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Résumé
Modélisation et analyse mathématique de modeles en océanographie

Cette these est dédiée a la modélisation et a I’analyse mathématique de modeles asymptotiques
utilisés en océanographie décrivant la propagation des ondes internes a l'interface entre deux
couches de fluides de densités différentes, soumis a la seule force de gravité. L’objectif de cette
these est de construire et justifier de nouveaux modeles asymptotiques prenant en compte la varia-
tion de la topographie. Pour ce faire, on pose plusieurs hypothéeses de petitesse sur la profondeur
de l'eau et sur les déformations a l'interface et au fond. On s’intéresse plus particulierement a
deux régimes de variations topographiques, celui de moyenne amplitude et celui de lentes varia-
tions de grande amplitude. La premiere partie de cette these consiste a justifier rigoureusement
et étudier mathématiquement (existence, unicité, stabilité et convergence de la solution) deux
classes de modeles asymptotiques. Une classe de modéles couplés et une classe de modéles sca-
laires. Cette derniere classe est caractérisée par la description de la propagation unidirectionnelle
des ondes internes. Dans la deuxieme partie on propose un schéma numérique pour résoudre
le modele asymptotique couplé dérivé dans la premiere partie dans le cadre d’un font plat. Ce
modele existant dans la littérature a été reformulé d’une facon plus appropriée pour la résolution
numérique en gardant le méme ordre de précision que loriginal et en améliorant ses propriétés
de dispersion. Enfin nous présentons plusieurs simulations numériques pour valider notre schéma.

Mots clés : ondes internes, topographie variable, modeles scalaires, modeles asymptotiques,
approximation unidirectionnelle, simulations numériques, équations de Green-Naghdi, régime de
Camassa-Holm.



Abstract
Modeling and mathematical analysis of models in oceanography

This thesis is dedicated to the modeling and the mathematical analysis of asymptotic models
used in oceanography describing the propagation of internal waves at the interface between two
layers of fluids of different densities, under the only influence of gravity. We aim here at con-
structing and justifying new asymptotic models taking into account variable topography. To this
end, we assume several smallness assumptions on the depth of the water and on the deformations
at the interface and at the bottom. We are interested in two topographic regimes, one for varia-
tions of medium amplitude and one for slow variations with large amplitude. In the first part of
this thesis we rigorously justify and mathematically study (existence, uniqueness, stability and
convergence of the solution) two classes of asymptotic models. A class of coupled models and a
class of scalar models. The latter class is characterized by the description of the propagation of
unidirectional internal waves. In the second part we propose a numerical resolution for the cou-
pled asymptotic model derived in the first part restricted to the flat bottom case. This existing
model in the literature has been rewritten under a new formulation more suitable for numerical
resolution with the same order of precision as the standard one but with improved frequency
dispersion. Finally, we present several numerical simulations to validate our scheme.

Keywords : internal waves, variable topography, asymptotic models, scalar models, unidirec-
tional approximation, numerical simulations, Green-Naghdi equations, Camassa-Holm regime.
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Chapitre 1

Introduction générale

Dans ce mémoire, nous nous intéressons a la modélisation et a I'analyse mathématique de
problemes issus de la physique et utilisés en océanographie, plus particulierement le probléeme
d’évolution des ondes internes intervenant dans I'océan. Les ondes internes se propagent a l'inté-
rieur des fluides stratifiés comme les océans mais elles peuvent aussi intervenir dans ’atmosphere.
Dans cette these, nous présenterons le probleme dans le milieu océanique. En effet, la densité
de l'eau des océans n’est pas homogene, elle varie selon sa température et sa salinité, on parle
alors de fluide stratifié. Grace a cette propriété, ’eau de 'océan a tendance a se séparer en deux
couches, une couche supérieure d’eau pure qui est moins salée et une couche inférieure ayant
une densité plus grande qui est plus fraiche et plus salée. Dans la figure de 'expérience faite
par I’équipe canadienne SLEIWEXH sur les ondes internes intervenant dans ’estuaire de Saint-
Laurent au Canada, on peut remarquer notamment des ondes internes de grandes amplitudes.
Selon I’équipe SLEIWEX, ces ondes peuvent étre générées par les courants de marée stratifiés
sur un fond de topographie irréguliere.

Depth (m)

15:33:45 15:35:00 15:36:15 15:37:30 15:38:45 15:40:00 15:41:15
Time (HH:MM:SS UTC)

FI1GURE 1.1. Stratification, due a la variation de la salinité et de la température.

La mesure des ondes internes solitaires a commencé d’une facon locale depuis les années
1960 a ’aide des chaines de thermistance. En 1978, des photographies générales obtenues grace
aux observations du satellite SEASAT emportant un radar a synthese d’ouverture ou “SAR”

1. http://myweb.dal.ca/kelley/SLEIWEX/index.php
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ont démontré que les ondes internes sont des caractéristiques omniprésentes des eaux cotiéres
(voir [56l 67]). En comparant a des ondes de surface (interface océan/atmosphere), les ondes
internes peuvent avoir une grande amplitude de I'ordre de plusieurs centaines de metres et sont
capables de parcourir sous la forme de strie des milliers de kilometres a travers 'océan. Les
ondes internes produisent suffisamment d’effet sur la surface de la mer pour étre observées depuis
I’espace. On peut remarquer cela dans la figure[1.2|; cette photographie prise a partir de la Station
Spatiale International (ISS)El, montre la cote nord de la Trinité, une ile du sud des Caraibes.
L’effet des ondes internes sur la surface est visible dans cette photographie ou on remarque
I'interaction de trois ensembles d’ondes. L’ensemble le plus important (I'image en haut & gauche)
montre un paquet de plusieurs vagues se déplagant du nord-ouest en raison de I’écoulement de
la marée vers la cote nord de Trinité.

FIGURE 1.2. Paquets d’ondes internes se propageant dans la mer de Trinité, comme vu de ’espace.

La compréhension des ondes internes est un aspect essentiel dans la dynamique des océans.
En fait, elles jouent un role assez important pour tout ce qui est relatif a la circulation globale
(mélange des masses d’eau), I’équilibre des écosystémes marins (transport de nutriments) et aux
mécanismes climatiques (transfert de chaleur). D’autre part, les ondes internes peuvent influer
sur la navigation des bateaux dans les eaux stratifiées. En effet, les ondes internes ont été la
source d'un phénomene étrange appelé “phénomene des eaux mortes”. Bien que déja connu par
les marins, I'explorateur norvégien Fridtjof Nansen a été le premier a décrire ce phénomene
précisément dans le rapport de son expédition vers le pole nord en 1893 a bord de son bateau
“Le Fram” [98]. Nansen nous raconte que le bateau était freiné par une force mystérieuse alors
que la surface de I'eau était calmeﬂ

La modélisation des phénomenes d’évolution des ondes internes attire ’attention permanente
de plusieurs communautés scientifiques. Cependant, les mathématiciens rencontrent plusieurs

2. http://earthobservatory.nasa.gov/I0TD/view.php?id=80337

3. Ce phénomene a été expliqué par Ekman en 1904 par des travaux de recherches durant sa these [53]. II
expliqua que cette force est due a la stratification des flots et que ’énergie du bateau est transmise aux ondes
internes qui se forment & l'interface entre les deux couches de fluide de différentes densités, ce qui induit une
diminution de la vitesse du bateau. L’étude mathématique reliée a ce phénomene ne sera pas le sujet de ce
mémoire, le lecteur intéressé pourra consulter [45] et les références incluses.
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difficultés pour modéliser précisément les mécanismes physiques en jeu durant la propagation
des ondes internes, surtout dans le cadre d’une topographie variable. En effet, I'influence de
la variation de la topographie sur les ondes internes est non négligeable, elle peut avoir des
conséquences importantes sur leur évolution. De plus, il est plus raisonnable en océanographie de
modéliser les phénomenes d’évolution des ondes internes dans le cadre d’une topographie variable.
En conséquence, I'influence de la topographie du fond sera traité dans une grande partie de ce
mémoire. En général, la modélisation des ondes internes mene a des équations aux dérivées
partielles difficiles & résoudre proprement, puisque le domaine d’étude fait partie des inconnues
et que le systeme est fortement non linéaire. Ceci explique l'intérét de construire des modeles
simplifiés dans des régimes physiques spécifiques ou plusieurs hypotheses de simplification sur
la nature du fluide sont utilisées. Cette approche consiste a chercher des solutions approchées
du probleme. Les différents modeles sont obtenus a partir d’'un développement asymptotique des
opérateurs non locaux existant dans le systéme complet par rapport a des petits parametres. Les
modeles asymptotiques obtenus sont certainement plus agréables a étudier mathématiquement
et a justifier rigoureusement. De plus, ils possédent une structure plus simple pour la résolution
numérique.

Le travail présenté dans cette theése est constitué de deux parties. Dans la premiére partie
nous construisons de nouveaux modeles asymptotiques qui décrivent la propagation des ondes
internes unidimensionnelles a l'interface entre deux couches de fluides de densités différentes pre-
nant en compte une topographie variable. Nous nous intéresserons a deux régimes de variations
topographiques. Le premier régime sera celui des variations topographiques de moyenne ampli-
tude et le second sera celui des variations topographiques qui peuvent avoir une large amplitude
et une grande longueur d’onde, plus précisément on se place dans un régime ou le fond peut
varier lentement mais avec une grande amplitude. Les modeles simplifiés obtenus sont distingués
en deux classes : une classe de modéles couplés et une classe de modéles scalaires. La dérivation
de ces modeles s’appuient sur des hypotheses de petitesse sur la profondeur de ’eau et sur I'am-
plitude de la déformation de I'interface et du fond. Les solutions de ces deux classes de modeles
sont analysées mathématiquement et justifiées rigoureusement comme approximation du modele
exact par des résultats de convergence aux Chapitres 2 et J] La deuxiéme partie de cette these
consiste a résoudre numériquement le modele asymptotique couplé dérivé au Chapitre [2| restreint
au cas d'un fond plat. Ce modele initialement dérivé en [49] a été reformulé d’une facon plus
appropriée pour la résolution numérique tout en améliorant sa relation de dispersion a 1’aide d’un
parametre a choisir précisément. Enfin, nous présentons une série de validations numériques qui
permettent d’évaluer systématiquement le schéma obtenu (voir Chapitre . Le corps de cette
these est formé de trois chapitres au total qui sont l'objet de trois articles publiés ou soumis
insérés dans leur forme originale, a part quelques changements mineurs :

e Le Chapitre [2] correspond & un travail en commun avec Samer Israwi et Raafat Talhouk,
“An improved result for the full justification of asymptotic models for the propagation of internal
waves”, publié dans Communications on pure and applied analysis, 14(6) :2203-2230, 2015.

e Le Chapitre [3] correspond a un travail en commun avec Samer Israwi, “Coupled and scalar
asymptotic models for internal waves over variable topography”, a soumettre.

e Le Chapitre [f] correspond & un travail en commun avec Stéphane Gerbi et Christian Bour-
darias, “A numerical scheme for an improved Green-Naghdi model in the Camassa-Holm regime
for the propagation of internal waves”, a soumettre.
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Dans ce premier chapitre introductif, nous présentons le systéme d’équations qui gouvernent la
propagation des ondes internes. Tout d’abord, on considere les hypotheses simplificatrices sur la
nature du fluide, permettant ainsi la mise en place d’un cadre physique spécifique. Une deuxiéme
étape consiste a reformuler le systeme d’équations a l'aide de I'introduction des opérateurs non
locaux réduisant ainsi le nombre d’inconnues et la dimension de I’espace considéré. Le systeme
d’équations obtenu demeure tres difficile a résoudre. A cet effet, on ’écrit sous forme adimension-
née afin de faire apparaitre des petits parametres sans dimension que nous détaillons permettant
ainsi de réaliser dans la suite des développements asymptotiques. La construction des modeles
asymptotiques est établi dans la Section On commence par donner le sens de la justification
rigoureuse des modeles asymptotiques en tant qu'une approximation du systéme complet. Aprés
avoir présenté 1’état de l'art sur les principaux modeles asymptotiques, on s’attache au déve-
loppement asymptotique des opérateurs non locaux afin de dériver le modele approché de type
Green-Naghdi. Enfin, dans la Section nous exposons plus en détails le contenu des différents
Chapitres ainsi que les principaux résultats obtenus.

1.1 Les équations régissant le systeme

1.1.1 Systéme d’Euler complet

Le systeme que nous étudions est composé de deux couches de fluides non miscibles, homo-
genes et de densités différentes délimités supérieurement par un toit rigide et inférieurement par
un fond variable. On note X € R? la variable horizontale de dimension d = 1 ou 2 et z € R
la variable verticale. La variable du temps est noté ¢. On suppose que l'interface et le fond sont
paramétrisés par les graphes de deux fonctions (¢, X) et b(X) désignant respectivement les dé-
viations par rapport a leurs états de repos z = 0 et z = —dy (voir Figure . Les deux domaines
occupés par le fluide supérieur et le fluide inférieur a 'instant ¢ > 0 sont notés respectivement
par :

O ={(X,2) eRIxR; ((t,X) < z < di},

Qo ={(X,2) eRIXR; —dy+b(X) < 2z < ((t,X)}.

Qo

Ny
—dy . x

FI1GURE 1.3. Domaine d’étude.



13 CHAPITRE 1. INTRODUCTION GENERALE

Précisons maintenant les hypotheses sur la nature et le domaine du fluide, afin de déterminer
les équations qui gouvernent la propagation des ondes internes. Ce type d’hypothése raisonnable
est utilisé couramment en océanographie (voir [42]).

e Le domaine occupé par chaque fluide reste strictement connexe.
On supposera ainsi une profondeur minimale des deux couches de fluides c’est a dire il existe une
constante strictement positive kg tel que pour tout ¢ > 0 et pour tout X € R? on a :

dy —C(t, X) > ho>0 et ((t,X)+dy—b(X)>ho>0. (1.1)

e Les fluides sont incompressibles et I’écoulement est irrotationnel.

L’incompressibilité d’un fluide se traduit par une masse volumique constante. On note par (p;, v;)
la masse volumique et le champ de vitesse du fluide, avec i = 1 pour le fluide supérieur et i = 2
pour le fluide inférieur. L’équation de conservation des masses prend alors la forme suivante :

divv; =0 dans ;. (1.2)

L’hypothese d’écoulement irrotationnel signifie que les particules de fluides ne tourne pas autour
d’elle méme. En fait, on se place loin des zones de surf et de swash, notamment dans la zone
d’avant plage ou les effets rotationnels sont négligeables. Un champ de vitesse irrotationnel s’écrit
comme le gradient d’'un potentiel, d’ot1 I'existence des potentiels de vitesse ¢; tel que v; = Vx .¢;
dans ;. Alors on peut déduire que ces potentiels vérifient également ’équation de Laplace a
I'intérieur de chaque fluide :

AX,z¢i =0 dans Qz (13)

e Les fluides sont parfaits, non visqueux et soumis a la seule force de gravité.
L’évolution des potentiels de vitesse s’écrit a ’aide de I’équation de Bernoulli :

1 P
Orpi + §‘vX7z¢i‘2 = gz dans (), (1.4)

]

ou g est 'accélération de la pesanteur et P la pression a l'intérieur du fluide.

e La surface, I'interface et le fond sont imperméables.

Plus précisément, aucune particule de fluide ne traverse la surface, 'interface et le fond. En no-
tant n le vecteur normal a la surface concernée dans la direction ascendante, on peut écrire les
conditions cinématiques suivantes :

061 =0 sur {z =d1}, (1.5)
0C =V 1+|V(POnd1 = /14 |V(|?0np2  sur {z =((t, X)}, (1.6)
Onp2 =0 sur {z =—da +b(X)}, (1.7)

avec Op, = n.Vx , la dérivée normale dans la direction du vecteur n concerné.

1 1
W(—VQ DT et ny =

————(—=Vb,1)T. Quand il y a aucun risque
V1+|VbJ? ( )
de confusion nous notons Vx par V.

Notons n¢ =

e Le tenseur des contraintes est continue a l'interface,

[P(ta)] = lim (P(t,C(to) + ) = P(t,a,C(t ) — €) ) = —ok(C), (1.8)
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N _ 1 . ’ .
ou k(¢) = —V. (7\/WVC ) représente la courbure moyenne de 'interface et o le coefficient de

tension a l'interface.
En tout, les équations (1.2)- (1.8)) qui décrivent notre probléme sont récapitulées dans le
systeme suivant :

Ax.¢i = 0 dans Q;, i = 1,2,

i + 5| Va0 = —g —gz dans Q;, i =1,2,

d:¢1 = 0 sur {z = d }, (1.9)
0¢ = VI+IVCPongr = 1+ [V(Pongy sur {z={(t)}, '
Ongp2 = 0 sur {z = —ds + b(X)},

[P(t,2)] = —ok(C) sur {z = C(t,2)},

\

Ce systeme est communément appelé systéme d’Euler complet et les solutions de ce systeme
seront considérées comme solutions exactes de notre probleme. Néanmoins, ’étude théorique de
ce systeme est extrémement difficile. A cause de la complexité de ces équations, leurs solutions
sont tres difficiles & décrire et sont difficilement calculables d’un point de vue numérique. En fait,
on a un probléeme & frontiere libre autrement dit le domaine est lui méme une des inconnues.

1.1.2 Reformulation de Zakharov

Face & cette complexité, une idée intéressante due a Craig et Sulem [40} [39] consiste a refor-
muler le systeme d’équations a l'aide de I'introduction d’un opérateur de Dirichlet-Neumann
réduisant ainsi le nombre d’inconnues et la dimension de ’espace considéré. Cette idée est basée
sur une remarque de Zakharov [IT5] qui consiste a dire “la connaissance du fluide a I'interface ou
a la surface est suffisante pour déterminer le fluide dans tout le domaine”. Cette reformulation a
été adaptée au cas de deux couches avec une surface libre dans [38], avec toit rigide dans [10, 36].

Introduisons tout d’abord la trace du potentiel du fluide supérieure ¢; a l'interface, que I’'on
notera v :

1/} = ¢1(t,X,<(t,X)).

En effet, ¢ et ¢2 sont définies de maniere unique a partir de (¢, ¢) comme solutions des problémes
de Laplace suivantlﬂ :

AX,z¢1 =0 dans Ql,

0,01 =0 sur {(X,z) € R 2 =dy}, (1.10)
o1 =1 sur {(X,2) € R 2 =},

AX,Z¢2 =0 dans QQ,

8n¢2 = 8n¢1 sur {(X7 Z) € Rd+17 z = C}v (111)
Onp2 =0 sur {(X,2) € R 2 = —dy 4+ b(X)}.

L’écoulement est ainsi caractérisé par 1’évolution des seules quantités ({, 1) localisées a I'interface
entre les deux couches de fluides. La description de cette évolution est due a l'introduction des
opérateurs de Dirichlet-Neumann qu’on définit comme suit :

4. Les arguments classiques utilisés pour montrer I’existence et 'unicité d’une solution de ([1.10])- (1.11}) et donc
le caractere bien posé des opérateurs de Dirichlet-Neumann sont détaillés dans [84].
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Definition 1.1.1 (Opérateurs de Dirichlet-Neumann). Soient ¢,b € H(RY), tg > d/2, tel
que (L.1)) soit vérifié et soient 1 € L2 (R?), Vi € H 1/2 (R9), alors on définit :

loc

Gl = V1+|V¢2(0n01) |:=c = —(VO)(V1) |a=¢ + (0:01) |2=¢ ,
H[G By = V(d2li=¢ ) = (Vo2) [o=¢ + (VO)(:62) = ,

avec ¢1 et ¢o uniquement définis comme solutions dans H?(R?) des problemes de Laplace (1.10))

et (1),

En utilisant la condition cinématique (1.6)) et en prenant la trace de 1’équation de Ber-
noulli (1.4) & interface, le systéeme d’Euler complet (1.9) peut se reformulerﬂ en fonction des
seules variables canoniques (¢,) comme un systéme d’équations d’évolutions définies sur R? :

8tC - G[CW} = 07

1 5 9 (1.12)
8t<p2H[C,b]1/J—P1V¢> + g(pg—pl))VC + §V<p2‘H[<,b]¢| —p1|vw| )
= VN(( ) +oV(k(()),

avec !

p2 (G + VCHIC,010)? — pi(GICY + (VO (V)

2
2(1+ V(PP '

N ) =

1.1.3 Systéme adimensionné

Bien que la “reformulation de Zakharov” a abouti & un systeme d’équations réduit , la
description de ces solutions d’un point de vue qualitatif et quantitatif demeure tres complexe.
Un remede a cette situation passe par la construction des modeles asymptotiques simplifiés, donc
la recherche des solutions approchées du systeme complet. Ces modeles approchés permettent
de décrire d’une maniere assez précise le comportement du systéme complet dans un régime
physique spécifique. Ceci exige un adimensionnement du systeme afin de faire apparaitre des
petits parametres sans dimension qui permettent de réaliser des développements asymptotiques
des opérateurs non locaux (Dirichlet-Neumann), négligeant ainsi les termes dont l'influence est
minime. L’ordre de grandeur de ces parametres permet ainsi d’identifier le régime physique consi-
déré. Nous commencons par définir les grandeurs caractéristiques du systeme (voir Figure .

e Une longueur d’onde typique de U'interface A.
e Une amplitude maximale de la déformation de l'interface a.

e Une amplitude maximale de la déformation du fond ay.

5. En utilisant la regle de dérivation en chaine et la continuité de la pression & 'interface.
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dq

P1

FIGURE 1.4. Grandeurs caractéristiques.

La longueur caractéristique A est supposé identique dans les deux directions si d = 2. La
longueur verticale de référence choisie est d; (profondeur du fluide supérieur). Rappelons que dy
est la profondeur du fluide inférieur. La vitesse d’onde caractéristique est donnée par :

(p2 — p1)dids

co = .
p2dy + prda

On définit alors les variables et les inconnues sans dimension suivantesf :

.z = X -
Z = d717 - X’ = 7t>
: (t.X) (x)
seoon LX) oo bX) - o dy _
C(taX) - a 9 b(X) - ap ) ¢Z(taX7 Z) - GACO¢Z(t’X’ Z) (fL - 152)

Le choix de la vitesse caractéristique des ondes ¢y pour adimensionner la variable de temps et
le potentiel des vitesses est motivé par ’étude du systeme linéarisé de autour de I’état de
repos (¢, 1) = (0,0) avec un fond plat (voir [83, Appendice A] pour plus de détails). Introduisons
maintenant les différents parametres sans dimension :

2 _ 2
dl EZE,IBE@ ”y:ﬂ7(557 BOZM

F=3 =4 4’ Py d’ o

Avant de réécrire le systeme sans dimension, nous donnons dans ce qui suit la signification de
chaque parametre :

e 4 représente le carré du rapport de la longueur verticale de référence a la longueur d’onde

6. Dans le Chapitre |3| on effectue un changement de variable 1égerement différent de celui présenté ici. En fait,
I’adimensionnement du fond suppose que la longueur d’onde de la variation de la topographie est différente de
celle de l'interface (voir Section du Chapitre [3| page .



17 CHAPITRE 1. INTRODUCTION GENERALE

interne. Ce parametre communément appelé parametre de dispersion ou “shallowness parame-
ter”, mesure le caracteére de faible profondeur. En effet, on s’intéresse dans notre étude au régime
d’eaux peu profondes ou “shallow water regime”’ ou ce parametre est supposé tres petit :

p< 1

Cette hypothese est essentielle afin de pouvoir faire des développements asymptotiques permet-
tant ainsi la dérivation de modeles approchés.

e ¢ représente I'amplitude de I'onde interne. Il est souvent appelé parametre de non linéarité.
Dans la suite de notre étude, la dérivation des modeles asymptotiques s’appuiera sur une hypo-
these de petitesse sur ce parametre. Plus précisément, on suppose € = O( /1), ce qui correspond
au régime souvent appelé “Camassa-Holm regime”.

e (3 représente 'amplitude de la variation topographique. Dans ce qui suit, on dérive plusieurs
modeles asymptotiques couplés et scalaires, prenant en compte la variation topographique. On
distinguera deux cas :

-Le premier cas est traité dans le Chapitre [2] et correspond & une variation topographique de
moyenne amplitude, ot on s’appuie sur 'hypothese de petitesse 3 = O(/1).

-Le deuxiéme cas est traité dans le Chapitre [3]et peut correspondre & une variation topographique
lente de large amplitudeﬂ En fait, on suppose cette fois que o = O(,/1) avec a le rapport de
la longueur d’onde de la variation de l'interface a la longueur d’onde de la variation du fond.

e 7 représente le rapport de la densité du fluide supérieur a la densité du fluide inférieur. On
suppose que le fluide est stratifié de maniere stable, notamment pas de phénomeéne de convection
c’est & dire que le fluide plus dense sera au dessous du fluide moins dense. On fixe v € (0,1).

e § représente le rapport de la profondeur du fluide supérieur a la profondeur du fluide infé-
rieur. On suppose que les deux couches de fluide admettent une profondeur similaire, notamment
0 ne s’approche pas de zéro ou de I'infini.

e Bo représente le rapport des forces de gravité aux forces capillaires. Ce parametre est ap-
g(p2 — p1)di
o

pelé ”Bond number”. Par contre, dans la suite on utilisera bo = pBo = cela revient

a supposer que Bo~! = O(u).

Il est important de comprendre qu’on se place dans un régime physique spécifique (“shallow water
regime) ou la profondeur des deux couches de fluides est faible par rapport a la longueur d’onde
caractéristique. Ceci n’empéche pas que la profondeur peut atteindre 'ordre d’un kilometre. De
plus les hypotheses sur 'amplitude de ’onde interne et sur celle du fond sont considérées petites
par rapport a la profondeur des couches de fluide. Ce régime asymptotique ainsi que les hypo-
theses de petitesse s’appliquent dans différents domaines physiques, ils permettent de considérer
la propagation des ondes internes dans les zones cotieres et dans les mers profondes. Par exemple,
les observations et mesures dans les zones cotieres de la baie de Massachusetts font apparaitre la
propagation d’ondes internes de 10 m d’amplitude avec une longueur d’onde de 300 m sur une

7. Dans ce régime particulier, plusieurs équations de type KdV pour les ondes de surface unidirectionnelles au
fond variable ont été dérivées dans la littérature, citons [95] [102] [71], (voir aussi [28] pour les systémes de type
Boussinesq).
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profondeur de 30 m. De méme, des paquets d’ondes internes de large amplitude (80 m) et de lon-
gueur d’onde d’environ 2000 m ont été mesurés dans la mer d’Andaman situé dans 'océan indien
sur une profondeur de 500 m dans une eau de profondeur 1500 m.(voir [66, [67] et leurs références).

L’introduction de ces différents variables, inconnues et parametres sans dimension permet d’écrire
la forme adimensionnée de notre systéeme. En omettant les tildes pour des raisons de lisibilité,
on introduit les domaines adimensionnés des deux fluides :

O ={(X,2) eRIxR; e(t,X) < z < 1},
= {(X,2) R xR —5 +AH(X) < = < (X)),
La condition de profondeur minimale devient la suivante :
1—€e((t,X)>ho>0 et 1/0+eC(t,X)—pb(X)) > ho >0, (1.13)
et les problemes de Laplace adimensionnés :

(WAx +0%)p1 =0 dans €y,

0,461 =0 sur {(X,z) € RT 2 =1}, (1.14)
o1 =1 sur {(X,z) € R 2 = e},

(WAx +0?)po =0 dans o,

On2 = Ond1 sur {(X,z) € R 2 =€}, (1.15)
Onp2 =0 sur {(X,z) € R, 2= -1+ Bb(X)}.

A partir de ¢ et ¢o adimensionnés solutions des problemes de Laplace (1.14]) et (1.15)), on définit
également les opérateurs de Dirichlet-Neumann adimensionnés.
Gy = Gleclt = V/IT AEVCR(Onb) lmec = —ue(VE) (V1) |omet + (Oob1) |omec
H" = He(, BUlY = V(2 |s=ec ) = (V2) [s=e¢ + €(V)(0:02) o= -

Enfin la forme adimensionnée du systéme d’Fuler complet est la suivante :

a¢ — Tary = 0,
i

O (0% —AVe) + (v +8VC + SV(|HMYR — 9Ty ) (1.16)
(1 + ) V(k(ey/C))

— v #767
HeV N o Y/

avec

(LG + eVCHPOY)? — 5(LGHp + (V) (V)
2(1+ pleVCP2) ‘

Des résultats antérieurs ont montré que le probleme de Cauchy associé au systeme d’Fuler com-
plet est mal posé dans les espaces de Sobolev (au moins en dimension d = 1) en absence
de tension de surface a cause des instabilités de types Kelvin-Helmholtz et Rayleigh-Taylor,
citons [109, 108 (2l 69, 89, [78]. Ajouter un terme de tension de surface permet d’obtenir un
caractere bien posé mais pour un temps d’existence tres faible (voir [4] 5], [106]). Grace a un

NI =
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critere de stabilité, Lannes a démontré dans [83] que le probleme devient bien posé (dans le cas
d’un fond plat) en prenant en considération le terme de tension de surface dans le systeme. Le
temps d’existence de la solution de ce systeme reste raisonnable méme si le terme de tension de
surface est trés petit. Cependant, ces résultats sont valables dans le cadre d’un fond plat et a
notre connaissance il n’existe aucun résultat de caractere bien posé dans le cas ou le fond est
variable.

Comme nous 'avons mentionné ci-dessus, I’étude théorique ainsi que la résolution numérique
du systeme d’Euler complet demeurent tres difficiles. Dés lors, nous nous intéresserons dans la
section suivante a la construction des modeles asymptotiques réduits.

1.2 Construction des modeles asymptotiques

Justification rigoureuse des modeles asymptotiques.

Avant de construire les différents modeles asymptotiques, donnons un sens a leur justification
rigoureuse en tant qu’approximation du systeme d’Euler complet . Suivant la terminolo-
gie de [84),[83], la justification rigoureuse d’un modele asymptotique (S, ) consiste en trois étapes :

e Consistance : Le systeme d’Fuler complet est consistant avec le modele asympto-
tique (S,), si toute solution bornée et suffisamment réguliere U = (¢, ) de telle que
est vérifiée, satisfait (S,) jusqu’a un petit résidu, indiquant la précision du modele asymptotique.

Dans ce mémoire, la précision d’ordre O () sera comprise au sens de la norme L, i.e.
le reste est borné en norme L*°. Cependant, la précision d’ordre O(g) sera comprise au sens
des normes L°H?, i.e. le reste est borné en norme H?®, uniformément par rapport au temps t.
La consistance en norme H?® est plus forte que celle en norme L et elle permet de justifier
rigoureusement le modele asymptotique.

e Caractére bien posé : Le systéme d’Euler complet (1.16) et le modele asymptotique (S,)
ayant des données initiales identiques suffisamment régulieres, doivent étre bien posés

e Convergence : La solution U, = ({4, v,) du modele asymptotique (S,) approche la solution
U = (¢, ) du systeme d’Euler complet avec une précision d’ordre O(¢), si pour une méme
donnée initiale, la différence entre les deux solutions est bornée en norme H?, uniformément par
rapport au temps t. Plus précisément, on a I’estimation suivante :

1(¢,%) = (Casva) Lo (o,1),m5) < C' &y

avec C' indépendant de e.

A partir des deux premieres étapes de la procédure (consistance et caractere bien posé) on
peut conclure la convergence grace a un résultat de stabilité des solutions du modele asympto-
tique (S,) par rapport aux perturbations des équations.

Présentons maintenant 1’état de 'art sur la dérivation, I'analyse mathématique et la résolution
numérique de plusieurs modeles asymptotiques dans différents régimes.

8. Comme nous ’avons dit, & notre connaissance il n’existe aucun résultat d’existence et d’unicité de solution
pour le systéeme d’Euler complet (1.16)) dans le cas ou le fond est variable. Pour la suite de notre étude, on supposera
que ce dernier admet une unique solution.
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1.2.1 Etat de l’art sur les modeles asymptotiques

La dérivation des modeles asymptotiques dans le régime d’eaux peu profondes (1 < 1) et dans
le cadre des ondes de gravité (une couche de fluide & surface libre) remonte a la fin du XIXeme
siecle. Saint-Venant [41] a dérivé le modele qui porte son nom en négligeant les termes du pre-
mier ordre O(u). Ceci correspond & supposer que la vitesse horizontale est constante sur toute
la profondeur du fluide. Un modeéle faiblement non linéaire a été dérivé par Boussineq [20] 21]
afin de décrire la propagation des ondes de gravité de petite amplitude et de grandes longueurs
d’ondes (¢ = O(p)). Un modele d’ordre supérieur O(u?) traitant les vagues ayant une plus grande
amplitude que le modele de type Boussinesq a été introduit plus tard par Serre [105] et Green,
Naghdi [60]. Ce modele prend en compte les termes & effet dispersif négligés par le modele de
Saint-Venant. La justification du modele de Boussinesq a été achevée et améliorée plus tard dans
les travaux suivants [35) 12, [14] [104], 25]. Finalement, Alvarez-Samaniego et Lannes [2] ont dé-
montré le caractere bien posé du systéme d’Euler complet pour un temps large dans le cas d’une
couche de fluide en dimension (d = 1,2) et avec un fond variable. De plus, ils ont justifié rigou-
reusement plusieurs modeles asymptotiques de type Saint-Venant, Boussineq et Green-Naghdi.
L’influence de la topographie sur les ondes de surface a été traitée dans [28], ou plusieurs mo-
deles asymptotiques ont été construits et étudiés en dimension d = 1,2 considérant deux régime
topographiques sur le fond : un régime de faible amplitude et un régime de large amplitude. Voir
aussi [70, [72] ou la solution des équations de Green-Naghdi avec fond variable a été construite
par un schéma itératif de Picard de sorte qu’il n’y ait pas de perte de régularité de la solution
par rapport a I’état initial.

Tous ces travaux sont limités au cas d’une couche de fluide. Cependant, les modeles bi-couche
possedent la méme structure. En fait, on peut retrouver les modeles dans le cas d’une couche
de fluide a partir des modeles bi-couche en supposant que la densité du premier fluide est nulle
et que le rapport des deux profondeurs est égale a 1. Introduisons quelques résultats antérieures
traitant le cas de deux couches de fluide. Plusieurs modeles asymptotiques pour le systeme bi-
fluide ont été dérivés et étudiés sous I’hypothese de toit rigide, citons [97, 92] (93] 31, B2, 38]. Plus
tard, dans le méme cadre (bi-couche et toit rigide) une large classe de modeles dans différents
régimes a été dérivée et justifiée dans le sens de consistance (voir [16]). Dans [65], les auteurs
ont montré que le systeme de Saint-Venant bi-couche est bien posé en dimension d = 2 et sans
tension de surface sous certaines conditions raisonnables sur les données initiales. Ce résultat a
été généralisé par Bresch et Renardy [22] au cas non-irrotationnel. Récemment, Duchéne, Israwi
et Talhouk [49] ont dérivé un nouveau modele de type Green-Naghdi dans le régime de Camassa-
Holm décrivant la propagation des ondes internes de moyenne amplitude (¢ = O(,/p)) délimité
par un toit rigide et un fond plat. Ils ont justifié rigoureusement leur modele asymptotique comme
approximation du modele exact par un résultat de convergence. De plus, leur modele permet
de justifier rigoureusement tout modele asymptotique bien posé et consistant. Ce résultat sera
étendu dans le Chapitre [2| au cas de fond variable de moyenne amplitude et dans le Chapitre
au cas de fond variable de large amplitude et de grandes longueurs d’ondes.

Cependant, le cas de fond variable a été moins exploré dans la littérature d’ondes internes.
Présentons quelques résultats remarquables dans ce cadre. Un modele asymptotique bi-fluide a été
dérivé dans [103] afin d’étudier I'interaction des ondes internes non linéaires avec une topographie
variable de grande amplitude. Suivant la méthode initiée dans [16] basée sur le développement
asymptotique des opérateurs non locaux, Anh dérive dans [6] plusieurs modeles asymptotiques
pour une grande classe de régimes prenant en compte la tension de surface. Suivant la méme
méthode Duchéne [44] dérive des modeles asymptotiques pour la propagation des ondes de surface
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et des ondes internes en dimension d = 1, 2. L’évolution des ondes internes bidimensionnelles de
grandes amplitudes dans un systéme bi-couche avec fond variable a été étudié dans [7] & 'aide
d’un nouveau modele asymptotique qui régularise les instabilités de type Kelvin-Helmholtz. Un
modele de type Green-Naghdi qui décrit la propagation des ondes internes bidimensionnelles
(d = 2) sur un fond variable a été dérivé et justifié en terme de consistance dans [48]. Les travaux
mentionnés précédemment sont limités au niveau formel. En fait, les modeles dérivés dans ces
papiers sont systématiquement justifiés par un résultat de consistance, et ne fournissent pas une
justification rigoureuse contrairement a [90].

Dans tous les travaux énoncés précédemment, les modeles dérivés consistent en deux équa-
tions d’évolution couplées. Tous ces modeles se réduisent a ’ordre inférieur de précision a une
équation d’onde de vitesse £1 et toute perturbation de la donnée initiale de I'interface conduit a
une division de 'interface en deux ondes se propageant dans des directions opposées. Dés lors, un
intérét particulier est accordé a 1’étude de modele unidirectionnel caractérisé par une équation
scalaire qui décrit la propagation de l’onde dans une direction donnée. Plus précisément, 1’at-
tention est apportée a une seule direction apres que ’onde se divise. L’équation de Korteweg-de
Vries [81] est Iexemple le plus fameux d’un tel modele. Cette équation dispersive non-linéaire
modélise la propagation unidirectionnelle d’'une onde solitaire au dessus d’une couche de fluide
homogene en eau peu profonde. A partir de cette équation on peut retrouver par exemple 1’équa-
tion de Benjamin-Bona-Mahony (BBM) [9]. Plusieurs généralisations de ces modeles ont été
proposées dans la littérature, voir [27] [75]. Pour une généralisation au cas d = 2 pour les ondes
faiblement transverses voir [76]. Ces modéles sont une approximation au premier ordre des équa-
tions de Boussinesq. Leur justification rigoureuse a été démontrée plus tard dans les travaux
de [14, R7), 29, [34] [71] (voir [46] pour le cas de deux couches de fluide).

Une différence importante se manifeste dans le cas de deux couches de fluides. En fait, les
coefficients dépendent maintenant de la situation (deux couches, fond variable) et le terme de
non linéarité peut s’éliminer pour un certain coeflicient critique. Face a cette situation, plusieurs
modeles contenant un terme non linéaire cubique ont été dérivés dans [77, 43, [100] et étudiés
dans [61), 10T]. Ces modeles ont été souvent motivés par des expériences, citons [80, 68, [94]. Des
modeles d’ordres élevés ont été dérivés et justifiés dans le régime de Camassa-Holm (e = O(\/1))
dans [34] pour le cas d’une couche de fluide. De tels modeles sont dérivés pour le cas de deux
couches de fluides avec fond plat et toit rigide dans [32], avec surface libre dans [62), 38]. La
justification rigoureuse de tels modeles d’ordres élevés a été achevée dans [47] dans le cas d'un
fond plat. A notre connaissance il n’existe aucun travail de justification rigoureuse de modeles
unidirectionnels qui décrivent la propagation d’ondes internes sur un fond variable. Des lors, on
proposera dans le Chapitre [3| plusieurs modeles unidirectionnels dans plusieurs régimes prenant
en compte la variation topographique.

La résolution numérique de ces modeles asymptotiques a aussi connu une tres grande activité
depuis quelques années. Présentons tout d’abord quelques travaux récents qui traitent numeéri-
quement plusieurs systémes de type Green-Naghdi (dénoté GN dans la suite) dans le cas d’une
couche de fluide. Un schéma numérique de type Godunov préservant la dynamique des ondes
solitaires de surface a été utilisé dans [88] afin de résoudre numériquement un systeme de type
GN écrit en terme de nouvelles variables de potentiel. Une nouvelle formulation du systeme de
type GN a été donnée dans [17] dans le but d’améliorer les propriétés de dispersion en fonction
d’un parametre (voir aussi [30] ot une famille de trois parametres de systeme de type GN a été
dérivée). Ensuite les auteurs proposent un schéma de “splitting” qui traite séparément la partie
hyperbolique avec une méthode de volumes finis et la partie dispersive avec une méthode de
différences finies. Cette stratégie a été utilisée antérieurement dans [55] pour décrire les solutions
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des équations de type Boussinesq (voir aussi [I10] ou cette stratégie a été développée pour trai-
ter le déferlement). Un schéma numérique basé sur une méthode de Galerkin/éléments-finis est
présenté dans [96] pour résoudre le systéme de Serre. Récemment, Lannes et Marche [86] ont
adapté le schéma de “splitting” pour une nouvelle classe d’équations non linéaires et faiblement
dispersives de type GN en dimension d = 2 prenant en compte la variation de la topographie.

Pour autant que nous sachions, la résolution numérique du systeme de type GN dans le cas
des ondes internes a I'interface entre deux couches de fluide avec un toit rigide a été moins étudiée.
Dans ce cadre, la validité des modeles faiblement non-linéaires (Boussinesq) et fortement non-
linéaires (Saint-Venant et Green-Naghdi) est examinée dans [26] & partir d’une comparaison des
résultats analytiques et numériques des modeles asymptotiques fortement non-linéaires dérivés
par Choi et Camassa [32] avec des simulations numériques des équations d’Euler et des données
expérimentales présentées dans [94] [63]. Guyenne [64] compare les solutions numériques d’ondes
solitaires internes de grande amplitude d’un modele hamiltonien avec les solutions de modeles
faiblement et fortement non-linéaires. Un modele de type Boussinesq pour la propagation des
ondes internes dans deux sens avec toit rigide a été dérivé dans [99], ou les auteurs étudient
numériquement la propagation ainsi que la collision d’ondes solitaires. Récemment, Duchéne et
al. [50] ont étudié numériquement plusieurs classes de modeles modifiés de type GN afin de
montrer comment les différentes propriétés de dispersion des modeles modifiés peuvent affecter
I’apparition des instabilités de type Kelvin-Helmholtz. Dans le Chapitre [4, nous allons comparer
numériquement le modele dérivé dans le Chapitre [2| apres reformulation, dans le cadre d’un
fond platﬂ aux différentes classes de modeles de type GN modifiés obtenus dans [50]. Cette
comparaison mettra en évidence I’amélioration des propriétés de dispersion et de stabilisation
qu’offre cette nouvelle formulation.

Apres avoir exposé I'état de 'art, nous présentons d’une maniere résumée la méthode qui
permet d’obtenir les développements asymptotiques des opérateurs de Dirichlet-Neumann afin
de construire les différents modeles asymptotiques dans le cas de deux couches de fluides avec
fond variable.

1.2.2 Développements asymptotiques des opérateurs de Dirichlet-Neumann

L’ingrédient essentielle pour la construction de modeles approchés consiste dans le dévelop-
pement asymptotique des opérateurs de Dirichlet-Neumann. Il s’agit de remplacer ces opérateurs
dans le systeme d’Euler complet par leurs approximations pour obtenir les différents mo-
deles asymptotiques. Tout d’abord il faut se placer dans un régime physique spécifique, ou on
considére une hypothese de petitesse sur un des parametres du systeme. Comme nous 'avons dit,
on s’intéresse dans notre étude au régime d’eaux peu profondes oli on suppose que le parametre
de dispersion est tres petit :

p< 1

Nous commencons par définir u; (resp. uz) la vitesse horizontale du fluide moyennée vertica-
lement sur la couche du fluide supérieur (resp. inférieur).

Definition 1.2.1. Soient ¢ € L2 _(RY), tel que Vip € HY/2(R) et ¢,b € H'T(R?) avec tg > d/2.

loc
Soient h1 = 1—€( et hy = 6"+ ¢ — b les profondeurs du fluide supérieur et du fluide inférieur

9. Ce modele correspond exactement au modele dérivé dans [48)].
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respectivement. On suppose qu’il existe hg > 0 avec hi, ho > hg > 0. Alors on définit :

1 1
uy(t, ) = (6, X) /eg(t,x) Voi(X, z) dz,

1 eC(t,X) x p
us(t,z) = hQ(taX)/—;Jrﬁb(X) Va(X, z) dz,

avec ¢ and ¢2 solutions des problemes de Laplace (1.14]) et (1.15).

Proposition 1. Soient (,1,b satisfaisant ’hypothése de la Définition [1.2.1. Alors on a les
identités suivantes :

GM[GC]w = ,LLV' (hlul) = —MV' (thQ). (1.17)

Idée de la preuve. La preuve de cette proposition est basée sur un calcul simple par I'intégration
des équations de Laplace satisfaites par ¢ et ¢o apres les avoir multiplié par une fonction test.
Utilisant 1'identité de Green et le fait que 9,1 = Onpa = (1 + pleV¢|?)"Y2GHeC]t, on peut
facilement déduire les identités. Pour le calcul détaillé voir [47), Section 2.2]. O

Donnons maintenant le développement asymptotique des opérateurs de Dirichlet-Neumann
dans les deux propositions suivantes. On rappelle que ces deux propositions étendent le résultat
obtenu en [I6] au second ordre. On peut déduire ces deux résultats a partir des développements
asymptotiques obtenus en [12], 13 [14] 84] traitant le cas d’une couche de ﬂuidem Pour plus de
détails sur la description de cette méthode consulter [48] Section 3].

Proposition 2. Soient ty > d/2, s > 0 et soient ¢ € L% _(R?), tel que Vip € HTHRI) et
¢,b € Hot2(RY N HT4(RY). Soient hy =1 — €C et hy = 6~ + € — pb tel qu’il existe hg > 0
avec hy,ho > hg > 0. Alors :

lut — Vol < uM(s+2)| VY e, (1.18)
lut = VY + pT[h,01VY| e < P M(s+4)| V| s, (1.19)
V) — wp — pT[he,Our| e < pPM(s+4)|V| s (1.20)

Proposition 3. Soient tg > d/2, s > 0 et soient ¢ € L2 _(R?), tel que Vi € H*TP(RY)4 et

¢, b€ HOot2(RY) N HSH1/2(RY), Soient hy =1 — €C et hy = 61 + eC — Bb tel qu'il existe hg > 0
avec hy,ho > hg > 0. Alors :

IN

‘U/Q _H/L,ls,(/}‘HS NM(3+7/2)‘V¢‘H3+37 (121)
|H"0% — ug — pTha, Bblus| ;. < p?M(s +11/2)| Ve (1.22)

Hs+5‘

10. La stratégie adoptée dans le cas d’une couche de fluide pour obtenir les développements asymptotiques
de 'opérateur de Dirichlet-Neumann consiste a étudier asymptotiquement le potentiel ¢ sachant que 'opérateur
est explicitement défini en fonction du potentiel. L’idée est de redresser le domaine & ’aide d’un difféomorphisme
admissible afin de transformer ’équation de Laplace posée sur un domaine en mouvement en une équation elliptique
a coefficients variables ({, b) posée sur un domaine fixe et plat (voir [2]). Sachant que 'opérateur elliptique admet
un développement asymptotique en p, on peut déduire le développement asymptotique du potentiel ¢ en résolvant
le probleme elliptique a chaque ordre. Le fait que la différence entre la solution exacte et ’approximation a ’ordre
voulu vérifie I’équation elliptique sur le domaine plat et que I'opérateur est coercif permet de controler la norme
H? de cette différence, d’ou I'obtention des estimations sur 'opérateur. Cette stratégie a été étendue au cas de
deux couches de fluides avec un fond plat et toit rigide dans [16], avec un fond variable et surface libre dans [44].
Dans le cas de fond variable, le choix du difféomorphisme exige une certaine régularité sur la paramétrisation du
fond (voir [84), Section 2.5.3]).
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Tlh, bV = ;—;V(h3VV) + %[V(iﬂ(Vb)V) — h2(Vb)(VV)] + (Vb)2V

et
M(S) = C<h’alﬂ ‘C‘Hmax(s,to-&-l)? ‘b‘Hmax(s,t0+l))-

A partir de la Proposition 1} la premiere équation du systéme d’Euler complet (1.16|) devient :
8tC = V . (hlul) = —V . (hQUQ). (1.23)

En utilisant les développements asymptotiques au second ordre des Propositions [2] et |3| dans la
deuxieme équation du systeme d’FEuler complet (1.16)) et en négligeant tous les termes d’ordre
O(u?), on obtient

O ('UQ — yuy + pT [he, Bblug — puyT [hi, O]ul)
(v + 6)VC + gv(yug + T Tha, BBlus|? — y|ur + uTha, om?)
(v +8) V(k(ey/iQ))

= pueVNE — p - > +0W?),  (1.24)
A~ (V - (haug) + €(VC) - (u2))* = 4(V - (hrur) + €(VC) - (w1))?
- 2
(= h2Vus + B(V) - (u2))” — 7 (V- u1)*

2

Les équations (1.23]) et (1.24) sont tres similaires au systéme obtenu dans [32] et la consistance
de ces deux équations avec les équations d’Euler ((1.16]) est montrée dans [48] Proposition 6].
Afin de réduire les équations ([1.23]) et ((1.24]) & un systéme d’équations d’évolution couplées,
on introduit une nouvelle variable v, qui satisfait la relation suivante :
hiha

Sy Y () = V- (haug). 1.2
h1—|—7h2v V- (hiuy) V - (haug) (1.25)

En dimension d = 1 et en supposant que v — 0 quand |z| — oo (le fluide est au repos a l'infini),
I'identité (1.25) définit uniquement v comme la vitesse moyenne suivante communément appelée
“shear mean velocity” :

hiha

. mv = —0z(hiu1) = 0y(haug) siet seulement si v = wug — yug. (1.26)

Cependant, cette identité n’est plus valable en dimension d = 2. Afin de pouvoir définir v comme
étant I'unique solution de ([1.25]), il faut utiliser 'opérateur non loca1E| suivant introduit dans [16].

Definition 1.2.2. Soit ¢ € L>®(R%) tel que |{|z~ < 1. Alors pour tout W € L*(R%)? :

e il existe un unique V € L%(R%)? tel que

V- (1+QV)=V-W,

11. Duchéne [44] a démontré que cet opérateur spécifique aux ondes internes bidimensionnelles (d = 2) est la
conséquence de ’hypothese de toit rigide.
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et IV =V, avec Il = YDV‘QT est le projecteur orthogonal sur le champ de vecteur gradient de
L2 (Rd)d :

eonaV =Q[C]W, avec Q[(] : L*(RY)? — L?(R%)4 défini par
Q[ U= Y (=1 (1I(CTL) " (1)
n=0

esi¢ € H(RY) et W € H* (R avec s > tg + 1, tg > d/2, alors Q[(]W € H*(R%)? et

1
W 1. < C (Kl ) W e

Comme nous l'avons dit, 'utilisation de cet opérateur permet de définir v comme unique
solution de ([1.25)) et d’établir ainsi des développements asymptotiques des opérateurs de Dirichlet-
Neumann en fonction de v. Pour plus de détails, le lecteur intéressé peut consulter [48] ou les
auteurs démontrent que le systeme d’Fuler complet est consistant avec le systeme de type
Green-Naghdi généralisé (dimension d = 2 et fond variable) avec comme inconnues ¢ et v .

Jusqu’ici on a travaillé avec d = 2. Des lors, nous restreignons notre étude au cas unidimen-
sionnelle (d = 1) sachant que dans tout ce mémoire on s’intéressera aux modeles asymptotiques
qui décrivent la propagation des ondes internes unidimensionnelles (d = 1).

1.2.3 Le systéeme de type Green-Naghdi unidimensionnel

Plusieurs variables de vitesse ont été utilisées dans la littérature pour exprimer les équations
de type Green-Naghdi. Par exemple, dans [16] les auteurs choisissent d’utiliser une variable v, le
cisaillement ou “shear velocity défini par

v = 0y ((dg — Y1) emec) = HMOh — 40).

Malheureusement, avec ce choix, le systéeme linéarisé est conditionnellement mal posé. Le choix
de la variable de vitesse v comme définie dans et que nous choisirons dans la suite de
notre étude a été utilisé dans [31),32]. Ce choix admet deux avantages principaux. Premiérement,
I’équation qui décrit I’évolution de la déformation de I'interface est une équation exacte et non pas
une approximation d’ordre O(y?). De plus, ce choix assure que le systeme soit linéairement
bien posé (voir [47, Section 2.2]). Apres certains calculs simples et en utilisant la variable de vitesse
v comme défini dans (1.26), les équations (1.23) et (1.24)) se réduisent en dimension (d = 1) au
systeme d’équations d’évolution couplées suivant :

( hihs -
o+ () = o
ST 0
(h1 +vh2)?
_ 1)
€0y (R[h1, holv) + M%agﬁa

O (U + /LQ[hl,hg}’U> + (')’—F(S)&BC + §8$<
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ot 'on note hy =1 — € et hg = 6! + e — Bb et on définit :

_ h —h
Qi ol =Tlha, B8} (=) =TT, 0] (27 ).

_ L 3 hiv
T 3hy D <h2&”(h1 + 'yh2)>

| - o (1.28)
2 1 _ 32 oMy
+ 2h2»8[8x (h2(axb) hi +7h2) h2(axb)ax(hl +’7h2)]
hiv 1 hov
2 2/ vy [ L 39 (_ M2V
_ 1 hiv hiv  \2 v —hav \\2
RIhi, holv == — hoOp(——— b)) (————) ) — 5(MOu(—
[ha, halv 2( 2 <h1 +7h2)+5( )(hl +’Yh2)> 2< ! (h1+’7h2)) (1.29)
hiv hiv —hav —hav '
(M e (Y (22 o (2120,
(e Tl ) (=) G Tl 0 ()

L’existence et I'unicité des solutions du systeme de type Green-Naghdi (1.27)) ont été montrées
dans [50, Section 5] dans le cas d’un fond plat (8 = 0). Leur méthode est similaire & celle utilisée
pour le systéme d’Euler complet avec tension de surface par Lannes [83].

Donnons maintenant le résultat de consistance du systéeme d’Fuler complet avec le
systeme de type Green-Naghdi unidimensionnel . Comme nous l'avons dit ci-dessus, ce
résultat a été démontré dans [48] dans le cas généralisé (d = 2). Ainsi la proposition suivante
dans le cas unidimensionnel suit sans aucune difficulté sachant que le terme de tension de surface
se traite de la maniere suivante :

;,U,aa:(k(e\/EC)) . %834- < ,u2e2 C(MGZ,

bo €/ e bo QH”Q)'

Proposition 4. Soit U = ((,%)" solution du systéeme d’Euler complet (avec d = 1) tel
qu’il existe T > 0, s > 0 avec (¢, 0,0) " borné dans L>=([0,T); H**N)2 (N suffisamment grand).
De plus, on suppose que b € HTN et qu’il existe hg > 0 tel que soit vérifié. Définissons v
comme dans . Alors (C,v) satisfait le systéme de type Green-Naghdi jusqu’a un reste
R=(r1,m)", tel que

72l oo o, 1yms)y < 1 C,

avec C' indépendant de p.

A partir du systeme de type Green-Naghdi unidimensionnel , on construira dans la suite
de ce mémoire plusieurs modeles asymptotiques couplés et scalaires équivalents (au sens de la
consistance). Les modeles obtenus possedent une structure agréable pour I’étude mathématique
(existence, unicité et stabilité de la solution) et pour la résolution numérique.

Dans cette section, nous avons choisi d’exposer le contenu des différents chapitres ainsi que
les principaux résultats obtenus dans ce mémoire. Malgré tout, ’énoncé exact des résultats ne
sera pas présenté dans ce chapitre introductif et sera reporté au corps de ce mémoire.
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1.3 Résultats principaux

1.3.1 Partie I : Analyse mathématique et justification rigoureuse de modeles
asymptotiques

Dans le Chapitre [2| (travail en commun avec Samer Israwi et Raafat Talhouk), on étend le
résultat de justification rigoureuse du nouveau modele de type Green-Naghdi dans le régime
de Camssa-Holm (interface de moyenne amplitude, e = O(,/x)) obtenu par Duchéne, Israwi et
Talhouk en [49] au cas de fond variable. Pour ce faire, on se place dans un régime de variation
topographique d’amplitude moyenne (8 = O(,/u)). A partir des hypotheses de petitesse sur les
déformations de 'interface et du fond, on effectue un développement asymptotique des opérateurs
Q et R définis dans et . En utilisant ces développements asymptotiques dans le sys-
teme de type Green-Naghdi et en négligeant tous les termes d’ordre O(u?, ue?, uB?, pep),
on construit en suivant la méme stratégie initiée dans [49), Section 4.2] un modele équivalent (dans
le sens de la consistance) qui possede une structure similaire & celle d’un systéme quasi-linéaire
symétrisable. Suivant la théorie classique des systemes hyperboliques et en se basant sur des
estimations d’énergie du systéme linéaire, on montre que notre modele est bien posé (au sens de
Hadamard) dans des espaces de Sobolev en utilisant un schéma itératif de Picard de sorte qu’on
ne perd pas de régularité par rapport aux données initialesEl Grace a une estimation d’énergie
de la différence de deux solutions du modele, on montre que notre modele est stable par rap-
port aux perturbations des équations. Indépendamment de leurs nécessités pour la dérivation du
modele, les hypotheses de petitesse sur les déformations de l'interface et du fond peuvent étre
annulées pour les résultats d’existence, d’unicité et de stabilité en adaptant le symétriseur du
systeme. Finalement, on peut déduire que les solutions de notre modele approchent les solutions
du systéme d’Euler complet avec une précision d’ordre O(pu?).

Donnons tout d’abord le nouveau modele obtenu. La construction de ce modele est détaillée

au Chapitre [2] section [2.3] page [43]
hihy
O+ 0y | ———v ) =0,
o <h1 +’Yh2v>
(1.30)
TleC, 8] (Orv + evdyv) + (v + 6)q1(€C, 5)DxC
2 52
+501(eC, 30); (g vl = <lvf?) = —nedand, ((9:0)?) + pBuw(9:) (920).

L’opérateur différentiel symétrique ¥[e(, £b] est défini par :

TleC, BV = qu(eC, BO)V — uyﬁx(qg(eﬁ, ﬂb)axv),

avec ¢;(X,Y) = 14+ ri X +w;Y (i =1,2) et v, k1, K2, w1, wa,s des parametres fixés dépendant des
parameétres sans dimension 7, § et bo™! (voir section du Chapitre 2| page . Dans la suite
de ce mémoire on démontre que 'opérateur ¥ est uniformément continu, coercif et bijectif sous
certaines conditions (voir Chapitre [2| section page [47)).

Avant de donner les résultats principaux de ce chapitre on rappelle qu’on se place dans le
régime suivant :

e=O(Ji) ot B=O0(/p).

12. Une stratégie similaire a été utilisée dans [72] pour le systéme de type Green-Naghdi dans le cas d’une couche
de fluide avec fond variable, et dans [I14] dans le cas de deux couches de fluide avec surface libre et fond plat. Dans
ces travaux, les résultats de caractére bien posé des systemes évitent I'utilisation de la technique de Nash-Moser
introduite dans [3] et ne comportent pas de perte de dérivées.
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Le développement des opérateurs Q et R nous permet de déduire facilement, & partir de la
Proposition |4} le résultat suivant :

Proposition 5. (Consistance) Le systéme d’Euler complet (1.16)) est consistant avec le nouveau
modeéle asymptotique (1.30) avec une précision d’ordre O(u?).

L’énoncé exact et la preuve de cette proposition sont précisés en détails au Chapitre [2] a la

section [2.3] page [45]

Suivant la théorie classique des systemes hyperboliques et en se basant sur des estimations
d’énergie, nous montrons que notre systeme ([1.30]) est bien posé (au sens de Hadamard) sur un
temps de lordre O(m) dans I'espace d’énergie X° = H*(R) x H*"}(R) , muni de la norme

VU= (¢o)" € X5 |URs = [l + [olF + nldavfs.

Apres avoir montré que notre modele est stable par rapport aux perturbations des équations, on
déduit finalement le résultat de convergence suivant :

Theorem 1.3.1. (Convergence) La solution du nouveau modéle asymptotique (1.30) approche
la solution du systéme d’Euler complet (1.16)) avec une précision d’ordre O(u?).

Les énoncés exacts et les preuves des théoremes de caractére bien posé, de stabilité et de
convergence du systeme ((1.30)) sont donnés en détails au Chapitre [2| a la section page

Le Chapitre [3| est divisé en deux parties. Dans la premiére partie on généralise le résultat
de justification rigoureuse obtenu dans [48] et [90, Chap. , au cas d’une topographie variable
qui peut avoir une large amplitude et une grande longueur d’onde. Plus précisément, on suppose
cette fois fa = O(\/p) avec « le rapport de la longueur d’onde de la variation de I'interface a
la longueur d’onde de la variation du fond. En partant du systéeme de Green-Naghdi , on
effectue a partir des hypotheses de petitesse sur I'interface et sur le fond (e = O(y/it) et Ba =
O(y/p)) un développement asymptotique des opérateurs Q et R définis dans et (L.29).
Suivant les mémes techniques que dans les travaux mentionnés ci-dessus on construit un nouveau
modele équivalent (au sens de la consistance). Des restrictions raisonnables sur la déformation
du fond sont nécessaires afin de garantir la validité de notre modele. Admettant une structure
hyperbolique, le caractére bien posé de notre modele est établi comme dans le Chapitre 2] On
utilise une technique de symétrisation qui permet d’effectuer des estimations d’énergie dans
I’espace approprié. Enfin, la consistance et la stabilité des équations du modeéle nous permettent
de justifier ce dernier en tant qu’une approximation du systéme d’Fuler complet par un résultat
de convergence.

Présentons tout d’abord le nouveau modele obtenu :

hiho
0 +0, (12 ) = o
o+ <h1+’yh2v>

T (a) € hi—~h3 2
[€C, BH] (0 + esvd,0) + (7 + D)1 0uC + 50102 (Gropae [0]?) — a1 (esvd,v)

= 1ot o)y~ 15200 ((000)?) + By + 6)(1 -+ w1)ma(02)nc,
(1.31)

avec hy = 1—€( , hy = 1/64+€eC— b et q; = 14er; (B¢ +w; (B (i = 1,2) ol Ky, Ko, w1, wo

et ¢ sont des fonctions qui dépendent de Bb(® avec b(®)(z) = b(ax) représente la déformation




29 CHAPITRE 1. INTRODUCTION GENERALE

du fond. La définition de ces fonctions nécessite certaines conditions sur le fond (voir Chapitre
section page . L’opérateur différentiel symétrique T[eC, Bb("‘)] est défini par :

TG, B0V = @V — pdy(va:0,V)

ot v, g et n; sont aussi des fonctions qui dépendent de 5b(®). Par souci de lisibilité, on ne détaille
pas les expressions exactes des fonctions qui dépendent du fond. Pour plus de détails sur ces der-
nieres et sur la construction du modele , le lecteur intéressé pourra consulter la section
du Chapitre

A partir des hypotheses € = O(/11) et fa = O(\/n), le développement asymptotique des
opérateurs ainsi que le résultat de la Proposition [4{nous permettent de déduire de maniére triviale
le résultat de consistance suivant :

Proposition 6. (Consistance) Le systéme d’Euler complet (1.16]) est consistant avec le nouveau
modele asymptotique (1.31)) avec une précision d’ordre O(u?).

Le nouveau systeme obtenu (|1.31) admet une structure quasi-linéaire symétrisable qui nous
permet d’utiliser des méthodes d’énergie afin de montrer son caractere bien posé ainsi que le
résultat suivant :

Theorem 1.3.2. (Convergence) La solution du nouveau modéle asymptotique (1.31) approche
la solution du systéme d’Euler complet (1.16)) avec une précision d’ordre O(u?).

Les énoncés exactes des résultats de consistance, de caractere bien posé et de convergence
sont donnés en détails au Chapitre (3] section |3.6] page

De plus, notre modeéle permet de justifier rigoureusement d’autres modeéles bien posés. En
effet, il suffit de montrer la consistance de n’importe quel modele bien posé avec le modele (1.31))
pour déduire directement la convergence vers le systeme d’Euler complet . On applique
cette stratégie a d’autres modeles unidirectionnels dans la deuxieme partie de ce Chapitre. En
fait, les deux nouveaux modeles dérivés dans le Chapitre [2] et dans la premiere partie du Cha-
pitre[3] sont des modéles couplés. Cependant, en négligeant les termes du premier ordre, tous ces
modeles se réduisent a une simple équation d’onde de vitesse 41 et toute perturbation initiale de
I'interface meéne a une division en deux ondes se propageant dans des directions opposées. Suivant
la méme stratégie utilisée pour les ondes de surface dans [34] et pour les ondes internes (fond
plat) dans [47], nous nous intéresserons des lors a la dérivation de modéles asymptotiques scalaires
qui décrivent la propagation unidirectionnelle des ondes internes sur une topographie variable.
Tout d’abord, nous étudions notre approximation unidirectionnelle dans le régime de Camassa-
Holm (¢ = O(\/p)). En fait, nous montrons que les familles de solutions de ’approximation
unidirectionnelle satisfont le systéme Green-Naghdi (1.27)) sous des conditions appropriées sur
les variations de la topographie, a un petit reste pres. Notre deuxieme résultat sur cette équation
d’évolution scalaire, concerne le caractere bien posé du probleme de Cauchy en temps long dé-
montré grace a des estimations d’énergie et a I’aide d’un schéma, itératif de Picard. Nous montrons
aussi que le déferlement de la solution se produit dans le régime de Camassa-Holm pour certaines
conditions particulieres sur les parametres et dans un régime de variation topographique lente.
Finalement, un résultat de justification rigoureuse est obtenu sous des hypotheses fortes sur la
topographie. De plus, on récupere et on justifie rigoureusement I'approximation unidirectionnelle
dans un régime plus restreint d’ondes longues (e = O(p)).
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Partant du systeme de Green-Naghdi (1.27]) et apres certains calculs se basant sur un dé-
veloppement asymptotique des opérateurs existant, on dérive 'approximation unidirectionnelle
sous forme de I’équation scalaire suivante :

1
¢ + 0005¢ + 50(00)C + €010 + 202 0nC + € 3P 0aC + o ¢ — (0 + N30
1B M) W O2C + pedy, (54O + 5N (8,¢)%) =0, (1.32)
0,

oi1 pour tout ,\ € R, o; (i =0,1,2,3), 0%, wf?, 2" et %g”\ sont des fonctions qui dépendent
de Bb(®) avec v défini comme suit :

v = ool — ;/ 0z (ag)Cdx + 6%(2 + 62%C3 + 63%64 + 1pd*¢
1180w (0:0) 0, + pe(31CO2C + 32(9:C)?). (1.33)

Pour plus de détails, sur la dérivation de I’équation scalaire et sur ’expression exacte des fonctions
qui dépendent du fond, voir Chapitre [3] section 3.7}
En se placant dans le régime suivant :

c=0(yp), Ba=0(/p), Ba*?=0?), Bac=0(4?),

nous montrons que toutes familles de solutions de 'approximation unidirectionnelle satis-
font le systeme de type Green-Naghdi (T.27)) & un petit résidu pres d’ordre Ore (1?). Une étude
précise des estimations d’énergie du systeme linéarisé nous permet de démontrer I'existence et
I’unicité de la famille de solutions de 1’équation . On choisit de ne pas donner les énoncés
exacts de ces deux résultats dans ce chapitre introductif. Le lecteur intéressé pourra consulter
Chapitre [3] sections et [3.8:2] pages [86] et B8] respectivement. Afin d’obtenir un résultat de

justification rigoureuse on se restreint au régime suivant :

e=0(/m), Pa=0(.

Des lors, on peut donner les deux résultats suivants (pour plus de détails sur les énoncés exactes

voir Chapitre |3| section m page :

Proposition 7. (Consistance) Le nouveau modeéle asymptotique couplé (1.31)) est consistant avec
Uapprozimation unidirectionnelle scalaire (1.32)) avec une précision d’ordre O(u?).

Theorem 1.3.3. (Convergence) La solution de l’approzimation unidirectionnelle scalaire ((1.32))
approche la solution du nouveau modéle asymptotique couplé (1.31) avec une précision d’ordre

O(1?).

A partir de ce dernier résultat on peut déduire facilement que la solution de I’approximation
unidirectionnelle scalaire approche la solution du systéme d’Euler complet avec une
précision d’ordre O(u?).

Finalement, on récupére et on justifie rigoureusement a la section du Chapitre |3 'ap-
proximation unidirectionnelle dans un régime plus restreint d’ondes longues, € = O(p).
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1.3.2 Partie II : Résolution numérique

Dans le Chapitre 4] nous résolvons numériquement le modele dans le cadre d’un fond
plat (5 = 0). Ce modele a été initialement dérivé et justifié rigoureusement en [49] et étendu
au cas de topographie variable en [90, Chap. . Rappelons que ce modele décrit la propagation
unidimensionnelle d’ondes internes a l'interface entre deux couches de fluide avec un toit rigide
et un fond plat. Ce modele a été reformulé d’une fagon plus appropriée pour la résolution numé-
rique. Plus précisément, on obtient un modele ayant le méme ordre de précision que le modele
originale (O(u?)) ainsi que les propriétés suivantes :

e L’opérateur différentiel d’ordre deux ne dépend plus du temps et sera inversé une seule fois
durant le calcul tout en gardant son effet de stabilisation.

e Le nouveau modele admet des propriétés de dispersion améliorées grace a un choix précis
d’un nouveau parametre introduit dans le modele.

e La nouvelle formulation ne contient pas des dérivées d’ordre trois.

Afin de faciliter la lecture, nous avons choisi de ne pas détailler la reformulation et la présenta-
tion du nouveau modele. Malgré tout, le lecteur intéressé pourra se reporter a la section du
Chapitre [d] page [106

La méthode numérique développée pour résoudre le nouveau modele suit la méme stratégie
adoptée en [I8, [86]. On propose un schéma de “splitting” d’ordre deux séparant la partie hy-
perbolique et la partie dispersive du modele. L’approximation U+ = (("*1 v"+1) est calculée
A linstant "t = ¢ + At ou ( représente la déformation de l'interface et v représente la vi-
tesse moyenne définie par I’équation , en fonction de 'approximation U™ & l'instant ¢t" en
résolvant

U™ = S1(At/2)Sy(At)S1(AL/2)U™,

ou Sp(.) est Popérateur associé a la partie hyperbolique et Sy(.) est opérateur associé a la partie
dispersive du modele.

Pour le calcul numérique de S;(.), on utilise la méthode des volumes finis. On commence
par un schéma VFRoe (voir [24] [57) 58]). Malheureusement ce schéma semble étre treés diffusif.
Un remede a cette situation passe par l'extension a 'ordre deux en espace suivant la méthode
“MUSCL” [112]. Enfin, nous mettons en ceuvre une reconstruction “WENQO” d’ordre cinq [74}, [107]
afin d’atteindre une précision d’ordre supérieur dans les régions régulieres et une bonne résolution
autour des discontinuités. D’autre part, So(.) est calculé numériquement en utilisant un schéma
aux différences finies discrétisé en utilisant des formules centrées d’ordre deux et quatre, alors que
pour la discrétisation en temps, nous utilisons des méthodes classiques de Runge-Kutta d’ordre
deux et quatre conformément a la discrétisation en espace considérée. Nous traitons uniquement
les conditions aux bords de type périodiques et réflexives. Les méthodes numériques utilisées
pour résoudre le nouveau modele sont détaillées au Chapitre {4 section page [T18]

Finalement, plusieurs simulations numériques sont effectuées dans le cas d’une couche et de
deux couches de fluide montrant ainsi l’efficacité, la precision et la capacité de notre schéma a
réduire la dissipation et la dispersion numérique et a traiter les discontinuités. De plus, nous
soulignons l'importance du choix du nouveau parametre introduit dans le modele en compa-
rant celui-ci & des données numériques issues de [50]. Pour plus de détails sur les simulations
numériques effectuées voir Chapitre [4 section [£.5] page [128



1.3. Résultats principaux 32

Notations

Dans cette section, nous donnons les notations utilisées tout au long du mémoire. Ces nota-
tions sont respectées dans 'introduction et rappelées dans chaque chapitre.

Notations générales.

e () toute constante positive dont ’expression exacte n’a pas d’importance.

e o < b signifie que a < Cp b et on écrit A= O(B) si A< Cy B.

e C(A1, Ao, ... ) indique une constante positive dépendant seulement des parametres A1, Aa,. . .dont
la dépendance en \; est supposée non décroissante.

e A, = B, + <C3)5>s, pour exprimer que A; = By sis <set A; = Bs+ Css8is>s.

Variables et opérateurs standards.

e X ¢ R% d = 1,2 désigne toujours la variable horizontale. X =z si d = 1.

e z € R désigne toujours la variable verticale.

e 0, désigne la dérivée partielle par rapport au temps t. 9, (resp. 9,) désigne la dérivée partielle
par rapport a la variable d’espace x (resp. z).

eV =(0,,0,)  sid=2¢et Vx, = g

e Soit F = (f1, -+, fa) : [0,T] x R = R?, divF est la divergence définie par :

d
divF =) 0, fi= V-F.

i=1

e 0, =n.Vx , la dérivée normale dans la direction du vecteur n concerné.
oAXEQ%—i—(?; sid=2et AX7ZEAX+8§.

e A est Popérateur défini comme suit : A = (1 + |D|?)'/2.

Espaces fonctionnels sur R¢.
o I? = [P(R%) (1 < p < o0) désigne I'espace de Lebesgue des fonctions mesurables f sur RY,
muni de la norme :

o = ([ 170P) " < o

o [ = L°(R?) désigne I'espace de Lebesgue des fonctions mesurables f bornées presque partout
par une constante finie, muni de la norme :

|f|pee = supess |f(x)] < oco.

e Le produit scalaire de deux fonctions fi et fo dans 'espace de Hilbert L?(R?) est désigné par :

(fi, f2) = /Rd f1(z) fo(x)dz.
° Wk’oo(Rd) est défini pour tout k¥ € N par
WHhe(RY) = {f € L, | flyyree < 00},

avec [ flymoe = Y [0%f|p, 0l 0% = 031092 sid =2 et 9° =02 sid = 1.

a€eNd o<k
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e H* = H*RY) (pour toute constante réelle s > 0), désigne l'espace de Sobolev de toutes
les distributions tempérées f de R? muni de la norme :

[flas = |A°flr2 < oo
e Soit y1 > 0, on désigne par H5 ™ (R?) espace H*™(R?) muni de la norme

2 _ 2 2
| - ‘H,i“ = | lue + 0l Jgen

e On note L>°([0,T); H*(R%)) I'espace de fonctions tel que u(t,-) est bornée dans H*(R?), uni-

formément par rapport au temps ¢ € [0,7"). L’espace est muni de la norme :

= supess|u(t,-)|gs < oo.

HUHLN([o,T);HS(Rd)) t€[0,T)

e CF([0,T); H*(RY)) désigne I'espace des fonctions u k-fois différentiables sur R? & valeurs dans
H*(R?) dont toutes les dérivées jusqu’a I'ordre k sont continues dans RY.

e Pour tout opérateur fermé 7' défini sur un espace de Banach, le commutateur [T, f] est défini
par [T, flg=T(fg) — fT(g) avec f, g et fg appartenant au domaine de 7.
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Chapitre 2

An improved result for the full
justification of asymptotic models for
the propagation of internal waves

We are interested in asymptotic models that describes the one-dimensional propagation of
internal waves located at the interface between two ideal fluids of different densities delimited
by a rigid lid from above and a variable bottom from below. The aim of this chapter is to
show that the full justification by a convergence result of the model obtained by Duchéne, Israwi
and Talhouk [SIAM J. Math. Anal., 47(1), 240—290], can be improved in two directions. The
first direction is taking into account medium amplitude topography variations and the second
direction is allowing strong nonlinearity using a new pseudo-symmetrizer, thus canceling out the
smallness assumptions of the Camassa-Holm regime for the well-posedness and stability results.

2.1 Introduction

2.1.1 Motivation

The study of internal waves in a two-fluid system attract the attention of many scientific
communities because of the challenging modeling, mathematical and numerical issues that arise
in the analysis of this system. Such a configuration is commonly used in oceanography, where
variations of temperature and salinity induce a density stratification. Internal ocean waves, can
interact with the bottom topography and submerged structures as well as surface waves. Many
authors have set a good theoretical background for this problem in the flat bottom case. The
case of uneven bottoms has been less investigated.

The mathematical theory for this system of equation the so-called full Fuler system derived
in [6], [16] and [47] are fully nonlinear, and their direct study and computation remain a real ob-
stacle. In particular, the well-posedness of the equations in Sobolev space is challenging. Unlike
the water wave problem (air-water interface), the Cauchy problem associated with waves at the
interface of two fluids of positive different densities over a flat bottom is known to be ill-posed
in Sobolev spaces in the absence of surface tension, as Kelvin—Helmholtz instabilities appear.
However, when adding a small amount of surface tension, Lannes [83] proved that, thanks to a
stability criterion, the problem becomes well-posed with a time of existence that does not vanish

37
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as the surface tension goes to zero and thus is consistent with the observations. Consequently, a
very large amount of work has been dedicated to the derivation of simplified, asymptotic mod-
els, aiming at capturing the main characteristics of the flow with much simpler equations, on
the condition that the size of given parameters are small, thus reducing the framework to more
specific physical regimes, see Definition 1.1.

Many models for a two-fluid system have already been derived and studied. Systems un-

der the rigid-lid assumption have first been investigated (see [92] or [97], for example). Weakly
and strongly nonlinear regimes have been derived by Matsuno [93], Choi and Camassa [31], 32],
generalizing the classical Green-Naghdi model (see [60]). Among other works, we would like to
mention [I6] where many asymptotic models are presented and rigorously justified, in a wide
range of regimes following the same strategy introduced in [12} [13]. In [65], the well-posedness
and stability results have been proved for bi-fluidic shallow-water system without surface tension
and under reasonable assumptions on the flow. Recently, Duchéne, Israwi and Talhouk derived
in [49], an asymptotic model for the propagation of internal waves in the one-dimensional set-
ting. They assume the fluids to be limited by a flat rigid lid from above and a flat bottom from
below. The authors presented a well-posed new Green-Naghdi type model in the Camassa-Holm
(or medium amplitude) regime which has been fully justified by a convergence result. Moreover,
their system constitute an intermediary to fully justify lower order models provided that they are
consistent and well-posed. They applied this strategy to the extension of the famous Korteweg-
de Vries equation in the Camassa-Holm regime, called the Constantin-Lannes approximation
(see [47]).
All the aforementioned works considered the case of a flat bottom. As a matter of fact, topog-
raphy plays an important role for internal waves. Indeed, in the ocean, internal waves are often
propagating over variable topography, and this can cause many transformations in the internal
waves. In this chapter we extend the result of full justification obtained in [49] to the more
complex case of non-flat topography, which is more reasonable in oceanography.

Let us introduce some earlier results dealing with non-flat topography. A higher-order non-
linear model for a two-layer fluid of finite depth, is derived in [I03] to study the interaction
of nonlinear internal waves with large amplitude bottom topography that might vary rapidly
over the characteristic length scale of internal waves. Duchéne derived in [44] asymptotic mod-
els for the propagation of two and three dimensional gravity waves at the free surface and the
interface between two layers of immiscible fluids of different densities over an uneven bottom,
following a method introduced by Bona, Lannes, and Saut in [I6] based on the expansion of
the involved Dirichlet-to-Neumann operators. The same strategy was followed by Anh in [6] to
derive asymptotic models but taking into account surface tension, variable topography and for a
large class of scaling regimes, furthermore the consistency of these asymptotic systems with the
full Euler equations is established. To study the evolution of two-dimensional large amplitude
internal waves in a two-layer system with variable bottom topography, a new asymptotic model
is derived by Barros and Choi in [7], the model is regularized to remove ill-posedness due to
shear instability and it is further extended to include the effects of bottom topography and it is
asymptotically equivalent to the strongly nonlinear model proposed by Choi and Camassa [32].
Finally, a bi-dimensional Green-Naghdi model for the two-layers case over a non-flat bottom, is
derived and justified (in the sense of consistency) in [48], following the results obtained in the
one-layer case. The models derived in these papers are justified formally by a consistency result,
and do not provide the full justification, contrarily to the present work.
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2.1.2 Outline of the chapter

This chapter deals with the propagation of one dimensional internal waves between two layers
of fluids of different densities over an uneven bottom under the following assumptions: the fluids
are homogeneous, immiscible, ideal, incompressible, irrotationnal, and under the only influence
of gravity. We assume that the surface is confined by a flat rigid lid.

The main idea of this chapter is to improve the result of full justification of the Green-Naghdi
type model in the Camassa-Holm (or medium amplitude) regime obtained by Duchéne, Israwi
and Talhouk in [49] in two directions. Since the aforementioned work is restricted to the case of
a flat topography, the first direction is to relax this assumption by taking into account medium
amplitude topography variations, which is more reasonable in oceanography. To this end, we
introduce a new parameter 8 to characterize the shape of the bottom. Moreover we assume
that 3 = O(\/i) which corresponds to the physical case of a bottom with medium variations
in amplitude. In the linear analysis of the model obtained in [49], the smallness assumption of
the Camassa-Holm regime, ¢ = O(y/1z) is used in the construction of the model and stands in
the proof of the energy estimates [49, Lemma 6.5]. As a matter of fact, the second direction of
our improvement is to construct a new pseudo-symmetrizer that allows to cancel the use of the
Camassa-Holm regime assumptions (¢ = O(,/i) and 8 = O(,/12)) from the energy estimate proof.
Therefore these assumptions can be relaxed for the well-posedness and stability results, regardless
of their necessity for the derivation of the model. Our new model possesses a structure similar
to symmetrizable quasilinear systems that allows to use the energy estimates method for the
linearized system, thus allowing its full justification, following the classical theory of hyperbolic
systems. Firstly, we prove that our model is consistent with the full Euler system. Then we prove
its well-posedness (in the sense of Hadamard) in Sobolev spaces. Finally, thanks to a stability
result we prove that the solutions of our system and the solutions of the full Euler system remain
close over the time scale.

2.1.3 Organization of the chapter

This chapter is organized as follows. We start by introducing in Section 2 the non-dimensionalized
full Euler system and the Green-Naghdi model. In Section 3 we construct the new asymptotic
model. Sections 4 and 5 contain the necessary ingredients for the proof of our results. In Section
6, we explain the full justification of asymptotic models and we state its main ingredients.

Notations. C(\1, \g,...) denotes a positive constant depending on the parameters A1, Ag,. ...
Cy denotes any nonnegative constant whose exact expression is of no importance.
The notation a < b means that a < Cp b and we write A = O(B) if A < Cy B.

As - Bs + <Cs>

§>s8 7

signify that A; = Bs if s < s and A; = Bs + Cy if s > s.
LP = LP(R) (1 < p < o0) denotes the space of all Lebesgue-measurable functions f with the
standard norm

o = ([ @) < .

L> = L*°(R) consists the space of all essentially bounded, Lebesgue-measurable functions f
with the norm

[Flis = esssup | f(z)] < oo.
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Whee = WEO(R) = {f € L®,|flyree < oo} for k € N, where |flyprce = Y 05 f|re.
aeNa<k

H?® = H*(R) (for any real constant s > 0), denotes the Sobolev space of all tempered distributions

f with the norm |f|gs = |A®f|;2 < oo, where A is the following differential operator A =

(1—a2)12.

For a given p > 0, we denote by H5t!(R) the space H**!(R) endowed with the norm

P = | ol P

We denote L>°([0,T"); H*(R)) the space of functions such that u(¢, -) is controlled in H*, uniformly
for t € [0,7):

®) = esssup |u(t,-)|gs < oo.

[ell o o )50 1e0.7)

Finally, C*(R) denote the space of k-times continuously differentiable functions.
The commutator [T, f] is defined by [T, flg = T'(fg) — fT(g) with f, g and fg belonging to the
domain of the closed operator T, defined on a Banach space.

Let us now define the regimes that appear in this work.

Definition 2.1.1. (Regimes). We define the so-called shallow water regime for two layers of
comparable depths the set of parameters:

PSW = {(u,e,é,%ﬁ,bo): 0 < )2 < Hmax; 0 < e <1, o€ (5mina6max)a

0 <~y < 1,0<8<Bmax, bomin < bo < 00 } (2.1)
with given 0 < pmax, 6;iln, Omax, bo;liln, Bmax < 0.

The additional key restrictions for the validity of the model (2.16)) are as follows:

Por = {(1.6.6.7.8.b0) € Psw : ¢ SMyR. A<My

1+76 1
_ - — > 2.2
30(y +0) bo =" } (2:2)

and v

with given 0 < M, 1/0_1 < 00.

We denote for convenience

max {MSW, M, 1/0_1}.

_ —1 —1
Msw = max {Mma)u 6min? dmax, bOmin, max}a Mcnu

2.2 Previously obtained models

2.2.1 The full Euler system

We briefly recall the governing equations of a two-layer flow in the aforementioned configura-
tion, that we call full Fuler system (using non-dimensionalized variables and the Zakharov/Craig-
Sulem formulation) [39, 115]. We let the reader refer to [6, 16l 47] for more details.
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(a¢ — “ary =
1

O(HI = 0,0) + (v +8)0:C + 50 (|H [~ 7jo,uP)

s +6 Oz \ k(ey/BiC)
L :Mﬁax/\/’”’ —M%%v

where we denote

(LG + (@) HIOY)? — 3(LGH) + €(0:0) (0a1)))
2(1 + pledz([?) ‘

((t, z) represent the deformation of the interface between the two layers and b(x) represent the de-
formation of the bottom, 1 is the trace of the velocity potential of the upper-fluid at the interface.

NI =

The function k(¢) = —0y (W8 ¢ ) denotes the mean curvature of the interface.

Let a(resp. ap) be the maximal vertical deformation of the interface(resp. bottom). We
denote by A the wavelength of the interface; dy (resp. dg) the deepness of the upper (resp. lower)
fluid; and py (resp. p2) is the mass density of the upper (resp. lower) fluid, g the gravitational
acceleration, o the interfacial tension coefficient. In the following we use bo = pBo instead of the
classical Bond number, Bo which measures the ratio of gravity forces over surface tension forces.
Consequently we introduce the following dimensionless parameters

di a ap di p1 g(p2 — p1)d?
= — = — = — 0 = — = — bo = =~~~ "~~~ = 2.4
H )\2 ) € dl ) /8 dl ) d2 ) Y 2 y o o ) ( )

where € (resp. [3) measures the amplitude of the deformation at the interface (resp. bottom)
with respect to the depth of the upper layer of fluid, and p is the shallowness parameter.

Finally, G* and H"*% are the so-called Dirichlet-Neumann operators, defined as follows:

Definition 2.2.1 (Dirichlet-Neumann operators). Let ¢,b € H"t!(R), tg > 1/2, such that
there exists hg > 0 with hy = 1 —e( > hg > 0 and hy = %—i—e(—ﬁb > hg > 0, and let
¢ € L2 (R), 01 € HY2(R). Then we define

G“U) G'u €< ¢ V 1+ M|€a <|2( n¢1) |z e — _:ue(a C)( x¢1) |z:e( + (az¢1) ’z:eC ;

H = HP[e¢, Bl = 0 (h2 o= ) = (0202) |omec + €(82C)(D2002) |o=ec

where ¢1 and ¢9 are uniquely defined (up to a constant for ¢) as the solutions in H?(R) of the
Laplace’s problems:

(po2 + 02) ¢1=0 inY={(z,2) €R? e(z) <z<1},

061 =0 on Iy = {(x,2) € R?, z =1}, (2.5)
¢1 =1 on T = {(z,2) € R?, z = eC},

(pd2 + 02) ¢2=0 inQ={(z,2) ER? —1+Bb(z) <z <eC},

Onp2 = Ont on T, (2.6)
Onp2 =0 on Ty, ={(z,2) €R? 2= -1+ Bb(z)}.

The well-posedness of the Laplace’s problems (2.5))-(2.6) as well as the one of the Dirichlet-
Neumann operators are detailed in [34].



2.2. Previously obtained models 42

2.2.2 The Green-Naghdi model

In the following, we construct Green-Naghdi type model for the system , that is asymp-
totic model with precision O(y?), in the sense of consistency. The construction of shallow water
asymptotic models relies heavily on the expansion of the Dirichlet-Neumann operators given
in [44], [48], with respect to the shallowness parameter, u. When replacing the Dirichlet-to-
Neumann operators by their truncated expansion, and after straightforward computations, one
is able to deduce the Green-Naghdi model, that we disclose below. This model has been intro-
duced in [47] (with a flat bottom) and generalized in [48]. It is also convenient to introduce a
new velocity variable, namely the shear mean velocity v is equivalently defined as

V= ug — yuy (2.7)
where u; and ug are the horizontal velocities integrated across each layer:

1 1
u(t, ) = ) /eg(m) 0x¢1(t, @, 2) dz

and

1 eC(t,x) 5 p
t = 7T 7 X ) &y 9
ua(t @) ha(t, x) /_}5+6b(z) Palh,,2) dz

where ¢; and ¢y are the solutions to the Laplace’s problems ([2.5))-(2.6]).

The expansions of the Dirichlet-Neumann operators may be written in terms of the new variable
.

Plugging the expansions given in [48] into the full Euler system (2.3), and withdrawing all O(u?)
terms yields ( in the unidimensional case d = 1),

hiha _
¢ + %(ml’) =0,
o € h%—’Yh% 2\ _ (2.8)
8t<v + Mg{m,hﬂ) + (y+0)0:¢ + §Gx<m“> N
_ + 6
k e (Rlhr. haJo) + 203

where we denote hy = 1 — e and hy = 6~ + € — b, as well as

Qlhn.hafo =Tk, B8] () T lhr, 0] (2 ).

hi + vhs hi + vha
R P F P CUN
 3hy O <h2az(h1 + vha >>
i 2 hl'l) _ 2 hl'l)
+ 2,125[8:5 (hﬂ@b)—h1 - ,Y,m) e W)}

2 2 hlv _ L 3 hQU
+57(0:b) (m +’yh2> 7[:zma”ﬁ(hla”(hl —i—’yhg))]'
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Rl halo =3 (= had () 4 800 ) = 2 (a2

hi 4+ ~vha hi + ~vhs hi + vhs
T, 86 () (2 T 0] ()
hi+ ~vha > hi + ~vhs 7fh+7@ VYA
with
-1

TV = S0,050,V) + 50,2 00)V) — B(0.8)(0,V)] + (2:0)V.

3h
2.3 Construction of the new model

In the following section, we will construct an equivalent model (in the sense of consistency)
using many transformations. The obtained model possesses a structure similar to quasilinear
hyperbolic systems.

In what follows we restrict ourselves to the so-called Camassa-Holm regime, that is to say we use
two additional assumptions € = O( /i) and § = O(y/it) (deformation of the interface and the
one of the bottom are of medium amplitude). We manipulate the Green-Naghdi system ,
systematically withdrawing O(u?, ue?, uf3?, uef) terms, in order to recover our model.

Firstly, let us give the following expansions:

Qlhi,hoJv = =X — e”;”s (01 — a1)vO2¢ + (a1 + 201)05(C0zv) — 61C02v)
5
B (4 0200020 + (a2 + 202)0, (b0s0) — 020020
+ O, 3%, €B),
ﬁ[hl, hg]v = %] (;(810)2 + ;v8§v> + C’)(e, 5)
with 5 ( 5)(52 )
14+~ 1—7 147 -y
A= — 17 - d 6, =
3y +0) Ty MM 5(y +0)3
and | 5(1+~5)
+
- d p=—"11
T T MY PTG

Plugging these expansions into system and using the same techniques as in [49 Section
4.2] but with a different symmetric operator T[e(, 8b] defined below, yields a reduced equivalent
model (same order of precision) in the Camassa-Holm regime.

Let us first introduce the operator T[eC, £b)].

TleC, BV = qu(eC, BO)V — uu8m<q2(ef, Bb)@xv>, (2.9)

with ¢;(X,Y) =14+ kX +w;Y (i =1,2) and v, k1, k2, w1, we, s are constants to be determined.

Choosing v properly allows to withdraw the first order O(u) terms since the second equation of
the Green-Naghdi model ([2.8)) yields

R
O = —(v+0)0:C — %ax<(/y T 5;/2 |U2|) + 0(62’:““7 €8).
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Indeed it follows that

y40
bo

1 3¢ 62—

3-_ _ — 92 e A 2
8a:<_ boaxatv 2ho (fy—i—é)an((arv) )
e 02—+

- bo (y+0)?

(2.10)

000+ O(E, 1, ¢B).

Using again that (2.8]) yields v = —(v + )0, + O(e, 5, 1) and 0,¢ = %(%v + O(e, B, ), it
becomes clear, that one can adjust k1, k2, w1, wa € R so that all terms containing ¢ and its

higher-order derivatives are canceled.

In order to deal with (vd3v) terms, ¢ € R is to be determined. In fact, these terms appear after

0
replacing the term %@C of the second equation of (2.8) by its expression given in ([2.10)).

o)
Thus one defines the constants v, k1, k2, w1, w2, as follow:

B 1 14495 1
V= AT e T 3 +0)  bo’ (2.11)
1 46 1
N R G o) B W B PR /e ) PP VI (2.13)
bO 1 = 2 3 5 bO 2 — 3 2 2)s .
1 201 — 64 1 62—+
b 20 1 0=y 2.14
A=go)e 3 bo (5 + )2 (2.14)

Finally, one can check that

TIeC, Bb](0pv + ecvdv) — (G, 30)0h (v + pQlhn. halv)
+ pqi(eC, Bb) (%@C + €0y (R[h1, hg]'l)))
= ecqu(€¢, Bb)vOyv — ue%am((ﬁa:v)z) + 1Bw(0:C)(92b) + O(1?, ue®, ufB?, ueB)  (2.15)

OO 02 )

Plugging the estimate (2.15) in (2.8), and multiplying the second equation by ¢ (eC, 8b), yields
the following model:

hihs
0 Oy [ ———— = 0,
i+ <h1 + ~vho U>

where we denote w =

(2.16)
f[eC, ﬂb] (atv + egvaacv) + (7 + 6)(]1(6(7 55)8:54

2_ 2
+501(C, B0), (i 0] = s[vf?) = —peda1d, ((0:0)?) + () (920),
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Proposition 8 (Consistency). For p = (u,¢€,6,7, 3,bo) € Psw, let UP = (CP,4P) " be a family
of solutions of the full Fuler system such that there exists T >0, s > so + 1, so > 1/2 for
which (CP,0,4P) " is bounded in L>®([0,T); H¥*N)? with sufficiently large N, and uniformly with
respect to p € Paw. Moreover assume that b € HtN and there exists hogr > 0 such that

hi=1—e®>ho >0, hy=1/5+e® —pBb> ho > 0.

Define vP as in [2.7). Then (CP,vP)" satisfies ([2.16) up to a remainder term, R = (0,7)",
bounded by
HTHLDO([QT);HS) < (Mz + ,u,e2 + ,uﬁz + pep)C
with C = C(hg!, Msw, [b] e+, || (CP, &Ewp)THLOO([O’T);HSW)Q).

Proof. Let U = (¢,9)" satisfy the hypothesis above withdrawing the explicit dependence with
respect to parameters p for the sake of readability. We know from [48, Proposition 3.14] that
(¢,v) T satisfies the system (2.8) up to a remainder Ry = (0,79)" bounded by,

7ol oo (jo,7);175) < p2Cy,

with C; = C(h6117MSW, |b] s ”(vaax¢P)T”Loo([&T);Hs%—N)Q), uniformly with respect to p €

Psw .
However, all the neglected terms in the above manipulations can be estimated identically. Let
us now precise the bound on the remaining terms. One has

’y+6

01(Qlhs, haJo) — [~ 20200 — ¢
'y+ 0

By ((8 — a1)vd2¢ + (ar + 28)8,(CO,v) — BCH)

o) <(% + 92)1}331) + (a2 + 202) 05 (b0 v) — 02b8§v> ) ‘HS
< (€ 48> +eB)C(s + 3),

+ 68

with C(S + 3) = C(MS\Na h6117 ‘C|H5+37 ‘8tC‘Hs+27 ‘U‘HHB? ‘atv‘H5+2? ‘b|H5+3>a and

0. (Rlh. helo) = 0ufon (3 (00 + 10020)]| < (4 B)C(s+9).

Then, since (¢, v) satisfies (2.8]), up to the remainder Ry, one has

|8tv—{— v +9) zc\Her\at(Jr av\Hs < (e4+B)C(s+3) + |Ro| .-

+9
It follows that (| is valid up to a remainder R;, bounded by

\R1|Hs < (42 + 1e + pB? + pueB)C(s + 3) + ple + B+ )| Rol s
Finally, ({,v) satisfies (2.16]) up to a remainder R, bounded by
|Rlms < |Ro+ Rilms < (4 + pe’ + pp® + peB)C

where we use that
E | grovs + WW}HH <C.
The estimate on v follows directly from the identity O ( hlhﬂfﬁw ) = _iguﬂp = 0. The
estimate on Jyv can be proved, for example, following [44, Prop. 2.12]. This concludes the proof
of Proposition
O
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2.4 Preliminary results

In this section, we recall the operator T[e(, £b], defined in (2.9):

TG, BV = a1(eC, B0V — pwd (aaeC. B0)0, V).

. 1+~0 1
th v, k1, K2, W1, tants and v = —— 10— = >y > 0.
with v, k1, K2, w1, ws are constants and v 3501 10)  bo Vo

The operator T[e(, 5b], has exactly the same structure as the one introduced in [49] but it de-
pends also on the deformation of the bottom and plays an important role in the energy estimate
and the local well-posednees of the system .

The ellipticity of the operator ¥ requires some sufficient conditions in order to provide the well-
posedness and continuity of the inverse 1. More precisely, one has to assume that deformations
at the interface and the bottom are not too large. For fixed ( € L* and b € L, we assume that

€max|dLoo + Bmax|b|ree With €max, Bmax = min(M/fimax, 1), so that (H1))-(H2) hold uniformly
with respect to (u, €, 9,7, 8,bo) € Pcy.

Let us recall the non-zero depth condition

d hgy >0, such that in}% hi1 > ho1 >0, in}% ho > hg1 > 0. (Hl)
xre xe

where hy =1 — e and he = 1/§ + €¢ — b are the depth of respectively the upper and the lower
layer of the fluid.

For all (u,€,0,v,3,bo) € Pcy, the following condition

5max )

is sufficient to define hg; > 0 such that (H1)) is valid independently of (u, €, d,7, 3, bo)
€ Pcu-

Let us now introduce now the ellipticity condition,

€maz|C|Lo + Bmax|blLee < min(1,

3 hga > 0, such that inlf& (1 + €r1¢ + Pwib) > hoz > 0; (H2)
A

1161]%(1 + €r2C + Bwab) > hpe > 0.

The conditions (H1)) and (H2) are imposed only on the initial data, and then they are auto-
matically satisfied over the relevant time scale. The interested reader is referred to the proof of

Theorem 2.6.11

Now the preliminary results proved in [49, Section 5] remain valid for the operator ¥[e(, 8b].
Let us recall now that the quantity | - | my is defined as follows

VoeH'R), |vly = vl + pldw s,

equivalently to the H'(R)-norm and depending on p. We define by, H!(R) the space H'(R)
endowed with this norm and (H;(]R))* the space H !(R) the dual space of H;(R)

The following lemma gives an important invertibility result on <.
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Lemma 2.4.1. Let (u,€,0,7,8,b0) € Pcg and ¢ € L®(R), b € L*°(R) such that (H2)) is
satisfied. Then the operator
Tle¢, B0] : Hy(R) — (H,(R))*

is uniformly continuous and coercive. More precisely, there exists co > 0 such that

(Tuw) < colulmolay;

1 2
> i
(S’U,, u) CQ|U|H‘1‘

with co = C(Mcn, hgy » €

Moreover, the following estimates hold: Let sq > % and s > 0,
(i) If ¢,b € H®(R) N H*(R) and u € H**Y(R) and v € H'(R), then:
| (A°T[eC, Bblu,v)| SC()((EK\HSO + B‘b‘HSOHU‘HEH
+ ((el¢ms + Blblme)

u’HZO+1>s>SO>‘v’H}L'
(i) If ,b € HOML N H(R) , u € H*(R) and v € HY(R), then:

| ([A%, Zle¢, B u, v) | < Co((fK\HSOH + 5|b|HSo+1)|U‘Hﬁ

+ ((el¢lars + B1blas)

< max(e, B)Co ((ICl o + bligeo )1,

+ (¢l + 16 2)

U‘HZO+1 >s>so+1) ‘U‘H}L

U}HEOH >5>so+l> MH}/

where Cy = C(Mcn, hyy ).
The following lemma then gives some properties of the inverse operator 1.

Lemma 2.4.2. Let (u,€,0,7,8,b0) € Pcu and ¢ € L®(R), b € L*(R) such that (H2) is
satisfied. Then the operator
T[e¢, Bb] : H*(R) — L*(R)

is one-to-one and onto. In addition, the following estimates holds:

(i) (Z[e¢, Bb])~" : L? — H(R) is continuous. More precisely, one has
(o lr2@)—»mir) < co,

with co = C(Mcw, hgg €]¢] oo B]B] 1o0)-
(ii) Additionally, if ¢,b € HTY(R) with so > %, then one has for any 0 < s < sg + 1,

1T i@y mztim) < Csott-
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(iti) If ¢,b € H*(R) with s > so+ 1, so > 3, then one has

17 sy bzr iy < s

where cz = C'(Mcy, hazl, €|C| s, Blblgs), thus uniform with respect to (u,e€,d,~, 3, bo)
€ Pcy.

A technical estimate is necessary for the next sections.

Corollary 1. Let (p,€,0,7,8,bo) € Pcn and ¢,b € H*(R) with s > sg+ 1, sp > %, such
that (H2)) is satisfied. Suppose that u € H*~1(R) and that v € H'(R). Then one has

|([A°, T [e¢, Bb]]u, Tle¢, BbJv) | = | ([A®, T[e¢, B | T u, v)|
< max(e, B)C(Mcu, hgy |¢] -

b‘Hs) U‘Hsfl}”‘H;

2.5 Linear analysis

This section is devoted to the energy estimate study of the linearized system associated to
our nonlinear asymptotic system , following the classical theory of quasilinear hyperbolic
systems. More precisely, we establish new linear estimates independent of the Camassa-Holm
assumptions € = O(,/i) and 8 = O(y/1t). To establish these estimates we propose a new pseudo-
symmetrizer of the system that allows us to cancel the use of the smallness assumptions of the
Camassa-Holm regime in the proof of Lemma 5.18, in fact the assumption on the deformation
of the interface ¢ = O( /1) was necessary for the proof of [49, Lemma 6.5]. Therefore, these
assumptions can be relaxed for the well-posedness and stability results (Theorem 6.1 and Theo-
rem 6.6 respectively), regardless of their necessity for the derivation of the model .

Let us recall the system (2.16)).

hihg
0 Oy | ——=— = 0,
WG+ <h1 ~+ ~vha U)

Te¢, BY] (Opv + 6<v§xv)2+ (7 + 6)aq1 (e, Bb)9xC
50 (6C, 30)0n (ialol? = olof?) = —nedonde (00)%) + nBe(020)(020),

with hy =1—eC,ha=1/0+e(—pb, ¢i(X,Y) =14+ rX +wY (i=1,2), Kkj,w;,s defined
in (2.12),(2.13),(2.14), and

TeC, BOIV = qi(eC, B0)V — pwdy (q2(eC, fb)0z V) -

The definition of the following functions allows to simplify the reading

. (1-X)(6' + X — Bb)
S X e X G T+ X = )

and

0 X ()

1— X +~(01+X—pb
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so that one can write

hiha

e =
Additionally, let us denote

l—7
(0 +7)?

2
R= -0 = —
3

3 and Q3(€C) = ;((

and finally one obtains the following model,

G + f(€6)0pv + €0uC f'(€Q)v — BIubg(e)v = 0,

T (atv + §§az(v2)) + (74 6)q1(eC, Bb)DxC + €qu (¢, Bb) Dy (g3 (€C)v?) (2.17)

= —,u,eﬁar((axv)Q) + Mﬁw(a:cO(a%b)

—7€0zC(h1 + h2)? + ¥B0:bhi (h1 + ha)
(h1 4+ vhe)?

We apply T! to the second equation in (2.17) so as the system of equations is written by

with 0,(g3(e)) =

aU + A[U)8,U + B[U] = 0,

with
AU = ef'(eQ)v f(eQ) > (2.18)

<‘I_1(Q0(€Ca Bb) ’ +62Q1(6C7 6b7 ’U)) 61_1(9[647 ﬁba U]) + &

( (_Bax?g(EC)v ) 9 )
B[U| = 1 (Baqi(eC, Bb)hi(h1 + ha)v

e s 0:b)
where Qq(eC, 8b), Q1(eC, Bb,v) are defined as

Qo(€C, Bb) = (v + 8)q1(eC, Bb) — pBwd?2b,

hi + ho)?
Q1(6C7 /Bba U) = —7q1 (€C7 Bb)mvz

and the operator Qle, 8b, v] defined by

Qle¢, Bb,v]f = 2q1(eC, Bb)g3(eQ)vf + purdy(fOzv).

The following sections are devoted to the proof of energy estimates for the following initial value
problem around some reference state U = ({,v)

{ o,U + A[U)0.U + B[U] = 0; (2.19)
U,_, = Uo. '
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2.5.1 Energy space
The structure of the system of equations allows to give the new pseudo-symmetrizer
Qo(e¢,8b)+e2Q1(e¢,8b,v) 0
ZlU] = f(eQ) (2.20)
0 TeC, Bb]

Note however that one should add an additional assumption in order to ensure that our pseudo-
symmetrizer is defined and positive which is:

3 hoz >0 such that Qo(e¢, 8b) + €2Q1(eC, Bb,v) > hoz > 0. (H3)

Let us now define X* the energy space of this problem as X* = H*(R) x H*T!(R), with the
following norm

VU= (Co)' €X®, UKk =IChe + [vlhs + nldzolhs,
while X% stands for the space of U = ({,v) such that U € C°([0

L>(]o, ﬁ(eﬁ)] x R), endowed with the canonical norm

,m];){s), and 8tU €

HUHX% = sup |U(t, )| xs + ess sup 10U (t, )|
te[0,7/ max(e,B)] te[0,7/ max(e,B)],x€R

The initial value problem (2.19)) has the following energy problem:

Qo(e¢, Bb) + Q1 (e, 5b, v) Q)
f(e€)

+ (ASU,S[EQ, ﬁb]ASv) .

E3(U)? = (A*U, Z[UIASU) =(A%C,

In order to ensure the equivalency of X* with the energy of the pseudo-symmetrizer it requires
to add the additional assumption given in (H3)).

In the following lemma we prove that E*(U) and |- |xs-norm are equivalent.

Lemma 2.5.1. Let p = (u,¢6,6,7,3,bo) € Pcu, s > 0, U € L®R) and b € W?>(R),

satisfying (HI)), (H2)), and (H3). The E*(U) is equivalent to the | - |xs-norm.
More precisely, there exists co = C(Mcmu, hgll, h521= h631, €|lU| oo, B|blyy2.00) > 0 such that

1
—E*(U) < |U
€o

Xs S COES(U)'

Proof. Using Lemma and the fact that for Qo(eC, 3b) + 62Q1(6§, Bb,v) > hos > 0 and
f(e€) > 0, one has

,Bb) + Qu (¢, Bb, v _

ing SCLDTESMETE > it (@0l )+, 0. (s 1))
Q0(6£7 /Bb) + 62@1(6£7 /Bb7 Q) . -1

sup D < sup (Qo(e€, ) + Qu(eg, 5b0)) (inf S(<0))

where we recall that if (HI)) is satisfied then, hy = 1 — €(, hg = 1/J + €¢ — (b satisfy

inf hl Zh()l, sup\h1| §1+1/5, inf hQZhOl, sup\h2| §1+1/(5.
TER ™ z€R ~ zeR ™ zeR
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Lemma 2.5.2. Let p = (i,¢,6,7, 3,bo) € Pcu, and let U = (Cu,u)’ € L™, b € W™ satis-
fies (HI),([2) and (H3). Then for any V,W € X°, one has

(zowv, w) | = CIV]lW g (2.21)
with C = C(Mcu, hgy'» hoy > €|U| s BI0] o) -
Moreover, if U € X*,b€ H*"2 V € X571 with s > 5o+ 1, sg > 1/2, then one has

‘( [As, Z[U)|V , W )‘

IN

c v

oW (222

IN

c v

Hsflesfl‘W|X0 (223)

(a2, zow )|
with C' = C(Mcn, hot's hog + €|U | o, BIb] fasa) -
Proof. The Lemma 5.13 is proved using Cauchy-Schwarz inequality, Lemma 4.2 and Corollary 4.8.
We omit the proof here, and refer to [49, Lemma 6.4]. O
2.5.2 Energy estimates

In this section we study the energy estimates of our linear system. To this end we modify
the linear system by adding a right-hand-side term F'. Thus one obtains the following system

{ U + A[UJ0,U + B[U] = F; (2.24)

U,_, = Uo.
Starting with the X° energy estimate, we extend this result later to the X* space (s > 3/2).

Lemma 2.5.3 (X' energy estimate). Set (u,¢,d,v,5,bo) € Pcu. Let T > 0, sg > 1/2 and
U € L>([0,T/max(e, B)]; X°) and U,0,U € L*([0,T/max(e,3)] x R) and b € H*°T3 such

that O,U € L*°(]0,T/max(e, B)] x R) and U,b satisfies (HI)),(H2), and (H3|) and U,U satisfy
system (2.24)), with a right hand side, F', such that

(F.Z[U)U) < Cp max(e,8)|U[30 + £() |U] g0,

with Cr a constant and f a positive integrable function on [0,T/ max(e, )]
Then there exists A\,C1 = C’(HB,:QHLOO, QHLOO, HE)xQHLOO, 16| g7s0+3, Cr) such that

vt e [0, . EAU)(t) <em@ONE0(1,)

_T
max(e, ) (2.25)

t
+/ max(e,B)A(E—t) <f(t’) +maX(e,ﬁ)Cl>dt/’
0

The constants A and Cy are independent of p = (u, €, 9,7, B,bo) € Pcy, but depend on Mcy, hall, hazl,
and ha31.

Proof. The first step of this proof is to take the L? inner product of (2.24) by Z[U]U:

(U, 2[010) + (A&, Z[U0) + (BIU], ZUV) = (F,Z[U)0) .
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Since Z[U] is symmetric, one can deduces from the definition of E*(u) the following

LS B = (U, [0, ZWU)U) — (ZIU)AWI.U,U) ~ (BIU), ZIU1) + (P, ZIU)0). (226)

Let us first estimate (B[U], Z[U]U). One has

Qo(e¢, Bb) + €2Q1(e¢, b, v) )
f(€€)
_1,Bar(eC, Bb)hi(h1 + ho)v?*0zb
" (ET ( (h1 +vh2)?

(BIU), Z[U]U) =( — g(eQ)uBosb.

). TIeC. BbJo).

Qo(eC, Bb) + Q1 (¢, Bb, v)
(= g(ecruB0.b, D )

< BT poos [Bllwzce, 1050122 U] o-

Using the symmetry property of T[eC, 5b], we write

,Bb)h1(h h faxb

(ETl(VBQM (ﬁhf j(,y;; D00y e, Bjo)
B (G, B (b + ha)v?0,b

_e( R ,u>.

From Cauchy-Schwarz inequality, one deduces

6<75Q1(€C7 Bb)h1 (k1 + ho)v20zb
(h1 + vhe)?

) < BC(| . 102811 22) |V | o
Altogether, one has
(BIU], Z[UJU) < BC1|U| o < max(e, B)C1|U]| - (2.27)

Now we have,

GQO(Egﬂb)‘;igl(Egﬂb,y) f/(eg)y QO(EQ, Bb) + 62Ql(fg> ﬁb, Q)
Z[UJA[U] = -
Qo(e¢, Bb) + 62Q1(6£, Bb,v) eQleC, Bb, v] + ecF[eC, Bb](v.)
One has,
2
(ZUAU)8,U,U) = (eQO <. Ft) “ QI(EC P02) 1w, )
T (QoeCﬁbavC) (Qu(e¢, Bb,)0,v,¢)
+ (Qo(eC, 80)0:C,v ) + (EQu(eC, Bb, 1), )
" (EQ ¢, Bb, v] D, v) +e<< ¢, Bb] (00, ), )
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One deduces that,

eC, €2 e, Bb,v
(ZIAUOU,U) = —;(eaz(QO(CBb);(GC%(C’Bb )f’<eov)c,<)

— (00(Qu(ec, BB)) v ) = (2 (Qu(eC, Bb, )¢, v)
+ (GQ[GQ, ﬁb,y]&w,v) + €g (‘Z[eg, 5] (anv),v).

One can easily remark that we didn’t use the smallness assumption of the Camassa-Holm regime
e = O(\/p) since we do not have anymore 0, v in the third term of the above identity.

One make use of the identity below,
(z[ﬁga Bb] (Qaacv)7 V) :( Q1(6§7 Bb)yaxv - ,U/Vax(q2(6§7 Bb)am (anv)) , V )

=— %( du(q1(e¢, BOYV)V, V) + pw( ga(e, Bb) 0y (v0: V), 0:V)

= (0001 (<G, BV, V) + o (aa(eC, 5)(04)0,V, 0,V
— g (0ulas(eC, D)2V, 0,V).
From Cauchy-Schwarz inequality, one deduces
(ZWAL.U.0)) < maxte, HO (I o + 100 o + [l ) [0 (228)
The last term to estimate is (U, [0y, Z[U]|U).

One has

Qo (¢, Bb) + €2Qu (¢, Bb, v)} 0
f(e€)

= (v (@ (5. B0))v) — (v, 02 ((OaleC, 3)) (Dv)))

QoleC. Bb) + Qi (cC. Bb,v)
7<) )<):

From Cauchy-Schwarz inequality and since ¢ and b satisfies (HI|), one deduces

(U, [0, 21UN)U) =(v, |00, E|v) + (&, |,

+ (g,at<

2
U 21U o
< maX(E,ﬁ)C(HatQHLw | QHLOO)}U&O'
Plugging , and into , and using the assumption on F given by the

Lemma, one has

1
| 5[0, 2)U) | < C(foL]] e, (2.29)

S SEAUY < max(e, ) CEMU)? + (F(0) + max(e, /)01 ) E°(U),
where C = C(H@,gQHLOO, QHLOO, HaﬂﬂQHLw 16| g7s0+3, CF) . Consequently
d

%EO(U) < max(e, B)CLEY(U) + (f(t) + max(e, B)C’l>.
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For any A € R, one has

d
AN Gy (7 CONEO(U)) = — max(e, BIAEY(U) + - E°(U).

We choose A\ = (1, so that for all ¢ € [0, ﬁ(eﬂ)]’ the above inequality becomes

d — maxi(e — maxl(e
(e M EO(1)) < (f(t)—i—max(e, 5)01)6 (B

By integration one can deduce

vt € [0, ——— EO(U)(t) <emax(©AXt 5Oy
e[’max(e,ﬁ)’ ( )()_6 ( 0)
t
+/ emax(e,B)A(t—t") (f(t/) + max(e, ﬁ)01>dt/.
0
This proves the energy estimate (2.25)). O

Let us give now the X° energy estimates.

Lemma 2.5.4 ( X® energy estimate). Set (u,¢€,0,7v,8,bo) € Pcu, and s > so + 1, sg >
1/2. Let U = (¢,v)T and U = (¢,v)" be such that U, U € L=([0,T/max(e, B)]; X*), 8:U €

L*>(]0,T/ max(e, 5)|xR), b € H52 and U satisfies (H1)),(H2), and (H3) uniformly on [0, T/ max(e, )],
and such that system (2.24]) holds with a right hand side, F, with

e+ f) U

where f is an integrable function on [0,T/max(e, 5)] and CFg is a constant.

(A°F, Z[UJA*U) < Cp max(e, 8)|U

XS’

Then there exists \,Cy = C(HQHXS, ‘b‘ go+2: OF) such that:
T
t
ES(U)(t) < ema(©0N ps (1) + / (@A) (£(¢') 4 max(e, B)Cy)dt'. (2.30)
0

The constants A and Co are independent of p = (u,¢€,0,7,5,bo) € Pcu, but depend on
Mo, ho's hog > and hyy

Remark 1. In what follows the norm H U ‘

s is to be understood as essential sup:
T

[Ullxs =  esssup  |U(,")]xs + ess sup |0U (t,x)|.
t€[0,7/ max(e, )] t€[0,T/ max(e,B)],z€R

Proof. Let us multiply the system (2.24)) on the right by A*Z[U]A®U, and integrate by parts.
One obtains

(AO,U, ZIUIAT) + (A A[UJ0,U, ZUJA*U) + (A°BIUJ, Z[UIAT)
— (AF, Z[UIAV).
Using the fact that Z[U] is symmetric, as well as the definition of E*(U) we deduce:

S 2 _1 s s s s
iaE (U) _§(A U, [0y, ZIU]|A°U) — (Z[UJA[U)O, AU, A°U)

— ([A%, A[U)]0.U, Z[UIASU) — (A*B[U), Z[UJAU) (2.31)
+ (A°F, Z|UIAU).
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Let us now estimate each component of the r.h.s of the above identity.

e Estimate of (A*B[U], Z[UJA*U),

Qo(e¢, Bb) + €2Qu (e, Bb, v)
f(Q)

BbYhy (hy + hy)v?
Tl(wm(ec(,i i;;;); 2)o 9:b), TleC, ﬂb]Asv>.

(AB[U), ZIUIA'D) = (A°( - g(eq)uBosb), A%)

—i—e(As
Using Cauchy-Schwarz inequality, Lemma 4.2 and Lemma 4.7 one has,

[(A*BUJ, Z[U]A*U)| < BC(||U]

Xs0 |b||Hs+1)|U’Xs < max( )02|U’Xs. (2.32)

e Estimate of (Z[UJA[U]0,A°U,A°U).

Thanks to Sobolev embedding, one has for s > sg+ 1,59 > 1/2

CIU[|

Using the L? estimate derived in (2.28)), applied to A®U, one deduces

‘(Z[Q]A[Q]amASU, ASU)‘ < max(e,ﬁ)c(ug\ (2.33)

xp  [Bllse ) U e

e Estimate of ([A®, A[U]]0,U, Z[U]A®U). Using the definition of A[-] and Z[] in and
(2.20)), one has

Qe 5bv)
f(€0)

+ (1%, T7H(QUeC, 56,0)))0uC , TA)

+ (A%, T7'0leC, b, v] + culdpv, TA).

([A%, AW]]0.U, ZIUIAU) = (1A%, € ()2l + [A*, F(eC)]0rv, A%)

For the sake of simplicity, we denote here and in what follows T = T[e(, 8b] and Q(e(, Bb,v) =
Qo(€S, Bb) + €Q1 (e, Bb, v).

Using the same techniques as in [49, Lemma 6.6 ] and since ¢ and b satisfies (HI)), we proved

([0, AU]] 0.0, Z[UIAD) | < max(e, )¢ (U]

Xz, + HbHHs+2> ’U’§(5~ (2.34)
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e Fstimate of1 AU, |0, ZIU]|A®U). One has
2

(AU, [0, ZIU)AST) =(A%v, [at,g] A%v)
Qo(€¢, Bb) + €Qu (e, Bb, v)
f(e)
- (Asv, (Brqa (e, 5b))ASv>
— (A0, 0, (O (€, 1)) (2:4°0)) )

Qo(e¢, Bb) + Q1 (eC, Bb,v)N
7(e0) )3%¢)

—eny (Asv, (atg)Asv) + pvers <A58xv, (atg)Asawv)

Qo(e¢, Bb) + €2Q1(e¢, Bb, v) s
70 )3°¢).

From Cauchy-Schwarz inequality and since ¢ and b satisfies (HI|), one deduces

+ (A, |, Jaso)

+ (ASg,at(

+(a¢an(

| S0 00 ZIAV) | £ (O] 20T

< max(e, )C((|OU| o |T| ) [T

2
Xs®

and continuous Sobolev embedding yields,

2

Ul%..

| S0 [0, 2 A°D) | < maxe, H)C (U (2.35)

)

We conclude now the proof of the X* energy estimate. Plugging (2.32)), (2.33]), (2.34]) and ([2.35|)

into (2.31)), and using the assumption on F given by the Lemma, one deduces
1d
§&E3(U)2 < max(e, B)C2E*(U)? + E5(U) (f(t) + max(e, 8)Cs),

with G, = C(|lU]

bl

Py Hs+2 Cr), and consequently
T

%ES(U) < max(e, f)CoE*(U) + (f(t) + max(e,ﬁ)Cg).
For any A € R, one has

d

BN Gy (7 CIN B (U)) = — max(e, HAE(U) + - E*(U).
Thus with A = Cy, one has for all t € [0, ﬁ(e,@)]’
d
2 (e EINENU)) < (F(2) + max(e, B)Ca)e MM,

Integrating this differential inequality yields,

t
E5(U)(t) < emax(e,ﬁ)/\tES(U()) +/ emax(e,ﬁ))\(tft/)(f(t/)_'_maX(E’ B)Cg)dt/.
0
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2.5.3 Well-posedness of the linearized system

Proposition 9. Let p = (u,€,0,7,3,bo) € Pcug and s > sg + 1 with sg > 1/2, and let U =
(¢, 0)" € X5, b e H*? be such that (HI),(H2), and are satisfied for t € [0,T/max(e, B)],
uniformly with respect to p € Pcu. For any Uy € X?, there exists a unique solution to ,
UP € CY([0, T/ max(e, B)]; X*) N CL([0, T/ max(e, B)]; X*~1) € X3,

with A\, Cy = C(HQHXS T, Mcu, hot's hog > hog , ||b] gs+2), independent of p € Pcn, such that the
following energy estimaTtes holds

T
<t< - S(TTP < max(e,B)Art s
VOSIS s BP0 <e E5(Up)

t
+max(e,ﬁ)00/ emax(e,B)Ar (t=t) 74/
0

and E*7Y(8,UP) <Cpem(&BArt B3 (1)

t
+ max(e, 8)C3 / (Ot - max(e, 5)Co.
0

Proof. The well-posedness of the initial value problem (2.19)) follows from energy estimates tech-
niques, namely from the estimate (2.30) in Lemma with F' = 0:

t
ES(U)(t) < ™At 1310 4 max(e, 3)Co / emax(eAAr (=) gyt (2.36)
0

An energy estimate on the time-derivative of the solution can be deduced using the system of
equation (2.19). In fact, one has

|6tU{XS,1 :‘ — AlU]o,U — B[Q]’qu

S\Ef'(eé)ﬂaxC + f(€§)5mv + ﬁaxbg(EQ)Q}Hsfl

+ |TLec, B8 (QoleC, B0)DuC + eQleC, Bb, 000w + EQu (G, Bb,1)uC

675(11(69 Bb)hi(h1 + ha)v20yb
(h1 + ~vh2)3

<C(|U]|xs, [blgs+1)|U]x= + BCo
<CoE*(U)(t) + BCo
Scoemax(e,B)ATtEs(UO)

+ €cv0v| .,
) ; (2.37)

t
+ max(e, 8)C2 / emax( ATt gy 4 max(e, 5)Co.
0

To complete the proof we proceed by constructing a solution to (2.19). We use a sequence of
Friedrichs mollifiers, defined by J, = (1 — v92)7'/2 (v > 0) in order to reduce our system to
ordinary differential equation systems on X*, which are solved uniquely by Cauchy-Lipschitz
theorem. Estimates (2.36)),(2:37) hold for each U, € C°([0,T/max(e, 8)]; X*), uniformly in
v > 0. One deduces that a subsequence converges towards U € L2([0,T/max(e, 3)]; X*), a
(weak) solution of the Cauchy problem . Taking a regular initial data, one can show
that the solution U € C°([0, T/ max(e, 8)]; X*) N C([0, T/ max(e, B)]; X*71) is actually a strong
solution. Applying the estimate to the difference of two solutions having the same initial
data (i.e Up = 0) one can deduce the uniqueness. O
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2.5.4 A priori estimate

In this section, we control the difference of two solutions of the nonlinear system, with different
right-hand sides and initial data.

Proposition 10. Let (p,¢€,0,7,5,bo) € Pcy and s > so+ 1, so > 1/2, and assume that
there exists U; for i € {1,2}, such that U; = ((;,vi)" € X5, Uz € L®([0, T/ max(e, B)]; X1,
be H'?, Uy satisfy (HI),(H2) and ([3) on
[0, T/ max(e, 5)], with ho1, ho2, hos > 0, and U; satisfy

oU; + A[Ul]axUl + B[Ul] = F,

8tU2 + A[U2]8$U2 + B[UQ] = FQ,

with F; € LY([0, T/ max(e, B)]; X*).

Then there exists constants:
CO = C(MCHa halla hazla h6317 max(e, ﬁ)‘Ul X9 max(e, B) |U2 XS |b|HS+2)

and \p = (Co x C(|Uz] oo (j0,7/ max(e,8):x5+1)) + C’o) such that for all t € [0, ﬁ(e,ﬁ)}’

E5(Uy — Up)(t) <e™ < OALES (U g — Us o)

t
+Co / e BAT (=) s (Fy — Fy) ().
0

Proof. We multiply on the left by Z[U;] the equations satisfied by U;, one obtains

Z[Ul]OtUl+E[U1]8xU1+Z[U1]B[U1} = Z[Ul]Fl
Z[Uz]ﬁtU2+E[Ug]8xU2+Z[U2]B[U2} = Z[UQ]FQ;

with X[U] = Z[U]A[U]. When we subtract the above equations, and after defining a new variable
VasV =U; — Uy = ((,v) one obtains

Z[Ul]atV + E[Ul]BJCV + (Z[Ul]B[Ul] — Z[UQ]B[UQ])
= Z[U1|(F1 — F) — (X[Uh] — Z[U3])0: U2
—(Z[th] = Z[Us])(0:U2 — F3).

Applying Z~1[U1] to the above equation, one deduces the following system:

{ OV + A0,V + Z 7 [Uh] (Z[Uh] BIUA] — Z[Us] B[U3)) = F (2.38)
V(0) = (Ur — U2) |i=o , .
where, F =F| —F — Z_I[Ul](E[Ul] - X[00]) 0, Uy (2.39)

— Z7 ] (Z[U1] — Z[Us)) (0uU2 — F).
We would like to use the energy estimate given in Lemma to the linear system (|2.38)).

The additional term now is Z ' [U3](Z[U1])B[U:] — Z[Us) B[Us)).

So we have to control,

(A°Z U] (2[4 BIUL) — Z[Us) BIUS)), Z[UWJAV) = B.



CHAPITRE 2. AN IMPROVED RESULT FOR THE FULL JUSTIFICATION OF ASYMPTOTIC MODELS
99 FOR THE PROPAGATION OF INTERNAL WAVES

One has,

B =(A*(Z[h]B[U1] — Z[U2| BUa]), A°V))
+ ([AS, Zﬁl[Ul]]Z[UﬂB[Ul] — Z[UQ]B[UQ], Z[Ul]ASV)
=DB1 + B>

Now we have to estimate the terms (Bj) and (Bz2).

(rss—Q(eC1, Bb,v1)BO:bg(eCr)vr | Q(eCa, Bb, v2)BO:bg(eC2)v2 AS
B = (e f(e6) " f(e2) )4)

s VB (et B)ha (R + ho)videb  eyBau(eCa, Bb)ha(hy + ho)v3deb
+<A ( (h1 +vho)3 (h1 +vho)3 ) A U)

With Q(eGi, 8b, vi) = Qo(€¢;, Bb) + €2Q1 (€, Bb,v;) for i = 1,2.

In order to control (B;) we use the following decompositions,

(—Qo(eCh Bb) 80:bg(eC1)v1 N Qo(eCa, Bb)ﬂ@cbg(EQ)W)

f(eCr) f(ec2)
~ (—Qo(eC1, Bb)g(eCt) | Qolea, Bb)g(ea)
(T T e )i
Qo(€Cz, Bb)g(€C2)0:b
— B(vy — v2) eGy) .
o 6<—€2Q1(6<1, ,Bb, ful)axbg(e(l)vl + 62Q1(6<2, Bb, Ug)@d)g(e{g)@g)
f(e¢1) f(eC2)
_ (—€Qu(eCi, B, v1)g(e6i) | €?Qi(eCa, B, va)g(eCa)
= 7(ecr) R s e LG
2Q1(eCa, Bb, v2)g(eC2)zb
— B(vy — v2) (eGa) .
(67&11(6(1, Bb)hi(hy + ho)videb  evBai(eCa, Bb)h (hn + h2)U§5xb>
(h1 + vhs)3 (h1 4+ vhe)?
_(evyqi(eCr, Bb)hi(hy + ha)  evivqi(eCa, Bb)hi(hy + ho)
= (T ) @2
By (hy + hy)Oub

Using the fact that, €2Q1(e¢;, 8b,v;) = Q1(€(;, Bb, €v;), one deduces,
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|Bi| <C(B|v1|ms, bl gs+2)elCt — ol ms| ol ms
+C( |Gl as, bl gs+2)Blvr — va|ms|Colmrs

C(B|vi|ms, bl gs+1)elC — Calms|Col ms
C(elCalms, €lva|ms, [b grs+1) Blvr — vol s [Col 1
C(Blvilms, elvi|ms, [blgs+1)elC — Glms|v|ms
C(e[Colms, €lvi|ms, €[va| s, [b] grs+1) Blor — vo| ms|v| mrs

< max(e, ,B)CoES(Ul — UQ)ES(V)

<max(e, B)CoE*(V)2.

with Co = C(Mcn, h™!, hgy', max(e, B)|Ur| ., max(e, B)|Us| o, [blprs+2).-
The contribution of (Bs) is immediately bounded using Lemma [2.5.2

|Ba| =( [A®, Z7HU1]] (Z[h] B[UL] — Z[U2] B[Ua]) , Z[U1JA®V )
<C|Z[U1]B[Uh] — Z[Us] B[Us]| grs-1x rs—1| V| x»

—Q(eC1, Bb,v1)BOzbg(eCr)v1  Q(eCa, Bb, v2)BOLbg(€C2)va
<( F(eC) " 7(eG2) et
q1(eC1, Bb)ha(hy + ha)v?  q1(€Ca, Bb)h1(h1 + h2)v3
+ ‘6758"”1’( (1 + vha)? - (h1 + vha)3 )‘H ) Vixs

<max(e, B)CoE*(Uy — Uz) E*(V)
<max(e, B)CoE* (V)2
So we have,
|B| < Comax(e, B)E*(V)>.

Now one needs to control accordingly the right hand side F'.

To this end, we introduce the following Lemma.

Lemma 2.5.5. Let (//J, €, 6775B7b0) € Pcu and s > 59 > 1/2 Let V = (Cvav)T) W= (Cwaw)T
X® and Uy = (C1,v1) ", Uz = (Co,v2) T € X*, b € H? such that there exists h > 0 with

1
~ e —Bb>h>0.

1
sHeG=Bb=h>0, S

1—e(4 > h>0, 1—e(a>h>0, 5

Then one has

‘ (A2l - ziwa))v , W) ( < Ol -Usl |V
( A (Z[UW)A[U:] — Z[UJ AUV, W ) < €C|U-Usl|V]y
with C = C(MCH,h_l,E xsr € Us X ‘b’Hs+2).

Proof. We prove the Lemma 5.40 using the same techniques as in the Proof of [49, Lemma 7.2],
adapted to our pseudo-symmetrizer as €2Q1(e(;, 8, v;) = Q1(e(;, Bb, ev;). O
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Proceeding in the proof of Proposition we estimate F' defined in , and therefore we
would like to estimate the following
(AN°F, ZIWAV ) =( A°Fy — A°Fy |, Z[Uh]A°V)
—(A(Z [Ul] — X[U))0.Us , A°V)
- ([ (B[] — [U2)):Us , Z[U1]A®V)
- (A [U]) (00> — Fy) , A*V)
— ([ (Z[U:] = Z[U2])(0,Us — Fa) , Z[U1JA®V)
=)+ (II) (III) (IV) 4+ (V).

U:]]
( -7
)

The contribution of (I) is immediately bounded using Lemma 5.13. The contributions of (II)
and (IV) follow Lemma 5.40. Finally, we control (I1]) and (V') using Lemma 5.13 (2.23]). All
together, we proved using Lemma 5.12 that F' as defined in (2.39)), satisfies
[(ASF, Z[U1]A*V)| <eC x (|0:Us|xs + |0:Us — Fa|xs)E5(V)? + CES(V)E*(Fy — F)
<max(e, 8)C x (|8,Us|xs + |8;Uz — Fa|xs)E*(V)?
+ CE*(V)E*(F1 — F).

with C' = C(Mcn, h™', hgg  €|Us| .. €|Ua| o Bl prsv2).

Then one has
(ASF, Z[U1JA*V)| < max(e, 8)Co x (|0.Us|xs + |0:Us — Fa|xs)E*(V)?
+ CoE*(V)E*(Fy — F).
We can now conclude by Lemma and the proof of Proposition [T0]is complete. O

2.6 Full justification of the asymptotic model

Following the terminology of [84]), the full justification of an asymptotic model consist in
proving the well-posedness of the Cauchy problem for both the full Euler system and the asymp-
totic model and in proving that their solutions with similar initial data remain close. We conclude
our work by fully justifying our model.

Theorem 2.6.1 (Existence and uniqueness). Let p = (u,€,d,v,8,bo) € Pcy and s > so + 1,
sog > 1/2, and assume Uy = ((o,v0)" € X, b € H*? satisfies (H1),([H2), and (H3). Then
there exists a mazimal time Tmax > 0, uniformly bounded from below with respect to p €
Pcu, such that the system of equations admits a unique strong solution U = (¢,v) "
CO[0, Timax); X)) NCH([0, Trax); X571 with the initial value ({,v) |1=0 = (o, v0), and preserving
the conditions (HI),(H2) and (with different lower bounds) for any t € [0, Tiax)-

Moreover, there exists \,Cy = C(hall,ha;,hagl,MCH,T, ‘Uo o0 |0l s+2), independent of p €
Pcu, such that Tmax > T/ max(e, §), and one has the energy estimates

Vo<t<—L

max(e,8)

Ut )] e + |0U ()| gor <Coem@x(&PN

Xs—1

t
+ max(e, B)CO/ e (@AM gt 1 max(e, B)Co
0
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If Tihax < 00, one has
|U(t, )| xs — 00 as t — Tiax,

or one of the conditions (H1|),(H2), (H3) ceases to be true as t — Tax-

Proof. Let (U™ = (¢"™,v™))n>0 a sequence of approximate solution of the following linear system

U™ + AlUMO U™ + B[U™ = 0;

[t=0

By Proposition [9] there exists

Tt Tht1 _ . . .
urtl e ¢0(o, —2L 1. x%) n CY(jo, — 2L xs-t lution to (2.40) if U™
€ {l ’max(e,ﬁ)]’ ) ([ ’max(e,ﬁ)]’ ) unique solution to i €

T T,
CO([0, —"—]; X*) N CH([0, ——]; X*~!) C X%, and satisfies (HI]),(H2)) and (H3).

"max(e, ) max(e, )

Let us continue by proving the existence and the control of U". In the following we prove by
induction the existence of 7" > 0 such that the sequence U™ is uniquely defined, controlled in

X7, and satisfies (H1]),(H2|) and (H3), uniformly with respect to n € N.
Proposition [J] yields

t
ES(Un+1)(t) < 6max(e,ﬁ))\ntE5(Uo) +maX(e,B)Cn/ emaX(ﬁ’ﬁ)A"(t_tl)dtl.
0

U™ (¢, )] o SCRE*(U™)(¢) + max(e, B)Cy,

t
Scnemax(e,ﬁ)kntEs(Uo) + max(e, 5)0721/ emax(e,ﬁ))\n(t_t’)dt/
0

+ max(e, 3)Ch,
with Cp, An = C(Mct, bt s hogns Tns [U™ || e » [blars+2), provided U™ € X3, satisfies (HI)), (H2)
b b Tn n
and (H3) with positive constants hoi n, ho2,n, and ho3 , on
[0, T,/ max(e, B)].

As a consequence of the work [49, Theorem 7.3] and by taking into account the topographic
variation, we impose the assumptions and only on the initial data and then we show
that they are automatically satisfied over the time scale. We omit the proof here and only detail
the proof for the new assumption ,

Since U™ = (¢",v")" satisfies (2.40)), one has
B¢ = = (€™M0 — ef(eC™)0" 0, + BOsbg (e,
and
O = — e, B0 (Qo(eC”, BD) D¢ + Qe Bb, 07D

Bai(eC”, Bb)ha (b + hz)v”Q&;b)

2 n n n+1
+€ QI(EC ’51)7’0 )azc + (h1+’}/h2)3

— ecv "L
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Using the embedding of H*~! into L™ (s — 1 > 1/2), and since U™ satisfies (f1]),([[2) with
ho1,ns ho2,n on [0, T,/ max(e, B)], one deduces that

10:¢" oo < C(Mcm, hot' s Pogns Bl0lae) (2.41)

0%y -

and
190" oo < C(MCH,hofn,hOM, |b|Hs+1)HU”||X% ) (2.42)

Let g1 = ay (€™, Bb) + as(e¢™1, Bb)2(u™+)2, where
al(ecn+17 /Bb) - (’Y + 6)Q1(6Cn+17 /Bb) - :U’ﬁwagbu

n+1 _ n+1 (hl +h2)2
as(eC" T, Bb) = —yqy (e¢™T ,/Bb)m‘

One has,
g" =" 2o +/ Orar (eC"tt, Bb) + / Dpaz (™, Bb) (v 1)

t
+2€2/ az(egn+175b)vn+1atvn+l
0

0

t t
:gn+1 ’t:O +(’y—|—(5)6/€1/ at<n+1+€3/ a’z(eC"H,Bb)@tQ”H(v”H)Q
0
t
+262/ aQ(GCn+1,5b)Un+latvn+l
0

so that (2.41) and ([2.42) yields

g™ — g™ o | oo <t x C(MCH,hgl{n,h(Tz{m ]b|Hs+z)HU"HX%n-

Now, one has ¢"*! ;=g = ¢°|i=0 > hoz,0 > 0, independent of n. By induction one can easily
h

prove that we can chose 7" > 0 such that g"*! > % holds on [0,7”/ max(e, 8)], and the above

energy estimates remain satisfied uniformly with respect to n, on [0, 7’/ max(e, 3)].

h
More precisely, one has that U™ satisfies (H3|) with % > (0 and the estimates

t
Es(Un)( ) <e max (e, ,B)AtEs(UO) —I—max( 5)00/ max(e,ﬂ),\(t_t’)dt/
0

[0:U7(t,)] o s SCoE*(U™)(t) + max(e, )Co
SCoemax(e’B)MEs(Uo)
t
+ max(e,B)Cg/ e DA g’ 1 max(e, 8)Co.
0

on [0, T’/ max(e, 3)], where Co, A = C(Mcu, hoi's hos > hog > T, ‘UO‘XS, |b| gs+2) are uniform with
respect to n.

For the completion of the proof, one has to prove the convergence of U" to a solution of the non-
linear problem we use the same techniques as in the proof of [49, Theorem 7.3](see e.g. [1]). The
uniqueness of U follows from the priori estimate result of Proposition [10| with /4 = F5, =0. O
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Theorem 2.6.2 (Stability). Let p = (u,€,9,7,3,bo) € Pcu and s > so + 1 with s > 1/2, and
assume U1 g = (C10,v10)" € X%, Uzg = (Co0,v20) € X5F1, and b € H**? satisfies (H1)),([{2),

and (H3)). Denote U; the solution to (2.16|) with U;|—0 = Uj .
Then there exists T, \,Co = C(Mcu, hgi', by hog » |Uro| o [Uzolxs+1, [blgrss2) such that Vt €

T
[0’ max(e,3) ] ’

(U — Ua)(t < Coe™™ PN o — Un) oo

")‘XS

Proof. Thanks to Theorem one can prove the existence of the solution Uy (resp. Us) in

L>([0, T/ max(e, 8)]; X*) (resp. L°°([0,T/max(e, B)]; X*t1)), as well as their uniform control.
As a consequence of the priori estimate of Proposition with F1 = F> = 0, and Lemma [2.5.1
we complete the proof. O

Finally, we conclude by a “convergence result” stating that the solutions of our system and
the ones of the full Euler system, reamin close.

Theorem 2.6.3 (Convergence). Let p = (u,¢€,0,7,3,bo) € Pcn (see ) and s > sg + 1 with
so > 1/2, and let U = ((O,¢°)T € HTN(R)2, b € H*N satisfy the hypotheses (HI),(H2),
and , with N sufficiently large. We suppose U = ((,1)) " a unique solution to the full Euler
system with initial data (C°,9°)T, defined on [0,T}] for T) > 0[[, and we suppose that
U= ((,4)" satisfies the assumptions of our consistency result, Proposition @ Then there exists
C,T > 0, independent of p, such that

— There exists a unique solution U, = (Cq,va)' to our new model , defined on [0,T]

and with initial data (C°,v°)7 (provided by Theorem ;
— With v, defined as in , one has for any t € [0,T],

‘(Cav) - (C(l7’UCL)‘Loo([07t];X5) <C MQ L.

Proof. Thank to Theorem [2.6.1] one can prove the existence of U, solution to the asymptotic
model (where T is chosen as the minimum of the existence time of both solutions). Assuming that
U = (¢, )" satisfies the assumptions of our consistency result, Proposition [8] therefore (¢,v) "
solves up to aresidual R = (rq,7) ", with ‘R‘LN([O,T];HS) < C(Msw, hgy s [b] ps+n, ‘UO‘H5+N)(M2+
pe? 4+ B2+ peB). As a matter of fact, since p € Poy therefore the residual is now bounded by p2.
The result follows from the stability Proposition [10}, with Fy = (r1, T[e¢] !ro) " and Fp =0. O

1. To our knowledge, the local well-posedness of the full Euler system in the two-fluid configuration over a
variable topography seems to be an open problem.



Chapitre 3

Coupled and scalar asymptotic
models for internal waves over
variable topography

The Green-Naghdi type model in the Camassa-Holm regime derived in [Comm. Pure Appl.
Anal., 14(6):2203-2230, 2015] /Chapter 2| for the description of medium amplitude internal waves
at the interface of two layers of immiscible fluids of different densities and taking into account
medium amplitude topography variations is fully justified by a convergence result. In this chapter,
we generalize this result by constructing a fully justified coupled asymptotic model in a more
complex physical case of variable topography. In addition, our system permit the full justification
of other model of lower order provided that it is consistent and well-posed. We apply the
procedure to scalar models driven by simple unidirectional equations in the Camassa-Holm and
long wave regimes and under some restrictions on the topography variations. We also show that,
wave breaking of solutions to such equations, occurs in the Camassa-Holm regime with slow
topography variations and for a specific set of parameters.

3.1 Introduction

The oceans are not a solitary, uniform waterway. In fact, they really comprise a number
of specific water masses described by different densities because of variations in temperature,
saltiness, and pressure. Indeed, ocean water get to be stratified, one regularly watches the limit
between colder, saltier water beneath and hotter, less-salty water above. Internal waves might be
produced by stratified tidal streams over base topographic components. It is thought that such
waves play a key role in Earth’s climate, ocean ecosystems, circulation and pollutant dispersal.

This chapter treat the internal waves issue for uneven bottoms which involve the description
of the movement of the interface between two layers of immiscible liquids of various densities,
and also the velocity flow inside the two layers of liquid, under the accompanying assumptions:
the liquid is homogeneous, perfect, incompressible, irrotational and under the main impact of
gravity. The domain of the two layers is endless in the flat unidimensional space variable. The
bottom on which both fluids rest is presumed to be non-flat while the top is limited by the rigid
lid assumption. The governing equations of such a system are called the “full Euler system”, we
briefly recall the system in section 2.1 below, and refer to [6] [16] 47, 48] for more details. The

65



3.1. Introduction 66

mathematical study of this system is extremely complicated as the interface boundary is part
of the unknowns and since the system is strongly nonlinear. Very often, additional smallness
assumptions are made on some given dimensionless parameters that describe the nature of the
flow and the regime under consideration in order to obtain simpler asymptotic models.

Prior works have set a good theoretical environment for this issue and various models for a bi-fluid
system have already been derived and studied in the flat bottom case see [97), 93], 31}, [32 [16), [65]
and references therein. Recently, Duchéne, Israwi and Talhouk derived in [49], a new Green-
Naghdi type model, under the rigid lid assumption, with a flat bottom and in the so-called
Camassa-Holm regime, that is to say, making use of an additional smallness assumption on
the deformation of the interface between the two layers of fluids, ¢ = O(\/n). In addition to
its full justification, the authors proved that their model permit the full justification of other
lower order model provided that it is consistent and well-posed. They applied this strategy to
the Constantin-Lannes approximation [47]. The case of uneven bottoms has been less explored.
Some of the noteworthy references dealing with non-flat topography are [103], [6] 44, [7, [48], where
many bi-fluidic models that allows a non-flat topography are derived and justified by a consis-
tency result. However, the preceding works do not provide the full justification, contrarily to [90]
where the result of full justification obtained in [49], have been improved recently in [90] taking
into account medium amplitude topography variations.

In all the previously stated works, the subsequent model consists in two relatively simple evolu-
tion equations coupling the shear speed and the interface deformation. However, if one chooses
precisely the initial perturbation so as the flow moves in a single direction, then the flow can be
approximated as a solution of a scalar evolution equation. This means in a physical way, that
we pay particular attention on a given direction of the two counter-propagating waves after they
have split. This strategy has been developed in [14] in order to fully justify the famous Korteweg-
de Vries equation (see [81]) that describes the propagation of long surface waves (¢ = O(u)) and
the extension of this result to the two-layers system has been done by Duchéne in [46]. Con-
stantin and Lannes, introduced and fully justified higher order models in [34], for the water-wave
problem in the Camassa-Holm regime (e = O(\/n)), (see [47] for the internal wave problem).
Let us note that the Camassa-Holm regime is more interesting than the long wave regime, since
it allows larger amplitude waves and yields models that can create singularities in limited time
as wave breaking [34]. However, all these results only hold for flat bottoms. For the situation
of an uneven bottom, various generalizations of the KdV equation in the context of propagation
of surface gravity waves have been derived and justified in [71], using the same scaling as in [34]
but under appropriate conditions on the topographical variations.

In this chapter, we generalize the result of full justification obtained in [49] and [90] to a more
complex case of variable topography. To this end, we introduce two new parameters 5 and «,
where (3 characterize the shape of the bottom and « is the ratio of the interface wave-length
to the bottom wave-length. Moreover we assume that Sa = O(,/i) which can correspond to a
physical case of a slowly varying bottom with large amplitude. We construct a new model that
possesses a pleasant structure similar to symmetrizable quasilinear systems that allows to study
the properties, in particular energy estimates, for the linearized system, thus allowing its full jus-
tification, following the classical theory of hyperbolic systems. Additional key restrictions on the
deformation of the bottom are needed to ensure the validity of our model, see and .
Moreover, our new model allows to fully justify other well-posed models. In fact, proving the
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consistency of any well-posed model with our new model ensure its convergence to the full Eu-
ler system. We try to apply this procedure to other unidirectional models. Using a strategy
initiated in [34], we construct in this chapter, an approximate solution to the Green-Naghdi sys-
tem, driven by a simple unidirectional scalar equation for the propagation of internal waves over
variable topography. First, we study our unidirectional approximation in the Camassa-Holm
regime. In fact, we show that, families of solutions of the unidirectional approximation satisfy
the Green-Naghdi system under appropriate conditions on the topography variations, up to a
small residual. Our second result regarding this scalar evolution equation, concerns the long time
well-posedness of the Cauchy problem; we also show that wave breaking of the solution occurs in
the Camassa-Holm regime for some particular conditions on the parameters and under slow to-
pography variations. Finally, a full justification result is given after making stronger assumptions
on the topography. In addition, we recover and fully justify the unidirectional approximation
designated as the KdV equation in the more restrictive long wave scaling.

Outline of the chapter We start by the introduction of the non-dimensionalized full Eu-
ler system and the Green-Naghdi model in Section 2. We derive in Section 3 the new coupled
asymptotic model. Section 4 contains some preliminary results. Section 5 contains the “lin-
earized” system. In Section 6, we explain the full justification of asymptotic models and we state
its main ingredients. In Section 7, we derive an approximate solution to the Green-Naghdi driven
by a simple unidirectional scalar equation. Section 8 is dedicated to the mathematical analysis of
the unidirectional approximation in the Camassa-Holm regime, where we study its accuracy in
Section 8.1, prove its well-posedness in Section 8.2 and give the explosion conditions in Section
8.3. We give a full justification result in Section 8.4. Finally, we give a full justification result
for the unidirectional approximation in the long wave regime in Section 9.

Notations. In what follows, Cy denotes any positive constant whose accurate expression is of
no significance. The notation A = O(B) signify that A < Cy B.

C'(A1, A2,...) indicate a positive constant depending on the parameters A1, Ag,...such that the
dependence on the A; is non-decreasing.

LP = LP(R) (1 < p < o0) is the space of Lebesgue-measurable functions f with the standard

norm |f|zs = ( fi |f(2)Pdx)"? < oo

(u,v) = [pu(x)v(x)de denotes the real inner product of any functions u and v in the Hilbert
space L2(R).

L> = L*>*(R) is the space of all essentially bounded, Lebesgue-measurable functions f with
the norm |f|e = esssup,eg | f(2)] < co.

For k € N, we denote by Wh> = WFX(R) = {f € L®,|f|yre < 00}, where |f|yytoc =
> 105l
aeNa<lk

H?®* = H*(R) (s > 0) denotes the Sobolev space with the norm |f|gs = |A°f|;2 < oo, where
A is the following operator A = (1 — 92)'/2.

L*>(]0,T); H*(R)) denotes the space of functions such that u(t,-) is bounded in H®, uniformly

with respect to t € [0,T): HUHLOO([O,T);HS(R)) = ises['OS%ﬂU(ta s < oo
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C*([0,T); H*(R)) denotes the space of k-times continuously differentiable functions u with values
in H*(R) with the norm, = max sup |Jyu(t,)|gs < oo.

0<i<k ¢e(0,T)

The commutator [T, f] is defined by [T, flg = T(fg) — fT(g) with T a closed operator defined
on a Banach space and f, g and fg belongs to D(T') (domain of T').

”“Hck([o,T);HS(R))

3.2 Green-Naghdi system

In this section, we first briefly recall the so-called “full Fuler system” , governing the
evolution of the deformation of the interface and the trace of a velocity potential at the interface
and refer to [6], (16, [47] for more details.

In the shallow-water scaling (i < 1), one can derive the Green-Naghdi model after replacing
the Dirichlet-to-Neumann operators by their truncated expansion with respect to the shallowness
parameter, u. This asymptotic model is justified by a consistency result, that is to say the
solutions of the full Euler system satisfy the Green-Naghdi asymptotic model up to a small
remainder, of size O(u?).

3.2.1 Full Euler system

We review that the framework comprises two layers of immiscible, homogeneous, perfect,
incompressible liquids just affected by gravity, (see Figure [3.1). We confine ourselves to the
bi-dimensional case, i.e. the horizontal dimension d = 1.

_
dl \az ¢1 =0

_ _ 1 P
Vx.vi=0  vi=Vx_.h Oyb1 + §|VX,Z¢1|2 =—— —gz
P1

¢(t, X)
¢ = /1 + |VC[*Ons
= V1+ V(o

1 P
Oy + §WX,Z¢2|2 =—— —gz
P2

Vx.ve=0 vo = Vx .02

—dy +b(X)

Figure 3.1. Governing equations and domain of the study

The study of the asymptotic dynamics is made accessible by the nondimensionalization of
the equations[} To this end we introduce dimensionless variables and unknowns that reduce the

1. The adapted re-scaling is motivated by the study of the linearized system (3.2]) around the rest state (¢, %) =
(0,0) and over a flat topography done in [83].
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setting to the physical regime under consideration:

- z ~ X ~ Co
= — X = — = —
z 4 I t )\t,
and
ey X)) s o0 bX) s s s o d o
C(t7 X) - a ) b(aX) - a/b ) ¢7z(t7 X7 Z) - a/)\CO ¢7z(t7 X7 Z) (Z - 17 2)7

where the typical internal wave velocity is given by

(p2 — p1)dida

cy = .
p2d1 + p1da

Now we introduce the following dimensionless parameters

d? a a d — p1)A?
uz}\—é,ez— ﬁzd—i,ézd—;,yzg, Bo:g(mam), (3.1)
where a (resp. ap) is the maximal amplitude of the defotmation at the interface (resp. bottom);
A is the wavelength of the interface; A/« is the wave-length of the bottom variations; d; (resp.
dy) is the deepness of the upper (resp. lower) fluid; and p; (resp. p2) is the density of the upper
(resp. lower) layer, g the gravitational acceleration, o the interfacial tension coefficient and Bo
the classical Bond number, measuring the ratio of gravity forces over surface tension forces.

_ 2
M instead of the standard Bond number, Bo. The

o
parameter € is often called non linearity parameter while y is the shallowness parameter.

In the following we use bo = uBo =
The equations governing the evolution of the aforedescribed system in the introduction read
(using non-dimensionalized variables and the Zakharov/Craig-Sulem formulation) [39} 1T5]:

1
O — ~Grp = 0,

1

O(H' 0 —10.0) + (1+0)0C + 50, (JHM I = 1/0,1?)

— o s O (keyimQ)
- ue@x/\/'“ H7bo e/l )

where we denote

(2GH) + (0.0 HOP)* — (26 P + €(8:0)(Da1)))

2
2(1 + pledaCl?) '

NI =

((t, ) represents the deformation of the interface between the two layers and b(®)(z) = b(azx)
represents the deformation of the bottom, v is the trace of the velocity potential of the upper-
fluid at the interface.

The function k(¢) = —0, (W@xc ) denotes interface curvature and o the surface (or inter-

facial) tension coefficient.
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System ([3.2]) will be referred as the full Fuler system, and its solutions will be exact solutions of
the problem.

Finally, we define the so-called Dirichlet-Neumann operators G* and H*? as follows:
Definition 3.2.1 (Dirichlet-Neumann operators). Let (,b € H"*(R), ¢, > 1/2, such that
there exists hg > 0 with hy = 1 —e( > hg > 0 and hy = % +e¢ — @ > hy > 0, and let
Y € L% (R), 0,1 € HY2(R). Then we define

loc
G'p = GMeCly =1+ M|€a;r<‘2(8n¢l) ‘Z=EC = —pe(02¢) (0 91) ’Z=EC + (9:¢1) |Z=€C )
H" ) = H"[eC, B0 = 0, (¢2 |amec ) = (Bu02) |a=cc + €(02C)(D092) |a=ec »

where ¢1 and ¢o are uniquely defined (up to a constant for ¢) as the solutions in H?(R) of the
Laplace’s problems:

(po2 + 92) ¢1=0 inQ ={(z,2) €eR? (z) <z<1},

0.1 =0 on Ty = {(x,2) € R?, 2 =1}, (3.3)
¢1:w OHFE{(x,Z)GR27 ZZEC}a

(pd2 + 02) ¢2=0 inQy={(z,2) eR? —} + Bb (z) < z < e(},
Ong2 = Onn on I, (3.4)
Onp2 =0 on Ty = {(z,2) € R?, z = —1 + bl (2)}.

The well-posedness of ({3.3)-(3.4) and of the Dirichlet-Neumann operators are detailed in [84]..
We let the reader check [48] Section 2] for more details on the construction of the system.

3.2.2 Green-Naghdi model

In this section, we develop the asymptotic Green-Naghdi model with accuracy O(u?). Our
construction is based on replacing the Dirichlet-to-Neumann operators by their asymptotic ex-
pansions, with respect to the shallowness parameter, u, (see [44] [48]). Following [31), B2], we
choose to write the equations using the shear layer-mean velocity as unknown, which is equiva-
lently defined as

L[, d Y L d 3
U= hg(t,l’) /(1s+ﬁb(a)(x) x¢2(tax’2) z hl(t,fL’) /eg(t,:p) x¢1(t7xaz) 2 ( '5)

As discussed in [47], two main advantages follow the use of such a choice. First, the equation

describing the interface evolution is an exact equation, and not a O(u?) approximation. In fact,

as shown in [47] one has that

hiho

—).

hi + vho

This choice yields also to a much better behavior concerning the linear well-posedness. For the

unidimensional case and over uneven bottoms these equations couple the deformation of the

interface ¢ to the shear mean velocity v, and can be written as:

Lemp = —o,(
1

hiha _
¢ + 5x(mv) =0,
8t(v + MQ[hl,hﬂU) + (v +6)0:C + §Gx(mv> -

Y49

3
bo 02Cs

,ue@x (ﬁ[hl, hQ]U) +u
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where we denote by =1 —e( and hy = 6~ + ¢ — Bb(¥) as well as

O, holv = T[hg,ﬂb@](hlfj:%)—7T[h1,o](m_f‘;}h2),
_ —?);LQ@(h%am(mij:th))
s gfalon (130 ) (00 ()
@O R <[ (M. ()] e
Rlbolo = 5(= hadaGrm) + 8a@h) ) () = 2 (a2
G Tl ) () e Tl 0) (2 )39)

with,

Th, bV = ;—;8z(h38$V) + a%[@c(h%awb)(“w) — 12(0:0)( (0, V)] + a?((8:0)( )2V

Remark 2. We would like to mention that the well posedness result for the original Green-
Naghdi model , has been proved in [50, Section 5] in the flat bottom case with an adaptive
change of variable. Their strategy is similar to the one used for the full Euler system with surface
tension by Lannes [83]. The main tool of the analysis is the control of a space-time energy.

In what follows, we restrict our study to the following set of dimensionless parameters:

P o= {p=(168,798,0,60): 0 < 11 = fimaxs 0 < € < 1, §€ (Brminy Do)

0 < v <1, 0<8 < Braxy 0 < a < apax, bogin < bo < oo }7 (39)
with given 0 < pmax, 5;111117 Omax; bo;liln, Bmax, Cmax < 0O.

We close this section by stating the first rigorous justification of the two-layers Green-Naghdi
model by a consistency result. Let us define exactly what we assign by consistency throughout
this chapter.

Definition 3.2.2. We say that ((P,vP),ep is L™-consistent (resp. H®-consistent of order s > 0)
on [0, 7] with the Green-Naghdi system (3.6)) at precision O(u?), if for all p € P, (P, vP) satisfies,
for 2 sufficiently small,

f 0P + 0, (hlh—il—h':hgvp) = u’ry,
o) € hi —~h3 2
0r (v + W@kt haloP) + (7 + 8)0uC + 50 (mwp) )
— €0, (ﬁ[hl, hg]vp) — u%aﬁ@ = 1279,
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where hy = 1 — e and hy = 6! 4 (P — Bb(® and with (r1,72) bounded in L>([0,7T] x R)?
(resp. in L>([0,T], H*(R))?.

Remark 3. Since H*(R) is continuously embedded in L*>*(R) when s > 1/2, the H*-consistency
implies the L°°-consistency. The notion of H?®-consistency is stronger then the notion of L*°-
consistency and allows a full justification of the asymptotic models.

Proposition 11 (Consistency). For p € P, let UP = (CP,¢P)T be a family of solutions of the
full Euler system such that there exists T > 0, s > so + 1, sg > 1/2 for which (CP,0,¢P) "
is bounded in L>(]0,T); H**N)? with sufficiently large N, and uniformly with respect to p € P.
Moreover assume that b € HtN and there exists ho1 > 0 such that

hi=1—€P>ho >0, hy=1/6+eCP— b > hg >0. (H1)
Define vP as in (3.5). Then (CP,vP) is H*-consistent with (3.6]), on [0, T] with precision O(u?).

Proof. The proof of this proposition is obtained as in the proof of [48 Proposition 3.14]. We
omit it here. O

3.3 Construction of the new coupled model

In the following section, we construct a new asymptotic model that shares the same order of
precision as the standard one under some restrictions on the set of parameters p € P, but have
a mathematical structure more suitable for the study of its well-posedness. To this end, we use
additional assumptions on the deformation of the interface and the deformation of the bottom.
The assumptions are as follows:

e=0(/p) and Ba=0(/n). (3.10)
The following expansions formally hold:
h1 0 eCo(l —7) 9
= 1— (@]
= e e (Ut S+ O)

hy 5 (1= 6pb)eC(1 =)
hi+7hy v+ 6 —~v6Bb) v+ — 76Bb@)

Plugging these expansions into Q[hy, ho]v and R[h1, he]v, one can check the following:

(5*1 +eC — B 4 + 0(62)).

Olhi, holv = —dd*v

+ e <77 002+ (2n+ (v — 1)g) 0:C0uv + (n+ g(’y —1)g) Caﬁv)

+ B (171 a2(3§b)(o‘)v + 2m a(@xb)(o‘)ﬁxv + (%f + gd_lf) b(a)6§11>
+ B <2;f b o(9,0) () v — éf b<a>28£v>

+ 0(62, ﬁﬂa,,é’QaQ),

Rlhi, holv = (1-— 7)92 <;(0mv)2 + ;v6£v> + O(e, o),
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with
14+~6 0
d=d(Bb) = = f(Bb¥) = 3.11
752 1—68b@)

g=g(Bb\Y) = (3.12)

1 gl (a) —
f f1(B6) (7+5775ﬁb(a))2’ (fy+5—’y5ﬁb(a))

m= () = L6 — BB~ L7 = R - - L= D), (31)

-1 _ gpl@)
m=m(a@) = 2t - gy O g 3 g

Actually, thanks to the non-zero depth condition (H1)) that we assume, one has hy + hy > 0,
y+46

which is equivalent to say that 8b(®) < 1+ 1/6. Since v < 1, one has Bb@) < , SO one can

deduce that the above functions are well defined under the non-zero depth condition.

Plugging the expansions of Q[h,hoJv and R[h1, he]v into system yields a streamlined
model, with the same order of accuracy of the original model (that is O(u?)). We will use yet a
few extra changes, keeping in mind that the end goal is to create an equivalent model (again, in
the sense of consistency), which has a structure like symmetrizable quasilinear systems.

Firstly, we introduce the following second-order differential operator,
Te¢, BNV = iV — pd (v, (3.15)

where q1 = 14-€r1 (86 +wi (8bY) and go = 1+€ra(BbD)C+wa(Bb) and v, k1, kg, w1, wo are
functions of b(®) to be determined (here and for the rest of the chapter, we omit the dependence
on Bb® for the sake of readability) so as to write,

_ +0
Te¢, BblOww — Q1at<7) -+ LLQ[h1,h2]U> +Q1uvb0 3¢

= — 0,000 — ,uu@i@tv — 103 (Vera(0;04v) — Oy (Vwa0yO4v)
— 110 Qlh1, ho)v — pek1(0: Qlh1, holv — pw10:Q[hy, holv

+ 4 +9 +9
R O3 e (R O3 + o R O3 + O e, peBa, pf%a?). (3.16)

bo

In order to cancel the first order (u020;v) terms, one has to choose properly v, making use of
the fact that the second equation of system (3.6)) yields

€

O = —(7+0)0:C = S(f2=9%0: (Jv?) + O(e2, eBa, p).

Indeed, it follows that

+6 - €
u%ﬁi’c = bfg@%@w — 2/]LTO(J”2 — 792)3§<\v!2) + O(ue?, pefa, 1)

After replacing the term M’Yb—?agc of the equation (3.16]) by its expression given above and taking
the identification of 9;Q[hy, ho]v using (3.7), thus one defines
1

v = v(Bb) = d— (3.17)
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Using again that (3.6|) yields ;v = —(v + 6)0,¢ + O(e, p) and 0;¢ = —gd,v + O(e, Boy, 1), we
adjust k1, ko, w1, ws in order to withdraw all terms containing ¢ and its higher order derivatives.
More specifically we set,

= Ra(B0Y) = —(nt (= Do)+ ) (3.18)

v

so that 9,¢0%C terms are withdrawn.

In order to deal with the (93¢ terms we set 1 so that,

2 2 2
vy + (L+wn) (4 5 (7= Dg) —vmr + BV (S f + 257 f) = B2 mg =0
Using (3.18]), one defines
—9on — (v=1) 1
k1 = K1(BVY) = (—2n 59)(1+ wi)(aﬂ , (3.19)
v— Bb@) (T f 4+ 25-1f) + BB
In order to deal with the 92¢ terms, w; is determined as follows,
ple) (2 25 1 ﬁ2b(a)
w1 = wl(ﬁb(a)) = vea D (3f : f) 2b<a) f7 (3.20)
v BN (3 + 301) + P

The (axb)(a>a§g terms may be canceled with the proper choice of wy solution of the following
first order linear differential equation.

2
Viwg +vwh = —v/ =2 (1 +wy) — %f’ﬁb(a)(l + wy). (3.21)

Making use of (3.20]), one can easily remark that (3.21f) can be written as:

wh + v (2m1 + Bb 2L f) 2 .
V.o y— Bbla ( f+ 25 ) 4 B2)° b
;Lo a1 )
[V — ) (3 + 2671 1) + U ]

f ) (3.22)

2771 B
12

In order to solve (3.22) and to define k1, k2, w1 and wy we seek for sufficient conditions. Let us
shortly detail these conditions namely (HO)).

a)2
Since v > 0, § > 0 and bo >> 6 then the discriminant of [ — 86 (3 f + 25-1f) + ZL 1] is
[72(54b0(b0 —6) + 126%bo + 972(54] > 0 thus one needs:

26bo + v32bo — 3762 + \/v26*bo(bo — 6) + 125%bo + 9425*
26%bo

v(Bb) £0 and @) £ . (HO)
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Indeed, the definition of ki, k2, w; and wy prevent these values as for the deformation of the
bottom. These conditions simply consist in assuming additional restrictions on the deformation
of the bottom.

However, terms involving three derivatives on v remains in , as well as in 0, (ﬁ[hl, hg]v).
Dealing with these terms requires the introduction of T[e(, ﬂb(“)](egvaxv) where, again, ¢ is a
function of 8b(®) to be determined. More precisely, one has

‘I[eC,Bb(a)](egv&;v) + ,ueqlax(ﬁ[hl,hg]v) = q1(esv0yv) — uax(yq28x(egv3xv))
+ Mﬁqlam<ﬁ[h1,h2]’l)) . (3.23)

Combining (3.16) with (3.23), one can check that if we adjust ¢ so that the following identity is
satisfied

N2
(137)9(1 +wy) — é(f2 —7g*) +ng(1 + wy)

rn(f? = %) + (14 @) B S + 257 )1~ 967
—(1+uwy) [ﬁQb(Q)Q%f(ﬂ — 793 — wid(f* = v4?), (3.24)

then the following approximation holds (withdrawing O(u?, pe?, peBo, pB?a?) terms):

v(l4+wy)s =

1+9
bo

= q1(esvd,v) + u%(l +w)(y — 1)92&((83011)2)

+ By + 0) (1 + w1)ma?(920) ¥ a,¢ + 02, ue?, pefa, pp?a®). (3.25)

After multiplying the second equation of (3.6 by ¢; and plugging the estimate (3.25)), we get
the following model:

0C + Oy <hlh2 > — 0,

T(0rv + €5v0,v) — q10% (v + u(Qlh, hg]v)) +aqp D3¢ + peq1 0, (ﬁ[hl, hQ]U)

ha +’7h2v

TleC., B8] (v + e5v0,0) + (7 + 0)a19uC + 5010s Gz v12) — a1 (esvdy)

= u%(l +wi) (v = 1)g%0: ((0:0)?) + uB(y + 6) (1 + wi)ma?(92b)(*d,¢
(3.26)

We will refer to (3.26]) as the new Green-Naghdi model.

Remark 4. After setting 5 = 0 in (3.26[), we recover the model obtained and fully justified by
Duchéne, Israwi and Talhouk in [49]. If we take 3 = O(,/t) and a = 1 in ([3.26]), we recover the
model obtained and fully justified in [90].

3.4 Preliminary results

The ellipticity of the operator ¥ requires some sufficient conditions in order to provide the well-
posedness and continuity of the inverse T~!. We recall the operator T[e(, 3b], defined in ([3.15):

T AN =V — e (v ), .27
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with v, k1, k2, w1, wo functions depending on Bb(® and in what follows we assume that V(/Bb(a)) >
0 is bounded from below (by hypothesis):

v(Bb™) = d(Bbl)) — & > 1y > 0.

Let us recall the minimum depth condition

d hg1 >0, such that inf hy > hgy >0, inf hg > hgp > 0, (Hl)
zeR zeR

with by =1 — ¢ and hy = % + € — b,
We also introduce the condition

3 hgz > 0, such that inf q > hoa > 0; inf q2 > hoz > 0. (H2)
zeR z€R

Assuming that the deformations at the interface and the ones at the bottom are not too large is
sufficient to ensure the conditions (H1)) and (H2|), for more details see [49] where it is proved in
the flat bottom case. We believe that this could be applied easily in the variable bottom case,
we omit it here. Let us introduce now Hj*!(R) the space H*™(R) endowed with the norm
2 _ 2 2
| ‘Hﬁ“ = | lue + ol Jgen
For s =0, |- |1 is defined as

Voe H'R), [vly = vl + pldww

and is equivalent to the H'(R)-norm but not uniformly with respect to u. We define by (H(R))*
the space H!(R) the dual space of H}L(]R)

The preliminary results proved in [49, Section 5] remain valid for the operator ¥[e¢, Sb(™)].
Let us recall the strong ellipticity and invertibility results on %.

Lemma 3.4.1. Let p € P satisfy (3.10) and ¢ € L®(R), b® € L®(R) such that (H2) is
satisfied. Then the operator

Tle¢, 8]« HE(R) — (H}(R))*

is uniformly continuous and coercive. More precisely, there exists co > 0 such that

(Fu,v) < colulpg vl (3.28)
1
Tu,u > —|ul?, 3.29
H
Co H

with ¢o = C(Mcm, hg;, €

oo BP0

Proof. Defining the following bilinear form

a(u,v) = (Tu, v)=(L+eml+w)u, v)+p( vl +eml +w)dpu, Opv ),
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where ( -, - ) denotes the L? inner product. The following estimation holds without any
difficulties

la(u,v)| <sup |1+ er1{+wi|(u, v )+ psup [v(1 + eral + w2)|( pu , Fpv ),
z€eR z€eR

so that (3.28]) can be deduced using the Cauchy-Schwarz inequality.
The H ;(R)—coercivity of a(+,-), inequality (3.29)), is a consequence of condition (H2]):

a(u,u) = (Fu, u) = /(1 + ek1C + wr)|uf? da +,u/ V(1 + eral + wo)|ug|* do
R R
> hgo min(l,uo)\u@[}l.
O

Lemma 3.4.2. Let p € P satisfy (3.10) and ¢ € L®(R), b® € L®(R) such that (H2) is
satisfied. Then the operator
Te¢, 0\Y] : HA(R) — L*(R)

is bijective.
Proof. The invertibility of the operator ¥ is shown using the Lax-Milgram theorem. The following
bilinear form

a(u,v)=(Fu, v)=((1+exr{+w)u, v)+p( v(l+era +w2)0pu , v )

is continuous and coercive on H ;(R) (previous lemma). For any p > 0, the dual of H ;(R) is
H~Y(R), of whom L?(R) is a subspace, and one has (f, g) < |f‘H1 ‘Q‘L% independently of u > 0.
n

Therefore, using Lax-Milgram lemma, for all f € L?(R), there exists a unique u € H }L(]R) such
that, for all v € H(R)

a(u,v) = (f,v);
that is to say, there exist a unique solution to the following equation
Tu = f. (3.30)
The definition of ¥ give us:
v (14 eral + wo) aiu = (14 er1¢ + wy)u — uoy (Z/qg)@mu - f. (3.31)

Now, using condition (H2)), and since u € HY(R), ¢ € L*®(R) and f € L*(R), we deduce that
d%2u € L*(R), and thus u € H(R). We proved that T[e¢, 8b)] : H(R) — L*(R) is one-to-one
and onto. 0

3.5 Linearized system

Let us recall the system (|3.26]).

hihs
%) Oy | ———=— = 0,
i+ <h1 ~+ ~vha v)

(@) ¢ hi—h3 | 12
TleQ, BO] (O + ecv0pv) + (v + 6)q10:¢ + 50105 (WM ) — q1(esv0yv)

2¢

\ = n5 (L) (v = 1)g%0: ((90)%) + pBy + ) (1 + wi)ma®(926) V0,
(3.32)
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with hy =1 —€C , hg = 1/5 + € — Bb(®) | ¢y = 1 + er1 (BDY)C + wi(Bb®) and
@2 = 14€ra (b)) +wo(Bb) where k1, ko, w1, ws and < are defined in (3.19)),([3-18), (3-20), (3-21)), ([3-24),
and

TG, BV = @iV — p0s (qué?xV)-
We define the following functions in order to simplify the reading,

(1—X)(6"1 4+ X — b))

H:X
- 1— X+ 1+ X — Bbl@)’
. (1-X) 2
: X _ )
¢ —><1—X—|—7(6—1+X—ﬁb(a)))
One has
T N T (o
H(e) = i+ by H(e() = (7 + vha)? and G(e{) = (h1 n ’yh2> )
One can rewrite,
OC + H(eC)0zv + €0, CH' (eC)v — BObG(eC)v = 0,
H/
1 (8“] + §§8I(U2)> + (7 + 8)q10:¢ + eqi (H'(e€) — §)v0,v + €q10x( ;GO )v*

= u%(l +w)(y = 1)g?0:((820)%) + pB(y + 0)(1 + wi)ma®(95b)(d,C.
(3.33)
- —€0,C(h1 + h2)* + 7Ba(0:b) @by (hy + he)
B (h1 4+ vhe)?

We apply T~! to the second equation in (3.33]), thus we can write the equations as follows

H'(()
2

with 0y (

oU + A[U)0,U + B[U] = 0, (3.34)
with

- cH'(eQ)v H(e()
A= <3_1(Q0(€<a B0) + Qi (e¢, B4, v)-)  TH(Q[e¢, B0, 0]-) + ecv) ’ (3.35)

—aB(9:b) VG (eC)v
BlUI = | ¢ (veﬁaqlhl(hl + hz)(axb)@vQ) (3.36)
(hy + vhgo)?
where Qq(eC, b)), Q1 (¢, Bb(Y, v) are defined as
Qo(eC, B) = (y+8)q1 — pB(y + 6)(1 + wi)ma?(92h)@),
Q1(¢, BB, v) = a1 (e¢ Bb(a))Mv2
bl bl 9 (hl +’yh2)3
and the operator Qle, 8b(*), v] defined by
Qle¢, B, 0]f = equ(H'(eC) — )of — pae (1 +wi)(y — Vg?0u(@uvf).  (3.37)

3



CHAPITRE 3. COUPLED AND SCALAR ASYMPTOTIC MODELS FOR INTERNAL WAVES OVER
79 VARIABLE TOPOGRAPHY

Taking after the traditional theory of quasilinear hyperbolic systems, the existence and
uniqueness result of the initial value problem of the above system will depend on some pre-
cise energy estimates for the following linearized system U = (¢, v) "

oU + AlUJ0,U + B[U] = 0;
3.38
{ Uj,—o = Vo (338)
The symmetrizer of the system is given by
Qo (€¢,8b())+€2Q1 (e¢,8b(*) v) 0
Z[U) = H(e) (3.39)
0 T[e¢, Bbl)]

One ought to add an extra assumption to guarantee that our symmetrizer is defined and positive
which is:
3 hog > 0 such that Qo(e¢, Bb'™)) + Q1 (e¢, b, v) > hoz > 0. (H3)

For given s > 0 and u,T > 0, we denote by X* the vector space H*(R) x HﬁH(R) endowed
with the norm

VU= (¢v) € X5 U = [Clhs + [0lFs + pl0solFs,
The energy of the initial value problem (|3.38)) is now given by:
Qo(eg, Bb™)) + €Qu(eC, Bb), v)
= = ASQ)+ (A, Z[e¢, BH A% .
0 O+ (A0, S[eC, B M%)

(3.40)
In order to ensure the equivalency of X®-norm with the energy of the symmetrizer it requires to
add the additional assumption given in (H3)).

E*(U)? = (AU, Z[UJA*U) = (A°C,

3.6 Full justification of the new coupled model

According to the terminology of Lannes [84], the full justification of an asymptotic model
follows from two requirements. The first one is that the Cauchy problem for both the full Euler
system and the asymptotic model should be well-posed; and the second one is that the solutions
with corresponding initial data should remain close. In this section we express every one of the
elements for the full justification of our model. We do not state the proofs of the following results
since they are proved using the same techniques as in [90] adapted to our new model.

Proposition 12 (Consistency). For all family P of parameters p satisfying , let UP =
(CP,4P)T be a family of solutions of the full Euler system such that there exists T > 0,
s > s0+ 1, s9 > 1/2 for which (CP,0,4P)" is bounded in L>°([0,T); H*TN)? with sufficiently
large N, and uniformly with respect to p. Moreover assume that b € HTN satisfy and
there exists hgr > 0 such that

1
hi=1—¢eC? > hg >0, h2:g+eCp—Bb(a)2h01>0.

Define vP as in (3.5). Then (CP,vP) is H®-consistent with (3.26)), on [0, T] with precision O(u?).



3.7. Derivation of the unidirectional approximation 80

Theorem 3.6.1 (Existence and uniqueness). Let p € P satisfy and s > sp+1, sop > 1/2,
and assume Uy = (Co,v0)" € X°, b € H*T! satisfies (HO),([H1),([H2), and (H3). The sys-
tem of equations admits a unique strong solution U = ((,v)" € C°0, Tmax); X*) N
CH[0, Tinax); X*71) with the initial value ((,v)|i=0 = ((o,v0) with Tyax > 0 is a mazimal
time uniformly bounded from below with respect to p € Pcu. The solution preserves the con-

ditions (H1)),(H2) and (H3)) (with different lower bounds) for any t € [0, Tyax)-

Moreover, there exists T, X and Cy = C’(hall,ha;, hagl,M, T,

m, and one has the energy estimates

Uo’Xs, |bl grs+1), such that Tiax >

VOo<t< T

— max(e,Ba)’
t
U6 o+ 108 < Coe™ M (e G [ e eHNE s, ) Co

If Thhax < 00, one has
|U(t,)|xs — 00 as t — Thax,

or one of the conditions (H1|),(H2), (H3) ceases to be true as t — Tax.-

Theorem 3.6.2 (Stability). Let p € P satisfy (3.10) and s > so + 1 with s9 > 1/2, and assume
Uro = (C10,v10)" € X5, Usp = ((20,v20)" € X°TL, and b € H*T! satisfies (HO),(HI),([H2),
and (H3). Denote U; the solution to (3.26) with U; |0 = Uj.

Then there exists T,\,Co = C(M,hg', hgs s hog » |U170‘XS,‘U2’0‘X5+1,’b’Herl) such that YVt €
[0’ max(z,ﬁoc)]’

(U1 — Us)(t < Coem™X (&M o — Un o) oo

) ) ‘Xs
Theorem 3.6.3 (Convergence). Let p € P satisfy and s > so + 1 with so > 1/2, and let
UY = (% 90T € HSN(R)?, b € HSN satisfy the hypotheses ,,, and , with
N sufficiently large. We suppose U = (C,4) " a unique solution to the full Euler system with
initial data (C0,9°)T, defined on [0,T] for Ty > O and we suppose that U = (¢, ) satisfies the
assumptions of our consistency result, Proposition . Then there exists C,T > 0, independent
of p, such that

~ There exists a unique solution U = ({,v)" to our new model (3:26)), defined on [0 %]

’ max(e,Ba
and with initial data (C°,v°) 7 (provided by Theorem ;
— With v, defined as in (3.5)), one has for any t < min(77, m),

‘(C?U) - (g’y)’Lw([O,t};Xs) < C ,LLQ t.

3.7 Derivation of the unidirectional approximation

In what follows, we are interested in scalar asymptotic models for the propagation of internal
waves contrarily to the aforementioned model, which consist in a system of evolution equations.
Thus, we derive an approximate solution to the Green-Naghdi system over variable topog-
raphy, taking after the same strategy created for the water-wave problem in [34], and for the

1. To our knowledge, the local well-posedness of the full Euler system in the two-fluid configuration over a
variable topography seems to be an open problem.
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internal wave problem over flat topography in [47]. In fact, at the lowest order of approximation
(that is dropping the first order terms in u, € and ), the Green-Naghdi system becomes a
linear wave equation of speed +1 and any initial disturbance of the interface splits up into two
waves moving in opposite direction. In what follows we will focus on a given direction of the two
counter-propagating waves.

More precisely, we prove that if one picks carefully the initial data (deformation of the in-
terface as well as shear layer-mean velocity) so that only one wave is present in the dynamics of
the system, then the flow is unidirectional, in the sense that the flow can be approximated as a
solution of a scalar evolution equation for the deformation at the interface (see ), followed
by a reconstruction of the shear layer-mean velocity from the deformation (in particular, the
initial shear velocity is determined by the initial deformation).

Let us now state the steps for the derivation of the unidirectional approximation. In the
interest of simplifying the calculations, we use the Green-Naghdi system (3.6)) expressed using
hihs

————. The system reads
h1 + vho Y

the variables ((,v), where we define v =

0¢ + dpv = 0,
hi + vha €. (hi—qh3 5\ 3.41
O( T+ nQlhnale) (0 +0)0C + S0 (Thnt?) = (3.41)

1)
pede (Rl halo) + 003,

where we denote

_ @)Ly — v
Quhay = Tl ) (o) 2 TT0](57).
— o (a2 . L 2000 @2 _ 120.0@a. (L
= g (M0 (5)) + gm0 (R0 ) — W3(00) V0, ()]
252 ()2 ¥ 3
+ B0 (E) — g0 (W ()] (3.42)
1 2 — 2
Rihholy = 5 (= hadh() +Ba@:b) (1)) = 5 (mda(70))
= G Tl 8] (5 ) + 2 T 0)(57). (3.43)
We proceed by giving the following asymptotic expansions:
M ety @) ECH+E) + OG- 1O, (3.)
2 2
b =y _ A —y—2eC(® +7) + 323 (M — ) + O(), (3.45)

(h1ho)?
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Qlhi, v = —d(y + )R — ed(y — )97 (Cv)
+ ey + ) (n w02+ 20+ (v = 1)9)0uCrv + (0 + g(v ~1)9)¢0%)
b B+ 36 Y ((r+ 0k + ey — ARG )
+ Baly+ o) (2m(0:5)0,0)
— B (4 R+ ey — A)(cw))

Faly +0)(F16(0.0)0,0)

O(€%, Bae, Ba’/?), (3.46)
1 1
Ritaly = (1= 0+ 0 (3O + Lok ) +0efo) (347
with ¢ = c(ﬁb(a)) = 1;&@ and d, f, f',g,n and 7, functions depending on Bb(®), defined

in (3.11), (3.12), (3.13)) and (3.14). We would like to mention that definition of the function
(b)) forbids the value 8b(®) = §=1. That is to say the bottom should be restricted in a small
neighborhood around this value.

It is clear that if ¢ is to satisfy the following scalar evolution equation,

¢ + 20:C + %(%(040)( + €01(0:C + €203¢%0:C + 03¢30:¢ + 11003¢ + pBa(w + ¢) (9:b) Y I2¢
+ €0y (301 CO2C + 522(0:¢)%) =0, (3.48)

where «; (i =0,1,2,3), 0, w, 31 and s, are functions depending on Bb(® to be determined later,
then v shall satisfy the following

1 T
v = ool — 2/ 0z (ap)Cdx + 6%(2 + EZ%C?) + 63%64 + ug@i{

1180w (0:0) 0, 4 pe (51 CO2C + 52(9:€)%), (3.49)

so that the first equation of (B.41)) is satisfied up to O(Bae, fa®/?) terms, using the fact that the
system is at rest at infinity: ({,v — 0 when z — +00).

We will proceed now by showing that the coefficients «; (i = 0,1,2,3), o, w, s and s are
precisely chosen so that the second equation of (3.41)) is satisfied up to a remainder term R of
size O(u?, pe?, Ba®/?, Bae). Indeed, plugging (3.44),(3.45)),(3.46),(3.47), ([3.48) and (3.49) into
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the second equation of (3.41)), yields

[-

ag(y+¢) + (v +6)]9xC
—1—6[3 ¢ — ’y)ao — 2apaq (7 + ¢)]€0:C
+e2[6(y + ¢*)ag - 5(0 — y)aoar + (oF + 2a0a2) (v + ¢)]¢*0:C

+é [1 At —)ad —9( +y)agar + (203 + 13—4042040)(0 — ) = 2(azap + ajon)(y + ¢)]¢30:C
]~ 207 + oo+ (d - BLF + §5—1f>b+ﬁ21b2)<w+c> 2 O Dyn
+pBal = 2w(y + c)ag — (v +¢)2mag — B(y + c) LFbad — (v + c)ao] (9:0) 0%

+pe [49(02 —¥)ap

—(ng) —2d(y— ) +2m(y+c) + 25(%f + %5‘11‘)6(7 —c?) - 2ﬁ2§bz(7 —?)ag

Hedly+) =282 + 267 )00 + ) + 2822 + ) anen

—20(vy + ¢)aq — 231 (7 + ¢) ) (3¢
+pe[20(c% — 7)o

4(1—1) +6d(y — ) —6n(y+c) — 6,3(%f + %571}0)5(7 — )+ 652§b2(7 —c*))ag

+(

+(6d(’y +c)— 66(%]“ + géflf)b(v +c)+ 652§b2(7 + c))a0a1

—30(y + ) — 231 (7 + ) — 432 (7 + )] 0,CO%C
=R. (3.50)

In order to cancel the left hand side of (3.50]) we set,

2
_ (@y_ (Y9 _ @y _ 3 v—c
ag = ap(B0'Y) Yt a1 = ap(pb'Y) 500 e (3.51)
—5a(y — 2) — 6ag(y + ¢ ) a%
bl 3.52
ax(A) = 27 1 0) 200" (3:52)
a5 = ag (b)) = 10(c* = y)ag — 9(c® +v)avar + (Fazag +2a8) (¢ —=7)  aias (3.53)
’ ’ 2ap(y +¢) o '
d +0 B("}/ + 2(5‘1)fb040 Bszzao
— By = Loy - T - 4
o(Bb') = Fao 2bo(7 + Jag c et (3.54)
(B — —p e — 8 @ — €
= w(Bb) = —mao Bgf b ag % (3.55)
1—
4 =)o+ [7( ) + 2A] g + 2Bay
s = 321 (Bb)) = 3 _ o (3.56)
2(y+0¢) ap’
2(1 —
(02 7)o+ ( ) + 3A|ag + 3Bay

3o n
_ (@)y _ s 4
g = 279(B0'Y) 5710 tag 5 (3.57)
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where we denote,
A= ABHD) = dly = &) =l +¢) = BLF + 257 by — )+ 150 - ),

B =B(#b)) = (d - 5(%f + ;5‘1]‘)17 + 52§b2)(7 +c).

Let us now demonstrate that one can deduce from , a large family of models with the
same order of precision (in the sense of consistency), taking after the strategies used for instance
in [14] 34, 146], and that we review below. Such a large family of models may be used for math-
ematical purposes, since they might have very different properties (well-posedness, integrability,
etc.).

BBM trick (Benjamin-Bona-Mahony [9]). We make use of the first approximation of ([3.48]):

01C + 00k + 50 (00)C + e D,C = O, ),

so that one has, for any 6 € R,
D:C = (1—-0)0,¢ — (fo(atg + e1¢8,¢ + %Bx(ao)o + O(p, €).
Plugging this identity into yields
0C + 00 + 50:(00)C + c1COuC + ParC?0uC + a0 + (1 — )02 - u@(foaiatc

0 Q «
+uBa(w+ o — g—ag)(axb)@aﬁg + pedy (50 — 9@—1)48§C + (50 — 9@—1)(89002)
(7)) (7)) (7))
= O(p?, e, Ba®/?, Bae)(3.58)
Near identity change of variable. Let us consider

Cox = Co — noNI2Cp,

with (p satisfying (3.58]) (with zero on the right hand side). Then (p ) satisfies
1
0eC + 002 + 592(a0)C¢ + €a1(0aC + €02¢?0,¢ + €a3¢°0:¢ + p((1 — 0)0 — apA0) 93¢

i 2 / Qi / / 1 / (o) 92
,u,(gao + 0N 3:0,C + phofw + o' = 5 g0~ C0d'A 500N (9:0) ;¢

e e
+ €0 (561 — 9907(1) — X0a1)CO2C + (322 — 9907(1])(%02)
= O, pé, 8P, Bae).  (3.59)
Now for any 6, A € R, then ( satisfies (3.59)) (with zero on the r.h.s).

Remark 5. If we take § = 0 and 1/bo = 0 in (3.59)) i.e if we consider a flat bottom with no
surface tension, then one can recover the equation obtained by Duchéne in [47].
When v — 0, § — 1 and if we take f = 0 and 1/bo = 0 in (3.59)), then one recovers the one-fluid

and A = 0, using notations

model introduced by Constantin and Lannes in [34], with ¢ =

therein.
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One can easily remark that:

—10-L020,C = —pb2DC — pb (> —1)020,C,
Qo o

—1oNIZ0C = —pAD0C — (0 — 1)370,
thus after replacing ;¢ of the second term in the r.h.s of both equalities, by its expression given
in (3.59) and neglecting (9(,u62,,u275a3/2, Pae) terms, one gets

—ﬂﬂo%aiat( = —pb020:C + pb(0 — )9 + /w@(f0 — 1)1, ((0:€)* + ¢02¢)

5
BB = 1)5 (0:0) b0 + O, 12, o2, Bare),

—poADZ0C = —pAI20C + pA(0 — 1)agd3¢ + pe(o — 1)1, ((0:0)? + CI2C)
5
+uBai(o — 1)5(87513)(0‘)@’08%( + O(ue?, u2, B2, Bae).

After replacing these two terms in (3.59) by their expressions given above and neglecting
O(/J,GQ,/L2,,B(X3/2,6046) terms, one obtains

1
atC + @oaxC + an(ao)C + 6041(@:( + 620‘2C28xc + 630‘3<38$< =+ :LL(Q —Oag — )‘050)636: - /‘(0 + A)aa%atc

0 5 5
+pfa(w + ¢+ 20—af — a0d'A — apf + 2heaf — 5apA) (9:0) VI
0

+p€dy (31 — By — Ay )CO2C + (302 — Oy + Ao — 1)) (9:€)) = 0.

Remark 6. It is more advantageous to use the above equation in the study of the well-posedness
of the Cauchy problem of since the coefficient of the (920,¢) term is no more variable.
This new equation shares the same order of precision O(e?*, pe?, Bas/?, Bae) as the standard one.
When v — 0, § — 1 and if we take Sa = O(u) and 1/bo = 0 in (3.60), then one recovers the

one-fluid model introduced in [71], with ¢ = 6 6 and A\ = 0, using notations therein.

Remark 7. Following [34] and [71], one could of course derive the unidirectional approxima-
tion on the velocity instead of the one on the deformation of the interface but the result is
fundamentally the same and calculations are pretty complex in that case.

3.8 Mathematical analysis of the unidirectional approximation

3.8.1 Consistency

This section is dedicated to the study of the accuracy of the unidirectional approximate solu-
tion derived in section [3.7] in the Camassa-Holm regime. We show that, under some restrictions
on the set of admissible dimensionless parameters, families of solutions of the unidirectional ap-
proximation satisfies the Green-Naghdi system up to a small residual, O(u?). The
restrictions on the set of admissible parameters p € P are as follows:

e=0(Vp), Ba=0(/p), pa*?=0?), Bac=0(?). (3.61)

We state here an L°°-consistency result under very general assumptions on the topography
parameters 3 and « (see (3.61])). H*-consistency and full justification of the models will then be
achieved under additional assumptions.

(3.60)
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Proposition 13 (L*-Consistency). Let b € H>*(R) and set 0,A € R. For all family P of
parameters p satisfying (3.61)), denote ((P)pep € L([0, m] HS+5) with s > 3/2 the unique
solution given by Theorem[3.8.3 of the equation,

1
¢ + 0002C + 502(00)C + €a100aC + 20262 0aC + 3¢ DaC + po" O}C — (0 + N7,
+uBaw’(9,0) V¢ + pedy (54O + 54 ™0:0)7) =0, (3.62)

where a; (i =0,1,2,3) are precisely deﬁned n , and -,

0, 0,\

0" = o—0ag— Ao, W 9,2

=w+¢ +2@—a —apo'\— a00 +2Xoa,— = aO/\ 2" = s —0o — Ao

2
and %g’)‘ = —Oa; + Ao — 1)ag. wzth 0, w, 1 and o preczsely defined in (3.54)),(3.55)),(3.56))

and (B57).

For given M*, h > 0, we assume that there exists T > 0 such that ||Cp||Loo([0, T ) < M*
and for any (t,z) € [0, m] x R,
hi=1-—eP>h>0, hy=1/6+eP—pb* >h>0. (H1)
We define vP as vP = My[{"], with
hihs

s =auC—5 [ dulan)Cd+ G + G+ T+ ot
+11Baw(9;0) ) D,C + pe(31C05¢ + 52(0:0)%).
Then ((P,vP) is L>-consistent with the Green-Naghdi system (3.6)), on [0, m], with preci-
sion O(pu?).
Before stating the proof of Proposition [I3] we introduce the following Lemma.

Lemma 3.8.1. With ( and b as in the statement of Proposition the mapping (t,z) —

ffoo 0 () Cdx is well defined on [0, m] x R. Moreover one has that

[ ontendd| < Cst vaploabhicl.

> max(e,Ba)

Proof. We used here the Cauchy-Schwarz inequality and the definition of

(y+9)(d - 5ﬁb
ag e 3 3@ in - ) to get

/w Oz(ag)Cdz < C'st af|(9:b) W |2[¢|2 < C'st v/aB|0zbl2|¢2-

Let us continue now by stating the proof of Proposition
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Proof. Let us denote first by O(u) any family of functions (fP)pep bounded by:

P oo 10, gy ) = Ot

> max(e,Bo)

with C' any positive constant, for all p € P and for different values of . We denote also by
Ope(p) any family of functions (fP)pep bounded by:

p
Pl oo (o, s 1xmy) < O

Of course similar notations are used for O(u?) and Op(u?) .

Since (P is the unique solution of and vP is defined as above, it is clear that the first
equation of is satisfied up to O(Bae, Ba®/?) = O(u?) terms, using the fact that the system
is at rest at infinity: ¢,v — 0 when z — +00).

Remarking that the relations O(8a3/2) = O(u?), and O(Bae) = O(u?) and using Lemma
imply that

— /x 0 ()0 Cdx = Oz ()¢ + O (,u2),

then the remainder R in (3.50) can be bounded in L*(]0, m] x R), provided (H1)) is
satisfied, as 7

c(h 1,

‘R‘L‘X’([O T IXR) < b‘Hs—O—l? M*7 MO) X maX(:u’27 647:”'627 ﬁag/ZHBae)

’max(e,Ba)

IN

c(h 1,

b‘Hs-o-u M*7 MO) X NZ-

where we denote My = max{imax, Bmaxs Cmaxs ;ﬂln, Omax, bo;liln .
(p, a solution of (with zero on the right hand side), satisfies with a remainder
bounded by O(max(u?, ue?, Bad/?, Bae)). One can easily check that, defining v, as a function of
Cp through (3.49), (o, vy) satisfies (3.50)) up to a remainder Ry = O(max(p2, ue?, Ba’/?, fae)) =
O(u?). Proposition [13]is now proved for # € R and A = 0.
Denoting (y » the solution of and defining vy 5 as a function of (p  through ,

then (Cp,x, vy ) satisfies (3.50) up to a remainder Ry ) = O(max(p?, pe?, a2, Bae)) = O(u?).
Proposition [13] is now proved for any 8, A € R. O

3.8.2 Well-posedness

In this section we are going to study the well-posedness of a general Cauchy problem rather
than solving the initial value problem of the scalar evolution equation . Relying on a precise
study of the energy estimates of the linearized system, we demonstrate here the existence and
uniqueness of family of solutions of the following general class of equations,

(1 = pmd) 8¢ + a0d,C + a1 + F(eQ):C + pBaazdzC + pazdC + peasCdi¢
+1eds(a50)05¢ + pedz(as()du¢ = 0, (3.63)
where m > 0, a; = ai(ﬁb(a)) are smooth enough functions of 8b(® and F a smooth mapping
defined in a neighborhood of the origin, and vanishing at the origin.
In fact, taking m = 0+X, ag = ag, a1 = §8x(a0), F(z) = aqztaoz?+asa?, as = wevA(axb)(o‘),

0,\ 0,A
B\ 2z + 2 . . .
az = 09, ag = »,", and a5 = %, one recovers the equation given in ([3.62]).



3.8. Mathematical analysis of the unidirectional approximation 88

We have to study the initial value problem beneath on a time scale O(m)

(1 — pmd2)0iC + ap0xC + a1 + F(e€)0,C + pBaazd2 + pasds( + peasCoad

+1160:(a5C) 0C + ped; (a5¢)0xC = 0, (3.64)

Cje=o = ¢°.

However, it is necessary to have m > 0, as our proof relies heavily on some precise energy
estimates of the solution. To this end, we define the energy space X* as X*T}(R) = H*"}(R)
endowed with the following norm:

¢ essr = [Cl3rs + pm|0uC | Fs-

Theorem 3.8.2 (Well-posedness). Let s > 3/2, m > 0 and b € H*®(R). For all family P of
parameters p satisfying (3.61) and for all (° € HS*Y, there exists a time T > 0 and a unique

family of solutions (CP)pep to (B-64) in C([0, qaicpay)s X7 (R)) N CH(0, faicaay) X°(R)).

Remark 8. To prove the well-posedness of our scalar evolution equation which is a
particular case of (3.63), we assume an infinity smooth bottom i.e b € H*(R) for the sake of
simplicity. Actually, we do not try to give some optimal regularity assumption on the bottom
parametrization b. This could easily be done, but is of no interest for our present purpose.

Proof. For any smooth enough v, we define the “linearized” operator:

L(v,0) = (1 — pmd?)d; + ady + a1 + F(ev)dy + pBaazd? + pazd?
+Mea408§ + Meam(ag,v)(?g + ,ue@i(ag,v)ax

and the following initial value problem:

E(’U, 8)< - €f7 ( )
3.65

C|t:0 = CO-

Existence and uniqueness of a solution to the linear system are achieved in the same way
as in [72, Appendix A] and we thus focus our attention on the proof of the energy estimates
given in terms of the | . |xs+1 norm introduced above.

Differentiating %e* maX(E’BO‘))‘t]CB@H with respect to time, one gets using and integrating
by parts:

lemax(e,ﬁa))\tat(ef max(e,fa) A\t |C|_2)(s+l )

2

_ max(e, fa)A

= e = (A%(000:0), A%C)

= (A%(a1€), A°C) — e(A*(V:(), A*C)
— BN (a203¢), A°C) — (A’ (a303¢), A*C)
- Me(As(a4v8§C), A°C) — pe (AS((%U)a:aan AsazC)
+ (A, A%0),
where A = (1 —92)/2 and V = 1F(ev). Using the fact that for all skew-symmetric operator T
(that is, T* = —T'), and all h smooth enough, one has that

(A°(hTw), A°u) = ([A®, h)Tu, A°u) — = ([T, h]A°u, A°u),

1
2
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we deduce applying this identity with (7 = 0, and T = 02) and integrating by parts,

1 max(€,pa — max|(€,pa max 676a )\ S S
gemeIaN g, (emmaeIN (R ) = —(z)icr%(sﬂ = ([, a0:¢, A%C)

b5 0ua)A G A — (A (00), %)

— €([AT V06 A) + S((0.V)A A)

—  pBa([A®, a2)97¢, A°C) + pBalazh®0.¢, A°9,()

+ By (a2)A*C, A*D,C)

(A a3]0RC — S0,a5A°0.C — BasA ¢, A°D.)

— (A%, 9,a3]02¢, A°C)

el sl 0 — S0, (as0) A0, — 02 as) A, A°0,0)
— pe([A®, 02 (ag0)]02¢, A*C) — pe(A*((a5)002C), A°0:C)

+ (A% f, A°Q).
(3.66)

Here we used similarly the following identities, for all h smooth enough one has that

[A%, hO3¢ = 05([A%, h]DZC) — [A%, 0: 03¢,
1
5 (02hAG M) = —(9phAC, A0, ().

We now turn to estimating the different terms of the r.h.s. of the previous identity (3.66]).

1
Since [(|gs < [(|xs+1 and /1|0 ms < T|C|Xs+1, one gets directly by the Cauchy—Schwarz
m

inequality
— maXl(€,0a 1
emax(es 3o (o= MNEPONC[Z L) < Clpimes —) (A 0)IC et + BOICon1) — max(e, BN s
+2 max(e, ,806)‘f|X5+1 ’C‘X”lv

[([A%, ag] — {A%, a0})0xCl2 + [{A%, a0 }0eCla + €|[A, V]0:Cl2 + Bal[A®, ag)\/1da(]2
+|([A% as] — {A%, a3})\/u0iCl2 + [{A°, as}/nO2C|2 + [[A°, Dpas] /02|
+ €[N, agv]\/u0Cl2 + €|[A%, /10p (asv)]\/102C |2 + €3/11] 0z (a5v) O ae,

B(v) = |0za0]c + [a1lyyisr1.00 + €]02V oo + Balaz|wre
+  |0zas|pe + |02as] Lo + €lasvlyieo + ey/filagv|py.ce,

where [s] is the largest integer smaller or equal to s, and for all function G, {A®, G} stands for
the Poisson bracket.

(A5, G} = —s0,GA20,,
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Let us recall the following commutator estimates, mainly due to Kato-Ponce [79], and improved
by Lannes [82]: for all G and U smooth enough, one has:

Vs > 3/2, [A°,GU |, < Cst]0:G|gys—1|U | a1,

|([A%, G] — {A*,G)U|, < Cst|02G g+ |U| s>

We denote that since s — 1 > 1/2, the imbedding H*"'(R) C L*®(R) yields |0,V |gs—1 =
|F'(ev)0yv|ggs—1 < C(F,|v|gs). Since, |0zai|r~ = O(Ba) and |02a;|gs = O(Ba) (for i = 0
and ¢ = 3), one can easily check that

1
A(va) < max(e,b’a) (Mmax,ﬁmaXaamaXaS m, |b|HS’ F, |v’XS+1)|<’XS+1

and
1
B(/U) S max(e, ,BO[)C(IMmaX, /Bmam Omax,y S, M, Eu ‘b’[—[s/ ) Fu ’v|XS+1)7

for some s’ > s+ 1/2 large enough.

Therefore we obtain

1
emax(e,ﬁa))\tat(e— max(e,ﬁa))\t|g|§(s+l) < max(e, ﬂ@)(c(ﬂma)u ﬂmax’ Omax; S, M, a, |b‘HS/ , F, ‘U’Xs+1) — )\)’C@(Hl
+2max(e, fa) | f|xs+1[Clxs+1.
Thanks to the above inequality, one can choose A = A7 large enough (how large depends on

1
sup C(fmax> Bmax> Cmaxs 8, M, —, |b] ot F, [0| xs+1)) so that the first term of the right-
tel0 m

’ max(e Ba) }

hand side of the above inequality to be negative for all ¢ € [0 one deduces

L]
> max(e,Ba) 1
Oy (= (BT R 1) < 2max(e, Ba)e PPN fl e

Integrating this differential inequality yields

T t o
Vi€ 0 Gy KOl < PN 4 2max(e, o) /O AT )| (1) ondt.

Thanks to this energy estimate, we classically conclude (see e.g. [I]) to the existence of a time:
T =T(I¢°|xs+1) > 0,

and a unique solution ¢ € C(]0, W] X*THR)) to as the limit of the iterative scheme:

L(¢",0)¢" =0,
G=¢" and VYneN,

G = .

Since ¢ solves (3.63), we have £(¢,0)¢ = 0 and therefore

(A1 = gm0, A*T10i¢) = —(A*TIK(C, 9)¢, AT1aC),
with K(¢,0) = L(¢,0) — (1 — pmd?)d;. Proceeding as above, one gets
10eCIxs < C(IC° xor1, [¢ o),
and it follows that the family of solution is also bounded in C*([0, —L——], X*(R)). O

’ max(e,fa)



CHAPITRE 3. COUPLED AND SCALAR ASYMPTOTIC MODELS FOR INTERNAL WAVES OVER
91 VARIABLE TOPOGRAPHY

3.8.3 Wave breaking

It is known that the family of equations related to , can create singularities in finite
time for a smooth initial data only in the form of wave breaking (see [34] for the free surface over
flat topography case). There is two types of wave breaking, the first called “surging”, if there
exists a time 0 < T < oo and solution ¢ such that

¢ e L>®(0,T] xR) and sup{0((t,z)} o0 as t—1T.
z€R

The second called “plunging”, if there exists a time 0 < T' < oo and solution ¢ such that

¢ € L>™(0,T] xR) and ilel]%{&p{(t,x)} — —o0 as t—T.

As in the one-layer case [71, Proposition 4], it is conceivable to give some facts on the explosion
profile for the equation for the interface between two layers of fluids. Indeed, diverse type
of wave breaking are acquired under some particular conditions on the coefficients in and
under additional restriction on the parameter § = (’)(,u?’/ 2), thus the equation reads after
neglecting the O(u?) terms:

1
¢ + 902 + =0 ()¢ + €01C0pC + nC?0,¢ + €a3C30,¢ + o 03¢ — (0 + N)D?8,¢

2
pedy (4O + 5N(8,0)%) =0, (3.67)
with
+4 3y =4 21(62 — )% 3(83+7)
a0(B) Y+’ “ 2446 @2 8(y+9)? y+46
T1(0° —7)°  37(6% —)(8® +9) | 5(8* —7) 1479 o0 1
a3 = - 0= o, 0 =0 5 — 0=
16(y + 93) 4(y+9)? v+0 6(y +0) 2bo
40682 — o — 1 1 a (1+75)
%f,)\: ( 7) e j_ 5 3 (04 Nay,
— (1++9)
oN (52—7)Q—1Ty+041T 3oy
& = s 2o (- N

Proposition 14. Let b € H®(R), ¢y € H3(R). If the mazximal time of existence Ty, > 0 of ¢
solution of (3.67) with initial profile ((0,.) = (o is finite, then

e IfO+ X >0, a3>0and%f’ —2:45”

wave breaking type.

> 0, in finite time the singularities are of surging

e If0+ X >0, ag < 0 and %f)‘ = 2%3’)‘ < 0, in finite time the singularities are of plung-

ing wave breaking type.

Proof. The proof of [71], Proposition 4] can easily be adapted to more general coefficients in order
to prove this Proposition, so we omit the proof here. O
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3.8.4 Full justification

In the following section we will give a full justification of the unidirectional equation ([3.62]),
under the following restrictions on the parameters ¢, 8, a, and u:

e=O(Vi), Ba=0(2). (3.68)

Under these stronger restrictions we are able to control the secular growth effects that prevented
us from achieving the H®-consistency and the full justification. We state here the H*-consistency
result:

Proposition 15 (H*-Consistency). Let b € H®(R) and set ,\ € R. For all family P of
parameters p satisfying (3.68), denote (CP)pep € L*([0, %],H3+5) with s > 3/2 the unique
solution given by Theorem[3.8.9 of the equation

¢ + 00:C + €a1C0:C + 2aC?0:C + Ea3C30,C + 01 03¢ — (0 + N)029,C

pedy (54 COPC + 5N 0:0)?) = 0, (3.69)
where a; (i =0,1,2,3) are precisely defined in (3.51), (3.52)) and (3.53)),
0" = 0 — Hag — Ny, %f’A =311 — By — Aoy and %’)‘ = 39 — Qg + Ao — 1)ay. with o, 3 and

29 precisely defined in (3.54),(3.56) and (3.57)).

For given M*,h > 0, we assume that there exists T > 0 such that HCpHLoo([o T) fs+5) < M*
and for any (t,x) € |0, %] x R,

hi=1—eP>h>0, hy=1/6+eP—pb* >h>0. (H1)
We define vP as vP = fu + vhe [CP], with
hihsy
« o [0
vl¢] = a0l + e P+ @7+ 20+ ¢+ pe (103 + 502 (0:0)), (3.70)

, 0,0 0,0
where o; (i =0,1,2,3) are as above, and o = 0°0, 3c1 = 30, 300 = 325"

Then (¢P,vP) is H®-consistent with the Green-Naghdi system (3.6), on [0, %}, with precision
O(1?).

Proof. The proposition is obtained using the same techniques of the proof of Proposition but
under the stronger restrictions in , we remark that there is no 0, term in the proof of
Proposition |13 and the Op(u?) terms are now of order O(u?) in L>([0, %], H?(R)). Therefore
there is no need of 0,p( in the definition of v in . O

Remark 9. Following the proof of Proposition one can easily check that the result of Propo-
sition [15| holds with regards to our new Green-Naghdi system (3.26)) in the present scaling (3.68]),
therefore we state the following convergence result.

Theorem 3.8.3 (Convergence). Let b € H*(R) and set ,\ € R. Let p € P satisfy (3.68).
Assume the hypothesis of Proposition |15 hold. If (6 + \) > 0, for all {§ € Hs*' | with s and s
sufficiently big, the following holds:
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o There erists a unique family (vP,(P)pep, uniformly bounded on H® solving the new Green-
Naghi equations (3.26)) over time interval [0, %], with initial condition (v‘ptzo, &)

o There exists a unique family (vP,(P)pep, given by the resolution of (3.69)) over time inter-
val [0, %], with initial condition ¢ and vﬁs:o satisfying (3.70)).

T
Moreover, one has for all p € P and for any t < +,

0P — 0P| Lo (0,15s0%) + [P — CPl oo (po0r5) < Cst p® 1.

Proof. The first point of the theorem and the error estimate follow immediately from Theo-
rem and Theorem [3.6.2] The second point of the theorem is a direct consequence of
Theorem As indicated in Remark |§|7 we know that ((P,vP)pep is H°-consistent with the
new Green-Naghdi system (|3.26]). OJ

Remark 10. Our approximate solution described in Proposition [15|is fully justified as approx-
imate solution of the new Green-Naghdi model . Thanks to Theorem and Theo-
rem [3.8.3] one can deduce using the triangular inequality that our approximate solution in the
Camassa-Holm regime is fully justified as approximate solution of the full Euler system (3.2)).

3.9 Full justification of the unidirectional approximation in the
long wave regime

In this section, we give a full justification of the unidirectional approximation, restricted to
the so-called long wave regime and under some restrictions on the topography variations. In fact,
we consider €, 3, « and pu satisfying:

e=0(p), Pa=0(/p), Ba®?=0") Bac= 0. (3.71)

The flow can be approximated by neglecting the O(e?, ye) terms in (3.48)) and thus one obtains the
so-called variable-depth KdV equation with non constant coefficients, which is a generalization
of the KdV equation introduced in [46]. The equation is as follows:

1
¢ + 005 + 50 (0)C + €01 (O + 11002¢ + pBafw + 0')(8,5) V92 = 0, (3.72)
where «; (i = 0,1), o and w are precisely defined in (3.51)), (3.54)) and (3.55)), and v defined as
h h
v = %Q[CL with

x
o= an— 5 [ Dulan)ido + eS¢+ B+ paw(D,) Vs
—0oQ
We would like to mention that, under the restrictions on the set of admissible dimensionless
parameters given in , one can easily prove that families of solutions of the equation (3.72))
are L*°-consistent with the Boussinesq system for internal waves over variable topography, which
directly descend from the Green-Naghdi model under the present scaling. A well-posedness
result to the generalized KdV equation with time and space dependent coefficients has been
proved in [73], where they show that the control of the dispersive and “diffusion” terms is pos-
sible under some conditions on the behavior of the ratio of dispersive to “diffusion” coefficients
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and if they use an adequate weight function determined with respect to the dispersive and “diffu-
sion” coefficients to define the energy and under a condition of non-degeneracy of the dispersive
coeflicient.

Remark 11. If we take § = 0 and 1/bo = 0 in i.e if we consider a flat bottom with no
surface tension, then one can recover the equation obtained in [46] for the bi-fluidic case. If we
assume that v — 0, 6 — 1 and if we take § = 0 and 1/bo = 0 in , then one recover the
equation which has been originally introduced in [81] and rigorously justified in [I4] as a model
for the propagation of surface gravity waves over flat topography and in the long wave regime.
When v — 0, § — 1 and if we take Sa = O(p) and 1/bo = 0 in (3.72)), then one recovers the
variable-depth KdV equation in the long wave scaling introduced and fully justified in [71].

We give first a proposition concerning the H?-consistency result followed by the full justifi-
cation. In order to control the secular growth effects as in Proposition we consider stronger
restrictions on the parameters €, 8, o, and u:

e=0(p), Ba=0(?. (3.73)

Proposition 16 (H*-Consistency). Let b € H*(R). For all family P of parameters p satisfy-
ing (3.73), denote (CP)pep € L®([0, L], H¥5) with s > 3/2 the unique solution of the equation

OrC + ap0yC + €y (0,C + pd2¢ = 0, (3.74)

where a; (i = 0,1) and o are precisely defined in (3.51) and (3.54). For given M*,h > 0, we
assume that there exists T > 0 such that [[(P|| (o, z) rs+sy < M™ and for any (¢, z) € [0, L1 xR,

hi=1—eP>h>0, hy=1/5+e®— b >h>0. (H1)
hi +~h
We define vP as vP = wy[("], with
h1hs
«
vl¢] = ao¢ + e ¢ + podic, (3.75)

where a; (i =0,1) and o are as above.

Then (¢P,vP) is H®-consistent with the Green-Naghdi system (3.6), on [0, %}, with precision
O(u?).

Proof. The proposition is obtained using the same techniques of the proof of Proposition [15| and
also using the fact that if a family is consistent with the Boussinesq equations, it is also consistent
with the Green-Naghdi equations (3.6) under the present scaling. O]

Remark 12. Following the proof of Proposition one can easily check that the result of Propo-
sition [16| holds with regards to our new Green-Naghdi system (3.26)) in the present scaling (3.73]),
therefore we state the following convergence result.

Theorem 3.9.1 (Convergence). Let b € H*®(R) and let p € P satisfy (3.73). Assume the hy-
pothesis of Proposition |16 hold. For all ¢§ € Hs' with s and s’ sufficiently big, the following
holds:
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o There erists a unique family (vP,(P)pep, uniformly bounded on H® solving the new Green-
Naghi equations (3.26)) over time interval [0, %], with initial condition (v‘ptzo, &)

o There exists a unique family (vP,(P)pep, given by the resolution of (3.74)) over time inter-
val [0, %], with initial condition ¢ and vﬁs:o satisfying (3.75]).

T
Moreover, one has for all p € P and for any t < +,

0P — 0P| Lo (0,155115) + [P — CPl oo (pogmrs) < Cst p® 1.

Proof. The first point of the theorem and the error estimate follow immediately from Theo-
rem and Theorem m The second point of the theorem is a direct consequence of [71],
Theorem 2], where a well-posedness result has been proved for a general class of KdV equation.
Indeed the proof of [71, Theorem 2] can be adjusted without any difficulty to more general co-
efficients. As indicated in Remark we know that (vP,(P)pep is H®-consistent with the new
Green-Naghdi system (3.26)). O

Remark 13. Our approximate solution described in Proposition [16|is fully justified as approx-
imate solution of the new Green-Naghdi model . Thanks to Theorem and Theo-
rem [3.9.1] one can deduce using the triangular inequality that our approximate solution in the
long wave regime is fully justified as approximate solution of the full Euler system .

3.10 Conclusion

In this work, we generalized the result of full justification obtained in [49] and [90] to a
more complex case of variable topography. In fact we assume a slowly varying topography with
large amplitude. Using this additional assumption we construct a new model with a pleasant
symmetrizable hyperbolic structure that allows to prove its well-posedness thanks to some precise
energy estimates. Some reasonable restrictions on the bottom parametrization are required in
order to ensure the validity of our model. Hence, a full justification result is a consequence of the
consistency and stability results. Furthermore, our new model allows to fully justify any well-
posed and consistent models. We apply this procedure to some new unidirectional scalar models
in different regimes of slowly varying topography. The next step of this study may concern the
full justification of new coupled and scalar models in a strong topography variations framework.
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Chapitre 4

A numerical scheme for an improved
Green—Naghdi model in the
Camassa-Holm regime for the
propagation of internal waves

In this chapter we introduce a new reformulation of the Green-Naghdi model in the Camassa-
Holm regime for the propagation of internal waves over a flat topography derived by Duchéne,
Israwi and Talhouk [STAM J. Math. Anal., 47(1), 240—290]. These new Green—Naghdi systems
are adapted to improve the frequency dispersion of the original model, they share the same
order of precision as the standard one but have an appropriate structure which makes them
much more suitable for the numerical resolution. We develop a second order splitting scheme
where the hyperbolic part of the system is treated with a high-order finite volume scheme and
the dispersive part is treated with a finite difference approach. Numerical simulations are then
performed to validate the model.

4.1 Introduction

This study deals with the propagation internal waves in the uni-dimensional setting located
at the interface between two layers of fluids of different densities. The fluids are assumed to
be incompressible, homogeneous, and immiscible, limited from above by a rigid lid and from
below by a flat bottom. This type of fluid dynamics problem is encountered by researchers in
oceanography when they study the wave near the shore. Because of the difference in the salinity
of the different layers of water near the shore, it is useful to model the flow of salted water by a
two layers incompressible fluids flow. The usual way of describing such a flow is to use the 3D-
Euler equations for the different layers adding some thermodynamic and dynamic conditions at
the interface. This system will be called the full Fuler system. This system of partial differential
equations is very rich but very difficult to manipulate both mathematically and numerically.
This is the reason why reduced models have been derived to characterize the evolution of the
solution in some physical and geometrical specific regimes. Many models for the water wave
(air-water interface) system have already been derived and studied in the shallow-water regime,
where we consider the wave length of the flow is large compared to the typical depth. We refer
the reader to the following papers [8) 23] 85] [17),[84]. Earlier works have also set a very interesting

99
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theoretical background for the two-fluid system see [16], [6], 47, 48, [49], for more details.

One of these reduced models is the Green-Naghdi system of partial differential equations (de-
noted GN in the following). Many numerical studies of the fully nonlinear GN equations for the
one layer case have been proposed in the literature. Let us introduce some of these results. The
GN model describing dispersive shallow water waves have been numerically studied in [88] after
being written in terms of potential variables in a pseudo-conservative form and using a Godunov
scheme. Bonneton et al. studied numerically in [I8] the fully nonlinear and weakly dispersive
GN model for shallow water waves of large amplitude over variable topography. The original
model was firstly adjusted in a suitable way for numerical resolution with an improvement of the
dispersive properties, then they proposed to use a finite volume-finite difference splitting scheme
that decomposes the hyperbolic and dispersive parts of the equations. This similar approach was
earlier introduced in [55] for the solution of the Boussinesq equations. In [30], a three-parameters
GN system is derived, yielding further improvements of the dispersive properties. Let us mention
also [96], where a highly accurate and stable numerical scheme based on the Galerkin / finite-
element method was presented for the Serre system. The method is based on smooth periodic
splines in space and an explicit fourth-order Runge-Kutta method in time. Recently, Lannes and
Marche introduced in [86] a new class of two-dimensional GN equations over varying topogra-
phy. These fully nonlinear and weakly dispersive equations have a mathematical structure more
suitable for 2D simulations. Using the same splitting strategy initiated in [30], they develop a
high order, well balanced, and robust numerical code for these new models. Finally, we would
like to mention the recent work of Duchéne, Israwi and Talhouk [50], where they derive a new
class of GN models with improved frequency dispersion for the propagation of internal waves at
the interface between two layers of fluids. They numerically compute their class of GN models
using spectral methods [I11] for space discretization and the Matlab solver ode45, which is based
on the fourth and fifth order Runge-Kutta-Merson method for time evolution. Their numerical
simulations show how the different frequency dispersion of the modified GN models may affect
the appearance of high frequency Kelvin-Helmholtz instabilities.

In this chapter, we present the numerical resolution of the GN model in the Camassa-Holm
(medium amplitude) regime obtained and fully justified by Duchéne, Israwi and Talhouk in
[49] using the same strategy initiated in [I8, [86]. Let us recall that this model describes the
propagation of one-dimensional internal waves at the interface between two layers of ideal fluids,
limited by a rigid lid from above and a flat bottom from below. This model is first recast under
a new formulation more suitable for numerical resolution with the same order of precision as the
standard one but with improved frequency dispersion. More precisely, following [I8] we derive a
family of GN equations depending on a parameter « to be chosen in order to minimize the phase
velocity error between the reduced model and the full Euler system. Then we propose a numerical
scheme that decomposes the hyperbolic and dispersive parts of the equations. Following the
same strategy adopted in [I8] [86], we use a second order splitting scheme. The approximation
Urtl = (¢, 0"l is computed at time "t = ¢" 4 At where ( represents the deformation
of the interface and v represent the shear mean velocity defined in Section [4.3] in terms of the
approximation U™ at time t" by solving

U™ = S (At/2)Sy(At)S1(At/2)U™,

where S1(.) is the operator associated to the hyperbolic part and S3(.) the operator associated
to the dispersive part of the GN equations. For the numerical computation of S;(.), we use a
finite volume method. We begin by the VFRoe method (see [24], 57, [58]), that is an approximate
Godunov scheme. Unfortunately, the VFRoe scheme seems to be very diffusive. To this end,
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we propose a second-order scheme following the classical “MUSCL” approach [112]. Finally,
following [74] we implement a fifth-order accuracy “WENO” reconstruction in order to reach
higher order accuracy in smooth regions and a good resolution around discontinuities since the
second order schemes are known to degenerate to first order accuracy at smooth extrema. On the
other hand, Sa(.) is computed using a finite difference scheme discretized using second and fourth
order formulas, whereas for time discretization we use classical second and fourth order Runge-
Kutta methods according to the order of the space derivative in consideration. The computation
of S3(At) in the above splitting scheme (dispersive part) requires the inversion of the following
symmetric second order differential operator introduced in [49]

TV = a1V — iy (@(c)d:V).

with ¢;(X) = 1+ kX (i = 1,2), where k; and v are constants depending on three parame-
ters: the ratio between the densities of the two layers, the ratio between their depth and the
capillary effect of the interface. Moreover, it is known that third order derivatives involved in
this model may create high frequencies instabilities, but the presence of the operator T[e¢]~! in
the second equation stabilizes the model with respect to these perturbations, allowing for more
robust numerical computations, see Section The invertibility of this operator played also
an important role in the well-posedness of these equations (see [72] for the one layer case and [49]
for the two layers case). However, this operator is time dependent since it depends on the defor-
mation of the interface ((¢,x). In order to avoid the inversion of this operator at each time step
keeping its stabilizing effects, we derive a new family of physical models that are equivalent to
the standard one in the sense of consistency (same order of precision O(u?)), where we remove
the time dependency of the operator ¥. The structure of the time-independent model leads to a
small improvement in terms of computational time due to its simple one-dimensional structure.
In fact, this strategy was originally initiated for numerical simulations of the fully nonlinear and
weakly dispersive GN models in the two-dimensional case [86], in order to reduce significantly
the computational time.

We organize the chapter as follows. In Section [£.2] we introduce the non-dimensonalized full
Euler system. Section is devoted to recall the GN model in the Camassa-Holm regime, where
an equivalent time-independent reformulation is given with an improved frequency dispersion
based on the choice of a parameter . The stability issue of this new reformulation is discussed
in the one and two layers cases. Section [4.4]is then devoted to the presentation of the numerical
scheme. Firstly the hyperbolic/dispersive splitting is introduced. Then we describe the finite-
volume spatial discretization of the hyperbolic part. The first-order finite volume scheme is given,
an extension to the second-order accuracy is considered following the “MUSCL” approach and
finally high-order accuracy around discontinuities is achieved thanks to the implementation of
a fifth-order “WENQO” reconstruction. The finite-difference discretization of the dispersive part
is then detailed and the boundary conditions are briefly described. Finally, we present in Sec-
tion several numerical validations of our model. The one layer case is numerically validated:
we compare the accuracy of the first, second and fifth orders of accuracy by studying the prop-
agation of a solitary wave. To evaluate the influence of dispersive nonlinear terms, we consider
the head-on collision of counter-propagating waves and the breaking of a Gaussian hump. Deal-
ing with discontinuities is numerically validated by studying the dam-break problem in the one
layer case. We highlight then the importance of the choice of the parameter « in improving the
frequency dispersion of the model and compare our results with numerical experiments. Finally,
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we validate the ability of our numerical scheme to deal with discontinuities when considering a
dam-break problem in the two layers case.

4.2 Full Euler system

In this section, we briefly recall the derivation of the full Euler system governing the evolution
equations of the two-layers flow and refer to [6, [16] [47], 48] for more details. The two-layers flow
considered are assumed to be incompressible, homogeneous, immiscible perfect fluids of different
densities under the sole influence of gravity.

z
dl Kazﬂﬁl =0
V v :0 Av4 :V ¢ 1 2 P
X,z V1 1 X291 at¢l+§|vX,z¢l| :—p——gz
1
¢(t, X)

¢ = /1 +|V([*0nd2
=V 1+ |VC|2871¢1

—ak(C)

Vx.ve=0 vo = Vx .02

1 P
Orp2 + §|VX,Z¢2’2 =—-———gz
P2

az¢2 == 0

—dy e

Figure 4.1. Domain of study and governing equations.

The study is restricted to the one-dimensional horizontal variable. The deformation of the
interface between the two layers is represented by the graph of function a ((¢, x) while the bottom
and the top surfaces are assumed to be rigid and flat. The domains of the upper and lower fluid
at time ¢ (denoted, respectively, Q} and QY), are given by

o =

{(z,2) eRxR, ((t,x) < z < d; },
Qb = { )

(,2) eERXR, —do < z < ((t,x) }.

In what follows, we assume that the domains remain strictly connected, that is there exists hg > 0
such that d; — ((t,z) > hg > 0 and d2 + ((t,z) > ho > 0. The density and velocity fields of the
upper and lower layers are denoted by (p;,v;), (i = 1,2) respectively. We assume the fluids to
be incompressible, homogeneous and irrotational so that the velocity fields are divergence free
and expressed as gradients of a potential denoted ¢;. The fluids being ideal, that is with no
viscosity, we may assume that each fluid follows the Euler equations. Assuming that the surface,
the bottom or the interface are impenetrable one deduces the kinematic boundary conditions.
Finally, the set of equations is completed by the continuity of the stress tensor at the interface.
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Altogether, the governing equations are given by the following system:

i + P2di = 0 in Q) i=1,2,

Ordi + %‘vx,z¢i’2 = —Ijj — gz in Qf, i=1,2,

0,01 = 0 z on 'y = {(x,2),z=di},
8t< =V 1 + |ax<|28n¢l =V I+ |8x<|28n¢2 onl'= {(l‘,Z),Z = C(t’ :E)},
0,09 = 0 on I'y = {(z,2),z = —da},
ii_l}r[l) (P(t, z,((t,x) +¢) — P(t,z,((t,z) — a)) =—0k(() onT,

(4.1)
where n denotes the unit upward normal vector at the interface.

The function k(¢) = —&;( !

VT 0.

the surface (or interfacial) tension coefficient.

(%C) denotes the mean curvature of the interface and o

To go further in the study of the flow of the two layers in order to build a numerical scheme for
the asymptotic dynamics, we write the system in dimensionless form. To this end, we introduce
dimensionless parameters and variables that reduce the setting to the physical regime under
consideration. Firstly, let @ be the maximum amplitude of the deformation of the interface and
A the wavelength of the interface. Then the typical velocity of small propagating internal waves
(or wave celerity) is given by

(p2 — p1)dids

co = .
pady + p1da

Consequently, we introduce the dimensionless variables:

. z . x 7 c,
Z = — I = - = —
dy’ A A
the dimensionless unknowns:
~ t,x ~ d )
C(t,.’lﬁ) = C(a )7 Qsi(t,.’E,Z) = aAlcO(z)i(tax?Z) (22172)7
and finally the dimensionless parameters:
d? d — p1)d?
7&7 ezg, p= -, 55—1, bo:ig(pz 91)1_
P2 dy A2 do o

In what follows we assume that the depth ratio § do not approach zero or infinity which means
that the two layers of fluid have comparable depth. Therefore, the choice of the reference vertical
length is harmless so we decided to choose di. We would like to mention that Bo = pbo where
Bo is the classical Bond number. The significations of the different dimensionless parameters are
the following :

— v represents the ratio between the densities of the two layers,

— € represents the amplitude of the interface between the two layers,

— u represents the nonlinear effect of the shallowness approximation,

— ¢ represents the ratio between the depth of the two layers,

— bo represents the capillary effect of the interface.
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Let us now remark that the system can be rewritten as two evolution equations coupling
Zakharov’s canonical variables [115, [B9], (¢,%) representing respectively the deformation of
the interface and the trace of the dimensionless upper potential at the interface defined by

v = ¢1(t,z,((t, ).

In order to do so, we define the so-called Dirichlet-Neumann operators. The tildes are removed
for the sake of readability.

Definition 4.2.1 (Dirichlet-Neumann operators). Let ¢ € H*"(R), ¢, > 1/2, such that there
1

exists h >0 with hy = 1—e(>h>0and hy = g+ec >h >0, and let ¢ € L2 _(R), 0,1 €

H'2(R). Then we define:

G'p = GMleCly =+/1+ M|€axq2(8n¢1) ‘z:eg‘ = —1e(02¢)(0201) ’z=6C + (0:¢1) |z=EC )
HY = H* el = 0y(62 |amec ) = (002) [amec + €(020)(0:62) [s=cc

where, ¢1 and ¢9 are uniquely deduced from ({,) as solutions of the following Laplace’s prob-
lems:

(pd2 + 92)¢p1=0 inQ ={(z,2) € R e(z) <z<1},

0,01 =0 onI'y = {(z,2) e R?, z=1},
o1 =1 on T = {(z,2) € R?, z=e(},

1
(o2 + 92)¢o=0 inQ={(z,2) € R’ —g<Z<EC},
a’n¢2 - 3n¢1 on F,
D3 = 0 on Ty = {(z,2) € R?, z — %}.

At this stage of the model, using the above definition and withouth making any assumption on
the different dimensionless parameters, one can rewrite the nondimensionalized version of (4.1)
as a system of two coupled evolution equations, which writes:

(0¢ — —ary =0,
7
O(H" —10,0) + (v+0)0:C + 50 (|HA P —710,0f) (42)

bo €y/1t ’

= ped N™° —p

where we denote:

(2GH + (0.0 HOP)* — (26 P + €(9:0) (0a1)))
2(1 + pled, (%)

We will refer to (4.2) as the full Euler system.

2

NI =

4.3 Green-Naghdi model in the Camassa-Holm regime

We now recall the new Green-Naghdi model in the Camassa-Holm regime recently derived
by Duchéne, Israwi and Talhouk in [49]. This new model is derived after expanding the different
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operators of the original Green-Naghdi model with respect to € and p. Then several additional
transformations are made using the smallness assumption € = O(y/p) in order to produce an

equivalent precise system of partial differential equations whose unknowns are ( and v :

hihs
15) Op | ————— = 0,
A <h1 + vhe U>

Fec) (Ghv + ecvdzv) + (v 4 0)ar(€C)0uC
€ hi —~h3 2 2\ _ 2 1—1n 2
| +§Q1(€C)8x (WM —<[v] ) = M53(7+5)28x((amv) )7

(4.3)

1
where h; =1 — e (resp. hy = 5 + €¢) denotes the depth of the upper (resp. lower) fluid, and v

is the shear mean velocity defined by:

1 ec(t,l') v 1
V= — O 2(t,x,2) dz — — O 1(t,x, 2) dz.
ha J_1 hi Jec(t )

The operator ¥ is defined as:

TV = @)V — s ()0 V),

with ¢;(X) = 14+ kX (i = 1,2) and v, K1, Ko, ¢ are defined below. Let us first introduce the

following constants in order to ease the reading:

B S LIS S T e ] )
30(y+9)’ (y+9)? d(y+ )3
Thus
IS SRS T e N
v bo  35(y+6) bo’
1 v+4 1
(- = 12220 -a), (A= = (1+0)5,
1 200 — 3 1 62—y
(= o) = - L
bo 3 bo (6 +7)
The function f is defined as follows:
(1-X)(6 1+ X)
' X
X e X T
so one has: ) )
e) = —~—  and ) = —m= .
fe0) h1 + ~vha fi=) (h1 + vh2)?

Additionally, let us denote:

- ey g < (R
n—§(5+7)2 and Q3(€C)—§(f(eg)—g)_§(m_g>‘

(4.4)
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Problem ([4.3]) writes now in compact form:

¢ + O (f(GC)U) = 0,
(4.6)

T Qv + €sv8,v) + (v + 8)q1(€€) D€ + €q1(€€) D (q3(€Q)v?) + perdy (95v)?) = 0.
Let us now recall the regime of validity of the system (4.6 as exactly given in [49]. In the first
place, we consider the so-called shallow water regime for two layers of comparable depths:
Psw = {(u, €0,7,b0): 0 < 1 < fimax, 0 < € < 1, 0 € (Omin, Omax),

0 <~v <1, bomingbogoo}, (4.7)

with given 0 < umax,é_l csmax,bo_1 < 0.

min’ min
Two additional key restrictions are necessary for the validity of the model:

1+45 1
= ce<M _— — — > 4.
Pcu {(#, €,0,7,bo) € Psw: e<M/u and v 35(v+0) bo > 20 }7 (4.8)

with given 0 < M, Vo_l < 00.

Duchéne, Israwi and Talhouk proved in [49], that the system (4.6) is well-posed (in the sense of
Hadamard) in the energy space X* = H*(R) x H*"'(R), endowed with the norm

VU= (o) € X5, |UKs = C[5 + [lis + pl0:0] s

This result is obtained for parameters in the Camassa-Holm regime (4.8)) and under the following
non-zero depth and ellipticity (for the operator ¥) conditions:

Jhg1 > 0 such that, in&hl > hopr > 0, inIthQ > hopr > 0. (Hl)
xe re

Jhgo > 0 such that, (1 + 6/61() > hge > 0, (1 + EKQC) > hpz > 0. (HQ)

inf inf
zeR rzeR
They also prove that this new asymptotic model model is fully justified by a convergence result
in the Camassa-Holm regime.

4.3.1 Reformulation of the model

One can easily check that the operator ¥ can be written under the form:
TV = (qu(e) ] + pTle¢))V with TeC]V = —02(q2(eC) 8z V).

Therefore, this operator is time dependant through the presence of the term ( and at each time,
this operator has to be inverted in order to solve equation Thus we want to derive a new
model equivalent to (4.3]) up to a lower order in € or p but with a structure adapted to construct
a numerical scheme for its resolution.

Let us first denote :

Q1(v) = k0, ((9,v)?), (4.9)
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such that one can rewrite problem (4.6) as :

¢ + Oy (f(EC)U) = 0,

(1) + wT[ec)) (Bev + ecvDav) + (7 + )1 (€€)0uC + a1 (e)r (a3(€C)v?) + 1eQa (v) = 0.
(4.10)
As we said before since the operator (qi(e()I + uvT[e(]) depends on ((t,z), one has to remove
this time dependency to avoid its inversion at each time.
Firstly, let us write the operator T'[e(] under the form:

T[eClV = =0:(q2(€€)0: V) = T[0]V + eS[C]V,

with
TV = =92V and  S[C]V = —k20,((0,V).

Expanding the term (ql (e)I + ,uVT[eC]) ((9,5’0 + egv@w) in problem (4.10]) leads to :

OrC + Oy (f(EC)U) = 0,

<I + MVT[O]) <5tv + 6(1)3;,;?)) + (7 + 6)q1(€0)02C + €q1(eC) Dz (q3(e)v?) + peQy (v) (4.11)

+uevS[C] (Opv + ecv0,v) + €k1€ (040 + esv0,v) = 0.

But we have: pevS[C] (O + esvdyv) = pevS[¢]0v + O(ue?). By assumption the term O(ue?) is
of order O(?); thus Problem (4.11)) is equivalent to the following system:

O0iC + Oz (f(6C)U) = 0,

<I + /U/T[O]) (atv + Egvaxv> + (7 4 0)q1(€0) D2 + €q1(€€)Dx (q3(e)v?) + peQ1 (v) (4.12)

+uevS[C] (Ov) + er1¢ (O + esvd,v) = 0.

4.3.2 Improved Green-Naghdi equations

As done by many authors, see [113] O] [33], the frequency dispersion of problem can
be improved by adding some terms of order (’)(,uz) to the momentum equation. The accuracy of
the model is not affected by this manipulation since this equation is precise up to terms of the
same order as the added ones, namely O(u?).

Going back to problem (4.10]), one notices that:

q1(€€) (Bev + ecvdzv) + (v + 0)q1(€0)0C + €q1 (€0) D (a3 (e¢)v?) + O(u) = 0. (4.13)

We can now divide (4.13)) by ¢1(e¢) to obtain:

O = —€sv0zv — (7 + 5)8IC - 68:8(Q3(6C)02) - ;19((:?) : (4’14)
Let us fix @ € R. Multiplying by (1 — «) leads to:
v = adw — (1 — a)[esvdpv + (v + 8)0uC + €02(g3(eQ)v?)] — (1 — @) Ol (4.15)
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Replacing v by its expression given in (4.15) in the second equation of (4.12)) and regrouping
the O(p?) terms yields to the following equation:

O(n)

+(7+6)q1(€¢) DaC+eq1(€0)0x (a3 (€0)v* ) +11eQ1 (v) +pev S[C)0v+er( (Dpv + ecvdpv)+O (i) = 0

(I + pwT[0]) (aatv — (1 — a)[esvdv + (7 + 8)02C + €0 (q3(eC)v?)] — (1 — @)

After straightforward computations,

(I 4+ pvaT[0]) (O + esvdyv) + (a0 — 1)[Ov + ecvdpv + (7 + 6)0:C + €0z (q3(eC)v?)]
+ (o= DprT[0]((v + 8)0uC + €Da(a3(eC)v?)) + (v + 8)qr(€C)0uC + equ ()0 (a3(eC)v?)

+ pe@Q1(v) + pevS[Clow + ex1C (O + evdyv) — (1 — @) qO((é?) +O0?) =0 (4.16)
1
Replacing in (4.16)), ex1¢ (O¢v + esvdzv) by €K,1C<— (Y+6)0,¢ — €0, (g3(eC)v?) — qo((;u()))’ we have:
1

(I + pvaT[0]) (v + esvdpv) + (I — pr(1 — Q)T[0))(y + 6)9xC + €Dz (g3 (eC)v?))

OW) | o2y =0. (4.17)

+ peQq(v) + pevS[¢low — mlCCh(GC)

One deduces easily that,

(I = (1 = )T[0]) (v + 8)0:C + €du(g3(eC)v?)) = é((v +0)0:C + €0 (g3(e¢)v?))
a—1

+ (I + paT[0])((v + 6)0xC + €dz(g3(e¢)v?)).  (4.18)

Plugging (4.18]) in (4.17) one has:

(I + pvaT|0]) [+ esvpv+ aT—l ((v+0)0:¢ + € (g3(eC)v?))] + é ((v+0)9:¢ +€0z(g3(e¢)v?))
O(w)
q1(€C)

Remembering that uvT'[0](0:v + esvdzv) + pe@r(v) + pevS[¢low = O(u), and regrouping the
O(ue®) terms, ([@19) becomes:

+ pe@q(v) + pevS[¢low — ek +0(p?) =0 (4.19)

(I 4 pvaT[0]) [Opv+esvdyv+ % ((v+6)0uC+edu(gs(e)v?)) ] + é ((7+6)05¢+€0x(g3(eC)v?))
+ 1€Q1(v) + pevS[¢)(0pw) — ery CuvT[0](Dpw) + O(1?, pe®) = 0 (4.20)

Expanding in terms of € and pu, and looking for the term d;v, we get:
O = —(I + paT(0) " (7 + 0)2:C] + O(e, 1) (4.21)

Replacing 0,v by its expression obtained in (4.21)) in the last two terms of the equation (4.20)) the
Green—Naghdi equations with improved dispersion can therefore be written as (up to the order
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O(u?)) :
OrC + O (f(e()v) =0,

(I + pvaT|[0]) [Bp + esvdyv + O‘T_l ((7 + 8)9:C + €02 (g3(eC)v?))] (4.22)

+é (v + 6)02C + €02 (g3(eQ)v?)) + peQr (v) + pevQ2(C) + perQs(¢) = 0.
with .
Q2(¢) = =S[CI (1 + paT(0]) (v +8)0uC], (4.23)
and
Q3(0) = mCTI0] (I + pa[0]) (3 + 8)uc]. (424)

In [30], a three-parameter family of Green—Naghdi equations in the one layer case is derived
yielding additional improvements of the dispersive properties. In this chapter we stick to the
one-parameter family . This new formulation does not contain any third-order derivative,
thus one can expect more stable and robust numerical computations.

4.3.3 Choice of the parameter «

The choice of the parameter « is motivated by the agreement of the dispersion properties of
the full Fuler system and the improved Green-Naghdi system in term of the dispersion
relation. Therefore, we have first to find the dispersion relation for the improved Green-Naghdi
system, then the dispersion relation for the full Fuler system and finally to find an optimal
parameter o,y to ensure a good agreement between these two relations.

The dispersion relation associated to the improved GN formulation

The system (4.22)) can be written under the following form:
atC + 0y (f(EC)U) = 0,

(I + praT[0]) [Opv + esvdyv + 047—1 ((v+68)0.¢ + eﬁx(qg(eC)UQ))] (4.25)
J% (7 + 0)0uC + €Du(q3(e€)v?)) + peQi(v) + pevQa(C) + pevQs(¢) = 0,

where the operators ()1, @2 and ()3 are explicitly given in , (4.23) and (4.24). Looking at
the linearization of around the rest state (¢,v) = (0,0), one derives the dispersion relation
associated to (4.25).

This relation is obtained by looking for plane wave solutions of the form (¢,v) = (¢, v)e’**=w),
with % the spatial wave number and w the time pulsation, of the linearized equations.

The first equation of (4.25)) gives:

1
—twl + ———ikv =0
S

Thus we first obtain:
v=—"-"""C. (4.26)
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From the second equation of (4.25) we have:
9 . a—1 . 1 .
(1 + pvak )( —iwp + (7 + 5)zk§) + = (7 +8)ik¢ = 0.

This equation may be written as:

— qwv + (7 + 8)ik( — praiwk®v + pv(a — 1)(y + 8)ik*¢ = 0. (4.27)
Replacing v in (4.27)) by its expression given in (4.26)) we obtain:
0
— w? 2 (7 + )C + (y+0)k¢ — ul/awk2w(7]:_)C + pv(a = 1)(y + 0)k*¢ = 0. (4.28)
After straightforward computations, we obtain the following dispersion relation of the new GN
formulation for oo > 1:
1+ pv(a —1)k?
+|k 4.29
Wa,GN = =£| |\/ 1—1—,U,V04k2 ( )
Defining the linear phase velocity associated to (14.29; ) as:
k

we choose a such that the phase velocity stays close to the reference phase velocity C’g(k:) coming
from Stokes linear theory. Thanks to this approach, the error on the phase velocity is minimized
for any discrete value of u|k| and the corresponding local optimal value of a, denoted by o is
computed. In order to do so, we have firstly to obtain the dispersion relation of the original full
Euler system.

The dispersion relation associated to the full-Euler system

Let us recall the full-Euler system given in (4.2)):

( 1
¢ — =G =
7
O = 70,0) + (+0)0:C + S0 (IH" 2 = 10,01?) (4:30)
_ s 7+ 00:(k(ey/nQ))
\ = HeD N —p bo e/t ’
where , ,
ot = GO E @ OH )" — (GG + (0:0)(0:0))
2(1 + pledxCl?) ’
and
G“¢ = GH €C ¢ \/W( n(z)l) |z e = Me(a C)( x¢1) |z:e§ + (angl) |z=e§ ;

H#’aw = H#’ [64_7617]7/] =0, (¢2 ‘Z=6C ) - ( $¢2) |z=€C + E(axg)(az(pQ) ’z=e< )

where ¢ and ¢ are uniquely defined (up to a constant for ¢,) as the solutions in H?(R) of the
following Laplace’s problems.
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(,u(?i + 07 ) p1=0 inQ ={(x,2) €R? &(x)<z<1},
0,61 =0 on Ty = {(x,2) €eR? z=1}, (4.31)

o1 = onT' = {(z,2) € R?, z=eC},
(po2 + 92) ¢2=0 in Q= {(z,2) € R? —%<z<e§},

On2 = On1 onT, (4.32)
0.2 =0 on T}, = {(z,2) € R?, z:—%}.

To obtain the dispersion relation associated to the full-Euler system, we first have to linearize
it around the rest state that is ( = 0, v = 0. We have thus to compute the two operators G*
and H*9 at the rest state. Therefore we have firstly to linearize the two previous equations
—, then write the linear system in the wave number space by performing a Fourier
transform. After performing some algebraic computations, we will obtain the dispersion relation.
Let us remark that the two equations and are very similar except for the boundary
conditions, and the space domain €1 and 2. Therefore we have chosen to perform the complete
analysis for the two equations.
e Linearizing around the rest state (¢ = 0) gives:

(pd2 + 02) ¢1=0 inQ ={(z,2) eR? 0<z<1},
az¢1 =0 on Ft = {(I‘,Z) € R27 z = 1}) (433)
o= onT = {(z,2) € R?, z =0},

Applying the Fourier transform with respect to z, one has:

—,u|k:|2a+8§g/z§; =0 inQ ={(z,2) eR? 0<z<1},

0,01 =0 on Ty = {(z,2) €R? 2z =1}, (4.34)
=1 on T ={(z,2) € R? 2 =0},

One can easily remark that (4.34]) is an ordinary linear differential equation of order 2 whose
solution has the following form (since pk? > 0):

é1(k) = A(k) cosh(\/m|k|z) + B(k) sinh(y/z]k|2).

Writing the boundary condition at z = 0 i.e. Zs]zzo = 1; and at z = 1 i.e. (Ozaﬂzzl =0 we
obtain:

A(K) = G(k) and  B(k) = — tanh(y/AIR)G(R) -

Thus we obtain:
G1(k) = [ cosh(y/flk|z) — tanh(y/Alk]) sinh(y/Elk]2)| () -

Therefore as:

o —

GH{0]t = (0:01)|==0 = —/7il k| tanh(\/plk|) P (k),
we finally have:

G0l = —y/7lk] tanh(y/7l k) (k). (4.35)
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e Linearizing (4.32]) around the rest state (¢ = 0) gives:

1
(u@i + 33) P2 =0 inQy = {(z,2) € R?, _S<Z<O}’

Doy = 0.0y = GH[0]y  on T = {(z,2) € R, z =0}, (4.36)
0.2 =0 on T, = {(z,2) € R?, z:—%}.
Applying the Fourier transform with respect to x, one has:
. 1
—ulk|*pa + 022 =0 in Q = {(z,2) € R%, -5 <2 <0},
0.2 = GHO]) = —/jilk| tanh(/alk)d (k) on T = {(z,2) € R?, 2 =0}, (4.37)
D2 =0 onI'y = {(z,2) € R?, z:—%}.

One can easily remark that (4.37)) is an ordinary differential equation of order 2 whose solution
has the following form (since uk* > 0):

da(k) = A(k) cosh(\/|k|z) + B(k) sinh(y/z]k|2).

Writing the boundary condition at z = 0 i.e. (Bzg/b;)\zzo = —\/ﬁ\k|tanh(\/ﬁ\k])@ and at
z=—1/01ie. (0.¢2)|——1/5 = 0 we obtain:

B(k) = — tanh(y/alk)¥(k) and — A(k)sinh (V’?k‘) + B(k) cosh (V’?k‘) ~0.

Replacing B(k) by its expression, we obtain:

P p— (Q:P o)
wal (*75)
Since &Z(k:)|z:0 = A(k) we have thus: ¢o(k)|.—0 = tank Eﬁ:)) k).
tanh ( ¥——
Therefore, ’
HES 06 = Oulnl) — — Eﬁ ,)) (438)

Having obtained the two operators G* and H"*° at the rest state, (1.35) and (4.38), we can now
proceed to compute the dispersion relation for the full Fuler system.

One derives the dispersion relation associated to - by looking for plane wave solutions of
the form (¢,v) = (¢, ¥)e ikz=wt) ¢ the linearized equations around the rest state (¢, ) = (0,0).

The linearisation of the full Euler system, (4.30) at the rest state, ¢ = 0, ¢» = 0, writes un-
der the form:

ac — Larow = o,
u

(4.39)
o.(H 010~ 10,0) + (74 0)C = —p 10 am(ii(%ﬁo) |
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Replacing G*[0]v by its expression given by (4.35)) in the first equation of the system (4.39)), we
firstly have:

—iw( + \/lﬁ|k:| tanh <\/ﬁ|k‘\>g =0.

Thus,
1

WW tanh (ﬁ\kD . (4.40)

Replacing H*[0]y) by its expression given by (4.38) in the second equation of the system (4.39)),
we obtain:

¢

tanh (/7 140
_—8t(axw) - 'Vat(azd)) + (’7 + 6)850C - Mia‘gg =0.
tann (V) bo
Thus,
tanh k
—arl(\/ﬁ‘)wkw — ywk) + (v + )ik + ,umik:gg =0.
VilF] bo

tanh (T)

After straightforward computations and replacing ¢ by its expression given in (4.40) we finally
obtain the following dispersion relation:

(7 + 6) |k tanh <\/ﬁ\k|) 1+ %kﬁ) tanh (ﬁ@')
Wp g = B .

Jiltanh (\/mk\) + 7 tanh (ﬁ%)]

(4.41)

Phase velocity agreement

One can easily remark that the Taylor expansions of the two previous dispersion rela-
tions (4.29)) and (4.41) are equivalent for small wavenumbers,

wa o = Wip =k — vkt + O(u2k°).

Indeed, for small wavenumber one has:

1+ pv(a —1)k?
wi’GN - kQ( 1lf|— ,(uuozk'?) )
~ K1+ pv(a — Dk (1 — prak? + O((V/uk)h))
~ k(1 — prak® + pv(a — D)k + O((ik)?h))
~ k% — uvk' + O(uk).
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and

(3 + 8) k] tanb (KT} (L -+ - £2) tamb (7o)

Wrpg = H

VBltanh( k) + 7 tanh(y /70 )

3
WD L omm) o+ e [ - ()

+O((y°)]
3
Vil = Y o)+ (VEE - (3L o)

1 8%(1++90)

~ 2 N e S A 21.6
~ Rk [bo 353(7+5)}+0(Mk)

k2 — uvkt + O(uk").

(3 + o) k] [y/ik — YRR (e

Q

%

Therefore for small wavenumbers and in the whole range of regime, the choice of « does not
influence the dispersion relation . In the desired simulations, we are interested in small
wave length (i.e large wavenumbers) dispersion characteristics and thus we would like to find
an optimal value of « in order to observe the same dispersion properties for the reduced Green-
Naghdi model that the full Fuler original problem satisfies. Therefore, we are interested in
values of a such that C’ZN(k:) = C%. (k) for large value of k. We can thus compute aep; from
the equality: wi OGN = = wh .

Let us denote X = ,/u|k|. The previous equality writes:

2
1+ VXQ(aopt _ 1) (’Y + 5) tanh(X)(l + ‘])3(7) tanh(?)

o)
2 _ = 9(X).
1+ vX2anp X[tanh(X) + ytanh(g)]

After straightforward computations we obtain the follwing expression for the value of ap:

_g(X)—1+vX?
St T X1 - g(X)

In Figure (top), copt is plotted against the spatial wave number k, for k € [0,4] and p = 1, for
the one and two layers cases. For the one layer case we set v =0, § = 1 and bo~! = 0 whereas
for the two layers case we set v = 0.95, § = 0.5 and bo~! =5 x 107°. We would like to mention
that aypr — 1 in both cases when considering very large values of k, this fact is confirmed by the
numerical simulation done in Section see Figure where we notice similar observations
at time t = 20 s. Therefore, we will use an optimal value of « different of 1 only when looking at
the dispersion effects for intermediate wave numbers. This is highlighted, when comparing to the
numerical experiments done in [50] (for more details see Section . In Figure (bottom),
Con (k)
C5(k)
for k € [0,4], in the one and two layer cases.

the ratio

(i.e linear phase velocity error), is plotted against the spatial wave number k
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Local optimal values of «
1.3 T T T T T T T
1.28
1.26
1.24 |
Copt 199
1.20

1.18
1.16

1.14

1.02
1.01

0.99
Cl (k) 0.98
Ch(k) 097
0.96
0.95
0.94
0.93

Figure 4.2. Top: local optimal values of « for k € [0, 4], for the two layers case (full line) and one
layer case (dashed line). Bottom: linear phase velocity errors in the one layer case (blue) and
two layers case (red) for agp = 1.159 (full blue line) and ayp = 1.498 (full red line) and oo = 1
(dashed line)

4.3.4 High frequencies instabilities

In what follows, a qualitative discussion on the stability of the improved model (4.22)) is given.
We study the high frequencies instabilities in the one layer case, as well as in the two layers case.
As p << 1, a simple expansion of the operator (I 4 uvaT[0])! shows that we have:

(I + pwaT[0]) " (v + 0)0xC] = (v + 6)9:¢ + O(n).

Thus, we could replace Qa(¢) by Qa(¢) = ~S[¢)((7+)0:€). and Q3(¢) by Qs(¢) = ma TI0] (v +
9)0,C] in the second equation of , keeping the same order of precision (’)(/ﬂ). This simple
expansion would avoid the inversion of (I 4+ uraT'[0]) (resolution of an extra linear system) in the
computation of Qo and ()3 but it leads to instabilities. Indeed, this is due to the fact that the
two terms QVQ(C ) and Qs (¢) contain third order derivatives in ¢ that may create high frequencies
instabilities.

Remark 14. In order to recover the dimensionalized version of system (4.22)), one has to set
u = € = 1 and add the acceleration of gravity term g when necessary to obtain the following
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system:
OrC + Oy (f(C)U> =0,
(I +vaT|0]) [0 + svdpv + QT_l (7 + 6)90:¢ + 92(g3(¢)v?))] (4.42)
+é((7 + 5)93xC + ax(Q3(C)v2)) + Ql(v> + VQQ(C) + VQ?)(C) = 07
with
Q(¢) = w20 (G0 (L + vaT(0]) " [(3 + 8)90C]) (4.43)
and
Qs(C) = mCT[O)(I + vaT(0]) " [(v + 6)g0uC]. (4.44)

Firstly, we discuss the stability of the model (4.42) in the one layer case without surface

1
tension. To this end, we set v =0, 6 =1 and bo = 0. Thus system (4.42) becomes:
0

¢+ 0:((1+¢v) = 0,

« a—1 1 1 (4.45)
(I + 3TIOD[0r0 + v0ov + ——90:(] + —g9:C + Q1(v) + Q2(¢) + 3Q3(C) =0,
with 5
Ql(”) = gaw((axv)Q)v
Qa(¢) = 9 (¢0: (1 + 5 T10) " [99:<1) ), (4.46)
Q3(¢) = CTO)(I + 2T[0]) " gaC]. (4.47)

3
When linearizing system (4.45)) around constant state solution (¢, v), one obtains the following
linear system in (¢, 7):

O + (1+Q)0y0 +09:C = 0,
(4.48)

Q a—1 ~ 1 s 2 o ~
1= S02)[00 + 00,0+ “—g0,C] + —g0uC + 2gC02((1 - 50270, = 0.
(I = 302) 00 + 0020 + ———90xC] + —99:C + 390, ((I = 57)'0:C
Looking for plane wave solution of the form (¢,7) = e/**=%1(¢% %) as solution of the above
system, one obtains the following dispersion relation:

2

N P
(w—kv)* _ ° 3(1+ §4?)
g(1 + Q)k? 1+ §k2 ’

(4.49)

When we consider the linearization of our new model around the rest state (¢,v) = (0,0), the
dispersion relation (4.49)) becomes:
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In this case the perturbations are always stable if & > 1. We refer to Section [£.3.3] for the
discussion concerning the choice of « in order to improve the dispersive properties of the model.

Now, replacing Q2(¢) defined in by @2(() = 0, (C@c (g&vC)) and Q3(¢) defined in (4.47)

by @3(( ) = k1¢T'[0][g0x(] in the second equation of (4.45]), modifies the dispersion relation (4.49))
and we obtain instead:

~ a—1 2k2<
(w—k:y)2:1+7(3)k‘2—T* (4.50)
g(1+Q)k? 1+ Sk? '
(a—1)

One can easily check that if ¢ > , the numerator of the right hand side of the dispersion

2
relation (4.50) will become negative for sufficiently large values of k?. Thus the root of @ will

become complex inducing a high frequency instability of the model, see Figure On the
other hand, the numerator of the r.h.s of the dispersion relation (4.49)) is positive for sufficiently
2k%¢

m, thus w is always real at high

large values of k2, due to the existence of the term —

frequencies.

t =0.25s

0.21
0.15}

¢(m) 0.1
0.05}

0 5 10 15 20 25 30 0 ) 10 15 20 25 30
x(m) z(m)

Figure 4.3. High frequencies instabilities in the one layer case due to third order derivatives.

Let us now discuss the stability issue of the model (4.42)) in the two layers case without surface
tension. When linearizing system (|4.42)) around motionless steady state solution ({ = cst,v = 0)
and after following the same method as above, one obtains the following dispersion relation:

Ko — fi1)k?
w? _(v+®(b+ﬂa—1ﬂg—yif+V285> 4.51
gf (k> 1+ vak? ' o

Replacing Q2(¢) defined in by @2(0 =0y (C(?r (g(v+ 5)81C)> and Q3(() defined in

by Qs(¢) = k1CT[0][g(v + 0)(] in the second equation of (£.42), modifies the dispersion rela-
tion (4.51]) and we obtain instead:

@ ()1 +w(a— DE — vk — r1)k*)
gf( QR ~ (1 vak?) : (4.52)

In this case, there exists a critical ratio for the depth of the two layers. Indeed, when 6% < ~,
one has k9 < k1, thus the perturbations are always stable if o > 1. Whereas, when 5% > v i.e
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1

assuming v = 0.5, § = 0.8 and bo = 0, one has ko > k1, thus the perturbations are unstable
0

if ¢ > I fact, under the previous conditions the numerator of the right hand side of

Ko — K1
the dispersion relation (4.52) will become negative for sufficiently large values of k%. Thus the
root of @ will become complex inducing a high frequency instability of the model, see Figure
On the other hand, the numerator of the r.h.s of the dispersion relation (4.51)) is positive for

. 9 . (k2 — K1)k*C .
sufficiently large values of £“, due to the existence of the term —v————= thus w is always
(1 + vak?)

real at high frequencies. This ensures the numerical stability of the model (4.42)) which will be
considered in the rest of this work.

Figure 4.4. High frequencies instabilities in the two layers case due to third order derivatives.

4.4 Numerical methods

This section is devoted to the numerical methods developped to solve the improved Green-
Naghdi equations . As pointed out by many authors [I8],86] the improved dispersion Green-
Naghdi equations is well-adapted to the implementation of a splitting scheme separating
the hyperbolic and the dispersive parts of the equations. We present in Section [£.4.1] this splitting
scheme inspired by [I8| [86]. We explain in Sections and how we treat respectively the
hyperbolic and dispersive parts of the equations.

We decided to treat the hyperbolic part by a finite volume method of Roe type. We will
construct first order, second order “MUSCL” type method and finally 5th order “WENQO” method.
The high order method is suitable to compute correctly the maximum value of the height ¢ and
the discontinuities by limiting the diffusive effects. As we will show in the numerical validations,
the high order scheme is also suitable to catch correctly the dispersive effects.

The dispersive part of the proposed splitting method is solved using a classical finite difference
method.
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4.4.1 The splitting scheme

Let us recall the improved Green-Naghdi system that we consider:

¢ + 9u (f(eC)v) = 0,

(I + pwaT[0]) [Op + esvd,v + O‘T_l ((7 + 8)0:¢ + €d:(g3(eC)?))] (4.53)
2 (74 0)06C + €ulas(cC)?)) + e (0) + pwQalQ) + per@s() = .

g3 defined by (4.5),Q1, Q2 and Q3 are defined by (4.9), (4.23) and (4.24]).

We decompose the solution operator S(.) associated to (4.53|) at each time step At by the
following second order splitting scheme:

S(AL) = S1(At/2)Sy(A)S1(At/2)

where S1(.) is the solution operator associated to the hyperbolic part, and Sz(.) the solution
operator associated to the dispersive part of the equations .

e S;(t) is the solution operator associated to the hyperbolic part namely the nonlinear shallow
water equations, NSWE:

¢ + 0x(f(eQ)v) = 0,

Ov + €50 v + QT_l((’y +0)0:C + e@i(q;g(eg“)ﬁ)) + 1 (v +6)0:¢ + eﬁx(qg(eC)v2)) =0.

«

(4.54)
/
Using the definition of ¢3(e() given in (4.5]), one can easily check that % + q3(eC) = / (26() Thus
we rewrite the NSWE system (4.54)) in the following condensed form:
0¢ + Oz (f(GC)U) = 0,
(4.55)
/
O + 0, (Ef () 2 4 (v + 5)4) —0.
2
We recall that, f(e() huhy and f'(eC) M — vhj ith hy =1—e€C and hg = 1/0 +€C
, fle(Q) = ————— )= ——"—"=-, W =1-—¢ = eC.
hi + vho (h1 + vha)? ' ’
e S5(t) is the solution operator associated to the remaining (dispersive) part of the equations.
atC = 07
1
(I + o (0]) [Brv — — (7 + 6)0aC + ea(as(e)v”)) ] (4.56)
1
(v + 6)0C + €0a(gs(€Q)v?)) + peQu(v) + pwQa(Q) + pevQs(¢) = 0.

In this study, S; is computed using a finite volume method while S5 is computed using a classical
finite-difference method.

In order to discretize system , the numerical domain is an interval of length L denoted
[0,L]. Let N € N*, and let us consider the following mesh on [0, L]. Cells are denoted for every
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. . Ti—1/2 + Tiy1)2
1 € [O,N + 1}, by m; = (xi—1/27$i+1/2)7 Wlth Tr; = M and hl = fL'fH_l/Q — xi—l/?

the space mesh. The “fictitious” cells mg and mpyy1 denote the boundary cells and the mesh
interfaces located at x5 = 0 and @1 1/2 = L are respectively the upstream and the downstream

ends (see Figure [4.5)).

T1/2 < iy TN41/2
} C : — C |
Ti—1/2 Li Lit1/2
< T >

Figure 4.5. The space discretization.

We denote Ax = min h;.
i=1,N

We also consider a time discretization " defined by ¢"*! = " + At with At the time step.
4.4.2 Finite volume scheme

For the sake of simplicity in the notations, it is convenient to rewrite the hyperbolic sys-
tem (4.55)) in the following form:

U + 0,(F(U)) =0, (4.57)
with the following conservative variables and flux function:
U= ¢ FU) = ! e 4.58
_<v>’ D=L 0] %)
The Jacobian matrix is given by:
AU — Al — ef'(eC)v f(e€) 150
O =D =yl D i) (1.59)

_ 29(h1 + hy)?
(h1 +~vh2)3

A simple computation shows that the homogeneous system (4.57)) is strictly hyperbolic provided
that:

where f”(e¢) =

;

inf hy > 0,
zeR

inf hy > 0,
ver (4.60)
. Y(hi+ h2)? 5 5
f ) — — T 0.
:}:IEIR (’Y + ) (hl + 7h2)36 v i| >

As a matter of fact, these conditions simply consist in assuming that the deformation of the in-
terface is not too large and imposing a smallness assumption on ev. Notice that theses conditions
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correspond exactly to the hyperbolicity condition for the shallow water system provided in [65].

As a consequence, the solutions may develop shock discontinuities. In order to rule out the
unphysical solutions, the system must be supplemented by entropy inequalities, (see for
instance [19] and references therein for more details). The Cauchy problem associated to
is the following:

U 4+ 0,(F(U)) = 0, t>0,zeR
(4.61)
U(0,z) = Up(z), z eR.

We are interested in the approximation of (4.61) by the finite volume method.

We denote U; = ((;,v;), the cell-centered approximation of U on the cell m; at time t given
by:
— 1
Ui=— U(t,x)dx .
hi Jom,
The piecewise constant representation of U is given by, U(t,x) = U;L,,, ().
We denote U; = (( vl'), the cell-centered approximation of U on the cell m; at time "
given by:
1
U, = / Ut", x)dx .
hi Jom,
The spatial discretization of the homogeneous system (4.54]) can be recast under the following
classical semi-discrete finite-volume formalism:

dU;Zt(t) + }i(ﬁ(Ui,UiH) - ﬁ@flﬁi)) —0 (4.62)

where F' is a numerical flux function based on a conservative flux consistent with the homogeneous

NSWE:

Fipr1j2 = F(U;,Uis1) = F(U(t, i41))- (4.63)

VFRoe method. In what follows, we consider the numerical approximation of the hyperbolic
system of conservation laws in the form of . To this end, we adopt the VFRoe method
(see [24], 57, [58]) which is an approximate Godunov scheme. It relies on the exact resolution of
the following linearized Riemann problem:

n Fn

U + AU, UL 1)0.U = 0,
U} if @<z, (4.64)
U0,z) =

Uipr if x>y,

2

By solving the linearized Riemann problem we obtain U: v12 =U (r = zip1/0,t = tn), the
interface value between two neighbouring cells.
In what follows, we will detail the choice of the numerical flux for different order of approximation.

T Ui +U;
where A(U; ,U; ) =A <+H>
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The only change is in the computation of the interface values U; +1/2 which depends on the right
and the left states of the linearized Riemann problem. For the sake of simplicity, we will still
denote by F' these numerical fluxes.

CFL condition It is always necessary to impose what is called a CFL condition (for Courant,
Friedrichs, Levy) on the timestep to prevent the blow up of the numerical values. It comes
usually under the form

ai+1/2At§AZE, izl,...,N, (465)
; - - . ~ Ui +Uln
where a;,1/9 = 'H[llaN}(] =1,2,|X;j(Uy)|) and X;(U;) are the eigenvalues of A(U; = f)
1€|l,

The restriction (4.65)) enables in practice to compute the timestep at each time level ¢,,, in order
to determine the new time level ¢,y = ¢, + At (within this view, At is not constant, it is
computed in an adaptive fashion).

Consistency. The numerical flux F(Uj, U,.) is called consistent with (£.57) if

F(U,U) = F(U) for all U. (4.66)

First order finite-volume scheme

The semi-discrete equation (4.62)) is discretised by an explicit Euler (in time) method to

obtain :
—n+1 At

U, :U? - hi( ﬁ,—l/2 *F;Tb—l/z)a (4'67)
where the numerical flux is defined directly as the value of the exact flux at the interface value,
namely:

Tk

F'Z—l/Z = ﬁ(ﬁ?avﬁl) = F(Ui+1/2)

2

(4.68)

Fz‘n—1/2 = ﬁ(U?—la U;) = F(Ui—l/Q)'

Let us remark that by construction the numerical flux given by (4.68)) ensures the consistency

property.
In the sequel, we will suppose that the space discretisation is uniform.

Algorithm. In the following, we state the algorithm for computing the discrete values U?H at
t"*1. Given the initial data and boundary conditions and the number CFL < 1, we start with
the known discrete averaged values (U, ) fori = 0,..., N+1 at t". Aslongas (t < T one has to do:
U; + U, )

1) Computation of A; for i = 0,..., N where A=A ( 5

2) Computation of 7“},7“12 and )\}, )\12 set respectively as the eigenvectors and eigenvalues of sz

At FL
3) Computation of At, such that — < ¢ i
Az Ait1/2

4) Computation of U;_, 2 fori=1,..., N +1 by solving the linearized Riemann problem.
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In fact we have 3 cases:

n

o if A}, A7<0 then U;_;p =T

(2

n

o if A AT>0 then U o =U; .
e if \] <0, \? > 0 then for:
x < A/t one has ﬁ;il/Q =U; |,

=13

x>t or x<At onehas Uy, =U; — (R 'U])2r} =0T, + (R Ui,

x> Mt one has U;k_l/Q =U;,
with R = (r}|r?) and [U] =U; — U, ;. (4.69)
5) Computation of F(Uilm).
6) Computation of U?H = U? - %( ir-li-l/Q - Fin_l/Z) fori=1,..,N.

We repeat this algorithm for the new level of time (™! + At), until we reach the required
final time 7.

Second order finite-volume scheme: MUSCL-RK2

A drawback of the Roe scheme (such as Godunov) is to be very diffusive. A remedy for
this situation is through the extension of the scheme to the second order in space, associated
to a second order Runge-Kutta scheme in time. In fact, we would like to reduce both numer-
ical dissipation and dispersion within the hyperbolic component Si(.). To this end, high order
reconstructed states at each interface have to be considered, following the classical “MUSCL”
approach [I112] (Monotonic Upstream Scheme for Conservation Laws). To prevent the spurious
oscillations that would occur around discontinuities or shocks, we suggest to use the “minmod”
limiter, designed to generate slope limited, reconstructed left and right states for each cell that
are used to calculate the flux at the interfaces. The implementation of this scheme is very easy
and provides a natural extension of the Roe scheme described above. In fact, the main interests
seem to be, after the tests, a gain of precision and stability.

The steps of the second-order reconstruction are as follows:

1. Using the discrete averaged values U, , we construct the slopes S using the “minmod” limiter
as the reconstruction must be non oscillatory in some sense, see [59]. We consider:

U1 —U; Uj— Ui—l)

b
Titl — & Ti — Ti—1

S;" = minmod ( (4.70)

where the function minmod is defined on R? by

min(lal, [b)sgn(a) if sgn(a) = sgn(b),
minmod(a,b) =
0 else.
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2. On the cell m; =|x;_ /2, Z;i11/2[, the solution is approached by:

T

U'(z) =U; + (x — ;)5
3. We compute the numerical flux at the interfaces:

n =t N, — n =t T, —
i+1/2 = F(U; 7Ui+1) and F' o= FU;2,U;7 )
/ /

i

with: A
— T
—n,— —n Ax

n

Ui = Uiy — To Pitl
4. We compute U1 by the application of (4.67)), thus the scheme is given as follows:
b i

rm TN At n n
U; = U; — Ex( i+1/2 Fi—1/2)'

As far as time discretization is concerned, we use the second-order explicit Runge-Kutta

d
“RK2” method which is described in the following. Given the ODE d—i = f(t,y), one has,

= S (FE )+ ), (171)

with 7" =y + hf(t",y"), and t"*1 =" + h.
Applying (4.71)) to (4.67)), we obtain the following modified scheme “MUSCL-RK2":

At
F" Flypy+ FI, — FI), (4.72)

=n+1 N
U; =U; — m( i+1/2 i+1/2 i—1/2

1

with

+1,4 Frntl— +1,4 Frntl—
Fﬁﬂ}z = F(U; JUip™) and Fz."_’;}2 =FUS U

—E: the numerical flux determined as in the first order VFRoe method, given by (4.68)).
—UZA"HL is computed as follows:

~ —n At
+1_ 7
U =Ui = o Fye = Flyye)-
- - Az ~
+1+ _ Frntl +1
-u =U"" + 5 St
L~ A ~
_UZL:lL = Uz‘Trll T 9 S?J:rll-
—§i”+1 and §Z":11 are associated respectively to ﬁf“ and Ui’fll by (4.70]).

Higher order finite-volume scheme: WENO5-RK4

The second order schemes are known to degenerate to first order accuracy at smooth extrema.
To reach higher order accuracy in smooth regions and a good resolution around discontinuities, we
implement fifth-order accuracy “WENO” reconstruction, following [74, [107], where Jiang and Shu
constructed third and fifth order finite difference “WENQO” schemes in multi-space dimensions
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with a general framework for the design of the smoothness indicators and nonlinear weights.
To automatically achieve high order accuracy and non-oscillatory property near discontinuities,
“WENO” schemes use the idea of adaptive stencils in the reconstruction procedure based on
the local smoothness of the numerical solution. We would like to mention also the previous
studies [30, 18] [86], where it is shown that for the study of dispersive waves, it is necessary to
use high-order schemes to prevent the corruption of the dispersive properties of the model by
some dispersive truncation errors linked to second-order schemes. Using the same reconstruction
proposed in [I§], we consider a cell m;, and the corresponding constant averaged value U? =
(Z?,@?), with a constant space step Az. This approach, provides high order reconstructed left
and right values U?’i and U:»L’Jr, built following the five points stencil, and introduced as follows:

—n,+ n

1 S 1y
U U,A+§5sz+ and U}~ =T, — =30, , (4.73)

P

7

where 0U,"" and 6U,"~ are defined as follows:

=n 7N

<7, + 77 1 1 TN TN 5N TN
oU;" = g(UiH -Ui)+ g(Uz‘ -Ui1) - TO(_UZ‘—I +3U; =3Ui1 +Uiys)
1 —n —n —n = N
_B(_Ui_2 +3U;_1 —3U; +Uiyy) (4.74)
~Nn,— 2 —n —n 1 —n —n 1 —n —n —n N
vy = g(Uz‘ —Uis) + g(Uz'H -U;) - TO(*Uz'—2 +3U;1 —3U; +Uip)
1 —n —n —n —n
—ﬁ(—Uiq +3U; —3Ui1 +Uipa) (4.75)
. 1 -1 — . . N . .
and the coefficients 33 10 and R are set in order to obtain better dissipation and dispersion
properties in the truncature error. We consider the following modified scheme:
—n —n At [~ —nt —n,— =~ 7n,+ 7n,—
U =T - (PP U - PO T7)). (4.76)

To reduce spurious oscillations near discontinuities, we apply the same limitation procedure as
in [I8], preserving the scheme positivity and the high order accuracy. Thus scheme (4.76|) becomes

=N =N At [~ 1—n N, — =/ L7 =N, —
Ut =T - S (FET E UL - FOTESETT)). (4.77)
We define the limited high-order values as follows:

N 1 =N

TN =13 1 =13 TN, —
Lget =0 + GLH @) and T =T - SL7 (T, (4.78)
Using the following limiter,

min(|ul, |v], 2|w]) sgn(u) if sgn(u) = sgn(v),
L(u,v,w) =
0 else,

we define the limiting process as,

L+(Un) = L((Sﬁ?v 6U?+1’W?’+) and Lz_ (Un) = L(éU?Jrl?éﬁ?vW?ﬁ)?

1
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with 5U?+1 = U?H — U, and 6U, = U, — U, , are upstream and downstream variations, and

SUT " and 6U}"~ taken from and (4.75).

The limited high order reconstructions stated above must be performed on both conservative
variables U, = (;,7"). We would like to mention that the resulting finite volume scheme
preserve motionless steady states, ( = cst and v = 0.

As far as time discretization is concerned, we use the fourth-order explicit Runge-Kutta

d
“RK4” method which is described in the following. Given the ODE d—?i = f(t,y), one has,
kl = f(tna Z/n)7
h k1
2 f( + 273/ + 9 )7
h k
R hg),
ke = f(t" +h,y" + hks),
h
y”+1 = y"+ E(kl + 2ko + 2k3 + k‘4), (4.79)

with t"*1 = " + h. Applying [€.79) to ([£.77), one gets the “WENO5-RK4” scheme.

4.4.3 Finite difference scheme for the dispersive part

First of all, let us detail how to construct nodal values of the unknowns (which are the
ones used for a finite difference discretization) from the cell-averaged value computed by a finite
volume scheme and vice versa.

We denote by U;" the nodal value of U at the ith node (z;11/2)icjo,n] and at time ¢, i.e.
U;" is an approximation of U(z;;1/2,t"). The finite volume-finite difference mix imply to switch
between the cell-averaged and nodal values for each unknown and at each time step. To this end,
we use the fifth-order accuracy “WENQO?” reconstruction, that allows to approximate the nodal
values (i.e finite difference unknowns) (U;*);=1,n+1 in terms of the cell-averaged values (i.e finite
volume unknowns) (U; )i=1 n. The relation is given by:

Uj* = 3%(]?—2 - %ﬁ?—l + gﬁ? + 2% i1~ %U?w +0(Az%), 1<i<N+1, (4.80)
with adaptations at the boundaries following the method presented in Section [£.4.4 One can
easily recover the relation that allows to determine the cell-averaged values (U?)ie[l: N] In terms
of the nodal values (U;")ig[1:n+1)-

We can easily check that preserve the steady state at rest and that this formula is
precise up to order O(A:U5) terms, thus preserving the global order of the scheme.

We can now proceed by explaining how we compute the solution operator Ss(.) associated

to the dispersive part of the equations. Let us recall the system (4.56|) corresponding to the
operator Ss(.), given in Section (4.4.1)).

8t< = 07

O — ~ (14 002 + D as(eC)0?))

+(I + praT|0]) [é((v +6)8:C + €0 (a3(eQ)v?)) + peQi(v) + prQ2(C) + MEVQ:s(C)} =0
(4.81)
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where the operators @1, Q2 and Q3 are explicitly given in (4.9)), (4.23) and (4.24)). For the sake
of simplicity, we detail the numerical resolution of (4.81)) using an explicit Euler in time scheme.

Standard extensions to second and fourth order Runge-Kutta method has been used according
to the order of the space derivative operators as done in the previous section.
The finite discretization of the system (4.81]) leads to the following discrete problem:

<n+1 Cn
At =0

,Un—i—l_vn 1 ND n 2° Mo D n 62 ! D n n n
(0 ODIC = 2 gD () — S (€D (") (")

62
HI = waD) ™ [ 20+ )DIC) + 2 a6 Dy (") + S ah(e")DYC W) (07)

Q")+ peQa(C") + perQs(C” >] 0,

(4.82)
with
Q1(v") = 26D1(v"™") Dy (v"),

Qa(¢") = r2D1 [¢" Dy (I = pvaDa) ™ (v +9)Da(¢M) |.

Qs(¢") = ~riC"Da| (I — pwaD) ™ (y + 6)Da(¢)|.

The system is solved at each time step using a classical finite-difference technique, where
the matrices D7 and Dy are the classical centered discretizations of the derivatives 0, and 83
given below.

The first formula is the second-order formula called “DF2”, where the spatial derivatives are
given as follows:

1
(8xU)i = E(Uﬂ—l - Ui—1)7
1
(92U); = Aoz Uit = 2Ui + Uina),

For time discretization, the second-order formula “DF2” is associated to a second-order classical
Runge-Kutta “RK2” scheme, and thus one obtains the “DF2-RK2” scheme.

The second formula is the fourth-order formula called “DF4” where the spatial derivatives are
given as follows:

1

(9:U): = 12Ax A7

Uiya + 8Uip1 — 8Ui—1 + Ui—9),
o
12Az2

For time discretization, the fourth-order formula “DF4” is associated to a fourth-order classical
Runge-Kutta “RK4” scheme, and thus one obtains the “DF4-RK4” scheme.

(8§U)Z = (_Ui+2 + 16U;11 — 30U; + 16U;—1 — Ui_Q).

4.4.4 Boundary conditions

In the following section, we show how to treat the boundary conditions for the hyperbolic
and dispersive parts of the splitting scheme. Suitable relations are imposed on both cell-averaged
and nodal quantities. We only treat either periodic boundary conditions or reflective boundary
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conditions. We detail now how we have implemented these boundary conditions for the hyperbolic
part and the dispersive part of the numerical scheme.

For the hyperbolic part, we have introduced “ghosts cells” respectively at the upstream and
downstream boundaries of the domain. The imposed relations on the cell-averaged quantities
are the following:

e U_ i1 = Un_py1, and Unyp = Uy, k > 1, for periodic conditions on upstream and
downstream boundaries.

®C pi1=C g Uppy1 = —0_p for k> 0and Cn g1 = (npps ONfh—1 = —Onk for k > 1,
for reflective conditions on the left and right boundaries.

For the dispersive part of the splitting, the boundary conditions are simply imposed on the
nodal values that are located outside of the domain, in order to maintain centered formula at
the boundaries, while keeping a regular structure in the discretized model:

e U_p11 = Un—gy1, and Unyr = Ug, k > 1, for periodic conditions on upstream and
downstream boundaries.

®( i1 =C gy V1= —v_for k>0and (Nix—1 = (Ntk, UNtk—1 = —UN4k fOr kK > 1, for
reflective conditions on upstream and downstream boundaries.

4.5 Numerical validations

In this section, several numerical tests are performed in both one and two layers cases in order
to validate the numerical efficiency and accuracy of the improved Green-Naghdi model .
We first consider several numerical tests in the one layer case without any surface tension i.e
bo~! = 0. We begin by studying the propagation of a solitary wave over a flat bottom. We
compare our numerical solution with an analytic one (up to an O(u?) remainder) at several
times and for different orders of discretizations and show that our numerical scheme is very
efficient and accurate. To evaluate the influence of the nonlinear and dispersive terms we study
the collision between two solitary waves traveling in opposite directions (head-on collision). We
then study the breaking of a Gaussian hump into two solitary waves. Finally, we study the
dam-break problem supplemented by a comparison between the second and fifth order accuracy
in order to show the ability of the higher order numerical scheme in dealing with discontinuities.
We used the value o = 1 in the aforementioned cases. In fact, we obtained very similar results
when performing the same simulations with a,,; = 1.159. Secondly, two numerical simulations
are performed in the two layers cases. In the first one, we compare our results with numerical
data from [50], where we show that a very good matching is observable if « is carefully chosen as
in Section [4.3.3] We then consider the dam-break problem in the two layers cases, where we test
the ability of the splitting scheme to compute dispersive shock waves with high accuracy. We
would like to mention that in all the numerical tests, we use the WENOS reconstruction for the
hyperbolic part of the splitting scheme and a fourth order finite difference scheme “DF4” for the
dispersive part, both associated to a fourth-order classical Runge-Kutta “RK4” time scheme. In
every numerical simulation presented in the following section, we choose to use a CFL number
equal to 1 in the algorithm stated in page [122] in order to obtain a stable numerical scheme.
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4.5.1 Numerical validations in the one layer case
Propagation of a solitary wave

Here, we test the accuracy of our numerical scheme (4.42)) with « = 1, by using the exact
solitary wave solutions of the one layer Green-Naghdi equations in the one-dimensional setting
over a flat bottom (see [86]), given in variables with dimensions, by

C(t,x) = a sech?(k(z — ct)),

(t,z) = C({(tf,x)) :

da + ((t, ) (4.83)

V3a
h=—""C = \/gldy+a),
2do+/do + a ¢ g( 2+ G)

where we recall that dy is depth of the fluid when considering the one layer case. Such solitary
waves are also solution of the improved Green-Naghdi model up to an (’)(;ﬂ) remainder. We
consider the propagation of a solitary wave initially centered at o = 20 m, of relative amplitude
a = 0.2 m, over a constant water depth do = 1 m. The computational domain is 200 m in length
and discretized with 1280 cells. The single solitary wave propagates from left to right. In this
test, since the solitary wave is initially far from boundaries, the boundary conditions do not affect
the computation, thus we choose to impose periodic boundary conditions on each boundary for
the sake of simplicity. We compare the water surface profile of our numerical solution provided
by the model (after setting the parameters v = 0 and 6 = 1 corresponding to the one
layer case), with the exact one given by at several times using the first, second and fifth
order discretizations (see Figure . One can easily remark that the fifth order discretization
“WENOb5-DF4-RK4” provides very accurate solutions and reduces both numerical dissipation
and dispersion, contrarily to the first order discretization “FV1-DF2-Euler” which seems to be
very diffusive. Indeed, looking at the amplitude and shape of the solitary wave at t = 50 s in
the bottom of Figure [£.6] we can observe an excellent agreement between numerical and exact
solutions, unlike the second order discretization “MUSCL-DF2-RK2” (middle of Figure ,
generating a less accurate numerical solution. The preservation of the amplitude and shape of
the solitary wave computed using the fifth order scheme, even after 200 m indicate that the
governing equations have been accurately discretized in space and time.

In what follows, we quantify the numerical accuracy of our numerical scheme by computing
the numerical solution for this particular test case for an increasing number of cells N, over a
duration T'= 5 s. Starting with N = 80 number of cells, we successively multiply the number
of cells by two. The relative errors Er2((¢) and Er2(v) on the water surface deformation and the
averaged velocity presented in Table are computed at ¢ = 5 s, using the discrete L? norm

I-[]2:

ELQ(C) _ ”Cnum - CSOZHQ .

[Coatllz Brae) = [ = ol (4.84)
sol ||2

[0s0t]l2

where (Cpum, Unum) are the numerical solutions and ((sor, Usor) are the analytical ones coming
from (4.83]). Very accurate results are thus obtained as an evaluation of the capacity of our
numerical method to compute in a stable way the propagation of a solitary wave.
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Figure 4.6. Propagation of a solitary wave over a flat bottom: water surface profiles at t=0, 10,
20, 30, 40 and 50s. Top: FV1-DF2-Euler, middle: MUSCL-DF2-RK2 and bottom: WENO5-
DF4-RK4.

FV1-DF2-Euler MUSCL-DF2-RK2 WENO5-DF4-
RK4
N Er2(¢) Er2(v) Er2(¢) Er2(v) Er2(Q) Er2(v)
80 |[5.79x 1071 [556x107 1 [557x1071 | 530x 1071 [ 432%x1071 [ 4.02x 1071
160 | 4.30 x 1071 | 4.07x 107! | 354 x 107" [ 3.27x 1071 | 1.94 x 107! | 1.67 x 107!
320 [ 3.04x107" | 2.83x 107 | 1.76 x 107! | 1.54 x 107" | 6.45 x 1072 | 5.25 x 1072
640 | 1.95x 1071 [ 1.79 x 107! | 5.96 x 1072 | 5.00 x 1072 | 1.16 x 1072 | 9.30 x 1073
1280 | 1.14 x 1071 | 1.04 x 107! [ 1.38 x 1072 | 1.20 x 1072 | 3.60 x 1072 | 3.40 x 1073

Table 4.1. Propagation of a solitary wave over a flat bottom: relative L2-error table for the
conservative variables.

Remark 15. We believe that the main reason for not obtaining the predicted order in each
space discretization might be due to the fact that the analytic solution given in satisfies
the model up to an O( uz) remainder, that is to say it is an approximate solution. A remedy
for this situation could be through an “iterative cleaning” technique that acts to damp the high
frequency oscillations (i.e the oscillatory dispersive tails) that appears due to the remainder term
of size O(u?). This technique has been used by several authors, see for instance [IT} 15, ©9]. In
this chapter, we do not try to give some optimal convergence result and the filtering technique
is left to future work.
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Head-on collision of counter-propagating waves

We now investigate the interaction of solitary waves which allows us to evaluate the impact of
non linearities and dispersive terms. To this end, we study the head-on collision of two solitary
waves traveling in opposite directions. The initial data for the two counter-propagating solitary
waves are given in . Many authors have set different models and numerical methods in
order to numerically study this problem (see [37, 51, 96]). Unlike solitary waves in integrable
systems, the one for the full Fuler equations are often followed by a non zero residual wave after
interactions. The resulting residual has the form of dispersive trailing waves of small amplitude.
In this test, we study the interaction of two solitary waves of equal amplitudes propagating in an
opposite direction, initially located at £ = 100 m and x = 300 m. The spatial domain is 400 m
in length discretized using 1200 cells. Periodic conditions are imposed on each boundary.
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Figure 4.7. Head on collision of two counter-propagating solitary waves: water surface profiles

at several times during the propagation.
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The results are shown in Figure [£.7] at different propagation times. Before the collision,
at times t = 20 s and ¢t = 25 s one can observe two dispersive tails of very small amplitude
located to the left and right of each solitary wave. The generation of such dispersive tails is
due to the O(y?) remainder term as mentioned in Remark As expected, the waves collide
to reach a maximum height larger than the sum of the amplitudes of the two incident solitary
waves at the time ¢t = 27 s. After the collision, dispersive tails with small amplitudes appear
clearly when zooming at t = 70 s, illustrating an appropriate characterization of the nonlinear
interactions. Capturing this dynamics validate the high precision of our numerical scheme. The
head-on collision is also studied in [96, 51], leading to similar observations.

Breaking of a Gaussian hump

In this test, we consider the following initial data representing a heap of water,
C(0,2) = ae X072 w(0,2) =0,

where a represents the amplitude, A represents the width and L represents the length of the
domain. Figure [4.8] shows the overall behavior of the solutions using a = 0.4 m and A = 40 m
and L = 400 m discretized with 2000 cells using periodic boundary conditions. The initial
hump breaks up into two large solitary waves and smaller dispersive tails. These waves and the
dispersive tails travel in opposite directions.

t=0s
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Figure 4.8. Breakup of a Gaussian hump into two solitary waves traveling in opposite directions

and dispersive tails.
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The results shown in Figure 4.8 tends to confirm the ability of our numerical scheme to
capture this dynamics accurately. Indeed, this typical behaviour is also studied in [96], leading
to very similar observations.

Dam-break problem in the one layer case

We consider now a dam-break problem in the one layer case in order to test the ability of our
numerical scheme to deal with discontinuities. In general, discontinuous initial data of this type
generates dispersive shock waves due to the dispersive effects [8§]. Analytic and computational
studies of the dispersive shock waves in fully-nonlinear dispersive shallow water systems were
carried out in [54] [88]. We would like to mention also the previous studies [30, [18, 86], where it is
shown that for the study of dispersive waves, it is necessary to use high-order schemes to prevent
the corruption of the dispersive properties of the model by some dispersive truncation errors
linked to second-order schemes. Indeed, this test is supplemented by a comparison between the
second and fifth order accuracy exhibiting the ability of higher order schemes to capture the
rapid oscillations in dispersive shock waves. We use the following initial data:

¢(0,z) = a[l + tanh(250 — |z|)], v(0,z) =0, (4.85)

where a = 0.2091 m. The computational domain is the interval z € (—700,700) and discretized
using 2800 cells. We choose to impose periodic boundary conditions.
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Figure 4.9. Dam break in the one layer case: water surface profiles at several times

Figure shows the results of the numerical simulations with two different orders of dis-
cretization, “MUSCL-DF2-RK2” and “WENO5-DF4-RK4”, generating two dispersive tails prop-
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agating in opposite direction, on the left and right side of the “dam”, and two rarefaction waves
that travel towards the center. A zoom on the shock and rarefaction waves at t = 30 s and
t = 65 s, shows clearly the corruption of the dispersive properties by the second order scheme.
The dam-break problem was also studied in [54] B8] and seems to fit well with our numerical
observations. The numerical model proposed in [96] computes using a finite element method all
the nonlinear dispersive terms, in particular the third order ones. These third order derivatives
are present in our model but in order to improve the frequency dispersion we have proposed
to factorize these terms, making it possible not to compute them. This formulation has the
inconvenience of numerical diffusion. This is the reason why the dispersive tails observed in the
dam-break problem in [96] have larger amplitude oscillations.

4.5.2 Numerical validations in the two layers case
Kelvin-Helmholtz instabilities

In this case, we would like to highlight the importance of the choice of the parameter «
in order to improve the frequency dispersion of the model , through the simulation of a
sufficiently regular initial wave, following the numerical experiments performed in [50]. In the
aforementioned paper they introduce a new class of Green-Naghdi type models for the propa-
gation of internal waves with improved frequency dispersion in order to prevent high-frequency
Kelvin-Helmholtz instabilities. These models are obtained by regularizing the original Green-
Naghdi one by slightly modifying the dispersion components using a class of Fourier multipliers.
They represent three different choices of the Fourier multipliers, each one yields to a specific
Green-Naghi model which they denote as follows:

e “original” as the classical Green-Naghi model introduced in [32].

e “regularized” which is a well-posed system for sufficiently small and regular data, even in
absence of surface tension. In addition its dispersion relation fit the one of full Fuler system at
order O(1).

e “improved” whose dispersion relation is the same as the one of the full Euler system.

Using the spectral methods [I11] for the space discretization and the Matlab solver ode45, which
is based on the fourth and fifth order Runge-Kutta-Merson method for time evolution, they nu-
merically compute several of their Green-Naghdi systems. Several computations are made, with
and without surface tension in order to observe how the different frequency dispersion may affect
the appearance of Kelvin-Helmholtz instabilities.

In order to compare with the numerical experiments done in [50] we choose to use the initial
data ¢(0,x) = —e~ 4 and v(0,z) = 0 (represented by the dashed lines). The dimensionless
parameters are set as follows: p = 0.1, e = 0.5, § = 0.5, v = 0.95 and bo~ ! = 5x107°. The com-
putational domain is the interval x € (—4,4) discretized with 512 cells using periodic boundary
conditions. In all the following simulations we compute our numerical solution using the fifth
order accuracy scheme “WENO5-DF4-RK4”.
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Figure 4.10. Comparison with the Green-Naghdi models, with surface tension, at time ¢t = 2, for
a=1.
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Figures [£.10] and show the comparisons between our numerical solution and the Green-
Naghdi models solutions obtained in [50], with a small amount of surface tension, at time ¢ = 2
for a = 1 and gy = 1.271 respectively.

The same simulation is performed for a larger time ¢ = 3 and the same comparisons are shown
in Figures and for a = 1 and agp = 1.271 respectively. We observe an excellent
agreement between our numerical solution computed for o, = 1.271 and both “improved” and
“regularized” models at ¢ = 2 and ¢ = 3 which is not the case when choosing @ = 1. As ex-
pected, at t = 3 the original model induces Kelvin-Helmholtz instabilities. Meanwhile, the flows
predicted by the regularized and improved models and by our model with oo = 1.271
remain smooth and are very similar. Figure shows that the numerical solutions computed
for @« = 1 without surface tension at time ¢t = 2 and the “improved” and “regularized” models
are not in agreement. On the other hand an excellent agreement is observable in Figure
when choosing agps = 1.271. One can remark in Figure .15 that the flow of the original model
is completely destroyed in absence of the surface tension due to Kelvin-Helmholtz instabilities.

However, at a larger time (¢t = 5), figure shows that in absence of surface tension (bo~! = 0)
Kelvin-Helmholtz instabilities will destroy completely both “original” and “improved” models.
Meanwhile the numerical solution computed for ayp; = 1.271 and for the “regularized” models
remain smooth and very similar contrarily to the case when o = 1 (see figure .

The overall observations show the importance of the choice of the parameter « as in Section 4.3.3
in improving the frequency dispersion. Indeed, when choosing o = 1.271, we observe an excel-
lent matching between our numerical solutions and those obtained by the “improved” model be-
fore the latter is completely destroyed in absence of surface tension due to the Kelvin-Helmholtz
instabilities. As well, our numerical solution matches the one computed by the “regularized”
model even for a large time and with or without surface tension. This is not the case when
choosing o = 1. In fact, the “improved” model has the same dispersion relation as the one of
the full Fuler system and the dispersion relation of the “regularized” model fit the one of the full
Euler system to an C’)(,u3) order. This explains the reason behind the matching when choosing
an optimal value for a.

Dam-break problem in the two layers case

This simulation concerns a test of the ability of our numerical scheme (4.42) to handle dis-
continuities when considering a dam-break problem in the two layers case. To this end, we use
the same initial data as in the one layer case given by (4.85)), where a = 0.2091 m.

The simulations are performed on the interval x € (—700,700), discretized with 2800 cells im-
posing periodic conditions on each boundary. The dimensionless parameters representing the
ratio between the depth and the ratio between the densities of the two layers are set respectively
as follows: 0 = 0.5, v = 0.95. Taking into account a small amount of surface tension, we set
bo~! =5 x 107°. We would like to mention that the simulations are computed using o = 1. As
expected, the same simulations performed when choosing a,;: = 1.1498 yielded the same result
since agpe — 1 when considering large wave numbers as explained in Section

Figure shows the results of the numerical simulation at several times, generating two dis-
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persive tails propagating towards the center and two rarefaction waves that travel in opposite
directions, on each side of the “dam”. A zoom on the dispersive tails is proposed at t = 55 s
and t = 75 s. Indeed, capturing this phenomenon accurately exhibit the high accuracy of our
numerical scheme.
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Figure 4.18. Dam break in the two layers case: water surface profiles at several times

4.6 Conclusion

In this work, we presented a numerical scheme for the Green-Naghdi model in the Camassa-
Holm regime. This model is first reformulated under more appropriate structure, where the
time dependency of a second order differential operator present in the model is removed, keeping
the stabilizing effects of its inversion. Furthermore, we improved the frequency dispersion of
the original model keeping the same order of precision thanks to a parameter o to be precisely
chosen. Additionally, our model do not contain third order derivatives that may create high fre-
quencies instabilities. We then propose an efficient, precise and stable numerical splitting scheme
that decomposes the hyperbolic and dispersive parts of the equations. The hyperbolic part is
treated with a finite-volume method, where we consider the following schemes with different
orders of accuracy: the first order finite-volume scheme based on a VFRoe method, the second
order finite volume scheme following the classical “MUSCL” approach and finally a fifth-order
“WENO?” reconstruction. On the other hand, we treat the dispersive part with a finite-difference
scheme, using second and fourth order formulas. Concerning time discretization we use classical
second and fourth order Runge-Kutta methods, according to the order of the space derivative in
consideration. Finally, we present several numerical validations in the one and two layers cases,
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showing the numerical efficiency and accuracy of our scheme and exhibiting its ability to reduce
numerical dispersion and dissipation and to deal with discontinuities. The next step of this study
may concern the extension of this numerical scheme to a more general configuration of variable
topography. We believe that this splitting strategy may be applied in the variable bottom case.
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Conclusions et perspectives

Dans cette these, nous nous sommes intéressés aux modeles asymptotiques unidimension-
nels qui décrivent la propagation des ondes internes a l'interface entre deux couches de fluides
idéaux de densités différentes. Le premier objectif concernait la modélisation et I’étude théorique
(existence, unicité et convergence de solutions) de deux classes de modeles asymptotiques pour
deux régimes de variations topographiques différents. Le second objectif concernait la résolution
numérique d’un modeéle asymptotique existant dans la littérature dans le cadre d’un fond plat.
Ces deux objectifs ont été remplis dans deux parties distinctes.

La premiere partie de cette these a été consacrée a la dérivation et a la justification ma-
thématique de modeles asymptotiques de type Green-Naghdi dans le régime de Camassa-Holm
(interface de moyenne amplitude). Dans ce cadre et en suivant la méme stratégie initiée en [49]
nous avons construit a partir du systeme de Green-Naghdi original un modéle couplé consistant
avec le systéeme d’Fuler complet prenant en compte une variation topographique de moyenne
amplitude. Cette construction est basée sur un développement asymptotique des termes dis-
persifs et sur l'introduction d’un nouvel opérateur différentiel symétrique et inversible. Aprés
quelques transformations supplémentaires nous avons obtenu un modele qui possede une struc-
ture quasi-linéaire symétrisable. Nous avons montré le caractere bien posé de ce modele (au
sens de Hadamard) dans des espaces de Sobolev avec une méthode d’énergie suivant la théorie
classique des systemes hyperboliques. L’adaptation du symétriseur nous a permis d’annuler I'uti-
lisation des hypotheses de petitesse sur les déformations a l'interface et au fond dans les résultats
d’existence, d’unicité et de stabilité, indépendamment de leurs nécessités dans la dérivation du
modele. Grace au résultat de stabilité nous avons justifié rigoureusement notre modele par un
résultat de convergence en montrant que la solution de notre modele approche celle du systeme
d’Euler complet avec une précision d’ordre O(u?).

Dans un second temps, nous avons généralisé le résultat de justification rigoureuse obtenu
précédemment au cas d’une topographie qui peut varier lentement mais avec une large ampli-
tude. Notamment, nous avons supposé cette fois une topographie variable qui peut admettre une
grande longueur d’onde et une large amplitude. Suivant les mémes techniques mentionnées ci-
dessus, nous avons construit un modéle couplé équivalent (au sens de la consistance) au systéme
de Green-Naghdi original. Des restrictions raisonnables ont été imposées sur la déformation du
fond afin de garantir la validité du nouveau modele obtenu. Le caractére bien posé du nouveau
modele a été montré en utilisant des méthodes d’énergie classiques pour les systemes hyperbo-
liques symétrisables. Finalement, a ’aide du résultat de consistance ainsi que celui de stabilité,
nous avons abouti & un résultat de convergence montrant qu’en partant de données initiales
correspondantes la solution de notre modele reste proche de celle du systéme d’Euler complet au
cours du temps. De plus, le nouveau modele que nous avons obtenu offre un outil important pour
la justification rigoureuse d’autres modeles bien posés et consistants. Nous avons appliqué cette
procédure a des nouveaux modéles asymptotiques unidirectionnels caractérisés par des équations
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scalaires décrivant la propagation des ondes internes solitaires dans une direction donnée et sur
une topographie variable. Nous avons montré que la nouvelle approximation unidirectionnelle
obtenue dans le régime de Camassa-Holm satisfait le systeme de Green-Naghdi original & un pe-
tit reste sous certaines hypothéses de petitesse sur la déformation du fond. Ensuite, le caractere
bien posé de cette équation scalaire a été montré a ’aide des estimations d’énergie pour un temps
assez large. Ce type d’équations scalaires peut créer des singularités sous forme de déferlement
dans un temps fini et pour une donné initiale réguliere. Ceci a été montré pour I’approximation
unidirectionnelle dans le régime de Camassa-Holm restreint au cas d’une lente variation topo-
graphique et sous certaines conditions particulieres sur les parametres. Sous des hypotheses plus
fortes sur la topographie, nous avons justifié rigoureusement cette approximation par un résultat
de convergence. Enfin, nous avons récupéré et justifié rigoureusement une approximation unidi-
rectionnelle dans un régime plus restreint d’ondes longues.

Dans la deuxieme partie de cette theése, nous nous sommes attachés a la résolution numérique
d’'un modéle couplé existant dans la littérature (voir [49]) et qui correspond au modele dérivé
dans la premieére partie dans le cadre d’un fond plat. Ce modele décrit la propagation des ondes
internes a l'interface entre deux couches de fluides de densités différentes limitées par un toit
rigide en haut et par un fond plat en bas. Nous avons réécrit ce modeéle d’une maniere équiva-
lente (méme ordre de précision) mais plus adaptée a la résolution numérique. Plus précisément,
nous avons éliminé la dépendance en temps de 'opérateur différentiel symétrique de sorte qu’il
soit inversé une seule fois durant le calcul. Nous avons montré dans la suite que l'inversion de
cette opérateur ajoute un effet de stabilisation. Les propriétés de dispersion ont été améliorées
a l'aide de l'introduction d’un nouveau parametre choisi précisément de sorte que la relation
de dispersion de la nouvelle formulation corresponde a celle du systeme complet. De plus, la
nouvelle formulation ne contient plus de dérivées d’ordre trois qui peuvent créer des instabilités
hautes fréquences. Pour la résolution numérique de la nouvelle formulation, nous avons proposé
suivant la méme stratégie utilisée en [I8, [86] un schéma de “splitting” d’ordre deux séparant la
partie hyperbolique et la partie dispersive du modele. Nous avons traité la partie hyperbolique
en utilisant une méthode de volumes finis oul nous avons considéré trois schémas d’ordres de pré-
cision différents : un schéma du premier ordre basé sur une méthode de VFRoe, un schéma du
second ordre suivant la méthode classique “MUSCL” et finalement un schéma “WENQO” d’ordre
cing. La partie dispersive a été calculée numériquement avec un schéma aux différences finies
d’ordre deux et quatre. En ce qui concerne la discrétisation en temps, nous avons utilisé des mé-
thodes classiques de Runge-Kutta d’ordre deux et quatre selon ’ordre de discrétisation en espace
considéré. Pour la validation de note schéma nous avons choisi d’effectuer plusieurs simulations
numériques dans le cas d’une couche et de deux couches de fluides. Dans la plupart des simu-
lations, nous avons utilisé des conditions aux bords périodiques. Nous avons illustré I'efficacité,
la précision, la stabilité et la capacité de notre schéma & réduire la dissipation en étudiant la
propagation d’une onde de surface solitaire et en comparant la solution de notre modele a une
solution analytique pour les trois différents ordres de discrétisation. La collision de deux ondes
de surface se propageant en des directions opposées ainsi que la rupture d’une onde gaussienne
tendent a confirmer la haute précision de notre schéma. Le capacité a traiter les discontinuités
a été montrée en considérant le probleme de rupture de barrage dans les deux cas d’une couche
et de deux couches de fluide. Finalement, en comparant & des données numériques issues de [50],
nous avons montré I'importance du choix du nouveau parametre pour améliorer les propriétés
de dispersion.
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Perspectives
Les perspectives et pistes de recherches qui apparaissent a l’issue de cette theése portent a la fois
sur des aspects de modélisation, de justification mathématique ainsi que numérique.

Concernant la modélisation, nous envisageons dans un premier lieu étendre les modéles cou-
plés de type Green-Naghdi dans le régime de Camassa-Holm dérivés aux Chapitres [2] et [3] au cas
d’un fond variable avec une grande amplitude. Notamment, essayer d’enlever ’hypothese de lente
variation afin d’obtenir un modeéle prenant en compte une variation topographique généralisée.
Il serait également possible d’appliquer ceci aux modéles unidirectionnels scalaires dérivés au
Chapitre [3| Par conséquent, il serait intéressant de justifier rigoureusement tous ces modeles en
temps long.

D’un point de vue numérique, une perspective intéressante serait de proposer un schéma nu-
mérique afin de pouvoir étendre les simulations numériques du Chapitre [4 au cas de topographie
variable. Une premiere étape serait de considérer les variations topographiques de moyenne am-
plitude. Nous aimerions également résoudre numériquement les modeles unidirectionnels scalaires
du Chapitre [3] Ce travail dans le cadre des ondes internes avec fond variable n’est pas encore
réalisé a ce jour. Finalement, il est important d’essayer d’atteindre 1’ordre de précision attendu
dans les simulations numériques du Chapitre 4l Pour ce faire nous aimerions mettre en ceuvre une
technique de filtrage communément appelée “cleaning technique” qui sert a nettoyer les queues
de dispersion durant la propagation d’une onde solitaire et qui sont de ’ordre de l'erreur.
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