N
N

N

HAL

open science

Existence and construction of Chebyshev nets with
singularities and application to gridshells

Yannick Masson

» To cite this version:

Yannick Masson. Existence and construction of Chebyshev nets with singularities and application to
gridshells. Mathematics [math]. Université Paris Est, Ecole des Ponts Paris Tech, 6-8 avenue Blaise

Pascal, 77455 Marne La Vallée, 2017. English. NNT: . tel-01676984v1

HAL Id: tel-01676984
https://theses.hal.science/tel-01676984v1
Submitted on 14 Jan 2018 (v1), last revised 9 Apr 2018 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-01676984v1
https://hal.archives-ouvertes.fr

UNIVERSITE

— PARIS-1z25
Ecole Doctorale: Mathématiques et Sciences et Technologies
de I'Information et de la Communication

THESE DE DOCTORAT

Spécialité : Mathématiques appliquées

Présentée par

Yannick Masson

Existence et construction de réseaux
de Chebyshev avec singularités et
application aux gridshells

These dirigée par Olivier Baverel et Alexandre Ern au CERMICS,

Ecole des Ponts ParisTech

Soutenue le 9 Juin 2017 devant un jury composé de :

S22

. Pierre Alliez

. Olivier Baverel

. Alexandre Ern

. Laurent Hauswirth
. Tim Hoffmann

. Arthur Lebée

Mme. Pooran Memari

M.
M.

Laurent Monasse
Thilo Rorig

INRIA Sophia-Antipolis

Ecole des Ponts ParisTech

Ecole des Ponts ParisTech
Université Paris-Est Marne-la-Vallée
Technische Universitiat Miinchen
Ecole des Ponts ParisTech

Ecole Polytechnique

Ecole des Ponts ParisTech
Technische Universitat Berlin

Rapporteur
Codirecteur de these
Directeur de these
Examinateur
Rapporteur

Invité

Examinatrice
Examinateur
Examinateur












Remerciements

This Thesis has been supported by a PhD fellowship from Labex MMCD (Modeling and Experi-
ments for Durable Construction) in the framework of the French “Programme des Investissements
d’Avenir ANR-11-LABX-022-01". This support is gratefully acknowledged.

This Thesis has also benefited from the on-site collaborations stimulated by the Labex Bezout
on Mathematics, Informatics and their common applications. In particular, the scientific progress
of the Thesis was discussed (more or less every two months) within a Supervision Committee
composed of experts in Numerical Analysis (A. Ern and L. Monasse, CERMICS Laboratory,
University Paris Est, ENPC), in Structural Engineering (O. Baverel, A. Lebée, Navier laboratory,
University Paris Est, ENPC), and in Discrete Geometry (L. Hauswirth, LAMA Laboratory,
University Paris Est Marne la Vallée). This Interdisciplinary Committee has been extremely
useful to broaden the perspective and to elaborate on many seminal ideas developed in this
Thesis. I am thankful to all the members of this Committee for the time they have dedicated to
this Thesis, in discussing ideas, formalizing them and writing them up.

I would like to thank Pierre Alliez and Tim Hoffmann for having accepted to review this
manuscript. I am looking forward to their comments. I also would like to thank Pooran Memari
and Thilo Rohrig for having accepted to participate in the Defense Committee and I am looking
forward in engaging discussions with them.

[Personal thanks to be completed]






Résumé

Les réseaux de Chebyshev sont des systémes de coordonnées sur les surfaces que 1’on obtient
par cisaillement d’un domaine du plan. Ceux-ci sont utilisés en particulier pour modéliser les
gridshells qui constituent une construction architecturale notamment reconnue pour son faible
colt environnemental. La difficulté principale dans la conception des gridshells est le manque de
diversité des formes accessibles. En effet, bien que toute surface admette localement en tout point
un réseau de Chebyshev, I'existence globale de ce type de coordonnées n’est possible que sur un
ensemble restreint de surfaces. La recherche de conditions suffisantes pour I'existence globale de
réseaux de Chebyshev est toujours d’actualité. Un des résultats de cette these est 'amélioration
de ces conditions. Les possibilités d’améliorations en ce sens étant néanmoins limitées, nous
élargissons la perspective en considérant des réseaux de Chebyshev avec singularités. Notre
résultat principal est 'existence de réseaux de Chebyshev avec singularités coniques, lisses par
morceaux, sur toute surface dont la courbure totale positive est inférieure & 27 et dont la courbure
totale négative est finie. Notre preuve est constructive, ce qui permet de déterminer ces réseaux
dans des cas pratiques. Nous avons implémenté un cas particulier de notre algorithme dans le

logiciel Rhinoceros et nous présentons des exemples de réseaux construits par cette méthode.

Abstract

Chebyshev nets are coordinate systems on surfaces obtained by pure shearing of a planar domain.
These nets are used in particular to model gridshells, an architectural construction which is
well-known for its low environmental impact. The main issue when designing a gridshell is
the lack of diversity of the accessible shapes. Indeed, although any surface admits locally a
Chebyshev net at any point, the global existence for these coordinate systems is only possible for
a restricted set of surfaces. The research for sufficient conditions ensuring the global existence
of Chebyshev nets is still ongoing. A result achieved in this thesis is an improvement on these
conditions. Since the improvement in this direction seems to be rather limited, we broaden the
perspective by introducing Chebyshev nets with singularities. Our main result is the existence of
a global Chebyshev net with conical singularities on any surface with total positive curvature less
than 27 and with finite total negative curvature. Our proof is constructive, so that this method
can be applied to practical cases. We have implemented a special instance of this algorithm in
the software Rhinoceros and some discrete Chebyshev nets constructed using this method are

presented.
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Chapter 1

Introduction

Nous présentons en premier lieu dans cette introduction un certain type de constructions architec-
turales : les gridshells. La conception d’un gridshell élastique nécessite une attention particuliere
sur le choix de la forme de cette construction. Les problématiques de recherche de forme pour les
gridshells ont motivé cette these. Ces constructions sont obtenues par la déformation élastique
d’une grille de poutres, que nous supposerons incompressibles et inextensibles, assemblées dans
le plan. Nous présentons dans la section 1.1 une introduction a ce type de construction. Nous y
mettons en avant I'importance de la recherche de forme dans la conception de ces structures. La
déformation de la grille, appelée mise en forme du grishell, est modélisée par un type particulier
de systémes de coordonnées : les réseaux de Chebyshev. Ainsi, la recherche d’une surface
accessible par gridshell passe par la construction d’un réseau de Chebyshev sur celle-ci. Dans la
section 1.2, nous présentons quelques notions sur les surfaces et sur les systémes de coordonnées
nécessaires pour la présentation des réseaux de Chebyshev. Ces derniers sont introduits dans la
section 1.3. Apres avoir énoncé les principales problématiques de cette these, nous indiquons
dans cette section quelques propriétés satisfaites par les réseaux de Chebyshev. Un état de 'art
sur I'existence de ces réseaux sur une surface donnée est ensuite présenté. Enfin, nous présentons
la méthode du compas : une méthode numérique permettant la discrétisation des réseaux de
Chebyshev. Nous terminons ce chapitre en présentant les résultats obtenus au cours de cette

these ainsi qu'un résumé des chapitres suivants (section 1.4).

Les gridshells

Nous présentons un apercu des enjeux concernant la recherche de forme appliquée aux gridshells.
Nous exposons en premier lieu dans la section 1.1.1 une bréve introduction au concept de gridshell.
Nous y définissons tout d’abord le terme gridshell puis nous présentons le procédé permettant
leur construction. Ensuite, nous indiquons les différents avantages inhérents & ces constructions.
Enfin, nous présentons quelques réalisations de gridshells. Dans un second temps, nous nous
rapprochons en section 1.1.2 des problématiques amenant a 1’étude des réseaux de Chebyshev :
la recherche de forme. Ainsi, nous détaillons tout d’abord les différents aspects de la recherche
de forme appliquée aux gridshells : les contraintes a satisfaire, mais aussi les objectifs a atteindre.
Nous rappelons ensuite les principales méthodes utilisées a ce jour pour la recherche de forme de
gridshells. Nous renvoyons a la theése de Cyril Douthe [17] pour plus de détails sur la conception

et la construction des gridshells.



Introduction

Généralités

Nous commengons par définir le concept de gridshell.

Définition

Les gridshells peuvent étre définis de la maniére suivante : un gridshell est une structure obtenue
par assemblage de poutres en une grille ayant un comportement mécanique de coque discrete.
Ceci explique la juxtaposition des deux mots “grid” (grille) et “shell” (coque). Une définition
plus précise est donnée par Frei Otto dans [39] : “Un gridshell est une structure de barres, courbe
dans 'espace. Les barres forment une grille plane avec une maille rectangulaire et un espacement
constant entre chaque nceud.” Ainsi, le terme de gridshell fait également références aux méthodes
de construction permettant d’obtenir cette structure. Une méthode consiste a déformer une
grille de poutres assemblée dans le plan (voir la figure 1.1). Cette déformation est appelée mise
en forme de la structure. Aussi, nous utiliserons le terme raideur pour référer a la résistance

d’un matériau ou d’une structure a une déformation. Quelques remarques faisant ressortir les

Y
3
LN

(a) Grille de poutres assemblée sur le sol [20] (b) Déformation élastique de la grille de poutres [19]

Fig. 1.1 Mise en forme d’un gridshell : déformation élastique
d’une grille de poutres (Créteil, 2013)

caractéristiques des gridshells peuvent maintenant étre faites a propos de cette mise en forme :

1. Tout d’abord, le choix de la forme a une place prépondérante dans la conception des
gridshells. En effet, nous soulignons que la rigidité de la structure dépend principalement

de cette forme.

2. Ensuite, pour pouvoir procéder a cette mise en forme, il est nécessaire que les poutres
vérifient certaines propriétés. Celles-ci doivent tout d’abord étre élancées et avoir une
faible raideur en flexion. Aussi, ces poutres doivent étre en capacité de subir une grande
déformation élastique avant rupture. Finalement, afin d’assurer la rigidité de la structure, les
poutres doivent avoir une grande raideur en traction/compression. Le choix des matériaux
est donc essentiel pour la conception d’un gridshell. Ces propriétés peuvent étre observées
notamment dans certains bois ou certains matériaux composites qui, dans la majorité des

cas, sont les matériaux utilisés pour ces constructions.

3. Enfin, les formes accessibles par gridshells sont des formes issues de cette déformation. Cela

induit une restriction sur les formes accessibles que nous détaillons ci-dessous.



1.1 Les gridshells

Ces trois points sont nécessairement a prendre en compte lors de la phase de conception d’un
gridshell. Ainsi, le concept de gridshell regroupe aussi bien la structure que les matériaux choisis,

mais aussi le procédé de mise en forme et le choix de la forme, contraint par ce procédé.

Méthode de construction

Le principe de construction est relativement simple et peut étre résumé comme suit : on assemble
tout d’abord deux directions de poutres sur le sol afin de former une grille. La jonction des
poutres est faite par des articulations. Ces derniéres permettent un cisaillement entre les deux
directions de poutres et donc, grace a la faible raideur en flexion, la déformation de cette grille.
On déforme ensuite la grille afin d’obtenir la forme finale du gridshell, préalablement choisie.
Cette étape peut nécessiter 'intervention de grues ou de tours de levage pour des constructions
de grande échelle, comme on peut le voir sur la figure 1.1.

Une fois la forme obtenue, I'extrémité de chacune des poutres est fixée au sol, ce qui permet
de rendre la structure suffisamment rigide pour ne plus nécessiter I'intervention des engins de
levage, et ce grace au choix d’une forme assurant une grande rigidité a la structure. On peut voir
un gridshell & ce moment de la construction dans la figure 1.2. La structure ainsi fixée conserve
une tres faible raideur en cisaillement. En effet, les articulations joignant les poutres permettent
toujours des cisaillement : la structure n’a pas encore un comportement de coque. C’est pourquoi
on ajoute ensuite une troisieme direction de poutres, dite de contreventement, dans une des deux
directions diagonales de la grille (voir figure 1.3). Cette triangulation des mailles permet a la
grille d’avoir un comportement de coque et d’augmenter ainsi considérablement la rigidité de la
structure ('augmentation de la raideur pouvant aller de un a vingt [3]). On recouvre finalement

la structure d’un revétement qui peut étre une toile, cette étape terminant la construction. On

peut voir quelques réalisations de gridshells dans la sous-section 1.1.1.4.

Fig. 1.2 Position des extrémités des poutres Fig. 1.3 Un gridshell aprés contreventement
fixée au sol [1§] 21]

Défis et intéréts des gridshells

Comme nous allons le voir tout au long de ce manuscrit de these, la conception d’un gridshell
s’avere complexe, notamment & cause des difficultés dues au choix de la forme. Mais d’autres
difficultés concernant la conception et la construction de gridshells peuvent aussi étre rencon-
trées. Notamment, les matériaux utilisés pour les gridshells, comme les matériaux composites

verre/résine [17, Chap. 2], sont nouveaux dans le domaine du génie civil. Ensuite, la grille
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de poutres réalisant de grands déplacements, la simulation de son comportement mécanique
et notamment de sa stabilité nécessite une adaptation des méthodes de calculs a ce type de
mécanique non-linéaire (voir par exemple [17, Chap. 3]). Soulignons que les gridshells présentent
de nombreux intéréts par rapport a d’autres types de constructions plus classiques, qui motivent
ces efforts d’adaptation. Ainsi, deux types d’avantages concernant les gridshells peuvent étre mis
en avant : le premier concerne la méthode de construction et le second réside dans la légereté de
la structure.

Tout d’abord, en ce qui concerne la méthode de construction, le premier grand intérét est
qu’elle est relativement simple et peu cotiteuse. En effet, cette construction peut se faire en
tres peu de temps et demande un outillage peu important. Un second avantage de ce type de
construction est qu’il permet de couvrir de grands espaces, libres de tout support. Pour finir, le
démontage, voire le recyclage, des gridshells est tout aussi simple : il suffit de défaire les liaisons
entre extrémité des poutres et le sol. La grille peut ensuite étre repliée (treés faible raideur en
cisaillement des jonctions) ou désassemblée.

Regardons maintenant le deuxieme grand avantage de ces constructions : leur légereté. Pour
commencer, la légereté d’une structure est généralement définie comme le rapport entre le poids
propre de celle-ci et les charges variables (charge que doit supporter la structure, vent, neige,...).
Ainsi, notons que meilleure est la rigidité structurelle, plus légere sera la structure. En effet,
cette rigidité permet une réduction du dimensionnement et donc une réduction du poids propre
de la structure. En ce sens, pour concevoir des structures légeres, Jorg Schlaigh donne quatre

éléments principaux & prendre en compte [17, Chap. 1] :

1. La flexion des éléments qui doit étre minimisée, ceci dans le but de mieux répartir les

contraintes dans la structure.

2. Les matériaux de la structure qui doivent étre choisis en prenant en compte les efforts qu’ils

ont a subir et leurs propriétés mécaniques.

3. La précontrainte des éléments de la structure qui est a utiliser judicieusement afin d’obtenir

une meilleure rigidité de ces éléments.

4. La forme de la structure qui doit étre prise en compte, dans le méme but de répartir
de maniere optimale les efforts dans celle-ci. En ce sens, il faut privilégier les surfaces a
double courbure (courbure de Gauss non-nulle). Cette double courbure permet en effet a
la structure d’avoir un comportement membranaire exploitant au mieux les propriétés du

matériau (une grande raideur en traction/compression et en cisaillement de la structure).

Les gridshells ont été congus en ce sens et la recherche de forme, préalable a la construction
d’un gridshell, permet d’optimiser ces différents points. Cette optimisation permet d’assurer une
grande rigidité structurelle a la construction, aussi appelée rigidité géométrique dans la suite.
Qui plus est, la quantité de matériaux est aussi considérablement réduite grace a 1'utilisation
d’une structure de grille au lieu d’une coque continue. Pour finir, nous soulignons aussi la légéreté
des matériaux utilisés (bois, matériaux composites verre/résine). Le poids propre de la structure
est donc, de ce fait, tres réduit, rendant le ratio définissant la légereté d’une structure tres élevé.

Ceci fait du gridshell une structure tres attractive dans ce contexte.



1.1 Les gridshells

Quelques réalisations de gridshells

Une des premieres réalisations de grande ampleur est le gridshell de Mannheim construit pour une
exposition en 1975. La figure 1.4a est une vue aérienne de cette construction et on peut observer
une maquette ayant servi a sa conception en figure 1.4b. Nous renvoyons & la sous-section 1.1.2.2

pour une explication de cette maquette.

(a) Vue aérienne du gridshell (b) Maquette du gridshell

Fig. 1.4 Gridshell de Mannheim [17, p.19]

Le Savill Building du parc de Windsor construit en 2006 est un second exemple de gridshell

que 'on peut observer sur la figure 1.5.

Fig. 1.5 Intérieur du Savill Building [17, p.29]

Conception : la recherche de forme

Nous nous intéressons maintenant a la recherche de forme : la recherche de surfaces accessibles
par le procédé de mise en forme des gridshells. Nous décrivons dans un premier temps les
contraintes devant étre satisfaites par la forme du gridshell dans la sous-section 1.1.2.1. D’autres
aspects doivent aussi étre pris en compte par le concepteur comme la rigidité géométrique de la
structure finale. Nous présentons un apercu des différentes méthodes utilisées a ce jour pour

cette recherche de forme en sous-section 1.1.2.2.
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Des contraintes mécaniques et géométriques

Nous exposons maintenant les contraintes sur les formes que 'on peut obtenir par gridshell.
Pour commencer, nous soulignons que les formes accessibles par ce procédé sont soumises a deux
types de contraintes. Premierement, celles-ci sont obtenues par la mise en forme : déformation
élastique d’une grille de poutres assemblée dans le plan. Ainsi, cette contrainte, dite géométrique,
est définie par les propriétés mécaniques des poutres (incompressibilité et inextensibilité) ainsi
que par le type d’assemblage de la grille (articulations). La deuxiéme contrainte concerne la
stabilité mécanique du gridshell. En effet, la structure doit étre en équilibre avant méme la prise
en compte de la troisieme direction de barres (contreventement) afin d’obtenir une structure
ayant une grande rigidité. Il s’agit ainsi d’une contrainte qui ne peut étre vérifiée qu’apres
simulation. Cette contrainte, que nous qualifierons de mécanique, ne sera pas détaillée dans
ce manuscrit. Nous renvoyons a la theése de Cyril Douthe [17, Chap. 3] pour un algorithme
permettant de simuler les gridshells. C’est donc la contrainte géométrique a laquelle nous nous
intéressons maintenant. Ainsi, nous considérons uniquement la mise en forme et nous ignorons la
question de la stabilité mécanique de la structure.

Tout d’abord, en raison de la différence d’échelle entre la raideur en flexion et en ten-
sion/compression dans les poutres, nous simplifions le comportement mécanique de ces derniéres en
supposant que la raideur en tension/compression est infinie. L’incompressibilité et I'inextensibilité
des poutres est ainsi imposée et la déformation d’une poutre de longueur L >0 est donc définie

par une courbe paramétrée par longueur d’arc
v:[0,L] =R3,  avec |y/(s)|=1 pour tout s€ [0, L]. (1.1)

Ensuite, 'assemblage de la grille dans le plan est réalisé par des articulations, ce qui induit une
trés faible raideur en cisaillement que nous supposons nulle. La mise en forme d’un gridshell est
la déformation élastique de chacune des poutres de maniére a préserver leurs longueurs, mais
aussi la position des jonctions entre celles-ci. Etant élastique, cette déformation sera supposée
lisse. Nous supposons de plus pour simplifier que la grille est réguliére, c’est-a-dire que les poutres
ne sont pas courbées dans le plan et que la distance h >0 entre celles-ci est constante. Cette
distance reste ainsi constante au cours de la déformation grace a la préservation de la longueur
des poutres. Dans ce cas, ’angle entre les deux directions de poutres est constant et un simple
cisaillement nous ramene au cas ou les mailles sont des carrés. Plagons-nous donc dans ce cas
et notons Ugs C (R*)2 le domaine connexe et borné sur lequel est assemblé la grille de poutres.
Nous notons N1 >1 et No>1 le nombre de poutres dans les directions verticales et horizontales
respectivement. Nous supposons maintenant que les poutres sont initialement positionnées sur

les domaines
D1 i(Ugs) = Ugs N ({ih}XRT), D3 o(Ugs) =Ugs N (RTx{ah}), (1.2)

ounie{l,...,Ni} et ae{l,..., Na} sont respectivement I'indexation des poutres dans les directions
verticales et horizontales. L’assemblage des poutres dans le plan est illustré dans la figure 1.6.
Nous notons ensuite, pour tout i € {1, ..., N1}, 1 : D1;(Ugs) = R3 et, pour tout a€{1,..., Na},
V2,01 D2,0(Ugs) —R3 les positions respectives des poutres dans ces deux directions aprés mise en

forme. Cela nous permet finalement, en supposant que h est petit, de définir une application
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Les poutres horizontales

(au[nombre de Na)

—
| —T —l |

Leg poutres verticalgs

(alu nombre |de [Ny

Fig. 1.6] La/ grille de poutres| asjemplée dans e plan|sur un domaine [Ug|C (RT)*

lisse : Ugs — ¢(Ugs) 4 R telle que

p(ih,y)=71,(y), pour tout y€ Dy;(Ugs) et i€{1,..., N1},

(1.3)
o(z,ah)=724(z), pour tout x€ Dy o(Ugs) et a€{1,..., Na}.

Cette application modélise la position du gridshell dans R3. Ainsi, un gridshell est représenté

par :
» son domaine de définition Uy ;

o les courbes {7v1,i}t1<i<n, €t {712,a}1<a<n, le composant ou, de maniére équivalente, par une

application ¢: Ugs — p(Ugs) CR? définie a partir de celles-ci.

Notons finalement que, afin de bien prendre en compte toutes les contraintes géométriques
dues a la mise en forme, il faudrait aussi imposer sur chacune des poutres une courbure maximale
au dela de laquelle les poutres peuvent se détériorer. Il serait aussi souhaitable d’introduire un
angle de cisaillement minimal, ceci dans le but de prendre en compte les contraintes liées aux
jonctions. En effet, ces deux propriétés mécaniques sont aussi des contraintes sur la déformation
définie par . Ces deux points peuvent néanmoins étre vérifiés a posteriori. Ainsi, dans un souci

de simplification, ils ne sont pas considérés dans cette modélisation.

Les différentes méthodes

Le but de la recherche de forme est de satisfaire les contraintes géométriques et mécaniques tout
en ayant une grande rigidité géométrique. De plus, il est souhaitable de laisser du choix dans la
forme afin de donner un peu de liberté au concepteur de la structure. Nous décrivons ci-dessous
les méthodes les plus importantes permettant de trouver des formes satisfaisant ces contraintes
et objectifs.

La premiere méthode consiste a idéaliser le comportement des poutres du gridshell par un

comportement de fil, tout en choisissant une forme permettant a cette approximation d’étre
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justifiée a posteriori. Ainsi, avec cette méthode, dite du filet suspendu, la contrainte géométrique
est satisfaite, tandis que la contrainte mécanique est analysée a posteriori. L’expérience est
réalisée de la maniére suivante : on choisit un domaine Uy C (RT)? et on assemble une grille de
fils formant des mailles orthogonales (le filet) sur ce domaine Ug. L’extrémité des fils est ensuite
attachée a un support puis le filet est suspendu. Finalement, on ajuste la longueur de chacune
des cordes afin que celles-ci soient sans bosse (relativement tendues). Ainsi, les parametres de

recherche permettant d’obtenir différentes formes sont :

o limage de l'extrémité des fils p(0Uys), c’est-a-dire les points ou le filet est attaché au

support ;

 le domaine Ugg, bien que ce choix ne soit pas completement libre puisque ce domaine évolue

au cours de l'expérience.

Cette méthode, illustrée dans la figure 1.7, a ’avantage d’étre simple, mais permet difficilement
de parcourir I’ensemble des formes accessibles et n’assure pas nécessairement la stabilité de la

forme obtenue.

Fig. 1.7 Méthode du filet suspendu et gridshell correspondant [17, p.131]

Une seconde méthode permet de pallier en partie les deux difficultés ci-dessus : la méthode
dite & contour libre. Il s’agit ici de prendre en compte la raideur en flexion, bien que faible,
des poutres dans ’expérimentation, qui devient cette fois numérique. Le réseau de poutres est
simulé par ordinateur afin de déterminer une statique de ce systeme qui réponde aux attentes
des concepteurs. Cette prise en compte de la raideur en flexion permet de libérer de nombreux
parametres de recherche imposés dans la méthode précédente. Notamment, 'image du bord
©(0Ugs) peut étre laissée libre (dans un domaine du plan par exemple) puisque la raideur
en flexion va imposer la position de 'extrémité des poutres. Ainsi, dans cette méthode, les
contraintes géométriques et mécaniques sont toutes deux vérifiées. Il reste donc a parcourir les
formes accessibles afin d’optimiser la rigidité géométrique. Une analyse de cette méthode, ainsi
que des différents parametres de recherche permettant de parcourir les formes disponibles, peut

étre trouvée dans [17, section 4.3].



1.2 Surfaces paramétrées et systemes de coordonnées

Cette méthode présente toujours le désavantage de ne pas pouvoir déterminer au préalable
la forme du gridshell. Ainsi, une troisiéme méthode, que nous développons dans ce manuscrit,
permet cette fois de fixer la forme désirée M C R3. Cette méthode est par exemple utilisée dans
[21] ou la forme M est issue d’une optimisation sur des critéres mécaniques. Nous notons aussi
ce parti pris de fixer la forme dans [13, 34, 35] ou des méthodes d’optimisation sont utilisées pour
concevoir des gridshells. Ce choix a priori de la forme complexifie considérablement la contrainte

géométrique. Cette derniere se raméne dans ce cas a la question suivante :

Question 1.1. Euxiste-t-il Ugs C (]R*)2 et ¢ :Ugs — M vérifiant les contraintes :
e (1.3) et (1.2) sur l'assemblage des poutres réalisé par des articulations sur le domaine U ;
e (1.1) sur Uinextensibilité des poutres.

Si la réponse a cette question est positive, il serait aussi souhaitable de savoir si la solution
vérifie la contrainte mécanique de stabilité. Cette problématique reste ouverte et nous nous
concentrons dans cette theése sur la premieére question, a savoir est-ce que M vérifie les contraintes
géométriques 7 Nous étudions pour cela les réseaux de Chebyshev qui sont au coeur de cette
problématique. Une introduction a ce type de systemes de coordonnées sur les surfaces est

présentée dans la section 1.3.

Surfaces paramétrées et systemes de coordonnées

Nous présentons maintenant quelques notions et propriétés concernant la géométrie des surfaces :
systeme de coordonnées, application de Gauss, courbure, etc. Les notations que nous utiliserons
dans la suite du manuscrit sont aussi introduites dans cette section.

Nous précisons tout d’abord que nous ne définissons pas dans la suite toutes les notions
utilisées et nous renvoyons vers des ouvrages de géométrie comme [16] ou [22] pour une définition
de ces notions. Nous appelons surface une variété connexe bidimensionnelle notée M, munie d’ une
métrique notée g. La surface est donc définie par le couple (M, g). S’il n’y a pas d’ambiguité,
nous la noterons simplement M. Les surfaces considérées sont supposées orientées et lisses.
Nous précisons que le mot voisinage référera dans la suite a un voisinage ouvert. Une premiere

propriété vérifiée par M est l'existence en tout point d’un systéme local de coordonnées :

Propriété 1.2 (Systéme local de coordonnées). Pour tout p€ M, il existe un voisinage (ouvert)
QC M dep et un C®-difféomorphisme p:U CR? —Q. Le couple (2, ¢) est appelé systéme local

de coordonnées de M en p.

L’ensemble des systemes locaux de coordonnées d’une surface est appelé atlas. Ces systémes

vérifient la propriété de compatibilité suivante :

Propriété 1.3 (Cartes C*°-compatibles). Soient (4, ¢;), (€24, ¢;) deux systémes locaux de
coordonnées de M tels que §2; N Q) #@. Alors, lapplication

0; o g (N Q) =@ (N QYy) (1.4)

est un C®-difféeomorphisme et ces systémes de coordonnées sont dits C°°-compatibles.
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Un espace tangent a M peut étre défini en chaque point pc M. Il est noté T),M et le fibré
tangent a M, défini par Upe T, M, est noté T'M. Comme la surface est munie d'une métrique g,

nous utiliserons les notations suivantes : pour tous pe M et X,,, Y, €T, M,
2
(Xp, Yp)g:=9(Xp, Yp), ’Xp|g 1= g(Xp, Xp).

Nous noterons, pour tous X,Y € R?, (XY le produit scalaire euclidien et |X| la norme euclidi-
enne. Soient maintenant (M, g1), (Ma, g2) deux surfaces et F': My — My une application lisse.
L’application tangente a F est notée : dF :TM; — T M et, pour tout pe€ My, la restriction de
dF' a T, M est notée dFy,:T,M1 —T,M,. L’application F' est appelée isométrie locale lorsqu’elle

vérifie, pour tous champs de vecteurs X,Y sur M; et en tout point de M,
(dF(X),dF(Y))g, = (X,Y)g,.

Une application qui est & la fois une isométrie locale et une bijection est appelée isométrie globale
(sous-entendu, sur son image). Nous notons u et v les deux composantes de R?. Soient X et YV’
deux champs de vecteurs sur M. Nous notons DxY la dérivation covariante de Y dans la direction
X. Soit (£2,¢) un systeme local de coordonnées et soient les champs de vecteurs e; : =0, et
ez := 0y définissant une base de T),M, pour tout p € 2. En utilisant la notation d’Einstein, nous

notons [X, Y] le crochet de Lie de X et Y, exprimé dans le systéeme de coordonnées (€2, ¢) par
(X, Y]=(X70;Y" - Y70, X")e;,

ou X =X'e; et Y =Y"¢,;. De plus, nous notons X+ le champ de vecteurs vérifiant (X, X L) =3
en tout point p € M tel que X, #0. Soit v:/ CR— M une courbe paramétrée par longueur d’arc.

Nous appelons courbure géodésique de v la fonction x:I — R définie par

K(t) =" (8,7 ()g,

pour tout tel.

Supposons maintenant que la surface M soit plongée dans R?. Ainsi, il existe un systéme local
de coordonnées (2, ¢) au voisinage de tout point p€ M, avec ¢ :U CR?— QCR? et Q un ouvert
de M. Le plan tangent en p=¢(u,v), est défini par T, M =vect(dyp, 0yp), I'espace vectoriel
engendré par d,p(u,v) et dyp(u,v) dans R3. Comme M est plongée dans R3, la métrique g,
en p€ M est définie par la restriction a T, M de la métrique euclidienne sur R3. Le systéme de
coordonnées (€2, ) induit une métrique sur U rendant ¢ isométrique. Cette métrique est appelée
premiere forme fondamentale et notée I, au point p € M, I'indice p étant omis quand il n’y a pas

d’ambiguité. La métrique I a la forme suivante :
I =Edu? + 2Fdudv 4+ Gdv?, avec E=|0,p|%, F=(0up, 0sp), G=10,¢|*.

De plus, le plan tangent T, M est indépendant du systeme de coordonnées (€2, ) et nous notons
donc N(p) la normale & T,M. Cette application N : M — S? ou S? est la sphere unitaire de R?,

est appelée application de Gauss et est définie par

Oup X Oy
N(p)= Gup X Rp

_|au90><8v80|(ujv), avecp:go(u,v).
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1.3 Les réseaux de Chebyshev

Notons maintenant /1, la seconde forme fondamentale définie en p € M par
I, (X, Yp) = —(dNp(Xp), Yp) = (Sp(Xp), Yp)g,  VXp, Yy €THM,

ou Sy € L(T,M) est un endomorphisme de T, M appelé opérateur de forme en p. Dans le systeme

de coordonnées (£2, ¢), la seconde forme est notée
IT =edu? + 2fdudv 4 gdv?, avec e,f,g: M —R.

L’opérateur de forme S(p) est symétrique donc diagonalisable dans une base orthogonale pour la
métrique g. Nous notons cette base (v1(p), v2(p)). Les deux valeurs propres associées A1 (p), A2(p) €
R sont appelées courbures principales de la surface. Dans le cas ou A1(p) # A2(p), les vecteurs
propres (vi(p),v2(p)) sont définis de maniére unique (a normalisation pres) et appelés directions
principales de courbure. Dans le cas contraire, le point p € M est dit ombilic. Finalement, nous
notons respectivement K =X\ et H = % la courbure de Gauss et la courbure moyenne de

la surface.

Les réseaux de Chebyshev

Nous présentons maintenant une introduction aux réseaux de Chebyshev. Dans un premier temps,
nous introduisons brievement dans la section 1.3.1 ces systemes de coordonnées et nous exposons
un apercu des problématiques de cette thése. Quelques exemples de réseaux de Chebyshev sur
des surfaces avec symétries sont aussi présentés. Dans un second temps, nous énongons dans la
section 1.3.2 quelques propriétés satisfaites par ces systemes de coordonnées que nous utiliserons
dans ce manuscrit. Puis, nous présentons dans la section 1.3.3 la méthode du compas qui permet
de construire des réseaux de Chebyshev discrets. Finalement, nous présentons un état de l'art

sur la construction de réseaux de Chebyshev dans la section 1.3.4.

Bréve introduction

De la contrainte géométrique aux réseaux de Chebyshev

Nous revenons dans ce paragraphe a la question 1.1 modélisant les contraintes géométriques de
la recherche de forme pour les gridshells. Ainsi, nous reprenons les notations introduites dans la
sous-section 1.1.2.1 et nous notons M C R3 la surface que I’on souhaite construire par gridshell.
Pour commencer, cette question peut étre reformulée sous la forme suivante : pour un A >0 fixé,
existe-t-il Ugs C (RT)? et ¢: Ugs — M tels que

d
‘dugo(u,ah)‘ =1 pour tout u€ Dy o(Ugs) et a€{1,..., Na},

d
d—np(ih,fu) =1 pour tout ve Dy ;(Ugs) et 1€{1,..., N1},

v

ol Ni,No>1, (D1,;(Ugs))i<i<n, €t (D2,a(Ugs))i<a<n, ont été introduits dans la sous-section

1.1.2.1. Ainsi, en supposant h petit, on se raméne & la question suivante :

uestion 1.4. 001 une surjace. LIiSte-i-1 un ouver s C €l une application @ : s 7
Question 1.4. Soit M face. Erxiste-t-il t Ugs CR? et licati Ugs — M

tels que

|Ouplg (1, v) = |Buiplg (u, v) =1, (1.5)
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pour tout (u,v) € Ugs.

Notons ici que la modélisation faite ci-dessus reste valable dans le cas de jonctions de fils
inextensibles et incompressibles. Les tissus sont donc des exemples de structures pouvant étre
modélisées d'une maniére similaire, dans le cas ou le glissement entre les fils est négligé. Ainsi, la
question 1.4 a été initialement posée en 1878 par P.L. Chebyshev lors d’'un exposé dont le theme
était la coupe des vétements [25]. En supposant de plus que (9yp, 0yp) forme une famille libre
pour tout (u,v) €U, le couple (M, ) est un systéme de coordonnées de la surface M appelé
réseau de Chebyshev.

La premiere problématique est de savoir s’il existe, et en tout point p d’une surface M, un
systeme local de coordonnées de Chebyshev. La réponse est positive, comme on peut le voir dans

la, proposition ci-dessous, dont la premiere preuve a été apportée en 1902 par Bianchi [5].

Proposition 1.5. Soient M une surface et p€ M. Il existe un ouvert U de R?, un voisinage
QCM dep et un systéme local de coordonnées (2, ) de M tels que ¢:U —Q satisfasse (1.5),
pour tout (u,v)€U.

Nous renvoyons & [25] pour une ébauche de preuve pour cette proposition et une approche
historique des réseaux de Chebyshev. Une fois 'existence locale assurée, la problématique
principale est celle de l'existence globale d’un réseau de Chebyshev sur une surface donnée :
peut-on trouver une carte globale (M, ) vérifiant (1.5) ? Cette problématique, centrée sur
I'existence d’un systeme de coordonnées, est développée dans le chapitre 2. Dans le chapitre 3,
cette question est généralisée en considérant les lignes de coordonnées comme une entité. Ainsi,
il n’est pas nécessaire que ces lignes de coordonnées soient définies par un unique systéme de

coordonnées et on se rameéne au probléme suivant :

Question 1.6. Soit M wune surface. Fuxiste-t-il un ensemble de systémes de coordonnées
{(Q, i) Yier, avec UicpQli= M, tel que ¢; satisfasse (1.5) pour tout i € E et tel que les lignes de

coordonnées “recollent” sur les domaines d’intersection des €); ¢

Pour le moment, cette question est présentée de maniere informelle et nous renvoyons au
chapitre 3 pour plus de précisions sur le passage du local au global. Dans la section 1.3.4, nous
remarquerons que toutes les surfaces ne permettent pas de répondre positivement a la question
1.6. Cela se traduit par I’apparition de singularités sur les réseaux de Chebyshev définis sur
les surfaces ne satisfaisant pas ces contraintes. Afin d’illustrer ces singularités, nous notons
w=Z(0yp, D) I'angle entre les lignes de coordonnées de I'application :U CR? — o(U) C M
vérifiant (1.5). Les points de singularités de ¢ sont I’ensemble des points ou cette application
n’est plus un C'-difféomorphisme. Génériquement, ces singularités peuvent étre de deux types
différents appelés plis (w =) et fronces (w=0) [25]. Ces deux types de singularités sont présentés
sur la figure 1.8. Ainsi, afin de ne pas avoir une trop grande restriction sur les surfaces accessibles,
nous sommes amenés a considérer les réseaux de Chebyshev avec singularités. Les singularités

des systeémes de coordonnées sont introduites dans le chapitre 3.

Quelques exemples

Nous présentons dans cette section des constructions de réseaux de Chebyshev connus pour
des surfaces particulieres. Nous ne prétendons pas a ’exhaustivité des différentes symétries
permettant l'existence de ces réseaux. Seuls quelques exemples introduisant les réseaux de

Chebyshev sont présentés ci-dessous.
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Fig. 1.8 Les singularités génériques des réseaux de Chebyshev

1.3.1.2.1 Les surfaces de révolution Le premier exemple est celui des surfaces de révo-
lution. Soit tout d’abord v:I CR—R2, avec v = (v, Vy), une courbe lisse du plan paramétrée
par longueur d’arc. Ensuite, soient U =[0,27)xI et M la surface de révolution définie par la

paramétrisation ¢: U — M C R3, avec
(,0) = (cos(w)3a(v), 5in(1)7(0), % (v) ).
L’espace tangent de M est donc engendré en chaque point ¢ (u,v) € M par les vecteurs
Ot = < — sin(u)y. (v), cos(u)y. (v), 0), O = (COS(U)%/C(U% sin(u)y,(v), ’Y;(U))

Ces champs de vecteurs satisfont (9,1, 0,1) =0, [0u1|? = |72|? et |0y1|?> =1. Nous définissons,

pour tout a >0, 'ouvert
2
Uy = {(u, vV)eU | (a72(v))” <4, 72(v) 7&0} cU.
De plus, soient X, Yo :9(Uy) —R3 les champs de vecteurs sur (U, ) définis par
Xa = a0y, ffa =1/ 4 — 042’7w’28v¢-
Alors les champs de vecteurs X,, Y, satisfont (Xa, f’a) =0, [Xa, Ya] =0 et
|Xa|2 + |}7a’2 :a2|7:c|2 +4- a2"7:c‘2 =4

Ainsi, les champs de vecteurs X, = M et Yo = X“_Ya vérifient | Xo| =1, |Ya| =1 et [Xq, Ya] =
0. On en déduit donc 'existence d’un systeme de coordonnees Va: Vo CRZ2=9(U,) tel que

Oupa =Xa et Oppq =Yy. Lapplication ¢, est de plus, par définition, un réseau de Chebyshev.
Nous remarquons que les points (u,v) € cl(U,) NU, avec cl(Uy) 'adhérence de Uy, sont des points
ot I'application ¢, n’est plus un C'-difféomorphisme. En effet, les vecteurs X, et Y, ne forment
pas une base de T, (,.,)M en ces points. Ces derniers sont donc des points de singularité de
I’application .

Nous présentons maintenant deux applications permettant la construction de réseaux de Cheby-
shev. Tout d’abord, soit y1 = (V1,2,71,y) : [~ 5, 5] = R? la courbe définie par v (t) = (cos(t), sin(t)).
La surface de révolution définie par y; est S2, la spheére unitée de R3. Un exemple de réseau de

Chebyshev sur la sphére construit par cette méthode est présentée sur la figure 1.9. On peut
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Fig. 1.10 Un réseau de Chebyshev
Fig. 1.9 Un réseau de Chebyshev sur le caténoide
sur la sphere [25]

observer sur ce réseau un point de singularité a chaque pole. Ces points correspondent au cas
71,2 =0 et la singularité ainsi définie est dite de type rosace. Un second exemple est donné par la
courbe v2 = (v2,2, V2,) :R —R? obtenue par reparamétrisation par longueur d’arc de la courbe
A9 : R —R? définie par 4o(t) = (¢, cosh(t)), pour tout ¢ € R. La surface de révolution définie par
2 est le caténoide. Nous présentons sur la figure 1.10 le réseau de Chebyshev ¢,,, avec o <1,
construit sur cette surface. On peut observer sur cette figure des lignes de la surface le long
desquelles I'angle entre les lignes de coordonnées est 7. Ces lignes, dites de pli, correspondent a
I’ensemble des points tels que (ozo’)q,m)2 =4. Finalement, nous observons que, en réduisant ay, le
domaine de définition U,, de ¢4, est aggrandi et on peut construire de cette maniere un réseau
de Chebyshev sur tout domaine borné de la surface. De méme que pour la sphere, il est par

contre impossible de trouver un réseau de Chebyshev global sur le caténoide.

Les surfaces de translation

Les surfaces de translation sont d’autres exemples de surfaces sur lesquelles on peut construire un
réseau de Chebyshev. Ainsi, soient deux courbes v, :I; CR—R? et vo: I, C R — R? paramétrées
par longueur d’arc. Dés lors que, pour tout (u,v) € I1 XI5, on a ] (u)xv4(v) #0, avec x le produit
vectoriel, ces deux courbes permettent de définir une surface de translation M. Celle-ci est définie
par la paramétrisation 9 : I1 xIo — M CR3, ot 9 (u,v) =1 (u) + Y2(v), pour tout (u,v) € I1xIs.
Ainsi, on a 9,1 =4 et Oyt =~ et 1 est donc un réseau de Chebyshev. Un exemple de surface
de translation est donné par les courbes v :R— M et v5: R — M respectivement définies par
~v1(u) = (u,0,sin(u)) et v2(v)=(0,v,sin(v)). Le réseau de Chebyshev 1 de cette surface est

présenté dans la figure 1.11.

Propriétés

Nous présentons maintenant certaines propriétés satisfaites par les réseaux de Chebyshev. Soit

©:UCR?—=QCM un réseau de Chebyshev, c’est-a-dire un systéme de coordonnées (2, )
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Fig. 1.11 Un réseau de Chebyshev sur une surface de translation

satisfaisant
|au90|g(uvv)=|8090|9(u7v)=17 (16)

pour tout (u,v)€U. Nous notons w:U — (0,7) la distribution d’angles définie par w(u,v)=
Z(Oup, Opp)(u,v), pour tout (u,v)€U. Alors, la premiére forme fondamentale s’écrit dans ce
systeme de coordonnées :

I =du? + 2 cos(w)dudv + dv?.

La courbure de Gauss K :U — R de cette métrique I est

K= Ju
sin(w)

Soit maintenant (£2,1), avec 9 : U c R2—Q, un systéme de coordonnées. Notons que I'on peut
exprimer (9, ¢) dans le systéme de coordonnées (€2, 1)) par le biais de Papplication ¢ o@: U —U.
Une propriété importante satisfaite par un réseau de Chebyshev est que les lignes de coordonnées
en u sont transportés parallelement le long des lignes de coordonnées en v, et inversement. Cela
s’exprime dans le systéme de coordonnées (€2,1)) par I’équation de Servant énoncée dans la

propriété ci-dessous.

Propriété 1.7 (Transport parallele et équation de Servant). En dérivant la condition (1.6),
on obtient Dy, 0,0 =0, Dy, étant la dérivation covariante dans la direction de O0,p. Ainsi, en
exprimant (2, @) dans un systéme de coordonnées (£,4)), on obtient que Uapplication f=1)"'op:
U —U satisfait Uéquation de Servant

Ofi 2 OfROf -
8u8v +k%1 I‘k’l(f)%%—(), pourz-l,Z, (17)

ot F};’l :U—R, pouri,k,le {1,2}, sont les symboles de Christoffel exprimés dans le systeme de

coordonnées (€2,1)).
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En utilisant la propriété 1.7, on obtient de plus la propriété suivante sur les lignes de

coordonnées des réseaux de Chebyshev.

Propriété 1.8 (Courbure géodésique des lignes de coordonnées). Soit ¢ :U CR? — o(U) C M une
application satisfaisant (1.6) and soient (u1,v1) ER? et (ug,ve) ER%. Nous notons w:U —R/277Z
la distribution d’angles définie par w(u,v)=Z(0yup, Opp)(u,v), pour tout (u,v)€U. Alors, en
supposant que uy, vy et ve sont tels que {uy}x[vi,v2] CU, on a

—y
w(u1,v2) =w(ur,v1) —/ Ko,
.
0l Ky:[—v2, —v1] =R est la courbure géodésique de la courbe n:[—ve, —v1] — M définie par
m(v) =p(u1, —v), pour tout v € [—vy, —v1]. Cette propriété, illustrée en figure 1.12, résulte du
transport paralléle de Oy le long de m1. De plus, en supposant que uy, ug et vy sont tels que

[ur, ug]x{v1} CU, on a
u2

w(uQ,vl)zw(ul,m)—/ Ku,
ul

0l Ky 2 [ur,ug] =R est la coubure géodésique de la courbe ny:[uy, us] — M définie par ny(u)=

o(u,v1), pour tout u € [uy, ug].

w(u1,v2)
up(u1,v1)

Fig. 1.12 Hlustration du transport parallele de 9, le long de ¢(uq,-)

Nous présentons maintenant la formule d’Hazzidakis [28] reliant les angles entre les lignes
de coordonnées des réseaux de Chebyshev et la courbure de Gauss de la surface. Les notations

introduites pour exprimer cette formule sont présentés dans la figure 1.13.

Propriété 1.9 (Formule d’Hazzidakis). Soit U =10, L1]x[0, La], avec L1, Ly >0, et soit p:U —
©(U)C M un réseau de Chebyshev. Nous notons Q=p(U) et nous définissons les cing points

sutvants
AZQO(O,O), B:‘p(LlaO)a D:(P(()?LQ)v C:QD(LML?)'

Les angles (dans (0,7)) entre les lignes de coordonnées en ces points sont respectivement notés
wa=w(0,0), wp=w(L1,0), wp=w(0,Ls), wc=w(Ly,Ls).
Ces angles satisfont la formule d’Hazzidakis
wA+wC:wB+wD—/QKdA. (1.8)

Nous remarquons finalement que les réseaux de Chebyshev sont utilisés pour paramétrer les

surfaces & courbure de Gauss constante négative. Voir par exemple [8, 6] ou [9, Sec. 1.6, 4.2]. La
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(07 L2)

(0,0) (L1,0)

Fig. 1.13 Schéma des angles entre les lignes de coordonnées
d’un réseau de Chebyshev sur €2

discrétisation de ces surfaces se ramene ainsi a la discrétisation de ’équation de Sine-Gordon
étudiée par Hirota [29]. Des classes spéciales de ces surfaces ont été étudiées par Hoffmann [30]
et Pinkall [41].

Discrétisation : la méthode du compas

Nous présentons une méthode permettant de discrétiser les lignes de coordonnées d’un réseau de
Chebyshev (2, ), avec :U CR%2 — . Nous notons k>0 le pas de la discrétisation. La méthode
présentée ci-dessous permet d’approcher la grille (U N hZ?) par approximation de la condition

(1.6). Pour illustrer la méthode, nous prenons maintenant les quatre points de U suivants :
A=(u,v), B=(u-+h,v), C=(u+hv+h), D=(u,v+h).

En supposant h assez petit, le point ¢(C') est approché par un point de M a une distance h des
points ¢(B) et ¢(D). Nous supposons de plus que h est assez petit pour que les distances de
la surface soient assez proches des distances de R>. Ainsi, cette approximation est donnée par
I'unique point (en dehors de ¢(A)) a Uintersection de la surface et des deux spheres de rayon h
centrées en ¢(B) et en (D). La donnée des trois points ¢(A), p(B) et (D) permet donc de
déterminer de maniere unique une approximation de ¢(C).

Nous présentons cette méthode dans le cadre des conditions au bord dites de type primal.
Nous renvoyons au chapitre 6 pour une présentation de la méthode du compas avec d’autres types
de conditions au bord. Ainsi, soient 7 : [0, L1] — M, avec L1 >0, et y2: [0, La] — M, avec Ly >0,
deux courbes de la surface et posons D =[0, L1]x[0, Lo}, Ny = || et No=|£2]. Alors la grille
associée au réseau de Chebyshev ¢ est donnée par I'application P:{1,..., N1}x{1,..., No} = M

vérifiant

P(i,1)=~1(th), pour tout i € {1, ..., N1},

(1.9)
P(1,j)=~2(jh), pour tout j€{1,..., Na}.

Nous notons maintenant P{fj €M, avecie{l,.... N1} et je{1,..., Na}, un tableau vérifiant les
conditions au bord (1.9). Alors, les trois points Pﬁl, sz et ’PQ 1 permettent de déterminer
uniquement, par la méthode énoncée précédemment, le point 77&2 € M. Nous notons dg la

distance euclidienne de R3. En répétant 'opération, on détermine donc entiérement 1’application
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P" telle que

dE(Pilfj,Pi}ﬂrl,j) =h, pour tout i€ {1,...,N; — 1} et j€{1,..., Na},

dE(P{fj,PffjH) =h, pour tout i€ {1,..., N1} et je{l,..., Ny — 1}.

La grille P ainsi construite est donc une approximation de la grille P associée au réseau de
Chebyshev ¢: D — M. Notons que le pavage de la surface M formé par P" est constitué de

losanges de R3. Cette méthode est schématisée dans la figure 1.14.

Fig. 1.14 Méthode du compas avec des conditions au bord de type primal
(les conditions au bord sont les courbes en rouge)

Etat de I’art sur ’existence

Nous présentons maintenant les principaux résultats concernant I’existence de réseaux de Cheby-
shev : étant donné une surface M, nous cherchons un réseau de Chebyshev ¢:U CR? — M.
Cette problématique a été présentée dans la question 1.4. Le premier résultat d’existence d’un
réseau de Chebyshev sur une surface générale est donné par Bakelman [2] ou il est montré que

toute surface M homéomorphe au plan, compléte et satisfaisant la condition
/ K< X, (1.10)
M 2

avec KT =max(K,0) et K~ =max(—K,0), admet un réseau de Chebyshev. Nous précisons
que ce résultat est présenté dans le cadre plus général des surfaces d’Alexandrov [1] et il ne
garantit pas que ¢ soit lisse sur une surface (lisse). Le premier résultat d’existence d’un réseau de
Chebyshev lisse a été obtenu, sous les mémes conditions, par Samelson et Dayawansa [43]. Tandis
que la preuve de Bakelman est géométrique, la preuve de [43] est analytique. Il y est prouvé que,
pour des conditions au bord données (présentés dans le chapitre 2), il existe une unique solution
a Iéquation de Servant (1.7). Ensuite, il est montré que, sous les conditions (1.10) sur M, il
existe des conditions au bord permettant d’assurer que la solution soit un C'*°-difféomorphisme.
La borne permettant ’existence est ensuite améliorée par Burago et al. [14]. En effet, il est
montré I'existence d’un réseau de Chebyshev ¢:U C R? — M sur toute surface (d’Alexandrov)

M homéomorphe au plan, compléte satisfaisant

/ K* <2r.
M
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1.4 Résultats principaux et plan du manuscrit

De méme que pour la construction de Bakelman, sur laquelle s’appuie cette construction, le
réseau de Chebyshev obtenu est non lisse. On peut voir par la formule d’Hazzidakis que, dans le

cas ou le signe de la courbure est constant, ce résultat est optimal.

Résultats principaux et plan du manuscrit

Nous présentons finalement un résumé des travaux effectués dans le cadre de cette these. Ces
travaux sont regroupés dans les cinq chapitres suivants. Dans le premier de ces chapitres, nous
nous concentrons sur l’existence d’un systeme global de coordonnées de Chebyshev, dans la
continuité de [43]. Nous élargissons ensuite les perspectives en introduisant les singularités
coniques dans le chapitre 3. La construction de réseaux de Chebyshev avec singularités coniques
est présentée dans le chapitre 5. Dans ce but, nous montrons préalablement dans le chapitre
4 Texistence d’un unique réseau de Chebyshev satisfaisant des conditions au bord dites de
type primal. Le dernier chapitre est une application numérique des résultats précédents. Plus

précisément, nous résumons le contenu de ces chapitres ci-dessous.

o Nous présentons dans le chapitre 2 une amélioration de la borne (1.10) sur la courbure de
la surface M assurant l’existence d’un réseau de Chebyshev lisse sur M. Ainsi, en se basant
sur [43], nous considérons les conditions au bord dites de type dual et nous présentons une
variante de la formule d’Hazzidakis (1.8) nous permettant de controler les angles entre les
lignes de coordonnées du réseau de Chebyshev construit a partir de ces conditions au bord.
Ce chapitre, publié dans Journal of geometry [37], a pour résultat principal le théoréme

suivant :

Theorem 1.10 (Existence d’un réseau de Chebyshev global). Soit M une surface ouverte,
compléte et simplement conneze de régularité C>. Supposons que [y, |K|<2m. Alors il

existe un réseau de Chebyshev global sur M.

e Dans le chapitre 3, aprés avoir défini les réseaux de Chebyshev avec singularités coniques,
nous présentons un cadre théorique permettant le passage du local au global dans la
définition des systémes de coordonnées. Dans ce but, nous introduisons les systémes de
coordonnées globalement compatibles. Nous introduisons aussi la notion de singularité
des systemes de coordonnées. Nous présentons finalement quelques propriétés spécifiques
aux singularités des réseaux de Chebyshev justifiant la définition de singularités coniques

initialement introduite.

e Nous construisons dans le chapitre 4 des réseaux de Chebyshev a partir de conditions au
bord de type primal. Ainsi, nous montrons par une construction géometrique se basant
sur [25] que le probléme consistant & chercher un réseau de Chebyshev satisfaisant des
conditions au bord de type primal est bien posé au sens de Hadamard : & conditions au bord
fixées, il y a existence et unicité d’un réseau de Chebyshev et celui-ci dépend contintiment

de ces conditions au bord. Ce résultat est énoncé dans le théoréme suivant :

Theorem 1.11 (Existence et unicité d’un réseau de Chebyshev). Soit M une surface ou-
verte, compléte et simplement connexe. Soient ny:[—Ly,0]— M, avec L1 € R} U{oo}, et no:
[0, Lo] — M, avec Lo € RfU{co}, deux courbes lisses de courbure géodésique 1 :[—L1,0] =R
et ko : [0, La] = R telles que n1(0) =n2(0). Supposons que Z(n1(0),m5(0)) € (0, 7). Alors, il

19



Introduction

existe une unique distribution lisse d’angles w:D —R/27Z, avec D=0, L2]x[0, L1], satis-
faisant la formule d’Hazzidakis (1.8), avec ¢:D — M ['unique application lisse satisfaisant

les conditions au bords

o(u, 0) =n(u), Vu € [0, Lo,
0(0,v)=n1(—v), Yvel0, L],

et tel que ses lignes de coordonnées en v soient paramétrées par longueur d’arc et aient une

courbure géodésique ky*: D —R satisfaisant ry " (u,v) = Oyw(u,v) pour tout (u,v) € D.

Supposons de plus qu’il existe D=0, L2]x[0, L1], avec L1 € (0, L1] et Ly € (0, L], tel que
0<w(u,v)<m, pour tout (u,v) e D. Alors, Uapplication © satisfait

Ouplg(u, v) =[0pplg(u,v) =1,
pour tout (u,v) e D. De plus, @ dépend continuement des conditions au bord n et 1.

e Dans le chapitre 5, nous construisons des réseaux de Chebyshev avec singularités coniques
(voir la définition 3.5 du chapitre 3) sur des surfaces a courbure négative dominante. Le

résultat principal de ce chapitre est énoncé dans le théoréme suivant :

Theorem 1.12. Soit M wune surface lisse, ouverte, compléte et simplement connexe.

Supposons que M satisfasse

/K+<27r, /K—<oo.
M M

Alors il existe un réseau de Chebyshev avec singularités coniques lisse par morceau sur M.

Nous soulignons finalement que la preuve du théoréme présentée dans ce chapitre est

constructive.

e Nous appliquons dans le chapitre 6 les résultats précédents pour construire par ordinateur
des réseaux de Chebyshev. En effet, un programme permettant la construction de réseaux
de Chebyshev avec singularités coniques a partir d’entrées fournies par I'utilisateur a été
développé au cours de cette these. Ces entrées constituent les données d’un des différents
types de conditions au bord que nous présentons dans ce chapitre. Le programme a été relié
a un logiciel de conception assisté par ordinateur utilisé dans le domaine de ’architecture :
Rhinoceros. Nous décrivons tout d’abord dans ce chapitre un algorithme permettant de
déterminer automatiquement des conditions au bord amenant & la construction de réseaux
de Chebyshev avec singularités coniques sur toute surface M satisfaisant [, K~ <o
et ayant une courbure positive suffisamment bien répartie. Nous présentons dans un
second temps des résultats numériques obtenus par ce programme. Finalement, nous
décrivons quelques fonctionnalités supplémentaires présentes danc ce programme comme la

construction de singularités dites de type rosace.
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Chapter 2

Smooth Chebyshev nets defined by

dual boundary conditions

This chapter corresponds to an article written with Laurent Monasse. It has been published in

Journal of geometry.

Abstract:

We prove the existence of a global smooth Chebyshev net on complete, simply connected surfaces
when the total absolute curvature is bounded by 27. Following Samelson and Dayawansa, we look
at Chebyshev nets given by a dual curve, splitting the surface into two connected half-surfaces,
and a distribution of angles along it. An analogue to the Hazzidakis’ formula is used to control
the angles of the net on each half-surface with the integral of the Gaussian curvature of this
half-surface and the Cauchy boundary conditions. We can then prove the main result using a

theorem about splitting the Gaussian curvature with a geodesic, obtained by Bonk and Lang.

Introduction

In this paper we call surface a Riemannian 2-manifold, whose metric will be denoted g, and we con-
sider complete, simply connected surfaces. A Chebyshev net ® on a surface is a parameterization

of the surface satisfying

V(u!,u?) €R,

8D (ul, u2)] =
9(®(ut u2))

By ®(ul, u?) )g@(ulw) =1, (2.1)
which means that length is preserved in two directions, called the primal coordinates. Let
Q(u!,u?) be the angle between the coordinate curves at ®(ul,u?).

A question of interest both for the existence of bi-Lipschitz maps [14] and for applications
in textile or architectural shape design [25, 18] is the existence of a Chebyshev net on a given
surface. While local existence of a Chebyshev net holds for all surfaces [5], two approaches
have been explored to obtain global existence. The first approach relies on a geometric proof
on more general Alexandrov surfaces. The first result on global existence of a Chebyshev net
on complete and simply connected Alexandrov surfaces has been obtained by Bakelman [2].
Existence is proved on every sector (), delimited by two geodesics crossing at an angle a such
that an Kt <o and an K~ <7 — a, where K and K~ denote, respectively, the positive and

negative parts of the Gaussian curvature K. A global Chebyshev net is then obtained on the
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surface for a=m/2. Burago, Ivanov and Malev [14] improved this result by showing that a
complete and simply connected Alexandrov surface M admits a global Chebyshev net under
the relaxed constraints [, K* <27 and [,; K~ <2m, but this net is not necessarily smooth on
a Riemannian surface as the coordinate curves might present kinks at the boundaries between
adjacent sectors.

A second analytical approach was developed by Samelson and Dayawansa [43] using the dual
coordinates. A geodesic cutting the surface into two connected components R™ and R~ is chosen
as a dual curve. In each connected component, existence and uniqueness of a smooth solution to
Servant’s equations (see (2.5) below) in the dual coordinates is proved for any smooth distribution
of angles along the dual curve. Then, choosing a constant angle 7/2 along the geodesic and using
an estimate on the angle  of the net on R, it is shown that the solution to Servant’s equations
is a diffeomorphism under the condition that [, K T <7/2 and Jr+ K~ <m/2. In the present
paper, we add some arguments to the proof to improve this result by relaxing the constraints on

the integrals of the Gaussian curvature. Our main result is the following:

Theorem 2.1. Let M be a complete, simply connected, C* surface. Suppose that [, |K|<2m.
Then M admits a global Chebyshev net.

Let us note that the Hazzidakis’ formula [28] suggests that this result is optimal in the sense
that a smooth global Chebyshev net does not exist on a complete, simply connected surface M
such that | [,, K| > 2.

The paper is organized as follows. In Section 2.2, we restate two existing results in a form
that is useful for our purpose. The first one is that the estimates obtained on half the surface
in [43] can be doubled using a theorem proved by Bonk and Lang [11] stating that the surface
can be split by a geodesic into two connected components (called half-surfaces) such that each
component contains half of the integral of K+ and K~ on the surface. The second result concerns
the existence (and uniqueness) of a smooth solution to Servant’s equations proved in [43] which
we restate by specifying the boundary conditions from the choice of a dual curve and an arbitrary
smooth angle distribution on that curve. Then in Section 2.3, we prove the existence of a
Chebyshev net on each half-surface. To that end, we first observe that it is sufficient to keep
the angles €2 of the net uniformly away from 0 and 7 for ® to be a global diffeomorphism. This
means that no nonlocal self-intersection of the parameterization can occur when @ is locally
injective everywhere. Proving an analogue to the Hazzidakis’ formula in the dual coordinates, we
are able to choose an adequate (constant) angle distribution on the dual geodesic curve to control
the angles in each half-surface. Finally, we conclude the proof in Section 2.4 by assembling the

intermediate results.

Preliminary results

In this section, we restate two existing results on splitting the surface into two components and

on the solution to Servant’s equations.

Splitting the surface into two components

We give a restatement of [11, prop. 6.1] applied to the continuous nonnegative function K.
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2.2 Preliminary results

Proposition 2.2. Let M be a smooth, complete surface homeomorphic to the plane. Suppose
that [, KT <21 and [,; K~ <oo. Then there exists a properly embedded, complete geodesic v,
splitting M into two connected components My and Ma such that

Kt=[ KT, /K_: K. (2.2)
My Mo My Mo

Solution to Servant’s equations

Following Samelson and Dayawansa [43], we introduce the change of variables D: (ul,u?)~
(x1,2%) = (u! — u? u! + u?) to the dual coordinates. We use upper case letters ® and  for
the primal parameterization and angle between primal coordinate curves, lower case letters
@o=®0 D! and w=Q o D! for their dual counterparts. The first fundamental form in a
Chebyshev net is then

g=(du")? + 2 cos(Q(u, u?))du du® + (du®)? (2.3)
w2 w(a!,2?) 1)2 o [wia!,2?) 22
=sin 5 (dz*)* + cos 5 (dz=)=. (2.4)

A derivation of (2.1) along coordinates (u',u?) leads to Servant’s equations, expressed here

in the dual coordinates (z!, z2),

2
Oy = ' + D Thal) ("0, — Buh0ud!) =0, fori=1,2, (2.5)
k=1

where Fi:,l denote the Christoffel symbols, together with the Cauchy boundary conditions

1 1
z,0)=v(x"),
{ Pl 0)=1() vzl eR, (2.6)
for given functions v, :R — M. The following result on smooth solutions with smooth boundary

conditions is proved in [43].

Proposition 2.3. Assume that v, are C* functions. Then there exists a unique C*° solution

@ to (2.5)-(2.6).

The primal parameterization ® =¢ o D, where ¢ is the solution to (2.5)-(2.6), is then a
Chebyshev net if and only if (2.1) is satisfied by ® on the boundary. This is expressed, on the

dual coordinates, by

(Dup(a',0), 0yp(at,0)) =0,
e 1 g(elaton vzl eR. (2.7)
ax 70 8 ,0 :17
Pl )’g(w(zlﬂ)) * ‘ W(x )’g(so(ml,ﬁ))

But (2.7) is equivalent to the existence of an arc length parameterized curve 4 and an angle

distribution w:R — (0;7) along 4 such that

vzl eR, (2.8)
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where t(z!) is the tangential vector to 4 at ', n(z') is the normal vector to this curve at z!

such that (t(x!),n(z')) is positively oriented, and

Moreover, we have w(z!) =w(z!,0) where w is the angle between the primal coordinate curves.
The Cauchy boundary conditions for Servant’s equations (2.5) satisfying the Chebyshev property
(2.1) are now prescribed by specifying

e an arc length parametrized curve 4: R — M;

« an angle distribution @:R — (0; 7) uniformly bounded away from 0 and .

We will say that a map ¢:R— M is a local Chebyshev net on M if it satisfies Servant’s
equations (2.5) with Cauchy boundary conditions (2.8).

Existence of a Chebyshev net on each half-surface

In this section we prove the existence of a Chebyshev net on each half-surface. The key ingredient
is a new Hazzidakis-type formula on the dual (see Lemma 2.5) which allows us to specify a

suitable angle distribution along the geodesic (see Lemma 2.7).

Global injectivity of the map ¢

Lemma 2.4. Let M be a complete, simply connected, C*° surface. A mapping p:R— M
satisfying (2.1) is a global Chebyshev net if it satisfies

Je>0 st e<w(@l,z?)<m—e, V(z'z?)eR (2.9)

where w is the angle of the map defined in (2.3).
Proof. Let ds? be the metric (2.3) associated with ¢. Since w satisfies (2.9), (R,ds?) is a

geodesically complete, simply connected, C° surface. Moreover, ¢: (R, ds?)— M is a local
isometry. That ¢ is a global isometry follows from [22, prop. 2.106]. Hence ¢:R — M is a global
Chebyshev net. |

Hazzidakis’ formula on the dual

Lemma 2.4 shows that the map ¢ can be proved to be a diffeomorphism by deriving a uniform
estimate on the angle w of the net. To this purpose, we derive an equivalent to the Hazzidakis’
formula in the dual coordinates. We derive the result from the classical relation (see for instance
[44]):

02,0t u?) =~ K (®(u',u?)) sin(Q(u!, u?)). (2.10)
Lemma 2.5. Let ¢ be a local Chebyshev net of M. Define the three points A=p(z0,0),
B=p(xo+ h,yo), and C=p(zo + %, Yo + %) Consider the dual line y=(-,yo) (containing the
points A and B) and let ABC' be the triangle delimited by the two primal lines AC' and BC' and
the dual line v, depicted on Figure 2.1. Then the following holds:

h
w(xo,yo) + w(zo + h,yo) T ke — K,

Yo ) €R, VR3O0, wlzo+ B0+ )= 5
AB ABC
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2.3 Existence of a Chebyshev net on each half-surface

where w is the angle of the net introduced in (2.3) and ky is the geodesic curvature of v defined as

b — o <8 ( Dup ) Ay >
= - ’
192 g() 10:2ly(p) ) 1094, 9(¢)

primal curve rimal curve

Fig. 2.1 Scheme of the Hazzidakis’ formula on triangle ABC
The proof of Lemma 2.5 hinges on the following lemma.

Lemma 2.6. Let p:R— M be a local Chebyshev net of M. The following holds for all yo € R:
Oyw(+,yo) =2k, sin (QJ(éW) . (2.11)
Proof. Define 0, :=0,¢ and 0, :=0yp. Using the commutation of 9, and 9,, we obtain

O Oy 1 ,
a$<7ay> :<ax () 78y> + Oy (|0x]
1Oalye) "/ 40) 10y o 210y (19:150)
1 .o (W
=— |8y‘g(¢) ‘aa:’g(@) kn/ + may <sm <2)> .

Moreover, (Oz,0y)g(s) =0, [0zlg(p) =sin(g) and |9yl =cos(§) due to (2.4), so that (2.11)
holds. |

Proof. (Hazzidakis’ formula): Let (ug,vo)=D~!(x0,v0). Let I'" be the triangle delimited by the
dual curve joining A to B and the two primal curves joining B to C and C to A (see Figure 2.1):

Pt =¢ ({(z.) eRlmo<w<wo+h, yo<y<yo+ 4|z —a0—4[})

= ({(u,v)€R|u§u0+%, v <y, u+vzuo+vo}).
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Integrating (2.10) on I't leads to

u0+2
—/ / / Q(u, v)dvdu
T+ ug+vo—u

u0+§
:/ (0u(u, v9) — 0uQ(u, ug + vo — u)) du

0

=Q(uo + 4, v0) — Q(uo, o)

| [uoty
- 5/ (B — )2, 10 + v — w)du
i
1 fuoty
_ 5/ (Oy + 0y)Q2(u, up + vo — u)du
i
1
:Q(UO + %, U(]) - Q(UO,U()) — 5 [Q(’U,O + %,’Uo - %) — Q(’U,O,’Uo)}
1 [xotyoth
5 Oyw(—yo + x,yo)dx
2 zo+Yo
1 1 Oyw
—Q h 20 — 20 h oy — b _/ v
(uo + 5,v0) 5 (u0,v0) 5 (uo + 5,00 — 5) A 2sin(2)
1
=w(wo+ &, y0 +2) - §w($o,y0) - iw(l’o +h,y0) — . k.
This completes the proof. |

Angle distribution along the dual curve

Lemma 2.7. Let v be a geodesic of M which splits this surface into two connected components
Ml and MQ. If

113%)5/ K++max/ K™ <m, (2.12)

then there exists a distribution w:R— (0;7) such that the solution of Servant’s equations (2.5)

given by the Cauchy boundary conditions v and @ in (2.8) is a C*®-diffeomorphism.

1

Proof. Lemma 2.5 applied with zg=2' — 22, yo=0 and h =222 leads to the following estimate:

V(2! 2?) R, inf@(s) — max/ KT <w(z',2?)<max [ K~ +supw(s).
s€R 1=1,2 [, 1=1,2 [, seR

Hence, choosing for instance the constant distribution of angles along v such that

— s + = —
w(x)= + 5 gnzlué/ K max K

gives a global Chebyshev net owing to Lemma 2.4. |

Proof of the main theorem

Let v be a geodesic splitting M into two connected components M; and My, as resulting from
Proposition 2.2. Then the hypotheses of Lemma 2.7 are satisfied upon choosing the geodesic
and the constant distribution of angles w=7 + % Jus K as Cauchy boundary conditions in (2.8).

This proves the main theorem.
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Chapter 3
Conical singularities

The main issue addressed in this thesis is to construct Chebyshev coordinates on a given surface
M. These coordinates and the main difficulties regarding their construction are introduced in
Section 3.1. As will be shown, the existence of Chebyshev coordinates is constrained by the total
Gaussian curvature of M. Hence, we then introduce a new paradigm of Chebyshev nets with
conical singularities to improve the conditions ensuring their existence. Next, we take a global
view on parametrization and singularities in Section 3.2. We primarily consider the globalization
of coordinate systems and we then define singularities of coordinate systems. We focus in Section
3.3 on Chebyshev nets with conical singularities and we justify the construction presented in
Section 3.1. We finally present in Section 3.4 the proof of some properties concerning coordinate

systems stated in Section 3.2.

Chebyshev coordinates

Introduction

We now introduce the main issues related to the construction of Chebyshev nets with singularities.
Before this, we fix some notation and some definitions used in the sequel. We call surface
a connected, smooth two-dimensional oriented manifold, denoted M, endowed with a metric,
denoted g. Unless explicitly mentioned, the considered surfaces are supposed to be homeomorphic
to the plane. We denote (2, ) the coordinate system ¢:U C R? —QC M, with © an open set of
M, U an open set of R? and ¢ a diffeomorphism.

Definition 3.1 (Chebyshev nets). We call Chebyshev net any coordinate system (2, ), with
0:UCR? = QCM a diffeomorphism satisfying

|au§0|g(uv U):|av‘70|g(u7v):17 (31)
for all (u,v)€U.

While local existence of a Chebyshev net on any surface M is always satisfied [25], the
existence of a global Chebyshev net (M, ), with ¢:U CR?— M, is constrained by the total
Gaussian curvature of M. The source of these constraints lies in the following Hazzidakis formula
[28].
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Conical singularities

Property 3.2 (Hazzidakis formula). Let U =10, L1|x[0, La], with L1,Ls>0. Let ¢:U—QCM,
with Q=p(U), be a Chebyshev net. We define the following points:

A=¢(0,0), B=¢(L1,0), D=¢(0,Ls), C=(L,Ly).
The angles between the coordinate curves at these points are respectively denoted
wa=w(0,0), wp=w(L1,0), wp=w(0,Ls), wc=w(L,Ls).
Then, these angles satisfy the Hazzidakis formula
wA+wC:wB+wD—/QKdA, (3.2)

where K is the Gaussian curvature of M.

Fig. 3.1 Illustration of the angles between the
coordinate curves of a Chebyshev net on €2

From [14], there exists a Chebyshev net on any complete surface homeomorphic to the plane
satisfying
/ K* <2, (3.3)
M

with K the Gaussian curvature of the surface, K+ =max(K,0) and K~ =max(—K,0). Then,
using the Hazzidakis formula (3.2), we emphasize that this result is optimal whenever the
curvature of the surface has constant sign. However, let us mention that optimization methods
have been introduced in [23, 13] to construct Chebyshev nets in practical cases where (3.3) is not
satisfied. To consider a set of surfaces less restricted than surfaces satisfying (3.3), we introduce in
the sequel singularities of Chebyshev nets. Indeed, as will be seen, the introduction of singularities
permits to go beyond the constraint formulated by the Hazzidakis formula. Therefore, we consider

the two following generalizations of (3.3):
1. The surface has a dominantly negative curvature: [, K* <27 and [,; K~ > 2.
2. The surface has a dominantly positive curvature: [, K™ >2r and [, K~ <2mx.

In this manuscript, we focus on the case of surfaces with dominantly negative curvature (case 1).
Concerning case 2, we mention that a global parametrization of the sphere minus two segments

is presented in [25]. This parametrization has four cusp singularities. We also mention that
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3.1 Chebyshev coordinates

another parametrization of the sphere by a Chebyshev net can be obtained with two so-called
rosette singularities (see Figure 1.9 of Chapter 1).
Then, in the case 1, Burago et al pointed out in [14] that so-called generalized Chebyshev

nets can be constructed on every complete surface homeomorphic to the plane satisfying

/K+<27r, /K*<oo. (3.4)
M M

To construct Chebyshev nets on surfaces satisfying (3.4), we introduce Chebyshev nets with
conical singularities in Section 3.1.2. We present in Chapter 5 a constructive proof of the
existence of a piecewise smooth Chebyshev net with conical singularities on any complete surface

homeomorphic to the plane.

Construction of Chebyshev nets with conical singularities
O-polyhedral surfaces

We define particular polyhedral surfaces obtained by junctions of (R*)? sets along their vertices
located in R*x{0} U{0}xR*. These surfaces are called O-polyhedral surfaces, as an abbreviation
of orthogonal polyhedral surfaces. O-polyhedral surfaces are defined by a set of polygons whose
boundaries are isometrically identified [7, Subsec 1.1.3]. These identifications are encoded in the

so-called equivalence table.

Definition 3.3 (O-polyhedral surface). Let Nyl > 1 be an integer and, for allie {1,...,Npoi}, let
{75 <a<n;, with N;>2, be a partition of RTx{0} U {0}xR*. The polygon (RT)? delimited by
the edges {7o*}1<a<n;, is denoted BL, for alli€{l,...,Npo}. Assume that T:{1,...,Npo1}>? =N
is a mapping satisfying the following: for all i,j€{1,...,Npol} such that i# j,

e T(i,i)=T(j,j)=0;

o T(i,j)=ac{l,..,N;} and T(j,i)=B€{1,...,N;} whenever the two edges v and 43" are
identified.

e T(i,j)=T(j,i)=0 whenever no identification is made between edges belonging to the

boundaries of B. and Bl.

The mapping T is called an equivalence table and the pair S=({Bl}i<i<n,,,T) is called an
O-polyhedral surface. The set of vertices of S is denoted {p’}1<i<ni.,- The set of edges of S is
denoted {V¢ 1<i<nig-

A simple O-polyhedral surface is presented in Figure 3.2 and an illustration of a portion of an
O-surface is presented in Figure 3.3. Let us notice that each vertex of an O-polyhedral surface
is either at a corner of a polygon containing this vertex or in the interior of some edge in the

boundary of this polygon (see Figure 3.4).

Definition 3.4 (Interior angle of vertices). Let S be an O-polyhedral surface and let {pt}1<i<n.,
be its set of vertices. Let i € {1, ..., Nyer}. We denote I; C{1,..., Npoi} the indices of the polygons
containing p.. We denote 0; o € {5, 7} the interior angle of BS at p, for all a € I;, and we set
i ::Eael,- Oi.. We call interior angle of p’é the positive real number \;=k;%, with k;>1 an

integer.
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T(1,2)=2
A
e
Bcl, L1_y5:2
T(5,1) =2
e T(1,5)=1
(0,0) Ve Vol o=y T(4,5)=2
T(5,4)=1

(a) An example of polygon B! delimited by
Ny =4 edges (b) A simple example of O-polyhedral surface and its
associated equivalence table T

Fig. 3.2 Illustration of an O-polyhedral surface

Te=ret F
3
Pe B! j’ B; B}
3_.1,3 1
Ve=Te™ 1 V=22 Yo=n3?
2
Pe 2_ .12
'76 _76 73:73 2
—| o —I W\ _ —I e\\ ° \\\\\\ o
1
Pe e j28 o=y Pe pe =yt

T(1,3)=3 } edge 73 T(1,2)=4 } edge 2 T(2»3):2} edge 2
(symbol \)  7(2,1)=1 | (symbol \\) 7(3,2)=1 | (symbol \\\)

Fig. 3.3 Three polygons of an O-surface

Bl

e

10
pev/l—%l 7@11

W burd, 0

B2 2231 B3

e

Fig. 3.4 A vertex p. of an O-polyhedral surface (A\; = 011+ 612+ 01 3=2m)
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3.1 Chebyshev coordinates

Junction of pieces of Chebyshev nets

Now, we outline the contruction of Chebyshev nets with conical singularities, defined as the
junction of Chebyshev nets ¢: B, = (R")?— B.C M, with B.=p(B,), on a surface M.

Definition 3.5 (Chebyshev nets with conical singularities). Let M be a surface and let Npo1 > 1
be an integer. For all i € {1,..., Npa1}, let {72 1<a<n,, with N;>2, be a partition of RTx{0} U
{0}xRT. The polygon (RT)? delimited by the edges {7:*}1<a<n, is denoted B., for all i€
{1,.... Npot}. Assume that {@i}1<i<n,, is a set of Chebyshev nets @;: B, — BLC M, with Bl =
©i(BY) for alli€ {1, ... Npor}, and assume that T:{1,..., Nyo}> =N is an array such that: for
all i, je{1, ..., Npol},

e ifi=j, then T(i,5)=0;
e ifi#j and T(i,j)#0, then:

- T(,j)=ac{l,...,N;}, T(j,i)=p€{1,...,N;};

- Pil e = ‘Pj‘,yg’ﬂ and BEN Bl =;(v4%) = ¢, (v4P);

e ifi#j and T(i,j)=0, then T(j,i)=0 and BiN Bl=2.

The array T is called an equivalence table and the triple C = ({Bi}lgigj\/pop {witi<icng, T) is

called a Chebyshev net with conical singularities.

Definition 3.6 (Piecewise smooth Chebyshev nets with conical singularities). Let C=
({Bé}lgz‘g/\/pop{ﬁpi}lgig/\/popT) be a Chebyshev net with conical singularities. We say that C

is piecewise smooth if the mapping p; is piecewise smooth, for all i€ {1, ..., Npol }.

We illustrate in Figure 3.5 the construction of the equivalence table associated with a
Chebyshev net with one conical singularity. We present a second example of Chebyshev net with

one conical singularity in Figure 3.6.

lnRRE SR
O

1,2 2,1
i
= T(1,2)=2
9% T(2,1)=1
ﬁ/2,2:73,1 ’0,00‘:‘
C C ‘
90
s
T(2,3)=2 o?o?o
T(3,2)=1 w‘:g.:
o
e
TR 00 T(1,3)=1
EARNEUTRAUNRRNNRRR (00004 ’
-\\“-‘\\\\:\:\:\:.:‘:::::::“\‘\\t@ ) T(3,1)=2
'Yc’ :’707

Fig. 3.5 Illustration of the equivalence table T" of a Chebyshev net
with one conical singularity on the plane

Remark 3.7 (Chebyshev nets with conical singularities and O-polyhedral surfaces). Let C =
({Bz}lSiSNp(ﬂ? {wit1<i<niy, T) be a Chebyshev net with conical singularities. Then, one easily
verify that the pair S = ({Bé}lgig Nopol T) is an O-polyhedral surface. Two examples of Chebyshev
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Conical singularities

A~

A

Vv

Fig. 3.6 A Chebyshev net with one conical singularity on Enneper’s surface

[ 1Y
|\

b O
TN

N

Fig. 3.7 Chebyshev nets with singularities: junction of 5 mappings on
Enneper’s surface (top) and junction of 3 mappings on the sphere (bottom)

nets with one conical singularity and their associated O-polyhedral surfaces embedded in R? are

presented in Figure 3.7.

34



3.2 Global surface parametrization and conical singularities

By Remark 3.7, Chebyshev nets with conical singularities can be equivalently defined as

follows.

Definition 3.8 (Chebyshev nets with conical singularities). Let M be a surface and let S be an
O-polyhedral surface. Then, any homeomorphic mapping ©:S — M inducing the metric

ds? =du? + 2 cos(w(u, v))dudv + dv?, (3.5)

with w:S — (0, ) the angle distribution between the coordinate curves, on S is called a Chebyshev
net with conical singularities. The mapping ¢ is said to be piecewise smooth whenever it is
piecewise smooth on each polygon Bl =(R%)? of S. Let {p’}1<i<n.., be the set of vertices of S
and let i€ {1,..., Npor}. Suppose that the interior angle A\; =k; 5, with k; >1 an integer, of P s
different from 2mw. Then, the point p(pl) is called a conical singularity of valence k; of @. The
set of singularity points of ¢ is denoted P.

For example, the Chebyshev nets with one conical singularities of Figure 3.7 have valence 5
(Enneper’s surface) and 3 (sphere).

Remark 3.9 (Generalization to polygons of interior angle 7). Chebyshev nets with conical

singularities can be generalized to the junction of Chebyshev nets @:Be—ﬂéczgé(ée) CcCM,
with B, an orthogonal polygon of R2. See Figure 3.8 for an illustration of the different types
of orthogonal polygons of R?. We present an example of Chebyshev nets with two conical

singularities, in this generalized sense, on the sphere in Figure 3.9.

Fig. 3.8 Illustration of the four types of orthogonal polygons in R?

Let M be a surface and let C be a Chebyshev net with conical singularities P. Then, any
point p€ M\'P has a Chebyshev net (€, ¢o) defined by C in its neighborhood. On the other
hand, the points in P have a particular coordinate system on their neighborhood called conical

net in what follows. We take a global view on these singularity points in the next section.

Global surface parametrization and conical singularities

We set in this section the theorical basis to tackle the main problem addressed in this thesis: the
construction of global Chebyshev nets on a given surface. The transition from local to global
coordinate systems is considered in Section 3.2.1. This leads us to the introduction of globally
compatible (GC) coordinate systems, defined to be a set of coordinate systems on the surface
such that the coordinate curves are uniquely defined. Then, we consider in Section 3.2.2 GC
coordinate systems on a surface minus a finite set of isolated points called singularity points.
Next, we focus on singularities with one more property: at their neighborhood, coordinate

systems are distortions of conical surfaces. These singularities are called conical singularities.
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Conical singularities

Fig. 3.9 A Chebyshev net with two conical singularities on the sphere: the image
by ¢ of the orthogonal polygons are delimited by the red curves

From local to global coordinate systems

In this section, we introduce global “meshings”, that is, globally defined coordinate curves.
We call these global “meshings” GC coordinate systems. With this purpose in mind, we
emphasize that although global coordinate systems (M, ) may exist in particular cases, in
all generality coordinate systems are only defined locally. Hence, in order to consider surfaces
non-homeomorphic to the plane or to consider singularity points, we define the coordinate curves
on the surface with multiple coordinate systems A= {(€, ¢;) }icg. Then, to have uniquely defined
coordinate curves, the transition mappings between the nets in A must satisfy compatibility
conditions. Indeed, to define globally some notion on the surface, it is necessary to reduce the
set of coordinate systems in order to have a definition independent of the coordinate system in
which it is expressed. An example is given by the Riemann surfaces [7]: transition mappings
are restricted to holomorphic mappings which permits to define oriented angles. In the same
manner, whenever the transition mappings are restricted to affine transformations, the atlas is
called an affine structure. In order to have a unique definition of the coordinate curves (and
their parametrization) at each point of the surface, we restrict the transition mappings to grid

automorphisms [38], which are isometric mappings of R? defined as follows:

Definition 3.10 (Grid automorphism of translation vector V and flip k). Let v €R? and let

ke{0,1,2,3}. We call grid automorphism of translation vector V. and flip k the isometry
L:R? = R? defined by
L(x) = Ryz (2) + V, (3.6)

for all x €R?, with Rix the rotation of angle k5.
2

Two coordinate systems on M such that the transition mapping is a piecewise grid automor-

phism are said to be compatible.

Definition 3.11 (Compatibility of coordinate systems). Let M be a surface and let (Q;, ;) and
(€25, 4) be two coordinate systems of M such that Q;NQ; # . Let L; :gojflogoi o HQiNQy) —
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3.2 Global surface parametrization and conical singularities

cp;l(Qi N€Y;) be the transition mapping between these two nets. Then, the coordinate systems
(Q, i) and (2, ¢;) are said to be compatible whenever for all connected open set U C o *(4;0€;),
the mapping Li,j’U :U—L; ;(U) is the restriction to U of a grid automorphism.

We present in Figure 3.10 an illustration of two compatible nets (€2, ;) and (25, ;).

Fig. 3.10 Hlustration of two compatible nets on M [31, p.3]

Definition 3.12 (Globally compatible (GC) atlases). Let M be a surface and let A be an atlas
on M. The atlas A is said to be globally compatible on M whenever all the coordinate systems in

A are compatible. In what follows, GC atlases are assumed to be maximal for the inclusion.

Definition 3.13 (Grid automorphism associated with cpj_l o; at p). Let A be a GC atlas
and let (i, ;) € A and (), ¢;) € A be such that Q; N Q; #@. For all peQ; N, we call grid
automorphism associated with the transition mapping cp;l o w; at p, the grid automorphism of

the connected component of go;l(p) n go;l(Qi nQ;).

The GC atlases, as well as affine structures, are (G, H)-structures. We refer to [26] for a

definition and study of these geometric structures. Moreover, we note that in the literature
on mesh generation, grid automorphisms are used for defining so-called globally continuous
meshes [42, 31]. We remark that for quadrangle mesh generation a stronger constraint is required
for the discrete coordinate grid (image of (ZxR U RxZ) N U for the coordinate system (€2, ¢),
with U=¢"1(Q)) to be well defined. Coordinate systems satisfying this constraint are called
Integer-Grid Maps [10].
Remark 3.14 (Construction of GC atlases). Let M be a surface and let U;c72; be an open cover
of M. Assume that {(€;, p;) }ier is a set of compatible coordinate systems. Then, there exists a
GC atlas on M containing these coordinate systems. This GC atlas is said to be induced by
{(Q, @i) }ier in what follows.

We make explicit in the following proposition, proved in Section 3.4.3, the relations between

GC atlases and homeomorphisms in the particular case of simply connected complete surfaces.

Proposition 3.15 (Existence of a global coordinate system). Let M be a complete, simply
connected surface and let A be a GC atlas on M. Suppose that there exists C >0 such that for
all (Q, )€ A,
sup ]dcpy(X)\g <C|X|?, VXeR?
yEp~1(Q)
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this constraint on the transition mappings ¢; o ¢; can be relaxed as follows:

;' opi(z)=ao Ryz(x) +v, Ve (%NYy), (3.7)

with v eR? k€ {0, ...,3}, Ryx the rotation of angle k5 and a(%,§) = (1(Z), 22(7)), a1, 2 : R—R
being two diffeomorphisms.

In order to give some non-trivial (homeomorphisms) examples, we consider covering mappings,

defined below.

Definition 3.17 (Covering mapping). Let N, M be two surfaces. The mapping 7: N — M is
called a smooth covering mapping whenever it is surjective, smooth and satisfies the following
property: for all me M, there exists a neighborhood V,, C M of m and a disjoint open cover
UiesVi of 71 (Vi,) CN such that T|‘~/i Vi —= Vi is a diffeomorphism for all i€ J.

Ezample 3.18 (GC atlases from covering mappings). Let 7:R? — M be a covering mapping and
let meM. Let V,, C M and Uiejvm,i be respectively the neighborhood of m in M and the
disjoint open cover of 771(V},) CR? obtained using Definition 3.17. Suppose moreover that,
for all 4,5 € J, T|‘;ﬂ1m o 7'|‘~/m7i :f/m,i—HN/mJ is a translation of the plane. Then, the coordinate
systems (Vy,, T|mei), defined for all me€ M and i € J, are compatible and cover M. Hence, these
coordinate systems induce a GC atlas on M. We present two examples of GC atlases defined by

covering mappings:

o Let M ={(z,y,2) €R3 | 22 + 32> =1} be a cylinder of revolution and let 7:R? — M be the
mapping defined by 7(u,v)=(cos(u),sin(u),v). Then, 7 is a covering mapping defining a
GC atlas on the surface M. This GC atlas is presented in Figure 3.12.
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3.2 Global surface parametrization and conical singularities

e Let R,7 €R} be such that R>r>0and let M ={(z,y,2) €R? | (2? +y? + 22+ R2 —r?)? =
4R%(2% + y*)} be a torus. Let 7:R?— M be the mapping defined by

7(u,v) = ((R + rcos(v)) cos(u), (R + rcos(v)) cos(u), sin(v)).

Then, 7 is a covering mapping and it defines a GC atlas on the surface M. This GC atlas

is presented in Figure 3.13.

Fig. 3.12 A GC atlas on the Fig. 3.13 A GC atlas on the torus

cylinder of revolution

Singularities of globally compatible coordinate systems

We introduce in this section singularities of GC atlases and we then highlight a particular
type of singularities called conical. First, in Subsection 3.2.2.1, we emphasize the importance
of singularities in the search for GC atlases on surfaces and we introduce these objects in an

informal setting. Then, we introduce these particular points of GC atlases in Subsection 3.2.2.2.

On the terminology

The existence of a GC atlas on a given surface M is constrained by the topology of the aforesaid
surface, as can be seen by the Poincaré—Hopf formula. Then, whenever a particular type of
parametrization is required on M, this contraint on the type of expected GC atlas can also be an
obstacle to the existence of this structure on M. This lack of global existence often materialises
itself with the appearance of singularities. In order to overcome these singularities or simply to
permit a larger choice in the accessible parametrizations, an approach consists in constructing
GC atlases with singularities. With this paradigm, the singularities are chosen beforehand. This
point of view is often adopted in the literature on mesh generation, as can be seen in [32, 33, 42].

Usually, in the case of coordinate systems, the term singularity refers to a singularity of the
mapping ¢:U CR%2 —Q C M that defines the coordinate system (€2, ¢). For instance, let U be an
open set of R2, O be an open set of M and let ¢:U — be a smooth mapping. The singularity
points of (% are the points @(x) €Q, with x=(u,v) €U, such that (0,p(z), dpep(x)) is not an
independent family of vectors. We denote {x;}icr CQ this set. We refer to [25] for an analysis
of this set in the generic case, where the singularity points of ¢ can be of two different types:
cusps and folds. In the particular case of Chebyshev nets, an example of these singularities is

presented in the Figure 3.14.
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(a) A fold-type singularity (b) A cusp-type singularity

Fig. 3.14 Generic singularities of Chebyshev nets

In this manuscript, we consider a slightly different notion of singularity. Hence, we define a
GC atlas on M\ D, where D C M is a finite set of isolated points called singularity points. A
usual singularity is also a singularity in the present meaning if it is restricted to a point. To
illustrate this remark, we now suppose that the mapping @:U C R2 —Q C M is a diffeomorphism
in U\{zo}, where 29 € U is such that (9,¢(x0), ,%(x0)) is not an independent family of vectors.
We set p=@(xp). Then, the coordinate system (Q\{p},gﬁk—l\{p}) cannot be extended in the
neighborhood of p. The point p is called a singularity point of the GC atlas induced by this net.
An example of this type of singularities defined by a Chebyshev net ¢ is presented in Figure
3.15. Let us notice that the generic singularities in the usual sense (cusp-type and fold-type) are
one-dimensional submanifolds. Hence, these points do not define a GC atlas with singularities
(D is not a finite set of isolated points in this case). Finally, a singularity in the present meaning
is not necessarily a usual singularity. The most important examples are the conical singularities
that we introduce below. We note that another definition could have been given to singularities in
order to take into account other types of generalized Chebyshev nets such as the parametrization
of the sphere obtained by Ghys [25]. In this parametrization, the generalized Chebyshev nets

contains four cusp-type singularities.

Fig. 3.15 An example of singularity at once in the usual sense and in the
present meaning on a Chebyshev net ¢
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3.2 Global surface parametrization and conical singularities

GC atlases with conical singularities

The singularities of GC atlases that are not usual singularities (see paragraph above), can be
informally considered as the set of isolated points of M such that the “number of coordinate
curves” at this point is different from two. The conical singularities are particular singularity
points such that the “number of coordinate curves” at this point is finite. In order to define more
precisely the conical singularities, we first fix some notation in Subsection 3.2.2.2.1. We then
present a simple example of conical singularity in Subsection 3.2.2.2.2. We finally introduce in

Subsection 3.2.2.2.3 the conical singularities.

3.2.2.2.1 Conical surfaces We first define the conical surface C) of interior angle A >0 [46].

See Figure 3.16 for a representation of this conical surface.

Definition 3.19 (Conical surface (or cone) of interior angle \). Let A>0 and let ~ be the
equivalence relation on RTxR defined by

(r,0)~(r',0") if and only if (r=r"and 0 — 0" €XZ) or (r=r"=0),

for all 0,0 €R, 7,7 €R*. The quotient set Cy:=(RTxR)/~ endowed with the metric ds*=

dr? +1r2d6? is called a conical surface of interior angle \.

Fig. 3.16 A representation of the cone of interior angle A: the rays (OA)
and (OB) are isometrically identified as a single line

Remark 3.20 (Conical surface with interior angle k5 ). The conical surfaces we encounter in what
follows have interior angle k7 for some integer £>1. Embeddings in R3 of the cones of interior

angles 35 and 57 are presented in Figure 3.17.

We call global isometry any mapping which is a bijective local isometry. Let us remark that
conical surfaces are defined in polar coordinates. Hence, we point out in what follows subsets of
cones, called branch-cut domains, that can be isometrically identified with the plane. In other

words, we endow locally the conical surfaces with cartesian coordinates.

Definition 3.21 (Branch-cut domain). Let Cy be the conical surface of interior angle \>0. Let
V C Cy be a connected set and suppose that there exists 1 € [0, \) and 6 € (0,27] N (0, ] such that
0>m or O <ms, for all (r,0) €V, with ny=(m + &) mod X. We say that the domain V CCy is a
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Conical singularities

(a) A conical surface with interior angle 3% (b) A conical surface with interior angle 55

Fig. 3.17 Illustrations of conical surfaces isometrically embedded in R?

branch-cut domain and we denote Is(Cy, V) :V —PI(Cy, V) CR2, with P1(Cy, V) =1Is(Cy, V)(V),
the global isometry defined by

Is(Cy, V)(r,0) = {(r corl0).rinl) if 0 =m,
(rcos[f + A],7sin[0 + A]),  otherwise.

We illustrate different types of branch-cut domains in a cone C,, with A>0, and their

associated global isometry in Figure 3.18.

Definition 3.22 (Smoothness of mappings defined on cones). Let M be a surface, let p>1 be
an integer and let Cy be the conical surface of interior angle A\>0. Let U CCy be a set with
non-empty interior and let 1:U — M be a mapping. For all 6y €[0,\) and § € (0, ), we define
the set

‘790’5={(7’,9() +60)eC, | 0§9§5} N U,

with 0y +6 the addition modulo A. We say that v has regqularity C? whenever, for all 6y € [0,\) and
d€(0,\) such that ‘790,5 is a branch-cut domain, the mapping 1pols(Cy, ‘_/.90’5)*1 :P1(Cy, 1_/9075) —M
has reqularity CP.

The set ‘_/9075, with 6y €1]0,A) and ¢ € (0, A), introduced in the definition is depicted in Figure
3.19.

3.2.2.2.2 A simple example Let us present the example of the d*'-root mapping that

highlights the peculiarities of conical singularities.

Ezample 3.23 (d*-root mapping). Let 7:C — C be the mapping defined by 7(z) = 2%, with d>2
an integer. In order to avoid any confusion, we denote this mapping 7: M —C, with M =C
and M*=C*. Then, the mapping 7'|M* : M* — C* defines a GC atlas A on M* that we make
explicit as follows. First, we denote arg(p)€[0,27) the argument of p€ C* and we denote
& :C*\RT — £ (C*\RT) C C* the mapping defined by

&o(2) :zl/dzrl/de%, for all z=rel e C*\R¥,
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3.2 Global surface parametrization and conical singularities

d 27

0

Is(Cy, V)

7‘7)

(c) Case A< 27w and n; =mn3=n

Fig. 3.18 Representation of the branch-cut domain V c C, with its associated

global isometry Is(Cy, V') in principal subcases

with 7 € R} and 6 € [0, 27). Moreover, for every n€[0,27), we define the set

U,={zeC* | arg(z) €[0,2m)\{n}}
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and we denote &, : U, —&,(U,) C C* the mapping defined by &,(z) = eiﬁn&)(e_i”z), for all z€ U,,.
Finally, let R%ﬂ :exp(%) and, for all n€[0,27) and f€{0,...,d—1}, we denote ¢, 53:U, —



Conical singularities

Fig. 3.19 Illustration of the set ngs
introduced in Definition 3.22

©n,3(Uy,) C M* the mapping defined by

0n.5(2) = (R2x )P&,(2), for all z€U,.

27
d

Then, for all n€[0,27) and 8 €{0,...,d—1}, the mapping ¢, g is a diffeomorphism and satisfy
7[¢n,3(2)] =z for all z€ U,. Then, the set of coordinate systems (¢, 3(Uy), ¢n,5), with n€ [0, 27)
and $€{0,...,d—1}, is compatible and covers M*. Hence, these coordinate systems induce a GC

atlas. We present this atlas in Figure 3.20 in the case d=2.

We now prove that the GC atlas of the above example can be obtained by a homeomorphism

defined on a cone and with image in M =C.

Example 3.24 (Definition of the d*™-root mapping on a cone Corg). Let d>2 and let Corg be the
cone of interior angle 2wrd. We denote ¢ :Corqg — C the mapping defined by
i0

= (2,
for all (r,60) € Carq. Then, the mapping ¢ is a homeomorphism [46]. Let 5€{0,...,d—1} and
let Ug C Carq be an open set such that, for all (r,0) € Ug, we have § =27 + 0 with r €R} and
6e [0,27). Hence, the set Uﬁ is a branch-cut domain and we set Ujp:=P1(Carq, [75) cC and
I1:=15(Carg, Ug) : Ug — Up. Then, the mapping @ o II"1: Uy — ¢(Us) C C* is a diffeomorphism
defined by

@ o117 (2) = @l (r.0) =1/ exp (i@”fl* 6”)

o () o ()

for all z=rel € Uy, with 6 € [0,27). We infer that the mapping @ o II"! is compatible with the

GC atlas A defined in the Example 3.23. Finally, we observe that, since the mapping @ oII~! has

no derivative at 0, the mapping % does not have a C'-regularity (see Definition 3.22). However,
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3.2 Global surface parametrization and conical singularities
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Fig. 3.20 Illustration of the GC atlas induced by the complex square root

the mapping g5| Conar{O} has a C'*®-regularity. We present in Figure 3.21 an illustration of the

cone in the case d=2.

3.2.2.2.3 Definition and properties Now, we define the singularities of GC atlases. The

definitions presented here are motivated by conical singularities of Euclidean surfaces [46].

Definition 3.25 (GC atlases with singularities). Let M be a surface. The set of coordinate
systems A is called a GC atlas with singularities P on M, with P a finite set of isolated points,
whenever A is a GC atlas on M\P. The point p€ P is called a singularity point of A whenever
there is no local coordinate system (Q, @) on M compatible with A such that peQ. The GC

atlases with singularities are also called generalized GC' atlases.

Let A be a GC atlas with singularities P on M. Let us remark from the definition that all the
points in M \P have a local coordinate system in A in their neighborhood. We introduce in what
follows a more restrictive definition which allows the coordinate systems of A to be extended
into a homeomorphism in the neighborhood of the singularity points. To fix a definition for these
singularities, that will be called conical, we first make explicit the form of the coordinate systems

in their neighborhood. This is the purpose of the following definitions.

Definition 3.26 (Conical net of valence n). Let M be a surface, let n>1 be an integer, and
let A be a GC atlas with singularity points P on M. Let QC M be a neighborhood of peP and
let U C Cy, with A=n7y, be a neighborhood of 0 in the cone Cy. Assume that G:U—Q is a

homeomorphism such that ¢(0)=p. Then, the couple (2, @) is called a conical coordinate system

(or conical net) of valence n.
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Up=P1(Cyr, Up)

Up=P1(Cyr, Uy)

Fig. 3.21 Illustration of the mapping ¢:Cyr — C defined from the square root

Definition 3.27 (Compatibility of conical nets). Let M be a surface and let A be a GC atlas with
singularity points P. Let QC M be a neighborhood of pe P and let (Q, @), with ¢:U C Cy—Q,
be a conical net of valence n>1, where A=n%. For every branch-cut domain V CU, we denote

®(p,V):PI(Cy, V)= @(V) the mapping defined by
B(@,V)=@ols(Cy, V)L (3.8)

Let (Q,¢;) €A be such that QN Q; #@ and such that V;:=¢ 1 (Q N Q;) CCy is a branch-cut

domain. Then, the conical net (2, p) is said to be compatible with (£, ;) whenever the mapping
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3.2 Global surface parametrization and conical singularities

®(p,V;):P(Cy, Vi) = QN is a diffeomorphism compatible with (Q;, ;). The conical net (9, @)

1s said to be compatible with A whenever it is compatible with all the coordinate systems in A.

We present in Figure 3.21 a conical net ¢ of valence 8 compatible with two non-conical nets
©o,0: =2 (o, Up), with Uy C Cyyr, and o1 :=P(p, U1), with U C Cyy.
Remark 3.28 (Coordinate systems from branch-cut domains). Let A be a GC atlas with singular-
ities P. Let QC M be a neighborhood of p€P. Assume that (£, ) is a conical net of valence
n>1 compatible with A. We set A=n7 and U:=¢ Q) CCy. Let VCU be a branch-cut

domain of Cy. Then, we obtain from Definition 3.27 that (¢(V), ®(p,V)) €A is a non-conical

net.

In order to define in a unique manner the valence of a singularity point, we need the following

justification:

Proposition 3.29 (Uniqueness of the valence of a singularity point). Let M be a surface and
let A be a GC atlas with singularities P. Assume that (Qy, ¢1) and (Qa, $o) are two conical nets
of respective valence ny > 1 and ngy >1 in the neighborhood of p€P. Suppose moreover that the

two conical nets are compatible with A. Then, we have ny =nas.

Proof. We denote Q=01 N Qy and \;j=n;Z, for all j€{1,2}. First, we obtain from Definition
3.26 that the conical net @, : Uj CCy, —>(_2j is a homeomorphism for all j € {1,2}. To prove the

proposition, we show that the transition mapping
T:=@y o p1:¢71(Q) CCyy — P51 () CCy, (3.9)

is a global isometry. First, we have that 7" is an homeomorphism (composition of homeomor-
phisms). Then, let (Qq, ¥a) €A be a coordinate system such that Q, N Q#@. Up to reducing
., we suppose that Q, N Q is connected and we suppose that V] = gﬁj_l(f_l N ) is a branch-cut
domain, for all j€{1,2}. Let j€{1,2}. We denote I1;:=1Is(C, , V;):V; —PI(Cy;,V;). Then,

using the compatibility of (Q;, ¢;) with (Qa, pa), we have that ®(p;, V;) :PI(Cy,, V;) — ¢;(Vj)
satisfies

(I)(()Zja‘;v]):@a oLj:

with L; :R? - R? a grid automorphism. Then, we infer that
(p1,Vi)=@a o Lyo Lyt o Li=®(@s, Va)o Lyt o Ly.
Using moreover (3.8), we obtain that
groll =@yoll; oLyt o L.
We conclude that the mapping Tf‘—/l : Vi — V5 satisfies

T|‘—/1 :H2_1 OL2_1 o Ly oIly.
Therefore, the mapping T’ |f/1 is a global isometry (composition of global isometries). Using the
definition of GC atlases with singularities, we obtain that there exists an open cover Uycp§2q of
Q" :=Q\{0} such that there exists a coordinate system (Qq, 0q) €A for all € E. Hence, using
that 7" is a homeomorphism, we obtain that the mapping T’¢;1(Q*) () = oy () s a
global isometry. We conclude that T is a global isometry and the result follows. |
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Definition 3.30 (GC atlases with conical singularities). Let M be a surface and let Ay be a
GC atlas with singularities P on M. A singularity point p€P is called a conical singularity of
valence n>1 whenever there exists a neighborhood QC M of p and a conical net (Q, ©) of valence

n compatible with Ay. We call index of the conical singularity p the number

Ind(p)=1—

~| 3
)
3

where § is the curvature at 0 of the cone Cng on which is defined the conical net (Q,p).
Moreover, supposing that all the points in P are conical singularities, the set of coordinate
systems A= A; U Ag, with Az the set of conical nets on the surface, is called a GC atlas with
conical singularities. The GC atlases with conical singularities are supposed to be maximal for

the inclusion.

Note that conical singularities are also called poles and saddle in the literature [4, 45]. Finally,
we have that, whenever a GC atlas A; with singularities can be extended at a singularity point,
this point is a conical singularity of A;. This result is stated in the following proposition proved
in Section 3.4.3.

Proposition 3.31 (Extension into conical singularities). Let M be a surface and let A; be a
GC atlas with singularities P. Assume that, for all p € P, there exists a neighborhood Qp of p and
a finite open cover UN.,Q; of Q;‘, =\ {p}. Moreover, for allic{1,...,N}, we suppose that
is geodesically convex and we suppose that there exists (2, p;) € A1 such that goi_l Q= U; CR?
is uniformly continuous. Then, there exists a GC atlas A with conical singularities P on M

containing Aj .

In the case where hypotheses of Proposition 3.31 are not satified, the main counter-example
to this result is the following rosette singularity.
Example 3.32 (A rosette singularity). Let 7:R* xR —R? be the mapping defined by 7(u,v)=
(ucos(v), usin(v)) and denote N =RTxR, N* =R} xR, M =R? and M*=RZ. Let Uy =R} x(—m, )
and Uz =R} x(0,2F). The two compatible coordinate systems (T(Ul),T|U1) and (T(Ug),T|U2)
cover M*. Hence, they induce a GC atlas on M* denoted A. Equivalently, A is a GC atlas on
M with one singularity at 0 (see Figure 3.22). Let Dy, be the open disk of radius h >0 centered
at 0 and set D} := D, \{0}. Then, we have

3T

T (DR =0 W=7, 2), 7l (D) =0, m)x(0, %

),

for all h>0. We infer that the mapping T{;ll is not uniformly continuous on U, for all [ € {1, 2}.
Therefore, these mappings cannot be extended continuously at 0, so that the singularity point 0

is not a conical singularity. The GC atlas A is presented in Figure 3.22.

Properties of Chebyshev globally compatible atlases with conical
singularities
Let us first define Chebyshev GC atlases with conical singularities.

Definition 3.33 (Chebyshev GC atlases with conical singularities). Let M be a surface. We

call a Chebyshev GC' atlas with conical singularities a GC atlas A with conical singularities such
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3.3 Properties of Chebyshev globally compatible atlases with conical singularities

7|5, (D)

7|y (D)

{0}xR

Fig. 3.22 A GC atlas with one singularity defined on R?
by the mapping 7 of Example 3.32

that, for all non-conical net (2, ¢;) € A, we have
Ouplg(u, v) =0pplg(u,v) =1,

for all (u,v) € p; ().

In order to state properties of Chebyshev GC atlases, we need the following theorem proved
in Chapter 4.

Theorem 3.34 (Existence of a unique solution to integrability condition). Let M be a smooth,
open, complete, and simply connected surface. Let n1:[—L1,0]— M, with L1 e R} U {oo}, and
n2: [0, La] — M, with Ly e R} U{oc}, be two smooth curves with respective geodesic curvatures k1 :
[-L1,0] > R and k2: [0, La] = R, and such that n1(0) =n2(0). Suppose that 1 := Z(n}(0),n5(0)) €
(0, 7). Then, there exists a unique angle distribution w:D —R/27Z, with D=0, Ly]x[0, L1],
satisfying the Hazzidakis formula

U 0
w(u,v)zwfz/)f/ K,Q*/ K‘,lf/ K, (3.10)
0 —v @([0,u]x[0,v])

with @: D — M the unique smooth mapping satisfying the boundary conditions

QD(U,O) :772(u)7 Vu € [OvLZ]v

(3.11)
W(O’U):nl(_v)7 VUG[Q Ll]a

and such that its v-coordinate curves are arc-length parametrized curves with a geodesic curvature
Ky P D—R satisfying kg " (u,v) = dyw(u,v) for all (u,v) € D.

Suppose moreover that there exists D = [0, L] x[0, L], with Ly € (0, L] and Ly € (0, L), such
that 0 <w(u,v) <m, for all (u,v) € D. Then, the mapping ¢ satisfies

|au30|g(uv ’U):|6v50|g(u,’0):1, (312)
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Conical singularities

for all (u,v)€D.

The Hazzidakis formula is illustrated in Figure 3.23. We deduce from Theorem 3.34 the
following property satisfied by conical singularities of Chebyshev GC atlases.

(0,v)

(07 0) (U, 0) 72

Fig. 3.23 Illustration of the Hazzidakis formula

Proposition 3.35 (Piecewise smoothness of conical singularities of Chebyshev GC atlases). Let
M be a surface and let A be a Chebyshev GC atlas with conical singularities P. Let (Q, @) € A be
a conical net of valence n>1 in the neighborhood of p€P. We set A=n% and V=¢"1(Q)CC,,

with Cy the cone of interior angle X. Let m€{0,...,n—1}. We define the set

x‘/m,lz{(r,wmg)ecuogmh, ogegg}, (3.13)

with 0 +m7 the addition modulo X and h>0 such that Vm,l CcV. We set 1_/,;71 = Vm71\{0} and we
e :Y_/T’r‘u — @(Vyr 1) CQ is smooth. Then, the mapping @|‘—/m’1 Va1 = @(Vin1) CQ

suppose that p

15 smooth.

We present in Figure 3.24 a conical net @:V C Cyr — @(V) C M of valence 8. The image by
@ of the domains V,,, 1, with m € {0, ..., 7}, defined by (3.13) are delimited by the red curves in
this figure.

Proof. Since le is not necessarily a branch-cut domain of Cy (case n=1), we first define

Oma={(r,0+m2)eCy[0<r<h, 0<0<7}C V.

Then, (’_)mJ is a branch-cut domain and we set O,, 1 :=P1(Cj, @m,l) C R? and, for the clarity of
the proof, we suppose that O, 1 C (R*)2. Otherwise, the general case is reduced to that case by
an application of the rotation of angle —m3F to O, 1. Then, we set vy, 1:= (¢, Om1):Om1—
gb((’jm,l). Let Ly, Ly >0 be such that (0, L2]x(0, L1] C Op,,1. We set D =0, L2]x[0, L1] and we

denote 1 :(—L1,0] = M and 12:]0, L2) — M the two smooth curves respectively defined by

m(v)=em1(Le, L1 +v), forallve(—Ly,0],

(3.14)
n2(u) =@m.1(La —u,Ly), forall uel0, Ly).

See Figure 3.25a for an illustration of these curves. Using the smoothness of ¢ on ‘_/;:L’l, we
extend smoothly 71 at —L; and 79 at Lo, so that ny:[—L1,0]— M and n9:[0, Lo] — M are

two smooth curves. Then, owing to Theorem 3.34, there exists a unique angle distribution

20
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Fig. 3.24 A Chebyshev GC atlas with a conical singularity
of valence 8 on Enneper’s surface

w:D — R /277 satistying the Hazzidakis formula (3.10), with ¢o: D — ¢o(D)C M the unique
mapping satisfying the boundary conditions (3.11) and the properties presented in the theorem
(see Figure 3.25b). Moreover, we remark that, since ¢y, 1 is a Chebyshev net, the angle distribution
w|(0’L2]X(0’L1] :(0, L2]x(0, L1] — (0, 7) defined by the angle between the coordinate curves of ¢y, 1
on (0, L2]x(0, L1] satisfies the Hazzidakis formula. Hence, by uniqueness of the solution (Theorem
3.34), we obtain that yo(La—u, L1—v)=@m.1(u,v), for all (u,v) € (0, L2]x(0, L1]. We conclude
that the mapping ¢, 1 has a smooth extension to D. Hence, the mapping 35|va1 is smooth. W

|

(a) Hlustration of the mapping ¢, 1 (b) Construction of the mapping g

Fig. 3.25 Illustration of the proof of the smoothness of ¢|V | at 0

Remark 3.36 (Junction of smooth nets). Proposition 3.35 indicates that conical singularities of
Chebyshev GC atlases can be obtained by junction of smooth Chebyshev nets ¢: B, — B. C M,
where B, is a polygon of R? with right angles and B, = (B.). This explains the construction

outlined in Section 3.1.2.
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Conical singularities

We infer from Proposition 3.35 that Chebyshev nets with conical singularities are not smooth

outside of the singularity points. This is stated in the following proposition:

Proposition 3.37 (Non-smoothness of Chebyshev GC atlases with conical singularities). Let
M be a surface and let A be a Chebyshev GC atlas with conical singularities P# 2 on M. Then,

there exists a non-conical net (2,1) € A such that v is not smooth.

Proof. We prove the claim by contradiction. Thus, we suppose that all the non-conical nets are
smooth. Let p€P be a conical singularity of valence n#4. Let A=nF and let (Q, @) € A, with
@:UCCy\—QCM, be a conical net in the neighborhood of p. We infer from the smoothness of
non-conical nets that ¢ is smooth on U*:=U\{0} (see Remark 3.28). Let a € {0,...,n—1} and
let Vo1 CU be the set defined by (3.13), with h >0 small enough for the inclusion to hold true.
Then, owing to Proposition 3.35, the mapping ¢ is smooth on Va,l. Therefore, we define the two

unit vectors d d
_ ™ _ _T
Xa(x)_a(p(rvai)}rzy Ya(x)—%go(r,ai)bzw,

for all z€0,h), with &= (a + 1) mod n (see Figure 3.26a). Moreover, using the definition of

|3 (AN
e L
| RSO i
= T CANRANNNAN |
UMY i
SRR
—pf
| 5
== e I NNk
= AT | ) AN
= 7 :
== CAraarat R ———
Y 0) ani 15140 TS
= S i 7 W e
WEgsigny IR (Ve 0
i 0 K
A / i “&‘A»\A\
(a) A part of the singularity 6, (b) The whole singularity

Fig. 3.26 Illustration of the angles {04 }1<a<n
of a conical singularity (proof of Proposition 3.37)

compatible conical nets, we have that ¢

e :U*— Q* is a local diffeomorphism. We infer that
we have Z(Xy(x),Yq(x))€(0,7), for all z€(0,h). Hence, using the smoothness of ¢|Vo¢,1 at
0, we define the smooth mapping 0, :[0,h) — [0, 7] by 0, (2) = Z(Xa(x), Ya(x)) for all z €0, h).
Then, we have >"_ 0,(0) =27 (see Figure 3.26b). Let us notice that the case n=1 yields a
contradiction with 6,(0) € [0, 7], for all @ €{0,...,n — 1}. Hence, we can suppose that n>1 in
what follows. Moreover, since n#4, there exists two consecutive integers «ag, o € {0, ...,n—1}

(with the convention that 0 is after n — 1 modulo n) such that

Oag (0) + Oa, (0) £ 1. (3.15)

Now, we define the open set

Oa0,2={(r,0+aog)eCA |0<r<h, 0<9<7r}c[7,
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3.4 Some technical results

where 0 + a7 is the addition modulo A and i >0 is small enough for the inclusion to hold true.
Using that n>1, we infer that the open set (’_)%72 is a branch-cut domain of C,. Therefore,
we set Opg2:=P1(Cy, Ony2) and ¢ :=®(Cy, Opp2): Ong2 — #(Ony.2) C Q. For the clarity of the
proof, we suppose that O, 2 C RXR™'. Otherwise, the general case is reduced to that case by an

application of the rotation of angle —ap§ to Ong2. Then, by hypothesis, ¢ is smooth and we

have

Oag (V) + Oay (v) = Z(Oup, Oup)(0,v) + £(0up, —0uip)(0,v)
= Z(0utp, —0up)(0,v) =,

for all v € (0, h). Using the smoothness of 6, and ,, on [0, k), we conclude that 6,,(0)+6,, (0) =7.

This contradicts (3.15), so that the claim follows. [ |
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Fig. 3.27 Hlustration of ¢(V4, 2) (proof of Proposition 3.37)

Some technical results

From globally compatible atlases to local homeomorphisms

We construct in this section a local homeomorphism v : M — (M) C R? on any simply connected

surface M equipped with a GC atlas A. Before this, we define homotopies of curves.

Definition 3.38 (Homotopic curves). Let Q C M and let 1 :]0,1] = Q and v2:[0,1] — Q be two
continuous curves such that 1(0) =~2(0) and v1(1) =v2(1). A continuous mapping H :[0,1]2 —

1s called an homotopy whenever it satisfies

H(Ovt):'h(t)a H(lat):’m(t)7
H(t,0)=71(0)=22(0), H(t1)=9(1)=2(1),

for all t€10,1], and the curves 1 and -y, are said to be homotopic in €.
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Conical singularities

To construct the mapping 1, we join the domains in R? associated with all the coordinate

systems in A. To this purpose, we define the total transition mapping as follows:

Definition 3.39 (Total transition mapping along «). Let M be a surface, let A be a GC atlas
on M and let v:]0,1] — M be a continuous curve. Let 0=ty <...<ty=1 and {Q;}1<i<n, with
N >2, be such that ~; ::’y|[ti—l7ti} tic1, ti] = Qy, for allie{1,..., N}, and such that there exist
coordinate systems {(Q, p:i) Y1<i<ny CA. We denote U;= ;1 (Q;), for alli€{1,..., N}, and we
denote T :R%2 = R? the grid automorphism associated with the transition mapping 90]'_4:1 o @;
at y(t;), for all je{l,...,N—1}. We call total transition mapping along v and we denote
Foy :R? - R? the mapping defined by

FQNW::TN_lO...OT1:U1—>UN. (3.16)

The construction of the total transition mapping along a curve v:[0, 1] — M is illustrated in
Figure 3.28.

Fig. 3.28 Tllustration of the total transition mapping [47]

Remark 3.40 (Notation of the total transition mapping). We state in the following lemma that
the total transition mapping only depends on v and on the first and the last coordinate systems of
the cover of «, denoted respectively (Q1,¢1) €A and (Qn, on) €A, with N >2, in the definition.
Moreover, we fix in the sequel the coordinate system (21, 1), so that this mapping only depends
on v and on (Qu,¢n). To simplify the notation, we only mention v and Qy, its associated

coordinate system being implicit, so that the total transition mapping along < is denoted Fo .

Lemma 3.41 (Total transition mapping). Let M be a surface, let A be a GC atlas on M and
let v:[0,1] = M be a continuous curve. Let 0=ty <...<ty=1 and {Q;}1<i<n, with N>2, be
such that ~; ::7|[t¢71,t¢} [tic1, t) — Q, for alli€{1,..., N}, and such that there exist coordinate
systems {(Qi, i) hi<i<ny CA. We denote Up=; 1(Q;), for all i€{1,...,N}, and we denote
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T; :R%2 = R? the grid automorphism associated with the transition mapping cpjjil op; at y(t;), for
all je{1,..,N—1}. Then, whenever N >2, the total transition mapping Fq, , defined by (3.16)
is independent of the open cover {Q;}a<i<n—1 of 7. Moreover, Fq ~ is invariant by homotopy

in M with respect to 7.

Proof. Let {Qa}1<a<N7 with N >2, be another open cover of v such that {(Q4, Pa)}icacn CA,
(Q1,¢1) = (Q1,¢1) and (U, ) = (2N, pn). Then, there exist 0=s<...< sy =1 such that

Na ::’y|[sa_1,sa] [Sa—1, 8a] = Qa.

To avoid technicalities, whenever N >2 and N > 2, we suppose that s, #t; for all i € {2,..,N-1}
and a€{2,..., N—1}. Then, for all a € {1,..., N—1}, we denote T, : R? - R? the grid automor-
phism associated with the transition mapping @;j_l o0 Qo at y(sq). Moreover, we define the
mapping FQN,»Y ::TN_l 0..0 Tl :R? - R2. We notice that there exists 1=n; <... <Ny =N
such that we have, for all a€{1,..., N},

Na+1

n(sa 178a Una101

l=nq

with 74, :[0,1] = ([t;—1,t]) a portion of the curve v, for all [ € {nq,...,nq+1}. We depict the
notation in Figure 3.29. For all a€{1,..., N} and 1€ {nq,...,na+1}, we denote T}, :R? —R?
and T, :R% — R? the grid automorphisms respectively associated with the transition mappings

@l o and gol_l 0 P at 1q,(0). It is clear that all these mappings satisfy Tl_a1 =Tu,.

Fig. 3.29 Illustration of the open covers {{;}1<i<n and {Qa}1<a<1§,
(Nat1=nq + 2)

Let a € {1, ..., N} and suppose first that n, <ng41. Let 1€ {nq, ..., na+1—1}. Since n,;([0,1]) C
Qo Ny, we have that 7a,1(0) and 7,,(1) are in the same connected component of Q. N, denoted
U. For all z in the connected component of ¢; (14,1(1)) in ¢; ' (U N Q11), we have

Ti(x) = o7k 0 @i(@) = 93k © Ba © B2 0 01(@) = Tiir © T ala).

Hence, we obtain that

Tna+1—1 o. ( a,ng41 © na+1 1 a) 0...0 (Ta,na+1 o Tna,a)

=Tonas1 © Tna,a (3.17)

Moreover, in the case where a € {1, ..., N} is such that no =na41, we denote Tj,,,, —10...0 T},
the identity and (3.17) is trivially satisfied.
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Now, we suppose that a € {1,..., N—1}. As above, we notice that 1., (0) and 74, (1) =
¥(s4) are in the same connected component of Qq N Q. .1 that we denote O. Hence, for all z in
the connected component of ¢3! (v(s4)) in ¢5' (a1 N O), we have
Tna+17a+1 © Ta:na+l (x) = @;—}-1 O Pngq1 © (p;alJrl © @a(l‘)

=@ty © Palr)=Ta(x). (3.18)
From (3.17), we infer that

Foyy=Ty100Ti=(Tog, 10..0Ty ) 0.0 (Tn10..0T,)

= (TN»”NH o TnN,N) 0...0 (Tl,n2 o Tnl’l)
:TN,nlq,+1 o (TnN,N o TN—LRN) 0...0 (Tn2’2 o T17n2> o Tm,l- (3.19)

Hence, from (3.18) and (3.19), we obtain that

oTgjy_q40...0 Tl o Tm,l =T

FQNv'Y:TN,nN+1 N77’L1\7+1 OFQNa'VOTnlyl‘

Using that (Q1, 1) = (1, $1) and (O, on) = (Qz, P5), we conclude that Fo,, = Fq, . There-
fore, Fq, ~ is independent of the cover {€;}o<;<n—1 of 7. Finally, since {€;}1<;<n are open
sets, we obtain that there exists an open set I' C M in the neighborhood of v such that Fq, - is
invariant by homotopy in I'. Since A covers M, we conclude that Fq,, - is invariant by homotopy

in M. [ |

Let (21, 1) € A. Using the simple connectedness of M, we associate with every coordinate
system (Qq, @) € A, such that €2, is an arcwise connected open set, the total transition mapping
Fo, ~. :R* = R?, where 7,:[0,1] = M is a curve such that 7,(0) =g € and v,(1) =g€ Q.
This mapping, independent of the curve v, and of ¢ €(),, is denoted Fq_ in what follows.

Proposition 3.42 (Existence of a local homeomorphism). Let M be a simply connected surface
and let A be a GC atlas on M. Then, there exists a local homeomorphism 1 : M — (M) C R?
such that, for all (Qq, pa) € A with Qo C M an arcwise connected open set, the mapping Q/)’Qa :
Qo — () is a homeomorphism and (Qa,¢|5i) cA.

Proof. Let (Qq,¢pa) € A and (23, ¢g) € A be such that Q, NQz# 2 and let g€y N Q3. Let
7:10,1]— M be a curve such that v(0)=g€; and v(1)=¢. We denote T:R?—R? the grid
automorphism associated with the transition mapping gogl 0 4 at q. Then, we infer from (3.16)

that F%7 =T o Fq,~ and we conclude that FQB =T o Fg,. Hence, we have
Fo oo (@)=Fq. oT ' op (@) =Fq, o pa' o ws o5t (d)
=Fq! 09, '().
We denote 1: M — (M) C R? the mapping defined by
¥(q) :F§a1 o .1 (q), whenever g€, for (Qu, ¢a) € A,

for all g€ M. Then, assume that (Qq, ¢o) € A is such that Q, C M is an arcwise connected open
set. The mapping ¥|q Qo —1(Qa) CR? is clearly a homeomorphism and, since Fq, is a grid
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automorphism, the mapping ¢|s_21 :(Qq) — Q4 is compatible with A. Since A is maximal, the

claim follows. [ ]

Proof of Proposition 3.15

Now, we present conditions ensuring that the local homeomorphism 1 : M — (M) C R? con-
structed in Section 3.4.1 is a homeomorphism. The aim of the following proposition is to rule

out the counter-example presented in Figure 3.11 by ensuring that ¢ (M) =R2.

Proposition 3.43 (Existence of a global coordinate system). Let M be a complete, simply
connected surface and let A be a GC atlas on M. Suppose that there exists C >0 such that for
all (Q,0) €A,
sup |dpy (X)[7<CIX]?, VX €eR?, (3.20)
yep1(Q)
with de, : R? — Ty M the differential of ¢ at y € 0 1(Q). Then, there exists a global coordinate
system (M, Q) € A.

Proof. Owing to Proposition 3.42, there exists a local homeomorphism v : M — (M) C R2.
Moreover, supposing that 1 is a homeomorphism, we have that the mapping ¢! is compatible
with A. Hence, we only have to show that 1 is a homeomorphism to prove the claim. We
pullback by v the Euclidean metric gg to obtain a flat metric on M denoted §:=*gg. In order
to show that 1 is a covering mapping (see Definition 3.17), we prove that the surface (M, g) is a
geodesically complete surface. Let g€ M, let Y € T, M and let (€2, ¢) € A, with Q C M a connected
open set, be a coordinate system in the neighborhood of g. We set X :=d(p1),(Y) €R?. Then,
using hypothesis (3.20), we obtain that

1 o 1
XP> Ldg, (0= SIVE 321

Moreover, owing to Proposition 3.42, the mapping |, : Q— () CR? is a homeomorphism
and (£, w‘;) is compatible with (€2, ). Hence, we have that F:=1 0 ¢:¢1(Q) —(Q) is an
isometry of R?. We infer that

2 2
|d¢q(y)|2:|d¢qod%_l(q)(xﬂ = |dF,-1(g)(X)] =|X2 (3.22)
Using (3.21) and (3.22), we obtain that
1
V|2 =|deg (V)] > 5IY\§-

Since (M, g) is a geodesically complete surface, we conclude that (M, g) is also geodesically
complete.

The metric g has been constructed such that the mapping ¢ : (M, ) — (¥ (M), gg) is a local
isometry. Then, using [22, prop. 2.106], we conclude that the mapping 1 is a covering mapping.
Moreover, (M) is clearly a complete subset of R?, and, since 9 is an open mapping, (M)
is open. Hence, we have ¢(M)=R? and, since R? is simply connected, we infer that 1 is a

homeomorphism [36, cor. 11.33]. This concludes the proof. |
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Proof of Proposition 3.31

Let M be a surface and let A; be a GC atlas on M with singularities P. Under the conditions
of Proposition 3.31, we construct in the sequel a conical net compatible with A; in some
neighborhood Bp of a singularity point p€P. First, let us fix some notation. We denote ds
the distance in M and dg the Euclidean distance in R2. We denote Bys(p, h) C M the open ball
centered at p with radius h >0 and B, (0,h) C Cy, with A >0, the open ball centered at the origin
with radius h. For any set Q2 C M, we denote clp/(€2) its closure in M.

Lemma 3.44 (Construction of a mapping from B, to a cone). Let M be a surface, let Ay be
a GC atlas on M with singularities P and let peP. Assume that there exists a neighborhood
QPCM of p such that there exists a finite open cover UY € of Q;::Qp\{p}. Moreover, for
all ie{1,...., N}, we suppose that §; is geodesically conver and we suppose that there exists
(4, i) € A1 such that 90;1 :Q; = U; CR? s uniformly continuous. Then, there exists A=k3,
with k>1 an integer, an open ball Bp::BM(p, ho) CQp, with hg >0, and a continuous mapping
Yeone :Bp —>wcone(l§p) C Cy such that Yeone(p) =0 and such that:

1. the mapping Yeone B :B; —>¢cone(B;) C Cy, with B; :=B,\{p}, is a local homeomorphism;

2. for all h € (0, hy|, there exists >0 such that
Yeone (BA(0,1)) C B (p, h); (3.23)

3. for all (Q, i) € A1 such that §; CB; is arcwise connected and such that Yeone(§2;) C Cy
s a branch-cut domain, the mapping wcone‘gi 102 = Yeone(2:) C Cy is a homeomorphism
and the inverse of the homeomorphism (;:=18(Cy, cone (%)) © wcone|Qi Q= G(Q) CR? s
compatible with Ay, i.e., (€, C;l) cA;.

4. the image of a closed curve homotopic to a circle around p in B; 1s a closed curve homotopic

to a circle around 0 in Cy\{0}.
Proof. We prove the claims in two parts that we summarize as follows:

e Part 1: we proceed as in the proof of Proposition 3.42, i.e., we first construct the total
transition mapping between a fixed coordinate system (Qq, vq) € A1, with Q, C (_2;, and
the other coordinate systems of A; included in €27. To overcome the difficulty of non-simple
connectedness of (27, we remove a geodesic curve 1 from ;. Hence, as in Proposition 3.42,
we obtain a mapping 11 :Q; —>w1(§_2;) CRR? that is a local homeomorphism on Q;; minus
the curve 1. We construct the mapping ¢; in Step 1 and we prove that 1; can be extended
continuously at p in Step 2. We then show in Step 3 that p is the unique preimage of 11 (p)
by ¢1. We finally prove that, up to a rotation of angle n%, with n€ {0, ..., 3}, the mapping
11 is a local homeomorphism (Steps 4 and 5).

e Part 2: we construct the mapping ¥cone in Step 6 by lifting the image of the mapping ¢ to
the cone Cy, where A= 27N —n7F| and N € Z. We finally prove Statements 1-4 in Step 7.

Part 1: mapping from Q; to the plane

Step 1 (Construction of the mapping 11 ). Let g€ Q; and let 77:[0, 1] = clps(€,) be a geodesic
curve starting from p, passing by g, and such that n(1) €9Q,. We set nset:=n([0,1]) and
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ni :="nset \{p}. We denote O the open and simply connected set defined by O ::Qp\nse»c (see
Figure 3.30). Let g€ Q;‘) and let (€2, ;) € A1 be such that ¢€Q;. We fix in the sequel a path
v:10,1] — (_2; from g to ¢ to define the total transition mapping Fg, 4 along v (see Definition

3.39). Let us consider the two following subcases:
1. case g€ O: let y44:[0,1] —>Q;‘, be a curve such that v(0) =g, v(1) =¢ and 7](071] :(0,1] = 0.
We moreover suppose that the oriented angle between 7’ at g and 7, (0) is in (0,7) so that

the curve 7,44, up to homotopy, always turns in the positive sense.
2. case €Nk let v4q:[0,1] = 0l be a curve such that v(0) =g and (1) =gq.

We show the notation in Figure 3.30. It is clear that, for a fixed qEQ;;, all the curves 744
satisfying these properties are homotopic to each other. Now, as in Proposition 3.42, we define
the mapping 1 :Q; — 1 (QZ) CR? by

P (w) = Faalﬁgw o @y (w), whenever w € Q, for (R, ¢a) € A1, (3.24)

for all we Q;;. We easily obtain, in the same manner as in the proof of Proposition 3.42, that
1 is well-defined. Then, assume that (€, ¢;) € A; is such that ©; C O and such that §; is an
arcwise connected set. Since {2; is arcwise connected, we infer that the total transition mapping
Fo, ‘Qz :Q; — () CR? is a homeomorphism
(composition of homeomorphisms). Therefore, w1|o is a local homeomorphism and, using that
Fo o
with A;. Although, let us finally remark that 1); may be discontinuous along n%,. Indeed, assume
that g €n’, N Q;, with (24, ¢;) € A;. Then, Fo

materialise itself with a jump along 7%, that we make explicit in Step 5.

is independent of g € €);. Hence, the mapping ¥

»Ygq

, with ¢ € €);, is a grid automorphism, we conclude that the mapping is compatible

isYgq

is not independent of g € €);, so that this may

i,Vgq

Fig. 3.30 lustration of the branch-cut

Step 2 (Continuous extension of 1 at p). Let e >0 and I={1,...,N}. For all i € I, using the
uniform continuity of ¢, ! there exists d; >0 such that for all q, g5 €y,

i —1/. 1y €
dui(q1, 6) <2di=dple; (a1), o7 (€2)] < 5 (3.25)
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We denote d = inf;c; d; and we set B};(p,d):= By (p,d)\{p}. We prove in what follows that

de[v1(q),v1(q)]<e, for all ¢,q€ By (p,d). (3.26)

This clearly implies that ¢; admits a continuous extension at p. Let ¢,q€ Bj;(p,d) and let

Yqq: 10, 1] = B3;(p, d) be a curve such that v,3(0) =¢ and v,4(1) =g, and satisfying:
L. 74q:10,1] =0, if ¢,q€ O;
2. Yag [Oa 1} _>n:et? if 4, (jG n:et;

3. Y43:(0,1] = O, if genl,, and g€ O. We also suppose in this case that, as above, v,4 turns

in the positive sense up to homotopy.

We emphasize that the subcase genl, and g€ O is equivalent to Subcase 3 by symmetry.
Moreover, we note that the curve 7,z is defined such that the mapping 11 o v,5: [0, 1] = R? is
continuous. Let j €I and suppose first that €; N7t # . Then, since €25 is geodesically convex,
we obtain that the set {2;\n; has two arcwise connected components denoted Z/N{j,l and Z/N{j’g. We
suppose that they are indexed such that ¢; is continuous on U1 :=U;1 U (; Nnk,) and we set
U2 :Z;{jg. For ease of notation, we set U; 1 =€); and U2 =@ whenever ; N ni =3.

Then, there exists an integer A€{1,...,2N} and an injection £:{0,..., A—1} — 1 x {1,2},
with £ =(&1,&2). Moreover, there exists 0=t <... <t4 =1, such that v,5(t;), V4g(ti+1) €Ue(;) for
all i€ {0, ..., A—1}. Then, for all i€ {0, ..., A—1}, using that das[vgg(ti), Yeq(ti+1)] <2d <2d; and
using (3.25), we obtain that
(3.27)

- — 3
dp [(Pgll(i) (7aa(te)), @511(2-) (Yaq(tir1))] < ON’

Furthermore, for all j € I and I € {1,2} such that U;; # &, we obtain from the construction of U},
that FQ], Ygw :FQJ. g

we infer from the definition of 11, i.e., (3.24), and (3.27) that dg[t1(v4q(t:)), ¥1(Vgq(tiv1))] < 555
for all i €{0,..., A—1}. Using the triangle inequality, we conclude that (3.26) is satisfied.

for all w,weU;;. Then, using that grid automorphisms are isometries,

Step 3 (Unique preimage of0). We denote T': R? — R? the translation of R? such that 7ot (p) =
0 and we define the mapping v :=T 0 11 : €, — 19(£2,) C R2. We now prove the following:

There exists ho >0 such that any sequence (qn)nen C Bar(p, ho) satisfying lim, o0 12(gn) =
Ya(p) =0 converges to p.

Let us first recall from Step 2 that (_2; is covered by the arcwise connected sets U;;, with j €I
and [ € {1, 2}, defined such that U; ; UlU; 2 =K, for all i€ I. For all h>0, we denote {U{‘}ieE the
sets Uj, with j €T and [ € {1,2}, such that U;; N Bys(p, h) # @. Since Fq =IFy
w, W €U;n, we have that wg‘m is a homeomorphism, for all ¢ € E and h>0. We moreover notice
that, since the cover of BM(pZ, h)\{p} by {U!'};cE is finite, for all h >0, there exists hg >0 such
that B (p, 2ho) C Qp, and p € clpr (U0) for all i€ E.

Now, let (¢n)nen C Bar(p, ho) be a sequence such that lim, o ¥2(g,) =0. We prove that

i Ygw isYgw? for a'll

(Gn)nen converges to p by a contradiction argument. First, using the compactness of cly;(Bas(p, ho)) C
Bur(p,2hg), there exists a subsequence of (gn)neny converging in Bjs(p,2hg). We denote
doo € Brr(p, 2ho) this limit and we suppose that goo # p. Then, ¥2(¢s) =0 and, for some i € E,

we have g0 GZ/li2 "o Now, since p € cly (L{Eho), there exists a sequence (§n)nen CL{EhO converging
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to p and, due to the continuity of 15 on Z/{Z-Qho and at p, we have

lim b2 (Gp) =0. (3.28)

n—oo

Let T CL{Z-QhO be a neighborhood of g such that p¢&cly/(I's). Since ¢2‘u2h0 is a homeomor-

phism, there exists a neighborhood Uy, of ¥2(ge0) =0 such that 1/12|;_%h0 (Ux) =T's. This is in
contradiction with (3.28). We conclude that .. =p and we have the éxpected result.

Step 4 (A mapping Uo in the neighborhood of ne. ). To make explicit the jump of ¥ whenever
we cross the curve n, let FCQ;; be a simply connected open set in the neighborhood of nZ,
such that T'\nge = O1 U Og, with O1, O C O two simply connected open sets (see Figure 3.31).
We suppose that O; and Oy are indexed such that s | o, 101 Unky —2(O01 Unky,) CR? s
a continuous mapping. Then, for all €T, let J4,:[0,1] = T" be a curve such that 544(0)=g
and 944(1)=g¢. In the same manner as for the mapping v, we define the smooth mapping
Pa: T —o(T) CR? by

@Q(Q) =To ngﬁgq o gp;l(q), where g € Q, with (Qq, pa) € A1,

for all g€TI'. Let us remark that, in the same manner as in Step 2, we obtain that zﬁg has a
continuous extension at p. Moreover, for all (£2;, ;) € A1 with ; an arcwise connected set in T,

is compatible with A;.

-1
o,

the mapping 7’Z)2|Qz : Qi — 12 (Q;) CRy is an homeomorphism and 1y

Fig. 3.31 Illustration of the construction of the mapping s

Step 5 (Local homeomorphism up to a rotation). We prove the following:
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There exists n€{0,1,2,3} such that for all €T,

. {w(q), if € O1 Uniy, (3.29)

Ya(q) = _
Rnz otha(q), ifq€0s.

By construction, for all g€ Oy Un?,, we have ¥(q) =12(q). We denote J C I the set of indices
i € I such that Q; N Oy # @. Then, for all i€ J and g€ ; N Oz, we have

Valg)=To Fo s 0@ (9)=ToFg 5 o Fon, 0T oToFy  ogi(q)

i)Vgq

=To F§1 0 Fqy 0 © T o1ha(q). (3.30)

ia;ygq
Hence, we have 1]12(q) =G q012(q), with G; ,:R? - R? the grid automorphism defined by

—1 -1
Gig=To FQi,agq 0 Fai g 0T
for all i € J and g € Q;NO,. Therefore, due to the continuity of 12 and s on Oy, we have that Gig
is independent of i€ J and g € Oy and we denote this mapping G :R? — R?. Furthermore, since
19 has a continuous extension at p, we infer from 1[}2|(91Un* :1/J2|01Un* that 3 (p) =12 (p) =0.
set set
We conclude that 0 is a fixed-point of the grid automorphism G, so that there exists n € {0, 1,2, 3}

such that G = Rn%.

Part 2: mapping from Q;; to the cone Cy

Step 6 (Construction of the mapping Yeone). We first lift the image of 19 to the cylinder. We
denote ey : R x R— R2 the mapping defined by 7ey1(u, v) = (ucos(v), usin(v)). We fix go € Oy
and, using that the mapping 7.1 is a covering mapping and [36, Cor. 11.19], we obtain that
|O:O—>1/12((’)) CR?
such that ¥ey1(go0) = (|12(q0)|, arg(¥2(qo))) € R x[0,27). By construction, the mapping ey
satisfies Teyl 01y =1po. Moreover, the mapping ey o 101 = ey (O1) CRY x R can be extended

there exists a unique lifting tcy1: O — 1ey1(0) CRY X R of the mapping s

continuously on 7%. With this extension, we obtain a mapping ¢y : Q; —>wcyl((_2;) CRf x R.
We illustrate the lifting of the mapping 1, in Figure 3.32. Owing to Step 5, there exists an
integer N € Z such that, for all sequence (gy)nen C Oz converging to go € 1, the following is
satisfied:

Jim e(ga) = Yen(go) + (0,27N = n 7). (3.31)

We set A=[27N — nZ| and we denote C) the cone of interior angle X. Let 75 : R} x R— C\{0}
be the quotient mapping defined by 7)(u,v)=(u,v), with o=v mod A. Then, we define the
mapping Ycone : Qp — Cy by

o Uey(q), if g€,
wcone( ): Y . P
0, if g=p,

for all e Qp. Now, in the same manner as above, we lift to the cylinder the image of the mapping
Yo. We denote this mapping &Cylzl‘—mj;cyl(l’) CRJ x R. Then, using Step 5 and (3.31), we
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obtain that
~ Yey1(), if g€ 01 Ungy,
7»bt:yl(‘]) = )
VYeyi(q) + (0,27N —nF), if g€ 0o,

for all g€ I". Hence, we have

> © &cyl(Q) =T)\0 Q/)cyl(q) = wcone(Q)a (3-32)
for all g€T.
(0,27N—n3) e ()
I
Yoy (v —1)
{0} xR
1/)Cy1.(93)
I
Pey1(§22)
I
wcyl(Ql)
(0,0)

(b) Lifting to the cylinder: illustration

(a) Tlustration of the domains V; =(£2;) C R? of the domains ¥ey1 () CRY x R

Fig. 3.32 Construction of the mapping ¢y
(proof of Lemma 3.44)

Step 7 (Proof of Statements 1-4). First, since w2|0
the mapping ¢cone|(9 is a local homeomorphism. Then, we easily conclude from (3.32) that the
mapping tcone
a direct consequence of (3.31). For Statement 2 to hold true, we restrict in what follows 19 and
Yeone t0 By = Bar(p, ho), with hg >0 defined in Step 3. Then, owing to Step 3, for all h € (0, ho],
there exists [ >0 such that

is a local homeomorphism, we infer that

o+ is a local homeomorphism and Statement 1 follows. Moreover, Statement 4 is

dr(12(q),0) <l=dn(q,p) <h,

for all g€ Bp. Equivalently, we have

3 (Be(0,1)) € Bar(p, h),

and we conclude that

Yeone (Bx(0,1)) C Byr(p, h). (3.33)

This yields Statement 2 and we prove Statement 3 as follows. Let (£2;, ¢;) € A; be such that Q; is
an arcwise connected set in B;’;, with B;‘, ::Bp\{p}7 and such that tcone(€2;) C Cy is a branch-cut
domain. We first suppose that €; N ni;=a. Then, owing to Step 1, we have that lbg’Qi is a
homeomorphism and that 1/12‘52_1 is compatible with (€, ¢;). Hence, the mapping F;: =1y 0 @;:
@7 1(Q;) = 1ba () is a grid automorphism. Let (u,v) € ¢; '(€;) and let (r,0) €RF x [0, 27) be the

polar coordinates of Fj(u,v). Then, there exists N; € Z such that ¥y 0 ;(u,v) = (1,0 + 27N;).
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We infer that
Yeone © @Z(Uy U) :T)\(T, 0+ 27’[’]\72)

Then, setting IT:=1Is(C), cone(€2)) : Ycone (€2:) = P1(Cy, tcone (€2:)), we obtain that there exists
n; € Z such that
I © Yeone © @i(u,v) = Rm% 0 E(ua v). (334)

Since II, cone, i and F; are continuous, we infer that n; is independent of (u,v) € ¢, 1(Q,) and we
deduce that ¢cone| Q.
we have that (3.34) is equivalent to

is a homeomorphism. Moreover, setting (;:=1Io ¢C0ne] o i— G(Q;) CR?,

Gi o pi(u,v) =Ry, z o Fi(u,v). (3.35)

We conclude that (Q;,¢;!) is compatible with (€, ¢;). Finally, in the case where Q; N0, # @,
we emphasize that the result (3.35) is obtained in the same manner using @chl instead of 9cy1.
This yields Statement 3.

Now, we can prove Proposition 3.31 restated as follows.

Proposition 3.45 (Extension into conical singularities). Let M be a surface and let Ay be a
GC atlas with singularities P. Assume that, for all p € P, there exists a neighborhood Qp of p and
a finite open cover UN,; of (_2; ::Qp\{p}. Moreover, for alli€{1,..., N}, we suppose that §;
is geodesically convex and we suppose that there exists (Q;, p;) € A1 such that gp[l :Q; = U; CR?
is uniformly continuous. Then, there exists a GC atlas A with conical singularities P on M

containing A .
Proof.

Step 1 (Preliminaries). Let p€P and let Q, CM be a neighborhood of p satisfying the
assumptions of the proposition. Owing to Lemma 3.44, there exists A=k7, with £>1 an integer,
an open ball B, := By(p, ho), with hg >0, and a continuous mapping ¥eone : By — Yeone(Bp) € Ca
satisfying Statements 1-4 of Lemma 3.44. To prove the claim, we only need to show that there
exists h € (0, ho] such that Yeone
Indeed, supposing that tcone

|BM (v) : Bar(p, h) = Yeone(Bar(p, b)) C Cy is a homeomorphism.

] Bar (k) is a homeomorphism, Statement 3 (of Lemma 3.44) ensures

the compatibility of the conical net ¥eone with Ay. Then, noting that ¥cone with

-1

he cor By Gy
B}, :=B,\{p}, is a local homeomorphism (Statement 1), we first prove that for some neighborhood
a; QF = Yeone (£25) C CAN{0}, with Qf:=Qp\{p}, is a covering
mapping. To this purpose, we prove that this mapping is proper, i.e., that the preimage by
/(/}COHQ QS iS

proper by showing that we can keep away the preimage of compact sets in tcone(£25) from the

Qo C l?p of p, the mapping Yeone

G of a compact set in wcone(QS) is a compact set. In Step 2, we ensure that eone
0

boundary of B;;, that is, from p and from the boundary of Bp. We finally prove in Step 3 that

Yeone| Bu(p) 5 homeomorphism.

Step 2 (Proof that eone is a covering mapping). Let hmax >0 be such that clps (Bas(p, Pmax)) C
Bp. Owing to Statement 2, there exists [ >0 such that

Yeone (BA(0,1)) C Bar(p, himas)- (3.36)
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Moreover, using the continuity of 1cone at p and eone(p) =0, there exists h >0 such that
Bt (P, h) Ctheone (BA(0, 1)) (3.37)
We set Qo =1t {wcone(BM(p, ﬁ))} and O :=Qo\{p}. Then, using (3.37), we obtain that

Q0 C Yiame [eone (Veone (BA0.1) ) | € trcone (BA(0,1).

We deduce from (3.36) that
QO C By (p7 hmax)- (3'38)

Furthermore, using that 1cone| . 18 an open mapping (as a local homeomorphism), we obtain that

B
the set Yeone[Basr(p, h)] is open. Hence, §2f is an open set. We conclude that the mapping ¥cone

a5 -
Qf = Yeone (§25) is a local homeomorphism (restriction to an open set of a local homeomorphism).
Moreover, since p ¢ Qf, we have 0 ¢ 1heone (%) by Statement 2.

Let D chone(ﬁé) be a compact set. Since 0¢ D, we denote Ly=d(0, D) >0 the distance
from 0 to the compact set D in Cy. Then, using the continuity of 1¢one at p, we obtain that
there exists hmin >0 such that Bz (p, hmin) C ¥eone(Ba(0, 22)) (see Figure 3.33). Moreover, using

(3.38), we have 1L.(D) C Qo C B (p, hmax). Therefore, since theone is continuous, ¥, (D) is

a closed subset of the compact set clys(Bas(p, hmax))\ By (P, hmin) in Bp. We conclude that

@Z)C_o%le(D) is a compact set. Hence, 1cone|q. 1 @ proper mapping, so that, owing to [36, Exercise

a3
11.9], this mapping is a covering.

Step 3 (Proof that ¥cone s a homeomorphism). First, using that 1cone

G+ 18 a covering mapping
0 _

and using Statement 2, we easily obtain that there exists Iy >0 such that By (0, 1) C ¥cone(€20)-

Then, owing to Statement 4 the image of a closed curve around p homotopic to a circle in QS is

is a

a closed curve around 0 homotopic to a circle in ¢cone(QS) C Cx\\{0}. To prove that cone O
0

homeomorphism, suppose that 2 € teone(Q0) has two distincts preimages ¢; and g in Q. Let C

be a closed curve passing by ¢; and g2, and homotopic to a circle around p in Q(’S. Then, 1/Jcone(é)

is composed by two closed curves and is homotopic to a circle around 0 in tcone(€25). Therefore,

one of these closed curves is contractible in ©cone(£25), which contradicts that ¢ #g2. We

76%1#60“((23) is a homeomorphism. Therefore,

conclude that the covering mapping ¥cone|g- :
0

we have Qo= By (p,h) and we conclude that ¢Cone|BM(ij):BM(p’ h) = Yeone(Bar(p, b)) is a
homeomorphism using Statement 2. The claim follows.
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Fig. 3.33 Illustration of the sets Qo and D

66



Chapter 4

Smooth Chebyshev nets defined by

primal boundary conditions

We prove in this chapter the existence and the uniqueness of a Chebyshev net delimited by two
smooth curves called boundary conditions. We outline the main ideas of the proof as follows.
Following [25], we consider the angle distribution defined by the angle between the coordinate
curves of the candidate Chebyshev net. We prove that one can construct a unique mapping
from this angle distribution such that the v-coordinate curves are arc-length parametrized curves
with the proper geodesic curvature defined by this angle distribution. Note that the choice
of the direction is arbitrary, so that the u-coordinate curves could have been chosen. This
construction entails a loss of symmetry between these two coordinates which materializes itself
by a differentiation between the regularity of the two directions of coordinates curves. The aim
is now to view the Hazzidakis formula as a fixed-point equation on the angle distribution, using
that the candidate Chebyshev net depends (Lipschitz) continuously on this angle distribution.
We then show that, supposing that the Hazzidakis formula is satisfied by the angle distribution,
we obtain a regularity pick-up by the use of this identity, and therefore we recover the symmetry
between the two directions. Furthermore, we prove that, under suitable regularity conditions,
the candidate mapping constructed from the angle distribution is indeed a Chebyshev net, i.e.,
the u-coordinate curves are also arc-length parametrized. The last step of the proof is to show
the existence of a unique solution to the equation associated with Hazzidakis formula. This
is obtained in the spirit of the Cauchy—Lipschitz theorem: we first prove this existence and
uniqueness for a small interval in the v-coordinate, and we then extend this result to the whole

domain.

Preliminaries

Informal statement of the main result

Let
D=0, L,)x[0, L,], with L, L,eR},

and let v, : [0, L,,] = M and ~, : [0, L,] — M be two curves such that 7,(0) =~,(0), and forming an
interior angle Z(,,(0),7,(0)) € (0,7) at their intersection. For clarity of exposition, throughout

this chapter, we consider a slightly different notion of Chebyshev net which will refer to mappings
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(not necessarily homeomorphisms) ¢: D — M satisfying

|Ousplg(u,v) =1
\avgo\g(u,v):l, (41b)

for all (u,v) € D. Furthermore, note that the orientation of the boundary curve , is reversed in
this chapter to simplify the exposition. We prove in the sequel the existence and the uniqueness

of a Chebyshev net ¢: D — M verifying the primal boundary conditions

cp(u,O):’yu(u), Vue [OaLu]7

(4.2)
©(0,v) =7, (v), Yvel0, Ly].

Moreover, we show that the solution depends continuously on these boundary curves, in a sense
that will be made precise later on. The considered surface M is supposed to be smooth, open,
complete, and simply connected and we denote K its Gaussian curvature. Due to the above
assumptions, the surface M is homeomorphic to the plane so that we suppose in what follows
that M = (R?, g). We moreover suppose that the metric g satisfies the following property: for all
compact set W C M, there exists Cgurr > 1 such that

|X|g(p) < Cout |X|, (43)

for all p€ W and X € R?. Unless explicitly mentionned, all the considered curves are assumed to
be arc-length parametrized. Then, the geodesic curvature x,: I CR—R of a curve o: 1 — M is
defined by

Doy (4.4)

ko ={d" o

where o't is the direct Z-rotation of o’. In the sequel, C' and C are two generic constants whose
values can change at each occurrence and we will often explicit their dependence.

Following [25], we reformulate the problem of finding a Chebyshev net ¢: D — M as the
problem of finding the angle distribution w: D — R /277 between the coordinate curves defined by
w(u,v) = Z(Oup, Ovp)(u,v). With this purpose in mind, we observe that w satisfies the following

integrability condition (in the form of a modified Sine-Gordon equation) [25]
Oupw = —K (o) sin(w). (4.5)

Equivalently, w satisfies the integrated form of (4.5) called the Hazzidakis formula

wu)= Z0u070) = [ rusds + [ k(s

- (4.6)
_ /0 /0 K(p(s,t)) sin [w(s, t)]ds dt,

for all (u,v) € D, with k,,:[0, L,] >R and k,:[0, L,] = R the geodesic curvatures of -, and =,
respectively (see Figure 4.1). We moreover remark that, since ¢ is a Chebyshev net, it satisfies
the following property:

map
u

S (u, v) = Oyw(u, v), (4.7b)

v

Ky P (u, v) = —0yw(u, v), (4.7a)

K
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4.1 Preliminaries

Fig. 4.1 Nlustration of the coordinate curves of a Chebyshev net ¢

for all (u,v) € D, where k;*P: D —R and «*P: D — R are respectively the geodesic curvatures
of the u-coordinate curves and of the v-coordinate curves of ¢. We obtain by combining (4.2)

and (4.7) that the angle distribution w satisfies the boundary conditions

w(w, 0) = Z(+(0), 7.(0)) — /0 " (s)ds, Vuel0, L), (4.84)

(0, 8) = Z(7.(0),7.(0)) + /0 *ro(s)ds, Voelo, L. (4.8b)

We will first show that we can associate with any angle distribution w: D —R/27Z satisfying
(4.8) a unique mapping ¢:=Z(v,w): D — M satisfying (4.1b), (4.2), and (4.7b), and then we
will show that this mapping also satisfies (4.1a) and (4.7a) whenever w satisfies the integrability

condition (4.5). This section aims at proving the following result:

Theorem 4.1 (Existence and uniqueness of Chebyshev nets). Let M be a smooth, open, complete,
and simply connected surface. Let v, :[0,Ly]— M, with L, €R}, and ~,:[0, L,| = M, with
L, RS, be two curves with respective geodesic curvatures ky:[0, Ly]) =R and ky: [0, L] > R,
and such that v,(0) =7,(0). Suppose that Z(7;(0),75(0)) € (0,7). Then, there exists a unique
angle distribution w:D —R/27Z, with D =10, L,]x[0, L,], verifying the boundary conditions
(4.8) and satisfying the Hazzidakis formula (4.6), with ¢:=Z(vy,w): D — M the unique mapping
satisfying (4.1b), (4.2) and (4.7b).

Suppose moreover that we have 0 <w(u,v) <, for all (u,v)€D. Then, ¢ is a Chebyshev
net, i.e., it also satisfies (4.1a) and (4.7a), and the dependency of w and ¢ is continuous with

respect to the boundary conditions ~y, and 7y,.

In the previous statement, we have not defined precisely the regularity of the objects or the
norms on the considered vector spaces. These are defined in Section 4.1.2, and a more accurate
statement of Theorem 4.1 is given by Theorem 4.3. A direct consequence of Theorem 4.3 is the

following theorem:

Theorem 4.2 (Existence of a unique solution to integrability condition). Let M be a smooth,
open, complete, and simply connected surface. Let v, :[0, L,|— M, with L, €R} U {cc}, and
Yo : [0, Ly| = M, with L, e R} U{cc}, be two smooth curves with respective geodesic curvatures ki, :
[0, L,) =R and Ky : [0, L,] = R, and such that v,(0) =~,(0). Suppose that Z(~,,(0),~,(0)) € (0, ).
Then, there exists a unique angle distribution w: D —R/2x7Z, with D =10, L,]x[0, L], verifying the
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boundary conditions (4.8) and satisfying the Hazzidakis formula (4.6), with p:=Z(vy,w):D— M
the unique mapping satisfying (4.1b), (4.2) and (4.7b).

Suppose moreover that there exists D=0, L,]x[0, L], with L, € (0, L] and Ly, € (0, L], such
that 0 <w(u,v) <, for all (u,v)€D. Then, the mapping g0|D is a Chebyshev nets, that is, it
satisfies (4.1) for all (u,v)€D.

In order to prove Theorem 4.3, we proceed along the following plan. In Section 4.2, given the
two curves 7, and vy, on M and the angle distribution w: D —R/277Z between the coordinate
curves, we first construct the candidate Chebyshev net ¢ =Z(y,w): D— M. We then show
that whenever ¢ satisfies the integrability condition (4.5), this mapping also satisfies (4.1)
under suitable regularity conditions. In Section 4.3, we view the Hazzidakis formula (4.6), with
¢ :=ZI(y,w), as a fixed-point problem on w. We show existence and uniqueness of the solution
}[O’LO] :[0, Lo] — M, where Lo € (0, L,] is a

constant depending on the C°-norm of the geodesic curvatures of «y, and 7,. This result is called

to this fixed-point equation for the curves v, and -,

“local existence” in what follows. We finally extend this result to the curves v, and -, of arbitrary

length, in the spirit of the Cauchy—Lipschitz theorem.

Functional spaces and statement of the main result

We now turn to the regularity required on the curves 7, and 7, and on the angle distribution
w. In what follows, we define the spaces in which the curves, parametrizations and angles are

constructed. Recall that
D=0, L,]x[0, L,], with Ly, L, €R}.

Let k€N and L€ (0,L,]. We consider the space C*+2(]0,L], M) of curves v with general
parametrizations on M and such that the geodesic curvature of v has C*-regularity. We define
I'**+2(]0, L]) to be the closed subset of C**2([0, L], M) formed by arc-length parametrized curves:

T542((0, L)) = {y € C*2([0, L], M) s.t. ¥s €[0, L], V' (5)lgrep =1},

equipped with the norm || - [[cr+2(( 1))- Note that the norms involved in the Sobolev spaces are
the Euclidean norms. Let 7 € N. We define the space ©™*(D) of angle distributions on D:

O"*(D)=C" ([0, L], C*([0, L], R/27Z)),

equipped with the norm
lwllerk iy = llwllcrjo,Lal,c (0,000))-

In the case where k=r, the notation of ©%%(D) is simplified to ©%(D). We denote ®"**2(D) the
closed subset of the Banach space C" ([0, L], C**2([0, L,], M)) formed by arc-length parametrized

curves with C*+2-regularity depending on a parameter of regularity C”:
SFH2(D) =7 ([0, L, TH2([0, Lu])) € C7 (0, L), CFF2([0, L], M)).
This space is equipped with the norm
[ellorr+2py = llellcr((0,Lul, 05 +2([0,2.])) -
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4.2 Construction of a Chebyshev net from its angle distribution

Note that we do not require the regularity on the first variable to be the same as the regularity
on the second variable. This will be made visible in the construction of the candidate Chebyshev
net : the first coordinate denotes the initial conditions of an ordinary differential equation in
the second coordinate, which does not entail the same regularity.

Let v = (Yu, o) €T7F2([0, L,])xT**2([0, L,]) be two curves with respective geodesic curvatures
Ky [0, Ly) = R and Ky, : [0, Ly] = R, and such that ,(0) =,(0). We define the affine subspace

composed of the angle distributions satisfying the boundary conditions (4.8):
OTH(D) = {weO™(D), s.t. w satisfies (4.8)}.

The subspace @fy’k is a closed subset of the Banach space ©™*. Again, in the case where r =k,
we set @@ = @ﬁ?k.

We can now restate Theorem 4.1 with the correct regularity.

Theorem 4.3 (Existence and uniqueness of Chebyshev nets). Let M be a smooth, open, com-
plete, and simply connected surface and let k €N. Let y= (v, v») € T*F2([0, L,]))xT*2([0, L,]),
with Ly, Ly ERY, be two curves with respective geodesic curvatures KUECk([O, L,]) and ky €
C*([0, Ly)), and such that v,(0) =~,(0). Suppose that Z(+;(0),75(0)) € (0, 7). Then, there exists
a unique angle distribution w:=J(v) € @]ffl(D), with D=0, L,]x[0, L,], verifying the boundary
conditions (4.8) and satisfying the Hazzidakis formula (4.6), with ©:=ZI(vy,w)€ ®**2(D) the
unique mapping satisfying (4.1b), (4.2) and (4.7b).

Suppose moreover that we have 0 <w(u,v)<m, for all (u,v) € D. Then, ¢ is a Chebyshev
net, i.e., it also satisfies (4.1a) and (4.7a), and the mappings

J: *+2(]0, L,]))xT**2([0, L)) — (D),
T: TFF2([0, L,])xI*+2([0, L)) x©F (D) — @k 2(D)

are continuous.

Construction of a Chebyshev net from its angle distribution

We now prove that a Chebyshev net can be constructed uniquely from its angle distribution.
We start by showing in Subsection 4.2.1 that the construction of curves from their geodesic
curvature, initial point and initial tangent vector is a well-posed problem. We then define,
following [25], the mapping Z(~y,w) which, for given boundary curves =, and =, associates with
any angle distribution w satisfying the boundary conditions (4.8) the candidate Chebyshev net
¢, with angle distribution w, satisfying the boundary conditions (4.2) (Subsection 4.2.2). The
parametrization ¢ is constructed in such a way that the v-coordinate curves are arc-length
parametrized curves with geodesic curvatures satisfying (4.7b). We moreover show the continuity
of the mapping Z with respect to the angle distribution and to the delimiting curves =, and ~,.
In Subsection 4.2.3, we show that the candidate Chebyshev net ¢ has improved regularity in the
u-coordinate whenever w satisfies the integrability condition (4.5). Finally, in Subsection 4.2.4,
we prove that ¢ is indeed a Chebyshev net if w satisfies the integrability condition and has a

sufficient regularity.
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Smooth Chebyshev nets defined by primal boundary conditions

Construction of curves from their geodesic curvature

Proposition 4.4 (Construction of curves from their geodesic curvature). Let M be a smooth,
open, complete, and simply connected surface. Let Lyax €ERY, L€ (0, Limax) and k,r €N. Let
z€M, let VET,M be a unit vector, i.e., a vector such that |V|,=1, and let k € C*([0, L], R).
Then, there exists a unique (arc-length parametrized) curve o(x,V, k) :=o € T**2([0, L]) such that
a(0)==z, ¢/(0)=V, and with geodesic curvature .

Moreover, let Ly, Lo € (0, Lymax), let 1,22 € C"([0, L1], M) be initial position distributions and
let Vi,VoeC™([0, L], TM), with |Vi|g=|Va|g=1, be initial derivatives distribution. Let Dj o=
[0, L1]x[0, Lo] and let r1, ko € CT([0, L1], C*([0, Lo, R)) be geodesic curvatures. We denote o1, 03
[0, L1] — T*+2([0, La]) the two families of curves defined by om(n,-) :=0(xm (1), Vin(n), km(n,-)),
for allme |0, L1] and me{1,2}. Then, we have

01702GCI)T’]H_Q(DLQ):CT([O,Ll],rk+2([0,LQ])),
and, for all me{1,2},
HUmH@nH?(DLQ) <C, (4.9)

where the constant C' depends on Lmax, Hfl}m‘|cr([07L1]), HVmHCT([O’LI]), and H:‘imHCT([QLchk([&LQ])).

Finally, we have

o1 = o2llanp, ) < C(Lallor = walleoo, .
if k=0 and r=0, (4.10a)

+llz1 = w2l ooqo.cap + Vi = Valleogo.ap )
o1 — o2llgrrt2(p, 5) §C~Y(HH1 — K2ller((0,L4],C%([0,L2))) (410b)
+ |21 = @2llorqo.cap + Vi = Valler o )

where the constants C and C' depend on Liax, |zmllerqo,a))s [Vmller(o,2.)), and ||/€m||Cr([0’L1]’Ck([07L2])),
with me {1,2}.

We illustrate the family of curves oy introduced in Proposition 4.4 in Figure 4.2.

o1(0,-)

Vi(0)
1 (0)

Fig. 4.2 Tllustration of the construction of the family of curves oy
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4.2 Construction of a Chebyshev net from its angle distribution

Proof. To prove the claim, we proceed as follows. We first introduce in Step 1 the geodesic
curvature equation that permits to define uniquely a curve from its geodesic curvature. The
existence and the uniqueness of the curve is proved in Step 2 using Cauchy—Lipschitz theorem.
Then, in order to apply an induction argument, we prove (4.9) and (4.10) in the case k=0 and
r=0 using Gronwall’s inequality. The equation satisfied by the derivatives of the solution is
presented in a generic form to facilitate the end of the proof in Step 3. Finally, we prove (4.9)
and (4.10b) in Steps 4 and 5 using induction arguments. Whenever there is no ambiguity, the

domain of the variables will be omitted.

Step 1 (Formulation of the geodesic curvature equation). Let (0!, 02), with ol,02:[0, L] = R,
be the coordinates of the candidate curve o:[0, L] — M with geodesic curvature k. We denote
% the covariant derivative along the curve o. The geodesic curvature equation for arc-length

parametrized curves gives

—0' =Ko'—, (4.11)
which can be written, in coordinates,
X =G(X)+rf(X), (4.12)

with X (0)= (2!, 22, V!, V?). Here, we have denoted

X3
ol 0 o
o 0 1 1 y2y y2+i 243
X= n , f(X)= 1 , GX)=| ~ Z Fiaj(X , X)X X )
7 N 1<4,5<2
o2 N2 _ Z FZZj(Xl,XZ)X2+iX2+j
1<4,5<2 ,

Ffj being the smooth Christoffel symbols, G the smooth geodesic function and N the normal
vector defined by

N:( Z: >:\/detg(X1,X2)gl(X1,X2) < _;? ) .

Step 2 (Proof for k=0 and r=0). As G + kf is continuous and locally Lipschitz continuous
with respect to X, owing to Cauchy—Lipschitz theorem, there exists a local solution to (4.12).
Moreover, since o is by construction arc-length parametrized, we have |o’|; =1 and we infer from
(4.3) that 0’| < Cgsut - Hence, the image of X is included in a ball B whose radius depends only
on Lyax and Cgyr . We deduce that the solution is defined on [0, L]. Moreover, G and f are
Lipschitz continuous with respect to X on B. Hence, G + k[ is Lipschitz continuous with respect
to X on B, so that the uniqueness of the solution follows. Moreover, we infer from (4.12) that
o €T?([0, L]).

Let me {1,2} and let X,, = (0}, 02, 0%, 072)!: D1 2 —R* be such that X,,(n, ) is the unique
solution to (4.12) with kK=#k,(n,-), for all n€ [0, L;]. First, owing to [27, Chap. V, Th. 2.1],
we have X, € C°([0, L1],C*([0, Ls])), so that oy, € ®%2(D; 2). Then, since |0’| < Csyt , we infer
that ||omllg0.2(p, ,) <C, where the constant C' depends on ||, (-, 0)lco(o,z,)) and | X7, llco(p, 2)-

Moreover, due to |f(Xm)|g=|o,|lg=1, we have
|f(Xm)| < Cout - (4.13)
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Smooth Chebyshev nets defined by primal boundary conditions

Furthermore, since X,,({n} x [0, L2]) C B, we infer that G(X,,) is bounded and that this bound
only depends on B, so that it only depends on X,,(7,0), Liyax and Cyyy , for all n€[0, Ly]. We
conclude that

lomlleo.2(p, 5) < C,
where the constant C' depends on ||z, [|co(jo,z,]) and [[km||co(p, ,), and (4.9) holds with k=r=0.
Then, since the restrition of G and f to B are Lipschitz continuous in the variable X with

coefficients denoted respectively C and C, we have

| X1 — X5| < (Ca + [k1|Cp) | X2 = Xa| + |2 — k1| [|F(X2)llco(p, 5))-

Therefore, using Gronwall’s inequality and (4.13), we infer that

|X1(t) — Xa(t)| <exp [t(CG + CfoleCO(Dl,z))} (|X2(0) — X1(0)] + Court /O K2 — fﬂl) ;o (414)

for all t€[0, L]. We deduce that (4.10a) and (4.10b) are satisfied for k=r=0.

Step 3 (Differential equation on the derivatives of X ). Let m € {1,2}. Owing to [27, Chap. V,
Th. 4.1], we have that o € '**2([0, L]) and o,, € ®"*+2(D; 5). We use the following notation: for
I=(i1,i2) €N? we set ! f(n,t) :8%16Z2f(77,t). We denote (H, ), with , k€ N*, the following
induction hypothesis:

for all I =(i1,i2) €{0,...,r}x{0, ..., k} such that I #(0,0), we have

K X= (VG (Xm) 4 kmVF( X)) Xon

+ Y Y Fls [0 Xm)osprasis, 0<qra<ia, pro<intiz] 0D km,
0<a<in 0<A<is

(4.15)

where Fc{,ﬁ ‘R0 R, with

(i —a+ - B+1), fa+tBF0,
nog=
’ (i1+1)(ig+1)—1, otherwise,

are C™ functions, for all (a, ) €{0,...,i1}x{0, ..., i2}.
We denote 0 and 0y the derivatives with respect to 1 and ¢ respectively. We first obtain
from (4.12) that, for all me {1,2} and i€ {1, 2},

ataiXm ZVG(Xm)ale + az’fmf(Xm) + Kmvf(Xm)asz

Hence, (4.15) is satisfied for I =(0,1) and I=(1,0), so that (#1,1) holds. We now suppose that
(Hyr.) holds for r, k € N*. Then, for I =(i1,i2) with iy =7 and i =k, we have

010:0" Xy = (VG (Xon) + 6mV f (X)) 030" Xon + 0 [VG(Xon) + kmV f (Xn)] 0 X,

DD {81' (Fas (0P Xin)osprasis, 0<gts<ia, pra<isia)] ) 0 i
0<a<iy 0<B<iz

+ Fiﬁ@ia(a’ﬁ)ﬁm] .
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4.2 Construction of a Chebyshev net from its angle distribution

The first term is in the form of the first term on the right-hand side of (4.15) and the last two
terms can be put in the form of the second term on the right-hand side of (4.15). Equation
(4.15) is then satisfied for I =(r + 1,k) and I =(r,k + 1), so that (H,+1x) and (#H, x4+1) hold.

The claim follows.

Step 4 (Proof of (4.9)). Let me{1,2}. First note that we have by definition
r  k+1 o
lomllorarapy ) < D D 10807 Xl co(py o)-

11=0142=0

Then, to obtain (4.9), we only need to prove that
10" Xonll oy ) <C, (4.16)

where the constant C' depends on Liax, || Zm | i1 (10,L4])> vaucil([O’Ll]), and || Km || cix (10,L4],C%2 ([0, La]))
for all I =(i1,12) €{0,...,7}x{0, ..., k+1}. We prove (4.16) by induction on I €{0,...,7}x{0, ..., k+
1}. Hence, we first consider the case i =0, in which case we have, using (4.15) and Grénwall’s

inequality,
103 X (8)] < exD [ VG(Xim) + i, V. (Xm0, 1]

|0} X (0)] + piO)ix gy | gle0)
«( \Z/\ao 0T ] 9,

)

for all 7; €{1,...,7}. Moreover, from Step 2, we have that (4.16) holds in the case where I =(0,0).
(ilvo)

Then, since the functions F}, ;= have C'*°-regularity with respect to (Xom, - (‘3“ 1X,,), for all
a€{0,...,41} and i; €{1,...r}, an induction argument on i; €{0,...,r} permits to prove that
(4.16) holds for all T€{0,...,r}x{0}.

Now, noting that 0,07 X,, :8}718;2+1Xm, we infer from (4.15) that

10:0" X mllco (D, 2) € IVG(Xim) + 6V f(Xim) o, )10 Xl oo, 2)

I :
+ Y > HFa,ﬂ {(3(pq)Xm)0§p+a§ih0§q+ﬂ§i2,p+q<i1+z‘2}
0<a<ii 0<B<iz

@B 0
CO(D1,2)||8 KWHC (D1,2)»
for all I=(i1,i2)€{0,...,7}x{0,...,k} such that I#(0,0). Finally, since (4.16) holds for all
I=(i1,0)€{0,...,7}x{0} and for I =(0,1) by step 2, and since all the functions Fo{ﬂ have C°-
regularity, the induction argument on I to prove that (4.16) holds for all I € {0, ..., 7}x{0, ..., k+1}
is straightforward. We conclude that (4.9) holds.

Step 5 (Proof of (4.10b)). Let I = (i1,i2) €{0,...,7}x{0, ..., k} be such that I # (0,0) and let m €
{1,2}. Owing to (4.9), 8’ X,, is bounded by a constant depending only on [mllcr(0,017,0%([0,La))
|Zmller o,y and [[Vinllcr(jo,z4)), for all 1€{0,...,7}x{0,...,k}. Hence, the smooth functions
FI a,p are Lipschitz continuous on the compact set defined by the image of the derivatives of X,
for all (a, ) €0,...,i1}x{0,...,i2}. We denote CFC{ , their respective Lipschitz coefficients in
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Smooth Chebyshev nets defined by primal boundary conditions

this compact set and we set W,,, =37 X,,,. Using (4.15), we easily obtain that

0,W2 — oW1 | < (IVG(X1)llco + k1| IV f(X1) [ co) [Wa — WA
+ (‘fﬁvf(Xl) — KoV f(Xa)| 4 |VG(X1) — VG(X2>DHW2||CO

i1 i2

+ Z Z Cpr ) Z |5(p,q)X2 — o9 x, | 0@ k1 || co
a=08=0  pe{0,...i1}, ¢€{0,....ix}
pHq<ii+iz
il i2
3y ’ Fl, [@(p,q) Xo)o<praci, 0<qr<ia, W@ﬁh] ’CO 0Py — OB oy,
a=0 =0

where CY refers to the norm C%(D12). Using Gronwall’s inequality, we infer that

(Wi — Wa|(n,t) <exp [[VG(X1) + k1 V f(X1)]|cot] x

t
(19 = W00+ [Walow g e (1slloo. IV 7 CXlcos 1) [ 152 = 1| +(Co 4 Cs) 2 = Xl
z 0

)

11 12 ¢
+ Z Z Cr1 . 16 k1 | o Z / |09 X, — 9P x|
a=05=0 7 pE{0,...si1}, q€{0,...,ia} 70
p+g<iitiz
iy g .
+ Z Z ’Féﬁ [(a(m)Xz)ongragil, 0<q+p8<is, p+q<i1+i2:| 00/0 ’a(a,ﬂ)ﬁ1 — 3(04,6),{2’)7
a=038=0

where C? refers to the norm C%(Dj 2), and Cy ¢ and Cyg are the Lipschitz constants of V f and
VG, respectively. Then, we obtain using (4.9) that

o1 = o2l piria+i(p, 5) < C(”fﬂ = Kallon (jo,],02 (o,L2))) + 121 = @2l o,2,)
+ Vi = Vallgar o,y + 21+ 22)’

where the constant C' depends on Liax, [|Z1l|lci1(j0,2,1)s [Vill i jo,24))+ @nd [[Killcin (jo,2.],02 (0, L2]))
with [ €{1,2}, and

v, = {Hffl = 02llgirtiat1(py o), i 11>0, 5y — {||01 = 02llginiz(pyp), i i2>0,

0, otherwise, 0, otherwise.

Hence, using (4.15), we obtain in the same manner that

|01 — o2l piriz+2(p, 5) < C(HHI — kallcin (j0,L,],¢2 ([0,La])) T 121 — T2l (jo,21))
+ Vi = Vallgi o,y + 1 + 22)7
where the constant C' depends on Lay, H:L‘IHCT([O,LID, HWHCT([QLID, and HFJ[Hcr([(lLchk([OlQ])),
with 1€ {1,2}. We then obtain (4.10) by a straightforward induction argument on I = (i1,i2) €
{0,...,7}x{0, ..., k}, recalling that the case I =(0,0) was proved in Step 2. This concludes the

proof of the proposition.
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4.2 Construction of a Chebyshev net from its angle distribution

Construction of the parametrization

Let R, (0) be the rotation of angle € in the tangent plane T, M at x € M and let D =10, L,] x [0, L,],
with L., L, €RJ. Let r, k€ N. Using the notation of Proposition 4.4, given an angle distribution
we @,’;H’kH(D) satisfying the boundary conditions (4.8) given by the two curves v = (v, V) €
I7+2([0, L)) xT**+2(]0, L,]), we set

z(n)=yu(n) €M, V(n)=Ry,mwn,0))7, (1) €Ty, M, (4.17)

and k(n, s) =0,w(n, s), for all (n,s) € D. Let ¢, : D— M be the family of curves such that the
curve @, (1, -) € T¥*2([0, L,]) has initial position ¢, (1, 0) = z(n), initial tangent vector d,,, (1, 0) =
V(n), and geodesic curvature x(n,-), for all n€ 0, L, (see Figure 4.3). Note that the mapping
¢ also depends on the curves = (7y,7y) but since these curves are kept fixed in what follows,

we do not mention them explicitly. We denote

I(’}/, ) . @;‘Fl,kﬂ’l(D) N (I)r+1,k+2(D)7

W= P,

the mapping that associates with each angle distribution w with ©"+1*+1_regularity and satisfying
the boundary conditions (4.8), the mapping ¢, : D — M.

Fig. 4.3 Tllustration of the construction of the parametrization ¢,

Proposition 4.5 (Continuity of the construction). Let M be a smooth, open, complete,
and simply connected surface, let k,r €N, and let D=0, L,|x[0, L,], with Ly, L, €R}. For
all v = (Yu, 1) ETTT2([0, L)) xT**2([0, L,]), the mapping I(v,-) is well defined. Moreover,
let 1,72 €T7F2([0, L)) xT*2([0, L)), with v1=(Yu1,Ye1) and y2=(Yu2,V.2), be such that
11 (0) =702(0) =701(0) =70,2(0) and. such that +,.(0) =~ 5(0) and ~(0) =~}5(0). Consider
the two angle distributions wy, € @TY:U“H(D), for me{1,2}. Then, we have

IZ(Yim wm) [l gr+1.542py £ C (4.18)
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where the constant C' depends on Ly, Ly, |Yumllrs(o,2.]), and [|wmller+1k+1(py, with s =max(r +
1,2). Moreover, for all L€ (0, L,|, setting D, =0, L,]x[0, L], we have

IZ(r1, 1) = Z0zsw2) lao(py) < C(Lllwr = wallon o)

if r=0 and k=0, (4.19a)
+ w2 = “Yu,1||F2([o7Lu]))7
IZ(r1, 1) = Z(y2, @) a2,y <€ (lln = willrisn oy
ifr=0, (4.19b)
+ Va2 — 7u,1||r2([o,Lu])),
Z(v1,w1) — 1(727w2)||¢>T+1v’“+2(DL) SC(le - w2||@r+1,k+1(DL)
if r>0, (4.19¢)

+ [[Yu,2 — '7u71||1“r+1([0,Lu])>7

where the constant C' depends on Ly, Ly, ||vu,illrs(o,L.)), and [|willor+1st1(py, with i€ {1,2} and
s=max(r +1,2).

Proof. Since the construction of the mapping ¢, is the same as that in the construction of
Proposition 4.4, we only need to prove that the boundary conditions used in the construction of
¢, are smooth enough. We denote £, 1:[0, L,] = R and &, 2:[0, L,] = R the geodesic curvatures
of the curves v,,1 and 7,2 respectively. Using the notation of Proposition 4.4, for all m € {1, 2}

and u € [0, L,|, we set @y, (1) ="y,m(u) and

Vin (4) = Ry () (W (11, 0))7  (10) = €08 (Wi (0, 0)) 72, (1) + Si0 (0 (11, 0) )3 (), (4.20)

where 7,5, is the direct J-rotation of 7, ,,,. Since |V;, | =1, we infer from (4.3) that Vi llcoo,z.)) <
Cut » for all me {1,2}. Furthermore, using that w; € O F*1(D) and w; € ©7F*1(D) both
satisfy the boundary conditions (4.8), we obtain

u u u
o = erl(w,0) =] [“ruz = [ waa| < [ ru = wal
0 0 0

Hence, using (4.20), we obtain by a straightforward computation that

V2 = Villoogo.zuy <€ (kw2 = kullcoqo.za + 196 = leogoLa ) (4.21)

Let me{1,2}. Since wy,, satisfies the boundary conditions (4.8) given by the arc-length

parametrized curve v, ,, we infer from the definition of geodesic curvature (4.4) that

D /L

%’Y;,m = "iu,m’)/ﬁ,_m = _8uwm('7 0)7u,m7
D 1
%%’L,m = _K/u,m'}’;’m = auwm('v 0)71/1,7717

where % is the covariant derivative along the curve 7, . Hence, we deduce from (4.20) that

d%Vm(u) = Oywm(u,0) (cos(wm(u, 0))71%”1 — sin(wm (u, 0))')’;,m)

D D
+ cos(wm (u, 0))%%’“% + sin(wpm (u, O))@'y/ulm =0, (4.22)
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4.2 Construction of a Chebyshev net from its angle distribution

for all uw€ [0, L,]. Therefore, in the same manner as in Proposition 4.4, using that V;,, is bounded,
(4.21) and (4.22), we obtain

Vinllor+1(o,..) <C - IV = Valler+1(o,r.]) < Cllvat — Yuzlivs(o, L. (4.23)

where s =max(r+1,2), the constant C' depends on Ly, Ly, and ||Yum||rs((o,z,)), and the constant
C depends on L, L,, and [Vallrs (0,.])> With 1€ {1,2}. Moreover, since &, ="u,m, we have

|Zmller+1(o,0.) = IVumllr+1qo,za))s 1171 = Z2llertiqo,Lu]) = a1 — Yu2llor+iqo,La))-  (4:24)

We set kb (U, ) := Opwin(u, -) : [0, Ly] = R, for all u € [0, L,]. We conclude the proof using (4.23),
(4.24) and Proposition 4.4 with regularity (r+1,k), i.e., with z1, 2o € C"1([0, L,]), Vi,V €
C™ ([0, Ly]) and Rl s Ky € C™1(]0, Ly], C*([0, L,)])). [ |

Regularity of the candidate Chebyshev nets

Let us now consider the case where we have the same regularity in both coordinates in the
data permitting the construction of ¢, i.e., r =k. Then, taking r =k in Proposition 4.5 gives
an optimal estimate in the second coordinate regularity but a suboptimal estimate in the first
coordinate, since we expect C*T2_regularity in both directions. We show in this section that,
whenever the mapping constructed satisfies the integrability equation (4.5), it has indeed the

expected regularity in the first variable as well.
Proposition 4.6 (Regularity of mappings satisfying the integrability condition). Keeping the
assumptions of Proposition 4.5 with k=r €N, we moreover suppose that w,, € O*t1(D) satisfies

the Hazzidakis formula (4.6) with @m :=Z(Ym,wm), €.,

v

o (1,0) = 200 Vo) = [ R+ [

w v (4.25)
_ / / K [Z (s i) (1, 8)] sin(eom (£, ))dtds,
0 Jo
for all m € {1,2}. Then, we have o, € ®**2(D) and
IZ (" wim) |l or+2(py < C, (4.26)

where the constant C' depends on Ly, Ly, |[Yum|lrs+2(o,0.)): and |wmller+1(py, for all me {1,2}.

Moreover, we have

1Z(n,w1) = Z0v2,02) a2y < C Jlan — wallows ()
(4.27)

+ 172u — 71,u\|rk+2([o,Lu]))

where the constant C' depends on Ly, Ly, ||Yu,illrs+2(o,1.)) and llwillgk+1(py, for i€ {1,2}.

Proof. Let m € {1,2}. First, owing to Proposition 4.5, we have ¢, =Z (Y, wn) € PF1F2(D).
We denote k3P = Oywn, € CFFL([0, Ly,], C*([0, Ly])) the geodesic curvatures of the v-coordinate
curves of ¢,,. Let us remark that, since w,, € ©1(D) satisfies the Hazzidakis formula (4.25), wy,

satisfies the integrability condition (4.5), i.e.,
Oupwm = —K (o) sin(wp, ). (4.28)
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Smooth Chebyshev nets defined by primal boundary conditions

map

Then, the claim is obtained by remarking that (4.28) implies that the geodesic curvatures ki,

of the v-coordinate curves satisfy
ke e CF2((0, Ly,), C*([0, Ly))). (4.29)
Indeed, for all 4, j €{0,...,k}, we have

O OURER = 00 (DuDutm) = OL0Y (K (o) sin(wpn) ). (4.30)

Hence, since wp, € ©51(D) and ¢y, € ®*5+2(D) and since K is smooth, we infer that (4.29)
holds and that (4.30) is satisfied for all i € {0, ..., k+1} and j €{0, ..., k}. Furthermore, we have

aﬁ vm?r? :8u(_K(90m) Sin(wm)) = Sin(wm)VK(Som)au(Pm - K(‘Pm) Cos(wm)auwm7 (4‘31)

so that we easily obtain Hag’{vmﬁgHck([o,Lu],Ck([o,Lv})

Ly, [|wmller+1(py, and [[@m|er+1(py- Using moreover (4.18), we conclude that the constant C

) < C, where the constant C' depends on L,

only depends on Ly, Ly, [[wm|ler+1(py, and [|Yum|rs(o,L.]), With s=max(k +1,2). We infer that

||'%1r1r:7a”‘r£)HClc+2([0’LuLck([07Lv])) S Ca (432)

where the constant C' depends on Ly, Ly, [|wmller+1(py, and [[yumllrs(o,z.))- Recalling that
s=max(k + 1,2), we deduce from (4.31) and (4.19) that

1826557 = 02625 | v oz, om0,y < C (Il = wrllorra(py + ez = @rllowrap))

C(HW —willer+1(py + w2 — ’Yu,lHrs([o,Lu})),

where the constants C, C' depend on L., L., Vu,illrs ((0,L.4)s and [[willer+1(py, with i€ {1,2}. We

conclude that

map

HK“ mapHCk+2([0 La,CE((0,.10]) < C(HWQ — w1H@k+1(D) + 17,2 = Yu, l”FS (o, Lu])) (4.33)

where the constant C' depends on Ly, Ly, ||Vu,illrs(jo,.])> and [|willgr+1(py, with i€ {1,2}. As in
the proof of Proposition 4.5, for all u € [0, L,], we set x,(u) =7y,m(u) and

Vi (1) =R, () (@ (145 0)) Yy ().

Before we apply Proposition 4.4 with regularity (k+ 2, k), let us first note that, as in the proof of
Proposition 4.5, the estimate on x1, 29 € CK¥T2([0, L,]), Vi, Vo € C¥*2([0, L,]) is given by (4.23),
(4.24). Hence, the claim follows from the estimate on r, 1", #y5" € C*+2([0, L,], C*([0, L)) given
by (4.32) and (4.33), and Proposition 4.4 with regularity (k + 2, k). [ |

From integrability conditions to Chebyshev nets

Proposition 4.7 (From integrability conditions to Chebyshev nets). Let M be a smooth, open,
complete, and simply connected surface, let D=0, L] x [0, L,|, with L, L, €ER}, and let k> 1.
Let v = ("Yu,Yo) €TFF2([0, L)) xT*+2(]0, L,]). Assume that w € @f{‘H(D) is an angle distribution
satisfying the integrability condition (4.5), with ¢:=Z(y,w) € ®*+2(D). Suppose moreover that
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4.2 Construction of a Chebyshev net from its angle distribution

0<w(u,v)<m, for all (u,v)€D. Then, the mapping ¢ is a Chebyshev net in the sense that it
satisfies (4.1).

Proof. First, owing to Proposition 4.6, we have that ¢ € ®*+2(D), so that ¢ has C3-regularity.
Since the v-coordinate curves are arc-length parametrized curves, we have by construction
|0yplg(u,v) =1, and we set R(u,v)=|0up|4(u,v), for all (u,v)eD. Then, since v, is an arc-
length parametrized curve, we have R(u,0)=1, for all u€ [0, L,]. The proof amounts to showing
that

dLe(0,Ly], OyR(u,v)=0, V(u,v)el0,L,]x[0,L]. (4.34)

Indeed, suppose that (4.34) is satisfied and denote I C [0, L,] the maximal interval on which
we have R(u,v)=1, for all (u,v)€[0, L,]xI. Owing to (4.34), we first have that [0, L] C I, so
that I is nonempty. Moreover, suppose that [0, Lo] C I, for some Lo € (0, L,]. Then, since the
angle distribution w][

and the mapping g0|[0 L] satisfy the hypotheses of the

0,Lu]x[Lo, L] x[Lo,Ly) 5
proposition, we infer from (4.34) that there exists L; € (Lo, Ly] such that [0, L;] C I. Hence, I
is open in [0, L,], and we deduce from the continuity of R that I is closed. Therefore, (4.34)
implies the claim.

We now suppose that L€ (0,L,] is small enough so that R(u,v)>0, for all (u,v)e€
[0, L,]x[0, L], we set D=0, L,]x[0,L], and we set Xl(u,v):z(%(u,u),@vw(u,v)>g and
Xo(u,v) ::<8“;th (u,v),&,gp(u,v»g, for all (u,v)€ Dr. Note that by definition X? + X2=1

in Dy,. Recalling that R(-,0)=1 by construction of ¢, we have

X1 (u,0) = (e, (%gp)g (u,0)=cos (w(u,0)), (4.35a)
Xo(u,0) = (dup™, 8Ug0>g(u, 0) =sin (w(u,0)), (4.35b)

for all u € [0, L,). Hence, since X5 is continuous, up to reducing L, we have X3 >0 due to the
assumption that 0 <w <.

We prove (4.34) as follows. We show that an identification of the Gaussian curvature computed
using the local coordinates ¢ with (4.5) leads to the following integro-differential equation on R
in the v-coordinates:

(0uR)

v IR v R
Oyu R = 0ywdy RT + 2112 _ peiyx, (s /— i /— 4.36
b W +— 5 (¥) g(smw e sinw + cosw X, cosw), (4.36)

with T'= 2 We show that 9, R=0 is the unique solution to (4.36) to prove the claim (4.34).
First, we compute in Step 1 the initial conditions satisfied by 9, R necessary to obtain the
uniqueness of the solution of (4.36), i.e., we prove that 9,R(-,0)=0. Then, we compute in Steps
2-4 the Gaussian curvature K in terms of R, X; and Xs. Using (4.5), we reduce the Gaussian

curvature to (4.36) in Step 5 and we conclude in Step 6.

Step 1 (Initial conditions). We prove that 9, R(u,0) =0, for all u€ [0, L,].
We denote in what follows D, Y and Dy,Y the covariant derivative of the vector field Y
in the directions 0, and 0,¢, respectively. First, since R(-,0) =1, we have that 9, R(u,0)=0,

for all uwe€|[0,L,]. Moreover, since w satisfies the boundary conditions (4.8), we have that
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Smooth Chebyshev nets defined by primal boundary conditions

Dg, 0u(u, 0) = —[0,wdyup™](u,0). Combining these results with (4.35), we obtain

1
5av(RZ)(u, 0) = (Do, 0up, dugp) ,(u,0) = 8u(RX1)(u,0) — (Do, dup, Dogp) ,(u,0)
= R(u,0)0, X1 (u, 0) + (Dywdyp™, Gvgp>g(u, 0)

dci [cos(w(u, 0))] + dyw(u, 0) sin(w(u,0)) =0,

for all w€ [0, Ly]. Therefore, we have 9,R(u,0)=0, for all ue [0, L,].

Step 2 (Computation of the Gaussian curvature (15 part)). We prove the following relations

on the parallel transport of vectors:

Duus= (% 4 X1 BOR=0.3)) b0+ (2 @Xi-am) o @ata)
2
OR .  ORX,
Dy, 0up= Do, 0vp = ——0up — —5—0Ovp, (4.37b)
RXZ X2
D, Dy = Dpwyipt. (4.37¢)

The results (4.37a) and (4.37b) easily follow from the identities

(Do, 0up, Oup), = ROLR,

(Do, 0up, 0up) , = Bu( RX1) = (Dup, Do, 0up) , = 0uRX1 + ROX1 — RO, R,
(Do, 0vp, Oup), = ROuR

(Do, 0vp, Oup) , =0,

where we have used in the last equality the fact that |0,¢|;=1. Equation (4.37c) is obtained
using that the v-coordinate curves of ¢ are arc-length parametrized and have by construction a

geodesic curvature given by Oyw.

Step 3 (Computation of the Gaussian curvature (2™ part)). We prove that X and X satisfy

0y X1 = —0pwX, 8;5 (4.38a)
X1 0,R

Xy = 4.38b

Dy Xo =0 % R (4.38b)

First, using that (D, 0y, Oyp) =0 and (4.37c), we obtain

R 1
Ou Ou Ou
0uX1=(Da,0up, ) + (Do, 4, Ouip), = oo™, %42) , + (=15 Oup + 1D, 0, Dutp)g

Oy R

= UWXZ - ’U?le
which proves (4.38a). Then, using that the geodesic curvatures of the v-coordinate curves of ¢ is
Dyw, we obtain Dy, dypt = —0,wd,p. Moreover, a straightforward comptation gives
1
1 1 1L
61)80 :_RX28uCP+TauS07 <8u80 aav¢>g:_<au80> avgp >g'
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4.2 Construction of a Chebyshev net from its angle distribution

Combining these results, we infer that

0 X2 =—(Do, %, 0up™), — (Do, 0up™, %),

= O u, 000", — Do, Ou D), + Do, B,
=2 X — (Do, Do~ + O, + Do X

- —a;%RXQ + %ﬁ;) + dwX1 = 8RR (;2 — X2) + 0w X,
=0,wX1 + ;(;aRRXl.

Step 4 (Computation of the Gaussian curvature (3™ part)). We now compute the expression of
the Gaussian curvature K in the local parametrization ¢. Note that the metric induced by ¢ is
= R%du® + 2RX dudv + dv? giving det §= R2X2. Then, recall that, by definition, the Gaussian
curvature K satisfies

K det §=(Da, D, 0up — Do, Do, 0up, 000) (4.39)

Using (4.37a), we first obtain that

(Da,Da, 0up, av<,0>g =(Dgy, (Adyp + Boyp), (%gp)g
= A<Davaucp, 8,,<,D>g + B(Dgy,0pp, 3Ug0>g + RX10,A+ 0,B,

with A=

el (0 R — 0,X1) and B=2L 2 (0y X1 — Oy R). Then, we infer that
2

l\.’)

<D61/Dauaug078vso>g:RXlavA+81;B
=0, (a“R> RX, + RX?0, (a wfl— O Xl) + Rx,0,x, 2 0Xs

R X3
_ 8UR811R 0 Xl _ (811R au)(1>
X
-9, (8RR) RX; — RX}0, (8 i a 1)
—9,X X
+ RXlaleLfl —~ aURLfl. (4.40)
X2 X2

Secondly, using (4.37b), we obtain that

Oy R Oy RX,
<D8uD8vau§07 81190> - <D8u |:R)(228u@ - )(Qav@] aav<p>g

Oy R Oy RX1 Oy R Oy RX1
RX2 <D8 8u§0; 81)(p> <D8uav§0; a“<‘0>g + RXlau <R)(22> - au < X22 >
R 8uR Oy R Oy R Oy R 0y X10,R

- D - X, — X, - o1t
RX2< 6u8u4p78v¢>g R2 X22 + 8u ( X22 ) 1 au ( X22 ) 1 X22
_OyR X 10, R
X2 <R<D8 au§07 UQP> - R - au)(1> .

Since (Dp, Oy, Ovp) g =0y RX1 + R0, X1 — RO, R, we infer that

(0 R)
X3

(Da,Da, Oup, 8vg0>g =— (4.41)
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Smooth Chebyshev nets defined by primal boundary conditions

Combining (4.39), (4.40) and (4.41) gives

9, R — 9,X,
X3

Kdetj=—-RX20, <

— 0, X X
)+RX18UX1&JR 9,X1  OyRO, Lo, <6uR

RX
X3 X3 R > '

= % [RXlale (&JR — 8uX1) + 8UR8UX1] — ROy R+ ROy X1
2

+ 20, X

R(O,R — 0,X1) OuR
e (%

),

1
- { RX, (a a”RXl)(&,R—aqu)+8UR8uX1} — ROyR — RO, [avwXQ 8}’5
X20,R\ R(9,R — 0, X1) OuR
2 d,wX LY Y v Oy RX4,
+ < wAl + RX, ) X, + ( R) 1

using (4.38) for the last equality. Then, we split the computation in two parts. First, we have

1 b
Cm [ Rx, (0 Pl ) 0k~ 0,%1) + &JRaqu}
X2
; [ RO,wX1X20, R+ RX1 X20,wdy X1 — X3 (0yR)* + X10,X10,R + 0, R0, X1]
2
X
= —RO,ROwT + RTO,wdy X1 — T?(0,R)? + T%0,X10,R + %. (4.42)
2
Then, we obtain
=—RO,,R — RO, {avwxg 8;5 }
X20,R\ R(O,R — 0,X1) OuR
9 , X 1%Yv v U , < u ) X
+ (60) 1+ RXQ) X, + 0 I RX,
=—ROp R — R[@uvwXQ + OpwOyuXo + Oy <6RR> X1+ 0o R8 Xl}

OuR
R
= —ROyR — ROypwXy — ROyw(9,Xo + Ty X1) — 0, R0, X1 (1 + T?)

— T, X1ROyw — T?0, R0, X1 + 270, RO,wR + 212 (9, R)>.

+ 20,wTR(0y R — 0,X1) + 2T?0, R(OuR — 9, X1) + Oy ( ) RX,

Moreover, since X7 + X3=1, we have 1 + T2 = X2 and 70, X1 + 0,X2=0. We infer that

v ’lLX
E=— ROyR — ROywX2 — 3L321 — T8, X1 ROyw
X3 (4.43)
— T%0,R0, X1 + 2T0,RO,wR + 2T%(9,R)*.
We obtain by combining (4.42) and (4.43) that
Kdet §=C+ E=T?*(9,R)*> — ROyywXa — ROy, R + TR, ROw. (4.44)

Using that det §= X7 R? and dividing by R, we finally obtain

(9 R)°

— OywO, RT — ~-T% + 9y, R=—Xo (0w + KX2R). (4.45)
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4.2 Construction of a Chebyshev net from its angle distribution

Step 5 (Bound on the right-hand side of the equation (4.45)). By (4.45) and the integrability
condition (4.5), we have

(0uR)?

Oy R=0,w0, RT + T? + K(p) X2 [sin(w) — X2R]. (4.46)

The proof is now reduced to showing that d,R=0 is the unique solution to (4.46) such that
Oy R(-,0)=0. To this end, we bound the right-hand side of this equation. Let F} =sin(w) — RX>
and Fy=cos(w) — RX;. We infer from (4.38b) that

Oy F1 = 0yw cos(w) — OyRXs — ROy X9 =0yw( cos(w) — RX1) — OyR(Xa + TX7)

O R
=0y,wlFy — ——,
v 2 X2
_y2
using that Xo +TX1=Xs + ! X)Q(Q = )% in the last equality. In the same manner, we deduce

from (4.38a) that 0,F; =—0,wF}, so that the couple (Fi, F») satisfies the system of differential

equations
OyR

OpF1 = OpwFy — X,

Op o = —0ywky,
with F3(0)=F5(0)=0, since R(u,0)=1, X;(u,0)=cosw(u,0), and Xs(u,0)=sinw(u,0), for all

u€ [0, Lq]. A straightforward computation shows that the unique solution to this linear ordinary

differential equation is

(sinw — XoR)(u,v)=F1(u,v) = — sinw(u, v) /v a;;,—R(u, s)sinw(u, s)ds
0 42 (4.47a)

—cosw(u,v)/ av—R(u, s) cosw(u, s)ds,
0o X

v OyR
(cosw — X1R)(u,v) =Fa(u,v) = — cosw(u, v) T(U, s) sinw(u, s)ds
0o X2
v O,R
+sinw(u,v) | —(u,s)cosw(u, s)ds,
0o Xo

(4.47D)

since 0, R(u,0)=0, for all uwe [0, L,], by Step 1.
Step 6 (Conclusion). Finally, we infer from (4.46) and (4.47a) that

2 v v
Opp R = 0pwO, RT + @Tz — K(cp)Xg(sinw/ &]—R sinw + cosw/ aU—R cos w). (4.48)
R 0o Xo 0o Xo

Then, since 0 <w(u,v) <, for all (u,v) € Dy, we have that T and )% are bounded. Using

moreover that }%, Oyw and K o ¢ are bounded, and using 9, R(-,0) =0, we infer from (4.48) that

.| <C( [ 10RG)s + [ (@R s+ [ [ 1o.Rw)ias)

t
< c/ 10, R(s)|ds,
0

for all ue|0, L,] and t € [0, L]. Using Gronwall’s inequality, we conclude that 9, R(u,v) =0, for
all (u,v) € Dy,. The claim follows.
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Smooth Chebyshev nets defined by primal boundary conditions

Existence and uniqueness of angle distribution

Let k€N, let D=0, L,]x[0, L,], with Ly, L, € Rf, and let 7= (74, v,) € T¥+2(]0, L)) xT*+2(]0, L,])
be two curves of geodesic curvatures x, € C*([0, L,], R) and x, € C¥([0, L,], R), respectively. In
this section, we consider the Hazzidakis formula (4.6) as an equation on w € @ﬁ“(D), i.e., on

angle distributions satisfying the boundary conditions (4.8). Hence, we define the mapping
F:0Y(D)— e (D) by

Flel(u,0) = 2000 700) = [ mut [ o= [* [ KT 8)] sine(t,9)deds,

and we prove in what follows that there exists a unique solution to
w(u,v) = Flw] (u,v), (4.49)

for all (u,v)eD. We first show in Subsection 4.3.1 that there exists a unique w*e
9,’3“([0,Lu]x[0,L0]), for Lo € (0, L] small enough, satisfying (4.49). We also prove that this
solution depends continuously on the curves ~, and ~,. Then, we extend this result to finite
rectangles D = [0, L,|x[0, L,|, with L,, L, € R}, in Subsection 4.3.2. Finally, we prove by a
density argument on the regularity of -, and 7, that the associated parametrization Z(y,w™*) is
indeed a Chebyshev net.

Local existence of a solution

We first suppose that k=0 and we state the local existence of the angle distribution w in the

following proposition.

Proposition 4.8 (Local existence of a solution). Let M be a smooth, open, complete, and
simply connected surface, let Ly, L, ERS, and let v= (vu, Vo) €T2([0, L,])xT2([0, L,]) be such
that v,(0) =v,(0) and Z(~,,(0),7,(0)) € (0, 7). Then, there exists Ly € (0, L,], depending only on
IVallrz(o,z.)) and 17ollrz(o,r,)), such that there exists a unique solution w’ € ©L ([0, Ly]x[0, Lo))
to (4.49). Moreover, we have

lwillet(o,L.]x[0,L0)) < Cs (4.50)

where the constant C' depends on ||vullr2(j0,z.]) and [[wllr2(jo,L.))-

Proof. Let D=0, L,|x[0, L,] and let Dy, =0, L,]x[0, L], with L € (0, L,]. We prove the claim by
application of the Banach fixed-point theorem to the functional F': @}Y(D L)— @}/(D ), supposing
that L is small enough. Hence, we first prove that F is stable in some bounded closed subset of
@%(D ) (Step 1) and we then show that F? is a contraction mapping in this space (Step 2). We

conclude using the Banach fixed-point theorem in Step 3.

Step 1 (Stability in a closed subset). We denote K, 1 € C°([0, L,]) and k,1 € C°([0, L,]) the
geodesic curvatures of v, and ~, respectively. We set ¢, :=Z(v,w,) € ®L2(D). Since Py is
bounded by (4.18), we have that K o ¢, is bounded. Moreover, a straightforward computation
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4.3 Existence and uniqueness of angle distribution

gives

1E @) llcopy <7 + Lullkuillooo,za)) + Lollkoallcogo,L.)) + Luloll K 0 @yllcon),
10w F

(wy)

(wy)lleopy < lkuillcoo,na)) + Lol o @ llcopy,

100 F(wy)llco(py < kw1 lleoo,.]) + Lull K © @qllcopys
(wy)

10w F (wr)llco(py < M 0 ll oy,

for all w, E@%(D). Then, there exists R(y) >0 such that F': Bgi(p,)(R(7)) = Be1(p,)(R(7)),
where Bg1(p,)(R(7)) is the closed ball of radius R(7) centered at the origin in ©1(Dr). In what

follows, we restrict F' to this ball.

Step 2 (Contraction mapping). We now prove the following result:
Let 0= (0y,0,) €T2([0, L,])xT2([0, Ly]) be such that v,(0) =,(0) =0, (0) =0,(0), +.(0) =
,,(0) and v;,(0) =0,,(0). Let wy € Bo1(p,)(R(7)) and ws € Boi(p,)(R(a)). Then, we have

(

1F?(wy) — F*(wo)lle1(py) < C(ll% —oullr2(o,2.)) + 1w — owllr2(o,2.)) (45)

+ Lljwy — wa|’@1(DL))7

where the constant C' depends on R(y) and R(o). Note that (4.51) holds for all L€ (0, L,] and
7,0 €T2((0, L)XT(0, L)),

In this step, the domain of definition of the two-dimensional variables for the different norms
is always D, =[0, L,]x[0, L] and will not be specified. In all the subsequent estimates, unless
explicitly mentionned, the constants only depend on R(7) and R(c). We set p, :=Z(0, w,) € 12
and we denote ky2€ CO([0, Ly]) and ky2€CO([0, Ly]) the geodesic curvatures of o, and o,

respectively. First, we prove that

1B (wr) = Flwo)lleo <C (I = aullreqo,capy + 170 = Gullrz(o.c + Lllwy — wollen),  (4.52a)

[ F(wy) — Fwo)ller < C(H’Yu - UuHF?([o,Lu]) + v — 0v||r2([o,Lv]) + Ljwy — woller
(4.52b)

+ o, — wollen).
To this end, first note that we have
P () = Pl (00) < [ s = ol + [ s = mal +12(0,0):9(0) = £(0%,0),71(0)]
[ ] 1 o) sinfen) = K () sin(er)

<C(llw = oullez(o,.La + 70 = Fullr2(o.z.)

+ LK () sin(wo) = K (py) sin(ws)llco ),
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for all (u,v) € Dr,. Doing the same for 0,F(w), 0,F(w) and Oy, F(w)=—K () sin(w), we obtain

[ F(wy) = F(wo)|leo < C(H’Yu — oullrzqo,z.)) + 170 — owllr2(o,L.))
+ LK (1) sin(w,) — K (po) sin(wo)lco ),
[ F(wy) = F(ws) e SC(H% — oullrzo,z.)) + 7w = ovllr2(o,L.))

+ | K (iy) sin(wy) = K (o) sin(ws) o).

Moreover, since K is smooth and since ¢, and ¢, are bounded, we have

1K (25) sin(er) — K () sin(wo)llco < C (1l — wollen + [l — @ollan ).

and we conclude the proof of (4.52) with

oy = ollor <C(Lllws = wollor + I = aullraqo.z.p ) (4.53)

obtained using (4.19a) of Proposition 4.5. Finally, using (4.52), we obtain

1F?(wy) — F*(wo)|e Sé(”% — aullr2(o,.]) + 11w — Tullr2(jo,L.))
+ LI F(w,) = F(ws)ller + 1F (w,) = F(ws)leo)
< C(H% = oullr2(o,z.)) + 1w — owllr2(o,.)) + Lllwy — %Hel)-
The inequality (4.51) follows.

Step 3 (Conclusion). We infer from (4.51) that there exists Lo € (0, L,] such that F? is a
contraction mapping in Begi DLO)(T\’,('y)) for the norm in ©(Dy,). Hence, the claim follows

from the Banach fixed-point theorem on the closed subset Bgi DLO)(R(V)) of the Banach space
CH([0, Lu], € ([0, L))

Let Ry e R and let Brz,p2(Ro) be the closed ball of radius Ry centered at the origin in
I'2([0, L,]))xT"%([0, Ly]) (supposing Ry is large enough for this set not to be empty). As the length
of integration Lo € (0, L] of the v-coordinate curves of ¢ defined in Proposition 4.8 only depends
on the norm in I'?(]0, L,])xT'?([0, L,]) of the initial conditions = (Vy,7s), we can define the
mapping

Jo.ry: Braxr2(Ro) —  ©'([0, Ly]x[0, Lo(Ro)]), (4.54)

7= ) 2wy =F(wy),
which maps the boundary conditions v to the solution w, to (4.49). We then state the following
proposition which asserts the continuity of the mapping Jo g, with respect to these boundary

conditions.

Proposition 4.9 (Continuity with respect to the boundary conditions). Let M be a smooth, open,
complete, and simply connected surface, let Ry € R}, and let D =10, L,]x[0, L,], with Ly, L, e R} .
We equip BFQXFQ (RO) and @1([O7Lu]x[07 LO(RO)]) with the norms in FQ([()’IJUDXIQ([(L Lv]) and
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OL([0, L,])x[0, Lo(Ro)]), respectively. Then, the mappings Jo g, and

o (Id, Jo.ry): Brexr2(Ro) — ®%([0, Lu]x[0, Lo(Ro)])
Y=V W) = Pui=L(Y, Jo,ro (7))

are Lipschitz continuous, with 1d the identity operator in Bpzyr2(Ryp).

Proof. Let 7,0 € Brayr2(Rp), with v= (74,7 ) and o= (0y,0,), be such that 7,(0)=",(0)=
0u(0) =0,(0), 7&(0) —a’ 1(0) and 4,(0)=0,(0). Suppose moreover that Z(v,(0),7,(0))=
Z( (0) 0’ 0)) . We set DLO [0 L ] [0 Lo(Ro)] ‘—j() Ro( )E@l(DLO) and wy :=
Jo.r,(0) € @},(DL ) Let us recall from the proof of Proposition 4.8 that F?: Bei(p,, y(R(7)) —
Bot (Dry) (R(7)) is a contraction mapping, with R(y) € R} a constant depending only on Ry, and
B@l(DLO)(R( 7)) the ball centered at the origin with radius R(v) in ©'(Dy,). Since w, and w,
are both contained in this ball, we deduce from (4.51) that

1F2(wy) = F2(wo)llot(py,) < Ch [H% = oullr2(o,z.) + 1w — UUHFQ([O,Lv})}
+ Collwy — w’YHGI(DLO)v
with Cp € R and Cy € (0,1) two constants. As F(w)=w, we infer that

Ch
leoy = wollor(nyy) < 7= [H’Yu oullr2(o,z.)) + 17w — UUHF2([0,LU})}7

which proves that Jy g, is Lipschitz continuous. Finally, using additionally Proposition 4.6, we
infer that Z o (Id, Jo,r,) is Lipschitz continuous. [ |

We now prove that C**2-regularity for the boundary conditions v implies ©¥!-regularity
for the solution w, for all k€ N.

Proposition 4.10 (Regularity of the solution). Let M be a smooth, open, complete, and simply
connected surface, let k€N, and let D=0, L,]x[0, L], with Ly, L,€R}. Let v=(vu, W)€
T++2(]0, L,])xT**+2([0, Ly]) be such that v,(0) =~,(0) and Z(v.(0),7,(0)) € (0,7). Then, there
exists Lo € (0, Ly], depending only on ||vullr2(o,z.)) and |llr2(o,z,)), such that there exists a
unique solution w~ € @5“([0, L,]x[0, Ly]) to (4.49). Moreover, we have

lwyller+1((0,Lu)x[0,Lo]) < Cs (4.55)
where the constant C' depends on ||vullpe+2(jo,2.,]) and [|vollrs+2(o,1,))-

Proof. Owing to Proposition 4.8, there exists Lo € (0, L,] such that there exists a unique solution
Wy € @}Y(DLO) to (4.49). We prove in what follows that w., € @5*1(DL0). In this proof, the domain
of definition of the two-dimensional variables for the different spaces is always Dy, = [0, L,,|x[0, Lo]
and it will not be specified. Owing to Proposition 4.6, we have that , =Z(v,w) € ®" 2 whenever
Wy e@;“, for all »€{0,...,k}. Therefore, using that w,=F(wy), we obtain by an induction
argument on 7 € {0, ..., k} that w, € @ﬁ“ (the only limiting factor being the regularity of the
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boundary curves 7). Hence, we have ¢, € ®*+2. Now, to prove (4.55), we note that

80 F(w.) (u, v) =01 ey + /OU O K () sin(wy)] (u, t)dt, (4.56a)
002) P(w.) (u,v) =021k, + /Ou 027K () sin(w,)] (s, v)ds, (4.56b)
O F(w,) (u,v) =00 12D K () sin(w,)] (u, v), (4.56¢)

for all 1= (i1,i9) € {1,..., k+1}2. Furthermore, a straightforward computation gives

1K (¢w) sinwy)llex (o, L]0 ([0, Lo))) < C (4.57)

where the constant C' depends on |¢y||er and ||wy|lgr. Using moreover Proposition 4.6, we
infer that the constant C' only depends on ||vups((o,,]), With s=max(k,2), and [|w,|et, with
l=max(k,1). Then, if k>1, we deduce from (4.56) and (4.57) that ||wy|gr+1 <C, where the
constant C' depends on [|vy ||pr+2(jo,2.])s 17ollrr+2(j0,2,])> and [|w,[|gx. Finally, since the case k=0
follows from (4.50), we obtain (4.55) by a straightforward induction argument on k>0. The

claim follows. [ ]

Let Brrtayper2(Ri) be the closed ball of radius Ry € R} centered at the origin in
I%+2(10, L)) xI**2([0, L,]). We denote J g, the restriction of the mapping (4.54) to this
ball, i.e.,

Ti, Ry : Breawpwra (Re) = ([0, Ly] %[0, Lo(Ry))).-

We can now state the equivalent of Proposition 4.9 in T¥*2([0, L,])xI'"*+2([0, L,)).
Proposition 4.11 (Continuity with respect to boundary conditions). Let M be a smooth, open,
complete, and simply connected surface and let k€N. Let Ry € R} and let D=0, L,|x[0, Ly],

with Ly, L, R}, We equip Brrsaypi+2(Ry) and ©FF1(]0, L,]x[0, Lo(Ry)]) with the norms in
T5+2([0, Ly ))xT*+2([0, L)) and OFFY(D), respectively. Then, the mappings Ji.r, and

Zo (Id, Tiry,): Breosprez(Ry) —  ©FF2([0, Ly]x[0, Lo(Ry)]),
7= ) 2w =100, Tk (7)),
are Lipschitz continuous, with Id the identity operator in Britz iz (RE).

Proof. Similarly to the previous proofs, the domain of definition of the two-dimensional variables
for the different norms is always D, =0, L,]x[0, Lo(Ry)] and it will not be specified. Let
¥ = (Vus Vo) € Brrtayprr2(Rg) be such that ~,(0) =+,(0) and Z(v,,(0),~,(0) € (0,7). Then, let
0= (0y,0y) € Brrrzy,rrt2 (Ry) be such that 4,(0) =0,(0) =0,(0), 7,,(0) =0,,(0) and ~,(0) =07,(0).
We set wy 1= Ty, r, (7) €OFT, wy :=Ti g, (0) € O5T! and we set ¢ :=T(7,w,) € P*H! and ¢, :=
I(0,ws) € PF*H1. Using (4.56), a straightforward computation gives

[ F(wy) — Flwe)|lor+1 SC(H% — oullrrr2(o,.)) + 1170 — Tullesr2(jo,.))

+ [ K (97 sin(wy) — K (9) sinwo)llex (o,2.1.c* (0.La]) ) -
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Moreover, we deduce from Proposition 4.6 that

| K (p5) sin(er) = K (120) sin(wo)llxgo,zu .o (o.2aly) < C (07 = @ollor + llwy — woller)

< (I = aulles(o. L)) + loy, = woller ),

with s=max(k,2) and | =max(k, 1). Hence, if £ >1, we have

ooy = wollors <C (Il = oullrrraqo,c.y + 7o = Fullrrraqo.c, + lloy — woller )-

Since the Lipschitz continuity of Jj g, in the case where k=0 follows from Proposition 4.9, we
then obtain the Lipschitz continuity of J g, in the general case by a straightforward induction
argument on k> 0. Finally, the Lipschitz continuity of Z o (Id, J g, ) follows from Proposition
4.6. This concludes the proof. |

In what follows, we will not make explicit the dependency of the mapping Ji g, on Ry, so
that it will be denoted 7.

Extension to rectangles

We now extend Propositions 4.8 and 4.10 on the existence and uniqueness of a solution to the
fixed-point equation (4.49) and Propositions 4.9 and 4.11 on the continuity with respect to
boundary conditions to the whole domain D=0, L,]x[0, L,], with L,, L, €R}. In the same

manner as above, we start with the case where k=0.

Proposition 4.12 (Global existence of a solution). Let M be a smooth, open, complete,
and simply connected surface, let D=0, L,|x[0, L,|, with Ly, L, R}, and let v= (vu,Vv) €
I'2([0, Ly ])xT2([0, Ly]) be such that ,(0) =7,(0) and Z(+.,(0),7,(0)) € (0, 7). Then, there exists
a unique solution w € 9%(D) to (4.49).

Proof.

Step 1 (Restriction of F to angle distributions coinciding with the local solution). First,
owing to Proposition 4.8, there exists Lo € (0, L,] such that there exists a unique solution
wy=To(7) €0} (DL,), with D, =0, L,]x[0, Lo}, to (4.49). Suppose that Ly < L,. Otherwise,
we have the expected result. We set ¢, :=Z(7y,w,) € ®}(Dyr,). Since we cannot expect in the
general setting that the u-coordinate curves of the mapping ¢, are arc-length parametrized,
we cannot construct an extension of ¢, using the curves ¢, (-, Lg) and +, as new boundary
conditions. Therefore, we prove the claim using a fixed-point argument on the angle distributions
@~ defined to be extensions of w,:Dr, =R. Let Li € (Lo, L] be such that L; <2Lg and let
£, =0, Ly]x[0, L1]. We define the set Sy (Dp,) composed of extensions of w, as follows:

$10(D1) = {5, €04 (Dy,) 5. 8, = |

Note that Si,(Dp,) is clearly not empty and, to abbreviate the notation, we also denote w
the generic elements of S7 . We now adapt the proof of Proposition 4.8 to show that F' 2isa
contraction mapping in some bounded subset of S ,(Dy,) that is stable by F'. Recall from this
proof that there exists R(7y) >0, depending only on ||vu|lr2(po,z,)) and [|7wllr2(jo,z,]), such that
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F:Bel(DLl)(R('y))HB@(DM)(R@)), where B(_)I(DLl)(R(’}/)) is the closed ball of radius R(v)
centered at the origin in @}Y(DLI).

Step 2 (Contraction mapping). Let o= (ou,0,) €T2([0, L,])xT2([0, L,]) be such that o, (0) =
04(0) =74(0), v,(0)=07,(0), and ~,(0) =07,(0). Let wy € S1,+(Dr,). We now prove the following
counterpart of (4.51):

12 (wy) = F*(wo)llet(ps, ) SC( 17 = oullez(o,z.0) + 1o = owlir2(o,2,)) + Lollws = woller(py,) )
+ (L1 — Lo)llwy — onel([o,Lu]x[Lo,Ll]))’

where the constant C' is independent of Ly and L;. A simple modification of the proof of (4.10a)
implying (4.19a) gives the following counterpart of (4.53):

IZ(%,w3) = Z(0,wo) la0(p,.,) < C ((L1—Lo) |wy — woller fo.Lux(zo.Lr)

+ Lollwy = woller(p,) + 1 = Fullr2qo.za )

where the constant C' is independent of Ly and L;. Hence, we obtain the following counterpart
of (4.52):

[ F'(wy)—F (wa)||@0(DL )y <C ||7u—0'u||r2([o,Lu}) + H%—UUHFQ([O,LU})
1
(4.59a)

+ Lollwy—wslle1(py,) + (LI_LO)va_waH@l([(),Lu]x[Lo,Ll}))a
[1F(wy)—F(wo)ller(p, ) < C(llvu—fful!r?([o,LuD + Ivo=ovllr2(j0,L.))
+ Lollwy—wolle1(py,) + (L1—Lo)[wy—wolle1(jo,L.]x[Lo,L4])  (4-59D)

+ lwy—wolleo(pyy) + oy —wolloo(o,Lulx (o))

where the constant C' is independent of Ly and L;. Then, (4.58) follows from (4.59) in the same

manner as in the proof of Proposition 4.8.

Step 3 (Conclusion). We set Bg, _(p, )(R(7)) ::B@1(DL1)(7?,(7)) N S15(Dr,). We clearly have
that F' maps Bgs, | (p,,)(R(7)) onto itself, so that we now restrict F to this ball. We infer from
(4.58) that there exists L} € (Lo, L], with L} <2Lg, such that F? is a contraction mapping in
Bs, .( DLI)(R(’y)). Hence, using the Banach fixed-point theorem, we obtain that there exists a
unique solution w? € S14(Dyr:). Moreover, since the constants in (4.58) are independent of Lo,
we infer that L7 is independent of Ly, so that we can repeat (a finite number of times) the

argument until we reach L,. The claim follows.

|
Proposition 4.13 (Regularity of the global solution). Let M be a smooth, open, complete,
and simply connected surface, let k€N, and let D=0, L,]x[0, Ly], with Ly, L, €R}. Let v=

(Yu, o) €TFF2([0, Ly, )xT*+2([0, L)) be such that 4, (0) =,(0) and Z(+,(0),~v,(0)) € (0, 7). Then,
there exists a unique solution w € @ﬁ“‘l(D) to (4.49).

Proof. The claim is obtained in the same manner as in Proposition 4.10. |

For all k€N and Ry, € R}, we now extend Ji g, to the whole rectangle D= [0, L,]x[0, L,] as
follows:
Th, Ry, Brisaypis2 (Ry) = ©FF1(D).

92



4.3 Existence and uniqueness of angle distribution

We prove in the following proposition that J g, is Lipschitz continuous.

Proposition 4.14 (Continuity with respect to boundary conditions). Let M be a smooth,
open, complete, and simply connected surface, let k€N, let RL,€RS, and let D=
[0, L,])x[0, Ly], with Ly, L, €RS. We equip Brisayprsz(Ry) and OFFY(D) with the norms in
R2([0, Ly,))xT*+2([0, Ly]) and ©FL(D), respectively. Then, the mappings J g, and

To (Id, jk"Rk) . BFk+2XFk+2 (Rk‘) — ®k+2(D)
1=0mw) 2 Pe=1(1, Tk r (7))

are Lipschitz continuous, with 1d the identity operator in Brrtayprtz(Rg).

Proof. We first prove the claim in the case where k=0. Let 7,0 € Brr+o prr2 (Rg), with (yu, 1v)
and o = (04, 0,), be such that v,(0) =,(0) =0,,(0) =0,(0), 7,(0) =0.,(0) and ~,(0)=0/(0). We
moreover suppose that Z(~,(0),~,(0)) =Z£(0,,(0),0,(0)) € (0,7). We denote w~:=Ty g, (7)€

@%(D) and wy 1= Jo g, (0) €OL(D). In the same manner as in the proof of Proposition 4.9, we
infer from (4.58) that

lwy = wollor(py,) < C[lu = aulleaqo.zay + 1o = Gullrz(o.L.)) + Lollwy — woller(n,,)]
C

<Clllw = oulle2qo.zap + e = oulle2qo.zp)

using that the mapping (4.54) is Lipschitz continuous (Proposition 4.9) for the second inequality.
Since the extension process is only operated a finite number of times, we easily obtain by repeating
the above argument that the mapping Jo gr, is Lipschitz continuous. Then, the proof for the
case k>0 is obtained in the same manner as Proposition 4.11. Finally, the Lipschitz continuity
of Z o (Id, Ji,r, ) follows from Proposition 4.6. [ |

Proof of the main result

Proof of Theorem 4.3. First, owing to Proposition 4.13, we obtain the existence of an angle
distribution w- := J;(v) € O (D) satisfying (4.49). Then, the continuity of Jj, and Z is a direct
consequence of Proposition 4.14. Hence, to prove the claim, we suppose that 0 <w(u,v) <, for
all (u,v) € D, and we show that ¢ :=Z(y,wy) € @5‘” (D) satisfies (4.1). We suppose that k=0.
Otherwise, this is a direct consequence of Proposition 4.7. Using the density of I'*([0, L,]) and
3([0, Ly]) in T'%(]0, L,]) and T'%([0, L)) respectively, let (yu.n)nen CT3([0, Ly]) and (yy.n)nen C
I3([0, L,]) be sequences satisfying 7u,(0) =7 (0), Yo (0) = 7(0); 7.0 (0) =74(0), 7% (0) =74(0),
for all ne€N, and

2

r
Yun 7 Tu and H’Yu,nHW([O,Lu]) < H’Yu”r?([o,Lu]y vneN,

n—

F2
Yon = Vo and ||'Yv,n||F2([O,LU]) < H’YUHFQ([O,LU]), VneN.

We set vy, = ('Yu,na Yo,n) € Fg([oa Lu])XF?’([O, Ly]), wn=01(7n)€ @'Zy(D)7 and  n =Z(Yn,wn) €
®3(D), for all n€N. Owing to Proposition 4.11, we infer that the sequence (wy)nen con-
verges to w in the C°(D)-norm. Hence, there exists ng €N such that 0<wy(u,v) <, for all
(u,v) €D and all n>ng. Since w, €O(D) and v, €T*([0, L,])xT*([0, L,]), we obtain from
Proposition 4.7 that ¢, is a Chebyshev net, for all n >mngy. Moreover, owing to Proposition 4.11,
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2*(D)

we have that ¢y, — Finally, since ¢, satisfies (4.1) for all (u,v)€ D and all n>ng, we
conclude that ¢ satisfies (4.1) for all (u,v) € D. The claim follows. [ |
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Chapter 5

Construction of Chebyshev nets with

singularities

Introduction

We call surface a Riemannian 2-manifold, whose metric will be denoted g, and we consider
complete, simply connected surfaces. A Chebyshev net ¢:U CR? = ¢(U) C M, with U an open

set, is a coordinate system satisfying

’au@’g(u, 0)2’81190’9(“7’0):17 (51)

for all (u,v)€U. We construct in what follows Chebyshev nets with a finite set of conical
singularities on surfaces with finite total negative curvature and total positive curvature lower

than 27. The main result of this chapter is the following theorem.

Theorem 5.1 (Existence of piecewise smooth Chebyshev nets with singularities). Let M be a

smooth, complete, simply connected surface satisfying

/K+<27T and /K_<oo, (5.2)
M M

where K is the Gaussian curvature of M, K™=max(K,0) and K =max(—K,O0).
Then, there exists a piecewise smooth Chebyshev net with conical singularities C=
({Bé}ISiSNpon {Soé}lgiSNpol’T)’ with Npol < % fM K= +8, on M.

We highlight that the proof of the theorem is constructive. The chapter is organized as follows.
In Section 5.2, we first consider the construction of Chebyshev nets on broken half-surfaces,
defined to be half-surfaces with polygonal boundaries. We prove the existence of Chebyshev nets
on broken half-surfaces under some condition on their total curvature in Theorem 5.15. Then, we
show in Section 5.3 that we can split surfaces satisfying (5.2) into broken half-surfaces (Theorem
5.20), each of them satisfying the conditions of Theorem 5.15. Finally, we combine these two
results to construct the Chebyshev net with conical singularities in Section 5.4 and we show that
this Chebyshev net is piecewise smooth.

Before this, let us introduce some notation. First, unless explicitly mentioned, any curve
n: I CR— M we consider in what follows is arc-length parametrized, continuous on I, and

piecewise smooth according to the following definition:

95



Construction of Chebyshev nets with singularities

Definition 5.2 (Piecewise smooth curves). Let n:I CR— M be a continuous curve. We say
that the curve 1 is piecewise smooth if there exists a partition of I in the form UN-" ai—1, ;] =1,
with ap<...<an41. Suppose moreover that n restricted to (a;—1,a;) is a smooth curve with
all the derivatives having a finite limit from the right at a;_1 and from the left at a;, for all

ie{l,....,N +1}. We say that the curve n is piecewise smooth.

We denote Z(X,Y) € (—m, 7] the oriented angle (using the orientation of M) between the
vectors X and Y in the tangent plane T),M at any point p€ M. We define the total positive and

negative turn angle of continuous piecewise smooth curves (see [14]):

Definition 5.3 (Positive and negative turn angle 7). Letn:I CR— M be a continuous piecewise
smooth curve on the partition of I defined by ap<...<any1. Then, for allie{l,...,N + 1}, let
Ki:lai—1,a;] =R be the geodesic curvature of n‘[a_il ai] defined by

ki(s)=(n"(s),1""(s))g,

with n'*(s) € T,syM the vector such that Z(n/(s),n'*(s)) =5, for all s€la;_1,a;]. Let ;=
Z(n'(a;),n' (af)), for alli€{1,....N}. We suppose that —m <;<m, for all i€ {l,...,N}. We
define the total positive and negative turn angles 7(n) by

N+1 N+1

a; N a; N
=Y [ wrYun =Y [ A+ (53)
i=1 Y di-1 i=1 i=1 Y %i-1 i=1

and we define the total turn angle as 7(n) =714(n) — 7—(n). (Note that T+(n) are different from
(7(n))*.) We denote T(77|[a b])’ with a,beR such that a<b, the restriction to [a,b] of the total

turn angle. Note that, if any, the pointwise turns at a and b are included.

An illustration of the turn angle is presented in Figure 5.1. Finally, we denote int(D) the

interior of any set D.

Fig. 5.1 Illustration of the total turn angle 7(n)

Chebyshev nets on broken half-surfaces

In order to construct a Chebyshev net on broken half-surfaces with N > 1 vertices, we first restrict
ourselves in Section 5.2.1 to the case of a sector, which corresponds to the case N =1. Then,
in Section 5.2.2, we show that broken half-surfaces admit a Chebyshev parametrization as a

particular piecewise smooth sector, under conditions on their total Gaussian curvature.
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5.2 Chebyshev nets on broken half-surfaces

Construction on a sector

We give in this section some existence results for Chebyshev nets on sectors.

Definition 5.4 ((Smooth) sector). A sector Q of the surface M is an unbounded connected
domain of M delimited by the two curves n1:R™ — M and n:RT — M intersecting only at
p=m/(0)=n2(0). Sectors are said to be smooth whenever the two curves n1 and nz are smooth.
The angle ¥ = Z(n1(0),n5(0)) is supposed to be in (0,7) and is called the exterior angle of the

sector Q.

A sector with the notation introduced above is presented in Figure 5.2. Now, we recall a

theorem obtained by Bakelman [2] and stated in the present form in [14]:

Theorem 5.5 (I. Ya. Bakelman). Let Q be a sector delimited by the two curves n;:R™ — M
and ng :RT — M intersecting at p€ M. Suppose that Q satisfies the conditions

T () + 74 () + /Q K*<m—1, (5.42)

() + 7 () + /Q K- <, (5.4b)

where 1 >0 is the exterior angle of Q at the vertexr p and T+(n;), with i€ {1,2}, are the total
positive and negative turn angles of n; defined by (5.3). Then, there exist global Chebyshev
coordinates in Q) such that n1 and 1y are coordinate curves. Furthermore, the angle between the

coordinate curves is bounded away from 0 and 7 by the positive real number

min (W—¢—A2K+—T+(U1)—T+(U2)a ¢—/QK_—T—(771)—T—(772))-

Fig. 5.2 Illustration of a Chebyshev net ¢ on a
sector @) of exterior angle v

This theorem gives no information about the regularity of the Chebyshev net, even when the
two delimiting curves of the sector are smooth curves. Our goal is now to sharpen Theorem 5.5
(see Proposition 5.9 below) to prove the existence of smooth Chebyshev nets on sectors delimited

by smooth curves satisfying the counterpart of (5.4) for smooth curves, namely
/ kT + /@++/K+<7rf¢)and/ f<f+/ f<f+/K_<¢ (5.5)
2 1 2 1 . .
R+ R~ Q R+ R~ Q
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Construction of Chebyshev nets with singularities

To this purpose, we state some preliminary results. First, we relate in Property 5.6 the geodesic
curvatures of the coordinate curves of Chebyshev nets to the angle w between these coordinate
curves. Then, we present the Hazzidakis formula in Property 5.7. See [25] for a proof of these

properties.

Property 5.6 (Geodesic curvature of coordinate curves). Let ¢ :U CR? — o(U) C M be a smooth
mapping satisfying (5.1) and let (uy,v1) €ER? and (uz,ve) ER?. We denote w:U —R /277 the
angle distribution defined by w(u,v)=Z(0up, Opp)(u,v), for all (u,v)€U. Then, supposing ui,
v1 and vy are such that {u1}x[vi,ve] CU, we have

—v1

w(u1,v2) =w(u1,v1) —/ Ko, (5.6)
vy
where Ky :[—v2, —v1] = R is the geodesic curvature of the curve n:[—vy, —v1] — M defined by
m(v) =e(ui, —v), for all v € [—vy, —v1]|. This property, illustrated in Figure 5.3, results from the
parallel transport of the vector field 0, along n1. Moreover, supposing ui, us and vi are such
that [uy, us]x{v1} CU, we have

u2

w(u2,v1):w(u1,v1)7/ K, (5.7)

u1

where Ky : [u1, uz] =R is the geodesic curvature of the curve ny:[ui,ue] — M defined by na(u)=

o(u,v1), for all u€ [uy,ug).

L«J(’U,l,’l)g) au@(u17v2)

Fig. 5.3 Illustration of the parallel transport of 9, along ¢(uq,-)

Property 5.7 (Hazzidakis formula). Let U = [ug, ug]x[v1, v2], with (u1,v1) €R? and (ug,v2) € R?.
Let o:U—QC M, with Q=¢(U), be a smooth Chebyshev net. We denote w:U — (0, 7) the angle
distribution defined by w=Z(0up, Opp) and we denote 1y : [—ve, —v1] = M and ny: [uy, ug] - M
the two curves respectively defined by m (v) =¢(u1, —v), for allv € [—ve, —v1], and n2(u) = ¢(u,v1),
for all we [uy,ug]. We denote ky,:[ui,us]) >R and ky:[—ve, —v1] = R their respective geodesic

curvature. Then, the angle distribution w satisfies the following Hazzidakis formula

U —v1
w(uz,vg):w(ul,vl)—/ /ﬁiu—/ /{u—/ K. (5.8)
ul —va Q

Lemma 5.8 (Homeomorphism). Let Q) be a smooth sector delimited by the two smooth curves
n R~ — M andny:RY — M intersecting at p€ M, and satisfying (5.5). Assume that ¢ : (RT)? —
©[(RT)2] C M is a smooth mapping satisfying (5.1), and such that p(u,0) =n2(u), p(0,v) =n1(—v)
for all (u,v) € (RT)2. Then, ¢:(R")?— Q is a homeomorphism.
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(u1,v2)

(u1,v1) (u2,v1) 72

Fig. 5.4 Nllustration of the Hazzidakis formula

Proof. The proof is obtained in the same manner as in [43]. We just recall here the principal ideas.
We denote w: (R1)? —R/27Z the angle distribution defined by w(u,v) = Z(0u¢, 0yp)(u,v), for
all (u,v) € (RT)2. We denote r1: R~ —R and s :R*T — R the geodesic curvatures of 7, and 7
respectively. First, using (5.7), we obtain that

w(u,O):w(O,O)—/Oum:ﬂ—w—/ouﬁg,

for all w € RT. Then, using hypothesis (5.5), we deduce that w(u,0) € (0, 7), for all u€ R*. In the
same manner, we obtain that w(0,v)=m — ¢ — [°_ r; € (0,7), for all v€R*. Hence, using the
continuity of w, we infer that there exists D =[0,1;]x[0,ls] C (R*)2, with 1,y € R}, such that
w(D) C (0,7). Since (5.1) is satisfied, we infer that olp: D — (D) C M is alocal homeomorphism,
so that, up to reducing l; and Iy, ¢ is a homeomorphism. Moreover, since w(D) C (0,7), we
deduce that Z(n5(u), Ope(u,0)) € (0,7), for all ue[0,11], and Z(n}(—v), Opep(0,v)) € (0, ), for all
v € [0,l3]. We conclude that, up to reducing [; and Iz, we have go(D) cQ.

Reasoning by contradiction, we first suppose that ¢ is not a homeomorphism. Let U=
[0, L1)x[0, L) and Uq = [0, L1]x[0, Lo], with Ly, Ly >0, be such that @[, :U—@{U)CM is a
homeomorphism and such that ¢| U :Ue — ¢(Uc) C M is not a homeomorphism. Using the
Hazzidakis formula (5.8) and hypothesis (5.5), we easily obtain that w(Ug)C (0,7). Hence,
the mapping gp‘Ud is a local homeomorphism. Now, suppose that there exist (u,v1), (u2,v2) €

(0, L1]x{ Lo} U{L1 }x(0, La] with ¢(u1,v1)=¢(uz,vs2). Then, the two following cases are possible:

e case 1: u; =ug =Ly or vy =v9s = Ly. We only consider the first subcase, since the reasoning
for the second subcase is similar. Then, assuming that u; =us = L1, one can see that the

Gauss—Bonnet formula applied to the curve ¢({L;}x[v1, v2]) is in contradiction with (5.5).

e case 2: u1 #us and v #vy. In this case, we can suppose, without loss of generality, that v; =
Ly and ug=L;. Then, the Gauss-Bonnet formula applied to the curve ¢([uy, L1]x{La}) U
©({L1}x[La,v2]) yields a contradiction with (5.5).

We finally suppose that ¢[(R*)?]¢ Q. Then, let U=[0,L1)x[0, L), with Ly, Ly >0, be such
that o(U) C Q and such that there exists (i, 9) € (0, Li]x{La} U {L;1}x(0, Ls] with ¢(@, ) € 0Q.
Then, o(@,0) €m(R™) or p(@,d) Ena(RT) and we obtain again a contradiction between the
Gauss—Bonnet formula and (5.5). This concludes the proof. [ ]

Proposition 5.9 (Existence of smooth Chebyshev nets on sectors). Let Q be a smooth sector

delimited by the two smooth curves n:R™— M and 19 :RT — M, and with exterior angle 1 €
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Construction of Chebyshev nets with singularities

(0,7). Suppose that the geodesic curvatures k1 :R™ —R and ko :RT —R of 1 and 1y respectively
and the Gaussian curvature K of Q satisfy (5.5). Then, there exists a unique Chebyshev net
¢0:(RY)2—Q such that

o(u,0)=n2(u), YueRT,

0(0,v)=m(-v), VveRT. (5.9)

Moreover, the angle w=Z(0yp,0vp) € (0,7) of ¢ satisfies the Hazzidakis formula

U 0
w(u,v):ﬂ—i/)—/ K,Q—/ K,l—/ K, (5.10)
0 —v e([0,u]x[0,v])

for all (u,v) € (RT)2.

The Hazzidakis formula in the sector @ is illustrated in Figure 5.5.

Fig. 5.5 Illustration of the Hazzidakis formula in the sector @

Before proving this result, we recall a theorem proved in Chapter 4.

Theorem 5.10 (Existence of a unique solution to integrability condition). Let M be a smooth,
open, complete, and simply connected surface. Let n1:R™ — M and ng:RT — M be two smooth
curves with respective geodesic curvatures k1:R™ —R and ko :RT =R, and such that n (0)=
n2(0). Suppose that 1p:=2(n1(0),175(0)) € (0,7). Then, there exists a unique angle distribution
w: (RT)2 =R /277 satisfying the Hazzidakis formula (5.10), with ¢ : (RY)2 — M the unique smooth
mapping satisfying the boundary conditions (5.9), and such that its v-coordinate curves are
arc-length parametrized curves with a geodesic curvature ks " : D —R satisfying kg (u,v) =
Oyw(u,v), for all (u,v) € (RT)2.

Suppose moreover that there exists D=0, Ly]x[0, L], with L1, Ly € R}, such that 0 < w(u,v) <
7, for all (u,v) € D. Then, the mapping ¢ satisfies

’augoyg(uv v):](?vgo]g(u,v)zl, (511)

for all (u,v)€D.

Proof of Proposition 5.9. Using Theorem 5.10, we infer that there exists a unique angle distribu-
tion w: (RT)%2 —R/27Z satisfying the Hazzidakis formula (5.10), with ¢: (R*)2— M the unique

mapping satisfying the boundary conditions (5.9) and the properties presented in the theorem.
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Then, using the continuity of the angle distribution w and w(0,0)=7 — ¢ € (0, ), we infer that
there exists L1, Ly >0 such that w(u,v) € (0,7) for all (u,v) € [0, L1]x[0, Lo]. Hence, by Theorem
5.10, the mapping ¢ satisfies (5.11) for all (u,v) € [0, L1]x[0, Lo]. Then, in the same manner as in
the proof of Lemma 5.8, we obtain that ¢:(R7)?— @ is a Chebyshev net. Suppose finally that
@:(RT)2— M is a Chebyshev net satisfying the boundary conditions (5.9). Then, using Property
5.7, we obtain that the angle distribution @: (R*)?— (0, 7) defined by &= Z(0,@, 9,@)(u,v), for
all (u,v) € (R")?2, satisfies the Hazzidakis formula (5.10). We deduce from Theorem 5.10 that
@ =. This concludes the proof. |

Construction on a broken half-surface

We now introduce broken half-surfaces which are defined to be half-surfaces with polygonal

boundaries:

Definition 5.11 ((Geodesic) broken half-surfaces). Let N >1 be an integer. We say that B. is a
broken half-surface if B, is a half-surface delimited by a piecewise smooth curve v:R— M on the
partition of R defined by —oo=ap < ...<anyy1=00. We denote p;=~(a;), for allie{l,....,N},
s 10 lai—1,a;] =M, for all i€{l,...,N + 1}. The points {p;}1<i<n are

called the vertices of B.. We suppose moreover that the exterior angle ;= Z(vi(a; ), i1 (a;))
at the vertex p; satisfies 1; € (0,m), for all i€ {1,..., N}. Finally, we define

and we set v;:="y

[Wlp= > i, and [¢]e = max ¥

<<
1<<N 1<i<N

and we suppose that || <. Broken half-surfaces are called geodesic when the boundary curves

are geodesic curves. Broken half-surfaces with N wvertices are called N-half-surfaces.

Fig. 5.6 Tllustration of a geodesic N-half-surface B, with N =4

We depict the notation introduced in Definition 5.11 in Figure 5.6. Note that the edges
composing dB, are depicted as straight edges in this figure although they are more generally
curved edges. We observe that 1-half-surfaces are smooth sectors. Now, in order to find Chebyshev
nets on broken half-surfaces, we view them as sectors delimited by two piecewise smooth curves.

This process, called sectorization, is described in the following definition.

Definition 5.12 (Sectorization). Let N >1 and let B, be a N-half-surface delimited by the
curves {7Vi}1<i<n+1. We denote {p;i}1<i<n the vertices of B.. Let me{l,...,N}. We denote
Q(Be,pm) the piecewise smooth sector delimited by the curves nf":R™ — M and n§*: Rt — M
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Construction of Chebyshev nets with singularities

defined so that

m N+1
' (R7)=Jv(laic1,ai)) and nRY)= | ~ilai—1,ai)). (5.12)
1=1 1=m-+1

The sectorization of a broken half-surface is depicted in Figure 5.7. We give in the following

Fig. 5.7 Illustration of the sectorization Q(Be, p2) of
a NN-half-surface B, with N =4

proposition conditions on B, for the existence of a sector Q(Be, pm), for some me{1,..., N},

satisfying the conditions (5.4).

Proposition 5.13 (From N-half-surfaces to sectors). Let N >1 be an integer. Suppose that the
N-half-surface B, satisfies the conditions

T+(8Bc)+/B Kt<m, (5.13a)

T_(ch)+/ K < [t (5.13b)
Bc

Then, there exists me€{1,...,N} such that the piecewise smooth sector Q(B., pm) satisfies the
conditions (5.4).

Proof. Let m=argmax; <y 9; and denote Q,, =Q (B¢, prn). Then, a straightforward computa-

tion gives

N+1

J R R R L D Sl e e O R
m m i=1 Y @i—1 c

NEL g
K*+T—(m)+7—(772):/ K*+Z/ Ky < m.
Qm Qm i=1 Y @i-1
Then, conditions (5.4) follow from (5.13). [ |

Corollary 5.14 (Existence of Chebyshev nets on N-half-surfaces). Let N >1 be an integer.
Let B. be a N-half-surface delimited by the curves (vi)i1<i<n+1. Suppose that B. satisfies the
conditions (5.13). Then, there exist Chebyshev coordinates on B, such that (Vi)i<i<n4+1 are

coordinate curves. Moreover, the angle of the net is bounded away from 0 and 7 by

£ —min (Tr 7 (0B.) - /B K*, |l — 7 (0B) — / K—) . (5.14)

Proof. The proof follows by combining Proposition 5.13 and Theorem 5.5. |

Finally, in the specific case of geodesic N-half-surfaces, we obtain the following theorem:
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5.3 Splitting of a surface into geodesic broken half-surfaces

Theorem 5.15 (Existence of Chebyshev nets on geodesic N-half-surfaces). Let N >1. Let B,
be a geodesic N-half-surface delimited by the geodesic curves {vi}i1<i<n+1. Suppose B, satisfies

the conditions

/ Kt < — |, (5.15a)
B.

/ K= < |0 (5.15D)
B.

Then, there exist Chebyshev coordinates on B. such that {7v;}1<i<n+1 are coordinate curves.

Moreover, the angle of the net is bounded away from 0 and w by the positive real number

min (Tr—wyp —/BCK+,|¢|ZOO —/BC K> (5.16)

Splitting of a surface into geodesic broken half-surfaces

In this section, we show how to split any surface M satisfying the curvature bound (5.2) into
geodesic broken half-surfaces, each of them satisfying the conditions (5.15). This is the principal
result of this section, stated in Theorem 5.20. This result is obtained in a similar manner to [14,
Th. 4]: first, we split the surface into four sectors, all of them satisfying (5.15a) (see Theorem
5.18). Then, we split recursively each sector into broken half-surfaces, all of them satisfying
(5.15a) (see Theorem 5.16). We finally prove that, after a finite number of splittings, all of the
broken half-surfaces also satisfy the condition (5.15b).

Splitting of broken half-surfaces

We prove in this subsection the following theorem which extends the splitting of sectors, introduced

in [14], to broken half-surfaces.

Theorem 5.16 (Splitting of N-half-surfaces). Let N >1 and let B. be a N-half-surface with

exterior angles {9} 1<i<n satisfying
/ Kt <7 —[4°n — 2 and / K~ <C, (5.17)
B. Be
for positive C' and €. Then, there exist N1, No>1 such that
Ni+ Noe{N+1,N + 2} (5.18)

and a geodesic curve o* splitting B, into a Ny-half-surface Bl with exterior angles {1} }1<i<n,

and a No-half-surface B2 with exterior angles {¥?}1<i<n, satisfying

C

/K+<7T—|@ZJ1\11—5, K™ <, (5.19a)
B! B} 2
. ) _c

Kt <m— [ —e, K <=, (5.19b)
B2 B2 2

N1 Na
with [P p =>"f, and [Y?pn=> 7.

i=1 =1
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Remark 5.17 (N7 and N3). Two different cases can happen for the splitting : either the geodesic
curve o* intersects 0B, at some vertex and we have N; + No=N + 1, or ¢* intersects 0B, in
the interior of some edge and we have N; + No=N + 2. See Figure 5.8 for an illustration of

these two cases.

(a) o* intersects B, in the interior of some

of its edges : Ny =4 and Ny =2 (b) o* intersects OB, at some of its vertices :

N;=3 and Ny=2

Fig. 5.8 Tllustration of the two possible cases for the splitting in Theorem 5.16 (N =4)

Proof. We adapt the proof of [14, Thm.3] to N-half-surfaces. Let us first recall the setting of this
proof. We can assume the metric to be flat outside a compact set D C int(B.) homeomorphic to
the disk. Moreover, we can suppose that D is totally convex, i.e., all the geodesic curves joining

two points p, g€ D are included in D. Let Tpf? be the tangent plane at the point p€ D and let
SD=/{(p,0), withpe D, 0€T,D, |§|,=1}

be the circle bundle over D. For any v=(p,0) € SD, we denote —v=(p, —0) and o(v):R— M
the unique geodesic curve passing through the point p orthogonally to v (the orientation of o(v)
has no importance in what follows). Since D is totally convex, the geodesic o(v) splits D into
two connected components. The vector v is directed inwards one of these components, which we
denote by U(v), and the other component is then denoted U(—v). We now define a function «
which plays a similar role to the angular function « in the original proof of [14, Thm.3]. The
continuous function o : SD — [0, 7] should satisfy a(v) + a(—v)=m — [¢)°|x for all v€ SD. For

this definition, different cases, depicted in Figure 5.9, have to be considered:
1. U(v) is a half-surface with boundary o(v);
2. U(v) is a so-called polygonal strip;

3. U(v) and U(—wv) are respectively a Nj-half-surface and a Na-half-surface. We denote
{(1h} (v) }1<i<n, the exterior angles of B} and we set |11 1=, o} (v);

4. U(v) is a bounded polygonal domain with Ny vertices. We denote {t}}1<;<n, the exterior
angles of U(v) and we set [1!| ::2?21 Vvl

5. U(v) is the complementary of a bounded polygonal domain (so that U(—v) is a bounded

polygonal domain).
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5.3 Splitting of a surface into geodesic broken half-surfaces

1) U(v) is a half-surface with boundary o(v) 2) U(v) is a polygonal strip

o (v) o(v)

4) U(v) is a bounded polygonal domain 5) U(v) is the complementary of a
bounded polygonal domain

Fig. 5.9 Illustration of the possible splittings of a N-half-surface
with N =4 (proof of Theorem 5.16)

We emphasize that, for all ve D, U (v) belongs to one of the above cases. Then, we define the
function « in each of these cases as follows

(7 — [90;1, in case 1,
0, in case 2,
a(v) = { max [min (7 — [, 7 — [¢0)) , 0] in case 3, (5.20)

max [min (27 — [ |, 7 — [1°);1),0], in case 4,

U [0 — a(—v), in case 5.

Using the continuity of |¢!|;1 as o(v) crosses the vertices of B. and the continuity of all

the case transitions, one can check that a: SD — [0, 7] is a continuous function which satisfies
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a(—v) + a(v)=7 — [¢°|;1. Now, we introduce the mapping & : SD — R? defined by

)fU(v)K+ av) + Jow K= 1> |

£(0) = (0, 62(0)) = (w ~ [0 - 2¢ o 3

Then, &; satisfies

oK' = [y KT

()= (7~ ¥l —29) Py

—a(-v)+e¢

fU(v) K+

= — [0 — 2 — (7 — |90 — 2€)
Jp K+

— (= [¢%n —a(v)) +¢
=—£1(v).

In the same manner, we obtain that £o(—v) =—£&2(v), so that £(—v) =—&(v). Therefore, using [14,
Prop. 1], we can conclude that there exists vy € SD such that £(vg) = (0,0), which corresponds to

avg) = (m — [¢°|n —26)M+e K’zl/ K. (5.21)
Ip K+ " Ju) 2J/p

We now prove that U(vg) necessarily matches case 3. First, by (5.21), we have
av) € e, m — [¢°n — e, (5.22)

which rules out cases 1 and 2. In order to rule out cases 4 and 5, suppose now that U(v) is a

bounded polygonal domain. Applying the Gauss—Bonnet formula on U(v), we infer that

|¢lyll+/ K =2m,
U(v)

which gives 27 — 1] < fU(vo) K. Then, using the hypotheses (5.17) and (5.21), we obtain that

/ KT +e<alv). (5.23)
U(vo)
Combining these two results and the definition of «v in case 4, we obtain the following contradiction:
o — || g/ K+ <a(vy) —e<2m — [y —e.
U(vo)

Finally, if U(vg) matches case 5, then £(—vo)=0. Hence, U(—vp) matches case 4 which leads,
as above, to a contradiction. Therefore U(vg) necessarily matches case 3, i.e., both U(v)
and U(—wvp) are broken half-surfaces. Moreover, (5.20) and (5.22) show that a(vg) =7 — [1!];1.
Then, using (5.21) and (5.23), we infer that (5.19) is satisfied by U(vg). Since &(—vp) =0, we
obtain, by symmetry, the same result for U(—wvg). Finally, recalling Remark 5.17, we have
Ni+ Noe{N + 1, N + 2}. This concludes the proof. [ |

Recursive splitting

We first restate a result by Burago et al [14, Theorem 3] that allows one to split surfaces satisfying
/ Kt <2r —4e, and / K™ <C —4e, (5.24)
M M
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5.3 Splitting of a surface into geodesic broken half-surfaces

for positive C' and ¢, into four sectors delimited by geodesic curves, all of them satisfying the
condition (5.15a). This result is stated in [14] with C'=2m, but the proof is valid in the general
setting.

Theorem 5.18 (Burago et al.). Let M be a complete Riemannian 2-manifold homeomorphic
to the plane and satisfying the conditions (5.24), for positive C' and €. Then, there exist four
sectors {Qi}1<i<a with exterior angles {Vi}i1<i<a and delimited by geodesic curves such that
int(Qi) Nint(Q;) =2 for all i#j and Ui<i<aQ; =M, and such that, for all i€{1,...,4}, the

sector Q; satisfies the conditions
n __C

K §7T—1,ZJ¢—€, K Sfﬂ)i—& (5.25)
Qi Qi 2m

The four sectors obtained by this theorem are sketched in Figure 5.10. We also need the

/
’

Q2 O

Q3 Q4

/

Fig. 5.10 Illustration of the splitting of Theorem 5.18

following lemma to bound from below the exterior angles of the broken half-surfaces resulting

from splitting:

Lemma 5.19 (Bound on exterior angles). Let N >1 and let B. be a N-half-surface satisfying
the condition (5.15a). Let o:RT — B, be a geodesic curve with o(0) € dB. and suppose that o
splits B, into a Ny-half-surface B} and a Na-half-surface B2, both of which satisfy the condition
(5.15a). Then, denoting {YQ}1<k<n, {Vk 1<k<n,, and {¥2}1<k<n,, the positive exterior angles
of B., B}, and B?

P 2, respectively, we have

vie{l,2}, |9l 2 [)e. (5.26)

Proof. We denote 1}, with k€ {1,..., N1}, and 92, with [ € {1, ..., N2}, the exterior angle of B!
and B2 respectively at the intersection of o with dB.. Two cases can occur: either the intersection
point is not located at some vertex of 9B, or ¢ intersects a vertex p, € B., with n€{1,..., N},
with exterior angle ¥ (see Remark 5.17 and Figure 5.8). In the first case, we have 1/1,}: + ¢l2 =T.
In the second case, since ¥¥ >0, we have 1/),% + wf =7 + 99 >m. In both cases, we infer that

Ve + P> (5.27)

Note that all the angles of both B! and B2 are angles of B,, except for the angle newly created
by the intersection of o with dB.. Let ¥, with m€{1,..., N}, be an exterior angle of B, such
that 0 =[¢°|;c. Let p,, be the corresponding vertex of B.. We only prove that (5.26) is

satisfied for i =1, since the case i =2 is treated similarly. We remark that three cases can occur:
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1. If p,, is contained in B}, the result is straightforward;

2. If p,, is contained in B2, applying (5.27) and the condition (5.15a) in B/, we obtain that
vhzr—uf 2l -+ [ Ktz

3. Finally, if o intersects 0B, at py,, we have 1 + ¢ =m + 42, Since 1? <m, we infer that
Vh >0,

In all the cases, we obtain the expected result. This concludes the proof. |
We can now prove the main result of this section.

Theorem 5.20 (Surface splitting into broken half-surfaces). Let M be a smooth, complete,

simply connected surface. Suppose that M satisfies the curvature bound (5.2), i.e.,

/K+<27r and /K_<oo,
M M

with K the Gaussian curvature of M, Kt =max(K,0) and K~ =max(—K,0). We set
Nmax ‘= 10 (% Ju K™+ 1) + 2. Then, there exist Npol < % S K~ + 8 geodesic Ny-half-surfaces
{Bg}léaSNpou with No <nmax for all a€{1, ..., Npo1}, satisfying the conditions (5.15) and such
that int(BY) Nint(BY) =@ for all a# 3 and M:UQ[ETBE‘.

Proof. Let é=%(2m — [, KT) and C= [,, K~ + 5¢. Then, the hypotheses of Theorem 5.18
are satisfied by M with e=¢ and C =C. We denote {Sa,0}1<a<4 the four sectors satisfying
(5.25) obtained by this theorem. As condition (5.15a) is satisfied by each 1-half-surface Sy o
the proof consists in applying multiple times Theorem 5.16 to all of them so as to split these
1-half-surfaces recursively until condition (5.15b) on the total negative curvature is satisfied.
Since each broken half-surface is treated similarly, we only enumerate one broken half-surface in
each sector S, at each step of the subdividision. (Note that, otherwise, multi-indices should
have been introduced.) See Figure 5.11 for an illustration of the resulting splitting. We denote,
for all a€{1,...,4}, 1o >0 the exterior angle of S, o and we set C,, = C;fr . Since Sy 0 satisfies
(5.25), the hypotheses of Theorem 5.16 are satisfied with B.= 5,0, 52% and C =C,. Hence,

there exists a splitting of S, into two broken half-surfaces satisfying the conditions (5.19). By

symmetry, we consider only one of them, denoted S, 1. In the same manner, we apply recursively
Theorem 5.16 with B.=S4,—1, €= 32% and C = 2521. This yields a splitting of S, ,—1 into

two broken half-surfaces satisfying the conditions (5.19). By symmetry, we consider only one of

them, the N-half-surface denoted S, whose exterior angles are denoted {9} }1<x<n. Note that
N <n+1 by (5.18). Then, Lemma 5.19 ensures that |¢"|jc >1)o (With [¢)"|jc =maxi<p<n U7).
Therefore, condition (5.15b) is satisfied by S,,, whenever

| K<l <t (5.28)

max

viax . where

Since [q K~ < %, we infer that (5.28) is satisfied whenever n=n

o ()] - o 5
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5.4 Proof of the main theorem

and [-] is the ceiling function. Therefore, we have proved that there exist N, N;-half-surfaces
{BY}1<i<n,, Wwith N; <n8 4 1 such that int(B?) Nint(BX7) =@ for all i # j. Moreover, we
have N, < NP, with:

max g 1
Nmax _gnzex € 1 / K42 (5.29)
T TJm

We finally define Mo :Eizl N, and the set of N;-half-surfaces {Bg}lgig N,o as the union of
the sets {B'}1<i<n,, for a€{1,...,4}. For all i € {1, ..., N)o1}, the number N; of vertices of B

satisfies
log, <C >—‘ +1
2

1
<logs <27r/MK_ —|—1> + 2 =Nmax.

Moreover, using (5.29), we obtain that the number N, of polygons satisfies

N;< max np™+1=
ae{l,..., 4}

4
4
a=1 mJM
The claim follows. ]

Remark 5.21 (Tree representation). The construction can be seen as a binary tree of broken
half-surfaces, each splitting being an edge, nmax being the maximal depth of the tree, and Nyl
being the maximal number of leaves of the tree. Once the splitting is achieved, we renumber the

broken half-surfaces to obtain the set { B }1<a<nr,q-

Definition 5.22 (Skeleton). The graph in the surface M defined by the vertices of the boundaries
of the broken half-surfaces {Bg}lSaSdi obtained using Theorem 5.20 and the edges (geodesic
curves) joining the vertices is called the skeleton. The vertices and the edges in the skeleton are

respectively enumerated as {p'}1<i<ne, and {Vi}i<i<ai,-

An example of skeleton is then presented in Figure 5.12.

Proof of the main theorem

We prove in this section Theorem 5.1 on the existence of piecewise smooth Chebyshev nets with
singularities on surfaces M satisfying the curvature bound (5.2). We first gather the results of
Theorem 5.15 and Theorem 5.20 to construct a Chebyshev net with singularities on M (Theorem
5.23). Then, we show that the Chebyshev parametrization obtained on each broken half-surface
by Theorem 5.15 is piecewise smooth (Theorem 5.28). The proof of Theorem 5.1 then follows
from Theorem 5.23 and Theorem 5.28.

Existence of a Chebyshev net with conical singularities

Theorem 5.23 (Existence of Chebyshev nets with singularities). Let M be a smooth, complete,
simply connected surface satisfying the curvature bound (5.2). Then, there exists a Chebyshev net
with conical singularities C = ({Bi}1<i<nr, o, {0t h<icnon T), with Npo < 2 [, K~ 48, on M.
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Construction of Chebyshev nets with singularities

’ S1.0

- /
!

(b) 214 step: splitting of {Sa.0}1<a<a

/ 7z
/ s

' Si2 -
S22

(c) 3" step: splitting of {Sa,1}1<ax<a

Fig. 5.11 Illustration of the recursive splitting used for
the proof of Theorem 5.20

Proof. First, we apply Theorem 5.20 to obtain a splitting of M into broken half-surfaces
{Bé}ISiSNpow with Mo < % Sy K~ + 8, all of them satisfying the conditions

[ oKt <n—file, [ K<l
B B
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5.4 Proof of the main theorem

Fig. 5.12 An example of skeleton

Then, owing to Theorem 5.15, we infer that there exists a Chebyshev parametrization ;:
(RT)2—= B, for all i € {1, ..., Npo1}. We set BL=(RT)?, for all i € {1, ..., N1 }. We construct the
equivalence table T': {1, ..., Npo } = N as follows. For all i € {1, ..., Npo1}, we set T(7,4) =0. For all
i,5€{1, ..., Npor} such that i+ j, we set T(i, j)=T(j,i)=0 if BN BJ=@. We now suppose that
BiNBl#@. Let {7:*}1<a<n, and {777} 1<3<n, be the edges of the skeleton that are included
in B! and BJ respectively. Then, by construction (see Theorem 5.16), BN BJ =~5%0 = ~J:50
for some o € {1, ..., N;} and By {1,..., N;}, and, we set T'(i, j) =g and T'(j,7) = o (see Figure
5.13). We conclude that C= ({B.}1<i<n,.,, {¥L1<i<n,o, T) is a Chebyshev net with conical

singularities on M. [ ]

Piecewise smooth Chebyshev nets on broken half-surfaces

Let us notice that whenever all the broken half-surfaces { B:}1<;< N,o Obtained in Theorem 5.20
are smooth sectors (only one vertex), Theorem 5.1 follows from Propositions 5.9 and 5.23. In
the general case, we need to prove that, for all i€ {1, ..., N0}, the Chebyshev parametrization
¢;: Bt =(RT)2 — B! obtained from Theorem 5.15 on the geodesic broken half-surface BZ satisfying

the conditions

[orr<a— e, [ K<, (530)
B B

is piecewise smooth. With this purpose in mind, we proceed as in Section 5.2: we first consider

the case of a piecewise smooth sector @) of exterior angle ¢ € (0, 7) satisfying the conditions

T+ (m) + 74 (n2) + /Q Kt<m—, (5.31a)

7—(m) + 7-(n2) +/QK‘ <. (5.31b)
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Construction of Chebyshev nets with singularities

(0,0

(0,0)

Fig. 5.13 Illustration of the construction of the Chebyshev net with
conical singularities (the crosses are the vertices)

Before this, we state the following lemma on the geodesic curvature of parameter curves of a

smooth Chebyshev net. The notations used in this lemma are depicted in Figure 5.14.

Lemma 5.24. Let a,beR] and let ¢:0,a]x[0,b] — M be a smooth Chebyshev net on M such
that 0 <w(u,v)<m for all u,v€[0,a]x[0,b]. We define Q=p([0,a]x[0,b]), nm(v)=p(0,—v),
o1(v)=p(a,—v) for all ve[-b,0], and na(u)=p(u,0), oa(u)=p(u,b) for all ue[0,a]. Then,

the geodesic curvatures kg, , Kp,, Koy, and Kq, of M1, N2, 01, and o3, respectively, are related by

a a 0 0
/ ,10'2 :/ ﬁnz +/ K7 / K'O'l :/ ,{’771 +/ K, (532)
0 0 Q -b -b Q

and satisfy

a a 0 0
/ %—/ ni2+/K+zo, / m;—/ /i;r1+/K+20, (5.33a)
0 0 Q —b —b Q

a a 0 0
/0 552—/0 n;2+/QK’20, /_bmgl—/_bm;1+/QK*20, (5.33b)

Proof. We only prove the lemma for the curves n; and o;. The formulas for 72 and o9 are

obtained in a similar way. Using (5.7) and the Hazzidakis formula (5.8) with u=a and v=">0, we

w(a,b):w(O,O)—/Oanm—/_Obnm—/QK:w(a,O)—/_Obmm—/QK,

obtain
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5.4 Proof of the main theorem

[0, a x{b}

m (o]

{0}x[0, 6] {la}x0,0] ) o |,

10, a]< {0} ™

Fig. 5.14 Illustration of the notation of Lemma 5.24

0 b 0
/ /4;01:—/ 8Uw(a,v)dv:/ K +/ K.
—b 0 —b Q

To prove the inequalities (5.33), we first note that (5.32) implies

CL+ a+ + lli (17 _
/0/@,71—/0%;01—&—/9}( :/Olﬁ'/m—/olial—i-/QK.

Subdividing the curves 71 and o1 according to the sign changes of k,, and ks, it is possible to

so that

assume that the sign of k,, and ks, is constant on [0, a]. The discussion is then simplified to the

two following cases:

o if Ky, and ks, have the same sign (say, nonnegative), then

a a
/0 /{,71—/0 /{;1—1—/QK_:/QK_ZO;

o if x;;, and k,, have different signs (say, x,, >0 and kg, <0), then

a a a
+ + + + +
K — KJ—I—/K:/F& —i—/KzO.
/0771 /0‘71 Q o ™ Ja
[ |

Theorem 5.25 (Existence of piecewise smooth Chebyshev nets on sectors). Let @ be a sector
delimited by the two piecewise smooth curves n1:R™— M and 1o :R* — M. We denote m — 61 €
(0,7) the exterior angle of this sector and we suppose that Q) satisfies the conditions (5.31). Then,
there exist Npicce > 1 polygons { BE}1<i<nf . Such that (RT)? zuﬁpliece B! and int(BE)Nint(Bl) =
@ for all i#j, and Chebyshev coordinates ¢ on @ such that n1 and 1y are coordinate curves.
Moreover, the angle w=Z(0yp,0yp) of the net satisfies the nonsmooth Hazzidakis formula

w(u,v) =601 — 7(n2 — T _/ B "
( ( ‘[QM]) ( ’[ v,O]) ©([0,u]x[0,v]) ( )

for all u,v €R™, and is bounded away from 0 and 7 by the positive real number

min (7~ - =) =), v = [ K =) - rm). (5.35)

Finally, ¢ Bi :BL— (B!) CQ is a diffeomorphism, for all 1<i<Npiece-
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induction

on N1

induction induction

on No on Ny

induction
on Ny

(a) Parallel transport of 1, along n;

(case chosen for the proof) (b) Parallel transport of 7y along s

Fig. 5.15 Parallel transport of n; and 79 along each other (N7 =1, Ny =2):
numbering of the double induction process

Proof. We first split the two curves n; and 7y into smooth pieces. We denote N; + 1>1 and
N3 4+ 1>1 the number of smooth pieces of the curves n; and 79, respectively. Then, we parallel
transport the curve ny along each smooth piece of n;. This is done recursively on Ni. The
parallel transport of 7y along a piece of 7; is obtained by induction on Ns. Hence, we have two
nested induction arguments (see Figure 5.15). We observe that, by symmetry, the role of the two
curves can be switched, as can be seen in the same figure. Hence, we can always suppose that

N7 > N3. Once the construction is over, we prove the nonsmooth Hazzidakis formula (5.34).

Step 1 (Formulation of the first induction process (on N1 >0)). We suppose that Ny € {0, ..., N1}
is a given fixed integer and we denote (Hn,+1) the following induction hypothesis:

for any sector Q of exterior angle m — 01 € (0,7), delimited by the two curves 11 and 12
having respectively N1 + 1 and No 4+ 1 smooth pieces and satisfying (5.31), there exist polygons
{Bi}1<i<Ayece and a Chebyshev net ¢: (RT)?—Q such that:

M

o (RT)2=U "B and int(B.)Nint(B) =2 for all i#j;

N1 and 1y are coordinate curves;

the angle w=Z(0up, Oyp) of ¢ satisfies the nonsmooth Hazzidakis formula (5.34);

¢| i : Bl — p(BY) CQ is a diffeomorphism, for all i€ {1, ..., Npicce }-

Step 2 (Proof of the first induction process (1% part of the construction)). We firstly check
that (H;) holds. Since No < Np, we have N =0. Hence, the sector @ is delimited by the two
smooth curves n; and 72 and (H;) holds, with ./\/'piece =1, by Proposition 5.9. Now, for N1 >1,
we suppose that (Hy, ) holds and we prove that (Hy,+1) also holds. Thus, we suppose that @ is
delimited by two curves 77 and 72 having respectively N1 +1>2 and N2 + 1> 1 smooth pieces.
Let

—00=0a1,N;+1 < ... <a170:0:a270 <...<@2,Ny+1 =00

be such that, for all =1, 2, n; restricted to [a;;_1,a;;] is a smooth curve, for all i € {1, ..., N; +1}.
We denote 1;;: [a;;—1,a;,;] — M this piece of the curve n; and sy ;:[a;;—1,a;;) = R its geodesic
curvature. We denote v ; = (—1)14(77271‘(%1’), Miv1(arq)) for allic {1,..., N} and 1€ {1,2} (see
Figure 5.16). To abbreviate the notation, we set 711 =m11.

Step 3 (Formulation of the second induction process (on ne€{l,...,Na + 1})). We parallel
transport in what follows the curve 12 along 1 1. See Figure 5.16 for the notation and Figure 5.17
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5.4 Proof of the main theorem

for an illustration of the construction. For all n€ {1, ..., Ny + 1}, we denote (#,) the following
induction hypothesis:

forall je{1,...,n}, let 71 j:[a1,1,0] = Q be a smooth curve intersecting nz; at n2 j(az;—1)=
i,;(0). If n>1, for all j€{1,....,n—1}, let BI =[az j_1,a2;]x[0, —a11] C (R*)? and assume that
¢j: Bl — BI CQ, with B =p;(BJ), are Chebyshev nets such that

pjlazj—1,v)=1m4(-v), @jlag;,v)=01441(-v), Yve[0,—a11],
@i (u,0) =12, (u), Vu € [az,j-1, az,;].
Then, there exists a Chebyshev net ¢, : B? C (R")? — B CQ, with BY =[az n—1,a2.,)X[0, —a1 1]
and Bl =, (Bl). Moreover, the set Bl satisfies:
. ifn>1, then BY 1 N B"= M0y
2. ifn>2, then BN B»=g, for all j€{1,....,n —2}.

Finally, suppose that n <Nz + 1 and denote 11 p41:[a1,1,0] = Q the curve defined by 71 n41(v) =
on(azn, —v) for all velar1,0]. This curve intersects N pi1 at M2pn41(a2n) =M n+1(0), forming
an interior angle denoted 0,41 € [0, 7|. Then, 0,41 and the geodesic curvature Ky p+1:[a1,1,0]—R

of M n+1 satisfy respectively
Opy1=01 — 7 772|[0a ])E(O,F), (5.36a)

0
/ K1n41 :/ K11+ Z/ K, Yvel0,—a1]. (5.36b)
—v —v )

k([a2,k—1,02,%]%[0,v])

M= 1

Fig. 5.16 Illustration of the parallel transport of 11 along 111 (N; =1, Na=1)

Step 4 (Proof of the second induction process). To prove that (#1) holds, we apply Theorem
5.10 with the curves 71,1 and 121 of respective length —ay 1 and as; and forming an interior
angle 01 € (0,7) by hypothesis. We obtain a mapping ¢1: B! C (RT)?— B! C M, with Bl=
[a2,0, a2,1]><[0, —a1,1] and BC1 chl(Bi). Then, using the same argument as the proof of Lemma
5.8, we obtain that the mapping ¢ is a Chebyshev net and that Bl C Q. Using Lemma 5.24, we

infer that 7; o has a geodesic curvature &1 2 satisfying

0 0
/ 1,1 =/ K11+ K,
v —v »1([0,a2,1]x[0,v])

for all ve[0,—ay]. Moreover, we deduce from (5.7) that the interior angle 6y=
Z(15,2(0), = 5(0)) satisfies

a1
O =01 — /0 K21 — P22="01 — 7(772\[07(12’1])'
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Since hypothesis (5.31) (with ¢ = — 6;) is satisfied by @Q, we obtain that 6, € (0, 7). Hence, (H1)
holds. We now suppose that (H,,_1) holds for n € {0, ..., No+1}. Let {71 j }1<j<n and {¢; }1<j<n—1
be respectively curves and Chebyshev nets as in the hypothesis of (#,). Since 6, € (0,), we
apply Theorem 5.10 to the curves 7j; , and 72, to obtain a mapping ¢, : B? C (R*)? — B*C M,
with Bl =[a2n—1,a2,,]%[0,—a1,1] and Bl =¢,(B}). Using the same argument as in the proof
of Lemma 5.8, we obtain that ¢ is a Chebyshev net, that B C Q) and that B} satisfies the
statements 1 and 2 of (H,,).

We now suppose that n< Ny + 1. Then, from Lemma 5.24 and from the assertion (5.36b) of

(7—~ln,1), we infer that the geodesic curvature K1 ,41 of 71,41 satisfies

0 0
/ Riny1= [ FRin+ K= f‘ﬁl 0+ E / K,
—v —v on([az,n—1,a2,]%[0,0]) —v ek ([az,k—1,a2 £]x[0,v])

for all v €[0, —ay 1]. Finally, from (5.7) and from the assertion (5.36a) of (H,_1), we infer that
the interior angle 0,41 =2(15,,11(a2,n), =7 ,,11(0)) satisfy

az,n
Onr1 =0, — / fan = Yan =01 = T(pljq, ,1)-

2,n—1

Then, using hypotheses (5.31), we obtain that 6,1 € (0,7). This concludes the proof of the
statement (H,,).

Fig. 5.17 Illustration of the recursive parallel transport
of nz along n1,1 (N1=1, No=2)

Step 5 (Proof of the first induction process (2™ part of the construction)). By application
of (Hy,), for all n€{l,..., Ny + 1}, we obtain the existence of polygons {Bi}1<i<N,+1 and,
for all i € {1,..., No + 1}, of Chebyshev nets ¢;: B! — B.C Q, with B.=;(B!). Then, for all
i€{l,...,Na + 1}, we denote 72 : [ag,;—1, a2, = Q the curve defined by 72 ;(u) = ;(u, —a1,1), for
all u € [ag,;—1,az,]. We denote 7z : R — @ the junction of the curves 7 ;, with i € {1, ..., Ny + 1},

defined so that
No+1

Ta(RY) = |J 7ilazi-1,a2.]).

i=1
We denote BP*d =R*x[0, —a; ], B =UN"Bl and Q=Q\B>. Let us construct the
Chebyshev net on the half-band B4, This mapping, denoted ppang : B2 — BPa1d is defined
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5.4 Proof of the main theorem

by
Oband (1, V) = @;(u,v), whenever (u,v) € P! for i€ {1,..., Ny +1}. (5.37)

Then, using that goband] Bi is a diffeomorphism for all i € {1, ..., Ny + 1} and using the statements 1
and 2 of (H,), for all n€{1,..., No 4+ 1}, we obtain that the mapping ¢pang is a homeomorphism.
We denote 71 :R™ — 11 [(—00, a1,1]] the curve defined by 71 (t) =n1(t + a1,1). Then, Q is a sector
delimited by the curves 7; and 7jo with respectively N1 and No + 1 smooth pieces. We now prove
that Q satisfies the hypotheses of (Hy;) (on the interior angle and on the total curvature). First
note that, using (5.6), we obtain that the interior angle 0, of Q satisfies

~ 0
=01~ [ w1 via=00 -y, o) (5.38)

1,1

Then, using the hypotheses (5.31) on @, we obtain that 6; € (0, 7).

To simplify the notation, we use in what follows the convention that ZZ,—:II(...) =0 when i=1.
As parallel transport preserves the angles, we have 7/;2;‘ =1y, for all i€ {1, ..., No}. Therefore,
from (5.32) and the definition of @pand, we infer that, for all i€ {1,..., No+1} and u € [ag,;—1, a2;),

i—1
772 0. Z/a“ 1/€2k+/ah 1762,i+21/)2,k:
i—1

i—1
ZZ/GM HQJH‘Z/ K + Fé2,i+/ K+ g
azi—1 P k=1

=17 02,k—1 i(laz,s—1,u]x[0,—a1,1])

il +/ K 5.39
( ’[07 }) Wband([ovu]x[()’_alvl]) ( )

Then, in the same manner as in Lemma 5.24, we deduce from (5.39) that

T+ (M2) < 74(n2) + K* and 7_(i)<7_(m2) + K. (5.40)

band band
Bcan Bcan

Moreover, we have

7 () =7 (m) = 7= (m | o) (5.41)
We now prove that Q) satisfies the condition (5.31a). First, we have
74 (7) + 74 (712) +/ K" +7—01<7i(m)—7¢ (m]| a1 1.0) + 7+(12) + KT
BEand

+éK++W01+T(n1|[al’l’o})

<y (m) + 7 (p) + 7 — 0 + /Q K (5.42)

using (5.38), (5.40) and (5.41) for the first inequality. Since hypothesis (5.31a) (with ¢ =7 — 6;)
is satisfied by @, we infer from (5.42) that

T+ (M) + 74 (72) —i—/QKJr +m—0 <.
Finally, we prove that Q satisfies the condition (5.31b). From (5.40) and (5.41), we deduce that
() () + [ K<) =, o))+ [ KT 6
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Then, using the hypothesis (5.31b) on @, we infer from (5.43) that
T_(m) + 7—(12) + /Q K <m—0,— T_(771|[a17170]).
Finally, using (5.38), we conclude that
T_ (M) + 7-(72) + /Q K <m—0,— T(m’[am,O}) — T_(T]1|[a171’o]) <7 — 0.

Hence, the hypotheses of (Hy,) are satisfied by Q. We obtain the existence of polygons
{Bé}lgigﬂfpiece such that int(B?)Nint(BJ) = @ for all i # j and Ufi"ieeegé =(RT)2, and a Chebyshev
parametrization of @ denoted @: (R*)? — Q. The translation of each polygon B! by the vector
(0, —a1.1), i-e., the set {B:+ (0, _alvl)}léiﬁﬁfpiece is then joined to the set {B.}1<i<n,+1 to obtain
{Bl}1<i<Npiece- Moreover, we define the mapping ¢: (R7)? —Q by

@band(’u,’l)), lf (U, U) EBEand7
p(u,v) =

o(u,v+ay;1), otherwise.

We can show, in the same manner as for ¢p.nq, that ¢ is a homeomorphism.
Step 6 (Proof of the first induction process (nonsmooth Hazzidakis formula)). Let (u,v) € (RT)2.
First, we suppose that (u,v)€ BP9, so that (u,v)€ BJ for some j€{1,...,Ny + 1}. By the

Hazzidakis formula in the smooth setting (5.8), the angle w; between the parameter curves of ¢;

u 0
Wy (U,’U) :0j */ K2, */ Rl,j */ K. (544)
az,;j—1 v ¢j([az,j—1,u]x[0,0])

satisfies

Then, from (5.36) and (5.44), we infer that

j—1

w(u,v) =w;(u,v) =0 — T(??Q‘[Oyu]) — 7(771][_1}701) — Z/ K

k=1 @k([QQ,k—laQZk}X[O”UD
— / K
%2} -([ag,j_l,u}x[o,v})

J

=01 —T1(n1|,_, o) — T(m2 )—/ K.
|[ U,O] ‘[O,U] v D

([0,u]x[0,v

We now suppose that (u,v) ¢ B2 and we denote i=wu and v=v + a1 1. Then, 4,9 € R* and,
by (Hn,), the nonsmooth Hazzidakis formula (5.34) is satisfied by the angle & between the

coordinate curves of ¢. Hence, using (5.34) on @ and (5.39), we obtain that

w(u,v):d}(ﬂ,ﬁ)zgl—7'(771|[71_)0])—T(ﬁ2|[0a])—/~ ~ ~ K,
' ' @([0,a]x[0,v])
=61 — 7-(771|[a17170]) - 7-(771|[_U7a111]) - 7—(772‘[0#])

-, - K
#([0.u]x[0,~a1,1]) (0.l ~a1,1.0])

|[ ,0] |[07 ] ©([0,u]x[0,v])

Hence, (Hn,+1) holds. This concludes the proof.
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Remark 5.26 (Explicit value of Npiece). We easily see from the proof that Npjece = (N1+1)(No+1),
where N1 4+ 1 and Ny 4 1 are respectively the number of smooth pieces of n; and 7.

Corollary 5.27 (Existence of piecewise smooth Chebyshev nets on N-half-surfaces). Let N >1
and let B, be a N-half-surface delimited by the curves {'yg}lggNH. We suppose that B, satisfies

the conditions
74(0B.)+ | K'<m,
B,

7 (9B.) + /B K™ < [

Then, there exist Npiece > 1 polygons {BL}1<i<A . Such that (RT)? :UﬁplieceBé and int(BY) N
int(B) =@ for alli+#j, and Chebyshev coordinates ¢ on B, such that {y.}1<i<n+1 are coordinate
curves. Moreover, the angle w=Z(0yp,0yp) of the net is bounded away from 0 and 7w by the

positive real number
€ =min (7’[’—7’+(ch) —/ K*, |l —T_(E)BC)—/ K_) .
Be c

Finally, the mapping ¢
{1, ..., Npiece } -

Bi :B! — B! C B., with Bi=¢(B!), is a diffeomorphism, for all i€

e

Proof. The proof follows by combining Theorem 5.25 and Proposition 5.13. |

Theorem 5.28 (Existence of piecewise smooth Chebyshev nets on geodesic N-half-surfaces).
Let N>1 and let B, be a geodesic N-half-surface delimited by the geodesic curves {y:}1<i<ni1-
We suppose that B, satisfies the conditions

/ KT <m— Y[,
Be

/ K7<’w‘loo.
Bc

Then, there exist Npicce > 1 polygons {BL}1<i<nr e Such that (RT)? :U?E“eBé and int(BY) N
int(BY) =@ for alli#j, and Chebyshev coordinates ¢ on B. such that {y:}1<i<n+1 are coordinate
curves. Moreover, the angle w=Z(0yp,0yp) of the net is bounded away from 0 and m by the

win (7 = ol = [ K ol = [ K).

Finally, the mapping ‘p’Bi :B! — B! C B., with Bi=¢(B!), is a diffeomorphism, for all i€
{17 --~7Npiece}-

positive real number
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Chapter 6

Construction of discrete Chebyshev

nets with singularities

We focus in this chapter on numerical applications of the results of the preceding chapters.
We present the program we developped during this thesis which permits to construct discrete
Chebyshev nets with singularities on a given surface M based on user’s inputs (curves and
angles). We linked our program to the Rhinoceros software, a commercial 3D computer graphics,
and most of the figures presented in this chapter were created using Rhinoceros. Unless explicitly
mentionned, the surface used for the illustrations of the different algorithms is the surface used for
the conception of the forum of the Soliday’s festival [3] presented in Figure 6.1. We implemented
in this program a particular case of the algorithm presented in Chapter 5 that permits an
automatic choice of the inputs ensuring that the angle between the coordinate curves of the
discrete Chebyshev net with one conical singularity constructed on M is bounded away from 0
and 7. This algorithm consists in splitting the suface into sectors that are meshed independently.
The construction of discrete Chebyshev nets on sectors and the junctions of these discrete nets
are considered in Section 6.1 and the algorithm is detailed in Section 6.2. We present in Section
6.3 some discrete Chebyshev nets obtained with our algorithm. Finally, we detail in Section
6.4 some additional functionalities of the program, that is, other types of boundary conditions
permitting the construction of discrete Chebyshev nets and methods for the construction of the

so-called rosette singularity.

Discrete Chebyshev nets with conical singularities

We construct in this section discrete Chebyshev nets on a surface M using the well-known compass
method [12, 23, 40] with the primal boundary conditions. We then join discrete Chebyshev nets

obtained using this algorithm to form discrete Chebyshev nets with conical singularities.

Compass method

The compass method is an algorithm that allows one to approximate the coordinate curves of
a Chebyshev net ¢:U CR? =, with QC M. We denote h >0 the step of this approximation.
The purpose of the compass method is to approximate the grid ¢(U N hZ?) using a discretization

of the conditions

|8u90(u7 U)‘ = ’81190(”’ U)| =1,
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Construction of discrete Chebyshev nets with singularities

(a) View 1 (b) View 2

(c) View 3

Fig. 6.1 The surface used for the conception of the forum constructed
for the Soliday’s festival (Rhinoceros software)

for all (u,v) €U, defining Chebyshev nets. To illustrate this method, let

A=(u,v), B=(u+h,v), C=(u+huv+h), D=(u,v+h),
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6.1 Discrete Chebyshev nets with conical singularities

be four points in U C R?. Supposing that A is small enough, the point ¢(C) is approximated by
a point of M at a distance h from both ¢(B) and ¢(D). We suppose moreover that h is small
enough for the distances in the surface and the distances in R? to be almost identical. Therefore,
a good approximation of ¢(C) is given by the unique point of the surface (different from (A))
at the intersection of the two balls of radius h centered at ¢(B) and ¢(D). Thus, the points
©(B), p(D) and ¢(A) allow one to define uniquely an approximation of ¢(C'). We apply in what

follows this method to primal boundary conditions.

Discrete Chebyshev nets given by two primal curves

We consider the primal boundary conditions given by the two primal curves ~;:[0, L] — M,
with Ly >0, and ~2: [0, Lo] — M, with Ly >0, satisfying v1(0) =~2(0) and Z(71(0),~5(0)) € (0, 7).
We set U =10, L1]x[0, La], N1 = L%J and Np= L%J Then, the grid (U N hZ) is given by a
mapping P:{1,..., N1} x{1,..., No} = M satisfying the primal boundary conditions

P(i,1)=~1(ih), for all i € {1, ..., N1 },

(6.1)
P(1,7) =72(jh), for all j€{1,..., No}.

Now, let P{ijM, with i€ {1,...,N1} and j€{l,..., Na}, be an array satisfying the primal
boundary conditions (6.1). Then, using the method described above, the three points Pf 1 73{‘72
and 7751’ 1 determine uniquely the point 735172 € M such that the points 77{" 1 7751, 15 7751,2 and Pfg
form a rhombus of length h in R®. We denote dg the Euclidean distance in R?. Repeating the
same operation, we entirely shape the grid P using the conditions

dp (Pl Pliy,) =h, forall ie{1,.., Ny — 1} and j€ {1, ..., Ny},

7/7]’

(6.2)

dE(P{fj,P{fjH) =h, forall i€ {1,..,N;} and j€{1,...,No — 1}.

This method is illustrated in Figure 6.2. The grid P" is clearly an approximation of the grid
P associated with the Chebyshev net ¢:U — M. The inputs and the output of the compass
method with primal boundary conditions are presented in Algorithm 1. We present an example
of discrete Chebyshev net obtained with our program using primal boundary conditions in Figure
6.3.

Fig. 6.2 Illustration of the compass method with the primal
boundary conditions given by the red curves
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Construction of discrete Chebyshev nets with singularities

Algorithm 1 Compass method with primal boundary conditions
Data: ¢ : the minimal angle accepted

h : the step of the discretization

M : the surface

1 : a curve of M

Yo @ a curve of M

N7 : the number of points of the discretization of ~;

Ny : the number of points of the discretization of 7o
Result: P" : a discrete Chebyshev net

i

Fig. 6.3 A Chebyshev net constructed with the primal boundary conditions
given by the red curves (view 2 of Figure 6.1)

Junction of discrete Chebyshev nets and conical singularities

We present in this section the junction of two different meshes defined using primal boundary
conditions. To simplify the exposition, we switch to the continuous setting in this section.
Junctions of Chebyshev nets are obtained by remarking that a curve in the boundary of some
Chebyshev net ¢q:U; CR? —Q; C M can be used as a boundary condition in order to construct
a new Chebyshev net @9 :Us CR? = Oy C M. Hence, we obtain a mapping p: U= UQCM
which is the junction of these two Chebyshev nets. To illustrate this process, let v;: [0, L1] —
M, with Ly >0, and ~2:[0, L2] — M, with Ly >0, be two curves such that 71(0) =~2(0) and
Z(71(0),75(0)) € (0, 7). We denote ¢1 :[0, L1]x[0, La] = M the Chebyshev net obtained using
these boundary conditions. Then, let ug € [0, L1) and let 3: [0, L1 —ug] — M be the curve defined
by 73(s) =¢1(uo + s, La), for all s€ [0, L1 — ug]. Moreover, let v4:[0, Ls] — M, with Ly >0, be
a curve such that v4(0) =1 (ug, L2) =73(0) and Z(+5(0),74(0)) € (0, 7). Then, there exists a
Chebyshev net ¢y : [0, L1 — ug]Xx[0, Lo] — M defined by the primal boundary conditions 73 and 4.
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6.2 An algorithm for Chebyshev nets with one conical singularity

Hence, we have constructed a mapping ¢:U — M, with U =10, L1]x[0, L2]U[ug, L1]x[L2, L2 + L]
(see Figure 6.4). The inputs and the output of the algorithm joining two discrete Chebyshev nets
defined by primal boundary conditions are presented in Algorithm 2.

Algorithm 2 Junction of two discrete Chebyshev nets
Data: ¢ : the minimal angle accepted

h : the step of the discretization

M : the surface

P" . a discrete Chebyshev net

p : a vertex in the boundary of P"

v : a curve of M such that v(0)=p

N : the number of points taken along ~
Result: P : a discrete Chebyshev net

-

Fig. 6.4 Junction of two discrete Chebyshev nets (view 1)

We can now construct discrete Chebyshev nets with conical singularities by the junction of
meshes defined by primal boundary conditions. Recall that the conical singularities of a discrete
Chebyshev net are the points of the mesh with a valence different from 4. The connectivity of
the mesh in a neighborhood of a conical singlarity with valence 5 is shown in Figure 6.5. An

example of discrete Chebyshev net with two conical singularities is presented in Figure 6.6.

An algorithm for Chebyshev nets with one conical singularity

In this section, given a surface M and a point p € M, we construct a discrete Chebyshev net
with a conical singularity of valence N >5 at p. As all the singularity points considered in what

follows are conical, the term conical will be omitted. Let us remark that a discrete Chebyshev
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Construction of discrete Chebyshev nets with singularities

Fig. 6.5 Connectivity of a discrete Chebyshev net at a

conical singularity point of valence 5

e

Fig. 6.6 Junction of 6 discrete Chebyshev nets defined by the primal boundary

conditions given by the red curves forming two singularity points (view 1)

net with a singularity point at p is uniquely defined by the N coordinate curves starting from p,

as each of the discrete nets joined to form the global net is uniquely defined by these curves (see

Figure 6.7). We present an algorithm that consists in choosing efficiently these curves using the

total Gaussian curvature of the surface.
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6.2 An algorithm for Chebyshev nets with one conical singularity
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Fig. 6.7 A discrete Chebyshev net with one conical
singularity of valence 6 (view 1)

Splitting the surface into sectors

Before we present the algorithm in the smooth setting, let us recall the Hazzidakis formula [28]

on a parallelogram ABCD formed by coordinate curves (see Figure 6.8):

wA—i—wC:wB—i—wD—/ KdA, (6.3)
ABCD

where K is the Gaussian curvature of M. To simplify the construction, we only consider geodesic

C

D <% —wp

Fig. 6.8 Illustration of the Hazzidakis formula
on the parallelogram ABCD
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Construction of discrete Chebyshev nets with singularities

curves starting from p. Let {v;}1<i<n, with N >3, be these geodesic curves and define

(05 :4(%{(0)7%/#1(0))7 for 1<i<N -1,
and ¢y = Z(vx(0),71(0)).

For all i€ {1,..., N — 1}, we suppose that the curves ~; and ;41 delimit a sector denoted €;.
We also suppose that the curves vy and 7, delimit a sector denoted Qy (see Figure 6.9). The
sector €; will be said to be with interior angle 1);, for all i € {1, ..., N}, in the sequel. We denote
Kt =max(K,0) and K~ =max(—K,0) the positive and the negative parts of the Gaussian
curvature K of M. Let ¢;:U; C R? = €); be the Chebyshev net defined using the curves v; and
Yi+1 as primal boundary conditions, for all i€ {1,...,N — 1}. Let on:Unx CR?—Qx be the
Chebyshev net defined by the curves vy and ;. From the Hazzidakis formula (6.3), we remark
that the angle between the coordinate curves of the net ; is bounded away from 0 and 7 in the

sector §); whenever

/K+<1[)i and /K_<7r71/11-, (6.4)
Qi Q'L

for all i€ {1, ..., N}. Hence, under these conditions, the angle w between the coordinate curves of
the Chebyshev net ¢ obtained by the junction along the geodesic curves of the Chebyshev nets
{pi}1<i<n is bounded away from 0 and 7. We emphasize that the conditions (6.4) allow one to
parametrize, in the best case, surfaces with curvature satisfying [, K+ <27 and [,; K~ <oc.
However, for these conditions on the total curvature to hold, the positive curvature should
be evenly distributed among the sectors in order to satisfy (6.4) and this cannot be obtained
in general (consider for example a portion of the ellipsoid). We cannot therefore expect, in
general, to mesh a surface satisfying these conditions with only one singularity point and geodesic
curves. Therefore, we suppose in what follows that the positive curvature is small enough (or
well distributed) so that the condition [ KT <4, for all i€ {1,..., N}, is always satisfied.

Fig. 6.9 Illustration of the surface splitting into sectors
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6.3 Numerical results

Algorithm

The algorithm for the construction consists in choosing the interior angles {;}1<i<n of the
sectors {€;}1<i<n so as to minimize the number N of sectors under the constraint that none
of the angles of the Chebyshev net becomes flat in each sector. Let m—e, with e € (0,7), be
the maximal angle accepted. The angle 1; is then chosen by dichotomy so that the condition
Jo, K~ =m —¢; — ¢ holds true for all i € {1, ..., N}. Note that in this case the condition (6.4) is
satisfied for all i€ {1,..., N}. This algorithm is summarized in Algorithm 3.

Numerical results

We apply in this section the algorithm described in Section 6.2.2 to surfaces that cannot be
parametrized by a Chebyshev net without a singularity. Typical examples are Enneper surfaces
of order n>2 [15]. The total Gaussian curvature of these surfaces is —4(n — 1)m, which exceeds
the maximal —27 negative total curvature that can be parametrized without singularity. The
Chebyshev net obtained is shown on Figure 6.10 for n=3 and on Figure 6.11 for n=>5. The red
curves are the geodesic curves {7;}1<i<n, with N >3, delimiting the N sectors. Let us notice
that the Chebyshev net is not smooth, since the second coordinate curves have a kink across

these curves.

Fig. 6.10 A Chebyshev net with one singularity on Enneper’s surface of order 3

We observe that a singularity point with valence 9 is sufficient to mesh the Enneper surface
of order n=3 (with total Gaussian curvature [,, K =—8m). A singularity point with valence 15

is sufficient for the Enneper surface of order n=>5 with total Gaussian curvature [,, K =—16m.
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Construction of discrete Chebyshev nets with singularities

Algorithm 3 Construction of a discrete Chebyshev net with one singularity

Data: ¢ : the minimal angle accepted
M : the surface
K : the Gaussian curvature of the surface
p : a point of the surface, position of the singularity
v : the direction of the first geodesic
Result: P" : a Chebyshev net with one singularity point
PP« empty net
tol «¢/2
~Yinit ¢ geodesic curve starting at p in the direction v
V1 € Yinit
add primal curve(P", v;)
Piot <0
while 9,4 <27 do
wmin <0
Ymax T
Y3
Q2+ empty set
finished < NO
while not finished do
if ¢ <27 — ¢tot then
9 < geodesic curve starting at p and forming an angle ¢ with ~;
else
"/} 21 — 77/}‘501:
Y2 € Vinit
end if
Q)+ sector delimited by ~; and ~»
if [ K~ >m—1 —¢ then
Ymax < ¥
) < max( w ,E)
else if [, K~ <m —1 — e —tol then
wmin < w
) %min(w, T —€,2T — Yyot)
else
finished< Y ES
end if
end while
add primal curve(P", o)
Pz-h + Discrete Chebyshev net built on the sector delimited by ~1 and
Ph {Ph P
V172

Yot < Piot +

end while
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6.4 Additional functionalities

Note that if we were to try meshing these surfaces with a Chebyshev net without singularity, folds
would appear very quickly near the multiple necks of the surface where the negative Gaussian
curvature is concentrated. The use of singularity points enables us to propagate the mesh further
along the necks while keeping acceptable angles, thereby ensuring the constructibility of the

mesh.

Fig. 6.11 A Chebyshev net with one singularity on Enneper’s surface of order 5

An example of Chebyshev net with one singularity point obtained on a surface M with a
well-distributed positive curvature is presented in Figure 6.12. This surface is obtained by the
junction of a half-sphere and an Enneper surface of type n=4 ([, Kt =27 and [,; K~ =—12m).
The singularity of the Chebyshev net has valence 15. We notice that angles rapidly decrease on
the positively curved part of the surface and increase once negative Gaussian curvature takes
over. The initial angles around the singularity should therefore not be taken too small to prevent

the occurence of a fold in the mesh.

Additional functionalities

Other types of boundary conditions

We now present two types of boundary conditions that can be used for defining discrete Chebyshev

nets. As for the primal boundary conditions, we use the compass method for their discretization.
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Construction of discrete Chebyshev nets with singularities

Fig. 6.12 A Chebyshev net with one singularity on a surface
with positive and negative curvature

Dual boundary conditions

We present the compass method applied to the dual boundary conditions given by a dual curve
v:RT — M and a set of angles {w; }1<i<n, in (0,7), with N; >2. Let P{fj, with 4,5€{1,..., N1},

be a grid satisfying the following dual boundary conditions:
i _
h . Wi ,
,Pi,i_’)’(QthlSln(Q)), for alle{l,...,Nl}.

In the first stage of the construction, for all i€ {1,..., Ny — 1}, we compute using the compass
method the two uniquely defined points Pih—l-l,i and chz 41 such that P;fiPhLiPﬁLi +173{fi 41 form
a thombus in R3. We then repeat the construction with the points {73,?’1 Lk J1<k<N;—1 above
~ and with the points {Pligl,kA}lSkSNl below 7 (see Figure 6.13). We construct the discrete
Chebyshev net symmetrically on each side of the dual curve -, so that we only consider the
construction above this curve. In the same manner, we construct the discrete Chebyshev net
level by level, each level [ € {0, ..., Ny — 1} corresponding to a dual curve defined by the points
{Pli:l,lJrk}lSkSNl—l’ In conclusion, the grid P" is well defined and P" satisfies (6.2) with Ny = Ny.

The inputs and the output of the compass method with dual boundary conditions are presented
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6.4 Additional functionalities

in Algorithm 4. We present an example of discrete Chebyshev net obtained with our program

using dual boundary conditions in Figure 6.14.

P!": h>‘h J h__ PL .
22 Pgs Pi4 5.5 6,6
dual curve =y

Fig. 6.13 Illustration of the one-sided compass method with the dual
boundary conditions given by the curve and the angles in red

Algorithm 4 Compass method with dual boundary conditions
Data: ¢ : the minimal angle accepted
h : the step of the discretization
M : the surface
v : a curve of M
N : the number of points of the discretization of ~
{@i}1<i<n : an angle distribution along ~y
Result: P" : a discrete Chebyshev net

Note that a closed dual curve can be used as a dual boundary condition. We present an
example of discrete Chebyshev net on a sphere obtained using a closed dual curve in Figure 6.15.
The domain D of the discrete Chebyshev net P*: D — M is in this case the grid formed by the
diagonals of the discrete cylinder (see Figure 6.16).

Mixed boundary conditions

We finally present the compass method with the mixed boundary conditions given by the
dual curve 41 : Rt — M and the primal curve 7 :[0, Lo] = M, with Ly >0. We suppose that
71(0) =72(0) and Z(71(0),75(0)) € (0,F), and we set 7i* =~1(RT) and Ny =%2|. Let P}, with
i,j€{1,..., N2}, be a grid satisfying the following boundary conditions induced by the primal
curve ya:

P{L’]:’yz(]h), for all]G{l,,NQ}

set

Note that there exists a unique point (different from 73{17 1), say 7357 2 €71, such that
dg (P54, Ply) =h. The point P, allows one to define uniquely Pé‘,j €M, for all je{3,..., Na}.
Indeed, we first compute the unique point 7)5,3 such that P{LQPQQPQ 377f 3 form a rhombus using
the compass method. The remaining points {Pg j}3<j<n, are obtained in the same manner
(see Figure 6.17). Reproducing this algorithm, we construct the discrete Chebyshev net P”
level by level, each level [ €{2,..., Na} corresponding to a primal curve defined by the points

133



Construction of discrete Chebyshev nets with singularities

by the red curve and a constant angle (view 1)

QTN A
N N

i Y
\ A

(b) View from above

Fig. 6.15 A discrete Chebyshev net defined by a closed
dual curve (in red) on the sphere
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6.4 Additional functionalities

identified

Fig. 6.16 Grid formed by the diagonals of the discrete cylinder

{Pl},ll—i-k}OSkSNQ—l‘ We remark that the points P{fl-, with i€ {1, ..., Na}, define a dual boundary
condition. Therefore, the points Pﬁrk’l, with 1€ {1,...,No—1} and k€ {1, ..., No — [}, are uniquely
determined using the method of Subsection 6.4.1.1. Hence, the grid P" is entirely shaped and
Pl satisfies (6.2) with N; = No. The inputs and the output of the compass method with mixed
boundary conditions are presented in Algorithm 5. We present an example of discrete Chebyshev

net obtained with our program using mixed boundary conditions in Figure 6.18.

primal
curve s

Fig. 6.17 Illustration of the one-sided compass method
with mixed boundary conditions

Rosette singularities

We focus in this section on the construction of discrete Chebyshev nets with so-called rosette-type

singularities. We first define discrete Chebyshev nets with a rosette singularity as discrete nets
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Construction of discrete Chebyshev nets with singularities

Algorithm 5 Compass method with mixed boundary conditions
Data: ¢ : the minimal angle accepted

h : the step of the discretization

M : the surface

~1 : a curve of M (dual curve)

72 : a curve of M (primal curve)

Ny : the number of points of the discretization of 7

Result: P" : a discrete Chebyshev net
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Fig. 6.18 A Chebyshev net constructed with the mixed
boundary conditions given by the red curves (view 1)

obtained using the one-sided compass method with a small enough closed dual curve. We present
an example of these discrete nets in Figure 6.19. The mesh in the neighborhood of the closed
dual curve is depicted in Figure 6.20. Note that, for technical reasons, we displayed in this figure
whole rhombi along the closed dual curve (in red), whereas the compass method should be only
one-sided.

We then restrict to discrete Chebyshev nets with a rosette singularity reduced to a point
p€ M. In other words, we suppose that the mesh covers any small enough neighborhood of p in
M (see Figure 6.21). We observe in this figure that the point p is a conical singularity of valence
N >5 of the mesh surrounded by N conical singularity points of valence 3. We therefore call this

set of conical singularity points a rosette-type singularity. An example of rosette-type conical

singularity on an ellipsoid is presented in Figure 6.22.
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Fig. 6.19 A discrete Chebyshev net with a rosette singularity defined
by a small closed dual curve (view 1)

Fig. 6.20 A neighborhood of a rosette singularity
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Fig. 6.21 A rosette singularity reduced to a point
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Fig. 6.22 A junction of discrete Chebyshev nets defined by the primal boundary
conditions given by the red curves forming a rosette-type singularity
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Chapter 7
Perspectives

In this short conclusive chapter, we present some open problems identified during this thesis
which we think can be of interest. First, we present some possible extensions of our results.
Then, we address open problems related to the existence of Chebyshev nets on general surfaces.
These theorical perspectives concern the construction of singularities with positive indices, such
as rosette singularities (see Section 6.4.2) and conical singularities of valence three, and the
construction of Chebyshev nets on surfaces with dominant positive curvature. Finally, we
present open problems more directly related to the construction of Chebyshev nets for practical
applications like gridshells. In particular, we elaborate on algorithms that would permit to

construct Chebyshev nets in practical cases.

Possible extensions of our results

In this thesis, we have constructed Chebyshev nets with piecewise smooth conical singularities.
With an eye to architecural applications, the construction of smooth Chebyshev nets is of great
interest. In this context, we remarked that the conical singularities can be easily smoothened, up
to an introduction of small holes on the surface. Therefore, we conjecture the following extension

of Theorem 5.1 proved in Chapter 5:

Conjecture 7.1 (Smoothing of Chebyshev nets with singularities). Let M be a smooth, complete,

and simply connected surface satisfying

/K+<27r and /K*<oo.
M M

Then, there exists Nsing €N such that, for all e>0, there exist non-intersecting open balls
{01, ... 0%, b of radius lower than € and a Chebyshev GC atlas on M\{O¥, ..., Of 1.

Our preliminary work on this conjecture indicates that it holds, but the proof is still open.
Moreover, in the case where the Chebyshev net has no singularity point, a similar smoothing

argument can be applied to the construction introduced in [14] to prove the following conjecture:

Conjecture 7.2 (Global smooth parametrization of surfaces). Let M be a smooth, complete,

and simply connected surface satisfying

/ Kt <2, / K™ <27.
M M

Then, there exist global smooth Chebyshev coordinates on M.
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Perspectives

Another possible extension concerns the numerical applications of our results. Note that only
a subcase of the result of Chapter 5 has been implemented and a first extension would be to
implement the algorithm presented in Chapter 5, dealing in particular with the splitting of the
surface. Then, in the case where multiple Chebyshev nets can be constructed on M, it would be
interesting to focus on the construction of Chebyshev nets preserving a given structural layout [?
]. Construction of Chebyshev nets with a given symmetry and control over the alignement of
these nets with a given direction field such as principal directions of curvature or asymptotic
directions can be other sources of investigation. We finally notice that an implementation of the
above mentionned smoothing of conical singularities is also a possible extension of the numerical

applications.

Existence and construction of Chebyshev nets

Let us consider the construction of Chebyshev nets on surfaces with dominant positive curvature.
We observed in this thesis that conical singularities of valence greater than four are adapted
to surfaces with dominant negative curvature. It appears that rosette singularities and conical
singularities of valence three can be used for the parametrization of surfaces with dominant
positive curvature. But, since the angle is preserved along the coordinate curves (see Figure
7.1), it seems that we cannot construct a Chebyshev GC atlas with more than three conical

singularities of valence three. One way to circumvent this restriction is the introduction of a

;o B
) <

Fig. 7.1 Tllustration of a Chebyshev net with two conical
singularities of valence 3 joined by a coordinate curve

conical singularity of valence greater than four to form a so-called rosette-type singularity, in
the same manner as in Section 6.4.2. This problem is then related to the construction of rosette
singularities. One way to tackle the general problem of constructing Chebyshev nets on surfaces
with dominant positive curvature is then to gain a deeper understanding of the rosette singularity.

We can raise in this context the following two questions:

e can we construct a Chebyshev GC atlas on the sphere with two rosette singularities that

are not antipodal?
e can we construct a Chebyshev GC atlas with two rosette singularities on any ellipsoid?

We finally mention that, more generally, the construction of Chebyshev nets on ellipsoids seems
to be a challenging problem (see the conference of E. Ghys [24] where this problem is addressed).
Conception of Algorithms

In this manuscript, our algorithms for the construction of Chebyshev nets are mostly based on the

worst case scenario. Indeed, to ensure the feasibility of the construction, we did not exploit the
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7.3 Conception of Algorithms

possibility that the positive and the negative parts of the curvature could counterbalance. But,
in most applications like form-finding for gridshells, the principal issue is to find a Chebyshev
net such that the positive and the negative curvature counterbalance as much as possible. To
achieve this goal, it appears that the total curvature of the surface (used in this manuscript)
may not be the most relevant information to consider. This is due to the unpredictability of the
position of the coordinate curves which prevents an accurate estimation of the curvature to be
used in the Hazzidakis formula. Then, other information on the geometry of the surface such
as geodesic curves (or the direction of principal curvatures) can be more relevant. We expect
that an algorithm splitting the surface (such as in Chapter 5) based on this information can give
better results in practical cases.

Finally, in this thesis we always considered a fixed surface M. With a view to applications
such as form-finding for gridshells, it would be of great interest to consider (small) modifications
of the surface. For example, the Chebyshev net ¢ can be separated from the surface whenever
the angle w is near 0 or . This can be achieved by defining an angle distribution w not satisfying
the Hazzidakis formula everywhere on the surface. Then, the main issue in this perspective is to
determine the cases where one can construct a surface M embedded in R? and a Chebyshev net

@ on M with the prescribed angle distribution w.
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