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❘❡♠❡r❝✐❡♠❡♥ts

❚♦✉t ❞✬❛❜♦r❞✱ ❥❡ ✈♦✉❞r❛✐s ❛❞r❡ss❡r ♠❡s ♣❧✉s ✈✐❢s r❡♠❡r❝✐❡♠❡♥ts à ♠♦♥
❞✐r❡❝t❡✉r ❞❡ t❤ès❡ ❙té♣❤❛♥❡ ❉r✉❡❧✳ P❡♥❞❛♥t ❝❡s q✉❛tr❡ ❛♥♥é❡s très ❡♥r✐❝❤✐s✲
s❛♥t❡s✱ ❥✬❛✐ ❜❡❛✉❝♦✉♣ ❛♣♣ré❝✐é s❛ ❣é♥ér♦s✐té✱ s❛ ❞✐s♣♦♥✐❜✐❧✐té ❡t s❛ ♣❛t✐❡♥❝❡✳
❏❡ ❧❡ r❡♠❡r❝✐❡ ❞❡ ♠✬❛✈♦✐r ♣❛rt❛❣é s♦♥ é♥♦r♠❡ s❛✈♦✐r ♠❛t❤é♠❛t✐q✉❡✱ ❞✬❛✈♦✐r
♣❛ssé ❞❡ ♥♦♠❜r❡✉s❡s ❤❡✉r❡s à ❞✐s❝✉t❡r ❛✈❡❝ ♠♦✐ ❡t ❞✬❛✈♦✐r s♦✐❣♥❡✉s❡♠❡♥t r❡✲
✈✐s❡r ♠❡s ♠❛♥✉s❝r✐ts✳ ❈✬❡st ✉♥ ❣r❛♥❞ ❤♦♥♥❡✉r ❞❡ ♣♦✉✈♦✐r ét✉❞✐❡r ❡t tr❛✈❛✐❧❧❡r
s♦✉s s❛ ❞✐r❡❝t✐♦♥✳

❏❡ r❡♠❡r❝✐❡ ❡♥s✉✐t❡ ❇❛♦❤✉❛ ❋✉ ❡t ❆♥❞r❡❛s ❍ör✐♥❣ ❞✬❛✈♦✐r ❛❝❝❡♣té ❞✬êtr❡
r❛♣♣♦rt❡✉rs ❞❡ ❝❡tt❡ t❤ès❡✳ ❏❡ r❡♠❡r❝✐❡ s✐♥❝èr❡♠❡♥t ▼✐❝❤❡❧ ❇r✐♦♥✱ ❖❧✐✈✐❡r
❉❡❜❛rr❡✱ ❏❡❛♥✲P✐❡rr❡ ❉❡♠❛✐❧❧② ❡t ❈❧❛✐r❡ ❱♦✐s✐♥ ❞❡ ♠✬❛✈♦✐r ❢❛✐t ❧✬❤♦♥♥❡✉r ❞❡
❢❛✐r❡ ♣❛rt✐❡ ❞✉ ❥✉r②✳ ▲❡s q✉❡st✐♦♥s ❡t r❡♠❛rq✉❡s ❞✬❆♥❞r❡❛s ❍ör✐♥❣ ❡t ❞❡
▼✐❝❤❡❧ ❇r✐♦♥ ♠✬♦♥t été ♣ré❝✐❡✉s❡s✳

❏❡ ♣r♦✜t ❞❡ ❧✬♦❝❝❛t✐♦♥ ♣♦✉r ❡①♣r✐♠❡r ♠❡s r❡♠❡r❝✐❡♠❡♥ts à t♦✉s ❧❡s ♠❛✲
t❤é♠❛t✐❝✐❡♥s ❛✈❡❝ q✉✐ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞❡ ❞✐s❝✉t❡r ❡t ❞✬❛♣♣r❡♥❞r❡ ❞❡s ✐❞é❡s
♣❡♥❞❛♥t ❝❡s ❛♥♥é❡s ❞❡ t❤ès❡✱ ▼✐❝❤❡❧ ❇✐r♦♥✱ ❖❧✐✈✐❡r ❇❡♥♦✐st✱ ❖❧✐✈✐❡r ❉❡❜❛rr❡✱
❚❤♦♠❛s ❉❡❞✐❡✉✱ ❏❡❛♥✲P✐❡rr❡ ❉❡♠❛✐❧❧②✱ P❤✐❧✐♣♣❡ ❊②ss✐❞✐❡✉①✱ ❆♥❞r❡❛s ❍ör✐♥❣✱
❉❛♥✐❡❧ ❍✉②❜r❡❝❤ts✱ ❙á♥❞♦r ❑♦✈á❝s✱ ▲❛✉r❡♥t ▼❛♥✐✈❡❧✱ ❈❤r✐st✐❛♥ ▲❡❤♥✱ ❏❛s♦♥
❙t❛rr✱ ❡t ❜✐❡♥ ❞✬❛✉tr❡s✳

❏❡ ✈♦✉❞r❛✐s ♠❛♥✐❢❡st❡r t♦✉t❡ ♠❛ ❣r❛t✐t✉❞❡ à ♠❡s ♣r♦❢❡ss❡✉rs ❞❡♣✉✐s é❝♦❧❡
♣r✐♠❛✐r❡✳ ❏❡ r❡♠❡r❝✐❡ ❧❡s ♣r♦❢❡ss❡✉rs ❞✉ ▲②❝é❡ ❞✉ P❛r❝✱ ❉❡♥✐s ❈❤♦✐♠❡t✱
❏❛❝q✉❡s ❘❡♥❛✉❧t✱ ❋r❛♥③ ❘✐❞❞❡✱ ❈❡❝✐❧❡ ❱✐♥❝❡✱ ❡t ❜✐❡♥ ❞✬❛✉tr❡s ♣♦✉r ❧❡✉rs
❝♦✉rs é❝❧❛✐r❛♥ts ♣❡♥❞❛♥t ♠❡s ét✉❞❡s ❡♥ ❝❧❛ss❡s ♣ré♣❛r❛t♦✐r❡s✳ ▼♦♥ ❣♦ût ♣♦✉r
❧❛ r❡❝❤❡r❝❤❡ ❧❡✉r ❞♦✐t ❜❡❛✉❝♦✉♣✳ ➚ ❧✬➱❝♦❧❡ ◆♦r♠❛❧❡ ❙✉♣ér✐❡✉r❡✱ ❧❡s ❝♦♥s❡✐❧s
❞✬❖❧✐✈✐❡r ❉❡❜❛rr❡✱ ❋r❛♥ç♦✐s ❈❤❛r❧❡s✱ ◆✐❝♦❧❛s ❈✉r✐❡♥ ❡t P❤✐❧✐♣♣❡ ●✐❧❧❡ ♠✬♦♥t
été ♣ré❝✐❡✉①✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❥❡ t✐❡♥s à ❡①♣r✐♠❡r ♠❛ r❡❝♦♥♥❛✐ss❛♥❝❡ à ❖❧✐✈✐❡r
❉❡❜❛rr❡ ♣♦✉r s❛ ❣é♥ér♦s✐té✳ ■❧ ét❛✐t ❛✉ss✐ s♦♥ ❝♦✉rs ❡①❝❡♣t✐♦♥♥❡❧ s✉r ❧❛ t❤é♦r✐❡
❞❡ ▼♦r✐ q✉✐ ❛ s✉s❝✐té ♠♦♥ ✐♥térêt ♣♦✉r ❧❛ ❣é♦♠étr✐❡ ❜✐r❛t✐♦♥♥❡❧❧❡✳

❈❡tt❡ t❤ès❡ ❛ été ♣ré♣❛ré❡ à ❧✬■♥st✐t✉t ❋♦✉r✐❡r✱ ❡t ❥❡ t✐❡♥s à r❡♠❡r❝✐❡r t♦✉t
❧❡ ♣❡rs♦♥♥❡❧ ❛❞♠✐♥✐str❛t✐❢ q✉✐ ♠✬❛ ❛✐❞é ❞❛♥s ♠♦♥ tr❛✈❛✐❧✳ ❏❡ r❡♠❡r❝✐❡ ❇❡♥♦ît
❑❧♦❡❝❦♥❡r ❡t ❍❡r✈é P❛❥♦t ❞❡ ♠✬❛✈♦✐r ❛♣♣r✐s ❞❡s t❡❝❤♥✐q✉❡s ❞✬❡♥s❡✐❣♥❡♠❡♥ts✳
❏❡ r❡♠❡r❝✐❡ t♦✉s ♠❡s ❛♠✐s ❞❡ ❧✬✐♥st✐t✉t✱ ❘♦❧❛♥❞✱ ❚❤✐❜❛✉❧t✱ ❑❡✈✐♥✱ ❚❡❞❞②✱
▼❛r❝♦✱ ❘♦♥❛♥✱ ❏♦s❡♣❤✱ ●✉✐❧❧❛✉♠❡✱ ❈❧é♠❡♥t✱ ❙✐♠♦♥✱ ➱t✐❡♥♥❡✱ ▲♦✉✐s✲❈❧é♠❡♥t✱
P❡❞r♦✱ ❘❛♣❤❛❡❧ ❡t ❜✐❡♥ ❞✬❛✉tr❡s✳

❏❡ r❡♠❡r❝✐❡ ♠❡s ❛♠✐s ❝❤✐♥♦✐s ❛✈❡❝ q✉✐ ❥✬❛✐ ♣❛rt❛❣é ♠❛t❤é♠❛t✐q✉❡s ❡t ❜♦♥

✷



❲❡♥❤❛♦ ❖❯ ✸

♠♦♠❡♥ts ✿ ❏✉♥②❛♥ ❈❛♦✱ ●✉♦♣❡♥❣ ❈❤❡♥✱ ❍✉❛♥ ❈❤❡♥✱ ❏✐❛❤✉❛ ❈❤❡♥✱ ▲✐♥①✐❛♦
❈❤❡♥✱ ❙✐q✐ ❈❤❡♥✱ ❚❛♦r❛♥ ❈❤❡♥✱ ❑❡♥ ❉❡♥❣✱ ❨❛ ❉❡♥❣✱ ❲❡♥❥✐❡ ❋❛♥❣✱ ❨❛♥❣
●✉♦✱ ❨✐❝❤❛♦ ❍✉❛♥❣✱ ❩❤✐③❤♦♥❣ ❍✉❛♥❣✱ ❲❡✐❦✉♥ ❍❡✱ ❍❛♦❥✉♥ ❏✐❛♥❣✱ ❩❤✐ ❏✐❛♥❣✱
❋❛♥❣③❤♦✉ ❏✐♥✱ ❉✉♦ ▲✐✱ ●❛♥❣ ▲✐✱ ❍♦♥❣③❤♦✉ ▲✐♥✱ ❏✐❡ ▲✐♥✱ ❙❤❡♥ ▲✐♥✱ ❙❤✐♥❛♥
▲✐✉✱ ❨❛♥❣ ▲✉✱ ❋❡♥❣♠✐♥❣ ◗✐✱ ❩❤✐②✉ ❚✐❛♥✱ ❩❤❡ ❚♦♥❣✱ ❨✐❧✐♥ ❲❛♥❣✱ ❏✐❛♥ ❳✐❛♦✱
❏✉♥②✐ ❳✐❡✱ ❇✐♥❜✐♥ ❳✉✱ ❉❛①✐♥ ❳✉✱ ❉✐s❤❡♥❣ ❳✉✱ ●✉❛♥❣②❛♥❣ ❲❡♥✱ ❇❡✐❧✉♥ ❲✉✱
❋❛♥❣❥✐❛ ❨❛♥✱ ❏✐②❛♥ ❨❛♥❣✱ ▲❛♥❥✉♥ ❨❛♥❣✱ ❏✐❛♥❢❡♥❣ ❨❛♦✱ ❈❤❛♦ ❨✉✱ ❏✉♥ ❨✉✱ ❨✉❡
❨✉✱ ❍✉✐ ❩❡♥❣✱ ❳✐❛♦❧✐♥ ❩❡♥❣✱ ❨❡✲♣✐♥❣ ❩❤❛♥❣✱ ❩❤✐②✉❛♥ ❩❤❛♥❣✱ ❳✐✉♥❡♥❣ ❩❤✉
❡t ❜✐❡♥ ❞✬❛✉tr❡s✳

❏❡ ✈♦✉❞r❛✐s ❛❝❝♦r❞❡r ✉♥❡ ♣❧❛❝❡ ♣❛rt✐❝✉❧✐èr❡ à ♠❡s ❛♠✐s ❢r❛♥ç❛✐s✳ ▲❡s ❝❛✲
♠❛r❛❞❡s ❞✉ ▲②❝é❡ ❞✉ P❛r❝ ♠✬♦♥t ❞♦♥♥é ✉♥ ❛❝❝✉❡✐❧ très ❝❤❛❧❡✉r❡✉① ❞❛♥s
♠❡s ❞❡✉① ♣r❡♠✐èr❡s ❛♥♥é❡s ❡♥ ❋r❛♥❝❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❥❡ r❡♠❡r❝✐❡ ✈✐✈❡♠❡♥t
❚❤✐❡rr②✱ ▼♦♥t❤②✱ ❆❧❡①❛♥❞r❡ ❡t ❇❡♥❥❛♠✐♥ ❞❡ ♠✬❛✈♦✐r ❛❝❝✉❡✐❧❧✐ ❝❤❡③ ❡✉① ♣❡♥✲
❞❛♥t ❞❡s ✈❛❝❛♥❝❡s s❝♦❧❛✐r❡s✳ ❏❡ r❡♠❡r❝✐❡ ❨❛♥✐❝❦✱ ▼❛t❤✐❡✉ ❡t ❱❛❧❡♥t✐♥❡ ❞❡
♠✬❛✈♦✐r ✐♥✈✐té à ❞î♥❡r ❞❛♥s ❧❡✉r ét❛❣❡ ♣❡♥❞❛♥t ♠❡s ❛♥♥é❡s à ❧✬➱❝♦❧❡ ◆♦r♠❛❧❡
❙✉♣ér✐❡✉r❡✳

❊♥✜♥✱ ❥✬❡①♣r✐♠❡ t♦✉t❡ ♠❛ ❣r❛t✐t✉❞❡ ❛✉① ♠❡♠❜r❡s ❞❡ ♠❛ ❢❛♠✐❧❧❡s✱ ♣❛rt✐✲
❝✉❧✐èr❡♠❡♥t à ♠❡s ♣❛r❡♥ts✱ ♣♦✉r ❧❡✉r s♦✉t✐❡♥ ❝♦♥st❛♥t✳



❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

✵ ■♥tr♦❞✉❝t✐♦♥ ✻

✶ ◆♦t❛t✐♦♥s ❡t Pré❧✐♠✐♥❛✐r❡s ✶✸
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✼✳✻ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺
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■♥tr♦❞✉❝t✐♦♥

❯♥ ❞❡s ♦❜❥❡❝t✐❢s ✉❧t✐♠❡s ❞❡ ❧❛ ❣é♦♠étr✐❡ ❛❧❣é❜r✐q✉❡ ❡st ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥
❞❡s ✈❛r✐étés ❛❧❣é❜r✐q✉❡s✳ P❛r ❧❡ t❤é♦rè♠❡ ❞❡s rés♦❧✉t✐♦♥s ❞❡ s✐♥❣✉❧❛r✐tés ❞❡
❍✐r♦♥❛❦❛✱ t♦✉t❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ❡st ❜✐r❛t✐♦♥♥❡❧❧❡♠❡♥t éq✉✐✈❛❧❡♥t❡ à ✉♥❡
✈❛r✐été ❧✐ss❡✳ ❘❛♣♣❡❧♦♥s q✉❡ ❞❡✉① ✈❛r✐étés ❛❧❣é❜r✐q✉❡s X ❡t X ′ s♦♥t ❞✐t❡s
❜✐r❛t✐♦♥♥❡❧❧❡♠❡♥t éq✉✐✈❛❧❡♥t❡s s✬✐❧ ❡①✐st❡ ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❞✬✉♥ ♦✉✈❡rt ❞❡
X ❞❛♥s ✉♥ ♦✉✈❡rt ❞❡ X ′✳ ▲❡ ❜✉t ❞❡ ❧❛ ❣é♦♠étr✐❡ ❜✐r❛t✐♦♥♥❡❧❧❡ ❡st ❞♦♥❝ ❞❡
❝❧❛ss✐✜❡r ❧❡s ✈❛r✐étés ❛❧❣é❜r✐q✉❡s à éq✉✐✈❛❧❡♥❝❡ ❜✐r❛t✐♦♥♥❡❧❧❡ ♣rès✳

❘❡❣❛r❞♦♥s ❞✬❛❜♦r❞ ❧❡ ❝❛s ❞❡s ❝♦✉r❜❡s✳ ❚♦✉t❡ ❝♦✉r❜❡ ❡st ❜✐r❛t✐♦♥♥❡❧❧❡✲
♠❡♥t éq✉✐✈❛❧❡♥t❡ à ✉♥❡ ✉♥✐q✉❡ ❝♦✉r❜❡ ♣r♦❥❡❝t✐✈❡ ❧✐ss❡✳ ❙♦✐t C ✉♥❡ ❝♦✉r❜❡
♣r♦❥❡❝t✐✈❡ ❧✐ss❡✳ ▲❡ ❣❡♥r❡ ❞❡ C ❡st ❞é✜♥✐ ♣❛r g(C) = h0(C, ωC)✱ ♦ù ωC ❡st
❧❡ ✜❜ré ❝♦t❛♥❣❡♥t ❞❡ C✳ ❙✐ ♦♥ ✜①❡ ❧❡ ❣❡♥r❡ g✱ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ ❢❛♠✐❧❧❡ ❞❡
❝♦✉r❜❡s ♣r♦❥❡❝t✐✈❡s ❧✐ss❡s ❞❡ ❣❡♥r❡ g✳ ▲❛ ❢❛♠✐❧❧❡ ❡st ♣❛r❛♠étré❡ ♣❛r ✉♥❡ ✈❛✲
r✐été ❛❧❣é❜r✐q✉❡ Mg✱ q✉✐ s✬❛♣♣❡❧❧❡ ❧❛ ✈❛r✐été ❞❡s ♠♦❞✉❧❡s ❞❡s ❝♦✉r❜❡s ❧✐ss❡s
♣r♦❥❡❝t✐✈❡s ❞❡ ❣❡♥r❡ g ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❍▼✾✽✱ ➓✷❪✮✳

❊♥ ❞✐♠❡♥s✐♦♥ s✉♣ér✐❡✉r❡✱ ♦♥ ✐♥tr♦❞✉✐t ❧❡s ♣❧✉r✐❣❡♥r❡s ❡t ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡
❑♦❞❛✐r❛ q✉✐ ❣é♥ér❛❧✐s❡♥t ❧❛ ♥♦t✐♦♥ ❞❡ ❣❡♥r❡ ❞✬✉♥❡ ❝♦✉r❜❡✳ ❙♦✐t X ✉♥❡ ✈❛r✐été
♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡ ❧✐ss❡ ❞❡ ❞✐♠❡♥s✐♦♥ n✳ ◆♦t♦♥s ωX ❧❡ ✜❜ré ❝❛♥♦♥✐q✉❡ ❞❡
X✱ q✉✐ ❡st ❧❡ ❞ét❡r♠✐♥❛♥t ❞✉ ✜❜ré ❝♦t❛♥❣❡♥t ❞❡ X✳ ❙♦✐t KX ✉♥ ❞✐✈✐s❡✉r
❝❛♥♦♥✐q✉❡✱ ✐✳❡✳ ✉♥ ❞✐✈✐s❡✉r t❡❧ q✉❡ ωX

∼= OX(KX)✳ ❆❧♦rs✱ ♣♦✉r ✉♥ ♥♦♠❜r❡
♥❛t✉r❡❧ m✱ ♦♥ ❞é✜♥✐t ❧❡ m✲♣❧✉r✐❣❡♥r❡ ❞❡ X ♣❛r

Pm(X) = h0(X,ω⊗m
X ).

▲❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❑♦❞❛✐r❛ ❞❡ X ❡st ❞é✜♥✐❡ ♣❛r

κ(X) = lim sup
m→∞

logPm(X)

logm
.

▲❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❑♦❞❛✐r❛ ♣r❡♥❞ s❡s ✈❛❧❡✉rs ❞❛♥s {−∞, 0, 1, ..., n}✳ ▲❛ ✈❛r✐été
X ❡st ❞✐t❡ ❞❡ t②♣❡ ❣é♥ér❛❧ s✐ κ(X) = n✳

❊①❡♠♣❧❡ ✵✳✵✳✶✳ ❙♦✐t C ✉♥❡ ❝♦✉r❜❡ ♣r♦❥❡❝t✐✈❡ ❧✐ss❡✱ ❛❧♦rs




s✐ g(C) = 0, alors κ(C) = −∞, C ∼= P1 ❡t −KC ❡st ❛♠♣❧❡,
s✐ g(C) = 1, alors κ(C) = 0, C ❡st ✉♥❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ ❡t KC = 0,
s✐ g(C) > 2, alors κ(C) = 1 ❡t KC ❡st ❛♠♣❧❡

✻
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❉❛♥s ✉♥❡ ❝❧❛ss❡ ❞✬éq✉✐✈❛❧❡♥❝❡ ❜✐r❛t✐♦♥♥❡❧❧❡✱ ✐❧ ② ❛ ❜❡❛✉❝♦✉♣ ❞❡ ✈❛r✐étés
♣r♦❥❡❝t✐✈❡s ❧✐ss❡s✳ ■❧ ❡st ♥❛t✉r❡❧ ❞❡ s❡ ❞❡♠❛♥❞❡r s✐ ♥♦✉s ♣♦✉✈♦♥s ❝❤♦✐s✐r ✉♥ ❜♦♥
r❡♣rés❡♥t❛♥t ❞❛♥s ✉♥❡ ❝❧❛ss❡ ❞✬éq✉✐✈❛❧❡♥❝❡ ❜✐r❛t✐♦♥♥❡❧❧❡✳ ▲❡ ❝❛s ❞❡s s✉r❢❛❝❡s
❝♦♠♣❧❡①❡s ❡st ❝♦♠♣❧èt❡♠❡♥t tr❛✐té ❞❛♥s ❧❡s ❛♥♥é❡s ✶✾✸✵ ♣❛r ❧❡s ❣é♦♠ètr❡s
✐t❛❧✐❡♥s✳ ❙♦✐t X ✉♥❡ s✉r❢❛❝❡ ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ ❧✐ss❡✳ ❙✬✐❧ ❡①✐st❡ ✉♥❡ (−1)✲
❝♦✉r❜❡ C ❞❛♥s X ✭✐✳❡✳ C ∼= P1 ❡t ❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rs❡❝t✐♦♥ C2 = −1✮✱ ❛❧♦rs
♣❛r ❧❡ t❤é♦rè♠❡ ❞❡ ❈❛st❡❧♥✉♦✈♦ ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❍❛r✼✼✱ ❚❤♠✳ ❱✳✺✳✼❪✮✱ ✐❧
❡①✐st❡ ✉♥❡ ✜❜r❛t✐♦♥ ✭✐✳❡✳ ✉♥ ♠♦r♣❤✐s♠❡ ♣r♦♣r❡ s✉r❥❡❝t✐✈❡ à ✜❜r❡s ❝♦♥♥❡①❡s✮
X → X1 ❝♦♥tr❛❝t❛♥t ❡①❛❝t❡♠❡♥t C ❞❡ s♦rt❡ q✉❡ X1 ❡st ❡♥❝♦r❡ ❧✐ss❡✳ ❊♥
ré♣ét❛♥t ❝❡tt❡ ♦♣ér❛t✐♦♥✱ ♥♦✉s ♣♦✉✈♦♥s ♦❜t❡♥✐r ✉♥❡ s✉✐t❡ ❞❡ ♠♦r♣❤✐s♠❡s
❜✐r❛t✐♦♥♥❡❧s

X = X0 → X1 → · · · → Xk = X∗

t❡❧❧❡ q✉❡ X∗ ♥❡ ❝♦♥t✐❡♥♥❡ ❛✉❝✉♥❡ (−1)✲❝♦✉r❜❡✳ ❈❡ ♣r♦❝❡ss✉s s✬❛♣♣❡❧❧❡ ✉♥
♣r♦❣r❛♠♠❡ ❞❡s ♠♦❞è❧❡s ♠✐♥✐♠❛✉① ✭▼▼P ❡♥ ❛❜ré❣é✮ ♣♦✉r ❧❛ s✉r❢❛❝❡ X✳ ❉❡
♣❧✉s✱ ♥♦✉s ❛✈♦♥s

✲ ♦✉ ❜✐❡♥ X∗ ❡st ✉♥❡ s✉r❢❛❝❡ ré❣❧é❡✱

✲ ♦✉ ❜✐❡♥ X∗ ∼= P2✱

✲ ♦✉ ❜✐❡♥ KX∗ ❡st ♥❡❢✳

❘❛♣♣❡❧♦♥s q✉✬✉♥ ❞✐✈✐s❡✉r ❞❡ ❈❛rt✐❡r D ❞❛♥s ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ♥♦r✲
♠❛❧❡ X ❡st ❞✐t ♥❡❢ s✐ ♣♦✉r t♦✉t ♠♦r♣❤✐s♠❡ g ❞✬✉♥❡ ❝♦✉r❜❡ C ♣r♦❥❡❝t✐✈❡ ❧✐ss❡
❞❛♥s X✱ ❧❡ ❞✐✈✐s❡✉r g∗D ❡st ❞❡ ❞❡❣ré ♣♦s✐t✐❢ ♦✉ ♥✉❧ s✉r C✳ P♦✉r ❞❡s s✉r❢❛❝❡s
❞♦♥t ❧❡ ❞✐✈✐s❡✉r ❝❛♥♦♥✐q✉❡ ❡st ♥❡❢✱ ♥♦✉s ❛✈♦♥s ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✭✈♦✐r ♣❛r
❡①❡♠♣❧❡ ❬▼❛t✵✷✱ ❚❤♠✳ ✶✲✺✲✻❪✮✳

❚❤é♦rè♠❡ ✵✳✵✳✷ ✭❚❤é♦rè♠❡ ❞✬❆❜♦♥❞❛♥❝❡ ♣♦✉r ❧❡s s✉r❢❛❝❡s✮✳ ❙♦✐t Y ✉♥❡
s✉r❢❛❝❡ ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ ❧✐ss❡ t❡❧❧❡ q✉❡ KY s♦✐t ♥❡❢✳ ❆❧♦rs ✐❧ ❡①✐st❡ ✉♥
♥♦♠❜r❡ ❡♥t✐❡r m > 0 t❡❧ q✉❡ ❧❡ ❢❛✐s❝❡❛✉ OY (mKY ) s♦✐t ❡♥❣❡♥❞ré ♣❛r s❡s
s❡❝t✐♦♥s ❣❧♦❜❛❧❡s✳ ▲❡ s②stè♠❡ ❧✐♥é❛✐r❡ ❞❡ OY (mKY ) ✐♥❞✉✐t ✉♥❡ ✜❜r❛t✐♦♥ f :
Y → Z✱ ❛♣♣❧é❡ ❧❛ ✜❜r❛t✐♦♥ ❞✬■✐t❛❦❛ ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬■✐t✽✷✱ ➓✷✳✾❪✮✱ t❡❧❧❡ q✉❡
dimZ = κ(Y )✳

❙♦✐t Y ✉♥❡ s✉r❢❛❝❡ ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡ ❛✈❡❝ KY ♥❡❢✳ ❙❡❧♦♥ s❛ ❞✐♠❡♥s✐♦♥
❞❡ ❑♦❞❛✐r❛✱ ♥♦✉s ❛✈♦♥s tr♦✐s ♣♦ss✐❜✐❧✐tés ✿

✶✳ ❙✐ κ(Y ) = 0✱ ❛❧♦rs Y ❡st ✉♥❡ s✉r❢❛❝❡ K3✱ ✉♥❡ s✉r❢❛❝❡ ❞✬❊♥r✐q✉❡s ♦✉ ✉♥
q✉♦t✐❡♥t ét❛❧❡ ❞✬✉♥❡ s✉r❢❛❝❡ ❛❜é❧✐❡♥♥❡✳

✷✳ ❙✐ κ(Y ) = 1✱ ❛❧♦rs ❧❛ ✜❜r❛t✐♦♥ ❞✬■✐t❛❦❛ f : Y → Z ❞é✜♥✐❡ ❞❛♥s ❧❡
t❤é♦rè♠❡ ♣ré❝é❞❡♥t ✐♥❞✉✐t ✉♥❡ str✉❝t✉r❡ ❞❡ s✉r❢❛❝❡ ❡❧❧✐♣t✐q✉❡ ♠✐♥✐♠❛❧❡
s✉r Y ✳

✸✳ ▲❛ s✉r❢❛❝❡ Y ❡st ❞❡ t②♣❡ ❣é♥ér❛❧✳

❉❡ ♣❧✉s✱ s❛✉❢ ❞❛♥s ❧❡ ❞❡r♥✐❡r ❝❛s✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞ét❛✐❧❧é❡ ❞❡
Y ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❇❍P❱✵✹✱ ➓❱■❪✮✳
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❉✬❛♣rès ❧❡s tr❛✈❛✉① ❞❡ ❋❛♥♦✱ ■s❦♦✈s❦✐❦❤✱ ■✐t❛❦❛✱ ❯❡♥♦✱ ❙❤♦❦✉r♦✈✱ ❘❡✐❞✱
❡t❝✱ ♦♥ ❝♦♥❥❡❝t✉r❡ q✉✬♦♥ ♣✉✐ss❡ ❛✉ss✐ ét❛❜❧✐r ❞❡s ▼▼P ♣♦✉r ❧❡s ✈❛r✐étés ❞❡
❞✐♠❡♥s✐♦♥s s✉♣ér✐❡✉r❡s✳ ❈❡♣❡♥❞❛♥t✱ ♣❧✉s✐❡rs ♦❜st❛❝❧❡s ❛♣♣❛r❛✐ss❡♥t✳ ❯♥❡ ❞❡s
❞✐✣❝✉❧tés ❡st ❞❡ ❣é♥ér❛❧✐s❡r ❧❡s ❝♦♥tr❛❝t✐♦♥s ❞❡ (−1)✲❝♦✉r❜❡s ❞❛♥s ✉♥❡ s✉r✲
❢❛❝❡✳ ▲✬✐❞é❡ ❞❡ ▼♦r✐ ❡st ❞❡ r❡♠♣❧❛❝❡r ❧❡s (−1)✲❝♦✉r❜❡s ♣❛r ❧❡s r❛②♦♥s ❡①trê✲
♠❛✉① ❞❡ ◆❊(X) q✉✐ ♦♥t ✐♥t❡rs❡❝t✐♦♥ str✐❝t❡♠❡♥t ♥é❣❛t✐✈❡ ❛✈❡❝KX ✭❬▼♦r✽✷❪✮✳
❘❛♣♣❡❧♦♥s q✉❡ ◆❊(X) ❡st ❧❡ ❝ô♥❡ ❝♦♥✈❡①❡ ❢❡r♠é ❞❛♥s N1(X) ❡♥❣❡♥❞ré ♣❛r
❧❡s 1✲❝②❝❧❡s ❡✛❡❝t✐❢s ❞❛♥s X✱ ♦ù ◆1(X) ❡st ❧✬❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ré❡❧ ❡♥❣❡♥❞ré ♣❛r
❧❡s ❝❧❛ss❡s ♥✉♠ér✐q✉❡s ❞❡ ❝♦✉r❜❡s ❞❛♥sX✳ ■❧ ✐♥tr♦❞✉✐t ❛✉ss✐ ❧❛ ♥♦t✐♦♥ ❞✬❡s♣❛❝❡
✜❜ré ❞❡ ▼♦r✐✱ q✉✐ ❡st ❧❛ ❣é♥ér❛❧✐s❛t✐♦♥ ❞❡s s✉r❢❛❝❡s ré❣❧é❡s ❡♥ ❣r❛♥❞❡s ❞✐♠❡♥✲
s✐♦♥s✳ ❯♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ❧✐ss❡ Y ❡st ✉♥ ❡s♣❛❝❡ ✜❜ré ❞❡ ▼♦r✐ s✬✐❧ ❡①✐st❡
✉♥❡ ❝♦♥tr❛❝t✐♦♥ ❞✬✉♥ r❛②♦♥ ❡①trê♠❛❧ str✐❝t❡♠❡♥t KY ✲♥é❣❛t✐❢ f : Y → Z t❡❧❧❡
q✉❡ dimZ < dimY ✳

❯♥ ❛✉tr❡ ♣r♦❜❧è♠❡ ❡st q✉✬✐❧ ❡①✐st❡ ❞❡s ✈❛r✐étés ❞❡ ❞✐♠❡♥s✐♦♥ 3 q✉✐ ♥❡ ♣♦s✲
sè❞❡♥t ♣❛s ❞❡ ♠♦❞è❧❡ ♠✐♥✐♠❛❧ ❧✐ss❡✳ ■❧ ❢❛✉t ❞♦♥❝ ❛✉ss✐ ❝♦♥s✐❞ér❡r ❧❡s ✈❛r✐étés
s✐♥❣✉❧✐èr❡s✳ ➚ ❧❛ s✉✐t❡ ❞❡s tr❛✈❛✉① ❞❡ ❑❛✇❛♠❛t❛✱ ❘❡✐❞✱ ❙❤♦❦✉r♦✈✱ ❡t❝✱ ♥♦✉s
❛✈♦♥s ❧❡ t❤é♦rè♠❡ ❞✉ ❝ô♥❡ s✉✐✈❛♥t ♣♦✉r ❧❡s ✈❛r✐étés ♣❡✉ s✐♥❣✉❧✐èr❡s ✭✈♦✐r ♣❛r
❡①❡♠♣❧❡ ❬❚❤♠✳ ✸✲✷✲✶ ❡t ❚❤♠✳ ✹✲✷✲✶❪❑▼▼✽✼✮✳

❚❤é♦rè♠❡ ✵✳✵✳✸ ✭❚❤é♦rè♠❡ ❞✉ ❈ô♥❡✮✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ Q✲
❢❛❝t♦r✐❡❧❧❡ ♣r♦❥❡❝t✐✈❡ à s✐♥❣✉❧❛r✐tés ❑❛✇❛♠❛t❛ ❧♦❣ t❡r♠✐♥❛❧❡s✳ ❆❧♦rs

✶✳ ■❧ ❡①✐st❡ ✉♥ ❡♥s❡♠❜❧❡ ❛✉ ♣❧✉s ❞é♥♦♠❜r❛❜❧❡ ❞❡ ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s Cj ⊆
X✱ ❛✈❡❝ j ∈ J ✱ t❡❧❧❡s q✉❡ KX · Cj < 0 ♣♦✉r t♦✉t j ❡t

◆❊(X) = ◆❊(X)KX>0 +
∑

j∈J

R+[Cj ].

✷✳ P♦✉r t♦✉t ǫ > 0 ❡t t♦✉t ❞✐✈✐s❡✉r ❛♠♣❧❡ H✱ ✐❧ ❡①✐st❡ ✉♥ s♦✉s✲❡♥s❡♠❜❧❡
✜♥✐ I ❞❡ J t❡❧ q✉❡

◆❊(X) = ◆❊(X)(KX+ǫH)>0 +
∑

i∈I

R+[Ci].

✸✳ ❙♦✐t R ⊆ ◆❊(X) ✉♥ r❛②♦♥ ❡①trê♠❛❧ ❞♦♥t ❧✬✐♥t❡rs❡❝t✐♦♥ ❛✈❡❝ KX ❡st
str✐❝t❡♠❡♥t ♥é❣❛t✐✈❡✳ ❆❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ ✜❜r❛t✐♦♥ ♣r♦❥❡❝t✐✈❡ cR :
X → Z t❡❧❧❡ q✉✬✉♥❡ ❝♦✉r❜❡ C ⊆ X s♦✐t ❝♦♥tr❛❝té❡ ♣❛r cR s✐ ❡t s❡✉❧❡✲
♠❡♥t s✐ [C] ⊆ R✳ ▲❡ ♠♦r♣❤✐s♠❡ cR ❡st ❛♣♣❡❧é ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞❡ R✳

▼ê♠❡ s✐ ♥♦✉s ❛✈♦♥s ❧❡ t❤é♦rè♠❡ ❞❡ ❝♦♥tr❛❝t✐♦♥ ❢♦✉r♥✐ ♣❛r ❧❡ t❤é♦rè♠❡
❝✐✲❞❡ss✉s✱ ✐❧ ② ❛ ❡♥❝♦r❡ ✉♥ ♦❜st❛❝❧❡✳ ❈♦♥s✐❞ér♦♥s ✉♥❡ ❝♦♥tr❛❝t✐♦♥ ❡①trê♠❛❧❡
c : X → Z✳ ❙✐ ❧❡ ❧✐❡✉ ❡①❝❡♣t✐♦♥♥❡❧ ❞❡ c ❡st ❞❡ ❝♦❞✐♠❡♥s✐♦♥ ❛✉ ♠♦✐♥s 2
❞❛♥s X✱ ❛❧♦rs ❧❛ ❜❛s❡ Z ❡st tr♦♣ s✐♥❣✉❧✐èr❡ ♣♦✉r ❧✉✐ ❛♣♣❧✐q✉❡r ❧❡ t❤é♦rè♠❡
❞✉ ❝ô♥❡✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❝❡ ❝❛s✱ ❧❡ ❞✐✈✐s❡✉r KZ ♥✬❡st ❥❛♠❛✐s Q✲❈❛rt✐❡r✳ ▲✬✐❞é❡
❞❡ ▼♦r✐ ♣♦✉r ❝❡ ♣r♦❜❧è♠❡ ❡st ❞✬✐♥tr♦❞✉✐r❡ ✉♥ ❛✉tr❡ t②♣❡ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥
❜✐r❛t✐♦♥♥❡❧❧❡✱ ❧❡ ✢✐♣✱ ♣♦✉r X✳



❲❡♥❤❛♦ ❖❯ ✾

X
✢✐♣

//

��

X+

}}

Z
▲✬❡①✐st❡♥❝❡ ❞❡s ✢✐♣s ❡st ❞é♠♦♥tré❡ ♣❛r ▼♦r✐ ✭❬▼♦r✽✽✱ ❚❤♠✳ ✵✳✷✳✺❪✮ ❡♥

❞✐♠❡♥s✐♦♥ 3✱ ♣❛r ❙❤♦❦✉r♦✈ ❡♥ ❞✐♠❡♥s✐♦♥ 4 ❡t ♣❛r ❇✐r❦❛r✱ ❈❛s❝✐♥✐✱ ❍❛❝♦♥ ❡t
▼c❑❡r♥❛♥ ✭❬❇❈❍▼✶✵✱ ❈♦r✳ ✶✳✹✳✶❪✮ ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✳

❙♦✐t X ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ ❧✐ss❡✳ ❆❧♦rs ♣❛r ❧❡ t❤é♦rè♠❡ ❞✉
❝ô♥❡ ❡t ❧✬❡①✐st❡♥❝❡ ❞❡s ✢✐♣s✱ ♥♦✉s ❛✈♦♥s ✉♥❡ s✉✐t❡ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥s ❜✐r❛✲
t✐♦♥♥❡❧❧❡s ❞❡ X

X = X0 99K X1 99K · · ·

❖♥ ❝♦♥❥❡❝t✉r❡ q✉✬✉♥❡ t❡❧❧❡ s✉✐t❡ ❡st t♦✉❥♦✉rs ✜♥✐❡ ❡t q✉❡ s✐ X∗ ❡st ❧❡ ❞❡r♥✐❡r
t❡r♠❡✱ ❛❧♦rs ♦✉ ❜✐❡♥ KX∗ ❡st ♥❡❢✱ ♦✉ ❜✐❡♥ X∗ ❡st ✉♥ ❡s♣❛❝❡ ✜❜ré ❞❡ ▼♦r✐✳ ▲❛
❝♦♥❥❡❝t✉r❡ ❞❡ t❡r♠✐♥❛✐s♦♥ ❞❡ ▼▼P ❡st éq✉✐✈❛❧❡♥t❡ à ❧❛ ♥♦♥✲❡①✐st❡♥❝❡ ❞✬✉♥❡
s✉✐t❡ ✐♥✜♥✐❡ ❞❡ ✢✐♣s✳ ❈❡tt❡ ❝♦♥❥❡❝t✉r❡ ❡st ❞é♠♦♥tré❡ ♣❛r ❙❤♦❦✉r♦✈ ❞❛♥s ❧❡ ❝❛s
❞❡ ❞✐♠❡♥s✐♦♥ 3 ✭❬❙❤♦✽✻✱ ❈♦r✳ ✷✳✶✼❪✮ ❡t ♣❛r ❑❛✇❛♠❛t❛✱ ▼❛ts✉❞❛ ❡t ▼❛ts✉❦✐
❞❛♥s ❧❡ ❝❛s ❞❡ ❞✐♠❡♥s✐♦♥ 4 ✭❬❑▼▼✽✼✱ ❚❤♠✳ ✺✲✶✲✶✺❪✮✳ ❊♥ ❞✐♠❡♥s✐♦♥ ❛✉ ♠♦✐♥s
5✱ ❧❛ ❝♦♥❥❡❝t✉r❡ ❡st ❡♥❝♦r❡ ♦✉✈❡rt❡✳

❯♥❡ ❛✉tr❡ ❝♦♥❥❡❝t✉r❡ ❞❛♥s ❧❡ ▼▼P ❡st ❧❛ ❝♦♥❥❡❝t✉r❡ ❞✬❆❜♦♥❞❛♥❝❡✳

❈♦♥❥❡❝t✉r❡ ✵✳✵✳✹✳ ✭❈♦♥❥❡❝t✉r❡ ❞✬❆❜♦♥❞❛♥❝❡✮ ❙♦✐t Y ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡
Q✲❢❛❝t♦r✐❡❧❧❡ ♣r♦❥❡❝t✐✈❡ à s✐♥❣✉❧❛r✐tés ❑❛✇❛♠❛t❛ ❧♦❣ t❡r♠✐♥❛❧❡s t❡❧❧❡ q✉❡ KY

s♦✐t ♥❡❢✳ ❆❧♦rs ✐❧ ❡①✐st❡ ✉♥ ♥♦♠❜r❡ ❡♥t✐❡r m > 0 t❡❧ q✉❡ ❧❡ ❢❛✐s❝❡❛✉ OY (mKY )
s♦✐t ❡♥❣❡♥❞ré ♣❛r s❡s s❡❝t✐♦♥s ❣❧♦❜❛❧❡s✳ ▲❡ s②stè♠❡ ❧✐♥é❛✐r❡ ❞❡ OY (mKY )
✐♥❞✉✐t ✉♥❡ ✜❜r❛t✐♦♥ f : Y → Z t❡❧❧❡ q✉❡ dimZ = κ(Y )✳

▲❛ ❝♦♥❥❡❝t✉r❡ ❞✬❛❜♦♥❞❛♥❝❡ ❡st s❡✉❧❡♠❡♥t ❞é♠♦♥tré❡ ❡♥ ❞✐♠❡♥s✐♦♥s ❞❡✉①
❡t tr♦✐s ✭❬❑❛✇✾✷❪✮✳ ❈❡s ❞❡✉① ❞❡r♥✐èr❡s ❝♦♥❥❡❝t✉r❡s s✉❣❣èr❡♥t q✉❡ t♦✉t❡ ✈❛r✐été
❝♦♠♣❧❡①❡ X ❛❞♠❡t✱ à éq✉✐✈❛❧❡♥❝❡ ❜✐r❛t✐♦♥♥❡❧❧❡ ♣rès✱ ✉♥❡ ✜❜r❛t✐♦♥ f : X →
Y t❡❧❧❡ q✉❡ ❧❛ ✜❜r❡ ❣é♥ér❛❧❡ F ✈ér✐✜❡ q✉❡ ♦✉ ❜✐❡♥ KF ❡st ❛♠♣❧❡✱ ♦✉ ❜✐❡♥
KF = 0✱ ♦✉ ❜✐❡♥ −KF ❡st ❛♠♣❧❡✳ ❘❡♠❛rq✉♦♥s q✉❡ ❝❡tt❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s
✜❜r❡s r❡ss❡♠❜❧❡ à ❝❡❧❧❡ ❞❡ ❧✬❊①❡♠♣❧❡ ✵✳✵✳✶ ♣♦✉r ❧❡s ❝♦✉r❜❡s✳ ❈❡s tr♦✐s t②♣❡s
❡①trê♠❛✉① ❞❡s ✈❛r✐étés ❢♦r♠❡♥t ❧❛ ❜❛s❡ ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ✈❛r✐étés✳ ▲❡s
✈❛r✐étés ❞✉ tr♦✐s✐è♠❡ t②♣❡ s♦♥t ❛♣♣❡❧é❡s ✈❛r✐étés ❞❡ ❋❛♥♦✳

P♦✉r ❧❡s ✈❛r✐étés ♣r♦❥❡❝t✐✈❡s ❧✐ss❡s X t❡❧❧❡ q✉❡ KX = 0✱ ♥♦✉s ❛✈♦♥s ❧❡
t❤é♦rè♠❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡ ❇❡❛✉✈✐❧❧❡✲❇♦❣♦♠♦❧♦✈ s✉✐✈❛♥t✳

❚❤é♦rè♠❡ ✵✳✵✳✺ ✭❬❇❡❛✽✸✱ ❚❤♠✳ ✶❪✮✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡
❧✐ss❡ t❡❧❧❡ q✉❡ KX s♦✐t ♥✉♠ér✐q✉❡♠❡♥t tr✐✈✐❛❧❡✳ ❆❧♦rs ✐❧ ❡①✐st❡ ✉♥ r❡✈êt❡♠❡♥t
✜♥✐ ét❛❧❡ X ′ → X t❡❧ q✉❡

X ′ ∼= T ×
∏

i

Vi ×
∏

j

Wj ,

♦ù T ❡st ✉♥ t♦r❡✱ Vi ❡st ✉♥❡ ✈❛r✐été ❞❡ ❈❛❧❛❜✐✲❨❛✉ s✐♠♣❧❡♠❡♥t ❝♦♥♥❡①❡ ❡t
Wj ❡st ✉♥❡ ✈❛r✐été s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡✳
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▲❡s ✈❛r✐étés s②♠♣❧❡❝t✐q✉❡s ✐rré❞✉❝t✐❜❧❡s s♦♥t ❧❛ ❣é♥ér❛❧✐s❛t✐♦♥ ❞❡s s✉r✲
❢❛❝❡s ❑✸ ❡♥ ❣r❛♥❞❡s ❞✐♠❡♥s✐♦♥s✳ ❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✹✱ ♥♦✉s r❡❣❛r❞♦♥s ❧❡s ✜✲
❜r❛t✐♦♥s ❧❛❣r❛♥❣✐❡♥♥❡s s✉r ❞❡s ✈❛r✐étés ❝♦♠♣❧❡①❡s ♣r♦❥❡❝t✐✈❡s s②♠♣❧❡❝t✐q✉❡s
✐rré❞✉❝t✐❜❧❡s✳ ❙♦✐t f : X → Y ✉♥❡ ✜❜r❛t✐♦♥ ❞✬✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦✲
❥❡❝t✐✈❡ s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡ ❞❡ ❞✐♠❡♥s✐♦♥ 2n s✉r ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡
♥♦r♠❛❧❡ ❞❡ ❞✐♠❡♥s✐♦♥ str✐❝t❡♠❡♥t ❝♦♠♣r✐s❡ ❡♥tr❡ 0 ❡t 2n✳ ❆❧♦rs ❧❛ ✜❜r❛t✐♦♥
f ❡st t♦✉❥♦✉rs ✉♥❡ ✜❜r❛t✐♦♥ ❧❛❣r❛♥❣✐❡♥♥❡✳ ❉❡ ♣❧✉s✱ ❧❛ ❜❛s❡ Y ❡st ✉♥❡ ✈❛r✐été
❞❡ ❋❛♥♦ ❞❡ ❞✐♠❡♥s✐♦♥ n✱ à s✐♥❣✉❧❛r✐tés ❑❛✇❛♠❛t❛ ❧♦❣ t❡r♠✐♥❛❧❡s✱ ❞♦♥t ❧❡
♥♦♠❜r❡ ❞❡ P✐❝❛r❞ ❡st 1 ✭❬▼❛t✾✾✱ ❚❤♠✳ ✷❪✮✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ét✉❞✐♦♥s
❧❡ ❝❛s ♦ù n = 2 ❡t ♣r♦✉✈♦♥s q✉✬✐❧ ❡①✐st❡ ❛✉ ♣❧✉s ❞❡✉① ♣♦ss✐❜✐❧✐tés ♣♦✉r Y ✳

▲❡ ❈❤❛♣✐tr❡ ✺ s❡ ❝♦♥s❛❝r❡ à ❧✬ét✉❞❡ ❞❡s ✈❛r✐étés ❞❡ ❋❛♥♦ ❝♦♠♣❧❡①❡s ♣❡✉
s✐♥❣✉❧✐èr❡s ❞♦♥t t♦✉t ❞✐✈✐s❡✉r ❡✛❡❝t✐❢ ❡st ♥❡❢✳ ❯♥❡ ✈❛r✐été X ❞❡ ❝❡ t②♣❡ ❡st
✉♥ ♦❜❥❡t ♠✐♥✐♠❛❧ ❞❛♥s s❛ ❝❧❛ss❡ ❞✬éq✉✐✈❛❧❡♥❝❡ ❜✐r❛t✐♦♥♥❡❧❧❡ ✿ s✐ f : X → Y
❡st ✉♥ ♠♦r♣❤✐s♠❡ ❜✐r❛t✐♦♥♥❡❧✱ ❛❧♦rs f ❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ✭❬❉r✉✶✹✱ ▲❡♠✳
✹✳✹❪✮✳ ■❧ ❡st ❝♦♥♥✉ q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ P✐❝❛r❞ ρ(X) ❞❡ X ❡st ❛✉ ♣❧✉s éq✉❛❧
à dimX ✭❬❲✐➧✾✶✱ ❚❤♠✳ ✷✳✷❪✱ ❬❉r✉✶✹✱ ▲❡♠✳ ✹✳✼❪✮✳ ❉r✉❡❧ ❝❧❛ss✐✜❡ ❝❡s ✈❛r✐étés
q✉✐ ✈ér✐✜❡♥t ρ(X) = dimX ✭❬❉r✉✶✹✱ ❚❤♠✳ ✶✳✶❪✮✳ ❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✺✱ ♥♦✉s
❞♦♥♥♦♥s ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❛♥s ❧❡ ❝❛s ♦ù ρ(X) = dimX − 1✳

❯♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡st ♣❧✉s ❣é♦♠étr✐q✉❡✳
■❧ s✬❛❣✐t ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❛ ❣é♦♠étr✐❡ ✐♥tr✐♥sèq✉❡ ❞❡s ✈❛r✐étés ❡♥ r❡❣❛r❞❛♥t
❞❡s ❝♦✉r❜❡s✱ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❞❡s ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s✱ ❞❛♥s ❞❡s ✈❛r✐étés✳

❙♦✐t f : P1 → X ✉♥❡ ❝♦✉r❜❡ r❛t✐♦♥♥❡❧❧❡ ❞❛♥s ✉♥❡ ✈❛r✐été ❧✐ss❡ X✳ ❆❧♦rs
❝❡tt❡ ❝♦✉r❜❡ ❡st ❞✐t❡ ❧✐❜r❡ s✐ f∗TX ❡st ✉♥ ✜❜ré ✈❡❝t♦r✐❡❧ ♥❡❢✱ ✐✳❡✳ ✉♥ ✜❜ré
✈❡❝t♦r✐❡❧ q✉✐ ♥✬❛❞♠❡t ♣❛s ❞❡ q✉♦t✐❡♥t ✜❜ré ❡♥ ❞r♦✐t❡s ❞❡ ❞❡❣ré str✐❝t❡♠❡♥t
♥❡❣❛t✐❢✱ ♦ù TX ❡st ❧❡ ✜❜ré t❛♥❣❡♥t ❞❡ X✳ ▲❛ ❝♦✉r❜❡ ❡st ❞✐t❡ très ❧✐❜r❡ s✐
f∗TX ❡st ✉♥ ✜❜ré ✈❡❝t♦r✐❡❧ ❛♠♣❧❡✱ ✐✳❡✳ ✉♥ ✜❜ré ✈❡❝t♦r✐❡❧ q✉✐ ♥✬❛❞♠❡t ♣❛s
❞❡ q✉♦t✐❡♥t ✜❜ré ❡♥ ❞r♦✐t❡s ❞❡ ❞❡❣ré ♥é❣❛t✐❢ ♦✉ ♥✉❧✳ ■❧ ❡st ✐♥tér❡ss❛♥t ❞❡
❝♦♥s✐❞ér❡r ❞❡s ✈❛r✐étés q✉✐ ❝♦♥t✐❡♥♥❡♥t ❜❡❛✉❝♦✉♣ ❞❡ ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s✳
❯♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡ X ❡st ❞✐t❡ ✉♥✐ré❣❧é❡ s✐ ❡❧❧❡ ❡st r❡❝♦✉✈❡rt❡ ♣❛r
❞❡s ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s✳ ▲❡ ❝r✐tèr❡ s✉✐✈❛♥t ❡st ✐♠♣♦rt❛♥t ♣♦✉r ❝♦♠♣r❡♥❞r❡
❧❛ ❣é♦♠étr✐❡ ❞❡s ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s ❞❛♥s ✉♥❡ ✈❛r✐été ✉♥✐ré❣❧é❡ ❧✐ss❡✳

❚❤é♦rè♠❡ ✵✳✵✳✻ ✭❬❑♦❧✾✻✱ ❚❤♠✳ ■❱✳✶✳✾❪✮✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦✲
❥❡❝t✐✈❡ ❧✐ss❡✳ ❆❧♦rs X ❡st ✉♥✐ré❣❧é❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❡❧❧❡ ❝♦♥t✐❡♥t ✉♥❡ ❝♦✉r❜❡
r❛t✐♦♥♥❡❧❧❡ ❧✐❜r❡✳

❉❡ ♣❧✉s✱ s✐ X ❡st ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ ✉♥✐ré❣❧é❡ ❧✐ss❡✱ ❛❧♦rs ❧❡s
❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s ❧✐❜r❡s r❡❝♦✉✈r❡♥t ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡♥s❡ ❞❡ X✳ ❘❡♠❛r✲
q✉♦♥s q✉❡✱ s✐ f : P1 → X ❡st ✉♥❡ ❝♦✉r❜❡ ❧✐❜r❡✱ ❛❧♦rs −f∗KX ❡st ✉♥ ❞✐✈✐s❡✉r
❛♠♣❧❡ s✉r P1✳

❈♦r♦❧❧❛✐r❡ ✵✳✵✳✼✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ ❧✐ss❡ ✉♥✐ré❣❧é❡✳
❆❧♦rs✱ ♣♦✉r t♦✉t ❡♥t✐❡r m > 0✱ h0(X,OX(mKX)) = 0✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❑♦❞❛✐r❛ ❞✬✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡
❧✐ss❡ ✉♥✐ré❣❧é❡ ❡st −∞✳ ■❧ ❡st ❝♦♥❥❡❝t✉ré q✉❡ ❧❛ ré❝✐♣r♦q✉❡ ❞✉ ❝♦r♦❧❧❛✐r❡ ❡st
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❛✉ss✐ ✈r❛✐❡✳ ❘❡♠❛rq✉♦♥s q✉❡ ❝❡tt❡ ❝♦♥❥❡❝t✉r❡ rés✉❧t❡ ❞❡ ❧❛ ❝♦♥❥❡❝t✉r❡ ❞✉
t❡r♠✐♥❛✐s♦♥ ❞❡ ▼▼P ❡t ❧❛ ❝♦♥❥❡❝t✉r❡ ❞✬❛❜♦♥❞❛♥❝❡✳ ❊♥ ❡✛❡t✱ s♦✐t X ✉♥❡
✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ ❧✐ss❡ ❞♦♥t ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❑♦❞❛✐r❛ ❡st −∞✳ ❙✐ ❧❛
❝♦♥❥❡❝t✉r❡ ❞❡ t❡r♠✐♥❛✐s♦♥ ❞❡ ▼▼P ❡st ✈r❛✐❡✱ ❛❧♦rs s♦✐t X∗ ✉♥ rés✉❧t❛t ❞✬✉♥
▼▼P ❞❡ X✳ ❖♥ ❛ κ(X∗) = −∞✳ ❙✐ ❧❛ ❝♦♥❥❡❝t✉r❡ ❞✬❛❜♦♥❞❛♥❝❡ ❡st ✈r❛✐❡✱ ❛❧♦rs
X∗ ❡st ✉♥ ❡s♣❛❝❡ ✜❜ré ❞❡ ▼♦r✐✳ ❈♦♠♠❡ ❧❡s ✜❜r❡s ❣é♥ér❛❧❡s ❞✬✉♥❡ ✜❜r❛t✐♦♥
❞❡ ▼♦r✐ s♦♥t ❞❡s ✈❛r✐étés ❞❡ ❋❛♥♦✱ ❡t ❧❡s ✈❛r✐étés ❞❡ ❋❛♥♦ ♣❡✉ s✐♥❣✉❧✐èr❡s s♦♥t
r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡s ✭✈♦✐r ❝✐✲❞❡ss♦✉s✮✱ X∗ ❡st ✉♥✐ré❣❧é❡✳ ❈❡❧❛ ✐♠♣❧✐q✉❡
q✉❡ X ❡st ❛✉ss✐ ✉♥✐ré❣❧é❡✳

❯♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ X ❡st ❞✐t❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ ♣❛r
❝❤❛î♥❡s s✐ ♣♦✉r ❞❡✉① ♣♦✐♥ts ❣é♥ér❛✉① ❞❡ X✱ ✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ ✜♥✐❡ ❞❡ ❝♦✉r❜❡s
r❛t✐♦♥♥❡❧❧❡s q✉✐ ❧❡s ❥♦✐♥t✳ ▲❛ ✈❛r✐été X ❡st ❞✐t❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ s✐
♣♦✉r ❞❡✉① ♣♦✐♥ts ❣é♥ér❛✉① ❞❡ X✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦✉r❜❡ r❛t✐♦♥♥❡❧❧❡ ♣❛ss❛♥t ♣❛r
❡✉①✳ ❙✐ ❧❛ ✈❛r✐étéX ❡st ❧✐ss❡✱ ❛❧♦rs ❡❧❧❡ ❡st r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ ♣❛r ❝❤❛î♥❡s
s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❡❧❧❡ ❡st r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ ✭❬❑▼▼✾✷❜✱ ✷✳✶❪✮✳ ▲❡s ✈❛✲
r✐étés ❞❡ ❋❛♥♦ ❧✐ss❡s s♦♥t r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡s ✭❬❈❛♠✾✷✱ ✸✳✷❪✱ ❬❑▼▼✾✷❛✱
✸✳✸❪✮✳

❚❤é♦rè♠❡ ✵✳✵✳✽ ✭❬❑♦❧✾✻✱ ❚❤♠✳ ■❱✳✸✳✼❪✮✳ ❯♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡
❡st r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❡❧❧❡ ❝♦♥t✐❡♥t ✉♥❡ ❝♦✉r❜❡ r❛✲
t✐♦♥♥❡❧❧❡ très ❧✐❜r❡✳

❈♦r♦❧❧❛✐r❡ ✵✳✵✳✾✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ ❧✐ss❡ r❛t✐♦♥♥❡❧❧❡✲
♠❡♥t ❝♦♥♥❡①❡✳ ❆❧♦rs X ♥❡ ♣♦rt❡ ♣❛s ❞❡ ♣❧✉r✐✲❢♦r♠❡ ♥♦♥ ♥✉❧❧❡✱ ✐✳❡✳

h0(X, (Ω1
X)⊗m) = 0

♣♦✉r t♦✉t ❡♥t✐❡r m > 0✳

▼✉♠❢♦r❞ ❝♦♥❥❡❝t✉r❡ q✉❡ ❧❛ ré❝✐♣r♦q✉❡ ❞✉ ❝♦r♦❧❧❛✐r❡ ❝✐✲❞❡ss✉s ❡st ❛✉ss✐
✈r❛✐❡✳ ❉❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ 3✱ ❧❛ ❝♦♥❥❡❝t✉r❡ ❡st ✈r❛✐❡ ✭❬❑♦❧✾✻✱ ❈♦r✳
✺✳✼✳✶❪✮✳

■❧ ❡st ♥❛t✉r❡❧ ❞❡ ❝r♦✐r❡ q✉❡ ❧❡s ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s ❞❛♥s ✉♥❡ ✈❛r✐été
♣❡✉ s✐♥❣✉❧✐èr❡ ♦♥t ❞❡s ❝♦♠♣♦rt❡♠❡♥ts s✐♠✐❧❛✐r❡s à ❝❡✉① ❞❡s ❝♦✉r❜❡s r❛t✐♦♥✲
♥❡❧❧❡s ❞❛♥s ✉♥❡ ✈❛r✐été ❧✐ss❡✳ ❍❛❝♦♥ ❡t ▼c❑❡r♥❛♥ ❞é♠♦♥tr❡♥t q✉✬✉♥❡ ✈❛r✐été
❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ à s✐♥❣✉❧❛r✐tés ❑❛✇❛♠❛t❛ ❧♦❣ t❡r♠✐♥❛❧❡s ❡st r❛t✐♦♥♥❡❧❧❡✲
♠❡♥t ❝♦♥♥❡①❡ ♣❛r ❝❤❛î♥❡s s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❡❧❧❡ ❡st r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡
✭❬❍▼✵✼✱ ❈♦r✳ ✶✳✽❪✮✳ ■❧ ❡st ❡♥❝♦r❡ ✈r❛✐ q✉✬✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ❞❡ ❋❛♥♦ à
s✐♥❣✉❧❛r✐tés ❑❛✇❛♠❛t❛ ❧♦❣ t❡r♠✐♥❛❧❡s ❡st r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ ✭❬❩❤❛✵✻✱
❚❤♠✳ ✶❪✱ ❬❍▼✵✼✱ ❈♦r✳ ✶✳✶✸❪✮✳ ■❧ ② ❛ ❛✉ss✐ ✉♥❡ ✈❡rs✐♦♥ ❞✉ ❈♦r♦❧❧❛✐r❡ ✵✳✵✳✾ ♣♦✉r
❧❡s ✈❛r✐étés s✐♥❣✉❧✐èr❡s✳

❚❤é♦rè♠❡ ✵✳✵✳✶✵ ✭❬●❑P✶✹✱ ❚❤♠✳ ✸✳✸❪✮✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦✲
❥❡❝t✐✈❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ ❧♦❝❛❧❡♠❡♥t ❢❛❝t♦r✐❡❧❧❡ à s✐♥❣✉❧❛r✐tés ❑❛✇❛✲
♠❛t❛ ❧♦❣ t❡r♠✐♥❛❧❡s✳ ❆❧♦rs ♣♦✉r t♦✉t ❡♥t✐❡r m > 0✱ ♦♥ ❛ h0(X, (Ω1

X)[⊗m]) =
0✱ ♦ù (Ω1

X)[⊗m] ❡st ❧❡ ❞♦✉❜❧❡ ❞✉❛❧ ❞❡ (Ω1
X)⊗m✳
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▲❡s ❝♦♥❞✐t✐♦♥s s✉r ❧❡s s✐♥❣✉❧❛r✐tés ❞❛♥s ❧❡ t❤é♦rè♠❡ ❝✐✲❞❡ss✉s s♦♥t ♦♣t✐✲
♠❛❧❡s✳ ■❧ ❡①✐st❡ ❞❡s ✈❛r✐étés r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡s X à s✐♥❣✉❧❛r✐tés ❑❛✲
✇❛♠❛t❛ ❧♦❣ t❡r♠✐♥❛❧❡s t❡❧❧❡s q✉❡ mKX s♦✐t ❧✐♥é❛✐r❡♠❡♥t éq✉✐✈❛❧❡♥t à ✉♥ ❞✐✲
✈✐s❡✉r ❡✛❡❝t✐❢ ♣♦✉r ✉♥ ❝❡rt❛✐♥ ❡♥t✐❡r m > 0 ✭❬❑♦❧✵✽✱ ❊①❛♠♣❧❡ ✹✸❪ ♦✉ ❬❚♦t✶✷✱
❊①❛♠♣❧❡ ✶✵❪✮✳ ❉❡ ♣❧✉s✱ ✐❧ ❡①✐st❡ ❞❡s ✈❛r✐étés r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡s X à
s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s ♥♦♥ ❧♦❝❛❧❡♠❡♥t ❢❛❝t♦r✐❡❧❧❡s t❡❧❧❡s q✉❡ h0(X, (Ω1

X)[⊗2])
s♦✐t ♥♦♥ ♥✉❧❧❡ ✭❬●❑P✶✹✱ ❊①❛♠♣❧❡ ✸✳✼❪✮✳

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✻ ❡t ❧❡ ❈❤❛♣✐tr❡ ✼ ❞❡ ❝❡tt❡ t❤ès❡✱ ♥♦✉s ♥♦✉s ❝♦♥❝❡♥✲
tr♦♥s s✉r ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ✈❛r✐étés ❝♦♠♣❧❡①❡s ♣r♦❥❡❝t✐✈❡s r❛t✐♦♥♥❡❧❧❡♠❡♥t
❝♦♥♥❡①❡s ♣❡✉ s✐♥❣✉❧✐èr❡s ❡♥ ♣❡t✐t❡s ❞✐♠❡♥s✐♦♥s q✉✐ ♣♦rt❡♥t ❞❡s ♣❧✉r✐✲❢♦r♠❡s
♥♦♥ ♥✉❧❧❡s✳
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◆♦t❛t✐♦♥s ❡t Pré❧✐♠✐♥❛✐r❡s

◆♦✉s ❛❧❧♦♥s ❞♦♥♥❡r ❞❡s ♥♦t❛t✐♦♥s ❡t ❛❧❧♦♥s r❛♣♣❡❧❡r q✉❡❧q✉❡s rés✉❧t❛ts
♣ré❧✐♠✐♥❛✐r❡s✳ ❯♥❡ ✈❛r✐été ❞é✜♥✐❡ s✉r ✉♥ ❝♦r♣s k ❡st ✉♥ s❝❤é♠❛ ❣é♦♠étr✐q✉❡✲
♠❡♥t ✐♥tè❣r❡✱ sé♣❛ré ❡t ❞❡ t②♣❡ ✜♥✐ s✉r k✳ ❙❛✉❢ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✹✳✸✱ ♥♦✉s
tr❛✈❛✐❧❧♦♥s s✉r C✱ ❧❡ ❝♦r♣s ❞❡s ♥♦♠❜r❡s ❝♦♠♣❧❡①❡s✳ ❯♥ ♠♦r♣❤✐s♠❡ f : X → Y
❡♥tr❡ ❞❡✉① ✈❛r✐étés ♥♦r♠❛❧❡s ❡st ❛♣♣❡❧é ✉♥❡ ✜❜r❛t✐♦♥ s✐ f ❡st ♣r♦♣r❡✱ s✉r❥❡❝t✐❢
❡t à ✜❜r❡s ❝♦♥♥❡①❡s✳ ❙✐ f : X → Y ❡st ✉♥ ♠♦r♣❤✐s♠❡ ♣r♦♣r❡ s✉r❥❡❝t✐❢ ❡t s✐ ❧❛
✈❛r✐été X ❡st ❧✐ss❡✱ ❛❧♦rs ❧❡ ❞✐s❝r✐♠✐♥❛♥t ❞❡ f ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧❡ s♦✉s✲s❝❤é♠❛
ré❞✉✐t ❞❡ Y ❛✉✲❞❡ss✉s ❞❡ q✉❡❧❧❡ f ♥✬❡st ♣❛s ❧✐ss❡✳

✶✳✶ ❉✐✈✐s❡✉rs s✉r ❧❡s ✈❛r✐étés ♥♦r♠❛❧❡s

❙♦✐tX ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ♥♦r♠❛❧❡ ❞❡ ❞✐♠❡♥s✐♦♥ n✳ ◆♦✉s ❛❧❧♦♥s ✉t✐❧✐s❡r
❧❡s ♥♦t❛t✐♦♥s s✉✐✈❛♥t❡s ✿

Cl(X) ✿❂ ❧❡ ❣r♦✉♣❡ ❞❡s ❝❧❛ss❡s ❞✬éq✉✐✈❛❧❡♥❝❡ ❧✐♥é❛✐r❡ ❞❡ ❞✐✈✐s❡✉rs ❞❡ ❲❡✐❧
s✉r X✳

Pic(X) ✿❂ ❧❡ ❣r♦✉♣❡ ❞❡ P✐❝❛r❞ ❞❡ X✱ ✐✳❡✳ ❧❡ ❣r♦✉♣❡ ❞❡s ❝❧❛ss❡s ❞✬éq✉✐✈❛✲
❧❡♥❝❡ ❧✐♥é❛✐r❡ ❞❡ ❞✐✈✐s❡✉rs ❞❡ ❈❛rt✐❡r s✉r X✳

❩1(X) ✿❂ ❧❡ ❣r♦✉♣❡ ❛❜é❧✐❡♥ ❧✐❜r❡ ❡♥❣❡♥❞ré ♣❛r ❧❡s ❝♦✉r❜❡s ♣r♦❥❡❝t✐✈❡s
❞❛♥s X✳

❯♥ é❧é♠❡♥t D ❞❛♥s Cl(X)⊗ZQ ❡st ❛♣♣❡❧é ✉♥ Q✲❞✐✈✐s❡✉r ✭❞❡ ❲❡✐❧✮✳ ■❧ ❡st
❞✐t Q✲❈❛rt✐❡r s✐ ✉♥ ♠✉❧t✐♣❧❡ ♥♦♥ ♥✉❧ ❞❡ D ❡st ✉♥ ❞✐✈✐s❡✉r ❞❡ ❈❛rt✐❡r✳ ❉❡✉①
Q✲❞✐✈✐s❡✉rs D ❡t D′ s♦♥t ❞✐ts Q✲❧✐♥é❛✐r❡♠❡♥t éq✉✐✈❛❧❡♥ts s✬✐❧ ❡①✐st❡ ✉♥ ❡♥t✐❡r
♥♦♥ ♥✉❧ r t❡❧ q✉❡ rD ❡t rD′ s♦✐❡♥t ❞❡✉① ❞✐✈✐s❡✉rs ❞❡ ❲❡✐❧ ❡♥t✐❡rs ❧✐♥é❛✐r❡♠❡♥t
éq✉✐✈❛❧❡♥ts✳ ❙✐ ❝✬❡st ❧❡ ❝❛s✱ ♦♥ ♥♦t❡D ∼Q D

′✳ ▲❛ ✈❛r✐étéX ❡st ❞✐t❡ ❧♦❝❛❧❡♠❡♥t
❢❛❝t♦r✐❡❧❧❡ s✐ ❧❡ ♠♦r♣❤✐s♠❡ ♥❛t✉r❡❧ Pic(X) → Cl(X) ❡st s✉r❥❡❝t✐❢✳ ❊❧❧❡ ❡st ❞✐t❡
Q✲❢❛❝t♦r✐❡❧❧❡ s✐ t♦✉t ❞✐✈✐s❡✉r ❞❡ ❲❡✐❧ ❞❛♥s X ❡st Q✲❈❛rt✐❡r✳

❙✐ C ❡st ✉♥❡ ❝♦✉r❜❡ ♣r♦❥❡❝t✐✈❡ ❡t D ❡st ✉♥ ❞✐✈✐s❡✉r ❞❡ ❈❛rt✐❡r ❞❛♥s
X✱ ❛❧♦rs ♥♦✉s ❞é✜♥✐ss♦♥s ❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rs❡❝t✐♦♥ ❞❡ C ❡t D ♣❛r C · D =
deg f∗D✱ ♦ù f : C̄ → C ❡t ❧❛ ♥♦r♠❛❧✐s❛t✐♦♥✳ ◆♦✉s ♣♦✉✈♦♥s ❛❧♦rs ✐♥tr♦❞✉✐r❡

✶✸
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✉♥ ❛❝❝♦✉♣❧❡♠❡♥t
· : ❩1(X)× Pic(X) → Z.

❙♦✐t ≡ ❧✬éq✉✐✈❛❧❡♥❝❡ ♥✉♠ér✐q✉❡ ♣♦✉r ❝❡t ❛❝❝♦✉♣❧❡♠❡♥t✳ ❆❧♦rs✱ ❡♥ ♣r❡♥❛♥t ❧❡
q✉♦t✐❡♥t ♣❛r r❛♣♣♦rt ❛✉① éq✉✐✈❛❧❡♥❝❡s ♥✉♠ér✐q✉❡s✱ ♥♦✉s ♦❜t❡♥♦♥s ✉♥❡ ❢♦r♠❡
❜✐❧✐♥é❛✐r❡ ♥♦♥✲❞é❣é♥éré❡

· : ◆1(X)×◆1(X) → R,

♦ù ◆1(X) = (❩1(X)/ ≡) ⊗ R et ◆1(X) = (Pic(X)/ ≡) ⊗ R. ❈❡s ❞❡✉①
❡s♣❛❝❡s ✈❡❝t♦r✐❡❧s ♦♥t ❧❛ ♠ê♠❡ ❞✐♠❡♥s✐♦♥ ρ(X) ❡t ♥♦✉s ❧✬❛♣♣❡❧♦♥s ❧❡ ♥♦♠❜r❡
❞❡ P✐❝❛r❞ ❞❡ X✳

❉❛♥s ❧❡ ❝❛s ❞❡s s✉r❢❛❝❡s✱ ✉♥❡ ❝♦✉r❜❡ C ✐♥❝❧✉s❡ ❞❛♥s ❧❡ ❧✐❡✉ ❧✐ss❡ ❞✬✉♥❡
s✉r❢❛❝❡ S ❡st ❛♣♣❡❧é❡ ✉♥❡ (−k)✲❝♦✉r❜❡ s✐ ❡❧❧❡ ✐s♦♠♦r♣❤❡ à P1 ❡t C ·C = −k✳

❙♦✐t D =
∑r

i=1 aiDi ✉♥ Q✲❞✐✈✐s❡✉r ♥♦♥ ♥✉❧✱ ♦ù ❧❡s Di s♦♥t ❞❡s ❞✐✈✐s❡✉rs
♣r❡♠✐❡rs ❡t ❧❡s ai s♦♥t ❞❡s ♥♦♠❜r❡s r❛t✐♦♥♥❡❧s ♥♦♥ ♥✉❧s✳ ❆❧♦rsD ❡st ❞✐t ❡✛❡❝t✐❢
s✐ ai > 0 ♣♦✉r t♦✉t i✳ ■❧ ❡st ❞✐t Q✲❡✛❡❝t✐❢ s✬✐❧ ❡st Q✲❧✐♥é❛✐r❡♠❡♥t éq✉✐✈❛❧❡♥t à
✉♥ Q✲❞✐✈✐s❡✉r ❡✛❡❝t✐❢✳ ▲❡ ❞✐✈✐s❡✉r Dred ❡st ❞é✜♥✐ ♣❛r

Dred =

r∑

i=1

Di.

❖♥ ❛♣♣❡❧❧❡min{ai} ❧❡ ♣❧✉s ♣❡t✐t ❝♦❡✣❝✐❡♥t ❞❡D✳ ◆♦t♦♥s [D] =
∑r

i=1[ai]Di ∈
Cl(X)✱ ♦ù [ai] ❡st ❧❛ ♣❛rt✐❡ ❡♥t✐èr❡ ❞❡ ai✳ ▲❡ ❞✐✈✐s❡✉r D ❡st ❞✐t à ❝r♦✐s❡♠❡♥ts
♥♦r♠❛✉① s✐♠♣❧❡s ♦✉ s♥❝ ✭✓s✐♠♣❧❡ ♥♦r♠❛❧ ❝r♦ss✐♥❣✔ ❡♥ ❛♥❣❧❛✐s✮ s✐ t♦✉s ❧❡s Di

s♦♥t ❧✐ss❡s ❡t t♦✉t❡s ❧❡✉rs ✐♥t❡rs❡❝t✐♦♥s s♦♥t tr❛♥s✈❡rs❡s✳
❙♦✐t ◆❊(X) ❧❡ ❝ô♥❡ ❢❡r♠é ❝♦♥✈❡①❡ ❞❛♥s ◆1(X) ❡♥❣❡♥❞ré ♣❛r ❧❡s ❝❧❛ss❡s

❞❡ ❝♦✉r❜❡s✳

❉é✜♥✐t✐♦♥ ✶✳✶✳✶✳ ❯♥ é❧é♠❡♥t D ❞❛♥s ◆1(X) ❡st ❞✐t ♥❡❢ s✐ α ·D > 0 ♣♦✉r
t♦✉t❡ ❝❧❛ss❡ α ∈ ◆❊(X)✳ ◆♦t♦♥s Nef(X) ❧❡ ❝ô♥❡ ❞❛♥s ◆1(X) ❞❡s ❝❧❛ss❡s
♥❡❢s✳

❙♦✐t Amp(X) ❧❡ ❝ô♥❡ ❝♦♥✈❡①❡ ❞❛♥s ◆1(X) ❡♥❣❡♥❞ré ♣❛r ❧❡s ❝❧❛ss❡s ❞❡
❞✐✈✐s❡✉rs ❛♠♣❧❡s✳ ❯♥ Q✲❞✐✈✐s❡✉r Q✲❈❛rt✐❡r D ❡st ❞✐t Q✲❛♠♣❧❡ ✭♦✉ ❛♠♣❧❡✮ s✐
mD ❡st ✉♥ ❞✐✈✐s❡✉r ❞❡ ❈❛rt✐❡r ❛♠♣❧❡ ♣♦✉r ✉♥ ♥♦♠❜r❡ ❡♥t✐❡r m > 0✳ P❛r ❧❡
t❤é♦rè♠❡ s✉✐✈❛♥t✱ ❧❡ ❝ô♥❡ Nef(X) ❡st ❧✬❛❞❤ér❡♥❝❡ ❞❡ Amp(X) ❡t Amp(X)
❡st ❧✬✐♥tér✐❡✉r ❞❡ Nef(X)✳

❚❤é♦rè♠❡ ✶✳✶✳✷ ✭❈r✐tèr❡ ❞❡ ❑❧❡✐♠❛♥ ❬❑❧❡✻✻✱ Pr♦♣✳ ■❱✳✷✳✷❪✮✳ ❯♥ ❞✐✈✐s❡✉r
❞❡ ❈❛rt✐❡r D ∈ Pic(X) ❡st ❛♠♣❧❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ α · D > 0 ♣♦✉r t♦✉t❡
❝❧❛ss❡ α ∈ ◆❊(X)\{0}✳

❙♦✐t f : X → Y ✉♥ ♠♦r♣❤✐s♠❡ ♣r♦❥❡❝t✐❢ ❡♥tr❡ ❞❡✉① ✈❛r✐étés ♥♦r♠❛❧❡s
❡t s♦✐t D ✉♥ Q✲❞✐✈✐s❡✉r Q✲❈❛rt✐❡r s✉r X✳ ❆❧♦rs D ❡st ❞✐t f ✲r❡❧❛t✐✈❡♠❡♥t
❛♠♣❧❡ ♦✉ f ✲❛♠♣❧❡ s✐ ❧❛ r❡str✐❝t✐♦♥ ❞❡ D s✉r ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡ ✐rré❞✉❝t✐❜❧❡
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❞❡ ❝❤❛q✉❡ ✜❜r❡ ❞❡ f ❡st ❛♠♣❧❡✳ ❉❡ ♠❛♥✐èr❡ éq✉✐✈❛❧❡♥t❡✱ D ❡st f ✲❛♠♣❧❡ s✐ ❡t
s❡✉❧❡♠❡♥t s✐ α ·D > 0 ♣♦✉r t♦✉t❡ ❝❧❛ss❡ α ∈ ◆❊(X/Y )\{0}✱ ♦ù ◆❊(X/Y )
❡st ❧❡ ❝ô♥❡ ❝♦♥✈❡①❡ ❢❡r♠é ❞❛♥s N1(X) ❡♥❣❡♥❞ré ♣❛r ❧❡s ❝♦✉r❜❡s ❝♦♥tr❛❝té❡s
♣❛r f ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❑▼✾✽✱ ❚❤♠✳ ✶✳✹✹❪✮✳

❙♦✐t Psef(X) ⊆ ◆1(X) ❧❡ ❝ô♥❡ ❞❡s ❞✐✈✐s❡✉rs ♣s❡✉❞♦✲❡✛❡❝t✐❢s✱ ✐✳❡✳ ❧❡ ❝ô♥❡
❝♦♥✈❡①❡ ❢❡r♠é ❡♥❣❡♥❞ré ♣❛r ❞❡s ❞✐✈✐s❡✉rs ❡✛❡❝t✐❢s✳ ❈♦♠♠❡ ❧❡s ❞✐✈✐s❡✉rs très
❛♠♣❧❡s s♦♥t ❡✛❡❝t✐❢s✱ ♥♦✉s ❛✈♦♥s Nef(X) ⊆ Psef(X)✳

❙♦✐t f : Y → X ✉♥ ♠♦r♣❤✐s♠❡ s✉r❥❡❝t✐❢ ❡♥tr❡ ❞❡✉① ✈❛r✐étés ♥♦r♠❛❧❡s
♣r♦❥❡❝t✐✈❡s✳ ❙♦✐t D ✉♥ é❧é♠❡♥t ❞❛♥s Pic(X)⊗Z Q✳ ❆❧♦rs✱ ♥♦✉s ❞é✜♥✐ss♦♥s ❧❡
t✐ré✲❡♥✲❛rr✐èr❡ ❞❡ D ♣❛r f ♣❛r

f∗D =
1

r
f∗(rD) ∈ Pic(Y )⊗Z Q,

♦ù r ❡st ✉♥ ❡♥t✐❡r ♥♦♥ ♥✉❧ t❡❧ q✉❡ rD ∈ Pic(X)✳ ❉❡ ♣❧✉s✱ s✐ f ❡st ❡q✉✐❞✐✲
♠❡♥s✐♦♥♥❡❧ ❡t s✐ D ❡st ✉♥ ❞✐✈✐s❡✉r ❞❡ ❲❡✐❧ ❡♥t✐❡r✱ ❛❧♦rs f∗D ❝♦ï♥❝✐❞❡ ❛✈❡❝
❧✬❛❞❤ér❡♥❝❡ ❞❡ (f |Y0

)∗(D|X0
) ❞❛♥s Y ✱ q✉✐ ❡st ❛✉ss✐ ✉♥ ❞✐✈✐s❡✉r ❞❡ ❲❡✐❧ ❡♥t✐❡r✱

♦ù X0 ❡st ❧❡ ❧✐❡✉ ❧✐ss❡ ❞❡ X ❡t Y0 = f−1(X0)✳
❙♦✐t f : X 99K Y ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❜✐r❛t✐♦♥♥❡❧❧❡ ❡t s♦✐t D ∈ Cl(X) ⊗Z Q✳

▲❛ tr❛♥s❢♦r♠é❡ str✐❝t❡ ❞❡ D ♣❛r f ✱ f∗D✱ ❡st ❞é✜♥✐❡ ❝♦♠♠❡ ét❛♥t ❧✬❛❞❤ér❡♥❝❡
❞❡ f |U (U ∩ D)✱ ♦ù U ❡st ❧❡ ♣❧✉s ❣r❛♥❞ ♦✉✈❡rt ❞❡ X t❡❧ q✉❡ f |U s♦✐t ✉♥
✐s♦♠♦r♣❤✐s♠❡✳

✶✳✷ ❋❛✐s❝❡❛✉① ré✢❡①✐❢s

✶✳✷✳✶ Pr♦♣r✐étés ❞❡ ❜❛s❡

❙♦✐❡♥t X ✉♥❡ ✈❛r✐été ♥♦r♠❛❧❡ ❡t F ✉♥ ❢❛✐s❝❡❛✉ ❝♦❤ér❡♥t s✉r X✳ ▲❡ ❢❛✐s✲
❝❡❛✉ ❞✉❛❧ ❞❡ F ❡st ❞é✜♥✐ ♣❛r F ∗ = H om(F ,OX)✳ ▲❡ ❢❛✐s❝❡❛✉ F ❡st ❞✐t
ré✢❡①✐❢ s✐ ❧❡ ♠♦r♣❤✐s♠❡ ♥❛t✉r❡❧ F → F ∗∗ ❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡✳ ❊♥ ♣❛rt✐✲
❝✉❧✐❡r✱ F ∗∗ ❡st ✉♥ ❢❛✐s❝❡❛✉ ré✢❡①✐❢ ❡t ❡st ❛♣♣❡❧é ❧✬❡♥✈❡❧♦♣♣❡ ré✢❡①✐✈❡ ❞❡ F ✳
◆♦✉s ❛✈♦♥s ❧❡ ❝r✐tèr❡ ❞❡ ré✢❡①✐✈✐té s✉✐✈❛♥t✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶ ✭❬❍❛r✽✵✱ Pr♦♣ ✶✳✻❪✮✳ ❙♦✐t F ✉♥ ❢❛✐s❝❡❛✉ ❝♦❤ér❡♥t s✉r
✉♥❡ ✈❛r✐été ♥♦r♠❛❧❡ X✳ ❆❧♦rs F ❡st ré✢❡①✐❢ s✐ ❡t s❡✉❧❡♠❡♥t s✬✐❧ ❡st s❛♥s
t♦rs✐♦♥ ❡t ♣♦✉r t♦✉t ♦✉✈❡rt U ❡t t♦✉t ❢❡r♠é Y ⊆ U t❡❧ q✉❡ codimU Y > 2✱ ❧❡
♠♦r♣❤✐s♠❡ ♥❛t✉r❡❧ F (U) → F (U\Y ) ❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡✳

P♦✉r ✉♥ ❢❛✐s❝❡❛✉ ❝♦❤ér❡♥t F s✉r ✉♥❡ ✈❛r✐été ♥♦r♠❛❧❡ X✱ ♥♦t♦♥s F [⊗m] =
(F⊗m)∗∗ ❡t F [∧m] = (F∧m)∗∗✳ ❙✐ G ❡st ✉♥ ❛✉tr❡ ❢❛✐s❝❡❛✉ ❝♦❤ér❡♥t s✉r X✱
❛❧♦rs ♥♦✉s ♥♦t♦♥s F [⊗]G = (F ⊗ G )∗∗✳ ❙♦✐t D ✉♥ ❞✐✈✐s❡✉r ❞❡ ❲❡✐❧ s✉r X✳
❉é✜♥✐ss♦♥s ❧❡ ❢❛✐s❝❡❛✉ OX(D) ♣❛r✱ ♣♦✉r t♦✉t ♦✉✈❡rt U ❞❡ X✱

OX(D)(U) = {f fonction rationnelle de X | div(f) +D est effectif} ∪ {0},

♦ù div(f) ❡st ❧❡ ❞✐✈✐s❡✉r ❛ss♦❝✐é❡ à f ✳ ❘❡♠❛rq✉♦♥s q✉❡ OX(D) ❡st ré✢❡①✐❢
❡t q✉❡ s✐ ❞❡✉① ❞✐✈✐s❡✉rs D ❡t D′ s♦♥t ❧✐♥é❛✐r❡♠❡♥t éq✉✐✈❛❧❡♥ts✱ ❛❧♦rs ❧❡s
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❢❛✐s❝❡❛✉① OX(D) ❡t OX(D′) s♦♥t ✐s♦♠♦r♣❤❡s ✭✈♦✐r ❬❘❡✐✽✵✱ ❆♣♣❡♥❞✐① t♦ ➓✶❪✮✳
◆♦✉s ♦❜t❡♥♦♥s ❞♦♥❝ ✉♥ ♠♦r♣❤✐s♠❡ ❞❡ ❣r♦✉♣❡

Cl(X) → {faisceaux réflexifs de rang 1}/∼=

✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✷ ✭✈♦✐r ❬❘❡✐✽✵✱ ❆♣♣❡♥❞✐① t♦ ➓✶❪✮✳ ▲❡ ♠♦r♣❤✐s♠❡ ❞é✜♥✐
❝✐✲❞❡ss✉s ❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡✳

❙♦✐t Ω1
X ❧❡ ❢❛✐s❝❡❛✉ ❞❡s ❢♦r♠❡s ❞❡ ❑ä❤❧❡r s✉r X✳ ❙♦✐t Ω

[r]
X ❧✬❡♥✈❡❧♦♣♣❡

ré✢❡①✐✈❡ ❞❡ Ωr
X = (Ω1

X)∧r ♣♦✉r t♦✉t r > 0✳ ❙✐ dimX = n✱ ❛❧♦rs ♦♥ ♥♦t❡
ωX = Ω

[n]
X ❡t ♦♥ ❧✬❛♣♣❡❧❧❡ ❧❡ ❢❛✐s❝❡❛✉ ❝❛♥♦♥✐q✉❡ ❞❡ X✳ ❙♦✐t KX ✉♥ ❞✐✈✐s❡✉r ❞❡

❲❡✐❧ t❡❧ q✉❡ OX(KX) ∼= ωX ✳ ▲❡ ❞✐✈✐s❡✉rKX ❡st ❛♣♣❡❧é ✉♥ ❞✐✈✐s❡✉r ❝❛♥♦♥✐q✉❡
❞❡ X✳ ▲❛ ✈❛r✐été X ❡st ❞✐t❡ ●♦r❡♥st❡✐♥ s✐ ❡❧❧❡ ❡st ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❡t KX ❡st
✉♥ ❞✐✈✐s❡✉r ❞❡ ❈❛rt✐❡r✳ ❊❧❧❡ ❡st ❞✐t❡ Q✲●♦r❡♥st❡✐♥ s✐ KX ❡st Q✲❈❛rt✐❡r✳ ❯♥
é❧é♠❡♥t σ ❞❛♥s H0(X, (Ω1

X)[⊗m]) ❡st ❛♣♣❡❧é ✉♥❡ m✲♣❧✉r✐✲❢♦r♠❡ ✭ré✢❡①✐✈❡✮
s✉r X✱ ♦ù m > 0 ❡st ✉♥ ❡♥t✐❡r✳

✶✳✷✳✷ P❡♥t❡ ❞❡s ❢❛✐s❝❡❛✉① ❝♦❤ér❡♥ts

❙♦✐t X ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ ♥♦r♠❛❧❡ Q✲❢❛❝t♦r✐❡❧❧❡✳ ❙♦✐t α ∈
◆1(X) ✉♥❡ ❝❧❛ss❡ ❞❡ ❝♦✉r❜❡ ❡t s♦✐t F ❢❛✐s❝❡❛✉ ré✢❡①✐❢ ❞❡ r❛♥❣ ✉♥✳ ❆❧♦rs ♣❛r
Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✷✱ ✐❧ ❡①✐st❡ ✉♥ ❞✐✈✐s❡✉r ❞❡ ❲❡✐❧ D t❡❧ q✉❡ OX(D) ∼= F ✳ ❖♥
❞é✜♥✐ ❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rs❡❝t✐♦♥ α · F ♣❛r α · F = α ·D✳

❯♥❡ ❝❧❛ss❡ α ∈ ◆1(X) ❡st ❞✐t❡ ♠♦❜✐❧❡ s✐ α · D > 0 ♣♦✉r t♦✉t ❞✐✈✐s❡✉r
❡✛❡❝t✐❢ D ✭❬❇❉PP✶✸✱ ❚❤♠✳ ✵✳✷❪✮✳ ❙♦✐t F ✉♥ ❢❛✐s❝❡❛✉ ❝♦❤ér❡♥t s✉r X ❡t s♦✐t
H ✉♥ s♦✉s✲❢❛✐s❝❡❛✉ ❝♦❤ér❡♥t✳ ❆❧♦rs✱ ❧❡ ♣❧✉s ♣❡t✐t s♦✉s✲❢❛✐s❝❡❛✉ ❝♦❤ér❡♥t H sat

❝♦♥t❡♥❛♥t H t❡❧ q✉❡ ❧❡ q✉♦t✐❡♥t F/H sat s♦✐t ✉♥ ❢❛✐s❝❡❛✉ s❛♥s t♦rs✐♦♥ ❡st
❛♣♣❡❧é ❧❛ s❛t✉r❛t✐♦♥ ❞❡ H ✳ ▲❡ s♦✉s✲❢❛✐s❝❡❛✉ H ❡st ❞✐t s❛t✉ré s✐ H = H sat✳

❙♦✐t α ✉♥❡ ❝❧❛ss❡ ♠♦❜✐❧❡✳ ❆❧♦rs ♣♦✉r t♦✉t ❢❛✐s❝❡❛✉ ❝♦❤ér❡♥t F ❞❡ r❛♥❣
str✐❝t❡♠❡♥t ♣♦s✐t✐❢ s✉r X✱ ♥♦✉s ❞é✜♥✐ss♦♥s ❧❛ ♣❡♥t❡ ❞❡ F ♣❛r r❛♣♣♦rt à α
♣❛r

µα(F ) :=
α · detF

rangF
,

♦ù detF = (F∧(rangF ))∗∗✳ ❉❡ ♣❧✉s✱ s♦✐t

µmax
α (F ) = sup{µα(G ) | G ⊆ F un faisceau coherent}.

P♦✉r t♦✉t ❢❛✐s❝❡❛✉ ❝♦❤ér❡♥t F ❞❡ r❛♥❣ str✐❝t❡♠❡♥t ♣♦s✐t✐❢✱ ✐❧ ❡①✐st❡ ✉♥
s♦✉s✲❢❛✐s❝❡❛✉ ❝♦❤ér❡♥t s❛t✉ré H ⊆ F t❡❧ q✉❡ µmax

α (F ) = µα(H ) ✭❬●❑P✶✹✱
❆♣♣✳ ❆❪✮✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✸ ✭❬●❑P✶✹✱ ❆♣♣✳ ❆❪✮✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ♥♦r✲
♠❛❧❡ ❝♦♠♣❧❡①❡ Q✲❢❛❝t♦r✐❡❧❧❡✳ ❙♦✐t α ✉♥❡ ❝❧❛ss❡ ♠♦❜✐❧❡✳ ❆❧♦rs ♣♦✉r t♦✉s ❢❛✐s✲
❝❡❛✉① ❝♦❤ér❡♥ts F ❡t G ❞❡ r❛♥❣ str✐❝t❡♠❡♥t ♣♦s✐t✐❢✱ ♦♥ ❛

µα((F ⊗ G )∗∗) = µα(F ) + µα(G )
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❡t
µmax
α ((F ⊗ G )∗∗) = µmax

α (F ) + µmax
α (G ).

❙✐ A ❡st ✉♥ ❞✐✈✐s❡✉r ❛♠♣❧❡ ❞❛♥s X✱ ❛❧♦rs An−1 ❡st ✉♥❡ ❝❧❛ss❡ ♠♦❜✐❧❡✱ ♦ù n
❡st ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡X✳ P♦✉r s✐♠♣❧✐❝✐té✱ ♦♥ ♥♦t❡ µA = µAn−1 ❡t µmax

A = µmax
An−1 ✳

✶✳✸ ❙✐♥❣✉❧❛r✐tés t❡r♠✐♥❛❧❡s✱ ❝❛♥♦♥✐q✉❡s ❡t ❑❛✇❛✲

♠❛t❛ ❧♦❣ t❡r♠✐♥❛❧❡s

✶✳✸✳✶ ❉é✜♥✐t✐♦♥ ❞❡s s✐♥❣✉❧❛r✐tés

❘❛♣♣❡❧♦♥s q✉❡❧q✉❡s ❞é✜♥✐t✐♦♥s s✉r ❧❡s s✐♥❣✉❧❛r✐tés ❞✉ ▼▼P✳ ▲❡s ♥♦t✐♦♥s
s♦♥t ❡①♣❧✐q✉é❡s ❡♥ ❞ét❛✐❧ ❞❛♥s ❧❡ ❧✐✈r❡ ❬❑▼✾✽❪✳ ❯♥❡ ♣❛✐r❡ (X,∆) ❝♦♥s✐st❡ ❡♥
✉♥❡ ✈❛r✐été ♥♦r♠❛❧❡ ❝♦♠♣❧❡①❡ X ❡t ✉♥ Q✲❞✐✈✐s❡✉r ❡✛❡❝t✐❢ ∆✳ ▲❛ ♣❛✐r❡ (X,∆)
❡st ❞✐t❡ à ❝r♦✐s❡♠❡♥ts ♥♦r♠❛✉① s✐♠♣❧❡s ✭♦✉ s♥❝ ❡♥ ❛❜ré❣é✮ s✐ X ❡st ❧✐ss❡ ❡t
❧❡ s✉♣♣♦rt ❞❡ ∆ ❡st ✉♥ ❞✐✈✐s❡✉r à ❝r♦✐s❡♠❡♥ts ♥♦r♠❛✉① s✐♠♣❧❡s✳

P❛r ❧❡ t❤é♦rè♠❡ ❞❡ ❍✐r♦♥❛❦❛✱ ✐❧ ❡①✐st❡ ✉♥ ♠♦r♣❤✐s♠❡ ❜✐r❛t✐♦♥♥❡❧ f : Y →
X t❡❧ q✉❡✱ E✱ ❧❡ ❧✐❡✉ ❡①❝❡♣t✐♦♥♥❡❧ ❞❡ f ✱ s♦✐t ❞❡ ❝♦❞✐♠❡♥s✐♦♥ ♣✉r❡ 1 ❡t q✉❡ ❧❛
♣❛✐r❡ (Y,E+f−1

∗ ∆) s♦✐t s♥❝✳ ❯♥ t❡❧ ♠♦r♣❤✐s♠❡ ❡st ❛♣♣❡❧é ✉♥❡ rés♦❧✉t✐♦♥ ❞❡s
s✐♥❣✉❧❛r✐tés ♣♦✉r ❧❛ ♣❛✐r❡ (X,∆)✳ ❙♦✐❡♥t E1, ..., Ek ❧❡s ❝♦♠♣♦s❛♥t❡s ✐rré❞✉❝✲
t✐❜❧❡s ❞❡ E✳ ❙✐ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡ Q✲❞✐✈✐s❡✉r KX+∆ ❡st Q✲❈❛rt✐❡r✱ ❛❧♦rs
✐❧ ❡①✐st❡ ❞❡s ♥♦♠❜r❡s r❛t✐♦♥♥❡❧s a(f,X,∆, E1), ..., a(f,X,∆, Ek) t❡❧s q✉❡

KY ∼Q f
∗(KX +∆) +

k∑

i=1

a(f,X,∆, Ei)Ei.

❘❡♠❛rq✉♦♥s q✉❡ s✐ f ′ : Y ′ → X ❡st ✉♥❡ ❛✉tr❡ rés♦❧✉t✐♦♥ ❞❡s s✐♥❣✉❧❛r✐✲
tés ♣♦✉r ❧❛ ♣❛✐r❡ (X,∆) q✉✐ s❡ ❢❛❝t♦r✐s❡ à tr❛✈❡rs Y ′ → Y ✱ ❡t s✐ E′

i ❡st
❧❛ tr❛♥s❢♦r♠é❡ str✐❝t❡ ❞❡ Ei ❞❛♥s X ′✱ ❛❧♦rs ♣♦✉r t♦✉t i ∈ {1, ..., k}✱ ♥♦✉s
❛✈♦♥s a(f,X,∆, Ei) = a(f ′, X,∆, E′

i)✳ P❛r ❝♦♥séq✉❡♥t✱ a(f,X,∆, Ei) =
a(X,∆, Ei) ❡st ✐♥❞é♣❡♥❞❛♥t ❞✉ ❝❤♦✐① ❞❡ rés♦❧✉t✐♦♥ ❞❡s s✐♥❣✉❧❛r✐tés ✭✈♦✐r
♣❛r ❡①❡♠♣❧❡ ❬❑▼✾✽✱ ❘❡♠❛r❦ ✷✳✷✸❪✮✳ ❈❡ ♥♦♠❜r❡ ❡st ❛♣♣❡❧é ❧❛ ❞✐s❝ré♣❛♥❝❡
❞❡ Ei ✭♣❛r r❛♣♣♦rt à (X,∆)✮✳ ▲❛ ❞✐s❝ré♣❛♥❝❡ ❞❡ (X,∆)✱ discrep(X,∆)✱ ❡st
❞é✜♥✐❡ ♣❛r

inf{a(X,∆, E) | E un diviseur exceptionnel d′une résolution f : Y → X}

❉é✜♥✐t✐♦♥ ✶✳✸✳✶✳ ❙♦✐t (X,∆) ✉♥❡ ♣❛✐r❡ t❡❧❧❡ q✉❡ KX + ∆ s♦✐t Q✲❈❛rt✐❡r✳
❆❧♦rs ❧❛ ♣❛✐r❡ ❡st ❞✐t❡

✲ t❡r♠✐♥❛❧❡ s✐ discrep(X,∆) > 0 ❀

✲ ❝❛♥♦♥✐q✉❡ s✐ discrep(X,∆) > 0 ❀

✲ ❑❛✇❛♠❛t❛ ❧♦❣ t❡r♠✐♥❛❧❡ ✭♦✉ ❦❧t ❡♥ ❛❜ré❣é✮ s✐ discrep(X,∆) > −1 ❡t
⌊∆⌋ 6 0✳
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P♦✉r q✉✬✉♥❡ ♣❛✐r❡ (X,∆) s♦✐t t❡r♠✐♥❛❧❡✱ ✭r❡s♣✳ ❝❛♥♦♥✐q✉❡✱ ❦❧t✮✱ ✐❧ s✉❢✲
✜t q✉✬✐❧ ❡①✐st❡ ✉♥❡ rés♦❧✉t✐♦♥ f : Y → X t❡❧❧❡ q✉❡ s✐ KY ≡ f∗(KX +
∆) +

∑k
i=1 a(X,∆, Ei)Ei ❛❧♦rs a(X,∆, Ei) > 0 ✭r❡s♣✳ a(X,∆, Ei) > 0✱

a(X,∆, Ei) > −1 ❡t ⌊∆⌋ 6 0✮ ♣♦✉r t♦✉t i ∈ {1, ..., k} ✭❬❑▼▼✽✼✱ ▲❡♠✳
✵✲✷✲✶✷❪✮✳

❯♥❡ ✈❛r✐été ♥♦r♠❛❧❡ ❝♦♠♣❧❡①❡ X ❡st ❞✐t❡ à s✐♥❣✉❧❛r✐tés t❡r♠✐♥❛❧❡s ✭r❡s♣✳
❝❛♥♦♥✐q✉❡s✱ ❦❧t✮ s✐ ❧❛ ♣❛✐r❡ (X, 0) ❡st ✉♥❡ ♣❛✐r❡ t❡r♠✐♥❛❧❡ ✭r❡s♣✳ ❝❛♥♦♥✐q✉❡✱
❦❧t✮✳

❊①❡♠♣❧❡ ✶✳✸✳✷✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♥♦r♠❛❧❡ ❞❡ ❞✐♠❡♥s✐♦♥ n ❡t s♦✐t
x ✉♥ ♣♦✐♥t ❞❛♥s X✳ ▲❛ ✈❛r✐été X ❡st ❞✐t❡ à s✐♥❣✉❧❛r✐tés q✉♦t✐❡♥t ❛✉ ✈♦✐s✐♥❛❣❡
❞❡ x s✬✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ ❛♥❛❧②t✐q✉❡ U ❞❡ x t❡❧ q✉❡ U ❡st ❛♥❛❧②t✐q✉❡♠❡♥t
✐s♦♠♦r♣❤❡ à V/G✱ ♦ù V ❡st ✉♥❡ ✈❛r✐été ❧✐ss❡ ❡t G ❡st ✉♥ ❣r♦✉♣❡ ✜♥✐ ❛❣✐ss❛♥t
s✉r V ✳ ▲❡s s✐♥❣✉❧❛r✐tés q✉♦t✐❡♥ts s♦♥t ❦❧t✳ ❙✐ X ❡st ✉♥❡ s✉r❢❛❝❡✱ ❛❧♦rs ❡❧❧❡ ❡st
à s✐♥❣✉❧❛r✐tés ❦❧t s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❡❧❧❡ ❡st à s✐♥❣✉❧❛r✐tés q✉♦t✐❡♥ts ❬❑▼✾✽✱
Pr♦♣✳ ✹✳✶✽❪✳

✶✳✸✳✷ ❙✐♥❣✉❧❛r✐tés ❞❡ s✉r❢❛❝❡s

❈♦♥s✐❞ér♦♥s ❧❡ ❝❛s ♦ù X ❡st ✉♥❡ s✉r❢❛❝❡ ♥♦r♠❛❧❡✳ ■❧ ❡①✐st❡ ✉♥❡ rés♦❧✉t✐♦♥
❞❡s s✐♥❣✉❧❛r✐tés ♠✐♥✐♠❛❧❡ r : X̃ → X t❡❧❧❡ q✉❡ K

X̃
·C > 0 ♣♦✉r t♦✉t❡ ❝♦✉r❜❡

C ❝♦♥tr❛❝té❡ ♣❛r r✳ ❙✐ g : Y → X ❡st ✉♥❡ rés♦❧✉t✐♦♥ ❞❡s s✐♥❣✉❧❛r✐tés✱ ❛❧♦rs ✐❧
❡①✐st❡ ✉♥ ♠♦r♣❤✐s♠❡ h : Y → X̃ t❡❧ q✉❡ g = r ◦ h ✭❬❑♦❧✵✼✱ ❚❤♠✳ ✷✳✶✻❪✮✳ ❙✐
X ❡st à s✐♥❣✉❧❛r✐tés ❦❧t✱ ❛❧♦rs ❡❧❧❡ ❡st à s✐♥❣✉❧❛r✐tés q✉♦t✐❡♥ts✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
❡❧❧❡ ❡st à s✐♥❣✉❧❛r✐tés Q✲❢❛❝t♦r✐❡❧❧❡s r❛t✐♦♥♥❡❧❧❡s ✭❬❑▼✾✽✱ ➓✹✳✷❪✮✳

❘❛♣♣❡❧♦♥s ❧❛ ♥♦t✐♦♥ ❞❡ ❣r❛♣❤❡ ❞✉❛❧ ✭❬❑▼✾✽✱ ❉❡❢✳ ✹✳✻❪✮✳ ❙♦✐t C =
⋃
Ck

✉♥❡ ❝♦❧❧❡❝t✐♦♥ ❞❡ ❝♦✉r❜❡s ♣r♦❥❡❝t✐✈❡s ❞❛♥s ✉♥❡ s✉r❢❛❝❡ ❧✐ss❡ S✳ ▲❡ ❣r❛♣❤❡ ❞✉❛❧
Γ ❞❡ C ❡st ❞é✜♥✐ ❝♦♠♠❡ s✉✐t ✿

✶✳ ▲❡s s♦♠♠❡ts ❞❡ Γ r❡♣rés❡♥t❡♥t ❧❡s ❝♦✉r❜❡s Ck✳

✷✳ ❉❡✉① s♦♠♠❡ts Ck 6= Cl s♦♥t ❝♦♥♥❡❝tés ♣❛r Ck · Cl ❛rêt❡s✳

❙♦✐t (X, ξ) ✉♥ ❣❡r♠❡ ❞❡ s✉r❢❛❝❡ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s t❡❧❧❡ q✉❡ ξ s♦✐t
❧✬✉♥✐q✉❡ ♣♦✐♥t s✐♥❣✉❧✐❡r ❞❡ X✳ ▲❡s s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s ❞❡ s✉r❢❛❝❡s s♦♥t
❛✉ss✐ ❛♣♣❡❧é❡s ❧❡s s✐♥❣✉❧❛r✐tés ❉✉ ❱❛❧ ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❑▼✾✽✱ ➓✹❪✮✳ ▲❡s
s✐♥❣✉❧❛r✐tés ❉✉ ❱❛❧ s♦♥t ❝❧❛ss✐✜é❡s✳ ❈❡ s♦♥t ❧❡s s✐♥❣✉❧❛r✐tés ❞❡ t②♣❡ Ai✱ Di ❡t
Ei ✭✈♦✐r ❝✐✲❞❡ss♦✉s✮✳ ❆✐♥s✐✱ ❧❡s s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s ❞❡ s✉r❢❛❝❡s s♦♥t ❛✉ss✐
❛♣♣❡❧é❡s s✐♥❣✉❧❛r✐tés ADE✳ ❙♦✐t r : X̃ → X ❧❛ rés♦❧✉t✐♦♥ ♠✐♥✐♠❛❧❡ ❞❡ X ❡t
s♦✐t C =

⋃
Ck ❧❡ ❧✐❡✉ ❡①❝❡♣t✐♦♥♥❡❧ ❞❡ r✳ ❆❧♦rs Ck ❡st ✉♥❡ (−2)✲❝♦✉r❜❡ ♣♦✉r

t♦✉t k✳ ◆♦✉s ❛✈♦♥s ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ s✉✐✈❛♥t❡ ✿

✶✳ (X, ξ) ❡st ❞❡ t②♣❡ Ai✱ ♦ù i ∈ N∗✳ ❆♥❛❧②t✐q✉❡♠❡♥t✱ ❡❧❧❡ ❡st ✐s♦♠♦r♣❤❡ à ❧❛
s✐♥❣✉❧❛r✐té ❞é✜♥✐❡ ♣❛r ❧✬éq✉❛t✐♦♥ x2+y2+zi+1 = 0✳ ▲❡ ❧✐❡✉ ❡①❝❡♣t✐♦♥♥❡❧
❞❡ r ♣♦ssè❞❡ i ❝♦♠♣♦s❛♥t❡s✱ ❡t s♦♥ ❣r❛♣❤❡ ❞✉❛❧ ❡st ✉♥❡ ❝❤❛î♥❡ ❝♦♠♠❡
❝✐✲❞❡ss♦✉s

• • · · · •
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✷✳ (X, ξ) ❡st ❞❡ t②♣❡ Di✱ ♦ù i > 4✳ ❆♥❛❧②t✐q✉❡♠❡♥t✱ ❡❧❧❡ ❡st ✐s♦♠♦r♣❤❡
à ❧❛ s✐♥❣✉❧❛r✐té ❞é✜♥✐❡ ♣❛r ❧✬éq✉❛t✐♦♥ x2 + y2z + zi−1 = 0✳ ▲❡ ❧✐❡✉
❡①❝❡♣t✐♦♥♥❡❧ ❞❡ r ♣♦ssè❞❡ i ❝♦♠♣♦s❛♥t❡s✱ ❡t s♦♥ ❣r❛♣❤❡ ❞✉❛❧ ❡st ❝♦♠♠❡
❝✐✲❞❡ss♦✉s

• • • · · · •

•

✸✳ (X, ξ) ❡st ❞❡ t②♣❡ Ei✱ ♦ù i ∈ {6, 7, 8}✳ ▲❡ ❧✐❡✉ ❡①❝❡♣t✐♦♥♥❡❧ ❞❡ r ♣♦ssè❞❡
i ❝♦♠♣♦s❛♥t❡s✱ ❡t s♦♥ ❣r❛♣❤❡ ❞✉❛❧ ❡st ❝♦♠♠❡ ❝✐✲❞❡ss♦✉s

• • • • · · · •

•

❙✐ i = 6✱ ❛❧♦rs (X, ξ) ❡st ❛♥❛❧②t✐q✉❡♠❡♥t ✐s♦♠♦r♣❤❡ à ❧❛ s✐♥❣✉❧❛r✐té ❞é✜✲
♥✐❡ ♣❛r ❧✬éq✉❛t✐♦♥ x2+y3+z4 = 0✳ ❙✐ i = 7✱ ❛❧♦rs ❡❧❧❡ ❡st ❛♥❛❧②t✐q✉❡♠❡♥t
✐s♦♠♦r♣❤❡ à ❧❛ s✐♥❣✉❧❛r✐té ❞é✜♥✐❡ ♣❛r ❧✬éq✉❛t✐♦♥ x2 + y3 + yz3 = 0✳ ❙✐
i = 8✱ ❛❧♦rs ❡❧❧❡ ❡st ❛♥❛❧②t✐q✉❡♠❡♥t ✐s♦♠♦r♣❤❡ à ❧❛ s✐♥❣✉❧❛r✐té ❞é✜♥✐❡
♣❛r ❧✬éq✉❛t✐♦♥ x2 + y3 + z5 = 0✳

❊♥ ♣❛rt✐❝✉❧✐èr❡✱ ❧❡s s✐♥❣✉❧❛r✐tés ADE s♦♥t ❞❡s s✐♥❣✉❧❛r✐tés ❞✬❤②♣❡rs✉r✲
❢❛❝❡s ❞♦♥❝ s♦♥t ●♦r❡♥st❡✐♥✳

✶✳✹ ❱❛r✐étés r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡s✱ ✈❛r✐étés ❞❡

❋❛♥♦

❙♦✐t X ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡✳ ❆❧♦rs ❡❧❧❡ ❡st ❞✐t❡ ✉♥✐ré❣❧é❡ s✐
♣❛r ✉♥ ♣♦✐♥t ❣é♥ér❛❧ x✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦✉r❜❡ r❛t✐♦♥♥❡❧❧❡ ♣❛ss❛♥t ♣❛r x✳ ❊❧❧❡
❡st ❞✐t❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ s✐ ♣♦✉r ❞❡✉① ♣♦✐♥ts ❣é♥ér❛✉① x✱ x′ ❞❡ X✱
✐❧ ❡①✐st❡ ✉♥❡ ❝♦✉r❜❡ r❛t✐♦♥♥❡❧❧❡ ♣❛ss❛♥t ♣❛r ❡✉①✳ ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❑♦❧✾✻✱
➓■❱❪✮

❯♥❡ ✈❛r✐été ♥♦r♠❛❧❡ ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡ X ❡st ❛♣♣❡❧é❡ ✉♥❡ ✈❛r✐été ❞❡
❋❛♥♦ s✐ −KX ❡st ✉♥ ❞✐✈✐s❡✉r Q✲❈❛rt✐❡r ❡t Q✲❛♠♣❧❡✳ ❙✬✐❧ ❡①✐st❡ ✉♥ Q✲❞✐✈✐s❡✉r
❡✛❡❝t✐❢ ∆ ❞❛♥s X t❡❧ q✉❡ ❧❛ ♣❛✐r❡ (X,∆) s♦✐t ❦❧t ❡t q✉❡ −(KX + ∆) s♦✐t
Q✲❛♠♣❧❡✱ ❛❧♦rs ❧❛ ♣❛✐r❡ (X,∆) ❡st ❞✐t❡ ❧♦❣ ❋❛♥♦✳ ❯♥❡ ✜❜r❛t✐♦♥ f : X → Y
❡♥tr❡ ❞❡✉① ✈❛r✐étés ♥♦r♠❛❧❡s ❡st ❞✐t❡ ❞❡ ❋❛♥♦ s✐ −KX ❡st ❞❡ Q✲❈❛rt✐❡r ❡t
f ✲❛♠♣❧❡✳

❯♥❡ ❝♦✉r❜❡ ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡ ❧✐ss❡ ❡st ✉♥❡ ✈❛r✐été ❞❡ ❋❛♥♦ s✐ ❡t s❡✉❧❡✲
♠❡♥t s✐ ❡❧❧❡ ❡st ✉♥❡ ❝♦✉r❜❡ r❛t✐♦♥♥❡❧❧❡✳ ❙✐ ✉♥❡ s✉r❢❛❝❡ ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡
❧✐ss❡ ❡st ✉♥❡ ✈❛r✐été ❞❡ ❋❛♥♦✱ ❛❧♦rs ❡❧❧❡ ❡st ❛✉ss✐ ✉♥❡ s✉r❢❛❝❡ r❛t✐♦♥♥❡❧❧❡✱ ✐✳❡✳
❡❧❧❡ ❡st ❜✐r❛t✐♦♥♥❡❧❧❡ à P2✳ ❊♥ ❞✐♠❡♥s✐♦♥ s✉♣ér✐❡✉r❡✱ ❝❡ ♥✬❡st ♣❧✉s ✈r❛✐ ✿ ✐❧
❡①✐st❡ ❞❡s ✈❛r✐étés ❞❡ ❋❛♥♦ ♣r♦❥❡❝t✐✈❡s ❝♦♠♣❧❡①❡s ❧✐ss❡s ❞❡ ❞✐♠❡♥s✐♦♥ n > 3
q✉✐ ♥❡ s♦♥t ♣❛s ❜✐r❛t✐♦♥♥❡❧❧❡s à Pn✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s ✈❛r✐étés ❞❡ ❋❛♥♦ ❧✐ss❡s
s♦♥t t♦✉❥♦✉rs r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡s ✭❬❈❛♠✾✷❪✱ ❬❑▼▼✾✷❛❪✮✳ ▲❡ t❤é♦rè♠❡
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s✉✐✈❛♥t ❛✣r♠❡ q✉❡ ❧❡s ✈❛r✐étés ❞❡ ❋❛♥♦ à s✐♥❣✉❧❛r✐tés ❦❧t s♦♥t ❛✉ss✐ r❛t✐♦♥✲
♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡s ✭❬❩❤❛✵✻✱ ❚❤♠✳ ✶❪✱ ❬❍▼✵✼✱ ❈♦r✳ ✶✳✶✸❪✮✳

❚❤é♦rè♠❡ ✶✳✹✳✶✳ ❙♦✐t (X,∆) ✉♥❡ ♣❛✐r❡ ❧♦❣ ❋❛♥♦✳ ❆❧♦rs X ❡st r❛t✐♦♥♥❡❧❧❡✲
♠❡♥t ❝♦♥♥❡①❡✳

✶✳✺ Pr♦❣r❛♠♠❡ ❞❡s ▼♦❞è❧❡s ▼✐♥✐♠❛✉①

▲❛ ♠♦t✐✈❛t✐♦♥ ❞✉ ♣r♦❣r❛♠♠❡ ❞❡s ♠♦❞è❧❡s ♠✐♥✐♠❛✉①✱ ♦✉ ▼▼P ✭✓▼✐♥✐✲
♠❛❧ ▼♦❞❡❧ Pr♦❣r❛♠✔ ❡♥ ❛♥❣❧❛✐s✮✱ ❡st ❞❡ tr♦✉✈❡r✱ ♣♦✉r ✉♥❡ ✈❛r✐été X✱ ✉♥
♠♦❞è❧❡ ❜✐r❛t✐♦♥♥❡❧ X∗ t❡❧ q✉❡ ♦✉ ❜✐❡♥ KX∗ s♦✐t ♥❡❢✱ ♦✉ ❜✐❡♥ ✐❧ ❡①✐st❡ ✉♥❡
✓✜❜r❛t✐♦♥ ❞❡ ▼♦r✐✔ f : X → Z ✭✈♦✐r Pr♦♣♦s✐t✐♦♥✲❉é✜♥✐t✐♦♥ ✶✳✺✳✸ ❝✐✲❞❡ss♦✉s✮
✈❡rs ✉♥❡ ✈❛r✐été ❞❡ ❞✐♠❡♥s✐♦♥ str✐❝t❡♠❡♥t ♣❧✉s ♣❡t✐t❡✳ ❯♥ ❞❡s t❤é♦rè♠❡s ❧❡s
♣❧✉s ✐♠♣♦rt❛♥ts ❡st ❧❡ t❤é♦rè♠❡ ❞✉ ❝ô♥❡✳ ❆✈❛♥t ❞❡ ♣rés❡♥t❡r ❝❡ t❤é♦rè♠❡✱
r❛♣♣❡❧♦♥s q✉❡❧q✉❡s ♥♦t✐♦♥s ❞❡ ❜❛s❡ ❞❡ ❧❛ ❣é♦♠étr✐❡ ❞❡s ❝ô♥❡s✳

❙♦✐t V ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ré❡❧ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡✳ ❯♥ ❡♥s❡♠❜❧❡ C ⊆ V ❡st
❛♣♣❡❧é ✉♥ ❝ô♥❡ s✐ C ❡st st❛❜❧❡ ♣♦✉r ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r t♦✉t ré❡❧ str✐❝t❡♠❡♥t
♣♦s✐t✐❢✳ ▲❡ ❝ô♥❡ ❡st ❞✐t ❝♦♥✈❡①❡ s✐ ♣♦✉r t♦✉s v, v′ ∈ C ✱ ❧❛ s♦♠♠❡ v + v′ ❡st
❛✉ss✐ ❞❛♥s C ✳ ❯♥ s♦✉s✲❡♥s❡♠❜❧❡ F ❞❡ C ❡st ❛♣♣❡❧é ✉♥❡ ❢❛❝❡ ❞❡ C s✬✐❧ ❡st
❝♦♥✈❡①❡ ✈ér✐✜❛♥t ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿ s✐ ✉♥ s❡❣♠❡♥t ♦✉✈❡rt ]v, v′[ tr❛❝é
❞❛♥s C r❡♥❝♦♥tr❡ F ✱ ❛❧♦rs ❧❡ s❡❣♠❡♥t ❢❡r♠é [v, v′] ❡st ✐♥❝❧✉s ❞❛♥s F ✳ ❯♥
r❛②♦♥ ❡①trê♠❛❧ ❞❡ C ❡st ✉♥❡ ❢❛❝❡ ❞❡ ❞✐♠❡♥s✐♦♥ 1✳ ❙✐ (Ci)i∈I ❡st ✉♥ ❡♥s❡♠❜❧❡
❛✉ ♣❧✉s ❞é♥♦♠❜r❛❜❧❡ ❞❡ ❝ô♥❡s ❞❛♥s V ✱ ❛❧♦rs ❧❛ s♦♠♠❡

∑
i∈I Ci ❡st ❞é✜♥✐❡

❝♦♠♠❡ ❧❡ ♣❧✉s ♣❡t✐t ❝ô♥❡ ❝♦♥✈❡①❡ ❢❡r♠é ❝♦♥t❡♥❛♥t t♦✉s ❧❡s Ci✳
❙♦✐t C ⊆ V ✉♥ ❝ô♥❡ ❝♦♥✈❡①❡ ❢❡r♠é ❡t s♦✐t f ∈ Hom(V,R) ✉♥❡ ❢♦r♠❡

❧✐♥é❛✐r❡✳ ❆❧♦rs Cf>0 ❡st ❧❡ ❝ô♥❡ ❞é✜♥✐ ♣❛r

{v ∈ C | f(v) > 0}.

❯♥❡ ❢❛❝❡ F ❡st ❞✐t❡ str✐❝t❡♠❡♥t f ✲♥é❣❛t✐✈❡ s✐ f(v) < 0 ♣♦✉r t♦✉t v ∈ F\{0}✳
❉❛♥s ❧❡ ❝❛s ♦ù V = ◆1(X) ♣♦✉r ✉♥❡ ✈❛r✐été ♥♦r♠❛❧❡ X ❡t f ❡st ✐♥❞✉✐t❡ ♣❛r
❧✬✐♥t❡rs❡❝t✐♦♥ ❛✈❡❝ ✉♥❡ ❝❧❛ss❡ D ∈ ◆1(X)✱ ♥♦✉s ♥♦t♦♥s CD>0 = Cf>0✳ ❯♥❡
❢❛❝❡ F ❡st ❞✐t❡ str✐❝t❡♠❡♥t D✲♥é❣❛t✐✈❡ s✐ ❡❧❧❡ ❡st str✐❝t❡♠❡♥t f ✲♥é❣❛t✐✈❡✳

▲❡ t❤é♦rè♠❡ ❞✉ ❝ô♥❡ ❡st ❝♦♠♠❡ s✉✐t ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❑▼▼✽✼✱ ❚❤♠✳
✸✲✷✲✶ ❡t ❚❤♠✳ ✹✲✷✲✶❪✮✳

❚❤é♦rè♠❡ ✶✳✺✳✶ ✭❚❤é♦rè♠❡ ❞✉ ❈ô♥❡✮✳ ❙♦✐t (X,∆) ✉♥❡ ♣❛✐r❡ ❦❧t t❡❧❧❡ q✉❡
X s♦✐t ♣r♦❥❡❝t✐✈❡ Q✲❢❛❝t♦r✐❡❧❧❡✳ ❆❧♦rs

✶✳ ■❧ ❡①✐st❡ ✉♥ ❡♥s❡♠❜❧❡ ❛✉ ♣❧✉s ❞é♥♦♠❜r❛❜❧❡ ❞❡ ❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s Cj ⊆
X✱ ❛✈❡❝ j ∈ J ✱ t❡❧❧❡s q✉❡ Cj · (KX +∆) < 0 ♣♦✉r t♦✉t j ❡t

◆❊(X) = ◆❊(X)(KX+∆)>0 +
∑

j∈J

R+[Cj ].
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✷✳ P♦✉r t♦✉t ǫ > 0 ❡t t♦✉t ❞✐✈✐s❡✉r ❛♠♣❧❡ H✱ ✐❧ ❡①✐st❡ ✉♥ s♦✉s✲❡♥s❡♠❜❧❡
✜♥✐ I ❞❡ J t❡❧ q✉❡

◆❊(X) = ◆❊(X)(KX+∆+ǫH)>0 +
∑

i∈I

R+[Ci].

✸✳ ❙♦✐t F ⊆ ◆❊(X) ✉♥❡ ❢❛❝❡ str✐❝t❡♠❡♥t (KX + ∆)✲♥é❣❛t✐✈❡✳ ❆❧♦rs ✐❧
❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ ✜❜r❛t✐♦♥ ♣r♦❥❡❝t✐✈❡ cF : X → Z t❡❧❧❡ q✉✬✉♥❡ ❝♦✉r❜❡
C ⊆ X s♦✐t ❝♦♥tr❛❝té❡ ♣❛r cF s✐ ❡t s❡✉❧❡♠❡♥t s✐ [C] ⊆ F ✳ ▲❡ ♠♦r♣❤✐s♠❡
cF ❡st ❛♣♣❡❧é ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞❡ F ✳

✹✳ ❙♦✐t cF ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞✬✉♥❡ ❢❛❝❡ str✐❝t❡♠❡♥t (KX +∆)✲♥é❣❛t✐✈❡ F ⊆
◆❊(X)✳ ❙♦✐t L ✉♥ ❞✐✈✐s❡✉r ❞❡ ❈❛rt✐❡r ❞❛♥s X t❡❧ q✉❡ C · L = 0 ♣♦✉r
t♦✉t❡ ❝♦✉r❜❡ C ❞♦♥t ❧❛ ❝❧❛ss❡ ❡st ❞❛♥s F ✳ ❆❧♦rs ✐❧ ❡①✐st❡ ✉♥ ❞✐✈✐s❡✉r ❞❡
❈❛rt✐❡r LZ ❞❛♥s Z t❡❧ q✉❡ OX(L) ∼= OX(c∗ZLZ)✳

❘❡♠❛rq✉❡ ✶✳✺✳✷✳ ❙♦✐t (X,∆) ✉♥❡ ♣❛✐r❡ ❦❧t ❧♦❣ ❋❛♥♦✳ ❆❧♦rs ♣❛r ❧❡ t❤é♦rè♠❡
❝✐✲❞❡ss✉s✱ ❧❡ ❝ô♥❡ ◆❊(X) ❡st ♣♦❧②é❞r❛❧✳

❙♦✐t (X,∆) ✉♥❡ ♣❛✐r❡ ❦❧t t❡❧❧❡ q✉❡ X s♦✐t ♣r♦❥❡❝t✐✈❡ Q✲❢❛❝t♦r✐❡❧❧❡✳ ❙✉♣♣♦✲
s♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥ r❛②♦♥ ❡①trê♠❛❧ R ⊆ ◆❊(X) q✉✐ ❡st str✐❝t❡♠❡♥t (KX+∆)✲
♥é❣❛t✐❢✳ ❆❧♦rs cR ❡st ❛♣♣❡❧é❡ ✉♥❡ ❝♦♥tr❛❝t✐♦♥ ❡①trê♠❛❧❡✳ ❙♦✐t Ex(cR) s♦♥ ❧✐❡✉
❡①❝❡♣t✐♦♥♥❡❧✳ ❆❧♦rs ♥♦✉s ❛✈♦♥s ❧❛ ♣r♦♣♦s✐t✐♦♥ s✉✐✈❛♥t❡ ✭❬❑▼✾✽✱ Pr♦♣✳ ✷✳✺❪✮✳

Pr♦♣♦s✐t✐♦♥✲❉é✜♥✐t✐♦♥ ✶✳✺✳✸✳ ❙♦✐t Z ✉♥❡ ❝♦♠♣♦s❛♥t❡ ✐rré❞✉❝t✐❜❧❡ ❞✉ ❧✐❡✉
❡①❝❡♣t✐♦♥♥❡❧ Ex(cR)✳ ❙✐ Z ❡st ❞❡ ❝♦❞✐♠❡♥s✐♦♥ 1✱ ❛❧♦rs Z = Ex(cR)✳ ❙✉✐✈❛♥t
❧❛ ❝♦❞✐♠❡♥s✐♦♥ ❞❡ Ex(cR)✱ ✐❧ ② ❛ tr♦✐s ♣♦ss✐❜✐❧✐tés ✿

✶✳ ❙✐ Ex(cR) ❝♦♥t✐❡♥t ✉♥ ❞✐✈✐s❡✉r✱ ❛❧♦rs cR ❡st ❞✐t❡ ❞✐✈✐s♦r✐❡❧❧❡✳

✷✳ ❙✐ Ex(cR) ❡st ❞❡ ❝♦❞✐♠❡♥s✐♦♥ ❛✉ ♠♦✐♥s 2✱ ❛❧♦rs cR ❡st ❛♣♣❡❧é❡ ✉♥❡
❝♦♥tr❛❝t✐♦♥ ♣❡t✐t❡✳

✸✳ ❙✐ Ex(cR) = X✱ ❛❧♦rs cR ❡st ❞✐t❡ ❞❡ t②♣❡ ✜❜ré ❡t ❛♣♣❡❧é❡ ✉♥❡ ✜❜r❛t✐♦♥
❞❡ ▼♦r✐✳ ❉❛♥s ❝❡ ❝❛s✱ X ❡st ❛♣♣❡❧é ✉♥ ❡s♣❛❝❡ ✜❜ré ❞❡ ▼♦r✐✳

❙✐ cR : X → Z ❡st ❞❡ t②♣❡ ✜❜ré ♦✉ ❞✐✈✐s♦r✐❡❧❧❡✱ ❛❧♦rs Z ❡st ❛✉ss✐ Q✲
❢❛❝t♦r✐❡❧❧❡ ❡t ρ(Z) = ρ(X)− 1 ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❑▼✾✽✱ Pr♦♣✳ ✸✳✸✻❪✮✳ ❙✐ cR
❡st ✉♥❡ ❝♦♥tr❛❝t✐♦♥ ♣❡t✐t❡✱ ❛❧♦rs Z ♥✬❡st ❥❛♠❛✐s Q✲❢❛❝t♦r✐❡❧✳ P♦✉r ❧❡ ❞❡r♥✐❡r
❝❛s✱ ✐♥tr♦❞✉✐s♦♥s ❧❛ ♥♦t✐♦♥ ❞❡ ✢✐♣ ✭❬❑▼✾✽✱ ❉❡❢✳ ✸✳✸✸❪✮✳

❉é✜♥✐t✐♦♥ ✶✳✺✳✹✳ ❙♦✐t (X,∆) ✉♥❡ ♣❛✐r❡ t❡❧❧❡ q✉❡ KX + ∆ s♦✐t Q✲❈❛rt✐❡r✳
❙♦✐t f : X → Z ✉♥ ♠♦r♣❤✐s♠❡ ❜✐r❛t✐♦♥♥❡❧ t❡❧ q✉❡ −(KX +∆) s♦✐t f ✲❛♠♣❧❡
❡t q✉❡ Ex(f) s♦✐t ❞❡ ❝♦❞✐♠❡♥s✐♦♥ ❛✉ ♠♦✐♥s 2✳ ❯♥❡ ✈❛r✐été X+ ❛✈❡❝ ✉♥❡
✜❜r❛t✐♦♥ ❜✐r❛t✐♦♥♥❡❧❧❡ f+ : X+ → Z ❡st ❛♣♣❡❧é❡ ✉♥ (KX +∆)✲✢✐♣ ❞❡ f s✐

✶✳ KX+ +∆+ ❡st Q✲❈❛rt✐❡r✱ ♦ù ∆+ ❡st ❧❛ tr❛♥s❢♦r♠é❡ str✐❝t❡ ❞❡ ∆ ❞❛♥s
X+✱

✷✳ KX+ +∆+ ❡st f+✲❛♠♣❧❡✱
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✸✳ Ex(f+) ❡st ❞❡ ❝♦❞✐♠❡♥s✐♦♥ ❛✉ ♠♦✐♥s 2✳

P❛r ❛❜✉s ❞❡ ❧❛♥❣✉❛❣❡✱ ♥♦✉s ❛♣♣❡❧♦♥s ❛✉ss✐ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❜✐r❛t✐♦♥♥❡❧❧❡ ϕ :
X 99K X+ ✉♥ (KX +∆)✲✢✐♣✳

❙✐ f : X 99K X ′ ❡st ✉♥❡ ❝♦♥tr❛❝t✐♦♥ ❡①trê♠❛❧❡ ❞✐✈✐s♦r✐❡❧❧❡ ♦✉ ✉♥ ✢✐♣ ❛ss♦✲
❝✐é❡ à ✉♥❡ ❝♦♥tr❛❝t✐♦♥ ❡①trê♠❛❧❡ ♣❡t✐t❡✱ ❛❧♦rs X ′ ❡st ❛✉ ♣❧✉s ❛✉ss✐ s✐♥❣✉❧✐èr❡
q✉❡ X✳ P❧✉s ♣ré❝✐❝é♠❡♥t ✿

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✺ ✭❬❑▼✾✽✱ ❈♦r✳ ✸✳✹✷❪✮✳ ❙♦✐t (X,∆) ✉♥❡ ♣❛✐r❡ ❦❧t ✭r❡s♣✳
❝❛♥♦♥✐q✉❡✱ t❡r♠✐♥❛❧❡✮ t❡❧❧❡ q✉❡ X s♦✐t Q✲❢❛❝t♦r✐❡❧❧❡✳ ❙♦✐t f : X → Z ✉♥❡
❝♦♥tr❛❝t✐♦♥ ❡①trê♠❛❧❡ ♣❡t✐t❡✳ ❙✐ X+ ❡st ✉♥ (KX +∆)✲✢✐♣ ❞❡ f ✱ ❛❧♦rs ❧❛ ♣❛✐r❡
(X+,∆+) ❡st ❦❧t ✭r❡s♣✳ ❝❛♥♦♥✐q✉❡✱ t❡r♠✐♥❛❧❡✮✱ ♦ù ∆+ ❡st ❧❛ tr❛♥s❢♦r♠é❡
str✐❝t❡ ❞❡ ∆ ❞❛♥s X+✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✻ ✭❬❑▼✾✽✱ ❈♦r✳ ✸✳✹✸❪✮✳ ❙♦✐t (X,∆) ✉♥❡ ♣❛✐r❡ ❦❧t t❡❧❧❡ q✉❡
X s♦✐t Q✲❢❛❝t♦r✐❡❧❧❡✳ ❙♦✐t f : X → X ′ ✉♥❡ ❝♦♥tr❛❝t✐♦♥ ❡①trê♠❛❧❡ ❞✐✈✐s♦✲
r✐❡❧❧❡ ❡t s♦✐t E ❧❡ ❧✐❡✉ ❡①❝❡♣t✐♦♥♥❡❧✳ ❆❧♦rs X ′ ❡st Q✲❢❛❝t♦r✐❡❧❧❡ ❡t (X ′,∆′) ❡st
❛✉ss✐ ✉♥❡ ♣❛✐r❡ ❦❧t✱ ♦ù ∆′ ❡st ❧❛ tr❛♥s❢♦r♠é❡ str✐❝t❡ ❞❡ ∆ ❞❛♥s X ′✳ ❉❡ ♣❧✉s✱
s✐ (X,∆) ❡st t❡r♠✐♥❛❧❡ ✭r❡s♣✳ ❝❛♥♦♥✐q✉❡✮ ❡t s✐ E 6⊂ ∆✱ ❛❧♦rs (X ′,∆′) ❡st
t❡r♠✐♥❛❧❡ ✭r❡s♣✳ ❝❛♥♦♥✐q✉❡✮✳

❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ✜❜r❛t✐♦♥ ❞❡ ▼♦r✐✱ ♥♦✉s ❛✈♦♥s ❧❛ ♣r♦♣♦s✐t✐♦♥ s✉✐✈❛♥t❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✼ ✭❬❑▼▼✽✼✱ ▲❡♠✳ ✺✲✶✲✺❪ ❡t ❬❋✉❥✾✾✱ ❚❤♠✳ ✵✳✷❪✮✳ ❙♦✐t (X,∆)
✉♥❡ ♣❛✐r❡ ❦❧t t❡❧❧❡ q✉❡ X s♦✐t Q✲❢❛❝t♦r✐❡❧❧❡✳ ❙✐ f : X → Z ❡st ✉♥❡ ✜❜r❛t✐♦♥
❞❡ ▼♦r✐ ❛ss♦❝✐é❡ à ✉♥❡ ❢❛❝❡ str✐❝t❡♠❡♥t (KX +∆)✲♥é❣❛t✐✈❡✱ ❛❧♦rs Z ❡st Q✲
❢❛❝t♦r✐❡❧❧❡ ❦❧t✳

❙♦✐t (X,∆) ✉♥❡ ♣❛✐r❡ ❦❧t t❡❧❧❡ q✉❡ X s♦✐t ♣r♦❥❡❝t✐✈❡ Q✲❢❛❝t♦r✐❡❧❧❡✳ ▲❡
▼▼P ♣♦✉r ❧❛ ♣❛✐r❡ (X,∆) ❡st ✉♥❡ s✉✐t❡ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥s ❜✐r❛t✐♦♥♥❡❧❧❡s
q✉❡ ♥♦✉s ❛❧❧♦♥s ♦❜t❡♥✐r ♣❛r ré❝✉rr❡♥❝❡✱

(X,∆) = (X0,∆0)99K(X1,∆1) 99K · · · (Xi,∆i) 99K · · ·

❙✉♣♣♦s♦♥s q✉✬✉♥❡ ♣❛✐r❡ ❦❧t (Xi,∆i) ❡st ❝♦♥str✉✐t❡ ♣♦✉r ❝❡rt❛✐♥ ❡♥t✐❡r
♥❛t✉r❡❧ i ❡t q✉❡ Xi ❡st ♣r♦❥❡❝t✐✈❡ Q✲❢❛❝t♦r✐❡❧❧❡✳ ❙✐ KXi

+ ∆i ❡st ♥❡❢✱ ❛❧♦rs
(Xi,∆i) ❡st ✉♥ ♠♦❞è❧❡ ♠✐♥✐♠❛❧ ❡t ❧❡ ♣r♦❣r❛♠♠❡ ❡st t❡r♠✐♥é✳ ◆♦✉s ♣r❡♥♦♥s
(X∗,∆∗) = (Xi,∆i) ❝♦♠♠❡ ❧❡ rés✉❧t❛t ❞✉ ♣r♦❣r❛♠♠❡✳

❙✐ KXi
+ ∆i ♥✬❡st ♣❛s ♥❡❢✱ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥ r❛②♦♥ ❡①trê♠❛❧ str✐❝t❡♠❡♥t

(KXi
+ ∆i)✲♥é❣❛t✐❢ R ⊆ ◆❊(Xi)✳ ❙♦✐t cR : Xi → Z ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞❡ R✳ ❙✐

cR ❡st ✉♥❡ ✜❜r❛t✐♦♥ ❞❡ ▼♦r✐✱ ❛❧♦rs ❧❡ ♣r♦❣r❛♠♠❡ ❡st t❡r♠✐♥é ❡t ♥♦✉s ♣r❡♥♦♥s
(X∗,∆∗) = (Xi,∆i) ❝♦♠♠❡ ❧❡ rés✉❧t❛t ❞✉ ♣r♦❣r❛♠♠❡✳ ❙✐ cR ❡st ✉♥❡ ❝♦♥tr❛❝✲
t✐♦♥ ❞❡ t②♣❡ ❞✐✈✐s♦r✐❡❧✱ ❛❧♦rs ♥♦✉s ♣♦s♦♥s (Xi+1,∆i+1) = (Z, (cR)∗∆i)✳ ❙✐ cR
❡st ✉♥❡ ❝♦♥tr❛❝t✐♦♥ ♣❡t✐t❡✱ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥ ✢✐♣ (Xi,∆i) 99K (Xi+1,∆i+1)
♣❛r ❬❇❈❍▼✶✵✱ ❈♦r✳ ✶✳✹✳✶❪✳ ❉❛♥s ❧❡s ❞❡✉① ❞❡r♥✐❡rs ❝❛s✱ (Xi+1,∆i+1) ❡st ✉♥❡
♣❛✐r❡ ❦❧t ❡t Xi+1 ❡st ♣r♦❥❡❝t✐✈❡ Q✲❢❛❝t♦r✐❡❧❧❡✳
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❖♥ ❝♦♥❥❡❝t✉r❡ q✉❡ ❧❛ s✉✐t❡ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥s ❜✐r❛t✐♦♥♥❡❧❧❡s ❝✐✲❞❡ss✉s ❡st
t♦✉❥♦✉rs ✜♥✐❡ ❡t q✉❡ ♥♦✉s ♣♦✉✈♦♥s ♦❜t❡♥✐r ✉♥ ♠♦❞è❧❡ (X∗,∆∗) t❡❧ q✉❡ ♦✉
❜✐❡♥ KX∗ +∆∗ s♦✐t ♥❡❢✱ ♦✉ ❜✐❡♥ ✐❧ ❡①✐st❡ ✉♥❡ ✜❜r❛t✐♦♥ ❞❡ ▼♦r✐ f : X → Z✳
❈❡tt❡ ❝♦♥❥❡❝t✉r❡ ❞❡ t❡r♠✐♥❛✐s♦♥ ❞❡ ▼▼P ❡st éq✉✐✈❛❧❡♥t❡ à ❧❛ ♥♦♥✲❡①✐st❡♥❝❡
❞❡ s✉✐t❡ ✐♥✜♥✐❡ ❞❡ ✢✐♣s✳ ❉❛♥s ❧❡ ❝❛s dimX = 2✱ ❧❛ ❝♦♥❥❡❝t✉r❡ ❡st ✈r❛✐❡✳ ❊♥
❡✛❡t✱ s✐ dimX = 2✱ ❛❧♦rs ✐❧ ♥✬② ❛ q✉❡ ❞❡s ❝♦♥tr❛❝t✐♦♥s ❞✐✈✐s♦r✐❡❧❧❡s ❞❛♥s ❧❛
s✉✐t❡ ❞✉ ♣r♦❣r❛♠♠❡✳ ❉❛♥s ❧❡ ❝❛s ♦ù dimX = 3, 4✱ ❧❛ ❝♦♥❥❡❝t✉r❡ ❡st ❛✉ss✐ ✈r❛✐❡
✭❬❙❤♦✽✻✱ ❈♦r✳ ✷✳✶✼❪✱ ❬❑▼▼✽✼✱ ❚❤♠✳ ✺✲✶✲✶✺❪✮✳ ❊♥ ♣❧✉s ❣r❛♥❞❡s ❞✐♠❡♥s✐♦♥s✱
❡❧❧❡ r❡st❡ ❡♥❝♦r❡ ♦✉✈❡rt❡✳
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❘és✉♠é ❞❡s rés✉❧t❛ts

♣r✐♥❝✐♣❛✉①

✷✳✶ ❋✐❜r❛t✐♦♥s ❧❛❣r❛♥❣✐❡♥♥❡s s✉r ❧❡s ✈❛r✐étés s②♠✲

♣❧❡❝t✐q✉❡s ❞❡ ❞✐♠❡♥s✐♦♥ q✉❛tr❡

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✹✱ ♥♦✉s ét✉❞✐♦♥s ❧❛ ❜❛s❡ ❞✬✉♥❡ ✜❜r❛t✐♦♥ ❧❛❣r❛♥❣✐❡♥♥❡
❞✬✉♥❡ ✈❛r✐été s②♠♣❧❡❝t✐q✉❡ ❞❡ ❞✐♠❡♥s✐♦♥ 4✳ ❘❛♣♣❡❧♦♥s ❞✬❛❜♦r❞ q✉❡❧q✉❡s ❞é✲
✜♥✐t✐♦♥s s✉r ❧❡s ✈❛r✐étés s②♠♣❧❡❝t✐q✉❡s✳

❉é✜♥✐t✐♦♥ ✷✳✶✳✶✳ ❙♦✐t M ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ❧✐ss❡ ❞❡ ❞✐♠❡♥s✐♦♥ 2n ❞é✲
✜♥✐❡ s✉r ✉♥ ❝♦r♣s k✳ ❯♥❡ 2✲❢♦r♠❡ ❢❡r♠é❡ Ω ∈ H0(M,Ω2

M ) ❡st ❞✐t❡ s②♠♣❧❡❝✲
t✐q✉❡ s✐ ❡❧❧❡ ❡st ♣❛rt♦✉t ♥♦♥✲❞é❣é♥éré❡✳ ▲❛ ✈❛r✐été M ❡st ❞✐t❡ s②♠♣❧❡❝t✐q✉❡
✐rré❞✉❝t✐❜❧❡ s✐ ❡❧❧❡ ❡st s✐♠♣❧❡♠❡♥t ❝♦♥♥❡①❡ ❡t q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❢♦r♠❡ s②♠♣❧❡❝✲
t✐q✉❡ Ω t❡❧❧❡ q✉❡ H0(M,Ω2

M ) ∼= kΩ✳

▲❡s ✈❛r✐étés s②♠♣❧❡❝t✐q✉❡s ✐rré❞✉❝t✐❜❧❡s s♦♥t ❧✬❛♥❛❧♦❣✉❡ ❞❡s s✉r❢❛❝❡s ❑✸
❡♥ ❣r❛♥❞❡s ❞✐♠❡♥s✐♦♥s✳ ❯♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡ ❡st
❛✉ss✐ ❛♣♣❡❧é❡ ✉♥❡ ✈❛r✐été ❤②♣❡r❦ä❤❧❡r✐❡♥♥❡✳ ❖♥ r❡♠❛rq✉❡ q✉❡✱ s✐ M ❡st ✉♥❡
✈❛r✐été s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡✱ ❛❧♦rs Ω∧n ❡st ✉♥ é❧é♠❡♥t ❞❛♥s H0(M,Ω2n

M )
q✉✐ ❡st ♣❛rt♦✉t ♥♦♥ ♥✉❧✳ P❛r ❝♦♥séq✉❡♥t✱ Ω2n

M
∼= OM ✳ ❇❡❛✉✈✐❧❧❡ ❞é♠♦♥tr❡ ❧❡

t❤é♦rè♠❡ s✉✐✈❛♥t✳

❚❤é♦rè♠❡ ✷✳✶✳✷ ✭❬❇❡❛✽✸✱ ❚❤♠✳ ✶❪✮✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡
❧✐ss❡ t❡❧❧❡ q✉❡ KX ≡ 0✳ ❆❧♦rs ✐❧ ❡①✐st❡ ✉♥ r❡✈êt❡♠❡♥t ✜♥✐ ét❛❧❡ X ′ → X t❡❧
q✉❡

X ′ ∼= T ×
∏

i

Vi ×
∏

j

Wj ,

♦ù T ❡st ✉♥ t♦r❡✱ Vi ❡st ✉♥❡ ✈❛r✐été ❞❡ ❈❛❧❛❜✐✲❨❛✉ s✐♠♣❧❡♠❡♥t ❝♦♥♥❡①❡ ❡t
Wj ❡st ✉♥❡ ✈❛r✐été s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡✳

✷✹
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❊①❡♠♣❧❡ ✷✳✶✳✸✳ ◆♦✉s r❛ss❡♠❜❧♦♥s ❞❡✉① ❡①❡♠♣❧❡s ❝❧❛ss✐q✉❡s ❞❡s ✈❛r✐étés s②♠✲
♣❧❡❝t✐q✉❡s ✐rré❞✉❝t✐❜❧❡s✳ ❈❡ s♦♥t ❧❡s ✈❛r✐étés s②♠♣❧❡❝t✐q✉❡s ✐rré❞✉❝t✐❜❧❡s ❞❡
t②♣❡ K3[n] ❡t ❞❡ t②♣❡ ❑✉♠♠❡r ❣é♥ér❛❧✐sés ✭❬❇❡❛✽✸✱ ➓✻ ❡t ➓✼❪✮✳

✲❚②♣❡ K3[n]✳ ❯♥❡ s✉r❢❛❝❡ ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡ ❡st s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝✲
t✐❜❧❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❡❧❧❡ ❡st ✉♥❡ s✉r❢❛❝❡ K3✳ ❙♦✐t S ✉♥❡ s✉r❢❛❝❡ K3✳ ❆❧♦rs
❧❡ s❝❤é♠❛ ❞✬❍✐❧❜❡rt ❞❡s s♦✉s✲s❝❤é♠❛s ❞❡ S ❞❡ ❞✐♠❡♥s✐♦♥ 0 ❡t ❞❡ ❧♦♥❣✉❡✉r n✱
Hilbn(S)✱ ❡st ✉♥❡ ✈❛r✐été s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡ ❞❡ ❞✐♠❡♥s✐♦♥ 2n✳

✲❚②♣❡ ❑✉♠♠❡r ❣é♥ér❛❧✐sés✳ ❙♦✐❡♥t A ✉♥ t♦r❡ ❝♦♠♣❧❡①❡ ❞❡ ❞✐♠❡♥s✐♦♥ 2 ❡t
0 ∈ A ❧❡ ♣♦✐♥t ③❡r♦✳ ❙♦✐t Hilbn+1(A) ❧❡ s❝❤é♠❛ ❞✬❍✐❧❜❡rt ❞❡s s♦✉s✲s❝❤é♠❛s ❞❡
A ❞❡ ❞✐♠❡♥s✐♦♥ 0 ❡t ❞❡ ❧♦♥❣✉❡✉r n+1 ❡t s♦✐t Sn+1(A) ❧❡ ♣r♦❞✉✐t s②♠étr✐q✉❡
❞❡ n+ 1 ❝♦♣✐❡s ❞❡ A✳ ❆❧♦rs✱ ✐❧ ❡①✐st❡ ❞❡s ♠♦r♣❤✐s♠❡s ♥❛t✉r❡❧s✱

Hilbn+1(A) −→ Sn+1(A)
+

−→ A,

♦ù + ❞és✐❣♥❡ ❧❛ s♦♠♠❛t✐♦♥ ❞❡ A✳ ❙♦✐t Kn+1(A) ⊆ Hilbn+1(A) ❧❛ ✜❜r❡ ❛✉✲
❞❡ss✉s ❞❡ 0 ∈ A ❞❡ ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❞❡s ♠♦r♣❤✐s♠❡s ❝✐✲❞❡ss✉s✳ ❆❧♦rs Kn+1 ❡st
✉♥❡ ✈❛r✐été s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡ ❞❡ ❞✐♠❡♥s✐♦♥ 2n✳

❙♦✐t M ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡ ❞é✜♥✐❡ s✉r ✉♥
❝♦r♣s k ❞❡ ❞✐♠❡♥s✐♦♥ 2n✳ ❙♦✐t Ω ✉♥❡ ❢♦r♠❡ s②♠♣❧❡❝t✐q✉❡✳ ❯♥❡ s♦✉s✲✈❛r✐été
N ❡st ❞✐t❡ ❧❛❣r❛♥❣✐❡♥♥❡ s✐ ❡❧❧❡ ❡st ❞❡ ❞✐♠❡♥s✐♦♥ n ❡t s✐ ❧❛ r❡str✐❝t✐♦♥ ❞❡ Ω
s✉r ❧❛ ♣❛rt✐❡ ❧✐ss❡ ❞❡ N ❡st ✉♥❡ 2✲❢♦r♠❡ ✐❞❡♥t✐q✉❡♠❡♥t ♥✉❧❧❡✳ ❯♥❡ ✜❜r❛t✐♦♥
f : M → X ❡st ❞✐t❡ ❧❛❣r❛♥❣✐❡♥♥❡ s✐ t♦✉t❡ ❝♦♠♣♦s❛♥t❡ ✐rr❡❞✉❝t✐❜❧❡ ❞❡ t♦✉t❡
✜❜r❡ ❞❡ f ❡st ✉♥❡ s♦✉s✲✈❛r✐été ❧❛❣r❛♥❣✐❡♥♥❡✳

▲❡s ✜❜r❛t✐♦♥s ❧❛❣r❛♥❣✐❡♥♥❡s s♦♥t ✉♥ ♦❜❥❡t ✐♠♣♦rt❛♥t ♣♦✉r ❧❛ ❣é♦♠étr✐❡
❞❡s ✈❛r✐étés s②♠♣❧❡❝t✐q✉❡s ✐rré❞✉❝t✐❜❧❡s✳ ■❧ ❡st ❝♦♥❥❡❝t✉ré ♣❛r ♣❧✉s✐❡✉rs ♠❛✲
t❤é♠❛t✐❝✐❡♥s ✭❇❡❛✉✈✐❧❧❡✱ ❇♦❣♦♠♦❧♦✈✱ ❍❛ss❡tt✲❚s❝❤✐♥❦❡❧✱ ❍✉②❜r❡❝❤ts✱ ❙❛✇♦♥✱
❚②✉r✐♥✱ ✳✳✳✮ q✉❡ t♦✉t❡ ✈❛r✐été s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡ ♣❡✉t êtr❡ ❞é❢♦r♠é❡ ❡♥
✉♥❡ ✈❛r✐été s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡ q✉✐ ❛❞♠❡t ✉♥❡ ✜❜r❛t✐♦♥ ❧❛❣r❛♥❣✐❡♥♥❡
✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❇❡❛✶✶✱ ➓✶✳✻❪✮✳ ■❝✐ ♥♦✉s s✉♣♣♦s♦♥s ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ✜❜r❛✲
t✐♦♥ ❧❛❣r❛♥❣✐❡♥♥❡ f : M → X ❡t ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à X✳ ▼❛ts✉s❤✐t❛
❞é♠♦♥tr❡ ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✭❬▼❛t✾✾✱ ❚❤♠✳ ✷❪✮✳

❚❤é♦rè♠❡ ✷✳✶✳✹✳ ❙♦✐t f : M → X ✉♥❡ ✜❜r❛t✐♦♥ ❞✬✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡
♣r♦❥❡❝t✐✈❡ s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡ ❧✐ss❡M ❞❡ ❞✐♠❡♥s✐♦♥ 2n ❞❛♥s ✉♥❡ ✈❛r✐été
♣r♦❥❡❝t✐✈❡ ♥♦r♠❛❧❡ X✳ ❙✉♣♣♦s♦♥s q✉❡ 0 < dimX < 2n✳ ❆❧♦rs ♥♦✉s ❛✈♦♥s ❧❡s
♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

✶✳ f ❡st ✉♥❡ ✜❜r❛t✐♦♥ ❧❛❣r❛♥❣✐❡♥♥❡ ❀

✷✳ X ❡st ✉♥❡ ✈❛r✐été ❞❡ ❋❛♥♦ ❞❡ ❞✐♠❡♥s✐♦♥ n Q✲❢❛❝t♦r✐❡❧❧❡ à s✐♥❣✉❧❛r✐tés
❦❧t t❡❧❧❡ q✉❡ ρ(X) = 1✳

❉❛♥s ❧❡s ❡①❡♠♣❧❡s ❝♦♥♥✉s ❞❡ ✜❜r❛t✐♦♥s ❧❛❣r❛♥❣✐❡♥♥❡s✱ ❧❛ ❜❛s❡ ❡st t♦✉❥♦✉rs
✐s♦♠♦r♣❤❡ à ✉♥ ❡s♣❛❝❡ ♣r♦❥❡❝t✐❢✳ ❊♥ ❡✛❡t✱ s✐ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❛ ❜❛s❡ ❡st
❧✐ss❡✱ ❛❧♦rs ❍✇❛♥❣ ♣r♦✉✈❡ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t✳
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❚❤é♦rè♠❡ ✷✳✶✳✺ ✭❬❍✇❛✵✽✱ ❚❤♠✳ ✶✳✷❪✮✳ ❙♦✐t f ✉♥❡ ✜❜r❛t✐♦♥ ❧❛❣r❛♥❣✐❡♥♥❡
❞✬✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡ ❧✐ss❡ M ❞❡ ❞✐✲
♠❡♥s✐♦♥ 2n ❞❛♥s ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ❧✐ss❡ X✳ ❆❧♦rs X ∼= Pn✳

❙✐ ❧❛ ✈❛r✐été s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡ s❡ ❞é❢♦r♠❡ ❡♥ ✉♥❡ ✈❛r✐été s②♠✲
♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡ ❞✉ t②♣❡ K3[n] ♦✉ ❞✉ t②♣❡ ❑✉♠♠❡r ❣é♥ér❛❧✐sés✱ ❛❧♦rs
❧❛ ❜❛s❡ ❡st t♦✉❥♦✉rs ✐s♦♠♦r♣❤❡ à Pn ✭❬▼❛t✶✸✱ ❈♦r✳ ✶✳✶❪✱ ❬▼❛r✶✹✱ ❚❤♠✳ ✶✳✸❪✱
❬❇▼✶✹✱ ❚❤♠✳ ✶✳✺❪ ❡t ❬❨♦s✶✷✱ Pr♦♣✳ ✸✳✸✽❪✮✳ ❈❡♣❡♥❞❛♥t✱ ✐❧ ❡①✐st❡ ❞✬❛✉tr❡s t②♣❡s
❞❡ ✈❛r✐étés s②♠♣❧❡❝t✐q✉❡s ✐rré❞✉❝t✐❜❧❡s✳ ❖✬●r❛❞② ❝♦♥str✉✐t ❞❡✉① ♥♦✉✈❡❛✉①
❡①❡♠♣❧❡s ❞❡ ✈❛r✐étés s②♠♣❧❡❝t✐q✉❡s ✐rré❞✉❝t✐❜❧❡s ❞❛♥s ❬❖✬●✾✾❪ ❡t ❬❖✬●✵✸❪✳
❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✹✱ ♥♦✉s ❞é♠♦♥tr♦♥s ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t✳

❚❤é♦rè♠❡ ✷✳✶✳✻✳ ❙♦✐t f ✉♥❡ ✜❜r❛t✐♦♥ ❞✬✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡
s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝t✐❜❧❡ ❧✐ss❡ M ❞❡ ❞✐♠❡♥s✐♦♥ 4 s✉r ✉♥❡ s✉r❢❛❝❡ ♣r♦❥❡❝t✐✈❡
♥♦r♠❛❧❡ X✳ ❆❧♦rs✱ ♥♦✉s ❛✈♦♥s ❞❡✉① ♣♦ss✐❜✐❧✐tés✳ ❙♦✐t X ∼= P2✱ s♦✐t X ∼=
Sn(E8)✳

▲❛ s✉r❢❛❝❡ Sn(E8) ❡st ❧✬✉♥❡ ❞❡s ❞❡✉① s✉r❢❛❝❡s ❞❡ ❋❛♥♦ q✉✐ ❝♦♥t✐❡♥♥❡♥t
✉♥ ✉♥✐q✉❡ ♣♦✐♥t s✐♥❣✉❧✐❡r q✉✐ ❡st ❝❛♥♦♥✐q✉❡ ❞✉ t②♣❡ E8✳ ▲❛ ❝♦♥str✉❝t✐♦♥
❞❡ ❝❡s ❞❡✉① s✉r❢❛❝❡s ❡st ❝♦♠♠❡ s✉✐t✳ ❙♦✐t C ✉♥❡ ❝♦✉r❜❡ r❛t✐♦♥♥❡❧❧❡ ❝✉❜✐q✉❡
s✐♥❣✉❧✐èr❡ ❞❛♥s X1 = P2✳ ❙♦✐t x ❧✬✉♥ ❞❡s ♣♦✐♥ts ❞✬✐♥✢❡❝t✐♦♥ ❧✐ss❡s ❞❡ C ❡t s♦✐t
L ❧❛ ❞r♦✐t❡ t❛♥❣❡♥t❡ à C ❡♥ x✳ ❊♥ é❝❧❛t❛♥t ❧❡ ♣♦✐♥t x✱ ♥♦✉s ♦❜t❡♥♦♥s ✉♥❡
s✉r❢❛❝❡ X2✳ ◆♦✉s ❝♦♥str✉✐s♦♥s ✉♥❡ s✉r❢❛❝❡ r❛t✐♦♥♥❡❧❧❡ X9 ♣❛r ré❝✉rr❡♥❝❡ ❞❡
❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡✳ ❙✉♣♣♦s♦♥s q✉❡ Xi ❡st ❝♦♥str✉✐t❡ ♣♦✉r ✉♥ i > 2✳ ❙♦✐t
Xi+1 → Xi ❧✬é❝❧❛t❡♠❡♥t ❞✉ ♣♦✐♥t ❞✬✐♥t❡rs❡❝t✐♦♥ ❞❡ ❧❛ tr❛♥s❢♦r♠é❡ str✐❝t❡ ❞❡
C ❡t ❧❡ ❞✐✈✐s❡✉r ❡①❝❡♣t✐♦♥♥❡❧ ❞❡ Xi → Xi−1✳ ❆❧♦rs X9 ❝♦♥t✐❡♥t ❡①❛❝t❡♠❡♥t
❤✉✐t (−2)✲❝♦✉r❜❡s ✿ ❧❛ tr❛♥s❢♦r♠é❡ str✐❝t❡ ❞❡ L ❡t ❧❡s tr❛♥s❢♦r♠é❡s str✐❝t❡s ❞❡s
❞✐✈✐s❡✉rs ❡①❝❡♣t✐♦♥♥❡❧s ❞❡X8 → X1✳ ❙♦✐tX9 → X ❧❡ ♠♦r♣❤✐s♠❡ ❜✐r❛t✐♦♥♥♥❡❧
q✉✐ ❝♦♥tr❛❝t❡ ❡①❛❝t❡♠❡♥t ❝❡s ❝♦✉r❜❡s✳ ❆❧♦rs X ❡st ✉♥❡ s✉r❢❛❝❡ ❞❡ ❋❛♥♦ q✉✐
❝♦♥t✐❡♥t ✉♥ ✉♥✐q✉❡ ♣♦✐♥t s✐♥❣✉❧✐❡r q✉✐ ❡st ❝❛♥♦♥✐q✉❡ ❞✉ t②♣❡ E8✳ ❙✐ C ❡st
✉♥❡ ❝♦✉r❜❡ ❝✉s♣✐❞❛❧❡✱ ❛❧♦rs ❧❡ s②st❡♠ ❧✐♥é❛✐r❡ | − KX | ❝♦♥t✐❡♥t ✉♥❡ ❝♦✉r❜❡
r❛t✐♦♥♥❡❧❧❡ ❝✉s♣✐❞❛❧❡ ❞❛♥s ❧❡ ❧✐❡✉ ❧✐ss❡ ❞❡ X✳ ❖♥ ♥♦t❡ Sc(E8) ❝❡tt❡ s✉r❢❛❝❡✳
❙✐ C ❡st ✉♥❡ ❝♦✉r❜❡ ♥♦❞❛❧❡✱ ❛❧♦rs ❧❡ s②stè♠❡ ❧✐♥é❛✐r❡ | −KX | ❝♦♥t✐❡♥t ❞❡✉①
❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s ♥♦❞❛❧❡s ❞❛♥s ❧❡ ❧✐❡✉ ❧✐ss❡ ❞❡ X✳ ❖♥ ♥♦t❡ Sn(E8) ❝❡tt❡
s✉r❢❛❝❡✳
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❝♦✉r❜❡ ♥♦❞❛❧❡

❝♦✉r❜❡ ♥♦❞❛❧❡ ♣♦✐♥t s✐♥❣✉❧✐❡r

X ∼= Sn(E8)

❝♦✉r❜❡ ❝✉s♣✐❞❛❧❡

♣♦✐♥t s✐♥❣✉❧✐❡r

X ∼= Sc(E8)

❝♦✉r❜❡s r❛t✐♦♥♥❡❧❧❡s ❞❛♥s | −KX |

▲❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✷✳✶✳✻ ❝♦♥s✐st❡ ❡♥ ♣❧✉s✐❡✉r❡s ét❛♣❡s✳ ◆♦✉s ❛❧❧♦♥s
❞✬❛❜♦r❞ ❞é♠♦♥tr❡r ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t✱ q✉✐ ❡st ✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞✬✉♥ ré✲
s✉❧t❛t ❞❡ ❑♦❧❧ár ✭❬❑♦❧✽✻❜✱ ❈♦r✳ ✸✳✾❪✮✳

❚❤é♦rè♠❡ ✷✳✶✳✼✳ ❙♦✐t g : V → W ✉♥❡ ✜❜r❛t✐♦♥ ♣r♦❥❡❝t✐✈❡ éq✉✐❞✐♠❡♥s✐♦♥✲
♥❡❧❧❡ ❡♥tr❡ ✈❛r✐étés ❝♦♠♣❧❡①❡s ♥♦r♠❛❧❡s q✉❛s✐✲♣r♦❥❡❝t✐✈❡s✳ ❙✉♣♣♦s♦♥s q✉❡ V
❡st ❧✐ss❡✱ q✉❡ ωV

∼= OV ✱ ❡t q✉❡ W ❡st ❈♦❤❡♥✲▼❛❝❛✉❧❛② Q✲●♦r❡♥st❡✐♥✳ ❙♦✐t L
✉♥ ❞✐✈✐s❡✉r ❞❡ ❲❡✐❧ Q✲❈❛rt✐❡r ❞❛♥s W ✱ ❡t s♦✐t E = g∗L✳ ❆❧♦rs Rig∗OV (E)
❡st ré✢❡①✐❢ ♣♦✉r t♦✉t i > 0✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ f : M → X ❡st ✉♥❡ ✜❜r❛t✐♦♥ ❧❛❣r❛♥❣✐❡♥♥❡✱ ❛❧♦rs ❧❡
❚❤é♦rè♠❡ ✷✳✶✳✼ ✐♠♣❧✐q✉❡ q✉❡ Rif∗OM ❡st ré✢❡①✐❢✳ P❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ▼❛t✲
s✉s❤✐t❛ ✭❬▼❛t✵✺❪✮✱ ♥♦✉s ♦❜t❡♥♦♥s Rif∗OM

∼= Ω
[i]
X ✳ ❊♥s✉✐t❡✱ ♥♦✉s ❞é♠♦♥tr♦♥s

❧❡ t❤é♦rè♠❡ ❞✬❛♥♥✉❧❛t✐♦♥ s✉✐✈❛♥t✳

❚❤❡♦r❡♠ ✷✳✶✳✽✳ ❙♦✐t f : M → X ✉♥❡ ✜❜r❛t✐♦♥ ❧❛❣r❛♥❣✐❡♥♥❡ ❞✬✉♥❡ ✈❛✲
r✐été ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ s②♠♣❧❡❝t✐q✉❡ ✐rré❞✉❝✐❜❧❡ ❧✐ss❡ M s✉r ✉♥❡ ✈❛r✐été
♣r♦❥❡❝t✐✈❡ ♥♦r♠❛❧❡ X✳ ❙♦✐t H ✉♥ ❞✐✈✐s❡✉r ❞❡ ❲❡✐❧ Q✲❛♠♣❧❡ ❞❛♥s X ❡t s♦✐t
D = f∗H✳ ❆❧♦rs✱ ♣♦✉r t♦✉t j > 0 ❡t ♣♦✉r t♦✉t i > 0✱ ♥♦✉s ❛✈♦♥s

hj(X,Rif∗(OM (D))) = 0 et hi(M,OM (D)) = h0(X,Ω
[i]
X [⊗]OX(H)).

❉❛♥s ❧❡ ❝❛s ♦ù dimM = 4✱ ♥♦✉s ❡♥ ❞é❞✉✐s♦♥s

h0(X,OX(H))− h0(X,Ω
[1]
X [⊗]OX(H)) + h0(X,OX(H +KX)) = 3

♣♦✉r t♦✉t ❞✐✈✐s❡✉r ❞❡ ❲❡✐❧ Q✲❛♠♣❧❡ H ❞❛♥s X✳ ❊♥✜♥✱ ♥♦✉s ♠♦♥tr♦♥s ❧❡
t❤é♦rè♠❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ s✉✐✈❛♥t q✉✐ ✐♠♣❧✐q✉❡ ❧❡ ❚❤é♦rè♠❡ ✷✳✶✳✼✳

❚❤é♦rè♠❡ ✷✳✶✳✾✳ ❙♦✐t X ✉♥❡ s✉r❢❛❝❡ ❞❡ ❋❛♥♦ ❝♦♠♣❧❡①❡ à s✐♥❣✉❧❛r✐tés ❦❧t
❞♦♥t ❧❡ ❧✐❡✉ ❧✐ss❡ ❡st ❛❧❣é❜r✐q✉❡♠❡♥t s✐♠♣❧❡♠❡♥t ❝♦♥♥❡①❡✳ ❙✉♣♣♦s♦♥s q✉❡
ρ(X) = 1 ❡t

h0(X,OX(H))− h0(X,Ω
[1]
X [⊗]OX(H)) + h0(X,OX(H +KX)) = 3
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♣♦✉r t♦✉t ❞✐✈✐s❡✉r ❞❡ ❲❡✐❧ Q✲❛♠♣❧❡ H ❞❛♥s X✳ ❆❧♦rs s♦✐t X ∼= P2✱ s♦✐t
X ∼= Sn(E8)✳

❘❛♣♣❡❧♦♥s q✉✬✉♥❡ ✈❛r✐été X ❡st ❞✐t❡ ❛❧❣é❜r✐q✉❡♠❡♥t s✐♠♣❧❡♠❡♥t ❝♦♥♥❡①❡
s✐ t♦✉t r❡✈êt❡♠❡♥t ét❛❧❡ ✜♥✐ X ′ → X✱ ❛✈❡❝ X ′ ✐rré❞✉❝t✐❜❧❡✱ ❡st ✉♥ ✐s♦♠♦r✲
♣❤✐s♠✳

✷✳✷ ❱❛r✐étés ❞❡ ❋❛♥♦ ❞♦♥t t♦✉t ❞✐✈✐s❡✉r ❡✛❡❝t✐❢ ❡st

♥❡❢

❙♦✐t X ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ♥♦r♠❛❧❡✳ ❆❧♦rs ♥♦✉s ❛✈♦♥s ❧✬✐♥❝❧✉s✐♦♥

Nef(X) ⊆ Psef(X).

■❧ ❡st ♥❛t✉r❡❧ ❞❡ r❡❣❛r❞❡r ❞❡s ✈❛r✐étés X t❡❧❧❡s q✉❡ Nef(X) = Psef(X)✳ ▲❡s
❡①❡♠♣❧❡s ❧❡s ♣❧✉s s✐♠♣❧❡s s♦♥t ❧❡s ✈❛r✐étés ❞❡ ♥♦♠❜r❡ P✐❝❛r❞ 1 ❡t ❧❡s ❡s♣❛❝❡s
❤♦♠♦❣è♥❡s✳ ❙✐ X ❡st ✉♥❡ ✈❛r✐été t♦r✐q✉❡ ❧✐ss❡✱ ❛❧♦rs Nef(X) = Psef(X) s✐ ❡t
s❡✉❧❡♠❡♥t s✐ X ❡st ✉♥ ♣r♦❞✉✐t ❞✬❡s♣❛❝❡s ♣r♦❥❡❝t✐❢s ✭❬❋❙✵✾✱ Pr♦♣✳ ✺✳✸❪✮✳ ▲❡ ❝❛s
♦ù X ❡st ✉♥❡ ✈❛r✐été ❤♦r♦s♣❤ér✐q✉❡ ❡st tr❛✐té ❞❛♥s ❬▲✐✶✸❪✳

❊①❡♠♣❧❡ ✷✳✷✳✶ ✭❬❋✉❧✶✶✱ Pr♦♣✳ ✶✳✺❪✮✳ ❙♦✐t C ✉♥❡ ❝♦✉❜r❡ ♣r♦❥❡❝t✐✈❡ ❧✐ss❡ ❡t s♦✐t
E ✉♥ ✜❜ré ✈❡❝t♦r✐❡❧ s✉r C✳ ❙♦✐t X = P(E ) ❧❡ ✜❜ré ♣r♦❥❡❝t✐❢ ❛ss♦❝✐é à E ✳ ❆❧♦rs
Nef(X) = Psef(X) s✐ ❡t s❡✉❧❡♠❡♥t s✐ E ❡st s❡♠✐st❛❜❧❡✳

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✺✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉① ✈❛r✐étés ❞❡ ❋❛♥♦ X à
s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s t❡❧❧❡s q✉❡ Nef(X) = Psef(X)✳ ❯♥❡ t❡❧❧❡ ✈❛r✐été ❡st
✉♥ ♦❜❥❡t ♠✐♥✐♠❛❧ ❞❛♥s s❛ ❝❧❛ss❡ ❞✬éq✉✐✈❛❧❡♥❝❡ ❜✐r❛t✐♦♥♥❡❧❧❡ ✿ s✐ f : X → Y ❡st
✉♥ ♠♦r♣❤✐s♠❡ ❜✐r❛t✐♦♥♥❡❧✱ ❛❧♦rs f ❡st ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ✭❬❉r✉✶✹✱ ▲❡♠✳ ✹✳✹❪✮✳
❉❡ ♣❧✉s✱ ❧❡ ♥♦♠❜r❡ ❞❡ P✐❝❛r❞ ❞❡ X ❡st t♦✉❥♦✉rs ❛✉ ♣❧✉s é❣❛❧ à ❧❛ ❞✐♠❡♥s✐♦♥
❞❡ X✳ ❙✐ ρ(X) ❡st ♠❛①✐♠❛❧✱ ❛❧♦rs ❉r✉❡❧ ♠♦♥tr❡ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✭❬❉r✉✶✹✱
❚❤♠✳ ✶✳✶❪ ❡t ❬❉r✉✶✹✱ Pr♦♣✳ ✶✵✳✹❪✮✳

❚❤é♦rè♠❡ ✷✳✷✳✷✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ❞❡ ❋❛♥♦ ❧♦❝❛❧❡♠❡♥t ❢❛❝t♦r✐❡❧❧❡ à s✐♥❣✉✲
❧❛r✐tés ❝❛♥♦♥✐q✉❡s✳ ❙✉♣♣♦s♦♥s q✉❡ ρ(X) = dimX ❡t q✉❡ Nef(X) = Psef(X)✳
❆❧♦rs X ∼= X1× · · ·×Xk✱ ♦ù ♣♦✉r t♦✉t i = 1, ..., k✱ ♦✉ ❜✐❡♥ Xi

∼= P1✱ ♦✉ ❜✐❡♥
dimXi > 3 ❡t Xi ❡st ✉♥ r❡✈êt❡♠❡♥t ❞♦✉❜❧❡ ❞❡ P1 × · · · × P1✱ r❛♠✐✜é ❧❡ ❧♦♥❣
❞✬✉♥ ❞✐✈✐s❡✉r ❞❡ ❞❡❣ré (2, ..., 2)✳

◆♦✉s ét✉❞✐♦♥s ❧❡ ❝❛s ♦ù ❧❡ ♥♦♠❜r❡ ❞❡ P✐❝❛r❞ ❞❡ X ❡st é❣❛❧ à ❧❛ ❞✐♠❡♥s✐♦♥
♠♦✐♥s 1✳ P❧✉s ♣ré❝✐❝é♠❡♥t✱ ♥♦✉s ❝❧❛ss✐✜♦♥s ❧❡s ✈❛r✐étés ❞❡ ❋❛♥♦ X t❡❧❧❡s q✉❡

✶✳ X ❡st ❧♦❝❛❧❡♠❡♥t ❢❛❝t♦r✐❡❧❧❡✱ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s ❀

✷✳ X ❡st ❧✐ss❡ ❡♥ ❝♦❞✐♠❡♥s✐♦♥ 2 ❀

✸✳ Nef(X) = Psef(X)✳

❉❛♥s ❧❡ ❝❛s ❞❡s s✉r❢❛❝❡s✱ ✐❧ ♥✬❡st ♣❛s ❞✐✣❝✐❧❡ ❞❡ ✈♦✐r q✉❡ X ∼= P2✳ ❉❛♥s
❧❡ ❝❛s ❞❡ ❞✐♠❡♥s✐♦♥ 3✱ ♥♦✉s ❛✈♦♥s ❧❡ rés✉❧t❛t s✉✐✈❛♥t✳
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❚❤é♦rè♠❡ ✷✳✷✳✸✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ❞❡ ❋❛♥♦ ❞❡ ❞✐♠❡♥s✐♦♥ tr♦✐s ❧♦❝❛❧❡✲
♠❡♥t ❢❛❝t♦r✐❡❧❧❡ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s ✐s♦❧é❡s✳ ❙✉♣♣♦s♦♥s q✉❡ Nef(X) =
Psef(X)✳ ❆❧♦rs

✶✳ X ∼= P1 × P2✳

✷✳ X ❡st ✉♥ r❡✈êt❡♠❡♥t ❞♦✉❜❧❡ ❞❡ P1 × P2✱ r❛♠✐✜é ❧❡ ❧♦♥❣ ❞✬✉♥ ❞✐✈✐s❡✉r
♣r❡♠✐❡r ❞❡ ❞❡❣ré (2, 2)✳

✸✳ X ❡st ✉♥ r❡✈êt❡♠❡♥t ❞♦✉❜❧❡ ❞❡ P1 × P2✱ r❛♠✐✜é ❧❡ ❧♦♥❣ ❞✬✉♥ ❞✐✈✐s❡✉r
♣r❡♠✐❡r ❞❡ ❞❡❣ré (2, 4)✳

✹✳ X ❡st ✉♥❡ ❤②♣❡rs✉r❢❛❝❡ ❞❛♥s P2 × P2 ❞❡ ❞❡❣ré (1, 1)✳

✺✳ X ❡st ✉♥❡ ❤②♣❡rs✉r❢❛❝❡ ❞❛♥s P2 × P2 ❞❡ ❞❡❣ré (1, 2)✳

✻✳ X ❡st ✉♥❡ ❤②♣❡rs✉r❢❛❝❡ ❞❛♥s P2 × P2 ❞❡ ❞❡❣ré (2, 2)✳

✼✳ X ❡st ✉♥ r❡✈êt❡♠❡♥t ❞♦✉❜❧❡ ❞✬✉♥❡ ❤②♣❡rs✉r❢❛❝❡ ❧✐ss❡ Y ❞❛♥s P2 × P2

❞❡ ❞❡❣ré (1, 1)✱ r❛♠✐✜é ❧❡ ❧♦♥❣ ❞✬✉♥ ❞✐✈✐s❡✉r ♣r❡♠✐❡r D✱ ♦ù D ❡st ❧✬✐♥✲
t❡rs❡❝t✐♦♥ ❞❡ Y ❡t ✉♥❡ ❤②♣❡rs✉r❢❛❝❡ ❞❡ ❞❡❣ré (2, 2) ❞❛♥s P2 × P2✳

P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ♥♦✉s ❞é♠♦♥tr♦♥s ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t✳

❚❤é♦rè♠❡ ✷✳✷✳✹✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ❞❡ ❋❛♥♦ ❞❡ ❞✐♠❡♥s✐♦♥ n > 3 ❧♦❝❛✲
❧❡♠❡♥t ❢❛❝t♦r✐❡❧❧❡ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s✳ ❙✉♣♣♦s♦♥s q✉❡ X ❡st ❧✐ss❡ ❡♥
❝♦❞✐♠❡♥s✐♦♥ 2✱ q✉❡ ρ(X) = dimX − 1 ❡t q✉❡ Nef(X) = Psef(X)✳ ❆❧♦rs
X ∼= X1 × X2✱ ♦ù X1 ❡st ❧✬✉♥❡ ❞❡s ✈❛r✐étés ❞✉ ❚❤é♦rè♠❡ ✷✳✷✳✷ ❡t X2 ❡st
❧✬✉♥❡ ❞❡s ✈❛r✐étés ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✷✳✷✳✸ ❡t ❧✬❊①❡♠♣❧❡ ✷✳✷✳✺✳

❊①❡♠♣❧❡ ✷✳✷✳✺✳ ❉❛♥s ❧❛ ❧✐st❡ s✉✐✈❛♥t❡✱ ♥♦✉s ❞♦♥♥♦♥s q✉❡❧q✉❡s ❡①❡♠♣❧❡s ❞❡s
✈❛r✐étés ❞❡ ❋❛♥♦ X✳

✶✳ X ❡st ✉♥ r❡✈êt❡♠❡♥t ❞♦✉❜❧❡ ❞❡ (P1)n−2 × P2✱ r❛♠✐✜é ❧❡ ❧♦♥❣ ❞✬✉♥
❞✐✈✐s❡✉r ♣r❡♠✐❡r ❞❡ ❞❡❣ré (2, ..., 2, 2) ♦✉ (2, ..., 2, 4)✳

✷✳ ❙♦✐t Z = (P1)s×P2× (P1)r t❡❧ q✉❡ r, s > 0 ❡t r+ s = n−2✳ ❙♦✐t Y1 ✉♥
r❡✈êt❡♠❡♥t ❞♦✉❜❧❡ ❞❡ (P1)s × P2✱ r❛♠✐✜é ❧❡ ❧♦♥❣ ❞✬✉♥ ❞✐✈✐s❡✉r ♣r❡♠✐❡r
❞❡ ❞❡❣ré (2, ..., 2, 2)✳ ❙♦✐t Y = Y1 × (P1)r ❡t s♦✐t g : Y → P2 × (P1)r ❧❛
♣r♦❥❡❝t✐♦♥ ♥❛t✉r❡❧❧❡✳ ❙♦✐t X ✉♥ r❡✈êt❡♠❡♥t ❞♦✉❜❧❡ ❞❡ Y ✱ r❛♠✐✜é ❧❡ ❧♦♥❣
❞✬✉♥ ❞✐✈✐s❡✉r ♣r❡♠✐❡r D✱ q✉✐ ❡st ❧❡ t✐ré✲❡♥✲❛rr✐èr❡ ♣❛r g ❞✬✉♥ ❞✐✈✐s❡✉r
❞❡ ❞❡❣ré (2, 2, ..., 2) ❞❛♥s P2 × (P1)r✳

✸✳ ❙♦✐tW ✉♥ ❞✐✈✐s❡✉r ❧✐ss❡ ❞❡ ❞❡❣ré (1, 1) ❞❛♥s B1×B2✱ ♦ù B1
∼= B2

∼= P2✳
❙♦✐t X ✉♥ r❡✈êt❡♠❡♥t ❞♦✉❜❧❡ ❞❡ (P1)n−3 × W ✱ r❛♠✐✜é ❧❡ ❧♦♥❣ ❞✬✉♥
❞✐✈✐s❡✉r ♣r❡♠✐❡r D✱ q✉✐ ❡st ❧✬✐♥t❡rs❡❝t✐♦♥ ❞❡ (P1)n−3×W ❡t ✉♥ ❞✐✈✐s❡✉r
❞❡ ❞❡❣ré (2, ..., 2, 2, 2) ❞❛♥s (P1)n−3 ×B1 ×B2✳

✹✳ ❙♦✐❡♥t B1
∼= B2

∼= P2✳ ❙♦✐t Y1 ✉♥ r❡✈êt❡♠❡♥t ❞♦✉❜❧❡ ❞❡ (P1)n−3 × B1✱
r❛♠✐✜é ❧❡ ❧♦♥❣ ❞✬✉♥ ❞✐✈✐s❡✉r ♣r❡♠✐❡r ❞❡ ❞❡❣ré (2, .., 2, 2)✳ ❙♦✐t Y =
Y1×B2✳ ❙♦✐t p ❧❛ ♣r♦❥❡❝t✐♦♥ ♥❛t✉r❡❧❧❡ ❞❡ Y ❞❛♥s B1×B2✳ ❙♦✐t W ✉♥❡
❤②♣❡rs✉r❢❛❝❡ ♥♦r♠❛❧❡ ❞❛♥s B1 ×B2 ❞❡ ❞❡❣ré (1, 2)✱ ♦ù k ∈ {1, 2}✳ ❙♦✐t
X = p∗W ✳
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✺✳ ❙♦✐❡♥t B1
∼= B2

∼= P2✳ ❙✉♣♣♦s♦♥s q✉❡ n > 5✳ ❙♦✐t V1 = (P1)r × B1 ❡t
s♦✐t V2 = B2×(P1)s✱ ♦ù r, s > 0 ❡t r+s = n−3✳ ❙♦✐t Y1 ✉♥ r❡✈êt❡♠❡♥t
❞♦✉❜❧❡ ❞❡ V1✱ r❛♠✐✜é ❧❡ ❧♦♥❣ ❞✬✉♥ ❞✐✈✐s❡✉r ♣r❡♠✐❡r ❞❡ ❞❡❣ré (2, ..., 2, 2)
❡t s♦✐t Y2 ✉♥ r❡✈êt❡♠❡♥t ❞♦✉❜❧❡ ❞❡ V2✱ r❛♠✐✜é ❧❡ ❧♦♥❣ ❞✬✉♥ ❞✐✈✐s❡✉r
♣r❡♠✐❡r ❞❡ ❞❡❣ré (2, 2, ..., 2)✳ ❙♦✐t Y = Y1 × Y2 ❡t s♦✐t p ❧❛ ♣r♦❥❡❝t✐♦♥
♥❛t✉r❡❧❧❡ ❞❡ Y ❞❛♥s B1 × B2✳ ❙♦✐t W ✉♥❡ ❤②♣❡rs✉r❢❛❝❡ ♥♦r♠❛❧❡ ❞❛♥s
B1 ×B2 ❞❡ ❞❡❣ré (1, 1)✳ ❙♦✐t X = p∗W ✳

❊①♣❧✐q✉♦♥s ❧✬✐❞é❡ ❞❡s ♣r❡✉✈❡s ❞❡s t❤é♦rè♠❡s✳ ❙♦✐tX ✉♥❡ ✈❛r✐été q✉✐ ✈ér✐✜❡
❧❡s ❝♦♥❞✐t✐♦♥s ❞✉ ❚❤é♦rè♠❡ ✷✳✷✳✹✳ ❈♦♥s✐❞ér♦♥s ❞✬❛❜♦r❞ ❧❡ ❝❛s ♦ù dimX = 3✳
❆❧♦rs ❧❡ ❝ô♥❡ ◆❊(X) ♣♦ssè❞❡ ❡①❛❝t❡♠❡♥t ❞❡✉① r❛②♦♥s ❡①trê♠❛✉① R1, R2✳ ❙♦✐t
fi : X → Bi ❧❛ ❝♦♥tr❛❝t✐♦♥ ❞❡ Ri ♣♦✉r i = 1, 2✳ ◆♦✉s ♣♦✉✈♦♥s ❞é♠♦♥tr❡r
q✉❡ s♦✐t Bi

∼= P1✱ s♦✐t Bi
∼= P2✳ ❉❡ ♣❧✉s✱ ❧❡ ♣r♦❞✉✐t f1 × f2 ❡st ✜♥✐ s✉r s♦♥

✐♠❛❣❡✳ P❛r ❝♦♥séq✉❡♥t✱ X ❡st ✉♥ r❡✈êt❡♠❡♥t ✜♥✐ ❞❡ P1×P2 ♦✉ ✉♥ r❡✈êt❡♠❡♥t
✜♥✐ ❞✬✉♥❡ ❤②♣❡rs✉r❢❛❝❡ ❞❡ P2 × P2✳ ❉✬❛♣rès ✉♥❡ ét✉❞❡ ❞❡s ♠♦r♣❤✐s♠❡s ✜♥✐s
❡♥tr❡ ✈❛r✐étés ❞❡ ❋❛♥♦ ❞❡ ❞✐♠❡♥s✐♦♥ 3✱ ♥♦✉s ♣♦✉✈♦♥s ❝♦♥❝❧✉r❡ ❧❛ ♣r❡✉✈❡ ❞✉
❚❤é♦rè♠❡ ✷✳✷✳✸✳

❊♥s✉✐t❡✱ ♥♦✉s tr❛✐t♦♥s ❧❡ ❝❛s ♦ù n = dimX > 4✳ ◆♦✉s ❛❧❧♦♥s ❞é♠♦♥tr❡r
❧❡ ❚❤é♦rè♠❡ ✷✳✷✳✹ ♣❛r ré❝✉rr❡♥❝❡ s✉r ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ X✳ ◆♦✉s ♠♦♥tr♦♥s
❞✬❛❜♦r❞ q✉✬✐❧ ❡①✐st❡ t♦✉❥♦✉rs ✉♥❡ ✜❜r❛t✐♦♥ g : X → P1✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ♥♦✉s
r❛♠❡♥♦♥s ❛✉ ❝❛s ♦ù n = 4✳

■❧ ❡①✐st❡ ✉♥❡ ✜❜r❛t✐♦♥ h : X → Y t❡❧❧❡ q✉❡ h × g : X → Y × P1 s♦✐t
✉♥ ♠♦r♣❤✐s♠❡ ✜♥✐ s✉r❥❡❝t✐❢✳ ◆♦✉s ♣♦✉✈♦♥s ❞é♠♦♥tr❡r q✉❡ Y ✈ér✐✜❡ ❛✉ss✐ ❧❡s
❝♦♥❞✐t✐♦♥s ❞✉ ❚❤é♦rè♠❡ ✷✳✷✳✹✳ P❛r ré❝✉rr❡♥❝❡✱ s✉♣♣♦s♦♥s q✉❡ ❧❡ ❚❤é♦rè♠❡
✷✳✷✳✹ ❡st ✈r❛✐ ❡♥ ❞✐♠❡♥s✐♦♥ str✐❝t❡♠❡♥t ♣❧✉s ♣❡t✐t❡ q✉❡ n✳ ❆❧♦rs✱ h× g ✐♥❞✉✐t
✉♥ ♠♦r♣❤✐s♠❡ ✜♥✐ s✉r❥❡❝t✐❢ f : X → Z t❡❧ q✉❡ Z ∼= P1 × · · · × P1 × P2 ♦✉
Z ∼= P1 × · · · × P1 ×W ✱ ♦ù W ❡st ✉♥❡ ❤②♣❡rs✉r❢❛❝❡ ♥♦r♠❛❧❡ ❞❛♥s P2 × P2✳
❊♥✜♥✱ ♥♦✉s ❞é❞✉✐s♦♥s ❧❡ ❚❤❡♦r❡♠ ✷✳✷✳✹ ❡♥ ét✉❞✐❛♥t ❧❡s ♠♦r♣❤✐s♠❡s ✜♥✐s
❡♥tr❡s ❞❡s ✈❛r✐étés ❞❡ ❋❛♥♦✳

✷✳✸ P❧✉r✐✲❢♦r♠❡s s✉r ❧❡s ✈❛r✐étés s✐♥❣✉❧✐èr❡s r❛t✐♦♥✲

♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡s

❙♦✐t X ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡✳ ❙✐ X ❡st ❧✐ss❡✱
❛❧♦rs✱ ♣❛r ✉♥ ♣♦✐♥t ❣é♥ér❛❧ x ❞❡ X✱ ✐❧ ♣❛ss❡ ✉♥❡ ❝♦✉r❜❡ r❛t✐♦♥♥❡❧❧❡ très ❧✐❜r❡
f : P1 → X✳ P❛r ❞é✜♥✐t✐♦♥✱ f∗TX ❡st ✉♥ ✜❜ré ❛♠♣❧❡✱ ♦ù TX ❡st ❧❡ ✜❜ré
t❛♥❣❡♥t ❞❡ X✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r t♦✉t❡ ♣❧✉r✐✲❢♦r♠❡ σ ∈ H0(X, (Ω1

X)⊗m)✱
❧❡ t✐ré✲❡♥✲❛rr✐èr❡ f∗σ ❡st ✐❞❡♥t✐q✉❡♠❡♥t ♥✉❧✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❛ ♣❧✉r✐✲❢♦r♠❡ σ
❡st ♥✉❧❧❡ ❡♥ ♣♦✐♥t x✳ ❈♦♠♠❡ x ❡st ✉♥ ♣♦✐♥t ❣é♥ér❛❧✱ ❝❡❧❛ ✐♠♣❧✐q✉❡ ❧❡ t❤é♦rè♠❡
s✉✐✈❛♥t ✭❬❑♦❧✾✻✱ ❈♦r ■❱✳✸✳✽❪✮✳

❚❤é♦rè♠❡ ✷✳✸✳✶✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡ ❧✐ss❡ r❛t✐♦♥♥❡❧❧❡✲
♠❡♥t ❝♦♥♥❡①❡✳ ❆❧♦rs X ♥❡ ♣♦rt❡ ♣❛s ❞❡ ♣❧✉r✐✲❢♦r♠❡ ♥♦♥ ♥✉❧❧❡✱ ✐✳❡✳ ♣♦✉r t♦✉t
m > 0✱ ♦♥ ❛ h0(X, (Ω1

X)⊗m) = 0✳
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▼✉♠❢♦r❞ ❝♦♥❥❡❝t✉r❡ q✉❡ ❧❛ ré❝✐♣r♦q✉❡ ❞✉ t❤é♦rè♠❡ ❡st ❛✉ss✐ ✈r❛✐❡✳

❈♦♥❥❡❝t✉r❡ ✷✳✸✳✷✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡ ❧✐ss❡ t❡❧❧❡ q✉❡
h0(X, (Ω1

X)⊗m) = 0 ♣♦✉r t♦✉t m > 0✳ ❆❧♦rs X ❡st ✉♥❡ ✈❛r✐été r❛t✐♦♥♥❡❧❧❡✲
♠❡♥t ❝♦♥♥❡①❡✳

■❧ ❡st ♥❛t✉r❡❧ ❞❡ s❡ ❞❡♠❛♥❞❡r s✬✐❧ ❡①✐st❡ ❞❡s ❛♥♥✉❧❛t✐♦♥s ❛♥❛❧♦❣✉❡s ❧♦rsq✉❡
X ❡st ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ s✐♥❣✉❧✐èr❡✳
●r❡❜✱ ❑❡❜❡❦✉s✱ ❑♦✈á❝s ❡t P❡t❡r♥❡❧❧ ❞é♠♦♥tr❡♥t q✉❡ ❧❡s ✈❛r✐étés ♣r♦❥❡❝t✐✈❡s
❝♦♠♣❧❡①❡s r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡s à s✐♥❣✉❧❛r✐tés ❦❧t ♥❡ ♣♦rt❡♥t ♣❛s ❞❡
❢♦r♠❡s ❞✐✛ér❡♥t✐❡❧❧❡s ré✢❡①✐✈❡s✳

❚❤é♦rè♠❡ ✷✳✸✳✸✳ ❙♦✐t (X,∆) ✉♥❡ ♣❛✐r❡ ❦❧t✳ ❙✉♣♣♦s♦♥s q✉❡ X ❡st r❛t✐♦♥✲

♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡✳ ❆❧♦rs h0(X,Ω[m]
X ) = 0 ♣♦✉r t♦✉t m > 0✳

◗✉❛♥t ❛✉① ♣❧✉r✐✲❢♦r♠❡s✱ ❧❛ s✐t✉❛t✐♦♥ ❡st ♣❧✉s ❞é❧✐❝❛t❡✳ ●r❡❜✱ ❑❡❦❡❜✉s ❡t
P❡t❡r♥❡❧❧ ❞é♠♦♥tr❡♥t ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✭❬●❑P✶✹✱ ❚❤♠✳ ✸✳✸❪✮✳

❚❤é♦rè♠❡ ✷✳✸✳✹✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡ ❧♦❝❛❧❡♠❡♥t ❢❛❝✲
t♦r✐❡❧❧❡ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s✳ ❙✐ X ❡st r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡✱ ❛❧♦rs
h0(X, (Ω1

X)[⊗m]) = 0 ♣♦✉r t♦✉t m > 0✳

▲❡ ❚❤é♦rè♠❡ ✷✳✸✳✶ ♥✬❡st ♣❧✉s ✈r❛✐ ♣♦✉r ❧❡s ✈❛r✐étés à s✐♥❣✉❧❛r✐tés ❦❧t✳ ■❧
❡①✐st❡ ❞❡s ✈❛r✐étés r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡s à s✐♥❣✉❧❛r✐tés ❦❧t ❞♦♥t ❧❡ ❞✐✈✐✲
s❡✉r ❝❛♥♦♥✐q✉❡ ❡st Q✲❡✛❡❝t✐❢ ✭❬❑♦❧✵✽✱ ❊①❛♠♣❧❡ ✹✸❪ ♦✉ ❬❚♦t✶✷✱ ❊①❛♠♣❧❡ ✶✵❪✮✳
▲❛ ❝♦♥❞✐t✐♦♥ q✉❡ X s♦✐t ❧♦❝❛❧❡♠❡♥t ❢❛❝t♦r✐❡❧❧❡ ❞❛♥s ❝❡ t❤é♦rè♠❡ ❡st ❛✉ss✐
✐♥❞✐s♣❡♥s❛❜❧❡✳ ■❧ ❡①✐st❡ ❞❡s ✈❛r✐étés ❝♦♠♣❧❡①❡s ♣r♦❥❡❝t✐✈❡s r❛t✐♦♥♥❡❧❧❡♠❡♥t
❝♦♥♥❡①❡s à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s q✉✐ ♣♦rt❡♥t ❞❡s ♣❧✉r✐✲❢♦r♠❡s ♥♦♥ ♥✉❧❧❡s✳

❊①❛♠♣❧❡ ✷✳✸✳✺ ✭❬●❑P✶✹✱ ❊①❛♠♣❧❡ ✸✳✼❪✮✳ ❙♦✐t X0
π0−→ P1 ✉♥❡ s✉r❢❛❝❡ ré❣❧é❡

❧✐ss❡✳ ❙♦✐❡♥t q1, ..., q4 q✉❛tr❡ ♣♦✐♥ts ❞✐st✐♥❝ts ❞❛♥s P1✳ P♦✉r ❝❤❛q✉❡ ♣♦✐♥t qi✱
♦♥ ❡✛❡❝t✉❡ ❧❛ s✉✐t❡ s✉✐✈❛♥t❡ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥s ❜✐r❛t✐♦♥♥❡❧❧❡s ✿

✭✐✮ ❖♥ é❝❧❛t❡ ✉♥ ♣♦✐♥t xi ❞❛♥s ❧❛ ✜❜r❡ ❞❡ π0 ❛✉✲❞❡ss✉s ❞❡ qi✳ ❆❧♦rs ♦♥
♦❜t✐❡♥t ❞❡✉① (−1)✲❝♦✉r❜❡s ❛✉✲❞❡ss✉s ❞❡ qi✱ q✉✐ s❡ r❡♥❝♦♥tr❡♥t tr❛♥s✲
✈❡rs❛❧❡♠❡♥t ❡♥ ♣♦✐♥t x′i✳

✭✐✐✮ ❖♥ é❝❧❛t❡ ❧❡ ♣♦✐♥t x′i✳ ❆❧♦rs ✐❧ ② ❛ ❞❡✉① (−2)✲❝♦✉r❜❡s ❡t ✉♥❡ (−1)✲
❝♦✉r❜❡s ❛✉ ❞❡ss✉s ❞❡ qi✳ ▲❛ (−1)✲❝♦✉r❜❡ ❡st ❞❡ ♠✉❧t✐♣❧✐❝✐té 2 ❞❛♥s ❧❛
✜❜r❡ ❛✉✲❞❡ss✉s qi✳

✭✐✐✐✮ ❖♥ ❝♦♥tr❛❝t❡ ❧❡s ❞❡✉① (−2)✲❝♦✉r❜❡s✳ ❈❡❧❛ ♣r♦❞✉✐t ❞❡✉① ♣♦✐♥ts s✐♥❣✉✲
❧✐❡rs ❞❡ ❧❛ s✉r❢❛❝❡ ❛✉✲❞❡ss✉s ❞❡ qi✳ ▲❡s s✐♥❣✉❧❛r✐tés s♦♥t ❝❛♥♦♥✐q✉❡s ❞❡
t②♣❡ A1✳ ▲❛ ✜❜r❡ ❛✉✲❞❡ss✉s ❞❡ qi ❡st ❛❧♦rs ✐rré❞✉❝t✐❜❧❡ ❡t ❞❡ ♠✉❧t✐♣❧✐❝✐té
2✳

◆♦✉s ♦❜t❡♥♦♥s ✉♥❡ s✉r❢❛❝❡ r❛t✐♦♥♥❡❧❧❡ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s X π
−→

P1✳ ❉❡ ♣❧✉s✱ ♥♦✉s ❛✈♦♥s h0(X, (Ω1
X)[⊗2]) 6= 0✳
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▲❛ r❛✐s♦♥ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❛ s✉r❢❛❝❡ X ❝♦♥str✉✐t❡ ❞❛♥s ❧✬❊①❡♠♣❧❡ ✷✳✸✳✺
♣♦rt❡ ❞❡s 2✲♣❧✉r✐✲❢♦r♠❡s ♥♦♥ ♥✉❧❧❡s ❡st ❧❛ s✉✐✈❛♥t❡✳ ❙♦✐t X◦ ❧❡ ❧✐❡✉ ❧✐ss❡ ❞❡ X✳
❈♦♠♠❡ Ω1

P1
∼= OP1(−2)✱ ✐❧ ❡①✐st❡ ❞❡✉① s❡❝t✐♦♥s r❛t✐♦♥♥❡❧❧❡s σ1 ❡t σ2 t❡❧❧❡s q✉❡

❧❡s ✉♥✐q✉❡s ♣ô❧❡s ❞❡ σ1 ✭r❡s♣✳ ❞❡ σ2✮ s♦✐❡♥t ❧❡s ♣♦✐♥ts q1 ❡t q2 ✭r❡s♣✳ q3 ❡t q4✮✳
❉❡ ♣❧✉s✱ ❧❡s ♣ô❧❡s ❞❡ σ1 ❡t σ2 s♦♥t s✐♠♣❧❡s✳ ❙♦✐t σ = (π|X◦)∗(σ1 ⊗ σ2)✳ ❆❧♦rs
σ ❡st ✉♥❡ s❡❝t✐♦♥ r❛t✐♦♥♥❡❧❧❡ ❞❡ (Ω1

X◦)⊗2✳ ▼♦♥tr♦♥s q✉❡ σ ❡st ✉♥❡ s❡❝t✐♦♥
ré❣✉❧✐èr❡✳ P❛r s②♠étr✐❡✱ ✐❧ s✉✣t ❞❡ ♠♦♥tr❡r q✉❡ σ ♥✬❛ ♣❛s ❞❡ ♣ô❧❡ ❧❡ ❧♦♥❣ ❞❡
❧❛ ✜❜r❡ ❞❡ π|X◦ ❛✉✲❞❡ss✉s ❞❡ q1✳ ❙♦✐t t ✉♥❡ ❝♦♦r❞♦♥♥é❡ ❧♦❝❛❧❡ ❞❡ P1 t❡❧❧❡ q✉❡
q1 s♦✐t ❞é✜♥✐ ♣❛r t = 0 ❡t t❡❧❧❡ q✉❡

σ1 ⊗ σ2 =
1

t
dt⊗ dt.

❙♦✐❡♥t (a, b) ❞❡s ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s ❞❡X◦ t❡❧❧❡s q✉❡ π s✬❡①♣r✐♠❡ ♣❛r (a, b) 7→
a2✳ ❆❧♦rs

σ = π∗(
1

t
dt⊗ dt) =

1

a2
da2 ⊗ da2 = 4da⊗ da.

❈❡❧❛ ✐♠♣❧✐q✉❡ q✉❡ σ ❡st ✉♥ é❧é♠❡♥t ♥♦♥ ♥✉❧ ❞❡ H0(X◦, (Ω1
X◦)⊗2)✳ ❉♦♥❝

h0(X, (Ω1
X)[⊗2]) 6= 0✳

✷✳✸✳✶ ▲❡ ❝❛s ❞❡s s✉r❢❛❝❡s

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✻✱ ♥♦✉s ét✉❞✐♦♥s ❧❡s s✉r❢❛❝❡s ❝♦♠♣❧❡①❡s ♣r♦❥❡❝t✐✈❡s à s✐♥✲
❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡s q✉✐ ♣♦rt❡♥t ❞❡s ♣❧✉r✐✲❢♦r♠❡s
♥♦♥ ♥✉❧❧❡s✳ ◆♦✉s ♣r♦♣♦s♦♥s ❞❡✉① ♠ét❤♦❞❡s ♣♦✉r ❝♦♥str✉✐r❡ ❞❡ t❡❧❧❡s s✉r❢❛❝❡s
❡t ❞é♠♦♥tr♦♥s q✉❡ t♦✉t❡ t❡❧❧❡ s✉r❢❛❝❡ ♣❡✉t êtr❡ ❝♦♥str✉✐t❡ ♣❛r ❝❡s ♠ét❤♦❞❡s✳

▲❛ ♣r❡♠✐èr❡ ♠ét❤♦❞❡ ❛✉✲❞❡ss♦✉s ❡st ❛♥❛❧♦❣✉❡ à ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❛♥s
❧✬❊①❡♠♣❧❡ ✷✳✸✳✺✳ ◆♦✉s ❝♦♥str✉✐s♦♥s ❧❛ s✉r❢❛❝❡ ♣❛r ✉♥❡ s✉✐t❡ ❞❡ tr❛♥s❢♦r♠❛✲
t✐♦♥s ❜✐r❛t✐♦♥♥❡❧❧❡s ❡①♣❧✐❝✐t❡s à ♣❛rt✐r ❞✬✉♥❡ s✉r❢❛❝❡ ré❣❧é❡ r❛t✐♦♥♥❡❧❧❡ ❧✐ss❡✳

❈♦♥str✉❝t✐♦♥ ✷✳✸✳✻✳ ❙♦✐t X0
π0−→ P1 ✉♥❡ s✉r❢❛❝❡ ré❣❧é❡ ❧✐ss❡✳ Pr❡♥♦♥s r

♣♦✐♥ts ❞✐st✐♥❝ts q1, q2, ..., qr ❞❛♥s P1 ❛✈❡❝ r > 4✳ ❖♥ ❡✛❡❝t✉❡ ❧❡s tr❛♥s❢♦r♠❛✲
t✐♦♥s ❜✐r❛t✐♦♥♥❡❧❧❡s s✉✐✈❛♥t❡s ❞❡s s✉r❢❛❝❡s ✿

✭✐✮ P♦✉r t♦✉t ♣♦✐♥t qi✱ ♦♥ ❡✛❡❝t✉❡ ❧❛ ♠ê♠❡ s✉✐t❡ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥s ❜✐r❛✲
t✐♦♥♥❡❧❧❡s q✉❡ ❝❡❧❧❡ ❞❡ ❧✬❊①❡♠♣❧❡ ✷✳✸✳✺✳ ❖♥ ♦❜t✐❡♥t ✉♥❡ s✉r❢❛❝❡ r❛t✐♦♥✲
♥❡❧❧❡ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s X1

π1−→ P1✳ ▲❡s ✜❜r❡s ♠✉❧t✐♣❧❡s ❞❡ π1
s♦♥t ❛❧♦rs π∗1q1, π

∗
1q2, ..., π

∗
1qr✳

✭✐✐✮ ❖♥ ❡✛❡❝t✉❡ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ❢♦✐s ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❜✐r❛t✐♦♥♥❡❧❧❡ s✉✐✲
✈❛♥t❡ ✿ ♦♥ é❝❧❛t❡ ✉♥ ♣♦✐♥t ❧✐ss❡ ❞❛♥s ✉♥❡ ✜❜r❡ ♠✉❧t✐♣❧❡ ❛✉✲❞❡ss✉s ❞❡
P1✱ ❡♥s✉✐t❡✱ ♦♥ ❝♦♥tr❛❝t❡ ❧❛ tr❛♥s❢♦r♠é❡ str✐❝t❡ ❞❡ ❧❛ ✜❜r❡ ✐♥✐t✐❛❧❡✳ ❖♥
♦❜t✐❡♥t ✉♥❡ s✉r❢❛❝❡ X∗ p

−→ P1✳

✭✐✐✐✮ ❆ ♣❛rt✐r ❞❡ X∗✱ ♦♥ ❡✛❡❝t✉❡ ✉♥❡ s✉✐t❡ ❞✬é❝❧❛t❡♠❡♥ts ❞❡ ♣♦✐♥ts ❧✐ss❡s✳ ❖♥
♦❜t✐❡♥t ✉♥❡ s✉r❢❛❝❡ Xa−→P1✳

✭✐✈✮ ❖♥ ❝♦♥tr❛❝t❡ ❞❡s ❝❤❛î♥❡s ❞❡ (−2)✲❝♦✉r❜❡s q✉✐ s♦♥t ❡①❝❡♣t✐♦♥♥❡❧❧❡s ♣❛r
r❛♣♣♦rt à Xa → X∗✳
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➚ ❧❛ ✜♥✱ ♥♦✉s ♦❜t❡♥♦♥s ✉♥❡ s✉r❢❛❝❡ r❛t✐♦♥♥❡❧❧❡ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s
X

π
−→ P1✳

Xa
//

éclatement
!!

X

f
��

X∗ //

p
!!

X1
//

π1

��

X0

π0
}}

P1

❚❤é♦rè♠❡ ✷✳✸✳✼✳ ❙♦✐t X ✉♥❡ s✉r❢❛❝❡ ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t
❝♦♥♥❡①❡ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s q✉✐ ♣♦rt❡ ❞❡s ♣❧✉r✐✲❢♦r♠❡s ♥♦♥ ♥✉❧❧❡s✳
❆❧♦rs X ♣❡✉t êtr❡ ❝♦♥str✉✐t❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ❧❛ ❈♦♥str✉❝t✐♦♥ ✷✳✸✳✻

❘❡♠❛rq✉♦♥s q✉❡ s✐ X π
−→ P1 ❡st ✉♥❡ s✉r❢❛❝❡ ♦❜t❡♥✉❡ ♣❛r ❧❛ ❈♦♥str✉❝t✐♦♥

✷✳✸✳✻✱ ❛❧♦rs ❧❡s ✜❜r❡s ♠✉❧t✐♣❧❡s ❞❡ π s♦♥t π∗q1, π∗q2, ..., π∗qr✳ ❈♦♠♠❡ ❞❛♥s
❧✬❊①❡♠♣❧❡ ✷✳✸✳✺✱ ❝❡s ✜❜r❡s ♠✉❧t✐♣❧❡s s♦♥t ❡①❛❝t❡♠❡♥t ❧❛ s♦✉r❝❡ ❞❡s ♣❧✉r✐✲
❢♦r♠❡s ♥♦♥ ♥✉❧❧❡s✳

❚❤é♦rè♠❡ ✷✳✸✳✽✳ ❙♦✐t X ✉♥❡ s✉r❢❛❝❡ ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t
❝♦♥♥❡①❡ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s q✉✐ ♣♦rt❡ ❞❡s ♣❧✉r✐✲❢♦r♠❡s ♥♦♥ ♥✉❧❧❡s✳ ❙✐
X∗ ❡st ❧❡ rés✉❧t❛t ❞✬✉♥ ▼▼P ♣♦✉r X✱ ❛❧♦rs X∗ ❡st ✉♥ ❡s♣❛❝❡ ✜❜ré ❞❡ ▼♦r✐
❛✉✲❞❡ss✉s ❞❡ P1✳ ◆♦t♦♥s p : X∗ → P1 ❧❛ ✜❜r❛t✐♦♥ ❞❡ ▼♦r✐✳ ❙♦✐t r ❧❡ ♥♦♠❜r❡
❞❡s ✜❜r❡s ♠✉❧t✐♣❧❡s ❞❡ p✳ ❆❧♦rs r > 4 ❡t

h0(X, (Ω1
X)[⊗m]) = h0(X∗, (Ω1

X∗)[⊗m]) = h0(P1,OP1(−2m+ [
m

2
]r))

♣♦✉r t♦✉t m > 0✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ à m ✜①é✱ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡s m✲♣❧✉r✐✲❢♦r♠❡s
♥❡ ❞é♣❡♥❞ q✉❡ ❞✉ ♥♦♠❜r❡ ❞❡s ✜❜r❡s ♠✉❧t✐♣❧❡s ❞❡ p✳

❆✈❡❝ ❧❡s ♠ê♠❡s ♥♦t❛t✐♦♥s q✉❡ ❞❛♥s ❧❡ t❤é♦rè♠❡ ♣ré❝é❞❡♥t✱ ♣❛r ré❞✉❝t✐♦♥
s❡♠✐✲st❛❜❧❡✱ ✐❧ ❡①✐st❡ ✉♥ r❡✈êt❡♠❡♥t ✜♥✐ ❣❛❧♦✐s✐❡♥ γ : B → P1 t❡❧ q✉❡ ❧❛
✜❜r❛t✐♦♥ Z → B s♦✐t à ✜❜r❡s ré❞✉✐t❡s✱ ♦ù Z ❡st ❧❛ ♥♦r♠❛❧✐s❛t✐♦♥ ❞✉ ♣r♦❞✉✐t
✜❜ré X∗ ×P1 B✳ ❖♥ ♠♦♥tr❡ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t✳

❚❤é♦rè♠❡ ✷✳✸✳✾✳ ❙♦✐t X ✉♥❡ s✉r❢❛❝❡ ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t
❝♦♥♥❡①❡ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s q✉✐ ♣♦rt❡ ❞❡s ♣❧✉r✐✲❢♦r♠❡s ♥♦♥ ♥✉❧❧❡s ❡t
s♦✐t X∗ ✉♥ rés✉❧t❛t ❞✬✉♥ ▼▼P✳ ❙♦✐t π ❧❛ ❝♦♠♣♦s✐t✐♦♥ X → X∗ → P1✳
❆❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ ❝♦✉r❜❡ ♣r♦❥❡❝t✐✈❡ ❧✐ss❡ B ❞❡ ❣❡♥r❡ str✐❝t❡♠❡♥t ♣♦s✐t✐❢ ❡t ✉♥
❞✐❛❣r❛♠♠❡ ❝♦♠♠✉t❛t✐❢

Y
Γ

//

π′

��

X

π
��

B
γ

// P1

t❡❧ q✉❡ γ ❡t Γ s♦✐t ❞❡s ♠♦r♣❤✐s♠❡s ✜♥✐s ❣❛❧♦✐s✐❡♥s ❞❡ ❣r♦✉♣❡ ❞❡ ●❛❧♦✐s G ∼=
Z/2Z × Z/2Z✳ ❉❡ ♣❧✉s✱ Y ❡st ❧❛ ♥♦r♠❛❧✐s❛t✐♦♥ ❞✉ ♣r♦❞✉✐t ✜❜ré B ×P1 X ❡t
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Γ ❡st ét❛❧❡ ❡♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ◆♦✉s ❛✈♦♥s

h0(X, (Ω1
X)[⊗m]) = h0(Y, (Ω1

Y )
[⊗m])G = h0(B, (Ω1

B)
⊗m)G

♣♦✉r t♦✉t m > 0✳

❘❡♠❛rq✉♦♥s q✉❡ h0(B, (Ω1
B)

⊗2)G 6= 0✳ ❊♥ ❡✛❡t✱ ❝♦♠♠❡ G ❡st ✉♥ ❣r♦✉♣❡
❝♦♠♠✉t❛t✐❢ ❡t h0(B,Ω1

B) ❡st ♥♦♥ ♥✉❧❧❡✱ ✐❧ ❡①✐st❡ ✉♥❡ ❢♦r♠❡ ♥♦♥ ♥✉❧❧❡ σ ∈
H0(B,Ω1

B) q✉✐ ❡st ✉♥ ✈❡❝t❡✉r ♣r♦♣r❡ ❝♦♠♠✉♥ ❞❡s é❧é♠❡♥ts ❞❡ G✳ P✉✐sq✉❡
t♦✉t é❧é♠é♥t ❞❡ G ❡st ❞✬♦r❞r❡ 2✱ ♦♥ ♦❜t✐❡♥t q✉❡ σ⊗2 ❡st ✉♥ é❧é♠❡♥t ♥♦♥ ♥✉❧
❞❛♥s H0(B, (Ω1

B)
⊗2)G✳

❈❡ t❤é♦rè♠❡ ✐♠♣❧✐q✉❡ q✉❡ t♦✉t❡ s✉r❢❛❝❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ ❝♦♠✲
♣❧❡①❡ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s q✉✐ ♣♦rt❡ ❞❡s ♣❧✉r✐✲❢♦r♠❡s ♥♦♥ ♥✉❧❧❡s ♣❡✉t
êtr❡ ❝♦♥str✉✐t❡ ♣❛r ❧❛ ♠ét❤♦❞❡ s✉✐✈❛♥t❡✳

❈♦♥str✉❝t✐♦♥ ✷✳✸✳✶✵✳ ❙♦✐t Y ✉♥❡ s✉r❢❛❝❡ ❝♦♠♣❧❡①❡ ♣r♦❥❡❝t✐✈❡ à s✐♥❣✉❧❛r✐tés
❝❛♥♦♥✐q✉❡s ❡t s♦✐t G ✉♥ s♦✉s✲❣r♦✉♣❡ ✜♥✐ ❞❡ Aut(Y )✱ ❧❡ ❣r♦✉♣❡ ❞❡s ❛✉t♦♠♦r✲
♣❤✐s♠❡s ❞❡ Y ✱ ❞♦♥t ❧✬❛❝t✐♦♥ s✉r Y ❡st ❣❛❧♦✐s✐❡♥♥❡ ❡t ❧✐❜r❡ ❡♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳
❙✉♣♣♦s♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥❡ ✜❜r❛t✐♦♥ G✲éq✉✐✈❛r✐❛♥t❡ π′ ❞❡ Y s✉r ✉♥❡ ❝♦✉r❜❡
❧✐ss❡ B ❞❡ ❣❡♥r❡ str✐❝t❡♠❡♥t ♣♦s✐t✐❢ t❡❧❧❡ q✉❡ B/G ∼= P1 ❡t q✉❡ ❧❡s ✜❜r❡s ❣é✲
♥ér❛❧❡s ❞❡ π′ s♦✐❡♥t ✐s♦♠♦r♣❤❡s à P1✳ ❙♦✐t X = Y/G✳ ❆❧♦rs X ❡st ✉♥❡ s✉r❢❛❝❡
r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s q✉✐ ♣♦rt❡ ❞❡s ♣❧✉r✐✲❢♦r♠❡s
♥♦♥ ♥✉❧❧❡s✳

➚ ❧❛ ✜♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♦♥ ❞é♠♦♥tr❡ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t✱ q✉✐ ❞♦♥♥❡
✉♥❡ ré♣♦♥s❡ ♥é❣❛t✐✈❡ à ✉♥❡ q✉❡st✐♦♥ ❞❡ ❉❡❜❛rr❡ ✿ ✧❡①✐st❡✲t✲✐❧ ✉♥❡ s✉r❢❛❝❡
♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡ à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s ❞♦♥t ❧❡ ❧✐❡✉ ❧✐ss❡ ♥✬❡st ♣❛s
r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ t❡❧❧❡ q✉❡ h0(X, (Ω1

X)[⊗m]) = 0 ♣♦✉r t♦✉t m > 0 ❄✧

❚❤é♦rè♠❡ ✷✳✸✳✶✶✳ ❙♦✐t X ✉♥❡ s✉r❢❛❝❡ ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡①❡ à s✐♥❣✉❧❛r✐tés
❝❛♥♦♥✐q✉❡s✳ ❆❧♦rs ❧❡ ❧✐❡✉ ❧✐ss❡ ❞❡ X ❡st r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ s✐ ❡t s❡✉❧❡✲
♠❡♥t s✐ h0(X, (Ω1

X)[⊗m]) = 0 ♣♦✉r t♦✉t m > 0✳

✷✳✸✳✷ ▲❡ ❝❛s ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ tr♦✐s

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✼✱ ♥♦✉s ét✉❞✐♦♥s ❧❡s ✈❛r✐étés ❝♦♠♣❧❡①❡s r❛t✐♦♥♥❡❧❧❡♠❡♥t
❝♦♥♥❡①❡s X ❞❡ ❞✐♠❡♥s✐♦♥ 3 q✉✐ ♣♦rt❡♥t ❞❡s ♣❧✉r✐✲❢♦r♠❡s ♥♦♥ ♥✉❧❧❡s✳ ❉❛♥s ❧❡
❝❛s ❞❡ ❞✐♠❡♥s✐♦♥ 3✱ ❧❛ s✐t✉❛t✐♦♥ ❡st ♣❧✉s ❝♦♠♣❧✐q✉é❡✳ ❙✉♣♣♦s♦♥s q✉❡ X ❡st
Q✲❢❛❝t♦r✐❡❧❧❡ ❡t à s✐♥❣✉❧❛r✐tés ❝❛♥♦♥✐q✉❡s✳ P❛r ✉♥ ♣r♦❣r❛♠♠❡ ❞❡s ♠♦❞è❧❡s
♠✐♥✐♠❛✉①✱ ♥♦✉s ♦❜t❡♥♦♥s ✉♥❡ s✉✐t❡ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥s ❜✐r❛t✐♦♥♥❡❧❧❡s

X = X0 99K X1 99K · · · 99K Xk = X∗,

♦ùX∗ ❡st ✉♥ ❡s♣❛❝❡ ✜❜ré ❞❡ ▼♦r✐✳ ❈♦♠♠❡ dimX = 3✱ ✐❧ ♣❡✉t ② ❛✈♦✐r ❞❡s ✢✐♣s
❞❛♥s ❧❛ s✉✐t❡ ♣ré❝é❞❡♥t❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ❝♦♠♣♦s✐t✐♦♥ X 99K X∗ ♥✬❡st ♣❛s
t♦✉❥♦✉rs ✉♥ ♠♦r♣❤✐s♠❡✳ ❈❡♣❡♥❞❛♥t✱ ♣♦✉r t♦✉t m > 0✱ ✐❧ ❡①✐st❡ ✉♥❡ ✐♥❥❡❝t✐♦♥
♥❛t✉r❡❧❧❡

H0(X, (Ω1
X)[⊗m]) →֒ H0(X∗, (Ω1

X∗)[⊗m]).
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❉♦♥❝ X∗ ♣♦rt❡ ❞❡s ♣❧✉r✐✲❢♦r♠❡s ♥♦♥ ♥✉❧❧❡s✳
❙✉♣♣♦s♦♥s ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s q✉❡ X ∼= X∗ ❡st ✉♥ ❡s♣❛❝❡ ✜❜ré ❞❡

▼♦r✐✳ ❆❧♦rs ❧❡ ♥♦♠❜r❡ ❞❡ P✐❝❛r❞ ❞❡X ❡st ❛✉ ♠♦✐♥s 2 ♣❛r ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ✈❛r✐été X ❡st ✜❜ré❡ s♦✐t ❛✉✲❞❡ss✉s ❞❡ P1✱ s♦✐t ❛✉✲❞❡ss✉s
❞✬✉♥❡ s✉r❢❛❝❡✳

❚❤é♦rè♠❡ ✷✳✸✳✶✷✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ❞❡ ❋❛♥♦ à s✐♥❣✉❧❛r✐tés ❦❧t t❡❧❧❡ q✉❡
ρ(X) = 1✳ ❆❧♦rs✱ ♣♦✉r t♦✉t m > 0✱ ♥♦✉s ❛✈♦♥s h0(X, (Ω1

X)[⊗m]) = 0✳

❉❛♥s ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t✱ ♥♦✉s ❞é♠♦♥tr♦♥s q✉❡✱ ❝♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❞❡s
s✉r❢❛❝❡s✱ ✐❧ ❡①✐st❡ ✉♥❡ ✜❜r❛t✐♦♥ éq✉✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ q ❞❡ X s✉r ✉♥❡ ✈❛r✐été
Q✲❢❛❝t♦r✐❡❧❧❡ Z✱ t❡❧❧❡ q✉❡ ❧❡s ♣❧✉r✐✲❢♦r♠❡s ❞❡ X ✈✐❡♥♥❡♥t ❞❡ ❧❛ ❜❛s❡ Z✳ ❙♦✐❡♥t
D1, ..., Dk ❧❡s ❞✐✈✐s❡✉rs ♣r❡♠✐❡rs ❞❛♥s Z t❡❧s q✉❡ q∗Di ♥✬❡st ♣❛s ré❞✉✐t✳ ❙♦✐t
mi ❧❡ ♣❧✉s ♣❡t✐t ❝♦❡✣❝✐❡♥t ❞❡ q∗Di✳ ❉é✜♥✐ss♦♥s ✉♥ Q✲❞✐✈✐s❡✉r ∆ ❞❛♥s Z ♣❛r

∆ =
∑

i

mi − 1

mi
Di.

❚❤é♦rè♠❡ ✷✳✸✳✶✸✳ ❙♦✐t X ✉♥ ❡s♣❛❝❡ ✜❜ré ❞❡ ▼♦r✐ Q✲❢❛❝t♦r✐❡❧ à s✐♥❣✉❧❛r✐tés
❝❛♥♦♥✐q✉❡s ❞❡ ❞✐♠❡♥s✐♦♥ 3✳ ❙✉♣♣♦s♦♥s q✉❡ h0(X, (Ω1

X)[⊗m]) 6= 0 ♣♦✉r ✉♥
❡♥t✐❡r m > 0✳ ❆❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ ✜❜r❛t✐♦♥ q : X → Z t❡❧❧❡ q✉❡ dimZ > 0
❡t t❡❧❧❡ q✉❡ KZ + ∆ s♦✐t Q✲❡✛❡❝t✐❢✱ ♦ù ∆ ❡st ❞é✜♥✐ ❝♦♠♠❡ ❝✐✲❞❡ss✉s✳ ◆♦✉s
❛✈♦♥s ❞❡✉① ♣♦ss✐❜✐❧✐tés✳

✶✳ ▲❛ ❜❛s❡ Z ❡st ✉♥❡ s✉r❢❛❝❡ ❡t q ❡st ✉♥❡ ✜❜r❛t✐♦♥ ❞❡ ▼♦r✐✳ ❙♦✐t l ✉♥ ❡♥t✐❡r
str✐❝t❡♠❡♥t ♣♦s✐t✐❢ t❡❧ q✉❡ l(KZ +∆) s♦✐t ❧✐♥é❛✐r❡♠❡♥t éq✉✐✈❛❧❡♥t à ✉♥
❞✐✈✐s❡✉r ❞❡ ❈❛rt✐❡r ❡✛❡❝t✐❢✳ ❆❧♦rs ❧❡s s❡❝t✐♦♥s ❣❧♦❜❛❧❡s ❞❡ O(l(KZ+∆))
✐♥❞✉✐s❡♥t ❞❡s (2l)✲♣❧✉r✐✲❢♦r♠❡s s✉r X✳

✷✳ ▲❛ ❜❛s❡ Z ❡st ✐s♦♠♦r♣❤❡ à P1✳ P♦✉r t♦✉t m > 0✱ ♥♦✉s ❛✈♦♥s

H0(X, (Ω1
X)[⊗m]) ∼= H0(P1,OP1(−2m+

∑

i

[
m(mi − 1)

mi
]Di)),

♦ù [ ] ❞és✐❣♥❡ ❧❛ ♣❛rt✐❡ ❡♥t✐èr❡✳

❈♦♥s✐❞ér♦♥s ❧❡ ❝❛s ❣é♥ér❛❧ ♦ù X ♥✬❡st ♣❧✉s ✉♥ ❡s♣❛❝❡ ✜❜ré ❞❡ ▼♦r✐✳ ❙♦✐t
X 99K X∗ ❧❡ rés✉❧t❛t ❞✬✉♥ ▼▼P✳ ❆❧♦rs✱ ♣❛r ❝❡ q✉✐ ♣ré❝è❞❡✱ ✐❧ ❡①✐st❡ ✉♥❡
✜❜r❛t✐♦♥ q : X∗ → Z t❡❧❧❡ q✉❡ ❧❡s ♣❧✉r✐✲❢♦r♠❡s ❞❡ X∗ ✈✐❡♥♥❡♥t ❞❡ Z✳ ▼❛❧✲
❤❡✉r❡✉s❡♠❡♥t✱ ❧✬❛♣♣❧✐❝❛t✐♦♥ X 99K Z ♥✬❡st ♣❛s t♦✉❥♦✉rs ré❣✉❧✐èr❡✳ ▼ê♠❡ s✐
❡❧❧❡ ❧✬❡st✱ ❡❧❧❡ ♥✬❡st ♣❛s t♦✉❥♦✉rs éq✉✐❞✐♠❡♥s✐♦♥♥❡❧❧❡✳ ■❧ ❡st ❞♦♥❝ ❞✐✣❝✐❧❡ ❞❡
♣ré❞✐r❡ q✉❡❧❧❡s ♣❧✉r✐✲❢♦r♠❡s ❞❡X∗ ♣❡✉✈❡♥t s❡ r❡❧❡✈❡r s✉rX✳ ❚♦✉t❡❢♦✐s✱ s✐ ♥♦✉s
s✉♣♣♦s♦♥s q✉❡ X ❡st à s✐♥❣✉❧❛r✐tés t❡r♠✐♥❛❧❡s✱ ❛❧♦rs Z ∼= P1 ❡t X 99K Z ❡st
t♦✉❥♦✉rs ✉♥ ♠♦r♣❤✐s♠❡ ♣❛r ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t✱ q✉✐ r❡ss❡♠❜❧❡ ❛✉ ❚❤é♦rè♠❡
✷✳✸✳✽ ♣♦✉r ❧❡s s✉r❢❛❝❡s✳

❚❤é♦rè♠❡ ✷✳✸✳✶✹✳ ❙♦✐t X ✉♥❡ ✈❛r✐été ❝♦♠♣❧❡①❡ r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡ à
s✐♥❣✉❧❛r✐tés t❡r♠✐♥❛❧❡s ❞❡ ❞✐♠❡♥s✐♦♥ 3 q✉✐ ♣♦rt❡ ❞❡s ♣❧✉r✐✲❢♦r♠❡s ♥♦♥ ♥✉❧❧❡s✳
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❆❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ ✜❜r❛t✐♦♥ q : X → P1 ❞♦♥t ❧❡s ✜❜r❡s ❣é♥ér❛❧❡s s♦♥t ❞❡s
s✉r❢❛❝❡s r❛t✐♦♥♥❡❧❧❡♠❡♥t ❝♦♥♥❡①❡s ❧✐ss❡s✳ ❙♦✐❡♥t z1, ..., zr ❧❡s ♣♦✐♥ts ❞❛♥s P1

t❡❧s q✉❡ ❧❡ ❞✐✈✐s❡✉r ❞❡ ❈❛rt✐❡r q∗zi s♦✐t ♥♦♥ ré❞✉✐t✳ ❙♦✐t mi ❧❡ ♣❧✉s ♣❡t✐t
❝♦❡✣❝✐❡♥t ❞❡ q∗zi✳ ❆❧♦rs ♣♦✉r t♦✉t m > 0✱

h0(X, (Ω1
X)[⊗m]) = h0(P1,OP1(−2m+

r∑

i=1

[
m(mi − 1)

mi
])).



❈❤❛♣✐tr❡ ✸

●❡♦♠❡tr② ♦❢ ❦❧t s✉r❢❛❝❡s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ s♦♠❡ r❡s✉❧ts ♦♥ ❣❡♦♠❡tr② ♦❢ ❝♦♠♣❧❡① s✉r✲
❢❛❝❡s ✇✐t❤ ❦❧t s✐♥❣✉❧❛r✐t✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✸✳✵✳✶✳ ▲❡t p : X → B ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ❦❧t q✉❛s✐✲
♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡ t♦ ❛ s♠♦♦t❤ ❝✉r✈❡✳ ▲❡t b ❜❡ ❛ ♣♦✐♥t ✐♥ B✱ ❛♥❞ ❧❡t C =
Supp(p∗b)✳ ❆ss✉♠❡ t❤❛t p∗b = 2C✳ ❚❤❡♥ X ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛❧♦♥❣
p∗b✳ ▲❡t r : X̃ → X ❜❡ t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s ❛❧♦♥❣ t❤❡ ✜❜❡r
p∗b ❛♥❞ ❧❡t p̃ = p ◦ r✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ ♦❢ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r p∗b✱ ❛♥❞
❡❛❝❤ ♦❢ t❤❡s❡ ♣♦ss✐❜✐❧✐t✐❡s ❝❛♥ ♦❝❝✉r✳ ■♥ t❤❡ t❛❜❧❡✱ t❤❡ ❞✉❛❧ ❣r❛♣❤ ✐s t❤❡ ♦♥❡
♦❢ t❤❡ s✉♣♣♦rt ♦❢ p̃∗b ⊆ X̃✱ t❤❡ ♣♦✐♥t ✇✐t❤ ❧❛❜❡❧ s ❝♦rr❡s♣♦♥❞s t♦ C̃ ❛♥❞ t❤❡
♦t❤❡r ♣♦✐♥ts ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r✲❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦rs✱ ✇❤❡r❡ C̃ ✐s t❤❡ str✐❝t
tr❛♥s❢♦r♠ ♦❢ C ✐♥ X̃✳

Type of fiber Dual graph

(A1 +A1)
1
•

s
◦

2
•

(D3)

1
•

3
•

2
•

◦
s

(Di) with i > 3

1
•

3
•

4
• · · ·

i
•

s
◦

•
2

■♥ t❤❡ t❛❜❧❡ ♦❢ t❤❡ t❤❡♦r❡♠ ❛❜♦✈❡✱ ✇❡ s❡❡ t❤❛t ❛ ♠✉❧t✐♣❧❡ ✜❜❡r ♦❢ t②♣❡
(A1 +A1) ✐s ❛ ♠✉❧t✐♣❧❡ ✜❜❡r ✇❤✐❝❤ ❝♦♥t❛✐♥s ❡①❛❝t❧② t✇♦ s✐♥❣✉❧❛r ♣♦✐♥ts ❛♥❞
❜♦t❤ ♦❢ t❤❡♠ ❛r❡ ♦❢ t②♣❡ A1✳ ❆ ♠✉❧t✐♣❧❡ ✜❜❡r ♦❢ t②♣❡ (Di) ✇✐t❤ i > 3 ✐s ❛

✸✼
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♠✉❧t✐♣❧❡ ✜❜❡r ✇❤✐❝❤ ❝♦♥t❛✐♥s ❡①❛❝t❧② ♦♥❡ s✐♥❣✉❧❛r ♣♦✐♥t ✇❤✐❝❤ ✐s ♦❢ t②♣❡ Di

✭◆♦t❡ t❤❛t t❤❡ s✐♥❣✉❧❛r✐t② D3 ✐s t❤❡ s❛♠❡ ❛s A3✮✳

✸✳✶ Pr❡♣❛r❛t♦r② ❧❡♠♠❛s

❚❤❡ ❧❡♠♠❛s ✐♥ t❤✐s ❝❤❛♣t❡r ♠❛② ❜❡ ✇❡❧❧ ❦♥♦✇♥ ❢♦r ❡①♣❡rts✳ ❋♦r t❤❡
❝♦♥✈❡♥✐❡♥❝❡ ♦❢ r❡❛❞❡rs✱ ✇❡ ❣✐✈❡ ❛❝❝♦✉♥t ♦❢ t❤❡ ♣r♦♦❢s ❤❡r❡✳

▲❡♠♠❛ ✸✳✶✳✶✳ ▲❡t ϕ : X 99K X ′ ❜❡ ❛♥ ❡①tr❡♠❛❧ ❞✐✈✐s♦r✐❛❧ ❝♦♥tr❛❝t✐♦♥ ♦r
❛ ✢✐♣✳ ❆ss✉♠❡ t❤❛t X ❤❛s Q✲❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ■❢ Y ✐s ❛♥
✐rr❡❞✉❝✐❜❧❡ ❝❧♦s❡❞ s✉❜✈❛r✐❡t② ✐♥ X ′ s✉❝❤ t❤❛t ✐t ✐s t❤❡ ❝❡♥t❡r ♦❢ ❛ ❞✐✈✐s♦r E
♦✈❡r X ′ ✇❤✐❝❤ ❤❛s ❞✐s❝r❡♣❛♥❝② 0✱ t❤❡♥ ϕ−1 ✐s ❛ ♠♦r♣❤✐s♠ ❛r♦✉♥❞ t❤❡ ❣❡♥❡r✐❝
♣♦✐♥t ♦❢ Y ✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❡ ♦♣♣♦s✐t❡✳ ❚❤❡♥ t❤❡ ❞✐s❝r❡♣❛♥❝② ♦❢ E ✐♥ X ✐s str✐❝t❧②
s♠❛❧❧❡r t❤❛♥ t❤❡ ♦♥❡ ✐♥ X ′ ✭s❡❡ ❬❑▼✾✽✱ ▲❡♠✳ ✸✳✸✽❪✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t X
❞♦❡s ♥♦t ❤❛✈❡ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛❧♦♥❣ t❤❡ ❝❡♥t❡r ♦❢ E ✐♥ X✳ ❚❤✐s ✐s ❛
❝♦♥tr❛❞✐❝t✐♦♥✳

▲❡♠♠❛ ✸✳✶✳✷✳ ▲❡t X ❜❡ ❛ ♥♦r♠❛❧ ♣r♦❥❡❝t✐✈❡ Q✲❢❛❝t♦r✐❛❧ s✉r❢❛❝❡✳ ▲❡t C✱
D ❜❡ t✇♦ ❞✐✛❡r❡♥t ♣r♦❥❡❝t✐✈❡ ❝✉r✈❡s ✐♥ X✳ ❆ss✉♠❡ t❤❛t ❜♦t❤ C ❛♥❞ D ♣❛ss
t❤r♦✉❣❤ ❛ s♠♦♦t❤ ♣♦✐♥t x ♦❢ X✳ ❚❤❡♥ C ·D > 1✳

Pr♦♦❢✳ ▲❡t r : X̃ → X ❜❡ t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ X✳ ❚❤❡♥ ❜② t❤❡ ♣r♦❥❡❝✲
t✐♦♥ ❢♦r♠✉❧❛✱ ✇❡ ♦❜t❛✐♥

C ·D = (r−1)∗C · r∗D > (r−1)∗C · (r−1)∗D.

❙✐♥❝❡ r ✐s ♠✐♥✐♠❛❧ ❛♥❞ X ✐s s♠♦♦t❤ ❛t x✱ r−1 ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛r♦✉♥❞ x✳
❍❡♥❝❡ ❜♦t❤ (r−1)∗C ❛♥❞ (r−1)∗D ♣❛ss t❤r♦✉❣❤ t❤❡ s♠♦♦t❤ ♣♦✐♥t y✱ ✇❤❡r❡
{y} = r−1({x})✳ ❙✐♥❝❡ X̃ ✐s s♠♦♦t❤✱ ✇❡ ❤❛✈❡ (r−1)∗C · (r−1)∗D > 1 ❜②
❬❍❛r✼✼✱ Pr♦♣✳ ❱✳✶✳✹❪✳ ❍❡♥❝❡ C ·D > 1✳

▲❡♠♠❛ ✸✳✶✳✸✳ ▲❡t Y ❜❡ ❛ ❦❧t q✉❛s✐✲♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡✳ ▲❡t Ei ⊆ Y (i =
1, ..., r) ❜❡ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ KY ✲♥♦♥✲♥❡❣❛t✐✈❡ r❛t✐♦♥❛❧ ❝✉r✈❡s ❢♦r♠✐♥❣ ❛♥
s♥❝ ❞✐✈✐s♦r

⋃r
i=1Ei✳ ❆ss✉♠❡ t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♠❛tr✐① (Ei · Ej)16i,j6r ✐s

♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✱ ❛♥❞ t❤❛t t❤❡r❡ ❛r❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs −1 < ai 6 0 s✉❝❤ t❤❛t
(KY −

∑r
i=1 aiEi) ·Ej = 0 ❢♦r ❡✈❡r② j ∈ {1, ..., r}✳ ▲❡t {Ck} ❜❡ ❛♥② s✉❜s❡t ♦❢

{Ei}✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠ Y → X ❝♦♥tr❛❝t✐♥❣ t❤❡ Ck✬s ❛♥❞
♥♦ ♦t❤❡r ❝✉r✈❡s✳ ▼♦r❡♦✈❡r✱ X ❤❛s ❦❧t s✐♥❣✉❧❛r✐t✐❡s✳

Pr♦♦❢✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t {Ck} ✐s ♥♦t ❡♠♣t②✳ ❇② r❡♥✉♠❜❡r✐♥❣ ✐❢ ♥❡❝❡ss❛r②✱
✇❡ ♠❛② ❛ss✉♠❡ t❤❛t {Ck} = {E1, ..., Es} ✇✐t❤ 1 6 s 6 r✳ ◆♦t❡ t❤❛t t❤❡
✐♥t❡rs❡❝t✐♦♥ ♠❛tr✐① (Ei · Ej)16i,j6s ✐s ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✳ ❍❡♥❝❡ t❤❡r❡ ❛r❡ r❡❛❧
♥✉♠❜❡rs b1, ..., bs s✉❝❤ t❤❛t (KY −

∑s
i=1 biEi) · Ej = 0 ❢♦r ❛❧❧ 1 6 j 6 s✳

❙✐♥❝❡ KY ·Ei ✐s ❛♥ ✐♥t❡❣❡r ❢♦r ❛❧❧ i ❛♥❞ Ei ·Ej ✐s ✐♥t❡❣❡r ❢♦r ❛❧❧ 1 6 i, j 6 s✱
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t❤❡ bi✬s ❛r❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ s✐♥❝❡ KY · Ei > 0 ❢♦r ❛❧❧ i✱
✇❡ ❤❛✈❡ bi 6 0 ❢♦r ❛❧❧ 1 6 i 6 s ❜② ❬❑▼✾✽✱ ❈♦r✳ ✹✳✷❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡
❤❛✈❡ t❤❛t (KY −

∑s
i=1 aiEi) · Ej =

∑r
i=s+1 aiEi · Ej > 0 ❢♦r ❛❧❧ 1 6 j 6 s✳

❍❡♥❝❡ ❜② ❬❑▼✾✽✱ ❈♦r✳ ✹✳✷❪✱ ✇❡ ❤❛✈❡ −1 < ai 6 bi ❢♦r ❛❧❧ 1 6 i 6 s✳ ◆♦t❡
t❤❛t t❤❡ ♣❛✐r (Y,−

∑s
i=1 biEi) ✐s ❦❧t✳ ❍❡♥❝❡ ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥

❬❑▼✾✽✱ Pr♦♣✳ ✹✳✶✵❪✱ t❤❡r❡ ✐s ❛ ❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠ g : Y → X ❝♦♥tr❛❝t✐♥❣
t❤❡ Ck✬s ❛♥❞ ♥♦ ♦t❤❡r ❝✉r✈❡s✳ ▼♦r❡♦✈❡r✱ X ❤❛s ❦❧t s✐♥❣✉❧❛r✐t✐❡s s✐♥❝❡ t❤❡ ♣❛✐r
(Y,−

∑s
i=1 biEi) ✐s ❦❧t ❛♥❞ g∗KX = KY −

∑s
i=1 biEi✳

❘❡♠❛r❦ ✸✳✶✳✹✳ ❖♥❡ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✸✳✶✳✸ ✐s ❛s ❢♦❧❧♦✇s✳ ▲❡t g :
Y → Z ❜❡ ❛ ♣❛rt✐❛❧ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s ♦❢ ❛ ❦❧t s✉r❢❛❝❡ Z✳
❚❤❛t ✐s✱ ✐❢ z ∈ Z ✐s ❛ ♣♦✐♥t s✉❝❤ t❤❛t g−1 ✐s ♥♦t ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛r♦✉♥❞ z✱
t❤❡♥ z ✐s s✐♥❣✉❧❛r✱ ❛♥❞ g ✐s t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ s✐♥❣✉❧❛r✐t② ❛t z✳ ▲❡t
{Ei} ❜❡ t❤❡ s❡t ♦❢ t❤❡ g✲❡①❝❡♣t✐♦♥❛❧ ❝✉r✈❡s✳ ❙✐♥❝❡ Z ❤❛s ❦❧t s✐♥❣✉❧❛r✐t✐❡s✱ t❤❡
Ei✬s s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❧❡♠♠❛✳ ❍❡♥❝❡ ❢♦r ❛♥② s✉❜s❡t {Ck} ♦❢ {Ei}✱
t❤❡r❡ ✐s ❛ ❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠ Y → X ❝♦♥tr❛❝t✐♥❣ ❡①❛❝t❧② t❤❡ Ck✬s✳ ❚❤❡
♠♦r♣❤✐s♠ g : Y → Z ❢❛❝t♦rs t❤r♦✉❣❤ Y → X✳ ▼♦r❡♦✈❡r✱ ✐❢ Z ❤❛s ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s✱ t❤❡♥ s♦ ❤❛s X ✭✐♥ t❤✐s ❝❛s❡ ai = 0 ❢♦r ❛❧❧ i ∈ {1, ..., r}✱ ❛♥❞
bj = 0 ❢♦r ❛❧❧ j ∈ {1, ..., s} ❜② t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✮✳

❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❤✐❝❤ s❤♦✇s t❤❛t ✇❡ ❝❛♥
❝♦♥tr❛❝t s♦♠❡ ❝♦♥♥❡❝t❡❞ ❝♦❧❧❡❝t✐♦♥ ♦❢ (−2)✲❝✉r✈❡s ✐♥ ❛ s✉r❢❛❝❡✳

▲❡♠♠❛ ✸✳✶✳✺✳ ▲❡t E =
⋃

16k6iEk ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝♦❧❧❡❝t✐♦♥ ♦❢ (−2)✲❝✉r✈❡s
✐♥ ❛ s♠♦♦t❤ q✉❛s✐✲♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡ V ✇❤♦s❡ ❞✉❛❧ ❣r❛♣❤ ✐s t❤❡ s❛♠❡ ❛s t❤❡
♦♥❡ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❡①❝❡♣t✐♦♥❛❧ s❡t ♦❢ ❛ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ❢♦r ❛ ❝❛♥♦✲
♥✐❝❛❧ s✉r❢❛❝❡ s✐♥❣✉❧❛r✐t②✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♠♦r♣❤✐s♠ c : V →W s✉❝❤ t❤❛t
W ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ c ❝♦♥tr❛❝ts ❡①❛❝t❧② E✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ KV · Ek = 0 ❢♦r ❡✈❡r② k✳ ❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♠❛tr✐① {Ek · Ej}
✐s ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡ ❜② ❬❑▼✾✽✱ ▲❡♠✳ ✸✳✹✵❪✳ ❚❤✉s t❤❡r❡ ✐s ❛ ❝♦♥tr❛❝t✐♦♥ c :
V → W ❝♦♥tr❛❝t✐♥❣ ❡①❛❝t❧② E ❜② ▲❡♠♠❛ ✸✳✶✳✸✳ ❙✐♥❝❡ V ✐s s♠♦♦t❤ ❛♥❞
KV = c∗KW ✱ ✇❡ ♦❜t❛✐♥ t❤❛t W ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳

❘❡❝❛❧❧ t❤❛t ❛ ✈❛r✐❡t② X ✐s ❝❛❧❧❡❞ ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ✐❢ ❛♥②
✜♥✐t❡ ét❛❧❡ ♠♦r♣❤✐s♠ τ : X ′ → X✱ ✇✐t❤ X ′ ✐rr❡❞✉❝✐❜❧❡✱ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

▲❡♠♠❛ ✸✳✶✳✻✳ ▲❡t X ❜❡ ❛ ✈❛r✐❡t②✳ ▲❡t U ❜❡ ❛ ♥♦♥✲❡♠♣t② ❩❛r✐s❦✐ ♦♣❡♥ s✉❜s❡t
♦❢ X✳ ■❢ U ✐s ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ t❤❡♥ s♦ ✐s X✳

Pr♦♦❢✳ ▲❡t c : X ′ → X ❜❡ ❛ ✜♥✐t❡ ét❛❧❡ ❝♦✈❡r s✉❝❤ t❤❛t X ′ ✐s ✐rr❡❞✉❝✐❜❧❡✳ ▲❡t
U ′ = c−1(U)✳ ❚❤❡♥ U ′ ✐s ✐rr❡❞✉❝✐❜❧❡✳ ❍❡♥❝❡✱ c|U ′ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢♦r U ✐s
❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t c ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤✉s
X ✐s ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳

▲❡♠♠❛ ✸✳✶✳✼ ✭❬❑▼✾✾✱ ▲❡♠✳ ✸✳✸❪✮✳ ▲❡t X ❜❡ ❛ q✉❛s✐✲♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡ ✇✐t❤
❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ▲❡t f : X → Y ❜❡ ❛ ❞✐✈✐s♦r✐❛❧ ❝♦♥tr❛❝t✐♦♥ ✐♥ t❤❡
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▼▼P✳ ❆ss✉♠❡ t❤❛t t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X ✐s ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳
❚❤❡♥ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ Y ✐s ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳

Pr♦♦❢✳ ▲❡t r : X̃ → X ❛♥❞ s : Ỹ → Y ❜❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥s ♦❢ X ❛♥❞ Y ✳
❚❤❡♥ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ f̃ : X̃ → Ỹ ✳ ▼♦r❡♦✈❡r✱ X̃ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
❢r♦♠ Ỹ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ❜❧♦✇✲✉♣s✳

▲❡t E ✭r❡s♣✳ D✮ ❜❡ t❤❡ ❡①❝❡♣t✐♦♥❛❧ s❡t ♦❢ r ✭r❡s♣✳ ♦❢ s✮✳ ❚❤❡♥ X̃\E
✐s ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ ❛♥❞ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t Ỹ \D ✐s
❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳ ❙✐♥❝❡ f−1 ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛r♦✉♥❞ t❤❡
s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ Y ✭❙❡❡ ▲❡♠♠❛ ✸✳✶✳✶✮✱ ✇❡ ❤❛✈❡ f̃−1(D) ⊆ E✳ ❍❡♥❝❡✱
X̃\E ⊆ f̃−1(Ỹ \D)✳ ❇② ▲❡♠♠❛ ✸✳✶✳✻✱ ✇❡ ♦❜t❛✐♥ t❤❛t f̃−1(Ỹ \D) ✐s ❛❧❣❡✲
❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳ ◆♦t❡ t❤❛t f̃−1(Ỹ \D) ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ Ỹ \D
❜② ❛ s❡q✉❡♥❝❡ ♦❢ ❜❧♦✇✲✉♣s✳ ❍❡♥❝❡✱ Ỹ \D ✐s ❛❧s♦ ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝✲
t❡❞✳

✸✳✷ P1✲✜❜r❛t✐♦♥s ♦✈❡r ❛ ❝✉r✈❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❣✐✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ✜❜❡r❡❞ s✉r❢❛❝❡s X → B
s✉❝❤ t❤❛t B ✐s ❛ s♠♦♦t❤ ❝✉r✈❡✱ ❛♥❞ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ t❤❡ ✜❜r❛t✐♦♥ ❛r❡ s♠♦♦t❤
r❛t✐♦♥❛❧ ❝✉r✈❡s✳ ❚❤❡ ✜❜r❛t✐♦♥ X → B ✐s ❝❛❧❧❡❞ ❛ P1✲❜✉♥❞❧❡ ✐❢ ✐t ✐s s♠♦♦t❤✳

✸✳✷✳✶ ❇❛s✐❝ ♣r♦♣❡rt✐❡s

▲❡♠♠❛ ✸✳✷✳✶✳ ▲❡t p : X → B ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ ✜❜r❛t✐♦♥ s✉❝❤ t❤❛t X ✐s ♥♦r♠❛❧
❛♥❞ B ✐s s♠♦♦t❤✳ ❆ss✉♠❡ t❤❛t ❡✈❡r② ✜❜❡r ♦❢ p ✐s r❡❞✉❝❡❞ ❛♥❞ ✐rr❡❞✉❝✐❜❧❡✱ ❛♥❞
t❤❡r❡ ✐s ❛ s♠♦♦t❤ ✜❜❡r ✐s♦♠♦r♣❤✐❝ t♦ P1✳ ❚❤❡♥ p ✐s ❛ P1✲❜✉♥❞❧❡✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❛r❡ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳ ❇② ❬❑♦❧✾✻✱
❊①❡r❝✐s❡ ■■✳✷✳✽✳✻✳✸❪✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❡✈❡r② ✜❜❡r ♦❢ p ✐s ❛ r❛t✐♦♥❛❧ ❝✉r✈❡✳ ❚❤✉s
❜② ❬❑♦❧✾✻✱ ❚❤♠✳ ■■✳✷✳✽❪✱ p ✐s ❛ P1✲❜✉♥❞❧❡✳

❘❡❝❛❧❧ t❤❛t ❛ ❍✐r③❡❜r✉❝❤ s✉r❢❛❝❡ Σk ✐s ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ r✉❧❡❞ s✉r❢❛❝❡
✐s♦♠♦r♣❤✐❝ t♦ PP1(OP1 ⊕ OP1(−k))✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ k > 0✱ t❤❡♥ t❤❡r❡ ✐s ❛
✉♥✐q✉❡ r❛t✐♦♥❛❧ ❝✉r✈❡ C ✐♥ Σk s✉❝❤ t❤❛t C2 = −k ✭❙❡❡ ❬❍❛r✼✼✱ ➓❱✳✷❪✮✳

▲❡♠♠❛ ✸✳✷✳✷✳ ▲❡t X̃ = Σk ❜❡ ❛ ❍✐r③❡❜r✉❝❤ s✉r❢❛❝❡ ✇✐t❤ k > 0✱ ❛♥❞ ❧❡t C
❜❡ t❤❡ ✉♥✐q✉❡ r❛t✐♦♥❛❧ ❝✉r✈❡ ✐♥ X̃ s✉❝❤ t❤❛t C · C = −k✳ ▲❡t p : X̃ → P1 ❜❡
t❤❡ P1✲❜✉♥❞❧❡✱ ❛♥❞ ❧❡t F ❜❡ ❛ ✜❜❡r ♦❢ p✳ ▲❡t π : X̃ → X ❜❡ t❤❡ ♠♦r♣❤✐s♠
❝♦♥tr❛❝t✐♥❣ C✳ ❚❤❡♥ K2

X = 8+ (k−2)2

k ✱ −KX ·π∗F = 1+ 2
k ✱ ❛♥❞ π∗F ·π∗F = 1

k ✳
■♥ ♣❛rt✐❝✉❧❛r✱ K2

X > −KX · π∗F

Pr♦♦❢✳ ❲❡ ❤❛✈❡ −K
X̃

= −π∗KX + k−2
k C✱ K

X̃
· K

X̃
= 8✱ ❛♥❞ C · F = 1✳

❍❡♥❝❡ KX ·KX = 8 + (k−2)2

k ✱ ❛♥❞ −KX · π∗F = 1 + 2
k ✳ ❲❡ ❛❧s♦ ♦❜t❛✐♥ t❤❛t

π∗F · π∗F = 1
k ✳
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Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸✳ ▲❡t p : X → B ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ q✉❛s✐✲
♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡ ✇✐t❤ ❦❧t s✐♥❣✉❧❛r✐t✐❡s t♦ ❛ s♠♦♦t❤ ❝✉r✈❡✳ ▲❡t b ❜❡ ❛ ♣♦✐♥t ♦❢
B✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

✶✳ X ✐s s♠♦♦t❤ ❛❧♦♥❣ t❤❡ s✉♣♣♦rt ♦❢ p∗b ✐❢ ❛♥❞ ♦♥❧② ✐❢ p∗b ✐s r❡❞✉❝❡❞ ❀

✷✳ ✐❢ X ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛❧♦♥❣ C✱ t❤❡♥ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ C ✐♥
p∗b ✐s ❛t ♠♦st ❡q✉❛❧ t♦ 2✳

Pr♦♦❢✳ ✶✳ ❙✐♥❝❡ p ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✱ ❡✈❡r② ✜❜❡r ♦❢ p ✐s ✐rr❡❞✉❝✐❜❧❡✳ ◆♦t❡ t❤❛t
X ✐s ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✐♥❝❡ ✐t ✐s ❛ ♥♦r♠❛❧ s✉r❢❛❝❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ❈❛rt✐❡r
❞✐✈✐s♦r p∗b ✐s ❛❧s♦ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✳ ❍❡♥❝❡ ✐t ✐s ❣❡♥❡r✐❝❛❧❧② r❡❞✉❝❡❞ ✐❢ ❛♥❞
♦♥❧② ✐❢ ✐t ✐s ❛ r❡❞✉❝❡❞ s✉❜s❝❤❡♠❡✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ B ✐s ❛ s♠♦♦t❤ ❝✉r✈❡✱ t❤❡
♠♦r♣❤✐s♠ p ✐s ❛ ✢❛t ♠♦r♣❤✐s♠✳

❋✐rst ✇❡ ❛ss✉♠❡ t❤❛t p∗b ✐s r❡❞✉❝❡❞✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✸✳✷✳✶✱ X ✐s s♠♦♦t❤
❛❧♦♥❣ p∗z✳ ❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t X ✐s s♠♦♦t❤ ❛❧♦♥❣ p∗b✳ ❚❤❡♥ ❜② ❛❞❥✉♥❝✲
t✐♦♥ ❢♦r♠✉❧❛✱ ✇❡ ❤❛✈❡

2h1(C,OC)− 2 = (KX + C) · C = KX · C < 0.

❚❤❡r❡❢♦r❡✱ KX · C = −2 ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ KX · p∗b✳ ❍❡♥❝❡ p∗b ✐s r❡❞✉❝❡❞✳
✷✳ ❆ss✉♠❡ t❤❛t X ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛❧♦♥❣ C✳ ▲❡t α ∈ N ❜❡ t❤❡

❝♦❡✣❝✐❡♥t ♦❢ C ✐♥ p∗z✳ ❚❤❡♥

−2 = KS · p∗z = αKS · C.

❍♦✇❡✈❡r✱ s✐♥❝❡ KS ✐s ❛ ❈❛rt✐❡r ❞✐✈✐s♦r✱ KS · C ∈ Z✳ ❚❤✉s −2 ∈ αZ ✇❤✐❝❤
♠❡❛♥s α 6 2✳

■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥✱ ♦✉r ❛✐♠ ✐s t♦ ♣r♦✈❡ t❤❡ ❚❤❡♦r❡♠ ✸✳✵✳✶✳
❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ ✐♥ t✇♦ st❡♣s✳ ❲❡ ✇✐❧❧ ✜rst s❤♦✇ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥
t❤❛t p∗b = 2C ✐♠♣❧✐❡s t❤❛t X ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛❧♦♥❣ C✳ ❚❤❡♥ ✇❡
✇✐❧❧ ♣r♦✈❡ t❤❛t ❡❛❝❤ ♦❢ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ✐♥ t❤❡ t❛❜❧❡ ♦❢ t❤❡ t❤❡♦r❡♠ ❝❛♥ ♦❝❝✉r✳

✸✳✷✳✷ ❙✐♥❣✉❧❛r✐t✐❡s ❛♥❞ ✜❜❡r ♠✉❧t✐♣❧✐❝✐t✐❡s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹✳ ▲❡t p : X → B ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ❦❧t q✉❛s✐✲
♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡ t♦ ❛ s♠♦♦t❤ ❝✉r✈❡✳ ▲❡t b ❜❡ ❛ ♣♦✐♥t ✐♥ B✱ ❛♥❞ ❧❡t C =
Supp(p∗b)✳ ❆ss✉♠❡ t❤❛t p∗b = 2C✳ ❚❤❡♥ X ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛❧♦♥❣
p∗b✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ ❡①❛❝t❧② t✇♦ ♣♦ss✐❜✐❧✐t✐❡s

✶✳ t❤❡r❡ ❛r❡ t✇♦ s✐♥❣✉❧❛r ♣♦✐♥ts ♦♥ C✱ ❛♥❞ ❜♦t❤ ♦❢ t❤❡♠ ❛r❡ ♦❢ t②♣❡ A1 ❀

✷✳ t❤❡r❡ ✐s ♦♥❡ s✐♥❣✉❧❛r ♣♦✐♥t ♦♥ C✱ ❛♥❞ t❤❡ s✐♥❣✉❧❛r✐t② ✐s ♦❢ t②♣❡ Di ❢♦r
s♦♠❡ i > 3✳

❲❡ ✇✐❧❧ ✜rst ♣r♦✈❡ s♦♠❡ ❧❡♠♠❛s✳
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▲❡♠♠❛ ✸✳✷✳✺✳ ▲❡t p : X → B ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ s♠♦♦t❤
q✉❛s✐✲♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡ t♦ ❛ s♠♦♦t❤ ❝✉r✈❡ B s✉❝❤ t❤❛t ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❛r❡
s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳ ▲❡t b ❜❡ ❛ ♣♦✐♥t ✐♥ B✳ ❚❤❡♥ t❤❡ ❞✐✈✐s♦r p∗b ❤❛s s♥❝
s✉♣♣♦rt✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞✉❛❧ ❣r❛♣❤ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ p∗b ✐s ❛ tr❡❡✳

❲❡ r❡❝❛❧❧ t❤❛t ❛ tr❡❡ ✐s ❛♥ ✉♥❞✐r❡❝t❡❞ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ✇✐t❤♦✉t s✐♠♣❧❡
❝②❝❧❡s✳

Pr♦♦❢✳ ▲❡t X → X ′ ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ p✲r❡❧❛t✐✈❡ ▼▼P✳ ❚❤❡♥ X ′ ✐s s♠♦♦t❤✱
❛♥❞ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ p′ : X → B✳ ❙✐♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❛r❡
r❛t✐♦♥❛❧ ❝✉r✈❡s✱ p′ ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✳ ❍❡♥❝❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸✱ p′∗b ✐s
❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ❢♦r X ′ ✐s s♠♦♦t❤✳ ❙✐♥❝❡ X ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛
s❡q✉❡♥❝❡ ♦❢ ❜❧♦✇✲✉♣s ❢r♦♠ X ′✱ t❤❡ ❞✐✈✐s♦r p∗b ❤❛s s♥❝ s✉♣♣♦rt✱ ❛♥❞ t❤❡ ❞✉❛❧
❣r❛♣❤ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ p∗b ✐s ❛ tr❡❡✳

▲❡♠♠❛ ✸✳✷✳✻✳ ▲❡t p : X → B ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ s♠♦♦t❤
q✉❛s✐✲♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡ t♦ ❛ s♠♦♦t❤ ❝✉r✈❡ B s✉❝❤ t❤❛t ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❛r❡
s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳ ▲❡t b ❜❡ ❛ ♣♦✐♥t ✐♥ B✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❡①❛❝t❧②
♦♥❡ (−1)✲❝✉r✈❡ C ✐♥ p∗b✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞✳

✶✳ ❖♥❡ ♦❢ t❤❡ ❝✉r✈❡s ✐♥ p∗b ✇❤✐❝❤ ♠❡❡t C ✐s ❛ (−2)✲❝✉r✈❡✳

✷✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ❝❤❛✐♥ ♦❢ r❛t✐♦♥❛❧ ❝✉r✈❡s E =
∑s

i=1Ci ✐♥ t❤❡
✜❜❡r p∗b s✉❝❤ t❤❛t t❤❡ ❞✉❛❧ ❣r❛♣❤ ♦❢ C + (

∑s
i=1Ci) ✐s ❛s ❢♦❧❧♦✇s✳

C
•

C1

•
C2

• · · ·
Cs
•

❆ss✉♠❡ ❢✉rt❤❡r t❤❛t E+C ❛♥❞ ((p∗b)red−E−C) ✐♥t❡rs❡❝t ♦♥❧② ❛❧♦♥❣
Cs✳ ❚❤❡♥ ❛❧❧ ♦❢ t❤❡ Ci✬s ❛r❡ (−2)✲❝✉r✈❡s✳

✸✳ ❚❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ C ✐♥ p∗b ✐s ❧❛r❣❡r t❤❛♥ ♦♥❡✳

Pr♦♦❢✳ ■❢ p∗b ❤❛s ♦♥❡ ❝♦♠♣♦♥❡♥t✱ t❤❡♥ ✐t ✐s ❛ 0✲❝✉r✈❡✳ ■❢ p∗b ❤❛s t✇♦ ❝♦♠♣♦✲
♥❡♥ts✱ t❤❡♥ ❜♦t❤ ♦❢ t❤❡♠ ❛r❡ (−1)✲❝✉r✈❡s✳ ❙✐♥❝❡ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ (−1)✲
❝✉r✈❡ ✐♥ p∗b ❜② ❛ss✉♠♣t✐♦♥✱ ✇❡ ♦❜t❛✐♥ t❤❛t p∗b ❤❛s ❛t ❧❡❛st t❤r❡❡ ❝♦♠♣♦♥❡♥ts✳

✶✳ ▲❡t X → Y ❜❡ t❤❡ ❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠ ✇❤✐❝❤ ❝♦♥tr❛❝ts ❡①❛❝t❧② C✳
❚❤❡♥ Y ✐s s♠♦♦t❤✱ ❛♥❞ t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ q : Y → B ✐♥❞✉❝❡❞ ❜② p✳ ◆♦t❡ t❤❛t
q∗b ❤❛s ❛t ❧❡❛st t✇♦ ❝♦♠♣♦♥❡♥ts✳ ❍❡♥❝❡✱ ❢r♦♠ t❤❡ ▼▼P✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡
✐s ❛t ❧❡❛st ♦♥❡ (−1)✲❝✉r✈❡ D ✐♥ q∗b✳ ❙✐♥❝❡ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ (−1)✲❝✉r✈❡ C
✐♥ p∗b✱ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ D ✐♥ X ♠❡❡ts C✱ ❛♥❞ ✐s ❛ (−2)✲❝✉r✈❡✳

✷✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ i✳ ■❢ i = 1✱ t❤❡♥ ❢r♦♠ t❤❡ ✜rst ♣r♦♣❡rt②✱
✇❡ ❦♥♦✇ t❤❛t C1 ✐s ❛ (−2)✲❝✉r✈❡✳ ❆ss✉♠❡ t❤❛t C1, ..., Cj ❛r❡ ❛❧❧ (−2)✲❝✉r✈❡s
❢♦r s♦♠❡ j > 1✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t Cj+1 ✐s ❛ (−2)✲❝✉r✈❡✳ ❙❡t C0 = C✳ ❚❤❡r❡ ✐s
❛ ❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠ h : X → X ′ ✇❤✐❝❤ ❝♦♥tr❛❝ts ❡①❛❝t❧② C0, ..., Cj−1✳ ▲❡t
p′ : X ′ → P1 ❜❡ t❤❡ ✜❜r❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② p✳ ❚❤❡♥ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ Cj

✐♥ X ′ ❜❡❝♦♠❡s t❤❡ ✉♥✐q✉❡ (−1)✲❝✉r✈❡ ✐♥ p′∗b s✐♥❝❡ E+C ❛♥❞ ((p∗b)red−E−
C) ✐♥t❡rs❡❝t ♦♥❧② ❛❧♦♥❣ Cs✳ ❇② t❤❡ ✜rst ♣r♦♣❡rt②✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ str✐❝t
tr❛♥s❢♦r♠ ♦❢ Cj+1 ✐♥X ′ ✐s ❛ (−2)✲❝✉r✈❡✳ ❚❤✐s s❤♦✇s t❤❛t Cj+1 ✐s ❛ (−2)✲❝✉r✈❡
s✐♥❝❡ h ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛r♦✉♥❞ Cj+1✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ✐♥❞✉❝t✐♦♥✳
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✸✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ♥✉♠❜❡r k ♦❢ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✜❜❡r
p∗b✳ ■❢ k = 3✱ t❤❡♥ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ C ✐s 2✳ ❆ss✉♠❡ t❤❛t t❤❡ ❧❡♠♠❛ ✐s tr✉❡
❢♦r k = l✱ ✇❤❡r❡ l > 3 ✐s ❛♥ ✐♥t❡❣❡r✳

◆♦✇ ✇❡ ❛ss✉♠❡ t❤❛t k = l + 1✳ ▲❡t X → Y ❜❡ t❤❡ ❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠
✇❤✐❝❤ ❝♦♥tr❛❝ts ❡①❛❝t❧② C✳ ❚❤❡♥ X ✐s t❤❡ ❜❧♦✇✲✉♣ ♦❢ ❛ ♣♦✐♥t y ✐♥ Y ✳ ▲❡t
q : Y → P1 ❜❡ t❤❡ ✜❜r❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② p✳ ■❢ t❤❡r❡ ❛r❡ ♠♦r❡ t❤❛♥ ♦♥❡ (−1)✲
❝✉r✈❡s ✐♥ q∗b✱ t❤❡♥ t❤❡② ✐♥t❡rs❡❝t ❛t t❤❡ ♣♦✐♥t y✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♠✉❧t✐♣❧✐❝✐t②
♦❢ C ✐s ❧❛r❣❡r t❤❛♥ ♦♥❡✳ ■❢ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ (−1)✲❝✉r✈❡ D ✐♥ q∗b✱ t❤❡♥ t❤❡
♠✉❧t✐♣❧✐❝✐t② m ♦❢ D ✐♥ q∗b ✐s ❧❛r❣❡r t❤❛♥ ♦♥❡✳ ◆♦t❡ t❤❛t t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢
C ✐♥ p∗b ✐s ♥♦t ❧❡ss t❤❛♥ m s✐♥❝❡ y ❧✐❡s ♦♥ D✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ✐♥❞✉❝t✐♦♥
❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✷✳✼✳ ▲❡t p : X → B ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ s♠♦♦t❤ s✉r❢❛❝❡
t♦ ❛ s♠♦♦t❤ ❝✉r✈❡✳ ▲❡t b ❜❡ ❛ ♣♦✐♥t ✐♥ B✳ ▲❡t C1, ..., Cr ❜❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢
p∗b✳ ❚❤❡♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♠❛tr✐① (Ci·Cj) ✐s ♥❡❣❛t✐✈❡✳ ▼♦r❡♦✈❡r✱ (

∑
aiCi)

2 =
0 ✐❢ ❛♥❞ ♦♥❧② ✐❢

∑
aiCi ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✜❜❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ C ✐s ❛♥

✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t ♦❢ p∗b s✉❝❤ t❤❛t C ·C = 0✱ t❤❡♥ p∗b ✐s ✐rr❡❞✉❝✐❜❧❡ ✇✐t❤
s✉♣♣♦rt C✳

Pr♦♦❢✳ ❙❡❡ ❬❘❡✐✾✼✱ ➓❆✳✼❪✳

▲❡♠♠❛ ✸✳✷✳✽✳ ▲❡t p : X → B ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ❦❧t q✉❛s✐✲♣r♦❥❡❝t✐✈❡
s✉r❢❛❝❡ t♦ ❛ s♠♦♦t❤ ❝✉r✈❡ B✳ ▲❡t b ❜❡ ❛ ♣♦✐♥t ✐♥ B✳ ❆ss✉♠❡ t❤❛t X ✐s ♥♦t
s♠♦♦t❤ ❛❧♦♥❣ p∗b✳ ❚❤❡♥ t❤❡r❡ ❛r❡ ❛t ♠♦st 2 s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ X ♦♥ p∗b✳

Pr♦♦❢✳ ▲❡t r : X̃ → X ❜❡ t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ X✳ ▲❡t p̃ = p ◦ r✳ ▲❡t
D ❜❡ t❤❡ s✉♣♣♦rt ♦❢ p∗b✳ ❙✐♥❝❡ p ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✱ D ✐s ✐rr❡❞✉❝✐❜❧❡✳ ▲❡t D̃
❜❡ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ D ✐♥ X̃✳ ❚❤❡♥ D̃ ✐s t❤❡ ♦♥❧② K

X̃
✲♥❡❣❛t✐✈❡ ❝✉r✈❡ ✐♥

t❤❡ ✜❜❡r p̃∗b✳ ■♥ ❢❛❝t✱ D̃ ✐s ❛ (−1)✲❝✉r✈❡ ❜② ▲❡♠♠❛ ✸✳✷✳✺ ❛♥❞ ▲❡♠♠❛ ✸✳✷✳✼✳
▲❡t X̃ → S ❜❡ t❤❡ ❞✐✈✐s♦r✐❛❧ ❝♦♥tr❛❝t✐♦♥ ✇❤✐❝❤ ❝♦♥tr❛❝ts D̃✳ ▲❡t q : S → P1

❜❡ t❤❡ ✜❜r❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② p̃✳ ❚❤❡♥ S ✐s s♠♦♦t❤✱ ❛♥❞ q∗b ❤❛s s♥❝ s✉♣♣♦rt ❜②
▲❡♠♠❛ ✸✳✷✳✺✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t Supp (p̃∗b) − D̃ ❤❛s ❛t ♠♦st t✇♦ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts✳ ❚❤✉s t❤❡r❡ ❛r❡ ❛t ♠♦st 2 s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ X ♦♥ p∗b✳

▲❡♠♠❛ ✸✳✷✳✾✳ ▲❡t p : X → B ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ❦❧t q✉❛s✐✲♣r♦❥❡❝t✐✈❡
s✉r❢❛❝❡ t♦ ❛ s♠♦♦t❤ ❝✉r✈❡✳ ▲❡t b ❜❡ ❛ ♣♦✐♥t ✐♥ B✱ ❛♥❞ ❧❡t C ❜❡ t❤❡ s✉♣♣♦rt ♦❢
p∗b✳ ❆ss✉♠❡ t❤❛t p∗b = 2C✱ ❛♥❞ t❤❛t t❤❡r❡ ❛r❡ t✇♦ s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ X ♦♥
C✳ ❚❤❡♥ X ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛❧♦♥❣ C✱ ❛♥❞ t❤❡ t✇♦ s✐♥❣✉❧❛r ♣♦✐♥ts
❛r❡ ♦❢ t②♣❡ A1✳

Pr♦♦❢✳ ▲❡t r : X̃ → X ❜❡ t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ❛♥❞ ❧❡t p̃ : X̃ → B ❜❡
t❤❡ ✜❜r❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② p✳ ■❢ C̃ ✐s t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ C ✐♥ X̃✱ t❤❡♥ ✐t ✐s
t❤❡ ✉♥✐q✉❡ (−1)✲❝✉r✈❡ ✐♥ p̃∗b✳ ▲❡t X̃ → Y ❜❡ t❤❡ ♠♦r♣❤✐s♠ ✇❤✐❝❤ ❝♦♥tr❛❝ts
❡①❛❝t❧② C̃✳ ▲❡t q : Y → B ❜❡ t❤❡ ✜❜r❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② p̃✳

❙✐♥❝❡ t❤❡r❡ ❛r❡ t✇♦ s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ X ♦♥ C✱ ❛♥❞ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢
t❤❡ ✜❜❡r p∗b ✐s t✇♦✱ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ p̃∗b− 2C̃ ❛s D +D′ +R ✇✐t❤ D✱ D′
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✐rr❡❞✉❝✐❜❧❡ s✉❝❤ t❤❛t C̃ · D = C̃ · D′ = 1✱ D · D′ = 0✱ ❛♥❞ C̃ · R = 0✳ ❇②
▲❡♠♠❛ ✸✳✷✳✻✳✶✱ ❡✐t❤❡r D ♦r D′ ✐s ❛ (−2)✲❝✉r✈❡✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱
✇❡ ♠❛② ❛ss✉♠❡ t❤❛t D ✐s ❛ (−2)✲❝✉r✈❡✳ ❚❤❡♥

0 = p̃∗b ·D = 2C̃ ·D +D2 +D′ ·D +R ·D = R ·D.

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ R ❛♥❞ D ✐s ❡♠♣t②✳
▲❡t Y → Z ❜❡ t❤❡ ♠♦r♣❤✐s♠ ❝♦♥tr❛❝t✐♥❣ ❡①❛❝t❧② t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢

D ❛♥❞ s : Z → B ❜❡ t❤❡ ✜❜r❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② q✳ ▲❡t E ❜❡ t❤❡ str✐❝t tr❛♥s❢♦r♠
♦❢ D′ ✐♥ Z✳ ❚❤❡♥ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❝♦♠♣♦♥❡♥t ✐♥ s∗b ✇❤✐❝❤ ❤❛s ♥❡❣❛t✐✈❡
✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r ✇✐t❤ KZ ✳ ❚❤❛t ✐s✱ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❝♦♠♣♦♥❡♥t ✐♥ s∗b
✇❤✐❝❤ ❤❛s s❡❧❢✲✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r ❧❛r❣❡r t❤❛♥ −2✳ ❙✐♥❝❡ R ❞♦❡s ♥♦t ♠❡❡t D✱
✇❡ ♦❜t❛✐♥ t❤❛t E ✐s t❤❡ ✉♥✐q✉❡ ❝✉r✈❡ ✐♥ s∗b ✇❤✐❝❤ ❝❛♥ ❤❛✈❡ s❡❧❢ ✐♥t❡rs❡❝t✐♦♥
♥✉♠❜❡r ❧❛r❣❡r t❤❛♥ −2✳ ❍❡♥❝❡ E2 > −1✳ ❙✐♥❝❡ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ E ✐♥ s∗b
✐s ♦♥❡✱ ❜② ▲❡♠♠❛ ✸✳✷✳✻✳✸✱ ✇❡ ❤❛✈❡ E2 6= −1✳ ❍♦✇❡✈❡r✱ ❜② ▲❡♠♠❛ ✸✳✷✳✼✱ ✇❡
❤❛✈❡ E2 6 0✳ ❍❡♥❝❡✱ E2 = 0 ❛♥❞ D′ ✐s ❛ (−2)✲❝✉r✈❡✳ ❋♦r t❤❡ s❛♠❡ r❡❛s♦♥ ❛s
❜❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t R ·D′ = 0✳

❍❡♥❝❡✱ R = 0 ❛♥❞ p̃∗b = D +D′ + 2C̃✳ ❚❤✐s ♣r♦✈❡s t❤❡ ❧❡♠♠❛✳

◆♦✇ ✇❡ ❝❛♥ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹✳ ❙✐♥❝❡ p ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✱ C ✐s ✐rr❡❞✉❝✐❜❧❡✳ ❇②
Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸✱ X ✐s ♥♦t s♠♦♦t❤ ❛❧♦♥❣ C ❢♦r p∗b = 2C✳

▲❡t t ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ X ♦♥ t❤❡ s✉♣♣♦rt ♦❢ p∗b✳ ❚❤❡♥
t 6 2 ❜② ▲❡♠♠❛ ✸✳✷✳✽✳ ▲❡t r : X̃ → X ❜❡ t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥✱ ❛♥❞ ❧❡t
C̃ ❜❡ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ C ✐♥ X̃✳ ❚❤❡♥ C̃ ✐s ❛ (−1)✲❝✉r✈❡✳ ▲❡t p̃ = p ◦ r✳
▲❡t E = p̃∗b− 2C̃✳

❋✐rst ❛ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ ❡①❛❝t❧② t✇♦ s✐♥❣✉❧❛r ♣♦✐♥ts ♦♥ C✳ ❚❤❡♥ t❤❡
s✐♥❣✉❧❛r✐t✐❡s ❛t t❤❡s❡ t✇♦ ♣♦✐♥ts ❛r❡ ❝❛♥♦♥✐❝❛❧ ♦❢ t②♣❡ A1 ❜② ▲❡♠♠❛ ✸✳✷✳✾✳

◆♦✇ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ♦♥❧② ♦♥❡ s✐♥❣✉❧❛r ♣♦✐♥t ♦♥ C✳ ▲❡t C0 = C̃✱ ❛♥❞
❧❡t E0 = E✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r i s✉❝❤ t❤❛t ✇❡ ❝❛♥
❞❡❝♦♠♣♦s❡

p̃∗b = 2(C0 + C1 + · · ·+ Ci) +D +D′ +R (∗)

s✉❝❤ t❤❛t ❛❧❧ ♦❢ t❤❡ Cj ✬s ✇✐t❤ j > 0 ❛r❡ (−2)✲❝✉r✈❡s✱ t❤❛t ❜♦t❤ D ❛♥❞ D′ ❛r❡
s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛♥❞ t❤❛t R ✐s ❞✐s❥♦✐♥t ❢r♦♠ C0+· · ·+Ci✳ ❋✉rt❤❡r♠♦r❡✱
✇❡ ❤❛✈❡ D ·D′ = 0✱ Ci ·D = Ci ·D

′ = 1✱ Cj · Cj+1 = 1 ❢♦r 0 6 j 6 i − 1✱
❛♥❞ Cj · Ck = 0 ✐❢ k − j > 1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞✉❛❧ ❣r❛♣❤ ♦❢ p̃∗b − R ✐s ❛s
❢♦❧❧♦✇s✳

D′

•

•
D

•
Ci

•
Ci−1

· · · •
C1

•
C0
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❲❡ ✇✐❧❧ ❝♦♥str✉❝t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ (∗) ❜② ✐♥❞✉❝t✐♦♥✳ ❙✐♥❝❡ t❤❡r❡ ✐s ♦♥❧②
♦♥❡ s✐♥❣✉❧❛r ♣♦✐♥t ♦✈❡r C✱ ❛♥❞ p̃∗b ✐s ❛♥ s♥❝ ❞✐✈✐s♦r✱ t❤❡ s✉♣♣♦rt ♦❢ E0

✐♥t❡rs❡❝ts C0 tr❛♥s✈❡rs❛❧❧② ❛t ❛ ♣♦✐♥t✳ ▼♦r❡♦✈❡r s✐♥❝❡

C0 · E0 = C0 · p̃
∗b− 2C2

0 = 2,

✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ E0 ✐♥t♦ 2C1 + E1✱ ✇❤❡r❡ C1 ✐s ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡
❛♥❞ C0 ·E1 = 0✳ ❋r♦♠ ▲❡♠♠❛ ✸✳✷✳✻✳✶✱ ✇❡ ❦♥♦✇ t❤❛t C1 ✐s ❛ (−2)✲❝✉r✈❡✳ ❲❡
❤❛✈❡

C1 · E0 = C1 · (p̃
∗b− 2C0) = −2C1 · C0 = −2

❛♥❞
E2

0 = (p̃∗b− 2C0)
2 = 4C2

0 = −4.

❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❛t

E2
1 = (E0 − 2C1)

2 = −4 and C1 · E1 = C1 · (E0 − 2C1) = 2.

❆ss✉♠❡ t❤❛t ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡

p̃∗b = 2(C0 + C1 + · · ·+ Ck) + Ek

❢♦r s♦♠❡ k > 0 s✉❝❤ t❤❛t C1, ..., Ck ❛r❡ (−2)✲❝✉r✈❡s✱ E2
k = −4✱ Ck · Ek = 2

❛♥❞ Ek ✐s ❞✐s❥♦✐♥t ❢r♦♠ (C0 + · · ·+ Ck−1)✳
❚❤❡ ❝♦♥❞✐t✐♦♥ Ck · Ek = 2 ✐♠♣❧✐❡s t❤❛t Ck ❛♥❞ Ek ✐♥t❡rs❡❝t ❛t ♦♥❡ ♦r

t✇♦ ♣♦✐♥ts✳ ■❢ t❤❡② ✐♥t❡rs❡❝t ❛t ♦♥❡ ♣♦✐♥t✱ t❤❡♥ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ Ek ✐♥t♦
2Ck+1 +Ek+1 s✉❝❤ t❤❛t Ck+1 ✐s ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡✱ Ck ·Ck+1 = 1 ❛♥❞
Ek+1 · Ck = 0✳ ❚❤❡♥

p̃∗b = 2(C0 + C1 + · · ·+ Ck+1) + Ek+1.

❋r♦♠ ▲❡♠♠❛ ✸✳✷✳✻✳✷✱ ✇❡ ❦♥♦✇ t❤❛t Ck+1 ✐s ❛ (−2)✲❝✉r✈❡✳ ❲❡ ❛❧s♦ ❤❛✈❡

Ck+1 · Ek = Ck+1 · (p̃
∗b− 2(C0 + · · ·Ck)) = −2Ck+1 · Ck = −2.

❚❤✉s

E2
k+1 = (Ek − 2Ck+1)

2 = −4 and Ck+1 · Ek+1 = Ck+1 · (Ek − 2Ck+1) = 2.

❲❡ ❛r❡ ✐♥ t❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ❛s ❜❡❢♦r❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ r❡♣❡❛t t❤❡ s❛♠❡
♣r♦❝❡❞✉r❡✳

❙✐♥❝❡ t❤❡r❡ ❛r❡ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② ❝♦♠♣♦♥❡♥ts ✐♥ p̃∗b✱ ✇❡ ❝❛♥ ✜♥❞ ❛
♣♦s✐t✐✈❡ ✐♥t❡❣❡r i s✉❝❤ t❤❛t

p̃∗b = 2(C0 + C1 + · · ·+ Ci) + Ei

❛♥❞ Ci ✐♥t❡rs❡❝ts Ei ❛t t✇♦ ❞✐✛❡r❡♥t ♣♦✐♥ts✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✷✳✾✱
✇❡ ❝❛♥ ✇r✐t❡ Ei = D+D′+R✱ ✇❤❡r❡ D✱ D′ ❛r❡ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s s✉❝❤
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t❤❛t D ·D′ = 0✱ R ·Ci = 0✱ D ·Ci = 1✱ ❛♥❞ D′ ·Ci = 1✳ ❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ (∗)

◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t R = 0✳ ❚❤❡r❡ ✐s ❛ ❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠ X̃ → W
✇❤✐❝❤ ❝♦♥tr❛❝ts ❡①❛❝t❧② C1, ..., Ci−1✳ ❚❤❡ s✉r❢❛❝❡ W ✐s s♠♦♦t❤ ❛♥❞ t❤❡r❡ ✐s
❛ ✜❜r❛t✐♦♥ q : W → B ✐♥❞✉❝❡❞ ❜② p̃✳ ❲❡ st✐❧❧ ❞❡♥♦t❡ ❜② Ci✱ D✱ D′ ❛♥❞ R
t❤❡✐r str✐❝t tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ W ✳ ❚❤❡♥ Ci ✐s t❤❡ ✉♥✐q✉❡ (−1)✲❝✉r✈❡ ✐♥ q∗b
❛♥❞ q∗b = 2Ci +D+D′ +R✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✷✳✾✱ ✇❡ ❝❛♥
♣r♦✈❡ t❤❛t D2 = D′2 = −2✱ ❛♥❞ R = 0✳ ❍❡♥❝❡✱ t❤❡ s✐♥❣✉❧❛r✐t② ♦❢ t❤❡ s✐♥❣✉❧❛r
♣♦✐♥t ♦♥ p∗b ✐s ❝❛♥♦♥✐❝❛❧ ♦❢ t②♣❡ Di+2✳

❘❡♠❛r❦ ✸✳✷✳✶✵✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ Pr♦❢❡ss♦r ❍ör✐♥❣ ❢♦r s✉❣❣❡st✐♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ♣r♦♦❢ ❢♦r t❤❡ ✜rst ♣❛rt ♦❢ ❚❤❡♦r❡♠ ✸✳✵✳✶✳ ▲❡t r : X̃ → X
❜❡ t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥✳ ❚❤❡♥ ✇❡ ❝❛♥ ❝♦♥tr❛❝t ❛❧❧ (−2)✲❝✉r✈❡s ✐♥ X̃ ✇❤✐❝❤
❛r❡ r✲❡①❝❡♣t✐♦♥❛❧ ❛♥❞ ♦❜t❛✐♥ ❛ s✉r❢❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s X̄

ϕ
→ X✳

❚❤❡♥✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t X ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛❧♦♥❣ p∗b✱ ✇❡ ♦♥❧②
♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t ϕ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛❧♦♥❣ p∗b✳ ❆ss✉♠❡ t❤❡ ♦♣♣♦s✐t❡✳ ▲❡t
C̄ ❜❡ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ C ✐♥ X̄ ❛♥❞ ❧❡t q : X̄ → B ❜❡ t❤❡ ♥❛t✉r❛❧
✜❜r❛t✐♦♥✳ ❚❤❡♥ q∗b ✐s r❡❞✉❝✐❜❧❡ ❛♥❞ −KX̄ · C̄ > −KX · C = 1✳ ❙✐♥❝❡ X̄ ❤❛s
❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ −KX̄ · C̄ ✐s ❛♥ ✐♥t❡❣❡r✳ ❚❤✉s t❤✐s ♥✉♠❜❡r ✐s ❛t ❧❡❛st
2✳ ▼♦r❡♦✈❡r✱ ❜② ❬❑♦❧✾✻✱ ❊①❡r❝✐s❡ ■■✳✶✳✸✳✹❪✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❝✉r✈❡ C̄ ❝❛♥
❞❡❢♦r♠ ✐♥ X̄✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ C̄ ✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t ♦❢
❛ r❡❞✉❝✐❜❧❡ ✜❜❡r ♦❢ q✳

✸✳✷✳✸ ❈♦♥str✉❝t✐♦♥ ♦❢ s✐♥❣✉❧❛r ✜❜❡rs✳

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ ♠❡t❤♦❞s ❢♦r ❝♦♥str✉❝t✐♦♥s ♦❢ ❛❧❧ s✐♥✲
❣✉❧❛r ✜❜❡rs ✐♥ t❤❡ t❛❜❧❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✵✳✶✳

❲❡ ✇✐❧❧ ✜rst ❝♦♥str✉❝t t❤❡ ✜❜❡r ♦❢ t②♣❡ (A1 +A1)✳

❈♦♥str✉❝t✐♦♥ ✸✳✷✳✶✶✳ ▲❡t p′ : X ′ → B ❜❡ ❛ s♠♦♦t❤ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛
q✉❛s✐✲♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡ t♦ ❛ s♠♦♦t❤ ❝✉r✈❡✳ ▲❡t b ❜❡ ❛ ♣♦✐♥t ✐♥ B✳ P❡r❢♦r♠
t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❜✐r❛t✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤❡ r✉❧❡❞ s✉r❢❛❝❡ ✿

✭✐✮ ❇❧♦✇ ✉♣ ❛ ♣♦✐♥t x ✐♥ t❤❡ ✜❜❡r ♦✈❡r b✳ ❚❤❡♥ ✇❡ ❣❡t t✇♦ (−1)✲❝✉r✈❡s
✇❤✐❝❤ ♠❡❡t tr❛♥s✈❡rs❡❧② ❛t x′✳

✭✐✐✮ ❇❧♦✇ ✉♣ t❤❡ ♣♦✐♥t x′✳ ❖✈❡r b✱ ✇❡ ❣❡t t✇♦ ❞✐s❥♦✐♥t (−2)✲❝✉r✈❡s ❛♥❞ ♦♥❡
(−1)✲❝✉r✈❡✳ ❚❤❡ (−1)✲❝✉r✈❡ ❛♣♣❡❛rs ✐♥ t❤❡ ✜❜❡r ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② t✇♦✳

✭✐✐✐✮ ❇❧♦✇ ❞♦✇♥ t❤❡ t✇♦ (−2)✲❝✉r✈❡s✳ ❲❡ ❣❡t t✇♦ s✐♥❣✉❧❛r ♣♦✐♥ts ♦♥ t❤❡
✜❜❡r✱ ❡❛❝❤ ♦❢ t❤❡♠ ✐s ♦❢ t②♣❡ A1✳

■♥ t❤❡ ❡♥❞✱ ✇❡ ♦❜t❛✐♥ ❛ ▼♦r✐ ✜❜❡r s✉r❢❛❝❡ X
p

−→ B s✉❝❤ t❤❛t t❤❡ ✜❜❡r
♦❢ p ♦✈❡r b ✐s ♦❢ t②♣❡ (A1 +A1)✳

■♥ ♦r❞❡r t♦ ❝♦♥str✉❝t t❤❡ r❡♠❛✐♥✐♥❣ s✐♥❣✉❧❛r ✜❜❡rs✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳
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▲❡♠♠❛ ✸✳✷✳✶✷✳ ▲❡t p : X → B ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ s✐♥❣✉❧❛r q✉❛s✐✲
♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s t♦ ❛ s♠♦♦t❤ ❝✉r✈❡✳ ▲❡t b ❜❡ ❛
♣♦✐♥t ✐♥ B✱ ❛♥❞ ❧❡t C = Supp(p∗b)✳ ❆ss✉♠❡ t❤❛t p∗b = 2C✳ ▲❡t x ∈ X ❜❡
❛ s♠♦♦t❤ ♣♦✐♥t ♦✈❡r b ❛♥❞ ❧❡t W ❜❡ t❤❡ ❜❧♦✇✲✉♣ ♦❢ X ❛t x✳ ▲❡t E ❜❡ t❤❡
❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r ♦❢ W → X✳ ▲❡t D ❜❡ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ C ✐♥ W ✳
❚❤❡♥ ✇❡ ❝❛♥ ❜❧♦✇ ❞♦✇♥ D ❛♥❞ ♦❜t❛✐♥ ❛♥♦t❤❡r ▼♦r✐ ✜❜❡r s✉r❢❛❝❡ T

q
→ B✳

Pr♦♦❢✳ ▲❡t h ❜❡ t❤❡ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥ ❢r♦♠ W t♦ B. ❲❡ ❤❛✈❡ C · C = 0✱
KX · C = −1✱ KW · E = −1✱ E · E = −1 ❛♥❞ D · E = 1✳ ❚❤✉s

KW ·D = 0 and D ·D = −1.

▲❡t H ❜❡ ❛♥ ❛♠♣❧❡ ❞✐✈✐s♦r ♦♥ W ✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k
s✉❝❤ t❤❛t (H + kD) · D = 0✳ ▲❡t A = H + kD✳ ◆♦t❡ t❤❛t A ✐s ♥❡❢ ❛♥❞
❜✐❣ ❛♥❞ D ✐s t❤❡ ♦♥❧② ❝✉r✈❡ ✇❤✐❝❤ ❤❛s ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r 0 ✇✐t❤ A✳ ❙✐♥❝❡
KW · D = 0✱ ❢♦r ❛ ❧❛r❣❡ ❡♥♦✉❣❤ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r a✱ t❤❡ ❞✐✈✐s♦r aA − KW

✐s ♥❡❢ ❛♥❞ ❜✐❣✳ ❍❡♥❝❡ ❜② t❤❡ r❡❧❛t✐✈❡ ❜❛s❡♣♦✐♥t✲❢r❡❡ t❤❡♦r❡♠ ✭s❡❡ ❬❑▼✾✽✱
❚❤♠✳ ✸✳✷✹❪✮✱ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r b s✉❝❤ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠
h∗(h∗OW (bA)) → OW (bA) ✐s s✉r❥❡❝t✐✈❡✳ ▲❡t c : W → T ❜❡ t❤❡ ✜❜r❛t✐♦♥
✐♥❞✉❝❡❞ ❜② h∗(h∗OW (bA)) → OW (bA)✳ ❚❤❡♥ c ❝♦♥tr❛❝ts ❡①❛❝t❧② D ❛♥❞ t❤❡
✜❜r❛t✐♦♥ h ✐♥❞✉❝❡s ❛ ✜❜r❛t✐♦♥ q : T → B ✇❤✐❝❤ ✐s ❛❧s♦ ❛ ▼♦r✐ ✜❜r❛t✐♦♥✳

❲❡ ❝❛♥ ✉s❡ t❤❡ ❡❧❡♠❡♥t❛r② tr❛♥s❢♦r♠❛t✐♦♥ ✐♥ ▲❡♠♠❛ ✸✳✷✳✶✷ t♦ ❝♦♥str✉❝t
♠✉❧t✐♣❧❡ ✜❜❡rs ♦❢ t②♣❡ (Di)✱ i > 3✳

▲❡♠♠❛ ✸✳✷✳✶✸✳ ▲❡t p : X → B ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ q✉❛s✐✲♣r♦❥❡❝t✐✈❡
s✉r❢❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s t♦ ❛ s♠♦♦t❤ ❝✉r✈❡✳ ▲❡t b ∈ B ❛♥❞ ❧❡t
T

q
→ B ❜❡ t❤❡ ▼♦r✐ ✜❜❡r s✉r❢❛❝❡ ♦❜t❛✐♥ ❜② t❤❡ ♠❡t❤♦❞ ✐♥ ▲❡♠♠❛ ✸✳✷✳✶✷✳ ■❢

t❤❡ ✜❜❡r ♦❢ p ✐s ♦❢ t②♣❡ (A1 + A1) ♦✈❡r b✱ t❤❡♥ t❤❡ ✜❜❡r ♦❢ q ✐s ♦❢ t②♣❡ (D3)
♦✈❡r b✳ ■❢ t❤❡ ✜❜❡r ♦❢ p ✐s ♦❢ t②♣❡ (Di) ♦✈❡r b✱ t❤❡♥ t❤❡ ✜❜❡r ♦❢ q ✐s ♦❢ t②♣❡
(Di+1) ♦✈❡r b ❢♦r i > 3✳

Pr♦♦❢✳ ▲❡t T̃ → T ❜❡ t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ❛♥❞ ❧❡t q̃ : T̃ → B ❜❡ t❤❡
♥❛t✉r❛❧ ✜❜r❛t✐♦♥✳ ❲❡ ✇✐❧❧ ❝♦♠♣✉t❡ t❤❡ ❞✉❛❧ ❣r❛♣❤ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ✜❜❡r
q̃∗b✳ ▲❡t W ❜❡ t❤❡ s❛♠❡ ❛s ✐♥ ▲❡♠♠❛ ✸✳✷✳✶✷✳ ❋r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ T ✱ ✇❡
❦♥♦✇ t❤❛t T̃ → T ❢❛❝t♦rs t❤r♦✉❣❤ T̃ →W ❛♥❞ t❤❡ ❧❛st ♠♦r♣❤✐s♠ ✐s ❛❧s♦ t❤❡
♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ W ✳ ❙✐♥❝❡ W → X ✐s ❛ ❜❧♦✇✲✉♣ ♦❢ ❛ s♠♦♦t❤ ♣♦✐♥t ♦❢
X✱ t❤❡ s✉r❢❛❝❡ T̃ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❜❧♦✇✐♥❣ ✉♣ t❤❡ s❛♠❡ ♣♦✐♥t ✐♥ X̃✱ ✇❤❡r❡
X̃ → X ✐s t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥✳ ▲❡t p̃ : X̃ → B ❜❡ t❤❡ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥✳

▲❡t C ❜❡ t❤❡ s✉♣♣♦rt ♦❢ p∗b✳ ■❢ t❤❡ ✜❜❡r p∗b ✐s ♦❢ t②♣❡ (A1 + A1)✱ t❤❡
❞✉❛❧ ❣r❛♣❤ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ p̃∗b ✐♥ X̃ ✐s

1
•

s
◦

2
•

✇❤❡r❡ s r❡♣r❡s❡♥ts C̃✱ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ C ✐♥ X̃✳ ❆❢t❡r ❜❧♦✇✐♥❣ ✉♣ t❤❡
♣♦✐♥t ♦♥ C̃ ❛s ✇❡ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ t❤❡ ♥❡✇ ❣r❛♣❤ ✐s
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1
•

s
◦

2
•

•
t

❚❤✐s ❣r❛♣❤ ✐s t❤❡ ❞✉❛❧ ❣r❛♣❤ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ q̃∗b ❛♥❞ t❤❡ ♣♦✐♥t ✇✐t❤
❧❛❜❡❧ t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ q∗b ✐♥ T̃ ✳ ❚❤❡
❣r❛♣❤ s❤♦✇s t❤❛t t❤❡r❡ ✐s ♦♥❧② ♦♥❡ s✐♥❣✉❧❛r ♣♦✐♥t ♦❢ T ♦♥ q∗b ✇❤✐❝❤ ✐s ♦❢
t②♣❡ D3✳ ❍❡♥❝❡ t❤❡ ✜❜❡r q∗b ✐s ♦❢ t②♣❡ (D3)✳

■❢ p∗b ✐s ♦❢ t②♣❡ Di✱ t❤❡♥ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹✱ ✇❡ ❦♥♦✇
t❤❛t t❤❡ ❞✉❛❧ ❣r❛♣❤ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ p̃∗b ✐s

1
•

3
•

4
• · · ·

i
•

s
◦

•
2

✇❤❡r❡ t❤❡ ♣♦✐♥t ✇✐t❤ ❧❛❜❡❧ s ❝♦rr❡s♣♦♥❞ t♦ C̃ ✭■❢ i = 3✱ t❤❡♥ s ✐s ❥✉st ❝♦♥♥❡❝✲
t❡❞ t♦ t❤❡ ♣♦✐♥t ✇✐t❤ ❧❛❜❡❧ 3✮✳ ❆❢t❡r ❜❧♦✇✐♥❣ ✉♣ t❤❡ ♣♦✐♥t ♦♥ C̃✱ ✇❡ ♦❜t❛✐♥
t❤❡ ❞✉❛❧ ❣r❛♣❤ ♦❢ t❤❡ s✉♣♣♦rt ♦❢ q̃∗b✱ ✇❤✐❝❤ ✐s

1
•

3
•

4
• · · ·

i
•

s
◦

t
•

•
2

❚❤❡ ♣♦✐♥t ✇✐t❤ ❧❛❜❡❧ t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ t❤❡ s✉♣♣♦rt
♦❢ q∗b ✐♥ T̃ ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t q∗b ✐s ♦❢ t②♣❡ (Di+1)✳

◆♦✇ ✇❡ ❝❛♥ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✵✳✶✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✵✳✶✳ ❚❤❡ t❛❜❧❡ ♦❢ ✜❜❡rs ✐♥ t❤❡ t❤❡♦r❡♠ ❢♦❧❧♦✇s ❢r♦♠ Pr♦✲
♣♦s✐t✐♦♥ ✸✳✷✳✹✳ ❇② ❈♦♥str✉❝t✐♦♥ ✸✳✷✳✶✶ ❛♥❞ ▲❡♠♠❛ ✸✳✷✳✶✸✱ ❡✈❡r② t②♣❡ ♦❢ ✜❜❡r
✐♥ t❤❡ t❛❜❧❡ ♦❝❝✉rs✳

◆♦✇ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ❡✈❡r② s✐♥❣✉❧❛r ✜❜❡r ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ s♠♦♦t❤
✜❜❡r ❜② t❤❡ ♠❡t❤♦❞s ♦❢ ❈♦♥str✉❝t✐♦♥ ✸✳✷✳✶✶ ❛♥❞ ▲❡♠♠❛ ✸✳✷✳✶✷✳

▲❡♠♠❛ ✸✳✷✳✶✹✳ ▲❡t p : X → B ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ q✉❛s✐✲♣r♦❥❡❝t✐✈❡
s✉r❢❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s t♦ ❛ s♠♦♦t❤ ❝✉r✈❡✳ ▲❡t b ∈ B s✉❝❤ t❤❛t
p∗b ✐s ❛ s✐♥❣✉❧❛r ✜❜❡r✳ ❚❤❡♥ t❤✐s s✐♥❣✉❧❛r ✜❜❡r ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ s♠♦♦t❤
r✉❧❡❞ s✉r❢❛❝❡ X1 → B ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❈♦♥str✉❝t✐♦♥ ✸✳✷✳✶✶ ❢♦❧❧♦✇❡❞ ❜② ❛
✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥t❛r② ❜✐r❛t✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ❞❡s❝r✐❜❡❞ ✐♥ ▲❡♠♠❛
✸✳✷✳✶✷✳

Pr♦♦❢✳ ▲❡t X̃ → X ❜❡ t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ❛♥❞ ❧❡t p̃ : X̃ → P1 ❜❡ t❤❡
♥❛t✉r❛❧ ✜❜r❛t✐♦♥✳ ▲❡t X̃ → Z ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ p̃✲▼▼P✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧
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✜❜r❛t✐♦♥ Z → B ✐s ❛ s♠♦♦t❤ ▼♦r✐ ✜❜r❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ S̃ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
❢r♦♠ Z ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ❜❧♦✇✲✉♣s✳

■❢ p∗b ✐s ♦❢ t②♣❡ (A1 + A1)✱ t❤❡♥ X̃ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ Z ❜② t✇♦
❜❧♦✇✲✉♣s ❛s ✐♥ t❤❡ ✜rst t✇♦ st❡♣ ♦❢ ❈♦♥str✉❝t✐♦♥ ✸✳✷✳✶✶✳ ❇❧♦✇✲❞♦✇♥ t❤❡ t✇♦
(−2)✲❝✉r✈❡s ✐♥ X̃ ✇❡ ♦❜t❛✐♥ X✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ t❛❦❡ X1 = Z✳

■❢ p∗b ✐s ♦❢ t②♣❡ (Di)✱ t❤❡♥ t❤❡ ❞✉❛❧ ❣r❛♣❤ ♦❢ p̃∗b ✐s
1
•

3
•

4
• · · ·

i
•

s
◦

•
2

❲❡ ❝❛♥ ❜❧♦✇ ❞♦✇♥ t❤❡ ❝✉r✈❡s ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♣♦✐♥ts ♦❢ ❧❛❜❡❧s
1, 2, ..., i − 1 ✭❜② ▲❡♠♠❛ ✸✳✶✳✺✮ ❛♥❞ t❤❡ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣♦✐♥t ♦❢
❧❛❜❡❧ s ✭❢♦r ✐t ✐s ❛ (−1)✲❝✉r✈❡✮✳ ❇② ❜❧♦✇✐♥❣ ❞♦✇♥ t❤❡s❡ ❝✉r✈❡s✱ ✇❡ ♦❜t❛✐♥ ❛
✜❜❡r s✉r❢❛❝❡ pY : Y → B s✉❝❤ t❤❛t p∗Y b ✐s ✐rr❡❞✉❝✐❜❧❡✳ ❍❡♥❝❡ pY ✐s ❛ ▼♦r✐
✜❜r❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤❡ ✜❜❡r p∗Y b ✐s ♦❢ t②♣❡ (Di−1) ✐❢ i > 3 ❛♥❞ ♦❢ t②♣❡
(A1 + A1) ✐❢ i = 3✳ ◆♦t❡ t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s ✐♥
Y ✐s ❛ s♠♦♦t❤ ♣♦✐♥t y✳ ❍❡♥❝❡ ✐❢ ✇❡ ♣❡r❢♦r♠ t❤❡ ❜✐r❛t✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥
▲❡♠♠❛ ✸✳✷✳✶✷ ❢♦r Y ✱ st❛rt✐♥❣ ❜② ❜❧♦✇✐♥❣ ✉♣ y✱ t❤❡♥ ✇❡ ✇✐❧❧ ♦❜t❛✐♥ X✳

❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❡ ❧❡♠♠❛✳
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▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥s ♦♥

s②♠♣❧❡❝t✐❝ ❢♦✉r❢♦❧❞s

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

❆ s♠♦♦t❤ ✈❛r✐❡t② M ✭❞❡✜♥❡❞ ♦✈❡r ❛ ✜❡❧❞ k✮ ♦❢ ❞✐♠❡♥s✐♦♥ 2n ❡q✉✐♣♣❡❞
✇✐t❤ ❛♥ ❡✈❡r②✇❤❡r❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❝❧♦s❡❞ t✇♦ ❢♦r♠ Ω ∈ H0(M,Ω2

M ) ✐s ❝❛❧❧❡❞
❛ s②♠♣❧❡❝t✐❝ ✈❛r✐❡t②✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ Ω∧n ∈ H0(M,Ω2n

M ) ✐s ♥♦♥✲③❡r♦
❡✈❡r②✇❤❡r❡✳ ❍❡♥❝❡ Ω2n

M
∼= OM ✳ ❆ s✉❜✈❛r✐❡t② N ⊆M ♦❢ ❞✐♠❡♥s✐♦♥ n ✐s s❛✐❞ t♦

❜❡ ▲❛❣r❛♥❣✐❛♥ ✐❢ t❤❡ r❡str✐❝t✐♦♥ ♦❢ Ω ♦♥ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ N ✐s ✐❞❡♥t✐❝❛❧❧②
③❡r♦✳ ❆ ✜❜r❛t✐♦♥ f : M → X ❢r♦♠ ❛ s②♠♣❧❡❝t✐❝ ✈❛r✐❡t② t♦ ❛ ♥♦r♠❛❧ ✈❛r✐❡t②
X ✐s ❝❛❧❧❡❞ ❛ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥ ✐❢ ❡✈❡r② ❝♦♠♣♦♥❡♥t ♦❢ ❡✈❡r② ✜❜❡r ♦❢ f ✐s ❛
▲❛❣r❛♥❣✐❛♥ s✉❜✈❛r✐❡t② ♦❢ M ✳

❆ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣❧❡① ♣r♦❥❡❝t✐✈❡ ♠❛♥✐❢♦❧❞ M ✐s ❝❛❧❧❡❞ ❛ ♣r♦❥❡❝✲
t✐✈❡ ✐rr❡❞✉❝✐❜❧❡ s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞ ✐❢ M ❤❛s ❛ s②♠♣❧❡❝t✐❝ 2✲❢♦r♠ Ω✱ ❛♥❞
H0(M,Ω2

M ) = CΩ✳ ❆♥② ♥♦♥ tr✐✈✐❛❧ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ♣r♦❥❡❝t✐✈❡ ✐rr❡❞✉❝✐❜❧❡
s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞ M t♦ ❛ ♥♦r♠❛❧ ✈❛r✐❡t② X ✐s ❛ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥ ❜②
t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✹✳✶✳✶ ✭❬▼❛t✾✾✱ ❚❤♠✳ ✷❪✮✳ ▲❡t f : M → X ❜❡ ❛ ✜❜r❛t✐♦♥ ❢r♦♠ ❛
❝♦♠♣❧❡① ♣r♦❥❡❝t✐✈❡ ✐rr❡❞✉❝✐❜❧❡ s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞ M ♦❢ ❞✐♠❡♥s✐♦♥ 2n t♦ ❛
♥♦r♠❛❧ ✈❛r✐❡t② X✳ ❆ss✉♠❡ t❤❛t 0 < dimX < 2n✳ ❚❤❡♥

✭✶✮ f ✐s ❛ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥✳

✭✷✮ X ✐s ❛ Q✲❢❛❝t♦r✐❛❧ ❦❧t ❋❛♥♦ ✈❛r✐❡t② ♦❢ ❞✐♠❡♥s✐♦♥ n ✇✐t❤ P✐❝❛r❞ ♥✉♠❜❡r
1✳

❈♦♥s✐❞❡r ❛ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ❝♦♠♣❧❡① ♣r♦❥❡❝t✐✈❡ ✐rr❡❞✉❝✐❜❧❡
s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞ M t♦ ❛ ♥♦r♠❛❧ ✈❛r✐❡t② X✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❜❛s❡
✈❛r✐❡t② X✳ ■♥ ❛❧❧ ❡①❛♠♣❧❡s ♦❢ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥s✱ X ✐s ❛❧✇❛②s ✐s♦♠♦r♣❤✐❝
t♦ Pn✳ ■t ✐s ♥❛t✉r❛❧ t♦ ❛s❦ ✐❢ t❤✐s ✐s tr✉❡ ❢♦r ❛❧❧ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥s✳ ❖♥
t❤❡ ♦♥❡ ❤❛♥❞✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❜❛s❡ ✐s s♠♦♦t❤✱ t❤❡♥ ✐t ✐s ♣r♦✈❡❞ ❜②
❍✇❛♥❣ ✭s❡❡ ❬❍✇❛✵✽✱ ❚❤♠✳ ✶✳✷❪✮ t❤❛t t❤❡ ❜❛s❡ ✐s ❛❧✇❛②s t❤❡ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡✳

✺✵
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ ✐rr❡❞✉❝✐❜❧❡ s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞ M ✐s ♦❢ K3[n] ♦r
❣❡♥❡r❛❧✐③❡❞ ❑✉♠♠❡r ❞❡❢♦r♠❛t✐♦♥ t②♣❡✱ t❤❡♥ t❤❡ ❛♥s✇❡r ✐s ❛❧s♦ ♣♦s✐t✐✈❡ ✭s❡❡
❬▼❛t✶✸✱ ❈♦r✳ ✶✳✶❪✱ ❬▼❛r✶✹✱ ❚❤♠✳ ✶✳✸❪✱ ❬❇▼✶✹✱ ❚❤♠✳ ✶✳✺❪ ❛♥❞ ❬❨♦s✶✷✱ Pr♦♣✳
✸✳✸✽❪✮✳ ❍♦✇❡✈❡r✱ ✐t ✐s st✐❧❧ ✉♥❝❧❡❛r ✐❢ t❤❡ ❜❛s❡ ✐s ❛❧✇❛②s s♠♦♦t❤✳ ▼♦r❡♦✈❡r
t❤❡r❡ ❛r❡ ❛❧s♦ ✐rr❡❞✉❝✐❜❧❡ s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞s ✇❤✐❝❤ ❛r❡ ♥♦t ♦❢ K3[n] ♦r
❣❡♥❡r❛❧✐③❡❞ ❑✉♠♠❡r ❞❡❢♦r♠❛t✐♦♥ t②♣❡ ✭s❡❡ ❬❖✬●✾✾❪ ❛♥❞ ❬❖✬●✵✸❪✮✳ ❚❤✉s t❤❡
❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥ ✐s st✐❧❧ ✉♥❦♥♦✇♥ ✐♥ t❤❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✳ ■♥ t❤✐s ❝❤❛♣t❡r✱
✇❡ st✉❞② t❤❡ ❝❛s❡ ✇❤❡♥M ❤❛s ❞✐♠❡♥s✐♦♥ 4✳ ❲❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✹✳✶✳✷✳ ▲❡t f :M → X ❜❡ ❛ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ♣r♦❥❡❝t✐✈❡
✐rr❡❞✉❝✐❜❧❡ s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞ M ♦❢ ❞✐♠❡♥s✐♦♥ 4 t♦ ❛ ♥♦r♠❛❧ s✉r❢❛❝❡ X✳
❚❤❡♥ ❡✐t❤❡r X ∼= P2 ♦r X ∼= Sn(E8)✳

❚❤❡ s✉r❢❛❝❡ Sn(E8) ✐s t❤❡ ✉♥✐q✉❡ ❋❛♥♦ s✉r❢❛❝❡ ✇✐t❤ ❡①❛❝t❧② ♦♥❡ s✐♥❣✉❧❛r
♣♦✐♥t ✇❤✐❝❤ ✐s ❉✉ ❱❛❧ ♦❢ t②♣❡ E8✱ ❛♥❞ t✇♦ ♥♦❞❛❧ r❛t✐♦♥❛❧ ❝✉r✈❡s ✐♥ ✐ts ❛♥t✐✲
❝❛♥♦♥✐❝❛❧ s②st❡♠✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤✐s s✉r❢❛❝❡✱ s❡❡ t❤❡ ❡♥❞ ♦❢ s❡❝t✐♦♥
✹✳✸✳✶✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ ✐♥ s❡✈❡r❛❧ st❡♣s✳ ❲❡ ✇✐❧❧ ✜rst ♣r♦✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✭s❡❡ s❡❝t✐♦♥ ✹✳✷✳✸✮✱ ✇❤✐❝❤ ✐s ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ❛ r❡s✉❧t ♦❢
❑♦❧❧ár ✭s❡❡ ❬❑♦❧✽✻❜✱ ❈♦r✳ ✸✳✾❪✮✳

❚❤❡♦r❡♠ ✹✳✶✳✸✳ ▲❡t g : V → W ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥
❜❡t✇❡❡♥ ❝♦♠♣❧❡① ♥♦r♠❛❧ q✉❛s✐✲♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t✐❡s✳ ❆ss✉♠❡ t❤❛t V ✐s s♠♦♦t❤✱
t❤❛t ωV

∼= OV ✱ ❛♥❞ t❤❛t W ✐s ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❛♥❞ Q✲●♦r❡♥st❡✐♥✳ ▲❡t H ❜❡
❛ Q✲❈❛rt✐❡r ❲❡✐❧ ❞✐✈✐s♦r ♦♥ W ✱ ❛♥❞ ❧❡t D = g∗H✳ ❚❤❡♥ Rig∗OV (D) ✐s
r❡✢❡①✐✈❡ ❢♦r ❛❧❧ i > 0✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ f : M → X ✐s ❛ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥✱ t❤❡♥ Rif∗OM

✐s r❡✢❡①✐✈❡✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ❬▼❛t✵✺✱ ❚❤♠✳ ✶✳✸❪✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t
Rif∗OM

∼= Ω
[i]
X ✳ ❆❢t❡r✇❛r❞s✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✭s❡❡ s❡❝t✐♦♥

✹✳✷✮✳

❚❤❡♦r❡♠ ✹✳✶✳✹✳ ▲❡t f : M → X ❜❡ ❛ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ❝♦♠♣❧❡①
♣r♦❥❡❝t✐✈❡ ✐rr❡❞✉❝✐❜❧❡ s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞ M t♦ ❛ ♥♦r♠❛❧ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t②
X✳ ▲❡t H ❜❡ ❛ Q✲❛♠♣❧❡ ✐♥t❡❣r❛❧ ❲❡✐❧ ❞✐✈✐s♦r ✐♥ X✱ ❛♥❞ ❧❡t D = f∗H✳ ❚❤❡♥
❢♦r ❛❧❧ j > 0 ❛♥❞ i > 0✱ ✇❡ ❤❛✈❡

hj(X,Rif∗(OM (D))) = 0 and hi(M,OM (D)) = h0(X,Ω
[i]
X [⊗]OX(H)).

❆s ❛ ❝♦r♦❧❧❛r②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐❢ dimM = 4✱ t❤❡♥

h0(X,OX(H))− h0(X,Ω
[1]
X [⊗]OX(H)) + h0(X,OX(H +KX)) = 3

❢♦r ❛♥② Q✲❛♠♣❧❡ ❲❡✐❧ ❞✐✈✐s♦r H ♦♥ X✳ ■♥ t❤❡ ❡♥❞✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✲
✇✐♥❣ ❝❧❛ss✐✜❝❛t✐♦♥ r❡s✉❧t ♦♥ r❛t✐♦♥❛❧ s✉r❢❛❝❡s ❛♥❞ ❞❡❞✉❝❡ ❚❤❡♦r❡♠ ✹✳✶✳✷ ✭s❡❡
s❡❝t✐♦♥ ✹✳✸✮✳
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❚❤❡♦r❡♠ ✹✳✶✳✺✳ ▲❡t X ❜❡ ❛ ❝♦♠♣❧❡① ❋❛♥♦ s✉r❢❛❝❡ ✇✐t❤ ❦❧t s✐♥❣✉❧❛r✐t✐❡s
✇❤♦s❡ s♠♦♦t❤ ❧♦❝✉s ✐s ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳ ❆ss✉♠❡ t❤❛t X ❤❛s
P✐❝❛r❞ ♥✉♠❜❡r 1✱ ❛♥❞

h0(X,OX(H))− h0(X,Ω
[1]
X [⊗]OX(H)) + h0(X,OX(H +KX)) = 3

❢♦r ❛♥② Q✲❛♠♣❧❡ ✐♥t❡❣r❛❧ ❲❡✐❧ ❞✐✈✐s♦r H✳ ❚❤❡♥ t❤❡r❡ ❛r❡ ❡①❛❝t❧② t✇♦ ♣♦ss✐✲
❜✐❧✐t✐❡s ✿ ❡✐t❤❡r X ∼= P2 ♦r X ∼= Sn(E8)✳

✹✳✷ ❈♦❤♦♠♦❧♦❣② ♣r♦♣❡rt✐❡s

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳✶✳✹✳ ❖♥❡ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s
♦❢ t❤✐s t❤❡♦r❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✹✳✷✳✶✳ ▲❡t f : M → X ❜❡ ❛ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ♣r♦✲
❥❡❝t✐✈❡ ✐rr❡❞✉❝✐❜❧❡ s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞ M ♦❢ ❞✐♠❡♥s✐♦♥ 2n t♦ ❛ ♥♦r♠❛❧ ♣r♦✲
❥❡❝t✐✈❡ ✈❛r✐❡t② X✳ ▲❡t H ❜❡ ❛ Q✲❛♠♣❧❡ ✐♥t❡❣r❛❧ ❲❡✐❧ ❞✐✈✐s♦r ✐♥ X✳ ❚❤❡♥∑n

i=0(−1)ih0(X,Ω
[i]
X [⊗]OX(H)) = n+ 1✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✹✳✷✳✶✳ ▲❡t D = f∗H✳ ❇② ❚❤❡♦r❡♠ ✹✳✶✳✹✱ ✇❡ ❤❛✈❡

hi(M,OM (D)) = h0(X,Ω
[i]
X [⊗]OX(H))

❢♦r ❛❧❧ i > 0✳ ❍❡♥❝❡ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t
∑n

i=0(−1)ihi(M,OM (D)) =
n+1✳ ◆♦t❡ t❤❛t ❚❤❡♦r❡♠ ✹✳✶✳✹ ❛❧s♦ s❤♦✇s t❤❛t hi(M,OM (D)) = 0 ❢♦r i > n✳
❍❡♥❝❡ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t

2n∑

i=0

(−1)ihi(M,OM (D)) = n+ 1.

❍♦✇❡✈❡r✱
∑2n

i=0(−1)ihi(M,OM (D)) ✐s t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ χ(OM (D)) ♦❢
t❤❡ ❈❛rt✐❡r ❞✐✈✐s♦r D✳ ❚❤✉s ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t χ(OM (D)) = n+ 1✳

▲❡t qM ❜❡ t❤❡ ❇❡❛✉✈✐❧❧❡✲❇♦❣♦♠♦❧♦✈ q✉❛❞r✐❝ ❢♦r♠ ♦♥M ✳ ❚❤❡♥ qM (D) = 0
s✐♥❝❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r D2n ✐s ③❡r♦✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ χ(OM (D)) =∑ ai

(2i)!qM (D)i✱ ✇❤❡r❡ t❤❡ ai✬s ❛r❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ M

✭s❡❡ ❬❍✉②✾✾✱ ✶✳✶✶❪✮✳ ❍❡♥❝❡ χ(OM (D)) = χ(OM ) = n+ 1✳

✹✳✷✳✶ ◆♦t❛t✐♦♥ ❛♥❞ ♦✉t❧✐♥❡ ♦❢ t❤❡ s❡❝t✐♦♥

▲❡t X ❛♥❞ T ❜❡ t✇♦ s❝❤❡♠❡s✳ ❚❤❡♥ X ✐s ❝❛❧❧❡❞ ❛ T ✲s❝❤❡♠❡ ✐❢ t❤❡r❡ ✐s ❛
♠♦r♣❤✐s♠ X → T ✳ ▲❡t A ❜❡ ❛ r✐♥❣✳ ❚❤❡♥ ✇❡ ♠❛② ❝❛❧❧ X ❛ A✲s❝❤❡♠❡ ✐❢ X ✐s
❛ (SpecA)✲s❝❤❡♠❡✳ ◆♦t❡ t❤❛t ❛ ♣♦✐♥t ✐♥ ❛ s❝❤❡♠❡ ♠❛② ♥♦t ❜❡ ❛ ❝❧♦s❡❞ ♣♦✐♥t
✐♥ t❤✐s s❡❝t✐♦♥✳

▲❡t T ❜❡ ❛ s❝❤❡♠❡ ❛♥❞ ❧❡t f : X → Y ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ T ✲s❝❤❡♠❡s✳ ▲❡t
F ,G ❜❡ t✇♦ ❝♦❤❡r❡♥t s❤❡❛✈❡s ♦♥ X ❛♥❞ ❧❡t α : F → G ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢
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s❤❡❛✈❡s✳ ▲❡t t ❜❡ ❛♥② s❝❤❡♠❡ ♣♦✐♥t ♦❢ T ❛♥❞ ❧❡t κ ❜❡ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ t✳
❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ ι : Specκ→ T ✳ ❲❡ ❞❡♥♦t❡ t❤❡ ✜❜❡r ♣r♦❞✉❝t ♦❢
X✱ Y ✱ F ✱ G ✱ f ❛♥❞ α ✉♥❞❡r t❤❡ ❜❛s❡ ❝❤❛♥❣❡ ι ❜② Xt✱ Yt✱ Ft✱ Gt✱ ft ❛♥❞ αt✳
■❢ U ✐s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ T ✱ s✐♠✐❧❛r❧② ✇❡ ❞❡♥♦t❡ t❤❡ ✜❜❡r ♣r♦❞✉❝t ♦❢ X✱ Y ✱
F ✱ G ✱ f ❛♥❞ α ✉♥❞❡r t❤❡ ❜❛s❡ ❝❤❛♥❣❡ U →֒ T ❜② XU ✱ YU ✱ FU ✱ GU ✱ fU ❛♥❞
αU ✳

❖✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✹✳ ❲❡ ✇✐❧❧ ✜rst s❤♦✇ t❤❛t

Rif∗OM (D) ∼= Ω
[i]
X [⊗]OX(H)

❢♦r ❛❧❧ i > 0 ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✻✮✳ ❍❡♥❝❡ ✐❢ hj(X,Rif∗OM (D)) = 0 ❢♦r ❛❧❧
j > 0 ❛♥❞ i > 0✱ t❤❡♥ t❤❡ ▲❡r❛② s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❝❛❧❝✉❧❛t✐♥❣H i(M,OM (D))

❞❡❣❡♥❡r❛t❡s ❛t E2✱ ❛♥❞ ✇❡ ❤❛✈❡ hi(M,OM (D)) = h0(X,Ω
[i]
X [⊗]OX(H)) ❢♦r

❛❧❧ i > 0✳ ❚❤✉s✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳✶✳✹✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t
hj(X,Rif∗OM (D)) = 0 ❢♦r j > 0 ✭◆♦t❡ t❤❛t ✐❢ D ✐s ❈❛rt✐❡r✱ t❤❡♥ t❤✐s ✐s tr✉❡
❜② ❬❑♦❧✽✻❛✱ ❚❤♠✳ ✷✳✶❪ ❢♦r ωM

∼= OM ✮✳
■❢ ✇❡ ❛ss✉♠❡ t❤❛t dimM = 4✱ t❤❡♥ ✇❡ ❝❛♥ ♣r♦✈❡ t❤✐s ✈❛♥✐s❤✐♥❣ ❜②

❝♦✈❡r✐♥❣ tr✐❝❦s ❛♥❞ ❛ t❤❡♦r❡♠ ❞✉❡ t♦ ❑♦❧❧ár ✭❙❡❡ ❘❡♠❛r❦ ✹✳✷✳✶✼✮✳ ■♥ ❤✐❣❤❡r
❞✐♠❡♥s✐♦♥✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❜② r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p✳ ❲❡ ❝❛♥ r❡❞✉❝❡ t♦ t❤❡ ❝❛s❡
✇❤❡♥ f :M → X✱ H ❛♥❞ D ❛r❡ ❞❡✜♥❡❞ ♦✈❡r ❛♥ ❛❧❣❡❜r❛✐❝ ♥✉♠❜❡r ✜❡❧❞ K✳ ■♥
t❤✐s ❝❛s❡✱ t❤❡r❡ ✐s ❛ Z✲❛❧❣❡❜r❛ ♦❢ ✜♥✐t❡ t②♣❡ A ⊆ K✱ ✇❤✐❝❤ ✐s ❛ ❧♦❝❛❧✐s❛t✐♦♥ ♦❢
t❤❡ r✐♥❣ ♦❢ ✐♥t❡❣❡rs ♦❢K✱ ♦❢ ❑r✉❧❧ ❞✐♠❡♥s✐♦♥ 1 s✉❝❤ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡
❡q✉❛t✐♦♥s ❞❡✜♥✐♥❣ f :M → X✱H ❛♥❞D ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ A✳ ▲❡t T = SpecA✱
❛♥❞ ❧❡t η ❜❡ ✐ts ❣❡♥❡r✐❝ ♣♦✐♥t✳ ❚❤❡♥ f ✐♥❞✉❝❡s ❛ ♠♦r♣❤✐s♠ ϕ : M → X ♦❢
T ✲s❝❤❡♠❡s s✉❝❤ t❤❛t ϕη ❝♦✐♥❝✐❞❡s ✇✐t❤ f ❛❢t❡r ❛ ✜❡❧❞ ❡①t❡♥s✐♦♥✳ ▲❡t D ❜❡
t❤❡ ❞✐✈✐s♦r ♦♥ M ✐♥❞✉❝❡❞ ❜② D✱ ❛♥❞ ❧❡t H ❜❡ t❤❡ ❞✐✈✐s♦r ♦♥ X ✐♥❞✉❝❡❞
❜② H✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t hj(Xt, R

i(ϕt)∗OMt
(Dt)) = 0 ❢♦r ❛❧❧ j > 0✱ i > 0

❛♥❞ ❣❡♥❡r❛❧ ❝❧♦s❡❞ ♣♦✐♥t t ∈ T ✳ ❇② ❛ ❜❛s❡ ❝❤❛♥❣❡ ♣r♦♣❡rt②✱ t❤✐s ✐♠♣❧✐❡s t❤❛t
hj(Xη, R

i(ϕη)∗OMη
(Dη)) = 0✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥ hj(X,Rif∗OM (D)) = 0✳

❲❡ ✇✐❧❧ ❞✐✈✐❞❡ t❤✐s s❡❝t✐♦♥ ✐♥t♦ ❢♦✉r ♣❛rts✳ ■♥ t❤❡ ✜rst ♣❛rt✱ ✇❡ ✇✐❧❧ ❞❡✈❡❧♦♣
s♦♠❡ t♦♦❧s ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✹✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ✇✐❧❧ s❤♦✇
t❤❡ r❡✢❡①✐✈✐t② ♦❢ s♦♠❡ ❤✐❣❤❡r ❞✐r❡❝t ✐♠❛❣❡s✳ ◆♦t❡ t❤❛t ❢♦r ❣❡♥❡r❛❧ ❝❧♦s❡❞
t ∈ T ✱ t❤❡ ✈❛r✐❡t✐❡s Xt ❛♥❞ Mt ❛r❡ ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞✳ ❲❡ ✇✐❧❧ ♣r♦✈❡
t❤❛t hj(Xt, R

if∗OMt
(Dt)) = 0 ✐♥ t❤❡ t❤✐r❞ ♣❛rt✳ ■♥ t❤❡ ❧❛st s✉❜s❡❝t✐♦♥ ✇❡

✇✐❧❧ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✹✳

✹✳✷✳✷ ❇❛s❡ ❝❤❛♥❣❡ ♣r♦♣❡rt✐❡s

❲❡ ✇✐❧❧ ♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦♥ ❝♦❤♦♠♦❧♦❣② ❛♥❞ ❜❛s❡ ❝❤❛♥❣❡✳ ❚❤❡ ❛✐♠
✐s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✳ ▲❡t g : V → W ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ ♦❢ ✐♥t❡❣r❛❧
T ✲s❝❤❡♠❡s ♦❢ ✜♥✐t❡ t②♣❡✱ ✇❤❡r❡ T ✐s ❛♥ ✐♥t❡❣r❛❧ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡✳ ▲❡t F
❜❡ ❛ ❝♦❤❡r❡♥t s❤❡❛❢ ♦♥ V ✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ♥♦♥✲❡♠♣t② ♦♣❡♥ s✉❜s❡t T0 ♦❢ T
s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ (Rig∗F )|Wt

∼= Ri(gt)∗Ft ❢♦r ❛♥②
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♣♦✐♥t t ∈ T0 ❛♥❞ ❛♥② i > 0✱ ✇❤❡r❡ gt : Vt →Wt ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ g ♦✈❡r t✱
❛♥❞ Ft ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ F ♦♥ Vt✳

Vt //

gt
��

V

g

��

Wt
//

��

W

��

{t} // T

❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s s✐♠✐❧❛r t♦ ❬❍❛r✼✼✱ ❚❤♠✳ ■■■✳✶✷✳✽❪✳ ■♥ ❢❛❝t✱ ♦✉r ♣r♦♦❢
❢♦❧❧♦✇s t❤❛t ♦❢ ❬❍❛r✼✼✱ ❚❤♠✳ ■■■✳✶✷✳✽❪✳ ❲❡ ✇✐❧❧ ♥❡❡❞ t✇♦ ❧❡♠♠❛s✳

▲❡♠♠❛ ✹✳✷✳✸✳ ▲❡t A ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ r✐♥❣✳ ▲❡t V ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ A✲s❝❤❡♠❡
♦❢ ✜♥✐t❡ t②♣❡✱ ❛♥❞ ❧❡t F ❜❡ ❛ ❝♦❤❡r❡♥t s❤❡❛❢ ♦♥ V ✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❝♦♠✲
♣❧❡①✱ ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡✱ ♦❢ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢r❡❡ A✲♠♦❞✉❧❡s L• s✉❝❤ t❤❛t
H i(L•) ∼= H i(V,F ) ❢♦r ❛❧❧ i > 0✳

Pr♦♦❢✳ ▲❡t (Ui) ❜❡ ❛♥ ❛✣♥❡ ♦♣❡♥ ❝♦✈❡r ♦❢ V ✳ ▲❡t C• ❜❡ t❤❡ ❷❡❝❤ ❝♦♠♣❧❡① ♦❢
F ✇✐t❤ r❡s♣❡❝t t♦ (Ui)✳ ❚❤❡♥ H i(C•) ∼= H i(V,F ) ❢♦r ❛❧❧ i > 0 ✭❙❡❡ ❬❍❛r✼✼✱
❚❤♠✳ ■■■✳✹✳✺❪✮✳ ❙✐♥❝❡ V ✐s ♣r♦❥❡❝t✐✈❡✱ H i(V,F ) ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ A✲
♠♦❞✉❧❡ ❢♦r ❛❧❧ i ✭❙❡❡ ❬❍❛r✼✼✱ ❚❤♠✳ ■■■✳✺✳✷❪✮✳ ❍❡♥❝❡✱ ❜② ❬❍❛r✼✼✱ ❚❤♠✳ ■■■✳✶✷✳✸❪✱
t❤❡r❡ ✐s ❛ ❝♦♠♣❧❡① ♦❢ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢r❡❡A✲♠♦❞✉❧❡s L• s✉❝❤ t❤❛tH i(L•) ∼=
H i(C•) ❢♦r ❛❧❧ i > 0✳ ❍❡♥❝❡ H i(L•) ∼= H i(V,F ) ❢♦r ❛❧❧ i > 0✳

▲❡♠♠❛ ✹✳✷✳✹✳ ▲❡t B ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ r✐♥❣✱ ❛♥❞ ❧❡t A ❜❡ ❛ B✲❛❧❣❡❜r❛ ♦❢
✜♥✐t❡ t②♣❡✳ ▲❡t C• ❛♥❞ L• ❜❡ t✇♦ ❝♦♠♣❧❡①❡s✱ ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡✱ ♦❢ A✲
♠♦❞✉❧❡s s✉❝❤ t❤❛t Cj ❛♥❞ Lj ❛r❡ B✲✢❛t ❢♦r ❛❧❧ j✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛
q✉❛s✐✲✐s♦♠♦r♣❤✐s♠ L• → C•✳ ❚❤❡♥ ❢♦r ❛♥② B✲♠♦❞✉❧❡ R ❛♥❞ ❛♥② i > 0✱
t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ H i(R⊗B L

•) ∼= H i(R⊗B C
•)✳

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ ❧❡♠♠❛ ❢♦r ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ B✲♠♦❞✉❧❡s
s✐♥❝❡ ❡✈❡r② B✲♠♦❞✉❧❡ ✐s t❤❡ ❞✐r❡❝t ❧✐♠✐t ♦❢ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♠♦❞✉❧❡s ❛♥❞
❜♦t❤ ⊗ ❛♥❞ H i ❝♦♠♠✉t❡ ✇✐t❤ ❞✐r❡❝t ❧✐♠✐ts✳

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❧❡♠♠❛ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ i✳ ❋♦r i ❧❛r❣❡ ❡♥♦✉❣❤✱ Ci ❛♥❞
Li ❛r❡ ❜♦t❤ 0✳ ❍❡♥❝❡ t❤❡ ❧❡♠♠❛ ✐s tr✉❡ ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ i✳ ❆ss✉♠❡ t❤❛t
H i+1(R ⊗B L•) ∼= H i+1(R ⊗B C•) ❢♦r ❛♥② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ B✲♠♦❞✉❧❡ R✱
✇❡ ✇✐❧❧ s❤♦✇ t❤❛t H i(R ⊗B L•) ∼= H i(R ⊗B C•) ❢♦r ❛♥② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞
B✲♠♦❞✉❧❡ R✳ ❋✐① ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ B✲♠♦❞✉❧❡ R✱ t❤❡♥ t❤❡r❡ ✐s ❛ ❢r❡❡ B✲
♠♦❞✉❧❡ E ❛♥❞ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ B✲♠♦❞✉❧❡ K s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ ❛♥ ❡①❛❝t
s❡q✉❡♥❝❡ 0 → K → E → R→ 0✳ ❙✐♥❝❡ Cj ❛♥❞ Lj ❛r❡ B✲✢❛t ❢♦r ❛❧❧ j✱ ✇❡ ❣❡t
❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ ❝♦♠♣❧❡①❡s ✇✐t❤ ❡①❛❝t r♦✇s

0 // K ⊗ L• //

��

E ⊗ L•

��

// R⊗ L•

��

// 0

0 // K ⊗ C• // E ⊗ C• // R⊗ C• // 0
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❇② t❛❦✐♥❣ t❤❡ ❝♦❤♦♠♦❧♦❣②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ✇✐t❤ ❡①❛❝t
r♦✇s✱
H i(K ⊗ L•) //

��

H i(E ⊗ L•) //

��

H i(R⊗ L•) //

��

H i+1(K ⊗ L•) //

��

H i+1(E ⊗ L•)

��

H i(K ⊗ C•) // H i(E ⊗ C•) // H i(R⊗ C•) // H i+1(K ⊗ C•) // H i+1(E ⊗ C•)

❙✐♥❝❡ E ✐s ❢r❡❡✱ ❛♥❞ L• ❛♥❞ C• ❛r❡ q✉❛s✐✲✐s♦♠♦r♣❤✐❝✱ t❤❡ ♠♦r♣❤✐s♠ ❢r♦♠
H i(E ⊗L•) t♦ H i(E ⊗C•) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ t❤❡
❧❛st t✇♦ ✈❡rt✐❝❛❧ ♠♦r♣❤✐s♠s ✐♥ t❤❡ ❧❛st ❞✐❛❣r❛♠ ❛r❡ ✐s♦♠♦r♣❤✐s♠s✳ ❍❡♥❝❡
H i(R⊗BL

•) → H i(R⊗BC
•) ✐s s✉r❥❡❝t✐✈❡✳ ❙✐♥❝❡ R ✐s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✱ t❤✐s

✐♠♣❧✐❡s t❤❛t t❤❡ ✜rst ✈❡rt✐❝❛❧ ♠♦r♣❤✐s♠ ✐s ❛❧s♦ s✉r❥❡❝t✐✈❡✳ ❍❡♥❝❡

H i(R⊗B L
•) ∼= H i(R⊗B C

•).

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ✐♥❞✉❝t✐♦♥ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛

❲❡ ✇✐❧❧ ♥♦✇ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t
T = SpecB ✐s ❛✣♥❡✳ ❋✐rst ✇❡ ❛ss✉♠❡ t❤❛t W = SpecA ✐s ❛✣♥❡✳ ▲❡t (Ui) ❜❡
❛ ✜♥✐t❡ ❛✣♥❡ ♦♣❡♥ ❝♦✈❡r ♦❢ V ✳ ▲❡t C• ❜❡ t❤❡ ❷❡❝❤ ❝♦♠♣❧❡① ♦❢ F ✇✐t❤ r❡s♣❡❝t
t♦ (Ui)✳ ▲❡t L• ❜❡ t❤❡ ❝♦♠♣❧❡① ♦❢ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢r❡❡ A✲♠♦❞✉❧❡s ❣✐✈❡♥ ❜②
▲❡♠♠❛ ✹✳✷✳✸✳ ❚❤❡♥ H i(L•) ∼= H i(V,F ) ❢♦r ❛❧❧ i > 0✳ ❚❤❡r❡ ✐s ❛ ♥♦♥✲❡♠♣t②
♦♣❡♥ ❛✣♥❡ s✉❜s❡t T0 = SpecB ♦❢ T s✉❝❤ t❤❛t ❢♦r ❛♥② ♣♦✐♥t t ∈ T0 ❛♥❞ ❢♦r
❛♥② i > 0✱ ✇❡ ❤❛✈❡ H i(At ⊗ L•) ∼= H i(L•) ⊗ At ✭❙❡❡ ❬●r♦✻✻✱ ❈♦r✳ ✾✳✹✳✸❪✮✱
✇❤❡r❡ At ✐s t❤❡ str✉❝t✉r❡ r✐♥❣ ♦❢ t❤❡ ❛✣♥❡ s❝❤❡♠❡ Wt✳

❙✐♥❝❡ V →W ✐s ❛ s❡♣❛r❛t❡❞ ♠♦r♣❤✐s♠✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛♥② t✇♦ ❛✣♥❡
♦♣❡♥ s✉❜s❡ts ♦❢ V ✐s st✐❧❧ ❛✣♥❡✳ ❍❡♥❝❡ ❢♦r ❛♥② j✱ ❜♦t❤ Cj ❛♥❞ Lj ❛r❡ ✜♥✐t❡❧②
❣❡♥❡r❛t❡❞ ♠♦❞✉❧❡s ♦✈❡r ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ B✲❛❧❣❡❜r❛s✳ ▼♦r❡♦✈❡r✱ ❜♦t❤ C•

❛♥❞ L• ❛r❡ ❜♦✉♥❞❡❞✳ ❍❡♥❝❡ ❜② s❤r✐♥❦✐♥❣ T0✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t ❜♦t❤ Cj

❛♥❞ Lj ❛r❡ B✲✢❛t ❢♦r ❛♥② ✐♥t❡❣❡r j ✭❙❡❡ ❬●r♦✻✺✱ ❚❤♠✳ ✻✳✾✳✶❪✮✳ ❇② ▲❡♠♠❛
✹✳✷✳✹✱ t❤✐s ✐♠♣❧✐❡s t❤❛t

H i(At ⊗ C•) ∼= H i(At ⊗ L•) ∼= H i(L•)⊗At
∼= H i(C•)⊗At.

◆♦t❡ t❤❛t At ⊗C• ✐s t❤❡ ❷❡❝❤ ❝♦♠♣❧❡① ♦❢ Ft ✇✐t❤ r❡s♣❡❝t t♦ ((Ui)t)✱ ✇❤❡r❡
(Ui)t ✐s t❤❡ ✜❜❡r ♦❢ Ui ♦✈❡r t ∈ T0✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡

H i(V,F )⊗At
∼= H i(C•)⊗At

∼= H i(At ⊗ C•) ∼= H i(Vt,Ft).

❙✐♥❝❡ Rig∗F ✭r❡s♣✳ Ri(gt)∗Ft✮ ✐s t❤❡ ❝♦❤❡r❡♥t s❤❡❛❢ ❛ss♦❝✐❛t❡❞ t♦ H i(V,F )
✭r❡s♣✳ t♦ H i(Vt,Ft)✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛❧❧ t ∈ T0✱ (Rig∗F )|Wt

∼= Ri(gt)∗Ft✳
◆♦✇ ✇❡ tr❡❛t t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❲❡ ❝♦✈❡r W ❜② ✜♥✐t❡❧② ♠❛♥② ❛✣♥❡ ♦♣❡♥

s✉❜s❡ts W1, ...,Wk✳ ▲❡t Vj = g−1(Wj)✱ Fj = F |Vj
❛♥❞ gj = g|Vj

❢♦r ❛❧❧
j✳ ❚❤❡♥ ❢♦r ❡✈❡r② j = 1, ..., k✱ t❤❡r❡ ✐s ❛ ♥♦♥✲❡♠♣t② ♦♣❡♥ s✉❜s❡t Tj ♦❢ T
s✉❝❤ t❤❛t ❢♦r ❛♥② ♣♦✐♥t t ∈ Tj ✱ ✇❡ ❤❛✈❡ t❤❡ ❜❛s❡ ❝❤❛♥❣❡ ♣r♦♣❡rt② ❢♦r t✱
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Fj ❛♥❞ gj : Vj → Wj ✳ ▲❡t T0 ❜❡ t❤❡ ♦♣❡♥ s❡t
⋂k

j=1Wj ✳ ❚❤❡♥ ❢♦r ❛♥②
t ∈ T0 ❛♥❞ ❛♥② i > 0✱ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ (Rig∗F )|Wt → Ri(gt)∗Ft ✐s ❛♥
✐s♦♠♦r♣❤✐s♠✳

❆s ❛ ❝♦r♦❧❧❛r② ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✹✳✷✳✺✳ ▲❡t g : V → W ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ ♦❢ ✐♥t❡❣r❛❧ T ✲
s❝❤❡♠❡s ♦❢ ✜♥✐t❡ t②♣❡✱ ✇❤❡r❡ T ✐s ❛♥ ✐♥t❡❣r❛❧ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡✳ ▲❡t η ❜❡
t❤❡ ❣❡♥❡r✐❝ ♣♦✐♥t ♦❢ T ✳ ▲❡t F ❜❡ ❛ ❝♦❤❡r❡♥t s❤❡❛❢ ♦♥ V ✳ ▲❡t i✱ j ❜❡ t✇♦ ♥♦♥✲
♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs✳ ■❢ hj(Wt, R

i(gt)∗Ft) = 0 ❢♦r ❣❡♥❡r❛❧ ❝❧♦s❡❞ ♣♦✐♥t t ∈ T ✱
t❤❡♥ hj(Wη, R

i(gη)∗Fη) = 0✳

Pr♦♦❢✳ ❋♦r ❛ ❣❡♥❡r❛❧ ♣♦✐♥t t ∈ T ✱ ✇❡ ❤❛✈❡ Ri(gt)∗Ft
∼= (Rig∗F )|Wt ❜②

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✳ ❍❡♥❝❡ Hj(Wt, (R
ig∗F )|Wt) = {0} ❢♦r ❣❡♥❡r❛❧ ❝❧♦s❡❞ ♣♦✐♥t

t ∈ T ✳ ❙✐♥❝❡ Rig∗F ✐s ❛ ❝♦❤❡r❡♥t s❤❡❛❢ ♦♥ W ✭❙❡❡ ❬❍❛r✼✼✱ ❚❤♠✳ ■■■✳✺✳✷❪✮✱
❜② s❤r✐♥❦✐♥❣ T ✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t Rig∗F ✐s ✢❛t ♦✈❡r T ✭❙❡❡ ❬●r♦✻✺✱
❚❤♠✳ ✻✳✾✳✶❪✮✳ ❇② ❬❍❛r✼✼✱ ❈♦r✳ ■■■✳✶✷✳✾❪✱ ✇❡ ♦❜t❛✐♥ Rjh∗(R

ig∗F ) = 0✱ ✇❤❡r❡
h ✐s t❤❡ ♠♦r♣❤✐s♠ ❢r♦♠ W t♦ T ✳ ❇② ❬❍❛r✼✼✱ ❈♦r✳ ■■■✳✶✷✳✾❪ ❛❣❛✐♥✱ ✇❡ ❤❛✈❡
hj(Wη, (R

ig∗F )|Wη) = 0✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

hj(Wη, R
i(gη)∗Fη) = 0.

✹✳✷✳✸ ❘❡✢❡①✐✈✐t② ♦❢ ❤✐❣❤❡r ❞✐r❡❝t ✐♠❛❣❡s

❈♦♥s✐❞❡r ❛ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥ f ❢r♦♠ ❛ s♠♦♦t❤ ❝♦♠♣❧❡① ♣r♦❥❡❝t✐✈❡
s②♠♣❧❡❝t✐❝ ✈❛r✐❡t② M t♦ ❛ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t② X✳ ▲❡t H ❜❡ ❛ ❲❡✐❧ ❞✐✈✐s♦r
♦♥ X✱ ❛♥❞ ❧❡t D = f∗H✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❡ t❤❛t t❤❡ s❤❡❛❢ Rif∗OM (D) ✐s
r❡✢❡①✐✈❡ ❛♥❞ ✐s ✐s♦♠♦r♣❤✐❝ t♦ Ωi

X [⊗]OX(H) ❢♦r ❛❧❧ i > 0✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✻✳ ▲❡t f ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ❝♦♠✲
♣❧❡① s♠♦♦t❤ q✉❛s✐✲♣r♦❥❡❝t✐✈❡ s②♠♣❧❡❝t✐❝ ✈❛r✐❡t② M t♦ ❛ ✈❛r✐❡t② X ✇✐t❤ Q✲
❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛r✐t✐❡s✳ ▲❡t H ❜❡ ❛ ❲❡✐❧ ❞✐✈✐s♦r ♦♥ X✱ ❛♥❞ ❧❡t D = f∗H✳
❚❤❡♥ Rif∗OM (D) ✐s ✐s♦♠♦r♣❤✐❝ t♦ Ωi

X [⊗]OX(H) ❢♦r ❛❧❧ i > 0✳

▼♦r❡♦✈❡r✱ ❧❡t B ❜❡ ❛ Z✲s✉❜❛❧❣❡❜r❛ ♦❢ ✜♥✐t❡ t②♣❡ ♦❢ C✳ ❚❤❡♥ T = SpecB
✐s ✐♥t❡❣r❛❧✳ ▲❡t η ❜❡ ✐ts ❣❡♥❡r✐❝ ♣♦✐♥t✳ ❆ss✉♠❡ t❤❛t f : M → X✱ H ❛♥❞ D
❛r❡ ❞❡✜♥❡❞ ♦✈❡r B✳ ❚❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠ ϕ : M → X ♦❢ T ✲s❝❤❡♠❡s ❣✐✈❡♥ ❜②
t❤❡ ❡q✉❛t✐♦♥s ❞❡✜♥✐♥❣ f :M → X✳ ❚❤❡r❡ ✐s ❛ ❞✐✈✐s♦r H ♦♥ X ❣✐✈❡♥ ❜② t❤❡
❡q✉❛t✐♦♥s ❞❡✜♥✐♥❣ H✳ ▲❡t D = ϕ∗H ✳ ❚❤❡♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ❢♦r ❣❡♥❡r❛❧
❝❧♦s❡❞ ♣♦✐♥t t ∈ T ✱ t❤❡ s❤❡❛❢ Ri(ϕt)∗OMt

(Dt) ✐s r❡✢❡①✐✈❡ ❛♥❞ ✐s♦♠♦r♣❤✐❝ t♦
Ri(ϕt)∗OMt

[⊗]OXt
(Ht) ❢♦r ❛❧❧ i > 0 ✭s❡❡ ❈♦r♦❧❧❛r② ✹✳✷✳✽✮✳

❲❡ ✇✐❧❧ ✜rst ♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳✶✳✸ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t Rif∗OM (D) ✐s r❡✲
✢❡①✐✈❡✳
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Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✸✳ ❙❡t m =❞✐♠ V ❛♥❞ k =❞✐♠ W ✳
❋✐rst ✇❡ ❛ss✉♠❡ t❤❛t W ✐s ●♦r❡♥st❡✐♥ ❛♥❞ H ✐s ❈❛rt✐❡r✳ ❚❤❡♥ ❜② t❤❡

♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛✱ ✇❡ ❤❛✈❡ Rig∗OV (D) ∼= Rig∗OV ⊗ OW (H) ❢♦r ❛❧❧ i > 0✳
❍❡♥❝❡ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t Rig∗OV ✐s r❡✢❡①✐✈❡ ❢♦r ❛❧❧ i✳ ▲❡tW →֒ W̄ ❜❡
❛ ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ W s✉❝❤ t❤❛t W̄ ✐s ♥♦r♠❛❧✳ ▲❡t ḡ : V̄ → W̄
❜❡ ❛ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ g s✉❝❤ t❤❛t V̄ ✐s s♠♦♦t❤✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬❑♦❧✽✻❜✱
❈♦r✳ ✸✳✾❪✱ t❤❡ t♦rs✐♦♥✲❢r❡❡ ♣❛rt ♦❢ Riḡ∗OV̄ ✐s H om(Rm−k−iḡ∗ωV̄ , ωW̄ )✳ ❙✐♥❝❡
OV

∼= ωV ✱ ✇❡ ❤❛✈❡ (Riḡ∗OV̄ )|W
∼= (Riḡ∗ωV̄ )|W ✳ ❙✐♥❝❡ Riḡ∗ωV̄ ✐s t♦rs✐♦♥✲❢r❡❡

❜② ❬❑♦❧✽✻❛✱ ❚❤♠✳ ✷✳✶❪✱ ✇❡ ♦❜t❛✐♥ t❤❛t (Riḡ∗OV̄ )|W ✐s t♦rs✐♦♥ ❢r❡❡✳ ❍❡♥❝❡ ✇❡
❤❛✈❡

Rig∗OV
∼= (Riḡ∗OV̄ )|W

∼= H om(Rm−k−iḡ∗ωV̄ , ωW̄ )|W

= H om(Rm−k−ig∗ωV , ωW ).

❙✐♥❝❡ W ✐s ●♦r❡♥st❡✐♥✱ ωW ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡
s❤❡❛❢ H om(Rm−k−ig∗ωV , ωW ) ✐s r❡✢❡①✐✈❡✳ ❍❡♥❝❡ Rig∗OV ✐s r❡✢❡①✐✈❡✳

◆♦✇ ✇❡ ✇✐❧❧ tr❡❛t t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ▲❡t w ❜❡ ❛ ❝❧♦s❡❞ ♣♦✐♥t ✐♥ W ✳ ❚❤❡♥
t❤❡ ♣r♦❜❧❡♠ ✐s ❧♦❝❛❧ ❛r♦✉♥❞ w✳ ❍❡♥❝❡ ✇❡ ♠❛② r❡♣❧❛❝❡ W ❜② ❛♥② ♦♣❡♥ ♥❡✐❣❤✲
❜♦✉r❤♦♦❞ ♦❢ w✳ ❆s ✐♥ ❬❑▼✾✽✱ ❉❡❢✳ ✺✳✶✾❪✱ ❜② s❤r✐♥❦✐♥❣ W ✐❢ ♥❡❝❡ss❛r②✱ t❤❡r❡
✐s ❛ ✜♥✐t❡ ❝♦✈❡r p :W ′ →W ✇❤✐❝❤ ✐s ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1 s✉❝❤ t❤❛t ❜♦t❤
KW ′ = p∗KW ❛♥❞ H ′ = p∗H ❛r❡ ❈❛rt✐❡r✳ ▲❡t V ′ ❜❡ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢
V ×W W ′✳ ▲❡t g′ : V ′ → W ′ ❛♥❞ q : V ′ → V ❜❡ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s✳
❲r✐t❡ D′ = q∗D✳

V ′

g′

��

q
// V

g

��

W ′ p
//W

❙✐♥❝❡ p ✐s ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✱ V ✐s s♠♦♦t❤✱ ❛♥❞ g ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✱
t❤❡ ♠♦r♣❤✐s♠ q ✐s ❛❧s♦ ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ❇② t❤❡ ❩❛r✐s❦✐ ♣✉r✐t② t❤❡♦r❡♠
✭❙❡❡ ❬❩❛r✺✽✱ Pr♦♣✳ ✷❪✮✱ t❤✐s ✐♠♣❧✐❡s t❤❛t q ✐s ét❛❧❡✳ ❍❡♥❝❡ V ′ ✐s s♠♦♦t❤✱ ❛♥❞
OV ′

∼= ωV ′ ✳ ❍❡♥❝❡ Rg′∗OV ′(D′) ✐s r❡✢❡①✐✈❡✳ ❍❡♥❝❡ p∗(Rg′∗OV ′(D′)) ✐s r❡✢❡①✐✈❡
s✐♥❝❡ p ✐s ✜♥✐t❡ ✭❙❡❡ ❬❍❛r✽✵✱ ❈♦r✳ ✶✳✼❪✮✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ s✐♥❝❡ q ✐s ✜♥✐t❡✱ ❢r♦♠
t❤❡ ▲❡r❛② s♣❡❝tr❛❧ s❡q✉❡♥❝❡✱ ✇❡ ❦♥♦✇ t❤❛t Rig∗(q∗OV ′(D′)) ✐s ✐s♦♠♦r♣❤✐❝ t♦
p∗(R

ig′∗OV ′(D′))✱ ✇❤✐❝❤ ✐s r❡✢❡①✐✈❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ OV ✐s ❛ ❞✐r❡❝t
s✉♠♠❛♥❞ ♦❢ q∗OV ′ ✱ t❤❡ s❤❡❛❢ OV (D) ✐s ❛ ❞✐r❡❝t s✉♠♠❛♥❞ ♦❢ q∗OV ′(D′)
❜② t❤❡ ♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛✳ ❍❡♥❝❡ Rig∗OV (D)✱ ❛s ❛ ❞✐r❡❝t s✉♠♠❛♥❞ ♦❢ t❤❡
r❡✢❡①✐✈❡ s❤❡❛❢ Rig∗(q∗OV ′(D′))✱ ✐s r❡✢❡①✐✈❡ ♦♥ W ✳

◆♦✇ ✇❡ ✇✐❧❧ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✻✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✻✳ ❆s ✐♥ ❬▼❛t✵✺✱ ✷✳✶✷❪✱ t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t U ✐♥
X ✇❤✐❝❤ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s

✭✶✮ ❝♦❞✐♠ X\U > 2 ❀

✭✷✮
∧i((R1f∗OM )|U ) ∼= (Rif∗OM )|U ❢♦r ❛❧❧ i > 0 ❀
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✭✸✮ (R1f∗OM )|U ∼= Ω1
U ✳

❙✐♥❝❡ Rif∗OM ✐s r❡✢❡①✐✈❡ ❜② ❚❤❡♦r❡♠ ✹✳✶✳✸✱ ❛♥❞ ❝♦❞✐♠ X\U > 2✱ ✇❡
❤❛✈❡ Rif∗OM

∼= Ω
[i]
X ❢♦r ❛❧❧ i > 0 ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✳ ❋r♦♠ t❤❡ ♣r♦❥❡❝t✐♦♥

❢♦r♠✉❧❛✱ Rif∗OM (D)|X0
✐s ✐s♦♠♦r♣❤✐❝ t♦ (Ω[i]

X [⊗]OX(H))|X0
✱ ✇❤❡r❡X0 ✐s t❤❡

s♠♦♦t❤ ❧♦❝✉s ♦❢ X✳ ❙✐♥❝❡ X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥
✶✳✷✳✶✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Rif∗OM (D) ∼= Ωi

X [⊗]OX(H)✳

◆♦✇ ❧❡t T ❜❡ ❛♥ ✐♥t❡❣r❛❧ ❛✣♥❡ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ ✇✐t❤ t❤❡ ❣❡♥❡r✐❝ ♣♦✐♥t
η✳ ❈♦♥s✐❞❡r ❛ ♠♦r♣❤✐s♠ g : V → W ♦❢ ♥♦r♠❛❧ ✐♥t❡❣r❛❧ T ✲s❝❤❡♠❡s ♦❢ ✜♥✐t❡
t②♣❡✳ ▲❡t F ❜❡ ❛ ❝♦❤❡r❡♥t s❤❡❛❢ ♦♥ V ✳ ■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s✉❜s❡❝t✐♦♥✱
✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✼✳ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ❛s ❛❜♦✈❡✱ ❛ss✉♠❡ t❤❛t Ri(gη)∗Fη ✐s
r❡✢❡①✐✈❡✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ♥♦♥✲❡♠♣t② ♦♣❡♥ s✉❜s❡t T0 ♦❢ T s✉❝❤ t❤❛t ❢♦r ❛♥②
t ∈ T0 ❛♥❞ ❛♥② i > 0✱ t❤❡ s❤❡❛❢ Ri(gt)∗Ft ✐s r❡✢❡①✐✈❡✳

❖♥❡ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✼ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✹✳✷✳✽✳ ▲❡t f :M → X ❜❡ ❛ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ❝♦♠♣❧❡①
♣r♦❥❡❝t✐✈❡ s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞ M t♦ ❛ ♥♦r♠❛❧ ✈❛r✐❡t② X✳ ▲❡t H ❜❡ ❛ ❲❡✐❧
❞✐✈✐s♦r ♦♥ X✱ ❛♥❞ ❧❡t D = f∗H✳ ▲❡t A ❜❡ ❛ s✉❜❛❧❣❡❜r❛ ♦❢ C s✉❝❤ t❤❛t f ✱ H
❛♥❞ D ❛r❡ ❞❡✜♥❡❞ ♦✈❡r A✳ ▲❡t T = SpecA✱ ❛♥❞ ❧❡t η ❜❡ ✐ts ❣❡♥❡r✐❝ ♣♦✐♥t✳ ❚❤❡
❡q✉❛t✐♦♥s ❞❡✜♥✐♥❣ f : M → X✱ H ❛♥❞ D ✐♥❞✉❝❡ ❛ ♠♦r♣❤✐s♠ ϕ : M → X
♦❢ T ✲s❝❤❡♠❡s✱ ❛♥❞ t✇♦ ❞✐✈✐s♦rs H ❛♥❞ D ♦♥ X ❛♥❞ M r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥
❢♦r ❣❡♥❡r❛❧ t ∈ T ❛♥❞ ❛♥② i > 0✱ t❤❡ s❤❡❛❢ Ri(ϕt)∗OMt

(Dt) ✐s r❡✢❡①✐✈❡✱ ❛♥❞
Ri(ϕt)∗OMt

(Dt) ∼= Ri(ϕt)∗OMt
[⊗]OXt

(Ht)✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✹✳✷✳✽✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✻✱ ✇❡ ❦♥♦✇ t❤❛t Rif∗OM (D)
✐s r❡✢❡①✐✈❡ ❢♦r ❛❧❧ i✳ ◆♦t❡ t❤❛t ϕη✱ Hη✱ ❛♥❞ Dη ❝♦✐♥❝✐❞❡ ✇✐t❤ f ✱ H ❛♥❞ D
❛❢t❡r ❛ ✜❡❧❞ ❡①t❡♥s✐♦♥✳ ❙✐♥❝❡ ❛ ✜❡❧❞ ❡①t❡♥s✐♦♥ ✐s ❛ ❢❛✐t❤❢✉❧❧② ✢❛t ❜❛s❡ ❝❤❛♥❣❡✱
❜② ❬❍❛r✼✼✱ Pr♦♣✳ ■■■✳✾✳✸❪ ❛♥❞ ▲❡♠♠❛ ✹✳✷✳✾ ❜❡❧♦✇✱ Ri(ϕη)∗OMη

(Dη) ✐s ❛❧s♦
r❡✢❡①✐✈❡ ❢♦r ❛❧❧ i✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✼✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❣❡♥❡r❛❧ t ∈ T
❛♥❞ ❛♥② i > 0✱ Ri(ϕt)∗OMt

(Dt) ✐s r❡✢❡①✐✈❡✳
❇② t❤❡ ♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛✱ ✐❢ (Xt)0 ✐s t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ Xt✱ t❤❡♥

(Ri(ϕt)∗OMt
(Dt))|(Xt)0

∼= (Ri(ϕt)∗OMt
[⊗]OXt

(Ht))|(Xt)0 .

❙✐♥❝❡ Xη ✐s ♥♦r♠❛❧✱ Xt ✐s ♥♦r♠❛❧ ❢♦r ❣❡♥❡r❛❧ t ∈ T ✭❙❡❡ ❬●r♦✻✻✱ Pr♦♣✳
✾✳✾✳✹❪✮✳ ❍❡♥❝❡ ❢♦r ❣❡♥❡r❛❧ t ∈ T ✱ Ri(ϕt)∗OMt

(Dt) ∼= Ri(ϕt)∗OMt
[⊗]OXt

(Ht)
❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✳

▲❡♠♠❛ ✹✳✷✳✾✳ ▲❡t f : V → W ❜❡ ❛ ❢❛✐t❤❢✉❧❧② ✢❛t ♠♦r♣❤✐s♠ ♦❢ ♥♦❡t❤❡r✐❛♥
✐♥t❡❣r❛❧ s❝❤❡♠❡s✳ ▲❡t F ❜❡ ❛ ❝♦❤❡r❡♥t s❤❡❛❢ ♦♥ W ✳ ❚❤❡♥ F ✐s r❡✢❡①✐✈❡ ✐❢
❛♥❞ ♦♥❧② ✐❢ f∗F ✐s r❡✢❡①✐✈❡✳
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Pr♦♦❢✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬❍❛r✽✵✱ Pr♦♣ ✶✳✽❪✱ ✇❡ ❤❛✈❡ f∗(F ∗∗) ∼= (f∗F )∗∗ ❢♦r
f ✐s ✢❛t✳ ❙✐♥❝❡ f ✐s ❢❛✐t❤❢✉❧❧② ✢❛t✱ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ F → F ∗∗ ✐s ❛♥
✐s♦♠♦r♣❤✐s♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ f∗(F ) → f∗(F ∗∗) ✐s✳ ❍❡♥❝❡ F ✐s r❡✢❡①✐✈❡ ✐❢ ❛♥❞
♦♥❧② ✐❢ f∗F → (f∗F )∗∗ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ t❤❛t ✐s✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ f∗F ✐s
r❡✢❡①✐✈❡✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✼✱ ✇❡ ✇✐❧❧ ♥❡❡❞ s❡✈❡r❛❧ ❧❡♠♠❛s✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❣✐✈❡s ❛ ❝r✐t❡r✐♦♥ ♦❢ r❡✢❡①✐✈✐t② ❢♦r ❝♦❤❡r❡♥t s❤❡❛✈❡s✳

▲❡♠♠❛ ✹✳✷✳✶✵✳ ❆ ❝♦❤❡r❡♥t s❤❡❛❢ F ♦♥ ❛♥ ✐♥t❡❣r❛❧ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡ V
✐s r❡✢❡①✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✜ts ✐♥ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ 0 → F → J → K ✱
✇❤❡r❡ J ❛♥❞ K ❛r❡ ❧♦❝❛❧❧② ❢r❡❡✳

Pr♦♦❢✳ ■❢ ✇❡ ❤❛✈❡ s✉❝❤ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡✱ t❤❡♥ ❜② ❬❍❛r✽✵✱ Pr♦♣✳ ✶✳✶❪✱ F ✐s
r❡✢❡①✐✈❡ s✐♥❝❡ K ✐s t♦rs✐♦♥✲❢r❡❡✳

❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t F ✐s r❡✢❡①✐✈❡✳ ❚❤❡r❡ ❛r❡ t✇♦ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛✈❡s
J ✱ K ❛♥❞ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ 0 → F ∗∗ → J → K ✭❙❡❡ ❬❍❛r✽✵✱ Pr♦♣✳
✶✳✶❪✮✳ ❙✐♥❝❡ F ✐s r❡✢❡①✐✈❡✱ ✇❡ ❤❛✈❡ F ∼= F ∗∗✳ ❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ ❛♥ ❡①❛❝t
s❡q✉❡♥❝❡ 0 → F → J → K ✳

■♥ t❤❡ t❤r❡❡ ❧❡♠♠❛s ❜❡❧♦✇✱ ✇❡ ♣r♦✈❡ t❤❛t r❡✢❡①✐✈✐t② ✐s ❛ ✏❝♦♥str✉❝t✐❜❧❡✑
♣r♦♣❡rt② ✭▲❡♠♠❛ ✹✳✷✳✶✸✮✳

▲❡♠♠❛ ✹✳✷✳✶✶✳ ▲❡t T = SpecB ❜❡ ❛♥ ✐♥t❡❣r❛❧ ❛✣♥❡ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡✳
▲❡t V → T ❜❡ ❛♥ ✐♥t❡❣r❛❧ T ✲s❝❤❡♠❡ ♦❢ ✜♥✐t❡ t②♣❡✳ ▲❡t η ❜❡ t❤❡ ❣❡♥❡r✐❝ ♣♦✐♥t
♦❢ T ✳ ▲❡t αη : F η → G η ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ ❝♦❤❡r❡♥t s❤❡❛✈❡s ♦♥ Vη✳ ❚❤❡♥
t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t T0 ♦❢ T ❛♥❞ ❛ ♠♦r♣❤✐s♠ α : F → G ♦❢ ❝♦❤❡r❡♥t
s❤❡❛✈❡s ♦♥ VT0

s✉❝❤ t❤❛t Fη = F η✱ Gη = G η✱ ❛♥❞ αη = αη✳ ▼♦r❡♦✈❡r✱ ✐❢
F η ✭r❡s♣✳ G η✮ ✐s ❧♦❝❛❧❧② ❢r❡❡✱ t❤❡♥ F ✭r❡s♣✳ G ✮ ❝❛♥ ❜❡ ❝❤♦s❡♥ t♦ ❜❡ ❧♦❝❛❧❧②
❢r❡❡✳

❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❛s ❢♦❧❧♦✇s✳ ❚❤❡r❡ ❛r❡ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② ❡q✉❛t✐♦♥s
✇❤✐❝❤ ❞❡✜♥❡ αη✱ F η ❛♥❞ G η✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❧♦❝❛❧✐s❛t✐♦♥ B0 ♦❢ B s✉❝❤ t❤❛t
❛❧❧ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ♦✈❡r B0✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ❞❡✜♥❡ α : F → G
♦✈❡r VT0

✱ ✇❤❡r❡ T0 = SpecB0✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✷✳✶✶✳ ▲❡t K ❜❡ t❤❡ ❢r❛❝t✐♦♥ ✜❡❧❞ ♦❢ B✳ ◆♦t❡ t❤❛t V ✐s
❛ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡✳ ❍❡♥❝❡ V ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ❜② ✜♥✐t❡❧② ♠❛♥② ♦♣❡♥ ❛✣♥❡
s✉❜s❡ts U1, ..., Uk✳ ❚❤❡♥ Vη ✐s ❝♦✈❡r❡❞ ❜② ♦♣❡♥ ❛✣♥❡ s✉❜s❡ts (U1)η, ..., (Uk)η✳
❲❡ ❝❛♥ ❝♦✈❡r Ui ∩ Uj ❜② ✜♥✐t❡❧② ♠❛♥② ♦♣❡♥ ❛✣♥❡ s✉❜s❡ts Rij

s = SpecCij
s ✳

▲❡t Ai ❜❡ t❤❡ str✉❝t✉r❡ r✐♥❣ ♦❢ Ui✱ ❛♥❞ ❧❡t (Ai)η ❜❡ t❤❡ str✉❝t✉r❡ r✐♥❣ ♦❢
(Ui)η✳ ❚❤❡♥ ❢♦r ❛❧❧ i✱ Ai ✐s ❛ B✲❛❧❣❡❜r❛ ♦❢ ✜♥✐t❡ t②♣❡✳ ❙✐♥❝❡ F η ✐s ❛ ❝♦❤❡r❡♥t
s❤❡❛❢✱ ♦✈❡r ❡❛❝❤ (Ui)η✱ t❤❡r❡ ✐s ❛♥ (Ai)η✲♠♦❞✉❧❡ Mη

i ♦❢ ✜♥✐t❡ ♣r❡s❡♥t❛t✐♦♥
s✉❝❤ t❤❛t F η|(Ui)η ✐s t❤❡ ❝♦❤❡r❡♥t s❤❡❛❢ ❛ss♦❝✐❛t❡❞ t♦ Mη

i ✳ ❋♦r ❡✈❡r② i✱ ✇❡
❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

((Ai)η)
⊕ti → ((Ai)η)

⊕ri →Mη
i → 0
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✇❤❡r❡ ri ❛♥❞ ti ❛r❡ s♦♠❡ ♥♦♥ ♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs✳ ❚❤❡ ✜rst ♠♦r♣❤✐s♠ θi ✐♥
t❤❡ s❡q✉❡♥❝❡ ✐s ❞❡✜♥❡❞ ❜② ✜♥✐t❡❧② ♠❛♥② ❡q✉❛t✐♦♥s✳ ❙✐♥❝❡ F η ✐s ❛ ❝♦❤❡r❡♥t
s❤❡❛❢✱ t❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ (µijs )η ❢r♦♠ Mη

i ⊗B C
ij
s t♦ Mη

j ⊗B C
ij
s ✳ ❚❤❡♥

(µijs )η ✐s ❣✐✈❡♥ ❜② ✜♥✐t❡❧② ♠❛♥② ❡q✉❛t✐♦♥s✳ ❚❤❡r❡ ✐s ❛♥ ♦♣❡♥ ❛✣♥❡ s✉❜s❡t
T0 = SpecB0 ♦❢ T s✉❝❤ t❤❛t ❛❧❧ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❞❡✜♥✐♥❣ t❤❡ θi✬s ❛♥❞ t❤❡
(µijs )η✬s ❛r❡ ❞❡✜♥❡❞ ♦✈❡r B0✳ ❍❡♥❝❡✱ ❢♦r ❡✈❡r② i✱ ✇❡ ❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡
♦❢ (Ai ⊗B B0)✲♠♦❞✉❧❡s✱ ✐♥❞✉❝❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱

(Ai ⊗B B0)
⊕ti → (Ai ⊗B B0)

⊕ri →Mi → 0.

❚❤❡ (Ai ⊗B B0)✲♠♦❞✉❧❡ Mi ✐♥❞✉❝❡s ❛ ❝♦❤❡r❡♥t s❤❡❛❢ ♦♥ (Ui)T0
= Ui ×T T0✳

▼♦r❡♦✈❡r✱ s✐♥❝❡ ❛❧❧ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❞❡✜♥✐♥❣ t❤❡ (µijs )η✬s ❛r❡ ❞❡✜♥❡❞ ♦✈❡r
B0✱ t❤❡ ❢✉♥❝t✐♦♥ (µijs )η ✐♥❞✉❝❡s ❛ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ µijs ❢r♦♠ Mi ⊗B C

ij
s t♦

Mj ⊗B Cij
s ✳ ❚❤❡ ♠♦❞✉❧❡s Mi ❛♥❞ t❤❡ ✐s♦♠♦r♣❤✐s♠s µijs ❞❡✜♥❡ ❛ ❝♦❤❡r❡♥t

s❤❡❛❢ F ♦♥ VT0
s✉❝❤ t❤❛t Fη ✐s ✐s♦♠♦r♣❤✐❝ t♦ F η✳ ■❢ F η ✐s ❧♦❝❛❧❧② ❢r❡❡✱ t❤❡♥

F ❝❛♥ ❛❧s♦ ❜❡ ❝♦♥str✉❝t❡❞ t♦ ❜❡ ❧♦❝❛❧❧② ❢r❡❡ ✭❢♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ t❛❦❡ ti = 0
❢♦r ❛❧❧ i✮✳

❋♦r t❤❡ s❛♠❡ r❡❛s♦♥ ❛s ❛❜♦✈❡✱ ❜② s❤r✐♥❦✐♥❣ T0✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❝♦✲
❤❡r❡♥t s❤❡❛❢ G ♦♥ VT0

s✉❝❤ t❤❛t Gη ✐s ✐s♦♠♦r♣❤✐❝ t♦ G η✳ ❆ss✉♠❡ t❤❛t G η|(Ui)η

✐s t❤❡ s❤❡❛❢ ❛ss♦❝✐❛t❡❞ t♦ ❛ (Ai)η✲♠♦❞✉❧❡ Nη
i ♦❢ ✜♥✐t❡ ♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡♥

t❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ (Ai)η✲♠♦❞✉❧❡s eηi : Mη
i → Nη

i s✉❝❤ t❤❛t α|(Ui)η ✐s
❛ss♦❝✐❛t❡❞ t♦ eηi ✳ ❙✐♥❝❡ e

η
i ✐s ❞❡✜♥❡❞ ❜② ✜♥✐t❡❧② ♠❛♥② ❡q✉❛t✐♦♥s✱ ❜② s❤r✐♥❦✐♥❣

T0✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t ❛❧❧ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❞❡✜♥✐♥❣ t❤❡ eηi ✬s ❛r❡ ❞❡✜♥❡❞
♦✈❡r B0✳ ❋r♦♠ t❤❡s❡ ❡q✉❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ ♠♦r♣❤✐s♠s ei : Mi → Ni✳ ❚❤❡s❡
♠♦r♣❤✐s♠s ✐♥❞✉❝❡ ❛ ♠♦r♣❤✐s♠ α : F → G s✉❝❤ t❤❛t αη ✐s t❤❡ s❛♠❡ ❛s
αη✳

❲✐t❤ t❤❡ s❛♠❡ ♠❡t❤♦❞✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✷✳✶✷✳ ▲❡t T = SpecB ❜❡ ❛♥ ✐♥t❡❣r❛❧ ❛✣♥❡ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡✳ ▲❡t
V → T ❜❡ ❛ T ✲s❝❤❡♠❡ ♦❢ ✜♥✐t❡ t②♣❡✳ ▲❡t η ❜❡ t❤❡ ❣❡♥❡r✐❝ ♣♦✐♥t ♦❢ T ✳ ▲❡t F ✱ G
❜❡ ❝♦❤❡r❡♥t s❤❡❛✈❡s ♦♥ V ✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠ αη : Fη → Gη ♦❢
❝♦❤❡r❡♥t s❤❡❛✈❡s ♦♥ Vη✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t T0 ♦❢ T ❛♥❞ ❛ ♠♦r♣❤✐s♠
α : FT0

→ GT0
♦❢ ❝♦❤❡r❡♥t s❤❡❛✈❡s ♦♥ VT0

✇❤✐❝❤ ❡①t❡♥❞s αη✳

▲❡♠♠❛ ✹✳✷✳✶✸✳ ▲❡t V ❜❡ ❛ T ✲s❝❤❡♠❡ ♦❢ ✜♥✐t❡ t②♣❡✱ ✇❤❡r❡ T ✐s ❛♥ ✐♥t❡❣r❛❧
♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡✳ ▲❡t η ❜❡ t❤❡ ❣❡♥❡r✐❝ ♣♦✐♥t ♦❢ T ✳ ▲❡t F ❜❡ ❛ ❝♦❤❡r❡♥t s❤❡❛❢
♦♥ V s✉❝❤ t❤❛t Fη ✐s ❛ r❡✢❡①✐✈❡ s❤❡❛❢ ♦♥ Vη✳ ❚❤❡♥ ❢♦r ❣❡♥❡r❛❧ t ∈ T ✱ Ft ✐s
r❡✢❡①✐✈❡ ♦♥ Vt✳

Pr♦♦❢✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t T ✐s ❛✣♥❡✳ ❙✐♥❝❡ Fη ✐s r❡✢❡①✐✈❡✱ ❜② ▲❡♠♠❛
✹✳✷✳✶✵ t❤❡r❡ ❛r❡ t✇♦ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛✈❡s J η✱ K η s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ ❛♥

❡①❛❝t s❡q✉❡♥❝❡ 0 → Fη
βη

−→ J η αη

−→ K η✳ ❇② ▲❡♠♠❛ ✹✳✷✳✶✶✱ t❤❡r❡ ✐s ❛♥
♦♣❡♥ s✉❜s❡t T1 ♦❢ T ❛♥❞ ❛ ♠♦r♣❤✐s♠ α : J → K ♦❢ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛✈❡s ♦♥
VT1

✱ s✉❝❤ t❤❛t Jη = J η✱ Kη = K η✱ ❛♥❞ αη = αη✳ ❋r♦♠ ▲❡♠♠❛ ✹✳✷✳✶✷✱ ❜②
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s❤r✐♥❦✐♥❣ T1✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠ β : FT1
→ J s✉❝❤

t❤❛t βη = βη✳
❈♦♥s✐❞❡r t❤❡ ♠♦r♣❤✐s♠s β : FT1

→ J ❛♥❞ α : J → K ✳ ❇② ❬●r♦✻✻✱
Pr♦♣✳ ✾✳✹✳✹❪✱ t❤❡ s❡t T0 ♦❢ ♣♦✐♥ts t ∈ T1 s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ 0 → Ft →
Jt → Kt ✐s ❡①❛❝t ✐s ❝♦♥str✉❝t✐❜❧❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ❦♥♦✇ t❤❛t η ∈ T0✳ ❍❡♥❝❡
T0 ❝♦♥t❛✐♥s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ T ✳ ❋♦r ❛♥② t ∈ T0✱ Jt ❛♥❞ Kt ❛r❡ ❧♦❝❛❧❧② ❢r❡❡✳
❍❡♥❝❡ ❢♦r ❛♥② t ∈ T0✱ t❤❡ s❤❡❛❢ Ft ✐s r❡✢❡①✐✈❡ ♦♥ Vt ❜② ▲❡♠♠❛ ✹✳✷✳✶✵✳ ❚❤✐s
❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

❈♦♠❜✐♥✐♥❣ ▲❡♠♠❛ ✹✳✷✳✶✸ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✱ ✇❡ ❝❛♥ ♣r♦✈❡ Pr♦♣♦s✐✲
t✐♦♥ ✹✳✷✳✼✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✼✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✱ t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t
T1 ♦❢ T s✉❝❤ t❤❛t ❢♦r ❛♥② t ∈ T1 ❛♥❞ ❛♥② i > 0✱ ✇❡ ❤❛✈❡ Ri(gt)∗Ft

∼=
(Rig∗F )|Wt ✳ ❇② ❤②♣♦t❤❡s✐s✱ Ri(gη)∗Fη ✐s r❡✢❡①✐✈❡✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✱
t❤✐s ✐♠♣❧✐❡s t❤❛t (Rig∗F )|Wη ✐s r❡✢❡①✐✈❡✳ ❍❡♥❝❡ ❜② ▲❡♠♠❛ ✹✳✷✳✶✸✱ t❤❡r❡ ✐s
❛♥ ♦♣❡♥ s✉❜s❡t T0 ♦❢ T1 s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ T0✱ t❤❡ s❤❡❛❢ (Rig∗F )|Wt ✐s
r❡✢❡①✐✈❡✳ ❍❡♥❝❡ ❢♦r ❛❧❧ t ∈ T0✱ Ri(gt)∗Ft ✐s r❡✢❡①✐✈❡✳

✹✳✷✳✹ ❱❛♥✐s❤✐♥❣ ✐♥ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝

❲❡ ✇✐❧❧ ♣r♦✈❡ ❛ ✈❛♥✐s❤✐♥❣ ❧❡♠♠❛ ✭▲❡♠♠❛ ✹✳✷✳✶✺✮ ✐♥ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡✲
r✐st✐❝✳ ■❢ Y ✐s ❛ ✈❛r✐❡t② ❞❡✜♥❡❞ ♦✈❡r ❛ ♣❡r❢❡❝t ✜❡❧❞ ♦❢ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝
✭❢♦r ❡①❛♠♣❧❡✱ ❛ ✜♥✐t❡ ✜❡❧❞✮✱ t❤❡♥ Y ✐s ❝❛❧❧❡❞ ❋r♦❜❡♥✐✉s✲s♣❧✐t ✐❢ OY ✐s ❛ ❞✐✲
r❡❝t s✉♠♠❛♥❞ ♦❢ Fabs∗OY ✱ ✇❤❡r❡ Fabs : Y → Y ✐s t❤❡ ❛❜s♦❧✉t❡ ❋r♦❜❡♥✐✉s
♠♦r♣❤✐s♠ ✭❙❡❡ ❬❇❑✵✺✱ ➓✶✳✶❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳

▲❡♠♠❛ ✹✳✷✳✶✹✳ ▲❡t Y ❜❡ ❛ ♥♦r♠❛❧ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t②✳ ▲❡t F ❜❡ ❛ r❡✢❡①✐✈❡
s❤❡❛❢ ♦♥ Y s✉❝❤ t❤❛t F [⊗m] ✐s ❛ ✈❡r② ❛♠♣❧❡ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢ ❢♦r s♦♠❡ m >
0✳ ▲❡t G ❜❡ ❛ ❝♦❤❡r❡♥t s❤❡❛❢ ♦♥ Y ✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ✐♥t❡❣❡r l s✉❝❤ t❤❛t
hi(Y,G [⊗]F [⊗t]) = 0 ❢♦r ❛❧❧ t > l ❛♥❞ i > 0✳

Pr♦♦❢✳ ❙✐♥❝❡ F [⊗m] ✐s ✐♥✈❡rt✐❜❧❡✱ F [⊗ms] ∼= (F [⊗m])⊗s ❢♦r ❛❧❧ ✐♥t❡❣❡r s ✭❙❡❡
Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✮✳ ❋♦r ❛♥② ✐♥t❡❣❡r r ❜❡t✇❡❡♥ 0 ❛♥❞ m−1✱ t❤❡r❡ ✐s ❛♥ ✐♥t❡❣❡r
lr > 0 s✉❝❤ t❤❛t H i(Y, (G [⊗]F [⊗r])⊗F [⊗ms]) = {0} ❢♦r ❛❧❧ i > 0 ❛♥❞ s > lr
✭❙❡❡ ❬❍❛r✼✼✱ ❚❤♠✳ ■■■✳✺✳✷❪✮✳ ▲❡t l = m(l0 + · · ·+ lm−1)✱ t❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡r
t > l✱ ✇❡ ❤❛✈❡

G [⊗]F [⊗t] = (G [⊗]F [⊗(t−m[ t
m
])])⊗ F [⊗(m[ t

m
])]

✇✐t❤ 0 6 t −m[ t
m ] 6 m − 1✱ ❛♥❞ [ t

m ] > l0 + · · · + lm−1✳ ❍❡♥❝❡ ❢♦r ❛❧❧ t > l

❛♥❞ i > 0✱ ✇❡ ❤❛✈❡ hi(Y,G [⊗]F [⊗t]) = 0 ✳

▲❡♠♠❛ ✹✳✷✳✶✺✳ ▲❡t g : Y → Z ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ ♥♦r♠❛❧ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t✐❡s
♦✈❡r ❛ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p > 0✳ ▲❡t L ❜❡ ❛ ❲❡✐❧ ❞✐✈✐s♦r ♦♥ Z s✉❝❤ t❤❛t
mL ✐s ❛♥ ❛♠♣❧❡ ❈❛rt✐❡r ❞✐✈✐s♦r ❢♦r s♦♠❡ m > 0✳ ❆ss✉♠❡ t❤❛t Y ✐s ❋r♦❜❡♥✐✉s✲
s♣❧✐t✳ ❚❤❡♥ hj(Z,Rig∗OY [⊗]OZ(L)) = 0 ❢♦r ❛❧❧ j > 0 ❛♥❞ i > 0✳
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Pr♦♦❢✳ ❋✐① j > 0 ❛♥❞ i > 0✳ ▲❡t F e
Y : Y → Y ❛♥❞ F e

Z : Z → Z ❜❡ t❤❡
❝♦♠♣♦s✐t✐♦♥s ♦❢ e ❛❜s♦❧✉t❡ ❋r♦❜❡♥✐✉s ♠♦r♣❤✐s♠s ❢♦r e > 0✳ ❚❤❡♥ OY ✐s ❛
❞✐r❡❝t s✉♠♠❛♥❞ ♦❢ (F e

Y )∗OY s✐♥❝❡ Y ✐s ❋r♦❜❡♥✐✉s✲s♣❧✐t✳ ❍❡♥❝❡ ✇❡ ♦♥❧② ❤❛✈❡
t♦ ♣r♦✈❡ hj(Z,Rig∗((F

e
Y )∗OY )[⊗]OZ(L)) = 0 ❢♦r s♦♠❡ e > 0✳ ❙✐♥❝❡ F e

Y ❛♥❞
F e
Z ❛r❡ ✜♥✐t❡ ♠♦r♣❤✐s♠s✱ ❢r♦♠ t❤❡ ▲❡r❛② s♣❡❝tr❛❧ s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡

Rig∗((F
e
Y )∗OY ) ∼= (F e

Z)∗(R
ig∗OY ).

▼♦r❡♦✈❡r✱ ✐❢ Z0 ✐s t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ Z✱ t❤❡♥ L|Z0
✐s ❛ ❈❛rt✐❡r ❞✐✈✐s♦r✱ ❛♥❞

((F e
Z)

∗L)|Z0
= (peL)|Z0

✳ ❍❡♥❝❡ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛✱

((F e
Z)∗(R

ig∗OY ⊗ OZ(p
eL)))|Z0

∼= (((F e
Z)∗(R

if∗OY ))⊗ OZ(L))|Z0
.

❙✐♥❝❡ (F e
Z)∗(R

ig∗OY [⊗]OZ(p
eL)) ✐s ❛ r❡✢❡①✐✈❡ s❤❡❛❢ ♦♥ Z ✭❙❡❡ ❬❍❛r✽✵✱ ❈♦r✳

✶✳✼❪✮✱ ❛♥❞ Z ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✱ ✇❡ ♦❜t❛✐♥

(F e
Z)∗(R

ig∗OY [⊗]OZ(p
eL)) ∼= ((F e

Z)∗(R
ig∗OY ))[⊗]OZ(L).

❙✐♥❝❡

Hj(Z,Rig∗((F
e
Y )∗OY )[⊗]OZ(L)) ∼= Hj(Z, ((F e

Z)∗(R
ig∗OY ))[⊗]OZ(L)),

✇❡ ❤❛✈❡

Hj(Z,Rig∗((F
e
Y )∗OY )[⊗]OZ(L)) ∼= Hj(Z, (F e

Z)∗(R
ig∗OY [⊗]OZ(p

eL)))

❙✐♥❝❡ F e
Z ✐s ❛ ✜♥✐t❡ ♠♦r♣❤✐s♠✱ t❤❡ ▲❡r❛② s♣❡❝tr❛❧ s❡q✉❡♥❝❡ s❤♦✇s t❤❛t t❤❡

r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ✐s♦♠♦r♣❤✐❝ t♦ Hj(Z,Rig∗OY [⊗]OY (p
eL)). ❚❤✉s ✐t ✐s ❡♥✲

♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t

hj(Z,Rig∗OY [⊗]OZ(p
eL)) = 0.

❢♦r s♦♠❡ e > 0✳ ❚❤✐s ✐s tr✉❡ ❜② ▲❡♠♠❛ ✹✳✷✳✶✹✳

✹✳✷✳✺ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✹

❇② t❤❡ ✈❛♥✐s❤✐♥❣ ❧❡♠♠❛ ✐♥ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝✱ ✇❡ ❝❛♥ ♣r♦✈❡ ❚❤❡♦r❡♠
✹✳✶✳✹ ✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡♥ ❡✈❡r②t❤✐♥❣ ✐s ❞❡✜♥❡❞ ♦✈❡r ❛♥ ❛❧❣❡❜r❛✐❝ ♥✉♠❜❡r
✜❡❧❞✳

▲❡♠♠❛ ✹✳✷✳✶✻✳ ▲❡t f :M → X✱ H ❛♥❞ D ❜❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✹✳✶✳✹✳ ❆ss✉♠❡
❢✉rt❤❡r t❤❛t ❡✈❡r②t❤✐♥❣ ✐s ❞❡✜♥❡❞ ♦✈❡r ❛♥ ❛❧❣❡❜r❛✐❝ ♥✉♠❜❡r ✜❡❧❞ K✳ ❚❤❡♥
hj(X,Rif∗OM (D)) = 0 ❢♦r ❛❧❧ j > 0 ❛♥❞ i > 0✳

Pr♦♦❢✳ ❙✐♥❝❡ X ❤❛s Q✲❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛r✐t✐❡s ✭❙❡❡ ❚❤❡♦r❡♠ ✹✳✶✳✶✮✱ ❜② Pr♦✲
♣♦s✐t✐♦♥ ✹✳✷✳✻✱ Rif∗OM (D) ✐s r❡✢❡①✐✈❡ ♦♥ X ❢♦r ❛❧❧ i > 0✳

❚❤❡r❡ ✐s ❛ Z✲❛❧❣❡❜r❛ ♦❢ ✜♥✐t❡ t②♣❡ A ⊆ K ♦❢ ❑r✉❧❧ ❞✐♠❡♥s✐♦♥ 1 s✉❝❤
t❤❛t t❤❡ ✜❡❧❞ ♦❢ ❢r❛❝t✐♦♥ ♦❢ A ✐s K✱ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ❡q✉❛t✐♦♥s ❞❡✜♥✐♥❣
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f : M → X✱ H ❛♥❞ D ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ A✳ ▲❡t T = SpecA✱ ❛♥❞ ❧❡t η ❜❡ ✐ts
❣❡♥❡r✐❝ ♣♦✐♥t✳ ▲❡t ϕ : M → X ❜❡ t❤❡ ♠♦r♣❤✐s♠ ♦❢ T ✲s❝❤❡♠❡s ❣✐✈❡♥ ❜② t❤❡
❡q✉❛t✐♦♥s ❞❡✜♥✐♥❣ f :M → X✳ ❋✐① s♦♠❡ i > 0 ❛♥❞ s♦♠❡ j > 0✳

▲❡t D ❛♥❞ H ❜❡ t❤❡ ❞✐✈✐s♦rs ♦♥ M ❛♥❞ X ❣✐✈❡♥ ❜② t❤❡ ❡q✉❛t✐♦♥s ❞❡✲
✜♥✐♥❣ D ❛♥❞ H✳ ❇② s❤r✐♥❦✐♥❣ T ✐❢ ♥❡❝❡ss❛r②✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡② ❛r❡
Q✲❈❛rt✐❡r✳ ❚❤❡♥ ❢♦r ❛ ❣❡♥❡r❛❧ ❝❧♦s❡❞ ♣♦✐♥t t ∈ T ✱ Mt ✐s ❛ s♠♦♦t❤ s②♠♣❧❡❝t✐❝
✈❛r✐❡t② ❞❡✜♥❡❞ ♦✈❡r t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ t✱ ✇❤✐❝❤ ✐s ❛ ✜♥✐t❡ ✜❡❧❞✳ ▼♦r❡♦✲
✈❡r✱ s✐♥❝❡ Xη ✐s ♥♦r♠❛❧✱ ❜② ❬●r♦✻✻✱ Pr♦♣✳ ✾✳✾✳✹❪✱ Xt ✐s ♥♦r♠❛❧ ❢♦r ❣❡♥❡r❛❧
t✳ ❋r♦♠ ❬❉r✉✶✷✱ ❚❤♠✳ ✶✳✶ ❛♥❞ ▲❡♠✳ ✸✳✸❪✱ ✇❡ ❦♥♦✇ t❤❛t Mt ✐s ❋r♦❜❡♥✐✉s✲
s♣❧✐t ❢♦r ❣❡♥❡r❛❧ ❝❧♦s❡❞ ♣♦✐♥t t ∈ T ✳ ❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✹✳✷✳✶✺✱ ✇❡ ❤❛✈❡
hj(Xt, R

i(ϕt)∗OMt
[⊗]OXt

(Ht)) = 0 ❢♦r ❣❡♥❡r❛❧ ❝❧♦s❡❞ ♣♦✐♥t t ∈ T ✳ ❇② ❈♦✲
r♦❧❧❛r② ✹✳✷✳✽✱ t❤✐s s❤♦✇s t❤❛t hj(Xt, R

i(ϕt)∗OMt
(Dt)) = 0✳

❋r♦♠ ▲❡♠♠❛ ✹✳✷✳✺✱ ✇❡ ♦❜t❛✐♥ hj(Xη, R
i(ϕη)∗OMη

(Dη)) = 0✳ ◆♦t❡ t❤❛t
ϕη : Mη → Xη ❝♦✐♥❝✐❞❡s ✇✐t❤ f : M → X ❛❢t❡r ❛ ✜❡❧❞ ❡①t❡♥s✐♦♥✳ ❙✐♥❝❡
❛ ✜❡❧❞ ❡①t❡♥s✐♦♥ ✐s ❛ ✢❛t ❜❛s❡ ❝❤❛♥❣❡✱ ❜② ❬❍❛r✼✼✱ Pr♦♣✳■■■✳✾✳✸❪ ✇❡ ❤❛✈❡
Rif∗OM (D) ∼= µ∗(Ri(ϕη)∗OMη

(Dη))✱ ✇❤❡r❡ µ : X → Xη ✐s t❤❡ ♥❛t✉r❛❧
♠♦r♣❤✐s♠✳ ❇② ❬❍❛r✼✼✱ Pr♦♣✳■■■✳✾✳✸❪ ❛❣❛✐♥✱ ✇❡ ❤❛✈❡

hj(X,Rif∗OM (D)) = hj(Xη, R
i(ϕη)∗OMη

(Dη)) = 0.

❲❡ ❛❧s♦ ♦❜t❛✐♥ t❤❛t hj(X,Ω[i]
X [⊗]OX(H)) = 0 ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✻✳

◆♦✇ ✇❡ ✇✐❧❧ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✹✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✹✳ ❋✐① s♦♠❡ j > 0 ❛♥❞ s♦♠❡ i > 0✳ ▲❡t Q̄ ❜❡ t❤❡ ✜❡❧❞
♦❢ ❛❧❣❡❜r❛✐❝ ♥✉♠❜❡rs ♦✈❡r Q✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ Q̄✲❛❧❣❡❜r❛ B ⊆ C ♦❢ ✜♥✐t❡ t②♣❡
✇❤✐❝❤ ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❞❡✜♥✐♥❣ f : M → X✱ D
❛♥❞ H✳ ❇② ▲❡♠♠❛ ✹✳✷✳✶✻✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t B 6= Q̄✳

▲❡t T = SpecB ❛♥❞ ❧❡t η ❜❡ ✐ts ❣❡♥❡r✐❝ ♣♦✐♥t✳ ❚❤❡♥ t❤❡ ❡q✉❛t✐♦♥s ✐♥❞✉❝❡
❛ ♠♦r♣❤✐s♠ ϕ : M → X ♦❢ T ✲s❝❤❡♠❡s✱ ❛ ❞✐✈✐s♦r H ♦♥ X ❛♥❞ ❛ ❞✐✈✐s♦r D
♦♥ M ✳ ❙✐♥❝❡ Riϕ∗OM (D) ✐s ❛ ❝♦❤❡r❡♥t s❤❡❛❢ ♦♥ X ✱ ❜② s❤r✐♥❦✐♥❣ T ✇❡ ♠❛②
❛ss✉♠❡ t❤❛t t❤✐s s❤❡❛❢ ✐s ✢❛t ♦✈❡r T ✭❙❡❡ ❬●r♦✻✺✱ ❚❤♠✳ ✻✳✾✳✶❪✮✳

❋♦r ❣❡♥❡r❛❧ ❝❧♦s❡❞ ♣♦✐♥t t ∈ T ✱ ϕt ✐s ❛ ▲❛❣r❛♥❣✐❛♥ ✜❜r❛t✐♦♥ ❢r♦♠ ❛
s♠♦♦t❤ ✈❛r✐❡t② Mt t♦ ❛ ♥♦r♠❛❧ ✈❛r✐❡t② Xt✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❣❡♥❡r❛❧ ❝❧♦✲
s❡❞ ♣♦✐♥t t✱ ✇❡ ❦♥♦✇ t❤❛t ϕt✱ Ht ❛♥❞ Dt ❛r❡ ❛❧❧ ❞❡✜♥❡❞ ♦✈❡r ❛♥ ❛❧❣❡❜r❛✐❝
♥✉♠❜❡r ✜❡❧❞ s✐♥❝❡ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ t ✐s ❥✉st Q̄✳ ❍❡♥❝❡ ❜② ▲❡♠♠❛ ✹✳✷✳✶✻✱
✇❡ ❤❛✈❡ hj(Xt, R

i(ϕt)∗OMt
(Dt)) = 0✳ ❇② ▲❡♠♠❛ ✹✳✷✳✺✱ t❤✐s s❤♦✇s t❤❛t

hj(Xη, R
i(ϕη)∗OMη

(Dη)) = 0✳ ◆♦t❡ t❤❛t ϕη : Mη → Xη ❝♦✐♥❝✐❞❡s ✇✐t❤
f : M → X ❛❢t❡r ❛ ✜❡❧❞ ❡①t❡♥s✐♦♥✳ ❙✐♥❝❡ ❛ ✜❡❧❞ ❡①t❡♥s✐♦♥ ✐s ❛ ✢❛t ❜❛s❡
❝❤❛♥❣❡✱ ✇❡ ❤❛✈❡ Hj(X,Rif∗OM (D)) = {0} ✭❙❡❡ ❬❍❛r✼✼✱ Pr♦♣✳■■■✳✾✳✸❪✮✳

❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✻ ❛♥❞ t❤❡ ▲❡r❛② s♣❡❝tr❛❧ s❡q✉❡♥❝❡✱ t❤✐s ♣r♦✈❡s t❤❡
t❤❡♦r❡♠✳

❘❡♠❛r❦ ✹✳✷✳✶✼✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❛t dimM = 4 ❛♥❞ dimX = 2✱ t❤❡♥ ✇❡ ❝❛♥
♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳✶✳✹ ✇✐t❤♦✉t ✉s✐♥❣ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p✳ ■♥ ❢❛❝t✱ ✇❡ ♦♥❧②
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❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t hj(X,Rif∗OM (D)) = 0 ❢♦r ❛❧❧ j > 0 ❛♥❞ i > 0✳ ❙✐♥❝❡
ωM

∼= OM ✱ t❤✐s ✐s tr✉❡ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✷✳✶✽✳ ▲❡t g : V → W ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥
❢r♦♠ ❛ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t② t♦ ❛ ♥♦r♠❛❧ ♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡✳ ▲❡t H ❜❡ ❛
Q✲❛♠♣❧❡ ❲❡✐❧ ❞✐✈✐s♦r ♦♥ W ✱ ❛♥❞ ❧❡t D = g∗H✳ ❚❤❡♥

hj(X,Rig∗(OV (D)⊗ ωV )) = 0

❢♦r ❛❧❧ j > 0 ❛♥❞ i > 0✳

Pr♦♦❢✳ ▲❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r s✉❝❤ t❤❛t kH ✐s ✈❡r② ❛♠♣❧❡✳ ❚❤❡♥✱ s✐♥❝❡
W ✐s ❛ s✉r❢❛❝❡✱ t❤❡r❡ ✐s ❛ ♣r✐♠❡ ❈❛rt✐❡r ❞✐✈✐s♦r B ♦♥ W s✉❝❤ t❤❛t

✭✶✮ OW (B) ∼= OW (kH)

✭✷✮ B ✐s s♠♦♦t❤ ❛♥❞ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ W

✭✸✮ t❤❡ ❞✐✈✐s♦r A = f∗B ✐s s♠♦♦t❤✳

▲❡t p :W ′ →W ❜❡ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❝②❝❧✐❝ ❝♦✈❡r ✇✐t❤ r❡s♣❡❝t t♦
OW (B) ∼= (OW (H))⊗k✱ ❛♥❞ ❧❡t q : V ′ → V ❜❡ t❤❡ ❝②❝❧✐❝ ❝♦✈❡r ✇✐t❤ r❡s♣❡❝t
t♦ OV (A) ∼= (OV (D))⊗k ✭❙❡❡ ❬❑▼✾✽✱ ❉❡❢✳ ✷✳✺✷❪✮✳ ❚❤❡♥ V ′ ✐s s♠♦♦t❤✱ W ′

✐s s♠♦♦t❤ ❛❧♦♥❣ p−1(B)✱ ❛♥❞ t❤❡r❡ ✐s ❛ ♣r♦❥❡❝t✐✈❡ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥
g′ : V ′ →W ′ ✐♥❞✉❝❡❞ ❜② g✳ ❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠✳

V ′

g′

��

q
// V

g

��

W ′ p
//W

▲❡t D′ = q∗D ❛♥❞ H ′ = p∗H✳ ❚❤❡♥ H ′ ✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡
s✉♣♣♦rt ♦❢ p∗B ✇❤✐❝❤ ✐s ❛ ❈❛rt✐❡r ❞✐✈✐s♦r✳ ❙✐♥❝❡ H ′ ✐s ❛❧s♦ ❛♠♣❧❡✱ ❜② t❤❡
♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛ ❛♥❞ ❬❑♦❧✽✻❛✱ ❚❤♠✳ ✷✳✶❪✱ ✇❡ ❤❛✈❡

hj(W ′, Rig′∗(OV ′(D′)⊗ ωV ′)) = hj(W ′,OW ′(H ′)⊗Rig′∗ωV ′) = 0

❢♦r ❛❧❧ j > 0 ❛♥❞ i > 0✳
❙✐♥❝❡ q ❛♥❞ p ❛r❡ ✜♥✐t❡ ♠♦r♣❤✐s♠s✱ ❜② t❤❡ ▲❡r❛② s♣❡❝tr❛❧ s❡q✉❡♥❝❡✱ ✇❡

❤❛✈❡
Rig∗(q∗(OV ′(D′)⊗ ωV ′)) ∼= p∗(R

ig′∗(OV ′(D′)⊗ ωV ′))

❛♥❞

hj(W, p∗(R
ig′∗(OV ′(D′)⊗ ωV ′))) = hj(W ′, Rig′∗(OV ′(D′)⊗ ωV ′)) = 0

❢♦r ❛❧❧ j > 0 ❛♥❞ i > 0✳ ❚❤✉s

hj(W,Rig∗(q∗(OV ′(D′)⊗ ωV ′))) = hj(W, p∗(R
ig′∗(OV ′(D′)⊗ ωV ′))) = 0

❢♦r ❛❧❧ j > 0 ❛♥❞ i > 0✳ ◆♦t❡ t❤❛t q∗ωV ′ = ωV ⊗ (
∑k−1

r=0 OV (rD))✳ ❇② t❤❡
♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛✱ ✇❡ ♦❜t❛✐♥ t❤❛t OV (D) ⊗ ωV ✐s ❛ ❞✐r❡❝t s✉♠♠❛♥❞ ♦❢
q∗(OV ′(D′) ⊗ ωV ′)✳ ❍❡♥❝❡✱ hj(W,Rig∗(OV (D) ⊗ ωV )) = 0 ❢♦r ❛❧❧ j > 0 ❛♥❞
i > 0✳



❲❡♥❤❛♦ ❖❯ ✻✺

✹✳✸ ❘❛t✐♦♥❛❧ s✉r❢❛❝❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇♦r❦ ♦✈❡r C✳ ❆ ♣♦✐♥t ✐♥ ❛ ✈❛r✐❡t② ✇✐❧❧ ❛❧✇❛②s r❡❢❡r
t♦ ❛ ❝❧♦s❡❞ ♣♦✐♥t✳ ❚❤❡ ❛✐♠ ✐s t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳✶✳✺✳ ▲❡t X ❜❡ ❛ s✉r❢❛❝❡
s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✹✳✶✳✺ ❛♥❞ ❧❡t T ❜❡ ❛ ♠✐♥✐♠❛❧ ❝✉r✈❡ ✐♥
X✱ t❤❛t ✐s✱ ❛ ❝✉r✈❡ ✇❤✐❝❤ ❤❛s ♠✐♥✐♠❛❧ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r ✇✐t❤ −KX ✳ ❚❤❡♥
✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✸✳✶✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ s✉r❢❛❝❡ ✇✐t❤ ❦❧t s✐♥❣✉❧❛r✐t✐❡s ✇❤♦s❡ s♠♦♦t❤
❧♦❝✉s ✐s ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳ ❆ss✉♠❡ t❤❛t X ❤❛s P✐❝❛r❞ ♥✉♠❜❡r
1✱ ❛♥❞ t❤❛t h0(X,OX(H)) + h0(X,OX(H +KX)) > 3 ❢♦r ❛❧❧ Q✲❛♠♣❧❡ ❲❡✐❧
❞✐✈✐s♦r H✳ ▲❡t T ❜❡ ❛ ♠✐♥✐♠❛❧ ❝✉r✈❡ ✐♥ X✳ ❚❤❡♥ t❤❡ ❲❡✐❧ ❞✐✈✐s♦r ❝❧❛ss ❣r♦✉♣
Cl(X) ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝❧❛ss ♦❢ T ✳

Pr♦♦❢✳ ❙✐♥❝❡ h0(X,OX(−KX))+h0(X,OX(KX −KX)) > 3✱ ✇❡ ♦❜t❛✐♥ t❤❛t
h0(X,OX(−KX)) > 2✳ ▲❡t D ❜❡ ❛ ❲❡✐❧ ❞✐✈✐s♦r ✐♥ X✱ ❛♥❞ ❧❡t a ❜❡ t❤❡ ❧❛r❣❡st
✐♥t❡❣❡r s✉❝❤ t❤❛t (D − aT ) · T > 0✳ ❙❡t G = D − aT ✳ ❚❤❡♥ G ✐s ❛ Q✲❛♠♣❧❡
❲❡✐❧ ❞✐✈✐s♦r s✐♥❝❡ X ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1✳ ❇② ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡

h0(X,OX(G)) + h0(X,OX(KX +G)) > 3.

❙✐♥❝❡ h0(X,OX(−KX)) > 1✱ ✇❡ ❤❛✈❡ h0(X,OX(G)) > h0(X,OX(KX +G))✳
❍❡♥❝❡✱ h0(X,OX(G)) > 1✳ ❍♦✇❡✈❡r✱ ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ a✱ ✇❡ ❤❛✈❡ 0 < G ·T 6

T ·T ✳ ❙✐♥❝❡ T ✐s ❛ ♠✐♥✐♠❛❧ ❝✉r✈❡✱ t❤✐s ✐♠♣❧✐❡s t❤❛t G ✐s ♥✉♠❡r✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t
t♦ T ✳ ❍❡♥❝❡ D ✐s ♥✉♠❡r✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ (a + 1)T ✳ ❇② ❬❆❉✶✹✱ ▲❡♠✳ ✷✳✻❪✱
t❤❡r❡ ✐s ❛ s♠❛❧❧❡st ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k s✉❝❤ t❤❛t k(D − (a + 1)T ) ✐s ❧✐♥❡❛r❧②
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ③❡r♦ ❞✐✈✐s♦r✳

❚❤❡r❡ ✐s ❛ ❝②❝❧✐❝ ❝♦✈❡rX ′ → X ✇✐t❤ r❡s♣❡❝t t♦ OX(D−(a+1)T )⊗k ∼= OX ✱
✇❤✐❝❤ ✐s ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1 ✭❙❡❡ ❬❑▼✾✽✱ ❉❡❢✳ ✷✳✺✷❪✮✳ ❙✐♥❝❡ t❤❡ s♠♦♦t❤
❧♦❝✉s ♦❢ X ✐s ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ ✇❡ ❝❛♥ ♦♥❧② ❤❛✈❡ k = 1✳ ❚❤✉s✱
✇❡ ♦❜t❛✐♥ t❤❛t D ✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ (a+1)T ✳ ❚❤✐s s❤♦✇s t❤❛t Cl(X) =
Z · [T ]

❖✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✺✳ ▲❡t T ❜❡ ❛ ♠✐♥✐♠❛❧ ❝✉r✈❡✳ ❙✐♥❝❡
−KX ✐s ❛♠♣❧❡✱ ✇❡ ❤❛✈❡ (T+KX)·(−KX) < T ·(−KX)✳ ❚❤✉s T+KX ❝❛♥♥♦t
❜❡ ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ ❛ ❝✉r✈❡✳ ❚❤✐s s❤♦✇s t❤❛t h0(X,OX(T +KX)) 6 1✱
❛♥❞ t❤❡ ❡q✉❛❧✐t② ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ −KX ✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ T ✳ ❍❡♥❝❡✱
❜② ▲❡♠♠❛ ✹✳✸✳✶✱ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✹✳✶✳✺ ✐♠♣❧② t❤❛t

✶✳ ❡✐t❤❡r h0(X,OX(−KX)) > 2 ❛♥❞ Cl(X) = Z · [KX ]✱

✷✳ ♦r h0(X,OX(T )) > 3✱ h0(X,OX(T +KX)) = 0✱ ❛♥❞ Cl(X) = Z · [T ]✳

■❢ ✇❡ ❛r❡ ✐♥ t❤❡ ✜rst ❝❛s❡✱ t❤❡♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t X ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉✲
❧❛r✐t✐❡s✳ ❆❢t❡r t❤❛t✱ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❋❛♥♦ s✉r❢❛❝❡s ✇✐t❤
❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t X ∼= Sc(E8) ♦r X ∼= Sn(E8) ✭s❡❡
❙❡❝t✐♦♥ ✹✳✸✳✶ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥s✮✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ✇✐❧❧ s❤♦✇ ❞✐r❡❝t❧②
t❤❛t X ∼= P2✳ ❆❢t❡r✇❛r❞s✱ ✇❡ ✇✐❧❧ ❡①❝❧✉❞❡ t❤❡ ❝❛s❡ ♦❢ Sc(E8)✳ ❚❤❡ ❝♦♠♣❧❡t❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✺ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✳
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✹✳✸✳✶ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❋❛♥♦ s✉r❢❛❝❡s ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛✲

r✐t✐❡s

❲❡ ❝♦❧❧❡❝t s♦♠❡ ❝❧❛ss✐✜❝❛t✐♦♥ r❡s✉❧ts ♦❢ ❋❛♥♦ s✉r❢❛❝❡s ✇✐t❤ ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s ✭❙❡❡ ❬▼❩✽✽❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳ ▲❡t X ❜❡ ❛ ❝♦♠♣❧❡① ❋❛♥♦ s✉r✲
❢❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X ✐s s✐♠♣❧②
❝♦♥♥❡❝t❡❞✳ ❆ss✉♠❡ t❤❛t X ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1✳ ❚❤❡♥ t❤❡r❡ ❛r❡ ❛t ♠♦st t✇♦
s✐♥❣✉❧❛r ♣♦✐♥ts ✐♥ X✳ ■❢ X ✐s s♠♦♦t❤✱ t❤❡♥ X ∼= P2✳ ■❢ t❤❡r❡ ✐s ♦♥❡ s✐♥❣✉❧❛r
♣♦✐♥t✱ t❤❡♥ ♣♦ss✐❜❧❡ t②♣❡s ♦❢ s✐♥❣✉❧❛r✐t✐❡s ♦❢ t❤✐s ♣♦✐♥t ❛r❡

A1, A4, D5, E6, E7, E8.

■❢ t❤❡r❡ ❛r❡ t✇♦ s✐♥❣✉❧❛r ♣♦✐♥ts✱ t❤❡♥ ♦♥❡ ✐s ♦❢ t②♣❡ A1✱ ❛♥❞ t❤❡ ♦t❤❡r ✐s ♦❢
t②♣❡ A2✳ ❊①❝❡♣t t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡r❡ ✐s ❛ s✐♥❣✉❧❛r ♣♦✐♥t ♦❢ t②♣❡ E8✱ ❢♦r ❡❛❝❤
t②♣❡ ♦❢ s✐♥❣✉❧❛r✐t✐❡s✱ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss ❢♦r t❤❡ s✉r❢❛❝❡✳
■❢ t❤❡ s✉r❢❛❝❡ ❤❛s ❛ s✐♥❣✉❧❛r ♣♦✐♥t ♦❢ t②♣❡ E8✱ t❤❡♥ t❤❡r❡ ❛r❡ ❡①❛❝t❧② t✇♦
✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s Sc(E8) ✭❙❡❡ ❬❑▼✾✾✱ ▲❡♠✳ ✸✳✻✳✭✶✮❪✮ ❛♥❞ Sn(E8) ✭❙❡❡
❬❑▼✾✾✱ ▲❡♠✳ ✸✳✻✳✭✷✮❪✮ ♦❢ s✉❝❤ s✉r❢❛❝❡s✳

❲❡ r❡❝❛❧❧ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s✉r❢❛❝❡s Sc(E8) ❛♥❞ Sn(E8)✳ ❚❤❡s❡ t✇♦
s✉r❢❛❝❡s ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✳ ❈❤♦♦s❡ ❛ s✐♥❣✉❧❛r ❝✉❜✐❝ r❛t✐♦♥❛❧ ❝✉r✈❡
C ✐♥ X1 = P2✳ ▲❡t x ❜❡ ♦♥❡ ♦❢ t❤❡ s♠♦♦t❤ ✐♥✢❡❝t✐♦♥ ♣♦✐♥ts ♦❢ C✳ ❘❡❝❛❧❧ t❤❛t
x ✐s ❛♥ ✐♥✢❡❝t✐♦♥ ♣♦✐♥t ✐❢ t❤❡ ❧✐♥❡ L ✐♥ X1 t❛♥❣❡♥t t♦ C ❛t ♣♦✐♥t x ♠❡❡ts C
❛t x ✇✐t❤ ♦r❞❡r ❛t ❧❡❛st 3 ✭❙❡❡ ❬❊❍✵✵✱ ➓■❱✳✶❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳ ❙t❛rt✐♥❣ ❢r♦♠
X1 = P2✱ ✇❡ ❜❧♦✇ ✉♣ t❤❡ ♣♦✐♥t x✱ ❛♥❞ ✇❡ ❣❡t ❛ s✉r❢❛❝❡ X2✳ ❲❡ ❝♦♥str✉❝t ❛
r❛t✐♦♥❛❧ s✉r❢❛❝❡ X9 ❜② ✐♥❞✉❝t✐♦♥ ❛s ❢♦❧❧♦✇s✳ ❆ss✉♠❡ t❤❛t Xi ✐s ❝♦♥str✉❝t❡❞
✭i > 2✮✳ ❚❤❡♥ Xi+1 → Xi ✐s t❤❡ ❜❧♦✇✲✉♣ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ♦❢ t❤❡
str✐❝t tr❛♥s❢♦r♠ ♦❢ C ✐♥ Xi ❛♥❞ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r ♦❢ Xi → Xi−1✳ ❚❤❡r❡
❛r❡ ❡①❛❝t❧② ❡✐❣❤t (−2)✲❝✉r✈❡s ✐♥ X9 ✿ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ L✱ ❛♥❞ t❤❡ str✐❝t
tr❛♥s❢♦r♠s ♦❢ ❛❧❧ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❝✉r✈❡s ♦❢ X8 → X1✳ ▲❡t X9 → X ❜❡ t❤❡
❜❧♦✇✲❞♦✇♥ ♦❢ ❛❧❧ (−2)✲❝✉r✈❡s ✐♥ X9✳ ❚❤❡♥ X ✐s ✐s♦♠♦r♣❤✐❝ t♦ Sc(E8) ✐❢ C ✐s
❛ ❝✉s♣✐❞❛❧ r❛t✐♦♥❛❧ ❝✉r✈❡✱ ♦r ✐s ✐s♦♠♦r♣❤✐❝ t♦ Sn(E8) ✐❢ C ✐s ❛ ♥♦❞❛❧ ❝✉r✈❡✳
✭❚❤✐s ✐s ✇❤② ✇❡ ✉s❡ t❤❡ t❡r♠✐♥♦❧♦❣② ♦❢ t❤❡s❡ t✇♦ s✉r❢❛❝❡s✳ ❚❤❡ ✐♥❞❡① ✏c✑
✐s ❢♦r ❝✉s♣✐❞❛❧✱ ❛♥❞ t❤❡ ✐♥❞❡① ✏n✑ ✐s ❢♦r ♥♦❞❛❧✮ ❚❤❡ ❧✐♥❡❛r s②st❡♠ | − KX |
❤❛s ❞✐♠❡♥s✐♦♥ 1✱ ❛♥❞ ❤❛s ❛ ✉♥✐q✉❡ ❜❛s❡♣♦✐♥t ✇❤✐❝❤ ✐s ❛ s♠♦♦t❤ ♣♦✐♥t ♦❢ X✳
❆ ❣❡♥❡r❛❧ ♠❡♠❜❡r ♦❢ t❤✐s ❧✐♥❡❛r s②st❡♠ ✐s ❛ s♠♦♦t❤ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐♥ X✳ ■❢
Y → X ✐s t❤❡ ❜❧♦✇ ✉♣ ♦❢ t❤❡ ❜❛s❡♣♦✐♥t✱ t❤❡♥ t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ pY : Y → P1✱
✐♥❞✉❝❡❞ ❜② |−KX |✱ ✇❤♦s❡ ❣❡♥❡r❛❧ ✜❜❡rs ❛r❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳ ❚❤❡r❡ ✐s ❛ ✉♥✐q✉❡
r❛t✐♦♥❛❧ ❝✉r✈❡ ✐♥ | − KX | ✇❤✐❝❤ ♣❛ss❡s t❤r♦✉❣❤ t❤❡ s✐♥❣✉❧❛r ♣♦✐♥t ♦❢ X✳ ■❢
X ∼= Sc(E8) t❤❡♥ t❤❡r❡ ❡①✐st ❡①❛❝t❧② t✇♦ r❛t✐♦♥❛❧ ❝✉r✈❡s ✐♥ | − KX |✳ ❚❤❡
♦♥❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X ✐s t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ C ✐♥ X✳ ■❢
X ∼= Sn(E8)✱ t❤❡♥ t❤❡r❡ ❛r❡ ❡①❛❝t❧② t❤r❡❡ r❛t✐♦♥❛❧ ❝✉r✈❡s ✐♥ | −KX |✳ ❇♦t❤
♦❢ t❤❡ t✇♦ r❛t✐♦♥❛❧ ❝✉r✈❡s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X ❛r❡ s✐♥❣✉❧❛r
r❛t✐♦♥❛❧ ❝✉r✈❡s ✇✐t❤ ❛ ♥♦❞❡ ✭♦♥❡ ♦❢ t❤❡♠ ✐s t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ C ✐♥ X✮✳
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◆♦❞❛❧ ❝✉r✈❡

◆♦❞❛❧ ❝✉r✈❡

❇❛s❡♣♦✐♥t

❙✐♥❣✉❧❛r ♣♦✐♥t

X ∼= Sn(E8)

❈✉s♣✐❞❛❧ ❝✉r✈❡

❇❛s❡♣♦✐♥t

❙✐♥❣✉❧❛r ♣♦✐♥t

X ∼= Sc(E8)

❘❛t✐♦♥❛❧ ❝✉r✈❡s ✐♥ | −KX |

✹✳✸✳✷ ❈♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ s✉r❢❛❝❡

❈♦♥s✐❞❡r ❛ s✐♥❣✉❧❛r ❦❧t ❋❛♥♦ s✉r❢❛❝❡ X ✇❤♦s❡ s♠♦♦t❤ ❧♦❝✉s ✐s ❛❧❣❡❜r❛✐✲
❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥str✉❝t ❛ s✉r❢❛❝❡ Z
✇❤✐❝❤ ✐s ❜✐r❛t✐♦♥❛❧ t♦ X ❛♥❞ ✇✐t❤ ♠❛♥② ♥✐❝❡ ♣r♦♣❡rt✐❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡
✇✐❧❧ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✳ ▲❡t X ❜❡ ❛ s✐♥❣✉❧❛r r❛t✐♦♥❛❧ s✉r❢❛❝❡ ✇✐t❤ ❦❧t s✐♥❣✉❧❛r✐t✐❡s
✇❤♦s❡ s♠♦♦t❤ ❧♦❝✉s ✐s ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ r❛t✐♦♥❛❧
s✉r❢❛❝❡ Z ✇✐t❤ ❦❧t s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t

✭✶✮ ❚❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ p : Z → P1 ✇❤♦s❡ ❣❡♥❡r❛❧ ✜❜❡rs ❛r❡ s♠♦♦t❤ r❛t✐♦♥❛❧
❝✉r✈❡s✳

✭✷✮ ❚❤❡r❡ ✐s ❛ ❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠ π : Z → X s✉❝❤ t❤❛t ❡✈❡r② ❡①❝❡♣t✐♦♥❛❧
❝✉r✈❡ ♦❢ π ✐s ❤♦r✐③♦♥t❛❧ ♦✈❡r P1 ✇✐t❤ r❡s♣❡❝t t♦ p✳

✭✸✮ ❚❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ X̃ → X ❢❛❝t♦rs t❤r♦✉❣❤ X̃ → Z✳

✭✹✮ ❚❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ π✲❡①❝❡♣t✐♦♥❛❧ ❝✉r✈❡ ✇❤✐❝❤ ✐s ❝r❡♣❛♥t ♦✈❡r X✱ ❛♥❞
✐❢ t❤❡r❡ ✐s s✉❝❤ ❛ ❝✉r✈❡✱ t❤❡♥ ✐t ✐s ❛ s❡❝t✐♦♥ ♦❢ p ♦✈❡r P1✳

X̃

minimal resolution
��

minimal resolution

  

Z
π

//

p
��

X

P1

❘❡❝❛❧❧ t❤❛t ❛♥ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r ✐s ❝❛❧❧❡❞ ❝r❡♣❛♥t ✐❢ ✐ts ❞✐s❝r❡♣❛♥❝② ✐s
③❡r♦✳ ❚❤✐s s✉r❢❛❝❡ Z ✇✐❧❧ ❜❡ ✈❡r② ✉s❡❢✉❧ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✺✳ ■♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❡ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t
X ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❋♦r t❤❡ ♣r♦♦❢✱ ✇❡ ✉s❡ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❋❛♥♦
s✉r❢❛❝❡s ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ✇❤✐❝❤ ❤❛✈❡ P✐❝❛r❞ ♥✉♠❜❡r 1 ✭❙❡❡ ❬▼❩✽✽❪
♦r ❬❑▼✾✾✱ ➓✸❪✮✳
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▲❡♠♠❛ ✹✳✸✳✸✳ ▲❡t X ❜❡ ❛ s✐♥❣✉❧❛r r❛t✐♦♥❛❧ s✉r❢❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛✲
r✐t✐❡s✳ ❆ss✉♠❡ t❤❛t t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X ✐s ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳
▲❡t r : X̃ → X ❜❡ t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤❡♥ t❤❡r❡ ✐s ❛
r❛t✐♦♥❛❧ s✉r❢❛❝❡ X1

g
−→ X ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t ✿

✶✳ ❚❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ X̃ → X ❢❛❝t♦rs t❤r♦✉❣❤ X̃ → X1 ✇❤✐❝❤ ✐s ❛❧s♦
t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ X1✳

✷✳ ❚❤❡ ♠♦r♣❤✐s♠ g ❝♦♥tr❛❝ts ❛t ♠♦st ♦♥❡ ❝✉r✈❡✳

✸✳ ❚❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ p1 : X1 → P1 ✇❤♦s❡ ❣❡♥❡r❛❧ ✜❜❡rs ❛r❡ s♠♦♦t❤
r❛t✐♦♥❛❧ ❝✉r✈❡s✳

✹✳ ■❢ g ❝♦♥tr❛❝ts ❛ ❝✉r✈❡ C1✱ t❤❡♥ C1 ✐s ❛ s❡❝t✐♦♥ ♦❢ p1 ♦✈❡r P1✱ ❛♥❞
t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ C1 ✐♥ X̃ ✐s ❛ (−2)−❝✉r✈❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ C1 ✐s
❝r❡♣❛♥t ♦✈❡r X✳

X̃

minimal resolution
��

minimal resolution

  

X1
g

crepant
//

p1
��

X

P1

Pr♦♦❢✳ ▲❡t f : X → X ′ ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ ▼▼P ❢♦r X✳ ❚❤❡♥ X ′ ❤❛s ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s✱ ❛♥❞ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X ′ ✐s ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞
❜② ▲❡♠♠❛ ✸✳✶✳✼✳ ■❢ X ′ ❤❛s P✐❝❛r❞ ♥✉♠❜❡r ❛t ❧❡❛st 2✱ t❤❡♥ t❤❡r❡ ✐s ❛ ▼♦r✐
✜❜r❛t✐♦♥ X ′ → P1 ✇❤✐❝❤ ✐♥❞✉❝❡s ❛ ✜❜r❛t✐♦♥ X → P1✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❧❡t
g : X1 → X ❜❡ t❤❡ ✐❞❡♥t✐t② ♠❛♣✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t X ′

❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1✳
■❢ X ′ ✐s ♥♦t s♠♦♦t❤✱ t❤❡♥ ❜② ❬▼❩✽✽✱ ▲❡♠✳ ✶✵✳✶❪✱ ✇❡ ❝❛♥ ❡①tr❛❝t ❛ ❝✉r✈❡

♦✈❡r X ′ ❛♥❞ ♦❜t❛✐♥ ❛ r❛t✐♦♥❛❧ s✉r❢❛❝❡ X ′
1

g′
−→ X ′ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s

s✉❝❤ t❤❛t

✶✳ ❚❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ X̃ ′ → X ′ ❢❛❝t♦rs t❤r♦✉❣❤ X̃ ′ → X ′
1 ✇❤✐❝❤ ✐s

❛❧s♦ t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ X ′
1✳

✷✳ ❚❤❡ ♠♦r♣❤✐s♠ g′ ❝♦♥tr❛❝ts ❡①❛❝t❧② ♦♥❡ ❝✉r✈❡ C ′
1✳

✸✳ ❚❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ p′1 : X ′
1 → P1 ✇❤♦s❡ ❣❡♥❡r❛❧ ✜❜❡rs ❛r❡ s♠♦♦t❤

r❛t✐♦♥❛❧ ❝✉r✈❡s✳

✹✳ ❚❤❡ ❝✉r✈❡ C ′
1 ✐s ❛ s❡❝t✐♦♥ ♦❢ p′1 ♦✈❡r P

1✱ ❛♥❞ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ C ′
1

✐♥ X̃ ′ ✐s ❛ (−2)−❝✉r✈❡✳

❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ X̃ → X̃ ′✳ ❇② ❝♦♥tr❛❝t✐♥❣ ❛❧❧ ❡①❝❡♣t✐♦♥❛❧
❝✉r✈❡s ♦❢ X̃ → X✱ ❡①❝❡♣t ♠❛②❜❡ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ C ′

1 ✐♥ X̃✱ ✇❡ ♦❜t❛✐♥
❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠s X̃ −→ X1

g
−→ X ✭❙❡❡ ❘❡♠❛r❦ ✸✳✶✳✹✮✳ ❚❤❡♥ X1 ❤❛s

❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ ❛♥❞ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ f1 : X1 → X ′
1✳ ❚❤❡

❝♦♠♣♦s✐t✐♦♥ p1 = p′1 ◦ f1 ❣✐✈❡s ❛ ✜❜r❛t✐♦♥ ❢r♦♠ X1 t♦ P1✳ ❍❡♥❝❡ X1 s❛t✐s✜❡s
t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❧❡♠♠❛✳
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■❢ X ′ ✐s s♠♦♦t❤✱ t❤❡♥ X ′ ∼= P2✳ ▲❡t θ : Y → X ′ ❜❡ t❤❡ ❧❛st st❡♣ ♦❢ t❤❡
▼▼P ❢♦r X✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ ϕ : X → Y ✳ ▲❡t s : Ỹ → Y
❜❡ t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ Y ✳ ❚❤❡♥ Ỹ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ X ′ ✭✇❤✐❝❤
✐s ✐s♦♠♦r♣❤✐❝ t♦ P2✮ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ❜❧♦✇✲✉♣s✳ ❙✐♥❝❡ X ✐s ♥♦t s♠♦♦t❤✱
X ✐s ❞✐✛❡r❡♥t ❢r♦♠ X ′✳ ❍❡♥❝❡ Y 6= X ′✱ ❛♥❞ Ỹ 6= X ′✳ ❙✐♥❝❡ t❤❡ s✐♥❣✉❧❛r
❧♦❝✉s ♦❢ Y ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r ♦❢ θ : Y → X ′✱ ✇❡ ♦❜t❛✐♥
t❤❛t ❡✈❡r② ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r ♦❢ Ỹ → X ′ ✐s ♦✈❡r ❛ ♣♦✐♥t x′ ∈ X ′✳ ❇❧♦✇✐♥❣
✉♣ t❤❡ ♣♦✐♥t x′ ✐♥ X ′✱ ✇❡ ♦❜t❛✐♥ ❛ s✉r❢❛❝❡ Z✱ ✇❤✐❝❤ ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡
❍✐r③❡❜r✉❝❤ s✉r❢❛❝❡ Σ1✳ ❚❤❡♥ Ỹ → X ′ ❢❛❝t♦r✐s❡ t❤r♦✉❣❤ Ỹ → Z✱ ❛♥❞ t❤❡r❡
✐s ❛ ✜❜r❛t✐♦♥ ❢r♦♠ Z t♦ P1✳ ❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ ❛ ✜❜r❛t✐♦♥ Ỹ → P1 s✉❝❤ t❤❛t
t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ❝✉r✈❡ ✐♥ Ỹ ✇❤✐❝❤ ✐s ❜♦t❤ ❡①❝❡♣t✐♦♥❛❧ ❢♦r s : Ỹ → Y ❛♥❞
❤♦r✐③♦♥t❛❧ ♦✈❡r P1✳ ▼♦r❡♦✈❡r✱ ✐❢ t❤✐s ❝✉r✈❡ ❡①✐sts✱ t❤❡♥ ✐t ✐s ❛ s❡❝t✐♦♥ ♦✈❡r P1

✭✐t ❝❛♥ ♦♥❧② ❜❡ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r ♦❢ Z → X ′✮✳
❇② ❝♦♥tr❛❝t✐♥❣ ❛❧❧ ♦❢ t❤❡ s✲❡①❝❡♣t✐♦♥❛❧ ❝✉r✈❡s ✐♥ Ỹ ✇❤✐❝❤ ❛r❡ ♥♦t ❤♦r✐③♦♥t❛❧
♦✈❡r P1 ✭❙❡❡ ❘❡♠❛r❦ ✸✳✶✳✹✮✱ ✇❡ ❣❡t ❛ r❛t✐♦♥❛❧ s✉r❢❛❝❡ Y1

h
−→ Y ✇❤✐❝❤ ❤❛s ❛t

♠♦st ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t

✶✳ ❚❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ Ỹ → Y ❢❛❝t♦rs t❤r♦✉❣❤ Ỹ → Y1 ✇❤✐❝❤ ✐s ❛❧s♦
t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ Y1✳

✷✳ ❚❤❡ ♠♦r♣❤✐s♠ h ❝♦♥tr❛❝ts ❛t ♠♦st ♦♥❡ ❝✉r✈❡✳

✸✳ ❚❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ q1 : Y1 → P1 ✇❤♦s❡ ❣❡♥❡r❛❧ ✜❜❡rs ❛r❡ s♠♦♦t❤
r❛t✐♦♥❛❧ ❝✉r✈❡s✳

✹✳ ■❢ h ❝♦♥tr❛❝ts ❛ ❝✉r✈❡ B1✱ t❤❡♥ B1 ✐s ❛ s❡❝t✐♦♥ ♦❢ q1 ♦✈❡r P1✱ ❛♥❞ t❤❡
str✐❝t tr❛♥s❢♦r♠ ♦❢ B1 ✐♥ Ỹ ✐s ❛ (−2)−❝✉r✈❡✳

❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ X̃ → Ỹ ✳ ❇② ❝♦♥tr❛❝t✐♥❣ ❛❧❧ ♦❢ t❤❡ ❡①❝❡♣✲
t✐♦♥❛❧ ❝✉r✈❡s ♦❢ X̃ → X✱ ❡①❝❡♣t ♠❛②❜❡ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ B1 ✐♥ X̃✱ ✇❡
♦❜t❛✐♥ ❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠s X̃ −→ X1

g
−→ X ✭❙❡❡ ❘❡♠❛r❦ ✸✳✶✳✹✮✳ ❚❤❡♥ X1

❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ ❛♥❞ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ ϕ1 : X1 → Y1✳
❚❤❡ ❝♦♠♣♦s✐t✐♦♥ p1 = q1 ◦ ϕ1 ❣✐✈❡s ❛ ✜❜r❛t✐♦♥ ❢r♦♠ X1 t♦ P1✳ ❍❡♥❝❡ X1

s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❧❡♠♠❛✳

◆♦✇ ✇❡ ❝❛♥ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✳ ❙✐♥❝❡ X ❤❛s ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t✐❡s✱ t❤❡r❡ ✐s ❛ ❜✐✲
r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠ h : X1 → X ✇❤✐❝❤ r❡s♦❧✈❡s ❡①❛❝t❧② t❤❡ ♥♦♥✲❝❛♥♦♥✐❝❛❧ s✐♥✲
❣✉❧❛r✐t✐❡s ♦❢ X✳ ❲❡ ♠❛② ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤✐s ♣❛rt✐❛❧ r❡s♦❧✉t✐♦♥ ✐s ♠✐♥✐♠❛❧✳
❚❤❡♥ X1 ❤❛s ❛t ♠♦st ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ ❛♥❞ ♥♦♥❡ ♦❢ t❤❡ h✲❡①❝❡♣t✐♦♥❛❧
❝✉r✈❡s ✐s ❝r❡♣❛♥t ♦✈❡r X ✭❙❡❡ ❬❑▼✾✽✱ ❈♦r✳ ✹✳✸❪✮✳ ▼♦r❡♦✈❡r✱ ✐❢ X̃ → X ✐s t❤❡
♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥✱ t❤❡♥ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ X̃ → X1 ✇❤✐❝❤ ✐s ❛❧s♦
t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ X1✳ ❙✐♥❝❡ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X✱ ✇❤✐❝❤ ✐s ❛❧❣❡❜r❛✐✲
❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ t❤❡ s♠♦♦t❤ ❧♦❝✉s
♦❢ X1✱ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X1 ✐s ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❜② ▲❡♠♠❛
✸✳✶✳✻✳
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❋✐rst ✇❡ ❛ss✉♠❡ t❤❛t X1 ✐s s✐♥❣✉❧❛r✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✹✳✸✳✸✱ t❤❡r❡ ✐s ❛
r❛t✐♦♥❛❧ s✉r❢❛❝❡ X2

g
−→ X1 ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t ✿

✶✳ ❚❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ X̃ → X1 ❢❛❝t♦rs t❤r♦✉❣❤ X̃ → X2 ✇❤✐❝❤ ✐s
❛❧s♦ t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ X2✳

✷✳ ❚❤❡ ♠♦r♣❤✐s♠ g ❝♦♥tr❛❝ts ❛t ♠♦st ♦♥❡ ❝✉r✈❡✳

✸✳ ❚❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ p2 : X2 → P1 ✇❤♦s❡ ❣❡♥❡r❛❧ ✜❜❡rs ❛r❡ s♠♦♦t❤
r❛t✐♦♥❛❧ ❝✉r✈❡s✳

✹✳ ■❢ g ❝♦♥tr❛❝ts ❛ ❝✉r✈❡ C1✱ t❤❡♥ C1 ✐s ❛ s❡❝t✐♦♥ ♦❢ p2 ♦✈❡r P1✱ ❛♥❞ t❤❡
str✐❝t tr❛♥s❢♦r♠ ♦❢ C1 ✐♥ X̃ ✐s ❛ (−2)−❝✉r✈❡✳

▲❡t ϕ : X2 → X ❜❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ X2
g

−→ X1
h

−→ X✳ ❙✐♥❝❡ g ❝♦♥tr❛❝ts
❛t ♠♦st ♦♥❡ ❝✉r✈❡✱ ❛♥❞ ♥♦♥❡ ♦❢ t❤❡ h✲❡①❝❡♣t✐♦♥❛❧ ❝✉r✈❡s ✐s ❝r❡♣❛♥t ♦✈❡r X✱
t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ❝✉r✈❡ ✐♥ X2 ✇❤✐❝❤ ✐s ❝r❡♣❛♥t ♦✈❡r X✳ ❇② ❘❡♠❛r❦ ✸✳✶✳✹✱
✇❡ ❝❛♥ ❝♦♥tr❛❝t ❛❧❧ ❝✉r✈❡s ✐♥ X2 ✇❤✐❝❤ ❛r❡ ❜♦t❤ ❝♦♥tr❛❝t❡❞ ❜② ϕ ❛♥❞ ❜② p2✳
❲❡ ♦❜t❛✐♥ ❛ ♥♦r♠❛❧ s✉r❢❛❝❡ Z s✉❝❤ t❤❛t X̃ → Z ✐s t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥✳
❚❤❡♥ Z ❤❛s ❦❧t s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥ p : Z → P1 ✐♥❞✉❝❡❞
❜② p2✳ ▼♦r❡♦✈❡r t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠ π : Z → X ✐♥❞✉❝❡❞
❜② ϕ✳

X̃

minimal resolution
��

minimal resolution

  

X2

��

p2

��

g

crepant
// X1

h partial resolution
��

Z
π

//

p
��

X

P1

❚❤❡♥ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ π✲❡①❝❡♣t✐♦♥❛❧ ❝✉r✈❡ ✇❤✐❝❤ ✐s ❝r❡♣❛♥t ♦✈❡r X
s✐♥❝❡ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ❝✉r✈❡ ✐♥ X2 ✇❤✐❝❤ ✐s ❝r❡♣❛♥t ♦✈❡r X✳ ■❢ t❤✐s ❝✉r✈❡
❡①✐sts✱ t❤❡♥ ✐t ✐s t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ C1 ✐♥ Z✳ ❍❡♥❝❡ ✐t ✐s ❛ s❡❝t✐♦♥ ♦✈❡r
P1✳

◆♦✇ ✇❡ ❛ss✉♠❡ t❤❛tX1 ✐s ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ s✉r❢❛❝❡✳ ❚❤❡♥ X1 ✐s ❞✐✛❡r❡♥t
❢r♦♠ P2 s✐♥❝❡ X ✐s s✐♥❣✉❧❛r✳ ❍❡♥❝❡✱ t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ p1 : X1 → P1✳ ▲❡t
g : X2 → X1 ❜❡ t❤❡ ✐❞❡♥t✐t② ♠♦r♣❤✐s♠ ❛♥❞ ❧❡t p2 = p1 ◦ g : X2 → P1✳ ▲❡t
ϕ = h ◦ g : X2 → X✳ ❲❡ ❝❛♥ ❝♦♥str✉❝t π : Z → X ❛s ❜❡❢♦r❡ s✉❝❤ t❤❛t Z
s❛t✐s✜❡s ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ♣r♦♣♦s✐t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤✐s ❝❛s❡✱ ♥♦♥❡ ♦❢
t❤❡ π✲❡①❝❡♣t✐♦♥❛❧ ❝✉r✈❡s ✐s ❝r❡♣❛♥t ♦✈❡r X✳

✹✳✸✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✺ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✶✳✷

❲❡ ✇✐❧❧ ✜rst ♣r♦✈❡ t✇♦ t❤❡♦r❡♠s ♦♥ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ r❛t✐♦♥❛❧ s✉r❢❛❝❡s
✭❚❤❡♦r❡♠ ✹✳✸✳✹ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✸✳✺✮✳
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❚❤❡♦r❡♠ ✹✳✸✳✹✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ s✉r❢❛❝❡ ✇✐t❤ ❦❧t s✐♥❣✉❧❛r✐t✐❡s✳ ❆ss✉♠❡ t❤❛t
Cl(X) = Z · [KX ] ❛♥❞ h0(X,OX(−KX)) > 2✳ ❚❤❡♥ ❡✐t❤❡r X ∼= Sc(E8) ♦r
X ∼= Sn(E8)✳

Pr♦♦❢✳ ■❢ X ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ t❤❡♥ KX ✐s ❛ ❈❛rt✐❡r ❞✐✈✐s♦r✳ ❍❡♥❝❡
Pic(X) ∼= Cl(X)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t X ❤❛s ♦♥❡ s✐♥❣✉❧❛r ♣♦✐♥t ♦❢ t②♣❡ E8 ❜②
❬▼❩✽✽✱ ▲❡♠✳ ✻❪✳ ❍❡♥❝❡ ❡✐t❤❡r X ∼= Sc(E8) ♦r X ∼= Sn(E8)✳

◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t X ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❋✐rst ♥♦t❡ t❤❛t X ✐s
s✐♥❣✉❧❛r✳ ▲❡t T ❜❡ t❤❡ ❝✉r✈❡ ❣✐✈❡♥ ❜② ❛ ❣❡♥❡r❛❧ ♠❡♠❜❡r ♦❢H0(X,OX(−KX))✳
❚❤❡♥ T ✐s ❛ ♠✐♥✐♠❛❧ ❝✉r✈❡✳

▲❡t Z ❜❡ t❤❡ s✉r❢❛❝❡ ❞❡s❝r✐❜❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✳ ❚❤❡♥ t❤❡r❡ ❛r❡ ❜✐r❛✲
t✐♦♥❛❧ ♠♦r♣❤✐s♠s X̃ −→ Z

π
−→ X ❛♥❞ ❛ ✜❜r❛t✐♦♥ p : Z → P1✱ ✇❤❡r❡ X̃ → X

✐s t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ X✳

Z
π

//

p
��

X

P1

▲❡t F ❜❡ ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ t❤❡ ✜❜r❛t✐♦♥ p : Z → P1✳ ❲❡ ❞❡♥♦t❡ t❤❡
π✲❡①❝❡♣t✐♦♥❛❧ ❝✉r✈❡s ❜② E1, ..., Es✳ ❙✐♥❝❡ X ❤❛s ❦❧t s✐♥❣✉❧❛r✐t✐❡s✱ ❛♥❞ t❤❡
♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ X̃ → X ❢❛❝t♦rs t❤r♦✉❣❤ X̃ → Z✱ ✇❡ ♦❜t❛✐♥ t❤❛t KZ =
π∗KX +

∑s
i=1 aiEi ✇✐t❤ −1 < ai 6 0 ❢♦r ❛❧❧ i✳ ❍❡♥❝❡✱

π∗T · F = −π∗KX · F = −KZ · F +

s∑

i=1

aiEi · F = 2 +

s∑

i=1

aiEi · F.

❙✐♥❝❡ ❛❧❧ ♦❢ t❤❡ Ei✬s ❛r❡ ❤♦r✐③♦♥t❛❧ ♦✈❡r P1 ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜❜r❛t✐♦♥ p✱ ✇❡
❤❛✈❡

∑
aiEi ·F 6 0✳ ❚❤✉s π∗T ·F 6 2✱ ❛♥❞ t❤❡ ❡q✉❛❧✐t② ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢

❛❧❧ ♦❢ t❤❡ ai✬s ❛r❡ ❡q✉❛❧ t♦ 0✳
▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ π∗T = π−1

∗ T +
∑s

i=1 biEi ✇✐t❤ bi > 0 ❢♦r ❛❧❧ i✳ ❍❡♥❝❡

π−1
∗ T · F = π∗T · F −

s∑

i=1

biEi · F 6 π∗T · F 6 2

❢♦r t❤❡ s❛♠❡ r❡❛s♦♥ ❛s ❜❡❢♦r❡✳
❋✐rst ❛ss✉♠❡ t❤❛t π−1

∗ T ·F < 2✳ ❚❤❡♥ π−1
∗ T ✐s ❡✐t❤❡r ❛ s❡❝t✐♦♥ ♦r ❛ ✜❜❡r

♦❢ p✳ ❍❡♥❝❡ T ✐s ❛ r❛t✐♦♥❛❧ ❝✉r✈❡✳ ▲❡t X 99K P1 ❜❡ t❤❡ r❛t✐♦♥❛❧ ♠❛♣ ✐♥❞✉❝❡❞
❜② ❛ ❣❡♥❡r❛❧ 1✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r s✉❜s②st❡♠ ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠ | − KX |
✇❤✐❝❤ ❝♦♥t❛✐♥s T ✳ ▲❡t Y ❜❡ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ t❤✐s r❛t✐♦♥❛❧
♠❛♣✳ ▲❡t p1 : Y → X ❛♥❞ p2 : Y → P1 ❜❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s✳ ◆♦t❡ t❤❛t ✐❢
❛ ❝✉r✈❡ ✐♥ Y ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✜❜❡r ♦❢ p2✱ t❤❡♥ ✐t ✐s ♥♦t ❝♦♥tr❛❝t❡❞ ❜② p1
s✐♥❝❡ t❤❡ ❣r❛♣❤ ♦❢ X 99K P1 ✐s ❝♦♥t❛✐♥❡❞ ✐♥ X × P1✱ ❛♥❞ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥
♠❛♣ ✐s ✜♥✐t❡✳ ❍❡♥❝❡ ❡✈❡r② ✜❜❡r ♦❢ p2 : Y → P1 ✐s r❡❞✉❝❡❞ ❛♥❞ ✐rr❡❞✉❝✐❜❧❡
❢♦r −KX ✐s ♠✐♥✐♠❛❧✳ ▲❡t T ′ ❜❡ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ T ✐♥ Y ✳ ❚❤❡♥ T ′ ✐s
s♠♦♦t❤ s✐♥❝❡ Y ✐s ♥♦r♠❛❧ ❛♥❞ T ✐s ❛ ❣❡♥❡r❛❧ ♠❡♠❜❡r ♦❢ |−KX |✳ ❙✐♥❝❡ T ✐s ❛
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r❛t✐♦♥❛❧ ❝✉r✈❡✱ ✇❡ ❤❛✈❡ T ′ ∼= P1✳ ❚❤✉s p2 ✐s ❛ P1✲❜✉♥❞❧❡ ❜② ▲❡♠♠❛ ✸✳✷✳✶✳ ■♥
t❤✐s ❝❛s❡✱ Y ∼= Σk ✐s ❛ ❍✐r③❡❜r✉❝❤ s✉r❢❛❝❡ ❢♦r s♦♠❡ k > 0✳ ❙✐♥❝❡ X ✐s s✐♥❣✉❧❛r✱
✇❡ ♦❜t❛✐♥ t❤❛t k > 2 ❛♥❞ t❤❛t p1 : Y → X ✐s t❤❡ ♠♦r♣❤✐s♠ ✇❤✐❝❤ ❝♦♥tr❛❝ts
t❤❡ s♣❡❝✐❛❧ r❛t✐♦♥❛❧ ❝✉r✈❡ ✐♥ Y ✇✐t❤ s❡❧❢ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r −k✳ ❚❤✉s −KX

❝❛♥♥♦t ❜❡ ❛ ♠✐♥✐♠❛❧ ❝✉r✈❡ ❜② ▲❡♠♠❛ ✸✳✷✳✷ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
❍❡♥❝❡ ✇❡ ♠✉st ❤❛✈❡ π−1

∗ T · F = 2✳ ❚❤✐s s❤♦✇s t❤❛t ai = bi = 0 ❢♦r ❛❧❧ i✳
❇② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ Z✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ π✲❡①❝❡♣t✐♦♥❛❧
❝✉r✈❡ D ✐♥ Z✳ ❙✐♥❝❡ X ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1✱ Z ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 2✳ ❍❡♥❝❡
p ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✱ ❛♥❞ ❡✈❡r② ✜❜❡r ♦❢ p ✐s ✐rr❡❞✉❝✐❜❧❡✳

X̃

minimal resolution
��

minimal resolution

  

Z
π

crepant
//

pMori fibration
��

X

P1

▼♦r❡♦✈❡r✱ s✐♥❝❡ bi = 0 ❢♦r ❛❧❧ i✱ t❤❡ ❝✉r✈❡ T ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♠♦♦t❤
❧♦❝✉s ♦❢ X✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡

−KX · T > 1.

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t X ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡
t❤❛t Z ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✐♥❝❡ π∗KX = KZ ✳ ◆♦t❡ t❤❛t ✐❢ ❡✈❡r② ✜❜❡r
♦❢ p ❤❛s ♠✉❧t✐♣❧✐❝✐t② ❛t ♠♦st ❡q✉❛❧ t♦ 2✱ t❤❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✵✳✶✱ Z ❤❛s
❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ◆♦✇ ✇❡ ✇✐❧❧ ❛ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t t❤❡r❡ ✐s ❛
♣♦✐♥t b ∈ P1 s✉❝❤ t❤❛t p∗b = mC ✇✐t❤ C r❡❞✉❝❡❞ ❛♥❞ m > 2✳ ❙✐♥❝❡ ai = 0
❢♦r ❛❧❧ i✱ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛ ✇❡ ❤❛✈❡

−KX · π∗C = −π∗KX · C = −KZ · C =
2

m
< 1 6 −KX · T.

❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ T ✐s ❛ ♠✐♥✐♠❛❧ ❝✉r✈❡✳ ❚❤✉s X ❤❛s ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠

❚❤❡♦r❡♠ ✹✳✸✳✺✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ s✉r❢❛❝❡ ✇✐t❤ ❦❧t s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ ❧❡t T
❜❡ ❛ ♠✐♥✐♠❛❧ ❝✉r✈❡✳ ❆ss✉♠❡ t❤❛t Cl(X) ∼= Z · [T ]✱ h0(X,OX(T )) > 3 ❛♥❞
h0(X,OX(T +KX)) = 0✳ ❚❤❡♥ X ∼= P2✳

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t X ✐s s♠♦♦t❤✳ ❆ss✉♠❡ t❤❛t X ✐s s✐♥❣✉❧❛r✳
❙✐♥❝❡

h0(X,OX(T )) > 3,

t❤r♦✉❣❤ ❛ ❣❡♥❡r❛❧ ♣♦✐♥t ♦❢ X✱ t❤❡r❡ ♣❛ss❡s ❛t ❧❡❛st t✇♦ ❞✐✛❡r❡♥t ♠✐♥✐♠❛❧
❝✉r✈❡✳ ❍❡♥❝❡ T 2 > 1 ❜② ▲❡♠♠❛ ✸✳✶✳✷✳ ▲❡t π : Z → X ❜❡ t❤❡ s✉r❢❛❝❡
❞❡s❝r✐❜❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✳
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Z
π

//

p
��

X

P1

▲❡t F ❜❡ ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ t❤❡ ✜❜r❛t✐♦♥ p : Z → P1✳ ❲❡ ❞❡♥♦t❡ t❤❡
π✲❡①❝❡♣t✐♦♥❛❧ ❝✉r✈❡s ❜② E1, ..., Es✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✹✱ ✇❡
❤❛✈❡

−KX · π∗F = −π∗KX · F = −KZ · F +

s∑

i=1

aiEi · F = 2 +

s∑

i=1

aiEi · F 6 2.

■❢ π∗F ✐s ❛ ♠✐♥✐♠❛❧ ❝✉r✈❡✱ t❤❡♥ ❡✈❡r② ✜❜❡r ♦❢ p ✐s r❡❞✉❝❡❞ ❛♥❞ ✐rr❡❞✉❝✐❜❧❡✳
❚❤✉s Z ∼= Σk ✐s ❛ ❍✐r③❡❜r✉❝❤ s✉r❢❛❝❡ ❢♦r s♦♠❡ k > 0 ❜② ▲❡♠♠❛ ✸✳✷✳✶✳ ❙✐♥❝❡
X ✐s s✐♥❣✉❧❛r✱ ✇❡ ♦❜t❛✐♥ t❤❛t k > 2 ❛♥❞ t❤❛t π : Z → X ✐s t❤❡ ♠♦r♣❤✐s♠
✇❤✐❝❤ ❝♦♥tr❛❝ts t❤❡ s♣❡❝✐❛❧ r❛t✐♦♥❛❧ ❝✉r✈❡ ✐♥ Z ✇✐t❤ s❡❧❢ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r
−k✳ ❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✸✳✷✳✷✱ ✇❡ ❤❛✈❡

1 6 T · T = π∗F · π∗F =
1

k
.

❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
■❢ π∗F ✐s ♥♦t ❛ ♠✐♥✐♠❛❧ ❝✉r✈❡ ✐♥ X✱ t❤❡♥ t❤❡r❡ ✐s ❛♥ ✐♥t❡❣❡r α > 1 s✉❝❤

t❤❛t π∗F ✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ αT ✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ −KX ✐s Q✲❛♠♣❧❡✱
❛♥❞ h0(X,OX(T + KX)) = 0✱ t❤❡r❡ ✐s ❛♥ ✐♥t❡❣❡r β > 1 s✉❝❤ t❤❛t −KX

✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ βT ✳ ❍❡♥❝❡✱ −KX · π∗F = αβT 2 > 4✱ ②✐❡❧❞✐♥❣ ❛
❝♦♥tr❛❞✐❝t✐♦♥✳

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t Sc(E8) ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠
✹✳✶✳✺ ✭s❡❡ ▲❡♠♠❛ ✹✳✸✳✽✮✳ ▲❡t X ❜❡ ❛ s✉r❢❛❝❡ ✐s♦♠♦r♣❤✐❝ t♦ Sc(E8)✳ ▲❡t T
❜❡ ❛ ♠✐♥✐♠❛❧ ❝✉r✈❡ ✐♥ X✳ ❚❤❡♥ OX(T ) ∼= OX(−KX)✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t
h0(X,Ω

[1]
X [⊗]OX(T )) > 1✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤✐s✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧ts✳

▲❡♠♠❛ ✹✳✸✳✻✳ ▲❡t X ❜❡ ❛ s✉r❢❛❝❡ ✐s♦♠♦r♣❤✐❝ t♦ Sc(E8)✳ ❚❤❡♥ ❛❧❧ ♦❢ t❤❡
❡❧❧✐♣t✐❝ ❝✉r✈❡s ✐♥ t❤❡ ❧✐♥❡❛r s②st❡♠ | −KX | ❛r❡ ✐s♦♠♦r♣❤✐❝✳

Pr♦♦❢✳ ❲❡ ❝❛♥ ♦❜t❛✐♥ X ❛❢t❡r s♦♠❡ ❜✐r❛t✐♦♥❛❧ tr❛♥s❢♦r♠ ❢r♦♠ P2 ✭❙❡❡ s❡❝t✐♦♥
✹✳✸✳✶✮✳ ❚❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❝✉s♣✐❞❛❧ r❛t✐♦♥❛❧ ❝✉r✈❡ C ′ ✐♥ t❤❡ ❧✐♥❡❛r s②st❡♠
| − KX | ✇❤✐❝❤ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X✳ ▲❡t C ❜❡ t❤❡ str✐❝t
tr❛♥s❢♦r♠ ♦❢ t❤✐s ❝✉r✈❡ ✐♥ P2✳ ■❢ z ∈ X ✐s t❤❡ ✉♥✐q✉❡ ❜❛s❡♣♦✐♥t ♦❢ | −KX |✱
t❤❡♥ t❤❡ ✐♠❛❣❡ x ♦❢ z ✐♥ P2 ✐s t❤❡ ✉♥✐q✉❡ s♠♦♦t❤ ✐♥✢❡❝t✐♦♥ ♣♦✐♥t ♦♥ C✳ ❲❡
♠❛② ❛ss✉♠❡ t❤❛t C ✐s ❣✐✈❡♥ ❜② t❤❡ ❡q✉❛t✐♦♥ a3a22 = a31✱ ❛♥❞ t❤❛t x ✐s t❤❡
♣♦✐♥t [0 : 1 : 0]✱ ✇❤❡r❡ [a1 : a2 : a3] ❛r❡ ❝♦♦r❞✐♥❛t❡s ♦❢ P2✳ ▲❡t E ❜❡ t❤❡
str✐❝t tr❛♥s❢♦r♠ ✐♥ P2 ♦❢ ❛ s♠♦♦t❤ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E′ ✐♥ t❤❡ ❢❛♠✐❧② ✐♥❞✉❝❡❞ ❜②
|−KX |✳ ❙✐♥❝❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ C ′ ❛♥❞ E′ ✐s t❤❡ ♣♦✐♥t z✱ ❛♥❞ t❤❡ ❡①❝❡♣t✐♦♥❛❧
❞✐✈✐s♦rs ♦❢ X → P2 ♠❡❡t t❤❡s❡ t✇♦ ❝✉r✈❡s ♦♥❧② ❛t t❤❡ ♣♦✐♥t z✱ ✇❡ ♦❜t❛✐♥
t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ E ❛♥❞ C ✐s t❤❡ ♣♦✐♥t x✳
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❆ss✉♠❡ t❤❛t E ✐s ❣✐✈❡♥ ❜② t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥

λ1a
3
1 + λ2a

3
2 + λ3a

3
3 + λ4a

2
1a2 + λ5a

2
2a3 + λ6a

2
3a1

+λ7a
2
2a1 + λ8a

2
3a2 + λ9a

2
1a3 + λ10a1a2a3 = 0.

❲✐t❤ ❛✣♥❡ ❝♦♦r❞✐♥❛t❡s (b1, b3) = (a1a2 ,
a3
a2
)✱ t❤✐s ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

λ1b
3
1 + λ2 + λ3b

3
3 + λ4b

2
1 + λ5b3 + λ6b

2
3b1

+λ7b1 + λ8b
2
3 + λ9b

2
1b3 + λ10b1b3 = 0.

❚❤❡ ❡q✉❛t✐♦♥ ❞❡✜♥✐♥❣ C ❜❡❝♦♠❡s b3 = b31✳ ■❢ ✇❡ r❡♣❧❛❝❡ b3 ❜② b31 ✐♥ t❤❡
❡q✉❛t✐♦♥ ❞❡✜♥✐♥❣ E✱ t❤❡♥ ✇❡ ♦❜t❛✐♥

λ1b
3
1 + λ2 + λ3b

9
1 + λ4b

2
1 + λ5b

3
1 + λ6b

7
1 + λ7b1 + λ8b

6
1 + λ9b

5
1 + λ10b

4
1 = 0.

❚❤✐s ❡q✉❛t✐♦♥ s❤♦✉❧❞ ❤❛✈❡ b1 = 0 ❛s ❛ r♦♦t ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② 9 s✐♥❝❡ E ❛♥❞
C ✐♥t❡rs❡❝ts ❛t x ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② 9✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ λ1+λ5 = 0✱ ❛♥❞ λk = 0
❢♦r k 6= 1, 3, 5✳ ❙✐♥❝❡ E ✐s s♠♦♦t❤✱ λ1 6= 0✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t λ1 = 1✱
t❤❡♥ E ✐s ❣✐✈❡♥ ❜② a3a22 = a31 + λa33 ✇✐t❤ λ 6= 0✳ ❍❡♥❝❡ t❤❡ j✲✐♥✈❛r✐❛♥t ♦❢
E ✐s 0✳ ❚❤✉s ❛❧❧ ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✐♥ t❤✐s ❢❛♠✐❧② ✐♥❞✉❝❡❞ ❜② | −KX | ❛r❡
✐s♦♠♦r♣❤✐❝✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✼✳ ▲❡t X ❜❡ ❛ ❦❧t ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧ s✉r❢❛❝❡✳ ❚❤❡♥ ρ(X)✱

t❤❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ X✱ ✐s ❡✉q❛❧ t♦ h1(X,Ω[1]
X )✳

Pr♦♦❢✳ ❋✐rst ❛ss✉♠❡ t❤❛t X ✐s s♠♦♦t❤✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣♦♥❡♥t✐❛❧
❡①❛❝t s❡q✉❡♥❝❡

H1(X,OX) → H1(X,O∗
X) → H2(X,Z) → H2(X,OX).

❙✐♥❝❡ X ✐s ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ s✉r❢❛❝❡✱ ✇❡ ❤❛✈❡ h1(X,OX) = h2(X,OX) = 0✳
❍❡♥❝❡ H1(X,O∗

X) → H2(X,Z) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❙✐♥❝❡ H1(X,O∗
X) ✐s ✐s♦✲

♠♦r♣❤✐❝ t♦ t❤❡ P✐❝❛r❞ ❣r♦✉♣ ♦❢ X✱ ✇❡ ♦❜t❛✐♥ t❤❛t ρ(X) ✐s ❡q✉❛❧ t♦ h2(X,C)✳
❙✐♥❝❡ h2(X,OX) = 0✱ ✇❡ ❤❛✈❡ h1(X,Ω1

X) = h2(X,C) ❢r♦♠ t❤❡ ❍♦❞❣❡ t❤❡♦r②✳
❍❡♥❝❡ h1(X,Ω1

X) = ρ(X)✳
◆♦✇ ✇❡ ❛ss✉♠❡ t❤❛t X ✐s s✐♥❣✉❧❛r✳ ▲❡t r : X̃ → X ❜❡ t❤❡ ♠✐♥✐♠❛❧

r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤❡♥ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ✇❡ ❦♥♦✇ t❤❛t
h2(X̃,C) ✐s ❡q✉❛❧ t♦ ρ(X̃)✳ ❙✐♥❝❡ X ✐s Q✲❢❛❝t♦r✐❛❧✱ ✇❡ ❤❛✈❡ ρ(X) = ρ(X̃)− l✱
✇❤❡r❡ l ✐s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ r✲❡①❝❡♣t✐♦♥❛❧ ❝✉r✈❡s✳ ❍❡♥❝❡ ρ(X) = h2(X̃,C)−l✳

❙✐♥❝❡ X ❤❛s r❛t✐♦♥❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ R1r∗OX̃
= 0✳ ❍❡♥❝❡ t❤❡ ▲❡r❛② s♣❡❝tr❛❧

s❡q✉❡♥❝❡ ❢♦r r ❣✐✈❡s ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

0 → H2(X,C) → H2(X̃,C)
p
→ H0(X,R2r∗C),

s❡❡ ❬❑▼✾✷✱ ✶✷✳✶✳✸✳✷❪✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ ❬❑▼✾✷✱ Pr♦♣✳ ✶✷✳✶✳✻❪✱ t❤❡ ✐♠❛❣❡ ♦❢ p
✐s ❢r❡❡ ❛♥❞ ❣❡♥❡r❛t❡❞ ❡①❛❝t❧② ❜② t❤❡ ❝❧❛ss ♦❢ t❤❡ t❤❡ r✲❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦rs✳
❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❛t h2(X,C) = h2(X̃,C)− l ❛♥❞ ρ(X) = h2(X,C)✳
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❙✐♥❝❡ X ❤❛s q✉♦t✐❡♥t s✐♥❣✉❧❛r✐t✐❡s ✭❙❡❡ ❬❑▼✾✽✱ Pr♦♣✳ ✹✳✶✽❪✮✱ ❜② ❬❙t❡✼✼✱
❚❤♠✳ ✶✳✶✷❪✱ ✇❡ ❤❛✈❡

h2(X,C) = h0(X,Ω
[2]
X ) + h1(X,Ω

[1]
X ) + h2(X,OX)

= h1(X,Ω
[1]
X ) + 2h2(X,OX).

❙✐♥❝❡ X ✐s ❛ r❛t✐♦♥❛❧ s✉r❢❛❝❡ ✇✐t❤ r❛t✐♦♥❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ ❢r♦♠ t❤❡ ▲❡r❛② s♣❡❝✲
tr❛❧ s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡

h2(X,OX) = h2(X̃,O
X̃
) = 0.

❚❤✉s✱ ρ(X) = h2(X,C) = h1(X,Ω
[1]
X )✳

▲❡♠♠❛ ✹✳✸✳✽✳ ▲❡t X ∼= Sc(E8)✳ ❚❤❡♥

h0(X,OX(−KX))− h0(X,Ω
[1]
X [⊗]OX(−KX)) + h0(X,OX) 6 2.

Pr♦♦❢✳ ▲❡t E ❜❡ ❛ s♠♦♦t❤ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐♥ | −KX |✳ ▲❡t c : Y → X ❜❡ t❤❡
❜❧♦✇✲✉♣ ♦❢ t❤❡ ❜❛s❡♣♦✐♥t x ♦❢ | −KX |✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❛ ✜❜r❛t✐♦♥ p : Y → P1

✐♥❞✉❝❡❞ ❜② | −KX |✳ ❚❤❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❛r❡ s♠♦♦t❤ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳ ❙✐♥❝❡
X ∼= Sc(E8)✱ t❤✐s ❢❛♠✐❧② ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✐s ✐s♦tr✐✈✐❛❧ ❜② ▲❡♠♠❛ ✹✳✸✳✻✳ ▲❡t
D ❜❡ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ E ✐♥ Y ✳ ❙✐♥❝❡ D ✐s ❛ ✜❜❡r✱ Ω1

Y |D ✐s ❛♥ ❡①t❡♥s✐♦♥
♦❢ OD ❜② OD✳ ❙✐♥❝❡ t❤❡ ❢❛♠✐❧② ✐s ✐s♦tr✐✈✐❛❧✱ t❤❡ ❑♦❞❛✐r❛✲❙♣❡♥❝❡r ♠❛♣ ✐s ③❡r♦✳
❍❡♥❝❡ TY |D ∼= TD ⊕ p∗TP1 |D✱ ✇❤❡r❡ TY ❛♥❞ TD ❛r❡ t❤❡ t❛♥❣❡♥t s❤❡❛✈❡s
♦❢ Y ❛♥❞ D r❡s♣❡❝t✐✈❡❧②✳ ❇② t❛❦✐♥❣ t❤❡ ❞✉❛❧✱ ✇❡ ❤❛✈❡ Ω1

Y |D
∼= OD ⊕ OD✳

◆♦t❡ t❤❛t X ✐s s♠♦♦t❤ ❛❧♦♥❣ E ❛♥❞ Y ✐s s♠♦♦t❤ ❛❧♦♥❣ D✳ ❋r♦♠ t❤❡ ♥❛t✉r❛❧
♠♦r♣❤✐s♠ c∗Ω1

X → Ω1
Y ❛♥❞ t❤❡ ❝♦♥♦r♠❛❧ ❡①❛❝t s❡q✉❡♥❝❡s✱ ✇❡ ♦❜t❛✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ✇✐t❤ ❡①❛❝t r♦✇s

0 // c∗QE
//

θ1

��

(c∗Ω1
X)|D

θ2
��

// c∗Ω1
E

��

// 0

0 // QD
// Ω1

Y |D
// Ω1

D
// 0

❚❤❡ ♠♦r♣❤✐s♠s θ2 ❛♥❞ θ1 ❛r❡ ✐♥❥❡❝t✐✈❡✱ ❛♥❞ t❤❡ t❤✐r❞ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳
❇② t❤❡ s♥❛❦❡ ❧❡♠♠❛✱ ✇❡ ❤❛✈❡ Coker θ1 ∼= Coker θ2✳ ◆♦t❡ t❤❛t QD ✐s ✐s♦♠♦r✲
♣❤✐❝ t♦ OD✱ ❛♥❞ QE ✐s ✐s♦♠♦r♣❤✐❝ t♦ OE(−x)✳ ❍❡♥❝❡ h0(D,Coker θ1) = 1✳
❲❡ ♦❜t❛✐♥ t❤❛t h0(D,Coker θ2) = 1✳ ❍❡♥❝❡

h0(E,Ω1
X |E) = h0(D, (c∗Ω1

X)|D) > h0(D,Ω1
Y |D)− h0(D,Coker θ2) = 1.

❚❤✐s s❤♦✇s t❤❛t Ω1
X |E ∼= OE ⊕ OE(−x)✳

▼♦r❡♦✈❡r✱ s✐♥❝❡ OX(KX)|E ∼= OE(−x)✱ ✇❡ ❤❛✈❡ (Ω1
X [⊗]OX(−KX))|E ∼=

OE ⊕OE(x)✳ ❙✐♥❝❡ X ✐s s♠♦♦t❤ ❛❧♦♥❣ E ❛♥❞ OX(E) ∼= OX(−KX)✱ ✇❡ ❤❛✈❡
❛♥ ❡①❛❝t s❡q✉❡♥❝❡

0 → Ω
[1]
X → Ω

[1]
X ⊗ OX(−KX) → (Ω1

X [⊗]OX(−KX))|E → 0.



❲❡♥❤❛♦ ❖❯ ✼✻

❚❤✐s ✐♥❞✉❝❡s ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

0 → H0(X,Ω
[1]
X ) → H0(X,Ω

[1]
X ⊗ OX(−KX))

→ H0(E, (Ω1
X [⊗]OX(−KX))|E) → H1(X,Ω

[1]
X ).

❙✐♥❝❡X ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✼✱ ✇❡ ❤❛✈❡ h1(X,Ω[1]
X ) =

1✳ ❙✐♥❝❡ h0(X,Ω[1]
X ) = 0 ✭❙❡❡ ❬●❑❑P✶✶✱ ❚❤♠✳ ✺✳✶❪✮✱ ❛♥❞

h0(E, (Ω1
X [⊗]OX(−KX))|E) = h0(E,OE ⊕ OE(x)) = 2,

✇❡ ♦❜t❛✐♥
h0(X,Ω

[1]
X ⊗ OX(−KX)) > 1.

❍❡♥❝❡ ✇❡ ❤❛✈❡

h0(X,OX(−KX))− h0(X,Ω
[1]
X [⊗]OX(−KX)) + h0(X,OX) 6 2.

◆♦✇ ✇❡ ✇✐❧❧ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✺✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✺✳ ▲❡t T ❜❡ ❛ ♠✐♥✐♠❛❧ ❝✉r✈❡✳ ❋r♦♠ t❤❡ ❞✐s❝✉ss✐♦♥ ❛❢t❡r
▲❡♠♠❛ ✹✳✸✳✶✱ ✇❡ ❦♥♦✇ t❤❛t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞s

✶✳ h0(X,OX(−KX)) > 2 ❛♥❞ Cl(X) = Z · [KX ] ❀

✷✳ h0(X,OX(T )) > 3✱ h0(X,OX(T +KX)) = 0✱ ❛♥❞ Cl(X) = Z · [T ]

❇② ❚❤❡♦r❡♠ ✹✳✸✳✹✱ ❚❤❡♦r❡♠ ✹✳✸✳✺ ❛♥❞ ▲❡♠♠❛ ✹✳✸✳✽✱ ✇❡ ♦❜t❛✐♥ t❤❛t X
✐s ❡✐t❤❡r ✐s♦♠♦r♣❤✐❝ t♦ P2 ♦r ✐s♦♠♦r♣❤✐❝ t♦ Sn(E8)✳ ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t
❜♦t❤ ♦❢ t❤❡s❡ t✇♦ s✉r❢❛❝❡s s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ t❤❡♦r❡♠✳

■t ✐s ♥♦t ❤❛r❞ t♦ ❝❤❡❝❦ t❤❛t P2 s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t
✐❢X ∼= Sn(E8)✱ t❤❡♥X s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ t❤❡♦r❡♠✳ ■♥ ❢❛❝t✱ ✇❡ ❝❛♥
s❤♦✇ t❤❛t t❤❡ ❢❛♠✐❧② ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✐♥❞✉❝❡❞ ❜② |−KX | ✐s ♥♦t ✐s♦tr✐✈✐❛❧ ❜② s✐✲
♠✐❧❛r ♠❡t❤♦❞ ♦❢ ▲❡♠♠❛ ✹✳✸✳✻✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ h0(E, (Ω1

X [⊗]OX(−KX))|E) =
1 ✐♥ t❤✐s ❝❛s❡✱ ✇❤❡r❡ E ✐s ❛ s♠♦♦t❤ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐♥❞✉❝❡❞ ❜② ❛ ❣❡♥❡r❛❧ ♠❡♠❜❡r
♦❢ | −KX |✳ ❙✐♥❝❡ E ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥
♦❢ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠s

H2(X,C) → H2(X̃,C) → H2(E,C)

✐s ♥♦t ③❡r♦✱ ✇❤❡r❡ X̃ → X ✐s t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥✳ ❍❡♥❝❡✱ t❤❡ ♥❛t✉r❛❧
♠♦r♣❤✐s♠

H1(X,Ω
[1]
X ) → H1(E,Ω1

E)

✐s ♥♦t ③❡r♦✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

H1(X,Ω
[1]
X ⊗ OX(−E)) → H1(X,Ω

[1]
X ) → H1(E,Ω

[1]
X |E).
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❙✐♥❝❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢

H1(X,Ω
[1]
X ) → H1(E,Ω

[1]
X |E) → H1(E,Ω1

E)

✐s ♥♦t ③❡r♦✱ ❛♥❞ h1(X,Ω[1]
X ) = 1✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ♠♦r♣❤✐s♠

H1(X,Ω
[1]
X ⊗ OX(−E)) → H1(X,Ω

[1]
X )

✐s ③❡r♦✳ ❇② t❛❦✐♥❣ t❤❡ ❞✉❛❧ ♠♦r♣❤✐s♠✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠
H1(X,Ω

[1]
X ) → H1(X,Ω

[1]
X ⊗ OX(−KX)) ✐s ③❡r♦✳ ❍❡♥❝❡✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢

❚❤❡♦r❡♠ ✹✳✶✳✺✱ ✇❡ ♦❜t❛✐♥ t❤❛t

h0(X,Ω
[1]
X ⊗ OX(−KX)) = 0

✐♥ t❤✐s ❝❛s❡✳
◆♦t❡ t❤❛t ❡✈❡r② ❛♠♣❧❡ ❞✐✈✐s♦r T ✐♥ X ✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ aE ❢♦r

s♦♠❡ a > 0✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛❝t s❡q✉❡♥❝❡s ❢♦r ❛❧❧ k > 0✱

0 → OX(kE) → OX((k + 1)E) → OX((k + 1)E)|E → 0

❛♥❞

0 → OX(kE)[⊗]Ω
[1]
X → OX((k + 1)E)[⊗]Ω

[1]
X

→ (OX((k + 1)E)[⊗]Ω
[1]
X )|E → 0.

❇② t❛❦✐♥❣ ❝♦❤♦♠♦❧♦❣✐❡s✱ ✇❡ ♦❜t❛✐♥ t❤❛t✱ ❢♦r ❛❧❧ k > 1✱

h0(OX((k + 1)E)) = h0(OX(kE)) + k + 1

❛♥❞
h0(OX((k + 1)E)[⊗]Ω

[1]
X ) = h0(OX(kE)[⊗]Ω

[1]
X ) + 2k + 1.

❇② ✐♥❞✉❝t✐♦♥ ♦♥ k✱ ✇❡ ❤❛✈❡

h0(OX(kE)) =
k2 + k + 2

2
and h0(OX(kE)[⊗]Ω

[1]
X ) = k2 − 1

❢♦r ❛❧❧ k > 1✳ ❚❤✐s s❤♦✇s t❤❛t X s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ t❤❡♦r❡♠✳

◆♦✇ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❚❤❡♦r❡♠ ✹✳✶✳✷✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✷✳ ❇② ❈♦r♦❧❧❛r② ✹✳✷✳✶✱ ✇❡ ❤❛✈❡

h0(X,OX(H))− h0(X,Ω
[1]
X [⊗]OX(H)) + h0(X,OX(H +KX)) = 3

❢♦r ❛♥② Q✲❛♠♣❧❡ ❲❡✐❧ ❞✐✈✐s♦r H ♦♥ X✳ ❙✐♥❝❡ M ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ✐♥
❝♦❞✐♠❡♥s✐♦♥ 1✱ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X ✐s ❛❧❣❡❜r❛✐❝❛❧❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳
❍❡♥❝❡✱ ❜② ❚❤❡♦r❡♠ ✹✳✶✳✺✱ ❡✐t❤❡r X ∼= P2 ♦r X ∼= Sn(E8)✳



❈❤❛♣✐tr❡ ✺

❋❛♥♦ ✈❛r✐❡t✐❡s ✇✐t❤ Nef = Psef

✺✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t X ❜❡ ❛ ❝♦♠♣❧❡① ❋❛♥♦ ✈❛r✐❡t②✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ✐♥❝❧✉s✐♦♥

Nef(X) ⊆ Psef(X).

■❢ Nef(X) = Psef(X) ❛♥❞ X ❤❛s ❧♦❣ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ t❤❡♥ ρ(X)✱
t❤❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ X✱ ✐s ❛t ♠♦st ❡q✉❛❧ t♦ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ X ✭s❡❡ ❬❉r✉✶✹✱
▲❡♠✳ ✹✳✾❪✮✳ ■❢ ✇❡ ❛ss✉♠❡ ❢✉rt❤❡r t❤❛t ρ(X) = dimX ❛♥❞ t❤❛t X ❤❛s ❧♦❝❛❧❧②
❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ t❤❡♥ X ✐s ❛ ♣r♦❞✉❝t ♦❢ ❞♦✉❜❧❡ ❝♦✈❡rs ♦❢
P1×· · ·×P1✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❉r✉❡❧ ♣r♦✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✭s❡❡ ❬❉r✉✶✹✱
❚❤♠✳ ✶✳✶❪ ❛♥❞ ❬❉r✉✶✹✱ Pr♦♣✳ ✶✵✳✹❪✮✳

❚❤❡♦r❡♠ ✺✳✶✳✶✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t ρ(X) = dimX ❛♥❞ Nef(X) = Psef(X)✳ ❚❤❡♥ X ∼=
X1 × · · · × Xk s✉❝❤ t❤❛t ❢♦r ❛❧❧ i = 1, ..., k✱ ❡✐t❤❡r Xi

∼= P1✱ ♦r dimXi > 3
❛♥❞ Xi ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ P1 × · · · × P1✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r ♦❢
❞❡❣r❡❡ (2, ..., 2)✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❝♦♥s✐❞❡r ❋❛♥♦ ✈❛r✐❡t✐❡s X ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦✲
♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(X) = dimX−1
❛♥❞ Nef(X) = Psef(X)✳ ■❢ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ X ✐s 2✱ t❤❡♥ X ✐s ✐s♦♠♦r♣❤✐❝ t♦
P2✳ ■♥ ❞✐♠❡♥s✐♦♥ 3✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✺✳✶✳✷✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤ ✐s♦❧❛t❡❞ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧
❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t ρ(X) = 2 ❛♥❞ Nef(X) = Psef(X)✳ ❚❤❡♥
♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳

✶✳ X ∼= P1 × P2✳

✷✳ X ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ P1×P2✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡
(2, 2)✳

✸✳ X ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ P1×P2✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡
(2, 4)✳

✼✽
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✹✳ X ✐s ❛ ❤②♣❡rs✉r❢❛❝❡ ✐♥ P2 × P2 ♦❢ ❞❡❣r❡❡ (1, 1)✳

✺✳ X ✐s ❛ ❤②♣❡rs✉r❢❛❝❡ ✐♥ P2 × P2 ♦❢ ❞❡❣r❡❡ (1, 2)✳

✻✳ X ✐s ❛ ❤②♣❡rs✉r❢❛❝❡ ✐♥ P2 × P2 ♦❢ ❞❡❣r❡❡ (2, 2)✳

✼✳ X ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ ❛ s♠♦♦t❤ ❤②♣❡rs✉r❢❛❝❡ Y ✐♥ P2 × P2 ♦❢ ❞❡❣r❡❡
(1, 1)✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r D✱ ✇❤✐❝❤ ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢
Y ❛♥❞ ❛ ❤②♣❡rs✉r❢❛❝❡ ♦❢ ❞❡❣r❡❡ (2, 2) ✐♥ P2 × P2✳

◆♦t❡ t❤❛t ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t X ✐s s♠♦♦t❤✱ t❤❡♥ ❚❤❡♦r❡♠ ✺✳✶✳✷ ❢♦❧❧♦✇s
❢r♦♠ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s♠♦♦t❤ ❋❛♥♦ t❤r❡❡❢♦❧❞ ❞✉❡ t♦ ▼♦r✐ ❛♥❞ ▼✉❦❛✐
✭❬▼▼✽✷❪✮✳

■♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✱ ✇❡ ✇✐❧❧ ✜rst ✐♥tr♦❞✉❝❡ s♦♠❡ ❡①❛♠♣❧❡s✳ ■♥ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❡①❛♠♣❧❡s✱ ✇❡ ♣r♦✈✐❞❡ ♠❡t❤♦❞s ♦❢ ❝♦♥str✉❝t✐♦♥s ♦❢ ❋❛♥♦ ✈❛r✐❡t✐❡s X
✇✐t❤ ρ(X) = dimX − 1 ❛♥❞ Nef(X) = Psef(X) ✭s❡❡ ❈♦♥str✉❝t✐♦♥ ✺✳✷✳✼ ❢♦r
♠♦r❡ ❞❡t❛✐❧s✮✳

❊①❛♠♣❧❡ ✺✳✶✳✸✳ ❲❡ ✇✐❧❧ ❣✐✈❡ t✇♦ ❡①❛♠♣❧❡s ♦❢ ❋❛♥♦ ✈❛r✐❡t✐❡s X ♦❢ ❞✐♠❡♥s✐♦♥
n > 4 ✇❤✐❝❤ ❛r❡ ✜♥✐t❡ ❝♦✈❡rs ♦❢ t❤❡ ♣r♦❞✉❝t M = (P1)n−2 × P2✱ ♦❢ ❞❡❣r❡❡ 2
♦r 4✳

✶✳ ▲❡t X ❜❡ ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦✈❡rM ✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ♣r✐♠❡ ❞✐✈✐s♦r
♦❢ ❞❡❣r❡❡ (2, ..., 2, k)✱ ✇❤❡r❡ k ∈ {2, 4}✳

✷✳ ❲❡ ✇r✐t❡M = (P1)s×P2×(P1)r s✉❝❤ t❤❛t r, s > 0 ❛♥❞ r+s = n−2✳ ▲❡t
N1 ❜❡ ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ (P1)s×P2✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ♣r✐♠❡ ❞✐✈✐s♦r
♦❢ ❞❡❣r❡❡ (2, ..., 2, 2)✳ ▲❡tM1 = N1× (P1)r ❛♥❞ ❧❡t g :M1 → P2× (P1)r

❜❡ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥✳ ▲❡t X ❜❡ ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ M ✱ ❜r❛♥❝❤❡❞
❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r D ✇❤✐❝❤ ✐s t❤❡ ♣✉❧❧❜❛❝❦ ❜② g ♦❢ s♦♠❡ ❞✐✈✐s♦r ♦❢
❞❡❣r❡❡ (2, 2, ..., 2) ✐♥ P2 × (P1)r✳ ❊q✉✐✈❛❧❡♥t❧②✱ X ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡
❢♦❧❧♦✇✐♥❣ ✜❜❡r ♣r♦❞✉❝t

X ∼=M1 ×M M2

��

//M2

p2
��

M1 p1
//M

✇❤❡r❡ p1 ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡
(2, ..., 2, 2, 0, ..., 0) ❛♥❞ p2 ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡
❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (0, ..., 0, 2, 2, ..., 2)✳

❊①❛♠♣❧❡ ✺✳✶✳✹✳ ▲❡t B1
∼= B2

∼= P2✳ ❲❡ ✇✐❧❧ ❣✐✈❡ t❤r❡❡ ❡①❛♠♣❧❡s ♦❢ ❋❛♥♦ ✈❛r✐❡✲
t✐❡s X ♦❢ ❞✐♠❡♥s✐♦♥ n > 4 ✇❤✐❝❤ ❛r❡ ✜♥✐t❡ ❝♦✈❡rs ♦❢ t❤❡ ♣r♦❞✉❝t (P1)n−3×W ✱
♦❢ ❞❡❣r❡❡ 2 ♦r 4✱ ✇❤❡r❡ W ✐s s♦♠❡ ♥♦r♠❛❧ ❛♠♣❧❡ ❤②♣❡rs✉r❢❛❝❡ ✐♥ B1 × B2✱
✇❤✐❝❤ ✐s ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞✳

✶✳ ▲❡t W ❜❡ ❛ s♠♦♦t❤ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (1, 1) ✐♥ B1 × B2✳ ▲❡t X ❜❡
❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ (P1)n−3 × W ✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r D✱
✇❤✐❝❤ ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ (P1)n−3 ×W ❛♥❞ s♦♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡
(2, ..., 2, 2, 2) ✐♥ (P1)n−3 ×B1 ×B2✳
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✷✳ ▲❡t N1 ❜❡ ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ (P1)n−3 × B1✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡
❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (2, .., 2, 2)✳ ▲❡t M = N1×B2 ❛♥❞ ❧❡t p ❜❡ t❤❡ ♥❛t✉r❛❧
♣r♦❥❡❝t✐♦♥ ❢r♦♠ M t♦ B1 × B2✳ ▲❡t W ❜❡ ❛ ♥♦r♠❛❧ ❤②♣❡rs✉r❢❛❝❡ ♦❢
❞❡❣r❡❡ (1, k) ✐♥ B1×B2✱ ✇❤❡r❡ k ∈ {1, 2}✳ ▲❡t X = p∗W ✳ ❊q✉✐✈❛❧❡♥t❧②✱
X ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❜❡r ♣r♦❞✉❝t

X ∼= ((P1)n−3 ×W )×S M

��

//M

p2
��

(P1)n−3 ×W p1
// S = (P1)n−3 ×B1 ×B2

✇❤❡r❡ p1 ✐s t❤❡ ♥❛t✉r❛❧ ✐♥❥❡❝t✐♦♥ ❛♥❞ p2 ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ❜r❛♥❝❤❡❞
❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (2, ..., 2, 2, 0)✳

✸✳ ❆ss✉♠❡ t❤❛t n > 5✳ ▲❡t S1 = (P1)r × B1 ❛♥❞ ❧❡t S2 = B2 × (P1)s✱
✇❤❡r❡ r, s > 0 ❛♥❞ r + s = n − 3✳ ▲❡t N1 ❜❡ ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ S1✱
❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (2, ..., 2, 2) ❛♥❞ ❧❡t N2 ❜❡ ❛
❞♦✉❜❧❡ ❝♦✈❡r ♦❢ S2✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (2, 2, ..., 2)✳
▲❡t N = N1 ×N2✳ ▲❡t p ❜❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ❢r♦♠ N t♦ B1 ×B2✳ ▲❡t W
❜❡ ❛ ♥♦r♠❛❧ ❤②♣❡rs✉r❢❛❝❡ ♦❢ ❞❡❣r❡❡ (1, 1) ✐♥ B1 × B2✳ ▲❡t X = p∗W ✳
❊q✉✐✈❛❧❡♥t❧②✱ X ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❜❡r ♣r♦❞✉❝t

X ∼= ((P1)n−3 ×W )×S N

��

// N

��

(P1)n−3 ×W p1
// S = (P1)n−3 ×B1 ×B2

✇❤❡r❡ p1 ✐s t❤❡ ♥❛t✉r❛❧ ✐♥❥❡❝t✐♦♥✳

❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✺✳✶✳✺✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ ✈❛r✐❡t② ♦❢ ❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 3✱ ✇✐t❤
❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥
2✱ ρ(X) = dimX − 1 ❛♥❞ Nef(X) = Psef(X)✳ ❚❤❡♥ X ∼= X1 ×X2 s✉❝❤ t❤❛t

✲ X1 ✐s ❡✐t❤❡r ❛ ♣♦✐♥t ♦r ♦♥❡ ♦❢ t❤❡ ✈❛r✐❡t✐❡s ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✶ ❀

✲ X2 ✐s ❡✐t❤❡r ♦♥❡ ♦❢ t❤❡ ✈❛r✐❡t✐❡s ✐♥ t❤❡ ❧✐st ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✷✱ ♦r ❛ ✈❛r✐❡t②
❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞s ♦❢ ❊①❛♠♣❧❡ ✺✳✶✳✸ ❛♥❞ ❊①❛♠♣❧❡ ✺✳✶✳✹✳

◆♦t❡ t❤❛t t❤✐s t❤❡♦r❡♠ ✐s ❢❛❧s❡ ✇✐t❤♦✉t ❛ss✉♠✐♥❣ t❤❡ ✈❛r✐❡t② ✐s s♠♦♦t❤ ✐♥
❝♦❞✐♠❡♥s✐♦♥ 2✳ ■♥ ❢❛❝t✱ ❡✈❡♥ ✐♥ ❞✐♠❡♥s✐♦♥ 2✱ t❤❡r❡ ❛r❡ s✉r❢❛❝❡s X ♦t❤❡r t❤❛♥
P2 ✇❤✐❝❤ ❤❛✈❡ P✐❝❛r❞ ♥✉♠❜❡r 1 ❛♥❞ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳
❚❤❡② ❛r❡ s✉r❢❛❝❡s Sn(E8) ❛♥❞ Sc(E8) ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸ ✭s❡❡ ❬▼❩✽✽✱
▲❡♠✳ ✻❪✮✳

❖✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠s✳ ▲❡t X ❜❡ ❛ ✈❛r✐❡t② s❛t✐s❢②✐♥❣ t❤❡
❝♦♥❞✐t✐♦♥ ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✺✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ dimX = 3✳ ■♥
t❤✐s ❝❛s❡✱ t❤❡ ▼♦r✐ ❝♦♥❡ ◆❊(X) ❤❛s ❡①❛❝t❧② t✇♦ ❡①tr❡♠❛❧ r❛②s R1, R2✳ ▲❡t
fi : X → Bi ❜❡ t❤❡ ❡①tr❡♠❛❧ ❝♦♥tr❛❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ Ri ❢♦r i = 1, 2✳ ❲❡
❝❛♥ ♣r♦✈❡ t❤❛t Bi ✐s ❡✐t❤❡r P1 ♦r P2 ❛♥❞ t❤❡ ♣r♦❞✉❝t f1× f2 ✐s ✜♥✐t❡ ♦♥t♦ ✐ts
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✐♠❛❣❡✳ ❍❡♥❝❡ X ✐s ❛ ✜♥✐t❡ ❝♦✈❡r ♦❢ P1×P2 ♦r ❛ ✜♥✐t❡ ❝♦✈❡r ♦❢ ❛ ❤②♣❡rs✉r❢❛❝❡
♦❢ P2 × P2✳ ❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ t✇♦ r❡s✉❧ts ♦♥ ✜♥✐t❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❋❛♥♦
t❤r❡❡❢♦❧❞s✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✷✳

❆❢t❡r t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ n = dimX > 4✳ ❚❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✺✳✶✳✺ ✐s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ X✳ ❲❡ ✇✐❧❧ ✜rst ♣r♦✈❡
t❤❛t t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ g : X → P1 s✐♥❝❡ n > 4✳ ❲❡ ❝❛♥ r❡❞✉❝❡ t♦ t❤❡ ❝❛s❡
✇❤❡♥ n = 4✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✐s ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✺✳✺✳

❚❤❡r❡ ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥ h : X → Y s✉❝❤ t❤❛t h × g : X → Y × P1 ✐s
❛ ✜♥✐t❡ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠✳ ❲❡ ❝❛♥ ♣r♦✈❡ ❢✉rt❤❡r t❤❛t Y ❛❧s♦ s❛t✐s✜❡s t❤❡
❝♦♥❞✐t✐♦♥ ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✺✳ ❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t ❚❤❡♦r❡♠ ✺✳✶✳✺
✐s tr✉❡ ✐♥ ❞✐♠❡♥s✐♦♥ s♠❛❧❧❡r t❤❛♥ n✳ ■♥ ♣❛rt✐❝✉❧❛r✱ h × g ✐♥❞✉❝❡s ❛ ✜♥✐t❡
s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ f : X → Z s✉❝❤ t❤❛t Z ✐s ❡✐t❤❡r P1 × · · · × P1 × P2 ♦r
P1 × · · · × P1 ×W ✱ ✇❤❡r❡ W ✐s ❛ ♥♦r♠❛❧ ❛♠♣❧❡ ❤②♣❡rs✉r❢❛❝❡ ✐♥ P2 × P2✳ ■♥
t❤❡ ❡♥❞✱ ✇❡ ✇✐❧❧ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✺ ❜② st✉❞②✐♥❣ s♦♠❡ ✜♥✐t❡
♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❋❛♥♦ ✈❛r✐❡t✐❡s✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ✇♦r❦ ♦✈❡r C✳ ■❢ X ✐s ❛ ✈❛r✐❡t②✱ t❤❡♥ ✇❡ ❞❡♥♦t❡
❜② (X)k t❤❡ ♣r♦❞✉❝t ♦❢ k ❝♦♣✐❡s ♦❢ X✳ ❈♦♥s✐❞❡r ❛ ❋❛♥♦ ✜❜r❛t✐♦♥ f : X → Y
❜❡t✇❡❡♥ ♣r♦❥❡❝t✐✈❡ ♥♦r♠❛❧ ✈❛r✐❡t✐❡s s✉❝❤ t❤❛t X ❤❛s Q✲❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛✲
r✐t✐❡s✳ ❚❤❡ r❡❧❛t✐✈❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ f ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❝❧♦s❡❞ ❝♦♥✈❡①
❝♦♥❡ ✐♥ ◆1(X) ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝✉r✈❡s ❝♦♥tr❛❝t❡❞ ❜② f ✳ ❚❤✐s ♥✉♠❜❡r ✐s ❡q✉❛❧
t♦ ρ(X) − ρ(Y ) s✐♥❝❡ f ✐s ❛ ❋❛♥♦ ✜❜r❛t✐♦♥ ✭s❡❡ ❬❑▼▼✽✼✱ ▲❡♠✳ ✸✲✷✲✺❪✮✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ✐s ❛ ❋❛♥♦ ✜❜r❛t✐♦♥ ✇❤♦s❡ r❡❧❛t✐✈❡ P✐❝❛r❞ ♥✉♠❜❡r
✐s ❡q✉❛❧ t♦ ♦♥❡✳

✺✳✷ ❉♦✉❜❧❡ ❝♦✈❡rs ❜❡t✇❡❡♥ ♥♦r♠❛❧ ✈❛r✐❡t✐❡s

❲❡ r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ ❝②❝❧✐❝ ❝♦✈❡rs✳ ▲❡t Y ❜❡ ❛ ♥♦r♠❛❧ ✈❛r✐❡t② ❛♥❞ L
❛ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ Y ✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k ❛♥❞ ❛ s❡❝t✐♦♥
s ∈ H0(Y,L ⊗k)✳ ▲❡t D ❜❡ t❤❡ ③❡r♦ ❧♦❝✉s ♦❢ s✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❝②❝❧✐❝ ❝♦✈❡r
g : Z → Y ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐s♦♠♦r♣❤✐s♠ L ⊗k ∼= OY (D) ✐♥❞✉❝❡❞ ❜② s✳
❚❤❡ ♠♦r♣❤✐s♠ g ✐s ❜r❛♥❝❤❡❞ ❡①❛❝t❧② ❛❧♦♥❣ D ❛♥❞ g∗D = k · Supp (g∗D)
✭s❡❡ ❬❑▼✾✽✱ ❉❡❢✳ ✷✳✺✵❪✮✳ ◆♦t❡ t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱ Z ♠❛② ♥♦t ❜❡ ♥♦r♠❛❧✳
❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✺✳✷✳✶✳ ▲❡t Y ❜❡ ❛ ♥♦r♠❛❧ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✈❛r✐❡t② ❛♥❞ ❧❡t D ❜❡
❛ r❡❞✉❝❡❞ ❞✐✈✐s♦r✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ❧✐♥❡ ❜✉♥❞❧❡ L ♦♥ Y s✉❝❤ t❤❛t
L ⊗k ∼= OY (D) ❢♦r s♦♠❡ k > 0✳ ■❢ f : Z → Y ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝②❝❧✐❝
❝♦✈❡r✱ t❤❡♥ Z ✐s ♥♦r♠❛❧ ❛♥❞ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✳

Pr♦♦❢✳ ❲❡♠❛② ❛ss✉♠❡ t❤❛t Y = SpecA ✐s ❛✣♥❡✳ ❚❤❡♥ Z ∼= SpecA[T ]/(T k−
s)✱ ✇❤❡r❡ T ✐s ❛♥ ✐♥❞❡t❡r♠✐♥❛t❡ ❛♥❞ s = 0 ✐s t❤❡ ❡q✉❛t✐♦♥ ❞❡✜♥✐♥❣ D✳
❙✐♥❝❡ Y ✐s ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❛♥❞ Z ✐s ❛ ❈❛rt✐❡r ❞✐✈✐s♦r ✐♥ Y × A1✱ t❤❡ ✈❛✲
r✐❡t② Z ✐s ❛❧s♦ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✳ ❍❡♥❝❡✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t Z ✐s
s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t Y0 ♦❢ Y s✉❝❤
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t❤❛t codimY \Y0 > 2 ❛♥❞ ❜♦t❤ Y0 ❛♥❞ D|Y0
❛r❡ s♠♦♦t❤✳ ❚❤✉s Z0 = g−1(Y0)

✐s s♠♦♦t❤ ❛♥❞ codimZ\Z0 > 2✳ ❚❤✐s s❤♦✇s t❤❛t Z ✐s ♥♦r♠❛❧✳

▲❡♠♠❛ ✺✳✷✳✷✳ ▲❡t f : X → Y ❜❡ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥ ❜❡t✇❡❡♥
♥♦r♠❛❧ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✈❛r✐❡t✐❡s✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t U
♦❢ Y ✇❤♦s❡ ❝♦♠♣❧❡♠❡♥t ❤❛s ❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 2 s✉❝❤ t❤❛t f ❤❛s r❡❞✉❝❡❞
✜❜❡rs ♦✈❡r U ✳ ▲❡t g : Y ′ → Y ❜❡ ❛ ❝②❝❧✐❝ ❝♦✈❡r ✇✐t❤ Y ′ ♥♦r♠❛❧✳ ▲❡t X ′ ❜❡
t❤❡ ✜❜❡r ♣r♦❞✉❝t X ×Y Y

′✳ ❚❤❡♥ X ′ ✐s ❛ ♥♦r♠❛❧ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✈❛r✐❡t②✳

X ′ //

��

X

f
��

Y ′
g

// Y

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t g ✐s t❤❡ ❝②❝❧✐❝ ❝♦✈❡r ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ ✐s♦♠♦r♣❤✐s♠
L ⊗k ∼= OY (D)✱ ✇❤❡r❡ D ✐s ❛ ❈❛rt✐❡r ❞✐✈✐s♦r ❛♥❞ L ✐s ❛ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥
Y ✳ ❙✐♥❝❡ Y ′ ✐s ♥♦r♠❛❧✱ D ✐s r❡❞✉❝❡❞✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ X ′ → X
✐s t❤❡ ❝②❝❧✐❝ ❝♦✈❡r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐s♦♠♦r♣❤✐s♠ (f∗L )⊗k ∼= OX(f∗D)✳
❙✐♥❝❡ f ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ ❤❛s r❡❞✉❝❡❞ ✜❜❡rs ♦✈❡r U ✱ f∗D ✐s ❛ r❡❞✉❝❡❞
❞✐✈✐s♦r ✐♥ X✳ ❙✐♥❝❡ X ✐s ❈♦❤❡♥✲▼❛❝❛✉❧❛②✱ ❜② ▲❡♠♠❛ ✺✳✷✳✶✱ X ′ ✐s ♥♦r♠❛❧
❈♦❤❡♥✲▼❛❝❛✉❧❛②✳

❲❡ ✇✐❧❧ ♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦♥ ❞♦✉❜❧❡ ❝♦✈❡rs✳

▲❡♠♠❛ ✺✳✷✳✸✳ ▲❡t f : X → Y ❜❡ ❛ ❞♦✉❜❧❡ ❝♦✈❡r ❜❡t✇❡❡♥ ♥♦r♠❛❧ ✈❛r✐❡t✐❡s
✇✐t❤ Y ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧✳ ▲❡t D ❜❡ t❤❡ ❝♦❞✐♠❡♥s✐♦♥ 1 ♣❛rt ♦❢ t❤❡ ❞✐s❝r✐♠✐♥❛♥t
♦❢ f ✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❧✐♥❡ ❜✉♥❞❧❡ L ♦♥ Y s✉❝❤ t❤❛t L ⊗2 ∼= OY (D)✳ ■❢
g : Z → Y ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝②❝❧✐❝ ❝♦✈❡r✱ t❤❡♥ X ✐s t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢
Z✳ ▼♦r❡♦✈❡r✱ ✐❢ Y ✐s ❈♦❤❡♥✲▼❛❝❛✉❧❛②✱ t❤❡♥ X ✐s s♠♦♦t❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦t❤
D ❛♥❞ Y ❛r❡ s♠♦♦t❤✳

Pr♦♦❢✳ ▲❡t Y0 ❜❡ t❤❡ ❧❛r❣❡st ♦♣❡♥ s✉❜s❡t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢
Y s✉❝❤ t❤❛t X0 = f−1(Y0) ❛♥❞ D|Y0

❛r❡ s♠♦♦t❤✳ ❚❤❡♥ codimY \Y0 > 2 ❛♥❞
t❤❡r❡ ✐s ❛ ❧✐♥❡ ❜✉♥❞❧❡ L0 ♦♥ Y0 s✉❝❤ t❤❛t f |X0

✐s t❤❡ ❝②❝❧✐❝ ❝♦✈❡r ✇✐t❤ r❡s♣❡❝t
t♦ L ⊗2

0
∼= (OY (D))|Y0

✭❙❡❡ ❬❈❉✽✾✱ ➓✵✳✶❪✮✳ ❙✐♥❝❡ Y ✐s ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧✱ t❤❡r❡
✐s ❛ ❧✐♥❡ ❜✉♥❞❧❡ L ♦♥ Y s✉❝❤ t❤❛t L |Y0

∼= L0✳ ❚❤❡♥ L ⊗2 ∼= OY (D)✳ ▲❡t
g : Z → Y ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝②❝❧✐❝ ❝♦✈❡r✳ ❚❤❡♥ X ❛♥❞ Z ❛r❡ ✐s♦♠♦r♣❤✐❝
♦✈❡r Y0✳ ❙✐♥❝❡ X ✐s ♥♦r♠❛❧✱ ❛♥❞ ❜♦t❤ X ❛♥❞ Z ❛r❡ ✜♥✐t❡ ♦✈❡r Y ✱ ✇❡ ♦❜t❛✐♥
t❤❛t X ✐s t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ Z✳

■❢ Y ✐s ❈♦❤❡♥✲▼❛❝❛✉❧❛②✱ t❤❡♥ X ∼= Z ❜② ▲❡♠♠❛ ✺✳✷✳✶✳ ❚❤✉s X ✐s s♠♦♦t❤
✐❢ ❛♥❞ ♦♥❧② ✐❢ D ❛♥❞ Y ❛r❡ s♠♦♦t❤ ✭s❡❡ ❬❑▼✾✽✱ ▲❡♠✳ ✷✳✺✶❪✮✳

▲❡♠♠❛ ✺✳✷✳✹✳ ▲❡t f : X → Y ❜❡ ❛ ❞♦✉❜❧❡ ❝♦✈❡r ❜❡t✇❡❡♥ ♥♦r♠❛❧ ✈❛r✐❡t✐❡s✳
❆ss✉♠❡ t❤❛t Y ✐s Q✲❢❛❝t♦r✐❛❧✳ ▲❡t D ⊆ Y ❜❡ t❤❡ ❝♦❞✐♠❡♥s✐♦♥ 1 ♣❛rt ♦❢ t❤❡
❞✐s❝r✐♠✐♥❛♥t ♦❢ f ✳ ❚❤❡♥ X ✐s ❋❛♥♦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ −KY − 1

2D ✐s Q✲❛♠♣❧❡✳
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Pr♦♦❢✳ ❙✐♥❝❡ Y ✐s Q✲❢❛❝t♦r✐❛❧✱ −KX ✐s Q✲❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ −f∗(KY +
1
2D)✳ ❙✐♥❝❡ f ✐s ✜♥✐t❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t −KX ✐s Q✲❛♠♣❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ −KY −
1
2D ✐s Q✲❛♠♣❧❡✳

▲❡♠♠❛ ✺✳✷✳✺✳ ▲❡t f : X → Y ❜❡ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❋❛♥♦ ✜❜r❛t✐♦♥ ♦❢
r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ 1 ❜❡t✇❡❡♥ ♥♦r♠❛❧ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t✐❡s ✇✐t❤ Q✲❢❛❝t♦r✐❛❧ ❦❧t
s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤❡♥ t❤❡ r❡❧❛t✐✈❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ f ✐s 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ f∗D ✐s
✐rr❡❞✉❝✐❜❧❡ ❢♦r ❡✈❡r② ♣r✐♠❡ ❞✐✈✐s♦r D ✐♥ Y ✳

Pr♦♦❢✳ ■❢ t❤❡ r❡❧❛t✐✈❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ f ✐s 1✱ t❤❡♥ f∗D ✐s ✐rr❡❞✉❝✐❜❧❡ ❢♦r
❡✈❡r② ♣r✐♠❡ ❞✐✈✐s♦r D ✐♥ Y ✳

❆ss✉♠❡ t❤❛t t❤❡ r❡❧❛t✐✈❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ f ✐s ❛t ❧❡❛st 2✳ ❙✐♥❝❡ f ✐s ❛
❋❛♥♦ ✜❜r❛t✐♦♥ ❛♥❞ X ❤❛s Q✲❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛r✐t✐❡s✱ ✇❡ ❝❛♥ r✉♥ ❛ ▼▼P
❢♦r X ♦✈❡r Y ❜② ❬❇❈❍▼✶✵✱ ❈♦r✳ ✶✳✸✳✸❪✳ ❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢
❜✐r❛t✐♦♥❛❧ ♠❛♣s ♦✈❡r Y

X0
//

��

X1

}}

// · · · // Xk

ttY
s✉❝❤ t❤❛t X = X0 ❛♥❞ t❤❛t Xk ✐s ❛ ▼♦r✐ ✜❜❡r s♣❛❝❡✳ ▲❡t Xk → B ❜❡ t❤❡
▼♦r✐ ✜❜r❛t✐♦♥✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠B → Y ✳ ❙✐♥❝❡ f ❤❛s r❡❧❛t✐✈❡
❞✐♠❡♥s✐♦♥ 1✱ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ B → Y ✐s ❜✐r❛t✐♦♥❛❧✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱
s✐♥❝❡ f ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✱ ❢♦r ❛♥② ♣r✐♠❡ ❞✐✈✐s♦r ✐♥ X✱ ✐ts ✐♠❛❣❡ ❜② f ❤❛s
❝♦❞✐♠❡♥s✐♦♥ ❛t ♠♦st 1 ✐♥ Y ✳ ❍❡♥❝❡✱ t❤❡ ♠♦r♣❤✐s♠ B → Y ❞♦❡s ♥♦t ❝♦♥tr❛❝t
❛♥② ❞✐✈✐s♦r✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ Y ✐s Q✲❢❛❝t♦r✐❛❧✱ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❧♦❝✉s
♦❢ B → Y ✐s ❡✐t❤❡r ❡♠♣t② ♦r ♣✉r❡ ♦❢ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ❍❡♥❝❡ B → Y ✐s ❛♥
✐s♦♠♦r♣❤✐s♠✳

❙✐♥❝❡ t❤❡ r❡❧❛t✐✈❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ X ✐s ❧❛r❣❡r t❤❛♥ 1✱ t❤❡r❡ ✐s s♦♠❡ Xi

✐♥ t❤❡ ♣r❡✈✐♦✉s s❡q✉❡♥❝❡ s✉❝❤ t❤❛t Xi → Xi+1 ✐s ❛ ❞✐✈✐s♦r✐❛❧ ❝♦♥tr❛❝t✐♦♥✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ fi : Xi → Y ✐s t❤❡ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥✱ t❤❡♥ t❤❡r❡ ✐s ❛ ♣r✐♠❡
❞✐✈✐s♦r D ✐♥ Y s✉❝❤ t❤❛t f∗i D ✐s r❡❞✉❝✐❜❧❡✳ ❍❡♥❝❡ f∗D ✐s ❛❧s♦ r❡❞✉❝✐❜❧❡✳

▲❡♠♠❛ ✺✳✷✳✻✳ ▲❡t g : Y → Z ❜❡ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥ ❜❡t✇❡❡♥
s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t✐❡s✳ ▲❡t r : V → Z ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ✇✐t❤ V s♠♦♦t❤✳
▲❡t X ❜❡ t❤❡ ✜❜❡r ♣r♦❞✉❝t Y ×Z V ✳ ▲❡t f : X → Y ❛♥❞ π : X → V ❜❡ t❤❡
♥❛t✉r❛❧ ✜❜r❛t✐♦♥s✳

X

f
��

π
// V

r
��

Y g
// Z

❆ss✉♠❡ t❤❛t X ✐s ❛ s♠♦♦t❤ ❋❛♥♦ ✈❛r✐❡t② ❛♥❞ t❤❛t t❤❡ ❞✐s❝r✐♠✐♥❛♥ts ♦❢ g ❛♥❞
r ❞♦ ♥♦t ❤❛✈❡ ❝♦♠♠♦♥ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡♥ t❤❡ r❡❧❛t✐✈❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ f ✐s
1✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❡ ♦♣♣♦s✐t❡✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✺✳✷✳✺✱ t❤❡r❡ ✐s ❛ ♣r✐♠❡ ❞✐✈✐s♦r
D ✐♥ Y s✉❝❤ t❤❛t f∗D ✐s r❡❞✉❝✐❜❧❡✳ ▲❡t R = f−1(D) ❛♥❞ ❧❡t R1, R2 ❜❡ t✇♦
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❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts ♦❢ R✳ ▲❡t α ❜❡ ❛ ❣❡♥❡r❛❧ ♣♦✐♥t ✐♥ D✳ ▲❡t E = g(D)
❛♥❞ ❧❡t β = g(α) ∈ E✳ ❚❤❡♥ E ✐s ✐rr❡❞✉❝✐❜❧❡✳ ❙✐♥❝❡ g ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✱ t❤❡
❝♦❞✐♠❡♥s✐♦♥ ♦❢ E ✐s ❛t ♠♦st 1✳ ❙✐♥❝❡ X = Y ×Z V ✱ t❤❡ ✜❜❡r C ′ ♦❢ r ♦✈❡r β ✐s
✐s♦♠♦r♣❤✐❝ ✜❜❡r C ♦❢ f ♦✈❡r α✳ ❚❤✉s C ′ ✐s r❡❞✉❝✐❜❧❡ ❢♦r C ✐s r❡❞✉❝✐❜❧❡✳ ❙✐♥❝❡
β ✐s ❛ ❣❡♥❡r❛❧ ♣♦✐♥t ✐♥ E✱ ✇❡ ♦❜t❛✐♥ t❤❛t E ✐s ❛ ❞✐✈✐s♦r ❛♥❞ ✐s ❝♦♥t❛✐♥❡❞ ✐♥
t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ r✳

▲❡t R′ = r−1(E)✳ ❚❤❡♥✱ ❜② ▲❡♠♠❛ ✺✳✷✳✺✱ ✐t ✐s ✐rr❡❞✉❝✐❜❧❡ s✐♥❝❡ r ✐s ❛
▼♦r✐ ✜❜r❛t✐♦♥✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

R

f |R
��

π|R
// R′

r|R′

��

D
g|D

// E

❙✐♥❝❡ X = Y ×Z V ✱ t❤❡ ✜❜r❛t✐♦♥ π ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✳ ❙✐♥❝❡ R′ ✐s ✐rr❡✲
❞✉❝✐❜❧❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥s π|R1

: R1 → R′ ❛♥❞ π|R2
: R2 → R′

❛r❡ s✉r❥❡❝t✐✈❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ π|R ❛r❡ r❡❞✉❝✐❜❧❡✳
▲❡t a ❜❡ ❛ ❣❡♥❡r❛❧ ♣♦✐♥t ♦❢ R′ ❛♥❞ ❧❡t b = r(a) ∈ E✳ ❙✐♥❝❡ X = Y ×Z V ✱

t❤❡ ✜❜❡r ♦❢ π|R ♦✈❡r a ✐s t❤❡ s❛♠❡ ❛s t❤❡ ✜❜❡r ♦❢ g|D ♦✈❡r b✳ ❙✐♥❝❡ t❤❡
❞✐s❝r✐♠✐♥❛♥ts ♦❢ g ❛♥❞ r ❞♦ ♥♦t ❤❛✈❡ ❝♦♠♠♦♥ ❝♦♠♣♦♥❡♥ts ❛♥❞ b ✐s ❛ ❣❡♥❡r❛❧
♣♦✐♥t ♦♥ E✱ t❤❡ ✜❜❡r ♦❢ g|D ♦✈❡r b ✐s ✐rr❡❞✉❝✐❜❧❡✳ ❍❡♥❝❡ t❤❡ ✜❜❡r ♦❢ π|R ♦✈❡r
a ✐s ✐rr❡❞✉❝✐❜❧❡✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❛♥❦s t♦ t❤✐s ❧❡♠♠❛✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ✇❡ ❝❛♥ ❝♦♥str✉❝t s♠♦♦t❤ ❋❛♥♦
✈❛r✐❡t✐❡s X s✉❝❤ t❤❛t ρ(X) = n−1 ❛♥❞ Nef(X) = Psef(X) ✇✐t❤ t❤❡ ♠❡t❤♦❞s
✐♥ ❊①❛♠♣❧❡ ✺✳✶✳✸ ❛♥❞ ❊①❛♠♣❧❡ ✺✳✶✳✹✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ♦♥❧② ❧♦♦❦ ❛t t❤❡ ❝❛s❡
♦❢ ❊①❛♠♣❧❡ ✺✳✶✳✹✳✷✳ ❚❤❡ ♦t❤❡r ❝❛s❡s ❛r❡ s✐♠✐❧❛r✳

❈♦♥str✉❝t✐♦♥ ✺✳✷✳✼✳ ❲❡ ✇✐❧❧ ❝♦♥str✉❝t ❛ s♠♦♦t❤ ❋❛♥♦ ✈❛r✐❡t② X✱ ♦❢ ❞✐✲
♠❡♥s✐♦♥ n✱ ✇✐t❤ t❤❡ ♠❡t❤♦❞s ♦❢ ❊①❛♠♣❧❡ ✺✳✶✳✹✳✷✱ s✉❝❤ t❤❛t ρ(X) = n − 1
❛♥❞ Nef(X) = Psef(X)✳

▲❡t W ❜❡ ❛ s♠♦♦t❤ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (1, k) ✐♥ B1 ×B2✱ ✇❤❡r❡ k ∈ {1, 2}✳
❚❤❡♥ t❤❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ W ✐s 2 ❜② t❤❡ ▲❡❢s❝❤❡t③ t❤❡♦r❡♠ ✭s❡❡ ❬▲❛③✵✹✱
❊①❛♠♣❧❡ ✸✳✶✳✷✺❪✮✳ ❲❡ ✇r✐t❡

(P1)n−3 ×W = P1 × T and (P1)n−3 ×B1 = P1 ×R.

❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥ T → R✳ ❲❡ ❝❛♥ ❝❤♦♦s❡ ❛ ❞♦✉❜❧❡
❝♦✈❡r N1 → P1 × R✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ s♦♠❡ s♠♦♦t❤ ❞✐✈✐s♦r D ♦❢ ❞❡❣r❡❡
(2, ..., 2, 2)✱ s✉❝❤ t❤❛t t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ N1 → R ❛♥❞ t❤❡ ❞✐s❝r✐♠✐♥❛♥t
♦❢ T → R ❞♦ ♥♦t ❤❛✈❡ ❝♦♠♠♦♥ ❝♦♠♣♦♥❡♥ts✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❤♦♦s❡ D s✉❝❤
t❤❛t q∗D ✐s s♠♦♦t❤✱ ✇❤❡r❡ q : P1 × T → P1 ×R ✐s t❤❡ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥✳

▲❡t X ❜❡ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ (P1)n−3×W ❜② N1×B2 → (P1)n−3×B1×B2✳
❚❤❡♥ ✇❡ ❤❛✈❡

X ∼= ((P1)n−3 ×W )×(P1)n−3×B1
N1 = (P1 × T )×P1×R N1

∼= T ×R N1.
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◆♦✇ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ρ(X) = n−1 ❛♥❞ Nef(X) = Psef(X)✳ ❇② ❬❉r✉✶✹✱
▲❡♠✳ ✸✳✹❪✱ t❤❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ N1 ✐s t❤❡ s❛♠❡ ❛s t❤❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢
P1 × R✳ ❚❤✉s t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ N1 → R ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✳ ◆♦t❡ t❤❛t
t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ ϕ : X → P1×T ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ❜r❛♥❝❤❡❞ ❛❧♦♥❣ q∗D✳
❙✐♥❝❡ q∗D ❛♥❞ P1 × T ❛r❡ s♠♦♦t❤✱ X ✐s s♠♦♦t❤ ❜② ▲❡♠♠❛ ✺✳✷✳✸✳ ▼♦r❡♦✈❡r✱
X ✐s ❛ ❋❛♥♦ ✈❛r✐❡t② ❜② ▲❡♠♠❛ ✺✳✷✳✹✳ ❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✺✳✷✳✻✱ X → T ❤❛s
r❡❧❛t✐✈❡ P✐❝❛r❞ 1✳ ❙✐♥❝❡ T ❤❛s P✐❝❛r❞ ♥✉♠❜❡r n− 2✱ ✇❡ ❤❛✈❡ ρ(X) = n− 1✳

▲❡t E ❜❡ ❛ ♣s❡✉❞♦✲❡✛❡❝t✐✈❡ ❞✐✈✐s♦r ✐♥ X✳ ❙✐♥❝❡ ρ(X) = n−1✱ E ✐s ♥✉♠❡✲
r✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛ Q✲❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (a1, ..., an−3, b1, b2)
✐♥ (P1)n−3 ×B1 ×B2✳ ▲❡t F1 ❜❡ ❛ ✜❜❡r ♦❢ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ ❢r♦♠ X t♦
t❤❡ ♣r♦❞✉❝t (P1)n−4 ×W ✭❤❡r❡✱ (P1)n−4 ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❧❛st (n − 4)
P1✬s ♦❢ (P1)n−3 ✮✳ ❚❤❡♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r F1 ·E ✐s ❛t ❧❡❛st ③❡r♦✳ ❚❤✉s
a1 > 0✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ♦❜t❛✐♥ t❤❛t a2, ..., an−3 > 0✳ ▲❡t F ′ ❜❡ t❤❡ ✜❜❡r ♦❢ t❤❡
♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ X → (P1)n−3 × B1✳ ❚❤❡♥ F ′ · E > 0✳ ❚❤✐s s❤♦✇s t❤❛t
b2 > 0✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡ b1 > 0. ❍❡♥❝❡ E ✐s ♥❡❢✳ ❚❤✉s ✇❡ ♦❜t❛✐♥ t❤❛t
Nef(X) = Psef(X)✳

✺✳✸ ❋✐❜r❛t✐♦♥s ♦♥ ✈❛r✐❡t✐❡s ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✺

▲❡t X ❜❡ ❛ Q✲❢❛❝t♦r✐❛❧ ❦❧t ❋❛♥♦ ✈❛r✐❡t②✳ ❚❤❡♥ ❢♦r ❡✈❡r② ❢❛❝❡ V ♦❢ ◆❊(X)✱
t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ f : X → Y ✇❤✐❝❤ ❝♦♥tr❛❝ts ❡①❛❝t❧② t❤❡ ❝✉r✈❡s ✇❤♦s❡
❝❧❛ss❡s ❛r❡ ✐♥ V ✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ f : X → Y ✐s ❛ ✜❜r❛t✐♦♥✱ t❤❡♥ t❤❡ ❝✉r✈❡s
✐♥ t❤❡ ✜❜❡rs ♦❢ f ❣❡♥❡r❛t❡s ❛ ❢❛❝❡ V ♦❢ ◆❊(X) ✭❙❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❑▼▼✽✼✱
➓✸✲✷❪✮✳

▲❡♠♠❛ ✺✳✸✳✶✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ Q✲❢❛❝t♦r✐❛❧ ❦❧t ✭r❡s♣✳ ❧♦❝❛❧❧②
❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧✮ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t Nef(X) = Psef(X)✳ ▲❡t f : X →
Y ❜❡ ❛♥② ✜❜r❛t✐♦♥✳ ❚❤❡♥ Y ✐s ❛❧s♦ ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ Q✲❢❛❝t♦r✐❛❧ ❦❧t ✭r❡s♣✳
❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧✮ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t Nef(Y ) = Psef(Y )✳

Pr♦♦❢✳ ❇② ❬❉r✉✶✹✱ ▲❡♠✳ ✹✳✷❪✱ ✇❡ ❤❛✈❡ Nef(Y ) = Psef(Y )✳ ■❢ X ✐s ✇✐t❤ ❧♦❝❛❧❧②
❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ t❤❡♥ s♦ ✐s Y ❜② ❬❉r✉✶✹✱ ❈♦r✳ ✹✳✽❪✳ ■❢X ❤❛s Q✲
❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛r✐t✐❡s✱ t❤❡♥ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❬❉r✉✶✹✱ ❈♦r✳
✹✳✽❪ s❤♦✇s t❤❛t Y ❛❧s♦ ❤❛s Q✲❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛r✐t✐❡s✳ ❇② ❬❋●✶✷✱ ❚❤♠✳ ✸✳✶❪✱
−KY ✐s ❜✐❣✳ ❙✐♥❝❡ Nef(Y ) = Psef(Y )✱ t❤✐s ✐♠♣❧✐❡s t❤❛t −KY ✐s ❛♠♣❧❡✳

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s✳

▲❡♠♠❛ ✺✳✸✳✷✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥✲
❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(X) = dimX − 1 ❛♥❞
Nef(X) = Psef(X)✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ♥♦ ✜❜r❛t✐♦♥ ❢r♦♠ X t♦ P1✳ ▲❡t
f : X → Y ❜❡ ❛ ✜❜r❛t✐♦♥✳ ❚❤❡♥ Y ✐s ❛❧s♦ ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧②
❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t Y ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱
ρ(Y ) = dimY − 1 ❛♥❞ Nef(Y ) = Psef(Y )✳
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▲❡♠♠❛ ✺✳✸✳✸✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥✲
❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(X) = dimX − 1 ❛♥❞
Nef(X) = Psef(X)✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ f1 : X → W ❛♥❞ ❛
♣r♦❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ f2 : X → (P1)r s✉❝❤ t❤❛t t❤❡ ♣r♦❞✉❝t f1 × f2 : X →
W×(P1)r ✐s ❛ ✜♥✐t❡ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠✳ ❚❤❡♥W ✐s ❛❧s♦ ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤
❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛tW ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥
2✱ ρ(W ) = dimW − 1 ❛♥❞ Nef(W ) = Psef(W )✳

❲❡ ✇✐❧❧ ✜rst ♣r♦✈❡ s♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts✳

▲❡♠♠❛ ✺✳✸✳✹✳ ▲❡t X ❜❡ ❛ Q✲❢❛❝t♦r✐❛❧ ❦❧t ❋❛♥♦ ✈❛r✐❡t② s✉❝❤ t❤❛t Nef(X) =
Psef(X)✳ ▲❡t f : X → Y ❜❡ ❛ ✜❜r❛t✐♦♥✳ ■❢ t❤❡ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ ♦❢ f ✐s 1✱
t❤❡♥ f ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✳

Pr♦♦❢✳ ❚❤❡r❡ ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥ X → Z ♦✈❡r Y ❜② ❬❉r✉✶✹✱ ▲❡♠✳ ✹✳✹❪✳ ❚❤❡
✈❛r✐❡t② Z ✐s ❛ Q✲❢❛❝t♦r✐❛❧ ❦❧t ❋❛♥♦ ✈❛r✐❡t② s✉❝❤ t❤❛t Nef(Z) = Psef(Z) ❜②
▲❡♠♠❛ ✺✳✸✳✶✳ ❙✐♥❝❡ f ❤❛s r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ 1✱ t❤❡ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥ Z → Y
✐s ❜✐r❛t✐♦♥❛❧✳ ❙✐♥❝❡ Nef(Z) = Psef(Z)✱ ✇❡ ❤❛✈❡ Z ∼= Y ❜② ❬❉r✉✶✹✱ ▲❡♠✳ ✹✳✹❪✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t f ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✳

▲❡♠♠❛ ✺✳✸✳✺✳ ▲❡t f : X → Y ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ s✉❝❤ t❤❛t X ❤❛s ❧♦❝❛❧❧②
❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ■❢ X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ k ❛♥❞ f ✐s
❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ 1✱ t❤❡♥ Y ✐s ❛❧s♦ s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥✲
s✐♦♥ k✳

Pr♦♦❢✳ ▲❡t y ∈ Y ❜❡ ❛ ♣♦✐♥t✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s ❧♦❝❛❧ ❛r♦✉♥❞ y✳ ❲✐t❤♦✉t ❧♦ss
♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t Y ✐s ❛✣♥❡✳ ❙✐♥❝❡ f ✐s ❛ ❋❛♥♦ ✜❜r❛t✐♦♥ ♦❢
r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ 1✱ ❜② t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ ❬❆❲✾✸❪✱ t❤❡ ❧✐♥❡❛r s②st❡♠ | −
KX | ✐s ❜❛s❡♣♦✐♥t✲❢r❡❡✳ ▲❡t Z ❜❡ ❛ ❣❡♥❡r❛❧ ❞✐✈✐s♦r ✐♥ t❤❡ ❧✐♥❡❛r s②st❡♠ |−KX |✳
❚❤❡♥ Z ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ k✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ f ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✱
❜② s❤r✐♥❦✐♥❣ Y ✐❢ ♥❡❝❡ss❛r②✱ ✇❡ ♠❛② ❛ss✉♠❡ ❢✉rt❤❡r t❤❛t t❤❡ ♠♦r♣❤✐s♠ f |Z :
Z → Y ✐s ✜♥✐t❡ s✉r❥❡❝t✐✈❡ ♦❢ ❞❡❣r❡❡ 2✳

◆♦t❡ t❤❛t Y ❤❛s ❦❧t s✐♥❣✉❧❛r✐t✐❡s ✭s❡❡ ❬❋✉❥✾✾✱ ❈♦r✳ ✸✳✺❪✮✳ ❚❤✉s ✐t ✐s ❈♦❤❡♥✲
▼❛❝❛✉❧❛②✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❉r✉✶✹✱ ▲❡♠✳
✹✳✻❪✮✳ ❙✐♥❝❡ Z ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ k✱ ❜② ▲❡♠♠❛ ✺✳✷✳✸✱ Y ✐s s♠♦♦t❤ ✐♥
❝♦❞✐♠❡♥s✐♦♥ k✳

❘❡♠❛r❦ t❤❛t t❤✐s ❧❡♠♠❛ ✐s ♥♦t tr✉❡ ✇✐t❤♦✉t ❛ss✉♠✐♥❣ t❤❛t X ✐s ❧♦❝❛❧❧②
❢❛❝t♦r✐❛❧✳ ❚❤❡r❡ ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥ f : X → Y s✉❝❤ t❤❛t X ✐s ❛ t❤r❡❡❢♦❧❞ ✇✐t❤
t❡r♠✐♥❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ t❤❛t Y ✐s s✐♥❣✉❧❛r✱ s❡❡ ❬▼P✵✽✱ ❊①❛♠♣❧❡✲❉❡✜♥✐t✐♦♥
✶✳✶✳✶❪

▲❡♠♠❛ ✺✳✸✳✻✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ Q✲❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛r✐t✐❡s
s✉❝❤ t❤❛t ρ(X) = dimX − 1 ❛♥❞ Nef(X) = Psef(X)✳ ▲❡t f : X → Y ❜❡ ❛
▼♦r✐ ✜❜r❛t✐♦♥✳ ❚❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ Y ✐s ❡q✉❛❧ t♦ ρ(Y ) ♦r ρ(Y ) + 1✳



❲❡♥❤❛♦ ❖❯ ✽✼

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✸✳✶✱ Y ✐s ❛ Q✲❢❛❝t♦r✐❛❧ ❦❧t ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ Nef(Y ) =
Psef(Y )✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ ρ(Y ) 6 dimY ❜② ❬❉r✉✶✹✱ ▲❡♠✳ ✹✳✾❪✳ ❙✐♥❝❡ f
✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✱ ✇❡ ❤❛✈❡ ρ(Y ) = ρ(X)− 1✳ ❍❡♥❝❡ dimY 6 dimX − 1 =
ρ(X) = ρ(Y ) + 1✳ ❚❤✉s dimY ✐s ❡q✉❛❧ t♦ ρ(Y ) ♦r ρ(Y ) + 1✳

▲❡♠♠❛ ✺✳✸✳✼✳ ▲❡t X ❜❡ ❛ Q✲❢❛❝t♦r✐❛❧ ❦❧t ❋❛♥♦ ✈❛r✐❡t② s✉❝❤ t❤❛t Nef(X) =
Psef(X) ❛♥❞ ρ(X) = dimX✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ ❢r♦♠ X t♦ P1✳

Pr♦♦❢✳ ▲❡t V ❜❡ ❛ ❢❛❝❡ ✐♥ ◆❊(X) ♦❢ ❝♦❞✐♠❡♥s✐♦♥ 1 ❛♥❞ ❧❡t f : X → B ❜❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥tr❛❝t✐♦♥✳ ❚❤❡♥ dimB = ρ(B) = 1 ❜② ❬❉r✉✶✹✱ ▲❡♠✳ ✹✳✾✳✷❪✳
❚❤✐s s❤♦✇s t❤❛t B ∼= P1✳

▲❡♠♠❛ ✺✳✸✳✽✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ Q✲❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛r✐t✐❡s
s✉❝❤ t❤❛t ρ(X) = dimX − 1 > 2 ❛♥❞ Nef(X) = Psef(X)✳ ❆ss✉♠❡ t❤❛t
t❤❡r❡ ✐s ♥♦ ✜❜r❛t✐♦♥ ❢r♦♠ X t♦ P1✳ ❚❤❡♥ ❡✈❡r② ▼♦r✐ ✜❜r❛t✐♦♥ f : X → Y ✐s
❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ 1✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❧❡♠♠❛ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ X✳ ■❢
dimX = 3✱ t❤❡♥ dimY = 2✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✜❜r❛t✐♦♥ f ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✳
❆ss✉♠❡ t❤❛t t❤❡ ❧❡♠♠❛ ✐s tr✉❡ ✐❢ dimX = n ❢♦r s♦♠❡ n > 3✳

◆♦✇ ✇❡ ❛ss✉♠❡ t❤❛t dimX = n+1✳ ❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ✐s ❛ ✜❜❡r F ♦❢ f
s✉❝❤ t❤❛t dimF > 2✳ ❆ss✉♠❡ t❤❛t f ✐s t❤❡ ✜❜r❛t✐♦♥ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛♥
❡①tr❡♠❛❧ r❛② R ♦❢ ◆❊(X)✳ ▲❡t R1 ❜❡ ❛♥♦t❤❡r ❡①tr❡♠❛❧ r❛② s✉❝❤ t❤❛t R ❛♥❞
R1 ❣❡♥❡r❛t❡s ❛ ❢❛❝❡ V ♦❢ ❞✐♠❡♥s✐♦♥ 2✳ ▲❡t g : X → Z ❜❡ t❤❡ ▼♦r✐ ✜❜r❛t✐♦♥
✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ R1 ❛♥❞ ❧❡t X → W ❜❡ t❤❡ ✜❜r❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
V ✳ ❇② t❤❡ r✐❣✐❞✐t② ❧❡♠♠❛✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

X
f

//

g

��

Y

h
��

Z
p

//W
❇② ▲❡♠♠❛ ✺✳✸✳✶✱ Z ✐s ❛ Q✲❢❛❝t♦r✐❛❧ ❦❧t ❋❛♥♦ ✈❛r✐❡t② s✉❝❤ t❤❛t Nef(Z) =

Psef(Z)✳ ❇② ▲❡♠♠❛ ✺✳✸✳✻✱ ρ(Z) ✐s ❡✐t❤❡r dimZ ♦r dimZ − 1✳ ❙✐♥❝❡ t❤❡r❡
✐s ♥♦ ✜❜r❛t✐♦♥ ❢r♦♠ Z t♦ P1✱ ✇❡ ❤❛✈❡ ρ(Z) = dimZ − 1 ❜② ▲❡♠♠❛ ✺✳✸✳✼✳
❙✐♥❝❡ ρ(Z) = ρ(X) − 1 = n − 1✱ ✇❡ ♦❜t❛✐♥ t❤❛t dimZ = n✳ ❇② ✐♥❞✉❝t✐♦♥
❤②♣♦t❤❡s✐s✱ t❤❡ ♠♦r♣❤✐s♠ p ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ 1✳ ❙✐♥❝❡
♥♦♥❡ ♦❢ t❤❡ ❝✉r✈❡s ✐♥ F ✐s ❝♦♥tr❛❝t❡❞ ❜② g✱ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ E = g(F ) ✐s
❛❧s♦ ❧❛r❣❡r t❤❛♥ 1✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ h(f(F )) ✐s ❛ ♣♦✐♥t✱ p(E) ✐s ❛❧s♦ ❛ ♣♦✐♥t✳
❲❡ ♦❜t❛✐♥ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ✐♥❞✉❝t✐♦♥ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢
t❤❡ ❧❡♠♠❛✳

◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ ▲❡♠♠❛ ✺✳✸✳✷ ❛♥❞ ▲❡♠♠❛ ✺✳✸✳✸✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✸✳✷✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❧❡♠♠❛ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ r❡❧❛t✐✈❡
P✐❝❛r❞ ♥✉♠❜❡r k ♦❢ f ✳ ■❢ f ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✱ t❤❡♥ ❜② ▲❡♠♠❛ ✺✳✸✳✽✱ f ✐s
❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ 1✳ ❍❡♥❝❡ ρ(Y ) = dim(Y )−1✳ ▼♦r❡♦✈❡r✱
Y ✐s ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t
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Nef(Y ) = Psef(Y ) ❜② ▲❡♠♠❛ ✺✳✸✳✶ ❛♥❞ ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2 ❜②
▲❡♠♠❛ ✺✳✸✳✺✳

❆ss✉♠❡ t❤❛t t❤❡ ❧❡♠♠❛ ✐s tr✉❡ ❢♦r k 6 l ❢♦r s♦♠❡ l > 1✳ ◆♦✇ ✇❡ ❝♦♥s✐❞❡r
t❤❡ ❝❛s❡ ✇❤❡♥ k = l + 1✳ ❚❤❡r❡ ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥ g : X → Z ♦✈❡r Y s✐♥❝❡
Nef(X) = Psef(X) ✭s❡❡ ❬❉r✉✶✹✱ ▲❡♠✳ ✹✳✹❪✮✳ ❍❡♥❝❡✱ ❜② ✐♥❞✉❝t✐♦♥✱ Z ✐s ❛ ❋❛♥♦
✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t Z ✐s s♠♦♦t❤
✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(Z) = dimZ − 1 ❛♥❞ Nef(Z) = Psef(Z)✳ ▼♦r❡♦✈❡r✱ t❤❡
r❡❧❛t✐✈❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ Z → Y ✐s l✳ ❚❤✉s✱ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s❡s✱ Y ✐s
❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t Y ✐s
s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(Y ) = dimY − 1 ❛♥❞ Nef(Y ) = Psef(Y )✳ ❚❤✐s
❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ▲❡♠♠❛✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✸✳✸✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❧❡♠♠❛ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ r✳ ■❢ r = 1✱
t❤❡♥ t❤❡ ♠♦r♣❤✐s♠ f1 ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ 1 s✐♥❝❡ f1×f2
✐s ✜♥✐t❡✳ ❇② ▲❡♠♠❛ ✺✳✸✳✹✱ f1 ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✳ ❇② ▲❡♠♠❛ ✺✳✸✳✶ ❛♥❞ ▲❡♠♠❛
✺✳✸✳✺✱ ✇❡ ♦❜t❛✐♥ t❤❛t W ✐s ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t W ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(W ) = dimW − 1
❛♥❞ Nef(W ) = Psef(W )✳ ❆ss✉♠❡ t❤❛t t❤❡ ❧❡♠♠❛ ✐s tr✉❡ ❢♦r r 6 k ✇❤❡r❡
k > 1 ✐s ❛♥ ✐♥t❡❣❡r✳

◆♦✇ ✇❡ ❛ss✉♠❡ t❤❛t r = k + 1✳ ❲❡ ✇r✐t❡ (P1)k+1 = (P1)k × P1✳ ▲❡t
qk+1 : (P1)k+1 → (P1)k ❜❡ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡
✜rst k P1✬s ❛♥❞ ❧❡t pk+1 : (P1)k+1 → P1 ❜❡ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥t♦
t❤❡ ❧❛st ❢❛❝t♦r✳ ▲❡t π : X → Y ❜❡ t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t
f1 × qk+1 : X → W × (P1)k✳ ❚❤❡♥ t❤❡ ♣r♦❞✉❝t π × pk+1 : X → Y × P1

✐s ❛❧s♦ ❛ ✜♥✐t❡ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠✳ ❍❡♥❝❡✱ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s❡s✱ Y ✐s
❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t Y ✐s
s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(Y ) = dimY − 1 ❛♥❞ Nef(Y ) = Psef(Y )✳ ❚❤❡r❡
✐s ❛ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥ g1 : Y →W ✐♥❞✉❝❡❞ ❜② X →W ✳ ❚❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠
g2 : Y → (P1)k ✐♥❞✉❝❡❞ ❜② X → (P1)k✳ ❙✐♥❝❡ X → W × (P1)k × P1 ✐s ✜♥✐t❡
s✉r❥❡❝t✐✈❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t g1 × g2 : Y → W × (P1)k ✐s ❛❧s♦ ✜♥✐t❡ s✉r❥❡❝t✐✈❡✳
❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s❡s✱W ✐s ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t W ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(W ) = dimW − 1
❛♥❞ Nef(W ) = Psef(W )✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

X
finite

surjective
// Y × P1

��

finite

surjective
//W × (P1)k+1

Y
finite

surjective
//W × (P1)k

✺✳✹ ❋✐♥✐t❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❋❛♥♦ t❤r❡❡❢♦❧❞s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ s♦♠❡ r❡s✉❧ts ♦♥ ✜♥✐t❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥
❋❛♥♦ t❤r❡❡❢♦❧❞s✳ ❆s ❛ ❝♦r♦❧❧❛r②✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✺✳✶✳✷✳ ❘❡❝❛❧❧ t❤❛t ✐❢ X ✐s
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❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤ ●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ t❤❡♥

h0(X,OX(−KX)) = −
1

2
K3

X + 3.

■♥ ♣❛rt✐❝✉❧❛r✱ −K3
X ✐s ❛ ♣♦s✐t✐✈❡ ❡✈❡♥ ✐♥t❡❣❡r ✭s❡❡ ❬❘❡✐✽✸✱ ➓✹✳✹❪✮✳ ❲❡ ✇✐❧❧ ✜rst

♣r♦✈❡ s♦♠❡ ❧❡♠♠❛s✳

▲❡♠♠❛ ✺✳✹✳✶✳ ▲❡t f : X → Y ❜❡ ❛ ❋❛♥♦ ✜❜r❛t✐♦♥ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥
1 ❜❡t✇❡❡♥ ♥♦r♠❛❧ q✉❛s✐✲♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t✐❡s✳ ❆ss✉♠❡ t❤❛t X ✐s s♠♦♦t❤ ✐♥
❝♦❞✐♠❡♥s✐♦♥ 2✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t U ♦❢ Y ✇❤♦s❡ ❝♦♠♣❧❡♠❡♥t ❤❛s
❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 2 s✉❝❤ t❤❛t f ❤❛s r❡❞✉❝❡❞ ✜❜❡rs ♦✈❡r U ✳

Pr♦♦❢✳ ❇② t❛❦✐♥❣ ❣❡♥❡r❛❧ ❤②♣❡r♣❧❛♥❡ s❡❝t✐♦♥s ✐♥ Y ✱ ✇❡ ❝❛♥ r❡❞✉❝❡ t♦ t❤❡ ❝❛s❡
✇❤❡♥ X ✐s ❛ s♠♦♦t❤ s✉r❢❛❝❡ ❛♥❞ Y ✐s ❛ s♠♦♦t❤ ❝✉r✈❡✳

▲❡t y ❜❡ ❛ ♣♦✐♥t ✐♥ Y ❛♥❞ ❧❡t E = f∗y✳ ❚❤❡♥ −KX · E = 2✳ ❙✐♥❝❡ KX

✐s ❈❛rt✐❡r ❛♥❞ f ✐s ❛ ❋❛♥♦ ✜❜r❛t✐♦♥✱ t❤✐s ✐♠♣❧✐❡s t❤❛t E ❤❛s ❛t ♠♦st t✇♦
❝♦♠♣♦♥❡♥ts✳ ■❢ E ❤❛s t✇♦ ❝♦♠♣♦♥❡♥ts C ❛♥❞ D✱ t❤❡♥ ❜♦t❤ ♦❢ t❤❡♠ ❛r❡
r❡❞✉❝❡❞✳ ■❢ E ❤❛s ♦♥❡ ❝♦♠♣♦♥❡♥t C✱ t❤❡♥ E ✐s r❡❞✉❝❡❞ ❢♦r X ✐s s♠♦♦t❤ ✭❜②
❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸✮✳

▲❡♠♠❛ ✺✳✹✳✷✳ ▲❡t X ❜❡ ❛ ♥♦r♠❛❧ t❤r❡❡❢♦❧❞ ❛♥❞ ❧❡t B1
∼= B2

∼= P2✳ ❆ss✉♠❡
t❤❛t t❤❡r❡ ❛r❡ t✇♦ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥s f1 : X → B1 ❛♥❞ f2 : X → B2

s✉❝❤ t❤❛t f1 × f2 : X → B1 ×B2 ✐s ✜♥✐t❡ ♦♥t♦ ✐ts ✐♠❛❣❡ W ✳ ❆ss✉♠❡ t❤❛t W
✐s ♦❢ ❞❡❣r❡❡ (p, q) s✉❝❤ t❤❛t p, q ∈ {1, 2}✳ ❚❤❡♥ W ✐s ♥♦r♠❛❧✳

Pr♦♦❢✳ ❙✐♥❝❡ W ✐s ❈♦❤❡♥✲▼❛❝❛✉❧❛②✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t ✐t ✐s s♠♦♦t❤
✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ▲❡t Z ❜❡ t❤❡ s✐♥❣✉❧❛r ❧♦❝✉s ♦❢ W ✳ ▲❡t pi : W → Bi ❜❡
t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ ❢♦r i = 1, 2✳ ❚❤❡♥ p1 ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✳ ❙✐♥❝❡ W ✐s
❈♦❤❡♥✲▼❛❝❛✉❧❛② ❛♥❞ B1 ✐s s♠♦♦t❤✱ t❤✐s ✐♠♣❧✐❡s t❤❛t p1 ✐s ✢❛t✳

❙✐♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ f1 : X → B1 ❛r❡ ✐rr❡❞✉❝✐❜❧❡✱ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p1
❛r❡ ✐rr❡❞✉❝✐❜❧❡✳ ❙✐♥❝❡ W ✐s r❡❞✉❝❡❞✱ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p1 ❛r❡ r❡❞✉❝❡❞✳ ❙✐♥❝❡
q ∈ {1, 2}✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p1 ❛r❡ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳
❙✐♥❝❡ p1 ✐s ✢❛t✱ t❤✐s ✐♠♣❧✐❡s t❤❛t p1(Z) ✐s ❛ ♣r♦♣❡r s✉❜✈❛r✐❡t② ♦❢ B1✳

❇② s②♠♠❡tr②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❛t p2(Z) ✐s ❛❧s♦ ❛ ♣r♦♣❡r s✉❜✈❛r✐❡t② ♦❢
B2✳ ❚❤✉s codimZ > 2✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✹✳✸✳ ▲❡t W ❜❡ ❛♥ ❛♠♣❧❡ ♥♦r♠❛❧ ❤②♣❡rs✉r❢❛❝❡ ✐♥ P2×P2✳ ❆ss✉♠❡
t❤❛t W ✐s ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ Q✲❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧
♠♦r♣❤✐s♠s ❢r♦♠ W t♦ P2 ❛r❡ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✳

Pr♦♦❢✳ ❙✐♥❝❡ W ✐s ❛♠♣❧❡✱ ✐t ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 2 ❜② t❤❡ ▲❡❢s❝❤❡t③ t❤❡♦r❡♠
✭s❡❡ ❬▲❛③✵✹✱ ❊①❛♠♣❧❡ ✸✳✶✳✷✺❪✮✳ ❚❤✉s✱ ✐❢ g : W → P2 ✐s ❛ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥✱
t❤❡♥ ✐t ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✳ ❙✐♥❝❡W ✐s ❛ Q✲❢❛❝t♦r✐❛❧ ❦❧t t❤r❡❡❢♦❧❞✱ t❤✐s ✐♠♣❧✐❡s
t❤❛t g ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✳
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▲❡♠♠❛ ✺✳✹✳✹✳ ▲❡t f : X → Y ❜❡ ❛ ✜♥✐t❡ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥
♥♦r♠❛❧ Q✲❢❛❝t♦r✐❛❧ ✈❛r✐❡t✐❡s✳ ❆ss✉♠❡ t❤❛t −KX ✐s ❜✐❣✳ ❚❤❡♥ −KY ✐s ❛ ❜✐❣
❞✐✈✐s♦r✳

Pr♦♦❢✳ ❙❡❡ ❬❉r✉✶✹✱ ▲❡♠✳ ✽✳✶❪✳

▲❡♠♠❛ ✺✳✹✳✺✳ ▲❡t f : X → Y ❜❡ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❋❛♥♦ ✜❜r❛t✐♦♥ ♦❢
r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ 1 s✉❝❤ t❤❛t X ❤❛s ●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞
Y ✐s s♠♦♦t❤✳ ❚❤❡♥ f ❛ ❝♦♥✐❝ ❜✉♥❞❧❡✳ ❚❤❛t ✐s✱ ❛t ❧❡❛st ❧♦❝❛❧❧② ♦♥ Y ✱ X ❝❛♥
❜❡ ❡♠❜❡❞❞❡❞ ✐♥ P2 × Y s✉❝❤ t❤❛t ❡✈❡r② ✜❜❡r ♦❢ f ✐s ❛ ❝♦♥✐❝ ✐♥ P2✳

Pr♦♦❢✳ ❙✐♥❝❡ −KX ✐s r❡❧❛t✐✈❡❧② ❛♠♣❧❡✱ Rif∗(OX(−KX)) = 0 ❢♦r ❛❧❧ i > 0
❜② t❤❡ ❑❛✇❛♠❛t❛✲❱✐❡❤✇❡❣ ✈❛♥✐s❤✐♥❣ t❤❡♦r❡♠ ✭s❡❡ ❬❑▼▼✽✼✱ ❚❤♠✳ ✶✲✷✲✺❪✮✳
❙✐♥❝❡ f ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ 1✱ ❢♦r ❡✈❡r② y ∈ Y ✱ ✇❡ ❤❛✈❡
h2(Xy,OXy(−KX |Xy)) = 0✳ ❇② ❬❍❛r✼✼✱ ❚❤♠✳ ■■■✳✶✷✳✶✶❪✱ ✇❡ ♦❜t❛✐♥ t❤❛t✱ ❢♦r
❛❧❧ y ∈ Y ✱

R1f∗(OX(−KX))⊗ k(y) → H1(Xy,OXy(−KX |Xy))

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ✇❤❡r❡ k(y) ✐s t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ y✳ ❍❡♥❝❡

h1(Xy,OXy(−KX |Xy)) = 0

❢♦r ❛❧❧ y ∈ Y ✳ ❇② ❬❍❛r✼✼✱ ❚❤♠✳ ■■■✳✶✷✳✶✶❪ ❛❣❛✐♥✱ ✇❡ ♦❜t❛✐♥ t❤❛t

f∗(OX(−KX))⊗ k(y) → H0(Xy,OXy(−KX |Xy))

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢♦r ❛❧❧ y ∈ Y ✳
◆♦t❡ t❤❛t ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ f ❛r❡ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳ ❍❡♥❝❡ t❤❡ ❊✉❧❡r

❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ r❡str✐❝t✐♦♥ ♦❢ OX(−KX) ♦♥ ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ f ✐s 3✳ ❙✐♥❝❡
f ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✱ X ✐s ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❛♥❞ Y ✐s s♠♦♦t❤✱ t❤❡ ♠♦r♣❤✐s♠
f ✐s ✢❛t✳ ❙✐♥❝❡ OX(−KX) ✐s ❧♦❝❛❧❧② ❢r❡❡ ♦♥ X✱ ✐t ✐s ✢❛t ♦✈❡r Y ✳ ❚❤✉s t❤❡
❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ r❡str✐❝t✐♦♥ ♦❢ OX(−KX) ♦♥ ❡✈❡r② ✜❜❡r ♦❢ f ✐s 3
✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❬❍❛r✼✼✱ ❚❤♠✳ ■■■✳✾✳✾❪✮✳ ❚❤✐s s❤♦✇s t❤❛t f∗(OX(−KX)) ✐s ❛
❧♦❝❛❧❧② ❢r❡❡ s❤❡❛❢ ♦❢ r❛♥❦ 3 ❜② ❬❍❛r✼✼✱ ❈♦r✳ ■■■✳✶✷✳✾❪✳

❚❤❡ ♣r♦❜❧❡♠ ✐s ❧♦❝❛❧ ♦♥ Y ✳ ❚❤✉s✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t Y ✐s ❛✣♥❡ ❛♥❞
f∗(OX(−KX)) ✐s ❛ ❢r❡❡ s❤❡❛❢ ♦❢ r❛♥❦ 3✳ ❇② t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ ❬❆❲✾✸❪✱
OX(−KX) ✐s f ✲r❡❧❛t✐✈❡❧② ❣❡♥❡r❛t❡❞✳ ❙✐♥❝❡ t❤❡ s❤❡❛❢ f∗(OX(−KX)) ❤❛s r❛♥❦
3✱ f∗f∗(OX(−KX)) ✐♥❞✉❝❡s ❛ ♠♦r♣❤✐s♠✱ ♦✈❡r Y ✱

ϕ : X → P2 × Y.

❙✐♥❝❡ f∗(OX(−KX)) ⊗ k(y) → H0(Xy,OXy(−KX |Xy)) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠
❛♥❞ t❤❡ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢ OXy(−KX |Xy) ✐s ✈❡r② ❛♠♣❧❡ ❢♦r ❣❡♥❡r❛❧ y ∈ Y ✱ t❤❡
♠♦r♣❤✐s♠ ϕ ✐s ❜✐r❛t✐♦♥❛❧ ♦♥t♦ ✐ts ✐♠❛❣❡✳ ❙✐♥❝❡ −KX ✐s f ✲r❡❧❛t✐✈❡❧② ❛♠♣❧❡✱
t❤❡ ♠♦r♣❤✐s♠ ϕ ✐s ✐♥ ❢❛❝t ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦♥t♦ ✐ts ✐♠❛❣❡✳

❙✐♥❝❡ −KX ❤❛s ❞❡❣r❡❡ 2 ♦♥ ❡✈❡r② ✜❜❡r ♦❢ f ✱ ✇❡ ♦❜t❛✐♥ t❤❛t ϕ(Xy) ⊆
P2×{y} ✐s ❛ ❝♦♥✐❝ ❢♦r ❡✈❡r② y ∈ Y ✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳
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▲❡♠♠❛ ✺✳✹✳✻✳ ▲❡t Z1, Z2 ❜❡ t✇♦ s✉r❢❛❝❡s ✐s♦♠♦r♣❤✐❝ t♦ P1 × P1✳ ▲❡t Z ❜❡
❛ ♥♦r♠❛❧ ❤②♣❡rs✉r❢❛❝❡ ♦❢ ❞❡❣r❡❡ (1, 1, 1, 1) ✐♥ Z1 × Z2✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s
❛ ✜♥✐t❡ ♠♦r♣❤✐s♠ f : X → Z ♦❢ ❞❡❣r❡❡ d 6 2 s✉❝❤ t❤❛t

✲ X ✐s ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤ ●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❀

✲ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠s f1 : X → Z1 ❛♥❞ f2 : X → Z2 ✐♥❞✉❝❡❞ ❜② f ❛r❡
❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥s ❀

✲ KX ≡ 1
df

∗KZ ✳

❚❤❡♥ f ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t f ✐s ♦❢ ❞❡❣r❡❡ 2✳ ▲❡t D ❜❡ t❤❡ ❝♦❞✐♠❡♥s✐♦♥ 1 ♣❛rt ♦❢
t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ f : X → Z✳ ❚❤❡♥ KX ✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ f∗(KZ) +
f−1(D)✳ ❙✐♥❝❡ KX ❛♥❞ KZ ❛r❡ ❈❛rt✐❡r ❞✐✈✐s♦rs✱ ✇❡ ♦❜t❛✐♥ t❤❛t f−1(D) ✐s
❈❛rt✐❡r✳ ❙✐♥❝❡ f ✐s ✜♥✐t❡✱ t❤✐s ✐♠♣❧✐❡s t❤❛t D ✐s Q✲❈❛rt✐❡r✳ ❚❤❡♥ KX ✐s Q✲
❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ f∗(KZ + 1

2D)✳ ❚❤✉s ✇❡ ❤❛✈❡ D ≡ −KZ ✭✐t ✐s ❤❡r❡ ✇❡
✉s❡ t❤❡ ❝♦♥❞✐t✐♦♥ KX ≡ 1

df
∗KZ✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ D ✐s Q✲❛♠♣❧❡✳

❚❤❡r❡ ❛r❡ t✇♦ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠s ❢r♦♠ Z t♦ P1 × Z2 ✐♥❞✉❝❡❞ ❜② t❤❡
♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s ❢r♦♠ Z1 ×Z2 t♦ P1 ×Z2✳ ▲❡t ϕ : Z → P1 ×Z2 ❜❡ ♦♥❡ ♦❢
t❤❡♠✳ ❙✐♥❝❡ Z ✐s ♦❢ ❞❡❣r❡❡ (1, 1, 1, 1)✱ ✇❡ ♦❜t❛✐♥ t❤❛t ϕ ✐s ❜✐r❛t✐♦♥❛❧✳ ▼♦r❡♦✈❡r✱
ϕ ✐s ♥♦t ❛♥ ✐s♦♠♦r♣❤✐s♠ s✐♥❝❡ t❤❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ Z ✐s 4 ❜② t❤❡ ▲❡❢s❝❤❡t③
t❤❡♦r❡♠ ✭❬▲❛③✵✹✱ ❊①❛♠♣❧❡ ✸✳✶✳✷✺❪✮✳ ❚❤✉s ✐ts ❡①❝❡♣t✐♦♥❛❧ ❧♦❝✉s ✐s ♥♦♥ ❡♠♣t②✳
▼♦r❡♦✈❡r✱ ✐t ✐s ♣✉r❡ ♦❢ ❝♦❞✐♠❡♥s✐♦♥ 1 s✐♥❝❡ P1 × Z2 ✐s s♠♦♦t❤✳ ❍❡♥❝❡ t❤❡
♠♦r♣❤✐s♠ ϕ ❝♦♥tr❛❝ts ❛t ❧❡❛st ♦♥❡ ❞✐✈✐s♦r✳ ❙✐♥❝❡ t❤❡ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥ g2 :
Z → Z2 ❢❛❝t♦rs t❤r♦✉❣❤ ϕ✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡r❡ ✐s ❛ ♣r✐♠❡ ❞✐✈✐s♦r H ✐♥ Z2

s✉❝❤ t❤❛t g∗2H ✐s r❡❞✉❝✐❜❧❡✳
❚❤❡ ✜❜r❛t✐♦♥ g2 ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ s✐♥❝❡ f2 ✐s✳ ❊✈❡r② ✜❜❡r ♦❢ g2 ✐s ✐s♦♠♦r✲

♣❤✐❝ t♦ ❛ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (1, 1) ✐♥ P1×P1✳ ❍❡♥❝❡ ✐t ✐s ❡✐t❤❡r ❛ r❡❞✉❝❡❞ ✜❜❡r
✐s♦♠♦r♣❤✐❝ t♦ P1 ♦r t❤❡ ✉♥✐♦♥ ♦❢ t✇♦ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s ✇❤✐❝❤ ✐♥t❡rs❡❝t
❛t ♦♥❡ ♣♦✐♥t✳ ❚❤✐s s❤♦✇s t❤❛t g∗2H ❤❛s t✇♦ ❝♦♠♣♦♥❡♥ts R1, R2 ❛♥❞ ❡✈❡r②
✜❜❡r ♦❢ g2 ♦✈❡r H ❤❛s t✇♦ ❝♦♠♣♦♥❡♥ts✳

X
f

//

f2   

Z

g2 every fiber is a divisor of degree (1,1) in P1×P1

��

Z2

❚❤❡ ❞✐✈✐s♦r f∗2H ❤❛s ❛t ❧❡❛st t✇♦ ❝♦♠♣♦♥❡♥ts✳ ❙✐♥❝❡ X ❤❛s ●♦r❡♥st❡✐♥
❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ f2 ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ 1✱
❡✈❡r② ✜❜❡r ♦❢ f2 ❤❛s ❛t ♠♦st t✇♦ ❝♦♠♣♦♥❡♥ts ❜② ▲❡♠♠❛ ✺✳✹✳✺✳ ❲❡ ♦❜t❛✐♥
t❤❛t f∗2H ❛❧s♦ ❤❛s t✇♦ ❝♦♠♣♦♥❡♥ts S1, S2✳ ❆ss✉♠❡ t❤❛t f(S1) = R1 ❛♥❞
f(S2) = R2✳ ▲❡t b ❜❡ ❛♥② ♣♦✐♥t ♦♥ H ❛♥❞ ❧❡t G ❜❡ t❤❡ ✜❜❡r ♦❢ g2 ♦✈❡r b✳
❚❤❡♥ G ❤❛s ❡①❛❝t❧② t✇♦ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ❜② t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛❤✳
❲❡ ✇r✐t❡ G = G1 ∪ G2✱ ✇❤❡r❡ G1 = G ∩ R1 ❛♥❞ G2 = G ∩ R2✳ ▲❡t F ❜❡
t❤❡ ✜❜❡r ♦❢ f2 ♦✈❡r b✳ ❙✐♥❝❡ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ F → G ✐s s✉r❥❡❝t✐✈❡✱ F ✐s
r❡❞✉❝✐❜❧❡✳ ❇② ▲❡♠♠❛ ✺✳✹✳✺ ❛❣❛✐♥✱ t❤❡ ✜❜❡r F ✐s r❡❞✉❝❡❞ ❛♥❞ ✐s t❤❡ ✉♥✐♦♥ ♦❢



❲❡♥❤❛♦ ❖❯ ✾✷

t✇♦ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s F1 ❛♥❞ F2 ✇❤✐❝❤ ♠❡❡t ❛t ♦♥❡ ♣♦✐♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱
G ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ D✳ ❲❡ ❛ss✉♠❡ t❤❛t Fi ⊆ Si ❢♦r i = 1, 2✳

❇♦t❤ f |F1
: F1 → G1 ❛♥❞ f |F2

: F2 → G2 ❛r❡ ✜♥✐t❡ ♠♦r♣❤✐s♠s ♦❢ ❞❡❣r❡❡
2✳ ❙✐♥❝❡ G1\G2 ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ ✐t ❝♦♥t❛✐♥s ❛ ♣♦✐♥t ✇❤✐❝❤ ✐s ✐♥ t❤❡ ❜r❛♥❝❤
❧♦❝✉s ♦❢ f |F1

: F1 → G1✳ ❙✐♥❝❡ g2✱ ❜❡✐♥❣ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥ ❢r♦♠
❛ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✈❛r✐❡t② t♦ ❛ s♠♦♦t❤ ✈❛r✐❡t②✱ ✐s ✢❛t✱ G1\G2 ✐s ❝♦♥t❛✐♥ ✐♥
Zns✱ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ Z✳ ▼♦r❡♦✈❡r✱ ♦✈❡r Zns✱ t❤❡ ♠♦r♣❤✐s♠ f ✐s ❜r❛♥❝❤❡❞
❡①❛❝t❧② ❛❧♦♥❣ Zns ∩D ❜② t❤❡ ❩❛r✐s❦✐ ♣✉r✐t② t❤❡♦r❡♠ ✭s❡❡ ❬❩❛r✺✽✱ Pr♦♣✳ ✷❪✮✳
❚❤✉s D ♠❡❡ts G1\G2 ❛t ❛t ❧❡❛st ♦♥❡ ♣♦✐♥t✳ ❇② s②♠♠❡tr②✱ D ♠❡❡ts G2\G1

❛t ❛t ❧❡❛st ♦♥❡ ♣♦✐♥t✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ D ≡ −KZ ❛♥❞ g2 ✐s ❛ ❋❛♥♦ ✜❜r❛t✐♦♥✱
t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r D · G ✐s ❡q✉❛❧ t♦ 2✳ ❚❤✉s ✇❡ ♦❜t❛✐♥ t❤❛t G ❛♥❞ D
♠❡❡t ❛t ❡①❛❝t❧② t✇♦ ♣♦✐♥ts ✇❤✐❝❤ ❛r❡ s♠♦♦t❤ ♣♦✐♥ts ♦❢ G✳

❙✐♥❝❡ b ✐s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✱ ✇❡ ♦❜t❛✐♥ t❤❛tD∩R1∩R2 ✐s ❡♠♣t②✳ ❍♦✇❡✈❡r✱
s✐♥❝❡ R1 ∩R2 ✐s ❛ s✉❜s❝❤❡♠❡ ♦❢ ❞✐♠❡♥s✐♦♥ 1 ❛♥❞ D ✐s Q✲❛♠♣❧❡✱ D∩R1 ∩R2

✐s ♥♦t ❡♠♣t②✳ ❲❡ ♦❜t❛✐♥ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✺✳✹✳✶ ❋✐♥✐t❡ ❝♦✈❡rs ♦❢ P1 × P2

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✼✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤ ●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ✜❜r❛t✐♦♥s f1 : X → P1 ❛♥❞ f2 :
X → P2 s✉❝❤ t❤❛t f = f1 × f2 : X → P1 × P2 ✐s ✜♥✐t❡✳ ❆ss✉♠❡ t❤❛t KX

✐s ♥✉♠❡r✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ s♦♠❡ Q✲❞✐✈✐s♦r ✐♥ P1 × P2 ❜② f ✳
❚❤❡♥ d = deg f ✐s ❛t ♠♦st 2✳ ▼♦r❡♦✈❡r✱ ✐❢ d = 2✱ t❤❡♥ f ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r
✇❤✐❝❤ ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (2, k)✱ ✇❤❡r❡ k ∈ {2, 4}✳

Pr♦♦❢✳ ▲❡t A1, A2 ❜❡ t✇♦ ❞✐✈✐s♦rs ✐♥ X s✉❝❤ t❤❛t OX(A1) ∼= f∗1OP1(1) ❛♥❞
OX(A2) ∼= f∗2OP2(1)✳ ❇② ❛ss✉♠♣t✐♦♥✱ t❤❡r❡ ❛r❡ t✇♦ r❛t✐♦♥❛❧ ♥✉♠❜❡rs a1, a2
s✉❝❤ t❤❛t −KX ≡ a1A1 + a2A2✳

❲❡ ✇✐❧❧ ✜rst ♣r♦✈❡ t❤❛t d 6 2✳ ◆♦t❡ t❤❛t

A1A
2
2 = d and A2

1A2 = A3
1 = A3

2 = 0.

❙✐♥❝❡ f2 ✐s ❛ ❋❛♥♦ ✜❜r❛t✐♦♥✱ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ f2 ❛r❡ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t −KX ·A2

2 = 2✳ ❍❡♥❝❡✱ a1 = 2
d ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

(−KX)3 = 3a1a
2
2A1A

2
2 = 3a1a

2
2d = 6a22.

❙✐♥❝❡ −KX ✐s ❛ ❈❛rt✐❡r ❞✐✈✐s♦r✱ ✇❡ ♦❜t❛✐♥ t❤❛t 6a22 ∈ Z✳ ❍❡♥❝❡ a2 ∈ Z✳
❲❡ ❤❛✈❡ (−KX − a2A2) ≡

2
dA1✳ ❍❡♥❝❡ t❤❡ ❈❛rt✐❡r ❞✐✈✐s♦r −KX − a2A2

✐s ♥✉♠❡r✐❝❛❧❧② tr✐✈✐❛❧ ♦♥ ❡✈❡r② ✜❜❡r ♦❢ f1✳ ❙✐♥❝❡ f1 ✐s ❛ ❋❛♥♦ ✜❜r❛t✐♦♥✱ ✇❡
♦❜t❛✐♥ t❤❛t −KX − a2A2 ✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ s♦♠❡ ✐♥t❡❣r❛❧ ♠✉❧t✐♣❧❡ ♦❢
A1 ❜② ❬❑▼▼✽✼✱ ▲❡♠✳ ✸✲✷✲✺❪✳ ❚❤✉s 2

d ∈ Z ❛♥❞ d 6 2✳
■❢ d = 1✱ t❤❡♥ X ∼= P1 × P2✳ ■❢ d = 2✱ t❤❡♥ ❛ss✉♠❡ t❤❛t f ✐s ❜r❛♥❝❤❡❞

❛❧♦♥❣ ❛ ❞✐✈✐s♦r D ♦❢ ❞❡❣r❡❡ (p, q)✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✺✳✷✳✹✱ X ✐s ❋❛♥♦ ✐❢ ❛♥❞
♦♥❧② ✐❢ p 6 3 ❛♥❞ q 6 5✳ ❙✐♥❝❡ f ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r✱ ❜② ▲❡♠♠❛ ✺✳✷✳✸✱ t❤❡r❡
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✐s ❛ ❧✐♥❡ ❜✉♥❞❧❡ L ♦♥ P1 × P2 s✉❝❤ t❤❛t L ⊗2 ∼= O(D)✳ ❍❡♥❝❡ p, q ❛r❡ ❡✈❡♥✳
▼♦r❡♦✈❡r✱ s✐♥❝❡ f1, f2 ❤❛✈❡ ❝♦♥♥❡❝t❡❞ ✜❜❡rs✱ ✇❡ ❤❛✈❡ p, q > 0✳ ❍❡♥❝❡ f ✐s
❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (2, 2) ♦r (2, 4)✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢
♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

▲❡♠♠❛ ✺✳✹✳✽✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤ ●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧ s✐♥✲
❣✉❧❛r✐t✐❡s✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ f1 : X → P1 ❛♥❞ ❛ ♣r♦❥❡❝t✐✈❡
s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ f2 : X → P2 s✉❝❤ t❤❛t ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ f2 ❤❛✈❡ t✇♦
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❆ss✉♠❡ t❤❛t f = f1 × f2 : X → P1 × P2 ✐s ✜✲
♥✐t❡✳ ▲❡t A1, A2 ❜❡ t✇♦ ❞✐✈✐s♦rs ✐♥ X s✉❝❤ t❤❛t OX(A1) ∼= f∗1OP1(1) ❛♥❞
OX(A2) ∼= f∗2OP2(1)✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ r❛t✐♦♥❛❧ ♥✉♠❜❡rs a1, a2 s✉❝❤
t❤❛t −KX ≡ a1A1 + a2A2✳ ❚❤❡♥ f ✐s ♦❢ ❞❡❣r❡❡ 2 ♦r 4 ❛♥❞ a1, a2 ∈ Z✳

Pr♦♦❢✳ ❙✐♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ f2 ❤❛✈❡ t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✱ t❤❡ ❞❡❣r❡❡
♦❢ f ✐s ❛♥ ❡✈❡♥ ✐♥t❡❣❡r✳ ❙❡t deg f = 2d✳ ❚❤❡♥ ✇❡ ❤❛✈❡

A1A
2
2 = 2d and A2

1A2 = A3
1 = A3

2 = 0.

◆♦t❡ t❤❛t ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ f2 ✐s ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t

−KX ·A2
2 = 2× 2 = 4.

❍❡♥❝❡✱ a1 = 2
d ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

(−KX)3 = 3a1a
2
2A1A

2
2 = 6a1a

2
2d = 12a22.

❙✐♥❝❡ (−KX)3 ✐s ❛♥ ❡✈❡♥ ✐♥t❡❣❡r✱ ✇❡ ♦❜t❛✐♥ t❤❛t 6a22 ∈ Z✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t
a2 ∈ Z✳

❲❡ ❤❛✈❡ (−KX − a2A2) ≡
2
dA1✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✼✱ ✇❡

♦❜t❛✐♥ t❤❛t 2
d ∈ Z✳ ❍❡♥❝❡ d 6 2 ❛♥❞ a1 ∈ Z✳

✺✳✹✳✷ ❋✐♥✐t❡ ❝♦✈❡rs ♦❢ ❤②♣❡rs✉r❢❛❝❡s ♦❢ P2 × P2

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✾✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤ ●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥s f1 : X →
B1 ❛♥❞ f2 : X → B2 s✉❝❤ t❤❛t B1

∼= B2
∼= P2 ❛♥❞ t❤❛t f1×f2 : X → B1×B2

✐s ✜♥✐t❡ ♦♥t♦ ✐ts ✐♠❛❣❡ W ✳ ❆ss✉♠❡ t❤❛t KX ✐s ♥✉♠❡r✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡
♣✉❧❧❜❛❝❦ ♦❢ s♦♠❡ Q✲❞✐✈✐s♦r ✐♥ B1 × B2 ❜② f1 × f2✳ ▲❡t f : X → W ❜❡ t❤❡
♥❛t✉r❛❧ ♠♦r♣❤✐s♠✳ ❚❤❡♥ t❤❡r❡ ❛r❡ ❡①❛❝t❧② ❢♦✉r ♣♦ss✐❜✐❧✐t✐❡s ✿

✭✶✮ f ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ X ✐s ❛ ❤②♣❡rs✉r❢❛❝❡ ♦❢ ❞❡❣r❡❡ (1, 1) ❀

✭✷✮ f ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ X ✐s ❛ ❤②♣❡rs✉r❢❛❝❡ ♦❢ ❞❡❣r❡❡ (2, 1) ♦r (1, 2) ❀

✭✸✮ f ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ X ✐s ❛ ❤②♣❡rs✉r❢❛❝❡ ♦❢ ❞❡❣r❡❡ (2, 2) ❀

✭✹✮ W ✐s ❛ s♠♦♦t❤ ❤②♣❡rs✉r❢❛❝❡ ♦❢ ❞❡❣r❡❡ (1, 1)✱ f ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ❜r❛♥✲
❝❤❡❞ ❛❧♦♥❣ ❛ ❞✐✈✐s♦r ✇❤✐❝❤ ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ W ❛♥❞ ❛ ❞✐✈✐s♦r ♦❢
❞❡❣r❡❡ (2, 2) ✐♥ B1 ×B2✳
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Pr♦♦❢✳ ▲❡t A1, A2 ❜❡ t✇♦ ❞✐✈✐s♦rs ✐♥ X s✉❝❤ t❤❛t OX(A1) ∼= f∗1O❇1
(1) ❛♥❞

OX(A2) ∼= f∗2OB2
(1)✳ ❇② ❛ss✉♠♣t✐♦♥✱ t❤❡r❡ ❛r❡ t✇♦ r❛t✐♦♥❛❧ ♥✉♠❜❡rs a1, a2

s✉❝❤ t❤❛t −KX ≡ a1A1 + a2A2✳ ❙❡t d = deg f ✳ ❆ss✉♠❡ t❤❛t W ✐s ♦❢ ❞❡❣r❡❡
(p, q) ✐♥ B1 ×B2✳ ❲❡ ❤❛✈❡

A2
1A2 = dq and A1A

2
2 = dp.

▼♦r❡♦✈❡r✱ A3
1 = A3

2 = 0✳ ❙✐♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ f1 ❛♥❞ f2 ❛r❡ s♠♦♦t❤ r❛t✐♦♥❛❧
❝✉r✈❡s✱ ✇❡ ❤❛✈❡ −KX ·A2

1 = −KX ·A2
2 = 2. ❍❡♥❝❡

a1 =
2

dp
and a2 =

2

dq
.

❲❡ ❤❛✈❡

−K3
X = 3a1a

2
2A1A

2
2 + 3a21a2A

2
1A2 =

24

d2
(
1

q2
+

1

p2
).

❙✐♥❝❡ −K3
X ❛ ♣♦s✐t✐✈❡ ❡✈❡♥ ✐♥t❡❣❡r✱ t❤❡ ♥✉♠❜❡r

r =
12

d2
(
1

q2
+

1

p2
)

✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t q 6 p✳
■❢ d = 1✱ t❤❡♥ r ✐s ❛♥ ✐♥t❡❣❡r ✐❢ ❛♥❞ ♦♥❧② ✐❢ q, p ∈ {1, 2}✳ ❚❤❡ ♠♦r♣❤✐s♠

f : X → W ✐s t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♠❛♣✳ ❍♦✇❡✈❡r✱ W ✐s ♥♦r♠❛❧ ❜② ▲❡♠♠❛
✺✳✹✳✷✳ ❚❤✉s f ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

■❢ d = 2✱ t❤❡♥ ✇❡ ❝❛♥ ♦♥❧② ❤❛✈❡ q = p = 1✳ ❙✐♥❝❡ f1 : X → B1 ✐s
❡q✉✐❞✐♠❡♥s✐♦♥❛❧✱ s♦ ✐s t❤❡ ✐♥❞✉❝❡❞ ♣r♦❥❡❝t✐♦♥ p1 : W → B1✳ ❍❡♥❝❡ ❡✈❡r②
✜❜❡r ♦❢ p1 ✐s ❛ ❧✐♥❡ ✐♥ P2✱ ✇❤✐❝❤ ✐s s♠♦♦t❤✳ ❙✐♥❝❡ W ✐s ❈♦❤❡♥✲▼❛❝❛✉❧❛②
❛♥❞ P2 ✐s s♠♦♦t❤✱ t❤❡ ♠♦r♣❤✐s♠ p1 ✐s ✢❛t✳ ❍❡♥❝❡ p1 ✐s ❛ s♠♦♦t❤ ♠♦r♣❤✐s♠
❛♥❞ W ✐s s♠♦♦t❤✳ ❙✐♥❝❡ W ✐s ❛♠♣❧❡ ✐♥ P2 × P2✱ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠
Pic(P2 × P2) → Pic(W ) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜② t❤❡ ▲❡❢s❝❤❡t③ t❤❡♦r❡♠ ✭s❡❡
❬▲❛③✵✹✱ ❊①❛♠♣❧❡ ✸✳✶✳✷✺❪✮✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❧❛st ♣❛r❛❣r❛♣❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢
Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✼✱ ✇❡ ♦❜t❛✐♥ t❤❛t f ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ❞✐✈✐s♦r ✇❤✐❝❤ ✐s t❤❡
✐♥t❡rs❡❝t✐♦♥ ♦❢ W ❛♥❞ ❛ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (2, 2) ✐♥ B1 ×B2✳

■❢ d > 3✱ t❤❡♥ ✇❡ ❤❛✈❡

1 6 r 6
4

3
(
1

q2
+

1

p2
).

❍❡♥❝❡ ❡✐t❤❡r q = 1 ♦r q, p 6 2✳ ■❢ q = p = 1✱ t❤❡♥ r = 24
d2
✳ ■♥ t❤✐s ❝❛s❡✱ r ✐s ❛♥

✐♥t❡❣❡r ✐❢ ❛♥❞ ♦♥❧② d = 1 ♦r 2✳ ❚❤✐s ✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ d > 2✳ ■❢ q = 1 ❛♥❞
p > 2✱ t❤❡♥ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s t❤❛t r 6

5
3 ✳ ❚❤✉s r = 1 ❛♥❞ p2

❞✐✈✐❞❡s 12✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ♦♥❧② ❤❛✈❡ p = 2 ❛♥❞ 1 = r = 12
d2

· 54 = 15
d2
✳ ❚❤✐s

✐s ✐♠♣♦ss✐❜❧❡✳ ■❢ q = p = 2✱ t❤❡♥ r = 6
d2

✐s ❛♥ ✐♥t❡❣❡r ✐❢ ❛♥❞ ♦♥❧② ✐❢ d = 1✳
❚❤✐s ✐s ❛❧s♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❍❡♥❝❡ d 6 2✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳



❲❡♥❤❛♦ ❖❯ ✾✺

▲❡♠♠❛ ✺✳✹✳✶✵✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤ ●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧ s✐♥✲
❣✉❧❛r✐t✐❡s✳ ▲❡t B1

∼= B2
∼= P2✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧

♣r♦❥❡❝t✐✈❡ ♠♦r♣❤✐s♠s f1 : X → B1 ❛♥❞ f2 : X → B2 s✉❝❤ t❤❛t ❣❡♥❡r❛❧ ✜❜❡rs
♦❢ fi ❤❛✈❡ t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❢♦r i = 1, 2 ❛♥❞ f1 × f2 : X → B1 ×B2

✐s ✜♥✐t❡ ♦♥t♦ ✐ts ✐♠❛❣❡ W ✳ ▲❡t gi : X → Zi → Bi ❜❡ t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥ ♦❢
fi ❢♦r i = 1, 2✳ ▲❡t A1, A2 ❜❡ t✇♦ ❞✐✈✐s♦rs ✐♥ X s✉❝❤ t❤❛t OX(A1) ∼= f∗1OB1

(1)
❛♥❞ OX(A2) ∼= f∗2OB2

(1)✳ ❆ss✉♠❡ t❤❛t

✲ W ✐s ❛ ♥♦r♠❛❧ ❤②♣❡rs✉r❢❛❝❡ ✇✐t❤ ✐s♦❧❛t❡❞ Q✲❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛r✐t✐❡s
♦❢ ❞❡❣r❡❡ (p, q)✱ ✇❤❡r❡ p, q ∈ {1, 2} ❀

✲ Z1 ❛♥❞ Z2 ❛r❡ s♠♦♦t❤ ❀

✲ t❤❡r❡ ❛r❡ t✇♦ r❛t✐♦♥❛❧ ♥✉♠❜❡rs a1, a2 s✉❝❤ t❤❛t −KX ≡ a1A1 + a2A2✳

▲❡t f : X → W ❜❡ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠✳ ❚❤❡♥ t❤❡ ❞❡❣r❡❡ ♦❢ f ✐s 4 ❛♥❞
a1 = a2 = p = q = 1✳

Pr♦♦❢✳ ▲❡t h ❜❡ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ Z1 × Z2 → B1 × B2 ❛♥❞ ❧❡t Z =
h∗W ✳ ❲❡ ✇✐❧❧ ✜rst s❤♦✇ t❤❛t t❤❛t Z ✐s ♥♦r♠❛❧✳ ❙✐♥❝❡ Z1 ✐s s♠♦♦t❤✱ t❤❡
❞♦✉❜❧❡ ❝♦✈❡r Z1 → B1 ✐s ❛ ❝②❝❧✐❝ ❝♦✈❡r ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ ✐s♦♠♦r♣❤✐s♠
(L1)

⊗2 ∼= OB1
(D1)✱ ✇❤❡r❡ D1 ✐s ❛ s♠♦♦t❤ ❞✐✈✐s♦r ✭s❡❡ ▲❡♠♠❛ ✺✳✷✳✸✮✳ ▲❡t

p1 :W → B1 ❜❡ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥✳ ▲❡t V ⊆ Z1 ×B2 ❜❡ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢
W ❜② Z1 ×B2 → B1 ×B2✳ ❚❤❡♥ V ∼=W ×B1

Z1✳
❙✐♥❝❡ W ✐s ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤ Q✲❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛r✐t✐❡s✱ p1 ✐s ❛♥

❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❋❛♥♦ ✜❜r❛t✐♦♥ ❜② ▲❡♠♠❛ ✺✳✹✳✸✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ W ❤❛s ✐s♦✲
❧❛t❡❞ s✐♥❣✉❧❛r✐t✐❡s✱ ❜② ▲❡♠♠❛ ✺✳✹✳✶✱ ✇❡ ♦❜t❛✐♥ t❤❛t p1 ❤❛s r❡❞✉❝❡❞ ✜❜❡rs
♦✈❡r s♦♠❡ ♦♣❡♥ s✉❜s❡t ♦❢ B1 ✇❤♦s❡ ❝♦♠♣❧❡♠❡♥t ❤❛s ❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 2✳
❚❤✉s V ✐s ♥♦r♠❛❧ ❛♥❞ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❜② ▲❡♠♠❛ ✺✳✷✳✷✳

Z

��

// Z2

��

V //

��

W p2
//

p1
��

B2

Z1
// B1

▲❡t p2 : W → B2 ❛♥❞ r2 : V → B2 ❜❡ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s✳ ❚❤❡♥
t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t U ♦❢ B2 s✉❝❤ t❤❛t codimB2\U > 2 ❛♥❞ p2 ❤❛s
r❡❞✉❝❡❞ ✜❜❡rs ♦✈❡r U ❜② ▲❡♠♠❛ ✺✳✹✳✸✳ ◆♦t❡ t❤❛t V →W ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣
p∗1D1 ⊆W ❛♥❞ ❡✈❡r② ❝♦♠♣♦♥❡♥t ♦❢ p∗1D1 ⊆W ✐s ❤♦r✐③♦♥t❛❧ ♦✈❡r B2✳ ❍❡♥❝❡
t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t U ′ ♦❢ U s✉❝❤ t❤❛t codimB2\U

′ > 2 ❛♥❞ r2 ❤❛s
r❡❞✉❝❡❞ ✜❜❡rs ♦✈❡r U ′✳ ❙✐♥❝❡ Z ✐s t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ V ❜② Z1 × Z2 → Z1 ×B2✱
✇❡ ❤❛✈❡ Z ∼= V ×B2

Z2✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ▲❡♠♠❛ ✺✳✷✳✷ ✐♠♣❧✐❡s
t❤❛t Z ✐s ♥♦r♠❛❧✳

❍❡♥❝❡ Z ✐s t❤❡ ✐♠❛❣❡ ♦❢ X ✐♥ Z1 × Z2✳ ▲❡t g : X → Z ❜❡ t❤❡ ♥❛t✉r❛❧
♠♦r♣❤✐s♠✳ ▲❡t d = deg f ✳ ❙✐♥❝❡ Z → W ✐s ♦❢ ❞❡❣r❡❡ 4✱ ✇❡ ♦❜t❛✐♥ t❤❛t
d ∈ 4Z✳ ❲❡ ❤❛✈❡

A2
1A2 = qd and A1A

2
2 = pd.
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◆♦t❡ t❤❛t ❡✈❡r② ❝♦♠♣♦♥❡♥t ♦❢ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ fi ✐s ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡
❢♦r i = 1, 2✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡

−KXA
2
1 = −KXA

2
2 = 4.

❚❤✐s s❤♦✇s t❤❛t
a1 =

4

pd
, and a2 =

4

qd
.

❲❡ ❤❛✈❡

−K3
X = 3a1a

2
2A1A

2
2 + 3a21a2A

2
1A2 =

192

d2
(
1

p2
+

1

q2
).

❙✐♥❝❡ −K3
X ✐s ❛ ♣♦s✐t✐✈❡ ❡✈❡♥ ✐♥t❡❣❡r✱ ✇❡ ♦❜t❛✐♥ t❤❛t

r =
96

d2
(
1

p2
+

1

q2
)

✐s ❛♥ ✐♥t❡❣❡r✳ ❙✐♥❝❡ d ∈ 4Z✱ t❤✐s ✐♠♣❧✐❡s t❤❛t d = 4 ♦r d = 8✳
❙✐♥❝❡ g : X → Z ✐s ✜♥✐t❡ s✉r❥❡❝t✐✈❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t −KZ ✐s ❜✐❣ ❜② ▲❡♠♠❛

✺✳✹✳✹✳ ◆♦t❡ t❤❛t Z1 ❛♥❞ Z2 ❛r❡ s♠♦♦t❤✳ ❇② t❤❡ ❛❞❥✉♥❝t✐♦♥ ❢♦r♠✉❧❛ ❛♥❞ t❤❡
r❛♠✐✜❝❛t✐♦♥ ❢♦r♠✉❧❛✱ −KZ ✐s ❜✐❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Zi → Bi ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛
s♠♦♦t❤ ❝♦♥✐❝ ❢♦r i = 1, 2 ❛♥❞ p = q = 1✳ ❍❡♥❝❡ Z1

∼= Z2
∼= P1 × P1✱ Z ✐s ♦❢

❞❡❣r❡❡ (1, 1, 1, 1) ✐♥ Z1 × Z2
∼= (P1)4 ❛♥❞ KX ≡ 4

dg
∗KZ ✳ ❍❡♥❝❡ ❜② ▲❡♠♠❛

✺✳✹✳✻✱ ✇❡ ♦❜t❛✐♥ t❤❛t X ∼= Z ❛♥❞ d = 4✳ ❚❤✉s a1 = a2 = 1✳

▲❡♠♠❛ ✺✳✹✳✶✶✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤ ●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧ s✐♥✲
❣✉❧❛r✐t✐❡s✳ ▲❡t B1

∼= B2
∼= P2✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧

♣r♦❥❡❝t✐✈❡ ♠♦r♣❤✐s♠s f1 : X → B1 ❛♥❞ f2 : X → B2 s✉❝❤ t❤❛t ❣❡♥❡r❛❧ ✜❜❡rs
♦❢ fi ❤❛✈❡ i ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❢♦r i = 1, 2 ❛♥❞ t❤❛t f1×f2 : X → B1×B2

✐s ✜♥✐t❡ ♦♥t♦ ✐ts ✐♠❛❣❡ W ✳ ❆ss✉♠❡ t❤❛t

✲ W ✐s ❛ ♥♦r♠❛❧ ❤②♣❡rs✉r❢❛❝❡ ✇✐t❤ ✐s♦❧❛t❡❞ Q✲❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛r✐t✐❡s
♦❢ ❞❡❣r❡❡ (p, q)✱ ✇❤❡r❡ p, q ∈ {1, 2} ❀

✲ ■❢ X → Z2 → B2 ✐s t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ f2✱ t❤❡♥ Z2 ✐s s♠♦♦t❤ ❀

✲ KX ✐s ♥✉♠❡r✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ s♦♠❡ Q✲❞✐✈✐s♦r ✐♥ B1×
B2 ❜② f1 × f2✳

❚❤❡♥ t❤❡ ❞❡❣r❡❡ ♦❢ f ✐s 2 ❛♥❞ q = 1✳

Pr♦♦❢✳ ▲❡t Z = h∗W ✱ ✇❤❡r❡ h ✐s t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ B1 × Z2 → B1 ×
B2✳ ❚❤❡♥ Z ∼= W ×B2

Z2✳ ❙✐♥❝❡ W ❤❛s ✐s♦❧❛t❡❞ ❦❧t s✐♥❣✉❧❛r✐t✐❡s✱ W →
B2 ❤❛s r❡❞✉❝❡❞ ✜❜❡rs ♦✈❡r s♦♠❡ ♦♣❡♥ s✉❜s❡t ♦❢ B2 ✇❤♦s❡ ❝♦♠♣❧❡♠❡♥t ❤❛s
❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 2✳ ❇② ▲❡♠♠❛ ✺✳✷✳✸✱ Z2 → B2 ✐s ❛ ❝②❝❧✐❝ ❝♦✈❡r✳ ❍❡♥❝❡
❜② ▲❡♠♠❛ ✺✳✷✳✷✱ Z ✐s ♥♦r♠❛❧✳ ❚❤✉s Z ❡q✉❛❧ t♦ t❤❡ ✐♠❛❣❡ ♦❢ X ✐♥ B1 × Z2✳
▼♦r❡♦✈❡r✱ s✐♥❝❡ −KX ✐s ❛♠♣❧❡✱ −KZ ✐s ❜✐❣ ❜② ▲❡♠♠❛ ✺✳✹✳✹✳ ❚❤✉s q = 1 ❛♥❞
Z2

∼= P1 × P1 ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ B2✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ s♦♠❡ s♠♦♦t❤ ❝♦♥✐❝✳
▼♦r❡♦✈❡r✱ ✐❢ d = deg f ✱ t❤❡♥ d ∈ 2Z✳
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Z //

��

W

��

Z2
// B2

▲❡t f : X → W ❜❡ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠✳ ▲❡t A1, A2 ❜❡ t✇♦ ❞✐✈✐s♦rs ✐♥
X s✉❝❤ t❤❛t OX(A1) ∼= f∗1OB1

(1) ❛♥❞ OX(A2) ∼= f∗2OB2
(1)✳ ❇② ❛ss✉♠♣t✐♦♥✱

t❤❡r❡ ❛r❡ t✇♦ r❛t✐♦♥❛❧ ♥✉♠❜❡rs a1, a2 s✉❝❤ t❤❛t −KX ≡ a1A1 + a2A2✳ ❲❡
❤❛✈❡

A2
1A2 = qd = d and A1A

2
2 = pd.

◆♦t❡ t❤❛t ❡✈❡r② ❝♦♠♣♦♥❡♥t ♦❢ ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ fi ✐s ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡
❢♦r i = 1, 2✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡

−KXA
2
1 = 2 and −KXA

2
2 = 4.

❚❤✐s s❤♦✇s t❤❛t
a1 =

4

pd
and a2 =

2

d
.

❲❡ ❤❛✈❡
−K3

X = 3a1a
2
2A1A

2
2 + 3a21a2A

2
1A2 =

48

d2
(1 +

2

p2
).

❙✐♥❝❡ −K3
X ✐s ❛ ♣♦s✐t✐✈❡ ❡✈❡♥ ✐♥t❡❣❡r✱ ✇❡ ♦❜t❛✐♥ t❤❛t

r =
24

d2
(1 +

2

p2
)

✐s ❛♥ ✐♥t❡❣❡r✳ ❙✐♥❝❡ d ∈ 2Z✱ t❤✐s ✐♠♣❧✐❡s t❤❛t d = 2 ♦r 6✳
❆ss✉♠❡ t❤❛t d = 6✳ ❚❤❡♥ a1 = 2

3p ❛♥❞ a2 = 1
3 ✳ ❚❤❡ ❤②♣❡rs✉r❢❛❝❡ Z ✐s ♦❢

❞❡❣r❡❡ (p, 1, 1) ✐♥ B1×Z2
∼= P2×P1×P1 ❛♥❞ X → Z ✐s ♦❢ ❞❡❣r❡❡ 3✳ ▲❡t ϕ, ψ

❜❡ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s ❢r♦♠ X t♦ P1 ✐♥❞✉❝❡❞ ❜② X → Z2✳ ▲❡t F ❛♥❞ G
❜❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ ϕ ❛♥❞ ψ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ OX(F + G) ∼= OX(A2)✳ ❲❡
❤❛✈❡

A2
1F = 3, A1FG = 3p, G2F = 0

❛♥❞
−KX ≡

2

3p
A1 +

1

3
F +

1

3
G.

❇② t❤❡ ❛❞❥✉♥❝t✐♦♥ ❢♦r♠✉❧❛✱ ✇❡ ❤❛✈❡

K2
F = (KX + F )2F = (

2

3p
A1 +

1

3
G)2F

=
4

9p2
A2

1F +
4

9p
A1GF =

4

3p2
+

4

3
=

4

3p2
(p2 + 1).

❙✐♥❝❡ F ✐s ❛ s✉r❢❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ K2
F ∈ Z✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

3 ❞✐✈✐❞❡s (p2 + 1) ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ s✐♥❝❡ p ∈ Z✳
❚❤✉s ✇❡ ❤❛✈❡ d = 2✳
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✺✳✹✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✷

❚❤❡♦r❡♠ ✺✳✶✳✷ ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✼ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✾✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✷✳ ▲❡t R1, R2 ❜❡ t❤❡ t✇♦ ❡①tr❡♠❛❧ r❛②s ♦❢ t❤❡ ❝♦♥❡
◆❊(X)✳ ▲❡t fi : X → Bi ❜❡ t❤❡ ▼♦r✐ ✜❜r❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ Ri ❢♦r i = 1, 2✳
❚❤❡♥ ❜② ▲❡♠♠❛ ✺✳✸✳✶✱ Bi ✐s ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ P✐❝❛r❞ ♥✉♠❜❡r 1 ❢♦r i = 1, 2✳
❇② s②♠♠❡tr②✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t dimB1 6 dimB2✳ ❙✐♥❝❡ R1 ∩R2 = {0}✱
t❤❡ ♠♦r♣❤✐s♠ f1 × f2 : X → B1 ×B2 ✐s ✜♥✐t❡ ♦♥t♦ ✐ts ✐♠❛❣❡✳

❆ss✉♠❡ ✜rst t❤❛t B1 = P1✳ ❚❤❡♥ B2 ✐s ♦❢ ❞✐♠❡♥s✐♦♥ 2 s✐♥❝❡ f1 × f2 ✐s
✜♥✐t❡✳ ❇② ▲❡♠♠❛ ✺✳✸✳✸✱ ✇❡ ❤❛✈❡ B2

∼= P2✳ ❙✐♥❝❡ X ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 2✱ ❜②
Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✼✱ X ✐s ♦♥❡ ♦❢ t❤❡ t❤r❡❡❢♦❧❞s ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✼✳ ❙✐♥❝❡ X
✐s ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧✱ ✐❢ f ✐s ♦❢ ❞❡❣r❡❡ t✇♦✱ t❤❡♥ f ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡
❞✐✈✐s♦r ❜② ❬❉r✉✶✹✱ ▲❡♠✳ ✸✳✼❪✳ ❍❡♥❝❡ X ✐s ♦♥❡ ♦❢ t❤❡ t❤r❡❡❢♦❧❞s ♦❢ 1 − 3 ♦❢
❚❤❡♦r❡♠ ✺✳✶✳✷✳

❆ss✉♠❡ t❤❛t dimB1 = 2✳ ❚❤❡♥ dimB2 = 2✳ ❇② ▲❡♠♠❛ ✺✳✸✳✷✱ ✇❡ ❤❛✈❡
B1

∼= B2
∼= P2✳ ❚❤❡♥ X ✐s ♦♥❡ ♦❢ t❤❡ t❤r❡❡❢♦❧❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✾✳ ❙✐♥❝❡ X

✐s ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧✱ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t X ✐s
♦♥❡ ♦❢ t❤❡ t❤r❡❡❢♦❧❞s ♦❢ 4− 7 ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✷✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✺✳

▲❡♠♠❛ ✺✳✹✳✶✷✳ ▲❡t X ❜❡ ❛ t❤r❡❡❢♦❧❞ ✐♥ 4 − 7 ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✷✳ ▲❡t W
❜❡ t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ X → P2 × P2✳ ❚❤❡♥ W ✐s ❛ ♥♦r♠❛❧
✈❛r✐❡t② ✇✐t❤ ✐s♦❧❛t❡❞ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳

Pr♦♦❢✳ ■❢ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ X → W ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ t❤❡♥ t❤❡r❡ ✐s
♥♦t❤✐♥❣ t♦ ♣r♦✈❡✳ ■❢ X →W ✐s ♦❢ ❞❡❣r❡❡ 2✱ t❤❡♥W ✐s s♠♦♦t❤ ♦❢ ❞❡❣r❡❡ (1, 1)
✐♥ P2 × P2 ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✾✳

✺✳✺ ❈❛s❡ ♦❢ ❞✐♠❡♥s✐♦♥ 4

❲❡ ✇✐❧❧ st✉❞② ❋❛♥♦ ❢♦✉r❢♦❧❞s X ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉✲
❧❛r✐t✐❡s s✉❝❤ t❤❛t X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(X) = 3 ❛♥❞ Nef(X) =
Psef(X)✳ ❈♦♥s✐❞❡r t❤❡ ❝♦♥❡ ◆❊(X)✳ ❋♦r ❡✈❡r② ❢❛❝❡ V2 ♦❢ ❞✐♠❡♥s✐♦♥ 2 ♦❢
◆❊(X)✱ t❤❡r❡ ❛r❡ ❡①❛❝t❧② t✇♦ ❢❛❝❡s V1 ❛♥❞ V3✱ ♦❢ ❞✐♠❡♥s✐♦♥ 2✱ ✇❤♦s❡ ✐♥t❡r✲
s❡❝t✐♦♥s ✇✐t❤ V2 ❛r❡ ❡①tr❡♠❛❧ r❛②s ♦❢ ◆❊(X)✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦
♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✳ ■❢ X ✐s ❛ ❋❛♥♦ ❢♦✉r❢♦❧❞ ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐✲
❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(X) = 3 ❛♥❞
Nef(X) = Psef(X)✱ t❤❡♥ t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ ❢r♦♠ X t♦ P1✳

❲❡ ✇✐❧❧ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❋❛♥♦ ❢♦✉r❢♦❧❞s ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥ (∗) ❛♥❞ ✇❡ ✇✐❧❧ ♦❜t❛✐♥ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
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(∗) X ✐s ❛ ❋❛♥♦ ❢♦✉r❢♦❧❞ ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤
t❤❛t X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(X) = 3 ❛♥❞ Nef(X) = Psef(X)✳
▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ♥♦ ✜❜r❛t✐♦♥ ❢r♦♠ X t♦ P1✳

❲❡ ✇✐❧❧ ✜rst s❤♦✇ t❤❛t ✐❢ X ✐s ❛ ✈❛r✐❡t② s❛t✐s❢②✐♥❣ (∗)✱ t❤❡♥ ✐t ✐s ❛ ✜♥✐t❡
❝♦✈❡r ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦ ❤②♣❡rs✉r❢❛❝❡s ♦❢ ❞❡❣r❡❡ (0, 2, 2) ❛♥❞ (2, 2, 0)
✐♥ P2 × P2 × P2✳

▲❡♠♠❛ ✺✳✺✳✷✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ ❢♦✉r❢♦❧❞ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ Pr♦✲
♣♦s✐t✐♦♥ ✺✳✺✳✶✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ♥♦ ✜❜r❛t✐♦♥ ❢r♦♠ X t♦ P1✳ ▲❡t V1, V2, V3
❜❡ t❤r❡❡ ❞✐st✐♥❝t ❢❛❝❡s ♦❢ ❞✐♠❡♥s✐♦♥s 2 ✐♥ ◆❊(X) s✉❝❤ t❤❛t V1 ∩ V2 ❛♥❞
V2 ∩ V3 ❛r❡ ❡①tr❡♠❛❧ r❛②s✳ ▲❡t fi ❜❡ t❤❡ ✜❜r❛t✐♦♥ ❢r♦♠ X t♦ Bi ❝♦rr❡s✲
♣♦♥❞✐♥❣ t♦ Vi ✭i = 1, 2, 3✮✳ ❚❤❡♥ Bi = P2 ❢♦r ❛❧❧ i ❛♥❞ t❤❡ ♠♦r♣❤✐s♠
f1 × f2 × f3 : X → P2 × P2 × P2 ✐s ✜♥✐t❡ ♦♥t♦ ✐ts ✐♠❛❣❡ Z✳ ▼♦r❡♦✈❡r✱
Z ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❤②♣❡rs✉r❢❛❝❡s D ❛♥❞ E ♦❢ ❞❡❣r❡❡ (r, s, 0) ❛♥❞ (0, a, b)
s✉❝❤ t❤❛t r, s, a, b ∈ {1, 2}✳

Pr♦♦❢✳ ❋♦r ❛❧❧ i✱ s✐♥❝❡ t❤❡ ❜❛s❡ Bi ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1 ❛♥❞ t❤❡r❡ ✐s ♥♦
✜❜r❛t✐♦♥ ❢r♦♠ X t♦ P1✱ ❜② ▲❡♠♠❛ ✺✳✸✳✷✱ ✇❡ ♦❜t❛✐♥ t❤❛t Bi

∼= P2✳

X

!!}}

D′

�� !!

E′

��}}

B1 B2 B3

▲❡t g : X → Y ❜❡ t❤❡ ▼♦r✐ ✜❜r❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡①tr❡♠❛❧ r❛②
R12 = V1 ∩ V2✳ ❚❤❡♥ g ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ 1 ❜② ▲❡♠♠❛
✺✳✸✳✽✳ ❇② ▲❡♠♠❛ ✺✳✸✳✷✱ Y ✐s ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤ ✐s♦❧❛t❡❞ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧
❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t ρ(Y ) = 2 ❛♥❞ Nef(Y ) = Psef(Y )✳ ❍❡♥❝❡ Y
✐s ♦♥❡ ♦❢ t❤❡ t❤r❡❡❢♦❧❞s ✐♥ 4 − 7 ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✷✳ ▲❡t D′ ❜❡ t❤❡ ✐♠❛❣❡ ♦❢
f1 × f2 : X → B1 × B2✳ ❙✐♥❝❡ f1 × f2 ❢❛❝t♦r✐s❡s t❤r♦✉❣❤ g : X → Y ✱ D′

✐s ❛ ❤②♣❡rs✉r❢❛❝❡ ♦❢ ❞❡❣r❡❡ (r, s) ✐♥ B1 × B2 ✇✐t❤ r, s ∈ {1, 2} ❜② ❚❤❡♦r❡♠
✺✳✶✳✷✳ ❇② t❤❡ ▲❡❢s❝❤❡t③ t❤❡♦r❡♠✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ Pic(B1 × B2) → Pic(D′)
✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✭s❡❡ ❬▲❛③✵✹✱ ❊①❛♠♣❧❡ ✸✳✶✳✷✺❪✮✳ ▼♦r❡♦✈❡r✱ D′ ❤❛s ✐s♦❧❛t❡❞
❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❜② ▲❡♠♠❛ ✺✳✹✳✶✷✳

▲❡t h : X → D′ ❜❡ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠✳ ❙✐♥❝❡ R12 ∩ V3 = {0}✱ t❤❡
♠♦r♣❤✐s♠ h×f3 : X → D′×B3 ✐s ✜♥✐t❡ ♦♥t♦ ✐ts ✐♠❛❣❡ Z✳ ▲❡t D = D′×B3✳
❚❤❡♥ D ✐s ❛ ❤②♣❡rs✉r❢❛❝❡ ♦❢ ❞❡❣r❡❡ (r, s, 0) ✐♥ B1 × B2 × B3✳ ❙✐♥❝❡ B3 ✐s
s♠♦♦t❤✱ t❤❡ ♣r♦❞✉❝t D ✐s ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ✭t❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t
t❤❡ r✐♥❣ ♦❢ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ ❛ ✉♥✐q✉❡ ❢❛❝t♦r✐③❛t✐♦♥ ❞♦♠❛✐♥ ✐s
st✐❧❧ ❛ ✉♥✐q✉❡ ❢❛❝t♦r✐③❛t✐♦♥ ❞♦♠❛✐♥✮✳ ❍❡♥❝❡ Z ✐s ❛ ❈❛rt✐❡r ❞✐✈✐s♦r ✐♥ D✳

◆♦t❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ Pic(D′) × Pic(B3) → Pic(D) ✐s ❛♥ ✐s♦✲
♠♦r♣❤✐s♠ s✐♥❝❡ B3 = P2 ✐s ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ♠❛♥✐❢♦❧❞ ✭s❡❡ ❬❍❛r✼✼✱ ❊①✳
■■■✳✶✷✳✻❪✮✳ ❍❡♥❝❡ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠

Pic(B1)× Pic(B2)× Pic(B3) → Pic(D)
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✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❙✐♥❝❡ Z ✐s ❛ ❈❛rt✐❡r ❞✐✈✐s♦r ✐♥ D✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡r❡
✐s ❛ ❤②♣❡rs✉r❢❛❝❡ E ♦❢ ❞❡❣r❡❡ (c, a, b) ✐♥ B1 × B2 × B3 s✉❝❤ t❤❛t Z ✐s t❤❡
✐♥t❡rs❡❝t✐♦♥ ♦❢ E ❛♥❞ D✳

◆♦t❡ t❤❛t V3 ∩ V2 ✐s ❛♥ ❡①tr❡♠❛❧ r❛② R23✳ ❆s ✐♥ t❤❡ ✜rst ♣❛r❛❣r❛♣❤✱ ✇❡
♦❜t❛✐♥ t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ♠♦r♣❤✐s♠ f2 × f3 : X → B2 × B3 ✐s ❛ ♣r♦♣❡r
s✉❜✈❛r✐❡t②✳ ❚❤✉s t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ Z → B2 × B3 ✐s ❛❧s♦ ❛
♣r♦♣❡r s✉❜✈❛r✐❡t②✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t c = 0✳

▲❡t E′ ⊆ B2 ×B3 ❜❡ t❤❡ ✐♠❛❣❡ ♦❢ f2 × f3✳ ❙✐♥❝❡ f2 × f3 ❢❛❝t♦rs t❤r♦✉❣❤
X → Z✱ ✇❡ ♦❜t❛✐♥ t❤❛t E′ ✐s ♦❢ ❞❡❣r❡❡ (a, b) ✐♥ B2 × B3✳ ❆s ✐♥ t❤❡ s❡❝♦♥❞
♣❛r❛❣r❛♣❤ ♦❢ t❤❡ ♣r♦♦❢✱ ✇❡ ❤❛✈❡ a, b ∈ {1, 2} ❛♥❞ E ∼= B1×E

′✳ ❚❤✐s ❝♦♠♣❧❡t❡s
t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✺✳✸✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ ❢♦✉r❢♦❧❞ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ Pr♦♣♦✲
s✐t✐♦♥ ✺✳✺✳✶✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ♥♦ ✜❜r❛t✐♦♥ ❢r♦♠ X t♦ P1✳ ❚❤❡♥ t❤❡ ❝♦♥❡
◆❊(X) ✐s ♥♦t s✐♠♣❧✐❝✐❛❧✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❡ ♦♣♣♦s✐t❡✳ ❙✐♥❝❡ t❤❡ ❝♦♥❡ ◆❊(X) ✐s s✐♠♣❧✐❝✐❛❧✱ ✐t ❤❛s t❤r❡❡
❢❛❝❡s V1✱ V2✱ V3 ♦❢ ❞✐♠❡♥s✐♦♥ 2 ❛♥❞ t❤r❡❡ ❡①tr❡♠❛❧ r❛②s V1 ∩ V2✱ V2 ∩ V3 ❛♥❞
V3∩V1✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✺✳✷✱ ❢♦r ❡✈❡r② ❢❛❝❡ Vi✱ t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥
fi : X → Bi ❝♦rr❡s♣♦♥❞✐♥❣ Vi✱ ✇❤❡r❡ Bi

∼= P2 ✭i = 1, 2, 3✮✳ ▲❡t Z ❜❡ t❤❡
✐♠❛❣❡ ♦❢ f1 × f2 × f3 : X → B1 × B2 × B3✳ ❚❤❡♥ Z ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢
❤②♣❡rs✉r❢❛❝❡s ♦❢ ❞❡❣r❡❡ (r, s, 0) ❛♥❞ (0, a, b) ❛♥❞ t❤❛t r, s, a, b ∈ {1, 2}✳ ❙✐♥❝❡
V3 ∩ V1 6= {0}✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ f1 × f3 : X → B1 × B3 ✐s ❛
♣r♦♣❡r s✉❜✈❛r✐❡t②✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r ♦❢ s✐① ❞✐✈✐s♦rs
✐♥ B1 × B2 × B3 ♦❢ ❞❡❣r❡❡ (1, 0, 0)✱ (1, 0, 0)✱ (0, 0, 1)✱ (0, 0, 1)✱ (r, s, 0) ❛♥❞
(0, a, b) r❡s♣❡❝t✐✈❡❧② ✐s ③❡r♦✳ ❍❡♥❝❡ as = 0✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

▲❡♠♠❛ ✺✳✺✳✹✳ ▲❡t W = B1×❇2×B3✱ ✇❤❡r❡ Bi = P2 ❢♦r i = 1, 2, 3✳ ▲❡t D′

❛♥❞ E′ ❜❡ ♥♦r♠❛❧ Q✲❢❛❝t♦r✐❛❧ ❦❧t ❤②♣❡rs✉r❢❛❝❡s ✐♥ B1 × B2 ❛♥❞ B2 × B3 ♦❢
❞❡❣r❡❡ (a, 1) ❛♥❞ (b, c) ✇✐t❤ a, b, c ∈ {1, 2}✳ ▲❡t D = D′×B3 ❛♥❞ E = B1×E

′✳
■♥ ♦t❤❡r ✇♦r❞s✱ D ❛♥❞ E ❛r❡ ❤②♣❡rs✉r❢❛❝❡s ♦❢ ❞❡❣r❡❡ (a, 1, 0) ❛♥❞ (0, b, c) ✐♥
W ✳ ▲❡t Z ❜❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ D ❛♥❞ E✳ ■❢ f1, f3 ❛r❡ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s
❢r♦♠ Z t♦ B1, B3 r❡s♣❡❝t✐✈❡❧②✱ t❤❡♥ f = f1 × f3 : Z → B1 ×B3 ✐s ♥♦t ✜♥✐t❡✳

Pr♦♦❢✳ ▲❡t p1✱ p2 ✭r❡s♣✳ q2✱ q3✮ ❜❡ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s ❢r♦♠ D′ ✭r❡s♣✳ E′✮
t♦ B1 ❛♥❞ B2 ✭r❡s♣✳ B2 ❛♥❞ B3✮✳ ❙✐♥❝❡ D′ ❛♥❞ E′ ❛r❡ Q✲❢❛❝t♦r✐❛❧ ❦❧t ❋❛♥♦
✈❛r✐❡t✐❡s✱ t❤❡ ♠♦r♣❤✐s♠s p1, p2, q2, q3 ❛r❡ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❜② ▲❡♠♠❛ ✺✳✹✳✸✳
❚❤✉s p1 : D′ → B1 ✐s ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❢❛♠✐❧② ♦❢ ❝②❝❧❡s ✐♥ B2 = P2 ✭s❡❡ ❬❑♦❧✾✻✱
❉❡❢✳ ■✳✸✳✶✶❪✮✳ ❙✐♥❝❡ D′ ✐s ♦❢ ❞❡❣r❡❡ (a, 1)✱ t❤❡ ❝②❝❧❡s ✐♥ t❤✐s ❢❛♠✐❧② ❛r❡ ❧✐♥❡s ✐♥
B2✳ ❚❤✉s t❤❡r❡ ❡①✐st ❛ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ ch ❢r♦♠ B1 t♦ t❤❡ ●r❛ss♠❛♥♥✐❛♥
♦❢ ❧✐♥❡s ✐♥ B2 ✭s❡❡ ❬❑♦❧✾✻✱ ❚❤♠✳ ■✳✸✳✷✶❪✮✱ ✇❤✐❝❤ ✐s ✐s♦♠♦r♣❤✐❝ t♦ P2✳ ❙✐♥❝❡
a 6= 0✱ t❤❡ ♠♦r♣❤✐s♠ ch ✐s ♥♦t ❝♦♥st❛♥t✳ ◆♦t❡ t❤❛t B1 ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1✳
❚❤✐s s❤♦✇s t❤❛t ch ✐s ✜♥✐t❡✳ ❍❡♥❝❡ ✐t ✐s s✉r❥❡❝t✐✈❡ ❛♥❞ ❢♦r ❛♥② ❧✐♥❡ L ✐♥ B2✱
t❤❡r❡ ✐s ❛ ♣♦✐♥t x ✐♥ B1 s✉❝❤ t❤❛t t❤❡ ✜❜❡r ♦❢ p1 ♦✈❡r x ✐s ♠❛♣♣❡❞ t♦ L ❜②
t❤❡ ♣r♦❥❡❝t✐♦♥ p2✳
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Z = (D′ ×B3) ∩ (B1 × E′)

))uu
D′

p1
��

p2

))

E′

q3
��

q2
uu

B1 B2 B3

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❧❡♠♠❛✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ✜♥❞ t✇♦ ♣♦✐♥ts x ∈ B1

❛♥❞ z ∈ B3 s✉❝❤ t❤❛t f−1({(x, z)}) ❝♦♥t❛✐♥s ❛ ❝✉r✈❡✳ ❋✐rst ✇❡ ❛ss✉♠❡ t❤❛t
b = 1✳ ▲❡t L ❜❡ ❛ ❧✐♥❡ ✐♥ B2✳ ❋r♦♠ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ t❤❡r❡ ✐s ❛ ♣♦✐♥t
x ∈ B1 s✉❝❤ t❤❛t p−1

1 ({x}) ✐s ♠❛♣♣❡❞ t♦ L ❜② p2✳ ❙✐♠✐❧❛r❧②✱ t❤❡r❡ ✐s ❛
♣♦✐♥t z ∈ B3 s✉❝❤ t❤❛t q−1

3 ({z}) ✐s ♠❛♣♣❡❞ t♦ L ❜② q2✳ ❍❡♥❝❡ t❤❡ ❝✉r✈❡
{(x, y, z) ∈W | y ∈ L} ✐s ❝♦♥t❛✐♥❡❞ ✐♥ f−1({(x, z)})✳ ❚❤✉s✱ f ✐s ♥♦t ✜♥✐t❡✳

◆♦✇ ✇❡ ❛ss✉♠❡ t❤❛t b = 2✳ ❙✐♥❝❡ q3 ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✱ q3 : E′ → B3 ✐s
❛ ✇❡❧❧✲❞❡✜♥❡❞ ❢❛♠✐❧② ♦❢ ❝②❝❧❡s ✐♥ B2

∼= P2✳ ❍❡♥❝❡ t❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠ ❢r♦♠
B3 t♦ t❤❡ ❈❤♦✇ ✈❛r✐❡t② ♦❢ ❝♦♥✐❝s ✐♥ P2✳ ❙✐♥❝❡ B3 ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1 ❛♥❞
c 6= 0✱ t❤✐s ♠♦r♣❤✐s♠ ✐s ✜♥✐t❡ ♦♥t♦ ✐ts ✐♠❛❣❡✳ ◆♦t❡ t❤❛t t❤❡r❡ ✐s ❛ ❤②♣❡r♣❧❛♥❡
H ✐♥ t❤❡ ❈❤♦✇ ✈❛r✐❡t② ♦❢ ❝♦♥✐❝s ✐♥ P2 ✇❤✐❝❤ ♣❛r❛♠❡tr✐③❡ t❤❡ s✐♥❣✉❧❛r ❝♦♥✐❝s✳
❍❡♥❝❡ t❤❡r❡ ✐s ❛ ♣♦✐♥t z ∈ B3 s✉❝❤ t❤❛t t❤❡ ✜❜❡r ♦❢ q3 ♦✈❡r z ✐s t❤❡ ✉♥✐♦♥ ♦❢
t✇♦ ❧✐♥❡s L ❛♥❞ L′✳ ❚❤❡r❡ ✐s ❛ ♣♦✐♥t x ∈ B1 s✉❝❤ t❤❛t p−1

1 ({x}) ✐s ♠❛♣♣❡❞
t♦ L ❜② p2✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ❝✉r✈❡ {(x, y, z) ∈ W | y ∈ L} ✐s ❝♦♥t❛✐♥❡❞
✐♥ f−1({(x, z)})✳ ❍❡♥❝❡ f ✐s ♥♦t ✜♥✐t❡✳

▲❡♠♠❛ ✺✳✺✳✺✳ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ✐♥ ▲❡♠♠❛ ✺✳✺✳✷✱ t❤❡ ♥✉♠❜❡rs a, b, r, s ❛r❡
❛❧❧ ❡q✉❛❧ t♦ 2✳ ▼♦r❡♦✈❡r✱ ✐❢ ✇❡ ✇r✐t❡ D = D′×B3 ❛♥❞ E = B1×E

′✱ t❤❡♥ t❤❡
♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s ❢r♦♠ X t♦ D′ ❛♥❞ E′ ❛r❡ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ▼♦r✐ ✜❜r❛t✐♦♥s✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✺✳✸✱ t❤❡ ❝♦♥❡ ◆❊(X) ✐s ♥♦t s✐♠♣❧✐❝✐❛❧✳ ❍❡♥❝❡ V1 ∩ V3 =
{0}✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t f1 × f3 : X → B1 × B3 ✐s ✜♥✐t❡ s✉r❥❡❝t✐✈❡✳ ❙✐♥❝❡
f1× f3 ❢❛❝t♦rs t❤r♦✉❣❤ X → Z✱ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ Z → B1×B2 ✐s ✜♥✐t❡
s✉r❥❡❝t✐✈❡✳ ❇② ▲❡♠♠❛ ✺✳✹✳✶✷✱ D′ ❛♥❞ E′ ❛r❡ ❋❛♥♦ ✈❛r✐❡t✐❡s ✇✐t❤ ✐s♦❧❛t❡❞
❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤✉s ❜② ▲❡♠♠❛ ✺✳✺✳✹✱ ✇❡ ❤❛✈❡ s =
a = 2✳

◆♦t❡ t❤❛t t❤❡r❡ ✐s ❛ ❢❛❝❡ V4 ♦❢ ❞✐♠❡♥s✐♦♥ 2 ♦❢ ◆❊(X) s✉❝❤ t❤❛t V2 6= V4
❛♥❞ V3∩V4 ✐s ❛♥ ❡①tr❡♠❛❧ r❛②✳ ▲❡t f4 : X → B4 ❜❡ t❤❡ ✜❜r❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ V4✳ ❚❤❡♥✱ ❛s ✐♥ ▲❡♠♠❛ ✺✳✺✳✷✱ B4 = P2 ❛♥❞

f2 × f3 × f4 : X → B2 ×B3 ×B4

✐s ✜♥✐t❡ ♦♥t♦ ✐ts ✐♠❛❣❡ T ✳ ▼♦r❡♦✈❡r✱ T ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❤②♣❡rs✉r❢❛❝❡s
♦❢ ❞❡❣r❡❡ ♦❢ (a, b, 0) ❛♥❞ (0, p, q) s✉❝❤ t❤❛t p, q ∈ {1, 2}✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s
♣❛r❛❣r❛♣❤✱ ✇❡ ❤❛✈❡ b = p = 2✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❛t r = 2✳

❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✺✳✷✱ D′ ✐s ✐♥ ❢❛❝t ❡q✉❛❧ t♦ t❤❡ ✐♠❛❣❡ ♦❢
f1 × f2 : X → P2 × P2✳ ▲❡t g : X → Y ❜❡ t❤❡ ▼♦r✐ ✜❜r❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣
t❤❡ ❡①tr❡♠❛❧ r❛② V1 ∩ V2✳ ❚❤❡♥ X → Y → D′ ✐s ❥✉st t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥



❲❡♥❤❛♦ ❖❯ ✶✵✷

♦❢ X → D′✳ ❙✐♥❝❡ D′ ✐s ♦❢ ❞❡❣r❡❡ (2, 2) ❛♥❞ Y ✐s ♦♥❡ ♦❢ t❤❡ ✈❛r✐❡t✐❡s ✐♥ 4− 7
♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✷✱ ✇❡ ♦❜t❛✐♥ t❤❛t Y → D′ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❍❡♥❝❡ X → D′

✐s ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ▼♦r✐ ✜❜r❛t✐♦♥ ❜② ▲❡♠♠❛ ✺✳✸✳✽✳ ❙✐♠✐❧❛r❧②✱ X → E′ ✐s
❛❧s♦ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ▼♦r✐ ✜❜r❛t✐♦♥✳

▲❡♠♠❛ ✺✳✺✳✻✳ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ✐♥ ▲❡♠♠❛ ✺✳✺✳✷✱ t❤❡ ✐♠❛❣❡ Z ♦❢ f1×f2×
f3 : X → B1 ×B2 ×B3 ✐s ♥♦r♠❛❧✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✺✳✺✱ ✇❡ ❤❛✈❡ Z = D ∩ E✱ ✇❤❡r❡ D ∼= D′ × B3 ❛♥❞
E ∼= B1 ×E′ ❛r❡ ❤②♣❡rs✉r❢❛❝❡s ♦❢ ❞❡❣r❡❡ (2, 2, 0) ❛♥❞ (0, 2, 2) r❡s♣❡❝t✐✈❡❧② ✐♥
B1 ×B2 ×B3✳

❇② ▲❡♠♠❛ ✺✳✹✳✶✷✱ E′ ✐s ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t✐❡s✳
❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✺✳✹✳✶✱ t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t U ♦❢ B2 ✇❤♦s❡ ❝♦♠♣❧❡♠❡♥t
✐s ♦❢ ❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 2 s✉❝❤ t❤❛t t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ q2 : E′ → B2

❤❛s r❡❞✉❝❡❞ ✜❜❡rs ♦✈❡r U ✳

Z = (D′ ×B3) ∩ (B1 × E′)

))

ϕ
uu

D′

��

p2

))

E′

��
q2

uu
B1 B2 B3

❈♦♥s✐❞❡r t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ ϕ : Z → D′✳ ▲❡t α ❜❡ ❛ ♣♦✐♥t ✐♥ D′✳ ❚❤❡♥
t❤❡ ✜❜❡r ♦❢ ϕ ♦✈❡r α ✐s ❛ ❝♦♥✐❝ ✐♥ B3✳ ▼♦r❡♦✈❡r✱ ✐❢ β ✐s t❤❡ ✐♠❛❣❡ ♦❢ α ❜② t❤❡
♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ p2 : D′ → B2✱ t❤❡♥ t❤❡ ✜❜❡r ♦❢ q2 ♦✈❡r β ✐s ✐s♦♠♦r♣❤✐❝ t♦
t❤❡ ✜❜❡r ♦❢ ϕ ♦✈❡r α✳ ❍❡♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ ϕ ❛r❡ s♠♦♦t❤ ❝♦♥✐❝s ✐♥ B3 ❛♥❞
t❤❡ ✜❜❡rs ♦❢ ϕ ♦✈❡r p−1

2 (U) ⊆ D′ ❛r❡ r❡❞✉❝❡❞✳
◆♦t❡ t❤❛t D′ ✐s ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉✲

❧❛r✐t✐❡s ❜② ▲❡♠♠❛ ✺✳✹✳✶✷✳ ❚❤✉s p2 : D′ → B2 ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❜② ▲❡♠♠❛
✺✳✹✳✸✳ ❙✐♥❝❡ codimB2\U > 2✱ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ p−1

2 (U) ✐♥ D′ ❤❛s ❝♦❞✐♠❡♥✲
s✐♦♥ ❛t ❧❡❛st 2✳ ▲❡t

V = {z ∈ Z | ϕ−1({ϕ(z)}) is singular at z}.

❚❤❡♥ codimV > 2✳ ❙✐♥❝❡ Z ✐s ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❛♥❞ ϕ ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✱
ϕ ✐s ✢❛t ♦✈❡r t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ D′✳ ❙✐♥❝❡ D′ ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✱
t❤✐s ✐♠♣❧✐❡s t❤❛t Z ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ❚❤✉s Z ✐s ♥♦r♠❛❧ ❢♦r ✐t ✐s
❈♦❤❡♥✲▼❛❝❛✉❧❛②✳

◆♦✇ ✇❡ ❝❛♥ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✳ ❆ss✉♠❡ t❤❡ ♦♣♣♦s✐t❡✳ ❲✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s
✐♥ ▲❡♠♠❛ ✺✳✺✳✷✱ t❤❡r❡ ❛r❡ ✜❜r❛t✐♦♥s fi : X → Bi s✉❝❤ t❤❛t f1 × f2 × f3 :
X → B1 × B2 × B3 ✐s ✜♥✐t❡ ♦♥t♦ ✐ts ✐♠❛❣❡ Z✳ ❇② ▲❡♠♠❛ ✺✳✺✳✺✱ Z ✐s t❤❡
✐♥t❡rs❡❝t✐♦♥ ♦❢ D′×B3 ❛♥❞ B1×E

′ s✉❝❤ t❤❛t D′ ✐s ♥♦r♠❛❧ ♦❢ ❞❡❣r❡❡ (2, 2) ✐♥



❲❡♥❤❛♦ ❖❯ ✶✵✸

B1 ×B2 ❛♥❞ E′ ✐s ♥♦r♠❛❧ ♦❢ ❞❡❣r❡❡ (2, 2) ✐♥ B2 ×B3✳ ▼♦r❡♦✈❡r✱ g : X → D′

✐s ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ▼♦r✐ ✜❜r❛t✐♦♥✳
❇② ▲❡♠♠❛ ✺✳✺✳✻✱ Z ✐s ♥♦r♠❛❧✳ ▲❡t pi : Z → Bi ❜❡ t❤❡ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥

❛♥❞ ❧❡t Hi ❜❡ ❛ ❞✐✈✐s♦r ✐♥ Z s✉❝❤ t❤❛t OZ(Hi) ∼= p∗iOBi
(1) ❢♦r i = 1, 2, 3✳

❚❤❡♥
−KZ ≡ H1 −H2 +H3.

❙✐♥❝❡ X ✐s ❛ ❋❛♥♦ ✈❛r✐❡t②✱ −KZ ✐s ❜✐❣ ❜② ▲❡♠♠❛ ✺✳✹✳✹✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡
◆❊(X) ✐s ♥♦t s✐♠♣❧✐❝✐❛❧ ❜② ▲❡♠♠❛ ✺✳✺✳✸✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✺✳✺✱
f1 × f3 : X → B1 × B3 ✐s ✜♥✐t❡✳ ❲❡ ♦❜t❛✐♥ t❤❛t p1 × p3 : Z → B1 × B3 ✐s
❛❧s♦ ✜♥✐t❡✳ ❍❡♥❝❡ H1 +H3 ✐s ❛♥ ❛♠♣❧❡ ❞✐✈✐s♦r ❛♥❞ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r
−KZ(H1 +H3)

3 ✐s ♣♦s✐t✐✈❡✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡

−KZ(H1 +H3)
3 = (H1 +H3 −H2)(3H

2
1H3 + 3H1H

2
3 )

= 6H2
1H

2
3 − 3H2

1H2H3 − 3H1H2H
2
3 = 0.

❲❡ ♦❜t❛✐♥ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✺✳✻ ❋✐♥✐t❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❋❛♥♦ ✈❛r✐❡t✐❡s✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ st✉❞② s♦♠❡ ✜♥✐t❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❋❛♥♦ ✈❛r✐❡✲
t✐❡s✳

✺✳✻✳✶ ❋✐♥✐t❡ ♠♦r♣❤✐s♠s ♦✈❡r (P1)n−2 × P2

▲❡♠♠❛ ✺✳✻✳✶✳ ▲❡t Y ❜❡ ❛ ✈❛r✐❡t② ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❊①❛♠♣❧❡
✺✳✶✳✸✳✷✳ ❙❡t n = dimY ✳ ❆ss✉♠❡ t❤❛t Y s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠
✺✳✶✳✺✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤
t❤❛t t❤❡r❡ ✐s ❛ ✜♥✐t❡ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ f : X → Y ✳ ❆ss✉♠❡ t❤❛t t❤❡
♣r♦❥❡❝t✐♦♥ ❢r♦♠ X t♦ (P1)n−2 ✐♥❞✉❝❡❞ ❜② f ❤❛s ❝♦♥♥❡❝t❡❞ ✜❜❡rs✳ ❚❤❡♥ f ✐s
❛♥ ✐s♦♠♦r♣❤✐s♠✳

Pr♦♦❢✳ ❋r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ Y ✱ ✇❡ ❤❛✈❡ t✇♦ ❞♦✉❜❧❡ ❝♦✈❡rs

Y
π1−→ T

π2−→ (P1)n−2 × P2,

✇❤❡r❡ π2 : T → (P1)n−2×P2 ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣ s♦♠❡ ♣r✐♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡
(2, ..., 2, 0, ..., 0, 2)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ T ∼= (P1)r × T ′✱ ✇❤❡r❡ 0 < r < n − 2 ❛♥❞
T ′ ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦✈❡r (P1)n−2−r × P2✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡
(2, ..., 2, 2)✳ ◆♦t❡ t❤❛t Y → T ′ → (P1)n−2−r × P2 ✐s t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥✳
❇② ▲❡♠♠❛ ✺✳✸✳✸✱ ✇❡ ♦❜t❛✐♥ t❤❛t T ′ ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✳ ❚❤✉s T ✐s
s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✳

❲❡ ✇r✐t❡

(P1)n−2 × P2 = (P1)n−3 × (P1 × P2) = (P1)n−3 × Z.
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▲❡t p ❜❡ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ ❢r♦♠ Y t♦ (P1)n−3✳ ▲❡t F ❜❡ t❤❡ ✜❜❡r ♦❢ p
♦✈❡r ❛ ❣❡♥❡r❛❧ ♣♦✐♥t s ∈ (P1)n−3✳ ❇② r❡str✐❝t✐♥❣ π1 ❛♥❞ π2 ♦✈❡r t❤❡ ♣♦✐♥t s✱
✇❡ ♦❜t❛✐♥ t✇♦ ❞♦✉❜❧❡ ❝♦✈❡rs

F
π1|F
−→ V

π2|V
−→ {s} × Z,

✇❤❡r❡ V ✐s t❤❡ ✜❜❡r ♦❢ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ T → (P1)n−3✳ ◆♦t❡ t❤❛t
V ∼= P1 × V ′✱ ✇❤❡r❡ V ′ ✐s ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ T → (P1)n−2✳ ▼♦r❡♦✈❡r✱ t❤❡
♥❛t✉r❛❧ ♠♦r♣❤✐s♠ V → P2 ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ❝♦♥✐❝✳ ❙✐♥❝❡ T
✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ V ′ ✐s s♠♦♦t❤✳ ❚❤✉s V ′ → P2 ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r
❜r❛♥❝❤❡❞ ❛❧♦♥❣ s♦♠❡ s♠♦♦t❤ ❝♦♥✐❝ ❜② ▲❡♠♠❛ ✺✳✷✳✸✳

❍❡♥❝❡ V ∼= P1 × P1 × P1✳ ❆ss✉♠❡ t❤❛t F → V ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛
❞✐✈✐s♦r D✳ ❚❤❡♥ D ✐s t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ s♦♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (2, 2) ✐♥ Z ❜②
❝♦♥str✉❝t✐♦♥✳ ❚❤✉s D ✐s ❛ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (2, 2, 2) ✐♥ V ∼= P1 × P1 × P1✳

▲❡t G ❜❡ t❤❡ ✜❜❡r ♦❢ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ X → (P1)n−3 ♦✈❡r s✳ ❚❤❡♥
f |G : G → F ✐s ❛❧s♦ ❛ ✜♥✐t❡ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠✳ ❙✐♥❝❡ s ✐s ❛ ❣❡♥❡r❛❧ ♣♦✐♥t✱
G ✐s ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❇② ❬❉r✉✶✹✱ ❚❤♠✳
✶✳✸❪✱ f |G ✐s ♦❢ ❞❡❣r❡❡ 1✳ ❍❡♥❝❡ f ✐s ♦❢ ❞❡❣r❡❡ 1 ❛♥❞ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

▲❡♠♠❛ ✺✳✻✳✷✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥✲
❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(X) = dimX − 1 ❛♥❞
Nef(X) = Psef(X)✳ ❙❡t n = dimX ❛♥❞ ❛ss✉♠❡ t❤❛t n > 3✳ ❆ss✉♠❡ t❤❛t
❚❤❡♦r❡♠ ✺✳✶✳✺ ✐s tr✉❡ ✐♥ ❞✐♠❡♥s✐♦♥ s♠❛❧❧❡r t❤❛♥ n✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s
❛ ✜❜r❛t✐♦♥ X → (P1)n−2 ❛♥❞ ❛ ✜❜r❛t✐♦♥ X → P2 s✉❝❤ t❤❛t t❤❡ ♣r♦❞✉❝t
♠♦r♣❤✐s♠ f : X → (P1)n−2 × P2 ✐s ✜♥✐t❡ s✉r❥❡❝t✐✈❡✳ ❚❤❡♥ X ✐s ♦♥❡ ♦❢ t❤❡
✈❛r✐❡t✐❡s ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✺✳

Pr♦♦❢✳ ▲❡t Z = (P1)n−3 ❜❡ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❧❛st n−3 ❢❛❝t♦rs ✐♥ t❤❡ ♣r♦❞✉❝t
(P1)n−2✳ ◆♦t❡ t❤❛t ✐❢ X → Y ✐s t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥

X → Z × P2 = (P1)n−3 × P2,

t❤❡♥ Y ✐s ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤
t❤❛t Y ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(Y ) = dimY −1 ❛♥❞ Nef(Y ) = Psef(Y )
❜② ▲❡♠♠❛ ✺✳✸✳✸✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ X → (P1)n−2 ❤❛s ❝♦♥♥❡❝t❡❞ ✜❜❡rs✱ ❜②
❚❤❡♦r❡♠ ✺✳✶✳✺ ✐♥ ❞✐♠❡♥s✐♦♥ n − 1✱ Y ✐s ♦❢ t❤❡ ❢♦r♠ (P1)s−1 × Y1✱ ✇❤❡r❡
s > 1 ❛♥❞ Y1 ✐s ❡✐t❤❡r ❛ ✈❛r✐❡t② ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞s ♦❢ ❊①❛♠♣❧❡
✺✳✶✳✸ ♦r ❛ ✈❛r✐❡t② ✐♥ t❤❡ ❧✐st ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✷✳ ❚❤✉s Y → Z × P2 ✐s ♦❢
❞❡❣r❡❡ 1✱ 2 ♦r 4✳ ▼♦r❡♦✈❡r✱ ❜② ▲❡♠♠❛ ✺✳✸✳✸✱ Y1 ✐s ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧②
❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t Y1 ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱
ρ(Y1) = dimY1 − 1 ❛♥❞ Nef(Y1) = Psef(Y1)✳ ▲❡t f1 : X → P1 ❜❡ t❤❡
♣r♦❥❡❝t✐♦♥ t♦ t❤❡ ✜rst ❢❛❝t♦r ♦❢ (P1)n−2✳

▲❡t A1 ✐s ❜❡ ❛ ✜❜❡r ♦❢ f1✳ ▲❡t A2, ..., An−2 ❜❡ t❤❡ ✜❜❡rs ♦❢ X ♦✈❡r t❤❡
♦t❤❡r P1✳ ▲❡t H ❜❡ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛ ❧✐♥❡ ✐♥ P2 ❜② t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥



❲❡♥❤❛♦ ❖❯ ✶✵✺

X → P2✳ ◆♦t❡ t❤❛t KX ✐s ♥✉♠❡r✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ s♦♠❡ Q✲
❞✐✈✐s♦r ✐♥ (P1)n−2×P2 s✐♥❝❡ ρ(X) = n− 1✳ ❍❡♥❝❡ t❤❡r❡ ❛r❡ ♣♦s✐t✐✈❡ r❛t✐♦♥❛❧
♥✉♠❜❡rs a1, ..., an−2, b s✉❝❤ t❤❛t −KX ≡ a1A1 + · · ·+ an−2An−2 + bH✳

X

f1
%%

// V = P1 × Y //

��

Y ∼= (P1)s−1 × Y1 // Z × P2

P1

❲❡ ✇✐❧❧ ❞✐s❝✉ss ♦♥ t❤r❡❡ ❝❛s❡✳
❈❛s❡ ✶✳ ❆ss✉♠❡ t❤❛t t❤❡ ♠♦r♣❤✐s♠ Y → Z × P2 ✐s ♦❢ ❞❡❣r❡❡ 4✳ ❚❤❡♥ Y1

✐s ❛ ✈❛r✐❡t② ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❊①❛♠♣❧❡ ✺✳✶✳✸✳✷ ❛♥❞
X ✐s ✜♥✐t❡ ♦✈❡r (P1)s × Y1✳ ❚❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ X → (P1)s ✐s ❛ ✜❜r❛t✐♦♥
s✐♥❝❡ X → (P1)n−2 ✐s✳ ▲❡t F ❜❡ ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ X → (P1)s✳ ❚❤❡♥ F ✐s
❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❙✐♥❝❡ X → (P1)n−2

❤❛s ❝♦♥♥❡❝t❡❞ ✜❜❡rs✱ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ F → (P1)n−2−s ❣✐✈❡♥ ❜② X →
Y1 → (P1)n−2−s ✐s ❛ ✜❜r❛t✐♦♥✳ ❇② ▲❡♠♠❛ ✺✳✻✳✶✱ t❤❡ ♥❛t✉r❛❧ ✜♥✐t❡ ♠♦r♣❤✐s♠
F → Y1 ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❍❡♥❝❡ X ∼= (P1)s × Y1 ✐♥ t❤✐s ❝❛s❡✳

❈❛s❡ ✷✳ ❆ss✉♠❡ t❤❛t t❤❡ ♠♦r♣❤✐s♠ Y → Z × P2 ✐s ♦❢ ❞❡❣r❡❡ 2✳ ▲❡t
G ❜❡ ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ X → Z✳ ❚❤❡♥ G ✐s ❛ ❋❛♥♦
t❤r❡❡❢♦❧❞ ✇✐t❤ ●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ r❡str✐❝t✐♦♥
f1|G : G→ P1 ✐s ❛ ✜❜r❛t✐♦♥✱ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ G→ P2

❤❛✈❡ t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❛♥❞ t❤❡ ♣r♦❞✉❝t G→ P1×P2 ✐s ✜♥✐t❡✳ ◆♦t❡
t❤❛t KG ≡ a1A1|G + bH|G✳ ❇② ▲❡♠♠❛ ✺✳✹✳✽✱ G→ P1 × P2 ✐s ♦❢ ❞❡❣r❡❡ 2 ♦r
4 ❛♥❞ b ∈ Z✳ ❍❡♥❝❡ f ✐s ♦❢ ❞❡❣r❡❡ 2 ♦r 4✳

❚❤❡ ❈❛rt✐❡r ❞✐✈✐s♦r −KX − bH ✐s ♥✉♠❡r✐❝❛❧❧② tr✐✈✐❛❧ ♦♥ t❤❡ ✜❜❡rs ♦❢ t❤❡
❋❛♥♦ ✜❜r❛t✐♦♥ X → (P1)n−2✳ ❚❤✉s ✐t ✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢
s♦♠❡ ❈❛rt✐❡r ❞✐✈✐s♦r ✐♥ (P1)n−2 ❜② ❬❑▼▼✽✼✱ ▲❡♠✳ ✸✲✷✲✺❪✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t
a1, ..., an−2 ∈ Z✳

◆♦t❡ t❤❛t Y1 ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ (P1)r ×P2✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ s♦♠❡ ♣r✐♠❡
❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (2, ..., 2, k) s✉❝❤ t❤❛t k ∈ {2, 4} ❛♥❞ r + s = n − 2✳ ■❢
deg f = 2✱ t❤❡♥ X ∼= (P1)s × Y1✳ ■❢ deg f = 4✱ t❤❡♥ X ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢
V = P1 × Y = (P1)s × Y1✳

❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❞♦✉❜❧❡ ❝♦✈❡r h : V → (P1)s × (P1)r × P2✱ ✐♥❞✉❝❡❞ ❜②
Y1 → (P1)r×P2✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (0, ..., 0, 2, ..., 2, k)✳
❇② t❤❡ r❛♠✐✜❝❛t✐♦♥ ❢♦r♠✉❧❛✱ KV ✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣✉❧❧❜❛❝❦ ❜② h
♦❢ ❛ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (−2, ...,−2,−1, ...,−1,−3+ k/2) ✐♥ (P1)s× (P1)r ×P2✳
❙✐♥❝❡ ρ(V ) = n−1✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡ ❞♦✉❜❧❡ ❝♦✈❡rX → V ✐s ❜r❛♥❝❤❡❞
❛❧♦♥❣ ❛ ❞✐✈✐s♦rD ⊆ V ✇❤✐❝❤ ✐s ♥✉♠❡r✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣✉❧❧❜❛❝❦ ❜② h ♦❢
❛ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (d1, ..., ds, d′1, ..., d

′
r, e) ✐♥ (P1)s × (P1)r ×P2✳ ❇② t❤❡ r❛♠✐✲

✜❝❛t✐♦♥ ❢♦r♠✉❧❛ ❛❣❛✐♥✱ KX ✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣✉❧❧❜❛❦❝ ♦❢ ❛ ❞✐✈✐s♦r
♦❢ ❞❡❣r❡❡ (−2+d1/2, ...,−2+ds/2,−1+d′1/2, ...,−1+d′r/2,−3+k/2+ e/2)
✐♥ (P1)s × (P1)r × P2✳ ❙✐♥❝❡ a1, ..., an−2, b ∈ Z ❛♥❞ −KX ✐s ❛♠♣❧❡✱ ✇❡ ♦❜t✐❛♥
t❤❛t d1, ..., ds, e ∈ {0, 2} ❛♥❞ t❤❛t d′1 = ... = d′r = 0✳ ❙✐♥❝❡ X → (P1)n−2 ❤❛s
❝♦♥♥❡❝t❡❞ ✜❜❡rs✱ ✇❡ ♦❜t❛✐♥ t❤❛t e > 0✳ ❍❡♥❝❡ e = 2✳ ❙✐♥❝❡ b > 0✱ ✇❡ ♦❜t❛✐♥
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t❤❛t k = 2✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡X → P2 ❤❛s ❝♦♥♥❡❝t❡❞ ✜❜❡rs✱ d1, ..., ds ❛r❡ ♥♦t ❛❧❧
③❡r♦✳ ◆♦t❡ t❤❛t V ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❛♥❞ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧✳ ❚❤✉s D ✐s ✐♥ ❢❛❝t
❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (d1, ..., ds, 0, ..., 0, e)
✐♥ (P1)s × P2 × (P1)r✳ ◆♦t❡ t❤❛t D ✐s ❛ ♣r✐♠❡ ❞✐✈✐s♦r ❜② ❬❉r✉✶✹✱ ▲❡♠✳ ✸✳✼❪✳
❚❤✉s ✇❡ ♦❜t❛✐♥ t❤❛t X ∼= X1 × X2✱ ✇❤❡r❡ X1 = (P1)t ✇✐t❤ s > t > 0 ❛♥❞
X2 ✐s ❛ ✈❛r✐❡t② ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❊①❛♠♣❧❡ ✺✳✶✳✸✳✷✳

❈❛s❡ ✸✳ ❆ss✉♠❡ Y → Z × P2 ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ▲❡t G ❜❡ ❛ ❣❡♥❡r❛❧
✜❜❡r ♦❢ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ X → Z✳ ❚❤❡♥ G ✐s ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤
●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ▼♦r❡♦✈❡r✱ f1|G : G→ P1 ❛♥❞ t❤❡ ♥❛t✉r❛❧
♠♦r♣❤✐s♠ G→ P2 ❛r❡ ✜❜r❛t✐♦♥s✱ ❛♥❞ t❤❡ ♣r♦❞✉❝t h : G→ P1 × P2 ✐s ✜♥✐t❡✳
❇② Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✼✱ h ✐s ♦❢ ❞❡❣r❡❡ ❛t ♠♦st 2✳ ❍❡♥❝❡ f ✐s ♦❢ ❞❡❣r❡❡ ❛t ♠♦st
2✳

■❢ t❤❡ ❞❡❣r❡❡ ♦❢ f ✐s 1✱ t❤❡♥ f ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ■❢ deg f = 2✱ t❤❡♥
❜② ▲❡♠♠❛ ✺✳✷✳✸ ❛♥❞ ▲❡♠♠❛ ✺✳✷✳✹✱ f : X → (P1)n−2 × P2 ✐s ❛ ❞♦✉❜❧❡
❝♦✈❡r✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (d1, ..., dn−2, k) s✉❝❤ t❤❛t
d1, ..., dn−2 ∈ {0, 2} ❛♥❞ t❤❛t k ∈ {0, 2, 4}✳ ❙✐♥❝❡ X → (P1)n−2 ❛♥❞ X → P2

❤❛✈❡ ❝♦♥♥❡❝t❡❞ ✜❜❡rs✱ ✇❡ ♦❜t❛✐♥ t❤❛t k 6= 0 ❛♥❞ d1, ..., dn−2 ❛r❡ ♥♦t ❛❧❧ ③❡r♦✳
❍❡♥❝❡ X ∼= X1 ×X2✱ ✇❤❡r❡ X1

∼= (P1)t ❢♦r s♦♠❡ t > 0 ❛♥❞ X2 ✐s ❛ ❞♦✉❜❧❡
❝♦✈❡r ♦❢ (P1)n−2−t×P2✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛♥ ♣r✐♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (2, ..., 2, 2)
♦r (2, ..., 2, 4)✳

✺✳✻✳✷ ❋✐♥✐t❡ ♠♦r♣❤✐s♠s ♦✈❡r ❤②♣❡rs✉r❢❛❝❡s ♦❢ (P1)n−3×P2×P2

▲❡♠♠❛ ✺✳✻✳✸✳ ▲❡t Y ❜❡ ❛ ✈❛r✐❡t② ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❊①❛♠♣❧❡
✺✳✶✳✸✳✷ ♦❢ ❞✐♠❡♥s✐♦♥ n✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ✜♥✐t❡ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠✱ ♦❢ ❞❡❣r❡❡
4✱ Y → (P1)n−2 × B1 ✇✐t❤ B1

∼= P2✳ ▲❡t X ❜❡ ❛ ❤②♣❡rs✉r❢❛❝❡ ✐♥ Y × B2✱
✇❤❡r❡ B2

∼= P2✳ ❆ss✉♠❡ t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ X ✐♥ B1 ×B2 ❜② t❤❡ ♥❛t✉r❛❧ ♣r♦✲
❥❡❝t✐♦♥ ✐s ❛ ♥♦r♠❛❧ ❤②♣❡rs✉r❢❛❝❡ W ♦❢ ❞❡❣r❡❡ (p, q) ✇✐t❤ ✐s♦❧❛t❡❞ Q✲❢❛❝t♦r✐❛❧
❦❧t s✐♥❣✉❧❛r✐t✐❡s✱ ✇❤❡r❡ p, q ∈ {1, 2}✳ ❚❤❡♥ X ✐s ♥♦r♠❛❧ ❛♥❞ −KX ✐s ♥♦t ❜✐❣✳

Pr♦♦❢✳ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✜♥✐t❡ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ X → D✱ ✇❤❡r❡

D = (P1)n−2 ×W ⊆ (P1)n−2 ×B1 ×B2

✐s ❛ ♥♦r♠❛❧ ❤②♣❡rs✉r❢❛❝❡✳ ❇② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ Y ✱ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠
Y ×B2 → (P1)n−2 ×B1 ×B2 ✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❞♦✉❜❧❡
❝♦✈❡rs

Y ×B2
g

−→ V ×B2
h

−→ (P1)n−2 ×B1 ×B2,

✇❤❡r❡ V → (P1)n−2 × B1 ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r
♦❢ ❞❡❣r❡❡ (0, ..., 0, 2, ..., 2, 2)✳

◆♦t❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ D → (P1)n−2×B1 ✐s ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧
❋❛♥♦ ✜❜r❛t✐♦♥ s✐♥❝❡ W → B1 ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❜② ▲❡♠♠❛ ✺✳✹✳✸✳ ❙✐♥❝❡ W
❤❛s ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t✐❡s✱ D ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✳ ❚❤❡r❡ ✐s ❛♥ ♦♣❡♥
s✉❜s❡t U ✐♥ (P1)n−2×B1 ✇❤♦s❡ ❝♦♠♣❧❡♠❡♥t ❤❛s ❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 2 s✉❝❤
t❤❛t D → (P1)n−2 × B1 ❤❛s r❡❞✉❝❡❞ ✜❜❡rs ♦✈❡r U ❜② ▲❡♠♠❛ ✺✳✹✳✶✳ ◆♦t❡
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t❤❛t V → (P1)n−2 × ❇1 ✐s ❛ ❝②❝❧✐❝ ❝♦✈❡r ❜r❛♥❝❤❡❞ ❛❧♦♥❣ s♦♠❡ ♣r✐♠❡ ❞✐✈✐s♦r
❛♥❞ t❤❛t

h∗D ∼= D ×(P1)n−2×B1
V.

❍❡♥❝❡✱ h∗D ✐s ♥♦r♠❛❧ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❜② ▲❡♠♠❛ ✺✳✷✳✷✳ ▼♦r❡♦✈❡r✱ h∗D → V
❛❧s♦ ❤❛s r❡❞✉❝❡❞ ✜❜❡rs ♦✈❡r s♦♠❡ ♦♣❡♥ s✉❜s❡t ♦❢ V ✇❤♦s❡ ❝♦♠♣❧❡♠❡♥t ❤❛s
❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 2✳ ❙✐♠✐❧❛r❧②✱ ❜② ▲❡♠♠❛ ✺✳✷✳✷ ❛❣❛✐♥✱

g∗(h∗D) = (h∗D)×V Y

✐s ❛❧s♦ ♥♦r♠❛❧✳ ❍❡♥❝❡✱ X = g∗(h∗D) ❛♥❞ ✐t ✐s ♥♦r♠❛❧✳

X = g∗(h∗D)

��

// h∗D

��

// D

��

Y // V // (P1)n−2 ×B1

▲❡t A1, ..., An−2 ❜❡ t❤❡ ✜❜❡rs ♦❢ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s ❢r♦♠ X t♦ t❤❡
❢❛❝t♦rs P1✳ ▲❡t Hi ❜❡ ❛ ❞✐✈✐s♦r ✐♥ X ✇❤✐❝❤ ✐s t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛ ❧✐♥❡ ✐♥ Bi ❢♦r
i = 1, 2✳ ❚❤❡♥ ❜② t❤❡ ❛❞❥✉♥❝t✐♦♥ ❢♦r♠✉❧❛✱ ✇❡ ❤❛✈❡

−KX ≡ A1 + · · ·+An−2 + (1− p)H1 + (3− q)H2.

❙✐♥❝❡ p > 1✱ −KX ✐s ♥♦t ❜✐❣✳

▲❡♠♠❛ ✺✳✻✳✹✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥✲
❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(X) = dimX − 1 ❛♥❞
Nef(X) = Psef(X)✳ ❙❡t n = dimX ❛♥❞ ❛ss✉♠❡ t❤❛t n > 4✳ ❆ss✉♠❡ t❤❛t
❚❤❡♦r❡♠ ✺✳✶✳✺ ✐s tr✉❡ ✐♥ ❞✐♠❡♥s✐♦♥ s♠❛❧❧❡r t❤❛♥ n✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡
✜❜r❛t✐♦♥s X → (P1)n−3✱ X → B1 ❛♥❞ X → B2 s✉❝❤ t❤❛t B1

∼= B2
∼= P2 ❛♥❞

t❤❛t t❤❡ ♣r♦❞✉❝t ♠♦r♣❤✐s♠ X → (P1)n−3 ×B1 ×B2 ✐s ✜♥✐t❡ ♦♥t♦ ✐ts ✐♠❛❣❡✳
❚❤❡♥ X ✐s ♦♥❡ ♦❢ t❤❡ ✈❛r✐❡t✐❡s ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✺

Pr♦♦❢✳ ▲❡t W ❜❡ t❤❡ ✐♠❛❣❡ ♦❢ X → B1 × B2 ❛♥❞ ❧❡t X → W ′ → W ❜❡
t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥✳ ❙✐♥❝❡ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ X → (P1)n−3 ×W ′ ✐s
✜♥✐t❡ s✉r❥❡❝t✐✈❡✱ ❜② ▲❡♠♠❛ ✺✳✸✳✸✱ W ′ ✐s ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✷✳
❚❤✉s ❜② ▲❡♠♠❛ ✺✳✹✳✶✷✱ W ✐s ❛ ♥♦r♠❛❧ ❤②♣❡rs✉r❢❛❝❡ ♦❢ ❞❡❣r❡❡ (p, q)✱ ✇✐t❤
✐s♦❧❛t❡❞ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ s✉❝❤ t❤❛t p, q ∈ {1, 2}✳ ▲❡t
f : X → (P1)n−3 ×W ❜❡ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠✳

▲❡t A1, ..., An−3 ❜❡ t❤❡ ✜❜❡rs ♦❢ t❤❡ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥s ❢r♦♠ X t♦ P1✳ ▲❡t
Hi ❜❡ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛ ❧✐♥❡ ✐♥ Bi ❜② t❤❡ ✜❜r❛t✐♦♥ ❢r♦♠ X t♦ Bi ❢♦r i = 1, 2✳
❙✐♥❝❡ t❤❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ X ✐s n − 1✱ t❤❡r❡ ❛r❡ ♣♦s✐t✐✈❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs
a1, ..., an−3, b1, b2 s✉❝❤ t❤❛t −KX ≡ a1A1 + · · · an−3An−3 + b1H1 + b2H2✳
▲❡t F ❜❡ t❤❡ ✜❜❡r ♦❢ X → (P1)n−3 ♦✈❡r ❛ ❣❡♥❡r❛❧ ♣♦✐♥t α ∈ (P1)n−3✱ t❤❡♥
−KF ≡ (b1H1 + b2H2)|F ✳ ▼♦r❡♦✈❡r✱ F ✐s ❛ ❋❛♥♦ t❤r❡❡❢♦❧❞ ✇✐t❤ ✐s♦❧❛t❡❞
●♦r❡♥st❡✐♥ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ F → W ✐s
✜♥✐t❡✳
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▲❡tX → Y ❜❡ t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥ ♦❢X → (P1)n−3×B1✳ ❚❤❡♥X → Y
✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ 1 ✭s❡❡ ▲❡♠♠❛ ✺✳✸✳✹✮✳ ❇② ▲❡♠♠❛
▲❡♠♠❛ ✺✳✸✳✶✱ Y ✐s ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s
s✉❝❤ t❤❛t ρ(Y ) = dimY − 1 ❛♥❞ Nef(Y ) = Psef(Y )✳ ❚❤❡ ✜❜r❛t✐♦♥ X → Y
✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ s✐♥❝❡ (P1)n−3 ×W → (P1)n−3 × B1 ✐s ❜② ▲❡♠♠❛ ✺✳✹✳✸✳
❍❡♥❝❡ ❜② ▲❡♠♠❛ ✺✳✸✳✺✱ Y ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✳ ❚❤✉s✱ ❜② ✐♥❞✉❝t✐♦♥✱
Y ✐s ♦♥❡ ♦❢ t❤❡ ✈❛r✐❡t✐❡s ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✺✳ ■♥ ♣❛rt✐❝✉❧❛r✱ Y → (P1)n−3 ×B1

✐s ♦❢ ❞❡❣r❡❡ 1✱ 2 ♦r 4✳
■❢ ✐t ✐s ♦❢ ❞❡❣r❡❡ 4✱ t❤❡♥ Y = (P1)r ×X ′ ✇❤❡r❡ r > 0 ❛♥❞ X ′ ✐s ❛ ✈❛r✐❡t②

✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❊①❛♠♣❧❡ ✺✳✶✳✸✳✷✳ ▲❡t S ❜❡ ❛
❣❡♥❡r❛❧ ✜❜❡r ♦❢ X → (P1)r✳ ❚❤❡♥ S ✐s ❛ ❋❛♥♦ ✈❛r✐❡t②✳ ■❢ T ✐s t❤❡ ✐♠❛❣❡ ♦❢ S
✐♥ X ′ × ❇2✱ t❤❡♥ ❜② ▲❡♠♠❛ ✺✳✻✳✸✱ T ✐s ♥♦r♠❛❧ ❛♥❞ −KT ✐s ♥♦t ❜✐❣✳ ❚❤✉s S
❝❛♥ ♥♦t ❜❡ ❛ ❋❛♥♦ ✈❛r✐❡t② ❜② ▲❡♠♠❛ ✺✳✹✳✹✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❍❡♥❝❡ t❤❡
❞❡❣r❡❡ ♦❢ Y → (P1)n−3 ×B1 ✐s 1 ♦r 2✳ ❙✐♠✐❧❛r❧②✱ ✜❜❡rs ♦❢ X → (P1)n−3 ×B2

❤❛✈❡ ❛t ♠♦st t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳
❲❡ ✇✐❧❧ ❞✐s❝✉ss ♦♥ ❢♦✉r ❝❛s❡s✳
❈❛s❡ ✶✳ ❆ss✉♠❡ t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥ X → (P1)n−3 ×Bi ✐s ❛ ✜❜r❛t✐♦♥ ❢♦r

i = 1, 2✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s ❢r♦♠ F t♦ B1 ❛♥❞ B2 ❛r❡ ✜❜r❛t✐♦♥s✳
❇② Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✾✱ t❤❡ ✜♥✐t❡ ♠♦r♣❤✐s♠ F →W ✐s ♦❢ ❞❡❣r❡❡ 1 ♦r 2✳

■❢ t❤✐s ❞❡❣r❡❡ ✐s 1✱ t❤❡♥ f : X → (P1)n−3 ×W ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ■❢ t❤❡
❞❡❣r❡❡ ♦❢ F → W ✐s 2✱ t❤❡♥ f ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r✳ ▼♦r❡♦✈❡r✱ W ✐s s♠♦♦t❤ ♦❢
❞❡❣r❡❡ (1, 1) ✐♥ B1×B2 ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✾✳ ◆♦t❡ t❤❛t t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦✲
♠♦r♣❤✐s♠ Pic((P1)n−3×B1×B2) ∼= Pic((P1)n−3×W )✳ ❇② ▲❡♠♠❛ ✺✳✷✳✸ ❛♥❞
▲❡♠♠❛ ✺✳✷✳✹✱ f ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣ ❛ ♣r✐♠❡ ❞✐✈✐s♦r D ✇❤✐❝❤ ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥
♦❢ (P1)n−3×W ❛♥❞ ❛ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (d1, ..., dn−3, k, l) ✐♥ (P1)n−3×B1×B2

s✉❝❤ t❤❛t d1, ..., dn−3, k, l ∈ {0, 2}✳ ❙✐♥❝❡ t❤❡ t✇♦ ♠♦r♣❤✐s♠s F → B1 ❛♥❞
f → B2 ❛r❡ ✜❜r❛t✐♦♥s✱ k, l 6= 0✳ ❍❡♥❝❡ X ∼= X1×X2✱ ✇❤❡r❡ X1 = (P1)r ✇✐t❤
s♦♠❡ r > 0 ❛♥❞ X2 ✐s ❛ ✈❛r✐❡t② ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢
❊①❛♠♣❧❡ ✺✳✶✳✹✳✶✳

❈❛s❡ ✷✳ ❆ss✉♠❡ t❤❛t X → (P1)n−3 ×B2 ✐s ❛ ✜❜r❛t✐♦♥ ❛♥❞ ❣❡♥❡r❛❧ ✜❜❡rs
♦❢X → (P1)n−3×B1 ❤❛✈❡ t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❲❡ r❡❝❛❧❧ t❤❛tX → Y
✐s t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ X → (P1)n−3 ×B1✳ ❚❤❡♥ Y = (P1)r ×Y1✱ ✇❤❡r❡
r > 0 ❛♥❞ Y1 ✐s ❛ ✈❛r✐❡t② ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❊①❛♠♣❧❡
✺✳✶✳✸✳✶ ♦r ❛ ✈❛r✐❡t② ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✷✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✺✳✶✳✷✳✸✳ ■❢ F → Z1 → B1

✐s t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥✱ t❤❡♥ Z1 ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ✜❜❡r ♦❢ Y → (P1)n−3

♦✈❡r α✳ ❙✐♥❝❡ Y ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ Z1 ✐s s♠♦♦t❤✳ ❚❤✉s F s❛t✐s✜❡s
t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ▲❡♠♠❛ ✺✳✹✳✶✶✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t p = 1 ❛♥❞ F → W ✐s ♦❢
❞❡❣r❡❡ 2✳ ❚❤✉s X → (P1)n−3 ×W ✐s ♦❢ ❞❡❣r❡❡ 2✳

▲❡t V ❜❡ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ (P1)n−3 × W ❜② t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ Y ×
B2 → (P1)n−3 × B1 × B2✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✻✳✸✱ V ✐s ♥♦r♠❛❧✳
❙✐♥❝❡ X → (P1)n−3 ×W ✐s ♦❢ ❞❡❣r❡❡ 2✱ ✇❡ ♦❜t❛✐♥ t❤❛t X ∼= V ✳ ❙✐♥❝❡ X
✐s ❛ ❋❛♥♦ ✈❛r✐❡t②✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❞♦✉❜❧❡ ❝♦✈❡r Y1 → (P1)n−3−r × B1 ✐s
❜r❛♥❝❤❡❞ ❛❧♦♥❣ s♦♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (2, ..., 2, 2)✳ ❍❡♥❝❡X ∼= X1×X2✱ ✇❤❡r❡
X1 = (P1)r ❛♥❞ X2 ✐s ❛ ✈❛r✐❡t② ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢
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❊①❛♠♣❧❡ ✺✳✶✳✹✳✷✳
❈❛s❡✳ ✸✳ ❆ss✉♠❡ t❤❛t X → (P1)n−3×B1 ✐s ❛ ✜❜r❛t✐♦♥ ❛♥❞ ❣❡♥❡r❛❧ ✜❜❡rs

♦❢ X → (P1)n−3×B2 ❤❛✈❡ t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❇② s②♠♠❡tr②✱ ✇❡ ❝❛♥
r❡❞✉❝❡ t♦ t❤❡ s❡❝♦♥❞ ❝❛s❡✳

❈❛s❡ ✹✳ ❆ss✉♠❡ t❤❛t ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ t❤❡ t✇♦ ♣r♦❥❡❝t✐♦♥s X → (P1)n−3×
B1 ❛♥❞ X → (P1)n−3×B2 ❤❛✈❡ t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❆s ✐♥ t❤❡ s❡❝♦♥❞
❝❛s❡✱ ✐❢ F → Zi → Bi ✐s t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥ ❢♦r i = 1, 2✱ t❤❡♥ Z1 ❛♥❞ Z2 ❛r❡
s♠♦♦t❤✳ ❍❡♥❝❡ F s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ▲❡♠♠❛ ✺✳✹✳✶✵✳ ❚❤❡ ♠♦r♣❤✐s♠
F → W ✐s ♦❢ ❞❡❣r❡❡ 4 ❛♥❞ p = q = b1 = b2 = 1✳ ❍❡♥❝❡ t❤❡ ♠♦r♣❤✐s♠
X → (P1)n−3×W ✐s ♦❢ ❞❡❣r❡❡ 4✳ ▼♦r❡♦✈❡r✱ −KX−b1H1−b2H2 ✐s ♥✉♠❡r✐❝❛❧❧②
tr✐✈✐❛❧ ♦♥ t❤❡ ✜❜❡rs ♦❢ t❤❡ ❋❛♥♦ ✜❜r❛t✐♦♥ X → (P1)n−3✳ ❚❤✉s ✇❡ ♦❜t❛✐♥ t❤❛t
a1, ..., an−3 ∈ Z✳

❲❡ r❡❝❛❧❧ t❤❛t X → Y ✐s t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ X → (P1)n−3 × B1✳
❚❤❡♥ ✇❡ ❤❛✈❡ Y = (P1)r × Y1✱ ✇❤❡r❡ r > 0 ❛♥❞ Y1 ✐s ❛ ✈❛r✐❡t② ✇❤✐❝❤ ❝❛♥
❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❊①❛♠♣❧❡ ✺✳✶✳✸✳✶ ♦r ❛ ✈❛r✐❡t② ♦❢ ❚❤❡♦r❡♠
✺✳✶✳✷✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✺✳✶✳✷✳✸✳ ▲❡t V ❜❡ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ (P1)n−3 ×W ❜② t❤❡
♥❛t✉r❛❧ ♠♦r♣❤✐s♠ Y ×B2 → (P1)n−3 ×B1 ×B2✳ ◆♦t❡ t❤❛t (P1)n−3 ×W →
(P1)n−3×B1 ❤❛s r❡❞✉❝❡❞ ✜❜❡rs ♦✈❡r s♦♠❡ ♦♣❡♥ s✉❜s❡t ♦❢ (P1)n−3×B1 ✇❤♦s❡
❝♦♠♣❧❡♠❡♥t ❤❛s ❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 2✱ ❢♦r W ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2
✭s❡❡ ▲❡♠♠❛ ✺✳✹✳✶✮✳ ❚❤✉s V ✐s ♥♦r♠❛❧ ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r♦♦❢
♦❢ ▲❡♠♠❛ ✺✳✻✳✸✳ ❍❡♥❝❡ X → V ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r✳

X // V

��

// (P1)n−3 ×W

��

// (P1)n−3 ×B2

Y // (P1)n−3 ×B1

❙✐♠✐❧❛r❧②✱ t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t U ♦❢ (P1)n−3 ×B2 ✇❤♦s❡ ❝♦♠♣❧❡♠❡♥t
❤❛s ❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 2 s✉❝❤ t❤❛t t❤❡ (P1)n−3 × W → (P1)n−3 × B2

❤❛s r❡❞✉❝❡❞ ✜❜❡rs ♦✈❡r U ✳ ❚❤❡ ❜r❛♥❝❤ ❧♦❝✉s ♦❢ V → (P1)n−3 × W ✐s t❤❡
✐♥t❡rs❡❝t✐♦♥ ♦❢ (P1)n−3 ×W ❛♥❞ ❛ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (0, ..., 0, 2, ..., 2, 2, 0) ✐♥
(P1)n−3 ×B1 ×B2✳ ❚❤✉s t❤✐s ❜r❛♥❝❤ ❧♦❝✉s ✐s ❤♦r✐③♦♥t❛❧ ♦✈❡r (P1)n−3 ×B2✳
❍❡♥❝❡✱ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ V → (P1)n−3 × B2 ✐s ❛ ✜❜r❛t✐♦♥ ❛♥❞ ✐t ❤❛s
r❡❞✉❝❡❞ ✜❜❡rs ♦✈❡r s♦♠❡ ♦♣❡♥ s✉❜s❡t U ′ ⊆ U s✉❝❤ t❤❛t codimU\U ′ > 2✳
❚❤✉s t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛♥② ♣r✐♠❡ ❞✐✈✐s♦r ✐♥ (P1)r × B2 ❜② t❤❡ ✜❜r❛t✐♦♥ V →
(P1)r ×B2 ✐s r❡❞✉❝❡❞✳

❆ss✉♠❡ t❤❛tX → V ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣ s♦♠❡ ❞✐✈✐s♦rD✳ ❚❤❡♥D ✐s ❛ ♣r✐♠❡
❞✐✈✐s♦r ❜② ❬❉r✉✶✹✱ ▲❡♠✳ ✸✳✼❪ ❢♦rX ✐s ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧✳ ❙✐♥❝❡ a1, ..., an−3 ∈ Z>0

❛♥❞ b1 = b2 = 1✱ ❜② t❤❡ ❛❞❥✉♥❝t✐♦♥ ❢♦r♠✉❧❛ ❛♥❞ t❤❡ r❛♠✐✜❝❛t✐♦♥ ❢♦r♠✉❧❛✱ ✇❡
♦❜t❛✐♥ t❤❛t Y1 → (P1)n−3−r × ❇1 ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣ s♦♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡
(2, .., 2, 2) ❛♥❞ D ✐s ♥✉♠❡r✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛ ❞✐✈✐s♦r E ♦❢
❞❡❣r❡❡ (d1, ..., dr, 2) ✐♥ (P1)r ×B2 ❜② t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ V → (P1)r ×B2

s✉❝❤ t❤❛t d1, ..., dr ∈ {0, 2}✳ ❙✐♥❝❡ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛♥② ♣r✐♠❡ ❞✐✈✐s♦r ✐♥ (P1)r×
B2 ❜② t❤❡ ✜❜r❛t✐♦♥ V → (P1)r ×B2 ✐s r❡❞✉❝❡❞✱ ✇❡ ❤❛✈❡ D = f∗(f(D)) ❛♥❞
D ✐s ✐♥ ❢❛❝t ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ E✳
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❙✐♥❝❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ❢r♦♠ X t♦ B2 ✐s ❛ ✜❜r❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥ t❤❛t r > 1
❛♥❞ t❤❛t d1, ..., dr ❛r❡ ♥♦t ❛❧❧ ❡q✉❛❧ t♦ 0✳ ❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❛t X ∼= X1×X2✱
✇❤❡r❡ X1 = (P1)t ❢♦r s♦♠❡ r > t > 0 ❛♥❞ X2 ✐s ❛ ✈❛r✐❡t② ✇❤✐❝❤ ❝❛♥ ❜❡
❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❊①❛♠♣❧❡ ✺✳✶✳✹✳✸✳

✺✳✼ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✺

❲❡ ✇✐❧❧ ✜rst ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✼✳✶✳ ▲❡t X ❜❡ ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥✲
❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(X) = dimX − 1 > 3
❛♥❞ Nef(X) = Psef(X)✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ ❢r♦♠ X t♦ P1✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ❛r❣✉❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ❙❡t n = dimX✳ ❆ss✉♠❡ t❤❛t t❤❡r❡
✐s ♥♦ ✜❜r❛t✐♦♥ ❢r♦♠ X t♦ P1✳ ▲❡t V ❜❡ ❛ ❢❛❝❡ ♦❢ ◆❊(X) ♦❢ ❞✐♠❡♥s✐♦♥ n− 4✳
❚❤❡♥ t❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠ X → Y ❝♦rr❡s♣♦♥❞✐♥❣ t♦ V ✳ ❇② ▲❡♠♠❛ ✺✳✸✳✷✱ Y
✐s ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t Y ✐s
s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(Y ) = dimY − 1 ❛♥❞ Nef(Y ) = Psef(Y )✳ ◆♦t❡
t❤❛t ρ(Y ) = (n− 1)− (n− 4) = 3✳ ❍❡♥❝❡ dimY = 4✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✱
t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ ❢r♦♠ Y t♦ P1 ✇❤✐❝❤ ✐♥❞✉❝❡s ❛ ✜❜r❛t✐♦♥ ❢r♦♠ X t♦ P1✳
❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

◆♦✇ ✇❡ ❝❛♥ ♣r♦✈❡ ❚❤❡♦r❡♠ ✺✳✶✳✺✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✺✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ X✳
■❢ dimX = 3✱ t❤❡♥ t❤❡ t❤❡♦r❡♠ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✶✳✷✳ ❆ss✉♠❡ t❤❛t
t❤❡ t❤❡♦r❡♠ ✐s tr✉❡ ✐♥ ❞✐♠❡♥s✐♦♥ s♠❛❧❧❡r t❤❛♥ n✱ ✇❤❡r❡ n > 4 ✐s ❛♥ ✐♥t❡❣❡r✳
◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ dimX = n✳

❇② ▲❡♠♠❛ ✺✳✼✳✶✱ t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ f1 : X → P1✳ ❚❤❡r❡ ✐s ❛♥ ❡①tr❡♠❛❧
r❛② R ✐♥ ◆❊(X) s✉❝❤ t❤❛t t❤❡ ❝❧❛ss ♦❢ ❛♥② ❝✉r✈❡ ✐♥ X ❝♦♥tr❛❝t❡❞ ❜② f1
✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ R✳ ▲❡t f2 : X → Y ❜❡ t❤❡ ✜❜r❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
R✳ ❚❤❡♥ f = f1 × f2 : X → P1 × Y ✐s ❛ ✜♥✐t❡ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠✳ ❇②
❛ss✉♠♣t✐♦♥✱ ❚❤❡♦r❡♠ ✺✳✶✳✺ ✐s tr✉❡ ✐♥ ❞✐♠❡♥s✐♦♥ s♠❛❧❧❡r t❤❛♥ n✳ ❍❡♥❝❡ Y ✐s
♦♥❡ ♦❢ t❤❡ ✈❛r✐❡t✐❡s ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✺ ❜② ▲❡♠♠❛ ✺✳✸✳✸✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✳

❈❛s❡ ✶✳ ❚❤❡ ✈❛r✐❡t② Y ✐s ❛ ✜♥✐t❡ ❝♦✈❡r ♦❢ (P1)n−3 × P2 ❛♥❞ f ✐♥❞✉❝❡s ❛
✜♥✐t❡ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ g : X → (P1)n−2 × P2 s✉❝❤ t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥s
❢r♦♠ X t♦ P1 ❛♥❞ t❤❡ ♣r♦❥❡❝t✐♦♥ g2 ❢r♦♠ X t♦ P2 ✐♥❞✉❝❡❞ ❜② g ❛r❡ ✜❜r❛t✐♦♥s✳
▲❡t X

g1
−→ Z

π
−→ (P1)n−2 ❜❡ t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥

✐♥❞✉❝❡❞ ❜② g✳ ❚❤❡♥ Z ✐s ♦♥❡ ♦❢ t❤❡ ✈❛r✐❡t✐❡s ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✶ ❜② ▲❡♠♠❛
✺✳✸✳✶ ❛♥❞ ▲❡♠♠❛ ✺✳✸✳✻✳

■❢ π ✐s ♦❢ ❞❡❣r❡❡ ❛t ❧❡❛st 2✱ t❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡ Z ∼= Z1 × Z2 s✉❝❤ t❤❛t
Z1 ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ♦❢ (P1)r ❢♦r s♦♠❡ r > 3✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ s♦♠❡ ♣r✐♠❡
❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (2, ..., 2)✱ ❛♥❞ Z2 ✐s ♦♥❡ ♦❢ t❤❡ ✈❛r✐❡t✐❡s ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳✶✱
♦❢ ❞✐♠❡♥s✐♦♥ n − 2 − r✳ ▲❡t h1 : X → Z1 ❜❡ t❤❡ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥✳ ▲❡t
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h2 : X → X ′ ❜❡ t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥X → Z2×P2✳
❚❤❡♥✱ ❜② ▲❡♠♠❛ ✺✳✸✳✸✱ X ′ ✐s ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❧♦❝❛❧❧② ❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t X ′ ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ ρ(X ′) = dimX ′ − 1
❛♥❞ Nef(X ′) = Psef(X ′)✳ ❍❡♥❝❡ ✐t ✐s ♦♥❡ ♦❢ t❤❡ ✈❛r✐❡t✐❡s ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✺
❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s❡s✳ ▲❡t F ❜❡ ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ h2✳ ❚❤❡♥ h1|F : F → Z1

✐s ❛ ✜♥✐t❡ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠✳ ❙✐♥❝❡ F ✐s ❛ ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ ❝❛♥♦♥✐❝❛❧
●♦r❡♥st❡✐♥ s✐♥❣✉❧❛r✐t✐❡s✱ h1 ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜② ❬❉r✉✶✹✱ ❚❤♠✳ ✶✳✸❪✳ ❍❡♥❝❡
X ∼= Z1 ×X ′ ❛♥❞ ✐t ✐s ♦♥❡ ♦❢ t❤❡ ✈❛r✐❡t✐❡s ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✺✳

■❢ π ✐s ♦❢ ❞❡❣r❡❡ 1✱ t❤❡♥ Z = (P1)n−2✳ ❇② ▲❡♠♠❛ ✺✳✻✳✷✱ X ✐s ♦♥❡ ♦❢ t❤❡
✈❛r✐❡t✐❡s ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✺✳

❈❛s❡ ✷✳ ❚❤❡ ✈❛r✐❡t② Y ✐s ❛ ✜♥✐t❡ ❝♦✈❡r ♦❢ (P1)n−4 ×W ✱ ✇❤❡r❡ W ✐s ❛
♥♦r♠❛❧ Q✲❢❛❝t♦r✐❛❧ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ (p, q) ✐♥ B1 × B2

∼= P2 × P2 s✉❝❤ t❤❛t
p, q ∈ {1, 2}✳ ▼♦r❡♦✈❡r✱ f ✐♥❞✉❝❡s ❛ ✜♥✐t❡ s✉r❥❡❝t✐✈❡ ♠♦r♣❤✐s♠ g : X →
(P1)n−3 ×W s✉❝❤ t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥s ❢r♦♠ X t♦ P1 ❛♥❞ t❤❡ ♣r♦❥❡❝t✐♦♥s
❢r♦♠ X t♦ B1 ❛♥❞ B2 ✐♥❞✉❝❡❞ ❜② g ❛r❡ ✜❜r❛t✐♦♥s✳ ▲❡t X

g1
−→ Z

π
−→ (P1)n−3

❜❡ t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥ ♦❢ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ ✐♥❞✉❝❡❞ ❜② g✳ ❆s ✐♥ t❤❡
✜rst ❝❛s❡✱ ✐❢ π ✐s ♦❢ ❞❡❣r❡❡ ❛t ❧❡❛st 2✱ t❤❡♥ X ∼= Z1×X

′✱ ✇❤❡r❡ Z1 ✐s ❛ ❞♦✉❜❧❡
❝♦✈❡r ♦❢ (P1)r ❢♦r s♦♠❡ r > 3✱ ❜r❛♥❝❤❡❞ ❛❧♦♥❣ s♦♠❡ ♣r✐♠❡ ❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡
(2, ..., 2)✱ ❛♥❞

X → X ′ → (P1)n−3−r ×W

✐s t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥✳ ❇② ▲❡♠♠❛ ✺✳✸✳✸ ❛♥❞ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s❡s✱ X ′ ✐s
♦♥❡ ♦❢ t❤❡ ✈❛r✐❡t✐❡s ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✺✳

■❢ π ✐s ♦❢ ❞❡❣r❡❡ 1✱ t❤❡♥ Z = (P1)n−3✳ ❇② ▲❡♠♠❛ ✺✳✻✳✹✱ X ✐s ♦♥❡ ♦❢ t❤❡
✈❛r✐❡t✐❡s ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳✺✳
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P❧✉r✐✲❢♦r♠s ♦♥ r❛t✐♦♥❛❧❧②

❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡s

✻✳✶ ■♥tr♦❞✉❝t✐♦♥

■t ✐s ❦♥♦✇♥ t❤❛t ❢♦r ❛ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ✈❛r✐❡t②
X✱ ✇❡ ❤❛✈❡ h0(X, (Ω1

X)⊗m) = 0 ❢♦r m > 0✱ s❡❡ ❬❑♦❧✾✻✱ ❈♦r✳ ■❱✳✸✳✽❪✳ ■♥
❬●❑❑P✶✶✱ ❚❤♠✳ ✺✳✶❪✱ ✐t ✐s s❤♦✇♥ t❤❛t ✐❢ ❛ ♣❛✐r (X,D) ✐s ❦❧t ❛♥❞ X ✐s r❛✲
t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✱ t❤❡♥ H0(X,Ω

[m]
X ) = {0} ❢♦r m > 0✱ ✇❤❡r❡ Ω

[m]
X ✐s t❤❡

r❡✢❡①✐✈❡ ❤✉❧❧ ♦❢ Ωm
X ✳ ❇② ❬●❑P✶✹✱ ❚❤♠✳ ✸✳✸❪✱ ✐❢ X ✐s ❢❛❝t♦r✐❛❧✱ r❛t✐♦♥❛❧❧②

❝♦♥♥❡❝t❡❞ ❛♥❞ ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ t❤❡♥ H0(X, (Ω1
X)[⊗m]) = {0} ❢♦r

m > 0✱ ✇❤❡r❡ (Ω1
X)[⊗m] ✐s t❤❡ r❡✢❡①✐✈❡ ❤✉❧❧ ♦❢ (Ω1

X)⊗m✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t
tr✉❡ ✇✐t❤♦✉t t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❜❡✐♥❣ ❢❛❝t♦r✐❛❧✱ s❡❡ ❬●❑P✶✹✱ ❊①❛♠♣❧❡ ✸✳✼❪✳ ■♥
t❤✐s ❝❤❛♣t❡r✱ ♦✉r ❛✐♠ ✐s t♦ ❝❧❛ss✐❢② r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡s ✇✐t❤ ❝❛♥♦♥✐✲
❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ✇❤✐❝❤ ❤❛✈❡ ♥♦♥✲③❡r♦ r❡✢❡①✐✈❡ ♣❧✉r✐✲❢♦r♠s✳ ❲❡ ✇✐❧❧ ❣✐✈❡ t✇♦
♠❡t❤♦❞s t♦ ❝♦♥str✉❝t s✉❝❤ s✉r❢❛❝❡s ✭s❡❡ ❈♦♥str✉❝t✐♦♥ ✻✳✶✳✷ ❛♥❞ ❈♦♥str✉❝t✐♦♥
✻✳✶✳✻✮ ❛♥❞ ✇❡ ✇✐❧❧ ❛❧s♦ ♣r♦✈❡ t❤❛t ❡✈❡r② s✉❝❤ s✉r❢❛❝❡ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜②
❜♦t❤ ♦❢ t❤❡s❡ ♠❡t❤♦❞s ✭s❡❡ ❚❤❡♦r❡♠ ✻✳✶✳✸ ❛♥❞ ❚❤❡♦r❡♠ ✻✳✶✳✺✮✳ ❚❤✐s ❣✐✈❡s
❛♥ ❛✣r♠❛t✐✈❡ ❛♥s✇❡r t♦ ❬●❑P✶✹✱ ❘❡♠❛r❦ ❛♥❞ ◗✉❡st✐♦♥ ✸✳✽❪

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✐s t❤❡ ♦♥❡ ❣✐✈❡♥ ✐♥ ❬●❑P✶✹✱ ❊①❛♠♣❧❡ ✸✳✼❪✳

❊①❛♠♣❧❡ ✻✳✶✳✶✳ ▲❡t π′ : X ′ → P1 ❜❡ ❛♥② s♠♦♦t❤ r✉❧❡❞ s✉r❢❛❝❡✳ ❈❤♦♦s❡ ❢♦✉r
❞✐st✐♥❝t ♣♦✐♥ts q1✱ q2✱ q3✱ q4 ✐♥ P1✳ ❋♦r ❡❛❝❤ ♣♦✐♥t qi✱ ♣❡r❢♦r♠ t❤❡ ❜✐r❛t✐♦♥❛❧
tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ❈♦♥str✉❝t✐♦♥ ✸✳✷✳✶✶✳ ❚❤❡♥ ✇❡ ❣❡t ❛ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞
s✉r❢❛❝❡ π : X → P1 ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t H0(X, (Ω1

X)[⊗2]) 6=
{0}✳

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ❡✈❡r② ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡ X ✇✐t❤
❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ ❤❛✈✐♥❣ ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞
❜② ❛ s✐♠✐❧❛r ♠❡t❤♦❞ ✭s❡❡ ❈♦♥str✉❝t✐♦♥ ✻✳✶✳✷ ❜❡❧♦✇✮ ❢r♦♠ ❛ s♠♦♦t❤ r✉❧❡❞
s✉r❢❛❝❡ ♦✈❡r P1✳

✶✶✷
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❈♦♥str✉❝t✐♦♥ ✻✳✶✳✷✳ ❚❛❦❡ ❛ s♠♦♦t❤ r✉❧❡❞ s✉r❢❛❝❡ X0
π0−→ P1 ❛♥❞ ❝❤♦♦s❡

❞✐st✐♥❝t ♣♦✐♥ts q1, . . . , qr ✐♥ P1 ✇✐t❤ r > 4✳ ❲❡ ♣❡r❢♦r♠ ❛ s❡q✉❡♥❝❡ ♦❢ ❜✐r❛✲
t✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ❛s ❢♦❧❧♦✇s✳

✭✐✮ ❋♦r ❡❛❝❤ qi✱ ♣❡r❢♦r♠ t❤❡ ❜✐r❛t✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ❈♦♥str✉❝t✐♦♥
✸✳✷✳✶✶✳ ❲❡ ❣❡t ❛ ✜❜❡r s✉r❢❛❝❡ π1 : X1 → P1✳ ❚❤❡ ♥♦♥✲r❡❞✉❝❡❞ ✜❜❡rs ♦❢
π1 ❛r❡ π∗1q1, . . . , π

∗
1qr✳

✭✐✐✮ P❡r❢♦r♠ ✜♥✐t❡❧② ♠❛♥② t✐♠❡s t❤✐s ❜✐r❛t✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ✿ ❜❧♦✇ ✉♣
❛ s♠♦♦t❤ ♣♦✐♥t ♦♥ ❛ ♥♦♥✲r❡❞✉❝❡❞ ✜❜❡r ❛♥❞ t❤❡♥ ❜❧♦✇ ❞♦✇♥ t❤❡ str✐❝t
tr❛♥s❢♦r♠ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✜❜❡r✳ ❲❡ ♦❜t❛✐♥ ❛♥♦t❤❡r ✜❜❡r s✉r❢❛❝❡ p : X∗ →
P1 ✭s❡❡ ▲❡♠♠❛ ✸✳✷✳✶✷✮✳

✭✐✐✐✮ ❙t❛rt✐♥❣ ❢r♦♠ X∗✱ ♣❡r❢♦r♠ ❛ s❡q✉❡♥❝❡ ♦❢ ❜❧♦✇✲✉♣s ♦❢ s♠♦♦t❤ ♣♦✐♥ts✱
✇❡ ❣❡t ❛ s✉r❢❛❝❡ Xa✳

✭✐✈✮ ❇❧♦✇ ❞♦✇♥ s♦♠❡ ❝❤❛✐♥s ♦❢ ❡①❝❡♣t✐♦♥❛❧ (−2)✲❝✉r✈❡s ❢♦r Xa → X∗ ✭t❤✐s
✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ ❜② ▲❡♠♠❛ ✸✳✶✳✺✮✱ ✇❡ ♦❜t❛✐♥ ❛ r❛t✐♦♥❛❧ s✉r❢❛❝❡ X✳

Xa
//

blow−ups
!!

X

f
��

X∗ //

p
!!

X1
//

π1

��

X0

π0
}}

P1

❚❤❡♦r❡♠ ✻✳✶✳✸✳ ❚❤❡ s✉r❢❛❝❡ ♦❜t❛✐♥❡❞ ❜② ❈♦♥str✉❝t✐♦♥ ✻✳✶✳✷ ✐s ❛ r❛t✐♦♥❛❧❧②
❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡ ✇❤✐❝❤ ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ X ✐s ❛
♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t
H0(X, (Ω1

X)[⊗m]) 6= {0} ❢♦r s♦♠❡ m > 0✱ t❤❡♥ X ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡
♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ ❈♦♥str✉❝t✐♦♥ ✻✳✶✳✷✳

◆♦t❡ t❤❛t ✐❢ X ✐s ❛ r❛t✐♦♥❛❧ s✉r❢❛❝❡ ♦❜t❛✐♥❡❞ ❜② ❈♦♥str✉❝t✐♦♥ ✻✳✶✳✷✱ t❤❡♥
t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ π : X → P1 ✐♥❞✉❝❡❞ ❜② π0✳ ❚❤✐s ✜❜r❛t✐♦♥ ❤❛s ♠✉❧t✐♣❧❡
✜❜❡rs ♦✈❡r t❤❡ ♣♦✐♥ts q1, . . . , qr t❤❛t ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡
❝♦♥str✉❝t✐♦♥✳ ■♥ ❢❛❝t✱ t❤❡s❡ ♠✉❧t✐♣❧❡ ✜❜❡rs ❛r❡ ❡①❛❝t❧② t❤❡ s♦✉r❝❡ ♦❢ ♥♦♥✲③❡r♦
❢♦r♠s ♦♥ X ❜② t❤❡ t❤❡♦r❡♠ ❜❡❧♦✇✳

❚❤❡♦r❡♠ ✻✳✶✳✹✳ ▲❡t X ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡ ✇✐t❤
❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ ❤❛✈✐♥❣ ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳ ■❢ X∗ ✐s t❤❡ r❡s✉❧t
♦❢ ❛ ▼▼P✱ t❤❡♥ X∗ ✐s ❛ ▼♦r✐ ✜❜❡r s♣❛❝❡ ♦✈❡r P1✳ ▲❡t p : X∗ → P1 ❜❡ t❤❡
▼♦r✐ ✜❜r❛t✐♦♥✳ ■❢ r ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦✈❡r ✇❤✐❝❤ p ❤❛s ♥♦♥✲r❡❞✉❝❡❞
✜❜❡rs✱ t❤❡♥ ✇❡ ❤❛✈❡ r > 4 ❛♥❞

H0(X, (Ω1
X)[⊗m]) ∼= H0(X∗, (Ω1

X∗)[⊗m]) ∼= H0(P1,OP1(−2m+ [
m

2
]r))

❢♦r m > 0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ✜①❡❞ m✱ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ m✲♣❧✉r✐✲❢♦r♠s ❞❡♣❡♥❞s
♦♥❧② ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♠✉❧t✐♣❧❡ ✜❜❡rs ♦❢ p✳
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❲❡ ♥♦t❡ t❤❛t ❜♦t❤ ✐♥ ❚❤❡♦r❡♠ ✻✳✶✳✹ ❛♥❞ ✐♥ ❈♦♥str✉❝t✐♦♥ ✻✳✶✳✷✱ ✇❡ ♠❡❡t
❛ s✉r❢❛❝❡ ♥❛♠❡❞ X∗✳ ❲❡ ✇✐❧❧ s❡❡ ❧❛t❡r ✭✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✳✸ ✐♥
➓✻✳✹✮ t❤❛t✱ ❜② ❝❤♦♦s✐♥❣ ❛ ❣♦♦❞ ▼▼P✱ t❤❡s❡ t✇♦ s✉r❢❛❝❡s ❛r❡ ✐❞❡♥t✐❝❛❧✳ ❚❤❡
♣♦✐♥ts q1, . . . , qr ❛r❡ ❡①❛❝t❧② t❤❡ ♣♦✐♥ts ♦✈❡r ✇❤✐❝❤ p : X∗ → P1 ❤❛s ♠✉❧t✐♣❧❡
✜❜❡rs✳ ❇② t❤❡ s❡♠✐st❛❜❧❡ r❡❞✉❝t✐♦♥✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ●❛❧♦✐s ❝♦✈❡r γ : E → P1

s✉❝❤ t❤❛t Z → E ❤❛s ♦♥❧② r❡❞✉❝❡❞ ✜❜❡rs✱ ✇❤❡r❡ Z ✐s t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢
X∗ ×P1 E✳ ▲❡t Y ❜❡ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ X ×P1 E✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠
s❤♦✇s t❤❛t ✇❡ ❝❛♥ ❛❧✇❛②s ❝❤♦♦s❡ ❛ ✜♥✐t❡ ●❛❧♦✐s ❝♦✈❡r γ ✇❤✐❝❤ ❤❛s ❞❡❣r❡❡
4 ❛♥❞ t❤❡ ♣❧✉r✐✲❢♦r♠s ♦♥ X ❛r❡ ❡①❛❝t❧② t❤❡ G✲✐♥✈❛r✐❛♥t ♣❧✉r✐✲❢♦r♠s ♦♥ Y ✱
✇❤❡r❡ G ✐s t❤❡ ●❛❧♦✐s ❣r♦✉♣ ♦❢ γ✳

❚❤❡♦r❡♠ ✻✳✶✳✺✳ ▲❡t X ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡ ✇✐t❤
❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ ❤❛✈✐♥❣ ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳ ▲❡t π ❜❡ t❤❡ ❝♦♠♣♦✲
s✐t✐♦♥ ♦❢ X → X∗ → P1✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Y
Γ

4:1 cover
//

π′

��

X

π
��

E
γ

4:1 cover
// P1

s✉❝❤ t❤❛t E ✐s ❛ s♠♦♦t❤ ❝✉r✈❡ ♦❢ ♣♦s✐t✐✈❡ ❣❡♥✉s ❛♥❞ Y ✐s ❛ ♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡
✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❇♦t❤ γ ❛♥❞ Γ ❛r❡ ●❛❧♦✐s ❝♦✈❡rs ✇✐t❤ ●❛❧♦✐s
❣r♦✉♣ G := Z/2Z× Z/2Z ❛♥❞ Γ ✐s ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧
m > 0✱ ✇❡ ❤❛✈❡ H0(X, (Ω1

X)[⊗m]) ∼= H0(Y, (Ω1
Y )

[⊗m])G ∼= H0(E, (Ω1
E)

⊗m)G.

◆♦t❡ t❤❛t Y ✐s ♥♦t r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ s✐♥❝❡ E ✐s ♥♦t r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝✲
t❡❞✳ ❚❤✐s t❤❡♦r❡♠ s❤♦✇s t❤❛t ❡✈❡r② ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡
✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ✇❤✐❝❤ ❤❛s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s ❝❛♥ ❜❡ ❝♦♥str✉❝✲
t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞✳

❈♦♥str✉❝t✐♦♥ ✻✳✶✳✻✳ ▲❡t Y ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉✲
❧❛r✐t✐❡s ❛♥❞ ❧❡t G ❜❡ ❛ ✜♥✐t❡ s✉❜❣r♦✉♣ ♦❢ ❆✉t(Y ) ✇❤♦s❡ ❛❝t✐♦♥ ✐s ét❛❧❡ ✐♥
❝♦❞✐♠❡♥s✐♦♥ ✶✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ G✲✐♥✈❛r✐❛♥t ✜❜r❛t✐♦♥ π′ ❢r♦♠ Y t♦
❛ s♠♦♦t❤ ❝✉r✈❡ E ♦❢ ♣♦s✐t✐✈❡ ❣❡♥✉s s✉❝❤ t❤❛t E/G = P1 ❛♥❞ t❤❛t ❣❡♥❡r❛❧
✜❜❡rs ♦❢ π′ ❛r❡ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡s✳ ▲❡t X = Y/G✳ ❚❤❡♥ X ✐s r❛t✐♦♥❛❧❧②
❝♦♥♥❡❝t❡❞ ✭s❡❡ ❬●❍❙✵✸✱ ❚❤♠✳ ✶✳✶❪✮ ❛♥❞ H0(X, (Ω1

X)[⊗m]) 6= {0} ❢♦r s♦♠❡
m > 0✳

❆s ❛ ❝♦r♦❧❧❛r②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✻✳✶✳✼✳ ■❢ S ✐s ❛ ❋❛♥♦ s✉r❢❛❝❡ ✇❤✐❝❤ ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱
t❤❡♥ ❢♦r ❛❧❧ m > 0✱ h0(S, (Ω1

S)
[⊗m]) = 0 ✳

❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✻✳✶✳✽✳ ▲❡t X ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳
❚❤❡♥ h0(X, (Ω1

X)[⊗m]) = 0 ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ m ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ s♠♦♦t❤ ❧♦❝✉s
♦❢ X ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✳
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❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ✇♦r❦ ♦✈❡r C✳ ■❢ p : X → B ✐s ❛ ✜❜r❛t✐♦♥
❢r♦♠ ❛ ♥♦r♠❛❧ ✈❛r✐❡t② t♦ ❛ s♠♦♦t❤ ❝✉r✈❡ ❛♥❞ t❤❡ ♥♦♥✲r❡❞✉❝❡❞ ✜❜❡rs ♦❢ p ❛r❡
p∗z1, . . . , p

∗zr✱ t❤❡♥ t❤❡ r❛♠✐✜❝❛t✐♦♥ ❞✐✈✐s♦r ♦❢ p ✐s t❤❡ ❞✐✈✐s♦r ❞❡✜♥❡❞ ❜②

R = p∗z1 + · · ·+ p∗zr − (p∗z1 + · · ·+ p∗zr)red.

✻✳✷ ❱❛♥✐s❤✐♥❣ t❤❡♦r❡♠ ❢♦r ❋❛♥♦ ✈❛r✐❡t✐❡s ✇✐t❤ P✐✲

❝❛r❞ ♥✉♠❜❡r ✶

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✻✳✷✳✶✳ ▲❡t X ❜❡ ❛ Q✲❢❛❝t♦r✐❛❧ ❦❧t ❋❛♥♦ ✈❛r✐❡t② ✇✐t❤ P✐❝❛r❞ ♥✉♠❜❡r
1✳ ❚❤❡♥ h0(X, (Ω1

X)[⊗m]) = 0 ❢♦r ❛♥② m > 0✳

Pr♦♦❢✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t dimX > 1✳ ❲❡ ✇✐❧❧ ❛r❣✉❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳
❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m s✉❝❤ t❤❛t H0(X, (Ω1

X)[⊗m]) 6= {0}✳
▲❡t H ❜❡ ❛♥ ❛♠♣❧❡ ❞✐✈✐s♦r ♦♥ X✳

❙✐♥❝❡ H0(X, (Ω1
X)[⊗m]) 6= {0} ❢♦r s♦♠❡ m > 0✱ ✇❡ ❤❛✈❡ ❛♥ ✐♥❥❡❝t✐✈❡

♠♦r♣❤✐s♠ ♦❢ s❤❡❛✈❡s
OX →֒ (Ω1

X)[⊗m].

❚❤✐s s❤♦✇s t❤❛t
µmax
H ((Ω1

X)[⊗m]) > µH(OX) = 0.

❇② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✸✱ ✇❡ ❤❛✈❡ µmax
H (Ω

[1]
X ) = m−1µmax

H ((Ω1
X)[⊗m]) > 0✳

❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ❛ ♥♦♥✲③❡r♦ s❛t✉r❛t❡❞ ❝♦❤❡r❡♥t s❤❡❛❢ F ⊆ Ω
[1]
X s✉❝❤

t❤❛t µH(F ) > 0✳ ❖❜s❡r✈❡ t❤❛t rankF < dimX✱ ♦t❤❡r✇✐s❡ F = Ω
[1]
X ❛♥❞

❞❡tF ∼= KX ✳ ❚❤✉s µH(F ) < 0✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
❲❡ ❤❛✈❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✱ ❡✐t❤❡r µH(F ) > 0 ♦r µH(F ) = 0✳
❈❛s❡ ✶✳ ❆ss✉♠❡ t❤❛t µH(F ) > 0✳ ❙✐♥❝❡ X ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1✱ detF ✐s

❛♠♣❧❡ ❛♥❞ ✐ts ❑♦❞❛✐r❛✲■✐t❛❦❛ ❞✐♠❡♥s✐♦♥ ✐s dimX✳ ❍♦✇❡✈❡r t❤✐s ❝♦♥tr❛❞✐❝ts
❇♦❣♦♠♦❧♦✈✲❙♦♠♠❡s❡ ✈❛♥✐s❤✐♥❣ t❤❡♦r❡♠ ✭s❡❡ ❬●r❛✶✺✱ ❈♦r✳ ✶✳✸❪✮✳

❈❛s❡ ✷✳ ❆ss✉♠❡ t❤❛t µH(F ) = 0✳ ▲❡t G =❞❡tF ✳ ❚❤❡♥ G ·H(dimX−1) =
0✳ ❙✐♥❝❡X ✐sQ✲❢❛❝t♦r✐❛❧ ❛♥❞ ❦❧t✱ ❜② ❬❆❉✶✹✱ ▲❡♠✳ ✷✳✻❪✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r l
s✉❝❤ t❤❛t (G⊗l)∗∗ ✐s ✐s♦♠♦r♣❤✐❝ t♦ OX ✳ ▲❡tm ❜❡ t❤❡ s♠❛❧❧❡st ♣♦s✐t✐✈❡ ✐♥t❡❣❡r
s✉❝❤ t❤❛t (G⊗m)∗∗ ∼= OX ✳ ▲❡t q : Z → X ❜❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❝②❝❧✐❝ ❝♦✈❡r
✇✐t❤ r❡s♣❡❝t t♦ (G⊗m)∗∗ ∼= OX ✭s❡❡ ❬❑▼✾✽✱ ❉❡❢✳ ✷✳✺✷❪✮✳ ❚❤❡♥ (q∗G )∗∗ ∼= OZ ✳
❙✐♥❝❡ q ✐s ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ ✶✱ Z ✐s ❛❧s♦ ❦❧t ❜② ❬❑♦❧✾✼✱ Pr♦♣✳ ✸✳✶✻❪ ❛♥❞
−KZ = q∗(−KX) ✐s ❛♠♣❧❡✳ ❚❤✉s Z ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ❜② ❬❍▼✵✼✱ ❈♦r✳
✶✳✸ ❛♥❞ ✶✳✺❪✳ ❆♥❞ t❤❡r❡ ❛r❡ ♥❛t✉r❛❧ ✐♥❥❡❝t✐✈❡ ♠♦r♣❤✐s♠s

(q∗G )∗∗ →֒ (q∗Ω
[rankF ]
X )∗∗ →֒ Ω

[rankF ]
Z .

❍❡♥❝❡ ✇❡ ❤❛✈❡ ❛♥ ✐♥❥❡❝t✐♦♥ OZ →֒ Ω
[rankF ]
Z ✱ ❜✉t t❤✐s ❝♦♥tr❛❞✐❝ts ❬●❑❑P✶✶✱

❚❤♠✳ ✺✳✶❪✳
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✻✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✳✹

❲❡ ✇✐❧❧ ✜rst ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✶✳✹✳ ▲❡t X ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧❧②
❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ✇❤✐❝❤ ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲
❢♦r♠s✳ ❘✉♥ ❛ ▼▼P ❢♦r X✳ ❲❡ ✇✐❧❧ ❣❡t ❛ s❡q✉❡♥❝❡ ♦❢ ❞✐✈✐s♦r✐❛❧ ❝♦♥tr❛❝t✐♦♥s

X = X0 → X1 → · · · → Xn = X∗✳

◆♦t❡ t❤❛t KX∗ ✐s ♥♦t ♥❡❢✳ ❚❤✉s t❤❡ s✉r❢❛❝❡ X∗ ✐s ❛ ▼♦r✐ ✜❜❡r s✉r❢❛❝❡ ♦✈❡r
P1 ❜② ❚❤❡♦r❡♠ ✻✳✷✳✶✳ ▲❡t p : X∗ → P1 ❜❡ t❤❡ ▼♦r✐ ✜❜r❛t✐♦♥✳ ▲❡t f : X →
X∗ ❜❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ t❤❡ ❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠s ❛❜♦✈❡
❛♥❞ ❧❡t π = p ◦ f : X → P1✳ ❚❤❡♥ ❢♦r ❛♥② m ∈ N✱ t❤❡r❡ ✐s ❛♥ ✐♥❥❡❝t✐♦♥
H0(X, (Ω1

X)[⊗m]) →֒ H0(X∗, (Ω1
X∗)[⊗m]) ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✻✳✸✳✶✳ ■❢ ϕ : Y 99K Y ′ ✐s ❛ ❜✐r❛t✐♦♥❛❧ ♠❛♣ ❜❡t✇❡❡♥ ♥♦r♠❛❧ ♣r♦❥❡❝t✐✈❡
✈❛r✐❡t✐❡s s✉❝❤ t❤❛t ϕ−1 ❞♦❡s ♥♦t ❝♦♥tr❛❝t ❛♥② ❞✐✈✐s♦r✱ t❤❡♥ ✇❡ ❤❛✈❡ ❛ ♥❛t✉r❛❧
✐♥❥❡❝t✐♦♥ H0(Y, (Ω1

Y )
[⊗m]) →֒ H0(Y ′, (Ω1

Y ′)[⊗m]) ❢♦r ❛♥② ✐♥t❡❣❡r m > 0✳

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ ❜✐r❛t✐♦♥❛❧ ♠❛♣ ϕ−1 : Y ′ 99K Y ❞♦❡s ♥♦t ❝♦♥tr❛❝t ❛♥② ❞✐✈✐✲
s♦r✱ ✐t ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ ❛♥ ♦♣❡♥ s✉❜s❡t W ′ ♦❢ Y ′ ♦♥t♦ ❛♥ ♦♣❡♥
s✉❜s❡t W ♦❢ Y s✉❝❤ t❤❛t codimY ′\W ′ > 2✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✱ ✇❡ ❤❛✈❡
H0(Y ′, (Ω1

Y ′)[⊗m]) ∼= H0(W ′, (Ω1
W ′)[⊗m]) ❢♦r ❛♥② m > 0✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ W

✐s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Y ✱ ✇❡ ♦❜t❛✐♥ H0(Y, (Ω1
Y )

[⊗m]) →֒ H0(W, (Ω1
W )[⊗m]) ∼=

H0(W ′, (Ω1
W ′)[⊗m]) ∼= H0(Y ′, (Ω1

Y ′)[⊗m]) ❢♦r ❛❧❧ m > 0✳

✻✳✸✳✶ ❙♦✉r❝❡ ♦❢ ♥♦♥✲③❡r♦ r❡✢❡①✐✈❡ ♣❧✉r✐✲❢♦r♠s

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ✜♥❞ ♦✉t t❤❡ s♦✉r❝❡ ♦❢ ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s ♦♥
X∗✳ ▲❡t U ❜❡ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X∗✳ ❚❤❡♥ t❤❡ ♠♦r♣❤✐s♠ ♦❢ ❧♦❝❛❧❧② ❢r❡❡
s❤❡❛✈❡s ♦♥ U

p∗Ω1
P1 → Ω1

U

❢❛❝t♦rs t❤r♦✉❣❤
ϕ : p∗Ω1

P1 ⊗ OU (R) → Ω1
U

✇❤❡r❡
R =

∑

z∈P1

p∗z − (p∗z)red

✐s t❤❡ r❛♠✐✜❝❛t✐♦♥ ❞✐✈✐s♦r ♦❢ p✳ ▲❡t V ❜❡ t❤❡ ❧❛r❣❡st s✉❜s❡t ♦❢ U s✉❝❤ t❤❛t ❢♦r
❛♥② ♣♦✐♥t x ∈ V ✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ϕ ❛t x ✐s ✐♥❥❡❝t✐✈❡✳ ❚❤❡♥ codimX∗\V > 2✳
❇② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✱ t❤✐s ✐♠♣❧✐❡s t❤❛t

H0(X∗, (Ω1
X∗)[⊗m]) ∼= H0(V, (Ω1

V )
⊗m)

❢♦r ❛♥② m ∈ N✳
❈♦♥s✐❞❡r t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ s❤❡❛✈❡s ♦♥ V
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0 → p∗Ω1
P1 ⊗ OV (R) → Ω1

V → G → 0

✇❤❡r❡ G ✐s ✐s♦♠♦r♣❤✐❝ t♦ Ω1
V/P1/torsion✳ ◆♦t❡ t❤❛t p∗Ω1

P1 ⊗OV (R) → Ω1
V ✐s

❛♥ ✐♥❥❡❝t✐♦♥ ♦❢ ✈❡❝t♦r ❜✉♥❞❧❡s ♦✈❡r V ✳ ❍❡♥❝❡✱ G ✐s ❧♦❝❛❧❧② ❢r❡❡✳ ❚❤❡♥ t❤❡r❡ ✐s
❛ ✜❧tr❛t✐♦♥ ✭s❡❡ ▲❡♠♠❛ ✻✳✸✳✹ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥✮ ♦✈❡r V

(Ω1
V )

⊗m = F0 ⊇ F1 ⊇ · · · ⊇ Fs

s✉❝❤ t❤❛t ❢♦r ❡✈❡r② i ∈ {0, . . . , s− 1} ❛♥❞

Fi/Fi+1
∼= G⊗ai ⊗ (p∗Ω1

P1 ⊗ OV (R))
⊗(m−ai)

✇❤❡r❡ 0 < ai 6 m ✐s ❛♥ ✐♥t❡❣❡r✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

Fs
∼= (p∗Ω1

P1 ⊗ OV (R))
⊗m ∼= (p∗Ω1

P1)
⊗m ⊗ OV (mR).

▲❡♠♠❛ ✻✳✸✳✷✳ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ❛❜♦✈❡✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

H0(X∗, (Ω1
X∗)[⊗m]) ∼= H0(P1,OP1(−2m)⊗ p∗OX∗(mR))

❢♦r ❛❧❧ m > 0✳

Pr♦♦❢✳ ❋✐① s♦♠❡ m > 0✳ ❋♦r ❛ ❣❡♥❡r❛❧ ♣♦✐♥t z ∈ P1✱ t❤❡ s✉♣♣♦rt C ♦❢ t❤❡
✜❜❡r p∗z ✐s ✐s♦♠♦r♣❤✐❝ t♦ P1 ❛♥❞ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ V ✳ ❙✐♥❝❡ p ✐s s♠♦♦t❤ ❛❧♦♥❣
C✱ ✇❡ ❤❛✈❡

G |C ∼= OC(−2) and (p∗Ω1
P1 ⊗ OV (R))|C ∼= OC .

❚❤✉s (Fi/Fi+1)|C ✐s ✐s♦♠♦r♣❤✐❝ OC(−2ai) ❢♦r i < s✳ ❙✐♥❝❡ ai > 0✱ ✇❡
♦❜t❛✐♥ t❤❛t h0(V,Fi/Fi+1) = 0 ❛♥❞ H0(V,Fi) ∼= H0(V,Fi+1) ❢♦r i < s✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t

H0(V, (Ω1
V )

⊗m) ∼= H0(V, (p∗Ω1
P1)

⊗m ⊗ OV (mR)).

❇② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✱ t❤❡ ✐s♦♠♦r♣❤✐s♠ ❛❜♦✈❡ ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠

H0(X∗, (Ω1
X∗)[⊗m]) ∼= H0(X∗, (p∗Ω1

P1)
⊗m ⊗ OX∗(mR)).

❲❡ ♥♦t❡ t❤❛t t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❧❛st ✐s♦♠♦r♣❤✐s♠ ✐s ✐s♦♠♦r♣❤✐❝
t♦ H0(P1, p∗((p

∗Ω1
P1)

⊗m ⊗ OX∗(mR)))✳ ❇② t❤❡ ♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛✱ ✐t ✐s ✐s♦✲
♠♦r♣❤✐❝ t♦ H0(P1, (Ω1

P1)
⊗m ⊗ p∗OX∗(mR))✳ ❍❡♥❝❡

H0(X∗, (Ω1
X∗)[⊗m]) ∼= H0(P1,OP1(−2m)⊗ p∗OX∗(mR)).

◆♦t❡ t❤❛t p∗OX∗(mR) ✐s ❛ t♦rs✐♦♥✲❢r❡❡ s❤❡❛❢ ♦❢ r❛♥❦ ✶ ♦♥ P1✳ ❚❤✉s ✐t ✐s
❛♥ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢ ❛♥❞ t❤❡r❡ ✐s ❛ k ∈ Z s✉❝❤ t❤❛t OP1(k) ✐s ✐s♦♠♦r♣❤✐❝ t♦
p∗OX∗(mR)✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇❡ ✇✐❧❧ ❝♦♠♣✉t❡ t❤❡ ✐♥t❡❣❡r k✳
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▲❡♠♠❛ ✻✳✸✳✸✳ ❆ss✉♠❡ t❤❛t t❤❡ ♥♦♥✲r❡❞✉❝❡❞ ✜❜❡rs ♦❢ p : X∗ → P1 ❛r❡ ♦✈❡r
z1, . . . , zr✳ ❚❤❡♥ ❢♦r m ∈ N✱ ✇❡ ❤❛✈❡

p∗OX∗(mR) ∼= OP1([
m

2
](z1 + · · ·+ zr)) ∼= OP1([

m

2
]r),

✇❤❡r❡ [ ] ✐s t❤❡ ✐♥t❡❣❡r ♣❛rt✳ ■♥ ♣❛rt✐❝✉❧❛r✱

H0(X∗, (Ω1
X∗)[⊗m]) ∼= H0(P1,OP1(−2m+ [

m

2
]r)).

Pr♦♦❢✳ ❙✐♥❝❡ ❛♥② t✇♦ ♣♦✐♥ts ✐♥ P1 ❛r❡ ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t✱ t❤❡ ♣r♦❜❧❡♠ ✐s
❧♦❝❛❧ ❛r♦✉♥❞ ❡✈❡r② ♣♦✐♥t zi✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t r = 1 ❢♦r s✐♠♣❧✐❝✐t②✳
❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸✱ ✇❡ ❦♥♦✇ t❤❛t p∗z1 = 2R✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t
p∗OX∗(mR) ∼= OP1(k · z1) ❛♥❞ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t k = [

m

2
]✳

◆♦t❡ t❤❛t γ ∈ H0(P1,OP1(k · z1)) ✐s ❥✉st ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ♦♥ P1 ✇❤✐❝❤
❝❛♥ ♦♥❧② ❤❛✈❡ ♣♦❧❡ ❛t z1 ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② ❛t ♠♦st k✳ ■ts ♣✉❧❧✲❜❛❝❦ t♦ X ✐s ❛
r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❝❛♥ ♦♥❧② ❤❛✈❡ ♣♦❧❡ ❛❧♦♥❣ R ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② ❛t ♠♦st
2k✳ ❚❤✉s k ✐s t❤❡ ❧❛r❣❡st ✐♥t❡❣❡r s✉❝❤ t❤❛t 2k 6 m✱ ✐✳❡✳ k = [

m

2
]✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✜❧tr❛t✐♦♥ ♦♥
(Ω1

V )
[⊗m]✳

▲❡♠♠❛ ✻✳✸✳✹✳ ▲❡t 0 → E → F → G → 0 ❜❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❧♦❝❛❧❧②
❢r❡❡ s❤❡❛✈❡s ♦♥ ❛ ✈❛r✐❡t② X✳ ❚❤❡♥ ❢♦r ❛♥② m > 0✱ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r
s ❛♥❞ ❛ ✜❧tr❛t✐♦♥

F⊗m = F0 ⊇ F1 ⊇ · · · ⊇ Fs = E ⊗m

s✉❝❤ t❤❛t ❢♦r ❡✈❡r② i ∈ {0, . . . , s− 1}✱ t❤❡ q✉♦t✐❡♥t Fi/Fi+1 ✐s ✐s♦♠♦r♣❤✐❝ t♦
G⊗ai ⊗ E ⊗(m−ai)✱ ✇❤❡r❡ 0 < ai 6 m ✐s ❛♥ ✐♥t❡❣❡r✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥✳ ■❢ m = 1✱ t❤❡♥ t❤❡ ❛ss❡rt✐♦♥ ✐s tr✉❡ ✭s = 1
❛♥❞ F1 = E ✮✳ ❆ss✉♠❡ t❤❛t t❤❡ ❛ss❡rt✐♦♥ ✐s tr✉❡ ❢♦r m = k✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❛
✜❧tr❛t✐♦♥

F⊗k = F0 ⊇ F1 ⊇ · · · ⊇ Fs = E ⊗k

s✉❝❤ t❤❛t Fi/Fi+1 ✐s ✐s♦♠♦r♣❤✐❝ t♦ G⊗ai ⊗ E ⊗(k−ai)✱ ✇❤❡r❡ ai > 0 ✐s ❛♥
✐♥t❡❣❡r✳

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛❝t s❡q✉❡♥❝❡

0 → E ⊗ F⊗k → F⊗(k+1) → G ⊗ F⊗k → 0.

❇② ❤②♣♦t❤❡s✐s ♦❢ ✐♥❞✉❝t✐♦♥✱ ✇❡ ❤❛✈❡ ❛ ✜❧tr❛t✐♦♥

E ⊗ F⊗k = E ⊗ F0 ⊇ E ⊗ F1 ⊇ · · · ⊇ E ⊗ Fs = E ⊗(k+1).
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❙✐♥❝❡ G ⊗F⊗k ✐s t❤❡ q✉♦t✐❡♥t ♦❢ F⊗(k+1) ❜② E ⊗F⊗k✱ ✇❡ ❤❛✈❡ ❛ ✜❧tr❛t✐♦♥✱
✐♥❞✉❝❡❞ ❜② t❤❡ ✜❧tr❛t✐♦♥ ♦♥ F⊗k ❛❜♦✈❡✱

F⊗(k+1) = H0 ⊇ H1 ⊇ · · · ⊇ Hs ⊇ E ⊗ F⊗k

s✉❝❤ t❤❛t Hi/Hi+1 ✐s ✐s♦♠♦r♣❤✐❝ t♦ G ⊗ (G⊗ai ⊗ E ⊗(k−ai)) ❛♥❞ Hs/(E ⊗
F⊗k) ∼= G ⊗ E ⊗k✳ ❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ ❛ ✜❜r❛t✐♦♥

F⊗(k+1) = H0 ⊇ H1 ⊇ · · · ⊇ Hs ⊇ E ⊗ F0 ⊇ · · · ⊇ E ⊗ Fs = E ⊗(k+1)

✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❧❡♠♠❛✳

✻✳✸✳✷ ❇❛❝❦ t♦ t❤❡ ✐♥✐t✐❛❧ ✈❛r✐❡t②

❲❡ ❤❛✈❡ st✉❞✐❡❞ X∗ ❛♥❞ ♥♦✇ ✇❡ ❤❛✈❡ t♦ r❡✈❡rs❡ t❤❡ ▼▼P ❛♥❞ ♣✉❧❧ ❜❛❝❦
♣❧✉r✐✲❢♦r♠s t♦ t❤❡ ✐♥✐t✐❛❧ ✈❛r✐❡t② X✳ ❖✉r ❛✐♠ ✐s t♦ ♣r♦✈❡ t❤❛t

H0(X, (Ω1
X)[⊗m]) ∼= H0(X∗, (Ω1

X∗)[⊗m]).

❇② ▲❡♠♠❛ ✸✳✶✳✶✱ ❡✈❡r② ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r ♦❢ f : X → X∗ ✐s ♦✈❡r ❛
s♠♦♦t❤ ♣♦✐♥t ♦❢ X∗✳ ◆♦✇ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ✐s♦♠♦r♣❤✐s♠ ✇❡ ♠❡♥t✐♦♥❡❞ ❛t
t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥✳

▲❡♠♠❛ ✻✳✸✳✺✳ ❚❤❡ ✐♥❥❡❝t✐♦♥ H0(X, (Ω1
X)[⊗m]) →֒ H0(X∗, (Ω1

X∗)[⊗m]) ✐s ❛♥
✐s♦♠♦r♣❤✐s♠✳

Pr♦♦❢✳ ▲❡t Xa → X ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ ❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠ ✇❤✐❝❤ ✐s t❤❡ ♠✐♥✐✲
♠❛❧ r❡s♦❧✉t✐♦♥ ❢♦r t❤❡ s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ X ❧②✐♥❣ ♦✈❡r s♠♦♦t❤ ♣♦✐♥ts ♦❢ X∗✳
❚❤❡♥ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐♥❥❡❝t✐♦♥

H0(Xa, (Ω
1
Xa

)[⊗m]) → H0(X, (Ω1
X)[⊗m]).

❇② ▲❡♠♠❛ ✸✳✶✳✶✱ f−1 ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛r♦✉♥❞ t❤❡ s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ X∗✳
❍❡♥❝❡ ❛❧❧ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦rs ♦❢ Xa → X∗ ❛r❡ ♦✈❡r s♠♦♦t❤ ♣♦✐♥ts ♦❢ X∗✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t Xa ❝❛♥ ❜❡ ♦❜t❛✐♥ ❢r♦♠ X∗ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ❜❧♦✇✲✉♣s ♦❢
s♠♦♦t❤ ♣♦✐♥ts ✭s❡❡ ❬❍❛r✼✼✱ ❈♦r✳ ❱✳✺✳✹❪✮✳

Xa

resolution

~~

blow−up

!!

X // X∗

❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ H0(Xa, (Ω
1
Xa

)[⊗m]) ∼= H0(X∗, (Ω1
X∗)[⊗m]),

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t H0(X, (Ω1
X)[⊗m]) ∼= H0(X∗, (Ω1

X∗)[⊗m])✳

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❚❤❡♦r❡♠ ✻✳✶✳✹✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✳✹✳ ❇② ❚❤❡♦r❡♠ ✻✳✷✳✶✱ ✇❡ ❤❛✈❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ p :
X∗ → P1✳ ▲❡♠♠❛ ✻✳✸✳✸ ❛♥❞ ▲❡♠♠❛ ✻✳✸✳✺ s❤♦✇ t❤❛t

H0(X, (Ω1
X)[⊗m]) ∼= H0(X∗, (Ω1

X∗)[⊗m]) ∼= H0(P1,OP1(−2m+ [
m

2
]r)).
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✻✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✳✸

❲❡ ✇✐❧❧ ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✶✳✸ ✐♥ t❤✐s s❡❝t✐♦♥✳ ■❢ X ✐s ❛ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧❧②
❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t h0(X, (ΩX)[⊗m]) 6= 0
❢♦r s♦♠❡m > 0 ❛♥❞X∗ ✐s t❤❡ r❡s✉❧t ♦❢ ❛ ▼▼P✱ t❤❡♥X ❛♥❞X∗ ❛r❡ ✐s♦♠♦r♣❤✐❝
❛r♦✉♥❞ t❤❡ s✐♥❣✉❧❛r ❧♦❝✉s ♦❢ X∗ ❜② ▲❡♠♠❛ ✸✳✶✳✶✳ ❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✸✳✺
❣✐✈❡s ✉s ❛♥ ✐❞❡❛ ♦❢ ❤♦✇ t♦ r❡❝♦♥str✉❝t X ❢r♦♠ X∗✳ ❋✐rst ✇❡ ❝♦♥str✉❝t t❤❡
s✉r❢❛❝❡ Xa ✭t❤❡ s✉r❢❛❝❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✸✳✺✮ ✇❤✐❝❤ ❝❛♥ ❜❡
♦❜t❛✐♥❡❞ ❢r♦♠ X∗ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ❜❧♦✇✲✉♣s ♦❢ s♠♦♦t❤ ♣♦✐♥ts✳ ❚❤❡♥ ✇❡ ❜❧♦✇
❞♦✇♥ s♦♠❡ ❡①❝❡♣t✐♦♥❛❧ (−2)✲❝✉r✈❡s ❢♦r Xa → X∗ ❛♥❞ ✇❡ ♦❜t❛✐♥ X✳ ◆♦t❡
t❤❛t t❤❡s❡ ❛r❡ ❥✉st t❤❡ ❜✐r❛t✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ♠❡♥t✐♦♥❡❞ ✐♥ st❡♣ ✭✐✐✐✮ ❛♥❞
✭✐✈✮ ♦❢ ❈♦♥str✉❝t✐♦♥ ✻✳✶✳✷✳

■♥ ♦r❞❡r t♦ ❝♦♥tr❛❝t t❤❡ (−2)✲❝✉r✈❡s ✐♥ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❛❜♦✈❡✱ ✇❡ ✇❛♥t
t♦ ✉s❡ ▲❡♠♠❛ ✸✳✶✳✺✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ t♦ st✉❞② t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❡①❝❡♣t✐♦♥❛❧
s❡t ♦❢ Xa → X∗✳

▲❡♠♠❛ ✻✳✹✳✶✳ ❉❡♥♦t❡ ❛ ❣❡r♠ ♦❢ s♠♦♦t❤ s✉r❢❛❝❡ ❜② (0 ∈ S)✳ ▲❡t h : S′ → S
❜❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ❜❧♦✇✲✉♣s ♦❢ s♠♦♦t❤ ♣♦✐♥ts ♦✈❡r 0 ∈ S✳ ▲❡t
D ❜❡ t❤❡ s✉♣♣♦rt ♦❢ h−10✳ ❚❤❡♥ ❛♥② (−2)✲❝✉r✈❡ ✐♥ D ♠❡❡ts ❛t ♠♦st ✷ ♦t❤❡r
(−2)✲❝✉r✈❡s✳ ■♥ ❛♥♦t❤❡r ✇♦r❞✱ t❤❡ ❞✉❛❧ ❣r❛♣❤ ♦❢ D ❝❛♥♥♦t ❝♦♥t❛✐♥ ❛ s✉❜❣r❛♣❤
❛s ❜❡❧♦✇ s✉❝❤ t❤❛t ❡❛❝❤ ✈❡rt❡① ♦❢ t❤❡ s✉❜❣r❛♣❤ ❝♦rr❡s♣♦♥❞s ❛ (−2)✲❝✉r✈❡✳

1
•

2
•

4
•

•
3

Pr♦♦❢✳ ❆ss✉♠❡ t❤❡ ♦♣♣♦s✐t❡✳ ❲❡ ❦♥♦✇ t❤❛t ✇❡ ❝❛♥ r❡✈❡rs❡ t❤❡ ♣r♦❝❡ss ♦❢
❜❧♦✇✲✉♣s ♦❢ s♠♦♦t❤ ♣♦✐♥ts ❜② r✉♥♥✐♥❣ ❛ ▼▼P r❡❧❛t✐✈❡❧② t♦ S✳ ❚❤✉s t❤❡s❡
❢♦✉r ❝✉r✈❡s ✇✐❧❧ ❜❡ s✉❝❝❡ss✐✈❡❧② ❝♦♥tr❛❝t❡❞ ❞✉r✐♥❣ t❤❡ ▼▼P✳ ❚❤❡ ✜rst ♦♥❡
❝♦♥tr❛❝t❡❞ ❝❛♥♥♦t ❜❡ t❤❡ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣♦✐♥t ✇✐t❤ ❧❛❜❡❧ 2✱
s✐♥❝❡ ❛❢t❡r t❤❡ ❝♦♥tr❛❝t✐♦♥✱ t❤❡ ❞✉❛❧ ❣r❛♣❤ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❝✉r✈❡s ✐s ❛ tr❡❡
❜② ▲❡♠♠❛ ✸✳✷✳✺✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡ ❝✉r✈❡
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣♦✐♥t ✇✐t❤ ❧❛❜❡❧ 1 ✐s t❤❡ ✜rst ♦♥❡ ❝♦♥tr❛❝t❡❞✳

■❢ t❤❡ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣♦✐♥t 3 ✭♦r 4✮ ✐s ❝♦♥tr❛❝t❡❞ s❡❝♦♥❞❧②✱
t❤❡♥ t❤❡ s❡❧❢✲✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r ♦❢ t❤❡ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣♦✐♥t 2
❜❡❝♦♠❡s ❛t ❧❡❛st 0✳ ■❢ t❤❡ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣♦✐♥t 2 ✐s ❝♦♥tr❛❝t❡❞
s❡❝♦♥❞❧②✱ ❛ ❢✉rt❤❡r ❝♦♥tr❛❝t✐♦♥ ✇✐❧❧ ❛❧s♦ ♣r♦❞✉❝❡ ❛ ❝✉r✈❡ ✇✐t❤ s❡❧❢✲✐♥t❡rs❡❝t✐♦♥
♥✉♠❜❡r ❛t ❧❡❛st 0✳

❍♦✇❡✈❡r✱ t❤✐s ❝✉r✈❡ ♦❢ s❡❧❢ ✐♥t❡rs❡❝t✐♦♥ ❛t ❧❡❛st 0 ✐s ♦✈❡r 0 ∈ S✱ ✐t ♠✉st
❤❛✈❡ ♥❡❣❛t✐✈❡ s❡❧❢✲✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r ❜② t❤❡ ♥❡❣❛t✐✈✐t② t❤❡♦r❡♠ ✭s❡❡ ❬❑▼✾✽✱
▲❡♠✳ ✸✳✹✵❪✮✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

◆♦t❡ t❤❛t✱ ✐♥ t❤❡ ❧❡♠♠❛ ❛❜♦✈❡✱ t❤❡ ❞✉❛❧ ❣r❛♣❤ ♦❢ D ✐s ✇✐t❤♦✉t s✐♠♣❧❡
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❝②❝❧❡s✳ ❍❡♥❝❡ t❤✐s ❧❡♠♠❛ s❤♦✇s t❤❛t ❡✈❡r② ❝♦♥♥❡❝t❡❞ ❝♦❧❧❡❝t✐♦♥ ♦❢ (−2)✲
❝✉r✈❡s ✐♥ D ❤❛s ❛ ❞✉❛❧ ❣r❛♣❤ ❛s ❜❡❧♦✇

• • · · · •
❚❤✐s ✐s t❤❡ ❞✉❛❧ ❣r❛♣❤ ♦❢ t❤❡ ❡①❝❡♣t✐♦♥❛❧ s❡t ♦❢ t❤❡ ♠✐♥✐♠❛❧ r❡s♦❧✉t✐♦♥ ❢♦r

t❤❡ s✐♥❣✉❧❛r✐t② ♦❢ t②♣❡ Ai✳ ❇② ▲❡♠♠❛ ✸✳✶✳✺✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥tr❛❝t s✉❝❤ ❛
❝❤❛✐♥ ♦❢ (−2)✲❝✉r✈❡s✳

◆♦✇ ✇❡ ❝❛♥ ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✶✳✸✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✳✸✳ ❋✐rst ❧❡tX ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ s✉r✲
❢❛❝❡ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ✇❤✐❝❤ ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳ ❲❡ ✇✐❧❧
♣r♦✈❡ t❤❛t X ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❈♦♥str✉❝t✐♦♥ ✻✳✶✳✷✳ ▲❡t
f : X → X∗ ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ ▼▼P ❛♥❞ ❧❡t Xa ❜❡ t❤❡ s✉r❢❛❝❡ ❞❡✜♥❡❞
✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✸✳✺✳ ❚❤❡ s✉r❢❛❝❡ X ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ Xa ❜②
❛ ❝♦♥tr❛❝t✐♦♥ ♦❢ ❝❤❛✐♥s ♦❢ (−2)✲❝✉r✈❡s ❜② ▲❡♠♠❛ ✻✳✸✳✺✱ ▲❡♠♠❛ ✻✳✹✳✶ ❛♥❞
▲❡♠♠❛ ✸✳✶✳✺✳ ❇② t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✸✳✺✱ Xa ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ X∗ ❜②
❛ s❡q✉❡♥❝❡ ♦❢ ❜❧♦✇✲✉♣s ♦❢ s♠♦♦t❤ ♣♦✐♥ts✳ ❙✐♥❝❡ X∗ → P1 ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥
❛♥❞ X∗ ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ X∗ ❝❛♥ ❜❡ ♦❜t❛✐♥ ❢r♦♠ ❛ s♠♦♦t❤ r✉❧❡❞
s✉r❢❛❝❡ X0 → P1 ❜② t❤❡ ♠❡t❤♦❞ ♦❢ st❡♣ ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ ❈♦♥str✉❝t✐♦♥ ✻✳✶✳✷ ✭s❡❡
▲❡♠♠❛ ✸✳✷✳✶✹✮✳ ❚❤✉s X ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❈♦♥str✉❝t✐♦♥
✻✳✶✳✷✳

◆♦✇✱ ❧❡t X ❜❡ ❛ s✉r❢❛❝❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❈♦♥str✉❝t✐♦♥ ✻✳✶✳✷✳
❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t X ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳ ❙✐♥❝❡ X∗ → P1 ✐s ❛ ▼♦r✐
✜❜r❛t✐♦♥✱ ❜② r✉♥♥✐♥❣ ❛ f ✲r❡❧❛t✐✈❡ ▼▼P✱ ✇❡ ♦❜t❛✐♥ t❤❛t X∗ ✐s t❤❡ r❡s✉❧t ♦❢
t❤✐s ▼▼P ✭❚❤✐s ✐s ✇❤② ✇❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ X∗✮✳ ❇② ▲❡♠♠❛ ✻✳✸✳✸✱ ✇❡
❦♥♦✇ t❤❛t X∗ ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳ ❇② ▲❡♠♠❛ ✻✳✸✳✺✱ t❤✐s s❤♦✇s t❤❛t
X ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳

✻✳✺ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✳✺

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✶✳✺ ✐♥ t❤✐s s❡❝t✐♦♥✳ ■♥ ❬●❑P✶✹✱ ❘❡♠❛r❦
❛♥❞ ◗✉❡st✐♦♥ ✸✳✽❪✱ ❢♦rX ✐♥ ❊①❛♠♣❧❡ ✻✳✶✳✶✱ ✇❡ ❝❛♥ ✜♥❞ ❛ s♠♦♦t❤ ❡❧❧✐♣t✐❝ ❝✉r✈❡
E✱ ❛ s♠♦♦t❤ r✉❧❡❞ s✉r❢❛❝❡ Y ✭✇❤✐❝❤ ✐s X̃ ✐♥ ❬●❑P✶✹❪✮ s✉❝❤ t❤❛t P1 ✐s t❤❡
q✉♦t✐❡♥t ♦❢ E ❜② Z/2Z ❛♥❞ X ✐s t❤❡ q✉♦t✐❡♥t ♦❢ Y ❜② t❤❡ s❛♠❡ ❣r♦✉♣✳ ■♥
t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❝♦♥str✉❝t s✉❝❤ ❛ s✉r❢❛❝❡ Y ❢♦r ❛♥② r❛t✐♦♥❛❧❧②
❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡ X ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ ❤❛✈✐♥❣ ♥♦♥✲③❡r♦ ♣❧✉r✐✲
❢♦r♠s✳

❲❡ ✇✐❧❧ ✜rst ❝♦♥str✉❝t t❤❡ ❝✉r✈❡ E✳

Pr♦♣♦s✐t✐♦♥ ✻✳✺✳✶✳ ▲❡t q1, . . . , qr ❜❡ r ❞✐✛❡r❡♥t ♣♦✐♥ts ♦♥ P1 ✇✐t❤ r > 4✱
t❤❡♥ t❤❡r❡ ❡①✐st ❛ s♠♦♦t❤ ❝✉r✈❡ E✱ ❛ 4 : 1 ●❛❧♦✐s ❝♦✈❡r γ : E → P1 ✇✐t❤
●❛❧♦✐s ❣r♦✉♣ G = Z/2Z× Z/2Z s✉❝❤ t❤❛t γ ✐s ❡①❛❝t❧② r❛♠✐✜❡❞ ♦✈❡r t❤❡ qi✬s
❛♥❞ t❤❡ ❞❡❣r❡❡s ♦❢ r❛♠✐✜❝❛t✐♦♥ ❛r❡ ❛❧❧ ❡q✉❛❧ t♦ 2✳
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Pr♦♦❢✳ ❙✐♥❝❡ r > 4✱ ✇❡ ❝❛♥ ✜♥❞ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ D ❛♥❞ ❛ 2 : 1 ❝♦✈❡r α : D →
P1 s✉❝❤ t❤❛t α ✐s r❛♠✐✜❡❞ ❡①❛❝t❧② ♦✈❡r q1, q2, q3, q4✳ ▲❡t α−1({qi}) = {si, ti}
❢♦r i > 4 ❛♥❞ ❧❡t α−1({qi}) = {si} ❢♦r i = 1, 2✳

■❢ r > 4✱ t❤❡♥ OD((r − 4)s1)
⊗2 ✐s ✐s♦♠♦r♣❤✐❝ t♦ OD(

∑
i>4 si +

∑
i>4 ti)✳

❚❤✉s ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ r❛♠✐✜❡❞ 2 : 1 ❝②❝❧✐❝ ❝♦✈❡r ♦❢ E✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
❧✐♥❡ ❜✉♥❞❧❡ OD((r − 4)s1)✱

β : E → D

s✉❝❤ t❤❛t E ✐s s♠♦♦t❤ ❛♥❞ β ✐s r❛♠✐✜❡❞ ❡①❛❝t❧② ♦✈❡r {si, ti | i > 4} ✭s❡❡
❬❑▼✾✽✱ ❉❡❢✳ ✷✳✺✵❪✮✳

■❢ r = 4✱ t❤❡♥ OD(s1 − s2)
⊗2 ∼= OD ❛♥❞ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ 2 : 1 ❝②❝❧✐❝

❝♦✈❡r ♦❢ E✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥♦♥✲tr✐✈✐❛❧ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢ OD(s1 − s2)✱

β : E → D

s✉❝❤ t❤❛t E ✐s ❛ s♠♦♦t❤ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❛♥❞ β ✐s ét❛❧❡✳
❋✐♥❛❧❧②✱ ✐♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥

γ = α ◦ β : E → P1

✐s ❛ 4 : 1 ❝♦✈❡r ✇❤✐❝❤ ✐s ❡①❛❝t❧② r❛♠✐✜❡❞ ♦✈❡r t❤❡ qi✬s ❛♥❞ t❤❡ ❞❡❣r❡❡s ♦❢
r❛♠✐✜❝❛t✐♦♥ ❛r❡ ❛❧❧ ❡q✉❛❧ t♦ 2✳

❲❡ ✇✐❧❧ s❤♦✇ t❤❛t γ ✐s ❛ ●❛❧♦✐s ❝♦✈❡r ✇✐t❤ ●❛❧♦✐s ❣r♦✉♣ G = Z/2Z ×
Z/2Z✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t r > 4✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ r = 4✱ t❤❡
❛r❣✉♠❡♥t ✐s s✐♠✐❧❛r✳ ❲❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t ✇❡ ❝❛♥ ❧✐❢t t❤❡ ❛❝t✐♦♥ ♦❢
Aut(D/P1) = Z/2Z ♦♥ D t♦ E✳ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❛❝t✐♦♥ ♦❢ Aut(D/P1) ♦♥
OD✳ ▲❡t I = OD((4− r)s1)✳ ❚❤❡♥ I ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛♥ ✐❞❡❛❧ s❤❡❛❢ ♦♥
D✳ ❙✐♥❝❡ s1 ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ Aut(D/P1) ♦♥ D✱ t❤❡ s❤❡❛❢ I ✱
❛s ❛ s✉❜s❤❡❛❢ ♦❢ OD✱ ✐s st❛❜❧❡ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ Aut(D/P1) ♦♥ OD✳ ❚❤✐s
❣✐✈❡s ❛♥ ❛❝t✐♦♥ ♦❢ Aut(D/P1) ♦♥ I ✳ ❍❡♥❝❡ Aut(D/P1) ❛❝ts ✭❞✐❛❣♦♥❛❧❧②✮ ♦♥
t❤❡ s❤❡❛❢ OD ⊕I ✳ ❚❤❡r❡ ✐s ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ h ♦♥ D s✉❝❤ t❤❛t t❤❡ ❞✐✈✐s♦r
❛ss♦❝✐❛t❡❞ t♦ h ✐s ∑

i>4

si +
∑

i>4

ti + 2(4− r)s1.

❇② ♠✉❧t✐♣❧②✐♥❣ h✱ ✇❡ ❤❛✈❡ ❛ ♠♦r♣❤✐s♠ ❢r♦♠ I ⊗2 t♦ OD✳ ❚❤✐s ♠♦r♣❤✐s♠
❣✐✈❡s ❛♥ OD✲❛❧❣❡❜r❛ str✉❝t✉r❡ ♦♥ OD ⊕ I ✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ✇✐t❤ t❤✐s OD✲
❛❧❣❡❜r❛ str✉❝t✉r❡✱ t❤❡ s❤❡❛❢ OD ⊕I ✐s ✐s♦♠♦r♣❤✐❝ t♦ β∗OE ❛s OD✲❛❧❣❡❜r❛s✳
◆♦t❡ t❤❛t s✐♥❝❡

∑

i>4

si +
∑

i>4

ti = α∗(
∑

i>4

qi) and 2(4− r)s1 = α∗((4− r)q1),

t❤❡ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ h ✐s t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ♦♥ P1✳ ❍❡♥❝❡
h ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ Aut(D/P1) ♦♥ OD✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡
❛❝t✐♦♥ ♦❢ Aut(D/P1) ♦♥ OD⊕I ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ OD✲❛❧❣❡❜r❛ str✉❝t✉r❡
✐♥❞✉❝❡❞ ❜② h✳ ❚❤✉s ✇❡ ♦❜t❛✐♥ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ Aut(D/P1) ♦♥
OD t♦ OE ✳ ❚❤✐s ♣r♦✈❡s t❤❛t ✇❡ ❝❛♥ ❧✐❢t t❤❡ ❛❝t✐♦♥ ♦❢ Aut(D/P1) ♦♥ D t♦ E✳

❙✐♥❝❡ γ ✐s ❛ ●❛❧♦✐s ❝♦✈❡r✱ ✇❡ ❤❛✈❡ E/G = P1✳
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❘❡♠❛r❦ ✻✳✺✳✷✳ ❲❤❛t ✇❡ ✇❛♥t ✐♥ t❤❡ ❧❡♠♠❛ ❛❜♦✈❡ ✐s t♦ ❝♦♥str✉❝t ❛ ✜♥✐t❡
♠♦r♣❤✐s♠ γ : E → P1 ✇❤✐❝❤ ✐s ❡①❛❝t❧② r❛♠✐✜❡❞ ♦✈❡r t❤❡ qi✬s ❛♥❞ ❛❧❧ ♦❢ t❤❡
r❛♠✐✜❡❞ ❞❡❣r❡❡s ❛r❡ ❡q✉❛❧ t♦ 2✳ ◆♦t❡ t❤❛t t❤❡ ✜♥✐t❡ ❝♦✈❡r γ ✇❡ ❝♦♥str✉❝t❡❞
❛❜♦✈❡ ✐s ♦❢ ❞❡❣r❡❡ ❢♦✉r ❛♥❞ t❤❡ ♦♥❡ ✐♥ ❬●❑P✶✹✱ ❘❡♠❛r❦ ❛♥❞ ◗✉❡st✐♦♥ ✸✳✽❪ ✐s
♦❢ ❞❡❣r❡❡ t✇♦✳ ❍♦✇❡✈❡r✱ ✐❢ r ✐s ♦❞❞✱ t❤❡♥ t❤❡ ❍✉r✇✐t③✬s t❤❡♦r❡♠ ✭s❡❡ ❬❍❛r✼✼✱
❈♦r✳ ■❱✳✷✳✹❪✮ s❤♦✇s t❤❛t ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ ❛ 2 : 1 ❝♦✈❡r ✇❤✐❝❤ s❛t✐s✜❡s
t❤❡ ❝♦♥❞✐t✐♦♥✳

◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✶✳✺✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✳✺✳ ▲❡t q1, . . . , qr ❜❡ ❛❧❧ ♦❢ t❤❡ ♣♦✐♥ts ✐♥ P1 ♦✈❡r ✇❤✐❝❤
p : X∗ → P1 ❤❛s ♠✉❧t✐♣❧❡ ✜❜❡rs✳ ▲❡t γ : E → P1 ❜❡ 4 : 1 ❝♦✈❡r ❝♦♥str✉❝t❡❞
✐♥ ▲❡♠♠❛ ✻✳✺✳✶✳ ▲❡t Z ❜❡ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ✜❜❡r ♣r♦❞✉❝t X∗ ×P1 E✳
▲❡t q : Z → E ❛♥❞ Θ : Z → X∗ ❜❡ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s✳ ❚❤❡♥ Θ ✐s ét❛❧❡
♦✈❡r t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X∗ ❛♥❞ q ❤❛s ♦♥❧② r❡❞✉❝❡❞ ✜❜❡rs✳

❲❡ ❦♥♦✇ t❤❛t ✇❡ ❝❛♥ r❡❝♦♥str✉❝t X ❢r♦♠ X∗ ✭s❡❡ ➓✻✳✹✮✳ ❙✐♥❝❡ Θ : Z →
X∗ ✐s ét❛❧❡ ♦✈❡r t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X∗✱ ❛♥❞ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦rs ♦❢
X → X∗ ✐s ♦✈❡r t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X∗✱ ❡✈❡r② ♦♣❡r❛t✐♦♥ ✇❡ ❞♦ ✇✐t❤ X∗

❝❛♥ ❜❡ ❞♦♥❡ ✐♥ t❤❡ ❛♥❛❧♦❣✉❡ ✇❛② ✇✐t❤ Z✳ ❆❢t❡r t❤❡ ♦♣❡r❛t✐♦♥s✱ t❤❡ s✉r❢❛❝❡
Y

g
−→ Z ✇❡ ♦❜t❛✐♥❡❞ ✐s ❥✉st t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ X ×P1 E✳ ❲❡ ❤❛✈❡ ❛

❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ❛s ❜❡❧♦✇

Y

π′

��

Γ
//

g

��

X

π

��

f
��

Z
Θ

//

q

��

X∗

p
��

E
γ

// P1

❚❤❡♥ Γ ✐s ét❛❧❡ ♦✈❡r t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X ❛♥❞ X = Y/G ✇❤❡r❡ G ✐s t❤❡
●❛❧♦✐s ❣r♦✉♣ ♦❢ γ✳ ❚❤❡ s❤❡❛❢ Γ∗(Ω

[⊗m]
Y ) ✐s ❛ G✲s❤❡❛❢ ♦♥ X ✭t❤❡ ❛❝t✐♦♥ ♦❢ G ♦♥

X ✐s tr✐✈✐❛❧✮ ✇❤✐❝❤ ✐s r❡✢❡①✐✈❡ ✭s❡❡ ❬❍❛r✽✵✱ Pr♦♣✳ ✶✳✼❪✮✳ ❚❤❡♥ (Γ∗(Ω
[⊗m]
Y ))G

✐s ❛❧s♦ r❡✢❡①✐✈❡ ✭s❡❡ ❬●❑❑P✶✶✱ ▲❡♠✳ ❇✳✹❪✮ ❛♥❞ ✐s ✐s♦♠♦r♣❤✐❝ t♦ Ω
[⊗m]
X s✐♥❝❡

Γ ✐s ét❛❧❡ ♦✈❡r t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X✳ ❚❤✉s ✇❡ ❤❛✈❡

H0(Y, (Ω1
Y )

[⊗m])G ∼= H0(X, (Ω1
X)[⊗m]).

▼♦r❡♦✈❡r✱ ❢♦r ❛♥② m > 0✱ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠

H0(Y, (Ω1
Y )

[⊗m]) → H0(Z, (Ω1
Z)

[⊗m])

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✸✳✺✳
❙✐♥❝❡ ❡✈❡r② ✜❜❡r ♦❢ q ✐s r❡❞✉❝❡❞ ❛♥❞ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ q ❛r❡ s♠♦♦t❤ r❛t✐♦♥❛❧
❝✉r✈❡s✱ ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ▲❡♠♠❛ ✻✳✸✳✷✱ ✇❡ ❤❛✈❡

H0(Y, (Ω1
Y )

[⊗m]) ∼= H0(E, (Ω1
E)

⊗m).
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❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ ✐s♦♠♦r♣❤✐s♠s

H0(X, (Ω1
X)[⊗m]) ∼= H0(Y, (Ω1

Y )
[⊗m])G ∼= H0(E, (Ω1

E)
⊗m)G.

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠✳

◆♦✇ ✇❡ ✇❛♥t t♦ ❝♦♠♣✉t❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ H0(X, (Ω1
X)[⊗m]) ✐♥ ❢✉♥❝t✐♦♥

♦❢ ♠✉❧t✐♣❧❡ ✜❜❡rs ♦❢ X∗ → P1 ✇✐t❤ t❤❡ ❢♦r♠✉❧❛ ❛❜♦✈❡✳ ❲❡ ✇✐❧❧ ✜rst ♣r♦✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✻✳✺✳✸✳ ▲❡t R ❜❡ t❤❡ r❛♠✐✜❝❛t✐♦♥ ❞✐✈✐s♦r ♦❢ t❤❡ ✜♥✐t❡ ♠♦r♣❤✐s♠
γ :W → V ✱ t❤❡♥ ✇❡ ❤❛✈❡ (γ∗OW (R))G ∼= OV ✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ H0(U, (γ∗OW (R))G) ∼= H0(γ−1(U),OW (R))G ❢♦r ❛♥② ♦♣❡♥
s❡t U ⊆ V ✳ ▲❡t θ ❜❡ ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ♦♥ W s✉❝❤ t❤❛t θ r❡♣r❡s❡♥ts ❛♥
♥♦♥✲③❡r♦ ❡❧❡♠❡♥t ✐♥ H0(γ−1(U),OW (R))G✳ ❙✐♥❝❡ θ ✐s G✲✐♥✈❛r✐❛♥t✱ ✐t ❝❛♥
❛❧s♦ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ♦♥ U ✳ ❙✐♥❝❡ θ ❝❛♥ ♦♥❧② ❤❛✈❡ s✐♠♣❧❡
♣♦❧❡s ❛t t❤❡ s✉♣♣♦rt ♦❢ R ♦♥ γ−1(U)✱ ✐t ❝❛♥♥♦t ❤❛✈❡ ❛♥② ♣♦❧❡ ♦♥ U ✳ ❚❤✉s
(γ∗OW (R))G ∼= OV ✳

❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✳✺✱ ✇❡ ❤❛✈❡

(Ω1
E)

⊗m ∼= (γ∗OP1(−2m+ [
m

2
](q1 + · · ·+ qr)))⊗ OE((m− 2[

m

2
])Rγ).

❇② t❤❡ ♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛✱ ✇❡ ❤❛✈❡

γ∗(Ω
1
E)

⊗m ∼= OP1(−2m+ [
m

2
]r)⊗ γ∗OE((m− 2[

m

2
])Rγ).

❇② t❛❦✐♥❣ t❤❡ G✲✐♥✈❛r✐❛♥t ♣❛rt✱ ✇❡ ♦❜t❛✐♥

(γ∗(Ω
1
E)

⊗m)G ∼= OP1(−2m+ [
m

2
]r)⊗ (γ∗OE((m− 2[

m

2
])Rγ))

G.

❚❤❡ ❧❡♠♠❛ ❛❜♦✈❡ ✐♠♣❧✐❡s t❤❛t (γ∗(Ω1
E)

⊗m)G ∼= (OP1(−2m+ [
m

2
]r)). ❍❡♥❝❡

H0(E, (Ω1
E)

⊗m)G ∼= H0(P1, (γ∗(Ω
1
E)

⊗m)G) ∼= H0(P1,OP1(−2m+ [
m

2
]r)).

❚❤✐s s❤♦✇s t❤❛t H0(X, (Ω1
X)[⊗m]) ∼= H0(P1,OP1(−2m + [

m

2
]r)) ❛♥❞ ✇❡ r❡✲

❝♦✈❡r t❤❡ s❛♠❡ ❢♦r♠✉❧❛ ❛s ✐♥ ❚❤❡♦r❡♠ ✻✳✶✳✹
◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✶✳✼✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✳✼✳ ❆ss✉♠❡ t❤❡ ♦♣♣♦s✐t❡✳ ■❢ S → S∗ ✐s t❤❡ r❡s✉❧t ♦❢ ❛
▼▼P ❢♦r S✱ t❤❡♥ S∗ ✐s ❛ ▼♦r✐ ✜❜❡r s♣❛❝❡✳ ❇② ❚❤❡♦r❡♠ ✻✳✷✳✶✱ S∗ ❤❛s P✐❝❛r❞
♥✉♠❜❡r 2 ❛♥❞ ✇❡ ❤❛✈❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ S∗ → P1✳ ▲❡t p ❜❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢
S → S∗ → P1✳ ❇② ❚❤❡♦r❡♠ ✻✳✶✳✺✱ t❤❡r❡ ✐s ❛ s♠♦♦t❤ ❝✉r✈❡ B ♦❢ ♣♦s✐t✐✈❡ ❣❡♥✉s
❛♥❞ ❛ ✜♥✐t❡ ♠♦r♣❤✐s♠ B → P1 s✉❝❤ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ SB → S ✐s
ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✱ ✇❤❡r❡ SB ✐s t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ S×P1 B✳ ❍❡♥❝❡ SB
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✐s ❛ ❋❛♥♦ s✉r❢❛❝❡✳ ▼♦r❡♦✈❡r ✐t ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ✭s❡❡ ❬❑▼✾✽✱ Pr♦♣✳
✺✳✷✵❪✮✳ ❙♦ ✐t ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ❜② ❬❍▼✵✼✱ ❈♦r✳ ✶✳✸ ❛♥❞ ✶✳✺❪✳ ❍❡♥❝❡
B ✐s ❛❧s♦ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ ✐ts ❣❡♥✉s ✐s
♣♦s✐t✐✈❡✳

❊①❛♠♣❧❡ ✻✳✺✳✹✳ ❲❡ ✇✐❧❧ ❣✐✈❡ s♦♠❡ ❡①❛♠♣❧❡s✳ ▲❡t h(m, r) = h0(P1,OP1(−2m+

[
m

2
]r))✳ ❚❤✐s ✐s ❥✉st t❤❡ ♥✉♠❜❡r ♦❢ m✲♣❧✉r✐✲❢♦r♠s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r

r ♦❢ ♠✉❧t✐♣❧❡ ✜❜❡rs ♦❢ X∗ → P1✳
■❢ r = 4✱ t❤❡♥ h(m, 4) = 1 ✐❢ m > 0 ✐s ❡✈❡♥ ❛♥❞ h(m, 4) = 0 ✐❢ m ✐s ♦❞❞✳
■❢ r = 5✱ t❤❡♥ h(2, 5) = 2✱ h(3, 5) = 0 ❛♥❞ h(m, 5) > 0 ✐❢ m > 4✳
■❢ r > 6✱ t❤❡♥ h(m, r) > 0 ❢♦r m > 2✳

✻✳✻ ❘❛t✐♦♥❛❧ ❝♦♥♥❡❝t❡❞♥❡ss ❛♥❞ ♣❧✉r✐✲❢♦r♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✶✳✽✳ ❲❡ r❡❝❛❧❧ t❤❛t ❛ q✉❛s✐✲
♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t② ✐s ❝❛❧❧❡❞ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ✐❢ ❢♦r ❛♥② t✇♦ ❣❡♥❡r❛❧ ♣♦✐♥t✱
t❤❡r❡ ✐s ❛ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧ ❝✉r✈❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡♠✳ ❆ s♠♦♦t❤ q✉❛s✐✲
♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t② ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❝♦♥t❛✐♥s ❛ ✈❡r② ❢r❡❡
❝✉r✈❡ ✭s❡❡ ❬❑♦❧✾✻✱ ❚❤♠✳ ■❱✳✸✳✼❪✮✳ ❲❡ ✇✐❧❧ ✜rst ♣r♦✈❡ s♦♠❡ ❧❡♠♠❛s✳

▲❡♠♠❛ ✻✳✻✳✶✳ ▲❡t A ❜❡ ❛ s❡t ♦❢ ♣♦✐♥ts ✐♥ P1✳ ■❢ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ A ✐s ❛t
♠♦st 3✱ t❤❡♥ t❤❡r❡ ✐s ❛ ✜♥✐t❡ ❝♦✈❡r γ : P1 → P1 s✉❝❤ t❤❛t γ∗b = 2(γ∗b)red ❢♦r
❛♥② b ∈ A✳

Pr♦♦❢✳ ■❢A ❤❛s ❛t ♠♦st t✇♦ ❡❧❡♠❡♥ts✱ t❤❡♥ t❤❡r❡ ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r γ : P1 → P1

✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ♣r♦♣❡rt② ♦❢ t❤❡ ❧❡♠♠❛✳
◆♦✇ ✇❡ ❛ss✉♠❡ t❤❛t A = {a, b, c}✳ ❚❤❡r❡ ✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ϕ : P1 → P1

✇❤✐❝❤ ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣ a ❛♥❞ b✳ ❚❤❡♥ ϕ−1({c}) ❤❛s t✇♦ ❡❧❡♠❡♥ts x, y✳ ❚❤❡r❡
✐s ❛ ❞♦✉❜❧❡ ❝♦✈❡r ψ : P1 → P1 ✇❤✐❝❤ ✐s ❜r❛♥❝❤❡❞ ❛❧♦♥❣ x ❛♥❞ y✳ ▲❡t γ = ϕ◦ψ✳
❚❤❡♥ γ s❛t✐s✜❡s t❤❡ ♣r♦♣❡rt② ♦❢ t❤❡ ❧❡♠♠❛✳

▲❡♠♠❛ ✻✳✻✳✷✳ ▲❡t p : X → P1 ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥✱ ✇❤❡r❡ X ✐s ❛ s✉r❢❛❝❡
✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❆ss✉♠❡ t❤❛t p ❤❛s ♠✉❧t✐♣❧❡ ✜❜❡r ♦✈❡r ❛t ♠♦st
t❤r❡❡ ♣♦✐♥ts ♦❢ P1✳ ❚❤❡♥ ❢♦r ❛♥② ♦♣❡♥ s✉❜s❡t U ♦❢ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X s✉❝❤
t❤❛t codimX\U > 2✱ ✐t ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✳

Pr♦♦❢✳ ▲❡t A ❜❡ t❤❡ s❡t ♦❢ ♣♦✐♥ts ♦❢ P1 ♦✈❡r ✇❤✐❝❤ p ❤❛s ♠✉❧t✐♣❧❡ ✜❜❡rs✳ ❚❤❡♥
t❤❡r❡ ✐s ❛ ✜♥✐t❡ ❝♦✈❡r γ : P1 → P1 s✉❝❤ t❤❛t γ∗b = 2(γ∗b)red ❢♦r ❛♥② b ∈ A
❜② ▲❡♠♠❛ ✻✳✻✳✶✳ ▲❡t Z ❜❡ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ✜❜❡r ♣r♦❞✉❝t X ×P1 P1

✇✐t❤ r❡s♣❡❝t✐✈❡ t♦ γ✳ ▲❡t g : Z → P1 ❜❡ t❤❡ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥✳ ❚❤❡♥ g ❤❛s
♦♥❧② r❡❞✉❝❡❞ ✜❜❡rs✳ ▲❡t Γ : Z → X ❜❡ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥✳ ❚❤❡♥ Γ ✐s
ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ Z ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❬❑▼✾✽✱
Pr♦♣✳ ✺✳✷✵❪✳
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▲❡t W = Γ−1(U)✳ ❚❤❡♥ codimZ\W > 2✳ ▲❡t f : Z → Y ❜❡ t❤❡ r❡s✉❧t ♦❢
❛ g✲r❡❧❛t✐✈❡ ▼▼P ❢♦r Z✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ q : Y → P1 ✇❤✐❝❤
❤❛s r❡❞✉❝❡❞ ✜❜❡rs✳ ❍❡♥❝❡ ✐t ✐s s♠♦♦t❤ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸✳

◆♦t❡ t❤❛t t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t V ♦❢ Y ❝♦♥t❛✐♥❡❞ ✐♥ f(W ) s✉❝❤ t❤❛t
codimY \V > 2 ❛♥❞ t❤❛t f−1 ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ V ♦♥t♦ ✐ts ✐♠❛❣❡✳
❙✐♥❝❡ codimY \V > 2✱ ❛♥❞ Y ✐s s♠♦♦t❤ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✱ ✇❡ ♦❜t❛✐♥ t❤❛t
V ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ❜② ❬❑♦❧✾✻✱ ❊①❡r❝✐s❡ ■❱✳✸✳✼✳✶❪✳ ❍❡♥❝❡W ✐s r❛t✐♦♥❛❧❧②
❝♦♥♥❡❝t❡❞ ❛♥❞ s♦ ✐s U ✳

◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✶✳✽✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✳✽✳ ■❢ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✱
t❤❡♥ ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ m✱ ✇❡ ❤❛✈❡ h0(X, (Ω1

X)[⊗m]) = 0✳
◆♦✇ ✇❡ ❛ss✉♠❡ t❤❛t h0(X, (Ω1

X)[⊗m]) = 0 ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ m ❛♥❞ ✇❡ ✇✐❧❧
s❤♦✇ t❤❛t t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✳ ▲❡t f : X → X∗

❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ ▼▼P ❢♦r X✳ ❙✐♥❝❡ h0(X, (Ω1
X)[⊗m]) = 0 ❢♦r ❛❧❧ ♣♦s✐t✐✈❡

m✱ X∗ ❞♦❡s ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠ ♥❡✐t❤❡r ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t
❛s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✸✳✺✳ ❇② t❤❡ ❛❜✉♥❞❛♥❝❡ t❤❡♦r❡♠ ❢♦r s✉r❢❛❝❡s ✭s❡❡
❬❆❋❑▼✾✷✱ ❚❤♠✳ ✶✶✳✶✳✸❪✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t KX∗ ✐s ♥♦t ♥❡❢✳ ❍❡♥❝❡ t❤❡r❡ ✐s ❛
▼♦r✐ ✜❜r❛t✐♦♥ p : X∗ → B✱ ✇❤❡r❡ B ✐s ❡✐t❤❡r ❛ ❝✉r✈❡ ♦r ❛ ♣♦✐♥t✳ ❙✐♥❝❡
X∗ ❞♦❡s ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠✱ B ❝❛♥♥♦t ❜❡ ❛ ❝✉r✈❡ ♦❢ ♣♦s✐t✐✈❡
❣❡♥✉s✳ ❚❤✉s B ✐s ❡✐t❤❡r ✐s♦♠♦r♣❤✐❝ t♦ P1 ♦r ❛ ♣♦✐♥t✳

❚❤❡r❡ ✐s ❛ s♠♦♦t❤ ♦♣❡♥ s✉❜s❡t U ♦❢ X∗ s✉❝❤ t❤❛t codimX∗\U > 2 ❛♥❞
t❤❛t f−1 ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ U ♦♥t♦ ✐ts ✐♠❛❣❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ♠❛②
❝❤♦♦s❡ U ✐♥ ♦r❞❡r t❤❛t f−1(U) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X✳ ■♥
♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✱ ✇❡ ♦♥❧②
♥❡❡❞ t♦ s❤♦✇ t❤❛t U ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✳ ❲❡ ✇✐❧❧ ❞✐s❝✉ss ♦♥ t✇♦ ❝❛s❡s✳

❈❛s❡ ✶✳ ❆ss✉♠❡ t❤❛t B ∼= P1✳ ❚❤❡♥ t❤❡ ▼♦r✐ ✜❜r❛t✐♦♥ p ❤❛s ❛t ♠♦st
t❤r❡❡ ♠✉❧t✐♣❧❡ ✜❜❡rs ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✸✳✷✳
❚❤✉s✱ ❜② ▲❡♠♠❛ ✻✳✻✳✷✱ U ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✳

❈❛s❡ ✷✳ ❆ss✉♠❡ t❤❛t B ✐s ❛ ♣♦✐♥t✳ ❚❤❡♥ X∗ ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1 ❛♥❞
✐s ❛ ❋❛♥♦ s✉r❢❛❝❡✳ ❚❤❡♥ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X∗ ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ❜②
❬❑▼✾✾✱ ❈♦r✳ ✶✳✻❪✳ ❙✐♥❝❡ codimX∗\U > 2✱ ✇❡ ♦❜t❛✐♥ t❤❛t U ✐s r❛t✐♦♥❛❧❧②
❝♦♥♥❡❝t❡❞ ❜② ❬❑♦❧✾✻✱ ❊①❡r❝✐s❡ ■❱✳✸✳✼✳✶❪



❈❤❛♣✐tr❡ ✼

P❧✉r✐✲❢♦r♠s ♦♥ r❛t✐♦♥❛❧❧②

❝♦♥♥❡❝t❡❞ t❤r❡❡❢♦❧❞s

✼✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ❈❤❛♣t❡r ✻✱ ✇❡ ❝❧❛ss✐❢② ❛❧❧ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡s X ✇✐t❤ ❝❛♥♦✲
♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t h0(X, (Ω1

X)[⊗m]) 6= 0 ❢♦r s♦♠❡ m > 0✳ ■♥ t❤✐s
❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ st✉❞② t❤❡ ❝❛s❡ ♦❢ t❤r❡❡❢♦❧❞s✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ str✉❝✲
t✉r❡ ♦❢ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ t❤r❡❡❢♦❧❞s X ✇✐t❤ ❦❧t s✐♥❣✉❧❛r✐t✐❡s ✇❤✐❝❤ ❝❛rr②
♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s ❛♥❞ ✇❡ tr② t♦ ✜♥❞ ♦✉t t❤❡ s♦✉r❝❡ ♦❢ t❤❡s❡ ❢♦r♠s✳ ■❢
f : X̄ → X ✐s t❤❡ Q✲❢❛❝t♦r✐❛❧ ♠♦❞❡❧ ✭s❡❡ ❬❇❈❍▼✶✵✱ ❈♦r✳ ✶✳✹✳✸❪✮✱ t❤❡♥ f ✐s ❛♥
✐s♦♠♦r♣❤✐s♠ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1 ❛♥❞ ❛♥② ♣❧✉r✐✲❢♦r♠ ♦❢ X ❧✐❢ts t♦ X̄✳ ❍❡♥❝❡ ✇❡
❝❛♥ r❡❞✉❝❡ t♦ t❤❡ ❝❛s❡ ✇❤❡♥ X ✐s Q✲❢❛❝t♦r✐❛❧✳ ■❢ t❤❡ t❤r❡❡❢♦❧❞ ❤❛s t❡r♠✐♥❛❧
s✐♥❣✉❧❛r✐t✐❡s✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ ❚❤❡♦r❡♠ ✻✳✶✳✹✳

❚❤❡♦r❡♠ ✼✳✶✳✶✳ ▲❡t X ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ t❤r❡❡❢♦❧❞ ✇✐t❤ Q✲
❢❛❝t♦r✐❛❧ t❡r♠✐♥❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤❡♥ h0(X, (Ω1

X)[⊗m]) 6= 0 ❢♦r s♦♠❡ m > 0
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ p : X → P1 ✇❤♦s❡ ❣❡♥❡r❛❧ ✜❜❡rs ❛r❡ s♠♦♦t❤
r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡s s✉❝❤ t❤❛t

∑
z∈P1

m(p,z)−1
m(p,z) > 2✱ ✇❤❡r❡ m(p, z) ✐s

t❤❡ s♠❛❧❧❡st ♣♦s✐t✐✈❡ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡ ❞✐✈✐s♦r p∗z✳ ▼♦r❡♦✈❡r✱ ✐❢ ✐t ✐s t❤❡ ❝❛s❡✱
t❤❡♥ ❢♦r ❛❧❧ m > 0✱ ✇❡ ❤❛✈❡

h0(X, (Ω1
X)[⊗m]) = h0(P1,OP1(−2m+

∑

z∈P1

[
(m(p, z)− 1)m

m(p, z)
])).

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ m✲♣❧✉r✐✲❢♦r♠s ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ r❛♠✐✜❝❛✲
t✐♦♥ ♦❢ p✳

❈♦♥str✉❝t✐♦♥ ✼✳✶✳✷✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✼✳✶✳✶✱ ❡✈❡r② r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞
t❤r❡❡❢♦❧❞ X ✇✐t❤ Q✲❢❛❝t♦r✐❛❧ t❡r♠✐♥❛❧ s✐♥❣✉❧❛r✐t✐❡s ✇❤✐❝❤ ❝❛rr✐❡s ♥♦♥✲③❡r♦
♣❧✉r✐✲❢♦r♠s ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ q : T → B
❢r♦♠ ❛ ♥♦r♠❛❧ t❤r❡❡❢♦❧❞ T t♦ ❛ s♠♦♦t❤ ❝✉r✈❡ B ✇❤✐❝❤ ❤❛s ♣♦s✐t✐✈❡ ❣❡♥✉s

✶✷✼
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s✉❝❤ t❤❛t m(q, b) = 1 ❢♦r ❛❧❧ b ∈ B✳ ❚❤❡r❡ ✐s ❛ ✜♥✐t❡ ❣r♦✉♣ G ✇❤✐❝❤ ❛❝ts ♦♥
T ❛♥❞ B s✉❝❤ t❤❛t q ✐s G✲❡q✉✐✈❛r✐❛♥t ❛♥❞ t❤❛t B/G ∼= P1 ❛♥❞ T/G ∼= X✳
❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ s❡❡ ➓✼✳✹✳

■❢ t❤❡ t❤r❡❡❢♦❧❞ X ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ ✇❡ ❛❧s♦ ♦❜t❛✐♥ s♦♠❡ ♥❡❝❡s✲
s❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ❡①✐st❡♥❝❡ ♦❢ ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳

❚❤❡♦r❡♠ ✼✳✶✳✸✳ ▲❡t X ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ t❤r❡❡❢♦❧❞ ✇✐t❤
Q✲❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ✇❤✐❝❤ ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳ ▲❡t
X 99K X∗ ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ♣r♦❣r❛♠✳ ❚❤❡♥ t❤❡r❡ ✐s ❛❧✇❛②s ❛♥
❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥ q : X∗ → Z ✇✐t❤ dimZ > 0 s✉❝❤ t❤❛t KZ + ∆ ✐s
Q✲❡✛❡❝t✐✈❡✳ ❚❤❡ ❞✐✈✐s♦r ∆ ✐s ❞❡✜♥❡❞ ❜② ∆ =

∑
i
m(q,Di)−1
m(q,Di)

Di✱ ✇❤❡r❡ t❤❡ Di✬s
❛r❡ ❛❧❧ t❤❡ ♣r✐♠❡ ❞✐✈✐s♦rs ✐♥ Z s✉❝❤ t❤❛t q∗Di ✐s ♥♦t r❡❞✉❝❡❞ ❛♥❞ m(q,Di) ✐s
t❤❡ s♠❛❧❧❡st ❝♦❡✣❝✐❡♥t ✐♥ q∗Di✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s ✿

✭✶✮ ❚❤❡ ✈❛r✐❡t② Z ✐s ❛ s✉r❢❛❝❡ ❛♥❞ q : X∗ → Z ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥ s✉❝❤ t❤❛t
t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r l s✉❝❤ t❤❛t l(KZ +∆) ✐s ❛♥ ❡✛❡❝t✐✈❡ ❞✐✈✐s♦r✳

▼♦r❡♦✈❡r✱ t❤❡ s❡❝t✐♦♥s ♦❢ OZ(l(KZ +∆)) ❧✐❢t t♦ s❡❝t✐♦♥s ♦❢ Ω[⊗2l]
X∗ ✳

✭✷✮ ❚❤❡ ✈❛r✐❡t② Z ✐s ✐s♦♠♦r♣❤✐❝ t♦ P1 ❛♥❞ ❢♦r ❛♥② m > 0✱ ✇❡ ❤❛✈❡

H0(X∗, (Ω1
X∗)[⊗m]) ∼= H0(P1,OP1(−2m+

∑

z∈P1

[
(m(q, z)− 1)m

m(q, z)
])).

❚❤❡ ❞✐✣❝✉❧t② ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ✐s t❤❛t t❤❡ r❛t✐♦♥❛❧ ♠❛♣
X 99K Z ✐s ♥♦t ❛❧✇❛②s r❡❣✉❧❛r✳ ❆♥❞ ❡✈❡♥ ✐t ✐s✱ ✐t ♠❛② ♥♦t ❜❡ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✳
■❢ ❦❧t s✐♥❣✉❧❛r✐t✐❡s ❛r❡ ♣❡r♠✐tt❡❞ ❢♦r ♦✉r t❤r❡❡❢♦❧❞s✱ t❤❡♥ t❤❡r❡ ❡①✐st ♦t❤❡r
str✉❝t✉r❡s✳ ❲❡ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ t❤r❡❡❢♦❧❞ ♦❢ ❣❡♥❡r❛❧
t②♣❡ ✐♥ ❊①❛♠♣❧❡ ✼✳✷✳✻✳

❖✉t❧✐♥❡ ♦❢ t❤❡ ❝❤❛♣t❡r✳ ❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ♣r♦✈❡
❚❤❡♦r❡♠ ✼✳✶✳✶✳ ❲❡ ✇✐❧❧ ❞♦ t❤✐s ✐♥ s❡✈❡r❛❧ st❡♣s✳ ❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♣r♦❥❡❝✲
t✐✈❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ t❤r❡❡❢♦❧❞ X ✇✐t❤ Q✲❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐✲
t✐❡s ✇❤✐❝❤ ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳ ❙✐♥❝❡ ✐t ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ❛♥❞
❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ ✐ts ❝❛♥♦♥✐❝❛❧ ❞✐✈✐s♦r KX ✐s ♥♦t ♣s❡✉❞♦✲❡✛❡❝t✐✈❡✳
❍❡♥❝❡ ✐❢ f : X 99K X∗ ✐s t❤❡ r❡s✉❧t ♦❢ ❛ ▼▼P ❢♦r X✱ t❤❡♥ KX∗ ✐s ♥♦t ♣s❡✉❞♦✲
❡✛❡❝t✐✈❡ ♥❡✐t❤❡r✳ ❚❤✉s t❤❡r❡ ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥ p : X∗ → Z ✇❤❡r❡ Z ✐s ❛
♥♦r♠❛❧ ✈❛r✐❡t② ♦❢ ❞✐♠❡♥s✐♦♥ ❧❡ss t❤❛♥ 3✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ X ❝❛rr✐❡s ♥♦♥✲③❡r♦
♣❧✉r✐✲❢♦r♠s✱ ✇❡ ❤❛✈❡ h0(X∗, (Ω1

X∗)[⊗m]) 6= 0 ❢♦r s♦♠❡ m > 0✳ ❚❤✐s ✐♠♣❧✐❡s
t❤❛t dimZ > 0 ❜② ❚❤❡♦r❡♠ ✻✳✷✳✶✳ ❍❡♥❝❡ ❡✐t❤❡r dimZ = 1 ♦r dimZ = 2✳
❲❡ ✇✐❧❧ tr❡❛t t❤❡s❡ t✇♦ ❝❛s❡s s❡♣❛r❛t❡❧② ✐♥ ➓✼✳✹ ❛♥❞ ➓✼✳✺✳ ■❢ dimZ = 1✱ t❤❡♥
Z ∼= P1 ❛♥❞ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t

KP1 +
∑

z∈P1

m(p, z)− 1

m(p, z)
z

✐s Q✲❡✛❡❝t✐✈❡✱ ✇❤✐❝❤ ✐s t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥ ❛s ✐♥ ❚❤❡♦r❡♠ ✼✳✶✳✶✳ ■❢ dimZ = 2✱
t❤❡♥ ✇❡ ✇✐❧❧ ❞❡✜♥❡ t❤❡ Q✲❞✐✈✐s♦r ∆ ♦♥ Z ❛s ✐♥ ❚❤❡♦r❡♠ ✼✳✶✳✸✳ ❲❡ ✇✐❧❧ ♣r♦✈❡
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t❤❛t ❡✐t❤❡r KZ +∆ ✐s Q✲❡✛❡❝t✐✈❡ ♦r t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ X∗ → P1 s✉❝❤ t❤❛t
✇❡ ❝❛♥ r❡❞✉❝❡ t♦ t❤❡ s✐t✉❛t✐♦♥ ♦❢ ➓✼✳✹✳ ■♥ t❤❡ ❧❛st s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡
✈❛r✐❡t② X ❤❛s t❡r♠✐♥❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ✐s ❛❧✇❛②s ❛ ✜❜r❛t✐♦♥
❢r♦♠ X∗ t♦ P1 ❛♥❞ ✇❡ ❛r❡ ❛❧✇❛②s ✐♥ t❤❡ s✐t✉❛t✐♦♥ ♦❢ ➓✼✳✹✳ ❚❤✐s ✜❜r❛t✐♦♥
✐♥❞✉❝❡s ❛ ❞♦♠✐♥❛♥t r❛t✐♦♥❛❧ ♠❛♣ ❢r♦♠ X t♦ P1✳ ■♥ t❤❡ ❡♥❞✱ ✇❡ ✇✐❧❧ ♣r♦✈❡
t❤❛t t❤✐s r❛t✐♦♥❛❧ ♠❛♣ ✐s r❡❣✉❧❛r ❛♥❞ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳✶✳

❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ✇♦r❦ ♦✈❡r C✳ ▲❡t p : X → Z ❜❡ ❛
♠♦r♣❤✐s♠ ❛♥❞ D ❜❡ ❛ ♣r✐♠❡ Q✲❈❛rt✐❡r ❲❡✐❧ ❞✐✈✐s♦r ✐♥ Z✳ ❲❡ ❞❡✜♥❡ t❤❡
♥✉♠❜❡r m(p,D) ❜②

min{coefficient of E in p∗D | E is an irreducible component

of p∗D which dominates D}.

❇② ❣❡♥❡r✐❝ s♠♦♦t❤♥❡ss✱ t❤❡r❡ ❛r❡ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② ❞✐✈✐s♦rs D s✉❝❤ t❤❛t
m(p,D) > 1✳ ▼♦r❡♦✈❡r✱ ✐❢ p : X → Z ✐s ❛ ♠♦r♣❤✐s♠ ❢r♦♠ ❛ ♥♦r♠❛❧ ✈❛r✐❡t②
t♦ ❛ s♠♦♦t❤ ❝✉r✈❡✱ t❤❡♥ ✇❡ ❞❡✜♥❡ t❤❡ r❛♠✐✜❝❛t✐♦♥ ❞✐✈✐s♦r R ❛s

∑

z∈Z

p∗z − (p∗z)red.

✼✳✷ ❊①❛♠♣❧❡s

❲❡ ✇✐❧❧ ❣✐✈❡ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ✈❛r✐❡t✐❡s ✇❤✐❝❤ ❝❛rr②
♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳ ❋✐rst ✇❡ ✇✐❧❧ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ✈❛r✐❡t✐❡s ✇❤✐❝❤
❤❛✈❡ t❡r♠✐♥❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❋♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ✉s❡ t❤❡
♠❡t❤♦❞ ♦❢ ❚❤❡♦r❡♠ ✼✳✹✳✷✳

❊①❛♠♣❧❡ ✼✳✷✳✶✳ ▲❡t C1 = {[a : b : c] ∈ P2 | a3+(a+c)b2+c3 = 0} ❜❡ ❛ s♠♦♦t❤
❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐♥ P2✳ ▲❡t X1 = {([a : b : c], [x : y : z : t]) ∈ P2 × P3 | a3 + (a+
c)b2+c3 = 0, (a2+2b2+c2)x2+(a2+3b2+c2)y2+(a2+4b2+3c2)z2+(a2+
5b2 + 6c2)t2 = 0}✳ ❚❤❡♥ X1 ✐s ❛ s♠♦♦t❤ t❤r❡❡❢♦❧❞ ❛♥❞ ✇❡ ❤❛✈❡ ❛♥ ✐♥❞✉❝❡❞
✜❜r❛t✐♦♥ p1 : X1 → C1 s✉❝❤ t❤❛t ❛❧❧ ✜❜❡rs ♦❢ p1 ❛r❡ s♠♦♦t❤ q✉❛❞r✐❝ s✉r❢❛❝❡s
✇❤✐❝❤ ❛r❡ ❋❛♥♦ s✉r❢❛❝❡s✳ ▼♦r❡♦✈❡r✱ X1 ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 2 ❜② t❤❡ ▲❡❢s❝❤❡t③
t❤❡♦r❡♠ ✭s❡❡ ❬▲❛③✵✹✱ ❊①♠♣✳ ✸✳✶✳✷✸❪✮✳ ❍❡♥❝❡ p1 ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✳ ▼♦r❡♦✈❡r✱
s✐♥❝❡ p1 ✐s s♠♦♦t❤✱ ✇❡ ❤❛✈❡ H0(X1, (Ω

1
X1

)⊗2) ∼= H0(C1, (Ω
1
C1
)⊗2) ❜② ▲❡♠♠❛

✼✳✸✳✷✳ ▲❡t G ❜❡ t❤❡ ❣r♦✉♣ Z/2Z ❛♥❞ ❧❡t g ∈ G ❜❡ t❤❡ ❣❡♥❡r❛t♦r✳ ❲❡ ❤❛✈❡ ❛♥
❛❝t✐♦♥ ♦❢ G ♦♥ P2 × P3 ❞❡✜♥❡❞ ❜② g · ([a : b : c], [x : y : z : t]) = ([a : −b :
c], [−x : −y : z : t])✳ ❚❤✐s ❛❝t✐♦♥ ✐♥❞✉❝❡s ❛♥ ❛❝t✐♦♥ ♦❢ G ♦♥ X1 ❛♥❞ ❛♥ ❛❝t✐♦♥
♦❢ G ♦♥ C1 s✉❝❤ t❤❛t p1 ✐♥ G✲❡q✉✐✈❛r✐❛♥t✳ ❲❡ ❤❛✈❡ C1/G = P1✳ ❚❤❡ ❛❝t✐♦♥
♦❢ G ♦♥ X1 ✐s ❢r❡❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ ✷ ❛♥❞ ✐t ❤❛s ❡①❛❝t❧② ✶✻ ✜①❡❞ ♣♦✐♥ts✳ ❙✐♥❝❡
G = Z/2Z✱ t❤❡ ❛❝t✐♦♥ ♦❢ G ♦♥ X1 s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ✜rst t❤❡♦r❡♠
✐♥ ❬❘❡✐✽✼✱ ➓✺❪✳ ❚❤✉s X = X1/G ✐s ❛ t❤r❡❡❢♦❧❞ ✇❤✐❝❤ ❤❛s Q✲❢❛❝t♦r✐❛❧ t❡r♠✐♥❛❧
s✐♥❣✉❧❛r✐t✐❡s✳ ❲❡ ❤❛✈❡ ❛ ❋❛♥♦ ✜❜r❛t✐♦♥ p : X → P1 ✐♥❞✉❝❡❞ ❜② p1✳ ▼♦r❡♦✈❡r✱
t❤❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ X ✐s ♥♦t ❧❛r❣❡r t❤❛♥ t❤❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ X1✳ ❍❡♥❝❡
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p ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✳ ❙✐♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❛r❡ s♠♦♦t❤ q✉❛❞r✐❝ s✉r❢❛❝❡s
✇❤✐❝❤ ❛r❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✱ X ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ❜② ❬●❍❙✵✸✱ ❚❤♠✳
✶✳✶❪✳ ■♥ ❛❞❞✐t✐♦♥✱ H0(X, (Ω1

X)[⊗2]) ∼= H0(X1, (Ω
1
X1

)⊗2)G s✐♥❝❡ X1 → X ✐s
ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ▼♦r❡♦✈❡r H0(C1, (Ω

1
C1
)⊗2)G ∼= H0(P1,OP1) ∼= C ✭s❡❡

▲❡♠♠❛ ✻✳✺✳✸✮✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ H0(X, (Ω1
X)[⊗2]) ∼= C✳

❘❡♠❛r❦ ✼✳✷✳✷✳ ■❢ X ✐s ❛ ♥♦r♠❛❧ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ t❤r❡❡❢♦❧❞ ❛♥❞ ✐❢ X∗ ✐s
t❤❡ r❡s✉❧t ♦❢ ❛ ▼▼P ❢♦r X✱ t❤❡♥ H0(X, (Ω1

X)[⊗m]) ♠❛② ❜❡ str✐❝t❧② ✐♥❝❧✉❞❡❞
✐♥ H0(X∗, (Ω1

X∗)[⊗m]) ❢♦r s♦♠❡ m > 0✳ ❋♦r ❡①❛♠♣❧❡✱ ❧❡t X∗ → P1 ❜❡ t❤❡
✈❛r✐❡t② ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡✳ ❚❤❡♥ X∗ ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲
❢♦r♠s✳ ▲❡t X → X∗ ❜❡ ❛ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s ♦❢ X∗✳ ❚❤❡♥ X∗ ✐s t❤❡
r❡s✉❧t ♦❢ ❛ ▼▼P ❢♦r X s✐♥❝❡ X∗ ❤❛s t❡r♠✐♥❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❍♦✇❡✈❡r✱ s✐♥❝❡
X ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ❛♥❞ s♠♦♦t❤✱ ✇❡ ❤❛✈❡ H0(X, (Ω1

X)[⊗m]) = {0} ❢♦r
❛♥② m > 0 ✭s❡❡ ❬❑♦❧✾✻✱ ❈♦r✳ ■❱✳✸✳✽❪✮✳

❲❡ ✇✐❧❧ ❣✐✈❡ t✇♦ ❡①❛♠♣❧❡s ♦❢ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ t❤r❡❡❢♦❧❞s ✇✐t❤ ❝❛♥♦✲
♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ✇❤✐❝❤ ❝❛rr② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡r❡ ✐s
❛❧✇❛②s ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ t❤❡ t❤r❡❡❢♦❧❞ X t♦ ❛ s✉r❢❛❝❡ Z✳ ■♥ ❊①❛♠♣❧❡
✼✳✷✳✸✱ t❤❡ ❜❛s❡ Z ✐s ❛ s✉r❢❛❝❡ ✇✐t❤ ❦❧t s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t KZ ∼Q 0✳ ■♥
❊①❛♠♣❧❡ ✼✳✷✳✺✱ t❤❡ ❜❛s❡ Z ✐s ✐s♦♠♦r♣❤✐❝ t♦ P2 ✇❤✐❝❤ ❞♦❡s ♥♦t ❝❛rr② ❛♥②
♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠✳

❊①❛♠♣❧❡ ✼✳✷✳✸✳ ▲❡t C ❜❡ t❤❡ ❝✉r✈❡ ✐♥ P2 ❞❡✜♥❡❞ ❜② C = {[x1 : x2 : x3] ∈
P2 | x31 + x32 + x33 = 0}✳ ❚❤❡r❡ ❡①✐sts ❛♥ ❛❝t✐♦♥ ♦❢ ❣r♦✉♣ G = Z/3Z ♦♥ C
❞❡✜♥❡❞ ❜② g · [x1 : x2 : x3] = [ξx1 : x2 : x3] ✇❤❡r❡ g ✐s ❛ ❣❡♥❡r❛t♦r ♦❢ G
❛♥❞ ξ ✐s ❛ ♣r✐♠✐t✐✈❡ ✸r❞ r♦♦t ♦❢ ✉♥✐t②✳ ▲❡t Z1 = C × C✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥
✐♥❞✉❝❡❞ ❛❝t✐♦♥ ♦❢ G ♦♥ Z1 ✇❤✐❝❤ ❛❝ts ❞✐❛❣♦♥❛❧❧②✳ ❲❡ ❤❛✈❡ Z = Z1/G ✐s
❛ ❦❧t r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡ s✉❝❤ t❤❛t KZ ✐s Q✲❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦
t❤❡ ③❡r♦ ❞✐✈✐s♦r ✭s❡❡ ❬❚♦t✶✷✱ ❊①❛♠♣❧❡ ✶✵❪✮✳ ▲❡t X1 = P1 × Z1 ❛♥❞ ❞❡✜♥❡ ❛♥
❛❝t✐♦♥ ♦❢ G ♦♥ P1 ❜② g · [y1 : y2] → [ξy1 : y2] ✇❤❡r❡ [y1 : y2] ❛r❡ ❤♦♠♦❣❡♥❡♦✉s
❝♦♦r❞✐♥❛t❡s ♦❢ P1✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ✐♥❞✉❝❡❞ ❛❝t✐♦♥ ♦❢ G ♦♥ t❤❡ s♠♦♦t❤
t❤r❡❡❢♦❧❞ X1 ✇❤✐❝❤ ❛❝ts ❞✐❛❣♦♥❛❧❧②✳ ❙✐♥❝❡ G = Z/3Z ❛♥❞ t❤✐s ❛❝t✐♦♥ ✐s ❢r❡❡
✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✱ t❤✐s ❛❝t✐♦♥ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❬❘❡✐✽✵✱ ❚❤♠✳ ✸✳✶❪✳
❍❡♥❝❡ X = X1/G ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❲❡ ❛❧s♦ ❤❛✈❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥
X → Z ✇❤♦s❡ ❣❡♥❡r❛❧ ✜❜❡rs ❛r❡ ✐s♦♠♦r♣❤✐❝ t♦ P1✳ ❙✐♥❝❡ Z ✐s r❛t✐♦♥❛❧❧②
❝♦♥♥❡❝t❡❞✱ s♦ ✐s X ❜② ❬●❍❙✵✸✱ ❚❤♠✳ ✶✳✶❪✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ KZ ✐s Q✲❡✛❡❝t✐✈❡✱
✇❡ ❤❛✈❡ H0(X, (Ω1

X)[⊗m]) 6= {0} ❢♦r s♦♠❡ m > 0 ✭s❡❡ ➓✹✳✷✮✳

■♥ t❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡✱ t❤❡ ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s ❝♦♠❡ ❢r♦♠ KZ ✱ t❤❡ ❝❛✲
♥♦♥✐❝❛❧ ❞✐✈✐s♦r ♦❢ t❤❡ ❜❛s❡ s✉r❢❛❝❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✱ −KZ ✐s ❛♠♣❧❡✳
❍♦✇❡✈❡r X st✐❧❧ ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳ ❚❤❡s❡ ❢♦r♠s ❝♦♠❡ ❢r♦♠ t❤❡
♠✉❧t✐♣❧❡ ✜❜❡rs ♦❢ t❤❡ ✜❜r❛t✐♦♥ X → Z✳ ❇❡❢♦r❡ ❣✐✈✐♥❣ t❤❡ ❡①❛♠♣❧❡✱ ✇❡ ✇✐❧❧
✜rst ✐♥tr♦❞✉❝❡ ❛ ♠❡t❤♦❞ t♦ ❝♦♥str✉❝t ♥♦♥✲r❡❞✉❝❡❞ ✜❜❡rs✳

❈♦♥str✉❝t✐♦♥ ✼✳✷✳✹✳ ❲❡ ✇❛♥t t♦ ❝♦♥str✉❝t ❛ ✜❜r❛t✐♦♥ p ❢r♦♠ ❛ ♥♦r♠❛❧
t❤r❡❡❢♦❧❞ T ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s t♦ ❛ s♠♦♦t❤ s✉r❢❛❝❡ S s✉❝❤ t❤❛t
p∗C = 2(p∗C)red✱ ✇❤❡r❡ C ✐s ❛ s♠♦♦t❤ ❝✉r✈❡ ✐♥ S✳
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▲❡t T0 = P1×S ✇❤❡r❡ S ✐s ❛ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡✳ ▲❡t p1✱ p2 ❜❡ t❤❡
♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s T0 → P1 ❛♥❞ T0 → S✳ ▲❡t C ⊆ S ❜❡ ❛ s♠♦♦t❤ ❝✉r✈❡ ❛♥❞
❧❡t C0 = {z} × C ❜❡ ❛ s❡❝t✐♦♥ ♦❢ p2 ♦✈❡r C ✐♥ T0✱ ✇❤❡r❡ z ✐s ❛ ♣♦✐♥t ♦❢ P1✳
▲❡t E0 = p∗2C✱ ✇❤✐❝❤ ✐s ❛ s♠♦♦t❤ ❞✐✈✐s♦r ✐♥ T0✳ ❲❡ ✇✐❧❧ ♣❡r❢♦r♠ ❛ s❡q✉❡♥❝❡
♦❢ ❜✐r❛t✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ T0✳

❋✐rst ✇❡ ❜❧♦✇ ✉♣ C0✱ ✇❡ ♦❜t❛✐♥ ❛ ♠♦r♣❤✐s♠ T1 → T0 ✇✐t❤ ❡①❝❡♣t✐♦♥❛❧
❞✐✈✐s♦r E1✳ ❉❡♥♦t❡ st✐❧❧ ❜② E0 t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ E0 ✐♥ T1✳ ■❢ F ✐s ❛ ✜❜❡r
♦❢ T1 → S ♦✈❡r ❛ ♣♦✐♥t ♦❢ C✱ t❤❡♥ F = F1 ∪ F0 ✇❤❡r❡ Fi ⊆ Ei ❛r❡ r❛t✐♦♥❛❧
❝✉r✈❡s ❛♥❞ KT1

· Fi = −1✱ Ei · Fi = −1✳
◆♦✇ ✇❡ ❜❧♦✇ ✉♣ C1✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ E0 ❛♥❞ E1✳ ❲❡ ♦❜t❛✐♥ ❛ ♠♦r✲

♣❤✐s♠ T2 → T1 ✇✐t❤ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r E2✳ ❉❡♥♦t❡ st✐❧❧ ❜② E0✱ E1 t❤❡ str✐❝t
tr❛♥s❢♦r♠s ♦❢ E0 ❛♥❞ E1 ✐♥ T2✳ ■❢ F ✐s ❛♥② s❡t✲t❤❡♦r❡t✐❝ ✜❜❡r ♦❢ T2 → S ♦✈❡r
❛ ♣♦✐♥t ♦❢ C✱ t❤❡♥ F = F0 ∪ F1 ∪ F2 ✇❤❡r❡ Fi ⊆ Ei ❛r❡ r❛t✐♦♥❛❧ ❝✉r✈❡s ❛♥❞
KT2

·Fi = 0✱ Ei ·Fi = −2 ❢♦r i = 0, 1✱ KT2
·F2 = −1✱ E2 ·F2 = −1✳ ▲❡t q ❜❡

t❤❡ ✜❜r❛t✐♦♥ T2 → S✳
❲❡ ✇✐❧❧ ❜❧♦✇ ❞♦✇♥ E1 ❛♥❞ E0 ✐♥ T2✳ ▲❡t H ❜❡ ❛♥ ❛♠♣❧❡ Q✲❞✐✈✐s♦r s✉❝❤

t❤❛t (H +E0) ·F0 = 0✳ ❙✐♥❝❡ E0 ·F1 = 0✱ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ r❛t✐♦♥❛❧ ♥✉♠❜❡r
b s✉❝❤ t❤❛t (H +E0 + bE1) ·F1 = 0✳ ▼♦r❡♦✈❡r (H +E0 + bE1) ·F0 = 0 s✐♥❝❡
E1 · F0 = 0✳ ▲❡t A ❜❡ ❛ s✉✣❝✐❡♥t❧② ❛♠♣❧❡ ❞✐✈✐s♦r ♦♥ S✳ ❚❤❡♥ t❤❡ Q✲❞✐✈✐s♦r
D = q∗A + H + E0 + bE1 ✐s ♥❡❢ ❛♥❞ ❜✐❣✳ ▼♦r❡♦✈❡r✱ ❛♥② ❝✉r✈❡ B ✇❤✐❝❤
❤❛s ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r 0 ✇✐t❤ D ♠✉st ❜❡ ❝♦♥tr❛❝t❡❞ ❜② T2 → S s✐♥❝❡ A
✐s s✉✣❝✐❡♥t❧② ❛♠♣❧❡✳ ❚❤❡ ❝✉r✈❡ B ✐s ❛❧s♦ ❝♦♥t❛✐♥❡❞ ✐♥ E0 ∪ E1 s✐♥❝❡ H ✐s
❛♠♣❧❡✳ ❙✐♥❝❡ KT2

·F0 = KT2
·F1 = 0✱ t❤❡r❡ ❡①✐sts ❛ ❧❛r❣❡ ✐♥t❡❣❡r k s✉❝❤ t❤❛t

kD −KT2
✐s ♥❡❢ ❛♥❞ ❜✐❣✳ ❚❤❡♥ ❜② t❤❡ ❜❛s❡♣♦✐♥t✲❢r❡❡ t❤❡♦r❡♠ ✭s❡❡ ❬❑▼✾✽✱

❚❤♠✳ ✸✳✸❪✮✱ t❤❡r❡ ✐s ❛ ❧❛r❣❡ ❡♥♦✉❣❤ ✐♥t❡❣❡r a s✉❝❤ t❤❛t aD ✐s ❈❛rt✐❡r ❛♥❞
|aD| ✐s ❜❛s❡♣♦✐♥t✲❢r❡❡✳ ❚❤❡ ❧✐♥❡❛r s②st❡♠ |aD| ✐♥❞✉❝❡s ❛ ❝♦♥tr❛❝t✐♦♥ ✇❤✐❝❤
❝♦♥tr❛❝ts E0 ❛♥❞ E1✳

❇② ❝♦♥tr❛❝t✐♥❣ E0 ❛♥❞ E1✱ ✇❡ ♦❜t❛✐♥ ❛ t❤r❡❡❢♦❧❞ T ✳ ❆♥❞ t❤❡r❡ ✐s ❛♥
✐♥❞✉❝❡❞ ✜❜r❛t✐♦♥ p : T → S s✉❝❤ t❤❛t p∗C = 2(p∗C)red✳ ◆♦t❡ t❤❛t T2 → T
✐s ❛ r❡s♦❧✉t✐♦♥ ♦❢ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ KT2

= f∗KT ✳ ❍❡♥❝❡ V ❤❛s ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s✳

◆♦✇ ✇❡ ✇✐❧❧ ❝♦♥str✉❝t t❤❡ ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✼✳✷✳✺✳ ▲❡t C = {[x : y : z] ∈ P2 | x6 + y6 + z6 = 0} ❜❡ ❛ s♠♦♦t❤
❝✉r✈❡ ✐♥ P2✳ ❚❤❡♥ 2KP2 + C ✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ③❡r♦ ❞✐✈✐s♦r✳ ▲❡t
X0 = P1 × P2✳ ❇② t❤❡ ♠❡t❤♦❞ ♦❢ ❈♦♥str✉❝t✐♦♥ ✼✳✷✳✹✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛
✜❜❡r s♣❛❝❡ p : X → P2 s✉❝❤ t❤❛t p∗C = 2(p∗C)red✳ ❚❤❡♥ X ❤❛s ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s✳ ❙✐♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❛r❡ ✐s♦♠♦r♣❤✐❝ t♦ P1✱ X ✐s r❛t✐♦♥❛❧❧②
❝♦♥♥❡❝t❡❞ ❜② ❬●❍❙✵✸✱ ❚❤♠✳ ✶✳✶❪✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ 2(KP2+ 1

2D) ✐s ❛♥ ❡✛❡❝t✐✈❡
❞✐✈✐s♦r ❛♥❞ p ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✱ ✇❡ ❤❛✈❡ H0(X, (Ω1

X)[⊗4]) 6= {0} ✭s❡❡ ➓✹✳✷✮✳

◆♦t❡ t❤❛t ✐♥ t❤❡ t❤r❡❡ ❡①❛♠♣❧❡s ❛❜♦✈❡✱ t❤❡ ✈❛r✐❡t② X ✇❡ ❝♦♥str✉❝t❡❞ ✐s
❛ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ✈❛r✐❡t② ✇✐t❤ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤❡ ❞✐✈✐s♦r KX

✐s ♥♦t ♣s❡✉❞♦✲❡✛❡❝t✐✈❡ ❛♥❞ ✇❡ ❛❧✇❛②s ❤❛✈❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ X t♦ ❛
✈❛r✐❡t② Z✳ ❚❤❡ ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s ♦❢ X ❝♦♠❡ ❢r♦♠ t❤❡ ❜❛s❡ Z✳ ❍♦✇❡✈❡r✱



❲❡♥❤❛♦ ❖❯ ✶✸✷

✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✱ t❤❡ ✈❛r✐❡t② ✇❡ ❝♦♥str✉❝t ✐s ❛ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞
t❤r❡❡❢♦❧❞ ✇✐t❤ ❦❧t s✐♥❣✉❧❛r✐t✐❡s ✇❤♦s❡ ❝❛♥♦♥✐❝❛❧ ❞✐✈✐s♦r ✐s ❛♠♣❧❡✳ ❙♦♠❡ ♥♦♥✲
③❡r♦ ♣❧✉r✐✲❢♦r♠s ❝♦♠❡ ❢r♦♠ ✐ts ❝❛♥♦♥✐❝❛❧ ❞✐✈✐s♦r✳

❊①❛♠♣❧❡ ✼✳✷✳✻✳ ▲❡tX1 ❜❡ t❤❡ ❋❡r♠❛t ❤②♣❡rs✉r❢❛❝❡ ✐♥ P4 ❞❡✜♥❡❞ x60+x
6
1+· · ·+

x64 = 0✳ ❚❤❡♥ X1 ✐s ❛ s♠♦♦t❤ t❤r❡❡❢♦❧❞ s✉❝❤ t❤❛t KX1
✐s ❛♠♣❧❡✳ ▼♦r❡♦✈❡r✱

t❤❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ X1 ✐s 1 ❜② t❤❡ ▲❡❢s❝❤❡t③ t❤❡♦r❡♠ ✭s❡❡ ❬▲❛③✵✹✱ ❊①♠♣✳
✸✳✶✳✷✸❪✮✳ ▲❡t G ❜❡ t❤❡ ❣r♦✉♣ Z/6Z ✇✐t❤ ❣❡♥❡r❛t♦r g✳ ❉❡✜♥❡ ❛♥ ❛❝t✐♦♥ ♦❢
G ♦♥ P4 ❜② g · [x0 : · · · : x4] = [ωx0 : ωx1 : x2 : x3 : x4]✱ ✇❤❡r❡ ω ✐s
❛ ♣r✐♠✐t✐✈❡ ✻t❤ r♦♦t ♦❢ ✉♥✐t②✳ ❚❤✐s ❛❝t✐♦♥ ✐♥❞✉❝❡s ❛♥ ❛❝t✐♦♥ ♦❢ G ♦♥ X1

✇❤✐❝❤ ✐s ❢r❡❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ❉❡♥♦t❡ t❤❡ q✉♦t✐❡♥t X1/G ❜② X ❛♥❞ t❤❡
♥❛t✉r❛❧ ♠♦r♣❤✐s♠ X1 → X ❜② π✳ ❚❤❡♥ X ❤❛s Q✲❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛r✐t✐❡s
❜✉t ❞♦❡s ♥♦t ❤❛✈❡ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ✭s❡❡ ❬❘❡✐✽✵✱ ❚❤♠ ✸✳✶❪✮✳ ◆♦✇ ✇❡
✇✐❧❧ ♣r♦✈❡ t❤❛t X ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✳ ❋✐rst ✇❡ ✇✐❧❧ ♣r♦✈❡ X ✐s ✉♥✐r✉❧❡❞✳
■❢ w ✐s ❛ ❣❡♥❡r❛❧ ♣♦✐♥t ✐♥ X✱ t❤❡♥ t❤❡r❡ ✐s ❛ ♣♦✐♥t w1 ∈ X1 s✉❝❤ t❤❛t
π(w1) = w ❛♥❞ t❤❡ ✜rst t✇♦ ❝♦♦r❞✐♥❛t❡s ♦❢ w1 ❛r❡ ❛❧❧ ♥♦♥✲③❡r♦✳ ❚❤❡r❡ ❛r❡
t✇♦ ❤②♣❡r♣❧❛♥❡s ✐♥ P4 ♣❛ss✐♥❣ t❤r♦✉❣❤ w1✱H1 = {a2x2+a3x3+a4x4 = 0} ❛♥❞
H2 = {b2x2+b3x3+b4x4 = 0}✱ s✉❝❤ t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ C1 = H1∩H2∩X1 ✐s
❛ s♠♦♦t❤ ❝✉r✈❡ ♦❢ ❣❡♥✉s 10✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❛r❡ ❡①❛❝t❧② 6 ♣♦✐♥ts ♦♥ C1✱ ❣✐✈❡♥
❜② X1 ∩ {x2 = x3 = x4 = 0}✱ ✇❤✐❝❤ ❛r❡ ✜①❡❞ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ G✳ ❍❡♥❝❡
π|C1

: C1 → π(C1) = C ✐s r❛♠✐✜❡❞ ❡①❛❝t❧② ❛t t❤♦s❡ 6 ♣♦✐♥ts ✇✐t❤ ❞❡❣r❡❡ 6✳
❇② t❤❡ r❛♠✐✜❝❛t✐♦♥ ❢♦r♠✉❧❛ g(C) = 1+2−1× 6−1× (2× 10− 2− 6× 5) = 0✱
✇❤❡r❡ g(C) ✐s t❤❡ ❣❡♥✉s ♦❢ C✳ ❍❡♥❝❡ C ✐s ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t X ✐s ✉♥✐r✉❧❡❞✳ ❙✐♥❝❡ X ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1✱ ❢r♦♠ t❤❡ ❧❡♠♠❛
❜❡❧♦✇✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t X ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✳

▲❡♠♠❛ ✼✳✷✳✼✳ ▲❡t X ❜❡ ❛ ♥♦r♠❛❧ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t② ✇❤✐❝❤ ✐s Q✲❢❛❝t♦r✐❛❧✳
❆ss✉♠❡ t❤❛t t❤❡ P✐❝❛r❞ ♥✉♠❜❡r ♦❢ X ✐s 1✳ ❚❤❡♥ X ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ✐❢
❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ✉♥✐r✉❧❡❞✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t X ✐s ✉♥✐r✉❧❡❞ ❛♥❞ ❧❡t π : X 99K Z ❜❡ t❤❡ ▼❘❈ ✜❜r❛t✐♦♥
❢♦r X ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❑♦❧✾✻✱ ❚❤♠✳ ❱✳✺✳✷❪✮✳ ❲❡ ✇✐❧❧ ❛r❣✉❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳
❆ss✉♠❡ t❤❛t dimX > dimZ > 0✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❩❛r✐s❦✐ ♦♣❡♥ s✉❜s❡t Z0

♦❢ Z s✉❝❤ t❤❛t π ✐s r❡❣✉❧❛r ❛♥❞ ♣r♦♣❡r ♦✈❡r Z0✳ ▲❡t C ❜❡ ❛ ❝✉r✈❡ ❝♦♥t❛✐♥❡❞
✐♥ s♦♠❡ ✜❜❡r ♦❢ π|Z0

✳ ▲❡t D ❜❡ ❛ ♥♦♥✲③❡r♦ ❡✛❡❝t✐✈❡ ❈❛rt✐❡r ❞✐✈✐s♦r ♦♥ Z0✳
▲❡t E0 = π∗D✳ ❚❤❡♥ E0 ✐s ❛ ♥♦♥✲③❡r♦ ❡✛❡❝t✐✈❡ ❞✐✈✐s♦r ♦♥ X0 = π−1Z0✳ ▲❡t
E ❜❡ t❤❡ ❝❧♦s✉r❡ ♦❢ E0 ✐♥ X✱ t❤❡♥ E ✐s ❛ ♥♦♥✲③❡r♦ ❡✛❡❝t✐✈❡ Q✲❈❛rt✐❡r ❲❡✐❧
❞✐✈✐s♦r ♦♥ X✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r ♦❢ E ❛♥❞ C ✐s ③❡r♦✱ ✇❤✐❝❤
❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t X ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1✳

✼✳✸ Pr❡❧✐♠✐♥❛r✐❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ s♦♠❡ ♣r❡♣❛r❛t♦r② ❧❡♠♠❛s✳
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▲❡♠♠❛ ✼✳✸✳✶✳ ▲❡t A → B → C ❜❡ ❛ ❝♦♠♣❧❡① ♦❢ ❝♦❤❡r❡♥t s❤❡❛✈❡s ♦♥
❛ ♥♦r♠❛❧ ✈❛r✐❡t② X✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t W ♦❢ X ✇✐t❤
codimX\W > 2 s✉❝❤ t❤❛t t❤❡ ✐♥❞✉❝❡❞ s❡q✉❡♥❝❡

0 → A |W → B|W → C |W → 0

✐s ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛✈❡s ♦♥ W ✳ ■❢ h0(X,A ⊗r[⊗]C⊗t) = 0
❢♦r ❛❧❧ t > 0 ❛♥❞ r > 0✱ t❤❡♥ H0(X,B[⊗m]) ∼= H0(X,A [⊗m]) ❢♦r ❛❧❧ m > 0✳

Pr♦♦❢✳ ❖♥ W ✱ ✇❡ ❤❛✈❡ H0(W,A |⊗r
W ⊗ C |⊗t

W ) = {0} ❢♦r ❛❧❧ t > 0 ❛♥❞ r > 0
❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✳ ❋✐① m > 0✱ ❜② ▲❡♠♠❛ ✻✳✸✳✹✱ ✇❡ ❤❛✈❡ ❛ ✜❧tr❛t✐♦♥

A |⊗m
W = R0 ⊆ · · · ⊆ Rs = B|⊗m

W

s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ 0 ≤ i ≤ s − 1✱ t❤❡ q✉♦t✐❡♥t Ri+1/Ri ✐s ✐s♦♠♦r♣❤✐❝ t♦
A |⊗m−ai

W ⊗ C |⊗ai
W ❢♦r s♦♠❡ ai > 0✳ ❙✐♥❝❡ h0(X,A |⊗r

W ⊗ C |⊗t
W ) = 0 ❢♦r ❛❧❧

t > 0 ❛♥❞ r > 0✱ ✇❡ ❤❛✈❡ H0(W,Ri) ∼= H0(W,Ri+1) ❢♦r 0 6 i 6 s− 1✳ ❚❤✉s

H0(W,B|⊗m
W ) ∼= H0(W,A |⊗m

W ).

❇② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✱ ✇❡ ❤❛✈❡ H0(X,B[⊗m]) ∼= H0(X,A [⊗m])✳

❖♥❡ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❧❡♠♠❛ ❛❜♦✈❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❤✐❝❤ ❣✐✈❡s
❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♣❧✉r✐✲❢♦r♠s ❛♥❞ ✜❜r❛t✐♦♥s✳

▲❡♠♠❛ ✼✳✸✳✷✳ ▲❡t p : X → Z ❜❡ ❛ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ ♥♦r♠❛❧ ✈❛r✐❡t✐❡s✳
❆ss✉♠❡ t❤❛t ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❞♦ ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠✳ ❚❤❡♥
❢♦r ❛❧❧ ✐♥t❡❣❡r m > 0✱ ✇❡ ❤❛✈❡

H0(X, (Ω1
X)[⊗m]) ∼= H0(X, ((p∗Ω1

Z)
sat)[⊗m]),

✇❤❡r❡ (p∗Ω1
Z)

sat ✐s t❤❡ s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ✐♠❛❣❡ ♦❢ p∗Ω1
Z ✐♥ Ω

[1]
X ✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❝♦❤❡r❡♥t s❤❡❛✈❡s 0 → F → Ω
[1]
X → G →

0 ♦♥ X✱ ✇❤❡r❡ F = (p∗Ω1
Z)

sat ❛♥❞ G ✐s ❛ t♦rs✐♦♥✲❢r❡❡ s❤❡❛❢✳ ■♥ ♣❛rt✐❝✉❧❛r✱
G ✐s ❧♦❝❛❧❧② ❢r❡❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ▲❡t V ❜❡ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ Z ❛♥❞ ❧❡t
W = p−1(V )✳ ■❢ U ✐s t❤❡ ❧❛r❣❡st ♦♣❡♥ s✉❜s❡t ♦❢ W ♦♥ ✇❤✐❝❤ F ✱ Ω1

X ❛♥❞
G ❛r❡ ❧♦❝❛❧❧② ❢r❡❡✱ t❤❡♥ codimX\U > 2 ❛♥❞ ✇❡ ❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡
0 → F |U → Ω1

U → G |U → 0 ♦❢ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛✈❡s ♦♥ U ✳
■❢ F ✐s ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ p|U ✱ t❤❡♥ F |F ✐s t❤❡ ❞✐r❡❝t s✉♠ ♦❢ OF ❛♥❞ G |F ✐s

✐s♦♠♦r♣❤✐❝ t♦ Ω1
F ✳ ❙✐♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❞♦ ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲

❢♦r♠✱ ♥❡✐t❤❡r ❞♦❡s F ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ H0(U,F |⊗r
U ⊗

G |⊗t
U ) = {0} ❢♦r ❛❧❧ t > 0 ❛♥❞ r > 0✳ ❇② ▲❡♠♠❛ ✼✳✸✳✶✱ ✇❡ ❤❛✈❡ ❛♥ ✐s♦♠♦r✲

♣❤✐s♠ ❢r♦♠ H0(U,F |⊗m
U ) t♦ H0(U, (Ω1

U )
⊗m) ❢♦r ❛❧❧ m > 0✳ ❇② Pr♦♣♦s✐t✐♦♥

✶✳✷✳✶✱ ✇❡ ❤❛✈❡ H0(X, (Ω1
X)[⊗m]) ∼= H0(X,F [⊗m]) ❢♦r ❛❧❧ m > 0✳
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Pr♦♣♦s✐t✐♦♥ ✼✳✸✳✸✳ ▲❡t X ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ t❤r❡❡❢♦❧❞ ✇❤✐❝❤ ❤❛s ❝❛♥♦♥✐❝❛❧ s✐♥✲
❣✉❧❛r✐t✐❡s✳ ▲❡t X∗ ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ ▼▼P ❢♦r X ❛♥❞ ❞❡♥♦t❡ t❤❡ ❜✐r❛t✐♦♥❛❧
♠❛♣ X 99K X∗ ❜② f ✳ ▲❡t Γ ❜❡ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ f ✳ ❚❤❡♥
t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ H0(X, (Ω1

X)[⊗m]) ∼= H0(Γ, (Ω1
Γ)

[⊗m]) ❢♦r ❛❧❧
m > 0✳

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❜✐r❛t✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ p1 : Γ → X✱ ❜② ▲❡♠♠❛
✻✳✸✳✶✱ t❤❡r❡ ✐s ❛♥ ✐♥❥❡❝t✐♦♥ ❢r♦♠ H0(Γ, (Ω1

Γ)
[⊗m]) t♦ H0(X, (Ω1

X)[⊗m])✳ ▲❡t
p2 : Γ → X∗ ❜❡ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ ❛♥❞ ❧❡t σX ❜❡ ❛ ♥♦♥✲③❡r♦ ❡❧❡♠❡♥t ✐♥
H0(X, (Ω1

X)[⊗m])✳ ❙✐♥❝❡ X✱ Γ ❛♥❞ X∗ ❛r❡ ❜✐r❛t✐♦♥❛❧✱ σX ✐♥❞✉❝❡s ❛ r❛t✐♦♥❛❧
s❡❝t✐♦♥ σΓ ♦❢ (Ω1

Γ)
[⊗m] ❛♥❞ ❛♥ ❡❧❡♠❡♥t σX∗ ♦❢H0(X∗, (Ω1

X∗)[⊗m]) ✭s❡❡ ▲❡♠♠❛
✻✳✸✳✶✮✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t σΓ ✐s ❛ r❡❣✉❧❛r s❡❝t✐♦♥ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡
t❤❛t σΓ ❞♦❡s ♥♦t ❤❛✈❡ ♣♦❧❡ ❛❧♦♥❣ ❛♥② p1✲❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r✳ ▲❡t E ❜❡ ❛♥
❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r ❢♦r p1✳ ▲❡t C ⊆ E ❜❡ ❛ ❝✉r✈❡ ✇❤✐❝❤ ✐s ❡①❝❡♣t✐♦♥❛❧ ❢♦r p1✳
❚❤❡♥ C ✐s ♥♦t ❝♦♥tr❛❝t❡❞ ❜② p2 s✐♥❝❡ t❤❡ ❣r❛♣❤ ♦❢ f ✐s ✐♥❝❧✉❞❡❞ ✐♥ X ×X∗

❛♥❞ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♠❛♣ ✐s ✜♥✐t❡✳ ❍❡♥❝❡ Y = p2(E) ⊆ X∗ ✐s ❛ ❝✉r✈❡✳ ◆♦t❡
t❤❛t f−1 ✐s ♥♦t ❛ ♠♦r♣❤✐s♠ ❛r♦✉♥❞ t❤❡ ❣❡♥❡r✐❝ ♣♦✐♥t ♦❢ Y ✳ ❇② ▲❡♠♠❛ ✸✳✶✳✶✱
X∗ ❤❛s t❡r♠✐♥❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛r♦✉♥❞ t❤❡ ❣❡♥❡r✐❝ ♣♦✐♥t ♦❢ Y ✳ ❍❡♥❝❡ X∗ ✐s
s♠♦♦t❤ ❛r♦✉♥❞ t❤❡ ❣❡♥❡r✐❝ ♣♦✐♥t ♦❢ Y s✐♥❝❡ t❤❡ ❝♦❞✐♠❡♥s✐♦♥ ♦❢ Y ✐♥ X∗ ✐s
2 ✭s❡❡ ❬❑▼✾✽✱ ❈♦r✳ ✺✳✶✽❪✮✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ T ✱ X ❛♥❞ X∗ ❛r❡ ❜✐r❛t✐♦♥❛❧✱ t❤❡
❢♦r♠ σΓ ✐s ❥✉st t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ σX∗ ❜② p2✳ ❍❡♥❝❡ σΓ ❞♦❡s ♥♦t ❤❛✈❡ ♣♦❧❡ ❛❧♦♥❣
E✳

✼✳✹ ❋✐❜r❛t✐♦♥s ♦✈❡r ❝✉r✈❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛ ♠❡t❤♦❞ t♦ ❝♦♥str✉❝t r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞
✈❛r✐❡t✐❡s ✇❤✐❝❤ ❝❛rr② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s ✭❚❤❡♦r❡♠ ✼✳✹✳✷✮✳ ❚♦❣❡t❤❡r ✇✐t❤
❚❤❡♦r❡♠ ✼✳✶✳✶✱ ✇❡ ✇✐❧❧ s❡❡ t❤❛t ❡✈❡r② r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ t❤r❡❡❢♦❧❞ ✇✐t❤
Q✲❢❛❝t♦r✐❛❧ t❡r♠✐♥❛❧ s✐♥❣✉❧❛r✐t✐❡s ✇❤✐❝❤ ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s ❝❛♥ ❜❡
❝♦♥str✉❝t❡❞ ❜② t❤✐s ♠❡t❤♦❞✳

❇② ▲❡♠♠❛ ✼✳✸✳✷✱ ✐❢ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥ p :
X → Z ❞♦ ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠✱ t❤❡♥ ❢♦r ❛❧❧ m > 0✱ ✇❡ ❤❛✈❡
H0(X, (Ω1

X)[⊗m]) ∼= H0(X, ((p∗Ω1
Z)

sat)[⊗m])✳ ▼♦r❡♦✈❡r✱

H0(X, ((p∗Ω1
Z)

sat)[⊗m]) ∼= H0(Z, p∗((p
∗Ω1

Z)
sat)[⊗m])).

❍❡♥❝❡ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❦♥♦✇ ✇❤❛t p∗((p∗Ω1
Z)

sat)[⊗m]) ✐s✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡♥
Z ✐s ❛ s♠♦♦t❤ ❝✉r✈❡✱ t❤✐s ✐s ♥♦t ❞✐✣❝✉❧t t♦ ❝♦♠♣✉t❡✳ ◆♦t❡ t❤❛t ✐❢ R ✐s t❤❡
r❛♠✐✜❝❛t✐♦♥ ❞✐✈✐s♦r ♦❢ p✱ t❤❡♥ ((p∗Ω1

Z)
sat)[⊗m] ∼= (p∗Ω1

Z)
⊗m ⊗ OX(mR) ❢♦r

m > 0✳ ❇② t❤❡ ♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛✱ ✇❡ ❤❛✈❡

p∗((p
∗Ω1

Z)
sat)[⊗m]) ∼= (Ω1

Z)
⊗m ⊗ p∗OX(mR).

❍❡♥❝❡ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝♦♠♣✉t❡ p∗OX(mR)✳
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▲❡♠♠❛ ✼✳✹✳✶✳ ▲❡t p : X → Z ❜❡ ❛ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ♥♦r♠❛❧ ✈❛r✐❡t② t♦
❛ s♠♦♦t❤ ❝✉r✈❡✳ ▲❡t z ❜❡ ❛ ♣♦✐♥t ✐♥ Z✳ ▲❡t D = p∗z − (p∗z)red✳ ❚❤❡♥
p∗OX(mD) ∼= OZ([

m(m(p,z)−1)
m(p,z) ]z) ❢♦r ❛♥② m > 0✳

Pr♦♦❢✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s ❧♦❝❛❧ ❛♥❞ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t Z ✐s ❛✣♥❡✳ ❲❡ ❦♥♦✇
t❤❛t p∗OW (mD) ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢✳ ■❢ θ ✐s ❛ s❡❝t✐♦♥ ♦❢ p∗OW (mD)✱ t❤❡♥ ✐t
✐s ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ♦♥ Z ✇❤♦s❡ ♣✉❧❧❜❛❝❦ ♦♥ W ✐s ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ✇❤✐❝❤
❝❛♥ ♦♥❧② ❤❛✈❡ ♣♦❧❡ ❛❧♦♥❣ p∗z✳ ❍❡♥❝❡ θ ❝❛♥ ♦♥❧② ❤❛✈❡ ♣♦❧❡ ❛t z✳ ▲❡t d ❜❡ t❤❡
❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧❡✱ t❤❡♥ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ θ ✐♥ V ✐s ❛ s❡❝t✐♦♥ ♦❢ OW (mD) ✐❢
❛♥❞ ♦♥❧② ✐❢ m(p, z)d 6 m(m(p, z)− 1)✱ t❤❛t ✐s✱ d 6 [m(m(p,z)−1)

m(p,z) ]✳

❚❤✐s r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ r❛♠✐✜❝❛t✐♦♥ ❞✐✈✐s♦r ❛♥❞ ♣❧✉r✐✲❢♦r♠s ❣✐✈❡s ✉s ❛♥
✐❞❡❛ ♦❢ ❤♦✇ t♦ ❝♦♥str✉❝t r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ✈❛r✐❡t✐❡s ✇❤✐❝❤ ❝❛rr② ♥♦♥✲③❡r♦
♣❧✉r✐✲❢♦r♠s✳ ◆♦t❡ t❤❛t ✐❢ p : X → P1 ✐s ❛ ✜❜r❛t✐♦♥ s✉❝❤ t❤❛t ❣❡♥❡r❛❧ ✜❜❡rs ♦❢
p ❛r❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✱ t❤❡♥ X ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ❜② ❬●❍❙✵✸✱ ❚❤♠✳
✶✳✶❪✳ ▼♦r❡♦✈❡r✱ ✐❢ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❞♦ ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠✱
t❤❡♥ ❢r♦♠ t❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✈❡ X ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s ✐❢ ❛♥❞ ♦♥❧②
✐❢ (Ω1

P1)
⊗m ⊗ p∗OX(mR) ❤❛s ♥♦♥✲③❡r♦ s❡❝t✐♦♥s ❢♦r s♦♠❡ m > 0✱ ✇❤❡r❡ R ✐s

t❤❡ r❛♠✐✜❝❛t✐♦♥ ❞✐✈✐s♦r ♦❢ p✳ ❍♦✇❡✈❡r✱ Ω1
P1

∼= OP1(−2) ❛♥❞ p∗OX(mR) ∼=

OP1(
∑

z∈P1 [
(m(p,z)−1)m

m(p,z) ]) s✐♥❝❡ ❛♥② t✇♦ ♣♦✐♥ts ✐♥ P1 ❛r❡ ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t✳

❍❡♥❝❡ X ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s ✐❢ ❛♥❞ ♦♥❧② ✐❢
∑

z∈P1

m(p,z)−1
m(p,z) > 2✳

◆♦✇ ✇❡ ✇✐❧❧ tr② t♦ ❝♦♥str✉❝t t❤✐s ❦✐♥❞ ♦❢ ✈❛r✐❡t✐❡s ❜② t❛❦✐♥❣ q✉♦t✐❡♥ts✳
▲❡t T ❜❡ ❛ ♥♦r♠❛❧ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t②✱ ❧❡t B ❜❡ ❛ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ❝✉r✈❡ ❛♥❞
❧❡t G ❜❡ ❛ ✜♥✐t❡ ❝♦♠♠✉t❛t✐✈❡ ❣r♦✉♣✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ ❛❝t✐♦♥s ♦❢ G ♦♥
T ❛♥❞ B✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ G✲❡q✉✐✈❛r✐❛♥t ✜❜r❛t✐♦♥ q : T → B✳ ▲❡t
pT : T → T/G✱ pB : B → B/G ❜❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s ❛♥❞ ❧❡t p : T/G →
B/G ❜❡ t❤❡ ✐♥❞✉❝❡❞ ✜❜r❛t✐♦♥✳ ▲❡t Si✱ i = 1, ..., r ❜❡ ❛❧❧ t❤❡ G✲♦r❜✐ts ✐♥ B
✇❤♦s❡ ❝❛r❞✐♥❛❧✐t② ✐s ❧❡ss t❤❛♥ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ G✳ ▲❡t zi ❜❡ t❤❡ ✐♠❛❣❡ ♦❢ Si
✉♥❞❡r t❤❡ ♠❛♣ B → B/G✳ ❚❤❡♥ t❤❡ zi✬s ❛r❡ t❤❡ ♣♦✐♥ts ✐♥ B/G ♦✈❡r ✇❤✐❝❤
B → B/G ✐s r❛♠✐✜❡❞✳ ▲❡t Gi ❜❡ t❤❡ st❛❜✐❧✐③❡r ♦❢ ❛ ♣♦✐♥t bi ✐♥ Si✳ ❚❤❡♥ Gi

❛❝ts ♦♥ t❤❡ s❡t✲t❤❡♦r❡t✐❝ ✜❜❡r q−1{bi} = Fi✳ ■❢ Ai ✐s ❛ ❝♦♠♣♦♥❡♥t ✐♥ Fi ❛♥❞
t❤❡ st❛❜✐❧✐③❡r ♦❢ ❛ ❣❡♥❡r❛❧ ♣♦✐♥t ✐♥ Ai ❤❛s ❝❛r❞✐♥❛❧✐t② di✱ t❤❡♥ pT ✐s r❛♠✐✜❡❞
❛❧♦♥❣ Gi · Ai ♦❢ ❞❡❣r❡❡ di✱ ✇❤❡r❡ Gi · Ai ✐s t❤❡ ♦r❜✐t ♦❢ Ai ✉♥❞❡r Gi✳ ■♥ t❤✐s
❝❛s❡✱ pT (Ai) ❤❛s ❝♦❡✣❝✐❡♥t eifi

di
✐♥ p∗zi✱ ✇❤❡r❡ ei ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ Ai ✐♥

q∗bi ❛♥❞ fi ✐s t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ Gi✳ ❉❡♥♦t❡ ♠✐♥{ eifi
di

| Ai a component in Fi}
❜② si✳ ❚❤❡♥ si ✐s ❡q✉❛❧ t♦ m(p, zi)✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✼✳✹✳✷✳ ▲❡t T ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ ♥♦r♠❛❧ ✈❛r✐❡t②✱ B ❜❡ ❛ ♣r♦❥❡❝t✐✈❡
s♠♦♦t❤ ❝✉r✈❡ ✇✐t❤ ♣♦s✐t✐✈❡ ❣❡♥✉s ❛♥❞ G ❜❡ ❛ ✜♥✐t❡ ❝♦♠♠✉t❛t✐✈❡ ❣r♦✉♣✳ ❆s✲
s✉♠❡ t❤❡② s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ✿

✶✳ ❚❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ q ❢r♦♠ T t♦ B s✉❝❤ t❤❛t ❢♦r ❛♥② ❣❡♥❡r❛❧ ✜❜❡r Fq

♦❢ q✱ Fq ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ❛♥❞ ❞♦❡s ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲
❢♦r♠✳ ▼♦r❡♦✈❡r✱ m(q, b) = 1 ❢♦r ❛❧❧ b ∈ B✳
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✷✳ ❚❤❡r❡ ❡①✐st ❛❝t✐♦♥s ♦❢ G ♦♥ B ❛♥❞ ♦♥ T s✉❝❤ t❤❛t q ✐s G✲❡q✉✐✈❛r✐❛♥t✳

✸✳ ❚❤❡ q✉♦t✐❡♥t B/G ✐s ✐s♦♠♦r♣❤✐❝ t♦ P1✳

❚❤❡♥ t❤❡ q✉♦t✐❡♥t X = T/G ✐s ❛ ♥♦r♠❛❧ ♣r♦❥❡❝t✐✈❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝✲
t❡❞ ✈❛r✐❡t② ❛♥❞ t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ p : X → P1✳ ▼♦r❡♦✈❡r✱ ✐❢ ✇❡ ❞❡✜♥❡
si✱ i = 1, ..., r ❛s ❛❜♦✈❡✱ t❤❡♥ X ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s ✐❢ ❛♥❞ ♦♥❧② ✐❢
Σr
i=1

si−1
si

> 2✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

H0(X, (Ω1
X)[⊗m]) ∼= H0(P1,OP1(−2m+

r∑

i=1

[
(si − 1)m

si
]))

❢♦r m > 0✳

Pr♦♦❢✳ ❚❤❡ ✜❜r❛t✐♦♥ p : X → P1 ✐s ✐♥❞✉❝❡❞ ❜② q✳ ❙✐♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ q
❛r❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✱ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❛r❡ ❛❧s♦ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✳
❍❡♥❝❡ X ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ❜② ❬●❍❙✵✸✱ ❚❤♠✳ ✶✳✶❪✳ ■❢ Fp ✐s ❛ ❣❡♥❡r❛❧
✜❜❡r ♦❢ p✱ t❤❡♥ Fp ❞♦❡s ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠ ♥❡✐t❤❡r✳ ❍❡♥❝❡✱
H0(X, (Ω1

X)[⊗m]) ✐s ✐s♦♠♦r♣❤✐❝ t♦ H0(P1,OP1(−2m)⊗ p∗OX(mR)) ❢♦r m >
0✱ ✇❤❡r❡ R ✐s t❤❡ r❛♠✐✜❝❛t✐♦♥ ❞✐✈✐s♦r ♦❢ p✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ m(q, b) = 1 ❢♦r ❛❧❧
b ∈ B✱ ✇❡ ❤❛✈❡

∑r
i=1[

(si−1)m
si

] =
∑

z∈P1 [
(m(p,z)−1)m

m(p,z) ] ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ si✳

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ p∗OX(mR) ∼= OP1(
∑r

i=1[
(si−1)m

si
]) ❛♥❞ H0(X, (Ω1

X)[⊗m]) ∼=

H0(P1,OP1(−2m+
∑r

i=1[
(si−1)m

si
])) ❜② ▲❡♠♠❛ ✼✳✹✳✶✳

❘❡♠❛r❦ ✼✳✹✳✸✳ ❈♦♥✈❡rs❡❧②✱ ❧❡t p : X → P1 ❜❡ ❛ ✜❜r❛t✐♦♥ s✉❝❤ t❤❛t ❣❡♥❡r❛❧
✜❜❡rs ♦❢ p ❛r❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ❛♥❞ ❞♦ ♥♦t ❝❛rr② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠✳ ■❢
X ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✱ t❤❡♥ X ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞
❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ■♥ ❢❛❝t✱ ❜② t❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✈❡✱ ✇❡ ❤❛✈❡

∑
z∈P1

(m(p,z)−1)
m(p,z) >

2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ❛r❡ ❛t ❧❡❛st t❤r❡❡ ♣♦✐♥ts ✐♥ P1 s✉❝❤ t❤❛t t❤❡ ♠✉❧t✐♣❧✐❝✐t②
♦❢ p ✐s ❧❛r❣❡r t❤❛♥ 1 ♦✈❡r t❤❡s❡ ♣♦✐♥ts✳ ▲❡t z1, ..., zr ❜❡ ❛❧❧ t❤❡ ♣♦✐♥ts ✐♥ P1

s✉❝❤ t❤❛t m(p, zi) > 1 ❢♦r ❛❧❧ i✳ ❙✐♥❝❡ r > 3✱ t❤❡r❡ ✐s ❛ s♠♦♦t❤ ❝✉r✈❡ B ❛♥❞
❛ ●❛❧♦✐s ❝♦✈❡r pB : B → P1 ✇✐t❤ ●❛❧♦✐s ❣r♦✉♣ G s✉❝❤ t❤❛t pB ✐s r❛♠✐✜❡❞
❡①❛❝t❧② ♦✈❡r t❤❡ zi✬s ❛♥❞ t❤❡ ❞❡❣r❡❡ ♦❢ r❛♠✐✜❝❛t✐♦♥ ✐s mi ❛t ❡❛❝❤ ♣♦✐♥t ♦✈❡r
zi ✭s❡❡ ❬❑❖✽✷✱ ▲❡♠✳ ✻✳✶❪✮✳ ▲❡t T ❜❡ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ✜❜❡r ♣r♦❞✉❝t
X×P1B✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥ ❛ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥ q : T → B s✉❝❤ t❤❛tm(q, b) = 1
❢♦r ❛❧❧ b ∈ B✳ ▼♦r❡♦✈❡r✱ G ❛❝ts ♥❛t✉r❛❧❧② ♦♥ T ❛♥❞ T/G ∼= X✳

Pr♦♣♦s✐t✐♦♥ ✼✳✹✳✹✳ ▲❡t X ❜❡ ❛ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ t❤r❡❡❢♦❧❞ ✇❤✐❝❤ ❤❛s
Q✲❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❆ss✉♠❡ t❤❛t X ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲
❢♦r♠s✳ ▲❡t X∗ ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ ▼▼P ❢♦r X ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ▼♦r✐
✜❜r❛t✐♦♥ p : X∗ → P1✳ ▲❡t Y ❜❡ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ X 99K X∗✳
❚❤❡♥ Y ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❚❤❡♦r❡♠ ✼✳✹✳✷✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✻✳✶✳✼ ❛♥❞ ▲❡♠♠❛ ✼✳✸✳✷✱ ✇❡ ❦♥♦✇ t❤❛t ❡✈❡r② ❡❧❡♠❡♥t ✐♥
t❤❡ s♣❛❝❡ H0(X∗, (Ω1

X∗)[⊗m]) ❝♦♠❡s ❢r♦♠ t❤❡ ❜❛s❡ P1✱ s♦ ❞♦❡s ❡✈❡r② ❡❧❡✲
♠❡♥t ✐♥ H0(X, (Ω1

X)[⊗m]) ❜② ▲❡♠♠❛ ✻✳✸✳✶✳ ❲❡ ❤❛✈❡ ❛ r❛t✐♦♥❛❧ ♠❛♣ X 99K
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P1 ✐♥❞✉❝❡❞ ❜② p✳ ❇② Pr♦♣♦s✐t✐♦♥ ✼✳✸✳✸✱ ✇❡ ❦♥♦✇ t❤❛t H0(X, (Ω1
X)[⊗m]) ∼=

H0(Y, (Ω1
Y )

[⊗m])✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❛ ♥❛t✉r❛❧ ✜❜r❛t✐♦♥ g : Y → P1 ✇❤✐❝❤ ✐s
t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ Y → X∗ → P1✳ ■❢ Fg ✐s ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ g✱ t❤❡♥ t❤❡r❡ ✐s ❛
❜✐r❛t✐♦♥❛❧ ♠♦r♣❤✐s♠ Fg → S✱ ✇❤❡r❡ S ✐s ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ p : X∗ → P1✳ ❙✐♥❝❡
S ❞♦❡s ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠ ❜② ❚❤❡♦r❡♠ ✻✳✶✳✼✱ ♥❡✐t❤❡r ❞♦❡s Fg

❜② ▲❡♠♠❛ ✻✳✸✳✶✳ ❋r♦♠ ❘❡♠❛r❦ ✼✳✹✳✸✱ ✇❡ ❦♥♦✇ t❤❛t Y ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞
❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❚❤❡♦r❡♠ ✼✳✹✳✷✳

✼✳✺ ▼♦r✐ ✜❜r❛t✐♦♥s ❛♥❞ ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ▼♦r✐ ✜❜r❛t✐♦♥s ❛♥❞ ♥♦♥✲③❡r♦
♣❧✉r✐✲❢♦r♠s✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ▼♦r✐ ✜❜r❛t✐♦♥s ❢r♦♠ ❛ ♥♦r♠❛❧ t❤r❡❡❢♦❧❞ t♦ ❛
♥♦r♠❛❧ s✉r❢❛❝❡✳

✼✳✺✳✶ ●❡♥❡r❛❧ ♣r♦♣❡rt✐❡s

❈♦♥s✐❞❡r ❛ ▼♦r✐ ✜❜r❛t✐♦♥ p : X → Z ❢r♦♠ ❛ ♥♦r♠❛❧ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞
t❤r❡❡❢♦❧❞ t♦ ❛ ♥♦r♠❛❧ ✈❛r✐❡t② Z ♦❢ ♣♦s✐t✐✈❡ ❞✐♠❡♥s✐♦♥✳ ❆ss✉♠❡ t❤❛t X ❤❛s Q✲
❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛r✐t✐❡s✳ ▲❡t D1, ..., Dk ❜❡ ❛❧❧ ♣r✐♠❡ ❲❡✐❧ ❞✐✈✐s♦rs ✐♥ Z s✉❝❤
t❤❛t mi = m(p,Di) > 1✳ ▲❡t ∆ =

∑k
i=1

mi−1
mi

Di✳ ❚❤❡♥ det ((p∗Ω1
Z)

sat) ∼=
OX(p∗(KZ +∆)) ✭s❡❡ ❘❡♠❛r❦ ✼✳✺✳✺✮✳ ❆ss✉♠❡ t❤❛t X ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲
❢♦r♠s ❛♥❞ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❞♦ ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠✳ ■❢ dimZ =
1✱ t❤❡♥ KZ+∆ ✐s ❛♥ ❡✛❡❝t✐✈❡ Q✲❞✐✈✐s♦r ♦❢ ❞❡❣r❡❡ −2+

∑k
i=1

mi−1
mi

♦♥ P1 ✭s❡❡
➓✸✮✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ s♦♠❡t❤✐♥❣ ❛♥❛❧♦❣✉❡ ✐♥ t❤❡ ❝❛s❡
✇❤❡♥ dimZ = 2✳ ❲❡ ♣r♦✈❡ t❤❛t ✐❢ KZ +∆ ✐s ♥♦t ♣s❡✉❞♦✲❡✛❡❝t✐✈❡✱ t❤❡♥ t❤❡r❡
✇✐❧❧ ❜❡ ❛ ✜❜r❛t✐♦♥ ❢♦r♠ Z t♦ P1✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ ❛♥ ✐♥❞✉❝❡❞ ✜❜r❛t✐♦♥
X → P1 ❛♥❞ ✇❡ ❛r❡ ✐♥ t❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ❛s ✐♥ ➓✸ ✭s❡❡ ▲❡♠♠❛ ✼✳✺✳✶✵✮✳ ■♥
♦r❞❡r t♦ ❞♦ t❤✐s✱ ✇❡ ✇✐❧❧ r✉♥ ❛ ▼▼P ❢♦r t❤❡ ♣❛✐r (Z,∆)✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡
♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ♣❛✐r (Z,∆) ✐s ❦❧t✳

Pr♦♣♦s✐t✐♦♥ ✼✳✺✳✶✳ ▲❡t p : X → Z ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ Q✲❢❛❝t♦r✐❛❧ ❦❧t
q✉❛s✐✲♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t② X t♦ ❛ ♥♦r♠❛❧ ✈❛r✐❡t② Z✳ ▲❡t D1, ..., Dk ❜❡ ♣❛✐r✇✐s❡
❞✐st✐♥❝t ♣r✐♠❡ ❲❡✐❧ ❞✐✈✐s♦rs ✐♥ Z s✉❝❤ t❤❛t p∗Di = mi(p

∗Di)red ✇✐t❤ mi > 2✳
❚❤❡♥ t❤❡ ♣❛✐r (Z,

∑k
i=1

mi−1
mi

Di) ✐s ❦❧t✳

Pr♦♦❢✳ ▲❡t D = D1 + · · · +Dk✳ ❇② ❬❑▼▼✽✼✱ ▲❡♠✳ ✺✲✶✲✺❪✱ Z ✐s Q✲❢❛❝t♦r✐❛❧✳
◆♦t❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s ❧♦❝❛❧ ✐♥ Z✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t Z ✐s ❛✣♥❡✳

❲❡ ✇✐❧❧ ❝♦♥str✉❝t ❜② ✐♥❞✉❝t✐♦♥ ❛ ✜♥✐t❡ ♠♦r♣❤✐s♠ ck : Zk → Z ✇❤✐❝❤
✐s r❛♠✐✜❡❞ ♦✈❡r D s✉❝❤ t❤❛t c∗kDi = mi(c

∗
kDi)red ❢♦r ❛❧❧ i✳ ▲❡t k1 ❜❡ t❤❡

s♠❛❧❧❡st ♣♦s✐t✐✈❡ ✐♥t❡❣❡r s✉❝❤ t❤❛t k1D1 ✐s ❛ ❈❛rt✐❡r ❞✐✈✐s♦r✳ ❇② t❛❦✐♥❣ t❤❡
k1✲t❤ r♦♦t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥✐♥❣ t❤❡ ❈❛rt✐❡r ❞✐✈✐s♦r k1D1✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t
❛ ✜♥✐t❡ ♠♦r♣❤✐s♠ c1,1 : Z1,1 → Z ✇❤✐❝❤ ✐s ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ▼♦r❡♦✈❡r✱
c∗1,1D1 ✐s ❛ r❡❞✉❝❡❞ ❈❛rt✐❡r ❞✐✈✐s♦r ✭s❡❡ ❬▼♦r✽✽✱ Pr♦♣✳✲❉❡❢✳ ✶✳✶✶❪✮✳ ❇② t❛❦✐♥❣
t❤❡ m1✲t❤ r♦♦t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥✐♥❣ t❤❡ ❈❛rt✐❡r ❞✐✈✐s♦r c∗1,1D1✱ ✇❡ ❝❛♥
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✜♥❞ ❛ ✜♥✐t❡ ♠♦r♣❤✐s♠ c1,2 : Z1 → Z1,1 ✇❤✐❝❤ ✐s r❛♠✐✜❡❞ ❡①❛❝t❧② ♦✈❡r D1

✇✐t❤ r❛♠✐✜❝❛t✐♦♥ ❞❡❣r❡❡ m1 ✭s❡❡ ❬▲❛③✵✹✱ ➓✹✳✶❇❪✮✳ ▲❡t c1 = c1,2 ◦ c1,1 : Z1 →
Z✳ ❚❤❡♥ c∗1D1 = m1(c

∗
1D1)red✳ ❆ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❛ ✜♥✐t❡

♠♦r♣❤✐s♠ cj : Zj → Z s✉❝❤ t❤❛t c∗jDi = mi(c
∗
jDi)red ❢♦r ❛♥② 1 6 i 6 j

❛♥❞ c∗jDi ✐s r❡❞✉❝❡❞ ❢♦r ❛♥② i > j✱ ✇❤❡r❡ 1 6 j < k✳ ▲❡t E = c∗jDj+1✳
❚❤❡♥ E ✐s ❛ r❡❞✉❝❡❞ ❞✐✈✐s♦r✳ ❇② t❤❡ s❛♠❡ ♠❡t❤♦❞ ❛❜♦✈❡✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t
❛ ✜♥✐t❡ ♠♦r♣❤✐s♠ d : Zj+1 → Zj ✇❤✐❝❤ ✐s r❛♠✐✜❡❞ ❡①❛❝t❧② ♦✈❡r E ✇✐t❤
r❛♠✐✜❝❛t✐♦♥ ❞❡❣r❡❡ mj+1✳ ▲❡t cj+1 : Zj+1 → Z ❜❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ cj ◦ d✳
❚❤❡♥ c∗j+1Di = mi(c

∗
j+1Di)red ❢♦r ❛♥② 1 6 i 6 j + 1 ❛♥❞ c∗j+1Di ✐s r❡❞✉❝❡❞

❢♦r ❛♥② i > j + 1✳ ❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t t❤❡ ✜♥✐t❡ ♠♦r♣❤✐s♠ ck✳
❲❡ ❤❛✈❡ KZk

= c∗k(KZ +
∑k

i=1
mi−1
mi

Di)✳ ▲❡t Xk ❜❡ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢
X ×Z Zk✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥ cX : Xk → X ✐s ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥
✶ ❛♥❞ KXk

= c∗XKX ✳ ❍❡♥❝❡ Xk ✐s ❦❧t ❜② ❬❑▼✾✽✱ Pr♦♣✳ ✺✳✷✵❪✳ ▼♦r❡♦✈❡r✱
Xk → Zk ✐s ❛ ❋❛♥♦ ✜❜r❛t✐♦♥ s✐♥❝❡X → Z ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✳ ❍❡♥❝❡ t❤❡r❡ ✐s ❛
Q✲❞✐✈✐s♦r∆k s✉❝❤ t❤❛t t❤❡ ♣❛✐r (Zk,∆k) ✐s ❦❧t ❜② ❬❋✉❥✾✾✱ ❈♦r✳ ✹✳✼❪✳ ❙✐♥❝❡KZk

✐s Q✲❈❛rt✐❡r✱ Zk ✐s ❦❧t ✭s❡❡ ❬❑▼✾✽✱ ❈♦r✳ ✷✳✸✺❪✮✳ ❙♦ t❤❡ ♣❛✐r (Z,
∑k

i=1
mi−1
mi

Di)
✐s ❛❧s♦ ❦❧t ❜② ❬❑▼✾✽✱ Pr♦♣✳ ✺✳✷✵❪✳

■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥✱ ♦✉r ❛✐♠ ✐s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✼✳✺✳✷✳ ▲❡t p : X → Z ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ♣r♦❥❡❝t✐✈❡ ♥♦r♠❛❧
t❤r❡❡❢♦❧❞ t♦ ❛ ♥♦r♠❛❧ ♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡✳ ❆ss✉♠❡ t❤❛t X ❤❛s Q✲❢❛❝t♦r✐❛❧ ❦❧t
s✐♥❣✉❧❛r✐t✐❡s✳ ▲❡t D1, ..., Dk ❜❡ ❛❧❧ ♣r✐♠❡ ❲❡✐❧ ❞✐✈✐s♦rs ✐♥ Z s✉❝❤ t❤❛t mi =
m(p,Di) > 1✳ ▲❡t ∆ =

∑k
i=1

mi−1
mi

Di✳ ■❢ X ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s ❛♥❞
KZ +∆ ✐s ♥♦t ♣s❡✉❞♦✲❡✛❡❝t✐✈❡✱ t❤❡♥ t❤❡ r❡s✉❧t Z ′ ♦❢ ❛♥② ▼▼P ❢♦r t❤❡ ♣❛✐r
(Z,∆) ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 2✳

❋✐rst ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✐❧❧✉str❛t❡ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐♥ ❛ s✐♠♣❧❡ ❝❛s❡✳ ▲❡t
f : (Z,∆) → (Z ′,∆′) ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ ▼▼P ❢♦r t❤❡ ♣❛✐r (Z,∆)✳ ❆ss✉♠❡ ✐♥
❛ ✜rst st❛❣❡ t❤❛t Z = Z ′✳ ❲❡ ✇✐❧❧ ❛r❣✉❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ❆ss✉♠❡ t❤❛t Z ′ ❤❛s
P✐❝❛r❞ ♥✉♠❜❡r 1✳ ❙✐♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❛r❡ ✐s♦♠♦r♣❤✐❝ t♦ P1✱ t❤❡② ❞♦♥✬t
❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠✳ ❇② ▲❡♠♠❛ ✼✳✸✳✷✱ t❤❡ ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s ♦❢
X ❝♦♠❡ ❢r♦♠ (p∗Ω1

Z)
sat✳ ❙✐♥❝❡ KZ +∆ ✐s ♥♦t ♣s❡✉❞♦✲❡✛❡❝t✐✈❡✱ ✇❡ ❝❛♥ ♣r♦✈❡

t❤❛t t❤❡r❡ ✐s ❛ r❛♥❦ 1 ❝♦❤❡r❡♥t s✉❜s❤❡❛❢ H ♦❢ (p∗Ω1
Z)

sat s✉❝❤ t❤❛t H [⊗l] ✐s ❛♥
✐♥✈❡rt✐❜❧❡ s❤❡❛❢ ✇❤✐❝❤ ❤❛s ♥♦♥✲③❡r♦ ❣❧♦❜❛❧ s❡❝t✐♦♥s ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r
l✳ ◆❡①t✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t H [⊗l] ✐s ✐s♦♠♦r♣❤✐❝ t♦ OX ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥
t❤❛t Z ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1 ✭❜② ✉s✐♥❣ ▲❡♠♠❛ ✼✳✺✳✽✮✳ ▲❡t W → X ❜❡ t❤❡
♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❝②❝❧✐❝ ❝♦✈❡r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐s♦♠♦r♣❤✐s♠ H [⊗l] ∼=
OX ✭s❡❡ ❬❑▼✾✽✱ ❉❡❢✳ ✷✳✺✷❪✮✳ ▲❡tW → V → Z ❜❡ t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥✱ t❤❡♥
V ✇✐❧❧ ❜❡ ❛ ❦❧t ❋❛♥♦ ✈❛r✐❡t② ✭❜② ▲❡♠♠❛ ✼✳✺✳✼✮✳ ▼♦r❡♦✈❡r H0(V,Ω

[1]
V ) 6= {0}

✭✇❡ ✉s❡ ▲❡♠♠❛ ✼✳✺✳✾✮✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts ❬●❑❑P✶✶✱ ❚❤♠✳ ✺✳✶❪✳
❍♦✇❡✈❡r✱ ✐♥ ❣❡♥❡r❛❧ Z ′ ✐s ❞✐✛❡r❡♥t ❢r♦♠ Z ❛♥❞ t❤❡ ✜❜r❛t✐♦♥ X → Z ′ ✐s

♥♦t ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✇✐❧❧ ❜❡ t❤❡ s❛♠❡ ❛s ❛❜♦✈❡ ❜✉t
❞❡t❛✐❧s ✇✐❧❧ ❜❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ❲❡ ✇✐❧❧ ✇♦r❦ ♦✈❡r ❛♥ ♦♣❡♥ s✉❜s❡t Z0 ♦❢ Z
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s✉❝❤ t❤❛t f |Z0
✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛♥❞ codimZ ′\f(Z0) > 2✳ ❋♦r t❤❡ ❝♦♠♣❧❡t❡

♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✱ ✇❡ ✇✐❧❧ ♥❡❡❞ s❡✈❡r❛❧ ❧❡♠♠❛s✳

▲❡♠♠❛ ✼✳✺✳✸✳ ▲❡t p : X → Z ❜❡ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥
s♠♦♦t❤ ✈❛r✐❡t✐❡s✳ ▲❡t n ❜❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ X ❛♥❞ d ❜❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ Z✳
▲❡t D ❜❡ ❛ ♣r✐♠❡ ❞✐✈✐s♦r ✐♥ Z ❛♥❞ E ❜❡ ❛ ♣r✐♠❡ ❞✐✈✐s♦r ✐♥ X s✉❝❤ t❤❛t E
✐s ❛ ❝♦♠♣♦♥❡♥t ♦❢ p∗D✳ ❆ss✉♠❡ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ E ✐♥ p∗D ✐s k✳ ❚❤❡♥
❢♦r ❛♥② ❣❡♥❡r❛❧ ♣♦✐♥t x ∈ E✱ t❤❡r❡ ✐s ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞ U ⊆ X ♦❢ x
s✉❝❤ t❤❛t (p∗Ωd

Z)
sat|U ∼= OX(p∗KZ + (k − 1)E)|U ✱ ✇❤❡r❡ (p∗Ωd

Z)
sat ✐s t❤❡

s❛t✉r❛t✐♦♥ ♦❢ p∗Ωd
Z ✐♥ Ωd

X ✳

Pr♦♦❢✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t E ✐s s♠♦♦t❤ ❛r♦✉♥❞ x ❛♥❞ D ✐s s♠♦♦t❤ ❛r♦✉♥❞
p(x)✳ ❚❤❡r❡ ❡①✐st ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s (a1, a2, ..., an) ❛♥❞ (b1, b2, ..., bd) ♦❢ X ❛♥❞
Z ❛r♦✉♥❞ x ❛♥❞ p(x) s✉❝❤ t❤❛t E ✐s ❞❡✜♥❡❞ ❜② {a1 = 0}✱ D ✐s ❞❡✜♥❡❞
❜② {b1 = 0} ❛♥❞ p ✐s ❣✐✈❡♥ ❜② (a1, a2, ..., an) 7→ (ak1, a2, ..., ad)✳ ❲✐t❤ t❤❡s❡
❝♦♦r❞✐♥❛t❡s✱ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ p∗Ω1

Z → Ω1
X ✐s ❣✐✈❡♥ ❜②

(db1, db2, ..., dbd) 7→ (kak−1
1 da1, da2, ..., dad)

❛♥❞ t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ p∗Ωd
Z → Ωd

X ✐s ❣❡♥❡r❛t❡❞ ❜② p∗(db1∧
db2 ∧ · · · ∧dbd) = (kak−1

1 da1)∧da2 ∧ · · · ∧dad✳ ❍❡♥❝❡ (p∗Ωd
Z)

sat ✐s ❣❡♥❡r❛t❡❞
❜② da1 ∧ da2 ∧ · · · ∧ dad✳ ❙✐♥❝❡ {a1 = 0} ❞❡✜♥❡s t❤❡ ❞✐✈✐s♦r E✱ ✇❡ ❤❛✈❡
(p∗Ωd

Z)
sat|U ∼= OX(p∗KZ + (k − 1)E)|U ❢♦r s♦♠❡ ♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞ U ♦❢

x✳

▲❡♠♠❛ ✼✳✺✳✹✳ ▲❡t p : X → Z ❜❡ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥
♥♦r♠❛❧ ✈❛r✐❡t✐❡s✳ ❆ss✉♠❡ t❤❛t Z ✐s Q✲❢❛❝t♦r✐❛❧✳ ▲❡t D1, ..., Dr ❜❡ ❛❧❧ t❤❡ ♣r✐♠❡
❞✐✈✐s♦rs ✐♥ Z s✉❝❤ t❤❛t m(p,Di) ✐s ❧❛r❣❡r t❤❛♥ 1✳ ❲r✐t❡ det ((p∗(Ω1

Z))
sat) ∼=

OX(M) ✇❤❡r❡ M ✐s ❛ ❞✐✈✐s♦r ♦♥ X✳ ❚❤❡♥ M−(p∗(KZ+
∑r

i=1
m(p,Di)−1
m(p,Di)

Di))
✐s Q✲❡✛❡❝t✐✈❡✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✱ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ♣r♦✈❡ t❤❡ ❛ss❡rt✐♦♥ ♦♥ ❛♥ ♦♣❡♥
s✉❜s❡t ♦❢ X ✇❤♦s❡ ❝♦♠♣❧❡♠❡♥t ✐s ♦❢ ❝♦❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 2✳ ❍❡♥❝❡ ✇❡ ♠❛②
❛ss✉♠❡ t❤❛t ❜♦t❤ X ❛♥❞ Z ❛r❡ s♠♦♦t❤ ❛♥❞ t❤❛t

∑r
i=1Di ✐s s♠♦♦t❤✳ ■♥

t❤✐s ❝❛s❡✱ ❜② ▲❡♠♠❛ ✼✳✺✳✸✱ t❤❡ ❞✐✈✐s♦r M ✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ p∗KZ +∑r
i=1

∑si
j=1(ni,j − 1)Ei,j ✇❤❡r❡ t❤❡ Ei,1, ..., Ei,si ❛r❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ p∗Di

❛♥❞ ni,j ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ Ei,j ✐♥ p∗Di✳ ❙✐♥❝❡m(p,Di) ✐s t❤❡ s♠❛❧❧❡st ✐♥t❡❣❡r
❛♠♦♥❣ ni,1, ..., ni,si ✱ ✇❡ ❤❛✈❡ ni,j − 1 >

m(p,Di)−1
m(p,Di)

· ni,j ✳ ❚❤✉s

r∑

i=1

si∑

j=1

(ni,j − 1)Ei,j >

r∑

i=1

m(p,Di)− 1

m(p,Di)
p∗Di.
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❘❡♠❛r❦ ✼✳✺✳✺✳ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ❛❜♦✈❡✱ ✐❢ ✐♥ ❛❞❞✐t✐♦♥ p ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✱
t❤❡♥ p∗Di ✐s ✐rr❡❞✉❝✐❜❧❡ ❢♦r ❛❧❧ i s✐♥❝❡ p ❤❛s r❡❧❛t✐✈❡ P✐❝❛r❞ ♥✉♠❜❡r ✶✳ ■♥ t❤✐s
❝❛s❡ ✇❡ ♦❜t❛✐♥ t❤❛t

det ((p∗(Ω1
Z))

sat) ∼= OX(p∗(KZ +
r∑

i=1

m(p,Di)− 1

m(p,Di)
Di)).

▲❡♠♠❛ ✼✳✺✳✻✳ ▲❡t p : X → Z ❜❡ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥ ❜❡t✇❡❡♥
♥♦r♠❛❧ ✈❛r✐❡t✐❡s✳ ▲❡t (p∗Ω1

Z)
sat ❜❡ t❤❡ s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ✐♠❛❣❡ ♦❢ p∗Ω1

Z ✐♥

Ω
[1]
X ✳ ❚❤❡♥ p∗(((p∗Ω1

Z)
sat)[∧r]) ∼= Ω

[r]
Z ❢♦r r > 0✳

Pr♦♦❢✳ ▲❡t D ❜❡ t❤❡ s✉♠ ♦❢ t❤❡ ❞✐✈✐s♦rs ✐♥ Z ♦✈❡r ✇❤✐❝❤ p ❞♦❡s ♥♦t ❤❛✈❡
r❡❞✉❝❡❞ ✜❜❡rs✳ ❆♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶ s❡✈❡r❛❧ t✐♠❡s✱ ✇❡ ❝❛♥ s✉♣♣♦s❡
✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t Z ✐s s♠♦♦t❤ ❛♥❞ D ✐s ❛ s♥❝ ❞✐✈✐s♦r✳ ▲❡t
M = p∗(((p

∗Ω1
Z)

sat)[∧r])
❋✐rst ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐♥❥❡❝t✐♦♥ ❢r♦♠ Ωr

Z t♦ M ✳ ❲❡
❤❛✈❡ ❛♥ ✐♥❥❡❝t✐♦♥ ❢r♦♠ p∗Ω1

Z t♦ (p∗Ω1
Z)

sat✳ ❍❡♥❝❡ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ ❢r♦♠
(p∗Ω1

Z)
∧r t♦ ((p∗Ω1

Z)
sat)[∧r] ✐s ❣❡♥❡r✐❝❛❧❧② ✐♥❥❡❝t✐✈❡✳ ❙✐♥❝❡ (p∗Ω1

Z)
∧r ✐s ✇✐t❤♦✉t

t♦rs✐♦♥✱ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ ❢r♦♠ (p∗Ω1
Z)

∧r t♦ ((p∗Ω1
Z)

sat)[∧r] ✐s ✐♥❥❡❝t✐✈❡✳
❙✐♥❝❡ p(X) = Z✱ ✇❡ ❤❛✈❡ ❛♥ ✐♥❥❡❝t✐♦♥ ❢r♦♠ p∗((p

∗Ω1
Z)

∧r) t♦ M ✳ ❇② t❤❡
♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛✱ t❤✐s ✐♠♣❧✐❡s t❤❛t Ωr

Z ✐s ❛ s✉❜s❤❡❛❢ ♦❢ M ✳
◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t Ωr

Z
∼= M ✳ ▲❡t W = p−1(Z\D)✳ ❚❤❡♥ t❤❡ ♠♦r✲

♣❤✐s♠ p|W :W → Z\D ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ❚❤✉s✱

((p∗Ω1
Z)

sat)[∧r]|W ∼= p∗Ωr
Z |W

✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✺✳✸✮✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥ M |Z\D
∼= Ωr

Z\D ❜② t❤❡
♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛✳ ▲❡t U ❜❡ ❛♥② ♦♣❡♥ s❡t ✐♥ Z ❛♥❞ ❧❡t β ❜❡ ❛♥② ❡❧❡♠❡♥t ♦❢
M (U)✱ t❤❛t ✐s✱ ❛ s❡❝t✐♦♥ ♦❢ M |U ✳ ❚❤❡♥ β ✐s ❛ r❛t✐♦♥❛❧ s❡❝t✐♦♥ ♦❢ Ωr

Z |U ✇❤✐❝❤
❝❛♥ ♦♥❧② ❤❛✈❡ ♣♦❧❡ ❛❧♦♥❣ D s✐♥❝❡ M |Z\D

∼= Ωr
Z\D✳ ❍♦✇❡✈❡r✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ M ✱ β ✐♥❞✉❝❡s ❛ r❡❣✉❧❛r s❡❝t✐♦♥ ♦❢ Ωr
X ♦♥ t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ p−1(U)✳ ❚❤✐s

✐♠♣❧✐❡s t❤❛t β ❞♦❡s ♥♦t ❤❛✈❡ ♣♦❧❡ ❛❧♦♥❣ D✳ ❚❤✉s M (U) = Ωr
Z(U)✳ ❍❡♥❝❡

Ωr
Z
∼= M ✳

▲❡♠♠❛ ✼✳✺✳✼✳ ▲❡t p : X → Z ❜❡ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ♥♦r♠❛❧
✈❛r✐❡t② X t♦ ❛ s♠♦♦t❤ ✈❛r✐❡t② Z✳ ▲❡t D1, ..., Dr ❜❡ ❛❧❧ t❤❡ ♣r✐♠❡ ❞✐✈✐s♦rs ✐♥
Z s✉❝❤ t❤❛t t❤❡ ♠✉❧t✐♣❧✐❝✐t② m(p,Di) ✐s ❧❛r❣❡r t❤❛♥ 1✳ ■❢ cX : X1 → X ✐s ❛
✜♥✐t❡ ♠♦r♣❤✐s♠ ✇❤✐❝❤ ✐s ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1 ❛♥❞ X1

p1
−→ Z1

cZ−→ Z ✐s t❤❡
❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥✱ t❤❡♥ KZ1

6 c∗Z(KZ +
∑r

i=1
m(p,Di)−1
m(p,Di)

Di)✳ ❚❤❛t ✐s✱ t❤❡r❡
✐s ❛♥ ❡✛❡❝t✐✈❡ Q✲❞✐✈✐s♦r ∆1 ♦♥ Z1 s✉❝❤ t❤❛t

KZ1
+∆1 = c∗Z(KZ +

r∑

i=1

m(p,Di)− 1

m(p,Di)
Di).
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Pr♦♦❢✳ ■❢ D ✐s ❛ ♣r✐♠❡ ❞✐✈✐s♦r ✐♥ Z✱ t❤❡♥ p∗1c
∗
ZD = c∗Xp

∗D✳ ▲❡t E ❜❡ ❛♥②
✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t ♦❢ c∗ZD✳ ❙✐♥❝❡ cX ✐s ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✱ ❜② ❝♦♠✲
♣❛r✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ E ✐♥ p∗1c

∗
ZD = c∗Xp

∗D✱ t❤❡ ❝♦❡✣❝✐❡♥t mE ♦❢ E ✐♥
c∗ZD ✐s ♥♦t ❧❛r❣❡r t❤❛♥ m(p,D)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t (mE−1) 6 mE · m(p,D)−1

m(p,D) ✳
◆♦✇ ❢r♦♠ ▲❡♠♠❛ ✼✳✺✳✸✱ ✇❡ ♦❜t❛✐♥ KZ1

= c∗ZKZ + Σs
j=1(mj − 1)Ej ✱ ✇❤❡r❡

t❤❡ Ej ✬s ❛r❡ ❛❧❧ ♣r✐♠❡ ❞✐✈✐s♦rs ❛❧♦♥❣ ✇❤✐❝❤ c∗Z ✐s r❛♠✐✜❡❞ ❛♥❞ mj ✐s t❤❡
❞❡❣r❡❡ ♦❢ r❛♠✐✜❝❛t✐♦♥ ♦❢ cZ ❛❧♦♥❣ Ej ✳ ❇② t❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✈❡✱ ✇❡ ❤❛✈❡
(mj − 1) 6 mj ·

m(p,p(Ej))−1
m(p,p(Ej))

✳ ❍❡♥❝❡ KZ1
6 c∗Z(KZ +

∑r
i=1

m(p,Di)−1
m(p,Di)

Di)✳

▲❡♠♠❛ ✼✳✺✳✽✳ ▲❡t p : X → Z ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ♥♦r♠❛❧ t❤r❡❡❢♦❧❞
X t♦ ❛ s♠♦♦t❤ s✉r❢❛❝❡ Z✳ ▲❡t D1, ..., Dr ❜❡ ❛❧❧ t❤❡ ♣r✐♠❡ ❞✐✈✐s♦rs ✐♥ Z s✉❝❤
t❤❛t t❤❡ ♠✉❧t✐♣❧✐❝✐t② mi = m(p,Di) ✐s ❧❛r❣❡r t❤❛♥ 1✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s
❛ ♣r♦❥❡❝t✐✈❡ Q✲❢❛❝t♦r✐❛❧ ✈❛r✐❡t② V s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ ❛♥ ♦♣❡♥ ❡♠❜❡❞❞✐♥❣ j :
Z → V ✇✐t❤ codimV \Z > 2✳ ❆ss✉♠❡ ❢✉rt❤❡r t❤❛t t❤❡ ♣❛✐r (V,

∑r
i=1

mi−1
mi

D̄i)

✐s ❦❧t✱ ✇❤❡r❡ D̄i ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ D̄i ✐♥ V ✳ ■❢ F ✐s ❛ r❛♥❦ 1 r❡✢❡①✐✈❡ s✉❜s❤❡❛❢
♦❢ Ω[1]

X s✉❝❤ t❤❛t F [⊗m0] ∼= OX(p∗D0) ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m0 ❛♥❞ s♦♠❡
❞✐✈✐s♦r D0 ♦♥ Z✱ t❤❡♥ D̄0✱ t❤❡ ❝❧♦s✉r❡ ♦❢ D0 ✐♥ V ✱ ✐s ♥♦t ❛♠♣❧❡✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❡ ♦♣♣♦s✐t❡✳ ❋✐rst ✇❡ ❛ss✉♠❡ ❢✉rt❤❡r t❤❛t m0 = 1 ❛♥❞
OZ(D0) ❤❛s ♥♦♥✲③❡r♦ ❣❧♦❜❛❧ s❡❝t✐♦♥s✳ ▲❡t E = p∗D0 ✇❤✐❝❤ ✐s ❡✛❡❝t✐✈❡✳ ❚❤❡♥
F = OX(E)✳ ❙✐♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❛r❡ ✐s♦♠♦r♣❤✐❝ t♦ P1 ✇❤✐❝❤ ❞♦❡s ♥♦t
❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠✱ ❜② ▲❡♠♠❛ ✼✳✸✳✷✱ t❤❡ ✐♥❥❡❝t✐♦♥ OX(E) →֒ Ω

[1]
X

❢❛❝t♦r✐s❡s t❤r♦✉❣❤ (p∗ΩZ)
sat✳ ❍❡♥❝❡ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛✱ ✇❡ ❤❛✈❡ ❛♥

✐♥❥❡❝t✐♦♥ ❢r♦♠ OZ(D0) t♦ p∗((p∗Ω1
Z)

sat)✳ ❍♦✇❡✈❡r✱ ❜② ▲❡♠♠❛ ✼✳✺✳✻✱ ✇❡ ❤❛✈❡
p∗((p

∗Ω1
Z)

sat) = Ω1
Z ✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✱ ✇❡ ❣❡t ❛♥ ✐♥❥❡❝t✐♦♥ ❢r♦♠ OV (D̄0)

t♦ Ω
[1]
V ✳ ❍❡♥❝❡ ❜② ❇♦❣♦♠♦❧♦✈✲❙♦♠♠❡s❡ t❤❡♦r❡♠ ✭s❡❡ ❬●r❛✶✺✱ ❈♦r✳ ✶✳✸❪✮✱ t❤❡

❑♦❞❛✐r❛ ❞✐♠❡♥s✐♦♥ ♦❢ OV (D̄0) ✐s ♥♦t ❧❛r❣❡r t❤❛♥ 1✳ ❍❡♥❝❡ D̄0 ✐s ♥♦t ❛♠♣❧❡✳
❲❡ ♦❜t❛✐♥ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

◆♦✇ ✇❡ ✇✐❧❧ tr❡❛t t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ✇❡ ❝❛♥ r❡❞✉❝❡ t♦
t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❇② r❡♣❧❛❝✐♥❣ m0 ✇✐t❤ ❛ ❧❛r❣❡ ♠✉❧t✐♣❧❡✱ ✇❡ ♠❛② ❛ss✉♠❡
t❤❛t D̄0 ✐s ✈❡r② ❛♠♣❧❡✳ ❲❡ ♠❛② ❛❧s♦ ❛ss✉♠❡ t❤❛t ❜♦t❤ D̄0 ❛♥❞ p∗D0 ❛r❡ ♣r✐♠❡
❛♥❞ t❤❡ ♣❛✐r (V,

∑r
i=0

mi−1
mi

D̄i) ✐s ❦❧t✳ ▲❡t cX : X1 → X ❜❡ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥
♦❢ t❤❡ r❛♠✐✜❡❞ ❝②❝❧✐❝ ❝♦✈❡r ✇✐t❤ r❡s♣❡❝t t♦ F ✱m0 ❛♥❞ p∗D0 ✭s❡❡ ❬❑▼✾✽✱ ❉❡❢✳
✷✳✺✷❪✮✳ ❚❤❡♥ cX ✐s r❛♠✐✜❡❞ ♦✈❡r p∗D0 ✇✐t❤ ❞❡❣r❡❡m ❛♥❞ (c∗XF )∗∗ ∼= OX1

(E)✱
✇❤❡r❡ E = (c∗Xp

∗D0)red✳ ▼♦r❡♦✈❡r✱ ♦✈❡r t❤❡ s♠♦♦t❤ ❧♦❝✉s ♦❢ X✱ t❤❡r❡ ✐s ❛♥
✐♥❥❡❝t✐♦♥ ♦❢ s❤❡❛✈❡s ❢r♦♠ c∗XΩ1

X t♦ Ω1
X1
✳ ❍❡♥❝❡ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✱ ✇❡ ❤❛✈❡

❛♥ ✐♥❥❡❝t✐♦♥ OX1
(E) →֒ Ω

[1]
X1
✳

▲❡t X1
p1
−→ Z1

cZ−→ Z ❜❡ t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥✳ ▲❡t cV : V1 → V ❜❡
t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ V ✐♥ t❤❡ ❢✉♥❝t✐♦♥ ✜❡❧❞ ♦❢ X1✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥ ❛♥ ♦♣❡♥
❡♠❜❡❞❞✐♥❣ j1 : Z1 → V1 s✉❝❤ t❤❛t codimV1\Z1 > 2✳ ■❢ Fp ✐s ❛ ❣❡♥❡r❛❧ ✜❜❡r
♦❢ p ❛♥❞ ✐❢ Fp1 ✐s ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ p1 ✇❤✐❝❤ ✐s ♠❛♣♣❡❞ t♦ Fp✱ t❤❡♥ Fp1 → Fp

✐s ét❛❧❡✳ ❙✐♥❝❡ p ✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥✱ Fp ✐s ❛ s♠♦♦t❤ r❛t✐♦♥❛❧ ❝✉r✈❡ ✇❤✐❝❤ ✐s
s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳ ❍❡♥❝❡ Fp1 → Fp ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛♥❞ Fp1

∼= P1✳ ❍❡♥❝❡
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cZ ✐s ♦❢ ❞❡❣r❡❡ m0✳ ▲❡t H = (c∗ZD0)red✳ ❙✐♥❝❡ cZ ◦p1 : X1 → Z ❤❛s ❝♦♥♥❡❝t❡❞
✜❜❡rs ♦✈❡rD0✱ ✇❡ ❤❛✈❡ c∗ZD0 = m0H✳ ❍❡♥❝❡ E1 = p∗1H✳ ▲❡t H̄ ❜❡ t❤❡ ❝❧♦s✉r❡
♦❢ H ✐♥ V1✳ ❚❤❡♥ ✐t ✐s ❛♠♣❧❡ s✐♥❝❡ cV ✐s ✜♥✐t❡✳

◆♦t❡ t❤❛t cX |X1\E ✐s ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1 ❛♥❞ c∗ZD0 = m0H✳ ❇②
▲❡♠♠❛ ✼✳✺✳✼✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡ ✐s ❛♥ ❡✛❡❝t✐✈❡ Q✲❞✐✈✐s♦r ∆′

1 ✐♥ Z1 s✉❝❤
t❤❛t KZ1

+∆′
1 = p∗(KZ +

∑r
i=0

mi−1
mi

Di)✳ ❍❡♥❝❡ ✐❢ ∆1 ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ ∆′
1

✐♥ V1✱ t❤❡♥ KV1
+∆1 = p∗(KV +

∑r
i=0

mi−1
mi

D̄i)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t (V1,∆1)
✐s ❦❧t ❜② ❬❑▼✾✽✱ Pr♦♣✳ ✺✳✷✵ ❛♥❞ ❈♦r✳ ✷✳✸✺❪✳

❍❡♥❝❡ p1 : X1 → Z1 s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❧❡♠♠❛✳ ❚❤❡r❡ ✐s ❛♥
✐♥❥❡❝t✐♦♥ ❢r♦♠ OX1

(E) t♦ Ω
[1]
X1

❛♥❞ OX1
(E) ∼= OX1

(p∗1H) s✉❝❤ t❤❛t H̄ ✐s
❛♠♣❧❡ ✐♥ V1✳ ❲❡ ❛r❡ ✐♥ t❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ❛s ✐♥ t❤❡ ✜rst ❝❛s❡✳ ❚❤✐s ❧❡❛❞s t♦
❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

▲❡♠♠❛ ✼✳✺✳✾✳ ▲❡t p : X → Z ❜❡ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ✜❜r❛t✐♦♥ s✉❝❤ t❤❛t
❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❞♦ ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠✳ ❆ss✉♠❡ t❤❛t Z ✐s
s♠♦♦t❤ ❛♥❞ t❤❡r❡ ✐s ❛♥ ♦♣❡♥ ❡♠❜❡❞❞✐♥❣ j : Z → V s✉❝❤ t❤❛t codimV \Z > 2✳

❆ss✉♠❡ t❤❛t H0(V,Ω
[r]
V ) = {0} ❢♦r ❛❧❧ r > 0✳ ❚❤❡♥ H0(X,Ω

[r]
X ) = {0} ❢♦r ❛❧❧

r > 0✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❡ ♦♣♣♦s✐t❡✳ ▲❡t F = (p∗Ω1
Z)

sat ❜❡ t❤❡ s❛t✉r❛t✐♦♥ ♦❢ t❤❡
✐♠❛❣❡ ♦❢ p∗Ω1

Z ✐♥ Ω
[1]
X ✳ ❙✐♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❞♦ ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦

♣❧✉r✐✲❢♦r♠✱ ✇❡ ❤❛✈❡ H0(X,Ω
[r]
X ) ∼= H0(X,F [∧r]) ❜② ▲❡♠♠❛ ✼✳✸✳✷✳ ❍❡♥❝❡

t❤❡r❡ ✐s ❛♥ ✐♥❥❡❝t✐♦♥ ❢r♦♠ OX t♦ F [∧r]✳ ❇② t❛❦✐♥❣ t❤❡ ❞✐r❡❝t ✐♠❛❣❡✱ ✇❡ ❤❛✈❡
❛♥ ✐♥❥❡❝t✐♦♥ ❢r♦♠ OZ t♦ p∗(F [∧r])✳ ❇② ▲❡♠♠❛ ✼✳✺✳✻✱ p∗(F [∧r]) ∼= Ωr

Z ✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t H0(V,Ω

[r]
V ) 6= {0} ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✼✳✺✳✷✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✺✳✷✳ ❲❡ ✇✐❧❧ ❛r❣✉❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ▲❡t f : Z → Z ′ ❜❡
t❤❡ r❡s✉❧t ♦❢ ❛ (KZ + ∆)✲▼▼P✳ ❆ss✉♠❡ t❤❛t Z ′ ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1✳ ❙❡t
∆′ = f∗∆✳ ❚❤❡♥ KZ′ + ∆′ ✐s ♥♦t ♣s❡✉❞♦✲❡✛❡❝t✐✈❡ ♥❡✐t❤❡r✳ ❚❤✉s −(KZ′ +
∆′) ✐s ❛♠♣❧❡✳ ❲❡ ❦♥♦✇ t❤❛t t❤❡r❡ ✐s ❛ s♠♦♦t❤ ♦♣❡♥ s✉❜s❡t Z ′

0 ⊆ Z ′ ✇✐t❤
codimZ ′\Z ′

0 > 2 s✉❝❤ t❤❛t f−1 ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ Z ′
0 ♦♥t♦ ✐ts ✐♠❛❣❡✳

▲❡t Z0 ❜❡ f−1(Z ′
0)✱ ✇❤✐❝❤ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t ✐♥ Z✳ ▲❡t X0 = p−1(Z0)✳

❙✐♥❝❡ codimZ ′\Z ′
0 = 2✱ t❤❡r❡ ✐s ❛ ♣r♦❥❡❝t✐✈❡ ❝✉r✈❡ C ′

0 ✐♥ Z ′
0 s✉❝❤ t❤❛t ✐t

✐s ❛♥ ❛♠♣❧❡ ❞✐✈✐s♦r ✐♥ Z ′✳ ▲❡t C0 ❜❡ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ C ′
0 ✐♥ Z0✳ ▲❡t α

❜❡ t❤❡ ❝❧❛ss ♦❢ t❤❡ ❝✉r✈❡ p∗C0 ∩H✱ ✇❤❡r❡ H ✐s ❛ ✈❡r② ❛♠♣❧❡ ❞✐✈✐s♦r ✐♥ X✳
❚❤❡♥ t❤❡ ❝❧❛ss α ✐s ♠♦✈❛❜❧❡ ❛♥❞ p∗α ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝❧❛ss ♦❢ C0✳

❙✐♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❞♦ ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠✱ ❜② ▲❡♠♠❛
✼✳✸✳✷✱ ✇❡ ♦❜t❛✐♥ t❤❛t H0(X, (Ω1

X)[⊗m]) ∼= H0(X, ((p∗Ω1
Z)

sat)[⊗m]) ❢♦r ❛♥②
m > 0✱ ✇❤❡r❡ (p∗Ω1

Z)
sat ✐s t❤❡ s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ✐♠❛❣❡ ♦❢ (p∗Ω1

Z) ✐♥ Ω
[1]
X ✳

❍❡♥❝❡ µmax
α ((p∗Ω1

Z)
sat) > 0 ❛♥❞ t❤❡r❡ ✐s ❛ ❝♦❤❡r❡♥t s❤❡❛❢ H s❛t✉r❛t❡❞ ✐♥

(p∗Ω1
Z)

sat s✉❝❤ t❤❛t µα(H ) > 0✳



❲❡♥❤❛♦ ❖❯ ✶✹✸

❍♦✇❡✈❡r✱ s✐♥❝❡ p|X0
✐s ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❛♥❞ Z0 ✐s s♠♦♦t❤✱ t❤❡Q✲❈❛rt✐❡r ❞✐✲

✈✐s♦r ✇❤✐❝❤ ❛ss♦❝✐❛t❡s t♦ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ (p∗Ω1
Z)

sat|X0
✐s ❡q✉❛❧ t♦ p∗(KZ+

∆)|X0
❜② ❘❡♠❛r❦ ✼✳✺✳✺✳ ❍❡♥❝❡

det ((p∗Ω1
Z)

sat) · α = p∗(KZ +∆) · α = (p ◦ f)∗(KZ′ +∆′) · α < 0.

❚❤✐s ✐♠♣❧✐❡s t❤❛t H 6= (p∗Ω1
Z)

sat✳ ■❢ J ✐s t❤❡ q✉♦t✐❡♥t (p∗Ω1
Z)

sat/H ✱ t❤❡♥
rankJ = rankH = 1 ❛♥❞ H [⊗]J = det ((p∗Ω1

Z)
sat)✳ ❚❤✉s J · α < 0✳

❙✐♥❝❡ H0(X, ((p∗Ω1
Z)

sat)[⊗m]) 6= {0} ❢♦r s♦♠❡ m > 0✱ ✇❡ ❤❛✈❡

H0(X,H ⊗s[⊗]J ⊗t) 6= {0}

❢♦r s♦♠❡ s, t > 0 ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶ ❛♥❞ ▲❡♠♠❛ ✻✳✸✳✹✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡
s > t ❢♦r (H [⊗]J ) · α < 0 ❛♥❞ J · α < 0✳

▲❡t Fp ❜❡ ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ p✳ ❚❤❡♥ t❤❡ ❝❧❛ss ♦❢ Fp ✐s ♠♦✈❛❜❧❡✳ ❍❡♥❝❡
(H [⊗s][⊗]J [⊗t]) · Fp > 0✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

(H [⊗]J ) · Fp = det ((p∗Ω1
Z)

sat) · Fp = 0.

❚❤✐s ✐♠♣❧✐❡s t❤❛t H · Fp > 0 s✐♥❝❡ s > t✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢
(p∗Ω1

Z)
sat ♦♥ Fp ✐s ✐s♦♠♦r♣❤✐❝ t♦ OFp ⊕ OFp ✱ ✇❡ ❤❛✈❡ H · Fp = 0✳

▲❡t k ❜❡ t❤❡ s♠❛❧❧❡st ♣♦s✐t✐✈❡ ✐♥t❡❣❡r s✉❝❤ t❤❛t H [⊗k] ✐s ✐♥✈❡rt✐❜❧❡✳ ❚❤❡♥
t❤❡r❡ ✐s ❛ ❈❛rt✐❡r ❞✐✈✐s♦r L ✐♥ Z s✉❝❤ t❤❛t H [⊗k] ∼= OX(p∗L)✳ ▲❡t L′ = f∗▲✳
❚❤❡♥ L′ ·C ′

0 > 0 s✐♥❝❡ µα(H ) > 0✳ ◆♦t❡ t❤❛t ✐❢ L′ ·C ′
0 > 0✱ t❤❡♥ L′ ✐s ❛♠♣❧❡

♦♥ Z ′ s✐♥❝❡ Z ′ ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 1✳ ❍❡♥❝❡ ❜② ▲❡♠♠❛ ✼✳✺✳✽✱ ✇❡ ❝❛♥ ♦♥❧②
❤❛✈❡ L′ · C ′

0 = 0 ❛♥❞ L′ ✐s ♥✉♠❡r✐❝❛❧❧② ❡q✉❛❧ t♦ t❤❡ ③❡r♦ ❞✐✈✐s♦r s✐♥❝❡ Z ′ ❤❛s
P✐❝❛r❞ ♥✉♠❜❡r 1✳ ❇② ❬❆❉✶✹✱ ▲❡♠✳ ✷✳✻❪✱ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k′ s✉❝❤
t❤❛t k′L′ ✐s ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ③❡r♦ ❞✐✈✐s♦r✳ ❍❡♥❝❡ OZ(k

′L)|Z0
∼= OZ0

❛♥❞ H [⊗kk′]|X0
∼= OX0

✳ ▲❡t l ❜❡ t❤❡ s♠❛❧❧❡st ♣♦s✐t✐✈❡ ✐♥t❡❣❡r s✉❝❤ t❤❛t
H [⊗l]|X0

∼= OX0
✳ ▲❡t c : W0 → X0 ❜❡ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❝②❝❧✐❝ ❝♦✈❡r

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐s♦♠♦r♣❤✐s♠ H [⊗l]|X0
∼= OX0

✭s❡❡ ❬❑▼✾✽✱ ❉❡❢✳ ✷✳✺✷❪✮✳
❚❤❡♥ c ✐s ét❛❧❡ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 1✳ ❲❡ ❤❛✈❡ OW0

∼= (c∗H )∗∗ ❛♥❞ t❤❡r❡ ✐s ❛♥
✐♥❥❡❝t✐♦♥ (c∗H )∗∗ →֒ (c∗Ω1

X0
)∗∗ ∼= Ω

[1]
W0

✳ ❍❡♥❝❡ H0(W0,Ω
[1]
W0

) 6= {0}✳
▲❡t W0 → V0 → Z ′

0 ❜❡ t❤❡ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥✳ ▲❡t h : V → Z ′ ❜❡
t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ Z ′ ✐♥ t❤❡ ❢✉♥❝t✐♦♥ ✜❡❧❞ ♦❢ W0✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ♦♣❡♥
❡♠❜❡❞❞✐♥❣ ❢r♦♠ V0 t♦ V s✉❝❤ t❤❛t codimV \V0 > 2✳ ❇② ▲❡♠♠❛ ✼✳✺✳✼✱ ✇❡
❤❛✈❡ KV0

6 (h∗(KZ′ + ∆′))|V0
✳ ❙✐♥❝❡ codimV \V0 > 2✱ t❤❡r❡ ✐s ❛♥ ❡✛❡❝t✐✈❡

Q✲❞✐✈✐s♦r ∆V ✐♥ V s✉❝❤ t❤❛t KV + ∆V = h∗(KZ′ + ∆′)✳ ❚❤✉s t❤❡ ♣❛✐r
(V,∆V ) ✐s ❦❧t ❜② ❬❑▼✾✽✱ Pr♦♣✳ ✺✳✷✵❪✳ ▼♦r❡♦✈❡r✱ −(KV +∆V ) ✐s ❛♠♣❧❡ s✐♥❝❡
−(KZ′ +∆′) ✐s ❛♠♣❧❡✱ ❤❡♥❝❡ V ✐s r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ❜② ❬❍▼✵✼✱ ❈♦r✳ ✶✳✶✸❪✳
❇② ❬●❑❑P✶✶✱ ❚❤♠✳ ✺✳✶❪✱ ✇❡ ❤❛✈❡ H0(V,Ω

[1]
V ) = 0✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ❣❡♥❡r❛❧

✜❜❡rs ♦❢ W0 → V0 ❛r❡ ✐s♦♠♦r♣❤✐❝ t♦ P1 ✇❤✐❝❤ ❞♦❡s ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦
♣❧✉r✐✲❢♦r♠✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t H0(W0,Ω

[1]
W0

) = {0} ❢r♦♠ ▲❡♠♠❛ ✼✳✺✳✾✳ ❚❤✐s ✐s
❛ ❝♦♥tr❛❞✐❝t✐♦♥✳



❲❡♥❤❛♦ ❖❯ ✶✹✹

✼✳✺✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳✸

❚❤❡ ♦❜❥❡❝t ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✼✳✶✳✸✳ ❲❡ ✇✐❧❧ st✉❞②
▼♦r✐ ✜❜r❛t✐♦♥s X → Z s✉❝❤ t❤❛t X ✐s ❛ ♣r♦❥❡❝t✐✈❡ t❤r❡❡❢♦❧❞ ✇✐t❤ Q✲❢❛❝t♦r✐❛❧
❝❛♥♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ Z ✐s ❛ ♣r♦❥❡❝t✐✈❡ ♥♦r♠❛❧ s✉r❢❛❝❡✳ ❆ss✉♠❡ t❤❛t X
❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳ ❚❤❡♥ ❜② ❚❤❡♦r❡♠ ✼✳✺✳✷✱ ❡✐t❤❡r t❤❡ r❡s✉❧t Z ′ ♦❢
❛♥② (KZ +∆)✲▼▼P ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 2 ♦r (KZ +∆) ✐s ♣s❡✉❞♦✲❡✛❡❝t✐✈❡✱
✇❤❡r❡ ∆ t❤❡ Q✲❞✐✈✐s♦r ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✼✳✺✳✷✳ ❲❡ ✇✐❧❧ st✉❞② t❤❡ ✜rst ❝❛s❡
✐♥ Pr♦♣♦s✐t✐♦♥ ✼✳✺✳✶✵ ❛♥❞ t❤❡ s❡❝♦♥❞ ❝❛s❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✼✳✺✳✶✷✳

Pr♦♣♦s✐t✐♦♥ ✼✳✺✳✶✵✳ ▲❡t p : X → Z ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ♣r♦❥❡❝✲
t✐✈❡ t❤r❡❡❢♦❧❞ t♦ ❛ ♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡ s✉❝❤ t❤❛t X ❤❛s Q✲❢❛❝t♦r✐❛❧ ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s✳ ▲❡t ∆ ❜❡ t❤❡ ❞✐✈✐s♦r ✐♥ Z ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✼✳✺✳✷✳ ❆ss✉♠❡
t❤❛t KZ + ∆ ✐s ♥♦t ♣s❡✉❞♦✲❡✛❡❝t✐✈❡✳ ▲❡t f : Z → Z ′ ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛
(KZ+∆)✲▼▼P ❛♥❞ ❧❡t ∆′ ❜❡ t❤❡ str✐❝t tr❛♥s❢♦r♠ ♦❢ ∆ ✐♥ Z ′✳ ❚❤❡♥ t❤❡r❡ ✐s ❛
(KZ′+∆′)✲▼♦r✐ ✜❜r❛t✐♦♥ π′ : Z ′ → P1✳ ▲❡t π = π′◦f ❛♥❞ q = π◦p : X → P1✳
❚❤❡♥ ✇❡ ❤❛✈❡ H0(X, (Ω1

X)[⊗m]) ∼= H0(X, ((q∗Ω1
P1)

sat)[⊗m]) ❢♦r ❛♥② m > 0✱

✇❤❡r❡ (q∗Ω1
P1)

sat ✐s t❤❡ s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ✐♠❛❣❡ ♦❢ q∗Ω1
P1 ✐♥ Ω

[1]
X ✳

Pr♦♦❢✳ ▲❡t H = (q∗Ω1
P1)

sat ❛♥❞ ❧❡t F = (p∗Ω
[1]
Z )sat✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❛♥ ❡①❛❝t

s❡q✉❡♥❝❡ ♦❢ ❝♦❤❡r❡♥t s❤❡❛✈❡s 0 → H → F → J → 0✱ ✇❤❡r❡ J ✐s ❛
t♦rs✐♦♥✲❢r❡❡ s❤❡❛❢ s✉❝❤ t❤❛t detF = H [⊗]J ✳ ▲❡t α ❜❡ ❛ ❝❧❛ss ♦❢ ♠♦✈❛❜❧❡
❝✉r✈❡s ✐♥ X ✇❤♦s❡ ✐♠❛❣❡ ✐♥ Z ✐s ♥♦t ③❡r♦ ❛♥❞ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝❧❛ss ♦❢
❣❡♥❡r❛❧ ✜❜❡rs ♦❢ π : Z → P1✳ ❚❤❡♥ H · α = 0✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

(H [⊗]J ) · α = detF · α = p∗(KZ +∆) · α

❜② ❘❡♠❛r❦ ✼✳✺✳✺✳ ❚❤✐s ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r ✐s ♥❡❣❛t✐✈❡ s✐♥❝❡ ❢♦r ❛ ❣❡♥❡r❛❧
✜❜❡r Fπ ♦❢ π : ❩ → P1✱ ✇❡ ❤❛✈❡ (KZ + ∆) · Fπ = (KZ′ + ∆′) · (f∗Fπ) < 0✳
❍❡♥❝❡ J · α < 0✳

❚❤❡r❡ ✐s ❛♥ ♦♣❡♥ s✉❜s❡t U ♦❢X ✇✐t❤ codimX\U > 2 s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ ❛♥
❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛✈❡s ♦✈❡r U ✱ 0 → H |U → F |U → J |U →
0✳ ❙✐♥❝❡ µα(H ⊗s⊗J ⊗t) < 0 ✐❢ t > 0✱ ✇❡ ❤❛✈❡ H0(U,H |⊗s

U ⊗J |⊗t
U ) = {0} ✐❢

t > 0 ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✳ ❍❡♥❝❡ ❜② ▲❡♠♠❛ ✼✳✸✳✷ ❛♥❞ ▲❡♠♠❛ ✼✳✸✳✶✱ ✇❡ ❤❛✈❡
H0(X, (Ω1

X)[⊗m]) ∼= H0(X, (F )[⊗m]) ∼= H0(X, (H )[⊗m]) ❢♦r ❛♥② m > 0✳

❊①❛♠♣❧❡ ✼✳✺✳✶✶✳ ❲❡ ✇✐❧❧ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤✐s ❦✐♥❞ ♦❢ t❤r❡❡❢♦❧❞s✳ ▲❡t
Z = P1 × P1✳ ❉❡♥♦t❡ ❜② p1✱ p2 t❤❡ t✇♦ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s ❢r♦♠ Z t♦ P1✳
▲❡t z1✱✳✳✳✱zr ❜❡ r > 4 ❞✐✛❡r❡♥t ♣♦✐♥ts ✐♥ P1 ❛♥❞ ❧❡t Ci = p∗1zi ❢♦r i = 1, ..., r✳
▲❡t X0 = P1 × Z✳ ❇② t❤❡ ♠❡t❤♦❞ ♦❢ ❈♦♥str✉❝t✐♦♥ ✼✳✷✳✹✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛
▼♦r✐ ✜❜r❛t✐♦♥ π : X → Z s✉❝❤ t❤❛t m(π,Ci) = 2 ❢♦r i = 1, ..., r✳ ◆♦t❡ t❤❛t
KZ+

1
2(C1+· · ·+Cr) ✐s ♥♦t ♣s❡✉❞♦✲❡✛❡❝t✐✈❡ s✐♥❝❡ ✐t ❤❛s ♥❡❣❛t✐✈❡ ✐♥t❡rs❡❝t✐♦♥

♥✉♠❜❡r ✇✐t❤ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p1✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

H0(X, (Ω1
X)[⊗2]) ∼= H0(P1, (Ω1

P1)
⊗2 ⊗ OP1(C1 + · · ·+ Cr))

∼= H0(P1,OP1(−4 + r)) 6= {0}.



❲❡♥❤❛♦ ❖❯ ✶✹✺

◆♦✇ ✇❡ ✇✐❧❧ tr❡❛t t❤❡ s❡❝♦♥❞ ❝❛s❡✳ ◆♦t❡ t❤❛t t❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r ❊①❛♠♣❧❡
✼✳✷✳✸ ❛♥❞ ❊①❛♠♣❧❡ ✼✳✷✳✺✳

Pr♦♣♦s✐t✐♦♥ ✼✳✺✳✶✷✳ ▲❡t p : X → Z ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ ❢r♦♠ ❛ ♣r♦❥❡❝t✐✈❡
t❤r❡❡❢♦❧❞ t♦ ❛ ♣r♦❥❡❝t✐✈❡ s✉r❢❛❝❡✳ ❆ss✉♠❡ t❤❛t X ❤❛s Q✲❢❛❝t♦r✐❛❧ ❦❧t s✐♥❣✉❧❛✲
r✐t✐❡s✳ ❆ss✉♠❡ t❤❛t (KZ + ∆) ✐s ♣s❡✉❞♦✲❡✛❡❝t✐✈❡✱ ✇❤❡r❡ ∆ ✐s t❤❡ Q✲❞✐✈✐s♦r
❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✼✳✺✳✷✳ ❚❤❡♥ X ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳

Pr♦♦❢✳ ❇② t❤❡ ❛❜✉♥❞❛♥❝❡ t❤❡♦r❡♠ ❢♦r ❧♦❣ s✉r❢❛❝❡ ✭s❡❡✳ ❬❆❋❑▼✾✷✱ ❚❤♠✳
✶✶✳✶✳✸❪✮✱ (KZ +∆) ✐s Q✲❡✛❡❝t✐✈❡✳ ❍❡♥❝❡ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r l s✉❝❤ t❤❛t
l(KZ +∆) ✐s ❛♥ ❡✛❡❝t✐✈❡ ❈❛rt✐❡r ❞✐✈✐s♦r✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t h0(X, (Ω1

X)[⊗2l])
✐s ♥♦♥✲③❡r♦ ❜② t❤❡ ▲❡♠♠❛ ✼✳✺✳✹✳

❲❡ ❝❛♥ ♥♦✇ ❝♦♥❝❧✉❞❡ ❚❤❡♦r❡♠ ✼✳✶✳✸✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳✸✳ ▲❡t X∗ → Z ❜❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥✳ ■❢ Z ✐s ❛ ❝✉r✈❡✱
t❤❡♥ ✇❡ ❛r❡ ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ ♦❢ t❤❡ t❤❡♦r❡♠✳ ❆ss✉♠❡ t❤❛t dimZ = 2✳ ■❢
KZ +∆ ✐s Q✲❡✛❡❝t✐✈❡✱ t❤❡♥ ✇❡ ❛r❡ ✐♥ t❤❡ s✐t✉❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✺✳✶✷✳ ■❢
KZ + ∆ ✐s ♥♦t Q✲❡✛❡❝t✐✈❡✱ t❤❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✼✳✺✳✶✵✱ t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥
p : X∗ → P1 s✉❝❤ t❤❛tH0(X∗, (Ω1

X∗)[⊗m]) ∼= H0(X, ((p∗Ω1
P1)

sat)[⊗m]) ❢♦r ❛♥②
m > 0✳ ❇② ▲❡♠♠❛ ✼✳✹✳✶ ✇❡ ❤❛✈❡ H0(X∗, (Ω1

X∗)[⊗m]) ∼= H0(P1,OP1(−2m +∑
z∈P1 [

(m(p,z)−1)m
m(p,z) ])) ❢♦r ❛♥② m > 0✳

✼✳✻ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳✶

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳✶✳ ❋✐rst ✇❡
✇✐❧❧ s❤♦✇ t❤❛t ✐❢ X ✐s ❛ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ♣r♦❥❡❝t✐✈❡ t❤r❡❡❢♦❧❞ ✇✐t❤ Q✲
❢❛❝t♦r✐❛❧ t❡r♠✐♥❛❧ s✐♥❣✉❧❛r✐t✐❡s ✇❤✐❝❤ ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✱ t❤❡♥ t❤❡r❡
✐s ❛ ❞♦♠✐♥❛♥t r❛t✐♦♥❛❧ ♠❛♣ ❢r♦♠ X t♦ P1✳

▲❡♠♠❛ ✼✳✻✳✶✳ ▲❡t X ❜❡ ❛ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ♣r♦❥❡❝t✐✈❡ t❤r❡❡❢♦❧❞ ✇✐t❤ Q✲
❢❛❝t♦r✐❛❧ t❡r♠✐♥❛❧ s✐♥❣✉❧❛r✐t✐❡s s✉❝❤ t❤❛t H0(X, (Ω1

X)[⊗m]) 6= {0} ❢♦r s♦♠❡
m > 0✳ ▲❡t f : X 99K X∗ ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ ▼▼P ❢♦r X✳ ❚❤❡♥ t❤❡r❡ ✐s ❛
✜❜r❛t✐♦♥ p : X∗ → P1✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t X∗ ✐s ❛ ▼♦r✐ ✜❜❡r s♣❛❝❡✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥
q : X∗ → Z✱ ✇❤❡r❡ Z ✐s ❛ ♥♦r♠❛❧ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ ✈❛r✐❡t②✳ ■❢ dimZ = 1✱
t❤❡♥ ✇❡ ❛r❡ ❞♦♥❡✳

❇② ▲❡♠♠❛ ✻✳✸✳✶✱ ✇❡ ❦♥♦✇ t❤❛t X∗ ❝❛rr✐❡s ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠s✳ ❍❡♥❝❡
dimZ > 0 ❜② ❚❤❡♦r❡♠ ✻✳✷✳✶✳ ❆ss✉♠❡ t❤❛t dimZ = 2✳ ❚❤❡♥ Z ❤❛s ❝❛♥♦♥✐❝❛❧
s✐♥❣✉❧❛r✐t✐❡s ❜② ❬▼P✵✽✱ ❈♦r✳ ✶✳✷✳✽❪✳ ❍❡♥❝❡ KZ ✐s ♥♦t ♣s❡✉❞♦✲❡✛❡❝t✐✈❡ ❜②
❬❑♦❧✾✻✱ ❈♦r✳ ✶✳✶✶❪✳ ▼♦r❡♦✈❡r✱ ❜② ▲❡♠♠❛ ✺✳✹✳✶✱ m(q,D) = 1 ❢♦r ❛♥② ❡✛❡❝t✐✈❡
❞✐✈✐s♦r D ♦♥ Z✳ ❍❡♥❝❡✱ ❜② ❚❤❡♦r❡♠ ✼✳✺✳✷✱ ✐❢ Z → Z ′ ✐s t❤❡ r❡s✉❧t ♦❢ ❛ ▼▼P
❢♦r Z✱ t❤❡♥ Z ′ ❤❛s P✐❝❛r❞ ♥✉♠❜❡r 2✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ ❛ ▼♦r✐ ✜❜r❛t✐♦♥ Z ′ → P1✳
▲❡t p ❜❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ X∗ → Z → Z ′ → P1✳ ❚❤❡♥ p ✐s ❛ ✜❜r❛t✐♦♥ ❢r♦♠
X∗ t♦ P1
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❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ❛s ❛❜♦✈❡✱ ♥♦t❡ t❤❛t ❛ ❣❡♥❡r❛❧ ✜❜❡r F ′ ♦❢ p : X∗ → P1 ✐s
❛ s♠♦♦t❤ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞ s✉r❢❛❝❡✳ ❍❡♥❝❡ F ′ ❞♦❡s ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦
♣❧✉r✐✲❢♦r♠✳ ▲❡t U ❜❡ t❤❡ ❧❛r❣❡st ♦♣❡♥ s✉❜s❡t ✐♥ X ♦✈❡r ✇❤✐❝❤ f : X 99K X∗

✐s r❡❣✉❧❛r✳ ❚❤❡♥ codimX\U > 2✱ codimX∗\f(U) > 2 ❛♥❞ t❤❡ r❛t✐♦♥❛❧ ♠❛♣
p : X 99K P1 ✐s r❡❣✉❧❛r ♦✈❡r U ✳ ■❢ F ✐s ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ U → P1✱ t❤❡♥
f(F ) ⊆ F ′✱ ✇❤❡r❡ F ′ ✐s ❛ ❣❡♥❡r❛❧ ✜❜❡r ♦❢ p✳ ▼♦r❡♦✈❡r codimF ′\f(F ) > 2✳
❍❡♥❝❡ f(F ) ❞♦❡s ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠ ❛♥❞ ♥❡✐t❤❡r ❞♦❡s F ❜②
▲❡♠♠❛ ✻✳✸✳✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t t❤❡ r❛t✐♦♥❛❧ ♠❛♣ X 99K P1

✐s r❡❣✉❧❛r✳ ▼♦r❡♦✈❡r✱ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ X → P1 ❛r❡ ❜✐r❛t✐♦♥❛❧ t♦ t❤❡ ♦♥❡s ♦❢
X∗ → P1 ✇❤✐❝❤ ❛r❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✳ ❍❡♥❝❡ ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ X → P1

❛r❡ r❛t✐♦♥❛❧❧② ❝♦♥♥❡❝t❡❞✳

▲❡♠♠❛ ✼✳✻✳✷✳ ▲❡t X ❜❡ ❛ ♣r♦❥❡❝t✐✈❡ t❤r❡❡❢♦❧❞ ✇✐t❤ Q✲❢❛❝t♦r✐❛❧ t❡r♠✐♥❛❧
s✐♥❣✉❧❛r✐t✐❡s✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ♥♦♥ ❝♦♥st❛♥t r❛t✐♦♥❛❧ ♠❛♣ p : X 99K P1

✇❤✐❝❤ ✐s r❡❣✉❧❛r ♦✈❡r U s✉❝❤ t❤❛t codimX\U > 2✳ ❆ss✉♠❡ t❤❛t ❣❡♥❡r❛❧ ✜❜❡rs
♦❢ U → P1 ❞♦ ♥♦t ❝❛rr② ❛♥② ♣❧✉r✐✲❢♦r♠✳ ■❢ H0(X, (Ω1

X)[⊗m]) 6= {0} ❢♦r s♦♠❡
m > 0✱ t❤❡♥ p ✐s r❡❣✉❧❛r✳

Pr♦♦❢✳ ▲❡t Γ ❜❡ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ p✳ ▲❡t p1 : Γ → X✱
p2 : Γ → P1 ❜❡ t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥s✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐♥❥❡❝t✐♦♥
❢r♦♠ H0(Γ, (Ω1

Γ)
[⊗m]) t♦ H0(X, (Ω1

X)[⊗m]) ❜② ▲❡♠♠❛ ✻✳✸✳✶✳ ▲❡t σ ❜❡ ❛ ♥♦♥✲
③❡r♦ ❡❧❡♠❡♥t ✐♥ H0(X, (Ω1

X)[⊗m])✳ ❚❤❡♥ σ ✐♥❞✉❝❡s ❛ r❛t✐♦♥❛❧ s❡❝t✐♦♥ σΓ ♦❢
(Ω1

Γ)
[⊗m] ♦♥ Γ✳ ▲❡t E ❜❡ ❛ p1✲❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❝✉r✈❡

✐♥ E ✇❤✐❝❤ ✐s ❝♦♥tr❛❝t❡❞ ❜② p2 s✐♥❝❡ dimE = 2 > 1✳ ❍❡♥❝❡ t❤✐s ❝✉r✈❡ ✐s
♥♦t ❝♦♥tr❛❝t❡❞ ❜② p1 s✐♥❝❡ t❤❡ ❣r❛♣❤ ♦❢ p ✐s ✐♥❝❧✉❞❡❞ ✐♥ X × P1 ❛♥❞ t❤❡
♥♦r♠❛❧✐s❛t✐♦♥ ♠❛♣ ✐s ✜♥✐t❡✳ ❚❤✉s p1(E) ✐s ❛ ❝✉r✈❡ ✐♥ X ❛♥❞ X ✐s s♠♦♦t❤
❛r♦✉♥❞ t❤❡ ❣❡♥❡r✐❝ ♣♦✐♥t ♦❢ p1(E) s✐♥❝❡ X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2 ✭s❡❡
❬❑▼✾✽✱ ❈♦r✳ ✺✳✶✽❪✮✳ ❍❡♥❝❡ σΓ ❞♦❡s ♥♦t ❤❛✈❡ ♣♦❧❡ ❛❧♦♥❣ E✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t
✇❡ ❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ H0(Γ, (Ω1

Γ)
[⊗m]) t♦ H0(X, (Ω1

X)[⊗m]) ✐♥❞✉❝❡❞
❜② p1✳

◆♦t❡ t❤❛t p−1
1 |U ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ U ♦♥t♦ ✐ts ✐♠❛❣❡✳ ■❢ FU

✐s t❤❡ ✜❜❡r ♦❢ p|U ♦✈❡r ❛ ❣❡♥❡r❛❧ ♣♦✐♥t z✱ t❤❡♥ p−1
1 (FU ) ✐s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢

FΓ✱ ✇❤❡r❡ FΓ ✐s t❤❡ ✜❜❡r ♦❢ p2 : Γ → P1 ♦✈❡r z✳ ❙✐♥❝❡ FU ❞♦❡s ♥♦t ❝❛rr②
❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠✱ ♥❡✐t❤❡r ❞♦❡s FΓ✳ ❇② ▲❡♠♠❛ ✼✳✸✳✷✱ t❤✐s ✐♠♣❧✐❡s t❤❛t
H0(Γ, (Ω1

Γ)
[⊗m]) ∼= H0(Γ, ((p∗2Ω

1
P1)

sat)[⊗m])✳
❲❡ ✇✐❧❧ ✜rst ♣r♦✈❡ t❤❛t p ✐s r❡❣✉❧❛r ✐♥ ❝♦❞✐♠❡♥s✐♦♥ 2✳ ❆ss✉♠❡ t❤❡ ♦♣✲

♣♦s✐t❡✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❞✐✈✐s♦r D ✐♥ Γ ✇❤✐❝❤ ✐s ❡①❝❡♣t✐♦♥❛❧ ❢♦r p1 : Γ → X
❛♥❞ t❤❡ ❝♦❞✐♠❡♥s✐♦♥ ♦❢ p1(D) ✐♥ X ✐s 2✳ ❙✐♥❝❡ X ✐s s♠♦♦t❤ ✐♥ ❝♦❞✐♠❡♥s✐♦♥
2 ✭s❡❡ ❬❑▼✾✽✱ ❈♦r✳ ✺✳✶✽❪✮✱ X ✐s s♠♦♦t❤ ❛r♦✉♥❞ t❤❡ ❣❡♥❡r✐❝ ♣♦✐♥t ♦❢ p1(D)✳
❚❤✉s t❤❡r❡ ✐s ❛ s♠♦♦t❤ q✉❛s✐✲♣r♦❥❡❝t✐✈❡ ❝✉r✈❡ C ✐♥ D s✉❝❤ t❤❛t Γ ✐s s♠♦♦t❤
❛❧♦♥❣ C ❛♥❞ C ✐s ❝♦♥tr❛❝t❡❞ t♦ ❛ s♠♦♦t❤ ♣♦✐♥t ♦❢ X ❜② p1✳ ◆♦t❡ t❤❛t C
✐s ❤♦r✐③♦♥t❛❧ ♦✈❡r P1 ✉♥❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥ p2 : Γ → P1 ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥
❛s ❜❡❢♦r❡✳ ▲❡t σ ❜❡ ❛ ♥♦♥✲③❡r♦ ❡❧❡♠❡♥t ✐♥ H0(Γ, (Ω1

Γ)
[⊗m])✳ ❇② t❤❡ ❡①❛❝t

s❡q✉❡♥❝❡ ♦❢ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛✈❡s Ω1
Γ|C → Ω1

C → 0✱ σ ✐♥❞✉❝❡ ❛♥ ❡❧❡♠❡♥t σC ✐♥
H0(C, (Ω1

C)
⊗m)✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ C ✐s ❤♦r✐③♦♥t❛❧ ♦✈❡r P1 ❛♥❞ σ ✐s ♥♦♥✲③❡r♦
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✐♥ H0(Γ, ((p∗2Ω
1
P1)

sat)[⊗m])✱ ✇❡ ❤❛✈❡ σC 6= 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ C ✐s
❝♦♥tr❛❝t❡❞ t♦ ❛ s♠♦♦t❤ ♣♦✐♥t ✐♥ X✱ ✇❡ ♦❜t❛✐♥ σC = 0 ❢♦r σ ✐s t❤❡ ♣✉❧❧❜❛❝❦
♦❢ ❝❡rt❛✐♥ ❡❧❡♠❡♥t ✐♥ H0(X, (Ω1

X)[⊗m])✳ ❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t p ✐s r❡❣✉❧❛r✳ ▲❡t F1 ❛♥❞ F2 ❜❡ t✇♦ ❞✐✛❡r❡♥t

✜❜❡rs ♦❢ U → P1✳ ❚❤❡♥ t❤❡✐r ❝❧♦s✉r❡s ✐♥ X ❛r❡ t✇♦ ❲❡✐❧ ❞✐✈✐s♦rs ❛♥❞ t❤❡✐r
✐♥t❡rs❡❝t✐♦♥ ✐s ✐♥❝❧✉❞❡❞ ✐♥ ❛ ❝❧♦s❡❞ s✉❜s❡t ♦❢ ❝♦❞✐♠❡♥s✐♦♥ ❛t ♠♦st 3✳ ❍❡♥❝❡
t❤❡✐r ✐♥t❡rs❡❝t✐♦♥ ✐s ❡♠♣t② s✐♥❝❡ X ✐s Q✲❢❛❝t♦r✐❛❧✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t p ✐s
r❡❣✉❧❛r✳

❚♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛ ✼✳✸✳✷ ❛♥❞ ▲❡♠♠❛ ✼✳✹✳✶✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❚❤❡♦r❡♠
✼✳✶✳✶✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳✶✳ ❇② ▲❡♠♠❛ ✼✳✻✳✶ ❛♥❞ ✼✳✻✳✷✱ t❤❡r❡ ✐s ❛ ✜❜r❛t✐♦♥ p :
X → P1 s✉❝❤ t❤❛t ❣❡♥❡r❛❧ ✜❜❡rs ♦❢ p ❞♦ ♥♦t ❝❛rr② ❛♥② ♥♦♥✲③❡r♦ ♣❧✉r✐✲❢♦r♠✳
▲❡♠♠❛ ✼✳✸✳✷ s❤♦✇s t❤❛t ❛❧❧ ♣❧✉r✐✲❢♦r♠s ♦♥ X ❝♦♠❡ ❢r♦♠ t❤❡ ❜❛s❡ P1✳ ❋✐♥❛❧❧②✱
✇❡ ♦❜t❛✐♥ t❤❡ ❢♦r♠✉❧❛ ✐♥ t❤❡ t❤❡♦r❡♠ ❢r♦♠ ▲❡♠♠❛ ✼✳✹✳✶✳



❇✐❜❧✐♦❣r❛♣❤✐❡

❬❆❉✶✹❪ ❈❛r♦❧✐♥❛ ❆r❛✉❥♦ ❛♥❞ ❙té♣❤❛♥❡ ❉r✉❡❧✳ ❖♥ ❝♦❞✐♠❡♥s✐♦♥ ✶ ❞❡❧
P❡③③♦ ❢♦❧✐❛t✐♦♥s ♦♥ ✈❛r✐❡t✐❡s ✇✐t❤ ♠✐❧❞ s✐♥❣✉❧❛r✐t✐❡s✳ ▼❛t❤✳ ❆♥♥✳✱
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