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Résumé

Dans le chapitre 1, nous développons le concept de �corps d'Okounkov� pour une (1,1)-classe pseudo-
e�ective sur une variété kählerienne compacte. Nous démontrons la formule de di�érentiabilité des volumes
de classes grosses pour les varétés kähleriennes sur lesquelles les cônes nef modi�és et les cônes nef coïncident.
Comme conséquence, nous démontrons l'inégalité de Morse transcendante de Demailly pour ces variétés käh-
leriennes particulières, y compris les surfaces kähleriennes. Ensuite, nous construisons le corps d'Okounkov
généralisé pour toute (1,1)-classe grosse, et nous donnons une caractérisation complète des corps d'Okounkov
généralisés sur les surfaces. Nous démontrons que le volume euclidien standard du corps d'Okounkov cal-
cule le volume d'une classe grosse, tel que dé�ni par Boucksom, ce qui permet de résoudre un problème
proposé par Lazarsfeld et Mustaµ  dans le cas des surfaces. Nous étudions aussi le comportement des corps
d'Okounkov généralisés sur le bord du cône gros.

Dans la deuxième partie, nous abordons des problèmes liés à l'hyperbolicité en géométrie complexe.
Dans le chapitre 2, nous étudions la dégénérescence des courbes entières qui sont les feuilles de feuilletages
sur des variétés projectives. La première partie du chapitre 2 généralise l'approximation diophantienne de
McQuillan pour les feuilletages de dimension 1 avec des singularités absolument isolées. Comme application,
nous donnons une nouvelle preuve du théorème de Brunella, à savoir que toutes les feuilles d'un feuilletage
générique de degré d ě 2 dans CPn sont hyperboliques. Dans la deuxième partie du chapitre 2, nous
introduisons la notion de singularités faiblement réduites pour les feuilletages de dimension 1. L'hypothèse
de singularités faiblement réduites est moins exigeante que celle de singularités réduites, mais joue le même
rôle dans l'étude de la conjecture de Green-Gri�ths-Lang. Finalement, nous discutons d'une stratégie pour
démontrer la conjecture de Green-Gri�ths-Lang pour les surfaces complexes.

Dans le chapitre 3, nous démontrons la non-dégénérescence de la mesure de volume au sens de Kobayashi-
Eisenman pour une variété dirigée singulière pX,V q, c'est-à-dire l'hyperbolicité de la mesure au sens de
Kobayashi de pX,V q, lorsque le faisceau canonique de V est gros au sens de Demailly.

Dans le chapitre 4, notre premier objectif est de traiter des questions d'e�ectivité liées aux conjectures
de Kobayashi et Debarre, en nous appuyant sur les travaux de Brotbek et de Brotbek-Darondeau. Ensuite,
nous combinons ces techniques pour étudier la conjecture sur l'amplitude des �brés de Demailly-Semple
proposée par Diverio et Trapani, et nous obtenons des estimations e�ectives liées à ce problème. Notre
résultat contient à la fois les conjectures de Kobayashi et Debarre, en plus de certaines estimations e�ectives.

Le but du chapitre 5 est double: d'une part, nous étudions une conjecture du type Fujita proposée par
Popa et Schnell, et nous donnons une borne e�ective linéaire sur la génération globale générique de l'image
directe du faisceau pluricanonique tordu. Nous abordons également la relation qui existe entre la valeur de
la constante de Seshadri et la borne optimale. D'autre part, nous donnons une réponse a�rmative à une
question de Demailly-Peternell-Schneider dans un cadre plus général. Comme application, nous généralisons
les théorèmes de Fujino et Gongyo sur les images des variétés de Fano faibles au cas KLT, et nous ra�nons
un résultat de Broustet et Pacienza sur la connexité rationnelle de l'image.

Dans le chapitre 6, nous donnons une preuve concrète et constructive de l'équivalence entre la catégorie
de �brés de Higgs semi-stables de classes de Chern nulles, et celle des représentations linéaires du groupe
fondamental d'une variété kählerienne compacte lisse. Ce chapitre est rédigé en particulier pour les lecteurs
qui ne sont pas familiers avec la terminologie de la catégorie graduée di�érentielle, telle qu'elle a été utilisée
par Simpson pour démontrer l'équivalence ci-dessus sur les variétés projectives lisses. Il est aussi destiné
à exposer une preuve élémentaire de la correspondance de Corlette-Simpson pour les faisceaux de Higgs
semi-stables.
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Abstract

In Part 1 of this thesis, we construct �Okounkov bodies" for an arbitrary pseudo-e�ective p1, 1q-class
on a Kähler manifold. We prove the di�erentiability formula of volumes of big classes for Kähler manifolds
on which modi�ed nef cones and nef cones coincide. As a consequence we prove Demailly's transcendental
Morse inequality for these particular Kähler manifolds; this includes Kähler surfaces. Then we construct
the generalized Okounkov body for any big (1,1)-class, and give a complete characterization of generalized
Okounkov bodies on surfaces. We show that this relates the standard Euclidean volume of the body to the
volume of the corresponding big class as de�ned by Boucksom; this solves a problem raised by Lazarsfeld
and Mustaµ  in the case of surfaces. We also study the behavior of the generalized Okounkov bodies on the
boundary of the big cone.

Part 2 deals with Kobayashi hyperbolicity-related problems. Chapter 2's goal is to study the degeneracy
of leaves of the one-dimensional foliations on higher dimensional manifolds, along the lines of [McQ98,
Bru99,McQ08,PS14]. The �rst part of Chapter 2 generalizes McQuillan's Diophantine approximations
for one-dimensional foliations with absolutely isolated singularities, on higher dimensional manifolds. As
an application, we give a new proof of Brunella's hyperbolicity theorem, that is, all the leaves of a generic
foliation of degree d ě 2 in CPn is hyperbolic. In the second part of Chapter 2 we introduce the so-called
weakly reduced singularities for one-dimensional foliations on higher dimensional manifolds. The �weakly
reduced singularities" assumption is less demanding than the one required for �reduced singularities", but
play the same role in studying the Green-Gri�ths-Lang conjecture. Finally we discuss a strategy to prove
the Green-Gri�ths-Lang conjecture for complex surfaces.

In Chapter 3, assuming that the canonical sheaf KV is big in the sense of Demailly, we prove the
Kobayashi volume-hyperbolicity for any (possibly singular) directed variety pX,V q.

In Chapter 4, our �rst goal is to deal with e�ective questions related to the Kobayashi and Debarre
conjectures, relying on the work of Damian Brotbek [Bro16] and his joint work with Lionel Darondeau
[BD15]. We then combine these techniques to study the conjecture on the ampleness of the Demailly-
Semple bundles raised by Diverio and Trapani [DT10], and also obtain some e�ective estimates related to
this problem. Our result integrates both the Kobayashi and Debarre conjectures, with some (non-optimal)
e�ective estimates.

The purpose of Chapter 5 is twofold: on the one hand we study a Fujita-type conjecture by Popa and
Schnell, and give an e�ective (linear) bound on the generic global generation of the direct image of the
twisted pluricanonical bundle. We also point out the relation between the Seshadri constant and the optimal
bound. On the other hand, we give an a�rmative answer to a question by Demailly-Peternell-Schneider in a
more general setting. As applications, we generalize the theorems by Fujino and Gongyo on images of weak
Fano manifolds to the Kawamata log terminal cases, and re�ne a result by Broustet and Pacienza on the
rational connectedness of the image.

In Chapter 6, we give a concrete and constructive proof of the equivalence between the category of
semistable Higgs bundles with vanishing Chern classes and the category of all representations of the fun-
damental groups [Cor88, Sim88] on smooth Kähler manifolds. This chapter is written for the complex
geometers who are not familiar with the language of di�erential graded category used by Simpson to prove
the above equivalence on smooth projective manifolds, and for those who would like to see an elementary
proof of Corlette-Simpson correspondence for semistable Higgs bundles.
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Introduction (français)



0.1. Le corps d'Okounkov généralisé

La théorie des corps d'Okounkov, développée indépendamment par Lazarsfeld et Mustaµ  [LM09] et
par Kaveh et Khovanskii [KK09], systématise une construction due à Okounkov [Oko96] ; elle généralise
le lien entre variétés toriques et polytopes rationnels, en associant un corps convexe à tout �bré en droites
sur une variété algébrique projective, via l'introduction d'une valuation adéquate sur le corps de fonctions
de cette variété.

Tous les résultats mentionnés ci-dessus concernent principalement les �brés en droites. Comme l'ont
demandé Lazarsfeld et Mustaµ  [LM09], une question naturelle est de savoir comment construire des corps
Okounkov pour les classes de cohomologie transcendantes dans le contexte de la géométrie kählerienne, et
comment relier les volumes de ces classes à ceux des corps convexes associés. Dans le Chapitre 1, nous
étudions ce problème de manière systématique, et nous résolvons complètement ce problème dans le cas des
surfaces kähleriennes.

Rappelons que, dans la construction des corps d'Okounkov pour les �brés en droites gros, on doit
d'abord dé�nir des fonctions de valuation des systèmes linéaires gradués, à valeur dans un domaine euclidien,
relativement à un drapeau

Y‚ : X “ Y0 Ą Y1 Ą Y2 Ą . . . Ą Yn´1 Ą Yn “ tpu

où Yi est une sous-variété irréductible lisse de codimension i dans X. Compte tenu de l'ensemble des
vecteurs de valuation normalisés, le corps d'Okounkov est obtenu par son enveloppe convexe. Cependant,
pour les classes transcendantes générales, il n'existe pas d'analogue holomorphe des �brés en droites ; pour
combler ce manque, nous prenons l'ensemble des courants kähleriens à singularités analytiques dans les
classes transcendantes. Grâce à la décomposition de Siu, nous sommes en mesure de dé�nir de manière
similaire une fonction de valuation.

Soient α P H1,1pX,Rq une classe grosse sur une variété kählerienne X de dimension n, et Y‚ un drapeau
sur X. Nous dé�nissons Sα comme l'ensemble des courants kähleriens dans α à singularités analytiques.
Nous dé�nissons la fonction de valuation

ν : Sα Ñ Rn

T ÞÑ νY‚pT q “ pν1pT q, . . . νnpT qq

comme suit. Tout d'abord, nous dé�nissons

ν1pT q “ suptλ | T ´ λrY1s ě 0u,

où rY1s est le courant d'intégration sur Y1. D'après la décomposition de Siu, nous savons que ν1pT q est le
coe�cient νpT, Y1q du courant positif rY1s apparaissant dans la décomposition de Siu de T . Puisque T a des
singularités analytiques, la restriction T1 :“ pT ´ν1rY1sq|Y1 est bien dé�nie sur Y1, qui est encore un courant
kählerien à singularités analytiques. Puis nous prenons

ν2pT q “ suptλ | T1 ´ λrY2s ě 0u,

et nous continuons ainsi de dé�nir les valeurs restantes νipT q P R`.

Définition 0.1.1. Le corps d'Okounkov généralisé ∆Y‚pαq Ă Rn par rapport au drapeau Y‚ est dé�ni
comme l'adhérence de l'ensemble des vecteurs de valuation νY‚pT q.

Lorsque cette classe de cohomologie se trouve dans le groupe de Néron-Severi, en appliquant le théorème
d'extension d'Ohsawa-Takegoshi, nous prouvons que le corps convexe nouvellement dé�ni coïncide avec le
corps d'Okounkov dé�ni antérieurement.

Théorème 1. (= Theorem A) Soient X une variété projective lisse de dimension n, L un �bré en droites
gros sur X et Y‚ un drapeau admissible �xé. Alors nous avons

∆Y‚pc1pLqq “ ∆Y‚pLq “
8
ď

m“1

1

m
νpmLq.

En outre, dans la dé�nition du corps d'Okounkov ∆Y‚pLq, il su�t de prendre l'adhérence de l'ensemble des
vecteurs de valuation normalisés au lieu de l'enveloppe convexe.

Un fait important pour les corps d'Okounkov est qu'on peut relier le volume d'un �bré en droites gros
au volume euclidien standard du corps d'Okounkov. Il est tout à fait naturel de se demander si notre corps
convexe nouvellement dé�ni pour les classes grosses se comporte de la même manière que celui d'origine.
Dans le cas des surfaces kähleriennes, nous donnons une caractérisation complète des corps d'Okounkov
généralisés, et nous montrons que ce sont des polygones. En outre, nous obtenons une description explicite
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de la � �nitude� des polygones apparaissant comme les corps d'Okounkov généralisés. En particulier, cela
s'applique également aux cas originaux. Notre théorème principal est le suivant :

Théorème 2. (= Theorem B) Soient X une surface compacte kählerienne, α P H1,1pX,Rq une classe
grosse. Si C est un diviseur irréductible de X, il existe des fonctions continues linéaires par morceaux

f , g : ra, ss ÞÑ R`

où f est convexe, g est concave et f ď g, telles que ∆pαq Ă R2 soit la région bornée par les graphes de f et
g :

∆pαq “ tpt, yq P R2 | a ď t ď s, et fptq ď y ď gptqu,

où ∆pαq est le corps d'Okounkov généralisé par rapport au drapeau �xé

X Ě C Ě txu,

et s “ suptt ą 0 | α ´ tC grosseu. Si C est nef, a “ 0 et f est croissante ; sinon, a “ suptt ą 0 | C Ď

EnKpα ´ tCqu, où EnK :“
Ş

T E`pT q est le lieu base non-kählerien de T . En outre, ∆pαq est un polygone
�ni dont le nombre de sommets est borné par 2ρpXq ` 2, où ρpXq est le nombre de Picard de X et

volXpαq “ 2 volR2p∆pαqq.

La preuve du théorème ci-dessus est basée sur l'inégalité de Morse transcendante de Demailly pour les
surfaces kähleriennes, et nous le montrons dans le cas des surfaces kähleriennes, en utilisant la décomposition
divisorielle de Zariski dûe à Boucksom. En outre, nos résultats s'appliquent également à certaines variétés
kähleriennes de dimension supérieure.

Théorème 3. (= Theorem F) Soit X une variété compacte kälerienne de dimension n sur lequel le
cône nef modi�é MN coïncide avec le cône nef N . Si α et β sont des classes nefs satisfaisant l'inégalité
αn ´ nαn´1 ¨ β ą 0, alors α´ β est grosse et volXpα´ βq ě αn ´ nαn´1 ¨ β.

Nous dé�nissons également les corps d'Okounkov généralisés pour des classes pseudo-e�ectives pour les
surfaces kähleriennes, et étudions leurs propriétés. Nous pouvons résumer nos résultats comme suit.

Théorème 4. Soient X une surface kählerienne et α une classe pseudo-e�ective mais non grosse :

(i) si la dimension numérique véri�e npαq “ 0, alors pour toute courbe irréductible C qui n'est pas
contenue dans la partie négative Npαq de la décomposition divisorielle de Zariski dûe à Boucksom, le
corps d'Okounkov généralisé s'écrit

∆pC,xqpαq “ 0ˆ νxpNpαq|Cq,

où νxpNpαq|Cq “ νpNpαq|C , xq est le nombre de Lelong de Npαq en x ;
(ii) si npαq “ 1, alors pour toute courbe irréductible C satisfaisant Zpαq ¨ C ą 0, nous avons

∆pC,xqpαq “ 0ˆ rνxpNpαq|Cq, νxpNpαq|Cq ` Zpαq ¨ Cs.

En particulier, la dimension numérique détermine la dimension du corps d'Okounkov généralisé.

0.2. Dégénérescence des courbes entières sur les variétés algébriques

Dans [McQ98], McQuillan a prouvé le théorème suivant, qui résout partiellement la conjecture de
Green-Gri�ths-Lang pour les surfaces complexes ayant un �bré cotangent gros :

Théorème 0.2.1. Soient X une surface de type général et F un feuilletage holomorphe sur X, alors
toute courbe entière f : CÑ X tangente à F n'est pas Zariski-dense.

La preuve originelle du Théorème 0.2.1 est compliquée. Par la suite, de nombreux travaux [Bru99,PS14]
se sont attachés à expliquer et simpli�er la preuve de McQuillan. Rappelons brièvement l'idée de la preuve
du théorème 0.2.1. Supposons qu'il existe une courbe entière Zariski-dense f : C Ñ X qui est tangente à
F . Alors on peut associer à f un courant positif fermé T rf s de bidimension p1, 1q, en suivant la méthode
introduite par McQuillan. Ensuite, on étudie les intersections du T rf s avec le �bré tangent et le �bré normal
du feuilletage F respectivement. Les travaux ci-dessus montrent que ces deux nombres d'intersection sont
positifs. Cependant, puisque KX est gros, on a T rf s ¨KX ą 0, et par l'égalité K´1

X “ TF `NF , on aboutit
à une contradiction.

Le but du Chapitre 2 est d'étudier la dégénérescence des feuilles d'un feuilletage de dimension un sur les
variétés de dimension supérieure. Rappelons d'abord la formule suivante, qui est à la base de notre travail :
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Théorème 5. Soit pX,Fq une paire 1-feuilletée kählerienne. Si f : C Ñ X est une courbe entière
tangente à F dont l'image n'est pas contenue dans SingpFq, alors

tT rf su ¨ c1pTF q ` T pf,JF q “ tT rfr1ssu ¨ c1
`

OX1p´1q
˘

ě 0,

où JF est un faisceau d'idéaux cohérent déterminé par les singularités de F , T pf,JF q est un nombre réel
non négatif représentant l'intersection de T rf s avec JF , et fr1s est le relèvement de f au �bré projectivisé
P pTXq.

Si X est une surface complexe, comme dans la preuve de McQuillan [McQ98], quitte à considérer un

autre modèle birationnel pX̃, F̃q Ñ pX,Fq, le Théorème 5 peut être amélioré comme suit :

(0.2.1) T rf̃ s ¨ TF̃ ě 0,

où f̃ est relèvement de f à X̃. Il s'agit d'étendre ce résultat aux dimensions supérieures. Pour cela, nous
développons la théorie de McQuillan dans ce cadre.

Théorème 6. (= Theorem G) Soit pX,Fq une paire 1-feuilletée kählerienne ayant des singularités

simples. Pour toute courbe entière dont l'adhérence de Zariski fpCq
Zariski

est de dimension au moins deux,
et qui est tangente à F , on a toujours

T rf s ¨ TF ě 0.

Si on suppose en outre que KF soit un �bré en droites gros, alors pour toute courbe entière f tangente à
F , ou bien f est une feuille algébrique de F , ou bien l'image de f est contenue dans le lieu base augmenté
B`pKF q. En particulier, si KF est ample, alors il n'existe pas d'application non constante f : C Ñ X
tangente à F .

Comme application du Théorème 6, nous redémontrons le théorème de Brunella [Bru06, Corollary]
suivant.

Théorème 0.2.2. (Brunella) Pour un feuilletage générique F de dimension un et de degré d ě 2 sur
l'espace projectif complexe Pn, toutes les feuilles de F sont hyperboliques. Plus précisément, il n'existe pas
d'application non constante f : CÑ X tangente à F .

Pour un feuilletage ayant des singularités � absolument isolées�, on dispose du théorème de résolution
des singularités de [CCS97,Tom97] qui permet de se ramener à des singularités réduites. Plus précisément,
il existe une suite �nie d'éclatements telle que les singularités de feuilletage soient simples. Nous avons le
résultat suivant.

Théorème 7. (= Theorem H) Soit pX,Fq une paire 1-feuilletée kählerienne ayant des singularités

absolument isolées. Pour toute courbe entière dont l'adhérence de Zariski fpCq
Zariski

est de dimension au
moins deux, qui est tangent à F , il existe une suite �nie d'éclatements telle que pour le nouveau modèle

birationnel p rX, rFq, on ait

T r rf s ¨ T
rF ě 0,

où f : CÑ X se relève en f̃ : CÑ X̃.

La preuve du théorème 6 repose fortement sur la réduction des singularités. Comme la motivation
originelle de McQuillan est d'étudier la conjecture de Green-Gri�ths-Lang, nous suggérons d'introduire
un type de singularités dites faiblement réduites, pour les feuilletages de dimension un sur les variétés de
dimension supérieure. La condition correspondante est plus faible que celle mise en jeu par les sinularités dites
réduites, mais va jouer essentiellement le même rôle dans l'étude de la conjecture de Green-Gri�ths-Lang.
Notre théorème est le suivant :

Théorème 8. (=Theorem I) Soit X une variété projective de dimension n munie d'un feuilletage F de
dimension un ayant des singularités faiblement réduites. Si f est une courbe entière Zariski-dense tangente
à F , satisfaisant T rf s ¨KX ą 0 (par exemple lorsque KX est gros), alors on a

T rf̂ s ¨ detNF̂ ă 0

pour une certaine paire birationnelle pX̂, F̂q.

On remarque que le résultat suivant de Brunella [Bru99, Theorem 2] implique une contradiction, si on
le combine avec le Théorème 8 dans le cas des surfaces complexes.

Théorème 9. Soit X une surface complexe munie d'un feuilletage F de dimension un. On suppose que
f : CÑ X est une courbe entière Zariski-dense tangente à F , alors on a

T rf s ¨NF ě 0.
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Comme conséquence, nous obtenons immédiatement une autre preuve du théorème de McQuillan 0.2.1
sans utiliser son �inégalité tautologique ra�née�. En outre, cela nous permet d'obtenir une nouvelle stratégie
pour étudier la conjecture de Green-Gri�ths-Lang :

Théorème 10. (= Theorem J) On suppose (conjecturalement) que le théorème 9 s'étend à toute paire 1-
feuilletée kählerienne pX,Fq, et que l'on a une suite �nie d'éclatements telle que les singularités du feuilletage
F soient faiblement réduites. Alors, toute courbe entière dans une surface projective de type général est
algébriquement dégénérée.

0.3. Hyperbolicité au sens de la mesure de Kobayashi
pour les variétés dirigées singulières de type général

Soit pX,V q une variété complexe dirigée, dans le sens de Demailly ; c'est-à-dire X est une variété
complexe munie d'un sous-�bré holomorphe V Ă TX (ou éventellement, d'un sous-espace linéaire holomorphe
pouvant présenter des singulariés). La philosophie de Demailly s'appuie sur le fait que certaines constructions
fonctorielles fonctionnent mieux dans la catégorie des variétés complexes dirigées [Dem95], même dans le
�cas absolu�, c'est-à-dire le cas où V “ TX . En général, les variétés dirigées sur lesquelles on travaille n'ont
aucune raison d'être lisses. Un objectif naturel est d'étendre les résultats plus classiques de l'hyperbolicité
aux variétés dirigées. Soit pX,V q une variété dirigée singulière , où X est une variété projective lisse de
dimension n, et V Ă TX un sous-�bré holomorphe de rang rankpV q “ r. On dé�nie le pseudo-volume (ou
mesure de volume) de Kobayashi�Eisenman comme suit :

Définition 0.3.1. Le pseudo-volume de Kobayashi�Eisenman de pX,V q est dé�ni par la densité in-
�nitésimale

erX,V pξq :“ inftλ ą 0 ; Df : Br Ñ X, fp0q “ x, λf˚pτ0q “ ξ, f˚pTBr q Ă V u.

Dans [Dem10] Demailly introduit la notion faisceau canonique KV pour toute variété dirigée singulière
pX,V q. Il y est démontré que si KV est gros, alors toutes les courbes entières non constantes f : CÑ pX,V q
doivent satisfaire certaines équations di�érentielles algébriques globales. Dans ce chapitre, nous étudions le
pseudo-volume de Kobayashi�Eisenman d'une variété dirigée singulière pX,V q, lorsque le faisceau canonique
KV est gros. Notre résultat est le suivant :

Théorème 11. (= Theorem K) Soit pX,V q une variété dirigée singulière. On suppose que le faisceau
canonique KV est gros. Alors le pseudo-volume de Kobayashi�Eisenman de pX,V q est génériquement non-
dégénéré.

Remark 0.1. Dans le cas absolu, le Théorème 11 est montré dans [Gri71] et [KO71], et Demailly a
énoncé et démontré le théorème 11 pour les variétés dirigées lisses [Dem95].

0.4. Autour de la conjecture de Diverio et Trapani

Vers 1970, S. Kobayashi a proposé les conjectures suivante pour les hypersurfaces de l'espace projectif
de grand degré d ě dn par rapport à la dimension. Les bornes optimales indiquées ci-dessous sont suggérées
par les travaux de Zaidenberg [Zai87].

Conjecture 0.4.1. Une hypersurface générique Xd Ă Pn`1 de degré d est hyperbolique pour d ě 2n`1
si n ě 2.

Conjecture 0.4.2. Le complémentaire PnzXd est hyperbolique pour une hypersurface générique Xd Ă

Pn de degré d ě 2n` 1.

Depuis une quinzaine d'années, au moins trois techniques importantes ont été introduites pour étudier
ces conjectures :

(i) Champs de vecteurs méromorphes sur les espaces de jets introduits par Siu dans [Siu15] a�n d'obtenir
davantage d'équations di�érentielles pour les courbes entières. L'idée consiste en une généralisation de
la technique de Voisin.

(ii) La stratégie développée par Demailly dans [Dem16] pour étudier la conjecture de Green-Gri�ths-Lang.
(iii) La construction et l'utilisation par Brotbek [Bro16] de familles de variétés qui sont des déformations des

hypersurfaces de type Fermat (des techniques semblables ayant déjà été mises en ÷uvre antérieurement
par Brody-Green [BG77] et Nadel [Nad89]).

Les outils introduits dans les travaux précédents ont en commun les idées de la théorie des di�érentielles de
jets qui remontent aux travaux de Bloch [Blo26], et ont été développée dans les travaux de Green et Gri�ths.
Dans [GG79], à chaque variété X est associé une famille de �brés maintenant appelés �brés de di�érentielles
de jets de Green-Gri�ths EGG

k,mT
˚
X , qui sont, grosso modo, des faisceaux d'équations di�érentielles d'ordre k

et de degré m pour les courbes holomorphes.
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Les travaux [Bro16,Dem16] utilisent une version ra�née des �brés introduits par Demailly dans
[Dem95], appelés maintenant �brés de di�érentielles de jets de Demailly-Semple ou �brés de di�erentielles
de jets invariants Ek,mT

˚
X . L'une des idées principales est que pour étudier les courbes entières tracées dans

X, la chose qui importe seulement est le lieu géométrique des courbes en question et non la façon dont
elles sont paramétrées. Demailly a ainsi été amené à considérer le sous-�bré Ek,mT

˚
X Ă EGG

k,mT
˚
X constitué

des éléments di�érentiels invariants par reparamétrage des jets des courbes. Dans ce contexte, Diverio a
montré dans [Div08] qu'il existe un théorème d'annulation pour les �brés de di�érentielles de jets lorsque
la codimension de la sous-variété dans PN est petite :

Théorème 0.4.1. (Diverio) Soit X Ă PN une variété projective lisse de dimension n et de codimension
c. Si 1 ď k ă n{c, alors

H0pX,EGGk,mT
˚
Xq “ 0

pour tous m ě 1.

Rappelons quelques propriétés des variétés dont le �bré cotangent est ample. Une des propriétés re-
marquables est qu'une variété à �bré cotangent ample est hyperbolique. Déterminer si une variété est
hyperbolique ou non, ou si une variété a un �bré cotangent ample sont, en général, des questions très dif-
�ciles. De plus, il n'y a que relativement peu d'exemples connus de variétés à �bré cotangent ample. Nous
rappelons donc ci-dessous quelques situations où cela se produit. Miyaoka, se basant sur des idées de Bo-
gomolov, a construit des exemples de surfaces à �bré cotangent ample comme intersection complète dans
un produit de deux surfaces à �bré cotangent presque ample. Bogomolov a construit des variétés à �bré
cotangent ample comme l'intersection complète dans un produit de variétés à �bré cotangent faiblement
gros (la construction a été détaillée par Debarre dans [Deb05]). Debarre a construit des variétés à �bré
cotangent ample comme intersection complète dans une variété abélienne. Motivé par ce résultat, Debarre
a conjecturé un résultat analogue dans l'espace projectif. Récemment, en s'appuyant principalement sur
les idées et méthodes explicites découlant d'une série d'articles de Brotbek [Bro14,Bro15], Brotbek et
Darondeau [BD15] et indépendamment S.-Y. Xie [Xie15,Xie16] sont parvenus à demontrer la conjecture
de Debarre :

Théorème 0.4.2. (Brotbek-Darondeau, Xie) Soient X une variété projective lisse de dimension N , et A
un �bré en droites très ample sur X. Alors il existe un nombre positif dN dépendant de la dimension N , telle
que pour tout c ě N

2 , l'intersection complète de c hypersurfaces générique dans |Aδ| a un �bré cotangent
ample, dès lors que δ ě dN .

En outre, Xie a donné une borne inférieure e�ective pour le degré dN :“ NN2

. Bien que le travail
de Brotbek et Darondeau ne soit pas e�ectif en ce qui concerne le degré, leur méthode renforce les calculs
cohomologiques faits dans [Bro15], et donne une construction géométrique élégante. Celle-ci consiste à
dé�nir une application Ψ du �bré cotangent relatif projectivisé PpΩχ{Sq vers une certaine famille Y Ñ G,
appelée �Grassmannianne universelle� dans la section 4.4. Elle est utilisée pour construire beaucoup de formes
di�érentielles symétriques globales avec une torsion négative, en prenat le tiré en arrière pour récupérer de la
positivité sur Y . A�n de contrôler le lieu base, nous avons été conduits à utiliser le théorème de Nakamaye
(voir [Laz04, Théorème 10.3.5] ou [Bir13, Théorème 1.3])), qui a�rme que pour un �bré en droites gros
et nef L, le lieu base augmenté B`pLq coïncide avec le lieu base � nul� NullpLq. Dans ce cas, L est choisi
comme étant le �bré en droites tautologique L sur la Grasssmannienne universelle Y . Dans le Chapitre 4,
nous obtenons un théorème de Nakamaye e�ectif pour ce �bré L. Comme conséquence, nous obtenons une
borne inférieure assez nettement meilleure que celle de Xie :

Théorème 12. Avec les mêmes notations que dans le Théorème 0.4.2, on peut prendre

dN “ 4c0p2N ´ 1q2c0`1 ` 6N ´ 3,

où c0 :“ tN`1
2 u.

D'autre part, en introduisant une nouvelle compacti�cation de l'ensemble des jets réguliers JkT
reg
X {Gk,

Brotbek est parvenu à développer les idées dans [BD15] et à démontrer la conjecture de Kobayashi [Bro16].
L'énoncé est le suivant :

Théorème 0.4.3. (Brotbek) Soient X une variété projective lisse de dimension n, et A un �bré en
droites très ample sur X. Alors il existe un nombre positif dK,n dépendant de la dimension n, tel que pour
tout d ě dK,n, un hypersurface générique dans |Ad| soit hyperbolique au sens de Kobayashi.

Le principal outil nouveau introduit par Brotbek est une construction de wronskiens liés à la tour de
Demailly-Semple, qui associe des sections d'un �bré en droites aux jets invariants globaux. En fait, avant le
travail de Brotbek, on n'avait pas de façon e�cace de construire des di�erentielles de jets invariants globaux,
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sauf par la technique des connexions méromorphes introduites par Nadel [Nad89] et développées plus loin
par Demailly-El Goul [DEG97]. Cependant, il existe certaines obstructions di�ciles à surmonter pour
obtenir la positivité du �bré en droites tautologique dans la tour de Demailly-Semple, en raison de la nature
géométrique � tordue� de la compacti�cation des �brés de jets (ref. [Dem95]). Dans ce contexte, Brotbek a
introduit une façon astucieuse d'éclater les faisceaux d'idéaux dé�nis par les wronskiens. A�n d'obtenir une
borne inférieure dK,n dans le Théorème 0.4.3, il su�t d'obtenir la génération e�ective du faisceau d'idéaux
dé�ni par les wronskiens. Dans la section 4.2.3, nous étudions ce probl �me et obtenons ainsi une borne
e�ective pour la conjecture de Kobayashi :

Théorème 13. Avec la même notation que dans le Théor �me 0.4.3, on peut prendre

dK,n “ nn`1pn` 1q2n`5.

Dans la même veine que la conjecture de Debarre, dans [DT10], Simone Diverio et Stefano Trapani ont
posé la conjecture généralisée suivante :

Conjecture 0.4.3. (Diverio-Trapani) SoitX Ă PN l'intersection complète de c hypersurfaces génériques
de degré su�samment grand. Alors, Ek,mT

˚
X est ample lorsque k ě N

c ´1. En particulier, X est hyperbolique
au sens de Kobayashi.

Dans le Chapitre 4, en suivant les méthodes géométriques élégantes de [BD15] et [Bro16] pour la preuve
des conjectures Debarre et Kobayashi, nous démontrons le théorème suivant :

Théorème 14. (= Theorem L) Soient X une variété projective lisse de dimension n, et A un �-
bré en droites très ample sur X. Soit Z Ă X l'intersection complète de c hypersurfaces génériques dans
|H0

`

X,OXpdAq
˘

|. Alors pour tout entier positif k ě n
c ´ 1, Z est quasi-k-jet ample (voir Dé�nition 4.2.1

ci-dessous) lorsque d ě 2cprnc sq
n`c`2nn`c. En particulier, Z est hyperbolique au sens de Kobayashi.

Comme notre dé�nition de �quasi-k-jet ample� coïncide avec l'amplitude du �bré cotangent lorsque
k “ 1, le Théorème 14 contient les conjectures de Kobayashi (c “ 1) et Debarre (c ě n

2 ), avec certaines
estimations e�ectives (non-optimales).

Quitte à prendre une borne inférieure légèrement plus grande, en nous appuyant sur une astuce de
factorisation due à Xie [Xie15], nous pouvons obtenir une borne inférieure uniforme :

Théorème 15. (= Theorem M) Soient X une variété projective lisse de dimension n, et A un �bré en
droites très ample sur X. Pour tout c-tuple d :“ pd1, . . . , dcq tel que dp ě c2n2n`2cprnc sq

2n`2c`4, pour tout p

tel que 1 ď p ď c, et pour toutes hypersurfaces généralesHp P |A
dp |, l'intersection complète Z :“ H1X. . .XHc

est quasi-k-jet ample lorsque k ě k0.

En utilisant la relation qui existe entre les �brés tautologiques dans les tours de Demailly-Semple et les
�brés de di�érentielles de jets invariants, nous prouvons le théorème suivant sur la conjecture de Diverio-
Trapani :

Théorème 16. (= Theorem N) Dé�nissons q :“ Zd Ñ
śc
p“1 |A

dp | comme la famille universelle des

c-intersections complètes d'hypersurfaces dans
śc
p“1 |A

dp |, où dp ě c2n2n`2cprnc sq
2n`2c`4 pour chaque 1 ď

p ď c. Dé�nissons U Ă
śc
p“1 |A

dp | comme l'ouvert de Zariski de
śc
p“1 |A

dp | au dessus duquel q : X :“

q´1pUq Ñ U est une �bration lisse.
Alors pour chaque j " 0, il existe un sous-�bré Vj Ă Ek,jmT

˚
X {U dé�ni sur X , dont la restriction de Vj à

la �bre générale Z de q est un �bré ample. De plus, pour tout x P Z �xé et tout k-jet de courbe holomorphe
régulier rf s : pC, 0q Ñ pZ, xq, il existe Pj P H

0pZ, Vj |Z bA
´1q tel que

Pjpf
1, . . . , f pkqq ‰ 0.

En d'autres termes, ce théorème montre que nous pouvons trouver un sous-�bré des �brés de di�éren-
tielles de jets invariants qui est ample et tel que son lieu de base de Demailly-Semple dé�ni dans [DR13, Sec-
tion 2.1] est vide.

0.5. Applications des théorèmes d'extension de L2 aux problèmes d'images directes

Une des applications marquantes de la technique de Bochner-Kodaira-Nakano-Hörmander est le théorème
d'extension L2 de Ohsawa-Takegoshi [OT87]. Par la suite, de nombreux travaux se sont attachés à améliorer
les bornes e�ectives obtenues et à développer des approches plus algébriques. On peut citer ainsi les travaux
de Manivel, Siu, Berndtsson, Popovici, Bªocki, Guan-Zhou, Junyan Cao [Man93,Siu95,Ber96,Pop05,
Blo13,GZ15,Cao14]. Plus récemment, Demailly a généralisé le théorème d'extension aux sous-variétés
non nécessairement réduites, sous des conditions (probablement optimales) de courbure [Dem15a]. Il faut
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mentionner ici que les résultats d'extension de Ohsawa-Takegoshi ont de nombreuses conséquences fonda-
mentales en géométrie algébrique et analytiques : approximation des courants positifs fermés, résultats de
positivité de la courbure de la métrique de Bergman, invariance des plurigenres par déformation, con�rmation
de la conjecture de Iitaka dans le cas où la base est une variété abélienne, etc.

Dans le Chapitre 5, nous utilisons le résultat d'extension de Demailly et le théorème d'extension pluri-
canonique de Berndtsson et P un [BP08] pour étudier deux problèmes sur la positivité des images directes.
Tout d'abord, nous étudions une conjecture de Popa et Schnell :

Conjecture 0.5.1. (Popa-Schnell) Soient f : X Ñ Y une application surjective entre deux variétés
projectives non singulières X et Y , où dimpY q “ n, et L un �bré en droites ample sur Y . Alors, pour tout
k ě 1, le faisceau

f˚pK
bk
X q b Ll

est engendré par ses sections pour l ě kpn` 1q.

Dans [PS14], Popa et Schnell ont prouvé la conjecture dans le cas où L est un �bré en droites ample
et engendré par ses sections globales, lorsque dimpXq “ 1. Dans une prépublication récente [Dut17], en
appliquant le travail d'Angehrn et Siu, Dutta a amélioré le résultat de Popa et Schnell, mais avec une borne
quadratique de l en termes de la dimension n :

l ě k
´

ˆ

n` 1

2

˙

` 1
¯

.

Dans le Chapitre 5, en appliquant le résultat d'extension de Demailly ainsi que la méthode de l'invariance
des plurigenres de P un [Pau07], nous montrons le théorème suivant :

Théorème 17. (= Theorem O) Soient f : X Ñ Y une application surjective entre deux variétés
projectives non singulières X et Y , où dimpY q “ n, et L un �bré en droites ample sur Y . Si y est une valeur
régulière de f , alors pour tout k ě 1, le faisceau

f˚pK
bk
X q b Ll

est, en point donné y P Y , engendré par ses sections pourvu que

l ě kp

Z

n

εpL, yq

^

` 1q,

où εpL, yq ą 0 est la constante de Seshadri de L au point y. En particulier, lorsque εpL, yq ě 1 aux points
en position très générale y P Y , alors la conjecture 0.5.1 est valable pour les points en position générale en
Y ; c'est-à-dire que l'image directe

f˚pK
bk
X q b Ll

est engendrée par ses sections aux points de Y en position générale, dès que l ě kpn` 1q.

D'après un résultat de Ein-Küchle-Lazarsfeld [EKL95], il existe une borne inférieure universelle pour la
constante de Seshadri. Plus précisément, pour un point en position très générale y P Y , εpL, yq ě 1

dimpY q .

En appliquant ce résultat, nous obtenons une estimation e�ective pour la conjecture 0.5.1 :

Théorème 18. (= Theorem P) Soient f : X Ñ Y une application surjective entre deux variétés
projectives non singulières X et Y , où dimpY q “ n, et L un �bré en droites ample sur Y . Alors pour chaque
k ě 1, l'image directe

f˚pK
bk
X q b Ll

est engendrée par ses sections aux points de Y en position générale pour tout l ě kpn2 ` 1q.

Par rapport au résultat de Dutta, notre borne de l est aussi quadratique en termes de la dimension
n mais légèrement plus faible que la sienne. Cependant, si nous utilisons un résultat bien connu dans
la théorie de Mori que KY ` pn ` 1qL est semi-ample pour tout �bré en droites ample L et le théorème
d'extension pluricanonique de Berndtsson-P un [BP08], nous obtenons une borne pour l linéaire en termes
de la dimension n.

Théorème 19. (= Theorem Q) Soient f : X Ñ Y une application surjective entre deux variétés
projectives non singulières X et Y , où dimpY q “ n, et L un �bré en droites ample sur Y . Alors pour tout
k ě 1, l'image directe

f˚K
bk
X b Lbl

est engendrée par ses sections aux points de Y en position générale, dès que l ě kpn` 1q ` n2 ´ n.

La deuxième partie du Chapitre 5 est consacrée à l'étude d'une question de Demailly-Peternell-Schneider
posée dans [DPS01] :
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Problème 1. Soient f : X Ñ Y une application surjective entre deux variétés projectives normales Q-
Gorenstein. Lorsque ´KX est pseudo-e�ectif et que son lieu de base non-nef ne se projette pas surjectivement
sur Y , ´KY est-il pseudo-e�ectif?

Inspiré par le travail récent de J. Cao sur l'isotrivialité locale de l'application d'Albanese d'une variété à
�bré anticanonique nef [Cao16], nous répondons positivement au problème 1 lorsque X et Y sont remplacées
par des paires :

Théorème 20. (= Theorem R) Soit f : X Ñ Y une application surjective entre deux paires pX,Dq et
pY,∆q, où pX,Dq est log-canonique et ∆ est un Q-diviseur (pas nécessairement e�ectif) sur Y . On suppose
que ´pKX `Dq´f

˚∆ est pseudo-e�ectif, et que le lieu base non-nef B´
`

´pKX `Dq´f
˚∆

˘

ne se projette
pas surjectivement sur Y . Alors ´KY ´ ∆ est pseudo-e�ectif et le lieu base non-nef est contenu dans
f
`

B´p´KX ´D´ f
˚∆q

˘

YZ YZD, où Z est la sous-variété minimale de Y telle que f : Xzf´1pZq Ñ Y zZ
soit une �bration lisse, et où ZD est une union au plus dénombrable de sous-variétés propres contenant Z
telle que pour tout y R ZD, la paire

`

f´1pyq, Dæf´1pyq

˘

soit aussi log-canonique.

Le théorème suivant de Fujino et Gongyo [FG14] est une conséquence directe du Théorème 20 :

Théorème 0.5.1. (Fujino-Gongyo) Soit f : X Ñ Y une �bration lisse entre deux variétés projectives
lisses. Soient D un Q-diviseur e�ectif sur X tel que pX,Dq soit log-canonique, avec SupppDq un diviseur à
croisements normaux, et SupppDq à croisements normaux relativement au dessus de Y . Soit ∆ un Q-diviseur
(pas nécessairement e�ectif) sur Y . Si ´pKX `Dq ´ f

˚∆ est nef, alors ´KY ´∆ est aussi nef.

En outre, nous montrons le théorème suivant :

Théorème 21. (= Theorem S) Avec les même notations dans le Théorème 20, on suppose que pX,Dq
est klt, que ´KX ´D´ f

˚∆ est gros et que son lieu de base non-nef B´p´KX ´D´ f
˚∆q ne domine pas

Y . Alors ´KY ´∆ est gros et son lieu base non-nef est contenu dans f
`

B´p´KX ´D ´ f
˚∆q

˘

Y Z Y ZD.

En combinant les Théorèmes 20 et 21, nous prouvons le théorème suivant, qui est une généralisation
d'un théorème de Fujino et Gongyo [FG12] sur l'image des variétés de Fano faibles :

Théorème 22. (= Theorem T) Soit f : X Ñ Y une �bration lisse entre deux variétés projectives lisses,
et soit D un Q-diviseur e�ectif sur X tel que pX,Dq soit klt, avec pXy, DæXy q klt pour tout y P Y . Soit ∆
un Q-diviseur (pas nécessairement e�ectif) sur Y . Si ´KX ´D ´ f˚∆ est gros et nef, alors ´KY ´∆ est
aussi gros et nef.

Nous utilisons le Théorème 21 a�n de ra�ner un résultat de Broustet et Pacienza sur la connexité
rationnelle de l'image [BrP11, Théorème 1.2] :

Théorème 23. (= Theorem U) Avec les mêmes notations que dans le Théorème 20, on suppose que
pX,Dq et pY,∆q sont deux paires klt. Si ´pKX `∆` f˚∆q est gros et si son lieu base non-nef B´p´KX ´

D´f˚∆q ne domine pas Y , alors Y est rationnellement connexe modulo f
`

B´p´KX´D´f
˚∆q

˘

YZYZD,
ce qui signi�e que pour tout point général y P Y , il existe une courbe rationnelle Ry joignant y à un point
de f

`

B´p´KX ´D ´ f
˚∆q

˘

Y Z Y ZD.

Remarque 1. Avec les mêmes hypothèses et notations que dans le Théorème 23, dans [BrP11], Broustet
et Pacienza ont montré que Y est uniréglée.

0.6. Une remarque sur la correspondance de Corlette-Simpson

Sur une variété kählerienne X, on appelle �bré de Higgs la donnée d'un couple pE, θq, où E est un
�bré holomorphe sur X et θ une forme di�érentielle régulière de degré 1 à valeurs dans le �bré des endo-
morphismes EndpEq, satisfaisant l'identité θ ^ θ “ 0. En 1965, Narasimhan et Seshadri établissaient une
correspondance bijective entre l'ensemble des classes d'équivalence de représentations unitaires irréductibles
du groupe fondamental π d'une surface de Riemann compacte X, et l'ensemble des classes d'isomorphisme de
�brés vectoriels stables de degré 0 sur X. La correspondance fut étendue à toute variété projective lisse par
Donaldson [Don85], puis à toute variété kählérienne compacte par Uhlenbeck et Yau [UY86]. Le résultat
fondamental de C. Simpson [Sim88] donne une caractérisation des �brés de Higgs sur lesquels il existe une
métrique de Yang-Mills.

Par la suite, C. Simpson a trouvé un analogue pour les représentations linéaires quelconques. Le résultat
essentiel de Simpson [Sim92], qui repose en partie sur les résultats de Corlette [Cor88], et surtout sur ceux
de Donaldson [Don87], consiste à établir une équivalence de catégories entre la catégorie des représentations
linéaires du groupe fondamental d'une variété projective lisse, celle des �brés plats, et celle des �brés de Higgs
semi-stables de classes de Chern nulles. Ceci se traduit, quand on �xe le rang r, par l'existence de trois
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espaces de modules grossiers MBprq, MDRprq et MDolprq associés à de tels objets ; ces variétés algébriques
ont même ensemble de points fermés, mais les structures algébriques di�èrent.

Le but du chapitre 6 est de donner une preuve concrète et constructive de la correspondance de Simpson
entre la catégorie des représentations linéaires du groupe fondamental d'une variété compacte kählerienne
lisse, et celle des �brés de Higgs semi-stables de classes de Chern nulles. Le résultat est le suivant :

Théorème 24. (= Theorem V) SoitX une variété compacte kählerienne lisse. Alors les énoncés suivants
sont équivalents :

(i) E est un �bré plat sur X ;
(ii) il existe une structure de �bré de Higgs pE, B, θq sur E, et pE, θq possède une �ltration :

t0u “ pE0, θ0q Ă pE1, θ1q Ă . . . Ă pEm, θmq “ pE, θq

où les pEi, θiq sont des sous-faisceaux de Higgs de pE, θq tels que chaque gradué pEi, θiq{pEi´1, θi´1q

soit un �bré de Higgs stable de classes de Chern nulles.
(iii) E est un �bré de Higgs semi-stable de classes de Chern nulles.

Dans le chapitre 6, nous ne prouvons que l'équivalence entre (i) et (ii) dans le Théorème 24. L'implication
(ii) ñ (iii) est triviale. Pour montrer que (iii) implique (ii), il su�t de montrer que tous les gradués dans
la �ltration de Jordan-Hölder d'un �bré de Higgs semi-stable de classes de Chern nulles sont des faisceaux
localement libres. Dans [DPS94], les auteurs ont prouvé ce résultat pour les �brés sans champ de Higgs θ.
Dans [Sim92, Théorème 2], lorsque X est projectif, Simpson a utilisé le théorème de restriction de Mehta
et Ramanathans a�n de montrer le Théorème 24. Dans une prépublication récente [NZ15], en appliquant
le �ot de Yang-Mills-Higgs pour construire la métrique approximative de Hermite-Einstein pour les �brés de
Higgs semi-stables, et en combinant ceci avec les techniques de [DPS94], Y.-C. Nie et X. Zhang ont prouvé
l'implication (iii) ñ (ii).

En particulier, si le champ de Higgs disparaît, le résultat de Simpson suivant est une conséquence directe
du Théorème 24 :

Théorème 0.6.1. (Simpson) Soit X une variété compacte kählerienne lisse. On suppose que le �bré
holomorphe E sur X possède une �ltration

t0u “ E0 Ă E1 Ă ¨ ¨ ¨ Ă Ep “ E(0.6.1)

tel que tous les gradués Ek{Ek´1 soient hermitiens plats. Alors la connexion de Gauss-Manin DE de E est
compatible avec la connexion hermitienne naturelle sur le gradué Ek{Ek´1 pour chaque k “ 1, . . . , p.
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0.7. Generalized Okounkov Bodies

The theory of Okounkov bodies, �rst introduced by Okounkov, and systematically developed by Lazars-
feld and Mustaµ  [LM09] as well as by Kaveh and Khovanskii [KK09], aims at generalizing the notion of
the Newton polytope of a projective toric variety. Its main purpose is to associate a convex body in the
Euclidean space to a big line bundle on a projective manifold.

All the results mentioned above are mainly concerned with the line bundles. As was asked by Lazarsfeld
and Mustaµ  [LM09], a natural question would be to construct Okounkov bodies for transcendental coho-
mology classes in the Kähler geometry setting, and to realize the volumes of these classes by convex bodies
as well. In Chapter 1, we have studied this problem in a systematic way, and we have solved this problem
completely in the case of Kähler surfaces.

It should be stressed that in the construction of Okounkov bodies for big line bundles, one �rst has to
de�ne valuation-like functions from the graded linear systems of the line bundle to the Euclidean domain,
with respect to a �xed �ag

Y‚ : X “ Y0 Ą Y1 Ą Y2 Ą . . . Ą Yn´1 Ą Yn “ tpu,

where Yi is a smooth irreducible subvariety of codimension i in X. Then the Okounkov body is obtained by
taking the convex hull of the set of normalized valuation vectors. However, for general transcendental classes,
there is no holomorphic analogue of the linear system of the line bundle; instead of this, we consider the set
of Kähler currents with analytic singularities in the transcendental classes. Thanks to the Siu decomposition
theorem, it is possible to de�ne a valuation-like function very much as in the algebraic situation.

Let α P H1,1pX,Rq be a big class on a n-dimensional Kähler manifold X, and let Y‚ be a �xed �ag on
X. Set Sα to be the set of Kähler currents in α with analytic singularities. We de�ne the valuation-like
function

ν : Sα Ñ Rn

T ÞÑ νY‚pT q “ pν1pT q, . . . νnpT qq

as follows. First, set
ν1pT q “ suptλ | T ´ λrY1s ě 0u,

where rY1s is the current of integration over Y1. By Siu's decomposition, we know that ν1pT q is the coef-
�cient νpT, Y1q of the positive current rY1s appearing in the Siu decomposition of T . Since T has analytic
singularities, the restriction T1 :“ pT ´ ν1rY1sq|Y1 is well-de�ned over Y1, which is still a Kähler current with
analytic singularities. Then take

ν2pT q “ suptλ | T1 ´ λrY2s ě 0u,

and continue in this manner to de�ne the remaining values νipT q P R`.

Definition 0.7.1. The generalized Okounkov bodies ∆Y‚pαq Ă Rn with respect to the �ag Y‚ is de�ned
to be closure of the set of valuation vectors νY‚pT q.

When this cohomology class happens to lie in the Néron-Severi group, by applying the Ohsawa-Takegoshi
extension Theorem, we prove that the newly de�ned convex body coincides with the original Okounkov body.

Theorem I. (= Theorem A) Let X be a smooth projective variety of dimension n, L be a big line bundle
on X and Y‚ be a �xed admissible �ag. Then we have

∆Y‚pc1pLqq “ ∆Y‚pLq “
8
ď

m“1

1

m
νpmLq.

Moreover, in the de�nition of Okounkov body ∆Y‚pLq, it su�ces to take the closure of the set of normalized
valuation vectors instead of the closure of the convex hull.

An important fact for the Okounkov bodies is that one can relate the volume of a given big line bundle to
the standard Euclidean volume of its Okounkov body. It is quite natural to wonder whether our newly de�ned
convex body for big classes behaves similarly as the original Okounkov body. In the case of Kähler surfaces,
we give a complete characterization of generalized Okounkov bodies, and show that they must always be
�nite polygons. Moreover, we obtain an explicit description for the ��niteness" of the polygons appearing as
generalized Okounkov bodies of big classes. In particular, this also holds for the original Okounkov bodies.
Our main theorem is the following

Theorem II. (= Theorem B) Let X be a compact Kähler surface, α P H1,1pX,Rq be a big class. If C
is an irreducible divisor of X, there are piecewise linear continuous functions

f , g : ra, ss ÞÑ R`
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with f convex, g concave, and f ď g, such that ∆pαq Ă R2 is the region bounded by the graphs of f and g:

∆pαq “ tpt, yq P R2 | a ď t ď s, and fptq ď y ď gptqu.

Here ∆pαq is the generalized Okounkov body with respect to the �xed �ag

X Ě C Ě txu,

and s “ suptt ą 0 | α ´ tC is bigu. If C is nef, a “ 0 and fptq is increasing; otherwise, a “ suptt ą 0 |
C Ď EnKpα ´ tCqu, where EnK :“

Ş

T E`pT q for T ranging among the Kähler currents in α, which is the
non-Kähler locus. Moreover, ∆pαq is a �nite polygon whose number of vertices is bounded by 2ρpXq ` 2,
where ρpXq is the Picard number of X, and

volXpαq “ 2 volR2p∆pαqq.

The proof of the above theorem is based on Demailly's transcendental Morse inequality for Kähler sur-
faces, and we achieved this in the case of Kähler surface using Boucksom's Divisorial Zariski decomposition.
Moreover, our results also hold for some special Kähler manifolds of higher dimensions.

Theorem III. (= Theorem 1.3.5) Let X be a compact Kähler manifold of dimension n on which the
modi�ed nef cone MN coincides with the nef cone N . If α and β are nef classes satisfying the inequality
αn ´ nαn´1 ¨ β ą 0, then α´ β is big and volXpα´ βq ě αn ´ nαn´1 ¨ β.

We also de�ne the generalized Okounkov bodies for pseudo-e�ective classes in Kähler surfaces, and study
their properties. We summarize our results as follows

Theorem IV. (= Theorem F) Let X be a Kähler surface and α be a pseudo-e�ective that is not big.

(i) If the numerical dimension npαq “ 0, then for any irreducible curve C which is not contained in the
negative part Npαq of Boucksom's divisorial Zariski decomposition, we have a generalized Okounkov
body of the form

∆pC,xqpαq “ 0ˆ νxpNpαq|Cq,

where νxpNpαq|Cq “ νpNpαq|C , xq is the Lelong number of Npαq at x;
(ii) if npαq “ 1, then for any irreducible curve C satisfying Zpαq ¨ C ą 0, we have

∆pC,xqpαq “ 0ˆ rνxpNpαq|Cq, νxpNpαq|Cq ` Zpαq ¨ Cs.

In particular, the numerical dimension determines the dimension of the generalized Okounkov body.

0.8. Dengeneracy of Entire Curves on Higher dimensional Manifolds

In [McQ98], McQuillan proved the following theorem, which partially solved the Green-Gri�ths-Lang
conjecture for complex surfaces with big cotangent bundle:

Theorem 0.8.1. (McQuillan) Let X be a surface of general type and F a holomorphic foliation on X.
Then no entire curve F : CÑ X tangent to F can be Zariski dense.

The original proof of Theorem 0.8.1 is rather involved. Somewhat later, several works appeared (e.g.
[Bru99,PS14]), attempting to explain and simplify McQuillan's proof. Let us recall brie�y the idea in
proving Theorem 0.8.1. Assume that there exists a Zariski dense entire curve f : C Ñ X which is tangent
to F . Then, one can study the intersection properties of the Ahlfors current T rf s, which is a representative
of a pn´ 1, n´ 1q-cohomology class in X, with the tangent bundle and the normal bundle of the foliation F
respectively. The above works provided that both of the intersections numbers are non-negative. However,
since KX is big, then T rf s ¨KX ą 0, and by the equality K´1

X “ TF `NF , a contradiction is obtained.

The goal of this paper is to study the degeneration of leaves of the one-dimensional foliations on higher
dimensional manifolds, inspired by the work [McQ98,Bru99,McQ08,PS14]. Let us �rst recall the following
fundamental intersection formula [McQ98,Bru99,PS14], which is the basis of our work:

Theorem 0.8.2. (Brunella-McQuillan-P un-Sibony) Let pX,Fq be a Kähler 1-foliated pair. If f : CÑ
X is an entire curve tangent to F whose image is not contained in SingpFq, then

tT rf su ¨ c1pTF q ` T pf,JF q “ tT rfr1ssu ¨ c1
`

OX1
p´1q

˘

ě 0,

where JF is a coherent ideal sheaf determined by the singularity of F , and T pf,JF q is a non-negative real
number representing the �intersection" of T rf s with JF (see Remark 2.2.1 for the De�nition), fr1s is the lift
of f to the projectivized bundle P pTXq.
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If X is a complex surface, as is proved by McQuillan [McQ98], after passing to some birational model

pX̃, F̃q Ñ pX,Fq, Theorem 0.8.2 can be improved to the extent that

(0.8.1) T rf̃ s ¨ TF̃ ě 0,

where f̃ is the lift of f to X̃. By pursuing his philosophy of �Diophantine approximation" for foliations, we
can generalize (0.8.1) to higher dimensional manifolds:

Theorem V. (= Theorem G) Let pX,Fq be a 1-foliated pair with simple singularities (see De�nition
2.3.2, and if X is a complex surface, simple singularities are reduced ones). For any entire curve whose

Zariski closure fpCq
Zariski

is of dimension at least 2, which is also tangent to F , one always has

T rf s ¨ TF ě 0.

If one further assumes that KF is a big line bundle, then for any entire curve f tangent to F , either f
is an algebraic leaf of F , or the image of f is contained in the augmented base locus B`pKF q of KF . In
particular, if KF is ample, then there exists no nonconstant transcendental entire curve f : CÑ X tangent
to F .

As an application of Theorem V, we can give a new proof of the following elegant theorem by Brunella
[Bru06, Corollary]

Theorem 0.8.3. (Brunella) For a generic foliation by curves F of degree d ě 2 on the complex projective
space Pn, that is, F is generated by a generic holomorphic section (a rational vector �eld)

s P H0
`

Pn, TPn b Opd´ 1q
˘

,

all the leaves of F are hyperbolic. More precisely, there exists no nonconstant f : CÑ Pn tangent to F (and
possibly passing through SingpFq).

For any one-dimensional foliation with absolutely isolated singularities (see De�nition 2.3.1), by the
reduction theorems [CCS97,Tom97], one can take a �nite sequence of blow-up's to make the singularities
simple. We thus have the following result:

Theorem VI. (= Theorem H) Let F be a foliation by curves on the n-dimensional complex manifold X,
such that the singular set SingpFq of the foliation F is a set of absolutely isolated singularities. If f : CÑ X

is an entire curve whose Zariski closure fpCq
Zariski

is of dimension at least 2, which is also tangent to F ,

then one can blow-up X a �nite number of times to get a new birational model p rX, rFq such that

T r rf s ¨ T
rF ě 0,

where f̃ is the lift of f to X̃.

The proof of Theorem V relies heavily on the reduction of singularities. According to the original
motivation of McQuillan is to study the Green-Gri�ths-Lang conjecture, we introduce the so-called weakly
reduced singularities (see De�nition 2.3.4) for one-dimensional foliations on higher dimensional manifolds.
They are less demanding than the reduced ones, but play the same role in studying the Green-Gri�ths-Lang
conjecture. Our theorem is as follows:

Theorem VII. (=Theorem I) Let X be a projective manifold of dimension n endowed with a one-
dimensional foliation F with weakly reduced singularities. If f is a Zariski dense entire curve tangent to F ,
satisfying T rf s ¨KX ą 0 (e.g. KX is big), then we have

T rf̂ s ¨ detNF̂ ă 0

for some birational model pX̂, F̂q.

Remark 0.8.1. Our de�nition of �weakly reduced singularities" is actually weaker than the usual concept
of reduced singularities, which always requires a lot of checking (e.g. through a classi�cation of singularities).
We only need to focus on the multiplier ideal sheaf of JF , instead of trying to understand the exact behavior
of singularities.

It is notable that the following result due to Brunella [Bru99, Theorem 2] implies a conclusive contra-
diction in combination with Theorem VII, in the case of complex surfaces.

Theorem 0.8.4. (Brunella) Let X be a complex surface endowed with a foliation F (no assumption is
made for singularities of F here). If f : CÑ X is a Zariski dense entire curve tangent to F , then we have

T rf s ¨NF ě 0.
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Therefore, we get another proof of McQuillan's Theorem 0.8.1 without using the re�ned formula (0.8.1)
immediately. This leads us to observe that if one could resolve arbitrary singularities of one-dimensional
foliations into weakly reduced ones, and generalize the previous Brunella Theorem to higher dimensional
manifolds, one could infer the Green-Gri�ths conjecture for surfaces of general type.

Theorem VIII. (= Theorem J) Assume that Theorem 0.8.4 holds for any directed variety pX,Fq where
X is a base of arbitrary dimension and F has rank 1, and that one can resolve the singularities of F
into weakly reduced ones. Then every entire curve drawn in a projective surface of general type must be
algebraically degenerate.

0.9. Kobayashi Volume-Hyperbolicity for (Singular) Directed Varieties

Let pX,V q be a complex directed manifold, i.e X is a complex manifold equipped with a holomorphic
subbundle V Ă TX . The philosophy behind the introduction of directed manifolds, as initially suggested
by J.-P. Demailly, is that, there are certain fonctorial constructions which work better in the category of
directed manifolds [Dem95]. This is so even in the �absolute case�, i.e. in the case V “ TX . In general,
singularities of V cannot be avoided, even after blowing-up, and V can be seen as a coherent subsheaf of
TX such that TX{V is torsion free. Such a sheaf V is a subbundle of TX outside of an analytic subset of
codimension at least 2, which we denote here by SingpV q. The Kobayashi-Eisenman volume measure can
also be de�ned for such (singular) directed pairs pX,V q.

Definition 0.9.1. Let pX,V q be a directed manifold with dimpXq “ n and let rankpV q “ r. Then the
Kobayashi-Eisenman volume measure of pX,V q is the pseudometric de�ned on any ξ P ΛrVx for x R SingpV q,
by

erX,V pξq :“ inftλ ą 0; Df : Br Ñ X, fp0q “ x, λf˚pτ0q “ ξ, f˚pTBr q Ă V u,

where Br is the unit ball in Cr and τ0 “
B
Bt1
^ ¨ ¨ ¨ ^ B

Btr
is the unit r-vector of Cr at the origin. One says

that pX,V q is Kobayashi measure hyperbolic if erX,V is generically positive de�nite, i.e. positive de�nite on a
Zariski open set.

In [Dem10] the author also introduced the concept of canonical sheaf KV for any singular directed
variety pX,V q, and he showed that the �bigness" of KV implies that all non constant entire curves f : CÑ
pX,V q must satisfy certain global algebraic di�erential equations. In this note, we study the Kobayashi-
Eisenman volume measure of the singular directed variety pX,V q, and give another geometric consequence
of the bigness of KV . Our main theorem is as follows:

Theorem IX. (= Theorem K) Let pX,V q be a compact complex directed variety pwhere V is possibly
singularq, and let rankpV q “ r, dimpXq “ n. If V is of general type (see De�nition 3.3 below), with a base
locus BspV q Ĺ X, then pX,V q is Kobayashi measure hyperbolic.

Remark 0.2. In the absolute case, Theorem IX is proved in [Gri71] and [KO71]; for a smooth directed
variety it is proved in [Dem95].

0.10. E�ective Results On the Diverio-Trapani Conjecture

The famous Kobayashi conjecture states that a general hypersurface in Pn of su�cient large degree
d ě dK,n is Kobayashi hyperbolic. In the last 15 years, at least three important techniques were introduced
to study this problem: Siu's slanted vector �elds for higher order jet spaces [Siu15], Demailly's approach for
the study of the Green-Gri�ths-Lang conjecture through directed varieties strongly of general type [Dem16],
and Brotbek's recent construction of families of varieties which are deformations of Fermat type hypersurfaces
[Bro16]. In the works [Bro16,Dem16], several important techniques for the study of hyperbolicity-related
problems are developed using invariant jet di�erentials Ek,mT

˚
X ; these were introduced by J.-P. Demailly

in [Dem95], and can be seen as a variant of the Green-Gri�ths jets EGG
k,mT

˚
X initialed by Green-Gri�ths

[GG79], with the additional property that they are invariant under the reparametrization; both types of jets
generalize to higher orders the symmetric di�erentials SmT˚X . However, when trying to enforce positivity for
jet bundles of the complete intersection of hypersurfaces in PN , one cannot expect to achieve this for lower
order jet di�erentials if the codimension of subvariety is small, as was proved by Diverio [Div08]:

Theorem 0.10.1. (Diverio) Let X Ă PN be a smooth complete intersection of hypersurfaces of any
degree in PN . Then

H0pX,EGGk,mT
˚
Xq “ 0

for all m ě 1 and 1 ď k ă dimpXq{codimpXq.
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On the other hand, the hyperbolicity should be enhanced by taking an intersection of a larger number
of projective hypersurfaces of high degree. Debarre veri�ed this in the case of abelian varieties, by proving
that the intersection of at least N

2 su�ciently ample general hypersurfaces in an N -dimensional abelian
variety has an ample cotangent bundle. He further conjectured that the analogous statement should also
hold for complete intersections in projective space. Very recently, relying mainly on the ideas and explicit
methods arising in the series of articles by Brotbek [Bro14,Bro15], Brotbek and Darondeau [BD15] and
independently S.-Y. Xie [Xie15,Xie16] proved the Debarre conjecture::

Theorem 0.10.2. (Brotbek-Darondeau, Xie) Let X be any smooth projective variety of dimension N ,
and let A be a very ample line bundle on X. Then there exists a positive number dN depending only on the
dimension N , such that for each c ě N

2 , the complete intersection of c general hypersurfaces in |Aδ| has an
ample cotangent bundle as soon as δ ě dN .

Moreover, Xie was able to give an e�ective lower bound on hypersurface degrees dN :“ NN2

. Although
the work by Brotbek and Darondeau is not e�ective as far as the lower bound dN is concerned, they were able
to strengthen the cohomological computations of [Bro15], and produced an elegant geometric construction,
which de�nes a map Ψ from the projectivized relative cotangent bundle PpΩχ{Sq to a certain family Y Ñ G.
We called Y the universal Grassmannian in Section 4.4. It is used to construct a lot of global symmetric
di�erential forms with a negative twist, by pulling-back the positivity on Y . In order to make the base
locus empty, they apply Nakamaye's Theorem (see [Laz04, Theorem 10.3.5] or [Bir13, Theorem 1.3]) which
asserts that for a big and nef line bundle L on a projective variety, the augmented base locus B`pLq coincides
with the null locus NullpLq. In this case, L is taken to be the tautological line bundle L on the universal
Grasssmannian Y . In Chapter 4, we obtain an e�ective result for a slightly weaker statement than the
Nakamaye result used by Brotbek and Darondeau, that is still su�cient to complete the argument. In this
way, as a consequence of their work, we obtain a better lower bound than Xie's:

Theorem X. With the same notation in Theorem 0.10.2, one can take

dN “ 4c0p2N ´ 1q2c0`1 ` 6N ´ 3,

where c0 :“ tN`1
2 u.

On the other hand, by introducing a new compacti�cation of the set of regular jets JkT
reg
X {Gk, Brotbek

was able to fully develop the ideas in [BD15] to prove the Kobayashi conjecture [Bro16]. His statement is
the following:

Theorem 0.10.3. (Brotbek) Let X be a smooth projective variety of dimension n. For any very ample
line bundle A on X and any d ě dK,n, a general hypersurface in |Ad| is Kobayashi hyperbolic. Here dK,n
depends only the dimension n.

The main new tool Brotbek introduced is a Wronskian construction related to the Demailly-Semple tower,
which associates sections of the line bundle to global invariant jet di�erentials. In fact, before Brotbek's work,
we had few ways of constructing invariant jet di�erentials except the technique of meromorphic connections
introduced by Nadel [Nad89] and developed further by Demailly-El Goul [DEG97]. However, there are
certain insuperable obstructions to the positivity of the tautological line bundle on the Demailly-Semple
towers, due to the compacti�cation of the jet bundles (ref. [Dem95]). Brotbek introduced a clever way to
blow-up the ideal sheaves de�ned by the Wronskians, which behaves well in families; as a consequence he was
able to apply the openness property of ampleness for the higher order jet bundles to prove the hyperbolicity
for general hypersurfaces. In order to make the lower bound dK,n in Theorem 0.10.3 e�ective, one needs to
make some noetherianity arguments e�ective as well. Along with the Nakmaye theorem, there is another
constant m8pXk, Lq which re�ects the stability of Wronskian ideal sheaf when the positivity of the line
bundle L increases. In Section 4.2.3 we study Brotbek's Wronskians and prove an e�ective generation result
for Wronskian ideal sheaves. In this way, by adapting Brotbek's result, we have been able obtain an e�ective
bound for the Kobayashi conjecture.

Theorem XI. With the same notation in Theorem 0.10.3, one can take

dK,n “ nn`1pn` 1q2n`5.

Remark 0.3. By using Siu's technique of slanted vector �elds on higher jet spaces outlined in the
survey [Siu02], and the Algebraic Morse Inequality of Demailly and Trapani, the �rst e�ective lower bound
for degrees of hypersurfaces that are weakly hyperbolic (one says that a variety X is weakly hyperbolic
if all its entire curves lie in a proper subvariety Y Ĺ X) was given by Diverio, Merker and Rousseau
[DMR10]. They indeed con�rmed the Green-Gri�ths-Lang conjecture for generic hypersurfaces in Pn of

degree d ě 2pn´1q5 . Later on, by means of a very elegant combination of his holomorphic Morse inequalities
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and of non probabilistic interpretation of higher order jets, Demailly was able to improve the lower bound

to d ě
Y

n4

3

´

n log
`

n logp24nq
˘

¯n]

[Dem10]. The latest best known bound is d ě p5nq2nn by Darondeau

[Dar15]. In the recent published paper [Siu15], Siu provided more details to his strategy in [Siu02] to
complete his proof of the Kobayashi conjecture, but it seems quite di�cult to derive explicit degree bounds
from [Siu15].

In the same vein as the Debarre conjecture, in [DT10], Simone Diverio and Stefano Trapani raised the
following generalized conjecture:

Conjecture 0.10.1. (Diverio-Trapani) Let X Ă PN be the complete intersection of c general hyper-
surfaces of su�ciently high degree. Then, Ek,mT

˚
X is ample provided that k ě N

c ´ 1, and therefore X is
hyperbolic.

In Chapter 4, following the elegant geometric methods in [BD15] and [Bro16] on the Debarre and
Kobayashi conjectures, we prove the following theorem:

Theorem XII. (= Theorem L) Let X be a projective manifold of dimension n endowed with a very ample
line bundle A. Let Z Ă X be the complete intersection of c general hypersurfaces in |H0

`

X,OXpdAq
˘

|. Then
for any positive integer k ě n

c ´ 1, Z has the almost k-jet ampleness property (see De�nition 4.2.1 below)

provided that d ě 2cprnc sq
n`c`2nn`c. In particular, Z is Kobayashi hyperbolic.

Since our de�nition of almost 1-jet ampleness coincides with the ampleness of the cotangent bundle,
Theorem XII contains both the Kobayashi (c “ 1) and Debarre conjectures (c ě n

2 ), with some (non-
optimal) e�ective estimates.

At the expense of a slightly larger bound, based on a factorization trick due to Xie [Xie15], we are able
to prove the following stronger result:

Theorem XIII. (= Theorem M) Let X be a projective manifold of dimension n and A a very ample
line bundle on X. For any c-tuple d :“ pd1, . . . , dcq such that dp ě c2n2n`2cprnc sq

2n`2c`4 for each 1 ď p ď c,

for general hypersurfaces Hp P |A
dp |, their complete intersection Z :“ H1 X . . . XHc is almost k-jet ample

provided that k ě k0.
Moreover, there exists a uniform pe1, . . . , ekq P Nk which only depends on n, such that OZkpe1, . . . , ekq

is big and such that its augmented base locus satis�es

B`
`

OZkpe1, . . . , ekq
˘

Ă ZSing
k

where ZSing
k is the set of points in Zk which can not be reached by the k-th lift frksp0q of any regular germ of

curves f : pC, 0q Ñ Z.

From the relation between tautological bundles on the Demailly-Semple towers and invariant jet bundles,
we prove the following theorem on the Diverio-Trapani conjecture:

Theorem XIV. (= Theorem N) Set q :“ Zd Ñ
śc
p“1 |A

dp | to be the universal family of c-complete

intesections of hypersurfaces in
śc
p“1 |A

dp |, where dp ě c2n2n`2cprnc sq
2n`2c`4 for each 1 ď p ď c. Set

U Ă
śc
p“1 |A

dp | to be a Zariski open set of
śc
p“1 |A

dp | such that when restricted to X :“ q´1pUq, q is a

smooth �bration. Then for every j " 0, there exists a subbundle Vj Ă Ek,jmT
˚
X {U de�ned on X , whose

restriction to the general �ber Z of q is an ample vector bundle. Moreover, �x any x P Z, and any regular
k-jet of holomorphic curve rf s : pC, 0q Ñ pZ, xq; then for every j " 0 there exists global jet di�erentials
Pj P H0pZ, Vj |Z b A´1q (hence they are of order k and weighted degree jm) that do not vanish when

evaluated on the k-jet de�ned by pf 1, f2, . . . , f pkqq.

In other words, this theorem shows that, one can �nd a subbundle of the invariant jet bundle, which is
ample, and such that its Demailly-Semple locus de�ned in [DR13, Section 2.1] is empty.

0.11. Applications of the L2-Extension Theorems to Direct Image Problems

One of the most important achievements of the Bochner-Kodaira-Nakano-Hörmander L2 theory is the
extension result established by T. Ohsawa and K. Takegoshi [OT87]. Later on, this theorem was subse-
quently re�ned by Manivel, Siu, Berndtsson, Popovici, Bªocki, Guan-Zhou, Junyan Cao [Man93,Siu95,
Ber96,Pop05,Blo13,GZ15,Cao14], and very recently Demailly proved a very general extension theorem
for non necessarily reduced subvarieties, under (probably) optimal curvature conditions [Dem15a]. The
application of L2-extension theorems to both algebraic and analytic geometry yields fundamental results in
many circumstances: various forms of approximation of closed positive currents, study of the adjoint linear
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systems, deformational invariance of plurigenera, positivity of direct images and recent results on the Iitaka
conjecture, to quote only a few.

In Chapter 5, we apply Demailly's recent extension theorem, and the pluricanonical extension theorem
by Berndtsson and P un [BP08] to study two open problems on the positivity of direct images. First, we
study a Fujita-type conjecture by Popa and Schnell:

Conjecture 0.11.1. (Popa-Schnell) Let f : X Ñ Y be a morphism of smooth projective varieties, with
dimpY q “ n, and let L be an ample line bundle on Y . Then, for every k ě 1, the sheaf

f˚pK
bk
X q b Ll

is globally generated for any l ě kpn` 1q.

In [PS14], Popa and Schnell proved the conjecture in the case when L is an ample and globally generated
line bundle, and in general when dimpXq “ 1. In a recent preprint [Dut17], applying the work of Angehrn
and Siu, Dutta was able to remove the global generation assumption on L, by making a statement about
generic global generation, with a quadratic bound on l in terms of the dimension n:

l ě kp

ˆ

n` 1

2

˙

` 1q.

In Chapter 5 by applying Demailly's recent work on the Ohsawa-Takegoshi type extension theorem
[Dem15a] as well as P un's proof of Siu's invariance of plurigenera [Pau07], we are able to prove the
following theorem:

Theorem XV. (= Theorem O) Let f : X Ñ Y be a surjective morphism between smooth projective
varieties, with dimpY q “ n, and let L be an ample line bundle on Y . If y is a regular value of f , then for
every k ě 1, the sheaf

f˚pK
bk
X q b Ll

is generated by global sections at y for any

l ě kp

Z

n

εpL, yq

^

` 1q.

Here εpL, yq ą 0 is the Seshadri constant of L at the point y. In particular, if the Seshadri constant satis�es
εpL, yq ě 1 at a very general point y P Y , then Conjecture 0.11.1 holds true for general points in Y ; that is,
the direct image

f˚pK
bk
X q b Ll

is generated by global sections at the generic point of Y for any l ě kpn` 1q.

By a result of Ein-Küchle-Lazarsfeld [EKL95], there is a universal generic bound for the Seshadri
constant depending only on the dimension of the manifold, namely, for a very generic point y P Y , εpL, yq ě 1

n .
Applying their result, we can get an e�ective estimate for Conjecture 0.11.1:

Theorem XVI. (= Theorem P) Let f : X Ñ Y be a surjective morphism between smooth projective
varieties, with dimpY q “ n, and let L be an ample line bundle on Y . Then for any k ě 1, the direct image

f˚pK
bk
X q b Ll

is generated by global sections at the generic point of Y for any l ě kpn2 ` 1q.

Compared to the bound on l obtained by Dutta, ours is also quadratic on n but slightly weaker than
hers. However, if we apply a well-known result in the Mori-theory that KY `pn` 1qL is semi-ample for any
ample line bundle L, and use the pluricanonical extension theorem by Berndtsson-P un [BP08] instead, we
can obtain a linear bound for l.

Theorem XVII. (= Theorem Q) Let f : X Ñ Y be a surjective morphism between smooth projective
manifolds, and let L be an ample line bundle on Y . Then for every k ě 1, the sheaf

f˚K
bk
X b Lbl

is generated by global sections at the generic y P Y for any l ě kpn` 1q ` n2 ´ n.

The goal of second part of Chapter 5 is to study a question by Demailly-Peternell-Schneider in [DPS01]:

Problem 0.11.1. Let X and Y be normal projective Q-Gorenstein varieties. Let f : X Ñ Y be a
surjective morphism. If ´KX is pseudo-e�ective and its non-nef locus does not project onto Y , is ´KY

pseudo-e�ective?
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Inspired by the recent work of J. Cao on the local isotriviality on the Albanese map of projective
manifolds with nef anticanonical bundles [Cao16], we give an a�rmative answer to the above problem when
X and Y are replaced by pairs:

Theorem XVIII. (= Theorem R) Let f : X Ñ Y be a surjective morphism from a log-canonical pair
pX,Dq to the smooth projective manifold Y . Let ∆ be a (not necessarily e�ective) Q-divisor on Y . Suppose
that ´pKX`Dq´f

˚∆ is pseudo-e�ective, and the non-nef locus B´
`

´pKX`Dq´f
˚∆

˘

does not project onto

Y . Then ´KY ´∆ is pseudo-e�ective with its non-nef locus contained in f
`

B´p´KX´D´f
˚∆q

˘

YZYZD,

where Z is the minimal proper subvariety on Y such that f : Xzf´1pZq Ñ Y zZ is a smooth �bration, and
ZD is an at most countable union of proper subvarieties containing Z such that for every y R ZD, the pair
`

f´1pyq, Dæf´1pyq

˘

is also lc.

The following theorem by Fujino and Gongyo [FG14] is a direct consequence of our Theorem XVIII.

Theorem 0.11.1. (Fujino-Gongyo) Let f : X Ñ Y be a smooth �bration between smooth projective
varieties. Let D be an e�ective Q-divisor on X such that pX,Dq is lc, SupppDq is a simple normal crossing
divisor, and SupppDq is relatively normal crossing over Y . Let ∆ be a (not necessarily e�ective) Q-divisor
on Y . Assume that ´pKX `Dq ´ f

˚∆ is nef. Then so is ´KY ´∆.

Moreover, we can also use analytic methods to prove the following theorem.

Theorem XIX. (= Theorem S) With the same notations in Theorem XVIII. Assume further that
pX,Dq is klt, ´KX ´ D ´ f˚∆ is big and its non-nef locus B´p´KX ´ D ´ f˚∆q does not dominate Y ,
then ´KY ´∆ is big with its non-nef locus contained in f

`

B´p´KX ´D ´ f
˚∆q

˘

Y Z Y ZD.

As a combination of Theorem XVIII and XIX, we prove the following Theorem, which is a generalization
of a theorem by Fujino and Gongyo [FG12] on the image of weak Fano manifolds.

Theorem XX. (= Theorem T) Let f : X Ñ Y be a smooth �bration between two smooth manifolds X
and Y . Let D be an e�ective Q-divisor such that pX,Dq is klt, and pXy, DæXy q is also klt for every y P Y .
Let ∆ be a (not necessarily e�ective) Q-divisor on Y . If ´KX ´D´ f

˚∆ is big and nef, then ´KY ´∆ is
also big and nef.

Finally, we apply Theorem XIX to strengthen a result by Broustet and Pacienza on the rational con-
nectedness of the image [BrP11, Theorem 1.2]:

Theorem XXI. (= Theorem U) With the same notation in Theorem XVIII. Assume that pX,Dq and
pY,∆q are both klt pairs. If ´pKX `∆` f˚∆q is big and its non-nef locus B´p´KX ´D ´ f

˚∆q does not
dominate Y , then Y is rational connected modulo f

`

B´p´KX ´D ´ f
˚∆q

˘

Y Z Y ZD, that is, there exists
an irreducible component V of B´p´KY ´∆q such that for any general point y of Y , there exists a rational
curve Ry passing through y and intersecting V .

Remark 0.4. With the same assumption and notation as in Theorem XXI, Broustet and Pacienza
proved in [BrP11] that the image is uniruled.

0.12. A Remark on the Corlette-Simpson Correspondence

A Higgs bundle is a pair pE, θq consisting of a holomorphic vector bundle E and a Higgs �eld θ, that
is a holomorphic 1-form taking values in EndpEq such that θ ^ θ “ 0. In [Sim88] Simpson generalized the
Donaldson-Uhlenbeck-Yau Theorem [Don85,UY86]: the latter states that holomorphic vector bundles on
Kähler manifolds admit Hermitian-Einstein metrics if and only if they are stables; Simpson's generalization
instead deals with Higgs bundles over the (possibly non-compact) Kähler manifolds with certain boundary
conditions.

Later on, in [Sim92], by introducing the di�erential graded categories [Sim92, Section 3], plus the
formality isomorphism [Sim92, Lemma 2.2], Simpson extended the equivalence between the category of
polystable Higgs bundles with vanishing Chern classes and the category of semi-simple representations of
fundamental groups [Cor88,Sim88], to extensions of irreducible objects on smooth projective manifolds
[Sim92, Corollary 3.10].

The purpose of Chapter 6 is to give a concrete and constructing proof of Simpson's correspondence for
semistable Higgs bundles on Kähler manifolds. Our presentation is also written for complex geometers who
are not familiar with the language of di�erential graded categories, and for readers who want an elementary
proof of the Simpson correspondence for semistable Higgs bundles. The result is the following

Theorem XXII. (= Theorem V) Let X be a compact Kähler manifold. Then the following statements
are equivalent
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(i) E is a �at vector bundle over X;
(ii) there is a structure of Higgs bundle pE, B, θq over E, such that it admits a �ltration of Higgs bundles

t0u “ pE0, θ0q Ă pE1, θ1q Ă . . . Ă pEm, θmq “ pE, θq

where θi :“ θ|Ei , such that the grade terms pEi, θiq{pEi´1, θi´1q are stable Higgs bundles with vanishing
Chern classes.

(iii) E is a semistable Higgs bundle with vanishing Chern classes.

In Chapter 6, we only (re)prove the equivalence between (i) and (ii) in Theorem V. The implication (ii)
ñ (iii) is trivial. To show that (iii) implies (ii), one only needs to prove that the Jordan-Hölder �ltrations
of the semistable Higgs bundles with vanishing Chern classes are still a �ltration of Higgs bundles rather
than Higgs sheaves. In [DPS94], the authors proved this result for pure vector bundles, i.e. when the Higgs
�eld θ vanishes. In [Sim92, Theorem 2], if X is projective, Simpson proved a a slightly stronger result,
namely that any re�exive semistable Higgs bundle with vanishing Chern classes is an extension of stable
Higgs bundles with vanishing Chern classes. His proof uses arguments that are similar to those employed
in Mehta-Ramanathan's work about restriction of semistable sheaves to hyperplane sections. In a recent
paper [NZ15], using the Yang-Mills-Higgs �ow to construct the approximate Hermitian-Einstein structure
for semistable Higgs bundles, combined with the techniques in [DPS94], Y.-C. Nie and X. Zhang proved
the implication (iii) ñ (ii).

In particular, if the Higgs �eld vanishes, one obtains a direct proof of the following result also due to
Simpson.

Theorem 0.12.1. (Simpson) Let X be a compact Kähler manifold. Suppose that the holomorphic vector
bundle E on X admits a �ltration

t0u “ E0 Ă E1 Ă ¨ ¨ ¨ Ă Ep “ E(0.12.1)

such that the quotients Ek{Ek´1 are hermitian �at vector bundles. Then the natural Gauss-Manin connection
DE on E is compatible with the natural hermitian �at connection on the quotient Ek{Ek´1 for every k “
1, . . . , p.

In [DPS94], the authors introduced the de�nition of a numerically �at vector bundle (see also De�nition
6.2.2), and proved that every numerically �at vector bundle admits a �ltration as (0.12.1). Recently, using
Theorem 0.12.1, J. Cao proved the conjecture that, for any smooth projective manifold with ´KX nef, the
Albanese map of X is locally isotrivial [Cao17]. For this, he applied an elegant criterion of [CH13] which
relates the numerical �atness property to the local isotriviality of the �bration.
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CHAPTER 1

Transcendental Morse Inequality and Generalized Okounkov Bodies

1.1. Introduction

In [Oko96] Okounkov introduced a natural procedure to associate a convex body ∆pDq in Rn to any
ample divisor D on an n-dimensional projective variety. Relying on the work of Okounkov, Lazarsfeld
and Mustaµ  [LM09], and Kaveh and Khovanskii [KK09,KK10], have systematically studied Okounkov's
construction, and associated to any big divisor and any �xed �ag of subvarieties a convex body which is now
called the Okounkov body.

We now brie�y recall the construction of the Okounkov body. We start with a complex projective variety
X of dimension n. Fix a �ag

Y‚ : X “ Y0 Ą Y1 Ą Y2 Ą . . . Ą Yn´1 Ą Yn “ tpu

where Yi is a smooth irreducible subvariety of codimension i in X. For a given big divisor D, one de�nes a
valuation-like function

µ “ µY‚,D : pH0pX,OXpDqq ´ t0uq Ñ Zn.
as follows. First set µ1 “ µ1psq “ ordY1

psq. Dividing s by a local equation of Y1, we obtain a section

rs1 P H
0pX,OXpD ´ µ1Y1qq

that does not vanish identically along Y1. We restrict rs1 on Y1 to get a non-zero section

s1 P H
0pY1,OY1

pD ´ µ1Y1qq,

then we write µ2psq “ ordY2
ps1q, and continue in this fashion to de�ne the remaining integers µipsq. The

image of the function µ in Zn is denoted by µpDq. With this in hand, we de�ne the Okounkov body of D
with respect to the �xed �ag Y‚ to be

∆pDq “ ∆Y‚pDq “ closed convex hull

˜

ď

mě1

1

m
¨ µpmDq

¸

Ď Rn.

According to the open question raised in the �nal part of [LM09], it is quite natural to wonder whether
one can construct �arithmetic Okounkov bodies" for an arbitrary pseudo-e�ective (1,1)-class α on a Kähler
manifold, and realize the volumes of these classes by convex bodies as well. In this chapter, using positive
currents in a natural way, we give a construction of a convex body ∆pαq associated to such a class α, and
show that this newly de�ned convex body coincides with the Okounkov body when α P NSRpXq.

Theorem A. Let X be a smooth projective variety of dimension n, L be a big line bundle on X and Y‚
be a �xed admissible �ag. Then we have

∆pc1pLqq “ ∆pLq “
8
ď

m“1

1

m
νpmLq.

Moreover, in the de�nition of Okounkov body ∆pLq, it su�ces to take the closure of the set of normalized
valuation vectors instead of the closure of the convex hull.

By Theorem A, we know that our de�nition of the Okounkov body for any pseudo-e�ective class could
be treated as a generalization of the original Okounkov body. A very interesting problem is to �nd out
exactly which points in the Okounkov body ∆pLq are given by valuations of sections. This is expressed by
saying that a rational point of ∆pLq is �valuative". By Theorem A we can give some partial answers to this
question which have been given in [KL14] in the case of surfaces.

Corollary 1.1.1. Let X be a projective variety of dimension n and Y‚ be an admissible �ag. If L is a
big line bundle, then any rational point in intp∆pLqq is a valuative point.

It is quite natural to wonder whether our newly de�ned convex body for big classes behaves similarly
as the original Okounkov body. In the situation of complex surfaces, we give an a�rmative answer to the
question raised in [LM09], as follows:
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Theorem B. Let X be a compact Kähler surface, α P H1,1pX,Rq be a big class. If C is an irreducible
divisor of X, there are piecewise linear continuous functions

f , g : ra, ss ÞÑ R`
with f convex, g concave, and f ď g, such that ∆pαq Ă R2 is the region bounded by the graphs of f and g:

∆pαq “ tpt, yq P R2 | a ď t ď s, and fptq ď y ď gptqu.

Here ∆pαq is the generalized Okounkov body with respect to the �xed �ag

X Ě C Ě txu,

and s “ suptt ą 0 | α ´ tC is bigu. If C is nef, a “ 0 and fptq is increasing; otherwise, a “ suptt ą 0 |
C Ď EnKpα ´ tCqu, where EnK :“

Ş

T E`pT q for T ranging among the Kähler currents in α, which is the
non-Kähler locus. Moreover, ∆pαq is a �nite polygon whose number of vertices is bounded by 2ρpXq ` 2,
where ρpXq is the Picard number of X, and

volXpαq “ 2 volR2p∆pαqq.

In [LM09], it was asked whether the Okounkov body of a divisor on a complex surface could be an
in�nite polygon. In [KLM10], it was shown that the Okounkov body is always a �nite polygon. Here we
give an explicit description for the ��niteness" of the polygons appearing as generalized Okounkov bodies of
big classes, and conclude that it also holds for the original Okounkov bodies by Theorem A.

As one might suspect from the construction of Okounkov bodies, the Euclidean volume of ∆pDq has a
strong connection with the growth of the groupsH0pX,OXpmDqq. In [LM09], the following precise relations
were shown:

(1.1.1) n! ¨ volRnp∆pDqq “ volXpDq :“ lim
kÑ8

n!

kn
h0pX,OXpkDqq.

The proof of (1.1.1) relies on properties of sub-semigroups of Nn`1 constructed from the graded linear series
tH0pX,OXpmDqqumě0. However, when α is a big class which does not belong to NSRpXq, there are no
such algebraic objects which correspond to volXpαq, and we only have the following analytic de�nition due
to Boucksom [Bou02]:

volXpαq :“ sup
T

ż

X

Tnac,

where T ranges among all positive p1, 1q-currents. Therefore, it is quite natural to propose the following
conjecture:

Conjecture 1.1.1. Let X be a compact Kähler manifold of dimension n. For any big class α P

H1,1pX,Rq, we have

volRnp∆pαqq “
1

n!
¨ volXpαq.

In Theorem B, we prove this conjecture in dimension 2. Our method is to relate the Euclidean volume
of the slice of the generalized Okounkov body to the di�erential of the volume of the big class. We prove the
following di�erentiability formula for volumes of big classses.

Theorem C. Let X be a compact Kähler surface and α be a big class. If β is a nef class or β “ tCu
where C is an irreducible curve, we have

d

dt

ˇ

ˇ

ˇ

ˇ

t“0

volXpα` tβq “ 2Zpαq ¨ β,

where Zpαq is the divisorial Zariski decomposition of α de�ned in Section 1.2.6.

A direct corollary of this formula is the transcendental Morse inequality :

Theorem D. Let X be a compact Kähler surface. If α and β are nef classes satisfying the inequality
α2 ´ 2α ¨ β ą 0, then α´ β is big and volXpα´ βq ě α2 ´ 2α ¨ β.

In higher dimension, we also have a di�erentiability formula for big classes on some special Kähler
manifolds.

Theorem E. Let X be a compact Kähler manifold of dimension n on which the modi�ed nef cone MN
coincides with the nef cone N . If α P H1,1pX,Rq is a big class, β P H1,1pX,Rq is a nef class, then

(1.1.2) volXpα` βq “ volXpαq ` n

ż 1

0

Zpα` tβqn´1 ¨ β dt.
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As a consequence, volXpα` tβq is C1 for t P R` and we have

(1.1.3)
d

dt

ˇ

ˇ

ˇ

ˇ

t“t0

volXpα` tβq “ nZpα` t0βq
n´1 ¨ β

for t0 ě 0.

Finally, we study the generalized Okounkov bodies for pseudo-e�ective classes in Kähler surfaces. We
summerize our results as follows

Theorem F. Let X be a Kähler surface, α be any pseudo-e�ective but not big class,

(i) if the numerical dimension npαq “ 0, then for any irreducible curve C which is not contained in the
negative part Npαq, we have the generalized Okounkov body

∆pC,xqpαq “ 0ˆ νxpNpαq|Cq,

where νxpNpαq|Cq “ νpNpαq|C , xq is the Lelong number of Npαq at x;
(ii) if npαq “ 1, then for any irreducible curve C satisfying Zpαq ¨ C ą 0, we have

∆pC,xqpαq “ 0ˆ rνxpNpαq|Cq, νxpNpαq|Cq ` Zpαq ¨ Cs.

In particular, the numerical dimension determines the dimension of the generalized Okounkov body.

1.2. Technical preliminaries

1.2.1. Siu decomposition. Let T be a closed positive current of bidegree pp, pq on a complex manifold
X. We denote by νpT, xq its Lelong number at a point x P X. For any c ą 0, the Lelong upperlevel sets are
de�ned by

EcpT q :“ tx P X, νpT, xq ě cu.

In [Siu74], Siu proved that EcpT q is an analytic subset of X, of codimension at least p. Moreover, T can be
written as a convergent series of closed positive currents

T “
`8
ÿ

k“1

νpT,ZkqrZks `R

where rZks is a current of integration over an irreducible analytic set of dimension p, and R is a residual
current with the property that dimEcpRq ă p for every c ą 0. This decomposition is locally and globally
unique: the sets Zk are precisely the p-dimensional components occurring in the upperlevel sets EcpT q, and
νpT,Zkq :“ inftνpT, xq|x P Zku is the generic Lelong number of T along Zk.

1.2.2. Currents with analytic singularities. A closed positive (1,1) current T on a compact
complex manifold X is said to have analytic (resp. algebraic) singularities along a subscheme V pIq de�ned
by an ideal I if there exists some c P Rą0 (resp. Qą0) such that locally we have

T “
c

2
ddc logp|f1|

2 ` . . .` |fk|
2q ` ddcv

where f1, . . . , fk are local generators of I and v P L8loc (resp. and additionally, X and V pIq are algebraic).
Moreover, if v is smooth, T will be said to have mild analytic singularities. In these situations, we call the
sum

ř

νpT,DqD which appears in the Siu decomposition of T the divisorial part of T . Using the Lelong-
Poincaré formula, it is straightforward to check that the divisorial part

ř

νpT,DqD of a closed (1,1)-current
T with analytic singularities along the subscheme V pIq is just the divisorial part of V pIq, times the constant
c ą 0 appearing in the de�nition of analytic singularities. The residual part R has analytic singularities in
codimension at least 2. If we denote E`pT q :“ tx P X|νpT, xq ą 0u, then E`pT q is exactly the support of
V pIq. Moreover, if V Ę E`pT q for some smooth variety V , T |V :“ c

2dd
c logp|f1|

2` . . .` |fk|
2q|V ` dd

cv|V is

well de�ned, for |f1|
2 ` . . .` |fk|

2 and v are not identically equal to ´8 on V . It is easy to check that this
de�nition does not depend on the choice of the local potential of T .

Definition 1.2.1. If α P H1,1

BB
pX,Rq is a big class, we de�ne its non-Kähler locus as EnK :“

Ş

T E`pT q

for T ranging among the Kähler currents in α.

We will usually use the following theorem due to Collins and Tosatti.

Theorem 1.2.2 ( [CT13]). Let X be a compact Kähler manifold of dimension n. Given a nef and big
class α, we de�ne a subset of X which measures its non-Kählerianity, namely the null locus

Nullpαq :“
ď

ş

V
αdimV “0

V,

where the union is taken over all positive dimensional irreducible analytic subvarieties of X. Then we have

Nullpαq “ EnKpαq.
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1.2.3. Regularization of currents. We will need Demailly's regularization theorem ( [Dem92]) for
closed (1,1)-currents, which enables us to approximate a given current by currents with analytic singularities,
with a loss of positivity that is arbitrary small. In particular, we could approximate a Kähler current T
inside its cohomology class by Kähler currents Tk with algebraic singularities, with a good control of the
singularities. A big class therefore contains plenty of Kähler currents with analytic singularities.

Theorem 1.2.3. Let T be a closed almost positive (1,1)-current on a compact complex manifold X, and
�x a Hermitian form ω. Suppose that T ě γ for some real (1,1)-form γ on X. Then there exists a sequence
Tk of currents with algebraic singularities in the cohomology class tT u which converges weakly to T, such
that Tk ě γ´ εkω for some sequence εk ą 0 decreasing to 0, and νpTk, xq increases to νpT, xq uniformly with
respect to x P X.

1.2.4. Currents with minimal singularities. Let T1 “ θ1 ` ddcϕ1 and T2 “ θ2 ` ddcϕ2 be two
closed almost positive (1,1)-currents on X, where θi are smooth forms and ϕi are almost pluri-subharmonic
functions, we say that T1 is less singular than T2 (write T1 ĺ T2) if we have ϕ2 ď ϕ1 ` C for some constant
C.

Let α be a class in H1,1

BB
pX,Rq and γ be a smooth real (1,1)-form, we denote by αrγs the set of closed

almost positive (1,1)-currents T P α with T ě γ. Since the set of potentials of such currents is stable by
taking a supremum, we conclude by standard pluripotential theory that there exists a closed almost positive
(1,1)-current Tmin,γ P αrγs which has minimal singularities in αrγs. Tmin,γ is well de�ned modulo ddcL8.
For each ε ą 0, denote by Tmin,ε “ Tmin,εpαq a current with minimal singularities in αr´ωs, where ω is some

reference Hermitian form. The minimal multiplicity at x P X of the pseudo-e�ective class α P H1,1

BB
pX,Rq is

de�ned as
νpα, xq :“ sup

εą0
νpTmin,ε, xq.

For a prime divisor D, we de�ne the generic minimal multiplicity of α along D as

νpα,Dq :“ inftνpα, xq|x P Dqu.

We then have νpα,Dq “ supεą0 νpTmin,ε, Dq.

1.2.5. Lebesgue decomposition. A current T can be locally seen as a form with distribution coe�-
cients. When T is positive, the distributions are positive measures which admit a Lebesgue decomposition
into an absolutely continuous part (with respect to the Lebesgue measure on X) and a singular part. There-
fore we obtain the decomposition T “ Tac ` Tsing, with Tac (resp. Tsing) globally determined thanks to the
uniqueness of the Lebesgue decomposition.

Now we assume that T is a (1,1)-current. The absolutely continuous part Tac is considered as a (1,1)-form
with L1

loc coe�cients, and more generally we have Tac ě γ whenever T ě γ for some real smooth real form
γ. Thus we can de�ne the product T kac of Tac almost everywhere. This yields a positive Borel pk, kq-form.

1.2.6. Modified nef cone and divisorial Zariski decomposition. In this subsection, we collect
some de�nitions and properties of the modi�ed nef cone and divisorial Zariski decomposition. See [Bou04]
for more details.

Definition 1.2.4. Let X be compact complex manifold, and ω be some reference Hermitian form. Let
α be a class in H1,1

BB
pX,Rq.

(i) α is said to be a modi�ed Kähler class i� it contains a Kähler current T with νpT,Dq “ 0 for all prime
divisors D in X.

(ii) α is said to be a modi�ed nef class i�, for every ε ą 0, there exists a closed (1,1)-current Tε ě ´εω
and νpTε, Dq “ 0 for every prime D.

Remark 1.2.1. The modi�ed nef cone MN is a closed convex cone which contains the nef cone N .
When X is a Kähler manifold, MN is just the interior of the modi�ed Kähler cone MK.

Remark 1.2.2. For a complex surface, the Kähler (nef) cone and the modi�ed Kähler (modi�ed nef)
cone coincide. Indeed, analytic singularities in codimension 2 of a Kähler current T are just isolated points.
Therefore the class tT u is a Kähler class.

Definition 1.2.5. The negative part of a pseudo-e�ective class α P H1,1

BB
pX,Rq is de�ned as Npαq :“

ř

νpα,DqD. The Zariski projection of α is Zpαq :“ α ´ tNpαqu. We call the decomposition α “ Zpαq `
tNpαqu the divisorial Zariski decomposition of α.

Remark 1.2.3. We claim that the volume of Zpαq is equal to the volume of α. Indeed, if T is a
positive current in α, then we have T ě Npαq since T P αr´εωs for each ε ą 0 and we conclude that
T ÞÑ T ´Npαq is a bijection between the positive currents in α and those in Zpαq. Furthermore, we notice
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that pT ´ Npαqqac “ Tac, and thus by the de�nition of volume of the pseudo-e�ective classes we conclude
that volXpαq “ volXpZpαqq.

Definition 1.2.6. (i) A family D1, . . . , Dq of prime divisors is said to be an exceptional family i�
the convex cone generated by their cohomology classes meets the modi�ed nef cone at 0 only.

(ii) An e�ective R-divisor E is said to be exceptional i� its prime components constitute an exceptional
family.

We have the following properties of exceptional divisors:

Theorem 1.2.7. (i) An e�ective R-divisor E is exceptional i� ZpEq “ 0.
(ii) If E is an exceptional e�ective R-divisor, we have E “ NptEuq.
(iii) If D1, . . . , Dq is an exceptional family of primes, then their classes tD1u, . . . , tDqu are linearly inde-

pendent in NSRpXq Ă H1,1pX,Rq. In particular, the length of the exceptional families of primes is
uniformly bounded by the Picard number ρpXq.

(iv) Let X be a surface, a family D1, . . . , Dr of prime divisors is exceptional i� its intersection matrix
pDi ¨Djq is negative de�nite.

In this chapter, we need the following properties of the modi�ed nef cone MN and the divisorial Zariski
decomposition due to Boucksom (ref. [Bou04]). We state these properties without proofs.

Theorem 1.2.8. Let α P H1,1pX,Rq be a pseudo-e�ective class. Then we have:

(i) Its Zariski projection Zpαq is a modi�ed nef class.
(ii) Zpαq “ α i� α is modi�ed nef.
(iii) Zpαq is big i� α is.

Remark 1.2.4. Let X be a complex Kähler surface. For a big class α P H1,1pX,Rq, Zpαq is a big and
modi�ed nef class. By Remark 1.2.1, any modi�ed nef class is nef, it follows that Zpαq is big and nef.

Theorem 1.2.9. (i) The map α ÞÑ Npαq is convex and homogeneous on pseudo-e�ective class cone
E. It is continuous on the interior of E.

(ii) The Zariski projection Z : E ÑMN is concave and homogeneous. It is continuous on the interior of
E.

Theorem 1.2.10. Let p be a big and modi�ed nef class. Then the primes D1, . . . , Dq contained in the
non-Kähler locus EnKppq form an exceptional family A, and the �ber of Z over p is the simplicial cone
Z´1ppq “ p` V`pAq, where V`pAq :“

ř

DPA R`tDu.

Theorem 1.2.11. Let X be a compact surface. If α P H1,1pX,Rq is a pseudo-e�ective class, its divisorial
Zariski decomposition α “ Zpαq`tNpαqu is the unique orthogonal decomposition of α with respect to the non-
degenerate quadratic form qpαq :“

ş

α2 into the sum of a modi�ed nef class and the class of an exceptional
e�ective R-divisor.

Remark 1.2.5. Let X be a surface, α is the class of an e�ective Q-divisor D on a projective surface,
the divisorial Zariski decomposition of α is just the original Zariski decomposition of D.

1.3. Transcendental Morse inequality

1.3.1. Proof of the transcendental Morse inequality for complex surfaces. The main
goal of this section is to prove the di�erentiability of the volume function and the transcendental Morse
inequality for complex surfaces. In fact, in the next subsection we will give a more general method to prove
the transcendental Morse inequality for Kähler manifolds on which modi�ed nef cones MN coincide with
the nef cones N ; this includes Kähler surfaces. However, since the methods and results here are very special
in studying generalized Okounkov bodies, we will treat complex surface and higher dimensional Kähler
manifolds separately. Throughout this subsection, if not specially mentioned, X will stand for a complex
Kähler surface. We denote by qpαq :“

ş

α2 the quadratic form on H1,1pX,Rq. By the Hodge index theorem,
pH1,1pX,Rq, qq has signature p1, h1,1pXq ´ 1q. The open cone tα P H1,1pX,Rq|qpαq ą 0u has thus two
connected components which are convex cones, and we denote by P the component containing the Kähler
cone K.

Lemma 1.3.1. Let X be a compact Kähler manifold of dimension n. If α P H1,1pX,Rq is a big class,
β P H1,1pX,Rq is a nef class, then Npα` tβq ď Npαq as e�ective R-divisors for t ě 0. Furthermore, when
t is small enough, the prime components of Npα` tβq will be the same as those of Npαq.
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Proof. Since β is nef, by Theorem 1.2.9, we have

Npα` tβq ď Npαq ` tNpβq “ Npαq.

Since the map α ÞÑ Npαq is convex on pseudo-e�ective class cone E , it is continuous on the interior of E ,
and thus the theorem follows. �

Theorem 1.3.1. If α P H1,1pX,Rq is a big class and β P H1,1pX,Rq is a nef class, then

(1.3.1)
d

dt

ˇ

ˇ

ˇ

ˇ

t“0

volXpα` tβq “ 2Zpαq ¨ β

Proof. By Lemma 1.3.1, there exists an ε ą 0 such that when 0 ď t ă ε, we can write Npα ` tβq “
řr
i“1 aiptqNi, where 0 ă aiptq ď aip0q “: ai, and each aiptq is a continuous and decreasing function with

respect to t. According to the orthogonal property of divisorial Zariski decomposition (ref. Theorem 1.2.11),
Zpα` tβq ¨Npα` tβq “ 0 for t ě 0. Since Zpα` tβq is modi�ed nef and thus nef (by Remark 1.2.2), we have
Zpα ` tβq ¨Ni ě 0 for every i. When 0 ď t ă ε, we have aiptq ą 0 for i “ 1, . . . , r, therefore, Zpα ` tβq is
orthogonal to each tNiu with respect to q. We denote by V Ă H1,1pX,Rq the �nite vector space spanned by
tN1u, . . . , tNru, by V

K the orthogonal space of V with respect to q. Thus α`tβ “ Zpα`tβq`
řr
i“1 aiptqtNiu

is the decomposition in the direct sum V K ‘ V . We decompose β “ βK ` β0 in the direct sum V K ‘ V , and
we have

Zpα` tβq “ Zpαq ` tβK,
r
ÿ

i“1

aiptqtNiu “
r
ÿ

i“1

aitNiu ` tβ0.

Since volXpα` tβq “ volXpZpα` tβqq “ Zpα` tβq2 (by Remark 1.2.3), it is easy to deduce that

d

dt

ˇ

ˇ

ˇ

ˇ

t“0

volXpα` tβq “ 2Zpαq ¨ βK “ 2Zpαq ¨ β.

The last equality follows from β0 P V and Zpαq P V K. We get the �rst half of Theorem C. �

To prove the transcendental Morse inequality for complex surfaces, we will need a criterion for bigness
of a class:

Theorem 1.3.2. Let α and β be two nef classes such that α2 ´ 2α ¨ β ą 0, then α´ β is a big class.

Proof. We denote by P the connected component of the open cone tα P H1,1pX,Rq | qpαq ą 0u
containing the Kähler cone K, then P Ă E0. As a consequence of the Nakai-Moishezon criterion for surfaces
(ref. [Lam99]), we know that, if γ is a real (1,1)-class with γ2 ą 0, then γ or ´γ is big. Since α and β are
both nef, we have that pα´ tβq2 ą 0 for 0 ď t ď 1. This means that α´ tβ is contained in some component
of the open cone tα P H1,1pX,Rq|qpαq ą 0u. But since α is big, α´ tβ is contained in P Ă B, and a fortiori
α´ β is. �

Now we are ready to prove the transcendental Morse inequality for complex surfaces.

Proof of Theorem D. By Theorem 1.3.2, when α2 ´ 2α ¨ β ą 0, the cohomology class α ´ β is big.
By the di�erentiability formula (1.3.1), we have

volXpα´ βq “ α2 ´ 2

ż 1

0

Zpα´ tβq ¨ β dt.

Since the Zariski projection Z : E ÑMN is concave and homogeneous by Theorem 1.2.9, we have

α “ Zpαq ě Zpα´ tβq ` Zptβq ě Zpα´ tβq.

Since β is nef, we have

α ¨ β ě Zpα´ tβq ¨ β,

and thus

volXpα´ βq ě α2 ´ 2α ¨ β.

�

In the last part of this subsection, we prove the second half of Theorem C.

Theorem 1.3.3. Let α P H1,1pX,Rq be a big class and C be an irreducible divisor, then

(1.3.2)
d

dt

ˇ

ˇ

ˇ

ˇ

t“0

volXpα` tCq “ 2Zpαq ¨ C.
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Proof. It su�ces to prove the theorem for C not nef. Thus we have C2 ă 0. Write Npαq “
řr
i“1 aiNi,

where each Ni is prime divisor. If C Ď EnKpZpαqq, we deduce that Zpαq ¨ C “ 0 by Theorem 1.2.2, and
tC,N1, . . . , Nru forms an exceptional family by Theorem 1.2.10. Thus we have

Zpα` tCq “ Zpαq,

and

Npα` tCq “ Npαq ` tC

for t ě 0. The theorem is thus proved in this case.
From now on we assume C Ę EnKpZpαqq, thus we have Zpαq ¨ C ą 0 and C Ę SupppNpαqq. We de�ne

¨

˚

˝

b1
...
br

˛

‹

‚

“ ´S´1 ¨

¨

˚

˝

C ¨N1

...
C ¨Nr

˛

‹

‚

,

where S “ psijq denotes the intersection matrix of tN1, . . . , Nru. By Theorem 1.2.11 we know that S is
negative de�nite satisfying sij ě 0 for all i ‰ j. We claim that Zpαq ` tptCu `

řr
i“1 bitNiuq is big and nef

if 0 ď t ă ´Zpαq¨C
C2 . We need the following lemma from [BKS03] to prove our claim.

Lemma 1.3.2. Let A be a negative de�nite r ˆ r-matrix over the reals such that aij ě 0 for all i ‰ j.
Then all entries of the inverse matrix A´1 are ď 0.

By Lemma 1.3.2 we know that all entries of S´1 are ď 0, thus bj ě 0 for all 1 ď j ď r and we get the
bigness of Zpαq ` tptCu `

řr
i“1 bitNiuq. By the construction of bj , we have

pZpαq ` tptCu `
r
ÿ

i“1

bitNiuqq ¨Nj “ 0

for 1 ď j ď r, and

pZpαq ` tptCu `
r
ÿ

i“1

bitNiuqq ¨ C ą 0

for 0 ď t ă ´Zpαq¨C
C2 . Thus we have the nefness and our claim follows. Since the divisorial Zariski decompo-

sition is orthogonal and unique (see Theorem 1.2.11), we conclude that

Npα` ttCuq “
r
ÿ

i“1

pai ´ tbiqNi,(1.3.3)

Zpα` ttCuq “ Zpαq ` ttCu `
r
ÿ

i“1

tbitNiu,(1.3.4)

for t small enough. Since volXpα ` tCq “ Zpα ` ttCuq2, we have thus also obtained formula (1.3.2) in this
case.

�

1.3.2. Transcendental Morse inequality for some special Kähler manifolds. One can
modify the proof of Theorem D a little bit, to extend the transcendental Morse inequality to Kähler mani-
folds whose modi�ed nef cone MN coincides with the nef cone N . In this subsection, we assume X to be a
compact Kähler manifold of dimension n which satis�es this condition.

Lemma 1.3.3. If α P E˝, then the divisorial Zariski decomposition α “ Zpαq `Npαq is such that

Zpαqn´1 ¨Npαq “ 0.

Remark 1.3.1. Lemma 1.3.3 is very similar to the Corollary 4.5 in [BDPP13]: If α P ENS, then the
divisorial Zariski decomposition α “ Zpαq ` Npαq is such that xZpαqn´1y ¨ Npαq “ 0. However, the proof
of [BDPP13] is based on the orthogonal estimate for divisorial Zariski decomposition of ENS, which is still
a conjecture for α P E . Here we will use Theorem 1.2.2 to prove this lemma directly.

Proof of Lemma 1.3.3. By Theorem 1.2.8, if α is big, then Zpαq is big and modi�ed nef, thus nef
by the assumption for X. By Theorem 1.2.10, the primes D1, . . . , Dq contained in the non-Kähler locus
EnKpZpαqq form an exceptional family, and α “ Zpαq `

řr
i“1 aiDi for ai ě 0 . Since NullpZpαqq “

EnKpZpαqq by Theorem 1.2.2, we have Zpαqn´1 ¨ Di “ 0 for each i, and thus Zpαqn´1 ¨ Npαq “ 0. The
lemma is proved. �
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Proof of Theorem E. By Lemma 1.3.1, there exists ε ą 0 such that the prime components of Npα`
tβq will be the same when 0 ď t ď ε. Moreover if we denote Npα ` tβq “

řr
i“1 aiptqNi, then each aiptq is

continuous and decreasing satisfying aiptq ą 0. By Lemma 1.3.3, we have

Zpα` tβqn´1 ¨Npα` tβq “
r
ÿ

i“1

aiptqZpα` tβq
n´1 ¨Ni “ 0.

Since Zpα` tβq is modi�ed nef thus nef, we deduce that Zpα` tβqn´1 ¨Ni “ 0 for 0 ď t ď ε and i “ 1, . . . , r.
Since aiptq is continuous and decreasing, it is almost everywhere di�erentiable. Thus Zpα ` tβq “

α`tβ´
řr
i“1 aiptqNi is an a.e. di�erentiable and continuous curves in the �nite dimensional spaceH1,1pX,Rq

parametrized by t. Meanwhile, since α ÞÑ αn is a polynomial in H1,1pX,Rq, we thus deduce that volXpα`
tβq “ Zpα` tβqn is an a.e. di�erentiable function with respect to t. Therefore, if volXpα` tβq and aiptq are
both di�erentiable at t “ t0, we have

d

dt

ˇ

ˇ

ˇ

ˇ

t“t0

volXpα` tβq “ nZpα` t0βq
n´1 ¨ pβ ´

r
ÿ

i“1

ai
1pt0qNiq “ nZpα` t0βq

n´1 ¨ β.

Since volXpα` tβq is increasing and continuous, it is also a.e. di�erentiable and thus we have

volXpα` sβq “ volXpαq `

ż s

0

d

dt
volXpα` tβqdt

“ volXpαq ` n

ż s

0

Zpα` tβqn´1 ¨ β dt.(1.3.5)

for 0 ď s ď ε. Since Zpα` tβq is continuous (by Theorem 1.2.9), by p1.3.5q we deduce that volXpα` tβq is
di�erentiable with respect to t and its derivative

d

dt

ˇ

ˇ

ˇ

ˇ

t“t0

volXpα` tβq “ nZpα` t0βq
n´1 ¨ β.

�

In order to prove transcendental Morse inequality, we will need the following bigness criterion obtained
in [Xia13] and [Pop14].

Theorem 1.3.4. Let X be an n-dimensional compact Kähler manifold. Assume α and β are two nef
classes on X satisfying αn ´ nαn´1 ¨ β ą 0, then α´ β is a big class.

The proof of the next theorem is similar to that of Theorem D and is therefore omitted.

Theorem 1.3.5. Let X be a compact Kähler manifold on which the modi�ed nef cone MN and the
nef cone N coincide. If α and β are nef cohomology classes of type (1,1) on X satisfying the inequality
αn ´ nαn´1 ¨ β ą 0. Then α´ β contains a Kähler current and volXpα´ βq ě αn ´ nαn´1 ¨ β.

Remark 1.3.2. In [BFJ09], the authors proved the following di�erentiability theorem:

(1.3.6)
d

dt

ˇ

ˇ

ˇ

ˇ

t“t0

volXpL` tDq “ nxLn´1y ¨D,

where L is a big line bundle on the smooth projective variety X and D is a prime divisor. The right-hand side
of the equation above involves the positive intersection product xLn´1y P Hn´1,n´1

ě0 pX,Rq, �rst introduced
in the analytic context in [BDPP13]. Theorem E could be seen as a transcendental version of (1.3.6) for
some special Kähler manifolds. In the general Kähler situation, we propose the following conjecture:

Conjecture 1.3.6. Let X be a Kähler manifold of dimensional n, α be a big class. If β is a pseudo-
e�ective class, then we have

d

dt

ˇ

ˇ

ˇ

ˇ

t“0

volXpα` tβq “ nxαn´1y ¨ β.

1.4. Generalized Okounkov bodies on Kähler manifolds

1.4.1. Definition and relation with the algebraic case. Throughout this subsection, X will
stand for a Kähler manifold of dimensional n. Our main goal in this subsection is to generalize the de�nition
of Okounkov body to any pseudo-e�ective class α P H1,1pX,Rq. First of all, we de�ne a valuation-like
function. For any positive current T P α with analytic singularites, we de�ne the valuation-like function

T Ñ νpT q “ νY‚pT q “ pν1pT q, . . . νnpT qq

as follows. First, set
ν1pT q “ suptλ | T ´ λrY1s ě 0u,
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where rY1s is the current of integration over Y1. By Section 1.2.1 we know that ν1pT q is the coe�cient νpT, Y1q

of the positive current rY1s appearing in the Siu decomposition of T . Since T has analytic singularities, by
the arguments in Section 1.2.2, T1 :“ pT ´ν1rY1sq|Y1

is a well-de�ned positive current in the pseudo-e�ective
class pα´ ν1tY1uq|Y1

and it also has analytic singularities. Then take

ν2pT q “ suptλ | T1 ´ λrY2s ě 0u,

and continue in this manner to de�ne the remaining values νipT q P R`.

Remark 1.4.1. If one assumes α P NSZpXq, there exists a holomorphic line bundle L such that α “
c1pLq. If D is the divisor of some holomorphic section sD P H

0pX,OXpLqq, then we have

νprDsq “ µpsDq,

where µ is the valuation-like function appeared in the de�nition of the original Okounkov body. Roughly
speaking our de�nition of valuation-like function has a bigger domain of de�nition and thus the image of our
valuation-like function contains

Ť8

m“1
1
mµpmLq.

For any big class α, we de�ne a Q-convex body ∆Qpαq (resp. R-convex body ∆Rpαq) to be the set of
valuation vectors νpT q, where T ranges among all the Kähler (resp. positive) currents with algebraic (resp.
analytic) singularities. Then ∆Qpαq Ď ∆Rpαq. It is easy to check that this is a convex set in Qn (resp.
Rn). Indeed, for any two positive currents T0 and T1 with algebraic (resp. analytic) singularities, we have
νpεT0 ` p1 ´ εqT1q “ ενpT0q ` p1 ´ εqνpT1q for 0 ď ε ď 1 rational (resp. real). It is also obvious to see the
homogeneous property of ∆Qpαq, that is, for all c P Q`, we have

∆Qpcαq “ c∆Qpαq.

Indeed, since we have νpcT q “ cνpT q for all c P R`, the claim follows directly.

Example 1.1. Let L be a line bundle of degree c ą 0 on a smooth curve C of genus g. Then we have

∆Qpc1pLqq “ QX r0, cq.
Since NSRpCq “ H1,1pC,Rq, for any ample class α on C we have

∆Qpαq “ QX r0, α ¨ Cq.

Lemma 1.4.1. Let α be a big class, then the R-convex body ∆Rpαq lies in a bounded subset of Rn.

Proof. It su�ces to show that there exists a b ą 0 large enough such that νipT q ă b for any positive
current T with analytic singularities. We �x a Kähler class ω. Choose �rst of all b1 ą 0 such that

pα´ b1Y1q ¨ ω
n´1 ă 0.

This guarantees that ν1pT q ă b1 since α´ b1Y1 R E . Next choose b2 large enough so that

ppα´ aY1q|Y1
´ b2Y2q ¨ ω

n´2 ă 0

for all real numbers 0 ď a ď b1. Then ν2pT q ď b2 for any positive current T with analytic singularities.
Continuing in this manner we construct bi ą 0 for i “ 1, . . . , n such that νipT q ď bi for any positive current
T with analytic singularities. We take b “ maxtbiu. �

Lemma 1.4.2. For any big class α, ∆Qpαq is dense in ∆Rpαq, in particular we have ∆Qpαq “ ∆Rpαq.

Proof. It is easy to verify that if T is a Kähler current with analytic singularities, then for any ε ą 0,
there exists a Kähler current Sε with algebraic singularities such that ‖νpSεq ´ νpT q‖ ă ε with respect to the
standard norm in Rn. For the general case, We �x a Kähler current T0 P iΘpLq with algebraic singularities.
Then for any positive current T with analytic singularities, Tε :“ p1´ εqT ` εT0 is still a Kähler current. By
Lemma 1.4.1, ‖νpTεq ´ νpT q‖ “ ε ‖pνpT0q ´ νpT qq‖ will tend to 0 since νpT q is uniformly bounded for any
positive current T with analytic singularities. Thus ∆Qpαq is dense in ∆Rpαq. �

Now we study the relations between ∆Qpc1pLqq and ∆pLq for L a big line bundle on X. First we begin
with the following two lemmas.

Lemma 1.4.3. Let L be a big line bundle on the projective variety X of dimension n, with a singular
Hermitian metric h “ e´ϕ satisfying

iΘL,h “ ddcϕ ě εω

for some ε ą 0 and a given Kähler form ω. If the restriction of ϕ on a smooth hypersurface Y is not identically
equal to ´8, then there exists a positive integer m0 which depends only on Y so that any holomorphic section
sm P H

0pY,OY pmLq b Ipmϕ|Y qq can be extended to Sm P H
0pX,OXpmLq b Ipmϕqq for any m ě m0.

We need the following Ohsawa-Takegoshi extension theorem to prove Lemma 1.4.3.
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Theorem 1.4.1. Let X be a smooth projective variety, Y be a smooth divisor de�ned by a holomorphic
section of the line bunle H with a smooth metric h0 “ e´ψ. If L is a holomorphic line bunle with a singular
metric h “ e´φ, satisfying the curvature assumptions

ddcφ ě 0

and

ddcφ ě δddcψ

with δ ą 0, then for any holomorphic section s P H0pY,OY pKY ` Lq b Iph|Y qq, there exists a global
holomorphic section S P H0pX,OXpKX ` L` Y q b Iphqq such that S|Y “ s.

Proof of Lemma 1.4.3. Taking a smooth metric e´ψ and e´η on Y and KX , we can choose m0 large
enough satisfying the curvature assumptions

ddcpmφ´ η ´ ψq ě 0

and

ddcpmφ´ η ´ ψq ě ddcψ

for any m ě m0.
By Theorem 1.4.1, any holomorphic section s P H0pY,OY pKY ` pmL ´ KX ´ Y q|Y q b Iphm|Y qq can

be extended to a global holomorphic section S P H0pX,OXpmLq b Iphmqq such that S|Y “ s. By the
adjunction theorem, we have pKX ` Y q|Y “ KY , thus the lemma is proved.

�

Lemma 1.4.4. Let L be a big line bundle on the Riemann surface C with a singular Hermitian metric
h “ e´ϕ such that ϕ has algebraic singularities and

iΘL,h “ ddcϕ ě εω

for some ε ą 0. Then for a �xed point p, there exists an integer k ą 0 such that we have a holomorphic
section sk P H

0pC,OCpkLq b Iphkqq satisfying ordppskq “ kνpiΘL,h, pq.

Proof. Since ϕ has algebraic singularities, we have the following Lebsegue decomposition

iΘL,h “ piΘL,hqac `

r
ÿ

i“1

cixi,

where each ci ą 0 is rational and x1, . . . , xr are the log poles of iΘL,h (possibly p is among them). Since we
have

ż

C

ipΘL,hqac `

r
ÿ

i“1

ci “ degpLq,

thus
r
ÿ

i“1

ci ă degpLq.

By Riemann-Roch theorem there exists an integer k ą 0 satisfying

(i) kci is integer,
(ii) there is a holomorphic section sk P H

0pC,OCpkLqq such that ordxipskq ě kci and ordppskq “ kνpiΘL,h, pq.

Thus sk is locally integrable with respect to the weight e´kϕ. The theorem is proved.
�

Theorem 1.4.2. Let X be a smooth projective manifold of dimension n. For any Kähler current T P
c1pLq with algebraic singularities, there exists a holomorphic section s P H0pX,OXpkLqq such that µpsq “
kνpT q, i.e., we have

νpT q P
8
ď

m“1

1

m
µpmLq.

In particular,

∆Qpc1pLqq Ď
8
ď

m“1

1

m
µpmLq Ď ∆pLq.
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Proof. First, set νi “ νipT q and de�ne

T0 :“ T, T1 :“ pT0 ´ ν1rY1sq|Y1
, . . . , Tn´1 :“ pTn´2 ´ νn´1rYn´1sq|Yn´1

;

L0 :“ L´ ν1Y1, L1 :“ L0|Y1
´ ν2Y2, . . . , Ln´2 :“ Ln´3|Yn´2

´ νn´1Yn´1.

Since T0 ě εω, we have T1 ě εω|Y1
, . . . , Tn´1 ě εω|Yn´1

. Since each νi is rational, we could �nd an
integer m to make each mνi be integer so that each mLi is a big line bundle on Yi. If we can prove

νpmT q P
8
ď

k“1

1

k
µpkmLq,

then we will have

νpT q P
8
ď

m“1

1

m
µpmLq,

by the homogeneous property 1
mνpmT q “ νpT q. Thus we can assume that each νipT q is an integer after we

replace L by mL and T by mT .
Firstly, since T0 P c1pLq is a Kähler current with algebraic singularities, there exists a singular metric

h “ e´ϕ0 on L whose curvature current is T0 and ϕ has algebraic singularities; on the other hand, there is a
canonical metric e´η0 on OY0

pY1q such that ddcη0 “ rY1s in the sense of currents, thus by the de�nition of ν1

we deduce that h0 :“ e´ϕ0`ν1η0 is a singular metric of L0 such that ´ϕ0`ν1η0 does not vanish identically on
Y1, and h0|Y1 is a singular metric of L0|Y1 with algebraic singularities whose curvature current is T1 ě εω|Y1 .

Secondly, there is a canonical singular metric e´η1 of OY1pY2q on Y1 with the curvature current rY2s. Thus
the singular metric h1 :“ h0|Y1

`eν2η1 of the big line bundle L1 gives a curvature current T1´ν2rY2s ě εω|Y1
.

We continue in this manner to de�ne the remaining singular metrics hi :“ hi´1|Yi ` eνi`1ηi of the big line
bundle Li on Yi with curvature current Ti ´ νi`1rYi`1s ě εω|Yi for i “ 0, . . . , n ´ 1. It is easy to see that
hi|Yi`1 is well-de�ned.

By Lemma 1.4.3, there exists a k0 such that for each k ě k0, the following short sequence is exact

(1.4.1) H0pYi´1,OYi´1
pkLi´1q b Iphki´1qq ÝÑ H0pYi,OYipkLi´1q b Iphki´1|Yiqq ÝÑ 0

for i “ 1, . . . , n´ 1.
Now we begin our construction. Tn´1 is the curvature current of the singular metric hn´2|Yn´1

of
Ln´2|Yn´1 over the Riemann surface Yn´1. By Lemma 1.4.4, there exists a k ě k0 and a holomorphic section

sn´1 P H
0pYn´1,OYn´1

pkLn´2q b Iphkn´2|Yn´1
qq, such that ordppsn´1q “ kνpTn´1, pq “ kνn.

By the exact sequence (1.4.1), sn´1 could be extend to

rsn´2 P H
0pYn´2,OYn´2

pkLn´2q b Iphkn´2qq.

Now we choose a canonical section tn´2 of H0pYn´2,OYn´2pYn´1qq such that the divisor of tn´2 is Yn´1. We

de�ne sn´2 :“ rsn´2t
bνn´1

n´2 , by the construction of hn´2 :“ hn´3|Yn´2
` eνn´1ηn´2 , we obtain that

sn´2 P H
0pYn´2,OYn´2

pkLn´3q b Iphkn´3|Yn´2
q.

We can continue in this manner to construct a section s0 P H
0pX,OXpkLqq and by our construction we have

µps0q “ pkν1, . . . , kνnq “ kνpT q,

this concludes the theorem.
�

Proposition 1.4.1. For any big line bundle L and any admissible �ag Y‚, one has ∆Qpc1pLqq “ ∆pLq.
In particular,

∆pLq “
8
ď

m“1

1

m
νpmLq.

Proof. Firstly, since ∆Qpc1pLqq is a convex set in Qn, its closure in Rn denoted by ∆Qpc1pLqq is also
a closed convex set. By Proposition 1.4.2, we have

∆Qpc1pLqq Ă
8
ď

m“1

1

m
¨ νpmLq,

thus
∆Qpc1pLqq Ď ∆pLq.

By Remark 1.4.1, we have
Ť8

m“1
1
mνpmLq Ď ∆Rpc1pLqq, thus by the de�nition of Okounkov body ∆pLq, we

deduce that
∆pLq Ď ∆Rpc1pLqq.
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By Lemma 1.4.2, we have ∆Qpc1pLqq “ ∆Rpc1pLqq, thus the theorem is proved.
�

Remark 1.4.2. By Proposition 1.4.1, in the de�nition of the Okounkov body ∆pLq, it su�ces to close
up the set of normalized valuation vectors instead of the closure of the convex hull of this set.

Remark 1.4.3. It is easy to reprove that the Okounkov body ∆pLq depends only on the numerical
equivalence class of the big line bundle L. Indeed, if L1 and L2 are numerically equivalent, we have c1pL1q “

c1pL2q thus
∆Qpc1pL1qq “ ∆Qpc1pL2qq.

By Proposition 1.4.1, we have
∆pL1q “ ∆pL2q.

Now we are ready to �nd some valuative points in the Okounkov bodies.

Proof of Corollary 1.1.1. In [LM09] we know that volRnp∆pLqq “ volXpLq ą 0 by the bigness of

L. Since we have ∆pLq “ ∆Qpc1pLqq by Proposition 1.4.1, then for any p P intp∆pLqq XQn, there exists an
n-simplex ∆n containing p with all the vertices lying in ∆Qpc1pLqq. Since ∆Qpc1pLqq is a convex set in Qn,
we have ∆n XQn Ď ∆Qpc1pLqq, and thus

∆Qpc1pLqq Ě intp∆pLqq XQn.

From Theorem 1.4.2 we have ∆Qpc1pLqq Ď
8
ď

m“1

1

m
µpmLq, thus we get the inclusion

intp∆pLqq XQn Ď
8
ď

m“1

1

m
µpmLq,

which means that all rational interior points of ∆pLq are valuative. �

Pursuing the same philosophy as in Proposition 1.4.1, it is natual to extend results related to Okounkov
bodies for big line bundles, to the more general case of an arbitrary big class α P H1,1pX,Rq. We propose
the following de�nition.

Definition 1.4.3. Let X be a Kähler manifold of dimension n. We de�ne the generalized Okounkov
body of a big class α P H1,1pX,Rq with respect to the �xed �ag Y‚ by

∆pαq “ ∆Rpαq “ ∆Qpαq.

We have the following properties for generalized Okounkov bodies:

Proposition 1.4.2. Let α and β be big classes, ω be any Kähler class. Then:

(i) ∆pαq `∆pβq Ď ∆pα` βq.
(ii) volRnp∆pωqq ą 0.
(iii) ∆pαq “

Ş

εą0 ∆pα` εωq.

Proof. (i) is obvious from the de�nition of generalized Okounkov body. To prove (ii), we use induction
for dimension. The result is obvious if n “ 1, assume now that (ii) is true for n ´ 1. We choose t ą 0
small enough such that ω ´ tY1 is still a Kähler class. By the main theorem of [CT14], any Kähler current

T P pω ´ tY1q|Y1
with analytic singularities can be extended to a Kähler current rT P ω ´ tY1, thus we have

∆pωq
č

tˆ Rn´1 “ tˆ∆ppω ´ tY1q|Y1
q,

where ∆ppω ´ tY1q|Y1
q is the generalized Okounkov body of pω ´ tY1q|Y1

with respect to the �ag

Y1 Ą Y2 Ą . . . Ą Yn “ tpu.

By the induction, we have volRn´1p∆ppω´tY1q|Y1qq ą 0. Since ∆pωq contains the origin, we have volRnp∆pωqq ą
0.

Now we are ready to prove (iii). By the concavity we have

∆pα` ε1ωq `∆ppε2 ´ ε1qωq Ď ∆pα` ε2ωq

if 0 ď ε1 ă ε2. Since ∆pωq contains the origin, we have

∆pαq Ď
č

εą0

∆pα` εωq,

and
∆pα` ε1ωq Ď ∆pα` ε2ωq.
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From the concavity property, we conclude that volRnp∆pα ` tωqq is a concave function for t ě 0, thus
continuous. Then we have

volRnp
č

εą0

∆pα` εωqq “ volRnp∆pαqq ą 0.

Since
Ş

εą0 ∆pα` εωq and ∆pαq are both closed and convex, we have

∆pαq “
č

εą0

∆pα` εωq.

�

Remark 1.4.4. We don't know whether volRnp∆pαqq is independent of the choice of the admissible �ag.
However, in the next subsection we will prove that in the case of surfaces we have

volXpαq “ 2 volR2p∆ppαqq,

in particular the Euclidean volume of the generalized Okounkov body is independent of the choice of the
�ag. We conjecture that

volRnp∆pαqq “
1

n!
¨ volXpαq,

as we proposed in the introduction.

1.4.2. Generalized Okounkov bodies on complex surfaces. Now we will mainly focus on gen-
eralized Okounkov bodies of compact Kähler surfaces. In this section, X denotes a compact Kähler surface.
We �x henceforth an admissible �ag

X Ě C Ě txu,

on X, where C Ă X is an irreducible curve and x P C is a smooth point.

Definition 1.4.4. For any big class α P H1,1pX,Rq, we denote the restricted R-convex body of α along
C by ∆R,X|Cpαq, which is de�ned to be the set of Lelong numbers νpT |C , xq, where T P α ranges among all
the positive currents with analytic singularities such that C Ę E`pT q. The restricted Okounkov body of α
along C is de�ned as

∆X|Cpαq :“ ∆R,X|Cpαq.

When α “ c1pLq for some big line bunle L on X, it is noticeable that ∆X|Cpαq “ ∆X|CpLq, where
∆X|CpLq is de�ned in [LM09]. When L is ample, we have ∆X|CpLq “ ∆pL|Cq. Indeed, it is su�ce to show

that for any section s P H0pC,OCpLqq, there exists an integer m such that sbm can be extended to a section
Sm P H

0pX,OXpmLqq. This can be garanteed by Kodaira vanishing theorem. When α is any ample class,
there is a very similar theorem which has appeared in the proof of Proposition 1.4.2. However, the proof
there relies on the di�cult extension theorem in [CT14]. Here we give a simple and direct proof when X is
a complex surface. Anyway, the idea of proof here is borrowed from [CT14].

Proposition 1.4.3. If α is an ample class, then we have

∆X|Cpαq “ ∆pα|Cq “ r0, α ¨ Cs.

Proof. From De�nition 1.4.4, we have ∆X|Cpαq Ď ∆pα|Cq. It su�ces to prove that for any Kähler

current T P α|C with mild analytic singularities, we have a positive current rT P α with analytic singularites

such that rT |C “ T . First we choose a Kähler form ω P α. By assumption, we can write T “ ω|V ` dd
cϕ for

some quasi-plurisubharmonic function ϕ on C which has mild analytic singularities. Our goal is to extend
ϕ to a function Φ on X such that ω ` ddcΦ is a Kähler current with analytic singularities.

Choose ε ą 0 small enough so that

T “ ω|C ` idd
cϕ ě 3εω,

holds as currents on C. We can cover C by �nitely many charts tWju1ďjďN satisfying the following properties:

(i) On each Wjpj ď kq there are local coordinates pz
pjq
1 , z

pjq
2 q such that C

Ş

Wj “ tz
pjq
2 “ 0u and

ϕ “
cj
2

log |z
pjq
1 |2 ` gjpz

pjq
1 q

where gjpz
pjq
1 q is smooth and bounded on Wj

Ş

C. We denote the single pole of T in Wjpj ď kq by xj ;
(ii) on each Wjpj ą kq the local potential ϕ is smooth and bounded on Wj

Ş

C;

(iii) xi RWj for i “ 1, . . . , k and j ‰ i.
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De�ne a function ϕj on Wj (with analytic singularities) by

ϕjpz
pjq
1 , z

pjq
2 q “

$

&

%

ϕpz
pjq
1 q `A|z

pjq
2 |2 if j ą k,

cj
2

logp|z
pjq
1 |2 ` |z

pjq
2 |2q ` gjpz

pjq
1 q `A|z

pjq
2 |2 if j ď k,

where A ą 0 is a constant. If we shrink the Wj 's slightly, still preserving the property that C Ď
Ť

Wj , we
can choose A su�ciently large so that

ω ` ddcϕj ě 2εω

holds on Wj for all j. We also need to construct slightly smaller open sets W 1
j ĂĂ Uj ĂĂ Wj such that

Ť

W 1
j is still a covering of C.
By construction ϕj is smooth when j ą k, and ϕj is smooth outside the log pole xj when j ď k. By

property (iii) above, we can glue the functions ϕj together to produce a Kähler current

rT “ ω|U ` dd
c
rϕ ě εω

de�ned in a neighborhood U of C in X, thanks to Richberg's gluing procedure. Indeed, ϕi is smooth on
Wi

Ş

Wj for any j ‰ i, which is a su�cient condition in using the Richberg technique. From the construction
of rϕ, we know that rϕ|C “ ϕ, rϕ has log poles at every xi and is continuous outside x1, . . . , xk.

On the other hand, since α is an ample class, there exists a rational number δ ą 0 such that α ´ δtCu
is still ample, thus we have a Kähler form ω1 P α ´ δtCu. We can write ω1 ` δrCs “ ω ` ddcφ, where φ is
smooth outside C, and for any point x P C, we have

φ “
δ

2
log |z2|

2 `Op1q,

where z2 is the local equation of C.
Since φ is continuous outside C, we can choose a large constant B ą 0 such that φ ą rϕ ´ B in a

neighborhood of BU . Therefore we de�ne

Φ “

#

maxtrϕ, φ`Bu on U

φ`B on X ´ U,

which is well de�ned on the whole of X, and satis�es ω ` ddcΦ ě ε1ω for some ε1 ą 0. Since φ “ ´8 on C,
while rϕ|C “ ϕ, it follows that Φ|C “ ϕ.

We claim that Φ also has analytic singularities. Since around xj , we have

rϕpz1, z2q “
cj
2

logp|z1|
2 ` |z2|

2q `Op1q,

and

φpz1, z2q “
δ

2
log |z2|

2 `Op1q,

for some local coordinates pz1, z2q of xj . Thus locally we have

maxtrϕ, φ`Au “
1

2
logp|z1|

2cj ` |z2|
2cj ` |z2|

2δq `Op1q.

Since Φ is continuous outside x1, . . . , xk, our claim is proved.
�

Lemma 1.4.5. Let α be a big and nef class on X, then for any ε ą 0, there exsists a Kähler current
Tε P α with analytic singularities such that the Lelong number νpTε, xq ă ε for any point in X. Moreover,
Tε also satis�es

E`pT q “ EnKpαq.

Proof. Since α is big, there exists a Kähler current with analytic singularities such that E`pT0q “

EnKpαq and T0 ą ω for some Kähler form ω. Since α is also a nef class, for any δ ą 0, there exists a smooth
form θδ in α such that θδ ě ´δω. Thus Tδ :“ δT0 ` p1 ´ δqθδ ě δ2ω is a Kähler current with analytic
singularities satisfying that

E`pTδq “ E`pT0q “ EnKpαq,

and
νpTδ, xq “ δνpT0, xq

for any x P X. Since the Lelong number νpT0, xq is an upper continuous function (thus bounded from above),
νpTδ, xq converges uniformly to zero as δ tends to 0. The lemma is proved. �

Proposition 1.4.4. Let α be a big and nef class, C Ę EnKpαq. Then we have

∆X|Cpαq “ ∆pα|Cq “ r0, α ¨ Cs.
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Proof. Asumme EnKpαq “
Ťr
i“1 Ci, where each Ci is an irreducible curve. By Lemma 1.4.5, for any

ε ą 0 there exists a Kähler current Tε P α with analytic singularities such that

E`pTεq “ EnKpαq “ Nullpαq “
r
ď

i“1

Ci

and νpTε, xq ă ε for all x P X. Thus the Siu decomposition

Tε “ Rε `
r
ÿ

i“1

ai,εCi

satis�es 0 ď ai,ε ă ε, and Rε is a Kähler current whose analytic singularities are isolated points. By
Remark 1.2.1, the cohomology class tRεu is a Kähler class and converges to α as ε Ñ 0. In particular,
|tRεu ¨ C ´ α ¨ C| ă Aε, where A is a constant.

By Proposition 1.4.3, there exists a Kähler current Sε P tRεu with analytic singularities such that
C Ę E`pSεq and ´ε ă νpSε|C , xq ´ tRεu ¨ C ă 0. Thus T 1ε :“ Sε `

řr
i“1 ai,εCi is a Kähler current in α with

analytic singularities, and ´p1`Aqε ă νpT 1ε|C , xq´α ¨C. Since α is big and nef, there exists a Kähler current
Pε in α with analytic singularities such that νpPε|C , xq ă ε. Therefore, by the de�nition of ∆X|Cpαq and the
convexity property we deduce that r0, α ¨Cs Ď ∆X|Cpαq. On the other hand, ∆X|Cpαq Ď ∆pα|Cq “ r0, α ¨Cs
by de�nition. The proposition is proved.

�

Lemma 1.4.6. Let α be a big class on X with divisorial Zariski decomposition α “ Zpαq`Npαq. Assume
that C Ę EnKpZpαqq, so that C Ę SupppNpαqq by Theorem 1.2.10. Moreover, set

fpαq “ νxpNpαq|Cq, gpαq “ νxpNpαq|Cq ` Zpαq ¨ C,

where νxpNpαq|Cq “ νpNpαq|C , xq. Then the restricted Okounkov body of α along C is the interval

∆X|Cpαq “ rfpαq, gpαqs

Proof. First, by Remark 1.2.3 we conclude that T ÞÑ T ´ Npαq is a bijection between the positive
currents in α and those in Zpαq, thus we have

EnKpαq “ EnKpZpαqq
ď

supppNpαqq,

and

(1.4.2) C Ę EnKpZpαqq ðñ C Ę EnKpαq.

By the assumption of theorem, Npαq|C is a well-de�ned positive current with analytic singularites on C. By
the de�nition of ∆R,X|Cpαq, we have

∆R,X|Cpαq “ ∆R,X|CpZpαqq ` νxpNpαq|Cq.

We take the closure of the sets to get

∆X|Cpαq “ ∆X|CpZpαqq ` νxpNpαq|Cq.

Since α is big, thus Zpαq is big and nef, and by Proposition 1.4.4 we have ∆X|CpZpαqq “ r0, Zpαq ¨ Cs. We
have proved the lemma.

�

Definition 1.4.5. If α is big and β is pseudo-e�ective, then the slope of β with respect to α is de�ned
as

s “ spα, βq “ suptt ą 0 | α´ tβ is bigu.

Remark 1.4.5. Since the big cone is open, we know that tt ą 0 | α ą tβu is an open set in R`. Thus
α´ sβ belongs to the boundary of the big cone denoted by BE , and volXpα´ sβq “ 0.

Proof of Theorem B. For t P r0, sq, we put αt “ α´ ttCu, and let Zt :“ Zpαtq and Nt :“ Npαtq be
the positive and negative part of the divisorial Zariski decomposition of αt.

(i) First we assume C is nef. By Theorem 1.2.10, the prime divisors in EnKpZpαtqq form an excep-
tional family, thus C Ę EnKpZpαtqq and C Ę EnKpαtq by (1.4.2). By Lemma 1.4.6 we have ∆X|Cpαtq “
rνxpNt|Cq, Zt ¨ C ` νxpNt|Cqs.

By the de�nition of R-convex body and restrict R-convex body, we have

∆Rpαq
č

tˆ R “ tˆ∆R,X|Cpαtq.

Thus
tˆ∆R,X|Cpαtq Ď ∆Rpαq

č

tˆ R.
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However, since both ∆R,Xpαq and ∆R,X|Cpαtq are closed convex sets in R2 and R, we have

tˆ∆R,X|Cpαtq “ ∆Rpαq
č

tˆ R,

therefore

(1.4.3) tˆ∆X|Cpαtq “ ∆pαq
č

tˆ R.

Let

fptq “ νxpNt|Cq , gptq “ Zt ¨ C ` νxpNt|Cq,

then ∆pαq
Ş

r0, sq ˆ R is the region bounded by the graphs of fptq and gptq.
Now we prove the piecewise linear property of fptq and gptq. By Lemma 1.3.1, we have Nt1 ď Nt2

if 0 ď t1 ď t2 ă s, thus fptq is increasing. Since Nt is an exceptional divisor by Theorem 1.2.11, the
number of the prime components of Nt is uniformly bounded by the Picard number ρpXq. Thus we can
denote Nt “

řr
i“1 aiptqNi, where aiptq ě 0 is an increasing and continuous function. Moreover, there

exsists 0 “ t0 ă t1 ă . . . ă tk “ s such that the prime components of Nt are the same when t lies in the
interval pti, ti`1q for i “ 0, . . . , k´ 1, and the number of prime components of Nt will increase at every ti for

i “ 1, . . . , k ´ 1. We write si “
ti´1`ti

2 for i “ 1, . . . , k.

We denote the linear subspace of H1,1pX,Rq spanned by the prime components of Nsi by Vi, and let
V Ki be the orthogonal space of Vi with respect to q. By the proof of Lemma 1.3.1, for t P pti´1, tiq we have

Zt “ Zsi ` psi ´ tqtCu
K
i(1.4.4)

Nt “ Nsi ` psi ´ tqC
‖
i ,(1.4.5)

where tCuKi is the projection of tCu to V Ki , and C
‖
i is a linear combination of the prime components of

Nsi satisfying that the cohomology class tC
‖
i u is equal to the projection of tCu to Vi. By Theorem 1.2.10,

the cohomology classes of prime components of Nsi are all independent, thus C
‖
i is uniquely de�ned. The

piecewise linearity property of fptq and gptq follows directly from (1.4.4) and (1.4.5), and thus fptq and gptq
can be continuously extended to s. Therefore we conclude that ∆pαq is the region bounded by the graphs of
fptq and gptq for t P r0, ss, and the vertices of ∆pαq are contained in the set tpti, fptiqq, ptj , gptjqq P R2 | i, j “
0, . . . , ku. This means that a vertex of ∆pαq may only occur for those t P r0, ss, where a new curve appears
in Nt. Since r ď ρpXq, the number of vertices is bounded by 2ρpXq ` 2. The fact that fptq is convex and
gptq concave is a consequence of the convexity of ∆pαq.

By (1.4.3), we have

2 volR2p∆pαqq “ 2

ż s

0

volRp∆X|Cpαtqqdt

“ 2

ż s

0

Zt ¨ Cdt

“ volXpαq ´ volXpα´ sCq

“ volXpαq.

where the second equality follows by Proposition 1.4.4, the third one by Theorem 1.3.1 and the last one by
Remark 1.4.5. We have proved the theorem under the assumption that C is nef.

(ii) Now we prove the theorem when C is not nef, i.e., C2 ă 0. Recall that a :“ suptt ą 0 | C Ď

EnKpαtqu. By (1.4.2), if C Ď EnKpαtq for some t P r0, sq, we have C Ď EnKpZpαtqq. By the proof in
Theorem 1.3.3 we have

Zpατ q ¨ C “ 0,

Zpατ q “ Zpαtq,

for 0 ď τ ď t. Thus we have

t0 ď t ă s | C Ę EnKpαtqu “ pa, sq,

and ∆pαq is contained in ra, ss ˆ R. By Theorem 1.3.3 we also have

2 volR2p∆pαqq “ 2

ż s

a

volRp∆X|Cpαtqqdt

“ 2

ż s

a

Zt ¨ Cdt

“ volXpαaq ´ volXpαsq

“ volXpαq.
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Since the prime components of Nt1 is contained in that of Nt2 if a ă t1 ď t2 ă s, using the same arguments
above, we obtain the piecewise linear property of fptq and gptq which can also be extended to s. The theorem
is proved completely. �

Remark 1.4.6. If X is a projective surface, by the main result in [BKS03], the cone of big divisors of X
admits a locally �nite decomposition into locally polyhedral subcones such that the support of the negative
part in the Zariski decomposition is constant on each subcone. It is noticeable that if we only assume X to
be Kähler, this decomposition still holds if we replace the cone of big divisors by the cone of big classes and
use divisorial Zariski decomposition instead. This property ensures that the generalized Okounkov bodies
should also be polygons.

1.4.3. Generalized Okounkov bodies for pseudo-effective classes. Throughout this subsec-
tion, X will stand for a Kähler surface if not specially mentioned. Our main goal in this subsection is to
study the behavior of generalized Okounkov bodies on the boundary of the big cone.

Definition 1.4.6. Let X be any Kähler manifold, if α P H1,1pX,Rq is any pseudo-e�ective class. We
de�ne the generalized Okounkov body ∆pαq with respect to the �xed �ag by

∆pαq :“
č

εą0

∆pα` εωq,

where ω is any Kähler class.

It is easy to check that our de�nition does not depend on the choice of ω, and if α is big, by Proposition
1.4.2, the de�nition is consistent with De�nition 1.4.3. Now we recall the de�nition of numerical dimension
for any real (1,1)-class.

Definition 1.4.7. Let X be a compact Kähler manifold. For a class α P H1,1pX,Rq, the numerical
dimension npαq is de�ned to be ´8 if α is not pseudo-e�ective, and

npαq “ maxtp P N, xαpy ‰ 0u,

if α is pseudo-e�ective.

We recall that the right-hand side of the equation above involves the positive intersection product xαpy P
Hp,p
ě0 pX,Rq de�ned in [BDPP13]. When X is a Kähler surface, we simply have

npαq “ maxtp P N, Zpαqp ‰ 0u, p P t0, 1, 2u.

If npαq “ 2, α is big and the situation is studied in the last subsection. Throughout this subsection, we
assume α P BE .

Lemma 1.4.7. Let tN1, . . . , Nru be an exceptional family of prime divisors, ω be any Kähler class. Then
there exists unique positive numbers b1, . . . , br such that ω `

řr
i“1 biNi is big and nef satisfying Nullpω `

řr
i“1 biNiq “

Ťr
i“1Ni.

Proof. If we set
¨

˚

˝

b1
...
br

˛

‹

‚

“ ´S´1 ¨

¨

˚

˝

ω ¨N1

...
ω ¨Nr

˛

‹

‚

,

where S denotes the intersection matrix of tN1, . . . , Nru, we have pω `
řr
i“1 biNiq ¨Nj “ 0 for j “ 1, . . . , r.

By Lemma 1.3.2, we conclude that all bi are positive and thus ω `
řr
i“1 biNi is big and nef. �

Proposition 1.4.5. Let α be any pseudo-e�ective class with Npαq “
řr
i“1 aiNi, ω be a Kähler class.

Then for ε ą 0 small enough, we have the divisorial Zariski decomposition

Zpα` εωq “ Zpαq ` εpω `
r
ÿ

i“1

biNiq,

Npα` εωq “
r
ÿ

i“1

pai ´ εbiqNi,

where bi is the positive number de�ned in Lemma 1.4.7.

Proof. Since Zpαq ` εpω `
řr
i“1 biNiq is nef and orthogonal to all Ni by Lemma 1.4.7, by Theorem

1.2.11, if ε satis�es that ai ´ εbi ą 0 for all i, the divisorial decomposition in the proposition holds. �
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If npαq “ 0, we have Zpαq “ 0 and thus α “
řr
i“1 aiNi is an exceptional e�ective R-divisor. We �x a

�ag
X Ě C Ě txu,

where C ‰ Ni for all i. Then we have

Theorem 1.4.8. For any pseudo-e�ective class α whose numerical dimension npαq “ 0, we have

∆pC,xqpαq “ 0ˆ νxpNpαq|Cq.

Proof. We asumme Npαq “
řr
i“1 aiNi. Fix a Kähler class ω, by Proposition 1.4.5, for ε small enough

we have

Zpα` εωq “ εpω `
r
ÿ

i“1

biNiq,(1.4.6)

Npα` εωq “
r
ÿ

i“1

pai ´ εbiqNi,(1.4.7)

where bi is the positive number de�ned in Lemma 1.4.7. Since T ÞÑ T ´ Npα ` εωq is a bijection between
the positive currents in α` εω and those in Zpα` εωq, we have

∆pα` εωq “ ε∆pω `
r
ÿ

i“1

biNiq ` νp
r
ÿ

i“1

pai ´ εbiqNiq,

where νp
řr
i“1pai ´ εbiqNiq “ νpC,xqp

řr
i“1pai ´ εbiqNiq is the valuation-like function de�ned in Section 1.4.1.

Thus the diameter of ∆pα ` εωq converges to 0 when ε tends to 0, and we conclude that ∆pαq is a single
point in R2. Since

∆pα` εωq
č

0ˆ R “ 0ˆ∆X|Cpα` εωq

“ 0ˆ rνxpNpα` εωq|Cq, νxpNpα` εωq|Cq ` Zpα` εωq ¨ Cs,

by (1.4.6) and (1.4.7) we have

∆pαq
č

0ˆ R “ 0ˆ νxp
r
ÿ

i“1

aiNi|Cq,

and we prove the �rst part of Theorem F.. �

If npαq “ 1, Zpαq is nef but not big. If there exists one irreducible curve C such that Zpαq ¨ C ą 0, we
�x the �ag

X Ě C Ě txu,

then we have

Theorem 1.4.9. For any pseudo-e�ective class α whose numerical dimension npαq “ 1, we have

∆pαq “ 0ˆ rνxpNpαq|Cq, νxpNpαq|Cq ` Zpαq ¨ Cs.

Proof. By the assumption Zpαq ¨C ą 0 we know that C Ę SupppNpαqq. By Proposition 1.4.5, when ε
small enough, the divisorial Zariski decomposition for α` εω is

Zpα` εωq “ Zpαq ` εpω `
r
ÿ

i“1

biNiq,(1.4.8)

Npα` εωq “
r
ÿ

i“1

pai ´ εbiqNi,(1.4.9)

where bi is the positive number de�ned in Lemma 1.4.7. Combine (1.4.8) and (1.4.9), we have

∆pαq
č

0ˆ R “
č

εą0

∆pα` εωq
č

0ˆ R

“
č

εą0

0ˆ rνxpNpα` εωq|Cq, νxpNpα` εωq|Cq ` Zpα` εωq ¨ Cs

“ 0ˆ rνxp
r
ÿ

i“1

aiNi|Cq, νxp
r
ÿ

i“1

aiNi|Cq ` Zpαq ¨ Cs.

Since we have
volR2p∆pαqq “ lim

εÑ0
volR2p∆pα` εωqq “ lim

εÑ0
Zpα` εωq2 “ 0,
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and ∆pαq is a closed convex set, we conclude that there are no points of ∆pαq which lie outside 0 ˆ R as
volRp∆pαq

Ş

0ˆ Rq “ Zpαq ¨ C ą 0. We �nish the proof of Theorem F. �





Part 2

On the Hyperbolicity-Related Problems





CHAPTER 2

Degeneracy of Entire Curves on Higher Dimensional Manifolds

2.1. Introduction

In [McQ98], McQuillan proved the following striking theorem, which partially solved the Green-
Gri�ths-Lang conjecture for complex surfaces with big cotangent bundle:

Theorem 2.1.1. (McQuillan) Let X be a surface of general type and F a holomorphic foliation on X.
Then any entire curve F : CÑ X tangent to F can not be Zariski dense.

The original proof of Theorem 2.1.1 is rather involved. Later on, there are several works (e.g. [Bru99,
PS14]) appeared to explain and simplify McQuillan's proof. Let us recall the idea in proving Theorem 2.1.1
brie�y. Assumes that there exists a Zariski dense entire curve f : CÑ X which is tangent to F . Then, one
studies the intersection of the Ahlfors current T rf s, which is a representative of a pn´ 1, n´ 1q-cohomology
class in X, with the tangent bundle and the normal bundle of the foliation F respectively. The above works
proved that both of the intersections numbers are positive. However, since KX is big, then T rf s ¨KX ą 0,
and by the equality K´1

X “ TF `NF , a contradiction is obtained.

The goal of the chapter is to study the entire curves tangent to the foliation with certain singularities on
higher dimensional manifolds, by pursuing the same philosophy in [McQ98]. Let us �rst recall the following
fundamental intersection formula [Bru97,McQ98,PS14], which is the basis of our work:

Theorem 2.1.2. (Brunella-McQuillan-P un-Sibony) Let pX,Fq be a Kähler 1-foliated pair. If f : CÑ
X is an entire curve tangent to F whose image is not contained in SingpFq, then

xT rf s, c1pTF qy ` T pf,JF q “ xT rfr1ss,OX1p´1qy ě 0,

where JF is a coherent ideal sheaf determined by the singularity of F , and T pf,JF q is a non-negative real
number representing the �intersection" of T rf s with JF ; this number will be de�ned later.

If X is a complex surface, as is proved by McQuillan [McQ98], after passing to some birational modle

pX̃, F̃q Ñ pX,Fq, Theorem 2.1.2 can be improved to the extent that

(2.1.1) T rf̃ s ¨ TF̃ ě 0,

where f̃ is the lift of f to X̃. By pursuing his philosophy of �Diophantine approximation", we can generalize
(2.1.1) to higher dimensional manifolds, under some assumptions on the foliation:

Theorem G. Let pX,Fq be a 1-foliated pair with simple singularities (see De�nition 2.3.2). For any

an entire curve whose Zariski closure fpCq
Zariski

is of dimension at least 2, which is also tangent to F , we
always have

T rf s ¨ TF ě 0.

If we further assume that KF is a big line bundle, then the image of f is contained in B`pKF q. In particular,
if KF is ample, then there exists no nonconstant transcendental entire curve f : CÑ X tangent to F .

As an application of Theorem G, we can give a new proof of the following elegant theorem by Brunella
[Bru06, Corollary]

Theorem 2.1.3. (Brunella) For a generic foliation by curves F of degree d ě 2 on the complex projective
space Pn, that is, F is generated by a generic holomorphic section (a rational vector �eld)

s P H0
`

Pn, TPn bOpd´ 1q
˘

,

all the leaves of F are hyperbolic. More precisely, there exists no nonconstant f : CÑ Pn tangent to F (and
possibly passing through SingpFq).

Since for any one-dimensional foliation with absolutely isolated singularities (see De�nition 2.3.1), by the
reduction theorems [CCS97,Tom97] one can take a �nite sequence of blowing-up's to make the singularities
simple. We thus have the following result:

45
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Theorem H. Let F be a foliation by curves on the n-dimensional complex manifold X, such that the
singular set SingpFq of the foliation F is a set of absolutely isolated singularities. If f : CÑ X is an entire

curve whose Zariski closure fpCq
Zariski

is of dimension at least 2, which is also tangent to F , then one can

blow-up X a �nite number of times to get a new birational model p rX, rFq such that

T r rf s ¨ T
rF ě 0.

On the other hand, Theorem 2.1.2 leads us to the fact that the error term T pf,JF q is controllable, if
the singularities of F are not too �bad� (they are called weakly reduced singularities in Section 2.3.2). The
theorem is as follows:

Theorem I. Let X be a projective manifold of dimension n endowed with a 1-dimensional foliation F
with weakly reduced singularities. If f is a Zariski dense entire curve tangent to F , satisfying T rf s ¨KX ą 0
(e.g. KX is big), then we have

T rf̂ s ¨ detNF̂ ă 0

for some birational pair pX̂, F̂q.

Remark 2.1.1. Our de�nition of �weakly reduced singularities" is actually weaker than the usual concept
of reduced singularities, which always requires a lot of checking (e.g. a classi�cation of singularities). We
only need to focus on the multiplier ideal sheaf of JF , instead of trying to understand the exact behavior of
singularities.

It is notable that the following strong result due to Brunella [Bru99, Theorem 2] implies a conclusive
contradiction in combination with Theorem I, in the case of complex surfaces.

Theorem 2.1.4. (Brunella) Let X be a complex surface endowed with a foliation F (no assumption is
made for singularities of F here). If f : CÑ X is a Zariski dense entire curve tangent to F , then we have

T rf s ¨NF ě 0.

Therefore, we get another proof of McQuillan's Theorem 2.1.1 without using the re�ned formula (2.1.1)
immediately. This leads us to observe that if one can resolve any singularities of the 1-dimensional foliation
F into weakly reduced ones, and generalize the previous Brunella Theorem to higher dimensional manifolds,
one could infer the Green-Gri�ths conjecture for surfaces of general type.

Theorem J. Assume that Theorem 2.1.4 holds for a directed variety pX,Fq where X is a base of
arbitrary dimension and F has rank 1, and that one can resolve the singularities of F into weakly reduced
ones. Then every entire curve drawn in a projective surface of general type must be algebraically degenerate.

2.2. Technical Preliminaries

2.2.1. Notations and Definitions. In this subsection, we brie�y recall the value distribution theory
for coherent ideal sheaves [NW14, Setion 2.4], and some basic knowledge for foliation by curves [Bru11,
Chapter 1 and 2].

For any coherent ideal sheaf J on a complex manifoldX, one can construct a global quasi-plurisubarmonic
function ϕJ on X such that

ϕJ “ logp
ÿ

i

|gi|
2q `Op1q

where pgiq are local holomorphic functions that generate the ideal J . We call ϕJ the characteristic function
associated to the coherent sheaf J , which is well-de�ned up to some bounded function on X. For any entire
curve f : CÑ X whose image is not contained in the subscheme ZpJ q, one writes

ϕJ ˝ fpτq|∆prq “
ÿ

|τj |ăr

νj log |τ ´ τj |
2 `Op1q,

where ∆prq denotes the disk of radius r in C, and νj is called the multiplicity of f along J .
In a related way, we de�ne the proximity function of f with respect to J by

mf,J prq :“ ´
1

2π

ż 2π

0

ϕJ ˝ fpre
iθqdθ,

and the counting function of f with respect to J by

Nf,J prq :“
ÿ

|τj |ăr

νj log
r

|τj |
.
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Let us take a log resolution p : X̂ Ñ X of J such that p´1pJ q “ OX̂p´Dq, let f̂ denote to be the lift

of f to X̂ so that p ˝ f̂ “ f , and let ΘD be the curvature form of D with respect to some smooth hermitian
metric on OpDq.

Now we recall the following formula, which will be very useful in what follows.

Theorem 2.2.1. (Jensen formula) For r ě 1 we have

(2.2.1)

ż r

1

dt

t

ż

∆ptq

ddcϕ “
1

2π

ż 2π

0

ϕpreiθqdθ ´
1

2π

ż 2π

0

ϕpeiθqdθ,

in particular if ϕ is a quasi-plurisubharmonic function, then for r large enough we have
ż r

1

dt

t

ż

∆ptq

ddcϕ “
1

2π

ż 2π

0

ϕpreiθqdθ `Op1q.

Then the following First Main Theorem due to Nevanlinna is an immediate consequence of (2.2.1) [PS14,
Theorem 3.6]

Theorem 2.2.2. As r Ñ8, one has

Tf̂ ,ΘD prq “ Nf,J prq `mf,J prq `Op1q.

Let F be a 1-dimension foliation on a complex manifold X of dimension n. Then we can take an open
covering tUαuαPI such that on each Uα there exists vα P H

0pUα, TX |Uαq which generates F , and such that
the vα coincide up to multiplication by nowhere vanishing holomorphic functions tgαβu:

vα “ gαβvβ

if Uα X Uβ ‰ H. The functions tgαβu de�ne a C¥ch cohomology class H1pX,O˚Xq, which is a line bundle
over X. It is called the cotangent bundle of F , and denoted here by T˚F (or KF ).

If we take any smooth hermitian metric ω on X, then ω induces a natural singular metric hs on TF .
Indeed, on each Uα, the local weight ϕα of hs “ e´ϕα is given by

(2.2.2) ϕα “ ´ log |vα|
2
ω “ ´ log

ÿ

aiαa
j
αωα,ij̄ ,

where vα “
řn
i“1 a

i
αpzαq

B
Bzα,i

with respect to the coordinate system zα “ pzα,1, . . . , zα,nq on Uα, and ω “
?
´1

ř

ωα,ij̄dzα,i ^ dzα,j .
We are going to de�ne a coherent ideal sheaf JF on X re�ecting the behavior of the singularies of F .

On each Uα the generators of JF are precisely the coe�cients paiαq of the vector vα de�ning F , and it is
easy to see that this does not depend on the choice of the local coordinate charts pUα, zαq.

If we �x a smooth metric h on TF , then there exists a globally de�ned function ϕs such that

h “ hse
´ϕs

We know that

(2.2.3) ϕs “ log |vα|
2
ω

modulo a bounded function, and by the very de�nition, ϕs is the characteristic function associated to the
coherent sheaf JF .

All the constructions explained above can be generalized to log pairs naturally. Let us recall the following
de�nition.

Definition 2.2.1. Let X be a smooth Kähler manifold, D a simple normal crossing divisor and F a
foliation by curves de�ned on X. We say that F is de�ned on the log pair pX,Dq if each component of D
is invariant by F . Such pX,F , Dq is called a Kähler 1-foliated triple.

The logarithmic tangent bundle TXx´ logDy with respect to the pair pX,Dq is the locally free sheaf gen-
erated by the vector �elds pzi

B
Bzi
qi“1,...,k and p

B
Bzi
qi“k`1,...,n with respect to some local coordinates pz1, . . . , znq

such that D is locally de�ned by tz|z1z2 ¨ ¨ ¨ zk “ 0u. Dually, the logarithmic cotangent bundle ΩXxlogDy is
locally free OX -module generated by pdzizi qi“1,...,k and pdziqi“k`1,...,n. Hence, any smooth hermitian metric

ωX,D on TXx´ logDy can be locally written as

ωX,D “
?
´1

k
ÿ

i,j“1

ωij̄
dzi ^ dz̄j
ziz̄j

` 2Re
?
´1

ÿ

iąkěj

ωij̄
dzi ^ dz̄j

z̄j
`
?
´1

ÿ

i,jěk`1

ωij̄dzi ^ dz̄j ,
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where pωij̄q is a smooth positive de�nite hermitian matrix. If pX,F , Dq is a Kähler 1-foliated triple, such
that on some coordinate charts pUα, zαq,

vα “
k
ÿ

j“1

zα,ja
j
α

B

Bzα,j
`

n
ÿ

i“k`1

aiα
B

Bzα,i

is the generator of F on Uα. Then ωX,D induces a singular hermitian metric hs,D on TF whose local weight
is given by

ϕα,D “ ´ log |vα|
2
ωX,D “ ´ log

ÿ

i,j

aiαa
j
αωij .

We denote by JF,D the coherent ideal sheaf on X generated by the functions pajαq. In general we have

JF Ă JF,D,

and the inclusion may be strict. If we �nd a smooth metric h “ hs,De
´ϕs,D on TF , then it is easy to check

that ϕs,D is the characteristic function associated with JF,D.
We also denote by X̄1 :“ P pTXx´ logDyq the projectivized bundle, and ωX,D induces a natural smooth

metric h1 on the tautological bundle OX̄1
p´1q.

2.2.2. Basic results about Ahlfors currents. In this subsection, we will brie�y recall the de�-
nitions and properties of Ahlfors currents, which were �rst introduced and studied by McQuillan [McQ98].

Let X be a Kähler manifold with ω the Kähler form, and let f be an entire curve on X. Then we can
associate to f a closed positive current of pn ´ 1, n ´ 1q type as follows. First for any r ą 0, one de�nes a
positive pn´ 1, n´ 1q-current Trrf s by

xTrrf s, ηy :“
Tf,ηprq

Tf,ωprq
,(2.2.4)

where η is any smooth 2-form on X, and Tf,ηprq :“
şr

1
dt
t

ş

∆ptq
f˚η is the Nevanlinna's order function.

From [McQ98,Bru99], one can �nd a suitable sequence of prkq that tends to in�nity, such that the weak
limit of Trk rf s is a closed positive current. It is denoted by T rf s and called the Ahlfors current of f . For
any line bundle L, we always use the notation T rf s ¨L to denote the cohomology intersection tT rf su ¨ c1pLq.

It is noticeable that T rf s depends on not only the choice of ω, but also the sequence prkq. On the other
hand, as is proved in [McQ98,Pau03], it is not indispensable to assume that ω is Kähler in (2.2.4). It
su�ce to assume that ω is a closed semi-positive form satisfying

lim
rkÑ8

Tf,ωprkq

Tf,rωprkq
ą C ą 0,

with respect to some Kähler form rω.

The following �strongly nef" property of Ahlfors current is a direct consequence of the First Main
Theorem:

Proposition 2.2.1. Let L be a big line bundle on a Kähler manifold X. If f : C Ñ X is an entire
curve on X such that its image is not contained in the augmented base locus B`pLq of L [Laz04, De�nition
10.3.2], then xT rf s, c1pLqy ą 0.

Proof. Since the image of f is not contained in B`pLq, by the de�nition of the augmented base locus,
one can �nd an e�ective divisor E whose support does not contain fpCq, such that

L ” A` E,

where A is an Q-ample divisor, and �”� means numerically equivalent. We take a smooth hermitian metric
hE on E such that the proximity function of f with respect to E is also non-negative. Since the counting
function of f with respect to E is always non-negative, then by the First Main Theorem

T rf s ¨ E “ xT rf s,ΘhE pEqy ě 0.

By the ampleness of A, we have
T rf s ¨A ą 0,

and thus
T rf s ¨ L “ T rf s ¨A` T rf s ¨ E ą 0.

�

Definition 2.2.2. An entire curve f : C Ñ X is said to be rational i� f admits a factorization in the
form f “ g ˝R, where R : CÑ P1 is a rational function and g : P1 Ñ X is a rational curve. f is said to be

transcendental if the Zariski closure fpCq
Zariski

of f is of dimension at least 2.
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We have the following criterion for an entire curve to be rational [Dem97, Corollaire 1.7]:

Proposition 2.2.2. Any entire curve f : C Ñ X is rational if and only if Tf,ωprq “ Oplog rq. In
particular, if f is transcendental, then

lim
rÑ8

Tf,ωprq

log r
“ `8.

Let us recall the following logarithmic derivative lemma [Dem97, Lemme 3.7], which will be very useful
in our arguments.

Lemma 2.2.1. (logarithmic derivative lemma) Let f be a meromorphic function on C. Then
1

2π

ż 2π

0

log` |
f 1preiθq

fpreiθq
|dθ ď Oplog Tf,ωprq ` log rq.(2.2.5)

Let pX,V q be a smooth directed variety, that is, a complex manifold X equipped with a subbundle
V Ă TX . Denote by X1 the projectivized bundle P pV q, and π : X1 Ñ X the natural projection map. Fix a
hermitian metric ω on X. It induces a smooth metric h on the tautological line bundle OX1

p1q. Then for
any 0 ă δ ! 1 , ω1 :“ π˚ω ` δΘhpOX1p1qq is a hermitian metric on X1. For any entire curve f : C Ñ X
tangent to V , it is easy to see that there is a canonical lift of f to X1, de�ned by

fr1sptq :“ pfptq, rf 1ptqsq

such that πpfr1sq “ f , and we have the following lemma:

Lemma 2.2.2. Assume that pX,ωq is a Kähler manifold and f is transcendental. Then

lim inf
rÑ`8

Tfr1s,π˚ωprq

Tfr1s,ω1
prq

ě 1.

In particular, we can de�ne the Ahlfors current T rfr1ss with respect to the semi-positive form π˚ω in such
a way that π˚T rfr1ss “ T rf s.

Proof. Since f 1pτq can be seen as a section of the bundle f˚
r1spOX1

p´1qq, by the Lelong-Poincaré formula

we have

(2.2.6) ddc log |f 1pτq|2ω “
ÿ

|τj |ăr

µjδτj ´ f
˚
r1sΘh˚

`

OX1
p´1q

˘

on ∆prq, where µj is the vanishing order of f 1pτq at τj . Thus we get
ż r

1

dt

t

ż

∆ptq

f˚
r1sΘh˚pOX1

p´1qq “
ÿ

|tj |ăr

µj log
r

|tj |
´

ż r

1

dt

t

ż

∆ptq

ddc log |f 1pτq|2ω

“
ÿ

|tj |ăr

µj log
r

|tj |
´

1

2π

ż 2π

0

log |f 1preiθq|2ωdθ `
1

2π

ż 2π

0

log |f 1peiθq|2ωdθ,(2.2.7)

where the last equality is a consequence of the Jensen formula (2.2.1). Let pϕαqαPJ be a partition of unity
subcoordinate to the covering pUαqαPJ of X. We can take a �nite family of logarithms of global meromorphic
fuctions plog uαjqαPJ,1ďjďn as local coordinates for Uα, and by the logarithmic derivative lemma (2.2.5), we
have

1

2π

ż 2π

0

log` |f 1preiθq|2ωdθ “
ÿ

αPJ

1

2π

ż 2π

0

ϕα log` |f 1preiθq|2ωdθ

ď
ÿ

αPJ

n
ÿ

j“1

C

ż 2π

0

log` |
u1αjpre

iθq

uαjpreiθq
|2dθ

ď Oplog` Tf,ωprq ` log rq,

where C is some constant. Since f is transcendental, by Proposition 2.2.2 we have

lim
rÑ`8

Tf,ωprq

log r
“ `8,

and thus

lim inf
rÑ`8

´
1

Tf,ωprq

ż 2π

0

log |f 1preiθq|2ωdθ ě 0.

By (2.2.7) we have

(2.2.8) lim inf
rÑ`8

1

Tf,ωprq

ż r

1

dt

t

ż

∆ptq

f˚
r1sΘh˚

`

OX1p´1q
˘

ě lim inf
rÑ`8

´
1

Tf,ωprq

ż 2π

0

log |f 1preiθq|2ωdθ ě 0.
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Since ω1 “ π˚ω ` δΘhpOX1
p1qq is a hermitian metric on X1, we have

Tfr1s,ω1
prq “

ż r

1

dt

t

ż

∆ptq

f˚
r1sω1 “ Tfr1s,π˚ωprq ` δ

ż r

1

dt

t

ż

∆ptq

f˚
r1sΘh

`

OX1
p1q

˘

.

By Tf,ωprq “ Tfr1s,π˚ωprq we obtain

lim inf
rÑ`8

Tfr1s,π˚ωprq

Tfr1s,ω1
prq

ě 1.

Hence we can replace ω1 by π˚ω in the de�nition of Ahlfors current T rfr1ss, and the equality Tfr1s,π˚ηprq “

Tf,ηprq for any smooth p1, 1q-form η on X then yields

π˚T rfr1ss “ T rf s.

�

Similarly we have the following lemma in [Bru99, p. 198]:

Lemma 2.2.3. Let p : X̃ Ñ X be a bimeromorphic morphism between Kähler manifolds X̃ and X. Fix
a Kähler metric ω on X. If f : C Ñ X is an entire curve whose image is not contained in the exceptional

locus, then for the lift f̃ on X̃, and we can de�ne the Ahlfors current T r rf s with respect to the semi-positive
Kähler form p˚ω such that

p˚T r rf s “ T rf s.

Remark 2.2.1. For any coherent ideal sheaf J whose zero scheme does not contain the image of f :
CÑ X, one can take a log resolution p : X̂ Ñ X of J with p˚J “ OX̂p´Dq, and by Lemma 2.2.3 one can
�nd a suitable sequence prkq such that

T rf̂ s ¨D “ lim
rkÑ8

Tf̂ ,ΘpDqprkq

Tf̂ ,p˚ωprkq
“ lim
rkÑ8

Tf̂ ,ΘpDqprkq

Tf,ωprkq
,

where ΘpDq is a curvature form of D with respect to some smooth metric. By Theorem 2.2.2, we know that

T rf̂ s ¨D does not depend on the log resolution of J , which is denoted by T pf,J q.

Finally let us recall the following Tautological Inequality by McQuillan [McQ98, Theorem 0.2.5], which
can be seen as a geometric interpretation of the logarithmic derivative lemma:

Theorem 2.2.3. (tautological inequality) Let f : pC, TCq Ñ pX,V q be a transcendental entire curve in
X, where pX,V q is a smooth directed variety. Then we have

T rfr1ss ¨OP pV qp´1q ě 0.

Proof. By (2.2.8) we have

lim inf
rÑ`8

1

Tf,ωprq

ż r

1

dt

t

ż

∆ptq

f˚
r1sΘh˚

`

OP pV qp´1q
˘

ě 0.

From Lemma 2.2.2 we can take π˚ω as the semi-positive form used in the de�nition of the Ahlfors current
of T rfr1ss, where π : P pV q Ñ X is the natural projection. The equality Tf,ωprq “ Tfr1s,π˚ωprq then implies

T rfr1ss ¨OP pV qp´1q “ lim
rkÑ`8

1

Tfr1s,π˚ωprq

ż r

1

dt

t

ż

∆ptq

f˚
r1sΘh˚

`

OP pV qp´1q
˘

ě 0.

�

2.2.3. Intersection with the tangent bundle.

Theorem 2.2.4. Let X be a Kähler manifold equipped with a 1-dimensional foliation F , and let f : CÑ
X be a transcendental entire curve tangent to F such that its image is not contained in SingpFq. Then we
have

(2.2.9) T rf s ¨ TF ` T pf,JF q “ T rfr1ss ¨OX1p´1q ě 0.

Proof. Let pUαq be a partition of unit of X such that F is generated by some vector �elds vα P
ΓpUα, TX |Uαq on Uα. Denote by Ωα “ f´1pUαq. Since fpCq is not contained in SingpFq, then on each Ωα,

(2.2.10) f 1pτq “ λαpτqvα|fpτq
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for some meromorphic function λαpτq. We denote by ηj the multiplicities of λαpτq at τj , and they may be
negative only if fpτjq P SingpFq. λαpτq can not have essential singularity since ηj ` νj ě 0, where νj is the
multiplicity of f along JF , that is,

ddc log |vα|
2
ω ˝ fpτq|∆prq “

ÿ

|τj |ăr

νj log |τ ´ τj |
2 `Op1q.

Since vα “ gαβvβ for some nowhere vanishing function gαβ P O˚pUα X Uβq, then if τj P Ωα X Ωβ , λα
and λβ have the same multiplicity at τj , and thus ηj does not depend on the partition on unity. By the
Lelong-Poincaré formula and (2.2.10) we have

ddc log |f 1pτq|2ω “
ÿ

|τj |ăr

ηjδτj ` dd
c log |vα|

2
ω ˝ fpτq

“
ÿ

|τj |ăr

ηjδτj ´ f
˚Θhs ,(2.2.11)

where hs is the singular metric on TF de�ned in (2.2.2) whose local weight is ϕα “ ´ log |vα|
2
ω. If we �x a

smooth metric h on TF , then there exists a globally de�ned function ϕs such that

h “ hse
´ϕs ,

and ϕs is the characteristic function associated to the coherent sheaf JF . By (2.2.11), we have

ddc log |f 1pτq|2ω ´ f
˚ddcϕs “

ÿ

|τj |ăr

ηjδτj ´ f
˚ΘhpTF q.(2.2.12)

on ∆prq. Combining (2.2.6) with (2.2.12) we have
ÿ

|τj |ăr

µjδτj ´ f
˚
r1sΘh1

pOX1
p´1qq ´ f˚ddcϕs “

ÿ

|τj |ăr

ηjδτj ´ f
˚ΘhpTF q,

where h1 is the smooth metric on OX1
p´1q induced by ω, and µj is the multiplicity of f 1pτq at τj . Hence,

µj ´ ηj “ νj , and we have

f˚ΘhpTF q “ ´
ÿ

|τj |ăr

νjδτj ` f
˚
r1sΘh1

pOX1
p´1qq ` f˚ddcϕs

on each ∆prq. By the de�nition (2.2.4),

xTrrf s,ΘhpTF qy :“
1

Tf,ωprq

ż r

1

dt

t

ż

∆ptq

f˚ΘhpTF q

“
1

Tf,ωprq

ż r

1

dt

t

ż

∆ptq

f˚
r1sΘh1pOX1p´1qq ´

1

Tf,ωprq

ÿ

|τj |ăr

νj log
r

|τj |

`
1

Tf,ωprq

1

2π

ż 2π

0

ϕs ˝ fpre
iθqdθ ´

1

Tf,ωprq

1

2π

ż 2π

0

ϕs ˝ fpe
iθqdθ

“
1

Tf,ωprq

ż r

1

dt

t

ż

∆ptq

f˚
r1sΘh1

pOX1
p´1qq

´
1

Tf,ωprq
Nf,JF prq ´

1

Tf,ωprq
mf,JF prq,(2.2.13)

where Nf,JF prq and mf,JF prq are the counting and proximity function of f with respect to JF , and the
second equality above is a consequence of the Jensen formula. Since T rf s is the weak limit of the positive
current Trk rf s for some sequence rk Ñ `8, we have

T rf s ¨ TF “ lim
rkÑ`8

xTrk rf s,ΘhpTF qy.

From Theorem 2.2.2, Remark 2.2.1 and Lemma 2.2.2 we conclude that

xT rf s,ΘhpTF qy ` T pf,JF q “ T rfr1ss ¨OX1p´1q ě 0.

�

In fact, KF :“ KF b JF is the canonical sheaf of the foliation F de�ned by J.-P. Demailly in studying
the Green-Gri�ths-Lang conjecture [Dem15b, De�nition 1.4], by using admissible metric. We recall his
de�nition for foliations of general type:
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Definition 2.2.3. (Demailly) We say that the rank 1 sheaf KF is �big" if if the invertible sheaf µ˚KF
is big in the usual sense for any log resolution µ : X̂ Ñ X of KF . Finally, we say that pX,Fq is of general
type if there exists some birational model pX 1,F 1q of pX,Fq such that KF 1 is big. The base locus BspFq of
F is de�ned to be

BspFq :“
č

α

να ˝ µα
`

B`pµ
˚
αKFαq

˘

,

where να : pXα,Fαq Ñ pX,Fq varies among all the birational morphisms of X, and µα : pX̃α, F̃αq Ñ
pXα,Fαq is some log resolution of KFα .

The above Theorem 2.2.4 then gives another proof of the Generalized Green-Gri�ths conjecture for rank
1 foliations formulated in [Dem12]. Moreover we can specify more precisely the subvariety containing the
images of all transcendental curves tangent to the foliation. The theorem is as follows:

Corollary 2.2.1. Let pX,Fq be a projective 1-foliated manifold of general type. If f : C Ñ X is a
transcendental entire curve tangent to F , its image must be contained in SingpFq Y BspFq. In particular,
any entire curve tangent to F must be algebraically degenerate.

Proof. Assume that the image of f is not contained in SingpFqYBspFq, and we proceed by contradic-
tion. By De�nition 2.2.3, there exists a birational morphism να : pXα,Fαq Ñ pX,Fq such that the invertible

sheaf µ˚αKFα is big in the usual sense, for some log resolution µα : X̃α Ñ Xα of KFα , and such that the

image of fα is not contained in B`pµ
˚
αKFαq, where f̃α is the lift of f to X̃α. We denote by fα the lift of f

to Xα. By Proposition 2.2.1 we have
xT rfαs, c1pµ

˚
αKFαqy ą 0.

By Remark 2.2.1 and the fact that pµαq˚T rf̃αs “ T rfαs, we get

T rfαs ¨KFα ´ T pfα,JFαq “ T rfαs ¨ µ
˚
αKFα ą 0.

However, since f is transcendental, by Theorem 2.2.4 we infer

T rfαs ¨ TFα ` T pfα,JFαq ě 0,

and the contradiction is obtained by observing that c1pKFαq “ ´c1pTFαq. �

Remark 2.2.2. In Chapter 3 we generalize the above theorem to any singular directed variety pX,V q
(without assuming V to be involutive), by applying the Ahlfors-Schwarz Lemma. In the proof, the canonical
sheaf plays a crucial role (and it arises in a natural way).

By a result due to Takayama [Tak08, Theorem 1.1], for any projective manifold X of general type, every
irreducible component of B`pKXq is uniruled. It is natural to ask the following similar question:

Problem 2.2.1. Let pX,Fq be a projective 1-foliated manifold of general type. Is every irreducible
component of BspFq uniruled?

We also need the following logarithmic version of Theorem 2.2.4:

Theorem 2.2.5. Let pX,F , Dq be a Kähler 1-foliated triple, and let f : C Ñ X be a transcendental
entire curve tangent to F such that its image is not contained in SingpFq Y |D|, where |D| is the support of
D. Then we have

T rf s ¨ TF ` T pf,JF,Dq “ xT rf̄1s,OX̄1
p´1qy ě ´ lim inf

rÑ`8

N
p1q
f,Dprq

Tf,ωprq
“: ´N p1qpf,Dq,

where f̄1 is the lift of f on X̄1 :“ P pTXx´ logDyq, and N
p1q
f,Dprq is the truncated counting function of f with

respect to D de�ned by

N
p1q
f,Dprq :“

ÿ

|τj |ăr,fpτjqPD

log
r

|τj |
.

Proof. We adopt the same notation and concepts introduced in Section 2.2.1. Let pUαq be a partition
of unity on X. On each Uα we have

vα “
k
ÿ

j“1

zja
j
α

B

Bzj
`

n
ÿ

i“k`1

aiα
B

Bzi

as the generator of F , where z1 ¨ ¨ ¨ zk “ 0 is the local equation of D in Uα. The hermitian metric ωX,D
induces a singular metric hs,D on TF with local weight

ϕα,D “ ´ log |vα|
2
ωX,D “ ´ log

ÿ

i,j

aiαa
j
αωij .
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If h “ hse
´ϕs,D is a smooth metric on TF , then ϕs,D is the characteristic function associated with JF,D.

Since the image of f is not contained in SingpFq Y |D|, on Ωα :“ f´1pUαq we have

f̄ 1pτq :“ p
f 11
f1
, . . . ,

f 1k
fk
, f 1k`1, . . . , f

1
nq “ λαpτq

`

a1
αpfq, . . . , a

n
αpfq

˘

,(2.2.14)

where λαpτq is the meromorphic functions with poles only contained in f´1
`

SingpFq Y |D|
˘

. By (2.2.14) we
know that fpτjq P D implies fpτjq P SingpFq. Indeed, if fpτjq P D, then λα has a pole of order at least 1 at
τj , and such poles can only occur when fpτjq P SingpFq.

Observe that f̄ 1pτq can be seen as a meromorphic section of f̄˚1 OX̄1
p´1q, where

f̄1pτq :“
`

fpτq, rf̄ 1pτqs
˘

is the canonical lift of f to X̄1. Then on Ωα X∆prq we have

ddc log |f 1pτq|2ωX,D “
ÿ

|τj |ăr,τjPΩα

ηjδτj ` f
˚ddc log |vα|

2
ωX,D ,

where ηj is the vanishing order of λαpτq on τj . Since vα “ gαβvβ , we see that ηj does not depend on the
partition of unity, and thus on ∆prq we have

(2.2.15) ddc log |f 1pτq|2ωX,D “
ÿ

|τj |ăr

ηjδτj ´ f
˚ΘhpTF q ` f

˚ddcϕs,D.

On the other hand, since ωX,D induces a natural smooth metric on TXx´ logDy, as well as a smooth
hermitian metric h̄1 on OX̄1

p´1q, thus

(2.2.16) ddc log |f 1pτq|2ωX,D “ ddc log |f̄ 1pτq|2h̄1
“

ÿ

0ă|τj |ăr

µjδτj ´ f̄
˚
1 Θh̄1

pOX̄1
p´1qq

on ∆prq, where µj is the vanishing order of f̄
1ptq. By (2.2.14) we know that µj “ ´1 if and only if fpτjq P |D|,

and otherwise µj ě 0. Then by using the logarithmic derivative lemma again as in Lemma 2.2.2, we �nd

(2.2.17) T rf̄1s ¨OX̄1
p´1q ě ´ lim inf

rÑ`8

N
p1q
f,Dprq

Tf,ωprq
.

We can combine (2.2.15) and (2.2.16) together to obtain

f˚ΘhpTF q “ ´
ÿ

0ă|τj |ăr

µjδτj `
ÿ

|τj |ăr

ηjδτj ` f̄
˚
1 Θh̄1

pOX̄1
p´1qq ` f˚ddcϕs,D

on ∆prq. By arguments very similar to those in the proof of Theorem 2.2.4, we get

T rf s ¨ΘhpTF q ` T pf,JF,Dq “ T rf̄1s ¨OX̄1
p´1q,

and the theorem follows from (2.2.17). �

2.3. Degeneracy of Leaves of Foliations: Theories

and Applications

2.3.1. �Diophantine Approximations" in Higher Dimensional Manifolds

and Applications to Brunella's Hyperbolcity Theorem. In this subsection, we study the entire
curves tangent to foliations on higher dimensional manifolds. We can generalize McQuillan's �Diophantine
Approximations" for foliations with absolutely isolated singularties. First let us start with some relevant
de�nitions and properties in [CCS97,Tom97].

Definition 2.3.1. Let F be a foliation by curves on a n-dimensional complex manifold X. An isolated
singularity p P SingpFq is said to be absolutely isolated singularity (A.I.S.) if all the singularities of the
blowing up tree of p0 are isolated. More precisely, if we consider an arbitrary sequence of blowing-up's

pX,Fq π1
ÐÝ pXp1q,Fp1qq

π2
ÐÝ ¨ ¨ ¨

πn
ÐÝÝ pXpnq,Fpnqq

where the center of each blow-up πi is a singular point pi´1 P SingFpi´1q, then all singularties of Fpnq over
the exceptional �ber are isolated.

Since locally the foliation F is generated by a holomorphic vector �eld v “
řn
i“1 aipzq

B
Bzi

, the linear
part of F at p is de�ned by

Lv : mp{m
2
p Ñ mp{m

2
p.

A singular point p P SingpFq is called reduced if mppFq = 1 and the linear part of F at p has at least one
non-zero eigenvalue. We shall say that p P SingpFq is a non-dicritical singularity of F if π´1ppq is invariant
by F , where π is the blow-up of p. Otherwise p is called a dicritical singularity.
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Let pX,F , Dq be a 1-foliated triple with absolutely isolated singularities. We assume that all singularities
of F lie on D (this can always be achieved after one blowing-up). Fix a point p P SingpFq and denote by
e “ epD, pq the number of irreducible components of D through p. Then the vector �eld generating F can
locally be written as

v “
e
ÿ

j“1

zjajpzq
B

Bzj
`

n
ÿ

i“e`1

aipzq
B

Bzi
,

where z1z2 . . . ze “ 0 is the local equation of D at p.

Definition 2.3.2. Assume that p is an absolutely isolated singularity of F and e “ 1. Then p is a
simple point if one of the following two possibilities occurs:

(A) a1p0q “ 0, the curve pz2 “ . . . “ zn “ 0q is invariant by F (up to an adequate formal choice of
coordinates) and the linear part Lv|D of v|D is of rank n´ 1.

(B) a1p0q “ λ ‰ 0, the multiplicity of the eigenvalue λ is one and if µ is another eigenvalue of the linear
part of Lv, then µ

λ R Q`.
Assume that e ě 2. Then p is a simple corner if (up to a reordering of pz1, . . . , znq), we have a1p0q “

λ ‰ 0, a2p0q “ µ and µ
λ R Q`.

We say that p is a simple singularity if it is a simple point or a simple corner.

The simple singularities for an n-dimensional vector �eld can be thought of a �nal forms in the sense
that they are persistent under new blowing-up. This generalizes those obtained by Seidenberg [Sei68] in
the two-dimensional cases.

Proposition 2.3.1. Assume that p is a simple singularity of the 1-foliated triple pX,F , Dq. Let µ : rX Ñ

X be the blowing-up of X with the center p and E :“ µ´1ppq the exceptional divisor. Set rD :“ µ´1pDYtpuq

and rF to be the induced foliation. Then:

(a) Each irreducible component of rD is invariant by rF .

(b) If p̃ P Singp rFq XE, then p̃ is also a simple singularity of rF with respect to the induced 1-foliated triple

p rX, rF , rDq. More precisely:

(b-1) if p is a simple point, there is exactly one simple point in Singp rFq X E. The other points in

Singp rFq X E are simple corners. Moreover, p and p̃ have the same type pAq or pBq of De�nition
2.3.2.

(b-2) If p is a simple corner, then all points in Singp rFq X E are simple corners.

In [CCS97] and [Tom97], they proved the following reduction theorem for foliations with absolutely
isolated singularities, which extended the Seidenberg's Theorem to higher dimensional manifolds:

Theorem 2.3.1 (Camacho-Cano-Sad-Tom). Let pX,F , Dq be a 1-foliated triple with absolutely isolated
singularities. Then there exists a �nite sequence of blowing-up's

pX,Fq π1
ÐÝ pXp1q,Fp1qq

π2
ÐÝ ¨ ¨ ¨

πn
ÐÝÝ pXpnq,Fpnqq

satisfying the following property:

(i) the center of each blow-up πi is a singular point pi´1 P SingpFpi´1qq.
(ii) pXpnq,Fpnqq is a 1-foliated triple with only simple singularities.
(iii) All the singularities of Fpnq are non-dicritical.

In [CCS97, Theorem 6], the authors gives the �nal form of the simple singularities (which is, of course,
absolutely isolated), and we summarize the properties of simple singularities as follows:

Proposition 2.3.2. Let pX,F , Dq be a 1-foliated triple with simple singularities, such that all singular-
ities of F lie on D. For any p P SingpFq, one can take a local coordinates pz1, . . . , znq of a neighborhood of
p such that tz1z2 . . . ze “ 0u is the local equation of D at p, and the linear part Lv of a generator of F at p

v “
e
ÿ

j“1

zjaj
B

Bzj
`

n
ÿ

i“e`1

ai
B

Bzi
,

can be written in the following Jordan form:

Lv “
s
ÿ

i“1

λizi
B

Bzi
`

k
ÿ

j“1

pλs`jzs`2j´1 ` zs`2jq
B

Bzs`2j´1
` λs`jzs`2j

B

Bzs`2j
,

where e ď s, λj ‰ 0 for j “ 2, . . . , s` k; λiλj R Q` for i ‰ j, i, j “ 1, . . . , s` k, j ‰ 1.

If we denote by pX̃, F̃ , D̃q the induced 1-foliated triple obtained by the blowing-up µ : X̃ Ñ X at p with
the exceptional divisor E, then
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(i) E is invariant by F̃ .
(ii) The singularities of the induced foliation

SingpF̃q X E “ tp̃1, . . . , p̃s, p̃s`1, p̃s`3, . . . , p̃s`2k´1u,

where p̃j is the origin of the a�ne coordinate pz̃1, . . . , z̃nq given by

z1 “ z̃1z̃j , . . . , z̃j “ zj , . . . , zn “ z̃nz̃j .

(iii) If p is a simple point, then p̃1 is the only simple point among SingpF̃q X E, and other p̃j 's are simple
corners. Moreover, p̃1 and p have the same type pAq or pBq of De�nition 2.3.2.

(iv) TF̃ “ µ˚TF .

Let us recall the following de�nition of separatrix of the foliation.

Definition 2.3.3. Let F be a foliation by curves de�ned on some open domain U Ă Cn. A separatrix
of the singular holomorphic foliation F at the point p P SingpFq is a local leaf L Ă pU, pqzSingpFq whose
closure LY p is a germ of analytic curve.

Based on the properties of the simple singularities in De�nition 2.3.2 and Proposition 2.3.2, we can prove
that, after any blowing-up, the separatrix can only pass to certain singularities.

Theorem 2.3.2. With the same notation as in Proposition 2.3.2, we have

(i) if p is a simple corner (i.e. e ě 2), each separatrix of F at p must be contained in D.

(ii) Assume that p is a simple point. Let pX̃, F̃ , D̃q be the induced 1-foliated triple obtained by the blowing-
up at p with the exceptional divisor E, and C be a separatrix at p which is not contained in D, then
the lift C̃ intersects with E only at p̃, which is the unique simple point in SingpF̃q X E by Proposition
2.3.1.

Proof. Assume that we have a separatrix C of F at p which is not contained in D. We take a local
parametrization f : pC, 0q Ñ pC, pq for this separatrix, then in the local coordinate system pz1, . . . , znq
introduced in Proposition 2.3.2, we have

`

f 11pτq, . . . , f
1
npτq

˘

“ ηpτq ¨ pf1pτqa1pfq, . . . , fepτqaepfq, ae`1pfq, . . . , anpfqq

for some meromorphic function ηpτq whose poles only appear at 0. By the assumption that C is not contained
in D, for each i “ 1, . . . , e, fipτq is not identically equal to zero. We denote by νi the vanishing order of
fipτq at 0 for i “ 1 . . . , n, which are all non-negative integers.

If p is a simple corner, then e ě 2 and λ2 “ a2p0q ‰ 0, and we have

ηpτqa2pτq “
f 12pτq

f2pτq
.

This implies that the order of pole of ηpτq at 0 must be 1. If we denote by ηpτq “ bpτq
τ with bpτq some germ

of holomorphic function satisfying bp0q ‰ 0, then

bp0q ¨ λ2 “ ν2 ą 0.

Similarly we also have

bp0q ¨ λ1 “ ν1 ą 0,

thus λ1

λ2
“ ν1

ν2
P Q`, which is a contradiction. Thus any separatrix at the simple corner must be contained

in D, and we proved the claim (i).

Suppose that p is a simple point (i.e. e “ 1). For the lift C̃ of C on X̃, we have

C̃ X E P SingpF̃q X E “ tp̃1, . . . , p̃s, p̃s`1, p̃s`3, . . . , p̃s`2k´1u.

First we assume that C̃XE “ tp̃ju for some j ě 2. Then p̃j is the origin of the a�ne coordinate pz̃1, . . . , z̃nq

z1 “ z̃1z̃j , . . . , z̃j “ zj , . . . , zn “ z̃nz̃j ,

and thus the lift f̃pτq : pC, 0q Ñ pCn, 0q of fpτq is given by

`

f̃1pτq . . . , f̃npτq
˘

“
`f1pτq

fjpτq
, . . . ,

fj´1pτq

fjpτq
, fjpτq,

fj`1pτq

fjpτq
, . . . ,

fnpτq

fjpτq

˘

.

Hence for any i ‰ j

νi ą νj ,

and we have

f 1jpτq “ λjηpτq
`

fjpτq ` opτq
˘

.
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Then we can set ηpτq “ bpτq
τ with bpτq some germ of holomorphic function satisfying bp0q ‰ 0, such that

bp0q ¨ λj “ νj ą 0.

Since

f 11pτq “ ηpτqf1pτqa1

`

fpτq
˘

“
bpτq

τ
f1pτqa1

`

fpτq
˘

,

thus λ1 “ a1p0q “ ν1{bp0q which implies that λ1

λj
“ ν1

νj
P Q`. This is a contradiction.

We can also derive Claim (ii) from Claim (i) directly. Indeed, since E is invariant under F̃ , by the fact

that C̃ is not contained in E, we see that C̃ XE must be contained in SingpF̃q XE. However, p̃1 is the only
simple point by Proposition 2.3.2, by Claim (i) we conclude that

C̃ X E “ tp̃1u.

We �nish the proof of the Theorem. �

Lemma 2.3.1. Let X be a smooth projective manifold, and L an ample line bundle over X. Let

f : CÑ X be any entire curve whose Zariski closure Z :“ fpCq
Zar

is of dimension r ě 2, and f 1p0q ‰ 0. Take
any open neighborhood U containing p :“ fp0q with coordinates pz1, . . . , znq such that fptq “ pt, 0, . . . , 0q in
U . For any m P N, we de�ne the ideal sheaf Im :“ pzm1 , z2, . . . , znq. Then for any c P Q` with 1

r ă c ă 1,
we have

mcT rf s ¨ L ě T pf, Imq(2.3.1)

for m " 0.

Proof. The lemma will be proved if H0pZ, tmcuL b Im|Zq ‰ 0. Indeed, since L is ample, by Serre
Vanishing Theorem, for m " 0 we have H1pX, tmcuLb IZq, and thus any section

s P H0pZ, tmcuLb Im|Zq ‰ 0

can be extended to a section

S P H0pX, tmcuLb Imq.
Let µ : X̃ Ñ X be a log resolution of Im with µ˚Im “ OX̃p´Dq. Then there is an e�ective divisor

E „ tmcuµ˚L´D,

which does not contain Z. Here “ „ ” represents the linear equivalence. Hence we have

tmcuT rf s ¨ L´ T pf, Imq “ tmcuT rf̃ s ¨ pµ˚L´Dq “ T rf̃ s ¨ E ě 0,

where the last inequality is due to the First Main Theorem.

By Riemann-Roch Theorem, we have

dimH0pZ, tmcuL|Zq „ tmcu
r
ą m,

and the de�ning equations for sections given by Im is m. Thus if m " 0, there always exists a non zero
section in H0pZ, tmcuLb Im|Zq ‰ 0. The lemma is proved. �

The geometric understanding of Lemma 2.3.1 is the following interpretation:

Proposition 2.3.3. Let X be a smooth projective manifold, and let f : C Ñ X be a transcendental
entire curve. We take an in�nite sequence of blowing-up's

X
π1
ÐÝ Xp1q

π2
ÐÝ ¨ ¨ ¨

πn
ÐÝÝ Xpnq

πn`1
ÐÝÝÝ ¨ ¨ ¨

such that each πi : Xpiq Ñ Xpi´1q is obtained by the blowing-up at pi´1 :“ fpi´1qp0q with the exceptional
divisor Ei, where fpi´1q : CÑ Xpi´1q is the lift of f to Xpi´1q. Then we have

lim
kÑ`8

T rfpkqs ¨ Ek “ 0.(2.3.2)

Proof. After taking �nite blowing-ups, we can assume that f 1p0q ‰ 0. Take any open neighborhood U
containing p0 :“ fp0q with coordinates pz1, . . . , znq such that fptq “ pt, 0, . . . , 0q in U . Then p1 is the origin

of the a�ne coordinates pz
p1q
1 , . . . , z

p1q
n q for π´1

1 pUq de�ned by

z1 “ z
p1q
1 , z2 “ z

p1q
1 z

p1q
2 , . . . , zn “ z

p1q
1 zp1qn .

Set µk :“ πk ˝πk´1 ˝ ¨ ¨ ¨ ˝π1. We can inductively de�ne the coordinates pz
pkq
1 , . . . , z

pkq
n q, such that under this

coordinates pk is the origin, and Ek “ tz
pkq
1 “ 0u. Then we have

µkpz
pkq
1 , . . . , zpkqn q “ pz

pkq
1 , z

pkqk
1 z

pkq
2 , . . . , z

pkqk
1 zpkqn q,
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which implies

µ˚kIk Ă OXkp´kEkq.

Then for any ample line bundle L, when k " 0,

T rfpkqs ¨ Ek ď
1

k
T pfpkq, µ

˚
kIkq “

1

k
T pf, Ikq ď

k
2
3

k
T rf s ¨ L,

where the last inequality is due to Lemma 2.3.1 by setting c “ 2
3 . By passing k to in�nity we obtain our

result.

Moreover, we will prove a more general result. Fix two positive integers k and s. We denote by πk`s,k`1 “

πk`s ˝ πk`s´1 ˝ . . . ˝ πk`1 : Xpk`sq Ñ Xpkq the composition of blowing-ups, and E
pk`sq
k :“ pπk`s,k`1q

´1
˚ pEkq

the strict transform of Ek. Set Ipkqs Ă OXpkq to be the ideal sheaf de�ned by

pz
pkqs
1 , z

pkq
2 , . . . , zpkqn q.

Then we have

pπk`s,k`1q
˚Ipkqs “ OXpk`sqp´E

pk`sq
k`1 ´ 2E

pk`sq
k`2 ´ . . .´ sE

pk`sq
k`s q,

and

pπk`s,k`i`1q
˚Ek`i “ E

pk`sq
k`i ` E

pk`sq
k`i`1 ` . . .` E

pk`sq
k`s .

Then

T pfpkq, Ipkqs q “ T rfpk`sqs ¨ pE
pk`sq
k`1 ` 2E

pk`sq
k`2 ` . . .` sE

pk`sq
k`s q

“ T rfpk`sqs ¨
`

s
ÿ

i“1

pπk`s,k`i`1q
˚Ek`i

˘

“

s
ÿ

i“1

T rfpk`iqs ¨ Ek`i.

By (2.3.2) we also have

lim
kÑ`8

T pfpkq, Ipkqs q “ 0.(2.3.3)

�

Indeed, Proposition 2.3.3 can be extended to a more general form:

Proposition 2.3.4. Let X be a projective manifold and Z be an irreducible analytic subset of X of
dimension r ě 2. For some p0 P Z, assume that there exists an in�nite sequence of blowing-up's

X
π1
ÐÝ Xp1q

π2
ÐÝ ¨ ¨ ¨

πn
ÐÝÝ Xpnq

πn`1
ÐÝÝÝ ¨ ¨ ¨

such that each πi : Xpiq Ñ Xpi´1q is obtained by the blowing-up at some pi´1 P Ei´1XZi´1zE
1
i´2, where Ei´1

is the exceptional divisor of πi´1, E
1
i´2 and Zi´1 are the strict transforms pπi´1q

´1
˚ Ei´2 and pπi´1q

´1
˚ pZi´2q.

Then for any 1
r ă c ă 1 and some ample line bundle L on X, when k " 0, there always exists sections

sk P H
0
`

Xpkq, tk
cuµ˚kLbOXpkqp´kEkq

˘

which do not vanish on Zk. Here we set µk :“ πk ˝ πk´1 ˝ ¨ ¨ ¨ ˝ π1.

Thanks to Proposition 2.3.3, we can prove the following result, which can be seen as a generalization of
McQuillan's �Diophantine approximation" for foliations on higher dimensional manifolds.

Theorem 2.3.3. Let pX,Fq be a 1-foliated pair with simple singularities. For any transcendental entire
curve f : CÑ X tangent to F , we always have

T rf s ¨ TF ě 0.

If we further assume that KF is a big line bundle, then the image of f is contained in B`pKF q. In particular,
if KF is ample, then there exists no nonconstant transcendental entire curve f : CÑ X tangent to F .

Proof. By Property (iv) in Proposition 2.3.2, for pX̃, F̃q obtained by blowing-up of any simply singu-
larity p, we have

T rf̃ s ¨ TF̃ “ T rf̃ s ¨ µ˚TF “ T rf s ¨ TF ,

where µ is the blowing-up and f̃ is the lift. Thus after one blowing-up, we can assume that pX,F , Dq is
a 1-foliated triple with simple singularities, such that all singularities of F lie on D. We adopt the same
notation as in Proposition 2.3.2.
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Fix a simple point p0 P SingpFq. We denote by η0 the least non-negative integer k such that B
ka1
Bzk1

p0q ‰ 0.

Take an in�nite sequence of blowing-up's

pX,F , Dq π1
ÐÝ pXp1q,Fp1q, Dp1qq

π2
ÐÝ ¨ ¨ ¨

πk
ÐÝ pXpkq,Fpkq, Dpkqq

πk`1
ÐÝÝÝ ¨ ¨ ¨(2.3.4)

such that the center of each blow-up πi is the unique simple point pi´1 P SingpFi´1q X Ei´1, where Ei´1

is the exceptional divisor of the blowing-up πi´1. In other words, this sequence (2.3.4) is the iteration of
the blowing-up's in Proposition 2.3.2. For each i ą 0, one de�ne the non-negative positive integer ηi for the
simple pi as η0 for p0, and it is easy to verify that they are invariant under the blowing-up's:

η0 “ η1 “ ¨ ¨ ¨ “ ηk “ ¨ ¨ ¨ .

By Theorem 2.2.5, we have

T rf s ¨ TF “ T rfpkqs ¨ TFpkq ě ´T pfpkq,JFpkq,Dpkqq ´N
p1qpfpkq,SingpFpkqq XDpkqq,(2.3.5)

where N p1qpfk,SingpFkq XDkq is the truncated counting function, and the �rst equality in (2.3.5) is due to
Property (iv) in Proposition 2.3.2. Therefore, in order to show that T rf s ¨ TF ě 0, we need to prove that
the right-hand-side (RHS for short) of (2.3.5) tends to 0 as k Ñ `8. By De�nition 2.3.2, we know that the
coherent ideal sheaf JFpkq,Dpkq is not trivial at p P SingpFpkqq if and only if p is a simple point of type (A).

On the other hand, from Claim (i) in Theorem 2.3.2, the entire curve fpkq intersects with Dpkq only at simple
points, which implies that, only simple points in SingpFpkqq contributes to the truncated counting function

N p1qpfpkq, Dpkqq. In conclusion, we only need to study the contributions of simple points to RHS of (2.3.5).
Fix any simple point p0 P SingpFq. If fpCq does not contain p0, then by the very de�nition,

N p1q
`

fpkq, µ
´1
k pp0q

˘

“ 0

for all k ą 0, where µk :“ πk ˝ πk´1 ˝ ¨ ¨ ¨ ˝ π1 is the composition of the blowing-up's. If f passes to p0, then
by Property (ii) in Theorem 2.3.2, the blowing-up's procedure introduced in Theorem 2.3.3 coincides with
that in (2.3.4). Thus we can apply the result in Theorem 2.3.3 to show that

T rfpkqs ¨ Ek Ñ 0.

By Claim (ii) in Theorem 2.3.2 again, fpCq X µ´1
k pp0q Ă Ek, then by the First Main Theorem, T rfpkqs ¨ Ek

dominates the counting function N p1q
`

fpkq, µ
´1
k pp0q

˘

. Thus we conclude that

lim
kÑ`8

N p1qpfpkq,SingpFpkqq XDpkqq “ 0.(2.3.6)

However, from Claim (ii) in Theorem 2.3.2 we see that the truncated counting function is stable under the
blowing-up's in (2.3.4), that is, for each k ą 0, we have

N p1qpfpkq,SingpFpkqq XDpkqq “ N p1qpfpk`1q,SingpFpk`1qq XDpk`1qq.

Then by (2.3.6), the truncated counting functions N p1qpfpkq, Dpkqq are always zero.

Take an open set U containing p0 as the unique singularity in SingpFq. If p0 is of type (B), then η0 “ 0,
and for any k ą 0, on the open set Uk :“ µ´1

k pUq, we have

JFpkq,Dpkq “ OXpkq .

Thus all the singularities in SingpFpkqq X Uk have non contribution to T pfpkq,JFpkq,Dpkqq.

If p0 is of type (A), then s :“ η0 ą 0. If f passes to p0, then then by Property (ii) in Theorem 2.3.2
again, the blowing-up's procedure introduced in Theorem 2.3.3 coincides with that in (2.3.4). After taking
�nite blowing-up's, we can assume that f : pC, 0q Ñ pX, p0q with f

1p0q ‰ 0. First, we will show that on Uk

JFpkq,Dpkq “ Ipkqs ,

where Ipkqs is the ideal introduced in the proof of Theorem 2.3.3. Then all the contributions of all singularities

in Uk to T pfpkq,JFpkq,Dpkqq are equal to T pfpkq, I
pkq
s q, which tends to 0 as k Ñ `8 by (2.3.3).

In the coordinates pz
pkq
1 , . . . , z

pkq
n q introduced in Proposition 2.3.1, Ek is de�ned by tz

pkq
1 “ 0u, the local

vector �eld v generating Fpkq has the following form

v “ z
pkq
1 b1pz

pkqq
B

Bz
pkq
1

`

n
ÿ

i“2

bipz
pkqq

B

Bz
pkq
i

.

Since fpkqptq “ pt, 0, . . . , 0q is tangent to Fpkq, thus for each 2 ď i ď n,

bipt, 0, . . . , 0q “ 0.
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By Proposition 2.3.1, pk is of the same type as p0, and thus by the de�nition, the linear part Lv|Ek of v|D
is of rank n´ 1. That is, the Jacobian determinant of the functions

`

b2p0, z
pkq
2 , . . . , zpkqn q, . . . , bnp0, z

pkq
2 , . . . , zpkqn q

˘

with respect to pz
pkq
2 , . . . , z

pkq
n q is non-zero locally. Then

tzpkq|b2pz
pkqq “ b3pz

pkqq “ . . . “ bnpz
pkqq “ 0u

de�nes the local separatrix fpkq : pC, 0q Ñ pXpkq, pkq. Since the vanishing order of b1
`

fpkqptq
˘

at 0 is s, we

see that the ideal de�ned by pb1, b2, . . . , bnq is Ipkqs . We thus proved that JFpkq,Dpkq “ OXpkq .

If fpCq does not contain the type (A) simple point p0, then fpkqpCq also avoids pk, and the counting
function Npfpkq, pkq “ 0. By the First Main Theorem 2.2.2, the contributions made by all the singularities
in Uk to T pfpkq,JFpkq,Dpkqq are equal to the proximity function mpfpkq,JFpkq,Dpkqq. If we can show that

lim
kÑ`8

mpfpkq,JFpkq,Dpkqq “ 0,

we will �nish the proof that the RHS of (2.3.5) tends to 0 as k Ñ `8 (may pass to a subsequence).

Case 1: there is a subsequence ki tends to in�nity such that the closure (in the Euclidean topology) fpkiqpCq
omits pki . Then by the de�nition of the proximity function, we have

mpfpkiq,JFpkiq,Dpkiqq “ 0

for such ki's tending to in�nity.

Case 2: Assume that when k ě k0, we always have pk P fpkqpCq
Zariski

. Set Zk0 :“ fpk0qpCq
Zariski

. We
denote by πk`s,k`1 “ πk`s ˝ πk`s´1 ˝ . . . ˝ πk`1 : Xpk`sq Ñ Xpkq the composition of blowing-

ups, and E
pk`sq
k :“ pπk`s,k`1q

´1
˚ pEkq the strict transform of Ek. Then for each s ą 0, the strict

transform Zk`s :“ pπk`s,k0`1q
´1
˚ pZq contains pk`s. The pair pXk0 , Zk0q and the blowing-up's

(2.3.4) thus satisfy the condition in Proposition 2.3.4. We apply the result in Proposition 2.3.4 and
the First Main Theorem to obtain that

tkcuT rf s ¨ L “ T rfks ¨ tk
cuµ˚kL ě T rfks ¨ kEk

for any k ě k0. This proves that

lim
kÑ`8

T rfks ¨ Ek “ 0.(2.3.7)

Since when restricted on Uk we have

pπk`s,k`1q
˚JFpkq,Dpkq “ OUk`sp´E

pk`sq
k`1 ´ 2E

pk`sq
k`2 ´ . . .´ sE

pk`sq
k`s q,

thus

mpfpkq,JFpkq,Dpkqq “ mpfpk`sq, pπk`s,k`1q
˚JFpkq,Dpkqq “

s
ÿ

j“1

j ¨mpfpk`sq, E
pk`sq
k`j q.(2.3.8)

Set Ipkq to be the maximal ideal at pk, then

pπk`s,k`1q
˚Ipkq “ OUk`sp´E

pk`sq
k`1 ´ E

pk`sq
k`2 ´ . . .´ E

pk`sq
k`s q,

and thus

mpfpkq, Ipkqq “ mpfpk`sq, pπk`s,k`1q
˚Ipkqq “

s
ÿ

j“1

mpfpk`sq, E
pk`sq
k`j q.(2.3.9)

One combines (2.3.7), (2.3.8) and (2.3.9) to obtain

lim
kÑ`8

mpfpkq,JFpkq,Dpkqq “ lim
kÑ`8

s´1
ÿ

i“0

mpfpk`iq, Ipk`iqq ď lim
kÑ`8

s
ÿ

i“1

T rfk`is ¨ Ek`i “ 0.

In conclusion, we prove that, after taking a subsequence, we always have

lim
kÑ`8

T pfpkq,JFpkq,Dpkqq “ 0.

Since the truncated functions N p1qpfpkq, Dpkqq are always zero, by (2.3.5) we see that

T rf s ¨ c1pTF q ě 0.

If we further assume that KF is a big line bundle, then by Proposition 2.2.1, fpCq is contained in the
augmented base locus B`pKF q. In particular, if KF is ample, then B`pKF q “ H, and thus there is no
non-constant transcendental entire curve tangent to F . This completes the proof of the theorem. �
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Say that a foliation by curves on the complex projective space CPn is of degree dpě 0q if it is generated
by a nontrivial holomorphic section (a rational vector �eld)

s P H0
`

CPn, TCPn bOpd´ 1q
˘

.

Let Folpd, nq denote the space of one-dimensional holomorphic foliations of degree d on CPn. As an appli-
cation of Theorem 2.3.3, we give a new proof of the following theorem by Brunella [Bru06]:

Theorem 2.3.4. For a generic foliation F by curves of degree d in the complex projective space CPn, if
n ě 2 and d ě 2, then there exists no nonconstant f : CÑ CPn tangent to F (and possibly passing through
the singularities SingpFq). In particular, all the leaves of F are hyperbolic.

Proof. Based a result by Lins Neto and Soares [LS96, Theorem II], for d ě 2, there exists an open
and Zariski dense U Ă Folpd, nq, such that for any F P U , it has the following two properties:

(i) all the singularities of F are isolated and hyperbolic, that is, around the singular point p of F , the linear
part of the vector �eld v generating the foliation F has eigenvalues λ1, . . . , λn satisfying

λj ‰ Rλk, @j ‰ k.

(ii) No algebraic curve is invariant by F .

Then by Proposition 2.3.2, all the singularities of F are absolutely isolated and moreover they are simple
singularities.

Assume that there exists an entire curve f : CÑ CPn tangent to F . Then by Property (ii) above f is
transcendental. However, since KF “ OCPnpd´ 1q, if d ě 2, then it is ample, and by Theorem 2.3.3 f must
be constant. This proves the theorem. �

Remark 2.3.1. In [Bru06], Brunella prove that if there exists an entire curve tangent to a generic
foliation F P U , then

T rf s ¨NF “ 0.

His methods rely on his deep intuition on the dynamical properties of the leaf space around the hyperbolic
singularities of the foliation. He proved that either the invariant measure associated to the Ahlfors currents
is concentrated on the periodic trajectories of the induced real 1-dimension foliation on the sphere around
the isolated singularity, which is identically zero since the general foliation by curves in CPn has no invariant
algebraic curves; or the leaf space is parametrized by a real analytic subvariety on which the residue of the
foliated one-form representing the normal bundle NF measured with the Alhfors current is zero.

2.3.2. Intersection with the Normal Bundle. In Section 2.3.1, we spent a lot of e�ort in proving
McQuillan's Diophantine approximation for foliations on higher dimensional manifolds, which relies heavily
on the reduction of singularities. The original motivation of McQuillan is to study the Green-Gri�ths-Lang
conjecture. In this subsection, we will introduce so-called weakly reduced singularities which play the same
role in the McQuillan Theory, but are less demanding. As an application for Theorem 2.2.4, we will study
the intersection of T rf s with the normal bundle; i.e. with c1pNF q. Before anything else, we begin with the
following de�nition.

Definition 2.3.4. Let X be a Kähler manifold endowed with a foliation F by curves. We say that F
has weakly reduced singularities if

(i) for some log resolution π : X̂ Ñ X of JF , we have TF̂ “ π˚TF , where F̂ is the induced foliation of
π˚F ;

(ii) the L2 multiplier ideal sheaf IpJF q of JF is equal to OX , i.e., at each p P X, assume that the vector
�eld v is the local generator of F around p, then for any f P OX,p, we have

|f |2

|v|2ω
P L1

loc,

where ω is any smooth hermitian metric on X.

With the previous de�nition, we have the following theorem.

Theorem 2.3.5. Let X be a projective manifold of dimension n endowed with a foliation F by curves
with weakly reduced singularities. If f : CÑ X is a transcendental entire curve tangent to F , whose image
is not contained in SingpFq and satis�es xT rf s,KXy ą 0 (e.g. KX is big), then we have

T rf̂ s ¨ detNF̂ ă 0

for some birational modi�cation pX̂, F̂q of pX,Fq.
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Proof. From the standard short exact sequence

0 ÝÑ TF ÝÑ TX ÝÑ NF ÝÑ 0

that holds outside of a codimension 2 subvariety, we have

KX ` TF “ ´detNF .

By the de�nition of multiplier ideal sheaves [Laz04, De�nition 9.2.3], we have

IpJF q “ π˚pKX̂{X ´Dq,

where π : X̂ Ñ X is a log resolution of JF satisfying the condition in De�nition 2.3.4, such that π˚JF “

OX̂p´Dq. Since KX̂{X ´D is an Z-divisor, we know that IpJF q “ OX if and only if KX̂{X ´D is e�ective.

By the assumption that the image of f is not contained in SingpFq, i.e. in the zero scheme of JF , we know

that the image of f̂ is not contained in the support of the exceptional divisor, and thus

T rf̂ s ¨ pKX̂{X ´Dq ě 0.

Therefore we have

T rf̂ s ¨ pKX̂ ` TF̂ q “ T rf̂ s ¨ pπ˚KX ` π
˚TF `KX̂{Xq

ě T rf̂ s ¨ pπ˚KX ` π
˚TF `Dq

“ T rf s ¨ pKX ` TF q ` T pf,JF q,

where the last equality follows from the fact that π˚T rf̂ s “ T rf s and T pf,JF q “ T rf̂ s ¨D. Since by Theorem
2.2.4 we have

T rf s ¨ TF ` T pf,JF q ě 0,

then

´T rf̂ s ¨ detNF̂ “ T rf̂ s ¨ pKX̂ ` TF̂ q ě T rf s ¨KX ą 0.

The theorem is proved. �

From De�nition 2.3.2, we see that any foliation F with simple singularities is also weakly reduced. Since
for any complex surface equipped with a foliation pX,Fq, the singularity is always absolutely isolated, and
thus after taking a �nite sequence of blowing-up's the singularities of the foliation are weakly reduced. Then
we can get another proof of McQuillan's theorem without using his �Diophantine approximation�:

Theorem 2.3.6. Let X be a complex surface of general type endowed with a foliation F . Then any
entire curve tangent to F is algebraically degenerate.

Proof. Assume that we have a Zariski dense entire curve f : C Ñ X tangent to F . We proceed by
contradiction.

By Seidenberg's theorem [Sei68] there is a �nite sequence of blowing-up's π : X̃ Ñ X such that the

singularities of the induced foliation F̃ are weakly reduced, and the lift f̃ of f to X̃ is still Zariski dense.
Thus by Theorem 2.3.5 we have

T rf̂ s ¨NF̂ ă 0

for some birational pair pX̂, F̂q which is obtained by resolving the ideal JF̃ . However, Theorem 2.1.4 tells
us that

T rf̂ s ¨NF̂ ě 0

and we get a contradiction. �

2.3.3. Siu's Refined Tautological Inequality. In [Siu02] Y-T. Siu proved McQuillan's �re�ned
tautological inequality� by applying the traditional function-theoretical formulation. We will give here an
improvement of this result. First we begin with the following lemma due to Siu.

Lemma 2.3.2. Let U be an open neighborhood of 0 in Cn and π : rU Ñ U be the blow-up at 0. Then
π˚pOU pΩ

1
U qq Ă IE b pΩ1

rU
x´ logEyq, where IE is the ideal sheaf of the exceptional divisor E.

Theorem 2.3.7. Let H be an ample line bundle on a projective manifold X of dimension n. Let Z be
a �nite subset of X and f : C Ñ X be an entire curve. Let σ P H0pX,SlΩX b pklHqq be such that f˚σ is
not identically zero on C. Let W be the zero divisor of σ in X1 :“ P pTXq, and π : Y Ñ X be the blow-up of
Z with E :“ π´1pZq. Then we have

(2.3.10)
1

l
Nf1,W prq ` Tf̂ ,ΘE prq ´N

p1q
f,mZ

prq ď kTf,ΘH prq `Oplog Tf,ΘH prq ` log rq,
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where N
p1q
f,mZ

prq is the truncated counting function with respect to the ideal mZ , and ΘH (resp. ΘE) is the

curvature of H (resp. ΘH) with respect to some smooth metric hH (resp. hE).

Remark 2.3.2. In [Siu02] and [McQ98], a slightly weaker inequality is obtained comparatively to

(2.3.10), with mf,mZ prq in place of Tf̂ ,ΘE prq ´N
p1q
f,mZ

prq.

Proof of Theorem 2.3.7. Let τ “ π˚σ. By Lemma 2.3.2, τ is a holomorphic section of SlpΩY plogEqqb
π˚pklHq over Y and τ vanishes to order at least l on E. Let sE be the canonical section of E. If we divide τ

by sblE , then rτ :“ τ

sblE
is a holomorphic section of SlpΩY plogEqq b π˚pklHq b p´lEq over Y . We now prove

that

(2.3.11) ‖τp ¯̂
f 1ptqq‖π˚hbklH

“ ‖σpf 1ptqq‖hbklH
,

where
¯̂
f 1ptq is the derivative of f̂ in TX̂x´ logEy (see De�nition 2.2.14). To make things simple we assume

l “ 1. Let p be a point in Z and let U be a small open set containing p such that locally we have

σ “
n
ÿ

i“1

aidzi b e
bk,

where e is the local section of H and p is the origin. The blow-up at p is the complex submanifold of UˆPn´1

de�ned by wjzk “ wkzj for 1 ď j ‰ k ď n, where rw1 : . . . : wns are the homogeneous coordinates of Pn. In
the a�ne coordinate chart w1 ‰ 0 we have the relation

pz1, z1w2, . . . , z1wnq “ pz1, z2, . . . , znq,

thus

τ “ z1

˜

pa1 `

n
ÿ

i“2

aiwiqd log z1 `

n
ÿ

i“2

aidwi

¸

b pπ˚eqbk,

and f̂ptq “ pf1,
f2
f1
, . . . , fnf1 q in the local coordinate pz1, w2, . . . , wnq. Thus

¯̂
f 1ptq :“

ˆ

f 11
f1
, p
f2

f1
q1, . . . , p

fn
f1
q1
˙

with respect to the local section pz1
B
Bz1
, B
Bw2

, . . . , B
Bwn

q of TX̂x´ logEy. It is easy to check the equality (2.3.11).

By the logarithmic derivative lemma again we know that 1
2π

ş2π

0
log`‖τp ¯̂

f 1preiθqq‖π˚hbklH
and

1
2π

ş2π

0
log`‖rτp ¯̂

f 1preiθqq‖π˚hbklH bh˚blE
are both of the order Oplog Tf,ΘH prq ` log rq. Using log x “ log` x ´

log` 1
x for any x ą 0, we obtain

2lmf̂ ,Eprq “
1

2π

ż 2π

0

log`
1

‖sblE ˝ f̂preiθq‖2
hE

ď
1

2π

ż 2π

0

log`
1

‖τp ¯̂
f 1preiθqq‖2

π˚hbklH

`
1

2π

ż 2π

0

log`‖rτp ¯̂
f 1preiθqq‖2

π˚hbklH bh˚blE

`Op1q

“ ´
1

2π

ż 2π

0

log‖τp ¯̂
f 1preiθqq‖2

π˚hbklH

`
1

2π

ż 2π

0

log`‖τp ¯̂
f 1preiθqq‖2

π˚hbklH

`
1

2π

ż 2π

0

log`‖rτp ¯̂
f 1preiθqq‖2

π˚hbklH bh˚blE

`Op1q

“ ´
1

2π

ż 2π

0

log‖τp ¯̂
f 1preiθqq‖2

π˚hbklH

`Oplog Tf,ΘH prq ` log rq

“ ´
1

2π

ż 2π

0

log‖σpf 1preiθqq‖2
hbklH

`Oplog Tf,ΘH prq ` log rq,(2.3.12)

where the last equality is due to equality (2.3.11). Observe that there is a natural isomorphism betweem
H0pX,SlpΩXq b pklHqq and H

0pX1,OX1
plq b p˚pklHqq, where X1 :“ P pTXq and p is its projection to X.

We denote by Pσ the corresponding section of σ in H0pX1,OX1
plq b p˚pklHqq, whose zero divisor is W .

Then we have

‖Pσpfr1sptqq ¨ pf 1ptqql‖p˚hbklH
“ ‖σpf 1ptqq‖hbklH

,

and thus on ∆prq we have

Npσpf 1ptqq, rq “ Nfr1s,W prq ` l
ÿ

|τj |ăr

µj
r

|τj |
,
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whereNpσpf 1ptqq, rq is the counting function of σpf 1ptqq and µj is the vanishing order of f
1ptq at τj . Therefore,

by applying the Jensen formula to the last term in (2.3.12) we obtain

(2.3.13) 2lmf̂ ,Eprq ` 2Npσpf 1ptqq, rq ď 2klTf,ΘH prq `Oplog Tf,ΘH prq ` log rqq.

Since we have
N
p1q
f,mZ

prq `
ÿ

|τj |ăr,fpτjqPZ

µj
r

|τj |
“ Nf,mZ prq “ Nf̂ ,Eprq,

then by applying Nevanlinna's First Main Theorem to pf̂ , Eq we get

Tf̂ ,ΘE prq “ Nf̂ ,Eprq `mf̂ ,Eprq `Op1q,

and we can combine this with (2.3.13) to obtain

Tf̂ ,ΘE prq ´N
p1q
f,mZ

prq `
1

l
Nfr1s,W prq ď kTf,ΘH prq `Oplog Tf,ΘH prq ` log rqq.

�

Now we have the following re�ned tautological equality:

Theorem 2.3.8. Let X be a Kähler manifold of dimension n and f : CÑ X be a transcendental entire
curve. Then for any �nite set Z we have

T rfr1ss ¨OX1p´1q ě T pf,mZq ´N
p1q
f,mZ

ě mpf,mZq :“ lim
rÑ8

mf,mZ prq

Tf,ΘH prq
.

Proof. First we choose k large enough, in such a way that OX1
p1q b p˚pkHq is ample over X1. When

we choose l su�cient large, OX1plq b p˚plkHq will be very ample over X1. Hence there exists a section
σ P H0pX1,OX1plq b p

˚plkHqq whose defect is zero, i.e.

Npfr1s,W q :“ lim
rkÑ8

Nfr1s,W prkq

Tf,ΘH prkq
“ xT rfr1ss,OX1

plq b p˚plkHqy “ xT rfr1ss,OX1
plqy ` kl,

where W is the zero divisor of σ, and where the last equality comes from xT rf s,ΘHy “ 1. Since f is
transcendental, by Theorem 2.2.2 we have

lim
rÑ8

Tf,ΘH prq

log r
“ `8.

We can thus divide both sides in (2.3.10) by Tf,ΘH prq and take r Ñ8 to obtain

1

l
Npfr1s,W q ` T pf,mZq ´N

p1q
f,mZ

ď k,

and we obtain the formula in the theorem. �

2.4. Towards the Green-Griffiths Conjecture

In order to pursue the similar strategy and prove the Green-Gri�ths conjecture for any complex surface
X of general type, one needs to know the existence of a 1-dimensional foliation directing any given Zariski
dense entire curve f : CÑ X. The condition of c1pXq

2 ´ c2pXq ą 0 ensures the existence of multi-foliation
on X such that any entire curve should be tangent to it. The di�culty in proving the general case is that, we
can not ensure that there exists such a (multi)-foliation on X itself. However, inspired by a very recent work
of Demailly [Dem15b], we believe that his de�nition of a variety �strongly of general type" is in some sense
akin to the construction of foliations. Although one cannot construct foliations on X directly, one can prove
the existence of some special multi-foliations in certain Demailly-Semple tower of X. Indeed, in [Dem10]
the following theorem has been proved:

Theorem 2.4.1. Let pX,V q be a directed variety of �general type" (cf. [Dem12] for the de�nition of
general type when V is singular), then OXkpmq b π

˚
k,0Op´

m
kr p1`

1
2 ` . . .`

1
k qAq is big thus has sections for

m " k " 1, where Xk is the k-th stage of Demailly-Semple tower of X and A is an ample divisor on X.

By the Fundamental Vanishing theorem we know that for every entire curve f : C Ñ X, the k-jet
frks : CÑ Xk satis�es

frkspCq Ă BspH0pXk,OXkpmq b π
˚
k,0A

´1qq Ĺ Xk.

Assume that we have an entire curve f : C Ñ X such that its image in X is Zariski dense. By the
above theorem of Demailly, there exists an N ą 0 such that the lift of f on the Nth-stage Demailly-Semple
tower can not be Zariski dense in XN , therefore we can �nd an integer k ě 0 such that frjs is Zariski dense
in Xj for each 0 ď j ď k, while the Zariski closure of the image of frk`1s is Z Ĺ Xk`1 which project onto
Xk. Since rankpTXq “ 2, Z is thus a divisor of Xk`1. From the relation between PicpXkq and PicpXq we
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know that OXkpZq » OXkpaqb π
˚
k,0pBq, for some B P PicpXq, a P Zk and ak “ m. Therefore the projection

πk`1,k : Z Ñ Xk is a rami�ed m : 1 cover, which de�nes a rank 1 multi-foliation Fk Ă Vk on Xk, and
fk : pC, TCq Ñ pXk, Vkq is tangent to this foliation. We de�ne the linear subspace W Ă TZ Ă TXk`1

|Z to be
the closure

W :“ TZ1 X Vk`1

taken on a suitable Zariski open set Z 1 Ă Zreg where the intersection TZ1 X Vk`1 has constant rank and
is a subbundle of TZ1 . As is observed in [Dem15b], we know that rankW “ 1 which is an 1-dimensional

foliation. We �rst resolve the singularities of Z to get a birational model pZ̃, F̃q of pZ,W q such that Z̃ is
smooth, then by the assumption in Theorem J we take a further �nite sequence of blow-ups to get a new
birational model pY,Fq of pZ̃, F̃q, such that F has only weakly reduced singularities. We now obtain a
generically �nite morphism p : Y Ñ Xk, and the lift of f to Y denoted by g : CÑ Y is still a Zariski dense
curve tangent to F satisfying g “ p ˝ fk. Then we have

KY „ p˚KXk `R,

where R is an e�ective divisor whose support is contained in the rami�cation locus of p. We will call Xk the
critical Demailly-Semple tower for f .

Now we state our conjectures about reduction of singularities to weakly reduced ones, and the general-
ization of Brunella Theorem to higher dimensional manifolds:

Conjecture 2.4.1. Let pX,Fq be a Kähler 1-foliated pair. Then one can obtain a new birational model

pX̃, F̃q of pX,Fq by taking �nite blowing-ups such that F̃ has weakly reduced singularities.

Remark 2.4.1. From Proposition 2.3.2 it is easy to show that foliations with absolutely isolated singu-
larities can be resolved into weakly reduced ones after �nite blowing-up's.

Conjecture 2.4.2. Let pX,Fq be a Kähler 1-foliated pair. Suppose that there is a Zariski dense entire
curve f : CÑ X tangent to F , then we have

T rf s ¨ detNF ě 0.

Remark 2.4.2. If the singular set of F is not discrete, it is di�cult to construct a smooth 2-form in
c1pdetNF q as that appearing in Baum-Bott Formula [Bru04, Chapter 3]. Probably we should �nd some
representation in the leafwise cohomology, i.e. cohomology group for laminations.

We can show that Conjecture 2.4.1 and 2.4.2 su�ce to prove the Green-Gri�ths conjecture for complex
surfaces:

Proof of Theorem J. Since we have

detTXk “ kπ˚k,0 detTX bOXkpk ` 1, k, . . . , 2q,

pπk,jq˚T rfrkss “ T rfrjss for k ě j,

by the tautological inequality and the condition of general type we have

T rfrkss ¨ detTXk “ ´
k
ÿ

j“1

pk ´ j ` 2qT rfrjss ¨OXj p´1q ´ kxT rf s,KXy ă 0.

Thus we obtain
T rgs ¨KY “ T rfks ¨KXk ` T rgs ¨R ą 0.

Conjecture 2.4.1 tells us that we can �nd a new birational pair pŶ , F̂q of pY,Fq with weakly reduced
singularities, then by Theorem I we have

T rĝs ¨ detNF̂ ă 0,

which is a contradiction to Conjecture 2.4.2, thus any entire curve must be algebraic degenerate. �



CHAPTER 3

Kobayashi Volume-Hyperbolicity for Directed Varieties

3.1. Introduction

Let pX,V q be a complex directed manifold, i.e X is a complex manifold equipped with a holomorphic
subbundle V Ă TX . The philosophy behind the introduction of directed manifolds, as initially suggested
by J.-P. Demailly, is that, there are certain fonctorial constructions which work better in the category of
directed manifolds (ref. [Dem12]). This is so even in the �absolute case�, i.e. in the case V “ TX . In general,
singularities of V cannot be avoided, even after blowing-up, and V can be seen as a coherent subsheaf of
TX such that TX{V is torsion free. Such a sheaf V is a subbundle of TX outside of an analytic subset of
codimension at least 2, which we denote here by SingpV q. The Kobayashi-Eisenman volume measure can
also be de�ned for such (singular) directed pairs pX,V q.

Definition 3.1. Let pX,V q be a directed manifold with dimpXq “ n and let rankpV q “ r. Then the
Kobayashi-Eisenman volume measure of pX,V q is the pseudometric de�ned on any ξ P ΛrVx for x R SingpV q,
by

erX,V pξq :“ inftλ ą 0; Df : Br Ñ X, fp0q “ x, λf˚pτ0q “ ξ, f˚pTBr q Ă V u,

where Br is the unit ball in Cr and τ0 “
B
Bt1
^ ¨ ¨ ¨ ^ B

Btr
is the unit r-vector of Cr at the origin. One says

that pX,V q is Kobayashi measure hyperbolic if erX,V is generically positive de�nite, i.e. positive de�nite on a
Zariski open set.

In [Dem12] the author also introduced the concept of canonical sheaf KV for any singular directed
variety pX,V q, and he showed that the �bigness" of KV implies that all non constant entire curves f : CÑ
pX,V q must satisfy certain global algebraic di�erential equations. In this note, we study the Kobayashi-
Eisenman volume measure of the singular directed variety pX,V q, and give another geometric consequence
of the bigness of KV . Our main theorem is as follows:

Theorem K. Let pX,V q be a compact complex directed variety pwhere V is possibly singularq, and let
rankpV q “ r, dimpXq “ n. If V is of general type (see De�nition 3.3 below), with a base locus BspV q Ĺ X
psee also De�nition 3.3q, then pX,V q is Kobayashi measure hyperbolic.

Remark 3.2. In the absolute case, Theorem K is proved in [Gri71] and [KO71]; for a smooth directed
variety it is proved in [Dem12].

3.2. Proof of the main theorem

Proof. Since the singular set SingpV q of V is an analytic set of codimension ě 2, the top exterior
power ΛrV of V is a coherent sheaf of rank 1, and it admits a generically injective morphism to its bidual
pΛrV q˚˚, which is an invertible sheaf (and therefore, can be seen as a line bundle). We give below an explicit
construction of the multiplicative cocycle which represents the line bundle pΛrV q˚˚.

Since V Ă TX is a coherent sheaf, we can take a covering by open coordinate balls tUαu satisfying

the following property: on each Uα, there exist sections e
pαq
1 , . . . , e

pαq
kα

P ΓpUα, TX |Uαq which generate the

coherent sheaf V on Uα. Thus the sections e
pαq
i1
^¨ ¨ ¨^e

pαq
ir
P ΓpUα,Λ

rTX |Uαq with pi1, . . . , irq varying among
all r-tuples of p1, . . . , kαq generate the coherent sheaf ΛrV |Uα , which is a subsheaf of ΛrTX |Uα . Denote

v
pαq
I :“ e

pαq
i1
^¨ ¨ ¨^ e

pαq
ir

. Then, since codimpSingpVqq ě 2 we know that the common zero set of the family of

sections v
pαq
I is contained in SingpV q, and thus all tensors v

pαq
I are proportional via meromorphic factors. By

simplifying in a given section v
pαq
I0

the common zero divisor of the various meromorphic quotients v
pαq
I0
{v
pαq
I ,

one obtains a section vα P ΓpUα,Λ
rTX |Uαq (uniquely de�ned up to an invertible factor), and holomorphic

functions tλI P OpUαqu which do not have common factors, such that v
pαq
I “ λIvα for all I. From this

construction we can see that on Uα X Uβ , vα and vβ coincide up to multiplication by a nowhere vanishing
holomorphic function, i.e.

vα “ gαβvβ

65
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on Uα X Uβ ‰ H, where gαβ P O˚XpUα X Uβq. This multiplicative cocycle tgαβu de�nes the line bundle
pΛrV q˚˚˚. If we take a Kähler metric ω on X, it induces a smooth hermitian metric Hr on ΛrTX , and from
the natural inclusion ΛrV Ñ ΛrTX , ω also induces a singular hermitian metric hs of pΛ

rV q˚˚˚ whose local
weight ϕα is equal to log |vα|

2
Hr

. It is easy to show that hs has analytic singularities, and that its set of
singularities satis�es Singphsq Ă SingpV q. Indeed, we have Singphsq “

Ť

αtp P Uα|vαppq “ 0u. Now, one
gives the following de�nition.

Definition 3.3. With the notations above, pX,V q is called to be of general type if there exists a singular
hermitian metric h on the invertible sheaf pΛrV q˚˚˚ with analytic singularities satisfying the following two
conditions:

p1q The curvature current Θh ě εω, i.e., it is a Kähler current.
p2q h is more singular than hs, that is, there exists a globally de�ned quasi-psh function χ which is

bounded from above such that

eχ ¨ h “ hs.

Since h and hs has both analytic singularities, χ also has analytic singularities, and thus eχ is a continuous
function. Moreover, eχppq ą 0 if p R Singphq. We de�ne the base locus of V to be

BspV q :“
č

h

Singphq,

where h varies among all the singular metrics on pΛrV q˚˚˚ satisfying Properties p1q and p2q above.

Now �x a point p R BspV qYSingpV q ; then by De�nition 3.3 we can �nd a singular metric h on pΛrV q˚˚˚

with analytic singularities satisfying Properties (1) and (2) above, and p R Singphq. Let f be any holomorphic
map from the unit ball Br Ă Cr to pX,V q such that fp0q “ p, then on each f´1pUαq we have

f˚

ˆ

B

Bt1
^ ¨ ¨ ¨ ^

B

Btr

˙

“ apαqptq ¨ vα|f ,

where apαqptq is meromorphic functions, with poles contained in f´1
`

SingpV q X Uα
˘

, and satis�es
ˇ

ˇ

ˇ

ˇ

f˚

ˆ

B

Bt1
^ ¨ ¨ ¨ ^

B

Btr

˙
ˇ

ˇ

ˇ

ˇ

2

Hr

“ |apαqptq|2 ¨ |vα|
2
Hr “ |a

pαqptq|2 ¨ eϕα˝f ,

which is bounded on any relatively compact set.
Therefore, B

Bt1
^ ¨ ¨ ¨ ^ B

Btr
can be seen as a (meromorphic!) section of f˚pΛrV q˚˚, and thus we set

(1) δptq :“

ˇ

ˇ

ˇ

ˇ

B

Bt1
^ ¨ ¨ ¨ ^

B

Btr

ˇ

ˇ

ˇ

ˇ

2

f˚h´1

“ |apαqptq|2 ¨ eφα˝f ,

where φα is the local weight of h. By Property (2) above, there exists a globally de�ned quasi-psh function
χ on X which is bounded from above such that

(2) δptq “ eχ˝f ¨

ˇ

ˇ

ˇ

ˇ

f˚

ˆ

B

Bt1
^ ¨ ¨ ¨ ^

B

Btr

˙
ˇ

ˇ

ˇ

ˇ

2

Hr

.

Now we de�ne a semi-positive metric rγ on Br by putting rγ :“ f˚ω, then we have

(3)

ˇ

ˇf˚p
B
Bt1
^ ¨ ¨ ¨ ^ B

Btr
q
ˇ

ˇ

Hr

det rγ
ď C0pfptqq ď C1,

where C0pzq is a bounded function on X which does not depend on f , and we take C1 to be its upper bound.
One can �nd a conformal factor λptq so that γ :“ λrγ satis�es

det γ “ δptq
1
2 .

Combining (2) and (3) together, we obtain

λ ď C
1
r
1 ¨ e

χ˝f
2r .

Since Θh ě εω, by (1) and (2) we have

ddc log det γ ě
ε

2
f˚ω “

ε

2λ
γ ě

ε

2C
1
r
1

e´
χ˝f
2r γ.

By Property (2) in De�nition 3.3 applied to h, there exists a constant C2 ą 0 such that

e´
χ
2r ě C2.
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Denote A :“ εC2

2C
1
r
1

, and it is a universal constant which does not depend on f . Then by Ahlfors-Schwarz

Lemma (see Lemma 3.4 below) we have

δp0q ď

ˆ

r ` 1

A

˙2r

.

Since p R Singphq Y SingpV q, then we have eχppq ą 0, and thus
ˇ

ˇ

ˇ

ˇ

f˚

ˆ

B

Bt1
^ ¨ ¨ ¨ ^

B

Btr

˙
ˇ

ˇ

ˇ

ˇ

2

Hr

p0q ď e´χppqδp0q “ e´χppq ¨

ˆ

r ` 1

A

˙2r

.

Since f is taken to be arbitrary, we conclude by De�nition 3.1 that the Kobayashi-Eisenman volume measure
erX,V is positive de�nite outside of

BspV q Y SingpV q, and therefore, pX,V q is Kobayashi measure hyperbolic. �

Lemma 3.4 (Ahlfors-Schwarz). Let γ “
?
´1

ř

γjkptqdtj^dtk be an almost everywhere positive hermitian
form on the ball Bp0, Rq Ă Cr of radius R, such that

´Riccipγq :“
?
´1BB log det γ ě Aγ

in the sense of currents, for some constant A ą 0. Then

detpγqptq ď

ˆ

r ` 1

AR2

˙r
1

p1´ |t|2

R2 q
r`1

.

Remark 3.5. If V is regular, then V is of general type if and only if ΛrV ˚ is a big line bundle. In this
situation, the base locus BspV q “ B`pΛ

rV q, where B`pΛ
rV ˚q is the augmented base locus for the big line

bundle ΛrV ˚ (ref. [Laz04]).

With the notations above, we de�ne the coherent ideal sheaf IpV q to be germ of holomorphic functions
which is locally bounded with respect to hs, i.e., IpV q is the integral closure of the ideal generated by the
coe�cients of vα in some local trivialization of ΛrTX . We denote KV :“ ΛrV ˚˚˚ and KV :“ KV b IpV q :
the sheaf KV is de�ned in [Dem12] to be the canonical sheaf of pX,V q. It is easy to show that the zero
scheme of IpV q is equal to Singphsq “ SingpV q. The sheaf KV is said to be a big sheaf i� for some log

resolution µ : rX Ñ X of IpV q with µ˚IpV q “ O
ĂX
p´Dq, the invertible sheaf µ˚KV ´D is big in the usual

sense. Now we have the following statement:

Proposition 3.2.1. V is of general type if and only if KV is big. Moreover, we have

BspV q Ă µpB`pµ
˚KV ´Dqq Y Singphsq Ă µpB`pµ

˚KV ´Dqq Y SingpV q.

Proof. By De�nition 3.3, the condition that KV is a big sheaf implies that KV and µ˚KV ´ D are
both big line bundles. For m " 0, we have an isomorphism

(4) µ˚ : H0pX, pmKV ´Aq b IpV qmq «ÝÑ H0p rX,mµ˚KV ´ µ
˚A´mDq.

Let us �x a very ample divisor A. Then form " 0, the base locus (in the usual sense)Bpmµ˚KV ´mD´µ
˚Aq

is stably contained in B`pµ
˚KV ´Dq (ref. [Laz04]). Thus we can take a m " 0 to choose a basis s1, . . . , sk P

H0p rX,mµ˚KV ´mD´µ
˚Aq, whose common zero is contained in B`pµ

˚KV ´Dq. By the isomorphism (4)
there exists teiu1ďiďk Ă H0pX, pmKV ´Aq b IpV qmq such that

µ˚peiq “ si.

We de�ne a singular metric hm on mKV ´A by putting

|ξ|2hm :“
|ξ|2

řk
i“1 |ei|

2
for ξ P pmKV ´Aqx.

Choose a smooth metric hA on A such that the curvature ΘA ě εω is a smooth Kähler form. Then
h :“ phmhAq

1
m de�nes a singular metric on KV with analytic singularities, such that its curvature current

Θh ě
1
mΘA ě ε

mω. From the construction we know that h is more singular than hs, and Singphq Ă
µpB`pµ

˚KV ´Dqq Y Singphsq. �

Remark 3.6. Thanks to Proposition 3.2.1 we could have taken De�nition 3.3 as another equivalent
de�nition of the bigness of KV , one that is more analytic. By Theorem K we can replace the condition that
V is of general type by the bigness of KV , and we see in this way that the de�nition of the canonical sheaf
of a singular directed variety is very natural.

A direct consequence of Theorem K is the following corollary, which was suggested in [GPR13]:
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Corollary 3.7. Let pX,V q be directed varieties with rankpV q “ r, and f be a holomorphic map from
Cr to pX,V q with generic maximal rank. Then if KV is big, the image of f is contained in BspV q Ĺ X.

The famous conjecture by Green-Gri�ths states that in the absolute case the converse of Theorem K
should be true. It is natural to ask whether we have similar results for arbitrary directed varieties. A result
by Marco Brunella [Bru11] gives a weak converse of Theorem K for every 1-directed variety:

Theorem 3.8. Let X be a compact Kähler manifold equipped with a singular holomorphic foliation F
by curves. Suppose that F contains at least one leaf which is hyperbolic, then the canonical bundle KF is
pseudoe�ective.

Indeed, Brunella proved more than the results stated in the above theorem. By putting on KF precisely
the Poincaré metric of hyperbolic leaves, he constructed a singular hermitian metric h on KF (possibly
not with analytic singularities), such that the set of points where h is locally unbounded is the polar set
SingpFq Y ParabpFq, where ParabpFq is the union of parabolic leaves, and such that the curvature Θh of
the metric h is a positive current. In this vein, a natural question is:

Question 3.9. Can Brunella's theorem be strengthened by stating that when a foliation pX,Fq admits
a hyperbolic leaf, then not only KF is pseudo-e�ective, but also the canonical sheaf KF “ KF b IpFq is
pseudoe�ective? In other words, can we �nd a singular hermitian metric h on KF with the curvature Θh is
a positive current, and h is more singular than hs? (Recall that hs is the singular metric on KF induced by
a hermitian metric on TX).

Remark 3.10. In [McQ08] the author introduces the de�nition of canonical singularities for foliations,
in dimension 2 this de�nition is equivalent to reduced singularities in the sense of Seidenberg. The generic
foliation by curves of degree d in CPn is another example of canonical singularities. In this situation, one
cannot expect to improve the �bigness" of the canonical sheaf KF by blowing-up. Indeed, this birational

model is �stable" in the sense that, π˚K rF “ KF for any birational model π : p rX, rFq Ñ pX,Fq. However,
on a complex surface endowed with a foliation F with reduced singularities, if f is an entire curve tangent
to the foliation, and T rf s is the Ahlfors current associated with f , then in [McQ98] it is shown that the
lower bound for T rf s ¨ c1pTF q can be improved by an in�nite sequence of blowing-ups. Indeed, for certain
singularities, the separatrices containing them are rational curves, and thus the lifted entire curve will not
pass through these singularities. In the literature [Bru99,McQ98] this type of singularities is sometimes
called �small", i.e. the lifted entire curve will not pass to these singularities. Since T rf s ¨ c1pTF q is related
to value distribution, these �small" singularities do not have any negative contribution to the lower bound
for T rf s ¨ c1pTF q, which will be substantially increased by the e�ect of performing blow-ups. In Chapter 2
This �Diophantine approximation" idea has been generalized to higher dimensions.



CHAPTER 4

E�ective Results on The Diverio-Trapani Conjecture

Abstract. The aim of this work is to study the conjecture on the ampleness of Demailly-Semple bundles
raised by Diverio and Trapani, and also obtain some e�ective estimates related to this problem.

4.1. Introduction

In recent years, an important technique in studying hyperbolicity-related problems is invariant jet
di�erentials Ek,mT

˚
X introduced by J.-P. Demailly, which can be seen as a generalization to higher order of

symmetric di�erentials, but invariant under the reparametrization. To prove hyperbolicity-type statements
for projective manifolds, one needs to construct (many) global jet di�erentials vanishing on an ample divisor
on the given manifold X (cf. Theorem 4.2.3 below). If one deal the with positivity for jet bundles of the
complete intersection of hypersurfaces in PN , as was proved in [Div08], one cannot expect to achieve this
for lower order jet di�erentials if the codimension of subvariety is small:

Theorem 4.1.1. (Diverio) Let X Ă PN be a smooth complete intersection of hypersurfaces of any degree
in PN . Then

H0pX,EGGk,mT
˚
Xq “ 0

for all m ě 1 and 1 ď k ă dimpXq{codimpXq.

On the other hand, in principle, the positivity (or hyperbolicity) of a generic complete intersection in the
projective space should be increased by cutting more and more with projective hypersurfaces of high degree.
In [Deb05], Debarre veri�ed this in the case of abelian variety, in which he proved that the intersection of
at least N

2 su�ciently ample general hypersurfaces in an N -dimensional abelian variety has ample cotangent
bundle. Motivated by this result, he conjectured that the analogous statement holds in the projective space:

Conjecture 4.1.1. (Debarre) The cotangent bundle of the intersection in PN of at least N
2 general

hypersurfaces of su�ciently high degree is ample.

The �rst important result in this direction was obtained by Brotbek in [Bro14], where he was able
to prove the Debarre conjecture for complete intersection surfaces in P4. Later, in [Bro15] he proved
the ampleness of the cotangent bundle of the intersection of at least 3n´2

4 general hypersurfaces of high
degree in Pn. Very recently, based on the ideas and explicit methods arising in [Bro15], Brotbek and
Darondeau [BD15] and independently S.-Y. Xie [Xie15,Xie16] proved the Debarre conjecture:

Theorem 4.1.2. (Brotbek-Darondeau, Xie) Let X be any smooth projective variety of dimension N , and
A a very ample line bundle on X, there exists a positive number dN depending only on the dimension N ,
such that for each c ě N

2 , the complete intersection of c general hypersurfaces in |Aδ| has ample cotangent
bundle.

Moreover, Xie was able to give an e�ective lower bound on hypersurface degrees dN :“ NN2

. Although
the work by Brotbek and Darondeau is not e�ective on the lower bound dN , growing from some interpretation
of the cohomological computations in [Bro15], they established an elegant geometric construction, which
de�nes a map Ψ from the projectivized relative cotangent bundle PpΩχ{Sq to a certain family Y Ñ G, which
we called the universal Grassmannian in Section 4.4, to construct a lot of global symmetric di�erential
forms with a negative twist by pulling-back the positivity on Y . In order to make the base locus empty,
they applied the Nakamaye Theorem, which asserts that for a big and nef line bundle L on a projective
variety, the augmented base locus B`pLq coincides with the null locus NullpLq, to the tautological line
bundle L on the universal Grasssmannian Y . In Section 4.4, we obtain an e�ective result (see Theorem
4.4.3) related to the Nakamaye Theorem they used, which is a bit weaker but still valid in their proof. Thus
based on their work we can obtain a better lower bound

dN “ 4c0p2N ´ 1q2c0`1 ` 6N ´ 3,

where c0 :“ tN`1
2 u.

69
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On the other hand, by introducing a new compacti�cation of the set of regular jets JkT
reg
X {Gk, Brotbek

was able to fully develop the ideas in [BD15] to prove the Kobayashi conjecture [Bro16]. His statement is
thus the following:

Theorem 4.1.3. (Brotbek) Let X be a smooth projective variety of dimension n. For any very ample
line bundle A on X and any d ě dK,n, a general hypersurface in |Ad| is Kobayashi hyperbolic. Here dK,n
depends only the dimension n.

In [Bro16], the main new tool he constructed is the Wronskians on the Demailly-Semple tower, which
associates sections of the line bundle to global invariant jet di�erentials. As there are certain insuperable
obstructions to the positivity of the tautological line bundle on the Demailly-Semple towers, due to the
compacti�cation of the jet bundles (ref. [Dem95]), Brotbek introduced a clever way to blow-up the ideal
sheaves de�ned by the Wronskians, which behaves well in families, so that he was able to apply the openness
property of ampleness for the higher order jet bundles to prove the hyperbolicity for general hypersurfaces. In
order to make the lower bound dK,n in Theorem 4.1.3 e�ective, one needs to obtain some e�ective estimates
arising in some noetherianity arguments. As well as the Nakamaye Theorem, there is another constant
m8pXk, Lq (see Section 4.2.3) which re�ects the stability of Wronskian ideal sheaf when the positivity of
the line bundle L increases. In Section 4.2.3 we study Brotbek's Wronskians and prove the e�ective �nite
generation for Wronskian ideal sheaf (Theorem 4.2.4), and thus based on Brotbek's result we were able to
obtain an e�ective bound for the Kobayasi conjecture

dK,n “ nn`1pn` 1q2n`5.

Remark 4.1.1. By using Siu's technique of slanted vector �elds on higher jet spaces outlined in his
survey [Siu02], and the Algebraic Morse Inequality by Demailly and Trapani, the �rst e�ective lower bound
for the degree of the general hypersurface which is weakly hyperbolic (say that a variety X is weakly
hyperbolic if all its entire curves lie in a proper subvariety Y Ĺ X) was given by Diverio, Merker and
Rousseau [DMR10], where they con�rmed the Green-Gri�ths-Lang conjecture for generic hypersurfaces

in Pn of degree d ě 2pn´1q5 . Later on, by means of a very elegant combination of his holomorphic Morse
inequalities and a probabilistic interpretation of higher order jets, Demailly was able to improve the lower

bound to d ě
Y

n4

3

´

n log
`

n logp24nq
˘

¯n]

[Dem10]. The latest best known bound was d ě p5nq2nn by

Darondeau [Dar15]. In the recent published paper [Siu15], Siu provided more details to his strategy
in [Siu02] to complete his proof of the Kobayashi conjecture, and the bound on the degree following [Siu15]
are very di�cult to make explicit.

In the same vein as the Debarre conjecture, in [DT10], Simone Diverio and Stefano Trapani raised the
following generalized conjecture:

Conjecture 4.1.2. (Diverio-Trapani) Let X Ă PN be the complete intersection of c general hyper-
surfaces of su�ciently high degree. Then, Ek,mT

˚
X is ample provided that k ě N

c ´ 1, and therefore X is
hyperbolic.

In this chapter, based mainly on the elegant geometric methods in [BD15] and [Bro16] on the Debarre
and Kobayashi conjectures, we prove the following theorem:

Theorem L. Let X be a projective manifold of dimension n endowed with a very ample line bundle
A. Let Z Ă X be the complete intersection of c general hypersurfaces in |H0

`

X,OXpdAq
˘

|. Then for
any positive integer k ě n

c ´ 1, Z has almost k-jet ampleness (see De�nition 4.2.1 below) provided that

d ě 2cprnc sq
n`c`2nn`c. In particular, Z is Kobayashi hyperbolic.

Since our de�nition for almost 1-jet ampleness coincides with ampleness of cotangent bundle, then our
Main Theorem integrates both the Kobayashi (c “ 1) and Debarre conjectures (c ě n

2 ), with some (non-
optimal) e�ective estimates.

At the expense of a slightly larger bound, based on a factorization trick due to Xie [Xie15], we are able
to prove the following stronger result:

Theorem M. Let X be a projective manifold of dimension n and A a very ample line bundle on X.
For any c-tuple d :“ pd1, . . . , dcq such that dp ě c2n2n`2cprnc sq

2n`2c`4 for each 1 ď p ď c, for general

hypersurfaces Hp P |A
dp |, their complete intersection Z :“ H1X . . .XHc has almost k-jet ampleness provided

that k ě k0.
Moreover, there exists a uniform pe1, . . . , ekq P Nk which only depends on n, such that OZkpe1, . . . , ekq

is big and its augmented base locus

B`
`

OZkpe1, . . . , ekq
˘

Ă ZSing
k
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where ZSing
k is the set of points in Zk which can not be reached by the k-th lift frksp0q of any regular germ of

curves f : pC, 0q Ñ Z.

From the relation between tautological bundles on the Demailly-Semple towers and invariant jet bundles,
we prove the following theorem on the Diverio-Trapani conjecture:

Theorem N. Set q :“ Zd Ñ
śc
p“1 |A

dp | to be the universal family of c-complete intesections of hyper-

surfaces in
śc
p“1 |A

dp |, where dp ě c2n2n`2cprnc sq
2n`2c`4 for each 1 ď p ď c. Set U Ă

śc
p“1 |A

dp | to be

a Zariski open set of
śc
p“1 |A

dp | such that when restricted to X :“ q´1pUq, q is a smooth �bration. Then

for every j " 0, there exists a subbundle Vj Ă Ek,jmT
˚
X {U de�ned on X , whose restriction to the general

�ber Z of q is an ample vector bundle. Moreover, �x any x P Z, and any regular k-jet of holomorphic
curve rf s : pC, 0q Ñ pZ, xq, then for every j " 0 there exists global jet di�erentials Pj P H

0pZ, Vj |Z b A´1q

(hence they are of order k and weighted degree jm) does not vanish when evaluated on the k-jet de�ned by
pf 1, f2, . . . , f pkqq.

In other words, this theorem shows that, we can �nd a subbundle of the invariant jet bundle, which is
ample, and its Demailly-Semple locus de�ned in [DR13, Section 2.1] is empty.

4.2. Technical Preliminaries and Lemmas

4.2.1. Invariant Jet Differentials. Let pX,V q be a directed manifold, i.e. a pair where X is a
complex manifold and V Ă TX a holomorphic subbundle of the tangent bundle. One de�nes JkV Ñ X
to be the bundle of k-jets of germs of parametrized curves in X, that is, the set of equivalent classes of
holomorphic maps f : pC, 0q Ñ pX,xq which are tangent to V , with the equivalence relation f „ g if and
only if all derivatives f pjqp0q “ gpjqp0q coincide for 0 ď j ď k, when computed in some local coordinate system
of X near x. From now no, if not specially mentioned, we always assume that V “ TX . The projection map
pk : JkTX Ñ X is simply taken to be rf s ÞÑ fp0q. If pz1, . . . , znq are local holomorphic coordinates on an
open set Ω Ă X, the elements rf s of any �ber Jk,x, x P Ω, can be seen as Cn-valued maps

f “ pf1, . . . , fnq : pC, 0q Ñ Ω Ă Cnk,
and they are completetely determined by their Taylor expansion of order k at t “ 0:

fptq “ x` tf 1p0q `
t2

2!
f2p0q ` . . .`

tk

k!
f pkqp0q `Optk`1q.

In these coordinates, the �ber Jk,x can thus be identi�ed with the set of k-tuples of vectors

pξ1, . . . , ξkq “
`

f 1p0q, f2p0q, . . . , f pkqp0q
˘

P Cn.
Let Gk be the group of germs of k-jets of biholomorphisms of pC, 0q, that is, the group of germs of

biholomorphic maps

tÑ ϕptq “ a1t` a2t
2 ` ¨ ¨ ¨ ` akt

k, a1 P C˚, aj P C, j ą 2,

in which the composition law is taken modulo terms tj of degree j ą k. Then Gk is a k-dimensional
nilpotent complex Lie group, which admits a natural �berwise right action on JkTX . The action consists of
reparametrizing k-jets of maps f : pC, 0q Ñ X by a biholomorphic change of parameter ϕ : pC, 0q Ñ pC, 0q
de�ned by pf, ϕq ÞÑ f ˝ ϕ. The corresponding C˚-action on k-jets is described in coordinates by

λ ¨ pf 1, f2, . . . , f pkqq “ pλf 1, λ2f2, . . . , λkf pkqq.

Green-Gri�ths introduced the vector bundle EGG
k,mT

˚
X whose �bers are complex valued polynomials

Qpf 1, f2, . . . , f pkqq on the �bres of JkTX , of weighted degreem with respect to the C˚-action, i.e., Qpλf 1, λ2f2, . . . , λkf pkqq “
λmQpf 1, f2, . . . , f pkqq, for all λ P C˚ and pf 1, f2, . . . , f pkqq P JkV . One calls EGG

k,mT
˚
X the bundle of jet dif-

ferentials of order k and weighted degree m. Let U Ă X be an open set with local coordinate pz1, . . . , znq,
then any local section P P ΓpU,EGG

k,mT
˚
X |U q can be written as

ÿ

|α1|`2|α2|`...`k|αk|“m

cαpzqpd
1zqα1pd2zqα2 ¨ ¨ ¨ pdkzqαk ,

where cαpzq P ΓpU,OU q for any α :“ pα1, . . . , αkq P pNnqk, such that for any holomorphic curve γ : Ω Ñ U
with Ω Ă C, we have

P prγsqptq “
ÿ

|α1|`2|α2|`...`k|αk|“m

cα
`

γptq
˘`

γ1ptq
˘α1

`

γ2ptq
˘α2

¨ ¨ ¨
`

γpkqptq
˘αk

P ΓpΩ,OΩq,

where rγs : Ω Ñ JkTX |U is the natural lifted holomorphic curve on JkTX induced by γ.
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However, we are more interested in the more geometric context introduced by J.-P. Demailly in [Dem95]:
the subbundle Ek,mV

˚ Ă EGGk,mV
˚ which is a set of polynomial di�erential operators Qpf 1, f2, . . . , f pkqq which

are invariant under arbitrary changes of parametrization, that is, for any ϕ P Gk, we have
Q
`

pf ˝ ϕq1, pf ˝ ϕq2, . . . , pf ˝ ϕqpkq
˘

“ ϕ1p0qmQpf 1, f2, . . . , f pkqq.

The bundle Ek,mV
˚ is called the bundle of invariant jet di�erentials of order k and degree m. A very

natural construction for invariant jet di�erentials is Wronskians. In [Bro16] Brotbek introduced a type of
Wronskians induced by global sections in some linear system. We will recall brie�y his constructions in
Section 4.2.3.

4.2.2. Demailly-Semple Jet Bundles. Let X be a complex manifold of dimension n. If V is a sub-
bundle of rank r, one constructs a tower of Demailly-Semple k-jet bundles πk´1,k : pXk, Vkq Ñ pXk´1, Vk´1q

that are Pr´1-bundles, with dimXk “ n ` kpr ´ 1q and rankpVkq “ r. For this, we take pX0, V0q “ pX,V q,
and for every k ě 1, inductively we set Xk :“ P pVk´1q and

Vk :“ pπk´1,kq
´1
˚ OXkp´1q Ă TXk ,

where OXkp1q is the tautological line bundle on Xk “ P pVk´1q, πk´1,k : Xk Ñ Xk´1 the natural projection
and pπk´1,kq˚ “ dπk´1,k : TXk Ñ π˚k´1,kTXk´1

its di�erential. By composing the projections we get for all
pairs of indices 0 ď j ď k natural morphisms

πj,k : Xk Ñ Xj , pπj,kq˚ “ pdπj,kq|Vk : Vk Ñ pπj,kq
˚Vj ,

and for every k-tuple a “ pa1, ..., akq P Zk we de�ne

OXkpaq “ b1ďjďkπ
˚
j,kOXj pajq.

We also have an inductively de�ned k-th lifting for germs of holomorphic curves such that frks : pC, 0q Ñ Xk

is obtained as frksptq “
`

frk´1sptq, rf
1
rk´1sptqs

˘

. Moreover, if one denote by

J reg
k V :“ trf sk P JkV |f

1p0q ‰ 0u

the space of regular k-jets tangent to V , then there exists a morphism

J reg
k V Ñ Xk

rf s ÞÑ frksp0q

whose image is an open set in Xk denote by X
reg
k , which can be identi�ed with the quotient J reg

k {Gk [Dem95,
Theorem 6.8]. In other words, Xreg

k Ă Xk is the set of elements frksp0q in Xk which can be reached by all

regular germs of curves f , and set Xsing
k :“ XkzX

reg
k , which is a divisor in Xk. Thus Xk is a relative

compacti�cation of J reg
k {Gk over X. Dealing with hyperbolicity problems, we are allowed to have small base

locus contained in Xsing
k [Dem95, Section 7].

We will need the following parametrizing theorem due to J.-P. Demailly [Dem95, Corollary 5.12]:

Theorem 4.2.1. Let pX,V q be a directed variety. For any w0 P Xk, there exists an open neighborhood
Uw0 of w0 and a family of germs of curves pfwqwPUw0

, tangent to V depending holomorphically on w such
that

pfwqrksp0q “ w and pfwq
1
rk´1sp0q ‰ 0, @w P Uw0

.

In particular, pfwq
1
rk´1sp0q gives a local trivialization of the tautological line bundle OXkp´1q on Uw0

.

By [Dem95, Theorem 6.8], we have the following isomorphism between Demailly-Semple jet bundles
and invariant jet di�erentials:

Theorem 4.2.2. (Direct image formula) Let pX,V q be a directed variety. The direct image sheaf

pπ0,kq˚OXkpmq – Ek,mV
˚(4.2.1)

can be identi�ed with the sheaf of holomorphic sections of Ek,mV
˚. In particular, for any line bundle L, we

have the following isomorphism induced by pπ0,kq˚:

pπ0,kq˚ : H0
`

Xk,OXkpmq b π
˚
0,kL

˘ –
ÝÑ H0pX,Ek,mV

˚ b Lq.(4.2.2)

Moreover, let a “ pa1, . . . , akq P Zk and m “ a1 ` . . .` ak, then we have

pπ0,kq˚OXkpaq – F
a
Ek,mV

˚(4.2.3)

where F
a
Ek,mV

˚ is the subbundle of polynomials Qpf 1, f2, . . . , f pkqq P Ek,mV
˚ involving only monomials

pf p‚qql such that
ls`1 ` 2ls`2 ` . . .` pk ´ sqlk ď as`1 ` . . .` ak

for all s “ 0, . . . , k ´ 1.
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Therefore, with the notations in Theorem 4.2.1, for any given local invariant jet di�erential P P

ΓpU,Ek,mV
˚|U q, the inverse image under pπ0,kq˚ is the section in

σP P Γ
`

Uw0 ,OXkpmq|Uw0

˘

de�ned by

σP pwq :“ P pf 1w, f
2
w, . . . , f

pkq
w q

`

pfwq
1
rk´1sp0q

˘´m
.(4.2.4)

The general philosophy of the theory of (invariant) jet di�erentials is that their global sections with
values in an anti-ample divisor provide algebraic di�erential equations which every entire curve must satisfy,
which is an application of Ahlfors-Schwarz lemma. The following Fundamental Vanishing Theorem shows
the obstructions to the existence of entire curves:

Theorem 4.2.3. (Demailly, Green-Gri�ths, Siu-Yeung) Let pX,V q be a directed projective variety and
f : C Ñ pX,V q an entire curve tangent to V . Then for every global section P P H0

`

X,Ek,mV
˚ b Op´Aq

˘

where A is an ample divisor of X, one has P pf 1, f2, . . . , f pkqq “ 0. In other word, if we denote by s the
unique section in H0

`

Xk,OXkpmq b π
˚
0,kp´Aq

˘

corresponding to P induced by the isomorphism (4.2.2), and

Zpsq Ă Xk the base locus of this section, then frkspCq Ă Zpsq.

Now we state the following de�nition which describes the positivity of the the invariant jet bundles:

Definition 4.2.1. LetX be a projective manifold. We say thatX has almost k-jet ampleness if and only
if there exists a k-tuple of positive integers pa1, . . . , akq such that OXkpa1, . . . , akq is big and its augmented
base locus satis�es the condition

B`
`

OXkpa1, . . . , akq
˘

Ă Xsing
k .

By applying Theorem 4.2.3, we can quickly conclude that, if X has almost k-jet ampleness, then its
Demailly-Semple locus [DR13, Section 2.1] is an empty set, and thus X is Kobayashi hyperbolic.

4.2.3. Brotbek's Wronskians. In this subsection, we will study the property of the Wronskians
constructed by Brotbek in [Bro16], which associates any k` 1 sections of a given line bundle L to invariant

k-jet di�erentials of weighted degree k1 :“ pk`1qk
2 , that is, sections in H0pX,Ek,k1T

˚
X b Lk`1q. We prove

that, the Wronskians factorizes through a natural morphism from the bundle JkOXpLq of k-jet sections of
L to the invariant jet bundles Ek,k1T

˚
X b Lk`1. Moreover, we obtain an �e�ective �nite generation" of the

k-th Wronskian ideal sheaf wpXk, Lq (see also Theorem 4.2.4 below).

Let X be an n-dimensional compact complex manifold. If pz1, . . . , znq are local holomorphic coordi-
nates on an open set U Ă X, then since JkTX is a locally trivial holomorphic �ber bundle, we have the
homeomorphism

JkTX |U „ U ˆ Cnk,

which is given by rf s ÞÑ
`

fp0q, f 1p0q, . . . , f pkqp0q
˘

.
For any holomorphic function g P OpUq, and 1 ď j ď k, there exists an induced holomorphic function

d
rjs
U pgq on Opp´1

k pUqq, de�ned by

d
rjs
U pgq

`

f 1p0q, f2p0q, . . . , f pkqp0q
˘

:“ pg ˝ fqpjqp0q.

Moreover, we have the following lemma

Lemma 4.2.1. For any k ě 1, we have d
rks
U pgq P ΓpU,EGG

k,k T
˚
U q, and

d
rks
U pgq “

ÿ

|α1|`2|α2|`...`k|αk|“k

cαpzqpd
1zqα1pd2zqα2 ¨ ¨ ¨ pdkzqαk ,(4.2.5)

such that for each α :“ pα1, . . . , αkq P pNnqk, cαpzq P ΓpU,OU q is a Z-linear combination of B
|β|g
Bzβ

pzq with
|β| ď k.

Proof. We will prove the lemma by induction on k. For k “ 1, we simply have

d
r1s
U pgq “

n
ÿ

i“1

Bg

Bzi
pzqdzi P ΓpU, T˚U q,

and thus the statements are true for k “ 1.
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Suppose that d
rks
U pgq has the form (4.2.5), then we have

d
rk`1s
U pgq “

ÿ

|α1|`2|α2|`¨¨¨`k|αk|“k

k
ÿ

i“1

n
ÿ

j“1

cαpzqpd
1zqα1 ¨ ¨ ¨ pdizqαi´ej pdi`1zqαi`1`ej ¨ ¨ ¨ pdkzqαk

`
ÿ

|α1|`2|α2|`¨¨¨`k|αk|“k

n
ÿ

j“1

Bcαpzq

Bzj
pd1zqα1`ej ¨ ¨ ¨ pdkzqαk ,

where e1 “ p1, 0, . . . , 0q, . . . , en “ p0, . . . , 0, 1q is the standard basis in Zn. If the lemma is true for k, so is
k ` 1. Thus the lemma holds for any k P N. �

Since the bundle

EGG
k,‚ T

˚
X :“

à

mě0

EGG
k,mT

˚
X

is a bundle of graded algebras (the product is obtained simply by taking the product of polynomials). There
are natural inclusions EGG

k,‚ Ă EGG
k`1,‚ of algebras, hence

EGG
8,‚T

˚
X :“

ď

kě0

EGG
k,‚ T

˚
X

is also an (commutative) algebra. Then for any pk ` 1q holomorphic functions g0, . . . , gk P OpUq, one can

associate them to a natural k-jet di�erentials of order k and weighted degree k1 :“ kpk`1q
2 , say Wronskians,

in the following way

WU pg0, . . . , gkq :“

∣∣∣∣∣∣∣∣
d
r0s
U pg0q ¨ ¨ ¨ d

r0s
U pgkq

...
. . .

...

d
rks
U pg0q ¨ ¨ ¨ d

rks
U pgkq

∣∣∣∣∣∣∣∣ P ΓpU,EGG
k,k1T

˚
U q.

If we set

WU pg0, . . . , gkq “
ÿ

|α1|`2|α2|`...`k|αk|“k1

bαpzqpd
1zqα1pd2zqα2 ¨ ¨ ¨ pdkzqαk ,

then for each α :“ pα1, . . . , αkq P pNnqk with |α1| ` 2|α2| ` . . . ` k|αk| “ k1, by Lemma 4.2.1 there exists
taαβ P Zuβ“pβ0,...,βkq,|βj |ďk, such that we have

bαpzq “
ÿ

|βj |ďk

aαβ
B|β0|g0pzq

Bzβ0
¨ ¨ ¨
B|βk|gkpzq

Bzβk
.(4.2.6)

By the properties of the Wronskian, for any permutation σ P Sympt0, 1, . . . , kuq, we always have

WU pgσp0q, . . . , gσpkqq “ p´1qsignpσqWU pg0, . . . , gkq,

and thus aαβ “ p´1qsignpσqaασpβq. Here σpβq :“ pβσp0q, . . . , βσpkqq.

On the other hand, for any holomorphic line bundle A on X, one can de�ne the bundle JkA of k-jet
sections of A by pJkAqx “ OxpAq{

`

Mk`1
x ¨ OxpAq

˘

for every x P X, where Mx is the maximal ideal of Ox.

Then JkA has a �ltration whose graded bundle is ‘0ďpďkS
pT˚X bOpAq. Set eU to be a holomorphic frame

of A and pz1, . . . , znq analytic coordinates on an open subset U Ă X. The �ber pJkAqx can be identi�ed
with the set of Taylor developments of order k:

ÿ

|α|ďk

cβpz ´ xq
β ¨ eU ,

and the coe�cients cβ de�ne coordinates along the �bers of JkA. Thus one has a natural local trivialization
of JkA given by

ΨU : U ˆ CIk Ñ JkA|U ,

px, cβq ÞÑ
ÿ

βPIk

cβpz ´ xq
β ¨ eU ,

where

Ik :“ tβ “ pβ1, . . . , βnq P Nn||β| ď ku.

For any local section s “ sU ¨ eU P ΓpU,Aq, one has a natural map (no more a OU -module morphism!)

irks : ΓpU,Aq Ñ ΓpU, JkAq,
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which is given by

Ψ´1
U ˝ irkspsqpxq “ px,

B|α|sU
Bzα

pxqq.

The local coordinates pz1, . . . , znq on U also induces a natural local trivialization of the bundle of jet
di�erentials EGG

k,mT
˚
U Ñ U . Indeed, as any local section of P P ΓpU,EGG

k,mT
˚
X |U q is given by

ÿ

|α1|`2|α2|`...`k|αk|“m

cαpzqpd
1zqα1pd2zqα2 ¨ ¨ ¨ pdkzqαk ,

where cαpzq P ΓpU,OU q for any α, one has the natural local trivialization of EGG
k,mT

˚
X Ñ X given by

ΦU : U ˆ CIk,m Ñ EGG
k,mT

˚
U ,

pz, cαq ÞÑ
ÿ

|α1|`2|α2|`...`k|αk|“m

cαpd
1zqα1pd2zqα2 ¨ ¨ ¨ pdkzqαk ,

where

Ik,m :“ tα “ pα1, . . . , αkq P pNnqk||α1| ` 2|α2| ` . . .` k|αk| “ mu.

Now we de�ne a multi-linear map

µ̃ :
k`1
ź

CIk Ñ CIk,k1(4.2.7)

pc0,β0
, . . . , ck,βkq ÞÑ p

ÿ

β:“pβ0,...,βkq

aαβc0,β0
c1,β1

¨ ¨ ¨ ck,βkqαPIk,k1 ,(4.2.8)

where aαβ P Z arises from (4.2.6). By the property that aαβ “ p´1qsignpσqaασpβq for any permutation σ, the
multi-linear map µ̃ is alternating, and thus there exists a unique linear map

µ : ^k`1CIk Ñ CIk,k1 ,

such that µ̃ “ µ ˝ w. Here the map

w :
k`1
ź

CIk Ñ ^k`1CIk

which associates to k ` 1 vectors from CIk their exterior product.
By the local trivialization ΨU and ΦU , µ induces a bundle morphism

W̃U : ^k`1pJkOU q Ñ Ek,k1T
˚
U

de�ned by

U ˆ^k`1CIk

ΨU
��

1ˆµ // U ˆ CIk,k1

ΦU

��
^k`1JkOU

W̃U // EGG
k,k1T

˚
U .

Composing with irks : ΓpU,OU q Ñ ΓpU, JkOU q, we recover Brotbek's Wronskians WU

WU : ^k`1H0pU,OU q
irks
ÝÝÑ ^k`1H0pU, JkOU q Ñ H0pU,^k`1JkOU q

W̃U
ÝÝÑ H0pU,EGG

k,k1T
˚
U q.

An important fact for the Wronskian is that, it is invariant under the Gk action [Bro16, Proposition
2.2]:

Lemma 4.2.2. With the notation as above, WU pg0, . . . , gkq P Ek,k1T
˚
U , where k

1 :“ kpk`1q
2 .

In other words, the bundle morphism W̃U factors through the subbundle

Ek,k1T
˚
U Ă EGG

k,k1T
˚
U .

Now we consider the Demailly-Semple k-jet bundle of pXk, Vkq of the direct variety pX,TXq constructed
in Section 4.2.2. Fix coordiantes pz1, . . . , znq on U , TX |U can be trivialized with the basis t B

Bz1
, . . . , B

Bzn
u.

Set Uk :“ Xk X π
´1
0,kpUq, and under that trivialization we have

Uk “ U ˆRn,k,

where Rn,k is some rational variety introduced in [Dem95, Theorem 9.1]. Moreover, the tautological bundle

OXkp1q|Uk “ pr˚2 pORn,k
p1qq,(4.2.9)
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where pr2 : Uk Ñ Rn,k is the projection on the factor Rn,k. By the direct image formula (4.2.1)

pπ0,kq˚OXkpmq – Ek,mT
˚
X ,

we conclude that, under the above trivialization, the direct image pπ0,kq˚ induces a natural isomorphism (or
a local trivialization of the vector bundle Ek,mT

˚
U )

ϕU : U ˆH0
`

Rn,k,ORn,k
pmq

˘

Ñ Ek,mT
˚
U .(4.2.10)

Moreover, under the trivialization ΦU , the inclusion Ek,mT
˚
X Ă EGG

k,mT
˚
X is also a constant linear injective

map, that is, there exists an injective linear map ν : F k,m Ñ CIk,m such that

U ˆ F k,m

ϕU

��

1ˆν // U ˆ CIk,m

ΦU

��
Ek,mT

˚
X |U
� � // EGG

k,mT
˚
X |U .

Here we denote F k,m :“ H0
`

Rn,k,ORn,k
pmq

˘

.

Therefore, under the trivializations ϕU and ΨU , the factorised bundle morphism W̃U is still a constant
linear map. That is, there exists a linear map ν̃ : ^k`1CIk Ñ F k,k

1

such that µ “ ν ˝ ν̃ and we have the
following diagram:

U ˆ^k`1CIk

ΨU

��

1ˆν̃ // U ˆ F k,k
1

ϕU

��

1ˆν // U ˆ CIk,m

ΦU

��
^k`1JkOU

W̃U // Ek,k1T˚U
� � // EGG

k,mT
˚
X |U .

We set

S :“ Imagepν̃q Ă H0pRn,k,ORn,k
pk1qq,

and denote by In,k Ă ORn,k
the base ideal of the linear system S. Denote wU to be the ideal sheaf pr˚2 pIn,kq

on Uk.

On the other hand, one has a natural global construction for the invariant jet di�erentials on X: let L
be any holomorphic line bundle on X, for any s0, . . . , sk P H

0pX,Lq, if we choose a local trivialization of L
above U , we de�ne

WU ps0, . . . , skq :“WU ps0,U , . . . , sk,U q P ΓpU,Ek,k1T
˚
U q,

and if gluing together, we have the global section [Bro16, Proposition 2.3]:

Proposition 4.2.1. For any s0, . . . , sk P H
0pX,Lq, the locally de�ned jet di�erential equationsWU ps0, . . . , skq

glue together into a global section

W ps0, . . . , skq P H
0pX,Ek,k1T

˚
X b L

k`1q.

The proof of the proposition follows from the fact that for any sU P ΓpU,OU q, we have

WU psUs0,U , . . . , sUsk,U q “ sk`1
U WU ps0,U , . . . , sk,U q.

We will denote by

ωps0, . . . , skq “ pπ0,kq
´1
˚ W ps0, . . . , skq P H

0pXk,OXkpk
1q b π˚0,kL

k`1q(4.2.11)

the inverse image of the WronskianW ps0, . . . , skq under the global isomorphism (4.2.2) induced by the direct
image pπ0,kq˚.

Now let

WpXk, Lq :“ Spantωps0, . . . , snq|s0, . . . , sn P H
0pX,Lqu Ă H0

`

Xk,OXkpk
1q b π˚0,kpL

k`1q
˘

be the associated sublinear system of H0
`

Xk,OXkpk
1q b π˚0,kpL

k`1q
˘

. One de�nes the k-th Wronskian ideal

sheaf of L, denoted by wpXk, Lq, to be the base ideal b
`

WpXk, Lq
˘

of the linear system WpXk, Lq.

By the de�nition, if A is any line bundle on X, and s P H0pX,Aq, we have

W ps ¨ s0, . . . , s ¨ skq “ sk`1W ps0, . . . , skq P H
0pX,Ek,k1T

˚
X b L

k`1 bAk`1q.

Thus if L is very ample we have a chain of inclusions

wpXk, Lq Ă wpXk, L
2q Ă . . . Ă wpXk, L

mq Ă . . . .
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By the Noetherianity, this increasing sequence stabilizes after some m8pXk, Lq, and we denote the obtained
asymptotic ideal by

w8pXk, Lq :“ wpXk, L
mq for any m ě m8pXk, Lq.(4.2.12)

An important property for wpXk, Lq is the following in [Bro16, Lemma 2.4]:

Lemma 4.2.3. If L generates k-jets at every point of X, that is, for any x P X, the map

H0pX,Lq Ñ Lb OX,x{Mk`1
X,x “ pJ

kLqx

is surjective, where Mx is the maximal ideal of Ox, then

SupppOXk{wpXk, Lqq Ă Xsing
k .

For any very ample line bundle L, assume that L|U can be trivialized. Now we will compare the globally
de�ned asymptotic Wronskian ideal sheaf w8pXk, Lq with our locally de�ned wU .

When restricted to Uk :“ π´1
0,kpUq, the global map

ωp‚q : ^k`1H0pX,OXpLqq Ñ H0
`

Xk,OXkpk
1q b π˚0,kpL

k`1q
˘

de�ned in (4.2.11) can be localized as the following

ωU : ^k`1H0pX,OXpLqq

1

��

irks // ^k`1H0pU, JkL|U q

Ψ´1
U

«

��

// H0pU,^k`1JkOU q

Ψ´1
U

«

��

W̃U // H0pU,Ek,k1T
˚
U q

ϕ´1
U

«

��
^k`1H0pX,OXpLqq

Ψ´1
U ˝irks// ^k`1H0pU,U ˆ CIkq lk // H0pU,U ˆ^k`1CIkq ν̃ // H0pU,U ˆ F k,k

1

q.

where H0pU,U ˆ ^k`1CIkq, H0pU,U ˆ CIkq and H0pU,U ˆ F k,k
1

q are the sets of sections of the trivial
bundles, and we also use the relation OXkpk

1q|Uk “ pr˚2 pORn,k
pk1qq in (4.2.9) to identify

H0pU,U ˆ F k,k
1

q – H0
`

Uk,OXkpk
1q|Uk

˘

.

Then by the de�nition we have

wpXk, Lq|Uk “ b
`

tωU ps0 ^ . . .^ skq|s0, . . . , sk P H
0pX,Lqu

˘

.

Now we choose arbitrary sections s0, . . . , sk P H
0
`

X,OXpLq
˘

, we have

hps0 ^ . . .^ skq :“ lk ˝Ψ´1
U ˝ irksps0 ^ . . .^ skq P ΓpU,U ˆ^k`1CIkq,

which is a holomorphic section of the trivial bundle U ˆ^k`1CIk Ñ U . Thus

ωU ps0 ^ . . .^ skq “ ν̃ ˝ hps0 ^ . . .^ skq

is a a holomorphic section of the trivial bundle U ˆ F k,k
1

Ñ U , where ν̃ : ^k`1CIk Ñ F k,k
1

is a C-linear
map.

Recall that
In,k :“ bpImagepν̃qq Ă ORn,k

is the base ideal of the linear system Imagepν̃q Ă H0
`

Rn,k,ORn,k
pk1q

˘

, and wU is de�ned to be the ideal
sheaf pr˚2 pIn,kq on Uk. Thus the zero scheme of ν̃ ˝ hps0 ^ . . . ^ skq is contained in wU . As s0, . . . , sk are
arbitrary, we always have

wpXk, Lq|Uk Ă wU .(4.2.13)

On the other hand, suppose that the line bundle L generates k-jets, i.e., the C-linear map

H0pX,Lq Ñ pJkLqx

is surjective for any x P X. Then for any x P U , any vector e P ^k`1CIk , there exists rpk ` 1q sections
tsjiu0ďjďk,1ďiďr P H

0pX,Lq such that

e “
r
ÿ

i“1

hps0i ^ . . .^ skiqpxq.

Therefore, the set of images ωU p‚qpxq “ F k,k
1

for any x P U , and thus the ideal sheaf wpXk, Lq, when
restricted to each �ber xˆRn,k Ă Uk, is equal to In,k. That is, if we denote by

ix : Rn,k Ñ Uk

which is induced the inclusive map xˆRn,k Ñ U ˆRn,k, the inverse image of wpXk, Lq under ix

i˚xpwpXk, Lqq :“ i´1
x wpXk, Lq bi´1

x OUk
ORn,k
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is the same as In,k. Thus we have

wpXk, Lq|Uk “ wU .(4.2.14)

As U is any open set on X with local coordinates pz1, . . . , znq such that L|U can be trivialized, from the
inclusive relation (4.2.13) we see that

wpXk, Lq “ wpXk, L
2q “ . . . “ wpXk, L

kq “ . . . ,

and thus we conclude that, for any ample line bundle L which generates k-jets everywhere, the k-th Wronskian
ideal sheaf of L coincides with the asymptotic ideal sheaf

wpXk, Lq “ w8pXk, Lq.

Moreover, from the local relation (4.2.14), we see that this asymptotic ideal sheaf does not depend on the
choice of the very ample line bundle L, which was also proved by Brotbek in [Bro16, Lemma 2.6]. We
denote by w8pXkq the asymptotic Wronskian ideal sheaf.

In conclusion, we have the following theorem:

Theorem 4.2.4. If L generates k-jets at each point of X, then wpXk, Lq “ w8pXkq and m8pXk, Lq “ 1.
In particular, if L is known to be only very ample, we have wpXk, L

kq “ w8pXkq and m8pXk, Lq “ k.

As was shown in [Bro16, Lemma 2.6], w8pXkq behaves well under restriction, that is, for any directed
variety pY, VY q with Y Ă X and VY Ă VX |Y , under the induced inclusion Yk Ă Xk one has

w8pXkq|Yk “ w8pYkq.

4.2.4. Blow-ups of the Wronskian Ideal Sheaf. This subsection are mainly borrowed from
[Bro16]. We will state some important results without proof, and the readers who are interested in the
details are encouraged to refer to [Bro16, Section 2.4].

From [Dem95, Theorem 6.8], OXkp1q is only relatively big, andX
Sing
k is the obstruction to the ampleness

of OXkp1q. However, for the hyperbolicity problems, XSing
k is negligible since Xk is a relative compacti�cation

of J reg
k {Gk “ Xreg

k over X, and for every non-constant entire curve f on X, its k-th lift frks : C Ñ Xk can

not be contained in XSing
k . Thus we want to �nd a good and fonctorial compacti�cation of Xreg

k such that
the tautological line bundle is ample. Brotbek introduced a clever way to overcome this di�culty.

For any directed manifold pX,V q, we denote by

X̂k :“ Blw8pXkqpXkq Ñ Xk

the blow-up of Xk along w8pXkq, and F the e�ective Cartier divisor on X̂k such that

OX̂kp´F q “ ν´1
k w8pXkq.

Take a very ample line bundle L on X, for any m ě 0, and any s0, . . . , sk P H
0pX,Lmq, there exists

ω̂ps0, . . . , skq P H
0
´

X̂k, ν
˚
k

`

OXkpk
1q b π˚0,kL

mpk`1q
˘

b OX̂kp´F q
¯

,

such that

ν˚kωps0, . . . , skq “ sF ¨ ω̂ps0, . . . , skq.

Here sF P H
0pX̂k, F q is the tautological section. Then by Theorem 4.2.4, for any ŵ P X̂k and any m ě k,

there exists s0, . . . , sk P H
0pX,Lmq such that

ω̂ps0, . . . , skqpŵq ‰ 0.

The blow-ups is fonctorial thanks to the fact that the asymptotic Wronskian ideal sheaf behaves well under
restriction. Namely, if pY, VY q Ă pX,VXq is a sub-directed variety, then Ŷk is the strict transform of Yk in

Xk under the blowing-up morphism νk : X̂k Ñ Xk. This fonctorial property also holds for families [Bro16,
Proposition 2.7]:

Theorem 4.2.5. Let X
ρ
ÝÑ T be a smooth and projective morphism between non-singular varieties. We

denote by X rel
k the k-th Demailly-Semple tower of the relative directed variety pX , TX {T q. Take νk : X̂ rel

k Ñ

X rel
k to be the blow-ups of the asymptotic Wronskian ideal sheaf w8pX rel

k q. Then for any t0 P T writing
Xt0 :“ ρ´1pt0q, we have

ν´1
k pXt0,kq “ X̂t0,k.
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4.3. Proof of the Main Theorems

4.3.1. Families of Complete Intersections of Fermat-type Hypersurfaces. Let X be a pro-
jective manifold of dimension n endowed with a very ample line bundle A. We �rst construct a family
of complete intersection subvarieties in X cut out by certain Fermat-type hypersurfaces. For an integer
N ě n, we �x N ` 1 sections in general position τ0, . . . , τN P H0pX,Aq. By �general position" we mean
that the hypersurfaces tτi “ 0ui“0,...,N are all smooth and irreducibles ones, and they are simple normal
crossing. For any 1 ď c ď n ´ 1, and two c-tuples of positive integers ε “ pε1, . . . , εcq, δ “ pδ1, . . . , δcq,
we construct the family X as follows: For any p “ 1, . . . , c, set Ip :“ tI “ pi0, . . . , iN q||I| “ δpu and

ap :“
´

apI P H
0
`

X,OXpεpAq
˘

¯

|I|“δp
. For the positive integers r and k �xed later according to our needs, we

de�ne the bihomogenous sections of OX
´

`

εp ` pr ` kqδp
˘

A
¯

over X by

F ppapqpxq : x ÞÑ
ÿ

|I|“δp

apIpxqτ pxq
pr`kqI ,

where ap varies in the parameter space Sp :“
À

IPIp H
0
`

X,OXpεpAq
˘

, and τ :“ pτ0, . . . , τN q.

We then consider the family X Ă S1 ˆ . . . ˆ Sc ˆX of complete intersection varieties in X de�ned by
those sections:

X :“ tpa1, . . . ,ac, xq P S1 ˆ . . .ˆ Sc ˆX|F
1pa1qpxq “ . . . “ F cpacqpxq “ 0u.(4.3.1)

We know that there is a non-empty Zariski open set S Ă S1ˆ . . .ˆSc parametrizing smooth varieties and we
will work on X :“ q´1

1 pSqXX , where q1 is the natural projection from S1ˆ . . .ˆScˆX to S1ˆ . . .ˆSc. Set

Xk to be the k-th Demailly-Semple tower of the relative tangent bundle pX , TX {Sq, and X̂k the blowing-up
of the asmptotic Wronskian ideal sheaf w8pXkq, and we would like to construct a regular morphism from

X̂k (after shrinking a bit) to a suitable generically �nite to one family and to �pull-back" the positivity from
the parameter space of this family. First we begin with a technical lemma by Brotbek [Bro16, Lemma 3.2]:

Lemma 4.3.1. Let U be an open subset of X on which both A and TX can be trivialized. Fix any
1 ď p ď c. For any I “ pi0, . . . , iN q P Ip, there exists a C-linear map

d
rjs
I,U : H0pX, εpAq Ñ ΓpU,EGG

k,k T
˚
U q

such that for any a P H0pX, εpAq, d
rjs
U paτ

pr`kqIq “ τ rIU d
rjs
I,U paq, where τU :“ pτ0,U , . . . , τN,U q is the local

trivialization of τ over U .

Therefore, for any I0, . . . , Ik P Ip and any aI0 , . . . , aIk P H
0pX, εpAq one can de�ne

WU,I0,...,IkpaI0 , . . . , aIkq :“

∣∣∣∣∣∣∣∣
d
r0s
I0,U

paI0q ¨ ¨ ¨ d
r0s
Ik,U

paIkq
...

. . .
...

d
rks
I0,U

paI0q ¨ ¨ ¨ d
rks
Ik,U

paIkq

∣∣∣∣∣∣∣∣ P ΓpU,EGG
k,k1T

˚
U q,(4.3.2)

and by Lemma 4.3.1 we obtain

WU paI0τ
pr`kqI0 , . . . , aIkτ

pr`kqIkq “ τ
rpI0`...`Ikq
U WU,I0,...,IkpaI0 , . . . , aIkq.

From Proposition 4.2.1 one can also glue them together

Lemma 4.3.2. For any I0, . . . , Ik P Ip and any aI0 , . . . , aIk P H
0pX, εpAq, the locally de�ned functions

WU,I0,...,IkpaI0 , . . . , aIkq can be glued together into a global section

WI0,...,IkpaI0 , . . . , aIkq P H
0pX,Ek,k1T

˚
X bA

pk`1qpεp`kδpqq

such that

W paI0τ
pr`kqI0 , . . . , aIkτ

pr`kqIkq “ τ rpI0`...`IkqWI0,...,IkpaI0 , . . . , aIkq.(4.3.3)

We denote by

ωI0,...,IkpaI0 , . . . , aIkq P H
0
`

Xk,OXkpk
1q b π˚0,kA

pk`1qpεp`kδpq
˘

(4.3.4)

the inverse image of WI0,...,IkpaI0 , . . . , aIkq under the isomorphism (4.2.2), then by (4.3.3) we have

ωpaI0τ
pr`kqI0 , . . . , aIkτ

pr`kqIkq “ pπ˚0,kτ q
rpI0`...`IkqωI0,...,IkpaI0 , . . . , aIkq.(4.3.5)

Hence for every 1 ď p ď c we can construct a rational map given by the Wronskians

Φp : Sp ˆXk 99K P pΛk`1CIpq

pa, wq ÞÑ prωI0,...,IkpaI0 , . . . , aIkqpwqsqI0,...,IkPIp ,
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where CIp :“ ‘IPIpC » Cp
N`δp
δp
q
.

Claim 4.3.1. Φp factors through the Plücker embedding

Pluc : Grk`1pCIpq ãÑ P pΛk`1CIpq.

Proof: For any w0 P Xk, by Theorem 4.2.1, one can �nd an open neighborhood Uw0 of w0 with Uw0 Ă π´1
0,kpUq,

where A|U can be trivialized; and a family of germs of curves pfwqwPUw0
depending holomorphically on w

with pfwqrksp0q “ w. Then for any a “ paIqIPIp P Sp and any 0 ď j ď k, we denote by

drjs‚,w0
pa, wq :“

`

d
rjs
I,U paIqpf

1
w, f

2
w, . . . , f

pkq
w q

˘

IPIp P C
Ip ,

and the local rational map

Φpw0
: Sp ˆ Uw0

99K Grk`1pCIpq

pa, wq ÞÑ Span
`

dr0s‚,w0
pa, wq, . . . , drks‚,w0

pa, wq
˘

.(4.3.6)

We will show that this de�nition does not depend on the choice of w0. Indeed, by De�nition 4.3.2 one has
Φp “ Pluc˝Φpw0

, which shows that Φp factor through Pluc and we still denote by Φp : SpˆXk 99K Grk`1pCIpq
by abuse of notation. �

Recall that X̂k is denoted to be the blow-up νk : X̂k Ñ Xk of the asymptotic k-th Wronskian ideal sheaf
w8pXkq, such that ν´1

k w8pXkq “ OX̂kp´F q for some e�ective cartier divisor F on X̂k. First, we have the
following

Claim 4.3.2. ν̂k induces a rational map

Φ̂p : Sp ˆ X̂k 99K Grk`1pCIpq,

such that

Sp ˆ X̂k

1ˆνk

��

Φ̂p

&&
Sp ˆXk

Φp // Grk`1pCIpq

Proof: By the de�nition of the asmptotic Wronskian ideal sheaf w8pXkq, we have

ωpaI0τ
pr`kqI0 , . . . , aIkτ

pr`kqIkq P H0
`

Xk,OXkpk
1q b π˚0,kA

pk`1q
`

εp`pk`rqδp

˘

bw8pXkq
˘

.

Since pπ˚0,kτ q
rpI0`...`Ikq does not vanish along any irreducible component of the zero scheme of w8pXkq, by

(4.3.5) we see that

ωI0,...,IkpaI0 , . . . , aIkq P H
0
`

Xk,OXkpk
1q b π˚0,kA

pk`1qpεp`kδpq bw8pXkq
˘

,

and thus there exists

ω̂I0,...,IkpaI0 , . . . , aIkq P H
0
´

X̂k, ν
˚
k

`

OXkpk
1q b π˚0,kA

pk`1qpεp`kδpq
˘

b OX̂kp´F q
¯

,

such that
ν˚kωI0,...,IkpaI0 , . . . , aIkq “ sF ¨ ω̂I0,...,IkpaI0 , . . . , aIkq.

Therefore, if we de�ne the rational map

Φp : Sp ˆ X̂k 99K P pΛk`1CIpq

pa, ŵq ÞÑ prω̂I0,...,IkpaI0 , . . . , aIkqpŵqsqI0,...,IkPIp ,

then on X̂kzF we have Φ̂p “ Φp ˝ νk, and thus Φ̂p also factors through the Plücker embedding

Pluc : Grk`1pCIpq ãÑ P pΛk`1CIpq.

�
We are going to show that νk partially resolves the indeterminacy of Φp. To clarify this, we need to

introduce some notations. For any x P X, we set

Nx :“ #tj P t0, . . . , Nu
ˇ

ˇτjpxq ‰ 0u and Ipx :“ tI P Ip, |τ Ipxq ‰ 0u.

Since the τj 's are in general position, and N ě n, we have Nx ě 1 for all x P X. Then we de�ne

Σ :“ tx P X
ˇ

ˇNx “ 1u and X˝ :“ XzΣ.

Observe that if N ą n, then X˝ “ X, and if N “ n, then Σ is a �nite set of points. We denote by
X̂˝k :“ pπ0,k ˝ νkq

´1pX˝q. We have the following crucial lemma of resolution of indeterminacy due to
Brotbek [Bro16, Proposition 3.8]:
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Lemma 4.3.3. (Brotbek) Suppose that

(‹) N ě n ě 2, k ě 1, εp ě m8pXk, Aq “ k and δp ě npk ` 1q.

Then there exists a non-empty Zariski open subset Udef,p Ă Sp such that the restriction Φ̂p|Udef,pˆX̂˝k
is a

morphism:

Udef,p ˆ X̂
˝
k

1ˆνk

��

Φ̂p

''
Udef,p ˆX

˝
k

Φp // Grk`1pCIpq

In Lemma ??rational, we have applied our Theorem 4.2.4 to set m8pXk, Aq “ k.

4.3.2. Mapping to the Universal Grassmannian. Set Udef :“ Udef,1ˆ. . .ˆUdef,c

Ş

S. We suppose
from now on that N ě n ě 2, εp ě k ě 1 and that δp ě npk ` 1q for any 1 ď p ď c. Then by Lemma 4.3.3
we get a regular morphism

Ψ : Udef ˆ X̂
˝
k Ñ Gk`1pδ1q ˆ . . .ˆGk`1pδcq ˆ PN

pa, ξq ÞÑ
`

Φ̂1pa1, ξq, . . . , Φ̂cpac, ξq, rτ rpξqs
˘

.

rτ rpξqs :“
“

τ r0
`

π0,k ˝ νkpξq
˘

: . . . : τ rN
`

π0,k ˝ νkpξq
˘‰

, and we write Gk`1pδpq :“ Grk`1pCIpq and G :“
Gk`1pδ1q ˆ . . .Gk`1pδcq for brevity.

From now on we always assume that pk ` 1qc ě N . Using the natural identi�cation

CIp Ñ H0
`

PN ,OPN pδiq
˘

paIqIPIp ÞÑ
ÿ

IPIp
aIz

I ,

we set Y to be the universal Grassmannian de�ned by

Y :“ tp∆1, . . . ,∆c, rzsq P Gˆ PN |@1 ď i ď c,@P P ∆i : P przsq “ 0u.

If we denote by p : Y Ñ G the �rst projection map, then p is a generically �nite to one (may not surjective)
morphism. Set G8 to be the set of points in G :“ Gk`1pδ1qˆ . . .Gk`1pδcq such that the �ber of p : Y Ñ G
is not a �nite set, and we say that G8 is the non-�nite loci of G.

We need to cover X by a natural strati�cation induced by the vanishing of the τj 's. For any J Ă
t0, . . . , Nu and 1 ď p ď c we de�ne

XJ :“ tx P X
ˇ

ˇτjpxq “ 0 ô j P Ju,

IpJ :“ tI P Ip
ˇ

ˇSupppIq Ă t0, . . . , NuzJu,

PJ :“ trzs P PN
ˇ

ˇzj “ 0 i� j P Ju,

X̂k,J :“ pπ0,k ˝ νkq
´1pXJq and X̂

˝
k,J :“ X̂k,J X X̂˝k . Set YJ :“ Y X

`

G ˆ PJ
˘

Ă G ˆ PN , and G8J also the
set of points in G such that the �ber of the �rst projection map pJ : YJ Ñ G is not a �nite set.

Now set

U˝def,p :“ Udef,p X
 

ap P Sp
ˇ

ˇtF ppapqpxq “ 0u X Σ “ H
(

and U˝def :“ U˝def,1 ˆ . . .ˆ U
˝
def,c X Udef .

Since Σ is a �nite set, U˝def,p is a non-empty Zariski open subset of Udef,p for each p. Consider the universal

family of codimension c smooth varieties H :“ pU˝def ˆXq X X , then

(4.3.7) H X tU˝def ˆ Σu “ H.

We denote by H rel
k the k-th Demailly-Semple tower of the relative directed variety pH , TH {U˝def

q. If Ĥ rel
k

is obtained by the blowing-up of the asymptotic Wronskian ideal sheaf w8pH rel
k q, then by the arguments

in Section 4.2.4 we have

p1ˆ νkq
´1pH rel

k q “ Ĥ rel
k .

Moreover for any a P U˝def , if we denote by Ha,k :“ H rel
k X ptau ˆ Xkq and Ĥa,k :“ Ĥ rel

k X ptau ˆ X̂kq,

then νk|Ĥa,k
: Ĥa,k Ñ Ha,k is indeed the blowing-up of the asymptotic Wronskian ideal sheaf w8pHa,kq. By

(4.3.7), Ψ|Ĥ rel
k

is a regular morphsim. Set

Ĥ rel
k,J :“ Ĥ rel

k X pU˝def ˆ X̂k,Jq,

and we have the following
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Proposition 4.3.1. For any J Ă t0, . . . , Nu, when restricted to Ĥ rel
k,J the morphism Ψ factors through

YJ :

Ψ|Ĥ rel
k,J

: Ĥ rel
k,J Ñ YJ Ă Gˆ PJ .

Proof. Since when restricted to U˝def ˆ X̂
˝
k,J , Ψ factors through Gˆ PJ . Thus it su�ces to prove that

Ψ|Ĥ rel
k

factors through Y . Since Φp “ Φ̂p ˝ νk, it su�ces to prove that the rational map

Ψ̃ : S ˆXk 99K Gˆ PN

pa, wq ÞÑ
`

Φ1pa1, wq, . . . ,Φcpac, wq, rτ rpwqs
˘

factor through Y when restricted to H rel
k . Take any pa, w0q P H rel

k outside the indeterminacy of Ψ̃, and
by Lemma 4.2.1 one can �nd a germ of curve f : pC, 0q Ñ

`

X,x :“ π0,kpw0q
˘

with frksp0q “ w0. Recall

that Ha,k :“ H rel
k X ptau ˆ Xkq is the k-th Demailly-Semple tower of pHa, THaq. Therefore, we have

`

fp0q, f 1p0q, . . . , f pkqp0q
˘

P JkHa.
Take an open subset U Ă X containing x such that A|U can be trivialized. Since Ha is de�ned by the

equations
$

’

’

&

’

’

%

F 1pa1qpxq :“
ř

|I|“δ1
a1
Ipxqτ pxq

pr`kqI “ 0,
...

F cpacqpxq :“
ř

|I|“δc
acIpxqτ pxq

pr`kqI “ 0,

then d
rjs
U F

ppapqpf 1, f2, . . . , f pkqq “ 0 for any 1 ď p ď c and 0 ď j ď k. By Lemma 4.3.1 we have d
rjs
U F

ppapq “

τ rIU ¨
ř

|I|“δp
d
rjs
I,U pa

p
Iq. By the de�nition for Φp (4.3.6), we see that Ψ̃pa, w0q P Y . This completes the proof

of the Proposition. �

To proceed further, we need another important technical lemma in [Bro16, Lemma 3.4] as follows

Lemma 4.3.4. Suppose that ε ě m8pXk, Aq “ k. Fix any 1 ď p ď c. For any ŵ0 P X̂k, there exists an

open neighborhood Ûŵ0
Ă X̂k of ŵ0 satisfying the following. For any I P Ip and 0 ď i ď k there exists a

linear map

gpi,I : H0pX,Aεq Ñ OpÛŵ0q

such that for any pap, ŵq P Sp ˆ Ûŵ0
, writting gpi,‚pa

p, ŵq “
`

gpi,Ipa
p
Iqpŵq

˘

IPIp P C
Ip one has

(i) The Plücker coordinates of Φ̂ppap, ŵq are all vanishing if and only if

dim Span
`

gp0,‚pa
p, ŵq, . . . , gpk,‚pa

p, ŵq
˘

ă k ` 1.

(ii) If dim Span
`

gp0,‚pa
p, ŵq, . . . , gpk,‚pa

p, ŵq
˘

“ k ` 1, then

Φ̂ppap, ŵq “ Span
`

gp0,‚pa
p, ŵq, . . . , gpk,‚pa

p, ŵq
˘

P Grk`1pCIpq.

(iii) De�ne the linear map

ϕ̂pŵ0
: Sp Ñ pCIpqk`1(4.3.8)

ap ÞÑ
`

gp0,‚pa
p, ŵ0q, . . . , g

p
k,‚pa

p, ŵ0q
˘

.

Set x :“ π0,k ˝ νkpŵ0q and ρ
p
x : pCIpqk`1 Ñ pCIpxqk`1 the natural projection map, then one has

rankρpx ˝ ϕ̂
p
ŵ0
“ pk ` 1q#Ipx.

Here Ipx :“ tI P Ip|τ Ipxq ‰ 0u.

Now we are ready to prove the following lemma, which is a variant of [Bro16, Lemma 3.9]:

Lemma 4.3.5. (Avoiding exceptional locus) For any J Ă t0, . . . , Nu. If δp ě pn ´ 1qpk ` 1q ` 1 for any
p “ 1, . . . , c, then there exists a non-empty Zariski open subset UJ Ă U˝def such that

Φ̂´1pG8J q X pUJ ˆ X̂
˝
k,Jq “ H.

Here we de�ne the map (which is a morphism by Lemma 4.3.3)

Φ̂ : U˝def ˆ X̂
˝
k Ñ Gk`1pδ1q ˆ . . .ˆGk`1pδcq

pa, ξq ÞÑ
`

Φ̂1pa1, ξq, . . . , Φ̂cpac, ξq
˘

,

which is the composition π1 ˝Ψ. Here π1 : Gˆ PN Ñ G is the �rst projection.
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Proof. Fix any ŵ0 P X̂
˝
k , we set x :“ π0,k ˝ νkpŵ0q. Then there exists a unique J Ă t0, . . . , Nu such

that x P XJ , and we de�ne the following analogues of Y parametrized by a�ne spaces

ĂY :“ t
`

α10, . . . , α1k, . . . , αc0 . . . , αck, rzs
˘

P

c
ź

p“1

pCIpqk`1 ˆ PJ
ˇ

ˇ@1 ď p ď c, 0 ď j ď k, αpiprzsq “ 0u,

ĂYx :“ t
`

α10, . . . , α1k, . . . , αc0 . . . , αck, rzs
˘

P

c
ź

p“1

pCIpJ qk`1 ˆ PJ
ˇ

ˇ@1 ď p ď c, 0 ď j ď k, αpiprzsq “ 0u,

here we use the identi�cation CIp – H0
`

PN ,OPN pδpq
˘

and CIpJ – H0
`

PJ ,OPJ pδpq
˘

. By analogy with G8J ,

we denote by V 81,J (resp. V 82,J) the set of points in
śc
p“1pCIpqk`1 (resp.

śc
p“1pCIpJ qk`1) at which the �ber

in ĂY (resp. ĂYx) is positive dimensional.
For every 1 ď p ď c we take the linear map ϕ̂pŵ0

: Sp Ñ pCIpqk`1 as in (4.3.8). By Lemma 4.3.4, for any
a P U˝def we have

Φ̂pa, ŵ0q “
`

rϕ̂1
ŵ0
pa1qs, . . . , rϕ̂cŵ0

pacqs
˘

,

here rϕ̂pŵ0
papqs :“ Span

`

gp0,‚pa
p, ŵ0q, . . . , g

p
k,‚pa

p, ŵ0q
˘

P Grk`1pCIpq. Then we have

Φ̂´1pG8J q X pU
˝
def ˆ tŵ0uq “ ϕ̂´1

ŵ0
pV 81,Jq X U

˝
def “ pρx ˝ ϕ̂ŵ0

q´1pV 82,Jq X U
˝
def ,

where we denote by

ϕ̂ŵ0
: S1 ˆ . . . Sc Ñ

c
ź

p“1

pCIpqk`1

a “ pa1, . . . ,acq ÞÑ
`

ϕ̂1
ŵ0
pa1q, . . . , ϕ̂cŵ0

pacq
˘

,

and

ρx :
c
ź

p“1

pCIpqk`1 Ñ

c
ź

p“1

pCIpxqk`1

is the natural projection map. By the above notations we have IpJ “ Ipx for any p “ 1, . . . , c. Since the linear
map ρx ˝ ϕ̂ŵ0 is diagonal by blocks, by Lemma 4.3.4 we have

rankρx ˝ ϕ̂ŵ0
“

c
ÿ

p“1

rankρpx ˝ ϕ̂
p
ŵ0
“

c
ÿ

p“1

pk ` 1q#Ipx.

Therefore

dim
`

Φ̂´1pG8J q X pU
˝
def ˆ tŵ0uq

˘

ď dim
`

pρx ˝ ϕ̂ŵ0
q´1pV 82,Jq

˘

ď dimpV 82,Jq ` dim kerpρx ˝ ϕ̂ŵ0q

ď dimpV 82,Jq ` dimpS1 ˆ . . .ˆ Scq ´ rankpρx ˝ ϕ̂ŵ0
q

“ dimpV 82,Jq ` dimpS1 ˆ . . .ˆ Scq ´
c
ÿ

p“1

pk ` 1q#Ipx.

Since

dimpV 82,Jq “ dimp
c
ź

p“1

pCIpJ qk`1q ´ codimpV 82,J ,
c
ź

p“1

pCIpJ qk`1q

“

c
ÿ

p“1

pk ` 1q#IpJ ´ codimpV 82,J ,
c
ź

p“1

pCIpJ qk`1q

“

c
ÿ

p“1

pk ` 1q#Ipx ´ codimpV 82,J ,
c
ź

p“1

pCIpJ qk`1q,

then we have

dim
`

Φ̂´1pG8J q X U
˝
def ˆ tŵ0u

˘

ď dimpS1 ˆ . . .ˆ Scq ´ codimpV 82,J ,
c
ź

p“1

pCIpJ qk`1q,

which yields

dim
`

Φ̂´1pG8J q X U
˝
def ˆ X̂

˝
k,J

˘

ď dimpS1 ˆ . . .ˆ Scq ´ codimpV 82,J ,
c
ź

p“1

pCIpJ qk`1q ` dimX̂k.
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By a result due to Olivier Benoist [BD15, Corollary 3.2], we have

codimpV 82,J ,
c
ź

p“1

pCIpJ qk`1q ě min
1ďpďc

δp ` 1.

Therefore, if

(♣) dimX̂k ă min
1ďpďc

δp ` 1,

Φ̂´1pG8J q doesn't dominate U˝def via the projection U˝def ˆ X̂˝k,J Ñ U˝def , and thus we can �nd a non-empty
Zariski open subset UJ Ă U˝def such that

Φ̂´1pG8J q X pUJ ˆ X̂
˝
k,Jq “ H.

Thus if min
1ďpďc

δp ě pn ´ 1qpk ` 1q ` 1, Condition ♣ is always satis�ed. We �nish the proof of the

lemma. �

4.3.3. Pull-back of the Positivity. For any c-tuple of positive integers e “ pe1, . . . , ecq, we denote
by

Lpeq :“ OGk`1pδ1qpe1qb . . .b OGk`1pδcqpecq,

which is a very ample line bundle on G. Since pJ : YJ Ñ G is a generically �nite to one morphism, by the
Nakamaye Theorem (see [Laz04, Theorem 10.3.5] for smooth projective varieties, and [Bir13, Theorem 1.3]
for any projective scheme over any �eld), the augmented base locus B`

`

p˚JLpeq
˘

for p˚JLpeq coincides with
its exceptional locus (or say null locus)

EJ :“ ty P Y |dimy

´

p´1
J

`

pJpyq
˘

¯

ą 0u,

which is contained in p´1
J pG

8
J q. Thus if ei " 0 for each 1 ď i ď c, we have

EJ “ Bs
`

p˚JLpeq b q˚JOPJ p´1q
˘

Ă p´1
J pG

8
J q,(4.3.9)

where qJ : YJ Ñ PJ is denoted to be the second projection map. In Section 4.4, we obtain an e�ective
estimate for e such that the inclusive relation in (4.3.9) holds. The theorem is the following

Theorem 4.3.1. With the above notations, set bp :“
śc
j“1 δ

k`1
j

δp
, then for any J Ă t0, . . . , Nu and any

a P Zc with ap ě bp for every 1 ď p ď c, we have

Bs
`

p˚JLpaq b q˚JOPN p´1q
˘

Ă Bs
`

p˚JLpbq b q˚JOPN p´1q
˘

Ă p´1
J pG

8
J q.

Since the technique in proving this theorem is of independent interest, we will leave the proof to Section
4.4.

Remark 4.3.1. Since p´1
J pG

8
J q may strictly contain the null locus Nullpp˚L |YJ q “ EJ , Theorem 4.3.1

does not imply the Nakamaye Theorem used in [BD15] and [Bro16]. That is, for some J and a P Nc with
aj ě bj for every j, the Null locus EJ may be strictly contained in p˚JLpaqbq˚JOPN p´1q. However, as we will
see later, our proof of the Main Theorem only relies on the inclusive relation in (4.3.9). We thank Brotbek
for pointing this important reduction to us.

By (4.3.4) we have

Ψ˚
`

Lpbqb OPN p´1q
˘

“ ν˚k
`

OXkp
c
ÿ

p“1

bpk
1q b π˚0,kA

´qpε,δ,rq
˘

b OX̂kp´
c
ÿ

p“1

bpF q.(4.3.10)

Here we set qpε, δ, rq :“ r ´
řc
p“1 bppk ` 1qpεp ` kδpq. Observe that if we take

(♠)
c
ÿ

p“1

bppk ` 1qpεp ` kδpq ă r,

then (4.3.10) becomes an invariant k-jet di�erential with a negative twist, which enables us to apply Theorem
4.2.3 to constrain all the entire curves. More precisely, we have the following theorem:

Theorem 4.3.2. On an n-dimensional smooth projective variety X, equipped with a very ample line
bundle A. Let c be any integer satisfying 1 ď c ď n ´ 1. If we take k0 “ rnc s ´ 1 and N “ n, then for any
degrees pd1, . . . , dcq P pNqc satisfying

Dδ`
δpěδ0:“npk0`1q

˘, Dεpεpěk0q, Dr ą
c
ÿ

p“1

bppk0 ` 1qpεp ` k0δpq, s.t.

dp “ δppr ` k0q ` εp pp “ 1, . . . , cq,(4.3.11)
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the complete intersection H :“ H1 X . . . Hc of general hypersurfaces H1 P |A
d1 |, . . . ,Hc P |A

dc | has almost
k-jet ampleness.

Proof. We will prove the theorem in several steps. First observe that, the choice for pε, δ, r, c,N, kq
in the Theorem fu�lls all the requirements in Condition ‹, ♠ and ♣, and thus we are free to apply all the
corresponding theorems above. Based on the same vein in [BD15,Bro16], we have the following result

Claim 4.3.3. Set Unef :“ XJUJ . For any a P Unef , the line bundle

ν˚k
`

OXkp
c
ÿ

p“1

bpk
1q b π˚0,kA

´qpε,δ,rq
˘

b OX̂kp´
c
ÿ

p“1

bpF q|Ĥa,k

is nef on Ĥa,k. Recall that we denote by qpε, δ, rq :“ r ´
řc
p“1 bppk0 ` 1qpεp ` k0δpq ą 0.

Proof: In order to prove nefness, it su�ces to show that for any irreducible curve, its intersection with
the line bundle is non-negative. For any �xed a P Unef , and any irreducible curve C Ă Ĥa,k, one can �nd

the unique J Ă t0, . . . , Nu such that X̂k,J X C “: C˝ is a non-empty Zariski open subset of C, and thus

C˝ Ă Ĥk,J . From Proposition 4.3.1, Ψ factors through YJ when restricted to Ĥk,J , thus Ψ|C˝ also factors
through YJ , and by the properness of YJ , Ψ|C factors through YJ as well. By Lemma 4.3.5 and the de�nition
of Unef , we have

Φ̂pC˝q XG8J “ H,

and thus

ΨpCq Ć p´1
J pG

8
J q.

From Theorem 4.3.1 we know that

Bs
`

p˚JLpbq b q˚JOPJ p´1q
˘

Ă p´1
J pG

8
J q,

which yields

ΨpCq ¨
`

p˚JLpbq b q˚JOPJ p´1q
˘

ě 0.

From the relation (4.3.10) we obtain that

C ¨
´

ν˚k
`

OXkp
c
ÿ

p“1

bpk
1q b π˚0,kA

´qpε,δ,rq
˘

b OX̂kp´
c
ÿ

p“1

bpF q
¯

ě 0,

which proves the claim. �

By [Dem95, Proposition 6.16], we can �nd an ample line bundle on X̂k of the form

Ã :“ ν˚k
`

OXkpa1, . . . , akq b π
˚
0,kA

a0
˘

b OX̂kp´F q

for some a0, . . . , ak P N. Therefore, for any m ą a0, the line bundle

ν˚k
`

OXkpa1, . . . , ak´1, ak `
c
ÿ

p“1

mbpk
1q b π˚0,kA

a0´mqpε,δ,rq
˘

b OX̂k
`

´ p

c
ÿ

p“1

mbp ` 1qF
˘

|Ĥa,k

is ample for any a P Unef , and thus there exists e0, . . . , ek P N such that

ν˚kOXkpe1, . . . , ekq b OX̂kp´e0F q|Ĥa,k

is ample. By the openness property of ampleness, one has a non-empty Zariski open subset Uample Ă
śc
i“1 |A

di | such that for any pH1, . . . ,Hcq P Uample, their intersection H :“ H1X . . .XHc is a reduced smooth
variety of codimension c in X, and the restriction of the line bundle ν˚kOXkpe1, . . . , ekq b OX̂kp´qF q|Ĥk

is

ample (recall that Ĥk is denoted to be the blow-up of Hk along w8pHkq). Since the exceptional locus of the

blow-up νk : X̂k Ñ Xk is contained in Xsing
k , then for the complete intersection H :“ H1 X . . . Hc of general

hypersurfaces H1 P |A
d1 |, . . . ,Hc P |A

dc |, the augmented base locus of the line bundle

OHk
pe1, . . . , ekq “ OXkpe1, . . . , ekq|Hk

is contained in Xsing
k XHk, and we conclude that Hk has almost k-jet ampleness by the fact that Xsing

k XHk “

Hsing
k .

�

Now we make some e�ective estimates based on Theorem 4.3.2. If we take

d0 :“ δ0
`

cpk0 ` 1qpk0 ` δ0 ` k0δ0 ´ 1qδ
cpk0`1q´1
0 ` k0 ` 1

˘

` k0,

then any d ě d0 has a decomposition

d “ pt` k0qδ0 ` ε
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with k0 ď ε ă δ0`k0 and t ě cpk0`1qpk0`δ0`k0δ0´1qδ
cpk0`1q´1
0 `1, satisfying the conditions in Theorem

4.3.2. Therefore, the complete intersection H1 X . . . X Hc of general hypersurfaces H1, . . . ,Hc P |A
d| with

d ě d0 has almost k0-jet ampleness. By [Dem95, Lemma 7.6], if a complex manifold Y has almost k-jet
ampleness, then it will also has almost l-jet ampleness for any l ě k. A computation gives a rough estimate
d0 ď 2cprnc sq

n`c`2nn`c, and this completes the proof of Theorem L.

4.3.4. Uniform Estimates for the Lower Bounds on the Degree. In Theorem 4.3.2, the lower
bound on the degrees is not uniform and it depends on the directions. In this subsection, we will adopt a
factorization trick due to Xie [Xie15] to overcome this di�culty, but in the loss of slightly worse bound.
First, we began with the following lemma observed by Xie:

Lemma 4.3.6. For all positive integers d̃0 every integer d ě d̃2
0 ` d̃0 can be decomposed into

d “ pd̃0 ` 1qa` pd̃0 ` 2qb

where a and b are nonnegative integers.

LetX be an n-dimensional smooth projective variety, equipped with a very ample line bundle A. Let c be

any integer satisfying 1 ď c ď rn2 s. Set k0 “ rnc s´1, δ0 :“ npk0`1q, r0 :“ cpk0`1qδ
cpk0`1q´1
0 p1`k0`k0δ0q`1,

and d̃0 :“ δ0pr0`k0q`k0´ 1. Then any c-tuple of integers in the form pd̃0` 1, . . . , d̃0` 1, d̃0` 2, . . . , d̃0` 2q

satis�es the condition (4.3.11). Take Z to be any complete intersection of c general hypersurfaces in |Ad̃0`1|

or |Ad̃0`2|, and Ẑk is the variety obtained by the blow-up of Zk along the k-th asymptotic Wronskian ideal
sheaf w8pZkq. From Section 4.2.4 we see that, the Wronskian ideal sheaf is fonctorial under restrictions and

thus Ẑk “ ν´1
k pZkq, where νk : X̂k Ñ Xk is also the blow-up of the Wronskian ideal sheaf w8pXkq. From

Theorem 4.3.2 and Claim 4.3.3 we see that, the line bundle

ν˚k
`

OXkpcδ
cpk0`1q´1
0 k1q b π˚0,kA

´1
˘

b OX̂kp´cδ
cpk0`1q´1
0 F q|Ẑk

is nef. Take an ample line bundle on X̂k of the form

ν˚k
`

OXkpa1, . . . , akq b π
˚
0,kA

a0
˘

b OX̂kp´F q

where a0, . . . , ak P N. Then the line bundle

ν˚k
`

OXkpa1, . . . , ak´1, ak ` a0cδ
cpk0`1q´1
0 k1q

˘

b OX̂k
`

´ pa0cδ
cpk0`1q´1
0 ` 1qF

˘

|Ẑk

is ample. Within this setting, we have

Theorem 4.3.3. For any c-tuple d :“ pd1, . . . , dcq such that dp ě d̃2
0` d̃0 for each 1 ď p ď c, for general

hypersurfaces Hp P |A
dp |, their complete intersection Z :“ H1X . . .XHc has almost k-jet ampleness provided

that k ě k0.
Moreover, there exists a uniform pe0, e1, . . . , ecq P Nc`1 which does not depend on d, such that

ν˚k
`

OZkpe1, . . . , ekq
˘

b OẐk
`

´ e0FZk
˘

is an ample line bundle, where where νk : Ẑk Ñ Zk is also the blow-up of the Wronskian ideal sheaf w8pZkq,

and FZk is the e�ective cartier divisor on Ẑk such that OẐkp´FZkq “ ν˚kw8pZkq.

Proof. Let us denote by q : Zd Ñ
śc
p“1 |A

dp | the universal family of c-complete intesections of

hypersurfaces in
śc
p“1 |A

dp |, i.e.

Zd :“ tps1, . . . , sc;xq P
c
ź

p“1

|Adp | ˆX|@p, sp P |A
dp | and sppxq “ 0u.(4.3.12)

By Lemma 4.3.6 we have the following decompositions

dp “ pd̃0 ` 1qap ` pd̃0 ` 2qbp

for each 1 ď p ď c. Consider the linear system Vp Ă |Adp | generated by sections in Symap |Ad̃0`1| ˆ

Symbp |Ad̃0`2|, then for a generic choice of ps1, . . . , scq P V1 ˆ . . . ˆ Vc, their complete intersection Y “
řl
s“1 nsZ

s (may not be reduced) is a union of smooth codimension c subvarieties Z1, . . . , Zl which are

complete intersections of c general hypersurfaces in |Ad̃0`1| or |Ad̃0`2|. By the arguments above the line
bundle

ν˚k
`

OXkpa1, . . . , ak´1, ak ` a0cδ
cpk0`1q´1
0 k1q

˘

b OX̂k
`

´ pa0cδ
cpk0`1q´1
0 ` 1qF

˘

|Ẑsk



4.3. PROOF OF THE MAIN THEOREMS 87

is ample for each s “ 1, . . . , l, and so is for Y . Since ampleness is open in families, this also holds for the
general �ber Z of q : Zd Ñ

śc
p“1 |A

dp |, that is, for the complete intersection Z :“ H1 X . . . X Hc of any

general hypersurfaces in
śc
p“1 |A

dp |, the line bundle

OZkpa1, . . . , ak´1, ak ` a0cδ
cpk0`1q´1
0 k1q b OẐk

`

´ pa0cδ
cpk0`1q´1
0 ` 1qFZk

˘

“

ν˚k
`

OXkpa1, . . . , ak´1, ak ` a0cδ
cpk0`1q´1
0 k1q

˘

b OX̂k
`

´ pa0cδ
cpk0`1q´1
0 ` 1qF

˘

|Ẑk

is ample. As the choice of a is independant of d, we obtain our theorem. �

Roughly, we can take the lower bound to be c2n2n`2cprnc sq
2n`2c`4 ě d̃2

0 ` d̃0, and we �nish the proof of
Theorem M.

4.3.5. On the Diverio-Trapani Conjecture. In this subsection we will prove Theorem N. Let X
be a projective manifold of dimension n and A a very ample line bundle on X. Recall that we denote by
X̂k is the blow-up of Xk along the asymptotic Wronskian ideal sheaf w8pXkq, and F the e�ective Cartier
divisor such that OX̂kp´F q “ ν˚k

`

w8pXkq
˘

. From the proof of Theorem 5.3.6, one can �nd a uniform

e :“ pe0, . . . , ecq P Nc`1 such that, for the generic �ber Z of the universal family q : Zd Ñ
śc
p“1 |A

dp |

de�ned in (4.3.12), where dp ě d̃2
0 ` d̃0 for each 1 ď p ď c, the line bundle

ν˚kOXkpe1, . . . , ecq b OX̂kp´e0F q|Ẑk “ ν˚kOZkpe1, . . . , ecq b OẐkp´e0FZkq(4.3.13)

is very ample. From Section 4.2.3 we can take an open covering tUαu of Z such that:

a) each Uαk :“ π´1
0,kpUαq is a trivial product Uα ˆRn´c,k, where Rn´c,k is some smooth rational variety.

b) Set pr2 : Uα ˆRn´c,k Ñ Rn´c,k to be the projection map. There exists an ideal sheaf In´c,k on Rn´c,k

such that

w8pZkq “ pr˚2 pIn´c,kq.
Let us denote by µk : R̂n´c,k Ñ Rn´c,k the blow-up of Rn´c,k along In´c,k, and E is the e�ective divisor

on R̂n´c,k such that

OR̂n´c,k
p´Eq :“ µ˚kpIn´c,kq.

Set Ûαk :“ ν´1
k pUαkq, then we have

Uα ˆ R̂n´c,k

1ˆµk

��

– // Ûαk

νk

��
Uα ˆRn´c,k

– // Uαk.

Therefore, π0,k ˝ νk : Ẑk Ñ Z is a local isotrivial family with �ber R̂n´c,k, and thus for any j ą 0 the direct
image pπ0,k ˝νkq˚pjLq is always locally free on Z, here we denote by L :“ ν˚kOZkpe1, . . . , ecqbOẐkp´e0FZkq.
Since

pνkq˚pjLq “ OZkpje1, . . . , jekq b Ij ,
where Ij “ pνkq˚OẐkp´je0FZkq is some ideal sheaf of Zk supported on ZSing

k , by the Direct image formula

(4.2.3) we have

pπ0,k ˝ νkq˚pjLq Ă F
je
Ek,jmT

˚
Z(4.3.14)

where m “ e1 ` . . .` ek.

Claim 4.3.4. There exists a positive integer j1 such that for each j ě j1, the direct image pπ0,k ˝

νkq˚pjLq Ă OpF
je
Ek,jmT

˚
Z q is an ample vector bundle on Z.

Proof: Let us denote by AZ :“ A|Z . As L is ample, one can �nd an integer j0 " 0 such that for each j ě j0,
all higher direct image sheaf Ripπ0,k ˝ νkq˚pjLq vanishes, and jL´ pπ0,k ˝ νkq

˚AZ is ample.
Set Vj :“ pπ0,k ˝ νkq˚

`

jL ´ pπ0,k ˝ νkq
˚AZ

˘

which is a local free sheaf for any j ě 0. Consider any
coherent F on Z. Then by the degeneration of the Leray spectral sequence, for each j ě j0, we have

HipZ, Vj b Fq “ HipẐk, L
j b pπ0,k ˝ νkq

˚A´1
Z b pπ0,k ˝ νkq

˚Fq(4.3.15)

for any i ą 0. Fix a point y P Z, with maximal ideal My Ă OZ . Then we have the exact sequence

0 ÑMy Ñ OZ Ñ OZ{My Ñ 0.

As L is ample, there exists a positive integer jpyq ě j0 such that

H1pZ, Vj bMyq “ H1
`

Ẑk, L
j b pπ0,k ˝ νkq

˚A´1
Z b pπ0,k ˝ νkq

˚My

˘

“ 0



88 4. DIVERIO-TRAPANI CONJECTURE

for j ě jpyq, and so we see using the exact sequence above that Vj is generated by its global sections at y.
The same therefore holds in a Zariski open neighborhood of y, and by the compactness of Z we can �nd a
integer j1 ě j0 such that Vj is globally generated when j ě j1. Thus Vj bAZ “ pπ0,k ˝ νkq˚pjLq is an ample
vector bundle for any j ě j1. �

Since the ampleness is open in families, then Claim 4.3.4 holds for general �bers of q : Zd Ñ
śc
p“1 |A

dp |.

Set U Ă
śc
p“1 |A

dp | to be a Zariski open set of
śc
p“1 |A

dp | such that when restricted to Y :“ q´1pUq, q

is a smooth �bration. Denote by Yk the k-th Demailly-Semple tower of pY , TY {U q, and νk : Ŷk Ñ Yk the
blowing-up of the asymptotic Wronskian ideal sheaf w8pYkq with OŶk

p´FYkq “ ν˚kw8pYkq. Then for every
j " 0, we de�ne the vector bundle Vj on Y by

Vj :“ pπ0,k ˝ νkq˚
`

ν˚kOYkpje1, . . . , jenq b OŶk
p´je0FYkq

˘

,

and its restriction to the general �ber Z of q is

pπ0,k ˝ νkq˚
`

ν˚kOZkpje1, . . . , jenq b OẐkp´je0FZkq
˘

,

which is ample by Claim 4.3.4. We �nish the proof of the �rst part in Theorem N. Since L “ ν˚kOZkpe1, . . . , ecqb

OẐkp´e0FZkq is very ample on Ẑk, we can take j " 0 such that jL´pπ0,k ˝ νkq
˚A´1

Z is still very ample, and
by the relation

pνkq˚pjLq “ OZkpje1, . . . , jekq b Ij ,
we see that the base locus of

H0
`

Zk,OZkpje1, . . . , jekq b pπ0,kq
˚A´1

Z b Ij
˘

is contained in ZSing
k . We �nish the proof of Theorem N.

4.4. Effective Estimates Related to the Nakamaye Theorem

In this section we prove Theorem 4.3.1. For simplicity and to make this part readable, we give a complete
proof for c “ 1. The proof for the general cases is exact the same and we will show the general ideas for
that. We begin with some de�nitions and notations of the universal Grassmannian.

We consider V :“ H0
`

PN ,OPN pδq
˘

, that is, the space of homogeneous polynomials of degree δ in
Crz0, . . . , zns, and for any J Ă t0, . . . , Nu, we set

PJ :“ trz0, . . . , zN s P PN |zj “ 0 if j P Ju.

Given any ∆ P Grk`1pVq and rzs P PN , we write ∆przsq “ 0 if and only if P pzq “ 0 for all P P ∆ Ă V . We
then de�ne the universal Grassmannian to be

Y :“ tp∆, rzsq P Grk`1pV q ˆ PN |∆przsq “ 0u,(4.4.1)

and for any J Ă t0, . . . , Nu, set

YJ :“ Y X pGrk`1pV q ˆ PJq.(4.4.2)

From now on we always assume that k ` 1 ě N , then p : Y Ñ Grk`1pVq is a generically �nite to one
morphism. Denote q : Y Ñ PN to be the projection on the second factor. Let L be the very ample line
bundle on Grk`1pV q which is the pull back of Op1q under the Plücker embedding. Then p˚L |YJ is a big
and nef line bundle on YJ for any J . For any J Ă t0, . . . , Nu we denote by pJ : YJ Ñ Grk`1pV q, and
qJ : YJ Ñ PJ the projections. Similarly we set

EJ :“ ty P Y |dimypp
´1
J ppJpyqqq ą 0u

G8J :“ pJpEJq Ă Grk`1pV q,

then EJ “ Nullpp˚L |YJ
q. For J “ H we have YJ “ Y and denote by E :“ EH and G8 :“ G8H.

Now we begin to prove Theorem 4.3.1. First of all suppose that c “ 1 and k` 1 “ N . Then in this case
p : Y Ñ GrNpVq is a generically �nite to one surjective morphism. We �rst deal with the case J “ H.

Let us pick a smooth curve C in GrNpVq of degree 1, given by

∆prt0, t1sq :“ Spanpzδ1 , z
δ
2 , . . . z

δ
N´1, t0z

δ
N ` t1z

δ
0q,

where rt0, t1s P P1. Indeed, the curve C is the line in the projective space PpΛNV q de�ned by two vectors
zδ0 ^ zδ1 ^ ¨ ¨ ¨ ^ zδN´1 and zδ1 ^ zδ2 ^ ¨ ¨ ¨ ^ zδN in ΛNV , which is of degree 1 with respect to the tautological
line bundle L . That is,

L ¨ C “ 1.

Now consider the hyperplane D in PN given by trz0, . . . , zN s|z0 ` zN “ 0u. We have
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Lemma 4.4.1. The intersection number of the curve p˚C and the divisor q˚D in Y is δN´1. Moreover,
p˚q

˚D „ δN´1L , where �„� stands for linear equivalence.

Proof. An easy computation shows that p˚C and q˚D intersect only at the point

Spanpzδ1 , z
δ
2 , . . . z

δ
N´1, z

δ
N ` p´1qδ`1zδ0q ˆ r1, 0 . . . , 0,´1s P Y

with multiplicity δN´1. The �rst statement follows. By the projection formula we have

p˚q
˚D ¨ C “ p˚pq

˚D ¨ p˚Cq “ δN´1.

As PicpGrNpVqq – Z with the generator L , then we get p˚q
˚D „ δN´1L by the fact that L ¨ C “ 1. �

We �rst observe that p˚p˚q
˚D´ q˚D is an e�ective divisor of Y , and by Lemma 4.4.1 we conclude that

δN´1p˚L ´ q˚OPN p1q is e�ective. We also have a good control of the base locus as follows:

Claim 4.4.1. For any m ě δN , we always have

Bs
`

mp˚L ´ q˚OPN p1q
˘

Ă p´1pG8q.(4.4.3)

Proof: Pick any ∆0 R G
8, p´1p∆0q is a �nite set by the de�nition of G8. Thus one can choose a hyperplane

D P H0pPN ,OPN p1qq such thatDXq
`

p´1p∆0q
˘

“ H. From Lemma 4.4.1 we know that the divisor p˚p˚q
˚D´

q˚D is e�ective and lies in the linear system |δN´1p˚L ´ q˚OPN p1q| of Y .
For any ∆ P GrNpVq, if we denote by

Intp∆q :“ trzs P PN |∆przsq “ 0u,

then q
`

p´1p∆q
˘

“ Intp∆q. Hence the condition that DXq
`

p´1p∆0q
˘

“ H is equivalent to that Intp∆0qXD “
H. However, for any ∆ P p˚q

˚D, we must have Intp∆qXD ‰ H, therefore ∆0 R p˚q
˚D. As ∆0 was arbitrary,

we conclude that

Bs
`

δN´1p˚L ´ q˚OPN p1q
˘

Ă p´1pG8q.

As L is very ample on GrNpVq, for any m ě δN´1, we have

Bspmp˚L ´ q˚OPN p1qq Ă Bs
`

δN´1p˚L ´ q˚OPN p1q
˘

Ă p´1pG8q.

The Claim is thus proved. �

Now we deal with the general case J Ă t0, . . . , Nu. Without loss of generality we can assume that
J “ tn ` 1, . . . , Nu. First recall our previous notation pJ : YJ Ñ GrNpVq, and let qJ : YJ Ñ PJ be the
second projection. For any ∆0 R G

8
J , the set p´1

J p∆0q “ Intp∆0q X PJ is �nite. Thus one can choose a
generic hyperplane D P H0pPN ,OPN p1qq such that Intp∆0q XDXPJ “ H. One can further choose a proper
coordinate for PN such that D “ tzn “ 0u.

Observe that Y
q
ÝÑ PN is a local trivial �bration. Indeed, any linear transformation g P GLpCN`1q

induces a natural action g̃ P GLpV q, hence also a biholomorphism ĝ of GrN pV q. For any e P PN , ĝ
maps the �ber q´1peq to q´1

`

gpeq
˘

bijectively. Since GLN`1pCq acts transitively on PN , the �bration

Y
q
ÝÑ PN can then be locally trivialized. Therefore q˚J pD X PJq is a reduced divisor in YJ . Set E :“

pJ
`

q´1
J pD X PJq

˘

set-theoretically. Then for any divisor H̃ P |mL | on GrN pV q such that E Ă H̃ and

pJpYJq Ć H̃, p˚JpH̃q ´ q˚J pD X PJq is an e�ective divisor in |mp˚JL ´ q˚JOPJ p1q|. However, it may happen

that for any hyperplane D̃ P PN , all constructed divisors of the form p˚q
˚pD̃q will always contain ∆0.

Choose a decomposition of V “ V1 ‘ V2 such that V1 is spanned by the vectors tzα P V |αn “ . . . “
αN “ 0u and V2 is spanned by other zα's. Let us denote G to be the subgroup of the general linear group
GLpV q which is the lower triangle matrix with respect to the decomposition of V “ V1 ‘ V2 as follows:

tg P GLpV q|g “

„

I 0
A B



, B P GLpV2q, A P HompV1, V2qu.(4.4.4)

The subgroup G also induced a natural group action on the Grassmannian GrN pV q, and we have the following

Lemma 4.4.2. Set H :“ p˚pq
˚Dq. Then for any g P G, E Ă gpHq and there exists a g0 P G such that

∆0 R g0pHq.

Proof. For any ∆ P GrN pV q, choose ts1, . . . , sNu Ă V which spans ∆. Let si “ ui ` vi be the unique
decomposition of si under V “ V1 ‘ V2. Then by E :“ pJ

`

q´1
J pD X PJq

˘

we see that ∆ P E if and only

if XNi“1tui “ 0u X Pn´1 ‰ H, where Pn´1 :“ trz0 : ¨ ¨ ¨ : zN s P PN |zj “ 0 for j ě nu. For any g P GLpV q,
gp∆q is spanned by tgps1q, . . . , gpsN qu. By the de�nition of G, for any g P G, we have the decomposition
gpsiq “ ui ` v1i with respect to V “ V1 ‘ V2 which keeps the V1 factors invariant. Thus we prove the �rst
part of the claim.
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Set tt1, . . . , tNu Ă V which spans ∆0 and ti “ ui`vi be the unique decomposition of ti under V “ V1‘V2.
Since Intp∆0q X Pn´1 “ H, we have XNi“1tui “ 0u X Pn´1 “ H. We can then choose the basis tt1, . . . , tNu
spanning ∆0 properly, so that

(i)
Şn
i“1tui “ 0u X Pn´1 “ H;

(ii) for some m ě n, tu1, . . . , umu is a set of vectors in V1 which is linearly independant;
(iii) um`1 “ . . . “ uN “ 0.

Then Xni“1tui “ 0u X tzn “ 0u “ PN´n´1 :“ trz0 : ¨ ¨ ¨ : zN s P PN |zj “ 0 for j ď nu, and tvm`1, . . . , vNu is a
set of linearly independant vectors in V2.

Let us denote by ∆1 P GrN pV q spanned by

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

ũ1 :“ u1

...

ũn :“ un

ũn`1 :“ un`1 ` z
δ
n`1

...

ũm :“ um ` z
δ
m

ũm`1 :“ um`1 ` z
δ
m`1 “ zδm`1

...

ũN :“ uN ` z
δ
N “ zδN

.

Then Intp∆1q X tzn “ 0u “ H, which is equivalent to that ∆1 R H :“ p˚q
˚pDq. By the choice of ∆1

one can �nd a g0 P G such that g0p∆
1q “ ∆0. Indeed, by linear independances of tvm`1, . . . , vNu in V2 and

tu1, . . . , umu in V1, we can �nd a B P GLpV2q satisfying that Bpz
δ
i q “ vi for all i ě m`1, and A P HompV1, V2q

such that Apuiq “ vi for i ď n and Apujq “ vj ´ Bpzδj q for n` 1 ď j ď m. Set g0 :“

„

I 0
A B



which is the

type (4.4.4), and by the construction of g0 we have that g0p∆
1q “ ∆0. Thus ∆0 R g0pHq and we �nish the

proof of the claim. �

Since H P |δN´1L |, g0pHq still lies in |δ
N´1L |. Indeed, since the complex general linear group GLpV q

is connected, the automorphism map of GrNpVq induced by g0-action is homotopic to the identity map,
and thus the g0 action induces the identity on the cohomology groups. By Lemma 4.4.2, E Ă g0pHq and
∆0 R g0pHq. As q

˚
J pD X PJq is a reduced (Cartier) divisor on YJ , the divisor

p˚J
`

g0pHq
˘

´ q˚J pD X PJq P |δN´1p˚JL ´ q˚JOPJ p1q|

is e�ective and avoids the �nite set p´1
J p∆0q.

Since ∆0 P GrN pV q is any arbitrary point not contained in G8J , thus the base locus of δN´1p˚JL ´

q˚JOPJ p1q is totally contained in p´1
J pG

8
J q. In conclusion we have the following theorem:

Theorem 4.4.1. Let Y Ă GrN pV qˆPN and YJ be the universal families de�ned in (4.4.1) and (4.4.2).
For any J Ă t0, . . . , Nu, we have

Bspmp˚L ´ q˚OPN p1q|YJ q Ă p´1
J pG

8
J q

for any m ě δN´1.

Fix any positive integer n ă N . Consider Pn as a subspace of PN de�ned by zn`1 “ . . . “ zN “ 0. Set
Vn :“ H0pPn,OPnpδqq, and we have a natural inclusion GrN pVnq Ă GrN pV q. For any J Ă t0, . . . , nu, we

denote by J̃ :“ J Y tn` 1, . . . , Nu, and PJ̃ :“ trz0, . . . , zN s P PN |zj “ 0 if j P J̃u. Set

ỸJ :“ tp∆, rzsq P GrN pVnq ˆ PJ̃ |∆przsq “ 0u.

De�ne p̃J : ỸJ Ñ GrNpVnq and q̃J : ỸJ Ñ PJ̃ the respective projections. Set

G̃8J :“ t∆ P GrN pVnq|p̃
´1
J p∆q is not �nite setu.
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Let Y Ă GrN pV q ˆ PN and YJ̃ be the universal families de�ned in (4.4.1) and (4.4.2). There is a natural
inclusion in : GrN pVnq ãÑ GrNpVq, which induces the following inclusions:

ỸJ� _

��

� � // GrN pVnq ˆ PJ̃� _

inˆ1

��
YJ̃
� � // GrN pV q ˆ PJ̃

Under the inclusion in, we have

G̃8J “ G8
J̃
XGrN pVnq.

From Theorem 4.4.1, for m ě δN´1 we also have

Bspmp˚L ´ q˚OPN p1q|ỸJ q Ă Bspmp˚L ´ q˚OPN p1q|YJ̃ q X ỸJ

Ă p´1

J̃
pG8

J̃
q X ỸJ

“ p̃´1
J

`

G̃8J
˘

,(4.4.5)

where pJ̃ : YJ̃ Ñ GrN pV q and qJ̃ : YJ̃ Ñ PJ̃ are the projection maps. Since the pull back

i˚n : Pic
`

GrNpVq
˘ «
ÝÑ Pic

`

GrNpVnq
˘

is an isomorphism between the Picard groups, and Ln :“ i˚nL is still the tautological line bundle on
GrN pVnq. Then

mp˚L ´ q˚OPN p1q|ỸJ “ mp̃˚JpLnq ´ q̃
˚
JOPJ p1q,

and by (4.4.5) we have

Bs
`

mp̃˚JpLnq ´ q̃
˚
JOPJ p1q

˘

Ă p̃´1
J

`

G̃8J
˘

.(4.4.6)

We are in the situation to prove Theorem 4.3.1 for c “ 1 and general k ` 1 ě N :

Theorem 4.4.2. For any k ` 1 ě N , set Y Ă Grk`1pV q ˆ PN and YJ to be the universal families
de�ned in (4.4.1) and (4.4.2). For any J Ă t0, . . . , Nu, and k ` 1 ě N , we have

(4.4.7) Bspmp˚L ´ q˚OPN p1q|YJ q Ă p´1
J pG

8
J q

for any m ě δk.

Proof. Indeed, if we consider PN as a subspace in Pk`1 de�ned by zN`1 “ . . . “ zk`1 “ 0, the theorem
follows from (4.4.6) directly. �

The above theorem can be generalized to the case of products of Grassmannians. We �rst set N :“
cpk ` 1q, and denote Vi :“ H0

`

PN ,OPN pδiq
˘

and G :“
śc
i“1 Grk`1pViq for simplicity. Let Y be the

generalized universal Grassmannian de�ned by

Y :“ tp∆1, . . . ,∆c, zq P Gˆ PN |@ i,∆iprzsq “ 0u.

Let p : Y Ñ G, q : Y Ñ PN and pi : Y Ñ Grk`1pδiq be the canonical projections to each factor; then p is
a generically �nite to one morphism. De�ne a group homeomorphism

L : Zc Ñ PicpGq

a “ pa1, . . . , acq ÞÑ OGrk`1pV1qpa1qb . . .b OGrk`1pVcqpacq

which is moreover an isomorphism.
We then de�ne smooth lines tCiui“1,...,c in G, given by

∆iprt0, t1sq :“ Spanpzδ11 , z
δ1
c`1 . . . , z

δ1
kc`1q ˆ Spanpzδ22 , z

δ2
c`2 . . . , z

δ2
kc`2q ˆ . . .

ˆSpanpt0z
δi
i ` t1z

δi
0 , z

δi
c`i, . . . , z

δi
kc`iq ˆ . . .ˆ Spanpzδcc , z

δc
2c, . . . , z

δc
pk`1qcq

for rt0, t1s P P1. It is easy to verify that Lpaq ¨ Ci “ ai for each i. Consider the hyperplane Di of Pn given
by trz0, . . . , zN s|zi ` z0 “ 0u. Then we have

Lemma 4.4.3. The intersection number of the curve p˚Ci and the divisor q˚Di in Y is bi :“
śc
j“1 δ

k`1
j

δi
.

Moreover, p˚q
˚OPN p1q ” L pbq, where b “ pb1, . . . , bcq.
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Proof. It is easy to show that p˚Ci and q
˚Di intersect only at one point with multiplicity bi. By the

projection formula we have
p˚q

˚Di ¨ Ci “ p˚pq
˚Di ¨ p

˚Ciq “ bi.

Since
L paq ¨ Ci “ ai

for any a P Zc. Thus
p˚q

˚Di ” p˚q
˚OPN p1q ” Lpbq.

�

Then by similar arguments above, p˚Lpbq b q˚OPN p´1q is e�ective, and its base locus

Bspp˚Lpbq b q˚OPN p´1qq Ă p´1pG8q,(4.4.8)

where G8 is the set of points in G such that their p-�ber is not a �nite set. We can then apply the
methods already used above to show that (4.4.8) also holds for all the strata YI of Y , and for general k with
cpk ` 1q ě N . In conclusion, we have the following theorem

Theorem 4.4.3. Let Y be the generalized universal Grassmannian de�ned by

Y :“ tp∆1, . . . ,∆c, zq P Grk`1pV1q ˆ . . .ˆGrk`1pVcq ˆ PN |@ i,∆iprzsq “ 0u

here Vi :“ H0
`

PN ,OPN pδiq
˘

, and pk ` 1qc ě N . Then for any strata YJ :“ pGˆ PJq X Y , any a P Zc with

ai ě
śc
j“1 δ

k`1
j

δi
for each i, we have

Bs
`

p˚Lpaq b q˚OPN p´1q|YJ
˘

Ă p´1pG8J q,

where G8J is the set of points in G :“
śc
i“1 Grk`1pViq with positive dimension �bers in YJ .
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CHAPTER 5

Applications of the L2 Extension Theorems to Direct Image

Problems

Abstract. In the �rst part of the chapter, we study a Fujita-type conjecture by Popa and Schnell, and give
an e�ective bound on the generic global generation of the direct image of the twisted pluricanonical bundle.
We also point out the relation between the Seshadri constant and the optimal bound. In the second part,
we give an a�rmative answer to a question by Demailly-Peternell-Schneider in a more general setting. As
an application, we generalize the theorems by Fujino and Gongyo on images of weak Fano manifolds to the
Kawamata log terminal cases, and re�ne a result by Broustet and Pacienza on the rational connectedness
of the image.

5.1. Introduction

The �rst goal of this chapter is to study the following conjecture by Popa and Schnell:

Conjecture 5.1.1. (Popa-Schnell) Let f : X Ñ Y be a morphism of smooth projective varieties, with
dimpY q “ n, and let L be an ample line bundle on Y . Then, for every k ě 1, the sheaf

f˚pK
bk
X q b Ll

is globally generated for any l ě kpn` 1q.

In [PS14], Popa and Schnell proved the conjecture in the case when L is an ample and globally generated
line bundle, and in general when dimpXq “ 1. In a recent preprint [Dut17], Dutta was able to remove the
global generation assumption on L making a statement about generic global generation with weaker bound
on the twist, as in the work of Angehrn and Siu [AS95], on the e�ective freeness of adjoint bundles. Her
theorem is as follows:

Theorem 5.1.1. (Dutta) Let f : X Ñ Y be a morphism of smooth projective varieties, with dimpY q “ n,
and let L be an ample line bundle on Y . Then, for every m ě 1, the sheaf

f˚pK
bk
X q b Ll

is generated by global sections at a general point y P Y , either

(a) for all l ě kp
`

n`1
2

˘

` 1q
or

(b) for all l ě kpn` 1q when n ď 4.

Here
`

n`1
2

˘

is the Angehrn-Siu type bound in their work on the Fujita conjecture [AS95].

Inspired by Demailly's recent work on the Ohsawa-Takegoshi type extension theorem [Dem15a] and
P un's proof of Siu's invariance of plurigenera [Pau07], we are able to prove the following theorem:

Theorem O. Let f : X Ñ Y be a morphism of smooth projective varieties, with dimpY q “ n, and let L
be an ample line bundle on Y . If y is a regular value of f , then for every k ě 1, the sheaf

f˚pK
bk
X q b Ll

is generated by global sections at y for any l ě kp
Y

n
εpL,yq

]

` 1q. Here εpL, yq ą 0 is the Seshadri constant of

L at the point y.

Motivated in part by his study of linear series in connection with the Fujita conjecture, Demailly intro-
duced the Seshadri constant to measure the local positivity of the ample line bundle at a point [Dem92].
After that Ein and Lazarsfeld systematically studied the Seshadri constant, and they �rst proved that for
any ample line bundle L on a projective surface Y , the Seshadri constant

εpL, yq ě 1

for a very general point on Y [EL93]. Inspired by this result, they further raised the following conjecture:

95
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Conjecture 5.1.2. (Ein-Lazarsfeld) Let Y be any projective manifold, and L any ample line bundle
on Y . Then the Seshadri constant

εpL, yq ě 1

at a very general point y P Y .

In [EKL95], they proved the existence of universal generic bound in a �xed dimension. However, the
bound is suboptimal by a factor of n “ dimpY q.

Theorem 5.1.2. (Ein-Küchle-Lazarsfeld) Let Y be a projective variety, and L an ample line bundle on
Y . Then for any given δ ą 0, the locus

ty P Y |εpL, yq ą
1

n` δ
u

contains a Zariski-dense open set in Y .

Applying Theorem 5.1.2 to our Theorem O, we have the following general result:

Theorem P. Let f : X Ñ Y be a morphism of smooth projective varieties, with dimpY q “ n, and let L
be an ample line bundle on Y . Then for any k ě 1, the direct image

f˚pK
bk
X q b Ll

is generated by global sections at the generic points of Y for any l ě kpn2` 1q. In particular, if the manifold
Y satis�es Conjecture 5.1.2, then Conjecture 5.1.1 holds true for general points in Y ; that is, the direct
image

f˚pK
bk
X q b Ll

is generated by global sections at the generic points of Y for any l ě kpn` 1q.

Compared to Theorem 5.1.1 by Dutta, our bound for l is also quadratic on n but slightly weaker than
hers. However, if we apply the result that KY ` pn` 1qL is semi-ample for any ample line bundle L, we can
obtain a linear bound for l.

Theorem Q. Let f : X Ñ Y be a morphism of smooth projective varieties, with dimpY q “ n, and let L
be an ample line bundle on Y . Then for every k ě 1, the sheaf

f˚pK
bk
X q b Lbl

is generated by global sections at the generic y P Y for any l ě kpn` 1q ` n2 ´ n.

The second part of the chapter is to study a question by Demailly-Peternell-Schneider in [DPS01]:

Problem 5.1.1. Let X and Y be normal projective Q-Gorenstein varieties. Let f : X Ñ Y be a
surjective morphism. If ´KX is pseudo-e�ective and its non-nef locus does not project onto Y , is ´KY

pseudo-e�ective?

Inspired by the recent work of J. Cao on the local isotriviality on the Albanese map of projective
manifolds with nef anticanonical bundles [Cao16], we give an a�rmative answer to the above problem when
X and Y are smooth pairs:

Theorem R. Let f : X Ñ Y be a surjective morphism from a log-canonical (lc for short) pair pX,Dq
to the smooth projective manifold Y . Let ∆ be a (not necessarily e�ective) Q-divisor on Y . Suppose that
´pKX `Dq´ f

˚∆ is pseudo-e�ective, and the non-nef locus B´
`

´pKX `Dq´ f
˚∆

˘

does not project onto

Y . Then ´KY ´∆ is pseudo-e�ective with its non-nef locus contained in f
`

B´p´KX´D´f
˚∆q

˘

YZYZD,

where Z is the minimal proper subvariety on Y such that f : Xzf´1pZq Ñ Y zZ is a smooth �bration, and
ZD is an at most countable union of proper subvarities containing Z such that for every y R ZD, the pair
`

f´1pyq, Dæf´1pyq

˘

is also lc.

The following theorem by Fujino and Gongyo [FG14] is a direct consequence of our Theorem R.

Theorem 5.1.3. (Fujino-Gongyo) Let f : X Ñ Y be a smooth �bration between smooth projective
varieties. Let D be an e�ective Q-divisor on X such that pX,Dq is lc, SupppDq is a simple normal crossing
divisor, and SupppDq is relatively normal crossing over Y . Let ∆ be a (not necessarily e�ective) Q-divisor
on Y . Assume that ´pKX `Dq ´ f

˚∆ is nef. Then so is ´KY ´∆.

Moreover, we can also use analytic methods to prove the following theorem.

Theorem S. With the same notations in Theorem R. Assume further that pX,Dq is klt, ´KX´D´f
˚∆

is big and its non-nef locus B´p´KX´D´f
˚∆q does not dominate Y , then ´KY ´∆ is big with its non-nef

locus contained in f
`

B´p´KX ´D ´ f
˚∆q

˘

Y Z Y ZD.
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As a combination of Theorem R and S, we prove the following Theorem, which is a generalization of a
theorem by Fujino and Gongyo [FG12].

Theorem T. With the same notations in Theorem 5.1.3, if ´KX ´ D ´ f˚∆ is big and nef, then
´KY ´∆ is also big and nef.

Finally, we apply Theorem S to re�ne a result by Broustet and Pacienza on the rational connectedness
of the image (compared to Theorem 5.5.5 below):

Theorem U. Let X be a normal projective variety and D an e�ective Q-divisor on X such that KX`D
is Q-Cartier. Let Y be a normal and Q-Gorenstein projective variety with klt singularities. If f : X Ñ Y is
a surjective morphism such that ´pKX`Dq is big and the restriction of f to NNefp´KX´Dq

Ť

NkltpX,Dq
does not dominate Y , then Y is rational connected modulo NNefp´KY q, that is, there exists an irreducible
component V of NNefp´KY q such that for any general point y of Y there exists a rational curve Ry passing
through y and intersecting V .

5.2. Preliminary Techniques

5.2.1. Seshadri Constants. In the work [Dem92], Demailly de�ne the following Seshadri constant :

Definition 5.2.1. Le L be a nef line bundle over a projective algebraic manifold X. To every point
x P X, one de�nes the number

εpL, xq :“ inf
L ¨ C

νpC, xq

where the in�mum is taken over all reduced irreducible curves C passing through x and νpC, xq is the
multiplicity of C at x. εpL, xq will be called the Seshadri constant L at x.

On the other hand, Demailly also introduced another constant γpL, xq for any nef line bundle L. First,
we begin with the following de�nition.

Definition 5.2.2. A function ψ : X Ñs ´8,`8s on a complex manifold X of dimension m is said to
be quasi-plurisubharmonic (quasi-psh for short) if ψ is locally the sum of a psh function and of a smooth
function (or equivalently, if

?
´1BBψ is locally bounded from below) . In addition, we say that ψ has neat

analytic singularities if every point x P X possesses an open neighborhood U on which ψ can be written

ψ “ c log
N
ÿ

j“1

|gj |
2 ` wpzq

where gj P OpUq, c ě 0 and wpzq P C8pUq.

Definition 5.2.3. A singular metric h on the line bundle L is said to have a logarithmic pole of coe�cient
ν at a point x P X, if on a neighborhood U of x, the local weight ϕ of h can be written

ϕ “ ν log
ÿ

|z ´ x|2 ` wpzq

where ν ą 0 and wpzq P C8pUq. In this setting, we set νph, xq :“ ν.

Then we set

γpL, xq :“ sup
h
νph, xq,

where the supremum is taken over all singular hermitian metrics h of L with positive curvature current,
whose local weight ϕ has neat singularities and logarithmic poles at x.

The numbers εpL, xq and γpL, xq will be seen to carry a lot of useful information about the local positivity
of L. In case L is big and nef, these two constants coincide outside a certain proper subvariety of X
(see [Dem92, Theorem 6.4])

Theorem 5.2.1. (Demailly) Let L be a big and nef line bundle over X. Then we have

εpL, xq “ γpL, xq

for any x R B`pLq, where B`pLq is the augmented base locus of L (see [Laz04, De�nition 10.2.2]). In
particular, if L is ample, then εpL, xq “ γpL, xq holds everywhere.

As we mentioned in Section 5.1, in [EKL95], Ein, Küchle and Lazarsfeld gave the existence of universal
generic bounds for the Seshadri constants in a �xed dimension.
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Theorem 5.2.2. (Ein-Küchle-Lazarsfeld) Let Y be an irreducible projective variety of dimension n, and
L a nef line bundle on Y . Suppose there exists a countable union B Ă Y of proper subvarieties of Y plus a
positive real number α ą 0 such that

Lr ¨ Z ě pα ¨ rqr(5.2.1)

for every irreducible subvariety Z Ă Y of dimension r (1 ď r ď n) with Z Ę B. Then

εpL, yq ě α

for all y P Y outside a countable union of proper subvarieties in Y . In particular, for any ample line bundle
L on Y ,

εpL, yq ě
1

n
(5.2.2)

for a very general point y.

The above theorem gives a lower bound on the Seshadri constant of a nef and big line bundle at a very
general point. However, as was also proved in [EKL95], for the ample line bundle, the above theorem is
valid on a Zariski-open set by the semi-continuity of the Seshadri constant of the ample line bundle. In other
word, let L be an ample line bundle on an irreducible projective variety Y . Suppose that there is a positive
rational number B and a smooth point y P Y for which one knows that

εpL, yq ą B.

Then the locus

tz P Y |εpL, zq ą Bu

contains a Zariski-open dense set in Y .

5.2.2. L2 Extension Theorem. Before we state Demailly's Ohsawa-Takegoshi type Extension Theo-
rem, we begin with a de�nition in [Dem15a].

Definition 5.2.4. If ψ is a quasi-psh function on a complex manifold X, the multiplier ideal sheaf
J pψq is the coherent analytic subsheaf of OX de�ned by

J pψqx :“ tf P OX,x; DU Q x,

ż

U

|f |2e´ψdλ ă `8u

where U is an open coordinate neighborhood of x, and dλ the standard Lebesgue measure in the corre-
sponding open chart of Cn. We say that the singularities of ψ are log canonical along the zero variety
Y :“ V pJ pψqq if J

`

p1´ εqψ
˘

æY
“ OXæY for every ε ą 0.

If ψ possesses both neat and log canonical singularities, it is easy to show that the zero scheme V pJ pY qq
is a reduced variety. In this case one can also associate in a natural way a measure dVY ˝,ωrψs on the set
Y ˝ :“ Y reg of regular points of Y as follows. If g P CcpY ˝q is a compactly supported continuous function on
Y ˝, and g̃ compactly supported extension of g to X, we set

ż

Y ˝
gdVY ˝,ωrψs :“ lim sup

tÑ´8

ż

xPX,tăψpxqăt`1

g̃pxqdVX,ω.(5.2.3)

Here ω is a Kähler metric on X, and dVX,ω “
ωm

m! . In [Dem15a] Demailly proved that the limit does not
depend on the continuous extension g̃, and one gets in this way a measure with smooth positive density with
respect to the Lebesgue measure, at least on an (analytic) Zariski open set in Y ˝.

We are ready to recall the Ohsawa-Takegoshi type extension Theorem by Demailly. We only need a
special case of his very general statement:

Theorem 5.2.3. (Demailly) Let X be a smooth projective manifold, and ω a Kähler metric on X. Let L
be a holomorphic line bundle equipped with a (singular) hermitian metric h on X, and let ψ : X Ñs´8,`8s
be a quasi-psh function on X with neat analytic singularities. Let Y be the analytic subvariety of X de�ned
by Y “ V pJ pY qq and assume that ψ has log canonical singularities along Y , so that Y is reduced. Finally,
assume that the curvature current

iΘL,h ` α
?
´1BBψ ě 0

for all α P r1, 1` δs and some δ ą 0. Then for every section s P H0
`

Y ˝, pKX b LqæY ˝
˘

on Y ˝ :“ Y reg such
that

ż

Y ˝
|s|2ω,hdVY ˝,ωrψs ă `8,
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there is an extension of S P H0pX,KX b Lq whose restriction to Y ˝ is equal to s, such that
ż

X

γpδψq|S|2ω,he
´ψdVX,ω ď

34

δ

ż

Y ˝
|s|2ω,hdVY ˝,ωrψs.

Here we set

γ “

$

&

%

e´
x
2 if x ě 0,

1

1` x2
if x ă 0.

A direct consequence of Theorem 5.2.3 is the following extension theorem for �brations:

Corollary 5.2.1. Let f : X Ñ Y be a surjective morphism between smooth manifolds. For any ample
line bundle L on Y , any regular value y of f , if the Seshadri constant of L satis�es that

εpL, yq ą dimpY q “ n,(5.2.4)

then for any pseudo-e�ective line bundle L1 over X with a singular hermitian metric h such that ΘL1,h ě 0,
and the restriction of h to Xy is not identically zero, any section s of

H0
`

Xy, pKX b f
˚Lb L1qæXy bJ phæXy q

˘

.

can always be extended to a global one

S P H0
`

X,KX b f
˚Lb L1

˘

with certain L2 estimates which do not depend on L1.

Proof. Since L is ample over Y , one can �nd a smooth hermitian metric h0 on L with the curvature
form iΘL,h0 ě ω, where ω is some Kähler form on Y .

By the lower bound of Seshadri constant εpL, yq ą n, we can �nd a global quasi-psh function ϕ with
neat singularities on Y such that

(a) iΘL,h0
`
?
´1BBϕ ě 0;

(b) ϕ is smooth outside y;
(c) on a neighborhood W of y, we have

ϕ “ p1` δqn log
ÿ

|z ´ y|2 ` wpzq

where δ ą 0 and wpzq P C8pW q with wpyq “ 0

Now set ψ :“ 1
1`δϕ ˝ f , which is a quasi-psh function with neat singularities on X. Moreover, since y is the

regular value of f , the inverse image Xy :“ f´1tyu is a closed smooth submanifold of codimension n in X,
and the multiplier ideal sheaf

J pψq “J pIxnyXy
q “ IXy .

Here IxnyXy
is the ideal sheaf consisting of germs of functions that have multiplicity ě n at a general point of

Xy:

IxnyXy
:“ tf P OX | ordxpfq ě n for a general point x P Xu.

Thus J pψq has log canonical singularities, and we have

iΘL1,h ` iΘf˚L,f˚h0
` α

?
´1BBψ ě 0

for all α P r1, 1` δs. Then for any section s of

H0
`

Xy, pKX b f
˚Lb L1qæXy bJ phæXy q

˘

,

we can apply Theorem 5.2.3 to extend s to a global section

S P H0
`

X,KX b f
˚Lb L1 bJ phq

˘

such that
ż

X

γpδψq|S|2ω,f˚h0h1
e´ψdVX,ω ď

34

δ

ż

Xy

|s|2ω,f˚h0h1
dVXy,ωrψs.

Assume that dimpXq “ m ` n. From (5.2.3) one can then check that dVXy,ωrψs is the smooth measure
supported on Xy, such that

dVXy,ωrψs “ C0

ωmæXy
m!

,
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where C0 is some contant depending only on m,n. Since δ depends only on εpL, yq, write C :“ 34
δ C0 which

does not depend on L1. We thus obtain
ż

X

γpδψq|S|2ω,f˚h0h1
e´ψdVX,ω ď C0

ż

Xy

|s|2ω,f˚h0h1

ωmæXy
m!

,(5.2.5)

where the L2 estimate does not depend on L1. �

5.2.3. The Extension Theorem for Twisted Pluricanonical Bundles. We recall the following
twisted pluricanonical extension theorem, which was inspired by that used by J. Cao to prove the local triv-
iality of Albanese maps of projective manifolds with nef anticanonical bundles [Cao16]. It is a consequence
of [BP08, Section A.2].

Theorem 5.2.4. Let Y be a n-dimensional projective manifold and let AY be any line bundle on Y such
that the di�erence AY ´KY is an ample line bundle. Let f : X Ñ Y be a surjective morphism from a smooth
projective manifold X to Y and L be a pseudo-e�ective line bundle on X with a possible singular metric hL
such that

iΘhLpLq ě 0.

Assume that for some regular value z, we have

(i) all the sections of the bundle mKXz ` L extend near z,

(ii) H0
`

Xz, pmKXz ` LæXz q bJ ph
1
m

LæXz
q
˘

‰ H.

Then for y P Y such that

(a) y is the regular value of f ,
(b) the Seshadri constant εpAY ´KY , yq ą n,

the restriction map

H0pX,mKX{Y ` L` f
˚AY q Ñ H0

`

Xy, pmKXy ` LæXy q bJ ph
1
m

LæXy
q
˘

is surjective. In particular, the choice of AY depends only on Y and is independent of f, L,m.

Proof. Thanks to [BP10, A.2.1], the conditions (i) and (ii) imply that there exists a m-relative
Bergman type metric hm,B on mKX{Y ` L with respect to hL such that iΘhm,B pmKX{Y ` Lq ě 0. Thus

h :“ m´1
m hm,B `

1
mhL de�nes a possible singular metric on

rL :“
m´ 1

m
pmKX{Y ` Lq `

1

m
L “ pm´ 1qKX{Y ` L,

with iΘhprLq ě 0.

Take any s P H0
`

Xy, pmKXy ` LæXy q bJ ph
1
m

LæXy
q
˘

, by the construction of the m-relative Bergman

kernel metric, |s|2hm,B is C 0-bounded. Then we see that
ż

Xy

|s|2ω,hdVXy,ω “

ż

Xy

|s|
2pm´1q
m

hm,B
|s|

2
m

ω,h
1
m
L

dVXy,ω

ď C

ż

Xy

|s|
2
m

ω,h
1
m
L

dVXy,ω ă `8.

We then can apply Corollary 5.2.1 to KX ` rL ` f˚pAY ´KY q, to extend s to a section in H0pX,KX{Y `

rL` f˚AY q. In conclusion, the restriction

H0pX,mKX{Y ` L` f
˚AY q Ñ H0

`

Xy, pmKXy ` LæXy q bJ ph
1
m

LæXy
q
˘

is surjective and the theorem is proved. �

5.3. On the Conjecture of Popa and Schnell

Let f : X Ñ Y be the surjective morphism between smooth projective manifolds, and let L be an ample
line bundle on Y with a smooth hermitian metric h0 such that the curvature form iΘh0 ě ω for some Kähler
metric ω on Y . Assume that dimpY q “ n and dimpXq “ m` n. Fix any point y on Y which is the regular
value of f . Take any positive real number ν such that

εpL, yq ą
1

ν
.

Then we have

εprnνsL, yq ą n.
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Set L̃ :“ rnνsf˚L with the smooth hermitian metric h̃ :“ f˚h
rnνs

0 , then we can restate Corollary 5.2.1 in the
following variant form:

Proposition 5.3.1. There is a globally de�ned quasi-psh function ψ0 de�ned over X and a positive
number δ such that, for any pseudo-e�ective line bundle L1 equipped with the possible singular hermitian
metric h1, whose curvature current iΘL1,h1

ě 0 and h1 is not identically zero when restricted on Xy, for any
section

s P H0
`

Xy, pKX b L̃b L1qæXy bJ ph1æXy q
˘

,

there is a global section

S P H0pX,KX b L̃b L1q

whose restriction to Xy is s, such that
ż

X

γpδψ0q|S|
2
ω,h̃h1

e´ψ0dVX,ω ď C

ż

Xy

|s|2
ω,h̃h1

dVXy,ω.

Here dVXy,ω :“
ωmæXy
m! , and C is some constant which does not depend on L1.

Thus from Proposition 5.3.1, if we set L1 to be the trivial bundle on X, we see that the following
morphism

H0pX,KX b f
˚Lbrnνsq Ñ H0

`

Xy, pKX b f
˚LbrnνsqæXy

˘

is always surjective. As one can take ν to be arbitrary close to 1
εpL,yq so that rnνs “

Y

n
εpL,yq

]

` 1, we see that

the direct image f˚KX b Lbt
n

εpL,yq u`1 is generated by global sections at y. Since y is an arbitrary regular
value of f , we thus prove Theorem O for k “ 1. In order to prove the theorem for any k ě 2, we need to
apply the techniques in proving Siu's invariance of plurigenera [Siu97] by P un [Pau07].

Proof. (Proof of Theorem O) Fix any k ě 2 and any σ P H0
`

Xy, kpKX ` L̃qæXy
˘

. We want to �nd a

global section Σ P H0
`

X, kpKX ` L̃q
˘

whose restriction to Xy is σ.

Choose a very ample line bundle A on X such that for every r “ 0, . . . , k ´ 1, the line bundle F0,r :“

rpKX ` L̃q `A is globally generated by sections

tu
p0,rq
j uj“1,...,Nr Ă H0pX,F0,rq.

We then de�ne inductively a sequence of line bundles

Fq,r :“ pqk ` rqpKX ` L̃q `A

for any q ě 0, and 0 ď r ď k ´ 1. By constructions we have

(5.3.1)

#

Fq,r`1 “ KX ` Fq,r ` L̃ if r ă k ´ 1,

Fq`1,0 “ KX ` Fq,k´1 ` L̃ if r “ k ´ 1.

We are going to construct inductively families of sections, say tu
pq,rq
j uj“1,...,Nr , of Fq,r over X, together

with ad hoc L2 estimates, such that each u
pq,rq
j is an extension of v

pq,rq
j , where we set

v
pq,rq
j :“ σqu

p0,rq
jæXy

P H0pX,Fq,rq.

Now, by induction, assume that such tu
pq,rq
j uj“1,...,Nr above can be constructed. Then Fp,r can be

equipped with a natural singular hermitian metric hq,r de�ned by

|ξ|2hq,r :“
|ξ|2

řNr
j“1 |u

pq,rq
j |2

,

such that iΘhq,r ě 0. Let hKX be the smooth hermitian metric of the canonical bundle KX induced by

the volume form dVX,ω, and set ĥ :“ hKX h̃ to be the smooth metric on KX ` L̃, then by construction the
pointwise norm with respect to the metric hq,r is

(5.3.2)

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

|v
pq,r`1q
j |2

ω,hq,rh̃
“
|v
p0,r`1q
j |2

ĥr`1hA
řNr
i“1 |v

p0,rq
i |2

ĥrhA

if r ă k ´ 1,

|v
pq`1,0q
j |2

ω,hq,rh̃
“

|σ|ĥk |v
p0,0q
j |2hA

řNr
j“1 |v

p0,rq
i |2

ĥk´1hA

if r “ k ´ 1.
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where hA is a smooth hermitian metric on A with strictly positive curvature. Since the sections tv
p0,rq
i ui“1,Nr

generates F0,ræXy , there is a constant C1 ą 0 such that (5.3.2) is uniformly C 0 bounded above by C1. From

(5.3.1), it then follows from Proposition 5.3.1 that one can extend v
pq,r`1q
j (or v

pq`1,0q
j if r “ k ´ 1) into a

section u
pq,r`1q
j (u

pq`1,0q
j respectively) over X such that

(5.3.3)

$

’

’

’

’

’

&

’

’

’

’

’

%

ż

X

γpδψ0qe
´ψ0

Nr`1
ÿ

j“1

|u
pq,r`1q
j |2

ω,hq,rh̃
dVX,ω ď C2 if r ă k ´ 1,

ż

X

γpδψ0qe
´ψ0

N0
ÿ

j“1

|u
pq`1,0q
j |2

ω,hq,rh̃
dVX,ω ď C2 if r “ k ´ 1.

for some uniform constant C2. From (5.3.2), (5.3.3) is equivalent to

(5.3.4)

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

ż

X

γpδψ0qe
´ψ0

řNr`1

i“1 |u
pq,r`1q
i |2

ĥqk`r`1hA
řNr
i“1 |u

pq,rq
i |2

ĥqk`rhA

dVX,ω ď C2 if r ă k ´ 1,

ż

X

γpδψ0qe
´ψ0

řN0

i“1 |u
pq,r`1q
i |2

ĥqk`khA
řNr
i“1 |u

pq,rq
i |2

ĥqk`k´1hA

dVX,ω ď C2 if r “ k ´ 1.

Let us denote by

aqk`rpxq :“
Nr
ÿ

i“1

|u
pq,rq
i |ĥqk`rhA

,

which is a quasi-psh and bounded non-negative smooth function on X. By the integrability of log γpδψ0q

and ψ0 with respect to the standard Lebesgue measure over X, combined with the concavity property of the
logarithmic function as well as the Jensen inequality, we can �nd some constant C3 and C4 such that

ż

X

log
al
al´1

dVX,ω ď C3 ´

ż

X

log γpδψ0qdVX,ω `

ż

X

ψ0dVX,ω ď C4(5.3.5)

for any l ě 1. Since a1pxq is a bounded smooth function on X, we can also �nd a constant C5 ě C4 such
that

ż

X

log a1dVX,ω ď C5.

Combined these inequalities together we obtain
ż

X

log al
l

dVX,ω ď C5

for any l ě 1. Set fq :“
log aqk
q , and we have the following properties:

(a) for any q ě 1, we have
ż

X

fqdVX,ω ď C5;

(b) the inequality

kΘĥpKX ` L̃q `
?
´1BBfq ě ´

1

q
ΘhApAq

holds true in the sense of currents on X;
(c) on Xy the following equality is satis�ed

fqæXy “ log |σ|2
ĥk
` a0pxqæXy

where a0pxq “ log
řN0

i“1 |u
p0,0q
i |hA is a smooth function on X.

By the mean value inequality for the psh functions, as a consequence of the properties (a) and (b), one
can show the existence of a uniform upper bound for the functions fq over X. Thus the sequence fqpzq
must have some subsequence which converges in L1 topology on X to the potential f8, in the form of the
regularized limit

f8pzq :“ lim sup
ζÑz

lim
qνÑ`8

fqν pζq,

which satis�es
kΘĥpKX ` L̃q `

?
´1BBf8 ě 0

as a current on X. Moreover, by Property (c) f8 is not identically ´8 on Xy, as well as

f8 ě log |σ|2
ĥk
` Op1q(5.3.6)
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pointwise on Xy.
Now we construct a singular hermitian metric h8 on pk ´ 1qpKX ` Lq de�ned by

h8 :“ ĥk´1e´
k´1
k f8 .

Then Θh8

`

pk ´ 1qpKX ` L̃q
˘

ě 0. Write kpKX ` Lq “ KX ` pk ´ 1qpKX ` L̃q ` L̃, where pk ´ 1qpKX ` L̃q
is equipped with the singular hermitian metric h8. Since

|σ|2
ω,h̃h8

“ |σ|2
ĥh8

“ |σ|
2pk´1q
k

h8
¨ |σ|

2
k

ĥ

which is C 0 bounded, we then can apply Proposition 5.3.1 to extend σ to a global section Σ P H0pX, kpKX`

L̃qq.
In conclusion, for any regular value y of the morphism f , the following morphism

H0pX,KbkX b f˚Lblq Ñ H0
`

Xy, pK
bk
X b f˚LblqæXy

˘

is always surjective for any l ą n
εpL,yq . Thus Theorem O is proved. �

In order to improve the above quadratic bound to linear, we need to apply the twisted pluricanonical
extension theorem in Section 5.2.3 instead. First, we recall the following result arising from birational
geometry:

Theorem 5.3.1. Let L be an ample line bundle over a projective n-fold Y , then the adjoint line bundle
KY ` pn` 1qL is semi-ample.

Based on the Mori theory, one observes that n ` 1 is the maximal length of extremal rays of smooth
projective n-folds, which shows that KY ` pn ` 1qL is nef. By the base-point-free theorem, one can even
show that KY ` pn` 1qL is semiample. In his work on the Fujita conjecture [Dem96], Demailly also gave
an analytic proof for the fact that KY ` pn` 1qL is nef.

Proof. (Proof of Theorem Q) By Theorem 5.2.2, the Seshadri constant

ε
`

pn2 ` 1qL, y
˘

ą n

for a generic y P Y . From Theorem 5.3.1, we see that KY ` pn ` 1qL can be equipped with a smooth
hermitian metric h with semi-positive curvature. Applying Theorem 5.2.4, we see that for any m ě 1, the
restriction map

H0
´

X,mKX{Y ` pm´ 1qf˚
`

KY ` pn` 1qL
˘

` f˚
`

KY ` pn
2 ` 1qL

˘

¯

Ñ H0pXy,mKXæXy q

is surjective for a generic y in Y . In other words, for any k ě 1 and any l ě kpn ` 1q ` n2 ´ n, the direct
image

f˚pK
bk
X q b Lbl

is generated by global sections at the generic points of Y . This completes the proof of Theorem Q. �

5.4. On a Question of Demailly-Peternell-Schneider

In this section, we prove Theorem R and thus give an a�rmative answer to Problem 5.1.1 in the case
that both X and Y are smooth manifolds.

Proof. (Proof of Theorem R) Take a su�cient ample line bundle AX on X such that AX`D is ample,
and the direct image f˚pAXq is a torsion free coherent sheaf which is not only locally free but also globally
generated over the Zariski open set X˝ :“ Xzf´1pZq. Then f˚pAXq is locally free outside a subvariety
W Ă Z of codimension at least 2. Set r to be the generic rank of f˚pAXq, and denote by

det f˚pAXq :“ ^rf˚pAXq
‹‹

to be the bidual of ^rf˚pAXq which is an invertible sheaf over Y , then there is coherent ideal sheaf I
supported on W such that

^rf˚pAXq “ det f˚pAXq b I.
Take a smooth hermitian metric h on AX ` D such that iΘh ě 3ω for some Kähler metric ω. Let us
also choose a very ample line bundle AY on Y such that AY ´ KY generates n ` 1 jets everywhere and
AY ` det f˚pAXq is also an ample line bundle on Y . In particular, the Seshadri constant εpAY ´KY , yq ą n
for any y.

By the de�nition of non-nef locus, for any pseudo-e�ective line bundle E on X, we have

B´pEq “
ď

mPN

č

kPN
BspkAX ` kmEq.
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Equivalently, in [BDPP13], it is shown that

B´pEq “
ď

mPN

č

T

E`pT q,

where T runs over the set c1pEqr´
1
mωs of all closed real p1, 1q-currents T P c1pEq such that T ě ´ 1

mω, and
E`pT q denotes the locus where the Lelong numbers of T are strictly positive. By [Bou02], there is always
a current Tmin,m which achieves minimum singularities and minimum Lelong numbers among all members
of c1pEqr´

1
mωs hence

B´pEq “
ď

mPN
E`pTmin,mq.

By Demailly's regularization theorem in [Dem92b], for every m P N, we can �nd a closed (1,1)-current
Tm P c1pEq with neat singularities such that Tm ě ´

2
mω, and

E`pTmin,2mq Ă E`pTmq Ă E`pTmin,mq.

Equivalently, there exists a singular hermitian metric h̃m on E with neat singularities, such that the curvature
current

iΘh̃m
“ Tm ě ´

2

m
ω.

Set E :“ ´pKX `Dq ´ f
˚∆. Since B´

`

´ pKX `Dq ´ f
˚∆

˘

does not project onto Y , thus for any m P N,
Zm :“ f

`

E`pTmq
˘

is a proper subvariety of Y , and the singular hermitian metric h̃bmm h on ´mpKX `Dq ´

mf˚∆`AX `D is smooth on Xzf´1pZmq.

For the Q-e�ective divisor D “
řt
i“1 aiDi, there is a canonical singular hermitian metric hD de�ned on

D, with the local weight

ϕD “
t
ÿ

i“1

ai log |gi|,

where gi P ΓpU,OU q is a holomorphic function locally de�ning Di on some open set U Ă X. Therefore, the
curvature current

iΘhD “ rDs ě 0,

and thus hD is a singular hermitian metric with neat singularities.
Recall that ZD is denoted to be the minimal set containing Z, such that for every y R ZD, the pair

pXy, DæXy q is also lc. Here we denote by Xy :“ f´1pyq. Since pX,Dq is lc, thus ZD is an at most countable
union of proper subvarieties of Y . Indeed, the set

Ym :“ ty R Z|pXy, p1´
1

m
qDæXy q is kltu

is an Zariski open set of Y . Therefore, we have

ZD “
8
ď

m“1

Y zYm.

Thus for the singular hermitian metric hm :“ h̃bmm hhbm´1
D on ´mKX ` AX ´mf˚∆, the multiplier ideal

sheaf

J ph
1
m

mæXy
q “J pp1´

1

m
qDæXy q “ OXy

for any y R Zm Y Y zYm. Moreover, the curvature current iΘhm ě ω.

By Theorem 5.2.4 applied with L “ ´mKX `AX ´mf
˚∆ equipped with the hermitian metric hm, the

restriction is surjective:

H0pX,mKX{Y ´mKX `AX ´mf
˚∆` f˚AY q Ñ H0pXy, AXæXy q

for any y R Zm Y Y zYm. In other words, the direct image sheaf

f˚
`

mKX{Y ´mKX `AX ´mf
˚∆` f˚AY

˘

“ p´KY ´∆qm bAY b f˚pAXq(5.4.1)

is generated by global sections over YmzZm, and by the assumption that f˚pAXq is locally free over Y zZ,
we conclude that the top exterior power

^r
`

p´KY ´∆qm bAY b f˚pAXq
˘

“ p´KY ´∆qrm bArY b det f˚pAXq b I

is also generated by global sections over YmzZm. In particular, for every m P N, the base locus

Bs
`

p´KY ´∆qrm bArY b det f˚pAXq
˘

Ă Zm
ď

Y zYm.(5.4.2)
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By our choice of AY , rAY `det f˚pAXq is an ample line bundle on Y , thus let m tends to in�nity, we obtain
the pseudo-e�ectivity of ´KY ´∆. Moreover, from (5.4.2) we see that the non-nef locus

B´p´KY ´∆q Ă
8
ď

m“1

Zm
ď

Y zYm “ f
`

B´p´KX ´D ´ f
˚∆q

˘

ď

ZD.

Hence Theorem R is proved. �

If f is a smooth �bration, SupppDq is a simple normal crossing divisor, and SupppDq is relatively normal
crossing over Y , then the condition that pX,Dq is lc implies that pXy, DæXy q is also lc for every y P Y . Thus
ZD “ H. If ´KX´D´f

˚∆ is nef, then B´p´KX´D´f
˚∆q “ H. Thus from Theorem R, B´p´KY ´∆q

is also empty which implies that ´KY ´∆ is nef. This completes our proof of Theorem 5.1.3.
By setting D “ 0 and ∆ “ 0 in Theorem 5.1.3, the following theorem by Miyaoka is a direct consequence.

Theorem 5.4.1. (Miyaoka) Let f : X Ñ Y be a smooth morphism between smooth projective manifolds
X and Y . If ´KX is nef, then so is ´KY .

Remark 5.4.1. The original proof of Miyaoka [Miy93] relies on the mod p reduction arguments. There
is also another Hodge theoretic proof by Fujino and Gongyo without using the mod p reduction arguments
[FG14].

Remark 5.4.2. In [BBP13], for any pseudo-e�ective line bundle L, B´pLq is called restricted base
locus of L, and the non-nef locus NNefpLq [BBP13, De�nition 1.7] is de�ned in terms of the asymptotic or
numerical vanishing orders attached to |L|. If the underlying projective variety X is smooth, then we have

B´pLq “ NNefpLq.

Since in this chapter we always assume that X and Y are smooth projective manifolds, we do not distinguish
these two equivalent objects.

Remark 5.4.3. In [CZ13], M. Chen and Q. Zhang proved the similar result that, for the surjective
morphism from the log canonical pair pX,Dq onto a Q-Gorenstein variety Y , if ´pKX`Dq is nef, then ´KY

is pseudo-e�ective. In a very recent preprint [Ou17], W. Ou extended the theorem by Chen-Zhang to the
rational dominant maps, which was a crucial step in his proof of the generic nefness conjecture for tangent
sheaves by T. Peternell [Pet12, Conjecture 1.5].

5.5. On the Inheritance of the Image

5.5.1. On the Images of Weak KLT Fano Manifolds. One says that a projective manifold X is
weak Fano if ´KX is big and nef. In the series of articles [FG12] and [FG14], Fujino and Gongyo studied
the image of weak Fano manifolds. They proved the following theorem:

Theorem 5.5.1. (Fujino-Gongyo) Let f : X Ñ Y be a smooth �bration between two smooth manifolds
X and Y . If X is weak Fano, then so is Y .

In this section, we are going to prove a more general theorem as follows:

Theorem 5.5.2. Let f : X Ñ Y be a surjective morphism between two smooth manifolds X and Y . Let
D be an e�ective Q-divisor such that pX,Dq is klt. Let ∆ be a (not necessarily e�ective) Q-divisor on Y . If
´KX ´D´ f

˚∆ is big and its non-nef locus B´p´KX ´D´ f
˚∆q does not project onto Y , then ´KY ´∆

is big.

Proof. Take a very ample line bundle AY over Y such that AY generates n` 1 jets everywhere. Since
´KX ´D´ f

˚∆ is big, we can �nd a positive integer a such that ´apKX `D` f
˚∆q´ 2f˚AY is e�ective.

Fix any e�ective divisor E P |´apKX `D`f
˚∆q´2f˚AY |. Since pX,Dq is klt, then there exists a positive

integer m ą a such that the multiplier ideal sheaf

J p
1

m´ 1
EæXy q “J p

m

m´ 1
DæXy q “ OXy(5.5.1)

for the generic �ber Xy. We can also �nd a singular hermitian metric h1 with neat singularities on ´pm2 ´

aqpKX `D ` f˚∆q such that iΘh1
ě ω̃ for some Kähler metric ω̃ on X. Take some small rational number

ε ą 0 such that J phε1æXy q “ OXy for the generic �ber Xy.

On the other hand, since the non-nef locus B´p´KX´D´f
˚∆q does not project onto Y , from the proof

of Theorem R in Section 5.4, we can �nd a singular hermitian metric hε over ´pm
2´aqpKX`D`f

˚∆q with
neat singularities, such that iΘhε ě ´εω̃ and the singularities of hε does not project onto Y . Set h :“ hε1h

1´ε
ε
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which is also a hermitian metric on ´pm2 ´ aqpKX `D` f
˚∆q, then we have iΘh ě ε2ω̃ and the multiplier

ideal sheaf

J phæXy q “ OXy(5.5.2)

for the generic �ber Xy.
Take a generic �berXy of f such that y is the regular value of f , and both (5.5.1) and (5.5.2) are satis�ed.

We equip the line bundle ´m2pKX `D ` f
˚∆q ´ 2f˚AY `m

2D with the singular hermitian metric h0 :“

hEhh
bm2

D , where hE (resp. hD) is the tautological singular hermitian metric on ´apKX`D`f
˚∆q´2f˚AY

( resp. D) induced by the e�ective divisor E (resp. D), such that

iΘhE “ rEsp resp. iΘhD “ rDsq.

Then we claim that the multiplier ideal sheaf J ph
1
m2

0æXy
q “ OXy . Indeed, for any s P OXy,z, let ϕE , ϕD and

ϕ be the weights of the metric hE , hD and h on a small neighborhood U Ă Xy of a point z P Xy. Then by
the Hölder inequality we have

ż

U

|s|2e´
ϕE`ϕ

m2 `ϕD ď p

ż

U

|s|2e´ϕq
1
m2 ¨ p

ż

U

|s|2e´
ϕE
m´1 q

m´1

m2 ¨ p

ż

U

|s|2e´
m
m´1ϕD q

m´1
m ă `8.

Here we use the conditions (5.5.1) and (5.5.2). By applying Theorem 5.2.4 with L “ ´m2pKX ` f˚∆q ´
2f˚AY endowed with the singular hermitian metric h0, we obtained the desired surjectivity:

H0
`

X,m2KX{Y ` p´m
2KX ´m

2f˚∆´ 2f˚AY q ` f
˚AY

˘

Ñ H0
`

Xy, f
˚p´m2KY ´m

2∆´AY qæXy
˘

“ Cl,
where l is the number of the connected components of Xy. In particular, we have the non-vanishing

H0
`

X, f˚p´m2KY ´m
2∆´AY q

˘

‰ 0.

Now we claim that ´m2KY ´m2∆ ´ AY is a pseudo-e�ective line bundle over Y . Indeed, we �rst take a
stein factorization of f

X
f 1

ÝÑ Y 1
p
ÝÑ Y,

where p : Y 1 Ñ Y is a �nite surjective morphism and the morphism f 1 : X Ñ Y 1 has connected �bers. Then
we have an isomorphism

f 1˚ : H0
`

X, f˚p´m2KY ´m
2∆´AY q

˘ –
ÝÑ H0

`

Y 1, p˚p´m2KY ´m
2∆´AY q

˘

,

which implies that the line bundle p˚p´m2KY ´m
2∆´AY q is e�ective. Since p : Y 1 Ñ Y is a �nite surjective

morphism, by a result of S. Boucksom [Bou02, Proposition 4.2], ´m2KY ´m
2∆´AY is a pseudo-e�ective

line bundle, which also shows that ´KY ´∆ is big. �

Therefore, we can extend Theorem 5.5.1 to the weak klt Fano cases:

Proof of Theorem T. Sicen f is a smooth �bration, pX,Dq is klt, and pXy, DæXy q is also klt for
every y P Y , from the very de�nition of ZD in Theorem R we see that ZD “ H. By the nefness of
´pKX `Dq ´ f

˚∆, the set
B´

`

´ pKX `Dq ´ f
˚∆

˘

“ H.

Thus from Theorem R we conclude that ´KY ´∆ is nef. The bigness of ´KY ´∆ follows from Theorem
T directly. This completes the proof. �

By setting D “ 0 and ∆ “ 0 in Theorem T, we obtain Theorem 5.5.1 directly.

Remark 5.5.1. If we only assume that ´KX is big, then the following example given in [FG12] shows
that, even if f is smooth, ´KY is not big.

Example 5.1. Let E Ă P2 be a smooth cubic curve. Consider f : X “ PEpOE ‘ OEp1qq Ñ E “ Y .
Then, we see that ´KX is big. However, ´KY is not big since E is a smooth elliptic curve.

It is noticeable that, in [Pau12] S. Boucksom pointed out that the following theorem, which is a special
case of Theorem 1.2 in [Ber09], implies [FG12, Theorem 4.1] or [KMM92, Corollary 2.9]:

Theorem 5.5.3. (Boucksom-P un) Let f : X Ñ Y be a smooth �bration between two smooth manifolds.
If ´KX is semi-positive (strictly positive), then ´KY is semi-positive (strictly positive).

Finally, let us mention that, in [FG12], the authors raised the following conjecture, which was solved
very recently by C. Birkar and Y. Chen [BC16]:

Theorem 5.5.4. (Fujino-Gongyo, Birkar-Chen) Let f : X Ñ Y be a smooth �bration between two
smooth projective manifolds. If ´KX is semi-ample, then so is ´KY .
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The proof in [BC16] relies on very deep consequences of the minimal model program in birational
geometry and of Hodge theory. It is an interesting question to know whether we can use pure analytic
methods to give a new proof of this theorem.

5.5.2. On the Rational Connectedness of the Image. By Mori's bend-and-break, Fano varieties
are uniruled; in fact by [Cam92,KMM92] a stronger result holds: the projective Fano variety is rationally
connected. Later on Q. Zhang and Hacon-McKernan proved that the same conclusion holds for a klt
pair pX,Dq such that ´pKX ` Dq is big and nef [Zha06,HM07]. This was generalized by Broustet and
Pacienza [BrP11, Theorem 1.2], who proved that a klt pair pX,Dq with ´pKX ` Dq big is rationally
connected modulo the non-nef locus of ´pKX ` Dq, that is, there exists an irreducible component V of
B´

`

´ pKX `Dq
˘

such that for any general point x of X there exists a rational curve Rx passing through
X and intersecting V . Moreover, they also proved the following result for the image:

Theorem 5.5.5. (Broustet-Pacienza) Let pX,Dq be a klt pair such that ´pKX ` Dq is big. Let f :
X 99K Y be a dominant rational map with connected �bers such that the non-nef locus of ´pKX `Dq does
not dominate Y , then Y is uniruled.

In this subsection, we will re�ne their results in a more general setting. First, we need to extend Theorem
5.5.2 to surjective morphisms between singular varieties.

Theorem 5.5.6. Let X be a normal projective variety and D an e�ective Q-divisor on X such that
KX `D is Q-Cartier. Let Y be a normal and Q-Gorenstein projective variety. If f : X Ñ Y is a surjective
morphism such that ´pKX `Dq is big and the restriction of f to NNefp´KX ´Dq

Ť

NkltpX,Dq does not
dominate Y , then ´KY is also big.

Proof. Let p : Y 1 Ñ Y be a log-resolution of singularities of Y . Let π : X 1 Ñ X be a log resolution
of pX,Dq, such that the induced rational map f 1 : X 1 Ñ Y 1 is in fact a morphism. We have the following
commutative diagram:

X 1

f 1

��

g

  

π // X

f

��
Y 1

p // Y.

Let D1 be an e�ective Q-divisor on X 1 such that π˚pD
1q “ D and KX1 ` D1 “ π˚pKX ` Dq ` F , with F

e�ective and not having common components with D1. Note that

π
`

NkltpX 1, D1q
˘

Ă NkltpX,Dq.

By [BBP13, Lemma 2.6], we also have

π
´

NNef
`

´ π˚pKX `Dq
˘

¯

Ă NNef
`

´ pKX `Dq
˘

.

Thus by the assumption of the theorem, we have

g
`

NNefp´KX1 ´D
1 ` F q

ď

NkltpX 1, D1q
˘

Ĺ Y(5.5.3)

Take a very ample line bundle AY over Y such that AY generates n ` 1 jets everywhere. We can take an
ample line AY 1 :“ p˚AY ´E

1 over Y 1, where EY “
ř

j cjE
1
j 's are exceptional divisors of p. Since ´KX ´D

is big, so is ´KX1 ´D
1 ` F , and we can �nd a positive integer a such that ´apKX1 `D

1 ´ F q ´ 2g˚AY is
e�ective. Fix any e�ective divisor E P |´apKX1 `D

1´F q´2g˚AY |. By (5.5.3), then there exists a positive
integer m ą a such that the multiplier ideal sheaf

J p
1

m´ 1
EæX1y q “J p

m

m´ 1
D1æX1y q “ OX1y(5.5.4)

for the generic (smooth) �ber X 1y of g “ p ˝ f 1. We can also �nd a singular hermitian metric h1 with neat

singularities on ´pm2´ aqp´KX1 ´D
1`F q such that iΘh1

ě ω̃ for some Kähler metric ω̃ on X 1. Take some
small rational number ε ą 0 such that J phε1æX1y q “ OX1y for the generic �ber X 1y.

On the other hand, from (5.5.3) the non-nef locus NNefp´KX1´D
1`F q does not project onto Y , from the

proof of Theorem R in Section 5.4, we can �nd a singular hermitian metric hε over ´pm
2´aqpKX1`D

1´F q
with neat singularities, such that iΘhε ě ´εω̃ and the singularities of hε does not project onto Y . Set
h :“ hε1h

1´ε
ε which is also a hermitian metric on ´pm2´ aqpKX1 `D

1´F q, then we have iΘh ě ε2ω̃ and the
multiplier ideal sheaf

J phæX1y q “ OX1y(5.5.5)

for the generic �ber X 1y of g : X 1 Ñ Y .
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Take a generic y P Y reg such that the �ber X 1y of g is reduced and smooth, and both (5.5.4) and

(5.5.5) are satis�ed. We equip the line bundle ´m2pKX1 ` D1 ´ F q ´ 2g˚AY ` m2D1 with the singular

hermitian metric h0 :“ hEhh
bm2

D1 , where hE (resp. hD1) is the tautological singular hermitian metric on
´apKX1 `D

1 ´ F q ´ 2g˚AY ( resp. D) induced by the e�ective divisor E (resp. D), such that

iΘhE “ rEsp resp. iΘhD1 “ rDsq.

Then we claim that the multiplier ideal sheaf J ph
1
m2

0æX1y
q “ OX1y . Indeed, for any s P OX1y,z, let ϕE , ϕD1 and

ϕ be the weights of the metric hE , hD1 and h on a small neighborhood U Ă X 1y of a point z P X 1y. Then by
the Hölder inequality we have

ż

U

|s|2e´
ϕE`ϕ

m2 `ϕD1 ď p

ż

U

|s|2e´ϕq
1
m2 ¨ p

ż

U

|s|2e´
ϕE
m´1 q

m´1

m2 ¨ p

ż

U

|s|2e´
m
m´1ϕD1 q

m´1
m ă `8.

Here we use the conditions (5.5.1) and (5.5.2). By applying Theorem 5.2.4 to the surjective morphism
g : X 1 Ñ Y with L “ ´m2pKX1 ´ F q ´ 2g˚AY endowed with the singular hermitian metric h0, we obtained
the desired surjectivity:

H0
`

X 1,m2KX1{Y ` p´m
2KX1 ´ 2g˚AY `m

2F q ` g˚AY
˘

Ñ H0
`

X 1y, p´m
2g˚KY ´ g

˚AY `m
2F qæX1y

˘

‰ 0.

In particular, we have the non-vanishing

H0
`

X 1, g˚p´m2KY ´AY q `m
2F

˘

‰ 0.

Note that g “ f˝π. SinceX is normal with F the exceptional divisors of the birational morphism π : X 1 Ñ X,
we have the following isomorphism

H0
`

X 1, π˚f˚p´m2KY ´AY q `m
2F

˘ –
ÝÑ H0

`

X, f˚p´m2KY ´AY q
˘

.

Now we repeat the same proof of Theorem 5.5.2 to show that ´m2KY ´AY 1 is a pseudo-e�ective line bundle.
Thus ´KY is a big line bundle. �

Proof of Theorem U. The proof is more or less direct. By Theorem 5.5.6 we see that ´KY is big.
By Broustet-Pacienza's Theorem [BrP11, Theorem 1.2], Y is rationally connected modulo the non-nef locus
B´p´KY q. The theorem is thus proved. �
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A Remark on the Corlette-Simpson
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CHAPTER 6

Semi-stable Higgs Bundles with Vanishing Chern Classes

On Kähler Manifolds

6.1. Introduction

Recently, J. Cao proved the conjecture that, for any smooth projective manifold whose anticanonical
bundle is nef, the Albanese map of X is locally isotrivial [Cao17]. He applied an elegant criteria in [CH13]
for the local isotriviality of the �bration, relying on the deep results for the numerically �at vector bundles
(see De�nition 6.2.2 below) in [DPS94] and [Sim92]:

Theorem 6.1.1. Let E be a numerically �at vector bundle over a Kähler manifold X. Then

(i) [DPS94, Theorem 1.18] E admits a �ltration

t0u “ E0 Ă E1 Ă ¨ ¨ ¨ Ă Ep “ E(6.1.1)

by vector subbundles such that the quotients Ek{Ek´1 are hermitian �at, that is, given by unitary
representations π1pXq Ñ Uprkq. In particular, a vector bundle is numerically �at if and only if E is
semistable and all the Chern classes of E vanishes.

(ii) [Sim92, Section 3] E is a local system V , and the underlying holomorphic vector bundles of E and
V are the same; in the other word, any semistable vector bundle with vanishing Chern classes has a
holomorphic �at structure which is an extension of unitary �at bundles.

Moreover, in [Sim92], by introducing the notation of di�erential graded category [Sim92, Section 3], plus
the formality isomorphism [Sim92, Lemma 2.2], Simpson can extend the equivalence between the category of
polystable Higgs bundles with vanishing Chern classes and the category of semi-simple representations of the
fundamental groups, to extensions of irreducible objects on smooth projective manifolds [Sim92, Corollary
3.10].

The purpose of this chapter is to give a concrete and constructing proof of Simpson's correspondence
for semistable Higgs bundles, for the complex geometers who are not familiar with the language of category.

Theorem V. Let X be a compact Kähler manifold. Then the following statements are equivalent

(i) E is a �at vector bundle over X;
(ii) there is a structure of Higgs bundle pE, B, θq over E, such that it admits a �ltration of Higgs bundles

t0u “ pE0, θ0q Ă pE1, θ1q Ă . . . Ă pEm, θmq “ pE, θq

where θi :“ θ|Ei , such that the grade terms pEi, θiq{pEi´1, θi´1q are stable Higgs bundles with vanishing
Chern classes.

(iii) E is a semistable Higgs bundle with vanishing Chern classes;

Remark 6.1.1. In this chapter, we only (re)prove the equivalence between (i) and (ii) in Theorem V.
The implication (ii)ñ (iii) is trivial. To show that (iii) implies (ii), one only needs to prove that the Jordan-
Hölder �ltrations of the semistable Higgs bundles with vanishing Chern classes are still a �ltration of Higgs
bundles, rather than Higgs sheaves. In [DPS94], they proved this result for pure vector bundles, i.e. the
Higgs �elds θ vanish. In [Sim92, Theorem 2], ifX is projective, Simpson proved a slightly stronger result that
any re�exive semistable Higgs bundle with vanishing Chern classes is an extension of stable Higgs bundles
with vanishing Chern classes, by the similar arguments of Mehta-Ramanathan's work about restriction of
semistable sheaves to hyperplane sections. In a recent paper [NZ15], using the Yang-Mills-Higgs �ow to
construct the approximate Hermitian-Einstein structure for semistable Higgs bundles, combined with the
techniques in [DPS94], Y.-C. Nie and X. Zhang proved the implication (iii) ñ (ii).

In particular, we give a direct proof of Part (ii) in Theorem 6.1.1.

Theorem W. Let X be a compact Kähler manifold. Suppose that E be a numerically �at vector bundle
over X. Then the natural Gauss-Manin connection DE on E is compatible with the natural hermitian �at
connection on the quotient Ek{Ek´1 for every k “ 1, . . . , p, where Ek is the vector bundle appearing in the
�ltration (6.1.1).

111
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6.2. Technical Preliminaries

6.2.1. Higgs bundles. Let us recall the following de�nition of Higgs bundles and the stability.

Definition 6.2.1. Let X be a n-dimensional Kähler manifold with a �xed Kähler metric ω. A Higgs
bundle is a triple pE, BE , θq, where E is a smooth vector bundle on X, BE is a p0, 1q-connection satisfying

the integrability condition B
2

E “ 0, and θ is a map θ : E Ñ E bA1,0pX,Eq such that

pBE ` θq
2 “ 0.(6.2.1)

By Koszul-Malgrange theorem, BE gives rise to a holomorphic structure on E. Thus (6.2.1) is equivalent to
that

BEpθq “ 0, and θ ^ θ “ 0.

We say that a Higgs bundle pE, BE , θq is stable (resp. semistable) if for all θ-invariant torsin-free coherent
subsheaves F Ă E, say Higgs subsheaves of pF, θq, we have

µωpF q :“
c1pdetF q ¨ ωn´1

rankF
ă presp. ďq

c1pdetEq ¨ ωn´1

rankE
“: µωpEq

where detF “ p^rankFF q‹‹ is the determinant bundle of F , and we say that µωpF q is the slope of F with
respect to ω. A Higgs bundle pE, BE , θq is polystable if it is a direct sum of stable Higgs bundles with the
same slope.

For any Higgs bundle pE, θq over a Kähler manifold X, if h is a metric on E, set Dphq to be its Chern
connection with Dphq0,1 “ B. Consider furthermore the connection

Dh “ Dphq ` θ ` θ‹h,

where θ‹h is the adjoint of θ with respect to h, and let Fh denote its curvature. Then the metric h on pE, θq
is called Hermitian-Yang-Mills if

ΛFh “ µωpEq.

6.2.2. Higher Order Kähler Identities for Harmonic Bundles. Let pV,Dq is a �at bundle
with a metric h. Decompose D “ d1`d2 into connections of type p1, 0q and p0, 1q respectively. Let δ1 and δ2

be the unique p1, 0q and p0, 1q connections respectively, such that the connections δ1`d2 and d1`δ2 preserve
the metric K. Set

θ “
d1 ´ δ1

2
, B “

d2 ` δ2

2
, B “

d1 ` δ1

2
,(6.2.2)

then we can decompose the connection D into

D “ B ` θ ` B ` θ˚h ,

here θ˚h is the adjoint of θ with respect to h, and it is easy to verify that B ` B is also a metric connection.

In general, the triple pV, B, θq might not be a Higgs bundle.
However, since the hermitian metric h on V can be thought of as a map

Φh : X Ñ GLpn,Cq{Upnq,

a deep theorem by Siu-Sampson shows that, if Φh happens to be a harmonic map, then pV, B, θq is a Higgs
bundle. Such a metric on V is called harmonic metric, and we say that pV,D, hq is a harmonic bundle.

Suppose pE,D, hq is a harmonic bundle. We denote the harmonic decomposition

D2 “ B ` θ, D1 “ B ` θ˚h .(6.2.3)

De�ne the Laplacians

∆ “ DD˚ `D˚D

∆2 “ D2pD2q˚ ` pD2q˚D2

and similarly ∆1. Then by [Sim92, Section 2] we have

∆ “ 2∆1 “ 2∆2,(6.2.4)

and thus the spaces of harmonic forms with coe�cients in E are all the same, which are denoted by H ‚pEq.
We also have the following orthogonal decompositions of the space of E-valued forms with respect to the
L2-inner product:

AppEq “ H ppEq ‘ ImpDq ‘ ImpD˚q

“ H ppEq ‘ ImpD2q ‘ Im
`

pD2q˚
˘

“ H ppEq ‘ ImpD1q ‘ Im
`

pD1q˚
˘

.
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Then we also have the following BB-lemma for harmonic bundles [Sim92, Lemma 2.1]:

Lemma 6.2.1. (BB-lemma) If pE,D, hq is a harmonic bundle, then

KerpD1q XKerpD2q X
`

ImpD2q ` ImpD1q
˘

“ ImpD1D2q.(6.2.5)

We will de�ne the de Rham cohomology Hi
DRpX,Eq for the �at bundles. We identify E with the locally

constant sheaf of �at sections of E. Consider the sheaves of C8 di�erential forms with coe�cients in E:

E Ñ
`

A 0pEq
D
ÝÑ A 1pEq

D
ÝÑ . . .

˘

,

which are �ne, and thus the cohomologyHi
DRpX,Eq is naturally isomorphic to the cohomology of the complex

of global sections
`

A‚pEq, DE

˘

“ A0pEq
D
ÝÑ A1pEq

D
ÝÑ A2pEq

D
ÝÑ . . .

which we denote by HipX,Eq “ KerDE
ImDE

.

Let us recall the following famous Corlette-Simpson Correspondence:

Theorem 6.2.1. Let X be a compact Kähler manifold of dimension n.

(i) [Cor88,Don87] A �at bundle V has a harmonic metric if and only if it arises from a semisimple
representation of the fundamental group π1pXq.

(ii) [Sim88] A Higgs bundle E has a Hermitian-Yang-Mills metric if and only if it is polystable. Such a
metric is harmonic if and only if ch1pEq ¨ ω

n´1 “ ch2pEq ¨ ω
n´2 “ 0.

Then from Part (i) in Theorem 6.2.1 we see that, if the �at bundle arises from a semisimple representation
of the fundamental group π1pXq, there is a metric h on V such that the pair pB, θq constructed in (6.2.2) is
a Higgs bundle.

6.2.3. Numerically Flat Vector Bundle. Let E be a holomorphic vector bundle of rank r over
a compact complex manifold X. We denote by PpEq the projectivized bundle of hyperplanes of E and by
OEp1q the tautological line bundle over PpEq. Recall the following de�nition in [DPS94].

Definition 6.2.2. Let X be a compact complex manifold.

(i) We say that a line bundle L is nef, if for any ε ą 0, there exists a smooth hermitian metric hε on L
such that iΘhεpLq ě ´εω, where ω is a �xed Kähler metric on X.

(ii) A holomorphic vector bundle E is said to be nef if OPpEqp1q is nef over PpEq.
(iii) We say that a holomorphic vector bundle E is numerically �at if both E and its dual E‹ is nef.

From Part (i) in Theorem 6.1.1 we see that, a vector bundle E is numerically �at if and only if it is a
representation of π1pXq which is a successive extension of unitary representations.

6.3. Proofs of Main Theorems

Proof of Theorem V. Let ρ : π1pXq Ñ GLpn,Cq be the representation of the fundamental group
corresponding to the �at vector bundle E. After taking some conjugation, one can put the representation
in block upper triangular form

(6.3.1)

»

—

—

—

–

ρ1 ˚ . . . ˚

0 ρ2 . . . ˚

...
...

. . .
...

0 0 . . . ρm

fi

ffi

ffi

ffi

fl

such that for every i “ 1, . . . , r, ρi : π1pXq Ñ GLpri,Cq is an irreducible representations. Thus there is a
�ltration of �at vector bundles

t0u “ E0 Ă E1 Ă . . . Ă Em “ E

such that

(i) each Ei is invariant under the �at connection DE , that is, DEpEiq Ă Ei bA 1pXq;
(ii) the �at connection DE on E, when restricted to each Ei, induces also a �at connection Di on Ei;
(iii) the quotient connection Di on Qi :“ Ei{Ei´1 induced by DE is also �at, which corresponds to the

irreducible representation ρi : π1pXq Ñ GLpri,Cq.
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Thus by Corlette's Theorem (Theorem 6.2.1 (i)), we can �nd a (unique) harmonic metric hi such that
pQi, Di, hiq is an harmonic bundle. Thus for each i, there is a unique harmonic decomposition as (6.2.3)

D1i “ Bi ` θi, D2i “ Bi ` θ
˚
i ,(6.3.2)

where θ˚i is the adjoint of θi with respect to hi. Moreover, Qi cam be equipped with a Higgs bundle structure

pQi, Bi, θiq.
For simplicity we �rst consider the case that E is an extension of an irreducible representation by another

one, that is, m “ 2 and we have an exact sequence of �at vector bundles over X:

0 Ñ Q1 Ñ E Ñ Q2 Ñ 0,

and thus there is η P A1
`

X,HompQ2, Q1q
˘

such that DE is given by

DE “

„

D1 η
0 D2



.

We denote by D2,1 the corresponding �at connection on the bundle HompQ2, Q1q induced by D1 and D2.
Since both pQ1, D1, h1q and pQ2, D2, h2q are both harmonic bundles, so is

`

HompQ2, Q1q, D2,1, h1h
˚
2

˘

. Set
D12,1 and D

2
2,1 to be the harmonic decomposition of D2,1 as (6.2.3), and let ∆2,1 and ∆22,1 to be the Laplacians

of D2,1 and D22,1 respectively. Then by (6.2.4) we have

∆2,1 “ 2∆22,1.

Since D2
E “ 0, we have

D2,1pηq “ 0.

If there is another η1 P A1
`

X,HompQ2, Q1q
˘

such that η1 “ η `D2,1paq for some a P A0
`

X,HompQ2, Q1q
˘

,
then there exists a gauge transformation g P AutpEq such that

g ˝DE ˝ g
´1 “ DE `D2,1paq.(6.3.3)

Indeed, we can de�ne

(6.3.4) g “

„

1 ´a
0 1



,

and it is easy to show that g satis�es (6.3.3). Thus DE and DE `D2,1paq de�nes the same �at bundle as E.
In other words, tηu P H1

DR

`

X,HompQ2, Q1q
˘

is the extension class corresponding to E.
Take a harmonic representation η1 in the extension class tηu, then

∆2,1pη
1q “ 2∆12,1pη

1q,

in particular

D12,1pη
1q “ 0.(6.3.5)

Let η11 and η12 to be the p1, 0q and p0, 1q-part of η1 respectively. Set

BE :“

„

B1 η12
0 B2



,

and

θE :“

„

θ1 η11
0 θ2



,

then from (6.3.5) it is easy to see that pBE , θEq is a Higgs bundle over X, which is compatible with the Higgs
bundle structures pQi, Bi, θiq. We prove the theorem when m “ 2.

For general m ě 2, we will prove the theorem by inductions. Set ∇j :“ D1 ‘ . . . ‘ Dj to be the �at
connection on Q1 ‘ . . .‘Qj , and

∇1j :“ D11 ‘D
1
2 ‘ . . .‘D

1
j , ∇2j :“ D21 ‘D

2
2 ‘ . . .‘D

2
j ,

where Di “ D1i `D
2
i is the harmonic decomposition (6.3.2).

Then by induction, we can show that there is a �at connection D̃j on the smooth vector bundle Q1 ‘

. . .‘Qj of the following form

(6.3.6) D̃j “

»

—

—

–

D1 Bj
. . .

0 Dj

fi

ffi

ffi

fl

,
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such that the pair pQ1‘ . . .‘Qj , D̃jq de�nes the same �at vector bundle as Ej . Here Bj P A
1
`

X,EndpQ1‘

. . .‘Qjq
˘

which is strictly upper-triangle such that

∇jpBjq `Bj ^Bj “ 0.(6.3.7)

Claim 6.3.1. Assume that we can �nd a proper Bj´1 P A
1
`

X,EndpQ1 ‘ . . .‘Qj´1q
˘

which is strictly
upper-triangle such that

(i) ∇j´1pBj´1q `Bj´1 ^Bj´1 “ 0.

(ii) for D̃j´1 de�ned in (6.3.6), the pair pQ1 ‘ . . . ‘ Qj´1, D̃j´1q de�nes a �at vector bundle which is
isomorphic to Ej´1.

(iii) ∇1j´1pBj´1q “ 0.

Then so is true for j.

Proof: Since Ej is an extension of Ej´1 by Qj

0 Ñ Ej´1 Ñ Ej Ñ Qj Ñ 0,

we denote by β P H1
DR

`

X,HompQj , Ej´1q
˘

the extension class. Choose any representative A P β, then the

pair pQ1 ‘ . . .‘Qj , D̃jq de�ning the same holomorphic structure as Ej has the following form:

(6.3.8) D̃j “

»

—

—

—

—

—

—

—

–

D1 Bj´1 a1

. . .
...

0 Dj´1 aj´1

0 . . . 0 Dj

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

where A “ a1 ‘ . . .‘ aj´1 with ai P A
1
`

X,HompQj , Qiq
˘

. Then by D̃2
j “ 0, one has

(6.3.9) D̃j´1 ˝A`A ˝Dj “ 0.

In particular, Dj,j´1paj´1q “ 0, where Dj,i the connection on HompQj , Qiq induced by Dj and Di. Since
`

HompQj , Qiq, Dj,i, hih
˚
j

˘

is also a harmonic bundle, we set D1j,i and D
2
j,i to be the harmonic decomposition

of Dj,i as (6.2.3). From (6.2.4) we can �nd

cj´1 P C8
`

X,HompQj , Qj´1q
˘

such that ∆j,j´1paj´1 `Dj,j´1cj´1q “ 0, where ∆j,i (resp. ∆1j,i) is the Laplacian of Dj,i (resp. D
1
j,i). Set

A1 :“ a1 ‘ . . .‘ aj´1 ` pD̃j´1 ˝ cj´1 ` cj´1 ˝Djq

then A1 P β. Indeed, if we denote byDj,Ćj´1 the induced �at connection on HompQj , Ej´1q by the connections

Dj and D̃j´1, then A1 “ A ` Dj,Ćj´1pcj´1q, and thus A and A1 belong to the same extension class, and

de�ne the same �at vector bundle Ej .
If we write A “ a11‘ . . .‘ a

1
j´1, then a

1
j´1 “ aj´1`Dj,j´1pcj´1q. Moreover, since ∆j,j´1 “ 2∆1j,j´1, we

have

D1j,j´1pa
1
j´1q “ 0.

This gives us hints that we can use some ad hoc methods to �nd the proper A.

Assume now for some A “ a1 ‘ . . . ‘ aj´1 P β such that D2j,ipaiq “ 0 for all i “ k ` 1, . . . , j ´ 1. By
(6.3.9) we have

Dj,kpakq `
j´1
ÿ

i“k`1

bkiai “ 0,

here bki is the projection of Bj´1 P A
1
`

X,EndpQ1 ‘ . . . ‘ Qj´1q
˘

to the component A1
`

X,HompQi, Qkq
˘

.
By the assumption that ∇1j´1Bj´1 “ 0, we have D2i,kpbkiq “ 0, then

0 “ D2j,kDj,kpakq `D
2
j,kp

j´1
ÿ

i“k`1

bkiaiq

“ D2j,kDj,kpakq `
j´1
ÿ

i“k`1

`

D2i,kpbkiqai ´ bkiD
2
j,ipaiq

˘

“ D2j,kD
1
j,kpakq.
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By applying Lemma 6.2.1 for D1j,kpakq, there exists ck P C8
`

X,HompQj , Qkq
˘

such that

D1j,kpakq “ ´D
1
j,kD

2
j,kpckq “ ´D

1
j,kDj,kpckq.

Set
Ã :“ A`Dj,Ćj´1pckq “ A` pD̃j´1 ˝ ck ` ck ˝Djq

which also belongs to the extension class β, then

Ã “ a11 ‘ . . .‘ a
1
k´1 ‘

`

ak `Dj,kpckq
˘

‘ ak`1 ‘ . . .‘ aj´1.

That is, the components of Ã in A1
`

X,HompQj , Qiq
˘

for i “ k` 1, . . . , j ´ 1 are the same as that of A, and

the component of Ã in A1
`

X,HompQj , Qkq
˘

are replaced by ak`Dj,kpckq, such that D1j,k
`

ak`Dj,kpckq
˘

“ 0.

Thus by the induction we can choose A P β properly such that D1j,kpakq “ 0 for all k “ 1, . . . , j ´ 1. This is
equivalent to

∇1jpBjq “ 0.

From the construction of D̃j , it is a �at connection which de�nes the vector bundle Ej . The claim is thus
proved. �

By the above claim we know that there exists η P A1
`

X,EndpQ1 ‘ . . . ‘Qmq
˘

which is strictly upper-
triangle, such that pQ1 ‘ . . .‘Qm,∇m ` ηq gives rise to the �at bundle E, and satis�es ∇1mpηq “ 0. By the
�atness of ∇m ` η, we have

∇mpηq ` η ^ η “ 0.

Then

∇2mpηq ` η ^ η “ 0.(6.3.10)

Set

BE :“

»

—

—

–

B1 η2

. . .

0 Bm

fi

ffi

ffi

fl

,

and

θE “

»

—

—

–

θ1 η1

. . .

0 θm

fi

ffi

ffi

fl

.

Here η1 and η2 is the p1, 0q and p0, 1q-part of η respectively, and D2i “ Bi ` θi is de�ned as (6.2.2). Then

(6.3.10) is equivalent to that pE, BE , θEq is a Higgs bundle over X. In this setting, for each 1 ď i ď m, Ei
is a Higgs subbundle of E, and the induced Higgs bundle structure on the quotient Ei{Ei´1 is the same as
pQi, Bi, θiq. We thus proved that (i) implies (ii). The implication of (ii) to (i) is almost the same methods. �

We will quickly show that Theorem W is a special case of Theorem V.

Proof of Theorem W. From Part (i) in Theorem 6.1.1 we see that, a vector bundle E is numerically
�at if and only if it is a representation of π1pXq which is a successive extension of unitary representations.
Thus the connections on the quotient Ei{Ei´1 are unitary ones, that is, there are no Higgs �elds θi, and it
is easy to show that so is for their successive extension E. �

In a forthcoming paper, we are going to study the following conjecture:

Conjecture 6.3.1. Let X be a compact Kähler manifold, and let ρ : π1pXq Ñ GLpr,Cq be a represen-
tation, with pE,Dq the corresponding �at vector bundle. Fix a hermitian metric h on E. Take the harmonic
�ow of the connection D introduced in [Cor88, (1)]

BA

Bt
“ ´DAD

`,˚
A θA,

where DA “ D`A`θA such that D`A is the metric connection and θA is self-adjoint, and D`,˚A is the adjoint of
D`A with respect to the metric h. Then the limited connection D8 exists, which is also �at, and corresponds
to the representation which is the semisimpli�cation of ρ.
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