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de relire cette th�ese et d'enêtre rapporteur. Merci également aux autres membres du jury : Gwenaelle

Fichant et Mahendra Mariadassou, pour avoir accept́e de faire partie du jury de soutenance et pour
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années et�a mes plus proches ami-e-s pour leurs soutiens et leurs encouragements. Merci�a ma famille

de m'avoir appris la perśev́erance et l'exigence. Et en�n, merci �a toi Olatz de m'avoir soutenu, support́e
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R�esum�e

Les avanćees des nouvelles techniques de séquençage ont permis de produire des donńees

hétérog�enes, volumineuse, de grande dimension et�a diff érenteséchelles du vivant. L'intégration de ces

diff érentes donńees repŕesente un d́e� en biologie des syst�emes, d́e� qu'il est critique d'aborder pour

tirer le meilleur parti possible de l'accumulation d'informations biologiques pour leur interpr étation et

leur exploitation dans un but �nalis é.

Cette th�ese regroupe plusieurs contributions ḿethodologiques utiles �a l'exploration simultan ée de

plusieurs jeux de donńees omiques de natures h́etérog�enes. Pour aborder cette question, les noyaux

et les méthodes �a noyaux offrent un cadre naturel, car ils permettent de prendre en compte la

nature propre de chacun des tableaux de donńees tout en permettant leur combinaison. Toutefois,

lorsque le nombre d'observations�a traiter est grand, les méthodes�a noyaux souffrent d'un manque

d'interpr étabilit é et d'une grande complexit́e algorithmique.

Une premi�ere partie de mon travail a porté sur l'adaptation de deux méthodes exploratoires

�a noyaux : l'analyse en composantes principales (K-PCA) et les cartes auto-organisatrices (K-SOM).

Les adaptations d́evelopṕees portent d'une part sur le passage�a l'échelle du K-SOM et de la K-PCA

au domaine des omiques et d'autre part sur l'aḿelioration de l'interpr étabilit é des ŕesultats. Dans

une seconde partie, je me suis int́eresśe �a l'apprentissage multi-noyaux pour combiner plusieurs jeux

de données omiques. L'ef�cacit́e des ḿethodes propośees est illustŕee dans le contexte de l'́ecologie

microbienne : huit jeux de données du projetTARA oceansont été intégŕes et analyśes �a l'aide d'une

K-PCA.

5





Abstract

The development of high-throughput sequencing technologies has lead to produce high dimensio-

nal heterogeneous datasets at different living scales. To process such data, integrative methods have

been shown to be relevant, but still remain challenging.

This thesis gathers methodological contributions useful to simultaneously explore heterogeneous

multi-omics datasets. To tackle this problem, kernels and kernel methods represent a natural framework

because they allow to handle the own nature of each datasets while permitting their combination.

However, when the number of sample to process is high, kernel methods suffer from several drawbacks :

their complexity is increased and the interpretability of the model is lost.

A �rst part of my work is focused on the adaptation of two exploratory kernel methods : the

principal component analysis (K-PCA) and the self-organizing map (K-SOM). The proposed adaptations

�rst address the scaling problem of both K-SOM and K-PCA to omics datasets and second improve the

interpretability of the models. In a second part, I was interested in multiple kernel learning to combine

multiple omics datasets. The proposed methods ef�ciency is highlighted in the domain of microbial

ecology : eight TARAoceans datasets are integrated and analysed using a K-PCA.
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3.1.1 Améliorer la stabilit é du SOM nuḿerique . . . . . . . . . . . . . . . . . . . . . 40
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Chapitre 1
Contexte biologique

Les avanćees technologiques, faites dans le domaine du śequençage haut-d́ebit, permettent

aujourd'hui de produire de grands volumes de donńees biologiques�a moindre coût, et ceci �a

diff érenteséchelles du vivant. Les donńees ainsi obtenues, appeĺees donńees omiques, sont�a la

fois de grandes dimensions, de sources multiples (diff́erents omiques) et de natures h́etérog�enes

(numériques, ŕeseaux, facteurs, . . . ). Dans un tel contexte, les besoins en ḿethodes int́egratives

sont de plus en plus pressants a�n de consid́erer un syst�eme biologique comme un tout, i.e.,

comme un ensemble de signatures moĺeculaires entrelaćees contenant g�enes, prot́eines, transcrits

et régulateurs, mais aussi des caractéristiques épigénétiques et des corŕelations avec le micro-

biome. Cependant, l'́etude des relations et des interactions existant entre diff́erents omiques

représente encore aujourd'hui un d́e� majeur.

Les approches propośees dans le cadre de cette th�ese cherchent�a prendre en compte

l'hétérogénéité des donńees omiques tout en ŕepondant au besoin en ḿethodes int́egratives

dans le domaine. Pour cela, les travaux pŕesent́es s'inscrivent dans le contexte des noyaux et des

méthodes�a noyaux. Toutefois, ces ḿethodes souffrent d'un manque d'interprétabilit é de leurs

mod�eles et d'une forte complexit́e algorithmique lorsque le nombre d'observations�a traiter est

grand. Les adaptations d́evelopṕees durant cette th�ese se sont concentŕees sur deux ḿethodes

exploratoires : l'analyse en composantes principales et les cartes auto-organisatrices et sont

illustr ées dans le contexte des donńees omiques et plus particuli�erement de l'́ecologie micro-

bienne.

La premi�ere section de ce chapitre pŕesente le śequençage haut-d́ebit et ses applications

en écologie microbienne. Le traitement statistique, les mesures de biodiversit́es ainsi que les

analyses exploratoires les plus souvent utiliśees enécologie microbienne sont introduits dans la

deuxi�eme section.



1.1 S�equenc�age haut-d �ebit en �ecologie microbienne

1.1.1 S�equenc�age haut-d �ebit et donn�ees omiques

Les techniques de śequençage, qu'elles soient haut-d́ebit ou non, ont pour objectif de d éterminer

l'enchâ�nement en nucĺeotides d'un fragment d'acide d́esoxyribonucĺeique (ADN). Les donńees pro-

duites sont appeĺees lectures ou encore śequences. Elles sont repŕesent́ees sous la forme d'une châ�ne

de caract�eres dont le dictionnaire est compośe des quatre lettres correspondant aux quatre nucĺeotides

formant l'ADN : A pour adénine, C pour cytosine, T pour thymine et G pour guanine.

Depuis la �n du s équençage du premier ǵenome humain en 2003, des progr�es consid́erables ont

été réaliśes dans ce domaine. L'́evolution de ces technologies, retraćee dans [64], a permis d'augmenter

consid́erablement la quantité de donńees ǵenérées tout en diminuant les côuts de production. Ainsi,

en 2013 la socíeté Illumina proposait de séquencer n'importe quel ǵenome humain pour 1 000 dollars

en quelques heures, ce qui avait ńecessit́e deux milliards d'euros et quinze anńees de travail 25 ans

plus tôt. L'apport de ces avanćees technologiques ne s'arr̂ete pas l�a : la diversi�cation des protocoles

de śequençage permet aujourd'hui d'étudier un organisme �a diff érentes échelles biologiques. Des

protocoles existent pour étudier le génome, ensemble des g�enes d'un organisme, le transcriptome,

ensemble des ARNs transcrits, mais aussi l'épigénome, ensemble des ḿecanismes moĺeculaires qui

modulent l'expression du patrimoine génétique. Les donńees ainsi produites font partie de la famille

dite des omiques dans laquelle on retrouve aussi les donńees d́ecrivant le protéome, ensemble des

protéines exprimées, ou encore le ḿetabolome, ensemble des ḿetabolites.

Ces avanćees technologiques ont ŕevolutionnés de nombreux domaines d'applications, tels que

l'écologie microbienne, en permettant l'́etude du contenu ǵenétique d'échantillons issus d'environne-

ments complexes.

1.1.2 M�etag�enomique et m�etag�en�etique

Les micro-organismes regroupent l'ensemble deŝetres vivants microscopiques,i.e., non visible �a

l'œil nu, allant des bact́eries aux eucaryotes (champignons, animaux et plantes) tels que le plancton.

Ils jouent un r ôle vital dans le fonctionnement général de la biosph�ere en participant, par exemple, au

cycle du carbone ou encore au cycle de l'azote. Cependant, leur diversité sṕeci�que et fonctionnelle, les

mécanismes ŕegissant leur dispersion ainsi que leur histoireévolutive demeurent encore mal connus.

L'essor spectaculaire des techniques de séquençage a permis d'approfondir ces questions en donnant

acc�es �a une fraction des micro-organismes rest́ee jusqu'alors inaccessible par les ḿethodes culturales

[76].

La métaǵenomique et la métaǵenétique sont deux approches permettant l'́etude de métaǵenomes,

c'est �a dire de l'information g énétique de l'ensemble des micro-organismes vivant au sein d'un envi-

ronnement sṕeci�que. Cet ensemble d'organismes est appelé microbiote, et le milieu dans lequel ils

évoluent le microbiome. Ainsi, contrairement �a la génomique qui consiste�a étudier un unique génome,

la métaǵenomique, illustr ée dans la �gure 1.1 (a), extrait, fragmente et s équence l'ADN de l'ensemble

des ǵenomes des micro-organismes pŕesents dans un milieu donńe. La ḿetaǵenétique, illustr ée dans

la �gure 1.1 (b), s électionne tout d'abord un g�ene cible avant de śequencer une ŕegion ampli� ée

par PCR (Polymerase Chain Reaction).�A titre d'exemple, certaines ŕegions sṕeci�ques du g�ene de

l'ARN ribosomique 16S sont classiquement utiliśees en bact́eriologie. L'int érêt que suscite ce g�ene

vient du fait qu'il est pr ésent uniquement chez les bact́eries, mais aussi parce qu'il poss�ede des ŕegions

constantes, communes entre plusieurs esp�eces, et des ŕegions variables permettant de diff́erencier les

bact́eries entre elles.

Bien que la métaǵenomique offre une vue compl�ete d'un microbiote, elle reste encore aujourd'hui

une stratégie côuteuse et dif�cile �a mettre en place de part le volume et la complexit́e des donńees
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Figure 1.1 Strat égies de séquençage de m étagénomes. La métaǵenomique (a) fragmente l'en-
semble des ADNs pŕesents dans uńechantillon en courts fragments a�n de les śequencer.
Les śequences ainsi obtenues peuvent provenir de n'importe quel locus du ǵenome. La
métaǵenétique (b) sélectionne des g�enes cibles avant de les śequencer. Les śequences
représentent seulement les g�enes cibĺes.

générées. Pour cela, nous nous focaliserons dans la suite de ce chapitre sur la métaǵenétique, stratégie

utilis ée en routine en écologie microbienne.

Ces derni�eres anńees, de nombreux projets ont eu recours au śequençage massif de centaines de

métaǵenomes. Parmi ceux-ci, on peut citer le projet metaHIT (METAgenomics of the Human Intestinal

Tract), [49], HMP, ( Human Microbiome Project), [36] ou encore l'exp édition TARA oceans, [80, 17]. Les

deux premiers projets, metaHIT et HMP, cherchent�a explorer le microbiome humain a�n de mieux

comprendre les relations existant entre le microbiote intestinal et la sant́e humaine. L'exṕedition TARA

oceans, quant �a elle, se concentre sur l'́etude des micro-organismes vivant dans les diff́erents oćeans du

globe a�n d' étudier l'effet des variations environnementales sur ces populations. Pour cela, durant trois

ans, les scienti�ques du projet ont collecté de nombreux échantillons génomiques tout en effectuant

des relev́es des conditions physico-chimiques dans lesquelleśevoluent les organismes.

1.1.3 Analyses bio-informatiques

Suite au śequençage des diff́erents échantillons, les lectures produites sont pŕe-trait ées pour

supprimer les śequences de mauvaise qualit́e et les śequences chiḿeriques. Celles qui passent ces �ltres

sont ensuite tronquées a�n de conserver uniquement les portions de śequences correspondant�a la

région d'int érêt. Une fois les śequences� nettoyées� , elles peuvent alorsêtre utilis ées pour inf́erer un

arbre phylogénétique et pour déterminer la composition en esp�eces des diff́erents échantillons.

Phylog �en �etique mol �eculaire. De nombreuses analyses statistiques ([131, 143, 122, 111, 47])

utilisent l'information d' évolution entre esp�eces. Pour cela, elles int�egrent tr�es souvent dans leur calcul

un arbre phylogénétique, présent́e dans la �gure 1.2. Celui-ci offre une repr ésentation sch́ematique des

relations de parent́e existant entre différentes esp�eces ou groupe d'esp�eces. Un arbre phyloǵenétique est

un graphe compośe de nœuds et de branches. Les nœuds correspondent�a des unit́es taxonomiques qui

peuvent être hypothétique (HTU), si le nœud est interne, ou oṕerationnelle (OTU), dans le cas d'une

feuille. Les branches, quant�a elles, repŕesentent les relations de parent́es, i.e., anĉetre ou descendants,

entre les unités taxonomiques. L'ensemble des branchements de l'arbre constitue la topologie de

l'arbre.

Composition en esp �eces. Outre l'analyse phyloǵenétique, les lectures pŕe-trait ées permettent

d'explorer la diversit é en micro-organismes et la composition taxonomique des diff́erents échantillons.

Pour cela, deux strat́egies principales, pŕesent́ees dans la �gure 1.3, coexistent : la strat́egie close-

referenceet la stratégie de novo.
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Figure 1.2 Un arbre phylog énétique permet de repŕesenter les relationsévolutives entre les esp�eces
étudiées. Les nœuds internes F, G, H et I sont les unités taxonomique hypoth́etiques. Les
feuilles A, B, C, D et E sont les unit́es taxonomique oṕerationnelles. Le nœud I est la
racine de l'arbre.

Figure 1.3 Strat égies bio-informatiques pour l'analyse de donn ées de métagénétique. La
stratégie close-reference (a) attribue une af�liation taxonomique avant de regrouper
les śequences en taxons. La stratégie de novo(b), quant �a elle, regroupe les śequences en
OTUs avant de leur attribuer une taxonomie.

Les ḿethodes reposant sur la strat́egie close-reference, tel que Kraken [182] et plus ŕecemment

CLARK [127], cherchent en premier lieu �a regrouper les śequences�a analyser en taxons. Ces derniers

représentent des entit́es conceptuelles permettant de regrouper un ensemble d'organismes vivants

selon des crit�eres taxonomiques.�A titre d'exemple, l'esp�ece, le taxon de base, est le niveau taxonomique

le plus souvent utilisé car il regroupe des organismes dont le degŕe de ressemblance est́elev́e. Pour

cela, les śequences sont compaŕees une �a une avec une base de donńees de ŕeférence, tels que

Greengenes [45], Silva [140] et RDP [32] dans un contexte bact́erien. Cette comparaison est ŕealiśee

soit par le calcul d'un score d'alignement soit par classi�cation superviśee en utilisant pour la phase

d'apprentissage la composition enk-mers des śequences de la base de référence. Ces ḿethodes, bien

qu'ef�caces, ignorent les śequences absentes des bases de référence en leur attribuant l'étiquette
� inconnue � .

Les châ�nes de traitements utilisant la stratégie de novo, dont font partis BMP [139], Mothur [156]

et QIIME [25], commencent par regrouper les śequences en OTUs. Pour cela, toutes les séquences d'un

jeu de données sont compaŕees entre elles par alignement, avant de les regrouper selon un crit�ere

de similarit é et ceci ind́ependamment de leur taxonomie. Des degŕes de divergence correspondant

�a un seuil de similarit é de 95%, 97%, ou 99% sont traditionnellement accept́es pour la d́e�nition

d'une esp�ece. �A noter tout de même que ces seuils, bien qu'ils soient acceptés et utilisés, portent
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Table 1.1 Tableau de comptages extrait des données du projet TARA oceans. Les lignes corres-
pondent �a trois identi�ants d' échantillons et les colonnes�a cinq identi�ants repr ésentant
cinq OTUs diff́erents.

EF574663 JN547444 EU800201 EU802831 EF574345 . . .

T 109 SRF 358 275 256 247 87 . . .

T 149 MES 1 0 7 0 0 . . .

T 110 MES 62 61 90 76 0 . . .

encore aujourd'hui �a discussion. En effet, ceux-ci ontété choisis �a partir d'organismes isoĺes en

culture, organismes qui ne repŕesentent qu'une minorité de ceux pŕesents dans l'environnement.

Pour chaque OTU forḿe, une śequence, dite repŕesentante, est extraite selon diff́erentes ḿethodes :

śequence consensus, la plus longue ou encore la plus abondante. Cette séquence repŕesentante est

alors compaŕee �a une base de donńees de ŕeférence a�n de donner une af�liation taxonomique �a l'OTU

et son repŕesentant. Contrairement �a la stratégie close-reference, le regroupement en OTUs permet de

diff érencier des śequences d'esp�eces diff́erentes mais pour lesquelles aucune śequence de ŕeférence

n'existe.

Ces deux strat́egies sont conceptuellement diff́erentes et peuvent conduire�a des ŕesultats différents

en terme de composition �nale. Toutefois, toutes deux permettent de construire un tableau de

comptages d'esp�eces, similaire�a celui présent́e dans le tableau 1.1, point d'entŕee pour toute analyse

statistique en écologie microbienne. Dans la suite de ce chapitre, le terme esp�ece pourra aussi bien

désigner le taxon que l'OTU.

1.2 Analyses statistiques en �ecologie microbienne

Consid́erons un ensemble d'́echantillons, que l'on pourra aussi nommer communaut́es,(x i ) i =1 ;:::;n ,

pour lequel on dispose d'un tableau de comptages (tableau 1.1) repŕesent́e par une matrice, not́ee Y .

Cette matrice est de taillen � p, o�u n correspond au nombre d'́echantillons et p au nombre d'esp�eces

observ́ees dans l'ensemble deśechantillons. Les entŕees deY sont des valeurs de comptages, notées

yij , correspondant au nombre d'organismes de l'esp�ecej observ́es dans la communaut́e x i .

1.2.1 Normalisation

Les donńees de comptage obtenues lors d'un projet de śequençage en écologie microbienne

souffrent de biais techniques et de biais de sous-échantillonnage des communaut́es microbiennes.

Ainsi, le nombre de lectures obtenues par śequençage, aussi appeĺe profondeur de śequençage, peut

être tr�es différent entre échantillons. Cette différence emp̂eche la comparaison directe de plusieurs

échantillons et impose une normalisation des comptages bruts. La normalisation classiquement utiliśee,

la normalisation par somme totale, ou Total Sum Scaling normalisation(TSS), divise chaque comptage

brut par le nombre total d'organismes observ́es par échantillon :

~yij =
yijP p

j 0=1 yij 0

Cette normalisation conduit �a l'obtention de données d'abondance relative contenues dans

un simplex, aussi appeĺee donńees de composition. Ce type de donńees peut être analyśe �a l'aide

de la géométrie d'Aitchison [3] mais les op érations euclidiennes standards, telles que l'addition

et la multiplication ne sont plus utilisables. Dans la géométrie d'Aitchison, seuls les oṕerateurs de
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perturbation et de puissance sont disponibles et ceci uniquement pour des donńees de composition

non creuses. Pour pallier ces limitations, une strat́egie consiste�a projeter les comptages normaliśes par

la méthode TSS dans un espace euclidien, par une transformation en log-ratio centré, ou Centered Log

Ratio transformation (CLR) :

~y0
ij = log

~yij

p
q Q p

j 0=1 ~yij 0

:

Une strat́egie alternative, la normalisation par somme cumuĺee, ou Cumulative Sum Scaling

normalisation (CSS), a été dévelopṕee par [129] a�n de pallier le biais d'estimation d'abondance

diff érentielle de la normalisation TSS dans le cas de tables de comptages creuses [46]. La normalisation

CSS, conçue pour les donńees de ḿetaǵenétique, est une extension adaptative de la normalisation par

quantiles. Elle consiste�a diviser les comptages bruts par la somme cumulée des comptages jusqu'�a un

centile dé�ni �a partir des données.

Une alternative �a la normalisation consiste�a consid́erer que les observations,(x i ) i , suivent une loi

de probabilit é et �a en d́eterminer les param�etres. Dans le contexte de l'́ecologie microbienne, il semble

naturel de considérer que les observations sont distribúees selon une loi de Poisson. Cependant, comme

présent́e dans [179], les données de comptage issues du séquençage haut-d́ebit sont connues pour

être sur-disperśees et lorsque le niveau taxonomique est bas, les comptages bruts peuvent comporter

un nombre important de zéros. Ainsi, les distributions Poisson-Gamma, recommand́ees dans [113],

ou Poisson avec sur-abondance de zéros, propośees dans [180], sont souvent envisaǵees comme

alternative.

Une autre méthode ef�cace permettant d'éviter l' étape de normalisation consiste�a utiliser des

distances calcuĺees directement sur les comptages bruts. Dans la section suivante, les principales

distances utiliśees enécologie microbienne sont pŕesent́ees.

1.2.2 Analyse de la biodiversit �e

L'analyse de la biodiversit́e repose sur l'́etude des relations entre les variables, telles que l'abon-

dance ou la distance phyloǵenétique, caract́erisant les esp�eces et les communaut́es. Pour cela, diff́erents

indices ont été mis en place a�n d'étudier la biodiversit é au sein d'un échantillon unique, c'est la diver-

sité � , et entre échantillons, c'est la diversit́e � . La diversité  , quant �a elle, correspond�a la diversité

�a l'échelle ŕegionale en mesurant le taux d'addition de nouvelles esp�eces quand onéchantillonne le

même habitat en différents endroits.

Diversit �e � . L'idée la plus simple a�n de décrire une communaut́e microbienne est la richesse, terme

dé�nissant le nombre d'esp�eces observ́ees dans un milieu donńe. Dans l'exemple (a) de la �gure 1.4,

la richesse permet de mettre enévidence la différence en diversit́e entre les échantillons A et B.

Cependant, cette mesure n'est plus suf�sante dans l'exemple (b), car celle-ci ne prend pas en compte

l'abondance de chaque esp�ece et donne ainsi trop d'importance aux esp�eces rares.

L'indice de Shannon, ou entropie de Shannon, introduit par [159], est un exemple de diversité �

re� étant aussi bien le nombre d'esp�eces que leurs abondances. Pour uńechantillon x i donné, cette

mesure est d́e�nie par H (x i ) = �
P p

j =1 ~yij ln ~yij . Ainsi, si l'on reprend l'exemple (b) de la �gure 1.4,

l'échantillon A, obtient une valeur de diversit é de 1.09, l�a o�u l' échantillon B n'obtiendrait que 0.72,

résultat plus représentatif de la différence de diversit́e entre ces deuxéchantillons. Sansêtre exhaustif,

il existe d'autres estimateurs, poursuivant différents objectifs, tels que la richesse Chao [26], l'indice

de Simpson [161] ou encore l'indice de Berger–Parker [12].

Diversit �e � . Cette mesure de biodiversit́e dé�nit une dissimilarit é entre deux échantillons. Pour cela,

certains indices, tels que les indices de Jaccard ([79]) et Sørensen ([164]), traitent les esp�eces rares et
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Figure 1.4 Dans l'exemple (a), l'́echantillon B est plus diversi� é que l'́echantillon A car il contient
deux fois plus d'esp�eces. Dans l'exemple (b), bien que l'́echantillon B contienne plus
d'esp�eces, il semble moins diversi�́e que l'́echantillon A.

abondantes de façon égale en comparant uniquement le nombre d'esp�eces partaǵees et uniques entre

les échantillons. L'indice de Jaccard est d́e�ni par

dJac (x i ; x j ) =

P p
s=1

�
I f y is > 0; y js =0 g + I f y js > 0; y is =0 g

�

P p
s=1 I f y is + y js > 0g

:

D'autres indices, telle que la dissimilarit́e de Bray–Curtis, propośee par [21], compl �etent ces premi�eres

mesures en traitant non pas les esp�eces mais les organismes de façon identique. Ceci permet ainsi de

prendre en compte l'abondance mais rend cette mesure d́ependante de la taille d'́echantillonnage. Elle

est d́e�nie par

dBC (x i ; x j ) =

P p
s=1 jyis � yjs j

P p
s=1 (yis + yjs )

:

La distance UniFrac, propośee par [100, 101], diff �ere des mesures de dissimilarit́es tel que

Bray-Curtis par l'utilisation d'informations d' évolution en incluant dans son calcul les distances phy-

logénétiques entre organismes observ́es. Elle prend en compte la pŕesence ou l'absence d'organismes

entre deux échantillons en calculant la fraction de la longueur totale des branches qui n'est pas

commune entre leséchantillons. Pour cela, consid́erons deux échantillons x i et x j et un arbre phy-

logénétique compośe de B branches. Pour chaque brancheb 2 [1; : : : ; B ], lb représente la longueur de

la branche b et r ib le ratio de taxa descendants de la brancheb et provenant de l'échantillon x i . La

distance UniFrac est alors d́e�nie par

dUF (x i ; x j ) =

P B
b=1 lb(I f r ib > 0; r jb =0 g + I f r jb > 0; r ib =0 g )

P B
b=1 lbI f r ib + r jb > 0g

Dans sa version pond́erée, cette distance prend en compte l'abondance relative des différents or-

ganismes observ́es. Cette version est tr�es utilisée dans lesétudes de ḿetaǵenétique car les lectures

obtenues par śequençage, de l'ordre du million, apportent une information quantitative. La distance

UniFrac pond́erée s'́ecrit sous la forme

dwUF (x i ; x j ) =

P B
b=1 lbjr ib � r jb j

P B
b=1 (r ib + r jb )

:

Plus ŕecemment, [28] a proposé une version ǵenéralisée de la distance UniFrac et de sa version

pondérée avec pour objectif de diminuer la trop grande importance que pouvaient prendre les lignages

abondants ou rares. Cette variante de la distance UniFrac est d́e�nie par

d( � )
gUF (x i ; x j ) =

P B
b=1 lb(r ib + r jb ) � j

r ib � r jb
r ib + r jb

j
P B

b=1 lb(r ib + r jb ) �
;
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o�u � 2 [0; 1] contrôle la contribution des lignages abondants ou rares et
P B

b=1 lb(r ib + r jb ) � est un

facteur de normalisation permettant �a la distance d'̂etre comprise entre 0 et 1.

1.2.3 Exploration de la structure de populations microbiennes

La comparaison de plusieurs communaut́es microbiennes implique l'́etude de la biodiversité, mais

aussi de la structure existant entre les communaut́es, i.e., de la façon dont les données sont organiśees.

Pour cela, les analyses exploratoires sont une premi�ere étape importante. On y retrouve l'analyse en

composantes principales (ACP), la classi�cation non superviśee mais aussi des outils de visualisation.

Les ḿethodes d'ordination, telle que l'ACP, permettent l'analyse multivariée de la matrice des

comptages, Y . Cependant, le crit�ere de variance utiliśee par l'ACP est peu adapt́e aux donńees

de diversités microbiennes. Des ḿethodes telles que l'analyse en coordonńees principales (PCoA),

introduite par [168], aussi connue sous le nom de positionnement multidimensionnel ( Multidimensional

scalingou MDS) ou encore la double analyse en coordonńees principales (DPCoA), propośee par [131],

sont des extensions de l'ACP adaptées aux ḿetriques liées �a la diversité � . �A titre d'exemple, la

�gure 1.5 (a), extraite de [170], montre la structure des communaut és planctoniques eucaryotes

présentes en surface des océans temṕerés et tropicaux.

Figure 1.5 Exemples d'analyses exploratoires. (a) Représentation des communaut́es plancto-
niques eucaryotes�a l'aide d'une PCoA (distance de Bray-Curtis), [170]. Chaque symbole
représente unéchantillon correspondant �a une profondeur (la forme) et �a la taille des
organismes de la fraction (la couleur). (b) Structure des communautés planctoniques de
l'océan Indien (IO), l'oc éan Atlantique sud (SAO), l'oćean Austral (SO) et de la zone de
l'anneau des Aiguilles (stations 68 et 78, en rouge), [174]. (c) Graphe de co-occurences
entre les 11 échantillons, étudiés dans [174]. La largeur de chaque arr̂ete est proportion-
nelle au nombre d'esp�eces partaǵees entreéchantillons.

La structure existante entre esp�eces etéchantillons peut être explorée �a l'aide de la combinaison

d'une heat mapet d'une classi�cation ascendante híerarchique (CAH), [178]. Dans la �gure 1.5 (b),

provenant de [174], la heat mappermet de visualiser les donńees de comptages et la CAH ŕev�ele

l'existence d'une structure entre les esp�eces et leśechantillons. Outre ces ḿethodes, les graphes de

co-occurences, comme celui pŕesent́e dans la �gure 1.5 (c), sont un outil ef�cace pour af�cher et

explorer les interactions entre micro-organismes, [53, 98, 174, 66].

Pour faciliter ces analyses, des outils int́egrant diff érentes visualisations sont mis�a disposition

des biologistes. Certaines applications comme mg-RAST [117] ou FROGS [52] permettent l'analyse

automatique d'un métaǵenome, d'autres sont d́ediées �a l'analyse de viromes [152] ou utilisent la

structure hiérarchique des donńees pour faciliter l'exploration des données [176]. Bien que certains de

ces outils utilisent l'information phylog énétique, l'ensemble des ḿethodes exploratoires disponibles
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pour étudier la structure de populations microbiennes ne permettent pas l'analyse simultańee de jeux

de données omiques h́etérog�enes.
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Chapitre 2
Cadre statistique

Les ḿethodes statistiques exploratoires sont une famille de ḿethodes permettant de faciliter

la visualisation des donńees et de ŕev́eler leur structure sous-jacente. On y retrouve les ḿethodes

de projection, telle que l'analyse en composantes principales (ACP), et les ḿethodes de classi�ca-

tion non supervisée, telles que les cartes auto-organisatrices ouSelf-Organizing Maps(SOM).

Ces ḿethodes sont peu adapt́ees au traitement des donńees omiques qui sont tr�es souvent

massives et de natures h́etérog�enes. Plus pŕeciśement, comme pŕesent́e dans le chapitre 1, en

écologie microbienne, les donńees�a analyser peuvent prendre la forme de tableaux de comptage,

d'arbres phyloǵenétiques, de matrices de distance ou encore de graphes de co-occurences. Ces

données peuvent aussi provenir de sources différentes et caract́eriser différents types micro-

biens : bact́eries, virus ou encore eucaryotes. Pour traiter et int́egrer ces donńees, les ḿethodes�a

noyaux représentent un cadre naturel, mais ńecessitent des adaptations a�n de diminuer leurs

complexités algorithmiques et d'aḿeliorer l'interpr étabilit é de leurs mod�eles. Les contributions

propośees dans le cadre de cette th�ese, pŕesent́ees dans le chapitre 3, abordent ces problématiques

en s'appuyant sur diff́erents concepts et ḿethodes pŕesent́es dans ce chapitre.

Les deux premi�eres sections introduisent les noyaux, les ḿethodes exploratoires�a noyaux

et leurs problématiques, illustrées �a l'aide de l'ACP et du SOM. La troisi�eme section aborde

diff érents aspects de la gestion des donńees massives en algorithmique et la quatri�eme pŕesente

diff érentes approches d'int́egration de données.



2.1 Les noyaux

2.1.1 D�e�nition g �en�erale

Consid́erons (x i ) i =1 ;:::;n un ensemble d'observations qui prennent leurs valeurs dans un espace

arbitraire X . Par exemple, ces donńees peuventêtre un ensemble d'images ou encore un ensemble de

śequences de nucĺeotides dans un contexte biologique. Un noyau est une fonctionK : X � X ! R

qui peut être évaluée pour toute paire d'observations : K ij = K (x i ; x j ). Cette fonction doit être

symétrique (8 x i ; x j 2 X , K ij = K ji ) et positive ( 8 n 2 N; 8 (� i ) i =1 ;:::;n � R; et 8 (x i ) i =1 ;:::;n �

X ;
P n

i;i 0=1 � i � i 0K ii 0 � 0).

Comme d́emontré par [7], lorsque ces conditions sont remplies, le noyau d́e�nit un produit

scalaire dans un espace de Hilbert sous-jacent. Plus préciśement, il existe un unique espace de Hilbert

(H ; h:; :i H ), nommé espace image, et une fonction� : X ! H , appeĺee fonction image, tels que

8 x i ; x j 2 X ; K (x i ; x j ) = h� (x i ); � (x j )i H : (2.1)

Dans le cas o�u X = Rp , un exemple de noyau, appeĺe noyau linéaire, est

8x i ; x j 2 Rp ; K ij = xT
i x j = hx i ; x j i Rp :

D'autres exemples de noyaux adapt́es �a l'analyse de donńees biologiques peuvent̂etre cités, comme

le noyau spectral [97], le noyau mismatch[96], le noyau de Fisher [78] ou encore celui proposé par

[172] permettant l'analyse d'arbres phylogénétiques.

2.1.2 L'astuce noyau

L'astuce noyau, oukernel trick, est baśee sur le fait que l'on peut calculer le produit scalaire

h� (x i ); � (x j )i H directement, sans jamais avoir�a calculer explicitement � (x i ) et � (x j ). A�n d'illustrer

ce principe, prenons deux observationsx i ; x j 2 X projetés en deux vecteurs� (x i ) et � (x j ) dans H .

On peut alors d́e�nir une distance d(x i ; x j ) entre deux observations par la distance entre leurs images

dans l'espace de Hilbert :

d(x i ; x j ) = k� (x i ) � � (x j )kH : (2.2)

L'astuce noyau permet de ŕeécrire la distance, d́e�nie dans l' équation (2.2), seulement en terme de

valeurs du noyau, sans passer par le calcul de� :

d(x i ; x j ) =
p

K ii + K jj � 2K ij :

L'astuce noyau autorise donc des calculs implicites dans l'espace imageH bien que ni celui-ci ni la

fonction image � n'aient besoin d'̂etre connus.

2.1.3 Int �erêts pratiques des noyaux

L'astuce noyau, pŕesent́e dans la section 2.1.2, a des conśequences pratiques importantes. C'est, en

premier lieu, une astuce tr�es pratique a�n de convertir un algorithme utilisant des donn ées vectorielles

en une méthode pouvant utiliser n'importe quel type de données. Cette astuce est cependant restreinte

aux nombreux algorithmes faisant intervenir un produit scalaire, un calcul d'une norme ou d'une

distance, car il implique de remplacer ce calcul par un noyau plus ǵenéral dé�ni pour des donn ées plus

complexes.
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L'utilisation des noyaux permet aussi de transformer un probl�eme initialement non-lin éaire en

un probl�eme linéaire en projetant les donńees initiales dans un espace de plus grande dimension,H .

A�n d'illustrer cette propri été, consid́erons le jeu de donńees non lińeairement śeparable pŕesent́e �a

gauche de la �gure 2.1 avec ses deux cercles concentriques. Une transformation� : R2 ! R3 , tel que

� ([x; y ]) = [ x; y; x 2 + y2 ], conduit �a une repŕesentation linéairement śeparable de ces donńees, comme

présent́e �a droite de la �gure 2.1. Ainsi, un jeu de donn ées non lińeairement śeparable dansRp peut

Figure 2.1 �A gauche, un jeu de donńees dansR2 , non lin éairement śeparable. �A droite, le même jeu
de données transforḿe par [x; y ] = [ x; y; x 2 + y2 ], lin éairement śeparable dansR3 .

être lin éairement śeparable dans un espace de plus grande dimensionRq (avec q � p).

Ces propríetés permettent aux nombreuses ḿethodes deMachine Learningutilisant les noyaux

d'être particuli �erement pertinentes pour analyser les donńees de biologie computationnelle [157].

2.1.4 Le cas des donn�ees de dissimilarit �e

Comme pour les noyaux, les dissimilarit́es d́ecrivent les observations d'un jeu de donńees deux�a

deux, conduisant �a l'obtention d'une matrice de dissimilarit é � , dont les entrées� (x i ; x j ) représentent

une valeur de dissimilarité entre les observationsx i et x j . On suppose que� poss�ede des propríetés

basiques : la positivit́e des entŕees (� (x i ; x j ) � 0), la symétrie ( � (x i ; x j ) = � (x j ; x i )) ) ainsi qu'une

diagonale nulle (� (x i ; x i ) = 0 ).

Si la dissimilarit é � est euclidienne, alors, comme le sugg�ere [95], la similarit é dé�nie par

K (x i ; x j ) = �
1
2

 

� (x i ; x j ) �
1
n

nX

k =1

(� (x i ; xk ) + � (xk ; x j )) +
1

n2

nX

k; k 0=1

� (xk ; xk 0)

!

; (2.3)

est un noyau et les distances entre observations dans l'espace image induit par le noyau sont données

par � .

Dans le cas d'une dissimilarit́e non euclidienne, dé�nie dans l' équation (2.3), K n'est pas un

noyau. Sa d́ecomposition en valeurs singuli�eres, peut conduire�a des valeurs propres ńegatives. Cette

décomposition est donńee par K = UT � U, o�u U est une matrice orthogonale, dont les colonnes sont

les vecteurs propres deU, et o�u � = diag(� 1 ; : : : ; � n ) avec � 1 � � 2 � : : : � � n , est une matrice

diagonale dont les coef�cients sont les valeurs propres deU. A�n de convertir des similarit és en

noyaux, plusieurs méthodes ont été propośees par [30], tel que la troncature spectrale, ou spectrum clip

et l'inversion spectrale, ou spectrum �ip. La premi�ere convertit K en une matrice positive en mettant �a

zéro toutes les valeurs propres ńegatives, tel que

� clip = diag(max( � 1 ; 0); : : : ; max(� n ; 0)):
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Un noyau peut alors être obtenu par K clip = K T � clip K . A�n de prendre en compte la partie n égative

de la décomposition en valeurs singuli�eres deK , l'inversion spectrale inverse les valeurs propres

négatives par

� f lip = diag(j� 1 j; : : : ; j� n j);

avant de calculer le noyauK f lip = K T � f lip K .

2.2 Analyses exploratoires et noyaux

Une approche ǵenérale permettant aux méthodes de classi�cation et de fouille de données d'̂etre

génériques quant �a la nature des donńees�a traiter est de se baser sur les matrices de dissimilarit́e

ou les noyaux, pŕećedemment introduits dans la section 2.1. Dans cette section, nous pŕesenterons,

dans un premier temps, des exemples de ḿethodes de classi�cation non superviśee pour lesquelles

une version noyau aété propośee. Puis, nous nous int́eresserons aux modi�cations ńecessaires a�n de

convertir une méthode standard en une version�a noyau. Ces modi�cations seront illustrées sur deux

méthodes d'analyse exploratoire : l'ACP et le SOM.

2.2.1 Classi�cation non supervis �ee �a noyau

La classi�cation non superviśee est une approche tr�es commune pour l'exploration de donńees.

Contrairement aux méthodes de classi�cation superviśees, qui ont un objectif de pŕediction, les

approches non superviśees regroupent les observations similaires dans des classes sansa priori ,

uniquement �a partir des données. Pour cela, diff́erentes approches se distinguent.

Une premi�ere approche, la classi�cation ascendante híerarchique (CAH) propośee par [178],

est naturellement capable de traiter les donńees de dissimilarit́e. Cette ḿethode proc�ede de mani�ere

hiérarchique �a l'agrégation de classes, en se basant sur une distance et un crit�ere d'agŕegation utilisant

cette distance (méthode de Ward, distance minimale, distance maximale, . . . ). La CAH est dite

ascendante car dans sońetat initial chaque classe est constitúee d'une seule observation, avant

d'être, au cours des it́erations, rassembĺee en classes de plus en plus grandes. La hiérarchie produite

peut ensuite être visualiśee �a l'aide d'un dendrogramme qui permet d'obtenir la classi�cation des

observations en choisissant une hauteur de troncature.

D'autres types d'approches se basent sur la dé�nition d'un centro �̈de, correspondant au centre

de gravité d'une classe. L'algorithme desk-moyennes partitionne les observations enk classes en

minimisant la distance entre les observations d'une classe et le centrö�de correspondant. Celui-ci

s'́etend de mani�ere évidente aux donńees d́ecrites par un noyau [157] et aux données de dissimilarit́e

grâce �a l'algorithme des k-médö�des [81]. Dans cette derni�ere version, les centrö�des de chaque classe

ne pouvant être directement calcuĺes, ils sont remplaćes par la solution optimale recherch́ee parmi

les donńees d'origine plutôt que dansX . [150] propose une alternative, basée sur le cadre th́eorique

d'espace pseudo-euclidien [7, 62], qui est proche de l'approche noyau en utilisant une combinaison

lin éaire parcimonieuse des observations pour repŕesenter les centrö�des.

2.2.2 Analyse en composantes principales

L'ACP est une ḿethode de ŕeduction de dimension cherchant �a projeter des donńees de grande

dimension, (x i ) i =1 ;:::;n 2 Rp , dans un espace de dimension plus faible,Rq , avec q � p. Pour cela,

les variables observ́ees sont d́ecompośees en un ensemble de variables lińeairement décorrélées les

unes des autres, appeĺees composantes principales. Ces derni�eres peuventêtre obtenus �a l'aide des
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vecteurs propres de la d́ecomposition spectrale,C� = � � , o�u C représente la matrice de covariance

des variables d'entŕee, telle queCij = hx i ; x j i . Les composantes principales correspondent alors aux

coordonnées des projections des donńees parP� k (x i ) = h� k ; x i i sur la nouvelle base de repŕesentation

des donńees, d́e�nie par les vecteurs propres (� k )k =1 ;:::;n . Les composantes ainsi d́e�nies peuvent alors

servir de base a�n de projeter les donńees. Cette projection autorise non seulement une repŕesentation

graphique simpli� ée des donńees, mais permet aussi une ŕeduction de dimension des observations.

Dans le cadre de l'ACP, la projection des donńees est lińeaire, mais de nombreuses approches non

lin éaires existent, comme celles pŕesent́ees dans [95], ou encore l'ACP�a noyau.

ACP �a noyau (K-PCA). L'analyse non-lińeaire en composante principale, introduite par [158], est

une ACP ŕealiśee dans l'espace image(H ; h:; :i ) induit par le noyau. Pour cela, les donńees doiventêtre

centrées dans l'espace image, de telle sorte que
P n

i =1
e� (x i ) = 0 , par

eK ij =

*

� (x i ) �
1
n

nX

l =1

� (x l ); � (x j ) �
1
n

nX

l =1

� (x l )

+

= K ij �
1
n

nX

l =1

(K il + K jl ) +
1

n2

nX

l;l 0=1

K ll 0: (2.4)

Ce qui conduit �a l'obtention du noyau centré eK = K � 1
n I T

n K � 1
n K I n + 1

n 2 I T
n K I n , dans lequel I n

est un vecteur avecn valeurs égales�a 1.

L'ACP�a noyau correspond�a la décomposition en valeurs singuli�eres de la matriceC, dont les

entrées sont d́e�nies par :

Cij = he� (x i ); e� (x j )i H ;

correspondant �a la matrice de covariance des images centŕees des donńees d'origine par e� (la fonction

image assocíee au noyau centŕe eK ). Les vecteurs propres,(� k )k =1 ;:::;n 2 Rn et les valeurs propres

assocíees sont obtenus en ŕesolvant le probl�eme de d́ecomposition en valeurs singuli�eres,C� = � � .

Ce qui estéquivalent, grâce �a l'astuce noyau,�a la résolution du probl�eme suivant

eK � = � � : (2.5)

Ces vecteurs propres,(ak )k =1 ;:::;n 2 H se trouvent dans l'espace engendŕe par f e� (x i )gi =1 ;:::;n et

peuvent s'exprimer sous la forme

ak =
nX

i =1

� ki e� (x i )

o�u � k = ( � ki ) i =1 ;:::;n . ak = ( aki ) i =1 ;:::;n sont orthonormées dansH :

8 k; k0; hak ; ak 0i = � >
k eK � k 0 = � kk 0 avec � kk 0 =

�
0 si k 6= k0

1 sinon
:

Les composantes principales sont les coordonńees des projections des images des données

d'origine, ( e� (x i )) i sur les vecteurs propres(ak )k � 1 qui peuvent s'exprimer par

hak ; e� (x i )i =
nX

j =1

� kj eK ji = eK i: � k ;

o�u � k = ( � ki ) i =1 ;:::;n et eK i: est la i -�eme ligne du noyau eK . Selon l'́equation (2.5), on obtient ainsi

hak ; e� (x i )i = � k � ki . Les donńees de l'espace d'origine peuvent alorŝetre projetées sur les axes avec

Pak ( e� (x i )) = hak ; e� (x i )i ak = ( � k � ki )ak :

Ces coordonńees sont utiles a�n de représenter leséchantillons dans un espace de faible dimension

et de mieux comprendre les relations qui les lient. Cependant, contrairement�a l'ACP standard, la

K-PCA ne permet pas de repŕesenter les variables, leśechantillons étant décrits par leurs relations,
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�a travers le noyau, et non pas par des valeurs nuḿeriques standards. Les composantes principales

sont, quant �a elles, plus dif�ciles �a interpr éter car celles-ci sont d́e�nis par leur similarit é �a tous les

échantillons. De plus, la complexit́e de la d́ecomposition en valeur singuli�ere, O(n3), fait de la K-PCA

une analyse mal adapt́ee aux jeux de donńees dans lesquels le nombre d'observations,n, est grand.

Autres extensions de la PCA adapt �ees aux donn �ees d �ecrites par une dissimilarit �e. La PCoA

(ou MDS), permet d'explorer les similarit és existant entre observations d'un jeu de donńees. Comme

l'ACP, la PCoA cherche�a représenter les observations(x i ) i =1 ;:::;n dans un espace de dimensionq,

o�u q � p, par q coordonnées principales(ai ) i =1 ;:::;q . Les donńees sont initialement décrites par

une matrice de distanceD , dont les entréesdij sont dé�nies par une valeur de distance entre les

observationsx i et x j . Cette distance peutêtre la distance usuelle deRp , et dans ce cas la PCoA est

équivalente �a une ACP. Mais elle peut aussîetre obtenue �a l'aide des distanceśecologiques pŕesent́ees

dans la section 1.2.2. La PCoA minimise une fonction de côut S(a1 ; : : : ; an ), appeĺee stress, permettant

de préserver les proximit́es entre observations :

S(a1 ; : : : ; an ) =
nX

i =1

nX

j =1 ;j 6= i

(bij � h ai ; aj i )2 ;

avecbij , les éléments de la matriceB , obtenue par double centrage deD , par B = ( I � 1
n J )D 2(I � 1

n J ),

o�u J est une matrice de taille n � n ne contenant que des1. Les coordonńees principales,(ai ) i =1 ;:::;d ,

peuvent être obtenus �a l'aide desq premiers vecteurs propres de la d́ecomposition spectrale,B � = � � ,

par A = diag(
p

� )� T .

[131] propose une extension �a la PCoA, la DPCoA, avec l'objectif d'int́egrer une matrice d́ecrivant

les différences entre esp�eces (diff́erences phyloǵenétiques, morphologiques, biologiques, . . . )�a l'analyse

d'une matrice d'abondance. L'astuce de cette ḿethode réside dans la d́e�nition d'un espace euclidien

commun, qui permet de prendre en compte aussi bien les informations relatives aux esp�eces qu'aux

échantillons. Pour cela, leséchantillons sont positionnés dans l'espace engendré par la PCoA, ŕealiśee

sur la matrice des distances entre esp�eces. Les coordonńees deśechantillons correspondent alors�a la

moyenne pond́erée des esp�eces qu'ils contiennent, pond́eration réaliśee sur leur abondance.

Probl �ematique abord �ee : Dans le cadre de ma th�ese, je me suis int́eresśe �a divers aspects líes �a la

K-PCA : i) l'interpr étabilit é des ŕesultats dans le chapitre 8, avec une application sur les donńees du

projet TARA oceans; ii) la complexit é cubique de la K-PCA dans le chapitre 7, [109] ; iii) et l'int érêt que

représente la K-PCA pour aḿeliorer l'ef�cacit é de la version noyau des cartes auto-organisatrices dans

le chapitre 7, [109].

2.2.3 Cartes auto-organisatrices.

Les cartes auto-organisatrices, introduites par [86], sont une ḿethode de classi�cation non

superviśee permettant d'allier projection de données et classi�cation. Initialement inspir ées par des

principes biologiques, elles font partie de la famille des ŕeseaux de neurones arti�ciels.

L'algorithme, présent́e dans la �gure 2.2, projette les données sur une carte qui discŕetise l'espace

de données en le divisant enU neurones, ou unités, interconnect́es. Diff́erentes topologies peuvent

être assocíees�a la carte permettant de d́e�nir une � distance � entre les unités qui la composent ainsi

qu'une forme, souvent ŕeguli�ere et rectangulaire. �A chaque neuroner u (u = 1 ; : : : ; U), est assocíe

un prototype pu qui prend ses valeurs dans le m̂eme espace que les donńees initiales (x i ) i =1 ;:::;n . Ce

prototype, qui est un représentant du neurone dans l'espace des donńees, est donc un vecteur deRp .

Dans le cas o�u les données sont nuḿeriques, la version stochastique du SOM, alterne,�a chaque

it ération t de l'algorithme, une étape d'affectation et une étape de repŕesentation. La premi�ere étape

cherche�a affecter une observation, choisie aĺeatoirement parmi l'ensemble des donńees, au neurone

dont le prototype est le plus proche par

f t (x i ) = arg min
u =1 ;:::;U

kx i � pt � 1
u kRp ;
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o�u f t (x i ) représente l'unité, ou la classe pour reprendre le vocabulaire de la classi�cation non

superviśee, �a laquelle l'observation x i a été affect́ee. Le prototype du neurone vainqueur, ainsi que

ceux des neurones voisins, sont ensuite mis�a jour selon une étape de pseudo-descente de gradient

stochastique lors de la phase de repŕesentation :

pt
u = pt � 1

u + � t h
t (f t (x i ); u)

�
x i � pt � 1

u

�
:

L'importance de la mise �a jour est déterminée par la valeur d'un pas d'apprentissage,� t , et par

une fonction ht qui mesure une similarité entre deux neuronesu et u0 et qui est ǵenéralement soit

constante par morceaux, soit gaussienne :ht (u; u0) = exp
�

� D ( u;u 0)
2� 2

�
, o�u D est une distance entre

unit és qui d́e�nit la topologie de la carte. En g énéral, la taille du voisinage est d́ecroissante au cours

de l'apprentissage (dans le cas du voisinage gaussien, c'est le param�etre � qui permet de contrôler la

décroissance). L'algorithme complet est fourni dans l'algorithme 1.

Figure 2.2 Algorithme des cartes auto-organisatrices. Chaque neurone de la grille est associé �a
un prototype qui le repr ésente dans l'espace d'origine. Une observationx i est choisie
aléatoirement. L'observation x i est affect́ee au neurone vainqueur v, i.e., le neurone
orange, dont le prototype pv est le plus proche dans l'espace d'entŕee. Le prototype
vainqueur, pv , ainsi que les prototypes voisins sont mis�a jour dans la direction de x i lors
de l'étape de repŕesentation.

Algorithm 1 SOM, version stochastique

Require: Données :(x i ) i =1 ;:::;n 2 Rp

1: Initialisation al éatoire de p0
1,...,p0

U dans Rp

2: for t = 1 ! T do
3: Śelection aléatoire de i 2 f 1; : : : ; ng
4: Affectation

f t (x i ) = arg min
u=1 ;:::;U

kx i � pt � 1
u kRp

5: Repŕesentation pour 8; u = 1 ; : : : ; U

pt
u = pt � 1

u + � t ht (f t (x i ); u)
�
x i � pt � 1

u

�

6: end for
7: return (pT

u )u et (f T (x i )) i

L'un des grands avantages des cartes auto-organisatrices est qu'elles permettent de visualiser

la topologie des observations dans l'espace de d́epart. Ainsi, les prototypes de neurones voisins

doivent être proches dans l'espace de d́epart et les observations proches dans l'espace de départ sont
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habituellement clasśees dans des neurones voisins sur la grille. Cependant, l'algorithme, dans sa version

initiale, n'est pas adapt́e aux donńees non vectorielles car leśetapes d'affectation et de repŕesentation

sont explicitées dansRp .

Probl �ematique abord �ee : Dans le contexte de ma th�ese, j'ai abord́e la problématique de l'instabilit é

des ŕesultats du SOM stochastique : plusieurs ex́ecutions de l'algorithme avec les m̂emes param�etres

peuvent conduire �a des ŕesultats assez diff́erents. L'approche d'agŕegation propośee, pŕesent́ee dans

le chapitre 4, prend en compte l'information de topologie, pour améliorer la qualit é et réduire la

variabilit é des ŕesultats du SOM, [105].

Cartes auto-organisatrices �a noyau (K-SOM). Lorsque les donńees ne sont pas vectorielles, se

posent les questions de la d́e�nition des prototypes dans l'espace initial ainsi que du calcul de la

distance entre une observation et un prototype, ńecessaire lors de l'́etape d'affectation de l'algorithme.

Pour cela, plusieurs extensions du SOM ont́eté propośees : le SOM ḿedian [84, 87] et ses variantes [5,

50], le SOM relationnel [68] ou encore le SOM �a noyau [65, 103]. Les limitations et les perspectives

de ces ḿethodes sont discut́ees dans [148]. Ici, nous nous restreindrons au K-SOM, la version noyau

du SOM, propośee dans sa version stochastique dans [103, 6]. Dans cette version, les prototypes sont

représent́es dans l'espace image(H ; h:; :i H ), car celui-ci est un espace vectoriel standard muni des

opérateurs usuels, contrairement�a l'espace initial X dans lequel évoluent les donńees. Ainsi, dans

cette version de l'algorithme, les prototypes s'expriment comme des combinaisons convexes des images

par � des donńees initiales :

pu =
nX

i =1

 ui � (x i ) avec  ui � 0 et
nX

i =1

 ui = 1 : (2.6)

L'́etape d'affectation affecte l'observationx i au neurone dont le prototype est le plus proche au sens de

la distance dans l'espace imageH , et ceci, seulement en terme de valeurs du noyau, sans passer par le

calcul de � , grâce �a l'astuce noyau :

f t (x i ) = arg min
u =1 ;:::;U

k� (x i ) � pt � 1
u k2

H

= arg min
u =1 ;:::;U

k� (x i ) �
nX

j =1

 uj � (x j )k2
H

= arg min
u =1 ;:::;U

 

K ii � 2
nX

j =1

 uj K ij +
nX

j;j 0

 uj  uj 0K jj 0

!

:

(2.7)

L'́etape de repŕesentation, quant �a elle, s'́ecrit

pt
u = pt � 1

u + � t h
t (f t (x i ); u)

�
� (x i ) � pt � 1

u

�
;

ce qui estéquivalent �a

 t
u =  t � 1

u + � t h
t (f t (x i ); u)

�
1n

i �  t � 1
u

�
;

avec1n
i un vecteur de taille n avec pour seule valeur non nulle, l'entŕee i égale�a 1. La version compl�ete

de l'algorithme est présent́ee dans l'algorithme 2.

Les probl�emes du K-SOM apparaissent lorsque le nombre d'observations,n, est grand. Le nombre

total de coef�cients  ui �a apprendre est alorségal �a n � U, ce qui conduit �a une complexit́e deO(n2U),

pour une it ération, au lieu de O(pU) + O(npU) pour la version numérique standard du SOM dansRp .

De plus, [126] montre que l'algorithme n écessite un nombre d'it́erations de l'ordre de �n a�n d'obtenir

de bonnes propríetés de convergence. Ce qui conduit�a une complexit́e globale du K-SOM deO(�n 3U).

Ceci restreint son utilisation aux jeux de donńees compośes de quelques milliers d'observations. De

plus, comme pŕesent́e dans [148], l'interpr étation de la carte est plus complexe. En effet, dans le SOM

standard, les prototypes peuventêtre facilement interpr étés car ils utilisent les m̂emes variables que

celles d́ecrivant les observations du jeu de donńees d'entŕee. Dans sa version�a noyau, les prototypes
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Algorithm 2 SOM �a noyau, version stochastique

Require: Données :(x i ) i =1 ;:::;n 2 X
1: 8u = 1 ; : : : ; U et 8i = 1 ; : : : ; n initialiser  0

ui aléatoirement dans [0; 1] tel queP n
i =1  0

ui = 1 Result : p0
u =

P n
i =1  0

ui � (x i )
2: for t = 1 ! T do
3: Śelection aléatoire de i 2 f 1; : : : ; ng
4: Affectation

f t (x i ) = arg min
u=1 ;:::;U

k� (x i ) � pt � 1
u k2

H

5: Repŕesentation pour 8; u = 1 ; : : : ; U

 t
u =  t � 1

u + � t ht (f t (x i ); u)
�
1n

i �  t � 1
u

�
;

avec1n
i un vecteur de dimension n avec pour seule valeur non nulle, l'entŕee i égale

�a 1.
6: end for
7: return (pT

u )u et (f T (x i )) i

sont dé�nis par leur proximit é �a toutes les observations, impliquant de comprendre ces relations, ce

qui est probablement aussi dif�cile que d'analyser directement le jeu de donńees complet.

Probl �ematique abord �ee : Trois contributions de ma th�ese ont port́e sur le K-SOM a�n de réduire la

complexité de l'algorithme tout en fournissant une interpr étation facilit ée des prototypes : le K-SOM

acćeléré [107], le baggedK-SOM [108] et le K-PCA SOM [107], respectivement pŕesent́es dans les

chapitres 5, 6 et 7.

2.3 M�ethodes pour le traitement de donn�ees massives

Les grands volumes de donńees biologiques produits ńecessite une adaptation des approches

statistiques standards qui ont tr�es souventété dévelopṕees sans tenir compte de leur complexit́e

algorithmique. Pour cela, les approches par sous-échantillonnage sont fréquemment utilisées. Elles

comptent parmi elles les ḿethodes comme certaines extensions dubagginget l'approximation de

Nyström qui sont présent́ees dans cette section.

Bagging Les approches debagging, introduites par [22], consistent �a tirer al éatoirement avec remise

dans (x i ) i =1 ;:::;n , B échantillons de taille n, dit � bootstrap � sur lesquels un mod�ele différent est

appris. Pour tout b = 1 ; : : : ; B , on notera Tb l'ensemble des indices de1; : : : ; n des observations de

l'échantillon bootstrapb. Souvent utilisé dans le contexte de la ŕegression, lebaggingagr�ege ensuite,

par une simple moyenne, lesB estimateurs obtenus�a partir des B échantillons. Cette méthode est

parallélisable et permet ainsi un gain en temps de calcul important, mais d́ependant de l'infrastructure

dont dispose l'utilisateur.

Cependant, la mise en œuvre de ces ḿethodes reste dif�cile lorsque n est grand, le nombre moyen

d'observations différent dans un échantillon bootstrapétant de l'ordre de 0:632� n. Pour répondre �a ce

probl�eme, de nombreuses alternatives ont́eté propośees. [14] utilisent des échantillons bootstrapde

taille m, avecm � n et [83] proposent une approche, nommée � bag of little bootstrap � , permettant

de construire deséchantillons bootstrap de tailles n mais ne contenant seulementm � n observations

diff érentes.

Approximation de Nystr •om La complexit́e des approches utilisant les noyaux est en ǵenéral en

O(n2), voir même enO(n3) dans le cas de la K-PCA. [181] utilise l'approximation de Nystr̈om, pour
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fournir une approximation de la d écomposition en valeurs singuli�eres d'un noyauK , dont la complexit é

est enO(n3). Plus pŕeciśement, la décomposition spectrale deK , qui est suppośe centŕe, est approch́ee

en śelectionnant m observations sans remise,Tm parmi (x i ) i =1 ;:::;n , et en utilisant la d écomposition

spectrale de la matrice ŕeduite K ( m ) = ( K (x i ; x j )) i;j 2T m . Les observations śelectionnées,Tm , peuvent

être choisies de façon aléatoire ou par des strat́egies plus ef�caces comme celles d́ecrites et propośees

dans [89].

Si les valeurs propres et les vecteurs propres deK ( m ) sont respectivement not́es (� ( m )
k )k et

(v( m )
k )k , pour tout k 2 1; : : : ; n, alors les valeurs propres,(� k )k , et les vecteurs propres,(vk )k , de K

sont approch́es par

� k '
n
m

� ( m )
k and vki '

q
m
n

1

� ( m )
k

K ( n;m )
i: v( m )

k ;

avecK ( n;m )
i: la i -�eme ligne de la matrice K ( n;m ) = ( K (x j ; x j 0)) j =1 ;:::;n; j 02T m . Dans le cas o�u le rang

de K ( m ) est identique �a celui de la matrice d'origine K , l'approximation devient alors une égalité. Le

coût de l'approximation de la d écomposition spectrale deK par la décomposition spectrale deK ( m ) est

de O(m3) + O(nm 2). Commem est petit devant n, la complexité de la K-PCA utilisant l'approximation

de Nyström est dominée par O(nm 2), au lieu de O(n3) dans sa version standard.

Probl �ematique abord �ee : Dans le cadre de mes travaux, j'ai utiliśe les approches debagginget

l'approximation de Nystr öm a�n de diminuer la complexit é de K-SOM. Les ḿethodes propośees, le

baggedK-SOM [108] et le K-PCA SOM [107], sont respectivement pŕesent́ees dans les chapitres 6

et 7.

2.4 Int �egration de donn�ees omiques

L'int érêt que repŕesente les analyses int́egratives, pour aḿeliorer la compréhension des syst�emes

biologiques, n'est plus�a démontrer [56]. Cependant, l' étude des relations et des interactions existant

entre diff érents omiques repŕesente encore aujourd'hui un d́e�. Pour y r épondre, les formulations

méthodologiques sont nombreuses et poursuivent des objectifs pouvant̂etre tr�es divers.

Dans [88], les approches d'int́egration sont clasśees selon leurs objectifs : d́ecouvrir des

mécanismes moĺeculaires, effectuer une classi�cation non superviśee des observations ou encore

prédire un phénotype ou une ef�cacit é thérapeutique. [13] proposent une classi�cation se basant sur

les aspects math́ematiques des ḿethodes, qui peuventêtre plus ou moins ǵenériques quant aux types

de données qu'elles peuvent traiter. �A titre d'exemple, iCluster [160] traite n'importe quel omique se

présentant sous forme de valeurs quantitatives, etConexic[4] est con çu pour analyser l'expression

des g�enes et leurs variabilit́e en nombre de copies. Une distinction peut aussîetre faite selon que

l'analyse est simultańee ou śequentielle, permettant au résultat d'un omique d'être amélioré �a l'aide des

résultats obtenus pour les autres. Ce type d'approches peut̂etre pertinent dans le cas o�u certaines paires

d'omiques ont un lien de cause�a effet comme cela peutêtre le cas entre le ǵenome et le transcriptome.

Cependant, nous nous int́eresserons dans la suite de cette section aux approches non séquentielles.

Pour cela, consid́erons M jeux de données(xm
i ) i =1 ;:::;n (avec m = 1 ; : : : ; M ), prenant chacun

valeur dans un espace arbitraire(X m )m =1 ;:::;M , tous obtenus sur les m̂emeséchantillons i = 1 ; : : : ; n.

Chaque jeu de donńees fournit une image sṕeci�que des observations. La �gure 2.3 présente une

classi�cation, proposée par [146], des diff érentes strat́egies d'int́egration en trois grandes familles :

l'int égration par concat́enation, par transformation et par agrégation de résultats de mod�eles. Ces trois

familles sont présent́ees dans les trois sections suivantes.

Int �egration par concat �enation. Les ḿethodes utilisant cette premi�ere strat́egie fusionnent lesM

jeux de données en une seule et m̂eme matrice. Les approches statistiques standards peuvent alorŝetre

36



Figure 2.3 (a) L'int égration par concat́enation implique la combinaison des jeux de donńees
au niveau des matrices de donńees, qui peuvent être les donńees d'origine ou une
représentation numérique de celles-ci. (b) L'intégration par agrégation de résultats de
mod�eles ńecessite d'analyser chaque jeu de donńees ind́ependamment avant d'agŕeger
leurs résultats. (c) L'intégration par transformation proj �ete ou transforme les donńees
d'origine pour pouvoir les combiner. L'objet combiné, pouvant par exemple prendre la
forme d'un graphe ou d'un noyau, peut alors être analyśe par n'importe quelle méthode
conçue pour traiter ce type d'objet. (Figure extraite de [146]).

utilis ées pour mod́eliser les associations existantes entre jeux de donńees omiques et expliquer des

variables observ́ees. Pour cela, ces stratégies ont souvent recourt�a la śelection de variables par LASSO

avant d'apprendre un mod�ele, comme la ŕegression de Cox [75]. Un enjeu important de l'int égration

par concat́enation consiste�a déterminer une mani�ere ef�cace de combiner les jeux de donńees. Dans

[162], les auteurs étendent l'analyse canonique des corŕelations parcimonieuse en introduisant une

matrice d'association, d́eterminé par régression des moindres carŕes, qui indique quels jeux de donńees

doivent être connect́es. Cependant, ces approches ńecessitent que l'ensemble des donńees soient des

matrices de variables continues.

Int �egration par agr �egation de r �esultats de mod �eles. Les ḿethodes de cette famille agr�egent

un ensemble de mod�eles, chacun ǵenéré sur un jeu de donńees diff́erent. Pour cela, de nombreux

algorithmes sont empruntés du domaine dit des ensembles d'experts. L'objectif de ces approches est

tr �es souvent de stabiliser les ŕesultats d'un algorithme stochastique a�n d'en améliorer les résultats,

tout en diminuant leur variabilit é. L'idée sous-jacente est qu'un ensemble d'experts, possédant chacun

une exṕerience varíee dans le m̂eme domaine, a une probabilit́e plus importante de fournir un r ésultat

satisfaisant qu'un expert seul. �A titre d'exemple, le bagging, présent́e dans la section 2.3, fait partie de

cette famille de méthodes. On notera(� b)b = 1 ; : : : ; B un ensemble de ŕesultats de mod�eles obtenus

sur les observations(x i ) i =1 ;:::;n . Dans un contexte de ŕegression, l'agŕegation peut se faire par la

moyenne pond́erée des pŕedictions. La fonction �nale, � � : X ! R, est alors d́e�nie par, 8 x i 2 X ,

� � (x i ) =
P B

b=1  b� b(x i ), avec = (  1 ; : : : ;  b) 2 RB un vecteur de poids. Lorsque le mod�ele est un

algorithme de classi�cation supervisée, l'agŕegation desB classi�cations en K classes peut se faire

par vote majoritaire. La classi�cation �nale, � � : X ! f 1; : : : ; K g est alors d́e�nie par, 8 x i 2 X ,

� � (x i ) = arg max k =1 ;:::;K
P B

b=1 I f � b ( x i )= k g .

Dans le cadre de la classi�cation non superviśee, il n'y a pas de pŕediction a priori , ce qui rend

la comparaison de plusieurs ŕesultats plus dif�cile, car il n'y a pas de transformation naturelle d'un

étiquetage des classes�a un autre. Ainsi, 8 b = 1 ; : : : ; B , � b : X ! f 1; : : : ; K bg o�u le nombre de classes

trouvées par l'algorithme � b, K b, peut ou non dépendre deb. Dans ce cas, trois strat́egies principales

permettent de construire une classi�cation �nale � � : le ré-́etiquetage suivie d'un vote majoritaire, le

calcul d'une mesure de similarit́e entre les différentes classes et la recherche d'une partition ḿediane,

[171].
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Int �egration par transformation. Cette derni�ere famille combine plusieurs jeux de donńees apr�es

les avoir transformées sous une forme interḿediaire, comme un graphe ou un noyau. Une fois les jeux

de données convertis, un ḿeta-graphe ou un ḿeta-noyau peut être calcuĺe et utilisé en entŕee d'une

méthode sṕeci�que au traitement de ce type de représentation.

Dans le contexte des noyaux, l'apprentissage multi-noyaux regroupe un ensemble de ḿethodes

permettant la combinaison convexe deM noyaux diff érents (K m )m =1 ;:::;M en un seul et même noyau

K �

K � =
MX

m =1

� m K m avec

�
� m � 0; 8 m = 1 ; : : : ; M
P M

m =1 � m = 1
: (2.8)

Par d́e�nition, le noyau K � résultant de la combinaison linéaire est aussi syḿetrique et positif et

induit un espace imageH et une fonction image assocíee � � . A�n d' éviter les effets d'́echelle lors de

l'int égration, les différents noyaux sont souvent pŕealablement normaliśes �a l'aide, par exemple, de la

transformation cosinus [11] : ~K ij = K ijp
K ii K jj

.

Les ḿethodes d'apprentissage multi-noyaux ontété dévelopṕees dans le cadre superviśe, semi-

superviśe et non superviśe. Cependant la grande majorit́e des recherches ont́eté conduites dans le

cadre superviśe qui offre un objectif clair, i.e., la minimisation de l'erreur de pr édiction, pour la t âche

de recherche de combinaison optimale.

Probl �ematique abord �ee : Dans le travail présent́e, trois propositions méthodologiques d'apprentis-

sage multi-noyaux sont propośees dans un cadre non superviśe. Pour évaluer ces ḿethodes, huit jeux

de données du projetTARA oceansont été intégŕes et analyśes �a l'aide d'une K-PCA. La description des

méthodes et les ŕesultats sont d́etaill és dans le chapitre 8, [106].
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Chapitre 3
Contributions

Les contributions de ma th�ese ont tout d'abord portés sur le SOM et sa version�a noyau.

Dans [105], je me suis intéresśe �a améliorer la stabilit é du SOM nuḿerique dans sa version

stochastique, en utilisant des ḿethodes d'agŕegation de ŕesultats de mod�eles. J'ai ensuite propośe

plusieurs variantes de la version stochastique du K-SOM a�n de ŕeduire sa complexit́e algorith-

mique [107] tout en am éliorant l'interpr étabilit é du mod�ele résultant [108, 109]. Suite �a ces

travaux, je me suis int́eresśe �a l'apprentissage multi-noyaux non superviśe a�n de proposer des

méthodes d'intégration de données omiques dans le contexte de l'écologie microbienne, [106].

La premi�ere section de ce chapitre pŕesente succinctement les quatre contributions

méthodologiques de ma th�ese cherchant�a améliorer le SOM et sa version�a noyau. Le travail

présent́e dans la seconde section introduit trois nouvelles ḿethodes d'apprentissage multi-noyaux.

L'ef�cacit é de ces approches est illustŕee en int́egrant des donńees omiques de natures diff́erentes

dans un contexte d'́ecologie microbienne : le projet TARA oceans.



3.1 SOM, K-SOM et donn�ees massives

3.1.1 Am�eliorer la stabilit �e du SOM num�erique

La méthode RoSyF, pourRotation and Symmetry Fusion, cherche�a améliorer la qualit é et �a réduire

la variabilit é des ŕesultats du SOM nuḿerique. Pour cela, elle agr�ege B résultats de SOM tout en

préservant la topologie des cartes et en utilisant la variabilit́e de l'algorithme induite par diff érents

états d'initialisation. Les B cartes entrâ�nées sont tout d'abord ordonńees selon un crit�ere de qualité,

a�n de s électionner la carte référente : la meilleure carte selon ce crit�ere, M 1 . Pour chacune des

autres cartes,(M b)b=2 ;:::;B , la méthode recherche une transformation optimale,T �
b dans l'ensemble

des transformations,T , compośe de rotations et de syḿetries axiales :

T �
b = arg min

T 2T

1
U

UX

u =1

kp1
u � T (pb

u )k2 :

Les prototypes �naux, (p�
u )u , sont calcuĺes�a l'aide de la moyenne des prototypes desB cartes obtenues

par transformation optimale

8 u = 1 ; : : : ; U; p�
u :=

1
B

BX

b=1

T �
b (pb

u ):

Diff érentes variantes de cette ḿethode sont propośees. Celles-ci d́e�nissent diff érents crit�eres

d'arrêt ainsi que différentes strat́egiesétablissant l'ordre dans lequel les cartes sont fusionńees. RoSyF

est compaŕee �a plusieurs alternatives d'agŕegation de résultats de SOM�a l'aide de simulations dans

le chapitre 4. Ce chapitre a fait l'objet d'une communication orale au 11�eme workshop WSOM 2016,

[105].

3.1.2 Am�eliorer la complexit �e du K-SOM

Le K-SOM acćeléré réduit la complexit é de l'́etape d'affectation du K-SOM deO(n2U) �a O(nU )

pour une it ération. Pour cela, cette phase d'affectation, d́e�nie par l' équation (2.7), peut être réécrite

sous la forme

f t (x i ) = arg min
u 2 1;:::;U

A t
u � 2B t

ui

o�u A t =
� P n

j;j 0=1  t
uj  t

uj 0K jj 0

�

u =1 ;:::;U
est un vecteur de taille U et B t =

� P n
j =1  t

uj K i 0j

�
est une

matrice de taille (U � n) pour tout u = 1 ; : : : ; U et i 0 = 1 ; : : : ; n .
�A l'initialisation de l'algorithme, A0 et B 0 sont calcuĺes et mis en ḿemoire pour un coût de

stockage deO(U) et de O(nU ). Cette étape, d'une complexit́e dominée par O(n2) est ŕealiśee une

seule fois, et permet la mise�a jour �a faible coût computationnel de A t et B t �a chaque it́eration lors de

l'étape de repŕesentation. Le gain de complexit́e ainsi obtenu permet d'acćelérer de plus de 40 fois les

temps de calcul pour traiter un jeu de données de 25000 observations, et ceci sans approximation.

La méthode correspondant �a cette astuce, l'analyse de sa complexité ainsi que les simulations

réaliśees, sont d́etaill és dans le chapitre 5. Ce chapitre a fait l'objet d'une communication orale au

XXV�eme symposium euroṕeen ESANN, [107].

3.1.3 Am�eliorer la complexit �e et l'interpr �etabilit �e du K-SOM

Bagged K-SOM. Le baggedK-SOM exploite l'approche debagging, présent́ee dans la section 2.3, qui

permet d'obtenir une version du K-SOM qui est�a la fois parallélisable et parcimonieuse. Pour cela,B
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sous-́echantillons de taille m sont obtenus, (Sb)b. Chacun d'entre eux est utiliśe pour entrâ�ner une

carte de U neurones. Les prototypes, d́e�nis dans l' équation (2.6), peuvent alors s'́ecrire sous la forme

pb
u =

P
x i 2S b

 b
ui � (x i ) o�u � est la fonction image assocíee au noyauK . Ces prototypes permettent

alors de śelectionner les observations les plus pertinentes, qui sont utiliśees pour entrâ�ner une carte

�nale, dont le mod �ele permet la classi�cation de l'ensemble des observations.

Cette approche est paralĺelisable, ce qui lui permet de ŕealiser des gains en temps de calcul

important. Le baggedK-SOM permet aussi d'obtenir une repŕesentation parcimonieuse des prototypes

a�n d'en faciliter l'interpr étation. Pour cela, le nombre d'observations pertinentes śelectionnées doit

rester faible. Dans le chapitre 6, la ḿethode est test́ee sur plusieurs jeux de donńees avant d'̂etre

compaŕee �a des strat́egies alternatives a�n de pouvoir la valider. Ce chapitre a fait l'objet d'une

communication orale au 10�eme workshop WSOM, [108].

K-PCA SOM Cette contribution cherche �a dé�nir les U prototypes du K-SOM dans un sous-espace

engendŕe par la K-PCA, au lieu de l'espace image complet,H . Plus pŕeciśement, les prototypes sont

dé�nis dans A = Spanf a1 ; : : : ; aqg, o�u (ak )k =1 ;:::;q correspond aux q premiers axes de la K-PCA

réaliśee sur les observations,(x i ) i . Ces axes sont obtenus en résolvant le probl�eme de d́ecomposition

en valeurs singuli�eres pŕesent́e dans l'́equation (2.5) : eK � = � � . Les prototypes, d́e�nis dans

l'équation (2.6), peuvent alors s'́ecrire sous la formepu =
P q

k =1  uk ak . Cette approche correspond

�a la version numérique du SOM, avec pour entŕee, la matrice n � q, � > � , o�u � = Diag(� 1 ; : : : ; � q)

et � :i est la i -�eme colonne de� = [ � 1 ; : : : ; � q ]> . La complexit́e du K-PCA SOM est ainsi ŕeduite �a

la complexité de la version nuḿerique du SOM dansRq , soit O(qU) + O(nqU) pour une it ération.

Cependant, la complexit́e de la K-PCA est deO(n3), complexité pouvant être ramenée �a O(nm 2)

grâce �a l'approximation de Nyström, avec m le nombre d'observations śelectionnées pour ŕealiser

l'approximation, comme présent́e dans la section 2.3. L'interpŕetation des prototypes peut alors se faire

de façon similaire �a la PCA : les axesa1 ; : : : ; ap des prototypes s'interpr�etent �a l'aide des observations

(x i ) i qui contribuent le plus �a leur dé�nition.

Dans le cadre de ce travail, le K-PCA SOM est comparé �a une version directement parcimonieuse

du K-SOM, pŕesent́ee dans [124]. Cette méthode impose que chaque prototype,u 2 1; : : : ; U , soit dé�ni

�a l'it ération t par l'ensemble des observations les plus importantes d́ej�a śelectionnées par l'algorithme,

I u (t � 1). Les prototypes s'́ecrivent alors sous la formepu =
P

j 2 I u ( t )  uj � (x i ). A�n de maintenir

la dé�nition parcimonieuse des prototypes, ceux-ci sont réguli�erement mis �a jour et seulement les

coef�cients les plus importants sont conserv́es. L'algorithme complet enchâ�ne les étapes d'affectation,

de représentation, toutes deux adapt́ees aux prototypes parcimonieux et une phase qui śelectionne les

observations les plus importantes pour la d́e�nition des prototypes.

Les d́etails sur le K-PCA SOM ainsi que les simulations réaliśees et la comparaison avec d'autres

approches a�n de valider la méthodes sont pŕesent́es dans le chapitre 7. Ce chapitre a fait l'objet d'une

publication dans le journal Neurocomputing, [109].

3.2 Analyse exploratoire multi-omiques

Dans cette section, trois propositions ḿethodologiques multi-noyaux non superviśees sont

présent́ees ainsi qu'une ḿethode permettant l'amélioration de l'interpr étation de la K-PCA. Pour

apprécier l'int érêt de ces ḿethodes, huit jeux de donńees du projet TARA oceansont été intégŕes et

analyśes �a l'aide d'une K-PCA. Ces jeux de donńees sont de types diff́erents, i.e., tableaux de comptage

et arbre phylogénétique, et de natures différentes, i.e., micro-organismes planctoniques et variables

physico-chimiques. Les ŕesultats de ces travaux sont pŕesent́es dans le chapitre 8, qui fait l'objet d'une

publication dans le journal Bioinformatics, [106].
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3.2.1 M�ethodes multi-noyaux non supervis �ees

Dans ce paragraphe, les ḿethodes propośees, nomḿees STATIS-UMKL, full-UMKL et sparse-UMKL,

tirent pro�t des algorithmes d'apprentissage multi-noyaux pr ésent́es dans la section 2.4. Ces trois

approches combinent, de façon générique, M noyaux diff érents, (K m )m =1 ;:::;M , obtenus �a partir de

M jeux de données, en un seul et m̂eme noyau,K � .

STATIS-UMKL. La premi�ere contribution propose un noyau consensus en utilisant une id́ee similaire

�a la méthode STATIS [134, 93]. Plus pŕeciśement, une mesure de similarit́e entre noyaux peut être

obtenue en calculant leur cosinus selon le produit scalaire de Frobenius :

Cmm 0 =
hK m ; K m 0

i F

kK m kF kK m 0kF
=

Trace(K m K m 0
)

p
Trace((K m )2)Trace((K m 0)2)

:

La matrice C = ( Cmm 0)m;m 0=1 ;:::;M résultant peut être utilis ée pour calculer le noyauK � qui maximise

la similarit é moyenne entre tous les noyaux :

maximise�

MX

m =1

�
K �

v ;
K m

kK m kF

�

F

= v > Cv (3.1)

pour K �
v =

MX

m =1

vm K m

et v 2 RM tel que kvk2 = 1 :

Les coef�cients (� m )m peuvent alors être obtenus par � = vP M

m =1
vm

a�n de r épondre �a la contrainte

de l'équation 8.1 du chapitre 2.

full-UMKL et sparse-UMKL. Les deux propositions ḿethodologiques de ce paragraphe pŕeservent

la topologie des donńees d'origine en calculant un noyau tel que la ǵeométrie locale des donńees dans

l'espace image,H , dé�nie pour l'observation x i par

� i (� ) =

*

� �
� (x i );

0

B
@

� �
� (x1)

...

� �
� (xN )

1

C
A

+

=

0

B
@

K �
� (x i ; x1)

...

K �
� (x i ; xN )

1

C
A ;

soit similaire �a celle des donńees d'origine. Cette derni�ere est approch́ee par le calcul de la matrice,

W =
P M

m Am
k , o�u Am

k représente la matrice d'adjacence du graphe desk plus proche voisins du

noyau K m . Les coef�cients (� m )m peuvent alors être obtenus en ŕesolvant le probl�eme d'optimisation

suivant :

minimise�

NX

i;j =1

Wij k� i (� ) � � j (� )k2 (3.2)

pour K �
� =

MX

m =1

� m K m

et � 2 RM tel que � m � 0 et
MX

m =1

� m = 1 :

Ici, l'approche sparse-UMKL applique une contrainte de normeL 1 sur les coef�cients (� m )m , ce qui

peut conduire �a une solution parcimonieuse et ainsi permettre la śelection d'un sous-ensemble de

noyaux. Pour une solution prenant en compte l'ensemble des noyaux disponibles, la version full-UMKL

se fonde sur une contrainte sur la normeL 2 .
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3.2.2 Am�eliorer l'interpr �etabilit �e de la K-PCA

Dans ce travail, nous proposons une approche ǵenérique permettant d'étudier les variables

in�uentes de l'ACP �a noyau. Plus pŕeciśement, pour une mesurej , utilis é dans le calcul du noyauK m ,

les valeurs observ́ees sur cette mesure sont permut́ees aĺeatoirement entre tous leséchantillons avant de

recalculer le noyau perturbé, eK m;j . Le méta-noyau perturbé est alors d́e�nie par eK � =
P

l 6= m � l K l +

� m eK m;j . L'in�uence de la mesure j sur un sous-espace d'une composante principale, est calculée gr̂ace

�a la distance de Crone-Crosby, [42], au niveau des axes :8 k = 1 ; : : : ; n, D cc (� k ; e� k ) = 1p
2
k� k � e� k k,

avec� k et e� k représentant respectivement les vecteurs propres de la d́ecomposition spectrale deK � et

de eK � .

L'interpr étation de la K-PCA se fait alors de la m̂eme façon que pour la PCA standard. Les axes

(ak )k =1 ;:::;n , peuvent être interpr étés par le biais des observations(x i ) i =1 ;:::;n qui contribuent le plus �a

leur dé�nition, en consid érant les variables importantes comme celles ayant les plus grandes distances

de Crone-Crosby.
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Chapitre 4
Aggregating Self-Organizing
Maps with Topology
Preservation

R�esum �e : Dans la version stochastique des cartes auto-organisatrices, différentes ex́ecution de

l'algorithme peuvent conduire �a des ŕesultats asses diff́erents. Dans cet article, nous explorons

une nouvelle approche qui agr�ege plusieurs ŕesultats de l'algorithme a�n d'am éliorer la qualit é et

de réduire la variabilit é des ŕesultats. Notre approche utilise la variabilité de la méthode induite

par diff érents états d'initialisation. A l'aide de simulations, nous démontrons que la méthode

propośee parvient �a améliorer les performances d'une ex́ecution unique de l'algorithme tout en

diminuant la variabilit é de la solution �nale. Une comparaison avec des ḿethodes existantes

d'agrégation utilisant le bagging met aussi enévidence une bonne comṕetitivit é des ŕesultats.

Abstract : In the online version of Self-Organizing Maps, the results obtained from different

instances of the algorithm can be rather different. In this paper, we explore a novel approach

which aggregates several results of the SOM algorithm to increase their quality and reduce

the variability of the results. This approach uses the variability of the algorithm that is due to

different initialization states. We use simulations to show that our result is ef�cient to improve

the performance of a single SOM algorithm and to decrease the variability of the �nal solution.

Comparison with existing methods for bagging SOMs also show competitive results.



4.1 Introduction

Self-Organizing Maps (SOM), [86] have been shown to be powerful methods for analyzing high

dimensional and complex data (see, for instance, [85] for applications of the method to many different

areas). However, the method suffers from its lack of good convergence properties. In its original

version, the theoretical convergence of the algorithm has only be proved in very limited cases [40] and

even in the modi�ed version in which the training of the SOM is expressed as an energy minimization

problem [70], different runs of the algorithm give different results, that can be very dependent on the

initialization. This problem is even more critical when the data set to be analyzed is complex or high

dimensional.

This paper addresses the issue of aggregating several results of the SOM algorithm, all obtained

on the same data set. Several attempts to combine SOMs while preserving their topological properties

have been proposed in the literature [133, 153, 175, 10, 128]. In this paper, we present a novel method

to combine several SOMs while preserving their topology. The proposed method combines several

ideas taken from the different methods and allows to explore initialization states. It is both simple

and ef�cient. We present a full comparison of the different options to aggregate the results of different

SOMs and discuss the most relevant choices. Finally, we show that our approach is a competitive

alternative to the existing methods on real data applications.

The remainder of the paper is organized as follows : in Section 4.2, an overview of aggregation

methods for SOMs is presented. In Section 4.3, the proposed method is described. Finally, Section 4.4

presents experimental results and comparisons.

4.2 An overview of aggregation methods for SOMs

Suppose thatB results of the SOM algorithm are given for the items (x i ) i =1 ;:::;n , (M b)b=1 ;:::;B .

Each of these results,M b is well de�ned by its set of prototypes (pb
u )u =1 ;:::;U and comes with an

associated clustering function� b : x 2 Rd ! arg minu =1 ;:::;U kx � pb
u k2 . For the b-th SOM, the clusters

will be denoted by (Cb
u )u =1 ;:::;U , where Cb

u =
�

x i : � b(x i ) = u
	

. The purpose is to build a fusedor

a mergedmap, M � , with prototypes (p�
u )u =1 ;:::;U and a clustering function � � which improves and

summarizes theB maps into a unique consensual map. Note that all SOMs have been trained from

the same data(x i ) i =1 ;:::;n or from a subset (e.g., a bootstrap sample) of this data set. They can also

have been trained from different descriptors of the observations (e.g., from different sets of variables

observed on the same items) : in this case, the fused map thus corresponds to a map integrating the

different descriptors. However, for the sake of simplicity, we will restrict our description and simulation

to the �rst case (same observations, or eventually, bootstrap samples from the same observations and

same descriptors).

As already explained in [133] in the context of a one-dimensional grid, there is no ground truth

for cluster labelling in the unsupervised framework. A �rst strategy to overcome this issue is to perform

a re-labelling of the clusters based on the clustering only : [153] merge together the clusters of different

maps with a majority vote scheme. A “fused” prototype is de�ned as the centroid of the grouped cluster

prototypes over b = 1 ; : : : ; B and a topology is deduced posterior to the de�nition of the clusters.

Another approach that uses the different maps in an indirect way is described in [108] : in this paper,

we proposed to use a subset of(x i ) i , using the most representative observations of the set ofB maps,

to train a �nal SOM from a simpler and more robust data set. This method is well suited to handle very

large data sets. However, both approaches do not necessary produce a map with a topology similar to

the B merged SOMs and make use of only a small part of the information provided by theB learned

SOMs.
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Several attempts to explicitly take advantage of the prior (common) structure of the maps have

been proposed in the literature. A �rst method consists in constraining the B SOMs to be as similar

as possible by a common initialization. This initialization can be derived, for instance, from a PCA of

(x i ) i . Then, the different maps are fused by averaging the prototypes of the clusters situated at the

same position theB SOMs [175] or by using a majority vote scheme to classify the observations [133].

Alternatively, [133, 10] also propose to make the B SOMs similar by initializing the b-th SOM with the

�nal prototypes of the previous one. [10] improves this approach by weighting the averaging of the

prototypes by a cluster quality index. Similarly, [67] uses a similar strategy to handle streaming or

large data sets, splitting the data into several patches that are sequentially processed by a different

SOM algorithm initialized with the result of the previous one. However, these methods do not allow

to explore the possibilities of different initializations, which can be an issue in SOM. Moreover, a

sequential initialization of the B SOMs prevents from training them in parallel, which can be an

important issue if B is large : using a largeB is advised for stabilizing the result of the algorithm.

Another approach to preserve the topology property of the map is to align the different maps on

one of them, which serves as a reference for the topology : in [58], the map is chosen arbitrarily, and

the other maps are fused sequentially to this �rst one, averaging the prototypes(pb
u )u of the current

map to the closest prototypes of the current fused map(p�
u )u . To leverage the problem of the choice of

the map that is used to align the other maps, [128] proposes to choose a reference map that is the best

one according to a given clustering quality criterion. However, this method makes the result strongly

dependent on the choice of the �rst map because only its topology is used, whereas the topologies of

the next maps are not utilized as such.

4.3 Description of the optimal transformation method

It is well known that the quality of the SOM strongly depends on its initialization. Given different

maps obtained from different (random) initializations, we propose to �nd the “best” transformation

that can be used to obtain two comparable results between two distinct maps. The optimal one-to-one

transformation between prototypes in general might be dif�cult to de�ne so we restrict ourselves

to transformations that strictly preserve the topology of the map, i.e. the set of linear isometric

transformations (rotation and/or symmetry). To do so, only square maps with m rows and columns

are considered (i.e., using the notations introduced in the previous section, U = m2) : in these maps,

the clusters are supposed to be positioned on a 2D grid at coordinatesf (k1 ; k2)gk 1 ; k 2 =1 ;:::;m .

Then, T denotes the set of all transformations,T : R2 ! R2 , that let the map globally invariant :

more precisely,T is composed of the set of rotationsf r � g� 2f 0;�= 2;�; 3�= 2g and of the transformations

f r � � sg� , with s the symmetry with respect to the axis passing by the points
�

m +1
2 ; 0

�
and

�
m +1

2 ; m
�
.

For a given map M with prototypes (pu )u and a given T 2 T , the transformed map T(M ) is the

map in which the unit u, with coordinates (ku
1 ; ku

2 ) in N2 , has a prototype denoted bypT
u which is the

prototype pu 0 of the original map, u0 being the unit located at T � 1(ku
1 ; ku

2 ).

When comparing two maps, the mean of the squared distances (inRd ) between the prototypes

of the two maps that are located at the same position is calculated. For two mapsM and M 0, with

respective prototypes(pu )u and (p0
u )u , we de�ne a distance between two maps as the distance between

their respective prototypes positionned at the same coordinates :

D
�
M ; M 0

�
=

1
m2

m 2X

u =1

kpu � p0
u k2 : (4.1)

The best transformation between the current fused map and the next map to be fused is chosen

according to this distance. The two maps are then fused using the optimal transformation before they
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are merged, as described in Algorithm 3. The optimal transformation is found by computing the

Algorithm 3 Optimal transformation

1: Initialization M � ;1  M 1

2: for b : 2 ! B do
3: Optimal transformation

T �
b := arg min

T 2T
D

�
M � ;b� 1; T(M b)

�

4: Fusionbetween M � ;b� 1 and T �
b (M b). Provides : M � ;b

5: end for
6: Return M � := M � ;B

distance between the maps to be fused,T �
b (M b), and a reference map, which can be the �rst of the

list, M 1 , for instance 1. The fusion between the map is performed as suggested in [175] by averaging

the prototypes located at the same position :

8 u = 1 ; : : : ; m2 ; p�
u :=

1
B

BX

b=1

pb;T
u : (4.2)

In the method described in the previous section, all maps are fused in an arbitrary order. However,

as pointed out in [128], the maps may have very different qualities and may also be very different :

merging a very peculiar map with a poor quality might lead to deterioration of the the results instead

of improving them. In this section, two strategies are presented to leverage this problem.

The �rst one uses a measure of quality of the maps and �rst rank the maps from the one with the

best quality to the one with the worse quality : M (1) , . . . , M ( B ) . Standard quality measures for SOM

can be used to perform this ranking [135] : i) the quantization error (QE),
P m 2

u =1

P
i : x i 2C �

u
kx i � p�

u k2 ,

which is a clustering quality measure, disregarding the map topology ; ii) the topographic error(TE)

which is the simplest of the topographic preservation measure : it counts the ratio of second best

matching units that are in the direct neighborhood on the map of the best matching units for every

(x i ) i . However, for small maps and relatively simple problems, this measure has a small variability and

can lead to many equally ranked maps.

Therefore, another approach is introduced to make a trade-off, while ranking the maps, between

clustering and topographic qualities : the average rank of the maps is computed as :

r b =
r b
quanti + r b

topo
2

(4.3)

where r b
quanti is the rank of the map M b according to its quantization error (the best map is ranked

�rst) and similarly for r b
topo with the topographic error and the maps were �nally ranked by increasing

order of (r b)b.

Taking advantage of this ordering of the maps, the previous method can be modi�ed using two

different strategies :

1. the similarity strategy : following an idea similar to [128], the maps are merged by similarity :

the merging process is initialized with the best map : M � ;1  M (1) . Then, this map is merged

only with the maps that resemble this reference map. To do so, a simple ascending hierarchical

clustering is performed between the maps(T �
b (M b)) b=1 ;:::;B , with (T �

b )b obtained by comparison

with the reference map M 1 . This clustering is based on the distance introduced in (4.1) and the

1. The current fused map, M � ;b� 1 has also been used as a reference map, with no difference in the �nal
result. Using M 1 is thus a better strategy, because optimal transformation can be computed in parallel.
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hierarchical tree is cut using the method described in [90]. Finally, the maps in the same cluster

asM (1) are fused to M � ;1 ;

2. the ordering strategy: an alternative approach is performed sequentially by merging the maps

by increasing rank M (1) , M (2) , . . . The merging process is stopped atM ( B 0) with B 0 � B (and

usually B 0 < B ) when the quality of the fused map M � ;B 0
would not increase anymore by

merging it with M ( B 0+1) (actually, two strategies are investigated : stopping when the quality

measure is not increasing or stopping when the quality measure has not increased for the last

5%B fused maps).

4.4 Simulations

Methodology. In all the simulations, B = 100 maps are generated using the standard SOM. The

optimal B has not been investigated in this paper and the number of fused maps was simply taken

large enough so that the fusion makes sense. All maps were built with approximatelym =
p

n
10 units

and 5 � n iterations of the stochastic algorithm and equipped with a Gaussian neighborhood controlled

with the Euclidean distance between units on the grid. The size of the neighborhood was progressively

decreased during the training. All simulations have been performed using theR packageSOMbrero 2.

The 100 maps are then fused using one of the strategies described below and the performance of the

different methods are �nally assessed using various quality criteria for the resulting maps M � : i) two

criteria already mentioned in Section 4.3 that are standard to measure the quality of the SOM : i) QE

and TE ; ii) a criterion which uses the ground truth, when available ( i.e., an a priori group for the

observations), the normalized mutual information (NMI) [43] between the unit of the map and the a

priori group. This criterion quanti�es the resemblance between the a priori group and the clustering

provided by the SOM (it is comprised between 0 and 1, a value of 1 indicating a perfect matching

between the two classi�cations). Note that this criterion must be interpreted with care because if the a

priori groups are split between several units of the map, each of these units being composed of one

group only (which is expected for SOM results), the criterion can be lower than when the groups are

split between less units which are all composed of several groups (which would be a less expected

result). Thus, this criterion has to be interpreted only together with the QE and the TE values.

The performance of the method is also assessed in term ofstability. It is expected that several

runs of one aggregating method give similar (thus stable) results. This stability is estimated in

terms of : i) the distance between two �nal maps obtained from two different runs of the same

method. If M � and fM � are two maps, the quantity D (M � ; T � ( fM � )) , where D is de�ned as in (4.1)

and T � := arg min T 2T D (M � ; T ( fM � )) , is computed. This gives an estimation of the dissemblance

between two maps from the prototype (hence the topological) perspective. If calculated over 250

different �nal maps, this quantity helps to quantify the stability of the �nal prototypes provided by a

given aggregation method ; ii) the NMI between the �nal classes of two �nal maps obtained from two

different runs of the same method. This gives an estimation of the dissemblance from the clustering

perspective for a given aggregation method.

250 fusions for each method are performed using the methodology described above. This permits

to compute average quality as stability criteria as well as to have an overview of the distribution of

these criteria when the method is repeated.

Compared methods. The comparisons performed in this section aim at comparing our approach

to existing ones (which are described in Section 4.2) as well as to investigate several options of the

method (as discussed in Section 4.3).

2. http://cran.r-project.org/web/packages/sombrero , version 1.0.
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First, our method, which merges several maps obtained from several initialization states, is

compared to the standard bagging approach, in which several maps are trained from bootstrap samples

from the similar initialization states. More precisely, bootstrap strategies are :

— the method denoted by B-Rand, which uses a common random initialization to learn B = 100

maps from 100 bootstrap samples coming from the original data set. Then, the prototypes that

are positioned at the same coordinates, are averaged to obtain the �nal mapM � (as suggested

in [175]) ;

— the method denoted by B-PCA, which uses a common PCA initialization to learn B = 100 maps

from 100 bootstrap samples coming from the original data set (as suggested by [133]). The

PCA initialization consists of initializing the prototypes by regularly positioning them along the

coordinates of the projection of the data set on the �rst two axis of the PCA. Then, the prototypes

that are positioned at the same coordinates, are averaged to obtain the �nal mapM � ;

— the method denoted by B-Seq, which uses a sequential initialization of the B = 100 maps :

the �rst map is initialized randomly and trained with a bootstrap sample and the b-th map is

initialized with the �nal prototypes of the (b � 1)-th map and trained with another bootstrap

sample. Finally, the �nal map M � , is obtained by averaging the prototypes of theB = 100 maps,

that are positioned at the same coordinates, as suggested in [10].

These strategies are compared with our method and its bootstrap version, respectively denoted by

RoSyF(for “Rotation and Symmetry Fusion”) and B-RoSyF. RoSyFlearns B = 100 maps, each from a

different random initial state and using the whole data set (x i ) i =1 ;:::;n and B-RoSyFlearns B = 100

maps from 100 bootstrap samples coming from the original data set.

Finally, we also compareRoSyF with the approach consisting in selecting only one map from

the B maps, the map supposed to be the best for instance. More precisely, using theB = 100 maps

generated during the training of the RoSyFmethod, we selected one of theB = 100 maps i) randomly

(this method is denoted by Best-R), ii) with the smallest QE (this method is denoted by Best-QEor iii)

with the smallest TE (this method is denoted by Best-TE).

Datasets and results. This section compares the results obtained on two datasets coming from

the UCI Machine Learning Repository3 as available in theR packagemlbench 4. More precisely, the

data “Glass” (n = 214, d = 10 and 7 a priori groups) [169] and the data “Vowel” ( n = 990, d = 10

and 11 a priori groups) [121] are used. The SOM parameters are set tom = 5 and 1 000 iterations

for “Glass” and m = 10 with 5 000 iterations for “Vowel”. The different strategies, and especially

the relevance of using different initial states instead of different bootstrap samples with the same

initialization, is evaluated. The results are provided in Table 4.1.

First, note that for almost all quality criteria and datasets, RoSyFobtain better results than the

methods based on different bootstrap samples (all differences are signi�cant according to Wilcoxon

test, risk 5%). B-RoSyFslightly deteriorates RoSyF performances. [39, 15] reported that the SOM

algorithm is highly insensitive to initialization if run on the same data set as compared to what is

obtained if bootstrap samples are used. However, it seems that the quality of the aggregated map is

much better when different initial states are used on the same data set rather than different bootstrap

samples with a common initial state, whatever this initial state is. Second, the TE obtained byRoSyF

is always the lowest, just after the one obtained byBest-TE (which always selects the map with the

lowest TE) but with a better QE and a better NMI. Again, all these differences are signi�cant according

to Wilcoxon tests (risk : 5%). On a clustering quality point of view, RoSyFis the method that obtains

the second lowest quantization error, just after Best-QEwhich is designed to select the map with the

lowest QE. Also, from a classi�cation point of view, its performance is also very good : in average,

RoSyFranks �rst for the NMI criterion. Also note that all quality criteria have a low variability : the

standard deviations is almost always the lowest :RoSyFis the method which has the best coef�cient

of variation (mean divided by the standard deviation) for all quality criteria.

3. http://archive.ics.uci.edu/ml
4. http://cran.r-project.org/web/packages/mlbench
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Table 4.1 Method performance comparison (mean and standard deviation of different quality crite-
ria ; QE has been multiplied by 100)

B-Rand B-PCA B-Seq B-RoSyF RoSyF Best-R Best-QEBest-TE

“Glass”

mean QE 855.10 855.93 854.97 609.84 597.81 595.09 560.69 593.68

sd QE 10.30 9.43 9.24 23.10 9.82 15.52 5.45 13.96

mean TE 11.95%12.42% 11.77% 0.01% 0.01% 0.10% 0.04% 0.00%

sd TE 6.09% 6.53% 6.45% 0.04% 0.07% 0.24% 0.17% 0.00%

mean NMI 15.80%15.77% 16.00%18.92% 17.86%15.64% 16.37%15.87%

sd NMI 3.38% 3.15% 3.30% 2.09% 1.38% 2.20% 2.03% 2.21%

“Vowel”

mean QE 847.57 847.73 847.91 550.78 545.88 547.44 531.30 548.23

sd QE 11.82 10.88 11.63 5.18 1.01 7.10 2.39 6.72

mean TE 5.89% 6.06% 5.80% 0.07% 0.07% 0.19% 0.20% 0.00%

sd TE 3.62% 3.46% 3.37% 0.10% 0.08% 0.14% 0.14% 0.00%

mean NMI 7.11% 6.76% 7.03% 9.47% 9.57% 9.64% 9.53% 9.53%

sd NMI 1.44% 1.37% 1.49% 0.12% 0.11% 0.66% 0.54% 0.72%

Table 4.2 Method stability comparison (mean and standard deviation of different stability criteria ;
D has been multiplied by 10 000)

B-Rand B-PCA B-Seq B-RoSyF RoSyF Best-R Best-QE Best-TE

“Glass”

mean D 70.85 67.22 67.06 149.65 67.07 2047.14 1302.271581.49

sd D 38.62 32.32 31.24 335.14 310.74 1557.08 1170.391186.28

mean NMI 64.77%65.60% 65.88% 83.54% 87.47%49.15% 54.41% 49.86%

sd NMI 6.37% 6.32% 6.23% 5.83% 5.11% 10.81% 9.57% 10.26%

“Vowel”

mean D 59.89 61.33 59.21 15.30 11.07 681.87 535.32 716.81

sd D 31.19 33.33 31.42 5.77 3.87 275.23 185.06 343.41

mean NMI 57.32%56.83% 57.70% 90.83% 92.39%72.53% 74.94% 72.11%

sd NMI 5.32% 5.21% 5.20% 1.59% 1.33% 3.29% 2.66% 3.37%

Table 4.2 (and Figure 4.1 for the dataset “Vowel”) provides a comparison of the stability criteria.

For this data set, RoSyF has the best stability, either in term of prototype stability (even though

B-PCAand B-Seqalso have a good prototype stability) and even more in term of class stability. These

differences are signi�cant according to Wilcoxon tests (risk : 5%). The results indicate that the method

is indeed appropriate to improve the quality of the �nal map but also that it is very stable and gives

very similar results if used several times, with different initializations of the prototypes and different

training of the merged maps.

The relevance of stopping the merging process before all the maps have been fused has also been

evaluated5. This comparison shows that there is only a small bene�t in stopping the merging process

before all maps have been used : most strategies lead to an highly deteriorated TE. Only stopping the

training process when TE increases (TE-Inc) or based on the similarity strategy described in 6.2 are

5. For the sake of paper length, detailed results are not reported but only described.
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Figure 4.1 Normalized mutual information (NMI) between pairs of clusterings obtained from the
250 �nal maps generated by the different approaches.

valid approaches in terms of quality criteria. However, a stability analysis shows that all these strategies

strongly deteriorate the stability of the �nal map : merging all maps is the approach that provides

the best stability, either in term of prototype comparison than in term of class comparison, except

for TE-Inc which provides a slightly more stable clustering but very different prototypes. All these

strategies use only few maps (less than 10 maps in average), except againTE-Inc which uses 89.4

maps in average for the “Glass” dataset and is thus very close to the maximum number of available

maps (100). Actually, additional simulations (not shown for the sake of paper length) merging more

than 100 maps proved that the stability increases with the number of fused maps (up to a certain

number which was for our dataset between 500 to 1000 maps). A trade-off has thus to be found

between computational time required to generate a large number of maps and stability of the results.

This question is still under study.

4.5 Conclusion

Although most work on SOM ensembles are based on bootstrapping techniques, this paper

presents an approach allowing to explore different initial states for the map. The method improves

the stability of the fused map, both in term of prototypes and in terms of clustering. We are currently

investigating how to choose an optimal number B of maps to fuse as well as weighting schemes based

on various quality criteria : this approach is already promising to improve the results, especially the

stability of the �nal map.
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Chapitre 5
Accelerating stochastic
kernel SOM

R�esum �e : L'analyse de donńees non vectoriel est devenue commun dans de nombreuses

applications modernes. Plusieurs ḿethodes se basant sur des prototypes ont́eté étendu a�n de

répondre �a ce besoin en ḿethodes �a noyau qui permettent d'embarquer les donńees dans un

espace Euclidien implicitement d́e�nie. Un inconv énient majeur de ces approches ŕeside dans

leur complexit é, qui est tr�es souvent quadratique ou cubique en nombre d'observations. Dans cet

article, nous proposons une ḿethode ef�cace a�n de r éduire la complexité de l'algorithme des

cartes auto-organisatrices stochastique�a noyau. Les ŕesultats sont illustrés sur de grands jeux de

données et sont compaŕes �a la version standard de l'algorithme. L'approche est impĺement́e dans

la derni�ere version du packageR SOMbrero a.

Abstract : Analyzing non vectorial data has become a common trend in a number of real-life

applications. Various prototype-based methods have been extended to answer this need by

means of kernalization that embed data into an (implicit) Euclidean space. One drawback of

those approaches is their complexity, which is commonly of order the square or the cube of the

number of observations. In this paper, we propose an ef�cient method to reduce complexity of

the stochastic kernel SOM. The results are illustrated on large datasets and compared to the

standard kernel SOM. The approach has been implemented in the last version of the R package

SOMbrero.

a. https://cran.r-project.org/web/packages/SOMbrero , version 1.2



5.1 Introduction

In a number of real-life applications, data cannot be described by numerical variables or cannot

be compared in a meaningful way using standard Euclidean metrics. This is the case, for instance, with

graphs, trees, categorical data, ... A generic way to handle this type of dataset is to use a measure of

similarity or dissimilarity between the data, which can be expertly designed.

Self-organizing maps (SOM) have �rst been extended to the framework of non numerical data

through the median SOM approach [84, 34]. The method replaces the standard computation of the

prototypes by an approximation in the original dataset. However, the representation of the prototypes

is very restricted and generates representation issues and therefore poor performances. A different

approach is taken in the relational and kernel versions of SOM [65, 103, 92, 67, 123]. In these versions,

the original data are embedded into an (implicit) Euclidean or pseudo-Euclidean space in which

the algorithm is performed using only the dissimilarity or the kernel. A side effect of this method

is that it requires that the prototypes are expressed as a convex combination of the original data,

leading to a quadratic complexity for the batch and the on-line version of the algorithm [148]. The

induced computation cost is a serious bottleneck to analyze datasets with more than a few thousands

observations.

In the present paper, we propose an ef�cient method to reduce the complexity of the stochastic

kernel SOM (K-SOM) so that it is linear in the number of observations. The approach is based on an

ef�cient on-line update of the prototypes, which only requires to store two matrices. The standard

K-SOM algorithm is brie�y described in Section 5.2 and our proposal for reducing its computational

complexity is discussed in Sections 5.3 (kernel version) and 5.4 (adaptation to arbitrary dissimilarity

datasets). Finally, the approach is illustrated in Section 5.5.

5.2 A brief description of the stochastic K-SOM

In the sequel, we consider a set of observations(x i ) i =1 ;:::;n taking values in an arbitrary spaceX .

X is equipped with a kernel K : X �X ! R that provides pairwise similarity between the observations,

K ij := K (x i ; x j ). K is assumed symmetric and positive which ensures the existence of a unique Hilbert

space,(H ; h:; :i H ), and a unique mapping � from X into H such that K (x; x 0) = h� (x); � (x0)i H [7].

In K-SOM [103, 92], the U prototypes (pu )u =1 ;:::;U , representing the units of the low dimensional

grid on which the observations are projected, are expressed as convex combinations of the images of

(x i ) i =1 ;:::;n by � : pu =
P n

i =1 � ui � (x i ), with � ui � 0 and
P n

i =1 � ui = 1 .

In the on-line version of the algorithm, the following two steps are performed for each iteration t,

starting from randomly chosen values � 0
ui :

— the assignment step in which an observationx i is picked at random and affected to its clo-

sest prototype, f t (x i ) = arg min u =1 ;:::;U k� (x i ) � pt
u k2

H . This step is equivalent to f t (x i ) =

arg minu =1 ;:::;U
P n

j;j 0=1 � t
uj � t

uj 0K jj 0 � 2
P n

j =1 � t
uj K ij , for K ij = K (x i ; x j ) ;

— the representation step in which the prototypes are updated according to a gradient descent-like

approach : 8u = 1 ; : : : ; U , pt +1
u  pt

u + � (t)ht (d(f t (x i ); u))( � (x i ) � pt
u ), which is equivalent

to � t +1
u  � t

u + � (t)ht (d(f t (x i ); u))( 1i � � t
u ) for d the distance between units on the grid, ht a

decreasing function such thatht (0) = 1 and lim x ! + 1 ht (x) = 0 , 1i the n-dimensional vector in

which only the entry indexed by i is non zero and equal to 1 and� is a positive number. Usually

� (t) and ht are chosen so as to vanish whent increases.

The complexity of the assignment and representation steps are, respectively,O(n2U) and O(nU ),

which leads to a total complexity of O(n2U) for one iteration. To obtain good convergence properties,

the algorithm requires a number of iterations of the order of �n , as shown in [126], yielding a
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complexity of O(�n 3U). Hence, the K-SOM is not adapted to large datasets and cannot be used to

analyze more than a few thousands observations. [109] have proposed two approximate versions to

overcome this issue, using sparse representations of the prototypes or DR pre-processing techniques.

In the present article, we propose a modi�cation of the SOM update steps so as to produce a solution

which is exactly equivalent to the original algorithm, but with a reduced computational time.

5.3 Reducing the complexity of stochastic K-SOM

Using a re-formulation of the assignment step, the computational cost of one iteration can

be reduced to O(nU ). At iteration t, an observation x i is picked at random within (x i 0) i 0=1 ;:::;n

and the assignment step is written f t (x i ) = arg min u 2 1;:::;U A t
u � 2B t

ui in which A t =� P n
j;j 0=1 � t

uj � t
uj 0K jj 0

�

u =1 ;:::;U
is a vector of size U and B t =

� P n
j =1 � t

uj K i 0j

�

u =1 ;:::;U; i 0=1 ;:::;n

is a (U � n)-matrix.

The updates ofA t and B t are performed during the representation step, which is thus equivalent

to 8u = 1 ; : : : ; U; � t +1
u = (1 � � u (t)) � t

u + � u (t)1i , in which � u (t) = � (t)h(d(f t (x i ); u)) . This leads

to the following updates :

B t +1
ui 0 =

nX

j =1

� t +1
uj K i 0j = (1 � � u (t))B t

ui 0 + � u (t)K i 0i ;

and the vector A is modi�ed using the equation given by

A t +1
u =

nX

j;j 0=1

� t +1
uj � t +1

uj 0 K jj 0 = (1 � � u (t)) 2A t
u + � u (t)2K ii + 2 � u (t)(1 � � u (t))B t

ui :

Thus, the computational cost of the algorithm can be decomposed into :

— computing A0
u =

P n
j;j 0=1 � 0

uj � 0
uj 0K jj 0 and B 0

ui 0 =
P n

j =1 � 0
uj K i 0j for all u = 1 ; : : : ; U and all

i 0 = 1 ; : : : ; n. This step is performed only once and has a complexity ofO(n2) and O(n) for A0

and B 0 , respectively ;

— performing the assignment step which complexity does not depend onn since the distances are

pre-computed and stored ;

— the update of A t and B t (representation step), which have respective complexities equal to

O(U) and O(nU ).

Since the assignment and representation steps are usually performedO(�n ) times, the total complexity

of the algorithm is dominated by O(�n 2U). This computational cost is obtained using the additional

storage of A t and B t which requires a memory of O(U) and O(nU ), respectively.

5.4 The case of dissimilarity data

In some cases, the dataset is described by a measure of dissimilarity (� (x i ; x j ) = � ij ), rather than

by a kernel. We will suppose that the dissimilarity is symmetric (� ij = � ji ), with positive elements

(� ij � 0) and a null diagonal ( � ii = 0 ) but it might be not Euclidean. In [67, 123] are described

relational versions of the SOM algorithm that are adapted to this case and are based on a pseudo-
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Euclidean framework [62]. The principle is fairly similar to the one described in Section 5.2 except

that the assignment step writes :

f t (x i ) = arg min
u =1 ;:::;U

 
nX

j =1

� t
uj � ij �

1
2

nX

j;j 0=1

� t
uj � t

uj 0� jj 0

!

(the representation step is unchanged compared to the kernel version). The complexity of the method

is thus identical to the one of the kernel SOM. In the case where the dissimilarity is computed from a

kernel K by � ij = K ii + K jj � 2K ij , the dissimilarity SOM and the relational SOM are identical.

The adaptation of kernel SOM described in Section 5.3 has a straightforward equiva-

lent in the case of the relational SOM : A t =
� P n

j;j 0=1 � t
uj � t

uj 0� jj 0

�

u =1 ;:::;U
and B t =

� P n
j =1 � t

uj � i 0j

�

u =1 ;:::;U;i 0=1 ;:::;n
. The assignment step is thusf t (x i ) = arg min u =1 ;:::;U

�
B t

ui � 1
2 A t

u

�

and the updates of A t and B t are performed during the representation step as described in Sec-

tion 5.3.

5.5 Application

In this section, different simulations are performed to compare the standard K-SOM to the

accelerated version described in Sections 5.3 and 5.4. To assess the computational cost of the methods,

three large size datasets are used :

— a graph, denoted by “polblogs”, in which the 1,222 nodes are blogs on US politics (recorded in

2005 by [2] 1). The edges in this graph represent hyper-links between the blogs. For this dataset,

the shortest path lengths between pairs of nodes have been computed and used in the relational

version of this algorithm. This dissimilarity is not Euclidean.

— a DNA barcoding dataset, denoted by “cowrie”, that contains 2,036 samples issued from the

cowries family introduced in [116]. DNA barcoding data are composed of sequences of nu-

cleotides, i.e., sequences of “A”, “C”, “G”, “T” letters in high dimension (hundreds or thousands

of sites) allowing to assign biological specimens to a species. Only 1,414 samples were used

(those corresponding to species with very few observations were removed). The Kimura-2P [82]

dissimilarity is computed between pairs of sequences and used in the relational version of the

algorithm. Again, this dissimilarity is not Euclidean.

— a (standard) numerical dataset, denoted by “wine”, which is related to red variants of the

Portuguese “Vinho Verde” wine [37] 2. The dataset contains 4 898 observations of 12 numeric

variables based on physicochemical tests, such as the pH, the sulphates or the residual sugar.

The Gaussian kernel has been computed between any pair of wines :K ij = e� � k x i � x j k 2
with �

equals to the median of
n

1
kx i � x j k 2

o

i<j
.

Hence, the �rst two datasets are true relational dataset which requires to use an adapted version of the

SOM algorithm to be processed, whereas the third one is a numeric dataset, which can be processed in

a standard manner with the original SOM algorithm.

All simulations have been performed with the R packageSOMbrero 3 that contains implementa-

tion of the standard numeric SOM and of the relational version of the algorithm. SOMbrero uses a

stochastic learning, as is described in this article. Version 1.1 has been used to obtain the computational

time provided by the original version of the algorithm and version 1.2 to obtain the computational

time provided by the accelerated version. For a �xed random seed, the results of both versions (version

1. The graph is available athttp://www-personal.umich.edu/ ~mejn/netdata/polblogs.zip .
2. The dataset is available athttps://archive.ics.uci.edu/ml/datasets/Wine+Quality .
3. https://cran.r-project.org/web/packages/SOMbrero
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Table 5.1 CPU time in seconds of the different versions of the SOM algorithm (average over 100
maps and standard deviation between parenthesis)

numeric SOM rSOM acc. rSOM

“polblogs” NA 1112.34 (165.86) 36.99 (4.49)

“cowrie” NA 1715.40 (249.60) 42.52 (2.32)

“Wine” 16.40 (2.13) 8527.16 (874.58) 206.32 (38.24)

1.1 with the standard implementation and version 1.2 with the accelerated implementation) were

always exactly identical for the dissimilarity versions.

All maps were trained for a 10� 10 grid with respectively 6000 (“polblogs”), 7000 (“cowrie”) and

25000 (“wines”) iterations. All grids were equipped with a piecewise linear neighborhood with the

Euclidean distance between units on the grid calculated using the unit coordinates inN� 2 . Following

the same methodology,100 maps were trained using the standard numeric version of the SOM on

“wine”, the only numerical dataset, as a basis for comparison : the computational cost of the numeric

version of the algorithm is O(�n � Up) in which p � n is the number of variables in the dataset (see

[148]). It is thus expected that this direct approach is still faster than the relational version. Results

(in terms of clustering on the map) are also different between the relational version and the numeric

version but these differences are related to the choice of a good dissimilarity in a given dataset, which

is out of the scope of this paper. We thus only report computational times here.

Table 5.1 provides the computational cost in seconds obtained over the100 maps (mean and

standard deviation) for the numeric SOM, the standard relational or kernel SOM and the accelerated

version. NA (not applicable) values in the numeric SOM column of both “polblogs” and “cowrie”

datasets come from the fact that these datasets are not in the framework of the numeric SOM.

Results show that the accelerated version allows to highly reduce the computational time of

the relational or kernel SOM. When comparing the results obtained on the different datasets, the

accelerated version is 30 times faster than the original approach on “polblogs” and more than 40 times

faster on both “cowrie” and “wine”. Compared to the numerical version, the computational cost is

increased but still comparable.

5.6 Conclusion

We have proposed an ef�cient version of the stochastic K-SOM and relation SOM, with a complexity

of O(�n 2U). The experiments performed on several datasets demonstrate that the presented method

strongly decreases the overall computational time. With the introduction of this method, a step is taken

to allow the SOM algorithm to deal with massive non numerical datasets.
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Chapitre 6
Bagged kernel SOM

R�esum �e : Dans de nombreuses applications modernes, l'utilisateur s'int́eresse�a l'analyse de

données non vectorielles pour lesquelles les noyaux représentent un outils ef�cace, permettant

d'embarquer les donńees dans un espace Euclidien implicitement d́e�nie. Cependant, lorsque

ceux-ci sont utilisés par des ḿethodes se basant sur des prototypes, le temps de calcul devient

fonction du nombre d'observations (car les prototypes s'expriment comme combinaisons

convexes des donńees d'origines). Autre inconv́enient de la méthode, les prototypes ne sont

plus interpr étable. Dans cet article, nous proposons une solution�a ces deux probĺematiques

par l'utilisation d'une approche de bagging. Les ŕesultats sont illustrés sur des jeux de donńees

simulés et sont compaŕes �a des ḿethodes alternatives existantes dans la litt́erature.

Abstract : In a number of real-life applications, the user is interested in analyzing non vectorial

data, for which kernels are useful tools that embed data into an (implicit) Euclidean space.

However, when using such approaches with prototype-based methods, the computational time

is related to the number of observations (because the prototypes are expressed as convex

combinations of the original data). Also, a side effect of the method is that the interpretability of

the prototypes is lost. In the present paper, we propose to overcome these two issues by using a

bagging approach. The results are illustrated on simulated data sets and compared to alternatives

found in the literature.



6.1 Introduction

In a number of real-life applications, the user is interested in analyzing data that are non described

by numerical variables as is standard. For instance, in social network analysis, the data are nodes of a

graph which are described by their relations to each others. Self-Organizing Maps (SOM) and other

prototype based algorithms have already been extended to the framework of non numerical data, using

various approaches. One of the most promising one is to rely on kernels to map the original data into

an (implicit) Euclidean space in which the standard SOM can be used [103, 92, 18]. A closely related

approach, called “relational SOM” [67, 123], extends this method to dissimilarity data which are

pertaining to a pseudo-Euclidean framework, as demonstrated in [67]. Further, in [125], we addressed

the issue of using several sources of (possibly non numeric) data by combining several kernels. The

combination of kernels is made optimal with a stochastic gradient descent scheme that is included in

the on-line version of the SOM algorithm.

However, while able to handle non Euclidean data, that can eventually come from different

sources, these approaches suffer from two drawbacks : as pointed out in [110], when the data set

is very large, the computational time of such approaches can be prohibitive. Indeed, prototypes are

expressed as convex combinations of the original data and are thus expressed with a number of

coef�cients equal to the number of observations in the data set. Also, adding an extra gradient descent

step to optimize the kernel combination requires to increase the number of iterations of the algorithm,

which yields to an augmented computational time. The second drawback is emphasized in [72] : as

the prototypes are expressed as a convex combination of the original data, they are no longer given as

explicit representative points in the data space and the interpretability of the model is lost.

In the present paper, we propose to overcome these two issues by using a bagging approach in

which only a small subset of the original data set is used. The results coming from several bags are

combined to select the most representative observations that are then utilized to de�ne the prototypes

in a �nal map. This approach is both sparse (the resulting map is based on a small subset of observations

only), fast and parallelizable, which makes it an interesting approach to analyze large samples. The

rest of the paper is organized as follow : Section 6.2 describes the method and its relations to previous

approaches in the literature. Section 6.3 provides the analysis of the results obtained on simulated

data sets and on a real-world data set which is a graph.

6.2 Method

6.2.1 A brief description of the kernel SOM approach

Let us suppose that we are given input data,(x i ) i =1 ;:::;n taking values in an arbitrary space

G. When G is not Euclidean, a solution to handle the data set (x i ) i with standard learning algo-

rithms is to suppose that a kernel is known, i.e., a function K : G � G ! R which is symmetric

(8 z; z0 2 G, K (z; z0) = K (z0; z)) and positive (8 N 2 N, 8 (zj ) j =1 ;:::;N � G and 8 (� j ) j =1 ;:::;N � R,
P

j;j 0 � j � j 0K (zj ; zj 0) � 0). When such conditions are ful�lled, the so-called kernel de�nes a dot

product in an underlying Hilbert space : more precisely, there exists a Hilbert space(H ; h:; :i H ), called

the feature space, and a function � : G ! H , called the feature map, such that

8 x; x 0 2 G; h� (x); � (x0)i H = K (x; x 0)

(see [7]). Hence using the kernel as a mean to measure similarities between data yields to implicitly

rely on the Euclidean structure of H . Many algorithms have beenkernelized, i.e., modi�ed to handle
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(possibly non vectorial) data described by a kernel. In particular, the general framework of kernel SOM

is described in [103, 92, 18]. In this framework, as in the standard SOM, the data are clustered into a

low dimensional grid made of U neurons, f 1; : : : ; Ug and these neurons are related to each other by a

neighborhood relationship on the grid, h. Each neuron is also represented by a prototypepu (for some

u 2 f 1; : : : ; Ug) but unlike standard numerical SOM, this prototype does not take value in G but in the

previously de�ned feature space H . Actually, each prototype is expressed as a convex combination of

the image of the input data by the feature map :

pu =
nX

i =1

 ui � (x i ); with  ui � 0 and
X

i

 ui = 1 :

In the on-line version of the algorithm, two steps are iteratively performed :

— an affectation step in which an observation x i is picked at random and affected to its closest

prototype using the distance induced byK :

f (x i ) = arg min
u

kpu � � (x i )k
2
H ;

where kpu � � (x i )k2
H = K (x i ; x i ) � 2

P
l  uj K (x i ; x j ) +

P
jj 0  uj  uj 0K (x j ; x j 0).

— a representation step in which the prototypes are updated according to their value at the

previous stept and to the observation chosen in the previous step. A gradient descent-like step

is used for this update :

8 u = 1 ; : : : ; U;  t +1
u =  t

u + � (t)ht (f (x i ); u)
�
� n

i �  t
u

�

where � n
i is the n-dimensional vector in which only entries indexed by i is non zero and equal

to 1, � (t) � 1=t is a vanishing coef�cient and, usually, the neighborhood relationship ht also

vanishes with until being restricted to the neuron itself.

Note that this algorithm has also been extended to the case where the observations are described by

several kernels, each corresponding to one particular type of data, in themultiple Kernel SOMalgorithm

[125]. In this algorithm, an additional gradient descent step is added to the algorithm to tune the

respective contribution of each kernel in an optimal way.

6.2.2 Ensemble of SOMs

Despite their generalization properties to complex data, kernel SOM and related methods are not

well-suited for large data sets since the algorithms generally require the storage of the entire Gram

matrix and since the prototypes are expressed as convex combinations of the input data and thus have

a very high dimension. Another important drawback of the prototype representation is that, being

expressed as a very large linear correlation of the mapped input data, they are not easy to interpret.

Indeed, for non vectorial data, such as e.g., nodes in a graph whose similarities can be described by

several types of kernels (see [163]), there is no way to describe the prototypes in terms of an object in

the input space (here, the graph). As prototypes are commonly used to deciphter the clusters' meaning,

one of the main interesting feature of the SOM algorithm is lost in the process, as pointed out in

[72].

Several techniques have been proposed in the literature to overcome the dimensionality issues,

which can be adapted to the kernel SOM framework : some are related to sparse representations

and some to bootstraping and bagging. In [67], the large size of the data set is handled using “patch

clustering”, which is particularly suited for streaming data but can also be used to handle large

dimensional data. The initial data set is randomly split into several patches,Pb and the algorithm

processes each patch iteratively. At stepb, the b-th patch is clustered until convergence. Each of the

resulting prototypes is approximated by the closestP input data points. During the next step, the index
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set of the P-approximations of all prototypes and the index set of the next patch Pb+1 are put together

into the extended patch P ?
b+1 and the clustering process is performed on all the observations indexed

by P ?
b+1 . This is iterated until all patches are clustered. This approach leads to good clustering results,

however it is not parallelizable and the algorithm may be sensitive to the order in which patches are

processed. Another technique for handling large data sets is to use bootstrap and bagging. In [133],

bagging is applied to a batch version of the SOM algorithm for numerical data in a semi-supervised

context. The prototypes of the map trained on the �rst bag are initialized to lie in the �rst principal

component and each trained map is used to initialize the subsequent map for the subsequent bag. This

procedure reduces the dimensionality and improves the classi�cation error, but it is not parallelizable.

Alternatively, [175, 10] propose by combining SOM based on separate bootstrap samples with a fusion

of their prototypes. These approach, which can be used in parallel are however only valid if the

prototypes are expressed on the same representation space, which is not directly generalizable when

using kernel SOM in which prototypes are directly expressed with the bootstrap sample.

6.2.3 Bagged kernel SOM

Our proposal is to use a bagging approach that is both parallelizable and sparse. Bagging uses a

large number of small sub-samples, all randomly chosen, to select the most relevant observations :

B subsets,(Sb)b each of sizenB � n, are built, at random, within the original data set f x1 ; : : : ; x n g.

Using the on-line algorithm described in [173], a map with U neurons is trained, which results in

the prototypes pb
u =

P
x i 2S b

 b
ui � (x i ) where � is the feature map associated with the kernel K .

The most representative observations are chosen as the �rstP largest weights for each prototype :

8 u = 1 ; : : : ; U ,

I b
u :=

�
x i :  ui is one of the �rst P largest weights among( b

uj )x j 2S b

	
;

and I b = [ u I b
u . Alternative methods to select the most interesting prototypes are reported in [72] ;

the one we chose is referred in this paper as theK-convex hullbut it would be interesting to test other

methods for selecting the most interesting observations.

Then, the number of times each observation(x i ) i =1 ;:::;n is selected in one sub-sample is computed :

N (x i ) := ] f b : x i 2 I bg which is �nally used as a quality criterion to select the most important

variables which are the �rst P � U observations with the largest values forN (x i ) :

S := f x i : N (x i ) is one of the �rst P U largest numbers among(N (x j )) j � n g :

A �nal map is then trained with the selected observations in S which has prototypes expressed as

pu =
P

x i 2S  ui � (x i ). The �nal classi�cation for all observations (x i ) i =1 ;:::;n is deduced from these

prototypes by applying the standard affectation rule : C(x i ) := arg min u =1 ;:::;U kpu � � (x i )k2 where

kpu � � (x i )k2
H is computed using K , as described in Section 6.2.1. The algorithm is described in

Algorithm 4.

Note that, strictly speaking, only the sub-kernels K �S ;S := ( K (x i ; x j )) i =2S ;j 2S and K S =

(K (x j ; x0
j )) j;j 02S are required to perform the �nal affectation step because the closest prototype

does not depend on the termK (x i ; x i ) and thus the affectation step for (x i ) i =2S can be performed by

computing :

� 2K �S ;S  + 1j �Sj

�
Diag

�
 T K S 

�� T
;

where  = (  ui )u =1 ;:::;U;i 2S and 1j �Sj if the vector with all entries equal to 1 and having length the

number of elements in �S = f x i : x i =2 Sg.

The complexity of the approach isO(Un2
B B + U2P), compared to the direct approach which has

a complexity equal to O(Un2). Hence, the computational time is reduced as long asBn 2
B + U2P < n 2

and is even more reduced if theB sub-SOMs are performed in parallel. Usually,B is chosen to be

large, nB is small compared to n and P is only a few observations to obtain sparse representations
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Algorithm 4 Multiple online kernel SOM

1: Initialize for all i = 1 ; : : : ; n, N (x i )  0
2: for b = 1 ! B do
3: Sample randomly with replacement nB observations in (x i ) i =1 ;:::;n return Sb

4: Perform kernel SOM with Sb return prototypes (pb
u )u � ( b

ui )ui

5: for u = 1 ! U do
6: Select theP largest ( b

ui )x i 2S b return I b
u (set of the observations correspon-

ding to the selected  b
ui )

7: end for
8: for i = 1 ! n do
9: if x i 2 [ u I b

u then
10: N (x i )  N (x i ) + 1
11: end if
12: end for
13: end for
14: Select thePU observationsx i corresponding to the largestN (x i ) return S
15: Perform kernel SOM with S return prototypes (pu )u � ( ui )u=1 ;:::;U;x i 2S and classi-

�cation (f (x i )) x i 2S

16: Affect (x i )x i =2S with
f (x i ) := arg min

u
k� (x i ) � pu k2

H

17: return �nal classi�cation (f (x i )) i =1 ;:::;n and sparse prototypes (pu )u �
( ui )u=1 ;:::;U;x i 2S

of the prototypes. However, the computational times are not directly comparable since the bagged

approach can be performed in parallel, unlike the direct approach or the patch SOM.

6.3 Applications

Bagged kernel SOM on simulated data

First, a simple simulated dataset with 5000 observations is considered. The observations are

randomly generated in [0; 1]20 and are then mapped onto a5 � 5 grid using the kernel SOM algorithm

with a Gaussian kernel. Several algorithms are compared with varying parameters :

— the patch SOM with different numbers of patches (250, 375, 500, 1 000) and different values

for P (2, 5, 10, 15, 20, 30 and 50). A last kernel SOM was trained with the selected observations

to make the results (based onP selected observations) comparable with those of the patch

SOM ;

— the bagged SOM with different values for nB (5%, 7.5%, 10% and 20% of the original data set

size) and for B (500 and 1000) and the same values forP as with the patch SOM ;

— a full kernel SOM used on the whole data set and aimed at being the reference method.

Figure 6.1 gives the quantization and topographic [135] errors of the resulting maps versus the value

of P . In this �gure, two classical quality criteria for SOM results are used : the quantization error

(which assesses the quality of the clustering) and the topographic error (which assesses the quality of

the organization ; see [135]). In some cases, the results can be even better than the full kernel SOM.

Considering the bootstrap version, the performances are consistent with the full kernel SOM (for about

P � 5 � 10, which corresponds to using only 250 observations at most, instead of 5000, to represent

the prototypes).
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Figure 6.1 Evolution of the quantization (left) and topographic (right) errors versus P . Error bars
indicates the �rst and last quantiles and dots the average values over all simulations.

The analysis of the other parameters of the algorithm (bag sizenB and number of bootstrap

samplesB ) does not show any particular feature. This is explained because the �nal clustering is

obtained from the P U most representative observations and thusP has a much greater impact on the

performances than, e.g.,nB .

Application to ego-facebook © network : The bagging method is then applied to one of the ego-

facebook© networks described in [112] 1. The data used in this section are the ones extracted from

the network number 107 : the largest connected component of the facebook© network was extracted,

which contained 1 034 nodes. This section presents the comparaison of bagged SOM and standard

SOM to map the nodes of the graph onto a two-dimensional grid (having sizes10 � 10). As explained

in [18, 149], using such mappings can provide a simpli�ed representation of the graph, which is useful

for the user to help him or her understand its macro-structure before focusing more deeply on some

chosen clusters. The kernel used to compute similarities between nodes in the facebook© network was

the commute time kernel, [55]. If the graph is denoted by G = ( V; E; W ), with V = f x1 ; : : : ; x n g the

set of vertices,E the set of edges which is a subset ofV � V and W a weight matrix (a symmetric

matrix with positive entries and null diagonal), the commute time kernel is the generalized inverse

of the graph Laplacian, L , which is : L ij =

�
di if i = j

� Wij otherwise
where di =

P
j Wij is the degree

of node x i . As explained in [102], the Laplacian is closely related to the graph structure and thus, it

is not surprising that a number of kernel has been derived from this matrix [163]. As shown in [55],

the commute kernel yields to a simple similarity interpretation because it computes the average time

needed for a random walk on the graph to reach a node from another one.

Different approaches were compared : (i) the standard kernel SOM (on-line version), using all

available data ; (ii) the bagged kernel SOM, as described in Section 6.2, withB = 1000 bootstrap

sample,nB = 200 in each sample andP = 3 observations selected per prototype and (iii) a standard

kernel SOM trained with an equivalent number of randomly chosen observations. The relevance

of the results was assessed using different quality measures. Some quality measures were related

to the quality of the map (quanti�cation error and topographic error) and some were related to a

ground truth : some of the nodes have been indeed labeled by users to belong to one “list” (as named

by facebook© ). We confronted these groups to the clusters obtained on the map calculating (i) the

average node purity (i.e., the mean over all clusters of the maximal proportion of one list in a given

cluster ; only individuals belonging to one list were used to compute this quality measure) and (ii)

the normalized mutual information [43] (also restricted to individuals belonging to one list only) and

1. available at http://snap.stanford.edu/data/egonets-Facebook.html
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also to the graph structure using the modularity [120], which is a standard quality measure for node

clustering.

The results are summarized in Table 6.1. Surprisingly, the maps trained with a reduced number

Quanti�cation Topographic Node Normalized Modularity
Error ( � 100) Error Purity Mutual Information

bagged K-SOM 7.66 4.35 89.65 70.10 0.47
full K-SOM 9.06 5.22 86.53 53.79 0.34

random K-SOM 8.08 6.09 87.26 60.79 0.40
Table 6.1 Quality measures for different versions of kernel SOM (standard using all data, bagged,

standard using randomly selected data) on facebook© data

of samples (bagged K-SOM and random K-SOM) obtain better quality measures than the map trained

with all samples. Using a bootstraping approach to select the relevant observations also signi�cantly

improves all quality measures as compared to a random choice with the same number of observations.

The results obtain with the bagged SOM are displayed in Figures 6.2 and 6.3 (from, respectively, the

map and the network points of view). They show that the nodes are mainly dispatched into three big

clusters, which correspond each to approximately only one “list”, as de�ned by the user. The results

Figure 6.2 Simpli�ed representation of the facebook © network projected on the map resulting from
bagged K-SOM. The circle sizes are proportional to the number of nodes classi�ed in the
cluster and the edge width are proportional to the number of edges between the nodes in
the two clusters. Colors correspond to the proportion of user-de�ned lists (black is used
for “no list”).

provided with the K-SOM using all the data tend to provide smaller communities and to scatter the

biggest lists on the map. Using this approach, it is however hard to conclude if interpretability has

been increased (i.e., if the selected observations used for training are representative of their cluster)

as, in Figure 6.3, they do not seem to have a particularly high degree or centrality.

6.4 Conclusion

This paper presents a parallelizable bagged approach which results in a reduced computational

time and a sparse representation of prototypes for kernel SOM. The simulations show good per-
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Figure 6.3 The facebook© network represented with a force-directed placement algorithm [57].
Colors represent the clusters on the map and selected nodes used to train the map are
represented by squares (instead of circles)

formances and only a small loss of accuracy which is compensated by a faster computational time.

Obtained prototypes are also easier to interpret, as based on a smaller number of observations.
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Chapitre 7
Ef�cient interpretable
variants of online SOM for
large dissimilarity data

R�esum �e : L'algorithme des cartes auto-organisatrices repŕesente un outils ef�cace dans l'ex-

ploration de données. Dans sa version originale, l'algorithme áeté conçu pour des vecteurs

numériques. Depuis, de nombreuses extensions ont́eté propośees a�n de prendre en compte

des jeux de donńees complexes d́ecris par des (dis)similarités. La majorit́e de ces extensions

représentent les prototypes sous forme d'une liste de (dis)similarit́es avec le jeu de donńees

complet et souffre de nombreux inconv́enients : leurs complexit́es est augment́ees (elle de-

vient quadratique au lieu de lin éaire), la stabilit é est diminuée et les prototypes ne sont plus

interpr étable.

Dans cet article, nous proposons et comparons deux extensions des cartes auto-organisatrices

stochastiques pour des donńees de (dis)similarités : la premi�ere pro�te des propri étés de la

version stochastique de l'algorithme a�n to maintenir une repr ésentation parcimonieuse des pro-

totypes �a chaque it́eration de l'algorithme, lorsque la seconde utilise une ŕeduction de dimension

dans l'espace image d́e�nie par la (dis)similarit é. Nos contributions �a l'analyse de donńees de

(dis)similarit é par des cartes topologiques sont de deux ordres : premi�erement, nous pŕesentons

une nouvelle version des cartes auto-organisatrices qui impose une représentation parcimonieuse

des prototypes lors de leurs mise�a jour �a chaque it́eration. Deuxi�emement, cette approche

est compaŕee sur de nombreux jeux de donńees de ŕeférence�a une méthode de ŕeduction de

dimension standard (K-PCA), qui est elle-m̂eme adapt́ee aux jeux de donńees massifs gr̂ace �a

l'approximation de Nystr öm.

Les ŕesultats mettent en évidence que les deux approches permettent de ŕeduire la di-

mensionnalité des prototypes tout en fournissant des ŕesultats exacts en un temps raisonnable.

La śelection d'une de ces deux strat́egies d́epend de la taille du jeu de données, du besoin

d'une interpr étation facile des ŕesultats ainsi que de l'́equipement informatique �a disposition. La

conclusion fournit quelques recommandations a�n d'aider l'utilisateur �a faire son choix.



Abstract : Self-organizing maps (SOM) are a useful tool for exploring data. In its original version,

the SOM algorithm was designed for numerical vectors. Since then, several extensions have been

proposed to handle complex datasets described by (dis)similarities. Most of these extensions represent

prototypes by a list of (dis)similarities with the entire dataset and suffer from several drawbacks :

their complexity is increased - it becomes quadratic instead of linear -, the stability is reduced and the

interpretability of the prototypes is lost.

In the present article, we propose and compare two extensions of the stochastic SOM for

(dis)similarity data : the �rst one takes advantage of the online setting in order to maintain a

sparse representation of the prototypes at each step of the algorithm, while the second one uses a

dimension reduction in a feature space de�ned by the (dis)similarity. Our contributions to the analysis

of (dis)similarity data with topographic maps are thus twofolds : �rst, we present a new version of

the SOM algorithm which ensures a sparse representation of the prototypes through online updates.

Second, this approach is compared on several benchmarks to a standard dimension reduction technique

(K-PCA), which is itself adapted to large datasets with the Nystr̈om approximation.

Results demonstrate that both approaches lead to reduce the prototypes dimensionality while

providing accurate results in a reasonable computational time. Selecting one of these two strategies

depends on the dataset size, the need to easily interpret the results and the computational facilities

available. The conclusion tries to provide some recommendations to help the user making this choice.

7.1 Introduction

7.1.1 State-of-the art on SOM for (dis)similarity data

Over the years, the self-organizing map (SOM) algorithm [86] was proved to be a powerful

and convenient tool for clustering and visualizing data [132, 136, 155, 119, 187]. While the original

algorithm had been designed for numerical vectors, the available data in the applications became more

and more complex, being frequently too rich to be described by a �xed set of numerical attributes

only. This is the case, for example, when data are described by relations between objects (individuals

involved in a social network) or by measures of resemblance/dissemblance which are context speci�c

(see [1, 51] for similarities between categorical sequences, [101] for similarities between microbial

diversity distributions, [186] for similarities in gene expression data).

During the past twenty years, the SOM algorithm was extended to handle non numerical data.

For example, SOM was adapted to categorical data analysis, by using a method similar to Multiple

Correspondence Analysis in [38]. Another solution, called median SOM [84], addressed the issue of

data described by pairwise relations (similarities or dissimilarities) : in this solution, the standard

computation of the prototypes is replaced by an approximation within the original dataset. However, as

prototypes are chosen among the data, their representation is very restrictive. In order to increase the

�exibility of the prototypes, [35] proposed to represent a class by several prototypes, all chosen among

the original dataset. But, this method seriously increases the computational time, while prototypes

remain restricted to the original dataset and may generate possible sampling or sparsity issues.

A very different approach to handle relational data consists in relying on a (pseudo-)Euclidean

framework, following the results of [7] (for data described by a kernel) or of [62] (for dissimilarity

data). This approach was developed in the framework of kernel SOM (see [103] for the online

version and [18] for the batch version), and in the framework of relational SOM (see [123] for the

online version and [67] for the batch version). Kernel SOM and relational SOM are equivalent if

the dissimilarity in relational SOM is the squared distance induced by the kernel. The key idea of

this approach is to express prototypes as convex combinations of the images of the original data

(x i ) i =1 ;:::;n in a (pseudo-)Euclidean space in which the data are (implicitly) embedded by the kernel

70



(or the dissimilarity) : as stated in [148, 74], this solution yields several drawbacks due to the large

dimensionality of the embedding space (which is equal to the number of observations,n). Firstly, the

complexity (in n) is strongly increased and becomes at least quadratic. As stressed in [67], algorithms

will be slow for datasets with 10,000 observations and impossible to run on a normal computer for

100,000 input data. Secondly, the results are highly unstable : especially in the online (also called

stochastic) version of the algorithm, two different runs of the method can provide very different results.

Thirdly, one of the most important features of the SOM algorithm is lost : in standard numerical

SOM, clusters are represented by a single prototype valued in the data space. These prototypes help

to interpret the obtained clusters and thus the overall map organization. In kernel/relational SOM,

prototypes are given asn coef�cients that correspond to a resemblance with each of then observations :

they do not correspond themselves to an observation in the original data space and as such, prototypes

are not much more informative than the clustering itself.

In conclusion, kernel and relational extensions of the standard SOM algorithm are hardly prac-

ticable when the dataset is large. This is due partly to the number of observations, but also to the

dimensionality of the (embedded) data which is directly related to this number. To address this issue,

strategies usually used to handle large datasets or datasets with a high dimensionality are useful and

they can even be combined.

7.1.2 Review of methods for large datasets and high dimensional

datasets

Different strategies were developed and are available in the literature to handle large datasets

(when the number of observations is large) and high-dimensional datasets (when the dimension of the

dataset is large). For large datasets, standard approaches include i)divide and conquer approaches[31,

29, 145] in which data are split into several bits of data which are processed separately. The results are

aggregated afterwards to obtain a �nal solution which is supposed to well approximate the solution

that would have been obtained if the entire dataset had been processed at once ; ii)subsampling

methods[24, 184, 83, 91, 115], which consist in using a restricted subset (usually carefully designed)

of the original data, in order to approximate the solution that could have been obtained with the entire

dataset and iii) online updates [154, 44], in which the results are updated with sequential steps, each

having a low computational cost.

A particular case of the subsampling strategy is the Nystr̈om approximation [181], which consists

in sampling a small number of rows/columns in square matrices and in obtaining an approximation of

its eigendecomposition at a very reduced computational cost. The eigendecomposition is even exact

when the matrix is of low rank (when the size of the subsample is larger than the rank of the matrix).

This method is frequently used for kernel and dissimilarity-based algorithms.

For high-dimensional data, the strategies are a bit different and include i) sparse approaches[71,

166], in which a subset of the variables is selected to build the �nal predictive model. This subset can be

obtained from sequential exploration (stepwise strategies), from approximation heuristics or by using

a sparse penalty term within the model (LASSO) ; ii) dimension reduction (DR)techniques, that can be

linear (PCA for instance or random projections as in [185]) or nonlinear [95]. DR methods embed

the data in a small dimensional space and are usually mainly used for visualization and exploratory

analysis. However, if the embedding can be obtained at a low cost, it can be used as an approximation

of the high-dimensional dataset on which more costly algorithms may be applied. SOM itself is a

dimension reduction method but, as stressed before, the computational complexity of its kernel and

relational versions is high. Finally, a particular case of DR techniques ismodel-based clusteringmethods,

which use mixture distributions and embed the data in a low-dimensional subspace that is the best

suited for clustering (see [19] for a review).
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7.1.3 Kernel/relational extensions for large datasets

Several extensions for kernel and relational data of the standard SOM algorithm, or of rela-

ted kernel/relational algorithms (such as, e.g., k-means, LVQ, topographic maps...) have already

been proposed in the literature. They use ideas coming from the strategies handling large and/or

high-dimensional datasets cited above. Most of them seek a simpli�ed/sparse representation of the

prototypes and/or a reduced computational time.

In the relational k-means framework, [150] proposed a sparse extension of the batch algorithm :

every prototype is represented by at mostK (K �xed) observations by cluster, that are selected at

each step of the algorithm. In the supervised framework, [74] used a similar strategy for batch LVQ,

by selecting the most representative observations (with different methods to obtain them, including

approximation heuristics and L 1 penalty) in every cluster and at each step of the algorithm. A similar

method was used in [73], combined with the Nystr öm approximation of the LVQ algorithm, in order

to obtain sparse prototypes at very low computational cost. The Nystr̈om approximation was also

used for obtaining faster versions of topographic mapping methods [60, 189] and for reducing the

computational cost of the clustering. Another subsampling strategy was used in a nonlinear (kernel)

DR framework to allow processing large datasets, in [59].

However, these approaches do not lead to a simpli�ed (and thus interpretable) representation of

the prototypes. Furthermore, all of them are restricted to the batch framework and most of them are

performed after each iteration of a batch algorithm, i.e., after all observations have been processed

at least once. An alternative to these methods consists in splitting the data into several subsets on

which independent algorithms are trained : in [67], the complexity is reduced using iterative “patch

clustering” that mixes “divide and conquer” and “online updates” methods. First, the data are split into

B patches of sizenB (� n, B �xed). A prototype-based clustering algorithm in batch version (neural

gas or SOM) is then run on a patchPt . The resulting prototypes, which may be viewed as compressed

representations of the data already seen, are then added as new data points to the next patch,Pt +1 .

Moreover, the full vector of coef�cients is replaced by the Q closest input data (Q �xed). With this

method, linear time and constant space representation are obtained but the sequential training may

in�uence the �nal result since all observations are not processed evenly.

In the same line of thoughts, [108] propose a bagging approach for kernel SOM. Data are split

into B subsamples of sizenB (� n, B �xed), the online kernel SOM is trained on each subsample

and, after training, the most representative Q observations are chosen for each prototype (Q �xed).

Eventually, a �nal map is trained on the resulting most representative observations. In this method,

parallel computing techniques can be used for reducing the computational time. However, the results

of the B trained SOMs are not used as such but only to select the most representative observations in

the dataset.

7.1.4 Contributions of the article

In the present article, we propose and compare two methods to obtain sparse prototypes and a

reduced computational cost in the online SOM algorithm. The �rst one uses a reduction dimension

in the embedding space, which can be ef�ciently performed with Nystr öm technique. This method

combines ideas coming from the high dimension and the large data problems. However, it is not

speci�c to the online setting. We thus compared it with another approach which takes advantage of the

online framework to provide sparse prototypes at all iteration steps of the algorithm : the coef�cients

are interpreted similarly to an amount of mass and the most important observations are selected by

using a �xed global probability mass, � , such that only the largest coef�cients summing to at most �

are kept. This second proposal also takes ideas from large data problems (online updates) and from

high dimension (variable selection with sparsity).

For the sake of simplicity, most of the paper is written in the framework of kernel SOM but its

extension to relational SOM is straightforward and brie�y explained in Section 7.5. The rest of the
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paper is organized as follows : Section 7.2 recalls the online kernel SOM (online K-SOM). Section 7.3

describes the dimension reduction approach for online K-SOM while Section 7.4 presents the direct

sparse version of online K-SOM. Comparisons and numerical experiments are reported in Section 7.6.

7.2 Kernel SOM (K-SOM)

This section describes the theoretical background of the online version of the SOM algorithm

and its extension to data described by a kernel. In the following, we consider a set of observations

(x i ) i =1 ;:::;n which take values in an arbitrary spaceX . X is equipped with a kernel K : X � X ! R

that provides pairwise similarity between the observations, K ij := K (x i ; x j ). K is assumed symmetric

(K ij = K ji ) and positive (8 N 2 N; 8 (� i ) i =1 ;:::;N � R; 8 (x i ) i =1 ;:::;N � X ;
P

i;i 0 � i � i 0K ii 0 � 0).

According to [7], K is the dot product in a uniquely de�ned Hilbert space (H ; h:; :i ) of the images of

x i and x j by a uniquely de�ned feature map � : X ! H :

K ij = h� (x i ); � (x j )i :

The SOM algorithm aims at mapping the input data onto a low dimensional grid (usually a two-

dimensional rectangle), composed ofU units, each of them described by a prototypepu , u = 1 ; : : : ; U .

The units are related together by a neighborhood relationshipH , expressed as a function of the distance

between the units on the grid, d(u; u0), H : R ! R. Classically, H is chosen such thatH (0) = 1 ,

lim x ! + 1 H (x) = 0 and is decreased during the training. Also, the distance on the grid,d, may be

chosen as the length of the shortest path between the units or as the Euclidean distance between the

coordinates of the units positioned at (1; 1), (1; 2), . . . , (m; m 0) (where m � m0 = U).

In standard (numerical) SOM, the data take values in X = Rd and the kernel is the standard

dot product in this space K ij = x>
i x j . In this case, the prototypes are also valued inRd . In kernel

SOM, X is arbitrary and prototypes are not easily de�ned in this space, which may not be Euclidean

or equipped with standard operations such as the sum. To allow for a more �exible representation of

the prototypes (i.e., a representation which is not restricted to the data already observed,(x i ) i ), the

implicit feature space (H ; h:; :i ) is used and the algorithm is re-de�ned in this space. The prototypes

are expressed as convex combinations of the images by� of the original data : pu =
P n

i =1 � ui � (x i ),

� ui � 0 and
P

i � ui = 1 . As said before, the feature map is uniquely de�ned from the kernel K .

However, it is usually not explicitly given and thus, all calculations are based on the values of the

coef�cients � u = ( � u 1 ; : : : ; � un ) 2 Rn only.

The kernel version of online SOM [103, 150] is thus directly derived from the computations of

the standard numerical SOM performed in the feature spaceH : the norm and the dot product in H

can be obtained using the kernel, without the need of explicitly knowing H or � (this is the so-called

“kernel trick”). Online K-SOM is provided in Algorithm 5. In this algorithm, � (t) usually vanishes at the

rate 1
t and the �nal clustering is de�ned as (Cu )u =1 ;:::;U , where Cu = f x i : f (x i ) = ug with f := f T .

The issue with kernel SOM is that, whenn is large, the total number of coef�cients � ui to learn is

equal to n � U, which yields a complexity of O(n2U) (for one iteration) instead of O(dU) + O(ndU)

for the standard numerical SOM in Rd . Hence, this algorithm cannot be used to analyze datasets with

more than a few thousands observations. Also, the representation of the prototypes is so �exible that

the results are highly unstable with different �nal clusterings and different prototypes for each run

of the algorithm. Finally, as stated in [148], one of the main challenges of this kind of algorithm is

that the easiness in interpreting the resulting map is lost : in standard SOM, prototypes are easily

interpreted because they are described by values of well known variables which are the variables also

describing the observations in the input dataset. In kernel SOM, the prototypes are characterized by

their proximity to all individuals in the dataset. Hence, interpreting the clustering requires to be able
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Algorithm 5 Online kernel SOM

1: For all u = 1 ; : : : ; U and i = 1 ; : : : ; n, initialize (� 0
ui )u;i such that � 0

ui � 0 andP n
i � 0

ui = 1 .
2: for t = 1 ; : : : ; T do
3: Randomly choose an inputx i

4: Assignment step : �nd the unit of the prototype closest to � (x i ) 2 H

f t (x i )  arg min
u=1 ;:::;U

kpt � 1
u � � (x i )k2

which is equivalent to minimize, over u,
P

j;j 0 � t � 1
uj � t � 1

uj 0 K jj 0 � 2
P

j � t � 1
uj K ij ;

5: Representation step : 8 u = 1 ; : : : ; U,

� t
u  � t � 1

u + � (t)H t (d(f t (x i ); u))
�
1i � � t � 1

u

�

where 1i is a vector with a single non null coef�cient at the i th position, equal to one.
6: end for

to understand the relationships of the prototypes with all individuals, which is probably as dif�cult as

analyzing the entire dataset directly.

7.3 A dimension reduction technique for K-SOM

This section describes a �rst approach to reduce the dimensionality of the prototypes, thus

improving the computational complexity as well as the interpretability of the prototypes. Our proposal

is to rely on a preprocessing of the data based on PCA in the feature space (Kernel PCA, denoted by

K-PCA and described in Section 7.3.1) and then to express the SOM algorithm in the subspace of the

feature spaceH which is spanned by the �rst eigenvectors of the K-PCA (Section 7.3.2). Finally, the

computational complexity of the approach can be further reduced by performing the K-PCA thanks to

the Nyström approximation (Section 7.3.3).

7.3.1 Kernel PCA (K-PCA)

K-PCA, introduced in [158], is a PCA analysis performed in the feature space(H ; h:; :i ) induced

by the kernel. A centered data matrix is �rst computed using :

eK ij :=

*

� (x i ) �
1
n

nX

l =1

� (x l ); � (x j ) �
1
n

nX

l =1

� (x l )

+

= K ij �
1
n

nX

l =1

(K il + K jl ) +
1

n2

nX

l;l 0=1

K ll 0; (7.1)

which yields to the modi�ed centered kernel eK = K � 1
n I T

n K � 1
n K I n + 1

n 2 I T
n K I n , in which I n

is the vector with n entries equal to 1. The eigenvectors(� k )k =1 ;:::;n 2 Rn and the corresponding

eigenvalues(� k )k =1 ;:::;n are obtained from this centered matrix by solving the following eigenvalue

problem :
eK � = � � : (7.2)
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This problem is equivalent to �nding eigenvectors, in the feature space H , of the covariance matrix of

the (centered) images of the original data by � (the feature map associated to the centered kerneleK ).

These vectors,(ak )k =1 ;:::;n 2 H lie in the span of f � (x i )gi =1 ;:::;n and can be expressed as :

ak =
nX

i =1

� ki � (x i )

where � k = ( � ki ) i =1 ;:::;n . ak = ( aki ) i =1 ;:::;n are orthonormal in H :

8 k; k0; hak ; ak 0i = � >
k eK � k 0 = � kk 0 with � kk 0 =

�
0 if k 6= k0

1 otherwise
:

The principal components are the coordinates of the projections of the images of the original

data, (� (x i )) i onto the eigenvectors(ak )k � 1 which can be expressed as :

hak ; � (x i )i =
nX

j =1

� kj eK ji = eK i: � k ;

where eK i: is the i -th row of the kernel eK . According to Equation (7.2), we thus obtain that hak ; � (x i )i =

� k � ki . The original data are projected on these axes with :

Pak (� (x i )) = hak ; � (x i )i ak = ( � k � ki )ak :

The result of K-PCA can be used to approximate the data in a reduced space by selectingp axes

(ak )k =1 ;:::;p in the feature spaceH (with p � n), on which the data can be projected.

7.3.2 K-PCA SOM

We suppose in this section that the kernelK is centered. Otherwise, without loss of generality,

the centering procedure described in Equation (7.1) can be applied.

The main idea developed in this section is to de�ne the U prototypes of the SOM in A =

Spanf a1 ; : : : ; apg instead of the entire feature space. A prototype can thus be written as :

pu =
pX

k =1

� uk ak

with � uk � 0 and
P

k � uk = 1 and the two steps of the SOM algorithm can thus be rewritten as :

— assignment step: when the observation x i is picked at random, it is affected to :

f (x i ) := arg min
u

kpu � � (x i )k
2

in which :

kpu � � (x i )k
2 =

pX

k;k 0=1

� uk � uk 0hak ; ak 0i � 2
pX

k =1

� uk hak ; � (x i )i + k� (x i )k
2

=
pX

k;k 0=1

� uk � uk 0hak ; ak 0i � 2
pX

k =1

� uk � k � ki + k� (x i )k
2

= � >
u � u � 2� >

u � � :i + k� (x i )k
2 ; (7.3)

where � u = ( � uk )k =1 ;:::;p , � = Diag(� 1 ; : : : ; � p ) and � :i is the i -th column of � =

[� 1 ; : : : ; � p ]> . This step is thus equivalent to minimize � >
u � u � 2� >

u � � :i over u 2 f 1; : : : ; Ug

and is also equivalent to minimize kpu � P A (� (x i )) k2 over u. This result was expected since, by
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the de�nition of PA (� (x i )) , we have that kpu � � (x i )k2 = kpu � P A (� (x i )) k2 + kPA (� (x i )) �

� (x i )k2 , in which the second term does not depend onu ;

— representation step: the gradient descent like step is given by

pu = pu + �H (d(f (x i ); u)) ( PA (� (x i )) � pu )

=
X

k

� uk ak + �H (d(f (x i ); u))

 
X

k

(� k � ki )ak �
X

k

� uk ak

!

;

which is equivalent to update the coef�cients as :

� u = � u + �H (d(f (x i ); u)) (� � :i � � u ) :

This approach is simply the standard (numerical) SOM with entries the n � p matrix � > � . The

computational complexity of this approach is thus reduced from O(n2UT) (online K-SOM, T iterations)

to O(pUT)+ O(npU) (online numeric SOM in Rp , cost of theT iterations and cost of the �nal clustering

computation), once the K-PCA is given. Hence, sinceT is generally of the order of n, this gives a linear

complexity for the algorithm. However, K-PCA itself can have a large complexity. This issue is addressed

in the next section.

The interpretation of the prototypes is done similarly as for a standard PCA : the axesa1 , ..., ap of

the prototypes are interpreted with respect to the observations(x i ) i which contribute most to their

de�nition. Then, prototypes are interpreted by means of their coef�cients on these axis.

7.3.3 K-PCA from Nystr •om approximation

Kernel-based methods, and especially K-PCA, do not scale well when the number of observations,

n, is large. For instance, the computational complexity of the eigendecomposition ofK is O(n3). An

effective approach for improving the scalability of kernel methods is the Nystr̈om approximation [181]

and a similar technique is used in [189] for improving the computational cost of topographic maps for

dissimilarity data. In the latter reference, the authors use the Nystr̈om approximation to reduce the

computational cost of kpu � � (x i )k2 from O(n2) to O(m2n), in which m is a number of observations

taken at random within the original dataset. m is supposed to be small compared ton and close to the

kernel rank.

In the approach introduced in Section 7.3.2 and unlike article [189], it is the pre-processing step

which is addressed by the Nystr̈om approximation, while the computational cost of calculating the

clustering of the map is handled by the use of the numerical version of the algorithm based on the

K-PCA pre-processing. More precisely, the eigendecomposition of a kernel matrixK (which is supposed

to be centered) is approximated by selectingm observations,Tm among (x i ) i =1 ;:::;n , and by using

the eigendecomposition of the reduced matrix K ( m ) = ( K (x i ; x j )) i;j 2T m . In practice, the selected

observationsTm are chosen at random, although more ef�cient sampling techniques such as the ones

described and evaluated in [89] could also be used.

If the eigenvalues and the (orthonormal) eigenvectors of K ( m ) are denoted by (� ( m )
k )k and

(v( m )
k )k respectively, then the eigenvalues and (orthonormal) eigenvectors ofK are given by

� k '
n
m

� ( m )
k and vki '

q
m
n

1

� ( m )
k

K ( n;m )
i: v( m )

k ;

with K ( n;m )
i: the i -th row of the matrix K ( n;m ) = ( K (x j ; x j 0)) j =1 ;:::;n; j 02T m . If the rank of K ( m )

is equal to the rank of the original matrix K , the approximation even becomes an equality. Then,

assuming that the kernel K (which is supposed to be centered) is known or at least that any of the

pairs K (x i ; x j ) (i , j = 1 ; : : : ; n) can be computed at low cost, the K-PCA requires to obtain the entries
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(� k � ki )k =1 ;:::;p 2 Rp for all i = 1 ; : : : ; n, where (� k )k are the eigenvectors ofK which are orthogonal

with respect to the norm induced by the kernel. We can easily show that

� k =
vkp
� k

(7.4)

because, by de�nition, as vk are eigenvectors ofK , so are� k and, in addition, using the equality of

Equation (7.4), we have that :

� >
k K � k 0 =

1
p

� k
p

� k 0
vT

k Kv k 0 =
1

p
� k

p
� k 0

vT
k � k 0vk 0 = � kk 0:

Therefore, K-PCA can be computed with entries the rows of then � p matrix � > � with 8 i = 1 ; : : : ; n

and 8 k = 1 ; : : : ; p,

� k � ki =
p

� k vki =
1q
� ( m )

k

K ( n;m )
i: v( m )

k = K ( n;m )
i: � ( m )

k (7.5)

with � ( m )
k =

v ( m )
kp
� ( m )

k

. This simpli�ed K-PCA is a good approximation of the K-PCA with kernel K .

The complexity of the preprocessing is reduced fromO(n3) (standard K-PCA) to O(m3) + O(nm 2)

(respectively, K-PCA based on the reduced kernel and approximation). The complete algorithm is

provided in Algorithm 6.

Algorithm 6 Online K-PCA SOM

1: Nystr öm approximation of K-PCA
2: Select at randomm observationsTm = f x i (1) ; : : : ; x i (m ) g from the original dataset

3: Compute the �rst p eigenvalues and orthonormal eigenvectors ofK (m ) , (� (m )
k )k=1 ;:::;p ,

(v(m )
k )k=1 ;:::;p and obtain, for k = 1 ; : : : ; p, � (m )

k = vkp
� k

4: Compute
�

K (n;m ) � (m )
k

�

k=1 ;:::;p
, which is an n � p matrix B = ( bik ) i =1 ;:::;n; k =1 ;:::;p

5: K-PCA SOM
6: Initialize prototypes randomly : 8 u = 1 ; : : : ; U, � 0

u 2 [0; 1]p and
P p

k=1 � 0
uk = 1

7: for t = 1 ; : : : ; T do
8: Randomly choose an inputi 2 f 1; : : : ; ng
9: Assignment step : �nd the unit of the prototype closest to i -th row of B , b i :

f t (x i )  arg min
u=1 ;:::;U

k� t � 1
u � b i k2

Rp

10: Representation step : 8 u = 1 ; : : : ; U,

� t
u  � t � 1

u + � (t)H t (d(f t (x i ); u))
�
b i � � t � 1

u

�

11: end for

7.4 Direct sparse K-SOM

In this section, we present an alternative approach to obtain sparse prototypes while taking

advantage of the online updates of the stochastic version of the K-SOM algorithm. Here, unlike in

K-PCA SOM, the prototypes are directly written as convex combinations of the observations, but, in this
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case, they are restricted to the input data already fed to the algorithm and, more particularly, to the

most important of them. This algorithm has already been described in the framework of dissimilarity

data and tested on restricted datasets in [124].

7.4.1 Description of the approach

To ensure sparsity through the algorithm, the prototypes are initialized at random among the

input data. Thus, the method �rst selects at random U observations that are used as initial values

for the U prototypes. Then, at a given stept of the algorithm, a prototype is written as a convex

combination of the most important past observations : if I u (t � 1) denotes the set of the most important

observations selected for prototypepu before stept, pu writes pu =
P

j 2 I u ( t ) � uj � (x i ). Finally, the

distance in the feature spaceH between a new input, x i selected at random, andpu is given by :

k� (x i ) � pu k2 =
X

j;j 02 I u ( t � 1)

� uj � uj 0K (x j ; x j 0) � 2
X

j 2 I u ( t � 1)

� uj K (x j ; x i ) + K (x i ; x i ): (7.6)

In order to maintain prototypes as sparse combinations of the input data, they are periodically

updated and the most important coef�cients only are kept. The update instants may be performed

throughout the iterations using various strategies : for instance, they can be uniformly distributed

during the learning process or distributed according to some geometric distribution. The parameter

of the geometric distribution may be �xed, during the whole training, or varying (in ascending or

descending fashion) with the iterations. We ran several simulations on various data sets, using these

four scenarios (results not shown). The results were globally similar, with a slight advantage for the

“ascending random” strategy. In this case, the parameter of the geometric distribution was t = 1� � ( t )
� ,

where � is a constant to be set.

As suggested by [74] for a batch sparse LVQ method, sparsity could be achieved by selecting the

�rst Q most important coef�cients, where Q is a �xed integer. However, in order to allow for more

�exibility in the expression of the prototypes, the most important coef�cients are selected according

to their value, by �xing a threshold : let 0 < � � 1 be the selected threshold. At time stept at which

an update occurs and for everyu = 1 ; :::; U , the coef�cients of the prototype pu are �rst ordered in

descending order,� u; (1) � ::: � � u; ( ]I u ( t )) . Then, the integer Nu such that

Nu = arg min
k =1 ;:::;]I u ( t )

(
kX

i =1

� u; ( i ) � �

)

is introduced. The most important coef�cients are �nally updated as follows

� u; ( i ) =

8
<

:

� u; ( i )P N u
j =1

� u; ( j )

if (i ) � Nu

0 if (i ) > N u

;

and I u (t) is updated accordingly afterwards by keeping the observations that correspond to non zero

coef�cients only.

The sparse relational SOM algorithm is entirely described in Algorithm 7.

Contrary to K-PCA SOM, in this version, the prototypes might directly be interpreted through the

observations that are used in their representation. Also, the sparsity is updated during the training

and the induced dimension reduction is thus not constrained to the ef�ciency of a given dimension

reduction technique such as K-PCA. However, due to the sparse representation step, the algorithm can

be computationally more expensive than K-PCA SOM and the amount of information preserved in the

sparse representation is not as well controlled as in K-PCA projection. Finally, the complexity of the

method, for T iterations, is not easily obtained : if a total mass equal to � results in no more than Q(� )

observations for every prototype at each step, then the global complexity of the method has an upper

bound of order O
�
(Q(� )) 2UT

�
+ O

�
n(Q(� )2

�
(respectively for the iterations and the �nal clustering
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Algorithm 7 Sparse online K-SOM

1: For all u = 1 ; : : : ; U, initialize p0
u among U randomly selected observations in(x i ) i .

Initialize I u (0) = f i (u)g, with i (u) 2 f 1; : : : ; ng for all u and � 0
u = 1 .

2: for t = 1 ; : : : ; T do
3: Randomly choose an inputx i , i 2 f 1; :::; ng.
4: Assignment step : �nd the unit with the prototype closest to � (x i ) :

f t (x i )  arg min
u=1 ;:::;U

2

4(� t � 1
u )> K I u ( t � 1) �

t � 1
u � 2

X

j 2 I u ( t � 1)

� t � 1
uj K (x j ; x i )

3

5

where K I u ( t � 1) = ( K (x j ; x j 0))) j;j 02 I u ( t � 1) .
5: Representation step : 8 u = 1 ; : : : ; U
6: if i 2 I u (t � 1), then
7: � t

u  � t � 1
u + � (t)H t (d(f t (x i ); u))

�
1i � � t � 1

u

�

8: I u (t) = I u (t � 1)
9: else if i =2 I u (t � 1), then

10:

� t
u  

�
1 � � (t)H t (d(f t (x i ); u))

� �
� t � 1

u ; 0
�

+ � (t)H t (d(f t (x i ); u))( 0 ; :::; 0
| {z }
]I u ( t � 1)

; 1)

11: I u (t) = I u (t � 1) [ f ig.
12: end if
13: Sparse representation
14: if t is an update instant then
15: Sparsely update the prototypes : 8 u = 1 ; : : : ; U and with � t

u; (1) � ::: �
� t

u; ( ]I u ( t )) , set

N t;u = arg min
k=1 ;:::;]I u ( t )

(
kX

i =1

� t
u; ( i ) � �

)

and 8 (i ), st i 2 I u (t),

� t
u; ( i )  

8
<

:

� t
u; ( i )P N t;u

j =1
� t

u; ( j )

if (i ) � N t;u

0 if (i ) > N t;u

and I u (t)  f i : (i ) � N t;u g.
16: end if
17: end for
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computation). However, the relation between � and Q(� ) is hard to know in advance and can depend

on the dataset distribution and on the training itself.

7.4.2 Variants of the sparse updates

In the line of [74], variants of the update step (step 15 in Algorithm 7) can be introduced.

More precisely, some of the approaches introduced in [74] can be used almost directly in the online

framework. The main difference is that the number of iterations in the online version is much larger

than in the batch version. In practice, this implies that the sparse approximation must have a low

computational complexity because it is performed several times during the training. We thus restrict

ourselves to the following two proposals which are the less computationally costly and can be used

instead of step 15 in Algorithm 7 :

— simple numerical heuristic approximation(N -num ) : instead of selecting the �rst coef�cients

which sum to a given amount of total mass, one can simply select the �rst N coef�cients for a

given N . This changes step 15 into

� t
u; ( i ) =

8
<

:

� t
u; ( i )P N

j =1
� t

u; ( j )

if (i ) � N

0 if (i ) > N
;

— simple geometric heuristic approximation(N -geom) : as an alternative, one can search through

the observations in I u the �rst N observations closest to prototypepu . Additionally to what is

described in [74], we set the coef�cients � u;i afterwards, in accordance to the new observations

used to represent the prototypepu . Again, we used the previous values of the coef�cients asa

priori for the new ones. Step 15 re-writes :

1. ~I u (t) is the set of the �rst N observations,x i , in I u (t) which minimize kpu � � (x i )k2

2. � t
u;i  

8
<

:

� t
u;iP

j 2 ~I u ( t )
� t

u;j

if (i ) 2 ~I u (t)

0 if i =2 ~I u (t)
;

3. I u (t)  ~I u (t)

Both approaches described above lead to a �xed number of observations for representing all

the prototypes, contrary to what is proposed in Section 7.4.1. The advantage of our proposal is that

prototypes may be represented by a number of observations which varies with the density of the data

on the map : when a given cluster is isolated from its neighbors, this should yield to a more accurate

way to represent the cluster. Also, for all three methods, the sparse approximation is maintained

during all the training, as long as the sparse updates are performed frequently enough. This yields to

a reduced computational cost of the assignment step (Step 4 in Algorithm 7) and, to a lesser extent,

of the representation step (Step 10 in Algorithm 7). As already stated in the previous section, the

computational gain is not easily obtained and is a trade-off between the sparsity constraint imposed

on the data (which itself depends on the total mass � or on the number of observations N and on

the number of update instants) and the complexity of the sparse representation step itself (Step 15 in

Algorithm 7). Further discussions about computational time and ef�ciency of the different alternatives

are provided in the experiments (Section 7.6).

7.5 The case of dissimilarity data

For the sake of clarity, the entire paper has been written in the framework of kernel data. However,

its extension to dissimilarity data is almost straightforward, even in the case where the dissimilarity
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is not Euclidean. The present section brie�y describes the modi�cations that must be made in this

setting.

In the sequel, � will denote a dissimilarity matrix with entries � (x i ; x j ), the dissimilarity between

the observationsx i and x j . � is supposed to have some very basic properties, such as the positiveness

of all entries ( � (x i ; x j ) � 0), symmetry ( � (x i ; x j ) = � (x j ; x i )) and a null diagonal � (x i ; x i ) = 0 .

However, it may not necessarily be Euclidean (see, for instance [123] for a discussion on the additional

requirements which make this dissimilarity Euclidean). The extension of SOM to this case is called

“relational SOM” and was described in [67, 123]. It is very similar to the kernel case, except that the

assignment step of Algorithm 5 is replaced by

f t (x i )  arg min
u =1 ;:::;U

h�
� t � 1

u

� >
� i �

1
2

�
� t � 1

u

� >
� � t � 1

u

i
; (7.7)

where � i is the i -th row in matrix � . This equation is justi�ed by the pseudo-Euclidean framework

described in [62] : � can be expressed as the difference between dot products of images of the original

data by two mapping functions,  1 and  2 into two Euclidean spaces,E1 and E2 :

� (x i ; x j ) = k 1(x i ) �  1(x j )kE1
� k  2(x i ) �  2(x j )kE2

:

In this framework, Equation (7.7) is the exact distance calculation in the spaceE1 
 E 2 equipped with

the pseudo dot product h:; :i E1 � h :; :i E2 . Moreover, if � is Euclidean, then the similarity de�ned by

K (x i ; x j ) = �
1
2

 

� (x i ; x j ) �
1
n

nX

k =1

(� (x i ; xk ) + � (xk ; x j )) +
1

n2

nX

k; k 0=1

� (xk ; xk 0)

!

; (7.8)

as suggested in [95], is a kernel and the distances between observations in the feature space induced

by this kernel are given by � . Thus, Equation (7.7) is exactly equivalent to the assignment step in

standard SOM for the kernel K de�ned by Equation (7.8).

Hence, sparse K-SOM can straightforwardly be extended to dissimilarity data using the assignment

step restricted to selected observations in the sparse representation as given in Equation (7.7). For SOM

based on dimension reduction, the extension is also easy to obtain. For a non-Euclidean dissimilarity,

� , the eigendecomposition of the similarity K de�ned by Equation (7.8) leads to positive and negative

eigenvalues (because, in this case,K is not a kernel anymore). If n+ � n denotes the number of

positive eigenvalues, the projection of the original data by K-PCA should be restricted to the �rst p

components associated with thep largest eigenvalues such thatp � n+ . This restriction is equivalent to

performing K-PCA on a kernel pre-processed with the standard “clip” approach as suggested in [30].

7.6 Experimental results

7.6.1 Methodology

The present section is devoted to the evaluation of the proposed methods on several datasets and

from several points of view. First, in Section 7.6.2, the methods presented in this article are assessed

on both small and large datasets. This allowed us to compare the performances and computational

ef�ciency of these methods with those of the standard K-SOM algorithm, in an extensive way. In the

same section, the sparse approach is also compared, on the two small datasets, to the simple numerical

and geometric heuristic approximation methods described in Section 7.4.2. Finally, in Section 7.6.3, the

two new methods are used to produce a map on a very large dataset. In Section 7.6.3, computational

times are reported and compared, the in�uence of the size of the prototypes is assessed and the
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Nyström approximation is tested. This example also serves as a use case to show how the results can

be interpreted.

The datasets were chosen in the framework of this article,i.e., most of them are not standard

numeric datasets. They include graphs, genomic sequences and categorical time series to illustrate the

approach on a wide range of application and type of (dis)similarities. For every method and every set

of parameters that we tested, the experiments were performed with 100 maps, so as to evaluate the

variability of our conclusions.

Finally, performances are reported in terms of :

— standard quality measures used to evaluate SOM (see [135] for a description of quality measures

in SOM) : i) the quantization error (QE),
P U

u =1

P
i : x i 2C u

k� (x i ) � pu k2 with k� (x i ) � pu k2

given by the kernel as in Equation (7.3) (K-PCA SOM) or as in Equation (7.6) (sparse K-SOM).

This measure is a clustering quality measure, disregarding the map topology ; ii) thetopographic

error (TE) which is the simplest of the topographic preservation measures : it computes the ratio

over (x i ) i of the second best matching units that are in the direct neighborhood of the best

matching units on the map.

Since for the K-PCA SOM version, the distancesk� (x i ) � pu k2 depend on the number of se-

lected axes (the smaller the number of axes, the smaller the distances between observations

in the corresponding projected subspace), we have normalized all QE by the average of the

squared distances between all pairs of observations in the feature space,k� (x i ) � � (x j )k2

(for i 6= j ) to leverage the impact of the feature space metric itself. However, the per-

formances remain dif�cult to compare directly even with such a normalization, as shown

in the results of the simulations. Thus, the average intra-cluster inertia(ICI) is also provi-

ded. This measure is equal to the average over the unitsu of
P

i : x i 2C u
k� (x i ) � GCu k2 in

which GCu = 1
] Cu

P
i : x i 2C u

� (x i ) is the center of gravity of Cu . We can easily show that it

is equal to 1
] Cu

P
i : x i 2C u

K (x i ; x i ) � 1
( ] Cu ) 2

P
i;i 0: x i ;x i 02C u

K (x i ; x i 0), for kernel data and to
1

2( ] Cu ) 2

P
i;i 0: x i ;x i 02C u

� (x i ; x j ) for dissimilarity data (see Appendix 7.8 for a proof) ;

— quality measures which take advantage of a prior external information : i) if an a priori

classi�cation of the observations is given, we use thenormalized mutual information (NMI, [43])

between this a priori classi�cation and the clustering induced by the SOM map. A perfect match

between the two would correspond to an NMI equal to 1 whereas independent classi�cations

would provide an NMI equal to 0 ; ii) when the studied dataset is a graph and no a priori

classi�cation is given, the quality of the clustering of the SOM map can nevertheless be evaluated

by computing its modularity [120]. A high modularity indicates a good clustering with respect

to the graph structure ;

— quality measures which aim at providing an indication of how much the results are stable

between two runs of the algorithm. To do so, we provide the average NMI between any pair

of clustering results obtained from the 100 runs, for a given method and with a given set of

parameters. In the sequel, this measure is calledstability.

7.6.2 Evaluation of the di�erent sparse approaches on various

datasets

Description of the datasets : This section aims at evaluating and comparing the two approaches

described in Sections 7.3 and 7.4 on various datasets : two small datasets, for an intensive analysis,

and three larger datasets, for a better evaluation of the gain in computational time.

More precisely, the two small datasets used for the experiments presented in this section are :

— a graph that gives the frequencies of co-appearance in a same chapter between characters in the

novel “Les Miśerables” from the French author Victor Hugo. The 77 vertices of the graph are the

characters and the 254 edges are weighted by the number of co-appearances in a same chapter.
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For this graph, a kernel obtained from the shortest-path lengths is computed1. The similarity

described in Section 7.5 is used to perform K-PCA SOM : in this case, the similarityK de�ned in

Equation (7.8) is not positive (only the �rst 67 components are positive) ;

— a dataset that contains 465 input data issued from ten unbalanced sampled species of Amazonian

butter�ies. This dataset was previously used by [69] to demonstrate the synergy between DNA

barcoding and morphological-diversity studies. The notion of DNA barcoding comprises a wide

family of molecular and bioinformatics methods aimed at identifying biological specimens and

assigning them to a species. DNA barcoding data are composed of sequences of nucleotides,

i.e., sequences of “A”, “C”, “G”, “T” letters in high dimension (hundreds or thousands of sites).

Speci�c distances and dissimilarities such as the Kimura-2P [82] are usually computed and used

in the experiments. A similarity was obtained from the Kimura-2P dissimilarity as described in

Equation (7.8) to perform K-PCA. Again, this similarity is not positive. Only 246 eigenvalues are

positive in the eigendecomposition of K .

These two datasets will be denoted, respectively, by “lesmis” and “astraptes” in the sequel.

Additionally, three larger datasets are also used for comparison :

— a graph whose edges model hyper-links between blogs on US politics, recorded in 2005 by [2]2.

The 1,222 vertices of the graph represent the political blogs and are labeled by the political

leaning (liberal or conservative). The graph contains 19,089 edges. The similarity used for this

graph is again obtained from Equation (7.8), using the shortest-path lengths as the original

dissimilarity measure. The undirected version of the shortest-path length was used to provide a

symmetric dissimilarity, even though the original graph is directed. Only the �rst 779 eigenvalues

of this similarity are positive ;

— a DNA dataset similar to the “astraptes” data, except with a larger size. This dataset contains

614 sites of the CoI locus for 2,036 samples issued from the cowries family. The data were

introduced in the DNA barcoding context in [116]. In order to assess the ability for clustering

of the proposed algorithms, the species with very few observations were removed. The �nal

dataset used for simulations contained 1,414 samples and 47 species, the number of observations

per species varying from 11 to 140 observations. The species were used asa priori classes for

computing the NMI. Here also, the Kimura-2P dissimilarity [82] was used for deriving the

similarity matrix, for which only the �rst 476 eigenvalues were positive.

— a (standard) numerical dataset related to red variants of the Portuguese “Vinho Verde” wine

[37] 3. The dataset contains 4 898 observations of 12 numeric variables based on physicochemical

tests, such as the pH, the sulphates or the residual sugar. Additionally, the quality (a score

between 0 and 10) of the wines is provided, which is used as ana priori class to compute

the quality measure (NMI) described in Section 7.6.1 (and thus it is not used to compute the

similarity). To stuck to the framework of the article, the Gaussian kernel was used to obtain

a measure of similarity between wines : K ij = e� � k x i � x j k 2
with � equal to the median ofn

1
kx i � x j k 2

o

i<j
.

In the sequel, these datasets will be refered as “polblogs”, “cowrie” and “wines”, respectively.

Evaluation of K-PCA SOM and direct sparse K-SOM : More precisely, the following methods are

compared on these �ve datasets :

— a standard kernel SOM, K-SOM (or relational SOM if the dissimilarity is not Euclidean) ;

— K-PCA SOM, as described in Section 7.3. The datasets used in this section are not large enough

to allow a relevant use of the Nyström approximation of the K-PCA ;

— direct sparse K-SOM (or relational SOM) as described in Section 7.4, and denoted by sparse

K-SOM in the sequel.

1. The graph as well as the shortest path-lengths are included in theR packageSOMbrero [16].
2. The graph is available athttp://www-personal.umich.edu/ ~mejn/netdata/polblogs.zip .
3. The dataset is available athttps://archive.ics.uci.edu/ml/datasets/Wine+Quality .
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Table 7.1 Performance results of K-PCA SOM and sparse K-SOM (average over 100 maps and
standard deviation between parenthesis) for the “lesmis” dataset. Parameters for the
methods are given between parenthesis after the method name (% of entropy preserved
in the projection for K-PCA SOM and maximum mass,� , and update parameter, � , for
random ascending updates in sparse K-SOM).

Methods QE (� 100) ICI ( � 100) TE (%) Modularity ( � 100) Stability (%) Dimension

K-SOM 23.40 (0.44) 47.57 (2.53) 3.01 (2.52) 31.76 (2.80) 85.04 (2.13) 77

K-PCA (80%) 18.30 (0.46) 47.31 (2.51) 3.30 (3.01) 32.02 (3.27) 86.20 (2.21) 27

K-PCA (60%) 10.32 (0.55) 48.09 (2.41) 3.36 (3.65) 32.17 (2.63) 89.56 (2.17) 11

K-PCA (40%) 2.55 (0.25) 52.62 (2.42) 2.64 (3.30) 25.96 (1.77) 91.85 (2.08) 4

K-PCA (20%) 0.92 (0.18) 52.35 (2.21) 2.83 (3.32) 24.53 (1.92) 92.68 (2.02) 2

sparse (90%, 1) 29.34 (1.20) 48.80 (2.88) 9.64 (7.00) 31.44 (4.09) 77.72 (2.94) 4

sparse (90%, 50) 23.25 (5.61) 46.63 (2.70) 4.45 (3.62) 30.96 (3.03) 83.64 (2.34) 8

sparse (99%, 1) 23.36 (4.06) 46.63 (2.71) 3.25 (2.85) 31.40 (3.03) 84.64 (2.18) 13

sparse (99%, 50) 23.40 (4.49) 47.07 (2.57) 3.31 (2.72) 31.74 (3.41) 84.99 (2.35) 15

All methods were trained for a 5 � 5 grid (“lesmis”), a 8 � 8 grid (“astraptes”) and a 10 � 10

grid (“polblogs”, “cowrie” and “wines”) with respectively 500 (“lesmis”), 2500 (“astraptes”), 6000

(“polblogs”), 7000 (“cowrie”) and 8000 (“wines”) iterations. These choices approximately correspond

to default parameters in SOMbrero. All grids were equipped with a piecewise linear neighborhood

with the distance between units calculated as the Euclidean distance between the unit coordinates in

N� 2 .

Furthermore, different sets of parameters, corresponding to different levels of sparsity, were

tested :

— for K-PCA SOM, the only parameter to set was the dimension of the projection,p. This parameter

was chosen with respect to a minimal ratio of entropy preserved in the projection and this ratio

itself was varied in f 20%; 40%; 60%; 80%g;

— for the direct sparse K-SOM, two parameters had to be set : the �rst one is the mass parameter�

which was varied in f 90%; 99%g for the two smallest datasets (“lesmis” and “astraptes”) and in

f 95%; 99%g for the three largest datasets (“polblogs”, “cowrie” and “wines”) to ensure sparse

results. The second parameter calibrated the update instants : random ascending updates were

performed with � 2 f 1; 50g for both datasets.

Tables 7.1-7.5 provide the results obtained over 100 maps (mean and standard deviation) for

different quality criteria. For the smallest datasets, we focused on providing many different measures of

the quality of the resulting map, as compared to the one obtained by the standard K-SOM : normalized

QE, ICI, TE and modularity (“lesmis”) or NMI (“astraptes”), as described in Section 7.6.1, are given

and the last column of the results provides the �nal dimension of the prototypes (either the exact

dimension for K-PCA SOM or the average over all prototypes for the sparse K-SOM). The computational

time is not reported because, for these small datasets, it is not relevant.

For the three largest datasets, the computational time is reported but the results are less exhaustive

on quality criteria (only the most important ones are reported : ICI, TE, modularity/NMI and stability).

Also, for K-PCA SOM, only the clustering time is given. The computational time for the K-PCA itself is

� 2:59 seconds for “polblogs”, � 3:73 seconds for “cowrie” and � 5:65 seconds for “wines”, which is less

than the computational time needed to train the map in all cases.

Discussion on the comparison : Results demonstrate a high ef�ciency of both the DR method and

the sparse approach to decrease data dimensionality while producing accurate results in a reasonable

computational time. For almost all quality criteria, both approaches introduced in the manuscript are in

the range of or outperform the results obtained with the direct K-SOM at a very reduced computational

time and a limited dimensionality of the resulting prototypes.
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Table 7.2 Performance results of K-PCA SOM and sparse K-SOM (average over 100 maps and standard
deviation between parenthesis) for the “astraptes” dataset. Parameters for the methods
are given between parenthesis after the method name (% of entropy preserved in the
projection for K-PCA SOM and maximum mass,� , and update parameter, � , for random
ascending updates in sparse K-SOM).

Methods QE (� 100) ICI ( � 104 ) TE (%) NMI (%) Stability (%) Dimension

K-SOM 1.02 (0.06) 3.37 (0.43) 1.39 (1.99) 82.19 (0.59) 94.57 (0.88) 459

K-PCA (80%) 0.21 (0.02) 4.34 (0.70) 1.79 (2.20) 90.73 (2.86) 95.20 (1.05) 5

K-PCA (60%) 0.10 (0.01) 6.40 (1.42) 2.71 (2.64) 80.99 (0.67) 94.73 (0.96) 3

K-PCA (40%) 0.06 (0.01) 9.33 (1.52) 2.64 (2.27) 79.14 (0.59) 94.49 (0.95) 2

K-PCA (20%) 0.01 (0.00) 23.15 (2.06) 24.55 (8.84) 73.02 (0.61) 94.70 (0.85) 1

sparse (90%, 1) 2.08 (1.46) 3.59 (8.97) 2.94 (3.09) 86.34 (1.24) 91.87 (1.40) 5

sparse (90%, 50) 0.99 (0.10) 3.08 (5.70) 3.72 (4.16) 82.60 (0.66) 93.62 (0.86) 8

sparse (99%, 1) 0.98 (0.05) 3.30 (4.90) 1.51 (2.54) 82.22 (0.58) 94.66 (0.84) 25

sparse (99%, 50) 20.99 (0.06) 3.38 (4.55) 1.39 (1.63) 82.16 (0.59) 94.73 (0.77) 25

Table 7.3 Performance results of K-PCA SOM and sparse K-SOM (average over 100 maps and standard
deviation between parenthesis) for the “polblogs” dataset. Parameters for the methods
are given between parenthesis after the method name (% of entropy preserved in the
projection for K-PCA SOM and maximum mass,� , and update parameter, � , for random
ascending updates in sparse K-SOM).

Methods ICI (� 100) TE (%) NMI (%) Stability (%) CPU time Dimension

K-SOM 84.01 (0.85) 21.93 (1.51) 20.56 (0.30) 64.81 (0.73) 18269 (2378) 1599

K-PCA (80%) 86.39 (0.84) 14.01 (1.42) 20.93 (0.27) 69.68 (0.79) 27.60 (4.45) 257

K-PCA (60%) 86.61 (0.77) 14.87 (1.35) 20.96 (0.26) 70.62 (0.82) 18.88 (2.12) 121

K-PCA (40%) 89.35 (2.28) 13.56 (2.12) 21.14 (0.32) 60.27 (1.73) 16.55 (2.45) 50

K-PCA (20%) 91.46 (0.87) 12.06 (1.51) 21.30 (0.25) 77.19 (0.77) 13.35 (2.35) 13

sparse (95%, 1) 85.20 (1.40) 34.03 (2.80) 20.64 (0.41) 55.14 (0.41) 60.13 (2.50) 8

sparse (95%, 50) 84.00 (0.89) 32.61 (2.31) 20.66 (0.32) 60.39 (0.32) 67.89 (7.86) 12

sparse (99%, 1) 84.18 (0.75) 23.95 (1.66) 20.46 (0.30) 63.98 (0.30) 88.19 (5.30) 34

sparse (99%, 50) 84.06 (0.76) 24.15 (1.62) 20.51 (0.30) 64.30 (0.30) 96.73 (6.75) 34

Table 7.4 Performance results of K-PCA SOM and sparse K-SOM (average over 100 maps and
standard deviation between parenthesis) for the “cowrie” dataset. Parameters for the
methods are given between parenthesis after the method name (% of entropy preserved
in the projection for K-PCA SOM and maximum mass,� , and update parameter, � , for
random ascending updates in sparse K-SOM).

Methods ICI (� 100) TE (%) NMI (%) Stability (%) CPU time Dimension

K-SOM 2.07 (0.24) 1.57 (1.29) 90.45 (0.86) 94.79 (1.04) 3771 (1534) 1414

K-PCA (80%) 2.05 (0.19) 1.92 (1.39) 90.26 (0.73) 94.55 (0.89) 16.68 (1.45) 23

K-PCA (60%) 1.94 (0.21) 2.33 (1.33) 89.11 (0.81) 94.04 (0.80) 15.19 (1.31) 10

K-PCA (40%) 3.15 (0.30) 3.85 (1.96) 85.72 (0.80) 90.49 (0.93) 15.35 (2.41) 4

K-PCA (20%) 6.26 (0.28) 5.11 (2.18) 74.47 (0.48) 87.99 (1.17) 15.04 (2.27) 2

sparse (95%, 1) 2.09 (0.26) 2.04 (1.31) 89.64 (0.97) 91.78 (1.18) 70.03 (1.23) 8

sparse (95%, 50) 1.84 (0.20) 2.38 (1.82) 90.37 (0.70) 93.78 (0.92) 62.66 (3.27) 13

sparse (99%, 1) 20.36 (0.22) 1.55 (1.36) 90.34 (0.79) 94.45 (0.91) 90.73 (4.16) 37

sparse (99%, 50) 20.00 (0.22) 1.54 (1.24) 90.37 (0.79) 94.50 (0.93) 81.14 (2.89) 37

More speci�cally, QE is always better for K-PCA SOM with the smallest dimensionality. However,

this is merely an effect of the dimensionality of the input data and is not a reliable criterion to compare

results. ICI is a better way to measure the cluster homogeneity and shows that in almost all cases, K-PCA
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Table 7.5 Performance results of K-PCA SOM and sparse K-SOM (average over 100 maps and standard
deviation between parenthesis) for the “wines” dataset. Parameters for the methods are
given between parenthesis after the method name (% of entropy preserved in the projection
for K-PCA SOM and maximum mass,� , and update parameter, � , for random ascending
updates in sparse K-SOM).

Methods ICI (� 100) TE (%) NMI (%) Stability (%) CPU time Dimension

K-SOM 22.10 (0.50) 10.37 (1.34) 11.86 (0.31) 74.23 (0.81) 13480 (10575) 1222

K-PCA (80%) 21.94 (0.51) 10.15 (1.31) 11.78 (0.30) 74.96 (0.77) 20.00 (3.29) 28

K-PCA (60%) 22.43 (0.61) 8.80 (1.30) 11.72 (0.34) 75.37 (0.88) 17.95 (1.74) 9

K-PCA (40%) 25.44 (0.74) 7.08 (1.33) 11.86 (0.26) 77.65 (0.88) 17.32 (2.33) 4

K-PCA (20%) 34.99 (0.36) 0.13 (0.72) 11.01 (0.23) 85.75 (1.68) 15.99 (1.88) 2

sparse (95%, 1) 47.62 (1.46) 14.29 (1.35) 11.75 (0.36) 66.21 (0.79) 81.48 (5.02) 8

sparse (95%, 50) 45.90 (1.08) 11.95 (1.39) 11.76 (0.38) 70.72 (0.77) 97.60 (14.28) 13

sparse (99%, 1) 44.14 (0.95) 11.26 (1.36) 11.80 (0.30) 74.00 (0.73) 141.17 (12.28) 40

sparse (99%, 50) 44.17 (0.93) 11.58 (1.24) 11.83 (0.32) 74.13 (0.77) 146.93 (14.98) 39

SOM and sparse K-SOM have comparable or even better ICI than the original approach (standard

K-SOM) with a slight advantage for sparse K-SOM. Only, sparse K-SOM with the “wines” dataset

exhibits a poor performance for this criterion.

The quality of the organization of the map is measured with TE, which is often very comparable

in both approaches to the direct K-SOM. However, it is again poor for the sparse K-SOM applied to the

“wines” dataset and frequently tends to increase when ICI decreases. A good compromise between ICI

and TE is reached for K-PCA SOM with an preserved entropy rate of 60% and for sparse K-SOM with�

equal to 90%/95% and � equal to 50 for all datasets.

When comparing the different results with the a priori external information (through modularity

or NMI), again the proposed approaches are comparable to or even better than the direct sparse K-

SOM. However, in some cases (“lesmis”, “astraptes”, “cowrie”), it tends to highly deteriorate when the

dimensionality is decreasing. This shows that a good tradeoff has to be found between interpretability

(small dimensionality) and preservation of most of the information from the original dataset.

Finally, the stability of the results is often increased by K-PCA SOM (except for the “cowrie”

dataset). This is an expected behavior : since the dimensionality of the input dataset is reduced, the

prototypes lies in a reduced dimensionality space with less degrees of freedom. On the contrary, sparse

K-SOM is not as appealing for this criterion because, even if the prototype representation is constrained,

it is expressed in the original data space, which has a high dimension.

These good performance of our approaches come along with a high computational ef�ciency :

K-PCA SOM and sparse K-SOM allows to highly reduce the computational times. Even if the K-PCA

itself is a problem with a high complexity, it does not affect much the ef�ciency of K-PCA SOM on large

datasets with a few thousands observations. The reason is that relational SOM is itself a time consuming

algorithm, as explained in the introduction of this article. For a more challenging dataset (with more

than ten thousands observations), a comparison and discussion is provided in Section 7.6.3.

In conclusion, both approaches introduced in this article are valid alternative to the direct K-SOM

for large relational datasets. They both provide simpli�ed prototype representation at a very reduced

computational time. The dimensionality of the �nal prototypes is in all our examples 10 times or even

100 times smaller than in the direct sparse SOM version with no loss in accuracy of the resulting map.

However, it should be noted that the easiness to interpret the prototypes is not exactly equivalent in

K-PCA SOM and in sparse K-SOM : in the �rst approach, prototypes are expressed on the axes of the

K-PCA which have to be interpreted in a previous step of the analysis, whereas, in sparse K-SOM, they

are directly related to (a few number of) original observations. A detailed study is then presented in

Sections 7.6.3 and 7.6.3.

Comparison with other approaches : In this section, the datasets “lesmis” and “astraptes” pre-

sented in Section 7.6.2 are used to compare the sparse approach to the simple numerical heuristic
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Table 7.6 Comparison between the different variants for the sparse updates (average over 100 maps
and standard deviation between parenthesis) for the “lesmis” dataset. Parameters for the
methods are given between parenthesis after the method name (maximum mass,� , and
update parameter, � , for random ascending updates).

Methods QE (� 100) ICI ( � 100) TE (%) Modularity ( � 100) Stability (%)

N -num (4, 1) 31.36 (1.66) 50.12 (3.16) 20.72 (9.37) 31.13 (4.23) 75.31 (3.49)

N -num (8, 50) 23.35 (0.53) 46.89 (2.60) 4.71 (3.36) 31.39 (3.14) 83.62 (2.20)

N -num (13, 1) 23.45 (0.45) 46.99 (2.55) 3.38 (2.99) 31.85 (3.07) 84.85 (2.32)

N -num (15, 50) 23.40 (0.44) 47.04 (2.28) 3.21 (2.44) 31.92 (3.20) 84.41 (2.41)

N -geom (4, 1) 35.09 (3.31) 51.56 (4.95) 22.31 (12.91) 25.90 (3.45) 72.14 (4.93)

N -geom (8, 50) 23.76 (0.81) 45.00 (2.66) 7.49 (4.90) 24.40 (3.06) 81.06 (2.47)

N -geom (13, 1) 25.32 (1.37) 46.26 (2.39) 5.48 (4.08) 27.27 (2.54) 82.10 (2.40)

N -geom (15, 50) 23.28 (0.53) 46.45 (2.56) 4.77 (3.60) 29.12 (2.89) 83.43 (2.14)

Table 7.7 Comparison between the different variants for the sparse updates (average over 100 maps
and standard deviation between parenthesis) for the “astraptes” dataset. Parameters for
the methods are given between parenthesis after the method name (maximum mass,� ,
and update parameter, � , for random ascending updates).

Methods QE (� 100) ICI ( � 104 ) TE (%) NMI (%) Stability (%)

N -num (5, 1) 3.27 (0.82) 3.80 (0.90) 6.56 (5.47) 88.08 (1.56) 90.88 (1.98)

N -num (8, 50) 1.25 (0.13) 3.28 (0.62) 2.88 (3.33) 83.51 (0.79) 93.14 (0.98)

N -num (25, 1) 1.01 (0.72) 3.36 (0.49) 1.99 (2.80) 82.20 (0.65) 94.42 (0.90)

N -num (25, 50) 1.00 (0.07) 3.34 (0.48) 1.71 (2.37) 82.10 (0.59) 94.44 (0.82)

N -geom (5, 1) 28.44 (12.16) 27.08 (11.37) 35.95 (14.65) 77.44 (6.99) 75.30 (6.72)

N -geom (8, 50) 2.23 (1.36) 5.82 (1.13) 11.45 (6.99) 83.77 (1.22) 92.71 (1.21)

N -geom (25, 1) 29.86 (7.45) 20.12 (7.96) 22.00 (9.73) 81.47 (2.51) 88.51 (2.90)

N -geom (25, 50) 1.74 (0.96) 5.01 (0.79) 8.72 (5.93) 83.19 (0.79) 93.84 (1.08)

approximation (denoted N -num) and the simple geometric heuristic approximation (denoted N -geom)

described in Section 7.4.2. Both strategies lead to a �xed number of observations for representing

all the prototypes. Thus, for a fair comparison, this number was chosen considering the average �nal

dimensionality of the prototypes obtained with the sparse method (last column in Tables 7.1 and

7.2). The random ascending updates are performed using the same setting than in the original sparse

version (i.e., random ascending updates� 2 f 1; 50g).

Results obtained with N -num and N -geom over 100 maps are provided in Table 7.6 for “lesmis”

and in Table 7.7 for “astraptes”. In average, for both datasets,N -num gives better results than N -

geom. As observed with the sparse method, bothN -num and N -geom obtain best results with a �nal

dimension equal to 8 for “lesmis”. For all quality criteria except for the ICI, our variant of the sparse

updates slightly improves the heuristic approximation approaches. This conclusion is supported by the

results on “astraptes”, except thatN -num gives a better classi�cation than our variant of the sparse

updates.

For the same level of sparsity, the results obtained with both N -num and N -geom slightly

deteriorate the map quality compared to what can be observed with our version of the sparse updates.
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7.6.3 Using K-PCA SOM and sparse K-SOM for mining job

trajectories

This section presents the experiments performed on a more realistic dataset, with a larger

sample size, obtained from the survey “Generation 98” [38, 33]. The dataset contains information on

career paths of 16,040 young people monitored during 94 months after having graduated in 1998.

Nine categories are used to describe labor market statuses : permanent-labor contract, �xed-term

contract, apprenticeship contract, public temporary-labor contract, on-call contract, unemployed,

inactive, military service, education. Dissimilarities between career trajectories were computed using

the optimal matching [118, 1] on the 12,560 unique career paths. This resulted in a non positive

dissimilarity (6,651 eigenvalues out of 12 500 were found positive).

To assess the accuracy and the computational cost of both K-PCA SOM and sparse SOM, 100

maps were trained, using an R implementation of the methods, on the same 40-nodes computer

without concurrent access. All maps were trained for a10 � 10 grid, equipped with a piecewise linear

neighborhood, with 60,000 iterations. The entropy ratio preserved by K-PCA SOM was varied in

f 20%; 40%; 60%; 80%g. For sparse K-SOM, the mass parameter� was varied in f 95%; 99%g and the

update parameter � was varied in f 1; 50g. Only 10 maps were trained using the standard K-SOM due

to its very high computational cost (more than ten days for each map).

Table 7.8 presents the results obtained in terms of QE, ICI, TE and CPU time (only the clustering

time is reported, the K-PCA computational time is� 8; 000 seconds. A detailed study to address this

issue is made in Section 7.6.3). The last column provides the �nal dimension or number of coef�cients

of the prototypes.

As observed in Section 7.6.2, results demonstrate a high ef�ciency, in term of computational

cost, of both K-PCA SOM and sparse K-SOM, while producing accurate results. Direct K-SOM takes

more than ten days to train one map, whereas the slowest alternative strategy only requires sixteen

minutes (i.e., the sparse K-SOM with� = 99% and � = 1 ). The results also con�rm what was found

with the toy datasets : K-PCA SOM provides a good trade-off between a good map quality and low

dimensional prototypes and outperforms sparse K-SOM. The best results for K-PCA SOM are obtained

with 20% entropy-rate preserved. However, this strategy selects only two dimensions, which increases

the redundancy in the data and tends to produce clusters with few observations. Thus, the K-PCA SOM

preserving 40% entropy should be preferred. The best results for the sparse K-SOM are obtained with

a mass equal to95%.

Both K-PCA SOM and sparse K-SOM provide accurate results in a reasonable computational time.

For sparse K-SOM, prototypes can be interpreted by inspecting the properties of the few observations

used to represent them. For K-PCA SOM, the projection of the data on a subspace requires to interpret

the axes of the K-PCA as an extra step in order to understand the meaning of the prototypes. A detailed

study showing how the results of both approaches can be interpreted is performed in Sections 7.6.3

and 7.6.3.

Analysis of the inuence of the prototype size : The job trajectory dataset was further used

to assess the in�uence of the size of the prototypes on different characteristics. More precisely,

we conducted an experiment to analyze the relation between the dimension of the projection (in

K-PCA SOM) or the average number of coef�cients per prototype (in sparse K-SOM) and some

numerical characteristics of the algorithm : ICI, TE, CPU time and stability. A larger set of parameters,

corresponding to varying dimensions of the prototypes, were tested by training 20 maps with each

value of the parameters :

— for K-PCA SOM, the number of dimensions used for the projection was varied in

f 5; 10; 15; 20; 25; 50; 75; 100; 250; 500; 1000; 5000g. Figure 7.1 displays the evolution of different

numerical characteristics of the maps versus the projection dimension ;

— for sparse K-SOM, following the results given in Table 7.8, we set the random ascending update

parameter � to 1 and varied the maximum mass,� in f 0:9; 0:95; 0:975; 0:99; 0:995g. Figure 7.2
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Table 7.8 Performance results of K-PCA SOM and sparse K-SOM (average over 100 maps and standard
deviation between parenthesis) for the “trajectories” dataset. Parameters for the methods
are given between parenthesis after the method name (% of entropy preserved in the
projection for K-PCA SOM and maximum mass,� , and update parameter, � , for random
ascending updates in sparse K-SOM).

Methods QE (� 100) ICI TE (%) CPU time Stability (%) Dimension

K-SOM 20.99 (0.12) 23.94 (0.24) 7.91 (0.66) 949582 (1 373) 77.65 (3.66) 12 500

K-PCA (80%) 23.49 (0.10) 24.07 (0.31) 8.27 (0.92) 251 (78) 75.81 (1.82) 392

K-PCA (60%) 15.36 (0.12) 24.32 (0.32) 8.57 (0.77) 136 (44) 75.72 (1.95) 44

K-PCA (40%) 5.61 (0.09) 26.26 (0.37) 6.98 (0.75) 114 (40) 77.13 (3.24) 8

K-PCA (20%) 0.37 (0.00) 31.92 (0.95) 0.82 (0.86) 112 (33) 86.31 (5.69) 2

sparse (95%, 1) 32.40 (0.74) 28.66 (1.36) 30.86 (6.88) 378 (3) 55.79 (1.37) 14

sparse (95%, 50) 25.36 (0.35) 26.57 (0.59) 11.15 (1.86) 655 (32) 63.64 (0.88) 14

sparse (99%, 1) 25.11 (0.17) 27.09 (0.46) 5.26 (0.72) 1025 (194) 68.08 (1.25) 50

sparse (99%, 50) 26.76 (0.36) 27.36 (0.71) 31.59 (4.53) 381 (28) 59.81 (0.90) 8

Figure 7.1 K-PCA SOM. Average performances over 20 maps (ICI, TE, computational time in seconds
and stability as measured by NMI) versus the dimensionality. Error bars correspond to the

standard error standard deviationp
20

.

provides the evolution of different numerical characteristics of the maps versus the average

number of coef�cients per prototype.

For K-PCA SOM, up to approximately 50 (over a maximum of12; 500), the dimension seems to

have only a very limited effect on the quality of the map. All quality criteria stabilize after this value,

with a slight tendency to improve and then to deteriorate again for very high dimensions. A strong

computational time bene�t can be observed when decreasing the dimensionality below 1; 000 : this is

a direct consequence of the quadratic complexity of K-SOM.

For sparse K-SOM, all characteristics, except for CPU time, tend to improve when the number of

coef�cients increases. However, TE seems to stabilize for approximately 50 coef�cients per prototypes

(� = 0 :99). However, since the computational time is not reduced from the same amount than in

K-PCA SOM, testing the value of� is not a good strategy. Moreover,� = 0 :995 gives prototypes with

approximately 80 coef�cients, which must not be increased to preserve interpretability.

Interpretability of K-PCA SOM : In this section, the map with the lowest ICI, among the 100

generated by the K-PCA SOM with 40% preserved entropy rate, is used to show how the results of
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Figure 7.2 Sparse K-SOM. Average performances over 20 maps (ICI, TE, computational time in
seconds and stability as measured by NMI) versus the average sparsity (average number
of coef�cients per prototypes) for different values of � . Error bars correspond to the

standard error standard deviationp
20

.

K-PCA SOM can be interpreted, despite the K-PCA pre-processing. Its performances are equal to5:74

(QE), 25:42 (ICI) and 7:66 (TE). The projection of the data on a subspace requires to interpret the

K-PCA axes �rst. Figure 7.3 (left) presents the entropy supported by the �rst 15 axes and shows that the

�rst two axes are enough to provide relevant information on the data. Figure 7.3 (right) displays the

projections of the observations on the �rst two principal axes. The �rst axis represents 16.90% of the

total entropy and opposes permanent-labor and �xed term contracts. This is supported by Figure 7.4

which shows the distribution of the 25 career paths with the smallest and the highest coordinates on

the �rst two axes of the K-PCA. Stable job trajectories have the smallest coordinates on the �rst axis

when �xed-term contract or unemployed have the highest. Figure 7.3 (right) also demonstrates that

the second axis separates two kinds of precarious situations. Fixed-term contracts are opposed to highly

precarious contracts such as unemployment, inactivity, on-call contract and public temporary-labor

contract. The same observations can be made regarding the �rst 25 career paths with the smallest and

highest coordinates on the second K-PCA axis, as shown in Figure 7.4.

The distribution of the job trajectories within each neuron of the map is represented in Figure 7.5.

First note that the presented map is comparable in term of topology to the one described in [123].

Different typologies can be highlighted : a fast access to permanent contracts (clear blue) on the

bottom-left corner of the map, a transition through �xed-term contracts before obtaining stable ones

(dark and then clear blue) on the map top-left corner, temporary jobs (dark blue) on the top-middle

neurons, a long period of inactivity (yellow) or unemployment (red) on the map bottom-right corner.

The map organization is in accordance with the axis interpretation. Figure 7.6 (top) displays the

average coordinates on the �rst and second axes in every cluster of the map. Results show a gradient

of the observation coordinates on the �rst K-PCA axis between the bottom-left and the right side of the

map. This gradient can also be seen on the map shown in Figure 7.5 and on the heatmaps presented on

Figure 7.6 (bottom) which represent the cluster average of the career path modes4. This con�rms that

the �rst principal component (and corresponding diagonal on the map) separates permanent contracts

from instable career paths. In Figure 7.6 (top), a gradient can also be observed for the second K-PCA

axis between the top-left, where trajectories correspond to a fast access to permanent-labor contracts

and the bottom-left corner of the map, where trajectories pertaining to precarious jobs are gathered.

4. To compute mode averages, job market contracts have been converted to numerical labels from 1, for the
permanent-labor contract, to 9 for education.
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Figure 7.3 Entropy preserved by the 15 �rst axes on the left and projection of the observations on
the �rst two principal components on the right. Colors represent the contract that appears
the most often (mode) in the trajectory.

smallest coordinates (PC1) highest coordinates (PC1)

smallest coordinates (PC2) highest coordinates (PC2)

Figure 7.4 Distribution of the 25 career paths with smallest and highest coordinates on the �rst two
axes of the K-PCA.

Figure 7.5 K-PCA SOM. For each neuron of the map, job trajectories distribution is represented
using the observations classi�ed in the corresponding unit. Colors represent the type of
contract.

7.6 Experimental results 91



Figure 7.6 K-PCA SOM. Representation of the SOM map with neurons �lled using colors according
to the average coordinate of the observations for the �rst (on the top-left) and the second
(on the top-right) principal component. On the bottom, the map neurons are �lled using
colors according to the average of the career path modes.

Interpretability of sparse K-SOM : Similarly to the previous section, the present section provides

a short discussion about one of the �nal results obtained from sparse K-SOM. The selected map is

again the one with the smallest ICI among all maps obtained with � = 95% and � = 50 . It gives better

performances in term of ICI (24:87) than K-PCA SOM but QE (25:27) and TE (10:8) are increased.

The resulting distribution of the job trajectories within the clusters of the map is provided in

Figure 7.7. This distribution is fairly similar to the one obtained in Section 7.6.3 : the left hand side of

the map corresponds to a fast access to permanent contracts whereas the right hand side corresponds

to different types of precarious situations. Two main differences can be highlighted : �rst, the class

are more homogeneous in sparse K-SOM, especially at the border of the map. This is a direct effect

of the dimension reduction in K-PCA SOM : since the dimension reduction increases redundancy in

the dataset, some clusters (mostly located at the borders of the map) contain more observations and

are thus less homogeneous. Second, the precarious situations (on the right hand side of the map) are

organized a bit differently (with on-call contracts in the middle or the bottom of the map). However,

both representations are realistic, with most of the clusters in the map being homogeneous.

A similar representation is provided in Figure 7.8 (left) but restricted to the observations which

are involved in the prototype de�nition. The right part of this �gure displays the number of such

observations. Two conclusions can be derived from these graphics : the �rst one is that the observations

involved in the prototype de�nition have a distribution very similar to the distribution of the entire set

of observations included in the corresponding cluster. They are thus a selected subset of observations

representative of their cluster. Moreover, as their number is very restricted compared to the total

number of observations included in a cluster (approximately 14/15 observations as shown in the left

part of Figure 7.8), they are a convenient way for the user to make sense of the prototypes and thus, of

the corresponding cluster, since an exhaustive inspection of these observations becomes possible.

Nystr •om approximation : To evaluate the relevance of using a Nystr̈om approximation of the K-PCA,

the K-PCA SOM with 40% preserved entropy rate is used as a reference. Table 7.9 presents K-PCA SOM

results using a Nystr̈om approximation with different rates of observations sampled to perform the

approximation. This rate was varied in f 100%; 25%; 10%; 5%; 1%g, in which the 100%-results are
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Figure 7.7 Sparse K-SOM. For each neuron of the map, job trajectories distribution is represented
using the observations classi�ed in the corresponding unit. Colors represent the type of
contract.

Figure 7.8 Sparse K-SOM. For each neuron of the map, job trajectories distribution for the observa-
tions with a positive coef�cients for the corresponding neuron (left) and number of such
observations (right).

reported from Table 7.8. The coef�cients given to the K-PCA SOM are restricted to the �rst eight K-PCA

axes everywhere, to avoid any bias related to data dimensionality. The computational time is reported

in Table 7.9 and gives the time needed to perform the K-PCA only, excluding the training and clustering

times.

Results demonstrate a high ef�ciency in terms of computational time of the Nyström approxi-

mation while producing accurate results. In fact, none of the tested values lead to deteriorate the

map quality in term of QE, ICI and TE, while the K-PCA is� 1000 times faster when using 10% of

observations. The best ICI is even obtained using only1% of the observations. The clustering stability

decreases with the number of observations used by the Nystr̈om approximation, even if the stability is

still high when using at least 10% of the observations.

The maps with the smallest ICI among the 100 maps generated from a Nystr̈om approximation

using 1% and 5% of the observations are displayed in Figure 7.9. Results show the ability of the Nystr̈om

approximation to preserve a realistic representation of the dataset while reducing the computational

time.

The map obtained with 5% of the observations shows an organization similar to the one presented

in Section 7.6.3, except for one fact : precarious situations, located on the right side of the map,

are organized differently. Unemployment and public temporary-labor contracts are inverted between
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Figure 7.9 K-PCA SOM performed through a Nystr̈om approximation using 1% (left) and 5% (right)
of the observations : For each neuron of the map, job trajectories distribution is represen-
ted using the observations classi�ed in the corresponding unit. Colors represent the type
of contract.

Table 7.9 Performance results of the K-PCA SOM with K-PCA performed through a Nyström approxi-
mation (average over 100 maps and standard deviations between parenthesis) for the
“trajectories” dataset. After the method name and between parenthesis, the percentage of
observations used to perform the approximation is given.

Methods QE (� 100) ICI TE (%) CPU time Stability (%)

K-PCA (100%) 5.61 (0.09) 26.26 (0.37) 6.98 (0.75) 8 153 (205) 77.13 (3.24)

K-PCA (25%) 5.62 (0.09) 26.11 (0.40) 7.12 (0.77) 101.38 (18.96) 75.84 (2.38)

K-PCA (10%) 5.62 (0.13) 26.13 (0.40) 7.00 (0.76) 7.39 (1.23) 74.68 (2.25)

K-PCA (5%) 5.64 (0.15) 26.05 (0.45) 7.11 (0.92) 0.86 (0.38) 73.10 (1.72)

K-PCA (1%) 5.65 (0.18) 25.99 (0.47) 7.02 (1.02) 0.02 (0.01) 69.32 (1.26)

the top and the bottom of the map. With a Nystr öm approximation using 1% of the observations,

trajectories mostly containing �xed-term contracts are located on the right hand side of the map,

what is not observed on the map obtained with 5% of the observations and on maps presented in

Section 7.6.3 and in Section 7.6.3. As expected, clusters obtained using1% of the observations are

less homogeneous than those obtained with5%. The differences between these two maps might have

different causes. Firstly, the instability of the SOM algorithm can explain the differences in terms of

map organization : different runs of the algorithm give different results. This is particularly critical

when the dataset to be analyzed is high dimensional as can be the “Generation 98” survey (even with a

subsampling rate of 1%, the dimensionality of the problem is still larger than 100). This issue could be

addressed by aggregating strategies, as described in [105]. Secondly, the differences between the two

maps in Figure 7.9 might be explained by the high redundancy of trajectories with �xed-term contracts

in the dataset : a very small subsampling might enforce the over-representation of these trajectories

and affect the result. Such a problem could be addressed by using more ef�cient sampling techniques

such as the ones described in [89].

The choice of the ratio m=n of observations to select in order to obtain accurate results highly

depends on the quality of the kernel approximation provided by the Nyström technique. This quality

is strongly in�uenced by the rank of the kernel, which can not easily be obtained when n is very

large. Adaptative sampling technique for the Nystr̈om algorithm, such as the one described in [48,

61] are based on an unequal probability sampling, which is performed iteratively and depends on the

reconstruction error. [89] proposes an improved version in which the full kernel is not even needed to

estimate the reconstruction error. Such methods could be relevant to assess the evolution of the quality

reconstruction in a growing sample and to stop the Nystr̈om sampling when this quality is considered

good enough.
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7.7 Conclusion

The contributions of the present manuscript to the analysis of (dis)similarity data with topographic

maps are twofolds : �rstly, we have proposed a new version of the kernel and relational SOM algorithms,

called sparse K-SOM, which ensures a sparse representation of the prototypes. Secondly, this approach

has been compared to a preprocessing of the data by a dimension-reduction technique (K-PCA). We

have also investigating the use of a Nystr̈om approximation technique to ensure a better scalability of

the method.

The experiments performed on several real datasets showed that both presented methods allow

to strongly decrease the overall computational time on large datasets. The interpretability of the results

is also improved since the prototypes have a much lower dimensionality. Moreover, the accuracy of the

�nal map, in terms of cluster homogeneity, quality of the organization or adequacy to external a priori

information is not deteriorated.

In average, K-PCA SOM gives better results in term of map and clustering quality than the sparse

approach. However, prototypes returned by sparse K-SOM can be directly interpreted by inspecting the

properties of the few observations used to represent them. In K-PCA SOM, the axes of the K-PCA have

to be interpreted as an extra step to understand the prototypes meaning : this step is fairly standard in

K-PCA. In conclusion, when selecting one or the other method, the user should also consider his/her

need to easily interpret the result.

With the introduction of these methods, a further step is taken in allowing relational SOM to

deal with massive data sets. Future works should investigate the multiple relational SOM, presented

in [123], with a view to integrate several sources of data of different types, while preserving the

interpretability of the results.

7.8 Appendix : formula for the average intra-cluster

intertia

The intra cluster inertia is the average overu 2 f 1; : : : ; Ug of the quantities

I (u) =
1

]Cu

X

i : x i 2C u

k� (x i ) � GCu k2

in which GCu = 1
] Cu

P
i : x i 2C u

� (x i ) is the center of gravity of Cu .
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Expansion for kernel data

For kernel data, this quantity equals

I (u) =
1
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1
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X
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K (x i ; x i 0) +
1

(]Cu )2

X

i;i 0: x i ;x i 02C u

K (x i ; x i 0)

=
1
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X

i : x i 2C u

K (x i ; x i ) �
1

(]Cu )2

X

i;i 0: x i ;x i 02C u

K (x i ; x i 0):

Expansion for dissimilarity data

Using the result of Equation (2) in [123], we get that

I (u) =
1

]Cu

X

i : x i 2C u

h
� i � u �

1
2

� T
u � � u

i
;

in which � u = 1
] Cu

1Cu where the entries of 1Cu are equal to 1 for indexes i 0 such that x i 0 2 Cu and to

0 otherwise. Thus

I (u) =
1

]Cu

X

i;i 0: x i ;x i 02C u

1
]Cu

� (x i ; x i 0) �
1

2(]Cu )2

X

j;j 0: x j ;x j 02C u

� (x j ; x j 0)

=
1

2] (Cu )2

X

i;i 0: x i ;x i 02C u

� (x i ; x i 0):
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Chapitre 8
Integrating TARA Oceans
datasets using unsupervised
multiple kernel learning

R�esum �e : Dans les analyses de ḿetaǵenomique, l'int égration de sources d'informations

diff érentes est une t̂ache dif�cile d û fait de l'h étérogénéité des jeux de donńees. Ces jeux

de données peuventêtre compośes de tableaux de comptages, qui ńecessitent d'̂etre analyśes

avec des distances, mais aussi des tableaux d'abondances, des réseaux d'interactions ou encore

des informations phylogénétiques qui se sont ŕev́eléesêtre pertinent pour améliorer la comparai-

son entre communaut́es. Les ḿethodes d'intégration standard peuvent tirer pro�t d'information

externe mais ne permettent pas d'analyser plusieurs jeux de donńees omiques h́etérog�ene de

façon générique.

Nous proposons trois ḿethodes multi-noyaux qui permettent d'int égrer plusieurs jeux de

données de types diff́erents en une seule analyse exploratoire. Plusieurs solutions sont mises

�a disposition pour apprendre un méta-noyau consensus ou un ḿeta-noyau qui préserve la to-

pologie des donńees d'origine. Ce ḿeta-noyau est ensuite analyśe �a l'aide d'une K-PCA a�n de

fournir une visualisation rapide et exacte des similarités entreéchantillons, dans un espace non

lin éaire et d'un point de vue de plusieurs sources de donńees. Une ḿethode ǵenérique est aussi

propośee pour aḿeliorer l'interpr étabilit é de la K-PCA au travers des donńees d'origine. Nous

avons appliqúe nos ḿethodes aux diff́erents jeux de donńees collect́es durant l'expédition TARA

Oceans. Les simulations mettent enévidence que nos ḿethodes sont capables de retrouver les

résultats pŕećedemment observ́es �a l'aide d'une seule analyse et de fournir une nouvelle image

de la structure deséchantillons lorsque un plus grand nombre de jeux de donńees sont inclus

dans l'analyse.

L'ensemble des ḿethodes propośees sont disponibles sur le CRAN dans le packageR mixKer-

nel . Il est enti�erement compatible avec le packagemixOmics et un tutoriel d écrivant l'approche

peut être trouvé sur le site internet de mixOmics : http://mixomics.org/mixkernel/ .



Abstract : In metagenomic analysis, the integration of various sources of information is a dif�cult

task since produced datasets are often of heterogeneous types. These datasets can be composed of

species counts, which need to be analysed with distances, but also species abundances, interaction

networks or phylogenetic information which have been shown relevant to provide a better comparison

between communities. Standard integration methods can take advantage of external information but

do not allow to analyse heterogenous multi-omics datasets in a generic way.

We propose a multiple kernel framework that allows to integrate multiple datasets of various

types into a single exploratory analysis. Several solutions are provided to learn either a consensus

meta-kernel or a meta-kernel that preserves the original topology of the datasets. This kernel is

subsequently used in kernel PCA to provide a fast and accurate visualisation of similarities between

samples, in a non linear space and from the multiple source point of view. A generic procedure is also

proposed to improve the interpretability of the kernel PCA in regards with the original data. We applied

our framework to the multiple metagenomic datasets collected during the TARAOceans expedition.

We demonstrate that our method is able to retrieve previous �ndings in a single analysis as well as to

provide a new image of the sample structures when a larger number of datasets are included in the

analysis.

Proposed methods are available in theR package mixKernel , released on CRAN. It is fully

compatible with the mixOmics package and a tutorial describing the approach can be found on

mixOmics web site http://mixomics.org/mixkernel/ .

8.1 Introduction

The development of high-throughput sequencing technologies has substantially improved our

ability to estimate complex microbial communities composition, even for organisms that cannot be

cultured. The sequence reads, produced by amplicon sequencing such as 16S rRNA sequencing, can be

taxonomically classi�ed into taxa or clustered into operational taxonomic units (OTUs). Important

insights have been gained from the analysis of such data by pro�ling microbial communities and

differences between communities in a wide range of applications from the human enterotypes [8]

to the plankton [17]. In microbiome studies, differences among various samples are often extracted

to understand associations between organisms and external factors [183, 41]), or to characterize

microbial diversity patterns [77, 54].

However, the analysis of metagenomic datasets is complex due to their sparse and compositional

structure : OTU counts are often converted to relative, rather than absolute, abundances because

the sequencing depth strongly varies between samples. The resulting measures are constrained to a

simplex space and the standard Euclidean distance is thus irrelevant to compare samples [3]. As a

consequence, directly using standard statistical methods on these data may lead to spurious results

[104]. The most widely used approaches to address this issue include transforming the compositional

datasets using log-ratio in order to release the simplex constrain [94] or using � -diversity measures to

assess the dissimilarity between communities. These dissimilarity measures compute absolute [79] or

relative [21] overlaps between two communities. In microbiome studies, they are often used as inputs

for an ordination analysis, such as the Principal Coordinates Analysis (PCoA, or Multidimensional

Scaling), to identify features that explain differences between studied communities.

However, [130] shows that integrating information about differences among species in the

analysis (i.e., by means of phylogenetic dissimilarity) is relevant to reveal phylogenetic patterns

in comparing communities. Integrating the philogenetic information is usually performed by using

speci�c dissimilarities, such as the Unifrac and weighted Unifrac measures [100, 101] in ordination

methods. Alternatively, [131] propose the DPCoA to analyze the relations between the abundance data

and external information corresponding to differences among species (phylogenetic, morphological,
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biological...). [47] extend this approach to also integrate external variables measured on communities,

using a prior clustering of the communities based on these variables. [141] and [27] show that

these methods can be generalized by using a kernel framework and extend them to incorporate

context-dependent non-Euclidean structures with abundance data into a regression framework.

In the present work, we use a similar kernel framework to propose a generic approach that can

incorporate various types of external information to metagenomic data or that can integrate multiple

metagenomic datasets. More precisely,� -diversity measures or phylogenetic-based dissimilarities or

any other dissimilarity measuring a speci�c kind or dissemblance between two samples are viewed as

kernels and integrated using an unsupervised multiple kernel approach. Such a kernel can be subse-

quently used in combination with KPCA [158] for exploratory analysis. To improve the interpretability

of our approach, indexes of the importance of the various features of the samples are proposed. The

method is evaluated on theTARAOceans expedition datasets [80, 17]. Results show that not only our

approach allows to retrieve the main conclusions stated in the different TARAOceans papers in a single

and fast analysis, but that, integrating a larger number of information, it can also provide a different

overview of the datasets.

8.2 Methods

8.2.1 Unsupervised multiple kernel learning

Kernels and notations : For a given set of observations(x i ) i =1 ;:::;N , taking values in an arbitrary

spaceX , we call “kernel” a function K : X � X ! R that provides pairwise similarities between the

observations :K ij := K (x i ; x j ). Moreover, this function is assumed to be symmetric (K ij = K ji ) and

positive (8 n 2 N; 8 (� i ) i =1 ;:::;n � R; 8 (x i ) i =1 ;:::;n � X ;
P n

i;i 0=1 � i � i 0K ii 0 � 0). According to [7],

this ensures thatK is the dot product in a uniquely de�ned Hilbert space (H ; h:; :i ) of the images of

(x i ) i by a uniquely de�ned feature map � : X ! H : K ij = h� (x i ); � (x j )i . In the sequel, the notation

K will be used to denote either the kernel itself or the evaluation matrix (K ij ) i;j =1 ;:::;N depending on

the context.

This setting allows us to deal with multiple source datasets in a uniform way, provided that

a relevant kernel can be calculated from each dataset (examples are given in Section 8.3.3 for

standard numeric datasets, philogenetic tree, . . . ). Suppose now thatM datasets(xm
i ) i =1 ;:::;N (for

m = 1 ; : : : ; M ) are given instead of just one, all obtained on the same samplesi = 1 ; : : : ; N . M

different kernels (K m )m =1 ;:::;M provide different views of the datasets, each related to a speci�c

aspect.

Multiple kernel learning (MKL) refers to the process of linearly combining the M given kernels

into a single kernel K � :

K � =
MX

m =1

� m K m subject to

�
� m � 0; 8 m = 1 ; : : : ; M
P M

m =1 � m = 1
: (8.1)

By de�nition, the kernel K � is also symmetric and positive and thus induces a feature space and a

feature map (denoted by � � in the sequel). This kernel can thus be used in subsequent analyses (SVM,

KPCA, ...) as it is supposed to provide an integrated summary of the samples.

A simple choice for the coef�cients � m is to set them all equal to 1=M . However, this choice

treats all the kernels similarly and does not take into account the fact that some of the kernels can

be redundant or, on the contrary, atypical. Sounder choices aim at solving an optimization problem

so as to better integrate all informations. In a supervised framework, this mainly consists in choosing

weights that minimize the prediction error [63]. For clustering, a similar strategy is used in [188],
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optimizing the margin between the different clusters. However, for other unsupervised analyses (such

as exploratory analysis, KPCA for instance), such criteria do not exist and other strategies have to be

used to choose relevant weights.

As explained in [190], propositions for unsupervised multiple kernel learning (UMKL) are less

numerous than the ones available for the supervised framework. Most solutions (see,e.g., [190,

99]) seek at providing a kernel that minimizes the distortion between all training data and/or that

minimizes the approximation of the original data in the kernel embedding. However, this requires that

the datasets(xm
i ) i (m = 1 ; : : : ; M ) are standard numerical datasets : the distortion between data and

the approximation of the original data are then directly computed in the input space (which is Rd )

using the standard Euclidean distance as a reference. Such a method is not applicable when the input

dataset is not numerical (i.e., is a phylogenetic tree for instance) or when the different datasets(xm
i ) i

(m = 1 ; : : : ; M ) do not take value in a common space.

In the sequel, we propose two solutions that overcome this problem : the �rst one seeks at

proposing a consensual kernel, which is the best consensus of all kernels. The second one uses a

different point of view and, similarly to what is suggested in [190], computes a kernel that minimizes

the distortion between all training data. However, this distortion is obtained directly from the M

kernels, and not from an Euclidean input space. Moreover, it is used to provide a kernel representation

that preserve the original data topology. Two variants are described : a sparse variant, which also

selects the most relevant kernels, and a non sparse variant, when the user does not want to make a

selection among theM kernels.

A consensus multiple kernel : Our �rst proposal, denoted by STATIS-UMKL, relies on ideas similar

to STATIS [134, 93]. STATIS is an exploratory method designed to integrate multi-block datasets when

the blocks are measured on the same samples. STATIS �nds a consensus matrix, which is obtained as

the matrix that has the highest average similarity with the relative positions of the observations as

provided by the different blocks. We propose to use a similar idea to learn a consensus kernel.

More precisely, a measure of similarity between kernels can be obtained by computing their

cosines1 according to the Frobenius dot product : 8 m; m 0 = 1 ; : : : ; M ,

Cmm 0 =
hK m ; K m 0

i F

kK m kF kK m 0kF
=

Trace(K m K m 0
)

p
Trace((K m )2)Trace((K m 0)2)

: (8.2)

Cmm 0 can be viewed as an extension of the RV-coef�cient [147] to the kernel framework, where

the RV-coef�cient is computed between (� m (xm
i )) i and (� m 0

(xm 0

i )) i (where � m is the feature map

associated toK m ).

The similarity matrix C = ( Cmm 0)m;m 0=1 ;:::;M provides information about the resemblance

between the different kernels and can be used as such to understand how they complement each other

or if some of them provide an atypical information. It also gives a way to obtain a summary of the

different kernels by choosing a kernelK � which maximizes the average similarity with all the other

kernels :

maximize�

MX

m =1

�
K �

v ;
K m

kK m kF

�

F

= v > Cv (8.3)

for K �
v =

MX

m =1

vm K m

and v 2 RM such that kvk2 = 1 :

The solution of the optimization problem of Equation (8.3) is given by the eigen-decomposition

of C . More precisely, if v = ( vm )m =1 ;:::;M is the �rst eigenvector (with norm 1) of this decomposition,

then its entries are all positive (because the matricesK m are positive) and are the solution of the

1. Cosines are usually preferred over the Frobenius dot product itself because they allow to re-scale the
different matrices at a comparable scale. It is equivalent to using the kernel eK m = K m

kK m k F
instead of K m .

102



maximization of v > Cv . Setting � = vP M

m =1
vm

thus provides a solution satisfying the constrains of

Equation (8.1) and corresponding to a consensual summary of theM kernels.

Note that this method is equivalent to performing multiple CCA between the multiple feature

spaces, as suggested in [177] in a supervised framework, or in [142] for multiple kernel PCA. However,

only the �rst axis of the CCA is kept and a L 2-norm constrain is used to allow the solution to be

obtained by a simple eigen-decomposition. This solution is better adapted to the case where the

number of kernels is small.

A sparse kernel preserving the original topology of the data : Because it focuses on consensual

information, the previous proposal tends to give more weights to kernels that are redundant in the

ensemble of kernels and to discard the information given by kernels that provide complementary

informations. However, it can also be desirable to obtain a solution which weights the different images

of the dataset provided by the different kernels more evenly. A second solution is thus proposed, which

seeks at preserving the original topology of the data. This method is denoted by sparse-UMKL in the

sequel.

More precisely, weights are optimized such that the local geometry of the data in the feature

space is the most similar to that of the original data. Since the input datasets are not Euclidean and do

not take values in a common input space, the local geometry of the original data cannot be measured

directly as in [190]. It is thus approximated using only the information given by the M kernels. To

do so, a graph, thek-nearest neighbor graph (for a given k 2 N� ), Gm , associated with each kernel

K m is built. Then, a (N � N )-matrix W , representing the original topology of the dataset is de�ned

such that Wij is the number of times the pair (i; j ) is in the edge list of Gm over m = 1 ; : : : ; m (i.e.,

the number of times, over m = 1 ; : : : ; M , that xm
i is one of the k nearest neighbors ofxm

j or xm
j is one

of the k nearest neighbors ofxm
i ).

The solution is thus obtained for weights that ensure that � � (x i ) and � � (x j ) are “similar” (in the

feature space) whenWij is large. To do so, similarly as [99], we propose to focus on some particular

features of � � (x i ) which are relevant to our problem and correspond to their similarity (in the feature

space) with all the other � � (x j ). More precisely for a given � 2 RM , we introduce the N -dimensional

vector � i (� ) =

*

� �
� (x i );

0

B
@

� �
� (x1)

...

� �
� (xN )

1

C
A

+

=

0

B
@

K �
� (x i ; x1)

...

K �
� (x i ; xN )

1

C
A . But, contrary to [99], we do not

rely on a distance in the original space to measure topology preservation but we directly use the

information provided by the different kernels through W . The following optimization problem is thus

solved :

minimize �

NX

i;j =1

Wij k� i (� ) � � j (� )k2 (8.4)

for K �
� =

MX

m =1

� m K m

and � 2 RM such that � m � 0 and
MX

m =1

� m = 1 :

The optimization problem of Equation (8.4) expands as

minimize �

MX

m;m 0=1

� m � m 0Smm 0 (8.5)

for � 2 RM such that � m � 0 and
MX

m =1

� m = 1 ;
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for Smm 0 =
P N

i;j =1 Wij h� m
i � � m

j ; � m 0

i � � m 0

j i and � m
i =

0

B
@

K m (x i ; x1)
...

K m (x i ; xN )

1

C
A . The matrix S =

(Smm 0)m;m 0=1 ;:::;M is positive and the problem is thus a standard Quadratic Programming (QP)

problem with linear constrains, which can be solved by using the R packagequadprog . Since the

constrain
P M

m =1 � m = 1 is an L 1 constrain in a QP problem, the produced solution will be sparse : a

kernel selection is performed because only some of the obtained(� m )m are non zero. While desirable

when the number of kernels is large, this property can be a drawback when the number of kernels is

small and that using all kernels in the integrated exploratory analysis is expected. To address this issue,

a modi�cation of Equation (8.5) is proposed in the next section.

A full kernel preserving the original topology of the data : To get rid of the sparse property of

the solution of Equation (8.5), an L 2 constrain can be used to replace theL 1 constrain, similarly to

Equation (8.3) :

minimize v

MX

m;m 0=1

vm vm 0Smm 0 (8.6)

v 2 RM such that vm � 0 and kvk2 = 1 ;

and to �nally set � = vP
m

vm
. This problem is a Quadratically Constrained Quadratic Program (QCQP),

which is known to be hard to solve. For a similar problem, [99] propose to relax the problem into a

semide�nite programming optimization problem. However, a simpler solution is provided by using

ADMM (Alterning Direction Method of Multipliers ; [20]). More precisely, the optimization problem of

Equation (8.6) is re-written as

minimize
x and z

x T Sx + I f x � 0g (x ) + I f z � 1g

such that x � z = 0

and is solved with the method of multipliers. Final weights are then obtained by re-scaling the solution

� := zP
m

zm
. The method is denoted by full-UMKL in the sequel.

8.2.2 Kernel PCA (KPCA) and enhanced interpretability

Short description of KPCA : KPCA, introduced in [158], is a PCA analysis performed in the feature

space induced by the kernelK � . It is equivalent to standard MDS (i.e., metric MDS or PCoA ; [167])

for Euclidean dissimilarities. Without loss of generality, the kernel K � is supposed centered2. KPCA

simply consists in an eigen-decomposition ofK � : if (� k )k =1 ;:::;N 2 RN and (� k )k =1 ;:::;N respectively

denote the eigenvectors and corresponding eigenvalues (ranked in decreasing order) then the PC

axes are, fork = 1 ; : : : ; N , ak =
P N

i =1 � ki � � (x i ), where � k = ( � ki ) i =1 ;:::;N . ak = ( aki ) i =1 ;:::;N are

orthonormal in the feature space induced by the kernel : 8 k; k0, hak ; ak 0i = � >
k K � � k 0 = � kk 0 with

� kk 0 =

�
0 if k 6= k0

1 otherwise
. Finally, the coordinates of the projections of the images of the original data,

(� � (x i )) i , onto the PC axes are given by :hak ; � � (x i )i =
P N

j =1 � kj K �
ji = K �

i: � k = � k � ki , where K �
i:

is the i -th row of the kernel K � .

These coordinates are useful to represent the samples in a small dimensional space and to better

understand their relations. However, contrary to standard PCA, KPCA does not come with a variable

representation, since the samples are described by their relations (via the kernel) and not by standard

numeric descriptors. PC axes are de�ned by their similarity to all samples and are thus hard to

interpret.

2. if K � is not centered, it can be made so by computingK � � 1
N K � I N + 1

N 2 I >
N K � I N , with I N a vector

with N entries equal to 1.
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Interpretation : There is few attempts, in the literature, to help understand the relations of KPCA

with the original measures. When the input datasets take values inRd , [144] propose to add a

representation of the variables to the plot, visualizing their in�uence over the results from derivative

computations. However, this approach would make little sense for datasets like ours,i.e., described by

discrete counts.

We propose a generic approach that assesses the in�uence of variables and is based on random

permutations. More precisely, for a given measurej , that is used to compute the kernelK m , the values

observed on this measure are randomly permuted between all samples and the kernel is re-computed :
eK m;j . For species abundance datasets, the permutation can be performed at different phylogeny levels,

depending on the user interest. Then, using the weights found with the original (non permuted)

kernels, a new meta-kernel is obtained eK � =
P

l 6= m � l K l + � m eK m;j . The in�uence of the measure j

on a given PC subspace is then assessed by computing the Crone-Crosby distance [42] at the axis level :

8 k = 1 ; : : : ; N , D cc (� k ; ~� k ) = 1p
2
k� k � ~� k k, where � k and ~� k respectively denote the eigenvectors

of the eigen-decomposition of K � and ~K � . 3

Finally, the KPCA interpretation is done similarly as for a standard PCA : the interpretation of the

axes(ak )k =1 ;:::;N is done with respect to the observations(x i ) i =1 ;:::;N which contribute the most to

their de�nition, when important variables are the ones leading to the largest Crone-Crosby distances.

8.2.3 Unsupervised multiple kernel and KPCA in mixOmics

Methods presented in the paper are available on CRAN in theR packagemixKernel and a full

tutorial on the mixOmics R package WEB site at http ://mixomics.org/mixkernel/. Kernels can be

computed using the function compute.kernel that allows to choose between linear, phylogenic and

abundance kernels. Unifrac and weighted Unifrac distances are processed using functions taken from

the phyloseq package [114]. Bray-Curtis dissimilarities are computed with the vegan package. The

function combine.kernels implements methods described in Section 8.3.2 and returns a meta-kernel

which can be used as an input for the function kernel.pca . The KPCA result can then be displayed

using the mixOmics plot function plotInd .

To assess variable in�uence in the different datasets, the functionkernel.pca.permute computes

Crone-Crosby distances resulting from permutations. In this function, the user can specify the level at

which the permutations must be performed. The most important variables can then be plotted using

the plotVar mixOmics function. A subset of TARAOceans datasets and a tutorial are also provided

in the package to help users processing their own data. In addition, the tutorial is also available on

the mixOmics web site http://mixomics.org/mixkernel/ and the method is scheduled to be part

of the next version of mixOmics .

8.3 Implementation on TARA Oceans datasets

8.3.1 Overview on TARA Oceans

The TARAOceans expedition [80, 17] facilitated the study of plankton communities by providing

oceans metagenomic data combined with environmental measures to the scienti�c community. During

the expedition, 579 samples were collected for morphological, genetic and environmental analyses,

from 75 stations in epipelagic and mesopelagic waters across eight oceanic provinces. TheTARA

3. Note that a similar distance can be computed at the entire projection space level but, since axes are naturally
ordered in PCA, we chose to restrict to axis-speci�c importance measures.
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Oceans consortium partners analyzed prokaryotic [165], viral [23] and eukaryotic-enriched [170] size

fractions and provided an open access to the raw datasets and processed materials.

Some integrated analyses have already been performed with these datasets : by integrating

prokaryotic, eukaryotic and viral datasets, [98] created the global plankton interactome, i.e., a taxon-

taxon co-occurrence network. This integrated network, associated to a sparse partial least square

analysis, allowed [66] to detect associations between genomic datasets and carbon export. A similar

co-occurrence strategy is used in [174] to perform an integrated analysis across domains of life to

study the environmental characteristics of the Agulhas rings.

So far, all articles related to TARAOceans that aim at integrating prokaryotic, eukaryotic and viral

communities, took advantage of the datasets only by using co-occurrence associations. The integration

analysis of the whole material aims at providing a more complete overview of the relations between all

collected informations.

8.3.2 Selected samples

Ocean samples used in [165, 170, 23, 151] were collected at various locations, representing all

main oceanic regions at different depth layers. Collected samples were located in height different

oceans or seas : indian ocean (IO), mediterranean sea (MS), north atlantic ocean (NAO), north paci�c

ocean (NPO), red sea (RS), south atlantic ocean (SAO), south paci�c ocean (SPO) and south ocean

(SO).

[165] focused on 139 prokaryotic-enriched samples collected from 68 stations and spread across

three depth layers : the surface (SRF), the deep chlorophyll maximum (DCM) layer and the mesopelagic

(MES) zones. In [170], 334 size-fractionated samples were analyzed from 47 stations at two water-

column depths of the photic-zone : SRF and DCM. The different size-fractions �lters used during

the sampling allowed to split samples into four major eukaryotic organism sizes : piconanoplankton,

nanoplankton, microplankton and mesoplankton. Finally, [23] and [151] analyzed respectively 43 and

89 viral-fractioned samples, collected from 45 stations from the SRF, the DCM and the MES layers.

To evaluate the performances of the proposed methods from different points of view, two analyses

were performed. First, the 139 prokaryotic samples were used as inputs of the proof-of-concept

analysis presented in Section 8.4.3. Then, a more complete analysis is presented in Section 8.4.4. This

analysis was performed on the whole available material but only samples for which all the prokaryotic,

eukaryotic and viral information was available. As shown in Figure 8.1, this resulted in 48 common

sampling locations which included two depth layers (SRF and MES) and 31 stations.

8.3.3 Dissimilarities and kernels for TARA Oceans datasets

Using selected samples, described in Section 8.3.2, 8 (dis)similarities were computed :

— The phychem kernel is a similarity measure obtained from environmental variables. To compute

this kernel, 22 numerical features were used, including, e.g., temperature, salinity, . . . This

dataset was extracted from Table W8, available on the companion website of [165]4. Missing

values were previously imputed using ak-nearest neighbor approach, as implemented in the

R packageDMwR (for k = 5 ). Finally, the linear kernel, K (x i ; x j ) = xT
i x j , was computed

between pairs of ocean samples from this dataset ;

— The pro.phylo dissimilarity describes the phylogenetic dissimilarities between ocean samples.

The companion website of [165]2 gives access to the abundance table of 35,650 OTUs summari-

zed at different taxonomic levels as well as to the OTUs of 16S ribosomal RNA gene sequences. A

phylogenomic tree was built from these data using fasttree [138]. The weighted Unifrac distance

was then computed using the R packagephyloseq [114] : dwUF (x i ; x j ) =

P
e

l e j pe � qe jP
e

( pe + qe )
, in

4. http://ocean-microbiome.embl.de/companion.html
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Figure 8.1 Common sampling locations among prokaryotic, eukaryotic and viral samples. Figure was
obtained using jvenn [9].

which, for each branch e, le is the branch length and pe (respectively qe) is the fraction of the

community of ocean samplex j (respectively of ocean samplex j ) below branch e;

— The pro.NOGs dissimilarity provides a measure of prokaryotic functional processes dissimilarities

between ocean samples. It was obtained using the Bray-Curtis dissimilarity

dBC (x i ; x j ) =

P
s jn is � n js j

P
s (n is + n js )

; (8.7)

computed on the gene abundances of 39,246 bacterial genes. In Equation (8.7),n is is the

number of counts of bacterial gene numbers in ocean samplex i . Genes were annotated using

the ocean microbial reference gene catalog2 and summarized at eggNOG gene families (genes

annotated by eggNOG version 3 database : [137]). The gene abundance table is freely available

from the companion website of [165] 2 ;

— The ocean eukaryotic aspect is assessed by four dissimilarities, one for each eukaryotic organism

size collected : euk.pina for piconanoplankton, euk.nano for nanoplankton, euk.micro for

microplankton and euk.meso mesoplankton. The Bray-Curtis dissimilarity, de�ned in Equa-

tion (8.7), is computed on the abundance table of � 150; 000 eukaryotic plankton OTUs. The

dataset can be downloaded from the companion website of [170] 5 ;

— The vir.VCs dissimilarity measures ocean viral communities and was computed using the Bray-

Curtis dissimilarity, de�ned in Equation (8.7), on the abundance table of 867 Viral Clusters

(VCs) available from the supplementary materials of [151].

All dissimilarities, d, described above (pro.phylo , pro.NOGs, euk.pina , euk.nano , euk.micro ,

euk.meso and vir.VCs) were transformed into similarities as suggested in [95] : K ij =

� 1
2

�
d(x i ; x j ) � 1

N

P N
k =1 (d(x i ; xk ) + d(xk ; x j )) + 1

N 2

P N
k; k 0=1 d(xk ; xk 0)

�
, where d is the weighted

Unifrac distance or the Bray-Curtis dissimilarity. The eight similarities obtained are all positive and are

thereby kernels, which are all centred by de�nition. To avoid scaling effects in kernel integration, all

kernels were scaled using the standard cosine transformation [11] : ~K ij = K ijp
K ii K jj

.

5. http://taraoceans.sb-roscoff.fr/EukDiv/
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8.4 Results and discussion

This section is divided into two parts : Section 8.4.3 performs the exploratory analysis only

with the datasets studied in [165]. The results described in this paper are used as a ground truth to

validate the relevance of our strategy. A further step is taken in Section 8.4.4 in which a larger set of

datasets are analyzed to illustrate the use of the method and its ef�ciency to perform an integrated

exploratory analysis. In both sections, analyses are performed with the full-UMKL approach presented

in Section 8.2.1. An analysis of the correlation between kernels is provided in Section 8.4.1 and a

comparison with the other multiple kernel strategies that explains the choice of full-UMKL is discussed

in Section 8.4.2.

8.4.1 Similarities between kernels

To have a general overview on the 8 datasets to integrate, the similarity measure between kernels

de�ned in Equation (2) is computed. The pairwise values are displayed in Figure 8.2.

Figure 8.2 Similarities between kernels computed using the STATIS-UMKL approach.

The �gure shows that pro.phylo and pro.NOGs are the most correlated pair of kernels. This

result is expected as both kernels provide a summary of prokaryotic communities. Second, the kernel

that is the less correlated (in average) with the other ones iseuk.meso and the kernel that is the most

correlated (in average) with the other ones is euk.pina . These facts are supported by the conclusions

stated in [170] : mesoplanktonic communities are strongly geographically structured, according to

their basin of origin, whereas piconanoplankton communities are more homogeneous across the world

oceans.

When focusing on similarities to environmental and physical variables, as measured byphychem,

the �gure shows that the kernels that are the most correlated to this kernel are pro.phylo and

euk.pina kernels and that, again, euk.meso provides a different image of the oceans. These results are

supported by a conclusion made in [165] and [170] : the vertical strati�cation of the ocean microbiome

is mainly driven by temperature rather than geography, but geography plays a strong role to structure

communities with respect to the large organism size fractions.

Finally, vir.VCs is also more similar to small size organisms kernels than kernels representing

larger ones. This is explained by the fact that the biographical structure of viruses is due to host

community structure and to a passive transport by oceanic currents [23].
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These results con�rm the discussion reported in Section 8.4.2 : STATIS-UMKL allows to have

an overview on the different datasets and should be used when the integrated analysis focuses on

correlated informations.

8.4.2 Comparison of the di�erent integration options

In the following section, the different methods proposed and especially the relevance of using

a speci�c approach to perform the integration is evaluated. To perform this analysis, environmental,

prokaryotic, eukaryotic and viral datasets are integrated together using the three proposed approaches :

full-UMKL, sparse-UMKL and STATIS-UMKL. The weights obtained for each methods are presented in

Figure 8.3.

Figure 8.3 Kernels weights obtained for the three proposed approaches : full-UMKL, sparse-UMKL
and STATIS-UMKL. Colors represent the different kernels.

First, note that, Figure 8.3 shows that STATIS-UMKL gives more weights toeuk.micro , euk.pina ,

pro.NOGs and pro.phylo , meaning that these kernels are strongly correlated. In the contrary, full-

UMKL gives more importance to atypical kernels,i.e., euk.meso, euk.micro , pro.NOGs and vir.VCs,

which are the only kernels selected by the sparse-UMKL approach, the other ones being discarded from

the �nal meta-kernel.

Results show that the three proposed methods are complementary and can be used depending on

the research question and the analysis step. The STATIS-UMKL approach allows to have an overview

on the correlation between the different datasets to analyze and to integrate them in a consensual way.

sparse-UMKL can be used to focus on a more even contribution of the various images provided by the

different kernels and to remove redundant informations. Finally, a similar goal is achieved with the

full-UMKL method, that should be preferred when the analysis requires to be performed on the whole

material.

8.4.3 Proof of concept with a restricted number of datasets

In the present section, only the datasets analyzed in [165] are analyzed. These kernels are

the environmental kernel, phychem, and the two prokaryotic kernels, pro.phylo and pro.NOGs, all

computed on the 139 prokaryotic samples described in Section 8.3. Figure 8.4 (left) provides the

sample projection of the �rst two axes of the KPCA (full-UMKL kernel). The 10 most important variables

for each dataset are displayed in Figure 8.4 (�rst axis) and in Figure 8.5 (second axis). Both �gures

were obtained by randomly permuting the 22 environmental variables, the eggNOG gene families
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at 23 functional levels of the gene ontology and the proteobacteriaabundances at 102 order levels.

Additionally, the explained variance supported by the �rst 15 axes is provided in Figure 8.6.

Figure 8.4 Only datasets of [165] . Left : Projection of the observations on the �rst two KPCA axes.
Colors represent the oceanic regions and shapes the depth layers. Right : The 10 most
important variables for the �rst KPCA axis, ranked by decreasing Crone-Crosby distance.

Figure 8.5 Only datasets of [165] . The 10 most important variables for the second KPCA axis,
ranked by decreasing Crone-Crosby distance. Variables of thepro.phylo kernel were
permuted at the phylum level.
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Figure 8.6 Only datasets of [165] . Entropy preserved by the 15 �rst axes of the KPCA performed
on the meta-kernel obtained using the full-UMKL approach.

First, note that Figure 8.4 shows very similar results to the ones returned by the PCA performed

on community composition dissimilarities (Bray-Curtis) presented in [165] : samples are separated by

their depth layer of origin, i.e., SRF, DCM or MES, with stronger differences for MES samples.

Figure 8.4 exhibits that both the abundance of clade SAR11and the temperature lead to the

largest Crone-Crosby distances, meaning that they contribute the most to the �rst KPCA axis de�nition.

This result is validated by displaying the values of this variable on the KPCA projection (see Figure 8.7

and Figure 8.8). On both �gures, a gradient can be observed on the �rst KPCA axis between the

left (lowest abundances of clade SAR11and lowest temperatures), and the right (highest values of

these variables). Those results are similar to the ones presented in [165] : the vertical strati�cation of

prokaryotic communities is mostly driven by temperature and proteobacteria(more speci�cally clade

SAR11and clade SAR86) dominate the sampled areas.

Similarly, Figure 8.5 shows that cyanobacteriaabundance and the nitracline mean depth (i.e. water

layer in which the nitrate concentration changes rapidly with depth) contribute the most to the second

KPCA axis de�nition. The display of the nitracline mean depth on KPCA projection (Figure 8.9) shows

a gradient on the second KPCA axis. Figure 8.10, displayingcyanobacteriaabundance, shows a gradient

between the top-left and the bottom-right of the KPCA projection, becausecyanobacteriaabundance

also ranks as the third important variable on the �rst axis (see Figure 8.11). Those results are consistent

with �ndings of [165] : cyanobacteriawere found abundant and the nitracline strongly correlated to

the taxonomic composition (p-value ¡ 0.001). On both �rst two axes of the KPCA, unknown functions

lead to the largest Crone-Crosby distances between variables used to compute thepro.NOGs kernel.

Again, this result is in agreement with a conclusion made in [165] : a large fraction of the ocean gene

families encode for unknown functions.

These results demonstrate that the proposed method gives a fast and accurate insight to the main

variability explaining the differences between the different samples, viewed through different omics
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Figure 8.7 Only datasets of [165] . Projection of the observations on the �rst two KPCA axes. Colors
represent the relative abundance ofclade SAR11: blue for low values and red for high
values.

Figure 8.8 Only datasets of [165] . Projection of the observations on the �rst two KPCA axes. Colors
represent the temperature : blue for cold waters and red for warm waters.

datasets. In particular, for both pro.phylo and phychem kernels, the most important variables are

those used in [165] to state the main conclusions.

8.4.4 Integrating environmental, prokaryotic, eukaryotic and viral

datasets

In this section, environmental, prokaryotic, eukaryotic and viral datasets are integrated together

into a meta-kernel obtained using the full-UMKL method. Figure 8.18 (left) displays the projection

of the samples on the �rst two axes of the KPCA. Figure 8.18 (right) and Figure 8.12 provide the 5

most important variables for each datasets, respectively for the �rst and the second axes of the KPCA.

To obtain these �gures, abundance values were permuted at 56 prokaryotic phylum levels for the

pro.phylo kernel, at 13 eukaryotic phylum levels for euk.pina , euk.nano , euk.micro and euk.meso

and at 36 virus family levels for the vir.VCs kernel. Variables used forphychem and pro.NOGs were

the same than in Section 8.4.3. Additionally, the explained variance supported by the �rst 15 axes is

provided in Figure 8.13.
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Figure 8.9 Only datasets of [165] . Projection of the observations on the �rst two KPCA axes. Colors
represent the nitracline mean depth : blue for low values and red for high values.

Figure 8.10 Only datasets of [165] . Projection of the observations on the �rst two KPCA axes.
Colors represent the relative abundance ofcyanobacteria: blue for low values and red
for high values.

First, note that Figure 8.18 does not highlight anymore any particular pattern in terms of

depth layers but it does in terms of geography. SO samples are gathered in the bottom-center of the

KPCA projection and SPO samples are gathered on the top-left side. Second, Figure 8.18 shows that

the most important variables come from the phychem kernel (especially the longitude) and from

kernels representing the eukaryotic plankton. More speci�cally, large size organisms are the most

important : rhizaria phylum for euk.meso and alveolata phylum for euk.nano . The abundance of

rhizaria organisms also ranks �rst between important variables of the second KPCA axis, followed

by the opisthokonta phylum for euk.nano . The display of these variables on the KPCA projection

reveals a gradient on the �rst axis for both the alveolata phylum abundance (Figure 8.14) and the

longitude (Figure 8.15) and on the second axis for rhizaria (Figure 8.16) and opisthokonta(Figure 8.17)

abundances. This indicates that SO and SPO epipelagic waters mainly differ in terms ofRhizarians

abundances and both of them differ from the other studied waters in terms of alveolataabundances.

The integration of TARAOceans datasets shows that the variability between epipelagic samples is

mostly driven by geography rather than environmental factors and that this result is mainly explained

by the strong geographical structure of large eukaryotic communities. Studied samples were all
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Figure 8.11 Only datasets of [165] . The 10 most important variables for the second axis of KPCA,
ranked by decreasing Crone-Crosby distance. Variables of thepro.phylo kernel were
permuted at the phylum level.

Figure 8.12 The 5 most important variables for the second axis of the KPCA and for each of the 8
datasets, ranked by decreasing Crone-Crosby distance.

collected from epipelagic layers, where water temperature does not vary much, which explains the

poor in�uence of the prokaryotic dataset in this analysis.
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Figure 8.13 Entropy preserved by the 15 �rst axes of the KPCA performed on the meta-kernel
obtained using the full-UMKL approach and environmental, prokaryotic, eukaryotic and
viral datasets.

Figure 8.14 Projection of the observations on the �rst two KPCA axes. Colors represent the relative
abundance ofalveolataorganisms in the nanoplanktonic community : blue for low values
and red for high values.

8.5 Conclusion

The contributions of the present manuscript to the analysis of multi-omics datasets are twofolds :

�rstly, we have proposed three unsupervised kernel learning approaches to integrate multiple datasets

from different types, which either allow to learn a consensus meta-kernel or a meta-kernel preserving

the original topology of the data. Secondly, we have improved the interpretability of the KPCA by

assessing the in�uence of input variables in a generic way.

The experiments performed on TARAOceans datasets showed that presented methods allow

to give a fast and accurate insight over the different datasets within a single analysis. However, the

approach is not restricted to KPCA analyses : the meta-kernel presented in this article could have been
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Figure 8.15 Projection of the observations on the �rst two KPCA axes. Colors represent the longitude :
blue for low values and red for high values.

Figure 8.16 Projection of the observations on the �rst two KPCA axes. Colors represent the relative
abundance ofrhizaria organisms in the mesoplanktonic community : blue for low values
and red for high values.

used in combination with kernel clustering methods or with kernel supervised models, to integrate

multi-omics datasets.
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Figure 8.17 Projection of the observations on the �rst two KPCA axes. Colors represent the relative
abundance ofopisthokontaorganisms in the nanoplanktonic community : blue for low
values and red for high values.

Figure 8.18 Left : Projection of the observations on the �rst two KPCA axes. Colors represent the
oceanic regions and shapes the depth layers. Right : The 5 most important variables for
each of the eight datasets, ranked by decreasing Crone-Crosby distance.
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Chapitre 9
Conclusion et perspectives

Dans le cadre de cette th�ese, plusieurs contributions ḿethodologiques sont propośees

pour permettre l'exploration simultan ée de plusieurs jeux de donńees omiques de natures

hétérog�enes. Pour aborder cette question, je me suis int́eresśe aux noyaux sous deux aspects

diff érents : l'apprentissage multi-noyaux pour combiner plusieurs jeux de donńees et l'adaptation

des ḿethodes�a noyaux a�n de leur permettre de traiter de grands volumes de données.

Dans un premier temps, j'ai propośe une méthode permettant de stabiliser la version

stochastique du SOM nuḿerique, en agŕegeant un ensemble de ŕesultats tout en préservant

la topologie des cartes. Cette approche favorise l'utilisation de l'algorithme pour le traitement

de données biologiques, qui ńecessite tr�es souvent des ŕesultats reproductibles. Pour permettre

le passage�a l'échelle du K-SOM au domaine des omiques, j'ai propośe trois variantes de cet

algorithme, qui pr ésentent des int́erêts différents suivant l'objectif recherch́e par l'utilisateur. Une

premi�ere méthode acćel�ere le K-SOM, sans aucune approximation,�a l'aide d'un jeu de réécriture

de l'équation de l'étape d'affectation. Bien que cette approche n'aborde pas la problématique

d'interpr étabilit é du mod�ele, elle s'av�ere tr�es utile lorsque la classi�cation et la projection des

données sont les seuls objectifs de l'utilisateur. Dans le cas o�u des besoins d'interpŕetation sont

nécessaires, deux autres variantes sont proposées. La premi�ere exploite l'approche debagging

pour permettre sa parallélisation et impose une repŕesentation parcimonieuse des prototypes.

Cette repŕesentation permet une interprétation direct du mod�ele en inspectant les propríetés des

observations utiles�a la dé�nition des prototypes. La seconde contribution r éduit la dimension des

données d'entŕee en les pŕe-traitant par K-PCA. Dans cette version, comprendre les prototypes

demande d'interpréter au préalable les axes de la K-PCA.

Bien que ces deux ḿethodes facilitent l'interpr étation des prototypes, elles restent toutefois

dif�ciles �a interpr éter en raison de la phase de repŕesentation dans l'espace image. Dans le

cas o�u les données d'origine sont vectorielles, redonner l'acc�es aux variables reste le meilleur

moyen pour permettre �a l'utilisateur de comprendre le mod�ele ǵenéré. Pour cela, j'ai propośe une

approche ǵenérique permettant d'étudier les variables in�uentes de la K-PCA, dans un contexte

multi-omiques.



Les troix méthodes d'apprentissage multi-noyaux propośees permettent d'int́egrer de façon

générique plusieurs jeux de donńees de nature h́etérog�enes. La premi�ere propose un noyau consensus

qui maximise la similarit é moyenne entre tous les noyaux, les deux autres pŕeservent la topologie

des donńees d'origine et fournissent une solution parcimonieuse ou non. En pratique, les utilisateurs

sont souvent confront́es au probl�eme de donńees manquantes, ce qui peut conduire�a l'exclusion de

nombreux échantillons pour lesquels une partie de l'information n'est pas disponible. �A titre d'exemple,

a�n de pouvoir int égrer la totalit é des jeux de donńees rendus disponibles par les partenaires du

consortium TARA oceans, j'ai exclu un grand nombre de stations pour lesquelles les donńees de

comptage d'eucaryotes ou de viruśetaient manquantes. L'analyse ŕealiśee se focalise sur l'́etude des

échantillons collectés en surface des oćeans, laissant inexploit́ee des donńees disponibles pour les

autres couches oćeaniques. Ce probl�eme requiert l'adaptation de la méthode actuelle pour tenir compte

des échantillons manquants, soit par imputation de ceux-ci, soit par des ḿethodes permettant la prise

en compte directe de l'information � manquant/pr ésent � .

Choisir un noyau adapt́e �a ses donńees et le paraḿetrer est évidemment le point critique et qui

requiert �a la fois une connaissance experte et, dans certains cas, une phase de calibration. Dans ce

contexte, le développement de noyaux adapt́es aux divers omiques, mais aussi d'outils permettant de

śelectionner le noyau le plus adapt́e aux donńees d'entŕee est une question qui pourrait prolonger mon

travail r écent.

Plus ǵenéralement, bien que j'aie concentŕe mon attention sur l'exploration de structures mi-

crobiennes, les ḿethodes propośees peuventêtre utilis ées pour int́egrer d'autres types de donńees,

et trouve des applications dans d'autres types de probl�emes en biologie. Par exemple, l'annotation

fonctionnelle de g�enes par int́egration de plusieurs types de donńees transcriptomiques et de donńees

d'ontologie ou encore l'étude de méthodes d'exploration de la typologie des ARNs non codants. L�a

encore, c'est un sujet que je compte aborder dans un avenir proche.
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[63] M. GÖNEN et E. ALPAYDIN. “Multiple kernel learning algorithms”. In : Journal of Machine Learning
Research12 (2011), p. 2211–2268 (cf. p. 101).

[64] S. GOODWIN, John D. MCPHERSONet W. Richard MCCOMBIE. “Coming of age : ten years of
next-generation sequencing technologies”. In :Nature 17 (2016), 333–351 (cf. p. 18).

[65] T. GRAEPEL, M. BURGERet K. OBERMAYER. “Self-organizing maps : generalizations and new
optimization techniques”. In : Neurocomputing21 (1998), p. 173–190 (cf. p. 34, 56).

[66] L. GUIDI, S. CHAFFRON, L. BITTNER et al. “Plankton networks driving carbon export in the
oligotrophic ocean”. In : Nature 532 (2016), 465–470 (cf. p. 24, 106).

[67] B. HAMMER et A. HASENFUSS. “Topographic mapping of large dissimilarity data sets”. In : Neural
Computation22.9 (2010), p. 2229–2284 (cf. p. 49, 56, 57, 62, 63, 70–72, 81).

[68] B. HAMMER, A. HASENFUSS, F. ROSSIet M. STRICKERT. “Topographic processing of relational
data”. In : Proceedings of the 6th Workshop on Self-Organizing Maps (WSOM 07). Sous la dir. de
Bielefeld University NEUROINFORMATICSGROUP. Bielefeld, Germany, 2007 (cf. p. 34).

[69] P.D.N. HEBERT, E.H. PENTON, J.M. BURNS, D.H. JANZEN et W. HALLWACHS. “Ten species in one :
DNA barcoding reveals cryptic species in the neotropical skipper butter�y astraptes fulgerator”.
In : Genetic Analysis101.41 (2004), p. 14812–14817 (cf. p. 83).

[70] T. HESKES. “Energy functions for self-organizing maps”. In : Kohonen Maps. Sous la dir. d'E. OJA

et S. KASKI. Amsterdam : Elsevier, 1999, p. 303–315 (cf. p. 48).

[71] R.R. HOCHKING. “The analysis and selection of variables in linear regression”. In :Biometrics
(1976) (cf. p. 71).

[72] D. HOFMANN et B. HAMMER. “Sparse approximations for kernel learning vector quantization.”
In : (2013). Sous la dir. de M. V ERLEYSEN, 549–554 (cf. p. 62–64).

124 Bibliographie



[73] D. HOFMANN, A. GISBRECHTet B. HAMMER. “Ef�cient approximations of robust soft learning
vector quantization for non-vectorial data”. In : Neurocomputing147 (2015), p. 96–106 (cf.
p. 72).

[74] D. HOFMANN, F.M. SCHLEIF, B. PAASS ENet B. HAMMER. “Learning interpretable kernelized
prototype-based models”. In : Neurocomputing141 (2014), p. 84–96 (cf. p. 71, 72, 78, 80).

[75] Emily R. HOLZINGER, Scott M. DUDEK, Alex T. FRASE, Sarah A. PENDERGRASSet Marylyn D.
RITCHIE. “Transitivity in structural models of small groups”. In : Bioinformatics 30.5 (2014),
698–705 (cf. p. 37).

[76] L.A. HUG, Brett J. BAKER, Karthik ANANTHARAMAN et al. “A new view of the tree of life”. In :
Nature Microbiology1.16048 () (cf. p. 18).

[77] C. HUTTENHOWER, D. GEVERS, R. KNIGHT et al. “Structure, function and diversity of the healthy
human microbiome”. In : Nature 486.7402 (2012), p. 207–214 (cf. p. 100).

[78]T. J AAKKOLA, M. DIEKHANSet D. HAUSSLER. “A discriminative framework for detecting remote
protein homologies”. In : Journal of Computational Biology1-2.7 (1912), p. 95–114 (cf. p. 28).

[79] P. JACCARD. “The distribution of the �ora in the alpine zone.” In : New Phytologist11.2 (1912),
p. 37–50 (cf. p. 22, 100).

[80] E. KARSENTI, S.G.ACINAS, P. BORK et al. “A holistic approach to marine eco-systems biology”.
In : PLoS Biology9.10 (2011), e1001177 (cf. p. 19, 101, 105).

[81] L. KAUFMAN et P.J.ROUSSEEUW. “Clustering by means of medoids”. In : Statistical Data Analysis
Based on the L1-Norm and Related Methods. Sous la dir. d'Y. DODGE. North-Holland, 1987,
p. 405–416 (cf. p. 30).

[82] M. KIMURA. “A simple method for estimating evolutionary rates of base substitutions through
comparative studies of nucleotide sequences”. In :Journal of Molecular Evolution16 (1980),
p. 111–120 (cf. p. 58, 83).

[83] A. KLEINER, A. TALWALKAR, P. SARKARet M.I. JORDAN. “A scalable bootstrap for massive data”.
In : Journal of the Royal Statistical Society : Series B (Statistical Methodology)76.4 (2014),
p. 795–816 (cf. p. 35, 71).

[84] T. KOHOHEN et P.J.SOMERVUO. “Self-organizing maps of symbol strings”. In : Neurocomputing
21 (1998), p. 19–30 (cf. p. 34, 56, 70).

[85] T. KOHONEN. MATLAB Implementations and Applications of the Self-Organizing Map. Helsinki,
Finland : Unigra�a Oy, 2014 (cf. p. 48).

[86] T. KOHONEN. Self-Organizing Maps, 3rd Edition. T. 30. Berlin, Heidelberg, New York : Springer,
2001 (cf. p. 32, 48, 70).

[87] T. KOHONEN et P.J.SOMERVUO. “How to make large self-organizing maps for nonvectorial data”.
In : Neural Networks15.8 (2002), p. 945–952 (cf. p. 34).

[88] Vessela N.KRISTENSEN, Ole Christian LINGJAERDE, Hege G. RUSSNESet al. “Principles and
methods of integrative genomic analyses in cancer”. In :Nature Reviews Cancer14 (2014),
299–313 (cf. p. 36).

[89] S. KUMAR, M. MOHRI et A. TALWALKAR. “Sampling techniques for the Nystr̈om method”. In :
Journal of Machine Learning Research13 (2012), p. 981–1006 (cf. p. 36, 76, 94).

[90] P. LANGFELDER, B. ZHANG et S. HORVATH. “De�ning clusters from a hierarchical cluster tree : the
dynamic tree cut package for R”. In : Bioinformatics24.5 (2008), p. 719–720 (cf. p. 51).

[91] N. LAPTEV, K. ZENG et C. ZANIOLO. “Early accurate results for advanced analytics on mapreduce”.
In : Proceedings of the 28th International Conference on Very Large Data Bases. (27–31 août 2012).
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