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RESUME

L’objectif de cette these est 'étude de la fonction zéta des hauteurs motivique associée
a un probleme de comptage de courbes sur les compactifications équivariantes d’espaces
affines, résolvant au chapitre 6 'analogue motivique de la conjecture de Manin pour celles-
ci.

La fonction zéta des hauteurs provenant du probléeme de comptage considéré est récrite
convenablement a I’aide d’une formule de Poisson motivique démontrée au cinquieme cha-
pitre, qui généralise celle de Hrushovski-Kazhdan. Chaque terme est alors décomposé sous
la forme d’un produit eulérien motivique, dont la définition et les propriétés sont établies
au chapitre 3. La convergence de ces produits eulériens doit étre comprise pour une topo-
logie des poids que nous introduisons au quatrieme chapitre et qui repose d'une part sur
la théorie des modules de Hodge de Saito, et d’autre part sur une mesure motivique sur
I’anneau de Grothendieck des variétés avec exponentielles, construite dans le chapitre 2 a
I’aide de la notion de cycles évanescents motiviques.

On en déduit ainsi une description de I'asymptotique d’une proportion positive des
coefficients du polynéome de Hodge-Deligne des espaces de modules des courbes sur la
compactification équivariante donnée, lorsque le degré tend vers 'infini.

Mots-clefs : Anneaux de Grothendieck des variétés, hauteurs, compactifications équi-
variantes d’espaces affines, probleme de Manin, théorie de Hodge, cycles évanescents.
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ABSTRACT

The goal of this thesis is the study of the motivic height zeta function associated to the
problem of counting curves on equivariant compactifications of vector groups, solving in
chapter 6 the motivic analogue of Manin’s conjecture for such varieties.

The motivic height zeta function coming from this counting problem is rewritten in
a convenient way using a Poisson summation formula proved in chapter 5, and which
generalises Hrushovski and Kazhdan’s motivic Poisson formula. Each term is then expressed
as a motivic Euler product, the definition and properties of the latter being established
in chapter 3. The convergence of these Euler products must be understood for a weight
topology which we introduce in the fourth chapter and which relies both on Saito’s theory
of mixed Hodge modules and on a motivic measure on the Grothendieck ring of varieties
with exponentials, constructed in chapter 2 using the notion of motivic vanishing cycles.

We deduce from this a description of the asymptotic of a positive proportion of the
coefficients of the Hodge-Deligne polynomial of the moduli spaces of curves on the given
equivariant compactification, when the degree goes to infinity.

Key words : Grothendieck rings of varieties, heights, equivariant compactifications
of vector groups, Manin’s problem, Hodge theory, vanishing cycles.
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Chapitre 1

Introduction

1.1 Le probléeme de Manin classique

L’une des grandes préoccupations de la théorie des nombres et de la géométrie algé-
brique dans les derniéres décennies est le lien subtil qui existe entre la répartition des points
rationnels ou entiers d’une variété algébrique définie sur un corps de nombres et certains
de ses invariants géométriques. Soient F' un corps de nombres et X une variété projective
sur F', munie d’'un fibré en droites ample L. Un tel fibré en droites fournit (a une fonction
bornée pres) une fonction hauteur H : X (F) — R telle que pour tout réel B, I’ensemble

{z € X(F),H(z) < B}
soit fini. On notera alors, pour tout ouvert de Zariski U de X,
Nun(B) :=#{zx € U(F),H(x) < B}.

Lorsque 'ensemble U(F') est lui-méme infini, on peut s’interroger sur le comportement
asymptotique de Ny g (B) lorsque B tend vers +00. Dans tous les cas connus, il est de la
forme

Nuy(B) ~ CB"(logB)"™

—00

avec C' > 0 et a > 0 des réels, et b € %Z,bzl.

C’est avec des conjectures, ou plutot, des questions, énoncées par Manin et al. dans
[EMT] et [BM], a la fin des années 80, que fut initié un vaste programme cherchant a
donner une interprétation géométrique des exposants a et b, en termes des classes du fibré
en droites L et du faisceau canonique Kx dans le groupe de Néron-Severi de X, ainsi que
du cone des classes des diviseurs effectifs. Pour pouvoir produire un énoncé vraisemblable,
il faut bien entendu faire quelques restrictions sur les variétés considérées. En particulier,
on ne peut espérer avoir une asymptotique décrivant correctement la géométrie de X
que si 'ensemble X (F') est Zariski-dense dans X. La conjecture de Lang, qui affirme que
cela ne devrait pas étre le cas pour les variétés de type général, fait que la plupart des
questions considérées se restreignent de plus aux variétés dites de Fano, c’est-a-dire de



fibré anticanonique ample. On considere parfois une classe plus large de variétés, les variétés
presque de Fano, pour lesquelles, notamment, Ky' n’est plus nécessairement ample, mais
gros, c¢’est-a-dire appartenant a l'intérieur du cone effectif, ce qui est suffisant pour que la
hauteur correspondante satisfasse la propriété de Northcott dans un ouvert non vide de la
variété. Pour ces variétés, les conjectures prennent une forme particulierement simple si on
compte les points par rapport a la hauteur anticanonique :

Probleme 1. Soit X une variété presque de Fano sur un corps de nombres F, telle
que X (F') soit Zariski dense dans X. Soit H une hauteur relative au faisceau anticanonique
sur X. Existe-t-il un ouvert dense U de X vérifiant

Nyi(B) ~ CrB(log B) ! (1.1)

ou r est le rang du groupe de Picard de X, et C'y une constante strictement positive ?

Notons qu’il est nécessaire d’autoriser la restriction a un ouvert, pour prendre en
compte des phénomenes d’accumulation de points rationnels sur des fermés stricts, oc-
cultant leur répartition sur 'ouvert complémentaire. Mentionnons également la forme plus
précise de cette conjecture par Peyre, qui proposa dans [Pey95] une interprétation pour
la constante C'y en termes de certains volumes d’espaces adéliques. La définition de cette
constante fut ajustée par Batyrev et Tschinkel, qui y ajouterent, dans [BT98] un facteur
cohomologique.

Le premier résultat de ce type a été obtenu par Schanuel [Sch], bien avant la premiere
formulation des conjectures, dans le cas ou X et U sont ’espace projectif P}, avec de
plus une formule explicite pour la constante C'y. Dans Uarticle [EMT], il est montré que
la formule est vérifiée pour les variétés de drapeaux (avec U = X). Depuis, une
réponse affirmative a été apportée a la question [I} et souvent méme & son raffinement
par Peyre, dans de nombreux cas particuliers, par diverses approches, parmi lesquelles on
peut citer 'analyse harmonique, les torseurs universels ainsi que la méthode du cercle. Il
existe cependant également des contre-exemples, dont celui de Batyrev et Tschinkel [BT9S],
qui expliquent pourquoi nous avons préféré énoncer la conjecture ci-dessus sous forme de
question. L’outil principal, commun a la plupart des approches, est la fonction zéta des

hauteurs
Col(s)= Y H(x)™,
z€U(F)

qui est une fonction définie sur une partie du plan complexe, dont les propriétés de conver-
gence (abscisse de convergence, ordre du premier pole, coefficient en ce pole) sont liées, par
des théoremes taubériens, aux exposants et a la constante intervenant dans ’asymptotique
cherchée. Plus précisément, le probléme (1| se reformule alors essentiellement de la maniere
suivante :

Probléme 2. Soit X une variété presque de Fano sur un corps de nombres F', telle
que X (F) soit Zariski dense dans X. Soit H une hauteur relative au faisceau anticanonique
sur X. Existe-t-il un ouvert dense U de X tel que la série (y g(s) converge absolument
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pour Re(s) > 1, et se prolonge en une fonction méromorphe sur 'ouvert {Re(s) > 1 — 4§}
pour un certain réel 6 > 0, avec un unique pole d’ordre r = rg Pic(X) en s =17

De méme que le probleme [I] cette question peut étre raffinée en demandant de plus
que le coefficient du terme principal de (y g (s) en 1 soit la constante prédite par Peyre.

1.2 Le probléeme de Manin par I’analyse harmonique

Le premier cas traité par des techniques d’analyse harmonique fut celui, cité plus haut,
des variétés de drapeaux : il s’agissait de remarquer que la fonction zéta des hauteurs était
dans ce cas une série d’Eisenstein, et d’appliquer les résultats de Langlands pour déduire
les propriétés analytiques de celle-ci. Ensuite, au milieu des années 90, Batyrev et Tschinkel
traiterent le cas des variétés toriques, 'ouvert U dans ce cas étant I’orbite ouverte de I'action
du tore sur la variété. Leur argument, fondé sur la formule sommatoire de Poisson, utilise
de maniere cruciale cette action, et a pu étre généralisé a de nombreuses autres variétés
munies d'une action d’un groupe algébrique avec une orbite ouverte, par exemple certaines
compactifications équivariantes de groupes algébriques. Une compactification équivariante
d’un groupe algébrique G est une variété (projective et lisse) X ayant un ouvert dense
isomorphe a (G, et munie d'une action G x X — X de G qui étend la loi de groupe
G x G — @G. Outre les variétés toriques qui sont exactement les compactifications équiva-
riantes des tores algébriques, le probleme de Manin a été résolu pour les compactifications
équivariantes d’espaces affines ([CLT02], [CLT12]), ainsi que pour des compactifications de
certains groupes algébriques non-commutatifs ([ShTTBO3|, [ShTTBO07|, [ShT04], [ShT16],
[T'TB], [TT]). Expliquons les grandes lignes de 'argument dans le cas des compactifications
équivariantes d’espaces affines traité par Chambert-Loir et Tschinkel, et qui jouera un role
privilégié dans cette these. Soit X une compactification équivariante du groupe G = G7
pour un certain n > 1, définie sur un corps de nombres F'. Pour chaque place v de F', on
dispose d'une hauteur locale H, : G(F,) — R, la hauteur H étant donnée par la formule

H(x) = [] Ho(x),

qui fournit une maniére d’étendre H au groupe localement compact G(Ar), ot Ap est le
groupe des adeéles du corps F. Le groupe G(Ar) est autodual, et le groupe G(F') peut se
voir comme un sous-groupe discret de G(Afr) d’orthogonal identifié a lui-méme, de sorte
qu’en appliquant la formule de Poisson a la fonction zéta des hauteurs (apres vérification
des hypotheses d’intégrabilité nécessaires), on obtient :

Cua(s)= Y H@) ™= Y FH)E), (1.2)

zeG(F) EEG(F)

ou .# désigne la transformation de Fourier. Cette égalité vaut dés que la partie réelle de s
est assez grande. De plus, la fonction H % étant invariante modulo un sous-groupe compact
de G(Ap), sa transformée de Fourier est de support contenu dans un tel sous-groupe, ce
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qui réduit la sommation sur G(F) dans le c6té droit & une sommation sur un réseau. Il se
trouve que cette procédure réarrange convenablement les termes, et le terme correspondant
au caractere trivial (c’est-a-dire ici a £ = 0), dans tous les cas ou cette méthode a fonctionné
et lorsque H est la hauteur anticanonique, est I'unique porteur du premier péle avec le bon
ordre. Pour le prouver, on utilise de nouveau la décomposition en facteurs locaux

FH)E) =17 (H,) (&)

v

et on étudie les facteurs séparément. Ceux-ci se présentent sous la forme d’intégrales de
type fonction zéta d’Igusa, pour lesquelles on obtient pour presque toute place v une
expression explicite par réduction dans le corps résiduel, dont la convergence est étudiée en
utilisant des majorations a base d’estimées de Lang-Weil. Aux places archimédiennes, des
intégrations par parties permettent d’obtenir des bornes polynomiales en s. Pour le nombre
fini de places restantes, des majorations plus grossieres suffisent. Dans le cas ou la hauteur
considérée est la hauteur anticanonique, cela permet de voir que le terme correspondant a
& =0 aun pole en s = 1 avec le coefficient prédit par Peyre, d’ordre le rang du groupe de
Picard, que les autres termes ont des poles d’ordre strictement plus petit, et que la fonction
s+ (s — 1)#PeX) ¢y o (s) admet un prolongement holomorphe a R(s) > 1 — ¢ pour un
certain ¢ > 0.

Si la question du dénombrement des solutions entieres d’équations diophantiennes est
naturelle, personne n’avait jamais abordé cette question sous l'angle géométrique suggéré
par Manin, lorsque dans [CLT12], Chambert-Loir et Tschinkel proposérent également une
solution au probleme de Manin pour les points entiers dans le cas des compactifications
équivariantes partielles d’espaces affines. Une telle compactification partielle U est vue
comme le complémentaire, dans une compactification équivariante X, d'un diviseur D
qui géométriquement est a croisements normaux stricts. De méme que précédemment,
elle contient un ouvert dense G isomorphe au groupe additif GI. On fixe des modeles de
X,U, D au-dessus de 'anneau des entiers Op, un ensemble fini de places S incluant les
places archimédiennes, et on cherche a compter les points de G(F) qui sont S-entiers par
rapport au modele de U choisi. Notons que ce probleme inclut le probleme précédent, car
dans le cas ou D = &, si le modele choisi pour D est vide également, alors tous les points
de G(F') seront S-entiers, par projectivité de X. Pour ce probléeme de comptage, la bonne
hauteur a considérer n’est plus la hauteur anticanonique, mais la hauteur log-anticanonique,
c’est-a-dire associée au fibré en droites — (K x+ D), qui est gros. Chambert-Loir et Tschinkel
prouvent alors que le nombre N(B) de points S-entiers de hauteur log-anticanonique plus
petite que B satisfait 'asymptotique

N(B) ~ CB(log B)"*

ou C est une constante réelle strictement positive, et ou l'exposant b est donné par la
formule

b=rg Pic(U) + > (1 + dim €p"(D)). (1.3)

vES
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Ici, pour chaque v, €"(D) est un complexe simplicial qui encode les propriétés d’incidence
des composantes de D au-dessus de la place v. Le terme 1+dim 2" (D) correspond exacte-
ment au nombre maximal de composantes de D sur F), dont l'intersection a des F),-points.
Bien entendu, dans le cas particulier U = X, tous ces termes sont nuls, et on retrouve le
résultat précédent pour les points rationnels.

1.3 Le probleme de Manin sur les corps de fonctions

Pour le moment, nous nous sommes toujours restreints au cas ou F' est un corps de
nombres. Le cas ou F est le corps de fonctions k(C') d’une courbe projective lisse C' sur
un corps fini k de cardinal ¢ fut évoqué pour la premiere fois par Batyrev et Manin ([BM],
paragraphe 3.13). Dans ce cas, les hauteurs utilisées (convenablement normalisées) vont
prendre leurs valeurs dans I’ensemble ¢Z, ce qui interdit l'existence d’une asymptotique
telle que celle annoncée dans la question [I] Cela dit, la question [2] reste valide, & la petite

modification pres que la fonction zéta correspondante sera dans ce cas lCi;(’;)—périodique, et
2imm

qu’il faut donc autoriser, en plus du pole en 1, des poles en 1 + () bour tout entier m.
Autrement dit, il sera plus judicieux ici de considérer la fonction zéta des hauteurs comme
une fonction de la variable t = ¢7*%, ce qui permet la reformulation suivante du probléme
qui tient compte de cette périodicité :

Probleme 3. Soit C' une courbe projective lisse connexe sur F,, dont on note F' le corps
des fonctions. Soit X une variété presque de Fano sur le corps F, telle que X (F') soit
Zariski dense dans X. Soit H la hauteur relative au fibré anticanonique sur X. Existe-t-il
un ouvert dense U de X tel que la série (y g (t) converge absolument sur le disque défini par
[t| < ¢71, et se prolonge en une fonction méromorphe sur le disque défini par [¢t| < ¢~
pour un certain réel § > 0, avec un unique pole d’ordre r = rg Pic(X) en t = ¢~ ?

Précisons qu’en général on peut cependant s’attendre a d’autres pdles d’ordre < r sur
le cercle |t| = ¢!, en particulier dans le cas de certaines variétés toriques déployées. Le
probleme acquiert dans le cas fonctionnel une interprétation géométrique supplémentaire :
si on choisit un modele X de X au-dessus de la courbe C', les points rationnels d’un ouvert
U de X correspondent aux sections ¢ : ¢ — X du morphisme structurel 7= : X — C
telles que, en notant n¢ le point générique de C, o(ne) € U(F). Si on se donne un fibré en
droites £ sur X (génériquement ample, ou du moins gros), la hauteur d’une telle section
par rapport & £ est donnée par ¢¢, ot d est le degré du fibré en droites o*£L sur C. La
fonction zéta des hauteurs s’écrira alors

Cuels)= > H(x)™ = ma®,
zeU(F) d>0
avec

mg={o:C =X, o(nc) € U(F), dego™L = d}|.

Ainsi, des informations sur la convergence de la fonction zéta donneront I'asymptotique
du cardinal m, des points de hauteur ¢¢ donnée, qui sera I'analogue dans ce cadre de la

formule .11



Le probleme de Manin sur les corps de fonctions sur un corps fini reste a ce jour assez
peu étudié : il faut citer néanmoins a ce sujet les travaux de Bourqui [Bou02, Bou03, Boull],
qui traitent entierement le cas des variétés toriques (en recourant a ’analyse harmonique
d’une part, et a la méthode des torseurs universels d’autre part), ainsi que les articles [LY]
et [Pey12] traitant indépendamment le cas des variétés de drapeaux généralisées, I'article de
Peyre donnant de plus I'interprétation de la constante. La méthode de Peyre est analogue a
celle de Franke, Manin et Tschinkel pour les variétés de drapeaux sur les corps de nombres,
I'utilisation des travaux de Langlands étant remplacée par celle des résultats de Morris au
sujet des séries d’Eisenstein sur les corps de fonctions.

Les progres récents de 1'intégration motivigue suggerent enfin la généralisation suivante
du probleme de Manin sur les corps de fonctions : les sections o : C' — X telles que
o(nc) € G(F) et dego*L = d admettent un espace des modules My, qui est un k-schéma
quasi-projectif. L’intérét de I’étude géométrique de tels espaces de modules en lien avec les
conjectures de Manin avait déja été souligné par Batyrev. Plus précisément, suivant une
idée de Peyre, on peut s’interroger non seulement sur 'asymptotique du cardinal mg, de
M,y(k), mais plus précisément aux propriétés, lorsque d est grand, de la classe de M, dans
I’anneau de Grothendieck des variétés KVar, sur k : en tant que groupe, celui-ci est défini
comme le quotient du groupe abélien libre sur les classes d’isomorphismes de variétés sur k
par les relations de la forme

X-U-7
pour toute variété X et tout sous-schéma fermé Z de X de complémentaire ouvert U. La
structure d’anneau provient du produit des variétés : en notant les classes dans KVary entre
crochets, on a [X][Y] = [X x; Y] pour toutes les k-variétés X et Y. On note L = [A}]
la classe de la droite affine, et on considere par ailleurs souvent 'anneau de Grothendieck
localisé .#c = KVary[L™1].

La classe d’'une variété dans 'anneau de Grothendieck contient un grand nombre d’in-
formations géométriques sur cette variété : on dispose en effet de nombreuses mesures
motiviques, c’est-a-dire de morphismes d’anneaux de KVar, vers d’autres anneaux, asso-
ciant a une classe [X]| divers invariants géométriques de X. Parmi celles-ci, dans le cas ou
le corps est fini, on peut citer la mesure de comptage

KVar, — Z
X = [ X(R)|

qui permet de récupérer le nombre de points rationnels de la variété. Pour un corps quel-
conque k, en fixant une cloture séparable k* de k et £ un nombre premier inversible dans k,
le polynéme d’Euler-Poincaré (associé a la cohomologie a coefficients dans Q) définit éga-
lement une mesure motivique

KVar, — Zt]
(X] — EP(X)()
qui pour une variété projective et lisse X vaut
2dim X

EP(X)(t)= > (=1)'dimq, He (X @5 k*, Qe)t"

1=0



Un autre exemple du méme genre, et qui sera important pour nous, est le polynéme de
Hodge-Deligne :
KVarc — Z[u, ]
(X] = HDX)(u,v)’

envoyant la classe d'une variété complexe projective et lisse X sur le polynome

HD(X)(u,v) = > (=1)PHRPI(X)uPo?

0<p,g<dim X

défini a partir des nombres de Hodge h”?(X) de X. En remarquant que HD(L) = uv, on
peut en outre prolonger cette mesure en un morphisme d’anneaux

HD : Mc — Zlu,v, (uv) ).

L’observation fondamentale qu’on peut faire ici est que, maintenant que nous avons
posé ces définitions, il est possible de donner un sens a une version du probléme de Manin
au-dessus d’un corps fonctions d’une courbe k(C') méme lorsque le corps de base k n’est
plus nécessairement fini, voire est de caractéristique nulle : il s’agirait alors de s’interroger,
par exemple, sur certains invariants géométriques de ’espace My lorsque d tend vers I'infini,
comme sa dimension, ou son nombre de composantes irréductibles de dimension maximale.
Dans ce cadre, que nous appellerons motivique, la notion de fonction zéta des hauteurs
prend la forme d’une série

Zue(T) = > [My)T* € KVar[[T]] (1.4)

d>0

a coefficients dans ’anneau de Grothendieck, appelée fonction zéta des hauteurs motivique.
Ce genre de fonctions ont été étudiées par Bourqui dans [Bou09] pour certaines variétés to-
riques. Une premiere difficulté qui apparait dans ce cadre est la question de la convergence
d’une telle série. L’anneau de Grothendieck KVary, ou, plutot, 'anneau .}, = KVar,[L™!]
obtenu en inversant la classe L de la droite affine dans KVar, admet une topologie natu-
relle induite par la filtration dimensionnelle : pour tout n € Z on définit F,,.#) comme le
sous-groupe de .#} engendré par les classes de la forme [X]L™™ ou X est une k-variété
telle que dim(X) — m < n. Il est alors naturel de dire que la série ci-dessus converge en
L~ si dim[M,] — ds — —oo lorsque d — +00. Malheureusement, en particulier a cause
du caractere assez grossier de la notion de dimension, cette convergence est peu maniable.
Dans cette these, nous allons utiliser une topologie un peu plus fine, provenant de la théo-
rie des poids en cohomologie. Notons que dans [Bou09] Bourqui obtient néanmoins une
convergence par rapport a la filtration dimensionnelle (dans 'anneau de Grothendieck des
motifs de Chow), car la filtration dimensionnelle pergoit, dans le cas des variétés toriques
déployées dont il y est question, I'annulation des poids maximaux nécessaire a la conver-
gence. Puis, dans [Boul0], Bourqui introduit une topologie similaire a la notre, dont 'idée
apparait également dans [Ekedahl|.



1.4 Reésultat principal de cette these

Nous allons maintenant décrire le contenu de cette these. L’objet principal en est 1’ob-
tention d'un analogue motivique du théoreme de Chambert-Loir et Tschinkel sur le comp-
tage des points entiers sur les compactifications partielles d’espaces affines décrit ci-dessus.
Il s’agit, comme dans le cas arithmétique, de ’établir a ’aide de I'analyse harmonique, ce
qui demande I’élaboration d’outils adaptés a cet effet dans le cadre motivique. Commencons
par décrire le résultat obtenu.

Hypothese 1. Soit Cy une courbe lisse quasi-projective connexe sur un corps k algébri-
quement clos de caractéristique nulle, soit C' sa compactification projective et lisse, et soit
S = C\ Cy. On pose F = k(C) le corps des fonctions de C. On se donne un k-schéma
projectif irréductible X muni d’un morphisme non-constant = : X — C, U un ouvert de
Zariski de X, et L un fibré en droites sur X. Nous faisons les hypothéses suivantes sur les
fibres génériques X = Xp, U = Ur et le fibré en droites L = L :
— X est lisse, l'ouvert U de X contient un ouvert dense G isomorphe a G ., et U
et X sont munis d’une action de G qui étend la loi de groupe de G. Autrement dit
X (resp. U) est une compactification (resp. compactification partielle) équivariante
du groupe additif G
— le bord 0X = X \ U est un diviseur D d croisements normauz stricts.
— le fibré en droites L sur X est le fibré log-anticanonique —K x(0X).

Comme ci-dessus, nous nous intéressons aux espaces des modules des sections o : C' —
X telles que o(ne) € GI(F) (ou ne est le point générique de C'), mais nous nous re-
streignons a celles qui correspondent a des points S-entiers, ce qui revient a imposer de
plus o(Cy) C U. Du point de vue géométrique, la premiere condition signifie qu’une telle
section ¢ : C — X ne sort de G qu’en un nombre fini de points de C, appelés pales,
et la seconde qu’en les v € Cj, o(v) reste toujours contenu dans Y. Si on note (D, )acw
les composantes irréductibles de X \ G, le diviseur log-anticanonique s’écrit sous la forme
> e Po Do pour des entiers pl, strictement positifs. Le fibré en droites £ étant générique-
ment log-anticanonique, il s’écrit sous la forme £ = >, p.. L, o pour tout a € o7, la
restriction du fibré £, a la fibre générique est D,. Pour d € Z notons My I'espace des
modules des sections ¢ qui vérifient de plus dego*L = d. Au vu de la description de £
ci-dessus, a un nombre fini de places pres (car £ peut avoir un nombre fini de composantes
verticales), seuls les poles de o contribuent a ce degré, 'apport de chaque pole étant la
somme des degrés d’intersection de o en ce pole avec les diviseurs L, (I’ordre du pole par
rapport a L,), pondérés par les entiers p/ . On vérifie que les espaces My sont vides pour
d < 0, de sorte qu’on peut définir la fonction zéta des hauteurs motivique par

Z(T) =Y [MgT" € KVar,[T]][T"]. (1.5)

deZ

En plus de I’hypothese générique ci-dessus, il faut imposer quelque chose sur le modele
pour que les espaces M, soient non-vides. 1l se trouve qu’'une hypothese de type « principe
de Hasse » est suffisante :



Hypothese 2. Nous supposons qu’il n’y a pas d’obstruction locale a [’existence de telles
sections, c’est-a-dire que pour tout point fermé v € Cy nous avons G(F,) "\U(O,) # &, oi
le corps F, est le complété de F' au point v, et O, son anneau des entiers.

Pour comprendre cette hypothese, il est utile de reformuler la condition sur les sections
dans un langage adélique. Chaque section correspond a un unique point o(n¢) de G(F), qui
par plongement diagonal fournit un point de I'ensemble G(Ar) des points de G a valeurs
dans les adeles du corps F'. A un nombre fini de places pres, pour un point v € Cy qui n’est
pas un pole de o, la composante de o dans G(F),) est un élément de G(O,). La condition
d’intégralité o(Cy) C U dit alors que pour tout v € Cj, la composante de o dans G(F,)
est un élément de U(O,) : la non-vacuité de l'intersection G(F,) N U(O,) est donc une
condition nécessaire a l'existence d'une telle section.

Sous ces hypotheses, ainsi que sous une troisieme hypotheése concernant les produits
eulériens motiviques, on obtient la convergence souhaitée pour une topologie sur 'anneau
de Grothendieck .Zc que nous expliciterons plus bas :

Théoréme 1. On suppose k = C, on se place sous les hypothéses[1] et [ ainsi que sous
I’hypothese @ expliquée plus bas, et on note b ’entier donné par la formule . 1l existe
un entier a > 1 et un nombre réel § > 0 tels que la série de Laurent (1 — (LT)*)°Z(T)
converge pour |T| < L1 et prend une valeur effective non-nulle en T = L.

Ainsi, I'ordre du podle de la fonction zéta des hauteurs motivique est donné par la
méme formule que dans le résultat de Chambert-Loir et Tschinkel mentionné a la fin de la
section [1.2l La valeur effective non-nulle en L~! mentionnée dans 1'énoncé est un élément
du complété .Zc pour la topologie considérée : elle se présente comme un produit infini de
volumes locaux, et est un analogue motivique de la constante de Peyre.

Pour tout ensemble k-constructible M, nous notons k(M) le nombre de composantes
irréductibles de dimension maximale de M. Le polyndéme de Hodge-Deligne H D se prolonge
en une mesure motivique

M = Z[(wv) [, ]

sur le complété sus-cité, et le théoréme [I via lutilisation de cette mesure motivique,
fournit une description du comportement asymptotique de dim(My) et k(My), la présence
de 'exposant a imposant une distinction selon la classe de congruence de d modulo a. De
plus, un raisonnement de type principe de Lefschetz permet de s’affranchir de I’hypothése
k = C présente dans le théoreme.

Corollaire 2. Pour toutp € {0,...,a— 1}, l'un des cas suivants se produit lorsque d tend
vers l'infini dans la classe de congruence de p modulo a :

. T dim(My)
(i) Soit limsup ==~ < 1.

(ii) Soit dim(My) — d a une limite finie et

log(x(Ma))
log d
converge vers un élément de {0,...,b— 1}.
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De plus, le second cas de figure se produit pour au moins un entier p € {0,...,a — 1}.

Une condition sur les classes de congruences ne peut pas étre évitée en général : par
exemple, si le diviseur log-anticanonique est le multiple (L)® d’une classe dans Pic(X),
alors My = @ pour d 1 a. Remarquons d’autre part que nous obtenons en fait méme un
résultat plus précis, qui décrit une proportion positive des coefficients du polynome de
Hodge-Deligne de M, : nous renvoyons a la proposition [£.7.3.1] du chapitre {4 pour plus de
détails.

Il est important de signaler deux cas particuliers importants de ce résultat : lorsque
X = U nous obtenons un analogue motivique du résultat de Chambert-Loir et Tschinkel
dans [CLT02] pour les points rationnels sur les compactifications équivariantes d’espaces
affines. Dans ce cas, il n’y a aucune condition sur les poles des sections. A l'inverse, le cas
U = G ou l'on n'autorise que les sections ayant des poles dans I'ensemble fini C'\ Cy
a été traité dans l'article [ChL] de Chambert-Loir et Loeser en suivant la méme idée de
preuve que celle décrite ci-dessus pour le probleme de Manin classique. A cause de la
restriction sur les poles, seul un ensemble fini fixé de places contribue a la hauteur. De
plus, a degré d fixé, les ordres des poles des sections comptabilisées dans 'espace M, sont
essentiellement bornés par d. En revenant a la description adélique ci-dessus, on voit alors
que la fonction caractéristique des sections paramétrées par M, est une fonction sur les
adeles G(Af) dont la restriction a G(F},) est, pour presque tout v, la fonction caractéristique
de G(O,). Plus précisément, a cause de la borne sur les ordres de poles et de I'équivariance
de la compactification, cette fonction caractéristique est une fonction de Schwartz-Bruhat
motivique. L’outil principal utilisé par Chambert-Loir et Loeser est la formule de Poisson
motivique de Hrushovski et Kazhdan, qui est justement vérifiée pour ce genre de fonctions,
et permet, en appliquant & la fonction caractéristique de M, dans G(Af) pour chaque d,
de réécrire la fonction zéta Z(T') sous la forme

2= Y AT.9),
§eG(F)

ou les Z(T,¢) sont des séries a coefficients dans un anneau de Grothendieck décrit plus
loin. Cette égalité est l’analogue, dans ce cadre, de l'identité . Chambert-Loir et Loeser
étudient alors les fonctions Z(7T', &) séparément : puisque, comme expliqué plus haut, seul
un nombre fini de places contribue, celles-ci sont des produits finis de facteurs locaux (alors
que les décompositions H(xz) = [], H,(z) chez Chambert-Loir et Tschinkel avaient, elles,
un nombre infini de facteurs différents de 1) qui peuvent étre réécrits comme des intégrales
motiviques sur 'espace d’arcs de la variété X', de type fonctions zéta d’Igusa motiviques,
dont I’étude remonte a Denef et Loeser ([DLI8]). Par une méthode analogue a I’analyse de
Chambert-Loir et Tschinkel, la réduction au corps résiduel étant remplacée par la réduction
de I'espace d’arcs a la fibre spéciale, Chambert-Loir et Loeser prouvent que chaque facteur
est une fonction rationnelle. Ainsi, dans cette situation la fonction zéta des hauteurs se
trouve étre rationnelle, et dans [ChL] 'équivalent du théoréme [I|s’énonce en décrivant ses
dénominateurs. Le coefficient en L1 est dans ce cas un produit fini de volumes motiviques.

Notre approche dans ce texte est grandement inspirée de celle de Chambert-Loir et
Loeser, mais demande cependant plusieurs adaptations majeures. Tout d’abord, puisque
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nous imposons moins de contraintes sur les pdles des sections que nous comptons, ceux-
ci ne vivent plus dans un ensemble fini fixé : les produits de facteurs locaux, finis chez
Chambert-Loir et Loeser, n’ont donc plus de raison de I’étre dans notre cas de figure, et
pour traiter ce probleme, nous avons besoin de donner un sens a des analogues motiviques
des produits infinis H (z) = [, H,(x) utilisés par Chambert-Loir et Tschinkel. D’autre part,
la fonction caractéristique des sections paramétrées par 'espace My est dans notre cadre
une fonction adélique compliquée, et une application directe de la formule de Poisson de
Hrushovski et Kazhdan n’est a priori pas possible. Enfin, 'apparition de produits infinis
pose la question de leur convergence, ce qui demandera l'introduction dune topologie
adaptée sur les anneaux de Grothendieck considérés.

1.5 Outils et schéma de la preuve

1.5.1 Produit eulérien motivique

Il est bien connu que la fonction zéta de Riemann

) =%

S
n>1 1

admet une décomposition en produit eulérien

) =TI =p) " =TI (1+p+p>+..),

p p

ou le produit se fait sur ’ensemble de tous les nombres premiers. Chaque facteur, séparé-
ment, converge pour R(s) > 0, mais le produit converge seulement pour R(s) > 1. Cette
propriété de décomposition en produit eulérien est vérifiée plus généralement pour les séries
de Dirichlet

Z a(n)n™% = H(l +a(p)p™ +alP)p E+...)

n>1 V4

ol a : N — C est une fonction multiplicative. Un autre exemple, plus géométrique, est
donné par la fonction zéta d’'une variété X sur un corps fini F, :

CX(S) = exp (Z p((;lj;‘fn)‘q—ms) .

En notant X ’ensemble des points fermés de la variété X, celle-ci peut en effet étre écrite
sous la forme d’un produit infini

(x(s) = J] (1—qoden). (1.6)

z€Xc

Ici, comme pour la fonction zéta de Riemann, chaque facteur local converge pour R(s) > 0,
mais la série (x(s) converge seulement pour $(s) > dim X : le fait de faire le produit
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avance l'abscisse de convergence de la dimension du schéma sur laquelle on fait le produit.
L’exemple de la fonction zéta de Riemann peut aussi étre compris de cette maniere, si
on voit ’ensemble des nombres premiers comme ’ensemble des points fermés du schéma
arithmétique Spec (Z) de dimension 1.

La méthode de preuve esquissée ci-dessus pour le probleme de Manin classique au-
dessus d'un corps de nombres montre que les deux outils principaux pour 'aborder sont la
possibilité de décomposer en un produit infini de facteurs locaux, et la théorie de Fourier.
Le chapitre 3| de cette these introduit a cet effet une notion de produit eulérien motivique
qui donne un sens, pour toute variété quasi-projective X et toute famille 2~ = (X;);>1
de variétés quasi-projectives au-dessus de X (ou, plus généralement, de classes dans un
anneau de Grothendieck relatif au-dessus de X), a un produit de la forme

[T (14 Xuat + Xout® + ..., (1.7)

zeX

ou on peut voir chaque X, , comme la fibre de X; au-dessus du point = € X. Par analogie
avec les exemples ci-dessus issus de la théorie des nombres, il faut penser a la variable ¢
comme correspondant & ¢~*9°¢? du moins lorsque le corps k est algébriquement clos.

Pour définir , nous commencons par construire les coefficients de la série qui devrait
étre le développement d’un tel produit. En tentant de développer (1.7 naivement, on
observe que toute contribution au coefficient de degré n consiste a choisir un certain terme
dans chaque facteur, de sorte a ce que la somme des degrés des termes choisis soit n, ce
qui induit une certaine partition de ’entier n. Nous construisons séparément la partie du
coefficient de degré n correspondant & une partition 7 de n fixée. En notant 7 = (n;);>1 ou
n; est le nombre d’occurrences de I'entier 4 dans la partition m, de sorte que >~ in; = n,
nous définissons le produit symétrique S™Z de la famille 2~ de la maniére suivante : tout
d’abord, puisque nous voulons construire la partie du coefficient de degré n correspondant
& la partition 7, il s’agit de choisir chaque terme X; ,t' dans exactement n; parentheéses, ce
qui nous amene a considérer le produit

I X7 (1.8)

i>1

D’autre part, ces termes ont été choisis dans des facteurs distincts, ¢’est-a-dire se trouvant
au-dessus de points v € X distincts. Ainsi, en considérant le morphisme

IIxr—JIrx™
i>1 i>1

induit par les morphismes structurels X; — X, nous devons nous restreindre aux points
du produit (1.8) d’image dans [];>; X™ ayant toutes ses coordonnées distinctes, autrement
dit, se trouvant dans le complémentaire de la grande diagonale. En notant

i>1 X

)
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I'ouvert ainsi obtenu, il ne reste plus qu’a observer qu’il n’y a pas d’ordre particulier entre
les facteurs du produit eulérien ci-dessus et qu’il convient donc de quotienter par I'action
naturelle du produit de groupes symétriques [[;»; &,, agissant par permutation. Nous
posons donc

sz = (T1x") /IS
i>1 Ly 21
qui existe comme variété sous les hypotheses de quasi-projectivité supposées ci-dessus. Le
produit eulérien (|1.7]) sera ainsi introduit dans la section tout d’abord comme une
notation pour la série

14+ ) > [STZ] | " € KVary[[t]].
n>1 |\ m partition
de n
En montrant diverses propriétés de la construction géométrique que nous venons de décrire,
nous mettrons en évidence dans la section des regles de calcul avec cette notion de
produit eulérien, dont la propriété de multiplicativité

I1 (1 Xyt + Xoof? + .. )
zeX

=TT (1 + Xoat + Xout® + ) TT (14 Xuiat + Xout® + ..
zelU zeY
pour tout sous-schéma fermé Y de X d’ouvert complémentaire U, qui montre que nous
avons effectivement défini quelque chose qui se comporte comme un produit.

Un exemple important de série a coefficients dans KVar,, est la fonction zéta de Kapra-
nov, introduite par Kapranov dans [Kapr|. Pour une variété quasi-projective X sur k, on
note S™ X, pour tout n > 0 sa n-iéme puissance symétrique X" /S,,, qui est également une
variété quasi-projective, et on définit

n>0

C’est ’analogue motivique de la fonction (x(s) ci-dessus, au sens ou, pour k fini, elle se
spécialise vers cette derniere via la mesure de comptage. Sa décomposition en produit
eulérien motivique est donnée par

Zy(t) = [[Q+t+t*+...) = Hll—t’

zeX rzeX

ce qui est 'analogue motivique de la décomposition en produit eulérien de la fonction
zéta d’une variété sur un corps fini. Notons que cette écriture de Zx (t) était déja possible
dans le cadre de la notion de puissance motivigue due a Guisein-Zade, Luengo et Melle
(IGZLM]), dont nos produits eulériens sont une généralisation.
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1.5.2 Formule de Poisson de Hrushovski et Kazhdan

La formule de Poisson de Hrushovski et Kazhdan, démontrée dans [HK09], est un
analogue motivique (d’une version affaiblie) de la formule de Poisson sur les adéles d'un
corps de nombres telle qu’elle intervient dans la démonstration du théoréme de Chambert-
Loir et Tschinkel ci-dessus. Tout d’abord, pour pouvoir faire de I’analyse de Fourier dans
un cadre motivique, il convient de travailler dans un groupe de Grothendieck plus grand,
le groupe de Grothendieck des variétés avec exponentielles KExpVar, d'un corps k. Il
est donné comme le quotient du groupe abélien libre sur les classes d’isomorphisme de
couples (X, f) avec X une variété sur k et f : X — A' un morphisme, par des relations
de découpage analogues a celles de I'anneau KVar, classique, ainsi que par la relation
supplémentaire

(X x A',pr,) (1.9)

pour toute variété X sur k, avec pry : X x Al — Al la seconde projection. Il y a également
un produit sur KExpVar, tel que dans le cas ou le corps £ est fini, la mesure de comptage
sur KVary s’étende, pour tout caractere non-trivial ¢ : & — C* du corps k, en une mesure
motivique

KExpVar, — C

[X7 f] — Z.tEX(k) Qﬁ(f(@)
la relation (|1.9) traduisant le fait que, le caractére ¢ étant non-trivial, on ait

> (@) =0,

z€k

(1.10)

propriété essentielle au fonctionnement de ’analyse de Fourier. Les fonctions « motiviques »
que nous considererons prendront leurs valeurs dans 'anneau KExpVar,, ou plutot dans
son localisé &xp. 4, obtenu en inversant la classe [A!, 0]. L’application naturelle KVar;, —
KExpVar, donnée par [X| — [X, 0] est un morphisme d’anneaux injectif.

La formule de Poisson classique sur les adeles d'un corps de nombres F' s’énonce souvent
pour des fonctions de Schwartz-Bruhat. Ce sont des combinaisons linéaires de fonctions
f : Ap — C s’écrivant sous la forme de produit

f:va

tel que pour toute place v, f, soit une fonction F, — C sur le complété F), en v, lisse a
décroissance rapide si v est archimédienne, localement constante a support compact si v
est non-archimédienne, et égale a la fonction caractéristique 1p, de 'anneau des entiers de
F, pour presque toutes les places non-archimédiennes. Au-dessus d’un corps de fonctions,
nous n’avons que des places non-archimédiennes, et Hrushovski et Kazhdan proposent un
analogue géométrique d’une fonction de Schwartz-Bruhat pour celles-ci.

Pour une fonction de Schwartz-Bruhat f : ¥ — C définie sur un corps local non-
archimédien F' (dont on note O l'anneau des entiers, ¢ une uniformisante et k le corps
résiduel), on dispose de deux entiers M, N > 0 tels que f soit nulle en dehors de t MO, et
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invariante modulo le sous-groupe ¢V . Par conséquent, une telle fonction peut étre vue
comme une fonction sur le quotient t = O /tN O, qui se trouve étre un k-espace vectoriel de
dimension M + N. Ainsi, dans le cadre motivique, une fonction de Schwartz-Bruhat locale
(de niveau (—M, N)) sera une fonction définie sur un espace affine A2 (noté A,(g_M’N)
pour garder en mémoire les valeurs de M et N) et a valeurs dans I'anneau KExpVar,. Plus
précisément, elles sont introduites comme les éléments de 'anneau de Grothendieck relatif
KEva&rAg;M,N) .

Cette construction peut également étre effectuée pour produire un analogue motivique
pour les fonctions localement constantes et a support compact définies sur un produit fini
de corps locaux, et la formule de Poisson de Hrushovski et Kazhdan est démontrée pour ces
fonctions. Ainsi, cette formule est ’analogue de la formule de Poisson sur les adeles d'un
corps de nombres F', mais appliquée a une fonction adélique f : Ap — C dont la restriction
au complété F,, pour presque toute place v est la fonction caractéristique de ’anneau des
entiers O,.

Comme nous 'avons déja mentionné plus haut, cette formule était suffisante pour les
besoins du travail de Chambert-Loir et Loeser [ChL], car la fonction hauteur pour le pro-
bleme de comptage considéré vérifiait cette hypothese tres restrictive. Dans le cas général
que nous traitons, les poles des sections que nous comptons ne sont pas fixes. Il s’agit alors
d’établir un cadre dans lequel on peut appliquer la formule de Hrushovski et Kazhdan
en famille, en faisant varier le lieu des podles des sections. Pour cela, nous utilisons la no-
tion de produit symétrique introduite plus haut. Pour expliquer cela dans un cas simple,
considérons, pour tout ¢ > 1 et pour deux entiers M;, N; > 0 la variété

A(C_Mz}Ni) — (O x A’g_MivNi)
au-dessus de la courbe C'. On peut former, pour tout entier m > 0 le produit symétrique
—M;,N;
S™((AE)iz)

de la famille (AG"™)
phisme vers la puissance symétrique S™C. On observe que pour tout zéro-cycle effectif
D =%, ,m,v e S"C(k), la fibre de Sm((A(C_M“Ni))iZl) est de la forme

(*va 7Nm'u)
1 A :
vel

. Ce produit symétrique est naturellement muni d'un mor-

c’est-a-dire que c’est le domaine de définition d’une fonction de Schwartz-Bruhat au sens
de Hrushovski et Kazhdan, dont le support et les poles sont contrélés, respectivement, par

les zéro-cycles
—ZvaU et Zvav.
v v

Ainsi, en faisant varier le zéro-cycle D, on peut de cette maniére paramétrer des fonctions
de poles variables (si les M; sont suffisamment grands) et de supports variables (si les NV;
sont suffisamment grands). Nous expliquons ensuite que toutes les opérations de la théorie
de Hrushovski et Kazhdan peuvent étre effectuées en famille au-dessus de S™C' pour tout
m > 1, et justifions en particulier la validité de la formule de Poisson dans ce cadre.
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1.5.3 Filtration par les poids et convergence

Revenons maintenant a la fonction zéta des hauteurs motivique . Gréace a un dé-
coupage des espaces de modules My suivant les valeurs et ordres des poles des sections,
on peut lui appliquer la formule de Poisson dans le cadre du paragraphe précédent. Cela
nous permet, de maniére analogue & ce qui a été expliqué dans la section [I.2] de réécrire
la fonction zéta sous la forme

Z2T)= Y Z(T.¢) (1.11)

gek(C)m

pour des séries Z(T, &) a coefficients dans &xp.#)., chacune admettant une décomposition
en produit eulérien. Nous arrivons maintenant a la question de la convergence de ces pro-
duits eulériens : comme chez Chambert-Loir et Tschinkel, nous souhaitons montrer que la
série Z(T,0) est I'unique responsable du premier pole de la fonction Z(T') en L™1, et la
prolonger méromorphiquement au-dela de celui-ci. Nous avons mentionné plus haut que
la filtration dimensionnelle sur 'anneau de Grothendieck des variétés ne peut pas nous
fournir la convergence attendue pour la fonction Z(T'). Pour comprendre cela, revenons
aux majorations de Chambert-Loir et Tschinkel : pour presque tous les facteurs locaux,
leurs calculs font apparaitre des différences de la forme D, (F,) — ¢"~! pour chaque com-
posante irréductible D, du diviseur a l'infini D, ¢ la puissance d’'un nombre premier, et n
la dimension de X. Afin d’obtenir la convergence souhaitée, il est crucial d’utiliser ici une
majoration non triviale, donnée par les estimées de Lang-Weil [LW] :

Da(Fy) = ¢"7| < g™ %, (1.12)

pour une constante ¢ > 0. Dans le cadre motivique, les calculs sont complétement ana-
logues, et on se retrouve donc naturellement avec le méme genre de différence, a savoir
[D,] — L' € ). En général, la dimension de cet élément de . sera n — 1 : par
exemple, si [D,] est une courbe de genre g > 1, alors, le polyndéme de Hodge-Deligne

HD([Do] — L™ ') = (1 4+ gu+ gv +uv) —uv = 1 + gu + gv,

est de degré 1, ce qui montre que [D,] — L"™! ne peut étre une combinaison linéaire
d’éléments de dimension < 0. La filtration dimensionnelle fournit donc une borne plus
faible que celle de Lang-Weil dans le cas arithmétique, et on est par conséquent conduit a
utiliser une topologie un peu plus fine sur 'anneau de Grothendieck des variétés, construite
a 'aide de la théorie de Hodge.

Supposons temporairement que k = C. Il existe une mesure motivique

XHdg : %C — KQ(HS),
appelée réalisation de Hodge, a valeurs dans 'anneau de Grothendieck des structures de

Hodge, qui a la classe d'une variété complexe Y associe

2dimY

x(YV)= % (-D'[H(Y(C). Q) (1.13)

1=0

16



ou [H{(Y(C),Q)] est la classe dans Ky(HS) de la structure de Hodge mixte sur le i-¢me
groupe de cohomologie singuliere a support compact de Y (C). Il y a une filtration crois-
sante naturelle (W<, Ko(HS))nez par les poids sur 'anneau Ky(HS), donnée en définissant
W<, Ko(HS) comme le sous-groupe de Ky(HS) engendré par les classes des structures de
Hodge pures de poids < n. Pour un élément a € .#c, on définit son poids par

w(a) = inf{n € Z, x"&(a) € W, Ko(HS).}.

La formule (1.13) donnant x4 implique alors directement que pour la classe d'une va-
riété Y, nous avons w(Y) = 2dim Y. Plus précisément, nous avons

H*Y(Y(C), Q) ~ Q(— dim )",

ou k(Y) est le nombre de composantes irréductibles de dimension maximale de Y et
Q(—dimY) est I'unique structure de Hodge pure de poids 2dimY et de dimension 1.
Ainsi, on observe que dans l'expression de

X" ([Da] = L")

les termes correspondant aux groupes de cohomologie de degré maximal se simplifient, et
que par conséquent

w([Da] — L") < 2n—3:2<n—2>.

Cette borne est 'analogue, dans le cadre motivique, de 'inégalité (|1.12)).

1.5.4 Cycles évanescents motiviques

Rappelons-nous que dans la décomposition donnée par la formule de Poisson,
les différentes séries Z(T,€) sont a coefficients dans &zp.#c (on suppose toujours k =
C). Ainsi, nous avons besoin d’étendre la topologie des poids, définie dans le paragraphe
précédent sur .#c, a 'anneau avec exponentielles &xp.#c. De plus, il est souhaitable,
pour que l'analogie avec le cas arithmétique continue a fonctionner, que la fonction de
poids ainsi étendue vérifie ["inégalité triangulaire : pour toute variété complexe X munie
d’un morphisme f : X — A!, on souhaiterait que

w(lX, 1) < w(lX]). (1.14)
Via la mesure motivique ([1.10)) sur 'anneau de Grothendieck avec exponentielles, on voit
que 'inégalité (1.14) est 'analogue motivique de l'inégalité

S W(f(a)

zeX(Fq)

< [X(Fy)]

issue de l'inégalité triangulaire classique, pour une variété X sur F,, un morphisme f :
X — A' et un caractére non-trivial ¢ : F, — C*.

17



La solution a ce probleme utilise les cycles évanescents motivigues de Denef et Loeser.
Pour une variété lisse X sur un corps k de caractéristique nulle et un morphisme f: X —
A}, les cycles évanescents ¢y, de f au voisinage de a € k sont un élément de 'anneau de
Grothendieck localisé .# Jfﬂl (@) au-dessus de la fibre f~1(a) C X, avec action du groupe I,
limite projective des groupes des racines n-iemes de 'unité pour tout n > 1. Lorsque la fibre
f~Y(a) est nulle part dense dans X, Denef et Loeser donnent une formule pour calculer
¢rq €n termes des composantes du diviseur exceptionnel d'une log-résolution du couple
(X, /1 (a)).

En utilisant les travaux de Denef et Loeser a ce sujet, ainsi que 'article de Guibert,
Loeser et Merle [GLM]|, Lunts et Schniirer ont prouvé dans [LS16b], que dans le cas ol k est
algébriquement clos de caractéristique nulle, en combinant les cycles évanescents motiviques
en tous les points de k, on pouvait définir un morphisme d’anneaux, appelé la mesure des
cycles évanescents motiviques,

O : Exp My — (M%)

ou * est un produit de convolution dont la définition est due a Looijenga, Denef et Loeser.
Pour une classe [X, f] avec X lisse et f: X — A} propre, nous avons

(X, f1) = > fpra-

ack

L’ingrédient principal dans cette preuve est un théoreme de Thom-Sebastiani pour les cycles
évanescents motiviques, dii a Denef et Loeser, qui est 'analogue motivique du théoréme
correspondant dans la théorie classique. Dans le chapitre[2]de cette theése, nous avons étendu
la définition de la mesure ® a k de caractéristique nulle non nécessairement algébriquement
clos, puis au-dessus d’une k-variété S quelconque.

Les cycles évanescents motiviques nous fournissent ainsi une maniere de passer de
ExpMc a .///é Afin de pouvoir étendre la filtration par le poids a 'anneau &xp.Zc,
nous utilisons alors le fait que la réalisation de Hodge évoquée plus haut se généralise pour
donner un morphisme

ME — Ko(HS™™) (1.15)

de 'anneau de Grothendieck des variétés complexes avec fi-action, vers 'anneau de Gro-
thendieck des structures de Hodge avec action par un opérateur linéaire d’ordre fini (appelé
monodromie), qui est également un morphisme d’anneaux lorsque les deux groupes sont
munis de produits appropriés. Composer cette réalisation de Hodge avec le morphisme ¢
revient alors a regarder la structure de Hodge sur les cycles évanescents (au sens classique),
avec I'action naturelle de la monodromie autour de la singularité considérée. Nous étendons
alors la filtration par le poids au groupe Ky(HS™"), en définissant W, Ko(HS™") pour
tout n € Z comme le sous-groupe engendré par les structures de Hodge pures de poids < n
avec monodromie triviale, ainsi que les structures de Hodge pures de poids < n — 1 avec
monodromie non-triviale. En utilisant la formule de Denef-Loeser évoquée plus haut, on
voit alors que 'inégalité triangulaire est vérifiée.
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La derniere difficulté qui se présente est d’étudier la convergence des produits eulériens
en utilisant cette filtration par le poids, ce qui nécessite en fait d’avoir les résultats ci-dessus
en famille : nous utiliserons donc notre construction de la mesure des cycles évanescents
motiviques au-dessus d'une base S, ainsi que la théorie des modules de Hodge mixtes de
Saito, dans le chapitre [] de ce texte.

1.6 Plan et quelques énoncés

Pour finir, récapitulons le contenu de cette these : le chapitre 2| contient les définitions
des divers anneaux de Grothendieck utilisés et rappelle le formalisme des cycles évanescents
motiviques. Nous y donnons une définition, pour une variété X sur corps k de caractéris-
tique nulle, des cycles évanescents totaux @}Ot d’un morphisme f : X — A! : c’est un

élément de A le caractérisé par le fait que la fibre au-dessus de tout point a € A' est
k

donnée par les cycles évanescents fips, € ///,f(a) de f en a (poussés vers le point a par

f~Ya) — {a}). Nous montrons que les cycles évanescents totaux peuvent servir a construire
une mesure motivique, généralisant le résultat de Lunts et Schniirer au-dessus d’un corps
de caractéristique nulle quelconque, puis en famille.

Théoréme 3 (Théoreme 2.3.5.1)). Soit k un corps de caractéristique nulle.

1. I existe un unique morphisme de #-algébres
Oy, : Exply, — (M%),

appelé mesure des cycles évanescents motiviques, tel que pour toute variété lisse X
et tout morphisme propre f : X — A}, on ait

Ou([X L A}]) = e

ol €: A} — k est le morphisme structurel.

2. Soit S une variété sur k. Il existe un unique morphisme de M}, -algebres
Dg : ExpMs — (ME %)

tel que, pour tout s € S, le diagramme

é%p///g L %g
‘/ (I:'H(s) l

ExpMys) — ,///,f(s)

commute.

De plus pour toute variété S sur k, la restriction de ®s d Ms coincide avec l'inclusion
naturelle Ms — M.
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Les produits eulériens motiviques sont définis dans le chapitre |3| et leurs propriétés de
calcul y sont explicitées. Pour les besoins de la suite, les définitions sont données dans
un cadre tres général, au-dessus d’une base R et pour un systeme d’indéterminées (t;);cs
indexé par un ensemble I qui typiquement sera de la forme N?\ {0} pour un entier p > 1.
Voici un condensé des propriétés de ces produits eulériens :

Théoréme 4. Soit A € {KVar, #,KExpVar, &xp.#}. Soit R une variété sur un corps
parfait k. Soit X une variété sur R et 2 = (X;)ier une famille d’éléments de Ax. Alors
on a les égalités suivantes dans 'anneau Ag[[(t;)ics]] :

1. (Produit a un facteur) Quand X = R on a

11 (1 + ZXi,utz) — 14+ Y Xt

u€R/R iel el

2. (Associativité) Soit X = U UY une partition de X en un sous-schéma fermé'Y et
son complémentaire U, et U = (U,)icr (resp. ¥ = (Yi)ier) la restriction de & a U
(resp. a Y ). Alors

0 <1+zxi,uti>: 0 (HZUM) 1 <1+2Yi7uti>.

ueX/R icl ueU/R i€l u€Y/R el
3. (Produits finis) Si X est une union disjointe de m variétés Yy, ...,Y,, isomorphes
a R,
veEX/R iel j=1 iel

ot pour tout v € I, X;; est la restriction de X; a Y; ~ R, et le produit dans le coté
droit est un produit fini de séries formelles au sens classique.

4. (Changement de variables de la forme t — L™t ) Pour tout (m;);c; € N,
0 (1 ; in,u(wti)) 1 (1 ; Z(Xi,umti) .
uwEX/R i€l uwEX/R i€l

5. On suppose que la variété R est elle-méme une R'-variété pour une k-variété R', et
que les X; sont des variétés (avec exponentielles) au-dessus de X. Alors le double
produit

vER/R' \ueX/R iel

11 (H <1+ZXi,uti>)v

a un sens et est égal a

11 (H <1+ZXi,ut,~>)v: 11 <1+2Xi7uti>

vER/R' \ueX/R el ueX/R/ icl

dans KExpVarg[[(t:)ier]]-
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6. (Compatibilité avec les produits finis) Pour des familles de variétés (avec exponen-
tielles) (Y;)ier and (Z;);er au-dessus de X qui est lui-méme supposé étre une réunion
de deux copies de R, on a :

11 (1 +> Yi,vu-) (1 +3 Zi,v@)

vER/R’ iel iel
vER/R! i€l vER/R! icl

dans KExpVarg[[(t:)ier]]-

Une remarque sur cet énoncé : les deux dernieres propriétés ne sont pas suffisantes
pour I'usage que nous ferons des produits eulériens, mais a I’heure de la soumission de
ce manuscrit, nous n’avons pu établir les deux dernieres propriétés que pour des séries
a coefficients effectifs (c’est-a-dire, s’écrivant comme combinaisons linéaires a coefficients
positifs de classes de variétés dans 'anneau de Grothendieck des variétés). C'est de la que
vient I’hypothése supplémentaire que nous introduisons :

Hypothese 3. Soit X une variété sur un corps algébriquement clos de caractéristique
nulle k, soit (X;);>1 une famille de classes effectives dans Exp.Mx, et soient a > 0, b > 1
des entiers. Alors on a

T+ Xt + X 2+ )1 —L%) = J] (1 + Xuaut+...) [] (1 - L)
reX zeX zeX

dans Exp.|[t]].

Le chapitre [4] apres un bref survol de quelques faits utiles de la théorie des modules de
Hodge de Saito, fournit la construction de la fonction de poids. Nous commencgons par la
construire sur 'anneau de Grothendieck des modules de Hodge mixtes avec monodromie
Ko(MHMG") sur une variété complexe S. Ensuite nous la composons avec la réalisation
de Hodge (généralisation au-dessus de S de la réalisation de Hodge ((1.15)))

ot — Ko(MHMZY),

puis avec la mesure des cycles évanescents ®g : Sxp. Mg — M. S‘f ci-dessus. Il s’agit alors,
d’'une part, de vérifier que cette composition conserve les propriétés de la filtration par
le poids, et d’autre part, de montrer diverses compatibilités avec les produits symétriques
qui assurent que cette topologie permettra de contréler convenablement la convergence des
produits eulériens.

Théoreme 5. Soit S une variété complexe. Il existe une application
wg : ExpMs — LU {—o0},

appelée la fonction de poids, qui vérifie les propriétés suivantes : pour S,T des variétés
complexes et pour tous a,a’ € ExpMs, b € ExpMr :
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wg(0) = —o0.
wg(a+ a') < max{ws(a),ws(a’)} avec égalité si ws(a) # wg(a’).
ngT(Cl X b) S wg(a) + wT(b)

Si f S — T est un morphisme avec des fibres de dimension < d, alors

e v o~

wT(f[(Cl)) < wg(a) +d.
5 St f: S — T est un morphisme avec des fibres de dimension < d, alors
wg(f*(b)) S wT(b) + d.

6. Soit I un ensemble et ™ = (n;)ie; € NU). Soit X une variété compleze et o/ = (a;)ic;
une famille d’éléments de Sxp.Mx. Alors

werx (S7) <> njwx(a;).

i€l

7. Si X est une variété sur S, wg(X) = 2dimg X + dim S.

8. (Inégalité triangulaire) Soit X une variété sur S et f : X — Al un morphisme. Alors
ws([X, 1) < ws(X).

9. Soientp: X — S, q:Y — S des morphismes lisses de fibres de dimension d > 0,
avec X et'Y irréductibles. Alors

ws([X &S] —[Y L 9]) <2d+dim S — 1.
Nous définissons le rayon de convergence d'une série F/(T) = 3,50 X;T" € Expx|[T])]

par
. wx (X;)
or = limsup ,
i>1 2

et nous disons que F' converge pour |T| < L™" sir > op. La propriété |§| du théoreme [5] est
fondamentale dans ’établissement du résultat de convergence suivant :

Proposition 6 (Proposition|4.7.2.1)). Soit F(T) = 143,51 X;T" € ExpMx|[T]) une série
telle qu’il existe un entier M > 0 et des nombres réels € > 0, a < 1 et (8 tels que

— pour tout i € {1,..., M}, wx(X;) < (i — 5 — ew(X)

— pour tout i > M + 1, wx(X;) < (ai + f — $)w(X);
Alors il existe § > 0 tel que le produit eulérien [T,ex Fo,(T) € Exp ([T

w(X)
— converge pour |T| < L~ 7 (1=0+ 3751)

w(X)
— pour tout 0 < n < 4§, prenne des valeurs non-nulles pour |T'| < L5 (-t 2)
(c’est-a-dire, pour tout a € ExpMc tel que w(a) < —w(X) (1 —n+ 4Mﬁ+1>).
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Nous terminons le chapitre [4 par un résultat permettant d’estimer, pour une série
a coefficients effectifs (M,,),>0, la croissance d’une proportion strictement positive des
coefficients de HD(M,,), a partir de la localisation et de 1’ordre de son premier pole.

Proposition 7 (Proposition 4.7.3.1)). Soit Z(T) = 3,50[M,|T" € KVar§[[T]] une série
formelle a coefficients effectifs, telle qu’il existe des entiers a,r > 1, un nombre réel § > 0 et
une série formelle F(T) = X5 fiT" € AMc|[T]] convergeant pour |T| < L™ et prenant
une valeur effective non-nulle en T = L™, telle que

F(T)
Z(T)= ———.
( ) (1 _ LaTa)r
Alors pour tout p € {0,...,a — 1}, l'un des cas suivants se produit lorsque n tend vers
linfini dans la classe de congruence de p modulo a :
(i) Soit lim sup dlm(Mn) < 1.

(ii) Soit dim(M,,) —n a une limite finie dy € Z et % converge vers un élément de
Uensemble {0, ... ,r—1}. Plus généralement, pour tout nombre réeln tel que 0 < n < o
et pour n assez grand dans la classe de congruence de p modulo a, les coefficients du

polynome de Hodge-Deligne HD(M,) de degrés appartenant a l'intervalle
[2(1 — n)n + 2dy, 2n + 2dy]

sont des polynomes en “=L de degré inférieur ou égal a r — 1.
a

De plus, le second cas de figure se produit pour au moins une valeur de p.

La formule de Poisson de Hrushovski et Kazhdan est rappelée et généralisée convena-
blement dans le chapitre [5] Enfin, le chapitre [f] contient la preuve du théoréme [I} suivant
la méthode de Chambert-Loir et Tschinkel dans sa version motivique due a Chambert-Loir
et Loeser. Nous y introduisons le contexte géométrique du probleme et la fonction zéta
des hauteurs. Nous appliquons la formule de Poisson dans sa formulation du chapitre [f &
celle-ci. Comme évoqué plus haut, nous obtenons une décomposition

ZZTS ZHZTS

EEG(F) E€G(F) vel

de la fonction zéta en somme de séries a coefficients dans &xp.#;[[T]], qui elles-mémes ont
chacune une décomposition en produit eulérien. Nous étudions alors la convergence des
facteurs Z,(T,§), d’abord pour les v € Cy, puis pour les v € C'\ Cy, pour en déduire la
convergence des séries Z(T,§).

Notons .o I’ensemble des composantes irréductibles du diviseur X \ G, et &7p C & le
sous-ensemble de celles qui sont contenues dans le diviseur a croisements normaux stricts
D = X \ U. Le diviseur log-anticanonique associé a la paire (X, D) s’écrit sous la forme

—(Kx + D)= Z paDa + Z (pa —1)D
acd\Ap acdp

pour des entiers p, > 2. Par un calcul d’intégrales motiviques et 'application des propriétés
de la fonction de poids (en particulier la propriété @ de la proposition @, nous obtenons :
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Proposition 8. I existe un nombre réel 6 > 0 tel que le produit

11 (ZU(T,O) 11 (1—Lﬂa—1Tpa))

veCy €A \Ap

converge pour |T| < L™1% et prenne une valeur effective non-nulle dans Mc en T = L',

Un élément de 'anneau complété /?Zc est dit effectif s’il est limite d’éléments effectifs.
La non-nullité de la valeur en L™! est ici obtenue grace a I’hypothese |2l Cette valeur
s’exprimera comme un produit eulérien.

Pour tout £ € G(F), la forme linéaire z — (z, ) sur G(F,) se prolonge en une fonction
méromorphe f¢ sur X, dont le diviseur des pdles est inclus dans X \ G, et est donc de la
forme

dlvooff = Z da(g)Da-

acd
En notant @ (£)” le sous-ensemble de & \ &p des « tels que d,(£) = 0, nous avons :

Proposition 9. ] existe un nombre réel 6 > 0 tel que le produit

II |21 I (-Le'1r)

velo O‘EMOD(f)
converge pour |T| < L=,

Pour les places v € C'\ Cy, nous notons d, = 1+ dim CLI5"(X, D) le terme combinatoire
évoqué plus haut, défini a I’aide du complexe de Clemens analytique de (X, D). On a alors :

Proposition 10. Il existe un réel 6 > 0 tel que pour tout multiple commun non-nul a des
entiers po— 1, a € @p, la série de Laurent (1—LeT*)% Z,(T,0) converge pour |T| < L=+
et prenne une valeur effective non-nulle en L~1.

Sous l’hypothése (que nous n’avons pas utilisée jusqu’ici) nous obtenons la convergence
souhaitée pour Z(T,0) en combinant les propositions |8 et [10]: on trouve un prolongement
méromorphe avec un pole en L=, d’ordre

|\ \ap|+ Y dy

veC\Co

égal a lentier (1.3]) obtenu par Chambert-Loir et Tschinkel dans I’analogue arithmétique
de ce travail. Pour décrire la convergence des Z(T, ) pour £ # 0, nous remarquons d’abord

que la sommation
Y. Z(T.¢)
§eG(F)

est en fait une sommation sur un k-espace vectoriel V' de dimension finie. Nous combinons
la proposition [J] avec un résultat, issu de [CLT12] et [ChL], qui exprime en chaque v €
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C'\ Cy, de maniere uniforme sur les strates d’une partition constructible finie de V' \ {0},
l'ordre du pole de la fonction Z,(T,¢) en L™ comme la dimension du sous-complexe du
complexe simplicial CL2"(X, D) obtenu en gardant seulement les sommets correspondant
aux composantes suivant lesquelles la fonction f¢ induite par £ sur X n’a pas de pole. Un
argument dit & Chambert-Loir et Tschinkel permet de conclure que le pole total de Z (T, )
en L' est d’ordre strictement plus petit que celui de Z(T,0).
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Chapter 2

Grothendieck rings of varieties and
the motivic vanishing cycles measure

Introduction

The Grothendieck group of varieties was defined by Grothendieck in a letter to Serre
dated 16 August 1964, in which he also developed the idea of motives. He wrote:

Soit k un corps, algébriquement clos pour fixer les idées, et soit L(k) le “groupe K”
défini par les schémas de type fini sur k, avec comme relations celles qui provi-
ennent d’un découpage en morceaux (... ).

Though Grothendieck does not mention it in the above quotation, this group is in fact a
ring, which we will denote by KVary, the product being given by the product of varieties
over k. The ring KVar, became particularly prominent when, in a celebrated lecture in
1995 at Orsay, Kontsevich sketched the basics of motivic integration, a theory of integra-
tion with values in this ring, and showed how one could use it to prove that birationally
equivalent Calabi-Yau varieties had the same Hodge numbers. This gave a generalisation of
a result of Batyrev stating equality of Betti numbers under the same conditions. Batyrev’s
proof relied on reduction to positive characteristic and p-adic integration, and Kontsevich’s
groundbreaking idea consisted in noticing that one could replace the latter by a more ge-
ometric theory of integration, with values in the Grothendieck ring of varieties, and thus
avoid the former. Moreover, the identities one obtains are valid in a suitable completion
of the Grothendieck ring KVarc (localised at the class of the affine line), which gives rise
to equality of more precise geometric invariants, e.g. Hodge numbers as stated above.
Since then, several theories of motivic integration have been constructed, and have
found a wide range of applications. The first names to quote here are those of Denef and
Loeser, who formalised Kontsevich’s idea and extended it to singular varieties in [DL99a].
They also gave numerous applications of motivic integration to singularity theory, general-
ising to the motivic framework many results obtained previously via p-adic integration. In
particular, they studied motivic versions of Igusa zeta functions in [DL98], which provide a
notion of motivic nearby fibre and motivic vanishing cycles ([DL98, [DL.99b} IDLO1 [DL02]).

27



Other theories of motivic integration, based on model theory of valued fields, are due to
Cluckers-Loeser ([CIL08, [CIL10]) and Hrushovski-Kazhdan (J[HK06]): they allow to encom-
pass integrals with parameters, as well as integrals involving additive characters, opening
the path to a motivic version of Fourier analysis. The key idea for the latter is to work in
larger Grothendieck rings called Grothendieck rings with exponentials.

Section of this chapter contains definitions and properties of various types of
Grothendieck rings of varieties, in particular Grothendieck rings with exponentials and
Grothendieck rings with fi-actions. Section introduces Denef and Loeser’s notion of
motivic nearby and vanishing cycles, generalises them to the relative setting and recalls
a result due to Guibert, Loeser and Merle from [GLM] which combines various nearby
cycles over a fixed variety X over a field of characteristic zero into a group morphism
defined on the Grothendieck ring of varieties over X. Section recalls Denef, Loeser
and Looijenga’s Thom-Sebastiani theorem for motivic vanishing cycles together with the
convolution product * it involves, and uses it to construct a ring morphism

ExpMx — (///)’é,*)

from the Grothendieck ring of varieties with exponentials over X to the Grothendieck ring
of varieties with ji-action over X localised at the class of the affine line, endowed with
this product. The construction for X = Speck with k an algebraically closed field of
characteristic zero is due to Lunts and Schniirer [LS16b]. Finally, section contains an
explicit computation checking the Thom-Sebastiani theorem for vanishing cycles of the
morphism A! — Al z +— 22

2.1 Grothendieck rings of varieties

References for this section are e.g. [CNS|] for most classical definitions and properties
of Grothendieck rings, and Hrushovski and Kazdan’s [HK09], or Cluckers and Loeser’s
[CIL10] for Grothendieck rings with exponentials. We follow mostly Chambert-Loir and
Loeser’s [ChL] containing a short introduction to Grothendieck rings with exponentials
and their main properties.

2.1.1 Grothendieck semirings

Let R be a noetherian scheme. By a variety over R we mean a R-scheme of finite type.
For a point r € R, we denote by x(r) its residue field.

The Grothendieck monoid of varieties KVark over R is a commutative monoid defined
by generators and relations. Generators are all varieties over R, and relations are

X~Y
whenever X and Y are isomorphic as R-varieties,

g ~0
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and
X~Y+U

whenever X is a R-variety, Y a closed subscheme of X and U its open complement. We
will write [X] to denote the class of a variety X in KVarf. The product [X][Y] = [X xzY]
endows the monoid KVar};, with a semiring structure. Two R-varieties X and Y have the
same class in KVarj, if and only if they are piecewise isomorphic over R, that is, one can
partition them into locally closed subsets Xi,...,X,, and Yi,...,Y,, such that for all 4,
X; and Y; are isomorphic as R-schemes with their induced reduced structures (see [CNS],
Chapter 1, Corollary 1.4.9).

The Grothendieck monoid of varieties with exponentials KExpVar}, is defined by gen-
erators and relations as well. Generators are pairs (X, f), where X is a variety over R and
f: X — A' = Spec (Z[T]) is a morphism. Relations are the following:

(X, f) ~ (Y, fou)
whenever X, Y are R-varieties, f: X — A!a morphism, and v: Y — X an R-isomorphism;
(2,f)~0
where f : @ — A! is the empty morphism;
(X, )~ (Y, flv) + (U, flv)

whenever X is an R-variety, f: X — A! a morphism, Y a closed subscheme of X and
U = X \Y its open complement;

(X Xz Ala pr2)

where X is an R-variety and pr, is the second projection. We will write [X, f] to denote
the class in KExpVar}, of a pair (X, f). The product [X, f][Y, g] = [X xrY, fopr, +gopr,]
endows KExpVarf, with a semiring structure, the class [R d, R] being the unit element.

2.1.2 Grothendieck rings

Let R be a noetherian scheme.
The Grothendieck group of wvarieties KVarg is defined by generators and relations.
Generators are all varieties over R, and relations are

X-Y
whenever X and Y are isomorphic as R-varieties, and
X-Y-U

whenever X is a R-variety, Y a closed subscheme of X and U its open complement. It is the
group associated to the monoid KVar},. Every constructible set X over R (that is, every
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constructible subset of a variety over R) has a class [X] in the group KVarg (see [CNS],
chapter 1, corollaries 1.3.5 and 1.3.6). It will sometimes be denoted by [X]r when different
base schemes are in play. The product [X]|[Y] = [X xg Y] endows the group KVarg with

a ring structure with unit element the class 1 = [R % R]. Let L, or Lg, be the class of
the affine line A}, in KVarg. We define the Grothendieck ring of varieties localised at L to
be M = KVarg[L™!].

The Grothendieck group of varieties with exponentials KExpVary is defined by gener-
ators and relations as well. Generators are pairs (X, f), where X is a variety over R and
f: X — A' = Spec (Z[T]) is a morphism. Relations are the following:

(X, ) = (Y, fou)

whenever X, Y are R-varieties, f: X — A!a morphism, and v: Y — X an R-isomorphism;

(Xaf) - (Y7f|Y) - (U>f|U)

whenever X is a R-variety, f: X — A! a morphism, Y a closed subscheme of X and
U= X\Y its open complement,

(X xz A',pry)

where X is an R-variety and pr, is the second projection. We will write [ X, f] (or [X, f]r
if we want to keep track of the base scheme R) to denote the class in KExpVary of a
pair (X, f). The product [ X, f][Y,g] = [X xrY, f o pr; + g o pry| endows KExpVar, with
a ring structure. We will use the notation f @ g for the morphism f o pr; + g o pr,. We
denote by L, or Lg, the class of [A},0] in KExpVarg. As for KVarg, we may invert L,
which gives us a ring denoted by &xp.#R.

There are obvious morphisms of semirings

KVar}, — KVarg

and
KExpVar}, — KExpVary

which identify KVarg (resp. KExpVary) with the ring obtained from the semiring KVarj,
(resp. KExpVar},) by adding negatives. An element in the image of one of these morphisms
is said to be effective.

There are ring morphisms KVarp — KExpVary and 4 — &xp.#r sending the class
of X to the class [X,0]. According to lemma 1.1.3 in [ChL] together with lemma
below, they are injective.

Let X be an R-variety. A piecewise morphism f : X — A! is the datum of a partition
X1,...,X,, of X into locally closed subsets and of morphisms f; : X; — A! for every i.
Any pair (X, f) consisting of an R-variety X and of a piecewise morphism f: X — A! has
a class [X, f] in KExpVarp,.
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Remark 2.1.2.1. The localisation morphism KVarg — .# is not injective in general: it
was proved by Borisov in [Bor] that L is a zero-divisor in the Grothendieck ring KVary over
a field k of characteristic zero. Borisov’s argument also implies that two varieties X and
Y having the same class in the Grothendieck ring of varieties are not necessarily piecewise
isomorphic, so that the above morphism KVarf, — KVarg is not injective either.

Let A € {KVar, #,KExpVar, &xp.#}. For noetherian schemes R and S over some
noetherian scheme T, there is an exterior product morphism

AR ®a, Asg X, ARxrs (2.1)

of Ar-algebras. For A = KExpVar, it is given by sending a pair ([X, f], [Y, g]) to the class
[X X7 Y, fopr, +gopr,).

2.1.3 Functoriality and interpretation as functions

Let R and S be noetherian schemes. A morphism u : R — S induces morphisms u;
and u* between the corresponding Grothendieck groups. For example, for KExpVar, these
morphisms are defined in the following manner: the proper pushforward

w : KExpVarp — KExpVarg

sends a class [X, f]g of a R-variety X in KExpVary to the class [ X, f]g of the pair (X f)
with X viewed as an S-variety through the morphism u. This is a morphism of rings in
the case when u is an immersion, but not in general.

In the other direction, there is a morphism of rings

u* : KExpVarg — KExpVary

called the pullback, given by sending the class of a pair (X, f) with X a S-variety to the class
of the pair (X xg R, f opr,), where R is viewed as an S-variety through the morphism w.
In particular, KExpVarg may be seen as a KExpVarg-algebra via this morphism.

Elements of the Grothendieck rings over R may be interpreted as motivic functions
on R. When r € R is a point, and a € KExpVary, we will denote by a(r) = r*(a) (or a,)
the image of a in KExpVar,,, by the morphism r* induced by 7 : Spec (x(r)) — R. This
will be interpreted as evaluation of the motivic function a at r. More generally, the above
morphism u* is just composition with u. As for w, it may be interpreted as “summation
over rational points” in the fibres of u, as explained in the following paragraph. We recall
Lemma 1.1.8 from [ChL], which, with this functional interpretation, means that a motivic
function on R is determined by its values at points of R.

Lemma 2.1.3.1. Let a € KVarg (resp. Mg, KExpVary, Sxp.Mr). If a(r) =0 for every
r € R, then a = 0.
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2.1.4 Exponential sum notation

We start with the following lemma:

Lemma 2.1.4.1. Let k be a finite field and let ¢ : k — C* be a non-trivial additive
character. Then there is a motivic measure

KExpVar, — C
X, f] = ZzeX(k)¢(f($))

extending the counting measure

KVar, — Z
(X1 = [ X(K)]

Proof. We may define a group morphism on the free abelian group of generators (X, f) of
KExpVary, by sending (X, f) to >,cx) ¥ (f(2)). This passes to the quotient modulo the
first relation defining KExpVar, because it corresponds to being able to perform changes
of variables in such a sum:

> V(@)= > ¢(fouly))

zeX (k) yeY (k)

whenever u : Y — X is an isomorphism over k. It also passes to the quotient by the second
relation because the latter corresponds to cutting up the sum into smaller sums:

Y. U(f@)= > U(f@)+ D v(f(2)

zeX (k) 2€Y (k) zeU (k)

whenever Y is a closed subscheme of X and U = X \ Y its open complement. The third
relation is also satisfied, and comes from the fact that if ¢/ is a non-trivial character, then

> w(x)=0.

zeAj (k)

Finally, we observe that the product of two classes [X, f] and [Y, ¢] is sent to

YoYU (f@)vlgw) = Y w(f(x)+9()

zeX yeY (z,y)eX XY

which is exactly the image of the product [X x Y, f & g| of these classes, so this map is a
ring morphism. [

This lemma is meant as a motivation of the fact that, as explained in [ChL] 1.1.9, the
class of a pair (X, f) in KExpVar, must be thought of as an analogue of the exponential

> U(f(2))

zeX (k)
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where k is a finite field and ¢ : £ — C* is a non-trivial additive character. This is why,
when doing calculations with it, we will denote the class [X, f] € KExpVar, even for a
not necessarily finite field &, by

> U(f(@)).

zeX

As noted in the proof of the lemma, when using this notation, the three relations occurring
in the definition of KExpVar, translate respectively as the possibility of performing change
of variables, additivity and the property that

> (@) =0,

z€k

the latter being essential to make Fourier analysis work.
More generally, let R be a k-variety. For any morphism h : R — A! and any element
0 € KExpVary, we may define

> 0(r)y(h(r)) =0 [R. 1]

reR

where the product is taken in KExpVary, and its result is viewed in KExpVar,. In the case
when h = 0, the map 6 — > ..z 0(r) is exactly w for u : R — k the structural morphism.
In the same manner, if v : R — S is a morphism, then for any § € KExpVary, the motivic
function w6 sends s € S to 3,c,-1(5) 0(5).

2.1.5 Grothendieck rings of varieties with action

Grothendieck rings with actions were introduced by Denef and Loeser in [DL02] to be
able to take into account monodromy actions on the motivic nearby fibre. Other references
are [DLO1] and [GLM].

Let k be a field of characteristic zero. We start by giving some general definitions about
group actions on varieties. Let G be a finite group acting on a variety X over k. We say
that the action of G is good if every G-orbit is contained in an affine open subset of X.
If X and Y are two varieties with good G-action, we denote by X x Y the quotient of
the product X x Y by the equivalence relation (gx,y) ~ (x,gy). It exists as a variety,
and there is a good G-action on X xY induced by the action of G on the first factor of
X xY.

Let S be a variety over k and X a variety over S. When we speak of a good action of G
on the S-variety X we require it to leave the fibres of the structural morphism X — §
invariant, i.e., the structural morphism must be equivariant if S is equipped with the trivial
G-action.

For n > 1, let u, = Spec (k[z]/(z™ — 1)) be the group scheme of n-th roots of unity,
and let i be the projective limit I&H 4, of the projective system with transition morphisms
Und — fin, T +— 2% For any integer r > 1, a good /i"-action on a variety X is an action of
Qi" that factors through a good action of x for some integer n > 1.
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Let S be a variety over k and r > 1 an integer. The Grothendieck group of varieties
with fi"-action KVary is defined in a similar way to KVarg: generators are pairs (X, o)
where X is a variety over S and ¢ a good [i"-action on X, and relations are

(X,0) = (¥,7)

whenever X and Y are S-varieties with good f"-actions o,7 such that there exists an
equivariant S-isomorphism u : (X, o) — (Y, 7),

(Xv 0) - (K UIY) - (U> U\U)

where X is a variety over S with good [i"-action o, Y a closed fi"-invariant subscheme
of X, and U its open complement, as well as an additional relation saying that

(X x A", o) — (X x AZ, o) (2.2)

whenever o and o’ are two liftings of the same [i"-action on X to an affine action on
X x A} (that is, a good action the restriction of which to all fibres of the affine bundle
X x A? — X is affine). The fibred product with the diagonal /i"-action endows KVarf
with a ring structure.

Remark 2.1.5.1. We won’t use this product much, because in the context of vanishing
cycles, products defined via convolution are more relevant, see sections [2.2.1} [2.2.2]

The class of the pair (X, o) will be denoted [X, o], or even [X, "] or [X] when it is
clear from the context what o is.

We denote by Lg, or L, the class A} with trivial ji"-action. The last relation ([2.2)
says in particular that L is equal to the class of the affine space endowed with any affine
fi"-action. As for KVarg, we may define the ring .#% = KVar’ [L7!].

Remark 2.1.5.2 (Trivial action and forgetful morphism). There is a ring morphism
KVarg — KVarf (2.3)

sending the class of a variety X to the class of X endowed with the trivial action. There
is also a forgetful ring morphism

KVarf — KVarg

which sends a class [X, o] of a variety X with action o to the class [X], well defined
because all relations defining KVar’:éT go to zero in KVarg. The composition of the two
gives the identity of KVarg, which shows that is injective. This remains valid with
KVar replaced by . .

Remark 2.1.5.3. Since KVarg is a KVarg-module, the morphism 1) endows KVargv with
a KVarg-module structure. It is given, for any k-variety X and any S-variety Y with
f"-action o by [X]|[Y, 0] = [X X Y,0'], where ¢’ is acts trivially on X and by ¢ on Y.
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If u: R— S is a morphism of k-varieties, there are, as in [2.1.3] a group morphism
uy - KVark, — KVar

and a ring morphism
u* : KVary — KVary, ,

defined similarly. These morphisms exist also when KVar is replaced with .Z.

Exterior products in the flavour of also exist for Grothendieck rings of varieties
with action. For a k-variety 1" and T-varieties R and .S, the one we are going to use is a
morphism

KVar’}{ QKVary KVar’;r LN KVargXXTﬂ ;
of KVarp-algebras sending a pair ([X, o], [Y, 7]) to the class of X x1 Y endowed with the
product action o X7 7 given by (s,t).(z,y) = (o(s)(x), 7(t)(y)).

2.1.6 The dimensional filtration
A reference for this section is [CNS], chapter 1, sections 4.1 and 4.2.

Definition 2.1.6.1. Let S be a scheme. The relative dimension of a variety X over .S,
denoted by dimg(X), is defined to be

dimg X := sup dimy,) X;.
seSs

Let S be a noetherian scheme. The above notion of relative dimension gives rise to
a natural filtration on the ring KVarg: we define F;KVarg to be the subgroup of KVarg
generated by classes of varieties of relative dimension < d.

We may now define a function

dimg : KVarg — Z U {—o0}

by sending a class a to inf{d € Z, a € F;KVarg}. This function has the following
elementary properties:
Let a,a’ € KVarg. Then

(1) dimg(0) = —c0.
(17) dimg(a+ a') < min{dimg(a),dimg(a’)}, with equality whenever dimg(a) # dimg(a’)
(ZZZ) dimg(aa’) < dims(a) + dims(a’).
Moreover, using the Euler-Poincaré polynomial, one may prove that for every variety X
over S, dimg([X]) = dimg X (see lemma 4.1.3 in [CNS], chapter 1).
For every d € Z, we define F;.#s to be the subgroup of .#s generated by elements of
the form [X]L~™ where X is an S-variety, n € Z is an integer and dimg X —n < d. This

gives us an increasing and exhaustive filtration on the ring .#s. In the same manner as
above, we may define a function

dimg : %g —ZU {—OO}
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satisfying the same properties.

The same definition gives rise to dimensional filtrations and functions on Grothendieck
rings with actions or with exponentials. Thus, for example, on KExpVarg, we define
F,;KExpVarg as the subgroup of KExpVarg generated by classes of the form [X, f] where X
is of relative dimension < d.

2.1.7 Some presentations of Grothendieck groups in characteris-
tic zero

We start by recalling a classical result (it follows for example from [Bit], Theorem 3.1).

Lemma 2.1.7.1. Let X be a variety over a field k of characteristic zero. The Grothendieck
group KVary is generated by classes of the form [Y £ X| where p is proper and Y is smooth
over k.

This may be generalised in the following form:

Lemma 2.1.7.2. Let S be a variety over a field k of characteristic zero, and X a variety
over S with structural morphism v : X — S. Then the group KVary is generated by classes
Y & X] such that U = wo p(Y) is a locally closed subset of S, Y is smooth over U and
such that the morphism p Xgidy :' Y xg U — X Xg U 1is proper.

Proof. First of all, KVary is generated by classes of quasi-projective morphisms. Let
therefore p : Y — X be a quasi-projective morphism, and define T" to be the closure of
wop(Y) in S. We will argue by induction on dim7T. Let Ti,...,T, be the irreducible
components of T. For each i € {1,...,n} it suffices to write [(uop)~'(T;) — X] as a sum
of classes as in the statement of the theorem, and use induction on dim 7' to conclude.
We may therefore assume that T is irreducible. Compactify p into a proper morphism
p:Y — X, where Y is a variety containing Y as a dense open subset. The closure of
wop(Y) in S is again T. An additional induction on dim Y (with dim 7T fixed), initialised
at dimY = dim7 (in which case we use the induction hypothesis for dim7" — 1) then
allows us to work with p instead of p. Let n be the generic point of T. Consider a

resolution of singularities Y, — Y, above k(n). Above some dense open subset T" of T,

this spreads out to a proper birational morphism f : Y — Y x¢ 7" with Y smooth over 7".
If dim7T = 0, then T" = T, otherwise by induction on dim 7', we may replace p : ¥ — X
with its restriction p’ : Y x7 T — X. Finally, by induction on dimY (and on dim 7' if
dimY = dimT'), the morphism p’ : Y x7 T" — X may be replaced with the composition
g=7p of:Y — X. The morphism g then satisfies the condition in the statement of the
theorem. Indeed, the morphism uwo g : Y — T’ is smooth, and therefore open, so that

U:=uog (Y) is open in its closure and therefore is locally closed is S, and Y is smooth

over U. Finally, g xg idy is the composition of the morphisms Y xgU — Y xgU and
Y xgU — X xg U which are both proper by base change. O
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2.2 Motivic vanishing cycles

Throughout this section, k will be a field of characteristic zero.

2.2.1 Convolution

In this section we recall the definition of Looijenga’s convolution from [Loo], in its gen-
eralised form due to Guibert, Loeser and Merle (J[GLM]), following section 2.3 in |[LS16b].

Notation 2.2.1.1. Let n > 1 be an integer. We denote by F{' (resp. F}') the Fermat curve
with equation 2" + y™ = 0 (resp. 2" 4+ y" = 1) inside G,, x Gy, (with coordinates z,y),
with the obvious p, X u,-action.

Let S be a variety over a field k of characteristic zero. There is a KVarg-linear morphism
¥ : KVarh* — KVar®

given in the following manner: let Z & S be an S-variety with a i x i—action. Then
there is an integer n such that this action factors through p, X u,. One defines

U(Z L §) = [Z ximrim Fp Z2L §] — [Z xpnxin p 22 G,
This gives an element of KVar’;: indeed, as we said in section , for i = 0, 1, the variety
7 xHnxhn
is endowed with an action of pu,, given by
t.(z,x,y) = ((t,t).2,2,y) = (2, tx, ty).

As explained in the discussion after remark 2.13 in [LS16b], this construction does not
depend on the integer n, and therefore ¥ is well-defined. By remark 2.8 in [LS16b|, for
every morphism f: R — S of k-varieties, ¥ commutes with f; and f*.

We may define the convolution product on KVarg by the KVar-linear composition

A A~ g ~ A~ \p A~
* : KVark ®@gvar, KVary = KVarly™ = KVark,

(see definition of the exterior product Xg at the end of section [2.1.5) so that for two
S-varieties X,Y with actions ¢ and 7, we have

[X,o]«[Y, 7] = V(X xgY,0 xgT]).

By proposition 2.12 in [LS16b] (or proposition 5.2 in [GLM]), for any k-variety S, the
convolution product % endows KVarl with an associative, commutative KVarj-algebra

structure, with unit element the class of the identity [S 1 S| (with trivial fi-action). From
now on, the ring structure on KVarlg we are going to consider will be the convolution
product *. Thus, in what follows, both KVars and (KVary, ) denote the same thing.
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The n-fold convolution product of Lg with itself is L, and therefore localising the
KVar-algebra (KVark, ) at the multiplicative set {1, Ls, Lg*Lg, . . .} yields an .#}-algebra
(AE, *) with same underlying .Zj-module structure as the usual localisation .Z¥ of KVarf.
By #}-linearity, ¥ and * extend to localised Grothendieck rings. Since ¥ commutes with
pullbacks, for any morphism f : R — S of k-varieties, there are pullback morphisms

f*: KVarf — KVarl
(vesp. f*: .Y — #E) of KVarg-algebras (resp. of .#-algebras).
Remark 2.2.1.2. By remark 2.11 in [LS16b], whenever the action 7 on Y is trivial, we have
(X, o]« [Y, 7] = [X, o][Y, 7],

where on the right we consider the usual product on KVarf from section In particular,
there is a ring morphism )
KVarg — (KVark, )

sending the class of an S-variety X to the class [X, 1] where 1 denotes the trivial action.
Such a morphism exists also at the level of localised Grothendieck rings.

2.2.2 Grothendieck rings over the affine line

Let S be a k-variety. By section [2.2.1] the Grothendieck group K\/auri1 has a natural

(KVar®, «)-algebra structure given by the ring morphism €% : (KVar, ) — (KVar AL %)
where € : Ay — S is the structural morphism.
On the other hand, there is a well-defined addition morphism

add: Ag x5 AL — Ag

on the group scheme Aj, and this endows KVaur’;:é with a product x given by the compo-
sition

add,

Hs, Kyart<h — KVa,r“ <2 Kark

* KVarA1 @K Varg K Var” AlxsAL

Al Al )

so that, for Al-varieties X and Y with ji-actions ¢ and 7, we have
(XL AL o]« [Y L AL 7] = (X x5V L2 AL o x5 7))
where f @& g = fopr; + gopr,.

Lemma 2.2.2.1. Let 15 : S — A} be the morphism given by the zero-section of the trivial
affine bundle Ay — S. Then

(L) : (KVar’;,*) — (KVarAl, *)
(x5 8] =[x & Al
is a ring morphism.
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Proof. Let X = S and Y = S be two S-varieties and let o (resp. 7) be a fi-action on X
(resp. Y'). Using the fact that ¥ commutes with proper pushforwards, we get

()X 25 8,01+ [V 5 S,7]) = (16) 0 W([X x5 Y 2% 8,0 x5 7])
= Vo (tg)([X xg Y =25 S 0 x5 7))
= (X xgY SO AL &g r))
= Toadd([X x5V P AL o AL o xg 7))

= Toadd([X “% AL o] ®s [Y U2 AL 7])

= X YO AL o]« [y 2 AL £
= (h([X = S, 0]) * (Lo ([Y = Ag,7]).

]

Thus, there is another KVark-algebra structure on KVar[‘Al, given by (ig)i, the latter
S
becoming a ring morphism if one replaces the product * by *.

Denote by K\/aurﬂAé the KVarf;f—module structure on KVar‘;}g given by (ig):.

Lemma 2.2.2.2. The identity id : KVart | — KVar'y: is an isomorphism of KVark-
AL Al S
modules.

Proof. For all varieties X,Y over S with ji-actions o,7 and any morphism f : Y — A},
we have (denoting by u the structural morphism u : X — S and by 1 the trivial fi-action

on Ag)
(X 5 8,0« [V L AL 7] = W(X x5 AL 22 AL o xs1] xa1 [Y D AL 7))
= U([(X x5 AL) xa1 Y I AL (0 x5 1) Ky 7))
= U([X x5V L% AL o x5 7))
— Woadd(X ™2 AL o] Rs [Y & AL 7))
= x “O AL o[y L AL 7]
= (sh([X 5 S0l +[v 5 AL, 7]

]

Thus in fact these two KVarf-module structures are the same, and we will denote this
KVarg-module by KVar/, L To distinguish between the two KVark-algebra structures, we

will write them (K\/aer1 , *) and (K\/a,rA1 LK)
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Lemma 2.2.2.3. The pushforward map
(€s) : (KVarAl, *x) — (KVarf;ﬁ, *)

is a morphism of KVar’;-algebms.
Proof. First of all, we have (eg) o (1g)1 = idyy, . Moreover, for all varieties X,Y over S
S
with morphisms f : X — AL and g : Y — A} and fi-actions o, 7, we have, using that ¥
commutes with proper pushforwards:
(esh([X L AL o]« [V & AL o)) = (es) V(X xsY L2% AL o xg7])

= V(X xgY = S,0 xg7])

= [X = S,0|x[Y = 5,7]

= (es)([X 5 AL, 0]) # (es)([Y 5 Al 7).

O

Remark 2.2.2.4 (Trivial actions). From remark 2.15 in [LS16D], we see that if f: X — A}

and g : Y — A} are Ag-varieties with ji-actions o, 7 such that 7 is the trivial action, then
X L AL <[y & AL = [X xgY 195% Al (2.4)

where f @g g stands for the morphism add o (f x5g). We denote again by x the restriction

of x to the image of the inclusion KVar AL — KVark '\1, given by formula 1) Thus, for
S

Grothendieck rings without actions, lemma [2.2.2.1] boils down to the statement that

(ts)r : KVarg — (KVaray, )

is a ring morphism.

Remark 2.2.2.5 (Convolution induces product on Grothendieck ring with exponentials). By
remark 2.2.2.4]and by the definition of the Grothendieck ring with exponentials KExpVarg,
the quotient map ¢ : (KVar AL x) — KExpVarg is a morphism of KVarg-algebras.

2.2.3 Localised Grothendieck rings over the affine line

We have
€5(Ls) = Lay = [A§ x5 Ay =5 AY],
whereas
(es,0) 1
(ts)i(Ls) = [Ag — Ag],
which we denote by Ly € KVar’:‘Al. Define ( Agl , %) as the .#s-algebra obtained by local-
S S

ising (KVaLrA1 ,*) with respect to the multiplicative set {1, Lo, Lo * Lo, ...}. Then we have

a canonical 1somorphism of . s-algebras
M5 Drcvars (KVarly, %) = (M3, ).
Thus, base change along KVarg — .# of lemma [2.2.2.2] gives us:
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Lemma 2.2.3.1. There is a canonical isomorphism //lﬁl = j/l\zl of Ms-modules, given
S S

by ﬁ — Lig for all a € KVarf;}g andn > 1.
S

Moreover, lemma [2.2.2.3] and remark [2.2.2.5| remain true with KVar replaced by M
and KExpVar replaced with &xp.# .

2.2.4 Rational series

Following 2.8 in [GLM], for any k-variety X, define .#%[[T ]]rat to be the M {-subalgebra
of AL [[T]] generated by rational series of the form p,;(T) = = where e € Z and i > 0.
There is a unique morphism of .# )’?—algebras

i
jlgrolo //ZXH eat —> A%
such that

jlgn pel<T) = _17

for any e € Z and 7 > 0.

More generally, for an k-variety S and for a variety X over S, we define .# )%[[T]]rat,s to
be the .#%-subalgebra of .#%[[T]] generated by rational series of the form pe;(T) = %
where e € Z and 7 > 0.

There is a unique morphism of .Z. 5 -algebras

lim A [T |ar.s — AL

T—o0

such that
lim p.;(T) = —1,

T—o00

for any e € Z and 7 > 0.

2.2.5 Motivic vanishing cycles

In [DLIS, [DL.I99b, DLOT, DLO2] Denef and Loeser defined and studied the notions of
motivic nearby fibre and motivic vanishing cycles. For a smooth connected variety X overk
of dimension d and a morphism f : X — A}, the motivic nearby fibre ¢; of f at 0 € A},
is an element of .# )‘}0( 7 (where Xo(f) is the fibre of X above 0) defined in terms of some
motivic zeta function Z;. More precisely, denoting by ., (X) the space of n-jets of X, we
define for every n > 1

Zo(f) = {7 € Zu(X) | f(7) = t"(mod t**1)} € M5 1),
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the Xo(f)-variety structure of 2, (f) being induced by the truncation morphism %, (X) —
X, and the fi-action being the one induced by the p,-action given by a.y(t) = ~y(at). We
then put A
Zi(T) = ;[’%‘(f) = Xo(NIL™T" € My, [[T]].
n>1
One may write 2, (f/k), resp. Zy;, if one wants to keep track of the base field .

Let X be a smooth variety over k, not necessarily connected, and f : X — Aj a
morphism. Let C be the set of connected components of X, which are smooth varieties
of pure dimension. Then the above definition extends immediately to the pair (X, f) by
putting: A

Zi(T) =3 Ly Zys, (T) € My, 1 [[T]],
YeC
where 1y denotes the element [YNXo(f) — Xo(f)] € A )‘?-O( 1) corresponding to the inclusion
of the Y-component of Xy(f) into Xo(f), with trivial /i action.

If f is constant, we have Z;(T) = 0. More generally, Denef and Loeser showed in
[DLO2] that Z; is a rational function by giving a formula for it in terms of a log-resolution
of (X, Xo(f)). For this, let X be a smooth variety over k of pure dimension d, and
f: X — A} a morphism such that Xy(f) is nowhere dense in X. Let h: X’ — X be a
log-resolution of the pair (X, Xo(f)). Let (E;);cr be the family of irreducible components
of h™(Xo(f)), and for every i € I, let a; be the multiplicity of f o h along E;. For every
J C I weput Ej =NjesEj, B = E;\ U E; and a; = ged;;(a;). For every J C I, one
defines an unramified Galois cover E’j — /5 by glueing locally constructed covers obtained
as follows: around every point of £, one can find an open subscheme U of X’ on which
Joh=ulles ac?j , where z; is an equation for £/; N U and w is an invertible function on U.
One takes the étale cover of ESNU induced by the étale cover U" — U obtained by taking
the a -th root of u=".
the obvious way.

. . - © . . A . .
There is a natural ji,,-action on E; which induces a fi-action in

Theorem 2.2.5.1 (Denef-Loeser). Let X be a smooth k-variety of pure dimension d, and
f: X — A} a morphism such that Xo(f) is nowhere dense in X. Let h: X' — X be a
log-resolution of the pair (X, Xo(f)). Let (E;)icr be the family of irreducible components
of "1 (Xo(f)). For everyi € I, let a; be the multiplicity of foh along E; and let v; — 1 be
the multiplicity of the Jacobian ideal of h along E;. Then one has

L%T%

Zi(T) = Z (L - 1)”'71 {fE\;o — XO(f)aﬂ} H 1-LwTa

o#JCI jeJ

€ ‘%)[éo(f)[[THa

where E; is the Galois cover defined above. In particular Zi(T) € %ﬁo(f)[[T]]rat.

Corollary 2.2.5.2. Let X be a smooth variety over k and f: X — A} a morphism. Then
Zy(T) is an element of My p[[T]]sas-

Proof. Let C be the set of connected components of X. By definition, we have Z; =
Yvec 1y Zy,, and each Zy  is 0 if fly is constant, or is an element of ///{%(fly)[[T]]rat
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(which is naturally a .#%-subalgebra of .# )féo(f)[[T]]rat) by theorem [2.2.5.1, whence the
result. O

By corollary [2.2.5.2] it makes sense to define the motivic nearby fibre 1y of f at 0 as

Yp=— lim Z;(T) € A%,

T—o00

and the motivic vanishing cycles ¢ of f at 0 as

o = [Xo(f) 5 Xo(f)] = ¥y € M ).

For the vanishing cycles, we use the definition in [LS16b], which differs from the one by
Denef and Loeser by a sign (which will be important for the construction of our motivic
measure, see remark 5.5 in [LS16b]).

Under the conditions and with the notations of theorem [2.2.5.1] we have

b= X Q=L B Xl < A
@#JCI

Example 2.2.5.3. Here are some important special cases:

(I) Assume f = a is constant. If a # 0 then we in fact have Xo(f) = @, so that
%)/;O(f) = 0 and 77Z)f = oy = 0. If a = O7 then Zf = 07 SO ¢f — 07 whereas

or=[X 1 X] € .4~ (the action being necessarily trivial).
(IT) In the case when f is non-constant and Xy(f) is smooth and nowhere dense in X,
then X % X gives a log-resolution, and we get ¢y = [Xo(f) d, Xo(f)], and pf = 0.

(III) As a consequence, when f is not constant equal to 0, ¢ lives above Sing(f),
that is, the closed subscheme of X defined by the vanishing of the differential
df € I'(X, Qﬁ(/k) Thus, ¢; may be seen in a canonical way as an element of

[
A1) 1 sing(r)”

Remark 2.2.5.4. From the formula in theorem [2.2.5.1} it is clear that, if X,(f) is nowhere
dense in X and if ax : X — k is the structural morphism, then dim((ax)ips) < dim X —1.
Without any assumption on Xo(f), we have the weaker inequality dim((ax)ipr) < dim X.

2.2.6 Relative motivic vanishing cycles

The previous definitions also make sense in the relative setting. Let k& be a field of
characteristic zero, S a k-variety and X a variety over S of relative dimension d, smooth
over S, together with a morphism f : X — A'. Then we may define

Za(f/9) =1y € Zu(X/S)| f(v) = t"(mod ")},
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with action of fi given in the same manner, and Z;/g(T) = 3,51 [Zn(f/S)L™™T" €
oIl Here, £,(X/S) is the n-th jet scheme of X relatively to S. By the base-
change properties for jet schemes (see [CNS|, chapter 2, (2.1.4)), for every s € S we have

Zn(X/S) xg k(s) = L (X xgk(s)/k(s))

where £(s) is the residue field of s, so that the fibre above s of Z;/g is exactly Zy, /() (T) €
My [[T1], where f; : X — Al is the morphism induced by f.

Lemma 2.2.6.1. The series Z;;s(T) is an element of %)%O(f)[[T]]rat,S-

Proof. The proof goes by the classical “spreading-out” method. Take a generic point 7
of S: then by corollary [2.2.5.2 the series Zj, is an element of //)’?o(f)n[[T]]rat, and its
coefficients can be spread out over some open subset U of S. One concludes by Noetherian
induction.

]

In particular, it makes sense to define the relative versions of the motivic nearby fibre
and motivic vanishing cycles , by

bys == Him Zys(T) and g5 = [Xo(f) = Xo(f)] — s € ‘//)%O(f)

2.2.7 The motivic nearby fibre as a group morphism

In [GLM], Guibert, Loeser and Merle construct, for every smooth variety Y together
with a function i : Y — A} and every dense open subset U of Y, an object .,y € ///#b (h)>
such that .75,y = vy, is the motivic nearby fibre as defined above and such that these
objects fit together into a morphism .#}, as stated in the following theorem:

Theorem 2.2.7.1 ([GLM], Theorem 3.9). Let Y be a k-variety and h : Y — A} a
morphism. There exists a unique M-linear map %}, : My — '///{%(h) such that for every

proper morphism p : Z — Y with Z smooth and for every dense open subset U of Z,
(U = Y]) = p(Fhopv)-

When we want to keep track of the base field k, we are going to denote the map in
the theorem by .}, /. We are going to need the following corollary, which adapts this to a
relative setting:

Corollary 2.2.7.2. Le S be a k-variety and Y a variety over S, with h : Y — A} a
morphism. There exists a unique #s-linear map Sy,/s + My — ///{%(h) such that for all
s € S the diagram

Zhss

My —= M

h/n(s) l
[
%Ys > %YO (h)s
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commutes, where the vertical arrows are induced by the pullback of the inclusion {s} — S.

Proof. Uniqueness is immediate by lemma [2.1.3.1} Denote by u the structural morphism
u:Y — S. According to lemma , it suffices to construct .%,s([Z & Y]) for
morphisms of S-schemes p: Z — Y such that T'= wo p(Z) is locally closed, uop: Z — T
smooth, and p xgidr : Z xgT' — Y xg T proper. For such a class, put

Fys(Z 5 Y1) =1 (Vnogys) € M .

The group KVary is obtained from the free abelian group A on such generators by taking
the quotient with respect to some relations, namely elements of the free abelian group on
those generators which belong to the kernel of the canonical surjection A — KVary. Let
R € A be such a relation. For any element a € A, denote by a; its image in .#y, through
the composition A — KVary — KVary, — .#y,. The definition of .%},,5 on elements
of A and theorem show that, for any element a € A, (Ss(a))s = Fh/r(s)(as).
In particular, since for every s € S, R, = 0, we have (#},/5(R))s = 0, and therefore
Zhs(R) = 0 by lemma [2.1.3.1, Thus, .%},/g defines a group morphism KVary — ,///{%(h).
From the last few lines in the proof of theorem in [GLM] (theorem 3.9), it appears
that .7}, /,(s) is first constructed on KVary,, and then extended to .#y, by .#,,)-linearity.
By definition, .#},/5 is compatible with .7}, /.(s) (seen as a morphism with source KVary,)
for all s € S. For any a € KVarg, and any « € KVary, the relation .7, s(ax) = a.%,/5(x)
is seen to be true by lemma [2.1.3.] because for every s € S, S n(s) I8 M o(s)-linear. Thus,
s is KVarg-linear, and we may extend it by .#s-linearity to a .#s-linear morphism

My — %{fb (h)> which ensures the commutativity of the diagram in the statement of the
theorem. O

2.3 The motivic vanishing cycles measure

In [LS16D], Lunts and Schntirer defined, for an algebraically closed field & of character-

— ——

istic zero, a motivic measure & : (Ap1, %) — (A Ki , %), by the formula

O =3 ()i — Sha—a) (2.5)

a€k
where i, : {a} — A} is the inclusion, and S, : M1 — ///{fl} is the morphism from
theorem [2.2.7.1| applied with Y = A! and h = id — a (this is the measure denoted by ® in

their paper). Formula || makes sense because for any class [X ER A'] with X smooth
and f proper, we have, denoting by X, the fibre of f above a and by f, : X, — {a} the
constant map induced by f on it, by theorem [2.2.7.1

()i — Faa) (X L AN = (i) ((Xa = {a}] = (fa)tr—a)
= (ia)!(fa>!([Xa — Xa] - ¢f*a)
= f!gpf—a
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which is zero whenever a is not a critical point of f. Thus, the sum is always finite because
the Grothendieck ring of varieties is generated by such classes, and because the set of

critical points of a morphism f : X — AL is finite. The image of a class [X <> A!] with X
smooth and f proper is

O (X LA =3 fipra = o, (2.6)

ack

the sum of all vanishing cycles of f at all a € k. In other words, go}‘)t is the element of

M fii corresponding to the motivic function sending a € A}, to fips_a

In what follows, we are going to need to construct such a measure in families. Therefore,
we will give a definition of ¢ in terms of vanishing cycles relative to the affine line
above a base, which behaves well in such a context. For an algebraically closed field k of
characteristic zero, this will give an element of .# ﬁi supported above the critical points

of A}, with fibre at every point a € k given by the vanishing cycles fip; 4, so that we
recover formula (2.6)).

2.3.1 Total vanishing cycles

Let k be a field of characteristic zero, R a variety over k, and X be a variety over R,
smooth over R, and f : X — A} a morphism. We apply the construction of the previous
paragraph to the variety X x Al over S = AL, together with the morphism g : X x Al —
A} given by g = f o pr; — pry. We have (X x A')y(g) = I'y, where I'y C X x A} is the
graph of the morphism f, which we may identify with X itself through the first projection.
Notation 2.3.1.1. We denote by @/ = Pg/a1 and @Eft/(}% i= 1Py a1 the corresponding

vanishing cycles and nearby fibre, which are naturally defined as elements of .# )’Z—, and
related by the identity

~ to id ~ to

SOft/}tz =[X = X] - ¢ft/}%-

Denote by fr the morphism X — AL = R x A} given by (u, f) where u : X — R is the
structural map. We define ¢}y == (fr) 1@,/ and ¥y == (fr)1Y);% their images in ///f;}%,
satisfying

Pt = [X 5 AL — it
In the case where R = k, we will simply write ¢ 7% @ ete.
These objects will be called total nearby fibre and total vanishing cycles, because they
take into account the nearby fibre and vanishing cycles of f at all points of A!: indeed, we
see that for any t € A!,

( ft/(}%)t = wgt/R»;(z) = ’l/}(f_t)/Rn(t) € ‘//)léﬂ

where f —t is the function X xy k(t) — AL, given by z = f(z) —t and Ry = R Xy (1).
A similar remark holds for ¢ ftf;z,w}(}; and <p}°/tR. The properties of vanishing cycles we

recalled above lead to similar properties for total vanishing cycles.
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Remark 2.3.1.2. Let X and R be as above, and assume f : X — A} is constant. Then
property of example [2.2.5.3| together with lemma [2.1.3.1 imply that ¢/ = 0. In
particular, we have ¢/ = [X 4 X] and PPt = [X ELN AL] (with trivial fi-action).

Remark 2.3.1.3. With the above notations, it follows from remark applied above
every point of AL that
dimA}%(gozco/tR) < dimpy X.

We recall that we denote by Sing(f) the vanishing locus of the differential form df,
and we define Crit(f) to be the scheme-theoretic image fr(Sing(f)) C Ak.

Proposition 2.3.1.4. Let X be a smooth R-variety and f : X — A} a morphism. Then

Pitr (resp. pflg) is canonically an element of %Sﬂing(f) (resp. //lgrit(f)). In particular, if

~ tot tot __

f is smooth, then @pm =0 and 7R = 0.

Proof. This is a consequence of property ([LI)) above applied point by point, together with
lemma 2.1.3.11 O

2.3.2 The Thom-Sebastiani theorem

The classical theorem proved by Thom and Sebastiani in [ST] is a multiplicativity result
for the cohomology of Milnor fibres: for two germs f : (C*,0) — (C,0) and g : (C",0) —
(C,0) of holomorphic functions with an isolated critical point at 0, it expresses the reduced
cohomology of the Milnor fibre of the germ f @ g : (z,y) — f(x)+g(y) as a tensor product
of the reduced cohomologies of the Milnor fibres of f and g, together with compatibilities
of monodromy actions.

An analogue of this for motivic vanishing cycles was first proved by Denef and Loeser
in the completed Grothendieck ring of Chow motives in [DL99b]. Then Looijenga, who in
[Lool introduced an appropriate convolution operation, and Denef Loeser in [DLO01], showed
that essentially the same proof gave an equality in the Grothendieck ring of varieties with
f-action. Finally, in [GLM], Guibert, Loeser and Merle showed how one may recover the
motivic Thom-Sebastiani theorem from a formula involving iterated vanishing cycles. In
that paper, the theorem is stated using the generalised convolution operator ¥ which we
defined in section 2.2.1]

We recall the motivic Thom-Sebastiani theorem, in the form in which it appears in
[GLM]:

Theorem 2.3.2.1. Let Y1,Ys be smooth varieties over k, with morphisms g1 : Y1 — A},
g2 1 Yo — AL. Denote by i the natural inclusion Yy := g7 *(0) x g5(0) — (g1 @ g2)~*(0).
Then

( (@g1@gz) = \I/((pgl X (1092)
This may be globalised in the following manner:
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Corollary 2.3.2.2 (Thom-Sebastiani for total vanishing cycles). Let Xy, Xy be smooth
varieties, with morphisms f1 : X1 — AL and fo: Xo — A}. Then we have the equalities

Cran = V(P BELT) (2.7)

i
in My, x,, and o
O

Cran = V(PR * o) (2.8)
m ,///ﬁ1 .
k

Proof. Let g; : X; x A* — A! be the functions defined by g; = f; o pr; — pr, for i = 1,2,
and g : X1 x Xy x A — A! be the function defined by g = fi o pry + f o pry — pry. By
definition, the left hand side of the first equality is exactly ¢g/a1, whereas the right-hand
side is given by V(@ /a1 M g, a1). We have the commutative diagram

X1 X X2
(f17f2)l
Al x Al oAl

f1Df2

Let t € A' x A! with residue field denoted by K, and put t; = pr,(¢), to = pry(t) and
s = t1 + t9. Let ¢ be the natural inclusion

i ) X fy () = (1 @ f2)TH(s) X K-

Pulling back via the inclusion of ¢ inside A' x A', we see that the left-hand side ¢ /a1
goes to i*((f,@f,—s)/K ), Whereas the right-hand side g, /a1 B g, /a1 goes to

U (@(fr—t1)/m(tr) B P(fa—ta)/(22))

because ¥ commutes with pullbacks. These elements are equal in .# Jf‘,l( )% () by theo-
1 2

rem [2.3.2.1] Since t was arbitrary, we get the first equality in the statement of the theorem.
The second equality is then obtained easily by applying (f; @ f2); on both sides and making
use of the commutative diagram above.

[

2.3.3 Total vanishing cycles as a motivic measure
We are going to prove the following theorem:

Theorem 2.3.3.1. Let k be a field of characteristic zero. There is a unique morphism

Pt . (KVara1,*) = ( Tﬁil,*)
k

of KVarg-algebras such that ®([X ER Ayl) = ¢ for any smooth variety X over k and any
proper morphism f: X — A}
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The case where k is algebraically closed was treated by Lunts and Schntirer in [LS16b],
and our proof goes along the same lines as theirs, the main difference being that we replace
their total vanishing cycles (¢y) Al by our total vanishing cycles gp}“ which behave better
in relative settings. We start by proving the following result, which is the analogue in our
setting of Theorem 5.3 in [LS16b]:

Proposition 2.3.3.2. There exists a unique morphism @' : //Ai — ///ﬁl of AMy.-modules
2 k

such that ®'([X ER Al]) = ngPt for any smooth variety X over k and any proper morphism
f:X — AL

Proof. Uniqueness follows from lemma [2.1.7.1] so it remains to prove existence. Apply
corollary [2.2.7.2to Y = A} x A}, seen as a variety over S = A} via the second projection,
together with h = pr; — pry: we get an .#x:1-linear map

Spar s Mariar = MY,
where A C A} x A} is the diagonal h~'(0), which is isomorphic to A} via pr,. Com-
posing this with the pull-back prj : .#x1 — #a1.41, sending a class (X EN A}l to

(X x A} oprypra), Aj x Aj] we get a #j-linear map /a1 0pry : Mpr — MY, We put,
k
for any a € M1,
(I)/(Cl) =a— yh/Al o pr;(a)

Let f: X — A} be a proper morphism with X smooth. We denote by p the morphism
pri(f) : X x A M)A,lﬁ x A}
which is again proper by base change. We claim that .7, /51 o pr3([X ER A']) = ¢

Indeed, by theorems [2.2.7.1 and [2.2.7.2] for every ¢t € A, the fibre above t of this element
is given by

(Ljar((X x AL B AL ALD) = T (X xp 5(0) 25 Al))
= (P (Whopyu/nit) € ALy

because p; is proper and X; smooth over (t). On the other hand, we have hop =
fopr; —pry, so that for every t € A, Y(nop), /w(t) = (Yhopyal )e = (14°");. Moreover, for every

t, we have p; = f xy £(t), so that (po)i(Yhop)e/n() = (f!(lzfm))t = ( }Ot)t, which proves
the claim. Finally, we may conclude that ®'([X & Al]) =[x & Al — PPt = it O

As in remarks 5.4, 5.6 and 5.7 of [LS16b], the map @’ has the following properties:
Lemma 2.3.3.3. For any k-variety Z, we have

(a) (22 AL) =[Z > AL] (with trivial action), so that in particular ®'(Lg) = L.
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(b) ®([Z x AL 22 Al]) =0, so that in particular ®'(La1) =0.
(c) ¥ ([Z EN A}]) = 0 whenever f is a smooth and proper morphism.

Proof. The subgroup of KVar Al generated by classes of the form [Z 9, Al] is the image of
the morphism (¢ ), : KVary — K Var A! from section [2.2.2] It is therefore generated by such
classes where Z is additionally assumed to be smooth and proper, and these are preserved
by ®" by proposition and remark [2 m This proves @ In the same way, the
subgroup of KVar Al generated by classes of the form [Z x A} — P Al +] is the image of the
morphism €} : KVark — KVar Al from section [2.2.2] and we may again assume Z to be
smooth and proper to prove @ "The statement Then follows from propositions and
m As for property (d ., if f:Z — A} is smooth and proper, then Z is smooth, so
this follows directly from propositions [2.3.3.2] and [2.3.1.4] ]

We then consider the morphism of KVar,-modules ®*°t, defined as the composition
@/ ~ ———
KVarg: — ///Ai — ///Ki — ///ﬁi,

where the first arrow is the localisation morphism, and the last arrow is the isomorphism
of -modules from lemma [2.2.3.1L The proof of theorem [2.3.3.1]is complete once we have
the following;:

Proposition 2.3.3.4. The morphism ®%** is a morphism
o't : (KVary, +) — (/Ziji,*)

of KVar-algebras.

Proof. Part @ of lemma shows that ®%*' maps the unit element to the unit element,
and that it is compatible with the algebra structure maps. By lemma [2.1.7.1, we may
restrict to checking multiplicativity for classes of projective morphisms f : X — A}l with
X a connected quasi-projective k-variety which is smooth over k. Let X,Y therefore
be connected quasi-projective smooth k-varieties, together with projective morphisms f :

X — Aj and g: Y — Aj. Then we know by proposition [2.3.3.2/ and corollary [2.3.2.2] that
O f O O O O
X S AL @Y B ALD) = (07 * (9)7) = #lg,.
It remains to show that ¢l = ®*([X x YV TN A}]), which does not follow directly from
proposition [2.3.3.2] because f @ ¢ is not proper in general. As in the proof of theorem 5.9
in [LS16b], we make use of lemma [2.3.6.1| below (and the notation therein) which gives us

a compactification h : Z — A} of f @ g for which we may write,

X xY L2595 Al = (7 & Al +Z HD; 2 Al
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Since all h; : D; — A} are projective and smooth, their image by ®'°*, given by their total
vanishing cycles, is zero by proposition [2.3.1.4, On the other hand, Sing(h) = Sing(f @ g),
and therefore

(X x Y I AL = (2 B AL)) = o = ¢,

2.3.4 The motivic vanishing cycles measure over a base

We are now going to prove that the above motivic measure may be defined in families.
For this purpose, we are going to denote for any field £ of characteristic zero by Plot .
KVar AL My, the motivic measure from theorem [2.3.3.1| relative to the field &.

k

Theorem 2.3.4.1. Let k be a field of characteristic zero and S _a variety over k. There is

a unique morphism of KVarg-algebras %" : (KVarAé,*) — (M1, *) such that for every
S

s € S the diagram

tot

b —
KV&I‘A% EE—— %Kl
S

|,

Kk(s) o
KVarai —CL A7,

r(s) K(s)

commautes.

Proof. Uniqueness is immediate by lemma [2.1.3.1] By lemma [2.1.7.2] denoting by u :
AL — S the structural morphism, it suffices to construct ®%* on classes [X %> AL] such
that 7' = wo p(X) is locally closed in S, X is smooth over T" and p xgidy : X xgT — AL
is proper. For such a class, denoting by f the composition X % AL — A} we put

DX B AY) = i € A
Then for every s € S, we have
q)g)t([X £> AAIS'])S = So}zt/n(s)

For any s € T, f, : X, — A} is proper and the fibre X is smooth over r(s) by the
assumption on p. For s € S\ T, the fibre X, is empty and therefore ®*([X % AL]), = 0in
this case. Thus, by the characterisation of @f;%ts) in theorem [2.3.3.1, we may conclude, as }n
the proof of theorem [2.2.7.2| that ®¥* is well-defined as a group morphism KVar AL = A 1
and that the diagram in the statement is commutative. As in the proof of theorem

the fact that ®%* is a morphism of KVarg-algebras follows from the fact that @Z‘zg) is a
morphism of KVar,,)-algebras for every s € S, using lemma [2.1.3.1}
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Lemma 2.3.4.2. Let S be a k-variety, and let X be a variety over S, with structural
morphism u : X — S. Denote by ug the morphism X 2% Al xS~ AL Then

(a) PLH[X =% AL]) = [X =% AL] (with trivial action).
(b) ' ([X x5 Ay 7 AY]) =0

Proof. This follows from lemma [2.3.3.3| and proposition [2.3.4.1| by lemma [2.1.3.1] ]

2.3.5 A motivic measure on the Grothendieck ring of varieties
with exponentials
We come to the final form of the motivic vanishing cycles measure, which will be the one

we are going to use. For the moment, we have constructed, for every k-variety S, a motivic

measure P defined on the ring (KVar AL, *) and with values in the ring (//Z’ils ,%). For

our purposes, it will be convenient to view ®%* as a motivic measure on the Grothendieck

ring with exponentials over S, and to compose it with the pushforward map (eg), where
€5 : AL — S is the structural morphism.

Theorem 2.3.5.1 (Motivic vanishing cycles measure). Let k be a field of characteristic
zero.

1. There is a unique morphism
by Exp My, — (//{,f, *)

of My-algebras, called the motivic vanishing cycles measure, such that, for any proper
morphism f: X — A}, with source a smooth k-variety X, one has

Ou([X L A}]) = a(oh)

where € : A} — k is the structural morphism.

2. Let S be a k-variety. There is a unique morphism ®g : ExpMs — (///é‘,*) of
Ms-algebras such that, for any s € S, the diagram

é”xp///s L%g

]

(I:'n(s) {
ETpMy(s) — ,///,i‘(s)

commutes.

Moreover, for any k-variety S, the restriction of ®s to Ms coincides with the natural
inclusion Ms — M.
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Proof. Property (b)) in lemma [2.3.4.2] says that ®%* sends the additional relation
(X x5 Ay =2 A

defining KExpVar Ay to zero. Using remark[2.2.2.5| we see that the morphism ®%* induces a
morphism of KVarg-algebras KExpVarg — (//[1 ,x). By property @) of lemma ([2.3.4.2)),
S

the class Lg goes to the invertible element Lq € ,/Z[zl so that ®** extends by .#s-linearity
S

to a morphism of .#Zs-algebras &xp.Ms — (///Z\E x). By the localised version of lemma

1
S ——
2.2.2.3, the pushforward (eg), is a morphism of .#s-algebras (A}, ,*) — (Ms,*), so
S A
putting &g := (eg); 0 PL* we get a morphism of .#s-algebras ®g : ExpMs — (ME, *).
Part 1 of the statement then follows immediately from theorem [2.3.3.1] whereas part 2
comes from proposition [2.3.4.1] Finally, the statement about the restriction of ®g to .#s

is seen to be true by property @ of lemma [2.3.4.2, O]

The following proposition is the motivic version for the dimensional topology of the
triangular inequality

S Y(f(a)

zeX (Fyq)

< [X(F,)|

for X a variety over Fy, f : X — All;q a morphism and ¢ : F, — C* a non-trivial character.

Proposition 2.3.5.2 (Triangular inequality). Let S be a k-variety, X a variety over S
and f: X — A} a morphism. Then

dimg(Ps([X, f])) < dimg X

Proof. 1t suffices to prove this above every point s € S, so we may assume S = Spec k.
Then, up to adding classes of strictly smaller dimension which can be dealt with by induc-
tion, we may assume that X is smooth and f is proper. In this case ®([X, f]) = ep¥" and

the result follows from remark 2.3.1.3 O

2.3.6 A compactification lemma

The following lemma, which we used in the proof of proposition [2.3.3.4] was stated
and proved in [LS16a] in the case where the field k is assumed to be algebraically closed of
characteristic zero. We show here that it remains true even if the field is no longer assumed
to be algebraically closed.

We are going to deduce this from the proof of proposition 6.1 in [LS16al, by proving
that the construction of Z commutes with base change to any extension of the field k£, and
that the statements of the lemma remain true over k if they are true over an extension of
k. For this, most of the arguments will go by faithfully flat descent (see EGA 1V, 2.7.1),
using that for any extension &’ of k, the structural morphism Spec k&’ — Spec k is faithfully
flat.
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For this, we recall that, if &’ is an extension of k (which is still assumed to be of
characteristic zero), then (see e.g. tag 0C3H in the Stacks project) :

(a) The formation of the singular locus X" of a variety X over k commutes with base
change to k'

(b) For a morphism f : X — A}, the formation of the singular locus of f commutes with
base change to £/, i.e: Singfr = (Singf) X k'

Proposition 2.3.6.1. Let k be a field of characteristic zero. Let X and Y be smooth
varieties and let f: X — A} and g : Y — A} be projective morphisms. Then there exists
a smooth quasi-projective k-variety Z with an open embedding X XY — Z and a projective
morphism h : Z — A} such that the following conditions are satisfied.

(i) The restriction of h to X XY is f & g.
(ii) All critical points of h are contained in X x Y, i.e. Sing(f & g) = Sing(h).

(7ii) The boundary Z \ X XY is the support of a simple normal crossing divisor with
pairwise distinct smooth irreducible components D+, ..., D;.

(iv) For every p-tuple I = (iy,...,1i,) of indices (with p > 1) the morphism
hy: Dy := D“ﬂlep —>A]1€

induced by h is projective and smooth, so that in particular all D; are smooth quasi-
projective k-varieties.

Proof. All references in what follows are to [LS16a] unless otherwise stated.

Condition (K): Lunts and Schniirer define a condition on a pair (U, I) where U is a
scheme and I C Op an ideal sheaf, called condition (K), under which one may associate
to (U, I) a monomialisation ¢;(U) — U. Since we will change fields, we view (K) as a
condition on the triple (U, I, k) where k is the given base field:

(K) U is a reduced scheme of finite type over k, I is not zero on any irreducible component
of U, and the closed subscheme V' (I) defined by I contains the singular locus U8 of
U.

Claim: Let k' be an extension of k and let U be a scheme over k. If (U, ® k', k)
satisfies condition (K), then so does (U, I, k).

Indeed, the fact that U is of finite type and reduced follows from the faithful flatness
of Speck’ — Speck. If I is zero on some irreducible component U, then I ®; k' would be
zero on any irreducible component of Uy lying over this component. Finally, by statement
@ above, the condition that V(I) contains U®"8 descends as well.

Monomialisation; The monomialisation procedure recalled in remark 6.3 and used
throughout the proof, may be done for any field of characteristic zero, commutes with
extension of scalars, as stated in [Kol|, 3.34.2, 3.35 and 3.36.

Compactification of one morphism Proposition 6.4 is a first compactification result,
which produces, from a smooth quasi-projective variety X and a morphism f: X — Al a
smooth projective variety X with an open embedding X < X and a morphism f : X — P}

o4



extending f and such that the fibre at infinity is a strict normal crossing divisor. This
may be done over a field that is not necessarily algebraically closed, and the construction
commutes with change of fields, since it consists in applying monomialisation and a root
extraction morphism.

Shifting from addition to projection. The construction of Z and h uses a morphism
o: Pl x Al — P! x P! compactifying the automorphism A! x A? = A! x A! sending
(z,y) to (z,y — x), and therefore transforming the addition map A' x A' — A into the
second projection. The image of o is A! x A U {(oc0,00)}, and 07 (00, 00) = {00} x Al

is denoted by E. Starting from compactifications X L Pl and ¥V & P! of the given
morphisms, obtained using proposition 6.4, one considers the pullback diagram

T T X xY

S

P! x Al 2> P! x P!

Lunts and Schniirer’s proof then goes on with proving that (T,07!(I5)Or) satisfies
condition (K), so that one may form the monomialisation v : Z — T, which provides a
morphism

heZ 5T 25 Plx Al 22 AL
which they check satisfies all requested properties.

By what we said on monomialisation above, the construction of h and Z commutes
with change of fields. Thus, by Lunts and Schniirer’s result, hy and Zz do the job over
k, and it suffices to show that the properties they satisfy remain true over k. First of
all, since (7,071 (Ig)Or) satisfies condition (K) over k, it does also satisfy it over k, so
monomialisation may be performed. The fact that h is projective is clear since it is a
composition of projective morphisms. Then points (i) and (éiz) in the statement of the
theorem are satisfied automatically. As for point (iz), Lunts and Schniirer’s lemma says
that the base change to k of the open immersion Sing(f @ g) — Sing(h) is in fact an
isomorphism. By faithfully flat descent, we already have an isomorphism over k. Finally,
it remains to check point (iv), or more precisely, the smoothness part of it, the projectivity
being immediate. Again, this comes from faithfully flat descent. ]

Remark 2.3.6.2. When reading carefully Lunts and Schniirer’s proof, one notices that in
fact it can be made to work without the assumption that k is algebraically closed. Indeed,
they construct a diagram

T/ \S/ \S”HS”’
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where all arrows are étale and where S is of the form A} x L where

L = Speck[zy,...,xs,y1,. .., u]/(z" —y")

with z# .= 2" .. .2t and y” .= y{* ..., y;"* where the u; and v; are positive integers. This
way one essentially reduces to verifying most properties directly for L or for S””. The only
point in the proof when one seems to use the algebraic closedness is when checking that
(L, (z*)) satisfies condition (K), but as we remarked above, since it is true geometrically
it is already true over k.

Remark 2.3.6.3 (Compatibility of nearby cycles morphism with sums of proper morphisms).
Let a € k and let Sq_, : %Ai — A} be the morphism from theorem [2.2.7.1| for Y = A!
and g : Al — A! given by x + 2z —a. Let X and Y be smooth k-varieties and f : X — Al

g : Y — A! projective morphisms. Proposition [2.3.6.1|shows that, though f®g: X xY —
Al is not necessarily proper, we nevertheless have

Fiaca([X x Y L2 AY) = (f © 9)) Vreg-a.

Indeed, using notation from proposition [2.3.6.1] we may write

FacaX x YV L% AY) = F (12 5 AL + 3 () Ao ([Dr 25 AL,

I#o
Since all hy are projective and smooth, we have
FraalDr M AL = (h)n,—a = 0,
so that in fact, using that h is projective, we have
%d—a([X XY & Al]) = %d—a([z ﬂ) Allc]) = tbn—q-

On the other hand, since Sing(h) = Sing(f @ ¢), and ¥, is supported on Sing(h), we
have ¥,_q = Yfag—a (see corollary 3.6 in [LS16b]), whence the result.

2.4 The Thom-Sebastiani theorem: an explicit exam-
ple

To illustrate the contents of section [2.3.2] we compute in this section both sides of
equality (2.7) for X; = Xy = AL over k = C, with f; = fo = (z — 2?).

2.4.1 Computation of left-hand side

Here we are dealing with the variety X = A? together with the morphism f : (z,y) —
224142, The only critical value is zero, so Df ot is just ¢y, seen as an element of .Z%. [ Since
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in C we have the decomposition f(z,y) = (z + iy)(x — iy), we may apply theorem
with h = id, By = {x + iy = 0}, Ey = {z — iy = 0}, so that a1 = a; = 1, a; = 1 (in
particular, ji-actions are trivial) and
o = [Xo(f) ™ Xo(f)] = [E? = Xo(f)] = [B5 = Xo(f)] + (L = D[EL N Ez = Xo(f)]
= L[{(0,0)} = Xo(f)] € Ay,
since [Xo(f) “% Xo(f)] = [Ef = Xo(£)] + [E5 — Xo(f)] + [Er N Ey — Xo(f)].

Thus, A
@fmt =L[{(0,0)} = A% € ///,Z%-

2.4.2 Computation of the right-hand side

Here we are dealing with Y = A! with g : A — A! 2 +— 22. Again, the only critical
value is zero. We may again apply theorem with A = id, the only irreducible
component of Yy(g) being E = {0}, with multiplicity a = 2, so that we consider a double
cover 2 — F with [o-action. In other words, F is just a pair of two points, exchanged by
the action of the generator of py. By the formula, we have

o5 = [Yol9) = Yo(9)] - [E = Yo(g)] € 4, ),

so that ¢,°* = [{0} — A'] — E— Al e.4%,.
Remark 2.4.2.1. By example 2.7 in [LS16D], whenever we have two k-varieties S, Ss and
p;i © Z; — S; is a variety over S; with fi-action, and the action of i on Z, is trivial, then

U(Zy X Zy LASALEN SRS Sy) = [Zy X Zy — Sy x Sa).
This shows that
U, W@, o) = [{(0,0)} — A% — 2[{0} x E — A% + U([E x E — A?]).

Note that all the A2-varieties here are supported above the point {(0,0)} of A% We
are therefore going to stop writing the morphisms to A2, which implicitly are all taken to
be constant equal to (0,0).

Now we are going to compute ¥([E x E]). By definition, this is

U([E x B)) = [(B x B) xt2xm2 (2 — [(E x E) x"2>12 g2,

Denote the two points of E by e_; and e;. Then the product E x E x F? is simply
given by four copies of F?, corresponding to each pair (e;, e;) for i, j € {—1,1}. Moreover,
these copies are all identified via the uy X pg-action: indeed, any element (€,7) € g X o
induces an isomorphism

{(er,e))} x FZ = {(ec, e9)} x F?
(el,el,x,y) = (66a6’r]7€xany)

so that (E x E) x#2xn2 F? is in fact isomorphic to F?, endowed with the diagonal ps-action.
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Lemma 2.4.2.2. 1. The morphism

= G, x{-11}
(z,y) = (z, £)

is an isomorphism (over C), identifying F§} with the disjoint union of two copies of
G,.. [t is equivariant if one endows each copy of G,, with the obvious ps-action by
translation.
2. The morphism
Ff — G, \{-1,1,4,—i}
(r,y) T+ 1y

is an isomorphism (over C), identifying F? with G,,\{—1, 1,1, —i}. It is equivariant
if one endows G, \ {—1, 1,1, —i} with the action induced by the obvious pa-action by
translation on G,,.

Proof. 1. A point (z,y) of G2, is an element of F? if and only if either x = iy or x = —iy:
an inverse to the map in the statement if therefore given by (x,€) — (x,iex). The
statement about actions follows immediately.

2. Rewriting the equation of F?2 in the form (x + iy)(x — iy) = 1, we see that = + iy is
always non-zero, and that if = + iy is equal to some a € G,,, then x — iy is equal to
a~'. This remark allows us to construct an inverse

. at+atl a—a!
a ) . )
2 21
which is well-defined and with image contained in F? whenever a is a complex number
outside the set {0,1,—1,47, —i}. Again, the statement on actions is immediate.

O
Combining the results in the lemma, we have
V([E x B]) = 2[Go, po] — (G \ {~1, 1,8, =i}, pz]

Denoting by [E , 2] the class of a union of two points exchanged by the generator of ps, as
above, we have

[Gm \ {_17 17 i’ _i}7ﬂ2] = [Gm7,u2] - Q[Ea N2]7

whence
V(B x E)) = [Gun 2] + 21E, o).

Thus, finally, we have, observing that [{0} x E, u5] = [E, o),
qj(@gtot X @gtot) =1+ [Gma ,UZ] = [Ala ,UQL

that is, A' with the generator of u acting through z — —z. By relation (2.2) in the
Grothendieck ring ./, , this is equal to the left-hand side L (i.e. A' with the trivial
C

action) computed in section [2.4.1] whence the result.
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Remark 2.4.2.3. Our computation shows that in .# I’iQ we have the relation
C

~ tot

\D(SaxtQOt X @ngt) = 90962—&—3/2
which in our calculation boils down to the equality
(1 - [E’/’LQ]) * (1 - [EMI’LZ]) =L

in //lé Thus, the class 1 — [E, 2] may be seen as a “square root” of L for the product .
For obvious dimensional reasons, such a square root does not exist in the ring .Zc.
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Chapter 3

Motivic Euler products

The possibility of writing a function as an Euler product, that is, an infinite product
of “local factors”, is a very important tool in number theory. In particular, the Hasse-Weil
zeta function of a variety X over a finite field F,, defined by

X(En)],,

m2>1 m

(x(t) = exp (Z ) € Z[[t]],

can be rewritten as a product over the closed points X of X in the following manner:

1
r€EX ]
the expansion of which gives
Cx(t) = > [{effective zero-cycles of degree n on X }|¢". (3.1)

n>0

The latter expression led Kapranov ([Kapr]) to define a motivic analogue of the Hasse-
Weil zeta function: for a variety X over a field k, it is given by

Zx(t) = >_[S"X]t" € KVarg[[t]],

n>0

where 5™ X is the n-th symmetric power of X, a variety over k which parametrises precisely
effective zero-cycles of degree n on X, and [S™X] is its class in the Grothendieck ring of
varieties KVar,. When £k is a finite field, the series Zx(t) specialises to (x(t) via the
counting measure
KVar, — Z
X] o |XO)

as one can see from (3.1). Since then, several mathematicians have been studying the
properties of this function and trying to measure the scope of the analogy with the Hasse-
Weil zeta function. Kapranov himself showed for example that it was rational for a smooth
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projective curve having a zero-cycle of degree 1, whereas a result by Larsen and Lunts ([LL])
states that it is not rational for a surface. It is however an open question whether it is
rational when regarded as a power series with coefficients in .4}, = KVar,[L™'], the ring
obtained from KVary by inverting the class of the affine line.

In this chapter we are going to broaden the parallel with the Hasse-Weil zeta function
by showing that Kapranov’s zeta function can be endowed with an Euler product decom-
position. More precisely, we are going to give a way of making sense of expressions of the
form

IT (1+ X1at + Xout? + ...

zeX
where X is a variety over k, (X;);>1 is a family of varieties over X (or, more generally, a
family of classes in KVary), and X; , must be thought of as the class of the fibre of X above
x € X in KVary,), where k(z) is the residue field at z. The decomposition of Kapranov’s
zeta function will in particular be covered by this definition, but so will many other power
series, and in particular those occurring when studying motivic height zeta functions in
chapter [6]

It is important to point out that our construction was inspired by [GZLM]|, where a
first step towards infinite motivic products was made. Indeed, the authors define a notion
of motivic “power”, which is a special case of our construction, recovered when all X; are
of the form X xj A; for a family of varieties (A4;);>1 over k, so that all factors are equal to

(1+ Ayt + Aot® + ...) € KVarg[[t]],

and the resulting product can be thought of as this series “raised to the power X7.

Let us sketch the contents of this chapter. The overall idea is to generalise the notion
of motivic zeta function in an appropriate way, to define the Euler product notation for all
these generalised zeta functions, and then to show that this notation actually does behave
like a product. Section [3.1| will be devoted to the definition of the coefficients of those zeta
functions, which we will call symmetric products. They are a generalisation of the notion of
symmetric power. The subsequent sections contain proofs of numerous properties of these
products that are necessary to ensure subsequent good behaviour of our Euler products.
In particular, in we show how to iterate this construction, which will enable us to make
sense of double products later. We explain there that the iteration makes it necessary
to consider symmetric products of families indexed by more general sets than the set of
positive integers. In [3.3] it is shown how the symmetric product of a family of varieties
can be expressed in terms of symmetric products of constructible sets partitioning these
varieties, which leads to multiplicative properties for zeta functions. Section shows how
symmetric products behave if the original varieties are multiplied by some affine spaces.
Furthermore, we show that these definitions and properties may be extended to families
of non-effective classes in a Grothendieck ring in and to (classes of) varieties with
exponentials in [3.6] Finally, in section [3.7, we define symmetric products of classes in
localised Grothendieck rings.

Section defines the Euler product notation and deduces all the properties following
from the previous sections that show that we can think of it as a product and do calcu-
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lations with it. Section shows, thanks to a further slight generalisation of the notion
of symmetric product, that inside the product, one can allow a finite number of constant
terms not equal to 1.

Notation 3.0.0.1. We will denote by N the set of non-negative integers, and by IN* the set
of positive integers. For any set I, we define

N = {(n;)ic; € NT, n; = 0 for almost all i}

where “almost all” means “all but a finite number of”. It is a monoid, if we endow it with
addition coordinate by coordinate:

(n4)ier + (0f)ier = (i +15)ier-
Moreover, it has a natural partial order defined by
(n)ier < (n})ier if and only if n; < n} for all 7 € I.

For two elements m = (n;);e; and 7 = (n});e; such that 7 < 7/, we may also define their
difference:

-1 = (n; — ni>i€[ c N(I)
An element 7 € NU) can be thought of as a finite collection of elements of I, each element
1 coming with a multiplicity n;. That’s why, especially in the case when I = N*, such an
element will sometimes be written in the form [ay,...,a,] where ay,...,a, are elements
of I, each appearing with the correct multiplicity, so that the integer p is equal to >_;c; n;.
We denote by |7| the integer ;o7 n;.

The special case I = N* will be particularly important: in this case, an element 7 € N()
is called a partition. Indeed, since m = (n;);>1 = [a1,...,a,] is in this case a collection of
positive integers with multiplicities, we may associate to it the number

nzzmizal—i—...—i—ap
i>1

these integers sum to, and 7 is simply a partition of the integer n. The elements a; are
called the parts of the partition. Note that when denoting partitions of integers in the form
lai, ..., a,], some authors require the sequence of the a; to be non-decreasing. In order to
simplify the statements of some results below, we prefer to say that the order of the a; is of
no importance: we consider the partitions [as, ..., ap] and [as(1), . .., Go(p)] to be the same
for any permutation o € &,. However, when writing concrete partitions, we will often put
the integers in increasing order for clarity.

In this chapter, R will be a variety over a perfect field k.
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3.1 Symmetric products

3.1.1 Introduction: Symmetric powers of a variety

Let X be a quasi-projective variety over a perfect field k. For every non-negative integer
n, there is a natural action of the symmetric group &,, on the product X" by permuting
the coordinates, and it is a classical result that the quotient S"X = X"/G,, exists as a
variety (if X is quasi-projective, which we assumed). We will call this variety the n-th
symmetric power of X. By convention S°X will be Spec k.

The rational points of the variety S™X correspond to effective zero-cycles of degree n
on X. Any such zero-cycle >, n,x determines a partition

> (ng+...+n)=n

degx terms

of n, which we will denote by 7. The subset S™X of S™X consisting of the zero-cycles
inducing this partition 7 is locally closed in S™ X, and can be constructed directly in the
following way: for all 7 > 1, denote by n; the number of times the integer ¢ occurs in this
partition. Every zero-cycle determining the partition 7 is of the form

Zi(xi,l + ...+ xi,ni)
1>1

where the points x; ; are geometric points of X, all distinct. Consider therefore the product

X2z " from which we remove the diagonal A, that is, the points having at least two equal
coordinates. The product [];»; &,, of symmetric groups has a left action on [[;5; X™ =

X221 yig

(0)iz1 - (Tigs - Tim, )izt = (T om1(1)s 5 Lo ) )iz

for any 0 = (0;)i>1 € [1;>1 Gp,. This action restricts to Xzizlm\A, and the quotient will
be naturally isomorphic to the above locally closed subset S™X . This observation will be
the starting point of the construction in the following paragraph.

The variety S™X can thus be written as a disjoint union of locally closed sets S™X
with 7 ranging over all partitions of n. In particular, we will denote by SI'X the open
subset of S"X corresponding to the partition [1,...,1] of n, which parametrises étale
zero-cycles of degree n on X.

This construction may be done with k replaced by a k-variety R, and products replaced
by fibred products over R. The resulting objects will be varieties over R, denoted S™ X and
S™X as well, or S"(X/R) and S™(X/R) if we want to keep track of the base variety. For
any point v € R, the fibre of S™(X/R) above v will be isomorphic to S™(X,/x(v)) where
X, is the fibre of X over v.

Remark 3.1.1.1. Though we may define symmetric powers also over non-perfect fields, the
above description of points will fail in this case. This justifies our condition on the base
variety R.
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3.1.2 Quotients of schemes by finite group actions

We gather here some facts about quotients by finite group actions. A detailed account
may be found in Chapter 0 of [MEFK]. Let X be a scheme endowed with an algebraic action
of a finite group G.

Definition 3.1.2.1. A (categorical) quotient of X by G is a morphism of schemes 7 :
X — Y with the following two properties:
— 7 is G-invariant;
— 7 is universal with this property: for every scheme Z over k and every G-invariant
morphism f : X — Z, there is a unique morphism h : Y — Z such that honw = f.

Because of the universality, a quotient is unique up to canonical isomorphism if it exists.
In this case, we write Y = X/G. Note that the universal property implies in particular
that if X is an S-scheme, then so is X/G.

If X = Spec A is affine, of finite type over S (which may be assumed to be affine, equal
to Spec C for some ring C), then A has a G-action, and we may define the subring A% of
A of all G-invariant elements of A. This induces a morphism

7 : Spec A — Spec A°.
One can show that this is the quotient of X by G.

Definition 3.1.2.2. We say that the action of G on X is good if any = € X has an open
affine neighbourhood that is preserved by the G-action.

For example, if X is quasi-projective over a field k, then the action of G is good.

If the action of G on the variety X is good, then taking an affine cover (U;); of X by
such affine subsets, one may construct a quotient X/G by glueing together the quotients
U;/G. Tt follows from [MFK], theorem 1.10, that this quotient is quasi-projective.

Proposition 3.1.2.3 ([Mus], Proposition A.8). Let G be a finite group acting by algebraic
automorphisms on a quasi-projective variety X over k. Let H be a subgroup of G, and 'Y
an open subset of X such that

1. 'Y is preserved by the action of H on X.
2. If Hgy, ..., Hg, are the right equivalence classes of G modulo H, then

i=1
is a disjoint cover.

Then the natural morphism Y/H — X/G is an isomorphism.

65



3.1.3 Symmetric products of a family of varieties

Let X be a variety over R, and let 2~ = (X;);>1 be a family of X-varieties with
structural morphisms ¢; : X; — X. All products in this section are fibred products
over R.

Let m = (n;);>1 be a partition of the integer n. The variety []; X;" has a morphism

[Ti>1 ¢ to [1; X™. Denote by
X"
i>1 .

the open subset of the latter obtained by removing the diagonal, that is, the points having
at least two equal coordinates. By base change, we get the open subset

11 e (1)

*

of elements mapping to Y, n;-tuples of X which do not belong to the diagonal. This can
be summarised by the following cartesian diagram:

(e X0) 1 e (T X7) =Ty X7

i LHM o

(Hz’21 Xni)*( [[i> X™

For simplicity, in what follows we will write (Hizl in>* for the variety at the top-left
corner of this diagram (when we want to specify that points were removed with respect to
coordinates in X, we may write (Hi21 X ">* < ). Now the product [];>; &,, of symmet-
ric groups acts naturally on the varieties océurring in the right column of this diagram:
each &, acts on the corresponding X" and X™ by permutation of coordinates. It restricts
to the varieties in the left column, and is compatible with the vertical maps. Passing to the
quotient, the left column gives us a variety which we will denote by S™(:Z"/R), or simply
S™ 2, with a map to the variety S™X defined in the previous section.

Finally, taking the disjoint union U,S™Z" over all partitions of n, we get a variety S"Z .

Remark 3.1.3.1. The horizontal inclusion maps of the cartesian square

(HiZl in>* - H¢21 in

| |

(Hizl Xni)* —= L[> X™
are compatible with taking the quotient, so we get well-defined maps
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.

Sﬂ-X E—— HlZl San

The diagonal is a closed subset Ay in [[;5; X™. It is stable by the action of [[;>; &,,,
and maps to a closed subset Ax . inside [[;»; S™ X such that S™X ~ (HiZI SniX) \Ax 1,
and therefore S™Z" is exactly the restriction of [];~; ™ X; to points mapping outside Ax .
In other words, the diagonal can be removed before or after passing to the quotient.

Notation 3.1.3.2. If the family 2" is constant, that is, all X; are equal to some X-variety Y,
then the resulting symmetric products will be denoted S%(Y') (resp. S%(Y)). In particular,
by definition, we have S%(X) = S™X.

Example 3.1.3.3. 1. If 7 is the partition [1,...,1], we are going to write S™Z =
Sy 2. It corresponds to the variety S} x X parametrising effective zero-cycles on X
of degree n mapping to effective zero-cycles on X of degree n in which no point occurs
with multiplicity strictly greater than one.

2. If 7 is the partition [n], S™Z = X,,.

3. If we take all X; to be equal to some X-variety Y, then S™.2" = STY (see notation
3.1.3.2) corresponds exactly to effective zero-cycles of degree n on Y mapping to

zero-cycles on X with partition 7. In particular, if all X; are equal to X, then we
get the locally closed subset S™X of S™X described in section [3.1.1]

4. If X = Spec R, then (Hz’zl X ”) is empty whenever there is more than one factor,
that is, except if n; = 0 for all ¢ > 1 but one (recall the product is over R). Since

the n; are subject to the relation Y, in; = n, this means that n; = 0 for ¢+ < n, and
n, = 1. Thus, S™2 is empty for all = but [n], and we have S" 2" = X,,.

3.2 Iteration of the symmetric product construction

If 2" = (X;)i>1 is a family of varieties over X, and X itself is a variety over some scheme
R, then the symmetric product construction over R gives rise to a family of varieties

S*(Z/R) = (S™(Z'/R))rene)

over R, indexed by all partitions m. As it is now, our definition of symmetric products
doesn’t allow us to carry on and construct a symmetric product of this family. The aim
of this section is to generalise our construction in a way that will make this possible.
This generalisation is important in itself, as it gives the correct general setting in which
symmetric products may be defined.

The idea is to replace families indexed by the set N* of positive integers by families
indexed by any set I. Then the family of their symmetric products will be indexed by the

67



set
N = {(n;)icr € NI, n; = 0 for almost all i},

and the family of the symmetric products of those will be indexed by NN,

3.2.1 Symmetric products of varieties indexed by any set

Let I be a set. The construction is completely analogous to the construction of sym-
metric products in the case where [ is just the set of positive integers. Let X be a
quasi-projective variety over R, and 2" = (X;);c; a family of quasi-projective X-varieties.
Fix m = (n;);e;. The product

[T

iel
has a morphism to [[;c; X™. We consider the open subset

() eI

el el

of points lying above the complement of the diagonal of [],c; X™, that is mapping to points
having pairwise distinct coordinates. We have a natural action of the product of symmetric
groups [[;c; ©,, by permutation of coordinates, and we define

s = (11 XZ”>*/H6W

iel iel
which is a variety because the varieties we started with were quasi-projective. Note that
in particular, in the case 7 = 0, we get S°.2" = R.

Remark 3.2.1.1. The construction is functorial in the sense that if we have two families of
X-varieties 2" = (X;)ier and % = (Y;);er, and if we are given, for every ¢, a morphism
fi + X; — Y, then the family of morphisms f = (f;)ic; induces, for every 7 € N a
morphism S™f : ST — ST¥ .

Example 3.2.1.2. If X = R and 7 # 0, then as in Example|3.1.3.3] ™2 is empty except
if there exists iy € I such that m = (n;);e; satisfies n; = 0 for all i # i, and n;, = 1, and
in this case S™Z" = X,,.

Remark 3.2.1.3 (Case when I is a semigroup). Assume for a moment that I is of the form
In \ {0} where [ is a commutative monoid, that is, I is endowed with some associative
and commutative composition law with zero-element 0. Then there is a well-defined map
A N — Iy
=izt = Yiering

and we may also define, for any n € I, S™Z to be the disjoint union of all the S™2" for
T e X(n).
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Example 3.2.1.4. In the particular case where I = N* all the X; are equal to X, by
definition, for any integer n, S™%Z is the disjoint union of the locally closed subsets S™X
described in section 3.1.1] In particular, we have the equality of classes [S"27] = [S"X]
in KVarj,. Note that however, the natural scheme structure of the symmetric power S"X
is not the same as the scheme structure of S™2". This won’t have any importance for us
because we will be mainly working in Grothendieck (semi)rings.

Example 3.2.1.5. If X = R then by example[3.2.1.2] S"Z" = X,,.
The following definition comes as a natural generalisation of Kapranov’s zeta function.

Definition 3.2.1.6. Let X be variety over R, 2" = (X;);cs a family of varieties over X.
Consider also a family t = (¢;);cr of indeterminates and denote by KVarg[[t]] the semi-ring
of power series in those indeterminates over KVarj,. The zeta function associated to 2 is
the formal power series given by

Zr(t)= ¥ [S2N € KVarg]t]]
ﬂEN(I)
where t™ := [[;>; ;. In particular, if one assumes I = N* and specialises the ¢; to ¢; = ¢’
for a single variable ¢, one gets a power series

Zy(t)=>_[S" 2" € KVarg[[t]].

n>0

More generally, if we assume I = NP\{0} for some integer p > 1, we get a multi-variate
variant of the above zeta-function:

Zoltneoty) = 3 [S"2Ut € KVarjl[h, 1))

neNP?P

where for every n = (ny,...,n,) € NP, the variety S™ 2" is the disjoint union of the ™2
for all m = (n;)ier € N such that Yicrin; =1n.
When we want to specify R, we are going to write Z4- /g instead.

Example 3.2.1.7. Taking X; = X for all ¢ > 1, and using the fact that by example [3.2.1.4
in this case [S" 2] = [S™"X], we recover Kapranov’s zeta function

Zx(t) = Y_[S"X]t" € KVarg[[t]].

n>0

3.2.2 Describing points of symmetric products

Assume that I is a commutative semigroup. To describe the points of these symmetric
products, it is convenient to use the term “effective zero-cycle” rather loosely, so that
it applies to any finite formal sum of closed (or Galois orbits of geometric) points with
coefficients in some semigroup.

69



Recall each X; comes with a morphism ¢; : X; — X. Each point of S™2" has an image
in S™X which, by construction, can be written as an effective zero-cycle on X of the form

Zi(vi,l + ..+ Ui,m) € SWX, (32)

iel
the v; ; being distinct (geometric) points of X. Moreover, for every i € I, the degree ¢ part
i(UiJ + ..+ vi,m)

comes from (v;1,...,0;,,) € X™, which in turn by definition comes from a point of X;".
Thus, by analogy with the notation used in (3.2)), we will write elements of S™.2" as
effective zero-cycles on the disjoint union of (a finite number of) the X;, of the form

D/ = Zi(mi,l + ...+ xi,ni)

iel
such that for all 7 € [ and for all j € {1,...,n;}, x;; is a geometric point of X;, and

ZZ((,OZ(.%“) + . i) € 57X,

il

that is, the ¢;(z; ;) are distinct geometric points of X. One may also view an element of
ST simply as a collection of effective zero-cycles (D;);e;r where for all i € I, D; € S™X;,
the support of the image of D; in X is composed of n; distinct geometric points, and the
supports of the images of D; and D, for i # j are disjoint.

If D e ST™X(Q) is a geometric point, for some algebraically closed field €2, then for all
i€land 1 <j<mny, v; € X(Q). Let Q' D Q be an algebraically closed field. Then the
(Y-points of the fibre of S™X above D are exactly those where for all 4, j, x;; € X;(?).

For n € I, a geometric point of S™X is of the form D = >} .y n,v, where the n,
are non-negative integers, almost all zero and such that > ,n, = n, and the points v are
distinct geometric points of X. The zero-cycle D is an element of S™X if and only if the
partition of the integer n defined by the integers (n,), is exactly m. A geometric point
of S™Z lying above D will be written in the form Y, cx n,2,, where for every v, z, is a
geometric point of X, ,. The fibre of S™Z above a geometric point D € S™X is

("2 )p = [ Xu,o- (3.3)

veD

3.2.3 Symmetric product of a family of symmetric products

Assume we are given a family of varieties 2~ = (X;);e; over some variety X, which
itself is defined over R, and assume R is itself a variety over some k-variety R’. For every
7 € N | this gives rise to a variety S™(2"/R) over R. We can now consider the family

S*(Z/R) = (S"(Z'/R))ren;
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of varieties over R and, replacing I by N in the previous paragraph, do the same con-
struction again. We get a family of varieties indexed by the set

NN — {(mz)x € NN, = 0 for all but finitely many T}

For w € NN we have

meNU) reN{)

Sw(5°(35/R)/R’)=( IT (s"(Z/R))™ /R/) /I G,

where /R’ means the product is over R'.
A natural question arises now: What is the link between this family

(57(S*(2'/R)/R)))

weNN)s

and the family (S™(Z"/R')),en obtained by doing the symmetric product construction
for the family 2" but seeing X directly as an R’-variety?

3.2.4 Main result

Definition 3.2.4.1. The map px : N®NOD 5 NO s defined to be the map that sends
an element (M) enn (o} tO

Z My € N,
reND\ {0}

In terms of the other notation, x4 sends an element

[[al,l, e ,al,ml], ceey [CLTJ, . ,ar,mr]] € N(N(I)\{O})

to
I
[CLLl, C.e 7a1,m17a2,17‘ .. ,am,. . ,Canr] - N( )

Before stating the main proposition, let us give a motivating example.

Example 3.2.4.2. Let I = N* and 7 = [1,1,2] € N, 50 that
pot () = I [ 20] [, 200 (2], 3, 2)), (11,21 3
We keep the notation from section [3.2.3] The points of the variety
SW(%/R/> = (Xl Xpr X1 Xpr X2>*,X /62 X G, (34)

are zero-cycles of the form x + y + 2z, with x,y, 2 having distinct images in X, but all
mapping to the same r € R'. We therefore may classify them depending on the relative
positions of their images in R, which may be encoded by an element of x4~ !(7), by adding
square brackets to gather integers corresponding to points having the same image in R.
There are several cases to consider:
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— The points x,y, z all have distinct images in R: this may be encoded by w; =

[[1], (1], [2]].
— The points x and y have the same image in R, but not z: this corresponds to

— The point z has the same image as one of the points x or y, but not the other: this
is represented by w3 = [[1], [1, 2]].

— They all have the same image: this gives wy = [[1, 1, 2]].
Thus, we have a decomposition of S™(Z"/R') into four locally closed subsets ST (2™ /R'),
i = 1,2,3,4 corresponding to these four cases. Proposition [3.2.4.3] gives a direct way of
constructing varieties isomorphic to these locally closed subsets, in the flavour of what has
been done in section [3.1.1} when we gave direct constructions for the locally closed subsets
S™X of S"X. For @, for example, we may remark that giving an element of ST, (2 /R’)
is equivalent to giving a zero-cycle in SM(27/R) and a zero-cycle in S (2 /R), and
making sure they have distinct images in R but the same image in R, which results in:

(SMH(2/R) < SP(2Z/R)) | = ST (S(Z/R)/R) (3.5)

The right-hand side means that this amounts exactly to applying the symmetric product
construction for the element wy, € NWV\M and the family S*(2°/R) above the R'-
variety R.

Proposition 3.2.4.3. Let R’ be a variety over k, R a variety over R', X a variety over
R, and let 2 = (X,)ier be a family of varieties over X, indexed by a set I. Then for
every 7 € N and for every w € pu='(x), there is a piecewise isomorphism of the variety
ST(S*(Z/R)/R') onto a locally closed subset ST(Z /R') of ST(Z JR'), so that moreover
S™(Z /R') is equal to the disjoint union of the sets SL(Z /R'). In particular, we have the
equality
> [ST(SHZ/R)/R)] = [S"(Z/R)]
wept(m)

in KVary,.

3.2.5 Proof of proposition (3.2.4.3

To prove proposition [3.2.4.3} by a spreading-out argument, we may assume R’ = k is
a field. We write J = NO\{0}, and for any j € J, m; = (n!)ic; € NU| 50 that every
element o of N/) may be given as a family of multiplicities (m;) ;e
Put m = (n;)ser, and fix w € p~! (7). The condition that 7 = u(w) is equivalent to
jed
for all i € I. Our proof decomposes in several steps. Both S¥(S*(Z°/R)) and S™(2")
are constructed as some quotient of some product of the X;. We are going to refrain from

taking quotients first, and construct an immersion from the product giving the former to
the product giving the latter.
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The immersion before quotients For any two varieties V' and W over R, there is an
immersion V' xg W — V x W. Thus, for every j € J there is an immersion

T1X" r— [[X"

i€l icl

Restricting to the complement of the diagonal in [][;c; X ”Z, we get an immersion

(HXing /R> = <Hin]> :
i€l *, X i€l *, X

Taking the product over all j € J of the mj-th powers of those varieties gives:

n((mes) ) nfme) )

For any two varieties V' and W over X, we have the commutative diagram

(VX W) g (V x W) x>V x W

| | |

(X X X)yg—> (X x X)y x> X x X

| |

(R X R), xS RxR

where the horizontal arrows are all open immersions: indeed, recall that we assumed R
and X to be quasi-projective over k, and therefore separated, so that complements of
diagonals are open (and therefore so are their inverse images by the structural morphisms).
In particular, we have an open immersion (V x W), g = (V x W), x. Thus, we can restrict
to the complement of the diagonal of [[;c; ™ on the left, and to the complement of the

diagonal of [];c; (Hie[ X”g)mj on the right, to get

o)) e,

Note that using the assumption u(w) = m, we may write

(H (1) ) - () = () 67)
jeJ \iel Lx Vel Lx  Niel e X

Composing (3.6 with this identification, we get an immersion

(e ) ) ) e
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Example 3.2.5.1. In example [3.2.4.2 the immersion ({3.8) corresponding to s is written
in the form

((Xl XR Xl)*,X X X2)*,R — (X1 x X X X2)>»<,X>

where the variety on the left-hand side (resp. right-hand side) is exactly the one in ({3.5))
(resp. (3.4])), just without the permutation action quotients. (Recall we took R’ = k.)

Description of the permutation actions Let V' be the variety on the left-hand side,
as well as its image through this morphism, and W the variety on the right-hand side.
There is a natural action of G = [[;c; &, on W. As for V', we can distinguish two groups
acting on it. The first one is

I (Ie.)

jeJ \iel

which comes from the natural permutation action of & nd O each product [[;c; X / r for
all i € I and all j € J. Composing the morphisms X, s X with the morphlsm X — R,

we get a map _
e () ) ) (e ) 39
jeJ \ \iel X “R jeJ %

the fibres of which are stable with respect to that action. On the other hand, there is also
a permutation action of [[;c; &,,; on (Hje J ij> , which pulls back to an action on the
variety on the left-hand side in the following manner: for € V, denoting for every j € J

and every ¢ € {1,...,m;} by z;, the projection of x on the ¢-th copy of <]_[Z€I & /R>
*, X

occurring in V, the element o = (0;)es € [Ijes Gm, acts on x = (z;1,...,Tjm,)jer Via

g ((%',h e axj,mj)jel) = <(5Ej,aj1(1)7 e v$j,aj1(mj))jeJ> :
Through immersion (3.8]), these two actions give us two subgroups H; and Hy of G =
Hie] 6711

Example 3.2.5.2. 1. In example |3.2.4.2] we have W = (X7 X X3). x. Let us examine
the subgroups of G := G5 X G; corresponding to the different w; occurring in that

example.

— For @y = [[1],[1], [2]], we have V = (X} x X5). r, Hy = {1} and H, = G.

— For wy = [[1,1],[2]], we have V' = ((X1 X g X1)sx X X2)sr, H = G and Hy = {1}.
— For w3 = [[1,2], [1]], we have V' = ((X1 Xg X2)«x X X1)sr, and Hy = Hy = {1}.

— For wy = [[1,1,2]], we have V = ((X1 xg X1 Xg X2)«x, Hi = G and Hy = {1}.
2. Let us examine another example: 7 = [1,1,1,1,1,1], @w = [[1, 1], [1, 1], [1], [1]]. Then
W = (X?).x, G =&, and

V = ((Xl XR Xl)*,X X (Xl XR Xl)*,X X Xl X Xl)*,R’
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so that H; is the subgroup of G generated by the permutations (12) and (34),
whereas Ho is generated by the permutations (13)(24) and (56).

Lemma 3.2.5.3. The subgroup Hi is normalised by Hy. The subgroup H := H{H, they
generate is the largest subgroup of [l;c; ©,, under the action of which V' is invariant in-

side W.

Proof. For all 0 € H, and 7 € Hy, the element 707! € G stabilises the fibres of the

morphism ¢ in , which means that it stabilises each factor []; X;' : /r of V. Thus,
Tor~! is an element of H;.

Now, let o € [[;c; ©,, be such that for all x € V, oz € V. Let x € V, and let 7 € H,
be the element such that 7(¢(z)) = ¢(o(x)). Then o771 stabilises the fibres of the map ¢

J
in |) This means that its action stabilises each factor []; X" /g of V, so o771 is an
element of H;. 0

Our aim now is to describe a locally closed subset W (w) of W containing V' and stable
under the natural [];c; 6,,-action on W, and show that we can apply Proposition [3.1.2.3
to V and W (w) to get an isomorphism

V/H ~W(w)/ ][ Sn
il
where the variety on the right-hand side will be called ST (Z").

Equivalence relations on coordinates of points of W Recall that W is the variety

e
el *, X

A point of this variety is of the form = = (x;,) icr where for all ¢ € I and for all
1<p<n;
1 <p<n, x, € X; and all coordinates z;, have distinct images in X. Consider an

equivalence relation p on the set of indices {(i,p)} ier . Each equivalence class F is a
1<p<n;

subset of the latter, which we write in the form E = {J,c; E; (disjoint union) where
E,=ENX,={(,01),..., (1, i)}
for some integers (¢;);e; (with ¢; < n; for all i), and
1< <...<ay <n; forall 7€ 1.

Note that the equivalence classes F of p form a partition of the set of indices of the
coordinates of the point z, and that therefore for every i € I, the sets E; = E'N X, form a
partition of the set {(7,1),...,(¢,n;)}. Thus, the sum of the ¢; over all equivalence classes F
is equal to n;.

To each such non-empty £ we can associate the non-zero element w(E) = (£;)ic; € N,
The collection of all m(E) for all equivalence classes E of p, counted with multiplicities,
then gives an element w(p) € NNMOY such that u(w(p)) = , since the sum of the ¢;
over all equivalence classes E is n;.
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Definition of W(w) For every x € W, we define an equivalence relation p, on the set

{(,p)} ier

1<p<n;
by: (i,p) ~ (¢,p') if and only if the coordinates x;, and z; , have the same image in R.

Definition 3.2.5.4. For every equivalence relation p on {(i,p)} ier occurring in this
1<p<n;
way, define the locally closed subsets

Wp:{$€VV> pe=prCW

and
W(w) = U W, cWw,
w(p)=m

(this is a finite and disjoint union).

Example 3.2.5.5. Let [ = N* and 7 = [1,1,2], so that W = (X? x X3). x. An element
of W will be written (21 1, 21,9, ¥2,1). Let p be the equivalence relation on {(1,1), (1,2),(2,1)}
with equivalence classes {(1,1),(2,1)} and {(1,2)}, giving rise respectively to the parti-
tions [1,2] and [1], so that @ := w(p) = [[1,2],[1]]. The only other equivalence relation
giving this element of =1 (7) is the one with equivalence classes {(1,2), (2,1)} and {(1,1)},
denoted by p’. Thus W, is the locally closed subset of triples (z1 1, Z1,2, Z2,1) such that in R,
T9,1 becomes equal to x1; but not to z1 5. In the same way, W, corresponds to triples such
that z2; becomes equal to x5 but not to z1;. Finally, W(w) is the union of these two
sets, namely the set of triples such that in R, x5 becomes equal either to x1; or to 2,
where the “or” is exclusive.

Taking quotients

Lemma 3.2.5.6. (a) W (w) is stable under the action of [I;c; S,, on W.
(b) The group [lic; ©n, acts transitively on the set of the W, with w(p) = w.
Proof. a) Let 0 = (0;)ier € Ilicr ©n,;, p some equivalence relation and z € W,. For every

equivalence class F, the equivalence class 0 F' = U;c; 0;(E;) gives the same numbers /;:
therefore w(op) = w.

b) Let p and p’ be two different equivalence relations such that w(p) = w(p’). Since
they give rise to the same w, they have the same number of equivalence classes, and
moreover, to each equivalence class F of p we may associate an equivalence class E’
of p/ such that for every ¢ € I, we have

YE, = #E.

Denoting by ¢; this common value, write
Ei = {(i7ai,l)7--'7(i7&i,€i)} and E: = {(iaﬁi,l)a-"a(i7ﬁi,ﬁi)}
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for all 7 € I. Define the restriction of the element o = [[;c; 0; € [lier Gn, to

H{ai,la cee aai,ﬁi}
el
by oi(a;,) = Bip. Since the equivalence classes of p form a partition of {(i,p)} ier ,
1<p<n;
doing this for all equivalence classes completely defines an element o € [[;,c; &, such
that for every x € W,, ox € W,.

[

Definition 3.2.5.7. For every @ € pu~!(7) we define ST (Z") to be the locally closed subset
of S™Z given by taking the quotient of W(w) C W by [Tic; Gn,-

Lemma 3.2.5.8. There is an equivalence relation p such that the image V' of the immersion

mn @ is equal to W,,.

Proof. Fix = (x;,) icr € W in the image of the morphism in 1’ and for all i €
1<p<n;

I, j € Jand 1 < g < my, denote by E; ;, the set of indices of the coordinates of the

nJ .- . . .
projection of x to the ¢-th factor X;*. By definition, all coordinates z;, of x with index
(i,p) € Ej 4 := Uier Ei j o have the same image 7, ,(z) € R, and the elements 7, ,(z) for all
Jj € J and 1 < g < m; are distinct. Therefore, the sets £}, in fact don’t depend on z, so
that the elements of V' are exactly those subject to the equivalence relation p with classes
(Ejq) jes - O

<g<m;
Putting everything together and applying Proposition 3.1.2.3|to V' C W with actions
of the groups H C [[ic; S,,, we get the result, since S(S*(Z/R)) is by definition equal
to V/H.

3.3 Cutting into pieces

3.3.1 Introduction

The aim of this section is to state and prove an analogue in our setting of the following

classical result about symmetric powers (see for example [CNS|, chapter 6, proposition
1.1.7):

Proposition 3.3.1.1. Let X be a quasi-projective variety over a field k, and Y a closed
subvariety of X with open complement U. For any integers n > 1 and r € {0,...,n}, the
variety

S"U x S""Y
can be identified with the locally closed subset of S™X corresponding to effective zero-cycles
of degree n the restriction of which to U has degree r. Moreover, S™X is the disjoint union
of these locally closed subsets. In particular, in terms of classes in KVary , we have

S"X] = S[STU)S" Y] € KV

r=0
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Thus, starting with a zero-cycle D of degree n in X, we get through restriction a pair
(Dy, Dy) of zero-cycles in S"U x S"~"Y for some r. Conversely, starting with a point of the
latter variety, the sum of the two components yields an element in S™X. More precisely,
by the same argument we even have the following:

Proposition 3.3.1.2. (Refinement of Proposition Let k, X,U,Y be as in Propo-
sition and let 1 € NN be a partition. Then S™X is the disjoint union of locally
closed subsets isomorphic to S™U x S™ ™Y where 7' runs through all partitions such that
7' < 7. In particular, in terms of classes in KVar} , we have

[S™X] = Y [STUJ[S™™Y] € KVar}.

' <r

To motivate the construction in the following paragraph, let us examine what exactly
we need to get a result of this flavour for symmetric products. Fix a set I, and let X be
a variety over k, and 2" = (X;);e; a family of varieties over X. For all i € I, let Y; be
a closed subvariety of X;, and U; its complement, so that we get families of X-varieties
Y = (Y%)z'el and % = (Uz’>iel-

Let m = (n;)ier € N, Any point D € S™2 is a zero-cycle contained in the disjoint
union of (a finite number of) the X;, and we can consider its restriction Dy to U;c;U;. As
in the discussion above, this clearly gives us a point in S™% for some ©' < 7, and the
restriction Dy to the elements of the family % will then be a point in S™ ™% . In other
words, there is a well-defined immersion

a:S" X — | STU x STV,

7' <m

On the other hand, this morphism « will in general not be an isomorphism. Indeed, the
inverse mapping (Dy, Dy) — D; + D, that worked in the above cases is well-defined only
when D; and D, have disjoint supports, since, by definition, points of S™% are zero-
cycles with supports mapping injectively to S™X. Thus the image of « is the subset of
Unr<n S™9 x S™ ™% mapping to pairs in Unr < S™X x 8™ ™ X with disjoint supports.
Thus, to generalise proposition we are going to define more general symmetric
products which are mized, in the sense that we will combine different families of varieties
before restricting to the complement of the diagonal in the base variety. In the case studied
above, this construction will give us varieties S™™ ™ (%, %), the union of which for all
7" < 7 corresponds exactly to the image of «, so that the analogue of proposition
for symmetric products will take the form

("2 = 15" (%, Y)]

7' <m
in KVarj .
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3.3.2 Mixed symmetric products

Let X be a variety over R, p > 1 an integer, and 27, ..., Z, families of varieties over X,
all indexed by the same set I. For all j € {1,...,p} we write Z; = (X;;)icr. We also fix
for every j € {1,...,p} an almost zero family of non-negative integers m; = (r; ;);es (that
is, all r; ; but a finite number are zero). The product (over R)

74,1 Ti,p
[IXi < ... x X5
i€l
is a variety over

JTX7 .o x XTir,

iel
As before, we restrict it to the open subset (Hie[ Xt xox erp”)* lying above the
complement of the diagonal of [];c; X" x ... x X"» = X 2o " that is, we remove
points mapping to points having at least two equal coordinates. Then we take the quotient

by the natural permutation action of [[;c; &,,, x ... x & The resulting variety will be
denoted by

Tig"

ST (DL D).

If for every j € {1,...,p} all varieties X, ; are equal to some X, we may write this simply
ST (X, Xp).

As it was the case in the construction of simple symmetric products, we could also first
take the quotient, and then remove the closed set lying above the image of the diagonal
by the quotient map.

The following properties are obvious consequences of the definition:

Fact 3.3.2.1. 1. In the case p = 1, we recover exactly the symmetric product S™Z
from section 3.2.11

2. For all 0 € &,, there is an isomorphism
ST (2, Ap) 2 ST e (20, D))
3. If m, =0, then
STl (P, Xp) = ST TN (2, Epe).
4. If there exists ¢ € I such that r;, > 0 and X;, = (), then
ST T (2, Zy) = 0.

Remark 3.3.2.2. The open set ( b XZiEI”’j) is a subset of [T7_, (XZiEI ”’j) consisting

of points with projection to X DierTii having distinct coordinates for all j. Thus, there is
an open immersion

ST, 2y) 5 S 2L XL x SO, (3.10)
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It is an isomorphism if there is a partition of X into locally closed subsets Vi, ..., V, such
that for all ¢ € [ and all j € {1,...,p}, the image of X, ; in X is contained in V;. Indeed,
then all elements in any p-tuple (D1, ..., D,) € S™ 27 x...x S™ %, have disjoint supports,
and the inverse mapping is given by (Dy,...,D,) — D; + ...+ D,,.

We can now state our generalisation of Propositions[3.3.1.1]and [3.3.1.2]

Proposition 3.3.2.3. Let X, 24,..., %, be as above, and consider moreover another fam-
ily Z = (Xi)ier of quasi-projective varieties over X, together with families % = (Y;)ier
and % = (U;)ier such that for every i € I, Y; is a closed subvariety of X; and U; its
complement. Let my,...,m,, ™ be elements of N Then for every ' < m the variety

SW1,~-,7TP7“/’7F_7F/('%7 cee 'jm’/P’ %’ @)

is isomorphic to the locally closed subset of S™ ™™ (Z,..., Xy, X ) corresponding to
zero-cycles with 2 -component inducing partition 7" on % . Moreover, the variety

S7r1,-~-ﬁpv“(%, cey %7 %)

is the disjoint union of these locally closed subsets, so that in terms of classes in KVarf,
we have

[Swl"“’wp’ﬂ(%, . %7 %)] — Z {Sﬁl,...,ﬂpm/,w—wl(%j o %7 %7 @)} .

' <m

Proof. We write @ = (n;)ier, ™ = (mi)ier and for every j € {1,....p}, m; = (7ij)ier
According to proposition [3.3.1.1] the variety [[;c; S™' X1 x ... x S"» X, ,, x S™ X, is the
union of locally closed subsets isomorphic to

T1 S Xiq X ... x S0 X, x S™U; x S™~™Y,
i€l

for all 7 < m,. Restricting to the images of points lying above the complements of the
diagonal, we get the result. [

3.3.3 Applications

As an immediate consequence of Proposition (3.3.2.3| (for p = 0) and Remark [3.3.2.2
we get

Corollary 3.3.3.1. Let X be a variety over R and 2 = (X;)ier a family of varieties
over X. LetY be a closed subvariety of X, U its open complement, and for all i € I,
define varieties Y; = X; xx Y, Uy = X; xx U, and families % = (Y;)ier and % = (U;)ier
of varieties over Y and U, respectively. Then for all 1 € NY) and for all 7' < 7, the
variety S™ U x ST s isomorphic to the locally closed subset of ST corresponding to
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families of zero-cycles inducing partition 7 on % . Moreover, S™ %2 is the disjoint union
of these locally closed subsets. In particular, in terms of classes in KVar}, we have

[ 2= Y (ST %S ).

' <m
In terms of zeta-functions, this means that
Za(t) = Zy(t) Zy (t)
in KVarg[[t]).

Proposition 3.3.3.2. Let X be a variety over R and & = (X,)ier and % = (Yi)ier
families of varieties over X. Fiz an element T = (n;)ie; € N, and assume that for all
1 € I such that n; > 0, X; and Y; are piecewise isomorphic. Then S™ % and S™% are
piecewise isomorphic: in other words, we have the equality

Za(t) = Zo(t)
in KVarg[[t]).

Proof. By assumption, there is an integer p with the property that, for all i € I sat-
isfying n, > 0, we can partition X; (resp. Y;) into locally closed sets X;i,...,X;,
(resp. Yii1,...,Y:,) such that for all j € {1,...,p}, X;; is isomorphic to Y;;. For ev-
ery j € {1,...,p}, we denote by Z; (resp. %;) the family (X;;)ics (resp. (Yi,)ier).
Proposition together with an induction shows that S™2 is the disjoint union of
locally closed subsets isomorphic to S™ ™ (%27, . .., %Z,) for partitions 7y, ..., m, such that
m + ...+ m, = 7. Since the same is true for %, %, ..., %, and since the isomorphisms
between the X;; and Y; ; give isomorphisms

ST (D D) = ST D)

for all 7y, ..., m, such that m; 4 ... + m, = m, the result follows. ]

3.4 Symmetric products and affine spaces

The following proposition is a direct generalisation of a result by Totaro (see [CNS|,
Proposition 5.1.5). In fact, it may be obtained directly by applying Totaro’s statement to
each factor in [];c; ™ X; and then restricting to the open subset S™X C [];c; S" X, but we
prefer to give a direct proof in the flavour of Totaro’s argument: it is more straightforward
here since one does not need to go through the step of cutting up the symmetric power
with respect to different partitions.

Proposition 3.4.0.1. Let X be a variety over R and 2 = (X,)ier a family of varieties
over X. Moreover, let m = (m;);er be a family of non-negative integers, L™ the family
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of affine spaces (AR")ier and X x L™ the family (X; x AR")ier, each X; x AR being
seen as an X -variety through the first projection. Then for all @ = (n;)ic; € N the
variety S™(Z x ZL™) is endowed with the structure of a vector bundle of rank Y ;c; m;n;
over S™(Z"), so that in particular

[S7(2" x 2™)] = [S7(Z ) Lzier ™™
in KVar},.
Proof. The first projections induce natural maps
[1(X: x AR — [T X
i€l iel
over [[;c; X™. Restricting to points mapping to the diagonal in [],c; X™, we get a map
(T < ag) — ()
iel . iel .
that gives us in turn a map

p: SN (X x L") — SY(X)

after taking the quotient by the natural action of the group [[;c; &,,.
On the other hand, the variety (IT;c;(X; x AR*)™), is by definition isomorphic to

H(Xl X A’gz)m XHieIXni (H an) ~ <H XZ’%) X A};ia"imi'

iel il il N

Thus, we have a cartesian diagram

nimg

(Tier X2), % A" o ([ X0,

iq' iq

S A7 p— S™(X)

with ¢’ being the quotient by the permutation action of [[;c; &,,. Through our identifi-
cation, this permutation action becomes linear, endowing S™( 2™ x £™) étale-locally with
a structure of vector bundle of rank > ;c;n;m; over S™(Z). By Hilbert’s theorem 90,
S™(Z x Z£™) is a vector bundle of the same rank over S™(Z"), whence the result. O

This implies the following formula for zeta-functions:
Corollary 3.4.0.2. Let X, Z°, ™ be as above. Then writing L™t = (L™it;);c; we have
Zay (L™t) = Zg xom(t)

in KVarg[[t]].
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3.5 Symmetric products of non-effective classes

For the moment, we have only defined the symmetric products S™Z in the case where
the family 2 is a family of quasi-projective varieties over X. The aim of this section is to
generalise this definition in the case when 2 is merely a family of classes in KVary. For
this, recall that in remark [3.1.3.1] we noted that one could define the symmetric product
ST™Z of a family of varieties 2~ = (X;);es over a variety X for m = (n;);e; alternatively
by first considering the product [[;c; S™X; and then restricting to the appropriate open
subset, namely the one lying above the open subset S™X of [[;c; 5™ X. In this section, we
are first going to define, for a class Y € KVary, its symmetric power S™Y as an element of
KVargnx. The symmetric product S™.2Z" of a family of classes (X;);er in KVary will then
be defined, by analogy with remark [3.1.3.1] as the pullback to KVarg-x of the element

H S"X, € KVarHiEI Sni x-

el
3.5.1 Relative symmetric powers

Let X be a quasi-projective variety over R. All (fibred and exterior) products in
this section are over R, though we will not write it to simplify notation. The product
[1,>1 KVargnx is an additive group, but it may also be endowed with a commutative
multiplicative group structure, in the following manner:

For a = (an)n>1 and b = (by)n>1 € [1,>1 KVargnx, we put

(ab)n = Z Qe X bn,k

k=0
where by convention ag = by = 1, and ay X b, is the image of (ax,b,_) through the
composition

KVargrxy x KVargn-«x RN KVargr xyygn-rx — KVargnx
where the latter morphism is obtained from the natural map X™ — S™ X by passing to the
quotient with respect to the natural action of the group &, x &,,_, on X". Observe that
the neutral element for this law is the family (e, ),>1 with e; = 0 for all i > 1. Associativity
is obtained by using, for all n > 1 and all 7, j, k such that ¢ 4+ j + k£ = n the commutativity
of the diagram

(SPX x S9X) x SFX — = SHIX x S’fX;ﬁnX
SIX x ($9X x SFX) ——=SX x Sithkx

On the other hand, starting from a = (an)n>1 € [[,>; KVargax, we may define its
inverse b = (bp)n>1 € [I,>1 KVargnx by induction: put by = 1, by = —a;, and assume
bo, . ..,b,_1 to be constructed. Then b, is the element of KVarg»x defined by

bn = —Zak &bnfk'

k=1
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Notation 3.5.1.1. We denote by KVargex the group [[,>; KVarg.x with this law.

Lemma 3.5.1.2. There is a unique group morphism
S : KVary — KVargex,

such that the image of the class of a quasi-projective variety Y over X is the family

Proof. The condition in the statement defines a morphism S’ on the free abelian group with
generators the isomorphism classes of quasi-projective varieties over X. Consider a quasi-
projective variety Y over X, and a closed subscheme Z of Y, with open complement U. We
know that S™Y is the disjoint union of locally closed subsets isomorphic to S¥Z x S"~*U
for k = 0,...,n, and these isomorphisms are over S"X, so S'(Y) = §'(Z)S"(U), and S’
descends to a well-defined group morphism as in the statement of the lemma, using the
fact that KVary is generated by classes of quasi-projective varieties. ]

Corollary 3.5.1.3. For every n > 1 the class in KVargnx of the symmetric power S™Y
of a variety Y over X depends only on the class of Y in KVary.

Remark 3.5.1.4. In the same manner, one may put a (commutative) monoid structure on
KVard,  := [Ti>1 KVarJSQ- +, and there is a unique morphism of monoids

St KVark — KVarf. y,

such that the image of the class of a quasi-projective variety Y over X is the family
(S™Y),>1. Moreover, ST induces S on KVary.

Definition 3.5.1.5. Let a € KVaryx and n > 1. The n-th symmetric power of a, denoted
by S™a, is the image of S(a) through the projection

H KVargix — KVargnx

i>1
onto the n-th component.

Remark 3.5.1.6. The lemma implies that for any a,b € KVaryx and for any n > 1,
S™a+b)=> S*aX S b
k=0

in KVargnx, where every term on the right-hand side is seen as an element of S™ X via the
natural map S¥X x S"*X — S"X. In particular, we have the equality of classes

n

[S™(a+b)] = > _[S"a][S"*b]

k=0

in KVarg.
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3.5.2 Definition of symmetric products of classes in KVary

Let X be a quasi-projective variety over R, & = (a;);cr a family of elements of KVary,
n > 1 an integer and m = (n;);es a partition of n. Consider the natural projection morphism

p: HX’” — HS"Z'X,

el el

which is finite and surjective. Let U := (IT;c; X™), C [Tie; X™ be the complement of the
diagonal, that is, the open subset of points with all coordinates being distinct. Then by
construction, S™X is the open subset p(U) of the variety [T;c; 5™ X.

Using definition [3.5.1.5] we may consider the element [[;c; S™a; € KVarHiGI Sni x-

Definition 3.5.2.1. 1. The element S™&/ € KVarg-y is defined to be the image of
[I;cr S™a; through the restriction morphism

KV&IH ISniX — KvarSﬂX.
S

2. More generally, let p > 1 be an integer, Xj, ..., X, quasi-projective varieties over R,
and for every j € {1,...,p}, let @7 = (a;;)ic; be a family of elements of KVary,.
For all partitions 7y, . .., m, with m; = (r;;)ier we define the mized symmetric product
ST (e L., ) as the image of [[;c; S™ ' a; 1 X. .. xS"»a; , through the restriction
morphism

Remark 3.5.2.2. The above restriction morphism factors through KVargm x,x..xsmx, by
remark|(3.3.2.2, In the case where immersion ([3.10)) is an isomorphism, we have the equality

S K. RS, = ST (o )

in KVargm x,x..xswx, = KVarge...mx, .. x,)-

Remark 3.5.2.3. Using the first part of the definition, we may extend definition and
get a notion of zeta-function Z,(t) € KVarg][t]] of a family of elements of KVary.

Proposition 3.5.2.4. Let X be a quasi-projective variety over R. Let of = (a;)ic;, B =
(0;)icr, € = (¢;)icr be families of elements of KVarx such that for everyi € I, a; = b; +¢;.
For every partition m = (n;);er we have the equality

ST =Y ST (B,E)

' <m

in KVargrx, where each term on the right-hand side is considered as an element of KVargrx
via the natural morphism S™X x S™ ™ X — S7X.
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Proof. According to remark |3.5.1.6] we may write

H S"iui = H ( Z szbl X Sni_micz‘) = Z H szbl X Sni_micz‘

i€l i€l \0<m;<n; w'=(my);er<miel

in KVarH gn: x» Where each S™ib; x S™™i¢; is seen as an element of KVargn; xy through
el

the natural morphism S™ X x S™~™X — S™X. This gives the result by restriction
to S™X. O

Corollary 3.5.2.5. Let X be a quasi-projective variety over R, Y a closed subscheme of X
and U its open complement. Let o/ = (a;);cr be a family of elements of KVary, and define
B = (b;)icr and € = (¢;)icr the families of elements of KVary (resp. KVary ) obtained by
restriction from <7 . For every partition m = (n;);e; we have the equality

S*d = STBARSTTE

7!/ <m

in KVargrx, where each term on the right-hand side is considered as an element of KVargr x

via the natural immersion STU x 8™ ™Y — S™X. In particular, we have the equality

3.6 Symmetric products of varieties with exponen-
tials

3.6.1 The symmetric product of a family of varieties with expo-
nentials

Fix a variety X over R, as well as (27, f) = (X, fi)ier a family of varieties over X with
exponentials. For any 7 € N)| recall that the symmetric product S™2 is constructed as
a quotient of an open subset of the product

T

icl
The latter is endowed with the map
fﬂ— . HiEI X:Lz — AA1
(@igs oo Tin)ier = Dier(fi(wan) + oo+ fil@in,))-

This map restricts to points lying above the complement of the diagonal, and is invariant
modulo the action of [[;c; &,,. Therefore it descends to a map

fo sy — AL

and we may define the symmetric product S™(Z", f) to be the variety S™2  endowed with
the map f(™.
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Remark 3.6.1.1. Let X be a variety over R, f : X — A! a morphism and n > 1 an integer.
Then there is a morphism

o St X — Al
1t 4 T, = flr)+... 4+ f(zn)

induced by f®": X™ — A!. Its restriction to the locally closed subset S™X is given by

i>1 i>1

Thus, the restriction f‘(;z + to S™X is exactly the map g™ where g is the family (if);>; of
morphisms X — Al

3.6.2 Iterated symmetric products

Here we generalise proposition to varieties with exponentials. We refer to the
corresponding section for the definition of the map p and other pieces of notation. Let X
be a variety over a variety R, which itself lies above some k-variety R, and let (27, f) =
(Xi, f)ier be a family of varieties with exponentials over X. Let 7 € NU) and let w =

(mj)jes € p (m). Recall from (3.8) and the discussion that follows that we have an

immersion
nd
IT{{IIX:" /x
jeJ el *, X

which after passing to the quotient by the appropriate group actions, induces the isomor-
phism

mj

N (HXZ-T” /R/> : (3.11)
/R « R el *, X

Up : ST(S*(Z/R)/R') — ST(Z/R).
By the construction in sectio there is a morphism f&) : S%(S*(2°/R)/R') — A!
induced by the morphism
3\ Dy T m;

11 (f(m)) - T (S™(2/R)™ g — A

jed jet
where each (™) is itself induced by

fﬂ' — Hfi@ni . HXan /R — Al.
iel iel

Thus, f®) is induced, via {D and passing to the quotient, by the morphism f™ =
[ies 5 = e, (Hie I fl-@"g) " defined on [Lie; Xi" /- We may conclude that for all

w, we have f(™ ou_ = f®) which gives the following proposition:
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Proposition 3.6.2.1. Let X be a variety over a variety R, which itself lies above some
k-variety R', and let (2, f) = (Xi, fi)ier be a family of varieties with exponentials over X.
Then for every © € N and for every @w € p~'(n), there is an isomorphism us of the
constructible set ST(S*(Z /R)/R') onto a locally closed subset ST(Z /R') of ST(Z"/R),
so that moreover S™(Z /R’) is equal to the disjoint union of the sets SL(Z /R') and
™ ouy, = f&®) . In particular, we have the equality

S [ST(SUZ/R)/R), [P = [SY(Z/R), f]

wept(m)

in KExpVarp,.

3.6.3 Cutting into pieces

More generally, starting from families (27, f1), ..., (2, fp) of varieties with exponen-
tials over X, for any my,...,m, € N the mixed symmetric product

ST Wp(%7".’%)

from may be endowed with a map (fi,..., fp)(7r1 """ ™) to A'. Moreover, proposition
3.3.2.3| may be extended in the following way:

Proposition 3.6.3.1. Let X be a variety over R, and (21, f1), ..., (Zp, [p) families of va-
rieties with exponentials over X, and consider moreover another family (2", g) = (X4, 9i)ier
of varieties over X, together with families

(%, 9%) = (Us, giiv,)ier and (Z, g) = (Yi, 9y, )ier

such that for every ¢ € I, Y; is a closed subvariety of X; and U; its complement. Let
T,...,Tp, T be elements of N Then for every ©' € N such that 7’ < m there is an
isomorphism u, from the variety

G 7rp77T/17"_7‘J(%7..., %ﬂ%?“@/)

to the locally closed subset of S™ ™™ (Z1,..., Zp, X) corresponding to points with Z -
component inducing partition @™ on % , such that

(fl,...,fp,g)(ﬂ-l """ ﬂ'p’ﬂ-) O Uypr = (fl;..-yfp7g|0)/7g|?y)(7rl .... ﬂpm/’ﬂ-—ﬂ-l).

Moreover, S™ ™™ (2, ..., Xy, X) is the disjoint union of these locally closed subsets,
so that in terms of classes in KExpVary,, we have

(57 (2 2 2 () )

= > ST T (R B U Y) (frs - Fer G ) T ]
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3.6.4 Compatibility with affine spaces
Lemma 3.6.4.1. Let Y be a quasi-projective variety over a field k and f : Y — Al a

morphism. Then for every A € k, and every integer n > 0 we have the equality:
[S"Y]L™ if A=0

n 1 i =
[S"(Y x A%, f @ Aid)] = { 0 otherwise

in KExpVargny .

Proof. Consider the commutative diagram

/

(VY x A" L yn

o
SMY x A') L= S5y
where the vertical arrows are the quotient maps. By the proof of Totaro’s lemma (see
lemma , or [CNS] chapter 6, Proposition 3.1.5), for every partition 7 of n, the lower
arrow endows p~1(STY’) with the structure of a vector bundle of rank n over S™Y" which
is locally trivial for the Zariski topology. On the other hand, by definition, the symmetric
product S™(Y x A') is endowed with the morphism (f @ Aid)™ induced by the morphism
(f @ A\id)®" given by
(Y xA)Y"=Y"x A" — Al
(Y1, Untt, o tn) = fly) + oo+ flyn) F A+ ..+ 1)

Consider a point y € STY. We know that the fibre of p~'(S™Y) above this point is an
affine space A} ). The linear form (¢1,...,¢,) +— A(t1 + ... +t,) on the general fibre
of the trivial vector bundle in the top row of the diagram descends (via the permutation
action, which is linear) to some linear form ¢ on A}y, which will be zero if and only if A
is zero. Thus, since by construction the morphism (f @ Aid)™ coincides with f on the
zero-section of the vector bundle p~!(S™Y) — S™Y', we have, for any (ti,...,t,) € Al

(f @ Xd) ™ (y, 1, .. 1) = fO () + L, ... tn),

with ¢ a linear form, which is zero if and only if A = 0. Note that because of the last axiom
defining KExpVar,, we have, using a linear change of basis, that

wo L' ifl=0
A", ] _{ 0 otherwise.

Taking y to be a generic point of S™Y and spreading out to some trivialising open set U
for the vector bundle p~'(S™Y) — S™Y’, we have

U, fi 1L if A =0

-1 T . (’I’L) _ (n) n —
P (S™Y)w, (f @ Ald)lp*I(S”(Y))\U} = U, f\U A", 8 = { 0 otherwise.

Repeat the process for a generic point of S™Y \ U. By Noetherian induction, the result
follows by taking the sum over all partitions of n. O
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3.6.5 Symmetric products of classes in Grothendieck rings with
exponentials

Let X be a quasi-projective variety. The same procedure as in section [3.5.1 endows the
product [[;~; KExpVarg:x with a group law, and this group will be denoted KExpVarg. y.

Proposition 3.6.5.1. Let X be a quasi-projective variety. There is a unique group mor-
phism
SeP : KExpVary — KExpVarg. y

sending the class [Y, f] of a quasi-projective variety Y with a morphism f :Y — Al to
the family of classes ([S'Y, f®])i>1. Moreover, there is a commutative diagram

KVarX 5 KVarS-X

| |

KExpVary = KExpVarg. x
where the vertical arrows are given by the injections KVar — KExpVar.

Proof. Define a morphism S’ from the free abelian group on pairs (Y, f), where Y is a quasi-
projective variety over X and f : Y — A! a morphism, to KExpVarg.y by S'((Y, f)) =
([S?Y, f9])i>1. It suffices now to check that S’ passes to the quotient through the three
relations defining KExpVary. It is clear that S’ is constant on isomorphic pairs. If Z
is a closed subscheme of Y with open complement U, then for any n > 1, [S™Y, f (")] =

" olSU, f‘(é)][S”_iZ, fl(;*i)], so that S"(Y) = S (U)S'(Z). Finally, it follows from lemma
that for any quasi-projective variety Y over X, the class [Y xz A, pry| goes to zero.
The commutativity of the diagram may be checked for classes of varieties [Y — X], where
it is immediate. O

The notion of symmetric product of a class in KVary may therefore be extended to
KExpVary in the following manner:

Definition 3.6.5.2. Let a € KExpVary and n > 1. The n-th symmetric product of a,
denoted by S™a is the image of S®P(a) through the projection

[[ KExpVargi x — KExpVarg, y
i>1
onto the n-th component.

Remark 3.6.5.3. If X be a quasi-projective variety over R and &/ = (A;);>1 a family of
varieties with exponentials, definition [3.5.2.1] may be extended in a compatible way to
define, for any partition 7, the symmetric product S™.«7 as an element of KExpVarg«y.

We can also define mixed symmetric products, and proposition [3.5.2.4)and corollary [3.5.2.5
are true more generally with KVar replaced by KExpVar.
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3.7 Symmetric products in localised Grothendieck rings

In this section, we are going to generalise the notion of symmetric product further, to in-
clude classes in the localised Grothendieck rings .#x and &xp.#x. Since the Grothendieck
ring KVar injects into KExpVar, it does not restrict generality to work with KExpVar di-
rectly, which we will do in this section.

Lemma 3.7.0.1. For every a € KExpVary, for any n > 1 and for any m > 1, one has
S™(aL™) = S™(a)L™™
in KExpVargn .

Proof. Lemma [3.6.4.1| shows that this holds for effective elements of KExpVary. It suffices
to prove that it holds for a difference Y — Z of two effective elements. Using the fact that
S (resp. S®*P) is a group morphism, one may write, by induction on n,

S"((Y —Z)L™) = S™(YL™) - nf Stk — Z)Lm™)SF(ZL™)

k=0
n—1
= S"(Y)L™ —L™ Y S"RY - 2)SM(2)
k=0
= S"(Y - Z)L™,

O

Let X be a quasi-projective variety. The same procedure as in section endows the
product [[;>; &xp.#six with a group law, and this group will be denoted &xp.Agex.

Lemma 3.7.0.2. There is a unique group morphism
Sloc s Explx — ExpMsex
given by aL™™ — ((S%a)L™™);51.

Proof. We already have a group morphism
KExpVary — Sxpsgex (3.12)

obtained from S by composing with the localisation morphism KExpVarg. y — Sxp g x,
and given by a — (S’a);>;. Lemma|3.7.0.1|shows that an element in the kernel of the local-
isation morphism ay : KExpVary — &xp.#x will go to 0, so (3.12) factors through ax,
inducing a morphism

im(ax) = ExpMsex.
Let a € &xp.#x. Then there exists an integer m > 1 such that aL.™ belong to im(ax).
Put ’ '

5 (a) = ('(aL)L ™)z

By lemma [3.7.0.1] this does not depend on the choice of m, so S°¢ is well-defined. ]
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Remark 3.7.0.3. We may now define, for any a € &xp.#, its symmetric powers S*(a) to
be the components of S'°¢(a). More generally, for any partition m = (n;);c; we may define
the symmetric products S™.&/ of any family o7 of elements of &xp.#x. Furthermore,
we may define mixed symmetric products of a finite number of families of elements of
Exp My, and as in remark [3.6.5.3] proposition [3.5.2.4] remains true with KVar replaced
with .# , KExpVar or &xp.# .

We also have, for A € {KVar, #, KExpVar, &xp.#4 }:

Proposition 3.7.0.4. Let X be a variety over R, and (X;)ie; a family of elements in
Ax. Let m = (m;);er be a family of non-negative integers, and denote by Z'L™ the family
(X;L™)icr. Then for all m = (n;)ier € N, we have

S™(ZL™) = (S™2 ) L2wer ™
in Agrx.
Proof. By lemma [3.7.0.1} we have, for all i € I,
S™(XL™) = S™ (X)L

in Agn; x. Taking exterior products over ¢ € I and restricting to S™X we get the result. [

3.8 Euler products

Let A € {KVar, #,KExpVar, &xp.#}. Let X be a variety over R and 2" = (X );es a
family of elements of Ax. We define the Euler product notation to be

11 (1 + ZXi,uti> = Y [SUZ /Rt =Zyr(t) € Ag[lt]],

uweX/R il reND

where the t;, i € I are variables, and t™ is defined to be the finite product [];c; ¢;", where
m = (n;)iez. When R = Speck for a field k, we will leave out the mention of R in the
product, writing simply [],cx-

We are going to start by checking that our “product” actually behaves like a product,
thereby justifying our notation. A summary of the properties proved below is given in
theorem [ of the introduction.

Properties: Let X be a variety over R and 2~ = (X;);cs a family of classes in Ax.
1. (Product with one factor) When X = R, the last part of Example |3.1.3.3| gives

11 (1 + ZXi,utZ) =1+ Xit. (3.13)

uER/R iel iel
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2.

4.

(Associativity) Let X = U UY be a partition of X into a closed subscheme Y and
its complement U, and % = (U;);es (resp. % = (Y;)ier) the restriction of 2" to U
(resp. to Y). Then corollary [3.5.2.5| can be reformulated as

I1 <1+2Xi,uti>: 11 <1+2Ui7uti> 11 (1+2Yi,uti>. (3.14)

ueX/R i€l ueU/R i€l u€Y/R el

Here we use remarks [3.6.5.3] and [3.7.0.3] which state that corollary [3.5.2.5] is true
more generally with KVar replaced with KExpVar, .# or &xp.# .

(Finite products) Combining the previous two properties, we see that in the case
where X is a disjoint union of m varieties Y1, ...,Y,, isomorphic to R,
m
11 (1 + ZXl,vtl) =11 (1 + ZXm-tZ) € Ag[[t]] (3.15)
vEX/R i€l 7=1 el

where for all 7 € I X, ; is the restriction of X; to Y; ~ R, and the product on the
right-hand side is a finite product of power series (in the classical sense).

(Change of variables of the form t — L™t) In terms of Euler products, Proposition

means that for any (m;);e; € N7,
I (1 +§;Xi,u<mti)> -1 (1 +Z(Xi,uLmi>ti> ,

u€X/R i€l ueX/R el
where the right-hand-side is the Euler product associated to the family (X;L™);c;,
that is, the Euler product notation is compatible with respect to changes of variables
of the form (¢; — L™it;);cr, and factors of the form L™ may pass from the variables to
the coefficients. One must pay attention that this is specific to affine spaces because
of their good behaviour with respect to Euler products.

. (Double products) Let R, R', X, 2" be as in Proposition [3.2.4.3] Using our notation

for the family of varieties S*(:Z"/R) over R, we have

11 (H > (S”(%/R))ut”)= > [ST(SU(Z/R)/R))E7,
vER/R’ reN\{0} wen(ND0})

where, writing @ = (1) en)\ (03, and denoting by 7[i] the number of times i occurs
in 7, t¥ is by definition

Loere= T () =g
reND\{0} reNWO\{o} \iel iel

In particular, t® and t* are equal if and only if, in the notations of definition [3.2.4.1
w(w) = p(w’). Thus, the above product can be rewritten in the form

11 <1+ > <Sﬂ<%/R>>Utﬂ)

vER/R! reNMD\ {0}

] — tﬂ(w)_
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-1+ Y ( > [SW(S‘(%/R)/R’)})H-

meND\{0} \wep!(m)
We may therefore conclude, using proposition [3.2.4.3| that the double product

1 (H <1+in7uti>)v

veER/R" \ueX/R iel

makes sense and satisfies

10 (H <1+ZX,-7uti>> 1 <1+zxi,uti). (3.16)

veER/R' \ueX/R iel ueX/R' i€l

By proposition [3.6.2.1] this remains true with KVar replaced by KExpVar if 2" is a
family of varieties with exponentials. We may also pass to the respective localisations

M and Exp A .

. (Compatibility with finite products) In the setting of[f] assume that X is the disjoint
union of two copies of R, written respectively Y and Z. For all i € I, we will write
Y; (resp. Z;) for the restriction of X; to Y (resp. to Z). Using (3.15]), we get that

11 <1 + ZXi,uti> = <1 + ZYJ@) <1 +> Ziti> :
u€X/R iel iel i€l
Taking the product over R relatively to R, we get
H (1 + Z Y;,vti> (1 + Z Zi,vtz)
veER/R’ i€l iel

On the other hand, by (3.14)), we have

11 (1 +> Xi,vti> = ] <1 +> Yiﬂ,tl) 11 (1 +> Zwti> :

veX/R icl veY/R! i€l veZ/R/ i€l

Using (3.16]), we finally get
11 (1 +3° thi> (1 +> Z,-mti)

vER/R’ el el
= ] (1 +> Ymti> 1T (1 +> Zimti) : (3.17)
vER/R’ iel vER/R! i€l

Remark 3.8.0.1. Let us now try to get a grip on what each factor of such an infinite
product actually represents. For simplicity, we will consider R = Speck. If X = Speck,

then according to ({3.13)),

11 (1 + ZXi,ut,) =1+ X;t' € KVar[[t]].

u€ESpeck i€l el
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In this case the left-hand side has “only one factor”, and identifying coefficients on both
sides suggests that we can think of those objects X;, as being the classes in KVary of the
fibres of the X; above the single closed point u € X.

Now let X be the disjoint union of a copy Y of Speck (with a single closed point y)
and of its open complement U, and let % and % be the respective restrictions of 2 to Y
and U. Then using what we just remarked together with (3.14]),

II (1 + ZXi,xtz) = 1I (1 +3 Yi,yti> I1 <1 +3 Umti)

r€X i€l yeY i€l ueU i€l

_ (1 ; ZYm) I (1 " ZU@-)

il uelU i€l

This means that adding a closed point Spec k to the variety consists exactly in adding a
factor with coefficient of ¢; representing the class in KVary, of the fibre Y; = X; , above
the added point y.

Example 3.8.0.2. 1. Kapranov’s zeta function is obtained when taking I = N*, X, =
X and specialising t; to t* for some single indeterminate ¢, for all i. Thus, for all closed
points v € X, the class of X, in K\/'ar;(v) is 1 and the Euler product decomposition
of Kapranov’s zeta function can be written as

11 (Z ti) =1+ [S"X]",

veX \i>0 n>1

or even

[Ta-0"=1+> [s"X]t",

veX n>1

2. For I = N*, put X; = X and X; = & for all i > 2. Then the class of X, in KVar}:(v)
is 1if 7 = 1 and 0 otherwise. Thus, writing ¢; = ¢, we get the following FEuler product
decomposition for the generating function of zero-cycles without repetitions:

[T+ =1+>[STX])"

veX n>1
Example 3.8.0.3. Let X be a variety over R and n > 1 an integer. As an application of

double products, let us compute the Kapranov zeta function of a P"-bundle Y over X in
terms of Zx. By definition,

1
ZY:Hli—t
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Using , we have
1
zv = 11 1

zeX \yeY/X
IR

xGXyEP"l_t
ot 1

ATt —Lt 1L

where the last line comes from the exact expression of Zpn(t). Using compatibility with
finite products, we finally get

Zy = ﬁ 11 L Zx(t)Zx(Lt) ... Zx(L"t).

i=0weX 1 -1

Note that this result can be obtained without the Euler product, by cutting the projec-
tive bundle into affine bundles and applying propositions [3.4.0.1| and [3.3.3.1] (see [LLJ,
Corollary 3.6).

3.9 Allowing other constant terms

Until now, for simplicity we have only worked with series having constant terms equal
to 1. Though for obvious reasons of convergence we cannot abandon this hypothesis com-
pletely, it is still possible to make sense of Euler products where a finite number of factors
have arbitrary constant terms, by generalising our symmetric products a bit further. Let
us motivate the construction first. In the simplest setting, we want to make sense of Euler
products

I (Xoz + X1t + Xout* +..)
zeX
where X is a variety over an algebraically closed field k and (X;);>o is a family of varieties
over X, such that X, = 1 for almost all closed points x € X. In other words, our product
looks like
IO+ Xiat+ Xt + .0 T] (Ko + Xiot + Xopt® +..0)
zeU zeF
for a finite set of closed points F' C X with open complement U. When one expands this
product naively, one sees that the contribution for a zero-cycle D € S"X (k) depends on
the intersection of the support |D| of D with the set F. Let us assume for simplicity that
F = {x} is a singleton. Then the expansion of this product may formally be written

Z Z H an,x + Z XO,wo H an,x "

n20 | D= "nyzeS"X(k) r€X D=> " nzzeSnU(k) zelU
:E0€|D|
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In other words, the fibre X ,, appears whenever the zero-cycle with respect to which we
expand does not contain xg in its support, forcing us to choose the term of degree zero in
the factor corresponding to zo. Thus, denoting by £ the family (X;);>1, the coefficient of
degree n in this power series should be the class of the constructible set given by the product
Xoz X S"Z|sny above the open subset S™"U, and by S" Z|snx\s»v above its complement.

This construction generalises for general F: we cut S™X up into locally closed subsets
(S"X)E for all subsets £ C F such that (S"X)¥ corresponds to zero-cycles D such that
|D| N F = E, and modify the symmetric product S".2" above each (S"X)¥ accordingly,
multiplying it by the product of the fibres X, for all z in F'\ E.

3.9.1 Another generalisation of symmetric products

Throughout this section, let A € {KVar, #,KExpVar, &xp.#}. Let Iy be an additive
monoid, and I = I\ {0}. Let X be a variety over a perfect field £ and V' an open set of X
such that its complement F' is a finite set of closed points. Let 2" = (X;);er, be a family
of varieties over X (resp. of classes in the ring Ay), such that Xy xx V ~ V (resp. the
image of Xy in Ay is the class 1 = [V i, V]). Thus, as a motivic function, X, is constant
equal to 1 on the set V. In this section we are going to define a slight modification of
the notion of symmetric product which takes into account Xy, or more precisely, the finite
number of fibres X, for v € F. This will allow us to consider a finite number of constant
terms other than 1 in our Euler products.

Recall that for any m = (n;);es € N, S™X parametrises collections D = (D;)ier of
effective zero-cycles on X, with disjoint supports, such that deg D; = n;. We denote by
|D| = Ujer|D;| the union of the supports of the D,;. For any subset £ C F' denote by
(S™X)¥ the constructible subset of S™X parametrising families D of effective zero-cycles
such that |D| N F = E. Also, denote by 2 the family (X,)ic; (that is, 2" with X,

E — —_
removed), and by (S”ﬁ?) the restriction of S™2 to (S™X)¥ (resp. the image of S™2
in A(wa)E).

Definition 3.9.1.1. 1. The symmetric product S™Z of the family of varieties 2" =

(Xi)ier, is defined as the constructible set over S™X with restriction to (S™X)¥ given
by

SW%(STA’X)E = <SW§>E X H XO,v-

vEF\E

2. Denote by iy the immersion (S™X)¥ — S™X. The symmetric product S™2 of the
family of classes 2" = (X;)icr, in Ax is defined as the element of Ag~x given by

52 = 3 (i) ((S”@E) v 1F1\E Xo..

Note that since Xy, is trivial (that is, a point) for every v € V| it makes sense to write

H XU,U = H XO,U-

veF\E vgE
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Notation 3.9.1.2. We denote by (S™.2")¥ the pullback of S™2 along i, given by

E
(57 27)" TI Xow-
vEE
By definition, the partition {(S”X ¥, ECF } of S™X into constructible subsets is
suclriﬁhat for each E C F, the restriction S™2 xgx=x (S™X)¥ is a trivial fibration above
S™ Y xgrx (S™X)F with fibre [Tozr Xow-

Remark 3.9.1.3. Tt is clear from the definition of symmetric products of families of classes
in Ax that both parts of the definition are compatible, that is, the class in Ag~x of the
constructible set S™Z from part 1 will be the element constructed in part 2 with the
classes of the varieties X; in Ay.

Remark 3.9.1.4. Definition |3.9.1.1| does not depend on the choice of the set F'. Choosing a
bigger set F’ only amounts to refining the partition {(S”X e, ECF } Indeed, assume

F'= FU{v}. Then for all E C F,
{D, IDINnF=E}={D, |IDINnF' =E}U{D, |D|NF =EU{v}},

and X, = 1, so that [[,epng X0 = [ver g Xow-

Remark 3.9.1.5. Assume that F' = &, that is, Xg = X (resp. Xg =1 € Ax). Then we
get ST = STZ, so our definition is an extension of the previous definition of symmetric
products.

Remark 3.9.1.6. For E = &, (S™X)¥ is an open subset of S™X. Thus, the constructible
set ST is birationally equivalent to S™Z X [[,cpr Xo-

Example 3.9.1.7. Take 7 = 0 € N). Then the only non-empty piece of S™.2" is the one
corresponding to £ = &, and therefore

503{/1/ - H XO,v-

veX

The fibre of ™2 above a family of effective zero-cycles D = (D;)ier € S™X is given

by
H H Xi,v~

iel ve|Dy)

By definition, replacing z by 2 consists in replacing this fibre by its product with
[Loer\p| Xow = Ilogp| Xo- Thus, the fibre of S™2" above D can be written

(115 (11 115,
vg|D| i€l ve|D;|

which is indeed a finite product since U;|D;| is a finite set, and and only a finite number
of fibres Xy, are non-trivial.
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3.9.2 Application to Euler products

Definition 3.9.2.1. Let X be a variety over a perfect field £ and V' an open subset of X
such that its complement F' is a finite set of closed points. Let 2" = (X;)cr, be a family
of classes in Ax such that Xy maps to 1 in Ay. We define the zeta-function

Zy(t)= ) [ST2I" € A[lt],

reNW{)

where S™Z" is understood to be the generalised symmetric product from the previous
paragraph, as well as the Euler product notation for Z4:

11 (Z Xi,vti) = Z(t).

veX \12€l

Lemma 3.9.2.2. Let X,V, 2 be like in Definition|3.9.2.1. Let'Y be a closed subscheme
of X and U its open complement. Define % = (U,)ic1, and % = (Y;)ic1, to be the families
of elements of Ay (resp. Ay ) obtained by restriction from % . For every 7 € NU) we have

the equality
STX =3 STURSTTY

' <m
in Ag~x, where each term on the right-hand side is considered as an element of Ag~x via
the immersion S™U x S™ ™Y — S™X. In particular, we have the equality

Zoy(t) = Zy (t) Zoy (t)
in Ag[[t]].

Proof. Let E be a subset of F. Write Ey (resp. Ey, Fy, Fy) for the intersection £2N U
(resp. ENY,FNU,F'NY). Define the families % = (Ui)icr,, % = (Ui)ier, ¥ = (Yi)ier,
% = (Y;)ier. Applying corollary [3.5.2.5( and pulling back along ig : (STX)F — S™X | we

get
() = X () m ()"

7' <m

in A(grxye. Therefore, writing

H XO,U = H UO,U H YVO,U?

’UEF\E ’UGFU\EU UEFy\Ey
we get that
(S"2)E = ((S”'@V)EU I1 UO,U)®(<SM’@)EY 11 Yo,v)
UGFU\EU UEFy\EY

E

(s7a)"™ x (s~ &)™
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in Agrx. On the other hand, denoting by i, (resp. ig, ) the immersion (S™U)Pv — S™U
(resp. (S™™Y)Ey — STy

STY RS = ( ST (igy): ((sfr’q/)Eu)) x( 3 (z'EY)!(s”-”’g/)Ey>

EocFy Ey CFy
= Y (in, Rig,), ((5“’“?/)% b (5”_#@)%)
ECF

in Agnrpy gr-ny. We may conclude by commutativity of the diagram

iEU &iEY
e

(S™U)Pv x (ST 'Y)Er S™U x 8™ ™Y

L |

(STX)E ® STX

where the vertical arrow on the right is the immersion from the statement of the lemma,
and the vertical arrow on the left is the immersion it induces above (S™X)E. [

This lemma immediately implies that the associativity property from Section [3.§8] ex-
tends to this Euler product with constant terms.
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Chapter 4

Mixed Hodge modules and
convergence of Euler products

The aim of this chapter is to introduce a topology on the Grothendieck ring of varieties
which is suitable for getting the expected convergence results in chapter [6 This topology
will be defined using the theory of mixed Hodge modules of Morihiko Saito. For any
complex variety X there is a morphism

Yol gt Ko (MHME™),

called the Hodge realisation, between the localised Grothendieck group of varieties over X
with fi-action, and the Grothendieck group associated to the category MHMY®" of mixed
Hodge modules on X with monodromy action. This morphism becomes a ring morphism
when % is endowed with the convolution product %, and Ko(MHME") with its Hodge-
theoretic version. The notion of weight of a Hodge module defines an increasing sequence
of subgroups (W<, Ko(MHMY™")) ez of Ko(MHMY") which gives a filtration on the ring
Ko(MHME"). We define the weight function wx : Ko(MHMS™) — Z, by

wX(a) = mf{n €7, ac WSnKo(MHMQOH)}.

We show it behaves well with respect to some natural operations in the derived category
of mixed Hodge modules, like pushforwards, pullbacks, exterior products, but also with
respect to a notion of symmetric product of mixed Hodge modules due to Maxim, Saito and
Schiirmann: for any element M of the bounded derived category D°(MHMY"), denoting
by S™M its n-th symmetric product for any integer n > 1, which is naturally an element
D*(MHMZErY ), we show that

wenx (S"M) < nwx(M). (4.1)

Composing wy with X?(dg gives also a weight function on .# )’é Finally, composing the
latter with the total vanishing cycles measure

Oy : Expx — //Z)’é
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gives us a weight function on the ring &xp.#x. Using this, we may define a notion of
convergence for power series with coefficients in this ring. Our aim is to formulate a result
which, given a sufficiently convergent series 1 + Y ;5 X;t' € &Sxp.x([t]], predicts the
convergence of its Euler product

I1 (1 + Xyt + Xogt? + .. ) .

zeX

Thus we need to be able to bound the weights of the symmetric products of the family
2 = (X;)i>1 in terms of the weights of the elements of the family. In other words, we
need to relate the weights of the elements

Xk © Dsnx (S™(27)) € Ko(MHME?)
for all ¢ > 1 to the weights of the elements
Xx o Bx(X;)

for al ¢« > 1. Our strategy consists in introducing a version of the total vanishing cycles
measure for mixed Hodge modules, that is, a morphism

DY Ko(MHM g1 ) — Ko(MHMR™)

fitting into a commutative diagram

[ S
X a
%Aﬁ( %X
Hdg Hd
iXAﬁ( Xx o
Hdg

Ko(MHM a1 ) —— Ko(MHMY™")

(here we replaced ®x with its composition @ with the quotient morphism ., AL —
ExpMx ). More precisely, we define a functor

P MHM 5, — MHEMR™

and take @Edg to be the morphism it induces on Grothendieck groups. Again, it is impor-
tant to show that this morphism is a ring morphism when the Grothendieck groups are
endowed with appropriate products. Having done this, in the above problem, the compo-
sition y o ® may be replaced with ®19¢ oy, which is easier to deal with because most of the
work can be done in categories of mixed Hodge modules, which are better behaved than
categories of varieties (for example, they are abelian).

Via the Hodge realisation, symmetric powers in the Grothendieck ring of varieties
correspond to Maxim, Saito and Schiirmann’s symmetric powers of mixed Hodge modules,
that is, for any complex variety Z and any a € .#,, we have

S™ (x5 (a)) = xgng(S"a).
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Using a Thom-Sebastiani theorem for Hodge modules due to Saito, we show that the
functor %" is, in a certain sense, compatible with these symmetric powers. Combining
these two compatibilities with estimates of the form enables us to conclude.

We now describe the structure of this chapter. The first three sections are purely
Hodge-theoretic. We will start by recalling some definitions and useful facts about mixed
Hodge modules, with or without monodromy, in section .1} In section we define
the total vanishing cycles functor between categories of mixed Hodge modules and prove
the Thom-Sebastiani property. We recall the definition of symmetric products of Hodge
modules in section explain that it extends without trouble to Hodge modules with
monodromy and describe the behaviour of the total vanishing cycles functor with respect
to these symmetric products.

In section we go on to relate all this to the framework of chapter [2] introducing the
Hodge realisation and showing compatibilities of the motivic and Hodge-theoretic objects.
Then we finally arrive to the definition of the weight filtrations, first on Grothendieck rings
of Hodge modules in section [4.5 then on Grothendieck rings of varieties in section
In section 4.7, we conclude the chapter by stating and proving a convergence lemma for
motivic Euler products of power series with coefficients in a Grothendieck ring of varieties
with exponentials which will be used in chapter[6] We also include a result showing how, for
a power series Z(T) = 3,50[M,]T™ € KVar{[[T] (that is, having effective coefficients) for
which we know the exact order of the first pole and which has a meromorphic continuation
beyond this pole, one may recover information about the growth of the dimensions and
number of irreducible components of the coefficients M,,.

4.1 Mixed Hodge modules

We are going to use freely the language of mixed Hodge modules introduced by Saito
and are going to fix some notations and recall some facts to this end in this section.
References are the original works [S88] and [S90], the summary [S89] by Saito himself,
the axiomatic introduction by Peters and Steenbrink in [PS] section 14.1.1, and Beilinson,
Bernstein and Deligne’s paper [BBD] for definitions and properties of perverse sheaves. If
S is a variety over C, we denote by MHMg the abelian category of mixed Hodge modules
on S, by D(MHMg) its derived category and by D*(MHMyg) its bounded derived category.
For any integer a, we also denote by D=*(MHMg) the full subcategory of D(MHMg) of
complexes only having cohomology in degree < a. We use square brackets to denote the
shifting of complexes: for any complex M of mixed Hodge modules, for every n € Z and
any i € Z, (M|[n])" = M.

4.1.1 The rat functor

For any variety S over C, there is an exact and faithful functor

ratg : MHMg — Pervg
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to the abelian category of perverse sheaves on S, extending to a functor
ratg : D' (MHMg) — D% (S)

where the category on the right is the full subcategory of cohomologically constructible
complexes inside the bounded derived category of sheaves of Q-vector spaces on S. Saito
showed (Theorem 0.1 in [S90] or Theorem 1.3 in [S89]) that the usual operations X, ®,
as well as f., f*, fi, f* for any morphism f of varieties over C lift to the corresponding
derived categories of mixed Hodge modules in a way compatible with the functor rat. In
particular, there are adjunctions (f*, f.) and (fi, f'). There is a morphism f; — f, which
is an isomorphism when f is proper.

4.1.2 Twists

In the case where S is a point, the category MHM,; is exactly the category of polarisable
mixed Hodge structures (see [S89], Theorem 1.4), and the functor rat becomes the forgetful
functor associating to a mixed Hodge structure its underlying Q-vector space. For any
integer d € Z, we denote by Qgtdg(d) € MHM, the Hodge structure of type (—d, —d) with
underlying vector space Q. For d = 0, it will be denoted simply by Qgtdg. For any complex

variety S, tensoring with Qgtdg (1) defines a Tate twist on D*(MHMg).

When f is smooth of relative dimension d, then

f' e~ pr(2d)(d). (4.2)

4.1.3 Weight filtration

Each M € MHMg has a finite increasing weight filtration W, M, the graded parts of
which will be denoted Gr)”. For a bounded complex of mixed Hodge modules M®, we
say M*® has weight < n if GrZ-W’Hj(M‘) = 0 for all integers ¢ and j such that i > j + n.

For varieties X and Y over C we say that a functor F' : D*(MHMy) — D*(MHMy)
does not increase weights if for every n € Z and every M* € D*(MHMy) with weight < n,
the complex F(M?*) is also of weight < n. In particular, for any morphism of complex
varieties f, the functors f and f* do not increase weights (see [S90], (4.5.2)).

4.1.4 Cohomological functors and cohomological amplitude

The usual truncation functor 7« on D*(MHMg) corresponds to the perverse truncation
Pr< on D5(S), so that ratg o H®* = PH® o ratg, where H* is the usual cohomology on

D*(MHMg) and PH® is the perverse cohomology on D’ (S).

Definition 4.1.4.1. Let T : D; — D, be an exact functor between triangulated categories
endowed with t-structures, and let a be an integer. The functor 7' is said to be of cohomo-
logical amplitude < a if T(Dlgo) C D5*. Denoting by "H* the corresponding cohomological
functors, this means that for all i > a and all X € D%, *H (T(X)) = 0.
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Lemma 4.1.4.2. For a morphism f :Y — X of varieties over C with fibres of dimension
<d, the functors

fi: D*(MHMy) — D*(MHMy) and f*: D’ (MHMy) — D*(MHMy)
are of cohomological amplitude < d.

Proof. According to [BBD] 4.2.4, this is true for the corresponding functors
f! ch)s(Y)_)ch)s<X) and f* ch)s<X>_>ch)s<Y)

with the perverse t-structure. Let M* € D=°(MHMy ). Then by compatibility of rat with
pushforwards and t-structures as explained above, we have, for every i € Z

l“atx(infg(M.)) = p']—[i(f!(raty(M.)))

The right-hand side is zero for i > d by [BBD|] 4.2.4. The functor rat being faithful, we
therefore have H' fi(M*®) = 0 for i > d by lemma |4.1.4.3| below. The same argument holds
for f*. O

Lemma 4.1.4.3. Let F : A — B be a faithful functor between additive categories. If
F(X) =0 for some object X of A, then X = 0.

Proof. The assumption F'(X) = 0 implies that F(idx) = 0 = F(0x) where Oy is the
constant zero map on X. By faithfulness we have idx = Ox, which means that X = 0. [

4.1.5 The trace morphism for mixed Hodge modules

Though the theory of trace morphisms for Hodge modules is probably classical, we
include this paragraph for lack of an appropriate reference. We only treat the case of
smooth morphisms because it is sufficient for our purposes.

Notation 4.1.5.1. For any complex variety S, we denote by ag : S — Spec C its structural
morphism and by dig the complex of mixed Hodge modules a’gQEtdg

Remark 4.1.5.2. In the case where S is smooth and connected, the complex of mixed Hodge
modules le is concentrated in degree dim S, and HI™S QHdg is pure of weight dim .S,
given by the pure Hodge module associated to the constant (rank one) variation of Hodge
structures of weight 0 on S. When S is not smooth, by lemma 2/ the complex QHdg
still an object of D=4mS(MHMg), of weight < 0 because the functor ag does not increase
weights, so that Gr!¥ H4mS(Q4*%) = 0 for i > dim S. On the other hand, by [S90], (4.5.9),
Grg‘ifm gHAmS (dig) is non-zero and simple, given by the intermediate extension of the
constant weight 0 variation of Hodge structures on an open subset of S.

Remark 4.1.5.3 (Duality and the trace morphism for Hodge modules). Let X be a smooth
variety of dimension d over C. Then according to 1' we have a!XQEtdg o~ QHdg( )[2d],
and by [S90] (4.4.2), there is a morphism of complexes of mixed Hodge structures

(ax)1QX"™ — Qp®(—d)[—2d]
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lifting the corresponding morphism in the derived category of sheaves of Q-vector spaces
on X. The cohomology of the complex (ax ) Q ¢ is exactly the cohomology with compact
supports of X, and the morphism (ax )i Q%" — Qpy ®(—d)[—2d] induces the trace morphism
H?(X,Q) — Q(—d) on the top cohomology. The lift described above is compatible with
Deligne’s Hodge theory (see e.g. lemma 14.8, corollary 14.9 and remark 14.10 in [PS]), and
turns the trace morphism into a morphism of Hodge structures H?4(X, Q) — QHdg( d)
(which is an isomorphism when X is irreducible).

The following proposition generalises this over a base:

Proposition 4.1.5.4. Let S be a variety over C of dimensionn and p: X — S a smooth
morphism with fibres of constant dimension d > 0. Then there exists a morphism of
complexes of Hodge modules

f QY™ = Qg*¥(—d)[-2d]
inducing a morphism of mixed Hodge modules
H M (pQY™) — HA Qg™ (—d)[-2d))
which above every closed point s € S corresponds to the classical trace morphism
HZ(X., Q) = Qu*(~d)
of mized Hodge structures.

Proof. The counit pip' — id associated to the adjunction (pi,p') induces a morphism of
complexes of Hodge modules

p!p!Qsdg - QHdg-
Since p is smooth, we have p' = p*(d)[2d], and this morphism induces a morphism
fpp Qe — Q(—d)[—2d).

Note that by lemma , both these complexes are objects of D<2¢*"(MHMg). More-
over, by proper base change ([S90] 4.4.3), above every closed point s € S, this induces a
morphism of complexes of Hodge structures fs : (ps) (ps)*deg — QHdg( d)[—2d], where
ps : Xs — C is the pullback of p by the inclusion is : s — S, that is, p; = ax, using nota-
tion 4.1.5.1] This morphism induces the trace map on the top cohomology as explained in

remark 4.1.5.3l ]

Remark 4.1.5.5. Let p: X — S be as in the proposition, and assume moreover that X is
irreducible. Then the morphism of mixed Hodge modules

HA (pQYE) — HH Q™ (—d)[~2d])
given by the proposition induces an isomorphism

Gl 2 (0 Q™) = Gy, H Q™ (—d) [-2d)).
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Indeed, denoting by K (resp. K3) the kernel (resp. cokernel) of the above morphism, we
have an exact sequence of mixed Hodge modules

0 — K — H**(pQR™) — H2 QL% (—d)[—2d]) — K, — 0,
which above s € S becomes

0— Ky, — HX(X,,Q) = Qp¥(—d) — Ky s — 0. (4.3)

pt

The trace morphism being always surjective, we may conclude that Ky = 0. Moreover, for
every s € S, since X is irreducible, there is an open dense subset U of S such that for all
s € S, X, isirreducible, so that the trace morphism for X is an isomorphism. In particular,
K is supported inside some closed subset of S contained in the complement of U. Denote
by S the support of the pure Hodge module Grg‘fl K1 If 57 is non-empty, there is an
open dense subset of S; over which Gr% K1 corresponds to a variation of pure Hodge
structures, which must be of weight 2d because of the exact sequence . This would
mean that the corresponding pure Hodge module is of weight dim S; 4+ 2d < dim S + 2d, a
contradiction.

4.1.6 Mixed Hodge modules with monodromy

A reference for this is Saito’s unpublished paper about the Thom-Sebastiani theorem
for mixed Hodge modules [S]. One can also consult the summary in section 2.9 of [BBD.JS].
We denote by MHM$®" the category of mixed Hodge modules M on a complex variety X
endowed with commuting actions of a finite order operator T, : M — M and a locally
nilpotent operator N : M — M(—1). The category MHMx can be identified with a full
subcategory of MHMY™" via the functor

MHM y — MHME"

sending a mixed Hodge M to itself with 7y = id and N = 0. The Tate twist and the
cohomological pullback and pushforward operations still exist in this setting (see [BBDJS],
second paragraph of section 2.9). However, we need a more appropriate, twisted version
of the external tensor product. Saito gives two equivalent ways of defining it, one of them
being the following. Let M; = (D;, F, L;, W;Ts, N), i = 1,2 be two mixed Hodge modules
with monodromy, with underlying Dx—modules D;, underlying perverse complexes L; with
isomorphisms DR(D;) ~ L; ® C given by the Riemann-Hilbert correspondence, Hodge
filtrations F', weight filtrations W and monodromy actions (75, N).
For each rational number o € (—1,0], let D¢ = Ker(Ts —exp(—2ima)) C D;. We define

MR M, = (D, F,L,W; Ty, N)
by D=D;R Dy, L =LKLy, Ty =T, KT,, N =N Kid+id X N, the Hodge filtration
being given by
S ED{RFEDS ifa+p<—1,

F DaxDﬁ — i+j=p+1
p(D1 2) S EDYRE;D;  ifa+ B> —1.

i+j=p
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and the weight filtration by

S WiDFRW;Ds if af =0,
i+j=k
Do P _
Wk(D(llIXDéB) — H_j:Zk_l WZDl IEW]DQ if ozﬂ#(),()z—l—ﬁ # 1, (44)
S WDSRW,DS ifa+f=-1
i+j=k—2

for the underlying D-modules. The weight filtration on the complex (L; ® C)X (L, ® C) is
defined in the same manner, and gives a weight filtration on L; X Ly via the action of the
Galois group of Q. We refer to [J] for the definition of the isomorphism DR(D; X Dy) ~
(L1 ® C) K (L, ® C).

Example 4.1.6.1. Consider the Hodge structure with monodromy H = (Qi+ %, —id, 0) €

pt >

T
MHMg™. Let us compute HXH. The underlying Q-vector space is of dimension one.
T
Moreover, observe that H = H~2, so that by definition, we have Wi (HXH) = 0 and

T T
Wy(HXRH) = WoH K WoH. Thus, HXH is pure of weight 2, with trivial monodromy,
that is, it is equal to the pure Hodge structure Qstdg(—l).

There is also a twisted tensor product on the derived category D*(MHMY™), defined
for M, M, € DY(MHM™") by

T T
M1®M2 = 5*(M1 IEMQ)

where 0 : X — X x X is the diagonal map. It is clear from the definition that these

twisted products él, (§T§ coincide with the usual products X, ® for Hodge modules with
trivial monodromy.

More generally, for any complex variety X and for varieties Y, Z above X, we have a
relative twisted exterior product

5y : DP(MHMZ") x DP(MHME™) — DP(MHME" )
given for M; € D*(MHM$"), My € D*(MHM%") by
T T
My X x My = i* (MR M,)

where ¢ is the closed immersion Y X x Z — Y X¢ Z. We denote simply by X the relative
exterior product it induced on mixed Hodge modules with trivial monodromy.

4.1.7 Grothendieck ring of mixed Hodge modules

A reference for this is [CNS], chapter 1 section 3.1, especially 3.1.4, 3.1.9 and 3.1.10.
The Grothendieck group Ko(MHMjg) associated to the abelian category MHMg is defined
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as the quotient of the free abelian group on isomorphism classes of mixed Hodge modules
by relations of the form [X] — [Y] 4 [Z] for all objects X,Y,Z € MHMg forming a short
exact sequence

0=-X—=Y—=>272—=0.

The full subcategory of MHMg of objects of pure weight, denoted by HMg, is semi-simple
(see [S88], Lemme 5). On the other hand, the natural group morphism

Ko(HMg) — Ko(MHMg)

is an isomorphism, with inverse given by sending the class of a mixed Hodge module M
to the sum of the classes of its graded parts. Thus, Ko(MHMg) may also be seen as the
quotient of the free abelian group on isomorphism classes of Hodge modules of pure weight
by relations of the form [X| — [Y]+ [Z] for all objects X, Y, Z € HMg forming a split short
exact sequence

0=-X—=Y—=>2Z—=0.

On the other hand, the triangulated category D°(MHMg) has a Grothendieck group
K (DY (MHMg)), which is defined as the quotient of the free abelian group on isomorphism
classes of objects of D*(MHMjg), by relations of the form [X] — [Y] + [Z], for any objects
XY, Z of the category D*(MHMjg) fitting into a distinguished triangle

X =Y —Z— X[1].

The ® operation endows the ring K{(D?(MHMg)) with a ring structure. There is a
natural group morphism

Ko(MHMg) — K (D°(MHMg))

sending the class of a mixed Hodge module M to the class of the complex defined by
this Hodge module placed in degree zero. This morphism is an isomorphism, with inverse
given by sending the class of any complex M*® of mixed Hodge modules to the alternating
series of the classes of its cohomology groups ;.7 (—1)"[H!(M*)]. In what follows, we will
denote this group always by Ko(MHMg), and consider it as a ring via the ring structure
on K{M(D*(MHMg)).

As for Grothendieck rings of varieties, a morphism f : T — S of complex varieties
induces a group morphism

fi : Ko(MHMr) — Ko(MHMg)
and a ring morphism
[ Ko(MHMg) — Ko(MHM7).

In particular, for any complex variety S, Ko(MHMg) is endowed with a Ko(MHM,;)-
algebra structure.
One may also consider Grothendieck rings of mixed Hodge modules with monodromy

T
Ko(MHMG"), defined in the same manner, the product being induced by ®. We denote
this product by .
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4.2 Vanishing cycles and mixed Hodge modules

4.2.1 The classical theory of vanishing cycles

Here we recall briefly how nearby and vanishing cycles are defined in the classical
transcendental setting. The main reference for this is Deligne’s article [Del73] in SGA 7.
For a summary with a view towards mixed Hodge modules, see section 8 of Schnell’s notes
[Schn]. Let X be a complex manifold, D C C the open unit disc, and f : X — D a
holomorphic function. We denote by D* = D \ {0} the punctured unit disc and by D*
its universal covering space, which may be viewed as the complex upper half plane via the
covering map

p:D*={zeC, Im(z) >0} — D*
z —  exp(2imz)

We denote by X* (resp X,) the inverse image f~(D*) (resp. f~1(0)), and by X* the
complex manifold making the rightmost square in the following diagram cartesian:

Xo it X <L ox <P X

AR

{0} D <D <2 Dr

The nearby cycle functor
vy DY(X) = De(Xo)

is defined in the following way: for F* € D?(X) a bounded constructible complex of sheaves
on X, we put
UpFt=i'R(jop). (jop) ' F".

The deck transformation z — z + 1 on D* induces an automorphism of ¢y F* called the
monodromy. The adjunction morphism

F* = R(jop)(jop) ' F*
gives, after applying the functor i~!, a morphism
N v

The vanishing cycles complex ¢ F* of F* at 0 is defined as the cone of this morphism, so
that there is a distinguished triangle

TN = 0 F s pp P — i PR

The functors 1y and ¢y take distinguished triangles to distinguished triangles, and com-
mute with shifting of complexes.

A theorem of Gabber (see |[Bry|, Théoreme 1.2) says that if F* is a perverse complex,
then both Py F® := 1 F*[—1] and Py F* := @ F*[—1] are perverse.
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Lemma 4.2.1.1. Let X be a complex algebraic variety, f : X — AL a morphism and
F* € DYX). Then o;_oF* =0 for all but a finite number of a € C.

Proof. The case when F* is a constructible sheaf in degree zero follows from theorem 2.13
in [Del77]. Indeed, though the latter is formulated in an (-adic setting, the proof is formal
and goes over to the complex setting. Another argument may be given using local triviality
results (see e.g. Corollaire 5.1 in [Verdier]).

Since vanishing cycles commute with shifting of complexes, we may then proceed by
induction on the amplitude of the complex F*: there are complexes G* and G of strictly
smaller amplitude fitting into a distinguished triangle

G*—>F* = g*— gl

Applying the functor ¢;_, and using the induction hypothesis, we get, for all a but a finite
number, @5 F* =0 ]

Remark 4.2.1.2. There are several conventions and notations concerning nearby and van-
ishing cycles, which may seem quite confusing. In this section we use the most common
one, coming from SGA, which is also the one used by Saito. Another convention is the
one by Kashiwara and Shapira from [KS|. It has the same definition ¢ § = 4); for nearby
cycles, but vanishing cycles are shifted by one:

90]‘['{5 = Sof[_l]a

so that in Kashiwara and Shapira’s theory, the above distinguished triangle is shifted and
takes the form
ST — i F = S = oS (4.5)

This latter convention is used, e.g., in David Massey’s paper [Mas]| on the Thom-Sebastiani
theorem in the derived category of constructible sheaves, because the shift chosen by Kashi-
wara and Shapira is the one that makes the theorem of Thom-Sebastiani work. For this
reason, it is in fact also the convention used in the motivic setting of chapter [2} the dis-
tinguished triangle induces, in the triangulated Grothendieck ring of the category
D%(Xy), the identity
lof SF*] = [T P = [ 5 P,

which corresponds to the way we defined motivic vanishing cycles in section of chap-
ter 2l This definition, which we took from Lunts and Schniirer’s work [LSI6D] is the one
which, simultaneously, enables us to define a group morphism using total motivic vanishing
cycles and makes the motivic Thom-Sebastiani theorem work, so that this group morphism
is actually a ring morphism, our motivic vanishing cycles measure. Denef and Loeser’s mo-
tivic vanishing cycles Yf which are equal to (—1)4™¥ times our motivic vanishing cycles,
satisfy Thom Sebastiani (each side of the Thom-Sebastiani equality being multiplied by
the same power of —1), but can’t be combined into a group morphism because of obvious
sign issues.
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4.2.2 Nearby and vanishing cycles for Hodge modules

For a morphism f : X — A! on a complex variety X, denoting Xo(f) = f~1(0), there
are nearby and vanishing cycles functors

deg, o de . MHMy — MHMR,

lifting the corresponding functors P¢; and P¢; on perverse sheaves. The monodromy
operator is quasi-unipotent, so that its semisimple part is of finite order. The action of 7§
is given by this semisimple part, whereas the action of N is given by the logarithm of the
unipotent part of the monodromy. For any mixed Hodge module M € MHMy, there are
decompositions

VpE(M) = UpiH(M) @ Y55 (M)

and
0¥ (M) = QL (M) ® (M)

in the category MHMx, () where sz 8(M) = Ker(T, — id) and @/J?jfl( ) = Ker(T4! +
.+ Ts +id) where d is the order of T (same definition for ¢y).
The following compatibility result with proper morphisms is classical in the theory
of nearby and vanishing cycles, and, in the case of Hodge modules, follows from [S90]
Theorem 2.14.

Lemma 4.2.2.1. Letp: X — Y and f : Y — A! be morphisms of complex varieties.
Assume that p is proper.

X .y
& lf
Al

Denoting by p the restriction of p to (f o p)~*(0), for any M € MHMx there are isomor-
phisms

Pa(Vpop(M)) = Yy (pa(M))

and
Pe(@rop(M)) == p5(ps(M))

4.2.3 Total vanishing cycles

Let X be a complex variety, and denote by pr the projection Al — Ag. By lemma
4.2.1.1] and faithfulness of the functor rat, there is a well-defined total vanishing cycles
functor:

PRt MHMpL  — MHMmOI1
M = ®a€C gppr aM

It satisfies a Thom-Sebastiani property:
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Proposition 4.2.3.1. For all M, M5 € Db(MHMAk), denoting by add the addition mor-
phism Al x A% — Ak, one has the isomorphism

@5 ((addy) (M K My)) ~ SOtOt(Ml)&OtOt(Mﬁ
in D' (MHMES").

Proof. Saito’s Thom-Sebastiani theorem for Hodge modules (see [S]) gives, for any a1, ay €
C, an isomorphism

i* Hd
al,aggopregpr ai—as (Ml X MQ) (ppr alMlg(ppr ga2M27
in Db(MHMgﬁIﬁ(al)Xpr,l(m)), where

layaz + P (@) X pr(az) = (pr @ pr)~ (a1 + as)
is the natural inclusion. For any a € C, the products pr=*(a;) X pr=*(as) for all a;, as such
that a; + as = a form a partition of (pr @ pr)~!(a). Therefore, taking the direct sum over
all ay,aq, we get an isomorphism

D opora(Mi B My) ~ Sﬁt)?t(Ml)@SOtOt(Mﬂ

prpr— a
acC

in D°(MHM%3"). As in the motivic setting, a compactification argument allows us to write
the left-hand side as

@ (PHdg M1 X M2 @ gogrdga add (Ml X Mg)),

prdpr—a
acC aeC

whence the result. O

4.3 Symmetric products and vanishing cycles

4.3.1 Symmetric products of mixed Hodge modules

From now on, we are going to take symmetric products, so we assume the varieties to
be quasi-projective over C. A notion of symmetric power of a complex of mixed Hodge
modules was defined by Maxim, Saito and Schiirmann in [MSS]. Here we are going to
explain how it extends to the setting of mixed Hodge modules with monodromy.

Theorem 1.9 in [MSS] gives, for an integer n > 1, bounded complexes of Hodge modules
My, ..., M, on a quasi-projective complex variety X and for all 0 € G,,, an isomorphism

of My R RM, S oy (Mo R R Mg )

in D°(MHM x~) compatible with the analogous isomorphism on the underlying complexes
of constructible sheaves. These isomorphisms in fact induce a right action of &,, on the
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exterior product M; X ... X M,. When X is smooth, these isomorphisms are constructed
from analogous isomorphisms on the underlying complexes of D-modules and constructible
sheaves, which are checked to be compatible via the De Rham functor (proposition 1.5 in
[MSS]). The general non-smooth case is deduced from this by an embedding argument.
Note that the above generalises to complexes of mixed Hodge modules with monodromy,

if we replace the ordinary exterior product X by its twisted counterpart é] Indeed, the
underlying complexes of D-modules and constructible sheaves and the De Rham functor
relating them remain the same, and the monodromy is compatible with the above action.

Let now M be a bounded complex of mixed Hodge modules with monodromy over a
quasi-projective complex variety X. Let n > 1 be an integer, and denote by 7 : X" — S"X
the canonical projection. The above construction leads to the definition of a right G,,-

T
action on the complex m (X" M). Finally, as in [MSS], the idempotent e = 4> s, 0 €

T
Q[6,] defines an idempotent of 7, (X" M) in the category D®(MHMgrY ), which splits by
corollary 2.10 in [BS], meaning that we may write

m(%”M) = Ker(e) ® Im(e).

For any bounded complex of mixed Hodge modules M with monodromy on a complex
variety X, the symmetric power S™(M) is then defined to be

T Gn
S™(M) = (m (&nM)) .= Im(e) € D' (MHMZE),

where 7 : X™ — S™X is the canonical projection.

Remark 4.3.1.1. In the case where M has trivial monodromy, we recover the definition
from [MSS]. In particular, in this case S"M is an element of D°(MHMgn ).

As in chapter [3| section [3.5.1] we may define a multiplicative group structure on the

T
product [[;>; Ko(MHMG’;), by using the twisted exterior product X: for all a = (a;)i>1
and b = (b;);>1 in the product [];>; Ko(MHMg’), put, for every n > 1,

(ab)n = Z a; X bnfi
k=0

T
where by convention ay = by = 1, and a;Xb,_; is the image of (a;,b,_;) through the
composition

T

Ko(MHME) x Ko(MHME, ) 25 Ko(MHMEE o) — Ko(MHMEOR)

where the latter morphism is obtained from the quotient map X" — S™X by passing to
the quotient with respect to the natural permutation action of the group &; x &,,_; on X".
We denote this group by Ko(MHMGEY).
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Lemma 4.3.1.2. There is a unique group morphism
SN Ko (MHME™) — Ko(MHMTL),

such that the image of the class of a complex of mixed Hodge modules M over X 1is the
family of classes ([S"M])p>1.

Proof. We define a map S)I?dg from the free abelian group on Hodge modules to the group
Ko(MHMEZR) by putting Sy 8(M) = ([S"M])n>1. By the discussion about the defini-
tion of Ko(MHME™), to show that S} passes to the quotient, it suffices to show that
whenever M, My, M, are Hodge modules such that M = My & M;, we have S?(dg(]\/[) =
SR8 (M) SY*(My). In fact, denoting for every k € {0,...,n} by i; the natural morphism
SnkX x SEX — S"X, we will show that for every n > 1, we have, in Ko(MHMg:% ), the
equality
M = iy, <5n—kM0éskM1) .
k=0
For this, note that in D*(MHM%") we have the direct sum decomposition
T T T n T T
XnM = &y M,R®... KM, =P P M, ®...KM,,.
k=0

(e1...,en)€{0,1}™ (€1,..,6n)€{0,1}"

671';;11...4*6“:]6
phism. After applying the exact functor 7, to the above decomposition, we get

. (B9e) - D (1)

in D*(MHMEr% ). Observe that each of the factors m, (M) is stable under the action of
the symmetric group &,,, so that we have

T Sn n
Ty (lEnM> = @(W*M(k))gn.
k=0
T
It suffices to prove that for every k, iy . (S"kMO&Sle) is isomorphic to (W*M(k))G".
We denote again by e the restriction of the idempotent e to m, M.
Fix k € {0,...,n}, and denote by m, : X*¥ — S*X and 7,_; : X" % — S"kX the
T T
quotient maps. The corresponding idempotent on (7, ).X""* M (resp. (m3)XFM;) will
be denoted by €” (resp. e'). By the commutativity of the diagram

Xk 5 Xk M xn

\l/ Tn—Jk X T . \l/ ™
SEX x SFX A SnX
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T T T
and exactness of 7, the inclusion of the direct factor (XI"=* M) X (XI* M) — M induces
a monomorphism

. T T T f
U x <(7Tn—k)>k (&n—kM()) IZ’(ﬂ-k)* (&le>> — 7T>«<J\4(k)
The &,,_; X Gp-action on the left-hand side is compatible with the &,,-action on the right-

hand side, when G,,_; X &y is seen in a natural way as a subgroup of &,,. Therefore, taking
invariants, we have a monomorphism

ns (S"—kMoéS%) Ly (M),
fitting into the commutative diagram
. T T T f
(. <(7Tn—k)* <|X”_kMo) X (7).« (@ki\ﬁ)) —— .M

T
lik,*(eo X el) Le

T
i (57 MoBIS M, ) (. M)

~

Since e is surjective, f is an isomorphism. ]

Definition 4.3.1.3. For any a € Ko(MHMY™") and any n > 1, we define S™a to be the
element of Ko(MHME%) given by the n-th component of S™48(q).

Remark 4.3.1.4. If a is an element of Ko(MHMy) (i.e. has trivial monodromy), then S"a
is an element of Ko(MHMgnx).

4.3.2 Compatibility between symmetric products and total van-
ishing cycles

Denote by add,, the addition map A" — A! on the group scheme A", and for any
quasi-projective variety Y, by my the quotient map Y™ — S™Y. Since add,, is invariant
via the permutation of the coordinates of A, for any quasi-projective complex variety X,
it induces a morphism add,, fitting into a commutative diagram

(Af)m 2 AL,

TAl /
Axi iﬂx

n %"
S (Aﬁf) - Ai@nx

where we denote by 7’ the morphism A%, — Ag.y induced by 7x : X" — S"X.
Let M € Db(MHMAk). From we know that there is a &,-action on the mixed

Hodge module X" M on (A)", compatible with the permutation action of &,, on (Al/)".
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Since 7y oadd,, is equivariant if one equips A%, with the trivial &,-action, this &,-action
induces a G&,-action on (7 o add,); (X"M). The relation 7% o add,, = add, o Al shows
that the functor (add, ), sending (a1 )«(X" M) to (7 0 add, )i (" M) is compatible with
G,,-actions, which, taking invariants, gives us the relation:

Lemma 4.3.2.1. Let M € D*(MHMy1 ). One has

(add,)S"M = ((wy 0 add,) (K"M))"" (4.6)
b
in D"(MHMa1 ).
Proposition 4.3.2.2. For any M € Db(MHMAk), we have
st ((600), ) = 7 (o)
in D' (MHME%).
Proof. For all My, ... M, € D°(MHM a1 ), the Thom-Sebastiani theorem for ™ says
ok (add,) (M B ... B M) o g (My)R ... B (M)

in D°(MHMS"). Composing with the functor (7x). where mx : X™ — S"X is the projec-
tion, and using lemma [£.2.2.1 we have

(s 0 add, ) (M B .. B M) = (mx). (R (M) Ko (M,)).

where 7’ is the morphism A%, — AL,y induced by myx. In the same manner, for every
o €6, we also have

Pt (my o add, )(My-10y B ... B My-10 )

T
= (). (W (Mo )R . B (My10)).

Thus, for any M € Db(MHMAk), the idempotent % Y, s, 0 € Z[S,] induces idempo-
tents e and e’ of

(' oadd, ) (X"M) € D(MHMy41 )

and
(7x)s &"( %'(M)) € D" (MHME?)
such that &Fy(e) = €. Therefore, splittings being preserved by any additive functor, we
have o
Gn o "
A (((7?3( o addn)!&nM) > (&"( (M ))) :
which, using the isomorphism (4.6) above, gives the result. O
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4.4 Compatibility with motivic vanishing cycles

4.4.1 The Hodge realisation

Let S be a complex variety, and let X %y S be an S-variety, endowed with a j,-
action o for some n > 1. Then o(e’x) induces an automorphism 7T,(c) of finite order
on each cohomology group of the complex of mixed Hodge modules p!Qg{(dg (see notation
. Thus, as explained in [GLM] section 3.16, this defines a group morphism

o Ko(MHMZ™)
X BS.0] = Siea(-1) M (AQY"), 72(0), 0

called the Hodge realisation morphism. Here are some properties of this Hodge realisation
(for a proof, see the ideas in [GLM], section 6):

Proposition 4.4.1.1. Let S,T be complex varieties.

1. The morphism ngg commutes with twisted exterior products, that is, for any a €

ME b € AP, we have
T
X (W(a B b)) = xg™(a)Bxz*(b)

where U : ///5?# — ///ng is the convolution morphism from chapter@ section M

2. For any morphism [ :'T" — S between complex varieties, we have

Hd Hd Hd * * Hd
Xs tofi=fioxy™® and xp™o ff=f"oxg"

g

3. The group morphism ng s a ring morphism

(G, %) = (Ko(MHME™), ).

Example 4.4.1.2. For S = Spec C, we have, for any separated complex variety X with

Un-action o,
dim X

Hd if i
Xpi (X, 0]) = > (-1)'[HAX(C), Q). Tu(0)],
i=0

where [H'(X(C),Q), o] is the class of the mixed Hodge structure defined by Deligne [Dell
on the singular cohomology group H(X(C), Q), together with the automorphism of finite
order induced by o(e’).
Example 4.4.1.3. In section 2.4 of chapter 2] we showed that the motivic vanishing cycles
¢,2 of the function A’ — A z — z? are equal to the class 1 —[E, us] € AL, where [E, o]
is the class of the union of two points with permutation action by ua. The Hodge realisation
of [E, 2] is the Hodge structure with monodromy

QQ%%%(?&)),
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which may be decomposed as a direct sum
(Qui &, id) & (Qpi®, —id).

Thus, the class 1 — [E, ji5] maps to the class of the Hodge structure with monodromy
— (QL8, —id, 0).

pt >

We may conclude that the equality
(1= [E, po]) * (1 = [B, p2]) = L

from section of chapter [2] becomes the equality

HRH = QU5 (~1)

in Ko(MHM"). It is consistent with example 4.1.6.1, where we actually proved the two
sides were isomorphic.

Remark 4.4.1.4. The above Hodge realisation induces the classical Hodge realisation XHdg :

Ms — Ko(MHMg) (see e.g. [CNS], Chapter 1, paragraph 3.3) on the corresponding rings
without monodromy. In what follows, we are also going to use this realisation.

4.4.2 Compatibility with symmetric products

Lemma 4.4.2.1. Letp: Y — X be a quasi-projective variety over X. Then X?f}%((S”Y) =
S™"(x5*®Y) in D' (MHMgnx).

Proof. The relation we want is
(S"hQs§ = " (MQy™),
which is exactly equation (1.11) in [CMSSY]. O

Lemma 4.4.2.2. The diagram

(Mx,+) —— > (o1 Msrx, ")

e

(Ko(MHMy), +) =~ (IT,21 Ko(MHMgnx), -)

where the vertical arrows are given by the Hodge realisation morphisms, commutes.

Proof. We checked it is true for classes of quasi-projective varieties Y over X in lemma
4.4.2.1, and such classes generate KVarx. Moreover, note that for any M € D*(MHMy),
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any n > 1 and any k € Z, we have S"(M(k)) = (S"M)(nk) (recall that M(k) = M ®

Qgtdg(k) ). Thus, for any a € KVary, any k € Z and any n > 1, we have

Xk (5" (L7*) = xgik(L7H"S"a)
= (xg"x(5"a))(kn)

= S OAE@)K)
= S AL )

which shows that the diagram commutes also on the localisation. O

4.4.3 Grothendieck rings of Hodge modules over the affine line

There are two natural Ko(MHM y)—algebra structures on the group Ko(MHM,1 ). The
first one is given by the pullback morphism

(ex)* + Ko(MHMy) — Ko(MHMj41 )

where ex : AL — X is the structural morphism.
Denote by x the product induced by the addition morphism add : A% — Al:

x 0 Ko(MHM p1 ) % Ko(MHM g1 ) =% Ko(MHM sz ) 2% Ko(MHMy1 )

(see the end of section for the definition of Ky in the context of mixed Hodge modules).
Moreover, we define ix : X — AL and /% : X — A% to be the morphisms induced by the
inclusions {0} — A& and {(0,0)} — AZ, respectively.

Lemma 4.4.3.1. The functor (ix), induces a ring morphism
(ix)r : Ko(MHMx) — (Ko(MHMaL ), %),
endowing the ring (Ko(MHMy1 ), %) with a Ko(MHMXx)-algebra structure.

Proof. There is a commutative diagram
i% 9
X — A%
ix l
add
Ax
which gives us for M, M’ € D*(MHM),

(ix (M) * (ix)(M") = (add)i((ix)(M) Kx (ix)(M'))
= (add)i (5 (M @x M)
= (ix)(M ®@x M)
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dg

Lemma 4.4.3.2. The Hodge realisation Xi s a morphism

X
Xttt (Mar %) = (Ko(MHMp1 ), %)
of Mx-algebras.

Proof. Let a,b € .# 1 . Using the fact that the Hodge realisation commutes with push-
X
forwards, pullbacks and exterior products (proposition 4.4.1.1)), we have

Xiig(ﬂ* b) = Xiig(add,(a Xx b))
= add, (Xi%f(a Xx b))
= add, (Xi(f(a) Xx Xﬁf(b))

Hd Hd
X% () % X 055(D).

4.4.4 Compatibility with motivic vanishing cycles
In section we defined a total vanishing cycle functor:

05 MHMp1 — MHMY".
It induces a group morphism
DY s Ko (MHM 41 ) — Ko(MHMR™)
between the corresponding Grothendieck rings.
Proposition 4.4.4.1. The morphism ®%¢ is a morphism of Ko(MHMy)-algebras

DY+ (Ko(MHM 41 ), %) = (Ko(MHME™), ).

Proof. This is a direct consequence of the Thom-Sebastiani property for total vanishing

cycles, proposition 4.2.3.1] . UJ

On the other hand, in chapter [2] we defined, for every variety X over a field k£ of
characteristic zero, the motivic vanishing cycles measure

Dy : Exp My — (MY, ).
Here, to be able to compare it with @?(dg , we are going to consider rather its composition

Oy o (Mas, %) = (MY, %)
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with the quotient morphism

(%Ak,*) — 5xp///x

(which is given, by definition, by sending to zero the elements [Al, — A/] for all morphisms
Y — X, the morphism A}, — A% being the identity on the A'-components, see the
definition of Grothendieck rings with exponentials in chapter , section [2.1.2)). Recall from

property [3 of lemma and lemma the multiplicative properties of the Hodge

realisation morphisms.

Proposition 4.4.4.2. The diagram

(A a1, %) (A%, %)

Hd. Hd
J/x & X8
Hdg

(Ko(MHM41 ), %) — = (Ko(MHMY™), %)

commutes.

Proof. Proposition 3.17 in [GLM] shows compatibility between the motivic nearby fibre
morphism and the nearby fibre functor on mixed Hodge modules. As for the motivic
vanishing cycle morphism, as noted just after notation 3.9 in [DLO1], the motivic vanishing
cycles yf for f : X — A! as they were defined by Denef and Loeser should be seen as
the motivic incarnation of ¢¢[d — 1] where d is the dimension of X. With our notation,
pf = (—1)df5/f“p, so that our vanishing cycles should be the motivic incarnation of ¢f[—1],

which is exactly the perverse sheaf underlying gpl}ldg. O]
Recall that in section we defined a morphism
add, : S"(AY) = Ay
for every integer n > 1.

Corollary 4.4.4.3. (a) For any a € %Ak and any integer n > 1, we have
Xk © Pux((add,)i(S"a)) = S™ (X" 0 Py (a)).
(b) For any a € ExpMx and any integer n > 1, we have
ngi o Pgnx(S"a) = Sn(Xﬁdg o ®y(a)).
Proof. By proposition [4.4.4.2| to prove (a), it suffices to prove
Pk 0 X1 ((add,)i(S"a)) = 5™ (DK™ 0 x3i¥(a).
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We have

DEE o Xiﬁ;ix((ﬁn);(S"a)) — ®L% o (add,) o X?S%Ak)(S”a) by proposition [£.4.1.1
= oo (mn)!(snxﬁf(a)) by lemma [£.4.2.1
= SR o Xi‘ig(a)) by proposition [4.3.2.2]

To prove (b), take a € &xp.#x, and, denoting by ¢ : ///Aﬁc — SxpMx the quotient map,
pick o' € AMnr_ such that a = q(a’). Applying (a) to a’, we have (recall &’ = & o q)

Xon& o Dgnx 0 qo (add,)(S"a) = S™(xx*® o x(a)).

It therefore remains to prove that ¢ o (add,)(S™a’) = S™a. In other words, we want to
show the commutativity of the diagram

%A%( 4S>%S.(A§() (47)

iq J{qO(m)!

ExpMx *S>c5"acp,/lg.x

(recall the group morphisms S have been defined in chapter (3| sections and |3.7]), where

add; = [[,>1(add,). Let us start by checking that ¢ o (add), is a group morphism. Let
a = (a;);>1 and b = (b;);>1 be elements of ’//ZS‘(A}x)' We have

ab = <Z ’)/!(Cli X bn_z>>
1=0 n>1

where 7 is the morphism S*(AL) x S"7*(AL) — S"(AL) induced by the identity (AL)" x
(AY)"" — (A%)". To prove that

q o (add),(ab) = g o (add)(a)q o (add)(b)
in &xp.Msex, it suffices to prove that for all n > 1 and all i € {0,...,n}, we have
q o (addy,)m(a; Wb, ) = fi(q o (add)s(a;) B g o (add,—i)1(by—:)) (4.8)

in &xpMsny, where 8 : S'X x "X — S"X is the morphism induced by the identity
X% x X" — X", For this, consider the following diagram:

X ol
%SZ(Ak) X %S”*i(Ak) —— '%Si(Ak)XS"*i(A}X) e %Sn(A%() (49)
(addz)'x(addnz)'i (adleadan)li i(addn)'
X (Boadd),
%Aé‘ix X %A;n—ix - %AlsiXXAgn—iX T AL
gxq qoaddgi iq

B
@@.I'pfﬂsz)( X gl'pﬁsnfz‘X ;E)(gl'p%‘gixxsnfix Hgl'p%SnX
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Here /3 denotes the morphism S*X xS"*X — S™ X, as well as the morphism ALy, guiy —
AL, it induces, and add refers to the morphism

1 1 1
A ix X ASn—iX — ASiXXS"*iX

induced by the addition morphism on the A'-components.

To prove , it suffices to prove that this diagram is commutative. We do this square
by square. The commutativity of the top left square comes from the fact that pushdowns
commute with exterior products. The commutativity of the top right square comes from
the commutativity of the square

(Ak)' x (Af)"T == (A))"

laddi xadd,, _; laddn
add
Al x Al AL,

after taking quotients by the appropriate permutation actions. For the bottom left square,
by bilinearity, it suffices to check commutativity for effective elements. For any morphisms

vy L Al ,and Z % AL, .., we have, by definition,

goadd/([Y L AL R [Z % AL, y]) = goadd([Y x Z L% AL, x AL, .\])
= [Y x Z,add o (f x g)]
= [V, fIX[Z |
= q([Y & ALy Rq([Z & ALiy])

in &xpMgixysn-ix. The commutativity of the last square comes from the fact that ¢
commutes with .

We come back to the proof of the main statement. Since all maps involved are group
morphisms, it suffices to prove commutativity of diagram (4.7)) for effective elements. Let
therefore f : Y — AL be a morphism. We have, for all n > 1,

go (add, ) (S"[Y L AK]) = go (add,)([s"Y T sm(Ak))
g([S"Y 2% AL D)
ERW
S™([Y, £))
= S"(q(ly & AK))

in &xp.#snx, whence the result. O
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4.5 Weight filtration on Grothendieck rings of mixed
Hodge modules

4.5.1 The weight filtration

For any integer n, denote by W<, Ko(MHMg") the subgroup of K (MHMg") gener-
ated by classes of pure Hodge modules (M, id, N) (i.e. with trivial semi-simple monodromy)
of weight at most n and by classes of pure Hodge modules with monodromy (M, Ty, N') of
weight at most n — 1.

Remark 4.5.1.1. The monodromy 7§ is an automorphism of finite order, so that a pure
Hodge module (M, Ty, N) over S of weight m with monodromy decomposes into M =
M° @ M7° where M° = Ker(T, — id) and M7° = Ker(T*! + ... + T, + id), where k
is minimal such that 7% = 1. This Hodge module is an element of W,, Ko(MHME") if
M7° =0, and of We,, 11 Ko(MHME") otherwise.

We have the following compatibility with respect to pushdowns, pullbacks and exterior
products:

Lemma 4.5.1.2. 1. Let f: Y — X be a morphism of complex varieties with fibres of
dimension < d, then for all integers n, we have

Jr(Wen Ko(MHMY™)) C WepialKo(MHME™)

and

f* (W, Ko(MHMR™)) € Wepia Ko(MHMP?).

2. Let X andY be complex varieties. Then for all integers n, m we have

T
Wen Ko(MHME" )XW, Ko (MHMP™") € Wy Ko(MHME S ).

Proof. Let M be a pure Hodge module of weight at most n (resp. n — 1). Then, since the
functor fi does not increase weights, fiM is a complex of weight < n (resp. < n—1) which

belongs to D=¢(MHMy) by lemma [4.1.4.2] so

[fiM] = (=1)'[H fiM]

i<d

is a sum of Hodge modules of weight < n+d (resp. < n—1+d). If the monodromy on M
is trivial, then it is also trivial on all mixed Hodge modules H'fiM, so in any case, we have
[fiM] € WepaKo(MHMG"). The proof is the same for f*.

Let (My,Ts1,N1) € We, Ko(MHMy ) and (Ma, Ts9, N2) € W< Ko(MHMy) be two
pure Hodge modules with monodromy. By remark it suffices to treat the following
cases :

— M, = M} is of weight n, My = MY is of weight m;

— M, = M} is of weight n, M, = Mfo is of weight m — 1;
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— M, = Mféo is of weight n — 1 and M, = M;éo is of weight m — 1.

T T
By the definition of the weight filtration on M;X Ms, in the first case M;X M, is pure of
weight m + n, with trivial monodromy, and in the second case, pure of weight m +n — 1.

T
Thus, in both cases, M; X M, is an element of We,,4,, Ko(MHMg"). This leaves us with
the third case. For any o, € (—1,0] such that exp(—2ima) (resp. exp(—2im[)) is an
eigenvalue of T, (resp. Ty»), the complex number exp(—2im(a + 3)) is an eigenvalue of

T T
monodromy on M;X My, and (M; &K M,)! is non-zero if and only if there exist such «,
T T
with o + 8 = —1. The weight filtration on M;X M, is such that (M; X M,)7?! is of weight

m+n — 2, and (M, éMg)l is of weight m + n, so that the Hodge module M; éMg is an
element of We,, 4, Ko(MHMG"). O

For any element a € Ko(MHME"), we put
wg(a) :=inf{n, a € W<, Ko(MHMG")},

which defines a function wg : Ko(MHMG®") — Z U {—oc0}. Lemma |4.5.1.2] gives us the

following;:

Lemma 4.5.1.3. For any complex varieties S and T, any a,a’" € Ko(MHMG™) and b €
Ko(MHMZT") the weight function satisfies the following properties:

(a) ws(0) = —o0

(b) ws(a+ a') <max{ws(a), ws(a’)}, with equality if ws(a) # ws(a’).

T
(c) wsxr(a®b) <ws(a)+ wr(b).
(d) If f: S — T is a morphism with fibres of dimension < d, then

wr(fi(a)) < ws(a) +d.
(e) If f: S — T is a morphism with fibres of dimension < d, then
ws(f*(b)) < wr(b) +d.

(f) If M* € D=*(MHMsg) is a complex of mized Hodge modules of weight < n, then
ws([M*]) < a + n. Equality is achieved if and only if Gr, H*(M*) # 0.

a+n

Remark 4.5.1.4. As a special case of @, denoting by w the weight function w,, on
Ko(MHM™) and by as : .S — pt the structural morphism, we have

w((agha) < wg(a) + dim S.
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4.5.2 Weights of symmetric powers of mixed Hodge modules

Recall that in section we defined a group Ko(MHMg'Y) and a morphism
SR Ko(MHME™) — Ko(MHMER)

sending the class of a mixed Hodge module M to (S™M),>;. Our goal here is to show that
S%% behaves well with respect to the weight filtration from section We define the
following natural filtration on Ko(MHMGgY):

WegKo(MHMEXY) := [ WenaKo(MHMEY) C [ Ko(MHMEY ).

n>1 n>1

We have the following properties:

Proposition 4.5.2.1. 1. For every d, W<,Ko(MHME'Y) is a subgroup of the group
Fo(MEM2R),
2. For any integer d, Sy 8(W<gKo(MHME™)) C WegKo(MHMZR),
3. For every a € Ko(MHMY) and every integer n > 0, we have wgnx(S™a) < nwx(a).

Proof. 1. Let a = (ay)n>1 and b = (b,)n>1 be two elements of W Ko(MHME'Y). Then

T
for all n > 1 and all ¢+ € {0,...,n}, by property [2| of lemma 4.5.1.2) we have a;Xb,_; €
Ko(MHMG  gn—i ) of weight < id + (n — i)d = nd. The map S'X x S"'X — S"X
has fibre dimension zero, so by property [1| of lemma [4.5.1.2| the same estimate is valid for

T
a;Xb,_; seen as an element of Ko(MHMgY).

T
2. Let M € MHMY™ be a pure Hodge module of weight d. Then X"M is a pure
Hodge module of weight nd, and denoting by p the quotient morphism X" — S™X, the

complex pu(XI”M ) is of weight < nd by property || of lemma 4 5.1.2, since p has fibres of

dimension 0. Finally, S™M is obtained as a subobject of p;(IE”M ), so its weight is < nd
again. Statement 3 is a direct consequence of 2. O]

4.6 Weight filtration on Grothendieck rings of vari-
eties
In this section, we are going to use the previously defined weight filtration to define

a notion of weight on Grothendieck rings of varieties with exponentials. For this, we are
going to use the motivic vanishing cycles measure from chapter [2, and the Hodge realisation

from section [4.4.1]
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4.6.1 The weight filtration and completion

Let S be a complex variety. Recall that ®g : Sxp.#s — (AL ) is the motivic
vanishing cycles measure from theorem [2.3.5.1] of chapter [2|

Definition 4.6.1.1. 1. The weight filtration on the ring .. g‘ is given by
Wendl§ = (x5") " (WenKo(MHME™))

for every n € Z. The weight function on ., S‘f , again denoted by wg, is the composition

Hdg

AME Ty Ko(MHME) 25, 7,
2. The weight filtration on the ring &rp.#s is given by
WenEap s = (x5"% 0 Bg) ™" (Wen Ko(MHME™))

for every n € Z. The weight function on &zp.#s, again denoted by wg, is the
composition

Hdg

Xs

ExpMs =5 ME s Ko(MHME™) 25, 7,

Remark 4.6.1.2. Properties @— of lemma4.5.1.3[remain true for wg on ///g or Sxp.Ms.
Indeed, this is obvious for @, for @ and it follows from the fact that the Hodge

realisation commutes with pushforwards and pullbacks, and for (f)) it comes from the fact

that ngg and ®g are group morphisms. Property @ comes from the Thom-Sebastiani

property for @4, and from the fact that ¥ is compatible with twisted exterior products.

Remark 4.6.1.3. Both these definitions induce the same weight filtration (W<, .#s),cz and
the same weight map wg : .#s — Z on the localised Grothendieck ring .#s, because the
restriction of ®g to s is the inclusion .#Zg — AL

Notation 4.6.1.4. For a variety X over S, we use wg(X) as a shorthand for wg([X]). We
denote by w the weight function for S = Spec C.

Definition 4.6.1.5. We define the completion of the ring &xp.#s with respect to the
weight topology as
ExpMs = lgné"xp///s/WSné"xp//lg.

4.6.2 Weights of symmetric products

Lemma 4.6.2.1. Let I be a set and let 7 = (n;);e; € NU. Let X be a complex variety,
and let of = (a;);er be a family of elements of Exp.#x. Then

wax(Sﬂ-%) < anwx(az)

el
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Proof. Recall that by definition, S™.o/ is the element of &xp.#s~x obtained by pulling back
the product [];c; S™a; € éaxpg//ll—[. L Smix along the open immersion j : S™X — [[;c; S™X.
S

By property of lemma [4.5.1.3 and property [3| of proposition 4.5.2.1| we have
WL, SmiX (Izielsmai) <D wenix (S™a) <> nawx (a).

icl iel
Applying property @ of lemma [4.5.1.3| to j, which has fibre dimension 0, we get the
result. [

4.6.3 Weight and dimension

For effective classes in the Grothendieck ring of varieties, weight and dimension are
closely linked, as shown in the following lemma:

Lemma 4.6.3.1. Let S be a complex variety and X a variety over S. One has the equality

wg(X) = 2dimg X + dim S.

Proof. We are going to denote by f : X — S the structural morphism of X, and by d the
relative dimension dimg X, that is, the supremum of the dimensions of the fibres of f. Since
the functors a’% and f; do not increase weights, the complex f %dg = fgaf;(Qgtdg is of weight
< 0. Moreover, we see by lemmathat £IQY™ is an object of D=<24+dmS(NHMg). By
property @), it suffices to prove that the top cohomology H2d+dims( ng%dg) has non-zero
graded part of weight 2d +dim S. By [S89] 1.20, we may write the Leray spectral sequence
for ax = ago f: for any M* € D°(MHMy),

HP(as) (HTAM®) = HT((ax ) M*®).
Applying this with M*® = ﬂ{(dg, p = dim S and ¢ = 2d + dim S, and recalling that the
cohomology of the complex of mixed Hodge structures (a X)ngdg is exactly the cohomology
with compact supports of X with coefficients in Q with its standard Hodge structure, we
have

HdimS(aS)! (H2d+dim Sf!dig) =54 Hg dimX(X7 Q)

If Grbyy, i s 1249 S QY = 0, then the graded part of weight 2dim X of the left-hand
side is zero. But the right-hand side is a sub-object of a quotient of the left-hand side,
and therefore its graded part of weight 2 dim X should be zero as well, which it is not: it
is classical that H>4mX (X Q) is pure of weight 2dim X, isomorphic to Qgtdg(— dim X)"
where 7 is the number of irreducible components of X. ]

As a consequence, we have
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Lemma 4.6.3.2. Let S be a complex variety and a an element of //lé‘ Then

wg(a) < 2dimg a + dim S.

Proof. We may assume a is of the form L=""([X] — [Y]) for some S-varieties X and Y with
fi-actions. Assume moreover that max{dimg X, dimg Y} is minimal, so that

dimg a = max{dimg X, dimg Y} — m.

Then, using lemma [4.5.1.3 and the fact that yb $(L™™) = Qi ¢(m) is of weight —2m, we

pt
have

< wp(LT) + ws([X] = [Y])
< —2m+ max{wg(X),ws(Y)}

By lemma 4.6.3.1], we therefore get
ws(a) < —2m + 2max{dimg(X), dimg(Y)} + dim S

ws(a)

whence the result. O
We may therefore deduce the triangular inequality for the weight topology:

Lemma 4.6.3.3 (Triangular inequality for weights). Let S be a variety over C, X a variety
over S and f: X — A& a morphism. Then

ws([X, f]) < wg(X).

Proof. By lemmas [2.3.5.2] and [4.6.3.1] we have

O

The following property, which follows from our discussion of the trace morphism (lemma

4.1.5.4] and remark [4.1.5.5) and states that there is a drop in weights for certain simple
non-effective classes, will be very important to us:

Lemma 4.6.3.4 (Cancellation of maximal weights). Let S be a complex variety and p :
X =5, q:Y — S morphisms with fibres of constant dimension d > 0, with X and Y
irreducible. Then

ws([X &S] —[Y L S]) <2d +dim S — 1.

Proof. The classes [X] and [Y] are of weights < 2d + dim S, and according to remark
the graded parts of weight exactly 2d 4+ dim S of the corresponding complexes of
mixed Hodge modules cancel out. [
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4.7 Convergence of power series

4.7.1 Radius of convergence

Recall that for a classical series Y ;5 a;2", the radius of convergence is given by

<limsup (|a; )%)_1 .

Analogously, in our setting, we have:

Definition 4.7.1.1. Let F(T) = 3,50 X;T" € Exp#x[[T]]. The radius of convergence of

F' is defined by
Xi
op = limsup wx( )

i>1 21

We say that F' converges for |T| < L™ if r > op.

When F converges for |T'| < L™, it converges also for |T| < L™ for any r’ > r. The
subset of power series converging for |T| < L™" is a subring of &xp.#x[[T]].

Remark 4.7.1.2. If r > op, there is some iy such that for all ¢ > 1, % < r, which

means that the set of integers {wx(X;) — 2ri, ¢ > 0} is bounded from above. Conversely,
if this set is bounded from above for some r, then we may conclude that r > op, that is,
F converges for |T| < L™". Thus, in general, we are going to prove that a series converges
by finding a linear bound for wx (X;).

However, one does not in general have {wx(X;) — 20pi, @ > 0} bounded from above:
see for example the series ;g Li+IVil i,

If F(T) converges for |[T'| < L~", then for any element a € &xp.#c such that w(a) <
—2r, F(a) exists as an element of &xp.Z . In particular, F(L™™) exists as an element of
Exp M it m > r.

Example 4.7.1.3. Let X be a complex quasi-projective variety, and consider Zx(T') =
S0l S'X|T" € Expc|[T)] its Kapranov zeta function. We have

w(S'X) = 2idim X

for all i > 0, so that the radius of convergence of Zx(7") is dim X.

4.7.2 A convergence criterion

Proposition 4.7.2.1. Assume F(T) = 1+ Y ;5 X;T" € ExpMx|[T)] is such that there
exists an integer M > 0 and real numbers e > 0, a < 1 and 8 such that
— forallie{1,... M}, wx(X;) < (i — 3 — e)w(X)

2
— foralli> M +1, wx(X;) < (ai+ 8 — Hw(X).

Then there ezists 6 > 0 such that the FEuler product [T,ex Fo(T) € Expc|[T]]
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x)
— converges for |T| < > (1-0+ 57)
w(X)
— for any 0 < n < 9, takes non-zero values for |T| < L5 (st (that is, for
every a € xpMc such that w(a) < —w(X) (1 -+ Miﬂ))

Proof. Let n > 1 be an integer, and m = (n;);>1 a partition of n. Then we have

w(S™Z) < we-x(S"Z) + dim(S“X) by remark [£.5.1.4
< DY nwx(X;) + = Zn w(X by lemmas [4.6.2.1] and [£.6.3.1|
i>1 25
M
< Zniiw(X) — eZniw( Z ainw(X) + pw(X Z n;
i=1 i=1 i>M+1 i>M+1
<

;niiw(){) - ﬁ ;nzzw(X) +a Y inw(X)+ f\ZU(j(l) > iny

i>M+1

_ <1—A64>§niiw()()+< M+1> > miw(X

i>M-+1
5

< (1—5+M+1>nw(X)

where 1 — ¢ = max{l — ;7,a} < 1 (in the case when M = 0, we put 1 — 9 = «). The
desired convergence follows. Moreover, one sees that for n > 1, any 0 < 7 < § and any
a € ExpMc such that w(a) < —w(X) (1 —n+ M+1) we have

w(S"Za") < —(0 —n)nw(X) <0,

so the value of the product at a is equal to 1 plus some terms of negative weight: it is
therefore non-zero.

]

Example 4.7.2.2. Let Zx(T) = 3;50[S"X]T" be Kapranov’s zeta function for some quasi-
projective variety X. Then Zx(T) = [I,ex Fo(T) where

=2 T e .x[[T]],

i>1

that is, every coefficient is equal to 1 = [X] € #x. Take M =0, a = 0, § = 1 and
n=1- 57—~ <6 =1. Then, since wx(X) = dimX = Jw(X), the condition in the
lemma is satisfied, and we get that Zy(T') converges for |T'| < L~9mX and takes non-zero
values for |T| < L~ dmX—3

Note that each factor F(T) = 3,5, T" has radius of convergence 0, so taking the Euler
product has the effect of shifting the radius of convergence by exactly the dimension of the
base variety.
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Example 4.7.2.3. Let X be a quasi-projective variety over C, and let a € .#x be an
element such that wy(a) < dim X +1. As an example of such an element, by lemma[4.6.3.4]
we may take a =Y — Z for two irreducible varieties Y, Z over X of relative dimension 1.
Consider the polynomial F(T) =1+ aT?, so that

I[[ F(T) = [T (A +a,T?%) =3 S x(a)T"

veX veX n>0

Taking M =2,e=1— w(X),a = 0,5 =0, we get convergence for |T| < L3 dimX—j
Let us check that we get the same convergence by estimating the radius of convergence
directly: for this, note that

w(SY x(a)) < wsnx (S ya) +dim STX < n(dim X +1) +ndim X = 2ndim X + n.
Thus, taking the lim sup over all even n, the radius of convergence is smaller than

dim X + 1 1 1
limsupw = —dim X + —.
2n 2 4

4.7.3 Growth of coefficients

We finish this section by a lemma that allows one to get information about growth of
coefficients of a power series from the fact that it possesses a pole of some order at 7' = L1,
It shows that we can predict the behaviour of a positive proportion of the coefficients of the
Hodge-Deligne polynomials of the coefficient of degree n for large n. For any constructible
set M, denote by k(M) the number of irreducible components of maximal dimension of M.

Proposition 4.7.3.1. Let Z(T) = Y ,50[M,|T" € KVar{[[T]] be a power series with
effective coefficients such that there exist integers a,v > 1, a real number 6 > 0 and a
power series F(T) = Y50 [iT" € Mc|[T)] converging for |T| < L™ and taking a non-
zero effective value at T = L™, such that

F(T)
Z2(T) = ———F——.
( ) (1 _ LaTa)r
Then for every p € {0,...,a—1}, one of the following cases occur when n tends to infinity

in the congruence class of p modulo a:
(i) Either lim sup M < 1.

1) Or dim(M,) — n has finite limit dy € Z and log(x(My)) converges to some integer in
logn

the set {0,...,r — 1}. More generally, for every real number n such that 0 < n < o
and for sufficiently large n in the congruence class of p modulo a, the coefficients of
the Hodge-Deligne polynomial HD(M,) of degrees contained in the interval

[2(1 — n)n + 2dy, 2n + 2dy]

are polynomials in "= of degree at most r — 1.
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Moreover, the second case happens for at least one value of p.

Proof. Note first that since [M,,] is effective, we have 2 dim[M,,] = w(M,), so it suffices to
prove the statement with dimensions replaced by weights divided by two.

First of all, replace Z(T) by Z(L~'T) and F(T) with F(L'T), so that F is now a
power series converging for |T| < L° and taking a non-zero effective value at T = 1, and
Z(T) = F(T)(1 =T with Z(T) = ¥ ,cz[M,]L™"T™. We are going to do calculations
in the case a = 1, and explain later how one can reduce to this case. Note first that if F'
converges for |T| < L°, then the same is true for all its derivatives. We may write its
Taylor expansion at 7" = 1:

FO@)(-1)

2!

F(T) =) (1—1T)".

>0

Put G(T) = ¥ys, ToOED (1 — T)i=r Then

2

() 1)\t T i—r o
G(T) = ZF(I)(I)Z< ; )(—1)JTJ.

) Z (ZW< . )) (-1,

so that the coefficient of degree j of G(T) is exactly g; = (—1) (Zizrﬂ- w(lj)) :

Writing F(T') = Y50 f;17, we have w(f;) — —oo as j — +oco. More precisely, for any 7
such that 0 < n < § and for sufficiently large j, we have

w(fy) < —2n. (4.10)

Thus, since

=Y jG-1...(j—i+1)f,

j>i

we see that as i grows, w(F® (1)) — —oo linearly in i. In particular, w(g;) — —oc linearly
in j, and, more precisely, the estimate

w(g;) < —2nj (4.11)
coming from (|4.10)) holds for all sufficiently large j. Write now
F(T)
2(T) = )
(T) (1-T)r
G( ) + ~ Z'(l _ T)r—z
= FO(1)(-1) —i—1
PO (e
S0 r—i—1
1 (i) i i
_ +Z<ZF (1)(-1) (n—i—rlz 1)>T”.
n>0 \i=0 ! r—i—1
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Thus, identifying coefficients, we have

r—1 17(3) 1\¢ n r—i—
W( e 1). (4.12)

Since by assumption [M,] is an element of KVar;, its Hodge-Deligne polynomial is of the
form
k(M) (uv) ™M) - terms of lower degree. (4.13)

To get asymptotics for dim(M,) and for the coefficients of high degree of HD(M,,) when n
goes to infinity, we therefore need to keep track of the dominant terms of the Hodge-Deligne
series of .

We denote by {a}, the coefficient of (uv)? in the Hodge-Deligne series of a € M. Let dy
be the largest integer d such that there exists i € {0,...,r — 1} with {F®(1)}4 # 0. Such
a dy does exist since by assumption, we have F(1) effective and non-zero, and therefore
there exists some integer b such that { F'(1)}, # 0. Then for all sufficiently large n (namely,
for n such that w(g,) < 2dy), and for all d > dy, , we have

= S (T o (4.14)

i—0 r—1

1!

Then, for d > dy, the right-hand side of (4.14]) is zero, forcing the left-hand side to be
zero as well, so that w(M,L™™) < 2dy. Put now d = dy, and let iy be the smallest i such
that {F®(1)}4 # 0. Then we have

(_1)20 r—ig—1

ML ™"}y ~nosoo {F(1
(ML b, e (P (1) g g™
so that for sufficiently large n, w([M,]L™") = 2d,, and moreover

log k(M)

—r—iy—1€{0,...,7r—1}.
og 1 r— 1 { r—1}

More generally, going back to equation (4.12), we see that for sufficiently large n, the
effective element M, is the sum of the element L"g, of .#) which is of weight strictly less
than 2(1 — n)n by estimate (4.11)), and of the sum

= 7! r—i—1

which is a polynomial of degree at most r — 1 in n with coefficients in .7}, and of weight 2n.
The statement on the coefficients of the Hodge-Deligne polynomial follows.

It remains to show how to reduce to this when a > 1. We may decompose F' in the
following manner:

a—1 a—1
F(T) =33 fajpT¥" =Y TPE,(T?),
p=0;j=>0 p=0
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where F, (T) ]>0 fa]+p , SO that

a—1 . F(Ta)
Z(T pz%T T—Toy

BIWEY (g i

4! -

Using the expansion we did above and putting G,(T) = X,
> m>0 9p,m 1™, we then have

T)ngp( (T°) +ZT“’"Z 1)( 1)’ <m+7’—1—1>)

S0 r—i—1
Thus, for every p € {0,...,a — 1} and every m > 0, we have

TlF(l(l)( D fm4r—i—1
M, I~ (em+p) — _
Mo N (P

Fixp € {0,...,a—1}, and assume first that there is some d € Z and some i € {0,...,r—1}
such that {Flgi)(l)}d # 0. Then we may conclude as above. If on the contrary such a d
does not exist, this means that

w([Mam+p]L_(am+p)) — —00

dlmM” < 1 when n

linearly in m (because w(g,.m) — —oo linearly in m), so that lim sup
goes to infinity in the congruence class of p modulo a.

It remains to show that this last case does not occur for all p. For this, recall that F'(1) =
Y95 Fp(1), and, F(1) being effective and non-zero, there exists d such that {F(1)}4 # 0.

ThlS means that {F,(1)}4 # 0 for at least one p. O
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Chapter 5

The motivic Poisson formula

The aim of this chapter is to extend the scope of Hrushovski and Kazhdan’s motivic
Poisson formula. As explained in the introduction, it is an analogue of a weakened form of
the classical Poisson formula for Schwartz-Bruhat functions f : (Ap)” — C on (the n-th
power, for some n > 1, of) the adeles of a global field F:

> fl@)=c > Ffy) (5.1)

xeF™ yeFm

for some multiplicative constant ¢ € C, the Fourier transform being calculated with respect
to a Haar measure on the locally compact group A'%. The restriction f, of a Schwartz-
Bruhat function f : Ar — C to the completion F), of F' at some non-archimedean place v
is locally constant and compactly supported: by compactness, this means that there are
integers M < N such that, denoting by O,,t respectively the ring of integers and a
uniformiser of F,, the function f, is supported inside ", and invariant modulo t¥O,.
Thus, f, may be viewed as a function on the quotient tO,/t¥ O,. Denoting by (v) the
residue field of F,, this quotient group can naturally be identified with the x(v)-points of
the affine space of dimension N — M over k(v), via

M N (M,N) ,_ AN—-M
tM.CEM—i-...—i-tN_lQ?N,l—i-tNOv — (iL‘M,...,Q?N,l)

Since the residue field k(v) is finite, the function f, takes only a finite number of values,
and its integral over F), is given by the formula

[ h=a Y R, (53)

x€tM O, /tN O,

where ¢, is the cardinality of x(v).

All the above definitions and equalities make heavy use of the local compactness of the
adeles and of the local fields F,. When the field F is the function field k(C') of a smooth
projective connected curve C' over an algebraically closed field k, these local compactness
properties fail. Hrushovski and Kazhdan’s formalism from [HK09] allows nevertheless to
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define analogous objects in this setting, via a form of motivic integration. For example,
as suggested by the identification in (5.2)), one defines local Schwarz-Bruhat functions as
elements of a relative Grothendieck ring with exponentials &xp.#, o~ for some integers

M < N. When M,N vary, these rings fit canonically into an inductive system, via
maps that are interpreted respectively as extension by zero and pullback of functions. On
the other hand, following formula , the definition of the integral of such a function
fe éf’xp///AiM,N) is

[r=1" % f@),

A(M N)

where the sum in the right-hand side is a notation which stands for the image of f in the
absolute Grothendieck ring &xp.#) via the forgetful morphism &xp.# AN P Exp M.
k

More generally, one can define Fourier transforms of such functions by using the same kind
of analogy.
In the same manner, an element f of the relative Grothendieck ring

g.Tp%HSES (AiMS,NS))%

for integers M; < N,, s € S may be seen as a motivic analogue of a Schwartz-Bruhat
function on a finite product of powers of local fields [],cq £, for some finite set S of non-
archimedean places of the global field F' and some integer n > 1. The inclusion of the
Riemann-Roch space

L(D) =k(C)N ] 20y = {0} U{z € k(C)*, div(z) > —D}

seS
for the divisor D = — " cg M,[s] on C into []tM: O, induces a morphism
(Ms,Ns)
"= IT (A)
ses

via which we can pull back f. The class of 6" f in &xp.4), is then denoted Y- crcyn f().
Moreover, the same kind of construction can be done for the motivic Fourier transform
Z f of f. Denoting by ¢ the genus of the curve C', the motivic Poisson formula

> fl)=L0" 30 Ff(y)

z€k(C)™ yek(C)n

proved by Hrushovski and Kazhdan is the motivic analogue of the above classical Poisson
formula for such functions.

This chapter focuses on building a framework in which this Poisson formula may be
applied for families of such Schwartz-Bruhat functions, with varying set S, which will
be crucial in chapter [f] The notion of symmetric product of a family of varieties from
chapter [3] in the special case where the set of indices is N? for some integer p > 1, will
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be central here, and therefore, we start by a review of those in this case in section 5.1} In
chapter [6] the integer p will be the cardinality of the set &7 of irreducible components of
the divisor at infinity in the equivariant compactification we will consider. Our families
of functions will be defined as elements of the relative localised Grothendieck ring with
exponentials over symmetric products

(v, B, M, N) := S™((AL™MANDY ), (5.4)

where
— m € N? is a p-tuple, which in chapter [6] will contain the degrees of the sections we
count with respect to each of the irreducible components of the divisor at infinity.
— (M,).ene and (N,),ene will be families of non-negative integers, with My = Ny = 0.
— a,f: C = 7Z, a <0 < f, are functions on the curve which are zero over some
dense open subset U of C, which will enable us to take into account the irregular
behaviour of the height function at a finite number of places, e.g. places of bad

reduction.
— A(Ca “MoPHND i the constructible set over the curve €' given by U X A,(g_M“N‘) above
_MLWB"UJ’_NL)

U, and with fibres above v € C'\ U given by the affine spaces A,(;‘” .
By construction, this symmetric product has a morphism to S™C'. A point D € S™C (k)

may be seen as an “effective zero-cycle” 3, cc m,v where m,, € N? is such that >, m, = m.
The fibre of the variety (5.4) above D will be

H Ai}av_Mmy7Bv+va)7 (5.5)

veC

that is, a product of affine spaces on which Schwartz-Bruhat functions in the sense of
Hrushovski and Kazhdan may be considered. In the framework of chapter [6] this fibre
will be the domain of definition of the characteristic function of the sections with poles of
orders the coordinates m, 1, ..., m,, of the vector m, along the p irreducible components
of the divisor at infinity.

The identification involves the choice of a uniformiser at the place v, which in
Hrushovski and Kazhdan’s theory may be made arbitrarily, because only a finite number
of places of the field F' are involved. To be able to make such identifications for all places
of F' and keep all operations on families of Schwartz-Bruhat functions algebraic, we discuss
in section [5.3.3| how we can choose uniformisers in a “uniform” way.

Though we define families of Schwartz-Bruhat functions (of level m) in all generality
to be elements of the ring &xp.#., (a,5,m,n), in fact we will use this definition in two
important special cases, namely

— If all the integers N, are zero, the family is said to be uniformly smooth. By looking

at the fibre (5.5)), we see indeed that all the functions in such a family will be
invariant modulo the same “compact open” subset [[,cct7O, of the adele ring
of F. This will be the case for the family of characteristic functions of sections with
given poles mentioned above. The arithmetic analogue of this is the fact that height
functions are invariant modulo some compact open subset of the adeles.
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— If all the integers M, are zero, the family is said to be uniformly compactly supported.
Again, the terminology is clear from the fact that all functions in the family are
zero outside [[,cc 157 O,.
In section [5.4, we go on to define Fourier transformation for such families of functions,
so that it coincides with Hrushovski and Kazhdan’s Fourier transform in each fibre above
a rational point. This operation exchanges the above two types of families of functions.
In section [5.5] we extend Hrushovski and Kazhdan’s summation over rational points to
families of uniformly compactly supported functions. Finally, in section [5.6] we formulate
the Poisson formula for families of uniformly smooth functions.

5.1 Symmetric products

5.1.1 Multidimensional partitions

Fix an integer p > 1, and denote Z = N? — {0} and Zy = NP. Consider the free abelian
monoid over Z:
ND = {(m,),ez € NZ, m, = 0 for almost all ¢}.

To an element 7™ = (m,),ez € N we can associate canonically a p-tuple
M) =Y mu €I,
€T

Thus, we have a well-defined map
A NO — 7.

We say 7 is a partition of m € Z if A\(7) = m.

Notation 5.1.1.1. Recall from notation [3.0.0.1] that another notation for partitions is as
follows: a partition of m can be written in the form [ay,...,a,] where ay,...,a, € Z are
not necessarily distinct and such that a; +...4a, = m. The order of the a; in this notation
is not important: we consider [ay, ..., a,] to be the same as [a5(1), ..., x| for all o € &,.

Example 5.1.1.2. For p = 1, we recover partitions of integers: indeed, in this case an
element 7 of N@) is a finite family (m;);>0 of non-negative integers, A(7) = ;= myi is
some integer m, and 7w determines a partition

i1~
- m; times

of the integer m, the non-negative integer m; being the number of occurrences of 7 in this
partition.
For p = 2, consider for example

=) () 6)
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It is a partition of

(s)=2(1)+(5)

Note that this 2-dimensional partition gives in particular a one-dimensional partition for
each coordinate: [2,2] for the first coordinate, and [1, 1, 3] for the second one. However, it
carries more information than just the choice of these two partitions, since it also matches
up their parts in some way. Thus, the partition

()= (1) (1)-(5)

is different from 7, but yields the same partitions of its coordinates.

5.1.2 From partitions to symmetric products

Let k be a perfect field. Let 7 = (n,),er € N@ and let 2" = (X,),ez, be a family of
constructible subsets of projective varieties over a quasi-projective k-variety X. Assume
moreover that there is an open subset U of X such that X x x U ~ U and such that X \ U
is a finite union of closed points. In chapter 3] in particular in sections and
[3.9.1] we defined a notion of symmetric product S™ %2 . Tt follows from the construction that
S™Z comes with a natural morphism to S™X. Define also for any m € Z, the constructible
set S™(Z) to be the disjoint union of the S™(.2Z") for all partitions 7 of m.

Remark 5.1.2.1. Recall that when p = 1, for any quasi-projective variety X, the variety
S™X can also be obtained directly by taking the quotient of X™ by the natural permutation
action of the symmetric group &,,. For p > 2 and n = (ny,...,n,) € NP, note that giving
an element Y, n,v of S™X is equivalent to giving its p components

<Z nmv) €SMX x...x8"X,
v 1<i<p

Thus, we in fact have a piecewise isomorphism

SPX ~SMX x ... x S"X.

5.2 Motivic Schwartz-Bruhat functions and Poisson
formula of Hrushovski and Kazhdan

We start with a review of Hrushovski and Kazhdan’s motivic Poisson formula from
[HK09], following the exposition in sections 1.2 and 1.3 of [ChL]. Let & be a perfect field.
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5.2.1 Local Schwartz-Bruhat functions

Let F' = k((t)) be the completion of a function field of a curve at a closed point, with
uniformiser ¢, ring of integers O and residue field k. In [HK09], Hrushovski and Kazhdan
considered local motivic exponential Schwartz-Bruhat functions on F": such functions are
analogues of classical Schwartz-Bruhat functions on non-archimedean local fields, that is,
locally constant and compactly supported functions. For each such function ¢, there exist
integers M < N such that ¢ is zero outside t O, and invariant modulo t¥O, so that ¢
can be seen as a function on the quotient t" O/t (O. The latter can be endowed with the
structure of a k-variety, and more precisely of an affine space over k, through the following
identification:

tMO/tNO —  ATM(k)

LEMtM‘f—_}‘xN_ltNil“f‘tNo — (LEM7""$N—1) <56)

This affine space is denoted by A,(CM’N). More generally, for any n > 1 we denote by AZ(M’N)
the affine space (AM™)" which is viewed as a motivic incarnation of (t¥ O /t¥©)". Thus,
a Schwartz-Bruhat function of level (M, N) on F™ will by definition be an element of

S (F" (M, N)) := ExpM ynn). An element E of this ring can indeed be interpreted as
k

a function
p: AZ(M’N) — éaxp///k(z)

by sending a point x € AZ(M’N) to the class of the fibre E,, where k(x) is the residue field
of x. As M and N vary, the rings .(F™; (M, N)) fit into a directed system the direct
limit of which is the total ring .(F™) of Schwartz-Bruhat functions. More precisely, let
us point out that the natural injection tM O/tNO — tM=1O /N O gives rise to the closed

immersion UN Mo1N
i AN AN

5.7
(ajM?"'axN—l) = (OaxMw"axN—l) ( )
whereas the natural projection tM O /tN*10 — tM O /tN O induces a morphism
. A (MN+1) (M,N)

(xMa"wIN) = (xMa"'7IN—1)
which is a trivial fibration with fibre A'. They induce ring morphisms 4, : . (F"; (M, N)) —
FL(F"; (M —1,N)) (extension by zero) and p* : S (F";(M,N)) — ./ (F";(M,N + 1)).

5.2.2 Integration

For any Schwartz-Bruhat function ¢ € (F™), choosing a pair (M,N) such that
v € S(F™ (M,N)) one may define, using the exponential sum notation,

/n px)de =L 3N p(x) € Expy,.

n(M,N)
xEAk
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This does not depend on the choice of (M, N), and defines an &xp.#-linear map

/ . S(F) s Exp M.

5.2.3 Fourier kernel

Fix a k-linear function 7 : F' — k such that there is an integer a with rj.o = 0. The
least such integer a is called the conductor of r and denoted by v. Note that because of
its linearity, r is invariant modulo /O, so that for any pair of integers (M, N) such that
M < N and v < N, it induces a well-defined morphism r*N) A,&M’N) — Aj.

On the other hand, for any two pairs of integers (M, N) and (M’, N') satistying M < N
and M’' < N’, the product map F' x F' — F induces a well-defined map on classes

MO O x M ON O — MM O /N O
where N” > min(M’ + N, M + N'), that is, a well-defined morphism

ALY ¢ AT prraT) 59)

M+MI,NN

Whenever N” > v, this map may be composed with 7 ) which yields a morphism

AN s AN AL

More generally, taking n-th powers and summing the corresponding maps, we get a mor-
phism
AN s ARATND AL

Note that when M’ = v — N and N’ = v — M, the condition N” > v is satisfied. The
morphism
rr AN s ARETNEAD AL (5.10)

defined in this setting is called the Fourier kernel.

5.2.4 Local Fourier transform

The Fourier transform of a function ¢ € 7 (F"; (M, N)) is defined to be the element
Foe S (F";(v— N,v— M)) given by

Fip =LV [ALHN s AR ),

where 7 is the morphism (5.10), and the product is taken in &xp.A,nu.n), and viewed
k

in Exp M ynw-n.o-a). For every y € AZ(V_N’"_M), using the notation from section [2.1.4 of

chapter as well as the definition of the integral in section [5.2.2| we have
Fow) = [ ela)u(rizy)dz.

143



5.2.5 Global Schwartz-Bruhat functions

One can extend the above definitions to finite products of fields. Consider a finite
family (F,),es of such fields F, = k,((t,)), with local parameters ¢, and residue fields k,
(which are assumed to be finite extensions of k) and an integer n > 1. For any family of
pairs of integers (M,, N,)yes, with M, < N, the space of Schwartz-Bruhat functions on
[Toes FI' of levels (M, N,),es is defined to be

<H v 7 M’U) N UGS) = éaxp‘%n Resk /kA’ﬂ(Mv Nv)

vES

where Resy, /i denotes the functor of Weil restriction of scalars. In the case where £ is
algebraically closed, we have

(H Fn, MU7 N ’UES) = gﬂﬁpﬂl—[ An(J\/Iv,N»U)-

veES ves Tk

The ring . (ITyes Fo') is defined as a direct limit of these rings, with the appropriate
compatibilities. The notions of integral, Fourier kernel and Fourier transform defined
above extend easily to such functions (see [ChL], 1.2.10).

We are going to use this in the following setting: let k be a perfect field, C' a smooth
projective curve over k, F' = k(C) its function field. Denote by Ap the ring of adeles
of the field F. The rings . ([1,es Fo'), for finite sets S of closed points of C, form a
directed system, and their direct limit is the ring . (A’L) of global motivic Schwartz-Bruhat
functions on A%.

5.2.6 Summation over rational points

For details on the contents of this paragraph, see [ChL], 1.3.5. Let ¢ be a global
Schwartz-Bruhat function on A, represented by a class in the ring

Exp M,

H Resk /kAn(JV[U Nv)
for some finite set S of closed points of C' and some family (M,, NV,),es of pairs of integers
such that M, < N, for all v € S.

Consider the divisor D = — ", cg M,v on C. For every v € (', the natural embedding
of the field F' = k(C) into its completion F, maps the Riemann-Roch space

L(D)={0}U{f e k(C)*,div(f ZM v}
into tM*©,. This gives rise to a morphism of algebraic varieties
0:L(D)" — (H Reskv/kA,(f“’N”)> :
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The sum over rational points of ¢ € Sxp.# n, denoted by > cm (),

[T, Resy, /A ™)
is then defined to be the image in &xp.#, of the pull-back 6*¢ € &xp. 41 py. It does not
depend on choices.

Remark 5.2.6.1. This definition is motivated by the fact that, when £ is a finite field, for
a Schwartz-Bruhat function ¢ : (Ap)" — C which is supported inside (HU Mo OU) , We
have p(z) =0 for all z & F" N (HU tM”Ov)n = L(D)", so that we have the equality

Yople)= > gl

zeF™ z€L(D)"

5.2.7 Motivic Poisson formula

We fix a non-zero meromorphic differential form w € Q} Fyi- For every v € C, we
choose the linear map r, : F;, — k defined by r, :  + res,(zw) and we compute Fourier
transforms with respect to those. Theorem 1.3.10 in [ChL] states that for ¢ € S (A%}), we

have ¢ € ./ (A}) and
> pa) =L 37 Foy).

TeF™ yekmn

5.3 Families of Schwartz-Bruhat functions

5.3.1 Parametrising domains of definition

Let k£ be an algebraically closed field of characteristic zero, and C' a smooth projective
connected curve over k.

Definition 5.3.1.1. Let X be a variety over k. A function a : X — Z is said to be
constructible if for every n € Z, a~*(n) is a constructible subset of X.

Remark 5.3.1.2. When X = C, a: C' — Z is constructible if and only if it is constant on
some dense open subset of C'. If it is zero on some dense open subset of C', we say it is
almost zero.

The value of a constructible function « at a point v € C' will be denoted «a,,.

Definition 5.3.1.3. Let M, N : C — Z be constructible functions such that M < N.
Let U C C be a dense open set over Wthh they are constant, equal respectively to My € Z
and Ny € Z. We will denote by AC ) the variety over C’ isomorphic to U X A (Mo.No)

over U, and with fibre above u ¢ U given by A (M, N)
(A(CM N)) , Or AZ(M M the variety over C' defined by

. Furthermore, we will denote by

A(CM’N) Xo ... Xo A(CMJV),

where the product contains n factors.
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Recall that we denote by Z, the additive monoid Z%, and 7 = Z, \ {0}. Fix two almost
zero functions «, f : C — Z such that « < 0 < 5. Denote by U a dense open subset of C'

over which o and 3 are zero. Fix also two families of non-negative integers M = (M,) ez,
and N = (N,),ez,, with My =0 and Ny = 0.
We have a family of varieties (AZ(Q_M“B +N‘)> . over C, giving rise to symmetric

JASV )
products

A, B, M, N) = 5™ <(Ag<“—MLﬁ+NL>)L€IO) (5.11)

for all m € 7.

By the definition of symmetric products, all these objects are varieties endowed with
natural morphisms to S™C, which we denote wy, : (e, 3, M, N) — S™C for every
m c I().

Remark 5.3.1.4. For clarity, let us point out that, where in definition [5.3.1.3[objects denoted
M, N were constructible functions, from now on, except when explicitly stated (that is,
except in section , they will denote integers. The possible variation above a finite
number of places will be taken care of by the almost zero functions o and /.

Remark 5.3.1.5. Denote by ¥ = {z1,...,x,} the complement C'\ U, which is a finite union

of closed points. By corollary [3.3.3.1| from section of chapter 3, @, («, 5, M, N) is
the disjoint union of locally closed subsets isomorphic to products

m, n(fMuNL) > m; n(ax'_M“Bx'J'_NL)
o (@) ) e (W) ) e

for all mg, ..., m, € 7y such that mg + ... + m, = m. By example [3.2.1.5[ of chapter
the variety (5.12)) is isomorphic to

m n(—=M,,N,) s n(ag. —Mm . ,Bz.+Nm.)
S0 ((AU )L€I> X HlA{%'}J jPej+Nmj)
]:

Remark 5.3.1.6. Though these definitions depend on the choice of U, the ring

éaxp%;z{m(a,ﬁ,M,N)

which we will consider later won’t depend on it.

5.3.2 The fibres of the domains of definition

Let D € S™(C, with residue field (D). We want to describe the fibre w_ (D) above
the point D. We know that S™C' is the disjoint union of locally closed subsets isomorphic
to

SMoU x gmTmey]

for all mg € Z; such that my < m. Let my < m be such that D belongs to the subset
corresponding to mg. Since the field k is algebraically closed, S™~™°} is a disjoint union
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of a finite number of closed points, and therefore the variety S™oU x S™~™03] has a finite
number of connected components each corresponding to a point of S™ ™03, Thus, the
schematic point D of S™C'is of the form (Dy, Dy), where Dy € S™U and Dy, € S™™™0%,
Let m = (m,),er be the partition of mgy such that Dy € S™U. On the other hand, Dy, is
an effective zero-cycle with coefficients in Zy and with support contained in X, so it may
be written in the form

Dy =myz; + ... +mux, € S™ MY

for my,...,my, € Zy such that my + ... + my = m. Using remark [5.3.1.5| as well as
proposition from section of chapter [3] the fibre above D is of the form

[T Amnveet o H ALy P lims). (5.13)
LET

More precisely, we have the diagram

(I[Lez U™), <— (HLEI AT ML,NL)>

| |

STU ST((AG" M) er)

*,U

where the vertical maps are the quotient morphisms, the upper horizontal line is a trivial
vector bundle, and the lower line is a vector bundle. Let Dj, be a point of ([T,ez U™),
lifting Dy € S™U. Taking fibres above Dy and Dy, and denoting by K the residue field
of Dy, (so that K is a finite extension of (D)), the diagram becomes

Spec K <——T1,ez Azm(fM“Nb)

|

m,n(N,+M,
Spec k(D) <—TI,ez AH(D( M)
so that we have a linear K —isomorphism

HAan —M,,N HAan(NL—I—ML) ®5(D) K.

€T €T

In other words, the fibre above Dy is a twisted form of the variety

H Amm —M,,N,)

€T

which splits above the finite extension K of k(D).
We may conclude that the fibre 2, («, 8, M, N)p above D may be seen as the domain of
definition of a Schwartz-Bruhat function, up to extension of scalars to some finite extension

of k(D).
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Remark 5.3.2.1. We write A:I(Lg)(NﬁML) instead of A:I(Lg)(M"NL) to signify that through the
quotient morphism, the chosen identification of the form is twisted. Therefore, when
looking at functions on such a fibre wy,! (D) later, for example in section [5.5.1] we will pull
them back via the quotient morphism before performing operations on them which via
(5.6) can be understood as analogues of operations from classical Fourier theory .

Let us make the particular case where D € S™C(k) more explicit. Recall k is alge-
braically closed. Thus, D may be seen as an effective zero-cycle 3" ¢, v for points v € C'(k)
and ¢, € Zy, and (5.13) may be written in the form

H An(a'v_MLv JBu+Nu,)
k
veC

because the field k is algebraically closed.

5.3.3 Uniform choice of uniformisers

In section [5.3.1] we have defined families of domains of definition of Schwartz-Bruhat
functions: the product [T, A" has to be understood as representing [T, £ O, /t* O,
However, this identification depends on the choice of the uniformisers ¢, at each place v,
and therefore so will some of the operations we are going to perform in what follows. This
choice has to be made as uniformly as possible, so that these operations remain algebraic.
We explain in this section how this can be done.

Lemma 5.3.3.1. Fiz a non-constant element t € k(C). Then there is a dense open set
U C C such that for all v € U, the function t, =t — t(v) is a local parameter at v.

Proof. Denote by Uy an open dense set of C' on which ¢ is regular. We therefore get a
holomorphic differential d¢ on U,. It is non-vanishing when restricted to some open dense
subset U of Uy. At any v € U, the function %, is an element of the maximal ideal m,,, and
its differential d(¢,) = dt is non-zero, so it is a local parameter. ]

From now on, we fix such an element ¢t € k(C'). The uniformiser at any place v in the
open set U furnished by the lemma will be given by ¢, =t — t(v). For v € C\U, we fix
some arbitrary uniformiser t,.

Lemma 5.3.3.2. Let f € k(C). For any v € C, write the t,—adic expansion of [ as

Z ap(fa U>t€ € Fv-

pEZ
There is an open dense subset U’ of U such that for any integer p, the map

a,(f,): U — k
v = aP(f?”)

s a reqular function.

148



Proof. Denote by U’ an open dense subset of U over which f is regular, so that the a;
with i < 0 are identically zero. For any v € U’, we have by definition f(v) = ao(f,v),
and therefore ag(f,-) = fiur is a regular map. Now, the differential df is a holomorphic
differential on U’, so there is a regular function f; : U" — k such that df = fidt. On the
other hand, differentiating the t¢,-adic expansion of f, we get, since dt = dt,,

df = (a1(f,v) + 2as(f,v)t, + 3as(f,v)t2 +...)dt

Thus, since the differential d¢ doesn’t vanish on U’, we have a;(f,-) = fi, which is regular.
To prove regularity of as(f,-), replace f by fi and proceed in the same way. By induction,
we get regularity of all a,’s. ]

5.3.4 Families of Schwartz-Bruhat functions

Definition 5.3.4.1. Let m € Z,. Let a,be : C' — Z be almost zero functions such that
a<0<p, and let M = (M,),ez,, N = (N,),ez, be two families of non-negative integers
such that My = Ny = 0. The elements of &xp.# 4, (a1~ are called constructible families
of Schwartz-Bruhat functions of level m.

Let ® € &xpM oy, (a,5,m,n) be such a family of functions, and let D be a schematic point
of S™C'. The fibre of <, (a, B, M, N) above D has been computed in . Restricting ¢
to it, we obtain, up to extension of scalars to a finite extension of the residue field of D, a
Schwartz-Bruhat function ®p in the sense of Hrushovski and Kazhdan. Thus, ® gives rise
to a family of “twisted” Schwartz-Bruhat functions (®p)pesme indexed by D € S™C.

In the particular case when D € S™C/(k), denoting by |D| the support of the effective
zero-cycle D, in the notation of section [5.2.5, we have

op e s ( H k(C)ys (= M,,, By + NLU)U€D|UE) )

vE|D|UX

and k(C), is the completion of the function field k(C) at the place v.

5.3.5 Uniformly smooth or uniformly compactly supported fam-
ilies
In a similar manner to (5.7)) and (5.8]), we may define constructible morphisms
p i ALTMBN) g (a=Mo)

and
,i:A(C?‘76+NL) %A(CO"*MLHB‘FNL)
for every + € Zy. Above v € C, the first one is a projection on the first 8, — o, + M,

coordinates, and the second one is

(l’av, . ,$3U+NL_1) — ( 0,...,0 s Ly v+ + ,$5U+NL_1>.
——

M, coordinates
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Taking symmetric products, we get, for every m € Z;, morphisms
. m a—M,,B+N, m a—M, B
P - ST((AE Nier,) = S™(AE) ex,),

i ST(ALPTNY ) = Sm((ASTMN), ),

that is,
pm : %m<a7/67M7N) % ,Q{m(Oé,B7M,O>

and
im : Dm(a, 3,0, N) = @ (a, B, M, N).

Those induce injective ring morphisms

P EXPM ipy(0,8.M,0) = ETPM ety (0,8,M,N)

and
im, : ETPM of(0,3,0,N) — EXPAM opy(0,8,M,N)-

Definition 5.3.5.1. Let ® € &xp.sy, (ap,m,n) be a constructible family of Schwartz-
Bruhat functions of level m. It is said to be

— uniformly smooth if it belongs to the image of the morphism ps,.

— uniformly compactly supported if it belongs to the image of the morphism %y, ..

A word of explanation on this terminology, which is inherited from the classical p-
adic setting: let ® be a constructible family of functions. If ® is uniformly smooth, then
every &p for D = Y, 1,v € S™C(k) may be seen as an element of &xp., AP0 Muy B0)

vk

that is as a function on [, t**~Mw(,, invariant modulo [], t**O,,, this invariance domain
being independent of D. In the same manner, if ® is uniformly compactly supported,
all ®p are supported inside [], t** O, independently of D.

5.4 Fourier transformation in families

5.4.1 Local construction of the Fourier kernel in families

Let w € Qp/ be a non-zero meromorphic differential form. For every closed point
v € C we write v, = —ord,w, so that divw = — 3 cov,v. Then for every v we get a
k-linear map r, : F,, — k given by

ro(z) = res,(zw).

It is non-zero, and its conductor, that is, the least integer a such that 7.0, is zero, is
equal to v,.

Let M < N be constructible functions as in definition [5.3.1.3] with the additional
assumption that for every v, we have v, < N,. Using lemma [5.3.3.2] we see that the map r
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Ny A(CM’N)

gives rise to a piecewise morphism > — A}, sending an element (v,z) to

Ty().
Fix two additional constructible functions M’, N’ : C — Z such that M’ < N’. For
every v, the product map F, x F, — F,, defines a morphism

A(nyNU) X x(0) A(M' NG) 3 A MU+M’(/MN1/1/) (514)

K(v) K(v) K (

where N” = min{M + N’, M’ + N} (see (5.9)). More precisely, there is a morphism of
constructible sets over C

A(CM,N) XCA(CM’,N’) . A(CM-‘,-M’,N”)
such that for every v € C the induced morphism on the fibre above v is (5.14). When
N" > v, for example when M’ = v — N and N’ = v — M, this can be composed with
r(M+MLNY) ¢4 get a constructible morphism
AL s ABTND AT (5.15)

The restriction to the fibre above v is given by the Fourier kernel (z,y) — r,(zy) from (5.10]).
Thus, the map ((5.15)) may be interpreted as a parametrisation of all local Fourier kernel
maps induced by the differential form w.

5.4.2 Global construction of the Fourier kernel

Fix two almost zero functions o < 0 < (3, and two non-negative families of integers
M = (M,),ez, and N = (N,),ez, such that My = Ny = 0. According to the discussion in
the previous paragraph, for any ¢ there exists a constructible Fourier kernel morphism
Ag(a—ML,ﬂ—i-NL) XCAZ(V—ﬂ—NL,V—a—l-ML) —>A1

Taking symmetric products, we get morphisms

T D, B, M, N) X gmc D(v — B, —a, N, M) — A, (5.16)
for any m € 7, using the following straightforward lemma:
Lemma 5.4.2.1. Let 2" = (X,) and ¥ = (Y,), be families of constructible sets over X,
and assume that for every v we are given a constructible morphism f, : X, xx Y, — Al.
Denote by 2 xx ¥ the family (X, xx Y,),. Then for every m € N there is a natural
piecewise isomorphism,

SN xx ) = S(Z) xgm(x) S™(¥)

given by

Z L(<xL,17 yL,l)a teey (-TL,nLa yL,nL)) — (Z [’(xL,l +...+ xb,m)a Z L(yL,]. +...+ yLJLL)) )

L L L

through which the morphism f™ : S™(Z xx %) — Al becomes

(Z L(zL,l +...+ xL,Th)? Z L(:UL,l + ...+ yL,nL ) — Z :CL 1, yL 1 + . f(xL,nLa yL,TLL))'

L L
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Using the description of the fibre above D from [5.3.2 we see that for every D € S™C),
the morphism

D : JZ{ni(@?ﬁvjw'u]\f)D ><,‘»c(D) %moj_ﬁay_a?NaM)D — Al

induced by 7, on the fibre above D is a twisted form of the Fourier kernel of Hrushovski
and Kazhdan. The twisting being linear, rp is a x(D)-bilinear map.

5.4.3 Fourier transform

To define the Fourier transform of a family of Schwartz-Bruhat functions
S € ExpMopy(a,8,M,N),

we start by defining the factor we need to normalise it by, so that it does not depend on
the choice of f and N.

For this, we start with the family of C-varieties (Ag(ﬁ +NL))L610. Taking symmetric
products, we get a constructible morphism

S™((AGT) ez,) = S™C. (5.17)

Using the notation in remark and section [5.3.2] U an open dense subset of C' above
which  is zero, ¥ = C'\ U, mg € Zy such that my < m, Dy =3 5 t,[v] € S™ ™Y and

m = (m,).ez a partition of my we get, by proposition [3.4.0.1| from section of chapter
that the restriction of (5.17)) above the locally closed subset S™U x {Ds} of S™C is a

vector bundle of rank 3>, nm, N, + > cx (B8, + N,,). Thus, the class of (5.17)) in &xp. M gmc

1S

3 3 3 L2 Nt L ex MBeANL) 16T 5 [ D} —5 S™C,
mo<m D5 eSMm-moy m=(m.),e1

DZ:ZUEE to [U] ZLGI m.t=1mo

and it makes sense to consider
[S™(AET) ez,)] 7! € Eaplome
defined by the formula

Z Z Z L_ZanLNL_ZveE n(6”+NLU)[SﬂU X {Dz} — SmC],
mo<m DyeSm—moy W:(mL)LGI
De=3,extlt] X, cpmu=mo

that is, the same one as above, but with the powers of L inverted.

Remark 5.4.3.1. This element is indeed the inverse of [Sm((AZ(’BJFNL))LGIO)] in ExpMemc,
so our notation is consistent.
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We denote by Ry, the element of the Grothendieck ring

fffp«//égfm(a,ﬂ,M,N) X gm ¢ .%m (V—B,v—a, N,M)

given by
Rm = [Mm(a7ﬁ7M7 N) X gm¢ Wm(y _677/ - Oz,N,M),’I“m]-

Moreover, we denote by pry, pr, the projections
pry @ (o, B, M, N) Xgmc (v — B,v — a, N, M) — (o, 5, M, N)
and
pry @ (o, B, M, N) X gme Dy (v — B,v —a, N, M) — (v — f,v —a, N, M).

Let ® € SxpM oy (a,8,m,n) be a constructible family of Schwartz-Bruhat functions. The
family F#® € ExpM oy, (v—p.v—a,n,m) is defined by the formula

Fo = [(S™(AZTND))cz ) (o) (pr))*® - Ren) € EXptl(y—p—ann)

where - is the product in the Grothendieck ring &xp. A o, (a,8,1,N) x sm ¢ o (v—B,v—a, N, M) -
Explicitly, if ® = [V, f] € Exp M o, (a,5,m,n), then F P is given by

[V X en (a,BMN) ( BaM N) XS’“CJZ% ( ﬁay_a/anM)afoprl_’_Tm(prQ'pIS)]

multiplied by the normalisation factor [(Sm((An(ﬂ+N )eezo))] T

Remark 5.4.3.2. Taking N = 0 (resp. M = 0) one can see that the Fourier transform of
a family of uniformly smooth (resp. uniformly compactly supported) functions is a family
of uniformly compactly supported (resp. uniformly smooth) functions.

5.4.4 Compatibility between symmetric products and Fourier
transformation

This section deals with the special case where ® € Srp. .y, (o p,m,n) is given by a
symmetric product. More precisely, suppose we are given, for any ¢+ € Z,, an element
. € EXPMynio-m.p+n,), and that @ is the symmetric product S™((¢,).ez,). There is

C

a natural notion of Fourier transformation for elements of the ring &xp.# AP (O My BN 5
C
defined in the following manner: denote by r, the Fourier kernel

Ag(a_Muﬁ‘i‘Nn) XCAZ(V_'BJFN“V_OH_ML) N Al

defined in ([5.15)) and by R, the element of the Grothendieck ring

ffﬂ@p«///ArCL(a—M“mm) XCAg(u—ﬂ+N1,,u—a+ML)
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given by
RL _ [ATCL«(Q_ML’6+NL) X0 Ag(l/—,@—i—NL,V—oH—ML)’ TL]-
Moreover, denoting again by U the open subset of C' on which o and 8 are zero and by X

-1
its complement, we define the element (Ag(ﬂ +NZ)) of &xp.M by

LN U — C) 4+ Y LN} — 0.

vEX
We denote by pry, pr, the projections

prl . AZ(Q_M“BJ’_NL) XCAZ(V_5+NL7V_Q+ML) - AZ(CY—ML76+NI,)

and
pr, - Ag(anL,BJrNL) XCAZ’(Vf,@+NL,Vfa+ML) N Ag(uf,BJrNL,VfonrMb)‘

We then define

n i -1 *
Foi = (ALT) 7 Pro)(or1)" i - R.) € Expll ynosiniwarsn

where - is the product in the ring &xp.# AT(EMUBEN o AR BNt M)

Remark 5.4.4.1. For every v € C, denote by ¢, , € ExpM \n(oy-,.p,+n. the local Schwartz-
m(v)

Bruhat function obtained from ¢, by restriction to the fibre A"Ea)” MoBotNo) o Ag(a M.,B+N.)

above v. By definition of the Fourier transform of a local Schwartz-Bruhat function (see

section [5.2.4] ) as well as of the Fourier kernel r, (see section , we see that

T (uw) = (F Pi)o

in& J;p,/// n(vo—Bu+Noww—avt M) , Where the right-hand side is the restriction of .% @; to the fibre
H(U)

AK§ ) ~ButNopo=autM.) . Thus, the operation we just defined performs Fourier transformation

on families of local Schwartz Bruhat functions parametrised by C, with level constant
except at a finite number of closed points.

Proposition 5.4.4.2. We have
ﬁsm((%)be%) = Sm((ﬁSOL)LEI())'
Proof. By definition of r,, and of ®, with the notations from the previous sections we have

(pro)i((pr1)"S™((0)iezo) - Bm) = S™ (((pro)i(pr1)" @i - Ro))sezo)

since the projections in the previous section are obtained from those in the previous section
by taking symmetric products. Therefore, by lemma [5.4.2.1 we get the result, comparing
the normalisation factors. ]
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5.4.5 Inversion formula

This section will not be used in what follows, but we include it for the sake of com-
pleteness.

For every ¢ € Z, define a constructible morphism A(Ca TMGBEND) A(Ca TMBEND o
(C-varieties by

(U7 xavfML7 cte 7'%,8'u+NL*]-) — (U, _xa’lliML7 ct _xﬁy‘i’NL*l)'
Taking symmetric products, it induces a constructible morphism of S™(C-varieties
inv,, : Zm(a, 5, M, N) = y(a, 5, M,N).
This Fourier transform satisfies the following Fourier inversion formula:

Proposition 5.4.5.1. For every ® in Exp.M oy, (a,5,m,n), we have
FFZ0=L"2"2% o inv,,

m é"xp///wm(a,&M,N)'

Proof. Note that looking at the fibres of the constructions in the previous paragraphs above
every rational point D € S™C(k), we recover the theory from [ChL], described in section
(.2 For a general schematic point D € S™C, we recover a twisted version of this theory.
Theorem 1.2.9 in [ChL] implies that we have

FFOp(xr) =L 2Ddy(—2)

for all rational points D € S™C(k). The heart of the proof of theorem 1.2.9 is the fact
that the domains of definition of our functions are affine spaces, that the Fourier kernel
is bilinear and the use of the relation [A',id] = 0. Therefore, this proof generalises easily
to the twisted setting, and the Fourier inversion formula is valid for &, for any schematic
point D € S™C'. We may conclude using lemma [2.1.3.1} ]

5.5 Summation over k(C)"

5.5.1 Summation for twisted Schwartz-Bruhat functions

We defined constructible sets 2, («, 5, M, N) lying above the symmetric power S™C' in
section [5.3.1] and gave an explicit description of the fibre above a point D € S™(' in section
[5.3.2] which shows that it may be seen as a twisted version of the domain of definition of a
Schwartz-Bruhat function in the sense of Hrushovski and Kazhdan’s theory. A function ®
on @, (a, 8, M, N) may therefore be seen as a family (®p)pesme, each ®p being a function
on iy (a, B, M, N)p. In this section, we explain how Hrushovski and Kazhdan’s operation
of summation over rational points from section may be extended to the functions ®p.
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In the notation of section , we have D = (Dy, Dy) € S™U x S™ ™03 where U
is a dense open subset over which o and 8 are zero, and ¥ = C' \ U, a finite union of
closed points, is its complement. Moreover, for some partition 7 = (m,),ez of mg, we have
Dy € S™U. Via the quotient morphism

(H U m) — S™U,
e %

the schematic point Dy € S™U pulls back to some K-point Dy, of ([T,ez U™),, where K
is a finite extension of the residue field k(D) of D. We choose Dj; so that K is of minimal
degree. We denote by v, ; the projection of Dy, on the j-th copy of U in the factor U™.

This gives us a collection {v, ;} ez  of K-points of the open subset U of the curve C, all
JE{L,im}
distinct because they come as projections from a point in the complement of the diagonal.

Remark 5.5.1.1. A different choice of Dj; amounts to a permutation of the points v, ;
via the G = [[,ez G, -action on ([T,ez U™),. More precisely, the quotient morphism
(I[T,ez U™), — S™U being étale, the fibre product ([T;ez U™), Xs=y Spec k(D) is the
spectrum of an étale algebra € over k(D), endowed with a G-action such that £9 = k(D).
The étale algebra £ is isomorphic to some power of K, and the point Dy, is one of the
irreducible components of Spec €. If we denote by H the subgroup of G stabilising Dy;, then
the invariant field K7 is k(D) (see e.g. proposition in chapter . Consequently, in

the commutative diagram

Spec K <——[],ez Amm( Me,N)

Spec (D) ~— ez Ajp "™

the vertical morphisms, induced by the quotient morphisms on the fibres above Dy and Dy,
are exactly the quotients by the action of the finite group H. The diagram gives an
equivariant K-linear isomorphism

HATI?Ln(fML,NL HAmm (M,+N,) n(D) K.

€T LET

This induces a x(D)-linear isomorphism between the x(D)-points of the left-hand side
(that is, the points invariant by the H-action) and the affine space [],c7 A:L(‘g)(MLJFNL). In

other words, the morphism ¢p,, induces a x(D)-linear isomorphism on (D)-points.

We define an effective zero-cycle Ep on the curve Cyp), that is, the curve C' seen as a
curve over the field (D), by

Ep = ZML(/UL’I +...+ UL,TTLL) - Z(Oé’v - MLv)U

€T VED
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where the ¢, are given by Dy, = > 5 ty[v]. The zero-cycle Ep has the same field of
definition as D, that is, k(D), and an associated Riemann-Roch space

Lyp)(Ep) = {0} U{f € w(D)(C),divf > —Ep},

which is a finite-dimensional vector space over (D).
Then we may define a morphism

n nmL NL M, n U_MLUMBU NL/U
Op : Lup)(Ep)" — “m(c, 3, M, N)p = [[ ALp M <up) ] ARE%) )

€T vED

in the following manner. We start by defining an intermediate morphism

eb . LK] _> HAnmz ML)NL XK H An(av MLu’BU_'_NLu)
€T vEY
For simplicity, assume n = 1. Then, for any f € L.p)(Ep):
1. Image of f in the component [], A&?”_ML“’B”JFNL“): it is given, for each v € X,
by the coeflicients of the v-adic expansion of f in the range o, — M,,, ..., B, +N,, —1.

2. Image of f in the component [] .7 AmL( M L We may consider f as an element
of the function field K (C') of the curve C seen as a curve over K. We therefore send
f to the point of

[T A"

LeT j=1

with (¢, j)-component given by the coefficients of orders —M,, ..., N, — 1 of the v, ;-
adic expansion of f. Note that f will define a x(D)-point of this above affine space.

Then we compose 0}, with the quotient morphism

qD H Ambn ML,NL) XK H AnK(aU_MLU”BU—i—NLU) % ﬂm(a, /6, M7 N)D

LeT vEX

to get 6p = qp o 0.

Remark 5.5.1.2. Because of the composition with the quotient morphism, a different choice
of Dy, gives the same 6p.

Definition 5.5.1.3. For ®p € Exp oy, (a,p,0,n)p, We define its summation over rational
points, denoted - yo) ®p(), to be the class of 07,@p in Exp.ayp)

xen

Lemma 5.5.1.4 (Poisson formula). For &, € ETPM oty (0,3,M,N),» WE have the equality

Z CI)D(I) = L(l—g)n Z ﬁCI)D(ZE)

z€r(D)(C)™ z€r(D)(C)™
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Proof. By the same kind of reduction as in the proof of theorem 1.3.10 in [ChL], it suffices
to prove the formula in the case where ®p is given by a class [{a} — &/ («, 5, M, N)p]
where a is a rational point of </ («, 5, M, N)p. We may also assume n = 1.

We are going to use the notations from section throughout the proof, denoting
with a tilde the objects pertaining to the Fourier side: ¢p for the quotient morphism

[T ALK s TL AR e M) o o = B,v — a, N, M)p,

€T vEXN

Ep for the divisor

ED = ZNL(UL,l + ...+ UL,mL) - Z(VU a ﬁv o NL“>U’

T vEX

0p, 0 p for the summation morphisms, etc.
Define the zero-cycle

Ap =3 N+ (8, + Ny =Ep—divw

on Cy(p). It has the same field of definition as D, namely x(D).

The proof is essentially the same as the proof of theorem 1.3.10 in [ChL]: it will boil
down to the theorem of Riemann-Roch and Serre duality for the divisor Ap on the curve
Ci(py over the field x(D). We refer to [ChL], 1.3.7 for reminders on these results.

Denote by Fp the function field x(D)(C') of the curve Cy(py. For any divisor £ on
Cy(p) define

Q(E) = {UJ € QFD/K(D),CUVW > E},

AFD(E) = {CL c AFD,diVCL > —E}

Recall that Serre’s duality theorem says that for any divisor £ on Cy(py, the morphism
QFD//-;(D) — HOIIl(AFD, R(D))

given by

o (0 St

S

induces an isomorphism
Q(E) — Hom(Ap, /(Ap, (E) + Fp), (D))

identifying Q(F) with the orthogonal subspace of Ap, (E)+ Fp in Hom(Ap,, k(D)), which
itself is isomorphic to the dual of the cohomology group H'(Z(E)).
By remark , a rational point a € 2y («, f, M, N)p comes from a x(D)-point b of
the fibre
HA%L(*MMNL) X H A}(gav*MLv,ﬁquNw)

ET vEX
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via the quotient morphism
L _ML7NL U_M//U7 v NLU
qD:HA?( )XkHA](Ca Pot )%Mm(a,B,M,N)D.
€T vEX

Thus, it corresponds to the characteristic function of a polydisc inside the adeles Ag ()
with x(D)-rational centre b and radius described by the divisor Ap. The Fourier transform
FPp is defined on the k(D)-variety @y, (v — 8,v — a, N, M)p, which is the image of the
quotient map

Gp : [J AR s T AL M) o (v — B,v — o, N, M)p.

€T vEX

Let us compute the right-hand side of the Poisson formula. For this, recall that the
Fourier kernel

Dt Gn(a, B, M, N) X (p) Zm(v — B, v —a, N, M) — A’
is a x(D)-bilinear morphism satisfying
TD(QD (U), CYD (U)) = T’(U, U)

for any x(D)-rational points u, v of the fibres described above, where r is the Fourier kernel
associated to the differential form w on the adeles Ag(c).
By definition, for any y € @4, (v — B,v — a, N, M)p(k(D)), we have

iQ\CI)D(y) = L_degAD[{a} X&fm(a,ﬁ,M,N)D Wm(chﬁa M’ N)D XH(D) {y}7rD(pr27 prS)]
= L~ %#*?[Speck,rp(a,y)]
L4804 (rp(a, y))

For any f € Lyp)(divw + Ap), we have
ro(a,0p(f)) = r(b,0p(f)) =D resy(bsfw)

where the sum goes over the points of the curve C'x. Note that the map f — fw identifies
Lypy(div(w) + Ap) with Q(—=Ap). By invariance of the residue, f +— rp(a,f0p(f)) is
identically zero on L,py(divw + Ap) if and only if b € Q(—Ap)*. By lemma 1.1.11 in
[ChL], we have

S Fop@) = LS (e 0p(f)

z€Fp feL(div(w)+Ap)
L—degAD-l-dimLK(D)(divw—l-AD) ifhe Q(_AD)J_
- 0 otherwise.

Thus, by the Riemann-Roch theorem applied to Ap on the curve Cypy we have:

L' Y Fop(z) =

zeFp

LdmL(-Ap) ifp e Q(—AD)L
0 otherwise
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We now compute the left-hand side of the Poisson formula. If b = (by), € Q(—Ap)* =
Ap, (—=Ap) + Fp, there exists ¢ € Fp such that div(c — b) > Ap. In other words, there
exists an element c¢ of Fp in the polydisc of centre b with radii controlled by the divisor Ap.
Then the intersection of Fp with this polydisc is exactly ¢ + L(—Ap), so that

Z (I)D(fﬂ) = Z (I)D(ZL‘ — c) = Z 1= LdimL(—D)'

z€Fp z€Fp z€L(-D)

If on the other hand b € Q(—Ap)*, then the intersection of Fp with the polydisc is empty,
and the sum on the left-hand side of the Poisson formula is zero. This concludes the
proof. ]

5.5.2 Uniform summation for uniformly compactly supported
functions

In what follows, we are going to show that summation over x(D)(C) may be done
uniformly in D if ® is a family of uniformly compactly supported functions, that is, if all
integers in the family M are zero. Let us recall the key point of the construction in this
particular case: the zero-cycle Ep from section is equal to D, = — Y, a,v, and we
are interested in the space L, p)(Da). Since D, is defined over k, by flat base change (see
e.g. [Milne|, theorem 4.2 (a)) we have a k(D)-linear canonical isomorphism

Lp)(Da) ~ L(Dy) ®y, k(D)

where

L(Dy) = {0} U{f € k(C),divf > —D,}.

There is a morphism of algebraic varieties over x(D):
9D . L(Da>n ®k H(D) — fdm(a7 67 07 N)D7

constructed in the previous section.

The aim of the following proposition is to show that, as D varies in S™C', the maps 6p
can be combined into a morphism performing summation over rational points uniformly
in D. Of course, our uniform choice of uniformisers will be crucial here.

Proposition 5.5.2.1. There exists a constructible morphism
Om : L(D,)" x S™C — o (a, 5,0, N)
over S™C' such that for any D € S™C, the induced morphism
L(Dy)" @ k(D) — @ (cr, 5,0, N)p
on fibres above D is exactly the morphism Op constructed above.
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Proof. Lemmal5.3.3.2|shows that for any f € L(D,) and any ¢ € Zy, there is a constructible

morphism

of, C — A BN,

over C, sending v € C to (v, aa, (f,v),...,as,+n,-1(f,v)) (where we use the notation from

lemma [5.3.3.2). Taking products over C, for any f = (f1,...,f.) € L(D,)", and any
L € 1y, there is a constructible morphism

o, C— AZ(Q’BJFNL).
Taking symmetric products, for any m € Z; we get morphisms
S™pr: S™C — @ (a, 8,0, N).

Finally, L(D,)" being a finite-dimensional k-vector space, combining these morphisms
for a basis of the latter, we get constructible morphisms

O : L(Dy)" x S™C' — A (av, 3,0, N).

By construction, the restriction to the fibre over a schematic point D € S™C' corresponds
indeed to 6p. O

We see L(D,)" x S™C' as a variety over S™C' via the second projection, which yields
a group morphism
éﬂl‘p%L(Da)”xSmC’ — éal’p./lsmc,
interpreted as “summation over rational points in each fibre”. Using this morphism, we
can define uniform summation over rational points:

Definition 5.5.2.2. Let ® € &xpym(ap0,n) be a family of uniformly compactly sup-
ported functions. The uniform summation of ® over rational points, denoted by

( > ‘I’D(x)) :
z€r(D)(C)™ Desme

is the image in &xp.#smc of the pullback 6%

Remark 5.5.2.3 (Order of summation). Starting from a uniformly compactly supported
family ® € @™ («,3,0,N) and pulling it back to L(D,)" x S™C via 6, we obtain
an object of &xp.A1(p,)nxsmc, from which we can get an object of &xp.#)., by either
projecting first to S™C' and then to k, or first to L(D,) and then to k. The fact that these
two operations commute can be interpreted in terms of motivic sums as the possibility of
interchanging the order of summation:

> Yo Opla)= > > Pp(a)

DeSMC zer(D)(C)n z€k(C)n DESMC

Here 3, cp(cyn denotes summation over L(Dy,).
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5.6 Poisson formula in families

In this section we describe the way in which the Poisson formula is going to be used in

section of chapter [0}

5.6.1 Uniformly summable families

Definition 5.6.1.1. We say that a constructible family of functions
S gl‘p%ﬂm(m@M’]\[)

is uniformly summable if there is an element 3 € &rp.#smc such that for any schematic
point D € S™(C'), the pullback of ¥ along D is 3= ,c..pycyn Po(x) € ExpMy(p).

Remark 5.6.1.2. By lemma [2.1.3.1] such an element is unique.
Notation 5.6.1.3. The element X from the definition will be denoted

zer(D)(C)™ DesmC

Example 5.6.1.4. We showed in the previous section that a uniformly compactly sup-
ported family of functions is uniformly summable. The notation in definition [5.5.2.2] is
consistent with the one in [5.6.1.3

5.6.2 Motivic Poisson formula in families

Let ® € &xpoy,(a,p,mn) be a constructible family of Schwartz-Bruhat functions,
which we assume to be uniformly summable. By the motivic Poisson formula as it is
stated in lemma [5.5.1.4] for any schematic point D € S™C, we have

Z q)D(l') = L(lig)n Z ﬂ’CI)D(y)
zer(D)(C)™ yER(D)(C)™

We may conclude from this and from lemma [2.1.3.1] that the family
F O € ExpM g (v—Bv—a,NM)
is uniformly summable as well, and that
( > Q)D(x)) =L-9n ( > ﬁ@D(y)) (5.18)
zer(D)(C)" DesmC yer(D)(C)" DesSmC

as elements of &rp.Msmc.

In other words, the Poisson formula from lemma shows that @ is uniformly
summable if and only if .#® is uniformly summable, and that in this case the families of
their sums are related by a Poisson formula [5.18]
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5.6.3 The case of a uniformly smooth family

In chapter [6] section [6.2.6] we are going to use this formula in the case where @ is
a uniformly smooth family, so that .#® is uniformly compactly supported. By example
5.6.1.4 . ® is then uniformly summable, and section [5.6.2| states that so is @, and that we
have equality . Taking classes in &xp.#). (written as motivic sums), we then have:

>y @)=Ll Y o) (5.19)

DeS™C zer(D)(C)n DeS™C yew(D)(C)"

5.6.4 Reversing the order of summation

By remark [5.5.2.3] it makes sense to reverse the order of summation in the right-hand-

side of , to get:
S Y @p@) =L Y Y Sy (5.20)

DeS™C zer(D)(C)" yek(C)n DES™C

Remark 5.6.4.1. For simplicity of notation, in chapter |§| we will drop the mention of (D)
in the summations, and write simply > ,cp(c)-
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Chapter 6

Motivic height zeta functions

6.1 Geometric setting

6.1.1 Equivariant compactifications

Let k be an algebraically closed field of characteristic zero. Let Cy be a smooth quasi-
projective curve over k, C be its smooth projective compactification, and S = C'\ Cy.
We denote by F' = k(C') the function field of C, g its genus, and G the additive group
scheme GJ'. A smooth projective equivariant compactification of G is a smooth projective
F-scheme X containing G as a dense open subset, and such that the group law Gp x
Gr — G extends to a group action Gp x X — X.

The geometry of such varieties has been investigated in [HT]. We summarise here the
main facts that will be used in this chapter.

Proposition 6.1.1.1. Let X be a smooth projective equivariant compactification of Gg.
1. The boundary X \ G is a divisor.
2. The Picard group of X is freely generated by the irreducible components (Dy)acor Of

X\ Gp.
3. The closed cone of effective divisors Aeg(X) C Pic(X)r is given by
Aeg(X) = @ R>oD,.

acd

4. Up to multiplication by a scalar, there is a unique Gg-invariant meromophic differ-
ential form wx on X. Its restriction to G is proportional to the form dxy A...Adx,.

5. There exist integers p, > 2 such that the divisor —div(wx) is given by
—div(wy) = Z PaDey.

aed

We will moreover assume that the divisor X \Gr has strict normal crossings. This means
that the components D, are geometrically irreducible, smooth and meet transversally.
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6.1.2 Partial compactifications

A partial compactification of G is a smooth quasi-projective scheme U, containing
Gr as an open subset, and endowed with an action of G which extends the group law
Gr X Gp — Gp. If U is an open subscheme of a projective smooth equivariant compact-
ification X of G, globally invariant under the action of Gg, with complement a reduced
divisor D = X \ U, we denote by 47p the subset of &7 such that

D = ZDOH

aEYp

where (D,,)ac are the irreducible components of X \ Gg. The log-anticanonical class of
the partial compactification U is the class of the divisor

—Kx(D)=—(Kx+ D) = Z (pa — 1) Do + Z paDa = Z P Das
aEdp addp acd

where pl, = p, — 1 for a € o/, and p, otherwise. Since p, > 2, it belongs to the interior
of the effective cone of X, and therefore it is big.

6.1.3 Choice of a good model

Let k,Co, C, F be as in section [6.1.1 We now assume we are in the situation described
in the introduction, namely that we are given a projective irreducible k-scheme 2~ together
with a non-constant morphism 7 : 2" — C, % a Zariski open subset of 2", and .Z a line
bundle on 2. We make the following assumptions on the generic fibres X = ZF and
U= %FI

— X is a smooth equivariant compactification of Gg, and U is a partial compactifica-

tion of Gp.

— the boundary D = X \ U is a strict normal crossings divisor.

— the restriction L of the line bundle .Z to X is the log-anticanonical line bundle

—Kx (D).
We also assume that for all v € Cy we have G(F,)N% (O,) # @, where F,, is the completion
of F at v, and O, its ring of integers. According to lemma 3.4.1 in [ChL], up to modifying
the models without changing this hypothesis nor the counting problem we are going to deal
with, we may assume additionally that in fact 2 is a good model, that is, it is smooth
over k and the sum of the non-smooth fibres of 2" and of the closures &, of the irreducible
components D,, of X\ U is a divisor with strict normal crossings on 2". Moreover, we may
assume that 7% is the complement in 2" to a divisor with strict normal crossings. We will
make use of the notations concerning equivariant compactifications introduced in section

6111

6.1.4 Vertical components

For every v € C'(k), we write %, for the set of irreducible components of 7! (v), and #
for the disjoint union of all %,, v € C(k). For g € %, we denote by Ejs the corresponding
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component, and by ps its multiplicity in the special fibre of 2~ at wv.
The line bundle .Z is of the form .., p),-Zn where for every «, the line bundle .Z,
on 2 extends D,. We may write:

ga = @a + Z eaﬁEﬂ
Be%s

where the integers e, 3 are zero for almost all 3. We also define integers pg such that

—div(wy) = Zpa.@a + Z psEs
a BEB

where wx is seen as a meromorphic section of Ky /c.

6.1.5 Weak Néron models

Let %, be the subset of % consisting of those 5 for which the multiplicity ps is equal
to 1. Let %y, = 1NAB,. Let 27 be the complement in 2 of the union of the components
Ej for f € %\ %, as well as of the intersections of distinct vertical components. It is a
smooth scheme over C. By lemma 3.2.1 in [ChL], the C-scheme 27 is a weak Néron model
of X. This means that for every smooth C-scheme %, the canonical map

Homc(,@”, %) — HOHIF(D@FF,X)

is a bijection.
Applying this to & = C, we see that in particular, any rational point ¢ : Spec FF — X
extends to a section o, : C' — 27 with image inside 2;.

6.2 Height zeta functions

6.2.1 Definition

Let A = (Ay)acwr be a family of positive integers, and let £\ = ¥ cr Aa-Za be the
corresponding line bundle on the good model Z°. For every integer n € Z and any
n = (Ng)ace € Z7 let My, be the moduli space of sections o : C'— 2~ such that

— the section ¢ maps the generic point 7o of C' to a point of Gp.

— it represents an S-integral point of U, that is, 0(Cy) C % .

— degg(0"Zy) =n
and My, the moduli space of sections o : C' = 2" such that

— the section ¢ maps the generic point 7o of C' to a point of Gp.

— it represents an S-integral point of U, that is, 0(Cy) C % .

— for all a € &7, degq(0*%,) = nq.

According to Proposition 2.2.2 in |ChL], these moduli spaces exist as constructible sets
over k, and there exists an integer m such that My, (resp. Myy) is empty when n < m
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(resp. when n, < m for all & € &7). Moreover, My, can be seen as the disjoint union of
all My such that 3 c., Aana = 1.

The multivariate motivic height zeta function is given by

Z(T)= ) [Mya|T" € M[[(T0)acs]]

nczZ<

Iz

acd

)

and the motivic height zeta function associated to the line bundle ., defined as
Z\T) = > _[Myn|T" € 4([T)[T7],
neZ

can be written in the form

Z\T) = Z((T*) = > > [Mya] | T™

meZ neZ<

Za AaNa=m

As stated in the introduction, we will investigate the case where £ = £, =Y c.s ph-%n

is generically the log-anticanonical line bundle. Denote by Z(T') the corresponding height
zeta function.

6.2.2 Local intersection degrees

Let v € C(k). To every point g € G(F),), one can attach local intersection degrees
(9,P4)v € N for all a € o7 and (g, Es), for all § € %, such that

1. For every g € G(F) and every « € &7, one has

dego(03(Za)) = > (9, %a)e

veC(k)

where o, : ' = 2 is the canonical section extending g.

2. There is exactly one 3 € %4, such that (g, E), = 1, and this § has multiplicity one.
For any 3’ € 4, different from this /3, one has (g, Es ), = 0 (see section |6.1.5)).

We refer to [ChL], 3.3 for details.

6.2.3 Decomposition of G(F))

We can decompose G(F,) into definable (in the Denef-Pas language, see section 2.1 of
[CILO8]) bounded domains on which all the above intersection degrees are constant: for all
m € N9 and all 8 € %,, we define

G(m, ), = {g € G(F,), (9,Es)p =1 and (g, Za)» = m, for all a € &7}
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and G(m), = Ugep,G(m, (),. Lemma 3.3.2 in [ChL] says that for any m € N and any
B € AB,, the set G(m, (), is a bounded definable subset of G(F}), and that G(F,) is the
disjoint union of all the G(m, 3), for m € N and § € %,.

Moreover, Lemmas 3.3.3 and 3.3.4 from [ChL] can be summarised in the following
proposition:

Proposition 6.2.3.1. There exists a dense open subset Cy of Cy such that for every v &€
Cy(k):

(i) The set B, contains only one element f3,,.

(i) The set G(0, ), is equal to the subgroup G(O,) of G(F}).
Moreover, there is an almost zero function s : C — Z such that for every v € C(k),

m € N“ and 3 € B, the set G(m, B3), is invariant under the subgroup G(ms*) of G(O,),
where my, is the maximal ideal of O,, and one can take s, = 0 for all v € Cy(k).

As a consequence of this, as in Corollary 3.3.5 from [ChL], the characteristic function
of each set G(m, ), may be seen as motivic Schwartz-Bruhat functions on G(F},) in the
sense of , with N = s, and with M such that G(m, 3), C (t*O,)" (which exists by
boundedness).

Notation 6.2.3.2. In what follows, it will be convenient for us to consider an even smaller
set C';. Namely, from now on C; denotes the open subset of places v € () satisfying

— the conditions in proposition [6.2.3.T}

— €qp, =0 forall a € &;

— pp, =0

— Forall o € & \ op, Do xc C; — C is smooth.

Proposition 6.2.3.3. There exist almost zero functions s and s', an unbounded family
N = (Nm)mene with Ng = 0, and for everym € N and every 3 € [, B,, a constructible

subset G g of AR ™M™ the fibre of which at every v € C(k) is ezactly G(m, By),.

Proof. The definable boundedness of G(m, 3), means that there exists an almost zero
function s’ : C' — Z, and, for every m € N a non-negative integer Ny, such that

G(m, ), C (t2N0,)",

for all v € C. Statement (i) in proposition [6.2.3.1implies that we may take Ng = 0. Since
G(F,) is the union of all the G(m, 3),, the family (N, )m is necessarily unbounded. Taking

the almost zero function s from proposition [6.2.3.1} we see that G(m, ), defines naturally

a constructible subset of A7*™M*); the conditions on the intersection degrees will indeed

translate into Zariski open and Zariski closed polynomial conditions on the coordinates of
A =Nms) 1ot 9 be an affine subset of 2 such that T + % — C is non-constant. Let
C' be an open dense subset of C' contained in the intersection of the image of 75 and of
the open subset C'; from proposition [6.2.3.1] For every a € %, let f, be a local equation
for &, in & '. Then the condition that (g, Z,), = m, may be written ord(f,(g)) = m, for
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all v in the image of m». We thus see that we may take the same integer Ny, for all v, and
that for all v € C’, the equations defining G(m), inside AT~ *) are uniform in v (in
the sense that they are defined by the same formula in the Denef-Pas Language for every
such v). This, together with the fact that the G(m, (), for v € C'\ C" are constructible,
guarantees the existence of a constructible subset of AZ(SLN""S) as in the statement of the
proposition. O]

6.2.4 Integral points

The complement of the model % inside 2" is the union of the divisors Z, for a € o7p,
and of the vertical components Ej for a finite subset %° of 2. We then set B° = 2°N %,
for every v € C(k), and define

By = P\ (Uuecof%)g> )

and %y, = BoNA,. In other words, % corresponds to vertical components of multiplicity
one which either lie above S or are contained in %/. Thus in particular %,, = %, for
vels.

Let m, € N“ and 3, € %,. We say that the pair (m,, 3,) is v-integral if

— either v € S

— orv € Cy, By € By and my,, = 0 for every a € op.
In other words, the union of the sets G(m,, /3,), for all v-integral pairs (m,, 3,) is equal
to % (0,) if v € Cy, and G(F,) otherwise.

For any (m,, 3,) € N“ x %,, define

G(m,, 5,), if (m,,f,) is v-integral
H(my, Bu)o = { ( @B ) e lee. i

Then the union of the sets H(m,,(,), for all (m,,f,) is equal to Z(0O,) if v € Cy,
and G(F,) otherwise. We also define H(m,), = Ugeg, H(m,, 5),. Let m = (m,), and
B = (B,), be families indexed by v € C(k), where m, = (m,,) € N“ and 3, € %, for
all v, such that m, = 0 for almost all v. The element m must be seen as an effective
zero-cycle on C' with coefficients in N, We say (m, 3) is integral if (m,, 3,) is v-integral
for every v.

Remark 6.2.4.1. For fixed n € N and 3 € [], %y, families m = (m, ), such that the pair
(m, ) is integral and such that ¥, .- m, = n are parametrised by the symmetric product
SY(C\ Cp) x S™(C) (where n' = (n4)aew, and n” = (Na)acs\op) Which may naturally
be seen as a constructible subset of S™(C').

For any pair (m, ), the characteristic functions of the subsets

G(m7 B) = H G(mva/&))v - G(AF)

veC(k)
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and
H<m7 B) = H H<mv7 ﬂv)v C G(AF)
veC(k)
may be seen as global motivic Schwartz-Bruhat functions by proposition [6.2.3.1] More
precisely, using the notation of proposition [6.2.3.3 they may be seen as elements of

Exp M. (sl — ) -
/4 HUA;C“” Nmy ,sv)

We have H(m, f) = G(m, ) if (m, ) is integral, and H(m, 3) = & else.
In the same manner as the G(m,f),, the H(m, (), may be combined into a con-
structible set Hy, g:

Proposition 6.2.4.2. For any m € N“ and any 8 = (B,), € 1, %, there is a con-
structible subset Hyp C Gmp the fibre of which at any v € C(k) is exactly H(m, 3,),.

Proof. There are two cases to consider. Assume first that m is such that m, = 0 for
all &« € @/p. Then Hy,p is obtained from Gy g by removing the fibres above the finite
number of points v € C(k) such that (m, 3,) is not v-integral, that is, such that v € Cj
and 3, € %y. If on the contrary there exists o € @/p such that m, # 0, then H,, 5 is the
restriction of G g to the finite set of points S. O

6.2.5 Two constructible families of Schwartz-Bruhat functions

In propositions [6.2.3.3 and [6.2.4.2] we have combined, for any m € N and any 8 =
(Bv)v € Il, By, the sets G(m, 3,), (resp. H(m,3,),) into a familiy Gm s C Ag(s ~Nem,s)
(resp. Hmp C Gmp) above C. The symmetric product construction then allows us to
consider, for any n € N and any /3 € [[, 4., constructible subsets

S™(Hmshmer) © S™((Gms)menr) © 5™ (ML) ) = (o5, N,0)

with the notation of section[5.3.1] Therefore, using the terminology of section[5.3.5] this de-
fines two uniformly smooth constructible families of Schwartz-Bruhat functions of level n.
They parametrise the characteristic functions of the adelic sets H(m, 3) and G(m, j3) for
fixed g € [, %, and with m varying inside S™C": we will therefore denote these fami-
lies (1 (m,8))mesec and (1g(m,g))mesac. Their Fourier transforms will then be uniformly
compactly supported constructible families of functions, defined on 27, (v — s,v — ', 0, N).

6.2.6 Applying the Poisson summation formula

Let n € Z¥. For any 3 = (8,)y € II, $ow, and a € &, put n := n, — 3, €as,-
We define M, s to be the constructible subset of M, of sections o, such that for all v,
(9, Es,)» = 1 (so that (g, Eg ) = 0 for all 3, # j3,). By definition, these sections satisfy
deg(0;%.) = n? for all & € «. Thus, since the Z, are effective, for any n such that
My # @, the n?, o € &, are non-negative integers.

)
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Lemma 6.2.6.1. Let n € Z7 and 3 € ], By, be such that My g is non-empty. There is
a morphism of constructible sets defined by

Mas — s C
Og = Z ((ga-@a)v)a@zf [v]

veC(k)

Proof. We will start by making some reductions. To simplify notations, write My g3 = M,
and n” = n. Since SC = [[ e, S C, it suffices to prove constructibility for the map

M — S*C
09 = Zv(QJ‘@a)U[U]

associated to one Z,. To simplify notations further, write n, = n and ¥, = . By
definition of the moduli space of sections, there is a morphism

e: OxM —» X
(v,0) = o(v)

Denote by sg the canonical section of the line bundle Q4 (2) and put A = div(e*sy).
This is a closed subscheme of C' x M, finite over M. By generic flatness, we may stratify
M into locally closed subsets U; such that for every ¢, A x,, U; C C x U; is flat over U;.
By definition of Hilbert schemes, it therefore defines a morphism U; — Hilb(C) to the
Hilbert scheme of points of C. Moreover, for every o € M, the fibre A, = div(c*sy) is
a zero-dimensional subscheme of C of length n. Thus, the image of the above morphism
is in fact contained in the Hilbert scheme of n points of C', which we may identify with
the symmetric product S"C. The constructible morphism we want is then obtained by
combining these morphisms U; — S™C for every 1. ]

Recall that a point in M, g represents a section that intersects components in .7p only
above places in S = C'\ Cy. Thus, in fact, M, s lies above the constructible subset of s’
consisting of zero-cycles m = (m,), with components with respect to a € o7 supported
inside S: in other words, these are the zero-cycles m such that (m, /3) is integral.

The exact correspondence between sections o : ¢ — 2 and elements of X (F) via
o — o(ne) restricts to an exact correspondence between sections o € M, 5 lying above
m € S™"C and elements in G(F) N H(m, 3), where H(m, ) is the adelic set defined in
section [6.2.4 We denote Hy(m, 8) := G(F)NH(m, 3), which is a constructible set over k.
Note that by definition of summation over rational points (see section in chapter |5)),
we have, for every m € e

Z ]‘H(mﬁ)<x> = [HF(m76)] = (Mn,ﬁ)m € %fi(m)-
z€k(m)(C)™

With the notation of section the uniformly smooth family (1#(m,p))pegn?c 1S uni-
formly summable (see section of chapter |5)), and its sum is exactly the class of M, g
in M g5 Taking classes in .4}, we may therefore write the motivic summation

[Mngl = > [Hp(m,B)]

mesn® ¢
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Remark 6.2.6.2. Here the existence of the moduli spaces My, g shows that the family of func-
tions (1 (m,g))megn? o 18 uniformly summable, independently of section [5.6.3} By unique-
ness of the sum (remark [5.6.1.2)), this sum (the class of My g in Exp.#.s ) is equal to the
one given by the Poisson formula as stated in [5.6.3

Note that
T = [ 17 = [ 7= 1 T,
acd acd acd

Write TP for [T,c., TaZ“ ““’ Then
Z(T)= > [MJT" = 3 3 [Mup|T"

nezZ< nezZ“ el [, %o

nez< \ Be[[, %o,o mes»’c

wowe S TS S [Hp(m, B) TR

Bel ], %o neN< mesnC

For clarity, let us remark that in this summation, we have three different types of sums:
the sum over [], %o, which is a finite sum, the one over Z“ or over N“ which is the sum
of the formal series, and the motivic sum over m € S™C.

The Poisson summation formula (see section 5.6, and especially [5.6.3 and [5.6.4} see also
remark , applied to the uniformly smooth constructible family of Schwartz-Bruhat
functions (1 (m,))mesnc (see the end of section gives, for any n € N“:

Z [HF(maﬁ)] = Z Z 1H

mesnC meS*C  zek(C
= > (L(l_g)" > f(lH(m,,@))(f))
mesnc gek(C)n

Lo 37 Y 7 #)(6)

€ck(C)n  mesnC

Then Z(T) may me rewritten in the form

Z(T) = 1,(1—9)n Z Z T8Il Z Z 1H(m )(&)T™.

£ek(O) e[ [, %o,v neN<“ meSnC

By the definition of Euler products, we have

Yo Y Flame))T" =] ( Y Z(lugm, ) )(ﬁv)Tm“> (6.1)

neN< mesS»C veEC \m,eNZ

Indeed, we are dealing here with the uniformly compactly supported family

(y(]-H(m,B)))mGS“C S gwp%dn(ufs,ufs’,O,Nb)
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(see end of section [6.2.5]). The summation over k(C)" is therefore in fact a summation on
the n-th power of the Riemann-Roch space associated to the divisor — Y, (v, — s,)[v]. For
every point & of this space, as explained in the beginning of the proof of lemma [5.5.2.1], £
induces constructible morphisms

e, C — A(Cz:fs,yfs%NL)
for every + € N which after taking symmetric products, give constructible morphisms
SPpe : SPC — (s, 5,0, N)
such that

(F (La(m,5)(€))mesnc = (5"@¢)" (F (Lum,p)) Jmesnc-
By section m (especially proposition [5.4.4.2)), we have the equality

(Z (Lim,p)))mesnc = S™((F1u, ;) ene )

in ExpM s, (/—s,—s 0,n)- Pulling back via SPpe = S®((pe,),ene ) gives the equality

(F (Lim,p)(§))mesnc = S" (¢, 7 (1, 5)ene)

in &xp.Msnc. The pullback to any v € C' of the t-th element ¢}, F 1y, , € Exp.sc of the
family on the right-hand side is exactly % (1p(,5,))(&), by the definition of ¢, and by
remark [5.4.4.1] so this should be the (-th coefficient of the local factor of the Euler product
corresponding to .

Notation 6.2.6.3. We use the notation from [ChL], 3.6: for every v € C, a € &/, m,, € N
and g € %,, we define

HmvaﬂvHa = Map T €a,,

and TlmeAll .= 17 ., T8l Note that for g € G(F,)NG(m,, 8,)., the local intersection
degree (g, %, ), is exactly

(9, Zo)v = (9, D)o + Z ea,s(9; Ep)v = Mapw + €ap, = My, Bolla-
BER,

Finally, we have

o) < w8 HHT%H( 5 <1Hmug,,><gv>rrmv)

Eek(C BEH Bo.,v veC aed veEC \m,eNZ

_ o Y (Y Mo ¥ ﬁummv,gv»(svnmv)

Eek(C)r veC \Bv€RBo,v acd m,ENZ

= L0 3 I X (L) ()T

Eek(O)m veC m,cNZ
/B’UG@O,’U
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Thus, we have written Z(T) in the form

Z(T)=L0"9" S~ Z(T,¢) (6.2)

gek(O)™

where Z(T,¢) has an Euler product decomposition with local factors

ZU(T,f) = Z ‘g(lH(muﬁv»(gv)THmvﬁvH = Z y(lg(mv,ﬂv))(év)THm”’B”H.
m, N (my,By) v—integral
5v€35’0,v

More precisely, it is the product of the finite number of factors corresponding to v € C'\ Cf,
and of the Euler product of the series

ZC1(T75) = Z g(le,ﬁchﬁ)(éﬂ)Tm € éaxpj/CHHTH

meNZ

where T™ = [[ ey T2'. In what follows, we will study these local factors to be able to
apply lemma [4.7.2.1] to the series Z¢, (T, €). Combined with estimates for the remaining
local factors, this will give us the convergence properties of the series Z(T).

Remark 6.2.6.4 (Restriction of the summation domain). As noted in the end of section[6.2.5
the Fourier transforms of the families (1g(m,g))mesmc and (1¢(m,s))mesmc are uniformly
compactly supported. We may conclude, as in [ChL], 4.2, that there is a finite-dimensional
k-vector space V' (given by an appropriate Riemann-Roch space), and a linear F-morphism
a: Vg — G such that the summation restricts in fact to

Z(T) =109 3 Z(T,¢).

gea(V)

6.3 Analysis of local factors and convergence

The aim of this section is to study the local factors

Z(T, &) = 3 F(lum, ) (&) TR

mUEN.Qf
BEXO v

= X o T TEe(lg 6))dg

m,eN“ (m0,80) aeyi
BEZO v

(We use here the notation e from [ChL], which is a substitute for the notation 1 o r from
section [5.2.4]) We follow [ChL] and rewrite this integral as an integral with respect to the
motivic measure on the arc space Z(2°). We then give estimates for it, first in the case
when ¢ is the trivial character, then in the case when it is non-trivial. This allows us to
study convergence of the Euler product Z(T,¢§).

In this section, we will often omit the index v once the place v is fixed.
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6.3.1 Motivic functions and integrals

In this section, we consider a field &k of characteristic zero, R = k[[t]] and K = k((¢)).
For this and the next section only, let 2 be a smooth and flat R-scheme of finite type and
of pure relative dimension n. We are going to use the notion of motivic residual function
on the arc space Z(Z"), introduced in section 2.4 of [ChL].

Recall that the spaces of m-jets £, (:Z") for m > 0 come with natural affine morphisms
prtt s L (Z) = Z,(27) which turn the collection of relative Grothendieck rings
ExpMy,, 2y into an inductive system via the induced ring morphisms

m

( z+1> : gxp//gm(g{) — éaxp.//gmﬂ(g{)

sending the class of a variety H — Z,(Z") to the class of H X g, (2y Lnii(Z) —
L1 (Z7) with the appropriate operation on exponentials.

Definition 6.3.1.1. The ring of motivic residual functions on Z(.2") is the inductive limit
of all Grothendieck rings &xp.M g, 2y, m > 0.

For example, take a constructible subset W of Z(2"), that is, a subset of the form
p L (W,,) where W, is a constructible subset of %, (2") and p,, : L(Z) = Ln(Z) is
the projection morphism. Then the characteristic function of W may be seen as a motivic
residual function.

Let h be a motivic residual function. Assume it to be of the form [H, f] where H is a
variety over .%,(2") for some m, and f : H — A! a morphism. Then the integral of h
over the arc space Z(2") is defined to be

Ly Mz = [ Ha(r(f (@) da = L, [ € St

This does not depend on m because for any m’ > m, the projection morphism %, (Z") —

Zn(Z) is a locally trivial fibration with fibre A™ ~™". More generally, one can consider
integrals [, over constructible subsets of .Z(.2") by multiplying the integrand by the
characteristic function 1y .

Example 6.3.1.2. If W = p, '(IW,,) is a constructible subset of Z(2") for some m > 0,
then one may define the volume of W to be

vol(W) = /w/) L (z)de = L=D0 W, 0] € Eap s,

In particular, if W = £(2) = py ' (2%) where 2}, is the special fibre of 27, then
vol(Z (X)) = L™ "%}, 0]. (6.3)

Another useful special case is the volume of the subspace Z(A',0) of £ (A') of arcs with
origin in 0 € Al. We have:
vol(Z(A',0)) =L (6.4)

176



Combining (6.3) and (6.4]), we also get that the volume of the subspace of arcs of order 0
in Z(A') is

vol({z € Z(A"), ord(x) = 0}) = vol(ZL(A")) — vol(ZL(A',0)) =1L (6.5)

Remark 6.3.1.3. Let W = p~'(W,,,) be a constructible subset of .Z(2") for some W,, C
Zn(Z7) and some m > 0 and let h = [£,(Z7), f]. Then by the triangular inequality for

weights (chapter , lemma |4.6.3.3)), as well as lemma [4.6.3.1}

w (/W h(:c)dx) = w </$(%) lw(x)e(f(x))da:)

w(L W, fiw])
—2(m + 1)n + w([W,0])
= w(vol(W))

IA

We are going to use this property repeatedly.

6.3.2 Some computations of motivic integrals

We keep the notations from the previous section. Let r : K — k be the linear map
defined by r(a) = resg(adt), so that r(¢~!) = 1 and r(t") = 0 for any n # —1.

Lemma 6.3.2.1. Let d be a non-zero integer and let £ € K be such that ord(§) = 0. Let
Q=ay+arz+...+az? € k((t))[z] be a non-zero polynomial of degree < d such that for
alli € {1,...,d}, ord(a;) > ord(ag). Then for any n € N such that —2n < ord(ag) < —n,
one has

Lo Qe )dr = 0.
£+t k[[t]]

Proof. The proof goes along the same lines as the proof of lemma 5.1.1 in [ChL]. The
condition on the orders of the coefficients of () implies that:

— ord(Q(§)) = ord(ap).
— Foralli e {1,...,d},

ord(Q¥(£)) > min ord(a;) > ord(Q(£)) > —2n. (6.6)

i<j<d

Write = £(1 4 t"u) for some u with ord(u) > 0, so that we have

/E+t"k[[t]] Vr(Q(@)a™)de = L™ /k[[t]] YRR +Tw)(ER + ) du.

We may expand
QL +t"u)) = Q&) + Q'(x)&t"u + Q" () (&"u)* + ...
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and
(E(1+tmu)) 4 =¢1 <1 — dt"u + (;d> 2 4 . )
Taking the product and using , we have
P QU+t u)E (1 + t"u)) = r(QOE™) + 7 (O " u — Q)& *dt™u)

since all the other terms belong to the maximal ideal tk[[t]]. We therefore have

[ P@UEG + ) e+ ) )

= [Speck. r(@QE)E™)] [ w(r (@O — Qe di"u))du.

Now, ord(Q'(£)E' 4" — Q(&)dE4™) = ord(Q(£)t™) < 0, and therefore the integral in the
right-hand side is zero. [

For m € Z, let C,, be the annulus defined by ord(z) = m.

Lemma 6.3.2.2. Let m and d be positive integers and P € k[[t]][x] a non-zero polynomial
such that ord(P(0)) = 0. Then

/ ¢(T(P(af)xd))dxz{ SLQ ifmZd‘: ]

- otherwise

Proof. Let I(m,d, P) be the above integral. A change of variable allows us to write
I(m,d,P) =L~ [ (r(P({t™u)t ™ %))du.
Co

1(0,d, Q) where Q(u) = ag + aju+ ... € k((t))[u] is the poly-

Thus, we have I(m,d, P) =
) = P(t™u)t™ md_ Since P has integral coefficients, and ord(P(0)) = 0,

nomial given by Q(u
we have

— ord(ag) = ord(P(0)t™™) = —md

— for all i > 1, ord(a;) > mi — md > —md = ord(ay).
If md > 1, then there exists a positive integer n such that —2n < —md < —n, and choosing
such an n, the previous lemma tells us that

I(m,d, P) L—m/ / w+ t"y)~4)dy du = 0.
Co k‘[[t
Assume now m = d = 1. Then, writing P(0) = a, we have
I(1,1,P) = L~ / P(tu)t 'u"))du = L7! : Y(r(at™u™t))du
0

= L . Y(r(at™ u))du

= L' (/k[[t” Y(r(at " u))du — /tk[[t” w(r(atlu))du>

which gives the result, since the first term in the parenthesis is zero (using again that
ord(a) = 0), and the second one is equal to L™ O
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6.3.3 An integral over the arc space

We now go back to the setting and notations of section [6.1 In this section we re-
call briefly, following [ChL], how integrals of motivic Schwartz-Bruhat functions can be
rewritten as integrals on arc spaces.

Lemma 6.3.3.1. ([ChL], lemma 6.1.1) Let & € L (F) be a local motivic Schwartz-Bruhat
function. Then the integral g f,) ®(g)dg can be rewritten as

/ O (2)L @)
LX)

where dz denotes the motivic measure on the arc space L (Z").

For every subset A C o/ and every € %, for some v, we denote by A(A, ) the
locally closed subset of the special fibre 2, := 2" x g Spec (k) of points belonging to the
divisors Z,, a € A and no other, as well as to the vertical divisor £, and no other.

The special fibre 2, identifies with the jet scheme %, (Z") of order 0, and therefore
there is a specialisation morphism £ (2°) — Z,. We denote by Q(A, ) the preimage in
LX) of A(A, ). Lemma 5.2.6 of [ChL] then states the following:

Lemma 6.3.3.2. Let A be a subset of o/ and let B be a set of cardinality n — Card(A).
There exists a mesure-preserving definable isomorphism 6 from A(A,3) x Z(AL,0)* x
ZL(AY,0)P with coordinates x,, o € A andyg, 8 € B, to Q(A, 3), such that ordg, (0(z)) =
ord(z,) for a € A, and ordg, (0(x)) =0 for o & A.

Remark 6.3.3.3. We changed the normalisation slightly with respect to [ChL]. Note that
this is consistent with example [6.3.1.2; the volume of (A, 3) is given by [A(A, 5)|L".

In what follows, we therefore identify a point of Q(A, §) with a triple
(w,z,y) € A(A, B) x ZL(A',0)" x Z(A',0)7.

We also recall Lemma 6.2.6 from [ChL], which uses this isomorphism to rewrite the
motivic Fourier transforms Z,(T,¢) as sums of motivic integrals over arc spaces:

Lemma 6.3.3.4. For every motivic residual function h on L (Z") and every £ € G(F,),
one has

Lip, TLTE# hig)e((g,)dg

ae%

= > [ zeews [ [ L) ™ h@)e((r, )

ACH aced (A8) aea
BeEF1
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6.3.4 A few words on convergence of Euler products in our set-
ting

If in our general convergence result, proposition 4.7.2.1 we take X to be a curve (so
that w(X) =2), e = 5 and § = 0 (and replacing a by the letter ¢ to avoid confusion with
the indices of the components D,,), the obtain the following particular case which will be
the one we are going to use:

Lemma 6.3.4.1. Let X be a curve over C. Assume F(T) =1+ 5, Xit' € Expdx|[T)]
is such that there exist an integer M > 1 and a real number ¢ < 1 such that

— forallie {1,... , M}, wx(X;) <2i—2

— foralli > M, wx(X;) < 2ci— 1.
Then there exists § > 0 such that the Euler product [1,ex Fo(T) € Expay][T]] converges
for |T| < L™1%9,

In practice, X will be some dense open subset of our original curve C', and the conver-
gence of the remaining factors will be checked separately.

Remark 6.3.4.2. Note that by lemma [4.6.3.2 to bound wx(X;), it suffices to bound
2dimx(X;) + dim X. We are going to use this remark for almost all terms except the
very few first ones where a bound on weights rather than dimensions is crucial.

Remark 6.3.4.3. Whenever the series F'(T) is in fact a polynomial, we may take M to be
its degree and then it suffices to check the bound wx (X;) < 2i — 2 for all 4, taking ¢ to be
zero in the statement of the lemma. In the case when we want to check it on dimensions,
this boils down to the inequality dimy (X;) <1 — 2.

This remark motivates the following terminology which we will use to discard terms
that won’t obstruct convergence:

Definition 6.3.4.4. Let X be a k-variety and ¢ > 0 be an integer. A polynomial F' =
S a;/T" € Expx|T) is said to be admissible if dimy (a;) < i—2 for alli > 0. A polynomial
F =Y mene amT™ € Expsx[T] is said to be p-admissible if F((T7)4e.) is admissible.

Note that F' € &xp.#x[T] is admissible if and only if for all v € X, F, = Y a;,T" €
ExpM|T) is admissible, so admissibility may be checked locally.

In what follows, we are going to use the weight function from chapter [4 Therefore,
unless explicitly stated, in all what follows, the base field k& will be the field of complex
numbers C.

6.3.5 Places in ()

Let v be a place in Cy. In this case, for any character £, Z,(T,¢) is given by lemma
6.3.3.4} taking h to be the characteristic function of the set Z(0,) inside G(F},). In other
words, one has h = 0 on Q(A, 5) whenever AN .o/p # @ or 5 & KBy, and h = 1 otherwise.
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Therefore,

2=y 7w [ [T el O)de. (67)

ACd\dp acd acA
56%0,11

We are going to study the local factors in this form. For all but a finite number of
places in Cjy, a precise analysis is required to prove meromorphic continuation of the Euler
product (specialised for T = (T%),c./) for |T| < L™ with a pole at L. For the finite
number of remaining places, a coarser estimate suffices, given by the following lemma:

Lemma 6.3.5.1. Let v € Cy. The local factor Z,((T*)y,€) converges for |T| < L=+ for
some 6 > 0.

Proof. Write
Zv(Tag) = Z H Taea,ﬁLPB Z ZA,,B(Tvg)a

ﬁeﬂo’v acd ACJZ{\J%D
with
Z44(T, :/ LPaT, )G g ( (2, €))da,
w9 = [ T T el(r,€)

acA

It suffices to check convergence of each Z4 3(¢). Using the notation f¢ for the linear form
(,€) on G and the rational function it induces on X, we have

ZA,ﬂ(Ta f) = Z H (LpaTa>ma /A(Aﬁ)Xg(Al,o)n—\AlX_gﬂ(Al,())\Al e(f,g(l’, y))dxdy

mGN‘;‘O a€A ord(zq)=ma

= Z H (LpailTa)ma /A(Aﬁ)xg(Al)n—\AlXg)(A{o)IA\ e(fg(tma:, y))dzdy.

meNéO a€A ord(zq)=0
By remark|6.3.1.3], each integral is of weight at most the weight of the volume of the domain
of integration, which, by (6.4)) and (6.5) is
w([AA, B)](1 - L HHIL™4) < 2dim[A(A, B)] + 2(—n + |A])
< 0

because the divisors D, intersect transversely. Thus, the series converges if the series

> L @eetr,)me.

meNd, a€A
converges. This series is equal to

LP-—1T,
Specialising to T = (T7*),ca we get the result. ]

For £ = 0, we need to be more precise and to check the exact order of the pole, therefore
we are going to use this lemma only for £ # 0.
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6.3.5.1 Trivial character

Assume £ = 0. Then the factor e((z,£)) equals 1, and we may compute directly (see
[ChL], 6.4):

LT,
€a,8T P n+|A| IAI
> I Y (AL T =i

BEBy . aEd ACd/\dlp acA

Therefore, Z,(T,0) is a rational function, and Z,(T,0) [Tpem\ o, (1 — L2 'T,) is a Laurent
polynomial (and a polynomial for almost all v).

Proposition 6.3.5.2. There is a real number § > 0 such that the product

II (Zv((Tpg)a,O) 11 (1_Lpa—1Tpa)>

veCy acd\lp

converges for |T| < L= and takes a non-zero effective value in M), at T = L~!.

Proof. Tt suffices to check convergence of the product over v inside the dense open subset C
of Cy (see notation [6.2.3.2)). Thus, we may assume that %, = {3} (and denote A(A, )
simply by A(A)) and that the integers e, s and ps are zero. Then the above formula
simplifies to

LT,

ZU<T, O) _ Z [A(A)]L n+\A| ‘A| H - Lpa—lT

ACa/\stp acA

Put F,(T,0) := Z,(T,0) [Tocowp (1 — LPo7'T,). It is a polynomial. For A such that
|A| > 2 we have dim A(A) < n — |A] so that

F(T,0) = 1— > L '"T,+ > [A({a})L'"L*"'T, + P,(T)

aE(J\%D aEd\QfD
= 1— Y ([Dun) —L"HL LT, + P,(T)
CME%\%D

where P,(T) € #[T] is a p'~admissible polynomial (see definition [6.3.4.4). This compu-
tation is uniform in v € C}, meaning that there is a polynomial F'(T,0) € .#,[T] and
a p'-admissible polynomial P(T) € .#¢,[T] such that, denoting by v : Speck — C; the
morphism defining the point v, we have v*F = F,, v*P = P,, and

F(T,00=1— > ([Z.-L""HL"L*T, + P(T)
acd\Ap

in ¢, [T]. By lemma [4.6.3.4] we have
we, ([Za] = L HLT'LP) < 2(n— 1) — 2n 4+ 2p0 < 2(pa — 1).
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Specialising T, to T"~, we see that we can apply lemma [6.3.4.1] with X = (], as explained
in remark [6.3.4.3]

Thus, there is a real number § > 0 such that the infinite product IT,cc, F,((T7%)a, 0)
converges for |T| < L~ and has a non-zero effective value at L™! in M), which is of the
form 1+ a with w(a) < 0. Multiplying by the finite number of factors v € (Cy \ C1)(k)
does not change convergence. Moreover, for v € Cy \ Cy(k) the value of F,((T%+),,0) at
T = L™ is exactly:

(1 - LY\l 3™ e lacwracar[A(A, B)LT, (6.8)

ACI\Ip
BEHo

which is clearly effective. It is non-zero unless A(A, §) = @ for all A C & \ @7p and all
B € Ay, which would mean that % (0,) = @. The latter was ruled out by our assumption
of existence of local sections, see|6.1.3. We may conclude that the product

[T E((T7%)a,0)

veCy

converges for |T| < L™ and has a non-zero effective value at L™! in .Zc. Moreover, we
may give a formula for this value. For all v € C, the expression in simplifies to

(1L -LHenl S (AL
AcCo/\op

= (1 - L7kl (1 +L7 [A(A)]>

@#AC A \Ap

because [A(@)] = [G(k)] = L", so that the total value at L™ is:

[] (1 —L7hkes (1 +L7 ) [A(A)})

veC @AACH \Ap

x [ (1-LhHeenl | 3 LA aca Paces [A(A, B)]L"

veCo\Ch AC\Ap
BEHo

]

Using hypothesis , this result implies that the infinite product [T,eq, Z(0, (T Pa)y)
has a meromorphic continuation for |T| < L~!*9 its only pole being a pole of order

Card( \ @p) =1k Pic(U) at T = L.
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6.3.5.2 Non-trivial characters

For every £ € G(F,), the linear form = — (z,£) on G, defines a meromorphic function
fe on X. The support of its divisor of poles is contained in U, D, so that we can write

divfe = E(€) = >_ da(§)Da,

acd

where E() is an effective divisor, and the integers d,(§) are non-negative. Once £ is fixed,
we will simply write £ and d,, omitting the mention of £. In the following analysis, the
place v is fixed, so that Z,(T,&) will be simply denoted Z(T,§). Moreover, using lemma

6.3.5.1} we may assume that v belongs to the open subset C of C' (see notation |[6.2.3.2)). We
write Q(A) for (A, ). Recall that because of the restriction of the domain of summation

(section[6.2.6.4)), € is an element of (¢ k[[t]])™ = (k[[t]])".
We have

AC#\p

where

ZAT) = [T @)™ el fe(r)

acA

The case A =@ The set Q(@) corresponds to arcs with origin contained in none of the
D,,, that is, contained in G. Then we get

Zo(T.8) = [ elfz.©)da

2(Gg)
Since ¢ is an element of (¢ k[[t]])", for all x € Z(G)(k) = k[[t]]", we have
ord({x,&)) = ord(z1& + ... + 1,&,) > vy

Thus, in fact 7((z,£)) = 0, and the integral is equal to 1.

The case A = {a} We are going to cut the integral into two pieces: arcs with origin
outside or inside the divisor E:

Zyiay(T,€) = (LPTo) ™ e( fe(wa, y))dzady

/f(ﬁl",Dg\E)

LPeT, )0 dea 0 y))dzady.
L ey T el el y)drady

By the equality X (k((t))) = £ (k[[t]]), the rational function fe on X induces a rational
function fe on Z(27). On the subspace Z(Z,D; \ E), fe is of the form fe(x,y) =
ge(z,y)x™¢, where g is a regular function on £ (2", DS\ E). We may expand the function
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ge as a converging and non-vanishing power series in x € Z1(A!,0) and y € (Z1(A!,0))?
where B = A\{a}:
TY)= Y Gpat"y%, (6.9)

p=>0
qeNB

with g, , € O(D?)][[t]]. Since we consider only arcs with origin outside £, we have ord(gy) =
0, and more generally, ord(ge(z,y)) = 0 for all z,y.
There are several cases to consider, depending on the order d = d, of the pole of f; at
D,,. Define
HEP = {a € o\ Sp, do =0}
and

AP ={a e\ oy, dy =1},

The order of the pole at D,, is zero Here we assume that o € «7”(£), so that d = 0.
Since ord(g) > 0, we have r o g = 0. Therefore

LreT,)" e ,y))dad
Loy T el el ) drdy

/(Dg\Em%(A1 o) 1m>1 ( a1 0) P (r(9(2,¥))) fﬂ) y

ordx m

LPT,)"L~™(1 - L}
/<D3\E>x.$<A1 oyt Z:l( ) ( )
Lre—1T),

— (1—-LH——_ "o
( )1—Lﬂa T,

D5\ FJL

The order of the pole at D, is positive Assume now d > 1. Then:

LpaTa ordzq ’ drd
/z(gz',pg\E)( ) e(fe(z,y))dzdy

= > (LT,)™ /f(%‘,Dg\E) e(ge(w,y)r~ %) dady

m>1 ordz=m

_ por
a /(DS\E)XX(Al,O)" 1 L (/Z(Al r(ge(z, y)z~ ))dw) dy.

ordz m
Fixing y and viewing g¢(x,y) as a power series in z, we may apply lemma indeed,
first of all we may drop all the terms of degree in x greater than d because of the invariance
of r, so that we get a polynomial in = with coefficients in k[[t]]. Moreover, its constant
term is g¢(0,y) which by a remark above is of order 0. This shows that this expression is
zero when d > 1. When d = 1, only the term for m = 1 remains, and it is equal to

D2\ E] x L' "L T, (-L?),
which is p/ -admissible, as dim[D$ \ E] =n — 1.
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Arcs with origin in £ The term corresponding to arcs with origin in £ may be rewritten
as

S WY [, e €Ul y))dedy

m=>1 ordz=m
= Z <LpaTOl)m /DOﬂEXf(Al)f/(Al D)nfl e(fg(tml',y))dxdy
m21 “ ordz=m '

Using remark [6.3.1.3| again, the weight of the coefficient of degree m is bounded by the the
weight of L™ [DS N E] x L=™(1 — L~')L~"*!. The dimension of the latter is smaller than
mpa+n—2)—m—(n—1)=mp, —m —1

Since m > 1, we see that all these terms are p’-admissible. It remains to bound all terms
of sufficiently large degree as in lemma [6.3.4.1} For this, put

1
¢= max (1 — ) <1, (6.10)

acd \dp 2pa
so that for all « € & \ &, po — % < ¢p,. Using remark [6.3.4.2] we see that
2(mpa —m — 1) +dim Cy < 2(mepy, — 1) + 1 = 2¢(mp,) — 1

so if T, is specialised to T*> for all o € &7 \ @7p, we are in the situation of lemma [6.3.4.1
Note that here we in fact could have taken a smaller ¢, namely ¢ = maxaeq (1 — pot).
The definition we chose will be important in the next case.

The case #A > 2 Then Z,4 can be rewritten as:

ZwA(Taf) = Z H (LpaTa)ma/ e(fg(x,y))dmdy

A ordzo=mq
mEN>O acA

We proceed as in the previous case. The integral in each term is over the constructible
subset of Q(A) of points satisfying ord(z,) = m,, which has motivic volume

[D%] HA (L7me (1 = L) LA,

The constructible set D¢ is given as an open subset of an intersection of the |A| divisors
D,, a € A, and therefore is of dimension at most n — |A|. We may conclude that the
dimension of the element of &xp.#), given by the integral is at most — > ,cama < —2.
Thus, all terms are p’-admissible, and it remains to give a stronger bound for all terms of

sufficiently large degree. Using remark [6.3.4.2| again, with ¢ given by (6.10]), we have

i1 2, < 2T () Eme

acA aEA aEA

< 202 MaPa — 1.

aEA

Thus, here again we are in the situation of lemma [6.3.4.1]
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Putting everything together We decomposed the zeta function at v in the following
manner:

Zy(T,8) = 1+ > ZyolT, )+ Y. Zyo(T, )+ Y. Z,a(T,§)

OzG.Qfo aedl #A>2
LPeT, isfvi
_ —n o [ terms satisfying the bounds
= 1+L Z [Da \ E] 1 — Lpa—1T + of lemma [6.3.4.1] for ¢ given by (6.10)
acdP (€) «

Since p, — 1 < ¢p,, multiplication by LP~1T%> preserves the bounds of lemma [6.3.4.1
Thus, multiplying everything by

I[I a-re'y)

O‘GWQD €3]

and keeping only potentially non-admissible terms, we get:

[I a-L~'T)Z,(T,§) = 1— > L~'T, (6.11)
acdP (€) acd (€)
+ L' N D\ E|(L~T'TL,) (6.12)
aG,QfOD(f)
erms satisfying the bounds
+ of lelflma forgct given by (6 13)

Proposition 6.3.5.3. There is a real number § > 0 such that the product

Il | 218 TI (Q—-Lr'Tr)

v€Co acd P (£)
converges for |T| < L=F9.

Proof. The above calculations give explicit formulas for the main terms of all v € (.
Using lemma [6.3.5.1}], it suffices to check convergence for these places, by showing that they
satisfy the conditions of lemma for ¢ given by and some sufficiently large M.
According to the above, it suffices to bound the weights of the terms in (6.11)) and (6.12)),
which is done exactly as in the proof of proposition [6.3.5.2] The conclusion follows. [

6.3.6 Places in S

Let v be a place in S = C'\ Cy. In this case, for any character £, Z(T,¢) is given by
lemma [6.3.3.4] taking h = 1:

20,6 = 3 I1 Teeotes [ LT e, €))de

ACH acd AB) aea
BEZAo

In this section we are going to use Clemens complexes: see [ChL], section 2.3, for the
definition.
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6.3.6.1 Trivial character

Assume & = 0, so that, as in section 6.4 of [ChL],

LP>—1T,

e (614
—reor, O

zno = 5 (I ) s - ]

ACd acd a€cA
/86@1,1)

This case has essentially been treated in section 6.4 and proposition 4.3.2 of [ChL]. The
only modification we have to make is to adapt to the case where D is not all of X \ G, so
that the o € o7 do not contribute to the pole. For this, we proceed as in [ChL], fixing for
every pair (A, ) a maximal subset Ay of @7 such that AN ./p C Ag and A(Ag, 5) # 0.
We collect the terms in equation corresponding to pairs (A, ) associated with any
given Ag:

Z,(T,0) = 3 >, (H TS‘**HL’J") [A(A, B)]

ApeCIEH ™ (X, D) ACH ,fER v \EL
(Ayﬁ)HAO
a_l a—l
x(1— LH)AL- ] Lo Ta 11 LT
— a—1 _ a—1
acA\dp 1 L» TO‘ ac€ANGp 1 Lr Ta

Thus, there exists a family of Laurent polynomials (P, 4) with coefficients in .2}, indexed
by the set of maximal faces A of CI3"(X, D) such that

P, 4(T) 1

Z,(T,0) = 3 § 1 -
AcCIE™ ™ (X D) Hae%\dD(l — Lpa 1Ta) iy 1 — Lra lTa

with Py, (T) congruent to some non-zero effective element of ./}, modulo the ideal gener-
ated by the polynomials 1—Lfe—1T, for o € o7. Putting T, = T*= for every a € o7, we may
deduce from this that there is a family of Laurent series (F, 4) with coefficients in .}, in-
dexed by the set of maximal faces A of CI"(X, D), converging for |T'| < L minacas e p%,
taking a non-zero effective value in /Z/; at L', and such that

1

Zy(T,0) = > F,a(T) T1 1@yt

AeCL™™M (X, D) acA
In particular, setting d, = 1 4+ dim CLI3"(X, D), we may deduce the following result:
Proposition 6.3.6.1. There is a real number § > 0 such that for every non-zero common
multiple a of the integers p, — 1, a € p, the Laurent series (1 — L*T*)%(Z,(T,0))

converges for |T| < L™ and takes a non-zero effective value at L™".

Remark 6.3.6.2. According to the above calculations, one may take 6 = mingec o\, p%‘
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6.3.6.2 Non-trivial characters

For this case we refer to proposition 4.3.4 and section 6.5 in [ChL]. Recall from
that we restricted the summation domain to a finite-dimensional k-vector space V. For any
v, denote by a : Vi, — G, the corresponding F,-linear inclusion. For every v, we then have
a Laurent series Z,(T, a(-)) € Exp#y|[T)][T~], and we ask for its convergence properties.
Section 6.5 of [ChL] gives an argument, based on ideas from section 3.4 of [CLT12], to
describe the convergence properties of Z, (T, a(-)), uniformly on the strata of a constructible
partition of V. First of all, Chambert-Loir and Loeser show lemma 6.5.1, which allows
them to resolve indeterminacies of the function fe uniformly on each stratum P of such a
partition. Then they apply change of variables to show that one can compute the integral
giving Z,(T, ) on the fibre above ¢ of such a resolution. On the other hand, they have a
general result, proposition 5.3.1, giving a formula for motivic Igusa zeta functions without
indeterminacies. It states that the poles of such an Igusa zeta function are controlled by the
set of maximal faces of the subcomplex CIJ"(X, D), of the complex CL"(X, D) where we
only keep vertices o € o7p such that d,(£) = 0. This argument works in exactly the same
way in our setting, the only difference being that in Chambert-Loir and Loeser’s paper,
the set @7p is equal to 7, which is not necessarily the case here. Therefore, proposition
4.3.4 from [ChL] adapts to our setting in the following form:

Proposition 6.3.6.3. Let v € S and let d,(§) = 1+ dim CL"(X, D). There exists a
constructible partition (U,;) of V' \ {0} on each stratum of which £ — d,(§) is constant
equal to some integer dy;, and, for every i, an element P,; € &xp.My, [T, T ] and finite
families (ay; ), (byi;) where ay;;j € N, b,;; € N7, such that the restriction of Z,(T,a())
to U, equals

[I(1 — L Thei) 1P, (T ).

j
Moreover, there exist integers a,; > 1 and a real number 6 > 0 such that the restriction
to Uy; of (1 — (LT)%i)%i Z,(T,a(-)) converges for |T| < L=1+°.

6.4 Proof of theorem [1] and corollary

According to (6.2)), we may write the multivariate zeta function Z(T) in the form

Z(T)=L49"Z(T,0) + L9 3 Z(T,¢)
gevi{o}

where V is a finite-dimensional k-vector space contained in k(C')™ and g is the genus of the
smooth projective curve C'. We are interested in the convergence properties of

Z(T) =L Z(T,0) + L9 N~ Z(T,¢)
gevi{o}

where for all £, we have Z(T, &) = Z((T?%)q, ). Recall we still assume k = C.
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6.4.1 The function Z(T,0)

In section [6.3.5.1| we showed the convergence beyond L~! of the product of local factors
Zy(T,0) over v € Cy after multiplication by the polynomial

[ @—rretrre)

OéEJ?f\ngD

at each place v. To derive a meromorphic continuation for [[,cq, Z,(7,0), it therefore
suffices to describe the convergence of the product

II Il @—rretree)=t

aed\op vECo

In the latter, we recognise for each o € &/ \ o7p the Euler product decomposition of the
motivic zeta function of Cy at Lre=177a,

Denote by Zo(T) = 32,,50[S™CIT™ € A,[[T]] the motivic zeta function of the smooth
projective curve C'. Since k = C is algebraically closed, we have, by theorem 1.1.9 in
[Kapr], that

Po(T)
(1-7)1-LT)

where Po(T) € #;[T) is a polynomial of degree 2¢g such that Po(L™1) = L79[J(C)], with
J(C) being the Jacobian of C. Moreover, the zeta function Zq,(T") of the open dense
subset Cy C C' is given by

ZeT) = [ -T)" = Zo(T) [] (1-17).

veCo veC\C

Zc(T) =

We have
[T II a-rettreey= = ] Ze(Lr'Tr)

veC aEM\JfD OéEJZf\,SZVD
B H PC(LPaflTpa)
- (= T 1T (1 — (L))

OéEJ?f\&VD

Since 1 — LP>~1T?= evaluated at L™ is 1 — L™t = L7![A!\ {0}] which is effective, we may
conclude that the product over places in Cj

II II (@-reetree)t

veCy aco/\p

is of the form

F(T)
[acoa, (1 — (LT)P=)

where F € .#,[[T]] is a rational power series converging for |T| < L~ for some § > 0
(more precisely, any 6 < minge\ p% works) and taking a non-zero effective value at L.
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Thus, by proposition [6.3.5.2 for a common multiple a of the p,,a € & \ @p, we may
write the product [T,eq, Z(T,0) in the form
F(T)
(1= (L))

for Fy(T) € y|[T]] converging for |T| < L=*° for some § and taking a non-zero effective
value at L. Thus, the product [T, Z»(T,0) has a pole at L™! of order | \ @/p| =
rk PicU, and a meromorphic continuation beyond L.

Combining this with the result of section we see each place v € C'\ C gives an
additional contribution to the pole at L™, of order exactly d, = 1 + CI2"(X, D). Finally,
we can conclude that there is a real number § > 0, a Laurent series Go(T) € 44 [[T]][T7!]
converging for |T| < L™, and taking a non-zero effective value at L', and an integer
a > 1 (we may take a to be any common multiple of the p/,, a € &7) such that the product
Z(T,0) = [Iyec Z(T,0) may be written in the form

Go(T)
Z(T,0) = ————,
(1= (LT)e)r
where
r=rk PiclU)+ > (1+dimCLE*(X,D)).
veC\Co
Example 6.4.1.1. 1. Assume U = G, so that Pic(U) = 0. One then recovers the result
from [ChL].
2. Assume U = X. Then one may take Cy = C, and the order of the pole is exactly
rk Pic(X).

6.4.2 The function Z(T,¢)

We proceed as in section [6.4.1} according to proposition [6.3.5.3] for every £ € V' \ {0}
the product

(H Zy(T, g)) I Zc(re'1re) € Expst)[[T)T ]

v€Cy acdP ()

converges for |T| < L™ for some § > 0. We may apply this to the generic point of
V'\ {0} and use spreading-out and induction on the dimension to show that there exists a
finite constructible partition of V'\ {0} on which the functions & +— d, (&) are constant, and
such that this convergence holds uniformly in £ on each piece of the partition. Proposition
on the other hand tells us that the order of the pole of [T,cc\q, Z(T€) at L™ is at
most Y, d, where d, = 14+dim CL"(X, D)y, again uniformly on the pieces of a constructible
partition of V'\ {0}. Using a partition of V' \ {0} refining the aforementioned two partitions,
we may conclude that for any stratum P of this partition, the order of the pole of

LU N Z(T, )

§€a(P)
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1s at most
[ )+ > du(©)
veC\Co
for any & € a(P) (recall € — d,(€), and therefore also & — |/ P(€))] and € — d,(§) are
constant on P). Lemma 3.5.4 in [CLT12] shows that this is strictly less than the order r
of the pole of Z(T,0) at L.

6.4.3 Conclusion of the proof of theorem

Taking a to be the least common multiple of the integers p!,, a € o7 and of the integers
ay,; appearing in proposition [6.3.6.3] we have shown that (1 — (LT)*)"Z(T) converges
for T = L7!, and takes a non-zero effective value at L™, which concludes the proof of
theorem [I

6.4.4 Proof of corollary

Applying lemma [£.7.3.1], we get corollary 2] in the case where k = C. We now explain
how we may deduce from this the general case.

All the geometric data in our counting problem involves a finite number of equations
over the field k: we may therefore assume that everything is defined over a finitely generated
subfield of C. Moreover, the assumption % (0,) # & for all v € Cy may be reformulated
more geometrically by saying that the volume of the arc space Z(%,) at the place v
should be non-zero. With the notations of section [6.3.3] this volume may be expressed by
the formula:

vol(Z(%,) = . vol(QA,B))
ABCSQOTD

= L™ Y [AADB).
ACAH\Ap
56%0,1)

Thus, at least one of the sets A(A, 3) for A C &7 \ @p, 5 € Py, has a k-point. Since it is
defined over C, it also has a C-point.

Thus, we have shown that without loss of generality, even if the original problem was
stated over some algebraically closed field k of characteristic zero, we may in fact assume
everything is defined over C, and apply corollary [2] in this setting. By functoriality of
Hilbert schemes, we may then deduce corollary [2| over k.
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convenablement a ’aide d’une formule de Poisson motivique démontrée au cinquiéme
chapitre, qui généralise celle de Hrushovski-Kazhdan. Chaque terme est alors décom-
posé sous la forme d’un produit eulérien motivique, dont la définition et les propriétés
sont établies au chapitre 3. La convergence de ces produits eulériens doit étre com-
prise pour une topologie des poids que nous introduisons au quatriéme chapitre et qui
repose d’une part sur la théorie des modules de Hodge de Saito, et d’autre part sur
une mesure motivique sur 'anneau de Grothendieck des variétés avec exponentielles,
construite dans le chapitre 2 a I’aide de la notion de cycles évanescents motiviques.
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coefficients du polynéme de Hodge-Deligne des espaces de modules des courbes sur la
compactification équivariante donnée, lorsque le degré tend vers I'infini.

Title : Motivic Euler products
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Abstract : The goal of this thesis is the study of the motivic height zeta function
associated to the problem of counting curves on equivariant compactifications of vec-
tor groups, solving in chapter 6 the motivic analogue of Manin’s conjecture for such
varieties.

The motivic height zeta function coming from this counting problem is rewritten in
a convenient way using a Poisson summation formula proved in chapter 5, and which
generalises Hrushovski and Kazhdan’s motivic Poisson formula. Each term is then
expressed as a motivic Euler product, the definition and properties of the latter being
established in chapter 3. The convergence of these Euler products must be understood
for a weight topology which we introduce in the fourth chapter and which relies both on
Saito’s theory of mixed Hodge modules and on a motivic measure on the Grothendieck
ring of varieties with exponentials, constructed in chapter 2 using the notion of motivic
vanishing cycles.

We deduce from this a description of the asymptotic of a positive proportion of the
coefficients of the Hodge-Deligne polynomial of the moduli spaces of curves on the
given equivariant compactification, when the degree goes to infinity.
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