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3❛♥3 ♣❛43❛❣2✳ ▲❡* ❣❛4*✱ ✈♦✉* ♠✬❛✈❡③ ❢❛✐3 ❤✉4❧❡4 ❞❡ 4✐4❡✱ ♦♥ ❛ ♣❛**2 ❞❡* *♦✐42❡* ♠2♠♦4❛❜❧❡* ❡3

❞❡* ♠❛3❝❤* ✐♥♦✉❜❧✐❛❜❧❡*✳ !♦✉4 3♦✉3 ❝❡❧❛✱ ♠❡4❝✐✳ ➚ ♠❡* ✈✐❡✉① ♣♦3❡* ✿ ❙2❜✐♥♦✉✱ ♠♦♥ ❢♦4♠✐❞❛❜❧❡

❝♦❧♦❝✬✱ :✉✐ ❛ 232 ❧❡ ♣❧✉* ♣42*❡♥3 ❞❛♥* ❧❡* ♠♦♠❡♥3* ❞✉4*✳ ❚✉ ♠✬❛* ❛✐❞2 ; 4❡♠♦♥3❡4 ❧❛ ♣❡♥3❡ ❡3

; ❛❧❧❡4 ❥✉*:✉✬❛✉ ❜♦✉3✳ ▼❛✐* ❛✉**✐ ❏24R♠❡✱ ♠♦♥ ❏2 ✦ ❚♦✐ ❛✉**✐ 3✉ ❛* 232 ❧; :✉❛♥❞ ❝❡❧❛ ♥✬❛❧❧❛✐3

♣❛*✳ ❚✉ ❢✉* ❛✉**✐ ; ♠❡* ❝R32* ♣♦✉4 ♠❡* ❞2❜✉3* ❞❛♥* ❧✬❡♥*❡✐❣♥❡♠❡♥3✳ ❙✐ ❥❡ ♥❡ *✉✐* ♣❛* ✉♥ 34♦♣

♠❛✉✈❛✐* ♣4♦❢❡**❡✉4✱ ❝✬❡*3 ❡♥ ♣❛43✐❡ ❣4T❝❡ ; 3♦✐✳ ❱♦✉* H3❡* ❞❡* ♠❡❝* ♠❡4✈❡✐❧❧❡✉①✳ ▼❡4❝✐✳ ➚ ♠♦♥

❛✉34❡ ❞✉♦ ❞❡ ❝♦♣❛✐♥* ✿ ❘♦♠❛✐♥ ❡3 ●✉✐❣✉✐✳ ❱♦✉* ♠✬H3❡* ✐♥❞✐*♣❡♥*❛❜❧❡* ❞❡♣✉✐* ❜✐❡♥ ❧♦♥❣3❡♠♣*✳

❘♦♠❛✐♥✱ ❥❡ ♥❡ 3❡ 42*✉♠❡4❛✐ ❥❛♠❛✐* ; 3♦♥ *♦✉3✐❡♥ ❛❞♠✐♥✐*34❛3✐❢ ✦ ❚✉ ❡* ✉♥ *✉♣❡4 ❛♠✐✳ ❊3 ♠♦♥

●✉✐❣✉✐✱ 3✉ ❡♥ ❛* ❞2❥; ❢❛✐3 3❛♥3 ♣♦✉4 ♠♦✐ :✉❡ ❥❡ ♥❡ *❛✐* ♣❛* ♣❛4 :✉♦✐ ❝♦♠♠❡♥❝❡4✳ ❊♥ 3♦✉3 ❝❛*✱

❥❡ *❛✐* ♣❛4 :✉♦✐ ✜♥✐4 ✿ ▼❡4❝✐ ❞❡ ♠✬❛✈♦✐4 ♣42*❡♥32 ▼❛4✐❡✲❆♥♥❡ ✦ ▼❛4✐❡✲❆♥♥❡✱ ❣4T❝❡ ; 3♦✐✱ ❥✬❛✐ ♣✉

3❡4♠✐♥❡4 ❞❡ ❧❛ ♣❧✉* ❜❡❧❧❡ ❞❡* ❢❛E♦♥* ❝❡33❡ ❛✈❡♥3✉4❡✳ !♦✉4 ❝❡* 34♦✐* ❞❡4♥✐G4❡* ❛♥♥2❡*✱ 3✉ ❛* 232 ✉♥

❢♦4♠✐❞❛❜❧❡ *♦✉3✐❡♥✱ 3♦✉❥♦✉4* ; ♠❡ ♠♦3✐✈❡4 :✉❛♥❞ ❥✬❡♥ ❛✈❛✐* ❜❡*♦✐♥✱ 3♦✉❥♦✉4* ❞❡44✐G4❡ ♠♦✐ ♣♦✉4

:✉❡ ❥❡ ♠❡ ❞2♣❛**❡✱ 3♦✉❥♦✉4* ; ♠❡ 42❝♦♥❢♦43❡4 :✉❛♥❞ ❝❡❧❛ ♥✬❛❧❧❛✐3 ♣❛*✳ ❉✉ ❢♦♥❞ ❞✉ ❝<✉4✱ ♠❡4❝✐✳

❊♥✜♥✱ ❥❡ *♦✉❤❛✐3❡ 3❡4♠✐♥❡4 ❝❡* 4❡♠❡4❝✐❡♠❡♥3* ♣❛4 ❧❡* ❞❡✉① ♣❡4*♦♥♥❡* :✉✐ ♦♥3 ❧❡ ♣❧✉* ❝♦♠♣32

❞❛♥* ❝❡33❡ ❤✐*3♦✐4❡✳ ■❧* ♦♥3 232 ❧; ❞❡♣✉✐* ❧❡ 3♦✉3 ❞2❜✉3✳ ■❧* ♠✬♦♥3 *♦✉3❡♥✉ ❞✉ ♠✐❡✉① :✉✬✐❧* ♦♥3

♣✉✱ ❝✬❡*3✲;✲❞✐4❡ ; ♣❡✉ ♣4G* ❡①♣♦♥❡♥3✐❡❧❧❡♠❡♥3 ♣❧✉* :✉❡ ❥❡ ♥❡ ❧❡ ♠24✐3❡✳ ■❧* ♠✬♦♥3 4❡❞4❡**2 ❧❛ 3H3❡

:✉❛♥❞ ❥✬❛✐ ♣❡♥*2 3♦✉3 ❛❜❛♥❞♦♥♥❡4✳ ■❧* *❡ *♦♥3 3♦✉❥♦✉4* ♠♦♥342* ; ❧❛ ❢♦✐* ♣42*❡♥3* ❡3 ❞✐*❝4❡3*✱ ❡3

❞✬✉♥❡ ❥✉*3❡**❡ ✐♥❝4♦②❛❜❧❡✳ ❙❛♥* ❡✉①✱ ❥❡ ♥❡ *❡4❛✐* ❥❛♠❛✐* ❛❧❧2 ❥✉*:✉✬❛✉ ❜♦✉3✳ !❡4*♦♥♥❡ ♥❡ ♣❡✉3

4H✈❡4 ❞❡ ♠❡✐❧❧❡✉4* *♦✉3✐❡♥✳

!❛♣❛✱ ▼❛♠❛♥✱ ❝❡33❡ 3❤G*❡ ❡*3 ♣♦✉4 ✈♦✉*✳
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✶ ■♥#$♦❞✉❝#✐♦♥ ✺

✷ ❘-.✉♠- ❡# $-.✉❧#❛# ✼

✷✳✶ ▲✬❡'♣❛❝❡ ❞❡ ❣-❛♣❤❡' An ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷✳✷ ❈♦♥✈❡♥4✐♦♥' ❞✬♦-✐❡♥4❛4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷✳✸ ❉9✜♥✐4✐♦♥ ❞❡ ❧✬❛♥♦♠❛❧✐❡ βn✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✹ ▲❡ ❝❛' β3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✸ ❈♦♠❜✐♥❛#♦✐$❡ .✉$ ❧❡. ❣$❛♣❤❡. ✶✽

✸✳✶ ❉9♠♦♥'4-❛4✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✸✳✷ ❉9♠♦♥'4-❛4✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✹ ▲❛ ❝❤❛=♥❡ GV ✷✼

✹✳✶ ▲✬9❝❧❛49 Bl(B3, CV ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✹✳✷ ❈♦♥'4-✉❝4✐♦♥ ❞❡ GV ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✺ ❉-✜♥✐#✐♦♥ ❞❡ I ✸✸

✺✳✶ ■♥4-♦❞✉❝4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✺✳✷ ❊①✐'4❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✺✳✸ ■♥❞9♣❡♥❞❛♥❝❡ ❡♥ G ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✺✳✹ ■♥❞9♣❡♥❞❛♥❝❡ ❡♥ (Vi) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✺✳✺ ◆✉♠9-♦4❛4✐♦♥ ❞❡' '♦♠♠❡4' ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✻ ❙✐♠♣❧✐✜❝❛#✐♦♥ ✺✻

✻✳✶ ❘9❞✉❝4✐♦♥ F ✉♥ 4②♣❡ ❞✬✐♥4❡-'❡❝4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✻✳✷ ❘♦4❛4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✻✳✸ ❘9❞✉❝4✐♦♥ F ✉♥ '❡✉❧ ❣-❛♣❤❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✻✳✹ ❊♥✉♠9-❛4✐♦♥ ❞❡' ✐♥4❡-'❡❝4✐♦♥' F ❝❛❧❝✉❧❡- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✼ ▼✐.❡ ❡♥ -C✉❛#✐♦♥ ❞❡. ❛♥♦♠❛❧✐❡. ✼✶

✼✳✶ ❉❡❣-9 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✼✳✷ ❘❡❝❤❡-❝❤❡ ❞❡' ♣♦✐♥4' ❞✬✐♥4❡-'❡❝4✐♦♥ ❞❡ β1,1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✼✳✸ ❙✐❣♥❡ ❞✬✉♥ ♣♦✐♥4 ❞✬✐♥4❡-'❡❝4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✼✳✹ ❈❛❧❝✉❧ ❞❡ β1,2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✼✳✺ ❈❛❧❝✉❧ ❞❡ β2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽
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❘!"✉♠!

▼❛①✐♠ ❑♦♥()❡✈✐❝❤ ❛ ❞/✜♥✐ ✉♥ ✐♥✈❛2✐❛♥( Z ❞❡) )♣❤42❡) ❞✬❤♦♠♦❧♦❣✐❡ 2❛(✐♦♥♥❡❧❧❡ ♦2✐❡♥(/❡)

❞❡ ❞✐♠❡♥)✐♦♥ 3 ❡♥ ✶✾✾✷✱ ❡♥ ♣♦✉2)✉✐✈❛♥( ❧✬/(✉❞❡ ✐♥✐(✐/❡ ♣❛2 ❊❞✇❛2❞ ❲✐((❡♥ ❞✉ ❞/✈❡❧♦♣♣❡✲
♠❡♥( ♣❡2(✉2❜❛(✐❢ ❞❡ ❧❛ (❤/♦2✐❡ ❞❡ ❈❤❡2♥✲❙✐♠♦♥)✳ ▲✬✐♥✈❛2✐❛♥( Z ❞❡ ❑♦♥()❡✈✐❝❤ ❡)( ❣2❛❞✉/✳

■❧ )✬/❝2✐( Z = (Zn)n∈N✱ ♦G Zn ♣2❡♥❞ )❡) ✈❛❧❡✉2) ❞❛♥) ✉♥ ❡)♣❛❝❡ An ❡♥❣❡♥❞2/ ♣❛2 ❞❡)

❞✐❛❣2❛♠♠❡) (2✐✈❛❧❡♥() H 2n )♦♠♠❡() ❛♣♣❡❧/) ❞✐❛❣2❛♠♠❡) ❞❡ ❋❡②♥♠❛♥✲❏❛❝♦❜✐ ❞❡ ❞❡❣2/
n✳ ▲✬✐♥✈❛2✐❛♥( Z ❛♣♣❛2❛✐( ❞✬❛❜♦2❞ ❝♦♠♠❡ ✉♥ ✐♥✈❛2✐❛♥( Z(M, τ) ❞❡) )♣❤42❡) ❞✬❤♦♠♦❧♦✲
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.✬❛♥♥✉❧❛✐0 ❡♥ ❞❡❣1# 3 ❡0 5✱ ❝♦♥❢♦10❛♥0 ❛✐♥.✐ ❧❡. ♣❤②.✐❝✐❡♥. ❞❛♥. ❧❡✉1 ❝♦♥❥❡❝0✉1❡ 0♦✉❥♦✉1. ♦✉✈❡10❡

❞❡♣✉✐. ♣❧✉. ❞❡ ✈✐♥❣0 ❛♥. 7✉✐ .0✐♣✉❧❡ 7✉❡ ❝❡00❡ ❛♥♦♠❛❧✐❡ α .✬❛♥♥✉❧❡ ❡♥ ❞❡❣1# ✐♠♣❛✐1 ❞✐✛#1❡♥0 ❞❡

1✳
▲✬✐♥0#❣1❛❧❡ ❞❡ ❑♦♥0.❡✈✐❝❤ ❞❡. ♥♦❡✉❞. ❡0 ❝❡0 ❛✉01❡ ✐♥✈❛1✐❛♥0 Zc = (Zc

n)n∈N 7✉❡ ❧✬♦♥ ♣❡✉0 ❛✉..✐

❛001✐❜✉❡1 K ❑♦♥0.❡✈✐❝❤ .✬♦❜0✐❡♥♥❡♥0 ❧✬✉♥ K ♣❛10✐1 ❞❡ ❧✬❛✉01❡ ♣❛1 ✉♥ ✐.♦♠♦1♣❤✐.♠❡ ❞❡ ❧✬❛❧❣F❜1❡

❞❡ ❞✐❛❣1❛♠♠❡. ❞❡ ❋❡②♥♠❛♥✲❏❛❝♦❜✐ ❞❛♥. ❧❛7✉❡❧❧❡ ✐❧. ♣1❡♥♥❡♥0 ❧❡✉1. ✈❛❧❡✉1.✳ ❈❡0 ✐.♦♠♦1♣❤✐.♠❡

❡.0 ❡①♣❧✐❝✐0❡♠❡♥0 ❞#❝1✐0 ❡♥ ❢♦♥❝0✐♦♥ ❞❡ ❧✬❛♥♦♠❛❧✐❡ α ♣❛1 ❈❤1✐.0✐♥❡ ▲❡.❝♦♣ ❞❛♥. ❬▲❡.✵✷❪✳ ■❧ ❡.0

❧✬✐❞❡♥0✐0# .✐ ❡0 .❡✉❧❡♠❡♥0 .✐ ❧✬❛♥♦♠❛❧✐❡ .✬❛♥♥✉❧❡ ❡♥ ❞❡❣1# ✐♠♣❛✐1 ❞✐✛#1❡♥0 ❞❡ 1✳
▲✬❛♥♥✉❧❛0✐♦♥ ❞❡ β3 .✐♠♣❧✐✜❡1❛✐0 ♥♦0❛❜❧❡♠❡♥0 ❧❛ ❞#✜♥✐0✐♦♥ ❞❡ z3(M) ❝♦♠♠❡ ❝♦♠♣0❡ ❛❧❣#✲

❜1✐7✉❡ ❞❡ ❣1❛♣❤❡. K 6 .♦♠♠❡0. ❞❛♥. M ✳ ❙✐ β3 #0❛✐0 ♥♦♥ ♥✉❧❧❡✱ ✐❧ .❡1❛✐0 ✐♥0#1❡..❛♥0 ❞❡ ❝♦♠✲

♣1❡♥❞1❡ ❧❛ ❞✐✛#1❡♥❝❡ ✐♥❛00❡♥❞✉❡ ❡♥01❡ ❧❡. 0❤#♦1✐❡. ❛✛#1❡♥0❡. ❛✉① ♥♦❡✉❞. ❡0 ❛✉① ✈❛1✐#0#. ❛✐♥.✐

❡①❤✐❜#❡✳ ▲❡ ❜✉0 ✐♥✐0✐❛❧ ❞❡ ❝❡00❡ 0❤F.❡ #0❛✐0 ❞❡ ❞#0❡1♠✐♥❡1 β3✳ ◆♦✉. ❛✈♦♥. 1#✉..✐ K ❡♥ .✐♠♣❧✐✜❡1

❝♦♥.✐❞#1❛❜❧❡♠❡♥0 ❧❡ ❝❛❧❝✉❧ ❡0 ♥♦✉. ❡♥ ♣1#.❡♥0♦♥. ✉♥ ❛❧❣♦1✐0❤♠❡ ❝♦♠♣❧❡0 ✐♠♣❧#♠❡♥0❛❜❧❡✳



✼
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▲❡ ❜✉% ❞❡ ❝❡ ❝❤❛♣✐%,❡ ❡-% ❞❡ ♣,.-❡♥%❡, ❧❡- ❛♥♦♠❛❧✐❡- βn✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛, ✐♥%,♦❞✉✐,❡ ❧❡-

❡-♣❛❝❡- ❞❡ ❣,❛♣❤❡- An✱ ❛✈❡❝ ✉♥❡ ❞❡-❝,✐♣%✐♦♥ ♣,.❝✐-❡ ❞❡ A3 ✭-❡❝%✐♦♥ ✷✳✶✮✳ <✉✐- ♦♥ ❞♦♥♥❡ ❞❛♥- ❧❛

-❡❝%✐♦♥ ✷✳✸ ✉♥❡ ❞.✜♥✐%✐♦♥ ❞✐-❝,?%❡ ❞❡ ❧✬❛♥♦♠❛❧✐❡ βn✱ A✉❡ ❧✬♦♥ ❞.%❛✐❧❧❡ ❞❛♥- ❧❡ ❝❛- ♣❛,%✐❝✉❧✐❡, ❞❡ β3
❞❛♥- ❧❛ -❡❝%✐♦♥ ✷✳✹ ♦C ❧✬♦♥ ♣,.-❡♥%❡ ❧❡ %❤.♦,?♠❡ ✷✳✶✺✱ A✉✐ ❡-% ❧❡ ,.-✉❧%❛% ♣,✐♥❝✐♣❛❧ ❞❡ ❝❡%%❡ %❤?-❡✳

❖♥ .%✉❞✐❡,❛ ❛✉ ❝❤❛♣✐%,❡ ✼ ✉♥ ❛❧❣♦,✐%❤♠❡ ✐♠♣❧.♠❡♥%❛❜❧❡ ♣❡,♠❡%%❛♥% ❞✬❛♣♣❧✐A✉❡, ❧❡ %❤.♦,?♠❡

✷✳✶✺✳

✷✳✶ ▲✬❡&♣❛❝❡ ❞❡ ❣,❛♣❤❡& An

❉!✜♥✐%✐♦♥ ✷✳✶ ❯♥❡ ♦!✐❡♥%❛%✐♦♥ ❞✬✉♥ *♦♠♠❡% ❡-% ❧❛ ❞♦♥♥.❡ ❞✬✉♥ ♦,❞,❡ ❝②❝❧✐A✉❡ -✉, ❧✬❡♥-❡♠❜❧❡

❞❡- ❞❡♠✐✲❛,H%❡- ✐---✉❡- ❞❡ ❝❡ -♦♠♠❡%✳ ❯♥❡ ♦!✐❡♥%❛%✐♦♥ ❞✬✉♥ ❣,❛♣❤❡ %,✐✈❛❧❡♥% ❝♦♥♥❡①❡ ❡-% ❧❛

❞♦♥♥.❡ ❞✬✉♥❡ ♦,✐❡♥%❛%✐♦♥ ❞❡ ❝❤❛❝✉♥ ❞❡ -❡- -♦♠♠❡%-✳

❖♥ ♥♦%❡ An ❧✬❡-♣❛❝❡ ✈❡❝%♦,✐❡❧ -✉, Q ❡♥❣❡♥❞,. ❧✐❜,❡♠❡♥% ♣❛, ❧❡- ❣,❛♣❤❡- %,✐✈❛❧❡♥%- ❝♦♥♥❡①❡- J

2n -♦♠♠❡%- ❛✈❡❝ %♦✉%❡- ❧❡- ♦,✐❡♥%❛%✐♦♥- ♣♦--✐❜❧❡-✱ A✉❡ ❧✬♦♥ A✉♦%✐❡♥%❡ ♣❛, ❧❡- ,❡❧❛%✐♦♥- -✉✐✈❛♥%❡-

❆❙ ✿ = − ✱

■❍❳ ✿ + + = 0

A✉✐ ,❡❧✐❡♥% ❞❡- ❣,❛♣❤❡- A✉✐ ♣❡✉✈❡♥% H%,❡ ✐♠♠❡,❣.- ❞❡ %❡❧❧❡ -♦,%❡ A✉✬✐❧- ❝♦Q♥❝✐❞❡♥% ❤♦,- ❞❡ ❧❛

♣♦,%✐♦♥ ,❡♣,.-❡♥%.❡ ♦C ✐❧- -♦♥% ❝♦♠♠❡ -✉, ❧❡ ❞❡--✐♥✳

■❧ ❡-% ❜✐❡♥ ❝♦♥♥✉ A✉❡

A1 = Q[ ]

A2 = Q[ ]

❡% A✉❡

A3 = Q[ ]

❖♥ ✈❛ ,❡❞.♠♦♥%,❡, ❧❛ ❞❡,♥✐?,❡ ❢♦,♠✉❧❡✱ J ❧✬❛✐❞❡ ❞❡- ❞❡✉① ❧❡♠♠❡- -✉✐✈❛♥%-✳ ❯♥❡ ❜♦✉❝❧❡ ✐♥%❡!♥❡

❡-% ✉♥ -♦✉-✲❣,❛♣❤❡ ❞❡ ❧❛ ❢♦,♠❡

▲❡♠♠❡ ✷✳✷ ■❧ ② ❛ ❡①❛❝%❡♠❡♥% 6 %②♣❡* ❞❡ ❣!❛♣❤❡* %!✐✈❛❧❡♥%* ❝♦♥♥❡①❡* *❛♥* ❜♦✉❝❧❡* ✐♥%❡!♥❡* 6

6 *♦♠♠❡%*✱ 6 ✐*♦♠♦!♣❤✐*♠❡ ♣!8* ♣♦**✐❜❧❡* ✿

Γ3B : Γ2B : Γ1B :

ΓT : ΓC : ΓL :



✽

❈❡ ❧❡♠♠❡ %❡&❛ ❞)♠♦♥,&) ❞❛♥% ❧❡ ♣❛&❛❣&❛♣❤❡ ✸✳✶✳

▲❡♠♠❡ ✷✳✸ ❉❛♥# ❧✬❡#♣❛❝❡ ✈❡❝*♦,✐❡❧ A3✱ ♦♥ ❛ ❧❡# ,❡❧❛*✐♦♥# #✉✐✈❛♥*❡# ✿

[Γ1B] = 2[ΓT ]

[Γ2B] = 4[ΓT ]

[Γ3B] = 4[ΓT ]

[ΓL] = 0

[ΓC ] = 0

❡* ❧❛ ❝❧❛##❡ ❞✬✉♥ ❣,❛♣❤❡ 4✉✐ ❝♦♥*✐❡♥* ✉♥❡ ❜♦✉❝❧❡ ✐♥*❡,♥❡ ❡#* ♥✉❧❧❡✳ ▲❡# ❣,❛♣❤❡# #♦♥* ♠✉♥✐# ❞❡

❧✬♦,✐❡♥*❛*✐♦♥ ✐♥❞✉✐*❡ ♣❛, ❧✬♦,❞,❡ *,✐❣♦♥♦♠9*,✐4✉❡ #✉, ❧❡# ❞❡##✐♥#✳ ❈❡ #♦♥* ❧❡# #❡✉❧❡# ,❡❧❛*✐♦♥#

❡①✐#*❛♥*❡#✱ ❝❡ 4✉✐ ❢❛✐* 4✉❡ ❧✬❡#♣❛❝❡ A3 ❡#* ❞❡ ❞✐♠❡♥#✐♦♥ 1✱ ❡♥❣❡♥❞,9✱ ♣❛, ❡①❡♠♣❧❡✱ ♣❛, ❧❛ ❝❧❛##❡
❞❡ ΓT ✱ #♦✐* ✿ A3 = Q[ΓT ].

❈❡ ❧❡♠♠❡ %❡&❛ ❞)♠♦♥,&) ❞❛♥% ❧❛ %❡❝,✐♦♥ ✸✳✷✳

✷✳✷ ❈♦♥✈❡♥'✐♦♥) ❞✬♦,✐❡♥'❛'✐♦♥

❯♥❡ ✈❛,✐9*9M *♦♣♦❧♦❣✐4✉❡ ❞❡ ❞✐♠❡♥#✐♦♥ n #❛♥# ❜♦,❞ ❡%, ✉♥ ❡%♣❛❝❡ ,♦♣♦❧♦❣✐8✉❡ %)♣❛&)✱ 8✉✐ ❡%,

✉♥❡ ✉♥✐♦♥ ❞❡ %♦✉%✲❡♥%❡♠❜❧❡% ♦✉✈❡&,% Ui ✐♥❞❡①)% ♣❛& ✉♥ ❡♥%❡♠❜❧❡ I✱ ♦> ❝❤❛8✉❡ Ui ❡%, ✐❞❡♥,✐✜)
@ ✉♥ ♦✉✈❡&, Vi ❞❡ Rn

♣❛& ✉♥ ❤♦♠)♦♠♦&♣❤✐%♠❡ φi : Ui → Vi ❛♣♣❡❧) ❝❛,*❡✳ ▲❡% ✈❛&✐),)% %♦♥,

❝♦♥%✐❞)&)❡% @ ✉♥ ❤♦♠)♦♠♦&♣❤✐%♠❡ ♣&B% ❞❡ ,❡❧❧❡ ♠❛♥✐B&❡ 8✉❡ ,♦✉,❡% ❧❡% ✈❛&✐),)% ❤♦♠)♦♠♦&♣❤❡%

%♦♥, ❝♦♥%✐❞)&)❡% ❝♦♠♠❡ ✐❞❡♥,✐8✉❡%✳

C♦✉& r = 0, 1, . . . ,∞✱ ❧❛ ✈❛&✐),) ,♦♣♦❧♦❣✐8✉❡ M ❛ ✉♥❡ %,&✉❝,✉&❡ Cr
✭♦✉ ❡%, ✉♥❡ ✈❛&✐),)

Cr
✮ %✐ ♣♦✉& ,♦✉,❡ ♣❛✐&❡ {i, j} ⊂ J ✱ ❧✬❛♣♣❧✐❝❛,✐♦♥ φj ◦ φ−1

i ❞)✜♥✐❡ %✉& φi(Ui ∩ Uj) ❡%, ✉♥ Cr−
❞✐✛)♦♠♦&♣❤✐%♠❡ %✉& %♦♥ ✐♠❛❣❡✳

❯♥❡ ♦&✐❡♥,❛,✐♦♥ ❞✬✉♥ ❡%♣❛❝❡ ✈❡❝,♦&✐❡❧ V ❞❡ ❞✐♠❡♥%✐♦♥ ✜♥✐❡ ❡%, ✉♥❡ ❜❛%❡ ❞❡ V @ ✉♥ ❝❤❛♥✲

❣❡♠❡♥, ❞❡ ❜❛%❡ ❞❡ ❞),❡&♠✐♥❛♥, ♣♦%✐,✐❢ ♣&B%✳ ▲♦&%8✉❡ V = {0}✱ ✉♥❡ ♦&✐❡♥,❛,✐♦♥ ❞❡ V ❡%, ✉♥

)❧)♠❡♥, ❞❡ {−1, 1}✳ ❯♥ ❞✐✛)♦♠♦&♣❤✐%♠❡ h ❞✬✉♥ ♦✉✈❡&, U ❞❡ Rn
%✉& ✉♥ ♦✉✈❡&, V ❞❡ Rn

♣,9✲

#❡,✈❡ ❧✬♦,✐❡♥*❛*✐♦♥ ❡♥ ✉♥ ♣♦✐♥, x %✐ ❡, %❡✉❧❡♠❡♥, %✐ ❧❡ ❞),❡&♠✐♥❛♥, ❞❡ %♦♥ ❥❛❝♦❜✐❡♥ Dxh ❡%,

♣♦%✐,✐❢✳ ❙✐ Rn
❡%, ♦&✐❡♥,) ❡, %✐ ❧❡% ❝❤❛♥❣❡♠❡♥,% ❞❡ ❝❛&,❡% φj ◦ φ−1

i ♣&)%❡&✈❡♥, ❧✬♦&✐❡♥,❛,✐♦♥ ✭❡♥

,♦✉, ♣♦✐♥,✮ ♣♦✉& ,♦✉, {i, j}✱ ❛❧♦&% ❧❛ ✈❛&✐),) M ❡%, ❞✐,❡ ♦,✐❡♥*9❡✳ ❙❛✉❢ ✐♥❞✐❝❛,✐♦♥ ❝♦♥,&❛✐&❡✱ ❧❡%

✈❛&✐),)% %❡&♦♥, ❧✐%%❡% ✭C∞
✮ ❡, ♦&✐❡♥,)❡%✳ ▲❡% ✈❛&✐),)% ♣&♦❞✉✐,% %♦♥, ♦&✐❡♥,)❡% ♣❛& ❧✬♦&❞&❡ ❞❡% ❢❛❝✲

,❡✉&%✳ C❧✉% ❣)♥)&❛❧❡♠❡♥,✱ %❛✉❢ ✐♥❞✐❝❛,✐♦♥% ❝♦♥,&❛✐&❡%✱ ❧✬♦&❞&❡ ❞✬❛♣♣❛&✐,✐♦♥ ❞❡% ❝♦♦&❞♦♥♥)❡% ♦✉

❞❡% ♣❛&❛♠B,&❡% ♦&✐❡♥,❡ ❧❡% ✈❛&✐),)%✳

▲❡ ✜❜&) ,❛♥❣❡♥, ❞✬✉♥❡ %♦✉%✲✈❛&✐),) ♦&✐❡♥,)❡ A ❞✬✉♥❡ ✈❛&✐),) M ❡♥ ✉♥ ♣♦✐♥, x ❡%, ♥♦,) ♣❛&

TxA✳ C♦✉& ✉♥❡ %,&✉❝,✉&❡ &✐❡♠❛♥♥✐❡♥♥❡ ✜①)❡✱ (TxA)
⊥

❡%, ❝❛♥♦♥✐8✉❡♠❡♥, ✐%♦♠♦&♣❤❡ @ NxA =
TxM/TxA✳ ■❧ ❡%, ♦&✐❡♥,) ❞❡ ,❡❧❧❡ ♠❛♥✐B&❡ 8✉❡ ✭✉♥❡ ❜❛%❡ ♦&✐❡♥,)❡ ❞❡✮ (TxA)

⊥
%✉✐✈✐❡ ❞❡ ✭✉♥❡ ❜❛%❡



✾

♦"✐❡♥&'❡ ❞❡✮ TxA ✐♥❞✉✐+❡ ❧✬♦"✐❡♥&❛&✐♦♥ ❞❡ M ✳ ▲❡ ❜♦"❞ ∂M ❞✬✉♥❡ ✈❛"✐'&' ♦"✐❡♥&'❡ ❡+& ♦"✐❡♥&' ♣❛"

❧❛ ❝♦♥✈❡♥&✐♦♥ ✧ ♥♦"♠❛❧❡ ❡①&'"✐❡✉"❡ ♣"❡♠✐❡" ✈❡❝&❡✉"✧ ✿ +✐ x ∈ ∂M ♥✬❡+& ♣❛+ ✉♥ ❝♦✐♥✱ ❧❡ ✈❡❝&❡✉"

♥♦"♠❛❧ +♦"&❛♥& ❞❡ M ❡♥ x +✉✐✈✐ ♣❛" ✉♥❡ ❜❛+❡ ♦"✐❡♥&'❡ ❞❡ Tx∂M ✐♥❞✉✐& ❧✬♦"✐❡♥&❛&✐♦♥ ❞❡ M ✳

❉❡✉① +♦✉+✲✈❛"✐'&'+ A ❡& B ❞✬✉♥❡ ✈❛"✐'&' M +♦♥& ❞✐&❡+ &"❛♥+✈❡"+❡+ +✐ ❡♥ ❝❤❛=✉❡ ♣♦✐♥& ❞✬✐♥✲

&❡"+❡❝&✐♦♥ x✱ TxM = TxA + TxB✳ ▲✬✐♥&❡"+❡❝&✐♦♥ &"❛♥+✈❡"+❡ ❞❡ ❞❡✉① +♦✉+✲✈❛"✐'&'+ A ❡& B ❞✬✉♥❡

✈❛"✐'&' M ❡♥ ✉♥ ♣♦✐♥& x ❡+& ♦"✐❡♥&'❡ ❞❡ &❡❧❧❡ ♠❛♥✐>"❡ =✉❡ ❧❡ ✜❜"' ♦"&❤♦❣♦♥❛❧ ❞❡ A∩B ❡♥ x ❡+&

((TxA)
⊥ ⊕ (TxB)⊥)✳ ❙✐ ❞❡✉① +♦✉+✲✈❛"✐'&'+ ♦♥& ❞❡+ ❞✐♠❡♥+✐♦♥+ ❝♦♠♣❧'♠❡♥&❛✐"❡+✱ ❧❡ +✐❣♥❡ ❞✬✉♥

♣♦✐♥& ❞✬✐♥&❡"+❡❝&✐♦♥ ❡+& +1 +✐ ❧✬♦"✐❡♥&❛&✐♦♥ ❞❡ +♦♥ ✜❜"' ♥♦"♠❛❧ ❝♦B♥❝✐❞❡ ❛✈❡❝ ❧✬♦"✐❡♥&❛&✐♦♥ ❞❡

❧✬❡+♣❛❝❡ ❛♠❜✐❛♥&✱ ❝✬❡+& C ❞✐"❡ +✐ TxM = (TxA)
⊥ ⊕ (TxB)⊥ ✭❝♦♠♠❡ ❡+♣❛❝❡+ ✈❡❝&♦"✐❡❧+ ♦"✐❡♥&'+✮✳

❙✐♥♦♥✱ +♦♥ +✐❣♥❡ ❡+& −1✳ ❙✐ A ❡& B +♦♥& ❝♦♠♣❛❝&❡+ ❡& ♦♥& ❞❡+ ❞✐♠❡♥+✐♦♥+ ❝♦♠♣❧'♠❡♥&❛✐"❡+✱

❛❧♦"+ ❧❡✉" ✐♥"❡$%❡❝"✐♦♥ ❛❧❣+❜$✐-✉❡✱ ♥♦&'❡ 〈A,B〉✱ ❡+& ❧❛ +♦♠♠❡ ❞❡ &♦✉+ ❧❡+ +✐❣♥❡+ ❞❡+ ♣♦✐♥&+

❞✬✐♥&❡"+❡❝&✐♦♥+✳ ❖♥ ✈'"✐✜❡ ❢❛❝✐❧❡♠❡♥& ❧❡ ❧❡♠♠❡ +✉✐✈❛♥&✳

▲❡♠♠❡ ✷✳✹ ❙♦✐❡♥" A ❡" B ❞❡✉① %♦✉%✲✈❛$✐+"+% ❞❡ M ❞❡ ❞✐♠❡♥%✐♦♥% ❝♦♠♣❧+♠❡♥"❛✐$❡% ❡" "$❛♥%✲

✈❡$%❡%✳ ▲❡ %✐❣♥❡ ❞✬✉♥ ♣♦✐♥" ❞✬✐♥"❡$%❡❝"✐♦♥ x ❡%" +1 %✐ ❡" %❡✉❧❡♠❡♥" %✐ TxM = TxA⊕TxB ✭❝♦♠♠❡

❡%♣❛❝❡% ✈❡❝"♦$✐❡❧% ♦$✐❡♥"+%✮✳

 !❡✉✈❡✿ ❖♥ +❛✐& =✉❡

TxM = (TxA)
⊥ ⊕ TxA

TxM = (TxB)⊥ ⊕ TxB

❡& ♣❛" ❤②♣♦&❤>+❡✱ ♦♥ ❛

TxM = (TxA)
⊥ ⊕ (TxB)⊥

❝❛" ❧❡+ ❞❡✉① ✈❛"✐'&'+ +♦♥& &"❛♥+✈❡"+❡+ ❡& ❞❡ ❞✐♠❡♥+✐♦♥+ ❝♦♠♣❧'♠❡♥&❛✐"❡+✳ ❖♥ ♥♦&❡ p = dim(A) ❡&
q = dim(B)✳ ❖♥ ❝❤♦✐+✐& ✉♥❡ ❜❛+❡ (e1, . . . , ep) ❞❡ TxA =✉❡ ❧✬♦♥ ❝♦♠♣❧>&❡ ♣❛" ✉♥❡ ❜❛+❡ (b1, . . . , bq)
❞❡ (TxA)

⊥
✱ ❡& ✉♥❡ ❜❛+❡ (e′1, . . . , e

′
q) ❞❡ TxB =✉❡ ❧✬♦♥ ❝♦♠♣❧>&❡ ♣❛" ✉♥❡ ❜❛+❡ (b′1, . . . , b

′
p) ❞❡ (TxB)⊥✳

❖♥ ✈❡✉& ♠♦♥&"❡" =✉❡ (e1, . . . , ep, e
′
1, . . . , e

′
q) ❡+& ❞✉ ♠H♠❡ +✐❣♥❡ =✉❡ ❧❛ ❜❛+❡ (b1, . . . , bq, b

′
1, . . . , b

′
p)✳

▲❛ ♠❛&"✐❝❡ ❞❡ ❝❤❛♥❣❡♠❡♥& ❞❡ ❜❛+❡ ❞❡ (b1, . . . , bq, e1, . . . , ep) C (e′1, . . . , e
′
q, e1, . . . , ep) ❡+& ❞❡ ❧❛

❢♦"♠❡











M1 ×

0

1
✳

✳

✳

1











❉✬❛✉&"❡ ♣❛"&✱ ❧❛ ♠❛&"✐❝❡ ❞❡ ❝❤❛♥❣❡♠❡♥& ❞❡ ❜❛+❡ ❞❡ (b′1, . . . , b
′
p, e

′
1, . . . , e

′
q) C (b′1, . . . , b

′
p, b1, . . . , bq)

❡+& ❞❡ ❧❛ ❢♦"♠❡











1
✳

✳

✳

1

0

× M−1
1













✶✵

❈♦♠♠❡ ♣❛( ❞*✜♥✐.✐♦♥✱ ❧❡1 ❜❛1❡1 (b1, . . . , bq, e1, . . . , ep) ❡. (b′1, . . . , b
′
p, e

′
1, . . . , e

′
q) 1♦♥. ❞✐(❡❝.❡1✱

❧❡1 ❜❛1❡1 (e′1, . . . , e
′
q, e1, . . . , ep) ❡. (b

′
1, . . . , b

′
p, b1, . . . , bq) ♦♥. ❞♦♥❝ ❧❡ ♠4♠❡ 1✐❣♥❡✱ ❞♦♥❝ ❧❡1 ❜❛1❡1

(e1, . . . , ep, e
′
1, . . . , e

′
q) ❡. (b1, . . . , bq, b

′
1, . . . , b

′
p) ♦♥. ❧❡ ♠4♠❡ 1✐❣♥❡✳

�

❙♦✐. h ✉♥❡ ❛♣♣❧✐❝❛.✐♦♥ ❞✐✛*(❡♥.✐❛❜❧❡ ❞✬✉♥❡ ✈❛(✐*.* ♦(✐❡♥.*❡ A 1✉( ✉♥❡ ✈❛(✐*.* M ♦(✐❡♥.*❡✳ ❙♦✐.

B ✉♥❡ 1♦✉1✲✈❛(✐*.* ♦(✐❡♥.*❡ ❞❡ M ✳ ❊❧❧❡ ❡1. ❞♦♥❝ ❝♦✲♦(✐❡♥.*❡ ✭1♦♥ ✜❜(* ♥♦♠❛❧ ❡1. ♦(✐❡♥.* ❝♦♠♠❡

❝✐✲❞❡11✉1✮✳ ❊♥ ✉♥ ♣♦✐♥. (*❣✉❧✐❡( x ✭✉♥ ♣♦✐♥. ❡♥ ❧❡@✉❡❧ ❧❛ ❞✐✛*(❡♥.✐❡❧❧❡ ❡1. 1✉(❥❡❝.✐✈❡✮ ❞❡ h−1(B)✱
♦♥ ❝♦✲♦(✐❡♥.❡ h−1(B) ♣❛( (Dh)−1(Nh(x)B)✳

▲♦(1@✉❡ M ❡1. ✉♥❡ ✈❛(✐*.* ♦(✐❡♥.*❡✱ (−M) ❞*1✐❣♥❡ ❧❛ ♠4♠❡ ✈❛(✐*.*✱ ♠❛✐1 ♠✉♥✐❡ ❞❡ ❧✬♦(✐❡♥✲

.❛.✐♦♥ ❝♦♥.(❛✐(❡✳ ❉❛♥1 ✉♥❡ ✈❛(✐*.* M ✱ ✉♥❡ k−❝❤❛E♥❡ ❡1. ✉♥❡ ❝♦♠❜✐♥❛✐1♦♥ ✜♥✐❡ ✭F ❝♦❡✣❝✐❡♥.1

❞❛♥1 Z✮ ❞❡ 1♦✉1 ✈❛(✐*.*1 C ❧✐11❡1 ♦(✐❡♥.*❡1 ❞❡ ❞✐♠❡♥1✐♦♥ k ❞❡ M ✱ ❛✈❡❝ ❜♦(❞1 ❡. ❝♦✐♥1✱ ♦H ❧✬♦♥

✐❞❡♥.✐✜❡ −C ❛✈❡❝ (−1)C ❡. ❧❛ (*✉♥✐♦♥ ❞✐1❥♦✐♥.❡ ❞❡ ❞❡✉① ✈❛(✐*.*1 ❡1. ✐❞❡♥.✐✜*❡ F ❧❡✉( 1♦♠♠❡✳

❙❛✉❢ ✐♥❞✐❝❛.✐♦♥ ❝♦♥.(❛✐(❡✱ ❞❛♥1 .♦✉.❡ ❧❛ .❤K1❡✱ ❧❡1 ✈❛(✐*.*1 1♦♥. ♦(✐❡♥.*❡1✳

▲✬♦(✐❡♥.❛.✐♦♥ ❝❛♥♦♥✐@✉❡ ❞✬✉♥ ♣♦✐♥. ❡1. ❧❡ 1✐❣♥❡ +1✱ ❡. ∂[0, 1] = {1} − {0}✳
▲✬♦!✐❡♥%❛%✐♦♥ ❞✬✉♥ ❡♥1❡♠❜❧❡ ✜♥✐ ❡1. ✉♥ ♦(❞(❡ 1✉( ❝❡. ❡♥1❡♠❜❧❡ F ✉♥❡ ♣❡(♠✉.❛.✐♦♥ ♣❛✐(❡ ♣(K1✳

❙✐ X ❡1. ✉♥ ❡♥1❡♠❜❧❡ ✜♥✐✱ ♦♥ ❞*1✐❣♥❡ ♣❛( |X| 1♦♥ ❝❛(❞✐♥❛❧✳

✷✳✸ ❉$✜♥✐(✐♦♥ ❞❡ ❧✬❛♥♦♠❛❧✐❡ βn✳

❖♥ ❞*❝(✐. ❞❛♥1 ❝❡..❡ 1❡❝.✐♦♥ ❧❛ ❞*✜♥✐.✐♦♥ ❞❡ ❧✬❛♥♦♠❛❧✐❡ βn✳

❉!✜♥✐%✐♦♥ ✷✳✺ ❙♦✐. X ✉♥ ❡♥1❡♠❜❧❡ ✜♥✐✳ ❖♥ ♥♦.❡ CX(R
3) ❧✬❡♥1❡♠❜❧❡ ❞❡1 ✐♥❥❡❝.✐♦♥1 c : X →֒

R3
✳ ❈✬❡1. ❛✉11✐ ❧✬❡1♣❛❝❡ ❞❡1 ❝♦♥✜❣✉(❛.✐♦♥1 ❞❡ X ❞❛♥1 R3

✳ ❯♥❡ ♦(✐❡♥.❛.✐♦♥ ❞❡ X ✐♥❞✉✐. ✉♥❡

♦(✐❡♥.❛.✐♦♥ ♥❛.✉(❡❧❧❡ ❞❡ CX(R
3)✱ ❡♥ ♦(❞♦♥♥❛♥. ❧❡1 ❢❛❝.❡✉(1 ❞❡ (R3)

X
F ✉♥❡ ♣❡(♠✉.❛.✐♦♥ ♣❛✐(❡

♣(K1✳ ❖♥ ❞*✜♥✐. ❛✉1✐ ❧❡ @✉♦.✐❡♥. C̃X(R
3) := CX(R

3)/H ❞❡ ❧✬❡1♣❛❝❡ ❞❡ ❝♦♥✜❣✉(❛.✐♦♥1 ♣❛( ❧❡1

.(❛♥1❧❛.✐♦♥1 ❡. ❧❡1 ❞✐❧❛%❛%✐♦♥) @✉✐ 1♦♥. ❧❡1 ❤♦♠♦.❤*.✐❡1 ❞❡ (❛♣♣♦(. 1.(✐❝.❡♠❡♥. ♣♦1✐.✐❢✳ ❉❛♥1 ❝❡

@✉♦.✐❡♥.✱ ♦♥ ❛ ❧❡1 (❡❧❛.✐♦♥1 1✉✐✈❛♥.❡1 ✿ c = c + v ♣♦✉( v ∈ R3
❡. ((c+ v) : x 7→ c(x) + v)✱ ❡.

c = λc ♣♦✉( λ > 0 ❡. (λc : x 7→ λc(x))✳

❖♥ ✉.✐❧✐1❡ ❧❛ ❝♦♠♣❛❝.✐✜❝❛.✐♦♥ *.✉❞✐*❡ ♣❛( ❉✳ ❙✐♥❤❛ ❬❙✐♥✵✹❪ ✿

❚❤!♦,-♠❡ ✷✳✻ ■❧ ❡①✐)%❡ ✉♥❡ ✈❛!✐.%. ❧✐))❡ / ❝♦✐♥)✱ ❝♦♠♣❛❝%❡✱ ❜✐❡♥ ❞.✜♥✐❡ CX ❞♦♥% ❧✬✐♥%.!✐❡✉!

❡)% ❝❛♥♦♥✐7✉❡♠❡♥% ❞✐✛.♦♠♦!♣❤❡ / C̃X(R
3)✳ ❈❡%%❡ ✈❛!✐.%. CX ❡)% ❞❡ ❞✐♠❡♥)✐♦♥ 3|X| − 4✳ ❉❡

♣❧✉)✱ ♣♦✉! (i, j) ∈ X2
❛✈❡❝ i 6= j✱ ❧✬❛♣♣❧✐❝❛%✐♦♥

πij : CX(R
3) −→ S2

c 7−→ c(j)−c(i)
||c(j)−c(i)||

♣❛))❡ ❛✉ 7✉♦%✐❡♥% ❡% )✬.%❡♥❞ / CX ❡♥ ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❡♥❝♦!❡ ♥♦%.❡ πij✳
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❈♦♠♣%❡ %❡♥✉ ❞✉ %❤+♦,-♠❡✱ ♣♦✉, ♦,✐❡♥%❡, CX ✱ ✐❧ 1✉✣% ❞✬♦,✐❡♥%❡, C̃X(R
3) := CX(R

3)/H✳ ❖♥

♦,✐❡♥%❡ C̃X ❞❡ 1♦,%❡ 6✉❡ ❧❡ ❞✐✛+♦♠♦,♣❤✐1♠❡ f : CX(R
3) → R3×]0,+∞[×C̃X ❞+✜♥✐ ♣❛,

f(c) = (c(x0), ||c− c(x0)||, c)

1♦✐% ✉♥ ❞✐✛+♦♠♦,♣❤✐1♠❡ 6✉✐ ♣,+1❡,✈❡ ❧✬♦,✐❡♥%❛%✐♦♥✳ ❈❡❝✐ ♥❡ ❞+♣❡♥❞ ♣❛1 ❞✉ ♣♦✐♥% x0 ❝❤♦✐1✐ ♣✉✐16✉❡
❝❡❧❛ ,❡✈✐❡♥% < ♦,✐❡♥%❡, ❧♦❝❛❧❡♠❡♥% ❧❡ ❣,♦✉♣❡ H ❝♦♠♠❡ ✉♥ ♣,♦❞✉✐% ❞✉ ❣,♦✉♣❡ ❞❡ %,❛♥1❧❛%✐♦♥ ♣❛,

✉♥ ❣,♦✉♣❡ ❞❡ ❞✐❧❛%❛%✐♦♥ ❡% < ♦,✐❡♥%❡, ❧❡ 6✉♦%✐❡♥% ❞❡ 1♦,%❡ 6✉❡ ❧♦❝❛❧❡♠❡♥%✱ CX(R
3) ❡1% ♦,✐❡♥%+

❝♦♠♠❡ ❧❡ ♣,♦❞✉✐% ❞❡ ❝❡ ❣,♦✉♣❡ ♣❛, CX ✳

❯♥ ❣!❛♣❤❡ &!✐✈❛❧❡♥& ❝♦♥♥❡①❡ Γ ❞❡ ❞❡❣!/ n ❡1% ❧❛ ❞♦♥♥+❡ ❞✬✉♥ ❡♥1❡♠❜❧❡ H(Γ) < 6n +❧+♠❡♥%1

♠✉♥✐ ❞❡ ❞❡✉① ♣❛,%✐%✐♦♥1 V (Γ) ❡% E(Γ) ♦A V (Γ) ♣❛,%✐%✐♦♥♥❡ H(Γ) ❡♥ %,✐♣❧❡%1 ❞✬+❧+♠❡♥%1✱ ❡% V (Γ)
♣❛,%✐%✐♦♥♥❡ H(Γ) ❡♥ ♣❛✐,❡1 ❞✬+❧+♠❡♥%1✳ ▲❡1 ♣❛,%✐%✐♦♥1 V (Γ) ❡% E(Γ) ,❡♣,+1❡♥%❡♥% ,❡1♣❡❝%✐✈❡♠❡♥%

❧✬❡♥1❡♠❜❧❡ ❞❡1 1♦♠♠❡%1 ❡% ❞❡1 ❛,C%❡1 ❞✉ ❣,❛♣❤❡ Γ✱ ❡% H(Γ) ❡1% ❧✬❡♥1❡♠❜❧❡ ❞❡1 ❞❡♠✐✲❛,C%❡1 ❞❡

Γ✳

❊①❡♠♣❧❡ ✷✳✼ ❙✐ ♦♥ ❝♦♥1✐❞-,❡ ❧❡ ❣,❛♣❤❡ Γ 1✉✐✈❛♥% ✿

d1

d3

d2

d4

d5

d6

▲❡ ❣,❛♣❤❡ Γ ❡1% ❛❧♦,1 ❧❛ ❞♦♥♥+❡ ❞❡ ❧✬❡♥1❡♠❜❧❡ H(Γ) = {d1, d2, d3, d4, d5, d6} ♠✉♥✐ ❞❡1 ❞❡✉①

♣❛,%✐%✐♦♥1 V (Γ) = {{d1, d2, d3}, {d4, d5, d6}} ❡% E(Γ) = {{d1, d4}, {d2, d6}, {d3, d5}}✳

❯♥ ✐0♦♠♦!♣❤✐0♠❡ f ❞✬✉♥ ❣,❛♣❤❡ Γ ❞❛♥1 ✉♥ ❣,❛♣❤❡ Γ′
❡1% ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ f : H(Γ) → H(Γ′)

6✉✐ ,❡1♣❡❝%❡ ❝❤❛❝✉♥❡ ❞❡1 ❞❡✉① ♣❛,%✐%✐♦♥1 1✉, H(Γ) ❡% H(Γ′) ❛✉ 1❡♥1 ♦A✱ 1✐ {e1, e2, e3} ∈ V (Γ)✱
❛❧♦,1 {f(e1), f(e2), f(e3)} ∈ V (Γ′) ❡% 1✐ {e1, e2} ∈ E(Γ)✱ ❛❧♦,1 {f(e1), f(e2)} ∈ E(Γ′)✳ ❯♥

❛✉&♦♠♦!♣❤✐0♠❡ ❡1% ✉♥ ✐1♦♠♦,♣❤✐1♠❡ ❞✬✉♥ ❣,❛♣❤❡ ❞❛♥1 ❧✉✐ ♠C♠❡ ❡% ♦♥ ♥♦%❡ Aut(Γ) ❧❡ ❣,♦✉♣❡

❞❡1 ❛✉%♦♠♦,♣❤✐1♠❡1 ❞✬✉♥ ❣,❛♣❤❡✳

❊①❡♠♣❧❡ ✷✳✽ ■❧ ♥✬❡1% ♣❛1 ❞✐✣❝✐❧❡ ❞❡ ♠♦♥%,❡, 6✉❡ |Aut
( )

| = 12✳ ❊♥ ❡✛❡%✱ ❧❡1 ❛✉%♦♠♦,✲

♣❤✐1♠❡1 6✉✐ ✜①❡♥% ❧❡1 1♦♠♠❡%1 1♦♥% ❧❡1 1✐① ♣❡,♠✉%❛%✐♦♥1 ❞❡1 %,♦✐1 ❛,C%❡1✱ ❡% ✐❧ ❡①✐1%❡ ❞❡1 ❛✉%♦✲

♠♦,♣❤✐1♠❡1 6✉✐ +❝❤❛♥❣❡♥% ❧❡1 ❞❡✉① 1♦♠♠❡%1✳

Dor
n ❞+1✐❣♥❡ ❧✬❡♥1❡♠❜❧❡ ❞❡1 ❣,❛♣❤❡1 %,✐✈❛❧❡♥%1 ❝♦♥♥❡①❡1 < 2n 1♦♠♠❡%1 1❛♥1 ❜♦✉❝❧❡1 ✐♥%❡,♥❡1

❞♦♥% ❧❡1 ❛,C%❡1 1♦♥% ♥✉♠+,♦%+❡1 ❞❛♥1 {1, . . . , 3n} ✭♣❛, ✉♥❡ ❜✐❥❡❝%✐♦♥ ❞❡ E(Γ) ❞❛♥1 {1, . . . , 3n}✮
❡% ♦,✐❡♥%+❡1✱ < ❛✉%♦♠♦,♣❤✐1♠❡1 6✉✐ ♣,+1❡,✈❡♥% ❝❡%%❡ 1%,✉❝%✉,❡ ♣,-1✳
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❊①❡♠♣❧❡ ✷✳✾ ❖♥ ♣❡✉' ❞)❝+✐+❡ +❛♣✐❞❡♠❡♥' Dor
1 ✳ ❈♦♠♠❡ ❧❡3 ❣+❛♣❤❡3 ❞❡ Dor

1 ♥❡ ❝♦♥'✐❡♥♥❡♥'

♣❛3 ❞❡ ❜♦✉❝❧❡3 ✐♥'❡+♥❡3✱ ✐❧ ♥✬❡①✐3'❡ :✉✬✉♥ ❣+❛♣❤❡ ♣♦33✐❜❧❡ ✿ :✉❡ ❧✬♦♥ ❞♦✐' ♠✉♥✐+ ❞❡ '♦✉'❡3

❧❡3 ♥✉♠)+♦'❛'✐♦♥3 ❡' ♦+✐❡♥'❛'✐♦♥3 ♣♦33✐❜❧❡3✳ ❈❡❧❛ ♥♦✉3 ❞♦♥♥❡✱ < ❛✉'♦♠♦+♣❤✐3♠❡ ♣+=3✱ ❧❡3 ✹

♣♦33✐❜✐❧✐')3 3✉✐✈❛♥'❡3✱ :✉✐ +❡♣+)3❡♥'❡♥' ❧❡3 4 )❧)♠❡♥'3 ❞❡ Dor
1 ✿

3

2

1

3

2

1

3

2

1

3

2

1

❊♥ ❣)♥)+❛❧✱ ♣♦✉+ ✉♥ ❣+❛♣❤❡ '+✐✈❛❧❡♥' ❛❜3'+❛✐' ❞❡ ❞❡❣+) n✱ ✐❧ ② ❛

23n(3n)!
|❆✉"(Γ)|

)❧)♠❡♥'3 ❞❡ Dor
n ✳

❙♦✐' Γ ∈ Dor
n ✳ ▲✬♦+✐❡♥'❛'✐♦♥ ❞❡3 ❛+D'❡3 ✐♥❞✉✐' ✉♥❡ ♦+✐❡♥'❛'✐♦♥ 3✉+ ❧✬❡♥3❡♠❜❧❡ H(Γ) ❞❡3 ❞❡♠✐✲

❛+D'❡3 ❞❡ Γ ✿ ♥♦'♦♥3 u1i ❧❛ ❞❡♠✐✲❛+D'❡ ✐33✉❡ ❞❡ ❧❛ 3♦✉+❝❡ ❞❡ ❧✬❛+D'❡ i ❡' u2i ❧❛ ❞❡♠✐✲❛+D'❡ ✐33✉❡ ❞✉

❜✉' ❞❡ ❧✬❛+D'❡ i✳ ❆❧♦+3 ❧✬♦+❞+❡ 3✉+ ❧✬❡♥3❡♠❜❧❡ H(Γ) ✐♥❞✉✐' ♣❛+ ❧✬♦+✐❡♥'❛'✐♦♥ ❞❡3 ❛+D'❡3 ❡3'✱ < ✉♥❡

♣❡+♠✉'❛'✐♦♥ ♣❛✐+❡ ♣+=3 ✿ (u11, u
2
1, . . . , u

1
3n, u

2
3n)✳ ❖♥ ♥✉♠)+♦'❡ ❛+❜✐'+❛✐+❡♠❡♥' ❧❡3 3♦♠♠❡'3 ❞❡ Γ

❞❛♥3 V (Γ) = {M1, . . . ,M2n}✳ ▲♦+3:✉❡ Γ ❡3' ♠✉♥✐ ❞✬✉♥❡ ♦+✐❡♥'❛'✐♦♥ oΓ ❞❡ 3❡3 3♦♠♠❡'3 ❛✉ 3❡♥3

❞❡ ❧❛ ❞)✜♥✐'✐♦♥ ✷✳✶✱ ❧✬♦+✐❡♥'❛'✐♦♥ nΓ ❞❡ V (Γ) ✐♥❞✉✐'❡ ♣❛+ ❧❛ ♥✉♠)+♦'❛'✐♦♥ ❞❡3 3♦♠♠❡'3 ✐♥❞✉✐'

✉♥❡ 3❡❝♦♥❞❡ ♦+✐❡♥'❛'✐♦♥ 3✉+ H(Γ)✳ ❙♦✐' M i ∈ V (Γ)✱ ♦♥ ♥♦'❡ (M i
1,M

i
2,M

i
3) ❧❡3 ❞❡♠✐✲❛+D'❡3 ✐33✉❡3

❞✉ 3♦♠♠❡' M i
✱ ❞❛♥3 ❧✬♦+❞+❡ ❝②❝❧✐:✉❡✳ ▲✬♦+❞+❡ 3✉+ H(Γ) ✐♥❞✉✐' ♣❛+ ❧✬♦+✐❡♥'❛'✐♦♥ ❞❡3 3♦♠♠❡'3

❡3' ❛❧♦+3✱ < ✉♥❡ ♣❡+♠✉'❛'✐♦♥ ♣❛✐+❡ ♣+=3 ✿ (M1
1 ,M

1
2 ,M

1
3 , . . . ,M

2n
1 ,M2n

2 ,M2n
3 )✳ ❖♥ ♥♦'❡ ǫ(nΓ, oΓ)

❧❡ 3✐❣♥❡ ❞❡ ❧❛ ♣❡+♠✉'❛'✐♦♥ ❡♥'+❡ ❝❡3 ❞❡✉① ♦+✐❡♥'❛'✐♦♥3✳

❊①❡♠♣❧❡ ✷✳✶✵ ❖♥ ♠♦♥'+❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ǫ(nΓ, oΓ) ❛✈❡❝ n = 3✳ ❖♥ ❝♦♥3✐❞=+❡ ✉♥

❡①❡♠♣❧❡ ❞❡ ♥✉♠)+♦'❛'✐♦♥ ❞❡3 ❛+D'❡3✱ ❛✈❡❝ ❧❡3 ♦+✐❡♥'❛'✐♦♥3 ✜①)❡3 ♣❛+ ❞)✜♥✐'✐♦♥✱ ❡' ❧❛ ♥✉♠)+♦'❛✲

'✐♦♥ (O,B,C,D,E, F ) ❞❡3 3♦♠♠❡'3 3✉✐✈❛♥'❡ ✿

3

1

27

8
9

6

4

5

F

C

D

O

E

B

▲✬♦+✐❡♥'❛'✐♦♥ ❞❡ ❧✬❡♥3❡♠❜❧❡ ❞❡3 1/2 ❛+D'❡3 ✐♥❞✉✐'❡ ♣❛+ ❧✬♦+❞+❡ 3✉+ ❧❡3 3♦♠♠❡'3 ✿
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C1C2

C3

F1

F2 F3

D1

D2

D3

O1
O2

O3

E1

E2

E3

B1 B3

B2

▲✬♦%❞%❡ (✉% ❧❡( (♦♠♠❡,( ✐♥❞✉✐, ❧✬♦%❞%❡

(O1, O2, O3, B1, B2, B3, C1, C2, C3, D1, D2, D3, E1, E2, E3, F1, F2, F3)

(✉% ❧❡( 1/2 ❛%0,❡(✳ ▲✬♦%❞%❡ ✐♥❞✉✐, ♣❛% ❧✬♦%✐❡♥,❛,✐♦♥ ❞❡( ❛%0,❡( ❡(,

(O3, B2, B3, C1, C2, O2, D1, E1, E3, F3, F2, D2, C3, F1, O1, D3, B1, E2)

▲❛ ♣❡%♠✉,❛,✐♦♥ ❛((♦❝✐4❡ ❡♥,%❡ ❝❡( ❞❡✉① ♦%❞%❡( ❡(,

(O1, O3, B3, O2, B2, C2, E1, C3, E3)(B1, C1, D1, F3, E2, F1, D3, D2, F2)

6✉✐ ❡(, ❞♦♥❝ ❞❡ (✐❣♥❛,✉%❡ 1✳

❙♦✐, Γ ∈ Dor
n ✳ ❖♥ ♥♦,❡ E(Γ) ❧✬❡♥(❡♠❜❧❡ ❞❡( ❛%0,❡( ❞❡ Γ ❡, ♣♦✉% k ∈ N∗

✱ ♦♥ ♥♦,❡ k = {1, . . . , k}✳
<❛% ❞4✜♥✐,✐♦♥✱ ❧❡( ❛%0,❡( ❞❡ Γ (♦♥, ♥✉♠4%♦,4❡(✱ ❞♦♥❝ ✐❧ ❡①✐(,❡ ✉♥❡ ❜✐❥❡❝,✐♦♥ e(Γ, .) : 3n→ E(Γ)✳
❈❡❧❛ %❡✈✐❡♥, A 4,✐6✉❡,❡% ,♦✉,❡( ❧❡( ❛%0,❡( ❞❡ Γ ♣❛% ✉♥ ❡♥,✐❡% i ∈ 3n✳ <❛% ❝♦♥(46✉❡♥,✱ e(Γ, i)
❝♦%%❡(♣♦♥❞ A ❧✬❛%0,❡ ❞❡ Γ ♣♦%,❛♥, ❧✬✐♥❞✐❝❡ i✳ ❖♥ ♥♦,❡ N ❧❛ (♦✉%❝❡ ❞❡ ❧✬❛%0,❡ i ❡, M (♦♥ ❜✉, ✿

✐

▼◆

❖♥ ❞4✜♥✐, ❛❧♦%( πe(Γ,i) : CV (Γ) → S2
❞❡ (♦%,❡ 6✉❡

πe(Γ,i) = πNM .

❙✉% ❧✬✐♥,4%✐❡✉% C̃V (Γ)(R
3)✱ ♦♥ ❛

πe(Γ,i)(c) =
c(M)− c(N)

||c(M)− c(N)|| .
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❈❡$$❡ ❛♣♣❧✐❝❛$✐♦♥ ❞-♣❡♥❞ ❞❡ ❧❛ ♥✉♠-0♦$❛$✐♦♥ ❛0❜✐$0❛✐0❡ ❝❤♦✐3✐❡✳ ❖♥ ♦❜$✐❡♥$ ❛❧♦03 3n ❛♣♣❧✐❝❛$✐♦♥3

(πe(Γ,i))✳ ❖♥ -$❡♥❞ ❝❡3 ❛♣♣❧✐❝❛$✐♦♥3 ❡♥ ❞❡3 ❛♣♣❧✐❝❛$✐♦♥3 ❡♥❝♦0❡ ♥♦$-❡3 πe(Γ,i) ✿

∀i ∈ 3n, πe(Γ,i) : [0, 1]× B3 × CV (Γ) → [0, 1]× B3 × S2

♣❛0

πe(Γ,i) = id[0,1]×B3 × πe(Γ,i).

❖♥ -❝0✐$ B3
❝♦♠♠❡ ❧❛ ❜♦✉❧❡ ❞❡ 0❛②♦♥ 2π✳ ❚♦✉$ ♣♦✐♥$ m ∈ B3

3✬-❝0✐$ 3♦✉3 ❧❛ ❢♦0♠❡ m = θu✱
❛✈❡❝ θ ∈ [0, 2π] ❡$ u ∈ S2

✱ ♦= S2
❞-3✐❣♥❡ ❧❛ 3♣❤?0❡ ✉♥✐$- ❞❡ R3

✳ ❖♥ ❞-✜♥✐$ ❧✬❛♣♣❧✐❝❛$✐♦♥

ρ : B3 −→ SO(3)
m 7−→ ρ(m) = ρm

♦= ρθu ❞-3✐❣♥❡ ❧❛ 0♦$❛$✐♦♥ ❞✬❛①❡ u ❡$ ❞✬❛♥❣❧❡ θ✳ B♦✉0 U ❡$ V ❞❡✉① ✈❡❝$❡✉03 ♥♦♥ ♣0♦♣♦0$✐♦♥♥❡❧3

❞❡ S2
✱ ❧❛ ♥♦$❛$✐♦♥ [U, V ] ❞-3✐❣♥❡ ❧✬❛0❝ ❣-♦❞-3✐C✉❡ ❧❡ ♣❧✉3 ❝♦✉0$ 0❡❧✐❛♥$ U ❡$ V ✳ ❙♦✐$ V ∈ S2

✳ ❖♥

❞-✜♥✐$ ∂V ⊂ [0, 1]× B3 × S2
♣❛0

∂V = −{0} × B3 × {V } − [0, 1]× ∂B3 × {V }+ {(1,m, ρm(V )),m ∈ B3}.

▲❡♠♠❡ ✷✳✶✶ ❙♦✐# V ∈ S2
✱ ✐❧ ❡①✐(#❡ ✉♥❡ ❝❤❛✐♥❡ G̃V ❞❡ ❝♦❞✐♠❡♥(✐♦♥ 2 ❞❡ [0, 1]× B3 × S2

#❡❧❧❡

0✉❡ ∂G̃V = ∂V ✳

❈❡ ❧❡♠♠❡ 3❡0❛ ✉♥ ❝♦0♦❧❧❛✐0❡ ❞❡ ❧❛ ♣0♦♣♦3✐$✐♦♥ ✹✳✼✱ C✉✐ ♠♦♥$0❡ C✉❡ ❧❡3 ❝❤❛F♥❡3 GV (t) ❞✉ ♣❛0❛✲

❣0❛♣❤❡ ✷✳✹ 3♦♥$ ❞❡ $❡❧❧❡3 ❝❤❛F♥❡3✱ ♣♦✉0 $♦✉$ V ❞❡ S2
✳ ❙♦✐❡♥$ (V1, . . . , V3n) ∈ (S2)

3n
❡$ ✉♥❡ ❢❛♠✐❧❧❡

(GV1 , . . . , GV3n) ❞❡ ❝❤❛F♥❡3 ❛33♦❝✐-❡3✱ GVi ❡3$ ✉♥❡ ❝❤❛F♥❡ ❞❡ ❝♦❞✐♠❡♥3✐♦♥ 2 ❞❡ ⊂ [0, 1]×B3 × S2

❡$ ∂GVi = ∂Vi ✳ ❆❧♦03 ♣♦✉0 $♦✉$ i ∈ 3n✱ π−1
e(Γ,i)(GVi) ❡3$ ✉♥❡ ❝❤❛F♥❡ ❞❡ ❝♦❞✐♠❡♥3✐♦♥ 2 ❞❛♥3

[0, 1]×B3×CV (Γ)✱ ❝♦✲♦0✐❡♥$-❡ ♣❛0 ❧❛ ❝♦✲♦0✐❡♥$❛$✐♦♥ ❞❡ GVi ✳ ▲♦03C✉❡ ❧❡3 ❝❤❛F♥❡3 π
−1
e(Γ,i)(GVi) 3♦♥$

$0❛♥3✈❡03❡3✱

⋂i=3n
i=1 π−1

e(Γ,i)(GVi) ❡3$ ✉♥❡ ❝❤❛F♥❡ ❞❡ ❝♦❞✐♠❡♥3✐♦♥ 6n ❞❛♥3 ✉♥ ❡3♣❛❝❡ ❞❡ ❞✐♠❡♥3✐♦♥

6n−4+4 = 6n✱ ❝✬❡3$ ❞♦♥❝ ✉♥ ❡♥3❡♠❜❧❡ ❞❡ ♣♦✐♥$3 ❛✈❡❝ ❞❡3 3✐❣♥❡3 ✐♥❞✉✐$3 ♣❛0 ❧❡3 ❝♦✲♦0✐❡♥$❛$✐♦♥3

❞❡3 π−1
e(Γ,i)(GVi)✱ ❡$ ❧✬♦0✐❡♥$❛$✐♦♥ ❞❡ [0, 1]×B3 ×CV (Γ) ✐♥❞✉✐$❡ ♣❛0 ❧✬♦0✐❡♥$❛$✐♦♥ nΓ ❞❡ V (Γ)✳ ❖♥

♥♦$❡ IΓ,nΓ
(GV1 , . . . , GV3n) ❧❛ 3♦♠♠❡ ❞❡ ❝❡3 3✐❣♥❡3✳ ▲❡ ♣0♦❞✉✐$ IΓ,nΓ

(GV1 , . . . , GV3n)ǫ(nΓ, oΓ)[Γ, oΓ]
❡3$ ✐♥❞-♣❡♥❞❛♥$ ❞❡ nΓ ❡$ oΓ✳ ❖♥ ♣❡✉$ ♠♦♥$0❡0 C✉✬✐❧ ❡①✐3$❡ ✉♥ ❡♥3❡♠❜❧❡ ♦✉✈❡0$ ❡$ ❞❡♥3❡ An ❞❡

(S2)3n $❡❧ C✉❡ ♣♦✉0 $♦✉$ (V1, . . . , V3n)✱ ♣♦✉0 $♦✉$ ❣0❛♣❤❡ Γ✱ ❧❡3 ❝❤❛F♥❡3 π
−1
e(Γ,i)

(

GVi = GVi

(

i
3n+1

))

❝♦♥3$0✉✐$❡3 ❞❛♥3 ❧❛ ♣0♦♣♦3✐$✐♦♥ ✹✳✼ 3♦♥$ $0❛♥3✈❡03❡3✳ ❖♥ ❧❡ ♠♦♥$0❡0❛ ❛✉ ❝❤❛♣✐$0❡ ✺ ♣♦✉0 n = 3✳
B❛0 ❝♦♥3-C✉❡♥$✱ ♣♦✉0 (V1, . . . , V3n) ∈ An✱ ❧❛ 3♦♠♠❡

βn =
∑

Γ∈Dor
n

IΓ,nΓ
(GV1 , . . . , GV3n)ǫ(nΓ, oΓ)

(3n)!23n
[Γ, oΓ] ∈ An

❛ ✉♥ 3❡♥3✳
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 !♦♣♦$✐&✐♦♥ ✷✳✶✷ ▲❛ ❞#✜♥✐'✐♦♥ ❝✐✲❞❡,,✉, ❞❡ βn ❡,' ✐♥❞#♣❡♥❞❛♥'❡ ❞✉ ❝❤♦✐① ❞❡ (V1, . . . , V3n)
❞❛♥, An✳ ▲❡, ❝❤❛2♥❡, GVi ♣♦✉33❛✐❡♥' ❛✉,,✐ 4'3❡ ❝❤❛♥❣#❡, ❡♥ ❞✬❛✉'3❡, ❝❤❛2♥❡, G̃Vi ❞❡ ❜♦3❞ ∂Vi
❛✈❡❝ ❧❡, ♠4♠❡, ♣3♦♣3✐#'#, ❞❡ '3❛♥,✈❡3,❛❧✐'#✳

❖♥ ♠♦♥&'❡ ❝❡&&❡ ♣'♦♣♦+✐&✐♦♥ ❡♥ ❞.&❛✐❧+ ❛✉ ❝❤❛♣✐&'❡ ✺ ❞❛♥+ ❧❡ ❝❛+ n = 3 +✉' ❧❡3✉❡❧ ♦♥ +❡ ❝♦♥❝❡♥&'❡

❞❛♥+ ❝❡&&❡ &❤4+❡✳

❈❡&&❡ ♣'♦♣♦+✐&✐♦♥ ♣❡✉& ❛✉++✐ 7&'❡ ✈✉❡ ❝♦♠♠❡ ✉♥ ❝♦'♦❧❧❛✐'❡ ❞❡ ❧✬.&✉❞❡ ❞✉ ❧♦❣❛'✐&❤♠❡ z ❞❡

❧✬✐♥✈❛'✐❛♥& Z 3✉❡ ❑♦♥&+❡✈✐❝❤ ❛ ❞.✜♥✐ ❞❛♥+ ❬❑♦♥✾✹❪✱ ❡& 3✉✐ ❡+& ✉♥ ✐♥✈❛'✐❛♥& ✉♥✐✈❡'+❡❧ ❞❡ &②♣❡

✜♥✐ ❞❡+ +♣❤4'❡+ ❞✬❤♦♠♦❧♦❣✐❡ ❡♥&✐4'❡ ❞❡ ❞✐♠❡♥+✐♦♥ 3✱ ❞✬❛♣'4+ ❞❡+ &'❛✈❛✉① ❞❡ ●'❡❣ ❑✉♣❡'❜❡'❣ ❡&

❉②❧❛♥ ❚❤✉'+&♦♥ ❬❑❚✾✾❪✳

❈❡& ✐♥✈❛'✐❛♥& z ❡+& ❞.✜♥✐ +❡❧♦♥ ❧❡ +❝❤.♠❛ +✉✐✈❛♥& ♣♦✉' ❧❡+ +♣❤4'❡+ ❞✬❤♦♠♦❧♦❣✐❡ '❛&✐♦♥♥❡❧❧❡

M ❞❡ ❞✐♠❡♥+✐♦♥ 3✳
❖♥ +❡ ✜①❡ ✉♥ ♣❧♦♥❣❡♠❡♥& φ ❞✬✉♥ ✈♦✐+✐♥❛❣❡ N(∞) ❞✉ ♣♦✐♥& ∞ ❞❛♥+ ❧❛ +♣❤4'❡ S3 = R3∪{∞}

❞❛♥+ M ✱ ♦♥ ♥♦&❡ ∞ = φ(∞) ❡& M̌ = M \ {∞}✳ ❖♥ ❞.✜♥✐& ✉♥❡ ❝♦♠♣❛❝&✐✜❝❛&✐♦♥ C2(M) ❞✉

❝♦♠♣❧.♠❡♥&❛✐'❡ ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❛♥+

(

M̌
)2
✱ H ♣❛'&✐' ❞❡M2

❡♥ ② .❝❧❛&❛♥& +✉❝❝❡++✐✈❡♠❡♥& (∞,∞)✱

♣✉✐+ ❧❡+ ❛❞❤.'❡♥❝❡+ ❞❡ {∞} × M̌ ✱

(

M̌
)

× {∞} ❡& ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❡

(

M̌
)2

❞❛♥+ ❧✬.❝❧❛&❡♠❡♥&

♦❜&❡♥✉✳ ■❝✐✱ ❧❡+ .❝❧❛&❡♠❡♥&+ +✬❡♥&❡♥❞❡♥& ❞❛♥+ ❧❡ +❡♥+ ❞❡ ❧❛ &♦♣♦❧♦❣✐❡ ❞✐✛.'❡♥&✐❡❧❧❡✱ ✐❧+ ❝♦♥+✐+&❡♥&

H '❡♠♣❧❛❝❡' ✉♥❡ +♦✉+✲✈❛'✐.&. ♣❛' +♦♥ ✜❜'. ♥♦'♠❛❧ ✉♥✐&❛✐'❡✱ ❝♦♠♠❡ ❡①♣❧✐3✉. ❞❛♥+ ❧❛ ♣❛'&✐❡ ✹✳✶

♦✉ ❞❛♥+ ❬▲❡+✶✸✱ ❙❡❝&✐♦♥ ✷✳✶❪✳ ■❧+ ❝'.❡♥& ❞✉ ❜♦'❞✳ ▲❡ ❜♦'❞ ❞❡ C2(M) ❝♦♥&✐❡♥& ❡♥ ♣❛'&✐❝✉❧✐❡' ❧❡

✜❜'. ✉♥✐&❛✐'❡ ♥♦'♠❛❧ H ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❡

(

M̌
)2

3✉✐ ❡+& ✐❞❡♥&✐✜. ❛✉ ✜❜'. ✉♥✐&❛✐'❡ &❛♥❣❡♥& ❞❡ M̌

♣❛' ❧✬❛♣♣❧✐❝❛&✐♦♥ ((x, y) 7→ y − x)✳ ➚ ✉♥❡ ♣❛'❛❧❧.❧✐+❛&✐♦♥ τ ❞❡ M̌ 3✉✐ ❡+& ✐♥❞✉✐&❡ ♣❛' φ ❡& ♣❛' ❧❛

♣❛'❛❧❧.❧✐+❛&✐♦♥ +&❛♥❞❛'❞

τs : R
3 × R3 → TR3

❞❡ R3
+✉' φ(N(∞))✱ ♦♥ ❛++♦❝✐❡ ✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ ❝❛♥♦♥✐3✉❡ pτ : ∂C2(M) → S2

✳ ❈❡&&❡ ❛♣♣❧✐❝❛&✐♦♥

❛++♦❝✐❡ H ✉♥❡ ❝♦♥✜❣✉'❛&✐♦♥ ❧✐♠✐&❡ ❞❡ ❝♦♥✜❣✉'❛&✐♦♥+ ❞❡ ❞❡✉① ♣♦✐♥&+ ❞✐+&✐♥❝&+ ❞❡ M̌ ✱ ❧❛ ❧✐♠✐&❡ ❞❡

❧❛ ❞✐'❡❝&✐♦♥ ❞✉ ♣'❡♠✐❡' ♣♦✐♥& ❛✉ ❞❡✉①✐4♠❡ ❧♦'+3✉❡ M̌ = R3
❡& τ = τs✳ ❉❛♥+ ❧❡ ❝❛+ ❣.♥.'❛❧✱ ❝❡&&❡

❧✐♠✐&❡ ❣❛'❞❡ ✉♥ +❡♥+ ♥❛&✉'❡❧ +✉' ∂C2(M) ❛❧♦'+ 3✉❡ ❧❛ ❞✐'❡❝&✐♦♥ ❞✉ ♣'❡♠✐❡' ♣♦✐♥& ❛✉ ❞❡✉①✐4♠❡

♥✬❡+& ♣❛+ ❞.✜♥✐❡ +✉' ❧✬✐♥&.'✐❡✉' ❞❡ C2(M) ❬▲❡+✶✸✱ Q'♦♣♦+✐&✐♦♥ ✷✳✸❪✳

Q♦✉' ✉♥ ♣♦✐♥& W ❞❡ S2
✱ ♦♥ ❞.✜♥✐& ✉♥ ♣3♦♣❛❣❛'❡✉3 ❛++♦❝✐. H (M, τ,W ) ❝♦♠♠❡ ✉♥❡ ❝❤❛R♥❡

❞❡ ❞✐♠❡♥+✐♦♥ 4 ❞❡ ❧❛ ✈❛'✐.&. ❧✐++❡ ❝♦♠♣❛❝&❡ H ❜♦'❞+ ❡& ❝♦✐♥+ C2(M) ❞♦♥& ❧❡ ❜♦'❞ ❡+& p−1
τ (W ) ⊂

∂C2(M)✳ ▲✬❡①✐+&❡♥❝❡ ❞❡ &❡❧+ ♣'♦♣❛❣❛&❡✉'+ ❡+& ❥✉+&✐✜.❡ ❞❛♥+ ❬▲❡+✶✸✱ ❙❡❝&✐♦♥ ✷✳✸❪✳

Q♦✉' &♦✉& ❡♥+❡♠❜❧❡ ✜♥✐ V ✱ ✐❧ ❡①✐+&❡ ✉♥❡ ❝♦♠♣❛❝&✐✜❝❛&✐♦♥ CV (M) ❞❡ ❧✬♦✉✈❡'& ❞❡ M̌V
❝♦♥+&✐&✉.

❞❡+ ❛♣♣❧✐❝❛&✐♦♥+ ✐♥❥❡❝&✐✈❡+ c ❞❡ V ❞❛♥+ M̌ ✱ &❡❧❧❡ 3✉❡ CV (M) ❡+& ✉♥❡ ✈❛'✐.&. ❧✐++❡ H ❝♦✐♥+ ❞❡

❞✐♠❡♥+✐♦♥ 3n ❡& ♣♦✉' &♦✉& ❝♦✉♣❧❡ (i, j) ❞✬.❧.♠❡♥&+ ❞✐+&✐♥❝&+ ❞❡ V ✱ ❧✬❛♣♣❧✐❝❛&✐♦♥ c 7→ (c(i), c(j))
❞❡ M̌V

❞❛♥+ M̌2
+✬.&❡♥❞ ❡♥ ✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ πij : CV (M) → C2(M)✳ ❈❡&&❡ ❝♦♠♣❛❝&✐✜❝❛&✐♦♥ ❡+&

❞.❝'✐&❡ ♣'.❝✐+.♠❡♥& ❞❛♥+ ❬▲❡+✶✸✱ ❙❡❝&✐♦♥ ✺✳✶❪✱ +❛ +&'✉❝&✉'❡ ❡+& ❞.&❛✐❧❧.❡ ❞❛♥+ ❬▲❡+✵✹❛✱ ❙❡❝&✐♦♥

✸❪✳ ❊♥ ♣❛'&✐❝✉❧✐❡'✱ &♦✉&❡ ❛'7&❡ e ❞✬✉♥ ❣'❛♣❤❡ Γ ❞❡ Dor
n ✐♥❞✉✐& ✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ πe : CV (Γ)(M) →

C2(M)✳
Q♦✉' ✉♥ .❧.♠❡♥& (W1, . . . ,W3n) ❞❡ An ⊂ (S2)3n✱ ✐❧ ❡①✐+&❡ ❞❡+ ♣'♦♣❛❣❛&❡✉'+ Pi ❛++♦❝✐.+ H

(M, τ,W ) &❡❧+ 3✉❡ ❧❡+ π−1
e (Pi) +♦✐❡♥& &'❛♥+✈❡'+❡+ ❞❛♥+ CV (Γ)(M) ♣♦✉' &♦✉& Γ ❞❡ Dor

n ✳ Q♦✉' ❞❡



✶✻

"❡❧% ♣'♦♣❛❣❛"❡✉'%✱ zn(M, τ) %✬.❝'✐" ❝♦♠♠❡

zn(M, τ) =
∑

Γ∈Dor
n

〈π−1
e(Γ,1)(P1), . . . , π

−1
e(Γ,3n)(P3n)〉CV (Γ)(M)

ǫ(nΓ, oΓ)

(3n)!23n
[Γ, oΓ] ∈ An

❡♥ ✉"✐❧✐%❛♥" ❝♦♠♠❡ ♣'.❝.❞❡♠♠❡♥" ✉♥❡ ♦'✐❡♥"❛"✐♦♥ nΓ ❞❡ V (Γ) ♣♦✉' ♦'✐❡♥"❡' CV (Γ)(M)✳
❆✐♥%✐✱ zn(M, τ) ❝♦♠♣"❡ ❛❧❣.❜'✐7✉❡♠❡♥" ❧❡% ♣❧♦♥❣❡♠❡♥"% ❞❡% ❞✐❛❣'❛♠♠❡% ❞❡ ❋❡②♥♠❛♥✲❏❛❝♦❜✐

❝♦♥♥❡①❡% = 2n %♦♠♠❡"% ❞❡ Dor
n ✳

▲✬✐♥✈❛'✐❛♥" zn(M, τ) ❡%" ❧❛ ♣'♦❥❡❝"✐♦♥ ♥❛"✉'❡❧❧❡ ❞❡ ❧✬✐♥✈❛'✐❛♥" Zn(∅, M̌ , τ) ❞.❝'✐" ❞❛♥% ❧❡%

"❤.♦'B♠❡% ✹✳✼ ❡" ✺✳✻ ❞❡ ❬▲❡%✶✸❪ %✉' ❧❡ %♦✉%✲❡%♣❛❝❡ ❞❡ An ❡♥❣❡♥❞'. ♣❛' ❧❡% ❞✐❛❣'❛♠♠❡% ❝♦♥♥❡①❡%✱

❝♦♠♠❡ ❡①♣❧✐7✉. ❞❛♥% ❬▲❡%✶✸✱ ❙❡❝"✐♦♥ ✺✳✸❪✳

❖♥ ♣❡✉" ❛%%♦❝✐❡' ✉♥ ✐♥✈❛'✐❛♥" ❤♦♠♦"♦♣✐7✉❡ ❡♥"✐❡' p1(τ)✱ ❞.✜♥✐ ❝♦♠♠❡ ✉♥❡ ❝❧❛%%❡ ❞❡ L♦♥"'✲

❥❛❣✐♥ '❡❧❛"✐✈❡✱ ❛✉① ♣❛'❛❧❧.❧✐%❛"✐♦♥% τ ❝♦♠♠❡ ❝✐✲❞❡%%✉%✳ ❈❡""❡ ❛♣♣❧✐❝❛"✐♦♥ ❡%" ❞.✜♥✐❡ ♣'.❝✐%.♠❡♥"

❞❛♥% ❧❛ %❡❝"✐♦♥ ✻✳✺ ❞❡ ❬▲❡%✶✸❪✳ ❊❧❧❡ ✈.'✐✜❡ p1(τs) = 0 ❡" p1(ψR(ρ)◦ τs) = 4 ♣♦✉' ❧❛ ♣❛'❛❧❧.❧✐%❛"✐♦♥

ψR(ρ) ◦ τs ❞❡ R3
❞.✜♥✐❡ = ♣❛'"✐' ❞❡ ❧✬❛♣♣❧✐❝❛"✐♦♥

ψR(ρ) : R3 × R3 −→ R3 × R3

(x, y) 7−→ (x, ρ(x)(y)),

♦O ρ ❡%" ."❡♥❞✉❡ ♣❛' ❧✬❛♣♣❧✐❝❛"✐♦♥ ❝♦♥%"❛♥"❡ 7✉✐ ❡♥✈♦✐❡ "♦✉" .❧.♠❡♥" ❡♥ ❞❡❤♦'% ❞❡ B3
%✉'

❧✬✐❞❡♥"✐". ❞❡ SO(3)✱ ❞✬❛♣'B% ❬▲❡%✶✸✱ L'♦♣♦%✐"✐♦♥ ✻✳✶✸❪✳

❉✬❛♣'B% ❧❡ "❤.♦'B♠❡ ✹✳✼ ❞❡ ❬▲❡%✶✸❪✱ ❧❛ ♣'♦❥❡❝"✐♦♥ ✭♦✉ ❬▲❡%✵✹❛✱ ❚❤.♦'B♠❡ ✶✳✾❪✱ ♦O ξn = −βn✮

zn(M, τ)− p1(τ)

4
βn

❡%" ✐♥❞.♣❡♥❞❛♥" ❞❡ τ ✳ ❊♥ ♣❛'"✐❝✉❧✐❡'✱

βn = zn(S
3, ψR(ρ) ◦ τs)− zn(S

3, τs).

❖♥ ♣❡✉" ❛❧♦'% ♣'❡%%❡♥"✐' ❧❛ ❢♦'♠✉❧❡ ❛♥♥♦♥❝.❡ ♣♦✉' βn ❡♥ ✉"✐❧✐%❛♥" ❞❡% ♣'♦♣❛❣❛"❡✉'% Pi
❛%%♦❝✐.% = (S3, τs,Wi) ❡" P

′
i ❛%%♦❝✐.% = (S3, ψR(ρ)◦τs,Wi) 7✉✐ ❝♦W♥❝✐❞❡♥" ❡♥ ❞❡❤♦'% ❞✬✉♥ ✈♦✐%✐♥❛❣❡

[0, 1]×B3×S2
❞✉ ✜❜'. ✉♥✐"❛✐'❡ "❛♥❣❡♥" B3×S2

❞❡ B3
✭"'✐✈✐❛❧✐%. ♣❛' τs✮ ❞❛♥% ❧❡ ❜♦'❞ ❞❡ C2(B

3)
♦O ❧❡% ♣'♦♣❛❣❛"❡✉'% Pi %✬.❝'✐✈❡♥" [0, 1]×B3×{Wi} ❡" ❧❡% ♣'♦♣❛❣❛"❡✉'% P ′

i %✬.❝'✐✈❡♥" GWi
✳ ❈❡""❡

❢♦'♠✉❧❡ ✈✐❡♥" ♣❧✉% ♣'.❝✐%.♠❡♥" ❞✉ ❧❡♠♠❡ ✺✳✽ ❞❡ ❬▲❡%✶✸❪✳ ❖♥ ♣❡✉" ❛✉%%✐ ✈♦✐' ❣'Y❝❡ = ❝❡ ❧❡♠♠❡

7✉❡ βn ❡%" ✐♥❞.♣❡♥❞❛♥"❡ ❞✉ ❝❤♦✐① ❞❡% ❝❤❛Z♥❡% GWi
❡" ❞❡% ✈❡❝"❡✉'% W1, . . . ,W3n✳ ❖♥ %❛✐" ❞❡♣✉✐%

❧✬✐♥"'♦❞✉❝"✐♦♥ ❞❡ βn ♣❛' ●'❡❣ ❑✉♣❡'❜❡'❣ ❡" ❉②❧❛♥ ❚❤✉'%"♦♥ ❡♥ ✶✾✾✾ 7✉❡ βn = 0 %✐ n ❡%" ♣❛✐'

❡" 7✉❡

β1 =
1

12

[ ]

.



✶✼

✷✳✹ ▲❡ ❝❛' β3✳

❖♥ ♣%&❝✐)❡ ❞❛♥) ❝❡--❡ )♦✉)✲)❡❝-✐♦♥ ❧❛ ❞&✜♥✐-✐♦♥ ❞❡ β3 ❡- ❧❡ -❤&♦%4♠❡ ✷✳✶✺ 9✉✐ ❡)- ❧❡ -❤&♦%4♠❡

♣%✐♥❝✐♣❛❧ ❞❡ ❝❡--❡ -❤4)❡✳ :♦✉% -♦✉- t ∈ [0, 1] ❡- ♣♦✉% -♦✉- V ∈ S2
✱ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛% ❝♦♥)-%✉✐%❡

✉♥❡ ❝❤❛<♥❡ GV (t) ⊂ [0, 1] × B3 × S2
❞❡ ❜♦%❞ ∂V ❛✈❡❝ ❧❡) ♥♦-❛-✐♦♥) ❛✈❛♥- ❧❡ ❧❡♠♠❡ ✷✳✶✶✳ ▲❡)

♥♦-❛-✐♦♥) )✉✐✈❛♥-❡) )❡%♦♥- ❞&-❛✐❧❧&❡) @ ❧❛ )♦✉)✲)❡❝-✐♦♥ ✹✳✷✳ ❖♥ ♥♦-❡ DV ⊂ B3
❧❡ ❞✐)9✉❡ ♦%-❤♦❣♦♥❛❧

@ V ❞❡ %❛②♦♥ π ❡- ♦♥ ♥♦-❡ CV )♦♥ ❜♦%❞✳ ❖♥ ❞&✜♥✐- ✿

G0,V (t) = [0, t]× B3 × {V }

G1,V (t) = {(u,m, ρm(V )); u ∈ [t, 1],m ∈ B3}

G2,V (t) = −{t} ×
⋃

m∈B3\CV

{m} × [V, ρ(V )]

G3,V (t) = {t} ×DV × S2

GH,V (t) = G2,V (t)−G3,V (t)

❊♥✜♥✱ ♦♥ ♣♦)❡

GV (t) = G0,V (t) +GH,V (t) +G1,V (t).

❖♥ ♠♦♥-%❡ ❛❧♦%) ✭♣%♦♣♦)✐-✐♦♥ ✹✳✼✮ 9✉❡ ♣♦✉% -♦✉- t ∈ [0, 1] ♦♥ ❛ ∂GV (t) = ∂V ✳ ❋✐①♦♥) ✉♥ 9✲✉♣❧❡-
(ti)i∈9 ∈ [0, 1]9 -❡❧ 9✉❡ 0 < t1 < · · · < t9 < 1✳ :♦✉% (V1, . . . , V9) ∈ (S2)9✱ ♣♦)♦♥) GVi = GVi(ti)✳
:♦✉% ❝❡) ❝❤❛<♥❡) ♣❛%-✐❝✉❧✐4%❡)✱ ♦♥ ♠♦♥-%❡%❛ ❧❛ ♣%♦♣♦)✐-✐♦♥ )✉✐✈❛♥-❡ ✭)❡❝-✐♦♥ ✺✳✷✱ ♣%♦♣♦)✐-✐♦♥

✺✳✷✮ ✿

 !♦♣♦$✐&✐♦♥ ✷✳✶✸ ■❧ ❡①✐%&❡ ✉♥ ❡♥%❡♠❜❧❡ A ♦✉✈❡-& ❡& ❞❡♥%❡ ❞❡ (S2)9 &❡❧ /✉❡ ♣♦✉- &♦✉& (V1, . . . , V9) ∈
A✱ &♦✉&❡% ❧❡% ✐♥&❡-%❡❝&✐♦♥% ❞❡% π−1

e(Γ,i)(GVi) %♦♥& &-❛♥%✈❡-%❡% ♣♦✉- &♦✉& Γ ❞❡ Dor
3 ✳ ❊♥ ♣❛-&✐❝✉❧✐❡-✱

❧❛ /✉❛♥&✐&6

β3 =
∑

Γ∈Dor
3

IΓ,nΓ
(GV1 , . . . , GV9)ǫ(nΓ, oΓ)

(9)!29
[Γ, oΓ] ∈ A3

❡%& ❜✐❡♥ ❞6✜♥✐❡ ♣♦✉- &♦✉& (V1, . . . , V9) ∈ A✳

❖♥ ❞&♠♦♥-%❡%❛ ❧❡ ❧❡♠♠❡ ✺✳✷✾ ❡- ❧❡) ♣%♦♣♦)✐-✐♦♥) ✺✳✷✷ ❡- ✺✳✷✼✱ 9✉✐ ❛✉%♦♥- ♣♦✉% ❝♦♥)&9✉❡♥❝❡ ❧❛

♣%♦♣♦)✐-✐♦♥ )✉✐✈❛♥-❡ ✿

 !♦♣♦$✐&✐♦♥ ✷✳✶✹ ▲❛ /✉❛♥&✐&6 β3 ♥❡ ❞6♣❡♥❞ ♥✐ ❞✉ ❝❤♦✐① ❞❡ ❧❛ ♥✉♠6-♦&❛&✐♦♥ nΓ ❞❡% ❣-❛♣❤❡% Γ✱

♥✐ ❞✉ ❝❤♦✐① ❞❡% ♦-✐❡♥&❛&✐♦♥% oΓ ❞❡% %♦♠♠❡&% ❞❡% ❣-❛♣❤❡% Γ✱ ♥✐ ❞❡ ❧✬6❧6♠❡♥& (V1, . . . , V9) ∈ A✱

♥✐ ❞✉ ❝❤♦✐① ❞❡% ❝❤❛<♥❡% GVi ❞❡ ❜♦-❞ ∂Vi✳

❈❡❝✐ ❞&♠♦♥-%❡ ❞✬✉♥❡ ♠❛♥✐4%❡ ✐♥❞&♣❡♥❞❛♥-❡ ❧❡) %&)✉❧-❛-) ❛♥♥♦♥❝&) ❞❛♥) ❧❛ )♦✉)✲)❡❝-✐♦♥ ♣%&❝&✲

❞❡♥-❡✳ ❉✬❛✉-%❡ ♣❛%-✱ )♦✐- Γ ∈ Dor
3 ♠✉♥✐ ❞✬✉♥❡ ♥✉♠&%♦-❛-✐♦♥ nΓ ❞❡ )❡) )♦♠♠❡-)✳ ❖♥ ❞&✜♥✐-

❧✬❛♣♣❧✐❝❛-✐♦♥ ❡- ❧❡) 3 ❝❤❛<♥❡) )✉✐✈❛♥-❡) ✿

πe(Γ,i) : SO(3)× C14 → SO(3)× S2; (ρ, c) 7→ (ρ, πe(Γ,i)(c))



✶✽

G0,V = SO(3)× {V }
G1,V = {(ρ, ρ(V )), ρ ∈ SO(3)}

G2,V = −
⋃

ρ∈SO(3),ρ(V ) 6=−V

{ρ} × [V, ρ(V )]

❖♥ ♥♦%❡ D3
or(ΓT ) ❧❡ (♦✉( ❡♥(❡♠❜❧❡ ❞❡ Dor

3 ❝♦♥(%✐%✉/ ❞❡( ❣1❛♣❤❡( 5✉✐ (♦♥% ✐(♦♠♦1♣❤❡( 6 ΓT ✳

❚❤"♦$%♠❡ ✷✳✶✺

β3 =
2

299!

∑

Γ∈D3
or(ΓT )

8
∑

h=2

ǫ(nΓ, oΓ)〈
h−1
⋂

i=1

π−1
e(Γ,i)(G1,Vi), π

−1
e(Γ,h)(G2,Vh),

9
⋂

i=h+1

π−1
e(Γ,i)(G0,Vi)〉[Γ, oΓ]

❖♥ ♣1♦✉✈❡ ❧❡ %❤/♦19♠❡ ✷✳✶✺ ❛✉ ❝❤❛♣✐%1❡ ✻ ❡♥ ♠♦♥%1❛♥%

✕ 5✉❡ %♦✉%❡( ❧❡( ✐♥%❡1(❡❝%✐♦♥( ❛11✐✈❡♥% ❡♥ ✉♥ %❡♠♣( th ❞✬❤♦♠♦%♦♣✐❡ ✭❧❡♠♠❡ ✺✳✻✮

✕ 5✉❡ ❧❛ ❝♦♥%1✐❜✉%✐♦♥ ❞❡( ♣❛1%✐❡( {th} ×DVh × S2
❡(% ♥✉❧❧❡ ✭❧❡♠♠❡ ✻✳✷✮

✕ 5✉❡ ❧✬♦♥ ♣❡✉% 1❡♠♣❧❛❝❡1 B3
♣❛1 SO(3) ✭❧❡♠♠❡ ✻✳✸✮

✕ 5✉❡ ❧❛ ❝♦♥%1✐❜✉%✐♦♥ ❞❡( ❣1❛♣❤❡( ♥♦♥ ✐(♦♠♦1♣❤❡( 6 ΓT ❡(% ♥✉❧❧❡ ✭❧❡♠♠❡ ✻✳✻✮✳

❆✉ ❝❤❛♣✐%1❡ ✼✱ ♦♥ ❞♦♥♥❡ ✉♥ ❛❧❣♦1✐%❤♠❡ ♣♦✉1 ❝❛❧❝✉❧❡1 ❧✬❡①♣1❡((✐♦♥ ❛✐♥(✐ (✐♠♣❧✐✜/❡ ❞❡ β3✳

✸ ❈♦♠❜✐♥❛(♦✐)❡ +✉) ❧❡+ ❣)❛♣❤❡+

▲❡ ❜✉% ❞❡ ❝❡ ❝❤❛♣✐%1❡ ❡(% ❞❡ ❞/♠♦♥%1❡1 ❧❡( ❧❡♠♠❡( ✷✳✷ ❡% ✷✳✸✳

✸✳✶ ❉$♠♦♥()*❛)✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✷

❖♥ ❞/%❡1♠✐♥❡ ❞❛♥( ❝❡%%❡ (❡❝%✐♦♥ ❧✬❡♥(❡♠❜❧❡ D3 ❞❡( ❣1❛♣❤❡( %1✐✈❛❧❡♥%( ❝♦♥♥❡①❡( 6 6 (♦♠♠❡%(

❡% (❛♥( ❜♦✉❝❧❡( ✐♥%❡1♥❡(✳ ❯♥❡ ❜✉❧❧❡ ❡(% ✉♥ (♦✉(✲❣1❛♣❤❡ ❞❡ ❧❛ ❢♦1♠❡

.

◆♦%♦♥( ✿

✕ B0 ⊂ D3 ❧❡ (♦✉( ❡♥(❡♠❜❧❡ ❞❡ D3 ❝♦♠♣♦(/ ❞❡( ❣1❛♣❤❡( 5✉✐ ♥❡ ❝♦♠♣♦1%❡♥% ❛✉❝✉♥❡ ❜✉❧❧❡

✕ B1 ⊂ D3 ❧❡ (♦✉( ❡♥(❡♠❜❧❡ ❞❡ D3 ❝♦♠♣♦(/ ❞❡( ❣1❛♣❤❡( 5✉✐ ❝♦♠♣♦1%❡♥% ❡①❛❝%❡♠❡♥% 1 ❜✉❧❧❡

✕ B2 ⊂ D3 ❧❡ (♦✉( ❡♥(❡♠❜❧❡ ❞❡ D3 ❝♦♠♣♦(/ ❞❡( ❣1❛♣❤❡( 5✉✐ ❝♦♠♣♦1%❡♥% ❛✉ ♠♦✐♥( 2 ❜✉❧❧❡(

❖♥ ❛ ❛❧♦1( D3 = B0 ∪B1 ∪B2✱ ❞♦♥❝ ♦♥ ❞/%❡1♠✐♥❡ (✉❝❝❡((✐✈❡♠❡♥% B0, B1 ❡% B2✳

◆♦%♦♥( D̃1 ✭1❡(♣✳ D̃2 ✮ ❧✬❡♥(❡♠❜❧❡ ❞❡( ❣1❛♣❤❡( %1✐✈❛❧❡♥%( ❝♦♥♥❡①❡( 6 ❞❡✉① (♦♠♠❡%( ❛✈❡❝

/✈❡♥%✉❡❧❧❡♠❡♥% ❞❡( ❜♦✉❝❧❡( ✐♥%❡1♥❡( ✭1❡(♣✳ 6 4 (♦♠♠❡%(✮ ❡% D2✱ ❧✬❡♥(❡♠❜❧❡ ❞❡( ❣1❛♣❤❡( %1✐✈❛❧❡♥%(

❝♦♥♥❡①❡( 6 4 (♦♠♠❡%( ❡% (❛♥( ❜♦✉❝❧❡( ✐♥%❡1♥❡(✳



✶✾

▲❡♠♠❡ ✸✳✶ ▲❡" ❡♥"❡♠❜❧❡" D2 ❡' D̃1 "❡ ❞)❝+✐✈❡♥' ❞❡ ❧❛ ♠❛♥✐/+❡ "✉✐✈❛♥'❡ ✿

D̃1 =

{

;

}

D2 =







;







.

 !❡✉✈❡✿ ❈♦♥%&'✉✐%♦♥% ✉♥ ❣'❛♣❤❡ Γ ❞❡ D̃1 ✿ ▲❡ ❣'❛♣❤❡ Γ ❡%& ❝♦♠♣♦%4 ❞❡ ❞❡✉① ♣♦✐♥&%✳ ❈♦♠♠❡

Γ ❡%& ❝♦♥♥❡①❡✱ ❝❡% ❞❡✉① ♣♦✐♥&% %♦♥& '❡❧✐4% ♣❛' ✉♥❡ ❛'9&❡✳

:♦✉' ❝♦♠♣❧4&❡' ❝❡ ❣'❛♣❤❡✱ %♦✐& ❧❡% ❞❡✉① ❛'9&❡% '❡%&❛♥&❡% '❡❧✐❡♥& ❧❡% ❞❡✉① ♣♦✐♥&%✱ %♦✐& ❝❤❛;✉❡

♣♦✐♥& ❡%& '❡❧✐4 < ❧✉✐ ♠9♠❡✳ ❖♥ ♦❜&✐❡♥& ❛✐♥%✐ ❧❡% ❞❡✉① ❣'❛♣❤❡% ❞❡ D̃1✳ :♦✉' ❝♦♥%&'✉✐'❡ D2 ♦♥

✜①❡ &♦✉& ❞✬❛❜♦'❞ ✉♥ %♦♠♠❡& ❞❡ Γ✱ &'♦✐% ❛'9&❡% ♣❛'&❡♥& ❞❡ ❝❡ %♦♠♠❡&✱ ❡& ❝♦♠♠❡ ❧❡% &'♦✐% ❛'9&❡%

♥❡ ♣❡✉✈❡♥& 9&'❡ '❡❧✐4❡% ❛✉ ♠9♠❡ ♣♦✐♥& ❝❛' Γ ❡%& ❝♦♥♥❡①❡✱ ✐❧ ♥✬② ❛ ;✉❡ ❞❡✉① ❛❧&❡'♥❛&✐✈❡% ♣♦✉'

❝♦♥%&'✉✐'❡ ❝❡% ❛'9&❡% ✿

✳

❈♦♠♣❧4&♦♥% ❧❡ ❣'❛♣❤❡ ❞❡ ❣❛✉❝❤❡ ✿ ❧❡ %♦♠♠❡& ✉♥✐✈❛❧❡♥& ♥❡ ♣❡✉& 9&'❡ '❡❧✐4 ❛✉ %♦♠♠❡& ❜✐✈❛❧❡♥&

❞4❥< ❝♦♥%&'✉✐&✱ %✐♥♦♥ ❧❛ %❡✉❧❡ ♠❛♥✐D'❡ ❞❡ ❝♦♠♣❧4&❡' ❝❡ ❣'❛♣❤❡ ❡♥ '❛❥♦✉&❛♥& ❧❡ ;✉❛&'✐D♠❡ %♦♠♠❡&

❞♦♥♥❡ ✉♥❡ ❜♦✉❝❧❡ ✐♥&❡'♥❡✳ :❛' ❝♦♥%4;✉❡♥&✱ ❧❡ %♦♠♠❡& ✉♥✐✈❛❧❡♥& ❡%& '❡❧✐4 %❡✉❧❡♠❡♥& ❛✉ ;✉❛&'✐D♠❡

%♦♠♠❡&✱ ❝❡ ;✉✐ ❧❛✐%%❡ ✉♥❡ ❞❡'♥✐D'❡ ❛'9&❡ < '❛❥♦✉&❡'✱ ❡& ♦♥ ♦❜&✐❡♥&

✳

:♦✉' ❝♦♠♣❧4&❡' ❧❡ ❣'❛♣❤❡ ❞❡ ❞'♦✐&❡✱ ✐❧ %✉✣& ❞❡ ❝♦♥%&❛&❡' ;✉❡ %✐ ✉♥ %♦♠♠❡& ✉♥✐✈❛❧❡♥& ♥✬❡%& ♣❛%

'❡❧✐4 ❛✉① ❞❡✉① ❛✉&'❡%✱ ❝❡❧❛ ❢♦'❝❡ < ❛✈♦✐' ✉♥❡ ❜♦✉❝❧❡ ✐♥&❡'♥❡✳ ❖♥ ♦❜&✐❡♥& ❛✐♥%✐ ❧❡ ❞❡'♥✐❡' ❣'❛♣❤❡

❛♥♥♦♥❝4 ♣♦✉' D2.

�

▲❡♠♠❡ ✸✳✷ ❖♥ ❛

B2 =

{

, ,

}

.

 !❡✉✈❡✿ ❯♥ 4❧4♠❡♥& ❞❡ B2 %✬♦❜&✐❡♥& ❡♥ ✐♥%4'❛♥& 2 ❜✉❧❧❡% < ✉♥ ❣'❛♣❤❡ ❞❡ D̃1✳ ■♥%4'❡' ❞❡✉①

❜✉❧❧❡% ❞❛♥%



✷✵

♣#♦❞✉✐( ❞❡✉① ❣#❛♣❤❡.

Γ2B = Γ3B = .

❈♦♠♠❡ Γ2B ❡( Γ3B .♦♥( ❞❡. ❣#❛♣❤❡. 2✉✐ ❝♦♥(✐❡♥♥❡♥( #❡.♣❡❝(✐✈❡♠❡♥( ❞❡✉① ❡( (#♦✐. ❜✉❧❧❡.✱ ✐❧.

.♦♥( ❜✐❡♥ ❞✐.(✐♥❝(.✳ ▲♦#.2✉❡ ❧✬♦♥ ✐♥.;#❡ ❞❡✉① ❜✉❧❧❡. ❞❛♥.

✐❧ ♥✬② ❛ 2✉✬✉♥❡ .❡✉❧❡ ♣♦..✐❜✐❧✐(= ♣♦✉# ♣❧❛❝❡# ❝❡. ❞❡✉① ❜✉❧❧❡.✱ ❞❡ .♦#(❡ 2✉✬✐❧ ♥✬② ❛✐( ♣❛. ❞❡ ❜♦✉❝❧❡.

✐♥(❡#♥❡.✳ ❈❡❧❛ ♥♦✉. ❝♦♥❞✉✐( >

ΓL = .

❖♥ ♦❜(✐❡♥( ❜✐❡♥ ✉♥ ❣#❛♣❤❡ ❞✐.(✐♥❝( ❞❡. ❞❡✉① ♣#=❝=❞❡♥(. ❝❛# ♦♥ ♣❡✉( ❞✐.❝♦♥♥❡❝(❡# ΓL ❡♥ ❡♥❧❡✈❛♥(

✉♥❡ ❛#@(❡✱ ❝❡ 2✉✐ ♥✬❡.( ♣❛. ♣♦..✐❜❧❡ ♣♦✉# Γ2B ❡( Γ3B✳

�

▲❡♠♠❡ ✸✳✸ ❖♥ ❛

B1 =

{ }

.

 !❡✉✈❡✿ ❖♥ ❞=✜♥✐( ❧✬❛♣♣❧✐❝❛(✐♦♥ .✉✐✈❛♥(❡ b1 : B1 → D̃2 2✉✐ ❛✉ ❣#❛♣❤❡ Γ ❛..♦❝✐❡ ❧❡ ❣#❛♣❤❡ ♦B

❧✬✉♥✐2✉❡ ❜✉❧❧❡ ❡.( #❡♠♣❧❛❝=❡ ♣❛# ✳ ❖♥ #❛♣♣❡❧❧❡ 2✉❡ D̃2 ❞=.✐❣♥❡ ❧✬❡♥.❡♠❜❧❡ ❞❡. ❣#❛♣❤❡.

(#✐✈❛❧❡♥(. ❝♦♥♥❡①❡. > 2✉❛(#❡. .♦♠♠❡(. ❛✈❡❝ =✈❡♥(✉❡❧❧❡♠❡♥( ❞❡. ❜♦✉❝❧❡. ✐♥(❡#♥❡.✳ ❖♥ ♠♦♥(#❡

2✉❡

Im(b1) ⊂ D2.

❊♥ ❡✛❡(✱ .♦✐( Γ ∈ D3 ❡( .✉♣♣♦.♦♥. ♣❛# ❧✬❛❜.✉#❞❡ 2✉❡ b1(Γ) ∈ D̃2\D2✳ E❛# ❝♦♥.=2✉❡♥(✱ Γ ❛

✉♥❡ ❜✉❧❧❡✱ 2✉✐ 2✉❛♥❞ ♦♥ ❧✬=❝#❛.❡ ❞♦♥♥❡ ✉♥❡ ❜♦✉❝❧❡ ✐♥(❡#♥❡✳ E❛# ❝♦♥.=2✉❡♥(✱ Γ ❝♦♥(✐❡♥( ✉♥ .♦✉.

❣#❛♣❤❡ ❞❡ ❧❛ ❢♦#♠❡

✳

❖# ✐❧ ♥✬❡①✐.(❡ 2✉✬✉♥❡ .❡✉❧❡ ♠❛♥✐;#❡ ❞❡ ❝♦♠♣❧=(❡# ❝❡ ♠♦#❝❡❛✉ ❞❡ ❣#❛♣❤❡ .❛♥. ❝#=❡# ❞❡ ❜♦✉❝❧❡

✐♥(❡#♥❡ ✿

.

❖# ❝❡ ❣#❛♣❤❡ ♥✬❛♣♣❛#(✐❡♥( ❝❧❛✐#❡♠❡♥( ♣❛. > B1 ❡( ♣❛# .✉✐(❡✱ Im(b1) ⊂ D2✳ ❖♥ ♣❡✉( ❞♦♥❝ =❝#✐#❡

B1 = b−1
1 (D2)✳ ❉=(❡#♠✐♥❡# B1 #❡✈✐❡♥( ❛❧♦#. > (#♦✉✈❡# (♦✉(❡. ❧❡. ❢❛I♦♥. ❞❡ #❛❥♦✉(❡# ✉♥❡ ❜✉❧❧❡

❛✉① ❣#❛♣❤❡. ❞❡ D2✳ ❘❛♣♣❡❧♦♥. 2✉❡

D2 =







;







.

❈♦♠♠❡



✷✶

=

"♦✉"❡& ❧❡& ❛)*"❡& ❞❡ ΓT ❥♦✉❡♥" ❧❡ ♠*♠❡ )/❧❡✳ ■❧ ② ❛ ❞♦♥❝ 4✉✬✉♥❡ &❡✉❧❡ ❢❛7♦♥ ❞❡ )❛❥♦✉"❡) ✉♥❡ ❜✉❧❧❡

9

4✉✐ ❝♦♥❞✉✐" ❛✉ ❣)❛♣❤❡

Γ1B = .

❈❡ ❣)❛♣❤❡ ♥❡ ❝♦♠♣♦)"❛♥" 4✉✬✉♥❡ &❡✉❧❡ ❜✉❧❧❡✱ ❝✬❡&" ❜✐❡♥ ✉♥ ❣)❛♣❤❡ ❞✐&"✐♥❝" ❞❡& ♣)@❝@❞❡♥"&

")♦✉✈@&✳ ❊♥ ✐♥&@)❛♥" ✉♥❡ ❜✉❧❧❡ 9

♦♥ ❛✉)❛ ✉♥ ❣)❛♣❤❡ ❛✈❡❝ ❛✉ ♠♦✐♥& ❞❡✉① ❜✉❧❧❡&✳ ❉♦♥❝

b−1
1 (D2) =

{ }

.

�

▲❡♠♠❡ ✸✳✹ ❖♥ ❛

B0 =















,















.

 !❡✉✈❡✿ ▲✬❡♥&❡♠❜❧❡ B0 ❡&" ❝♦♥&"✐"✉@ ❞❡& ❣)❛♣❤❡& ♥✬❛②❛♥" ❛✉❝✉♥❡ ❜✉❧❧❡✳ ❯♥ #$✐❛♥❣❧❡ ❡&" ✉♥

&♦✉&✲❣)❛♣❤❡ ❞❡ ❧❛ ❢♦)♠❡ ✳ ❖♥ ♥♦"❡ T1 ⊂ D3 ❧❡ &♦✉& ❡♥&❡♠❜❧❡ ❞❡ D3 ❝♦♠♣♦&@ ❞❡& ❣)❛♣❤❡&

4✉✐ ❝♦♠♣♦)"❡♥" ❛✉ ♠♦✐♥& 1 ")✐❛♥❣❧❡✳ I♦✉) ❞@"❡)♠✐♥❡) B0 ♦♥ ❞@"❡)♠✐♥❡ &✉❝❝❡&&✐✈❡♠❡♥" B0 ∩ T1
❡" B0\(B0 ∩T1)✳ ❯♥ ❣)❛♣❤❡ ❞❡ B0 ∩T1 &✬♦❜"✐❡♥" ❡♥ )❛❥♦✉"❛♥" ✉♥ ")✐❛♥❣❧❡ 9 ✉♥ ❣)❛♣❤❡ ❞❡ D2 ❞❡

❧❛ ♠❛♥✐J)❡ &✉✐✈❛♥"❡ ✿ ♦♥ )❡♠♣❧❛❝❡ ♣❛) ✳ ❚♦✉" ")✐❛♥❣❧❡ ✐♥&@)@ ❞❛♥&

❧❛✐&&❡ ❛✉ ♠♦✐♥& ✉♥❡ ❜✉❧❧❡ ✐♥"❛❝"❡✱ ❝❡ 4✉✐ ❡&" ✐♥"❡)❞✐" ❞❛♥& B0✳ ■❧ )❡&"❡ 9 ✐♥&@)❡) ✉♥ ")✐❛♥❣❧❡ ❞❛♥&
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♠❛✐$ ❝♦♠♠❡ (♦✉$ ❧❡$ $♦♠♠❡($ ❥♦✉❡♥( ❧❡ ♠-♠❡ ./❧❡ ❞❛♥$ ❝❡ ❣.❛♣❤❡✱ ♦♥ ♣❡✉( ♣❛. ❡①❡♠♣❧❡ ❝❤♦✐$✐.

❞❡ ❧❡ ♠❡((.❡ ❛✉ ❝❡♥(.❡ ♣♦✉. ♦❜(❡♥✐.

.

■❧ .❡$(❡ ❛❧♦.$ 8 ❞9❝.✐.❡ B0\(B0∩T1) ✿ ❝❡ $♦♥( ❧❡$ ❣.❛♣❤❡$ ;✉✐ ♥❡ ❝♦♥(✐❡♥♥❡♥( ♥✐ ❜✉❧❧❡$ ♥✐ (.✐❛♥❣❧❡$✳
◆♦✉$ ❛❧❧♦♥$ ❝♦♥$(.✉✐.❡ ✉♥ (❡❧ ❞✐❛❣.❛♠♠❡ Γ✳ ❋✐①♦♥$ A ✉♥ $♦♠♠❡( ;✉❡❧❝♦♥;✉❡✳ ❈♦♠♠❡ Γ ♥✬❛

❛✉❝✉♥❡ ❜✉❧❧❡✱ ❧❡$ (.♦✐$ ❛.-(❡$ ♣❛.(❛♥( ❞❡ ❝❡ $♦♠♠❡( $♦♥( .❡❧✐9$ 8 (.♦✐$ $♦♠♠❡($ ❞✐$(✐♥❝($✳

A

B

C D

✳

❈♦♠♠❡ Γ ♥❡ ❝♦♥(✐❡♥( ❛✉❝✉♥ (.✐❛♥❣❧❡✱ ❛✉❝✉♥❡ ❛.-(❡ ♥❡ ❝♦♥(✐❡♥( ❞❡✉① 9❧9♠❡♥($ ❞❡ {B,C,D}. ▲❡$
$♦♠♠❡($ B✱ C ❡( D $♦♥( ❞♦♥❝ (♦✉$ ❧❡$ (.♦✐$ .❡❧✐9$ ❛✉① ❞❡✉① ❛✉(.❡$ $♦♠♠❡($ E ❡( F ;✉✐ .❡$(❡♥(

8 ♣❧❛❝❡.✳ ▲❡ $♦♠♠❡( B ✭.❡$♣✳ C,D✮ ❡$( ❞♦♥❝ .❡❧✐9 8 ✉♥ ❞❡$ ❞❡✉① ❛✉(.❡$ $♦♠♠❡($ .❡$(❛♥( E ❡( F
❡( ❡♥ ❢❛✐( ❛✉① ❞❡✉①✱ ♣✉✐$;✉❡ Γ ♥❡ ❝♦♥(✐❡♥( ❛✉❝✉♥❡ ❜✉❧❧❡✳ ▲❡ ❣.❛♣❤❡ ❡$( ❛❧♦.$ ✜♥✐ ❡( ❧✬♦♥ ♦❜(✐❡♥(

❆

❇❋

❈

❉

❊

✳

▲❡ ❣.❛♣❤❡ ❝♦♥$(.✉✐( ❡$( ❛❧♦.$ ✉♥✐;✉❡✳

�

❘❡♠❛$%✉❡ ✸✳✺  ❛" ❝♦♥&'"✉❝'✐♦♥✱ ❧❡& &♦♠♠❡'& ❞❡ ❥♦✉❡♥' ❧❡ ♠0♠❡ "1❧❡ ✿ ♣♦✉" '♦✉'

❝♦✉♣❧❡ ❞❡ &♦♠♠❡'&✱ ✐❧ ❡①✐&'❡ ✉♥ ❛✉'♦♠♦"♣❤✐&♠❡ ❞❡ ΓC 6✉✐ ❡♥✈♦✐❡ ❧✬✉♥ &✉" ❧✬❛✉'"❡✳ ▲❡ ";&✉❧'❛'

♣❡"&✐&'❡ &✉" ❧❡& ❛"0'❡& ✿ ♣♦✉" '♦✉' ❝♦✉♣❧❡ ❞✬❛"0'❡&✱ ✐❧ ❡①✐&'❡ ✉♥ ❛✉'♦♠♦"♣❤✐&♠❡ ❞❡ ΓC 6✉✐ ❡♥✈♦✐❡
❧✬✉♥❡ &✉" ❧✬❛✉'"❡✳

▲❛ ❞9♠♦♥$(.❛(✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✷ ❞9❝♦✉❧❡ ❞✐.❡❝(❡♠❡♥( ❞❡$ ❧❡♠♠❡$ ✸✳✷✱ ✸✳✸ ❡( ✸✳✹✳

�
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✸✳✷ ❉$♠♦♥()*❛)✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✸

❈❧❛%%✐'✉❡♠❡♥,✱ ♣♦✉0 ♠♦♥,0❡0 ❧❡ ❧❡♠♠❡ ✷✳✸✱ ♦♥ ♠♦♥,0❡ ❧❡% 0❡❧❛,✐♦♥% ❛♥♥♦♥❝3❡% ❡, ♦♥ ❝♦♥%,0✉✐,

✉♥❡ ❢♦0♠❡ ❧✐♥3❛✐0❡ %✉0 A3 ♥♦♥ ♥✉❧❧❡ %✉0 [ΓT ] ✭✈♦✐0 ❬❇◆✾✺❛✱ ♣❛0❛❣0❛♣❤❡ ✷✳✹❪ ♦✉ ❬❱♦❣✶✶❪✮✳

❖♥ ♣03%❡♥,❡ ❞❛♥% ❝❡,,❡ %♦✉%✲%❡❝,✐♦♥ ✉♥❡ %❡❝♦♥❞❡ ♠3,❤♦❞❡ '✉✐ ❝♦♥%✐%,❡ F ❢❛✐0❡ ❧❛ ❧✐%,❡ ❞❡

,♦✉,❡% ❧❡% 0❡❧❛,✐♦♥% '✉✐ ❞3✜♥✐%%❡♥, A3✳ H♦✉0 ❝❤❛'✉❡ ❣0❛♣❤❡ ♥✉♠30♦,3✱ ♦♥ ❞0❡%%❡ ❧❡% ❧✐%,❡% ❞❡

,♦✉% ❧❡% ,②♣❡% ❞✬❛0K,❡% '✉✬✐❧ ❝♦♥,✐❡♥,✱ ❡, ,♦✉,❡% ❧❡% 0❡❧❛,✐♦♥% ■❍❳ '✉✐ ✐♥,❡0✈✐❡♥♥❡♥, %✉0 ❝❤❛'✉❡

,②♣❡ ❞✬❛0K,❡%✳ ❚♦✉,❡% ❧❡% 0❡❧❛,✐♦♥% '✉✐ %✉✐✈❡♥, %♦♥, 3❝0✐,❡% ❞❛♥% A3✳ ❙♦✐❡♥, ✉♥ ❣0❛♣❤❡ Γ ❡, e ✉♥❡
❛0K,❡ ❞❡ Γ✳ ▲❛ 0❡❧❛,✐♦♥ IHX ❛%%♦❝✐3❡ F (Γ, e)✱ '✉✐ 0❡❧✐❡ 3 ❣0❛♣❤❡% ✐❞❡♥,✐'✉❡% ❤♦0% ❞❡% ❞✐%'✉❡%

0❡♣03%❡♥,3%✱ ❡%, ✿

e

Γ

− e′

Γ′

+

e′′

Γ′′

= 0.

❡, ♦♥ ❧❛ ♥♦,❡

(Γ, e)− (Γ′, e′) + (Γ′′, e′′) = 0.

❙♦✐❡♥, Γ′
❡, Γ′′

❧❡% ❞❡✉① ❛✉,0❡% ❣0❛♣❤❡% ✐♥,❡0✈❡♥❛♥, ❞❛♥% ❝❡,,❡ 0❡❧❛,✐♦♥ ❡, %♦✐❡♥, e′ ❡, e′′ ❧❡✉0%
❛0K,❡% 0❡%♣❡❝,✐✈❡% ✈✐%✐❜❧❡%✳ ◆♦,♦♥% '✉❡ ❧❛ 0❡❧❛,✐♦♥ IHX ❛%%♦❝✐3❡ F (Γ′, e′) ✭0❡%♣✳ F (Γ′′, e′′)✮
❝♦U♥❝✐❞❡ ❛✈❡❝ ❧❛ 0❡❧❛,✐♦♥ ■❍❳ ❞❡ (Γ, e)✱ F ❛♥,✐%②♠3,0✐❡ ♣0V%✳ ■❧ %✉✣0❛ ❞♦♥❝ ❞❡ ❢❛✐0❡ ❛♣♣❛0❛X,0❡ ✉♥❡

❢♦✐% ❝❤❛'✉❡ ❝♦✉♣❧❡ (Γ, e) ❞❛♥% ,♦✉,❡% ♥♦% 0❡❧❛,✐♦♥% ♣♦✉0 K,0❡ ❝❡0,❛✐♥ ❞✬❛✈♦✐0 ✉♥❡ ❧✐%,❡ ❝♦♠♣❧V,❡✳

▲❡♠♠❡ ✸✳✻ ❙♦✐# ✉♥ ❣'❛♣❤❡ G ,✉✐ ❝♦♥#✐❡♥# ✉♥❡ ❜♦✉❝❧❡ ✐♥#❡'♥❡✱ ❛❧♦'1 [G] = 0✳

 !❡✉✈❡✿ ❊♥ ❡✛❡,✱ ❡♥ ✉,✐❧✐%❛♥, ❧❛ 0❡❧❛,✐♦♥ AS ♦♥ ♦❜,✐❡♥,

= −
✳

❉♦♥❝ ♦♥ ♦❜,✐❡♥, [G] = −[G]✳

�

❈❡❧❛ %✐❣♥✐✜❡ '✉❡ ❧❛ ❝❧❛%%❡ ❞❡ ,♦✉, ❣0❛♣❤❡ ,0✐✈❛❧❡♥, ❝♦♥,❡♥❛♥, ✉♥❡ ❜♦✉❝❧❡ ✐♥,❡0♥❡ ❡%, ♥✉❧❧❡ ❞❛♥%

A3✳ ❖♥ ♣❡✉, ❞♦♥❝ %❡ 0❡%,0❡✐♥❞0❡ F ❧✬❡♥%❡♠❜❧❡ D3 ❞❡% ❣0❛♣❤❡% ,0✐✈❛❧❡♥,% ❝♦♥♥❡①❡% F 6 %♦♠♠❡,%

❡, %❛♥% ❜♦✉❝❧❡% ✐♥,❡0♥❡%✱ '✉❡ ❧✬♦♥ ❛ ❞3❝0✐, ❛✉ ❧❡♠♠❡ ✷✳✷✳ ❉❡ ♣❧✉% ✿

▲❡♠♠❡ ✸✳✼ ❙♦✐# ✉♥❡ ❜✉❧❧❡

✐

❥

kp
.
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❆❧♦#$ ✉♥❡ #❡❧❛)✐♦♥ ■❍❳ $✉# j ❞♦♥♥❡ ✿

✐

❥

kp

❥

✐

kp
− − j

i

kp
= 0.

�

❯♥❡ %❡❧❛(✐♦♥ IHX +✉% ✉♥❡ ❛%-(❡ j ❞✬✉♥❡ ❜✉❧❧❡ ❞✬✉♥ ❣%❛♣❤❡ Γ +✬4❝%✐(

[Γ, j]− [Γ, j] = 0.

▲❡♠♠❡ ✸✳✽ ▲❡$ ❝♦✉♣❧❡$ (Γ, e) 4 ✐$♦♠♦#♣❤✐$♠❡ ♣#7$✱ ♦9 Γ ∈ D3 ❡) e ❡$) ✉♥❡ ❛#:)❡ ❤♦#$ ❞✬✉♥❡
❜✉❧❧❡ ❞❡ Γ $♦♥) ❞=❝#✐)$ ♣❛# ❧❡$ )②♣❡$ ❞✬❛#:)❡$ $✉✐✈❛♥)❡$✱ $✉# ❝❤❛@✉❡ ❣#❛♣❤❡ Γ ❞❡ D3✳

Γ3B =
❡

Γ2B =
❡

❡✬

Γ1B = ❡

❡✬

❡✑

ΓT =

❡

❡✬

ΓC =
❡

ΓL = ❡

❡✬

❧❡$ ❣#❛♣❤❡$ ♦♥) ❧✬♦#✐❡♥)❛)✐♦♥ ❞✉ ❞❡$$✐♥✱ ❡) ♦♥ ❛ ❧❡$ #❡❧❛)✐♦♥$ $✉✐✈❛♥)❡$ ✿

(ΓT , e) + (ΓT , e)− (Γ1B, e) = 0

(ΓC , e) + (ΓT , e
′)− (ΓT , e

′) = 0

(Γ1B, e
′′) + (Γ1B, e

′′)− (Γ2B, e
′) = 0

(Γ1B, e
′) + (Γ1B, e

′)− (Γ3B, e) = 0

(Γ2B, e)− (Γ2B, e)− (ΓL, e) = 0

(ΓL, e
′) + (ΓL, e

′)− (ΓL, e
′) = 0.

 !❡✉✈❡✿

▲❡♠♠❡ ✸✳✾ ❯♥❡ #❡❧❛)✐♦♥ IHX $✉# ✉♥❡ ❛#:)❡ e ❞✬✉♥ ❣#❛♣❤❡ Γ @✉✐ $❡ )#♦✉✈❡ $✉# ✉♥ )#✐❛♥❣❧❡
❞♦♥♥❡ ❧❛ #❡❧❛)✐♦♥ $✉✐✈❛♥)❡ ✿
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x

y

e

a

b

z
+

x

y

e

b

a

z
−

x

y

e′

a

b

z
= 0.

❙♦✐#

(Γ, e) + (Γ, e)− (Γ′, e′) = 0.

 !❡✉✈❡✿ ▲❛ $❡❧❛'✐♦♥ IHX ❛♣♣❧✐,✉.❡ / (Γ, e) ❞♦♥♥❡

x

y

e

a

b

z
−

x

y

e

a

b

z
+

x

y

e
a

b

z
= 0.

❡' ❧✬♦♥ $❡'$♦✉✈❡ ❧✬.❣❛❧✐'. ❞✉ ❧❡♠♠❡ ❡♥ ❛♣♣❧✐,✉❛♥' ❞❡✉① ❢♦✐7 ✉♥❡ $❡❧❛'✐♦♥ AS ❛✉ ❞❡$♥✐❡$ ❣$❛♣❤❡✳

�

❊♥ ❛♣♣❧✐,✉❛♥' ❧❡ ❧❡♠♠❡ ✸✳✾ / (ΓT , e)✱ / (Γ1B, e
′)✱ / (Γ1B, e

′′) ❡' / (ΓL, e
′) ♦♥ '$♦✉✈❡ ✿

(ΓT , e) + (ΓT , e)− (Γ1B, e) = 0

(Γ1B, e
′) + (Γ1B, e

′)− (Γ3B, e) = 0

(Γ1B, e
′′) + (Γ1B, e

′′)− (Γ2B, e
′) = 0

(ΓL, e
′) + (ΓL, e

′)− (ΓL, e
′) = 0.

?♦✉$ ✉♥❡ ❛$@'❡ ,✉✐ 7❡ 7✐'✉❡ 7✉$ ✉♥ ❝❛$$.✱ ♦♥ ♣❡✉' $.✲.❝$✐$❡ ❧❛ $❡❧❛'✐♦♥ IHX ❞❡ ❧❛ ❢❛C♦♥ 7✉✐✈❛♥'❡✱

❡♥ ❛♣♣❧✐,✉❛♥' AS ❛✉ ❞❡$♥✐❡$ ❣$❛♣❤❡ ✿

a

c

e b −
e

a

c

b − e b

a

c

= 0.

❆♣♣❧✐,✉♦♥7 ❝❡''❡ $❡❧❛'✐♦♥ / (ΓC , e) ✿

e b

a

c

− e
a

c

b − e

a

c

b = 0
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❝❡ $✉✐ ❞♦♥♥❡✱ ❛♣-./ ❛✈♦✐- ❛♣♣❧✐$✉2 AS ❛✉① ❞❡✉① ❞❡-♥✐❡-/ ❣-❛♣❤❡/ ❞❡ ❧✬2❣❛❧✐72 ♣-2❝2❞❡♥7❡ ✿

(ΓC , e) + (ΓT , e
′)− (ΓT , e

′) = 0.

❆♣♣❧✐$✉♦♥/ ❡♥✜♥ ❧❛ -❡❧❛7✐♦♥ IHX ; (ΓL, e)✱ ♦< (ΓL, e) ❡/7 ✐❞❡♥7✐✜2 ❛✉ /❡❝♦♥❞ 7❡-♠❡ ❞❡ ❧❛ -❡❧❛7✐♦♥

IHX ✿

❡ − ❡ − ❡ = 0

❝❡ $✉✐✱ ❛✈❡❝ ❧❛ -❡❧❛7✐♦♥ AS✱ ❝♦♥❞✉✐7 ; ❧❛ -❡❧❛7✐♦♥ ✿

(Γ2B, e)− (ΓL, e)− (Γ2B, e) = 0

❡7 ❝❡❧❛ 7❡-♠✐♥❡ ❧❛ ❞2♠♦♥/7-❛7✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✸✳

�



✷✼

✹ ▲❛ ❝❤❛%♥❡ GV

▲❡ ❜✉& ❞❡ ❝❡ ❝❤❛♣✐&-❡ ❡.& ❞❡ ❞/♠♦♥&-❡- ❧❡ ❧❡♠♠❡ ✷✳✶✶ ❡♥ ❞/&❛✐❧❧❛♥& ❧❛ ❝♦♥.&-✉❝&✐♦♥ ❞❡.

❝❤❛6♥❡. GV ❡& ❡♥ ❞/♠♦♥&-❛♥& ❧❛ ♣-♦♣♦.✐&✐♦♥ ✹✳✼ ✳

❊❝-✐✈♦♥. B3
❝♦♠♠❡ ❧❛ ❜♦✉❧❡ ❞❡ -❛②♦♥ 2π✳ ❖♥ ♣❡✉& ❛❧♦-. /❝-✐-❡ ✉♥ ♣♦✐♥& m ∈ B3

.♦✉. ❧❛

❢♦-♠❡ m = θu ♦= θ ∈ [0, 2π] ❡& u ∈ S2
✳ >♦✉- m = θu✱ ♦♥ ❞/✜♥✐& ❧✬❛♣♣❧✐❝❛&✐♦♥ ρm : S2 → S2

♦=

ρm(V ) ❞/.✐❣♥❡ ❧✬✐♠❛❣❡ ❞✉ ✈❡❝&❡✉- V ♣❛- ❧❛ -♦&❛&✐♦♥ ❞✬❛♥❣❧❡ θ ❡& ❞✬❛①❡ u✳ ▲❛ ✈❛-✐/&/ B3
❤/-✐&❡ ❞❡

❧✬♦-✐❡♥&❛&✐♦♥ ❞❡ R3
✱ ❡& S2

❡.& ♦-✐❡♥&/❡ ❝♦♠♠❡ ❧❛ ✈❛-✐/&/ ❜♦-❞ ❞❡ B3
❛✈❡❝ ❧❛ ❝♦♥✈❡♥&✐♦♥ ✧♥♦-♠❛❧❡

❡①&/-✐❡✉-❡ ♣-❡♠✐❡- ✈❡❝&❡✉-✧✳ ❘❛♣♣❡❧♦♥. F✉❡ &♦✉&❡. ❧❡. ✈❛-✐/&/. ❜♦-❞. .♦♥& ♣❛- ❛✐❧❧❡✉-. ♦-✐❡♥&/❡.

♣❛- ❝❡&&❡ ❝♦♥✈❡♥&✐♦♥✳ ❙♦✐& V ∈ S2
✱ ❞❛♥. ❧✬❡.♣❛❝❡ [0, 1]× B3 × S2

♦♥ ♣♦.❡

∂V = −{0} × B3 × {V }+ {(1,m, ρm(V ));m ∈ B3} − [0, 1]× S2 × {V }.

[0, 1]× S2 × {V }

{0} ×B3 × {V } {(1,m, ρm(V ));m ∈ B3}

◆♦✉. ❛❧❧♦♥. ❞/✜♥✐- ❞❛♥. ❧❛ ♣-♦♣♦.✐&✐♦♥ ✹✳✼ ✉♥❡ ✹ ❝❤❛6♥❡ GV ❞❛♥. [0, 1] × B3 × S2
&❡❧❧❡ F✉❡

∂GV = ∂V ✳

✹✳✶ ▲✬%❝❧❛)% Bl(B3, CV )

❉!✜♥✐%✐♦♥ ✹✳✶ ❖♥ ❞/✜♥✐& DV = {θu; θ ∈ [0, π], u ∈ S2, u ⊥ V } ❡& ♦♥ ♣♦.❡ CV = ∂DV ✳

❖♥ ♦-✐❡♥&❡ DV ❞❡ .♦-&❡ F✉❡ V ×DV ♦-✐❡♥&❡ B3
❡& CV ❡.& ♦-✐❡♥&/ ❝♦♠♠❡ ❜♦-❞ ❞❡ DV ✳

DV π

CV

V

u1
u2



✷✽

◆♦"❛"✐♦♥ ✹✳✷ ❖♥ ♥♦#❡ SNB3(CV ) ❧❡ ✜❜() ✉♥✐#❛✐(❡ ♥♦(♠❛❧ ❞❡ CV ❞❛♥/ B
3
✱ ❝❡ ✜❜() ❡/# ♦(✐❡♥#)

❝♦♠♠❡ ❜♦(❞ ❞✬✉♥ ✈♦✐/✐♥❛❣❡ #✉❜✉❧❛✐(❡ ❞❡ CV ✳

❈❡ ✜❜&' ❛ ♣♦✉& ✜❜&❡ S1
✳ ◆♦.♦♥0 ❧❛ 0❡❝.✐♦♥ u : CV → SNB3(CV ) .❡❧❧❡ 4✉❡ ♣♦✉& m = πv ∈ CV ✱

u(m) ❡0. '❣❛❧❡ ❛✉ ✈❡❝.❡✉& .❛♥❣❡♥. 8 DV &❡♥.&❛♥. ❞❛♥0 DV ✳ ❖♥ ♣❡✉. ❛❧♦&0 '❝&✐&❡ SNB3(CV ) =
S1 × CV ♦; (1, πv) ❡0. ❧❛ 0❡❝.✐♦♥ 4✉✬♦♥ ✈✐❡♥. ❞❡ ❞'✜♥✐&✳

π

CV

V

1
πv

❙♦✐. φV : B3 → S2;m 7→ ρm(V )✳ ❖♥ ❛ φ−1
V (−V ) := {m ∈ B3; ρm(V ) = −V } ❡. ❝❡. ❡♥0❡♠❜❧❡

❤'&✐.❡ ❞❡ ❧❛ ❝♦✲♦&✐❡♥.❛.✐♦♥ ✐♥❞✉✐.❡ ♣❛& φV ✳

▲❡♠♠❡ ✹✳✸ ❖♥ ❛ CV = −φ−1
V (−V )✳

 !❡✉✈❡✿ ❊♥0❡♠❜❧✐0.❡♠❡♥.✱ ♦♥ ❛ ❜✐❡♥ ❧✬'❣❛❧✐.'✳ ■❧ &❡0.❡ 8 ✈♦✐& 4✉❡ ❧❡0 ♦&✐❡♥.❛.✐♦♥0 0♦♥. ❝♦♥.&❛✐&❡0✳

▲✬❡♥0❡♠❜❧❡ {m ∈ B3; ρm(V ) = −V } ❡0. ❝♦✲♦&✐❡♥.' ♣❛& ❧❡ ✜❜&' ♥♦&♠❛❧ ❞❡ −V 4✉✐ ❡0. ❧✬❡0♣❛❝❡

.❛♥❣❡♥. T−V S
2
✳ ❖♥ 0❛✐. 4✉❡ NB3(CV ) = D2×CV ♦; D2 ❡0. ❧❛ ✜❜&❡ ❞✉ ✜❜&' ♥♦&♠❛❧ 8 CV ✱ 4✉✬♦♥

♦&✐❡♥.❡ ♣❛& ✉♥❡ ❜❛0❡ (u1, u2)✳ ▲❛ ❜❛0❡ ✐♠❛❣❡ (w1, w2) ♣❛& ❧✬❛♣♣❧✐❝❛.✐♦♥ .❛♥❣❡♥.❡ Dφ ❡0. ❞❡00✐♥'❡

0✉& ❧❛ ✜❣✉&❡ ❝✐✲❞❡00♦✉0✳ ❆❧♦&0 (Next, w1, w2) ❡0. ✐♥❞✐&❡❝.❡ ❝❡ 4✉✐ ❝♦♥❝❧✉. ❧❛ ♣&❡✉✈❡ ❞✉ ❧❡♠♠❡✳

�

π

CV

V

u2

u1

w2

w1



✷✾

❖♥ ❞%✜♥✐( ❧✬"❝❧❛%" Bl(B3, CV ) ❝♦♠♠❡ -✉✐( ✿ ❡♥ (❛♥( 1✉✬❡♥-❡♠❜❧❡✱ ✐❧ ❡-( ♦❜(❡♥✉ ❡♥ 6❡♠♣❧❛8❛♥( CV
❞❛♥- B3

♣❛6 -♦♥ ✜❜6% ♥♦6♠❛❧ ✉♥✐(❛✐6❡ SNB3(CV )✳ ❙❛ -(6✉❝(✉6❡ ❧✐--❡ ❡-( ♦❜(❡♥✉❡ ❡♥ 6❡♠♣❧❛8❛♥(

❞❛♥- ❧❡ ✜❜6% ♥♦6♠❛❧ NB3(CV ) = D2 ×CV = ({0}∪]0, 1]× S1)×CV ✱ ❧✬❡♥-❡♠❜❧❡ CV = {0}×CV
♣❛6 SNB3(CV ) = {0}×S1×CV ✳ ▲❛ ♣6♦❥❡❝(✐♦♥ ❝❛♥♦♥✐1✉❡ ✐♥❞✉✐( ✉♥❡ ♣6♦❥❡❝(✐♦♥ ❧✐--❡✳ ❯♥❡ ❝❛6(❡

❛✉ ✈♦✐-✐♥❛❣❡ ❞❡ SNB3(CV ) ❡-( ❞❡ ❧❛ ❢♦6♠❡ [0, 1]× S1 × CV ✳

▲❡♠♠❡ ✹✳✹ ❖♥ ❛

∂Bl(B3, CV ) = S2 − S1 × CV .

 !❡✉✈❡✿ ❆✈❡❝ ♥♦- ♦6✐❡♥(❛(✐♦♥-✱ S1 ×CV ❡-( ♦6✐❡♥(% ❝♦♠♠❡ ❜♦6❞ ❞✬✉♥ ✈♦✐-✐♥❛❣❡ (✉❜✉❧❛✐6❡✱ 1✉✐

❡-( ❧✬♦♣♣♦-% ❞✉ ❜♦6❞ ❞❡ Bl(B3, CV )✳

2πCV

SNB3 (CV )

�

◆♦'❛'✐♦♥ ✹✳✺ (♦✉+ X ❡% Y ❞❡✉① ✈❡❝%❡✉+0 ❞❡ S2
✱ ♥♦♥ ♣+♦♣♦+%✐♦♥♥❡❧0✱ ♦♥ ♥♦%❡ [X, Y ] ❧✬✉♥✐4✉❡

❣"♦❞"0✐4✉❡ ❞❡ ❧♦♥❣✉❡✉+ ♠✐♥✐♠❛❧❡ +❡❧✐❛♥% X 7 Y ✱ ❡% ♦+✐❡♥%"❡ ❞❡ X ✈❡+0 Y ✳

▲❡♠♠❡ ✹✳✻ ■❧ ❡①✐0%❡ ✉♥❡ ✉♥✐4✉❡ ❛♣♣❧✐❝❛%✐♦♥ ❝♦♥%✐♥✉❡ HV : [0, 1]× Bl(B3, CV ) → S2
%❡❧❧❡ 4✉❡

✕ ∀m ∈ Bl(B3, CV ), HV (0,m) = V
✕ ∀m ∈ Bl(B3, CV ), HV (1,m) = ρp(m)(V )
✕ ∀m ∈ B3\CV , {HV (t,m); t ∈ [0, 1]} = [V, ρm(V )] ❡% d(V,HV (t,m)) = td(V, ρm(V ))✳

 !❡✉✈❡✿ B♦✉6 m ∈ B3\CV ✱ ♦♥ ❞%✜♥✐( HV (t,m) ∈ [V, ρm(V )] (❡❧ 1✉❡ d(V,HV (t,m)) =
td(V, ρm(V ))✳ ❉✬❛♣6D- ❧❛ ❞%♠♦♥-(6❛(✐♦♥ ❞✉ ❧❡♠♠❡ ✹✳✸✱ ❧✬❛♣♣❧✐❝❛(✐♦♥ DφV ❢♦✉6♥✐( ✉♥ ✐-♦♠♦6✲

♣❤✐-♠❡ 1✉✐ 6❡♥✈❡6-❡ ❧✬♦6✐❡♥(❛(✐♦♥ ❡♥(6❡ ❧❛ ✜❜6❡ S × m ❞❡ SNB3(CV ) ❡( ST−V (S
2)✳ ❖♥ ❝♦♥-✐✲

❞D6❡ ❧❛ ❝❛6(❡ [0, 1] × S1 × CV ❛✉ ✈♦✐-✐♥❛❣❡ ❞❡ SNB3(CV ) ❞❛♥- Bl(B3, CV )✳ ❙♦✐( ✉♥❡ -✉✐(❡

mn ∈ NB3(CV ) 1✉❡ ❧✬♦♥ %❝6✐( -♦✉- ❧❛ ❢♦6♠❡ mn = (un, θn, cn)✱ 1✉✐ ❝♦♥✈❡6❣❡ ❞❛♥- Bl(B
3, CV ) ✈❡6-

mθ = (0, θ, c) ∈ SNB3(CV )✳ ❙♦✐( n ∈ N✱ ❛❧♦6- HV (t,mn) ∈ [V, ρmn
(V )] ❛ ✉♥ -❡♥-✳ ▲❛ ❣%♦❞%-✐1✉❡

[V, ρmn
(V )] ❝♦♥✈❡6❣❡ ✈❡6- [V,−V ]θ 1✉✐ ❡-( ❧❛ ❣%♦❞%-✐1✉❡ ❞❡ ❧♦♥❣✉❡✉6 π 6❡❧✐❛♥( V I ρm(V ) = −V ✱

❡( ❞♦♥( ❧❛ (❛♥❣❡♥(❡ -♦6(❛♥(❡ ❡♥ −V ❡-( DφV (−θ)✳ ❖♥ ❞%✜♥✐( ❛❧♦6- HV (t,m) ❝♦♠♠❡ ❧❡ ♣♦✐♥( ❞❡

[V,−V ]θ (❡❧ 1✉❡ d(V,HV (t,m)) = td(V, ρm(V )) = tπ✳



✸✵

[V, ρm(V )]

V

−V

c

CV

θ

DφV (θ, c)

�

✹✳✷ ❈♦♥&'(✉❝'✐♦♥ ❞❡ GV

❙♦✐% t ∈ [0, 1]✳ ❖♥ ♣♦*❡

G0,V (t) = [0, t]× B3 × {V }
G1,V (t) = {(u,m, ρm(V )); u ∈ [t, 1],m ∈ B3}.

G0,V (t) ❡% G1,V (t) *♦♥% ❝❧❛✐/❡♠❡♥% ❞❡* 4✲❝❤❛4♥❡*✳ ❖♥ ♣♦*❡ ❛❧♦/* ✿

G2,V (t) = {(t, p(m), HV (u,m)); u ∈ [0, 1],m ∈ Bl(B3, CV )}

G3,V (t) = {t} ×DV × S2

GH,V (t) = G2,V −G3,V .

❊♥✜♥✱ ♦♥ ♣♦*❡

GV (t) = G0,V (t) +GH,V (t) +G1,V (t).

 !♦♣♦$✐&✐♦♥ ✹✳✼  ♦✉# $♦✉$ t ∈ [0, 1]✱ ❧❛ 4✲❝❤❛+♥❡ GV (t) ✈/#✐✜❡ ❧❡ ♣#♦❜❧4♠❡ ♣♦6/✱ ❝✬❡6$ 8 ❞✐#❡
∂GV (t) = ∂V ✳

 !❡✉✈❡✿ ❈❛❧❝✉❧♦♥* *✉❝❝❡**✐✈❡♠❡♥% ❧❡* ❜♦/❞* ❞❡* ♠♦/❝❡❛✉① ❝♦♥*%✐%✉❛♥% GV (t)✳ ❖♥ ❛

∂G0,V (t) = t× B3 × V − 0× B3 × V − [0, t]× S2 × V

∂G1,V (t) = {(1,m, ρm(V ));m ∈ B3} − {(t,m, ρm(V ));m ∈ B3} − [t, 1]× S2 × V,

♣✉✐*

∂G3,V (t) = t× CV × S2,



✸✶

∂G2,V (t) = −{(t, p(m), HV (u,m)); u ∈ [0, 1],m ∈ ∂Bl(B3, CV )}
+{(t, p(m), HV (1,m));m ∈ Bl(B3, CV )}
−{(t, p(m), HV (0,m));m ∈ Bl(B3, CV )}.

❉♦♥❝

∂G2,V (t) = −{(t, p(m), HV (u,m)); u ∈ [0, 1],m ∈ S2}
+{(t, p(m), HV (u,m)); u ∈ [0, 1],m ∈ S1 × CV }
+{(t,m, ρm(V ));m ∈ B3}
−{(t,m, V );m ∈ B3}.

▲❡♠♠❡ ✹✳✽ ❖♥ ❛ {(t, p(m), HV (u,m)); u ∈ [0, 1],m ∈ S1 × CV } = +t× CV × S2
✳

 !❡✉✈❡✿ ❋✐①♦♥) p(m) ❡+ m ,✉✐ )✬/❝0✐+ m = (v, p(m)) ♣♦✉0 ✉♥❡ ❞✐0❡❝+✐♦♥ v ∈ S1
✳ ▲✬❡♥)❡♠❜❧❡

{H(u,m); u ∈ [0, 1]} ❡)+ ✉♥ ❞❡♠✐ ❣0❛♥❞ ❝❡0❝❧❡ ❞❡ V : −V ✳

H(u, p(m))

V

−V

p(m)

S1

CV

v

w

▲♦0),✉❡ ❧✬♦♥ +♦✉0♥❡ ❛✉+♦✉0 ❞✉ ❝❡0❝❧❡ S1
♥♦+/ )✉0 ❧❛ ✜❣✉0❡ ♣0/❝/❞❡♥+❡✱ ❧❡) ❞❡♠✐) ❣0❛♥❞) ❝❡0❝❧❡)

+♦✉0♥❡♥+ ❛✉+♦✉0 ❞❡ ❧✬❛①❡ ❞❡ −V : V ✱ ❞❛♥) ❧❡ )❡♥) ♥♦+/ )✉0 ❧❡ ❞❡))✐♥ ❞✬❛♣0=) ❧❛ ❞/♠♦♥)+0❛+✐♦♥

❞✉ ❧❡♠♠❡ ✹✳✸✳

�

❖♥ ❛ ❛❧♦0)

∂G2,V (t) = −t× S2 × V
+t× CV × S2

+{(t,m, ρm(V )); m ∈ B3}
−t× B3 × V.



✸✷

❖♥ ♣❡✉' ❛❧♦+, ♥-❣❧✐❣❡+ ❧❡ ♠♦+❝❡❛✉ t× S2 × V 2✉✐ ❡,' ❞❡ ❝♦❞✐♠❡♥,✐♦♥ 2 ❡' ❞♦♥❝

∂GH,V (t) = {(t,m, ρm(V )); m ∈ B3} − t× B3 × V.

❋✐♥❛❧❡♠❡♥'✱

∂GV (t) = −0× B3 × V − [0, 1]× S2 × V + {(1,m, ρm(V )),m ∈ B3}.

�
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✺ ❉"✜♥✐&✐♦♥ ❞❡ I

❖♥ ❞$%❛✐❧❧❡ ❞❛♥* ❝❡%%❡ *❡❝%✐♦♥ ❞❡* ❛-❣✉♠❡♥%* ❞❡ %-❛♥*✈❡-*❛❧✐%$✳ ❖♥ ♠♦♥%-❡ ❛✉**✐ 3✉❡ ❧❛

❞$✜♥✐%✐♦♥ ❞♦♥♥$❡ ❞❡ ❧✬❛♥♦♠❛❧✐❡ ❡*% ❝♦❤$-❡♥%❡ ❡% 3✉❡ ❧❡* ❝❤❛7♥❡* GVi ❝❤♦✐*✐❡* ♣♦✉--❛✐❡♥% 9%-❡

❝❤❛♥❣$❡* ❡♥ ❞❡* ❝❤❛7♥❡* ❞❡ ♠9♠❡ ❜♦-❞✳ ▲❡* -$*✉❧%❛%* ❞❡ ❝❡ ❝❤❛♣✐%-❡ ♣❡✉✈❡♥% 9%-❡ ✈✉* ❝♦♠♠❡

❞❡* ❝♦-♦❧❧❛✐-❡* ❞❡ -$*✉❧%❛%* ♣❧✉* ❣$♥$-❛✉① ❝♦♠♠❡ ❡①♣❧✐3✉$ ❞❛♥* ❧✬✐♥%-♦❞✉❝%✐♦♥✳

✺✳✶ ■♥%&♦❞✉❝%✐♦♥

❖♥ -❛♣♣❡❧❧❡ ❡♥ ✐♥%-♦❞✉❝%✐♦♥ ❧❡* ♥♦%❛%✐♦♥* ❡% ♦❜❥❡❝%✐❢* ❞❡ ❧❛ *❡❝%✐♦♥ ✷✳✸✳ ❖♥ -❛♣♣❡❧❧❡ 3✉❡

CV (Γ)(R
3) := {c : V (Γ) →֒ R3} ❞$*✐❣♥❡ ❧✬❡*♣❛❝❡ ❞❡* ❝♦♥✜❣✉-❛%✐♦♥* ❞❡ V (Γ) ❞❛♥* R3

✳ ❖♥ ❞$*✐❣♥❡

♣❛- C̃V (Γ)(R
3) := CV (Γ)(R

3)/H ❧❡ 3✉♦%✐❡♥% ❞❡ ❧✬❡*♣❛❝❡ ❞❡ ❝♦♥✜❣✉-❛%✐♦♥* ♣❛- ❧❡* %-❛♥*❧❛%✐♦♥*

❡% ❧❡* ❤♦♠♦%❤$%✐❡* ❞❡ -❛♣♣♦-% ♣♦*✐%✐❢✳ ❖♥ ♦-✐❡♥%❡ C̃V (Γ) ❞❡ *♦-%❡ 3✉❡ ❧❡ ❞✐✛$♦♠♦-♣❤✐*♠❡ f :

CV (Γ)(R
3) → R3×]0,+∞[×C̃V (Γ) ❞$✜♥✐ ♣❛-

f(c) = (c(x0), ||(c− c(x0))||, c)

*♦✐% ✉♥ ❞✐✛$♦♠♦-♣❤✐*♠❡ 3✉✐ ♣-$*❡-✈❡ ❧✬♦-✐❡♥%❛%✐♦♥✳

❖♥ -❛♣♣❡❧❧❡ ❧❡ ❝❛* ♣❛-%✐❝✉❧✐❡- *✉✐✈❛♥% ❞✉ %❤$♦-A♠❡ ✷✳✻✳

❚❤"♦$%♠❡ ✺✳✶ ■❧ ❡①✐%&❡ ✉♥❡ ✈❛+✐,&, ❧✐%%❡ - ❝♦✐♥%✱ ❝♦♠♣❛❝&❡✱ ❜✐❡♥ ❞,✜♥✐❡ CV (Γ) ❞♦♥& ❧✬✐♥&,+✐❡✉+

❡%& ❝❛♥♦♥✐7✉❡♠❡♥& ❞✐✛,♦♠♦+♣❤❡ - C̃V (Γ)(R
3)✳ ❈❡&&❡ ✈❛+✐,&, CV (Γ) ❡%& ❞❡ ❞✐♠❡♥%✐♦♥ 14

❖♥ ♥♦%❡ ❧❡* $❧$♠❡♥%* ❞❡ ❧✬✐♥%$-✐❡✉- ❞❡ CV (Γ) ♣❛- ✉♥ 6✲✉♣❧❡% (O,B,C,D,E, F ) ❞❡ (R3)6✳ ❙♦✐%
Γ ∈ Dor

3 ✳ ❖♥ ♥✉♠$-♦%❡ ❛-❜✐%-❛✐-❡♠❡♥% ❧❡* *♦♠♠❡%* ❞❡ Γ ❞❛♥* {O,B,C,D,E, F}✳ ❖♥ ♥♦%❡

❝❡%%❡ ♥✉♠$-♦%❛%✐♦♥ nΓ ❡% ♦♥ ♥♦%❡ C14 = CV (Γ)✳ ❖♥ ♥♦%❡ e(Γ, i) ❧✬❛-9%❡ ❞❡ Γ ♣♦-%❛♥% ❧✬✐♥❞✐❝❡ i ✿

✐

▼◆

✳ ❖♥ ❞$✜♥✐% ❛❧♦-* πe(Γ,i) : C14 → S2
♣❛-

πe(Γ,i) = πNM

♦H πNM ❡*% ❧✬❛♣♣❧✐❝❛%✐♦♥ ❞$✜♥✐❡ ❛✉ %❤$♦-A♠❡ ✷✳✻✳ ❈❡%%❡ ❛♣♣❧✐❝❛%✐♦♥ ❞$♣❡♥❞ ❞❡ ❧❛ ♥✉♠$-♦%❛%✐♦♥

❛-❜✐%-❛✐-❡ ❝❤♦✐*✐❡ ❞❡* *♦♠♠❡%* ♠❛✐* ♦♥ ♦✉❜❧✐❡ ✈♦❧♦♥%❛✐-❡♠❡♥% ❞❡ ❧❡ ♣-$❝✐*❡- ❞❛♥* ❧❛ ♥♦%❛%✐♦♥ ♣♦✉-

♥❡ ♣❛* ❛❧♦✉-❞✐- ❧❡* ♥♦%❛%✐♦♥*✳ ❖♥ ♦❜%✐❡♥% ❛❧♦-* 9 ❛♣♣❧✐❝❛%✐♦♥* (πe(Γ,i))✳ ❖♥ $%❡♥❞ ❝❡* ❛♣♣❧✐❝❛%✐♦♥*

❡♥

∀i ∈ {1, . . . , 9}, πe(Γ,i) : [0, 1]× B3 × C14 → [0, 1]× B3 × S2

♣❛-

πe(Γ,i) = id[0,1]×B3 × πe(Γ,i).

❋✐①♦♥* (ti)i∈9 ∈ [0, 1]9 %❡❧ 3✉❡ 0 < t1 < · · · < t9 < 0✳ K♦✉- %♦✉% (Vi)i∈9 ∈ (S2)9✱ ♦♥ ♣♦*❡ GVi =
GVi(ti)✳ ❆❧♦-* ♣♦✉- %♦✉% i ∈ 9✱ π−1

e(Γ,i)(GVi) ❡*% ✉♥❡ ❝❤❛7♥❡ ❞❡ ❝♦❞✐♠❡♥*✐♦♥ 2 ❞❛♥* [0, 1]×B3×C14
✳

❖♥ ♠♦♥%-❡ ❞❛♥* ❝❡%%❡ *❡❝%✐♦♥ ❧❛ ♣-♦♣♦*✐%✐♦♥ *✉✐✈❛♥%❡ ✿
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 !♦♣♦$✐&✐♦♥ ✺✳✷ ■❧ ❡①✐%&❡ ✉♥ ❡♥%❡♠❜❧❡ A ♦✉✈❡-& ❡& ❞❡♥%❡ ❞❡ (S2)9 &❡❧ /✉❡ ♣♦✉- &♦✉& (V1, . . . , V9) ∈
A✱ ♣♦✉- &♦✉& ❣-❛♣❤❡ Γ ∈ D3

or✱ ❧❡% ❝❤❛6♥❡% π−1
e(Γ,i)(GVi) %♦♥& &-❛♥%✈❡-%❡% ❞❡✉① 7 ❞❡✉① %✉- ❧❡% ✐♥&❡-✲

%❡❝&✐♦♥%

⋂i=9
i=1 π

−1
e(Γ,i)(GVi)✳ :♦✉- (V1, . . . , V9) ∈ A✱ ❧✬✐♥&❡-%❡❝&✐♦♥

⋂i=9
i=1 π

−1
e(Γ,i)(GVi) ❡%& ✉♥ ❡♥%❡♠❜❧❡

❞❡ ♣♦✐♥&% ❛✈❡❝ ❞❡% %✐❣♥❡% ✐♥❞✉✐&% ♣❛- ❧❡% ❝♦✲♦-✐❡♥&❛&✐♦♥% ❞❡% π−1
e(Γ,i)(GVi) ❡& ❧✬♦-✐❡♥&❛&✐♦♥ ❞❡ C14

✐♥❞✉✐&❡ ♣❛- ❧❛ ♥✉♠<-♦&❛&✐♦♥ nΓ ❞❡% %♦♠♠❡&%✳ ❖♥ ♥♦&❡ ❛❧♦-% IΓ,nΓ
(GV1 , . . . , GV9) ❧❛ %♦♠♠❡ ❞❡

❝❡% %✐❣♥❡%✳ ❉❡ ♣❧✉%✱ ♣♦✉- &♦✉& (V1, . . . , V9) ∈ A✱ ♦♥ ❛

9
⋂

i=1

π−1
e(Γ,i)(GVi) ⊂

9
⋃

h=1

(

9
⋂

i=1

π−1
e(Γ,i)(GVi)|t=th

)

.

✺✳✷ ❊①✐&'❡♥❝❡

"♦✉% &✉❡ IΓ (♦✐* ❜✐❡♥ ❞.✜♥✐✱ ✐❧ ❢❛✉* &✉❡ ❧❡( ❝❤❛✐♥❡( GVi (♦✐❡♥* *%❛♥(✈❡%(❡(✳ ❉❛♥( ❝❡**❡

♣❛%*✐❡✱ ♥♦✉( ❛❧❧♦♥( ❞.✜♥✐% ♣❧✉(✐❡✉%( ❡♥(❡♠❜❧❡( A1, . . . ,An &✉✐ (♦♥* ❞❡( ♦✉✈❡%*( ❞❡♥(❡( ❞❡ (S2)9✳
▲✬✐♥*❡%(❡❝*✐♦♥ A =

⋂

Ai ❞.(✐❣♥❡%❛ ❧✬❡♥(❡♠❜❧❡ ❞❡( ✈❡❝*❡✉%( ❛❞♠✐((✐❜❧❡(✱ ❡* (❡%❛ ❞♦♥❝ ✉♥ ♦✉✈❡%*

❞❡♥(❡✳ ❈❡( ✈❡❝*❡✉%( ❛❞♠✐%%✐❜❧❡% ✈.%✐✜❡%♦♥* ❞♦♥❝ ♣❧✉(✐❡✉%( ♣%♦♣%✐.*.( ❞❡ *%❛♥(✈❡%(❛❧✐*. ♥.❝❡((❛✐%❡(

? ❧❛ ❞.✜♥✐*✐♦♥ ❞❡ I ❡* ❛✉((✐ ❞❡( ♣%♦♣%✐.*.( ❞❡ (✐♠♣❧✐✜❝❛*✐♦♥ ❞✉ ❝❛❧❝✉❧ ❞❡ I✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛%

.♥♦♥❝❡% ❡* ❞.♠♦♥*%❡% ✉♥ ❧❡♠♠❡ ❣.♥.%✐&✉❡✳ ❯♥❡ ✈❛❧❡✉% %.❣✉❧✐B%❡ ❞✬✉♥❡ ❛♣♣❧✐❝❛*✐♦♥ ❞✐✛.%❡♥*✐❛❜❧❡

❡(* ✉♥❡ ✈❛❧❡✉% ❡♥ ❧❛&✉❡❧❧❡ ❧❛ ❞✐✛.%❡♥*✐❡❧❧❡ ❞❡ f ❡(* (✉%❥❡❝*✐✈❡ ❡♥ *♦✉* ♣♦✐♥* ❞❡ ❧❛ ♣%.✐♠❛❣❡✳ ❖♥

❞.♠♦♥*%❡ ❧❡ ❧❡♠♠❡ ❝❧❛((✐&✉❡ (✉✐✈❛♥*✳

▲❡♠♠❡ ✺✳✸ ❙♦✐& f : X → Y ✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ ❧✐%%❡✱ ❛✈❡❝ X ❝♦♠♣❛❝&❡✳ ❆❧♦-%✱ ❧✬❡♥%❡♠❜❧❡ ❞❡%

✈❛❧❡✉-% -<❣✉❧✐A-❡% ❞❡ f ✱ ♥♦&< Reg(f)✱ ❢♦-♠❡ ✉♥ ❡♥%❡♠❜❧❡ ♦✉✈❡-& ❡& ❞❡♥%❡ ❞❡ Y ✳ ❉❡ ♣❧✉%✱ %✐

dim(X) < dim(Y ) ❛❧♦-% ❧❡ ❝♦♠♣❧<♠❡♥&❛✐-❡ ❞❡ f(X) ❡%& ✉♥ ❡♥%❡♠❜❧❡ ♦✉✈❡-& ❡& ❞❡♥%❡ ❞❡ Y ✳

 !❡✉✈❡✿ ❙✉♣♣♦(♦♥( dim(X) < dim(Y )✳ ❉✬❛♣%B( ❧❡ *❤.♦%B♠❡ ❞❡ ❙❛%❞ ❬❍✐%✾✹✱ ❈❤❛♣✐*%❡ ✸ *❤.♦✲

%B♠❡ ✶✳✸❪✱ ❧✬❡♥(❡♠❜❧❡ ❞❡( ✈❛❧❡✉%( %.❣✉❧✐B%❡( ♣♦✉% f ❡(* ✉♥ ❡♥(❡♠❜❧❡ ❞❡♥(❡✳ ❈♦♠♠❡ dim(X) <
dim(Y ) ❛✉❝✉♥❡ ✈❛❧❡✉% ❞❡ f(X) ♥❡ ♣❡✉* L*%❡ %.❣✉❧✐B%❡ ❝❛% ❡♥ ❛✉❝✉♥❡ ✈❛❧❡✉%✱ ❧❛ ❞✐✛.%❡♥*✐❡❧❧❡

♥❡ ♣❡✉* L*%❡ (✉%❥❡❝*✐✈❡✳ ▲❡ ❝♦♠♣❧.♠❡♥*❛✐%❡ ❞❡ f(X)✱ &✉✐ ❡(* ❧✬❡♥(❡♠❜❧❡ ❞❡( ✈❛❧❡✉%( %.❣✉❧✐B%❡(✱

❡(* ❛❧♦%( ❞❡♥(❡✳ ❈♦♠♠❡ f ❡(* (✉♣♣♦(.❡ ❧✐((❡✱ ❡❧❧❡ ❡(* ❡♥ ♣❛%*✐❝✉❧✐❡% ❝♦♥*✐♥✉❡✳ ❈♦♠♠❡ X ❡(*

❝♦♠♣❛❝*❡✱ ❧✬✐♠❛❣❡ f(X) ❡(* ❝♦♠♣❛❝*❡✱ ❡* (♦♥ ❝♦♠♣❧.♠❡♥*❛✐%❡ ❡(* ❞♦♥❝ ♦✉✈❡%*✳

❙✉♣♣♦(♦♥( ♠❛✐♥*❡♥❛♥* dim(X) ≥ dim(Y )✳ ▲❡ *❤.♦%B♠❡ ❞❡ ❙❛%❞ ❛✣%♠❡ &✉❡ ❧✬❡♥(❡♠❜❧❡

Reg(f) ❞❡( ✈❛❧❡✉%( %.❣✉❧✐B%❡( ❞❡ f ❢♦%♠❡ ✉♥ ❡♥(❡♠❜❧❡ ❞❡♥(❡ ❞❛♥( Y ✳ ■❧ %❡(*❡ ? ♠♦♥*%❡% &✉✬✐❧ ❡(*

❛✉((✐ ♦✉✈❡%*✳

❙♦✐* Z ✉♥❡ ✈❛%✐.*.✳ ❯♥ ♦✉✈❡%* W ❡(* ❞✐* &-✐✈✐❛❧✐%< (✬✐❧ ❡①✐(*❡ ✉♥ ❞✐✛.♦♠♦%♣❤✐(♠❡ φ : W →
φ(W ) ⊂ Rdim(Z)

✳ ❙♦✐❡♥* f : Z → Z ′
✉♥❡ ❛♣♣❧✐❝❛*✐♦♥ ❞✐✛.%❡♥*✐❛❜❧❡ ❡* ❞❡✉① ♦✉✈❡%*( W ⊂ Z ❡*

W ′ ⊂ Z ′
*%✐✈✐❛❧✐(.(✱ *❡❧( &✉❡ f(W ) ⊂ W ′

✳ ❆❧♦%( ♦♥ ♣❡✉* ❞.✜♥✐% ❧❛ ♠❛*%✐❝❡ ❥❛❝♦❜✐❡♥♥❡ JW,W ′
❞❡

f %❡❧❛*✐✈❡♠❡♥* ❛✉① ♦✉✈❡%*( *%✐✈✐❛❧✐(.( W ❡* W ′
✱ ❝♦♠♠❡ ❧❛ ♠❛*%✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❞❡ ❧✬❛♣♣❧✐❝❛*✐♦♥
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"❛♥❣❡♥"❡ ❞❡ f ✱ ♣❛* *❛♣♣♦*" ❛✉① ❝❛*"❡/ (W,φ) ❡" (W ′, φ′)✳

❙♦✐" (Ui)i∈I ✉♥ *❡❝♦✉✈*❡♠❡♥" ♦✉✈❡*" ❞❡ ❧❛ ✈❛*✐6"6 X "❡❧ 7✉✬✐❧ ❡①✐/"❡✱ ♣♦✉* "♦✉" i ∈ I✱ ✉♥
❝♦♠♣❛❝" Vi ❡" ✉♥ ♦✉✈❡*" "*✐✈✐❛❧✐/6 Wi "❡❧/ 7✉❡ Ui ⊂ Vi ⊂ Wi ❡" f(Wi) ⊂ W ′

i ✱ ♦✉✈❡*" "*✐✈✐❛❧✐/6

❞❡ Y ✳ ❈♦♠♠❡ X ❡/" ❝♦♠♣❛❝"❡✱ ♦♥ ♣❡✉" ❝❤♦✐/✐* I ✜♥✐✳

◆♦"♦♥/ n = dim(Y )✳ ❙♦✐" x ∈ Vi ⊂ Wi ❧✬❛♣♣❧✐❝❛"✐♦♥ "❛♥❣❡♥"❡ ❡/" /✉*❥❡❝"✐✈❡ /✬✐❧ ❡①✐/"❡ ✉♥

♠✐♥❡✉* n×n ❡①"*❛✐" ❞❡ ❧❛ ♠❛"*✐❝❡ ❥❛❝♦❜✐❡♥♥❡ JVi(f)(x) ♥♦♥ ♥✉❧✳ ❉♦♥❝ ✉♥ ♣♦✐♥" ❡/" ❝*✐"✐7✉❡ /✐ "♦✉/

❧❡/ ♠✐♥❡✉*/ n×n ❡①"*❛✐"/ ❞❡ JVi(f)(x) /♦♥" ♥✉❧/ ❡" ❝❡❧❛ ♥❡ ❞6♣❡♥❞ ♣❛/ ❞❡ ❧❛ ❝❛*"❡ Wi ❝❤♦✐/✐❡✳ ❙✉*

❧❡ ❝♦♠♣❛❝" Vi "*✐✈✐❛❧✐/❛♥" ♦♥ ♣❡✉" 6❝*✐*❡ ∆Vi,1(x), . . . ,∆Vi,k(x) "♦✉/ ❧❡/ ♠✐♥❡✉*/ n×n ❡①"*❛✐"/ ❞❡

JVi(f)(x)✳ ❈♦♠♠❡ f ❡/" /✉♣♣♦/6❡ ❧✐//❡✱ ❝❤❛7✉❡ ♠✐♥❡✉* ∆Vi,k ❡/" ❝♦♥"✐♥✉ ❡♥ x ❡" ♣❛* ❝♦♥/67✉❡♥"✱

∆−1
Vi,k

({0}) ❡/" ✉♥ ❢❡*♠6 ❞❛♥/ Vi ❝♦♠♣❛❝"✱ ❞♦♥❝ ❡/" ❝♦♠♣❛❝"✳ ▲✬❡♥/❡♠❜❧❡

⋂

k∆
−1
Vi,k

({0}) ❡/" ❞♦♥❝
✉♥❡ ✐♥"❡*/❡❝"✐♦♥ ❞❡ ❝♦♠♣❛❝"/ ❞♦♥❝ ❡/" ❝♦♠♣❛❝"✱ ❡" ❝♦**❡/♣♦♥❞ B ❧✬❡♥/❡♠❜❧❡ ❞❡/ ♣♦✐♥"/ ❝*✐"✐7✉❡/

❞❡ f /✉* ❧❡ ❝♦♠♣❛❝" Vi✳ C❛* ❝♦♥/67✉❡♥"K =
⋃

i

⋂

k∆
−1
Vi,k

({0}) ❡/" ✉♥ ❝♦♠♣❛❝" ❞❡ X ❡" ❝♦**❡/♣♦♥❞

B ❧✬❡♥/❡♠❜❧❡ ❞❡/ ♣♦✐♥"/ ❝*✐"✐7✉❡/ ❞❡ f ✳ C❛* ❝♦♥/67✉❡♥"✱ ❧✬❡♥/❡♠❜❧❡ f(K) ❞❡/ ✈❛❧❡✉*/ ❝*✐"✐7✉❡/ ❡/"
❝♦♠♣❛❝" ❝❛* ❝✬❡/" ❧✬✐♠❛❣❡ ❝♦♥"✐♥✉❡ ❞✬✉♥ ❝♦♠♣❛❝"✳ ❋✐♥❛❧❡♠❡♥"✱ ❧✬❡♥/❡♠❜❧❡ ❞❡/ ✈❛❧❡✉*/ *6❣✉❧✐E*❡/

6"❛♥" ❧❡ ❝♦♠♣❧6♠❡♥"❛✐*❡ ❞❡ ❧✬❡♥/❡♠❜❧❡ ❞❡/ ✈❛❧❡✉*/ ❝*✐"✐7✉❡/✱ ❝❡" ❡♥/❡♠❜❧❡ ❡/" ❞♦♥❝ ♦✉✈❡*"✳

�

❊"❛♣❡ ✶ ✿ ❘❛♣♣❡❧ ❞❡/ ❝❤❛J♥❡/ ❡" ❞6✜♥✐"✐♦♥ ❞❡/ ❛♣♣❧✐❝❛"✐♦♥/

❈♦♠♠❡♥K♦♥/ ♣❛* *❛♣♣❡❧❡* 7✉❡ ✭♦♥ ♦✉❜❧✐❡ ✈♦❧♦♥"❛✐*♠❡♥" ❧❛ ❞6♣❡♥❞❛♥❝❡ ❡♥ ti ✜①6 ❞❛♥/ [0, 1]✮

GVi = G0,Vi +G2,Vi −G3,Vi +G1,Vi

❛✈❡❝ ✿

G0,Vi = [0, ti]× B3 × {Vi}
G1,Vi = {(t,m, ρm(Vi)); t ∈ [ti, 1],m ∈ B3}

G2,Vi = {(ti, p(m), HVi(u,m)); u ∈ [0, 1],m ∈ Bl(B3, CVi)}
G3,Vi = {ti} ×DVi × S2.
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GVi
:

G0,Vi

G1,Vi

G2,Vi
−G3,Vi

❊! ♦♥ ❛ ∂GVi = ∂Vi = −0× B3 × Vi − [0, 1]× S2 × Vi + {(1,m, ρm(Vi)),m ∈ B3}✳ ❖♥ '❛♣♣❡❧❧❡
❡♥✜♥ ,✉❡

0 < t1 < t2 < · · · < t9 < 1.

◆♦!♦♥/ S := {O,B,C,D,E, F} ❡! PS ❧✬❡♥/❡♠❜❧❡ ❞❡/ ♣❛✐'❡/ ♦'❞♦♥♥5❡/ ❞❡ S✳ ❯♥❡ ❛'7!❡ e ❞✬✉♥
❣'❛♣❤❡ ♥✉♠5'♦!5 Γ ♣❡✉! 7!'❡ ❝♦♥/✐❞5'5❡ ❝♦♠♠❡ ✉♥ 5❧5♠❡♥! ❞❡ PS ✳ ❖♥ ♥♦!❡ k := {1, . . . , k}✳
▲❛ ❞♦♥♥5❡ ❞❡/ 9 ❛'7!❡/ ❞❡ (Γ, nΓ) ♣❡✉! 7!'❡ !'❛❞✉✐!❡ ♣❛' ✉♥❡ ❛♣♣❧✐❝❛!✐♦♥ f : 9 → PS !❡❧❧❡ ,✉❡

f(i) = e(Γ, i)✳ ❖♥ ❛❧!❡'♥❡'❛ ❞❛♥/ ❝❡!!❡ /❡❝!✐♦♥ ❧❡/ ❞❡✉① ♣♦✐♥!/ ❞❡ ✈✉❡✳ ❘❛♣♣❡❧♦♥/ ,✉✬✉♥❡ ❛'7!❡
e ❢♦✉'♥✐! ✉♥❡ ❛♣♣❧✐❝❛!✐♦♥ πe : C

14 → S2
✳ ❖♥ ✐♥!'♦❞✉✐! ❛❧♦'/ ❧❡/ ❞❡✉① ❛♣♣❧✐❝❛!✐♦♥/ /✉✐✈❛♥!❡/ ✿

π1
e : B3 × C14 −→ S2

(m, c) 7−→ ρ−1
m (πe(c))

π0
e : B3 × C14 −→ S2

(m, c) 7−→ πe(c)
.

❉❡ ♠❛♥✐B'❡ ❣5♥5'❛❧❡✱ ♣♦✉' f : k → PS ♦♥ ♣♦/❡

πf : C14 −→ (S2)k

c 7−→ (πf(i)(c))i∈k
.

❊!❛♣❡ ✷❛ ✿ E❛/ ❞✬✐♥!❡'/❡❝!✐♦♥ ❛✉ ❞❡//✉/ ❞✉ ❜♦'❞ ❞❡ [0, 1]× B3
✳

▲❡♠♠❡ ✺✳✹ ■❧ ❡①✐%&❡ ✉♥ ❡♥%❡♠❜❧❡ A2a ♦✉✈❡-& ❡& ❞❡♥%❡ ❞❡ (S2)9 &❡❧ /✉❡ ♣♦✉- &♦✉& (V1, . . . , V9) ∈
A2a✱ ♣♦✉- &♦✉& {i1, . . . , i8} ⊂ 9 ❡& ♣♦✉- &♦✉& (Γ, nΓ)✱ ♦♥ ❛

π−1
e(Γ,i1)

(GVi1
) ∩ · · · ∩ π−1

e(Γ,i8)
(GVi8

) ∩
(

∂
(

[0, 1]× B3
)

× C14
)

= ∅.

 !❡✉✈❡✿ ❙♦✐! f : 9\1 → PS ✱ ❛❧♦'/ πf ❡/! ✉♥❡ ❛♣♣❧✐❝❛!✐♦♥ ❧✐//❡✱ ❛✈❡❝ dim(C14) < dim((S2)9\1)✳
❉✬❛♣'B/ ❧❡ ❧❡♠♠❡ ✺✳✸ ❧❡ ❝♦♠♣❧5♠❡♥!❛✐'❡ ❞❡ ❧✬✐♠❛❣❡ ❞❡ ❝❡!!❡ ❛♣♣❧✐❝❛!✐♦♥ ❡/! ✉♥ ❡♥/❡♠❜❧❡ ♦✉✈❡'!

❡! ❞❡♥/❡✱ ,✉✬♦♥ ♥♦!❡ Ũ2a
1,f ✳ ❖♥ ♣♦/❡ ❡♥/✉✐!❡

U2a
1 := S2 ×

⋂

f

Ũ2a
1,f .
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❖♥ ❞%✜♥✐( ❡♥*✉✐(❡ σ1i ❧❛ ♣❡/♠✉(❛(✐♦♥ ❞❡ (S2)9 2✉✐ %❝❤❛♥❣❡ ❧❡ ❢❛❝(❡✉/ 1 ❡( ❧❡ ❢❛❝(❡✉/ i ❞❛♥* ❧❡

9− ✉♣❧❡( (u1, . . . , u9)✳ ❖♥ ♣♦*❡ ❛❧♦/* U2a
i := σ1i(U2a

1 ) ❡(

A2a = U2a
1

⋂

. . .
⋂

U2a
9 .

8❛/ ❝♦♥*(/✉❝(✐♦♥✱ A2a ❡*( ✉♥ ❡♥*❡♠❜❧❡ ♦✉✈❡/( ❡( ❞❡♥*❡✱ ❝❛/ ❝✬❡*( ✉♥❡ ✐♥(❡/*❡❝(✐♦♥ ✜♥✐❡ ❞✬❡♥✲

*❡♠❜❧❡* ♦✉✈❡/(* ❡( ❞❡♥*❡*✳ ❖♥ ♠♦♥(/❡ 2✉✬✐❧ ♥✬② ❛ ♣❛* ❞✬✐♥(❡/*❡❝(✐♦♥ ❛✉ ❞❡**✉* ❞✉ ❜♦/❞ ❞❡ [0, 1]×
B3

✳ ❙✉♣♣♦*♦♥* ♣❛/ ❧✬❛❜*✉/❞❡ 2✉❡ (t,m, c) ∈ π−1
e(Γ,i1)

(GVi1
)∩· · ·∩π−1

e(Γ,i8)
(GVi8

)∩(∂([0, 1]× B3)× C14)✳

❆❧♦/* ♣♦✉/ (♦✉( j ∈ 8, πe(Γ,ij)(t,m, c) ∈ GVij
❡( (t,m) ∈ ∂([0, 1]× B3)✳

❙✐ t = 0 ♦✉ m ∈ ∂B3 = S2
❛❧♦/* ♣♦✉/ (♦✉( j ∈ 8 ♦♥ ❛

Vij = pS2 ◦ πe(Γ,ij)(t,m, c) = πe(Γ,ij)(c) = πf(ij)(c).

❉♦♥❝ (Vi1 , . . . , Vi8) ∈ Im(πf )✱ ❝❡ 2✉✐ ❝♦♥(/❡❞✐( ❧✬❤②♣♦(❤B*❡✳

❙✐ t = 1 ❛❧♦/* ♣♦✉/ (♦✉( j ∈ 8 ♦♥ ❛ πe(Γ,ij)(t,m, c) = πe(Γ,ij)(c) = ρm(Vij)✳ ❉♦♥❝ Vij =
πe(Γ,ij)(ρ

−1
m (c))✳ ❆❧♦/* (Vi1 , . . . , Vi8) ∈ Im(πf )✱ ❝❡ 2✉✐ ❝♦♥(/❡❞✐( ❧✬❤②♣♦(❤B*❡✳

�

❊(❛♣❡ ✷❜ ✿ 8❛* ❞✬✐♥(❡/*❡❝(✐♦♥ ❡♥ ❞❡❤♦/* ❞❡* (❡♠♣* ❞✬❤♦♠♦(♦♣✐❡✳

❙♦✐❡♥( ❞❡✉① ❛♣♣❧✐❝❛(✐♦♥* f : k → PS ❡( g : k → {0, 1}✱ ♦♥ ♣♦*❡

Fk(f, g) : B3 × C14 −→ (S2)k

(m, c) 7−→ (π
g(i)
f(i)(m, c))i∈k = (ρ

−g(i)
m (πf(i)(c)))i∈k

.

▲❡ ❧❡♠♠❡ *✉✐✈❛♥( ♠♦♥(/❡ 2✉❡ ❧❡* ❢♦♥❝(✐♦♥* Fk(f, g) ♣❛/❛♠B(/❡♥( ❧❡* ✐♥(❡/*❡❝(✐♦♥* ❞❡* ❝❤❛H♥❡*

π−1
e(Γ,i)(GVi)✳

▲❡♠♠❡ ✺✳✺ ❙♦✐❡♥% Γ ∈ D3
or ❡% t ∈]0, 1[\{t1, . . . , t9}✳ ❖♥ ❝❤♦✐*✐% ❧✬❛♣♣❧✐❝❛%✐♦♥ f : 9 → PS

❝♦//❡*♣♦♥❞❛♥% 1 Γ✳ ❖♥ ❞2✜♥✐% g : k → 2 ♣❛/ g(i) = 1 *✐ ti < t ❡% g(i) = 0 *✐♥♦♥✳ ❆❧♦/* ♣♦✉/

%♦✉% k ∈ 9 ❡% (V1, . . . , V9) ∈ (S2)9 ♦♥ ❛ ✿

{t} × F−1
k (f|k, g|k)(V1, . . . , V9) =

⋂

i∈k

π−1
e(Γ,i)(GVi) ∩ {t} × B3 × C14.

 !❡✉✈❡✿ ❙♦✐( (m, c) ∈ F−1
k (f|k, g|k)(V1, . . . , V9)✳ 8♦✉/ (♦✉( i ∈ k✱ *✐ ti < t ❛❧♦/*

π
g(i)
f(i)(m, c) = π1

e(Γ,i)(m, c) = ρ−1
m (πe(Γ,i)(c)) = Vi

⇐⇒ πe(Γ,i)(c) = ρm(Vi) ⇐⇒ (t,m, c) ∈ π−1
e(Γ,i)(G1,Vi).

❉❡ ❧❛ ♠I♠❡ ♠❛♥✐B/❡✱ *✐ ti > t ❛❧♦/*

π
g(i)
f(i)(m, c) = π0

e(Γ,i)(m, c) = πe(Γ,i)(c) = Vi ⇐⇒ (t,m, c) ∈ π−1
e(Γ,i)(G0,Vi).
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�

❖♥ ❝❤♦✐(✐) k = 9✱ ❛❧♦-( F9(f, g) : B
3×C14 → (S2)9 ❡() ✉♥❡ ❛♣♣❧✐❝❛)✐♦♥ C∞

❛✈❡❝ dim(B3×C14) <
dim((S2)9)✳ ❉✬❛♣-5( ❧❡ ❧❡♠♠❡ ✺✳✸✱ ❧❡ ❝♦♠♣❧8♠❡♥)❛✐-❡ O1

f,g ❞❡ ❧✬✐♠❛❣❡ ❞❡ F9(f, g) ❡() ❛❧♦-( ♦✉✈❡-)
❡) ❞❡♥(❡✳ ❆❧♦-( A2b :=

⋂

f,gO1
f,g ❡() ✉♥❡ ✐♥)❡-(❡❝)✐♦♥ ✜♥✐❡ ❞✬♦✉✈❡-)( ❞❡♥(❡(✱ ❞♦♥❝ ❡() ✉♥ ♦✉✈❡-)

❞❡♥(❡ ❞❡ (S2)9✳ ❖♥ ❛ ❛❧♦-( ❧❡ ❧❡♠♠❡ (✉✐✈❛♥) ✿

▲❡♠♠❡ ✺✳✻ ❙♦✐# (V1, . . . , V9) ∈ A2b✱ ❛❧♦'( ♣♦✉' #♦✉# t /∈ {ti}i∈9 ❡# ♣♦✉' #♦✉# ❣'❛♣❤❡ Γ✱ ♦♥ ❛

⋂9
i=1 π

−1
e(Γ,i)(GVi)|{t} = ∅✳

 !❡✉✈❡✿ ❊♥ ❡✛❡)✱ (✐ (t,m, c) ∈ ⋂9
i=1 π

−1
e(Γ,i)(GVi) ❛❧♦-(✱ ♣♦✉- )♦✉) i ∈ 9 ♦♥ ❛ πe(Γ,i)(t,m, c) ∈

GVi\(G2,Vi ∪G3,Vi)✳ ❈❡ A✉✬♦♥ ♣❡✉) 8❝-✐-❡ ✿

B♦✉- ti < t ❛❧♦-( πe(Γ,i)(t,m, c) = ρm(Vi) ⇔ Vi = ρ−1
m (πe(Γ,i)(t,m, c))✳

B♦✉- ti > t ❛❧♦-( πe(Γ,i)(t,m, c) = Vi ⇔ Vi = πe(Γ,i)(t,m, c)✳ ❖♥ ❞8✜♥✐) g0(i) = 1 (✐ ti < t ❡)
g0(i) = 0 (✐♥♦♥✳ ❙✐ f0 -❡♣-8(❡♥)❡ Γ✱ ❛❧♦-( (V1, . . . , V9) ∈ ImF9(f0, g0)✱ ❞♦♥❝ (V1, . . . , V9) /∈ A2b ❝❡

A✉✐ ❝♦♥)-❡❞✐) ❧✬❤②♣♦)❤5(❡✳

�

❊)❛♣❡ ✸ ✿ ❛✉ )❡♠♣( ❞❡ ❧✬❤♦♠♦)♦♣✐❡✱ )-❛♥(✈❡-(❛❧✐)8 (✉- ❧❡( (♦✉(✲❣-❛♣❤❡(✳

❙♦✐❡♥) k ≤ 8 ❡) t = tp✳ ❙♦✐) Ek ✉♥ (♦✉(✲❡♥(❡♠❜❧❡ ❞❡ 9 G k 8❧8♠❡♥)(✳ B♦✉- f : Ek → PS ❡)

g : Ek → {0, 1}✱ ♦♥ ❞8✜♥✐) ❧✬❛♣♣❧✐❝❛)✐♦♥

FEk
(f, g) : B3 × C14 −→ (S2)Ek

(m, c) 7−→ (π
g(i)
f(i)(m, c))i∈Ek

❡) F̃Ek
(f, g) : B3×C14×(S2)9\Ek → (S2)Ek ×(S2)9\Ek

♣❛- F̃Ek
(f, g) = FEk

(f, g)× id✳ ▲❡( ✈❛❧❡✉-(
-8❣✉❧✐5-❡( ❞❡ F̃Ek

(f, g) ❢♦-♠❡♥) ✉♥ ❡♥(❡♠❜❧❡ ♦✉✈❡-) ❡) ❞❡♥(❡ ❞❡ (S2)9 ❡)O3
Ek

=
⋂

f,g Reg(F̃Ek
(f, g))

❡() ❛❧♦-( ✉♥ ❡♥(❡♠❜❧❡ ♦✉✈❡-) ❡) ❞❡♥(❡ ❞❡ (S2)9✳ ❖♥ ♣♦(❡ ❡♥✜♥

U3
k =

⋂

Ek

OEk
.

▲❡♠♠❡ ✺✳✼ ❖♥ ✜①❡ k ≤ 8✳ ❙♦✐❡♥# (V1, . . . , V9) ∈ U3
k ❡# Γ ∈ D3

or✳ 3♦✉' {i1, . . . , ik} ⊂ 9 ❡# ♣♦✉'

#♦✉# p ∈ 9\{i1, . . . , ik} ❧❡( ❝❤❛5♥❡( π−1
Γ,i1

(GVi1
), . . . , π−1

Γ,ik
(GVik

) (✬✐♥#❡'(❡❝#❡♥# #'❛♥(✈❡'(❛❧❡♠❡♥#

(✉' {tp} × B3 × C14.

 !❡✉✈❡✿ ▲❡ ❧❡♠♠❡ ❞8❝♦✉❧❡ ❞✐-❡❝)❡♠❡♥) ❞❡ ❧❛ ❝♦♥()-✉❝)✐♦♥ ❞❡ U3
k ❡♥ ♣♦(❛♥) Ek = {i1, . . . , ik}

❡) (f0, g0) A✉✐ ❝♦--❡(♣♦♥❞ ❛✉ ❝♦✉♣❧❡ (Γ, tp) ✭❞✬❛♣-5( ❧❡ ❧❡♠♠❡ ✺✳✺✮✳



✸✾

�

❊♥✜♥✱ ♦♥ ♣♦(❡

A3 =
9
⋂

k=1

U3
k .

▲❡♠♠❡ ✺✳✽ ❙♦✐❡♥% (V1, . . . , V9) ∈ A3 ❡% Γ ∈ D3
or✳ ❆❧♦)* ♣♦✉) %♦✉% k ≤ 8✱ ♣♦✉) %♦✉% k−✉♣❧❡%

{i1, . . . , ik} ⊂ 9 ❡% ♣♦✉) %♦✉% p ∈ 9\{i1, . . . , ik} ❧❡* ❝❤❛1♥❡* π−1
Γ,i1

(GVi1
), . . . , π−1

Γ,ik
(GVik

) *✬✐♥%❡)✲

*❡❝%❡♥% %)❛♥*✈❡)*❛❧❡♠❡♥% *✉) {tp} × B3 × C14.

�

❊*❛♣❡ ✹ ✿ ./❡♠✐2/❡ ♣❛/*✐❡ ❞❡ ❧✬❤♦♠♦*♦♣✐❡✳

&'♦♣♦*✐,✐♦♥ ✺✳✾ ■❧ ❡①✐*%❡ ❞❡✉① ❡♥*❡♠❜❧❡* A4a ❡% A4b ♦✉✈❡)%* ❡% ❞❡♥*❡* ❞❡ (S2)9 %❡❧* :✉❡ ♣♦✉)
%♦✉% (V1, . . . , V9) ∈ A4a ❡% ♣♦✉) %♦✉% j ∈ 9

⋂

i 6=j

π−1
e(Γ,i)(GVi) ∩ π−1

e(Γ,j)(∂G3,Vj) = ∅

❡% ♣♦✉) %♦✉% (V1, . . . , V9) ∈ A4a∩A4b ❧✬✐♥%❡)*❡❝%✐♦♥
⋂

i 6=j π
−1
e(Γ,i)(GVi)∩π−1

e(Γ,j)(G3,Vj) ❡*% %)❛♥*✈❡)*❡✳

 !❡✉✈❡✿ ❘❛♣♣❡❧♦♥( 9✉❡ G3,Vj = {tj} × DVj × S2
❡* CVi = ∂DVi = {m ∈ B3; ρm(Vi) = −Vi}✳

❖♥ ❝♦♠♠❡♥❝❡ ♣❛/ */♦✉✈❡/ ✉♥ ❡♥(❡♠❜❧❡ A4a ❞❡ ✈❡❝*❡✉/( ❞❡ (S2)9 ♣♦✉/ ❧❡(9✉❡❧( ✐❧ ♥✬② ❛ ♣❛(

❞✬✐♥*❡/(❡❝*✐♦♥ ❛✈❡❝ ❧❡ ❜♦/❞ ∂G3,Vj = {tj} × CVj × S2
✳ ❋✐①♦♥( j = 1 ❡* (♦✐* V1 ∈ S2

✱ ♦♥ ♥♦*❡

F
(1)
9\1(f, g, V1) : CV1 × C14 −→ (S2)9\1

(m, c) 7−→ F9\1(f, g)(m, c)

▲❡ ❝♦♠♣❧C♠❡♥*❛✐/❡ ❞❡ ❧✬✐♠❛❣❡ ❡(* ✉♥ ♦✉✈❡/* ❞❡♥(❡✱ ♥♦*C O4(f, g)(V1)✳ ❖♥ ♣♦(❡

U4
1 (f, g) =

⋃

V1∈S2

{V1} × O4(f, g)(V1).

▲❡♠♠❡ ✺✳✶✵ U4
1 (f, g) ❡*% ✉♥ ❡♥*❡♠❜❧❡ ♦✉✈❡)% ❡% ❞❡♥*❡ ❞❡ (S2)9✳

 !❡✉✈❡✿ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛/ ♠♦♥*/❡/ ❧❛ ❞❡♥(✐*C ✿ ❖♥ ♠♦♥*/❡ 9✉❡ ♣♦✉/ *♦✉* (W1, . . . ,W9) ∈ (S2)9

❡* ǫ > 0 ✐❧ ❡①✐(*❡ (V1, . . . , V9) ∈ U4
1 (f, g) ∩ Bǫ(W1, . . . ,W9)✳ ❖♥ ❝❤♦✐(✐* V1 = W1✳ ❈♦♠♠❡

O4(f, g)(V1) ❡(* ❞❡♥(❡ ❞❛♥( (S2)9\1✱ ✐❧ ❡①✐(*❡ (V2, . . . , V9) ∈ O4(f, g)(V1) ∩ Bǫ(W2, . . . ,W9) ❡*

(V1, . . . , V9) ∈ U4
1 (f, g) ∩ Bǫ(W1, . . . ,W9)✳ .♦✉/ ♠♦♥*/❡/ 9✉❡ U4

1 (f, g) ❡(* ♦✉✈❡/*✱ ♦♥ ✈❛ */♦✉✈❡/
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✉♥ ✈♦✐'✐♥❛❣❡ ♦✉✈❡+, ❞❡ (V1, . . . , V9) ∈ U4
1 (f, g)✳ ❙♦✐❡♥, ✉♥ ♣❛+❛♠2,+❛❣❡ ϕ : S1 → CV1 ; θ 7→ ϕ(θ)

❡, NV1 ✉♥ ✈♦✐'✐♥❛❣❡ ❝♦♠♣❛❝, ❞❡ V1 ❞❛♥' S2
✳ 4♦✉+ ,♦✉, V ∈ NV1 ✱ ♦♥ ♣❡✉, ♣❛+❛♠2,+❡+ CV ♣❛+

❧✬❛♣♣❧✐❝❛,✐♦♥ '✉✐✈❛♥,❡ ✿

hV : S1 −→ CV
θ 7−→ ρ

π
V +V1

||V +V1||
(ϕ(θ))

❝❡ 9✉✐ ♥♦✉' ♣❡+♠❡, ❞❡ ❞2✜♥✐+ ❧✬❛♣♣❧✐❝❛,✐♦♥ ✿

F
(2)
9\1(f, g) : NV1 × S1 × C14 −→ NV1 × (S2)9\1

(V, θ, c) 7−→
(

V, F
(1)
9\1(f, g, V )(hV (θ), c)

)

❉✬❛✉,+❡ ♣❛+,✱ ❝♦♠♠❡ (V1, . . . , V9) ∈ U4
1 (f, g) ❛❧♦+' (V2, . . . , V9) ∈ O4(f, g)(V1) ❞♦♥❝ (V1, . . . , V9)

❛♣♣❛+,✐❡♥, ❛✉ ❝♦♠♣❧2♠❡♥,❛✐+❡ Õ4(f, g) ❞❡ ❧✬✐♠❛❣❡ ❞❡ F
(2)
9\1(f, g) 9✉✐ ❡', ♦✉✈❡+,✳ ❉❡ ♣❧✉'✱ ♦♥ ❛

❧✬✐♥❝❧✉'✐♦♥

Õ4(f, g) ∩NV1 × (S2)9\1 ⊂ U4
1 (f, g) ∩NV1 × (S2)9\1

❡♥ ❡✛❡,✱ '✐ (W2, . . . ,W9) ∈ Im(F
(1)
9\1(f, g,W1)) ❛❧♦+' (W1, . . . ,W9) ∈ Im(F

(2)
9\1(f, g))✳ ❊♥ ♣❛''❛♥,

❛✉① ❝♦♠♣❧2♠❡♥,❛✐+❡'✱ ♦♥ ♦❜,✐❡♥, ❧✬✐♥❝❧✉'✐♦♥ ❛✣+♠2❡✳ ❋✐♥❛❧❡♠❡♥,✱ Õ4(f, g)∩N̊V1×(S2)9\1 ❢♦✉+♥✐,
❧❡ ✈♦✐'✐♥❛❣❡ ♦✉✈❡+, ❞❡ (V1, . . . , V9) ❞❛♥' U4

1 (f, g)✳

�

❖♥ ♣♦'❡ ❛❧♦+'

A4a :=
9
⋂

i=1

σ1i(
⋂

f,g

U4
1 (f, g)).

❖♥ ❛ ✉♥ ❡♥'❡♠❜❧❡ A4a ❞❡ ✈❡❝,❡✉+' (V1, . . . , V9) ♣♦✉+ ❧❡'9✉❡❧' ♣♦✉+ ,♦✉, j ∈ 9 ♦♥ ❛

⋂

i 6=j

π−1
e(Γ,i)(GVi) ∩ π−1

e(Γ,j)(∂G3,Vj) = ∅.

■❧ +❡',❡ E ,+♦✉✈❡+ ✉♥ ❡♥'❡♠❜❧❡ A4b ♦✉✈❡+, ❡, ❞❡♥'❡ ,❡❧ 9✉❡ ♣♦✉+ ,♦✉, (V1, . . . , V9) ∈ A4a ∩ A4b✱

❧✬✐♥,❡+'❡❝,✐♦♥

⋂

i 6=j π
−1
e(Γ,i)(GVi) ∩ π−1

e(Γ,j)(G3,Vj) ❡', ,+❛♥'✈❡+'❡✳ ❋✐①♦♥' ❡♥❝♦+❡ j = 1 ❡, ♣♦'♦♥'

F
(3)
9\1(f, g, V1) : B3 × C14 −→ (S2)9\1 × R

(m, c) 7−→ (F9\1(f, g)(m, c), < m, V1 >)

❙✐ ♦♥ ❛ (V2, . . . , V9, 0) ∈ Reg(F
(3)
9\1(f, g, V1)) ❡, (V1, . . . , V9) ∈ A4a ❛❧♦+' ❧✬✐♥,❡+'❡❝,✐♦♥

⋂

i 6=1 π
−1
e(Γ,i)(GVi)∩

π−1
e(Γ,1)(G3,V1) ❡', ,+❛♥'✈❡+'❡✳ ❖♥ ♣♦'❡ ❞♦♥❝

U4
2 (f, g) = {(V1, . . . , V9) ∈ A4a; (V2, . . . , V9, 0) ∈ Reg(F

(3)
9\1(f, g, V1))}.
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▲❡♠♠❡ ✺✳✶✶ ▲✬❡♥$❡♠❜❧❡ U4
2 (f, g) ❡$( ✉♥ ♦✉✈❡,( ❞❡ (S2)9✳

 !❡✉✈❡✿ ❙♦✐% (V1, . . . , V9) ∈ U4
2 (f, g)✳ ❖♥ ♣♦*❡

F
(4)
9\1(f, g) : S2 × B3 × C14 −→ S2 × (S2)9\1 × R

(V1,m, c) 7−→ (V1, F
(3)
9\1(f, g, V1))

▲✬❛♣♣❧✐❝❛%✐♦♥ F
(4)
9\1(f, g) ❡*% ❞✐✛34❡♥%✐❛❜❧❡✱ ❡% ❞❛♥* ✉♥❡ ❜❛*❡ ❛❞❛♣%3❡✱ ❧❛ ♠❛%4✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❞❡

F
(4)
9\1(f, g) *✬3❝4✐% ✿











I2 0 . . . 0
×
✳

✳

✳

×
M











;❛4 ❝♦♥*3<✉❡♥%✱ ❝♦♠♠❡ (V2, . . . , V9, 0) ∈ Reg(F
(3)
9\1(f, g, V1)) ❛❧♦4* (V1, . . . , V9, 0) ∈ Reg(F

(4)
9\1(f, g))✳

❖4 Reg(F
(4)
9\1(f, g)) ❡*% ✉♥ ❡♥*❡♠❜❧❡ ♦✉✈❡4% ❞❡ (S2)9 ×R ❞✬❛♣4>* ❧❡ ❧❡♠♠❡ ✺✳✸✱ ❞♦♥❝ ✐❧ ❡①✐*%❡ ✉♥

♦✉✈❡4% U ⊂ (S2)9 ❡% ✉♥ ♦✉✈❡4% V ⊂ R %❡❧* <✉❡ (V1, . . . , V9, 0) ∈ U × V ⊂ Reg(F
(4)
9\1(f, g))✳ ❆✐♥*✐

U ∩ A4a ❡*% ✉♥ ✈♦✐*✐♥❛❣❡ ❞❡ (V1, . . . , V9) ❞❛♥* U4
2 (f, g)✳

�

;♦✉4 ♠♦♥%4❡4 <✉❡ U4
2 (f, g) ❡*% ❞❡♥*❡ ❞❛♥* (S2)9✱ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛4 ❧❡ ❧❡♠♠❡ *✉✐✈❛♥% ✿

▲❡♠♠❡ ✺✳✶✷ ❖♥ ♥♦(❡

ψV1 : B
3 → R; m 7→< m, V1 > .

0♦✉, (♦✉( V1 ∈ S2
✱ ❧✬❡♥$❡♠❜❧❡ Reg(ψV1) ❝♦♥(✐❡♥( 0✳

 !❡✉✈❡✿ ❙♦✐% m ∈ ψ−1
V1
(0)✳ ❖♥ ❛ dψV1(m).h =< h, V1 > ❡% dψV1(m) ❡*% ❝❧❛✐4❡♠❡♥% *✉4❥❡❝%✐✈❡✳

�

▲❡♠♠❡ ✺✳✶✸ ▲✬❡♥$❡♠❜❧❡ U4
2 (f, g) ❡$( ❞❡♥$❡ ❞❛♥$ (S

2)9✳

 !❡✉✈❡✿ ❖♥♠♦♥%4❡ <✉❡ ♣♦✉4 %♦✉% (W1, . . . ,W9) ∈ (S2)9 ❡% ♣♦✉4 %♦✉% ǫ > 0 ✐❧ ❡①✐*%❡ (V1, . . . , V9) ∈
U4
2 (f, g) ∩ Bǫ(W1, . . . ,W9)✳ ◆♦%♦♥* F

(5)
9\1(f, g, V1) := F9\1(f, g)|DV1

×C14
✳ ❆❧♦4* F

(5)
9\1(f, g, V1) ❡*%

✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❞✐✛34❡♥%✐❛❜❧❡✱ ❡% ❧❡ ❧❡♠♠❡ ❞❡ ❙❛4❞ ❛✣4♠❡ <✉❡ Reg(F
(5)
9\1(f, g, V1)) ❡*% ✉♥ ❡♥✲

*❡♠❜❧❡ ❞❡♥*❡ ❞❡ (S2)9\1✳ ❙♦✐❡♥% (W1, . . . ,W9) ∈ (S2)9 ❡% ǫ > 0✳ ❖♥ ♣♦*❡ V1 = W1✳ ❈♦♠♠❡

Reg(F
(5)
9\1(f, g, V1)) ❡*% ✉♥ ❡♥*❡♠❜❧❡ ❞❡♥*❡ ❞❡ (S2)9\1✱ ♦♥ ❝❤♦✐*✐% (V2, . . . , V9) ∈ Reg(F

(5)
9\1(f, g, V1))

❛✈❡❝ (V2, . . . , V9) ∈ Bǫ(W2, . . . ,W9)✳ ❆❧♦4* (V1, . . . , V9) ∈ U4
2 (f, g)✳ ❊♥ ❡✛❡%✱ *♦✐% (m, c) ✉♥ ♣♦✐♥%

43❣✉❧✐❡4 ❛**♦❝✐3 J (V2, . . . , V9)✳ ❈♦♠♠❡ m ∈ DV1 ✱ ❛❧♦4* F
(3)
9\1(f, g, V1)(m, c) = (V2, . . . , V9, 0)✳ ❉❡

♣❧✉*✱ ❡♥ 3❝4✐✈❛♥% TmB
3×TcC

14 = RV1×TmDV1 ×TcC
14
✱ ❧❛ ♠❛%4✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❞❡ F

(3)
9\1(f, g, V1)

*✬3❝4✐% ❞❛♥* ✉♥❡ ❜❛*❡ ❛❞❛♣%3❡ ✿



✹✷











×
✳

✳

✳

×
M

1 0 . . . 0











♦$ M ❞&'✐❣♥❡ ❧❛ ♠❛/0✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❞❡ F
(5)
9\1(f, g, V1) ❡♥ (m, c)✳ ❙♦♥ ❞&/❡0♠✐♥❛♥/ ❡'/ ♥♦♥ ♥✉❧ ❝❛0

(m, c) ❡'/ ✉♥ ♣♦✐♥/ 0&❣✉❧✐❡0 ♣♦✉0 F
(5)
9\1(f, g, V1)✳ 7❛0 ❝♦♥'&8✉❡♥/✱ ❧❡ ❥❛❝♦❜✐❡♥ ❞❡ F

(3)
9\1(f, g, V1) ❡'/

♥♦♥ ♥✉❧✱ ❡/ ❧❡ ♣♦✐♥/ (m, c) ❡'/ 0&❣✉❧✐❡0 ♣♦✉0 F (3)(f, g, V1)✳ ❉♦♥❝ (V1, . . . , V9) ∈ U4
2 (f, g)✳

�

❖♥ ♣♦'❡ ❛❧♦0'

A4b =
9
⋂

i=1

σ1i(
⋂

f,g

U4
2 (f, g))

8✉✐ ❡'/ ✉♥ ♦✉✈❡0/ ❞❡♥'❡✳

�

❖♥ '❛✐/ ❞❡♣✉✐' ❧❡ ❧❡♠♠❡ ✺✳✹ 8✉❡ ♣♦✉0 /♦✉/ j ∈ 9 ❡/ /♦✉/ ❣0❛♣❤❡ Γ ∈ Dor
3 ✱ ♦♥ ❛

⋂

i∈9\{j}

π−1
e(Γ,i)(GVi) ∩

(

[0, 1]× S2 × C14
)

= ∅.

❖♥ ♥✬❛✉0❛ ❞♦♥❝ ❥❛♠❛✐' ❞❡ ♣♦✐♥/ ❞✬✐♥/❡0'❡❝/✐♦♥ (t,m, c) ❛✈❡❝ m ∈ S2
✳ ❖♥ ✈❛ 0❡♠♣❧❛❝❡0✱ ❥✉'8✉✬@

❧❛ ✜♥ ❞❡ ❝❡//❡ '❡❝/✐♦♥✱ B3
♣❛0 S3 := B3/∂B3

✱ 8✉✐ ❡'/ ❧❡ 0❡✈B/❡♠❡♥/ ❞♦✉❜❧❡ ❞❡ SO(3)✳

❊/❛♣❡ ✺ ✿ ❞❡✉①✐F♠❡ ♣❛0/✐❡ ❞❡ ❧✬❤♦♠♦/♦♣✐❡✳

 !♦♣♦$✐&✐♦♥ ✺✳✶✹ ■❧ ❡①✐%&❡ ✉♥ %♦✉%✲❡♥%❡♠❜❧❡ A5 ♦✉✈❡.& ❡& ❞❡♥%❡ ❞❡ ✈❡❝&❡✉.% ❞❡ (S2)9 &❡❧ 1✉❡✱

♣♦✉. &♦✉& (V1, . . . , V9) ∈ A5✱ ♣♦✉. &♦✉& j ∈ 9✱ ♣♦✉. &♦✉& Γ✱ ❧✬✐♥&❡.%❡❝&✐♦♥

⋂

p 6=j π
−1
e(Γ,p)(GVp) ∩

π−1
e(Γ,j)(G2,Vj) %♦✐& &.❛♥%✈❡.%❡✳

 !❡✉✈❡✿ ❖♥ 0❛♣♣❡❧❧❡ 8✉❡

G2,Vj = {(tj, p(m), HVj(u,m)); u ∈ [0, 1],m ∈ Bl(B3, CVj)}.

❋✐①♦♥' j = 1✳ ❙✐ (t,m, c) ∈ π−1
e(Γ,1)(G2,V1) ❛❧♦0' πe(Γ,1)(m, c) ∈ [V1, ρm(V1)]✱ ❞♦♥❝

< πe(Γ,1)(m, c), V1 ∧ ρm(V1) >= 0.

❖♥ ♥♦/❡ C̃V := {m ∈ S3 = B3/∂B3; ρm(V ) = V }✱ 8✉✬♦♥ ❝♦✲♦0✐❡♥/❡ ♣❛0 ψV ✱ ❝♦♠♠❡ ♣0&✲✐♠❛❣❡

❞❡ V ♣❛0 ψV ✳



✹✸

▲❡♠♠❡ ✺✳✶✺ ❙♦✐# V1 ∈ S2
✳ ▲✬❛♣♣❧✐❝❛#✐♦♥

φ1(V1) : S3\(CV1 ∪ C̃V1) −→ S2

m 7−→ V1∧ρm(V1)
||V1∧ρm(V1)||

,❡ ♣.♦❧♦♥❣❡ ❞✐✛2.❡♥#✐❛❜❧❡♠❡♥# 5 Bl(S3, CV1 ∪ C̃V1)✳

 !❡✉✈❡✿ ❘❛♣♣❡❧♦♥) ❧❛ ♥♦*❛*✐♦♥ ✿ φV1 : S3 → S2;m 7→ ρm(V1)✱ ✐♥*.♦❞✉✐*❡ ❛✈❛♥* ❧❡ ❧❡♠♠❡ ✹✳✸✳

▼♦♥*.♦♥) 5✉❡ V1 ❡* −V1 )♦♥* ❞❡) ✈❛❧❡✉.) .6❣✉❧✐8.❡) ❞❡ φV1 ✳ ❉✬❛♣.8) ❧❛ ♣.❡✉✈❡ ❞✉ ❧❡♠♠❡ ✹✳✸✱

♦♥ )❛✐* 5✉❡ −V1 ❡)* ✈❛❧❡✉. .6❣✉❧✐8.❡ ❞❡ φV1 ✳ ▼♦♥*.♦♥) 5✉❡ V1 ❡)* ✉♥❡ ✈❛❧❡✉. .6❣✉❧✐8.❡ ❞❡ φV1 ✳
❙♦✐* m = (θ, V1) ∈ C̃V1 ❛✈❡❝ θ ∈]0, 2π[✳ ❙♦✐* ✉♥❡ ❜❛)❡ (u1, u2) ❞❡ ❧✬❡)♣❛❝❡ ♥♦.♠❛❧ > C̃V1 ❡♥ m✳

▲✬✐♠❛❣❡ ❞❡ ❝❡**❡ ❜❛)❡ ♣❛. ❧✬❛♣♣❧✐❝❛*✐♦♥ dφV1(m) ❡)* ♥♦*6❡ (w1, w2) ❡* ❡)* ❞❡))✐♥6❡ )✉. ❧❛ ✜❣✉.❡

❝✐✲❞❡))♦✉)✳

π

V1

(θ, V1) u1

u2

w2
w1

B❛. ❝♦♥)65✉❡♥* ❧✬❛♣♣❧✐❝❛*✐♦♥ dφV1(m) ❡)* )✉.❥❡❝*✐✈❡✱ ❞♦♥❝ *♦✉* ♣♦✐♥* m = (θ, V1) ❛✈❡❝ θ ∈]0, 2π[
❡)* .6❣✉❧✐❡. ♣♦✉. φV1 ✳ ▲❡ ❞❡.♥✐❡. ❝❛) > ❝♦♥)✐❞6.❡. ❡)* ❧❡ ❝❛) ❞❡ ❧✬✐❞❡♥*✐*6✱ 5✉✐ ❝♦..❡)♣♦♥❞ >

θ = 0 ♦✉ θ = 2π✳ B♦✉. ❝❡❧❛✱ ♦♥ ♠♦♥*.❡ 5✉❡ id ❡)* ✉♥ ♣♦✐♥* .6❣✉❧✐❡. ❞❡ ❧✬❛♣♣❧✐❝❛*✐♦♥ ψ′
V1

:
SO(3) → S2; ρ 7→ ρ(V1)✱ ❝✬❡)* > ❞✐.❡ 5✉❡ ❧✬❛♣♣❧✐❝❛*✐♦♥ dψ′

V1
: TidSO(3) → TV1S

2
❡)* ✉♥❡

❛♣♣❧✐❝❛*✐♦♥ )✉.❥❡❝*✐✈❡✳ ❈♦♠♠❡♥E♦♥) ♣❛. ❞6❝.✐.❡ TidSO(3)✳ ▲♦.)5✉❡ M ∈ SO(3)✱ M tM = I3 ❡*

TidSO(3) = {H;H + tH = 0}✱ ♦♥ ✐❞❡♥*✐✜❡ ❞♦♥❝ TidSO(3) ❛✈❡❝ ❧✬❡)♣❛❝❡ ✈❡❝*♦.✐❡❧ ❞❡) ♠❛*.✐❝❡)

❛♥*✐)②♠6*.✐5✉❡)✳ ❙♦✐* ✉♥❡ ❜❛)❡ (V1, V
2
1 , V

3
1 ) ✉♥❡ ❜❛)❡ ❞❡ R

3
✱ ❛❧♦.) ❞❛♥) ❝❡**❡ ❜❛)❡ ❧❡) ✐♠❛❣❡) ❞❡)

♠❛*.✐❝❡) ❛♥*✐)②♠6*.✐5✉❡) )✉✐✈❛♥*❡) ✿





0 −1 0
1 0 0
0 0 0



 ,





0 0 −1
0 0 0
1 0 0







✹✹

❡♥❣❡♥❞%❡♥& TV1S
2
✳

▼♦♥&%♦♥* ♠❛✐♥&❡♥❛♥& .✉❡ φ1(V1)(m) = V1∧ρm(V1)
||V1∧ρm(V1)||

*✬1&❡♥❞ ❡♥ ✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ ❞✐✛1%❡♥&✐❛❜❧❡

*✉% Bl(S3, CV1∪C̃V1)✳ 7♦✉%m ∈ S3\(CV1∪C̃V1)✱ φ1(V1)(m) ❞1*✐❣♥❡ ❧❡ ✈❡❝&❡✉% ✉♥✐&❛✐%❡ ♦%&❤♦❣♦♥❛❧
❛✉ ♣❧❛♥ ❡♥❣❡♥❞%1 ♣❛% V1 ❡& ρm(V1) .✉✐ ❝♦♠♣❧;&❡ (V1, ρm(V1)) ❡♥ ✉♥❡ ❜❛*❡ ❞✐%❡❝&❡ ❞❡ R3

✳ 7♦✉% .✉❡

φ1(V1) *✬1&❡♥❞❡ < SNS3(CV1) ❡& SNS3(C̃V1)✱ ✐❧ *✉✣& .✉❡ ❝❡&&❡ ❞1✜♥✐&✐♦♥ ❣❛%❞❡ ❞✐✛1%❡♥&✐❛❜❧❡♠❡♥&

✉♥ *❡♥* ♣♦✉%m ∈ SNS3(CV1)∪SNS3(C̃V1)✳ ❖♥ &%❛✐&❡ ❞✬❛❜♦%❞ ❧❡ ❝❛* CV1 ✳ ❯♥❡ ❝❛%&❡ ❞❡ Bl(S
3, CV1)

❛✉ ✈♦✐*✐♥❛❣❡ ❞❡ SNS3(CV1) ❡*& ❞♦♥♥1❡ ♣❛% [0, ǫ]×S1×CV1 ✭❞♦♥♥1❡ ❥✉*&❡ ❛♣%;* ❧❛ ❞1♠♦♥*&%❛&✐♦♥

❞✉ ❧❡♠♠❡ ✹✳✸✮✳ ❙♦✐& ❞♦♥❝ m = (t, θ, c) ∈ [0, ǫ] × S1 × CV1 ✳ 7♦✉% t > 0✱ φ1(V1)(m) ❡*& ❜✐❡♥

❞1✜♥✐ ❡& ♥❡ ❞1♣❡♥❞ .✉❡ ❞❡ ❧✬❛♥❣❧❡ θ✳ ❖♥ ♣❡✉& ❞♦♥❝ ♣%♦❧♦♥❣❡% ❞✐✛1%❡♥&✐❛❜❧❡♠❡♥& ❧❛ ❞1✜♥✐&✐♦♥ ❞❡

φ1(V1)(m) < t = 0✳ ❖♥ ♣%♦❝;❞❡ ❞❡ ❧❛ ♠F♠❡ ❢❛H♦♥ ♣♦✉% C̃V1 ✳

�

❆✈❡❝ ✉♥ ❛❜✉* ❞❡ ♥♦&❛&✐♦♥ .✉✬♦♥ *❡ ♣❡%♠❡& ❣%J❝❡ ❛✉ ❧❡♠♠❡ ✺✳✶✺✱ ♦♥ ❞1✜♥✐& ❛❧♦%* ❧✬❛♣♣❧✐❝❛&✐♦♥

φ2(f(1), V1) : Bl(S3, CV1 ∪ C̃V1)× C14 −→ R

(m, c) 7−→ < πf(1)(c),
V1∧ρm(V1)

||V1∧ρm(V1)||
>
.

❙♦✐& k ≤ 8 ❡& Ek ✉♥ *♦✉*✲❡♥*❡♠❜❧❡ ❞❡ 9\{1} < k 1❧1♠❡♥&*✳ ❖♥ ♣♦*❡

F
(6)
Ek

(f, g, V1) : Bl(S3, CV1 ∪ C̃V1)× C14 × (S2)9\{1∪Ek} −→ (S2)Ek × (S2)9\{1∪Ek} × R

(m, c, (Vi)) 7−→ (FEk
(f, g)(m, c), (Vi), φ2(f(1), V1)(m, c))

.

▲❡♠♠❡ ✺✳✶✻ ❖♥ "✉♣♣♦"❡ (V1, . . . , V9) ∈ A2b ∩ A4b ∩ A4a✱ ❛❧♦*" ♣♦✉* +♦✉+ j ∈ 9 ❡+ +♦✉+ ❣*❛♣❤❡
Γ ♦♥ ❛

⋂

i∈9\{j}

π−1
e(Γ,i)(GVi) ∩ π−1

e(Γ,j)(∂G2,Vj) = ∅.

 !❡✉✈❡✿ ❖♥ %❛♣♣❡❧❧❡ .✉✬♦♥ ❛ ❞1♠♦♥&%1 ❞❛♥* ❧❛ ❞1♠♦♥*&%❛&✐♦♥ ❞❡ ❧❛ ♣%♦♣♦*✐&✐♦♥ ✹✳✼ .✉❡

∂G2,Vj = tj × CVj × S2

+{(tj,m, ρm(Vj));m ∈ B3}
−tj × B3 × Vj

❙✉♣♣♦*♦♥* ♣❛% ❧✬❛❜*✉%❞❡ .✉❡ ❧✬✐♥&❡%*❡❝&✐♦♥ ❞✉ ❧❡♠♠❡ ♥❡ *♦✐& ♣❛* ✈✐❞❡ ❡& *♦✐& (tj,m, c) ∈
⋂

i∈9\{j} π
−1
e(Γ,i)(GVi)∩π−1

e(Γ,j)(∂G2,Vj)✳ ❙✐m /∈ CVj ✱ ❛❧♦%* πe(Γ,j)(tj,m, c) ∈ {Vj, ρm(Vj)}✱ ❝❡ .✉✐ ♥✬❡*&
♣❛* ♣♦**✐❜❧❡ ❝❛% (V1, . . . , V9) ∈ A2b ❡& < ❝❛✉*❡ ❞❡ ❧❛ ❞1♠♦♥*&%❛&✐♦♥ ❞✉ ❧❡♠♠❡ ✺✳✻✳ ❊& *✐ m ∈ CVj ✱
❛❧♦%* ♣❛% ❞1✜♥✐&✐♦♥✱ ♦♥ ❛ ρm(Vj) = −Vj✱ ❝❡ .✉✐ ♥✬❡*& ♣❛* ♣♦**✐❜❧❡ ❝❛% (V1, . . . , V9) ∈ A4a ∩ A4b

❡& ❣%J❝❡ < ❧❛ ♣%♦♣♦*✐&✐♦♥ ✺✳✾✳ ▲✬✐♥&❡%*❡❝&✐♦♥ ❡*& ❞♦♥❝ ✈✐❞❡✳

�



✹✺

▲✬✐♥&❡()❡❝&✐♦♥

⋂

i∈Ek
π−1
e(Γ,i)(GVi)∩π−1

e(Γ,1)(G2,V1) ❡)& &(❛♥)✈❡()❡ )✐ (V2, . . . , V9, 0) ∈ Reg(F
(6)
9\1(f, g, V1))✳

❖♥ ❞1✜♥✐& ✿

U5
1 (f, g, Ek) := {(V1, . . . , V9) ∈ (S2)9; (V2, . . . , V9, 0) ∈ Reg(F

(6)
Ek

(f, g, V1))}.

▲❡♠♠❡ ✺✳✶✼ ▲✬❡♥$❡♠❜❧❡ U5
1 (f, g, E8) ❡$( ✉♥ ❡♥$❡♠❜❧❡ ♦✉✈❡,( ❞❡ (S2)9✳

 !❡✉✈❡✿ ❙♦✐& (V1, . . . , V9) ∈ U5
1 (f, g, E8) ❡& ♠♦♥&(♦♥) 6✉✬✐❧ ❡①✐)&❡ ✉♥ ✈♦✐)✐♥❛❣❡ ❞❡ (V1, . . . , V9)

❞❛♥) U5
1 (f, g, E8)✳ ❙♦✐& NV1 ✉♥ ♣❡&✐& ✈♦✐)✐♥❛❣❡ ❝♦♠♣❛❝& ❞❡ V1 ❞❛♥) S2

✳ <♦✉( V ∈ NV1 ✱ ♦♥ ❞1✜♥✐&

❧✬❛♣♣❧✐❝❛&✐♦♥

fV : B3/∂B3 −→ B3/∂B3

[m] 7−→ [ρ
π,

V1+V

||V1+V ||
(m)]

❞❡ &❡❧❧❡ )♦(&❡ 6✉❡ fV (CV1) = CV ❡& fV (C̃V1) = C̃V ✳ ❈♦♠♠❡ fV ❡)& ✉♥ ❞✐✛1♦♠♦(♣❤✐)♠❡ ❞❡ S3
✱ ✐❧

✐♥❞✉✐& ✉♥ ❞✐✛1♦♠♦(♣❤✐)♠❡

f̃V : Bl(S3, CV1 ∪ C̃V1) → Bl(S3, CV ∪ C̃V )

<❛( ❝♦♥)16✉❡♥&✱ ❧✬❛♣♣❧✐❝❛&✐♦♥ )✉✐✈❛♥&❡ ❡)& ❜✐❡♥ ❞1✜♥✐❡ ✿

F
(7)
E8

(f, g, V1) : NV1 × Bl(S3, CV1 ∪ C̃V1)× C14 −→ NV1 × (S2)E8 × R

(V,m, c) 7−→ (V, F
(6)
E8

(f, g, V )(f̃V (m), c))
.

❈❡&&❡ ❛♣♣❧✐❝❛&✐♦♥ ❡)& ❞✐✛1(❡♥&✐❛❜❧❡✱ ❡& ❞❛♥) ✉♥❡ ❜❛)❡ ❛❞❛♣&1❡ ❧❛ ♠❛&(✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❡♥ (V,m, c)
)✬1❝(✐& ✿











I2 0 . . . 0
×
✳

✳

✳

×
M











♦C M ❡)& ❧❛ ♠❛&(✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❞❡ ❧✬❛♣♣❧✐❝❛&✐♦♥ (m, c) 7→ F
(6)
E8

(f, g, V )(f̃V (m), c)✳ ❖♥ )❛✐& 6✉❡

(V1, . . . , V9) ∈ U5
1 (f, g, E8) )✐ ❡& )❡✉❧❡♠❡♥& )✐ (V2, . . . , V9, 0) ∈ Reg(F

(6)
E8

(f, g, V1)) ❡& ❡♥ ❝❡&&❡

✈❛❧❡✉(✱ ❧❡ ❞1&❡(♠✐♥❛♥& ❞❡ M ❡)& ♥♦♥ ♥✉❧ ❝❛( f̃V1 ❡)& ✉♥ ❞✐✛1♦♠♦(♣❤✐)♠❡✳ ❆✐♥)✐✱ (V1, . . . , V9) ∈
U5
1 (f, g, E8) )✐ ❡& )❡✉❧❡♠❡♥& )✐ (V1, . . . , V9, 0) ∈ Reg(F

(7)
Ek

(f, g, V1))✳ ❉✬❛✉&(❡ ♣❛(&✱ )✐ (W1, . . . ,W9, α) ∈
Reg(F

(7)
E8

(f, g, V1)) ❛❧♦() (W2, . . . ,W9, α) ∈ Reg(F
(6)
E8

(f, g,W1))✳ ❉❡ ♣❧✉)✱ ❧❡ ❧❡♠♠❡ ✺✳✸ ❛))✉(❡

6✉❡ Reg(F
(7)
E8

(f, g, V1)) ❡)& ✉♥ ❡♥)❡♠❜❧❡ ♦✉✈❡(&✱ Reg(F
(7)
E8

(f, g, V1)) ❝♦♥&✐❡♥& ❞♦♥❝ ✉♥ ♦✉✈❡(& ❞❡

❧❛ ❢♦(♠❡ U × I ⊂ (NV1 × (S2)9\1)× R✳ ❆❧♦() U ❡)& ✉♥ ♦✉✈❡(& ❡& ❢♦✉(♥✐& ✉♥ ✈♦✐)✐♥❛❣❡ ♦✉✈❡(& ❞❡

(V1, . . . , V9) ❞❛♥) U5
1 (f, g, E8)✳

�



✹✻

"♦✉% ♠♦♥(%❡% *✉❡ U5
1 (f, g, E8) ❡+( ❞❡♥+❡✱ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛% ❧❡ ❧❡♠♠❡ +✉✐✈❛♥( ✿

▲❡♠♠❡ ✺✳✶✽ ❖♥ "❛♣♣❡❧❧❡ '✉❡

φ2(f, V1) : Bl(S3, CV1 ∪ C̃V1)× C14 −→ R

(m, c) 7−→ < πf(1)(c),
V1∧ρm(V1)

||V1∧ρm(V1)||
>

❆❧♦"+

0 ∈ Reg(φ2(f, V1)).

 !❡✉✈❡✿ ❈♦♠♠❡ ♣♦✉% ❧❛ ❞6♠♦♥+(%❛(✐♦♥ ❞✉ ❧❡♠♠❡ ✺✳✶✷✱ ❝♦♠♠❡

V1∧ρm(V1)
||V1∧ρm(V1)||

6= 0 ✐❧ +✉✣( ❞❡

❜♦✉❣❡% πf(1)(c) ❞❛♥+ ❧❛ ❞✐%❡❝(✐♦♥ ❞❡

V1∧ρm(V1)
||V1∧ρm(V1)||

♣♦✉% ❛✈♦✐% ❧❛ +✉%❥❡❝(✐✈✐(6 ❞❡ ❧❛ ❞✐✛6%❡♥(✐❡❧❧❡✳

�

▲❡♠♠❡ ✺✳✶✾ ▲✬❡♥+❡♠❜❧❡ U5
1 (f, g, E8) ❡+0 ❞❡♥+❡ ❞❛♥+ (S

2)9✳

 !❡✉✈❡✿ ❖♥ ♠♦♥(%❡ *✉❡ ♣♦✉% (♦✉( (W1, . . . ,W9) ∈ (S2)9 ❡( (♦✉( ǫ > 0✱ ✐❧ ❡①✐+(❡ (V1, . . . , V9) ∈
U5
1 (f, g, E8)∩Bǫ(W1, . . . ,W9)✳ ❙♦✐❡♥( (W1, . . . ,W9) ∈ (S2)9 ❡( ǫ > 0✳ ❖♥ ♣♦+❡ V1 = W1✳ ❉✬❛♣%E+

❧❡ ❧❡♠♠❡ ✺✳✶✽✱ φ2(f, V1)
−1(0) ❡+( ✉♥❡ +♦✉+✲✈❛%✐6(6 ❞❡ ❝♦❞✐♠❡♥+✐♦♥ 1 ❡( Tφ2(f, V1) ✐♥❞✉✐( ✉♥

✐+♦♠♦%♣❤✐+♠❡ ❡♥(%❡ ❧❡+ ✜❜%❡+ N(m,c)φ2(f, V1)
−1(0) ❡( T0R✳ ❖♥ ♣♦+❡

F
(8)
E8

(f, g, V1) : φ2(f, V1)
−1(0)× (S2)9\{1,E8} −→ (S2)9\1 × {0} = (S2)9\1

(m, c, (Vi)) 7−→ F
(6)
E8

(f, g, V1)(m, c, (Vi))

Reg(F
(8)
E8

(f, g, V1)) ❡+( ✉♥ ❡♥+❡♠❜❧❡ ❞❡♥+❡ ❞❡ (S2)9\1 ✿ ✐❧ ❡①✐+(❡ ❞♦♥❝ (V2, . . . , V9) ∈ Reg(F
(8)
E8

(f, g, V1))∩
Bǫ(W2, . . . ,W9)✳ ❖♥ ♠♦♥(%❡ ❡♥✜♥ *✉❡ (V1, . . . , V9) ∈ U5

1 (f, g, E8)✳ ❙♦✐( (m, c, (Vi)) ✉♥ ♣♦✐♥( ❞❡ ❧❛

♣%6✲✐♠❛❣❡ ❞❡ (V2, . . . , V9, 0) ♣❛% F
(6)
E8

(f, g, V1)✳ ❆❧♦%+ (m, c, (Vi)) ∈ φ2(f, V1)
−1(0) × (S2)9\{1∪E8}

❡( ♦♥ ♣❡✉( 6❝%✐%❡ ✿

T(m,c,(Vi))(Bl(B
3, CV1 ∪ C̃V1)× C14 × (S2)9\{1∪E8}) = T(m,c)φ2(f, V1)

−1(0)⊕N(m,c)φ2(f, V1)
−1(0)

⊕T (S2)9\{1,E8}

❡( ❞❛♥+ ✉♥❡ ❜❛+❡ ❛❞❛♣(6❡✱ ❧❛ ♠❛(%✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❞❡ F
(6)
E8

(f, g, V1) ❛✉ ♣♦✐♥( (m, c, (Vi)) +✬6❝%✐(

+♦✉+ ❧❛ ❢♦%♠❡ ✿

[

JF
(8)
Ek

(f, g, V1) ×
0 N

]

♦L N ❡+( ❧❛ ♠❛(%✐❝❡ ❞❡ ❧❛ %❡+(%✐❝(✐♦♥ Tφ2(f, V1) : N(m,c)φ2(f, V1)
−1(0) → T0R✱ *✉✐ ❡+( ✉♥

✐+♦♠♦%♣❤✐+♠❡✳ "❛% ❝♦♥+6*✉❡♥(✱ ❧❡ ♣♦✐♥( (m, c, (Vi)) ❡+( ❜✐❡♥ %6❣✉❧✐❡%✳ ❉♦♥❝ (V2, . . . , V9, 0) ∈
Reg(F

(6)
E8

(f, g, V1)) ❞♦♥❝ (V1, . . . , V9) ∈ U5
1 (f, g, E8)✳

�



✹✼

❖♥ ♣♦&❡ ❛❧♦*&

A5 :=
9
⋂

i=1

σ1i





⋂

E8⊂9, |E8|=8

⋂

f∈((9)2\❞✐❛❣)E8

⋂

g∈{0,1}E8

U5
1 (f, g, E8)



 .

➱,❛♣❡ ✻ ✿ ❤②♣♦,❤1&❡& &✉♣♣❧3♠❡♥,❛✐*❡&✳

❙♦✐, E5 ⊂ 9✱ ❛✈❡❝ |E5| = 5✳ ❖♥ ♥♦,❡

ϕE5 : (S2)E5 × (S2)9\E5 −→ R× (S2)9\E5

(Vi, Vj, Vb, Vc, Vk), (Vp)p∈9\E5 7−→ 〈Vk, (Vb ∧ Vc) ∧ ((Vi ∧ Vj) ∧ (Vb ∧ Vc))〉, (Vp)p∈9\E5

.

▲✬❡♥&❡♠❜❧❡

UE5 = (S2)9\ϕ−1
E5
({0})

❡&, ❛❧♦*& ✉♥ ❡♥&❡♠❜❧❡ ♦✉✈❡*, ❡, ❞❡♥&❡ ❞❡ (S2)9✳ ❖♥ ♣♦&❡ ❛❧♦*&

A6 =
⋂

E5⊂9, |E5|=5

UE5 .

▲❡♠♠❡ ✺✳✷✵ ❙♦✐# (V1, . . . , V9) ∈ A6✱ ❛❧♦'( ♣♦✉' #♦✉# {i, j, b, c, k} ⊂ 9✱

〈Vk, (Vb ∧ Vc) ∧ ((Vi ∧ Vj) ∧ (Vb ∧ Vc))〉 6= 0.

�

♣!❡✉✈❡ ❞❡ ❧❛ ♣!♦♣♦)✐+✐♦♥ ✺✳✷ ✿ ❖♥ ♣♦&❡

A = A2a ∩ A2b ∩ A3 ∩ A4a ∩ A4b ∩ A5 ∩ A6

❡, ,♦✉,❡& ❧❡& ❝♦♥❞✐,✐♦♥& ♣♦✉* ?✉❡ ❧❡& ❝❤❛@♥❡& &♦✐❡♥, ,*❛♥&✈❡*&❡& &✉* ❧❡& ✐♥,❡*&❡❝,✐♦♥& &♦♥, *3✉♥✐❡&

❞1& ?✉❡ (V1, . . . , V9) ∈ A✳

�

✺✳✸ ■♥❞&♣❡♥❞❛♥❝❡ ❡♥ G

❖♥ ♣*3&❡♥,❡ ❞❛♥& ❝❡,,❡ &❡❝,✐♦♥ ✉♥❡ ❡&?✉✐&&❡ ❞❡ ♣*❡✉✈❡ ?✉❡ I(GV1 , . . . , GV9) ♥❡ ❞3♣❡♥❞ ♣❛&

❞❡& ❝❤❛@♥❡& GVi ❝❤♦✐&✐❡&✱ ♠❛✐& &❡✉❧❡♠❡♥, ❞✉ ❜♦*❞ ∂Vi ✜①3✳ ❖♥ *❛♣♣❡❧❧❡ ❧❛ ❞3✜♥✐,✐♦♥ ❞✉ ❜♦*❞

✐♥,*♦❞✉✐,❡ ❛✉ ❞3❜✉, ❞❡ ❧❛ &❡❝,✐♦♥ ✹✳

∂V = −{0} × B3 × {V }+ {(1,m, ρm(V ));m ∈ B3} − [0, 1]× S2 × {V }



✹✽

❉!✜♥✐%✐♦♥ ✺✳✷✶ ❙♦✐% (V1, . . . , V9) ∈ A✳ ❖♥ ❞✐% *✉❡ ❞❡- ❝❤❛1♥❡- (G′
V1
, . . . , G′

V9
) -♦♥% ❛❞♠✐--✐❜❧❡-

-✐ ♣♦✉6 %♦✉% i ∈ 9✱ ♦♥ ❛ ∂G′
Vi

= ∂Vi ❡% -✐ ♣♦✉6 %♦✉% ❡♥-❡♠❜❧❡ Ek ⊂ 9 8 k 9❧9♠❡♥%-✱ ♣♦✉6 %♦✉%

❣6❛♣❤❡ Γ ∈ D3
or ❡% %♦✉%❡ ♥✉♠96♦%❛%✐♦♥ nΓ✱ ❧❡- ✐♥%❡6-❡❝%✐♦♥-

⋂

i∈Ek
π−1
e(Γ,i)(G

′
Vi
) -♦♥% %6❛♥-✈❡6-❡-✳

❖♥ ❛ ❞9%❛✐❧❧9 ❞❛♥- ❧❛ ♣❛6%✐❡ ♣69❝9❞❡♥%❡ ❧❡ ❝❛- ♣❛6%✐❝✉❧✐❡6 ❞❡- ❝❤❛1♥❡- (GV1 , . . . , GV9)✳

+,♦♣♦.✐%✐♦♥ ✺✳✷✷ ❙♦✐❡♥% (V1, . . . , V9) ∈ A ❡% ❞❡✉① ❢❛♠✐❧❧❡- (G′
V1
, . . . , G′

V9
) ❡% (G′′

V1
, . . . , G′′

V9
)

❞❡ ❝❤❛0♥❡- ❛❞♠✐--✐❜❧❡-✱ ❛❧♦3-

I(G′
V1
, . . . , G′

V9
) = I(G′′

V1
, . . . , G′′

V9
)

▲❛ ♣6♦♣♦-✐%✐♦♥ ❞9❝♦✉❧❡ ❞✉ ❧❡♠♠❡ -✉✐✈❛♥% ✿

▲❡♠♠❡ ✺✳✷✸ ❙♦✐❡♥% (V1, . . . , V9) ∈ A ❡% ✉♥❡ ❢❛♠✐❧❧❡ (G′
V1
, . . . , G′

V9
) ❞❡ ❝❤❛0♥❡- ❛❞♠✐--✐❜❧❡-✳

❙♦✐% G′′
V1

✉♥❡ ❛✉%3❡ 4−❝❤❛0♥❡ %❡❧ 5✉❡ ∂G′′
V1

= ∂V1✳ ❆❧♦3- ✐❧ ❡①✐-%❡ ✉♥❡ ♣❡%✐%❡ ❞8❢♦3♠❛%✐♦♥ ❞❡ G′′
V1
✱

5✉❡ ❧✬♦♥ ♥♦%❡ G′′
V1
✱ %❡❧❧❡ 5✉❡

I(G′
V1
, . . . , G′

V9
) = I(G′′

V1
, G′

V2
, . . . , G′

V9
)

 !❡✉✈❡✿ >❛6 ❞❡- ❛6❣✉♠❡♥%- -✐♠✐❧❛✐6❡- 8 ❝❡✉① ❞9%❛✐❧❧9- ❞❛♥- ❧❛ -❡❝%✐♦♥ ✺✳✷✱ ✐❧ ❡①✐-%❡ ✉♥❡ ♣❡%✐%❡

❞9❢♦6♠❛%✐♦♥ ❞❡ G′′
V1
✱ *✉❡ ❧✬♦♥ ♥♦%❡ G′′

V1
✱ %❡❧❧❡ *✉❡ ❧❛ ❢❛♠✐❧❧❡ (G′′

V1
, G′

V2
, . . . , G′

V9
) -♦✐% ✉♥❡ ❢❛♠✐❧❧❡

❞❡ ❝❤❛1♥❡- ❛❞♠✐--✐❜❧❡-✳ ❉❛♥- ❝❡ ❝❛-✱ I(G′′
V1
, G′

V2
, . . . , G′

V9
) ❡-% ❜✐❡♥ ❞9✜♥✐✳

❖♥ ❛ [G′
V1
]− [G′′

V1
] = 0 ❞❛♥- H4([0, 1]× B3 × S2) = H4(S

2) = 0✳ ■❧ ❡①✐-%❡ ❞♦♥❝ ✉♥❡ 5✲❝❤❛1♥❡ W

%❡❧❧❡ *✉❡ ∂W = G′
V1

−G′′
V1
✳ ❋✐①♦♥- ✉♥ ❣6❛♣❤❡ Γ ∈ D3

or ✉♥ ❣6❛♣❤❡ ♥✉♠96♦%9 ❡% ♥♦%♦♥-

LΓ = π−1
e(Γ,1)(W )

i=9
⋂

i=2

π−1
e(Γ,i)(G

′
Vi
)

◗✉✐%%❡ 8 ♠♦❞✐✜❡6 W ✱ ♦♥ ♣❡✉% -✉♣♣♦-❡6 *✉❡ ❧❡- ✐♥%❡6-❡❝%✐♦♥- -♦♥% %6❛♥-✈❡6-❡- ♣♦✉6 %♦✉% ❣6❛♣❤❡

Γ ∈ D3
or✳ ❉♦♥❝ LΓ ❡-% ✉♥❡ ✈❛6✐9%9 ❝♦♠♣❛❝%❡ ♦6✐❡♥%9❡ ❞❡ ❞✐♠❡♥-✐♦♥ 1 ❞❡ [0, 1] × B3 × C14✳

❉♦♥❝ ∂LΓ ❡-% ✉♥❡ -✉❝❝❡--✐♦♥ ❞❡ ♣♦✐♥%-✱ ❝♦♠♣%9- -✉❝❝❡--✐✈❡♠❡♥% ❛✈❡❝ ✉♥ -✐❣♥❡ ♣♦-✐%✐❢ ❡% ♥9❣❛%✐❢✳

❈♦♠♠❡

∂LΓ = π−1
e(Γ,1)(G

′
V1
)
i=9
⋂

i=2

π−1
e(Γ,i)(G

′
Vi
)− π−1

e(Γ,1)(G
′′
V1
)
i=9
⋂

i=2

π−1
e(Γ,i)(G

′
Vi
) + LΓ ∩ ∂([0, 1]× B3 × C14)

-✐ ♦♥ ❢❛✐% ❧❛ -♦♠♠❡ ❛❧❣9❜6✐*✉❡ ❞❡- ♣♦✐♥%- ❝♦♠♣%9- ❛✈❡❝ ❧❡✉6 ♦6✐❡♥%❛%✐♦♥✱ ♦♥ %6♦✉✈❡ ❛❧♦6- ✿

0 = IΓ(G
′
V1
, . . . , G′

V9
)− IΓ(G′′

V1
, G′

V2
, . . . , G′

V9
) + LΓ ∩ ∂([0, 1]× B3 × C14)

▲❡♠♠❡ ✺✳✷✹ ❖♥ ❛ LΓ ∩ ∂([0, 1]× B3)× C14 = ∅



✹✾

 !❡✉✈❡✿ ❈✬❡%& ✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ ❞✐0❡❝&❡ ❞✉ ❧❡♠♠❡ ✺✳✹✳

�

❆✐♥%✐ ♦♥ ♦❜&✐❡♥& ❧❛ 0❡❧❛&✐♦♥ %✉✐✈❛♥&❡ ✿

I(G′
V1
, . . . , G′

V9
)− I(G′′

V1
, G′

V2
, . . . , G′

V9
) = −

∑

Γ∈D3
or

1

9!29
LΓ ∩ [0, 1]× B3 × ∂C14[Γ] (E)

LΓ ❡%& ✉♥❡ ❝❤❛9♥❡ ❞❡ ❞✐♠❡♥%✐♦♥ 1✱ ;✉✐&&❡ ❝❤❛♥❣❡0 ❧❛ ❝❤❛9♥❡W ✱ ♦♥ ♣❡✉& %✉♣♣♦%❡0 ;✉❡ LΓ 0❡♥❝♦♥&0❡

❣=♥=0✐;✉❡♠❡♥& [0, 1]×B3 × ∂(C14) %✉0 ❞❡% ❢❛❝❡% ❞❡ C14 ❞❡ ❝♦❞✐♠❡♥%✐♦♥ 1✳ ❉✬❛♣0@% ❧✬=&✉❞❡ ❢❛✐&❡

♣❛0 ❉✳ ❙✐♥❤❛ ❬❙✐♥✵✹✱ &❤=♦0@♠❡ ✸✳✹❪✱ ♦♥ %❛✐& ;✉❡ ❧❡% ❢❛❝❡% F 13
❞❡ ❝♦❞✐♠❡♥%✐♦♥ 1 ❞❡ C14

%♦♥&

❡♥ ❜✐❥❡❝&✐♦♥ ❛✈❡❝ ❧❡% %♦✉%✲❡♥%❡♠❜❧❡% S ⊂ V (Γ) ❛✈❡❝ 1 < |S| < 9✳ ▲❛ ❢❛❝❡ F 13
S ❝♦""❡$♣♦♥❞❛♥)

* S ❝♦♥)✐❡♥) ❧❡$ ❝♦♥✜❣✉"❛)✐♦♥$ ♦0 )♦✉$ ❧❡$ ♣♦✐♥)$ ❞❡ S $♦♥) ❝♦♥❢♦♥❞✉$ * ❧✬3❝❤❡❧❧❡ ❞❡ (R3)V (Γ)

❡) ❧❛ "❡$)"✐❝)✐♦♥ * S ❞❡ ❝❡))❡ ❝♦♥✜❣✉"❛)✐♦♥ ❡$) ✉♥❡ ❝♦♥✜❣✉"❛)✐♦♥ ❝♦♥♥✉❡ * ❤♦♠♦)❤3)✐❡ ♣♦$✐)✐✈❡

❡) )"❛♥$❧❛)✐♦♥ ♣"7$✳ ❊♥ ♥♦)❛♥) C̃S = {(xi)i∈S ∈ (R3)S; ∀i 6= j, xi 6= xj}/ ∼✱ ♦0 ∼ ❞3$✐❣♥❡ ❧❛

"❡❧❛)✐♦♥ ❞✬3;✉✐✈❛❧❡♥❝❡ ✧ ❝♦=♥❝✐❞❡ * ❤♦♠♦)❤3)✐❡ ❞❡ "❛♣♣♦") ♣♦$✐)✐❢ ❡) )"❛♥$❧❛)✐♦♥ ♣"7$✧✱ ♦♥ ♣❡✉)

3❝"✐"❡

F 13
S = C̃V (Γ)/S × C̃S

▲❡♠♠❡ ✺✳✷✺ ❙✐ |S| > 1 ❛❧♦%&

dim(C̃S) = 3|S| − 4

◆♦(❛(✐♦♥ ✺✳✷✻ ❖♥ ♥♦)❡ ΓS ❧❡ &♦✉& ❣%❛♣❤❡ ❡①)%❛✐) ❞❡ Γ ❝♦♥&)✐)✉2 ❞❡& &♦♠♠❡)& ❞❡ Γ 4✉✐ ❛♣♣❛%✲

)✐❡♥♥❡♥) 6 S ❡) ❞❡& ❛%7)❡& %❡❧✐❛♥) ❞❡✉① 2❧2♠❡♥)& ❞❡ S✳

▲❛ "❡❧❛)✐♦♥ (E) ♣❡✉) ❛❧♦"$ $❡ ♠❡))"❡ $♦✉$ ❧❛ ❢♦"♠❡ $✉✐✈❛♥)❡ ✿

I(G′
V1
, . . . , G′

V9
)− I(G′′

V1
, . . . , G′

V9
) = −

∑

Γ∈D3
or,S⊂V (Γ),1<|S|<6

1

9!29
I(Γ, S)[Γ] (E)

♦0 I(Γ, S) = 〈LΓ, F
13
S 〉 ❞3$✐❣♥❡ ❧❛ $♦♠♠❡ ❞❡$ ✐♥)❡"$❡❝)✐♦♥ ❛❧❣3❜"✐;✉❡ ❞❡ ❧✬✐♥)❡"$❡❝)✐♦♥ ❡♥)"❡ LΓ

❡) F 13
S ✳ ❖♥ ♠♦♥)"❡ ;✉❡ ❧❛ $♦♠♠❡ ❞❡ ❞"♦✐)❡ ❡$) ♥✉❧❧❡ ❡♥ ❞✐$)✐♥❣✉❛♥) 4 ❝❛$ ✿

✕ ❈❛$ ✶ ✿ ΓS ♥♦♥ ❝♦♥♥❡①❡

✕ ❈❛$ ✷ ✿ ΓS =
✕ ❈❛$ ✸ ✿ ΓS ❡$) ❝♦♥♥❡①❡✱ ΓS ❝♦♥)✐❡♥) ✉♥ $♦♠♠❡) ✉♥✐✈❛❧❡♥) ❡) #S > 2✳
✕ ❈❛$ ✹ ✿ ΓS ❡$) ❝♦♥♥❡①❡ ❡) ♥❡ ❝♦♥)✐❡♥) ❛✉❝✉♥ $♦♠♠❡) ✉♥✐✈❛❧❡♥) ♠❛✐$ ❝♦♥)✐❡♥) ✉♥ $♦♠♠❡)

❜✐✈❛❧❡♥)✳

❖♥ ❛ ❜✐❡♥ ❡①❤✐❜3 )♦✉$ ❧❡$ ❝❛$✱ ♣✉✐$;✉❡ $✐ ΓS ♥❡ ❝♦♥)✐❡♥) ❛✉❝✉♥ $♦♠♠❡) ✉♥✐✈❛❧❡♥) ♦✉ ❜✐✈❛❧❡♥) ❡)

❡$) ❝♦♥♥❡①❡✱ ❛❧♦"$ ΓS ❡$) ✉♥ $♦✉$ ❣"❛♣❤❡ )"✐✈❛❧❡♥) ❞❡ Γ ❝♦♥♥❡①❡✱ ❞♦♥❝ ❝✬❡$) Γ✱ ❝❡ ;✉✐ ❡$) ❡①❝❧✉✳

❈❛$ ✶ ✿ ❙✉♣♣♦$♦♥$ ♣❛" ❡①❡♠♣❧❡ ;✉❡ ❧✬♦♥ ♣✉✐$$❡ 3❝"✐"❡ ΓS = ΓH ⊔ {P} ❛✈❡❝ |H| ≥ 2✳ ❆❧♦"$



✺✵

❝❧❛✐&❡♠❡♥*✱ ♦♥ ♣❡✉* ❢❛❝*♦&✐0❡& ❧❡0 ❛♣♣❧✐❝❛*✐♦♥0 (πe(Γ,i)) ✿

F 13
S

//

(πe(Γ,i))

��

C̃V (Γ)/S × C̃S\{P}

ww
(S2)9

❖&

dim(C̃Γ/S × C̃S\P ) = dim(C̃V (Γ)/S) + dim(C̃S\P )

= 3(6− |S|+ 1)− 4 + 3(|S| − 1)− 4

= 21− 11

= 21− 11

= 10

❞♦♥❝ 0✐ ♦♥ ❛✈❛✐* ✉♥❡ ✐♥*❡&0❡❝*✐♦♥✱ ❡♥ ♠♦❞✐✜❛♥* ❛&❜✐*&❛✐&❡♠❡♥* ❧❛ ♣♦0✐*✐♦♥ ❞❡ P ✱ ♦♥ ❛✉&❛✐* ✉♥❡

❢❛♠✐❧❧❡ 7 3 ♣❛&❛♠8*&❡0 ❞✬✐♥*❡&0❡❝*✐♦♥✱ ❝❡ :✉✐ ❝♦♥*&❡❞✐&❛✐* ❧❛ *&❛♥0✈❡&0❛❧✐*;✳ ❊♥ ❣;♥;&❛❧✱ 0✐ ΓS
0✬;❝&✐* ❞❡ ❧❛ ❢♦&♠❡ ΓS = ΓH ⊔ ΓG ❛❧♦&0 ♦♥ ♣❡✉* ❢❛❝*♦&✐0❡& ❝❡**❡ ❢♦✐0✲❝✐ ♣❛& ✿

C̃V (Γ)/S × C̃S //

(πe(Γ,i))

��

C̃V (Γ)/S × C̃ΓH
× C̃ΓG

uu
(S2)9

♦@ C̃ΓG
❡0* ✉♥ ♣♦✐♥* 0✐ |G| = 1✳ ❖♥ ❛ ❛❧♦&0 ❢❛❝*♦&✐0; ♣❛& ✉♥ ❡0♣❛❝❡ ❞❡ ❝♦❞✐♠❡♥0✐♦♥ 0*&✐❝*❡♠❡♥*

♣❧✉0 ❣&❛♥❞❡✳ ▲✬❛&❣✉♠❡♥* ❞✉ ❝❛0 ♣&;❝;❞❡♥* 0✬❛♣♣❧✐:✉❡✱ ♦♥ ❛ ❞♦♥❝ ♠♦♥*&; :✉❡ 0✐ ΓS ;*❛✐* ♥♦♥

❝♦♥♥❡①❡✱ ❛❧♦&0 I(Γ, S) = 0✳

❈❛0 ✷ ✿ ❖♥ 0✉♣♣♦0❡ :✉❡

iP Q
ΓS :

❉♦♥❝ 0✉& ❧❛ ❢❛❝❡ F 13
S ✱ ♦♥ ❛ P = Q✳ ◆♦*♦♥0 ❧❡0 ❣&❛♣❤❡0 Γ1

❡* Γ2
❧❡0 ❣&❛♣❤❡0 :✉✐ ✐♥*❡&✈✐❡♥♥❡♥*

❞❛♥0 ❧❛ &❡❧❛*✐♦♥ ■❍❳ 0✉& Γ 0✉& ❧✬❛&K*❡ i ✿



✺✶

Q

P

Γ

QP

Γ1

+ +

Q P

Γ2

= 0

❙✉♣♣♦♥'♦♥' (✉✬♦♥ ❛✐, ✉♥ ♣♦✐♥, ❞✬✐♥,❡/'❡❝,✐♦♥ (t,m,O, . . . , F ) ∈ LΓ ∩ [0, 1]× B3 × F 13
S ✱ ❛❧♦/'

(t,m,O, . . . , F ) ∈ LΓ1 ∩ [0, 1]× B3 × F 13
S

(t,m,O, . . . , F ) ∈ LΓ2 ∩ [0, 1]× B3 × F 13
S

❈❡' ♣♦✐♥,' '♦♥, ❝♦♠♣,5' ❛✈❡❝ ❧❡ ♠7♠❡ '✐❣♥❡ ❬▲❡'✵✹❛✱ ❧❡♠♠❡ ✷✳✷✶❪✳ ❉♦♥❝ I(Γ, S) = I(Γ1, S) =
I(Γ2, S) ❡, ❣/A❝❡ B ❧❛ /❡❧❛,✐♦♥ ■❍❳ ♦♥ ♦❜,✐❡♥, I(Γ, S)[Γ] + I(Γ1, S)[Γ1] + I(Γ2, S)[Γ2] = 0 ❞♦♥❝

❧❡' ❝♦♥,/✐❜✉,✐♦♥' '✬❛♥♥✉❧❡♥,✳

❈❛' ✸ ✿ ❖♥ '✉♣♣♦'❡ (✉❡ ΓS ❝♦♥,✐❡♥, ✉♥ '♦♠♠❡, ✉♥✐✈❛❧❡♥,✳ ◆♦,♦♥' P ❝❡ '♦♠♠❡,✳ ❙♦✐, c ∈ F 13
S =

C̃Γ/S × C̃S ❡, '✉♣♣♦'♦♥' (✉❡ (t,m, c) ∈ LΓ ∩ [0, 1]×B3×F 13
S ✳ ❖♥ ♥♦,❡ c = (c0, cS) ♦K c0 ∈ C̃Γ/S

❡, cS ∈ C̃S✳ ❈♦♠♠❡ P ❡', ✉♥ '♦♠♠❡, ✉♥✐✈❛❧❡♥, ❞❡ ΓS✱ ♦♥ ♣❡✉, ❞❡''✐♥❡/ ΓS ❞❡ ❧❛ ♠❛♥✐L/❡

'✉✐✈❛♥,❡✱ ♦K i ❡', ❧✬❛/7,❡ ❞❡ ΓS ❝♦♥,❡♥❛♥, P ✿

P
P ′

i

■❧ ❡①✐',❡ ǫ ∈ {−1, 1} ,❡❧ (✉❡ Ui = πe(ΓS ,i)(m, cS) = ǫ
cP−cP ′

||cP−cP ′ ||
✳ ❖♥ ♥♦,❡ cS = (cM , . . . , cP , . . . , cN)✳

N♦✉/ λ > 0✱ ♦♥ ♣♦'❡ c′S(λ) = (cM , . . . , cP+λUi, . . . , cN)✱ ♦K ♦♥ ❛ ❝❤❛♥❣5 '❡✉❧❡♠❡♥, ❧❛ ❝♦♦/❞♦♥♥5❡

cP ✳ ❆❧♦/' (t,m, (c0, c
′
S(λ))) ∈ LΓ ∩ [0, 1]×B3 ×F 13

S ♣♦✉/ ,♦✉, λ > 0✳ ❉❛♥' ❝❡ ❝❛'✱ ❧✬✐♥,❡/'❡❝,✐♦♥

❝♦♥,✐❡♥❞/❛✐, ✉♥❡ ❢❛♠✐❧❧❡ B 1 ♣❛/❛♠L,/❡ ✭♣❛/❛♠5,/5❡ ♣❛/ λ✮✱ ❝❡ (✉✐ ❝♦♥,/❡❞✐/❛✐, ❧✬❤②♣♦,❤L'❡ ❞❡

,/❛♥'✈❡/'❛❧✐,5✳ ❆✐♥'✐ I(Γ, S) = 0.

❈❛' ✹ ✿ ❙✉♣♣♦'♦♥' (✉❡ ΓS ♥❡ ❝♦♥,✐❡♥, ♣❛' ❞❡ '♦♠♠❡, ✉♥✐✈❛❧❡♥, ♠❛✐' ❛✉ ♠♦✐♥' ✉♥ '♦♠♠❡,

❜✐✈❛❧❡♥,✳ N❛/♠✐' ,♦✉' ❧❡' '♦♠♠❡,' ❜✐✈❛❧❡♥,' ❞❡ ΓS✱ ❝❤♦✐'✐''♦♥' P ❧❡ ♣❧✉' ♣❡,✐, ✭♣♦✉/ ❧✬♦/❞/❡

❧❡①✐❝♦❣/❛♣❤✐(✉❡✳ ❆❧♦/' ΓS ❝♦♥,✐❡♥, ✉♥ '♦✉' ❣/❛♣❤❡ ❞❡ ❧❛ ❢♦/♠❡ ✿

k

i

Q
j

R

P



✺✷

◆♦$♦♥& Γ′
❧❡ ❣*❛♣❤❡ ♦❜$❡♥✉ 0 ♣❛*$✐* ❞❡ Γ ♦3 ♦♥ ❛ 4❝❤❛♥❣4 ❧❡& ❞❡✉① ❛*7$❡& ❞❡ ΓS 8✉✐ ❝♦♥$✐❡♥♥❡♥$

P ❡$ ❝❤❛♥❣4 ❧❡✉* ♦*✐❡♥$❛$✐♦♥✱ &❛♥& ❝❤❛♥❣❡* Γ &✐♥♦♥✳ ❖♥ ❛ ❞♦♥❝ *❡♠♣❧❛❝4 ❧❡ &♦✉& ❣*❛♣❤❡ ♣*4❝4❞❡♥$

♣❛*

Q

R

P

j

i

k

❡$ ♦♥ ♥✬❛ *✐❡♥ ❝❤❛♥❣4 0 ❧✬❡①$4*✐❡✉* ❞❡ ❝❡$$❡ ✜❣✉*❡✳ ❖♥ ♥♦$❡ V (ΓS) ❧✬❡♥&❡♠❜❧❡ ❞❡& &♦♠♠❡$& ❞❡ ΓS
❡$ ♦♥ ❞4✜♥✐$ ❧✬❛♣♣❧✐❝❛$✐♦♥ s : C̃S → C̃S ♣❛* s(cM) = cM &✐M ∈ V (ΓS)\P ✱ ❡$ s(cP ) = cQ+cR−cP ✳
❈❡$$❡ ❛♣♣❧✐❝❛$✐♦♥ *❡♥✈❡*&❡ ❧✬♦*✐❡♥$❛$✐♦♥ ❞❡ C̃S✳ ❖♥ ♥♦$❡ E(ΓS) ❧✬❡♥&❡♠❜❧❡ ❞❡& ❛*7$❡& ❞❡ ΓS✳ ❙♦✐$
g : 9 → {0, 1} ❡$✱ ♦♥ ♠♦♥$*❡ 8✉❡ ❧❡ ❞✐❛❣*❛♠♠❡ &✉✐✈❛♥$ ❡&$ ❝♦♠♠✉$❛$✐❢ ✿

B3 × C̃S
(π

g(ℓ)
e(ΓS,ℓ)

)ℓ∈E(ΓS)
//

s
��

(S2)E(ΓS)

id
��

B3 × C̃S
(π

g(ℓ)

e(Γ′
S
,ℓ)

)ℓ∈E(Γ′
S
)

// (S2)E(Γ′
S)

❊♥ ❡✛❡$✱ &♦✐$ ℓ ∈ E(ΓS)\{i, j}✱ ❛❧♦*& πg(ℓ)e(ΓS ,ℓ)
(s(cS)) = π

g(ℓ)
e(ΓS ,ℓ)

(cS)✳ F✉✐& ♦♥ ❝❛❧❝✉❧❡

π
g(i)

e(Γ′
S ,i)

(s(cS)) = ρ−g(i)(
s(cP )− s(cR)

||s(cP )− s(cR)||
)

= ρ−g(i)(
cQ + cR − cP − cR

||cQ + cR − cP − cR||
)

= ρ−g(i)(
cQ − cP

||cQ − cP ||
)

= π
g(i)
e(ΓS ,i)

(cS)

❖♥ ♥♦$❡ ❛❜✉&✐✈❡♠❡♥$ s : [0, 1] × B3 × F 13
S → [0, 1] × B3 × F 13

S ❧✬❛♣♣❧✐❝❛$✐♦♥ ❞4✜♥✐❡ ♣❛*

s(t,m, (c0, cS)) = (t,m, (c0, s(cS)))✳ ❈✬❡&$ ❡♥❝♦*❡ ✉♥❡ ❛♣♣❧✐❝❛$✐♦♥ 8✉✐ *❡♥✈❡*&❡ ❧✬♦*✐❡♥$❛$✐♦♥ ❡$ ❧❡

❝❛**4 &✉✐✈❛♥$ ❡&$ ❝♦♠♠✉$❛$✐❢ ✿

[0, 1]× B3 × F 13
S

(π
g(ℓ)
e(ΓS,ℓ)

)ℓ∈9
//

s

��

(S2)9

id
��

[0, 1]× B3 × F 13
S

(π
g(ℓ)

e(Γ′
S
,ℓ)

)ℓ∈9

// (S2)9



✺✸

"❛$ ❝♦♥()*✉❡♥-✱ (✐ (t,m, c) ∈ LΓ ∩ [0, 1]×B3 ×F 13
S ❛❧♦$( s(t,m, c) ∈ LΓ′ ∩ [0, 1]×B3 ×F 13

S ✳ ❉❡

♣❧✉(✱ ❝♦♠♠❡ s ❡(- ✉♥❡ ❛♣♣❧✐❝❛-✐♦♥ *✉✐ $❡♥✈❡$(❡ ❧✬♦$✐❡♥-❛-✐♦♥✱ ❝❡( ♣♦✐♥-( (♦♥- ❝♦♠♣-)( ❛✈❡❝ ✉♥

(✐❣♥❡ ❞✐✛)$❡♥-✳ ❙✐ ❡❧❧❡( ♥❡ (♦♥- ♣❛( ♥✉❧❧❡(✱ ❧❡( ❝♦♥-$✐❜✉-✐♦♥( I(Γ, S)[Γ] (✬❛♥♥✉❧❡♥- ❞❛♥( ❧❛ (♦♠♠❡

❞❡ ❧❛ $❡❧❛-✐♦♥ (E)✳ ❉♦♥❝ I(G′
V1
, . . . , G′

V9
)− I(G′′

V1
, G′

V2
, . . . , G′

V9
) = 0✳

�

❖♥ ✜♥✐- ❧❛ ❞)♠♦♥(-$❛-✐♦♥ ❞❡ ❧❛ ♣$♦♣♦(✐-✐♦♥ ✺✳✷✷✳ ❖♥ (❛✐- *✉❡

I(G′
V1
, . . . , G′

V9
) = I(G′′

V1
, G′

V2
, . . . , G′

V9
) = 0.

❊♥ ✐-)$❛♥- ❝❡ ♣$♦❝)❞)✱ ♦♥ -$♦✉✈❡ *✉❡

I(G′
V1
, . . . , G′

V9
) = I(G′′

V1
, . . . , G′′

V9
)

♦@ ♣♦✉$ -♦✉- i ∈ {1, . . . , 9}✱ G′′
Vi

❡(- ✉♥❡ ♣❡-✐-❡ ♣❡$-✉$❜❛-✐♦♥ ❞❡ ❧❛ ❝❤❛B♥❡ G′′
Vi
✳ ❖$ (✐ ♦♥ ❛

✉♥❡ ❢❛♠✐❧❧❡ ❛❞♠✐((✐❜❧❡✱ ❡♥ ❜♦✉❣❡❛♥- ♣❡✉ ❧❡( ❝❤❛B♥❡(✱ ❧❛ ❢❛♠✐❧❧❡ $❡(-❡ ❞)✜♥✐❡ ❡- ❧❡( ♥♦♠❜$❡(

❞✬✐♥-❡$(❡❝-✐♦♥( $❡(-❡♥- ✐♥❝❤❛♥❣)(✳ "❛$ ❝♦♥()*✉❡♥- ♦♥ ♣❡✉- )❝$✐$❡ *✉❡

I(G′′
V1
, . . . , G′′

V9
) = I(G′′

V1
, . . . , G′′

V9
)

❡- ❞♦♥❝ *✉❡

I(G′
V1
, . . . , G′

V9
) = I(G′′

V1
, . . . , G′′

V9
).

�

✺✳✹ ■♥❞&♣❡♥❞❛♥❝❡ ❡♥ (Vi)

 !♦♣♦$✐&✐♦♥ ✺✳✷✼ ❙♦✐❡♥% (V1, . . . , V9) ❡% (V ′
1 , . . . , V

′
9) ❞❡✉① ✾✲✉♣❧❡%- ❞❡ ✈❡❝%❡✉0- ❛❞♠✐--✐❜❧❡-✳

❆❧♦0-

I(GV1 , . . . , GV9) = I(GV ′
1
, . . . , GV ′

9
)

"♦✉$ ♠♦♥-$❡$ ❝❡--❡ ♣$♦♣♦(✐-✐♦♥✱ ✐❧ (✉✣- ❝♦♠♠❡ ❞❛♥( ❧❛ (❡❝-✐♦♥ ✺✳✸ ❞❡ ♠♦♥-$❡$ ❧❡ ❧❡♠♠❡ (✉✐✈❛♥- ✿

▲❡♠♠❡ ✺✳✷✽ ❙♦✐❡♥% (V1, . . . , V9) ❡% (V1, . . . , Vi−1, V
′
i , Vi+1, . . . , V9) ❞❡✉① ✾✲✉♣❧❡%- ❞❡ ✈❡❝%❡✉0-

❛❞♠✐--✐❜❧❡-✱ ❡% i ∈ 9✳ ❆❧♦0-

I(GV1 , . . . , GVi , . . . , GV9) = I(GV1 , . . . , GV ′
i
, . . . , GV9).

 !❡✉✈❡✿ ❘❛♣♣❡❧♦♥( *✉❡ ❧✬♦♥ ❛ ❞)✜♥✐ ❧❡( ❝❤❛B♥❡( GVi ❞❡ -❡❧❧❡ ♠❛♥✐G$❡ *✉❡ ∂GVi = ∂Vi ❛✈❡❝

∂Vi = −{0} × B3 × {Vi}+ {(1,m, ρm(V )); m ∈ B3} − [0, 1]× S2 × {Vi}.



✺✹

[0, 1]× S2 × {V }

{0} ×B3 × {V } {(1,m, ρm(V ));m ∈ B3}

❖♥ ♠♦♥&'❡ ❧❡ ❧❡♠♠❡ ♣♦✉' i = 1 ❡& ❧❛ ❞.♠♦♥/&'❛&✐♦♥ /✬.&❡♥❞ 2 i ∈ 9 3✉❡❧❝♦♥3✉❡✳ ❖♥ ❞.✜♥✐& ✉♥

❝♦❜♦'❞✐/♠❡ C ❡♥&'❡ ∂V1 ❡& ∂V ′
1
❞❡ ❧❛ ♠❛♥✐8'❡ /✉✐✈❛♥&❡ ✿ ♦♥ ❝❤♦✐/✐& ✉♥ ❝❤❡♠✐♥ γ ❞❡ V1 2 V ′

1 ❡& ♦♥

♣♦/❡ ✿

C = 0× B3 × γ([0, 1]) + [0, 1]× S2 × γ([0, 1])− {(1,m, ρm(γ([0, 1]));m ∈ B3}
❆❧♦'/

∂C = 0× S2 × γ([0, 1])− 0× B3 × V ′
1 + 0× B3 × V1

+1× S2 × γ([0, 1])− 0× S2 × γ([0, 1])− [0, 1]× S2 × V ′
1 + [0, 1]× S2 × V1

+{(1,m, ρm(γ([0, 1]));m ∈ S2}+ {(1,m, ρm(V ′
1);m ∈ B3} − {(1,m, ρm(V1);m ∈ B3}

= 0× B3 × V1 + [0, 1]× S2 × V1 − {(1,m, ρm(V1);m ∈ B3}
−0× B3 × V ′

1 − [0, 1]× S2 × V ′
1 + {(1,m, ρm(V ′

1);m ∈ B3}
= ∂V ′

1
− ∂V1

=❛' ❝♦♥/.3✉❡♥&✱ ∂(GV ′
1
−GV1 − C) = 0 ❞❛♥/ H4([0, 1]× B3 × S2) = H4(S

2) = 0✳ ■❧ ❡①✐/&❡ ❛❧♦'/

✉♥❡ 5 ❝❤❛A♥❡ W &❡❧❧❡ 3✉❡ ∂W = GV ′
1
− GV1 − C✳ ❖♥ ♣❡✉& ❝♦♥❝❧✉'❡ ❝♦♠♠❡ ❞❛♥/ ❧❛ /❡❝&✐♦♥ ✺✳✸

3✉❡

0 = I(GV1 , . . . , GV9)− I(GV ′
1
, . . . , GV9)− I(C, . . . , GV9)

▼♦♥&'♦♥/ 3✉❡ I(C, . . . , GV9) = 0✳ ■❧ /✉✣& ❞❡ ♠♦♥&'❡' 3✉✬♦♥ ❛ IΓ(C, . . . , GV9) = 0 ♣♦✉' &♦✉&

❣'❛♣❤❡ Γ ♦'✐❡♥&.✳ ❙✉♣♣♦/♦♥/ 3✉✬✐❧ ❡①✐/&❡ ✉♥ ♣♦✐♥& ❞✬✐♥&❡'/❡❝&✐♦♥ (t,m, c) ∈ π−1
e(Γ,1)(C)

⋂i=9
i=2 π

−1
e(Γ,i)(GVi)✳

❖' C ⊂ ∂([0; 1]×B3 × S2) = ∂([0, 1]×B3)× S2
❞♦♥❝ (t,m, c) ∈ ∂([0, 1]×B3)×C14

❝❡ 3✉✐ ❡/&

✐♠♣♦//✐❜❧❡ ❞✬❛♣'8/ ❧❡ ❧❡♠♠❡ ✺✳✹✳

�

✺✳✺ ◆✉♠%&♦(❛(✐♦♥ ❞❡. .♦♠♠❡(.

❖♥ ♠♦♥&'❡ ❞❛♥/ ❝❡&&❡ ❝♦✉'&❡ /♦✉/✲/❡❝&✐♦♥ 3✉❡ ❧❡ ❧❡♠♠❡ /✉✐✈❛♥& ✿

▲❡♠♠❡ ✺✳✷✾ ▲❡ ♣#♦❞✉✐( IΓ,nΓ
(V1, . . . , V9)ǫ(nΓ, oΓ) ❡)( ✐♥❞+♣❡♥❞❛♥( ❞❡ ❧❛ ♥✉♠+#♦(❛(✐♦♥ nΓ ❝❤♦✐✲

)✐❡✳

❈✬❡/& ✉♥❡ ❝♦♥/.3✉❡♥❝❡ ❞✉ ❧❡♠♠❡ /✉✐✈❛♥& ✿



✺✺

▲❡♠♠❡ ✺✳✸✵ ❙♦✐# τ = (MN) ❧❛ #&❛♥(♣♦(✐#✐♦♥ ❞❡ V (Γ) ,✉✐ .❝❤❛♥❣❡ ❧❡( ❧❡##&❡( M ❡# N ✳ ❖♥ ❛

IΓ,h,τ(nΓ)(V1, . . . , V9)ǫ(τ(nΓ), oΓ) = IΓ,h,nΓ
(V1, . . . , V9)ǫ(nΓ, oΓ)

 !❡✉✈❡✿ ❈♦♠♠❡ τ ❡%& ✉♥❡ &)❛♥%♣♦%✐&✐♦♥✱ ♦♥ ❛ ǫ(τ(nΓ), oΓ) = −ǫ(nΓ, oΓ)✳ /❛) ✉♥ ❛❜✉% ❞❡

♥♦&❛&✐♦♥✱ ♦♥ ♥♦&❡ ❡♥❝♦)❡ τ : C14 → C14
❧❛ &)❛♥%♣♦%✐&✐♦♥ ❞❡% ❝♦♦)❞♦♥♥4❡% ❞❡ c ∈ C14

✳ ❖♥ ♣♦%❡

❛❧♦)% f : [0, 1]×SO(3)×C14 → [0, 1]×SO(3)×C14
❞4✜♥✐❡ ♣❛) f(u, ρ, c) = (u, ρ, τ(c))✳ ❈♦♠♠❡

τ ❡%& ✉♥❡ &)❛♥%♣♦%✐&✐♦♥✱ ❧✬❛♣♣❧✐❝❛&✐♦♥ f )❡♥✈❡)%❡ ❧✬♦)✐❡♥&❛&✐♦♥ ❞❡ [0, 1]× SO(3)× C14
✳ ❉❡ ♣❧✉%✱

❧❡ ❝❛))4 %✉✐✈❛♥& ❡%& ❝❧❛✐)❡♠❡♥& ❝♦♠♠✉&❛&✐❢ ✿

[0, 1]× SO(3)× C14
FΓ,h,nΓ //

f
��

(S2)9

id
��

[0, 1]× SO(3)× C14
FΓ,h,τ(nΓ)

// (S2)9

❈❡ <✉✐ ❢❛✐& <✉❡ ❧❡% ♣♦✐♥&% (ρ, c) ❡& (ρ, τ(c)) %♦♥& ❝♦♠♣&4% ❛✈❡❝ ✉♥ %✐❣♥❡ ❞✐✛4)❡♥& ❞❛♥% IΓ,h,nΓ

❡& IΓ,h,τ(nΓ)✳

�

�



✺✻

✻ ❙✐♠♣❧✐✜❝❛)✐♦♥

❈❡ ❝❤❛♣✐)*❡ ❡+) ❝♦♥+❛❝*. / ❧❛ ❞.♠♦♥+)*❛)✐♦♥ ❞✉ )❤.♦*4♠❡ ✷✳✶✺✳ ❖♥ ♠♦♥)*❡ +✉❝❝❡++✐✈❡♠❡♥)

:✉❡ ❧✬♦♥ ♣❡✉) +❡ *❡+)*❡✐♥❞*❡ ❛✉① ♣♦✐♥)+ ❞✬✐♥)❡*+❡❝)✐♦♥ :✉✐ +❡ )*♦✉✈❡♥) +✉* ❧❛ ❢❛❝❡ G2,Vh ✭❧❡♠♠❡

✻✳✷✮✱ ♣✉✐+ :✉❡ ❝❡+ ♣♦✐♥)+ ❞✬✐♥)❡*+❡❝)✐♦♥ ♥❡ ❞.♣❡♥❞❡♥) :✉❡ ❞❡ ❧❛ *♦)❛)✐♦♥ ρm ❡) ♥♦♥ ❞❡ m ✭❧❡♠♠❡

✻✳✸ ✮✳ ❖♥ ♠♦♥)*❡*❛ ❡♥+✉✐)❡ :✉✬✐❧ +✉✣) ❞❡ ❞.)❡*♠✐♥❡* ❧❡+ ♣♦✐♥)+ ❞✬✐♥)❡*+❡❝)✐♦♥ ❛++♦❝✐.+ ❛✉ ❣*❛♣❤❡

ΓT ✭❧❡♠♠❡ ✻✳✻ ✮✳ ❊♥✜♥✱ ♦♥ ♣*♦♣♦+❡*❛ ✉♥❡ ❞.❝♦♠♣♦+✐)✐♦♥ ❞❡ β3 ✭❧❡♠♠❡ ✻✳✽ ✮

✻✳✶ ❘$❞✉❝(✐♦♥ , ✉♥ (②♣❡ ❞✬✐♥(❡12❡❝(✐♦♥

❙♦✐) Γ ∈ D3
or ✉♥ ❣*❛♣❤❡ ♥✉♠.*♦).✳ ❖♥ ❛ ❞.✜♥✐ IΓ(GV1 , . . . , GV9) ❝♦♠♠❡ ❧❛ +♦♠♠❡ ❛❧❣.❜*✐:✉❡

❞❡+ ♣♦✐♥)+ ❞✬✐♥)❡*+❡❝)✐♦♥ ❞❡ π−1
e(Γ,1)(GV1)∩· · ·∩π−1

e(Γ,9)(GV9) ⊂ [0, 1]×B3×C14
✳ ❉✬❛♣*4+ ❧❡ ❧❡♠♠❡

✺✳✻✱ +✐ (t,m, c) ❡+) ✉♥ ♣♦✐♥) ❞✬✐♥)❡*+❡❝)✐♦♥✱ ❛❧♦*+ ✐❧ ❡①✐+)❡ h ∈ 9 )❡❧ :✉❡ t = th✳ J❛* ❝♦♥+.:✉❡♥)✱
πe(Γ,h)(t,m, c) ∈ G2,Vh ♦✉ πe(Γ,h)(t,m, c) ∈ G3,Vh ✳

❉!✜♥✐%✐♦♥ ✻✳✶ ❖♥ ❞.✜♥✐) I
(1)
Γ (GV1 , . . . , GV9) ✭*❡+♣✳ I

(2)
Γ (GV1 , . . . , GV9)✮ ❝♦♠♠❡ ❧❛ +♦✉+✲+♦♠♠❡

❞❡ IΓ(GV1 , . . . , GV9) *❡+)*❡✐♥)❡ ❛✉① ♣♦✐♥)+ ❞✬✐♥)❡*+❡❝)✐♦♥ (t,m, c) )❡❧+ :✉❡ +✐ t = th✱ ❛❧♦*+ πe(Γ,h)(t,m, c) ∈
G2,Vh ✭*❡+♣✳ πe(Γ,h)(t,m, c) ∈ G3,Vh✮✳ ❖♥ ♣♦+❡ ❡♥+✉✐)❡

I(1)(GV1 , . . . , GV9) =
∑

Γ∈D3
or

I
(1)
Γ (GV1 , . . . , GV9)

9!29
[Γ]

I(2)(GV1 , . . . , GV9) =
∑

Γ∈D3
or

I
(2)
Γ (GV1 , . . . , GV9)

9!29
[Γ]

❖♥ ❛ ❛❧♦*+

I(GV1 , . . . , GV9) = I(1)(GV1 , . . . , GV9) + I(2)(GV1 , . . . , GV9)

▲❡♠♠❡ ✻✳✷ ❖♥ ❛

I(2)(GV1 , . . . , GV9) = 0

 !❡✉✈❡✿ ❘❛♣♣❡❧♦♥+ :✉❡ G3,Vh = {th} ×DVh × S2
✳ J❛* ❝♦♥+.:✉❡♥)✱ (t,m, c) ∈ π−1

e(Γ,h)(G3,Vh) +✐

❡) +❡✉❧❡♠❡♥) +✐ t = th ❡) m ∈ DVh ✳ ■❧ ♥✬② ❛ ❛✉❝✉♥❡ ❝♦♥)*❛✐♥)❡ / ✈.*✐✜❡* +✉* πe(Γ,h)(c) ❝❛* ❧❛

❝♦♥❞✐)✐♦♥ πe(Γ,h)(c) ∈ S2
❡+) )♦✉❥♦✉*+ ✈.*✐✜.❡✳ ❙♦✐) (Γ, nΓ) ✉♥ ❣*❛♣❤❡ ♥✉♠.*♦). ❡) +✉♣♣♦+♦♥+

:✉✬✐❧ ❡①✐+)❡ ✉♥ ♣♦✐♥) ❞✬✐♥)❡*+❡❝)✐♦♥ (th,m, c) ∈ [0, 1] × B3 × C14
✱ ❛✈❡❝ m ∈ DVh ✳ ❖♥ ♥♦)❡ X

❧❡ +♦♠♠❡) ❞❡ e(Γ, h) ❞✬♦P ♣❛*) ❧✬❛*Q)❡ ❞❡ ♣❧✉+ ❣*❛♥❞ ✐♥❞✐❝❡✱ ❞✐✛.*❡♥) ❞❡ h✳ ❖♥ ❞.✜♥✐)✱ ❛✈❡❝ ❧❛

♠Q♠❡ ♥✉♠.*♦)❛)✐♦♥ ❞❡+ +♦♠♠❡)+ nΓ ❧❡ ❣*❛♣❤❡ (Γ′, nΓ) ♦❜)❡♥✉ / ♣❛*)✐* ❞❡ Γ ❡♥ *❡♠♣❧❛S❛♥) ❧❡

+♦✉+✲❣*❛♣❤❡
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♣❛$
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Z

X

h
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−j

❡& ♦♥ ♥❡ ♠♦❞✐✜❡ ♣❛- ❧❡ ❣$❛♣❤❡ Γ ❡♥ ❞❡❤♦$- ❞✉ ❞❡--✐♥✳ ❆✉&$❡♠❡♥& ❞✐&✱ ♦♥ 5❝❤❛♥❣❡ ❧❡- ❞❡✉①

❛$8&❡- ❞❡ ✐--✉❡- ❞❡ X ❡& ❞✐-&✐♥❝&❡- ❞❡ e(Γ, h) ❡& ♦♥ ❝❤❛♥❣❡ ❧❡✉$ ❞✐$❡❝&✐♦♥ ♣❛$ $❛♣♣♦$& 9 X✳ :❛$

❝♦♥✈❡♥&✐♦♥✱ ❧✬❛$8&❡ ♣♦$&❛♥& ❧✬✐♥❞✐❝❡ −j ❝♦$$❡-♣♦♥❞ 9 ❧✬❛$8&❡ j ❛✈❡❝ ❧✬♦$✐❡♥&❛&✐♦♥ ❝♦♥&$❛✐$❡✳ ❙♦✐&

Γ ∈ D3
or ❡& nΓ ✉♥❡ ♥✉♠5$♦&❛&✐♦♥ ❞❡ -❡- -♦♠♠❡&-✳ ❖♥ ♥♦&❡ I

(2)
Γ,nΓ,h

(V1, . . . , V9) ❧❛ -♦✉-✲-♦♠♠❡ ❞❡

I(2)(V1, . . . , V9) $❡-&$❡✐♥&❡ ❛✉ ❣$❛♣❤❡ Γ ♠✉♥✐ ❞❡ ❧❛ ♥✉♠5$♦&❛&✐♦♥ nΓ ❡& ❛✉① ♣♦✐♥&- ❞✬✐♥&❡$-❡❝&✐♦♥

(th,m, c)✳ ❖♥ ✈❛ ♠♦♥&$❡$ @✉❡ I
(2)
Γ,nΓ,h

(V1, . . . , V9)+I
(2)
Γ′,nΓ,h

(V1, . . . , V9) = 0✳ ❖♥ ❞5✜♥✐& ❧✬❛♣♣❧✐❝❛&✐♦♥

s : C14 → C14
♣❛$

{

s|{cO,cB ,cZ ,cY ,cX ,cF }\cX = id
s(cX) = c′X = −cX + cY + cZ

▲✬❛♣♣❧✐❝❛&✐♦♥ s ❡-& ✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ @✉✐ $❡♥✈❡$-❡ ❧✬♦$✐❡♥&❛&✐♦♥✳ ❖♥ ❞5✜♥✐& ❛✉--✐ ❛❜✉-✐✈❡♠❡♥&

s : [0, 1] ×DVh × C14 → [0, 1] ×DVh × C14
❞5✜♥✐❡ ♣❛$ s(t,m, c) = (t,m, s(c))✳ ❈✬❡-& ❞♦♥❝ ✉♥❡

❛♣♣❧✐❝❛&✐♦♥ @✉✐ $❡♥✈❡$-❡ ❧✬♦$✐❡♥&❛&✐♦♥✳ ❖♥ ♠♦♥&$❡ @✉❡ ❧❡ ❝❛$$5 -✉✐✈❛♥& ❡-& ❝♦♠♠✉&❛&✐❢ ✿

[0, 1]×DVh × C14 πΓ //

s

��

(S2)9\h

id
��

[0, 1]×DVh × C14
πΓ′

// (S2)9\h

❖♥ $❛♣♣❡❧❧❡ @✉❡ E(Γ) ✭$❡-♣✳ E(Γ′)✮ ❞5-✐❣♥❡ ❧✬❡♥-❡♠❜❧❡ ❞❡- ❛$8&❡- ❞❡ Γ ✭$❡-♣✳ ❞❡ Γ′
✮✳ ❙♦✐&

i ∈ E(Γ)\{j, k}✱ ❛❧♦$- ♦♥ ❛ ❝❧❛✐$❡♠❡♥& πe(Γ′,i)(s(t,m, c)) = πe(Γ,i)(t,m, c)✳ ❉❡ ♣❧✉-✱ ✐❧ ❡①✐-&❡

ǫ ∈ {−1, 1} &❡❧ @✉❡

πe(Γ′,j)(s(t,m, c)) = ǫ
s(cX)− s(cY )

||s(cX)− s(cY )||
= ǫ

−cX + cY + cZ − cY
|| − cX + cY + cZ − cY ||

= ǫ
cZ − cX

||cZ − cX ||
= πe(Γ,j)(t,m, c)

❉❡ ❧❛ ♠8♠❡ ♠❛♥✐I$❡✱ ♦♥ ❛ πe(Γ′,k)(s(t,m, c)) = πe(Γ,k)(t,m, c) ❡& ❧❡ ❞✐❛❣$❛♠♠❡ ❡-& ❜✐❡♥ ❝♦♠✲

♠✉&❛&✐❢✳ :❛$ ❝♦♥-5@✉❡♥&✱ (th,m, c) ❡-& ✉♥ ♣♦✐♥& ❞✬✐♥&❡$-❡❝&✐♦♥ ♣♦✉$ (Γ, nΓ) -✐ ❡& -❡✉❧❡♠❡♥& -✐



✺✽

s(th,m, c) ❡#$ ❛✉##✐ ✉♥ ♣♦✐♥$ ❞✬✐♥$❡-#❡❝$✐♦♥ ♣♦✉- (Γ′, nΓ)✳ ❉❡ ♣❧✉#✱ ❝♦♠♠❡ s ❡#$ ✉♥ ❞✐✛5♦♠♦-✲

♣❤✐#♠❡ 8✉✐ -❡♥✈❡-#❡ ❧✬♦-✐❡♥$❛$✐♦♥✱ ❛❧♦-# ❧❡# ♣♦✐♥$# ❞✬✐♥$❡-#❡❝$✐♦♥ ❞❡ (Γ, nΓ) ❡$ ❞❡ (Γ
′, nΓ) #♦♥$ ❡♥

❜✐❥❡❝$✐♦♥ ❡$ ❝♦♠♣$5# ❛✈❡❝ ❞❡# #✐❣♥❡# ❞✐✛5-❡♥$#✳ ❖♥ ❛ ❛❧♦-# ♠♦♥$-5 8✉❡ ♣♦✉- $♦✉$ h ∈ 9 ♦♥ ❛

I
(2)
Γ,nΓ,h

(V1, . . . , V9) + I
(2)
Γ′,nΓ,h

(V1, . . . , V9) = 0

❆✐♥#✐

I(2)(V1, . . . , V9) = 0

�

✻✳✷ ❘♦%❛%✐♦♥

❖♥ ♠♦♥$-❡ ❞❛♥# ❝❡$$❡ #❡❝$✐♦♥ 8✉❡ $♦✉# ♥♦# ♣♦✐♥$# ❞✬✐♥$❡-#❡❝$✐♦♥ ❞5♣❡♥❞❡♥$ ❞❡ ❧❛ -♦$❛$✐♦♥

ρm✱ ❡$ ♥♦♥ ❞❡ m✳ ?❧✉# ♣-5❝✐#5♠❡♥$✱ ♦♥ ♥♦$❡

G0,Vi = [0, ti]× SO(3)× {Vi}

G2,Vi = −{ti} ×
⋃

ρ∈SO(3),ρ(Vi) 6=−Vi

{ρ} × [Vi, ρ(Vi)]

G1,Vi = [ti, 1]× {(ρ, ρ(Vi)), ρ ∈ SO(3)}
❡$ ❛✈❡❝ ❡♥❝♦-❡ ✉♥ ❛❜✉# ❞❡ ♥♦$❛$✐♦♥

πe(Γ,i) : [0, 1]× SO(3)× C14 → [0, 1]× SO(3)× S2

❧✬❛♣♣❧✐❝❛$✐♦♥ ❞5✜♥✐❡ ♣❛-

πe(Γ,i) = id[0,1]×SO(3) × πe(Γ,i).

▲❡♠♠❡ ✻✳✸ ❖♥ ❛

β3 =
2

299!

∑

Γ∈D3
or

9
∑

h=1

ǫ(nΓ, oΓ)〈∩h−1
i=1 π

−1
e(Γ,i)(G1,Vi), π

−1
e(Γ,h)(G2,Vh),∩9

i=h+1π
−1
e(Γ,i)(G0,Vi)〉[Γ, oΓ].

❈❡ ❧❡♠♠❡ ❞5❝♦✉❧❡ ❞❡# ❞❡✉① ❧❡♠♠❡# #✉✐✈❛♥$# ✿

▲❡♠♠❡ ✻✳✹ ❙♦✐& (th,m0, c0) ∈
⋂i=9
i=1 π

−1
e(Γ,i)(GVi)✱ ❛❧♦)* ρm0 6= id✳

 !❡✉✈❡✿ ❈✬❡#$ ✉♥❡ ❝♦♥#58✉❡♥❝❡ ❞✉ ❧❡♠♠❡ ✺✳✹✳

�



✺✾

▲❡♠♠❡ ✻✳✺ ❙♦✐# h ∈ 9✱ ❛❧♦'(

IΓ,nΓ,h(V1, . . . , V9) = 2ǫ(nΓ, oΓ)〈∩h−1
i=1 π

−1
e(Γ,i)(G1,Vi), π

−1
e(Γ,h)(G2,Vh),∩9

i=h+1π
−1
e(Γ,i)(G0,Vi)〉.

 !❡✉✈❡✿ ❙♦✐% h ∈ 9✳ ❖♥ ♥♦%❡

φ : B3 −→ SO(3)
m 7−→ ρm

▲❡ ❞❡❣-. ❞❡ φ ❡/% .❣❛❧ 2 2 /✉- SO(3)\{id}✳ ❖♥ ♥♦%❡ ❞❡ ❢❛5♦♥ ❛❜✉/✐✈❡

φ : [0, 1]× B3 × S2 −→ [0, 1]× SO(3)× S2

(t,m, V ) 7−→ (t, ρm, V )

❡% ♦♥ ✈.-✐✜❡ 9✉❡ G0,Vi = φ(G0,Vi)✱ G2,Vi = φ(G2,Vi) ❡% 9✉❡ G1,Vi = φ(G1,Vi)✳ ❖♥ ♥♦%❡ ❡♥❝♦-❡ ❞❡

♠❛♥✐=-❡ ❛❜✉/✐✈❡

φ : [0, 1]× B3 × C14 −→ [0, 1]× SO(3)× C14

(t,m, c) 7−→ (t, ρm, c)
.

❙♦✐% g : 9\h→ {0, 1} ❆❧♦-/ ♣♦✉- %♦✉% i ∈ 9\h✱ ❧❡ ❞✐❛❣-❛♠♠❡ /✉✐✈❛♥% ❡/% ❝❧❛✐-❡♠❡♥% ❝♦♠♠✉%❛%✐❢ ✿

[0, 1]× B3 × C14
πe(Γ,i) //

φ
��

[0, 1]× B3 × S2

φ
��

[0, 1]× SO(3)× C14
πe(Γ,i)

// [0, 1]× SO(3)× S2

❖♥ /❛✐% 9✉❡ ♣❛- ❞.✜♥✐%✐♦♥ ♦♥ ❛

IΓ,nΓ,h(V1, . . . , V9) = ǫ(nΓ, oΓ)〈∩h−1
i=1 π

−1
e(Γ,i)(G1,Vi), π

−1
e(Γ,h)(G2,Vh),∩9

i=h+1π
−1
e(Γ,i)(G0,Vi)〉.

❉✬❛♣-=/ ❧❡ ❞✐❛❣-❛♠♠❡✱ /✐ (t,m, c) ∈ ⋂h−1
i=1 π

−1
e(Γ,i)(G1,Vi)∩π−1

e(Γ,h)(G2,Vh)
⋂9
i=h+1 π

−1
e(Γ,i)(G0,Vi)✱ ❛❧♦-/

φ(t,m, c) ∈ ⋂h−1
i=1 π

−1
e(Γ,i)(G1,Vi)∩π−1

e(Γ,h)(G2,Vh)
⋂9
i=h+1 π

−1
e(Γ,i)(G0,Vi)✳ ❘.❝✐♣-♦9✉❡♠❡♥%✱ /✐ (t, ρ, c) ∈

⋂h−1
i=1 π

−1
e(Γ,i)(G1,Vi)∩π−1

e(Γ,h)(G2,Vh)
⋂9
i=h+1 π

−1
e(Γ,i)(G0,Vi)✱ ❝♦♠♠❡ ρ 6= id ❛❧♦-/ φ−1(ρ) = {m1,m2} ❡%

♦♥ ❛ ❝❧❛✐-❡♠❡♥% (t,m1, c) ∈
⋂h−1
i=1 π

−1
e(Γ,i)(G1,Vi)∩ π−1

e(Γ,h)(G2,Vh)
⋂9
i=h+1 π

−1
e(Γ,i)(G0,Vi) ❡% (t,m2, c) ∈

⋂h−1
i=1 π

−1
e(Γ,i)(G1,Vi)∩ π−1

e(Γ,h)(G2,Vh)
⋂9
i=h+1 π

−1
e(Γ,i)(G0,Vi)✳ ❉❡ ♣❧✉/✱ ❝♦♠♠❡ φ ♣-./❡-✈❡ ❧✬♦-✐❡♥%❛%✐♦♥✱

❧❡/ ♣♦✐♥%/ (t,m1, c) ❡% (t,m2, c) /♦♥% ❝♦♠♣%./ ❛✈❡❝ ❧❡ ♠D♠❡ /✐❣♥❡ 9✉❡ (t, ρ, c)✳ E❛- ❝♦♥/.9✉❡♥%

IΓ,nΓ,h(V1, . . . , V9) = 2ǫ(nΓ, oΓ)〈∩h−1
i=1 π

−1
e(Γ,i)(G1,Vi), π

−1
e(Γ,h)(G2,Vh),∩9

i=h+1π
−1
e(Γ,i)(G0,Vi)〉.

�

�



✻✵

✻✳✸ ❘$❞✉❝(✐♦♥ , ✉♥ -❡✉❧ ❣1❛♣❤❡

❖♥ ♠♦♥&'❡ ❞❛♥+ ❝❡&&❡ +❡❝&✐♦♥ .✉❡ ❧✬♦♥ ♣❡✉& '❡+&'❡✐♥❞'❡ ❧❛ +♦♠♠❡ .✉✐ ❞3✜♥✐& β3 ❛✉ ❣'❛♣❤❡

ΓT ✳ ❖♥ ❛ ♠♦♥&'3 ❛✉ ❧❡♠♠❡ ✷✳✷ .✉✬✐❧ ② ❛ 6 &②♣❡+ ❞❡ ❣'❛♣❤❡+ &'✐✈❛❧❡♥&+ ❝♦♥♥❡①❡+ +❛♥+ ❜♦✉❝❧❡+

✐♥&❡'♥❡+ = 6 +♦♠♠❡&+ ❡& = ✐+♦♠♦'♣❤✐+♠❡ ♣'>+ ♣♦++✐❜❧❡ ✿

Γ3B : Γ2B : Γ1B :

ΓT : ΓC : ΓL : .

❖♥ ❛ ❛✉++✐ ♠♦♥&'3 = ❧❛ ♣'♦♣♦+✐&✐♦♥ ✷✳✸ .✉❡

[ΓL] = [ΓC ] = 0.

◆♦&♦♥+ D3
or(Γ) ❧❡ +♦✉+✲❡♥+❡♠❜❧❡ ❞❡ D3

or ❝♦♠♣♦+3 ❞❡+ ❣'❛♣❤❡+ &'✐✈❛❧❡♥&+ ❝♦♥♥❡①❡+ = 6 +♦♠♠❡&+

+❛♥+ ❜♦✉❝❧❡+ ✐♥&❡'♥❡+ ♠✉♥✐ ❞✬✉♥❡ ♦'✐❡♥&❛&✐♦♥ ❡& ✐+♦♠♦'♣❤❡+ = Γ✳ ❖♥ ♠✉♥✐& ❞3+♦'♠❛✐+ ❝❤❛❝✉♥

❞❡+ ❣'❛♣❤❡+ Γ ❞❡ ❧✬♦'✐❡♥&❛&✐♦♥ oΓ ❞✉ ❞❡++✐♥✱ .✉✬♦♥ ♥❡ ♣'3❝✐+❡ ♣❧✉+ ♣❛' ❧❛ +✉✐&❡✳ ❖♥ ♣❡✉& ❞♦♥❝

3❝'✐'❡ .✉❡ ♣♦✉' (V1, . . . , V9) ∈ A ♦♥ ❛

β3 = β3(Γ3B)(V1, . . . , V9) + β3(Γ2B)(V1, . . . , V9) + β3(Γ1B)(V1, . . . , V9) + β3(ΓT )(V1, . . . , V9)

♦D

β3(Γ)(V1, . . . , V9) =
∑

Γ∈D3
or(Γ)

IΓ,nΓ
(GV1 , . . . , GV9)ǫ(nΓ)

9!29
[Γ]

❛✈❡❝

Γ ∈ {Γ3B,Γ2B,Γ1B,ΓT}.
▲✬♦❜❥❡❝&✐❢ ❞❡ ❝❡&&❡ +♦✉+✲+❡❝&✐♦♥ ❡+& ❞❡ ♠♦♥&'❡' ❧❡ ❧❡♠♠❡ +✉✐✈❛♥& ✿

▲❡♠♠❡ ✻✳✻  ♦✉# $♦✉$ (V1, . . . , V9) ∈ A✱ ♦♥ ❛

β3(Γ3B)(V1, . . . , V9) = β3(Γ2B)(V1, . . . , V9) = β3(Γ1B)(V1, . . . , V9) = 0

❡$ ❞♦♥❝

β3 = β3(ΓT )(V1, . . . , V9) = β3(ΓT ).

❖♥ ♠♦♥&'❡ ♣♦✉' ❝❡❧❛ ✉♥ ❧❡♠♠❡ ♣'3❧✐♠✐♥❛✐'❡ ✿

▲❡♠♠❡ ✻✳✼ ❙♦✐$ ✉♥ ❣#❛♣❤❡ (Γ, nΓ) ♣♦✉✈❛♥$ 1❡ #❡♣#21❡♥$❡# 1♦✉1 ❧❛ ❢♦#♠❡ 1✉✐✈❛♥$❡✱ ♦6 ❝❤❛7✉❡
❛#8$❡ ❞❡ Γ ♥♦♥ ❞❡11✐♥2❡ ❡1$ ❞❛♥1 ✉♥ ❞❡1 ❞❡✉① ❞✐17✉❡1 ❞2❧✐♠✐$21 ♣❛# ❧❡1 ♣♦✐♥$✐❧❧21 ✿



✻✶

Γ1 Γ2

X Y

Z Q

i

j

❖♥ ♥♦#❡ Γ1 ✭&❡'♣✳ Γ2✮ ❧❡ '♦✉'✲❣&❛♣❤❡ ❞❡ Γ 2✉✐ ❝♦♥#✐❡♥# ❧❡' ❛&5#❡' ❡# ❧❡' '♦♠♠❡#' ❞❡ Γ ❝♦♥#❡♥✉'
❞❛♥' ❧❡ ❞✐'2✉❡ ❞❡ ❣❛✉❝❤❡ ✭&❡'♣✳ ❞❡ ❞&♦✐#❡✮✳ ❖♥ ❞7✜♥✐# ❧❡ ❣&❛♣❤❡ (Γ′, nΓ) ❞❡ ❧❛ ❢❛:♦♥ '✉✐✈❛♥#❡ ✿
♦♥ 7❝❤❛♥❣❡ ❧❡' ❛&5#❡' i ❡# j ❛✐♥'✐ 2✉❡ ❧❡✉& ♦&✐❡♥#❛#✐♦♥ ✭❞❡ Γ1 ✈❡&' Γ2 ♦✉ ✈✐❝❡✲✈❡&'❛✮✳ ❖♥ ♥❡

❝❤❛♥❣❡ ♣❛' ❧❡' ❛&5#❡' ♥♦♥ &❡♣&7'❡♥#7❡' ❞❡ Γ✳

Γ1 Γ2

X Y

Z Q

−j

−i

❆❧♦&'✱ ♣♦✉& (V1, . . . , V9) ∈ A✱ ♦♥ ❛

IΓ,nΓ
(V1, . . . , V9) + IΓ′,nΓ

(V1, . . . , V9) = 0.

 !❡✉✈❡✿ ❖♥ ♥♦%❡ V (Γ1) ✭(❡)♣✳ V (Γ2)✮ ❧✬❡♥)❡♠❜❧❡ ❞❡) )♦♠♠❡%) ❞❡ Γ1 ✭(❡)♣✳ Γ2✮✳ ❖♥ ❞2✜♥✐%

❧✬✐♥✈♦❧✉%✐♦♥ s : C14 → C14
%❡❧❧❡ 7✉❡ ♣♦✉( M ∈ V (Γ1)✱ s(cM) = cM ❡% ♣♦✉( M ∈ V (Γ2)✱

s(cM) = cM+cX+cZ−cQ−cY ✳ ❖♥ ♥♦%❡ ❛❜✉)✐✈❡♠❡♥% s : [0, 1]×SO(3)×C14 → [0, 1]×SO(3)×C14

♣❛( s(t, ρ, c) = (t, ρ, s(c))✳ ❖♥ ♠♦♥%(❡ 7✉❡ ❧❡ ❣(❛♣❤❡ )✉✐✈❛♥% ❡)% ❝♦♠♠✉%❛%✐❢ ✿

[0, 1]× SO(3)× C14
(πe(Γ,p)) //

s

��

(S2)9

id
��

[0, 1]× SO(3)× C14

(πe(Γ′,p))
// (S2)9

❙♦✐% p ∈ 9✱ ♦♥ ♥♦%❡ M ❡% N ✭(❡)♣✳ M ′
❡% N ′

✮ ❧❛ )♦✉(❝❡ ❡% ❧❡ ❜✉% ❞❡ e(Γ, p) ✭(❡)♣✳ e(Γ′, p)✮✳
❙✉♣♣♦)♦♥) 7✉❡ p ∈ 9\{i, j}✱ ❞❛♥) ❝❡ ❝❛) M = M ′

❡% N ′ = N ✳ ❆❧♦() )♦✐% (M,N) ∈ V (Γ1)
2
♦✉

)♦✐% (M,N) ∈ V (Γ2)
2
❡% ♦♥ ✈2(✐✜❡ ❢❛❝✐❧❡♠❡♥% 7✉❡ ❞❛♥) ❧❡) ❞❡✉① ❝❛) s(cM)− s(cN) = cM − cN ✳

❉♦♥❝ ♦♥ ❛ πe(Γ′,p)(s(c)) = πe(Γ,p)(c)✳ ❉❡ ♣❧✉)✱ ✐❧ ❡①✐)%❡ ǫ ∈ {−1, 1} %❡❧ 7✉❡

πe(Γ′,i)(s(c)) = ǫ
s(cZ)− s(cQ)

||s(cZ)− s(cQ)||

= ǫ
cZ − (cQ + cX + cZ − cQ − cY )

||cZ − (cQ + cX + cZ − cQ − cY )||
= ǫ

cY − cX
||cY − cX ||

= πe(Γ,i)(c).



✻✷

❉♦♥❝ ❧❡ ❝❛))* ❡+, ❜✐❡♥ ❝♦♠♠✉,❛,✐❢✳ ❉❡ ♣❧✉+✱ s ❡+, ✉♥ ❞✐✛*♦♠♦)♣❤✐+♠❡ 8✉✐ )❡♥✈❡)+❡ ❧✬♦)✐❡♥,❛,✐♦♥✳

❊♥ ❡✛❡,✱ ✐❧ +✉✣, ❞❡ ✈♦✐) 8✉✬♦♥ ♣❡✉, *❝)✐)❡ ❧❛ ❞*✜♥✐,✐♦♥ ❞❡ s +♦✉+ ❧❛ ❢♦)♠❡ +✉✐✈❛♥,❡ ✿

✕ @♦✉) M ∈ V (Γ1) ♦♥ ❛ s(cM) = cM ✳

✕ @✉✐+ s(cY ) = −cQ + cX + cZ ❡, s(cQ) = −cY + cX + cZ
✕ ❊♥✜♥✱ ♣♦✉) M ∈ V (Γ2)\{Y,Q} ♦♥ ❛ s(cM) = cM + cX + cZ − cQ − cY ✳

❉✬❛♣)A+ ❧❡ ❝❛))* ❝♦♠♠✉,❛,✐❢✱ (t, ρ, c) ❡+, ✉♥ ♣♦✐♥, ❞✬✐♥,❡)+❡❝,✐♦♥ ♣♦✉) (Γ, nΓ) +✐ ❡, +❡✉❧❡♠❡♥,

+✐ ❝✬❡+, ✉♥ ♣♦✐♥, ❞✬✐♥,❡)+❡❝,✐♦♥ ♣♦✉) (Γ′, nΓ)✳ ❉❡ ♣❧✉+✱ ❝❡+ ♣♦✐♥,+ +♦♥, ❝♦♠♣,*+ ❛✈❡❝ ✉♥ +✐❣♥❡

❞✐✛*)❡♥,✳ @❛) ❝♦♥+*8✉❡♥,✱ IΓ,nΓ
(V1, . . . , V9) + IΓ′,nΓ

(V1, . . . , V9) = 0✳

�

♣!❡✉✈❡ ❞✉ ❧❡♠♠❡ ✻✳✻ ✿ ❙♦✐, (V1, . . . , V9) ∈ A✳ ▲❡+ ❣)❛♣❤❡+ Γ3B✱ Γ2B ❡, Γ1B ♦♥, ,♦✉+ ❧❛

♣)♦♣)✐*,* ❞✉ ❧❡♠♠❡ ✻✳✼ ✿ ✐❧ +✉✣, ❞❡ ✜①❡) Γ2 ❝♦♠♠❡ ✉♥❡ ❜✉❧❧❡ ❞❡ ❝❡+ ❣)❛♣❤❡+✳ @❛) ❝♦♥+*8✉❡♥,

❡♥ )❡❣)♦✉♣❛♥, ❞❡✉① ♣❛) ❞❡✉① ❧❡+ +♦♠♠❡+ IΓ,nΓ,h ❡, IΓ′,nΓ,h✱ ♦♥ ,)♦✉✈❡ ❛❧♦)+ 8✉❡ ♣♦✉) ,♦✉,

(V1, . . . , V9) ∈ A✱ ♦♥ ❛

β3(Γ3B)(V1, . . . , V9) = β3(Γ2B)(V1, . . . , V9) = β3(Γ1B)(V1, . . . , V9) = 0.

�

✻✳✹ ❊♥✉♠'(❛*✐♦♥ ❞❡/ ✐♥*❡(/❡❝*✐♦♥/ 1 ❝❛❧❝✉❧❡(

▲❡ ❜✉, ❞❡ ❝❡,,❡ +❡❝,✐♦♥ ❡+, ❞❡ ❞*♠♦♥,)❡) ❧❡ ❧❡♠♠❡ ✻✳✽✳ ❖♥ +❛✐, ❞*+♦)♠❛✐+ 8✉✬✐❧ +✉✣, ❞❡

❝❛❧❝✉❧❡) ❧❡+ +✐❣♥❡+ ❞❡ ♣♦✐♥,+ ❞✬✐♥,❡)+❡❝,✐♦♥+ ❛++♦❝✐*+ ❛✉① ❣)❛♣❤❡+ ✐+♦♠♦)♣❤❡+ I ΓT ✳ ❙♦✐, h ∈
{2, . . . , 8}✳ ❖♥ ❞*✜♥✐, ❧❡+ ❣)❛♣❤❡+ (Γ1, nΓ1) ❡, (Γ2, nΓ2) ❞♦♥, ❧❡+ ❛)J,❡+ +♦♥, ♦)✐❡♥,*❡+ ❡, ❛♥♥♦,*❡+✱
❡, ❧❡+ +♦♠♠❡,+ +♦♥, ❛♥♥♦,*+ ❞❡ ❧❛ ❢❛K♦♥ +✉✐✈❛♥,❡✱ ❡, ♦L {D′, E ′, F ′} = {O,B,C} ❛✈❡❝ ❧❡ ♠J♠❡

♦)❞)❡ ❝②❝❧✐8✉❡ ✿

Γ1 :

r′

s′t′

D′ E′

F ′

r

st

D E

F

h

m n

Γ2 :

r′

s′t′

E′ F ′

D′

h

mn

E F

D

r

s t

❖♥ ♥♦,❡ η = (r′, s′, t′, r, s, t,m, n) ❧✬❡♥+❡♠❜❧❡ ♦)❞♦♥♥* ♣❛) ❧❡+ ❞❡++✐♥+ ❝✐✲❞❡++✉+ ❞❡+ ✐♥❞✐❝❡+ ❞✐✛*✲

)❡♥,+ ❞❡ h ❞❡+ ❛)J,❡+ ❞❡ Γ1 ♦✉ Γ2✳ ❖♥ ♥♦,❡)❛ ❞♦♥❝ (Γ1, h, η) ✭)❡+♣✳ (Γ2, h, η)✮ ❧❡ ❣)❛♣❤❡ (Γ1, nΓ1)
✭)❡+♣✳ (Γ2, nΓ2)✮ ♠✉♥✐ ❞❡ ❧❛ ♥✉♠*)♦,❛,✐♦♥ (h, η)✳ ❖♥ ♥♦,❡

IΓ1,h,η(W1, . . . ,W9) = 〈
h−1
⋂

i=1

π−1
e(Γ1,i)

(G1,Wi
), π−1

e(Γ1,h)
(G2,Wh

),
9
⋂

i=h+1

π−1
e(Γ1,i)

(G0,Wi
)〉



✻✸

IΓ2,h,η(W1, . . . ,W9) = 〈
h−1
⋂

i=1

π−1
e(Γ2,i)

(G1,Wi
), π−1

e(Γ2,h)
(G2,Wh

),
9
⋂

i=h+1

π−1
e(Γ2,i)

(G0,Wi
)〉.

❖♥ ❞%✜♥✐( ❧❛ ❢♦♥❝(✐♦♥ χh : 9 → {0, 1} ❛✈❡❝ χh(i) = 1 0✐ i < h✱ χh(h) = 1/2 ❡( χh(i) = 0 0✐ i > h✳

▲❡♠♠❡ ✻✳✽ ❙♦✐# (V1, . . . , V9) ∈ A✳ ❖♥ ❛

β3 =
(

β1,1 + β′
1,1 + β1,2 + β2 + β′

2

)

[ΓT ]

❛✈❡❝

β1,1 =
1

289!

h=5
∑

h=3

∑

η∈Dh
1,1,(ǫp)∈{−1,1}9

IΓ1,h,η(ǫ1V1, . . . , ǫ9V9)

β′
1,1 =

1

289!

h=5
∑

h=3

∑

η∈Dh
1,1,(ǫp)∈{−1,1}9

IΓ1,h,η(ǫ9V9, . . . , ǫ1V1)

β1,2 =
1

289!

h=6
∑

h=4

∑

η∈Dh
1,2,(ǫp)∈{−1,1}9

IΓ1,h,η(ǫ1V1, . . . , ǫ9V9)

β2 =
1

289!

h=7
∑

h=2

∑

η∈Dh
2 ,(ǫp)∈{−1,1}9

IΓ2,h,η(ǫ1V1, . . . , ǫ9V9)

β′
2 =

1

289!

h=7
∑

h=2

∑

η∈Dh
2 ,(ǫp)∈{−1,1}9

IΓ2,h,η(ǫ9V9, . . . , ǫ1V1)

♦+✱ -✐ ♦♥ ♥♦#❡ ⊙r′,s′,t′ ❧❛ ❝♦♥❞✐#✐♦♥ -✉✐✈❛♥#❡ ✿ ❧✬♦3❞3❡ #♦#❛❧ -✉3 r′, s′, t′ ✐♥❞✉✐# ❧✬♦3❞3❡ ❝②❝❧✐5✉❡

(r′, s′, t′)✱

Dh
1,1 = {η/ χh(r

′) + χh(s
′) + χh(t

′) = 1 χh(r) + χh(s) + χh(t) = 1,

min(r′, s′, t′) < min(r, s, t), ⊙r′,s′,t′}
Dh

1,2 = {η/ χh(r
′) + χh(s

′) + χh(t
′) = 1 χh(r) + χh(s) + χh(t) = 2,

⊙r′,s′,t′}
Dh

2 = {η/ χh(r
′) + χh(s

′) + χh(t
′) = 1, ⊙r′,s′,t′}.

3♦✉5 ♠♦♥(5❡5 ❝❡ ❧❡♠♠❡✱ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛5 ♣5♦✉✈❡5 ✉♥❡ 0%5✐❡ ❞❡ ❧❡♠♠❡0 ♣5%❧✐♠✐♥❛✐5❡0✳

▲❡♠♠❡ ✻✳✾ ❖♥ ❛

ǫ(nΓ1 , oΓ1) = ǫ(nΓ2 , oΓ2) = 1.



✻✹

 !❡✉✈❡✿ ❖♥ ❝♦♥&✐❞)*❡ ❧✬❡①❡♠♣❧❡ ✷✳✶✵✳ ❖♥ ❛ ♠♦♥6*7 &✉* ❝❡6 ❡①❡♠♣❧❡ 9✉❡ ǫ(nΓ, oΓ) = 1✳ ❖*

6♦✉6❡& ❧❡& ♥✉♠7*♦6❛6✐♦♥& ✉6✐❧✐&7❡& nΓ ❞✐✛)*❡♥6 ♣❛* ✉♥❡ ♣❡*♠✉6❛6✐♦♥ ❝✐*❝✉❧❛✐*❡ ❞❡ (O,B,C) 9✉✐
♥❡ ❝❤❛♥❣❡ ♣❛& ❧❛ &✐❣♥❛6✉*❡ ❞❡ ❧❛ ♣❡*♠✉6❛6✐♦♥✳

�

◆♦"❛"✐♦♥ ✻✳✶✵ ❖♥ ♥♦#❡

EΓ,h(V1, . . . , V9) =
h−1
⋂

i=1

π−1
e(Γ,i)(G1,Vi) ∩ π−1

e(Γ,h)(G2,Vh)
9
⋂

i=h+1

π−1
e(Γ,i)(G0,Vi)

❧✬❡♥'❡♠❜❧❡ ❞❡' ♣♦✐♥#' ❞✬✐♥#❡-'❡❝#✐♦♥ ❛✉ #❡♠♣' ❞✬❤♦♠♦#♦♣✐❡ th -❡'#❛♥#' 2 ❝❛❧❝✉❧❡-✱ ❡#

IΓ,h(V1, . . . , V9) = 〈
h−1
⋂

i=1

π−1
e(Γ,i)(G1,Vi), π

−1
e(Γ,h)(G2,Vh),

9
⋂

i=h+1

π−1
e(Γ,i)(G0,Vi)〉.

▲❡♠♠❡ ✻✳✶✶ ❙♦✐# Γ ✉♥ ❣-❛♣❤❡ ❛✉① '♦♠♠❡#' ♦-✐❡♥#7' ❞♦♥# ❧❡' ❛-8#❡' '♦♥# ♥✉♠7-♦#7❡' ❡# ♦-✐❡♥✲
#7❡' ❡# '♦✐# ǫ = (ǫi) ∈ {±1}9✳ ❖♥ ❞7✜♥✐# ✉♥ ♥♦✉✈❡❛✉ ❣-❛♣❤❡ Γǫ ❞❡ ❧❛ ❢❛>♦♥ '✉✐✈❛♥#❡ ✿ Γǫ ❡'# ❧❡
♠8♠❡ ❣-❛♣❤❡ @✉❡ Γ✱ ♠❛✐' ❧✬♦-✐❡♥#❛#✐♦♥ ❞❡ ❧✬❛-8#❡ i ❡'# ✐♥✈❡-'7❡ '✐ ❡# '❡✉❧❡♠❡♥# '✐ ǫi = −1✳ ❖♥
❛

IΓ,h(ǫ1V1, . . . , ǫ9V9) = IΓǫ,h(V1, . . . , V9)

 !❡✉✈❡✿ ❖♥ ♠✉♥✐6 Γ ❡6 Γǫ ❞✬✉♥❡ ♠=♠❡ ♥✉♠7*♦6❛6✐♦♥ nΓ ❞❡ ❧❡✉*& &♦♠♠❡6&✳ ❈❤❛♥❣❡* ❧✬♦*✐❡♥✲

6❛6✐♦♥ ❞✬✉♥❡ ❛*=6❡ ✐♥❞✉✐6 ✉♥❡ ♣❡*♠✉6❛6✐♦♥ ❞❡ ❞❡✉① ❞❡♠✐✲❛*=6❡&✱ ♦♥ ❛ ❞♦♥❝ ǫ(nΓǫ
) = ǫ(nΓ)

∏

ǫi✳

❖♥ ❛ ❞❡ ♣❧✉& π
χh(i)
e(Γǫ,i)

(c) = ǫiπ
χh(i)
e(Γ,i)(c)✳ A❛* ❝♦♥&79✉❡♥6 ❧❡ ❞✐❛❣*❛♠♠❡ &✉✐✈❛♥6 ❡&6 ❝♦♠♠✉6❛6✐❢ ✿

SO(3)× C14
F

(6)
Γ,nΓ,h,Vh //

id
��

(S2)9\h × R

g

��

SO(3)× C14

F
(6)
Γǫ,nΓ,h,ǫVh

// (S2)9\h × R

❛✈❡❝

F
(6)
Γ,nΓ,h,Vh

(ρ, c) = ((π
χh(i)
e(Γ,i)(ρ, c))i∈9\h, 〈πe(Γ,h)(c), Vh ∧ ρ(Vh)〉)

❡6

g(V1, . . . , V̂h, . . . , V9, x) = (ǫ1V1, . . . , V̂h, . . . , ǫ9V9, ǫhx)

✭♦♥ ✉6✐❧✐&❡ ❧✬7❝*✐6✉*❡ (V1, . . . , V̂h, . . . , V9) = (V1, . . . , Vh−1, Vh+1, . . . , V9))✳ ❉❡ ♣❧✉&✱ ♦♥ ❛

πe(Γ,h)(c) ∈ [ǫhVh, ρ(ǫhVh)] ⇔ ǫhπe(Γ,h)(c) ∈ [Vh, ρ(Vh)]

⇔ πe(Γǫ,h)(c) ∈ [Vh, ρ(Vh)].

❉♦♥❝ &✐ (ρ, c) ∈ EΓ,h(ǫ1V1, . . . , ǫ9V9) ❛❧♦*& (ρ, c) ∈ EΓǫ,h(V1, . . . , V9)✳ ▲❡& &✐❣♥❡& ❞❡ ❝❡& ♣♦✐♥6&

❞✐✛)*❡♥6 ❞❡ σ(Jacg) =
∏

ǫi ❡6 ❧❡ ❧❡♠♠❡ ❡♥ ❞7❝♦✉❧❡✳



✻✺

�

▲❡♠♠❡ ✻✳✶✷ ❙♦✐❡♥% Γ ✉♥ ❣(❛♣❤❡ ❞♦♥% ❧❡. ❛(/%❡. .♦♥% ♥✉♠1(♦%1❡. ❡% ♦(✐❡♥%1❡. ❡% h ∈ {2, . . . , 8}✳
❖♥ ❛

IΓ,h(V1, . . . , V9) = IΓ,h(−V1, . . . ,−V9).

 !❡✉✈❡✿ ❊♥ ❡✛❡&✱ ♦♥ ✈*+✐✜❡ .✉❡ ❧❡ ❞✐❛❣+❛♠♠❡ 5✉✐✈❛♥& ❡5& ❝♦♠♠✉&❛&✐❢ ✿

SO(3)× C14
F

(6)
Γ,nΓ,h,Vh //

f

��

(S2)9\h × R

g

��

SO(3)× C14

F
(6)
Γǫ,nΓ,h,ǫVh

// (S2)9\h × R

♦9 f(ρ, c) = (ρ,−c) ❡& g(V1, . . . , V̂h, . . . , V9, x) = (−V1, . . . , V̂h, . . . ,−V9,−x)✳ ❉❡ ♣❧✉5✱ ♦♥ ❛

πe(Γ,h)(c) ∈ [Vh, ρ(Vh)] ⇔ −πe(Γ,h)(c) ∈ [−Vh, ρ(−Vh)] ❞♦♥❝ 5✐ (ρ, c) ∈ EΓ,h(V1, . . . , V9) ❛❧♦+5

(ρ,−c) ∈ EΓ,h(−V1, . . . ,−V9)✳ ❈♦♠♠❡ f ❡& g 5♦♥& ❞❡5 ❛♣♣❧✐❝❛&✐♦♥5 .✉✐ +❡♥✈❡+5❡♥& ❧✬♦+✐❡♥&❛&✐♦♥✱

❝❡5 ♣♦✐♥&5 5♦♥& ❝♦♠♣&*5 ❛✈❡❝ ❧❡ ♠?♠❡ 5✐❣♥❡✳

�

▲❡♠♠❡ ✻✳✶✸ ❙♦✐% Γ ∈ D3
or✱ ♦♥ ❞1✜♥✐% ❧❡ ❣(❛♣❤❡ Γ̄ ∈ D3

or ❝♦♠♠❡ ❧❡ ❣(❛♣❤❡ Γ ♦7 ❝❤❛8✉❡ ❛(/%❡ i
❡.% (❡♠♣❧❛❝1❡ ♣❛( 10− i ❡♥ ❝♦♥.❡(✈❛♥% .♦♥ ♦(✐❡♥%❛%✐♦♥✳ ❙✐ ♦♥ ♠✉♥✐% Γ ❞✬✉♥❡ ♥✉♠1(♦%❛%✐♦♥ nΓ

❞❡ .❡. .♦♠♠❡%.✱ ❛❧♦(. Γ̄ ❤1(✐%❡ ❞❡ ❧❛ ♠/♠❡ ♥✉♠1(♦%❛%✐♦♥ nΓ ❞❡ .❡. .♦♠♠❡%.✳ ❖♥ ❛

IΓ,h(V1, . . . , V9) = IΓ̄,10−h(V9, . . . , V1).

 !❡✉✈❡✿ ❖♥ ✈❛ ♠♦♥&+❡+ .✉❡ π
χ10−h(10−i)

e(Γ̄,10−i)
(ρ−1, ρ−1(c)) = π

χh(i)
e(Γ,i)(ρ, c)✳ ❖♥ ❛ ❝❧❛✐+❡♠❡♥& .✉❡

πe(Γ̄,10−i) = πe(Γ,i) ❡& .✉❡ χ10−h(10 − i) = 1 − χh(i)✳ ❙✐ ❧✬❛+?&❡ i ❡5& ♦+✐❡♥&*❡ ❞✉ ♣♦✐♥& M ❛✉

♣♦✐♥& N ❛❧♦+5 ♣❛+ ❞*✜♥✐&✐♦♥ ♦♥ ❛ π
χh(i)
e(Γ,i)(ρ, c) = ρ−χh(i)(

−−→
MN

||
−−→
MN ||

)✳ ❉♦♥❝

π
χ10−h(10−i)

e(Γ̄,10−i)
(ρ−1, ρ−1(c)) = π

1−χh(i)
e(Γ,i) (ρ−1, ρ−1(c))

= ρ−χh(i)+1

(

ρ−1

( −−→
MN

||−−→MN ||

))

= ρ−χh(i)

( −−→
MN

||−−→MN ||

)

.

B❛+ ❝♦♥5*.✉❡♥&✱ ♦♥ ❛ π
χ10−h(i)

e(Γ̄,i)
(ρ−1, ρ−1(c)) = π

χh(10−i)
e(Γ,10−i)(ρ, c) ❡& ♠♦♥&+♦♥5 .✉❡ ❧❡ ❞✐❛❣+❛♠♠❡

5✉✐✈❛♥& ❡5& ❝♦♠♠✉&❛&✐❢ ✿



✻✻

SO(3)× C14
F

(6)
Γ,nΓ,h,Vh //

f

��

(S2)9\h × R

g

��

SO(3)× C14

F
(6)
Γǫ,nΓ,h,ǫVh

// (S2)9\10−h × R

❛✈❡❝ f(ρ, c) = (ρ−1, ρ−1(c)) ❡% g(V1, . . . , V9, x) = (V9, . . . , V1,−x)✳ ◆♦%♦♥* (V ′
1 , . . . , V

′
9 ,−x) =

g(V1, . . . , V9, x)✳ ■❧ -❡*%❡ ❞♦♥❝ / ❝❛❧❝✉❧❡- ✿

〈πe(Γ,h)(c), Vh ∧ ρ(Vh)〉 = 〈πe(Γ,h)(ρ−1(c)), ρ−1(Vh) ∧ Vh〉
= 〈πe(Γ̄,10−h)(ρ−1(c)), ρ−1(V ′

10−h) ∧ V ′
10−h〉

= −〈πe(Γ̄,10−h)(ρ−1(c)), V ′
10−h ∧ ρ−1(V ′

10−h)〉.

❖♥ ❛ ❞♦♥❝ ❜✐❡♥ ❧❛ ❝♦♠♠✉%❛%✐✈✐%6 ❞✉ ❞✐❛❣-❛♠♠❡✳ ❖♥ ❛ ❞❡ ♣❧✉*

πe(Γ,h)(c) ∈ [Vh, ρ(Vh)] ⇔ ρ−1(πe(Γ,h)(c)) ∈ ρ−1([Vh, ρ(Vh)])

⇔ πe(Γ,h)(ρ
−1(c)) ∈ [ρ−1(Vh), Vh]

⇔ πe(Γ̄,10−h)(ρ
−1(c)) ∈ [ρ−1(V ′

10−h), V
′
10−h].

9❛- ❝♦♥*6:✉❡♥% (ρ, c) ∈ EΓ,h(V1, . . . , V9) *✐ ❡% *❡✉❧❡♠❡♥% *✐ (ρ−1, ρ−1(c)) ∈ EΓ̄,10−h(V ′
1 , . . . , V

′
9) =

EΓ̄,10−h(V9, . . . , V1)✳ ❉❡ ♣❧✉*✱ f ❡% g *♦♥% ❞❡✉① ❛♣♣❧✐❝❛%✐♦♥* :✉✐ -❡♥✈❡-*❡♥% ❧✬♦-✐❡♥%❛%✐♦♥ ❞♦♥❝ ❧❡*

♣♦✐♥%* ❞✬✐♥%❡-*❡❝%✐♦♥* *♦♥% ❝♦♠♣%6* ❛✈❡❝ ❧❡ ♠?♠❡ *✐❣♥❡✳

�

♣!❡✉✈❡ ❞✉ ❧❡♠♠❡ ✻✳✽ ✿ ❖♥ ❝♦♥*✐❞@-❡ ❧❡* ❞❡✉① ❣-❛♣❤❡* *✉✐✈❛♥%* ✿

Γ1 :

r′

s′t′

D′ E′

F ′

r

st

D E

F

h

m n

Γ2 :

r′

s′t′

E′ F ′

D′

h

mn

E F

D

r

s t

❖♥ -❛♣♣❡❧❧❡ :✉❡ η = (r′, s′, t′, r, s, t,m, n)✱ :✉❡ D3
or ❞6*✐❣♥❡ ❧✬❡♥*❡♠❜❧❡ ❞❡* ❝❧❛**❡* ❞✬✐*♦%♦♣✐❡* ❞❡*

❣-❛♣❤❡* %-✐✈❛❧❡♥%* ❞♦♥% ❧❡* ❛-?%❡* *♦♥% ♦-✐❡♥%6❡* ❡% ♥✉♠6-♦%6❡*✱ / 6 *♦♠♠❡%*✳ ❖♥ ❛ ♠♦♥%-6 :✉❡

β3 =
1

289!

∑

h∈{2,...,8}

∑

Γ∈D3
or(ΓT )

IΓ,h(V1, . . . , V9)[ΓT ].



✻✼

❙♦✐% h ∈ {2, . . . , 8}✳ ❖♥ ❞*❝♦♠♣♦.❡ D3
or(ΓT ) = D3

or,1(h) ∪ D3
or,2(h) ♦0 D3

or,1(h) ❞*.✐❣♥❡ ❧❡ .♦✉.✲

❡♥.❡♠❜❧❡ ❞❡ D3
or(ΓT ) ❝♦♠♣♦.* ❞❡. ❣6❛♣❤❡. ❞♦♥% ❧✬❛6:%❡ h ♥✬❡.% ♣❛. .✉6 ✉♥ %6✐❛♥❣❧❡✱ ❡% D3

or,2(h)
❞*.✐❣♥❡ ❧❡ .♦✉.✲❡♥.❡♠❜❧❡ ❞❡ D3

or(ΓT ) ❝♦♠♣♦.* ❞❡. ❣6❛♣❤❡. ❞♦♥% ❧✬❛6:%❡ h .❡ %6♦✉✈❡ .✉6 ✉♥

%6✐❛♥❣❧❡✳ ❙♦✐% Γ ∈ D3
or,1(h) ✱ ✐❧ ❡①✐.%❡ η ❡% (ǫp) ∈ {−1, 1}9 %❡❧ >✉❡ Γ = (Γ1, (ǫp), h, η)✳ ❖♥ ✈♦✐%

❞♦♥❝ ✉♥ ❣6❛♣❤❡ ❞❡ D3
or,1(h) ❝♦♠♠❡ ✉♥ ❝♦✉♣❧❡ (η, (ǫp))✳ ?♦✉6 >✉❡ ❝❡%%❡ *❝6✐%✉6❡ .♦✐% ✉♥✐>✉❡✱ ✐❧

❢❛✉% ❞✐.%✐♥❣✉❡6 ❧❡ %6✐❛♥❣❧❡ (r′, s′, t′) ❞✉ %6✐❛♥❣❧❡ (r, s, t) ✭>✉❡ ❧✬♦♥ ♣❡✉% ❛ ♣6✐♦6✐ ✐♥%❡6❝❤❛♥❣❡6 ♣❛6

✉♥❡ .②♠*%6✐❡ ❞❡ Γ1✮ ❡% ✜①❡6 ✉♥ ♦6❞6❡ ❝②❝❧✐>✉❡ .✉6 ❧❡. ❛6:%❡. ❞❡ (r′, s′, t′) ✭>✉❡ ❧✬♦♥ ♣❡✉% ❛ ♣6✐♦6✐

❝❤❛♥❣❡6 ♣❛6 ✉♥❡ .②♠*%6✐❡ ❞❡ Γ1 >✉✐ ✜①❡ ❧✬❛6:%❡ h✮✳ ❖♥ ❞✐.%✐♥❣✉❡ ❧❡. ❞❡✉① %6✐❛♥❣❧❡. .♦✐% ♣❛6 ✉♥❡

❝♦♥❞✐%✐♦♥ χh(r
′)+χh(s

′)+χh(t
′) < χh(r)+χh(s)+χh(t) .♦✐%✱ ❡♥ ❝❛. ❞✬*❣❛❧✐%*✱ ♣❛6 ✉♥❡ ❝♦♥❞✐%✐♦♥

❞✉ %②♣❡ min(r′, s′, t′) < min(r, s, t)✳ ❖♥ ♥♦%❡ ⊙r′,s′,t′ ❧❛ ❝♦♥❞✐%✐♦♥ .✉✐✈❛♥%❡ ✿ ❧✬♦6❞6❡ %♦%❛❧ .✉6

r′, s′, t′ ✐♥❞✉✐% ❧✬♦6❞6❡ ❝②❝❧✐>✉❡ (r′, s′, r′)✳ ❊♥ ❝♦♥❝❧✉.✐♦♥✱ ♦♥ ♣❡✉% *❝6✐6❡ ❧❛ ❜✐❥❡❝%✐♦♥ .✉✐✈❛♥%❡ ✿

(

Dh
1,1 ∪ D̄h

1,1 ∪ Dh
1,2 ∪R

)

× {−1, 1}9 → D3
or,1(h)

♦0

Dh
1,1 = {η/ χh(r

′) + χh(s
′) + χh(t

′) = 1 χh(r) + χh(s) + χh(t) = 1,

min(r′, s′, t′) < min(r, s, t), ⊙r′,s′,t′}
D̄h

1,1 = {η/ χh(r
′) + χh(s

′) + χh(t
′) = 2 χh(r) + χh(s) + χh(t) = 2,

max(r′, s′, t′) > max(r, s, t), ⊙r′,t′,s′}
Dh

1,2 = {η/ χh(r
′) + χh(s

′) + χh(t
′) = 1 χh(r) + χh(s) + χh(t) = 2,

⊙r′,s′,t′},

❡% R ❞*.✐❣♥❡ ❧❡ ❝♦♠♣❧*♠❡♥%❛✐6❡✳ ❖6✱ ♦♥ .❛✐% >✉❡ ❧❡. ✈❡❝%❡✉6. (V1, . . . , V9) .♦♥% ❛❞♠✐..✐❜❧❡.✱ ❡♥

♣❛6%✐❝✉❧✐❡6✱ ♣♦✉6 ❝❤❛>✉❡ %6✐♣❧❡% (Vr′ , Vs′ , Vt′)✱ ❧❡. ✈❡❝%❡✉6. Vr′ , Vs′ ❡% Vt′ ♥❡ .♦♥% ♣❛. ❝♦♣❧❛♥❛✐6❡.✱

❞♦♥❝ .✐ χh(r
′) + χh(s

′) + χh(t
′) ∈ {0, 3} ♦✉ χh(r) + χh(s) + χh(t) ∈ {0, 3} ✐❧ ♥✬② ❛ ♣❛. ❞❡ ♣♦✐♥%.

❞✬✐♥%❡6.❡❝%✐♦♥.✱ ❞♦♥❝ R ♥✬✐♥%❡6✈✐❡♥% ♣❛. ❞❛♥. β3✳ ❖♥ ❛ ✉♥❡ ❜✐❥❡❝%✐♦♥ ❡♥%6❡ D10−h
1,1 ❡% D̄h

1,1 ✿ ❙♦✐%

η ∈ D̄h
1,1✱ ♠♦♥%6♦♥. >✉❡ 10− η ∈ Dh

1,1✳ ❊♥ ❡✛❡%✱ ♦♥ ❛

χ10−h(10− r′) + χ10−h(10− s′) + χ10−h(10− t′) = 1− χh(r
′) + 1− χh(s

′) + 1− χh(t
′)

= 3− (χh(r
′) + χh(s

′) + χh(t
′))

= 3− 2

= 1.

❉❡ ❧❛ ♠:♠❡ ♠❛♥✐J6❡ ♦♥ %6♦✉✈❡

χ10−h(10− r) + χ10−h(10− s) + χ10−h(10− t) = 1.

❖♥ ❛ ❛✉..✐ ❢❛❝✐❧❡♠❡♥% >✉❡ max(10 − r′, 10 − s′, 10 − t′) > max(10 − r, 10 − s, 10 − t) ⇔
min(r′, s′, t′) < min(r, s, t) ❡% >✉❡ ❧✬♦6❞6❡ ❝②❝❧✐>✉❡ .✉6 (10 − r′, 10 − t′, 10 − s′) ❝♦66❡.♣♦♥❞ K



✻✽

✉♥ ♦%❞%❡ ❝②❝❧✐,✉❡ -✉% (r′, s′, t′)✳ /❛% ❝♦♥-1,✉❡♥2✱ ♦♥ ♣❡✉2 1❝%✐%❡✱ ❡♥ ♣♦-❛♥2 η′ = 10 − η ♣✉✐-

h′ = 10− h✱ ,✉❡

h=8
∑

h=2

∑

η∈D̄h
1,1,(ǫp)

IΓ1,(ǫp),h,η(V1, . . . , V9) =
h=8
∑

h=2

∑

η∈D̄h
1,1,(ǫp)

IΓ1,(ǫp),10−h,10−η(V9, . . . , V1)

=
h′=8
∑

h′=2

∑

η′∈Dh′
1,1,(ǫp)

IΓ1,(ǫp),h′,η′(V9, . . . , V1)

=
h=8
∑

h=2

∑

η∈Dh
1,1,(ǫp)

IΓ1,(ǫp),h,η(V9, . . . , V1).

❖♥ ❛ ❞♦♥❝

h=8
∑

h=2

∑

Γ∈D3
or,1(h)

IΓ,h(V1, . . . , V9) =
h=8
∑

h=2

∑

η∈Dh
1,1∪D̄

h
1,1∪D

h
1,2,(ǫp)

IΓ1,(ǫp),h,η(V1, . . . , V9)

=
h=8
∑

h=2

∑

η∈Dh
1,1,(ǫp)

(IΓ1,(ǫp),h,η(V1, . . . , V9) + IΓ1,(ǫp),h,η(V9, . . . , V1))

+
h=8
∑

h=2

∑

η∈Dh
1,2,(ǫp)

IΓ1,(ǫp),h,η(V1, . . . , V9)

=
h=8
∑

h=2

∑

η∈Dh
1,1,(ǫp)

(IΓ1,h,η(ǫ1V1, . . . , ǫ9V9) + IΓ1,h,η(ǫ9V9, . . . , ǫ1V1))

+
h=8
∑

h=2

∑

η∈Dh
1,2,(ǫp)

IΓ1,h,η(ǫ1V1, . . . , ǫ9V9).

❖♥ -✉✐2 ❧❡ ♠7♠❡ %❛✐-♦♥♥❡♠❡♥2 ♣♦✉% D3
or,2(h)✳ ❙♦✐2 Γ ∈ D3

or,2(h)✱ ✐❧ ❡①✐-2❡ η ❡2 (ǫp) 2❡❧ ,✉❡

(Γ, h) = (Γ2, (ǫp), h, η) ❡2 ❝❡22❡ 1❝%✐2✉%❡ ❡-2 ✉♥✐,✉❡ -✐ ♦♥ ✜①❡ ✉♥ ♦%❞%❡ ❝②❝❧✐,✉❡ -✉% ❧❡- ❛%72❡- ❞✉

2%✐❛♥❣❧❡ (r′, s′, t′)✳ ❉♦♥❝ ♦♥ ❛ ✉♥❡ ❜✐❥❡❝2✐♦♥

(

Dh
2 ∪ D̄h

2 ∪R′
)

× {−1, 1}9 → D3
or,2(h) ❛✈❡❝

Dh
2 = {η/ χ(r′) + χ(s′) + χ(t′) = 1, ⊙r′,s′,t′}

D̄h
2 = {η/ χ(r′) + χ(s′) + χ(t′) = 2, ⊙r′,t′,s′}

❡2 R′
❞1-✐❣♥❡ ❧❡ ❝♦♠♣❧1♠❡♥2❛✐%❡✱ ,✉✐ ♥❡ ❝♦♠♣2❡♥2 ♣❛- ❞❛♥- β3✳ ❖♥ ❛ ❛✉--✐✱ ❝♦♠♠❡ ♣♦✉% ❧❡ ❝❛-

♣%1❝1❞❡♥2✱ ✉♥❡ ❜✐❥❡❝2✐♦♥ D̄h
2 → D10−h

2 ; η 7→ 10− η✳ ❊2 ♦♥ ♣❡✉2 ❞✐%❡❝2❡♠❡♥2 ✭❝♦♠♠❡ ♣♦✉% ❧❡ ❝❛-
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♣#$❝$❞❡♥)✮✱ $❝#✐#❡ -✉❡

h=8
∑

h=2

∑

Γ∈D3
or,2(h)

IΓ,h(V1, . . . , V9) =
h=8
∑

h=2

∑

η∈Dh
2 ,(ǫp)

(IΓ2,h,η(ǫ1V1, . . . , ǫ9V9) + IΓ2,h,η(ǫ9V9, . . . , ǫ1V1))

= β̃2 + β̃′
2.

❊♥ ❝♦♥❝❧✉2✐♦♥✱ ♦♥ ❛

β3 =
(

β̃1,1 + β̃′
1,1 + β̃1,2 + β̃2 + β̃′

2

)

[ΓT ]

❛✈❡❝

β̃1,1 =
1

289!

h=9
∑

h=1

∑

η∈Dh
1,1,(ǫp)

IΓ1,h,η(ǫ1V1, . . . , ǫ9V9)

β̃′
1,1 =

1

289!

h=9
∑

h=1

∑

η∈Dh
1,1,(ǫp)

IΓ1,h,η(ǫ9V9, . . . , ǫ1V1)

β̃1,2 =
1

289!

h=9
∑

h=1

∑

η∈Dh
1,2,(ǫp)

IΓ1,h,η(ǫ1V1, . . . , ǫ9V9)

β̃2 =
1

289!

h=9
∑

h=1

∑

η∈Dh
2 ,(ǫp)

IΓ2,h,η(ǫ1V1, . . . , ǫ9V9)

β̃′
2 =

1

289!

h=9
∑

h=1

∑

η∈Dh
2 ,(ǫp)

IΓ2,h,η(ǫ9V9, . . . , ǫ1V1).

5♦✉# ✈$#✐✜❡# η ∈ Dh
1,1✱ ✐❧ ❡2) ♥$❝❡22❛✐#❡ ❞✬❛✈♦✐# 3 ≤ h ≤ 5 ✿ ❡♥ ❡✛❡)✱ ♦♥ ❞♦✐) ❛✈♦✐# ❛✉ ♠♦✐♥2 ❞❡✉①

✐♥❞✐❝❡2 k ❡) a )❡❧2 -✉❡ k < h ❡) a < h✱ ❞♦♥❝ 3 ≤ h✳ ❖♥ ❞♦✐) ❛✈♦✐# ❛✉ ♠♦✐♥2 4 ✐♥❞✐❝❡2 i✱ j✱ b
❡) c ♣❧✉2 ❣#❛♥❞2 -✉❡ h✱ ❞♦♥❝ h ≤ 5✳ 5❛# ❞❡2 ❛#❣✉♠❡♥)2 2✐♠✐❧❛✐#❡2✱ ♦♥ )#♦✉✈❡ -✉❡ ♣♦✉# ✈$#✐✜❡#

η ∈ Dh
1,2 ♦♥ ❞♦✐) ❛✈♦✐# 4 ≤ h ≤ 6 ❡) ♣♦✉# ✈$#✐✜❡# η ∈ Dh

2 ♦♥ ❞♦✐) ❛✈♦✐# 2 ≤ h ≤ 7✳ ❈❡❝✐ ♥♦✉2
❞♦♥♥❡ ❧❛ ❢♦#♠✉❧❡ ❞✉ ❧❡♠♠❡✱ A 2❛✈♦✐#

β3 =
(

β1,1 + β′
1,1 + β1,2 + β2 + β′

2

)

[ΓT ]

❛✈❡❝



✼✵

β1,1 =
1

289!

h=5
∑

h=3

∑

η∈Dh
1,1,(ǫp)

IΓ1,h,η(ǫ1V1, . . . , ǫ9V9)

β′
1,1 =

1

289!

h=5
∑

h=3

∑

η∈Dh
1,1,(ǫp)

IΓ1,h,η(ǫ9V9, . . . , ǫ1V1)

β1,2 =
1

289!

h=6
∑

h=4

∑

η∈Dh
1,2,(ǫp)

IΓ1,h,η(ǫ1V1, . . . , ǫ9V9)

β2 =
1

289!

h=7
∑

h=2

∑

η∈Dh
2 ,(ǫp)

IΓ2,h,η(ǫ1V1, . . . , ǫ9V9)

β′
2 =

1

289!

h=7
∑

h=2

∑

η∈Dh
2 ,(ǫp)

IΓ2,h,η(ǫ9V9, . . . , ǫ1V1).

�



✼✶

✼ ▼✐#❡ ❡♥ &'✉❛*✐♦♥ ❞❡# ❛♥♦♠❛❧✐❡#

❈❡ ❝❤❛♣✐)*❡ ♣*♦♣♦,❡ ✉♥ ❛❧❣♦*✐)❤♠❡ ✐♠♣❧2♠❡♥)❛❜❧❡ ♣♦✉* ❧❛ ❞2)❡*♠✐♥❛)✐♦♥ ❞❡ β3✳
❖♥ ❝♦♠♠❡♥❝❡ ❞❛♥, ❧❛ ,❡❝)✐♦♥ ✼✳✶ 7 ❞2♠♦♥)*❡* 8✉❡ ❧❡, ✐♥)❡*,❡❝)✐♦♥, ♣❡✉✈❡♥) :)*❡ ❝❛❧❝✉❧2❡,

❝♦♠♠❡ ❞❡, ❞❡❣*2, ❞✬✉♥❡ ❛♣♣❧✐❝❛)✐♦♥ ✭❧❡♠♠❡ ✼✳✸✮✱ ♣✉✐, ♦♥ ❞2❝*✐) ❧❡ ❝❛❧❝✉❧ ❞❡ β1,1 ❞❛♥, ❧❡, ,❡❝)✐♦♥,
✼✳✷ ❡) ✼✳✸✳ ❊♥✜♥✱ ♦♥ ❞2❝*✐) ❧❡, ❝❛❧❝✉❧, ❞❡ β1,2 ❞❛♥, ❧❛ ,❡❝)✐♦♥ ✼✳✹ ❡) ❞❡ β2 ❞❛♥, ❧❛ ,❡❝)✐♦♥ ✼✳✺✳

✼✳✶ ❉❡❣&'

❖♥ ♠♦♥)*❡ ❞❛♥, ❝❡))❡ ,♦✉,✲,❡❝)✐♦♥ 8✉❡ ❧✬♦♥ ♣❡✉) ❝♦♥,✐❞2*❡* ❧✬❛♥♦♠❛❧✐❡ ❝♦♠♠❡ ✉♥ ❞❡❣*2✳ ▲❡

❧❡♠♠❡ ♣*✐♥❝✐♣❛❧ ❡,) ❧❡ ❧❡♠♠❡ ✼✳✸✳

▲❡♠♠❡ ✼✳✶ ❙♦✐❡♥% X ∈ S2
❡% ρ ∈ SO(3)\{id}✳ ❖♥ ♥♦%❡ θ = θ(ρ) ❧✬❛♥❣❧❡ ❞❡ ❧❛ -♦%❛%✐♦♥ .✉✬♦♥

0✉♣♣♦0❡ ❞❛♥0 ]0, π[✳ ❖♥ ♥♦%❡ φ̃X,ρ(V ) = 〈X, V ∧ ρ(V )〉✳ ❙✉♣♣♦0♦♥0 ρ(X) 6= X✱ ❛❧♦-0 ✐❧ ❡①✐0%❡

✉♥ ♣❧♦♥❣❡♠❡♥% ψX,ρ : [0, 1] → S2
%❡❧ .✉❡ ψX,ρ([0, 1]) = {V ∈ S2, X ∈ [V, ρ(V )]}✳ ❉❡ ♣❧✉0✱ ♦♥

❛ ψX,ρ(0) = ρ−1(X)✱ ψX,ρ(1) = X ❡% ♣♦✉- %♦✉% t ∈]0, 1[✱ (∇ψX,ρ(t)φ̃X,ρ,
∂
∂t
ψX,ρ) ❡0% ✉♥❡ ❜❛0❡

♦-✐❡♥%7❡ ❞❡ TψX,ρ(t)S
2
✳ ❙✐ ρ(X) = X✱ ❛❧♦-0 {V ∈ S2, X ∈ [V, ρ(V )]} = {X}✳

 !❡✉✈❡✿ ❙♦✐❡♥) X ∈ S2
❡) ρ ∈ SO(3)✳ ❖♥ ♥♦)❡ A(ρ) ❧✬❛①❡ ❞❡ ❧❛ *♦)❛)✐♦♥✳ ▲❡ *2,✉❧)❛) ❡,)

2✈✐❞❡♥) ,✐ ρ(X) = X✳ ❖♥ ,✉♣♣♦,❡ ❞♦♥❝ ρ(X) 6= X✱ ❞♦♥❝ 8✉❡ A(ρ) ∈ S2\{±X}✳ ❖♥ ❝♦♠♣❧I)❡

A(ρ) ❡♥ ✉♥❡ ❜❛,❡ ♦*)❤♦♥♦*♠2❡ (A(ρ), B(ρ,X), C(ρ,X)) )❡❧❧❡ 8✉❡ B(ρ,X) ∈ V ect(A(ρ), X)
❡) 〈B(ρ,X), X〉 ≥ 0✳ ❖♥ 2❝*✐) X = cos(φ)A(ρ) + sin(φ)B(ρ,X)✱ ❛✈❡❝ φ = φ(ρ,X) ∈]0, π[✳
❈❤❡*❝❤♦♥, ❧❡, V ∈ S2

)❡❧, 8✉❡ X ∈ [V, ρ(V )]✳ ❯♥ )❡❧ ✈❡❝)❡✉* V ❡,) ❞❛♥, S2\{±A(ρ)}✳
A(ρ)

B(ρ,X)

C(ρ,X)

X

ρ−1(X)

α

❖♥ ❡①♣*✐♠❡ V ❡) ρ(V ) ❞❛♥, ❧❛ ❜❛,❡ (A,B,C) = (A(ρ), B(ρ,X), C(ρ,X)) ✿

V = cos(α)A+ sin(α)(cos(β)B + sin(β)C)

ρ(V ) = cos(α)A+ sin(α)(cos(β + θ)B + sin(β + θ)C)

❛✈❡❝ α ∈]0, π[✳



✼✷

❙✐ X ∈ [V, ρ(V )]✱ ❛❧♦() ♠♦❞✉❧♦ 2π✱

β ≤ 0 ≤ β + θ [2π]

⇔ 0 ≤ −β ≤ θ [2π]

⇔ β ∈ [−θ, 0].
-♦)♦♥) β = (t− 1)θ ❛✈❡❝ t ∈ [0, 1]✳ ❖♥ ❞♦✐4 ❛✈♦✐(

det









cos(φ) cos(α) cos(α)
sin(φ) sin(α)cos(β) sin(α)cos(β + θ)

0 sin(α)sin(β) sin(α)sin(β + θ)







 = 0

⇔ cos(φ)sin2(α)(cos(β)sin(β + θ)− sin(β)cos(β + θ)) = sin(φ)cos(α)sin(α)(sin(β + θ)− sin(β))

⇔ cos(φ)sin(α)sin(θ) = sin(φ)cos(α)(sin(β + θ)− sin(β))

⇔ cot(α) = cot(φ)
sin(θ)

sin(β + θ)− sin(β)

⇔ α = arccot

(

cot(φ)
sin(θ)

sin(tθ)− sin(t− 1)θ

)

.

 ❛" ❝♦♥&'(✉❡♥+✱ ♦♥ ❞'✜♥✐+ ❧✬❛♣♣❧✐❝❛+✐♦♥ αρ,X : [0, 1] →]0, π[ ♣❛" αρ,X(t) = arccot
(

cot(φ)sin(θ)
sin(tθ)−sin((t−1)θ)

)

❡+ ❧✬❛♣♣❧✐❝❛+✐♦♥ ψρ,X : [0, 1] → S2
♣❛"

ψρ,X(t) = cos(αρ,X(t))A(ρ) + sin(αρ,X(t))cos((t− 1)θ)B(ρ,X)
+sin(αρ,X(t))sin((t− 1)θ)C(ρ,X).

❖♥ ❛ ♠♦♥+"' (✉❡

ψρ,X([0, 1]) = {V ∈ S2, X ∈ [V, ρ(V )]}.
■❧ ♥✬❡&+ ♣❛& ❞✐✣❝✐❧❡ ❞❡ ✈♦✐" (✉❡ αρ,X(0) = αρ,X(1) = φ ❡+ ❞♦♥❝ (✉❡ ψρ,X(0) = ρ−1(X) ❡+
ψρ,X(1) = X✳

■❧ "❡&+❡ 9 ❞'+❡"♠✐♥❡" ✉♥❡ ❜❛&❡ ♦"✐❡♥+'❡ ❞❡ TψX,ρ(t)S
2
✳ ❖♥ ♥♦+❡

α0 = arccot

(

cot(φ)
sin(θ)

sin(tθ)− sin(t− 1)θ

)

.

❊♥ &✉✐✈❛♥+ ❧❡& ✐♥'❣❛❧✐+'& ❞❛♥& ❧❡& ❝❛❧❝✉❧& ❞❡ α ❡♥ ❢♦♥❝+✐♦♥ ❞❡ β✱ ♦♥ ❛ det(X, V, ρ(V )) > 0 &✐ ❡+
&❡✉❧❡♠❡♥+ &✐ α > α0✳ ❉♦♥❝ ∇ψX,ρ(t)φ̃X,ρ ❡&+ ❞♦♥❝ ❞✐"✐❣' ✈❡"& ❧❡& α ❝"♦✐&&❛♥+&✳ ❊+✱ ❡♥ &✉✐✈❛♥+ ❧❡

&❝❤'♠❛ ❝✐✲❞❡&&✉&✱ ♦♥ ❝♦♥&+❛+❡ ❜✐❡♥ (✉❡ (∇ψX,ρ(t)φ̃X,ρ,
∂
∂t
ψX,ρ) ❡&+ ✉♥❡ ❜❛&❡ ♦"✐❡♥+'❡ ❞❡ TψX,ρ(t)S

2
✳

�

❙♦✐❡♥+ Γ ∈ Dor
3 ✱ i ∈ 9 ❡+ ✉♥❡ ♥✉♠'"♦+❛+✐♦♥ nΓ ❞❡& &♦♠♠❡+&✱ ♦♥ "❛♣♣❡❧❧❡ (✉❡ &✐ ❧✬❛"B+❡ i ❡&+

❞✐"✐❣'❡ ❞❡ M ✈❡"& N ❛❧♦"& ❧❛ ❞'✜♥✐+✐♦♥ ❞❡ π
χh(i)
e(Γ,i) : SO(3)× C14 → S2

❡&+ ❞♦♥♥'❡ ♣❛"

π
χh(i)
e(Γ,i)(ρ, c) = ρ−χh(i)

(

N −M

||N −M ||

)

.



✼✸

❖♥ ❞%✜♥✐( ❧❡+ ❛♣♣❧✐❝❛(✐♦♥+

φVh,ρ : S2 −→ R

X 7−→ 〈X, Vh ∧ ρ(Vh)〉

❡(

F
(6)
Γ,h,nΓ,Vh

: SO(3)× C14 −→ (S2)9\h × R

(ρ, c) 7−→ ((π
χh(i)
e(Γ,i)(ρ, c))i∈9\{h}, φVh,ρ(π

0
e(Γ,h)(c)))

.

❘❡♠❛$%✉❡ ✼✳✷ ❖♥ ❛ ❞$✜♥✐ ❛♣()* ❧❛ ❞$♠♦♥*.(❛.✐♦♥ ❞✉ ❧❡♠♠❡ ✺✳✶✺ ❧✬❛♣♣❧✐❝❛.✐♦♥

φ2(f(1), V1) : Bl(S3, CV1 ∪ C̃V1)× C14 −→ R

(m, c) 7−→ < πf(1)(c),
V1∧ρm(V1)

||V1∧ρm(V1)||
>
.

❆✈❡❝ ✉♥ ❛❜✉* ❞❡ ♥♦.❛.✐♦♥ ❥✉*.✐✜$ ♣❛( ❧❡* ($*✉❧.❛.* ❞❡ ❧❛ *❡❝.✐♦♥ ✻✳✷✱ *✐ ♦♥ ❞$✜♥✐.

φ2(f(1), V1) : Bl(SO(3), pSO(3)(CV1 ∪ C̃V1))× C14 −→ R

(ρ, c) 7−→ < πf(1)(c),
V1∧ρ(V1)

||V1∧ρ(V1)||
>

♦♥ ❛

φVh,ρ
(

πe(Γ,h)(c)
)

= φ2 (e(Γ, h), Vh)
(

ρ, πe(Γ,h)(c)
)

× ||Vh ∧ ρ(Vh)||.
❉❡ ❧❛ ♠>♠❡ ♠❛♥✐)(❡✱ ♦♥ ❛ ❞$✜♥✐ ❛♣()* ❧❛ ❞$♠♦♥*.(❛.✐♦♥ ❞✉ ❧❡♠♠❡ ✺✳✶✺ ❧✬❛♣♣❧✐❝❛.✐♦♥

F
(6)
E8

(f, g, V1) : Bl(S3, CV1 ∪ C̃V1)× C14 −→ (S2)E8 × R

(m, c) 7−→ (FE8(f, g)(m, c), φ2(f(1), V1)(m, c))
.

?❛( ✉♥ ❛❜✉* ❞❡ ♥♦.❛.✐♦♥ ❥✉*.✐✜$ ♣❛( ❧❡* ($*✉❧.❛.* ❞❡ ❧❛ *❡❝.✐♦♥ ✻✳✷✱ ❧❡* ❞❡✉① ❞$✜♥✐.✐♦♥* ❞❡ F (6)

❝♦A♥❝✐❞❡♥. ✭❡♥ (❡♠♣❧❛C❛♥. V1 ♣❛( Vh ❡. ❡♥ ❝❤♦✐*✐**❛♥. E8 = 9\{h}✮✳

▲❡♠♠❡ ✼✳✸ ❙♦✐❡♥. Γ ∈ D3
or ❡. (V1, . . . , V9) ∈ A✳ ❆✈❡❝ ❧❡* ♥♦.❛.✐♦♥* ❞❡ ✻✳✶✵✱ *♦✐. (t, ρ, c) ✉♥

♣♦✐♥. ❞✬✐♥.❡(*❡❝.✐♦♥✱ ❛❧♦(* (ρ, c) ∈ (F
(6)
Γ,h,nΓ,Vh

)−1(V1, . . . , V̂h, . . . , V9, 0) ❡. ❧❡ *✐❣♥❡ ❞❡ (ρ, c) ❡*.

❧✬♦♣♣♦*$ ❞✉ *✐❣♥❡ ❞✉ ❥❛❝♦❜✐❡♥ ❞❡ F
(6)
Γ,h,nΓ,Vh

❡♥ (ρ, c)✳

❖♥ 0❛♣♣❡❧❧❡ 1✉❡ ❧✬♦♥ ❛ ❞%✜♥✐

IΓ,h,η(W1, . . . ,W9) = 〈
h−1
⋂

i=1

π−1
e(Γ1,i)

(G1,Wi
), π−1

e(Γ1,h)
(G2,Wh

),
9
⋂

i=h+1

π−1
e(Γ1,i)

(G0,Wi
)〉

♦4

G0,Vi = [0, ti]× SO(3)× {Vi}

G2,Vi = −{ti} ×
⋃

ρ∈SO(3),ρ(Vi) 6=−Vi

{ρ} × [Vi, ρ(Vi)]



✼✹

G1,Vi = [ti, 1]× {(ρ, ρ(Vi)), ρ ∈ SO(3)}.
❖♥♠♦♥&'❡ )✉❡ +✐ (ρ, c) ❡+& ✉♥ ♣♦✐♥& ❞✬✐♥&❡'+❡❝&✐♦♥ ❛❧♦'+ (ρ, c) ∈ (F

(6)
Γ,h,nΓ,Vh

)−1(V1, . . . , V̂h, . . . , V9, 0)✳
❙♦✐& (t, ρ, c) ✉♥ ♣♦✐♥& ❞✬✐♥&❡'+❡❝&✐♦♥✳ ❖♥ ❛ ✈✉ )✉❡ ♥6❝❡++❛✐'❡♠❡♥& ✐❧ ❡①✐+&❡ h ∈ {2, . . . , 8} &❡❧ )✉❡

t = th✳ ❉❡ ♣❧✉+✱ ♣♦✉' i < h✱ ♦♥ ❛ (th, ρ, c) ∈ G1,Vi ❡& ❞♦♥❝ πe(Γ,i)(th, ρ, c) = πe(Γ,i)(c) = ρ(Vi)✳
❉♦♥❝ Vi = ρ−1(πe(Γ,i)(c))✳ ❉✬❛✉&'❡ ♣❛'&✱ +✐ i > h ❛❧♦'+ ti > th ❡& (th, ρ, c) ∈ G0,Vi ✳ ❉♦♥❝

πe(Γ,i)(th, ρ, c) = πe(Γ,i)(c) = Vi✳ ❊♥✜♥✱ (th, ρ, c) ∈ G2,Vi ❞♦♥❝ πe(Γ,i)(th, ρ, c) = πe(Γ,i)(c) ∈
[Vh, ρ(Vh)] ❞♦♥❝ φVh,ρ(πe(Γ,h)(c)) = 0✳
❖♥ ❝❛❧❝✉❧❡ ♠❛✐♥&❡♥❛♥& ❞❡ ❞❡✉① ♠❛♥✐<'❡+ ❧❡ +✐❣♥❡ ❞✬✉♥ ♣♦✐♥& ❞✬✐♥&❡'+❡❝&✐♦♥ (t, ρ, c) = (th, ρ, c)✳
❖♥ ❝♦♠♠❡♥❝❡ ♣❛' ❝❛❧❝✉❧❡' +♦♥ +✐❣♥❡ ♣❛' ❧❛ ❞6✜♥✐&✐♦♥✳ ❖♥ +❛✐& )✉❡

(th, ρ, c) ∈
h−1
⋂

i=1

π−1
e(Γ1,i)

(G1,Wi
)
⋂

π−1
e(Γ1,h)

(G2,Wh
)

9
⋂

i=h+1

π−1
e(Γ1,i)

(G0,Wi
).

>♦✉' i ∈ 9✱ ♦♥ ♥♦&❡ (Vi, V
1
i , V

2
i ) ✉♥❡ ❜❛+❡ ♦'&❤♦♥♦'♠6❡ ❞✐'❡❝&❡ ❞❡ R3

✳ >❛' ❝♦♥+&'✉❝&✐♦♥ ❞❡+

❝❤❛A♥❡+✱ G0,Vi ❡+& ❝♦✲♦'✐❡♥&6❡ ♣❛' (V 1
i , V

2
i ) ❡& G1,Vi ❡+& ❛✉++✐ ❝♦✲♦'✐❡♥&6❡ ♣❛' (V 1

i , V
2
i )✳ >♦✉'

❞6&❡'♠✐♥❡' ❧❛ ❝♦✲♦'✐❡♥&❛&✐♦♥ ❞❡ G2,Vh ✱ ♦♥ 6❝'✐& ✿

T(th,ρ,Vh) ([0, 1]× SO(3)× S2) = Tth [0, 1]⊕ TρSO(3)⊕ TVhS
2

= Tth [0, 1]⊕ TρSO(3)⊕ R (−Vh ∧ ρ(Vh))⊕ TVh [Vh, ρ(Vh)]
= −Tth [0, 1]⊕ R (Vh ∧ ρ(Vh))⊕ (−TρSO(3)⊕ TVh [Vh, ρ(Vh)])
= T (G2,Vh)

⊥ ⊕ T (G2,Vh)

❡& ❞♦♥❝ ❧❛ ❝♦✲♦'✐❡♥&❛&✐♦♥ ❞❡ G2,Vh ❡+& ❞♦♥♥6❡ ♣❛' (− ∂
∂t
, Vh ∧ ρ(Vh))✳

>♦✉' &♦✉& i < h✱ ♦♥ ❝❤♦✐+✐& ❞❡+ ❜❛+❡+ ❞❡ ✈❡❝&❡✉'+ (Ṽ 1
i , Ṽ

2
i ) ❞❡ T(th,ρ,c)

(

π−1
e(Γ,i)(G1,Vi)

)⊥

&❡❧❧❡+ )✉❡

{

dρ−1 ◦ πe(Γ,i)(th, ρ, c).Ṽ 1
i = V 1

i

dρ−1 ◦ πe(Γ,i)(th, ρ, c).Ṽ 2
i = V 2

i

>♦✉' &♦✉& i > h✱ ♦♥ ❝❤♦✐+✐& ❞❡+ ❜❛+❡+ ❞❡ ✈❡❝&❡✉'+ (Ṽ 1
i , Ṽ

2
i ) ❞❡ T(th,ρ,c)

(

π−1
e(Γ,i)(G0,Vi)

)⊥

&❡❧❧❡+ )✉❡

{

dπe(Γ,i)(th, ρ, c).Ṽ
1
i = V 1

i

dπe(Γ,i)(th, ρ, c).Ṽ
2
i = V 2

i

>✉✐+ ♦♥ ❝❤♦✐+✐& ✉♥ ✈❡❝&❡✉' Ṽh ❞❡ T(th,ρ,c)

(

π−1
e(Γ,i)(G2,Vh)

)⊥

&❡❧ )✉❡ (− ∂
∂t
, Ṽh) +♦✐& ✉♥❡ ❜❛+❡ ❞✐'❡❝&❡

❞❡ T(th,ρ,c)

(

π−1
e(Γ,i)(G2,Vh)

)⊥

❡& &❡❧ )✉❡

dπe(Γ,h)(th, ρ, c).Ṽh = Vh ∧ ρ(Vh).
❆✐♥+✐✱ ♣❛' ❞6✜♥✐&✐♦♥✱ ❧❡ +✐❣♥❡ ❞❡ (th, ρ, c) ❡+& ❝❡❧✉✐ ❞❡ ❧❛ ❢❛♠✐❧❧❡

(

Ṽ 1
1 , Ṽ

2
1 , . . . , Ṽ

2
h−1,

−∂
∂t
, Ṽh, Ṽ

1
h+1, . . . , Ṽ

2
9

)



✼✺

"✉✐ ❡&' ❧❡ ♠*♠❡ "✉❡ ❝❡❧✉✐ ❞❡ ❧❛ ❢❛♠✐❧❧❡

(−∂
∂t
, Ṽ 1

1 , Ṽ
2
1 , . . . , Ṽ

2
h−1, Ṽ

1
h+1, . . . , Ṽ

2
9 , Ṽh

)

.

❖♥ ❡①♣3✐♠❡ ♠❛✐♥'❡♥❛♥' ❧❡ &✐❣♥❡ ❞❡ (ρ, c) ❝♦♠♠❡ &✐❣♥❡ ❞✉ ❥❛❝♦❜✐❡♥ ❞❡ ❧✬❛♣♣❧✐❝❛'✐♦♥ F
(6)
Γ,h,nΓ,Vh

✳

❖♥ ❛

dF
(6)
Γ,h,nΓ,Vh

(ρ, c) : TρSO(3)⊕ TcC
14 → T(V1,...,V̂h,...,V9)S

2 ⊕ T0R

❉✬❛✉'3❡ ♣❛3'✱

(

Ṽ 1
1 , Ṽ

2
1 , . . . , Ṽ

2
h−1, Ṽ

1
h+1, . . . , Ṽ

2
9 , Ṽh

)

❡&' ❛✉&&✐ ✉♥❡ ❜❛&❡ ❞❡ TρSO(3)⊕ TcC
14
✳ <❛3

❝♦♥&'3✉❝'✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛'✐♦♥ F
(6)
Γ,h,nΓ,Vh

✱ ♦♥ ❛

dF
(6)
Γ,h,nΓ,Vh

=
(

(dπ
χh(i)
e(Γ,i))i∈9\{h}, d

(

φVh,ρ ◦ πe(Γ,h)
)

)

.

❖♥ ❡①♣3✐♠❡ ♣❧✉& &✐♠♣❧❡♠❡♥' ✿ ♣♦✉3 i > h✱ ♦♥ ❛ χh(i) = 0✱ ❞♦♥❝

dπ
χh(i)
e(Γ,i) = dπ0

e(Γ,i) = dπe(Γ,i)

❡'

{

dπ
χh(i)
e(Γ,i)(ρ, c).Ṽ

1
i = V 1

i

dπ
χh(i)
e(Γ,i)(ρ, c).Ṽ

2
i = V 2

i .

<♦✉3 i < h✱ ♦♥ ❛ χh(i) = 1✱ ❞♦♥❝

dπ
χh(i)
e(Γ,i) = dπ1

e(Γ,i) = d(ρ−1 ◦ πe(Γ,i)).

❖♥ ❛ ❞♦♥❝ ❡♥❝♦3❡

{

dπ
χh(i)
e(Γ,i)(ρ, c).Ṽ

1
i = V 1

i

dπ
χh(i)
e(Γ,i)(ρ, c).Ṽ

2
i = V 2

i .

❊♥✜♥✱ ♦♥ &❛✐' "✉❡ φVh,ρ(X) = 〈X, Vh ∧ ρ(Vh)〉✱ ❞♦♥❝ ∇φVh,ρ = Vh ∧ ρ(Vh)✳ ❆✐♥&✐✱

d
(

φVh,ρ ◦ πe(Γ,h)
)

(ρ, c).Ṽh = d (φVh,ρ) (πe(Γ,i)(ρ, c)).dπe(Γ,i)(ρ, c).Ṽh
= 〈Vh ∧ ρ(Vh), dπe(Γ,i)(ρ, c).Ṽh〉
= 〈Vh ∧ ρ(Vh), Vh ∧ ρ(Vh)〉
= ||Vh ∧ ρ(Vh)||2
> 0

<❛3 ❝♦♥&A"✉❡♥'✱ ❧❡ &✐❣♥❡ ❞❡ ❧❛ ❢❛♠✐❧❧❡

(

∂
∂t
, Ṽ 1

1 , Ṽ
2
1 , . . . , Ṽ

2
h−1, Ṽ

1
h+1, . . . , Ṽ

2
9 , Ṽh

)

❡&' ❞♦♥❝ ❧❡ ♠*♠❡

"✉❡ ❝❡❧✉✐ ❞✉ ❥❛❝♦❜✐❡♥ ❞❡ F
(6)
Γ,h,nΓ,Vh

✱ ❞♦♥❝ ❧❡ &✐❣♥❡ ❞❡ (th, ρ, c) ❡&' A❣❛❧❡ B ❧✬♦♣♣♦&A ❞✉ &✐❣♥❡ ❞✉

❥❛❝♦❜✐❡♥ ❞❡ F
(6)
Γ,h,nΓ,Vh

✳

�



✼✻

✼✳✷ ❘❡❝❤❡'❝❤❡ ❞❡) ♣♦✐♥.) ❞✬✐♥.❡')❡❝.✐♦♥ ❞❡ β1,1

▲✬❡♥&❡♠❜❧❡ ❞❡& ♣♦✐♥.& ❞✬✐♥.❡/&❡❝.✐♦♥ ❝♦♥./✐❜✉❛♥. 3 β1,1 ❡&. ❞4❝/✐. ❛✉ ❧❡♠♠❡ ✼✳✻✳ ▲❡✉/ &✐❣♥❡

❡&. ♦❜.❡♥✉ ❞❛♥& ❧❛ ♣/♦♣♦&✐.✐♦♥ ✼✳✶✹✳ ❖♥ /❛♣♣❡❧❧❡ ❧❡& ♥♦.❛.✐♦♥& ❞❡& &❡❝.✐♦♥& ♣/4❝4❞❡♥.❡&✳ ❖♥

❞4&✐❣♥❡ ♣❛/ A ❧✬❡♥&❡♠❜❧❡ ❞❡& 9−✉♣❧❡.& ❞❡ ✈❡❝.❡✉/& ❛❞♠✐&&✐❜❧❡& (V1, . . . , V9) ∈ (S2)9✱ ❝✬❡&.✲3✲❞✐/❡
❧✬❡♥&❡♠❜❧❡ ❞❡& ✈❡❝.❡✉/& ♣♦✉/ ❧❡&=✉❡❧& ❧✬❛♥♦♠❛❧✐❡ β3 ❡&. ❞4✜♥✐❡ ♣❛/ ❧❛ ❢♦/♠✉❧❡ ❞✉ .❤4♦/A♠❡ ✷✳✶✺✳

D♦✉/ h ∈ {3, 4, 5} ♦♥ ♥♦.❡

Dh
1,1 = {η = (r′, s′, t′, r, s, t,m, n)/ χh(r

′) + χh(s
′) + χh(t

′) = 1,
χh(r) + χh(s) + χh(t) = 1, min(r′, s′, t′) < min(r, s, t), ⊙r′,s′,t′}

D♦✉/ η ∈ Dh
1,1✱ ♦♥ ❞4&✐❣♥❡ ♣❛/ (Γ1, h, η) ❧❡ ❣/❛♣❤❡ ❞♦♥. ❧❡& ❛/E.❡& &♦♥. ♦/✐❡♥.4❡& ❡. ♥✉♠4/♦.4❡&

❞❡ ❧❛ ❢❛F♦♥ &✉✐✈❛♥.❡ ✿

r′

s′t′

D′ E′

F ′

r

st

D E

F

h

m n

❋✐①♦♥& (V1, . . . , V9) ∈ A✳ D♦✉/ (ǫi)i∈9 ∈ {−1, 1}9✱ ♦♥ /❛♣♣❡❧❧❡ ❡♥✜♥ =✉❡ EΓ1,h,η(ǫ1V1, . . . , ǫ9V9)
❞4&✐❣♥❡ ❧✬❡♥&❡♠❜❧❡ ❞❡& ♣♦✐♥.& ❞✬✐♥.❡/&❡❝.✐♦♥& ❝♦//❡&♣♦♥❞❛♥. ❛✉ ❣/❛♣❤❡ (Γ1, h, η) ❡. 3 (ǫi)i∈9✱
❝✬❡&.✲3✲❞✐/❡ ❧✬❡♥&❡♠❜❧❡ ❞❡& ❝♦✉♣❧❡& (ρ, c) ∈ SO(3)× C14

.❡❧& =✉❡

{

∀i ∈ 9\{h}, πe(Γ1,i)(c) = ρχh(i)(ǫiVi)
πe(Γ1,h)(c) ∈ [ǫhVh, ρ(ǫhVh)].

❈♦♠♠❡ η ∈ Dh
1,1✱ ✐❧ ❡①✐&.❡ ✉♥❡ ♣❡/♠✉.❛.✐♦♥ ❝②❝❧✐=✉❡ ❞❡& ❛/E.❡& ❞✉ ./✐❛♥❣❧❡

r′

s′t′

.❡❧❧❡ =✉❡ ❧❡& ❛/E.❡& ❝♦//❡&♣♦♥❞❛♥. 3 ✉♥❡ ❝♦♥✜❣✉/❛.✐♦♥ ❛✐❡♥. ❧❡& ❞✐/❡❝.✐♦♥& ✐♥❞✐=✉4❡& &✉✐✈❛♥.❡& ✿

ǫiVi

ǫjVjρ(ǫkVk)

❉❡ ❧❛ ♠E♠❡ ♠❛♥✐A/❡ ✐❧ ❡①✐&.❡ ✉♥❡ ♣❡/♠✉.❛.✐♦♥ ❝②❝❧✐=✉❡ ❞❡& ❛/E.❡& ❞✉ ./✐❛♥❣❧❡



✼✼

r

st

!❡❧❧❡ $✉❡ ❧❡& ❛()!❡& ❝♦((❡&♣♦♥❞❛♥! / ✉♥❡ ❝♦♥✜❣✉(❛!✐♦♥ ❛✐❡♥! ❧❡& ❞✐(❡❝!✐♦♥& ✐♥❞✐$✉3❡& &✉✐✈❛♥!❡& ✿

ǫbVb

ǫcVcρ(ǫaVa)

❘❡♠❛$%✉❡ ✼✳✹ ❙❡❧♦♥ ❧❡% ❝✐(❝♦♥%)❛♥❝❡%✱ ♦♥ ✉)✐❧✐%❡ ❧❡% ✐♥❞✐❝❡% (r, s, t) ✭(❡%♣✳ (r′, s′, t′)✮ ♦✉ (a, b, c)
✭(❡%♣✳ (i, j, k)✮ ♣♦✉( ♥✉♠3(♦)❡( ❧❡% ❛(4)❡% ❞❡ ❝❡ )(✐❛♥❣❧❡✳

▲❡♠♠❡ ✼✳✺ ❙♦✐❡♥) (V1, . . . , V9) ∈ A✱ h ∈ {3, 4, 5}✱ η ∈ Dh
1,1✳ ❖♥ ♣♦%❡

W =
(Vi ∧ Vj) ∧ (Vb ∧ Vc)

||(Vi ∧ Vj) ∧ (Vb ∧ Vc)||
Yij =

Vi ∧ Vj
||Vi ∧ Vj||

∧W Ybc =
Vb ∧ Vc

||Vb ∧ Vc||
∧W.

❖♥ ❛

〈Yij, Ybc〉 = 〈 Vi ∧ Vj
||Vi ∧ Vj||

,
Vb ∧ Vc

||Vb ∧ Vc||
〉.

❖♥ ❞3✜♥✐)

∆ : R/2πZ −→ R

α 7−→ cos2(α)+〈Yij ,Ybc〉
2sin2(α)−〈Vk,Va〉

2

1−〈Yij ,Ybc〉2
= 1−〈Vk,Va〉

2

1−〈Yij ,Ybc〉2
− sin2α

❡) ♦♥ ♣♦%❡✱ ♣♦✉( (αk, ξ) ∈ R/2πZ× {−1, 1}✱






cosαa(αk, ξ) =
〈Vk,Va〉cos(αk)+ξ〈Yij ,Ybc〉sin(αk)

√
(1−〈Yij ,Ybc〉2)∆(αk)

〈Yij ,Ybc〉2sin2(αk)+cos2(αk)

sinαa(αk, ξ) =
〈Vk,Va〉〈Yij ,Ybc〉sin(αk)−ξcos(αk)

√
(1−〈Yij ,Ybc〉2)∆(αk)

〈Yij ,Ybc〉2sin2(αk)+cos2(αk)

8♦✉( )♦✉) (ρ, c) ∈ SO(3) × C14
❝♦♠♣❛)✐❜❧❡ ❛✈❡❝ ❧❡% ❞❡✉① )(✐❛♥❣❧❡% ❡①)3(✐❡✉( ❡) ✐♥)3(✐❡✉( ❞✉

❣(❛♣❤❡ (Γ1, h, η)✱ ✐❧ ❡①✐%)❡ ✉♥ ✉♥✐=✉❡ ❝♦✉♣❧❡ (αk, ξ) ∈ R/2πZ× {−1, 1} )❡❧ =✉❡







∆(αk) ≥ 0
ρ(Vk) = cos(αk)W + sin(αk)Yij
ρ(Va) = cosαa(αk, ξ)W + sinαa(αk, ξ)Ybc

❖♥ ♥♦)❡ ❛❧♦(%

ρ = ρ(αk, ξ)

❧❛ (♦)❛)✐♦♥ ❛✐♥%✐ ❞3✜♥✐❡ ✭❞✬❛♣(?% ❧❛ (❡♠❛(=✉❡ ✼✳✶✷✮✳



✼✽

▲❡ ❧❡♠♠❡ &✉✐✈❛♥, ❞♦♥♥❡ ❞❡& ❝♦♥❞✐,✐♦♥& ♥0❝❡&&❛✐1❡& ❡, &✉✣&❛♥,❡& &✉1 (αk, ξ) ♣♦✉1 4✉✬✐❧ ❡①✐&,❡

✉♥❡ ❝♦♥✜❣✉1❛,✐♦♥ c(αk, ξ) ,❡❧❧❡ 4✉❡

(c(αk, ξ), ρ(αk, ξ)) ∈
⋃

(ǫi)i∈9∈{−1,1}9

EΓ1,h,η(ǫ1V1, . . . , ǫ9V9).

▲❛ ❧♦♥❣✉❡✉& ❛❧❣(❜&✐+✉❡ ❞✬✉♥❡ ❛19,❡ e(Γ, i) =
−−→
MN ❡&, ❞0✜♥✐❡ ❝♦♠♠❡ ❧❡ ♥♦♠❜1❡ 10❡❧ λi ,❡❧ 4✉❡−−→

MN = λiρ
χh(i)(Vi) ♦; M ❡, N ❞0&✐❣♥❡♥, 1❡&♣❡❝,✐✈❡♠❡♥, ❧❛ &♦✉1❝❡ ❡, ❧❡ ❜✉, ❞❡ ❧✬❛19,❡ i ✭ ❝❢ ❧❛

♥♦,❛,✐♦♥ ❛✈❛♥, ❧❛ ♣1♦♣♦&✐,✐♦♥ ✺✳✷✮ ❡, ♦♥ ♥♦,❡1❛ ǫi &♦♥ &✐❣♥❡ ✭ǫi = σ(λi)✮✳

▲❡♠♠❡ ✼✳✻ ❙♦✐❡♥- (V1, . . . , V9) ∈ A✱ h ∈ {3, 4, 5}✱ η ∈ Dh
1,1✳ 0♦✉& (αk, ξ) ∈ R/2πZ× {−1, 1}✳

❖♥ ♣♦3❡

λi = λi(αk, ξ) = 〈Yij, Vj〉cos(αk)− 〈W,Vj〉sin(αk)
λj = λj(αk, ξ) = sin(αk)〈W,Vi〉 − cos(αk)〈Yij, Vi〉
λk = λk(αk, ξ) = 〈Yij, Vi〉〈W,Vj〉 − 〈W,Vi〉〈Yij, Vj〉
µa = µa(αk, ξ) = 〈Ybc, Vb〉〈W,Vc〉 − 〈W,Vb〉〈Ybc, Vc〉

µb = µb(αk, ξ) = 〈Ybc, Vc〉cosαa(αk, ξ)− 〈W,Vc〉sin(αa(αk, ξ))
µc = µc(αk, ξ) = sinαa(αk, ξ)〈W,Vb〉 − cos(αa(αk, ξ))〈Ybc, Vb〉

❖♥ ❝♦♥3✐❞6&❡ ❧❛ &♦-❛-✐♦♥ ρ = ρ(αk, ξ) ❞(✜♥✐❡ ❛✉ ❧❡♠♠❡ ✼✳✺✳ 0♦✉& {x, y, z} ⊂ 9✱ ♦♥ ♥♦-❡

δxyz = δxyz(αk, ξ) = det(ρχh(x)(Vx), ρ
χh(y)(Vy), ρ

χh(z)(Vz)).

❖♥ ♥♦-❡ ❧✬❛♣♣❧✐❝❛-✐♦♥ σ : R → {−1, 0, 1} +✉✐ ❛33♦❝✐❡ < x ∈ R 3♦♥ 3✐❣♥❡✱ (✈❡♥-✉❡❧❧❡♠❡♥- ♥✉❧ 3✐

x = 0✳ ❖♥ ♣♦3❡ ❛❧♦&3

ǫi = ǫi(αk, ξ) = σ(λi) ǫj = ǫj(αk, ξ) = σ(λj) ǫk = ǫk(αk, ξ) = σ(λk)

ǫm = ǫm(αk, ξ) = σ(λr′δr′rnδmrn) ǫn = ǫn(αk, ξ) = −σ(λr′δr′rmδnrm) ǫr = ǫr(αk, ξ) = σ(λr′δr′mnδrmn)

ǫs = ǫs(αk, ξ) = σ(µsλrµr) ǫt = ǫt(αk, ξ) = σ(µtλrµr)

❊♥✜♥✱ ♦♥ ♣♦3❡

Y = Y (αk, ξ) = λt′δmrnµrρ
χh(t

′)(Vt′) + λr′δr′rnµrρ
χh(m)(Vm) + µtλr′δr′mnρ

χh(t)(Vt).

❖♥ ❞(✜♥✐- Ωh
1,1(η) ⊂ [0, 2π]× {−1, 1} ♣❛&

(αk, ξ) ∈ Ωh
1,1(η) ⇔







∆(αk) ≥ 0
det(Y (αk, ξ), Vh, ρ(Vh)) = 0

ǫh := σ(δmrn)σ(µr)
σ(〈Vh∧Y (αk,ξ),Vh∧ρ(Vh)〉)+σ(〈ρ(Vh)∧Y (αk,ξ),ρ(Vh)∧Vh〉)

2
6= 0



✼✾

❆❧♦#$ ♦♥ ❛ ✉♥❡ ❜✐❥❡❝-✐♦♥ ❡♥-#❡ Ωh
1,1(η) ❡-

⋃

(ǫi)i∈9∈{−1,1}9
EΓ1,h,η(ǫ1V1, . . . , ǫ9V9) ♦. ❧❡$ (ǫi) $♦♥- ❞0✜♥✐$

♣❛# ❧❡$ ❢♦#♠✉❧❡$ ❝✐✲❞❡$$✉$✳

❖♥ ❝♦♠♠❡♥❝❡ ♣❛* ♣*♦✉✈❡* ❧❡ ❧❡♠♠❡ ✼✳✺✳ ❖♥ ❞1♠♦♥2*❡*❛ ❡♥3✉✐2❡ ✉♥❡ 31*✐❡ ❞❡ ❧❡♠♠❡3 ✐♥2❡*♠1✲

❞✐❛✐*❡3✳ ▲❡ ❧❡♠♠❡ ✼✳✾ ♠♦♥2*❡ 7✉❡ λi, λj, λk, µa, µb, µc 3♦♥2 ❧❡3 ❧♦♥❣✉❡✉*3 *❡❧❛2✐✈❡3 ❞❡3 2*✐❛♥❣❧❡3

❡①21*✐❡✉* ❡2 ✐♥21*✐❡✉*✱ ; ✉♥❡ ❤♦♠♦212❤✐❡ ❣❧♦❜❛❧❡ ♣*>3✳ ❊♥✜♥✱ ❧❡ ❧❡♠♠❡ ✼✳✶✶ ♠♦♥2*❡ 7✉❡ ❧❡3 ❝♦✲

❡✣❝✐❡♥23 ǫx 3♦♥2 ❧❡3 3✐❣♥❡3 ❞❡3 ❧♦♥❣✉❡✉*3 ❛❧❣1❜*✐7✉❡3 ❞❡3 ❛*C2❡3 ❞✬✉♥❡ ❝♦♥✜❣✉*❛2✐♦♥ ❝♦♠♣❛2✐❜❧❡

❛✈❡❝ ❧❡ ❝♦✉♣❧❡ (ρ, c) ❡2 ♠♦♥2*❡ 7✉❡ Y (αk, ξ) ❡32✱ ; ✉♥ ❝♦❡✣❝✐❡♥2 ♣*>3✱ ❧❛ ❞✐*❡❝2✐♦♥

−−→
F ′F ❞❡ ❧✬❛*C2❡

12✐7✉❡21❡ h✳

♣!❡✉✈❡ ❞✉ ❧❡♠♠❡ ✼✳✺ ✿ ❙♦✐2 (ρ, c) ∈ SO(3)×C14
❡2 3✉♣♣♦3♦♥3 7✉❡ ❧❡ ❝♦✉♣❧❡ ❡32 ❝♦♠♣❛2✐❜❧❡

❛✈❡❝ ❧❡3 ❞❡✉① 2*✐❛♥❣❧❡3 ✐♥21*✐❡✉* ❡2 ❡①21*✐❡✉*✳ ❆❧♦*3 ❧❡3 ❞❡✉① 2*✐♣❧❡23 ❞❡ ✈❡❝2❡✉*3 (ρ(Vk), Vi, Vj)
❡2 (ρ(Va), Vb, Vc) 3♦♥2 ❝♦♣❧❛♥❛✐*❡3 ✿

ρ(Vk) ∈ S(Vi, Vj) ρ(Va) ∈ S(Vb, Vc)

❈♦♠♠❡ (V1, . . . , V9) ∈ A✱ (Vi ∧ Vj) ∧ (Vb ∧ Vc) 6= 0 ❡2 (W,Yij,
Vi∧Vj

||Vi∧Vj ||
) ❡2 (W,Ybc,

Vb∧Vc
||Vb∧Vc||

) 3♦♥2

❞❡3 ❜❛3❡3 ♦*2❤♦♥♦*♠1❡3 ❞✐*❡❝2❡3 ❞❡ R3
2❡❧❧❡3 7✉✬✐❧ ❡①✐32❡ (αk, αa) ∈ R/2πZ2

2❡❧ 7✉❡

{

ρ(Vk) = cos(αk)W + sin(αk)Yij
ρ(Va) = cos(αa)W + sin(αa)Ybc

❖♥ ♣♦3❡

u = sin(αk)〈Yij, Ybc〉 v = cos(αk) w = 〈Vk, Va〉.
❖♥ ❛

〈ρ(Vk), ρ(Va)〉 = 〈Vk, Va〉
⇔ 〈cos(αk)W + sin(αk)Yij, cos(αa)W + sin(αa)Ybc〉 = 〈Vk, Va〉
⇔ 〈cos(αk)W + sin(αk)Yij,W 〉cos(αa) + 〈cos(αk)W + sin(αk)Yij, Ybc〉sin(αa) = 〈Vk, Va〉
⇔ usin(αa) + vcos(αa) = w

⇒ v2(1− sin(αa)
2) = (w − usin(αa))

2

⇔ (u2 + v2)sin(αa)
2 − 2wusin(αa) + w2 − v2 = 0. (1)

▲✬17✉❛2✐♦♥ (1) ❡♥ sin(αa) ❛❞♠❡2 ❞❡3 3♦❧✉2✐♦♥3 3✐ ❡2 3❡✉❧❡♠❡♥2 3✐

v2(u2 + v2 − w2) ≥ 0

❞♦♥❝ 3✐ ❡2 3❡✉❧❡♠❡♥2 3✐ v = 0 ♦✉

u2 + v2 − w2 ≥ 0 ⇔ 〈Yij, Ybc〉2sin2(αk) + cos2(αk)− 〈Vk, Va〉2 ≥ 0
⇔ (1− 〈Yij, Ybc〉2)∆(αk) ≥ 0



✽✵

▼♦♥%&♦♥' (✉❡ '✐ v = 0 ❛❧♦&' ∆(αk) ≥ 0✳ ❊♥ ❡✛❡%✱ '✐ v = 0 ❛❧♦&' cos(αk) = 0 ❡%

usin(αa) + vcos(αa) = w ⇔ usin(αa) = w
⇔ ±〈Yij, Ybc〉sin(αa) = 〈Vk, Va〉
⇔ sin(αa) =

±〈Vk,Va〉
〈Yij ,Ybc〉

❉♦♥❝ 〈Vk, Va〉2 ≤ 〈Yij, Ybc〉2✳ ❖& ❞❛♥' ❝❡ ❝❛' ∆(αk) =
1−〈Vk,Va〉

2

1−〈Yij ,Ybc〉2
− 1 ≥ 0✳

▲♦&'(✉❡ ∆(αk) ≥ 0 ✐❧ ❡①✐'%❡ ξ ∈ {−1, 1} %❡❧ (✉❡

sin(αa) =
uw − ξv

√
u2 + v2 − w2

u2 + v2

=
〈Vk, Va〉〈Yij, Ybc〉sin(αk)− ξcos(αk)

√

(1− 〈Yij, Ybc〉2)∆(αk)

〈Yij, Ybc〉2sin2(αk) + cos2(αk)
.

8♦'♦♥'

cos(αa) =
〈Vk, Va〉cos(αk) + ξ〈Yij, Ybc〉sin(αk)

√

(1− 〈Yij, Ybc〉2)∆(αk)

〈Yij, Ybc〉2sin2(αk) + cos2(αk)
.

❖♥ ✈:&✐✜❡ ❛❧♦&' ❢❛❝✐❧❡♠❡♥% (✉❡

sin2(αa) + cos2(αa) = 1

❡%

usin(αa) + vcos(αa) = w.

�

▲❡♠♠❡ ✼✳✼ ❙✐ 〈Yij, Ybc〉2 ≥ 〈Vk, Va〉2 ❛❧♦%& ♣♦✉% )♦✉) α✱ ♦♥ ❛ ∆(α) ≥ 0✳ ❙✐♥♦♥

∆(αk) ≥ 0 ⇔ αk ∈







[−arcsin
(√

1−〈Vk,Va〉2

1−〈Yij ,Ybc〉2

)

, arcsin
(√

1−〈Vk,Va〉2

1−〈Yij ,Ybc〉2

)

] mod(2π)

[π − arcsin
(√

1−〈Vk,Va〉2

1−〈Yij ,Ybc〉2

)

, π + arcsin
(√

1−〈Vk,Va〉2

1−〈Yij ,Ybc〉2

)

] mod(2π)

�

❘❡♠❛'(✉❡ ✼✳✽ ❖♥ ♣❡✉) ✐♥)❡%♣%/)❡% ❣/♦♠/)%✐2✉❡♠❡♥) ❧❡ ❧❡♠♠❡ ♣%/❝/❞❡♥)✳ ❈❡ ❧❡♠♠❡ ❞♦♥♥❡

✉♥❡ ❝♦♥❞✐)✐♦♥ ♣♦✉% 2✉❡ ρ(Vk) ✭%❡&♣✳ ρ(Va)✮ &♦✐) &✉% ❧❡ ❝❡%❝❧❡ S(Vi, Vj) ✭%❡&♣✳ S(Vb, Vc)✮✳ ❙✐
❧✬❛♥❣❧❡ ❡♥)%❡ ❧❡& ❝❡%❝❧❡& S(Vi, Vj) ❡) S(Vb, Vc) ❡&) ♣❧✉& ♣❡)✐) 2✉❡ ❧✬❛♥❣❧❡ ❡♥)%❡ Vk ❡) Va✱ ❛❧♦%&
♣♦✉% )♦✉) ρ(Vk) ∈ S(Vi, Vj) ✐❧ ❡①✐&)❡ ❞❡✉① ✐♠❛❣❡& ρ(Va) ♣♦&&✐❜❧❡& &✉% S(Vb, Vc) ✭/✈❡♥)✉❡❧❧❡♠❡♥)
❝♦♥❢♦♥❞✉❡&✮✳ ❙✐♥♦♥✱ ❝❡❧❛ %❡&)❡ ✈%❛✐ ❧♦❝❛❧❡♠❡♥) ❛✉)♦✉% ❞❡ ❧✬✐♥)❡%&❡❝)✐♦♥ ❞❡& ❞❡✉① ❝❡%❝❧❡&✳

❖♥ ♣❛&❛♠?%&❡ ❞:'♦&♠❛✐' ρ ♣❛& (αk, ξ)✳ ❖♥ ♣♦'❡ ❛❧♦&' ρ = ρ(αk, ξ) ❡% ♦♥ ✈❛ ❞:%❡&♠✐♥❡& ❧❡' ❛✉%&❡'

♣❛&❛♠?%&❡' ❞❡ ❧❛ ❝♦♥✜❣✉&❛%✐♦♥ ❡♥ ❢♦♥❝%✐♦♥ ❞✉ ❝♦✉♣❧❡ (αk, ξ)✳



✽✶

▲❡♠♠❡ ✼✳✾ ❙♦✉# ❧❡# ❤②♣♦)❤*#❡# ❞✉ ❧❡♠♠❡ ✼✳✻ ♦♥ ❛

λiVi + λjVj + λkρ(Vk) = 0

❡)

µaρ(Va) + µbVb + µcVc = 0.

 !❡✉✈❡✿ "❛$ ❞&✜♥✐*✐♦♥✱ ♦♥ ❛

Vi = 〈Vi,W 〉W + 〈Vi, Yij〉Yij

Vj = 〈Vj,W 〉W + 〈Vj, Yij〉Yij
ρ(Vk) = cos(αk)W + sin(αk)Yij.

❆✈❡❝ ❧❡2 ♥♦*❛*✐♦♥2 ❞❡ ❧✬&♥♦♥❝& ♦♥ ❛ ❛❧♦$2 ✿

λiVi = (〈Vj, Yij〉cos(αk)− 〈W,Vj〉sin(αk)) (〈Vi,W 〉W + 〈Vi, Yij〉Yij)

λjVj = (〈W,Vi〉sin(αk)− 〈Yij, Vi〉cos(αk)) (〈Vj,W 〉W + 〈Vj, Yij〉Yij)
λkρ(Vk) = (〈Yij, Vi〉〈W,Vj〉 − 〈W,Vi〉〈Yij, Vj〉) (cos(αk)W + sin(αk)Yij)

❡* ❧❛ $❡❧❛*✐♦♥ λiVi + λjVj + λkρ(Vk) = 0 2❡ ✈&$✐✜❡ ❢❛❝✐❧❡♠❡♥*✳ ❖♥ ♣$♦❝:❞❡ ❞❡ ❧❛ ♠;♠❡ ♠❛♥✐:$❡

♣♦✉$ ♠♦♥*$❡$ ❧❛ 2❡❝♦♥❞❡ $❡❧❛*✐♦♥✳

�

❘❡♠❛()✉❡ ✼✳✶✵ ❖♥ ♣❡✉) ❞3✜♥✐6 (αi, αj, αb, αc) ∈ (R/2πZ)4 ♣❛6

Vi = cos(αi)W + sin(αi)Yij Vj = cos(αj)W + sin(αj)Yij

Vb = cos(αb)W + sin(αb)Ybc Vc = cos(αc)W + sin(αc)Ybc

❛✈❡❝

cos(αi) = 〈W,Vi〉 sin(αi) = 〈Yij, Vi〉 cos(αj) = 〈W,Vj〉 sin(αj) = 〈Yij, Vj〉

cos(αb) = 〈W,Vb〉 sin(αb) = 〈Ybc, Vb〉 cos(αc) = 〈W,Vc〉 sin(αc) = 〈Ybc, Vc〉.
❖♥ ❛ ❛❧♦6#

λi = sin(αj − αk) λj = sin(αk − αi) λk = sin(αi − αj)

λa = sin(αb − αc) λb = sin(αc − αa) λc = sin(αa − αb).

▲❡2 ❧❡♠♠❡2 ✼✳✺ ❡* ✼✳✾ ❞&*❡$♠✐♥❡♥* ❧❡2 *$✐❛♥❣❧❡2 ✐♥*&$✐❡✉$ ❡* ❡①*&$✐❡✉$ ❞❡ Γ1 C ✉♥❡ ❤♦♠♦*❤&*✐❡

❣❧♦❜❛❧❡ ♣$:2✳



✽✷

▲❡♠♠❡ ✼✳✶✶ ❖♥ "❡♣"❡♥❞ ❧❡' ♥♦)❛)✐♦♥' ❞✉ ❧❡♠♠❡ ✼✳✻✳ ❙♦✐❡♥) (V1, . . . , V9) ∈ A✱ h ∈ {3, 4, 5}✱
η ∈ Dh

1,1 ❡) (ǫp) ∈ {−1, 1}9 ❡) '♦✐) (ρ, c) ✉♥ ♣♦✐♥) ❞✬✐♥)❡"'❡❝)✐♦♥✳ ❖♥ ♥♦)❡ λx ❧❛ ❧♦♥❣✉❡✉"
❛❧❣6❜"✐8✉❡ ❞❡ ❧✬❛"9)❡ x ❞❡ ❧❛ ❝♦♥✜❣✉"❛)✐♦♥ c✳ ❖♥ '✉♣♣♦'❡ µr 6= 0 ❡) δmrn 6= 0✳ ❖♥ ❛ ❛❧♦"'

λm = λr′
δr′rn
δmrn

λn = −λr′
δr′rm
δnrm

λr = λr′
δr′mn
δrmn

λs = µs
λr
µr

λt = µt
λr
µr

❊♥ ♣❛")✐❝✉❧✐❡"✱ ♦♥ ❛ ❜✐❡♥✱ ♣♦✉" )♦✉) p ∈ 9\{h}✱ ǫp = σ(λp)✳ ❉❡ ♣❧✉'✱ ♦♥ ❛

Y (αk, ξ) = µrδmrn
−−→
F ′F .

 !❡✉✈❡✿ ❖♥ $❛♣♣❡❧❧❡ ❧❡ ❣$❛♣❤❡ Γ1 ✿

r′

s′t′

D′ E′

F ′

r

st

D E

F

h

m n

▲❡- $❡❧❛.✐♦♥- ❞2✜♥✐--❛♥. λr✱ λm ❡. λn ✈✐❡♥♥❡♥. ❞❡ ❧✬2❣❛❧✐.2 ✈❡❝.♦$✐❡❧❧❡ -✉✐✈❛♥.❡ ✿

λr′ρ
χh(r

′)(Vr′) = λmρ
χh(m)(Vm) + λrρ

χh(r)(Vr)− λnρ
χh(n)(Vn)

❖♥ -❛✐. ❡♥ ♦✉.$❡ ✭❧❡♠♠❡ ✼✳✾✮ ?✉❡

µrρ
χh(r)(Vr) + µsρ

χh(s)(Vs) + µtρ
χh(t)(Vt) = 0

❉♦♥❝✱ ❝♦♠♠❡ µr 6= 0✱ ♦♥ ❛

λrρ
χh(r)(Vr) + λr

µs
µr
ρχh(s)(Vs) + λr

µs
µt
ρχh(t)(Vt) = 0

❞✬♦A ❧❡- ❧♦♥❣✉❡✉$-

λs = λr
µs
µr

λt = λr
µs
µt
.

❖♥ ♠♦♥.$❡ ❛❧♦$- ?✉❡ ♣♦✉$ p 6= h✱ ♦♥ ❛ ǫp = σ(λp)✳ B❛$ ❞2✜♥✐.✐♦♥✱ ♦♥ ❧❡ -❛✐. ❞2❥D ♣♦✉$ p ∈ {i, j, k}✳
B✉✐-✱ ♦♥ ❡①♣$✐♠❡

σ(λm) = σ

(

λr′
δr′rn
δmrn

)

= σ(λr′δr′rnδmrn) = ǫm

σ(λn) = −σ
(

λr′
δr′rm
δnrm

)

= −σ (λr′δr′rmδnrm)



✽✸

σ(λr) = σ

(

λr′
δr′mn
δrmn

)

= σ (λr′δr′mnδrmn)

σ(λs) = σ

(

µs
λr
µr

)

= σ (µsλrµr)

σ(λt) = σ (µtλrµr) .

❉❡ ♣❧✉'✱ ♦♥ ❝❛❧❝✉❧❡

µrδmrn
−−→
F ′F = µrδmrn(λt′ρ

χh(t
′)(Vt′) + λmρ

χh(m)(Vm)− λtρ
χh(t)(Vt))

= µrδmrnλt′ρ
χh(t

′)(Vt′) + µrλr′δr′rnρ
χh(m)(Vm) + µtλr′δr′mnρ

χh(t)(Vt)

= Y (αk, ξ).

�

♣!❡✉✈❡ ❞✉ ❧❡♠♠❡ ✼✳✻ ✿ ❙♦✐/ (αk, ξ) ∈ Ωh
1,1(η)✳ ❖♥ ♣♦'❡

ǫh := σ(δmrn)σ(µr)
σ (〈Vh ∧ Y (αk, ξ), Vh ∧ ρ(Vh)〉) + σ (〈ρ(Vh) ∧ Y (αk, ξ), ρ(Vh) ∧ Vh〉)

2

❖♥ 2❛♣♣❡❧❧❡ ❧❡ ❣2❛♣❤❡ ✿

r′

s′t′

D′ E′

F ′

r

st

D E

F

h

m n

❖♥ 2❛♣♣❡❧❧❡ ❛✉''✐ 6✉❡ ❝♦♠♠❡ η ∈ Dh
1,1✱ ✐❧ ❡①✐'/❡ ✉♥❡ ♣❡2♠✉/❛/✐♦♥ ❝②❝❧✐6✉❡ ❞❡' ❛2;/❡' ❞✉ /2✐❛♥❣❧❡

r′

s′t′

/❡❧❧❡ 6✉❡ ❧❡' ❛2;/❡' ❝♦22❡'♣♦♥❞❛♥/ < ✉♥❡ ❝♦♥✜❣✉2❛/✐♦♥ ❛✐❡♥/ ❧❡' ❞✐2❡❝/✐♦♥' ✐♥❞✐6✉>❡' '✉✐✈❛♥/❡' ✿

ǫiVi

ǫjVjρ(ǫkVk)

❖♥ ♥♦/❡ ❧❡' '♦♠♠❡/' ❞✉ /2✐❛♥❣❧❡ ♣2>❝>❞❡♥/ ♣❛2



✽✹

ǫiVi

ǫjVjρ(ǫkVk)

O B

C

❡# ♦♥ ❞'✜♥✐#

cB = λiVi cC = λiVi + λjVj

*✉❡ ❧✬♦♥ ❝♦♠♣❧1#❡ ♣♦✉2 ❞'✜♥✐2 ❧❛ ❝♦♥✜❣✉2❛#✐♦♥ 5✉✐✈❛♥#❡ ✿

cD = cD′ + λmρ
χh(m)(Vm) cE = cE′ + λnρ

χh(n)(Vn) cF = cD − λtρ
χh(t)(Vt).

❈❡##❡ ❝♦♥✜❣✉2❛#✐♦♥ ✈'2✐✜❡

∀p ∈ 9\{h}, π
χh(p)
e(Γ,p)(ρ, c) = ǫpVp.

❊♥ ❡✛❡#✱ ❝♦♠♠❡ (V1, . . . , V9) ∈ A✱ ❞❡5 ❝♦♥❞✐#✐♦♥5 ❞'❣'♥'2'❡5 ❝♦♠♠❡ µr = 0 ♦✉ δmrn = 0
♥✬❛22✐✈❡♥# ♣❛5 ❡# ❛✐♥5✐ ❧❡ ❧❡♠♠❡ ✼✳✶✶ ❛✣2♠❡ *✉❡ ǫp = σ(λp) ♣♦✉2 p 6= h✳

❉❡ ♣❧✉5✱ ♦♥ ❛

−−→
F ′F

||
−−→
F ′F ||

∈ [ǫhVh, ǫhρ(Vh)] 5✐ ❡# 5❡✉❧❡♠❡♥# 5✐















det
(−−→
F ′F , Vh, ρ(Vh)

)

= 0

ǫh〈Vh ∧
−−→
F ′F , Vh ∧ ρ(Vh)〉 ≥ 0

ǫh〈ρ(Vh) ∧
−−→
F ′F , ρ(Vh) ∧ Vh〉 ≥ 0

❖2 −−→
F ′F

||−−→F ′F ||
= σ(µr)σ(δmrn)

Y (αk, ξ)

||Y (αk, ξ)||

❉♦♥❝

−−→
F ′F

||
−−→
F ′F ||

∈ [ǫhVh, ǫhρ(Vh)] 5✐ ❡# 5❡✉❧❡♠❡♥# 5✐







det (Y (αk, ξ), Vh, ρ(Vh)) = 0
ǫhσ(µr)σ(δmrn)〈Vh ∧ Y (αk, ξ), Vh ∧ ρ(Vh)〉 ≥ 0

ǫhσ(µr)σ(δmrn)〈ρ(Vh) ∧ Y (αk, ξ), ρ(Vh) ∧ Vh〉 ≥ 0

❖2 ǫh :=
σ(δmrn)σ(µr)(σ(〈Vh∧Y (αk,ξ),Vh∧ρ(Vh)〉)+σ(〈ρ(Vh)∧Y (αk,ξ),ρ(Vh)∧Vh〉))

2
6= 0✱ ❞♦♥❝ ǫh ❡5# ❞✉ 5✐❣♥❡ ❝♦♠✲

♠✉♥ ❞❡ σ(δmrn)σ(µr)〈Vh∧Y (αk, ξ), Vh∧ρ(Vh)〉 ❡# ❞❡ σ(δmrn)σ(µr)〈ρ(Vh)∧Y (αk, ξ), ρ(Vh)∧Vh〉✳
C❛2 ❝♦♥5'*✉❡♥#✱ ❝♦♠♠❡ (αk, ξ) ∈ Ωh

1,1(η) ❛❧♦25

−−→
F ′F

||
−−→
F ′F ||

∈ [ǫhVh, ǫhρ(Vh)]✳ ❉♦♥❝✱ 5✐ ♦♥ ♥♦#❡

ρ(αk, ξ) ❡# c(αk, ξ) ❧❛ 2♦#❛#✐♦♥ ❡# ❧❛ ❝♦♥✜❣✉2❛#✐♦♥ ❛✐♥5✐ ❝♦♥5#2✉✐#❡✱ ♦♥ ❛ (ρ(αk, ξ), c(αk, ξ)) ∈
EΓ1,h,η(ǫ1V1, . . . , ǫhVh)✳ ❘'❝✐♣2♦*✉❡♠❡♥#✱ 5✐ (ρ, c) ∈ EΓ1,h,η(ǫ1V1, . . . , ǫ9V9)✱ ✐❧ ✈'2✐✜❡ ❧❛ ❝♦♥5#2✉❝✲

#✐♦♥ '#❛❜❧✐❡ ❞❛♥5 ❝❡##❡ ♣2❡✉✈❡✳

�



✽✺

❘❡♠❛$%✉❡ ✼✳✶✷ ❯♥❡ #♦%❛%✐♦♥ ❡(% ❡♥%✐)#❡♠❡♥% ❞,%❡#♠✐♥,❡ ♣❛# ❧✬✐♠❛❣❡ ❞❡ ❞❡✉① ✈❡❝%❡✉#( ♥♦♥

❝♦❧✐♥,❛✐#❡(✳ ❉❛♥( ♥♦%#❡ ♣#♦❜❧)♠❡✱ ✉♥❡ #♦%❛%✐♦♥ ❡(% ❞♦♥❝ ❡♥%✐)#❡♠❡♥% ❞,%❡#♠✐♥,❡ ♣❛# ❧✬✐♠❛❣❡ ❞❡(

✈❡❝%❡✉#( Vk ❡% Va ✭:✉✐ ♥❡ (♦♥% ♣❛( ❝♦❧✐♥,❛✐#❡( ❝❛# (V1, . . . , V9) ∈ A✮✳ ❊♥ ❡✛❡%✱ ♣♦✉# Wp ∈ S2
✱ ♦♥

❞,❝♦♠♣♦(❡ Wp = αpVk + βpVa + γpVk ∧ Va ❛✈❡❝

αp =
det(Wp, Va, Vk ∧ Va)
det(Vk, Va, Vk ∧ Va)

βp =
det(Wp, Vk, Vk ∧ Va)
det(Va, Vk, Vk ∧ Va)

γp =
det(Wp, Vk, Va)

det(Vk ∧ Va, Vk, Va)
❡% ❞❛♥( ❝❡ ❝❛(

ρ(Wp) = αpρ(Vk) + βpρ(Va) + γpρ(Vk) ∧ ρ(Va).

❘❡♠❛$%✉❡ ✼✳✶✸ ❆✈❡❝ ❧❡( ♥♦%❛%✐♦♥( ❡% (♦✉( ❧❡( ❤②♣♦%❤)(❡( ❞✉ ❧❡♠♠❡ ✼✳✺✱ ♦♥ ♣❡✉% ❡①♣#✐♠❡# ❡♥

❢♦♥❝%✐♦♥ ❞✉ ❝♦✉♣❧❡ (αk, ξ) ❧❛ #♦%❛%✐♦♥ ρ = ρ(αk, ξ)✳ ❙✐ ♦♥ #❡♣#❡♥❞ ❧❡( ♥♦%❛%✐♦♥( ❞❡ ❧❛ #❡♠❛#:✉❡
✼✳✶✷✱ ♦♥ ❛ ❛❧♦#(

ρ(Wp) = (αpcos(αk) + βpcos(αa(αk, ξ)))W + αpsin(αk)Yij + βpsin(αa(αk, ξ))Ybc

+γpcos(αk)sin(αa(αk, ξ))W ∧ Ybc + γpsin(αk)cos(αa(αk, ξ))Yij ∧W
+γpsin(αk)sin(αa(αk, ξ))Yij ∧ Ybc.

✼✳✸ ❙✐❣♥❡ ❞✬✉♥ ♣♦✐♥- ❞✬✐♥-❡./❡❝-✐♦♥

,$♦♣♦/✐1✐♦♥ ✼✳✶✹ ❙♦✐❡♥% h ∈ {3, 4, 5} ❡% η ∈ Dh
1,1✳ ❖♥ #❡♣#❡♥❞ ❧❡( ♥♦%❛%✐♦♥( ❞❡( ❧❡♠♠❡( ✼✳✺

❡% ✼✳✻✳ ❙♦✐% (αk, ξ) ∈ Ωh
1,1(η)✳ ❖♥ ♣♦(❡

X1 = (χh(r)− χh(t))µsρ
χh(r)−χh(t)+1

2 (Vk) ∧ ρχh(r)−χh(t)(Vr)

+ (χh(s)− χh(t))µrρ
χh(s)−χh(t)+1

2 (Vk) ∧ ρχh(s)−χh(t)(Vs)

❖♥ ♥♦%❡ pr1 ❧❛ ♣#♦❥❡❝%✐♦♥ ❞❡ Ω
h
1,1(η) (✉# αk ❡% ♦♥ ❝♦♥✈✐❡♥% ❞❡ ❧❛ ♥♦%❛%✐♦♥✱ ♣♦✉# αk ∈ pr1(Ω

h
1,1(η))✱

:✉❡ ι(αk) ❞,(✐❣♥❡ ❧✬,❧,♠❡♥% ❞❡ pr1(Ω
h
1,1(η)) ∪ δ−1

mrn(0) ∪ µ−1
r (0) ∪ ∆−1(0) :✉✐ ❧✉✐ (✉❝❝)❞❡✱ ❞❛♥(

❧✬♦#❞#❡ (✉# R/2πZ✳ ❖♥ ❛ ❛❧♦#(

β1,1 =
−1

289!

5
∑

h=3

∑

η∈Dh
1,1

∑

(αk,ξ)∈Ω
h
1,1(η)

(
∏

p 6=h,r

ǫp)σ
(

det(Vt, ρ
χh(s)−χh(t)(Vs), X1)

)

×σ
(

det(Y (
αk + ι(αk)

2
, ξ), Vh, ρ(Vh))

)

♦J

αk+ι(αk)
2

❞,(✐❣♥❡ ❧❡ ♠✐❧✐❡✉ ❞❡ ❧✬❛#❝ ♦#✐❡♥%, ❞❡ αk K ι(αk) (✉# ❧❡ ❝❡#❝❧❡ R/2πZ✳

"♦✉% ❞'♠♦♥*%❡% ❝❡**❡ ♣%♦♣♦.✐*✐♦♥✱ %❛♣♣❡❧♦♥. ❞✉ ❧❡♠♠❡ ✼✳✸ 6✉❡ ❧❡ .✐❣♥❡ ❞✬✉♥ ♣♦✐♥* ❞✬✐♥*❡%.❡❝*✐♦♥

❡.* '❣❛❧ 9 ❧✬♦♣♣♦.' ❞✉ .✐❣♥❡ ❞✉ ❥❛❝♦❜✐❡♥ ❞❡ ❧✬❛♣♣❧✐❝❛*✐♦♥

F
(6)
Γ,h,nΓ,Vh

: SO(3)× C14 −→ (S2)9\h × R

(ρ, c) 7−→ ((π
χh(i)
e(Γ,i)(ρ, c))i∈9\{h}, φVh,ρ(π

0
e(Γ,h)(c)))



✽✻

♦#

φVh,ρ : S2 −→ R

X 7−→ 〈X, Vh ∧ ρ(Vh)〉
❞✬❛♣()* ❧❡ ❧❡♠♠❡ ✼✳✸✳ ▲❡ *❝❤4♠❛ *✉✐✈❛♥9 ♠♦♥9(❡ ❛❧♦(* ❧❡* 49❛♣❡* ❞❡ ❧❛ ❢❛❝9♦(✐*❛9✐♦♥ ❞❡ ❧✬✐♥✈❡(*❡ ❧♦✲

❝❛❧ ❞❡ ❧✬❛♣♣❧✐❝❛9✐♦♥ F
(6)
Γ,h,nΓ,Vh

❛✉ ♣♦✐♥9 ❞✬✐♠❛❣❡ (W1, . . . , V̂h, . . . ,W9, 0) = (ǫ1V1, . . . , V̂h, . . . , ǫ9V9, 0)✱
❛✈❡❝ ✉♥ ❝♦✉(9 ❝♦♠♠❡♥9❛✐(❡ ❡9 ❧❛ (4❢4(❡♥❝❡ ❞✉ ❧❡♠♠❡ ♦# ❧✬♦♥ ❞49❡(♠✐♥❡ ❧❡ *✐❣♥❡ ❞✉ ❥❛❝♦❜✐❡♥ ❞✉

❢❛❝9❡✉(✳ ❖♥ (❛♣♣❡❧❧❡ ❛✉**✐ ❧❡ ❣(❛♣❤❡ Γ 49✉❞✐4 ✿

r′

s′t′

D′ E′

F ′

r

st

D E

F

h

m n

▲❡ *❝❤4♠❛ (4❝❛♣✐9✉❧❛9✐❢ ❡*9 ❛❧♦(* ❧❡ *✉✐✈❛♥9 ✿
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SO(3)× C14

S2
A × [0, π]× (R3){C,D,E,F}

F0, ♣❛"❛♠$%"❛❣❡ ❞✬✉♥❡ "♦%❛%✐♦♥ ❡% ❞✬✉♥❡ ❝♦♥✜❣✉"❛%✐♦♥

OO

S2
A × [0, π]× S2

i × S2
j × R+ × (R3){D,E,F}

F1, ❝♦♥0%"✉❝%✐♦♥ ❞❡ B ❡% C✱ ❧❡♠♠❡ ✼✳✶✻

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × (R3){D,E,F}

F2, ♣❛"❛♠$%"❛❣❡ ❞❡ ❧✬❛①❡ ❡% ❧✬❛♥❣❧❡ ❞❡ ❧❛ "♦%❛%✐♦♥✱ ❧❡♠♠❡ ✼✳✶✾

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × S2
m × S2

n × R+
m × R+

n × (R3){F}

F3, ❝♦♥0%"✉❝%✐♦♥ ❞❡0 ♣♦✐♥%0 D ❡% E✱ ❧❡♠♠❡ ✼✳✷✶

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × S2
m × S2

n × S2
r × (R3){F}

F4, ♣❛"❛♠$%"❛❣❡ ❞❡0 ❧♦♥❣✉❡✉"0 λm ❡% λn✱ ❧❡♠♠❡ ✼✳✷✷

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × S2
m × S2

n × S2
r × S2

s × R+
s

F5, ❝♦♥0%"✉❝%✐♦♥ ❞✉ ♣♦✐♥% F ✱ ❧❡♠♠❡ ✼✳✷✹

OO

S2
i × S2

j × R+ × S2
k × S2

m × S2
n × S2

r × S2
s × S2

t

F6, ♣❛"❛♠$%"❛❣❡ ❞❡ ❧✬❛";%❡ t✱ ❧❡♠♠❡ ✼✳✷✻

OO

S2
i × S2

j × S2
k × S2

m × S2
n × S2

r × S2
s × S2

t × R

F7, ♣❛"❛♠$%"❛❣❡ ❞❡ ❧✬❛";%❡ h✱ ❧❡♠♠❡ ✼✳✷✾

OO

❖♥ $❛♣♣❡❧❧❡ )✉❡ ♣♦✉$ ❞✐./✐♥❣✉❡$ ❝❤❛)✉❡ ❢❛❝/❡✉$ S2
✱ ♦♥ ♥♦/❡ ❡♥ ✐♥❞✐❝❡ ❧✬❛$6/❡ )✉✐ ❧✉✐ ❡./

❛✛❡❝/8❡✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛$ ✉♥ ❧❡♠♠❡ ♣$8❧✐♠✐♥❛✐$❡✱ )✉✐ ♣❡$♠❡/ ❞✬✐♥/$♦❞✉✐$❡ ✉♥❡ ♥♦/❛/✐♦♥ ✉/✐❧❡

♣♦✉$ ❧❛ .✉✐/❡ ✿

▲❡♠♠❡ ✼✳✶✺ ❙♦✐# F : M × N1 → M × N2 ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❞✐✛-.❡♥#✐❛❜❧❡✳ ❖♥ ♥♦#❡ F r
m :

N1 → N2;F
r
m(n) = F (m,n)✳ ❖♥ 2✉♣♣♦2❡ ❞❡ ♣❧✉2 3✉❡ ❧❛ ❢♦♥❝#✐♦♥ F ❡2# ❞❡ ❧❛ ❢♦.♠❡ F (m,n) =

(m,F r
m(n))✳ ❆❧♦.2

JacF (m,n) = JacF r
m
(n)

 !❡✉✈❡✿ ▲❛ ♠❛/$✐❝❡ ❥❛❝♦❜✐❡♥♥❡ JF (m,n) ❞❡ F ❛✉ ♣♦✐♥/ (m,n) .✬8❝$✐/ .♦✉. ❧❛ ❢♦$♠❡

(

M N1

M IM 0
N2 × JF r

m
(n)

)

�



✽✽

❘❛♣♣❡❧♦♥( )✉❡ ❧✬♦♥ ♣❛,❛♠./,❡ SO(3) ♣❛, ❧✬❛♣♣❧✐❝❛/✐♦♥ (✉✐✈❛♥/❡ ✿ S2
A× [0, π] → SO(3); (V, θ) 7→

ρV,θ✱ )✉✐ ❛ (V, θ) ❛((♦❝✐❡ ❧❛ ,♦/❛/✐♦♥ ❞✬❛①❡ V ❡/ ❞✬❛♥❣❧❡ θ ❡/ ♦8 S2
A ❡(/ ✉♥❡ ❝♦♣✐❡ ❞❡ S2

✳ ❖♥ ,❛♣♣❡❧❧❡

❛✉((✐ )✉❡ ❧✬♦♥ ❝❤♦✐(✐/ ❞❡ ♣❛,❛♠</,❡, ❧✬❡(♣❛❝❡ C14
♣❛, S2

B × (R3){C,D,E,F}
♦8 S2

B ❡(/ ✉♥❡ ❝♦♣✐❡ ❞❡

S2
)✉✐ ❝♦♥/✐❡♥/ ❧❛ ❞✐,❡❝/✐♦♥ ❞❡ ❧✬❛,=/❡

−−→
OB

||
−−→
OB||

❡/ R3
X := (R3){X}

❡(/ ✉♥❡ ❝♦♣✐❡ ❞❡ R3
❝♦♥/❡♥❛♥/ ❧❡(

❝♦♦,❞♦♥♥<❡( ❞❡ X✳ ❖♥ ❞<✜♥✐/ ❛❧♦,( ❧✬❛♣♣❧✐❝❛/✐♦♥ (✉✐✈❛♥/❡✱ )✉✐ ♣,<(❡,✈❡ ❧✬♦,✐❡♥/❛/✐♦♥ ✿

F0 : S2
A × [0, π]× S2 × (R3){C,D,E,F} −→ SO(3)× C14

(A, θ, c) 7−→ (ρA,θ, c)

❈♦♠♠❡♥@♦♥( ♣❛, ❞</❡,♠✐♥❡, ❧❡( (✐❣♥❡( ❛((♦❝✐<( A ❧❛ ❝♦♥(/,✉❝/✐♦♥ ❞❡( ♣♦✐♥/( B ❡/ C ✿

Wi

Wjρ(Wk)

O B

C

❖♥ ❞<✜♥✐/ ❧✬❛♣♣❧✐❝❛/✐♦♥

F r
1 : S2

i × S2
j × R+ −→ S2

B × R3
C

(Wi,Wj, x) 7−→ (Wi,Wi + xWj)

◗✉✐ ♣❛,❛♠./,❡ ❧❛ ❝♦♥(/,✉❝/✐♦♥ ❞❡ B = Wi ❡/ ❞❡ C = B + xWj✳

B

C

O

Wi

xWi

❖♥ ❞<✜♥✐/ ❛❧♦,( F1 ❞❡

S2
A × [0, π]× (S2

i × S2
j × R+)× (R3){D,E,F}

❞❛♥(

S2
A × [0, π]× (S2

B × R3
C)× (R3){D,E,F}

♣❛,

F1(ω1,Wi,Wj, x, ω2) = (ω1, F
r
1 (Wi,Wj, x), ω2).

▲❡♠♠❡ ✼✳✶✻ ❖♥ ❛ ✿

JacF1 > 0

 !❡✉✈❡✿ ❖♥ ❛♣♣❧✐)✉❡ ❧❡ ❧❡♠♠❡ ✼✳✶✺ ✿ ❖♥ ❛M = S2×[0, π]×(R3){D,E,F}
❡/ F r

1,m : S2
i×S2

j×R+ →
S2
B × R3

C ; (Wi,Wj, x) 7→ (Wi,Wi + xWj)✳ ❖♥ ❛ ❛❧♦,( JacF1 = JacF r
1
> 0✳

�



✽✾

❖♥ ✜①❡ U(x) =
−Wi−xWj

||−Wi−xWj ||
❡' ♦♥ ♥♦'❡ C(Wk, U(x)) := {ρ ∈ SO(3), ρ(Wk) = U(x)}✳ ❈♦♠♠❡

(V1, . . . , V9) ∈ A✱ ♦♥ -❛✐' 0✉✬❡♥ ♣❛4'✐❝✉❧✐❡4 ❧❡- ✈❡❝'❡✉4- ❞✉ '4✐♣❧❡' (Vi, Vj, Vk) ♥❡ -♦♥' ♣❛- ❝♦♣❧❛✲

♥❛✐4❡- ❞♦♥❝ Wk 6= ±U(x)✳ ▲❡ ❧❡♠♠❡ -✉✐✈❛♥' ❝❛4❛❝';4✐-❡ ❧✬❛①❡ A ❡' ❧✬❛♥❣❧❡ θ ❞❡ ❝❡- 4♦'❛'✐♦♥-✳

▲❡♠♠❡ ✼✳✶✼ ❖♥ ♣♦$❡ Px =
Wk∧U(x)

||Wk∧U(x)||
❡& Sx =

Wk+U(x)
||Wk+U(x)||

✳ ❙♦✐& ρ ∈ C(Wk, U(x))✳ ❖♥ ♣❛+❛♠-&+❡

❧❛ +♦&❛&✐♦♥ ♣❛+ ✉♥ ❝♦✉♣❧❡ (A, θ)✱ ♦2 θ ❞4$✐❣♥❡ ❧✬❛♥❣❧❡ ❞❡ ❧❛ +♦&❛&✐♦♥ ❛✈❡❝ θ ∈ [0, π]✱ ❡& A ∈ S2

❡$& ✉♥ ❛①❡ ❝♦++❡$♣♦♥❞❛♥&✳ ■❧ ❡①✐$&❡ ν ∈ [−π
2
, π
2
] &❡❧ :✉❡ ❧✬❛①❡ A ❞❡ ρ $✬4❝+✐&

A(ν,Wk) = cos(ν)Px + sin(ν)Sx.

;♦$♦♥$ θx =
(Wk,U(x))

2
✳ ▲✬❛♥❣❧❡ θ ❞❡ ❧❛ +♦&❛&✐♦♥ ✈4+✐✜❡ ❧❡$ 4:✉❛&✐♦♥$ $✉✐✈❛♥&❡$

cos(θ) =
cos2(θx)cos

2(ν)− sin2(θx)

cos2(θx)cos2(ν) + sin2(θx)
sin(θ) =

sin(2θx)cos(ν)

cos2(θx)cos2(ν) + sin2(θx)
.

 !❡✉✈❡✿ ❖♥ -❛✐' 0✉❡ ❧✬❛①❡ A ❞❡ ❧❛ 4♦'❛'✐♦♥ ρ ∈ C(Wk, U(x)) ❡-' ;0✉✐❞✐-'❛♥' ❞❡ Wk ❡' U(x)✱
♣❛4 ❝♦♥-;0✉❡♥' A -❡ '4♦✉✈❡ -✉4 ❧❡ ❝❡4❝❧❡ ♠;❞✐❛'❡✉4 ❞❡ [Wk, U(x)] ❡' -✬❡①♣4✐♠❡ ♣❛4 A(ν,Wk) =
cos(ν)Px + sin(ν)Sx✱ ♦= ν ∈ [−π

2
, π
2
] ❝❛4 θ ∈ [0, π]✳

Px

Px ∧ Sx

Sx U(x)

Wk

A(x, ν)
ν

❙♦✐' B(ν,Wk) ∈ S2
'❡❧ 0✉❡ (A(ν,Wk), B(ν,Wk), Px ∧ Sx) -♦✐' ✉♥❡ ❜❛-❡ ♦4'❤♦♥♦4♠;❡ ❞✐4❡❝'❡ ❞❡

R3
✳ ❖♥ ♥♦'❡ ♣❧✉- -✐♠♣❧❡♠❡♥' B = B(ν,Wk) ❡' A = A(ν,Wk)✳ ❖♥ ;❝4✐'

U(x) = cos(θx)Sx + sin(θx)Px ∧ Sx
= cos(θx)(cos(ν)B + sin(ν)A) + sin(θx)Px ∧ Sx
= +cos(θx)sin(ν)A+ cos(θx)cos(ν)B + sin(θx)Px ∧ Sx.

❉✬❛✉'4❡ ♣❛4'

Wk = cos(θx)Sx − sin(θx)Px ∧ Sx
= +cos(θx)sin(ν)A+ cos(θx)cos(ν)B − sin(θx)Px ∧ Sx.



✾✵

❉♦♥❝

ρ(Wk) = cos(θx)sin(ν)A+ (cos(θx)cos(ν)cos(θ) + sin(θ)sin(θx))B

+ (cos(θx)cos(ν)sin(θ)− sin(θx)cos(θ))Px ∧ Sx.

▲❛ ❝♦♥❞✐*✐♦♥ ρ(Wk) = U(x) +,✉✐✈❛✉* /

{

cos(θx)cos(θ)cos(ν) + sin(θx)sin(θ) = cos(θx)cos(ν)
sin(θ)cos(ν)cos(θx)− sin(θx)cos(θ) = sin(θx).

❊♥ ♠✉❧*✐♣❧✐❛♥* ❧❛ ♣4❡♠✐64❡ ❧✐❣♥❡ ♣❛4 sin(θx) ❡* ❧❛ 8❡❝♦♥❞❡ ♣❛4 cos(ν)cos(θx) ❡* ❡♥ ❧❡8 ❛❞❞✐*✐♦♥✲

♥❛♥*✱ ♦♥ *4♦✉✈❡

sin(θ) =
2cos(θx)sin(θx)cos(ν)

cos(θx)2cos2(ν) + sin2(θx)
.

❊♥ ♠✉❧*✐♣❧✐❛♥* ❧❛ ♣4❡♠✐64❡ ❧✐❣♥❡ ♣❛4 cos(θx)cos(ν) ❡* ❧❛ 8❡❝♦♥❞❡ ♣❛4 −sin(θx) ❡* ❡♥ ❧❡8 ❛❞❞✐✲

*✐♦♥♥❛♥* ♦♥ *4♦✉✈❡

cos(θ) =
cos(θx)

2cos2(ν)− sin2(θx)

cos(θx)2cos2(ν) + sin2(θx)
.

�

❖♥ ❞+✜♥✐* ❛❧♦48

F r
2 : [−π

2
, π
2
]× (S2

k\{±U(x)}) −→ (S2
A\{±U(x)})× [0, π]

(ν,Wk) 7−→ (A(ν,Wk), θ(ν,Wk))

❡* ❧✬❛♣♣❧✐❝❛*✐♦♥ F2 ❞❡

[−π
2
,
π

2
]× S2

i × S2
j × R+ × S2

k × (R3){D,E,F}

❞❛♥8

S2
A × [0, π]× S2

i × S2
j × R+ × (R3){D,E,F}

♣❛4

F2(ν, ω2,Wk, ω3) = (A(ν,Wk), θ(ν,Wk), ω2, ω3).

❘❡♠❛$%✉❡ ✼✳✶✽ ▲✬❛♣♣❧✐❝❛'✐♦♥ F r
2 ♥✬❡+' ❜✐❡♥ ❞.✜♥✐❡ 0✉❡ +✉2 [−π

2
, π
2
]×(S2

k\{±U(x)})✳ ❖♥ ♦✉❜❧✐❡
✈♦❧♦♥'❛✐2❡♠❡♥' ❞✬❡♥❧❡✈❡2 ±U(x) ❞❛♥+ ❧✬.❝2✐'✉2❡ ❞❡ F2 ❝❛2 ♦♥ '2❛✈❛✐❧❧❡ ❧♦❝❛❧❡♠❡♥' ❛✉ ✈♦✐+✐♥❛❣❡

❞❡ ♣♦✐♥'+ ❣.♥.2✐0✉❡+✳

▲❡♠♠❡ ✼✳✶✾ 8❛2'♦✉' ♦9 ❧❛ ❢♦♥❝'✐♦♥ F2 ❡+' ❜✐❡♥ ❞.✜♥✐❡ ✭❝❢ 2❡♠❛20✉❡ ♣2.❝.❞❡♥'❡✮✱ ♦♥ ❛

JacF2 > 0.



✾✶

 !❡✉✈❡✿ ▲✬❛♣♣❧✐❝❛)✐♦♥

F r
2 : [−π

2
,
π

2
]× (S2

k\{±U(x)}) → ((S2
A\{±U(x)})×]0, π])\(U(x)⊥ × {π})

❡-) ✉♥ ❞✐✛1♦♠♦3♣❤✐-♠❡ ❣❧♦❜❛❧✳ ▲✬❛♣♣❧✐❝❛)✐♦♥ ✐♥✈❡3-❡ ❡-) ❞♦♥♥1❡ ♣❛3 (F r
2 )

−1(A, θ) = (ν, ρ−1
A,θ(U(x)))

♦9 ν ❡-) ❧✬❛♥❣❧❡ ❡♥)3❡ A ❡)

ρ−1
A,θ

(U(x))∧U(x)

||ρ−1
A,θ

(U(x))∧U(x)||
✱ -✉3 ❧❡ ❝❡3❝❧❡ ❞❡ ❜❛-❡ ❞✐3❡❝)❡

(

ρ−1
A,θ(U(x)) ∧ U(x)

||ρ−1
A,θ(U(x)) ∧ U(x)||

,
U(x) + ρ−1

A,θ(U(x))

||U(x) + ρ−1
A,θ(U(x))||

)

.

;❛3 ❝♦♥-1<✉❡♥) ❧❡ -✐❣♥❡ ❞✉ ❥❛❝♦❜✐❡♥ ❞❡ F r
2 ❡-) ❝♦♥-)❛♥)✳ ❖♥ ❧❡ ❞1)❡3♠✐♥❡ ❛✉ ✈♦✐-✐♥❛❣❡ ❞❡

(π/2,Wk)✳ ❇✐❡♥ <✉❡ (π/2,Wk) ❛♣♣❛3)✐❡♥♥❡ ❛✉ ❜♦3❞ ❞✉ ❞♦♠❛✐♥❡ ❞❡ ❞1✜♥✐)✐♦♥ ❞❡ F r
2 ✱ ♦♥ ♣❡✉) ❧❡

❝❛❧❝✉❧❡3 ❡♥ 3❡-)❛♥) ❞❛♥- ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❞1✜♥✐)✐♦♥ ✭❝❢ ❞❡--✐♥ ❝✐✲❞❡--♦✉-✮✳ ❈♦♠♠❡ ❧❡ ❥❛❝♦❜✐❡♥ ❡-)

❞❡ -✐❣♥❡ ❝♦♥-)❛♥)✱ ❧❡ -✐❣♥❡ )3♦✉✈1 ❝♦33❡-♣♦♥❞ ❛✉ -✐❣♥❡ ❞❡ JacF r
2
✳

Px

Wx

U(x)
Wk

W 2
k

W 1
k

A1

A2

❖♥ ❝❤♦✐-✐) ❝♦♠♠❡ ❜❛-❡ ❞❡ TWk
S2
k ❧❡ ❝♦✉♣❧❡ (W 1

k ,W
2
k ) ❞❡--✐♥1 -✉3 ❧❛ ✜❣✉3❡✱ ❞❡ )❡❧❧❡ ♠❛♥✐F3❡ <✉❡

W 1
k -♦✐) )❛♥❣❡♥) ❛✉ ❝❡3❝❧❡ ❝❡♥)31 ❡♥ U(x) ♣❛--❛♥) ♣❛3 Wk✳ ❆❧♦3- ❧❡- ✐♠❛❣❡- (A1, A2) ❞❡- ✈❡❝)❡✉3-

)❛♥❣❡♥)- ♣❛3 dF r
2 -♦♥) ❞❡--✐♥1- -✉3 ❧❛ ✜❣✉3❡ ❡) ❢♦3♠❡♥) ✉♥❡ ❜❛-❡ ❞✐3❡❝)❡ ❞❡ TAS

2
A✳ ▲❛ ♠❛)3✐❝❡

❥❛❝♦❜✐❡♥♥❡ ❛✉ ♣♦✐♥) (π/2,Wk) -✬1❝3✐) ❛❧♦3-





ν W 1
k W 2

k

A1 × 1 0
A2 × 0 1
θ 1 0 0





❡) ♣❛3 ❝♦♥-1<✉❡♥) JF r
2
(π/2,Wk) > 0✳



✾✷

�

❖♥ ❝♦♥&'(✉✐' ❡♥&✉✐'❡ ❧❡& ♣♦✐♥'& D ❡' E✳ ❖♥ ❞0✜♥✐' ❧❛ ❢♦♥❝'✐♦♥

F r
3 : S2

m × S2
n × R+

m × R+
n −→ (R3){D,E}

(Wm,Wn, λ
′
m, λ

′
n) 7−→ (D′ + λ′mρ

χh(m)(Wm), E
′ + λ′nρ

χh(n)(Wn))

D′ E′

F ′

r

st

D E

F

h

m n

❖♥ ✐❧❧✉&'(❡ ❧❛ ❞0♠♦♥&'(❛'✐♦♥ ❡♥ ❞❡&&✐♥❛♥' ❧❡ ❣(❛♣❤❡ ❞❡ ❧❛ ♠❛♥✐7(❡ &✉✐✈❛♥'❡ ✿ ❧❡& ❛(:'❡& ❡♥

♣♦✐♥'✐❧❧0& ♥❡ &♦♥' ♣❛& ❡♥❝♦(❡ '(❛✐'0❡&✱ ♦♥ ❛ ❞❡&&✐♥0 ❡♥ ❣(❛& ❝❡❧❧❡& <✉✐ ♥♦✉& ✐♥'0(❡&&❡♥' ❡' ❡♥ '(❛✐'

♥♦(♠❛❧ ❝❡❧❧❡& <✉✬♦♥ ❛ ❞0❥? '(❛✐'0❡&✳ ❖♥ ❞0✜♥✐' ❧❛ ❢♦♥❝'✐♦♥ F3 ❞❡

[−π
2
,
π

2
]× S2

i × S2
j × R+ × S2

k × S2
m × S2

n × R+
m × R+

n × (R3){F}

❞❛♥&

[−π
2
,
π

2
]× S2

i × S2
j × R+ × S2

k × (R3){D,E,F}

♣❛(

F3(ω1,Wm,Wn, λ
′
m, λ

′
n, ω2) = (ω1, F

r
3 (Wm,Wn, λ

′
m, λ

′
n), ω2).

❘❡♠❛$%✉❡ ✼✳✷✵ ❆✈❡❝ ❧❡% ♥♦(❛(✐♦♥% ❞✉ ❧❡♠♠❡ ✼✳✶✶✱ ♦♥ ❛

λ′m = |λm| λ′n = |λn|.
▲❡♠♠❡ ✼✳✷✶ ❖♥ ❛

JacF3 > 0.

 !❡✉✈❡✿ ■❧ &✬❛❣✐' ❞❡ ❧❛ ♠:♠❡ ♣(❡✉✈❡ <✉❡ ♣♦✉( ♠♦♥'(❡( <✉❡ JacF1 > 0✳

�

❖♥ ♣♦&❡ ❛❧♦(&

F r
4 : S2

r −→ R+
m × R+

n

(Wr) 7−→ (λ′m(Wr), λ
′
n(Wr))

D′ E′

F ′

r

st

D E

F

h

m n



✾✸

▲❛ ❢♦♥❝(✐♦♥ F r
4 ❞+(❡-♠✐♥❡ ❧❡0 ❧♦♥❣✉❡✉-0 λ′m ❡( λ′n ♣♦✉- 4✉❡

−−→
DE 0♦✐( ♣♦-(+ ♣❛- ❧❛ ❞✐-❡❝(✐♦♥

ρχh(r)(Wr)✳ ❖♥ ❞+✜♥✐( F4 ❞❡

[−π
2
,
π

2
]× S2

i × S2
j × R+ × S2

k × S2
m × S2

n × S2
r × (R3){F}

❞❛♥0

[−π
2
,
π

2
]× S2

i × S2
j × R+ × S2

k × S2
m × S2

n × R+
m × R+

n × (R3){F}

♣❛-

F4(ω1,Wr, ω2) = (ω1, F
r
4 (Wr), ω2).

▲❡♠♠❡ ✼✳✷✷ ❖♥ ❛

JacF4 = det(ρχh(r)(Wr), ρ
χh(n)(Wn), ρ

χh(m)(Wm))

= ǫrǫnǫmdet(ρ
χh(r)(Vr), ρ

χh(n)(Vn), ρ
χh(m)(Vm))

σ(JacF4) = ǫnǫmǫrσ
(

det(ρχh(r)(Vr), ρ
χh(n)(Vn), ρ

χh(m)(Vm))
)

= ǫnǫmǫrσ(δrnm).

 !❡✉✈❡✿ ■❧ 0✉✣( ❞✬+(✉❞✐❡- ❧❡ ❥❛❝♦❜✐❡♥ ❞❡ ❧✬❛♣♣❧✐❝❛(✐♦♥ ✐♥✈❡-0❡ -❡0(-❡✐♥(❡ ✿ (F r
4 )

−1 : (λ′m, λ
′
n) 7→

Wr✳ ❈❡((❡ ❛♣♣❧✐❝❛(✐♦♥ ❡0( ❡♥ ❢❛✐( ❝♦♥0(-✉✐(❡ 0✉- ❧❡ 0❝❤+♠❛ 0✉✐✈❛♥( ✿

D′ E′

D

E

λ′mρ
χh(χm)(Wm)

λ′nρ
χh(n)(Wn)

ρχh(r)(Wr)

W 1
r

W 2
r

❖♥ ♥♦(❡ W 1
r ✭-❡0♣❡❝(✐✈❡♠❡♥( W 2

r ✮ ❧❡ ✈❡❝(❡✉- (❛♥❣❡♥( C TWr
S2

✐♠❛❣❡ ♣❛- ❧✬❛♣♣❧✐❝❛(✐♦♥ (❛♥❣❡♥(❡

❞✉ ✈❡❝(❡✉- λ′m ✭-❡0♣❡❝(✐✈❡♠❡♥( λ′n✮✳ ❈❡0 ✈❡❝(❡✉-0 (❛♥❣❡♥(0 0♦♥( ❞❡00✐♥+0 0✉- ❧❛ ✜❣✉-❡ ♣-+❝+❞❡♥(❡✳

▲❡ 0✐❣♥❡ ❞✉ ❥❛❝♦❜✐❡♥ ❡0( ❛❧♦-0 ❝❡❧✉✐ ❞❡

det
(

ρχh(r)(Wr),−λ′mρχh(m)(Wm), λ
′
nρ

χh(n)(Wn)
)

= det
(

ρχh(r)(Wr), λ
′
nρ

χh(n)(Wn), λ
′
mρ

χh(m)(Wm)
)

.

�

❖♥ ♣♦0❡ λ′r = ||−−→DE|| ❡( ♦♥ ❞+✜♥✐(



✾✹

F r
5 : S2

s × R+
s −→ R3

F

(Ws, λ
′
s) 7−→ (E + λ′sλ

′
rρ
χh(s)(Ws))

D′ E′

F ′

r

st

D E

F

h

m n

▲❛ ❢♦♥❝(✐♦♥ F r
5 ❞+(❡-♠✐♥❡ ❧❛ ♣♦1✐(✐♦♥ ❞❡ F = E + λ′sλ

′
rρ
χh(s)(Ws)✳ ▲❡1 ♣♦✐♥(1 O, . . . , E 1♦♥(

❝♦♥1✐❞+-+1 ❝♦♠♠❡ ✜①❡1✳

F

E λ′sλ
′
rρ

χh(s)(Wi)

❘❡♠❛$%✉❡ ✼✳✷✸ ▲❡ ♣❛$❛♠&'$❡ λ′s ♥❡ ❞*+✐❣♥❡ ♣❛+ ❧❛ ❧♦♥❣✉❡✉$ ❞❡ ❧✬❛$2'❡ s✳ ■❧ ♥❡ ❞♦✐' ♣❛+ 2'$❡
❝♦♥❢♦♥❞✉ ❛✈❡❝ ❧❡ ♣❛$❛♠&'$❡ λs ❞❡ ❧❛ +♦✉+✲+❡❝'✐♦♥ ♣$*❝*❞❡♥'❡✳ ❖♥ ❛ ❡♥ ❢❛✐' λ

′
s =| λs

λr
|=| µs

µr
| .

❖♥ ❞+✜♥✐( ❧❛ ❢♦♥❝(✐♦♥ F5 ❞❡

[−π
2
,
π

2
]× S2

i × S2
j × R+ × S2

k × S2
m × S2

n × S2
r × S2

s × R+
s

❞❛♥1

[−π
2
,
π

2
]× S2

i × S2
j × R+ × S2

k × S2
m × S2

n × S2
r × (R3){F}

♣❛-

F5(ω1,Ws, λ
′
s) = (ω1, F

r
5 (Ws, λ

′
s)).

▲❡♠♠❡ ✼✳✷✹

JacF5 > 0.

�

❆✈❛♥( ❞❡ ❞+✜♥✐- ❧❡1 ❞❡✉① ❞❡-♥✐9-❡1 ❢♦♥❝(✐♦♥1✱ ♦♥ ♣-♦✉✈❡ ✉♥ ❧❡♠♠❡ ♣-+❧✐♠✐♥❛✐-❡✳ ❖♥ ✜①❡ ❧❡1

✈❡❝(❡✉-1 U(x) =
−Wi−xWj

||Wi+xWj ||
❡( Wk ∈ S2\{±U(x)}✳ ❖♥ ♣♦1❡ θx = (Wk,U(x))

2
✱ Px = Wk∧U(x)

||Wk∧U(x)||
❡(

Sx =
Wk+U(x)

||Wk+U(x)||
✳ ❘❛♣♣❡❧♦♥1 <✉❡ C(Wk, U(x)) = {ρ ∈ SO(3), ρ(Wk) = U(x)}✳ ❉✬❛♣-91 ❧❡ ❧❡♠♠❡

✼✳✶✼✱ ♦♥ ♣❛-❛♠9(-❡ C(Wk, U(x)) ♣❛- ❧✬❛♣♣❧✐❝❛(✐♦♥ [−π
2
, π
2
]/−π

2
≡π

2
→ SO(3); ν 7→ ρA(ν),θ(ν) ♦!

A(ν,Wk) = cos(ν)Px + sin(ν)Sx

cos(θ) =
cos2(θx)cos

2(ν)− sin2(θx)

cos2(θx)cos2(ν) + sin2(θx)
sin(θ) =

sin(2θx)cos(ν)

cos2(θx)cos2(ν) + sin2(θx)
.



✾✺

▲❡♠♠❡ ✼✳✷✺ ❙♦✐❡♥% V ∈ S2
❡% p ∈ {−1, 0, 1}✳ ❖♥ ♥♦%❡ ❧❛ ❢♦♥❝%✐♦♥ ,✈❛❧✉❛%✐♦♥

ψV,p : [−
π

2
,
π

2
]/−π

2
≡π

2
→ S2; ν 7→ ρpA(ν),θ(ν)(V )

❆❧♦01

∂

∂ν
ψV,p = pωk,xρ

p+1
2 (Wk) ∧ ρp(V )

♦2 ωk,x =
2sin(θx)

cos2(θx)cos2(ν)+sin2(θx)
✳ ❉❡ ♣❧✉1✱ θx ∈]0, π2 [ ❞♦♥❝ ωk,x > 0✳

 !❡✉✈❡✿ ❖♥ $❛♣♣❡❧❧❡ ❧❡ )❝❤,♠❛ ❞❡ ❝♦♥)0$✉❝0✐♦♥ ❞❡ ❧❛ $♦0❛0✐♦♥ ρA(ν),θ(ν) ✿
Px

Wx

Sx U(x)

Wk

A(x, ν)
ν

▲❡ ❝❛) p = 0 ❡)0 ,✈✐❞❡♥0✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛$ ♣$♦✉✈❡$ ❧❡ ❧❡♠♠❡ ♣♦✉$ ❧❡ ❝❛) p = 1✳ ❖♥ ♥♦0❡ ♣♦✉$

♣❧✉) ❞❡ )♦✉♣❧❡))❡ α = cos(θx) ❡0 β = sin(θx)✱ ❡0 ❞♦♥❝

cos(θ) =
α2cos2(ν)− β2

α2cos2(ν) + β2
= 1− 2β2

α2cos(ν)2 + β2
sin(θ) =

2αβcos(ν)

α2cos2(ν) + β2
.

❖♥ ❝❛❧❝✉❧❡ ✿

∂cos(θ)
∂ν

= −2β2×2α2cos(ν)sin(ν)
(α2cos2(ν)+β2)2

= −sin(ν)
cos(ν)

× 4β2α2cos2(ν)
(α2cos2(ν)+β2)2

= −tan(ν)sin2(θ)

❡0

∂sin(θ)
∂ν

= 2αβ−sin(ν)(α2cos2(ν)+β2)+2α2cos2(ν)sin(ν)
(α2cos2(ν)+β2)2

= 2αβsin(ν) α2cos2(ν)−β2

(α2cos2(ν)+β2)2

= sin(ν)
cos(ν)

× 2αβ
α2cos2(ν)+β2 × α2cos2(ν)−β2

α2cos2(ν)+β2

= tan(ν)cos(θ)sin(θ).

❖♥ ❞,✜♥✐0 B = Wx ∧ A ❞❡ 0❡❧❧❡ )♦$0❡ 9✉❡ (A,B,Wx) )♦✐0 ✉♥❡ ❜❛)❡ ♦$0❤♦♥♦$♠,❡ ❞✐$❡❝0❡ ❞❡

R3
✳ ;❛$0❛♥0 ❞✬✉♥❡ ❞,❝♦♠♣♦)✐0✐♦♥ ❞❡ V ❞❛♥) ❧❛ ❜❛)❡ (Px, Sx,Wx)✱ ♦♥ ,❝$✐0 )❡) ❝♦♦$❞♦♥♥,❡) ❞❛♥)

(A,B,Wx)✱ ♣❧✉) ❛❞❛♣0,❡ ♣♦✉$ ,❝$✐$❡ ❧❛ $♦0❛0✐♦♥ ρ(V ) ✿

V = aPx + bSx + cWx

= a(cos(ν)A− sin(ν)B) + b(sin(ν)A+ cos(ν)B) + cWx

= (acos(ν) + bsin(ν))A+ (bcos(ν)− asin(ν))B + cWx.



✾✻

❉♦♥❝

ρ(V ) = (acos(ν) + bsin(ν))A+ ((bcos(ν)− asin(ν))cos(θ)− csin(θ))B

+((bcos(ν)− asin(ν))sin(θ) + ccos(θ))Wx.

❈♦♠♠❡ A = cos(ν)Px + sin(ν)Sx ❛❧♦+,

∂A
∂ν

= −sin(ν)Px + cos(ν)Sx = B = Wx ∧ A✳ ❉❡ ♠.♠❡

B = −sin(ν)Px+ cos(ν)Sx ❞♦♥❝ ∂B
∂ν

= −cos(ν)Px−sin(ν)Sx = −A = Wx∧B✳ ❖♥ ❝❛❧❝✉❧❡ ❞♦♥❝

❡♥ +❡❣+♦✉♣❛♥4 ❧❡, ♠❡♠❜+❡, ✭❧❡, ♠❛4+✐❝❡, ,♦♥4 8❝+✐4❡, ❞❛♥, ❧❛ ❜❛,❡ (A,B,Wx)✮ ✿

∂ρ(V )

∂ν
= (acos(ν) + bsin(ν))B − ((bcos(ν)− asin(ν))cos(θ)− csin(θ))A

+(−asin(ν) + bcos(ν))A− (bsin(ν) + acos(ν))cos(θ)B − (bsin(ν) + acos(ν))sin(θ)Wx

+((bcos(ν)− asin(ν))
∂cos(θ)

∂ν
− c

∂sin(θ)

∂ν
)B + ((bcos(ν)− asin(ν))

∂sin(θ)

∂ν
+ c

∂cos(θ)

∂ν
)Wx

= Wx ∧ ρ(V )−





asin(ν)− bcos(ν)
(bsin(ν) + acos(ν))cos(θ)
(bsin(ν) + acos(ν))sin(θ)





−tan(ν)sin(θ)





0
(bcos(ν)− asin(ν))sin(θ) + ccos(θ)
(−bcos(ν) + asin(ν))cos(θ) + csin(θ)





= Wx ∧ ρ(V ) +





0
sin(θ)
−cos(θ)



 ∧ ρ(V ) + tan(ν)sin(θ)A ∧ ρ(V )

=





tan(ν)sin(θ)
sin(θ)

1− cos(θ)



 ∧ ρ(V ).

❖♥♠♦♥4+❡ ❛❧♦+, ❢❛❝✐❧❡♠❡♥4 <✉❡





tan(ν)sin(θ)
sin(θ)

1− cos(θ)



 = 2β
α2cos2(ν)+β2





αsin(ν)
αcos(ν)

β





✳ ▼❛✐, ❝♦♠♠❡ ρ(Wk) =

Ux = αSx + βWx = αsin(ν)A+ αcos(ν)B + βWx✱ ♦♥ ♦❜4✐❡♥4 ❧✬8❣❛❧✐48 ✈♦✉❧✉❡✳

❚+❛✐4♦♥, ❧❡ ❝❛, p = −1✳ ❖♥ ,❡ +❛♠B♥❡ ❛✉ ❝❛, ♣+8❝8❞❡♥4 ❝❛+ ρ−1
A,θ = ρA,−θ✳ ❈❡❧❛ +❡✈✐❡♥4 C

❝❤❛♥❣❡+ θ ❡♥ −θ✳ ❉♦♥❝

∂ψV,−1

∂ν
=

−2β

α2cos2(ν) + β2





αsin(ν)
αcos(ν)
−β



 ∧ ρ−1(V ).

❈♦♠♠❡ Wk = αSx − βWx ❧❡ +8,✉❧4❛4 ❡♥ ❞8❝♦✉❧❡✳

�



✾✼

❖♥ ❞%✜♥✐(

F r
6 : S2

t −→ [−π
2
, π
2
]× R+

s

Wt 7−→ (ν(Wt), λ
′
s(Wt))

D′ E′

F ′

r

st

D E

F

h

m n

▲✬❛♣♣❧✐❝❛(✐♦♥ F r
6 ❛00♦❝✐❡ 2Wt ❧❡ ❝♦✉♣❧❡ (ν, λ

′
s) (❡❧ 4✉❡ ρ

χh(r)
A(ν),θ(ν)(Wr)✱ ρ

χh(t)
A(ν),θ(ν)(Wt) ❡( ρ

χh(s)
A(ν),θ(ν)(Ws)

0♦✐❡♥( ❝♦♣❧❛♥❛✐6❡0✱ ❡( 4✉❡

−−→
FD 0♦✐( ❞✐6✐❣% ♣❛6 ρ

χh(t)
A(ν),θ(ν)(Wt)

F

E

D

ρχh(t)(Wt)

λ′sλ
′
rρ

χh(s)(Ws)

❖♥ ❞%✜♥✐( ❡♥0✉✐(❡ ❧❛ ❢♦♥❝(✐♦♥ F6 ❞❡

S2
i × S2

j × R+ × S2
k × S2

m × S2
n × S2

r × S2
s × S2

t

❞❛♥0

[−π
2
,
π

2
]× S2

i × S2
j × R+ × S2

k × S2
m × S2

n × S2
r × S2

s × R+
s

♣❛6

F6(ω1, ω2,Wt) = (ω1, ν(Wt), ω2, λ
′
s(Wt)).

▲❡♠♠❡ ✼✳✷✻ ❖♥ ♣♦$❡

X1 = (χh(r)− χh(t))µrρ
χh(r)−χh(t)+1

2 (Vk) ∧ ρχh(r)−χh(t)(Vr)

+ (χh(s)− χh(t))µsρ
χh(s)−χh(t)+1

2 (Vk) ∧ ρχh(s)−χh(t)(Vs).

❆❧♦($

σ(JacF6) = ǫtǫsǫkǫrσ(µr)σ
(

det
(

Vt, ρ
χh(s)−χh(t)(Vs), X1

))

.

 !❡✉✈❡✿ ▲❛ ❞%✜♥✐(✐♦♥ ❞❡ F6 ❢❛✐( ✐♥(❡6✈❡♥✐6 ✉♥❡ ♣❡6♠✉(❛(✐♦♥ ❞❡ ❢❛❝(❡✉60 (❡❧❧❡ 4✉❡ JacF6 ❡(

JacF r
6
♦♥( ❞❡0 ❥❛❝♦❜✐❡♥0 ♦♣♣♦0%0✳ ❖♥ ❛ ❞♦♥❝

σ(JacF6) = −σ
(

det

(

Wt,
∂

∂ν

(

(F r
6 )

−1
)

,
∂

∂λ′s

(

(F r
6 )

−1
)

))

.

❖♥ ❛ ❞✬❛♣6>0 ❧❡ 0❝❤%♠❛



✾✽

D

E

F
ρχh(t)(Wt)

λ′sλ
′
rρ

χh(s)(Ws)

λ′rρ
χh(r)(Wr)

"✉❡

∂

∂λ′s
(F r

6 )
−1 = −ρχh(s)−χh(t)(Ws).

❉♦♥❝

σ(JacF6) = σ

(

det

(

Wt,
∂

∂ν

(

(F r
6 )

−1
)

, ρχh(s)−χh(t)(Ws)

))

.

❖♥ ♣❡✉+ ,❝-✐-❡

ρχh(t)(Wt) =
−λ′rρχh(r)(Wr)− λ′sλ

′
rρ
χh(s)(Ws)

|| − λ′rρ
χh(r)(Wr)− λ′sλ

′
rρ
χh(s)(Ws)||

❞♦♥❝

Wt =
−ρχh(r)−χh(t)(Wr)− λ′sρ

χh(s)−χh(t)(Ws)

||ρχh(r)(Wr) + λ′sρ
χh(s)(Ws)||

❝❛- λ′r > 0✳ ❖♥ ♣♦2❡ X = −ρχh(r)−χh(t)(Wr) − λ′sρ
χh(s)−χh(t)(Ws)✳ ❆❧♦-2 Wt =

X
||X||

❡+

∂
∂ν

X
||X||

=
1

||X||
∂
∂ν
X +X ∂

∂ν
1

||X||
✳ ❈♦♠♠❡ det(Wt, X,−ρχh(s)−χh(t)(Ws)) = 0 ❛❧♦-2

σ(JacF6) = σ

(

det(Wt,
∂X

∂ν
, ρχh(s)−χh(t)(Ws))

)

.

❖♥ ❛♣♣❧✐"✉❡ ❧❡ ❧❡♠♠❡ ✼✳✷✺

∂X

∂ν
= −ωk,x(χh(r)− χh(t))ρ

χh(r)−χh(t)+1

2 (Wk) ∧ ρχh(r)−χh(t)(Wr)

−ωk,x(χh(s)− χh(t))λ
′
sρ

χh(s)−χh(t)+1

2 (Wk) ∧ ρχh(s)−χh(t)(Ws)

= −ωk,xǫkǫr(χh(r)− χh(t))ρ
χh(r)−χh(t)+1

2 (Vk) ∧ ρχh(r)−χh(t)(Vr)

−ωk,xǫkǫs(χh(s)− χh(t))λ
′
sρ

χh(s)−χh(t)+1

2 (Vk) ∧ ρχh(s)−χh(t)(Vs)

❖- ǫsλ
′
s = ǫs | µsµr |= ǫr

(

µs
µr

)

❞♦♥❝

µr
∂X

∂ν
= −ωk,xǫkǫrX1.

❉♦♥❝

σ(JacF6) = ǫkǫrσ(µr)σ
(

det(Wt, ρ
χh(s)−χh(t)(Ws), X1)

)

= ǫkǫrǫtǫsσ(µr)σ
(

det(Vt, ρ
χh(s)−χh(t)(Vs), X1)

)

.



✾✾

�

➚ ❝❡ $%❛❞❡✱ ❧❡ ❝♦✉♣❧❡ (ρ, c) ❡$% ♣❛-❛♠/%-/ ♣❛- x ∈ R+
%❡❧ 0✉❡ ρ(Wk) =

−(Wi+xWj)

||Wi+xWj ||
✳ ❖♥ ❞/✜♥✐%

❧♦❝❛❧❡♠❡♥% ❧❛ ❢♦♥❝%✐♦♥

F r
7 : R −→ R+

u 7−→ x(u)

D′ E′

F ′

r

st

D E

F

h

m n

❝♦♠♠❡ ❧✬✐♥✈❡-$❡ ❧♦❝❛❧ ❞❡ ❧❛ ❢♦♥❝%✐♦♥ (F r
7 )

−1
%❡❧❧❡ 0✉❡

(F r
7 )

−1(x) = 〈
−−→
F ′F , Vh ∧ ρ(Vh)〉 = det(

−−→
F ′F , Vh, ρ(Vh)).

❖♥ ❞/✜♥✐% ❧❛ ❞❡-♥✐9-❡ ❢♦♥❝%✐♦♥ F7 ♣❛-

S2
i × S2

j × S2
k × S2

m × S2
n × S2

r × S2
s × S2

t × R

❞❛♥$

S2
i × S2

j × R+ × S2
k × S2

m × S2
n × S2

r × S2
s × S2

t

♣❛- F7(ω1, ω2, u) = (ω1, x(u), ω2)

▲❡♠♠❡ ✼✳✷✼ JacF7 ❡!" ❞✉ !✐❣♥❡ ❞❡ σ(µr)σ(δmrn)
∂
∂x
det(Y (x),Wh, ρ(Wh))✳

 !❡✉✈❡✿ :❛- ❞/✜♥✐%✐♦♥✱ JacF7 ❡$% ❞✉ $✐❣♥❡ ❞❡ Jac(F r
7 )

−1
♦<

(F r
7 )

−1(x) = det(
−−→
F ′F , Vh, ρ(Vh)).

❉✬❛✉%-❡ ♣❛-%✱ ♦♥ $❛✐% ♣❛- ❧❡ ❧❡♠♠❡ ✼✳✶✶ 0✉❡

Y (x) = µrδmrn
−−→
F ′F

❞♦♥❝ ❧❡ $✐❣♥❡ ❞✉ JacF7 ❛✉ ♣♦✐♥% ❞✬✐♠❛❣❡ 0 ❡$% ❞♦♥♥/ ♣❛-

σ (JacF7) = σ(µr)σ(δmrn)σ

(

∂

∂x
det(Y (x), Vh, ρ(Vh))

)

.

�

▲❡♠♠❡ ✼✳✷✽ JacF r
7
❡!" ❞✉ !✐❣♥❡ ❞❡ ǫiǫjσ(µr)σ(δmrn)

∂
∂αk

det(Y (αk),Wh, ρ(Wh))✳
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 !❡✉✈❡✿ ❖♥ $❡✈✐❡♥( )✉$ ❧❡ ♣❛$❛♠/($❛❣❡ ✐♥✐(✐❛❧✱ ❞/✜♥✐ ❞❛♥) ❧❛ )♦✉)✲)❡❝(✐♦♥ ❝♦♥)❛❝$/❡ 7 ❧❛ $❡✲

❝❤❡$❝❤❡ ❞❡) ♣♦✐♥() ❞✬✐♥(❡$)❡❝(✐♦♥✳ ❘❛♣♣❡❧♦♥) <✉❡ αk ♣❛$❛♠=($❡ S(Vi, Vj) ❞❡ ❧❛ ♠❛♥✐=$❡ )✉✐✈❛♥(❡ ✿

ρ(Vk) = cos(αk)W + sin(αk)Yij ❡( <✉❡ x ♣❛$❛♠=($❡ ❧✬❛$❝ [−ǫiVi,−ǫjVj]✳ ▲❛ ❝♦✲♦$✐❡♥(❛(✐♦♥ ❞❡

S(Vi, Vj) ♣❛$ ❧❡ ♣❛$❛♠=($❡ αk ❡)( ❞♦♥♥/❡ ♣❛$ ❧❡ ✈❡❝(❡✉$
Vi∧Vj

||Vi∧Vj ||
✭♣❛$ ❝♦♥)($✉❝(✐♦♥ ❞❡) ✈❡❝(❡✉$) W

❡( Yij✮✱ ❛❧♦$) <✉❡ ❧❛ ❝♦✲♦$✐❡♥(❛(✐♦♥ ❞❡ [−ǫiVi,−ǫjVj] ❡)( ❞♦♥♥/❡ ♣❛$ (−ǫiVi)∧(−ǫjVj) = ǫiǫjVi∧Vj✳
B❛$ ❝♦♥)/<✉❡♥(

σ(JacF r
7
) = ǫiǫjσ(µr)σ(δmrn)σ

(

∂

∂αk
det(Y (αk),Wh, ρ(Wh))

)

.

�

▲❡♠♠❡ ✼✳✷✾ ❙♦✐# (αk, ξ) ∈ Ωh
1,1(η) ✉♥ ♣♦✐♥# ❞✬✐♥#❡*+❡❝#✐♦♥✳ ❖♥ ♥♦#❡ ι(α) ❧✬0❧0♠❡♥# ❞❡ Ωh

1,1(η)∪
δ−1
mrn(0) ∪ µ−1

r (0) 2✉✐ +✉❝❝3❞❡ 4 αk ❞❛♥+ ❧✬♦*❞*❡ +✉* R/2πZ✳ ❆❧♦*+

σ(JacF7) = ǫiǫjσ(µr)σ(δmrn)σ

(

det(Y (
αk + ι(αk)

2
, ξ), Vh, ρ(Vh))

)

.

 !❡✉✈❡✿ ❈♦♠♠❡ (αk, ξ) ∈ Ωh
1,1(η)✱ ❧❛ ❢♦♥❝(✐♦♥ α 7→ det(Y (α, ξ), Vh, ρ(Vh)) )✬❛♥♥✉❧❡ ❡♥ αk✳

▲❡ )✐❣♥❡ ❞❡ )❛ ❞/$✐✈/❡ ❡♥ αk ❡)( ❝❡❧✉✐ ❞❡ ❧❛ ❢♦♥❝(✐♦♥ )✉$ ✉♥ ✈♦✐)✐♥❛❣❡ 7 ❞$♦✐(❡ ❞❡ αk✳ ❉❡

♣❧✉)✱ δ−1
mrn(0) ∪ µ−1

r (0) ❞/)✐❣♥❡ ❧✬❡♥)❡♠❜❧❡ ❞❡) ♣♦✐♥() ❞❡ ❞✐)❝♦♥(✐♥✉✐(/ ❞❡ det(Y (α, ξ), Vh, ρ(Vh))
❡♥ ❧❡)<✉❡❧) ❡❧❧❡ ❝❤❛♥❣❡ /✈❡♥(✉❡❧❧❡♠❡♥( ❞❡ )✐❣♥❡✳ ❖♥ ♣❡✉( )✉♣♣♦)❡$ <✉❡ ❧❡ ❝❤♦✐① ❞❡) ✈❡❝(❡✉$)

(Vi) ❡)( ❢❛✐( ❞❡ (❡❧❧❡ )♦$(❡ <✉✬❡♥ ❝❤❛<✉❡ ♣♦✐♥( ❞❡ Ωh
1,1(η)✱ ❧❛ ❢♦♥❝(✐♦♥ det(Y (α, ξ), Vh, ρ(Vh))

✭)✬❛♥♥✉❧❡ ❡(✮ ❝❤❛♥❣❡ ❞❡ )✐❣♥❡✳ B❛$ ❝♦♥)/<✉❡♥(✱ ❧❛ ❢♦♥❝(✐♦♥ det(Y (α, ξ), Vh, ρ(Vh)) ❡)( ❞❡ )✐❣♥❡

❝♦♥)(❛♥( )✉$ ❝❤❛<✉❡ ✐♥(❡$✈❛❧❧❡ ❞❡ ❧❛ ❢♦$♠❡ [αk, ι(αk)]✱ ❡( )♦♥ )✐❣♥❡ ❡)( ♣❛$ ❡①❡♠♣❧❡ ❝❡❧✉✐ ❞❡

det(Y (αk+ι(αk)
2

, ξ), Vhρ(Vh))✳

�

❖♥ ❛ ❛❧♦$)✱ ♣❛$ ❝♦♥)($✉❝(✐♦♥ ❞❡ ❝❡) ❢♦♥❝(✐♦♥) ✿

▲❡♠♠❡ ✼✳✸✵ ▲✬❛♣♣❧✐❝❛#✐♦♥

F0 ◦ F1 ◦ · · · ◦ F7 : S
2
i × S2

j × S2
k × S2

r × S2
s × S2

t × S2
m × S2

n × S2
h → [0, 1]× SO(3)× C14

❢♦✉*♥✐# ✉♥❡ +❡❝#✐♦♥ ❧♦❝❛❧❡ ❞❡ ❧✬❛♣♣❧✐❝❛#✐♦♥ FΓ,h,nΓ
✳

�

❢✐♥ ❞❡ ❧❛ ♣!❡✉✈❡ ❞❡ ❧❛ ♣!♦♣♦.✐/✐♦♥ ✼✳✶✹ ✿ ❙♦✐❡♥( h ∈ {3, 4, 5} ❡( η ∈ Dh
1,1✳ ❙♦✐( (αk, ξ) ∈

Ωh
1,1(η)✳ ❖♥ ♥♦(❡ (th, ρ(αk, ξ), c(αk, ξ)) ∈ [0, 1] × SO(3) × C14

❧❡ ♣♦✐♥( ❞✬✐♥(❡$)❡❝(✐♦♥ ❞/✜♥✐ ❛✉

❧❡♠♠❡ ✼✳✻✳ ❉✬❛♣$=) ❧❡ ❧❡♠♠❡ ✼✳✸✱ ♦♥ )❛✐( <✉❡ ❧❡ )✐❣♥❡ ❞✉ ♣♦✐♥( ❞✬✐♥(❡$)❡❝(✐♦♥ ❡)( /❣❛❧ 7 ❧✬♦♣♣♦)/

❞✉ )✐❣♥❡ ❞✉ ❥❛❝♦❜✐❡♥ ❞❡ ❧✬❛♣♣❧✐❝❛(✐♦♥ F
(6)
Γ,h,nΓ,Vh

✳ ❖♥ $❛♣♣❡❧❧❡ ❧❡ )❝❤/♠❛ $/❝❛♣✐(✉❧❛(✐❢ ❞♦♥♥❛♥( ✉♥❡
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❢❛❝%♦'✐)❛%✐♦♥ ❞❡ ❧✬✐♥✈❡')❡ ❧♦❝❛❧ ❞❡ F
(6)
Γ,h,nΓ,Vh

✿

SO(3)× C14

S2
A × [0, π]× (R3){C,D,E,F}

F0

OO

S2 × [0, π]× S2
i × S2

j × R+ × (R3){D,E,F}

F1, JacF1
>0, ❧❡♠♠❡ ✼✳✶✻

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × (R3){D,E,F}

F2, JacF2
>0, ❧❡♠♠❡ ✼✳✶✾

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × S2
m × S2

n × R+
m × R+

n × (R3){F}

F3, JacF3
>0, ❧❡♠♠❡ ✼✳✷✶

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × S2
m × S2

n × S2
r × (R3){F}

F4, σ(JacF4
)=ǫnǫmǫrσ(δrnm), ❧❡♠♠❡ ✼✳✷✷

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × S2
m × S2

n × S2
r × S2

s × R+
s

F5, JacF5
>0, ❧❡♠♠❡ ✼✳✷✹

OO

S2
i × S2

j × R+ × S2
k × S2

m × S2
n × S2

r × S2
s × S2

t

F6, σ(JacF6
)=ǫtǫsǫrǫkσ(µr)σ(det(Vt,ρχh(s)−χh(t)(Vs),X1)), ❧❡♠♠❡ ✼✳✷✻

OO

S2
i × S2

j × S2
k × S2

m × S2
n × S2

r × S2
s × S2

t × R

F7, σ(JacF7
)=ǫiǫjσ(µr)σ(δmrn)σ

(

det
(

Y (
αk+ι(αk)

2
,ξ),Vh,ρ(Vh)

))

, ❧❡♠♠❡ ✼✳✷✾

OO

❆✐♥)✐✱ ❧❡ )✐❣♥❡ ❞✬✉♥ ♣♦✐♥% ❞✬✐♥%❡')❡❝%✐♦♥✱ ♥♦%6 σ(th, ρ(αk, ξ), c(αk, ξ)) ❡)% ❞♦♥♥6 ♣❛'

σ(th, ρ(αk, ξ), c(αk, ξ)) = − (
∏

p 6=h,r

ǫp)σ
(

det(Vt, ρ
χh(s)−χh(t)(Vs), X1)

)

× σ

(

det(Y (
αk + ι(αk)

2
, ξ), Vh, ρ(Vh))

)

.
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❆✐♥&✐ ♦♥ ♣❡✉+ ,❝.✐.❡

β1,1 =
1

289!

5
∑

h=3

∑

η∈Dh
1,1

∑

(ǫp)∈{−1,1}9

IΓ1,h,η(ǫ1V1, . . . , ǫ9V9)

=
1

289!

5
∑

h=3

∑

η∈Dh
1,1

∑

(ǫp)∈{−1,1}9

∑

(th,ρ,c)∈EΓ1,h,η
(ǫ1V1,...,ǫ9V9)

σ(th, ρ, c)

=
1

289!

5
∑

h=3

∑

η∈Dh
1,1

∑

(αk,ξ)∈Ω
h
1,1(η)

σ(th, ρ(αk, ξ), c(αk, ξ))

=
−1

289!

5
∑

h=3

∑

η∈Dh
1,1

∑

(αk,ξ)∈Ω
h
1,1(η)

(
∏

p 6=h,r

ǫp)σ
(

det(Vt, ρ
χh(s)−χh(t)(Vs), X1)

)

×σ
(

det(Y (
αk + ι(αk)

2
, ξ), Vh, ρ(Vh))

)

�

✼✳✹ ❈❛❧❝✉❧ ❞❡ β1,2

▲❡ ❜✉+ ❞❡ ❝❡++❡ &♦✉&✲&❡❝+✐♦♥ ❡&+ ❞❡ ❞,♠♦♥+.❡. ❧❡& ❧❡♠♠❡& ✼✳✸✶ ❡+ ✼✳✸✷ ❡+ ❧❛ ♣.♦♣♦&✐+✐♦♥ ✼✳✸✸✳

▲❛ ❞,♠❛.❝❤❡ ❡&+ ✐❞❡♥+✐:✉❡ ; ❝❡❧❧❡ ❞✉ ❝❛❧❝✉❧ ❞❡ β1,1✳ ❙♦✐+ h ∈ {4, 5, 6}✱ ♦♥ .❛♣♣❡❧❧❡ :✉❡

Dh
1,2 = {η/ χh(r

′) + χh(s
′) + χh(t

′) = 1 χh(r) + χh(s) + χh(t) = 2,

min(r′, s′, t′) < min(r, s, t), ⊙r′,s′,t′}

❙♦✐+ η ∈ Dh
1,2✱ ♦♥ .❛♣♣❡❧❧❡ :✉❡ ❧✬♦♥ ❞,&✐❣♥❡ ♣❛. (Γ1, h, η) ❧❡ ❣.❛♣❤❡ ❞♦♥+ ❧❡& ❛.@+❡& &♦♥+ ♥✉♠,.♦+,❡&

❡+ ♦.✐❡♥+,❡& ❞❡ ❧❛ ♠❛♥✐A.❡ &✉✐✈❛♥+❡ ✿

r′

s′t′

D′ E′

F ′

r

st

D E

F

h

m n

❈♦♠♠❡ η ∈ Dh
1,2✱ ✐❧ ❡①✐&+❡ ✉♥❡ ♣❡.♠✉+❛+✐♦♥ ❝②❝❧✐:✉❡ ❞❡& ❛.@+❡& ❞✉ +.✐❛♥❣❧❡

r′

s′t′
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#❡❧❧❡ &✉❡ ❧❡( ❛*+#❡( ❝♦**❡(♣♦♥❞❛♥# 1 ✉♥❡ ❝♦♥✜❣✉*❛#✐♦♥ ❛✐❡♥# ❧❡( ❞✐*❡❝#✐♦♥( ✐♥❞✐&✉5❡( (✉✐✈❛♥#❡( ✿

ǫiVi

ǫjVjρ(ǫkVk)

❉❡ ❧❛ ♠+♠❡ ♠❛♥✐:*❡ ✐❧ ❡①✐(#❡ ✉♥❡ ♣❡*♠✉#❛#✐♦♥ ❝②❝❧✐&✉❡ ❞❡( ❛*+#❡( ❞✉ #*✐❛♥❣❧❡

r

st

#❡❧❧❡ &✉❡ ❧❡( ❛*+#❡( ❝♦**❡(♣♦♥❞❛♥# 1 ✉♥❡ ❝♦♥✜❣✉*❛#✐♦♥ ❛✐❡♥# ❧❡( ❞✐*❡❝#✐♦♥( ✐♥❞✐&✉5❡( (✉✐✈❛♥#❡( ✿

ǫbρ(Vb)

ǫcρ(Vc)ǫaVa

▲❡♠♠❡ ✼✳✸✶ ❙♦✐❡♥% (V1, . . . , V9) ∈ A✱ h ∈ {4, 5, 6} ❡% η ∈ Dh
1,2✳ ❖♥ ♣♦*❡

W =
(Vi ∧ Vj) ∧ (Vb ∧ Vc)

||(Vi ∧ Vj) ∧ (Vb ∧ Vc)||
Yij =

Vi ∧ Vj
||Vi ∧ Vj||

∧W Ybc =
Vb ∧ Vc

||Vb ∧ Vc||
∧W

❖♥ *✉♣♣♦*❡ ,✉❡ 〈Ybc, Vk〉 6= 0✳ ❖♥ ❞.✜♥✐% ❧✬❛♣♣❧✐❝❛%✐♦♥

∆ : R/2πZ −→ R

α 7−→ 〈W,Va〉cos(α) + 〈Yij, Va〉sin(α)

❖♥ ♣♦*❡ ♦4







cosαa(αk, ξ) =
〈W,Vk〉∆(αk)+ξ〈Ybc,Vk〉

√
〈Ybc,Vk〉2+〈W,V k〉2−∆(αk)2

〈Ybc,Vk〉2+〈W,V k〉2

sinαa(αk, ξ) =
〈Ybc,Vk〉∆(αk)−ξ〈W,Vk〉

√
〈Ybc,Vk〉2+〈W,V k〉2−∆(αk)2

〈Ybc,Vk〉2+〈W,V k〉2

5♦✉6 %♦✉% (ρ, c) ∈ SO(3) × C14
❝♦♠♣❛%✐❜❧❡ ❛✈❡❝ ❧❡* ❞❡✉① %6✐❛♥❣❧❡* ❡①%.6✐❡✉6 ❡% ✐♥%.6✐❡✉6 ❞✉

❣6❛♣❤❡ (Γ1, h, η)✱ ✐❧ ❡①✐*%❡ ✉♥ ✉♥✐,✉❡ ❝♦✉♣❧❡ (αk, ξ) ∈ R/2πZ× {−1, 1} %❡❧ ,✉❡







∆(αk)
2 ≤ 〈W,Vk〉2 + 〈Ybc, Vk〉2

ρ(Vk) = cos(αk)W + sin(αk)Yij
ρ−1(Va) = cosαa(αk, ξ)W + sinαa(αk, ξ)Ybc

❖♥ ♥♦%❡ ❛❧♦6*

ρ = ρ(αk, ξ)

❧❛ 6♦%❛%✐♦♥ ❛✐♥*✐ ❞.✜♥✐❡✳
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▲❡ ❧❡♠♠❡ '✉✐✈❛♥- ❞♦♥♥❡ ❞❡' ❝♦♥❞✐-✐♦♥' ♥1❝❡''❛✐2❡' ❡- '✉✣'❛♥-❡' '✉2 (αk, ξ) ♣♦✉2 5✉✬✐❧ ❡①✐'-❡

✉♥❡ ❝♦♥✜❣✉2❛-✐♦♥ c(αk, ξ) -❡❧❧❡ 5✉❡

(c(αk, ξ), ρ(αk, ξ)) ∈
⋃

(ǫi)i∈9∈{−1,1}9

EΓ1,h,η(ǫ1V1, . . . , ǫ9V9)

♦: ❧❡' '✐❣♥❡' ǫi '♦♥- ❧❡' '✐❣♥❡' ❞❡' ❧♦♥❣✉❡✉2' ❛❧❣1❜2✐5✉❡' λi ❞❡' ❛2<-❡' ❞❡ ❧❛ ❝♦♥✜❣✉2❛-✐♦♥

❝♦♠♣❛-✐❜❧❡ c(αk, ξ)✳

▲❡♠♠❡ ✼✳✸✷ ❙♦✐❡♥% (V1, . . . , V9) ∈ A✱ h ∈ {4, 5, 6} ❡% η ∈ Dh
1,2✳ ❖♥ ♣♦*❡

λi = λi(αk, ξ) = 〈Yij, Vj〉cos(αk)− 〈W,Vj〉sin(αk)

λj = λj(αk, ξ) = sin(αk)〈W,Vi〉 − cos(αk)〈Yij, Vi〉
λk = 〈Yij, Vi〉〈W,Vj〉 − 〈W,Vi〉〈Yij, Vj〉
µa = 〈Ybc, Vb〉〈W,Vc〉 − 〈W,Vb〉〈Ybc, Vc〉

µb = µb(αk, ξ) = 〈Ybc, Vc〉cosαa(αk, ξ)− 〈W,Vc〉sinαa(αk, ξ)
µc = µc(αk, ξ) = sinαa(αk, ξ)〈W,Vb〉 − cosαa(αk, ξ)〈Ybc, Vb〉.

+♦✉- (αk, ξ) ∈ R/2πZ × {−1, 1}✱ ♦♥ ❝♦♥*✐❞0-❡ ❧❛ -♦%❛%✐♦♥ ρ = ρ(αk, ξ) ❞3✜♥✐❡ ❛✉ ❧❡♠♠❡ ✼✳✸✶✳

❖♥ ♣♦*❡ ❡♥*✉✐%❡

ǫi = ǫi(αk, ξ) = σ(λi) ǫj = ǫj(αk, ξ) = σ(λj) ǫk = ǫk(αk, ξ) = σ(λk)

ǫm = ǫm(αk, ξ) = ǫr′σ(δr′rn)σ(δmrn) ǫn = ǫn(αk, ξ) = −ǫr′σ(δr′rm)σ(δrnm)
ǫr = ǫr(αk, ξ) = ǫr′σ(δr′mn)σ(δrmn) ǫs = ǫs(αk, ξ) = σ(µs)ǫrσ(µr)

ǫt = ǫt(αk, ξ) = σ(µt)ǫrσ(µr)

♦9 ❧❡* δ *♦♥% ❞3✜♥✐* ❛✉ ❧❡♠♠❡ ✼✳✻✳ ❊♥✜♥✱ ♦♥ ♣♦*❡

Y = Y (αk, ξ) = λt′δmrnµrρ
χh(t

′)(Vt′) + λr′δr′rnµrρ
χh(m)(Vm) + µtλrδmrnρ

χh(t)(Vt)

❡% ♦♥ ❞3✜♥✐% Ωh
1,2(η) ⊂ [0, 2π]× {−1, 1} ♣❛-

(αk, ξ) ∈ Ωh
1,2(η) ⇔







∆(αk)
2 ≤ 〈W,Vk〉2 + 〈Ybc, Vk〉2

det(Y (αk, ξ), Vh, ρ(Vh)) = 0

ǫh :=
σ(δmrn)σ(µr)(σ(〈Vh∧Y (αk,ξ),Vh∧ρ(Vh)〉)+σ(〈ρ(Vh)∧Y (αk,ξ),ρ(Vh)∧Vh〉))

2
6= 0.

❆❧♦-* ♦♥ ❛ ✉♥❡ ❜✐❥❡❝%✐♦♥ ❡♥%-❡ Ωh
1,2(η) ❡%

⋃

(ǫi)i∈9∈{−1,1}9
EΓ1,h,η(ǫ1V1, . . . , ǫ9V9)✳

▲❛ ♣2♦♣♦'✐-✐♦♥ '✉✐✈❛♥-❡ ❞♦♥♥❡ ❧❡ ❝❛❧❝✉❧ ❞❡ β1,2 ✿



✶✵✺

 !♦♣♦$✐&✐♦♥ ✼✳✸✸ ❙♦✐❡♥% (V1, . . . , V9) ∈ A✱ h ∈ {3, 4, 5} ❡% η ∈ Dh
1,2✳ ❖♥ )❡♣)❡♥❞ ❧❡- ♥♦%❛%✐♦♥-

❞✉ ❧❡♠♠❡ ✼✳✸✷✳ ❙♦✐% (αk, ξ) ∈ Ωh
1,2(η)✳ ❖♥ ♣♦-❡✱

X1 = (χh(r)− χh(t))µrρ
χh(r)−χh(t)+1

2 (Vk) ∧ ρχh(r)−χh(t)(Vr)

+ (χh(s)− χh(t))µsρ
χh(s)−χh(t)+1

2 (Vk) ∧ ρχh(s)−χh(t)(Vs)

❖♥ ♥♦%❡ pr1 ❧❛ ♣)♦❥❡❝%✐♦♥ ❞❡ Ωh
1,2(η) -✉) αk ❡% ♦♥ ❝♦♥✈✐❡♥% ❞❡ ❧❛ ♥♦%❛%✐♦♥✱ ♣♦✉) αk ∈ pr1(Ω

h
1,2)✱

7✉❡ ι(αk) ❞8-✐❣♥❡ ❧✬8❧8♠❡♥% ❞❡ pr1(Ω
h
1,2) ∪ δ−1

mrn(0) ∪ µ−1
r (0) 7✉✐ ❧✉✐ -✉❝❝;❞❡✱ ❞❛♥- ❧✬♦)❞)❡ -✉)

R/2πZ✳ ❖♥ ❛ ❛❧♦)-

β1,2 =
−1

289!

6
∑

h=4

∑

η∈Dh
1,2

∑

(αk,ξ)∈Ω
h
1,2(η)

(
∏

p 6=h,r

ǫp)σ
(

det(Vt, ρ
χh(s)−χh(t)(Vs), X1)

)

×σ
(

det(Y (
αk + ι(αk)

2
, ξ), Vh, ρ(Vh))

)

♣!❡✉✈❡ ❞✉ ❧❡♠♠❡ ✼✳✸✶ ✿ ❙♦✐& (ρ, c) ∈ SO(3)×C14
❡& (✉♣♣♦(♦♥( ,✉❡ ❝❡ ❝♦✉♣❧❡ ❡(& ❝♦♠♣❛&✐❜❧❡

❛✈❡❝ ❧❡( ❞❡✉① &5✐❛♥❣❧❡( ✐♥&75✐❡✉5 ❡& ❡①&75✐❡✉5✳ ❆❧♦5( ❧❡( ❞❡✉① &5✐♣❧❡&( ❞❡ ✈❡❝&❡✉5( (Vi, Vj, ρ(Vk)) ❡&
(Va, ρ(Vb), ρ(Vc)) (♦♥& ❝♦♣❧❛♥❛✐5❡(✳ ❉♦♥❝ ❧❡( ❞❡✉① &5✐♣❧❡&( ❞❡ ✈❡❝&❡✉5( (Vi, Vj, ρ(Vk)) ❡& (ρ

−1(Va), Vb, Vc))
(♦♥& ❝♦♣❧❛♥❛✐5❡(✳ ;❛5 ❝♦♥(&5✉❝&✐♦♥ ❞❡ W,Yij ❡& Ybc✱ ✐❧ ❡①✐(&❡ (αk, αa) ∈ (R/2πZ)2 &❡❧ ,✉❡

{

ρ(Vk) = cos(αk)W + sin(αk)Yij
ρ−1(Va) = cos(αa)W + sin(αa)Ybc

❖♥ (❛✐& ❞❡ ♣❧✉( ,✉❡

〈ρ−1(Va), Vk〉 = 〈ρ(Vk), Va〉
⇔ 〈W,Vk〉cos(αa) + 〈Ybc, Vk〉sin(αa) = 〈W,Va〉cos(αk) + 〈Yij, Va〉sin(αk)
⇔ 〈Ybc, Vk〉sin(αa) = −〈W,Vk〉cos(αa) + ∆(αk)

⇒ 〈Ybc, Vk〉2(1− cos2(αa)) = 〈W,Vk〉2cos2(αa)− 2〈W,Vk〉∆(αk)cos(αa) + ∆(αk)
2

⇔ (〈Ybc, Vk〉2 + 〈W,Vk〉2)cos2(αa)− 2〈W,Vk〉∆(αk)cos(αa) + ∆(αk)
2 − 〈Ybc, Vk〉2 = 0. (1)

▲✬7,✉❛&✐♦♥ ✭✶✮ ❛❞♠❡& ❞❡( (♦❧✉&✐♦♥( ❡♥ cos(αa) (✐ ❡& (❡✉❧❡♠❡♥& (✐

〈W,Vk〉2∆(αk)
2 − (〈Ybc, Vk〉2 + 〈W,Vk〉2)(∆(αk)

2 − 〈Ybc, Vk〉2) ≥ 0

⇔ 〈Ybc, Vk〉4 + 〈Ybc, Vk〉2〈W,Vk〉2 − 〈Ybc, Vk〉2∆(αk)
2 ≥ 0

⇔ ∆(αk)
2 ≤ 〈Ybc, Vk〉2 + 〈W,Vk〉2 ♦✉ 〈Ybc, Vk〉 = 0.

❈♦♠♠❡ (V1, . . . , V9) ∈ A✱ ❛❧♦5( 〈Ybc, Vk〉 6= 0 ❞✬❛♣5C( ❧❡ ❧❡♠♠❡ ✺✳✷✵✳ ❆✐♥(✐✱ ❧♦5(,✉❡ ∆(αk)
2 ≤

〈Ybc, Vk〉2 + 〈W,Vk〉2 ✐❧ ❡①✐(&❡ ξ ∈ {−1, 1} &❡❧ ,✉❡

cosαa(αk, ξ) =
〈W,Vk〉∆(αk) + ξ〈Ybc, Vk〉

√

〈Ybc, Vk〉2 + 〈W,Vk〉2 −∆(αk)2

〈Ybc, Vk〉2 + 〈W,Vk〉2
.



✶✵✻

❙✐ ❧✬♦♥ ♣♦*❡

sinαa(αk, ξ) =
〈Ybc, Vk〉∆(αk)− ξ〈W,Vk〉

√

〈Ybc, Vk〉2 + 〈W,Vk〉2 −∆(αk)2

〈Ybc, Vk〉2 + 〈W,Vk〉2

♦♥ ✈-.✐✜❡ ❢❛❝✐❧❡♠❡♥4 5✉❡

cos2αa(αk, ξ) + sin2αa(αk, ξ) = 1

❡4

〈W,Vk〉cosαa(αk, ξ) + 〈Ybc, Vk〉sinαa(αk, ξ) = 〈W,Va〉cos(αk) + 〈Yij, Va〉sin(αk).

�

▲❡♠♠❡ ✼✳✸✹ ❙✐

〈Ybc,Vk〉
2+〈W,Vk〉

2

〈Yij ,Va〉2+〈W,Va〉2
> 1 ❛❧♦%& ♣♦✉% )♦✉) αk ∈ R/2πZ✱

∆(αk)
2 ≤ 〈Ybc, Vk〉2 + 〈W,Vk〉2.

❙✐♥♦♥

∆(αk)
2 ≤ 〈Ybc, Vk〉2 + 〈W,Vk〉2

⇔ αk ∈







[−arcsin
(√

〈Ybc,Vk〉2+〈W,Vk〉2

〈Yij ,Va〉2+〈W,Va〉2

)

− ϕ, arcsin
(√

〈Ybc,Vk〉2+〈W,Vk〉2

〈Yij ,Va〉2+〈W,Va〉2

)

− ϕ] mod(2π)

[π − arcsin
(√

〈Ybc,Vk〉2+〈W,Vk〉2

〈Yij ,Va〉2+〈W,Va〉2

)

− ϕ, π + arcsin
(√

〈Ybc,Vk〉2+〈W,Vk〉2

〈Yij ,Va〉2+〈W,Va〉2

)

− ϕ] mod(2π)

♦,

ϕ = atn

( 〈W,Va〉
〈Yij, Va〉

)

+
π

2
(1− σ(〈Yij, Va〉)).

 !❡✉✈❡✿ 7❛. ❞-✜♥✐4✐♦♥✱

∆(αk) = 〈W,Va〉cos(αk) + 〈Yij, Va〉sin(αk)
=

√

〈Yij, Va〉2 + 〈W,Va〉2
(

〈W,Va〉√
〈Yij ,Va〉2+〈W,Va〉2

cos(αk) +
〈Yij ,Va〉√

〈Yij ,Va〉2+〈W,Va〉2
sin(αk)

)

=
√

〈Yij, Va〉2 + 〈W,Va〉2sin(αk + ϕ)

❝❛. ϕ ❡*4 ❞-✜♥✐ ❞❡ 4❡❧❧❡ *♦.4❡ 5✉❡ cos(ϕ) ❛✐4 ❧❡ ♠:♠❡ *✐❣♥❡ 5✉❡ 〈Yij, Va〉✳ ❉♦♥❝

∆(αk)
2 ≤ 〈Ybc, Vk〉2 + 〈W,Vk〉2

⇔ sin2(αk + ϕ) ≤ 〈Ybc, Vk〉2 + 〈W,Vk〉2
〈Yij, Va〉2 + 〈W,Va〉2

.

❙✐

〈Ybc,Vk〉
2+〈W,Vk〉

2

〈Yij ,Va〉2+〈W,Va〉2
> 1 ❧✬✐♥-5✉❛4✐♦♥ ❡*4 4♦✉❥♦✉.* ✈-.✐✜-❡✳ ❙✐♥♦♥ ♦♥ ♦❜4✐❡♥4 ❧✬-5✉✐✈❛❧❡♥❝❡ ❛♥♥♦♥❝-❡✳

�
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▲❡♠♠❡ ✼✳✸✺ ❆✈❡❝ ❧❡% ❤②♣♦*❤+%❡% ❞✉ ❧❡♠♠❡ ✼✳✸✷✱ ♦♥ ❛ ✿

λiVi + λjVj + λkρ(Vk) = 0

❡*

µaVa + µbρ(Vb) + µcρ(Vc) = 0.

 !❡✉✈❡✿ ▲❛ ❢♦'♠✉❧❡

λiVi + λjVj + λkρ(Vk) = 0

,❡ ❞.♠♦♥0'❡ ❡①❛❝0❡♠❡♥0 ❞❡ ❧❛ ♠3♠❡ ❢❛4♦♥ 5✉❡ ❝❡❧❧❡ ❞✉ ❧❡♠♠❡ ✼✳✾✳ ❖♥ '❛✐,♦♥♥❡ ❞❡ ❧❛ ♠3♠❡

♠❛♥✐:'❡ ♣♦✉' ❞.♠♦♥0'❡' 5✉❡

µaρ
−1(Va) + µbVb + µcVc = 0

❡0 ❞♦♥❝ 5✉❡

µaVa + µbρ(Vb) + µcρ(Vc) = 0.

�

▲❡♠♠❡ ✼✳✸✻ ❙♦✐❡♥* (V1, . . . , V9) ∈ A✱ h ∈ {3, 4, 5}✱ η ∈ Dh
1,2 ❡* (ǫp) ∈ {−1, 1}9 ❡* %♦✐* (ρ, c)

✉♥ ♣♦✐♥* ❞✬✐♥*❡:%❡❝*✐♦♥✳ ❖♥ ♥♦*❡ λx ❧❛ ❧♦♥❣✉❡✉: ❛❧❣=❜:✐?✉❡ ❞❡ ❧✬❛:@*❡ x ❞❡ ❧❛ ❝♦♥✜❣✉:❛*✐♦♥ c✳
❖♥ %✉♣♣♦%❡ ❞❡ ♣❧✉% ?✉❡ λr 6= 0 ❡* δmrn 6= 0✳ ❆❧♦:% ♦♥ ❛ ✿

λm = λr′
δr′rn
δmrn

λn = −λr′
δr′rm
δnrm

λr = λr′
δr′mn
δrmn

λs = µs
λr
µr

λt = µt
λr
µr
.

❊♥ ♣❛:*✐❝✉❧✐❡:✱ ♦♥ ❛ ❜✐❡♥✱ ♣♦✉: *♦✉* p ∈ 9\{h}✱ ǫp = σ(λp)✳ ❉❡ ♣❧✉%✱ ♦♥ ❛

Y (αk, ξ) = µrδmrn
−−→
F ′F .

 !❡✉✈❡✿ ■❧ ,✬❛❣✐0 ❞❡ ❧❛ ♠3♠❡ ♣'❡✉✈❡ 5✉❡ ♣♦✉' ❧❡ ❧❡♠♠❡ ✼✳✶✶✳

�

♣!❡✉✈❡ ❞✉ ❧❡♠♠❡ ✼✳✸✷ ✿ ▲@ ❡♥❝♦'❡✱ ✐❧ ,✬❛❣✐0 ❞❡ ❧❛ ♠3♠❡ ✜♥ ❞❡ ♣'❡✉✈❡ 5✉❡ ♣♦✉' ❧❡ ❧❡♠♠❡

✼✳✻✳ ❊♥ ❡✛❡0✱ ❧❡ '❡,0❡ ❞❡ ❧❛ ❝♦♥,0'✉❝0✐♦♥ ❞❡, ♣♦✐♥0, ❞✬✐♥0❡',❡❝0✐♦♥ ❡,0 ✐❞❡♥0✐5✉❡ ❛✉ ❝❛, β1,1✳ ❖♥

❛ ❞♦♥❝ ❧❡ '.,✉❧0❛0 ❛♥♥♦♥❝.✳

�



✶✵✽

♣!❡✉✈❡ ❞❡ ❧❛ ♣!♦♣♦)✐+✐♦♥ ✼✳✸✸ ✿ ■❧ %✬❛❣✐* ❞❡ ❧❛ ♠.♠❡ ❞/♠♦♥%*2❛*✐♦♥ 3✉❡ ♣♦✉2 ❧❛ ♣2♦♣♦%✐*✐♦♥

✼✳✶✹✳ ❊♥ ❡✛❡*✱ ❞❛♥% ❝❡**❡ ❞/♠♦♥%*2❛*✐♦♥✱ ♦♥ ❛ ♠♦♥*2/ 3✉❡ ❧❡ %✐❣♥❡ ❞✬✉♥ ♣♦✐♥* ❞✬✐♥*❡2%❡❝*✐♦♥✱

♥♦*/ σ(th, ρ(αk, ξ), c(αk, ξ)) ❡%* ❞♦♥♥/ ♣❛2

σ(th, ρ(αk, ξ), c(αk, ξ)) = − (
∏

p 6=h,r

ǫp)σ
(

det(Vt, ρ
χh(s)−χh(t)(Vs), X1)

)

× σ

(

det(Y (
αk + ι(αk)

2
, ξ), Vh, ρ(Vh))

)

❡* ❧❛ ❞/♠♦♥%*2❛*✐♦♥ ♥❡ ❞/♣❡♥❞ ♣❛% ❞❡% ✈❛❧❡✉2% ❞❡% ✐♥❞✐❝❡% ❞❡% ❛2.*❡%✱ ♠❛✐% %❡✉❧❡♠❡♥* ❞❡ ❧❛

❧♦❝❛❧✐%❛*✐♦♥ ❞❡ ❧✬❛2.*❡ h✳ ❆✐♥%✐✱ ❧❡ %✐❣♥❡ ❞✬✉♥ ♣♦✐♥* ❞✬✐♥*❡2%❡❝*✐♦♥ ❡%* ❛❧♦2% ❞♦♥♥/ ♣❛2 ❧❛ ♠.♠❡

❢♦2♠✉❧❡✱ ❡* ❞♦♥❝ ❧❡ 2/%✉❧*❛* ❛♥♥♦♥❝/ %✬❡♥%✉✐*✳

�

❘❡♠❛$%✉❡ ✼✳✸✼ ❖♥ ❝❛❧❝✉❧❡ ρ(Wp) ❞❡ ❧❛ ❢❛)♦♥ +✉✐✈❛♥.❡ ✿ ♦♥ ❞0❝♦♠♣♦+❡ Wp = αpVk+βpρ
−1(Va)+

γpVk ∧ ρ−1(Va) ❛✈❡❝

αp =
det(Wp, ρ

−1(Va), Vk ∧ ρ−1(Va))

det(Vk, ρ−1(Va), Vk ∧ ρ−1(Va))

βp =
det(Wp, Vk, Vk ∧ ρ−1(Va))

det(ρ−1(Va), Vk, Vk ∧ ρ−1(Va))

γp =
det(Wp, Vk, ρ

−1(Va))

det(Vk ∧ ρ−1(Va), Vk, ρ−1(Va))

♦3

ρ−1(Va) = cos(αa)W + sin(αa)Ybc.

❉❛♥+ ❝❡ ❝❛+

ρ(Wp) = αp(cos(αk)W + sin(αk)Yij) + βpVa

γp(cos(αk)W + sin(αk)Yij) ∧ Va.

✼✳✺ ❈❛❧❝✉❧ ❞❡ β2

❖♥ 2❛✐%♦♥♥❡ ❞❡ ♠❛♥✐A2❡ ❛♥❛❧♦❣✉❡ ❛✉① *2♦✐% %♦✉%✲%❡❝*✐♦♥% ♣2/❝/❞❡♥*❡%✳ ❙♦✐❡♥* (V1, . . . , V9) ∈ A
❡* h ∈ {2, . . . , 7}✳ ❖♥ 2❛♣♣❡❧❧❡ 3✉❡

Dh
2 = {η/ χ(r′) + χ(s′) + χ(t′) = 1, ⊙r′,s′,t′}.

❙♦✐* η ∈ Dh
2 ✱ ♦♥ ❞/%✐❣♥❡ ♣❛2 (Γ2, h, η) ❧❡ ❣2❛♣❤❡ ❞♦♥* ❧❡% ❛2.*❡% %♦♥* ♥✉♠/2♦*/❡% ❡* ♦2✐❡♥*/❡% ❞❡

❧❛ ❢❛F♦♥ %✉✐✈❛♥*❡ ✿



✶✵✾

r′

s′t′

E′ F ′

D′

h

mn

E F

D

r

s t

❈♦♠♠❡ η ∈ Dh
2 ✱ ✐❧ ❡①✐+,❡ ✉♥❡ ♣❡0♠✉,❛,✐♦♥ ❝②❝❧✐4✉❡ ❞❡+ ❛06,❡+ ❞✉ ,0✐❛♥❣❧❡

r′

s′t′

,❡❧❧❡ 4✉❡ ❧❡+ ❛06,❡+ ❝♦00❡+♣♦♥❞❛♥, 8 ✉♥❡ ❝♦♥✜❣✉0❛,✐♦♥ ❛✐❡♥, ❧❡+ ❞✐0❡❝,✐♦♥+ ✐♥❞✐4✉:❡+ +✉✐✈❛♥,❡+ ✿

ǫiVi

ǫjVjρ(ǫkVk)

❖♥ ❛ ❛❧♦0+ ✿

▲❡♠♠❡ ✼✳✸✽ ❙♦✐❡♥% (V1, . . . , V9) ∈ A✱ h ∈ {2, . . . , 7} ❡% η ∈ Dh
2 ✳ ❖♥ ♥♦%❡ Yij =

Vi∧Vj
||Vi∧Vj ||

∧ Vi✳
❋✐①♦♥+ Yk ∈ S2

✉♥ ✈❡❝%❡✉/ ♦/%❤♦❣♦♥❛❧ 4 Vk✳ 5♦✉/ %♦✉% (ρ, c) ∈ SO(3) × C14
❝♦♠♣❛%✐❜❧❡ ❛✈❡❝ ❧❡

❣/❛♣❤❡ (Γ2, h, η)✱ ✐❧ ❡①✐+%❡ ✉♥ ✉♥✐9✉❡ ❝♦✉♣❧❡ (αk, βk) ∈ (R/2πZ)2 %❡❧ 9✉❡

{

ρ(Vk) = cos(αk)Vi + sin(αk)Yij
ρ(Yk) = −cos(βk)sin(αk)Vi + cos(βk)cos(αk)Yij + sin(βk)

Vi∧Vj
||Vi∧Vj ||

.

❖♥ ♥♦%❡

ρ = ρ(αk, βk)

❧❛ /♦%❛%✐♦♥ ♦❜%❡♥✉❡ ✭❝❢ /❡♠❛/9✉❡ ✼✳✹✽✮✳

▲❡ ❧❡♠♠❡ +✉✐✈❛♥, ❞♦♥♥❡ ❞❡+ ❝♦♥❞✐,✐♦♥+ ♥:❝❡++❛✐0❡+ ❡, +✉✣+❛♥,❡+ +✉0 (αk, βk) ♣♦✉0 4✉✬✐❧ ❡①✐+,❡

✉♥❡ ❝♦♥✜❣✉0❛,✐♦♥ c(αk, βk) ∈ C14
,❡❧❧❡ 4✉❡

(c(αk, βk), ρ(αk, βk)) ∈
⋃

(ǫi)i∈9∈{−1,1}9

EΓ2,η,h(ǫ1V1, . . . , ǫ9V9).

▲❛ ❝♦♥✜❣✉0❛,✐♦♥ c(αk, βk) ❡+, 0❡♣0:+❡♥,:❡ ♣❛0 ✉♥ ♣❧♦♥❣❡♠❡♥, ❞❡ Γ ♦A ❧❡ ✈❡❝,❡✉0 ❝♦00❡+♣♦♥❞❛♥,

8 ❧✬❛06,❡ e(Γ, i) ❡+, λi(αk, βk)ρ
χh(i)(Vi)✳



✶✶✵

▲❡♠♠❡ ✼✳✸✾ ❙♦✐❡♥% (V1, . . . , V9) ∈ A✱ h ∈ {2, . . . , 7} ❡% η ∈ Dh
2 ✳ (♦✉* (αk, βk) ∈ (R/2πZ)2✱

♦♥ ♥♦%❡ ρ = ρ(αk, βk) ❧❛ *♦%❛%✐♦♥ ❞.✜♥✐❡ ❛✉ ❧❡♠♠❡ ✼✳✸✽ ❡% ♦♥ ❞.✜♥✐%

λi = λi(αk, βk) = 〈Yij, Vj〉cos(αk)− 〈Vi, Vj〉sin(αk)
λj = λj(αk, βk) = sin(αk) λk = λk(αk, βk) = −〈Yij, Vj〉

ǫi = ǫi(αk, βk) = σ(λi) ǫj = ǫj(αk, βk) = σ(λj) ǫk = ǫk(αk, βk) = σ(λk)

ǫs = ǫs(αk, βk) = −ǫt′σ(δt′rn)σ(δsrn) ǫn = ǫn(αk, βk) = ǫt′σ(δt′rs)σ(δnrs)

ǫt = ǫt(αk, βk) = ǫs′σ(δs′mr)σ(δtmr) ǫm = ǫm(αk, βk) = ǫs′σ(δs′tr)σ(δmtr)

ǫr = ǫr(αk, βk) = ǫt′σ(δt′ns)σ(δrns)

♦4 ❧❡5 δ 5♦♥% ❞.✜♥✐5 ❛✉ ❧❡♠♠❡ ✼✳✻✳ ❖♥ ♣♦5❡ ❡♥✜♥

Y = Y (αk, βk) = −λt′δt′rsδmrtρχh(n)(Vn)− λs′δs′rtδnrsρ
χh(m)(Vm).

❖♥ ❞.✜♥✐% Ωh
2(η) ⊂ (R/2πZ)2 ♣❛* ✿ (αk, βk) ∈ Ωh

2(η) ⇔






λt′δt′nsδrtm + λs′δs′tmδrns = 0
det(Y (αk, βk), Vh, ρ(Vh)) = 0
ǫh = σ(δnrs)σ(δmrt) (σ(〈Vh ∧ Y (αk, βk), Vh ∧ ρ(Vh)〉) + σ(〈ρ(Vh) ∧ Y (αk, βk), ρ(Vh) ∧ Vh〉)) 6= 0.

❆❧♦*5 ♦♥ ❛ ✉♥❡ ❜✐❥❡❝%✐♦♥ ❡♥%*❡ Ωh
2(η) ❡%

⋃

(ǫi)i∈9∈{−1,1}9
EΓ2,η,h(ǫ1V1, . . . , ǫ9V9)✱ ♦4 ❧❡5 (ǫi) 5♦♥% ❞.✲

%❡*♠✐♥.5 ♣❛* ❧❡5 ❢♦*♠✉❧❡5 ❝✐✲❞❡55✉5✳

"✉✐% ♦♥ ❛ ❧❛ ♣+♦♣♦%✐,✐♦♥ ♣+✐♥❝✐♣❛❧❡ ❞❡ ❝❡,,❡ %❡❝,✐♦♥ ✿

'(♦♣♦+✐-✐♦♥ ✼✳✹✵ ❙♦✐% (V1, . . . , V9) ∈ A✳ ❖♥ ❝♦♥5❡*✈❡ ❧❡5 ♠A♠❡5 ♥♦%❛%✐♦♥5 B✉❡ ❝❡❧❧❡5 ❞✉ ❧❡♠♠❡

✼✳✸✾✳ ❖♥ ♣♦5❡

Xm = −ǫtδs′mr(χh(t)− χh(m))ρ
χh(t)−χh(m)+1

2 (Vk) ∧ ρχh(t)−χh(m)(Vt)

+δrtm(χh(s
′)− χh(m))ρ

χh(s′)−χh(m)+1

2 (Vk) ∧ ρχh(s
′)−χh(m)(Vs′)

−ǫrδs′tm(χh(r)− χh(m))ρ
χh(r)−χh(m)+1

2 (Vk) ∧ ρχh(r)−χh(m)(Vr)
+ ϕ
δrtm

ρχh(r)−χh(m)(Vr)
❛✈❡❝

ϕ = δrtmχh(s
′)det

(

ρ
χh(s′)+1

2 (Vk) ∧ ρχh(s
′)(Vs′), ρ

χh(t)(Vt), ρ
χh(m)(Vm)

)

+ δrtmχh(t)det
(

ρχh(s
′)(Vs′), ρ

χh(t)+1

2 (Vk) ∧ ρχh(t)(Vt), ρ
χh(m)(Vm)

)

+ δrtmχh(m)det
(

ρχh(s
′)(Vs′), ρ

χh(t)(Vt), ρ
χh(m)+1

2 (Vk) ∧ ρχh(m)(Vm)
)

− δs′tmχh(r)det
(

ρ
χh(r)+1

2 (Vk) ∧ ρχh(r)(Vr), ρ
χh(t)(Vt), ρ

χh(m)(Vm)
)

− δs′tmχh(t)det
(

ρχh(r)(Vr), ρ
χh(t)+1

2 (Vk) ∧ ρχh(t)(Vt), ρ
χh(m)(Vm)

)

− δs′tmχh(m)det
(

ρχh(r)(Vr), ρ
χh(t)(Vt), ρ

χh(m)+1

2 (Vk) ∧ ρχh(m)(Vm)
)

.



✶✶✶

❖♥ ❛

β2 =
−1
289!

∑7
h=2

∑

η∈Dh
2

∑

(αk,βk)∈Ω
h
2 (η)

∏

p 6=h,s′ ǫpσ
(

det
(

Vm, Xm, ρ
χh(t)−χh(m)(Vt)

))

×σ
(

∂
∂αk

det(Y (αk, βk(αk)), Vh, ρ(Vh))
)

♦$ (c(αk, βk(αk)), ρ(αk, βk(αk))) ❡&' ✉♥ ❝♦✉♣❧❡ '❡❧ ,✉❡✱ ♣♦✉. '♦✉' i ❞✐✛2.❡♥' ❞❡ h✱ ❧❛ ❞✐.❡❝'✐♦♥ ❞❡
❧✬❛.4'❡ e(Γ, i) ❞❡ ❧❛ ❝♦♥✜❣✉.❛'✐♦♥ c(αk, βk(αk)) ❡&' ǫiρ(αk, βk(αk))

χh(i)(Vi)✳

♣!❡✉✈❡ ❞✉ ❧❡♠♠❡ ✼✳✸✽ ✿ (Vi, Yij,
Vi∧Vj

||Vi∧Vj ||
) ❡"# ✉♥❡ ❜❛"❡ ♦)#❤♦♥♦)♠,❡ ❞✐)❡❝#❡ ❞❡ R3

✳ 1♦✉) #♦✉#

(ρ, c) ∈ SO(3) × C14
❝♦♠♣❛#✐❜❧❡ ❛✈❡❝ ❧❡ #)✐❛♥❣❧❡ ❡①#,)✐❡✉)✱ ❧❡" ✈❡❝#❡✉)" ρ(Vk)✱ Vi ❡# Vj "♦♥#

❝♦♣❧❛♥❛✐)❡"✱ ❞♦♥❝ ρ(Vk) ∈ S(Vi, Vj)✳ ❉♦♥❝ ✐❧ ❡①✐"#❡ ✉♥ ✉♥✐9✉❡ αk ∈ R/2πZ #❡❧ 9✉❡

ρ(Vk) = cos(αk)Vi + sin(αk)Yij.

❈♦♠♠❡ Yk ❡"# ♦)#❤♦❣♦♥❛❧ ; Vk✱ ❛❧♦)" ρ(Yk) ❡"# ♦)#❤♦❣♦♥❛❧ ; ρ(Vk)✱ ♣❛) ❝♦♥",9✉❡♥# ρ(Yk) ∈
S(

Vi∧Vj
||Vi∧Vj ||

, ρ(Vk) ∧ Vi∧Vj
||Vi∧Vj ||

)✳ ❖) (
Vi∧Vj

||Vi∧Vj ||
, ρ(Vk),

Vi∧Vj
||Vi∧Vj ||

∧ ρ(Vk)) ❡"# ❛✉""✐ ✉♥❡ ❜❛"❡ ♦)#❤♦♥♦)♠,❡

❞✐)❡❝#❡ ❞❡ R3
✱ ❞♦♥❝ ✐❧ ❡①✐"#❡ βk ∈ R/2πZ #❡❧ 9✉❡

ρ(Yk) = cos(βk)
Vi∧Vj

||Vi∧Vj ||
∧ ρ(Vk) + sin(βk)

Vi∧Vj
||Vi∧Vj ||

= cos(βk)
Vi∧Vj

||Vi∧Vj ||
∧ (cos(αk)Vi + sin(αk)Yij) + sin(βk)

Vi∧Vj
||Vi∧Vj ||

= cos(βk)cos(αk)Yij − cos(βk)sin(αk)Vi + sin(βk)
Vi∧Vj

||Vi∧Vj ||
.

�

▲❡♠♠❡ ✼✳✹✶ ❙♦✐❡♥' (V1, . . . , V9) ∈ A✱ h ∈ {2, . . . , 7} ❡' η ∈ Dh
2 ✳ ❙♦✐' (αk, βk) ∈ (R/2πZ)2✳ ❖♥

&✉♣♣♦&❡ ,✉❡ δtmr 6= 0 ❡' δsrn 6= 0✳ ❖♥ ♣♦&❡

λi = λi(αk, βk) = 〈Yij, Vj〉cos(αk)− 〈Vi, Vj〉sin(αk)

λj = λj(αk, βk) = sin(αk) λk = λk(αk, βk) = −〈Yij, Vj〉

λs = λs(αk, βk) = −λt′
δt′rn
δsrn

λn = λn(αk, βk) = λt′
δt′rs
δnrs

λt = λt(αk, βk) = λs′
δs′mr
δtmr

λm = λm(αk, βk) = λs′
δs′tr
δmtr

λ(1)r = λ(1)r (αk, βk) = λt′
δt′ns
δrns

λ(2)r = λ(2)r (αk, βk) = −λs′
δs′tm
δrtm

.

❆❧♦.& ♦♥ ❛







λiVi + λjVj + λkρ(Vk) = 0

−λsρχh(s)(Vs) + λnρ
χh(n)(Vn) + λ

(1)
r ρχh(r)(Vr) = λt′ρ

χh(t
′)(Vt′)

λtρ
χh(t)(Vt) + λmρ

χh(m)(Vm)− λ
(2)
r ρχh(r)(Vr) = λs′ρ

χh(s
′)(Vs′).



✶✶✷

 ❛" ❝♦♥&'(✉❡♥+✱ ♦♥ ❛ ✿

∀p ∈ 9\{h, r}, σ(λp) = ǫp

❡+

ǫr = σ(λ(1)r ) = σ(λ(2)r ).

�

♣!❡✉✈❡ ❞✉ ❧❡♠♠❡ ✼✳✸✾ ✿ ❙♦✐% (αk, βk) ∈ Ωh
2(η)✳ ❈♦♠♠❡ (V1, . . . , V9) ∈ A✱ ♦♥ ♣❡✉% .✉♣♣♦.❡/

0✉❡ δtmr 6= 0 ❡% δsrn 6= 0✳ ❖♥ /❡♣/❡♥❞ ❧❡. ♥♦%❛%✐♦♥. ❞✉ ❧❡♠♠❡ ✼✳✹✶✳ ❖♥ ❛

λt′δt′nsδrtm + λs′δs′tmδrns = 0

⇔ λt′
δt′ns
δrns

= −λs′
δs′tm
δrtm

⇔ λ(1)r = λ(2)r .

7❛/ ❝♦♥.90✉❡♥%✱ ❧❛ ❝♦♥✜❣✉/❛%✐♦♥ c = (cO, cB, cC , cD, cE, cF ) .✉✐✈❛♥%❡ ✿

cO = O cB = λiVi cC = λiVi + λjVj cD = cD′ + λ(1)r ρχh(r)(Vr)

cE = cE′ + λsρ
χh(s)(Vs) cF = cF ′ + λtρ

χh(t)(Vt)

✈9/✐✜❡ ✿

∀p 6= h, πe(Γ2,p)(c) = ǫpρ
χh(p)(Vp)

❞✬❛♣/?. ❧❡ ❧❡♠♠❡ ✼✳✹✶✳ ➱%✉❞✐♦♥. ❧❛ ❝♦♥❞✐%✐♦♥ πe(Γ2,h)(c) ∈ [ǫhVh, ρ(ǫhVh)]✳ ❖♥ ❛

δnrsδmrt
−→
EF = δnrsδmrt

(

−λnρχh(n)(Vn)− λmρ
χh(m)(Vm)

)

= δnrsδmrt

(

−λt′ δt′rsδnrs
ρχh(n)(Vn)− λs′

δs′rt
δmrt

ρχh(m)(Vm)
)

= −λt′δt′rsδmrtρχh(n)(Vn)− λs′δs′rtδnrsρ
χh(m)(Vm)

= Y (αk, βk).

❉♦♥❝

πe(Γ2,h)(c) =

−→
EF

||−→EF ||
= σ(δnrs)σ(δmrt)

Y (αk, βk)

||Y (αk, βk)||
.

❉♦♥❝ πe(Γ2,h)(c) ∈ [ǫhVh, ρ(ǫhVh)] ⇔







det(Y (αk, βk), Vh, ρ(Vh)) = 0
ǫh〈Vh ∧ πe(Γ2,h)(c), Vh ∧ ρ(Vh)〉 ≥ 0
ǫh〈ρ(Vh) ∧ πe(Γ2,h)(c), ρ(Vh) ∧ Vh〉) ≥ 0.

⇔







det(Y (αk, βk), Vh, ρ(Vh)) = 0
ǫhσ(δnrs)σ(δmrt)〈Vh ∧ Y (αk, βk), Vh ∧ ρ(Vh)〉 ≥ 0
ǫhσ(δnrs)σ(δmrt)〈ρ(Vh) ∧ Y (αk, βk), ρ(Vh) ∧ Vh〉) ≥ 0.

7❛/ ❝♦♥.%/✉❝%✐♦♥ ❞❡ ǫh✱ ❧❡. ❞❡✉① ❞❡/♥✐?/❡. ❝♦♥❞✐%✐♦♥. .♦♥% ✈9/✐✜9❡.✳ ❘9❝✐♣/♦0✉❡♠❡♥%✱ ✉♥ ♣♦✐♥%

❞✬✐♥%❡/.❡❝%✐♦♥ ✈9/✐✜❡ ❝❡. ❝♦♥❞✐%✐♦♥.✳



✶✶✸

�

❖♥ ❝♦♠♠❡♥❝❡ ♣❛* ❞,-❡*♠✐♥❡* ❧❡ 0✐❣♥❡ ❞✬✉♥ ♣♦✐♥- ❞✬✐♥-❡*0❡❝-✐♦♥✱ ♣✉✐0 ♦♥ ♣*♦✉✈❡*❛ ❧❛ ♣*♦♣♦0✐-✐♦♥

✼✳✹✵✳ ❖♥ *❛♣♣❡❧❧❡ ❧❡ ❣*❛♣❤❡ (Γ2, h, η) ✿

r′

s′t′

E′ F ′

D′

h

mn

E F

D

r

s t

▲❡♠♠❡ ✼✳✹✷ ❙♦✐❡♥% (V1, . . . , V9) ∈ A✱ h ∈ {2, . . . , 8} ❡% η ∈ Dh
2 ✳ ❙♦✐% (αk, βk) ∈ Ωh

2(η)✳ ❖♥
♥♦%❡ ρ(αk, βk) ❧❛ +♦%❛%✐♦♥ ❞-✜♥✐❡ ♣❛+ ❧❡ ❧❡♠♠❡ ✼✳✸✽ ❡% c(αk, βk) ❧❛ ❝♦♥✜❣✉+❛%✐♦♥ ❝♦♠♣❛%✐❜❧❡ ❛✈❡❝

❧❡ ❣+❛♣❤❡ (Γ2, h, η) ❞✬❛♣+;< ❧❡ ❧❡♠♠❡ ✼✳✸✾✳ ▲❡ <✐❣♥❡ ❞✉ ♣♦✐♥% ❞✬✐♥%❡+<❡❝%✐♦♥ ❡<% ❞♦♥♥- ♣❛+

σ (th, ρ(αk, βk), c(αk, βk)) = −∏

p 6=h,s′(ǫp)σ
(

det
(

Vm, Xm, ρ
χh(t)−χh(m)(Vt)

))

×σ
(

∂
∂αk

det(Y (αk, βk(αk)), Vh, ρ(Vh))
)

♦? Xm ❡<% ❞-✜♥✐ ❛✉ ❧❡♠♠❡ ✼✳✹✺ ❡% (c(αk, βk(αk)), ρ(αk, βk(αk))) ❡<% ✉♥ ❝♦✉♣❧❡ %❡❧ B✉❡✱ ♣♦✉+ %♦✉% i
❞✐✛-+❡♥% ❞❡ h✱ ❧❛ ❞✐+❡❝%✐♦♥ ❞❡ ❧✬❛+D%❡ e(Γ, i) ❞❡ ❧❛ ❝♦♥✜❣✉+❛%✐♦♥ c(αk, βk(αk)) ❡<% ǫiρ(αk, βk(αk))

χh(i)(Vi)✳

❘❛♣♣❡❧♦♥0 =✉❡ ❧❡ 0✐❣♥❡ ❞✬✉♥ ♣♦✐♥- ❞✬✐♥-❡*0❡❝-✐♦♥ ❡0- ,❣❛❧ > ❧✬♦♣♣♦0, ❞✉ 0✐❣♥❡ ❞✉ ❥❛❝♦❜✐❡♥ ❞❡

❧✬❛♣♣❧✐❝❛-✐♦♥

F
(6)
Γ,h,nΓ,Vh

: SO(3)× C14 −→ (S2)9\h × R

(ρ, c) 7−→ ((π
χh(i)
e(Γ,i)(ρ, c))i∈9\{h}, φVh,ρ(π

0
e(Γ,h)(c)))

♦A

φVh,ρ : S2 −→ R

X 7−→ 〈X, Vh ∧ ρ(Vh)〉
❞✬❛♣*B0 ❧❡ ❧❡♠♠❡ ✼✳✸✳ C♦✉* ♣*♦✉✈❡* ❝❡ ❧❡♠♠❡✱ ♦♥ ❝♦♥0-*✉✐- ♣❛0 > ♣❛0 ❧❛ ❢❛❝-♦*✐0❛-✐♦♥ ❞❡ ❧✬✐♥✲

✈❡*0❡ ❧♦❝❛❧ ❞❡ F
(6)
Γ,h,nΓ,Vh

✳ ▲❛ ❝♦♥0-*✉❝-✐♦♥ ❡0- ❛♥❛❧♦❣✉❡ > ❝❡❧❧❡ ❞❡ ❧❛ ♣*♦♣♦0✐-✐♦♥ ✼✳✶✹✳ ▲❡ 0❝❤,♠❛

*,❝❛♣✐-✉❧❛-✐❢ ❞❡ ❧❛ ❞,♠♦♥0-*❛-✐♦♥ ❞❡ ❝❡ ❧❡♠♠❡ ❡0- ❧❡ 0✉✐✈❛♥- ✿



✶✶✹

SO(3)× C14

S2
A × [0, π]× (R3){C,D,E,F}

F0, ♣❛"❛♠$%"❛❣❡ ❞✬✉♥❡ "♦%❛%✐♦♥ ❡% ❞✬✉♥❡ ❝♦♥✜❣✉"❛%✐♦♥

OO

S2
A × [0, π]× S2

i × S2
j × R+ × (R3){D,E,F}

F1, ❝♦♥0%"✉❝%✐♦♥ ❞❡ B ❡% C✱ ❧❡♠♠❡ ✼✳✶✻

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × (R3){D,E,F}

F2, ♣❛"❛♠$%"❛❣❡ ❞❡ ❧✬❛①❡ ❡% ❧✬❛♥❣❧❡ ❞❡ ❧❛ "♦%❛%✐♦♥✱ ❧❡♠♠❡ ✼✳✶✾

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × S2
r × R+

r × S2
s × R+

s × S2
t × R+

t

G3, ❝♦♥0%"✉❝%✐♦♥ ❞❡0 ♣♦✐♥%0 D✱ E ❡% F ✱ ❧❡♠♠❡ ✼✳✹✸

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × S2
r × S2

s × S2
n × S2

t × R+
t

G4, ♣❛"❛♠$%"❛❣❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉" λn✱ ❧❡♠♠❡ ✼✳✹✹

OO

S2
m × S2

i × S2
j × R+ × S2

k × S2
r × S2

s × S2
n × S2

t

G5, ♣❛"❛♠;%"❛❣❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉" λm✱ ❧❡♠♠❡ ✼✳✹✺

OO

S2
m × S2

i × S2
j × S2

k × S2
r × S2

s × S2
n × S2

t × R

G6, ♣❛"❛♠$%"❛❣❡ ❞❡ ❧✬❛"=%❡ h✱ ❧❡♠♠❡ ✼✳✹✼

OO

▲❛ ❝♦♥'()✉❝(✐♦♥ ❞✉ ()✐❛♥❣❧❡ ❡①(1)✐❡✉) )❡'(❡ ✐♥❝❤❛♥❣1❡✱ ❞♦♥❝ ♦♥ ❝♦♥'❡)✈❡ ❧❡' ❛♣♣❧✐❝❛(✐♦♥' F0✱ F1

❡( F2 ❞1✜♥✐❡' ❞❛♥' ❧❛ ❞1♠♦♥'()❛(✐♦♥ ❞❡ ❧❛ ♣)♦♣♦'✐(✐♦♥ ✼✳✶✹ ❡( ❞❡ ❥❛❝♦❜✐❡♥ ♣♦'✐(✐❢ ✭❧❡♠♠❡' ✼✳✶✻

❡( ✼✳✶✾✮✳ ▲❡' ♣♦✐♥(' D′
✱ E ′

❡( F ′
'♦♥( ❞♦♥❝ ❝♦♥'()✉✐('✱ ❡( ♦♥ '✬♦❝❝✉♣❡ ♠❛✐♥(❡♥❛♥( ❞❡' ♣♦✐♥(' D✱

E ❡( F ✳ ❖♥ ♣♦'❡ λ′s′ = ||−−→D′F ′|| ❡( ♦♥ '✉♣♣♦'❡ C✉❡ λ′s′ 6= 0✳ ❖♥ ❞1✜♥✐( ✿

Gr
3 : S2r × R

+
r × S2s × R

+
s × S2t × R

+
t −→ (R3){D,E,F}

(Wr, µr,Ws, µs,Wt, µt) 7−→ (cD′ + λ′
s′
µrρχh(r)(Wr), cE′ + λ′

s′
µsρχh(s)(Ws), cF ′ + λ′

s′
µtρχh(t)(Wt))

r′

s′t′

E′ F ′

D′

h

mn

E F

D

r

s t

E✉✐' ♦♥ ❞1✜♥✐( ❧❛ ❢♦♥❝(✐♦♥ G3 ❞❡

[−π
2
,
π

2
]× S2

i × S2
j × R+ × S2

k × S2
r × R+

r × S2
s × R+

s × S2
t × R+

t



✶✶✺

❞❛♥%

[−π
2
,
π

2
]× S2

i × S2
j × R+ × S2

k × (R3){D,E,F}

♣❛'

G3(ω1,Wr, µr,Ws, µs,Wt, µt) = (ω1, G
r
3(Wr, µr,Ws, µs,Wt, µt)).

▲❡♠♠❡ ✼✳✹✸

σ(JacG3) = 1.

 !❡✉✈❡✿ ■❧ %✬❛❣✐- ❞❡ ❧❛ ♠0♠❡ ♣'❡✉✈❡ 3✉❡ ❝❡❧❧❡ ❞✉ ❧❡♠♠❡ ✼✳✷✶✳

�

❖♥ ❞9✜♥✐- ✿

Gr
4 : S2n −→ R

+
r × R

+
s

Wn 7−→ (µr(Wn), µs(Wn))

r′

s′t′

E′ F ′

D′

h

mn

E F

D

r

s t

<✉✐% ♦♥ ❞9✜♥✐- ❧✬❛♣♣❧✐❝❛-✐♦♥ G4 ❞❡

[−π
2
,
π

2
]× S2

i × S2
j × R+ × S2

k × S2
r × S2

s × S2
n × S2

t × R+
t

❞❛♥%

[−π
2
,
π

2
]× S2

i × S2
j × R+ × S2

k × S2
r × R+

r × S2
s × R+

s × S2
t × R+

t

♣❛'

G4(ω1, ω2,Wn, ω3) = (ω1, µr(Wn), ω2, µs(Wn), ω3).

▲❡♠♠❡ ✼✳✹✹ ❖♥ ❛

σ(JacG4) = ǫnǫrǫsδrns.

 !❡✉✈❡✿

■❧ %✬❛❣✐- ❞❡ ❧❛ ♠0♠❡ ♣'❡✉✈❡ 3✉❡ ❝❡❧❧❡ ❞✉ ❧❡♠♠❡ ✼✳✷✷✳

�

❖♥ ❞9✜♥✐-

Gr
5 : S2

m −→ [−π
2
, π
2
]× R+

t

Wn 7−→ (ν(Wm), µt(Wm))

r′

s′t′

E′ F ′

D′

h

mn

E F

D

r

s t



✶✶✻

❊# ♦♥ ❞'✜♥✐# ❧✬❛♣♣❧✐❝❛#✐♦♥ G5 ❞❡

S2
m × S2

i × S2
j × R+ × S2

k × S2
r × S2

s × S2
n × S2

t

❞❛♥0

[−π
2
,
π

2
]× S2

i × S2
j × R+ × S2

k × S2
r × S2

s × S2
n × S2

t × R+
t

♣❛1

G5(ω1,Wm, ω2) = (ω1, ν(Wm), ω2, µt(Wm)).

▲❡♠♠❡ ✼✳✹✺ ❖♥ ♣♦$❡

Xm = −ǫtδs′mr(χh(t)− χh(m))ρ
χh(t)−χh(m)+1

2 (Vk) ∧ ρχh(t)−χh(m)(Vt)

+δrtm(χh(s
′)− χh(m))ρ

χh(s′)−χh(m)+1

2 (Vk) ∧ ρχh(s
′)−χh(m)(Vs′)

−ǫrδs′tm(χh(r)− χh(m))ρ
χh(r)−χh(m)+1

2 (Vk) ∧ ρχh(r)−χh(m)(Vr)
+ ϕ
δrtm

ρχh(r)−χh(m)(Vr)

❛✈❡❝

ϕ = δrtmχh(s
′)det

(

ρ
χh(s′)+1

2 (Vk) ∧ ρχh(s
′)(Vs′), ρ

χh(t)(Vt), ρ
χh(m)(Vm)

)

+ δrtmχh(t)det
(

ρχh(s
′)(Vs′), ρ

χh(t)+1

2 (Vk) ∧ ρχh(t)(Vt), ρ
χh(m)(Vm)

)

+ δrtmχh(m)det
(

ρχh(s
′)(Vs′), ρ

χh(t)(Vt), ρ
χh(m)+1

2 (Vk) ∧ ρχh(m)(Vm)
)

− δs′tmχh(r)det
(

ρ
χh(r)+1

2 (Vk) ∧ ρχh(r)(Vr), ρ
χh(t)(Vt), ρ

χh(m)(Vm)
)

− δs′tmχh(t)det
(

ρχh(r)(Vr), ρ
χh(t)+1

2 (Vk) ∧ ρχh(t)(Vt), ρ
χh(m)(Vm)

)

− δs′tmχh(m)det
(

ρχh(r)(Vr), ρ
χh(t)(Vt), ρ

χh(m)+1

2 (Vk) ∧ ρχh(m)(Vm)
)

❛❧♦*$

σ(JacF5) = ǫmǫtǫkσ(δrtm)ǫs′σ(det(Vm, Xm, ρ
χh(t)−χh(m)(Vt))).

 !❡✉✈❡✿ ▲❛ ❞'✜♥✐#✐♦♥ ❞❡ G5 ❢❛✐# ✐♥#❡1✈❡♥✐1 ✉♥❡ ♣❡1♠✉#❛#✐♦♥ ❞❡ ❢❛❝#❡✉10 #❡❧❧❡ 7✉❡ G5 ❡# Gr
5

♦♥# ❞❡0 ❥❛❝♦❜✐❡♥0 ♦♣♣♦0'0✳ ❖♥ ❛ ❞♦♥❝

σ(JacG5) = −σ(JacGr
5
)

= −σ(Jac(Gr
5)

−1)

= −σ
(

det(Wm,
∂

∂ν
(Gr

5)
−1,

∂

∂µt
(Gr

5)
−1).

)



✶✶✼

❖# ♦♥ ❛

ρχh(m)(Wm) =
−λ′s′µtρχh(t)(Wt) + λ′s′ρ

χh(s
′)(Ws′) + λ′s′µrρ

χh(r)(Wr)

|| − λ′s′µtρ
χh(t)(Wt) + λ′s′ρ

χh(s′)(Ws′) + λ′s′µrρ
χh(r)(Wr)||

=
−µtρχh(t)(Wt) + ρχh(s

′)(Ws′) + µrρ
χh(r)(Wr)

|| − µtρχh(t)(Wt) + ρχh(s′)(Ws′) + µrρχh(r)(Wr)||

Wm =
−µtρχh(t)−χh(m)(Wt) + ρχh(s

′)−χh(m)(Ws′) + µrρ
χh(r)−χh(m)(Wr)

|| − µtρχh(t)(Wt) + ρχh(s′)(Ws′) + µrρχh(r)(Wr)||
.

❉♦♥❝ ❡♥ ♣♦+❛♥,

X1 = −µtρχh(t)−χh(m)(Wt) + ρχh(s
′)−χh(m)(Ws′) + µrρ

χh(r)−χh(m)(Wr)

♦♥ ❛ ✭❝♦♠♠❡ ♣♦✉# ❧❡ ❧❡♠♠❡ ✼✳✷✻✮

σ(JacG5) = −σ
(

det(Wm,
∂

∂ν
X1,

∂

∂µt
X1)

)

.

❖#

∂

∂µt
X1 = −ρχh(t)−χh(m)(Wt).

●#6❝❡ ❛✉ ❧❡♠♠❡ ✼✳✷✺✱ ♦♥ ♣❡✉, ❡①♣#✐♠❡#

∂

∂ν
X1 = − ǫtǫkωk,xµt(χh(t)− χh(m))ρ

χh(t)−χh(m)+1

2 (Vk) ∧ ρχh(t)−χh(m)(Vt)

+ ǫs′ǫkωk,x(χh(s
′)− χh(m))ρ

χh(s′)−χh(m)+1

2 (Vk) ∧ ρχh(s
′)−χh(m)(Vs′)

+ ǫrǫkωk,xµr(χh(r)− χh(m))ρ
χh(r)−χh(m)+1

2 (Vk) ∧ ρχh(r)−χh(m)(Vr)

+ ǫr
∂µr
∂ν

ρχh(r)−χh(m)(Vr).

❈♦♠♠❡

ǫrµr = ǫs′
δs′tm
δrtm



✶✶✽

❛❧♦%&

ǫkǫrǫs′
∂µr
∂ν

= ωk,x
δrtm
δ2rtm

χh(s
′)det

(

ρ
χh(s′)+1

2 (Vk) ∧ ρχh(s
′)(Vs′), ρ

χh(t)(Vt), ρ
χh(m)(Vm)

)

+ ωk,x
δrtm
δ2rtm

χh(t)det
(

ρχh(s
′)(Vs′), ρ

χh(t)+1

2 (Vk) ∧ ρχh(t)(Vt), ρ
χh(m)(Vm)

)

+ ωk,x
δrtm
δ2rtm

χh(m)det
(

ρχh(s
′)(Vs′), ρ

χh(t)(Vt), ρ
χh(m)+1

2 (Vk) ∧ ρχh(m)(Vm)
)

− ωk,x
δs′tm
δ2rtm

χh(r)det
(

ρ
χh(r)+1

2 (Vk) ∧ ρχh(r)(Vr), ρ
χh(t)(Vt), ρ

χh(m)(Vm)
)

− ωk,x
δs′tm
δ2rtm

χh(t)det
(

ρχh(r)(Vr), ρ
χh(t)+1

2 (Vk) ∧ ρχh(t)(Vt), ρ
χh(m)(Vm)

)

− ωk,x
δs′tm
δ2rtm

χh(m)det
(

ρχh(r)(Vr), ρ
χh(t)(Vt), ρ

χh(m)+1

2 (Vk) ∧ ρχh(m)(Vm)
)

∂µr
∂ν

=
ǫkǫs′ǫrωk,xϕ

δ2rtm
.

❖♥ %❛♣♣❡❧❧❡ +✉❡ ✭❧❡♠♠❡ ✼✳✹✶✮

λt = λs′
δs′mr
δtmr

λr = λ(2)r = −λs′
δs′tm
δrtm

❡3 +✉❡

λ′s′µt = λt λ′s′µr = λr λs′ = ǫs′λ
′
s′ .

❉♦♥❝

λ′s′δrtm
∂
∂ν
X1 = −ǫtǫkωk,xλ′s′δrtmµt(χh(t)− χh(m))ρ

χh(t)−χh(m)+1

2 (Vk) ∧ ρχh(t)−χh(m)(Vt)

+λ′s′δrtmǫs′ǫkωk,x(χh(s
′)− χh(m))ρ

χh(s′)−χh(m)+1

2 (Vk) ∧ ρχh(s
′)−χh(m)(Vs′)

+ǫrǫkωk,xλ
′
s′δrtmµr(χh(r)− χh(m))ρ

χh(r)−χh(m)+1

2 (Vk) ∧ ρχh(r)−χh(m)(Vr)
+ǫrλ

′
s′δrtm

ǫkǫs′ǫrωk,xϕ

δ2rtm
ρχh(r)−χh(m)(Vr)

= −ǫtǫkωk,xλs′δs′mr(χh(t)− χh(m))ρ
χh(t)−χh(m)+1

2 (Vk) ∧ ρχh(t)−χh(m)(Vt)

+λs′δrtmǫkωk,x(χh(s
′)− χh(m))ρ

χh(s′)−χh(m)+1

2 (Vk) ∧ ρχh(s
′)−χh(m)(Vs′)

−ǫrǫkωk,xλs′δs′tm(χh(r)− χh(m))ρ
χh(r)−χh(m)+1

2 (Vk) ∧ ρχh(r)−χh(m)(Vr)
+ǫkλs′

ωk,xϕ

δrtm
ρχh(r)−χh(m)(Vr)

❉♦♥❝

λ′s′δrtm
∂

∂ν
X1 = ǫkλs′ωk,xXm

❡3

σ(JacG5) = ǫmǫtǫkǫs′σ(δrtm)σ(det(Vm, Xm, ρ
χh(t)−χh(m)(Vt))).
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�

➚ ❝❡ %&❛❞❡✱ ❧❡ ❝♦✉♣❧❡ (ρ, c) ❡%& ♣❛.❛♠0&.0 ♣❛. x > 0 &❡❧ 1✉❡ ρ(Wk) =
−(Wi+xWj)

||Wi+xWj ||
✳ ❖♥ ❞0✜♥✐&

❧♦❝❛❧❡♠❡♥& ❧✬❛♣♣❧✐❝❛&✐♦♥ %✉✐✈❛♥&❡ ✿

Gr
6 : R −→ R+

u 7−→ x(u)

r′

s′t′

E′ F ′

D′

h

mn

E F

D

r

s t

♦: G6 ❡%& ❧✬❛♣♣❧✐❝❛&✐♦♥ 1✉✐✱ ❧♦❝❛❧❡♠❡♥&✱ ❛%%♦❝✐❡ ; u ❧❡ .0❡❧ x > 0 &❡❧ 1✉❡

〈
−−→
F ′F , Vh ∧ ρ(Vh)〉 = u.

❖♥ ❞0✜♥✐& ❛❧♦.% ❧✬❛♣♣❧✐❝❛&✐♦♥ G6 ❞❡

S2
m × S2

i × S2
j × S2

k × S2
r × S2

s × S2
n × S2

t × R

❞❛♥%

S2
m × S2

i × S2
j × R+ × S2

k × S2
r × S2

s × S2
n × S2

t

♣❛.

G6(ω1, ω2, u) = (ω1, x(u), ω2).

❖♥ .❛♣♣❡❧❧❡ 1✉❡

Y = −λt′δt′rsδmrtρχh(n)(Vn)− λs′δs′rtδnrsρ
χh(m)(Vm)

❡& 1✉❡ ❧✬♦♥ ❛ ❞0♠♦♥&.0 ❞❛♥% ❧❛ ♣.❡✉✈❡ ❞✉ ❧❡♠♠❡ ✼✳✸✾ 1✉❡

Y = δnrsδmrt
−→
EF.

▲❡♠♠❡ ✼✳✹✻ ❖♥ ❛

σ(JacG6) = σ(δnrs)σ(δmrt)σ

(

∂

∂x
det(Y (x), Vh, ρ(Vh))

)

.

 !❡✉✈❡✿ ■❧ "✬❛❣✐' ❞❡ ❧❛ ♠+♠❡ ♣-❡✉✈❡ 0✉❡ ❝❡❧❧❡ ❞✉ ❧❡♠♠❡ ✼✳✷✼✳

�

▲❡ ❧❡♠♠❡ "✉✐✈❛♥' ♣❡-♠❡' ❞❡ ❞7'❡-♠✐♥❡- ❧❡ ❥❛❝♦❜✐❡♥ ❞❡ ❧✬❛♣♣❧✐❝❛'✐♦♥ G6 ❡♥ ❢♦♥❝'✐♦♥ ❞✉ ♣❛-❛♠<✲

'-❛❣❡ ✐♥✐'✐❛❧✳ ❖♥ ❛ ♣❛-❛♠7'-7 ❛✉ ❧❡♠♠❡ ✼✳✸✾ ❧❡ ❝♦✉♣❧❡ (ρ, c) ♣❛- ✉♥ ❝♦✉♣❧❡ (αk, βk) ∈ (R/2πZ)2✳

▲❛ ❝♦♥❞✐'✐♦♥ λ
(1)
r = λ

(2)
r ♣❡-♠❡' ❞✬7❝-✐-❡ ❧♦❝❛❧❡♠❡♥' βk = βk(αk)✳ ❊❧❧❡ ♣❡-♠❡' ❞♦♥❝ ❣7♥7-✐0✉❡✲

♠❡♥' ❞❡ ♣❛-❛♠7'-❡- ❧♦❝❛❧❡♠❡♥' (ρ, c) ♣❛- αk ∈ R/2πZ✳



✶✷✵

▲❡♠♠❡ ✼✳✹✼ ❖♥ ❛

σ(JacG6) = ǫiǫjσ(δnrs)σ(δmrt)σ

(

∂

∂αk
det(Y (αk, βk(αk)), Vh, ρ(Vh))

)

.

 !❡✉✈❡✿ ■❧ %✬❛❣✐* ❞❡ ❧❛ ♠.♠❡ ♣0❡✉✈❡ 3✉❡ ❝❡❧❧❡ ❞✉ ❧❡♠♠❡ ✼✳✷✽✳

�

♣!❡✉✈❡ ❞✉ ❧❡♠♠❡ ✼✳✹✷ ✿ ❖♥ 0❡♣0❡♥❞ ❧❡ %❝❤;♠❛ 0;❝❛♣✐*✉❧❛*✐❢ %✉✐✈❛♥* ✿

SO(3)× C14

S2
A × [0, π]× (R3){C,D,E,F}

F0, σ(JacF0
)>0

OO

S2
A × [0, π]× S2

i × S2
j × R+ × (R3){D,E,F}

F1, σ(JacF1
)>0 ❧❡♠♠❡ ✼✳✶✻

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × (R3){D,E,F}

F2, JacF2
>0 ❧❡♠♠❡ ✼✳✶✾

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × S2
r × R+

r × S2
s × R+

s × S2
t × R+

t

G3, JacG3
>0 ❧❡♠♠❡ ✼✳✹✸

OO

[−π
2
, π
2
]× S2

i × S2
j × R+ × S2

k × S2
r × S2

s × S2
n × S2

t × R+
t

G4, σ(JacG4
)=ǫnǫrǫsσ(δrns) ❧❡♠♠❡ ✼✳✹✹

OO

S2
m × S2

i × S2
j × R+ × S2

k × S2
r × S2

s × S2
n × S2

t

G5, σ(JacG5
)=ǫmǫtǫkσ(δrtm)ǫs′σ(det(Vm,Xm,ρχh(t)−χh(m)(Vt))) ❧❡♠♠❡ ✼✳✹✺

OO

R× S2
m × S2

i × S2
j × S2

k × S2
r × S2

s × S2
n × S2

t

G6, σ(JacG6)=ǫiǫjσ(δnrs)σ(δmrt)σ
(

∂
∂αk

det(Y (αk,βk(αk)),Vh,ρ(Vh))
)

❧❡♠♠❡ ✼✳✹✼

OO

>❛0 ❝♦♥%;3✉❡♥*✱ ♦♥ ♦❜*✐❡♥* ❜✐❡♥ 3✉❡

σ (th, ρ(αk, βk), c(αk, βk)) = −∏

p 6=h,s′(ǫp)σ(Vm, Xm, ρ
χh(t)−χh(m)(Vt))

×σ
(

∂
∂αk

det(Y (αk, βk(αk)), Vh, ρ(Vh))
)

.

�
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❘❡♠❛$%✉❡ ✼✳✹✽ ❘❛♣♣❡❧♦♥' (✉❡ Yk ∈ S2
❡'* ✉♥ ✈❡❝*❡✉- ♦-*❤♦❣♦♥❛❧ 0 Vk✳ ❯♥❡ -♦*❛*✐♦♥ ρ ❡'*

❛❧♦-' ❝♦♠♣❧5*❡♠❡♥* ❞5*❡-♠✐♥5❡ ♣❛- ❧❡ ❝♦✉♣❧❡ (αk, βk) ∈ (R/2πZ)2 ♣❛-

{

ρ(Vk) = cos(αk)Vi + sin(αk)Yij
ρ(Yk) = −cos(βk)sin(αk)Vi + cos(βk)cos(αk)Yij + sin(βk)

Vi∧Vj
||Vi∧Vj ||

.

❊♥ ❡✛❡*✱ ♣♦✉- Wp ∈ S2
(✉❡ ❧✬♦♥ ❞5❝♦♠♣♦'❡

Wp = αpVk + βpYk + γpVk ∧ Yk

❛✈❡❝

αp = det(Wp, Yk, Vk ∧ Yk) βp = det(Vk,Wp, Vk ∧ Yk) γp = det(Vk, Yk,Wp)

♦♥ ❛

ρ(Wp) = αpρ(Vk) + βpρ(Yk) + γpρ(Vk) ∧ ρ(Yk)

= (αpcos(αk)− βpcos(βk)sin(αk) + γpsin(αk)sin(βk))Vi
+(αpsin(αk) + βpcos(αk)cos(βk)− γpcos(αk)sin(βk)Yij
+(βpsin(βk) + γpcos(βk))

Vi∧Vj
||Vi∧Vj ||

.

❘!❢!#❡♥❝❡'
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