée en définissant
W≤nK0(HS) comme le sous-groupe de K0(HS) engendré par les classes des structures de
Hodge pures de poids ≤ n. Pour un élément a ∈MC, on définit son poids par

w(a) = inf{n ∈ Z, χHdg(a) ∈ W≤nK0(HS).}.

La formule (1.13) donnant χHdg implique alors directement que pour la classe d’une va-
riété Y , nous avons w(Y ) = 2 dim Y . Plus précisément, nous avons

H2 dimY (Y (C),Q) ' Q(− dim Y )κ(Y ),

où κ(Y ) est le nombre de composantes irréductibles de dimension maximale de Y et
Q(− dim Y ) est l’unique structure de Hodge pure de poids 2 dim Y et de dimension 1.
Ainsi, on observe que dans l’expression de

χHdg([Dα]− Ln−1)

les termes correspondant aux groupes de cohomologie de degré maximal se simplifient, et
que par conséquent

w([Dα]− Ln−1) ≤ 2n− 3 = 2
(
n− 3

2

)
.

Cette borne est l’analogue, dans le cadre motivique, de l’inégalité (1.12).

1.5.4 Cycles évanescents motiviques
Rappelons-nous que dans la décomposition (1.11) donnée par la formule de Poisson,

les différentes séries Z(T, ξ) sont à coefficients dans E xpMC (on suppose toujours k =
C). Ainsi, nous avons besoin d’étendre la topologie des poids, définie dans le paragraphe
précédent sur MC, à l’anneau avec exponentielles E xpMC. De plus, il est souhaitable,
pour que l’analogie avec le cas arithmétique continue à fonctionner, que la fonction de
poids ainsi étendue vérifie l’inégalité triangulaire : pour toute variété complexe X munie
d’un morphisme f : X → A1, on souhaiterait que

w([X, f ]) ≤ w([X]). (1.14)

Via la mesure motivique (1.10) sur l’anneau de Grothendieck avec exponentielles, on voit
que l’inégalité (1.14) est l’analogue motivique de l’inégalité∣∣∣∣∣∣

∑
x∈X(Fq)

ψ(f(x))

∣∣∣∣∣∣ ≤ |X(Fq)|

issue de l’inégalité triangulaire classique, pour une variété X sur Fq, un morphisme f :
X → A1 et un caractère non-trivial ψ : Fq → C∗.
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La solution à ce problème utilise les cycles évanescents motiviques de Denef et Loeser.
Pour une variété lisse X sur un corps k de caractéristique nulle et un morphisme f : X →
A1
k, les cycles évanescents ϕf,a de f au voisinage de a ∈ k sont un élément de l’anneau de

Grothendieck localisé M µ̂
f−1(a) au-dessus de la fibre f−1(a) ⊂ X, avec action du groupe µ̂,

limite projective des groupes des racines n-ièmes de l’unité pour tout n ≥ 1. Lorsque la fibre
f−1(a) est nulle part dense dans X, Denef et Loeser donnent une formule pour calculer
ϕf,a en termes des composantes du diviseur exceptionnel d’une log-résolution du couple
(X, f−1(a)).

En utilisant les travaux de Denef et Loeser à ce sujet, ainsi que l’article de Guibert,
Loeser et Merle [GLM], Lunts et Schnürer ont prouvé dans [LS16b], que dans le cas où k est
algébriquement clos de caractéristique nulle, en combinant les cycles évanescents motiviques
en tous les points de k, on pouvait définir un morphisme d’anneaux, appelé la mesure des
cycles évanescents motiviques,

Φ : E xpMk → (M µ̂
k , ∗)

où ∗ est un produit de convolution dont la définition est due à Looijenga, Denef et Loeser.
Pour une classe [X, f ] avec X lisse et f : X → A1

k propre, nous avons

Φ([X, f ]) =
∑
a∈k

f!ϕf,a.

L’ingrédient principal dans cette preuve est un théorème de Thom-Sebastiani pour les cycles
évanescents motiviques, dû à Denef et Loeser, qui est l’analogue motivique du théorème
correspondant dans la théorie classique. Dans le chapitre 2 de cette thèse, nous avons étendu
la définition de la mesure Φ à k de caractéristique nulle non nécessairement algébriquement
clos, puis au-dessus d’une k-variété S quelconque.

Les cycles évanescents motiviques nous fournissent ainsi une manière de passer de
E xpMC à M µ̂

C. Afin de pouvoir étendre la filtration par le poids à l’anneau E xpMC,
nous utilisons alors le fait que la réalisation de Hodge évoquée plus haut se généralise pour
donner un morphisme

M µ̂
C → K0(HSmon) (1.15)

de l’anneau de Grothendieck des variétés complexes avec µ̂-action, vers l’anneau de Gro-
thendieck des structures de Hodge avec action par un opérateur linéaire d’ordre fini (appelé
monodromie), qui est également un morphisme d’anneaux lorsque les deux groupes sont
munis de produits appropriés. Composer cette réalisation de Hodge avec le morphisme Φ
revient alors à regarder la structure de Hodge sur les cycles évanescents (au sens classique),
avec l’action naturelle de la monodromie autour de la singularité considérée. Nous étendons
alors la filtration par le poids au groupe K0(HSmon), en définissant W≤nK0(HSmon) pour
tout n ∈ Z comme le sous-groupe engendré par les structures de Hodge pures de poids ≤ n
avec monodromie triviale, ainsi que les structures de Hodge pures de poids ≤ n − 1 avec
monodromie non-triviale. En utilisant la formule de Denef-Loeser évoquée plus haut, on
voit alors que l’inégalité triangulaire est vérifiée.
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La dernière difficulté qui se présente est d’étudier la convergence des produits eulériens
en utilisant cette filtration par le poids, ce qui nécessite en fait d’avoir les résultats ci-dessus
en famille : nous utiliserons donc notre construction de la mesure des cycles évanescents
motiviques au-dessus d’une base S, ainsi que la théorie des modules de Hodge mixtes de
Saito, dans le chapitre 4 de ce texte.

1.6 Plan et quelques énoncés
Pour finir, récapitulons le contenu de cette thèse : le chapitre 2 contient les définitions

des divers anneaux de Grothendieck utilisés et rappelle le formalisme des cycles évanescents
motiviques. Nous y donnons une définition, pour une variété X sur corps k de caractéris-
tique nulle, des cycles évanescents totaux ϕtot

f d’un morphisme f : X → A1 : c’est un
élément de M µ̂

A1
k
caractérisé par le fait que la fibre au-dessus de tout point a ∈ A1 est

donnée par les cycles évanescents f!ϕf,a ∈ M µ̂
k(a) de f en a (poussés vers le point a par

f−1(a)→ {a}). Nous montrons que les cycles évanescents totaux peuvent servir à construire
une mesure motivique, généralisant le résultat de Lunts et Schnürer au-dessus d’un corps
de caractéristique nulle quelconque, puis en famille.

Théorème 3 (Théorème 2.3.5.1). Soit k un corps de caractéristique nulle.
1. Il existe un unique morphisme de Mk-algèbres

Φk : E xpMk → (M µ̂
k , ∗),

appelé mesure des cycles évanescents motiviques, tel que pour toute variété lisse X
et tout morphisme propre f : X → A1

k, on ait

Φk([X
f−→ A1

k]) = ε!(ϕtot
f )

où ε : A1
k → k est le morphisme structurel.

2. Soit S une variété sur k. Il existe un unique morphisme de Mk-algèbres

ΦS : E xpMS → (M µ̂
S , ∗)

tel que, pour tout s ∈ S, le diagramme

E xpMS
ΦS //

��

M µ̂
S

��

E xpMκ(s)
Φκ(s) //M µ̂

κ(s)

commute.
De plus pour toute variété S sur k, la restriction de ΦS à MS coïncide avec l’inclusion
naturelle MS →M µ̂

S .
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Les produits eulériens motiviques sont définis dans le chapitre 3 et leurs propriétés de
calcul y sont explicitées. Pour les besoins de la suite, les définitions sont données dans
un cadre très général, au-dessus d’une base R et pour un système d’indéterminées (ti)i∈I
indexé par un ensemble I qui typiquement sera de la forme Np \ {0} pour un entier p ≥ 1.
Voici un condensé des propriétés de ces produits eulériens :

Théorème 4. Soit A ∈ {KVar,M ,KExpVar,E xpM }. Soit R une variété sur un corps
parfait k. Soit X une variété sur R et X = (Xi)i∈I une famille d’éléments de AX . Alors
on a les égalités suivantes dans l’anneau AR[[(ti)i∈I ]] :

1. (Produit à un facteur) Quand X = R on a

∏
u∈R/R

(
1 +

∑
i∈I

Xi,uti

)
= 1 +

∑
i∈I

Xiti.

2. (Associativité) Soit X = U ∪ Y une partition de X en un sous-schéma fermé Y et
son complémentaire U , et U = (Ui)i∈I (resp. Y = (Yi)i∈I) la restriction de X à U
(resp. à Y ). Alors

∏
u∈X/R

(
1 +

∑
i∈I

Xi,uti

)
=

∏
u∈U/R

(
1 +

∑
i∈1

Ui,uti

) ∏
u∈Y/R

(
1 +

∑
i∈I

Yi,uti

)
.

3. (Produits finis) Si X est une union disjointe de m variétés Y1, . . . , Ym isomorphes
à R, ∏

v∈X/R

(
1 +

∑
i∈I

Xi,vti

)
=

m∏
j=1

(
1 +

∑
i∈I

Xi,jti

)
∈ KVarR[[t]]

où pour tout i ∈ I, Xi,j est la restriction de Xi à Yj ' R, et le produit dans le côté
droit est un produit fini de séries formelles au sens classique.

4. (Changement de variables de la forme t 7→ Lmt) Pour tout (mi)i∈I ∈ NI ,

∏
u∈X/R

(
1 +

∑
i∈I

Xi,u(Lmiti)
)

=
∏

u∈X/R

(
1 +

∑
i∈I

(Xi,uLmi)ti
)
.

5. On suppose que la variété R est elle-même une R′-variété pour une k-variété R′, et
que les Xi sont des variétés (avec exponentielles) au-dessus de X. Alors le double
produit ∏

v∈R/R′

 ∏
u∈X/R

(
1 +

∑
i∈I

Xi,uti

)
v

a un sens et est égal à

∏
v∈R/R′

 ∏
u∈X/R

(
1 +

∑
i∈I

Xi,uti

)
v

=
∏

u∈X/R′

(
1 +

∑
i∈I

Xi,uti

)

dans KExpVarR[[(ti)i∈I ]].
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6. (Compatibilité avec les produits finis) Pour des familles de variétés (avec exponen-
tielles) (Yi)i∈I and (Zi)i∈I au-dessus de X qui est lui-même supposé être une réunion
de deux copies de R, on a :

∏
v∈R/R′

(
1 +

∑
i∈I

Yi,vti

)(
1 +

∑
i∈I

Zi,vti

)

=
∏

v∈R/R′

(
1 +

∑
i∈I

Yi,vti

) ∏
v∈R/R′

(
1 +

∑
i∈I

Zi,vti

)

dans KExpVarR[[(ti)i∈I ]].

Une remarque sur cet énoncé : les deux dernières propriétés ne sont pas suffisantes
pour l’usage que nous ferons des produits eulériens, mais à l’heure de la soumission de
ce manuscrit, nous n’avons pu établir les deux dernières propriétés que pour des séries
à coefficients effectifs (c’est-à-dire, s’écrivant comme combinaisons linéaires à coefficients
positifs de classes de variétés dans l’anneau de Grothendieck des variétés). C’est de là que
vient l’hypothèse supplémentaire que nous introduisons :

Hypothèse 3. Soit X une variété sur un corps algébriquement clos de caractéristique
nulle k, soit (Xi)i≥1 une famille de classes effectives dans E xpMX , et soient a ≥ 0, b ≥ 1
des entiers. Alors on a∏

x∈X
(1 +X1,xt+X2,xt

2 + . . .)(1− Latb) =
∏
x∈X

(1 +X1,xt+ . . .)
∏
x∈X

(1− Latb)

dans E xpMk[[t]].

Le chapitre 4, après un bref survol de quelques faits utiles de la théorie des modules de
Hodge de Saito, fournit la construction de la fonction de poids. Nous commençons par la
construire sur l’anneau de Grothendieck des modules de Hodge mixtes avec monodromie
K0(MHMmon

S ) sur une variété complexe S. Ensuite nous la composons avec la réalisation
de Hodge (généralisation au-dessus de S de la réalisation de Hodge (1.15))

χHdg
S : M µ̂

S → K0(MHMmon
S ),

puis avec la mesure des cycles évanescents ΦS : E xpMS → M µ̂
S ci-dessus. Il s’agit alors,

d’une part, de vérifier que cette composition conserve les propriétés de la filtration par
le poids, et d’autre part, de montrer diverses compatibilités avec les produits symétriques
qui assurent que cette topologie permettra de contrôler convenablement la convergence des
produits eulériens.

Théorème 5. Soit S une variété complexe. Il existe une application

wS : E xpMS → Z ∪ {−∞},

appelée la fonction de poids, qui vérifie les propriétés suivantes : pour S, T des variétés
complexes et pour tous a, a′ ∈ E xpMS, b ∈ E xpMT :
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1. wS(0) = −∞.
2. wS(a + a′) ≤ max{wS(a), wS(a′)} avec égalité si wS(a) 6= wS(a′).
3. wS×T (a� b) ≤ wS(a) + wT (b).
4. Si f : S → T est un morphisme avec des fibres de dimension ≤ d, alors

wT (f!(a)) ≤ wS(a) + d.

5. Si f : S → T est un morphisme avec des fibres de dimension ≤ d, alors

wS(f ∗(b)) ≤ wT (b) + d.

6. Soit I un ensemble et π = (ni)i∈I ∈ N(I). Soit X une variété complexe et A = (ai)i∈I
une famille d’éléments de E xpMX . Alors

wSπX(SπA ) ≤
∑
i∈I

niwX(ai).

7. Si X est une variété sur S, wS(X) = 2 dimS X + dimS.
8. (Inégalité triangulaire) Soit X une variété sur S et f : X → A1 un morphisme. Alors

wS([X, f ]) ≤ wS(X).

9. Soient p : X → S, q : Y → S des morphismes lisses de fibres de dimension d ≥ 0,
avec X et Y irréductibles. Alors

wS([X p−→ S]− [Y q−→ S]) ≤ 2d+ dimS − 1.

Nous définissons le rayon de convergence d’une série F (T ) = ∑
i≥0XiT

i ∈ E xpMX [[T ]]
par

σF = lim sup
i≥1

wX(Xi)
2i

et nous disons que F converge pour |T | < L−r si r ≥ σF . La propriété 6 du théorème 5 est
fondamentale dans l’établissement du résultat de convergence suivant :

Proposition 6 (Proposition 4.7.2.1). Soit F (T ) = 1+∑i≥1XiT
i ∈ E xpMX [[T ]] une série

telle qu’il existe un entier M ≥ 0 et des nombres réels ε > 0, α < 1 et β tels que
— pour tout i ∈ {1, . . . ,M}, wX(Xi) ≤ (i− 1

2 − ε)w(X)
— pour tout i ≥M + 1, wX(Xi) ≤ (αi+ β − 1

2)w(X);
Alors il existe δ > 0 tel que le produit eulérien ∏v∈X Fv(T ) ∈ E xpMC[[T ]]

— converge pour |T | < L−
w(X)

2 (1−δ+ β
M+1)

— pour tout 0 ≤ η < δ, prenne des valeurs non-nulles pour |T | ≤ L−
w(X)

2 (1−η+ β
M+1)

(c’est-à-dire, pour tout a ∈ E xpMC tel que w(a) < −w(X)
(
1− η + β

M+1

)
).
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Nous terminons le chapitre 4 par un résultat permettant d’estimer, pour une série
à coefficients effectifs (Mn)n≥0, la croissance d’une proportion strictement positive des
coefficients de HD(Mn), à partir de la localisation et de l’ordre de son premier pôle.
Proposition 7 (Proposition 4.7.3.1). Soit Z(T ) = ∑

n≥0[Mn]T n ∈ KVar+
C[[T ]] une série

formelle à coefficients effectifs, telle qu’il existe des entiers a, r ≥ 1, un nombre réel δ > 0 et
une série formelle F (T ) = ∑

i≥0 fiT
i ∈MC[[T ]] convergeant pour |T | < L−1+δ et prenant

une valeur effective non-nulle en T = L−1, telle que

Z(T ) = F (T )
(1− LaT a)r .

Alors pour tout p ∈ {0, . . . , a − 1}, l’un des cas suivants se produit lorsque n tend vers
l’infini dans la classe de congruence de p modulo a :
(i) Soit lim sup dim(Mn)

n
< 1.

(ii) Soit dim(Mn)− n a une limite finie d0 ∈ Z et log(κ(Mn))
logn converge vers un élément de

l’ensemble {0, . . . , r−1}. Plus généralement, pour tout nombre réel η tel que 0 < η < δ
et pour n assez grand dans la classe de congruence de p modulo a, les coefficients du
polynôme de Hodge-Deligne HD(Mn) de degrés appartenant à l’intervalle

[2(1− η)n+ 2d0, 2n+ 2d0]

sont des polynômes en n−p
a

de degré inférieur ou égal à r − 1.
De plus, le second cas de figure se produit pour au moins une valeur de p.

La formule de Poisson de Hrushovski et Kazhdan est rappelée et généralisée convena-
blement dans le chapitre 5. Enfin, le chapitre 6 contient la preuve du théorème 1, suivant
la méthode de Chambert-Loir et Tschinkel dans sa version motivique due à Chambert-Loir
et Loeser. Nous y introduisons le contexte géométrique du problème et la fonction zêta
des hauteurs. Nous appliquons la formule de Poisson dans sa formulation du chapitre 5 à
celle-ci. Comme évoqué plus haut, nous obtenons une décomposition

Z(T ) =
∑

ξ∈G(F )
Z(T, ξ) =

∑
ξ∈G(F )

∏
v∈C

Zv(T, ξ)

de la fonction zêta en somme de séries à coefficients dans E xpMk[[T ]], qui elles-mêmes ont
chacune une décomposition en produit eulérien. Nous étudions alors la convergence des
facteurs Zv(T, ξ), d’abord pour les v ∈ C0, puis pour les v ∈ C \ C0, pour en déduire la
convergence des séries Z(T, ξ).

Notons A l’ensemble des composantes irréductibles du diviseur X \G, et AD ⊂ A le
sous-ensemble de celles qui sont contenues dans le diviseur à croisements normaux stricts
D = X \ U . Le diviseur log-anticanonique associé à la paire (X,D) s’écrit sous la forme

−(KX +D) =
∑

α∈A \AD

ραDα +
∑
α∈AD

(ρα − 1)Dα

pour des entiers ρα ≥ 2. Par un calcul d’intégrales motiviques et l’application des propriétés
de la fonction de poids (en particulier la propriété 9 de la proposition 6), nous obtenons :
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Proposition 8. Il existe un nombre réel δ > 0 tel que le produit

∏
v∈C0

Zv(T, 0)
∏

α∈A \AD

(1− Lρα−1T ρα)


converge pour |T | < L−1+δ et prenne une valeur effective non-nulle dans M̂C en T = L−1.

Un élément de l’anneau complété M̂C est dit effectif s’il est limite d’éléments effectifs.
La non-nullité de la valeur en L−1 est ici obtenue grâce à l’hypothèse 2. Cette valeur
s’exprimera comme un produit eulérien.

Pour tout ξ ∈ G(F ), la forme linéaire x 7→ 〈x, ξ〉 sur G(Fv) se prolonge en une fonction
méromorphe fξ sur X, dont le diviseur des pôles est inclus dans X \ G, et est donc de la
forme

div∞fξ =
∑
α∈A

dα(ξ)Dα.

En notant A0(ξ)D le sous-ensemble de A \AD des α tels que dα(ξ) = 0, nous avons :

Proposition 9. Il existe un nombre réel δ > 0 tel que le produit

∏
v∈C0

Zv(T, ξ) ∏
α∈A D

0 (ξ)
(1− Lρα−1T ρα)


converge pour |T | < L−1+δ.

Pour les places v ∈ C \C0, nous notons dv = 1 + dim Clan
v (X,D) le terme combinatoire

évoqué plus haut, défini à l’aide du complexe de Clemens analytique de (X,D). On a alors :

Proposition 10. Il existe un réel δ > 0 tel que pour tout multiple commun non-nul a des
entiers ρα−1, α ∈ AD, la série de Laurent (1−LaT a)dvZv(T, 0) converge pour |T | < L−1+δ

et prenne une valeur effective non-nulle en L−1.

Sous l’hypothèse 3 (que nous n’avons pas utilisée jusqu’ici) nous obtenons la convergence
souhaitée pour Z(T, 0) en combinant les propositions 8 et 10 : on trouve un prolongement
méromorphe avec un pôle en L−1, d’ordre

|A \AD|+
∑

v∈C\C0

dv

égal à l’entier (1.3) obtenu par Chambert-Loir et Tschinkel dans l’analogue arithmétique
de ce travail. Pour décrire la convergence des Z(T, ξ) pour ξ 6= 0, nous remarquons d’abord
que la sommation ∑

ξ∈G(F )
Z(T, ξ)

est en fait une sommation sur un k-espace vectoriel V de dimension finie. Nous combinons
la proposition 9 avec un résultat, issu de [CLT12] et [ChL], qui exprime en chaque v ∈
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C \ C0, de manière uniforme sur les strates d’une partition constructible finie de V \ {0},
l’ordre du pôle de la fonction Zv(T, ξ) en L−1 comme la dimension du sous-complexe du
complexe simplicial CLan

v (X,D) obtenu en gardant seulement les sommets correspondant
aux composantes suivant lesquelles la fonction fξ induite par ξ sur X n’a pas de pôle. Un
argument dû à Chambert-Loir et Tschinkel permet de conclure que le pôle total de Z(T, ξ)
en L−1 est d’ordre strictement plus petit que celui de Z(T, 0).

25



26



Chapter 2

Grothendieck rings of varieties and
the motivic vanishing cycles measure

Introduction
The Grothendieck group of varieties was defined by Grothendieck in a letter to Serre

dated 16 August 1964, in which he also developed the idea of motives. He wrote:
Soit k un corps, algébriquement clos pour fixer les idées, et soit L(k) le “groupe K”
défini par les schémas de type fini sur k, avec comme relations celles qui provi-
ennent d’un découpage en morceaux (. . . ).

Though Grothendieck does not mention it in the above quotation, this group is in fact a
ring, which we will denote by KVark, the product being given by the product of varieties
over k. The ring KVark became particularly prominent when, in a celebrated lecture in
1995 at Orsay, Kontsevich sketched the basics of motivic integration, a theory of integra-
tion with values in this ring, and showed how one could use it to prove that birationally
equivalent Calabi-Yau varieties had the same Hodge numbers. This gave a generalisation of
a result of Batyrev stating equality of Betti numbers under the same conditions. Batyrev’s
proof relied on reduction to positive characteristic and p-adic integration, and Kontsevich’s
groundbreaking idea consisted in noticing that one could replace the latter by a more ge-
ometric theory of integration, with values in the Grothendieck ring of varieties, and thus
avoid the former. Moreover, the identities one obtains are valid in a suitable completion
of the Grothendieck ring KVarC (localised at the class of the affine line), which gives rise
to equality of more precise geometric invariants, e.g. Hodge numbers as stated above.

Since then, several theories of motivic integration have been constructed, and have
found a wide range of applications. The first names to quote here are those of Denef and
Loeser, who formalised Kontsevich’s idea and extended it to singular varieties in [DL99a].
They also gave numerous applications of motivic integration to singularity theory, general-
ising to the motivic framework many results obtained previously via p-adic integration. In
particular, they studied motivic versions of Igusa zeta functions in [DL98], which provide a
notion of motivic nearby fibre and motivic vanishing cycles ([DL98, DL99b, DL01, DL02]).
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Other theories of motivic integration, based on model theory of valued fields, are due to
Cluckers-Loeser ([ClL08, ClL10]) and Hrushovski-Kazhdan ([HK06]): they allow to encom-
pass integrals with parameters, as well as integrals involving additive characters, opening
the path to a motivic version of Fourier analysis. The key idea for the latter is to work in
larger Grothendieck rings called Grothendieck rings with exponentials.

Section 2.1 of this chapter contains definitions and properties of various types of
Grothendieck rings of varieties, in particular Grothendieck rings with exponentials and
Grothendieck rings with µ̂-actions. Section 2.2 introduces Denef and Loeser’s notion of
motivic nearby and vanishing cycles, generalises them to the relative setting and recalls
a result due to Guibert, Loeser and Merle from [GLM] which combines various nearby
cycles over a fixed variety X over a field of characteristic zero into a group morphism
defined on the Grothendieck ring of varieties over X. Section 2.3 recalls Denef, Loeser
and Looijenga’s Thom-Sebastiani theorem for motivic vanishing cycles together with the
convolution product ∗ it involves, and uses it to construct a ring morphism

E xpMX → (M µ̂
X , ∗)

from the Grothendieck ring of varieties with exponentials over X to the Grothendieck ring
of varieties with µ̂-action over X localised at the class of the affine line, endowed with
this product. The construction for X = Spec k with k an algebraically closed field of
characteristic zero is due to Lunts and Schnürer [LS16b]. Finally, section 2.4 contains an
explicit computation checking the Thom-Sebastiani theorem for vanishing cycles of the
morphism A1 → A1, x 7→ x2.

2.1 Grothendieck rings of varieties
References for this section are e.g. [CNS] for most classical definitions and properties

of Grothendieck rings, and Hrushovski and Kazdan’s [HK09], or Cluckers and Loeser’s
[ClL10] for Grothendieck rings with exponentials. We follow mostly Chambert-Loir and
Loeser’s [ChL] containing a short introduction to Grothendieck rings with exponentials
and their main properties.

2.1.1 Grothendieck semirings
Let R be a noetherian scheme. By a variety over R we mean a R-scheme of finite type.

For a point r ∈ R, we denote by κ(r) its residue field.
The Grothendieck monoid of varieties KVar+

R over R is a commutative monoid defined
by generators and relations. Generators are all varieties over R, and relations are

X ∼ Y

whenever X and Y are isomorphic as R-varieties,

∅ ∼ 0

28



and
X ∼ Y + U

whenever X is a R-variety, Y a closed subscheme of X and U its open complement. We
will write [X] to denote the class of a variety X in KVar+

R. The product [X][Y ] = [X×RY ]
endows the monoid KVar+

R with a semiring structure. Two R-varieties X and Y have the
same class in KVar+

R if and only if they are piecewise isomorphic over R, that is, one can
partition them into locally closed subsets X1, . . . , Xm and Y1, . . . , Ym such that for all i,
Xi and Yi are isomorphic as R-schemes with their induced reduced structures (see [CNS],
Chapter 1, Corollary 1.4.9).

The Grothendieck monoid of varieties with exponentials KExpVar+
R is defined by gen-

erators and relations as well. Generators are pairs (X, f), where X is a variety over R and
f : X → A1 = Spec (Z[T ]) is a morphism. Relations are the following:

(X, f) ∼ (Y, f ◦ u)

wheneverX, Y areR-varieties, f : X → A1 a morphism, and u : Y → X anR-isomorphism;

(∅, f) ∼ 0

where f : ∅→ A1 is the empty morphism;

(X, f) ∼ (Y, f |Y ) + (U, f |U)

whenever X is an R-variety, f : X → A1 a morphism, Y a closed subscheme of X and
U = X \ Y its open complement;

(X ×Z A1, pr2)

where X is an R-variety and pr2 is the second projection. We will write [X, f ] to denote
the class in KExpVar+

R of a pair (X, f). The product [X, f ][Y, g] = [X×RY, f ◦pr1 +g◦pr2]
endows KExpVar+

R with a semiring structure, the class [R id−→ R] being the unit element.

2.1.2 Grothendieck rings
Let R be a noetherian scheme.
The Grothendieck group of varieties KVarR is defined by generators and relations.

Generators are all varieties over R, and relations are

X − Y

whenever X and Y are isomorphic as R-varieties, and

X − Y − U

whenever X is a R-variety, Y a closed subscheme of X and U its open complement. It is the
group associated to the monoid KVar+

R. Every constructible set X over R (that is, every
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constructible subset of a variety over R) has a class [X] in the group KVarR (see [CNS],
chapter 1, corollaries 1.3.5 and 1.3.6). It will sometimes be denoted by [X]R when different
base schemes are in play. The product [X][Y ] = [X ×R Y ] endows the group KVarR with
a ring structure with unit element the class 1 = [R id−→ R]. Let L, or LR, be the class of
the affine line A1

R in KVarR. We define the Grothendieck ring of varieties localised at L to
be MR = KVarR[L−1].

The Grothendieck group of varieties with exponentials KExpVarR is defined by gener-
ators and relations as well. Generators are pairs (X, f), where X is a variety over R and
f : X → A1 = Spec (Z[T ]) is a morphism. Relations are the following:

(X, f)− (Y, f ◦ u)

wheneverX, Y areR-varieties, f : X → A1 a morphism, and u : Y → X anR-isomorphism;

(X, f)− (Y, f |Y )− (U, f |U)

whenever X is a R-variety, f : X → A1 a morphism, Y a closed subscheme of X and
U = X \ Y its open complement,

(X ×Z A1, pr2)

where X is an R-variety and pr2 is the second projection. We will write [X, f ] (or [X, f ]R
if we want to keep track of the base scheme R) to denote the class in KExpVarR of a
pair (X, f). The product [X, f ][Y, g] = [X ×R Y, f ◦ pr1 + g ◦ pr2] endows KExpVarR with
a ring structure. We will use the notation f ⊕ g for the morphism f ◦ pr1 + g ◦ pr2. We
denote by L, or LR, the class of [A1

R, 0] in KExpVarR. As for KVarR, we may invert L,
which gives us a ring denoted by E xpMR.

There are obvious morphisms of semirings

KVar+
R → KVarR

and
KExpVar+

R → KExpVarR
which identify KVarR (resp. KExpVarR) with the ring obtained from the semiring KVar+

R

(resp. KExpVar+
R) by adding negatives. An element in the image of one of these morphisms

is said to be effective.
There are ring morphisms KVarR → KExpVarR and MR → E xpMR sending the class

of X to the class [X, 0]. According to lemma 1.1.3 in [ChL] together with lemma 2.1.3.1
below, they are injective.

Let X be an R-variety. A piecewise morphism f : X → A1 is the datum of a partition
X1, . . . , Xm of X into locally closed subsets and of morphisms fi : Xi → A1 for every i.
Any pair (X, f) consisting of an R-variety X and of a piecewise morphism f : X → A1 has
a class [X, f ] in KExpVarR.
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Remark 2.1.2.1. The localisation morphism KVarR → MR is not injective in general: it
was proved by Borisov in [Bor] that L is a zero-divisor in the Grothendieck ring KVark over
a field k of characteristic zero. Borisov’s argument also implies that two varieties X and
Y having the same class in the Grothendieck ring of varieties are not necessarily piecewise
isomorphic, so that the above morphism KVar+

R → KVarR is not injective either.

Let A ∈ {KVar,M ,KExpVar,E xpM }. For noetherian schemes R and S over some
noetherian scheme T , there is an exterior product morphism

AR ⊗AT AS
�T−−→ AR×TS (2.1)

of AT -algebras. For A = KExpVar, it is given by sending a pair ([X, f ], [Y, g]) to the class
[X ×T Y, f ◦ pr1 + g ◦ pr2].

2.1.3 Functoriality and interpretation as functions
Let R and S be noetherian schemes. A morphism u : R → S induces morphisms u!

and u∗ between the corresponding Grothendieck groups. For example, for KExpVar, these
morphisms are defined in the following manner: the proper pushforward

u! : KExpVarR → KExpVarS

sends a class [X, f ]R of a R-variety X in KExpVarR to the class [X, f ]S of the pair (X, f)
with X viewed as an S-variety through the morphism u. This is a morphism of rings in
the case when u is an immersion, but not in general.

In the other direction, there is a morphism of rings

u∗ : KExpVarS → KExpVarR

called the pullback, given by sending the class of a pair (X, f) withX a S-variety to the class
of the pair (X ×S R, f ◦ pr1), where R is viewed as an S-variety through the morphism u.
In particular, KExpVarS may be seen as a KExpVarS-algebra via this morphism.

Elements of the Grothendieck rings over R may be interpreted as motivic functions
on R. When r ∈ R is a point, and a ∈ KExpVarR, we will denote by a(r) = r∗(a) (or ar)
the image of a in KExpVarκ(r) by the morphism r∗ induced by r : Spec (κ(r)) → R. This
will be interpreted as evaluation of the motivic function a at r. More generally, the above
morphism u∗ is just composition with u. As for u!, it may be interpreted as “summation
over rational points” in the fibres of u, as explained in the following paragraph. We recall
Lemma 1.1.8 from [ChL], which, with this functional interpretation, means that a motivic
function on R is determined by its values at points of R.

Lemma 2.1.3.1. Let a ∈ KVarR (resp. MR, KExpVarR, E xpMR). If a(r) = 0 for every
r ∈ R, then a = 0.
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2.1.4 Exponential sum notation
We start with the following lemma:

Lemma 2.1.4.1. Let k be a finite field and let ψ : k → C∗ be a non-trivial additive
character. Then there is a motivic measure

KExpVark → C
[X, f ] 7→ ∑

x∈X(k) ψ(f(x))

extending the counting measure

KVark → Z
[X] 7→ |X(k)|

Proof. We may define a group morphism on the free abelian group of generators (X, f) of
KExpVark, by sending (X, f) to ∑x∈X(k) ψ(f(x)). This passes to the quotient modulo the
first relation defining KExpVark because it corresponds to being able to perform changes
of variables in such a sum: ∑

x∈X(k)
ψ(f(x)) =

∑
y∈Y (k)

ψ(f ◦ u(y))

whenever u : Y → X is an isomorphism over k. It also passes to the quotient by the second
relation because the latter corresponds to cutting up the sum into smaller sums:∑

x∈X(k)
ψ(f(x)) =

∑
x∈Y (k)

ψ(f(x)) +
∑

x∈U(k)
ψ(f(x))

whenever Y is a closed subscheme of X and U = X \ Y its open complement. The third
relation is also satisfied, and comes from the fact that if ψ is a non-trivial character, then∑

x∈A1
k
(k)
ψ(x) = 0.

Finally, we observe that the product of two classes [X, f ] and [Y, g] is sent to∑
x∈X

∑
y∈Y

ψ(f(x))ψ(g(y)) =
∑

(x,y)∈X×Y
ψ(f(x) + g(y))

which is exactly the image of the product [X × Y, f ⊕ g] of these classes, so this map is a
ring morphism.

This lemma is meant as a motivation of the fact that, as explained in [ChL] 1.1.9, the
class of a pair (X, f) in KExpVark must be thought of as an analogue of the exponential
sum ∑

x∈X(k)
ψ(f(x))
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where k is a finite field and ψ : k → C∗ is a non-trivial additive character. This is why,
when doing calculations with it, we will denote the class [X, f ] ∈ KExpVark, even for a
not necessarily finite field k, by ∑

x∈X
ψ(f(x)).

As noted in the proof of the lemma, when using this notation, the three relations occurring
in the definition of KExpVark translate respectively as the possibility of performing change
of variables, additivity and the property that∑

x∈k
ψ(x) = 0,

the latter being essential to make Fourier analysis work.
More generally, let R be a k-variety. For any morphism h : R → A1 and any element

θ ∈ KExpVarR, we may define ∑
r∈R

θ(r)ψ(h(r)) = θ · [R, h]

where the product is taken in KExpVarR, and its result is viewed in KExpVark. In the case
when h = 0, the map θ 7→ ∑

r∈R θ(r) is exactly u! for u : R → k the structural morphism.
In the same manner, if u : R→ S is a morphism, then for any θ ∈ KExpVarR, the motivic
function u!θ sends s ∈ S to ∑r∈u−1(s) θ(s).

2.1.5 Grothendieck rings of varieties with action
Grothendieck rings with actions were introduced by Denef and Loeser in [DL02] to be

able to take into account monodromy actions on the motivic nearby fibre. Other references
are [DL01] and [GLM].

Let k be a field of characteristic zero. We start by giving some general definitions about
group actions on varieties. Let G be a finite group acting on a variety X over k. We say
that the action of G is good if every G-orbit is contained in an affine open subset of X.
If X and Y are two varieties with good G-action, we denote by X ×G Y the quotient of
the product X × Y by the equivalence relation (gx, y) ∼ (x, gy). It exists as a variety,
and there is a good G-action on X ×G Y induced by the action of G on the first factor of
X × Y .

Let S be a variety over k and X a variety over S. When we speak of a good action of G
on the S-variety X we require it to leave the fibres of the structural morphism X → S
invariant, i.e., the structural morphism must be equivariant if S is equipped with the trivial
G-action.

For n ≥ 1, let µn = Spec (k[x]/(xn − 1)) be the group scheme of n-th roots of unity,
and let µ̂ be the projective limit lim←−µn of the projective system with transition morphisms
µnd → µn, x 7→ xd. For any integer r ≥ 1, a good µ̂r-action on a variety X is an action of
µ̂r that factors through a good action of µrn for some integer n ≥ 1.
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Let S be a variety over k and r ≥ 1 an integer. The Grothendieck group of varieties
with µ̂r-action KVarµ̂

r

S is defined in a similar way to KVarS: generators are pairs (X, σ)
where X is a variety over S and σ a good µ̂r-action on X, and relations are

(X, σ)− (Y, τ)

whenever X and Y are S-varieties with good µ̂r-actions σ, τ such that there exists an
equivariant S-isomorphism u : (X, σ)→ (Y, τ),

(X, σ)− (Y, σ|Y )− (U, σ|U)

where X is a variety over S with good µ̂r-action σ, Y a closed µ̂r-invariant subscheme
of X, and U its open complement, as well as an additional relation saying that

(X ×An
k , σ)− (X ×An

k , σ
′) (2.2)

whenever σ and σ′ are two liftings of the same µ̂r-action on X to an affine action on
X × An

k (that is, a good action the restriction of which to all fibres of the affine bundle
X ×An

k → X is affine). The fibred product with the diagonal µ̂r-action endows KVarµ̂
r

S

with a ring structure.
Remark 2.1.5.1. We won’t use this product much, because in the context of vanishing
cycles, products defined via convolution are more relevant, see sections 2.2.1, 2.2.2.

The class of the pair (X, σ) will be denoted [X, σ], or even [X, µ̂r] or [X] when it is
clear from the context what σ is.

We denote by LS, or L, the class A1
S with trivial µ̂r-action. The last relation (2.2)

says in particular that L is equal to the class of the affine space endowed with any affine
µ̂r-action. As for KVarS, we may define the ring M µ̂r

S = KVarµ̂
r

S [L−1].
Remark 2.1.5.2 (Trivial action and forgetful morphism). There is a ring morphism

KVarS → KVarµ̂
r

S (2.3)

sending the class of a variety X to the class of X endowed with the trivial action. There
is also a forgetful ring morphism

KVarµ̂
r

S → KVarS

which sends a class [X, σ] of a variety X with action σ to the class [X], well defined
because all relations defining KVarµ̂

r

S go to zero in KVarS. The composition of the two
gives the identity of KVarS, which shows that (2.3) is injective. This remains valid with
KVar replaced by M .
Remark 2.1.5.3. Since KVarS is a KVark-module, the morphism (2.3) endows KVarµ̂

r

S with
a KVark-module structure. It is given, for any k-variety X and any S-variety Y with
µ̂r-action σ by [X][Y, σ] = [X ×k Y, σ′], where σ′ is acts trivially on X and by σ on Y .
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If u : R→ S is a morphism of k-varieties, there are, as in 2.1.3, a group morphism

u! : KVarµ̂
r

R → KVarµ̂
r

S

and a ring morphism
u∗ : KVarµ̂

r

S → KVarµ̂
r

R ,

defined similarly. These morphisms exist also when KVar is replaced with M .
Exterior products in the flavour of (2.1) also exist for Grothendieck rings of varieties

with action. For a k-variety T and T -varieties R and S, the one we are going to use is a
morphism

KVarµ̂
r

R ⊗KVarT KVarµ̂
r

S
�T−−→ KVarµ̂

r×µ̂r
R×TS

of KVarT -algebras sending a pair ([X, σ], [Y, τ ]) to the class of X ×T Y endowed with the
product action σ ×T τ given by (s, t).(x, y) = (σ(s)(x), τ(t)(y)).

2.1.6 The dimensional filtration
A reference for this section is [CNS], chapter 1, sections 4.1 and 4.2.

Definition 2.1.6.1. Let S be a scheme. The relative dimension of a variety X over S,
denoted by dimS(X), is defined to be

dimS X := sup
s∈S

dimκ(s)Xs.

Let S be a noetherian scheme. The above notion of relative dimension gives rise to
a natural filtration on the ring KVarS: we define FdKVarS to be the subgroup of KVarS
generated by classes of varieties of relative dimension ≤ d.

We may now define a function

dimS : KVarS → Z ∪ {−∞}

by sending a class a to inf{d ∈ Z, a ∈ FdKVarS}. This function has the following
elementary properties:

Let a, a′ ∈ KVarS. Then
(i) dimS(0) = −∞.

(ii) dimS(a + a′) ≤ min{dimS(a), dimS(a′)}, with equality whenever dimS(a) 6= dimS(a′)
(iii) dimS(aa′) ≤ dimS(a) + dimS(a′).
Moreover, using the Euler-Poincaré polynomial, one may prove that for every variety X
over S, dimS([X]) = dimS X (see lemma 4.1.3 in [CNS], chapter 1).

For every d ∈ Z, we define FdMS to be the subgroup of MS generated by elements of
the form [X]L−n where X is an S-variety, n ∈ Z is an integer and dimS X − n ≤ d. This
gives us an increasing and exhaustive filtration on the ring MS. In the same manner as
above, we may define a function

dimS : MS → Z ∪ {−∞}
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satisfying the same properties.
The same definition gives rise to dimensional filtrations and functions on Grothendieck

rings with actions or with exponentials. Thus, for example, on KExpVarS, we define
FdKExpVarS as the subgroup of KExpVarS generated by classes of the form [X, f ] where X
is of relative dimension ≤ d.

2.1.7 Some presentations of Grothendieck groups in characteris-
tic zero

We start by recalling a classical result (it follows for example from [Bit], Theorem 3.1).

Lemma 2.1.7.1. Let X be a variety over a field k of characteristic zero. The Grothendieck
group KVarX is generated by classes of the form [Y p−→ X] where p is proper and Y is smooth
over k.

This may be generalised in the following form:

Lemma 2.1.7.2. Let S be a variety over a field k of characteristic zero, and X a variety
over S with structural morphism u : X → S. Then the group KVarX is generated by classes
[Y p−→ X] such that U = u ◦ p(Y ) is a locally closed subset of S, Y is smooth over U and
such that the morphism p×S idU : Y ×S U → X ×S U is proper.

Proof. First of all, KVarX is generated by classes of quasi-projective morphisms. Let
therefore p : Y → X be a quasi-projective morphism, and define T to be the closure of
u ◦ p(Y ) in S. We will argue by induction on dimT . Let T1, . . . , Tn be the irreducible
components of T . For each i ∈ {1, . . . , n} it suffices to write [(u ◦ p)−1(Ti)→ X] as a sum
of classes as in the statement of the theorem, and use induction on dimT to conclude.
We may therefore assume that T is irreducible. Compactify p into a proper morphism
p : Y → X, where Y is a variety containing Y as a dense open subset. The closure of
u ◦ p(Y ) in S is again T . An additional induction on dim Y (with dimT fixed), initialised
at dim Y = dimT (in which case we use the induction hypothesis for dimT − 1) then
allows us to work with p instead of p. Let η be the generic point of T . Consider a
resolution of singularities Ỹ η → Y η above κ(η). Above some dense open subset T ′ of T ,
this spreads out to a proper birational morphism f : Ỹ → Y ×T T ′ with Ỹ smooth over T ′.
If dimT = 0, then T ′ = T , otherwise by induction on dimT , we may replace p : Y → X
with its restriction p′ : Y ×T T ′ → X. Finally, by induction on dim Y (and on dimT if
dim Y = dimT ), the morphism p′ : Y ×T T ′ → X may be replaced with the composition
g = p′ ◦ f : Ỹ → X. The morphism g then satisfies the condition in the statement of the
theorem. Indeed, the morphism u ◦ g : Ỹ → T ′ is smooth, and therefore open, so that
U := u ◦ g

(
Ỹ
)
is open in its closure and therefore is locally closed is S, and Ỹ is smooth

over U . Finally, g ×S idU is the composition of the morphisms Ỹ ×S U → Y ×S U and
Y ×S U → X ×S U which are both proper by base change.
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2.2 Motivic vanishing cycles
Throughout this section, k will be a field of characteristic zero.

2.2.1 Convolution
In this section we recall the definition of Looijenga’s convolution from [Loo], in its gen-

eralised form due to Guibert, Loeser and Merle ([GLM]), following section 2.3 in [LS16b].
Notation 2.2.1.1. Let n ≥ 1 be an integer. We denote by F n

0 (resp. F n
1 ) the Fermat curve

with equation xn + yn = 0 (resp. xn + yn = 1) inside Gm ×Gm (with coordinates x, y),
with the obvious µn × µn-action.

Let S be a variety over a field k of characteristic zero. There is a KVark-linear morphism

Ψ : KVarµ̂×µ̂S → KVarµ̂S

given in the following manner: let Z p−→ S be an S-variety with a µ̂ × µ̂−action. Then
there is an integer n such that this action factors through µn × µn. One defines

Ψ(Z p−→ S) = [Z ×µn×µn F n
0

p◦pr1−−−→ S]− [Z ×µn×µn F n
1

p◦pr1−−−→ S].

This gives an element of KVarµ̂S: indeed, as we said in section 2.1.5, for i = 0, 1, the variety

Z ×µn×µn F n
i

is endowed with an action of µn, given by

t.(z, x, y) = ((t, t).z, x, y) = (z, tx, ty).

As explained in the discussion after remark 2.13 in [LS16b], this construction does not
depend on the integer n, and therefore Ψ is well-defined. By remark 2.8 in [LS16b], for
every morphism f : R→ S of k-varieties, Ψ commutes with f! and f ∗.

We may define the convolution product on KVarµ̂S by the KVark-linear composition

∗ : KVarµ̂S ⊗KVark KVarµ̂S
�S−→ KVarµ̂×µ̂S

Ψ−→ KVarµ̂S,

(see definition of the exterior product �S at the end of section 2.1.5) so that for two
S-varieties X, Y with actions σ and τ , we have

[X, σ] ∗ [Y, τ ] = Ψ([X ×S Y, σ ×S τ ]).

By proposition 2.12 in [LS16b] (or proposition 5.2 in [GLM]), for any k-variety S, the
convolution product ∗ endows KVarµ̂S with an associative, commutative KVark-algebra
structure, with unit element the class of the identity [S id−→ S] (with trivial µ̂-action). From
now on, the ring structure on KVarµ̂S we are going to consider will be the convolution
product ∗. Thus, in what follows, both KVarµ̂S and (KVarµ̂S, ∗) denote the same thing.
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The n-fold convolution product of LS with itself is Ln
S, and therefore localising the

KVark-algebra (KVarµ̂S, ∗) at the multiplicative set {1,LS,LS∗LS, . . .} yields an Mk-algebra
(M µ̂

S , ∗) with same underlying Mk-module structure as the usual localisation M µ̂
S of KVarµ̂S.

By Mk-linearity, Ψ and ∗ extend to localised Grothendieck rings. Since Ψ commutes with
pullbacks, for any morphism f : R→ S of k-varieties, there are pullback morphisms

f ∗ : KVarµ̂S → KVarµ̂R
(resp. f ∗ : M µ̂

S →M µ̂
R) of KVark-algebras (resp. of Mk-algebras).

Remark 2.2.1.2. By remark 2.11 in [LS16b], whenever the action τ on Y is trivial, we have

[X, σ] ∗ [Y, τ ] = [X, σ][Y, τ ],

where on the right we consider the usual product on KVarµ̂S from section 2.1.5. In particular,
there is a ring morphism

KVarS → (KVarµ̂S, ∗)
sending the class of an S-variety X to the class [X, 1] where 1 denotes the trivial action.
Such a morphism exists also at the level of localised Grothendieck rings.

2.2.2 Grothendieck rings over the affine line
Let S be a k-variety. By section 2.2.1, the Grothendieck group KVarµ̂A1

S
has a natural

(KVarµ̂S, ∗)-algebra structure given by the ring morphism ε∗S : (KVarµ̂S, ∗) → (KVarµ̂A1
S
, ∗)

where εS : A1
S → S is the structural morphism.

On the other hand, there is a well-defined addition morphism

add : A1
S ×S A1

S → A1
S

on the group scheme A1
S, and this endows KVarµ̂A1

S
with a product ? given by the compo-

sition

? : KVarµ̂A1
S
⊗KVarS KVarµ̂A1

S

�S−→ KVarµ̂×µ̂A1
S×SA1

S

add!−−→ KVarµ̂×µ̂A1
S

Ψ−→ KVarµ̂A1
S
,

so that, for A1
S-varieties X and Y with µ̂-actions σ and τ , we have

[X f−→ A1
S, σ] ? [Y g−→ A1

S, τ ] = Ψ([X ×S Y
f⊕g−−→ A1

S, σ ×S τ ])

where f ⊕ g = f ◦ pr1 + g ◦ pr2.

Lemma 2.2.2.1. Let ιS : S → A1
S be the morphism given by the zero-section of the trivial

affine bundle A1
S → S. Then

(ιS)! : (KVarµ̂S, ∗) → (KVarµ̂A1
S
, ?)[

X
u−→ S

]
7→ [X (u,0)−−→ A1

S]

is a ring morphism.
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Proof. Let X u−→ S and Y v−→ S be two S-varieties and let σ (resp. τ) be a µ̂-action on X
(resp. Y ). Using the fact that Ψ commutes with proper pushforwards, we get

(ιS)!([X u−→ S, σ] ∗ [Y v−→ S, τ ]) = (ιS)! ◦Ψ([X ×S Y
u◦pr1−−−→ S, σ ×S τ ])

= Ψ ◦ (ιS)!([X ×S Y
u◦pr1−−−→ S, σ ×S τ ])

= Ψ([X ×S Y
(u◦pr1,0)−−−−−→ A1

S, σ ×S τ ])

= Ψ ◦ add!([X ×S Y
(u◦pr1,0)−−−−−→ A1

S ×S A1
S, σ ×S τ ])

= Ψ ◦ add!([X
(u,0)−−→ A1

S, σ] �S [Y (v,0)−−→ A1
S, τ ])

= [X (u,0)−−→ A1
S, σ] ? [Y (v,0)−−→ A1

S, τ ]
= (ιS)!([X u−→ S, σ]) ? (ιS)!([Y v−→ A1

S, τ ]).

Thus, there is another KVarµ̂S-algebra structure on KVarµ̂A1
S
, given by (iS)!, the latter

becoming a ring morphism if one replaces the product ∗ by ?.
Denote by K̃Varµ̂A1

S
the KVarµ̂S-module structure on KVarµ̂A1

S
given by (ιS)!.

Lemma 2.2.2.2. The identity id : KVarµ̂A1
S
→ K̃Var

µ̂

A1
S
is an isomorphism of KVarµ̂S-

modules.

Proof. For all varieties X, Y over S with µ̂-actions σ, τ and any morphism f : Y → A1
S,

we have (denoting by u the structural morphism u : X → S and by 1 the trivial µ̂-action
on A1

S)

ε∗S([X u−→ S, σ]) ∗ [Y f−→ A1
S, τ ] = Ψ([X ×S A1

S

pr2−−→ A1
S, σ ×S 1]×A1

S
[Y f−→ A1

S, τ ])

= Ψ([(X ×S A1
S)×A1

S
Y

f◦pr2−−−→ A1
S, (σ ×S 1) �A1

S
τ ])

= Ψ([X ×S Y
f◦pr2−−−→ A1

S, σ ×S τ ])

= Ψ ◦ add!([X
(u,0)−−→ A1

S, σ] �S [Y f−→ A1
S, τ ])

= [X (u,0)−−→ A1
S, σ] ? [Y f−→ A1

S, τ ]
= (ιS)!([X u−→ S, σ]) ? [Y f−→ A1

S, τ ].

Thus in fact these two KVarµ̂S-module structures are the same, and we will denote this
KVarµ̂S-module by KVarµ̂A1

S
. To distinguish between the two KVarµ̂S-algebra structures, we

will write them (KVarµ̂A1
S
, ∗) and (KVarµ̂A1

S
, ?).
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Lemma 2.2.2.3. The pushforward map

(εS)! : (KVarµ̂A1
S
, ?)→ (KVarµ̂S, ∗)

is a morphism of KVarµ̂S-algebras.
Proof. First of all, we have (εS)! ◦ (ιS)! = idKVarµ̂S

. Moreover, for all varieties X, Y over S
with morphisms f : X → A1

S and g : Y → A1
S and µ̂-actions σ, τ , we have, using that Ψ

commutes with proper pushforwards:

(εS)!([X
f−→ A1

S, σ] ? [Y g−→ A1
S, σ]) = (εS)!Ψ([X ×S Y

f⊕g−−→ A1
S, σ ×S τ ])

= Ψ([X ×S Y → S, σ ×S τ ])
= [X → S, σ] ∗ [Y → S, τ ]
= (εS)!([X

f−→ A1
S, σ]) ∗ (εS)!([Y

g−→ A1
S, τ ]).

Remark 2.2.2.4 (Trivial actions). From remark 2.15 in [LS16b], we see that if f : X → A1
S

and g : Y → A1
S are A1

S-varieties with µ̂-actions σ, τ such that τ is the trivial action, then

[X f−→ A1
S] ? [Y g−→ A1

S] = [X ×S Y
f⊕Sg−−−→ A1

S], (2.4)

where f ⊕S g stands for the morphism add◦ (f ×S g). We denote again by ? the restriction
of ? to the image of the inclusion KVarA1

S
→ KVarµ̂A1

S
, given by formula (2.4). Thus, for

Grothendieck rings without actions, lemma 2.2.2.1 boils down to the statement that

(ιS)! : KVarS → (KVarA1
S
, ?)

is a ring morphism.
Remark 2.2.2.5 (Convolution induces product on Grothendieck ring with exponentials). By
remark 2.2.2.4 and by the definition of the Grothendieck ring with exponentials KExpVarS,
the quotient map q : (KVarA1

S
, ?)→ KExpVarS is a morphism of KVarS-algebras.

2.2.3 Localised Grothendieck rings over the affine line
We have

ε∗S(LS) = LA1
S

= [A1
S ×S A1

S

pr2−−→ A1
S],

whereas
(ιS)!(LS) = [A1

S

(εS ,0)−−−→ A1
S],

which we denote by L0 ∈ KVarµ̂A1
S
. Define (M̃ µ̂

A1
S
, ?) as the MS-algebra obtained by local-

ising (KVarµ̂A1
S
, ?) with respect to the multiplicative set {1,L0,L0 ?L0, . . .}. Then we have

a canonical isomorphism of MS-algebras

MS ⊗KVarS (KVarµ̂A1
S
, ?) ∼−→ (M̃ µ̂

A1
S
, ?).

Thus, base change along KVarS →MS of lemma 2.2.2.2 gives us:
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Lemma 2.2.3.1. There is a canonical isomorphism M µ̂
A1
S

∼−→ M̃ µ̂
A1
S
of MS-modules, given

by a
Ln

A1
S

7→ a
Ln0

for all a ∈ KVarµ̂A1
S
and n ≥ 1.

Moreover, lemma 2.2.2.3 and remark 2.2.2.5 remain true with KVar replaced by M̃
and KExpVar replaced with E xpM .

2.2.4 Rational series
Following 2.8 in [GLM], for any k-varietyX, define M µ̂

X [[T ]]rat to be the M µ̂
X-subalgebra

of M µ̂
X [[T ]] generated by rational series of the form pe,i(T ) = LeT i

1−LeT i where e ∈ Z and i > 0.

There is a unique morphism of M µ̂
X-algebras

lim
T→∞

: M µ̂
X [[T ]]rat −→M µ̂

X

such that
lim
T→∞

pe,i(T ) = −1,

for any e ∈ Z and i > 0.
More generally, for an k-variety S and for a variety X over S, we define M µ̂

X [[T ]]rat,S to
be the M µ̂

S -subalgebra of M µ̂
X [[T ]] generated by rational series of the form pe,i(T ) = LeT i

1−LeT i
where e ∈ Z and i > 0.

There is a unique morphism of M µ̂
S -algebras

lim
T→∞

: M µ̂
X [[T ]]rat,S −→M µ̂

X

such that
lim
T→∞

pe,i(T ) = −1,

for any e ∈ Z and i > 0.

2.2.5 Motivic vanishing cycles
In [DL98, DL99b, DL01, DL02] Denef and Loeser defined and studied the notions of

motivic nearby fibre and motivic vanishing cycles. For a smooth connected variety X overk
of dimension d and a morphism f : X → A1

k, the motivic nearby fibre ψf of f at 0 ∈ A1
k

is an element of M µ̂
X0(f) (where X0(f) is the fibre of X above 0) defined in terms of some

motivic zeta function Zf . More precisely, denoting by Ln(X) the space of n-jets of X, we
define for every n ≥ 1

Xn(f) := {γ ∈ Ln(X) | f(γ) ≡ tn(mod tn+1)} ∈M µ̂
X0(f),

41



the X0(f)-variety structure of Xn(f) being induced by the truncation morphism Ln(X)→
X, and the µ̂-action being the one induced by the µn-action given by a.γ(t) = γ(at). We
then put

Zf (T ) =
∑
n≥1

[Xn(f)→ X0(f)]L−ndT n ∈M µ̂
X0(f)[[T ]].

One may write Xn(f/k), resp. Zf/k if one wants to keep track of the base field k.
Let X be a smooth variety over k, not necessarily connected, and f : X → A1

k a
morphism. Let C be the set of connected components of X, which are smooth varieties
of pure dimension. Then the above definition extends immediately to the pair (X, f) by
putting:

Zf (T ) =
∑
Y ∈C

1YZf|Y (T ) ∈M µ̂
X0(f)[[T ]],

where 1Y denotes the element [Y ∩X0(f)→ X0(f)] ∈M µ̂
X0(f) corresponding to the inclusion

of the Y -component of X0(f) into X0(f), with trivial µ̂ action.
If f is constant, we have Zf (T ) = 0. More generally, Denef and Loeser showed in

[DL02] that Zf is a rational function by giving a formula for it in terms of a log-resolution
of (X,X0(f)). For this, let X be a smooth variety over k of pure dimension d, and
f : X → A1

k a morphism such that X0(f) is nowhere dense in X. Let h : X ′ → X be a
log-resolution of the pair (X,X0(f)). Let (Ei)i∈I be the family of irreducible components
of h−1(X0(f)), and for every i ∈ I, let ai be the multiplicity of f ◦ h along Ei. For every
J ⊂ I we put EJ = ∩j∈JEj, E◦J = EJ \ ∪i 6∈JEi and aJ = gcdj∈J(aj). For every J ⊂ I, one
defines an unramified Galois cover Ẽ◦J → E◦J by glueing locally constructed covers obtained
as follows: around every point of E◦J , one can find an open subscheme U of X ′ on which
f ◦h = u

∏
j∈J x

aj
j , where xj is an equation for Ej ∩U and u is an invertible function on U .

One takes the étale cover of E◦J ∩U induced by the étale cover U ′ → U obtained by taking
the aJ -th root of u−1. There is a natural µaJ -action on ẼJ

◦ which induces a µ̂-action in
the obvious way.

Theorem 2.2.5.1 (Denef-Loeser). Let X be a smooth k-variety of pure dimension d, and
f : X → A1

k a morphism such that X0(f) is nowhere dense in X. Let h : X ′ → X be a
log-resolution of the pair (X,X0(f)). Let (Ei)i∈I be the family of irreducible components
of h−1(X0(f)). For every i ∈ I, let ai be the multiplicity of f ◦ h along Ei and let νi− 1 be
the multiplicity of the Jacobian ideal of h along Ei. Then one has

Zf (T ) =
∑

∅6=J⊂I
(L− 1)|J |−1

[
ẼJ
◦
→ X0(f), µ̂

] ∏
j∈J

L−νjT aj
1− L−νjT aj

∈M µ̂
X0(f)[[T ]],

where ẼJ
◦ is the Galois cover defined above. In particular Zf (T ) ∈M µ̂

X0(f)[[T ]]rat.

Corollary 2.2.5.2. Let X be a smooth variety over k and f : X → A1
k a morphism. Then

Zf (T ) is an element of M µ̂
X0(f)[[T ]]rat.

Proof. Let C be the set of connected components of X. By definition, we have Zf =∑
Y ∈C 1YZf|Y , and each Zf|Y is 0 if f|Y is constant, or is an element of M µ̂

Y0(f|Y )[[T ]]rat
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(which is naturally a M µ̂
X-subalgebra of M µ̂

X0(f)[[T ]]rat) by theorem 2.2.5.1, whence the
result.

By corollary 2.2.5.2, it makes sense to define the motivic nearby fibre ψf of f at 0 as

ψf = − lim
T→∞

Zf (T ) ∈M µ̂
X0(f)

and the motivic vanishing cycles ϕf of f at 0 as

ϕf := [X0(f) id−→ X0(f)]− ψf ∈M µ̂
X0(f).

For the vanishing cycles, we use the definition in [LS16b], which differs from the one by
Denef and Loeser by a sign (which will be important for the construction of our motivic
measure, see remark 5.5 in [LS16b]).

Under the conditions and with the notations of theorem 2.2.5.1, we have

ψf =
∑

∅6=J⊂I
(1− L)|J |−1

[
ẼJ
◦
→ X0(f), µ̂

]
∈M µ̂

X0(f).

Example 2.2.5.3. Here are some important special cases:
(I) Assume f = a is constant. If a 6= 0 then we in fact have X0(f) = ∅, so that

M µ̂
X0(f) = 0 and ψf = ϕf = 0. If a = 0, then Zf = 0, so ψf = 0, whereas

ϕf = [X id−→ X] ∈M µ̂
X (the action being necessarily trivial).

(II) In the case when f is non-constant and X0(f) is smooth and nowhere dense in X,
then X id−→ X gives a log-resolution, and we get ψf = [X0(f) id−→ X0(f)], and ϕf = 0.

(III) As a consequence, when f is not constant equal to 0, ϕf lives above Sing(f),
that is, the closed subscheme of X defined by the vanishing of the differential
df ∈ Γ(X,Ω1

X/k). Thus, ϕf may be seen in a canonical way as an element of
M µ̂

X0(f) ∩ Sing(f).

Remark 2.2.5.4. From the formula in theorem 2.2.5.1, it is clear that, if X0(f) is nowhere
dense in X and if aX : X → k is the structural morphism, then dim((aX)!ϕf ) ≤ dimX−1.
Without any assumption on X0(f), we have the weaker inequality dim((aX)!ϕf ) ≤ dimX.

2.2.6 Relative motivic vanishing cycles
The previous definitions also make sense in the relative setting. Let k be a field of

characteristic zero, S a k-variety and X a variety over S of relative dimension d, smooth
over S, together with a morphism f : X → A1. Then we may define

Xn(f/S) := {γ ∈ Ln(X/S)| f(γ) ≡ tn(mod tn+1)},
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with action of µ̂ given in the same manner, and Zf/S(T ) = ∑
n≥1[Xn(f/S)]L−ndT n ∈

M µ̂
X0(f)[[T ]]. Here, Ln(X/S) is the n-th jet scheme of X relatively to S. By the base-

change properties for jet schemes (see [CNS], chapter 2, (2.1.4)), for every s ∈ S we have

Ln(X/S)×S κ(s) = Ln(X ×S κ(s)/κ(s))

where κ(s) is the residue field of s, so that the fibre above s of Zf/S is exactly Zfs/κ(s)(T ) ∈
M µ̂

X0(f)s [[T ]], where fs : Xs → A1 is the morphism induced by f .

Lemma 2.2.6.1. The series Zf/S(T ) is an element of M µ̂
X0(f)[[T ]]rat,S.

Proof. The proof goes by the classical “spreading-out” method. Take a generic point η
of S: then by corollary 2.2.5.2, the series Zfη is an element of M µ̂

X0(f)η [[T ]]rat, and its
coefficients can be spread out over some open subset U of S. One concludes by Noetherian
induction.

In particular, it makes sense to define the relative versions of the motivic nearby fibre
and motivic vanishing cycles , by

ψf/S = − lim
T→∞

Zf/S(T ) and ϕf/S = [X0(f) id−→ X0(f)]− ψf/S ∈M µ̂
X0(f)

2.2.7 The motivic nearby fibre as a group morphism
In [GLM], Guibert, Loeser and Merle construct, for every smooth variety Y together

with a function h : Y → A1
k and every dense open subset U of Y , an object Sh,U ∈M µ̂

Y0(h),
such that Sh,Y = ψh is the motivic nearby fibre as defined above and such that these
objects fit together into a morphism Sh as stated in the following theorem:

Theorem 2.2.7.1 ([GLM], Theorem 3.9). Let Y be a k-variety and h : Y → A1
k a

morphism. There exists a unique Mk-linear map Sh : MY → M µ̂
Y0(h) such that for every

proper morphism p : Z → Y with Z smooth and for every dense open subset U of Z,
Sh([U → Y ]) = p!(Sh◦p,U).

When we want to keep track of the base field k, we are going to denote the map in
the theorem by Sh/k. We are going to need the following corollary, which adapts this to a
relative setting:

Corollary 2.2.7.2. Le S be a k-variety and Y a variety over S, with h : Y → A1
k a

morphism. There exists a unique MS-linear map Sh/S : MY → M µ̂
Y0(h) such that for all

s ∈ S the diagram

MY

Sh/S //

��

M µ̂
Y0(h)

��

MYs

Sh/κ(s)//M µ̂
Y0(h)s
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commutes, where the vertical arrows are induced by the pullback of the inclusion {s} ↪→ S.

Proof. Uniqueness is immediate by lemma 2.1.3.1. Denote by u the structural morphism
u : Y → S. According to lemma 2.1.7.2, it suffices to construct Sh/S([Z p−→ Y ]) for
morphisms of S-schemes p : Z → Y such that T = u ◦ p(Z) is locally closed, u ◦ p : Z → T
smooth, and p×S idT : Z ×S T → Y ×S T proper. For such a class, put

Sh/S([Z p−→ Y ]) = p!
(
ψh◦p/S

)
∈M µ̂

Y0(h).

The group KVarY is obtained from the free abelian group A on such generators by taking
the quotient with respect to some relations, namely elements of the free abelian group on
those generators which belong to the kernel of the canonical surjection A → KVarY . Let
R ∈ A be such a relation. For any element a ∈ A, denote by as its image in MYs through
the composition A → KVarY → KVarYs → MYs . The definition of Sh/S on elements
of A and theorem 2.2.7.1 show that, for any element a ∈ A, (Sh/S(a))s = Sh/κ(s)(as).
In particular, since for every s ∈ S, Rs = 0, we have (Sh/S(R))s = 0, and therefore
Sh/S(R) = 0 by lemma 2.1.3.1. Thus, Sh/S defines a group morphism KVarY →M µ̂

Y0(h).
From the last few lines in the proof of theorem 2.2.7.1 in [GLM] (theorem 3.9), it appears
that Sh/κ(s) is first constructed on KVarYs , and then extended to MYs by Mκ(s)-linearity.
By definition, Sh/S is compatible with Sh/κ(s) (seen as a morphism with source KVarYs)
for all s ∈ S. For any a ∈ KVarS, and any x ∈ KVarY , the relation Sh/S(ax) = aSh/S(x)
is seen to be true by lemma 2.1.3.1, because for every s ∈ S, Sh/κ(s) is Mκ(s)-linear. Thus,
Sh/S is KVarS-linear, and we may extend it by MS-linearity to a MS-linear morphism
MY → M µ̂

Y0(h), which ensures the commutativity of the diagram in the statement of the
theorem.

2.3 The motivic vanishing cycles measure
In [LS16b], Lunts and Schnürer defined, for an algebraically closed field k of character-

istic zero, a motivic measure Φtot : (M̃A1
k
, ?)→ (M̃ µ̂

A1
k
, ?), by the formula

Φtot =
∑
a∈k

(ia)!(i∗a −Sid−a) (2.5)

where ia : {a} → A1
k is the inclusion, and Sid−a : MA1 → M µ̂

{a} is the morphism from
theorem 2.2.7.1 applied with Y = A1 and h = id− a (this is the measure denoted by Φ in
their paper). Formula (2.5) makes sense because for any class [X f−→ A1] with X smooth
and f proper, we have, denoting by Xa the fibre of f above a and by fa : Xa → {a} the
constant map induced by f on it, by theorem 2.2.7.1

(ia)!(i∗a −Sid−a)([X
f−→ A1]) = (ia)! ([Xa → {a}]− (fa)!ψf−a)

= (ia)!(fa)!([Xa → Xa]− ψf−a)
= f!ϕf−a
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which is zero whenever a is not a critical point of f . Thus, the sum is always finite because
the Grothendieck ring of varieties is generated by such classes, and because the set of
critical points of a morphism f : X → A1

k is finite. The image of a class [X f−→ A1] with X
smooth and f proper is

Φtot([X f−→ A1]) =
∑
a∈k

f!ϕf−a =: ϕtot
f , (2.6)

the sum of all vanishing cycles of f at all a ∈ k. In other words, ϕtot
f is the element of

M µ̂
A1
k
corresponding to the motivic function sending a ∈ A1

k to f!ϕf−a
In what follows, we are going to need to construct such a measure in families. Therefore,

we will give a definition of ϕtot
f in terms of vanishing cycles relative to the affine line

above a base, which behaves well in such a context. For an algebraically closed field k of
characteristic zero, this will give an element of M µ̂

A1
k
supported above the critical points

of A1
k, with fibre at every point a ∈ k given by the vanishing cycles f!ϕf−a, so that we

recover formula (2.6).

2.3.1 Total vanishing cycles
Let k be a field of characteristic zero, R a variety over k, and X be a variety over R,

smooth over R, and f : X → A1
k a morphism. We apply the construction of the previous

paragraph to the variety X ×A1
k over S = A1

R, together with the morphism g : X ×A1
k →

A1
k given by g = f ◦ pr1 − pr2. We have (X ×A1)0(g) = Γf , where Γf ⊂ X ×A1

k is the
graph of the morphism f , which we may identify with X itself through the first projection.
Notation 2.3.1.1. We denote by ϕ̃ tot

f/R := ϕg/A1
R

and ψ̃ tot
f/R := ψg/A1

R
the corresponding

vanishing cycles and nearby fibre, which are naturally defined as elements of M µ̂
X , and

related by the identity
ϕ̃ tot
f/R = [X id−→ X]− ψ̃ tot

f/R.

Denote by fR the morphism X → A1
R = R ×A1

k given by (u, f) where u : X → R is the
structural map. We define ϕtot

f/R := (fR)!ϕ̃
tot
f/R and ψtot

f/R := (fR)!ψ̃
tot
f/R their images in M µ̂

A1
R
,

satisfying
ϕtot
f/R = [X fR−→ A1

R]− ψtot
f/R.

In the case where R = k, we will simply write ψ̃ tot
f , ϕ̃ tot

f etc.
These objects will be called total nearby fibre and total vanishing cycles, because they

take into account the nearby fibre and vanishing cycles of f at all points of A1: indeed, we
see that for any t ∈ A1, (

ψ̃ tot
f/R

)
t

= ψgt/Rκ(t) = ψ(f−t)/Rκ(t) ∈M µ̂
Xt ,

where f − t is the function X×k κ(t)→ A1
κ(t) given by x 7→ f(x)− t and Rκ(t) = R×k κ(t).

A similar remark holds for ϕ̃ tot
f/R, ψ

tot
f/R and ϕtot

f/R. The properties of vanishing cycles we
recalled above lead to similar properties for total vanishing cycles.
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Remark 2.3.1.2. Let X and R be as above, and assume f : X → A1
k is constant. Then

property (I) of example 2.2.5.3 together with lemma 2.1.3.1 imply that ψ̃ tot
f = 0. In

particular, we have ϕ̃ tot
f = [X id−→ X] and ϕtot

f = [X fR−→ A1
R] (with trivial µ̂-action).

Remark 2.3.1.3. With the above notations, it follows from remark 2.2.5.4 applied above
every point of A1

R, that
dimA1

R
(ϕtot

f/R) ≤ dimA1
R
X.

We recall that we denote by Sing(f) the vanishing locus of the differential form df ,
and we define Crit(f) to be the scheme-theoretic image fR(Sing(f)) ⊂ A1

R.

Proposition 2.3.1.4. Let X be a smooth R-variety and f : X → A1
k a morphism. Then

ϕ̃ tot
f/R (resp. ϕtot

f/R) is canonically an element of M µ̂
Sing(f) (resp. M µ̂

Crit(f)). In particular, if
f is smooth, then ϕ̃ tot

f/R = 0 and ϕtot
f/R = 0.

Proof. This is a consequence of property (III) above applied point by point, together with
lemma 2.1.3.1.

2.3.2 The Thom-Sebastiani theorem
The classical theorem proved by Thom and Sebastiani in [ST] is a multiplicativity result

for the cohomology of Milnor fibres: for two germs f : (Cn, 0)→ (C, 0) and g : (Cn, 0)→
(C, 0) of holomorphic functions with an isolated critical point at 0, it expresses the reduced
cohomology of the Milnor fibre of the germ f ⊕g : (x, y) 7→ f(x)+g(y) as a tensor product
of the reduced cohomologies of the Milnor fibres of f and g, together with compatibilities
of monodromy actions.

An analogue of this for motivic vanishing cycles was first proved by Denef and Loeser
in the completed Grothendieck ring of Chow motives in [DL99b]. Then Looijenga, who in
[Loo] introduced an appropriate convolution operation, and Denef Loeser in [DL01], showed
that essentially the same proof gave an equality in the Grothendieck ring of varieties with
µ̂-action. Finally, in [GLM], Guibert, Loeser and Merle showed how one may recover the
motivic Thom-Sebastiani theorem from a formula involving iterated vanishing cycles. In
that paper, the theorem is stated using the generalised convolution operator Ψ which we
defined in section 2.2.1.

We recall the motivic Thom-Sebastiani theorem, in the form in which it appears in
[GLM]:

Theorem 2.3.2.1. Let Y1, Y2 be smooth varieties over k, with morphisms g1 : Y1 → A1
k,

g2 : Y2 → A1
k. Denote by i the natural inclusion Y0 := g−1

1 (0) × g−1
2 (0) → (g1 ⊕ g2)−1(0).

Then
i∗ (ϕg1⊕g2) = Ψ(ϕg1 � ϕg2)

in M µ̂
Y0.

This may be globalised in the following manner:
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Corollary 2.3.2.2 (Thom-Sebastiani for total vanishing cycles). Let X1, X2 be smooth
varieties, with morphisms f1 : X1 → A1

k and f2 : X2 → A1
k. Then we have the equalities

ϕ̃ tot
f1⊕f2 = Ψ(ϕ̃ tot

f1 � ϕ̃ tot
f2 ) (2.7)

in M µ̂
X1×X2, and

ϕtot
f1⊕f2 = Ψ(ϕtot

f1 ? ϕ
tot
f2 ) (2.8)

in M µ̂
A1
k
.

Proof. Let gi : Xi ×A1 → A1 be the functions defined by gi = fi ◦ pr1 − pr2 for i = 1, 2,
and g : X1 ×X2 ×A1 → A1 be the function defined by g = f1 ◦ pr1 + f2 ◦ pr2 − pr3. By
definition, the left hand side of the first equality is exactly ϕg/A1 , whereas the right-hand
side is given by Ψ(ϕg1/A1 � ϕg2/A1). We have the commutative diagram

X1 ×X2

(f1,f2)
��

f1⊕f2

$$
A1 ×A1 + //A1

Let t ∈ A1 × A1 with residue field denoted by K, and put t1 = pr1(t), t2 = pr2(t) and
s = t1 + t2. Let i be the natural inclusion

i : f−1
1 (t1)×k f−1

2 (t2)→ (f1 ⊕ f2)−1(s)×κ(s) K.

Pulling back via the inclusion of t inside A1 × A1, we see that the left-hand side ϕg/A1

goes to i∗(ϕ(f1⊕f2−s)/K), whereas the right-hand side ϕg1/A1 � ϕg2/A1 goes to

Ψ(ϕ(f1−t1)/κ(t1) � ϕ(f2−t2)/κ(t2))

because Ψ commutes with pullbacks. These elements are equal in M µ̂

f−1
1 (t1)×f−1

2 (t2) by theo-
rem 2.3.2.1. Since t was arbitrary, we get the first equality in the statement of the theorem.
The second equality is then obtained easily by applying (f1⊕f2)! on both sides and making
use of the commutative diagram above.

2.3.3 Total vanishing cycles as a motivic measure
We are going to prove the following theorem:

Theorem 2.3.3.1. Let k be a field of characteristic zero. There is a unique morphism

Φtot : (KVarA1
k
, ?)→ (M̃ µ̂

A1
k
, ?)

of KVark-algebras such that Φ([X f−→ A1
k]) = ϕtot

f for any smooth variety X over k and any
proper morphism f : X → A1

k.
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The case where k is algebraically closed was treated by Lunts and Schnürer in [LS16b],
and our proof goes along the same lines as theirs, the main difference being that we replace
their total vanishing cycles (ϕf )A1

k
by our total vanishing cycles ϕtot

f which behave better
in relative settings. We start by proving the following result, which is the analogue in our
setting of Theorem 5.3 in [LS16b]:

Proposition 2.3.3.2. There exists a unique morphism Φ′ : MA1
k
→M µ̂

A1
k
of Mk-modules

such that Φ′([X f−→ A1
k]) = ϕtot

f for any smooth variety X over k and any proper morphism
f : X → A1

k.

Proof. Uniqueness follows from lemma 2.1.7.1 so it remains to prove existence. Apply
corollary 2.2.7.2 to Y = A1

k×A1
k, seen as a variety over S = A1

k via the second projection,
together with h = pr1 − pr2: we get an MA1-linear map

Sh/A1 : MA1
k
×A1

k
→M µ̂

∆,

where ∆ ⊂ A1
k × A1

k is the diagonal h−1(0), which is isomorphic to A1
k via pr2. Com-

posing this with the pull-back pr∗2 : MA1
k
→ MA1

k
×A1

k
, sending a class [X f−→ A1

k] to

[X ×A1
k

(f◦pr1,pr2)−−−−−−→ A1
k×A1

k] we get a Mk-linear map Sh/A1 ◦pr∗2 : MA1
k
→M µ̂

A1
k
. We put,

for any a ∈MA1
k
,

Φ′(a) = a−Sh/A1 ◦ pr∗2(a).

Let f : X → A1
k be a proper morphism with X smooth. We denote by p the morphism

pr∗2(f) : X ×A1
k

(f◦pr1,pr2)−−−−−−→ A1
k ×A1

k

which is again proper by base change. We claim that Sh/A1
k
◦ pr∗2([X f−→ A1]) = ψtot

f .
Indeed, by theorems 2.2.7.1 and 2.2.7.2, for every t ∈ A1, the fibre above t of this element
is given by(

Sh/A1
k
([X ×A1

k

p−→ A1
k ×A1

k])
)
t

= Sht/κ(t)([X ×k κ(t) pt−→ A1
κ(t)])

= (pt)!(ψ(h◦p)t/κ(t)) ∈M µ̂
κ(t).

because pt is proper and Xt smooth over κ(t). On the other hand, we have h ◦ p =
f◦pr1−pr2, so that for every t ∈ A1, ψ(h◦p)t/κ(t) = (ψh◦p/A1

k
)t = (ψ̃ tot

f )t. Moreover, for every
t, we have pt = f ×k κ(t), so that (pt)!(ψ(h◦p)t/κ(t)) =

(
f!(ψ̃ tot

f )
)
t

=
(
ψtot
f

)
t
, which proves

the claim. Finally, we may conclude that Φ′([X f−→ A1
k]) = [X f−→ A1

k]− ψtot
f = ϕtot

f .

As in remarks 5.4, 5.6 and 5.7 of [LS16b], the map Φ′ has the following properties:

Lemma 2.3.3.3. For any k-variety Z, we have
(a) Φ′([Z 0−→ A1

k]) = [Z 0−→ A1
k] (with trivial action), so that in particular Φ′(L0) = L0.
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(b) Φ′([Z ×A1
k

pr2−−→ A1
k]) = 0, so that in particular Φ′(LA1

k
) = 0.

(c) Φ′([Z f−→ A1
k]) = 0 whenever f is a smooth and proper morphism.

Proof. The subgroup of KVarA1
k
generated by classes of the form [Z 0−→ A1

k] is the image of
the morphism (ιk)! : KVark → KVarA1

k
from section 2.2.2. It is therefore generated by such

classes where Z is additionally assumed to be smooth and proper, and these are preserved
by Φ′ by proposition 2.3.3.2 and remark 2.3.1.2. This proves (a). In the same way, the
subgroup of KVarA1

k
generated by classes of the form [Z ×A1

k

pr2−−→ A1
k] is the image of the

morphism ε∗k : KVark → KVarA1
k
from section 2.2.2, and we may again assume Z to be

smooth and proper to prove (b). The statement then follows from propositions 2.3.3.2 and
2.3.1.4. As for property (c), if f : Z → A1

k is smooth and proper, then Z is smooth, so
this follows directly from propositions 2.3.3.2 and 2.3.1.4.

We then consider the morphism of KVark-modules Φtot, defined as the composition

KVarA1
k
→MA1

k

Φ′−→M µ̂
A1
k
→ M̃ µ̂

A1
k
,

where the first arrow is the localisation morphism, and the last arrow is the isomorphism
of Mk-modules from lemma 2.2.3.1. The proof of theorem 2.3.3.1 is complete once we have
the following:

Proposition 2.3.3.4. The morphism Φtot is a morphism

Φtot : (KVarA1
k
, ?)→ (M̃ µ̂

A1
k
, ?)

of KVark-algebras.

Proof. Part (a) of lemma 2.3.3.3 shows that Φtot maps the unit element to the unit element,
and that it is compatible with the algebra structure maps. By lemma 2.1.7.1, we may
restrict to checking multiplicativity for classes of projective morphisms f : X → A1

k with
X a connected quasi-projective k-variety which is smooth over k. Let X, Y therefore
be connected quasi-projective smooth k-varieties, together with projective morphisms f :
X → A1

k and g : Y → A1
k. Then we know by proposition 2.3.3.2 and corollary 2.3.2.2 that

Φtot([X f−→ A1
k]) ? Φtot([Y g−→ A1

k]) = (ϕtot
f ) ? (ϕtot

g ) = ϕtot
f⊕g.

It remains to show that ϕtot
f⊕g = Φtot([X×Y f⊕g−−→ A1

k]), which does not follow directly from
proposition 2.3.3.2 because f ⊕ g is not proper in general. As in the proof of theorem 5.9
in [LS16b], we make use of lemma 2.3.6.1 below (and the notation therein) which gives us
a compactification h : Z → A1

k of f ⊕ g for which we may write,

[X × Y f⊕g−−→ A1
k] = [Z h−→ A1

k] +
∑
I

(−1)|I|[DI
hI−→ A1

k].
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Since all hI : DI → A1
k are projective and smooth, their image by Φtot, given by their total

vanishing cycles, is zero by proposition 2.3.1.4. On the other hand, Sing(h) = Sing(f ⊕ g),
and therefore

Φtot([X × Y f⊕g−−→ A1
k]) = Φtot([Z h−→ A1

k]) = ϕtot
h = ϕtot

f⊕g.

2.3.4 The motivic vanishing cycles measure over a base
We are now going to prove that the above motivic measure may be defined in families.

For this purpose, we are going to denote for any field k of characteristic zero by Φtot
k :

KVarA1
k
→M µ̂

A1
k
the motivic measure from theorem 2.3.3.1 relative to the field k.

Theorem 2.3.4.1. Let k be a field of characteristic zero and S a variety over k. There is
a unique morphism of KVarS-algebras Φtot

S : (KVarA1
S
, ?) → (M̃ µ̂

A1
S
, ?) such that for every

s ∈ S the diagram

KVarA1
S

��

Φtot
S // M̃ µ̂

A1
S

��

KVarA1
κ(s)

Φtot
κ(s) // M̃ µ̂

A1
κ(s)

commutes.

Proof. Uniqueness is immediate by lemma 2.1.3.1. By lemma 2.1.7.2, denoting by u :
A1
S → S the structural morphism, it suffices to construct Φtot

S on classes [X p−→ A1
S] such

that T = u ◦ p(X) is locally closed in S, X is smooth over T and p×S idT : X ×S T → A1
T

is proper. For such a class, denoting by f the composition X p−→ A1
S → A1

k, we put

Φtot
S ([X p−→ A1

S]) = ϕtot
f/S ∈M µ̂

A1
S
.

Then for every s ∈ S, we have

Φtot
S ([X p−→ A1

S])s = ϕtot
fs/κ(s).

For any s ∈ T , fs : Xs → A1
k is proper and the fibre Xs is smooth over κ(s) by the

assumption on p. For s ∈ S\T , the fibre Xs is empty and therefore Φtot
S ([X p−→ A1

S])s = 0 in
this case. Thus, by the characterisation of Φtot

κ(s) in theorem 2.3.3.1, we may conclude, as in
the proof of theorem 2.2.7.2, that Φtot

S is well-defined as a group morphism KVarA1
S
→M µ̂

A1
S

and that the diagram in the statement is commutative. As in the proof of theorem 2.2.7.2,
the fact that Φtot

S is a morphism of KVarS-algebras follows from the fact that Φtot
κ(s) is a

morphism of KVarκ(s)-algebras for every s ∈ S, using lemma 2.1.3.1.
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Lemma 2.3.4.2. Let S be a k-variety, and let X be a variety over S, with structural
morphism u : X → S. Denote by u0 the morphism X

0×ku−−−→ A1
k ×k S ' A1

S. Then
(a) Φtot

S ([X u0−→ A1
S]) = [X u0−→ A1

S] (with trivial action).
(b) Φtot

S ([X ×S A1
S

pr2−−→ A1
S]) = 0

Proof. This follows from lemma 2.3.3.3 and proposition 2.3.4.1 by lemma 2.1.3.1.

2.3.5 A motivic measure on the Grothendieck ring of varieties
with exponentials

We come to the final form of the motivic vanishing cycles measure, which will be the one
we are going to use. For the moment, we have constructed, for every k-variety S, a motivic
measure Φtot

S defined on the ring (KVarA1
S
, ?) and with values in the ring (M̃ µ̂

A1
S
, ?). For

our purposes, it will be convenient to view Φtot
S as a motivic measure on the Grothendieck

ring with exponentials over S, and to compose it with the pushforward map (εS)! where
εS : A1

S → S is the structural morphism.

Theorem 2.3.5.1 (Motivic vanishing cycles measure). Let k be a field of characteristic
zero.

1. There is a unique morphism

Φk : E xpMk → (M µ̂
k , ∗)

of Mk-algebras, called the motivic vanishing cycles measure, such that, for any proper
morphism f : X → A1

k, with source a smooth k-variety X, one has

Φk([X
f−→ A1

k]) = ε!(ϕtot
f )

where ε : A1
k → k is the structural morphism.

2. Let S be a k-variety. There is a unique morphism ΦS : E xpMS → (M µ̂
S , ∗) of

MS-algebras such that, for any s ∈ S, the diagram

E xpMS
ΦS //

��

M µ̂
S

��

E xpMκ(s)
Φκ(s) //M µ̂

κ(s)

commutes.
Moreover, for any k-variety S, the restriction of ΦS to MS coincides with the natural
inclusion MS →M µ̂

S .
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Proof. Property (b) in lemma 2.3.4.2 says that Φtot
S sends the additional relation

[X ×S A1
S

pr2−−→ A1
S]

defining KExpVarA1
S
to zero. Using remark 2.2.2.5, we see that the morphism Φtot

S induces a
morphism of KVarS-algebras KExpVarS → (M̃ µ̂

A1
S
, ?). By property (a) of lemma (2.3.4.2),

the class LS goes to the invertible element L0 ∈ M̃ µ̂
A1
S
so that Φtot extends by MS-linearity

to a morphism of MS-algebras E xpMS → (M̃ µ̂
A1
S
, ?). By the localised version of lemma

2.2.2.3, the pushforward (εS)! is a morphism of MS-algebras (M̃ µ̂
A1
S
, ?) → (MS, ∗), so

putting ΦS := (εS)! ◦ Φtot
S we get a morphism of MS-algebras ΦS : E xpMS → (M µ̂

S , ∗).
Part 1 of the statement then follows immediately from theorem 2.3.3.1, whereas part 2
comes from proposition 2.3.4.1. Finally, the statement about the restriction of ΦS to MS

is seen to be true by property (a) of lemma 2.3.4.2.

The following proposition is the motivic version for the dimensional topology of the
triangular inequality ∣∣∣∣∣∣

∑
x∈X(Fq)

ψ(f(x))

∣∣∣∣∣∣ ≤ |X(Fq)|

for X a variety over Fq, f : X → A1
Fq a morphism and ψ : Fq → C∗ a non-trivial character.

Proposition 2.3.5.2 (Triangular inequality). Let S be a k-variety, X a variety over S
and f : X → A1

k a morphism. Then

dimS(ΦS([X, f ])) ≤ dimS X

Proof. It suffices to prove this above every point s ∈ S, so we may assume S = Spec k.
Then, up to adding classes of strictly smaller dimension which can be dealt with by induc-
tion, we may assume that X is smooth and f is proper. In this case Φ([X, f ]) = ε!ϕ

tot
f and

the result follows from remark 2.3.1.3.

2.3.6 A compactification lemma
The following lemma, which we used in the proof of proposition 2.3.3.4, was stated

and proved in [LS16a] in the case where the field k is assumed to be algebraically closed of
characteristic zero. We show here that it remains true even if the field is no longer assumed
to be algebraically closed.

We are going to deduce this from the proof of proposition 6.1 in [LS16a], by proving
that the construction of Z commutes with base change to any extension of the field k, and
that the statements of the lemma remain true over k if they are true over an extension of
k. For this, most of the arguments will go by faithfully flat descent (see EGA IV, 2.7.1),
using that for any extension k′ of k, the structural morphism Spec k′ → Spec k is faithfully
flat.
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For this, we recall that, if k′ is an extension of k (which is still assumed to be of
characteristic zero), then (see e.g. tag 0C3H in the Stacks project) :
(a) The formation of the singular locus Xsing of a variety X over k commutes with base

change to k′.
(b) For a morphism f : X → A1

k, the formation of the singular locus of f commutes with
base change to k′, i.e: Singfk′ = (Singf)×k k′.

Proposition 2.3.6.1. Let k be a field of characteristic zero. Let X and Y be smooth
varieties and let f : X → A1

k and g : Y → A1
k be projective morphisms. Then there exists

a smooth quasi-projective k-variety Z with an open embedding X×Y ↪→ Z and a projective
morphism h : Z → A1

k such that the following conditions are satisfied.
(i) The restriction of h to X × Y is f ⊕ g.
(ii) All critical points of h are contained in X × Y , i.e. Sing(f ⊕ g) = Sing(h).
(iii) The boundary Z \ X × Y is the support of a simple normal crossing divisor with

pairwise distinct smooth irreducible components D1, . . . , Ds.
(iv) For every p-tuple I = (i1, . . . , ip) of indices (with p ≥ 1) the morphism

hI : DI := Di1 ∩ . . . ∩Dip → A1
k

induced by h is projective and smooth, so that in particular all DI are smooth quasi-
projective k-varieties.

Proof. All references in what follows are to [LS16a] unless otherwise stated.
Condition (K): Lunts and Schnürer define a condition on a pair (U, I) where U is a

scheme and I ⊂ OU an ideal sheaf, called condition (K), under which one may associate
to (U, I) a monomialisation cI(U) → U . Since we will change fields, we view (K) as a
condition on the triple (U, I, k) where k is the given base field:
(K) U is a reduced scheme of finite type over k, I is not zero on any irreducible component

of U , and the closed subscheme V (I) defined by I contains the singular locus U sing of
U .

Claim: Let k′ be an extension of k and let U be a scheme over k. If (Uk′ , I ⊗k k′, k′)
satisfies condition (K), then so does (U, I, k).

Indeed, the fact that U is of finite type and reduced follows from the faithful flatness
of Spec k′ → Spec k. If I is zero on some irreducible component U , then I ⊗k k′ would be
zero on any irreducible component of Uk′ lying over this component. Finally, by statement
(a) above, the condition that V (I) contains U sing descends as well.

Monomialisation; The monomialisation procedure recalled in remark 6.3 and used
throughout the proof, may be done for any field of characteristic zero, commutes with
extension of scalars, as stated in [Kol], 3.34.2, 3.35 and 3.36.

Compactification of one morphism Proposition 6.4 is a first compactification result,
which produces, from a smooth quasi-projective variety X and a morphism f : X → A1, a
smooth projective varietyX with an open embeddingX ↪→ X and a morphism f : X → P1

k
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extending f and such that the fibre at infinity is a strict normal crossing divisor. This
may be done over a field that is not necessarily algebraically closed, and the construction
commutes with change of fields, since it consists in applying monomialisation and a root
extraction morphism.

Shifting from addition to projection. The construction of Z and h uses a morphism
σ : P1 ×A1 → P1 × P1 compactifying the automorphism A1 ×A1 ∼−→ A1 ×A1 sending
(x, y) to (x, y − x), and therefore transforming the addition map A1 ×A1 → A1 into the
second projection. The image of σ is A1 ×A1 ∪ {(∞,∞)}, and σ−1(∞,∞) = {∞} ×A1

is denoted by E. Starting from compactifications X f−→ P1 and Y
g−→ P1 of the given

morphisms, obtained using proposition 6.4, one considers the pullback diagram

T
σ̂ //

θ
��

X × Y
f×g
��

P1 ×A1 σ // P1 ×P1

Lunts and Schnürer’s proof then goes on with proving that (T, θ−1(IE)OT ) satisfies
condition (K), so that one may form the monomialisation γ : Z → T , which provides a
morphism

h : Z γ−→ T
θ−→ P1 ×A1 pr2−−→ A1,

which they check satisfies all requested properties.
By what we said on monomialisation above, the construction of h and Z commutes

with change of fields. Thus, by Lunts and Schnürer’s result, hk and Zk do the job over
k, and it suffices to show that the properties they satisfy remain true over k. First of
all, since (T, θ−1(IE)OT ) satisfies condition (K) over k, it does also satisfy it over k, so
monomialisation may be performed. The fact that h is projective is clear since it is a
composition of projective morphisms. Then points (i) and (iii) in the statement of the
theorem are satisfied automatically. As for point (ii), Lunts and Schnürer’s lemma says
that the base change to k of the open immersion Sing(f ⊕ g) → Sing(h) is in fact an
isomorphism. By faithfully flat descent, we already have an isomorphism over k. Finally,
it remains to check point (iv), or more precisely, the smoothness part of it, the projectivity
being immediate. Again, this comes from faithfully flat descent.

Remark 2.3.6.2. When reading carefully Lunts and Schnürer’s proof, one notices that in
fact it can be made to work without the assumption that k is algebraically closed. Indeed,
they construct a diagram

T̂

�� ��

β

��

α





Ŝ

�� ��

S ′

��   
T S S ′′ // S ′′′
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where all arrows are étale and where S ′′′ is of the form A1
k × L where

L = Spec k[x1, . . . , xs, y1, . . . , yt]/(xµ − yν)

with xµ := xµ1
1 . . . xµss and yν := yν1

1 . . . , yνtt where the µi and νi are positive integers. This
way one essentially reduces to verifying most properties directly for L or for S ′′′. The only
point in the proof when one seems to use the algebraic closedness is when checking that
(L, (xµ)) satisfies condition (K), but as we remarked above, since it is true geometrically
it is already true over k.
Remark 2.3.6.3 (Compatibility of nearby cycles morphism with sums of proper morphisms).
Let a ∈ k and let Sid−a : MA1

k
→M µ̂

k be the morphism from theorem 2.2.7.1 for Y = A1

and g : A1 → A1 given by x 7→ x−a. Let X and Y be smooth k-varieties and f : X → A1,
g : Y → A1 projective morphisms. Proposition 2.3.6.1 shows that, though f⊕g : X×Y →
A1 is not necessarily proper, we nevertheless have

Sid−a([X × Y
f⊕g−−→ A1]) = (f ⊕ g)! ψf⊕g−a.

Indeed, using notation from proposition 2.3.6.1, we may write

Sid−a([X × Y
f⊕g−−→ A1]) = Sid−a([Z h−→ A1

k]) +
∑
I 6=∅

(−1)|I|Sid−a([DI
hI−→ A1

k]).

Since all hI are projective and smooth, we have

Sid−a[DI
hI−→ A1

k] = (hI)!ψhI−a = 0,

so that in fact, using that h is projective, we have

Sid−a([X × Y
f⊕g−−→ A1]) = Sid−a([Z h−→ A1

k]) = h!ψh−a.

On the other hand, since Sing(h) = Sing(f ⊕ g), and ψh−a is supported on Sing(h), we
have ψh−a = ψf⊕g−a (see corollary 3.6 in [LS16b]), whence the result.

2.4 The Thom-Sebastiani theorem: an explicit exam-
ple

To illustrate the contents of section 2.3.2, we compute in this section both sides of
equality (2.7) for X1 = X2 = A1

C over k = C, with f1 = f2 = (x 7→ x2).

2.4.1 Computation of left-hand side
Here we are dealing with the variety X = A2 together with the morphism f : (x, y) 7→

x2 +y2. The only critical value is zero, so ϕ̃ tot
f is just ϕf , seen as an element of M µ̂

X . Since
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in C we have the decomposition f(x, y) = (x+ iy)(x− iy), we may apply theorem 2.2.5.1
with h = id, E1 = {x + iy = 0}, E2 = {x − iy = 0}, so that a1 = a2 = 1, a12 = 1 (in
particular, µ̂-actions are trivial) and

ϕf = [X0(f) id−→ X0(f)]− [E◦1 → X0(f)]− [E◦2 → X0(f)] + (L− 1)[E1 ∩ E2 → X0(f)]
= L[{(0, 0)} → X0(f)] ∈M µ̂

X0(f)

since [X0(f) id−→ X0(f)] = [E◦1 → X0(f)] + [E◦2 → X0(f)] + [E1 ∩ E2 → X0(f)].
Thus,

ϕ̃ tot
f = L[{(0, 0)} → A2] ∈M µ̂

A2
C
.

2.4.2 Computation of the right-hand side
Here we are dealing with Y = A1 with g : A1 → A1, x 7→ x2. Again, the only critical

value is zero. We may again apply theorem 2.2.5.1 with h = id, the only irreducible
component of Y0(g) being E = {0}, with multiplicity a = 2, so that we consider a double
cover Ẽ → E with µ2-action. In other words, Ẽ is just a pair of two points, exchanged by
the action of the generator of µ2. By the formula, we have

ϕf = [Y0(g) id−→ Y0(g)]− [Ẽ → Y0(g)] ∈M µ̂
Y0(g),

so that ϕ̃ tot
g = [{0} → A1]− [Ẽ → A1] ∈M µ̂

A1 .

Remark 2.4.2.1. By example 2.7 in [LS16b], whenever we have two k-varieties S1, S2 and
pi : Zi → Si is a variety over Si with µ̂-action, and the action of µ̂ on Z2 is trivial, then

Ψ(Z1 × Z2
p1×p2−−−→ S1 × S2) = [Z1 × Z2 → S1 × S2].

This shows that

Ψ(ϕ̃ tot
g � ϕ̃ tot

g ) = [{(0, 0)} → A2]− 2[{0} × Ẽ → A2] + Ψ([Ẽ × Ẽ → A2]).

Note that all the A2-varieties here are supported above the point {(0, 0)} of A2. We
are therefore going to stop writing the morphisms to A2, which implicitly are all taken to
be constant equal to (0, 0).

Now we are going to compute Ψ([Ẽ × Ẽ]). By definition, this is

Ψ([Ẽ × Ẽ]) = [(Ẽ × Ẽ)×µ2×µ2 F 2
0 ]− [(Ẽ × Ẽ)×µ2×µ2 F 2

1 ].

Denote the two points of Ẽ by e−1 and e1. Then the product Ẽ × Ẽ × F 2
i is simply

given by four copies of F 2
i , corresponding to each pair (ei, ej) for i, j ∈ {−1, 1}. Moreover,

these copies are all identified via the µ2 × µ2-action: indeed, any element (ε, η) ∈ µ2 × µ2
induces an isomorphism

{(e1, e1)} × F 2
i → {(eε, eη)} × F 2

i

(e1, e1, x, y) 7→ (eε, eη, εx, ηy)

so that (Ẽ×Ẽ)×µ2×µ2F 2
i is in fact isomorphic to F 2

i , endowed with the diagonal µ2-action.
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Lemma 2.4.2.2. 1. The morphism

F 2
0 → Gm × {−1, 1}

(x, y) 7→ (x, y
ix

)

is an isomorphism (over C), identifying F 2
0 with the disjoint union of two copies of

Gm. It is equivariant if one endows each copy of Gm with the obvious µ2-action by
translation.

2. The morphism
F 2

1 → Gm \ {−1, 1, i,−i}
(x, y) 7→ x+ iy

is an isomorphism (over C), identifying F 2
1 with Gm\{−1, 1, i,−i}. It is equivariant

if one endows Gm \ {−1, 1, i,−i} with the action induced by the obvious µ2-action by
translation on Gm.

Proof. 1. A point (x, y) of G2
m is an element of F 2

0 if and only if either x = iy or x = −iy:
an inverse to the map in the statement if therefore given by (x, ε) 7→ (x, iεx). The
statement about actions follows immediately.

2. Rewriting the equation of F 2
1 in the form (x+ iy)(x− iy) = 1, we see that x+ iy is

always non-zero, and that if x+ iy is equal to some a ∈ Gm, then x− iy is equal to
a−1. This remark allows us to construct an inverse

a 7→
(
a+ a−1

2 ,
a− a−1

2i

)
,

which is well-defined and with image contained in F 2
1 whenever a is a complex number

outside the set {0, 1,−1, i,−i}. Again, the statement on actions is immediate.

Combining the results in the lemma, we have

Ψ([Ẽ × Ẽ]) = 2[Gm, µ2]− [Gm \ {−1, 1, i,−i}, µ2]

Denoting by [Ẽ, µ2] the class of a union of two points exchanged by the generator of µ2, as
above, we have

[Gm \ {−1, 1, i,−i}, µ2] = [Gm, µ2]− 2[Ẽ, µ2],
whence

Ψ([Ẽ × Ẽ]) = [Gm, µ2] + 2[Ẽ, µ2].
Thus, finally, we have, observing that [{0} × Ẽ, µ2] = [Ẽ, µ2],

Ψ(ϕ̃ tot
g � ϕ̃ tot

g ) = 1 + [Gm, µ2] = [A1, µ2],

that is, A1 with the generator of µ2 acting through x 7→ −x. By relation (2.2) in the
Grothendieck ring M µ̂

A2
C
, this is equal to the left-hand side L (i.e. A1 with the trivial

action) computed in section 2.4.1, whence the result.
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Remark 2.4.2.3. Our computation shows that in M µ̂
A2

C
we have the relation

Ψ(ϕ̃ tot
x2 � ϕ̃ tot

x2 ) = ϕ̃ tot
x2+y2

which in our calculation boils down to the equality

(1− [Ẽ, µ2]) ∗ (1− [Ẽ, µ2]) = L

in M µ̂
C. Thus, the class 1− [Ẽ, µ2] may be seen as a “square root” of L for the product ∗.

For obvious dimensional reasons, such a square root does not exist in the ring MC.
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Chapter 3

Motivic Euler products

The possibility of writing a function as an Euler product, that is, an infinite product
of “local factors”, is a very important tool in number theory. In particular, the Hasse-Weil
zeta function of a variety X over a finite field Fq, defined by

ζX(t) = exp
∑
m≥1

|X(Fqm)|
m

tm

 ∈ Z[[t]],

can be rewritten as a product over the closed points Xcl of X in the following manner:

ζX(t) =
∏
x∈Xcl

1
1− tdeg x ,

the expansion of which gives

ζX(t) =
∑
n≥0
|{effective zero-cycles of degree n on X}|tn. (3.1)

The latter expression led Kapranov ([Kapr]) to define a motivic analogue of the Hasse-
Weil zeta function: for a variety X over a field k, it is given by

ZX(t) =
∑
n≥0

[SnX]tn ∈ KVark[[t]],

where SnX is the n-th symmetric power ofX, a variety over k which parametrises precisely
effective zero-cycles of degree n on X, and [SnX] is its class in the Grothendieck ring of
varieties KVark. When k is a finite field, the series ZX(t) specialises to ζX(t) via the
counting measure

KVark → Z
[X] 7→ |X(k)|

as one can see from (3.1). Since then, several mathematicians have been studying the
properties of this function and trying to measure the scope of the analogy with the Hasse-
Weil zeta function. Kapranov himself showed for example that it was rational for a smooth
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projective curve having a zero-cycle of degree 1, whereas a result by Larsen and Lunts ([LL])
states that it is not rational for a surface. It is however an open question whether it is
rational when regarded as a power series with coefficients in Mk = KVark[L−1], the ring
obtained from KVark by inverting the class of the affine line.

In this chapter we are going to broaden the parallel with the Hasse-Weil zeta function
by showing that Kapranov’s zeta function can be endowed with an Euler product decom-
position. More precisely, we are going to give a way of making sense of expressions of the
form ∏

x∈X

(
1 +X1,xt+X2,xt

2 + . . .
)

where X is a variety over k, (Xi)i≥1 is a family of varieties over X (or, more generally, a
family of classes in KVarX), and Xi,x must be thought of as the class of the fibre of X above
x ∈ X in KVark(x), where k(x) is the residue field at x. The decomposition of Kapranov’s
zeta function will in particular be covered by this definition, but so will many other power
series, and in particular those occurring when studying motivic height zeta functions in
chapter 6.

It is important to point out that our construction was inspired by [GZLM], where a
first step towards infinite motivic products was made. Indeed, the authors define a notion
of motivic “power”, which is a special case of our construction, recovered when all Xi are
of the form X ×k Ai for a family of varieties (Ai)i≥1 over k, so that all factors are equal to

(1 + A1t+ A2t
2 + . . .) ∈ KVark[[t]],

and the resulting product can be thought of as this series “raised to the power X”.
Let us sketch the contents of this chapter. The overall idea is to generalise the notion

of motivic zeta function in an appropriate way, to define the Euler product notation for all
these generalised zeta functions, and then to show that this notation actually does behave
like a product. Section 3.1 will be devoted to the definition of the coefficients of those zeta
functions, which we will call symmetric products. They are a generalisation of the notion of
symmetric power. The subsequent sections contain proofs of numerous properties of these
products that are necessary to ensure subsequent good behaviour of our Euler products.
In particular, in 3.2 we show how to iterate this construction, which will enable us to make
sense of double products later. We explain there that the iteration makes it necessary
to consider symmetric products of families indexed by more general sets than the set of
positive integers. In 3.3 it is shown how the symmetric product of a family of varieties
can be expressed in terms of symmetric products of constructible sets partitioning these
varieties, which leads to multiplicative properties for zeta functions. Section 3.4 shows how
symmetric products behave if the original varieties are multiplied by some affine spaces.
Furthermore, we show that these definitions and properties may be extended to families
of non-effective classes in a Grothendieck ring in 3.5, and to (classes of) varieties with
exponentials in 3.6. Finally, in section 3.7, we define symmetric products of classes in
localised Grothendieck rings.

Section 3.8 defines the Euler product notation and deduces all the properties following
from the previous sections that show that we can think of it as a product and do calcu-
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lations with it. Section 3.9 shows, thanks to a further slight generalisation of the notion
of symmetric product, that inside the product, one can allow a finite number of constant
terms not equal to 1.

Notation 3.0.0.1. We will denote by N the set of non-negative integers, and by N∗ the set
of positive integers. For any set I, we define

N(I) = {(ni)i∈I ∈ NI , ni = 0 for almost all i}

where “almost all” means “all but a finite number of”. It is a monoid, if we endow it with
addition coordinate by coordinate:

(ni)i∈I + (n′i)i∈I = (ni + n′i)i∈I .

Moreover, it has a natural partial order defined by

(ni)i∈I ≤ (n′i)i∈I if and only if ni ≤ n′i for all i ∈ I.

For two elements π = (ni)i∈I and π′ = (n′i)i∈I such that π ≤ π′, we may also define their
difference:

π′ − π = (n′i − ni)i∈I ∈ N(I).

An element π ∈ N(I) can be thought of as a finite collection of elements of I, each element
i coming with a multiplicity ni. That’s why, especially in the case when I = N∗, such an
element will sometimes be written in the form [a1, . . . , ap] where a1, . . . , ap are elements
of I, each appearing with the correct multiplicity, so that the integer p is equal to ∑i∈I ni.
We denote by |π| the integer ∑i∈I ni.

The special case I = N∗ will be particularly important: in this case, an element π ∈ N(I)

is called a partition. Indeed, since π = (ni)i≥1 = [a1, . . . , ap] is in this case a collection of
positive integers with multiplicities, we may associate to it the number

n =
∑
i≥1

ini = a1 + . . .+ ap

these integers sum to, and π is simply a partition of the integer n. The elements ai are
called the parts of the partition. Note that when denoting partitions of integers in the form
[a1, . . . , ap], some authors require the sequence of the ai to be non-decreasing. In order to
simplify the statements of some results below, we prefer to say that the order of the ai is of
no importance: we consider the partitions [a1, . . . , ap] and [aσ(1), . . . , aσ(p)] to be the same
for any permutation σ ∈ Sp. However, when writing concrete partitions, we will often put
the integers in increasing order for clarity.

In this chapter, R will be a variety over a perfect field k.
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3.1 Symmetric products

3.1.1 Introduction: Symmetric powers of a variety
Let X be a quasi-projective variety over a perfect field k. For every non-negative integer

n, there is a natural action of the symmetric group Sn on the product Xn by permuting
the coordinates, and it is a classical result that the quotient SnX = Xn/Sn exists as a
variety (if X is quasi-projective, which we assumed). We will call this variety the n-th
symmetric power of X. By convention S0X will be Spec k.

The rational points of the variety SnX correspond to effective zero-cycles of degree n
on X. Any such zero-cycle ∑x nxx determines a partition∑

x

(nx + . . .+ nx)︸ ︷︷ ︸
deg x terms

= n

of n, which we will denote by π. The subset SπX of SnX consisting of the zero-cycles
inducing this partition π is locally closed in SnX, and can be constructed directly in the
following way: for all i ≥ 1, denote by ni the number of times the integer i occurs in this
partition. Every zero-cycle determining the partition π is of the form∑

i≥1
i(xi,1 + . . .+ xi,ni)

where the points xi,j are geometric points of X, all distinct. Consider therefore the product
X
∑

i≥1 ni , from which we remove the diagonal ∆, that is, the points having at least two equal
coordinates. The product ∏i≥1 Sni of symmetric groups has a left action on ∏i≥1X

ni =
X
∑

i≥1 ni via
(σi)i≥1 · (xi,1, . . . xi,ni)i≥1 7→ (xi,σ−1

i (1), . . . , xi,σ−1
i (ni))i≥1

for any σ = (σi)i≥1 ∈
∏
i≥1 Sni . This action restricts to X

∑
i≥1 ni\∆, and the quotient will

be naturally isomorphic to the above locally closed subset SπX . This observation will be
the starting point of the construction in the following paragraph.

The variety SnX can thus be written as a disjoint union of locally closed sets SπX
with π ranging over all partitions of n. In particular, we will denote by Sn∗X the open
subset of SnX corresponding to the partition [1, . . . , 1] of n, which parametrises étale
zero-cycles of degree n on X.

This construction may be done with k replaced by a k-variety R, and products replaced
by fibred products over R. The resulting objects will be varieties over R, denoted SnX and
SπX as well, or Sn(X/R) and Sπ(X/R) if we want to keep track of the base variety. For
any point v ∈ R, the fibre of Sπ(X/R) above v will be isomorphic to Sπ(Xv/κ(v)) where
Xv is the fibre of X over v.
Remark 3.1.1.1. Though we may define symmetric powers also over non-perfect fields, the
above description of points will fail in this case. This justifies our condition on the base
variety R.
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3.1.2 Quotients of schemes by finite group actions
We gather here some facts about quotients by finite group actions. A detailed account

may be found in Chapter 0 of [MFK]. Let X be a scheme endowed with an algebraic action
of a finite group G.

Definition 3.1.2.1. A (categorical) quotient of X by G is a morphism of schemes π :
X → Y with the following two properties:

— π is G-invariant;
— π is universal with this property: for every scheme Z over k and every G-invariant

morphism f : X → Z, there is a unique morphism h : Y → Z such that h ◦ π = f .

Because of the universality, a quotient is unique up to canonical isomorphism if it exists.
In this case, we write Y = X/G. Note that the universal property implies in particular
that if X is an S-scheme, then so is X/G.

If X = SpecA is affine, of finite type over S (which may be assumed to be affine, equal
to SpecC for some ring C), then A has a G-action, and we may define the subring AG of
A of all G-invariant elements of A. This induces a morphism

π : SpecA −→ SpecAG.

One can show that this is the quotient of X by G.

Definition 3.1.2.2. We say that the action of G on X is good if any x ∈ X has an open
affine neighbourhood that is preserved by the G-action.

For example, if X is quasi-projective over a field k, then the action of G is good.
If the action of G on the variety X is good, then taking an affine cover (Ui)i of X by

such affine subsets, one may construct a quotient X/G by glueing together the quotients
Ui/G. It follows from [MFK], theorem 1.10, that this quotient is quasi-projective.

Proposition 3.1.2.3 ([Mus], Proposition A.8). Let G be a finite group acting by algebraic
automorphisms on a quasi-projective variety X over k. Let H be a subgroup of G, and Y
an open subset of X such that

1. Y is preserved by the action of H on X.
2. If Hg1, . . . , Hgr are the right equivalence classes of G modulo H, then

X =
r⋃
i=1

Y gi

is a disjoint cover.

Then the natural morphism Y/H −→ X/G is an isomorphism.
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3.1.3 Symmetric products of a family of varieties
Let X be a variety over R, and let X = (Xi)i≥1 be a family of X-varieties with

structural morphisms ϕi : Xi −→ X. All products in this section are fibred products
over R.

Let π = (ni)i≥1 be a partition of the integer n. The variety ∏iX
ni
i has a morphism∏

i≥1 ϕ
ni
i to ∏iX

ni . Denote by ∏
i≥1

Xni


∗

the open subset of the latter obtained by removing the diagonal, that is, the points having
at least two equal coordinates. By base change, we get the open subset

∏
i

Xni
i ×∏

i
Xni

(∏
i

Xni

)
∗

of elements mapping to ∑i ni-tuples of X which do not belong to the diagonal. This can
be summarised by the following cartesian diagram:

(∏
i≥1X

ni
i

)
×∏

i≥1X
ni

(∏
i≥1X

ni
)
∗
� � //

��

∏
i≥1X

ni
i∏
i≥1 ϕ

ni
i

��(∏
i≥1X

ni
)
∗
� � // ∏

i≥1X
ni

For simplicity, in what follows we will write
(∏

i≥1X
ni
i

)
∗
for the variety at the top-left

corner of this diagram (when we want to specify that points were removed with respect to
coordinates in X, we may write

(∏
i≥1X

ni
)
∗,X

). Now the product ∏i≥1 Sni of symmet-
ric groups acts naturally on the varieties occurring in the right column of this diagram:
each Sni acts on the corresponding Xni

i and Xni by permutation of coordinates. It restricts
to the varieties in the left column, and is compatible with the vertical maps. Passing to the
quotient, the left column gives us a variety which we will denote by Sπ(X /R), or simply
SπX , with a map to the variety SπX defined in the previous section.

Finally, taking the disjoint union ∪πSπX over all partitions of n, we get a variety SnX .

Remark 3.1.3.1. The horizontal inclusion maps of the cartesian square
(∏

i≥1X
ni
i

)
∗

//

��

∏
i≥1X

ni
i

��(∏
i≥1X

ni
)
∗

// ∏
i≥1X

ni

are compatible with taking the quotient, so we get well-defined maps
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SπX //

��

∏
i≥1 S

niXi

��
SπX // ∏

i≥1 S
niX

The diagonal is a closed subset ∆X in ∏i≥1X
ni . It is stable by the action of ∏i≥1 Sni ,

and maps to a closed subset ∆X,π inside ∏i≥1 S
niX such that SπX '

(∏
i≥1 S

niX
)
\∆X,π,

and therefore SπX is exactly the restriction of ∏i≥1 S
niXi to points mapping outside ∆X,π.

In other words, the diagonal can be removed before or after passing to the quotient.
Notation 3.1.3.2. If the family X is constant, that is, all Xi are equal to some X-variety Y ,
then the resulting symmetric products will be denoted SπX(Y ) (resp. SnX(Y )). In particular,
by definition, we have SπX(X) = SπX.

Example 3.1.3.3. 1. If π is the partition [1, . . . , 1], we are going to write SπX =
Sn∗X . It corresponds to the variety Sn∗,XX1 parametrising effective zero-cycles on X1
of degree n mapping to effective zero-cycles on X of degree n in which no point occurs
with multiplicity strictly greater than one.

2. If π is the partition [n], SπX = Xn.
3. If we take all Xi to be equal to some X-variety Y , then SπX = SπXY (see notation

3.1.3.2) corresponds exactly to effective zero-cycles of degree n on Y mapping to
zero-cycles on X with partition π. In particular, if all Xi are equal to X, then we
get the locally closed subset SπX of SnX described in section 3.1.1.

4. If X = SpecR, then
(∏

i≥1X
ni
)
∗
is empty whenever there is more than one factor,

that is, except if ni = 0 for all i ≥ 1 but one (recall the product is over R). Since
the ni are subject to the relation ∑i ini = n, this means that ni = 0 for i < n, and
nn = 1. Thus, SπX is empty for all π but [n], and we have SnX = Xn.

3.2 Iteration of the symmetric product construction
If X = (Xi)i≥1 is a family of varieties overX, andX itself is a variety over some scheme

R, then the symmetric product construction over R gives rise to a family of varieties

S•(X /R) = (Sπ(X /R))π∈N(N∗)

over R, indexed by all partitions π. As it is now, our definition of symmetric products
doesn’t allow us to carry on and construct a symmetric product of this family. The aim
of this section is to generalise our construction in a way that will make this possible.
This generalisation is important in itself, as it gives the correct general setting in which
symmetric products may be defined.

The idea is to replace families indexed by the set N∗ of positive integers by families
indexed by any set I. Then the family of their symmetric products will be indexed by the
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set
N(I) = {(ni)i∈I ∈ NI , ni = 0 for almost all i},

and the family of the symmetric products of those will be indexed by N(N(I)).

3.2.1 Symmetric products of varieties indexed by any set
Let I be a set. The construction is completely analogous to the construction of sym-

metric products in the case where I is just the set of positive integers. Let X be a
quasi-projective variety over R, and X = (Xi)i∈I a family of quasi-projective X-varieties.
Fix π = (ni)i∈I . The product ∏

i∈I
Xni
i

has a morphism to ∏i∈I X
ni . We consider the open subset(∏

i∈I
Xni
i

)
∗

⊂
∏
i∈I
Xni
i

of points lying above the complement of the diagonal of ∏i∈I X
ni , that is mapping to points

having pairwise distinct coordinates. We have a natural action of the product of symmetric
groups ∏i∈I Sni by permutation of coordinates, and we define

SπX :=
(∏
i∈I
Xni
i

)
∗

/
∏
i∈I

Sni ,

which is a variety because the varieties we started with were quasi-projective. Note that
in particular, in the case π = 0, we get S0X = R.
Remark 3.2.1.1. The construction is functorial in the sense that if we have two families of
X-varieties X = (Xi)i∈I and Y = (Yi)i∈I , and if we are given, for every i, a morphism
fi : Xi → Yi, then the family of morphisms f = (fi)i∈I induces, for every π ∈ N(I), a
morphism Sπf : SπX → SπY .

Example 3.2.1.2. If X = R and π 6= 0, then as in Example 3.1.3.3, SπX is empty except
if there exists i0 ∈ I such that π = (ni)i∈I satisfies ni = 0 for all i 6= i0, and ni0 = 1, and
in this case SπX = Xi0 .

Remark 3.2.1.3 (Case when I is a semigroup). Assume for a moment that I is of the form
I0 \ {0} where I0 is a commutative monoid, that is, I0 is endowed with some associative
and commutative composition law with zero-element 0. Then there is a well-defined map

λ : N(I) → I0
π = (ni)i≥1 7→

∑
i∈I ini

and we may also define, for any n ∈ I0, SnX to be the disjoint union of all the SπX for
π ∈ λ−1(n).
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Example 3.2.1.4. In the particular case where I = N∗ all the Xi are equal to X, by
definition, for any integer n, SnX is the disjoint union of the locally closed subsets SπX
described in section 3.1.1. In particular, we have the equality of classes [SnX ] = [SnX]
in KVar+

R. Note that however, the natural scheme structure of the symmetric power SnX
is not the same as the scheme structure of SnX . This won’t have any importance for us
because we will be mainly working in Grothendieck (semi)rings.

Example 3.2.1.5. If X = R then by example 3.2.1.2, SnX = Xn.

The following definition comes as a natural generalisation of Kapranov’s zeta function.

Definition 3.2.1.6. Let X be variety over R, X = (Xi)i∈I a family of varieties over X.
Consider also a family t = (ti)i∈I of indeterminates and denote by KVar+

R[[t]] the semi-ring
of power series in those indeterminates over KVar+

R. The zeta function associated to X is
the formal power series given by

ZX (t) =
∑

π∈N(I)

[SπX ]tπ ∈ KVar+
R[[t]],

where tπ := ∏
i≥1 t

ni
i . In particular, if one assumes I = N∗ and specialises the ti to ti = ti

for a single variable t, one gets a power series

ZX (t) =
∑
n≥0

[SnX ]tn ∈ KVar+
R[[t]].

More generally, if we assume I = Np\{0} for some integer p ≥ 1, we get a multi-variate
variant of the above zeta-function:

ZX (t1, . . . , tp) =
∑

n∈Np

[SnX ]tn1
1 . . . tnpp ∈ KVar+

R[[t1, . . . , tp]].

where for every n = (n1, . . . , np) ∈ Np, the variety SnX is the disjoint union of the SπX
for all π = (ni)i∈I ∈ N(I) such that ∑i∈I ini = n.

When we want to specify R, we are going to write ZX /R instead.

Example 3.2.1.7. Taking Xi = X for all i ≥ 1, and using the fact that by example 3.2.1.4
in this case [SnX ] = [SnX], we recover Kapranov’s zeta function

ZX(t) =
∑
n≥0

[SnX]tn ∈ KVar+
R[[t]].

3.2.2 Describing points of symmetric products
Assume that I is a commutative semigroup. To describe the points of these symmetric

products, it is convenient to use the term “effective zero-cycle” rather loosely, so that
it applies to any finite formal sum of closed (or Galois orbits of geometric) points with
coefficients in some semigroup.
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Recall each Xi comes with a morphism ϕi : Xi → X. Each point of SπX has an image
in SπX which, by construction, can be written as an effective zero-cycle on X of the form∑

i∈I
i(vi,1 + . . .+ vi,ni) ∈ SπX, (3.2)

the vi,j being distinct (geometric) points of X. Moreover, for every i ∈ I, the degree i part

i(vi,1 + . . .+ vi,ni)

comes from (vi,1, . . . , vi,ni) ∈ Xni , which in turn by definition comes from a point of Xni
i .

Thus, by analogy with the notation used in (3.2), we will write elements of SπX as
effective zero-cycles on the disjoint union of (a finite number of) the Xi, of the form

D′ =
∑
i∈I

i(xi,1 + . . .+ xi,ni)

such that for all i ∈ I and for all j ∈ {1, . . . , ni}, xi,j is a geometric point of Xi, and∑
i∈I

i(ϕi(xi,1) + . . .+ ϕi(xi,ni)) ∈ SπX,

that is, the ϕi(xi,j) are distinct geometric points of X. One may also view an element of
SπX simply as a collection of effective zero-cycles (Di)i∈I where for all i ∈ I, Di ∈ SniXi,
the support of the image of Di in X is composed of ni distinct geometric points, and the
supports of the images of Di and Dj for i 6= j are disjoint.

If D ∈ SπX(Ω) is a geometric point, for some algebraically closed field Ω, then for all
i ∈ I and 1 ≤ j ≤ ni, vi,j ∈ X(Ω). Let Ω′ ⊃ Ω be an algebraically closed field. Then the
Ω′-points of the fibre of SπX above D are exactly those where for all i, j, xi,j ∈ Xi(Ω′).

For n ∈ I, a geometric point of SnX is of the form D = ∑
v∈X nvv, where the nv

are non-negative integers, almost all zero and such that ∑v nv = n, and the points v are
distinct geometric points of X. The zero-cycle D is an element of SπX if and only if the
partition of the integer n defined by the integers (nv)v is exactly π. A geometric point
of SπX lying above D will be written in the form ∑

v∈X nvxv, where for every v, xv is a
geometric point of Xnv ,v. The fibre of SπX above a geometric point D ∈ SπX is

(SπX )D =
∏
v∈D

Xnv ,v. (3.3)

3.2.3 Symmetric product of a family of symmetric products
Assume we are given a family of varieties X = (Xi)i∈I over some variety X, which

itself is defined over R, and assume R is itself a variety over some k-variety R′. For every
π ∈ N(I), this gives rise to a variety Sπ(X /R) over R. We can now consider the family

S•(X /R) = (Sπ(X /R))π∈N(I) ,
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of varieties over R and, replacing I by N(I) in the previous paragraph, do the same con-
struction again. We get a family of varieties indexed by the set

N(N(I)) = {(mπ)π ∈ NN(I)
, mπ = 0 for all but finitely many π}.

For $ ∈ N(N(I)), we have

S$(S•(X /R)/R′) =
 ∏
π∈N(I)

(Sπ(X /R))mπ /R′


∗,R

/
∏

π∈N(I)

Smπ ,

where /R′ means the product is over R′.
A natural question arises now: What is the link between this family

(S$(S•(X /R)/R′))
$∈N(NI) ,

and the family (Sπ(X /R′))π∈N(I) obtained by doing the symmetric product construction
for the family X but seeing X directly as an R′-variety?

3.2.4 Main result
Definition 3.2.4.1. The map µ : N(N(I)\{0}) −→ N(I) is defined to be the map that sends
an element (mπ)π∈N(I)\{0} to ∑

π∈N(I)\{0}
mππ ∈ N(I).

In terms of the other notation, µ sends an element

[[a1,1, . . . , a1,m1 ], . . . , [ar,1, . . . , ar,mr ]] ∈ N(N(I)\{0})

to
[a1,1, . . . , a1,m1 , a2,1, . . . , ar,1, . . . , ar,mr ] ∈ N(I).

Before stating the main proposition, let us give a motivating example.

Example 3.2.4.2. Let I = N∗ and π = [1, 1, 2] ∈ N(I), so that

µ−1(π) = { [[1], [1], [2]], [[1, 1], [2]], [[1], [1, 2]], [[1, 1, 2]] }.

We keep the notation from section 3.2.3. The points of the variety

Sπ(X /R′) = (X1 ×R′ X1 ×R′ X2)∗,X /S2 ×S1 (3.4)

are zero-cycles of the form x + y + 2z, with x, y, z having distinct images in X, but all
mapping to the same r ∈ R′. We therefore may classify them depending on the relative
positions of their images in R, which may be encoded by an element of µ−1(π), by adding
square brackets to gather integers corresponding to points having the same image in R.
There are several cases to consider:
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— The points x, y, z all have distinct images in R: this may be encoded by $1 =
[[1], [1], [2]].

— The points x and y have the same image in R, but not z: this corresponds to
$2 = [[1, 1], [2]].

— The point z has the same image as one of the points x or y, but not the other: this
is represented by $3 = [[1], [1, 2]].

— They all have the same image: this gives $4 = [[1, 1, 2]].
Thus, we have a decomposition of Sπ(X /R′) into four locally closed subsets Sπ$i(X /R′),
i = 1, 2, 3, 4 corresponding to these four cases. Proposition 3.2.4.3 gives a direct way of
constructing varieties isomorphic to these locally closed subsets, in the flavour of what has
been done in section 3.1.1, when we gave direct constructions for the locally closed subsets
SπX of SnX. For $2 for example, we may remark that giving an element of Sπ$2(X /R′)
is equivalent to giving a zero-cycle in S[1,1](X /R) and a zero-cycle in S[2](X /R), and
making sure they have distinct images in R but the same image in R′, which results in:(

S[1,1](X /R)×R′ S[2](X /R)
)
∗,R

= S$2(S•(X /R)/R′) (3.5)

The right-hand side means that this amounts exactly to applying the symmetric product
construction for the element $2 ∈ N(N(I)\{0}), and the family S•(X /R) above the R′-
variety R.

Proposition 3.2.4.3. Let R′ be a variety over k, R a variety over R′, X a variety over
R, and let X = (Xi)i∈I be a family of varieties over X, indexed by a set I. Then for
every π ∈ N(I) and for every $ ∈ µ−1(π), there is a piecewise isomorphism of the variety
S$(S•(X /R)/R′) onto a locally closed subset Sπ$(X /R′) of Sπ(X /R′), so that moreover
Sπ(X /R′) is equal to the disjoint union of the sets Sπ$(X /R′). In particular, we have the
equality ∑

$∈µ−1(π)
[S$(S•(X /R)/R′)] = [Sπ(X /R′)]

in KVar+
R′.

3.2.5 Proof of proposition 3.2.4.3
To prove proposition 3.2.4.3, by a spreading-out argument, we may assume R′ = k is

a field. We write J = N(I)\{0}, and for any j ∈ J , πj = (nji )i∈I ∈ N(I), so that every
element $ of N(J) may be given as a family of multiplicities (mj)j∈J .

Put π = (ni)i∈I , and fix $ ∈ µ−1(π). The condition that π = µ($) is equivalent to

ni =
∑
j∈J

mjn
j
i

for all i ∈ I. Our proof decomposes in several steps. Both S$(S•(X /R)) and Sπ(X )
are constructed as some quotient of some product of the Xi. We are going to refrain from
taking quotients first, and construct an immersion from the product giving the former to
the product giving the latter.
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The immersion before quotients For any two varieties V and W over R, there is an
immersion V ×RW ↪→ V ×W . Thus, for every j ∈ J there is an immersion∏

i∈I
X
nji
i /R ↪→

∏
i∈I
X
nji
i .

Restricting to the complement of the diagonal in ∏i∈I X
nji , we get an immersion(∏

i∈I
X
nji
i /R

)
∗,X

↪→
(∏
i∈I
X
nji
i

)
∗,X

.

Taking the product over all j ∈ J of the mj-th powers of those varieties gives:

∏
j∈J

(∏
i∈I
X
nji
i /R

)
∗,X

mj ↪→ ∏
j∈J

(∏
i∈I
X
nji
i

)
∗,X

mj .
For any two varieties V and W over X, we have the commutative diagram

(V ×W )∗,R �
� //

��

(V ×W )∗,X �
� //

��

V ×W

��
(X ×X)∗,R �

� //

��

(X ×X)∗,X �
� // X ×X

��
(R×R)∗,R �

� // R×R

where the horizontal arrows are all open immersions: indeed, recall that we assumed R
and X to be quasi-projective over k, and therefore separated, so that complements of
diagonals are open (and therefore so are their inverse images by the structural morphisms).
In particular, we have an open immersion (V ×W )∗,R → (V ×W )∗,X . Thus, we can restrict
to the complement of the diagonal of ∏j∈J R

mj on the left, and to the complement of the
diagonal of ∏j∈J

(∏
i∈I X

nji

)mj on the right, to get∏
j∈J

(∏
i∈I
X
nji
i /R

)
∗,X

mj
∗,R

↪→

∏
j∈J

(∏
i∈I
X
nji
i

)mj
∗,X

. (3.6)

Note that using the assumption µ($) = π, we may write∏
j∈J

(∏
i∈I
X
nji
i

)mj
∗,X

=
(∏
i∈I
X

∑
j∈J n

j
imj

i

)
∗,X

=
(∏
i∈I
Xni
i

)
∗,X

. (3.7)

Composing (3.6) with this identification, we get an immersion∏
j∈J

(∏
i∈I
X
nji
i /R

)
∗,X

mj
∗,R

↪→
(∏
i∈I
Xni
i

)
∗,X

. (3.8)
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Example 3.2.5.1. In example 3.2.4.2, the immersion (3.8) corresponding to $2 is written
in the form

((X1 ×R X1)∗,X ×X2)∗,R ↪→ (X1 ×X1 ×X2)∗,X ,
where the variety on the left-hand side (resp. right-hand side) is exactly the one in (3.5)
(resp. (3.4)), just without the permutation action quotients. (Recall we took R′ = k.)

Description of the permutation actions Let V be the variety on the left-hand side,
as well as its image through this morphism, and W the variety on the right-hand side.
There is a natural action of G = ∏

i∈I Sni on W . As for V , we can distinguish two groups
acting on it. The first one is ∏

j∈J

(∏
i∈I

Snji

)mj

which comes from the natural permutation action of Snji
on each product ∏i∈I X

nji
i /R for

all i ∈ I and all j ∈ J . Composing the morphisms Xi → X with the morphism X → R,
we get a map

ϕ :
∏
j∈J

(∏
i∈I
X
nji
i /R

)
∗,X

mj
∗,R

−→

∏
j∈J

Rmj


∗

(3.9)

the fibres of which are stable with respect to that action. On the other hand, there is also
a permutation action of ∏j∈J Smj on

(∏
j∈J R

mj
)
∗
, which pulls back to an action on the

variety on the left-hand side in the following manner: for x ∈ V , denoting for every j ∈ J
and every ` ∈ {1, . . . ,mj} by xj,` the projection of x on the `-th copy of

(∏
i∈I X

nji
i /R

)
∗,X

occurring in V , the element σ = (σj)j∈J ∈
∏
j∈J Smj acts on x = (xj,1, . . . , xj,mj)j∈I via

σ ·
(
(xj,1, . . . , xj,mj)j∈I

)
=
((

xj,σ−1
j (1), . . . , xj,σ−1

j (mj)

)
j∈J

)
.

Through immersion (3.8), these two actions give us two subgroups H1 and H2 of G =∏
i∈I Sni .

Example 3.2.5.2. 1. In example 3.2.4.2, we have W = (X2
1 ×X2)∗,X . Let us examine

the subgroups of G := S2 ×S1 corresponding to the different $i occurring in that
example.
— For $1 = [[1], [1], [2]], we have V = (X2

1 ×X2)∗,R, H1 = {1} and H2 = G.
— For $2 = [[1, 1], [2]], we have V = ((X1×RX1)∗,X×X2)∗,R, H1 = G and H2 = {1}.
— For $3 = [[1, 2], [1]], we have V = ((X1 ×R X2)∗,X ×X1)∗,R, and H1 = H2 = {1}.
— For $4 = [[1, 1, 2]], we have V = ((X1 ×R X1 ×R X2)∗,X , H1 = G and H2 = {1}.

2. Let us examine another example: π = [1, 1, 1, 1, 1, 1], $ = [[1, 1], [1, 1], [1], [1]]. Then
W = (X6

1 )∗,X , G = S6, and

V = ((X1 ×R X1)∗,X × (X1 ×R X1)∗,X ×X1 ×X1)∗,R ,

74



so that H1 is the subgroup of G generated by the permutations (12) and (34),
whereas H2 is generated by the permutations (13)(24) and (56).

Lemma 3.2.5.3. The subgroup H1 is normalised by H2. The subgroup H := H1H2 they
generate is the largest subgroup of ∏i∈I Sni under the action of which V is invariant in-
side W .
Proof. For all σ ∈ H1 and τ ∈ H2, the element τστ−1 ∈ G stabilises the fibres of the
morphism ϕ in (3.9), which means that it stabilises each factor ∏iX

nji
i /R of V . Thus,

τστ−1 is an element of H1.
Now, let σ ∈ ∏i∈I Sni be such that for all x ∈ V , σx ∈ V . Let x ∈ V , and let τ ∈ H2

be the element such that τ(ϕ(x)) = ϕ(σ(x)). Then στ−1 stabilises the fibres of the map ϕ
in (3.9). This means that its action stabilises each factor ∏iX

nji
i /R of V , so στ−1 is an

element of H1.

Our aim now is to describe a locally closed subset W ($) of W containing V and stable
under the natural ∏i∈I Sni-action on W , and show that we can apply Proposition 3.1.2.3
to V and W ($) to get an isomorphism

V/H ' W ($)/
∏
i∈I

Sni

where the variety on the right-hand side will be called Sπ$(X ).

Equivalence relations on coordinates of points of W Recall that W is the variety(∏
i∈I
Xni
i

)
∗,X

.

A point of this variety is of the form x = (xi,p) i∈I
1≤p≤ni

where for all i ∈ I and for all
1 ≤ p ≤ ni, xi,p ∈ Xi and all coordinates xi,p have distinct images in X. Consider an
equivalence relation ρ on the set of indices {(i, p)} i∈I

1≤p≤ni
. Each equivalence class E is a

subset of the latter, which we write in the form E = ⋃
i∈I Ei (disjoint union) where

Ei = E ∩Xi = {(i, αi,1), . . . , (i, αi,`i)}
for some integers (`i)i∈I (with `i ≤ ni for all i), and

1 ≤ αi,1 < . . . < αi,`i ≤ ni for all i ∈ I.

Note that the equivalence classes E of ρ form a partition of the set of indices of the
coordinates of the point x, and that therefore for every i ∈ I, the sets Ei = E ∩Xi form a
partition of the set {(i, 1), . . . , (i, ni)}. Thus, the sum of the `i over all equivalence classes E
is equal to ni.

To each such non-empty E we can associate the non-zero element π(E) = (`i)i∈I ∈ N(I).
The collection of all π(E) for all equivalence classes E of ρ, counted with multiplicities,
then gives an element $(ρ) ∈ N(N(I)\{0}) such that µ($(ρ)) = π, since the sum of the `i
over all equivalence classes E is ni.

75



Definition of W ($) For every x ∈ W , we define an equivalence relation ρx on the set

{(i, p)} i∈I
1≤p≤ni

by: (i, p) ∼ (i′, p′) if and only if the coordinates xi,p and xi′,p′ have the same image in R.

Definition 3.2.5.4. For every equivalence relation ρ on {(i, p)} i∈I
1≤p≤ni

occurring in this
way, define the locally closed subsets

Wρ = {x ∈ W, ρx = ρ} ⊂ W

and
W ($) =

⋃
$(ρ)=$

Wρ ⊂ W,

(this is a finite and disjoint union).

Example 3.2.5.5. Let I = N∗ and π = [1, 1, 2], so that W = (X2
1 ×X2)∗,X . An element

ofW will be written (x1,1, x1,2, x2,1). Let ρ be the equivalence relation on {(1, 1), (1, 2), (2, 1)}
with equivalence classes {(1, 1), (2, 1)} and {(1, 2)}, giving rise respectively to the parti-
tions [1, 2] and [1], so that $ := $(ρ) = [[1, 2], [1]]. The only other equivalence relation
giving this element of µ−1(π) is the one with equivalence classes {(1, 2), (2, 1)} and {(1, 1)},
denoted by ρ′. ThusWρ is the locally closed subset of triples (x1,1, x1,2, x2,1) such that in R,
x2,1 becomes equal to x1,1 but not to x1,2. In the same way, Wρ′ corresponds to triples such
that x2,1 becomes equal to x1,2 but not to x1,1. Finally, W ($) is the union of these two
sets, namely the set of triples such that in R, x2,1 becomes equal either to x1,1 or to x1,2,
where the “or” is exclusive.

Taking quotients

Lemma 3.2.5.6. (a) W ($) is stable under the action of ∏i∈I Sni on W .
(b) The group ∏i∈I Sni acts transitively on the set of the Wρ with $(ρ) = $.

Proof. a) Let σ = (σi)i∈I ∈
∏
i∈I Sni , ρ some equivalence relation and x ∈ Wρ. For every

equivalence class E, the equivalence class σE = ⋃
i∈I σi(Ei) gives the same numbers `i:

therefore $(σρ) = $.
b) Let ρ and ρ′ be two different equivalence relations such that $(ρ) = $(ρ′). Since

they give rise to the same $, they have the same number of equivalence classes, and
moreover, to each equivalence class E of ρ we may associate an equivalence class E ′
of ρ′ such that for every i ∈ I, we have

#Ei = #E ′i.

Denoting by `i this common value, write

Ei = {(i, αi,1), . . . , (i, αi,`i)} and E ′i = {(i, βi,1), . . . , (i, βi,`i)}
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for all i ∈ I. Define the restriction of the element σ = ∏
i∈I σi ∈

∏
i∈I Sni to∏

i∈I
{αi,1, . . . , αi,`i}

by σi(αi,p) = βi,p. Since the equivalence classes of ρ form a partition of {(i, p)} i∈I
1≤p≤ni

,
doing this for all equivalence classes completely defines an element σ ∈ ∏i∈I Sni such
that for every x ∈ Wρ, σx ∈ Wρ′ .

Definition 3.2.5.7. For every$ ∈ µ−1(π) we define Sπ$(X ) to be the locally closed subset
of SπX given by taking the quotient of W ($) ⊂ W by ∏i∈I Sni .
Lemma 3.2.5.8. There is an equivalence relation ρ such that the image V of the immersion
in (3.8) is equal to Wρ.
Proof. Fix x = (xi,p) i∈I

1≤p≤ni
∈ W in the image of the morphism in (3.8), and for all i ∈

I, j ∈ J and 1 ≤ q ≤ mj, denote by Ei,j,q the set of indices of the coordinates of the
projection of x to the q-th factor Xnji

i . By definition, all coordinates xi,p of x with index
(i, p) ∈ Ej,q := ⋃

i∈I Ei,j,q have the same image rj,q(x) ∈ R, and the elements rj,q(x) for all
j ∈ J and 1 ≤ q ≤ mj are distinct. Therefore, the sets Ej,q in fact don’t depend on x, so
that the elements of V are exactly those subject to the equivalence relation ρ with classes
(Ej,q) j∈J

1≤q≤mj
.

Putting everything together and applying Proposition 3.1.2.3 to V ⊂ W with actions
of the groups H ⊂ ∏

i∈I Sni , we get the result, since S$(S•(X /R)) is by definition equal
to V/H.

3.3 Cutting into pieces

3.3.1 Introduction
The aim of this section is to state and prove an analogue in our setting of the following

classical result about symmetric powers (see for example [CNS], chapter 6, proposition
1.1.7):
Proposition 3.3.1.1. Let X be a quasi-projective variety over a field k, and Y a closed
subvariety of X with open complement U . For any integers n ≥ 1 and r ∈ {0, . . . , n}, the
variety

SrU × Sn−rY
can be identified with the locally closed subset of SnX corresponding to effective zero-cycles
of degree n the restriction of which to U has degree r. Moreover, SnX is the disjoint union
of these locally closed subsets. In particular, in terms of classes in KVar+

k , we have

[SnX] =
n∑
r=0

[SrU ][Sn−rY ] ∈ KVar+
k .
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Thus, starting with a zero-cycle D of degree n in X, we get through restriction a pair
(DU , DY ) of zero-cycles in SrU×Sn−rY for some r. Conversely, starting with a point of the
latter variety, the sum of the two components yields an element in SnX. More precisely,
by the same argument we even have the following:

Proposition 3.3.1.2. (Refinement of Proposition 3.3.1.1) Let k,X, U, Y be as in Propo-
sition 3.3.1.1, and let π ∈ N(N∗) be a partition. Then SπX is the disjoint union of locally
closed subsets isomorphic to Sπ′U × Sπ−π′Y where π′ runs through all partitions such that
π′ ≤ π. In particular, in terms of classes in KVar+

k , we have

[SπX] =
∑
π′≤π

[Sπ′U ][Sπ−π′Y ] ∈ KVar+
k .

To motivate the construction in the following paragraph, let us examine what exactly
we need to get a result of this flavour for symmetric products. Fix a set I, and let X be
a variety over k, and X = (Xi)i∈I a family of varieties over X. For all i ∈ I, let Yi be
a closed subvariety of Xi, and Ui its complement, so that we get families of X-varieties
Y = (Yi)i∈I and U = (Ui)i∈I .

Let π = (ni)i∈I ∈ N(I). Any point D ∈ SπX is a zero-cycle contained in the disjoint
union of (a finite number of) the Xi, and we can consider its restriction DU to ∪i∈IUi. As
in the discussion above, this clearly gives us a point in Sπ

′
U for some π′ ≤ π, and the

restriction DY to the elements of the family Y will then be a point in Sπ−π′Y . In other
words, there is a well-defined immersion

α : SπX −→
⋃
π′≤π

Sπ
′
U × Sπ−π′Y .

On the other hand, this morphism α will in general not be an isomorphism. Indeed, the
inverse mapping (D1, D2) 7→ D1 + D2 that worked in the above cases is well-defined only
when D1 and D2 have disjoint supports, since, by definition, points of SπX are zero-
cycles with supports mapping injectively to SπX. Thus the image of α is the subset of⋃
π′≤π S

π′U × Sπ−π′Y mapping to pairs in ⋃π′≤π Sπ′X × Sπ−π′X with disjoint supports.
Thus, to generalise proposition 3.3.1.2, we are going to define more general symmetric
products which are mixed, in the sense that we will combine different families of varieties
before restricting to the complement of the diagonal in the base variety. In the case studied
above, this construction will give us varieties Sπ′,π−π′(U ,Y ), the union of which for all
π′ ≤ π corresponds exactly to the image of α, so that the analogue of proposition 3.3.1.2
for symmetric products will take the form

[SπX ] =
∑
π′≤π

[Sπ′,π−π′(U ,Y )]

in KVar+
k .
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3.3.2 Mixed symmetric products
Let X be a variety over R, p ≥ 1 an integer, and X1, . . . ,Xp families of varieties over X,

all indexed by the same set I. For all j ∈ {1, . . . , p} we write Xj = (Xi,j)i∈I . We also fix
for every j ∈ {1, . . . , p} an almost zero family of non-negative integers πj = (ri,j)i∈I (that
is, all ri,j but a finite number are zero). The product (over R)∏

i∈I
X
ri,1
i,1 × . . .×X

ri,p
i,p

is a variety over ∏
i∈I
Xri,1 × . . .×Xri,p .

As before, we restrict it to the open subset
(∏

i∈I X
ri,1
i,1 × . . .×X

ri,p
i,p

)
∗
lying above the

complement of the diagonal of ∏i∈I X
ri,1 × . . . × Xri,p = X

∑
i,j
ri,j , that is, we remove

points mapping to points having at least two equal coordinates. Then we take the quotient
by the natural permutation action of ∏i∈I Sri,1 × . . .×Sri,j . The resulting variety will be
denoted by

Sπ1,...,πp(X1, . . . ,Xp).
If for every j ∈ {1, . . . , p} all varieties Xi,j are equal to some Xj, we may write this simply
Sπ1,...,πp(X1, . . . , Xp).

As it was the case in the construction of simple symmetric products, we could also first
take the quotient, and then remove the closed set lying above the image of the diagonal
by the quotient map.

The following properties are obvious consequences of the definition:

Fact 3.3.2.1. 1. In the case p = 1, we recover exactly the symmetric product SπX
from section 3.2.1.

2. For all σ ∈ Sp, there is an isomorphism

Sπ1,...,πp(X1, . . . ,Xp) ' Sπσ(1),...,πσ(p)(Xσ(1), . . . ,Xσ(p)).

3. If πp = 0, then

Sπ1,...,πp(X1, . . . ,Xp) = Sπ1,...,πp−1(X1, . . . ,Xp−1).

4. If there exists i ∈ I such that ri,p > 0 and Xi,p = ∅, then

Sπ1,...,πp(X1, . . . ,Xp) = ∅.

Remark 3.3.2.2. The open set
(∏p

j=1X
∑

i∈I ri,j
)
∗
is a subset of ∏p

j=1

(
X
∑

i∈I ri,j
)
∗
consisting

of points with projection to X
∑

i∈I ri,j having distinct coordinates for all j. Thus, there is
an open immersion

Sπ1,...,πp(X1, . . . ,Xp) −→ Sπ1X1 × . . .× SπpXp. (3.10)
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It is an isomorphism if there is a partition of X into locally closed subsets V1, . . . , Vp such
that for all i ∈ I and all j ∈ {1, . . . , p}, the image of Xi,j in X is contained in Vi. Indeed,
then all elements in any p-tuple (D1, . . . , Dp) ∈ Sπ1X1×. . .×SπpXp have disjoint supports,
and the inverse mapping is given by (D1, . . . , Dp) 7→ D1 + . . .+Dp.

We can now state our generalisation of Propositions 3.3.1.1 and 3.3.1.2.

Proposition 3.3.2.3. Let X,X1, . . . ,Xp be as above, and consider moreover another fam-
ily X = (Xi)i∈I of quasi-projective varieties over X, together with families Y = (Yi)i∈I
and U = (Ui)i∈I such that for every i ∈ I, Yi is a closed subvariety of Xi and Ui its
complement. Let π1, . . . , πp, π be elements of N(I). Then for every π′ ≤ π the variety

Sπ1,...,πp,π′,π−π′(X1, . . . ,Xp,U ,Y )

is isomorphic to the locally closed subset of Sπ1,...,πp,π(X1, . . . ,Xp,X ) corresponding to
zero-cycles with X -component inducing partition π′ on U . Moreover, the variety

Sπ1,...,πp,π(X1, . . . ,Xp,X )

is the disjoint union of these locally closed subsets, so that in terms of classes in KVar+
R,

we have

[Sπ1,...,πp,π(X1, . . . ,Xp,X )] =
∑
π′≤π

[
Sπ1,...,πp,π′,π−π′(X1, . . . ,Xp,U ,Y )

]
.

Proof. We write π = (ni)i∈I , π′ = (mi)i∈I and for every j ∈ {1, . . . , p}, πj = (ri,j)i∈I
According to proposition 3.3.1.1, the variety ∏i∈I S

ri,1Xi,1 × . . . × Sri,pXi,p × SniXi is the
union of locally closed subsets isomorphic to∏

i∈I
Sri,1Xi,1 × . . .× Sri,pXi,p × SmiUi × Sni−miYi

for all π ≤ πp. Restricting to the images of points lying above the complements of the
diagonal, we get the result.

3.3.3 Applications
As an immediate consequence of Proposition 3.3.2.3 (for p = 0) and Remark 3.3.2.2,

we get

Corollary 3.3.3.1. Let X be a variety over R and X = (Xi)i∈I a family of varieties
over X. Let Y be a closed subvariety of X, U its open complement, and for all i ∈ I,
define varieties Yi = Xi ×X Y , Ui = Xi ×X U , and families Y = (Yi)i∈I and U = (Ui)i∈I
of varieties over Y and U , respectively. Then for all π ∈ N(I) and for all π′ ≤ π, the
variety Sπ′U ×Sπ−π′Y is isomorphic to the locally closed subset of SπX corresponding to
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families of zero-cycles inducing partition π′ on U . Moreover, SπX is the disjoint union
of these locally closed subsets. In particular, in terms of classes in KVar+

R, we have

[SπX ] =
∑
π′≤π

[Sπ′U ][Sπ−π′Y ].

In terms of zeta-functions, this means that

ZX (t) = ZU (t)ZY (t)

in KVar+
R[[t]].

Proposition 3.3.3.2. Let X be a variety over R and X = (Xi)i∈I and Y = (Yi)i∈I
families of varieties over X. Fix an element π = (ni)i∈I ∈ N(I), and assume that for all
i ∈ I such that ni > 0, Xi and Yi are piecewise isomorphic. Then SπX and SπY are
piecewise isomorphic: in other words, we have the equality

ZX (t) = ZY (t)

in KVar+
R[[t]].

Proof. By assumption, there is an integer p with the property that, for all i ∈ I sat-
isfying ni > 0, we can partition Xi (resp. Yi) into locally closed sets Xi,1, . . . , Xi,p

(resp. Yi,1, . . . , Yi,p) such that for all j ∈ {1, . . . , p}, Xi,j is isomorphic to Yi,j. For ev-
ery j ∈ {1, . . . , p}, we denote by Xj (resp. Yj) the family (Xi,j)i∈I (resp. (Yi,j)i∈I).
Proposition 3.3.2.3 together with an induction shows that SπX is the disjoint union of
locally closed subsets isomorphic to Sπ1,...,πp(X1, . . . ,Xp) for partitions π1, . . . , πp such that
π1 + . . . + πp = π. Since the same is true for Y ,Y1, . . . ,Yp, and since the isomorphisms
between the Xi,j and Yi,j give isomorphisms

Sπ1,...,πp(X1, . . . ,Xp) ' Sπ1,...,πp(Y1, . . . ,Yp)

for all π1, . . . , πp such that π1 + . . .+ πp = π, the result follows.

3.4 Symmetric products and affine spaces
The following proposition is a direct generalisation of a result by Totaro (see [CNS],

Proposition 5.1.5). In fact, it may be obtained directly by applying Totaro’s statement to
each factor in ∏i∈I S

niXi and then restricting to the open subset SπX ⊂ ∏i∈I S
nX, but we

prefer to give a direct proof in the flavour of Totaro’s argument: it is more straightforward
here since one does not need to go through the step of cutting up the symmetric power
with respect to different partitions.

Proposition 3.4.0.1. Let X be a variety over R and X = (Xi)i∈I a family of varieties
over X. Moreover, let m = (mi)i∈I be a family of non-negative integers, L m the family
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of affine spaces (Ami
R )i∈I and X × L m the family (Xi × Ami

R )i∈I , each Xi × Ami
R being

seen as an X-variety through the first projection. Then for all π = (ni)i∈I ∈ N(I), the
variety Sπ(X ×L m) is endowed with the structure of a vector bundle of rank ∑i∈I mini
over Sπ(X ), so that in particular

[Sπ(X ×L m)] = [Sπ(X )]L
∑

i∈I mini

in KVar+
R.

Proof. The first projections induce natural maps∏
i∈I

(Xi ×Ami
R )ni −→

∏
i∈I
Xni
i

over ∏i∈I X
ni . Restricting to points mapping to the diagonal in ∏i∈I X

ni , we get a map(∏
i∈I

(Xi ×Ami
R )ni

)
∗

−→
(∏
i∈I
Xni
i

)
∗

that gives us in turn a map

p : Sπ(X ×L m) −→ Sπ(X )

after taking the quotient by the natural action of the group ∏i∈I Sni .
On the other hand, the variety (∏i∈I(Xi ×Ami

R )ni)∗ is by definition isomorphic to

∏
i∈I

(Xi ×Ami
R )ni ×∏

i∈I X
ni

(∏
i∈I
Xni

)
∗

'
(∏
i∈I
Xni
i

)
∗

×A
∑

i∈I nimi
R .

Thus, we have a cartesian diagram

(∏i∈I X
ni
i )∗ ×A

∑
i∈I nimi

R
//

q′

��

(∏i∈I X
ni
i )∗

q

��
Sπ(X ×L m) p // Sπ(X )

with q′ being the quotient by the permutation action of ∏i∈I Sni . Through our identifi-
cation, this permutation action becomes linear, endowing Sπ(X ×L m) étale-locally with
a structure of vector bundle of rank ∑

i∈I nimi over Sπ(X ). By Hilbert’s theorem 90,
Sπ(X ×L m) is a vector bundle of the same rank over Sπ(X ), whence the result.

This implies the following formula for zeta-functions:

Corollary 3.4.0.2. Let X, X , L m be as above. Then writing Lmt = (Lmiti)i∈I we have

ZX (Lmt) = ZX ×L m(t)

in KVar+
R[[t]].
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3.5 Symmetric products of non-effective classes
For the moment, we have only defined the symmetric products SπX in the case where

the family X is a family of quasi-projective varieties over X. The aim of this section is to
generalise this definition in the case when X is merely a family of classes in KVarX . For
this, recall that in remark 3.1.3.1, we noted that one could define the symmetric product
SπX of a family of varieties X = (Xi)i∈I over a variety X for π = (ni)i∈I alternatively
by first considering the product ∏i∈I S

niXi and then restricting to the appropriate open
subset, namely the one lying above the open subset SπX of ∏i∈I S

niX. In this section, we
are first going to define, for a class Y ∈ KVarX , its symmetric power SnY as an element of
KVarSnX . The symmetric product SπX of a family of classes (Xi)i∈I in KVarX will then
be defined, by analogy with remark 3.1.3.1, as the pullback to KVarSπX of the element∏

i∈I
SniXi ∈ KVar∏

i∈I S
niX .

3.5.1 Relative symmetric powers
Let X be a quasi-projective variety over R. All (fibred and exterior) products in

this section are over R, though we will not write it to simplify notation. The product∏
n≥1 KVarSnX is an additive group, but it may also be endowed with a commutative

multiplicative group structure, in the following manner:
For a = (an)n≥1 and b = (bn)n≥1 ∈

∏
n≥1 KVarSnX , we put

(ab)n =
n∑
k=0

ak � bn−k

where by convention a0 = b0 = 1, and ak � bn−k is the image of (ak, bn−k) through the
composition

KVarSkX ×KVarSn−kX
�−→ KVarSkX×Sn−kX → KVarSnX

where the latter morphism is obtained from the natural map Xn → SnX by passing to the
quotient with respect to the natural action of the group Sk ×Sn−k on Xn. Observe that
the neutral element for this law is the family (en)n≥1 with ei = 0 for all i ≥ 1. Associativity
is obtained by using, for all n ≥ 1 and all i, j, k such that i+ j + k = n the commutativity
of the diagram

(SiX × SjX)× SkX //

'
��

Si+jX × SkX // SnX

SiX × (SjX × SkX) // SiX × Sj+kX

88

On the other hand, starting from a = (an)n≥1 ∈
∏
n≥1 KVarSnX , we may define its

inverse b = (bn)n≥1 ∈
∏
n≥1 KVarSnX by induction: put b0 = 1, b1 = −a1, and assume

b0, . . . , bn−1 to be constructed. Then bn is the element of KVarSnX defined by

bn = −
n∑
k=1

ak � bn−k.
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Notation 3.5.1.1. We denote by KVarS•X the group ∏n≥1 KVarSnX with this law.

Lemma 3.5.1.2. There is a unique group morphism

S : KVarX → KVarS•X ,

such that the image of the class of a quasi-projective variety Y over X is the family
(SnY )n≥1.

Proof. The condition in the statement defines a morphism S ′ on the free abelian group with
generators the isomorphism classes of quasi-projective varieties over X. Consider a quasi-
projective variety Y over X, and a closed subscheme Z of Y , with open complement U . We
know that SnY is the disjoint union of locally closed subsets isomorphic to SkZ × Sn−kU
for k = 0, . . . , n, and these isomorphisms are over SnX, so S ′(Y ) = S ′(Z)S ′(U), and S ′

descends to a well-defined group morphism as in the statement of the lemma, using the
fact that KVarX is generated by classes of quasi-projective varieties.

Corollary 3.5.1.3. For every n ≥ 1 the class in KVarSnX of the symmetric power SnY
of a variety Y over X depends only on the class of Y in KVarX .

Remark 3.5.1.4. In the same manner, one may put a (commutative) monoid structure on
KVar+

S•X := ∏
i≥1 KVar+

SiX , and there is a unique morphism of monoids

S+ : KVar+
X → KVar+

S•X ,

such that the image of the class of a quasi-projective variety Y over X is the family
(SnY )n≥1. Moreover, S+ induces S on KVarX .

Definition 3.5.1.5. Let a ∈ KVarX and n ≥ 1. The n-th symmetric power of a, denoted
by Sna, is the image of S(a) through the projection∏

i≥1
KVarSiX → KVarSnX

onto the n-th component.

Remark 3.5.1.6. The lemma implies that for any a, b ∈ KVarX and for any n ≥ 1,

Sn(a + b) =
n∑
k=0

Ska� Sn−kb

in KVarSnX , where every term on the right-hand side is seen as an element of SnX via the
natural map SkX × Sn−kX → SnX. In particular, we have the equality of classes

[Sn(a + b)] =
n∑
k=0

[Ska][Sn−kb]

in KVarR.
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3.5.2 Definition of symmetric products of classes in KVarX

Let X be a quasi-projective variety over R, A = (ai)i∈I a family of elements of KVarX ,
n ≥ 1 an integer and π = (ni)i∈I a partition of n. Consider the natural projection morphism

p :
∏
i∈I
Xni →

∏
i∈I
SniX,

which is finite and surjective. Let U := (∏i∈I X
ni)∗ ⊂

∏
i∈I X

ni be the complement of the
diagonal, that is, the open subset of points with all coordinates being distinct. Then by
construction, SπX is the open subset p(U) of the variety ∏i∈I S

niX.

Using definition 3.5.1.5, we may consider the element ∏i∈I S
niai ∈ KVar∏

i∈I S
niX .

Definition 3.5.2.1. 1. The element SπA ∈ KVarSπX is defined to be the image of∏
i∈I S

niai through the restriction morphism

KVar∏
i∈I S

niX → KVarSπX .

2. More generally, let p ≥ 1 be an integer, X1, . . . , Xp quasi-projective varieties over R,
and for every j ∈ {1, . . . , p}, let Aj = (aij)i∈I be a family of elements of KVarXi .
For all partitions π1, . . . , πp with πi = (ri,j)i∈I we define the mixed symmetric product
Sπ1,...,πp(A1, . . . ,Ap) as the image of∏i∈I S

ri,1ai,1×. . .×Sri,pai,p through the restriction
morphism

KVar∏
i∈I S

ri,1X1×...×Sri,pXp → KVarSπ1,...,πp (X1,...,Xp).

Remark 3.5.2.2. The above restriction morphism factors through KVarSπ1X1×...×SπpXp by
remark 3.3.2.2. In the case where immersion (3.10) is an isomorphism, we have the equality

Sπ1A1 � . . .� SπpAp = Sπ1,...,πp(A1, . . . ,Ap)

in KVarSπ1X1×...×SπpXp = KVarSπ1,...,πp (X1,...,Xp).

Remark 3.5.2.3. Using the first part of the definition, we may extend definition 3.2.1.6 and
get a notion of zeta-function ZA (t) ∈ KVarR[[t]] of a family of elements of KVarX .

Proposition 3.5.2.4. Let X be a quasi-projective variety over R. Let A = (ai)i∈I , B =
(bi)i∈I , C = (ci)i∈I be families of elements of KVarX such that for every i ∈ I, ai = bi+ ci.
For every partition π = (ni)i∈I we have the equality

SπA =
∑
π′≤π

Sπ
′,π−π′(B,C )

in KVarSπX , where each term on the right-hand side is considered as an element of KVarSπX
via the natural morphism Sπ

′
X × Sπ−π′X → SπX.
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Proof. According to remark 3.5.1.6, we may write

∏
i∈I
Sniai =

∏
i∈I

 ∑
0≤mi≤ni

Smibi � Sni−mici

 =
∑

π′=(mi)i∈I≤π

∏
i∈I
Smibi � Sni−mici

in KVar∏
i∈I S

niX , where each Smibi × Sni−mici is seen as an element of KVarSniX through
the natural morphism SmiX × Sni−miX → SniX. This gives the result by restriction
to SπX.

Corollary 3.5.2.5. Let X be a quasi-projective variety over R, Y a closed subscheme of X
and U its open complement. Let A = (ai)i∈I be a family of elements of KVarX , and define
B = (bi)i∈I and C = (ci)i∈I the families of elements of KVarU (resp. KVarY ) obtained by
restriction from A . For every partition π = (ni)i∈I we have the equality

SπA =
∑
π′≤π

Sπ
′
B � Sπ−π

′
C

in KVarSπX , where each term on the right-hand side is considered as an element of KVarSπX
via the natural immersion Sπ

′
U × Sπ−π

′
Y → SπX. In particular, we have the equality

ZA (t) = ZB(t)ZC (t) in KVarR[[t]].

3.6 Symmetric products of varieties with exponen-
tials

3.6.1 The symmetric product of a family of varieties with expo-
nentials

Fix a variety X over R, as well as (X , f) = (Xi, fi)i∈I a family of varieties over X with
exponentials. For any π ∈ N(I), recall that the symmetric product SπX is constructed as
a quotient of an open subset of the product∏

i∈I
Xni
i .

The latter is endowed with the map

fπ : ∏
i∈I X

ni
i −→ A1

(xi,1, . . . , xi,ni)i∈I 7→ ∑
i∈I(fi(xi,1) + . . .+ fi(xi,ni)).

This map restricts to points lying above the complement of the diagonal, and is invariant
modulo the action of ∏i∈I Sni . Therefore it descends to a map

f (π) : SπX −→ A1,

and we may define the symmetric product Sπ(X , f) to be the variety SπX endowed with
the map f (π).
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Remark 3.6.1.1. Let X be a variety over R, f : X → A1 a morphism and n ≥ 1 an integer.
Then there is a morphism

f (n) : SnX → A1

x1 + . . .+ xn 7→ f(x1) + . . .+ f(xn)

induced by f⊕n : Xn → A1. Its restriction to the locally closed subset SπX is given by∑
i≥1

i(xi,1 + . . .+ xi,ni) 7→
∑
i≥1

i(f(xi,1) + . . .+ f(xi,ni)).

Thus, the restriction f (n)
|SπX to SπX is exactly the map g(π) where g is the family (if)i≥1 of

morphisms X → A1.

3.6.2 Iterated symmetric products
Here we generalise proposition 3.2.4.3 to varieties with exponentials. We refer to the

corresponding section for the definition of the map µ and other pieces of notation. Let X
be a variety over a variety R, which itself lies above some k-variety R′, and let (X , f) =
(Xi, fi)i∈I be a family of varieties with exponentials over X. Let π ∈ N(I) and let $ =
(mj)j∈J ∈ µ−1(π). Recall from (3.8) and the discussion that follows that we have an
immersion ∏

j∈J

(∏
i∈I
X
nji
i /R

)
∗,X

mj
/R′


∗,R

↪→
(∏
i∈I
Xni
i /R′

)
∗,X

. (3.11)

which after passing to the quotient by the appropriate group actions, induces the isomor-
phism

u$ : S$(S•(X /R)/R′)→ Sπ$(X /R′).

By the construction in section3.6.1 there is a morphism f ($) : S$(S•(X /R)/R′)→ A1

induced by the morphism
∏
j∈J

(
f (πj)

)⊕mj :
∏
j∈J

(Sπj(X /R))mj /R′ → A1

where each f (πj) is itself induced by

fπ =
∏
i∈I
f
⊕nji
i :

∏
i∈I
X
nji
i /R → A1.

Thus, f ($) is induced, via (3.11) and passing to the quotient, by the morphism fπ =∏
i∈I f

⊕ni
i = ∏

j∈J

(∏
i∈I f

⊕nji
i

)⊕mj
defined on ∏i∈I X

ni
i /R. We may conclude that for all

$, we have f (π) ◦ u$ = f ($), which gives the following proposition:
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Proposition 3.6.2.1. Let X be a variety over a variety R, which itself lies above some
k-variety R′, and let (X , f) = (Xi, fi)i∈I be a family of varieties with exponentials over X.
Then for every π ∈ N(I) and for every $ ∈ µ−1(π), there is an isomorphism u$ of the
constructible set S$(S•(X /R)/R′) onto a locally closed subset Sπ$(X /R′) of Sπ(X /R′),
so that moreover Sπ(X /R′) is equal to the disjoint union of the sets Sπ$(X /R′) and
f (π) ◦ u$ = f ($). In particular, we have the equality∑

$∈µ−1(π)
[S$(S•(X /R)/R′), f ($)] = [Sπ(X /R′), f (π)]

in KExpVar+
R′.

3.6.3 Cutting into pieces
More generally, starting from families (X1, f1), . . . , (Xp, fp) of varieties with exponen-

tials over X, for any π1, . . . , πp ∈ N(I) the mixed symmetric product

Sπ1,...,πp(X1, . . . ,Xp)

from 3.3.2 may be endowed with a map (f1, . . . , fp)(π1,...,πp) to A1. Moreover, proposition
3.3.2.3 may be extended in the following way:

Proposition 3.6.3.1. Let X be a variety over R, and (X1, f1), . . . , (Xp, fp) families of va-
rieties with exponentials over X, and consider moreover another family (X , g) = (Xi, gi)i∈I
of varieties over X, together with families

(U , g|U ) = (Ui, gi|Ui)i∈I and (Y , g|Y ) = (Yi, gi|Yi)i∈I

such that for every i ∈ I, Yi is a closed subvariety of Xi and Ui its complement. Let
π1, . . . , πp, π be elements of N(I). Then for every π′ ∈ N(I) such that π′ ≤ π there is an
isomorphism uπ′ from the variety

Sπ1,...,πp,π′,π−π′(X1, . . . ,Xp,U ,Y )

to the locally closed subset of Sπ1,...,πp,π(X1, . . . ,Xp,X ) corresponding to points with X -
component inducing partition π′ on U , such that

(f1, . . . , fp, g)(π1,...,πp,π) ◦ uπ′ = (f1, . . . , fp, g|U , g|Y )(π1,...,πp,π′,π−π′).

Moreover, Sπ1,...,πp,π(X1, . . . ,Xp,X ) is the disjoint union of these locally closed subsets,
so that in terms of classes in KExpVar+

R, we have[
Sπ1,...,πp,π(X1, . . . ,Xp,X ), (f1, . . . , fp, g)(π1,...,πp)

]
=
∑
π′≤π

[
Sπ1,...,πp,π′,π−π′(X1, . . . ,Xp,U ,Y ), (f1, . . . , fp, g|U , g|Y )(π1,...,πp,π′,π−π′)

]
.
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3.6.4 Compatibility with affine spaces
Lemma 3.6.4.1. Let Y be a quasi-projective variety over a field k and f : Y → A1 a
morphism. Then for every λ ∈ k, and every integer n ≥ 0 we have the equality:

[Sn(Y ×A1, f ⊕ λid)] =
{

[SnY ]Ln if λ = 0
0 otherwise

in KExpVarSnY .
Proof. Consider the commutative diagram

(Y ×A1)n

q′

��

p′ // Y n

q

��
Sn(Y ×A1) p // SnY

where the vertical arrows are the quotient maps. By the proof of Totaro’s lemma (see
lemma 3.4, or [CNS] chapter 6, Proposition 3.1.5), for every partition π of n, the lower
arrow endows p−1(SπY ) with the structure of a vector bundle of rank n over SπY which
is locally trivial for the Zariski topology. On the other hand, by definition, the symmetric
product Sn(Y ×A1) is endowed with the morphism (f ⊕ λid)(n) induced by the morphism
(f ⊕ λid)⊕n given by

(Y ×A1)n = Y n ×An → A1

(y1, . . . , yn, t1, . . . , tn) 7→ f(y1) + . . .+ f(yn) + λ(t1 + . . .+ tn)

Consider a point y ∈ SπY . We know that the fibre of p−1(SπY ) above this point is an
affine space An

κ(y). The linear form (t1, . . . , tn) 7→ λ(t1 + . . . + tn) on the general fibre
of the trivial vector bundle in the top row of the diagram descends (via the permutation
action, which is linear) to some linear form ` on An

κ(y), which will be zero if and only if λ
is zero. Thus, since by construction the morphism (f ⊕ λid)(n) coincides with f (n) on the
zero-section of the vector bundle p−1(SπY )→ SπY , we have, for any (t1, . . . , tn) ∈ An

κ(y)

(f ⊕ λid)(n)(y, t1, . . . , tn) = f (n)(y) + `(t1, . . . , tn),
with ` a linear form, which is zero if and only if λ = 0. Note that because of the last axiom
defining KExpVark, we have, using a linear change of basis, that

[An, `] =
{

Ln if ` = 0
0 otherwise.

Taking y to be a generic point of SπY and spreading out to some trivialising open set U
for the vector bundle p−1(SπY )→ SπY , we have

[p−1(SπY )|U , (f ⊕ λid)(n)
|p−1(Sπ(Y ))|U ] = [U, f (n)

|U ][An, `] =
{

[U, f (n)
|U ]Ln if λ = 0

0 otherwise.
Repeat the process for a generic point of SπY \ U . By Noetherian induction, the result
follows by taking the sum over all partitions of n.
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3.6.5 Symmetric products of classes in Grothendieck rings with
exponentials

Let X be a quasi-projective variety. The same procedure as in section 3.5.1 endows the
product ∏i≥1 KExpVarSiX with a group law, and this group will be denoted KExpVarS•X .

Proposition 3.6.5.1. Let X be a quasi-projective variety. There is a unique group mor-
phism

Sexp : KExpVarX → KExpVarS•X
sending the class [Y, f ] of a quasi-projective variety Y with a morphism f : Y → A1, to
the family of classes ([SiY, f (i)])i≥1. Moreover, there is a commutative diagram

KVarX S //

��

KVarS•X

��
KExpVarX

Sexp
// KExpVarS•X

where the vertical arrows are given by the injections KVar→ KExpVar.

Proof. Define a morphism S ′ from the free abelian group on pairs (Y, f), where Y is a quasi-
projective variety over X and f : Y → A1 a morphism, to KExpVarS•X by S ′((Y, f)) =
([SiY, f (i)])i≥1. It suffices now to check that S ′ passes to the quotient through the three
relations defining KExpVarX . It is clear that S ′ is constant on isomorphic pairs. If Z
is a closed subscheme of Y with open complement U , then for any n ≥ 1, [SnY, f (n)] =∑n
i=0[SiU, f (i)

|U ][Sn−iZ, f (n−i)
|Z ], so that S ′(Y ) = S ′(U)S ′(Z). Finally, it follows from lemma

3.6.4.1 that for any quasi-projective variety Y over X, the class [Y ×Z A1, pr2] goes to zero.
The commutativity of the diagram may be checked for classes of varieties [Y → X], where
it is immediate.

The notion of symmetric product of a class in KVarX may therefore be extended to
KExpVarX in the following manner:

Definition 3.6.5.2. Let a ∈ KExpVarX and n ≥ 1. The n-th symmetric product of a,
denoted by Sna is the image of Sexp(a) through the projection∏

i≥1
KExpVarSiX → KExpVarSnX

onto the n-th component.

Remark 3.6.5.3. If X be a quasi-projective variety over R and A = (Ai)i≥1 a family of
varieties with exponentials, definition 3.5.2.1 may be extended in a compatible way to
define, for any partition π, the symmetric product SπA as an element of KExpVarSπX .
We can also define mixed symmetric products, and proposition 3.5.2.4 and corollary 3.5.2.5
are true more generally with KVar replaced by KExpVar.
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3.7 Symmetric products in localised Grothendieck rings
In this section, we are going to generalise the notion of symmetric product further, to in-

clude classes in the localised Grothendieck rings MX and E xpMX . Since the Grothendieck
ring KVar injects into KExpVar, it does not restrict generality to work with KExpVar di-
rectly, which we will do in this section.

Lemma 3.7.0.1. For every a ∈ KExpVarX , for any n ≥ 1 and for any m ≥ 1, one has

Sn(aLm) = Sn(a)Lnm

in KExpVarSnX .

Proof. Lemma 3.6.4.1 shows that this holds for effective elements of KExpVarX . It suffices
to prove that it holds for a difference Y − Z of two effective elements. Using the fact that
S (resp. Sexp) is a group morphism, one may write, by induction on n,

Sn((Y − Z)Lm) = Sn(Y Lm)−
n−1∑
k=0

Sn−1−k((Y − Z)Lm)Sk(ZLm)

= Sn(Y )Lmn − Lmn
n−1∑
k=0

Sn−1−k(Y − Z)Sk(Z)

= Sn(Y − Z)Lmn.

Let X be a quasi-projective variety. The same procedure as in section 3.5.1 endows the
product ∏i≥1 E xpMSiX with a group law, and this group will be denoted E xpMS•X .

Lemma 3.7.0.2. There is a unique group morphism

Sloc : E xpMX → E xpMS•X

given by aL−m 7→ ((Sia)L−mi)i≥1.

Proof. We already have a group morphism

KExpVarX → E xpMS•X (3.12)

obtained from S by composing with the localisation morphism KExpVarS•X → E xpMS•X ,
and given by a 7→ (Sia)i≥1. Lemma 3.7.0.1 shows that an element in the kernel of the local-
isation morphism αX : KExpVarX → E xpMX will go to 0, so (3.12) factors through αX ,
inducing a morphism

im(αX)→ E xpMS•X .

Let a ∈ E xpMX . Then there exists an integer m ≥ 1 such that aLm belong to im(αX).
Put

Sloc(a) = (Si(aLm)L−mi)i≥1

By lemma 3.7.0.1 this does not depend on the choice of m, so Sloc is well-defined.
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Remark 3.7.0.3. We may now define, for any a ∈ E xpMX , its symmetric powers Si(a) to
be the components of Sloc(a). More generally, for any partition π = (ni)i∈I we may define
the symmetric products SπA of any family A of elements of E xpMX . Furthermore,
we may define mixed symmetric products of a finite number of families of elements of
E xpMX , and as in remark 3.6.5.3, proposition 3.5.2.4 remains true with KVar replaced
with M ,KExpVar or E xpM .

We also have, for A ∈ {KVar,M ,KExpVar,E xpM }:

Proposition 3.7.0.4. Let X be a variety over R, and (Xi)i∈I a family of elements in
AX . Let m = (mi)i∈I be a family of non-negative integers, and denote by X Lm the family
(XiLmi)i∈I . Then for all π = (ni)i∈I ∈ N(I), we have

Sπ(X Lm) = (SπX )L
∑

i∈I mini

in ASπX .

Proof. By lemma 3.7.0.1, we have, for all i ∈ I,

Sni(XiLmi) = Sni(Xi)Lmini

in ASniX . Taking exterior products over i ∈ I and restricting to SπX we get the result.

3.8 Euler products
Let A ∈ {KVar,M ,KExpVar,E xpM }. Let X be a variety over R and X = (Xi)i∈I a

family of elements of AX . We define the Euler product notation to be

∏
u∈X/R

(
1 +

∑
i∈I

Xi,uti

)
:=

∑
π∈N(I)

[Sπ(X /R)]tπ = ZX /R(t) ∈ AR[[t]],

where the ti, i ∈ I are variables, and tπ is defined to be the finite product ∏i∈I t
ni
i , where

π = (ni)i∈I . When R = Spec k for a field k, we will leave out the mention of R in the
product, writing simply ∏u∈X .

We are going to start by checking that our “product” actually behaves like a product,
thereby justifying our notation. A summary of the properties proved below is given in
theorem 4 of the introduction.

Properties: Let X be a variety over R and X = (Xi)i∈I a family of classes in AX .
1. (Product with one factor) When X = R, the last part of Example 3.1.3.3 gives

∏
u∈R/R

(
1 +

∑
i∈I

Xi,uti

)
= 1 +

∑
i∈I

Xiti. (3.13)
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2. (Associativity) Let X = U ∪ Y be a partition of X into a closed subscheme Y and
its complement U , and U = (Ui)i∈I (resp. Y = (Yi)i∈I) the restriction of X to U
(resp. to Y ). Then corollary 3.5.2.5 can be reformulated as

∏
u∈X/R

(
1 +

∑
i∈I

Xi,uti

)
=

∏
u∈U/R

(
1 +

∑
i∈1

Ui,uti

) ∏
u∈Y/R

(
1 +

∑
i∈I

Yi,uti

)
. (3.14)

Here we use remarks 3.6.5.3 and 3.7.0.3, which state that corollary 3.5.2.5 is true
more generally with KVar replaced with KExpVar, M or E xpM .

3. (Finite products) Combining the previous two properties, we see that in the case
where X is a disjoint union of m varieties Y1, . . . , Ym isomorphic to R,

∏
v∈X/R

(
1 +

∑
i∈I

Xi,vti

)
=

m∏
j=1

(
1 +

∑
i∈I

Xi,jti

)
∈ AR[[t]] (3.15)

where for all i ∈ I Xi,j is the restriction of Xi to Yj ' R, and the product on the
right-hand side is a finite product of power series (in the classical sense).

4. (Change of variables of the form t 7→ Lmt) In terms of Euler products, Proposition
3.7.0.4 means that for any (mi)i∈I ∈ NI ,

∏
u∈X/R

(
1 +

∑
i∈I

Xi,u(Lmiti)
)

=
∏

u∈X/R

(
1 +

∑
i∈I

(Xi,uLmi)ti
)
,

where the right-hand-side is the Euler product associated to the family (XiLmi)i∈I ,
that is, the Euler product notation is compatible with respect to changes of variables
of the form (ti 7→ Lmiti)i∈I , and factors of the form Lmi may pass from the variables to
the coefficients. One must pay attention that this is specific to affine spaces because
of their good behaviour with respect to Euler products.

5. (Double products) Let R,R′, X,X be as in Proposition 3.2.4.3. Using our notation
for the family of varieties S•(X /R) over R, we have

∏
v∈R/R′

1 +
∑

π∈N(I)\{0}
(Sπ(X /R))vtπ

 =
∑

$∈N(N(I)\{0})
[S$(S•(X /R)/R′))]t$,

where, writing $ = (mπ)π∈N(I)\{0}, and denoting by π[i] the number of times i occurs
in π, t$ is by definition

∏
π∈N(I)\{0}

(tπ)mπ =
∏

π∈N(I)\{0}

(∏
i∈I
t
π[i]
i

)mπ
=
∏
i∈I
t

∑
π∈N(I)\{0}mππ[i]

i = tµ($).

In particular, t$ and t$′ are equal if and only if, in the notations of definition 3.2.4.1,
µ($) = µ($′). Thus, the above product can be rewritten in the form

∏
v∈R/R′

1 +
∑

π∈N(I)\{0}
(Sπ(X /R))vtπ


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= 1 +
∑

π∈N(I)\{0}

 ∑
$∈µ−1(π)

[S$(S•(X /R)/R′)]
 tπ.

We may therefore conclude, using proposition 3.2.4.3 that the double product

∏
v∈R/R′

 ∏
u∈X/R

(
1 +

∑
i∈I

Xi,uti

)
v

makes sense and satisfies
∏

v∈R/R′

 ∏
u∈X/R

(
1 +

∑
i∈I

Xi,uti

)
v

=
∏

u∈X/R′

(
1 +

∑
i∈I

Xi,uti

)
. (3.16)

By proposition 3.6.2.1 this remains true with KVar replaced by KExpVar if X is a
family of varieties with exponentials. We may also pass to the respective localisations
M and E xpM .

6. (Compatibility with finite products) In the setting of 5, assume that X is the disjoint
union of two copies of R, written respectively Y and Z. For all i ∈ I, we will write
Yi (resp. Zi) for the restriction of Xi to Y (resp. to Z). Using (3.15), we get that

∏
u∈X/R

(
1 +

∑
i∈I

Xi,uti

)
=
(

1 +
∑
i∈I

Yiti

)(
1 +

∑
i∈I

Ziti

)
.

Taking the product over R relatively to R′, we get
∏

v∈R/R′

(
1 +

∑
i∈I

Yi,vti

)(
1 +

∑
i∈I

Zi,vti

)

On the other hand, by (3.14), we have
∏

v∈X/R′

(
1 +

∑
i∈I

Xi,vti

)
=

∏
v∈Y/R′

(
1 +

∑
i∈I

Yi,vti

) ∏
v∈Z/R′

(
1 +

∑
i∈I

Zi,vti

)
.

Using (3.16), we finally get
∏

v∈R/R′

(
1 +

∑
i∈I

Yi,vti

)(
1 +

∑
i∈I

Zi,vti

)

=
∏

v∈R/R′

(
1 +

∑
i∈I

Yi,vti

) ∏
v∈R/R′

(
1 +

∑
i∈I

Zi,vti

)
. (3.17)

Remark 3.8.0.1. Let us now try to get a grip on what each factor of such an infinite
product actually represents. For simplicity, we will consider R = Spec k. If X = Spec k,
then according to (3.13),

∏
u∈Spec k

(
1 +

∑
i∈I

Xi,uti

)
= 1 +

∑
i∈I

Xit
i ∈ KVark[[t]].
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In this case the left-hand side has “only one factor”, and identifying coefficients on both
sides suggests that we can think of those objects Xi,u as being the classes in KVark of the
fibres of the Xi above the single closed point u ∈ X.

Now let X be the disjoint union of a copy Y of Spec k (with a single closed point y)
and of its open complement U , and let Y and U be the respective restrictions of X to Y
and U . Then using what we just remarked together with (3.14),

∏
x∈X

(
1 +

∑
i∈I

Xi,xti

)
=

∏
y∈Y

(
1 +

∑
i∈I

Yi,yti

) ∏
u∈U

(
1 +

∑
i∈I

Ui,uti

)

=
(

1 +
∑
i∈I

Yiti

) ∏
u∈U

(
1 +

∑
i∈I

Ui,uti

)

This means that adding a closed point Spec k to the variety consists exactly in adding a
factor with coefficient of ti representing the class in KVark(y) of the fibre Yi = Xi,y above
the added point y.

Example 3.8.0.2. 1. Kapranov’s zeta function is obtained when taking I = N∗, Xi =
X and specialising ti to ti for some single indeterminate t, for all i. Thus, for all closed
points v ∈ X, the class of Xi,v in KVar+

k(v) is 1 and the Euler product decomposition
of Kapranov’s zeta function can be written as

∏
v∈X

∑
i≥0

ti

 = 1 +
∑
n≥1

[SnX]tn,

or even ∏
v∈X

(1− t)−1 = 1 +
∑
n≥1

[SnX]tn,

2. For I = N∗, put X1 = X and Xi = ∅ for all i ≥ 2. Then the class of Xi,v in KVar+
k(v)

is 1 if i = 1 and 0 otherwise. Thus, writing t1 = t, we get the following Euler product
decomposition for the generating function of zero-cycles without repetitions:

∏
v∈X

(1 + t) = 1 +
∑
n≥1

[Sn∗X]tn.

Example 3.8.0.3. Let X be a variety over R and n ≥ 1 an integer. As an application of
double products, let us compute the Kapranov zeta function of a Pn-bundle Y over X in
terms of ZX . By definition,

ZY =
∏
y∈Y

1
1− t .

95



Using (3.16), we have

ZY =
∏
x∈X

 ∏
y∈Y/X

1
1− t


x

=
∏
x∈X

∏
y∈Pn

1
1− t

=
∏
x∈X

1
1− t

1
1− Lt

. . .
1

1− Lnt

where the last line comes from the exact expression of ZPn(t). Using compatibility with
finite products, we finally get

ZY =
n∏
i=0

∏
x∈X

1
1− Lit

= ZX(t)ZX(Lt) . . . ZX(Lnt).

Note that this result can be obtained without the Euler product, by cutting the projec-
tive bundle into affine bundles and applying propositions 3.4.0.1 and 3.3.3.1 (see [LL],
Corollary 3.6).

3.9 Allowing other constant terms
Until now, for simplicity we have only worked with series having constant terms equal

to 1. Though for obvious reasons of convergence we cannot abandon this hypothesis com-
pletely, it is still possible to make sense of Euler products where a finite number of factors
have arbitrary constant terms, by generalising our symmetric products a bit further. Let
us motivate the construction first. In the simplest setting, we want to make sense of Euler
products ∏

x∈X
(X0,x +X1,xt+X2,xt

2 + . . .)

where X is a variety over an algebraically closed field k and (Xi)i≥0 is a family of varieties
over X, such that X0,x = 1 for almost all closed points x ∈ X. In other words, our product
looks like ∏

x∈U
(1 +X1,xt+X2,xt

2 + . . .)
∏
x∈F

(X0,x +X1,xt+X2,xt
2 + . . .)

for a finite set of closed points F ⊂ X with open complement U . When one expands this
product naively, one sees that the contribution for a zero-cycle D ∈ SnX(k) depends on
the intersection of the support |D| of D with the set F . Let us assume for simplicity that
F = {x0} is a singleton. Then the expansion of this product may formally be written

∑
n≥0


∑

D=
∑

nxx∈SnX(k)
x0∈|D|

∏
x∈X

Xnx,x +
∑

D=
∑

nxx∈SnU(k)
X0,x0

∏
x∈U

Xnx,x

 tn
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In other words, the fibre X0,x0 appears whenever the zero-cycle with respect to which we
expand does not contain x0 in its support, forcing us to choose the term of degree zero in
the factor corresponding to x0. Thus, denoting by X the family (Xi)i≥1, the coefficient of
degree n in this power series should be the class of the constructible set given by the product
X0,x × SnX|SnU above the open subset SnU , and by SnX|SnX\SnU above its complement.

This construction generalises for general F : we cut SnX up into locally closed subsets
(SnX)E for all subsets E ⊂ F such that (SnX)E corresponds to zero-cycles D such that
|D| ∩ F = E, and modify the symmetric product SnX above each (SnX)E accordingly,
multiplying it by the product of the fibres X0,x for all x in F \ E.

3.9.1 Another generalisation of symmetric products
Throughout this section, let A ∈ {KVar,M ,KExpVar,E xpM }. Let I0 be an additive

monoid, and I = I0 \{0}. Let X be a variety over a perfect field k and V an open set of X
such that its complement F is a finite set of closed points. Let X = (Xi)i∈I0 be a family
of varieties over X (resp. of classes in the ring AX), such that X0 ×X V ' V (resp. the
image of X0 in AV is the class 1 = [V id−→ V ]). Thus, as a motivic function, X0 is constant
equal to 1 on the set V . In this section we are going to define a slight modification of
the notion of symmetric product which takes into account X0, or more precisely, the finite
number of fibres X0,v for v ∈ F . This will allow us to consider a finite number of constant
terms other than 1 in our Euler products.

Recall that for any π = (ni)i∈I ∈ N(I), SπX parametrises collections D = (Di)i∈I of
effective zero-cycles on X, with disjoint supports, such that degDi = ni. We denote by
|D| = ∪i∈I |Di| the union of the supports of the Di. For any subset E ⊆ F denote by
(SπX)E the constructible subset of SπX parametrising families D of effective zero-cycles
such that |D| ∩ F = E. Also, denote by X̃ the family (Xi)i∈I (that is, X with X0

removed), and by
(
SπX̃

)E
the restriction of SπX̃ to (SπX)E (resp. the image of SπX̃

in A(SπX)E).

Definition 3.9.1.1. 1. The symmetric product SπX of the family of varieties X =
(Xi)i∈I0 is defined as the constructible set over SπX with restriction to (SπX)E given
by

SπX|(SπX)E =
(
SπX̃

)E
×

∏
v∈F\E

X0,v.

2. Denote by iE the immersion (SπX)E → SπX. The symmetric product SπX of the
family of classes X = (Xi)i∈I0 in AX is defined as the element of ASπX given by

SπX =
∑
E⊆F

(iE)!

((
SπX̃

)E) ∏
v∈F\E

X0,v.

Note that since X0,v is trivial (that is, a point) for every v ∈ V , it makes sense to write∏
v∈F\E

X0,v =
∏
v 6∈E

X0,v.
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Notation 3.9.1.2. We denote by (SπX )E the pullback of SπX along iE, given by(
SπX̃

)E ∏
v 6∈E

X0,v.

By definition, the partition
{

(SπX)E, E ⊆ F
}

of SπX into constructible subsets is
such that for each E ⊆ F , the restriction SπX ×SπX (SπX)E is a trivial fibration above
SπX̃ ×SπX (SπX)E with fibre ∏v 6∈E X0,v.

Remark 3.9.1.3. It is clear from the definition of symmetric products of families of classes
in AX that both parts of the definition are compatible, that is, the class in ASπX of the
constructible set SπX from part 1 will be the element constructed in part 2 with the
classes of the varieties Xi in AX .
Remark 3.9.1.4. Definition 3.9.1.1 does not depend on the choice of the set F . Choosing a
bigger set F ′ only amounts to refining the partition

{
(SπX)E, E ⊆ F ′

}
. Indeed, assume

F ′ = F ∪ {v0}. Then for all E ⊂ F ,

{D, |D| ∩ F = E} = {D, |D| ∩ F ′ = E} ∪ {D, |D| ∩ F ′ = E ∪ {v0}} ,

and X0,v0 = 1, so that ∏v∈F ′\E X0,v = ∏
v∈F\E X0,v.

Remark 3.9.1.5. Assume that F = ∅, that is, X0 = X (resp. X0 = 1 ∈ AX). Then we
get SπX = SπX̃ , so our definition is an extension of the previous definition of symmetric
products.
Remark 3.9.1.6. For E = ∅, (SπX)E is an open subset of SπX. Thus, the constructible
set SπX is birationally equivalent to SπX̃ ×∏v∈F X0,v.

Example 3.9.1.7. Take π = 0 ∈ N(I). Then the only non-empty piece of SπX is the one
corresponding to E = ∅, and therefore

S0X =
∏
v∈X

X0,v.

The fibre of SπX̃ above a family of effective zero-cycles D = (Di)i∈I ∈ SπX is given
by ∏

i∈I

∏
v∈|Di|

Xi,v.

By definition, replacing X̃ by X consists in replacing this fibre by its product with∏
v∈F\|D|X0,v = ∏

v 6∈|D|X0,v. Thus, the fibre of SπX above D can be written ∏
v 6∈|D|

X0,v

∏
i∈I

∏
v∈|Di|

Xi,v

 ,
which is indeed a finite product since ∪i|Di| is a finite set, and and only a finite number
of fibres X0,v are non-trivial.
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3.9.2 Application to Euler products
Definition 3.9.2.1. Let X be a variety over a perfect field k and V an open subset of X
such that its complement F is a finite set of closed points. Let X = (Xi)i∈I0 be a family
of classes in AX such that X0 maps to 1 in AV . We define the zeta-function

ZX (t) :=
∑

π∈N(I)

[SπX ]tπ ∈ Ak[[t]],

where SπX is understood to be the generalised symmetric product from the previous
paragraph, as well as the Euler product notation for ZX :

∏
v∈X

∑
i∈I0

Xi,vti

 := ZX (t).

Lemma 3.9.2.2. Let X, V,X be like in Definition 3.9.2.1. Let Y be a closed subscheme
of X and U its open complement. Define U = (Ui)i∈I0 and Y = (Yi)i∈I0 to be the families
of elements of AU (resp. AY ) obtained by restriction from X . For every π ∈ N(I) we have
the equality

SπX =
∑
π′≤π

Sπ
′
U � Sπ−π

′
Y

in ASπX , where each term on the right-hand side is considered as an element of ASπX via
the immersion Sπ′U × Sπ−π′Y → SπX. In particular, we have the equality

ZX (t) = ZU (t)ZY (t)

in Ak[[t]].

Proof. Let E be a subset of F . Write EU (resp. EY , FU , FY ) for the intersection E ∩ U
(resp. E ∩ Y, F ∩ U, F ∩ Y ). Define the families U = (Ui)i∈I0 , Ũ = (Ui)i∈I , Y = (Yi)i∈I0 ,
Ỹ = (Yi)i∈I . Applying corollary 3.5.2.5 and pulling back along iE : (SπX)E → SπX, we
get (

SπX̃
)E

=
∑
π′≤π

(
Sπ
′
Ũ
)EU

�
(
Sπ−π

′
Ỹ
)EY

in A(SπX)E . Therefore, writing∏
v∈F\E

X0,v =
∏

v∈FU\EU

U0,v
∏

v∈FY \EY

Y0,v,

we get that

(SπX )E =
∑
π′≤π

(Sπ′Ũ )EU
∏

v∈FU\EU

U0,v

�

(Sπ−π′Ỹ )EY
∏

v∈FY \EY

Y0,v


=

∑
π′≤π

(
Sπ
′
U
)EU × (Sπ−π′Y )EY
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in ASπX . On the other hand, denoting by iEU (resp. iEY ) the immersion (Sπ′U)EU → Sπ
′
U

(resp. (Sπ−π′Y )EY → Sπ−π
′
Y :

Sπ
′
U � Sπ−π

′
Y =

 ∑
EU⊂FU

(iEU )!
(
(Sπ′U )EU

)�

 ∑
EY ⊂FY

(iEY )!(Sπ−π
′
Y )EY


=

∑
E⊂F

(iEU � iEY )!

((
Sπ
′
U
)EU

�
(
Sπ−π

′
Y
)EY )

in ASπ′U×Sπ−π′Y . We may conclude by commutativity of the diagram

(Sπ′U)EU × (Sπ−π′Y )EY

��

iEU�iEY// Sπ
′
U × Sπ−π′Y

��
(SπX)E iE // SπX

where the vertical arrow on the right is the immersion from the statement of the lemma,
and the vertical arrow on the left is the immersion it induces above (SπX)E.

This lemma immediately implies that the associativity property from Section 3.8 ex-
tends to this Euler product with constant terms.
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Chapter 4

Mixed Hodge modules and
convergence of Euler products

The aim of this chapter is to introduce a topology on the Grothendieck ring of varieties
which is suitable for getting the expected convergence results in chapter 6. This topology
will be defined using the theory of mixed Hodge modules of Morihiko Saito. For any
complex variety X there is a morphism

χHdg
X : M µ̂

X → K0(MHMmon
X ),

called the Hodge realisation, between the localised Grothendieck group of varieties over X
with µ̂-action, and the Grothendieck group associated to the category MHMmon

X of mixed
Hodge modules on X with monodromy action. This morphism becomes a ring morphism
when M µ̂

X is endowed with the convolution product ∗, and K0(MHMmon
X ) with its Hodge-

theoretic version. The notion of weight of a Hodge module defines an increasing sequence
of subgroups (W≤nK0(MHMmon

X ))n∈Z of K0(MHMmon
X ) which gives a filtration on the ring

K0(MHMmon
X ). We define the weight function wX : K0(MHMmon

X )→ Z, by

wX(a) = inf{n ∈ Z, a ∈ W≤nK0(MHMmon
X )}.

We show it behaves well with respect to some natural operations in the derived category
of mixed Hodge modules, like pushforwards, pullbacks, exterior products, but also with
respect to a notion of symmetric product of mixed Hodge modules due to Maxim, Saito and
Schürmann: for any element M of the bounded derived category Db(MHMmon

X ), denoting
by SnM its n-th symmetric product for any integer n ≥ 1, which is naturally an element
Db(MHMmon

SnX), we show that

wSnX(SnM) ≤ nwX(M). (4.1)

Composing wX with χHdg
X gives also a weight function on M µ̂

X . Finally, composing the
latter with the total vanishing cycles measure

ΦX : E xpMX →M µ̂
X
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gives us a weight function on the ring E xpMX . Using this, we may define a notion of
convergence for power series with coefficients in this ring. Our aim is to formulate a result
which, given a sufficiently convergent series 1 + ∑

i≥1Xit
i ∈ E xpMX [[t]], predicts the

convergence of its Euler product∏
x∈X

(
1 +X1,xt+X2,xt

2 + . . .
)
.

Thus we need to be able to bound the weights of the symmetric products of the family
X = (Xi)i≥1 in terms of the weights of the elements of the family. In other words, we
need to relate the weights of the elements

χHdg
SnX ◦ ΦSnX(Sn(X )) ∈ K0(MHMmon

SnX)

for all i ≥ 1 to the weights of the elements

χHdg
X ◦ ΦX(Xi)

for al i ≥ 1. Our strategy consists in introducing a version of the total vanishing cycles
measure for mixed Hodge modules, that is, a morphism

ΦHdg
X : K0(MHMA1

X
)→ K0(MHMmon

X )

fitting into a commutative diagram

MA1
X

Φ′X //

χHdg
A1
X

��

M µ̂
X

χHdg
X

��
K0(MHMA1

X
)

ΦHdg
X // K0(MHMmon

X )

(here we replaced ΦX with its composition Φ′X with the quotient morphism MA1
X
→

E xpMX). More precisely, we define a functor

ϕtot
X : MHMA1

X
→ MHMmon

X

and take ΦHdg
X to be the morphism it induces on Grothendieck groups. Again, it is impor-

tant to show that this morphism is a ring morphism when the Grothendieck groups are
endowed with appropriate products. Having done this, in the above problem, the compo-
sition χ◦Φ may be replaced with ΦHdg ◦χ, which is easier to deal with because most of the
work can be done in categories of mixed Hodge modules, which are better behaved than
categories of varieties (for example, they are abelian).

Via the Hodge realisation, symmetric powers in the Grothendieck ring of varieties
correspond to Maxim, Saito and Schürmann’s symmetric powers of mixed Hodge modules,
that is, for any complex variety Z and any a ∈MZ , we have

Sn(χHdg
Z (a)) = χHdg

SnZ(Sna).
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Using a Thom-Sebastiani theorem for Hodge modules due to Saito, we show that the
functor ϕtot

X is, in a certain sense, compatible with these symmetric powers. Combining
these two compatibilities with estimates of the form (4.1) enables us to conclude.

We now describe the structure of this chapter. The first three sections are purely
Hodge-theoretic. We will start by recalling some definitions and useful facts about mixed
Hodge modules, with or without monodromy, in section 4.1. In section 4.2 we define
the total vanishing cycles functor between categories of mixed Hodge modules and prove
the Thom-Sebastiani property. We recall the definition of symmetric products of Hodge
modules in section 4.3, explain that it extends without trouble to Hodge modules with
monodromy and describe the behaviour of the total vanishing cycles functor with respect
to these symmetric products.

In section 4.4, we go on to relate all this to the framework of chapter 2, introducing the
Hodge realisation and showing compatibilities of the motivic and Hodge-theoretic objects.
Then we finally arrive to the definition of the weight filtrations, first on Grothendieck rings
of Hodge modules in section 4.5, then on Grothendieck rings of varieties in section 4.6.
In section 4.7, we conclude the chapter by stating and proving a convergence lemma for
motivic Euler products of power series with coefficients in a Grothendieck ring of varieties
with exponentials which will be used in chapter 6. We also include a result showing how, for
a power series Z(T ) = ∑

n≥0[Mn]T n ∈ KVar+
C[[T ]] (that is, having effective coefficients) for

which we know the exact order of the first pole and which has a meromorphic continuation
beyond this pole, one may recover information about the growth of the dimensions and
number of irreducible components of the coefficients Mn.

4.1 Mixed Hodge modules
We are going to use freely the language of mixed Hodge modules introduced by Saito

and are going to fix some notations and recall some facts to this end in this section.
References are the original works [S88] and [S90], the summary [S89] by Saito himself,
the axiomatic introduction by Peters and Steenbrink in [PS] section 14.1.1, and Beilinson,
Bernstein and Deligne’s paper [BBD] for definitions and properties of perverse sheaves. If
S is a variety over C, we denote by MHMS the abelian category of mixed Hodge modules
on S, by D(MHMS) its derived category and by Db(MHMS) its bounded derived category.
For any integer a, we also denote by D≤a(MHMS) the full subcategory of D(MHMS) of
complexes only having cohomology in degree ≤ a. We use square brackets to denote the
shifting of complexes: for any complex M of mixed Hodge modules, for every n ∈ Z and
any i ∈ Z, (M [n])i = M i+n.

4.1.1 The rat functor
For any variety S over C, there is an exact and faithful functor

ratS : MHMS → PervS
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to the abelian category of perverse sheaves on S, extending to a functor

ratS : Db(MHMS)→ Db
cs(S)

where the category on the right is the full subcategory of cohomologically constructible
complexes inside the bounded derived category of sheaves of Q-vector spaces on S. Saito
showed (Theorem 0.1 in [S90] or Theorem 1.3 in [S89]) that the usual operations �, ⊗,
as well as f∗, f ∗, f!, f

! for any morphism f of varieties over C lift to the corresponding
derived categories of mixed Hodge modules in a way compatible with the functor rat. In
particular, there are adjunctions (f ∗, f∗) and (f!, f

!). There is a morphism f! → f∗ which
is an isomorphism when f is proper.

4.1.2 Twists
In the case where S is a point, the category MHMpt is exactly the category of polarisable

mixed Hodge structures (see [S89], Theorem 1.4), and the functor rat becomes the forgetful
functor associating to a mixed Hodge structure its underlying Q-vector space. For any
integer d ∈ Z, we denote by QHdg

pt (d) ∈ MHMpt the Hodge structure of type (−d,−d) with
underlying vector space Q. For d = 0, it will be denoted simply by QHdg

pt . For any complex
variety S, tensoring with QHdg

pt (1) defines a Tate twist on Db(MHMS).
When f is smooth of relative dimension d, then

f ! ' f ∗[2d](d). (4.2)

4.1.3 Weight filtration
Each M ∈ MHMS has a finite increasing weight filtration W•M , the graded parts of

which will be denoted GrW• . For a bounded complex of mixed Hodge modules M•, we
say M• has weight ≤ n if GrWi Hj(M•) = 0 for all integers i and j such that i > j + n.

For varieties X and Y over C we say that a functor F : Db(MHMX) → Db(MHMY )
does not increase weights if for every n ∈ Z and every M• ∈ Db(MHMX) with weight ≤ n,
the complex F (M•) is also of weight ≤ n. In particular, for any morphism of complex
varieties f , the functors f! and f ∗ do not increase weights (see [S90], (4.5.2)).

4.1.4 Cohomological functors and cohomological amplitude
The usual truncation functor τ≤ on Db(MHMS) corresponds to the perverse truncation

pτ≤ on Db
cs(S), so that ratS ◦ H• = pH• ◦ ratS, where H• is the usual cohomology on

Db(MHMS) and pH• is the perverse cohomology on Db
cs(S).

Definition 4.1.4.1. Let T : D1 → D2 be an exact functor between triangulated categories
endowed with t-structures, and let a be an integer. The functor T is said to be of cohomo-
logical amplitude ≤ a if T (D≤0

1 ) ⊂ D≤a2 . Denoting by tH• the corresponding cohomological
functors, this means that for all i > a and all X ∈ D≤0

1 , tHi(T (X)) = 0.
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Lemma 4.1.4.2. For a morphism f : Y → X of varieties over C with fibres of dimension
≤ d, the functors

f! : Db(MHMY )→ Db(MHMX) and f ∗ : Db(MHMX)→ Db(MHMY )

are of cohomological amplitude ≤ d.

Proof. According to [BBD] 4.2.4, this is true for the corresponding functors

f! : Db
cs(Y )→ Db

cs(X) and f ∗ : Db
cs(X)→ Db

cs(Y )

with the perverse t-structure. Let M• ∈ D≤0(MHMY ). Then by compatibility of rat with
pushforwards and t-structures as explained above, we have, for every i ∈ Z

ratX(Hif!(M•)) = pHi(f!(ratY (M•)))

The right-hand side is zero for i > d by [BBD] 4.2.4. The functor rat being faithful, we
therefore have Hif!(M•) = 0 for i > d by lemma 4.1.4.3 below. The same argument holds
for f ∗.

Lemma 4.1.4.3. Let F : A → B be a faithful functor between additive categories. If
F (X) = 0 for some object X of A, then X = 0.

Proof. The assumption F (X) = 0 implies that F (idX) = 0 = F (0X) where 0X is the
constant zero map on X. By faithfulness we have idX = 0X , which means that X = 0.

4.1.5 The trace morphism for mixed Hodge modules
Though the theory of trace morphisms for Hodge modules is probably classical, we

include this paragraph for lack of an appropriate reference. We only treat the case of
smooth morphisms because it is sufficient for our purposes.
Notation 4.1.5.1. For any complex variety S, we denote by aS : S → Spec C its structural
morphism and by QHdg

S the complex of mixed Hodge modules a∗SQHdg
pt .

Remark 4.1.5.2. In the case where S is smooth and connected, the complex of mixed Hodge
modules QHdg

S is concentrated in degree dimS, and HdimSQHdg
S is pure of weight dimS,

given by the pure Hodge module associated to the constant (rank one) variation of Hodge
structures of weight 0 on S. When S is not smooth, by lemma 4.1.4.2 the complex QHdg

S is
still an object of D≤dimS(MHMS), of weight ≤ 0 because the functor a∗S does not increase
weights, so that GrWi HdimS(QHdg

S ) = 0 for i > dimS. On the other hand, by [S90], (4.5.9),
GrWdimSHdimS(QHdg

S ) is non-zero and simple, given by the intermediate extension of the
constant weight 0 variation of Hodge structures on an open subset of S.
Remark 4.1.5.3 (Duality and the trace morphism for Hodge modules). Let X be a smooth
variety of dimension d over C. Then according to (4.2), we have a!

XQHdg
pt ' QHdg

X (d)[2d],
and by [S90] (4.4.2), there is a morphism of complexes of mixed Hodge structures

(aX)!QHdg
X → QHdg

pt (−d)[−2d]
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lifting the corresponding morphism in the derived category of sheaves of Q-vector spaces
on X. The cohomology of the complex (aX)!QHdg

X is exactly the cohomology with compact
supports ofX, and the morphism (aX)!QHdg

X → QHdg
pt (−d)[−2d] induces the trace morphism

H2d
c (X,Q)→ Q(−d) on the top cohomology. The lift described above is compatible with

Deligne’s Hodge theory (see e.g. lemma 14.8, corollary 14.9 and remark 14.10 in [PS]), and
turns the trace morphism into a morphism of Hodge structures H2d

c (X,Q) → QHdg
pt (−d)

(which is an isomorphism when X is irreducible).
The following proposition generalises this over a base:

Proposition 4.1.5.4. Let S be a variety over C of dimension n and p : X → S a smooth
morphism with fibres of constant dimension d ≥ 0. Then there exists a morphism of
complexes of Hodge modules

f : p!QHdg
X → QHdg

S (−d)[−2d]

inducing a morphism of mixed Hodge modules

H2d+n(p!QHdg
X )→ H2d+n(QHdg

S (−d)[−2d])

which above every closed point s ∈ S corresponds to the classical trace morphism

H2d
c (Xs,Q)→ QHdg

pt (−d)

of mixed Hodge structures.

Proof. The counit p!p
! → id associated to the adjunction (p!, p

!) induces a morphism of
complexes of Hodge modules

p!p
!QHdg

S → QHdg
S .

Since p is smooth, we have p! = p∗(d)[2d], and this morphism induces a morphism

f : p!p
∗QHdg

S → QHdg
S (−d)[−2d].

Note that by lemma 4.1.4.2, both these complexes are objects of D≤2d+n(MHMS). More-
over, by proper base change ([S90] 4.4.3), above every closed point s ∈ S, this induces a
morphism of complexes of Hodge structures fs : (ps)!(ps)∗QHdg

pt → QHdg
pt (−d)[−2d], where

ps : Xs → C is the pullback of p by the inclusion is : s→ S, that is, ps = aXs using nota-
tion 4.1.5.1. This morphism induces the trace map on the top cohomology as explained in
remark 4.1.5.3.

Remark 4.1.5.5. Let p : X → S be as in the proposition, and assume moreover that X is
irreducible. Then the morphism of mixed Hodge modules

H2d+n(p!QHdg
X )→ H2d+n(QHdg

S (−d)[−2d])

given by the proposition induces an isomorphism

GrW2d+nH2d+n(p!QHdg
X ) ' GrW2d+nH2d+n(QHdg

S (−d)[−2d]).
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Indeed, denoting by K1 (resp. K2) the kernel (resp. cokernel) of the above morphism, we
have an exact sequence of mixed Hodge modules

0→ K1 → H2d+n(p!QHdg
X )→ H2d+n(QHdg

S (−d)[−2d])→ K2 → 0,
which above s ∈ S becomes

0→ K1,s → H2d
c (Xs,Q)→ QHdg

pt (−d)→ K2,s → 0. (4.3)
The trace morphism being always surjective, we may conclude that K2 = 0. Moreover, for
every s ∈ S, since X is irreducible, there is an open dense subset U of S such that for all
s ∈ S, Xs is irreducible, so that the trace morphism forXs is an isomorphism. In particular,
K1 is supported inside some closed subset of S contained in the complement of U . Denote
by S1 the support of the pure Hodge module GrW2d+nK1. If S1 is non-empty, there is an
open dense subset of S1 over which GrW2d+nK1 corresponds to a variation of pure Hodge
structures, which must be of weight 2d because of the exact sequence (4.3). This would
mean that the corresponding pure Hodge module is of weight dimS1 + 2d < dimS + 2d, a
contradiction.

4.1.6 Mixed Hodge modules with monodromy
A reference for this is Saito’s unpublished paper about the Thom-Sebastiani theorem

for mixed Hodge modules [S]. One can also consult the summary in section 2.9 of [BBDJS].
We denote by MHMmon

X the category of mixed Hodge modules M on a complex variety X
endowed with commuting actions of a finite order operator Ts : M → M and a locally
nilpotent operator N : M → M(−1). The category MHMX can be identified with a full
subcategory of MHMmon

X via the functor
MHMX → MHMmon

X

sending a mixed Hodge M to itself with Ts = id and N = 0. The Tate twist and the
cohomological pullback and pushforward operations still exist in this setting (see [BBDJS],
second paragraph of section 2.9). However, we need a more appropriate, twisted version
of the external tensor product. Saito gives two equivalent ways of defining it, one of them
being the following. Let Mi = (Di, F, Li,W ;Ts, N), i = 1, 2 be two mixed Hodge modules
with monodromy, with underlying DX−modulesDi, underlying perverse complexes Li with
isomorphisms DR(Di) ' Li ⊗ C given by the Riemann-Hilbert correspondence, Hodge
filtrations F , weight filtrations W and monodromy actions (Ts, N).

For each rational number α ∈ (−1, 0], let Dα
i = Ker(Ts−exp(−2iπα)) ⊂ Di. We define

M1
T

�M2 = (D,F, L,W ;Ts, N)
by D = D1 �D2, L = L1 � L2, Ts = Ts � Ts, N = N � id + id �N , the Hodge filtration
being given by

Fp(Dα
1 �Dβ

2 ) =


∑

i+j=p+1
FiD

α
1 � FjD

β
2 if α + β ≤ −1,∑

i+j=p
FiD

α
1 � FjD

β
2 if α + β > −1.
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and the weight filtration by

Wk(Dα
1 �Dβ

2 ) =



∑
i+j=k

WiD
α
1 �WjD

β
2 if αβ = 0,∑

i+j=k−1
WiD

α
1 �WjD

β
2 if αβ 6= 0, α + β 6= −1,∑

i+j=k−2
WiD

α
1 �WjD

β
2 if α + β = −1

(4.4)

for the underlying D-modules. The weight filtration on the complex (L1⊗C)� (L2⊗C) is
defined in the same manner, and gives a weight filtration on L1 � L2 via the action of the
Galois group of Q. We refer to [S] for the definition of the isomorphism DR(D1 �D2) '
(L1 ⊗C) � (L2 ⊗C).

Example 4.1.6.1. Consider the Hodge structure with monodromy H = (QHdg
pt ,−id, 0) ∈

MHMmon
C . Let us compute H

T

�H. The underlying Q-vector space is of dimension one.
Moreover, observe that H = H−

1
2 , so that by definition, we have W1(H

T

�H) = 0 and
W2(H

T

�H) = W0H �W0H. Thus, H
T

�H is pure of weight 2, with trivial monodromy,
that is, it is equal to the pure Hodge structure QHdg

pt (−1).

There is also a twisted tensor product on the derived category Db(MHMmon
X ), defined

for M1,M2 ∈ Db(MHMmon
X ) by

M1
T
⊗M2 := δ∗(M1

T

�M2)

where δ : X → X × X is the diagonal map. It is clear from the definition that these
twisted products

T

� ,
T
⊗ coincide with the usual products �,⊗ for Hodge modules with

trivial monodromy.
More generally, for any complex variety X and for varieties Y, Z above X, we have a

relative twisted exterior product
T

�X : Db(MHMmon
Y )×Db(MHMmon

Z )→ Db(MHMmon
Y×XZ)

given for M1 ∈ Db(MHMmon
Y ), M2 ∈ Db(MHMmon

Z ) by

M1
T

�XM2 = i∗(M1
T

�M2)

where i is the closed immersion Y ×X Z → Y ×C Z. We denote simply by �X the relative
exterior product it induced on mixed Hodge modules with trivial monodromy.

4.1.7 Grothendieck ring of mixed Hodge modules
A reference for this is [CNS], chapter 1 section 3.1, especially 3.1.4, 3.1.9 and 3.1.10.

The Grothendieck group K0(MHMS) associated to the abelian category MHMS is defined
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as the quotient of the free abelian group on isomorphism classes of mixed Hodge modules
by relations of the form [X] − [Y ] + [Z] for all objects X, Y, Z ∈ MHMS forming a short
exact sequence

0→ X → Y → Z → 0.
The full subcategory of MHMS of objects of pure weight, denoted by HMS, is semi-simple
(see [S88], Lemme 5). On the other hand, the natural group morphism

K0(HMS)→ K0(MHMS)

is an isomorphism, with inverse given by sending the class of a mixed Hodge module M
to the sum of the classes of its graded parts. Thus, K0(MHMS) may also be seen as the
quotient of the free abelian group on isomorphism classes of Hodge modules of pure weight
by relations of the form [X]− [Y ] + [Z] for all objects X, Y, Z ∈ HMS forming a split short
exact sequence

0→ X → Y → Z → 0.
On the other hand, the triangulated category Db(MHMS) has a Grothendieck group

Ktri
0 (Db(MHMS)), which is defined as the quotient of the free abelian group on isomorphism

classes of objects of Db(MHMS), by relations of the form [X]− [Y ] + [Z], for any objects
X, Y, Z of the category Db(MHMS) fitting into a distinguished triangle

X → Y → Z → X[1].

The ⊗ operation endows the ring Ktri
0 (Db(MHMS)) with a ring structure. There is a

natural group morphism

K0(MHMS)→ Ktri
0 (Db(MHMS))

sending the class of a mixed Hodge module M to the class of the complex defined by
this Hodge module placed in degree zero. This morphism is an isomorphism, with inverse
given by sending the class of any complex M• of mixed Hodge modules to the alternating
series of the classes of its cohomology groups ∑i∈Z(−1)i[Hi(M•)]. In what follows, we will
denote this group always by K0(MHMS), and consider it as a ring via the ring structure
on Ktri

0 (Db(MHMS)).
As for Grothendieck rings of varieties, a morphism f : T → S of complex varieties

induces a group morphism

f! : K0(MHMT )→ K0(MHMS)

and a ring morphism
f ∗ : K0(MHMS)→ K0(MHMT ).

In particular, for any complex variety S, K0(MHMS) is endowed with a K0(MHMpt)-
algebra structure.

One may also consider Grothendieck rings of mixed Hodge modules with monodromy
K0(MHMmon

S ), defined in the same manner, the product being induced by
T
⊗ . We denote

this product by ∗.

109



4.2 Vanishing cycles and mixed Hodge modules

4.2.1 The classical theory of vanishing cycles
Here we recall briefly how nearby and vanishing cycles are defined in the classical

transcendental setting. The main reference for this is Deligne’s article [Del73] in SGA 7.
For a summary with a view towards mixed Hodge modules, see section 8 of Schnell’s notes
[Schn]. Let X be a complex manifold, D ⊂ C the open unit disc, and f : X → D a
holomorphic function. We denote by D∗ = D \ {0} the punctured unit disc and by D̃∗
its universal covering space, which may be viewed as the complex upper half plane via the
covering map

p : D̃∗ = {z ∈ C, Im(z) > 0} → D∗

z 7→ exp(2iπz) .

We denote by X∗ (resp X0) the inverse image f−1(D∗) (resp. f−1(0)), and by X̃∗ the
complex manifold making the rightmost square in the following diagram cartesian:

X0

f

��

� � i // X

f

��

X∗? _
joo

f

��

X̃∗
poo

��

{0} � � // D D∗? _oo D̃∗
poo

The nearby cycle functor
ψf : Db

c(X)→ Db
c(X0)

is defined in the following way: for F• ∈ Db
c(X) a bounded constructible complex of sheaves

on X, we put
ψfF• = i−1R(j ◦ p)∗ (j ◦ p)−1F•.

The deck transformation z 7→ z + 1 on D̃∗ induces an automorphism of ψfF• called the
monodromy. The adjunction morphism

F• → R(j ◦ p)∗ (j ◦ p)−1F•

gives, after applying the functor i−1, a morphism

i−1F• → ψfF•.

The vanishing cycles complex ϕfF• of F• at 0 is defined as the cone of this morphism, so
that there is a distinguished triangle

i−1F• → ψfF• → ϕfF• → i−1F•[1].

The functors ψf and ϕf take distinguished triangles to distinguished triangles, and com-
mute with shifting of complexes.

A theorem of Gabber (see [Bry], Théorème 1.2) says that if F• is a perverse complex,
then both pψfF• := ψfF•[−1] and pϕfF• := ϕfF•[−1] are perverse.
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Lemma 4.2.1.1. Let X be a complex algebraic variety, f : X → A1
C a morphism and

F• ∈ Db
c(X). Then ϕf−aF• = 0 for all but a finite number of a ∈ C.

Proof. The case when F• is a constructible sheaf in degree zero follows from theorem 2.13
in [Del77]. Indeed, though the latter is formulated in an `-adic setting, the proof is formal
and goes over to the complex setting. Another argument may be given using local triviality
results (see e.g. Corollaire 5.1 in [Verdier]).

Since vanishing cycles commute with shifting of complexes, we may then proceed by
induction on the amplitude of the complex F•: there are complexes G• and G ′• of strictly
smaller amplitude fitting into a distinguished triangle

G• → F• → G ′• → G•[1].

Applying the functor ϕf−a and using the induction hypothesis, we get, for all a but a finite
number, ϕf−aF• = 0

Remark 4.2.1.2. There are several conventions and notations concerning nearby and van-
ishing cycles, which may seem quite confusing. In this section we use the most common
one, coming from SGA, which is also the one used by Saito. Another convention is the
one by Kashiwara and Shapira from [KS]. It has the same definition ψKSf = ψf for nearby
cycles, but vanishing cycles are shifted by one:

ϕKSf := ϕf [−1],

so that in Kashiwara and Shapira’s theory, the above distinguished triangle is shifted and
takes the form

ϕKSf F• → i−1F• → ψKSf → ϕKSf F•[1]. (4.5)

This latter convention is used, e.g., in David Massey’s paper [Mas] on the Thom-Sebastiani
theorem in the derived category of constructible sheaves, because the shift chosen by Kashi-
wara and Shapira is the one that makes the theorem of Thom-Sebastiani work. For this
reason, it is in fact also the convention used in the motivic setting of chapter 2: the dis-
tinguished triangle (4.5) induces, in the triangulated Grothendieck ring of the category
Db
c(X0), the identity

[ϕKSf F•] = [i−1F•]− [ψKSf F•],

which corresponds to the way we defined motivic vanishing cycles in section 2.2.5 of chap-
ter 2. This definition, which we took from Lunts and Schnürer’s work [LS16b] is the one
which, simultaneously, enables us to define a group morphism using total motivic vanishing
cycles and makes the motivic Thom-Sebastiani theorem work, so that this group morphism
is actually a ring morphism, our motivic vanishing cycles measure. Denef and Loeser’s mo-
tivic vanishing cycles S ϕ

f which are equal to (−1)dimX times our motivic vanishing cycles,
satisfy Thom Sebastiani (each side of the Thom-Sebastiani equality being multiplied by
the same power of −1), but can’t be combined into a group morphism because of obvious
sign issues.
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4.2.2 Nearby and vanishing cycles for Hodge modules
For a morphism f : X → A1 on a complex variety X, denoting X0(f) = f−1(0), there

are nearby and vanishing cycles functors

ψHdg
f , ϕHdg

f : MHMX → MHMmon
X0(f)

lifting the corresponding functors pψf and pϕf on perverse sheaves. The monodromy
operator is quasi-unipotent, so that its semisimple part is of finite order. The action of Ts
is given by this semisimple part, whereas the action of N is given by the logarithm of the
unipotent part of the monodromy. For any mixed Hodge module M ∈ MHMX , there are
decompositions

ψHdg
f (M) = ψHdg

f,1 (M)⊕ ψHdg
f, 6=1(M)

and
ϕHdg
f (M) = ϕHdg

f,1 (M)⊕ ϕHdg
f, 6=1(M)

in the category MHMX0(f) where ψHdg
f,1 (M) = Ker(Ts − id) and ψHdg

f, 6=1(M) = Ker(T d−1
s +

. . .+ Ts + id) where d is the order of Ts (same definition for ϕf ).
The following compatibility result with proper morphisms is classical in the theory

of nearby and vanishing cycles, and, in the case of Hodge modules, follows from [S90]
Theorem 2.14.

Lemma 4.2.2.1. Let p : X → Y and f : Y → A1 be morphisms of complex varieties.
Assume that p is proper.

X
p //

f◦p   

Y

f
��

A1

Denoting by p̃ the restriction of p to (f ◦ p)−1(0), for any M ∈ MHMX there are isomor-
phisms

p̃∗(ψf◦p(M)) ' ψf (p∗(M))

and
p̃∗(ϕf◦p(M)) ' ϕf (p∗(M))

4.2.3 Total vanishing cycles
Let X be a complex variety, and denote by pr the projection A1

X → A1
C. By lemma

4.2.1.1 and faithfulness of the functor rat, there is a well-defined total vanishing cycles
functor :

ϕtot
X : MHMA1

X
→ MHMmon

X

M 7→ ⊕
a∈C ϕ

Hdg
pr−aM

It satisfies a Thom-Sebastiani property:
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Proposition 4.2.3.1. For all M1,M2 ∈ Db(MHMA1
X

), denoting by add the addition mor-
phism A1

X ×A1
X → A1

X2, one has the isomorphism

ϕtot
X2 ((add!)(M1 �M2)) ' ϕtot

X (M1)
T

�ϕtot
X (M2)

in Db(MHMmon
X2 ).

Proof. Saito’s Thom-Sebastiani theorem for Hodge modules (see [S]) gives, for any a1, a2 ∈
C, an isomorphism

i∗a1,a2ϕ
Hdg
pr⊕pr−a1−a2(M1 �M2) ' ϕHdg

pr−a1M1
T

�ϕHdg
pr−a2M2,

in Db(MHMmon
pr−1(a1)×pr−1(a2)), where

ia1,a2 : pr−1(a1)× pr−1(a2)→ (pr⊕ pr)−1(a1 + a2)

is the natural inclusion. For any a ∈ C, the products pr−1(a1)×pr−1(a2) for all a1, a2 such
that a1 + a2 = a form a partition of (pr⊕ pr)−1(a). Therefore, taking the direct sum over
all a1, a2, we get an isomorphism

⊕
a∈C

ϕHdg
pr⊕pr−a(M1 �M2) ' ϕtot

X (M1)
T

�ϕtot
X (M2)

in Db(MHMmon
X2 ). As in the motivic setting, a compactification argument allows us to write

the left-hand side as⊕
a∈C

ϕHdg
pr⊕pr−a(M1 �M2) '

⊕
a∈C

ϕHdg
pr−a((add)!(M1 �M2)),

whence the result.

4.3 Symmetric products and vanishing cycles

4.3.1 Symmetric products of mixed Hodge modules
From now on, we are going to take symmetric products, so we assume the varieties to

be quasi-projective over C. A notion of symmetric power of a complex of mixed Hodge
modules was defined by Maxim, Saito and Schürmann in [MSS]. Here we are going to
explain how it extends to the setting of mixed Hodge modules with monodromy.

Theorem 1.9 in [MSS] gives, for an integer n ≥ 1, bounded complexes of Hodge modules
M1, . . . ,Mn on a quasi-projective complex variety X and for all σ ∈ Sn, an isomorphism

σ] : M1 � . . .�Mn
∼−→ σ∗

(
Mσ(1) � . . .�Mσ(n)

)
in Db(MHMXn) compatible with the analogous isomorphism on the underlying complexes
of constructible sheaves. These isomorphisms in fact induce a right action of Sn on the
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exterior product M1 � . . .�Mn. When X is smooth, these isomorphisms are constructed
from analogous isomorphisms on the underlying complexes of D-modules and constructible
sheaves, which are checked to be compatible via the De Rham functor (proposition 1.5 in
[MSS]). The general non-smooth case is deduced from this by an embedding argument.

Note that the above generalises to complexes of mixed Hodge modules with monodromy,
if we replace the ordinary exterior product � by its twisted counterpart

T

� . Indeed, the
underlying complexes of D-modules and constructible sheaves and the De Rham functor
relating them remain the same, and the monodromy is compatible with the above action.

Let now M be a bounded complex of mixed Hodge modules with monodromy over a
quasi-projective complex variety X. Let n ≥ 1 be an integer, and denote by π : Xn → SnX
the canonical projection. The above construction leads to the definition of a right Sn-
action on the complex π∗(

T

�nM). Finally, as in [MSS], the idempotent e = 1
n!
∑
σ∈Sn σ ∈

Q[Sn] defines an idempotent of π∗(
T

�nM) in the category Db(MHMmon
SnX), which splits by

corollary 2.10 in [BS], meaning that we may write

π∗(
T

�nM) = Ker(e)⊕ Im(e).

For any bounded complex of mixed Hodge modules M with monodromy on a complex
variety X, the symmetric power Sn(M) is then defined to be

Sn(M) =
(
π∗

(
T

�nM

))Sn

:= Im(e) ∈ Db(MHMmon
SnX),

where π : Xn → SnX is the canonical projection.
Remark 4.3.1.1. In the case where M has trivial monodromy, we recover the definition
from [MSS]. In particular, in this case SnM is an element of Db(MHMSnX).

As in chapter 3, section 3.5.1, we may define a multiplicative group structure on the
product ∏i≥1K0(MHMmon

SiX), by using the twisted exterior product
T

� : for all a = (ai)i≥1
and b = (bi)i≥1 in the product ∏i≥1K0(MHMmon

SiX), put, for every n ≥ 1,

(ab)n =
n∑
k=0

ai � bn−i

where by convention a0 = b0 = 1, and ai
T

�bn−i is the image of (ai, bn−i) through the
composition

K0(MHMmon
SiX)×K0(MHMmon

Sn−iX)
T
�−→ K0(MHMmon

SiX×Sn−iX)→ K0(MHMmon
SnX)

where the latter morphism is obtained from the quotient map Xn → SnX by passing to
the quotient with respect to the natural permutation action of the group Si×Sn−i on Xn.
We denote this group by K0(MHMmon

S•X).
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Lemma 4.3.1.2. There is a unique group morphism

SHdg
X : K0(MHMmon

X )→ K0(MHMmon
S•X),

such that the image of the class of a complex of mixed Hodge modules M over X is the
family of classes ([SnM ])n≥1.

Proof. We define a map SHdg
X from the free abelian group on Hodge modules to the group

K0(MHMmon
S•X) by putting SHdg

X (M) = ([SnM ])n≥1. By the discussion about the defini-
tion of K0(MHMmon

X ), to show that SHdg
X passes to the quotient, it suffices to show that

whenever M,M0,M1 are Hodge modules such that M = M0 ⊕M1, we have SHdg
X (M) =

SHdg
X (M0)SHdg

X (M1). In fact, denoting for every k ∈ {0, . . . , n} by ik the natural morphism
Sn−kX × SkX → SnX, we will show that for every n ≥ 1, we have, in K0(MHMmon

SnX), the
equality

SnM =
n∑
k=0

ik,∗

(
Sn−kM0

T

�SkM1

)
.

For this, note that in Db(MHMmon
Xn ) we have the direct sum decomposition

T

�nM =
⊕

(ε1,...,εn)∈{0,1}n
Mε1

T

� . . .
T

�Mεn =
n⊕
k=0

⊕
(ε1,...,εn)∈{0,1}n
ε1+...+εn=k

Mε1

T

� . . .
T

�Mεn .

Let M(k) := ⊕(ε1,...,εn)∈{0,1}n
ε1+...+εn=k

Mε1

T

� . . .
T

�Mεn and let π : Xn → SnX be the quotient mor-

phism. After applying the exact functor π∗ to the above decomposition, we get

π∗

(
T

�nM

)
=

n⊕
k=0

π∗(M(k))

in Db(MHMmon
SnX). Observe that each of the factors π∗(M(k)) is stable under the action of

the symmetric group Sn, so that we have

π∗

(
T

�nM

)Sn

=
n⊕
k=0

(π∗M(k))Sn .

It suffices to prove that for every k, ik,∗
(
Sn−kM0

T

�SkM1

)
is isomorphic to (π∗M(k))Sn .

We denote again by e the restriction of the idempotent e to π∗M(k).
Fix k ∈ {0, . . . , n}, and denote by πk : Xk → SkX and πn−k : Xn−k → Sn−kX the

quotient maps. The corresponding idempotent on (πn−k)∗
T

�n−kM0 (resp. (πk)∗
T

�kM1) will
be denoted by e0 (resp. e1). By the commutativity of the diagram

Xn−k ×Xk id−→ Xn

↓ πn−k×πk ↓ π
Sn−kX × SkX ik−→ SnX
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and exactness of π∗, the inclusion of the direct factor (
T

�n−kM0)
T

�(
T

�kM1)→M(k) induces
a monomorphism

ik,∗

(
(πn−k)∗

(
T

�n−kM0

)
T

�(πk)∗
(

T

�kM1

))
f−→ π∗M(k).

The Sn−k×Sk-action on the left-hand side is compatible with the Sn-action on the right-
hand side, when Sn−k×Sk is seen in a natural way as a subgroup of Sn. Therefore, taking
invariants, we have a monomorphism

ik,∗

(
Sn−kM0

T

�SkM1

)
f̃−→ (π∗M(k))Sn ,

fitting into the commutative diagram

ik,∗

(
(πn−k)∗

(
T

�n−kM0

)
T

�(πk)∗
(

T

�kM1

))
f //

ik,∗(e0
T
� e1)

��

π∗M(k)

e

��
ik,∗

(
Sn−kM0

T

�SkM1

)
f̃ // (π∗M(k))Sn

Since e is surjective, f̃ is an isomorphism.

Definition 4.3.1.3. For any a ∈ K0(MHMmon
X ) and any n ≥ 1, we define Sna to be the

element of K0(MHMmon
SnX) given by the n-th component of SHdg(a).

Remark 4.3.1.4. If a is an element of K0(MHMX) (i.e. has trivial monodromy), then Sna
is an element of K0(MHMSnX).

4.3.2 Compatibility between symmetric products and total van-
ishing cycles

Denote by addn the addition map An → A1 on the group scheme An, and for any
quasi-projective variety Y , by πY the quotient map Y n → SnY . Since addn is invariant
via the permutation of the coordinates of A1, for any quasi-projective complex variety X,
it induces a morphism addn fitting into a commutative diagram

(A1
X)n addn //

πA1
X
��

A1
Xn

π′X
��

Sn(A1
X) addn //A1

SnX

where we denote by π′X the morphism A1
Xn → A1

SnX induced by πX : Xn → SnX.
Let M ∈ Db(MHMA1

X
). From 4.3.1 we know that there is a Sn-action on the mixed

Hodge module �nM on (A1
X)n, compatible with the permutation action of Sn on (A1

X)n.
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Since π′X ◦addn is equivariant if one equips A1
SnX with the trivial Sn-action, this Sn-action

induces a Sn-action on (π′X ◦ addn)! (�nM). The relation π′X ◦ addn = addn ◦ πA1
X
shows

that the functor (addn)! sending (πA1
X

)∗(�nM) to (π′X ◦ addn)!(�nM) is compatible with
Sn-actions, which, taking invariants, gives us the relation:

Lemma 4.3.2.1. Let M ∈ Db(MHMA1
X

). One has

(addn)!S
nM =

(
(π′X ◦ addn)!

(
�nM

))Sn (4.6)

in Db(MHMA1
SnX

).

Proposition 4.3.2.2. For any M ∈ Db(MHMA1
X

), we have

ϕtot
SnX

((
addn

)
!
SnM

)
= Sn

(
ϕtot
X (M)

)
in Db(MHMmon

SnX).

Proof. For all M1, . . .Mn ∈ Db(MHMA1
X

), the Thom-Sebastiani theorem for ϕtot says

ϕtot
Xn ((addn)! (M1 � . . .�Mn)) ' ϕtot

X (M1)
T

� . . .
T

�ϕtot
X (Mn)

in Db(MHMmon
Xn ). Composing with the functor (πX)∗ where πX : Xn → SnX is the projec-

tion, and using lemma 4.2.2.1, we have

ϕtot
SnX((π′X ◦ addn)!(M1 � . . .�Mn)) ' (πX)∗

(
ϕtot
X (M1)

T

� . . .
T

�ϕtot
X (Mn)

)
,

where π′X is the morphism A1
Xn → A1

SnX induced by πX . In the same manner, for every
σ ∈ Sn, we also have

ϕtot
SnX((π′X ◦ addn)!(Mσ−1(1) � . . .�Mσ−1(n) ))

' (πX)∗
(
ϕtot
X (Mσ−1(1))

T

� . . .
T

�ϕtot
X (Mσ−1(n))

)
,

Thus, for any M ∈ Db(MHMA1
X

), the idempotent 1
n!
∑
σ∈Sn σ ∈ Z[Sn] induces idempo-

tents e and e′ of
(π′X ◦ addn)!

(
�nM

)
∈ Db(MHMA1

Xn
)

and
(πX)∗

T

�n(ϕtot
X (M)) ∈ Db(MHMmon

Xn )
such that ϕtot

SnX(e) = e′. Therefore, splittings being preserved by any additive functor, we
have

ϕtot
SnX

((
(π′X ◦ addn)!�nM

)Sn) ' ( T

�n(ϕtot
X (M))

)Sn

,

which, using the isomorphism (4.6) above, gives the result.
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4.4 Compatibility with motivic vanishing cycles

4.4.1 The Hodge realisation
Let S be a complex variety, and let X p−→ S be an S-variety, endowed with a µn-

action σ for some n ≥ 1. Then σ(e 2iπ
n ) induces an automorphism Ts(σ) of finite order

on each cohomology group of the complex of mixed Hodge modules p!QHdg
X (see notation

4.1.5.1). Thus, as explained in [GLM] section 3.16, this defines a group morphism

χHdg
S : M µ̂

S → K0(MHMmon
S )

[X p−→ S, σ] 7→ ∑
i∈Z(−1)i[Hi(f!QHdg

X ), Ts(σ), 0]

called the Hodge realisation morphism. Here are some properties of this Hodge realisation
(for a proof, see the ideas in [GLM], section 6):

Proposition 4.4.1.1. Let S, T be complex varieties.
1. The morphism χHdg

S commutes with twisted exterior products, that is, for any a ∈
M µ̂

S , b ∈M µ̂
T , we have

χHdg
S×T (Ψ(a� b)) = χHdg

S (a)
T

�χHdg
T (b)

where Ψ : M µ̂×µ̂
S×T →M µ̂

S×T is the convolution morphism from chapter 2, section 2.2.1.
2. For any morphism f : T → S between complex varieties, we have

χHdg
S ◦ f! = f! ◦ χHdg

T and χHdg
T ◦ f ∗ = f ∗ ◦ χHdg

S .

3. The group morphism χHdg
S is a ring morphism

(M µ̂
S , ∗)→ (K0(MHMmon

S ), ∗).

Example 4.4.1.2. For S = Spec C, we have, for any separated complex variety X with
µn-action σ,

χHdg
pt ([X, σ]) =

dimX∑
i=0

(−1)i[H i
c(X(C),Q), Ts(σ)],

where [H i
c(X(C),Q), σ] is the class of the mixed Hodge structure defined by Deligne [Del]

on the singular cohomology group H i
c(X(C),Q), together with the automorphism of finite

order induced by σ(e 2iπ
n ).

Example 4.4.1.3. In section 2.4 of chapter 2, we showed that the motivic vanishing cycles
ϕx2 of the function A1 → A1, x 7→ x2 are equal to the class 1− [Ẽ, µ2] ∈M µ̂

C, where [Ẽ, µ2]
is the class of the union of two points with permutation action by µ2. The Hodge realisation
of [Ẽ, µ2] is the Hodge structure with monodromy(

(QHdg
pt )2,

(
0 1
1 0

))
,
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which may be decomposed as a direct sum

(QHdg
pt , id)⊕ (QHdg

pt ,−id).

Thus, the class 1 − [Ẽ, µ2] maps to the class of the Hodge structure with monodromy
H = (QHdg

pt ,−id, 0).
We may conclude that the equality

(1− [Ẽ, µ2]) ∗ (1− [Ẽ, µ2]) = L

from section 2.4 of chapter 2 becomes the equality

H
T

�H = QHdg
pt (−1)

in K0(MHMmon
pt ). It is consistent with example 4.1.6.1, where we actually proved the two

sides were isomorphic.

Remark 4.4.1.4. The above Hodge realisation induces the classical Hodge realisation χHdg
S :

MS → K0(MHMS) (see e.g. [CNS], Chapter 1, paragraph 3.3) on the corresponding rings
without monodromy. In what follows, we are also going to use this realisation.

4.4.2 Compatibility with symmetric products
Lemma 4.4.2.1. Let p : Y → X be a quasi-projective variety over X. Then χHdg

SnX(SnY ) =
Sn(χHdg

X Y ) in Db(MHMSnX).

Proof. The relation we want is

(Snp)!QHdg
SnY = Sn(p!QHdg

Y ),

which is exactly equation (1.11) in [CMSSY].

Lemma 4.4.2.2. The diagram

(MX ,+) S //

��

(∏
n≥1 MSnX , ·

)
��

(K0(MHMX),+)
SHdg
X //

(∏
n≥1K0(MHMSnX), ·

)
where the vertical arrows are given by the Hodge realisation morphisms, commutes.

Proof. We checked it is true for classes of quasi-projective varieties Y over X in lemma
4.4.2.1, and such classes generate KVarX . Moreover, note that for any M ∈ Db(MHMX),
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any n ≥ 1 and any k ∈ Z, we have Sn(M(k)) = (SnM)(nk) (recall that M(k) = M ⊗
QHdg

pt (k) ). Thus, for any a ∈ KVarX , any k ∈ Z and any n ≥ 1, we have

χHdg
SnX(Sn(L−ka)) = χHdg

SnX(L−knSna)
= (χHdg

SnX(Sna))(kn)
= Sn(χHdg

X (a)(k))
= Sn(χHdg

X (L−ka))

which shows that the diagram commutes also on the localisation.

4.4.3 Grothendieck rings of Hodge modules over the affine line
There are two naturalK0(MHMX)−algebra structures on the groupK0(MHMA1

X
). The

first one is given by the pullback morphism

(εX)∗ : K0(MHMX)→ K0(MHMA1
X

)

where εX : A1
X → X is the structural morphism.

Denote by ? the product induced by the addition morphism add : A2
X → A1

X :

? : K0(MHMA1
X

)×K0(MHMA1
X

) �X−−→ K0(MHMA2
X

) add!−−→ K0(MHMA1
X

)

(see the end of section 4.1.6 for the definition of�X in the context of mixed Hodge modules).
Moreover, we define iX : X → A1

X and i2X : X → A2
X to be the morphisms induced by the

inclusions {0} → A1
C and {(0, 0)} → A2

C, respectively.

Lemma 4.4.3.1. The functor (iX)! induces a ring morphism

(iX)! : K0(MHMX)→ (K0(MHMA1
X

), ?),

endowing the ring (K0(MHMA1
X

), ?) with a K0(MHMX)-algebra structure.

Proof. There is a commutative diagram

X
i2X //

iX

  

A2
X

add
��

A1
X

which gives us for M,M ′ ∈ Db(MHMX),

(iX)!(M) ? (iX)!(M ′) = (add)!((iX)!(M) �X (iX)!(M ′))
= (add)!(i2X)!(M ⊗X M ′)
= (iX)!(M ⊗X M ′)
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Lemma 4.4.3.2. The Hodge realisation χHdg
A1
X

is a morphism

χHdg
A1
X

: (MA1
X
, ?)→ (K0(MHMA1

X
), ?)

of MX-algebras.

Proof. Let a, b ∈ MA1
X
. Using the fact that the Hodge realisation commutes with push-

forwards, pullbacks and exterior products (proposition 4.4.1.1), we have

χHdg
A1
X

(a ? b) = χHdg
A1
X

(add!(a�X b))

= add!

(
χHdg

A2
X

(a�X b)
)

= add!

(
χHdg

A1
X

(a) �X χ
Hdg
A1
X

(b)
)

= χHdg
A1
X

(a) ? χHdg
A1
X

(b).

4.4.4 Compatibility with motivic vanishing cycles
In section 4.2.2 we defined a total vanishing cycle functor:

ϕtot
X : MHMA1

X
→ MHMtot

X .

It induces a group morphism

ΦHdg
X : K0(MHMA1

X
)→ K0(MHMmon

X )

between the corresponding Grothendieck rings.

Proposition 4.4.4.1. The morphism ΦHdg
X is a morphism of K0(MHMX)-algebras

ΦHdg
X : (K0(MHMA1

X
), ?)→ (K0(MHMmon

X ), ∗).

Proof. This is a direct consequence of the Thom-Sebastiani property for total vanishing
cycles, proposition 4.2.3.1 .

On the other hand, in chapter 2 we defined, for every variety X over a field k of
characteristic zero, the motivic vanishing cycles measure

ΦX : E xpMX → (M µ̂
X , ∗).

Here, to be able to compare it with ΦHdg
X , we are going to consider rather its composition

Φ′X : (MA1
X
, ?)→ (M µ̂

X , ∗)

121



with the quotient morphism
(MA1

X
, ?)→ E xpMX

(which is given, by definition, by sending to zero the elements [A1
Y → A1

X ] for all morphisms
Y → X, the morphism A1

Y → A1
X being the identity on the A1–components, see the

definition of Grothendieck rings with exponentials in chapter 2, section 2.1.2). Recall from
property 3 of lemma 4.4.1.1 and lemma 4.4.3.2 the multiplicative properties of the Hodge
realisation morphisms.

Proposition 4.4.4.2. The diagram

(MA1
X
, ?)

Φ′X //

χHdg

��

(M µ̂
X , ∗)

χHdg

��
(K0(MHMA1

X
), ?)

ΦHdg
X // (K0(MHMmon

X ), ∗)

commutes.

Proof. Proposition 3.17 in [GLM] shows compatibility between the motivic nearby fibre
morphism and the nearby fibre functor on mixed Hodge modules. As for the motivic
vanishing cycle morphism, as noted just after notation 3.9 in [DL01], the motivic vanishing
cycles S ϕ

f for f : X → A1 as they were defined by Denef and Loeser should be seen as
the motivic incarnation of ϕf [d − 1] where d is the dimension of X. With our notation,
ϕf = (−1)dS ϕ

f , so that our vanishing cycles should be the motivic incarnation of ϕf [−1],
which is exactly the perverse sheaf underlying ϕHdg

f .

Recall that in section 4.3.2 we defined a morphism

addn : Sn(A1
X)→ A1

SnX

for every integer n ≥ 1.

Corollary 4.4.4.3. (a) For any a ∈MA1
X
and any integer n ≥ 1, we have

χHdg
SnX ◦ Φ′SnX((addn)!(Sna)) = Sn(χHdg

X ◦ Φ′X(a)).

(b) For any a ∈ E xpMX and any integer n ≥ 1, we have

χHdg
SnX ◦ ΦSnX(Sna) = Sn(χHdg

X ◦ ΦX(a)).

Proof. By proposition 4.4.4.2, to prove (a), it suffices to prove

ΦHdg
SnX ◦ χ

Hdg
A1
SnX

((addn)!(Sna)) = Sn(ΦHdg
X ◦ χHdg

A1
X

(a)).
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We have

ΦHdg
SnX ◦ χ

Hdg
A1
SnX

((addn)!(Sna)) = ΦHdg
SnX ◦ (addn)! ◦ χHdg

Sn(A1
X)(S

na) by proposition 4.4.1.1

= ΦHdg
SnX ◦ (addn)!(SnχHdg

A1
X

(a)) by lemma 4.4.2.1

= Sn(ΦHdg
X ◦ χHdg

A1
X

(a)) by proposition 4.3.2.2.

To prove (b), take a ∈ E xpMX , and, denoting by q : MA1
X
→ E xpMX the quotient map,

pick a′ ∈MA1
X
such that a = q(a′). Applying (a) to a′, we have (recall Φ′ = Φ ◦ q)

χHdg
SnX ◦ ΦSnX ◦ q ◦ (addn)!(Sna′) = Sn(χHdg

X ◦ ΦX(a)).

It therefore remains to prove that q ◦ (addn)!(Sna′) = Sna. In other words, we want to
show the commutativity of the diagram

MA1
X

S //

q

��

MS•(A1
X)

q◦(add)!
��

E xpMX
S // E xpMS•X

(4.7)

(recall the group morphisms S have been defined in chapter 3, sections 3.5 and 3.7), where
add! = ∏

n≥1(addn)!. Let us start by checking that q ◦ (add)! is a group morphism. Let
a = (ai)i≥1 and b = (bi)i≥1 be elements of MS•(A1

X). We have

ab =
(

n∑
i=0

γ!(ai � bn−i)
)
n≥1

where γ is the morphism Si(A1
X)×Sn−i(A1

X)→ Sn(A1
X) induced by the identity (A1

X)i×
(A1

X)n−i → (A1
X)n. To prove that

q ◦ (add)!(ab) = q ◦ (add)!(a)q ◦ (add)!(b)

in E xpMS•X , it suffices to prove that for all n ≥ 1 and all i ∈ {0, . . . , n}, we have

q ◦ (addn)!γ!(ai � bn−i) = β!(q ◦ (add)i(ai) � q ◦ (addn−i)!(bn−i)) (4.8)

in E xpMSnX , where β : SiX × Sn−iX → SnX is the morphism induced by the identity
X i ×Xn−i → Xn. For this, consider the following diagram:

MSi(A1
X) ×MSn−i(A1

X)
� //

(addi)!×(addn−i)!
��

MSi(A1
X)×Sn−i(A1

X)
γ! //

(addi×addn−i)!
��

MSn(A1
X)

(addn)!
��

MA1
SiX
×MA1

Sn−iX

� //

q×q
��

MA1
SiX
×A1

Sn−iX

(β◦add)! //

q◦add!
��

MA1
SnX

q

��
E xpMSiX × E xpMSn−iX

� // E xpMSiX×Sn−iX
β! // E xpMSnX

(4.9)
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Here β denotes the morphism SiX×Sn−iX → SnX, as well as the morphism A1
SiX×Sn−iX →

A1
SnX it induces, and add refers to the morphism

A1
SiX ×A1

Sn−iX → A1
SiX×Sn−iX

induced by the addition morphism on the A1-components.
To prove (4.8), it suffices to prove that this diagram is commutative. We do this square

by square. The commutativity of the top left square comes from the fact that pushdowns
commute with exterior products. The commutativity of the top right square comes from
the commutativity of the square

(A1
X)i × (A1

X)n−i id //

addi×addn−i
��

(A1
X)n

addn
��

A1
Xi ×A1

Xn−i
add //A1

Xn

after taking quotients by the appropriate permutation actions. For the bottom left square,
by bilinearity, it suffices to check commutativity for effective elements. For any morphisms
Y

f−→ A1
SiX , and Z

g−→ A1
Sn−iX , we have, by definition,

q ◦ add!([Y
f−→ A1

SiX ] � [Z g−→ A1
Sn−iX ]) = q ◦ add!([Y × Z

f×g−−→ A1
SiX ×A1

Sn−iX ])
= [Y × Z, add ◦ (f × g)]
= [Y, f ] � [Z, g]
= q([Y f−→ A1

SiX ]) � q([Z g−→ A1
Sn−iX ])

in E xpMSiX×Sn−iX . The commutativity of the last square comes from the fact that q
commutes with β!.

We come back to the proof of the main statement. Since all maps involved are group
morphisms, it suffices to prove commutativity of diagram (4.7) for effective elements. Let
therefore f : Y → A1

X be a morphism. We have, for all n ≥ 1,

q ◦ (addn)!(Sn[Y f−→ A1
X ]) = q ◦ (addn)!([SnY

Snf−−→ Sn(A1
X)])

= q([SnY addn◦f−−−−→ A1
SnX ])

= [SnY, f (n)]
= Sn([Y, f ])
= Sn(q([Y f−→ A1

X ]))

in E xpMSnX , whence the result.
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4.5 Weight filtration on Grothendieck rings of mixed
Hodge modules

4.5.1 The weight filtration
For any integer n, denote by W≤nK0(MHMmon

S ) the subgroup of K0(MHMmon
S ) gener-

ated by classes of pure Hodge modules (M, id, N) (i.e. with trivial semi-simple monodromy)
of weight at most n and by classes of pure Hodge modules with monodromy (M,Ts, N) of
weight at most n− 1.
Remark 4.5.1.1. The monodromy Ts is an automorphism of finite order, so that a pure
Hodge module (M,Ts, N) over S of weight m with monodromy decomposes into M =
M0 ⊕ M 6=0 where M0 = Ker(Ts − id) and M 6=0 = Ker(T k−1

s + . . . + Ts + id), where k
is minimal such that T ks = 1. This Hodge module is an element of W≤mK0(MHMmon

S ) if
M 6=0 = 0, and of W≤m+1K0(MHMmon

S ) otherwise.
We have the following compatibility with respect to pushdowns, pullbacks and exterior

products:

Lemma 4.5.1.2. 1. Let f : Y → X be a morphism of complex varieties with fibres of
dimension ≤ d, then for all integers n, we have

f! (W≤nK0(MHMmon
Y )) ⊂ W≤n+dK0(MHMmon

X )

and
f ∗ (W≤nK0(MHMmon

X )) ⊂ W≤n+dK0(MHMmon
Y ).

2. Let X and Y be complex varieties. Then for all integers n,m we have

W≤nK0(MHMmon
X )

T

�W≤mK0(MHMmon
Y ) ⊂ W≤n+mK0(MHMmon

X×Y ).

Proof. Let M be a pure Hodge module of weight at most n (resp. n− 1). Then, since the
functor f! does not increase weights, f!M is a complex of weight ≤ n (resp. ≤ n−1) which
belongs to D≤d(MHMX) by lemma 4.1.4.2, so

[f!M ] =
∑
i≤d

(−1)i[Hif!M ]

is a sum of Hodge modules of weight ≤ n+ d (resp. ≤ n− 1 + d). If the monodromy on M
is trivial, then it is also trivial on all mixed Hodge modules Hif!M , so in any case, we have
[f!M ] ∈ W≤n+dK0(MHMmon

S ). The proof is the same for f ∗.
Let (M1, Ts,1, N1) ∈ W≤nK0(MHMX) and (M2, Ts,2, N2) ∈ W≤mK0(MHMX) be two

pure Hodge modules with monodromy. By remark 4.5.1.1, it suffices to treat the following
cases :

— M1 = M0
1 is of weight n, M2 = M0

2 is of weight m;
— M1 = M0

1 is of weight n, M2 = M 6=0
2 is of weight m− 1;
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— M1 = M 6=0
1 is of weight n− 1 and M2 = M 6=0

2 is of weight m− 1.
By the definition of the weight filtration on M1

T

�M2, in the first case M1
T

�M2 is pure of
weight m+ n, with trivial monodromy, and in the second case, pure of weight m+ n− 1.
Thus, in both cases, M1

T

�M2 is an element of W≤m+nK0(MHMmon
S ). This leaves us with

the third case. For any α, β ∈ (−1, 0] such that exp(−2iπα) (resp. exp(−2iπβ)) is an
eigenvalue of Ts,1 (resp. Ts,2), the complex number exp(−2iπ(α + β)) is an eigenvalue of
monodromy on M1

T

�M2, and (M1
T

�M2)1 is non-zero if and only if there exist such α, β

with α + β = −1. The weight filtration on M1
T

�M2 is such that (M1
T

�M2) 6=1 is of weight
m + n − 2, and (M1

T

�M2)1 is of weight m + n, so that the Hodge module M1
T

�M2 is an
element of W≤m+nK0(MHMmon

S ).

For any element a ∈ K0(MHMmon
S ), we put

wS(a) := inf{n, a ∈ W≤nK0(MHMmon
S )},

which defines a function wS : K0(MHMmon
S ) → Z ∪ {−∞}. Lemma 4.5.1.2 gives us the

following:

Lemma 4.5.1.3. For any complex varieties S and T , any a, a′ ∈ K0(MHMmon
S ) and b ∈

K0(MHMmon
T ) the weight function satisfies the following properties:

(a) wS(0) = −∞
(b) wS(a + a′) ≤ max{wS(a), wS(a′)}, with equality if wS(a) 6= wS(a′).

(c) wS×T (a
T

� b) ≤ wS(a) + wT (b).
(d) If f : S → T is a morphism with fibres of dimension ≤ d, then

wT (f!(a)) ≤ wS(a) + d.

(e) If f : S → T is a morphism with fibres of dimension ≤ d, then

wS(f ∗(b)) ≤ wT (b) + d.

(f) If M• ∈ D≤a(MHMS) is a complex of mixed Hodge modules of weight ≤ n, then
wS([M•]) ≤ a+ n. Equality is achieved if and only if GrWa+nHa(M•) 6= 0.

Remark 4.5.1.4. As a special case of (d), denoting by w the weight function wpt on
K0(MHMmon

pt ) and by aS : S → pt the structural morphism, we have

w((aS)!a) ≤ wS(a) + dimS.
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4.5.2 Weights of symmetric powers of mixed Hodge modules

Recall that in section 4.3.1 we defined a group K0(MHMmon
S•X) and a morphism

SHdg
X : K0(MHMmon

X )→ K0(MHMmon
S•X)

sending the class of a mixed Hodge module M to (SnM)n≥1. Our goal here is to show that
SHdg
X behaves well with respect to the weight filtration from section 4.5.1. We define the

following natural filtration on K0(MHMmon
S•X):

W≤dK0(MHMmon
S•X) :=

∏
n≥1

W≤ndK0(MHMmon
SnX) ⊂

∏
n≥1

K0(MHMmon
SnX).

We have the following properties:

Proposition 4.5.2.1. 1. For every d, W≤dK0(MHMmon
S•X) is a subgroup of the group

K0(MHMmon
S•X).

2. For any integer d, SHdg
X (W≤dK0(MHMmon

X )) ⊂ W≤dK0(MHMmon
S•X).

3. For every a ∈ K0(MHMmon
X ) and every integer n ≥ 0, we have wSnX(Sna) ≤ nwX(a).

Proof. 1. Let a = (an)n≥1 and b = (bn)n≥1 be two elements of W≤dK0(MHMmon
S•X). Then

for all n ≥ 1 and all i ∈ {0, . . . , n}, by property 2 of lemma 4.5.1.2 we have ai
T

�bn−i ∈
K0(MHMmon

SiX×Sn−iX) of weight ≤ id + (n − i)d = nd. The map SiX × Sn−iX → SnX
has fibre dimension zero, so by property 1 of lemma 4.5.1.2 the same estimate is valid for
ai

T

�bn−i seen as an element of K0(MHMmon
SnX).

2. Let M ∈ MHMmon
X be a pure Hodge module of weight d. Then

T

�nM is a pure
Hodge module of weight nd, and denoting by p the quotient morphism Xn → SnX, the
complex p!(

T

�nM) is of weight ≤ nd by property 1 of lemma 4.5.1.2, since p has fibres of
dimension 0. Finally, SnM is obtained as a subobject of p!(

T

�nM), so its weight is ≤ nd
again. Statement 3 is a direct consequence of 2.

4.6 Weight filtration on Grothendieck rings of vari-
eties

In this section, we are going to use the previously defined weight filtration to define
a notion of weight on Grothendieck rings of varieties with exponentials. For this, we are
going to use the motivic vanishing cycles measure from chapter 2, and the Hodge realisation
from section 4.4.1.
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4.6.1 The weight filtration and completion
Let S be a complex variety. Recall that ΦS : E xpMS → (M µ̂

S , ∗) is the motivic
vanishing cycles measure from theorem 2.3.5.1 of chapter 2.

Definition 4.6.1.1. 1. The weight filtration on the ring M µ̂
S is given by

W≤nM
µ̂
S := (χHdg

S )−1(W≤nK0(MHMmon
S ))

for every n ∈ Z. The weight function on M µ̂
S , again denoted by wS, is the composition

M µ̂
S

χHdg
S−−−→ K0(MHMmon

S ) wS−→ Z.

2. The weight filtration on the ring E xpMS is given by

W≤nE xpMS := (χHdg
S ◦ ΦS)−1(W≤nK0(MHMmon

S ))

for every n ∈ Z. The weight function on E xpMS, again denoted by wS, is the
composition

E xpMS
ΦS−→M µ̂

S

χHdg
S−−−→ K0(MHMmon

S ) wS−→ Z.

Remark 4.6.1.2. Properties (a)−(e) of lemma 4.5.1.3 remain true for wS on M µ̂
S or E xpMS.

Indeed, this is obvious for (a), for (d) and (e) it follows from the fact that the Hodge
realisation commutes with pushforwards and pullbacks, and for (b) it comes from the fact
that χHdg

S and ΦS are group morphisms. Property (c) comes from the Thom-Sebastiani
property for ΦS, and from the fact that χHdg is compatible with twisted exterior products.
Remark 4.6.1.3. Both these definitions induce the same weight filtration (W≤nMS)n∈Z and
the same weight map wS : MS → Z on the localised Grothendieck ring MS, because the
restriction of ΦS to MS is the inclusion MS →M µ̂

S .
Notation 4.6.1.4. For a variety X over S, we use wS(X) as a shorthand for wS([X]). We
denote by w the weight function for S = Spec C.

Definition 4.6.1.5. We define the completion of the ring E xpMS with respect to the
weight topology as

̂E xpMS = lim←−
n

E xpMS/W≤nE xpMS.

4.6.2 Weights of symmetric products
Lemma 4.6.2.1. Let I be a set and let π = (ni)i∈I ∈ N(I). Let X be a complex variety,
and let A = (ai)i∈I be a family of elements of E xpMX . Then

wSπX(SπA ) ≤
∑
i∈I

niwX(ai).
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Proof. Recall that by definition, SπA is the element of E xpMSπX obtained by pulling back
the product ∏i∈I S

niai ∈ E xpM∏
i∈I S

niX along the open immersion j : SπX → ∏
i∈I S

niX.
By property (c) of lemma 4.5.1.3 and property 3 of proposition 4.5.2.1 we have

w∏
i∈I S

niX

(
�i∈IS

niai
)
≤
∑
i∈I

wSniX(Sniai) ≤
∑
i∈I

niwX(ai).

Applying property (d) of lemma 4.5.1.3 to j, which has fibre dimension 0, we get the
result.

4.6.3 Weight and dimension
For effective classes in the Grothendieck ring of varieties, weight and dimension are

closely linked, as shown in the following lemma:

Lemma 4.6.3.1. Let S be a complex variety and X a variety over S. One has the equality

wS(X) = 2 dimS X + dimS.

Proof. We are going to denote by f : X → S the structural morphism of X, and by d the
relative dimension dimS X, that is, the supremum of the dimensions of the fibres of f . Since
the functors a∗X and f! do not increase weights, the complex f!QHdg

X = f!a
∗
XQHdg

pt is of weight
≤ 0. Moreover, we see by lemma 4.1.4.2 that f!QHdg

X is an object of D≤2d+dimS(MHMS). By
property (f), it suffices to prove that the top cohomology H2d+dimS(f!QHdg

X ) has non-zero
graded part of weight 2d+ dimS. By [S89] 1.20, we may write the Leray spectral sequence
for aX = aS ◦ f : for any M• ∈ Db(MHMX),

Hp(aS)! (Hqf!M
•) =⇒ Hp+q((aX)!M

•).

Applying this with M• = QHdg
X , p = dimS and q = 2d + dimS, and recalling that the

cohomology of the complex of mixed Hodge structures (aX)!QHdg
X is exactly the cohomology

with compact supports of X with coefficients in Q with its standard Hodge structure, we
have

HdimS(aS)!
(
H2d+dimSf!QHdg

X

)
=⇒ H2 dimX

c (X,Q).

If GrW2d+dimSH2d+dimSf!QHdg
X = 0, then the graded part of weight 2 dimX of the left-hand

side is zero. But the right-hand side is a sub-object of a quotient of the left-hand side,
and therefore its graded part of weight 2 dimX should be zero as well, which it is not: it
is classical that H2 dimX

c (X,Q) is pure of weight 2 dimX, isomorphic to QHdg
pt (− dimX)r

where r is the number of irreducible components of X.

As a consequence, we have
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Lemma 4.6.3.2. Let S be a complex variety and a an element of M µ̂
S . Then

wS(a) ≤ 2 dimS a + dimS.

Proof. We may assume a is of the form L−m([X]− [Y ]) for some S-varieties X and Y with
µ̂-actions. Assume moreover that max{dimS X, dimS Y } is minimal, so that

dimS a = max{dimS X, dimS Y } −m.

Then, using lemma 4.5.1.3 and the fact that χHdg
pt (L−m) = QHdg

pt (m) is of weight −2m, we
have

wS(a) ≤ wpt(L−m) + wS([X]− [Y ])
≤ −2m+ max{wS(X), wS(Y )}

By lemma 4.6.3.1, we therefore get

wS(a) ≤ −2m+ 2 max{dimS(X), dimS(Y )}+ dimS

whence the result.

We may therefore deduce the triangular inequality for the weight topology:

Lemma 4.6.3.3 (Triangular inequality for weights). Let S be a variety over C, X a variety
over S and f : X → A1

C a morphism. Then

wS([X, f ]) ≤ wS(X).

Proof. By lemmas 2.3.5.2 and 4.6.3.1 we have

wS([X, f ]) ≤ 2 dimS(ΦS([X, f ])) + dimS ≤ 2 dimS X + dimS = wS(X).

The following property, which follows from our discussion of the trace morphism (lemma
4.1.5.4 and remark 4.1.5.5) and states that there is a drop in weights for certain simple
non-effective classes, will be very important to us:

Lemma 4.6.3.4 (Cancellation of maximal weights). Let S be a complex variety and p :
X → S, q : Y → S morphisms with fibres of constant dimension d ≥ 0, with X and Y
irreducible. Then

wS([X p−→ S]− [Y q−→ S]) ≤ 2d+ dimS − 1.

Proof. The classes [X] and [Y ] are of weights ≤ 2d + dimS, and according to remark
4.1.5.5 the graded parts of weight exactly 2d + dimS of the corresponding complexes of
mixed Hodge modules cancel out.
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4.7 Convergence of power series

4.7.1 Radius of convergence
Recall that for a classical series ∑i≥0 aiz

i, the radius of convergence is given by
(
lim sup (|ai|)

1
i

)−1
.

Analogously, in our setting, we have:

Definition 4.7.1.1. Let F (T ) = ∑
i≥0XiT

i ∈ E xpMX [[T ]]. The radius of convergence of
F is defined by

σF = lim sup
i≥1

wX(Xi)
2i .

We say that F converges for |T | < L−r if r ≥ σF .

When F converges for |T | < L−r, it converges also for |T | < L−r′ for any r′ > r. The
subset of power series converging for |T | < L−r is a subring of E xpMX [[T ]].
Remark 4.7.1.2. If r > σF , there is some i0 such that for all i ≥ i0, wX(Xi)

2i < r, which
means that the set of integers {wX(Xi)− 2ri, i ≥ 0} is bounded from above. Conversely,
if this set is bounded from above for some r, then we may conclude that r ≥ σF , that is,
F converges for |T | < L−r. Thus, in general, we are going to prove that a series converges
by finding a linear bound for wX(Xi).

However, one does not in general have {wX(Xi) − 2σF i, i ≥ 0} bounded from above:
see for example the series ∑i≥0 Li+d

√
ieT i.

If F (T ) converges for |T | < L−r, then for any element a ∈ E xpMC such that w(a) <
−2r, F (a) exists as an element of Ê xpMX . In particular, F (L−m) exists as an element of
Ê xpMX if m > r.

Example 4.7.1.3. Let X be a complex quasi-projective variety, and consider ZX(T ) =∑
i≥0[SiX]T i ∈ E xpMC[[T ]] its Kapranov zeta function. We have

w(SiX) = 2i dimX

for all i ≥ 0, so that the radius of convergence of ZX(T ) is dimX.

4.7.2 A convergence criterion
Proposition 4.7.2.1. Assume F (T ) = 1 + ∑

i≥1XiT
i ∈ E xpMX [[T ]] is such that there

exists an integer M ≥ 0 and real numbers ε > 0, α < 1 and β such that
— for all i ∈ {1, . . . ,M}, wX(Xi) ≤ (i− 1

2 − ε)w(X)
— for all i ≥M + 1, wX(Xi) ≤ (αi+ β − 1

2)w(X).
Then there exists δ > 0 such that the Euler product ∏v∈X Fv(T ) ∈ E xpMC[[T ]]
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— converges for |T | < L−
w(X)

2 (1−δ+ β
M+1)

— for any 0 ≤ η < δ, takes non-zero values for |T | ≤ L−
w(X)

2 (1−η+ β
M+1) (that is, for

every a ∈ E xpMC such that w(a) < −w(X)
(
1− η + β

M+1

)
).

Proof. Let n ≥ 1 be an integer, and π = (ni)i≥1 a partition of n. Then we have

w(SπX ) ≤ wSπX(SπX ) + dim(SπX) by remark 4.5.1.4

≤
∑
i≥1

niwX(Xi) + 1
2
∑
i≥1

niw(X) by lemmas 4.6.2.1 and 4.6.3.1

≤
M∑
i=1

niiw(X)− ε
M∑
i=1

niw(X) +
∑

i≥M+1
αiniw(X) + βw(X)

∑
i≥M+1

ni

≤
M∑
i=1

niiw(X)− ε

M

M∑
i=1

niiw(X) + α
∑

i≥M+1
iniw(X) + βw(X)

M + 1
∑

i≥M+1
ini

=
(

1− ε

M

) M∑
i=1

niiw(X) +
(
α + β

M + 1

) ∑
i≥M+1

niiw(X)

≤
(

1− δ + β

M + 1

)
nw(X)

where 1 − δ = max{1 − ε
M
, α} < 1 (in the case when M = 0, we put 1 − δ = α). The

desired convergence follows. Moreover, one sees that for n ≥ 1, any 0 ≤ η < δ and any
a ∈ E xpMC such that w(a) ≤ −w(X)

(
1− η + β

M+1

)
, we have

w(SnX an) ≤ −(δ − η)nw(X) < 0,

so the value of the product at a is equal to 1 plus some terms of negative weight: it is
therefore non-zero.

Example 4.7.2.2. Let ZX(T ) = ∑
i≥0[SiX]T i be Kapranov’s zeta function for some quasi-

projective variety X. Then ZX(T ) = ∏
v∈X Fv(T ) where

F (T ) =
∑
i≥1

T i ∈MX [[T ]],

that is, every coefficient is equal to 1 = [X] ∈ MX . Take M = 0, α = 0, β = 1 and
η = 1 − 1

2 dimX
< δ = 1. Then, since wX(X) = dimX = 1

2w(X), the condition in the
lemma is satisfied, and we get that ZX(T ) converges for |T | < L− dimX and takes non-zero
values for |T | ≤ L− dimX− 1

2 .
Note that each factor F (T ) = ∑

i≥0 T
i has radius of convergence 0, so taking the Euler

product has the effect of shifting the radius of convergence by exactly the dimension of the
base variety.
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Example 4.7.2.3. Let X be a quasi-projective variety over C, and let a ∈ MX be an
element such that wX(a) ≤ dimX+1. As an example of such an element, by lemma 4.6.3.4
we may take a = Y − Z for two irreducible varieties Y, Z over X of relative dimension 1.
Consider the polynomial F (T ) = 1 + aT 2, so that∏

v∈X
Fv(T ) =

∏
v∈X

(1 + avT
2) =

∑
n≥0

Sn∗,X(a)T 2n.

Taking M = 2, ε = 1− 1
w(X) , α = 0, β = 0, we get convergence for |T | < L− 1

2 dimX− 1
4 .

Let us check that we get the same convergence by estimating the radius of convergence
directly: for this, note that

w(Sn∗,X(a)) ≤ wSn∗X(Sn∗,Xa) + dimSn∗X ≤ n(dimX + 1) + n dimX = 2n dimX + n.

Thus, taking the lim sup over all even n, the radius of convergence is smaller than

lim sup
n dimX + 1

2n

2n = 1
2 dimX + 1

4 .

4.7.3 Growth of coefficients
We finish this section by a lemma that allows one to get information about growth of

coefficients of a power series from the fact that it possesses a pole of some order at T = L−1.
It shows that we can predict the behaviour of a positive proportion of the coefficients of the
Hodge-Deligne polynomials of the coefficient of degree n for large n. For any constructible
setM , denote by κ(M) the number of irreducible components of maximal dimension ofM .

Proposition 4.7.3.1. Let Z(T ) = ∑
n≥0[Mn]T n ∈ KVar+

C[[T ]] be a power series with
effective coefficients such that there exist integers a, r ≥ 1, a real number δ > 0 and a
power series F (T ) = ∑

i≥0 fiT
i ∈ MC[[T ]] converging for |T | < L−1+δ and taking a non-

zero effective value at T = L−1, such that

Z(T ) = F (T )
(1− LaT a)r .

Then for every p ∈ {0, . . . , a−1}, one of the following cases occur when n tends to infinity
in the congruence class of p modulo a:
(i) Either lim sup dim(Mn)

n
< 1.

(ii) Or dim(Mn) − n has finite limit d0 ∈ Z and log(κ(Mn))
logn converges to some integer in

the set {0, . . . , r − 1}. More generally, for every real number η such that 0 < η < δ
and for sufficiently large n in the congruence class of p modulo a, the coefficients of
the Hodge-Deligne polynomial HD(Mn) of degrees contained in the interval

[2(1− η)n+ 2d0, 2n+ 2d0]

are polynomials in n−p
a

of degree at most r − 1.
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Moreover, the second case happens for at least one value of p.
Proof. Note first that since [Mn] is effective, we have 2 dim[Mn] = w(Mn), so it suffices to
prove the statement with dimensions replaced by weights divided by two.

First of all, replace Z(T ) by Z(L−1T ) and F (T ) with F (L−1T ), so that F is now a
power series converging for |T | < Lδ and taking a non-zero effective value at T = 1, and
Z(T ) = F (T )(1 − T a)r with Z(T ) = ∑

n∈Z[Mn]L−nT n. We are going to do calculations
in the case a = 1, and explain later how one can reduce to this case. Note first that if F
converges for |T | < Lδ, then the same is true for all its derivatives. We may write its
Taylor expansion at T = 1:

F (T ) =
∑
i≥0

F (i)(1)
i! (T − 1)i =

∑
i≥0

F (i)(1)(−1)i
i! (1− T )i.

Put G(T ) = ∑
i≥r

F (i)(1)(−1)i
i! (1− T )i−r. Then

G(T ) =
∑
i≥r

F (i)(1)(−1)i
i!

i−r∑
j=0

(
i− r
j

)
(−1)jT j.

=
∑
j≥0

 ∑
i≥r+j

F (i)(1)(−1)i
i!

(
i− r
j

) (−T )j,

so that the coefficient of degree j of G(T ) is exactly gj = (−1)j
(∑

i≥r+j
F (i)(1)(−1)i

i!

(
i−r
j

))
.

Writing F (T ) = ∑
i≥0 fjT

j, we have w(fj) → −∞ as j → +∞. More precisely, for any η
such that 0 < η < δ and for sufficiently large j, we have

w(fj) < −2ηj. (4.10)
Thus, since

F (i)(1) =
∑
j≥i

j(j − 1) . . . (j − i+ 1)fj,

we see that as i grows, w(F (i)(1))→ −∞ linearly in i. In particular, w(gj)→ −∞ linearly
in j, and, more precisely, the estimate

w(gj) < −2ηj (4.11)
coming from (4.10) holds for all sufficiently large j. Write now

Z(T ) = F (T )
(1− T )r

= G(T ) +
r−1∑
i=0

F (i)(1)(−1)i
i!(1− T )r−i

= G(T ) +
r−1∑
i=0

F (i)(1)(−1)i
i!

∑
n≥0

(
n+ r − i− 1
r − i− 1

)
T n

= G(T ) +
∑
n≥0

(
r−1∑
i=0

F (i)(1)(−1)i
i!

(
n+ r − i− 1
r − i− 1

))
T n.
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Thus, identifying coefficients, we have

[Mn]L−n = gn +
r−1∑
i=0

F (i)(1)(−1)i
i!

(
n+ r − i− 1
r − i− 1

)
. (4.12)

Since by assumption [Mn] is an element of KVar+
k , its Hodge-Deligne polynomial is of the

form
κ(Mn)(uv)dim(Mn) + terms of lower degree. (4.13)

To get asymptotics for dim(Mn) and for the coefficients of high degree of HD(Mn) when n
goes to infinity, we therefore need to keep track of the dominant terms of the Hodge-Deligne
series of (4.12).

We denote by {a}d the coefficient of (uv)d in the Hodge-Deligne series of a ∈ M̂C. Let d0
be the largest integer d such that there exists i ∈ {0, . . . , r− 1} with {F (i)(1)}d 6= 0. Such
a d0 does exist since by assumption, we have F (1) effective and non-zero, and therefore
there exists some integer b such that {F (1)}b 6= 0. Then for all sufficiently large n (namely,
for n such that w(gn) < 2d0), and for all d ≥ d0, , we have

{[Mn]L−n}d =
r−1∑
i=0

(−1)i
i!

(
n+ r − i− 1
r − i− 1

)
{F (i)(1)}d. (4.14)

Then, for d > d0, the right-hand side of (4.14) is zero, forcing the left-hand side to be
zero as well, so that w(MnL−n) ≤ 2d0. Put now d = d0, and let i0 be the smallest i such
that {F (i)(1)}d 6= 0. Then we have

{[Mn]L−n}d0 ∼n→∞ {F (i0)(1)}d0

(−1)i0
i0!(r − i0 − 1)!n

r−i0−1,

so that for sufficiently large n, w([Mn]L−n) = 2d0, and moreover

log κ(Mn)
log n −→ r − i0 − 1 ∈ {0, . . . , r − 1}.

More generally, going back to equation (4.12), we see that for sufficiently large n, the
effective element Mn is the sum of the element Lngn of Mk which is of weight strictly less
than 2(1− η)n by estimate (4.11), and of the sum

r−1∑
i=0

F (i)(1)(−1)i
i!

(
n+ r − i− 1
r − i− 1

)
,

which is a polynomial of degree at most r−1 in n with coefficients in Mk and of weight 2n.
The statement on the coefficients of the Hodge-Deligne polynomial follows.

It remains to show how to reduce to this when a > 1. We may decompose F in the
following manner:

F (T ) =
a−1∑
p=0

∑
j≥0

faj+pT
aj+p =

a−1∑
p=0

T pFp(T a),
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where Fp(T ) = ∑
j≥0 faj+pT

j, so that

Z(T ) =
a−1∑
p=0

T p
Fp(T a)

(1− T a)r .

Using the expansion we did above and putting Gp(T ) = ∑
i≥r

F
(i)
p (1)(−1)i

i! (1 − T )i−r =∑
m≥0 gp,mT

m, we then have

Z(T ) =
a−1∑
p=0

T p

Gp(T a) +
∑
m≥0

T am
r−1∑
i=0

F (i)
p (1)(−1)i

i!

(
m+ r − i− 1
r − i− 1

)
Thus, for every p ∈ {0, . . . , a− 1} and every m ≥ 0, we have

[Mam+p]L−(am+p) = gp,m +
r−1∑
i=0

F (i)
p (1)(−1)i

i!

(
m+ r − i− 1
r − i− 1

)
.

Fix p ∈ {0, . . . , a−1}, and assume first that there is some d ∈ Z and some i ∈ {0, . . . , r−1}
such that {F (i)

p (1)}d 6= 0. Then we may conclude as above. If on the contrary such a d
does not exist, this means that

w([Mam+p]L−(am+p))→ −∞

linearly in m (because w(gp,m) → −∞ linearly in m), so that lim sup dimMn

n
< 1 when n

goes to infinity in the congruence class of p modulo a.
It remains to show that this last case does not occur for all p. For this, recall that F (1) =∑a−1

p=0 Fp(1), and, F (1) being effective and non-zero, there exists d such that {F (1)}d 6= 0.
This means that {Fp(1)}d 6= 0 for at least one p.
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Chapter 5

The motivic Poisson formula

The aim of this chapter is to extend the scope of Hrushovski and Kazhdan’s motivic
Poisson formula. As explained in the introduction, it is an analogue of a weakened form of
the classical Poisson formula for Schwartz-Bruhat functions f : (AF )n → C on (the n-th
power, for some n ≥ 1, of) the adeles of a global field F :∑

x∈Fn
f(x) = c

∑
y∈Fn

Ff(y) (5.1)

for some multiplicative constant c ∈ C, the Fourier transform being calculated with respect
to a Haar measure on the locally compact group An

F . The restriction fv of a Schwartz-
Bruhat function f : AF → C to the completion Fv of F at some non-archimedean place v
is locally constant and compactly supported: by compactness, this means that there are
integers M ≤ N such that, denoting by Ov, t respectively the ring of integers and a
uniformiser of Fv, the function fv is supported inside tMOv and invariant modulo tNOv.
Thus, fv may be viewed as a function on the quotient tMOv/tNOv. Denoting by κ(v) the
residue field of Fv, this quotient group can naturally be identified with the κ(v)-points of
the affine space of dimension N −M over κ(v), via

tMOv/tNOv → A(M,N)
κ(v) := AN−M

κ(v)
tMxM + . . .+ tN−1xN−1 + tNOv 7→ (xM , . . . , xN−1)

(5.2)

Since the residue field κ(v) is finite, the function fv takes only a finite number of values,
and its integral over Fv is given by the formula∫

Fv
fv = q−Nv

∑
x∈tMOv/tNOv

fv(x), (5.3)

where qv is the cardinality of κ(v).
All the above definitions and equalities make heavy use of the local compactness of the

adeles and of the local fields Fv. When the field F is the function field k(C) of a smooth
projective connected curve C over an algebraically closed field k, these local compactness
properties fail. Hrushovski and Kazhdan’s formalism from [HK09] allows nevertheless to
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define analogous objects in this setting, via a form of motivic integration. For example,
as suggested by the identification in (5.2), one defines local Schwarz-Bruhat functions as
elements of a relative Grothendieck ring with exponentials E xpMA(M,N)

k

for some integers
M ≤ N . When M,N vary, these rings fit canonically into an inductive system, via
maps that are interpreted respectively as extension by zero and pullback of functions. On
the other hand, following formula (5.3), the definition of the integral of such a function
f ∈ E xpMA(M,N)

k

is ∫
f = L−N

∑
x∈A(M,N)

k

f(x),

where the sum in the right-hand side is a notation which stands for the image of f in the
absolute Grothendieck ring E xpMk via the forgetful morphism E xpMA(M,N)

k

→ E xpMk.
More generally, one can define Fourier transforms of such functions by using the same kind
of analogy.

In the same manner, an element f of the relative Grothendieck ring

E xpM∏
s∈S

(
A(Ms,Ns)
k

)n ,
for integers Ms ≤ Ns, s ∈ S may be seen as a motivic analogue of a Schwartz-Bruhat
function on a finite product of powers of local fields ∏s∈S F

n
s , for some finite set S of non-

archimedean places of the global field F and some integer n ≥ 1. The inclusion of the
Riemann-Roch space

L(D) = k(C) ∩
∏
s∈S

tMs
s Os = {0} ∪ {x ∈ k(C)×, div(x) ≥ −D}

for the divisor D = −∑s∈SMs[s] on C into ∏ tMs
s Os induces a morphism

θ : L(D)n →
∏
s∈S

(
A(Ms,Ns)
k

)n
via which we can pull back f . The class of θ∗f in E xpMk is then denoted ∑x∈k(C)n f(x).
Moreover, the same kind of construction can be done for the motivic Fourier transform
Ff of f . Denoting by g the genus of the curve C, the motivic Poisson formula∑

x∈k(C)n
f(x) = L(1−g)n ∑

y∈k(C)n
Ff(y)

proved by Hrushovski and Kazhdan is the motivic analogue of the above classical Poisson
formula (5.1) for such functions.

This chapter focuses on building a framework in which this Poisson formula may be
applied for families of such Schwartz-Bruhat functions, with varying set S, which will
be crucial in chapter 6. The notion of symmetric product of a family of varieties from
chapter 3, in the special case where the set of indices is Np for some integer p ≥ 1, will
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be central here, and therefore, we start by a review of those in this case in section 5.1. In
chapter 6, the integer p will be the cardinality of the set A of irreducible components of
the divisor at infinity in the equivariant compactification we will consider. Our families
of functions will be defined as elements of the relative localised Grothendieck ring with
exponentials over symmetric products

Am(α, β,M,N) := Sm((A(α−Mι,β+Nι)
C )ι∈Np), (5.4)

where
— m ∈ Np is a p-tuple, which in chapter 6 will contain the degrees of the sections we

count with respect to each of the irreducible components of the divisor at infinity.
— (Mι)ι∈Np and (Nι)ι∈Np will be families of non-negative integers, with M0 = N0 = 0.
— α, β : C → Z, α ≤ 0 ≤ β, are functions on the curve which are zero over some

dense open subset U of C, which will enable us to take into account the irregular
behaviour of the height function at a finite number of places, e.g. places of bad
reduction.

— A(α−Mι,β+Nι)
C is the constructible set over the curve C given by U ×A(−Mι,Nι)

k above
U , and with fibres above v ∈ C \ U given by the affine spaces A(αv−Mι,βv+Nι)

k .
By construction, this symmetric product has a morphism to SmC. A point D ∈ SmC(k)
may be seen as an “effective zero-cycle”∑v∈C mvv where mv ∈ Np is such that∑v mv = m.
The fibre of the variety (5.4) above D will be∏

v∈C
A(αv−Mmv ,βv+Nmv )
k , (5.5)

that is, a product of affine spaces on which Schwartz-Bruhat functions in the sense of
Hrushovski and Kazhdan may be considered. In the framework of chapter 6, this fibre
will be the domain of definition of the characteristic function of the sections with poles of
orders the coordinates mv,1, . . . ,mv,p of the vector mv along the p irreducible components
of the divisor at infinity.

The identification (5.2) involves the choice of a uniformiser at the place v, which in
Hrushovski and Kazhdan’s theory may be made arbitrarily, because only a finite number
of places of the field F are involved. To be able to make such identifications for all places
of F and keep all operations on families of Schwartz-Bruhat functions algebraic, we discuss
in section 5.3.3 how we can choose uniformisers in a “uniform” way.

Though we define families of Schwartz-Bruhat functions (of level m) in all generality
to be elements of the ring E xpMAm(α,β,M,N), in fact we will use this definition in two
important special cases, namely

— If all the integers Nι are zero, the family is said to be uniformly smooth. By looking
at the fibre (5.5), we see indeed that all the functions in such a family will be
invariant modulo the same “compact open” subset ∏v∈C t

βv
v Ov of the adele ring

of F . This will be the case for the family of characteristic functions of sections with
given poles mentioned above. The arithmetic analogue of this is the fact that height
functions are invariant modulo some compact open subset of the adeles.
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— If all the integersMι are zero, the family is said to be uniformly compactly supported.
Again, the terminology is clear from the fact that all functions in the family are
zero outside ∏v∈C t

αv
v Ov.

In section 5.4, we go on to define Fourier transformation for such families of functions,
so that it coincides with Hrushovski and Kazhdan’s Fourier transform in each fibre above
a rational point. This operation exchanges the above two types of families of functions.
In section 5.5, we extend Hrushovski and Kazhdan’s summation over rational points to
families of uniformly compactly supported functions. Finally, in section 5.6, we formulate
the Poisson formula for families of uniformly smooth functions.

5.1 Symmetric products

5.1.1 Multidimensional partitions
Fix an integer p ≥ 1, and denote I = Np−{0} and I0 = Np. Consider the free abelian

monoid over I:
N(I) = {(mι)ι∈I ∈ NI , mι = 0 for almost all ι}.

To an element π = (mι)ι∈I ∈ N(I) we can associate canonically a p-tuple

λ(π) =
∑
ι∈I

mιι ∈ I0.

Thus, we have a well-defined map

λ : N(I) −→ I0.

We say π is a partition of m ∈ I if λ(π) = m.
Notation 5.1.1.1. Recall from notation 3.0.0.1 that another notation for partitions is as
follows: a partition of m can be written in the form [a1, . . . , ar] where a1, . . . , ar ∈ I are
not necessarily distinct and such that a1 + . . .+ar = m. The order of the ai in this notation
is not important: we consider [a1, . . . , ar] to be the same as [aσ(1), . . . , aσ(r)] for all σ ∈ Sr.

Example 5.1.1.2. For p = 1, we recover partitions of integers: indeed, in this case an
element π of N(I) is a finite family (mi)i≥0 of non-negative integers, λ(π) = ∑

i≥1mii is
some integer m, and π determines a partition∑

i≥1
(i+ . . .+ i)︸ ︷︷ ︸

mi times

= m

of the integer m, the non-negative integer mi being the number of occurrences of i in this
partition.

For p = 2, consider for example

π =
[(

2
1

)
,

(
2
1

)
,

(
0
3

)]
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It is a partition of (
4
5

)
= 2

(
2
1

)
+
(

0
3

)
.

Note that this 2-dimensional partition gives in particular a one-dimensional partition for
each coordinate: [2, 2] for the first coordinate, and [1, 1, 3] for the second one. However, it
carries more information than just the choice of these two partitions, since it also matches
up their parts in some way. Thus, the partition

(
4
5

)
=
(

0
1

)
+
(

2
1

)
+
(

2
3

)
.

is different from π, but yields the same partitions of its coordinates.

5.1.2 From partitions to symmetric products

Let k be a perfect field. Let π = (nι)ι∈I ∈ N(I) and let X = (Xι)ι∈I0 be a family of
constructible subsets of projective varieties over a quasi-projective k-variety X. Assume
moreover that there is an open subset U of X such that X0×X U ' U and such that X \U
is a finite union of closed points. In chapter 3, in particular in sections 3.1.3, 3.2.1 and
3.9.1, we defined a notion of symmetric product SπX . It follows from the construction that
SπX comes with a natural morphism to SπX. Define also for any m ∈ I, the constructible
set Sm(X ) to be the disjoint union of the Sπ(X ) for all partitions π of m.

Remark 5.1.2.1. Recall that when p = 1, for any quasi-projective variety X, the variety
SnX can also be obtained directly by taking the quotient of Xn by the natural permutation
action of the symmetric group Sn. For p ≥ 2 and n = (n1, . . . , np) ∈ Np, note that giving
an element ∑v nvv of SnX is equivalent to giving its p components

(∑
v

ni,vv

)
1≤i≤p

∈ Sn1X × . . .× SnpX.

Thus, we in fact have a piecewise isomorphism

SnX ' Sn1X × . . .× SnpX.

5.2 Motivic Schwartz-Bruhat functions and Poisson
formula of Hrushovski and Kazhdan

We start with a review of Hrushovski and Kazhdan’s motivic Poisson formula from
[HK09], following the exposition in sections 1.2 and 1.3 of [ChL]. Let k be a perfect field.
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5.2.1 Local Schwartz-Bruhat functions
Let F = k((t)) be the completion of a function field of a curve at a closed point, with

uniformiser t, ring of integers O and residue field k. In [HK09], Hrushovski and Kazhdan
considered local motivic exponential Schwartz-Bruhat functions on F : such functions are
analogues of classical Schwartz-Bruhat functions on non-archimedean local fields, that is,
locally constant and compactly supported functions. For each such function ϕ, there exist
integers M ≤ N such that ϕ is zero outside tMO, and invariant modulo tNO, so that ϕ
can be seen as a function on the quotient tMO/tNO. The latter can be endowed with the
structure of a k-variety, and more precisely of an affine space over k, through the following
identification:

tMO/tNO −→ AN−M
k (k)

xM t
M + . . .+ xN−1t

N−1 + tNO 7→ (xM , . . . , xN−1) (5.6)

This affine space is denoted by A(M,N)
k . More generally, for any n ≥ 1 we denote by An(M,N)

k

the affine space (A(M,N)
k )n, which is viewed as a motivic incarnation of (tMO/tNO)n. Thus,

a Schwartz-Bruhat function of level (M,N) on F n will by definition be an element of
S (F n; (M,N)) := E xpMAn(M,N)

k

. An element E of this ring can indeed be interpreted as
a function

ϕ : An(M,N)
k −→ E xpMk(x)

by sending a point x ∈ An(M,N)
k to the class of the fibre Ex, where k(x) is the residue field

of x. As M and N vary, the rings S (F n; (M,N)) fit into a directed system the direct
limit of which is the total ring S (F n) of Schwartz-Bruhat functions. More precisely, let
us point out that the natural injection tMO/tNO → tM−1O/tNO gives rise to the closed
immersion

i : A(M,N)
k −→ A(M−1,N)

k

(xM , . . . , xN−1) 7→ (0, xM , . . . , xN−1) (5.7)

whereas the natural projection tMO/tN+1O → tMO/tNO induces a morphism

p : A(M,N+1)
k −→ A(M,N)

k

(xM , . . . , xN) 7→ (xM , . . . , xN−1) (5.8)

which is a trivial fibration with fibre A1. They induce ring morphisms i! : S (F n; (M,N))→
S (F n; (M − 1, N)) (extension by zero) and p∗ : S (F n; (M,N))→ S (F n; (M,N + 1)).

5.2.2 Integration
For any Schwartz-Bruhat function ϕ ∈ S (F n), choosing a pair (M,N) such that

ϕ ∈ S (F n; (M,N)) one may define, using the exponential sum notation,∫
Fn
ϕ(x)dx = L−nN

∑
x∈An(M,N)

k

ϕ(x) ∈ E xpMk.
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This does not depend on the choice of (M,N), and defines an E xpMk-linear map∫
Fn

: S (F n)→ E xpMk.

5.2.3 Fourier kernel
Fix a k-linear function r : F −→ k such that there is an integer a with r|taO = 0. The

least such integer a is called the conductor of r and denoted by ν. Note that because of
its linearity, r is invariant modulo rνO, so that for any pair of integers (M,N) such that
M ≤ N and ν ≤ N , it induces a well-defined morphism r(M,N) : A(M,N)

k −→ A1
k.

On the other hand, for any two pairs of integers (M,N) and (M ′, N ′) satisfyingM ≤ N
and M ′ ≤ N ′, the product map F × F −→ F induces a well-defined map on classes

tMO/tNO × tM ′O/tN ′O −→ tM+M ′O/tN ′′O

where N ′′ ≥ min(M ′ +N,M +N ′), that is, a well-defined morphism

A(M,N)
k ×A(M ′,N ′)

k −→ A(M+M ′,N ′′)
k . (5.9)

Whenever N ′′ ≥ ν, this map may be composed with r(M+M ′,N ′′) which yields a morphism

A(M,N)
k ×A(M ′,N ′)

k −→ A1
k.

More generally, taking n-th powers and summing the corresponding maps, we get a mor-
phism

An(M,N)
k ×An(M ′,N ′)

k −→ A1
k.

Note that when M ′ = ν − N and N ′ = ν −M , the condition N ′′ ≥ ν is satisfied. The
morphism

r : An(M,N)
k ×An(ν−N,ν−M)

k → A1
k (5.10)

defined in this setting is called the Fourier kernel.

5.2.4 Local Fourier transform
The Fourier transform of a function ϕ ∈ S (F n; (M,N)) is defined to be the element

Fϕ ∈ S (F n; (ν −N, ν −M)) given by

Fϕ = L−Nnϕ · [An(M,N)
k ×An(ν−N,ν−M)

k , r],

where r is the morphism (5.10), and the product is taken in E xpMAn(M,N)
k

, and viewed
in E xpMAn(ν−N,ν−M)

k

. For every y ∈ An(ν−N,ν−M)
k , using the notation from section 2.1.4 of

chapter 2, as well as the definition of the integral in section 5.2.2 we have

Fϕ(y) =
∫
F
ϕ(x)ψ(r(xy))dx.
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5.2.5 Global Schwartz-Bruhat functions
One can extend the above definitions to finite products of fields. Consider a finite

family (Fv)v∈S of such fields Fv = kv((tv)), with local parameters tv and residue fields kv
(which are assumed to be finite extensions of k) and an integer n ≥ 1. For any family of
pairs of integers (Mv, Nv)v∈S, with Mv ≤ Nv the space of Schwartz-Bruhat functions on∏
v∈S F

n
v of levels (Mv, Nv)v∈S is defined to be

S

(∏
v∈S

F n
v ; (Mv, Nv)v∈S

)
:= E xpM∏

v∈S Reskv/kAn(Mv,Nv)
kv

,

where Reskv/k denotes the functor of Weil restriction of scalars. In the case where k is
algebraically closed, we have

S

(∏
v∈S

F n
v ; (Mv, Nv)v∈S

)
:= E xpM∏

v∈S An(Mv,Nv)
k

.

The ring S (∏v∈S F
n
v ) is defined as a direct limit of these rings, with the appropriate

compatibilities. The notions of integral, Fourier kernel and Fourier transform defined
above extend easily to such functions (see [ChL], 1.2.10).

We are going to use this in the following setting: let k be a perfect field, C a smooth
projective curve over k, F = k(C) its function field. Denote by AF the ring of adeles
of the field F . The rings S (∏v∈S F

n
v ), for finite sets S of closed points of C, form a

directed system, and their direct limit is the ring S (An
F ) of global motivic Schwartz-Bruhat

functions on An
F .

5.2.6 Summation over rational points
For details on the contents of this paragraph, see [ChL], 1.3.5. Let ϕ be a global

Schwartz-Bruhat function on An
F , represented by a class in the ring

E xpM∏
v∈S Reskv/kAn(Mv,Nv)

kv

for some finite set S of closed points of C and some family (Mv, Nv)v∈S of pairs of integers
such that Mv ≤ Nv for all v ∈ S.

Consider the divisor D = −∑v∈SMvv on C. For every v ∈ C, the natural embedding
of the field F = k(C) into its completion Fv maps the Riemann-Roch space

L(D) = {0} ∪ {f ∈ k(C)×, div(f) ≥
∑
v

Mvv}

into tMvOv. This gives rise to a morphism of algebraic varieties

θ : L(D)n −→
(∏

v

Reskv/kA
(Mv ,Nv)
kv

)n
.

144



The sum over rational points of ϕ ∈ E xpM(∏
v

Reskv/kA(Mv,Nv)
kv

)n , denoted by ∑x∈Fn ϕ(x),

is then defined to be the image in E xpMk of the pull-back θ∗ϕ ∈ E xpML(D)n . It does not
depend on choices.
Remark 5.2.6.1. This definition is motivated by the fact that, when k is a finite field, for
a Schwartz-Bruhat function ϕ : (AF )n → C which is supported inside

(∏
v t

MvOv
)n
, we

have ϕ(x) = 0 for all x 6∈ F n ∩
(∏

v t
MvOv

)n
= L(D)n, so that we have the equality∑

x∈Fn
ϕ(x) =

∑
x∈L(D)n

ϕ(x).

5.2.7 Motivic Poisson formula
We fix a non-zero meromorphic differential form ω ∈ Ω1

F/k. For every v ∈ C, we
choose the linear map rv : Fv → k defined by rv : x 7→ resv(xω) and we compute Fourier
transforms with respect to those. Theorem 1.3.10 in [ChL] states that for ϕ ∈ S (An

F ), we
have Fϕ ∈ S (An

F ) and ∑
x∈Fn

ϕ(x) = L(1−g)n ∑
y∈Fn

Fϕ(y).

5.3 Families of Schwartz-Bruhat functions

5.3.1 Parametrising domains of definition
Let k be an algebraically closed field of characteristic zero, and C a smooth projective

connected curve over k.

Definition 5.3.1.1. Let X be a variety over k. A function α : X → Z is said to be
constructible if for every n ∈ Z, α−1(n) is a constructible subset of X.

Remark 5.3.1.2. When X = C, α : C → Z is constructible if and only if it is constant on
some dense open subset of C. If it is zero on some dense open subset of C, we say it is
almost zero.

The value of a constructible function α at a point v ∈ C will be denoted αv.

Definition 5.3.1.3. Let M,N : C −→ Z be constructible functions such that M ≤ N .
Let U ⊂ C be a dense open set over which they are constant, equal respectively to M0 ∈ Z
and N0 ∈ Z. We will denote by A(M,N)

C the variety over C isomorphic to U × A(M0,N0)
k

over U , and with fibre above u 6∈ U given by A(Mu,Nu)
k . Furthermore, we will denote by(

A(M,N)
C

)n
, or An(M,N)

C , the variety over C defined by

A(M,N)
C ×C . . .×C A(M,N)

C ,

where the product contains n factors.
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Recall that we denote by I0 the additive monoid Zp
≥0 and I = I0 \{0}. Fix two almost

zero functions α, β : C −→ Z such that α ≤ 0 ≤ β. Denote by U a dense open subset of C
over which α and β are zero. Fix also two families of non-negative integers M = (Mι)ι∈I0
and N = (Nι)ι∈I0 , with M0 = 0 and N0 = 0.

We have a family of varieties
(
An(α−Mι,β+Nι)
C

)
ι∈I0

over C, giving rise to symmetric
products

Am(α, β,M,N) := Sm
((

An(α−Mι,β+Nι)
C

)
ι∈I0

)
(5.11)

for all m ∈ I0.
By the definition of symmetric products, all these objects are varieties endowed with

natural morphisms to SmC, which we denote $m : Am(α, β,M,N) −→ SmC for every
m ∈ I0.
Remark 5.3.1.4. For clarity, let us point out that, where in definition 5.3.1.3 objects denoted
M,N were constructible functions, from now on, except when explicitly stated (that is,
except in section 5.10), they will denote integers. The possible variation above a finite
number of places will be taken care of by the almost zero functions α and β.
Remark 5.3.1.5. Denote by Σ = {x1, . . . , xs} the complement C \U , which is a finite union
of closed points. By corollary 3.3.3.1 from section 3.3.3 of chapter 3, Am(α, β,M,N) is
the disjoint union of locally closed subsets isomorphic to products

Sm0

((
An(−Mι,Nι)
U

)
ι∈I

)
×

s∏
j=1

Smj

((
A
n(αxj−Mι,βxj+Nι)
{xj}

)
ι∈I0

)
(5.12)

for all m0, . . . ,ms ∈ I0 such that m0 + . . . + ms = m. By example 3.2.1.5 of chapter 3,
the variety (5.12) is isomorphic to

Sm0

((
An(−Mι,Nι)
U

)
ι∈I

)
×

s∏
j=1

A
n(αxj−Mmj ,βxj+Nmj )
{xj} .

Remark 5.3.1.6. Though these definitions depend on the choice of U , the ring

E xpMAm(α,β,M,N)

which we will consider later won’t depend on it.

5.3.2 The fibres of the domains of definition
Let D ∈ SmC, with residue field κ(D). We want to describe the fibre $−1

m (D) above
the point D. We know that SmC is the disjoint union of locally closed subsets isomorphic
to

Sm0U × Sm−m0Σ
for all m0 ∈ I0 such that m0 ≤ m. Let m0 ≤ m be such that D belongs to the subset
corresponding to m0. Since the field k is algebraically closed, Sm−m0Σ is a disjoint union
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of a finite number of closed points, and therefore the variety Sm0U × Sm−m0Σ has a finite
number of connected components each corresponding to a point of Sm−m0Σ. Thus, the
schematic point D of SmC is of the form (DU , DΣ), where DU ∈ Sm0U and DΣ ∈ Sm−m0Σ.
Let π = (mι)ι∈I be the partition of m0 such that DU ∈ SπU . On the other hand, DΣ is
an effective zero-cycle with coefficients in I0 and with support contained in Σ, so it may
be written in the form

DΣ = m1x1 + . . .+ msxs ∈ Sm−m0Σ

for m1, . . . ,ms ∈ I0 such that m0 + . . . + ms = m. Using remark 5.3.1.5 as well as
proposition 3.4.0.1 from section 3.4 of chapter 3, the fibre above D is of the form

∏
ι∈I

Amιn(Nι+Mι)
κ(D) ×κ(D)

s∏
j=1

A
n(αxj−Mmj ,βxj+Nmj )
κ(D) . (5.13)

More precisely, we have the diagram

(∏ι∈I U
mι)∗

��

(∏
ι∈I Amιn(−Mι,Nι)

U

)
∗,U

oo

��

SπU Sπ((Amιn(−Mι,Nι)
U )ι∈I)oo

where the vertical maps are the quotient morphisms, the upper horizontal line is a trivial
vector bundle, and the lower line is a vector bundle. Let D′U be a point of (∏ι∈I U

mι)∗
lifting DU ∈ SπU . Taking fibres above DU and D′U and denoting by K the residue field
of D′U (so that K is a finite extension of κ(D)), the diagram becomes

SpecK

��

∏
ι∈I Amιn(−Mι,Nι)

K
oo

��

Specκ(D) ∏
ι∈I Amιn(Nι+Mι)

κ(D)
oo

so that we have a linear K-isomorphism∏
ι∈I

Amιn(−Mι,Nι)
K '

∏
ι∈I

Amιn(Nι+Mι)
κ(D) ⊗κ(D) K.

In other words, the fibre above DU is a twisted form of the variety∏
ι∈I

Amιn(−Mι,Nι)
κ(D)

which splits above the finite extension K of κ(D).
We may conclude that the fibre Am(α, β,M,N)D aboveD may be seen as the domain of

definition of a Schwartz-Bruhat function, up to extension of scalars to some finite extension
of κ(D).

147



Remark 5.3.2.1. We write Amιn(Nι+Mι)
κ(D) instead of Amιn(Mι,Nι)

κ(D) to signify that through the
quotient morphism, the chosen identification of the form (5.6) is twisted. Therefore, when
looking at functions on such a fibre ω−1

m (D) later, for example in section 5.5.1, we will pull
them back via the quotient morphism before performing operations on them which via
(5.6) can be understood as analogues of operations from classical Fourier theory .

Let us make the particular case where D ∈ SmC(k) more explicit. Recall k is alge-
braically closed. Thus, D may be seen as an effective zero-cycle ∑ ιvv for points v ∈ C(k)
and ιv ∈ I0, and (5.13) may be written in the form∏

v∈C
An(αv−Mιv ,βv+Nιv )
k

because the field k is algebraically closed.

5.3.3 Uniform choice of uniformisers
In section 5.3.1, we have defined families of domains of definition of Schwartz-Bruhat

functions: the product ∏v A(Mv ,Nv)
k has to be understood as representing ∏v t

Mv
v Ov/tNvv Ov.

However, this identification depends on the choice of the uniformisers tv at each place v,
and therefore so will some of the operations we are going to perform in what follows. This
choice has to be made as uniformly as possible, so that these operations remain algebraic.
We explain in this section how this can be done.

Lemma 5.3.3.1. Fix a non-constant element t ∈ k(C). Then there is a dense open set
U ⊂ C such that for all v ∈ U , the function tv = t− t(v) is a local parameter at v.

Proof. Denote by U0 an open dense set of C on which t is regular. We therefore get a
holomorphic differential dt on U0. It is non-vanishing when restricted to some open dense
subset U of U0. At any v ∈ U , the function tv is an element of the maximal ideal mv, and
its differential d(tv) = dt is non-zero, so it is a local parameter.

From now on, we fix such an element t ∈ k(C). The uniformiser at any place v in the
open set U furnished by the lemma will be given by tv = t − t(v). For v ∈ C\U , we fix
some arbitrary uniformiser tv.

Lemma 5.3.3.2. Let f ∈ k(C). For any v ∈ C, write the tv−adic expansion of f as∑
p∈Z

ap(f, v)tpv ∈ Fv.

There is an open dense subset U ′ of U such that for any integer p, the map

ap(f, ·) : U ′ −→ k
v 7→ ap(f, v)

is a regular function.
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Proof. Denote by U ′ an open dense subset of U over which f is regular, so that the ai
with i < 0 are identically zero. For any v ∈ U ′, we have by definition f(v) = a0(f, v),
and therefore a0(f, ·) = f|U ′ is a regular map. Now, the differential df is a holomorphic
differential on U ′, so there is a regular function f1 : U ′ −→ k such that df = f1dt. On the
other hand, differentiating the tv-adic expansion of f , we get, since dt = dtv,

df = (a1(f, v) + 2a2(f, v)tv + 3a2(f, v)t2v + . . .)dt

Thus, since the differential dt doesn’t vanish on U ′, we have a1(f, ·) = f1, which is regular.
To prove regularity of a2(f, ·), replace f by f1 and proceed in the same way. By induction,
we get regularity of all ap’s.

5.3.4 Families of Schwartz-Bruhat functions
Definition 5.3.4.1. Let m ∈ I0. Let α, be : C → Z be almost zero functions such that
α ≤ 0 ≤ β, and let M = (Mι)ι∈I0 , N = (Nι)ι∈I0 be two families of non-negative integers
such thatM0 = N0 = 0. The elements of E xpMAm(α,β,M,N) are called constructible families
of Schwartz-Bruhat functions of level m.

Let Φ ∈ E xpMAm(α,β,M,N) be such a family of functions, and let D be a schematic point
of SmC. The fibre of Am(α, β,M,N) above D has been computed in (5.13). Restricting Φ
to it, we obtain, up to extension of scalars to a finite extension of the residue field of D, a
Schwartz-Bruhat function ΦD in the sense of Hrushovski and Kazhdan. Thus, Φ gives rise
to a family of “twisted” Schwartz-Bruhat functions (ΦD)D∈SmC indexed by D ∈ SmC.

In the particular case when D ∈ SmC(k), denoting by |D| the support of the effective
zero-cycle D, in the notation of section 5.2.5, we have

ΦD ∈ S

 ∏
v∈|D|∪Σ

k(C)nv , (αv −Mιv , βv +Nιv)v∈|D|∪Σ

 ,
and k(C)v is the completion of the function field k(C) at the place v.

5.3.5 Uniformly smooth or uniformly compactly supported fam-
ilies

In a similar manner to (5.7) and (5.8), we may define constructible morphisms

p : A(α−Mι,β+Nι)
C → A(α−Mι,β)

C

and
i : A(α,β+Nι)

C → A(α−Mι,β+Nι)
C

for every ι ∈ I0. Above v ∈ C, the first one is a projection on the first βv − αv + Mι

coordinates, and the second one is

(xαv , . . . , xβv+Nι−1) 7→ ( 0, . . . , 0︸ ︷︷ ︸
Mι coordinates

, xαv , . . . , xβv+Nι−1).
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Taking symmetric products, we get, for every m ∈ I0, morphisms

pm : Sm((A(α−Mι,β+Nι)
C )ι∈I0)→ Sm((A(α−Mι,β)

C )ι∈I0),

im : Sm((A(α,β+Nι)
C )ι∈I0)→ Sm((A(α−Mι,β+Nι)

C )ι∈I0),

that is,
pm : Am(α, β,M,N)→ Am(α, β,M, 0)

and
im : Am(α, β, 0, N)→ Am(α, β,M,N).

Those induce injective ring morphisms

p∗m : E xpMAm(α,β,M,0) → E xpMAm(α,β,M,N)

and
im,! : E xpMAm(α,β,0,N) → E xpMAm(α,β,M,N).

Definition 5.3.5.1. Let Φ ∈ E xpMAm(α,β,M,N) be a constructible family of Schwartz-
Bruhat functions of level m. It is said to be

— uniformly smooth if it belongs to the image of the morphism p∗m.
— uniformly compactly supported if it belongs to the image of the morphism im,∗.

A word of explanation on this terminology, which is inherited from the classical p-
adic setting: let Φ be a constructible family of functions. If Φ is uniformly smooth, then
every ΦD for D = ∑

v ιvv ∈ SmC(k) may be seen as an element of E xpM∏
v

An(αv−Mιv ,βv)
k

,
that is as a function on ∏v t

αv−MιvOv, invariant modulo ∏v t
βvOv, this invariance domain

being independent of D. In the same manner, if Φ is uniformly compactly supported,
all ΦD are supported inside ∏v t

αvOv independently of D.

5.4 Fourier transformation in families

5.4.1 Local construction of the Fourier kernel in families
Let ω ∈ ΩF/k be a non-zero meromorphic differential form. For every closed point

v ∈ C we write νv = −ordvω, so that divω = −∑v∈C νvv. Then for every v we get a
k-linear map rv : Fv −→ k given by

rv(x) = resv(xω).

It is non-zero, and its conductor, that is, the least integer a such that rv|taOv is zero, is
equal to νv.

Let M ≤ N be constructible functions as in definition 5.3.1.3, with the additional
assumption that for every v, we have νv ≤ Nv. Using lemma 5.3.3.2, we see that the map r

150



gives rise to a piecewise morphism r(M,N) : A(M,N)
C −→ A1

k, sending an element (v, x) to
rv(x).

Fix two additional constructible functions M ′, N ′ : C −→ Z such that M ′ ≤ N ′. For
every v, the product map Fv × Fv −→ Fv defines a morphism

A(Mv ,Nv)
κ(v) ×κ(v) A(M ′v ,N ′v)

κ(v) −→ A(Mv+M ′v ,N ′′v )
κ(v) (5.14)

where N ′′ = min{M + N ′,M ′ + N} (see (5.9)). More precisely, there is a morphism of
constructible sets over C

A(M,N)
C ×C A(M ′,N ′)

C −→ A(M+M ′,N ′′)
C

such that for every v ∈ C the induced morphism on the fibre above v is (5.14). When
N ′′ ≥ ν, for example when M ′ = ν − N and N ′ = ν −M , this can be composed with
r(M+M ′,N ′′) to get a constructible morphism

A(M,N)
C ×C A(M ′,N ′)

C −→ A1. (5.15)
The restriction to the fibre above v is given by the Fourier kernel (x, y) 7→ rv(xy) from (5.10).
Thus, the map (5.15) may be interpreted as a parametrisation of all local Fourier kernel
maps induced by the differential form ω.

5.4.2 Global construction of the Fourier kernel
Fix two almost zero functions α ≤ 0 ≤ β, and two non-negative families of integers

M = (Mι)ι∈I0 and N = (Nι)ι∈I0 such that M0 = N0 = 0. According to the discussion in
the previous paragraph, for any ι there exists a constructible Fourier kernel morphism

An(α−Mι,β+Nι)
C ×C An(ν−β−Nι,ν−α+Mι)

C → A1

Taking symmetric products, we get morphisms
rm : Am(α, β,M,N)×SmC Am(ν − β, ν − α,N,M)→ A1. (5.16)

for any m ∈ I0, using the following straightforward lemma:
Lemma 5.4.2.1. Let X = (Xι) and Y = (Yι)ι be families of constructible sets over X,
and assume that for every ι we are given a constructible morphism fι : Xι ×X Yι → A1.
Denote by X ×X Y the family (Xι ×X Yι)ι. Then for every π ∈ N(I) there is a natural
piecewise isomorphism

Sπ(X ×X Y ) ' Sπ(X )×Sπ(X) S
π(Y )

given by∑
ι

ι((xι,1, yι,1), . . . , (xι,nι , yι,nι)) 7→
(∑

ι

ι(xι,1 + . . .+ xι,nι),
∑
ι

ι(yι,1 + . . .+ yι,nι)
)
,

through which the morphism f (π) : Sπ(X ×X Y )→ A1 becomes(∑
ι

ι(xι,1 + . . .+ xι,nι),
∑
ι

ι(yι,1 + . . .+ yι,nι)
)
7→
∑
ι

(f(xι,1, yι,1) + . . . f(xι,nι , yι,nι)).
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Using the description of the fibre above D from 5.3.2, we see that for every D ∈ SmC,
the morphism

rD : Am(α, β,M,N)D ×κ(D) Am(ν − β, ν − α,N,M)D → A1

induced by rm on the fibre above D is a twisted form of the Fourier kernel of Hrushovski
and Kazhdan. The twisting being linear, rD is a κ(D)-bilinear map.

5.4.3 Fourier transform
To define the Fourier transform of a family of Schwartz-Bruhat functions

Φ ∈ E xpMAm(α,β,M,N),

we start by defining the factor we need to normalise it by, so that it does not depend on
the choice of β and N .

For this, we start with the family of C-varieties (An(β+Nι)
C )ι∈I0 . Taking symmetric

products, we get a constructible morphism

Sm((An(β+Nι)
C )ι∈I0)→ SmC. (5.17)

Using the notation in remark 5.3.1.5 and section 5.3.2, U an open dense subset of C above
which β is zero, Σ = C \ U , m0 ∈ I0 such that m0 ≤ m, DΣ = ∑

v∈Σ ιv[v] ∈ Sm−m0Σ and
π = (mι)ι∈I a partition of m0 we get, by proposition 3.4.0.1 from section 3.4 of chapter 3,
that the restriction of (5.17) above the locally closed subset SπU × {DΣ} of Sm0C is a
vector bundle of rank ∑ι nmιNι+

∑
v∈Σ n(βv+Nιv). Thus, the class of (5.17) in E xpMSmC

is ∑
m0≤m

∑
DΣ∈Sm−m0Σ
DΣ=

∑
v∈Σ ιv [v]

∑
π=(mι)ι∈I∑
ι∈I mιι=m0

L
∑

ι
nmιNι+

∑
v∈Σ n(βv+Nιv )[SπU × {DΣ} → SmC],

and it makes sense to consider

[Sm((An(β+Nι)
C )ι∈I0)]−1 ∈ E xpMSmC

defined by the formula∑
m0≤m

∑
DΣ∈Sm−m0Σ
DΣ=

∑
v∈Σ ιv [v]

∑
π=(mι)ι∈I∑
ι∈I mιι=m0

L−
∑

ι
nmιNι−

∑
v∈Σ n(βv+Nιv )[SπU × {DΣ} → SmC],

that is, the same one as above, but with the powers of L inverted.
Remark 5.4.3.1. This element is indeed the inverse of [Sm((An(β+Nι)

C )ι∈I0)] in E xpMSmC ,
so our notation is consistent.
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We denote by Rm the element of the Grothendieck ring

E xpMAm(α,β,M,N)×SmCAm(ν−β,ν−α,N,M)

given by
Rm := [Am(α, β,M,N)×SmC Am(ν − β, ν − α,N,M), rm].

Moreover, we denote by pr1, pr2 the projections

pr1 : Am(α, β,M,N)×SmC Am(ν − β, ν − α,N,M)→ Am(α, β,M,N)

and

pr2 : Am(α, β,M,N)×SmC Am(ν − β, ν − α,N,M)→ Am(ν − β, ν − α,N,M).

Let Φ ∈ E xpMAm(α,β,M,N) be a constructible family of Schwartz-Bruhat functions. The
family FΦ ∈ E xpMAm(ν−β,ν−α,N,M) is defined by the formula

FΦ := [(Sm((An(β+Nι)
C )ι∈I0))]−1(pr2)!((pr1)∗Φ ·Rm) ∈ E xpMAm(ν−β,ν−α,N,M)

where · is the product in the Grothendieck ring E xpMAm(α,β,M,N)×SmCAm(ν−β,ν−α,N,M).
Explicitly, if Φ = [V, f ] ∈ E xpMAm(α,β,M,N), then FΦ is given by

[V ×Am(α,β,M,N) Am(α, β,M,N)×SmC Am(ν − β, ν − α,N,M), f ◦ pr1 + rm(pr2 · pr3)]

multiplied by the normalisation factor [(Sm((An(β+Nι)
C )ι∈I0))]−1.

Remark 5.4.3.2. Taking N = 0 (resp. M = 0) one can see that the Fourier transform of
a family of uniformly smooth (resp. uniformly compactly supported) functions is a family
of uniformly compactly supported (resp. uniformly smooth) functions.

5.4.4 Compatibility between symmetric products and Fourier
transformation

This section deals with the special case where Φ ∈ E xpMAm(α,β,M,N) is given by a
symmetric product. More precisely, suppose we are given, for any ι ∈ Io, an element
ϕι ∈ E xpMAn(α−Mι,β+Nι)

C

, and that Φ is the symmetric product Sm((ϕι)ι∈I0). There is
a natural notion of Fourier transformation for elements of the ring E xpMAn(α−Mι,β+Nι)

C

,
defined in the following manner: denote by rι the Fourier kernel

An(α−Mι,β+Nι)
C ×C An(ν−β+Nι,ν−α+Mι)

C → A1

defined in (5.15) and by Rι the element of the Grothendieck ring

E xpMAn(α−Mι,β+Nι)
C ×CAn(ν−β+Nι,ν−α+Mι)

C
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given by
Rι = [An(α−Mι,β+Nι)

C ×C An(ν−β+Nι,ν−α+Mι)
C , rι].

Moreover, denoting again by U the open subset of C on which α and β are zero and by Σ
its complement, we define the element

(
An(β+Ni)
C

)−1
of E xpMC by

L−nNι [U → C] +
∑
v∈Σ

L−n(βv−Ni)[{v} → C].

We denote by pr1, pr2 the projections

pr1 : An(α−Mι,β+Nι)
C ×C An(ν−β+Nι,ν−α+Mι)

C → An(α−Mι,β+Nι)
C

and
pr2 : An(α−Mι,β+Nι)

C ×C An(ν−β+Nι,ν−α+Mι)
C → An(ν−β+Nι,ν−α+Mι)

C .

We then define

Fϕi =
(
An(β+Ni)
C

)−1
(pr2)!((pr1)∗ϕi ·Rι) ∈ E xpMAn(ν−β+Nι,ν−α+Mι)

C

where · is the product in the ring E xpMAn(α−Mι,β+Nι)
C ×CAn(ν−β+Nι,ν−α+Mι)

C

.

Remark 5.4.4.1. For every v ∈ C, denote by ϕι,v ∈ E xpMAn(αv−Mι,βv+Nι
κ(v)

the local Schwartz-

Bruhat function obtained from ϕι by restriction to the fibre An(αv−Mι,βv+Nι)
κ(v) of An(α−Mι,β+Nι)

C

above v. By definition of the Fourier transform of a local Schwartz-Bruhat function (see
section 5.2.4 ) as well as of the Fourier kernel rι (see section 5.4.1), we see that

F (ϕι,v) = (Fϕi)v

in E xpMAn(νv−βv+Nι,νv−αv+Mι)
κ(v)

, where the right-hand side is the restriction of Fϕi to the fibre

An(νv−βv+Nι,νv−αv+Mι)
κ(v) . Thus, the operation we just defined performs Fourier transformation

on families of local Schwartz-Bruhat functions parametrised by C, with level constant
except at a finite number of closed points.

Proposition 5.4.4.2. We have

FSm((ϕι)ι∈I0) = Sm((Fϕι)ι∈I0).

Proof. By definition of rm and of Φ, with the notations from the previous sections we have

(pr2)!((pr1)∗Sm((ϕι)ι∈I0) ·Rm) = Sm (((pr2)!((pr1)∗ϕi ·Rι))ι∈I0) ,

since the projections in the previous section are obtained from those in the previous section
by taking symmetric products. Therefore, by lemma 5.4.2.1 we get the result, comparing
the normalisation factors.
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5.4.5 Inversion formula
This section will not be used in what follows, but we include it for the sake of com-

pleteness.
For every ι ∈ I0, define a constructible morphism A(α−Mι,β+Nι)

C → A(α−Mι,β+Nι)
C of

C-varieties by

(v, xαv−Mι , . . . , xβv+Nι−1)→ (v,−xαv−Mι , . . . ,−xβv+Nι−1).

Taking symmetric products, it induces a constructible morphism of SmC-varieties

invm : Am(α, β,M,N)→ Am(α, β,M,N).

This Fourier transform satisfies the following Fourier inversion formula:

Proposition 5.4.5.1. For every Φ in E xpMAm(α,β,M,N), we have

FFΦ = Ln(2g−2)Φ ◦ invm

in E xpMAm(α,β,M,N).

Proof. Note that looking at the fibres of the constructions in the previous paragraphs above
every rational point D ∈ SmC(k), we recover the theory from [ChL], described in section
5.2. For a general schematic point D ∈ SmC, we recover a twisted version of this theory.
Theorem 1.2.9 in [ChL] implies that we have

FFΦD(x) = Ln(2g−2)ΦD(−x)

for all rational points D ∈ SmC(k). The heart of the proof of theorem 1.2.9 is the fact
that the domains of definition of our functions are affine spaces, that the Fourier kernel
is bilinear and the use of the relation [A1, id] = 0. Therefore, this proof generalises easily
to the twisted setting, and the Fourier inversion formula is valid for ΦD for any schematic
point D ∈ SmC. We may conclude using lemma 2.1.3.1.

5.5 Summation over k(C)n

5.5.1 Summation for twisted Schwartz-Bruhat functions
We defined constructible sets Am(α, β,M,N) lying above the symmetric power SmC in

section 5.3.1, and gave an explicit description of the fibre above a point D ∈ SmC in section
5.3.2, which shows that it may be seen as a twisted version of the domain of definition of a
Schwartz-Bruhat function in the sense of Hrushovski and Kazhdan’s theory. A function Φ
on Am(α, β,M,N) may therefore be seen as a family (ΦD)D∈SmC , each ΦD being a function
on Am(α, β,M,N)D. In this section, we explain how Hrushovski and Kazhdan’s operation
of summation over rational points from section 5.2.6 may be extended to the functions ΦD.
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In the notation of section 5.3.2, we have D = (DU , DΣ) ∈ Sm0U × Sm−m0Σ where U
is a dense open subset over which α and β are zero, and Σ = C \ U , a finite union of
closed points, is its complement. Moreover, for some partition π = (mι)ι∈I of m0, we have
DU ∈ SπU . Via the quotient morphism(∏

ι∈I
Umι

)
∗

→ SπU,

the schematic point DU ∈ SπU pulls back to some K-point D′U of (∏ι∈I U
mι)∗, where K

is a finite extension of the residue field κ(D) of D. We choose D′U so that K is of minimal
degree. We denote by vι,j the projection of D′U on the j-th copy of U in the factor Umι .
This gives us a collection {vι,j} ι∈I

j∈{1,...,mι}
ofK-points of the open subset U of the curve C, all

distinct because they come as projections from a point in the complement of the diagonal.

Remark 5.5.1.1. A different choice of D′U amounts to a permutation of the points vι,j
via the G = ∏

ι∈I Smι-action on (∏ι∈I U
mι)∗. More precisely, the quotient morphism

(∏ι∈I U
mι)∗ → SπU being étale, the fibre product (∏i∈I U

mι)∗ ×SπU Specκ(D) is the
spectrum of an étale algebra E over κ(D), endowed with a G-action such that EG = κ(D).
The étale algebra E is isomorphic to some power of K, and the point D′U is one of the
irreducible components of Spec E . If we denote byH the subgroup of G stabilisingD′U , then
the invariant field KH is κ(D) (see e.g. proposition 3.1.2.3 in chapter 3). Consequently, in
the commutative diagram

SpecK

��

∏
ι∈I Amιn(−Mι,Nι)

K

qDU
��

oo

Specκ(D) ∏
ι∈I Amιn(Mι+Nι)

κ(D)
oo

the vertical morphisms, induced by the quotient morphisms on the fibres aboveDU andD′U ,
are exactly the quotients by the action of the finite group H. The diagram gives an
equivariant K-linear isomorphism∏

ι∈I
Amιn(−Mι,Nι)
K '

∏
ι∈I

Amιn(Mι+Nι)
κ(D) ×κ(D) K.

This induces a κ(D)-linear isomorphism between the κ(D)-points of the left-hand side
(that is, the points invariant by the H-action) and the affine space ∏ι∈I Amιn(Mι+Nι)

κ(D) . In
other words, the morphism qDU induces a κ(D)-linear isomorphism on κ(D)-points.

We define an effective zero-cycle ED on the curve Cκ(D), that is, the curve C seen as a
curve over the field κ(D), by

ED :=
∑
ι∈I

Mι(vι,1 + . . .+ vι,mι)−
∑
v∈Σ

(αv −Mιv)v
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where the ιv are given by DΣ = ∑
v∈Σ ιv[v]. The zero-cycle ED has the same field of

definition as D, that is, κ(D), and an associated Riemann-Roch space

Lκ(D)(ED) = {0} ∪ {f ∈ κ(D)(C), divf ≥ −ED},

which is a finite-dimensional vector space over κ(D).
Then we may define a morphism

θD : Lκ(D)(ED)n → Am(α, β,M,N)D =
∏
ι∈I

Anmι(Nι+Mι)
κ(D) ×κ(D)

∏
v∈Σ

An(αv−Mιv ,βv+Nιv )
κ(D)

in the following manner. We start by defining an intermediate morphism

θ′D : Lκ(D)(ED)n →
∏
ι∈I

Anmι(−Mι,Nι)
K ×K

∏
v∈Σ

An(αv−Mιv ,βv+Nιv )
K .

For simplicity, assume n = 1. Then, for any f ∈ Lκ(D)(ED):

1. Image of f in the component ∏v∈Σ A(αv−Mιv ,βv+Nιv )
K : it is given, for each v ∈ Σ,

by the coefficients of the v-adic expansion of f in the range αv−Mιv , . . . , βv+Nιv−1.
2. Image of f in the component ∏ι∈I Amι(−Mι,Nι)

K : We may consider f as an element
of the function field K(C) of the curve C seen as a curve over K. We therefore send
f to the point of ∏

ι∈I

mι∏
j=1

A(−Mι,Nι)
K

with (ι, j)-component given by the coefficients of orders −Mι, . . . , Nι − 1 of the vi,j-
adic expansion of f . Note that f will define a κ(D)-point of this above affine space.

Then we compose θ′D with the quotient morphism

qD :
∏
ι∈I

Amιn(−Mι,Nι)
K ×K

∏
v∈Σ

An(αv−Mιv ,βv+Nιv )
K → Am(α, β,M,N)D

to get θD = qD ◦ θ′D.
Remark 5.5.1.2. Because of the composition with the quotient morphism, a different choice
of D′U gives the same θD.

Definition 5.5.1.3. For ΦD ∈ E xpMAm(α,β,M,N)D , we define its summation over rational
points, denoted ∑x∈κ(D)(C) ΦD(x), to be the class of θ∗DΦD in E xpMκ(D).

Lemma 5.5.1.4 (Poisson formula). For ΦD ∈ E xpMAm(α,β,M,N)D , we have the equality∑
x∈κ(D)(C)n

ΦD(x) = L(1−g)n ∑
x∈κ(D)(C)n

FΦD(x).
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Proof. By the same kind of reduction as in the proof of theorem 1.3.10 in [ChL], it suffices
to prove the formula in the case where ΦD is given by a class [{a} → A (α, β,M,N)D]
where a is a rational point of A (α, β,M,N)D. We may also assume n = 1.

We are going to use the notations from section 5.5.1 throughout the proof, denoting
with a tilde the objects pertaining to the Fourier side: q̃D for the quotient morphism∏

ι∈I
A(−Nι,Mι)
K ×K

∏
v∈Σ

A(νv−βv−Nιv ,νv−αv+Mιv )
K → Am(ν − β, ν − α,N,M)D,

ẼD for the divisor

ẼD =
∑
ι∈I

Nι(vι,1 + . . .+ vι,mι)−
∑
v∈Σ

(νv − βv −Nιv)v,

θ̃D, θ̃′D for the summation morphisms, etc.
Define the zero-cycle

ΛD =
∑
ι,j

Nιvι,j +
∑
v∈Σ

(βv +Nιv)v = ẼD − divω

on Cκ(D). It has the same field of definition as D, namely κ(D).
The proof is essentially the same as the proof of theorem 1.3.10 in [ChL]: it will boil

down to the theorem of Riemann-Roch and Serre duality for the divisor ΛD on the curve
Cκ(D) over the field κ(D). We refer to [ChL], 1.3.7 for reminders on these results.

Denote by FD the function field κ(D)(C) of the curve Cκ(D). For any divisor E on
Cκ(D) define

Ω(E) = {ω ∈ ΩFD/κ(D), divω ≥ E},

AFD(E) = {a ∈ AFD , div a ≥ −E}.
Recall that Serre’s duality theorem says that for any divisor E on Cκ(D), the morphism

ΩFD/κ(D) → Hom(AFD , κ(D))

given by

ω 7→
(

(xs)s 7→
∑
s

ress(xsω)
)

induces an isomorphism

Ω(E)→ Hom(AFD/(AFD(E) + FD), κ(D))

identifying Ω(E) with the orthogonal subspace of AFD(E)+FD in Hom(AFD , κ(D)), which
itself is isomorphic to the dual of the cohomology group H1(L (E)).

By remark 5.5.1.1, a rational point a ∈ Am(α, β,M,N)D comes from a κ(D)-point b of
the fibre ∏

ι∈I
Amι(−Mι,Nι)
K ×k

∏
v∈Σ

A(αv−Mιv ,βv+Nιv )
k
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via the quotient morphism

qD :
∏
ι∈I

Amι(−Mι,Nι)
K ×k

∏
v∈Σ

A(αv−Mιv ,βv+Nιv )
k → Am(α, β,M,N)D.

Thus, it corresponds to the characteristic function of a polydisc inside the adeles AK(C)
with κ(D)-rational centre b and radius described by the divisor ΛD. The Fourier transform
FΦD is defined on the κ(D)-variety Am(ν − β, ν − α,N,M)D, which is the image of the
quotient map

q̃D :
∏
ι∈I

Amι(−Nι,Mι)
K ×k

∏
v∈Σ

A(ν−βv−Nιv ,ν−αv−Mιv )
k → Am(ν − β, ν − α,N,M)D.

Let us compute the right-hand side of the Poisson formula. For this, recall that the
Fourier kernel

rD : Am(α, β,M,N)×κ(D) Am(ν − β, ν − α,N,M)→ A1

is a κ(D)-bilinear morphism satisfying

rD(qD(u), q̃D(v)) = r(u, v)

for any κ(D)-rational points u, v of the fibres described above, where r is the Fourier kernel
associated to the differential form ω on the adeles AK(C).

By definition, for any y ∈ Am(ν − β, ν − α,N,M)D(κ(D)), we have

FΦD(y) = L− deg ΛD [{a} ×Am(α,β,M,N)D Am(α, β,M,N)D ×κ(D) {y}, rD(pr2, pr3)]
= L− deg ΛD [Spec k, rD(a, y)]
= L− deg ΛDψ(rD(a, y))

For any f ∈ Lκ(D)(divω + ΛD), we have

rD(a, θ̃D(f)) = r(b, θ̃′D(f)) =
∑
s

ress(bsfω)

where the sum goes over the points of the curve CK . Note that the map f 7→ fω identifies
Lκ(D)(div(ω) + ΛD) with Ω(−ΛD). By invariance of the residue, f 7→ rD(a, θD(f)) is
identically zero on Lκ(D)(divω + ΛD) if and only if b ∈ Ω(−ΛD)⊥. By lemma 1.1.11 in
[ChL], we have∑

x∈FD
FΦD(x) = L− deg ΛD

∑
f∈L(div(w)+ΛD)

ψ(rD(a, θ̃D(f)))

=
{

L− deg ΛD+dimLκ(D)(divω+ΛD) if b ∈ Ω(−ΛD)⊥
0 otherwise.

Thus, by the Riemann-Roch theorem applied to ΛD on the curve Cκ(D) we have:

L1−g ∑
x∈FD

FΦD(x) =
{

LdimL(−ΛD) if b ∈ Ω(−ΛD)⊥
0 otherwise
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We now compute the left-hand side of the Poisson formula. If b = (bs)s ∈ Ω(−ΛD)⊥ =
AFD(−ΛD) + FD, there exists c ∈ FD such that div(c − b) ≥ ΛD. In other words, there
exists an element c of FD in the polydisc of centre b with radii controlled by the divisor ΛD.
Then the intersection of FD with this polydisc is exactly c+ L(−ΛD), so that∑

x∈FD
ΦD(x) =

∑
x∈FD

ΦD(x− c) =
∑

x∈L(−D)
1 = LdimL(−D).

If on the other hand b 6∈ Ω(−ΛD)⊥, then the intersection of FD with the polydisc is empty,
and the sum on the left-hand side of the Poisson formula is zero. This concludes the
proof.

5.5.2 Uniform summation for uniformly compactly supported
functions

In what follows, we are going to show that summation over κ(D)(C) may be done
uniformly in D if Φ is a family of uniformly compactly supported functions, that is, if all
integers in the family M are zero. Let us recall the key point of the construction in this
particular case: the zero-cycle ED from section 5.5.1 is equal to Dα = −∑v αvv, and we
are interested in the space Lκ(D)(Dα). Since Dα is defined over k, by flat base change (see
e.g. [Milne], theorem 4.2 (a)) we have a κ(D)-linear canonical isomorphism

Lκ(D)(Dα) ' L(Dα)⊗k κ(D)

where
L(Dα) = {0} ∪ {f ∈ k(C), divf ≥ −Dα}.

There is a morphism of algebraic varieties over κ(D):

θD : L(Dα)n ⊗k κ(D) −→ Am(α, β, 0, N)D,

constructed in the previous section.
The aim of the following proposition is to show that, as D varies in SmC, the maps θD

can be combined into a morphism performing summation over rational points uniformly
in D. Of course, our uniform choice of uniformisers will be crucial here.

Proposition 5.5.2.1. There exists a constructible morphism

θm : L(Dα)n × SmC −→ Am(α, β, 0, N)

over SmC such that for any D ∈ SmC, the induced morphism

L(Dα)n ⊗k κ(D) −→ Am(α, β, 0, N)D

on fibres above D is exactly the morphism θD constructed above.
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Proof. Lemma 5.3.3.2 shows that for any f ∈ L(Dα) and any ι ∈ I0, there is a constructible
morphism

ϕf,ι : C −→ A(α,β+Nι)
C .

over C, sending v ∈ C to (v, aαv(f, v), . . . , aβv+Nι−1(f, v)) (where we use the notation from
lemma 5.3.3.2). Taking products over C, for any f = (f1, . . . , fn) ∈ L(Dα)n, and any
ι ∈ I0, there is a constructible morphism

ϕf,ι : C −→ An(α,β+Nι)
C .

Taking symmetric products, for any m ∈ I0 we get morphisms

Smϕf : SmC −→ Am(α, β, 0, N).

Finally, L(Dα)n being a finite-dimensional k-vector space, combining these morphisms
for a basis of the latter, we get constructible morphisms

θm : L(Dα)n × SmC −→ Am(α, β, 0, N).

By construction, the restriction to the fibre over a schematic point D ∈ SmC corresponds
indeed to θD.

We see L(Dα)n × SmC as a variety over SmC via the second projection, which yields
a group morphism

E xpML(Dα)n×SmC −→ E xpMSmC ,

interpreted as “summation over rational points in each fibre”. Using this morphism, we
can define uniform summation over rational points:

Definition 5.5.2.2. Let Φ ∈ E xpMA m(α,β,0,N) be a family of uniformly compactly sup-
ported functions. The uniform summation of Φ over rational points, denoted by ∑

x∈κ(D)(C)n
ΦD(x)


D∈SmC

,

is the image in E xpMSmC of the pullback θ∗mΦ.

Remark 5.5.2.3 (Order of summation). Starting from a uniformly compactly supported
family Φ ∈ A m(α, β, 0, N) and pulling it back to L(Dα)n × SmC via θm, we obtain
an object of E xpML(Dα)n×SmC , from which we can get an object of E xpMk, by either
projecting first to SmC and then to k, or first to L(Dα) and then to k. The fact that these
two operations commute can be interpreted in terms of motivic sums as the possibility of
interchanging the order of summation:∑

D∈SmC

∑
x∈κ(D)(C)n

ΦD(x) =
∑

x∈k(C)n

∑
D∈SmC

ΦD(x).

Here ∑x∈k(C)n denotes summation over L(Dα).
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5.6 Poisson formula in families
In this section we describe the way in which the Poisson formula is going to be used in

section 6.2.6 of chapter 6.

5.6.1 Uniformly summable families
Definition 5.6.1.1. We say that a constructible family of functions

Φ ∈ E xpMAm(α,β,M,N)

is uniformly summable if there is an element Σ ∈ E xpMSmC such that for any schematic
point D ∈ Sm(C), the pullback of Σ along D is ∑x∈κ(D)(C)n ΦD(x) ∈ E xpMκ(D).

Remark 5.6.1.2. By lemma 2.1.3.1, such an element is unique.
Notation 5.6.1.3. The element Σ from the definition will be denoted ∑

x∈κ(D)(C)n
ΦD(x)


D∈SmC

.

Example 5.6.1.4. We showed in the previous section that a uniformly compactly sup-
ported family of functions is uniformly summable. The notation in definition 5.5.2.2 is
consistent with the one in 5.6.1.3.

5.6.2 Motivic Poisson formula in families
Let Φ ∈ E xpMAm(α,β,M,N) be a constructible family of Schwartz-Bruhat functions,

which we assume to be uniformly summable. By the motivic Poisson formula as it is
stated in lemma 5.5.1.4, for any schematic point D ∈ SmC, we have∑

x∈κ(D)(C)n
ΦD(x) = L(1−g)n ∑

y∈κ(D)(C)n
FΦD(y).

We may conclude from this and from lemma 2.1.3.1 that the family

FΦ ∈ E xpMAm(ν−β,ν−α,N,M)

is uniformly summable as well, and that ∑
x∈κ(D)(C)n

ΦD(x)

D∈SmC

= L(1−g)n

 ∑
y∈κ(D)(C)n

FΦD(y)

D∈SmC

(5.18)

as elements of E xpMSmC .
In other words, the Poisson formula from lemma 5.5.1.4 shows that Φ is uniformly

summable if and only if FΦ is uniformly summable, and that in this case the families of
their sums are related by a Poisson formula 5.18.
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5.6.3 The case of a uniformly smooth family
In chapter 6, section 6.2.6, we are going to use this formula in the case where Φ is

a uniformly smooth family, so that FΦ is uniformly compactly supported. By example
5.6.1.4, FΦ is then uniformly summable, and section 5.6.2 states that so is Φ, and that we
have equality (5.18). Taking classes in E xpMk (written as motivic sums), we then have:

∑
D∈SmC

∑
x∈κ(D)(C)n

ΦD(x) = L(1−g)n ∑
D∈SmC

∑
y∈κ(D)(C)n

FΦD(y). (5.19)

5.6.4 Reversing the order of summation
By remark 5.5.2.3, it makes sense to reverse the order of summation in the right-hand-

side of (5.19), to get:∑
D∈SmC

∑
x∈κ(D)(C)n

ΦD(x) = L(1−g)n ∑
y∈k(C)n

∑
D∈SmC

FΦD(y). (5.20)

Remark 5.6.4.1. For simplicity of notation, in chapter 6 we will drop the mention of κ(D)
in the summations, and write simply ∑x∈k(C).
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Chapter 6

Motivic height zeta functions

6.1 Geometric setting

6.1.1 Equivariant compactifications
Let k be an algebraically closed field of characteristic zero. Let C0 be a smooth quasi-

projective curve over k, C be its smooth projective compactification, and S = C \ C0.
We denote by F = k(C) the function field of C, g its genus, and G the additive group
scheme Gn

a . A smooth projective equivariant compactification of GF is a smooth projective
F -scheme X containing GF as a dense open subset, and such that the group law GF ×
GF −→ GF extends to a group action GF ×X −→ X.

The geometry of such varieties has been investigated in [HT]. We summarise here the
main facts that will be used in this chapter.

Proposition 6.1.1.1. Let X be a smooth projective equivariant compactification of GF .
1. The boundary X \GF is a divisor.
2. The Picard group of X is freely generated by the irreducible components (Dα)α∈A of

X \GF .
3. The closed cone of effective divisors Λeff(X) ⊂ Pic(X)R is given by

Λeff(X) =
⊕
α∈A

R≥0Dα.

4. Up to multiplication by a scalar, there is a unique GF -invariant meromophic differ-
ential form ωX on X. Its restriction to GF is proportional to the form dx1∧ . . .∧dxn.

5. There exist integers ρα ≥ 2 such that the divisor −div(ωX) is given by

−div(ωX) =
∑
α∈A

ραDα.

We will moreover assume that the divisorX\GF has strict normal crossings. This means
that the components Dα are geometrically irreducible, smooth and meet transversally.
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6.1.2 Partial compactifications
A partial compactification of GF is a smooth quasi-projective scheme U , containing

GF as an open subset, and endowed with an action of GF which extends the group law
GF ×GF −→ GF . If U is an open subscheme of a projective smooth equivariant compact-
ification X of GF , globally invariant under the action of GF , with complement a reduced
divisor D = X \ U , we denote by AD the subset of A such that

D =
∑
α∈AD

Dα,

where (Dα)α∈A are the irreducible components of X \GF . The log-anticanonical class of
the partial compactification U is the class of the divisor

−KX(D) = −(KX +D) =
∑
α∈AD

(ρα − 1)Dα +
∑
α 6∈AD

ραDα =
∑
α∈A

ρ′αDα,

where ρ′α = ρα− 1 for α ∈ AD, and ρα otherwise. Since ρα ≥ 2, it belongs to the interior
of the effective cone of X, and therefore it is big.

6.1.3 Choice of a good model
Let k, C0, C, F be as in section 6.1.1. We now assume we are in the situation described

in the introduction, namely that we are given a projective irreducible k-scheme X together
with a non-constant morphism π : X → C, U a Zariski open subset of X , and L a line
bundle on X . We make the following assumptions on the generic fibres X = XF and
U = UF :

— X is a smooth equivariant compactification of GF , and U is a partial compactifica-
tion of GF .

— the boundary D = X \ U is a strict normal crossings divisor.
— the restriction L of the line bundle L to X is the log-anticanonical line bundle
−KX(D).

We also assume that for all v ∈ C0 we have G(Fv)∩U (Ov) 6= ∅, where Fv is the completion
of F at v, and Ov its ring of integers. According to lemma 3.4.1 in [ChL], up to modifying
the models without changing this hypothesis nor the counting problem we are going to deal
with, we may assume additionally that in fact X is a good model, that is, it is smooth
over k and the sum of the non-smooth fibres of X and of the closures Dα of the irreducible
components Dα of X \U is a divisor with strict normal crossings on X . Moreover, we may
assume that U is the complement in X to a divisor with strict normal crossings. We will
make use of the notations concerning equivariant compactifications introduced in section
6.1.1.

6.1.4 Vertical components
For every v ∈ C(k), we write Bv for the set of irreducible components of π−1(v), and B

for the disjoint union of all Bv, v ∈ C(k). For β ∈ Bv, we denote by Eβ the corresponding
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component, and by µβ its multiplicity in the special fibre of X at v.
The line bundle L is of the form ∑

α∈A ρ′αLα where for every α, the line bundle Lα

on X extends Dα. We may write:

Lα = Dα +
∑
β∈B

eα,βEβ

where the integers eα,β are zero for almost all β. We also define integers ρβ such that

−div(ωX) =
∑
α

ραDα +
∑
β∈B

ρβEβ

where ωX is seen as a meromorphic section of KX /C .

6.1.5 Weak Néron models
Let B1 be the subset of B consisting of those β for which the multiplicity µβ is equal

to 1. Let B1,v = B1∩Bv. Let X1 be the complement in X of the union of the components
Eβ for β ∈ B \B1 as well as of the intersections of distinct vertical components. It is a
smooth scheme over C. By lemma 3.2.1 in [ChL], the C-scheme X1 is a weak Néron model
of X. This means that for every smooth C-scheme Z , the canonical map

HomC(Z ,X1)→ HomF (ZF , X)

is a bijection.
Applying this to Z = C, we see that in particular, any rational point g : SpecF → X

extends to a section σg : C →X1 with image inside X1.

6.2 Height zeta functions

6.2.1 Definition
Let λ = (λα)α∈A be a family of positive integers, and let Lλ = ∑

α∈A λαLα be the
corresponding line bundle on the good model X . For every integer n ∈ Z and any
n = (nα)α∈A ∈ ZA let MU,n be the moduli space of sections σ : C →X such that

— the section σ maps the generic point ηC of C to a point of GF .
— it represents an S-integral point of U , that is, σ(C0) ⊂ U .
— degC(σ∗Lλ) = n

and MU,n the moduli space of sections σ : C →X such that
— the section σ maps the generic point ηC of C to a point of GF .
— it represents an S-integral point of U , that is, σ(C0) ⊂ U .
— for all α ∈ A , degC(σ∗Lα) = nα.

According to Proposition 2.2.2 in [ChL], these moduli spaces exist as constructible sets
over k, and there exists an integer m such that MU,n (resp. MU,n) is empty when n < m
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(resp. when nα < m for all α ∈ A ). Moreover, MU,n can be seen as the disjoint union of
all MU,n such that ∑α∈A λαnα = n.

The multivariate motivic height zeta function is given by

Z(T) =
∑

n∈ZA

[MU,n]Tn ∈Mk[[(Tα)α∈A ]]
 ∏
α∈A

T−1
α

 ,
and the motivic height zeta function associated to the line bundle L , defined as

Zλ(T ) =
∑
n∈Z

[MU,n]T n ∈Mk[[T ]][T−1],

can be written in the form

Zλ(T ) = Z((T λα)) =
∑
m∈Z


∑

n∈ZA∑
α
λαnα=m

[MU,n]

Tm.

As stated in the introduction, we will investigate the case where L = Lρ′ = ∑
α∈A ρ′αLα

is generically the log-anticanonical line bundle. Denote by Z(T ) the corresponding height
zeta function.

6.2.2 Local intersection degrees
Let v ∈ C(k). To every point g ∈ G(Fv), one can attach local intersection degrees

(g,Dα)v ∈ N for all α ∈ A and (g, Eβ)v for all β ∈ Bv such that
1. For every g ∈ G(F ) and every α ∈ A , one has

degC(σ∗g(Dα)) =
∑

v∈C(k)
(g,Dα)v

where σg : C →X is the canonical section extending g.
2. There is exactly one β ∈ Bv such that (g, Eβ)v = 1, and this β has multiplicity one.

For any β′ ∈ Bv different from this β, one has (g, Eβ′)v = 0 (see section 6.1.5).
We refer to [ChL], 3.3 for details.

6.2.3 Decomposition of G(Fv)
We can decompose G(Fv) into definable (in the Denef-Pas language, see section 2.1 of

[ClL08]) bounded domains on which all the above intersection degrees are constant: for all
m ∈ NA and all β ∈ Bv, we define

G(m, β)v = {g ∈ G(Fv), (g, Eβ)v = 1 and (g,Dα)v = mα for all α ∈ A }
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and G(m)v = ∪β∈BvG(m, β)v. Lemma 3.3.2 in [ChL] says that for any m ∈ NA and any
β ∈ Bv, the set G(m, β)v is a bounded definable subset of G(Fv), and that G(Fv) is the
disjoint union of all the G(m, β)v for m ∈ NA and β ∈ Bv.

Moreover, Lemmas 3.3.3 and 3.3.4 from [ChL] can be summarised in the following
proposition:

Proposition 6.2.3.1. There exists a dense open subset C1 of C0 such that for every v ∈
C1(k):
(i) The set Bv contains only one element βv.
(ii) The set G(0, β)v is equal to the subgroup G(Ov) of G(Fv).
Moreover, there is an almost zero function s : C → Z such that for every v ∈ C(k),
m ∈ NA and β ∈ Bv, the set G(m, β)v is invariant under the subgroup G(msv

v ) of G(Ov),
where mv is the maximal ideal of Ov, and one can take sv = 0 for all v ∈ C1(k).

As a consequence of this, as in Corollary 3.3.5 from [ChL], the characteristic function
of each set G(m, β)v may be seen as motivic Schwartz-Bruhat functions on G(Fv) in the
sense of 5.2.1, with N = sv and with M such that G(m, β)v ⊂ (tMOv)n (which exists by
boundedness).
Notation 6.2.3.2. In what follows, it will be convenient for us to consider an even smaller
set C1. Namely, from now on C1 denotes the open subset of places v ∈ C0 satisfying

— the conditions in proposition 6.2.3.1;
— eα,βv = 0 for all α ∈ A ;
— ρβv = 0
— For all α ∈ A \AD, Dα ×C C1 → C1 is smooth.

Proposition 6.2.3.3. There exist almost zero functions s and s′, an unbounded family
N = (Nm)m∈NA with N0 = 0, and for every m ∈ NA and every β ∈ ∏v Bv, a constructible
subset Gm,β of An(s′−Nm,s)

C , the fibre of which at every v ∈ C(k) is exactly G(m, βv)v.

Proof. The definable boundedness of G(m, β)v means that there exists an almost zero
function s′ : C → Z, and, for every m ∈ NA , a non-negative integer Nm such that

G(m, β)v ⊂ (ts′v−Nm
v Ov)n,

for all v ∈ C. Statement (ii) in proposition 6.2.3.1 implies that we may take N0 = 0. Since
G(Fv) is the union of all the G(m, β)v, the family (Nm)m is necessarily unbounded. Taking
the almost zero function s from proposition 6.2.3.1, we see that G(m, β)v defines naturally
a constructible subset of An(s′v−Nm,sv)

k : the conditions on the intersection degrees will indeed
translate into Zariski open and Zariski closed polynomial conditions on the coordinates of
An(s′v−Nm,sv)
k . Let Y be an affine subset of X such that π|Y : Y → C is non-constant. Let

C ′ be an open dense subset of C contained in the intersection of the image of π|Y and of
the open subset C1 from proposition 6.2.3.1. For every α ∈ Dα, let fα be a local equation
for Dα in Y . Then the condition that (g,Dα)v = mα may be written ord(fα(g)) = mα for
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all v in the image of π|Y . We thus see that we may take the same integer Nm for all v, and
that for all v ∈ C ′, the equations defining G(m)v inside An(s′v−Nm,sv)

k are uniform in v (in
the sense that they are defined by the same formula in the Denef-Pas Language for every
such v). This, together with the fact that the G(m, β)v, for v ∈ C \ C ′ are constructible,
guarantees the existence of a constructible subset of An(s′−Nm,s)

C as in the statement of the
proposition.

6.2.4 Integral points
The complement of the model U inside X is the union of the divisors Dα for α ∈ AD,

and of the vertical components Eβ for a finite subset B0 of B. We then set B0
v = B0∩Bv

for every v ∈ C(k), and define

B0 = B1 \
(
∪v∈C0B

0
v

)
,

and B0,v = B0∩Bv. In other words, B0 corresponds to vertical components of multiplicity
one which either lie above S or are contained in U . Thus in particular B0,v = B1,v for
v ∈ S.

Let mv ∈ NA and βv ∈ Bv. We say that the pair (mv, βv) is v-integral if
— either v ∈ S
— or v ∈ C0, βv ∈ B0 and mα,v = 0 for every α ∈ AD.

In other words, the union of the sets G(mv, βv)v for all v-integral pairs (mv, βv) is equal
to U (Ov) if v ∈ C0, and G(Fv) otherwise.

For any (mv, βv) ∈ NA ×Bv, define

H(mv, βv)v =
{
G(mv, βv)v if (mv, βv) is v-integral

∅ else.

Then the union of the sets H(mv, βv)v for all (mv, βv) is equal to U (Ov) if v ∈ C0,
and G(Fv) otherwise. We also define H(mv)v = ∪β∈BvH(mv, β)v. Let m = (mv)v and
β = (βv)v be families indexed by v ∈ C(k), where mv = (mα,v) ∈ NA and βv ∈ Bv for
all v, such that mv = 0 for almost all v. The element m must be seen as an effective
zero-cycle on C with coefficients in NA . We say (m, β) is integral if (mv, βv) is v-integral
for every v.

Remark 6.2.4.1. For fixed n ∈ NA and β ∈ ∏v B0,v, families m = (mv)v such that the pair
(m, β) is integral and such that ∑v∈C mv = n are parametrised by the symmetric product
Sn′(C \ C0) × Sn′′(C) (where n′ = (nα)α∈AD and n′′ = (nα)α∈A \AD) which may naturally
be seen as a constructible subset of Sn(C).

For any pair (m, β), the characteristic functions of the subsets

G(m, β) =
∏

v∈C(k)
G(mv, βv)v ⊂ G(AF )
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and
H(m, β) =

∏
v∈C(k)

H(mv, βv)v ⊂ G(AF )

may be seen as global motivic Schwartz-Bruhat functions by proposition 6.2.3.1. More
precisely, using the notation of proposition 6.2.3.3, they may be seen as elements of

E xpM∏
v

An(s′v−Nmv ,sv)
k

.

We have H(m, β) = G(m, β) if (m, β) is integral, and H(m, β) = ∅ else.
In the same manner as the G(m, β)v, the H(m, β)v may be combined into a con-

structible set Hm,β:

Proposition 6.2.4.2. For any m ∈ NA and any β = (βv)v ∈
∏
v Bv, there is a con-

structible subset Hm,β ⊂ Gm,β the fibre of which at any v ∈ C(k) is exactly H(m, βv)v.

Proof. There are two cases to consider. Assume first that m is such that mα = 0 for
all α ∈ AD. Then Hm,β is obtained from Gm,β by removing the fibres above the finite
number of points v ∈ C(k) such that (m, βv) is not v-integral, that is, such that v ∈ C0
and βv 6∈ B0. If on the contrary there exists α ∈ AD such that mα 6= 0, then Hm,β is the
restriction of Gm,β to the finite set of points S.

6.2.5 Two constructible families of Schwartz-Bruhat functions
In propositions 6.2.3.3 and 6.2.4.2 we have combined, for any m ∈ NA and any β =

(βv)v ∈
∏
v Bv, the sets G(m, βv)v (resp. H(m, βv)v) into a familiy Gm,β ⊂ An(s′−Nm,s)

C

(resp. Hm,β ⊂ Gm,β) above C. The symmetric product construction then allows us to
consider, for any n ∈ NA and any β ∈ ∏v Bv, constructible subsets

Sn((Hm,β)m∈NA ) ⊂ Sn((Gm,β)m∈NA ) ⊂ Sn
((

An(s′−Nm,s)
C

)
m∈NA

)
= An(s′, s, N, 0).

with the notation of section 5.3.1. Therefore, using the terminology of section 5.3.5, this de-
fines two uniformly smooth constructible families of Schwartz-Bruhat functions of level n.
They parametrise the characteristic functions of the adelic sets H(m, β) and G(m, β) for
fixed β ∈ ∏

v Bv and with m varying inside SnC: we will therefore denote these fami-
lies (1H(m,β))m∈SnC and (1G(m,β))m∈SnC . Their Fourier transforms will then be uniformly
compactly supported constructible families of functions, defined on An(ν − s, ν − s′, 0, N).

6.2.6 Applying the Poisson summation formula
Let n ∈ ZA . For any β = (βv)v ∈

∏
v B0,v, and α ∈ A , put nβα := nα −

∑
v eα,βv .

We define Mn,β to be the constructible subset of Mn of sections σg such that for all v,
(g, Eβv)v = 1 (so that (g, Eβ′v) = 0 for all β′v 6= βv). By definition, these sections satisfy
deg(σ∗gDα) = nβα for all α ∈ A . Thus, since the Dα are effective, for any n such that
Mn,β 6= ∅, the nβα, α ∈ A , are non-negative integers.
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Lemma 6.2.6.1. Let n ∈ ZA and β ∈ ∏v B0,v be such that Mn,β is non-empty. There is
a morphism of constructible sets defined by

Mn,β → SnβC

σg 7→
∑

v∈C(k)
((g,Dα)v)α∈A [v]

Proof. We will start by making some reductions. To simplify notations, write Mn,β = M ,
and nβ = n. Since SnC = ∏

α∈A SnαC, it suffices to prove constructibility for the map
M → SnαC
σg 7→

∑
v(g,Dα)v[v]

associated to one Dα. To simplify notations further, write nα = n and Dα = D . By
definition of the moduli space of sections, there is a morphism

ε : C ×M → X
(v, σ) 7→ σ(v)

Denote by sD the canonical section of the line bundle OX (D) and put ∆ = div(ε∗sD).
This is a closed subscheme of C ×M , finite over M . By generic flatness, we may stratify
M into locally closed subsets Ui such that for every i, ∆ ×M Ui ⊂ C × Ui is flat over Ui.
By definition of Hilbert schemes, it therefore defines a morphism Ui → Hilb(C) to the
Hilbert scheme of points of C. Moreover, for every σ ∈ M , the fibre ∆σ = div(σ∗sD) is
a zero-dimensional subscheme of C of length n. Thus, the image of the above morphism
is in fact contained in the Hilbert scheme of n points of C, which we may identify with
the symmetric product SnC. The constructible morphism we want is then obtained by
combining these morphisms Ui → SnC for every i.

Recall that a point in Mn,β represents a section that intersects components in AD only
above places in S = C \C0. Thus, in fact, Mn,β lies above the constructible subset of SnβC
consisting of zero-cycles m = (mv)v with components with respect to α ∈ AD supported
inside S: in other words, these are the zero-cycles m such that (m, β) is integral.

The exact correspondence between sections σ : C → X and elements of X(F ) via
σ 7→ σ(ηC) restricts to an exact correspondence between sections σ ∈ Mn,β lying above
m ∈ SnβC and elements in G(F ) ∩ H(m, β), where H(m, β) is the adelic set defined in
section 6.2.4. We denote HF (m, β) := G(F )∩H(m, β), which is a constructible set over k.
Note that by definition of summation over rational points (see section 5.5.1 in chapter 5),
we have, for every m ∈ SnβC∑

x∈κ(m)(C)n
1H(m,β)(x) = [HF (m, β)] = (Mn,β)m ∈Mκ(m).

With the notation of section 6.2.5, the uniformly smooth family (1H(m,β))m∈SnβC
is uni-

formly summable (see section 5.6.1 of chapter 5), and its sum is exactly the class of Mn,β
in M

SnβC
. Taking classes in Mk, we may therefore write the motivic summation

[Mn,β] =
∑

m∈SnβC

[HF (m, β)].
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Remark 6.2.6.2. Here the existence of the moduli spacesMn,β shows that the family of func-
tions (1H(m,β))m∈SnβC

is uniformly summable, independently of section 5.6.3. By unique-
ness of the sum (remark 5.6.1.2), this sum (the class of Mn,β in E xpM

SnβC
) is equal to the

one given by the Poisson formula as stated in 5.6.3.
Note that

Tn =
∏
α∈A

T nαα =
∏
α∈A

T
∑

v
eα,βv

α

∏
α∈A

Tnβα
α .

Write T||β|| for ∏α∈A T
∑

v
eα,βv

α . Then

Z(T) =
∑

n∈ZA

[Mn]Tn =
∑

n∈ZA

∑
β∈
∏
v

B0,v

[Mn,β]Tn

=
∑

n∈ZA

 ∑
β∈
∏
v

B0,v

∑
m∈SnβC

[HF (m, β)]

Tn

=
n←nβ

∑
β∈
∏
v

B0,v

T||β||
∑

n∈NA

∑
m∈SnC

[HF (m, β)]Tn

For clarity, let us remark that in this summation, we have three different types of sums:
the sum over ∏v B0,v, which is a finite sum, the one over ZA or over NA which is the sum
of the formal series, and the motivic sum over m ∈ SnC.

The Poisson summation formula (see section 5.6, and especially 5.6.3 and 5.6.4; see also
remark 5.6.4.1), applied to the uniformly smooth constructible family of Schwartz-Bruhat
functions (1H(m,β))m∈SnC (see the end of section 6.2.5) gives, for any n ∈ NA :∑

m∈SnC

[HF (m, β)] =
∑

m∈SnC

∑
x∈k(C)n

1H(m,β)(x)

=
∑

m∈SnC

L(1−g)n ∑
ξ∈k(C)n

F (1H(m,β))(ξ)


= L(1−g)n ∑
ξ∈k(C)n

∑
m∈SnC

F (1H(m,β))(ξ)

Then Z(T) may me rewritten in the form

Z(T) = L(1−g)n ∑
ξ∈k(C)n

∑
β∈
∏
v

B0,v

T||β||
∑

n∈NA

∑
m∈SnC

F (1H(m,β))(ξ)Tn.

By the definition of Euler products, we have

∑
n∈NA

∑
m∈SnC

F (1H(m,β))(ξ)Tn =
∏
v∈C

 ∑
mv∈NA

F (1H(mv ,βv))(ξv)Tmv

 . (6.1)

Indeed, we are dealing here with the uniformly compactly supported family

(F (1H(m,β)))m∈SnC ∈ E xpMAn(ν−s,ν−s′,0,Nι)
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(see end of section 6.2.5). The summation over k(C)n is therefore in fact a summation on
the n-th power of the Riemann-Roch space associated to the divisor −∑v(νv − sv)[v]. For
every point ξ of this space, as explained in the beginning of the proof of lemma 5.5.2.1, ξ
induces constructible morphisms

ϕξ,ι : C → A(ν−s,ν−s′+Nι)
C

for every ι ∈ NA , which after taking symmetric products, give constructible morphisms

Snϕξ : SnC → An(s′, s, 0, N)

such that
(F (1H(m,β))(ξ))m∈SnC = (Snϕξ)∗(F (1H(m,β)))m∈SnC .

By section 5.4.4 (especially proposition 5.4.4.2), we have the equality

(F (1H(m,β)))m∈SnC = Sn((F1Hι,β)ι∈NA )

in E xpMAn(ν−s,ν−s′,0,N). Pulling back via Snϕξ = Sn((ϕξ,ι)ι∈NA ) gives the equality

(F (1H(m,β))(ξ))m∈SnC = Sn((ϕ∗ξ,ιF (1Hι,β)ι∈NA )

in E xpMSnC . The pullback to any v ∈ C of the ι-th element ϕ∗ξ,ιF1Hι,β ∈ E xpMC of the
family on the right-hand side is exactly F (1H(ι,βv))(ξv), by the definition of ϕξ,ι and by
remark 5.4.4.1, so this should be the ι-th coefficient of the local factor of the Euler product
corresponding to v.
Notation 6.2.6.3. We use the notation from [ChL], 3.6: for every v ∈ C, α ∈ A , mv ∈ NA

and β ∈ Bv, we define
||mv, βv||α := mα,v + eα,βv

and T||mv ,βv || := ∏
α∈A T ||mv ,βv ||

α . Note that for g ∈ G(Fv)∩G(mv, βv)v, the local intersection
degree (g,Lα)v is exactly

(g,Lα)v = (g,Dα)v +
∑
β∈Bv

eα,β(g, Eβ)v = mα,v + eα,βv = ||mv, βv||α.

Finally, we have

Z(T) = L(1−g)n ∑
ξ∈k(C)n

∑
β∈
∏
v

B0,v

∏
v∈C

∏
α∈A

T eα,βvα

∏
v∈C

 ∑
mv∈NA

F (1H(mv ,βv))(ξv)Tmv


= L(1−g)n ∑

ξ∈k(C)n

∏
v∈C

 ∑
βv∈B0,v

∏
α∈A

T eα,βvα

∑
mv∈NA

F (1H(mv ,βv))(ξv)Tmv



= L(1−g)n ∑
ξ∈k(C)n

∏
v∈C

 ∑
mv∈NA

βv∈B0,v

F (1H(mv ,βv))(ξv)T||mv ,βv ||


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Thus, we have written Z(T) in the form

Z(T) = L(1−g)n ∑
ξ∈k(C)n

Z(T, ξ) (6.2)

where Z(T, ξ) has an Euler product decomposition with local factors

Zv(T, ξ) :=
∑

mv∈NA

βv∈B0,v

F (1H(mv ,βv))(ξv)T||mv ,βv || =
∑

(mv ,βv) v−integral
F (1G(mv ,βv))(ξv)T||mv ,βv ||.

More precisely, it is the product of the finite number of factors corresponding to v ∈ C \C1,
and of the Euler product of the series

ZC1(T, ξ) :=
∑

m∈NA

F (1Hm,β×CC1)(ξ)Tm ∈ E xpMC1 [[T ]]

where Tm = ∏
α∈A Tmαα . In what follows, we will study these local factors to be able to

apply lemma 4.7.2.1 to the series ZC1(T, ξ). Combined with estimates for the remaining
local factors, this will give us the convergence properties of the series Z(T).
Remark 6.2.6.4 (Restriction of the summation domain). As noted in the end of section 6.2.5,
the Fourier transforms of the families (1H(m,β))m∈SmC and (1G(m,β))m∈SmC are uniformly
compactly supported. We may conclude, as in [ChL], 4.2, that there is a finite-dimensional
k-vector space V (given by an appropriate Riemann-Roch space), and a linear F -morphism
a : VF → GF such that the summation (6.2) restricts in fact to

Z(T) = L(1−g)n ∑
ξ∈a(V )

Z(T, ξ).

6.3 Analysis of local factors and convergence
The aim of this section is to study the local factors

Zv(T, ξ) =
∑

mv∈NA

β∈B0,v

F (1H(mv ,βv))(ξv)T||mv ,βv ||

=
∑

mv∈NA

β∈B0,v

∫
H(mv ,βv)

∏
α∈A

T (g,Lα)v
α e(〈g, ξ〉)dg.

(We use here the notation e from [ChL], which is a substitute for the notation ψ ◦ r from
section 5.2.4.) We follow [ChL] and rewrite this integral as an integral with respect to the
motivic measure on the arc space L (X ). We then give estimates for it, first in the case
when ξ is the trivial character, then in the case when it is non-trivial. This allows us to
study convergence of the Euler product Z(T, ξ).

In this section, we will often omit the index v once the place v is fixed.
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6.3.1 Motivic functions and integrals
In this section, we consider a field k of characteristic zero, R = k[[t]] and K = k((t)).

For this and the next section only, let X be a smooth and flat R-scheme of finite type and
of pure relative dimension n. We are going to use the notion of motivic residual function
on the arc space L (X ), introduced in section 2.4 of [ChL].

Recall that the spaces of m-jets Lm(X ) for m ≥ 0 come with natural affine morphisms
pm+1
m : Lm+1(X ) → Lm(X ) which turn the collection of relative Grothendieck rings

E xpMLm(X ) into an inductive system via the induced ring morphisms(
pm+1
m

)∗
: E xpMLm(X ) → E xpMLm+1(X )

sending the class of a variety H → Lm(X ) to the class of H ×Lm(X ) Lm+1(X ) →
Lm+1(X ) with the appropriate operation on exponentials.

Definition 6.3.1.1. The ring of motivic residual functions on L (X ) is the inductive limit
of all Grothendieck rings E xpMLm(X ), m ≥ 0.

For example, take a constructible subset W of L (X ), that is, a subset of the form
p−1
m (Wm) where Wm is a constructible subset of Lm(X ) and pm : L (X ) → Lm(X ) is

the projection morphism. Then the characteristic function of W may be seen as a motivic
residual function.

Let h be a motivic residual function. Assume it to be of the form [H, f ] where H is a
variety over Lm(X ) for some m, and f : H → A1 a morphism. Then the integral of h
over the arc space L (X ) is defined to be∫

L (X )
h(x)dx =

∫
L (X )

Hxψ(r(f(x)))dx := L−(m+1)n[H, f ]k ∈ E xpMk.

This does not depend on m because for any m′ ≥ m, the projection morphism Lm′(X )→
Lm(X ) is a locally trivial fibration with fibre A(m′−m)n

k . More generally, one can consider
integrals

∫
W over constructible subsets of L (X ) by multiplying the integrand by the

characteristic function 1W .

Example 6.3.1.2. If W = p−1
m (Wm) is a constructible subset of L (X ) for some m ≥ 0,

then one may define the volume of W to be

vol(W ) :=
∫

L (X )
1W (x)dx = L−(m+1)n[Wm, 0] ∈ E xpMk.

In particular, if W = L (X ) = p−1
0 (Xk) where Xk is the special fibre of X , then

vol(L (X )) = L−n[Xk, 0]. (6.3)

Another useful special case is the volume of the subspace L (A1, 0) of L (A1) of arcs with
origin in 0 ∈ A1. We have:

vol(L (A1, 0)) = L−1. (6.4)
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Combining (6.3) and (6.4), we also get that the volume of the subspace of arcs of order 0
in L (A1) is

vol({x ∈ L (A1), ord(x) = 0}) = vol(L (A1))− vol(L (A1, 0)) = 1− L−1 (6.5)

Remark 6.3.1.3. Let W = p−1(Wm) be a constructible subset of L (X ) for some Wm ⊂
Lm(X ) and some m ≥ 0 and let h = [Lm(X ), f ]. Then by the triangular inequality for
weights (chapter 4, lemma 4.6.3.3), as well as lemma 4.6.3.1:

w
(∫

W
h(x)dx

)
= w

(∫
L (X )

1W (x)e(f(x))dx
)

= w(L−(m+1)n[W, f|W ])
≤ −2(m+ 1)n+ w([W, 0])
= w(vol(W ))

We are going to use this property repeatedly.

6.3.2 Some computations of motivic integrals
We keep the notations from the previous section. Let r : K → k be the linear map

defined by r(a) = res0(adt), so that r(t−1) = 1 and r(tn) = 0 for any n 6= −1.

Lemma 6.3.2.1. Let d be a non-zero integer and let ξ ∈ K be such that ord(ξ) = 0. Let
Q = a0 + a1x+ . . .+ adx

d ∈ k((t))[x] be a non-zero polynomial of degree ≤ d such that for
all i ∈ {1, . . . , d}, ord(ai) > ord(a0). Then for any n ∈ N such that −2n ≤ ord(a0) < −n,
one has ∫

ξ+tnk[[t]]
ψ(r(Q(x)x−d))dx = 0.

Proof. The proof goes along the same lines as the proof of lemma 5.1.1 in [ChL]. The
condition on the orders of the coefficients of Q implies that:

— ord(Q(ξ)) = ord(a0).
— For all i ∈ {1, . . . , d},

ord(Q(i)(ξ)) ≥ min
i≤j≤d

ord(aj) > ord(Q(ξ)) ≥ −2n. (6.6)

Write x = ξ(1 + tnu) for some u with ord(u) ≥ 0, so that we have∫
ξ+tnk[[t]]

ψ(r(Q(x)x−d))dx = L−n
∫
k[[t]]

ψ(r(Q(ξ(1 + tnu))(ξ(1 + tnu))−d)du.

We may expand

Q(ξ(1 + tnu)) = Q(ξ) +Q′(x)ξtnu+Q′′(x)(ξtnu)2 + . . .
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and
(ξ(1 + tnu))−d = ξ−d

(
1− dtnu+

(
−d
2

)
t2nu2 + . . .

)
Taking the product and using (6.6), we have

r
(
Q(ξ(1 + tnu))ξ−d(1 + tnu)

)
= r(Q(ξ)ξ−d) + r

(
Q′(ξ)ξ1−dtnu−Q(ξ)ξ−ddtnu

)
,

since all the other terms belong to the maximal ideal tk[[t]]. We therefore have∫
k[[t]]

ψ(r(Q(ξ(1 + tnu))(ξ(1 + tnu))−d)du

= [Spec k, r(Q(ξ)ξ−d)]
∫
k[[t]]

ψ(r
(
Q′(ξ)ξ1−dtnu−Q(ξ)ξ−ddtnu

)
)du.

Now, ord(Q′(ξ)ξ1−dtn − Q(ξ)dξ−dtn) = ord(Q(ξ)tn) < 0, and therefore the integral in the
right-hand side is zero.

For m ∈ Z, let Cm be the annulus defined by ord(x) = m.
Lemma 6.3.2.2. Let m and d be positive integers and P ∈ k[[t]][x] a non-zero polynomial
such that ord(P (0)) = 0. Then∫

Cm
ψ(r(P (x)x−d))dx =

{
−L−2 if m = d = 1
0 otherwise

Proof. Let I(m, d, P ) be the above integral. A change of variable allows us to write

I(m, d, P ) = L−m
∫
C0
ψ(r(P (tmu)t−mdu−d))du.

Thus, we have I(m, d, P ) = I(0, d,Q) where Q(u) = a0 + a1u+ . . . ∈ k((t))[u] is the poly-
nomial given by Q(u) = P (tmu)t−md. Since P has integral coefficients, and ord(P (0)) = 0,
we have

— ord(a0) = ord(P (0)t−md) = −md
— for all i ≥ 1, ord(ai) ≥ mi−md > −md = ord(a0).

If md > 1, then there exists a positive integer n such that −2n ≤ −md < −n, and choosing
such an n, the previous lemma tells us that

I(m, d, P ) = L−m
∫
C0

∫
k[[t]]

ψ(r(Q(u)(u+ tny)−d)dy du = 0.

Assume now m = d = 1. Then, writing P (0) = a, we have

I(1, 1, P ) = L−1
∫
C0
ψ(r(P (tu)t−1u−1))du = L−1

∫
C0
ψ(r(at−1u−1))du

= L−1
∫
C0
ψ(r(at−1u))du

= L−1
(∫

k[[t]]
ψ(r(at−1u))du−

∫
tk[[t]]

ψ(r(at−1u))du
)

which gives the result, since the first term in the parenthesis is zero (using again that
ord(a) = 0), and the second one is equal to L−1.
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6.3.3 An integral over the arc space

We now go back to the setting and notations of section 6.1. In this section we re-
call briefly, following [ChL], how integrals of motivic Schwartz-Bruhat functions can be
rewritten as integrals on arc spaces.

Lemma 6.3.3.1. ([ChL], lemma 6.1.1) Let Φ ∈ S (F n
v ) be a local motivic Schwartz-Bruhat

function. Then the integral
∫
G(Fv) Φ(g)dg can be rewritten as

∫
L (X )

Φ(x)L−ordω(x)dx

where dx denotes the motivic measure on the arc space L (X ).

For every subset A ⊂ A and every β ∈ B1,v for some v, we denote by ∆(A, β) the
locally closed subset of the special fibre Xv := X ×R Spec (k) of points belonging to the
divisors Dα, α ∈ A and no other, as well as to the vertical divisor Eβ, and no other.

The special fibre Xv identifies with the jet scheme L0(X ) of order 0, and therefore
there is a specialisation morphism L (X ) −→Xv. We denote by Ω(A, β) the preimage in
L (X ) of ∆(A, β). Lemma 5.2.6 of [ChL] then states the following:

Lemma 6.3.3.2. Let A be a subset of A and let B be a set of cardinality n − Card(A).
There exists a mesure-preserving definable isomorphism θ from ∆(A, β) × L (A1, 0)A ×
L (A1, 0)B with coordinates xα, α ∈ A and yβ, β ∈ B, to Ω(A, β), such that ordDα(θ(x)) =
ord(xα) for α ∈ A, and ordDα(θ(x)) = 0 for α 6∈ A.

Remark 6.3.3.3. We changed the normalisation slightly with respect to [ChL]. Note that
this is consistent with example 6.3.1.2: the volume of Ω(A, β) is given by [∆(A, β)]L−n.

In what follows, we therefore identify a point of Ω(A, β) with a triple

(w, x, y) ∈ ∆(A, β)×L (A1, 0)A ×L (A1, 0)B.

We also recall Lemma 6.2.6 from [ChL], which uses this isomorphism to rewrite the
motivic Fourier transforms Zv(T, ξ) as sums of motivic integrals over arc spaces:

Lemma 6.3.3.4. For every motivic residual function h on L (X ) and every ξ ∈ G(Fv),
one has ∫

G(Fv)

∏
α∈A

T (g,Lα)v
α h(g)e(〈g, ξ〉)dg

=
∑
A⊂A
β∈B1

∏
α∈A

T eα,βα Lρβ

∫
Ω(A,β)

∏
α∈A

(LραTα)ord(xα)h(x)e(〈x, ξ〉)dx.
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6.3.4 A few words on convergence of Euler products in our set-
ting

If in our general convergence result, proposition 4.7.2.1, we take X to be a curve (so
that w(X) = 2), ε = 1

2 and β = 0 (and replacing α by the letter c to avoid confusion with
the indices of the components Dα), the obtain the following particular case which will be
the one we are going to use:

Lemma 6.3.4.1. Let X be a curve over C. Assume F (T ) = 1 +∑
i≥1Xit

i ∈ E xpMX [[T ]]
is such that there exist an integer M ≥ 1 and a real number c < 1 such that

— for all i ∈ {1, . . . ,M}, wX(Xi) ≤ 2i− 2
— for all i ≥M , wX(Xi) ≤ 2ci− 1.

Then there exists δ > 0 such that the Euler product ∏v∈X Fv(T ) ∈ E xpMk[[T ]] converges
for |T | < L−1+δ.

In practice, X will be some dense open subset of our original curve C, and the conver-
gence of the remaining factors will be checked separately.

Remark 6.3.4.2. Note that by lemma 4.6.3.2, to bound wX(Xi), it suffices to bound
2 dimX(Xi) + dimX. We are going to use this remark for almost all terms except the
very few first ones where a bound on weights rather than dimensions is crucial.

Remark 6.3.4.3. Whenever the series F (T ) is in fact a polynomial, we may take M to be
its degree and then it suffices to check the bound wX(Xi) ≤ 2i− 2 for all i, taking c to be
zero in the statement of the lemma. In the case when we want to check it on dimensions,
this boils down to the inequality dimX(Xi) ≤ i− 2.

This remark motivates the following terminology which we will use to discard terms
that won’t obstruct convergence:

Definition 6.3.4.4. Let X be a k-variety and i ≥ 0 be an integer. A polynomial F =∑
aiT

i ∈ E xpMX [T ] is said to be admissible if dimX(ai) ≤ i−2 for all i ≥ 0. A polynomial
F = ∑

m∈NA amTm ∈ E xpMX [T] is said to be ρ′-admissible if F ((T ρ′α)α∈A ) is admissible.

Note that F ∈ E xpMX [T ] is admissible if and only if for all v ∈ X, Fv = ∑
ai,vT

i ∈
E xpMk[T ] is admissible, so admissibility may be checked locally.

In what follows, we are going to use the weight function from chapter 4. Therefore,
unless explicitly stated, in all what follows, the base field k will be the field of complex
numbers C.

6.3.5 Places in C0

Let v be a place in C0. In this case, for any character ξ, Zv(T, ξ) is given by lemma
6.3.3.4, taking h to be the characteristic function of the set U (Ov) inside G(Fv). In other
words, one has h = 0 on Ω(A, β) whenever A ∩AD 6= ∅ or β 6∈ B0, and h = 1 otherwise.
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Therefore,

Zv(T, ξ) =
∑

A⊂A \AD
β∈B0,v

∏
α∈A

T eα,βα Lρβ

∫
Ω(A,β)

∏
α∈A

(LραTα)ord(xα)e(〈x, ξ〉)dx. (6.7)

We are going to study the local factors in this form. For all but a finite number of
places in C0, a precise analysis is required to prove meromorphic continuation of the Euler
product (specialised for T = (T ρ′α)α∈A ) for |T | < L−1+δ, with a pole at L−1. For the finite
number of remaining places, a coarser estimate suffices, given by the following lemma:

Lemma 6.3.5.1. Let v ∈ C0. The local factor Zv((T ρ
′
α)α, ξ) converges for |T | < L−1+δ for

some δ > 0.

Proof. Write
Zv(T, ξ) =

∑
β∈B0,v

∏
α∈A

T eα,βα Lρβ
∑

A⊂A \AD

ZA,β(T, ξ),

with
ZA,β(T, ξ) =

∫
Ω(A,β)

∏
α∈A

(LραTα)ord(xα)e(〈x, ξ〉)dx.

It suffices to check convergence of each ZA,β(ξ). Using the notation fξ for the linear form
〈·, ξ〉 on GF and the rational function it induces on X, we have

ZA,β(T, ξ) =
∑

m∈NA
>0

∏
α∈A

(LραTα)mα
∫

∆(A,β)×L (A1,0)n−|A|×L (A1,0)|A|
ord(xα)=mα

e(fξ(x, y))dxdy

=
∑

m∈NA
>0

∏
α∈A

(Lρα−1Tα)mα
∫

∆(A,β)×L (A1)n−|A|×L (A1,0)|A|
ord(xα)=0

e(fξ(tmx, y))dxdy.

By remark 6.3.1.3, each integral is of weight at most the weight of the volume of the domain
of integration, which, by (6.4) and (6.5) is

w([∆(A, β)](1− L−1)|A|L−n+|A|) ≤ 2 dim[∆(A, β)] + 2(−n+ |A|)
≤ 0

because the divisors Dα intersect transversely. Thus, the series converges if the series∑
m∈NA

>0

∏
α∈A

(Lρα−1Tα)mα .

converges. This series is equal to
∏
α∈A

Lρα−1Tα
1− Lρα−1Tα

.

Specialising to T = (T ρα)α∈A we get the result.

For ξ = 0, we need to be more precise and to check the exact order of the pole, therefore
we are going to use this lemma only for ξ 6= 0.
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6.3.5.1 Trivial character

Assume ξ = 0. Then the factor e(〈x, ξ〉) equals 1, and we may compute directly (see
[ChL], 6.4):

Zv(T, 0) =
∑

β∈B0,v

∏
α∈A

T eα,βα Lρβ
∑

A⊂A \AD

[∆(A, β)]L−n+|A|(1− L−1)|A|
∏
α∈A

Lρα−1Tα
1− Lρα−1Tα

.

Therefore, Zv(T, 0) is a rational function, and Zv(T, 0)∏α∈A \AD(1−Lρα−1Tα) is a Laurent
polynomial (and a polynomial for almost all v).

Proposition 6.3.5.2. There is a real number δ > 0 such that the product

∏
v∈C0

Zv((T ρ′α)α, 0)
∏

α∈A \AD

(1− Lρα−1T ρα)


converges for |T | < L−1+δ and takes a non-zero effective value in M̂k at T = L−1.

Proof. It suffices to check convergence of the product over v inside the dense open subset C1
of C0 (see notation 6.2.3.2). Thus, we may assume that Bv = {β} (and denote ∆(A, β)
simply by ∆(A)) and that the integers eα,β and ρβ are zero. Then the above formula
simplifies to

Zv(T, 0) =
∑

A⊂A \AD

[∆(A)]L−n+|A|(1− L−1)|A|
∏
α∈A

Lρα−1Tα
1− Lρα−1Tα

.

Put Fv(T, 0) := Zv(T, 0)∏α∈A \AD(1 − Lρα−1Tα). It is a polynomial. For A such that
|A| ≥ 2 we have dim ∆(A) ≤ n− |A| so that

Fv(T, 0) = 1−
∑

α∈A \AD

Lρα−1Tα +
∑

α∈A \AD

[∆({α})]L1−nLρα−1Tα + Pv(T)

= 1−
∑

α∈A \AD

([Dα,v]− Ln−1)L−nLραTα + Pv(T)

where Pv(T) ∈Mk[T] is a ρ′-admissible polynomial (see definition 6.3.4.4). This compu-
tation is uniform in v ∈ C1, meaning that there is a polynomial F (T, 0) ∈ MC1 [T] and
a ρ′-admissible polynomial P (T) ∈ MC1 [T] such that, denoting by v : Spec k → C1 the
morphism defining the point v, we have v∗F = Fv, v∗P = Pv, and

F (T, 0) = 1−
∑

α∈A \AD

([Dα]− Ln−1)L−nLραTα + P (T)

in MC1 [T]. By lemma 4.6.3.4, we have

wC1(([Dα]− Ln−1)L−nLρα) ≤ 2(n− 1)− 2n+ 2ρα ≤ 2(ρα − 1).
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Specialising Tα to T ρα , we see that we can apply lemma 6.3.4.1 with X = C1, as explained
in remark 6.3.4.3.

Thus, there is a real number δ > 0 such that the infinite product ∏v∈C1 Fv((T ρ
′
α)α, 0)

converges for |T | < L−1+δ and has a non-zero effective value at L−1 in M̂k, which is of the
form 1 + a with w(a) < 0. Multiplying by the finite number of factors v ∈ (C0 \ C1)(k)
does not change convergence. Moreover, for v ∈ C0 \ C1(k) the value of Fv((T ρ

′
α)α, 0) at

T = L−1 is exactly:

(1− L−1)|A \AD|
∑

A⊂A \AD
β∈B0

Lρβ−
∑

α∈A
ρ′αeα,β [∆(A, β)]L−n, (6.8)

which is clearly effective. It is non-zero unless ∆(A, β) = ∅ for all A ⊂ A \ AD and all
β ∈ B0,v, which would mean that U (Ov) = ∅. The latter was ruled out by our assumption
of existence of local sections, see 6.1.3. We may conclude that the product

∏
v∈C0

Fv((T ρ
′
α)α, 0)

converges for |T | < L−1+δ and has a non-zero effective value at L−1 in M̂C. Moreover, we
may give a formula for this value. For all v ∈ C1, the expression in (6.8) simplifies to

(1− L−1)|A \AD|
∑

A⊂A \AD

[∆(A)]L−n

= (1− L−1)|A \AD|
1 + L−n

∑
∅6=A⊂A \AD

[∆(A)]


because [∆(∅)] = [G(k)] = Ln, so that the total value at L−1 is:

∏
v∈C1

(1− L−1)|A \AD|
1 + L−n

∑
∅6=A⊂A \AD

[∆(A)]


×
∏

v∈C0\C1

(1− L−1)|A \AD|

 ∑
A⊂A \AD
β∈B0

Lρβ−
∑

α∈A
ρ′αeα,β [∆(A, β)]L−n

 .

Using hypothesis 3, this result implies that the infinite product ∏v∈C0 Zv(0, (T ρ
′
α)α)

has a meromorphic continuation for |T | < L−1+δ, its only pole being a pole of order
Card(A \AD) = rk Pic(U) at T = L−1.
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6.3.5.2 Non-trivial characters

For every ξ ∈ G(Fv), the linear form x 7→ 〈x, ξ〉 on GFv defines a meromorphic function
fξ on X. The support of its divisor of poles is contained in ⋃αDα, so that we can write

divfξ = E(ξ)−
∑
α∈A

dα(ξ)Dα,

where E(ξ) is an effective divisor, and the integers dα(ξ) are non-negative. Once ξ is fixed,
we will simply write E and dα, omitting the mention of ξ. In the following analysis, the
place v is fixed, so that Zv(T, ξ) will be simply denoted Z(T, ξ). Moreover, using lemma
6.3.5.1, we may assume that v belongs to the open subset C1 of C (see notation 6.2.3.2). We
write Ω(A) for Ω(A, β). Recall that because of the restriction of the domain of summation
(section 6.2.6.4), ξ is an element of (tνvk[[t]])n = (k[[t]])n.

We have
Z(T, ξ) =

∑
A⊂A \AD

ZA(T, ξ)

where
ZA(T, ξ) =

∫
Ω(A)

∏
α∈A

(LραTα)ordxα e(fξ(x))dx.

The case A = ∅ The set Ω(∅) corresponds to arcs with origin contained in none of the
Dα, that is, contained in G. Then we get

Z∅(T, ξ) =
∫

L (Gn
a )

e(〈x, ξ〉)dx

Since ξ is an element of (tνvk[[t]])n, for all x ∈ L (Gn
a )(k) = k[[t]]n, we have

ord(〈x, ξ〉) = ord(x1ξ1 + . . .+ xnξn) ≥ νv.

Thus, in fact r(〈x, ξ〉) = 0, and the integral is equal to 1.

The case A = {α} We are going to cut the integral into two pieces: arcs with origin
outside or inside the divisor E:

Zv,{α}(T, ξ) =
∫

L (X ,D◦α\E)
(LραTα)ordxαe(fξ(xα,y))dxαdy

+
∫

L (X ,D◦α∩E)
(LραTα)ordxαe(fξ(xα,y))dxαdy.

By the equality X(k((t))) = X (k[[t]]), the rational function fξ on X induces a rational
function fξ on L (X ). On the subspace L (X , D◦α \ E), fξ is of the form fξ(x,y) =
gξ(x,y)x−d, where gξ is a regular function on L (X , D◦α \E). We may expand the function

184



gξ as a converging and non-vanishing power series in x ∈ L 1(A1, 0) and y ∈ (L 1(A1, 0))B
where B = A\{α}:

gξ(x,y) =
∑
p≥0

q∈NB

gp,qx
pyq, (6.9)

with gp,q ∈ O(D◦α)[[t]]. Since we consider only arcs with origin outside E, we have ord(g0) =
0, and more generally, ord(gξ(x,y)) = 0 for all x,y.

There are several cases to consider, depending on the order d = dα of the pole of fξ at
Dα. Define

A0(ξ)D = {α ∈ A \AD, dα = 0}
and

A1(ξ)D = {α ∈ A \AD, dα = 1}.

The order of the pole at Dα is zero Here we assume that α ∈ A D
0 (ξ), so that d = 0.

Since ord(g) ≥ 0, we have r ◦ g = 0. Therefore
∫

L (X ,D◦α\E)
(LραTα)ordxαe(fξ(x,y))dxdy

=
∫

(D◦α\E)×L (A1,0)n−1

∑
m≥1

(LραTα)m
∫

L (A1,0)
ordx=m

ψ(r(gξ(x,y)))dx
 dy

=
∫

(D◦α\E)×L (A1,0)n−1

∑
m≥1

(LραTα)mL−m(1− L−1)

= (1− L−1) Lρα−1Tα
1− Lρα−1Tα

[D◦α \ E]L−n+1

The order of the pole at Dα is positive Assume now d ≥ 1. Then:∫
L (X ,D◦α\E)

(LραTα)ordxαe(fξ(x,y))dxdy

=
∑
m≥1

(LραTα)m
∫

L (X ,D◦α\E)
ordx=m

e(gξ(x,y)x−d)dxdy

=
∫

(D◦α\E)×L (A1,0)n−1

∑
m≥1

(LραTα)m
∫

L (A1,0)
ordx=m

ψ(r(gξ(x,y)x−d))dx
 dy.

Fixing y and viewing gξ(x,y) as a power series in x, we may apply lemma 6.3.2.2: indeed,
first of all we may drop all the terms of degree in x greater than d because of the invariance
of r, so that we get a polynomial in x with coefficients in k[[t]]. Moreover, its constant
term is gξ(0,y) which by a remark above is of order 0. This shows that this expression is
zero when d > 1. When d = 1, only the term for m = 1 remains, and it is equal to

[D◦α \ E]× L1−nLραTα(−L−2),
which is ρ′α-admissible, as dim[D◦α \ E] = n− 1.
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Arcs with origin in E The term corresponding to arcs with origin in E may be rewritten
as ∑

m≥1
(LραTα)m

∫
L (X ,D◦α∩E)

ordx=m

e(fξ(x,y))dxdy

=
∑
m≥1

(LραTα)m
∫
D◦α∩E×L (A1)L (A1,0)n−1

ordx=m

e(fξ(tmx,y))dxdy

Using remark 6.3.1.3 again, the weight of the coefficient of degree m is bounded by the the
weight of Lmρα [D◦α∩E]×L−m(1−L−1)L−n+1. The dimension of the latter is smaller than

mρα + (n− 2)−m− (n− 1) = mρα −m− 1
Since m ≥ 1, we see that all these terms are ρ′-admissible. It remains to bound all terms
of sufficiently large degree as in lemma 6.3.4.1. For this, put

c = max
α∈A \AD

(
1− 1

2ρα

)
< 1, (6.10)

so that for all α ∈ A \AD, ρα − 1
2 ≤ cρα. Using remark 6.3.4.2, we see that

2(mρα −m− 1) + dimC1 ≤ 2(mcρα − 1) + 1 = 2c(mρα)− 1
so if Tα is specialised to T ρα for all α ∈ A \AD, we are in the situation of lemma 6.3.4.1.
Note that here we in fact could have taken a smaller c, namely c = maxα∈A \AD(1− ρ−1

α ).
The definition we chose will be important in the next case.

The case #A > 2 Then ZA can be rewritten as:

Zv,A(T, ξ) =
∑

m∈NA
>0

∏
α∈A

(LραTα)mα
∫

ordxα=mα
e(fξ(x, y))dxdy

We proceed as in the previous case. The integral in each term is over the constructible
subset of Ω(A) of points satisfying ord(xα) = mα, which has motivic volume

[D◦A]
∏
α∈A

(
L−mα(1− L−1)

)
L−n+#A.

The constructible set D◦A is given as an open subset of an intersection of the |A| divisors
Dα, α ∈ A, and therefore is of dimension at most n − |A|. We may conclude that the
dimension of the element of E xpMk given by the integral is at most −∑α∈Amα ≤ −2.
Thus, all terms are ρ′-admissible, and it remains to give a stronger bound for all terms of
sufficiently large degree. Using remark 6.3.4.2 again, with c given by (6.10), we have

2
∑
α∈A

mα(ρα − 1) + dimC1 ≤ 2
∑
α∈A

mα

(
ρα −

1
2

)
−
∑
α∈A

mα + 1

≤ 2c
∑
α∈A

mαρα − 1.

Thus, here again we are in the situation of lemma 6.3.4.1.
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Putting everything together We decomposed the zeta function at v in the following
manner:

Zv(T, ξ) = 1 +
∑
α∈A0

Zv,α(T, ξ) +
∑
α∈A1

Zv,α(T, ξ) +
∑

#A>2
Zv,A(T, ξ)

= 1 + L−n
∑

α∈A D
0 (ξ)

[D◦α \ E] LραTα
1− Lρα−1Tα

+ terms satisfying the bounds
of lemma 6.3.4.1 for c given by (6.10)

Since ρα − 1 ≤ cρα, multiplication by Lρα−1T ρα preserves the bounds of lemma 6.3.4.1.
Thus, multiplying everything by ∏

α∈A D
0 (ξ)

(1− Lρα−1Tα)

and keeping only potentially non-admissible terms, we get:

∏
α∈A D

0 (ξ)
(1− Lρα−1Tα)Zv(T, ξ) = 1−

∑
α∈A D

0 (ξ)
Lρα−1Tα (6.11)

+ L1−n ∑
α∈A D

0 (ξ)
[D◦α \ E](Lρα−1Tα) (6.12)

+ terms satisfying the bounds
of lemma 6.3.4.1 for c given by (6.10) (6.13)

Proposition 6.3.5.3. There is a real number δ > 0 such that the product

∏
v∈C0

Zv((T ρ′α)α, ξ)
∏

α∈A D
0 (ξ)

(1− Lρα−1T ρα)


converges for |T | < L−1+δ.

Proof. The above calculations give explicit formulas for the main terms of all v ∈ C1.
Using lemma 6.3.5.1, it suffices to check convergence for these places, by showing that they
satisfy the conditions of lemma 6.3.4.1 for c given by (6.10) and some sufficiently large M .
According to the above, it suffices to bound the weights of the terms in (6.11) and (6.12),
which is done exactly as in the proof of proposition 6.3.5.2. The conclusion follows.

6.3.6 Places in S

Let v be a place in S = C \ C0. In this case, for any character ξ, Z(T, ξ) is given by
lemma 6.3.3.4, taking h = 1:

Z(T, ξ) =
∑
A⊂A
β∈B0

∏
α∈A

T eα,βα Lρβ

∫
Ω(A,β)

∏
α∈A

(LραTα)ord(xα)e(〈x, ξ〉))dx.

In this section we are going to use Clemens complexes: see [ChL], section 2.3, for the
definition.
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6.3.6.1 Trivial character

Assume ξ = 0, so that, as in section 6.4 of [ChL],

Zv(T, 0) =
∑
A⊂A
β∈B1,v

 ∏
α∈A

T eα,βα Lρβ

 [∆(A, β)](1− L−1)|A|L−n+|A| ∏
α∈A

Lρα−1Tα
1− Lρα−1Tα

. (6.14)

This case has essentially been treated in section 6.4 and proposition 4.3.2 of [ChL]. The
only modification we have to make is to adapt to the case where D is not all of X \G, so
that the α 6∈ AD do not contribute to the pole. For this, we proceed as in [ChL], fixing for
every pair (A, β) a maximal subset A0 of AD such that A ∩ AD ⊂ A0 and ∆(A0, β) 6= ∅.
We collect the terms in equation 6.14 corresponding to pairs (A, β) associated with any
given A0:

Zv(T, 0) =
∑

A0∈Clan,max
v (X,D)

∑
A⊂A ,β∈B1,v

(A,β)7→A0

 ∏
α∈A

T eα,βα Lρβ

 [∆(A, β)]

×(1− L−1)|A|L−n+|A| ∏
α∈A\AD

Lρα−1Tα
1− Lρα−1Tα

∏
α∈A∩AD

Lρα−1Tα
1− Lρα−1Tα

.

Thus, there exists a family of Laurent polynomials (Pv,A) with coefficients in Mk indexed
by the set of maximal faces A of Clan

v (X,D) such that

Zv(T, 0) =
∑

A∈Clan,max
v (X,D)

Pv,A(T)∏
α∈A \AD(1− Lρα−1Tα)

∏
α∈A

1
1− Lρα−1Tα

,

with PA,v(T) congruent to some non-zero effective element of Mk modulo the ideal gener-
ated by the polynomials 1−Lρα−1Tα for α ∈ A . Putting Tα = T ρ

′
α for every α ∈ A , we may

deduce from this that there is a family of Laurent series (Fv,A) with coefficients in Mk, in-
dexed by the set of maximal faces A of Clan

v (X,D), converging for |T | < L−1+minα∈A\AD
1
ρα ,

taking a non-zero effective value in M̂k at L−1, and such that

Zv(T, 0) =
∑

A∈Clan,max
v (X,D)

Fv,A(T )
∏
α∈A

1
1− (LT )ρα−1 .

In particular, setting dv = 1 + dim Clan
v (X,D), we may deduce the following result:

Proposition 6.3.6.1. There is a real number δ > 0 such that for every non-zero common
multiple a of the integers ρα − 1, α ∈ AD, the Laurent series (1 − LaT a)dv(Zv(T, 0))
converges for |T | < L−1+δ and takes a non-zero effective value at L−1.

Remark 6.3.6.2. According to the above calculations, one may take δ = minα∈A \AD
1
ρα
.
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6.3.6.2 Non-trivial characters

For this case we refer to proposition 4.3.4 and section 6.5 in [ChL]. Recall from 6.2.6.4
that we restricted the summation domain to a finite-dimensional k-vector space V . For any
v, denote by a : VFv → GFv the corresponding Fv-linear inclusion. For every v, we then have
a Laurent series Zv(T, a(·)) ∈ E xpMV [[T ]][T−1], and we ask for its convergence properties.
Section 6.5 of [ChL] gives an argument, based on ideas from section 3.4 of [CLT12], to
describe the convergence properties of Zv(T, a(·)), uniformly on the strata of a constructible
partition of V . First of all, Chambert-Loir and Loeser show lemma 6.5.1, which allows
them to resolve indeterminacies of the function fξ uniformly on each stratum P of such a
partition. Then they apply change of variables to show that one can compute the integral
giving Zv(T, ξ) on the fibre above ξ of such a resolution. On the other hand, they have a
general result, proposition 5.3.1, giving a formula for motivic Igusa zeta functions without
indeterminacies. It states that the poles of such an Igusa zeta function are controlled by the
set of maximal faces of the subcomplex Clan

v (X,D)ξ of the complex Clan
v (X,D) where we

only keep vertices α ∈ AD such that dα(ξ) = 0. This argument works in exactly the same
way in our setting, the only difference being that in Chambert-Loir and Loeser’s paper,
the set AD is equal to A , which is not necessarily the case here. Therefore, proposition
4.3.4 from [ChL] adapts to our setting in the following form:

Proposition 6.3.6.3. Let v ∈ S and let dv(ξ) = 1 + dim Clan
v (X,D)ξ. There exists a

constructible partition (Uv,i) of V \ {0} on each stratum of which ξ 7→ dv(ξ) is constant
equal to some integer dv,i, and, for every i, an element Pv,i ∈ E xpMUv,i [T,T−1] and finite
families (av,i,j), (bv,i,j) where av,i,j ∈ N, bv,i,j ∈ NA , such that the restriction of Zv(T, a(·))
to Uv,i equals ∏

j

(1− Lav,i,jTbv,i,j)−1Pv,i(T; ·).

Moreover, there exist integers av,i ≥ 1 and a real number δ > 0 such that the restriction
to Uv,i of (1− (LT )av,i)dv,iZv(T, a(·)) converges for |T | < L−1+δ.

6.4 Proof of theorem 1 and corollary 2
According to (6.2), we may write the multivariate zeta function Z(T) in the form

Z(T) = L(1−g)nZ(T, 0) + L(1−g)n ∑
ξ∈V \{0}

Z(T, ξ)

where V is a finite-dimensional k-vector space contained in k(C)n and g is the genus of the
smooth projective curve C. We are interested in the convergence properties of

Z(T ) = L(1−g)nZ(T, 0) + L(1−g)n ∑
ξ∈V \{0}

Z(T, ξ)

where for all ξ, we have Z(T, ξ) = Z((T ρ′α)α, ξ). Recall we still assume k = C.
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6.4.1 The function Z(T, 0)
In section 6.3.5.1 we showed the convergence beyond L−1 of the product of local factors

Zv(T, 0) over v ∈ C0 after multiplication by the polynomial∏
α∈A \AD

(1− Lρα−1T ρα)

at each place v. To derive a meromorphic continuation for ∏v∈C0 Zv(T, 0), it therefore
suffices to describe the convergence of the product∏

α∈A \AD

∏
v∈C0

(1− Lρα−1T ρα)−1.

In the latter, we recognise for each α ∈ A \ AD the Euler product decomposition of the
motivic zeta function of C0 at Lρα−1T ρα .

Denote by ZC(T ) = ∑
m≥0[SmC]Tm ∈Mk[[T ]] the motivic zeta function of the smooth

projective curve C. Since k = C is algebraically closed, we have, by theorem 1.1.9 in
[Kapr], that

ZC(T ) = PC(T )
(1− T )(1− LT )

where PC(T ) ∈Mk[T ] is a polynomial of degree 2g such that PC(L−1) = L−g[J(C)], with
J(C) being the Jacobian of C. Moreover, the zeta function ZC0(T ) of the open dense
subset C0 ⊂ C is given by

ZC0(T ) =
∏
v∈C0

(1− T )−1 = ZC(T )
∏

v∈C\C0

(1− T ).

We have ∏
v∈C

∏
α∈A \AD

(1− Lρα−1T ρα)−1 =
∏

α∈A \AD

ZC(Lρα−1T ρα)

=
∏

α∈A \AD

PC(Lρα−1T ρα)
(1− Lρα−1T ρα)(1− (LT )ρα) .

Since 1−Lρα−1T ρα evaluated at L−1 is 1−L−1 = L−1[A1 \ {0}] which is effective, we may
conclude that the product over places in C0∏

v∈C0

∏
α∈A \AD

(1− Lρα−1T ρα)−1

is of the form
F (T )∏

α∈A \AD(1− (LT )ρα)

where F ∈ Mk[[T ]] is a rational power series converging for |T | < L−1+δ for some δ > 0
(more precisely, any δ ≤ minα∈A \AD

1
ρα

works) and taking a non-zero effective value at L−1.
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Thus, by proposition 6.3.5.2, for a common multiple a of the ρα, α ∈ A \ AD, we may
write the product ∏v∈C0 Z(T, 0) in the form

F1(T )
(1− (LT )a)|A \AD|

for F1(T ) ∈Mk[[T ]] converging for |T | < L−1+δ for some δ and taking a non-zero effective
value at L−1. Thus, the product ∏v∈C0 Zv(T, 0) has a pole at L−1 of order |A \ AD| =
rk PicU , and a meromorphic continuation beyond L−1.

Combining this with the result of section 6.3.6.1 we see each place v ∈ C \C0 gives an
additional contribution to the pole at L−1, of order exactly dv = 1 + Clan

v (X,D). Finally,
we can conclude that there is a real number δ > 0, a Laurent series G0(T ) ∈Mk[[T ]][T−1]
converging for |T | < L−1+δ, and taking a non-zero effective value at L−1, and an integer
a ≥ 1 (we may take a to be any common multiple of the ρ′α, α ∈ A ) such that the product
Z(T, 0) = ∏

v∈C Z(T, 0) may be written in the form

Z(T, 0) = G0(T )
(1− (LT )a)r ,

where
r = rk Pic(U) +

∑
v∈C\C0

(1 + dim Clan
v (X,D)).

Example 6.4.1.1. 1. Assume U = G, so that Pic(U) = 0. One then recovers the result
from [ChL].

2. Assume U = X. Then one may take C0 = C, and the order of the pole is exactly
rk Pic(X).

6.4.2 The function Z(T, ξ)
We proceed as in section 6.4.1: according to proposition 6.3.5.3, for every ξ ∈ V \ {0}

the product  ∏
v∈C0

Zv(T, ξ)
 ∏
α∈A D

0 (ξ)
ZC(Lρα−1T ρα) ∈ E xpMk[[T ]][T−1]

converges for |T | < L−1+δ for some δ > 0. We may apply this to the generic point of
V \ {0} and use spreading-out and induction on the dimension to show that there exists a
finite constructible partition of V \{0} on which the functions ξ 7→ dα(ξ) are constant, and
such that this convergence holds uniformly in ξ on each piece of the partition. Proposition
6.3.6.3 on the other hand tells us that the order of the pole of ∏v∈C\C0 Z(T, ξ) at L−1 is at
most∑v d

′
v where d′v = 1+dim Clan

v (X,D)0, again uniformly on the pieces of a constructible
partition of V \{0}. Using a partition of V \{0} refining the aforementioned two partitions,
we may conclude that for any stratum P of this partition, the order of the pole of

L(1−g)n ∑
ξ∈a(P )

Z(T, ξ)
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is at most
|A D

0 (ξ))|+
∑

v∈C\C0

dv(ξ)

for any ξ ∈ a(P ) (recall ξ 7→ dα(ξ), and therefore also ξ 7→ |A D
0 (ξ))| and ξ 7→ dv(ξ) are

constant on P ). Lemma 3.5.4 in [CLT12] shows that this is strictly less than the order r
of the pole of Z(T, 0) at L−1.

6.4.3 Conclusion of the proof of theorem 1
Taking a to be the least common multiple of the integers ρ′α, α ∈ A and of the integers

av,i appearing in proposition 6.3.6.3, we have shown that (1 − (LT )a)rZ(T ) converges
for T = L−1, and takes a non-zero effective value at L−1, which concludes the proof of
theorem 1.

6.4.4 Proof of corollary 2
Applying lemma 4.7.3.1, we get corollary 2 in the case where k = C. We now explain

how we may deduce from this the general case.
All the geometric data in our counting problem involves a finite number of equations

over the field k: we may therefore assume that everything is defined over a finitely generated
subfield of C. Moreover, the assumption U (Ov) 6= ∅ for all v ∈ C0 may be reformulated
more geometrically by saying that the volume of the arc space L (Uv) at the place v
should be non-zero. With the notations of section 6.3.3, this volume may be expressed by
the formula:

vol(L (Uv)) =
∑

A⊂A \AD
β∈B0,v

vol(Ω(A, β))

= L−n
∑

A⊂A \AD
β∈B0,v

[∆(A, β)].

Thus, at least one of the sets ∆(A, β) for A ⊂ A \AD, β ∈ B0,v has a k-point. Since it is
defined over C, it also has a C-point.

Thus, we have shown that without loss of generality, even if the original problem was
stated over some algebraically closed field k of characteristic zero, we may in fact assume
everything is defined over C, and apply corollary 2 in this setting. By functoriality of
Hilbert schemes, we may then deduce corollary 2 over k.
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Titre : Produits eulériens motiviques

Mots-clefs : Anneaux de Grothendieck des variétés, hauteurs, compactifications équi-
variantes d’espaces affines, problème de Manin, théorie de Hodge, cycles évanescents.

Résumé : L’objectif de cette thèse est l’étude de la fonction zêta des hauteurs moti-
vique associée à un problème de comptage de courbes sur les compactifications équiva-
riantes d’espaces affines, résolvant au chapitre 6 l’analogue motivique de la conjecture
de Manin pour celles-ci.
La fonction zêta des hauteurs provenant du problème de comptage considéré est récrite
convenablement à l’aide d’une formule de Poisson motivique démontrée au cinquième
chapitre, qui généralise celle de Hrushovski-Kazhdan. Chaque terme est alors décom-
posé sous la forme d’un produit eulérien motivique, dont la définition et les propriétés
sont établies au chapitre 3. La convergence de ces produits eulériens doit être com-
prise pour une topologie des poids que nous introduisons au quatrième chapitre et qui
repose d’une part sur la théorie des modules de Hodge de Saito, et d’autre part sur
une mesure motivique sur l’anneau de Grothendieck des variétés avec exponentielles,
construite dans le chapitre 2 à l’aide de la notion de cycles évanescents motiviques.
On en déduit ainsi une description de l’asymptotique d’une proportion positive des
coefficients du polynôme de Hodge-Deligne des espaces de modules des courbes sur la
compactification équivariante donnée, lorsque le degré tend vers l’infini.

Title : Motivic Euler products

Key words : Grothendieck rings of varieties, heights, equivariant compactifications
of vector groups, Manin’s problem, Hodge theory, vanishing cycles.

Abstract : The goal of this thesis is the study of the motivic height zeta function
associated to the problem of counting curves on equivariant compactifications of vec-
tor groups, solving in chapter 6 the motivic analogue of Manin’s conjecture for such
varieties.
The motivic height zeta function coming from this counting problem is rewritten in
a convenient way using a Poisson summation formula proved in chapter 5, and which
generalises Hrushovski and Kazhdan’s motivic Poisson formula. Each term is then
expressed as a motivic Euler product, the definition and properties of the latter being
established in chapter 3. The convergence of these Euler products must be understood
for a weight topology which we introduce in the fourth chapter and which relies both on
Saito’s theory of mixed Hodge modules and on a motivic measure on the Grothendieck
ring of varieties with exponentials, constructed in chapter 2 using the notion of motivic
vanishing cycles.
We deduce from this a description of the asymptotic of a positive proportion of the
coefficients of the Hodge-Deligne polynomial of the moduli spaces of curves on the
given equivariant compactification, when the degree goes to infinity.
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