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Résumé

On g’intéresse dans cette thése a montrer que la solution approchée, par la mé-
thode des volumes finis, converge vers la solution renormalisée de problémes ellip-
tiques ou paraboliques & donnée L.

Dans la premiere partie nous étudions une équation de convection-diffusion ell-
liptique & donnée L'. En adaptant la stratégie développée pour les solutions renor-
malisées a la méthode des volumes finis, nous montrons que la solution approchée
converge vers I'unique solution renormalisée.

Dans la deuxieme partie nous nous intéressons a un probleme parabolique non-
linéaire & donnée L'. En utilisant une version discréte de résultats de compacité
classiques, nous montrons que les résultats obtenues dans le cas elliptique restent
vrais dans le cas parabolique.

Dans la troisieme partie nous montrons des résultats similaires pour une équation
parabolique doublement non-linéaire & donnée L'. Le caractére doublement non-
linéaire de I’équation crée des difficultés supplémentaires par rapport a la partie
précédente, notamment car la regle de dérivation en chaine ne s’applique pas dans
le cas discret.

Enfin, dans la quatrieme partie, nous utilisons les résultats établis précédemment
pour étudier un systeme de type thermoviscoélasticité. Nous montrons que la solu-
tion approchée, obtenue par un schéma éléments finis-volumes finis, converge vers
une solution faible-renormalisée du systeme.

Mots-clés : Probléeme Elliptique, Probléme Parabolique, Donnée L', Solutions
Renormalisées, Volumes Finis, Systemes Couplés



Abstract

In this thesis we are interested in proving that the approximate solution, obtained
by the finite volume method, converges to the unique renormalized solution of elliptic
and parabolic equations with L! data.

In the first part we study an elliptic convection-diffusion equation with L! data.
Mixing the strategy developed for renormalized solution and the finite volume me-
thod, we prove that the approximate solution converges to the unique renormalized
solution.

In the second part we investigate a nonlinear parabolic equation with L! data.
Usong a discrete version of classical compactness results, we show that the results
obtaines previously in the elliptic case hold true in the parabolic case.

In the third part we prove similar results for a doubly nonlinear parabolic equa-
tion with L! data. The doubly nonlinear character of the equation makes new dif-
ficulties with respect to the previous part, especially since the chain rule formula
does not apply in the discrete case.

Finaly, in the fourth part we use the results established previously to investigate
a system of thermoviscoelasticity kind. We show that the approximate solution,
obtaines by finite element-finite volume scheme, converges to a weak-renormalized
solution of the system.

Keywords : Elliptic Problem, Parbolic Problem, L! Data, Renormalized Solutions,
Finite Volume, Coupled Systems
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Introduction

Dans cette these nous étudions des schémas aux volumes finis de type 'cell-
centered" pour des problémes elliptiques ou paraboliques a donnée L'. Notre but
est de montrer que la solution approchée, obtenue par la méthode des volumes finis,
converge vers I'unique solution renormalisée du probleme. Une application, la dis-
crétisation d'un systeme de deux EDP couplées de type thermoviscoélasticité, est
aussi abordée.

Rappelons tout d’abord quelques éléments sur les notions de solution de 1’équa-
tion

—Apu = f dans Q,
u =0 sur 09, (0.1)

ol p > 1 et Q est un ouvert borné de R,
Si f € L¥(Q) ou plus généralement f € W17 (Q) la notion de solution variation-

nelle
ue Wy (),
Jo |DuP~'Du - Dvdx = [, fudz Yv e W, P (9Q),

est adaptée dans le sens ou il y a existence et unicité. Pour des opérateurs non-
linéaires plus généraux, dits de Leray-Lions (voir [54]), nous avons aussi des résultats
d’existence. c’est le cadre variationnel usuel.
Si f € LY(Q) ou f est une mesure de Radon & variations bornées, nous ne pouvons
pas en général obtenir I'existence d’une solution variationnelle, fQ fodzr,ou< f,v >,
n’a aucune raison d’étre bien défini et il n’est pas possible d’espérer avoir u €
I/VO1 P(Q2) pour une donnée peu réguliere quand p < d.

Quand f € L'(Q2) (ou f mesure de Radon & variations bornées) et p > 2 —
1/d, Boccardo et Gallouét ont démontré dans [23] (voir aussi [24]) I'existence d’une
solution au sens des distributions de (0.1), a savoir

ueWy(Q) Vg<d(p—1)/(d—1),
fQ ‘Du’p—lDu . D(P dxr = fQ f(p dx Vgp € Uq>d W017q<Q)

(0.2)

(0.3)

Ces résultats s’étendent pour des opérateurs plus généraux ([12,23,24]) et au cas
parabolique ([22,23]). Cependant méme dans le cas linéaire la solution au sens des
distributions n’est pas unique (voir le contre-exemple de Serrin [68] et Prignet [65])
essentiellement par manque de régularité de la solution et donc a cause d’un espace
de fonctions test plus réduit.

Pour palier ce manque d’unicité, plusieurs notions de solutions ont été dévelop-
pées, la notion de solution par transposition dans le cas linéaire (voir [70], pour des
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équations de convection-diffusion voir [37] et pour une extension partielle au cas
non-linéaire voir [25,60]). Dans les années 90, pour f € L'(Q) et des opérateurs
non-linéaires a croissance p > 1 les notions de SOLA (solutions obtenues comme
limites d’approximation), solutions entropiques et solutions renormalisées ont été
développées. La notion de solution renormalisée a été généralisée pour une donnée
mesure dans [33]. Rappelons que dans le cas d’une donnée L' ces notions sont équi-
valentes (voir [33] pour le cas elliptique). Nous nous intéressons dans cette these
uniquement a la notion de solution renormalisée.

La théorie des solutions renormalisées a été introduite en 1989 par DiPerna et
Lions dans le cadre des équations de Boltzmann (voir [36]). Cette théorie a ensuite
été adaptée aux problémes elliptiques & donnée L' par Lions et Murat dans [58,59].
Une généralisation pour des problemes elliptiques a donnée mesure a été faite dans
[33]. Concernant les problemes d’évolution a donnée L' et les solutions renormali-
sées un des premiers travaux est celui de [17] qui s’appuie sur [14]. Par la suite de
nombreux articles traitent d’équations paraboliques & donnée L' ou mesure et de so-
lutions renormalisées, notamment [16,18,20,21,35] pour une donnée L' et [19,63,64]
pour une donnée mesure.

Dans le cadre de probleme & donnée peu réguliere, la notion de solution renor-
malisée est plus avantageuse que celle de solution faible puisqu’elle nous donne en
général existence, stabilité et parfois unicité de la solution. Le manque de régularité
de la solution, dii a la donnée peu réguliere, crée une difficulté pour montrer I'unicité
de la solution faible (voir [66,68]) et cette difficulté est contournée par la technique
des solutions renormalisées. Prenons I’exemple du probleme

—Au = f dans €,
u = 0 sur 0, (0.4)
ott © est un ouvert borné de R? et f € L1(£2). La définition de solution renormalisée

pour ce probleme est la suivante, u : {2 — R mesurable finie presque partout est une
solution renormalisée de (0.4) si,

Vk >0, Ti(u) € Hy(52), (0.5)
1 9
kl_l}gloo %, |VTi(u)|*dz =0, (0.6)

Vh € CH(R), Vo € Hy(2) N L®(Q),

/QVuh(u) Wda:Jr/vavuh'(u) dx:/gd,h(u)fd% (0.7)

avec Tj, la fonction troncature de hauteur k :
Ty(r) = min(k, max(r, —k)).

L’existence d’une solution est établie par un résultat de stabilité : si f. — f
dans L! fort et si u. est solution renormalisée de —Au, = f. dans Q, u. = 0 sur 09
alors Ty (u.) — Ty (u) dans H} () pour tout & > 0 oll u est solution renormalisée de
(0.4). Si f. € L*() il est aisé de vérifier qu'une solution variationnelle est aussi une
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solution renormalisée en prenant f. € L*(Q)) convergeant fort vers f dans L'(2), on
obtient donc I'existence.

La régularité est imposée non pas sur u globalement mais sur les tronquées. Si u est
finie presque partout et Ty(u) € HJ(2) on peut (voir [12]) définir Vu dans le sens
ou VTk(u) = ]1{|u‘<,€}Vu.

La formulation (0.7) est non linéaire méme si le probleme (0.4) est linéaire. Comme
(0.7) ne "voit" que les zones ot u est bornée tous les termes sont bien définis et la
condition (0.6) de décroissance de I’énergie donne une information supplémentaire
cruciale pour la stabilité et 'unicité (quand il y a unicité). Quand on peut prouver
I'unicité la démonstration se fait, comme la plupart du temps, en prenant deux so-
lutions renormalisées u et v mais avec un choix judicieux de troncature de u, de v
ou de u — v pour les fonctions test.

Le second outil utilisé tout au long de cette these est celui des volumes finis. 11
s’agit d’'une méthode de discrétisation qui a été congue pour résoudre numériquement
des problémes faisant intervenir des lois de conservation (mécanique des fluides,
transfert de chaleur, ingénierie pétroliere...). Cette méthode est tres proche de celle
des éléments finis puisque les deux se basent sur des approximations d’intégrales.
Tandis que la méthode des éléments finis repose sur une formulation variationnelle
de I’équation, la méthode des volumes finis se base quant a elle sur la forme forte
de I'équation. Le principe est de mailler le domaine en petits volumes de controle K
et d’intégrer I’équation sur chacun de ces volumes. Les volumes de controle pouvant
étre de forme quelconque, un des avantages de cette méthode est de pouvoir traiter
des problemes posés sur des géométries complexes. De plus les termes de divergence
présents dans les lois de conservation sont plus simple a traiter puisque les intégrales
de volume de ces termes sont transformées en intégrales de surface grace au théoréme
de la divergence. Par exemple, regardons ’équation

—Au + div(vu) = f dans Q,
u = 0 sur 0. (0.8)

Le maillage serait de cette forme

A
\\k{‘ :DU

(9

avec K et L des volumes de controle voisins et o les arrétes de ces volumes. Le
schéma aux volumes finis s’écrit alors

lo

VK €T, Z g ’(UK —ur) + Z ||V o Uo + :/ fdx, (0.9)
o K

oeE(K) oe&(K)



avec up, = 0if 0 € Epy NE(K) et

Vo = K|L € Einty Uy = Uk sl Vg >0, Uy = uy sinon, (0.10)
Vo € Een NE(K), Upy = ug st Vi >0, Uy 4 = 0 sinon. (0.11)

Les avantages des volumes finis ont poussé les ingénieurs, notamment pétroliers,
a développer cette méthode dans les années 60, celle-ci permettant, contrairement
aux différences finies et aux éléments finis, de calculer le déplacement des hydro-
carbures en réservoir géologiquement complexe. La recherche des ses fondements
mathématiques (formalisation, convergence...) n’a débuté que plus tard.

Le livre "Finite volume methods" [44] écrit par Eymard, Gallouét et Herbin
recense les principales techniques de résolution avec les volumes finis pour des pro-
blemes elliptiques, paraboliques, hyperboliques et méme pour des systemes d’équa-
tions. Comme dans le cas continu il est nécessaire d’avoir des estimations a priori
et de la compacité pour pouvoir passer a la limite. On utilise des versions discretes
des inégalités de Poincaré et des injections de Sobolev. Une des difficultés vient de
la reconstruction du gradient. L’approximation par les volumes finis étant constante
sur chaque cellule, cette approximation n’appartient pas a un espace de Sobolev.
Il faut définir un "gradient au sens des volumes finis" qui ne pourra converger que
faiblement.

Dans le cadre de problémes elliptiques a donnée L' ou mesure on peut citer
les articles [40,46] dans lesquels les auteurs prouvent la convergence de la solution
approchée par un schéma volumes finis de type "cell-centered" vers la solution au sens
des distributions de I’équation. Dans [51] les auteurs étudient un systéme d’équations
dont une est & donnée L' et est traitée avec la méthode des volumes finis. Ils montrent
que la solution approchée converge vers une solution faible qui dans ce cas n’est pas
forcément unique.

En ce qui concerne les problemes paraboliques a donnée peu réguliere, la difficulté
dans le cas discret, comme dans le cas continu, est d’avoir des résultats de compacité,
notamment la convergence presque partout. Pour faire face a cette difficulté dans le
cas continu 'idée est de démontrer des estimations sur la solution ou ses tronquées et
d’utiliser un lemme de type Aubin-Simon (voir [69]). On peut adapter cette stratégie
dans le cas discret comme cela a été fait dans [47,48] ou les auteurs ont prouvé
un équivalent discret du résultat de compacité de [69]. Une autre technique est de
trouver des estimations sur les différences des translatées en temps et en espace dans
le but de montrer un résultat de compacité (voir [1,4,6,8,45]).

Dans la plupart des articles dans lesquels sont étudiés des problémes a donnée L*
(elliptiques ou paraboliques) avec la méthode des volumes finis, les auteurs montrent
que la solution du schéma converge vers une solution faible du probleme. Cependant,
comme le montre le contre-exemple de Serrin [68], cette solution n’est pas toujours
unique. La contribution principale de cette these est de combiner la méthode des
volumes finis et la notion de solution renormalisée. Nous utiliserons des schémas
volumes finis de type "cell-centered" et l'idée est d’obtenir des estimations sur la
tronquée en norme discrete, de montrer une version discréte de la décroissance de
I'énergie a U'infini (1.4) et de prendre une version discrete de la fonction test h(u)
de (1.5) dans le schéma pour pouvoir passer a la limite.

Adapter au cas discret la stratégie développée pour les solutions renormalisées
n’est pas chose aisée puisque la fonction test ne tronque pas toute 1’équation contrai-
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rement au cas continu. Il faut donc faire apparaitre "manuellement' le gradient au
sens des tronquées et controler des termes résiduels. Dans le cas parabolique d’autres
difficultés s’ajoutent car la formule de dérivation en chaine ne s’applique pas dans le
cas discret. Il y a donc de nouveaux termes résiduels a contrdler. Enfin la formula-
tion renormalisée est non linéaire et fait apparaitre un gradient au carré; alors que
dans le cas continu VT (u.) — VTi(u) fort dans L? on ne peut avoir un résultat
similaire pour les volumes finis et le "gradient au sens des volumes finis".

Dans le premier chapitre nous étudions 1’équation de convection-diffusion

—Au + div(vu) + bu = f dans ,
u =0 sur 09, (0.12)

ott 2 est un ouvert borné de RY, d > 2, v € LP(Q)%, 2<p<+oosid=2,p=dsi
d>3,b€ L*Q), b>0et f € L'(Q). Dans le cas continu ce type d’équations a été
abordé par Droniou a I'aide d’'une méthode de dualité ([37]) et par Ben Cheikh et
Guibé (dans le cas non-linéaire [10]) avec des résultats d’existence et d’unicité. Pour
une donnée mesure et quand v € (C(Q))? la convergence du schéma volumes finis
pour (0.12) est abordée dans [40], les auteurs montrent que la solution converge vers
la solution faible de (0.12) (qui sera ici unique, la linéarité de 1’équation permettant
d’utiliser une technique de dualité).

La principale nouveauté de ce chapitre est que nous prouvons la convergence
de la solution approchée, obtenue par la méthode des volumes finis, vers I’(unique)
solution renormalisée. Comme dans le cas continu les principales difficultés sont de
gérer le caractére non coercif de 1'équation et la donnée L'. En combinant a la fois
les techniques développées pour les solutions renormalisées ([33,59]) et celles de la
méthode des volumes finis ([40]) nous établissons des estimations sur les solutions
discretes. Nous montrons en particulier une version discrete de la décroissance a
I'infini de I’énergie tronquée

1
lim —/ VT, (u)|*dr = 0,
Q

n—oo 1N

cette estimation étant, comme dans le cas continu, cruciale pour montrer que la
limite de la solution approchée est la solution renormalisée. Lors du passage a la
limite une autre difficulté apparait puisqu’en version discrete la fonction test, de
type h(u)p avec h a support compact, ne permet pas de tronquer toute I’équation.
De plus en adaptant les preuves la méthode se généralise aux équations non-linéaires
de type

—div(A(u)Vu) + div(vu) + bu = f dans (2,
u =0 sur 09, (0.13)

ol A est une fonction continue telle que Aoy > A(u) > p > 0 avec Ay et p deux
nombres réels.

Ce travail a été publié dans le journal "Computational Methods in Applied Mathe-
matics" (voir [53]).



Dans le deuxiéme chapitre, nous nous intéressons au probleme

S div(\(u) V) + div(on) = f dans Q.

u =0 sur 90 x (0,7), (0.14)
u(z,0) = u’(z) Vo € Q,

ot Q est un ouvert borné de R? d > 2, T est un nombre positif et Q = Q x (0, 7).
De plus A est une fonction continue telle que A(u) > p > 0, avec p un réel positif,
v e (L42(Q))4, u® € LYQ) et f € LYQ).

Dans le cas continu des résultats d’existence et d’unicité pour I’équation (0.14) avec
A non nécessairement bornée ont été montrés dans [16,20,21]. Si A n’est pas bornée
il n’y a aucune raison d’avoir pour f dans L' une solution au sens des distributions.
Dans le cadre des volumes finis des équations similaires ont été étudiées dans [47]
pour le cas linéaire A = 1 et dans [48] avec une fonction A continue bornée. Les
auteurs y montrent la convergence de la solution approchée vers une solution au
sens des distributions.

Dans ce chapitre, en utilisant les outils développés pour les schémas de type
volumes finis ([44,47]), nous adaptons la stratégie utilisée pour montrer 'existence
d’une solution renormalisée de problemes paraboliques & donnée L' (voir [16,20,21]).
Il faut souligner 'avantage de la méthode de [20] par rapport & celle précédemment
utilisée dans [18] qui est plus courte et plus simple. Dans [18] une approximation de
type Landes [50], de nombreuses étapes (un lemme technique concernant la dualité
et I'approximation de Landes) sont nécessaires tandis que [20] utilise les moyennes
de Steklov et des inégalités de convexité. Adapter la méthode de [18] au cas des
volumes finis parait hors de portée. Dans ce chapitre nous mélangeons la stratégie
de [20] avec la méthode des volumes finis.

Comme dans le cas continu l'obstacle principal pour les équations dépendant
du temps est d’obtenir un résultat de compacité pour la solution approchée et de
controler les dérivées en temps afin de passer a la limite. Pour la compacité nous
utilisons la version discréte du lemme d’Aubin-Simon montrée dans [48]. Les autres
difficultés sont de gérer les non-coercivité et non-linéarité du probleme, la donnée
L' ainsi que le fait que A\ n’est pas supposée bornée. De plus la discrétisation de la
dérivée par rapport au temps fait apparaitre des termes supplémentaires par rapport
au cas elliptique dans le chapitre 1. Il faut donc trouver un moyen de controler ces
termes résiduels a I'aide de fonctions tests bien choisies.

Dans le troisieme chapitre nous étudions 1’équation doublement non linéaire

az;(:) — div(A(w)Vu) = f dans Q,

u =0 sur 00 x (0,7, (0.15)
b(u(z,0)) = b(u’(x)) Vo € Q,

otl ) est un ouvert borné de R, d > 2, T' est un nombre positif et Q = Q x (0,T), A
est une fonction continue telle que A\(u) > p > 0, avec p un réel positif, et f € L(Q).
De plus b est une fonction C! strictement croissante telle que b(0) = 0, ¥’ > 0 sur R.
Comme A n’est pas supposée bornée et de méme pour b, le changement de variable
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v = b(u) peut mener & un probléme dégénéré et n’est donc pas traité dans le chapitre
précédent.
Les équations de ce type ont été étudiées avec les solutions renomalisées entre autres
dans [16,20,21] et dans [6,8] avec les volumes finis. Nous prouvons ici la convergence
de la solution approchée, obtenue par la méthode des volumes finis, vers I'unique
solution renormalisée. A cause du caractere doublement non linéaire de 1’équation
nous faisons face a une nouvelle difficulté par rapport au chapitre 2. En effet la regle
de dérivation en chaine ne s’applique pas dans le cas discret au terme %; ceci
nous force a contrdler de nouveaux termes additionnels.

La principale nouveauté de ce chapitre est de traiter avec les volumes finis et les
solutions renormalisées une équation parabolique a la fois doublement non-linéaire
et & donnée L.

Dans le quatrieme chapitre nous étudions a ’aide des éléments finis et des vo-
lumes finis le systeme de type thermoviscoélasticité S :

% —div (e(u) +€ <%)) =g— Df(0) dans Q, (0.16)
00 ou ou ou

5 div (A(B)VE) = ¢ (5) € <E) — f(O)tr ( <E)) dans @,  (0.17)
u(t = 0) = uo, %(t =0) = vy, O(t =0) =6 dans Q, (0.18)
u=0, 6 =0, sur 90 x (0,7, (0.19)

ol € est un ouvert borné de R, d = 2 ou d = 3, T est un nombre positif et
Q =0x(0,T). De plus f et X sont deux fonctions continues bornées et g € L*(Q)<.
L’équation (0.16) est I'équation de conservation du mouvement tandis que (0.17)
est ’équation de conservation de I’énergie dans laquelle la dissipation mécanique n’a
pas été linéarisée et est donc du type € (%) - € (g—?) — f(O)tr (5 (%)) et appartient
donc & L'(Q) en général.

Dans [15] une version plus générale (% a la place de 5, f vérifiant des hypo-

theses de croissance) est étudiée. Les auteurs démontrent I'existence d’une solution
faible-renormalisée dans le sens ot u est solution faible de (0.16) et 6 est solution
renormalisée de (0.17).
Un systéme de turbulence (modele réduit) qui couple I’équation de Navier-Stokes
avec l’équation de conservation de l'énergie est traité par les volumes finis et les
éléments finis dans [47]. Les auteurs montrent que la solution discréte converge vers
un couple (u, ) ou u est solution faible de Navier-Stokes et 6 est solution au sens
des distributions de I’équation de conservation de 1’énergie.

En nous basant sur [15], [47], sur les résultats établis dans le chapitre 2 et sur
les travaux [42,43] pour la discrétisation de I’équation d’ordre 2 en temps avec les
éléments finis, nous montrons que la solution approchée par le schéma converge vers

une solution faible-renormaisée du systeme.






Chapitre 1

Finite volume scheme and
renormalized solutions for a

noncoercive elliptic problem with
L' data*

1.1 Introduction

In this work, we consider the discretization by the cell-centered finite volume
method of the following convection-diffusion problem :

—Au +div(vu) + bu = f in Q,
u =0 on 01, (1.1)

where  is an open bounded polygonal subset of R%, d > 2, v € LP(2)% 2 < p < +00
ifd=2,p=difd>3,be L*Q), b>0and f e LYQ).

The main difficulties in dealing with the existence and the uniqueness of a solution
to problem (1.1) are due to the noncoercive character of the operator u — —Au +
div(vu) + bu and to the L' data f.

The difficulty of the irregular data is overcome by Boccardo and Gallouét in [23]
where they had shown the existence of a solution in the sense of distribution in the
coercive case for general nonlinear operators. However it is well known that this
solution is not unique in general (see the counterexample in [68]). In the linear case
it is possible to use the duality method and appropriate notion of weak solution to
obtain uniqueness. Particularly in [37] the author had proved that equation (1.1)
admits a unique solution using the duality method (the author considers also more
general boundary conditions and a measure right-hand side). Equation (1.1) is also
studied in [40] where v € C(Q)? and f is a measure. Nonlinear versions of (1.1) are
considered in [38] proving local estimates outside the support of the singular part
of the right-hand side and in [10, 11] using the framework of renormalized solution.

The theory of renormalized solutions has been introduced in [36] for Boltzmann
equations and has been adapted in [58,59] for elliptic problems with L' data. A
generalization to elliptic problem with measure data is adressed in [33]. It is well
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known that the renormalized solutions are a convenient framework for parabolic
and elliptic equations with L' data which provides in general existence, stability
and uniqueness results.

Concerning the finite volume discretization, several techniques are developed in
[44]. The convergence of the cell-centered finite volume scheme for equation (1.1)
has been studied in [46] when v = 0 and with measure data. In [40] the authors
consider the case v € C(Q)?, f € M(Q) (bounded measure in Q) : They prove that
the solution of this scheme for equation (1.1) converges to the unique solution of
(1.1) in the sense

we N Wy(Q),

a<g7
[y Vu-Vd\ — [ uv -V dA + [obudh = [, dp, Y € Sgdw(}’S(Q).

(1.2)
Dicretizations of equation (1.1) with Neumann boundary conditions and right hand
side belonging to L?(2) are studied in [28] (see also [41] for the continuous problem).
In [51] the authors studied problem (1.1) with —div(A(u)Vu) instead of —Awu and
with div(v) = 0. It is also worth mentionning that the convergence of the finite
elements approximation of the equation —div(AVu) = f, with A a coercive matrix
with coefficients in L>(Q) and f € L'(Q), is proved in [27].

In the present chapter by using the tools developed for finite volume schemes
we adapt the strategy used to deal with the existence of a renormalized solution for
elliptic equations with L' data (see [33,58,59]). Recall that a renormalized solution
of (1.1) is a measurable function u defined from Q to R, such that u is finite a.e. in
2 and

Vk >0, Tp(u) € Hy(Q), (1.3)
.1 9
kl_l}riloo %, |VTi(u)|*dz =0, (1.4)

Vh € CL(R), Vi € Hy () N L>=(R),
/QVuh(u)V@Ddij/QVu@DVuh'(u) d:r—/guh(u)v-vwdx (1.5)

—/uh’(u)w'v'Vudx—l—/buh(u)wdx:/wh(u)fd:c,
Q Q Q

with T}, the truncate function at height k (see Figure 1 below).

Since h has a compact support, each term of (1.5) is well defined. The existence
and the uniqueness of a renormalized solution to (1.1) is proved in [11]. The main
originality in the present work is that we pass to the limit in a "renormalized discrete
version', this is to say that we take a discrete version of ¥h(u) as test function in
the finite volume scheme. A first difficulty is to establish a discrete version of the
estimate on the energy (1.4). Moreover it is worth noting that in (1.5) all the terms
are "truncated" while a discrete version of ph(u) in the finite volume scheme leads
to some residual terms which are not "truncated". The second difficulty is then to
handle these residual terms. With respect to [40,46] in the context of finite volume
method or to [27] in the context of finite element method it is worth noting that we
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Tk(s)

FIGURE 1.1 — The function T}

do not use the discrete or continuous Boccardo-Gallouét estimates. Moreover the
method developed in the present paper allows one to deal with nonlinear version of
(1.1) in the sense that the solution of the discrete scheme converges to the unique
renormalized solution (see Section 5).

The paper is organized as follows. In Section 2, we present the finite volume
scheme and the properties of the discrete gradient. Section 3 is devoted to prove
several estimates, especially the discrete equivalent to (1.4) which is crucial to pass
to the limit in the scheme. In Section 4, we prove the convergence of the cell-centered
finite volume scheme, passing to the limit and using a density argument. At last we
explain in Section 5 that we are able to show similar results for a quasilinear problem
with —div(A(u)Vu) in place of —Au.

1.2 The finite volume scheme
Let us define the admissibility of the mesh in the present work.

Definition 1.2.1 (Admissible mesh) Let Q be an open bounded polygonal subset
of RY. An admissible finite volume mesh of ) is given by a finite partition T of Q) in
polygonal convex sets, called the "control volumes”, by a finite family € of disjoint
subsets of Q contained in affine hyperplanes, called the "edges', and by a family
P = (zx)ker of points in Q) such that
— each o € £ is a non-empty open subset of 0K for some K € T,
— by denoting E(K) = {oc € £; 0 € 0K}, one has 0K = Ugegiyo for all
KeT,
— forall K # L in T, either the (d — 1)-dimensional measure of K N L is null,
or KNL=a for some o € &, that we denote then o = K|L,
— for all K € T, xx is in the interior of K,

11



— forallo = K|L € €, the line (xk,xr) intersects and is orthogonal to o,
— forall o € £, 0 C 002N OK, the line which is orthogonal to o and going
through xg intersects o.

We denote by |K| (resp. |o|) the Lebesgue measure of K € T (resp. o € £). The
unit normal to ¢ € £(K) outward to K is denoted by 1k ». Eint (resp. Eeye) is defined
as the set of interior (resp. boundary) edges.

For any K € T and 0 € £(K) we denote by d,, the Euclidean distance between z x
and o. For any o € &, we define d, = di, + dp, if 0 = K|L € &, (in which case
d, is the Euclidean distance between zx and x1) and d, = dg, if 0 € Eer N E(K).
The size of the mesh, denoted by hr, is defined by hy = sup o diam(K).

In the continuous case the usual tools to solve the problem are Poincaré and
Sobolev inequalities. In the discrete case we will need such estimates, so we have to
establish their discrete versions (see [32]). Let us define the discrete W,*? norm.

Definition 1.2.2 (Discrete W, norm) Let Q be an open bounded polygonal sub-
set of R4, d > 2, and let T be an admissible mesh. Define X(T) as the set of
functions from Q to R which are constant over each control volume of the mesh. For
vr € X(T) and q € [1, +o0[, we define the discrete Wy norm by

q q
Vg — VL, (%7¢
o7t g7 = > lolds d + D lold, d,
0€€int 7 0€Eext 7
o=K|L ceé(K)

where v denotes the value taken by v on the control volume K.

Proposition 1.2.3 (Discrete Poincaré inequality) Let T be an admissible mesh
and vy € X(T). Then, if 1 < q <2,

o7l Loy < diam(Q)[[v 71,7

Proposition 1.2.4 (Discrete Sobolev inequality) Let 1 < q < 2, T be an
admissible mesh and & > 0 satisfying

forall K € T and all 0 € E(K), dg, > £d,.

Then, with gx = ;quq if g <dand gx < 0o if g =d = 2, there exists C' > 0 only

depending on (), q, q*, &) such that, for all v € X(T),

[o7llza(@) < Cllor[l1gT-

Before writing the finite volume scheme, let us define a discrete finite volume
gradient (see [51]).

Definition 1.2.5 (Discrete finite volume gradient) For K € T and o € £(K),
we define the volume Dy , as the cone of basis o and of opposite vertex xx. Then,
we define the "diamond-cell" D, (see Figure 1.2) by

Da:DK,oUDL,U ifU:K|L€(€int,
D, = Dk, if 0 € Eupe NE(K).
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For any vy € X(T), we define the discrete gradient Vrur as the piecewise constant
function over each diamond cell and given by

Vo € Em, o = K|L, Voru(z) = d”;—”KnKJ, Yz € D,,
0 _
Vo € Eun NE(K), Vro(z) =d d”KnK,C,, Vz € D,.

\\u{ : D,

o

, \é

i e \\

\

FIGURE 1.2 — The diamond D,

Lemma 1.2.6 (Weak convergence of the finite volume gradient) Let (7,,)m>1
be a sequence of admissible meshes such that there exists & > 0 satisfying

forall m > 1 forall K € T and all 0 € £(K), dk, > &d,,

and such that hy,, — 0. Let vy, € X(T,) and let us assume that there exists
a € [1,400[ and C > 0 such that ||vr, ||1.0.7, < C, and that vr, converges in L'(2)
tov € Wy *(Q). Then V. vy, converges to Vv weakly in L*(Q)%.

The proof of a more general result can be found in [51].

Let 7 be an admissible mesh, we can define the finite volume discretization of
(1.1). For K € T and 0 € £(K), we define

1 1
b = —/ bdr and vg, = — v Nk de, (1.6)
K| Jk 1Ds| Jp,

and we can write the scheme as the following set of equations
o
VKeT, > %(UK —up)+ Y ookt + [ K|bgux =/ fdz, (1.7)
oes(K) 7 oeE(K) ®

with up =0 if 0 € £y N E(K) and

Vo = K|L € &, Uo+ = ug if v, >0, Uy = uy, otherwise, (1.8)

Vo € Eert NE(K), Up 4 = ug if Vg, >0, u, = 0 otherwise. (1.9)

We denote u,__ the downstream choice of w, i.e. u,_ is such that {u,,u,_} =
{ug,ur} (with up, =0if 0 € Ey NE(K)).
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1.3 Estimates

In this section, we first establish in Proposition 1.3.1 an estimate on In(1 + |ur|)
which is crucial to control the measure of the set {|ur| > n}. Then, we show in
Proposition 1.3.3 an estimate on 7, (uy) and the convergence of T),(ur) to T, (u).
The estimates in Propositions 1.3.1 and 1.3.3 are similar to the ones derived in [40] ;
the fact that we consider here v in LP(Q)¢ and f in L'(Q2) in place of v in C}(Q)4
and f as a measure in [40] does not play any role. Finally, we prove in Proposition
1.3.4 a discrete version of the decay of the energy of the truncate (see (1.4)).

Proposition 1.3.1 Let T be an admissible mesh. If ur = (ux)ker 5 a solution to
(1.7), then

p=2
(1 + ur D27 < 20l + Q7 [0 170 (1.10)

where |v| denotes the Euclidean norm of v in RY.

Proof We can easily adapt the proof of the log-estimate derived in [40] where
v € C(Q)? and f € L(Q). Using a Sobolev inequality the following term appears

(Z |a|da|vK,a|p>

ocel

whereas it is ||v]| 1) in [40]. In order to bound this term, we can use Jensen’s in-
equality such as in [28] (where v € LP(Q)? and f € L?(Q2), with Neumann boundary
conditions). Thus

1 1
P P
lo|d, 1
(E :|U|d0|vK7U|p> < (E |D | 5 |’U 'nK7U|p < devHLp(Q)dy
oe€ a o

el

and the proof is complete. ([l

Corollary 1.3.2 Let T be an admissible mesh. If ur = (ug)ger @s a solution to
(1.7) and, for n >0, E, = {|ur| > n}, then there exists C' > 0 only depending on
(Q, v, f,d,p) such that

C

5= e

(1.11)

Proof Using Proposition 1.3.1 and the discrete Poincaré inequality, we get that

p—2
(1 + ur )z < CQIf L@ + Q> [ v 1700,

where C' only depends on diam(£2). Hence,

p=2
(In(1+n))*| Eal < CQIS Nl +dIQ7 v 120qp0)-
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Proposition 1.3.3 (Estimate on T, (ur)) Let T be an admissible mesh. If up =
(uk) ket 5 a solution to (1.7), then there exists C > 0 only depending on (£, v, f,n,d)
such that

||Tn(U7’)|l17277’ < C Vn > 0. (]_]_2)

Moreover, if (Tm)m>1 s a sequence of admissible meshes such that there ezists & > 0
satisfying

forall m >1forall K € T and all 0 € £(K), dk, > &d,,

there exists a measurable function u finite a.e. in 2 such that, up to a subsequence,
T, (ur,) converges to T, (u) weakly in H}(QY), strongly in L*(Q) and a.e. in €.

Proof The proof is divided into two steps. In Step 1 we derive the estimate (1.12)
on the truncate on us. Step 2 is devoted to extract subsequences.

Step 1 : Estimate on T, (ur)
By multiplying each equation of the scheme by 7T}, (ux ), by summing over each control
volume and by reordering the sums, we obtain 177 + T + T3 = T with

o]

T=), . (re = un)(Tlure) = Tnlur)),
T = § |0V kot (Tn(urc) = To(ur)),
Ty = Uf: | Kbk ure To(u),

KeT
Ty = I;/Kan(uK) da.

Since b is nonnegative and since r T,,(r) > 0 Vr, we notice that T3 > 0. Moreover,
since T}, is bounded by n, we deduce that |Ty| < n|| f|| 11 (o). Thus 71 < n|| f| L1 (@) —T>-
As in [40], T, can be rewritten as

_T2 = Z |0‘| |vK,O'| UO.7+ (Tn(uU,—) - Tn<u0',+)) :

o€l
As in [40], we define the subset A of edges by
A={oce€&; upy > Uy, Uy <0} U{0€E; Uy <Up_, U+ >0}, (1.13)

and since 7T;, is non decreasing we have

—I; < Z o] vk o| Ut (Tn(uo—) = Tn(ue)) -
ocA

By observing that Vo € A |u, 1| > n implies that |u, | > n we deduce that

Vo € A, gy (Tn(tg,—) — Th(tor)) = Tt ) (Tn(tio, ) — Th(to, 1))
15



It follows that

-1 < Z o] VKo Tn(uo+) (Tn(uo,—) — Tn(to))

ocA
< <Z |O|d"|vK’U|2> (Z d_T”<u0,+)2 (To(to—) — Tn(“d,—f—))Z)
oef ocA ¢

IN

nd? |[v]| 20y (Z 'C;i' (Tn(uo, ) — Tn<uo,+>>2)

oeA 7

1 1§ ol
< 5”2 dH’UH%Z(Q)d + B Z d_<Tn<uU,—) = To(uo+))*
ocA 7
< 1 2d 2 1 |U| T - 1T, 2
< grtdloliaes +5 2 g (Taluse) = Tfur))*
ocg 9

Since |T,,(uk) — Th(ur)| < |ug — ug|, we have

1 1 o
-1 < 5712 d”””%z(g)d + B Z %(UK —ug) (Ta(uk) = Ta(ur)),

ocE ¢
and we can deduce that
1 |0’ 1, 2
3 > g lux = ur) (T(u) — Tu(ur)) < nllfllzre) + 3" d||v||72(q)a-
occg 9

Therefore, using again the fact that |T,,(ugx) — Tn(ur)| < |ugx — ug| yields

1 lo| 1
5 > 7 (Talw) = Tu(ur))* < nfl fllre) + 50 ol
oeg 7
Applying Lemma 1.2.6 and the diagonal process, up to a subsequence still denoted
by T, for any n > 1 there exists v, belonging to Hj () such that T,,(ur) — v, and

V7To(ur) — Vo, in L*(Q)%

Step 2 : Up to a subsequence, uy is a Cauchy sequence in measure

In this step, we follow a proof of [33] to show that ur, converges a.e. to wu.

Let w > 0. For all n > 0 and all sequences of admissible meshes (7,,)m>1 and (7,)p>1,
we have

{lur, —ug| > w} CH{lug, [ >n} U{luz| > n} U{|Tu(ur,) = Tuluz,)| > w}.

Let ¢ > 0 fixed. By Corollary 1.3.2, let n > 0 such that, for all admissible meshes
T and 7T,

meas({|ur, | > n}) + meas({|ur,| > n}) <

DO ™

Once n is chosen, we deduce from Step 1 that T, (uz,) is a Cauchy sequence in
measure, thus

Jho > 0; Vhy,, hy, < hy meas({|T,(uz,) — Ta(ur,)| > w}) <

o ™
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Therefore, we deduce that Vhr,, , hy, < ho
meas{ |ur,, —ur| > w} <e.

Hence ur,, is a Cauchy sequence in measure. Consequently, up to a subsequence still
indexed by 7,,, there exists a measurable function u such that uy, — w a.e. in Q.
Due to Corollary 1.3.2 u is finite a.e. in 2. Moreover from convergences obtained in
Step 1 we get that T, (u) € H}(2) and

Vo To(ur) — VT, (u) in (L2(Q))% (1.14)
O

In the following proposition we prove a uniform estimate on the truncated energy
of ur (see (1.15)) which is crucial to pass to the limit in the approximate problem.
We explicitely observe that (1.15) is the discrete version of (1.4) which is imposed
in the definition of the renormalized solution for elliptic equation with L' data. As
in the continuous case (1.15) is related to the regularity of f : f € L'(Q) and does
not charge any zero-Lebesgue set. If we replace f by a bounded Radon measure we
cannot expect to have (1.15) (see [33] for the definition of the renormalized solution
in this case). Since the equation contains the term div(v u) we also have to uniformly
control the discrete version of [, v u VT, (u) dz which is stated in (1.16).

Proposition 1.3.4 (Discrete estimate on the energy)
Let (Trn)m>1 be a sequence of admissible meshes such that there exists & > 0 satisfying

forall m > 1 forall K € T and all 0 € £(K), di, > &d,.

If ur, = (uk)Kker, 5 a solution to (1.7), then

lim lim — Z ‘Ul (ug —up)(Th(ug) — Th(ug)) =0, (1.15)

n—-+oo hTm —0n

where up, =0 if 0 € Eepy, and

lim lim —Z|0| VK o [tg | | T (tot) — Tltg, )| = 0. (1.16)

n—+oo hr—0n

Proof We first establish (1 15). Let 7 be an admissible mesh and let ur be a

solution of (1.7). Multiplying each equation of the scheme by , summing on

K € T and gathering by edges lead to
h+T+T3=1;

with

7= 23 e — ) () = 7o), (117)
el

Ty =— Z oV gtto+ (Tn(u) — Taur)), (1.18)
065

Ty = % > K brur Ty (u), (1.19)
KeT

T, =~ £ T (ug) (1.20)
2,
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Since b is nonnegative and since r T, (r) > 0 Vr, we get T3 > 0.
Due to the definition of ur we have

Ty =

In view of the pointwise convergence of ur to u we obtain that T, (uy) converges

to T,,(u) a.e. and in L™ weak x as h — 0. It follows that hm T, = / =

Since u is finite a.e. in €2, TE”) converges to 0 a.e. and in L°° weak *, and since f
belongs to L'(Q), the Lebesgue theorem implies that

lim lim Ty = 0. (1.21)

n—+o00 hr—0
We now prove that

1
=15 < §T1 + R(n, hr)

with R verifying lim lim R(n,hs) = 0.

n—+oo hr—0

Let o € £. By the definition (1.8) of u,+ and recalling that u, _ is the downstream
choice of u, if v, > 0 it gives

Vico(Tn(ux) — Th(ur)) = vi o (Tn(te 1) — Tnlus,-)),

and if vg, < 0 it gives

Vico(Tn(uk) = Tal(ur)) = —vio(Tn(to) — Tnlus,-))-
In consequence, Ty can be rewritten as
1
-1, = n Z o] vk 0| Uor (Tn(Uo,—) = Tn(uo))-
o€e€
In view of the definition (1.13) of A and since T,, is non decreasing we have
1
—15 < E Z |J| |vK,0| ua,-‘r(Tn(ua,—) - Tn(ua,-i-))‘ (122)
oceA

Because for any o € A, |uy 1| > n implies |u, | > n, we can split the previous sum
on {|ug+| < rtU{r < |u,+| < n} where r > 0 will be chosen later. It leads to
—TQ S Il + IQ with

1
I = n Z o] Vx| o+ (Tn(Uo—) — Tn(to+)), (1.23)
ocA
‘ucr,+‘§7"
1
I, = n Z o] V50| o (Tn(to,—) — Tn(Uo+))- (1.24)
Tﬁlgge,f\ﬁn
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For any o € A |u, 4| > r implies |u, | > r, thus for d > 3 :

1
|52 < ~ D lollwkel Tuluoy) [Ta(us,-) = Tulto )]
oceA
r<|ug,+|<n
7‘§|ug,7|
1 a—2
1 ] d M 2d
< Y. lolds ok Y. lolds|T(ug,s )|
oceA oceA
r<|us,+|<n r<|uc,4+|<n
r<|ug,~| r<|ug,~|
3
o]
( Z d_[Tn(ua,—) - Tn(ua,—&-)]Q :
oceA 7
r<fuo, +|<n
r<|tg, |
Using the discrete Sobolev inequality (Proposition 1.2.4)
1
d2[|v||pap,)a o] 2
Ll < ———=5 Y S (Ta(uk) — Tu(ur))™. (1.25)
n o
ceA
r<|ue,+|<n
r<|ug,—|
For d = 2 we see that
1
|12 < ~ D lollvrel Tuluo ) [Ta(uo,-) = Tu(us,1)]
oceA
r<|ug, +|<n
r<[to, |
1 1
1 4 4
4 4
< E( Z o] dy V5 o] ) ( Z || do| T (uo,+ )| )
ocA ocA
r§|u0,+|§n T§|ua,+|§n
r<|ug, | r<|ug,—|
3
o]
( Z d_[Tn(uUﬁ) — Talus )1 |
ceA a
r<|uc,+|<n
TS‘“U,—‘
and using again the Discrete Sobolev inequality
1
< Bl s o ) - 1 ) (1.26)
= n do- n\WK n\WL . .
oceA
TS|“U,+|§7L
T§|UU,—|

By Corollary 1.3.2 and since v € LP(Q)? (2 < p < 40 if d =2, p=d if d > 3), the

absolute continuity of the integral implies that there exists » > 0 (independent of

T) such that for all admissible mesh T

) (1.27)
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Then from (1.25) and (1.27) we obtain

<o Y ) @) - (). (1.28)
geA

r<|ue,+|<n
r<|tuo, |

We now turn to ;. Using the Cauchy-Schwarz inequality and the Young inequality
we deduce that

1
1l =~ Y lollokel o (Tulus,) = Tol(ug)
ocA
[ug,4|<r
1 1
2 2
1 o]
< n Z lo|do|vico|? Z d_u?r,—i-(Tn(ua,—) — To(uo )
oceA oceA T
[tg 4 |<r [t 4 |<r
1 1
2 2
<1 boldelonco | | Y P — ) () — T
geA oA
[to,+|<r [to,+|<r
2 2
1|7 dH”Hp(g)d 1 o]
< |t ; 7, (e = ) (T ure) = Tous)) (1.29)
L |uo,+|<r

Gathering (1.28) and (1.29) we get

1<+ i) < A e L ol )(Tulux) — Th(ur))
— -+ — —(urg —up)(Th(ug) — Th(u
2 > 1 2] > n 2 m ~ dg' K L K L
[ug,+|<n
2
1rid| vl 1
- e LN, (1.30)

and we deduce that

n—+oo hr—0 N

lim fm — > ? (ug — up)(Tp(ug) — Tp(ug)) = 0.
oeg ¢

As far as (1.16) is concerned, using some computations of Step 1, we get

1
Tlg—T2+T4§T2’+T4§§T1+R+T4 with

1

T2/ = ﬁ Z |O'| |'UK7U| 'UJO—7+(Tn(U/o',—) - Tn(u0,+))7
oceA
lim lim R =0,

n—+o0 h—0

lim lim 7, =0.
n—+00 hr—0
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By defining the set B = {0 € &; us 4+ (T0(to+) — Th(us—)) > 0} we have

1
T2 = ﬁ Z |o’| ”UK,O'| Ua,—f—(Tn(uU,-i-) - Tn(ua,—))
oA

1
+ n Z o |'UK,0| UU,-&-(TN(UJ,—F) - Tn(ua,—))

c€eB
=To1 +Ths.

Since T,, is a non decreasing function and since 7,,(0) = 0

1
T2l = ~Toa = —— > ol k| o (Tn(tis) — Tolue)),
oceA

1
T22l = Top = > 1ol vkl o (To(tor) — Tol(us-)),

oeB

and |Ty| = —T51 + T 5. From (1.30) and (1.15) we know that

lim lim [Ty,| = 0. (1.31)

n—+00 h7—0

Recalling that T + T3 + T3 = T, we obtain
Ty +Top <|Th,|+ T4
and (1.15), (1.21) and (1.31) allow one to conclude that

lim lim T2 2 = 0,
n—+oo hr—0

which gives (1.16). O
The following corollary is necessary to pass to the limit in the diffusion term.

Corollary 1.3.5 Let (T,,)m>1 be a sequence of admissible meshes such that there
exists € > 0 satisfying

forall m >1forall K € T and all 0 € £(K), dk, > &d,.

If ur, = (uk)Kker,, S a solution to (1.7), then

. - |0" .
HETOO hl;rilo E E|UL| = 0. (1.32)
el
luk |<2n
lur|>4n

Proof Thanks to the discrete estimate on the energy, we see that

lim lim — Z %(u;{ —up)(Tyn(ug) — Tyn(ur)) = 0.

n—+oo hy—0 4n
o€l
If up > 4n and |ug| < 2n

(ux — up)(Tun(uk) — Tan(ur)) > %QH >0,
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and if u;, < —4n and |ug| < 2n

—u
(ur — up)(Tun(ugc) — Tun(ur)) > —=2n > 0.
We conclude that
o 1 o
S s < 25 ) (T ) — Tar)
oe€ i oeg %
luk|<2n
lur|>4n
and then from (1.15) we get (1.32). O

1.4 Convergence analysis
Let us now state the main result of this paper.

Theorem 1.4.1 If T is an admissible mesh, then there exists a unique solution to

(1.7).

If (Ton)m>1 is a sequence of admissible meshes such that there exists £ > 0 satisfying
forall m > 1 forall K € T and all 0 € £(K), dk, > &d,,

and such that hy,, — 0, then if ur, = (uk)Ker,, S the solution to (1.7) with T = T,
ur, converges to u in the sense that for alln > 0, T, (ur,, ) converges weakly to T, (u)
in HY(Q), where u is the unique renormalized solution of (1.1).

Remark 1.4.2 When v € C(Q)? the authors prove in [40] that ur, converges to u
where u is the unique weak solution of (1.1) in the sense of (1.2). It is well known, for
this linear problem, that this weak solution and the renormalized solution coincide. A
continuity argument then can give a similar result as Theorem 1.4.1. In the context
of finite element method, for the Dirichlet problem —div(AVu) = f with f € L', in
[27] the authors prove that the discrete solution converges to the unique renormalized
solution. As in [40,46] the authors use the discrete and continous Boccardo-Gallouét
estimates and a duality argument to show that the limit of the discrete solution which
s a weak solution coincides with the unique renormalized solution. We present here
a different method which can be generalized to some nonlinear problem (see Section
5) for which the nonlinearity can be an obstacle to derive the uniqueness of the weak
solution (in the sense of (1.2)).

Before proving Theorem 1.4.1, we have to prove the following convergence result
concerning the function h,, defined, for any n > 1, by

;

0 if s < —2n,
242 if —2n<s< —n,
ho(s) =<1 if —n<s<n, (1.33)
= +2 ifn<s<2n,
\O if s > 2n.
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—2n —-n n 2n

FIGURE 1.3 — The function h,

Lemma 1.4.3 Let (T,)m>1 be a sequence of admissible meshes such that there exists
& > 0 satisfying

forall m > 1 forall K € T and all 0 € £(K), dk, > &d,.
Let ur, € X(Ty) be a sequence of solution of (1.7). We define the function hy, by

hn(urk) + hy(ur)

Vo € &, Vo € D,, hy(z) = 5 ,

then hy, — hyn(u) in L9(Q) Yq € [2,+00[ as hy, — 0, where u is the limit of ur, .

Proof Since uy, converges, up to a subsequence, to u a.e. in €, h,(u7z, ) — hn(u)
a.e. in €2, thus for ¢ > 2

o = o gy = [ (o) = o, ()]

- Z/ ]izn(x) — hp(ur, ()| dz

= 4
h h e
=3 [ Pt b )
o€l 4
1
= % ; | Do [P () = hn(ur )|
< 5 Z | Do [ (urc) = B (ur)|?
el
1
<7 > Dol Ton(usc) = Ton(ur)[?
€€
. 1 T2n(UK) - T2n(UL) ? 2
= Q;|a|d0 7 (dy)
1
< T ) o (hr,)°,
and the proof is complete. 0

Proof of Theorem 1.4.1
The proof consists into two steps. In Step 1 we prove the existence and the uniqueness
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of the solution of (1.7). Concerning the uniqueness of the renormalized solution,
the proof is done in [10]. To prove the second point, we adapt some uniqueness
techniques developed in the continous case in [26,49]. It is worth noting that we use
here a different method to the one developed in [40]. Using the results of Section
3, Step 2 is devoted to pass to the limit in the scheme. It is worth noting that we
take in the scheme a discrete version of what is a test function in the renormalized
formulation.

Existence and uniqueness of the solution of the scheme

Since the scheme is a linear system of n equations with n unknowns, it is sufficient
to show that the solution of the scheme is null with f = 0.

For € > 0, let ¢.(s fo € +\ tl . Taking ¢.(ur) as a test function in the scheme
with f =0 and reorderlng the sums yield

Z ?(UK —ur)(pe(ur) — @ (ur)) + Z 10| |00 [Uo s (0e (tigt) — pel(tis—))

ceg % oe€

+ ) Kb (ug) = 0.
KeT

Since b is nonnegative and ¢.(s) has the same sign as s,

> K brukcpe(uk) >0,

KeT
hence
o
5 e = ) et = etun)) < 3o oo i) = el )
oef oel

As in the proof of estimate (1.15) we use the set A ={0 € E; upy > Up_, Uyt <
0tU{oce&; upy <uy—, us,+ > 0}. Since ¢, is an increasing function

Z o] [VK o |Uo+ (Pe(to,-) = @e(toq)) < Z o] [vk o |to+ (P (to,-) — @e(Uo,1))-

o€t oceA
Consequently
lol, B
d —(uk — ur)(pe(uk) — pe(ur))
oeg 7
< Z o] VKo |tio+ (9= (to,—) — pe(Uo))
oceA

2

< (Z |0|da|vK,a|2> (Z ?Ui+(g@g(ug )= SOE(UJ,-I-))z)
ocA ocA
< (Z d|Dg||’UK’U|2> (Z |£|U0+ (e Uo—) @6(“07—1—))2)

occEA ceA

1 |o|
< dz ||v]| 2 (q) (Z d—U3,+(¢s(uo,—) — (U 4))?

2
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In order to deal with this last term, we use a similar argument as in [40]. Noticing
that ¢. is C'-continuous on R, there exists w, € [u, 1, Uy, —| such that

U(277+(905(Ua,—) - @a(uo,+))2 < u§7+<,0;(wg)(u07, — Ug ) (Pe(Uo,—) — Pe(Uo,+))

2
(G

= (g—|—‘—wg|)2<ua’f — Ug 4 ) (P (Uo,—) — @e(Uo 1))

Recalling that Vo € A, |uy+| < |uy,—| and that u,; and u,_ have the same sign,

2
since w, € [Ug 4, Uy |, one deduces that (EJ?[’T+|)2 < 1. Therefore

Z %(UK — UL)(QOE(UJK) - SOE(U“L))

el
%
1 g
< ol (Z 1 - — g )10~ %(ua,+))>
ocA 7
dllv[Fagpe 1 o
< TR S e — ) ) — )
e 7?7

We conclude that Ve > 0

1) e — ) e — 2(01) < 0]

oeg 9

Moreover, for all (z,y) € R?

2 wl N\ (e
(ln(l—i-?)—ln(l—i-?)) = </|y 6+|t\>
|| dt
/y| (e +[t])?

Tt
<kl [
< (= y)(pe(x) — 9=(y)).

< |z —y

()

It follows that

o] ] Jug] \
Do (@ =)~ ) ) < d oy

oeg ¢ <

£

so that ||In(1 + |UT‘)||%72,T <d ||’v||%2(9)d for any € > 0.

Letting ¢ — 0, we deduce that ur = 0 if f = 0. (1.7) being a linear system, we have
proved that there exists a unique solution of the scheme.

Convergence
Let ¢ € C2°(R2) et hy, the function defined by (1.33). We denote by ¢+ the function
defined by ¢x = p(xk) for all K € T.
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Multiplying each equation of the scheme by ¢(xx)h, (ux) (which is a discrete version
of the test function used in the renormalized formulation), summing over the control
volumes and gathering by edges, we get T} + 15 + T5 = T, with

o]

T = Zg EWK —ur) (@) hn(ux) — o(zr)hn(ur)),
T, = i |o|vK otio 1 (P(2 5 ) hn(urc) — o(2L)hn(ur)),
Ty = ;zi; | Kbk ug p(wx ) hn (),

T, = KEE:T | fe(wr)ha(ux).

As far as the lower order term Ty is concerned, by the regularity of ¢, we have
w7 — @ uniformly on 2 as hy — 0. We now pass to the limit as h+ — 0. Since
hn(ur) — hy(u) ae. and L™ weak *, o7 — @ uniformly and |f o7 h,(ur)| <
C,lf] € L'(S2), the Lebesgue theorem ensures that

T4—/Qfg07hn(ufr)dxm>/Qfgohn(u)dx. (1.34)

In view of the definition of b, since b belongs to L*(2), by = (bx)ker converges to
bin L?(Q2) as hy — 0. With already used arguments we can assert that

ng/QbTTgn(uT)goThn(uT)—> Qngn(u)gohn(u)d:E. (1.35)

h7—0

We now study the convergence of the diffusion term. We write

7= 3 e = ) o) = (o o 0)
=Ti1+ T

with

Ty = 32 ) e =) (o) — ),

(e

Too = 3 o) (e — ) (o) = o).

oeg ¢

In view of the definition of h, we get

Tl < 2 3 o) () (D) — T,

oeg ¢

From the discrete estimate on the energy (see (1.15) in Proposition 1.3.4), it may
be concluded that o

n—+o00 hr—0
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As far as T ; is concerned we observe that u is truncated while uy, is not truncated.
To deal with T} ; we write

T =Y @hnw) (Ton(aze) — uz) (o) — ()

-7 1 ) ) 7 k) = Ton () () = ()

J/

Z |0| o) = ol (Tan(ur) = Tan(ur)) (p(rx) = (2L)) -

-~

17
Since in I ug and uy, are both truncated we can pass to the limit in I by writing

1= 3 o, s i) Do) ~Tonlin) plend) —elre)

oct do d(,
= Z/ )V Ty (ur) - Vodz
065 B
11
n(UK) + hn(ur) Tan(uk) — Tan(ur) [p(2k) — @(xr) 1
D, - . .
+;d’ ‘ da do ‘DO" DUVSO nKde

J

-~

Iz

By Lemma 1.4.3 h,, — h,(u) in L4(Q) for all ¢ € [2, 400, while VT4, (u7) tends
to VT, (u) weakly in (L?(€2))%. Since ¢ belongs to C°(€) we conclude that

lim I, = / ho(W)V Ty (u) - Vo de. (1.37)
h7—0 QO
By the regularity of ¢ we see that

n(UK) + hn(ur) (ur) — Tun(ur)| |p(rK) — p(21) 1

] _
|12 d, d, D] Jp,

VQO "NK,o dz

oe&
< HSDHWQW(Q)hTHTM(UT)||1,1,7'a

thus
lim I, = 0. (1.38)

h7—0
We now turn to I1.

DY ‘Cgﬂlhn(w)l Tan(ur) — url lp(rr) — (L)l

(o

el
o]
<2l Y T lul.
el 4
[ur|<2n
|ur,|>4n
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We can deduce by Corollary 1.3.5 that
lim lim I = 0. (1.39)

n—+oo h—0

Then, noticing that

00 g
) < WA S 7 ) = Do)

oeg 7
and using estimate (1.15), we deduce that

lim lim II1 =0. (1.40)

n—+o00 hr—0

For the convection term we have

Ty =Y |olokotioq (p(@r)hn(ux) = o(@s)hn(us))
o€t

= Z 0|V oo+ (P(TK)Pn(Uo ) — p(2L) i (Us,-))

o€l
'UK,O'ZO

+ D ook oto (9@ hate-) = p(2r)hn(tes))

el
VK, o <0

= > olvkotioshn(ues) (k) — (L))

o€l
,UK,O'EO

+ Z |0|UK,UUJ,+SO($L)(hn(ua,-i-) _hn(ua,—))

€€
VK,o 20

= D lolvkoto ha(uss)(wlar) — ¢l(zx))

oce€
UK,G<0

= Y lolvkotio (i) (huluo ) = hu(us,-))

ceé
'UK,0<O

=T +Too+Th3

with
T, = Z |0\UK,UUU,+hn(Ua,+)(‘P(xK) —(xr))
ocel
TQ,Q = Z |0'|UK,UUU,+90(ZCL>(hn(ua,—i-) - hn(“a,—))
oef
UK,O’ZO
T2,3 = - Z ‘J‘UK,JUU,+§0<xK)(hn(ua,Jr) - hn(uﬂ,*»
v}?fyio
Since

l¢ll<o
Too+ Togl < 250 3 o ool [t sl [Ton(tt,) = Ton ().
o€e€
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using (1.16) we show that

lim hm T22 + T23 = 0. (141)

n—+oo hqy—0

Concerning 751 we obtain

Ton =Y [olvkotio hn(tes)(p(zx) = @(x1)

el

lo]do p(rx) —p(rr)
Zd!D |ua+h (Ups+)d i U'v-nK,Udv

-y / Ton(ttg 1) bt s 0 - Vo da.

oe€

Let Vo € €,V € Dy, Tgn(u)hn(u)Tm () = Ton(tp 4 ) hn(ug+), we can rewrite

—— T
T2,1 = - / T2n(u)hn(u> v- VTQOT dx.
Q

By Lemma 1.2.6, Vo7 converges weakly to Vi in L%(2)¢ Va € [1, +oo[, and then
in L7 (£2). Moreover, with a proof similar to the one of Lemma 1.4.3, we can show

that Tgn(u)hn(u)Tm tends to To,(u)h,(u) in L™ weak * as hr — 0, therefore

lim T, — — / Ty (1) (1) © - Vip d. (1.42)
Q

h7—0

We are now in position to pass to the limit as hy — 0 in the scheme. Gathering
equations (1.34) to (1.42), we can assert that

/hn(u)Vu-chdx—/uhn(u)v-Vgod:B+/buhn(u)god:c
Q Q Q
—/fgohn(u)dx— T T(n,¢) (1.43)
0 h7—0

where hmo T (n, )| < [|¢]|Le@w(n) with w(n) — 0 as n — +oo.
T

Let h € CHR) and ¢ € C*(2) N H}(Q). In view of the regularity of T,(u) (see
(1.3)) the function h(u)y belongs to L>(Q) N HE (). By the density of C°(Q) in
L= (Q)NHY(Q) (here any element of L= (Q)NH} () can be approached by a sequence
of C2°(2) which is bounded in L>*(Q2)) from (1.43) we deduce that

‘/Vuh dea:—l-/Vuh (w)Vuh'(u) dz
—/Quhn(u)h( Jv - V@bdm—/uh (u) W (u)Yv-Vudr

/buh (u) ¢dx—/¢h u)f dx

< [lellze@w(n).
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Passing to the limit as n — 400 in the previous inequality yields that
/ Vuh(u)Vi de + / VuypVuh'(u)dx
Q Q
- / uh(u)v - Vipdr — / uwh'(u)Yv-Vude
Q

Q
—l—/ﬂbuh(u)wdx:/Qwh(u)fd:c,

which is Equality (1.5) in the definition of a renormalized solution.

It remains to prove that u satisfies the decay (1.4) of the truncate energy. Thanks
to the discrete estimate on the energy (1.15) we get

.o 1 4
lim lim — Z |do| (Ton (ug) — Ton(ur))* =0,

n—oo hr—0 N
=

and

- Tzn(UL))2

5 .
Zd (T (uk) — Ton(ur)) —Z|<7]d(7 i

oeg ¢ =

— Y ain,| (T2n(uK)d—U T2n(UL))2

_ iegZ‘D (el Tl ))2

el

(Tzn(uK)

CT

1
= 3/ |V Toy (ur)? de,

hence, lim lim — / |V 7 Ton(ur)?dz = 0. Since VT, (ur) converges weakly in

n—oo hy—0 N
L*(Q)4, we have also

/‘VTQH )| dx<11m1nf /|VTT2n ur)|? dz,

which leads to
lim — / |V Ty, (u)]* dz = 0.

n—oo M

Since the renormalized solution u is unique we conclude that the whole sequence
ug, converges to w in the sense that for all n > 0, T,,(ur,, ) converges weakly to

T, (u) in H}(S2). 0

1.5 Concluding remark

We are able to show similar results for the nonlinear problem

—div(A(u)Vu) + div(vu) + bu = f in Q,
u =0 on 0, (1.44)
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where A is a continuous function such that A > A(u) > > 0 with A\, and p two
real numbers.

For v € (LP(Q))4, b € L*(Q) (b > 0) and f € L'(), a solution in a weak sense
similar to the one of (1.1) exists but due to the nonlinear character the methods
developed in [37,40] may fail to obtain the uniqueness of such a weak solution. On
the contrary the renormalized solution exists and is unique (see [11]).

Our study is based on the same finite volume scheme as in [51]. This scheme writes

VK €T, Z ?)\(U)g(uK_uL)‘i‘ Z |a|vK,Uuo7+:/ fdx, (1.45)
K

ceE(K) ¢ oe&(K)
with up =0 if 0 € £y N E(K) and

Vo = K|L € Epy, min[Mug), Mur)] < AMu), < max[A(ug), AM(ug)], (1.46)
Vo € E NE(K), AMu)y = Mug), (1.47)

where A\(u), is for example the mean value of A(ug) and A(uyp) if o € Eipy.

When v has a null divergence the existence of a solution to (1.45) is proved in the
context of a coupled system in [51] and the authors prove that the solution converges
to a solution of (1.44) in a weak sense.

If 7 is an admissible mesh and without assuming that div(u) = 0, the Brouwer
fixed point theorem and a log-type estimate similar to Proposition 1.3.1 allow one
to prove that the scheme (1.45) admits at least one solution.

Indeed by replacing A(u), by A(u), where uyr € X(7), the assumptions on A (0 <
1< A < \y) and the arguments developed in the proof of Theorem 1.4.1 show that
there exists a unique ur € X(7) solution of

VK eT, Y N tun )+ 3 loforou = [re s
K

oce&(K) 7 o€l (K)

Moreover since 0 < 1 < A < A\, we can derive a log type estimate similar to (1.10)

p=2
I+ DB o7 < eO) (2 lasiey + AU 10 o)

where ¢(\) is a positive constant depending on p and A.
The Brouwer theorem allows one to conclude that (1.45) admits at least one solution.

We now turn to the convergence of the scheme (1.45) as hy — 0. Since 0 < u < A <
Aoo, if T is an admissible mesh such that there exists £ > 0 satisfying

forallm>1forall K € T and all 0 € £(K), dx, > &dy,

we can adapt all the results of Section 3 (the estimates) and in particular the decay
of the discrete truncate energy which is crucial in the process.
As far as the convergence in the discrete renormalized version is concerned we have
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to modify the study of I which reads as

I = Z /(, M) (2)V 7T (ur) - Voo da

& .
n
Ty, — Ty, - 1
+Zd|DJ|)\(u)0hn(uK) 4 (UK)d an(Ur) SO(JUK)d p(rr) _ o1/, Vo ko d:p} ‘
oee 7 7 71 v e

s

where I, — 0 as hy — 0 and X is defined by
Vo € £, Vo € Dy, Mz) = ANu),.

Recalling that 7T, (u) converges strongly to T,,(u) (where T, (u) is the mean value of
T, (ug) and T),(ur) on D,), since A is continuous and bounded, an equi-integrability
argument allows one to prove that \ converges to A(u) in L™ weak .

Then we can repeat the end of the proof of Theorem 1.4.1. It follows that u is a
renormalized solution of (1.44).
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Chapitre 2

Finite volume scheme and
renormalized solutions for a
noncoercive and nonlinear
parabolic problem with L! data

2.1 Introduction

In this work we consider a finite volume discretization of the following parabolic
problem :
Ju . . .
i div(A(u)Vu) + div(vu) = f in Q,
u=0on 0 x (0,T), (2.1)

u(z,0) = u’(z) Vo € Q,

where ) is an open bounded polygonal subset of R?, d > 2, T is a positive number
and @ =  x (0,7). Moreover \ is a continuous function such that A(u) > u > 0,
with y a positive real number, v € (L42(Q))? (see [34]), u® € L1(Q) and f € LY(Q).

The main difficulties in dealing with the existence and the uniqueness of a so-
lution to problem (2.1) are due to the noncoercive and nonlinear characters of the
operator and to the L! data f. These difficulties naturally have an impact on any
finite volume or finite element scheme to handle approximation of solution of (2.1).

As far as parabolic equations with L' data are concerned Boccardo and Gallouét
have proved in [23] the existence of a distributional solution for nonlinear and coer-
cive equations. Since the solution in the sense of distribution is not unique in general
(see [69] in the elliptic case) different notions of solution have been developed for
parabolic (or elliptic) equations with L! data (and measure data) : the notion of
renormalized solution which have been introduced by DiPerna and Lions in [36] for
first order equations. This notion has been adapted to elliptic equations ([58]) and
to parabolic equations ([18,21]) with L' or measure data. Renormalized solutions
allow one to obtain in general existence, stability and uniqueness results when the
data belongs to L. Nonlinear version of (2.1) with p—growth operator is adressed in
[35] : existence and uniqueness are proved (under more restrictive assumptions). A
large number of papers is devoted to renormalized or entropy solutions of parabolic
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problems with L' data : see, among others [16, 20, 63, 66].

As far as finite volume schemes for parabolic equations are concerned the linear
and variational case is dealt in [44]. As in the continuous case one of the main obs-
tacle for time dependent equations is to derive some compactness (and then the
pointwise convergence) for the approximate solution which is necessary (but not
sufficient) to pass to the limit. One of the methods is to derive with the equation
an estimate on differences of time and space translates (see [44] and [1,4, 6,8, 45]
in the context of degenerate parabolic equations). Another method is to use the
compactness result proved in [48] which is a discrete version of Aubin-Lions Lemma
(see [69]).

The convergence of a finite volume scheme for the linear version of (2.1) (i.e.
A = 1) and when v is more regular (v € C'(Q x [0,T]) and div(v) = 0) has been
studied in [47] (see also [40] for the stationary case). They proved that the solution
of the scheme for equation dyu+div(uv) — Au = f converges to a weak solution of
this equation in the sense

u€ n o L0, T; Wy (Q)),

1<q<(d+2)/(d+1)
fQuﬁtgodxdt+fQVu-Vg0dxdt—fqu-Vgodxdt (2.2)
= fogodxdt + [ uop(0) dz Yo € C2(Q x [0,T)).

The case where A is a continuous and bounded function is dealt in [48,51], where the
authors prove the convergence of the solution of the finite volume scheme to a weak
solution (in the sense of (2.2)) of (2.1). However the uniqueness of such a solution
in the sense of (2.2) remains an open question even in the linear case.

The main novelty of the present paper is to mix the tools developed for finite
volume schemes ([44,47,48]) with the strategy to deal with the existence of a renor-
malized solution for parabolic equations with L! data ([20,21]). Let us mention that
such an analysis is performed in [53] for the stationary case, namely the equation
—div(\(u)Vu)+div(vu) = f with f € LY(Q),v e LP(Q)4 2 <p < o0 if d = 2,
p =d if d > 3 and with Dirichlet boundary conditions. It is worth noting that time
dependent equations give additional difficulties due to the lack of regularity of %—;‘.
We prove here that the approximate solution obtained by a finite volume scheme
converges, up to a subsequence, to a renormalized solution of (2.1). In the case where
Ais a local Lipschitz continuous function or in the case where v is independent of the
time, the uniqueness of the renormalized solution implies that the whole sequence
converges.

Recall (see [20,21]) that a renormalized solution of (2.1) is a measurable function
u defined from () to R such that

u € L®(0,T; LY(Q)), (2.3)
Vk >0, Tp(u) € L*(0,T; Hy(2)), (2.4)
1" 2 _
lim_ / / M) |V T(w)[2 da dt = 0, (2.5)

and for every functions ¢ € C°(Q x [0,7)) and S € W%*(R) such that S’ has a
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compact support and S’ (u)¢ € L*(0,T; Hy(Q)).

//&/ S'(r) dr da dt — /fxO/ S'(r) dr da
/ / w)Vu- V(5" (u ))dwdt—/o /qu-wgs'(u))dxdt

:/0 /Qfgs’(u)dxdt. (2.6)

Here Ty, is the truncate function at height & :

Ti(s) = s if |s| <k,
BT sen(s)k it |s| > k.

The existence of a renormalized solution of (2.1) is established in [34] for a non
linear version with p-growth condition while the uniqueness is dealt in [35].

The chapter is organized as follows. In Section 2, we present the finite volume
scheme, the time discretization and the properties of the discrete gradient. Section
3 is devoted to prove several estimates, especially an estimate on the time derivative
and the discrete equivalent to (2.5) which is crucial to pass to the limit in the scheme.
In Section 4, we prove the convergence of the finite volume scheme, passing to the
limit and using both a density argument and Steklov averages.

2.2 The finite volume scheme and the time dis-
cretization

Let us define the admissibility of the mesh in the present work.

Definition 2.2.1 (Admissible mesh) Let Q be an open bounded polygonal subset
of RY. An admissible finite volume mesh of ) is given by a finite partition T of Q) in
polygonal convex sets, called the "control volumes”, by a finite family € of disjoint
subsets of Q contained in affine hyperplanes, called the "edges', and by a family
P = (zx) ke of points in Q) such that
— each o € £ is a non-empty open subset of 0K for some K € T,
— by denoting E(K) = {0 € £; 0 € 0K}, one has 0K = Ugegiyo for all
KeT,
— forall K # L in T, either the (d — 1)-dimensional measure of K N L is null,
or KNL=a for some o € &, that we denote then o = K|L,
— for all K € T, xk is in the interior of K,
— for allo = K|L € &, the line (v, xr) intersects and is orthogonal to o,
— forall o € £, 0 C 002 N OK, the line which is orthogonal to o and going
through xk intersects o.

We denote by |K| (resp. |o|) the Lebesgue measure of K € T (resp. o € £). The
unit normal to ¢ € £(K) outward to K is denoted by 1k ». Eint (resp. Eeye) is defined
as the set of interior (resp. boundary) edges.

For any K € T and 0 € £(K) we denote by dk , the Euclidean distance between zx
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and o. For any o € &, we define d, = di» + dp, if 0 = K|L € &, (in which case
d, is the Euclidean distance between zx and zp) and d, = dg, if 0 € i N E(K).
The size of the mesh, denoted by hy, is defined by hy = sup s diam(K).

In the continuous case, Poincaré and Sobolev inequalities are necessary to find
a priori estimates, and then to solve the problem. Since, in the discrete case we also
need to find such estimates, we will need discrete versions of these two inequalities
(see [32]). Before that, we have to define the discrete W;*? norm.

Definition 2.2.2 (Discrete Wol’q norm) Let Q be an open bounded polygonal sub-
set of R4, d > 2, and let T be an admissible mesh. Define X (T) as the set of
functions from €2 to R which are constant over each control volume of the mesh. For
vr € X(T) and q € [1, +oc[, we define the discrete Wy norm by

Vg — U 1 v 1
HUTH%(],’T = Z ’O-|d0 % Z ’U|da d_K
Uegant i 0€Eext 7
o=K|L o€&(K)

where vg denotes the value taken by v on the control volume K.

Let us also define

|lvr] 17M,T:max{{w, o€ &mn, 0 =K|L}
|vk|
uq{ T 0 € Eur, 0 € E(K)YU{Juk|, K €T}

Definition 2.2.3 (Discrete dual norm) Let ¢ > 1 and let ¢ be given by %—l—? =1
if q is finite and ¢ = 1 if ¢ = +oo. We define the dual norm by

1
loll g7 = sup —— / vwd.
weX (T) Hw“l,q,T Q
w#0

Proposition 2.2.4 (Discrete Poincaré inequality) Let T be an admissible mesh
and vy € X(T). Then, if 1 < q <2,

[o7 (| o) < diam(Q)[[or[|y,4,7-

Proposition 2.2.5 (Discrete Sobolev inequality) Let 1 < ¢ < 2, T be an
admissible mesh and £ > 0 satisfying

forall K € T and all 0 € £(K), dko, > £dy.

Then, with gx = dquq if g <dand gx < 0o if g =d = 2, there exists C' > 0 only

depending on (), q, q*, &) such that, for all v € X(T),

o7 Lo @) < Cllvr]eT-
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As far as the time dicretization is concerned, we suppose given a uniform partition
of the interval [0,7) such that [0,7] = Uj<;<n[t'", '] where ¢ = it and 6t = L.
We define Xp the space of piecewise constant functions over each K x (t=1 t) for
K € T and 1 < i < N. To each sequence (v4);<;<y of functions of X(7), we
associate the function vp € Xp defined by :

vp(x,t) =vi(z) Ve e Q, Vte (71, "), 1<i <N,

ie vp(z,t)=viVze K, KeT, Vte (t ' t), 1<i<N.

We now define the discrete time derivative of vp by

vi(w) — v (x)
ot

Opv'(z) = V1<i<N,

) i—1

i.e.@w%:% VK €T, V1<i<N.

Before writing the finite volume scheme, let us recall the definition of the discrete
finite volume gradient (see [51]).

Definition 2.2.6 (Discrete finite volume gradient) For K € T and o € £(K),
we define the volume Dk , as the cone of basis o and of opposite vertexr xy. Then,
we define the "diamond-cell" D, (see Figure 2.1) by

DU:DKJUDL’U ifO':K|L€gZ‘nt,
Dy = Dko if 0 € Eugy NE(K).

For any vp € Xp, we define the discrete gradient Vpup as the piecewise constant
function over each D, x (t'71,t") and given by

Vo € Eyy, 0= K|L, V1 <i<N,

i i
Uy — Vg

Vopup(z,t) =d k.o, YT € Dy, Vt € (tifl,ti],

Vo € &y NE(K), V1< i< N,

i
Vg

do

0 ) .
Vryup(x,t) =d Nko, YT € D,, Vt € (=1 4.

Lemma 2.2.7 (Weak convergence of the finite volume gradient) Let (7,,)m>1
be a sequence of admissible meshes such that there exists & > 0 satisfying

forall m >1forall K € T and all 0 € £(K), dk, > &d,,

and such that hy, — 0 and let dt,, be a sequence of time steps such that ét,, — 0. Let
vp,, € Xp,, and let us assume that there exists C > 0 such that 3~ | Stm ||V 1307, <
C, and that vp,, converges weakly in L'(Q) to v € L*(0,T; H}(Q)). Then Vp, vp,,

converges to Vv weakly in L*(Q)%.
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FIGURE 2.1 — The diamond D,

Proof This proof is done in Lemma 5.2 of [5] where the idea is to adapt the proof
done in the elliptic case in [51]. Let ¢ € C>°(Q)%. Since the size of the mesh tends
to zero we can suppose that the intersection of the support of ¢ and the diamond

cells associated to the external faces of the meshes is the empty set. We have

i o ti
/ /va pd dt = Z 3 d”Ld ”L/ / odz - i
o ti—1J Do

K|L€gmt
= Tl + T27

=) Y v—vL/ /sond%

=1 U:K‘L int

n-y Y |a|<vz—vz>[ﬁ/;/0wdx——/ [ o] e

Reordering the sums, we obtain

ISP I Dl A PR

i=1 K€Tm  o=K|L"”ti-1

:—ZZ/ / divpds

i=1 Ke€Tm

= —/ /’UDm divp dz dt.
0o Jo

Since vp,, converges weakly in L'(Q) we get

hm Tl / / vdivp dx dt.

Jtmﬁ(]

As far as Ty is concerned, thanks to the regularity of ¢, we have

N
To| < Cohr, > Stwlloh 11,
i=1

38



and by Holder’s inequality and the fact that SN OtV 1107, < C we obtain

that

h7,,, —0
Oty —0

Since v € L*(0,T; H}(Q)) it follows that

Yo € (C(Q))4, lim / /mevpm pdxdt = / /VU pdx dt.
hTm—>0

Recalling that Vp, vp, is bounded in L*(Q)?¢, by density of C>°(Q)? in L*(Q)? the
proof is complete. O

Let 7 be an admissible mesh, we are now in position to give the finite volume
discretization of (2.1). For 1 <i < N, K € T and ¢ € £(K), we define

. 1 ti
i . o dzdt, 2.7
UK,J 5t|DU’ /t;-_l /;UIU MK, X ( )
4 1 L
fi :—/ /fd:cdt, 2.8
K 5t|K| ti—1 JK ( )
1
uge = W/Kuo(x) dz, (2.9)

and we can write the scheme as the following set of equations :

Foralll1<i< N and forall K €T

|0|
IKI + Z )+ Z 0|V ot = K| fi,  (2.10)

ce&(K) do ce&(K
with v} =0 if 0 € Epy N E(K) and

Vo = K|L € Epy, ul, , = uf if i, >0, ul = uj otherwise, (2.11)
Vo € Ee NE(K), ul, | = uj if vi, >0, ul, =0 otherwise. (2.12)

We denote u’ _ the downstream choice of u, i.e. u’ _ is such that {uf, +,ufjﬁ} =
{ute, ub } (Wlth u, =0if o € Epy NE(K)).

For all 1 < ¢ < N we define A\(u)’ in the following way

Vo = K|L € &y, min[A(u'), Mub)] < Muw)! < max[A(ul), Mub)], (2.13)
Vo € Eeri NE(K), Mu)’, = Muk), (2.14)

where A(u) is for example the mean value of A(u%) and A(u?}).
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2.3 Estimates

This section is devoted to derive estimates on the sequence up. The very first
estimate, up bounded in L>(0,T; L*(f2)), is proved in Proposition 2.3.1. Since we
do not assume that divv = 0 we use a different method than the one developed
in [47]. A log-type estimate is first obtained in the same spirit that in the elliptic
case (see [40]) which in turn gives the L°°(L') bound. We then prove in Proposition
2.3.3 uniform estimates on the truncated discrete energy which are discrete versions
of the continuous renormalized case. Using Proposition 2.3.3, the discrete equation
and the discrete compactness result proved in [48] we are then able to obtain in
Proposition 2.3.8 the pointwise convergence of up which is crucial to perform the
convergence analysis.

Proposition 2.3.1 Let T be an admissible mesh and let 0t be a time step. If up =
(ul)1<i<n 1s a solution to (2.10), then

N
Y dthn(l+ )7 < C. (2.15)

=1
and
|lupl| Lo 0,101 (2)) < C. (2.16)

Proof The proof is divided in two steps. In Step 1 we adapt the proof of the
log- estimate derived in [40] to the parabolic case. Step 2 is devoted to derive (2.16).
Let ¢(s) = [ a +|r aipnr and @ =[5 ¢(r)dr. By multiplying each equation of the

scheme (2 10) by o(ut) and by summing over each control volume and each time
step, we obtain T7 + 15 + T3 = T, with

ZZ|K| K — ug (),

i=1 KeT

el

T, = Zét DK fiep(u):

i=1 KeT
Since ¢ is bounded by 1, we have that |T4| < ||f||z1(g). By the convexity of & we
have

Plug ) > Pluie) + pluie) (uy ' — ),
so we find that

Tz =) |KI§(ug) + Y [K|(uf).
KeT KeT

By the definition of the function ¢

D IENBg) < Y K] luge] = [l 1@

KeT KeT
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and since ¢ is a convex function, there exists Cz > 0 such that

Co(1+ B(uk)) = ugloe

Then there exists a constant C' > 0 only depending on || f||11(g), [|u°]|11() and C3
such that

Moreover thanks to the definition of A we have

T >u26t2‘ 7 (e — (i) — () > 0.

el

As in [40], T3 can be rewritten as

—T13 = ZdtZ’U‘ ‘vKa’uU—&- ( (u a,—) _SO(UZ,+))'

oce€

As in [40], we define for all 1 < i < N the subsets A° of edges by
Ai:{aeg;u >ua_, ub < 0tU{oel; ub, <ul_, u,, >0}, (2.18)

and since ¢ is non decreasing we have

1y < Zat S Jol [l ol - (o, ) — ol )

: o—eA’L
(Z&Zraufvm\?) (zatz )2(¢(UZ,)—90(M3,+))2> |
=1 cEA? =1 oeA!

Using Jensen’s inequality we find

lo|dy / / ) :
1< ot dx dt
(z > [ [ o

oeA?

= di”””m(cz)d
< (.

As far as 11 is concerned, in view of the definition of ¢, we have (see Lemma 3.6 in
[40]) that V|z| < |y| such that zy > 0

2 (p(y) — o(x))* < (y — 2)(e(y) — ().
We then obtain

1< (Z oty |UU| — g ) (p(uy ) = SO(UZ,+>)>

= oe At

(ZdtZ' 7 (i — ) (w(%)—sd%)))

oe&
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Finally we get with Young’s inequality that

1< S— gz 32 e =) () = ()

o€l

Thanks to (2.17) we deduce that

ZétZ 1) e — ) (o) — o)) < €

ce€

where Cy > 0 is a constant only depending on f,u°, ¢, i, v
In view of the definition of ¢ and using the Cauchy-Schwarz inequality, we notice
that

(In(L + Jue]) — (1 + Jup])* < (uje — up)((uk) — (u)).

We then obtain the desired estimate, i.e.

N
> dtn(l+ Do 7 < Co.
i=1

We now turn to Step 2. Summing the computations of the previous step only from
1toM foralll1 < M < N, we find

luf (|21 < C, V1< M < N.

We thus get

|lupl| o0, (0)) < C.

Corollary 2.3.2 Let T be an admissible mesh and let 0t be a time step. If up =
(ul-)1<i<n s a solution to (2.10) and, forn > 0, E, = {(z,t) € Qx(0,T); |up(x,t)| >
n}, then there exists C' > 0 only depending on (Q,v, f,d,p) such that

C

Bl < e

(2.19)

Proof Using Proposition 2.3.1 and the discrete Poincaré inequality, we get that

N
S St (L + ) [2a) < € s (L + fup]) 220 pipegey) < C.
=1

where C' only depends on diam(S2), d, || f||r1(q), [|t°]|r1 @) and |[v]|12(g). Thus,

(In(1+n))?|E,| < C.
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In the following proposition we prove a uniform estimate on the truncate energy
of up (see (2.20)) which is crucial to pass to the limit in the approximate problem.
We explicitely observe that (2.20) is the discrete version of (2.5) which is imposed
in the definition of the renormalized solution. In the elliptic case, in order to prove
such estimate, we use the convergence of up (see [53]) which we do not have yet.
We will see that Corollary 2.3.2 and an equi-integrability argument are sufficient to
obtain the desired estimate. Since the equation contains the term div(vu) we also
have to uniformly control the discrete version of + fOT JovuVT,(u)dzdt which is
stated in (2.21). Estimate (2.22) is a control of a rest which will be needed to pass
to the limit.

Proposition 2.3.3 (Discrete estimate on the energy)
Let (Trn)m>1 be a sequence of admissible meshes such that there exists & > 0 satisfying

forall m > 1 forall K € T and all 0 € E(K), dk, > &d,,

and (0t )m>1 be a sequence of time steps.
If up, = (U )i<i<n is a solution to (2.10), then

— 1 |U| i i i iy
nl_lgloo h};{go n Z ot Z d_)‘(u)a(uK — up,)(Tn(uy) — Tu(uy)) = 0, (2.20)
Otm—0

lim  lim —Z&ZM [0k ol g | T (g 1) = T ) =0, (2.21)

n—+oo hr,, =0 N
St —0 =1 oe€&

J— J— / —
ngrfmh;ugonzz:m/ r— )T (r) dr = 0, (2.22)

Stm—0 i=1 KeT
where uy =0 if 0 € Eept

Proof We first establish (2.20). Let 7 be an admissible mesh and dt a time step and

Tn( uK)

let up be a solution of (2.10). Multiplying each equation of the scheme by ,
summing on K € T, gathering by edges and from 1 to M where 1 < M < N lead
to

T+ T+ T3="1T, (2.23)

with

Zét 3 |Ky “K T (ul), (2.24)

i=1 KeT
zatz T — )Tl - Tueh), (229

ek
Z5tZ|U\UKU uh (T (uf) — Th(ul)), (2.26)

occ&
_ %Zét SO KIf T (u): (2.27)

i=1 KeT
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As far as T; is concerned, we find that

1 ~ 1 ~
Ty=— > KT (i) = — > | K| T (uf)

KeT KeT
X
+ — Z |K|/ (r —u T (r) dr = 0,
=1 KeT
where T, (v) = Jy Ta(r) dr. Since
- 1
Ta(u) 2 Gui Tu(uge) = 51 Ta(uz)?
we have
—~ Z K| T (ugf) HT (u7)IZ2() (2.28)
KET

Moreover the convexity of T, yields that

_ZZ‘K‘/ (r —ui )T, (r) dr > 0. (2.29)

=1 KeT

We now study T5. If o € £, by the definition (2.11) of w) , and recalling that

;. _ is the downstream choice of u’, if vl , > 0 we have

Ug

’UZ}(’U(TH(U%) - TN(UZL)) = ’U%,O(Tn(ug,-‘r) - Tn(u;_)),

and if v, < 0 we have

It follows that T3 can be rewritten as

—I3 = Z&Z o] |UKU‘ “o+ T (uy, —) - Tn(ufwr))

ceé

In view of the definition (2.18) of the subsets A’ and since T}, is non decreasing we
have, V1 < M < N

Ty < Z&Z\auvmm( W) = Tl ,). (2.30)

=1 oceA?

By taking the supremum in (2.23) in M € {1,..., N}, (2.28), (2.29) and (2.30) allow
one to obtain

0 < T, + T4+ Ty <20 + 217, — 2T5, (2.31)
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where

1
T}y = 5 sup | T(ur)llfa) (2:32)
1<i<N
1
Tip=— > [K|Tu(ug), (2.33)
KeT
-1y Yk / r— i YT () dr, (231
i=1 KeT
|‘7| i i i
=1 Zétz —u)(Tulu) = Tulu)), (235)
oe&
1 7 7 7 7
1= LS S bl ot (T, )~ Tt ) (236)
=1 oEA?
1 N . .
Ty= =0t > K| ficl 1T (ui)] (2.37)
i=1 KeT

Due to the definition of up we have

! 1 r
=t / / (ol [T (up)| da dt,
nJo Ja

where fp = (f+)i=1,..~ and fp converges strongly to f in L'(Q). Since Vk > 0 we
have

Ti= 3 [l )+ [ gl )
Q\Ek

Ex

k
fol +—/ fol.
Ey  JQ\Ey

and Corollary 2.3.2 and an equi-integrability argument lead to

lim lim 7) =0. (2.38)

n—+o00 hr—0
0t—0

As far as TY, is concerned since (u%)ger converges almost everywhere in Q to u°
we have

1
lim 77, = /Tn(uo)daj.
h—0 n Jo
0t—0
Recalling that 17,,(u’) goes to 0 almost everywhere in © while |17, (u%)| < [u°] €

L'(Q) the Lebesgue theorem implies that

lim lim 77, =0, (2.39)

n—+oo hr—0
0t—0

We now prove that

1 1
—T3 < ZTZ’ + §T{71 + R(n, hy, dt)
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with R verifying lirf hlimo R(n, hr,dt) = 0.
n——+00 ny—
0t—0

Because for any o € A’, |u, | > n implies |u}, _| > n, we can split T} into a sum
on {|ul | <7} and a sum on {r < [u! | < n} where r > 0 will be chosen later. It
leads to =74 < I + I, with

N
L= oot Y ol i, | ub (Tu(ul, ) = Talul, L), (2.40)
|ul yI<r
N
Iy=—=3 76t Y ol el o (Tulul ) = Tl ). (2.41)
1=1 oCAl

K2
r<jul  1<n

For any 0 € A |u}, | > r implies |u} _| > 7, thus using Holder inequality :

1
I, < 512,1 Iyo - 1o,

where
1

N A a+2
12,1:<Z5t > |a|da|v}<’g|d+2> ,

N . 2(d+2) Q(ddw)
]272:<Z(5t > |a|dU|Tn(u;+)|d> :

izl e
r<fuy |<n

r<fug |

W
w
|
VN
E
>,
~
N
=
e
\.q <
_
N
=
Qs
*
o
~_
[ NI

i=1 UE.AZ
r<lul , |<n
r<ug _|
Using Jensen’s inequality we have
1
1271 < da+2 ||’U||Ld+2(ET)d. (242)

We now control Iy. If d > 3, using the Sobolev inequality (see Proposition 2.2.5)
we get

Y loldy | Tu(uy )7+

oceA!
TS‘U;JF‘SWJ
r<in |
2 2
d 2%
s( 5 |ardam<u;,+>\2)( 5 ramawuw)
oce Al ceA!
r<ful, [<n r<jul ., |<n
r<lul | r<lul |
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v

gc< sup > \o|do|Tn<u;+>|2>( > %|Tn<uz,+>—Tn<uz,>\2>

- gEA? gEA?
r§|ug’.+\§n Tg\ug&\gn
r<|ug _| r<|ug _|

Summing over the time steps and raising to the power 2(#‘12) we obtain

1
d+2
Io < O< sup E 0| dy |Tn<u2+)|2>

1<i<N )
== oc A
r<|uy [<n

r<pi,_|

. oo A
Yo Y Yme-neor) . e
i=1 a

ge Al
r<fuy ,|<n

r<ug _|

In the case of dimension d = 2, using a discrete version of Gagliardo-Nirenberg
inequality (see [13]) and Hoélder inequality allows one to obtain (2.43). Then from
(2.42) and (2.43) and using Young’s inequality it follows that

Cllv|| La+z(g,)a 1 .
L] < T su -Da- Tn ug 2
[l < —— ) 0 Z% Do | T 0t )|
T§‘ufx+|§n
r<fug |
N
d+1 o . -
tit2 Z5t Z d—U|Tn(ua,+)—Tn(uo,7)| :
=1 O-EA'L
7’S|u;,.+|§n
r<lug, |

By Corollary 2.3.2 and since v € L2(Q)4, the absolute continuity of the integral
implies that there exists r > 0 (independent of 7 and 6t) such that for all admissible
mesh 7 and all time step ot

1 d+1 1
max {CHUHL‘HZ(ET)dm7CHUHL‘”2(Er)dd+ 2} S Z_l (244)

Therefore

1/(1 i
’[2’ < —<Z sup Z ‘Da| ‘Tn<“a,+)‘2

n 1<i<N .
- gEA
r<|uy  |<n

r<|uf _|

N
I o i i
+Z§ ot § %]Tn(ua’+)—Tn(ug7)\2>. (2.45)
=1

gEA? 7
Tglufy +‘§n

r<|uf _|
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We now turn to [;. Using the Cauchy-Schwarz inequality and the Young inequa-

lity we have

N
|Il| = E 25t Z ‘0—’ |vK,U| U’J,—i—(Tn(uU,—) _ Tn(ua,—i—))

gc A

|“§r,+|§7"

N
1 ,
<[00 S Jold o,
=1 geA?
|ué,+\§r
X
<D0t D loldofvic,
=1 ogeA?
|uf7,+\§r
r2
1 dlv HLz TNl ,u
< - 515

N

|u0+|<r

N
D=

> @anzﬁ)—n(uz#))z . (2.46)

oA
|uo Jr\<r

Gathering (2.45) and (2.46) we get

—T5 < |+ L] < —
n 0

177 || v ][

]‘ 7
P = s Y DT )P

Zat S e — ) (k) ~ Ta(u)

r2d || vl|?
<l 1 ||L2(Q)d _}_i

- n i 4n 1<i<n

gEA?
|“o 4l<n

sup Y | Do |Tuul )
oA’
rﬁ\u;’ﬂgn

r<|ul -

Zét > T — im0 - )

cEA!
u’ +1<n
2 2
17 d”’””p(@)d 1 1
< DI S L sup T8 o (2.7

and we deduce from (2.31), (2.39) and (2.47) that

lim lim — ZZ |U| ul ) (T (ul) — T (uh)) = 0.

n—+oo hr—0n

st—0  i=1 o€
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and

— / —
ngrfmhlirgoﬁ Z lK'/ r— g )T (r) dr = 0.
st—0 =1 KeT

We now turn to (2.21). By (2.23), we have T} + T, + T3 = T, with M = N.

Corollary 2.3.2 together with (2.32), (2.39) and (2.22) ensures us that

lim Iim 77 =0.
n—+o00 hr—0
0t—0

By defining the set

B={cecé&; ug+(Tn(ug+) —T,(u: ) > 0}

we have T5 = T3 + T3 with

lim lim T/ =0,

n—+o0 h—0
6t—0

Ty =~ Z5t2|0||vmlug+( n(t ) = Tolug )

i=1 ocEB!

Still with (2.23), we obtain that

lim lim T3 = 0.

n—+o0 hr—0
ot—0

Finally, remarking that |T3| = —T4 + T4 yields that

Jim T = 553 ol ool T2, ) — Tl ] = 0.
§t—0 =1 el

O

Remark 2.3.4 In the present paper the data f is given and the "discrete" right-
hand side fi. is such that fp converges strongly in L*(Q) to f. If we replace fp by
a L' bounded sequence fp, that is if we assume that fp is only bounded in L'(Q),
the attentive reader may notice that Proposition 2.5.1 and then Corollary 2.53.2 hold
true. However as in the continuous case, Proposition 2.3.3 should be replaced by a
weaker one. Indeed except the precise behavior of T) all the computations and the

arguments of the proof hold. Since T} is (only) bounded we obtain ¥n > 1

Z 6ty T |U| —up)(Tu(u) — Tu(up)) < C,

oce€

Z&ZW Wik ol [t | 1T (g 4 ) — Tulug )| < C,
oce€

ZZ!K!/ r—uKT'()dr<C

i=1 KeT

(2.48)

(2.49)

(2.50)
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Corollary 2.3.5 (Estimate on T, (up)) Let T be an admissible mesh and let dt
be a time step. If up = (u')1<i<n s a solution to (2.10), then for all n > 0 there
exists C' > 0 only depending on (2, v, f,n,d) such that

N
> St T (u) a7 < C. (2.51)

i=1

Proof Thanks to (2.20) and the fact that A\(u) > u, we have

which is (2.51). O

Let us introduce the function h,, defined by

;

0 if r < —2n,
T+2 if —2n<r < —n,
ho(r) =<1 if —n<r<n, (2.52)
L +2 ifn<r<2n,
0 if r > 2n.
B (7)
1
,
—2n —n n 2n

FIGURE 2.2 — The function h,,

Proposition 2.3.6 (Estimate on h,(up)) Let T be an admissible mesh and let
8t be a time step. If up = (us)1<i<n is a solution to (2.10), then for allm > 0 there
exists C' > 0 only depending on (2, v, f,n,d) such that

N
S ot () |20 < C. (253)
=1

where iy (s) = s B (r) dr.
20



Proof We can perform the proof thanks to (2.51) and the fact that

thwmw Z&Z”m INOALE

0'

oe€
o 7
ZZ&Z' Lo (Tonu)) = o (T ()
oe€
g 7
gZ&Z'W@ ~ Tou(u})
oe€ J

= Z Ot | Ton (w13 2.7
i=1

O

Proposition 2.3.7 (Estimate on &JLn(uD)) Let T be an admissible mesh and let
8t be a time step. If up = (us)1<i<n s a solution to (2.10), then for allm > 0 there
exists C' > 0 such that

Zét”@t () |10 < C.

(2.54)

Proof Let w € X (7). Multiplying each equation of the scheme by h,(u )wp,
summing over the control volumes and gathering by edges, we get T} + Ty + Ty = T}

with

i—1

: ube —u
T =) |K|TKh (ui)w,

KeT
i g i i i i
75 = 3 0w ke ) e — s ),
g g
= |olvi gty (hn (e wie — hy(uf )wy,),
o€

= Z | K| fic P (uf )wie

KeT

As far as T} is concerned we have T} = T} | + T}, with

: ho, (U —En(ui_l
T1,1:Z|K| (u) K )U}K;

KeT ot
. K uf ,
Tra= 3 Wl [ 6 i) o
KeT K
where h fo
By the deﬁn1t10n of the dual norm || - ||=1,1,7 we have
1 % ]
sup Ty, = ||at ()|l -117
we);(T) [wll1.007
w#0

(2.55)

(2.56)
(2.57)

(2.58)

(2.59)

ol



Since h,, is bounded by 1 we have |T}| < [Jwl| (o || f'||11() Where f@= & ftt_l fdt.
We thus get
N

1 i
> ot sup (T < || fllr o) (2.60)
1 we);(o’f) ||w||1,oo,T

As far as T? is concerned we have T¢ = T, + T¢, with
2 2 2.1 2,2

i o i i
74y = 3 2 ) e = ) o = ),
ock
i |U| i i i i
15, = Z d M)y w (uge = up) (P (ui) = ha(uf)).
oecg 9

In view of the definition of A, we get
i |wlLe=(0) ’U| i i i i
T ol < T Z w)y (e — up)(Ton () — Ton(ul)),
o€l

so that taking the sup on X (7) and summing over the time steps give

N

1 .
0t sup —— |1y,
T weX(T ||w||1ooT ’
w;éo (261)
|‘7| i i i
<! Z(Stz e = ) (Tontl) — Ton(o)),
oc&

which is bounded thanks to the estimate (2.20). We now turn to Tzi,p which reads
as

i i i
T271 = T2,1,1 + T27172 where

75, =317 '“‘ (i g 1) (. — ) (e — 1),
o€

7, =317 "" i) (1 — han () (a — ) (e — ).
o€

Since hy, (ub ) (1 — hop(uh)) = hp(ub) (hon () — hop(ut)) we have

i [w|| Lo a i ; ; ; ;
1750l < PV S Ty k) — Tan ) e — ),

oeg ¢

which gives thanks to (2.20)

N
> 6t sup T5,,| < C. (2.62)
—~ wex(m) Wl 7"
w#0
As far as T3, , is concerned, we have
i Wk — W,
Tyn = D oA (e han (u) (Tin(wi) — Tin () ————,

oce€
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and by the definition of A(u)’, we can write

T, < ||w||1,oo,7( max |A<r>|) 1T () 11,7

re[—4n,4n]
Thus, we deduce that

N

Z ot sup
1 weX (T Hle 00, T
w;ﬁO

!T5,1,1! <C.

i=

Gathering (2.62) and (2.63) we get

al 1
Z(St sup — |15 < C.
= weX(T) [[wll1,00,7
w#0
The term T3 can be rewritten as
= Z |o| |’U§<,a| ug,—i—(hn(ufr,—k)wa,—&- - hn(“ir,—)“’«f,-)a

el

(2.63)

(2.64)

where w, y = wg if v, > 0, wy otherwise and (wy 4, w, ) = (wg,wr). We have

T31 =D 1ol ol th (g ) (was — we,-),

el

T:’i2 = Z o] |'Uzk,a| ui_7+w07_(hn(u;+) - hn(%_))

el

By the definition of h,, we have

) . . w, — Wqg.—
115 < 3 oyl o] [T, )| 22— o]
ag
o€l
< ol 3 ol ()1

oe€
Using Holder and Poincaré inequalities we get

N

Zét sup
= wexm IIwHL,

73,1 < Z5t2|0|d Vi ol [Ton (ug )]

i=1 oe€

N % N
< (Z oty |a|da|v§<’o|2> (Z 0t Y |o|dy|Ton(ul
i=1 =1

oe€ cel

1
N 2
< dz o] L2(g)eC (Z &HT%(MT)”%Q,T) :
=1

For Ty, it is sufficient to observe that

o lw HL
Tl < ———

Z ‘O-’ ’IUK0'| |u0'+| ’T2n< ) - T2n<uz-’7)|,

o€l

)

(2.65)
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from which it follows

N

Z ot Sup

w;ﬁO

IT§2|< Z5tZIUIIUKUIIUO—+|IT2n( g +) — Ton(t )],

i= oe€

(2.66)
which is bounded thanks to (2.21).
It remains to control Tf72. Noticing that
[ = < [ e -z e (2.7
ulc? ulc?
(2.67) and (2.22) yield that
Y 1
Zét sup —— |17, < C. (2.68)
=1 weX (T kulooT '
w#O
Gathering (2.59) to (2.68), we obtain the estimate
Zatuat (ui) || 117 < C. (2.69)
U

We are now in position to extract a convergent subsequence to T}, (up).

Proposition 2.3.8 Let (T,,)m>1 be a sequence of admissible meshes such that there
exists € > 0 satisfying

forall m >1forall K € T and all 0 € £(K), dg, > &d,,

and let 0t,, be a sequence of time steps. If up, = (U%—m>1§iSN is a solution to (2.10)
with T = T,, and 6t = dt,,, then there exists a measurable function u finite a.e. in Q
such that, up to a subsequence, T, (up, ) converges to T, (u) weakly in L*(0,T; H}())
and up,, converges almost everywhere to u.

In order to prove this proposition we use a discrete version of the Aubin-Simon
Lemma proved in [47] and in [48].

Proof Thanks to estimate (2.51) we can extract a subsequence, still indexed by
m, such that

T, (up,,) — v, in L*(0,T; H3(Q)) (2.70)
in the finite volume sense.
Moreover, since we have estimates (2.53) and (2.54), we also apply the discrete
version of the Aubin-Simon Lemma to the function hy,(up, ). It implies that for

any n > 0, h,(up,,) lies in a compact set of L'(Q). Using the diagonal process, we
can deduce that there exists a subsequence of up, , still indexed by m, such that
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ﬁn(qu) converges almost everywhere to a measurable function w,, defined on @) for
any n > 0. Due to the definition of h,, Ty (up, ) = Th(ha(up,, )),thus the sequence
T, (up,,) converges almost everywhere in () to the measurable function v,, = T,,(w,,).

Using Corollary 2.3.2 we now prove that up, is a Cauchy sequence in measure.

Let w > 0. For all n > 0 and all sequences of admissible meshes and time steps
(T, 0ti)m>1 and (7T, 0t,)p>1, we have

{lup,, —up,| > w} C {lup, | > n} U{lup,| > n} U{[Tw(up,,) = Tn(up,)| > w}.
Let ¢ > 0 fixed. By (2.3.2), let n > 0 such that, for all admissible meshes and time
steps T, 0t and T, 6t

€

meas({|up,,| > n}) + meas({|up,| > n}) < 3
Once n is chosen, we use the fact that T),(up, ) is a Cauchy sequence in measure,
thus

Jho > 0; Vhp,,,hp, < ho meas({|T,(up,,) — T(up,)| > w}) <

m?

DO ™

Therefore, we deduce that Vhp,,, hp, < ho
meas{ |up,, — up,| > w} <.

Hence up,, is a Cauchy sequence in measure. It follows that, up to a subsequence
still indexed by D,,, there exists a measurable function v such that up, — u

a.e. in Q. Thus v, = T,(u) and w, = h,(u). Due to Corollary 2.3.2 u is fi-
nite almost everywhere. Moreover from convergences obtained before we get that
T,(u) € L*(0,T; H} () and

VT, (up) = VT,(u) in (L*(Q))",

T, (up) — T, (u) almost everywhere in Q.

O

Remark 2.3.9 Following Remark 2.3.4 it is worth noting that Corollaries 2.3.5,
2.3.6 and Proposition 2.3.7 hold true if instead of (2.20), (2.21) and (2.22) (see
Proposition 2.3.3) we have (2.48), (2.49) and (2.50) (which are weaker). It follows
that if we replace in the scheme fp (an approximation of a fixed data f) by a sequence
fp which is only bounded in L'(Q) Proposition 2.3.8 holds true.

2.4 Convergence analysis
Let us now state the main result of this paper.

Theorem 2.4.1 If T is an admissible mesh and 6t a time step, then there exists at

least one solution to (2.10).

If (Tm)m>1 is a sequence of admissible meshes such that there exists & > 0 satisfying
forall m > 1 forall K € T and all 0 € £(K), dg, > &d,,
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and such that hy,, — 0 and if (0t;,)m>1 is a sequence of time steps such that §t,,, — 0,
then if up,, = (u% )i<i<nm is the solution to (2.10) with T = Ty, and dt,,, = dt, up to
a subsequence, up, converges to u in the sense that for alln > 0, T, (up, ) converges
weakly to T, (u) in L*(0,T; H} () and up,, converges to u almost everywhere in Q,
where u is a renormalized solution of (2.1).

Moreover if

1. X is a local Lipschitz continuous function, or
2. v(x,t) = v(x) is independent of t

then the whole sequence up,, converges almost everywhere to u where u is the unique
renormalized solution of (2.1).

Proof of Theorem 2.4.1

Concerning the existence of a solution to the scheme, using the Brouwer theorem,
the proof is quite easy when A is a bounded function (see [44]). In the case where
A is not bounded, we replace A by A(T}/.) and we show with the Brouwer theorem
that the modified scheme admits at least one solution u5,. Since we have a bound on
ug (uniform in ¢), for € small enough, A(77/.(u3)) = A(up). Then the scheme (2.10)
admits at least a solution. We then split the rest of the proof in four steps. In Step
1 we pass to the limit in the scheme as the size of the mesh and the time step tend
to zero. It is worth noting that we take in the scheme a discrete version of what is a
test function in the renormalized formulation. This is to say that we multiply each
equation of the scheme by a discrete version of h,(u)p where ¢ € C*(2x[0,T")) and
h,, is defined by (2.52). Step 2 is devoted to pass to the limit as n tends to infinity
and to show that the renormalized formulation (2.6) holds. As in the Continuous
case the main difficulty is the lack of regularity of the time derivative % 5 We use
here Steklov averages and the method developed in [20] (see also [63]). In Step 3 we
conclude the convergence analysis, showing that the limit u satisfies the estimate on
the energy (2.5). In Step 4 we recall that under assumption 1 or 2 the uniqueness
of the renormalized solution provides that the whole sequence converges to the
renormalized solution.

Step 1 We prove that the limit u satisfies (2.84). Let ¢ € C°(2 x [0,T")) and h,, the
function defined by (2.52). We denote by ¢p the function defined by ¢4 = ¢(zk, t;)
forall K € T andalll1 <i:<N.

Multiplying each equation of the scheme by @' 'h, (uk) (which is a discrete
version of the test function used in the renormalized formulation), summing over
the control volumes, gathering by edges and summing over the time steps, we get

Tl + T2 + T3 = T4 with

ZZ | K[ (ue — e ) (1) P

i=1 KeT
]0| ; iy, i i, i
T2 Zétz - UL)(hn<uK)§0K1 - hn('U/L)QOL 1)7
ce€
Zétz o0 ot (A (Wi ) = hn(ul) ),
ce€
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S Y Kl )

i=1 KeT

We now pass to the limit as h — 0 and 6t — 0.
As far as the lower order term 7T} is concerned, we have T = Ty + Ty with

T41_ZZ/ /fh uk )k dr dt,

i=1 KeT
T42—ZZ/ /fh u'e ) ( — b )dx dt.

By the regularity of ¢, we have ¢p — ¢ uniformly on @) as h+ — 0 and 0t — 0.
Since h,(up) — hy,(u) a.e. and L™ weak-x, op — o uniformly and |f p7 h,(up)| <
C,|f| € L'(Q), the Lebesgue theorem ensures that

lim 7, = hm /fgozph (up) dxdt

h—0
ot—0 61&%0

//fsoh ) dx dt. (2.71)

In view of the definition of h,, and the regularity of ¢,

Tzl < cllellocdt fllz@)

thus
lim T42 = 0. (272)

h7—0
0t—0

We now study the convergence of the diffusion term. We have

T, = Z&ZW’ e — 1) (il )i — (i) )

g€l
= T2,1 +T155

with

o i I i— i—
31—23&23" (i) (e — ) (i — i),

oce€
Hg—EZ&EZ' 1y — ) (o (ulg) — (1),
oc& U

Not assuming any bound on the function A\ gives additional technical difficulties in
order to control T5; and T55. In view of the definition of h,, and A\ we get

oo g 7 7 1
Tyl < 4 Z&Z" ) (T () — Ton(u)).
ce&
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From the discrete estimate on the energy (see (2.20) in Proposition 2.3.3), it follows

that
lim lim Ty, = 0. (2.73)

n—+o00 hr—0
6t—0

As far as Th; is concerned we have 1o = 1511 + 1512 with

g . ; i i—
Ty, = zatz' AW, P an (1) e — ) (™ — ),
g€l
ag ; ; i i—
T —Zatz' AW i) (1 = P () g — ) (™ — 7).
oge€

Observing that hy, (uk)(1 — hop(uh)) = hy(ul) (hon(ul) — hon(ub)) gives

& 00 g 7 7 7
7,10 < Pl Z&Z" § (Tin (i) — Tin()) (e — ),

el

and from (2.20) it follows that

lim 111’[1 T2 1,2 = =0. (274)

n—+oo hr—0
0t—0

For 1511 we write T, 1 = I + I] with

I Z sty \0! yi fim (v )han () ~2F o () hon (Vi) o ) (it — i),

oe€

H—Z&Z‘”' ¢ (i o () — B0 ()

9 (UK_UL)(SO _SOL )

oe€

Since

T () hon (u) = P () Pz ()
= b (u;

1) (han () = han(ui)) + (hn(ul) — ha(ul)) hon (i),

and since
. . 1 . .
|h2n<uZL) - h2n(uZK)’ < m ’T4n(u;) - T4n(uZK)’a
. . 1 . .
|hn(ul) — ha(ufe)| < - | Ton(uf,) — Ton(uf)l,

estimate (2.20) leads to
[1I] < [ollosw(n, by, 02), (2.75)

with

lim lim
n=s00 hy 30 w(n, b, 0t) =
6t—0
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As far as [ is concerned, we have I = I} + I, with

o (Ul ) hon (Ul ) + hp (Ul ) oy (U ; ; ; ;
[1 25t2| | K) 2 ( L) : ( L) 2 ( K)(uK_uL)<30K_30L)7
o€l

. Z 57 113y (0 o )

ce€
%

x (ui —up) Pk — Pk + 9L — 9L ),
Both u% and u% being truncated in I, we get

N
11 Cothy +0) (_mas, 1X0)) S 81T (0l
thus
lim I» = 0. (2.76)

hr—0
ot—0

Let us define h,(z,t) and \(w,t) Vt € [t;_1,t;), 1 <i < N,Vz € D,, 0 €&, by

- T () P () + o () o ()

hn(l‘y t) = 9 )
Mz, t) = AT (w))?.
We then write [1 = 1171 + [172 with
I, _/ /)\h VoTy,(up) - Vo dz dt,
hon (Wi ) iz (u) + P (u ) o (ui )
112_25t2d|D |A(u :
o€l
T (0l ) — Ty (U
!
where C(p, T, 0t) = ‘pK QPL - 6t|Da| ft ' b, V¢ i ddt. Thanks to the regularity

of ¢, we have

N
|1172\s0¢<hT+6t>( max |A<r>|)Zatnnnw%nln,
=1

re[—4n,4n]
which implies
h7—0
6t—0

Since A(Ty,(+)) is continuous and bounded, an equi-integrability argument allows
one to prove that A converges to A\(Ty,(u)) in L>® weak-+. In view of the definition
of h,, and since h,, is constant on each diamond cell D,, we deduce that h, — h,,(u)
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in L9(Q) for all ¢ € [2,+00). Moreover VpTy,(up) tends to VTy,(u) weakly in
L*(0,T; L*(Q)%). Since ¢ belongs to C°(Q x [0,T)) we obtain

lim I, / / W)V T (u) - Voo da . (2.78)
h7—0

6t—0

For the convection term we have

Z&ZIUI’UKU Ug 4 (5 h (k) — @7 P (1))

oe&

_Z& Z |U|vKU Ugy 4 Fin (0 fy,+)(90i1;1_90§:71)

el
vK +=>0

+Z§t > ol gug o (g y) = (s )

oe€
vK J>0

N
- Z ot Z \Ulvkauf}7+hn(uf}7+)(s@fl - d’};l)
=1 oc&
'v}( »<0

—Zét > olvlul o (ha(uly ) — ha(u), )

o€l
vK -<0

=T31+ T35+ 153

with
T51 = Z&Z‘U’”KU Uy (u o+)(90?1 — )
ceé
Tzz—Z& Z |01k gt 07 (g ) — ha(ug, )
S
Ty = Zét D It i (huul ) = halul, ).
v;iio
Since

N
el oo i i i i
T3z + s < — > ot ol i | ub || Ton(u, ) — Tan(u, )],

=1 oef
using (2.21) we show that

lim hm T32 + T33 = 0. (279)

n—+o0 hr—0
6t—0
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COHCGI‘Hng T371 we have T3’1 = T371’1 + T37172 with

T311—25tZ|U‘UKU 0'+ ( 0'+)<907;K_90i[/)7

o€l

T312_25t2|0‘0KU a+ ( a+)<90ilgl_90i[{+§02_90iljl>'

o€l

Still by the regularity of ¢ and using Holder’s inequality we obtain
Ts12] < Co(hr + 0t)[|v]| 2@)a | Ton (up) [ 12(q),

which implies that
lim T3’172 = 0. (280)
h—0

6t—0

As far as T3 ; is concerned we have

T311—Z5tZ|U|UKJ U T (g ) (P — #1)

oe
. |o]d O — &
o z K L
sz|D| by bl ) AT / / v g, drdt
i=1 o€ 7
:—Z / / T2n U+ (O+)’U VDQODdIdt
i=1 o€

Let us define Tgn(u)hn(u)pm, Vt € [ti_1,ti), Vo € E, VYo € D,, by

Ton(Wha(u) " (2,1) = Tou (sl ) h(ul, ).

T
— D
T31. :—/ /T2n(u)hn(u) v - Vpppdz.
0o Ja

By Lemma 2.2.7, Vppp converges weakly to Vo in (L*(Q))%, and then in (L4 (Q))?.

Moreover, in view of the definition of T2n(u)hn(u)pm, we can show that it tends to
Ton(u)hy,(u) in L™ weak-x as hyr — 0 and 6t — 0. Then we obtain

We write

lim T31 1= / / T2n ’U VQO dx dt. (281)

h7—0
6t—0

It remains to study the time derivative term. Noting hy,(v) = Jy (1) dr, and
observing that

) = ") = (e = i Vi) = [ = i)
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we write T1 = Tl,l + TLQ with

T Z(stz |K| h (uzlgl) i—1
1,1 = Pr >

=1 KeT

Ty = Z > Klel / (= i i, (r)dr.

i=1 KeT

Reordering the sums leads to

% i—1
Pr — ¥ 7
T =300 3 It 2 )

i=1 KeT KeT

T ~ ~
—/ / hn(ur)Opp dx dt + Ry — / ho(uS)o(,0) dz + Ry,
o Jo 0

where

i — o
Z&Zuﬂh { = \Klét/ /&g(pdxdt}

= KeT

-y / 2 (U5 [¢% — ¢(2,0)] da.

KeT

By the regularity of ¢ we have

N
[Ri| < Colhg +6t) Y 6t Y | K| By (ul)]

i=1 KeT
N .

< Cplhr +6t) Y 0t Y |K|[Tan(uiy)]
i=1 KeT

< Cyp(hr + 6t)||Ton(up)| 110

and |Ry| < Cy(hy)|[u’] 11 (). Since up converges a.e. in @ to u and since uf =
(u% ) ket converges a.e. in © to u® Lebesgue theorem leads to

llm Ty, = / / u)Opp dx dt — /ﬁn(uo)gp(a:,()) dx. (2.82)
Q

6t—>0
Since
N
r - ullgl>T2/n(r> d?“,
i=1 Ke “K
(2.22) implies that
lim lim T}, = 0. (2.83)
n—-+o0o hTA)O
6t—0
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We are now in position to pass to the limit as h+ — 0 and 6t — 0 in the scheme.
Gathering equations (2.71) to (2.83), we obtain that

/ / 8tg0dxdt—/ﬁ (u®)p(z,0) dx
/ / u) Vu - Vgpdmdt—/ /uh v-Vodzdt

—/ /fgohn(u)dxdt: lim T'(n,p) (2.84)
0 Q h7—0

t—0
where hmo T (n, )| < Cpw(n) with w(n) — 0 as n — +oo, where C, depends on
T

ot—0
el =@

Step 2 In this step we prove that the renormalized equation (2.6) holds, namely

—/T/gt/us'(r)drdxdt—/g(x,()) / S'(r) dr da
/ / W)V - V(S (u ))dxdt—/ /uv V(€S (u)) da dt
:/0 /foS’(u)dxdt,

where £ € C°(Q x [0,T)) and S € W (R) is such that S’ has a compact support
and S'(u)€ € L*(0,T; H}(2)). We pass to the limit in (2.84) as n — 400 using the
techniques developed in [20] which are based on mean time regularizations. In the
elliptic case, using a density argument, it is sufficient to take ¢ = h(u)y as a test
function and to pass to the limit as n — 400 (see [53]). Because of the presence of
the time derivative in (2.84), we can not use the same technique. This is why we use
the tool of Steklov averages and Lemmas 2.1 and 2.3 of [20].

Let £ € C°([0, T[xQ) and S € W**°(R) such that S’ has a compact support and
S'(uw)¢ € L*(0,T; HY(Q)). By density we can take ¢ = £(S'(u));, as test function in
(2.84) where

S =1 [ St
which gives
/ /at (S (w)n) Fnu >dmdt—/s< 0)(S" (), 0)on ()
/ / w)Vu - V(£(S' (w) dxdt—/ /uh v V(E(S (w)p) dzdt
/ /fh (u))dz dt + T(C(E, §), m),
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which reads as

/T/ag T (w) — T (u®)) dz dt
// w)Vu - V(€ ) dx dt — //uh )v- V(¢ ) dz dt

//fh VE(S(u))nda dt + T(C(E, S),n (2.85)

Using Lemma 2.1 of [20], we obtain

[ s ) ) = Fatu doa
[ [« (z uz/ w2 [T s drdT)dxdt
/mo( / s"<>h<>dr>daz
and letting h tend to zero :
imiat {= [ [ e 0) () — nla) ot
> — /0 ' /Q & (iin(u)s'(u) - /0 ’ S" (1) ha(r) dr) dz dt
— /Q &(x,0) (%n(u0)5'<u0) - /0 " S" (1) ha (1) dr) da.
Tnjecting this last inequality in (2.85) and letting h tend to zero we get
- /0 ' /Q & (Enm)s'(u) - /0 ' S" (1) ha(r) dr) da dt
e (~ oo [ sionona)
/ / W)V - V(€S (u)) de dt — / /uh v V(ES'(u)) du dt

_/0 /th u) €8/ (u) da dt + T(C(E, S).n).

Passing to the limit as n — +o0 we find

// (uS /s )da:dt
/gxo(os /S”()dr)dx
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/Q)\(u) Vu -V (£S (u))dx dt — /OT /Q uv - V(£S'(u)) da dt

s/OT/foS% )da dt.

Noticing that 25'(z) — f r)dr fo r)dr we finally get

—/OT/Q&/OUS(r)drd:vdt—/Qg(x,o)/ouoS(r)drda:

/OT/Q)\(U)VU-V(fS’(u))dxdt_/OT/gzuv.v(ggf(u)) du dt

< /O ' /Q FES (w)dx dr. (2.86)

We prove now the reverse inequality taking ¢ = £(S"(u))_p where

(')l ) = / S'(a(z, 7)) dr,

+

with
t)ift>0
i, 1) = {20
Uj 1ft<0,

where U; is a sequence in C°(§2) such that U; — u° strongly in L'(£2). We thus get

/T/a (R (u) — I (u°)) da dt
// w)Vu - V(€ ) da dt — //uh Jv- V(€ n) de dt

//fh ) pda dt + T(C(€, S).n). (2.87)

Using Lemma 2.3 of [20], we obtain

//a T (u®)) da dt
<[ [« ( / TTTTT L ddf)dxdt

/g z,0) ( /OU] S" (F)hon(r) dr > dz.

We now let A tend to zero :

nr}?jyp{_/:/a £(S' () 1) (o () — on ))da:dt}
// ( 0 / e )dxdt
/g z,0) ( 0s'(U;) /O S” (r)hy(r) dr ) dr,
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and letting j tends to infinity :

imoup { = [ [ 21e( @) 1) ) ~ ulu?) ot
- /O ' /Q & (En(u)5/<u) - /0 ' S" (1) ha(r) d7~> d dt
- /Q &(x,0) (Zn(UO)s'(uO) - /0 . S” (1) hn(r) dr) da,

Injecting this last inequality in (2.87) and letting h tends to zero we get

/0 /thn(u) £S" (u)dx dt + T(C(E,S),n)

_ /0 ' /Q ¢ (};n(u)s'(u) - /0 C S V() dr> dz dt

0

- / &(x,0) (%n(u‘))s'(u()) - /0 ’ S" (1) hn (1) dr) dz

/ / u)Vu- V(S (u ))dxdt—/OT/Quhn(u)v~V(§S'(u)) dx dt,

and letting n — +o00

[ [reswara
- / ' / £ (us'(u) - / ' S"(r)r) dz dt
- <o ( sy~ [ >rdr> iz
/ / W) Vu - V(ES' (u ))da:dt—/ /u’u V(€S (w)) da dt.

We finally obtain the inequality

/T/fgs’(u)dxdrg
//gt/ S'(r)dr dz dt — /fx()/ S'(r)dr dx

/ / W) Vu- V(€S (u ))da:dt—/ /uv V(¢S () dudt.  (2.88)

Gathering (2.86) and (2.88) we get the desired result.

Step 3 We now prove that u satisfies the decay (2.5) of the truncate energy. Thanks
to the discrete estimate on the energy (2.20) we have

|U| i\\2 _
pi 2SS s ) - 7 =0

§t—0 i=1 o€
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N
0- T (A
S 6t S 2w (T k) — o)
i=1 ocE ¢
N 2
_ i Ton(uly) — Ton(uf)
-3 g, (L)
=1 oe€&
N 2
_ i Ton(ufy) — Ton(uf)
DA (o
=1 oe€&
N 2
_ 1 i Ton(ufy) — Ton(ul)
=D 3t= > [Ds|A(w); (d n
=1 oe
1 & Aui) [ Ton(ui) — Ton(ui )\
> = D i K 2n\Ug ) — L2n\U],
N . . 9
1 ; /\(ulL) T2n(uZK) - T2n(ulL)
- D i
+d;5t;| Lol () =5 (d =

_ é/ /hn(uD)WQ"TWNDTQn(uD)Fdxdt,

thus, lim lim —/ /
n—o00 h7——>0n

weakly in L2(Q) ATy, (up)) converges to A(u) L™ weak—* and h,(up) converge
to h,(u) almost everywhere in ) we also have

/ / W) [V Ton ()2 d < lim inf = / / (up) (11| Vo T (1) |2

h7——>0 n

which, since h,(-) = 1 on [—n,n], leads to

lim — // w)| VT, (u)|* dz dt = 0.
n—oo N

Step 4 We prove here the uniqueness of the renormalized solution. In view of the
convergence analysis, if the renormalized solution of (2.1) w is unique usual argu-
ments imply that the whole sequence up,_ converges to u. To our knowledge due
to the nonlinearity of the operator and the presence of the term —div(v(z,t)u) the
uniqueness is proved under additional assumptions on A or v.

If A is local Lipschitz continuous, namely

Vn € N 3C, > 0 such that V|r|, [t| < n, |[Ar) = A(t)| < Culr — ¢,

then we are in the scope of [35] (see also [18]) : the renormalized solution is unique.

If A is a continuous function the price to pay to have uniqueness is to assume
more regularity on v. If v depends only on x then the time doubling variable method,
see e.g. [61] (which is not the method developed in [18]), allows one to prove the
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uniqueness of the renormalized solution. Indeed the change of variable w = X(u)
where A(r) = [ A(s) ds implies that w is a renormalized solution of

AL ~
ﬁé—t(w) — Aw +div(vAH(w)) = f in Q,
w=0on 0 x (0,7),
w(z,0) = Mu’(z)) Yz € Q.
Since the function X(r) is local Lipschitz continuous and since v does not depend

on ¢ the results of [20] (see Section 5 comments and remarks) give the uniqueness
of the renormalized solution w which in turn gives the uniqueness of . 0
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Chapitre 3

Finite volume scheme and
renormalized solutions for a
doubly nonlinear parabolic
equation with L! data

3.1 Introduction

In this chapter we consider a finite volume discretization of the following para-
bolic problem :

ob(u) . L
e div(A(u)Vu) = f in @,

u=0on 00 x (0,7), (3.1)
b(u(z,0)) = b(u’(x)) Vz € Q,

where ) is an open bounded polygonal subset of R?, d > 2, T is a positive number
and @ = Q x (0,7), A is a continuous function such that A(u) > p > 0, with p a
positive real number, f € L'(Q) and b(u°) € L'(Q). Moreover b is assumed to be a
strictly increasing C!'-function such that 5(0) = 0 and ¥'(r) > 0 Vr € R.

In [23] the authors proved the existence of a distributional solution of (3.1) in the
case where b(u) = u, A is bounded and the right-hand side is a bounded measure.
But since the solution in the sense of distribution is not unique in general (see [68]
in the elliptic case) we have to choose an appropriate framework. Moreover even in
the case f € L*(Q), without any growth assumption on A\, if v € L*(0,T; H}(Q))
we cannot expect to have A\(u)Vu € L*(Q) nor A(u)Vu € L},.(Q) and then we can-
not give in general an existence result for weak solution or solution in the sense of
distribution of equation (3.1). Here we use the framework of renormalized solutions
which provides in general existence, stability and uniqueness for a large class of pa-
rabolic equations with L' data. Recall that the notion of renormalized solution have
been introduced by DiPerna and Lions in [36] for the study of Boltzmann equation.
This notion has been adapted to elliptic equations ([58]) and to parabolic equations
([18,21]) with L' or measure data.

When b(r) = r the existence of a renormalized solution of (3.1) has been proved
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in [16] where the authors considered a more general Leray-Lions operator
—div(a(z,t,u, Vu)), which is coercive and which grows like |Vu[P~! with respect
to Vu, and a data belonging to L*(Q) + L (0, T; W~ (Q)). Under additional as-
sumptions on a uniqueness results are given in [16]. In [21] existence and uniqueness
of a renormalized solution have been established in the case where b(r) is strictly
increasing and can possibly blow up for some finite 7y and a(z, t, s, ) is independent
of s and linear with respect to £. When b is a maximal monotone graph the existence
of a renormalized solution and the uniqueness (when a does not depend on t) are
proved in [20]. It is worth noting that the proof of the existence in [20] relies on a
different strategy to the one used in [21]. Indeed in [21] the authors use Landes regu-
larization and technical lemmas while the technique of [20], using Steklov averages
and convexe inequalities, is simpler and shorter.

As far as finite volume schemes for parabolic equations are concerned the linear
and variational case is dealt in [44]. As in the continous case one of the main obstacle
for time dependent equations is to derive some compactness (and then the pointwise
convergence) for the approximate solution which is necessary (but not sufficient) to
pass to the limit. One of the methods is to derive with the equation an estimate on
differences of time and space translates (see [44] and [4,8] in the context of degene-
rate parabolic equations). Another method is to use the compactness result proved
in [48] which is a discrete version of the Aubin-Lions Lemma (see [69]).

In the context parabolic equations with a time derivative term 8%(:), finite vo-
lume schemes have been studied in [2,6-8] where the data are more regular.

In the present paper we mix the tools developed for finite volume schemes
([44,47,48]) with the strategy to deal with the existence of a renormalized solu-
tion for parabolic equations with L' data ([16,20,21]). Let us mention that such an
analysis is performed for a convection-diffusion equation in [53] in the elliptic case
and in [52] in the parabolic case. It is worth noting that the presence of the time
derivative term % gives additional difficulties due to the lack of regularity and
the nonlinearity of this term.

We prove here that the approximate solution obtained by a finite volume scheme
converges to the unique renormalized solution of (3.1). Recall that (see [16]) a re-
normalized solution of (3.1) is a measurable function u defined from @ to R such
that

b(u) € L™=(0,T; L' (1)), (3.2)
Vk >0, Tp(u) € L*(0,T; Hy(2)), (3.3)
Jim_ % /O /Q M) |V T (w) 2 dae dt = 0, (3.4)

and for every functions £ € C([0,T[xf2) and S € W?*(R) such that S’ has a
compact support and S’ (u)¢ € L*(0,T; Hi(Q)),

//ft/ v (r)S'(r drd:vdt—/f:v()/ V' (r)S'(r)drdx
/ / uw)Vu - V(S (u ))dxdt:/o /QfSS’(u)dxdt. (3.5)
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where T}, is the truncate function at height & :

Ti(s) = s if |s| <k,
BT sen(s)k it |s| > k.

The chapter is organized as follows. In Section 2, we present the finite volume scheme,
the time discretization and the properties of the discrete gradient. Section 3 is de-
voted to prove several estimates, especially an estimate on the time derivative and
the discrete equivalent to (3.4) which is crucial to pass to the limit in the scheme.
In Section 4, we prove the convergence of the finite volume scheme, passing to the
limit and using both a density argument and Steklov averages.

3.2 The finite volume scheme and the time dis-
cretization

Let us define the admissibility of the mesh in the present work.

Definition 3.2.1 (Admissible mesh) Let Q be an open bounded polygonal subset
of RY. An admissible finite volume mesh of §) is given by a finite partition T of Q) in
polygonal convex sets, called the "control volumes’, by a finite family € of disjoint
subsets of Q contained in affine hyperplanes, called the "edges”, and by a family
P = (xk)ker of points in Q such that
— each o € £ is a non-empty open subset of 0K for some K € T,
— by denoting E(K) = {oc € £; 0 € 0K}, one has 0K = Ugegiyo for all
KeT,
— forall K # L in T, either the (d — 1)-dimensional measure of K N L is null,
or KNL=a for some o € &, that we denote then o = K|L,
— for all K € T, xk is in the interior of K,
— for allo = K|L € &, the line (v, xr) intersects and is orthogonal to o,
— forall o € £, 0 C 002 N OK, the line which is orthogonal to o and going
through xk intersects o.

We denote by |K| (resp. |o|) the Lebesgue measure of K € T (resp. 0 € £). The
unit normal to o € £(K) outward to K is denoted by 1k ». Eint (resp. Eeye) is defined
as the set of interior (resp. boundary) edges.

For any K € T and 0 € £(K) we denote by dk, the Euclidean distance between z
and o. For any o € &, we define d, = di, + dp, if 0 = K|L € &, (in which case
d, is the Euclidean distance between zx and x) and d, = dg, if 0 € Er N E(K).
The size of the mesh, denoted by hr, is defined by hy = sup . diam(K).

In the continuous case the usual tools to solve the problem are Poincaré and
Sobolev inequalities. In the discrete case we will need such estimates, so we have to
establish their discrete versions (see [32]). Let us define the discrete W, norm.

Definition 3.2.2 (Discrete W, norm) Let Q be an open bounded polygonal sub-
set of R4, d > 2, and let T be an admissible mesh. Define X(T) as the set of
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functions from £ to R which are constant over each control volume of the mesh. For
vr € X(T) and q € [1, +oc[, we define the discrete Wy norm by

q q
Vg — VL, (%7¢
lorllfgr = D lolds — | T > old, 1
Uegint i 0€Eeut a
o=KL oe&(K)

where vg denotes the value taken by v on the control volume K.

Let us also define

Ly —max {{M

dy
L0 € Euy 0 €E(K)} U{|uk], K €T}).

) geginta U:K|L}

o7
|vk]
U
s
Definition 3.2.3 (Discrete dual norm) Let g > 1 and let ¢’ be given by %—l—& =1
if q is finite and ¢ = 1 if ¢ = +o00. We define the dual norme by

1
loll g7 = sup —— / vwd.
weX (T) Hw“l,q,T Q
w#0

Proposition 3.2.4 (Discrete Poincaré inequality) Let T be an admissible mesh
and vy € X(T). Then, if 1 < q <2,

[o7 (| o(e) < diam(Q)[[or|1q,7-

Proposition 3.2.5 (Discrete Sobolev inequality) Let 1 < g < 2, T be an
admissible mesh and & > 0 satisfying

forall K € T and all 0 € £(K), dk, > £d,.

Then, with gx = dquq if g < dand gx < oo if ¢ =d = 2, there exists C' > 0 only

depending on (Q, q, qx, &) such that, for all v € X(T),

o7l Loy < CllvreT-

As far as the time dicretization is concerned, we suppose given a uniform partition
of the interval [0,7) such that [0,7] = Uj<;<n[t"", '] where ¢ = it and 6t = .
We define Xp the space of piecewise constant functions over each K x (¢~! t) for
K € T and 1 < i < N. To each sequence (vi);<;<y of functions of X (7)), we
associate the function vp € Xp defined by :

vp(r,t) =vi(z) Ve € Q, Vte (1), 1<i <N,
ie. vp(x,t) =vi Vo € K, K& T, Vte (t 1), 1<i<N.
We now define the discrete time derivative of vp by
V(@) -

i1
Oy pv'(x) = &U (z) Vi<i<N,

i i1
i.e.atvgz%\ﬂ(e’r, V1<i<N.

Before writing the finite volume scheme, let us define a discrete finite volume
gradient (see [51]).
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Definition 3.2.6 (Discrete finite volume gradient) For K € T and o € £(K),
we define the volume D , as the cone of basis o and of opposite vertex xx. Then,
we define the "diamond-cell" D, (see Figure 3.1) by

DU:DK,UUDL,J ifO’ZK|LE€Z’nt,
D, = D, if 0 € £y NE(K).

For any vp € Xp, we define the discrete gradient Vpup as the piecewise constant
function over each diamond cell and given by
vh — vl » -
Vo € Epy, 0 = K|L, Vopup(z,t) = d-=- g K ko, Vo € Dy, VEE (H71 1], 1<i< N
0 — vl
dy

Vo € Eer NE(K), Vrup(x,t) =d Niko, VT € D,, V€ (t11], 1<i < N.

TK A

\4) Dy,

o

&>

\

FIGURE 3.1 — The diamond D,

Lemma 3.2.7 (Weak convergence of the finite volume gradient) Let (7;,)m>1
be a sequence of admissible meshes such that there exists & > 0 satisfying

forall m > 1 forall K € T and all 0 € £(K), dk, > &d,,

and such that hy,, — 0 and let 6t,, be a sequence of time steps such that dt,, — 0. Let
vp,, € Xp,, and let us assume that there exists C > 0 such that 31 Stm V5 13 07, <
C, and that vp,, converges in L'(Q) tov € L*(0,T; H} (). Then Vp, vp,, converges
to Vv weakly in L?(Q)%.

Proof The proof is done in the elliptic case in [51] and adapted to the evolution
case in Lemma 5.2 of [5,52]. O

Let 7 be an admissible mesh, we can define the finite volume discretization of
(3.1). For 1 <i< N, K € T and 0 € £(K), we define

J. dr dt, 3.6
fK 6t|K| - Kf ( )

bul) = % /K b0 () dx, (3.7)



and we can write the scheme as the following set of equations

Foralll1 <i< N and forall K € T

11 2k) ;thKH 3 ‘C;L’A(u)i (uke — ) = | K| fic, (3.8)

with uy =0if o0 € E,;NE(K) and for all 1 < ¢ < N we define A(u)’ in the following
way

Vo = K|L € &y, min[A(uk), AMub)] < Mu): < max[\(ub), Mub)], (3.9)

o —

Vo € Eum NE(K), M)l = Audy), (3.10)

where A(u)® is for example the mean value of A(u%) and A(u?}).

3.3 Estimates

This section is devoted to derive estimates on the sequence up (see Propositions
3.3.1, 3.3.3 and 3.3.4) and then to show the pointwise convergence of up, up to a
subsequence (see Proposition 3.3.6). At last we prove in Proposition 3.3.7 a uniform
estimate on the truncated discrete energy which is crucial to pass to the limit in
the convergence analysis. The main tool in Proposition 3.3.6 is the discrete version
proved in [48] of Aubin-Simon type Lemma (see [69]), which requires estimates on
the functions and on the discrete time derivative of the functions in appropriate
discrete spaces. In view of the L' character of (3.1) we cannot expect to derive
estimates on up and O pup nor on b(up) and 0 pb(up). Here we adapt the strategy
developed in [21] for the continuous case, namely the equation

Ob(u)

5 div(AVu,) + divé(u.) = f-, (3.11)

where f. € L*(Q) and f. — f € L'(Q), which consists in proving estimates on

hyn(b(u:)) and on W, where h,, is a regularized truncation function, in applying
Aubin-Simon Lemma (see [69]) and in using a diagonal process which gives the
pointwise convergence of b(u.) which in turn implies the pointwise convergence of

u.. In the continuous case the chain rule formula

hn(b(ug))abé?€> - ah”gt(%)) (3.12)

and multiplying formaly equation (3.11) by h,(b(u.)) allows one to obtain estimate

on % (see [16,21]). However in the discrete case instead of chain rule formula

we have the equality

~ . . 4 1 [bud) .
ol (B0 = () eblup) — 5 [ (b5 ) (313)

As a consequence the control of 8t7pﬁn(b(uip)) requires estimates on 9, pb(uk,) (which
is performed roughly speaking through pointwise multiplication of the scheme by

h,(b(up))) and on the additional term fbb((u?z)(r — b(us ) K (r)dr (see Lemma
Up

3.3.5).
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Proposition 3.3.1 (Estimate on T),(up)) Let T be an admissible mesh and let
8t be a time step. If up = (u)1<i<n s a solution to (3.8), then for alln > 0 there
exists C' > 0 only depending on (0, T, f,b(u®)) such that

Z 6ty 'i' — W) (T (k) — T (u})) < Chn. (3.14)

Proof By multiplying each equation of the scheme by T, (u%), by summing over
each control volume and over each time step and by reordering the sums, we obtain
T1 + T2 + T3 = T4 with

I S gtb“‘% 7, ),

i=1 KeT
o i i i
T, - Zatz' () (uy — ) (T (k) — T ),
oef U
I3 = Z(St Z | K| fic T (u)
i=1 KeT

Since T,, is bounded by n, We deduce that |15 < nl[ flL1(0)-

Let us define B, (s) = [ I/ (r)T,(r) dr > 0. We have
Bu(u) — Bu(u?) = / T, () dr
= e Tafu) — bl T )~ | YT dr
= (o)~ D DTaok) + T )~ o) — | T dr

Thus, we can rewrite T} as

n=Y YK (an@ = B+ [ (00) = b T dr ) .

i=1 KeT %

Since f — b(u))T (r) dr is positive, we deduce

T2 3 3 1K (Bulu) - Baluich)

i=1 KeT
=Y |K[Bu(ug) = Y |K|By(uf).
KeT KeT
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Then we obtain

N
o] i ()i i i i
D IK[Balug) + ) 6t) 7 Mg (i — g )(Tu(ui) — Tuluz))
KeT i=1 ge& ¢
<nllflloe + Y [K|Ba(uk).
KeT

Noticing that Y et [K[Bp(uf) > 0 and Y ot |[K|Bu(ul) < nb(u®)| 1), we
conclude the proof.

OJ

Remark 3.3.2 In view of (3.14) since |T,,(uk) — T (u})| < |ube — ub| and p > 0
we also get

N
S 6t Tl 107 < C,
=1

and the discrete Poincaré inequality leads to ||T(up)||72(q) < Cn, thus we deduce
that

C
meas{|up| > n} < —, (3.15)
n
for any n > 0.

Let us introduce the function h,, defined by

/

0 if r < —2n,
T4+2 if —=2n<r < -n,
ho(r) =11 if —n<r<n, (3.16)
—-+2 ifn <r<2n,
\0 if r > 2n.
hn(r)
1
r
—2n -n n 2n
FIGURE 3.2 — The function h,,
and let us also introduce the function s, defined by
(1 if r < —2n,
T4+1 if —2n<r < —n,
sp(r) =40 if —n<r<n, (3.17)
=1 ifn<r<2n,
1 if r > 2n.

Ve
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Sn(r)

—2n —n n 2n

FIGURE 3.3 — The function s,

In the two following propositions we adapt the strategy developed in [21] in the

continuous case. We prove estimates on h,(b(up)) and on 9k, (up) where h, is a
smooth truncation function.

Proposition 3.3.3 (Estimate on &, (b(up))) Let T be an admissible mesh and let
8t be a time step. If up = (ul)1<i<n s a solution to (3.8), then for all n > 0 there
exists C' > 0 only depending on (0, T, f,b(u’),n) such that

zsz DEar <. (3.18)

where hy(s) = Jy hn(r) dr.

Proof We can perform the proof thanks to (3.14). As in [21], due to the properties

of the function b if |b(s)] < n, then |s| < M, where M, is defined by M, =
max{—b"'(—n);b~'(n)}. Thus

Zwm1wmw—Z&ZMm (b))

oce€
_Z&Z|W7%uw)%@M%MP
o€k do
_Z&ZHM (Tt (45e))) = (T ()
o€k do

'( o] iy|2
: (re[b 1 21 (om) v (r ) Z&Z |TM2n ufe) = Tasy, (u)]

ocel
2 N
— /
a (’”E[b 1(Ir?l%)xb 1(2n)] b ) 25t||TM2n(uT)||12T7

where My, = max{—b"(—2n); b1 (2n)}. O

7



Proposition 3.3.4 (Estimate on 8,h,(up)) Let T be an admissible mesh and let
8t be a time step. If up = (ul)1<i<n s a solution to (3.8), then for alln > 0 there
exists C' > 0 only depending on (0, T, A, f,b(u®),n) such that

Zét”@t b(ui))|| 117 < C. (3.19)

Before proving Proposition 3.3.4 we establish Lemma 3.3.5 which allows one
to control additional terms with respect to the continuous case, see (3.12) in the
continuous case and (3.13) in the discrete one.

Lemma 3.3.5 Let (Tp)m>1 be a sequence of admissible meshes and (0ty,)m>1 be a
sequence of time steps. If up = (u%)1<i<n s a solution to (3.8), then for alln >0
there exists C' > 0 only depending on (0, T, f,b(u"),n) such that

Z ) |KV/ (r = blug"))s,(r) dr < C. (3.20)

i=1 KeT (K)

Proof By multiplying each equation of the scheme by s, (b(u%)), by summing over
each control volume and each time step and reordering the sums, we get S;+.55 = S3
where

Si=> 6ty \K\b(u@ ;tb(u% )Sn(b(U’k)),

i=1 KeT
5, = Zatz" ) (5n (b)) — 50 (b))
= Zét D K| ficsn(b(uiy)).
i=1 KeT

By the definition of s, we have that S3 < || f||1(@) and S2 > 0, thus S; < || f||£1(@)-
We now turn to S and we note ,,(v) = [J s,(r) dr

N . b(u) .

=D K] [Fu(blu)) — Sa(bluic")) +/ L (r — b(uj ")), (r) d?“]
i=1 KeT b(u% )

= 37 IK[E (b)) — S 1K (b(uy) +Z 3 |K|/ (r — b(ui=1))s.,(r) dr-
KeT KeT i=1 KeT

Since Y e | K|Sn(b(u))) < ||b( )||L1(Q) and Yot | K5, (b(u))) > 0 we obtain
that S| Y oker K| fb(uK =1))s! (r) dr is bounded independently of n.
U

We are now in position to show Proposition 3.3.4.
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Proof of Proposition 3.3.4 Let w € X(7). Multiplying each equation of the
scheme by h,, (b(u’;))ws, summing over the control volumes and gathering by edges,
we get TY + Ty + T4 = T} with

i—1

7= Y K| ;t““ff b i),

KeT
75 = Y )t (e = ) i — a0,
o€l
> KU Ol
KeT

Since h,, is bounded by 1 we have |T4| < |Jw]| (o || f/]|11 () Where f@= 5 ftt,l fdt.
We thus get

N

1 .
Sot sup ———Ti < | fll@) (3.21)

=1 weX(T) Hle,oo,T
w#0

As far as T% is concerned we have T = Ti | + T4, with

=Y %’A(u)@hnw(uz{))(u’k ) — ),

o€l

Tho = 3 e = )0 0050) — ha005)))

ce€

In view of the definitions of h, and b we get

i ||wHL°°Q “7’ i
T, < 2@ g VY A (i) (o, (i) =T, (1),

n reb=1(—2n),b=1(2n)]
oef

where My, = max{—b"(—2n); b1 (2n)}.
Taking the sup on X (7) and summing over the time steps we obtain that

al 1
> ot sup T3,
i—1 weX(T) ||w||1ooT '
w#0
( b1 (2 b ( )}'b/ ) |0|
relb=1(—2n),b=*(2n i i i
< - zatz — ) (Tagy, () — sy, (),

o€l

(3.22)

which is bounded thanks to the estimate (3.14).
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We now turn to 73 ;. Since only uf is truncated in T3, we have to split it into

7, =3 "" b(uie)) (uly — u)(wic — wy)
o€
=7 "" i) han (b(u)) (e — ) (wic — wy,)
o€

3 L (050) 1~ s 600 — o 1)

JES

h (b)) (2 (b(u ) ) — P2 (b(u)))
= hn(b(uc)) (hzn (Tan (b(u))) — hon(Tan(b(u1,))))
R (b(t)) (o (0( T, (i) = P2 (b(Tan,,, (),

where My, = max{—b"'(—4n); b1 (4n)}. Thus

[wl| £ (0) ]a| , o
I < —— 2 T _T ) o).
[11] < n Te[b,l(ma) 4n>] Z (Taty (ue) = Tay,, (i) (ufe =)
We deduce that
al 1
g ot sup ——|II| < C. (3.23)
i—1 weX (T kulooT

w;é()

We now turn to I :

1= 3 ) bl (00 )) e — ) — )

= MA(U)i}hn(Tzn(b(%k)))hQn(sz(b(uiL)))(Uﬁk —up)(wx — w)

o€l
o i i i i i
= u>\(U)ahn(b(Tz\42n () han (0(Tha, (up))) (u — up)(wk —wr)
ocg ¢
i i i i i WK — WL
= D 1ol W hn (0(Tay, (i) Vhon (0(Tasy, (up ) (Lo, (i) — Totan (L) =
oef o
Thanks to the definition of \(u)’ we get
1< ol max, )T ()
thus
Y 1
» ot sup ———|I| < C. (3.24)

w#0
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Gathering (3.22), (3.23) and (3.24) we obtain that

N

1 )
2575 sup ——— |15 < C. (3.25)

=1 weX(T) Hle,oo,T
w#0

As far as T} is concerned we have T} = T} | + T}, with

Tty 3 k) = POt

Wk,
KeT 5t
; K b(u) '
t b(uizh)
KeT i
where h fo
By the deﬁnltlon of the dual norm || - ||-11,7 we have
N
% S Tl T = 2 0% T 3.26
; w@; HleooT L1 Z 19 )|| 1,1 ( )
0

In order to control T} ,, we notice that

b(uk,) ' b(ul) '
/ (r — b(u’lgl))h;(r) dr| < / (r — b(ulc"))sl, (1) dr. (3.27)
b

(ux ") blui ')
Then by (3.20) of Lemma 3.3.5 we get
al 1
Z 5t sup —\szl <C. (3.28)
2wl

w;é(]
Gathering (3.21) to (3.28), we get the estimate

ZdtH@t b(ui))|| 117 < C. (3.29)

U
We are now in position to extract a pointwise convergent subsequence to T, (up).

Proposition 3.3.6 Let (7,,)m>1 be a sequence of admissible meshes such that there
exists & > 0 satisfying

forall m > 1forall K € T and all 0 € £(K), dg, > &d,,

and let 0t,, be a sequence of time steps. If up, = (u?rm)lgiSN is a solution to (3.8)
with T = T,, and 6t = dt,,, then there exists a measurable function u finite a.e. in Q)
such that Ty, (u) € L*(0,T; H(Q)) and, up to a subsequence, VpT,(up,,) converges
to VT, (u) weakly in L*(Q)? and up, converges almost everywhere to u in Q.
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In order to prove this proposition we use a discrete version of the Aubin-Simon
Lemma (see [47,48]).

Proof Thanks to estimate (3.14) we can extract a subsequence, still indexed by
m, such that v, € L?(0,T; H}()) and

VDTn(UDm) — an in LQ(Q)d

in the finite volume sense.

Moreover, since we have estimates (3.18) and (3.19) we also apply the discrete version
of the Aubin-Simon Lemma to the function &, (b(up, )). It implies that for any n > 0,
T (b(up,,)) lies in a compact set of L*(Q). Using the diagonal process, we can deduce
that there exists a subsequence of b(up,, ), still indexed by m, such that hy,(b(up,,))
converges almost everywhere to a measurable function w, defined on @ for any
n > 0. Due to the definition of h,, and the hypothesis on b, the sequence T, (b(up,,))
converges almost everywhere in (), which in turn implies that Ty, (up,,) converges
almost everywhere in () to the measurable function v,, for any n > 0.

Using Inequality (3.15) we now prove that up,, is a Cauchy sequence in measure.
Let w > 0. For all n > 0 and all sequences of admissible meshes and time steps
(T 0ti)m>1 and (7T, 0t,)p>1, we have

{lup,, —up,| >w} C {|up,,| >n} U{|up,| > n} U{|T.(up,,) — Th(up,)| > w}.

Let € > 0 fixed. By (3.15), let n > 0 such that, for all admissible meshes and time
steps T, 6t and T, 0t,,

meas({|up,,| > n}) + meas({|up,| > n}) <

Do ™

Once n is chosen, we use the fact that T),(up, ) is a Cauchy sequence in measure,
thus

dho > 0; Vhp,,,hp, < ho meas({|T,(up,,) — T (up,)| > w}) <

DN ™

Therefore, we deduce that Vhp,,, hp, < hg
meas{ |up,, — up,| > w} <.
Hence up,, is a Cauchy sequence in measure. It follows that, up to a subsequence still

indexed by D,,, there exists a measurable function u such that up , — u a.e. in Q.

Due to Inequality (3.15) w is finite almost everywhere. Moreover from convergences
obtained before we get that T, (u) € L*(0,T; Hy(2)) and

VT, (up) = VT,(u) in (L*(Q))%,
T, (up) — Ty, (u) almost everywhere in Q.
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In the following proposition we prove a uniform estimate on the truncate energy
of up (see (3.30)) which is crucial to pass to the limit in the approximate problem. We
explicitely observe that (3.30) is the discrete version of (3.4) which is imposed in the
definition of the renormalized solution. Moreover we have to control the additional
term (3.31) in the discrete case. The pointwise convergence of up, allows one to
improve the behavior of the additional term coming from (3.13) with respect to
(3.20). Instead of a bound we show a decay to zero, see (3.31), which is also crucial
in the convergence analysis.

Proposition 3.3.7 Let (T,,)m>1 be a sequence of admissible meshes such that there
exists € > 0 satisfying

forall m > 1 forall K € T and all 0 € £(K), dk, > &d,,

and (0tm)m>1 a sequence of times steps.
If up,, = (U} )1<i<n is a solution to (3.8), then

|U| i i iy
nl—l>r—i1:100 h71—1H—1>0 n Z ot Z —up)(To(uk) — Ta(ug)) =0, (3.30)
Stm—0 =1 0€E

where uy =0 if 0 € Epy and

nEToohifioZ > \K\/ (r — b(uizh))s, (r) dr = 0. (3.31)

5t —0 =1 KET

Proof We first prove (3.30). Let 7 be an admissible mesh and 6t a time step and
let up be a solution of (3.8). Multiplying each equation of the scheme by %,
summing on K € T and gathering by edges lead to T} + T, = T3 with

T = %Z‘St > |K|b(UZK) gtb(w’; )Tn(U%), (3.32)
=1 KeT
Z S i e — i) i) TR,
oce€
T3=$zétz|mm<u@. (334
=1 KeT

As far as T} is concerned, reusing the computations of the proof of (3.14) we find
that

1 1
T2 3 KIB) - = S KB (),
KeT KeT
where B, (s) = [0 (r)T,(r) dr.
We have .
KeT
&3



and ]
lim lim — ) " |K|B,(u}) = 0. (3.36)

ey ket
Moreover, since up is finite almost everywhere, we deduce that
lim lim 75 = 0. (3.37)

n—+00 h—0
0t—0

Combining (3.35), (3.36) and (3.37), we obtain the desired estimate.

We now turn to (3.31). Since the limit u is also finite almost everywhere, we have
in fact more that (3.20). Indeed, reusing the computations of the proof of Lemma
3.3.5 we get

N bui) , T
> D IKI <r—b<u9<1)>s;(r)dr§/0 /Qfsn(bmp))dxdt

1
i=1 KeT b(ug )

(3.38)
+ /Q 5, (b(uY)) dz.

Due to the definition of s, and since b(u%) converges almost everywhere in Q to
b(u") (which belongs to L'()) the Lebesgue theorem ensures us that

. . ~ 0 o
Dl iy o Se00)) e =0
t—0

Moreover b(up) converges almost everywhere in @ to b(u) which is finite almost
everywhere and the function s, converges to zero as n — +o0o. Thanks to the
Lebesgue theorem, s, (b(up)) — 0 L> weak—x. We thus obtain (3.31). O

3.4 Convergence analysis
Let us now state the main result of this paper.

Theorem 3.4.1 If7T is an admissible mesh and 6t a time step, then there exists at
least one solution to (3.8).
If (Tm)m>1 is a sequence of admissible meshes such that there exists & > 0 satisfying

forall m > 1 forall K € T and all 0 € £(K), dk, > &d,,

and such that hy, — 0 and if (6t,,)m>1 is a sequence of time steps such that 0t,, — 0,
then if up,, = (W )i<i<ym is the solution to (5.8) with T = Ty, and dt,, = dt, up,,
converges to u in the sense that for all n > 0

VDTn(uD) - VTn(u) in (L2<Q>)d>

T, (up) — T,(u) almost everywhere in @,
where T,,(u) € L*(0,T; H}(Q)) and u is the unique renormalized solution of (3.1).
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Proof of Theorem 3.4.1

We split the proof in four steps. Step 1 is devoted to prove the existence of a solution
0 (3.8). In Step 2 we pass to the limit in the scheme as the size of the mesh and
the time step tend to zero. It is worth noting that we take in the scheme a discrete
version of what is a test function in the renormalized formulation. This is to say
that we multiply each equation of the scheme by a discrete version of h,,(u)p where
p € CX(Q x [0,T7)) and h,, is defined by (3.16). In Step 3 we use the method
developed in [20] to show that the renormalized equation holds true. It consists in
passing to the limit as n — +oo and using Steklov averages. In Step 4 we conclude
the proof, showing that the limit u satisfies the estimate on the energy (3.4).

Step 1

We proceed as in as in [6] to show the existence of a solution to (3.8). Let 1 <i < N
be fixed. We assume that we already know the values (u'z')ger. Recalling that
card(T) is the number of control volumes K in the mesh, let I be a vector of Re4(7)
with entries (u%)xe7. Let us consider the operator ® defined with the scheme by

o) = |1r ) M) s e — i) — (K

ot -
oce&(K) KeT

To find a solution of the scheme (3.8) is to find a solution of equation ®(U) = 0. Let
us consider the scalar product ®(U) - U in ReT,

D) U = = S K b(uie)ue — = 3 IK[b(u e + 37 A (e — u

KeT KeT oe&
— Y K| freu
KeT

Thanks to the properties of the function b we have

1 7
= S K bluk e 2 0.

KeT

Since all the norms are equivalent on R 47 we get

1 Z. 1 .
= ST K blui ke < U= S Kb < Crlud,

KeT KeT

where || denotes a norm of ¢ and C) is a positive constant.
We then have using Poincaré inequality

Z)‘ Kk — ) >NZ|‘7’d

€€ oce€

>C) lKllukl2

KeT
Z 02|u|27
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where C} is a positive constant. Thus we obtain that
SU) - U > Cold|* = U] = || frll U]

which is positive for || large enough. Applying the Brouwer fixed point theorem
(more precisely Proposition 3.4 of [56]) we get the existence of a solution to ® (/) = 0.

Step 2

Let ¢ € C°(2 x [0,T)) et hy, the function defined by (3.16). We denote by ¢p the
function defined by ¢} = (2, t;) for all K € T and all 1 <4 < N.

Multiplying each equation of the scheme by % 'h,, (u) (which is a discrete version
of the test function used in the renormalized formulation), summing over the control

volumes, gathering by edges and summing over the time steps, we get 17 +715+ 13 =

=57 57 K |(b(ui) — blui ")) ha () ol

i=1 KeT
| | i, e i e
T5 = Z(Stz - UL (h (UK)SOKl - hn(“L)QOL 1)7
ock
- Zaz > K| ficha(ul) gl
i=1 KeT

As far as the lower order term T3 is concerned, we have T3 = T35, + 155 with

Tgl—ZZ/ /fh ute )t de dt,

i=1 KeT
ng—ZZ/ /fh ub ) (it — ol )dx dt.

By the regularity of ¢, we have ¢p — ¢ uniformly on ) as hr — 0 and 6t — 0.
We now pass to the limit as hy — 0 and dt — 0. Since h,(up) — h,(u) a.e. and
L*>® weak x, op — ¢ uniformly and |f @7 h,(up)| < C,|f| € L*(Q), the Lebesgue
theorem ensures that

lim 75; = lim / f op hn(up) dz dt
hTA)O h7‘~>0
6t—0 6t—0

_ /O ' /ﬂ F o o () da dt. (3.39)

In view of the definition of h, and the regularity of ¢,
T32| < Cobt]| fll 1@

thus
lim T3 9 = = 0. (340)

h7—0
6t—0
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We now study the convergence of the diffusion term. We have

| i i i -
Ty = Z ot Z - UL)(hn(UK)SOKl — hn(uz) e} 1)
oek&
= T2,1 + 159

with

o i i i— i—
T21—Z5tz| | n(ufe) (uge —up) (W = op ),

ock
4 i i
132__§jét§j' @)L i (e — ) (i) — (i)
oeck U

Not assuming any bound on the function A gives additional technical difficulties in
order to control 75 and T 5. In view of the definition of h,, and A\ we get

Tyal < WZ&Z“' i — ) (Ton () — Ton().

o€l

From the discrete estimate on the energy (see (3.30) in Proposition 3.3.7), it follows
that
lim lim Ty = 0. (3.41)

n—+o00 h—0
6t—0

As far as T, is concerned we have Tp1 = T5 11 + 1512 with

|<7| i i i i i— i—
Tonn = Z&Z & P (Ui Y on () (e — u) (0" = ),
oce€ J
|<7| i i i i i— i—
T512 = 25752 hn(uK)(l — hop(u})) (uf — UL)(SOKI —¥L 1)‘
oce&

Observing that h,(ub)(1 — hop(ul)) = hy(ub ) (hon (ub) — hon(ub)) gives

T 1 2] S oo 25152 |U| T4n ) T4n(U3:))(UZK - UZ)»

0'

ge€
and from (3.30) it follows that
lim lim Th12=0. (3.42)
n—-+oo0 h7—0

6t—0

For T271’1 we write T271?1 =141 with

|‘7| U )h n(u )—f—hn(ui )h n(ul ) i i i i
I= Z&Z Aok 9 Lo K (UK_UL>(%0K1_80L1>7
oek

Il = Z&Z'"' hi (W) han (uf,) — i (u ) hon (u)

9 (UK - UL)(@?I - @iLfl)

o€l
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Since

T () hon (u) — P () ez ()
(u]

(u
= () (o) = () (i) = o) o (),
and since

ranlid) — hon(uie)| < o Tan(u) — Tan(u)],

) — )| < [Tt — Ton(u)]

estimate (3.30) leads to
11| < [l¢lloow(n, A, 01), (3.43)
with
i T 50 =
0t—0

As far as [ is concerned, we have I = I} + I, with

- Z&Z”' WMMW;M%WMMM=%W%wm

o€l

I, = Z(gtz |CT| UK)hQn(UL) —;— hy, (uL)th(UK)

X (ufe — up) (P! — Ok + % — oY),
Both u% and u% being truncated in I, we get

N
ws@w+m(mmum02mmmwm%

re[—4n,4n] 1
1=

thus
lim I, = 0. (3.44)

h7—0
0t—0

Let us define hy,(z,t) and \(z,t) Vt € [t;_1,t;), 1 <i < N,Vo € Dy, 0 € E, by

l_zn(:c,t) _ hn(uZK)h%(uzL) ;‘ hn(uiL>h2n(uZ}<>,

M, t) = MTyn(w))?.
We then write Il = Il 1+ [12 with

111—/ /)\h Vol (up) - Vi dxdt,

Iip = Z5tzd|D |A(u i (i) ez (1) ; ha (u,) hon ()

Tan (UZK) — T, (ui)
do

ce€

C((p7 7-7 6t>7

88



where C'(¢, T, 0t) = wkd:% — m fti’_l fDa V¢ -1k dzdt. Thanks to the regularity
of ¢, we have

N
rh,z\sc:o(hﬁat)( max wr)\)Zétunnwﬂnlm
=1

re[—4n,4n]

which implies
h7—0
0t—0

Since A(Ty,(-)) is continuous and bounded, an equi-integrability argument allows
one to prove that A converges to A\(Ty,(u)) in L™ weak-x. In view of the definition
of h,, and since h,, is constant on each diamond cell D,, we deduce that h, — h,(u)
in L9(Q) for all ¢ € [2,+00). Moreover VpTy,(up) tends to VT, (u) weakly in
L2(0,T; L*(Q)%). Since ¢ belongs to C(2 x [0,T)) we obtain

lim I, = / / W)V Ty (1) - Vo da dt. (3.46)

h7—0
6t—0

It remains to study the time derivative term. Noting B, (s) = [, V/(r)h,(r) dr
and observing that

Buluie) = Buluic") = (i) = Wi D) + [ (bluic?) = b ()

we can write 71 = T 1 + 112 with

N 1 i—1
B, (u%) — B, (u i
T\, = E ot E ’K| ( K> St ( : )90K17

i=1 KeT

ra= Y Kl [ 00 = e o

i=1 KeT

Reordering the sums we find that

Ty = — Z&tZ|K|B (ui ) PE — PK — ) |K|B,(uf)e

=1 KeT KeT
T
= —/ / By, (up)Opp dx dt + Ry — / B, (u¥)p(z,0) dr + Ry,
0o Jo 0

where

N 7 i—1
i P — ¥
Y6t :|K|Bn(uK){ K o |5t/ /atgpdxdt]

i=1 KeT
2/ 2 (u) — ¢(z,0)] dz.
KeT
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By the regularity of ¢ we have

N
|Ri| < Colhr +61) D6t > K| [Ba(ul)|

i=1 KeT
< C,(hy+ 0t v (r ot K| |Ty,(
< Colbr+0t) | max b |; 2 I Tenei)
< Cy(hr + 61) max |b’( M T2 (up) 22 (@)

re[—b=1(=2n),b=1(

and |Rz| < Cy(hr)[Ib(u’)| 21 (@)
Since up converges a.e. to u and in L™ weak  and since u% = (u))ger converges
a.e. to u’ and in L™ weak * we get

lim 717 = / / u)Opp dx dt — /Bn(uo)gp(x,O) dx. (3.47)
h7—0 0

0t—0

Using results (3.31) of Proposition 3.3.7 we can prove that

lim lim T3, = 0. (3.48)

n—+00 h—0
6t—0

We are now in position to pass to the limit as h+ — 0 and 6t — 0 in the scheme.
Gathering equations (3.39) to (3.48), we obtain that

/ / 8t<pdxdt—/B( o(x,0) dx—l—/ / u) Vu - Vodzdt

- / / fohy(u)dedt = lim T(n,p) (3.49)
0 0 h7'4>0
0t—0
where lim |T'(n,¢)| < Cpw(n) with w(n) — 0 as n — +o0.

h7—0
6t—0

Step 3 In this step we prove that the renormalized equation (3.5) holds, namely

/ /&/ S'(r)drdxdt — /fx()/ S'(r)drdx
/ / w)Vu - V(S (u)) dx dt = / /ffS/ ) dx dt,

where £ € C2°(Q x [0,T)) and S € W**(R) is such that S’ has a compact support
and S'(u)é € L*(0,T; H}(2)). We pass to the limit in (3.49) as n — 400 using the
techniques developed in [20] which are based on mean time regularizations. In the
elliptic case, using a density argument, it is sufficient to take ¢ = h(u)y as a test
function and to pass to the limit as n — 400 (see [53]). Because of the presence of
the time derivative in (3.49), we can not use the same technique. This is why we use
the tool of Steklov averages and Lemmas 2.1 and 2.3 of [20].

90



Let £ € C°([0,T[xQ) and S € W?*(R) such that S” has a compact support and
S'(u)¢ € L*(0,T; H}(R2)). By density we take ¢ = £(S’(u)), as test function in
(3.49) where

S@hle.) =7 [ S

thus

Iy
o[
)

which gives us

O (¢ B, (u) dz dt — /§ z,0)(S"(u))n(z,0)B, (u°) dx

W)V - V(€(S' (u))y) € da dt

N~
S— 5 — 5—
>/

f hp(u w))pdx dt +T(C(E,S),n),

_/T/at (S'(u))n) (Bo (1) — B, (u)) dx dt

/ / W)V V(£(S'(w))) du di
/ / £ ho(0) €0 (u))ndaz dt + T(C(E, ). m). (3.50)

Using Lemma 2.1 of [20], we obtain

-/ [ e @) B - B de
_ /0 ' /Q 3 (Bn(u)% /t " S ulr))dr - . /t - /O " ) B(r) drd7> da dt

- /Q £(z,0) (BR(UO)S'(UO) - /0 ) Bu(r) dr) iz,

and letting A tends to zero :

n%njglf{_ /O ' /Q 91 (£(S'(w))1) (Bu(u) —Bn(uo))d:cdt}
> - /0 ' /Q 4 (Bn(u)S’(u) - /0 " () B(r) dr) dar it
- /Q £(,0) (BH(UO)S'(U%— /0 " B dr) da.
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Injecting this last inequality in (3.50) and letting h tends to zero we get

- /OT/QEt (Bn(U)S’(U) - /Ou S"(r)By(r) dr) dx dt
- / §(z,0) <Bn(u°>5’<u°>— /0 : S" () By (r) dr) dz
/ / W)V - V(€8 (u))dx dt

g/() /thnu V€S (u) dz dt +T(C(E,9),n).

Passing to the limite as n — +o0 we find
T
_ :( b(u S"(r drd
i fs (o= [ sromn ) ava
- / £(z,0) (b(UO)s'(UO) - / S (r)b(r) dr) d
0

/ / ) Vu - V(£S' (u))dz dt
g/ /ffS’udxdt.

Noticing that b(z) — J5 S (r)b(r)dr = [ S'(r)b (r)dr we finally get

//ft/ S () (r drd:vdt—/gxo/ /(W () dr da

// u) Vu - VfS’ dxdt</ /féS’ Ydx dr.

We prove now the inverse inequality taking ¢ = £(S’(u))_p where

(' () (1) = 7 / S'(a(z, 7)) dr,

with

(. 1) u(z,t)if t >0,
(x,t) =
U if t < 0,

where Uj is a sequence in C2° such that U; — u° a.e. in Q. We thus get

_/T/at (S"(u))—p) (Ba(u) — By (u®)) de dt

/ / W)V - V(£(S (u)_p) da dt
/ /fh )_nda dt + T(C(E, S),n).

92

(3.51)

(3.52)



Using Lemma 2.3 of [20], we obtain

- [ [ otets oy ) i - B dea
_/T/ ( l/ TTTTT // ddT)dxdt
/g z,0) ( /O " S"(r)Bo(r) dr> dz.

We now let A tend to zero :

“i?félp{_/o / A B(u) dect
Y e /s e
/g 2,0) ( /0 S (1) Bo(r) dr ) dz,

and letting j tends to infinity :

nrirlljélp{— /O ' /Q 8, (£(S'(w))—n) (Ba () —Bn(uo))d:cdt}
<_ /0 ' /ﬂ 6, (Bn(u)S’(u) _ /0 " () B.(r) dr) da i
_ /Q £(x,0) (BH(UO)S'(UO)— /O " B dr) iz,

Injecting this last inequality in (3.52) and letting h tends to zero we get

/0 /thn(u) €S (u)dzdt +T(C(£,5),n)

< /0 ' /Q g (Bn(u)S'(u) _ /0 " ") B () dr) d dt
- <o ( o5 - [ )BW) "
/ / W)V - V(65 (w))da dt,

and letting n — +o00

/T/fgs )da di
// ( /s >dxdt

faenfossn [ sonon)s
// ) V- V(€5 (u)) da dt.
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We finally obtain the inequality

/T/ffS’(u)dxdrg
/ /gt/ S' () (r)dr dz dt — /g(x o)/ OS’(T)b’(T)drdx

/ / w) Vu - V(£S5 (u))dz dt. (3.53)

Gathering (3.51) and (3.53) we get the desired renormalized formulation

//gt/ S'(r) (r) dr dw dt — /gxo/ S' () (r) dr dx
/ / W)V - V(S (u ))dmdt:/o /Qfgs'(u)dxdt.

Step 4

It remains to prove that u satisfies the decay (3.4) of the truncate energy. Thanks
to the discrete estimate on the energy (3.30) we have

|0| i\\2
fn 3 )~ iy =
5t—0 i=1 ce€

and

Z(Stz |U| T2n UK) T2n(uiL))2

o€
_Zét2|a|d>\ (T"’"( )C;TQ"(UE))Q

oe&
TQN(UK)_TQH(ML) ?
—ZétZd|D IA(u (
el da
S5 ()= o))
- d ol ble d,

=1 oef&

1 & Auie) [ Ton(ute) — Ton(ut)
> = i K 2n\UK an\Uy,
_d;&;\DKUUM(uK) : (d T )

1 & ANt [ Top(uic) — Ton(ui )\’

- L 2n\WE 2n\Uy,
+d;6t;|DLglhn(uL) 5 (d T )
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thus, lim lim — / / (up)|* dx dt = 0. Since VT, (up) converges
n—o0 hT—>U n

weakly in L2(Q ATy (up)) converges to A(u) L™ weak—* and h,(up) converge
to hy,(u) almost everywhere in @ we also have

hr—0 N

lim — / / w)|VT,(w)|* dz dt = 0.
n—oo N

Since the renormalized solution u is unique (see [20] for the proof of the uniqueness)
we conclude that the whole sequence up,, converges to u in the sense that for all
n >0, T,(up, ) converges weakly to T;,(u) in L?(0,T; Hi()). O

/ / w)|V Ty, () ? :U<hm1nf—/ / (up)Mup) |V pTon (up)|? dx dt,

which leads to
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Chapitre 4

Convergence of a scheme for a
coupled PDE system of
thermoviscoelasticity type

4.1 Introduction

We consider in this chapter a finite element-finite volume discretization of the
following nonlinear thermoviscoelasticity at small strains system S :

% —div (5(u) te (%)) —g—Df(0) in Q, (4.1)
5 v -= (2) + (2) - sone (- (2)) ma. 2
u(t = 0) = up, %(t = 0) = vp, O(t=0) =0 in O, (4.3)
u=0, 6 =0, on 02 x (0,T), (4.4)

where € is an open bounded polygonal subset of R, d = 2 or d = 3, T is a
positive number and @ = Q x (0, 7). Moreover f and A are two bounded continuous
functions (Ase > A > > 0 with Ay, and p positve real numbers) and g € L?(Q)<.
The assumptions on the initial data are the following : 6y € LY(Q2), uo € (Hg(Q))?
and vy € (L*(Q2))<.

In the above equations u : Q x (0,7) — R? is the displacement field, § :  x
(0,7) — R is the temperature and &(+) is the small-strain tensor, i.e. e(u) = 1(Vu+
(Vu)') and £ (2%) = 1 (V% + (V%)t>. Equation (4.1) is the equation of motion
while equation (4.2) is the energy balance equation. The mechanical dissipation
e (%) -2 (2) — f(0)tr (£ (24)) is not linearized, thus the right-hand side of (4.2)
belongs to L'(Q). We then choose to use the notion of renormalized solution to
investigate the existence of a solution to equation (4.2).

A more general version of system S is studied in [15,62,67] in the framework of
a Kelvin-Voigt type model and in [29-31] in the framework of a Norton-Hoff type
model. In [15,29-31] the authors use the notion of renormalized solution to deal
with equation (4.2) while in [67] the author use the notion of solution in the sense of
distribution for a nonlinear version of (4.2) with Neumann boundary condition. In
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fluid mechanics other coupled systems (reduced turbulence model, Boussinesq type)
with an energy balance equation with L' data have been investigated in [55,57,71].
The finite volume version of [55] is addressed in [48] (and in [51] for the stationnary
case). The authors use nonconforming finite elements to discretize the Navier-Stokes
equation and the finite volume method to discretize the balance equation for the
turbulent energy. They prove that the approximate solution of the Navier-Stokes
equation converges to a weak solution and that the approximate solution of the
energy balance equation converges to a solution in the sense of distribution.

In the present work our purpose is to show, using the results of [52], that the
solution obtained by a finite element-finite volume discretization converges to a
weak-renormalized solution of S. As in [48] we use finite element to discretize (4.1)
and finite volume to discretize (4.2). It is worth noting that the presence of a second
order time derivative gives additional difficulties in the study of the scheme. To
handle these difficulties we use the techniques developed in [42,43] for the approxi-
mation of second order nonlinear evolution equations. The authors use a conforming
finite element method in space and an explicit-implicit Euler method in time and
show that, up to a subsequence, the approximate solution converges to the weak
solution of the equation. We prove here that the approximate solution obtained by
a finite element-finite volume scheme converges, up to a subsequence, to a weak-
renormalized solution of S. Recall (see [15]) that a weak-renormalized solution of S
is a couple of functions (u, ) defined on Q x (0,7") such that :

o u € C'0,T; (Hy(2))%), (4.5)
°v = ‘ZQ: L2(0,T; (Hg ()% N C°(0, T; (LA(2))); (4.6)
o0 cC0,T], LY(Q)), T,,(0) € L*(0,T; Hy () ¥Yn > 0, (4.7)
o f(0) € L*(Q); (4.8)
and if (u,0) satisfies :

. % —div]e(u) + e(v)] = g — Df(O) in (D'(Q))% (4.9)

for all function S € C*°(R) such that S’ has a compact support in R,
° &2—(;0) —div(S"(O)NO)VE) + S"(O)NO)VE - VO = (4.10)

5'(0) x {e(v)e(v) = f(O)tr (e(v)} in D(Q);
e d(t=0) =06 in (4.11)
'nETooﬁ/ / 0)|VT,(0)|* dz dt = 0; (4.12)

o u—uy = Kov with v(t) = / v(s)ds and v(t = 0) = vy in . (4.13)
0

Here T,, is the truncate function at height n :
s if [s| < n,
T(s) = { sl <

sgn(s)n if |s| > n.

Remark 4.1.1 Thanks to (4.6), (4.7) and (4.8) the term e(v)e(v) — f(0)tr ((v))
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belongs to L'(Q). Thus, equations (4.10), (4.11) and (4.12) represent the definition
of a renormalized solution of (4.2) (see [20,21]).

The chapter is organized as follows. In Section 2, we present the finite element-
finte volume scheme. Section 3 is devoted to prove several estimates adapting the
techniques developed in [42,43] and in [52]. In Section 4, we prove the convergence
of the scheme.

4.2 Discretization
Let us define the admissibility of the mesh in the present work.

Definition 4.2.1 (Admissible mesh) Let Q be an open bounded polygonal subset
of R%. An admissible finite volume mesh of Q) is given by a finite partition T of 0 in
polygonal convex sets, called the "control volumes”, by a finite family £ of disjoint
subsets of Q contained in affine hyperplanes, called the "edges", and by a family
P = (zk) ke of points in Q such that
— each o € & is a non-empty open subset of OK for some K € T,
— by denoting E(K) = {c € £; 0 € 0K}, one has 0K = U,cgiyo for all
KeT,
— for all K # L in T, either the (d — 1)-dimensional measure of KN L is null,
or KNL=a& for some o € £, that we denote then o = K|L,
— for all K € T, xg is in the interior of K,
— forallo = K|L € &, the line (v, xr) intersects and is orthogonal to o,
— forall 0 € £, 0 C 002N OK, the line which is orthogonal to o and going
through xk intersects o.

We denote by |K| (resp. |o|) the Lebesgue measure of K € T (resp. o € £). The
unit normal to ¢ € £(K) outward to K is denoted by 1k ». Eint (resp. Eeye) is defined
as the set of interior (resp. boundary) edges.

For any K € T and 0 € £(K) we denote by dk,, the Euclidean distance between z x
and o. For any o € &€, we define d, = di» + dp, if 0 = K|L € &, (in which case
d, is the Euclidean distance between zx and x1) and d, = dg, if 0 € Eep N E(K).
The size of the mesh, denoted by hr, is defined by hy = sup gy diam(K).

In the continuous case the usual tools to solve the problem are Poincaré and
Sobolev inequalities. In the discrete case we will need such estimates, so we have to
establish their discrete versions (see [32]). Let us define the discrete W,*? norm.

Definition 4.2.2 (Discrete W, norm) Let Q be an open bounded polygonal sub-
set of R, d > 2, and let T be an admissible mesh. Define X(T) as the set of
functions from Q to R which are constant over each control volume of the mesh. For

vr € X(T) and q € [1, 400, we define the discrete W,? norm by

q

Vg — U a v
lorllf g7 = > lolds | =——| + D lolds |-~
UE&M i Uegezt g

o=K|L oc&(K)

where v denotes the value taken by v on the control volume K.
99



Let us also define
lvg — v

do

U{|ZK|’ 0 € Eqr, 0 € E(K)}U{Juk|, K € T}

Definition 4.2.3 (Discrete dual norm) Let g > 1 and let ¢’ be given by %—l—& =1
if q is finite and ¢ = 1 if ¢ = +o00. We define the dual norme by

1
lvllc1gy 7= sup —— [ vwde.
weX (T) Hw“l,q,T Q
w0

[07 (11,00, = max {{ , 0 € Em, 0 =K|L}

Proposition 4.2.4 (Discrete Poincaré inequality) Let T be an admissible mesh
and vy € X(T). Then, if 1 < q <2,

|vr]lza < diam(Q)||vr|l1e7-

Proposition 4.2.5 (Discrete Sobolev inequality) Let 1 < ¢ < 2, T be an
admissible mesh and £ > 0 satisfying

forall K € T and all 0 € E(K), dg, > £d,.

Then, with qx = dquq if g <dand gx < 0o if g =d = 2, there exists C' > 0 only

depending on (2, q, gx, &) such that, for all vy € X(T),
o7 llLen@) < Cllorlier
As far as the finite element discretization is concerned we define the discrete
associated finite element space for each component of the displacement field by

Vi, = {wh € L2(Q) ﬁC(Q), wh|K S Pl},
and V), = (V)% is the approximation space of the displacement field.

We now turn to the time dicretization. We suppose given a uniform partition of
the interval [0,7") such that [0,7] = Uj<i<n|[ti—1,t;] where t; = idt and ot = % We
also define t;_1/o = t; — 6t/2 and t; 110 = t; + 6t/2 for all 2 < ¢ < N — 1. We define
Xp the space of piecewise constant functions over each K X (t;_1,t;) for K € T
and 1 < i < N. To each sequence (v’-)1<;<n of functions of X (7), we associate the
function vp € Xp defined by :

vp(z,t) = vi-(z) Vo € Q, Vt € (ti_1,t;), 1 <i< N,
ie vp(z,t)=vi Ve e K, K€ T, Vte€ (ti1,t;), 1 <i<N.
We now define the discrete time derivative of vp by

IR A
8t’pvi(x) =7 (z) 5: (z) V1<i<N,

|
i.e.@tvﬁ(:%VKe’ﬁ V1 <i<N.

Before writing the scheme, let us define a discrete finite volume gradient (see
[51]).
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Definition 4.2.6 (Discrete finite volume gradient) For K € T and o € £(K),
we define the volume D , as the cone of basis o and of opposite vertex xx. Then,
we define the "diamond-cell" D, (see Figure 4.1) by

ZDO-ZZDK,O-UIDL’(7 ifJ:K‘LESZ‘nt,
D, = Dk, if 0 €& NEK).

For any vp € Xp, we define the discrete gradient Vpup as the piecewise constant
function over each D, x (t'71,t") and given by

Vo € Epy, 0 = K|L, V1 <i<N,

i i
Uy — Vg

do

Vopup(z,t) =d Ni.o, VT € Dy, Yt € (7117,

Voe&nNEK), V1 <i<N,
0 — vl
do

Vrup(z,t) =d NK.o, YT € Dy, YVt € (71 #].

\4) : D,

o

&>

TK \\

\

FIGURE 4.1 — The diamond D,

Lemma 4.2.7 (Weak convergence of the finite volume gradient) Let (7,,)m>1
be a sequence of admissible meshes such that there exists & > 0 satisfying

forall m > 1 forall K € T and all 0 € £(K), dk, > &d,,

and such that hy, — 0 and let dt,, be a sequence of time steps such that ét,, — 0. Let
vp,, € Xp,, and let us assume that there exists C > 0 such that 3~ | Stm ||V 11307, <
C, and that vp,, converges weakly in L'(Q) to v € L'(0,T; H}(Q)). Then Vp, vp,,

converges to Vv weakly in L*(Q)%.

Proof This proof is done in Lemma 5.2 of [5], the idea is to adapt the proof done
in the elliptic case in [51]. Let ¢ € C(Q)? Since the size of the mesh tends to
zero we can suppose that the intersection of the support of ¢ and the diamond cells
associated to the external faces of the meshes is the empty set. We have

T N i it
vy — v
va-godxdtzg E d-+ L/ / edx - K &
/O /Q P dU ti—1 v Do "

1=1 o=K|LEE;n:
= Tl + T27
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Reordering the sum, we obtain

R SIS 2 By P

i=1 KeTm oc=K|L

:—Z Z/ /vp divip dx

i=1 Ke€Tm

= —/ /Upm dive dx dt.
0o Ja

Since vp,, converges weakly in L'(Q) we get

hm T1 / / vdivp dx dt.

5tm—)0

As far as Ty is concerned, thanks to the regularity of ¢, we have
N
I To| < Cuhg, Y Stulloh 1
i=1

and by Hoélder’s inequality and the fact that SN, Otml|V% 1107, < C we obtain
that
lim 0T2 =0.

hTm%
0tm—0

Since v € L'(0,T; H}(Q)) it follows that

T
Yo € (C*(Q))4, lim / /mevpm pdrdt = / /Vv-gpdxdt.
hTm—>0 0 Q

Recalling that Vp, vp,, is bounded in L*(Q)?¢, by density of C*(Q)? in L*(Q)? the
proof is complete. l

We are now in position to write a scheme for the thermoviscoelasticity system S.
We combine both finite element and finite volume methods. This technique is used
for a turbulence model in [51] in the elliptic case and in [48] in the parabolic case.
In these two papers the authors discretized Stokes equations with a nonconforming
finite element method and the convection-diffusion equation with a finite volume
scheme. As in [52], a discrete version of the Aubin-Lions Lemma is used in [48] in
order to extract convergent subsequences. In our work equation (4.1) is approximated
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by a Py finite element technique while equation (4.2) is discretized by a finte volume
method.

Let 7 be an admissible mesh and dt a time step. We will write the discretization of
(4.1)-(4.2). We first write the finite element scheme of (4.1). We look for {u}Y  C
V', such that Vo € Vi, and V1 < < N

i+1 i i—1 i+l i
u," = 2up +uy / ; u,” —up\ |
/Q 52 pdr + A [5(uh) +e€ (—& )} Vpdx

Z/gi-sodwr/f(%h)-vsodx,
Q Q

ul_uo 3
where u) ~ ug, v = =t ~ vy and g, = 3 ft”mgdt In order to avoid any

problem when rebuilding the integral we made the followmg choice for 6%, Dy

) 1 i+1/2
— / Op dt. (4.14)
" 5t 1—1/2

ou

Using the fact that equation (4.2.5) can be rewritten with v = 5,

following scheme Yy € V',

i+1 .
/uh uh,(pdm_/val.gpdx:o Z:O,,N_l

i — i ' '
/Q % codr+ | [e(uy) +e(v),)] - Ve da

we get the

S~

:/Qi'wdﬂc—k/f(QiDh)-Vgodm i=1,..,N—1
Q Q
Then, with u(t) = ug + Kv(t) where Kv(t) = [, v(s)ds, we obtain Vi € V,

i i1 . |
/Q % pdet | [+ Kmvi) + e(wl)] - Vepde

S~

:/gz-godrx—l—/f(Qgh)-Vgod:B i=1,..,N—1,
Q 0
where K v}, = Z;;% Sty

As far as equation (4.2) is concerned, we first define for 1 <i < N, K € T and
o€ &(K)

1
0 _

and we can write the scheme as the following set of equations

Foralll1 <i< N and forall K € T

ez 1 o ; : . .
s 3 Phogo-o - o [ G- e - 10h i) as
ceé(K) U

(4.16)
103



with 0; = 0if 0 € £y NE(K), vy =0 and 65 = 0.
For all 1 < i < N we define A\(6) in the following way

Vo = K|L € Einy, min[A(0), M0})] < A(0);, < max[A(6%), A(67)], (4.17)
Vo € Ey NE(K), AB)L = AL, (4.18)

where A\(0)! is for example the mean value of A(#%) and \(6%).

Finaly the complete scheme writes Vo € V,, VK € T

i il | |
[ e [ e+ Krvd) +20})] - Vipds

:/92'¢d$+/f(%h)-v¢dx i=1,..,N—1,
Q Q
(4.19)
ez 1 4
L S = AU
oc&(K) do
- & /K (2(6h) - <(uh) — [ o)) e i=1, N
(4.20)

The study of equation (4.19) is based on the work of Emmrich and al. in [42,43]
while equation (4.20) is studied with the techniques developed in [52].

4.3 Estimates

This section is devoted to derive estimates on the sequences u;, and 6p. In Pro-
position 4.3.1, we prove several estimates on u; and v, which allow one to extract
convergent subsequences (see [42,43]). We then prove classical finite volume esti-
mates using the techniques developed in [53] in the elliptic case and in [52] in the
parabolic case.

Proposition 4.3.1 Let T be an admissible mesh and let 0t be a time step. If u, =
(Ul )1<i<n 18 a solution to (4.19), then for all1 <n < N —1

o3 ]|72 () + Z [0y, = v 720 + Czdt”vh”Hl(Q) + HunH”Hg(Q) (4.21)
i= 1=1 :

< bl + lunllzy @) + C gl M, T, 191).

Proof The proof is a direct application of the tools used in [43] to show Theorem
3. Moreover we use Korn’s inequality to handle the term in £(-).
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Taking v} as test function in (4.19) we get T} + T = Ts + T} with

i—1
. v, — U .
T’:/—h v}, dr,
Y, ot

7 = [ [e08 + Kie) +<(3)] - D,
Q

ng/gflvflda:

Q
T, = [ f(0p,) Vo, da.
Q

Rewritting T} we find

1 1 1— 3 11— 1 1—
25t (vh_vh 1)(”h+vh 1)+(Uh Uy, 1)2dx
1 11— 1 11—
= 551 (vi)? = (v ')+ (v}, — v ) da

Thus, forall 1 <n <N -1

ZétTZ— /vh) dx——/ vp)?dr + = Z/\vh—v;;l]zdm.

As far as T} is concerned, we write T3 = Ty | + T3, with
Ty, = / e(ul) + Kyvp) - Vo, da,
Q
Ty = / e(v) - Vv, da.
Q

We easily have T3, = [, €(v},) - £(v},) dz and using the fact that

L@ 8 (- b)),

(a—b)b:2

we get

i 1 i i i
Ty, = E/Qg(u}) : V(ul:rl —uy,) dx
1

= & et et~ iy
oo [ o — () — () = ) da

_L i+1 iN2 i\2
= 557 [ S elu? = dte(ui)P o

and summing on the time steps we have

- : 1 1
T — n+1\2 = 0y2 ]
;:1 Ty = E (515/ dat:~|—2/Q (") dx 2/Qe(uh) dx

(4.22)



Due to the regularity of ¢ and f we get for the right-hand side terms

i&T; = iét/ g v da
i=1 i=1 &

n
< llgllzz@ Y 5tllvil o). (4.24)

=1

and

> otT :Z&/f(%h)vwidx
i=1 i=1 Q
< Zdt/M|w;\d:c
i=1 Q

< 22T 100’ 6t} g (4.25)

i=1
Gathering (4.22)-(4.25) and using both Korn and Young inequalities yields the de-
sired estimate. 0

The following propositions are a set of estimates on 6p, which are classical when
using the finite volume method (see [40,52]). If the right-hand side of (4.2) is bounded
in L1(Q), all these results are already proved in [52]. This is why we only give a sketch
of proof for all the propositions.

Proposition 4.3.2 Let T be an admissible mesh and let ot be a time step. If Op =
(05 )1<i<n 1s a solution to (4.20), then

N
Yot (L + 16517 7 < C. (4.26)

i=1

and
160D oo 0,521 () < C. (4.27)

Proof We start by checking that the right-hand side of (4.20) belongs to L'(Q).
We have

>0t S 1K | ey [ (=0 = 706h, r(eteh) ]
i=1  KeT K

™

ot [ (e0h)=(uh) = 00, tr((01) da

N-1

< 575”“2“?{3(9) +C(M>’Q|>T)Z5t””2”fqg(ﬂ)

=1

=1

=

i=1
N-1

<C)p ot H%H?{&(Q)a (4.28)

i=1
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which is bounded thanks to (4.3.1). Thus we can use the same techniques as in [52],
which are an easy adaptation of the proof of the log-estimate in [40] in the elliptic
case.

Let ¢(s) = [ a +|r are and $(s = [ ¢(r)dr. We multiply each equation of the
scheme (4 20) by (%) and we sum over each control volume and each time step.
Using the fact that the right-hand side of (4.20) is bounded in L'(Q) and ¢ is
bounded by 1, the convexity of ¢ and Young and Cauchy-Schwarz inequalities, we
obtain the desired estimates. U

Corollary 4.3.3 Let T be an admissible mesh and let ot be a time step. If Op =
(05)1<i<n is a solution to (4.20) and, forn > 0, E, = {(z,t) € Qx(0,T); |0p(z,t)| >
n}, then there exists C' > 0 only depending on (X, f,u,d) such that

C

ST

(4.29)

Unlike what is performed in [52] we cannot directly show the discrete estimate
on the energy. Indeed we have not yet the convergence of the right-hand side of
(4.20). Thus we only have for now the following estimates.

Proposition 4.3.4 Let T be an admissible mesh and let 6t be a time step. If Op =
(05 )1<i<n is a solution to (4.20), then for all n > 0 there exists C > 0 such that

Z ot Z i = 01)(Tu(0%) — Tu(07)) < C, (4.30)

GL
Zét |K|/ (r — YT () dr < C. (4.31)
=1 KeT

Proof By multiplying each equation of the scheme by T, (0% ), by summing over
each control volume and over each time step and by reordering the sums, we obtain
T1 + T2 = Tg with

N 91 1
=Yoot Y i) ),

i=1 KeT
T, - zatz"" O — 0L)(Ta(Bic) — To(6),
oel
Loy ay / — F(8,)ir(=(1}))) Tulbi) dor.
i=1 KeT

Since T, is bounded by n, we deduce with (4.28) that |T3| < nC SN §t||vh||

Let us define T fo r)dr. Since T, is a convex function, we have Vz,y E ]R

7.0) ~Tuly) = Tu()a =) - [ (r— ) TLr) dr
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we thus obtain 77 =111 + 112 + 11 3 with

Ty = — 3 |KIT.(6%).

KeT
Tio= Y |K|Tu(0%),
KeT
Tiz=) |K|/ (r — 0iHT! () dr > 0.
KeT

Since —T171 S n||6’0||L1(Q) and TLQ Z 07 we get

Z&Z'“‘ 0% — 00)(T,(0%) — Tn(6Y)) +Z§tZ|K|/ (r — )T (r) dr
o€l i=1 KeT
N-1

<nC Z 5tth”H1 + n||90||L1(Q

=1

Thanks to (4.21) we obtain (4.30) and (4.31). O

Corollary 4.3.5 Let T be an admissible mesh and let ot be a time step. If Op =
(05 )1<i<n is a solution to (4.20), then for all n > 0 there exists C' > 0 such that

N
> ST () 12 < C. (4.32)
=1

Let us introduce the function h,, defined by

4

0 if r < —2n,
~+2 if —2n<r < -—n,
ho(r) =<1 if —n<r<n, (4.33)
—-+2 ifn <r<2n,
\0 if r > 2n.
(1)
1
r
—2n —n n 2n

FIGURE 4.2 — The function h,,

The two estimates of the following proposition are necessary to apply the discrete
version of the Aubin-Lions lemma (see [47,69]) and extract a convergent subsequence
from 6p.
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Proposition 4.3.6 Let T be an admissible mesh and let 6t be a time step. If Op =
(05 )1<i<n s a solution to (4.20), then for all n > 0 there exists C > 0 such that

N
>t A0 27 < C, (4.34)
=1
ZétH@t (65)|| 117 < C. (4.35)

Proof Estimate (4.34) is a direct corollary of estimate (4.32). As in [52], let w €
X(T), to prove (4.35) we multiply each equation of the scheme (4.20) by h,, (0% )wr,
we sum over the control volumes and we gather by edges. We achieve the proof with
estimates (4.30) and (4.31), the definition of the dual norm and the fact that the
right-hand side of (4.20) is bounded in L'(Q). O

Before extracting convergent subsequences let us define the following functions.

(0 ift €10t

up(t) == qul ifte(t
0 ifte(

0 iftel0,ts],

vp(t) == vy, ift € (timijo,tivrje), i =1,..., N =1,

0 ifte (tnoiy, T,

i—1/2 Z+1/2] L= 17“'7N_ 17
tn—1/2, 17,

(00 if t €(0,t1/],
@h(t) = ’U}il + t_tglﬂ (Uh — 'U;l 1) ift e (ti_l/g,t“_l/g], 1= 1, ey N — 1,
\’Uévjl if t € (tN_l/Q,T],

(

0 ifte[0,tr).
gh(t) = g;z ift e (ti_l/Q,tH_l/Q], 1=1,.... N —1,
\0 ift € (tN_l/g,T],

0 if t € [0,t1/2],
i i+1

Op, (t) == gi;L if t € (tic1jo,tivipe), 1=1,..., N =1,
0 ift e (thl/Q,T:I,

These functions are necessary to rebuild the integrals and pass to the limit.

Assumption 4.3.7 Let (T,,)m>1 be a sequence of admissible meshes such that hr, —
0 as m — 400, let 0t,, be a sequence of time steps such that ot,, — 0 as m — +oo
and let V', be a sequence of Galerkin schemes. The initial values for (4.19) and

(4.20) satisfy

up = ug in Hy(Q), v) = vg in L*(Q) as m — +oo, (4.36)
03, = Z el — 6y a.e. in Q as m — +oo. (4.37)
KeTm
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We are now in position to extract convergent subsequences from uy,, and T, (6p,,).

Proposition 4.3.8 Let (7,)m>1 be a sequence of admissible meshes, let (0t )m>1 be
a sequence of time steps and let V', be a sequence of Galerkin schemes. If uy, is a
solution to (4.19) with T = T,, and 6t = 6t,,, then there exist u € L>°(0,T; H}(Q))N
C%0,T; H} (), v € L>=(0,T, L*(Q))NL*(0,T; H}(Q))NC’(0,T; L*(Q2)) with u—ug =
Kv e C%0,T; HY}(Q))NL>(0,T; HY () and u' = v € L*(0,T; H} (), such that up
to a subsequence

up,, — uin L>(0,T; Hy(Q)),

vp, — v in L=(0,T; L*(Q)) and v,,, — v in L*(0,T; H}(Q)),

Op, — 0 in L*(0,T; L*(Q)) and v, — 0 in L*(0,T; H}(Q)),

Kup, = Ko in L>(0,T; H3(Q)) and uy,, — ug — Kvp,, — 0 in L*(0,T; HL(Q)).

Q
Q

Proof The proof is divided in two steps. In Step 1 we use estimate (4.21) to extract
convergent subsequences, still indexed by m from wy, , vs,, and 0,,,. We also show
in this step that the limits of v, and 0, are the same. Step 2 is devoted to prove
that vy, — Kv in L®(0,T; H}(Q)) and uy,, — ug — Koy, — 0 in L2(0, T; H (Q)).
This allows one to identify v, the limit of vy, , and u/, where u is the limit of wuy,, .
Thanks to estimate (4.21) we have

Vn=2,..,N—1, ||uZ+1HHé(Q) <C.
Moreover wy, = uj) + dtvy, thus [lu || 1 () is also bounded. We then obtain that
||Uh||Loo(0,T;H3(Q)) <C. (4.38)
Estimate (4.21) also gives
Vn=1,..,N =1, |vy|lr2@) < C,

thus
lvnll Los (0,02 (0)) < C. (4.39)

Since Y 7, 5t||v}'l||§{01(ﬂ) < C pour tout n =1,..., N — 1, we get
lvnllL20.,H30)) < C- (4.40)

In view of the definition of 9, and thanks to (4.39) we easily have

108 ]| Lo 07522 (02)) < C. (4.41)
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We then consider the L?(Hj) norm of 9y, :

T
o2 0.2, ) = / A

YRR dt+Z R L LT S
; hllHL(Q) / h 5t h— Un )llHL(9)
’L 1/2
T
Nf
w0 e
tN—1/2
ot ot B
—Ellv}?ll?p o+ Sl Py
$1/2 t—=ticipp,
+Z / Jof+ 2 (0 — o)y
ti— 1/2

St oro 5t

< 5 l1oallz 0 +—||vh e

+1/2 t_tz t—ticya,
e Z5t||vh||H1(Q)+Z / 0 = e
i 1/2
N-1
ot ot i
< SRl + 5 lon ™ e +C D otz @
=1
N—
—I—CZ&H% — ) 1||H1 @)
=1
N-1
ot o, N = i
< 5”“2”?{3(9)*‘5“”5 1\’?{3(9)+Cz5tthH§Jg(Q)
=1
N-1
+C Y otlloy e
=1

S N-1

t ot N— ~ 7
TR ol RN BT
N-2 '
CZ&HU?LH%@(Q)
=0
N-2

< Cillvhllra ey + Collva ™ I ) + Cs > 0tlvp 7 0
1=0

Thanks to estimate (4.21) we conclude that
190l 20,1302y < C- (4.42)
Gathering (4.38) to (4.42),we are now in position to extract convergent subsequences

(still denoted by h,,). There exist u € L*(0,T; H(Q)), v € L>(0,T; L*(2)) N
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L*(0,T; Hy(Q)) and 9 € L>(0,T; L*(2)) N L*(0, T; Hy(2)) such that
up,, — uin L=(0,T; Hy(S2)),
vp,, — v in L®(0,T; L*(2)) and v,,, — v in L*(0,T; Hy (),
Dy, — 0 in L®(0,T; L*(Q)) and vy, — 0 in L*(0,T; Hy()).

We now prove that 0 = v :

T
o — onlZa 0 2060) = / o0 (8) — 0 (1) 1250y

i+1/2

f/2 —tic1p2, i i
= [ bl dt+2 / Jof+ 2 (0~ ) — 0} g
0

i 1/2

T
[ N g d
tnN—1/2

t1 i+1/2 t_tz 1/2 i i
= [ i dt+2 v (= )

ti— 1/2

T
[ N
tnN_1/2

ot ot nN_
< Tlofla + Sl oy + 86 3 ok — v e

< O(6t) lopllzay + llon " Fa@ + D llvh — vilﬂiz(m] :

Thus, with estimate (4.21), we obtain that 0 = v.
We then show that Kuvy,, — Kv in L=(0,T; H}(Q)). For all ¢ € L'(0,T; H'(Q))

we have
(Kon, — Ko, o) = /< o. [ (o <>—v<s>>ds> i

/ / ), Un,, (s) —v(s)) dsdt
/ / ), Un,, (s) —v(s)) dtds
- [ ([ e >—v<s>> ds.

Since f t)dt € L>(0,T; H Y(Q)), we get the desired convergence.
The last step of the proof is to show that uy,, —ug — Kvy,, — 0 in L*(0,T; Hy(Q)).

T
[un,,, —uo — KUhmH%Q(O,T;Hé(Q)) - /0 [un,,, (1) — o = Ko, (t)H?Hg(Q) dt
=T+ 1>+ 15,
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with
t1/2 )
1= [ ol
N— tivi/2 ) t
7= 30 [ i == [ o) sl
= i—1/2

1
1
T t
Tg_/t H—uo—/o i () dsl[ 2y -

N—1/2
We get for the first term
7y < ol < COOuoll (4.43)
1= il ) = ol () :

As far as T3 is concerned we have

T t1/2 t
Ty = / Huo—l—/ Up,,, (d) ds+...+/ Up,,, (5) dst%(Q) dt

tnN—1/2 0 IN-1/2
T t3/2 ) tN—1/2 No1 )
:/ Huo—l—/ vy, ds+...+/ v dS“H(}(Q) dt
IN—1/2 ty/2 tN—3/2
T N-1 ‘
<[ o Yt e e
tnN—1/2 j=1
T T N—-1 '
<c [/ HUOH%I(%(Q) dt +/ | Z &Uim’@g(m dt]
IN—1/2 IN-1/2  j=1

51 5 N1
2 j 2
< CEHUOHH(%(Q) + 05” Z; ot oy, o)
J:

N-1
< C(0)||uoll oy + C(0) Y 8tll0f, Iz - (4.44)
j=1

We now turn to 715.

N-1 tivi/2 t
i 2
T, = Z/ lup,  — o —/0 Up,,, (8) d3||H5(Q) dt
i=1

ti—12
N-1 tit1/2 ) t1/2 t
= Z/ |y, — uo — / vp,, (8)ds — ... — / Up,,, (8) ds||§11(m dt
i=1 Yti—1/2 0 ti—1/2 °
Nob i, i-1 ‘ A
= / lh,, —wo =Y 6t vl = (¢ = tiyo)vi, [ o
i=1 7ti-1/2 j=1
N-1 ot i-1 ‘
. i 12
- Z/ lup, 4 up —ug—up — Z otvy — (t — ti_l/g)v,’lmHHé(Q) dt
i=1 Yti-1/2 j=1
N-L1 rtivi 0 .
<y [ 1, ol e
i=1 Yti-1/2
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— i+1/2 ) ' . .
+C Z/ up, —up, — 2575 vy — (t— ti—1/2)UZm||§;é(Q) dt

i=1 7ti-1/2 j=1
< CHU%m UOHJ%I(%(Q)
N-1 tiy1)2 i—1 '
7 i—1 i—1 % 2
+ C’Z/ uy,, =y~ Fuy, = u%m — Zétvim —(t— ti—1/2)vhmHH3(Q
i=1 Jtic1y i=1
< Clluy,, — ol 0
N-1 oty G - i—1 ' o
+CY / 1Y Sotop =) otv], — (t— tio172)0h, 3 o) di
i=1 Yti-12 =1 j=1
_ i+1/2 )
< CHU?zm UO”HI(Q +C Z / ||Uh (t— ti—1/2)vﬁm||§13(sz) dt
i 1/2
_ 0 z+1/2
< Clluf,, = ol + CotlIVR, 310y + C Z |(t = tic1j2)vp,, 170 dt
ti 1/2
) N N-1
< Cllup,, - uOH?{g(Q) + CfStHUQmH?{g(Q) + Cot? Z 575““%“%13(9)
=1
) N-1
< s, — woll oy + CO0) (10, ey + S &Hvzmuiﬁ(m] - (4.45)
=1

Gathering (4.43), (4.44), (4.45) and letting m tends to oo we obtain the desired
convergence. Moreover we have

u—uy — Kv =up,, —ug — Kvop,, +u —up, + Kvy, —Kv,

thus u—wuy = Kv € C°(0,T; Hi (2))NL>(0,T; H} () and o’ = v € L*(0,T; H}(Q)).
Moreover since 2 € L2(0,T; H~*(2)), by Lemma 1.2 of [56] we have that v €

CO(0, T; L2(Q)). O

The following proposition is devoted to extract a convergent subsequence from
HDm'

Proposition 4.3.9 Let (T,,)m>1 be a sequence of admissible meshes such that there
exists € > 0 satisfying

for all m > 1 for all K € T for all 0 € £(K), dk, > &d,,
and let (8ty)m>1 be a sequence of time steps. If 0p, = (0% )i<i<n is a solution
to (4.20) with T = T, and 6t = 6t,,, then there exists a measurable function 6

finite a.e. in Q such that, up to a subsequence, T, (0p,,) converges to T, (0) weakly
in L*(0,T; H} () and Op,, converges almost everywhere to 6.

In order to prove this proposition we use a discrete version of the Aubin-Simon
Lemma proved in [47] and in [48].
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Proof Thanks to estimates (4.32) we can extract a subsequence, still indexed by
m, such that

T, (0p,,) — vy, in L*(0,T; H3(S2)) (4.46)

in the finite volume sense.

Moreover, since we have estimates (4.34) and (4.35), we also apply the discrete
version of the Aubin-Simon Lemmma to the function hy,(6p, ). It implies that for
any n > 0, h,(fp,,) lies in a compact set of L'(Q). Using the diagonal process, we
can deduce that there exists a subsequence of 0p_, still indexed by m, such that
ﬁn(ﬁpm) converges almost everywhere to a measurable function w, defined on

for any n > 0. Due to the definition of ﬁn, the sequence T,,(fp, ) converges almost
everywhere in () to the measurable function v,.

Using Corollary 4.3.3 we now prove that 0p, , is a Cauchy sequence in measure.
Let w > 0. For all n > 0 and all sequences of admissible meshes and time steps
(T, Otm)m>1 and (T, 0t,)p>1, we have

{l0p,, = 0p,| > w} C {|0p,,| >n}U{|0p,| > n} U{|T.(0p,,) — Tn(bp,)| > w}.

Let € > 0 fixed. By (4.29), let n > 0 such that, for all admissible meshes and time
steps T, 0t and T, 6t,,

meas({|0p,,| > n}) + meas({|0p,| > n}) < g
Once n is chosen, we deduce that T,,(6p, ) is a Cauchy sequence in measure, thus
3ho > 0; Vhop, hp, < hy meas({|T(0p,.) — Tn(0p,)| > w}) < g
Therefore, we deduce that Vhp,, , hp, < hg

meas{ |0p,, — Op,| > w} <.

Hence 0p,, is a Cauchy sequence in measure. It follows that, up to a subsequence
still indexed by D,,,, there exists a measurable function # such that p, — 0 a.e. in
Q. Due to Corollary 4.3.3 6 is finite almost everywhere. Moreover from convergences
obtained before we get that T,,(0) € L*(0,T; H}(Q)) and

VoT,(0p) = VT,(0) in (L*(Q))",
T.(0p) — T,(0) almost everywhere in Q).

4.4 Convergence analysis

Let us now state the main result of this paper.

Theorem 4.4.1 IfT is an admissible mesh and dt a time step, then there exists at
least one solution to (4.19)-(4.20).

If (Tm)m>1 is a sequence of admissible meshes such that there exists € > 0 satisfying

forall m > 1 forall K € T and all 0 € £(K), dk, > &d,,
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and such that hr, — 0, if (0t,m)m>1 i a sequence of time steps such that dt,, — 0
and if Vi, is a sequence of the associated finite element spaces, then if (uy,,,0p,,)

is the solution to (4.16) with T = Ty, and §t,, = ot,
— uy,, converges to u in L>(0,T; H}(Q)) weak-x, with vy, which converges to
9u strongly in L*(0,T, Hy(Q2)),
— Op,, converges to 6 almost everywhere in @),

where (u,0) is the unique renormalized solution of (4.1) to (4.4).

Proof The proof is divided into four steps. In Step 1 using the Brouwer fixed point
theorem we show that there exists at least one solution to (4.19)-(4.20). Step 2 is
devoted to pass to the limit in (4.19) and show that u is a weak solution of (4.1).
In Step 3 we prove that Vo, converges to Vo strongly in L?(Q)? and show that 6
is a renormalized solution of (4.2). In Step 4 we conclude the convergence analysis,
showing that the limit 6 satisfies the estimate on the energy (4.12).

Step 1 Let 0 € LY(Q) be fixed. We define for all 1 <i < N — 1

~ 1 tivija
- L / i) dt.
ot ti—1/2

Let us consider the following scheme : Vo € V,,, VK € T

i a1 | |
/ % . del“l—/ [s(ug + ICIU;) + 5(1}2)} - Vedz
Q Q

:/gfb-gpdx+/f(éi)-Vgpdx i=1,.,N—1, (4.47)

it o
IKI—t+U§K)|J (6" (0% — 67)
= % /K (8(02) e(vp) — f(él)t'r(g(vz))) dr i=1,...,N,
(4.48)

where )\(9’)0 is the mean value of K| [, 07 dz and ﬁ [, 0" dz. This scheme is initia-
lized by uf) = 0 and 6% = 0.

Each equation is linear and each solutions u;, and 6p satisfie respectively estimates
(4.3.1) and (4.27). Taking null right-hand sides, thanks to the estimates, we find
that the solutions of this system are equal to zero. Thus each equation admits a
unique solution.

We now consider the two following applications

I, W — ‘7}1
BRI unique solution of (4.47),

and
) Vh xW — W
2 (01, 0) — Op unique solution of (4.48),
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where

W= { w e Ll(@)a WI[t;—1,ti]
Vi={ e L*Q); o, € V), V1 <i< N —1}.

<k constant},

The function I'; is continuous. Indeed, let (én)neN € W such that én converges
strongly in L'(Q) to € W. We define uy, = I'1(6,,) and u;, = I'1(6). We now show
that wuy, converges strongly in L2(0,T; H}(2)) to u; € Vj. Taking the difference

~

between the equations in (uy, , 6,) and in (uy, #) and using the techniques developed
to prove estimate (4.3.1) we find for all 1 <i: < N —1

sk, = bl @) < lvh, = WhllZag) + llun, — willgy @) + CIF(0n) = F(O)12q)-

Since f is a continuous function we obtain the desired convergence,thus I'; is conti-
nuous. ~

We then prove that I'y is also continuous. Let (@hn,én)neN € V), x W such that
(6n, . 0,) converges strongly in L2(0,T; HL(Q)) x L(Q) to (d5,0) € Vi x W and let

~ A

us define 0p, = ['y(0y,,,0,), 0p = ['a(0r,0). Applying the finite volumes techniques
to equation (4.48) with 0y, and 6,,, we find that

10D, /| 21(q) < C.

Then since the sets W and ‘711 are of finite dimension, up to subsequence, 6p,
converges strongly in L'(Q) to a limit §p which is a solution to (4.48). Since the
solution is unique Op = 0p. Thus 'y is continuous.

Applying the Brouwer fixed point theorem to the function I's (I';(+), ), we deduce
that there exists at least one solution to the scheme (4.19)-(4.20).

Step 2 For all 1 < i < N —1 we multiply (4.19) by ¥(t) where v € (C1((0,7)))4
and we integrate on the time.

_/OT </Q@h(t)g0dx> V() dt+/0T (/Qs(uh(t)) - wdx> oy
w [ ([ etien voas)vwai= [ [atoir)via o
[ ([ 16000 Vede) vty

In view of the definition of ¢ and in view of the convergence results we get
e(vn) — e(v) in (L3(Q))™,
e(un) = e(u) in (L*(Q))™.

By definition of g, we have

gr — g in (L*(Q))".

Since the right-hand side of (4.20) belongs to L'(Q), we have Boccardo-Gallouét
estimates on fp (see [47] for instance). Thus by the discrete version of Aubin-Simon
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Lemma (proved in [47]), fp converges to 6 in L'(Q) and almost everywhere in Q.
Due to the fact that f is a continuous function, f(6p) converges to f(#) in L*(Q)
and almost everywhere in ). We now turn to the convergence of f(fp,). We notice
that

0 on [0, 1],
OplA0DIHR) o (5 o 1],
on (t;,tit1/2],

0 on (tN_l/Q, T}

0, (t) = 9 op(t—s0)+0m(t)
2

Since we have Boccardo-Gallouét estimates on 6p and since the time step 0t is
fixed, we can apply Lemma 3.4 of [47] to 8p. Thus we have the estimate of the time
translates :

Ve > 0, ||9D(,t + 5t> - 91)(', t)HLl(Q) <e.

We then deduce that
Ve >0, [0p, — Opllrig) <e.

Thus f(fp,) converges to f(6) in L*(Q) and almost everywhere in Q.
Passing to the limit in (4.49) we get for all ¢ € V}, and for all ¢ € C1((0,T))

_/OT (/Qv(t)gpdx) V() dt+/0T (/Qs(u(t)) - Vgodm) ot dt
+/OT (/Qs(v(t)) . wd:c> O(t) dt = /OT (/Qg(t)godx> e)dt (450)
vf ' ([ 010 vpar) vioya,

which holds true for all ¢ € Hj (). Thus u is a weak solution of equation (4.1)

Step 3 In order to pass to the limit in the renormalized sense in (4.20), we have
to obtain a discrete estimate on the energy as in [52] which is the discrete equivalent
of (4.12). This is possible only if we can pass to the limit in the right-hand side of
(4.20), that is if Voy,, converges strongly to Vo in L*(Q)%.

Let u be the limit of u;, and 8 the limit of 6p and let us define

1 ti+1/2 "‘l—‘rl _ al

. . m
U= — t)dt and o' = —— VI <i< N -1
= - u(t) dt and © 5 <i< :
1 (five
0" =— O(t)dt V1 <i< N —1.

ot ti—1/2

Then u satisfies the following equation :

~i o~ A ‘
/ &go dx + / [e(ug + K10) 4+ ()] - Ve dz
o Ot 0

(4.51)
:/gigoda:+/f(§i)-Vg0d:c Vo € V.
Q Q

Thanks to the linearity of equation (4.19) it is sufficient to take the difference bet-
ween (4.19) and (4.51). In [42], because of the nonlinearity of the operators the proof
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is not as simple. We get

5“‘5
S
[
;~N.
|
(S

2
S~—
|
—~
[
>
—
N
7
—
N—

—l—/Q e ((up — uo) + Ki(v), = 0")) + £(v), — 0")] - Vo da

- /Q [£(0%) — 1(0%)] - Ve d.

Using the techniques developed in the proof of estimate (4.21), we find V1 < n <
N -1

> 8tvh = 050y < i — vollzeq) + i, = uollfay + 11F (6)n — F(O)720)
i=1

Thus v, — o in L*(0,T; H}(€2)). Remarking that for all 1 <i¢ < N — 1
/2 gt 5t -
/ + u(t) n
5 ti— 1/2

we can prove with the help of Steklov averages and the regularity of u and v that
o — vin L*(0,T; H}(Q)). Then Vv, — Vv in L*(0,T; L*(Q)) and the right-hand
side of (4.20) converges to

/0 /Q(s(v)s(v) — f(O)tr(e(v))) dz dt.

We also have the discrete estimate on the energy

|‘7| i i i
lim halrg - Z ot Z; — 0,)(Tu(0) — Tn(6})) = 0. (4.52)

Thanks to remarks 3.4 and 3.9 of Chapter 2, the results established in this paper
hold true. Thus € is a renormalized solution of (4.2).

Step 4 We now prove that 6 satisfies the decay (4.12) of the truncate energy. Thanks
to the discrete estimate on the energy (4.52) we have

|J| i i\\2 _
T ) SEAUIUNCARE TR
5t—0 i=1 o€

and
2
Z&Z IUI L (Ton () — Ton(65))? Z&ZIOICZ A <T2n Tzn(H ))
el ee
—Zatde A0) (T Tl ))
e
Ton (0 TZn(Ql)
6tdZ]D NG <d )
el
1 [T T
= _/ /hn(eD)MWDT%(@D)I dx dt,
dJo Ja 2
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thus, lim lim —/ / (6p) M\VDT%(GD)]Q dx dt = 0. Since VT3, (0p)
n—00 ig—n) n 2
converges weakly in (L%(Q))4, AM(T,(0p)) converges to A\() L weak—x and h,(6p)

converges to h,(0) almost everywhere in ) we also have

/ / )| VT, (0 )|2d:p<hm1nf—/ / HD
h7—0 N

which leads to
lim — / / 0)|VT,(0)] dx dt = 0.
n—oo 1

|VDT2n(0'D) |2 dl’ dt
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Chapitre 5

Quelques perspectives

5.1 Perspectives sur les solutions renormalisées et
les volumes finis

Concernant les problemes stationnaires un prochain travail pourrait étre d’étu-
dier une équation elliptique sous forme de divergence completement non linéaire.
Une difficulté supplémentaire viendrait alors de la discrétisation avec les volumes fi-
nis du terme —div(a(V(u))). Pour gérer cette difficulté venant du terme en gradient
une possibilité serait d’utiliser en dimension 2 les maillages duaux (voir [3] dans le
cas variationnel) ou la méthode des gradients (voir [39] dans un cas trés général
variationnel).

Par la suite on pourrait aussi se pencher sur I’étude de ’équation de convection-
diffusion (1.1) avec d’autres conditions au bord (Neumann, Fourier...). Par exemple,
un schéma aux volumes finis est considéré dans [28] pour 1'équation

—Au + div(Vu) = g dans Q,
Vu-n—(V-n)u=0sur 05,

ol g € L*(f2). Les auteurs prouvent que, si fQ g = 0, la solution du schéma converge
vers I'unique solution faible u de moyenne nulle. L’idée serait de mixer les techniques
développées dans [28] avec celles utilisées dans ce chapitre pour étudier une équation
plus générale (—div(A(u)Vu) +...) et prouver que la solution du schéma converge
vers 'unique solution renormalisée.

Concernant les problemes d’évolution, si I’étude d’'une équation elliptique sous
forme de divergence complétement non linéaire se révele concluante, la prochaine
étape serait de voir si les résultats restent vrais dans le cas parabolique.

Une autre idée pour un prochain travail serait de rajouter une non-linéarité dans
I’équation. On pourrait par exemple étudier I’équation

% — div(AVu) + div(¢(u)) = f dans Q,

ol 1 est une fonction continue. Dans [21] les auteurs ont montré 'existence et 1'uni-
cité d’une solution renormalisée pour cette équation. En utilisant leur travail et les
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techniques développées dans le chapitre 2, nous pourrions peut-étre montrer que la
solution approchée par la méthode des volumes finis converge vers I'unique solution
renormalisée.

Une extension naturelle du chapitre 3 serait 1’ajout d’'une non-linéarité a 1’équa-
tion. On se retrouverait alors a étudier une équation parabolique doublement non-
linéaire de la forme

L0

Er div(AVu) + div(y(u)) = f,

ou encore
0b(u)
ot

— div(A(u)Vu) + div(c(z, t)u) = f.

L’idée serait de montrer que les résultats du chapitre restent encore valides dans
ce cas, c’est a dire que la solution du schéma de type volumes finis converges vers
I"unique solution renormalisée du probléme.

Enfin dans le chapitre 3 nous nous sommes restreints au cas b € C!, ¥ > 0.
Dans le cas continu et une donnée L! il n’y a pas cette restriction et des résultats
d’existence et d'unicité de la solution renormalisée sont démontrés dans [20] pour
une fonction b assez générale (graphe maximal monotone). Pour une donnée plus
réguliere (L? par exemple) et a l'aide des translatés en temps et en espace des
résultats de convergence ont été obtenus (voir [7,8]). Affaiblir la condition sur b du
chapitre 3 parait tres intéressant et délicat.

5.2 Perspectives sur les systemes

La premiere perspective au travail du chapitre 4 serait d’ajouter les tenseurs et
les données dans les équations (4.1)-(4.2) et de considérer le modele de Kelvin-Voigt.
Comme dans [15] on aurait alors a traiter le systeme

> o
AT (Bls (a—j) : BQs<u>> D0+ Ty) = g,

e 02 0= () (22) it (= (2)).

Par rapport au systeme traité dans le chapitre 4, il y a plusieurs difficultés supplé-
mentaires. D’une part la fonction 6 + T n’est pas bornée par rapport a 6. D’autre

2
part (1p + 9)% correspond & % %

que Ty + 6 > 0 et comme Ty + 6 > 0 nous ne sommes pas dans le cas du chapitre 3
avec b’ > 0, mais dans celui d’'un probleme dégénéré.

: il faut montrer dans la version discrete

Une autre perspective serait d’appliquer les techniques décrites dans cette these
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a I’étude d'un systeme de type Boussinesq (voir [9] pour le cas continu) :

@ + (u - V)u — 2div(u(0)Du) + Vp = F(0),

ot
ag—(f) - Vb(0) — A9 = 2u(0)| Dul?,

divu = 0.
En utilisant les techniques développées dans les chapitres 3 et 4, nous devrions étre

en mesure de prouver que la solution approchée par un schéma combinant éléments
finis et volumes finis converge vers une solution faible-renormalisée du systeme.
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