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Avant-propos

Nous présentons dans ce manuscrit les résultats obtenus durant la thése réalisée au
sein de l'Institut Camille Jordan et supervisée par Francis Filbet et Luis Miguel Ro-
drigues. Ce document est divisé en quatre chapitres rassemblant, dans des versions par-
fois étendues, des travaux publiés ou soumis pour publication. Une introduction détaillée
présente le contexte physique, les modéles considérés et les problématiques centrales de
cette thése et rassemble une présentation des contributions de chaque chapitre. Certaines
parties de la thése pointeront vers I’Annexe B qui contient des développements supplé-
mentaires et vers I’Annexe C composée de résultats techniques.

Les trois premiers chapitres sont consacrés & ’étude théorique de différents régimes
asymptotiques de systémes d’équations aux dérivées partielles cinétiques collisionnelles
de type Vlasov-Poisson-Fokker-Planck (VPFP). Ces modéles sont utilisés pour décrire
I’évolution d’'un ensemble de particules chargées, appelé plasma. Pour de nombreuses
raisons, la dynamique de ces systémes est multi-échelle, en particulier & cause de la
présence de différentes espéces de particules aux caractéristiques différentes. En effet, un
plasma est constitué de particules «lourdesy, les ions de masse m; et de particules légéres,
les électrons de masse m,. Le rapport de masse m./m; est un paramétre essentiel et la
majorité de ce manuscrit est lié a 'asymptotique des électrons sans masse, consistant a
faire tendre ce rapport vers 0 dans les modéles. Dans les Chapitres 1 et 2, on s’intéresse
a cette limite pour des modéles contenant un champ magnétique extérieur. Ensuite, au
Chapitre 3, on étudie le comportement en temps long de VPFP sans champ magnétique et
I'obtention de modéles asymptotiques. Dans le Chapitre 4, on s’intéresse a la conception
d’un schéma numérique pour une classe d’équations paraboliques non-linéaires, parmi
lesquelles se trouve l’équation de Fokker-Planck avec champ magnétique. Enfin, dans
I’Annexe A on présente quelques résultats numériques pour un systéme de Vlasov-Poisson
a deux espéces dans la limite des électrons sans masse.
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Introduction

1 Contexte et motivations physiques

Dans ce travail de thése, on étudie d’'un point de vue mathématique le mouvement
de particules chargées en interactions. Plus précisément, on s’intéresse a des problémes
d’analyse asymptotique et numérique de modéles cinétiques et hydrodynamiques prove-
nant de la physique des plasmas. Dans un premier temps, on introduit les phénomeénes
physiques en jeu dans un gaz de particules chargées. On insiste sur les échelles caractéris-
tiques associées afin de souligner I'importance du rapport de masse. Pour davantage de
détails, nous renvoyons le lecteur aux ouvrages d’introduction a la physique des plasmas
de Bellan [19], Boyd et Sanderson [32], Goldston et Rutherford [101] et aux livres de
Miyamoto [154] et Freidberg [91] axés plus spécifiquement sur les plasmas de fusion.

1.1 Plasmas

Lorsqu’'un gaz atteint une température suffisamment élevée, les électrons des atomes
qui le composent quittent leur orbite autour des noyaux. En devenant un mélange de
particules chargées, la matiére entre dans un nouvel état de gaz ionisé. En 1922, le
chimiste et physicien américain Irving Langmuir emprunte le mot grec plasma pour
désigner ce quatriéme état de la matiére [19], par analogie avec le liquide transparent qui
transporte les globules et plaquettes dans le sang. Dans le mélange d’ions et d’électrons,
ce sont les interactions électromagnétiques qui transportent les particules et expliquent
la dynamique du plasma.

Bien que les conditions thermodynamiques sur Terre rendent impossible sa formation
naturelle, plus de 99 % de la matiére visible dans I'univers est a ’état plasma. En effet,
I’atmosphére des étoiles et les vents souflant dans I’espace interstellaire sont en grande
partie composés d’atomes ionisées et d’électrons. Les applications industrielles utilisant
le plasma sont nombreuses, tant dans des technologies actuelles maitrisées, comme les
écrans plasma, les néons et autres lampes & gaz que dans des technologies du futur comme
les réacteurs nucléaires & fusion par confinement magnétique, appelés tokamak.

Le tokamak est une cavité toroidale entourée de bobines produisant un champ ma-
gnétique a l'intérieur du tore. Lors de son fonctionnement, un plasma obtenu & partir
d’atomes légers (hydrogéne, hélium, etc...) est confiné grace au champ magnétique et
accéléré. Lorsque les ions ont suffisamment d’énergie cinétique pour contrer la répulsion
électrique et collisionner au sein du tokamak, la réaction de fusion nucléaire se produit.
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Une partie de I'énergie créée est utilisée pour entretenir la réaction et le reste est récupéré
pour produire de I’électricité. La complexité de la dynamique d’un plasma de tokamak
empéche encore a I’heure actuelle, plus de 60 ans aprés la conception du premier proto-
type par les physiciens Tamm et Sakharov, de comprendre complétement sa physique et
de réaliser des simulations numériques complétes et précises en temps raisonnable. C’est
pourquoi on utilise un certain nombre d’approximations pour simplifier les modéles, afin
des les analyser ou de les simuler. Un des objectifs de ce travail de thése est la justification
mathématique de certains de ces modéles réduits a partir de modéles plus complets.

Nous allons & présent décrire plus précisément la nature des interactions entre parti-
cules au sein d’un plasma.

1.2 Interactions électromagnétiques

Un plasma est composé d’ions chargés positivement et d’électrons chargés négative-
ment. Tout au long de cette thése nous considérerons, pour simplifier la présentation,
que les ions sont des protons, si bien que leur charge ¢; est égale a la charge élémentaire
que nous noterons ¢ et opposée a la charge d’un électron ¢. = —q. La généralisation des
résultats a un mélange de particules contenant différentes espéces d’ions avec des charges
différentes pose peu de problémes mathématiques 4. Dans la suite, une particule d’espéce
s =1 (ions) ou e (électrons) sera caractérisée par des quantités physiques indicées par s.

En présence d’un champ électrique £ et d’'un champ magnétique B, une particule de
masse mg, $ € {i,e} voyageant dans I'espace a une vitesse vs est soumise a la force de
Lorentz

Fy = ¢s (E + vs A B), (1)

ol A désigne le produit vectoriel. Les champs électriques et magnétiques sont en toute
généralité la somme de champs extérieurs imposés au plasma et de champs auto-induits
par ’ensemble des particules. En effet, chaque particule contribue a ’émission d’un champ
électromagnétique exercant une force de Lorentz sur le reste du plasma. La somme des
champs auto-induits, notés E = E(t,x) et B = B(t,z) au temps t et a la position z,
satisfont les équations de Maxwell dans le vide qui s’écrivent

eodivy B = p, (2)
div,B = 0, (3)
rot, B+ 0:B = 0, (4)
Pegroty,B — g W E = . (5)

Les équations portent respectivement les noms de Maxwell-Gauss, Maxwell-Thompson,
Maxwell-Faraday et Maxwell-Ampére. La constante gg est la permittivité diélectrique du

4. En effet, les équations pour chaque espéce d’ions sont les mémes & un parameétre physique prét (le
numéro atomique) qui n’intervient pas dans les différentes limites d’échelle considérée dans cette thése.
Pour un systéme multi-espéces, il suffit alors de répéter les mémes techniques d’analyse pour chaque
espece.
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vide et ¢ est la vitesse de la lumiere dans le vide. Les sources p = p(t,x) et j = j(t,x) dé-
signent respectivement les densités de charge et de courant. Dans la limite non-relativiste,
c’est-a-dire lorsque la vitesse caractéristique des particules est trés faible par rapport a
la vitesse de la lumiére dans le vide, on montre que les équations de Maxwell se réduisent
a la loi de Gauss (2) pour un champ électrique irrotationnel [144|. Cela revient, en sim-
plifiant, a prendre B = 0 dans les équations ci-dessus. Le champ électrique auto-induit
dérive alors d’un potentiel, c’est-a-dire

E=-Vyo, (6)
avec ¢ satisfaisant I’équation de Poisson

—e0 Az = p. (7)

Sauf mention contraire, nous nous plagons dorénavant dans ce cadre électrostatique.
Lorsque les modéles feront intervenir des champs auto-induits par les particules, nous
négligerons le champ magnétique auto-induit et B désignera un champ magnétique ex-
térieur. Notons que cette approximation est classique pour des plasmas de tokamak.

La diversité des effets cinétiques, électriques et magnétiques entrant en jeu dans un
plasma est source de nombreuses constantes physiques caractérisant les échelles de temps,
d’espace et de vitesse sur lesquelles se déroule la dynamique. Nous introduisons ici ces
parameétres et des quantités adimensionnées correspondantes. Dans tous nos modéles,
nous supposerons toujours la neutralité globale des charges dans le plasma. Le nombre
caractéristique d’ions ou d’électrons par unité spatiale sera alors noté n. Nous supposerons
également que les températures caractéristiques des ions et des électrons sont du méme
ordre . Cette derniére hypothése correspond a considérer un plasma chaud, c’est-a-
dire un plasma trés énergétique, ce qui est classique pour des plasmas de fusion. Par
opposition un plasma froid est caractérisé par une température ionique trés inférieure a
la température électronique.

Paramétres cinétiques Les vitesses caractéristiques de déplacement des particules
dans un plasma sont les vitesses thermiques. Elles sont reliées a la température caracté-

v, = (@9)1/2. ®)

ms

ristique par la relation suivante

ol kg est la constante universelle de Boltzmann.

Paramétres électrostatiques Une propriété fondamentale d’'un plasma est 1’ écrantage
électrique. Dans un plasma globalement neutre et isolé, I’équilibre est atteint si et seule-
ment si le champ électrique est nul en tout point de l'espace. Lorsqu'une perturbation
de charge est appliquée localement dans un plasma & 1’équilibre, le potentiel électrique
est lui-méme perturbé sur une longueur caractéristique appelée longueur de Debye, et

3
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donnée par 'expression

\ (501@9)”2. o)

nq>
Au dela de cette distance caractéristique (de l'ordre de la dizaine de microns pour un
plasma de fusion [154]), la perturbation a un effet négligeable. Lorsqu'un systéme a
une taille caractéristique L trés grande devant la longueur de Debye, ce qui est presque
toujours le cas, le plasma est proche du régime dit quasi-neutre, car les perturbations ne
changent presque plus la neutralité locale du plasma. Pour quantifier la quasi-neutralité,
on introduit la longueur de Debye adimensionnelle

Ap

0= 7

(10)

La longueur de Debye donne une échelle spatiale caractéristique des effets électrosta-
tiques. L’échelle caractéristique temporelle est donnée par 'inverse de la fréquence plasma
ou fréquence de Langmuir, le temps plasma, qui s’écrit pour I'espéce s

(s) comy 2
Qe . (11)

@n

Notons que la longueur de Debye, le temps plasma et les vitesses thermiques sont reliées
par la relation
Ap = Vit

Un autre paramétre sans dimension classique [173, 154] permet de comparer les effets
thermiques et électrostatiques. C’est le paramétre de couplage ¢ ¢ /kp 6, qui mesure le
rapport entre I’énergie potentielle de Coulomb caractéristique et I’énergie cinétique carac-
téristique. La premiére dépend du potentiel caractéristique ¢. Le paramétre de couplage
peut s’exprimer [154] comme une puissance positive du paramétre plasma, qui quanti-
fie le nombre caractéristique de particules dans une boule de rayon égal & la longueur
de Debye. Quitte & renormaliser le potentiel ou le nombre de particules®, on inclut ce
paramétre dans la quantité ¢ en posant

5 _ kot
q

Paramétres magnétiques Sous 'effet d’'un champ magnétique les particules décrivent
un mouvement hélicoidal autour des lignes de champ (voir Figure 1). La fréquence ca-
ractéristique de rotation est appelée fréquence cyclotron. L’inverse de cette quantité, le

5. Grace a Pexpression physique du potentiel de Coulomb (en dimension 3) on devrait [154, Section
1.2] avoir ¢ ~ q/(4Teod) ot la distance caractéristique entre deux particules dépend de la densité par
la relation d = 7~ 3. En fixant ¢ on renormalise la densité de particule. Une seconde fagon de voir les
choses est de désigner par ¢ le produit entre le paramétre de couplage et le potentiel caractéristique.

4
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temps cyclotron, est donné par la relation

- X (12)

ot B est 'amplitude caractéristique du champ magnétique. Le rayon de giration autour
du champ, définissant I’échelle spatiale caractéristique des effets magnétiques s’appelle

rayon de Larmor et s’écrit
(s) ms Vs
= _° 13
Y- (13)
Comme précédemment, les quantités caractéristiques spatiales et temporelles liées au
champ magnétique sont reliées a la vitesse thermique par la relation

FIGURE 1 — Interactions électromagnétiques. Mouvement cyclotron d’une particule
autour des lignes du champ magnétique.

Rapport de masse On peut constater dans les paragraphes précédents que la plupart
des échelles caractéristiques dépendent de I'espéce s que 'on considére. Cela est dii au
fait que ces parameétres sont liés aux propriétés inertielles induites par les champs ou
I’agitation thermique. La masse des particules est donc ce qui différencie une méme
quantité, suivant I'espéce considérée. L’hypothése de plasma chaud est importante dans
cette discussion, car elle impose par définition des vitesses thermiques

miViQ = mer.
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Or, le rapport entre la masse d’un électron et celle d’un ion est relativement faible (de
'ordre de 10~% pour un plasma de deutérium). Cela signifie que les électrons sont environ
cent fois plus rapide que les ions dans le plasma. Ce rapport de masse constitue le
paramétre essentiel des deux premiers chapitres de cette thése. On le note

A= e, (14)

my;

A partir des expressions (8), (9), (11), (12) et (13), on remarque les liens suivants entre
les quantités physiques caractéristiques et le rapport de masse

2 2
Vi 2 t;ge) 75&6) rga)
‘=) e Tt e (15)
e tp te rr
Ces équations illustrent le role de la disparité entre masses des particules dans la dyna-
mique multi-échelle du plasma.

1.3 Electrons sans masse

Les échelles caractéristiques différent entre espéces & cause du rapport de masse. Par
conséquent, la simulation numérique de modéles multi-espéces complets est extrémement
colteuse en temps-machine. Afin de capturer la dynamique rapide et localisée des élec-
trons, il faut une discrétisation fine des petites échelles spatio-temporelles. Au contraire,
a ces échelles, les ions sont quasiment immobiles et la simulation doit alors étre faite
dans un domaine spatio-temporel immense! Dans les applications, notamment pour les
plasmas de fusion, on s’intéresse surtout au mouvement des ions que ’on souhaite faire
fusionner. La description précise de la dynamique des électrons est moins importante et
par conséquent, on s’autorise a simplifier les modéles en considérant des électrons sans
masse ou €lectrons sans inertie. Cette réduction de modéle consiste a

1. Adimensionner les équations décrivant la dynamique des électrons sur 1’échelle
temporelle caractéristique des ions;

2. Remplacer le modéle complexe sur les électrons par un modéle réduit consistant
avec la limite A — 0.

Bien entendu, selon le modéle considéré initialement et d’autres considérations d’échelles
liées au régime dans lequel se trouve le gaz de particules, cette procédure peut mener a
une large gamme de modéles réduits. Un de nos objectifs est ’étude rigoureuse de cette
procédure, afin de retrouver certains modeéles réduits utilisés par les physiciens.

Avant d’en dire plus, nous introduisons dans la section suivante les modéles cinétiques
complets & partir desquels nous allons extraire ces modéles asymptotiques.
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2 Modéles cinétiques

Pour commencer, on rappelle les différents niveaux de description d’'un systéme de
particules en interaction et la place de la théorie cinétique dans cette hiérarchie. Le
parameétre d désigne la dimension de I'espace, égale & 3 dans les deux premiers chapitres
et a 2 dans le troisiéme chapitre. On note ’espace physique

Q = RYouT?,

ott T = (R/Z)? est le tore d-dimensionnel correspondant & un domaine périodique.
De cette maniére on ne se préoccupe pas des conditions de bord. Dans les plasmas
de tokamak, des phénoménes de couches limites complexes appelées «gaines de Debye»
apparaissent. Ces interactions plasma-paroi constituent un sujet de recherche encore trés
actifs en physique des plasmas. Pour plus de détails et un point de vue mathématique
sur la question, on renvoie a la thése de Badsi [8] et aux références incluses.

Description microscopique En mécanique classique, la maniére la plus compléte de
décrire mathématiquement un systéme de particules interagissant entre elles et avec leur
environnement est le formalisme des équations de Newton. Le mouvement d’une particule
est repéré au temps t € R, par un couple position-vitesse vivant dans I’espace des phases
Q) x R%. Prenons Iexemple du plasma décrit en Section 1. Il est composé de N ions et
N électrons soumis a la force de Lorentz (1). Le principe fondamental de la dynamique
pour la k-iéme particule d’espéce s s’écrit

d S S

&X’g) _ oy

d (s (s) (s) 16)
ms avk = Fs(tan; (t)avk (t))v

ou X ,gs) : Ry —  désigne la position dans 'espace physique et Vk,(s) : Ry — R? le vecteur

vitesse. Dans un gaz ou un plasma, le nombre de particule est de 'ordre du nombre
d’Avogadro ce qui correspond & N ~ 10?4, Cela correspond & un modéle composé du
méme nombre d’équations aux dérivées ordinaires (EDO) couplées, puisque le champ de
force Fs dépend du champ électrique, lui méme relié aux positions de toutes les particules
grace a 1’équation de Poisson (7). A cause de cette complexité, I'analyse et la simulation
d’un tel modéle est tout simplement impossible. Pour décrire un plasma on utilise un
niveau de description différent, soit macroscopique soit mésoscopique.

Description macroscopique Les modéles macroscopiques résultent d’une modélisa-
tion continue de la matiére. Au lieu d’appliquer les lois de Newton a des particules
discrétes, on résonne par bilan de matiére dans des éléments de volumes infinitésimaux
dans . Cela aboutit a une ou plusieurs équations aux dérivées partielles (EDP) portant
sur des grandeurs macroscopiques fonctions de (¢, z). En voici les principales dans notre
contexte :
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— La densité macroscopique ng : Ry x Q - R, ;

La densité de charge ps : Ry x Q — R, telle que ps = gsns ;
La densité de charge totale p = pe + p; ;

La vitesse moyenne u, : Ry x Q — R? ;

La densité de courant j, : Ry x Q — R, telle que js = ps s ;
La densité de courant totale j = j¢ + J; ;

La température T : Ry x  — Ry .

Les modéles reliant ces différentes quantités (ainsi que les champs électriques et magné-
tiques) sont appelés modeéles hydrodynamiques ou fluides. Parmi les modeéles hydrodyna-
miques classiques utilisés en physique des plasmas, on trouve en particulier les équations
de la magnétohydrodynamique introduites par le physicien suédois Hannes Alfvén dans les
années 40. L’approximation des électrons sans masse qui nous intéresse dans cette thése
meéne également & des modéles fluides pour la dynamique des électrons. Cependant, la
description macroscopique repose sur ’hypothése que les particules sont & I'équilibre
thermodynamique. Cela signifie qu’en un point (¢,z) la probabilité qu’une particule ait
une vitesse donnée suit une loi normale centrée en la vitesse moyenne et de variance
donnée par la température (voir Figure 2). Cette hypothése est rarement vérifiée pour
un plasma de fusion, ce qui nécessite une description supplémentaire de la distribution
en vitesse au sein du modeéle. C’est le principe de la théorie cinétique.

Théorie cinétique Formalisée par Maxwell et Boltzmann©, la théorie cinétique offre
une échelle de description intermédiaire entre le microscopique et le macroscopique, ap-
pelée mésoscopique. Le principe est de décrire ’évolution de la densité microscopique ou
fonction de distribution fs(t,z,v) de lespéce s. Celle-ci mesure la densité de particules
dans Pespace des phases, si bien que pour des ensembles mesurables w < Q et V < R% le
nombre de particules d’espéce s contenues dans w x V a I'instant ¢ est

LL Folts 2, 0) dad.

La description cinétique renferme plus d’information que les modéles macroscopiques.
Les différentes densités définies au paragraphe précédent correspondent & des moments
en vitesses de la fonction de distribution. En particulier

ns(t,z) = fRdfs(t’xvv)dv’ (17)

Js(t,z) = gqsns(t,x)us(t,z) = qsf v fs(t,xz,v)dv, (18)
Rd

Tut.z) — CM;TZLMfRd|v—us(t,x)|2fs(t,:v,v)dv. (19)

6. L’équation de Boltzmann fut d’abord écrite [149] par Maxwell en 1867 sous forme faible. Cing ans
plus tard Boltzmann tente d’expliquer pourquoi les solutions de 1’équation convergent vers les équilibres
calculés par Maxwell, ce qui ’améne & découvrir le fameux théoréme H.
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FIGURE 2 — Modéles cinétiques. Densité maxwellienne a I’équilibre thermodynamique.

L’équilibre thermodynamique évoqué plus haut comme condition nécessaire de validité
de certains modéles macroscopiques correspond alors & une distribution mazwellienne
des vitesses,

fs(t,z,v) = ng(t,x) My, 1.(t,x,0),

ns(t, x) ms|v — us(t, z)|? (20)
@rkpT, /mg)¥ " <_ 2kp Tu(t, ) > '

L’équation cinétique la plus simple est I’équation de transport libre. Elle s’écrit,
Oufs +v-Vufs = 0. (21)

Pour une donnée initiale fiI* : Q x R® — R, intégrable, il y a une unique solution &
cette équation donnée par la formule explicite fy(t,z,v) = fi"(z — vt,v). A v fixé, la
densité est transportée dans l’espace physique a vitesse v. L’opérateur d; + v -V, est
fondamental en théorie cinétique et il traduit le fait que la vitesse est la dérivée de la
position. Malgré son apparente simplicité, le modeéle (21) qui modélise des particules en
vol libre sans aucune interaction recéle beaucoup d’information. Notons par exemple que
les solutions & ’équilibre thermodynamique, en insérant (20) dans (21), sont telles que
(ns,us, Ts) verifient les équations d’Euler pour un fluide compressible 7.

En présence de forces électromagnétiques, I’équation cinétique adéquate est I’équation
de Vlasov.

2.1 Equation de Vlasov

En présence d'un champ électromagnétique extérieur, I’équation de Vlasov peut-étre
obtenue simplement & partir des équations de Newton. En effet, si on considére X ,gs) (1),

Vk(s) (t), k = 1...N, les trajectoires de particules données par les équations de Newton
(16) avec force de Lorentz (1) pour un champ électromagnétique extérieur (£, B) régulier.

7. Cela peut étre lié a la limite hydrodynamique de forte collisions des équations cinétiques (voir
Bardos, Golse, Levermore [14, 13]).
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Alors la densité empirique

N
flt,0) = 5 28w = X ) @56 - Vi),
k=1

constituée d’une somme de Dirac centrés en les trajectoires, vérifie I'équation de Vlasov

5tf5+v-VIfs+%(E+UAB)~VUJ“S - 0. (22)
S

Ce résultat est prouvé dans |30, Proposition 1.4]. Si on considére une infinité de particules
la densité limite vérifiera toujours ’équation de Vlasov. En effet la densité empirique est
bornée uniformément en N dans ’espace des mesures de Radon finies et positives, si bien
que, & lextraction d’une sous-suite prés il existe une densité limite lorsque N — o0 et
cette densité vérifie I’équation de Vlasov linéaire (22).

Dans le cas d’interactions entre les particules, il est beaucoup plus difficile de justifier
le passage du microscopique au cinétique et la justification mathématique de ce proces-
sus est souvent associé au siziéme probléme de Hilbert [127]. Dans le cas d’interactions
coulombiennes, c¢’est un probléme encore ouvert et on renvoie le lecteur aux articles de
Dobrushin et Fritz [71, 72| pour les premiers résultats sur la question et a Hauray et
Jabin [118, 119] pour les meilleurs résultats a ce jour.

2.2 Systéme de Vlasov-Poisson

Le modéle non-linéaire correspondant & des interactions électrostatiques auto-induites
est le modéle de Vlasov-Poisson. Dans notre contexte, c’est-a-dire en dimension 3 avec
deux espéces et un champ magnétique extérieur, il s’écrit

( atfe + U'Va:fe -

- (E+vAB) Vyfe=0,
atfi +v~foi + miz (E+UAB)'vvfi =0,

E = —V.0,

[ —C0 Az = p = qni = qne,

ou l'on rappelle que n; et n. sont donnés par (17). Notons que si 'on avait souhaité
décrire les effets magnétiques auto-induits, il aurait fallu remplacer (23) par le systéme
de Vlasov-Maxwell obtenu en couplant les équations de Vlasov pour les différentes espéces
avec les équations de Maxwell (2)-(5). Le passage a la limite non-relativiste de Vlasov-
Maxwell vers Vlasov-Poisson a été étudié mathématiquement par Degond [60], Schaeffer
[179], Asano et Ukai [7].

De nombreux travaux se sont concentrés sur le probléme d’existence et d’unicité de
solutions pour le systéme de Vlasov-Poisson. Ces travaux concernent pour la plupart une
version & une seule espéce et sans champ magnétique extérieur, dans Q@ = R%, d < 3.
Pour les solutions faibles globales qui nous intéresserons en partie au Chapitre 1 de
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cette thése, les résultats s’adaptent sans difficulté avec ajout d’'un champ magnétique
extérieur de régularité suffisante, qui ne modifie pas les estimations a priori. De méme la
considération un domaine périodique Q = T? n’implique que des changements mineurs
aux preuves d’existence de solutions faibles globales.

bornée), les premiers théorémes d’existence globale de solutions faibles pour Vlasov-
Poisson sont dus a Arsenev [6] et Illner et Neunzert [131]. Les hypothéses furent ensuite
ameéliorées (controle LP plutdt que L™ sur la donnée initiale) par DiPerna et Lions dans
|68, 66, 69]. La construction des solutions repose sur la méthode itérative suivante. On
montre 'existence et I'unicité de solutions & un probléme similaire & (23) ou les champs
sont remplacés par leur convolution avec une suite régularisante. Cette procédure est
effectuée de maniére a préserver des estimations a prior: uniformes en la régularisation.
La construction de solutions du probléme régularisé est faite itérativement en résolvant
a l'étape n + 1 (grace a la méthode des caractéristiques) ’équation de transport avec
les champs calculés par la densité de I’étape n. Ensuite, on passe & la limite dans ce
processus puis en la régularisation grice aux estimations a priori. La compacité forte
nécessaire pour le passage a la limite dans le terme non-linéaire est obtenue sur le champ
électrique, grace a l'effet régularisant de I’équation de Poisson.

Lions et Perthame, ont développé une théorie de la régularité pour Vlasov-Poisson
basée sur la propagation des moments en vitesses [141|. En particulier, ils ont montré
qu’une donnée initiale aux six premiers moments bornés permet d’obtenir une densité ma-
croscopique bornée uniformément en ¢ et x. Lorsque cette derniére propriété est vérifiée,
on a alors unicité des solutions faibles, comme ’a démontré Loeper [142]|. L’hypothése
sur p a été récemment relaxée par Miot [151] en une croissance au plus linéaire en p de
ses normes LP .

L’existence et 1'unicité de solutions classiques globales pour € = R? ont été prouvées
par Ukai et Okabe dans [187| pour des données initiales réguliéres & décroissance (poly-
nomiale) rapide en x et v. En dimension 3, l'existence globale a été montrée par Bardos
et Degond [11] pour des données initiales suffisamment petites. La preuve repose sur les
propriétés dispersives de 'opérateur de transport libre, généralisées ensuite par Castella
et Perthame [43] en des estimations de Strichartz. Dans [171], Pfaffelmoser montre, sans
hypothése de petitesse, I'existence et 'unicité de solutions fortes globales en trois dimen-
sions pour des données initiales & support compact. Sa démonstration repose sur une
estimation précise de la croissance du support en fonction du temps.

3 Modéles collisionnels

A notre connaissance les modéles réduits pour les électrons sans masse présupposent
des électrons qu’ils soient a 1’équilibre thermodynamique. Dans le systéme de Vlasov-
Poisson rien ne force les électrons a ce retour vers I’équilibre. Nous verrons en Annexe A
grace a des simulations numériques, que sans collisions, le modéle des électrons boltz-
mannien n’est pas justifiable.

11
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Electrons boltzmanniens Les électrons boltzmanniens ou électrons adiabatiques consti-
tuent un modéle classique dans la limite de faible rapport de masse. Ils sont caractérisés
par leur densité macroscopique qui est donnée par la densité de boltzmann ou densité de

Gibbs®
Ne = N €xp (ki?e) , (24)

reliant la densité, le potentiel électrique et la température des électrons et une constante
de normalisation ng. Une autre fagon d’écrire cette relation est de relier le gradient du
logarithme de n, multiplié par T, avec le champ électrique. On parle alors de loi d’Ohm
généralisée [181]. Dans la Section B.2 de I’Annexe B on justifie formellement ’obtention
de (24) pour des électrons sans masse.

En présence d'un champ magnétique extérieur et dans le contexte de plasmas de
tokamak, le modéle (24) est parfois remplacé par une version anisotrope, qui peut égale-
ment s’écrire comme loi d’Ohm généralisée faisant intervenir le champ magnétique et que
I’on peut justifier de la maniére heuristique suivante. La justification mathématique fera
I'objet du Chapitre 2. Sans champ magnétique, a cause des relations (15) et du fait que
I’on observe les électrons sur I’échelle de temps des ions, tout se passe pour les électrons
comme si Pon avait accéléré le temps d'un facteur A\~Y2. Lorsqu'un champ magnétique
extérieur est ajouté, 'amplitude relative de la force de Coulomb par rapport a celle de
la force de Laplace peut étre quantifiée par le paramétre

¢

p= 7 VB (25)
Ce paramétre est petit lorsque le champ magnétique est fort. Dans la définition de y, nous
avons fait le choix d’utiliser la vitesse thermique des ions. C’est naturel en vertu du pre-
mier point de la procédure d’obtention de modéles réduits pour les électrons sans masse :
la dynamique est observée du point de vue des ions. Si I'on en revient aux électrons, on
constate qu’a cause du lien entre rapport de vitesses caractéristiques et rapport de masse
dans (15), si leffet de la force de Laplace est de taille 4! sur les ions, il est de taille
M_l)\_l/ 2 pour les électrons. Notons également que la force de Laplace est orthogonale
au champ magnétique et n’a aucun effet le long des lignes de champ. Ainsi, l'effet accru
du champ magnétique sur les électrons va empécher ces derniers d’atteindre ’équilibre
thermodynamique dans la direction orthogonale au champ magnétique. Dans ce cas une
approximation raffinée des électrons boltzmanniens est utilisée. A notre connaissance au-
cune dénomination classique n’existe pour cette approximation que nous appelons densité

8. Dans les ouvrages de physique des plasmas, on parlera de densité de boltzmann ou de Maxwell-
Boltzmann, la derniére insinuant également une répartition maxwellienne des vitesses. La terminologie
densité de Gibbs est plutot utilisée en chimie, en physique statistique et en probabilité (lorsque lon se
référe a la mesure stationnaire associée a une équation différentielle stochastique). Dans cette thése on
utilisera indifféremment les terminologies «Maxwell-Boltzmanny, «Boltzmanny, «Gibbs» et «Boltzmann-
Gibbs».
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de Boltzmann anisotrope

ne = N exp (C](ijg;@) , (26)

ol <Z est une version moyennée du potentiel électrique le long des lignes? de champ
magnétique et N, une densité constante le long du champ magnétique. C’est par exemple
ce modéle 10 qui est utilisé [110, 94] dans les simulations de modéles gyrocinétiques ' pour
le tokamak ITER.

Comme on le verra au Chapitre 2, la dynamique de N, dans le plan orthogonal au
champ magnétique est reliée a celle des centres-guides. En effet, lorsque le champ ma-
gnétique est fort, le temps cyclotron et le rayon de Larmor diminuent. A la limite la
trajectoire de la particule se confond avec la trajectoire du centre de I’hélice, appelé
centre-guide. Sur 1’échelle de temps adaptée, les effets dominants dans la direction ortho-
gonale au champ magnétique sont les effets de dérive. En présence d’un champ électrique,
et dans un champ magnétique unidirectionnel et constant, les centres-guides sont trans-

portés a la vitesse
EAB

Cette dérive est appelée dérive électrique ou dérive « E cross B » 2. On remarque que
cette vitesse de dérive est orthogonale au champ magnétique.

Afin d’espérer justifier les modeéles (24) ou (26) on doit ajouter un mécanisme de
collisions dans le systéme de Vlasov-Poisson (23).

3.1 Opérateurs de collisions

Contrairement & un gaz neutre ou les collisions entre molécules sont de type «boules
de billard», dans un plasma, la force électrique de Coulomb interdit de telles interac-
tions. Cependant, a cause d’une densité importante de particules avec de fortes énergies
cinétiques, certaines interactions électriques engendrent une déviation de la trajectoire
seulement a faible portée (sous la longueur de Debye). On parle alors de collisions de Cou-
lomb [154, Section 2.6]. L’angle de déviation est en général faible, mais leur accumulation
résulte en un brassage des vitesses des particules et un effet de thermalisation.

Pour tenir compte de ce phénoméne dans les modéles cinétiques, et si I’on considére
uniquement des collisions entre des particules de la méme espéce 12, 'équation de Vlasov

(22) est modifiée de la maniére suivante

Otfs + v-Vafs+ s (E t oA B) Vofs = vs QS(fS)7 (28)

s

9. ou surfaces, suivant la géométrie du champ magnétique
10. sous forme linéarisée
11. un modéle réduit lorsque u — 0
12. en référence a la notation anglo-saxonne E x B pour le produit vectoriel
13. Il y a également des collisions de Coulomb entre ions et électrons. Pour davantage de détails nous
renvoyons vers le papier de Degond [61]. Ici notre approche sera de considérer un mécanisme de collision
plus basique, afin de permettre une étude mathématique rigoureuse.
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avec Vg la fréquence de collision. Pour une étude détaillée des différents opérateurs de
collisions, leur signification physique et les problémes mathématiques associés, on renvoie
a l'article de Villani [193].

Fokker-Planck-Landau L’un des opérateurs les plus réalistes pour modéliser des col-
lisions de Coulomb en physique des plasmas est I'opérateur de Fokker-Planck-Landau
ou simplement Landau. Il fut formellement obtenu par Landau comme une approxima-
tion de l'opérateur de Boltzmann avec potentiel d’interaction de Debye. Pour plus de
détail sur ce processus d’approximation, on renvoie au papier d’Alexandre et Villani [2].
L’opérateur de Landau s’écrit

QLS = Vo [ [ et (01908 = (Tt d] (20)
R3

ou K est une constante physique, 'indice 1 est utilisé pour les quantités évaluées en la
variable d’intégration vy et a(v) est la matrice 3 x 3 de composantes

1 Vi Vi
) = (90T

L’opérateur de Landau a une structure de type Fokker-Planck (ou convection-diffusion)
dans la variable de vitesse. En effet,

QsL(fs) = vv . (A(fs) vvfs + B(fs) fs) . (30)

avec A(fs) la matrice dont les coefficients sont donnés par la convolution A;;(fs)

aij *y fs et B(fs) le vecteur dont les composantes sont Bj(fs) = bj *, fs avec bj(v) =
> Ov;aij(v). L'opérateur de Fokker-Planck-Landau jouit des mémes propriétés d’inva-
riance et d’entropie que l'opérateur de Boltzmann (voir [30, Theorem 2.1|). En effet, il
vérifie la conservation de la masse, du moment et de I’énergie cinétique

L o L v _
fw Q5 (fs)dv = 0, sz QE(fs) (W) dv = 0,

ainsi que la décroissance de 'entropie («théoréme Hy)

| @t miyan < 0.

Le noyau de Q¥ est constitué de I'ensemble des densités maxwelliennes (20). Ces deux der-
niéres propriétés caractérisent l'irréversibilité de I’équation cinétique collisionnelle (28)-
(29) et le retour vers les équilibres thermiques. Pour l'opérateur de Landau, ces équilibres
sont caractérisés par les quantités macroscopiques ne, ue et Te.

Dans plusieurs articles récents de Degond [61]|, Negulescu, Possaner et DeCecco
[160, 44], les auteurs obtiennent formellement des modéles hydrodynamiques réduits pour
les électrons sans masse & partir d’opérateurs non-linéaires de Landau ou des versions
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simplifiées telles que 'opérateur BGK. Etant donné la forme des équilibres, les modéles
obtenus font intervenir une dynamique complexe sur les densités macroscopiques, vitesses
moyennes et températures.

Cependant, la littérature mathématique concernant la justification des densités ma-
croscopiques boltzmanniennes (24) ou (26) par un processus de passage a la limite rigou-
reux est quasi-inexistante. A notre connaissance les seuls travaux en ce sens sont ceux de
Bouchut et Dolbeault [29] et le trés récent [15] par Bardos, Golse, Nguyen et Sentis. Dans
les deux cas, seuls des modéles sans champ magnétique sont considérés. Afin d’étudier le
cas magnétisé en s’affranchissant de la dynamique en température et en vitesse moyenne,
on remplace dans nos modéles 'opérateur de Landau avec un opérateur de collision a la
structure et aux propriétés similaires mais possédant un noyau plus simple, 'opérateur
de Fokker-Planck linéaire.

Fokker-Planck linéaire L’opérateur de Fokker-Planck linéaire, introduit par I'astro-
nome et mathématicien Chandresekhar [51, 49| s’écrit

Qs(fs) = Vo (v fs + %sts)- (31)

Ce dernier modélise l'interaction entre des particules et un bain thermique a la tem-
pérature 6. Les collisions sont réduites & la somme de deux phénomeénes, une force de
friction proportionnelle & la vitesse et un bruit Brownien de température 6. Les carac-
téristiques de I’équation de Vlasov-Fokker-Planck, c’est-a-dire (28) avec 'opérateur (31)
sont données par le systéme d’équations différentielles stochastiques suivant

dX, = Vidt,
(32)
dV; = = (B(t,X;) + v A B(t, X)) dt — v Vydt — 280w,

ot (Wi)=0 est un mouvement Brownien standard. Inversement, I’équation de Vlasov-
Fokker-Planck peut étre vue comme ’évolution temporelle de la fonction de densité asso-
ciée a la loi de probabilité du vecteur (X, V;). L’opérateur de Fokker-Planck linéaire peut
étre vu comme un opérateur non-borné sur l’espace de Hilbert LQ(MS_Q1 dv) caractérisé
par le produit scalaire ’

<f, g>L2(]\4SY19 dv) = J]Rd f(v) g(U) ]\4:1:(1}) .

out Mg est la maxwellienne centrée suivante

1

. Mg |U|2
Mg(v) = TTICALE exp( 2k39> .

L’opérateur —Qs est autoadjoint et positif. Son image est constituée des fonctions de
L?(M, dv) & moyenne nulle et son noyau est la droite engendrée par My (voir [81]).
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Pour des fonctions suffisamment réguliéres, on a également un théoréme H (voir [172])

f
RdQs(f) ln<M >dv < 0,

5,0

avec égalité si et seulement si fs = n Mg pour une certaine constante (en v) positive n.
L’opérateur de Fokker-Planck linéaire dispose d’un unique invariant, la masse

Qs(f)dv = 0,
Rd

ce qui explique la perte des degrés de liberté sur la température 4 et la vitesse moyenne
dans les maxwelliennes.

3.2 Systéme de Vlasov-Poisson-Fokker-Planck

Le couplage entre les équations de Vlasov collisionnelles (28), les opérateurs de col-
lision de Fokker-Planck (31) et I’équation de Poisson (7) conduit au systéme de Vlasov-
Poisson-Fokker-Planck & deux espéces avec champ magnétique extérieur suivant

( a1Efe + U'V:che_mi6 (E + UAB)'vae = VeQe(fe)a
ofi +v-Vafit ;= (E+vaB) Vofi = v:Qifi),
E = _vx¢7

[ —€0Qz0 = q(ni—ne).

La théorie d’existence et d’unicité ® de solutions pour des systémes de type Vlasov-
Poisson-Fokker-Planck (VPFP) a débutée vers la fin des années 80. Le premier résultat
d’existence de solution est celui de Neunzert, Pulvirenti et Triolo [161]. Pour 2 = R?, ils
montrent par des méthodes probabilistes I'existence de mesures finies solutions de VPFP
en se basant sur l'analyse des caractéristiques stochastiques (32). Peu aprés, Degond
prouve dans [59] existence et 'unicité de solutions fortes en une et deux dimensions
pour VPFP sans terme de frottement. Il justifie également la limite vers le systéme de
Vlasov-Poisson lorsque la fréquence de collision tend vers 0. Victory et O’Dwyer montrent
dans [192] V'existence de solutions classiques pour des données initiales arbitraires en
deux dimensions et des données petites en dimension supérieure. Leur méthode repose
sur le calcul explicite de la fonction de Green de 'opérateur de Fokker-Planck cinétique
0 + v-V, — V,-(Vy+ v). Signalons que nous reproduisons ce calcul dans le cas
magnétisé en Section B.3 de ’Annexe B et qu’il existe des résultats similaires pour des
opérateurs différentiels plus généraux. On parle alors de formules de Mehler (voir Hor-
mander [129]). Gréace a une formulation de Duhamel utilisant la solution fondamentale,

14. 0 est fixé ici
15. sans champ magnétique extérieur et pour une seule espéce. La généralisation (pour des solutions
faibles) ne pose pas plus de problémes que pour le systéme de Vlasov-Poisson.
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Victory et O’Dwyer reformulent VPFP en incluant le champ électrique comme un terme
source. A partir des estimations sur la fonction de Green, ils parviennent & montrer
Iexistence de solutions classiques grace & un argument de point fixe. Cette technique est
reprise ensuite par Victory [191] pour les solutions faibles en 3D, par Rein et Weckler
[175] pour D'existence globale de solutions classiques en 3D avec donnée initiale petite.
Enfin, Bouchut montre dans [28, 26| I'existence et 'unicité de solutions lisses a partir de
données initiales intégrables et bornées avec un contréle de quelques moments en vitesse.
Il s’inspire de la méthode, alors récente, de Lions et Perthame sur la propagation de
régularité des moments en vitesse [141].

Comme nous le verrons par la suite, les quantités naturellement propagées par les
systémes de type VPFP sont la masse et I'énergie libre. Les supposer bornées a l'instant
initial ne suffit pas & satisfaire les hypothéses des théorémes précédents et méme si I'on
admettait 'existence de solutions avec la seule régularité donnée par ces estimations, cela
ne suffirait pas a donner un sens a I’équation dans ’espace des distributions! Cependant,
en reformulant 1’équation, il est tout de méme possible de construire des solutions trés
faibles, avec ces seules estimations. Ce sont les solutions renormalisées de DiPerna et
Lions [68, 66, 67, 69], qui dans le cas de VPFP sont également appelées solutions d’énergie
libre [29, 74, 81]. Nous expliquerons cette notion en Section 4 et dans le Chapitre 1.

3.3 Modéle adimensionné a la base de notre étude

Apreés une procédure d’adimensionnement de (33) que 'on détaille en Section B.1 de
I’Annexe B, on obtient le modéle suivant

1
A2 0 fe +v-Vafe — E-Vyfe — —=— vAB-Vofe = 7%\ Q(f),
)\1/2M

1
atfi + Uvzfz + E‘vvfi + ; UV A vafl = 7 Q(fz)a

3 (34)
E = _v$¢7
L —62 A0 = ni —ne.
avec () I'opérateur de Fokker-Planck adimensionné
Q(f) = Vv'(vf+vvf) = vv'<MVv <AJ;>> (35)
et M est la maxwellienne centrée réduite
1 2
M(’U) = W e 2, (36)

Sous cette forme, on voit apparaitre les paramétres sans dimension introduits précédem-
ment dans (10), (14) et (25), et qui sont respectivement la longueur de Debye adimen-
sionnée 9, le rapport de masse \ et le paramétre de champ magnétique fort p. En plus de
ces parameétres, on en trouve deux nouveaux, v.(A) et v; correspondants aux inverses des
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libres parcours moyens adimensionnées. On se laisse le choix de prendre un ou deux de ces
paramétres égaux a 0, auquel cas on retombera sur un systéme de Vlasov-Poisson comme
dans I’Annexe A ou un systéme mixte comme au Chapitre 1 (voir la Remarque B.1.1 pour
quelques commentaires sur ces parameétres). A cause du scaling sur ’échelle de temps des
ions, on remarque que v.(A) peut dépendre du rapport de masse. C’est exactement sur le
choix de cette dépendance que nous allons jouer pour obtenir différents modéles réduits
dans les Chapitres 1 et 2.

Dans les quatre sections suivantes nous résumons et commentons nos contributions
des Chapitres 1 a 4.

18



4. Limite de diffusion anisotrope (Chapitre 1)

4 Limite de diffusion anisotrope (Chapitre 1)

Dans ce chapitre on s’intéresse a la limite € — 0 du systéme bi-cinétique suivant

Ouff +v-Vauff — Ved® - Voff + (vAB)-Vyuff =0,

SO+ U VS Vel VfE = S A B) VST = 2QUD), 6D

c 3 [
—Agp® = ni — ng.

Ici on travaille dans l'espace entier '® Q = R3 et pour un champ magnétique quelconque
B(t,x) = (bi(t, @) ba(t, @) bs(t,2)) ",

que l'on suppose borné uniformément. Ce systéme correspond a (34) avec § = p = 1,
e := N/2 4 = Oet .
76()‘) = W :

Cette mise a ’échelle est également utilisée dans le cadre de faible rapport de masse,
pour des opérateurs de collisions différents, dans les travaux de Petit et Darrozes [170], de
Degond et Lucquin [64, 65, 61| et plus récemment de Graille, Magin, Massot et Giovangigli
[109, 97, 96]. Il est naturel de s’intéresser a ce cette mise a I’échelle car dans I’équation
des électrons, le terme correspondant au champ magnétique est alors du méme ordre en
g que le terme de Fokker-Planck. Algébriquement, on peut fusionner les deux termes en
introduisant 'opérateur de Fokker-Planck anisotrope

LA(f) = Vi (A(t,x)v f + Vuf)

avec A la matrice telle que Av = v + v A B, c’est-a-dire
1 bs —by
A= |-bs 1 b1
by —by 1

Puisque v A B est a divergence nulle en vitesse, la seconde équation de (37) se récrit alors

1
Satfg + 'U'vxfea + vx¢€'vvf§ = gﬁA(f:)v

et le probléme peut s’interpréter comme une limite de diffusion pour 'opérateur de colli-
sion anisotrope L 4. Sans champ magnétique et & une seule espéce, la limite de diffusion

16. Dans le cas du tore tri-dimensionnel T2, le processus de passage & la limite est essentiellement le
méme que celui présenté dans ce chapitre. Notons que dans ce cas, on peut s’affranchir du contréle d’un
moment en espace sur la donnée initiale (voir Théoréme 1), qui découle de l'intégrabilité des fonctions
de distributions en domaine borné. De plus, concernant ’équation de Poisson, on remarquera que la
condition de neutralité globale (déja supposée ici) est capitale pour que I’équation soit bien posée sur le
tore.
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de VPFP a été étudiée par plusieurs auteurs. Les premiers résultats majeurs sont dus a
Poupaud et Soler [172] qui traitent essentiellement le cas bidimensionnel. Le résultat le
plus récent, 3D et global en temps avec des hypothéses de régularité trés faibles sur la
donnée initiale, est celui de Masmoudi et El Ghani [81]. L’analyse développée dans [81]
va nous fournir un bon nombre de clés pour traiter notre propre probléme. Néanmoins,
le champ magnétique fort et la considération d’un systéme a deux espéces créent des
problémes nouveaux dans ’analyse. D’abord, décrivons le passage a la limite formel.

4.1 Passage a limite formel et modéle asymptotique

Si une limite (f;, fe, ) existe lorsque e — 0 alors on s’attend, par identification des
ordres principaux en ¢ dans les équations, & ce que f; et ¢ vérifient toujours respec-
tivement les équations de Vlasov et Poisson et que f. soit dans le noyau de L£4. On
peut montrer que, dans le bon cadre fonctionnel, les seules fonctions de v vérifiant cette
propriété sont les maxwelliennes locales. Ainsi on s’attend & obtenir & la limite

fe(t,z,v) = ne(t,x) M(v).

On peut ensuite déterminer ’équation sur n. par la méthode des moments. Plus préci-
sément, si ’on pose

, 1
) = 2| efitaod (38)
g Jr3
alors en intégrant en vitesse ’équation des électrons, on obtient I’équation de continuité
omn: + Vg-jo = 0. (39)

En multipliant I’équation des électrons par v et en intégrant on a

528th + Vx~f (v@v—1)fidv + Vyni — Veon, = —jEAB — j¢,
]R3
= —A(t,x)jE,

(40)

ou I est la matrice identité et v @ v la matrice de composantes v;v; en i-éme ligne et
j-iéme colonne. Pour obtenir un modéle limite il faut pouvoir fermer les équations, c’est-
a~dire exprimer le moment d’ordre le plus élevé en fonction des autres. C’est ici possible
grace a la convergence vers une maxwellienne locale. En effet pour ¢,7 =1,...,3, on a

f (vivj—éij)M(v)dv = 0.
RS
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Par conséquent le systéme limite attendu, aprés avoir fait tendre € — 0 est le suivant
6tfi + Uvmfz - vm(bvvfz + (U A B) vvfz = 07

Otne + Vg je = 0,

) Je + jen B = Vgpne — Vyne, (41)

—Azd = n; — ne,

FOc) = A a0 - [ ran

Quelques commentaires sur le modéle limite s’imposent. I couple ’équation (cinétique)
de Vlasov sur les ions avec une équation (fluide) de convection-diffusion sur la densité
électronique macroscopique. En effet, en insérant I’expression de j. dans la seconde équa-
tion, on a

one — Vo (DEne + DVgne) = 0, (42)

ot E = —V,¢ et la matrice de diffusion D(t,z) = A~1(¢, x) est uniformément bornée et
uniformément définie positive. Dans cette matrice se cache certains aspects de la dyna-
mique centre-guide. FEn effet si on pose E = —V ¢ alors un développement asymptotique
formel dans la limite |B| — o donne

DE = U8 v+ 0 ()
ol Vg« p est la dérive électrique définie en (27). Au premier ordre, on a des effets de la
partie du champ électrique paralléle au champ magnétique. A 'ordre suivant, on retrouve
la dérive électrique puis les effets d’advection d’ordre supérieur. Notons que les effets de
dérive dus au gradient et a la géométrie du champ magnétique se trouvent dans le terme
V. - D (en développant la partie correspondant a la diffusion).

D’autres exemples de modéles hydrodynamiques pour les plasmas avec diffusion asy-
métrique peuvent étre trouvés dans |20, 56, 58, 57, 61]. En particulier, notons que les
modeéles de départ et limite considérés par Ben Abdallah et El Hajj dans [20] sont trés
proches du notre. Cependant ils considérent des situations linéaires, c’est-a-dire sans cou-
plage avec l'équation de Poisson. Sous la forme (41), la troisiéme équation correspond
a une loi d’'Ohm. De plus, écrite sous cette forme I’équation sur les électrons coincide
avec le modeéle de Van Roosbroeck étudié par Gajewski et Gartner [93] dans le cadre de
semi-conducteurs avec champ magnétique.

Remarquons également que les densités de Gibbs isotropes, multiples de e?, sont des
états stationnaires de (41).

4.2 Estimations a prior: uniformes

Afin de justifier le passage a la limite, nous avons besoin d’estimations. Dans les
scaling diffusifs de VPFP, il est difficile d’obtenir des estimations a priori uniformes
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en ¢ procurant suffisamment de régularité, au sens large de l'intégrabilité et du gain
de compacité, pour passer & la limite, particuliérement dans les termes non-linéaires
contenant V,¢°. Dans la suite on donne et on commente les estimations dont nous
disposerons.

Commengons par la propagation des normes LP. Pour I’équation de Vlasov des ions,
grace a la structure de transport, on a pour tout p € [1, +00] et uniformément en ¢ et €

15 @)l eoeexrsy = 1fi* oo (esxs) ,

au moins pour des solutions assez réguliéres. Dans le cas de ’équation de Vlasov-Fokker-
Planck des électrons, le terme de frottement en vitesse V,,- (v f£) provoque un phénomeéne
de concentration de la distribution illustré par ’estimation suivante

2@l p@osrey < 10 Iomones) exo (% (1-1)¢)

avec 1/p = 0si p = +oo. Par conséquent, si 'on considére une donnée initiale f
intégrable et bornée, celle-ci le restera jusqu’a n’importe quel temps final 7" > 0 fini. En
revanche, on perd toute information dans le régime ¢ — 0 sauf pour p = 1 donc supposer
davantage d’intégrabilité n’aiderait pas au passage a la limite. On dispose d’une autre
estimation naturelle uniforme pour le systéme, la dissipation d’énergie libre,

£ (1) + L De(r)dr = £(0), (43)

ou ’énergie libre est la somme de ’énergie potentielle électrique, des énergies cinétiques
et de I'entropie des électrons

1 1
& = 5 | vaP e 5 [P+ s dvde + [[ £ 1m0 dvds,
R3
R6 RS

la dissipation d’énergie libre est la quantité positive suivante

2
De(t) — ;‘;U vm/]\j(ev) M(v)dvdz. (44)
RG

L’estimation d’énergie libre fournit un contrdle L log L, meilleur que L', propagé unifor-
mément sur la fonction de distribution des électrons ainsi que deux moment en vitesse.
Par un argument de convexité on s’attend alors également a contréle uniforme L log L de
la densité macroscopique n;. De plus, le champ électrique est naturellement borné dans
L®(0,T; L*(R?)). Enfin, grace au facteur 1/¢2, le controle de la dissipation d’énergie libre
donne immédiatement la convergence forte vers une maxwellienne locale. En effet, grace
aux inégalités fonctionnelles de Csiszar-Kullback-Pinsker (voir Corollaire C.2.4) et de
log-Sobolev (voir Corollaire C.2.2) on sait que la distance entre fE et nS M est d’ordre
dans L?(0,T; L*(RS)).
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L’un des principaux problémes relatifs aux limites diffusives de VPFP provient du
fait que les seules estimations uniformes ne permettent pas de donner un sens (dans
D') au terme non-linéaire de 1'équation des électrons et a n, V,¢ dans I'équation (41),
méme en utilisant les propriétés de régularisation elliptique de 1’équation de Poisson.
Dans les premiers résultats sur la limite de diffusion de VPFP de Poupaud et Soler
[172] en dimension 2 , améliorés ensuite par Goudon dans [106], ce probléme est évité
par une reformulation du produit n. V. ¢ utilisant de maniére essentielle les symétries
de la solution fondamentale du Laplacien et la nature de sa singularité en dimension
2 (voir [172, Section 4]). Cette reformulation permet l'estimation uniforme du produit
grice aux seules quantités controlées par les estimations précédentes, et le passage a
la limite peut se faire uniquement avec de la convergence faible dans L' en espace.
Cependant en dimension 3 ce traitement astucieux ne fonctionne pas. Dans [81] et suite
au travail de Masmoudi et Tayeb [147] sur la limite de diffusion de Vlasov-Poisson-
Boltzmann 7, Masmoudi et El Ghani parviennent a traiter ce cas en utilisant deux autres
outils puissants, les solutions renormalisées, que 'on doit principalement & DiPerna et
Lions, et la compacité par moyennisation en vitesse découverte par Golse. Les premiéres
permettent de s’affranchir de la discussion du sens & donner au produit non-linéaire au
prix d’'une formulation plus technique de la notion de solution. Grace aux lemmes de
moyenne, on peut obtenir de la compacité forte sur la densité macroscopique, ce qui
régle le probléme du passage a la limite. Précisons maintenant comment vont s’appliquer
ces outils dans notre cadre.

4.3 Solutions renormalisées et résultat principal

La notion de solution renormalisée pour des équations cinétiques comprenant des
termes de type Fokker-Planck est spécifiquement introduite dans le papier de DiPerna et
Lions [67]. Ici, on adapte la notion de solution utilisée par Masmoudi et El Ghani pour
I’équation des électrons, et la notion de solution faible d’Arsenev [6] pour 'équation de
Vlasov des ions. On renvoie a la Définition 1.1.1 pour la définition compléte de la notion
de solution. Précisons seulement ici que 'on demande f& e L®(0,T; L*(R®)), V,\/f¢ €
L2(0,T; L?(RY)), V,¢° € L(0,T; L*(R3)) et que pour toute fonction 5 € C3(R) telle
que

B < CWu+1), [WVub' ()| <C, [uf"(u)] < C,
pour un certain C' > 0, B(f¢) vérifie dans D'([0,T) x R®)

CABUE) + v VaBUE) + Ved®  Vub([2) — + (v B)- VuB()

-1 <3f§ BI(f2) + v- VuBUE) + AuBUE) — 4 f2 [V /T

: ﬁ"(f:>) . (45)

17. L’opérateur de Boltzmann est linéarisé autour d’'une maxwellienne.
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avec donnée initiale B(fén) et pour tout A > 0, O\ = /f5 + AM vérifie dans D'([0,T") x
RY)

8@957)\ +v- Vmes,)\ + Va¢© - v’ues,)\ = 22’5;5’)\[:14(']6:) - 2)\9]:{\
avec la donnée initiale 4/ fi* + AM. Dans (45) le membre de droite correspond (si la fonc-
tion f£ était réguliere) au terme Q(f5)5’(fS). Pour la formulation (46), il faut donner un
sens précis a la distribution £4(f$)/6:.x, et pour éviter de surcharger cette introduction
de détails techniques, on renvoie le lecteur a la démonstration de la Proposition 1.5.4
pour davantage de détails sur ce point. Cette équation provient d’une renormalisation
de 'équation sur f5/M par la fonction s — /s + A. Alors que (45) sert simplement a
donner un sens alternatif a I’équation de Vlasov-Fokker-Planck des électrons, nous avons
besoin de (46) pour passer a la limite. Notons qu’une reformulation similaire & (46) était
déja utilisée par Bouchut et Dolbeault dans [29] pour étudier le comportement en temps
long de VPFP.

Nous pouvons maintenant énoncer le résultat principal du Chapitre 1 (Théoréme 1.1.6
dans le chapitre).

v Ved®, (46)

Théoréme 1 (Chapitre 1). Si les données initiales sont positives presque partout et telle
que fi"e L' n L®(RC), fme LY(RY) et

> Hf;"(|x| + |v)? + |In f") dv da:+f3 Voo™ [* de < +oo,

sefi,e} R6 R
ﬂ "y dr = Hfg"dvdx.
RS R6

alors il existe une solution renormalisée (ff, fS,¢°) de (1.3). De plus lorsque € — 0 on
a, G l'extraction d’une sous-suite pres

ff—fi faible-x dans L°([0,T) x R x R?),
fé—>ne M fort dans L*(0,T; LY (R3 x R?)),
¢ —> ¢ fort dans L*(0,T; WHP(R3)) pour tout 1 < p < 2,

et la limite (fi,ne, @) est solution faible de (41).

Dans la suite on évoque un point clé de la démonstration relatif & la présence du
champ magnétique singulier.
4.4 Compacité forte et controles par la dissipation

Contrairement au cas particulier de la dimension 2 ou le passage a la limite dans le
terme nt V,¢° de (40) peut étre obtenu uniquement par de la convergence faible grace a
la réécriture de Poupaud et Soler, ici il faut de la compacité forte sur I'un des termes du
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produit 8. Pour ce faire, nous utilisons le lemme de moyenne suivant énoncé et démontré
par Masmoudi et Tayeb dans [147, Lemme 4.2, Appendice 2| et directement adapté des
célebres résultats de Golse, Perthame, Sentis [103], Bardos, Golse, Perthame et Sentis
[12], Golse, Lions, Perthame et Sentis [102], DiPerna, Lions et Meyer [70], Bouchut [30]
et Golse et Saint-Raymond [104].

Lemme 2 (Masmoudi, Tayeb).
Soit (h®), une famille bornée dans L*(0,T; L*(R3; (L2 .(R3)))) satisfaisant au sens des
distributions

eoth® + v-Vzh® = hg + V- hi

ot (hg)., (h5). sont bornées dans L'(0,T; L*(R?; (L}, .(R%)))). Alors pour tout ¢ €
D(R3)

— 0
L1(0,T; L*(R?))

j (1yh® — h¥)(v) dv
R3
lorsque y — 0,uniformément en e, avec T, la translation de vecteur y en la variable x.

Le but est d’appliquer ce lemme & h® = [S(fS) vérifiant (45). Afin que les hypothéses
soient satisfaites, il convient de borner uniformément les termes singuliers de I’équation
sur les électrons. Il parait raisonnable de réussir a traiter les termes du membre de droite
grace au controle de la dissipation d’entropie, quantité créée par ces mémes termes. En
revanche il n’est pas a priori évident que 'on obtienne un controle uniforme du terme
singulier de champ magnétique

1 €
E(U A B) 'VU/B(fe)‘

C’est en fait possible grace au controle de la dissipation d’énergie libre et au lemme
suivant.

Lemme 3. (Chapitre 1) Soient f = f(x,v) une fonction positive telle que f(1 + |v]?) €
LYQ x RY), V,(\/f/M) € L*(M(v) dr dv), B € L*(Q) et B une fonction dérivable de
dérivée bornée. Alors on a

[(w A B) - VoB(f)l L1 (axrs)

< 1Blpe@) 18/ (F) ey | Yo/ /M

1/2

f wf? £ do (47)
Rd

Pour démontrer ce résultat, il suffit d’observer que la force de Laplace est orthogonale
a la vitesse des particules, c’est-a-dire v - (B A v) = 0. A partir de la on écrit (v A B) -

VuB(f) = B (f)Vf(v A B)-(2Vy/f +v4/f) et on utilise 'inégalité de Cauchy-Schwartz

L2(M dv dzx)

L)

18. Signalons tout de méme que dans notre preuve nous ne passons pas a la limite dans I’équation
(40) qui elle non plus n’a pas pas de sens sans renormalisation. Le passage a la limite se fait directement
dans (46)
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ainsi que les bornes sur le champ magnétique et la fonction de renormalisation. Cette
estimation est trés proche de celles de Poupaud et Soler [172, Lemme 2.2, Equation
5.45] estimant les moments d’ordre 1 et 2. Sous les hypothéses du lemme précédent, elles

s’écrivent
vf dv
Rd

< |vovi

1/2
v 1 (48)

et

1/2

f (v®uv—1I) fdv HV f/M
R

[o]? f dv (49)

M (v) dvdz)

L1(Q) L(Q)

Dans les deux cas, des annulations permettent de faire apparaitre la quantité v f + V, f et
d’obtenir un controle grace a la dissipation d’énergie libre. Ces estimations sont capitales
dans notre preuve. En effet étant donné le facteur 1/¢2 de la dissipation (44), on obtient
que la densité de courant des électrons ji définie dans (38) est d’ordre 1 en € et que le
second terme de (40) tend bien vers 0 lorsque e — 0, ce qui légitime la procédure formelle
présentée plus haut.

Pour le terme de champ magnétique, il semble que la forme de la dissipation de 'opé-
rateur de Fokker-Planck soit importante pour établir I’estimation du Lemme 3. Notons
que pour 'application du lemme de moyenne on pourrait étre tenté choisir d’inclure le
terme 1 (v A B) - V,B(f5) dans hS et estimer directement (v A B) fS, par exemple par
interpolation avec le moment d’ordre 2. Cependant, & cause de la singularité en € on
n’obtiendrait pas de contréle uniforme.

5 Densité de Boltzmann anisotrope (Chapitre 2)

On se place ici sur le tore tri-dimensionnel en espace @ = T3 et on considére
I'évolution de la distribution f& : Ry x T? x R? — R, suivant 1’équation de Vlasov-
Fokker-Planck

sﬁtfe—i—v-vxfE—Es-vas—ki Vo ff = : S(vff 4+ Vo f9), (50)

ot exposant * désigne la transformation vt = (0,0,1) A v = (—wg,v1,0). Ainsi, le
dernier terme du membre de gauche correspond a la contribution de la force de Laplace
pour un champ magnétique unidirectionnel et constant B = (0,0,1)". L’équation (50)
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correspond ' & I’équation des électrons du systéme (34), pour g =1, e = /2 et

1

’Ye()\) = W'

Le scaling des collisions est sous-diffusif, ¢’est-a-dire
a < 1.

Dans le Chapitre 1, on a étudié le cas limite a = 1. Notre motivation ici est de retrouver
une approximation d’électrons boltzmanniens de type (26) comme celle utilisée par les
physiciens a la limite ¢ — 0. A cause du choix que 'on a fait dans la modélisation des col-
lisions par un opérateur de Fokker-Planck linéaire, on s’attend a une description triviale
de la dynamique de la température. Nous sommes plutdt intéressés par la caractérisation
de la moyenne qz du potentiel le long des lignes de champ ainsi qu’en la dynamique du pré-
facteur dans le plan orthogonal au champ magnétique. Notons néanmoins que récemment
Bardos, Golse, Nguyen et Sentis ont obtenus dans [15] une justification rigoureuse d’une
dynamique de type Maxwell-Boltzmann avec une température non constante en temps
dans la limite des électrons sans masse a partir d’un systéme similaire & (34) sans champ
magnétique. Cependant, leur résultat n’est valide que sous des hypothéses de régularité
dont la propagation par les équations n’est pas prouvée. Dans le cas isotrope (sans champ
magnétique) le seul résultat connu a notre connaissance sans hypothése technique de ré-
gularité est celui de Bouchut et Dolbeault qui justifient dans [29] la limite des électrons
boltzmanniens & partir d'un systéme de Vlasov-Poisson-Fokker-Planck. Dans ce papier
leur analyse concerne principalement le comportement en temps long de VPFP mais
comme nous l'avons évoqué précédemment et le verrons au Chapitre 3, il y a plusieurs
similitudes entre 'asymptotique en temps long et la limite des électrons sans masse. Dans
le cas magnétisé, on renvoie également le lecteur aux papiers de Negulescu, de Cecco et
Possaner [44, 160] ot des modeéles plus complets que celui obtenu dans ce chapitre sont
justifiés formellement. Pour nous, I'important est entre autre d’obtenir une justification
rigoureuse d’une approximation similaire a (26).

Le champ électrique E® peut étre de deux natures différentes. Soit, comme jusqu’a
maintenant il dérive d’un potentiel ¢° qui vérifie ’équation de Poisson

—62Ay¢° = n — nt, n°(t,x) = fet,z,v)do,
R?)
ou n = n(t,x) est une densité donnée. Dans ce cas le modéle est non-linéaire, de type
Vlasov-Poisson-Fokker-Planck et nous ne sommes malheureusement pas en mesure de
justifier complétement le passage a la limite & partir de ’équation cinétique. On expliquera
les difficultés rencontrées ci-aprés. Cependant, nous savons montrer que le modéle non-
linéaire attendu a la limite est bien posé (Théorémes 6 et 7). Notre résultat de passage

19. Dans le cas a = 0, et quitte & changer le signe des champs de force, la limite € — 0 de I’équation
peut également étre interprétée comme une limite de champ magnétique fort de I’équation des ions ou
des électrons en temps long. On renvoie au Chapitre 2 pour davantage de détails.
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a la limite (Théoréme 4) concerne donc un modeéle linéaire ou le champ électrique est
extérieur, si bien que lorsque c’est le cas on note E° = E = —V_¢, pour un potentiel
¢ donné. On commence par présenter 'obtention formelle du modéle limite.

5.1 Passage a limite et modéle asymptotique

On décrit ici formellement comment le modéle limite est obtenu puis on énonce et
commente le résultat de convergence. Les collisions sont ici moins fortes que dans le ré-
gime diffusif du Chapitre 1. Notamment le champ magnétique est le terme strictement
dominant en e dans I’équation (50). Au premier abord, il n’est donc pas clair que la limite
annule 'opérateur de Fokker-Planck. Grace a des arguments de dissipation d’énergie libre
on justifie 'obtention d’une maxwellienne locale & la limite. En effet, 'estimation d’éner-
gie libre, qui est invariante par ajout d’un champ magnétique, est similaire a (43) (on
renvoie au Chapitre 2 pour davantage de détails) & condition de remplacer la dissipation

d’entropie par
4 fe
e _
D0 = o || VoA B )
R6

La restriction additionnelle
a > —1

2

M(v)dvdz. (52)

sépare un régime asymptotiquement non-collisionnel & celui que 'on considére ici, ou
lorsque € — 0,
[tz v) = n(t,z) M(v).

Il reste & caractériser la densité macroscopique limite n. Comme dans la section précé-
dente, I’équation de continuité

atn6 + V:UJE = 0,

est vérifiée avec la méme définition pour la densité de courant

1

Jotr) = — f v fE(t,x,v)do.
g JRrs3

Pour I’équation d’évolution de j¢, on sépare ce qui se passe parallélement et perpendiculai-

rement au champ magnétique. Au niveau des notations 20 cela correspond respectivement

a un indice Il et L. On a

€2 0,5 +Lw-vz Fdv - Ve daf = (G — e (53)
R
e 0,55 +J3v V-V fodv — 0, ¢°n° = —elTYjf. (54)
R
20. Par exemple v) = (vi,v2) | et vy = v3

28
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A partir de 13, il s’agit d’estimer la taille de chacun des termes afin de pouvoir identifier
la limite. Dans le contexte de solutions d’énergie libre, on a comme on ’a vu au premier
chapitre des bornes uniformes sur f¢, n°, |v|? f¢ et V,¢° bornés dans les espaces de
Lebesgue adéquats. Grace au Lemme 48, on s’attend a ce que j¢ soit quant & lui, au pire,
d’ordre £(*~1)/2, Par conséquent, a la limite, (54) donne

Opy — Oz, dn = 0.

L’intégration de cette équation nous donne que le rapport entre n et e? ne dépend pas
de xy. On peut récrire cela sous la forme suivante

(9(t.2)
) ST e¢(t,fﬂl,yu) d yH (55)
= N(t,z1) () =Gtz 1) ,

n(t,z) = N(t,zy

avec la densité moyennée

N(t,zy) = JTn(t7$l,y)dy, (56)

et le potentiel moyenné

gg(t,xi) = In <ﬁr e¢(t’“’”")dm> ) (57)

Afin de déterminer I’équation suivie par N on intégre I’équation de continuité et ’équa-
tion (53) par rapport a ) et on obtient respectivement

OGN+ YV, - J° =0

et
1

1
’= (j navxL(bedx) B ff viv) - Vg, fCduda R _EQatJal>
T

TxR3

ou l'on a également appliqué une rotation de —m/2 et ou

Jo = f]idx et NE = fnedx.
T T
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A partir de 14, on substitue Pexpression de J¢ dans I'équation de continuité moyennée, on
passe a la limite et on utilise I’expression (55) pour finalement obtenir le modéle limite

=
|
5

()

On énonce maintenant le théoréme de passage a la limite du Chapitre 2 (Théoréme 2.1.3
dans le chapitre).
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Théoréme 4 (Chapitre 2). Soit ¢ € W, (Ry; L2 (T?)) n L

. loc loc
tiel extérieur et f* une donnée initiale positive telle que

(Ry; WH®(T3)) un poten-

U (L+ v+ |In f™)) f™dedv < +o0.

T3 xR3

Alors il existe une unique solution f€ e C(Ry; LY(T? x R?)) a
1 1
€ 0ST + v Vol 4 Vah VofT + ZvT Voft = 2V (f° + Vo)

muni de la donnée initiale f*. De plus, si o € (—1,1), alors il exviste N € L®(R,; L' (T?))
et une suite strictement positive (€,)y et convergeant vers 0 telle que lorsque n — o0
) e?(t,x)

ST e¢(t7wL Yl ) dy”

for(t,x,v) > N(t oy M(v)  faiblement dans L}, (R, ; L' (T3 x R?)),

et N est solution faible de l’équation de transport linéaire (58) avec la donnée initiale
n
SS’]I‘XR3 f d’l)dxu .

Avec la régularité supposée sur le potentiel, il est possible de démontrer ce théoréme
en suivant 1’ébauche de preuve précédente. L’adaptation des techniques du Chapitre 1
ne permet pas d’étendre le résultat au cas non linéaire et de retrouver le modéle complet
(55) muni de I’équation de Poisson Boltzmann anisotrope

—0% A0 = n — Net=9. (59)

En particulier, nous ne parvenons pour le moment pas & obtenir de la compacité forte sur
la densité macroscopique, nécessaire pour passer a la limite dans le terme non-linéaire.
En effet, a cause de la singularité du terme de champ magnétique, il semble difficile d’ap-
pliquer un lemme de moyenne comme le Lemme 2. Dans le présent scaling, I'application
du Lemme 3 donne

= O(e(a_l)ﬂ) ;
L2(0,T; L' (T3 xR3))

ce qui ne donne une borne uniforme que lorsque a > 1.
Malgré cela nous sommes capables de montrer que le modeéle limite non-linéaire est
bien posé.

5.2 Commentaires sur le modéle limite

Le modéle limite est composé d’une équation de transport (58) sur la densité moyen-
née N = N(t,z, ) dont le champ d’advection dérive d'un potentiel moyenné gz~5 = 5(2&, x)
qui dépend non-linéairement du potentiel ¢ = ¢(t, 1, zy). Ce dernier est lui-méme solu-
tion d’une équation elliptique non-linéaire (59) de type Poisson-Boltzmann faisant inter-
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venir la densité N. Notons que ce modéle ressemble énormément & 1’équation centre-guide
(ou Euler 2D en formulation vorticité) obtenue par Golse, Saint-Raymond [105, 178] et
Miot [150] & partir du systéme de Vlasov-Poisson 2D.

Théoréme 5 (Golse, Saint-Raymond, Miot ; adapté de [150]). Soient Q = T? et f5 €
L' n L®(Q x R?) des fonctions positives & support compact telles que

sup (I + W) fal proxrey + 1EGl r2oxre)) < +o0
e>
ou E5, = VoA (§ 55, dv — §§ f5, dv dx) et

5Hfi6nHLOO(Q><R2) In (2 + HfiEnHLOO(QxRQ)) — 0,

lorsque € — 0. Soit (f%)e=0 la suite de solutions faibles de

1
0 fE + v-Vuft + E°-V,f¢ — gui-vvfa =0,
Ef = —V.¢°, (60)

—Agpf = n° — J n® dx n°(t,z) = fe(t,z,v) dv
Q R2
correspondant & la famille de données initiales (f;,)e>0. Alors, il existe une sous-suite de
(n®)e=0 convergeant vers n dans C(Ry; My (Q) — faible — x). De plus, la limite est une
solution globale de ’équation d’Euler en formulation vorticité

ﬁtn—Vz-(ELn) =0
E = _vx¢7

—Ay¢ = n—Jndx
Q

au sens de Delort et Schochet (voir [150, Définition 2.1] et les références citées).

Outre les non-linéarités, la différence notable entre (58)-(59) et (61) est le couplage
entre une équation de transport en 2D et une équation elliptique 3D de notre systéme.
On remarque d’ailleurs que ce couplage est uniquement da & la dépendance en x| de la
densité de fond n = n(t,z ,zy). En effet si d,,n = 0 alors en dérivant (59) par rapport
a xy, il est facile de montrer que J,, ¢ est également nul. Dans ce cas de figure 5 = ¢ et
on retrouve, a la densité de fond n prés, le modéle (61).

Notons également la consistance entre notre systéme et celui obtenu formellement
par Degond et Filbet dans [63]. Dans ce papier, ces derniers s’intéressent & la limite
e — 0 de I’équation de Vlasov (60) en version tri-dimensionnelle. Le modéle limite est une
densité radiale dans les deux premiéres composantes en vitesse f(t,z,v) = F(t,x, vy |, vy)
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vérifiant

OF + Vi ¢ Ve F + 050000, F +v) 05y P + 05y 0y, P = 0,

1

V|| aJ:HF + ax\\¢av\\F = 07 _AJI¢ =n-—- (QF)J‘ F('7'7p7UH)pdpde7
R+XR

_Axw =n-—- (27[-)\[ P(‘a'vpvv\\)pdpdv\\a
R+XR

ou P est un multiplicateur de Lagrange associé & la contrainte sur F' encodée par la
premiére équation de la seconde ligne. Si ’on considére une maxwellienne locale solution
de cette équation, alors cette méme contrainte impose une densité de Maxwell-Boltzmann
anisotrope (55) et en intégrant la premiére équation en (xy, |vy|, vy ), (P, 1) disparaissent
et le systéme devient finalement (58)-(59). Autrement dit les densités macroscopiques des
solutions maxwelliennes du systéme de Degond et Filbet sont solutions de notre systéme.

Mentionnons enfin que pour ne pas ajouter une complexité superflue aux preuves
nous avons considéré un champ magnétique d’amplitude constante.

Dans le cas d'un champ magnétique B(t,z) = (0,0,b(¢t,z,)) d’amplitude®! b :
Ry x T2 —» Ry, (t,z1) > b(t, 1) '’équation limite est la suivante

ON + Vg, - (NUL) =0,
U = %(Vaug)J— + b%(vaub)l

Le second terme du champ d’advection est bien connu dans la théorie centre-guide des
plasmas magnétisés et s’appelle dérive de gradient. Sous des hypothéses adéquates sur
Pamplitude (régularité, bornes sur b et son gradient et borne par en dessous uniformément
loin de 0), le passage a la limite du Théoréme 4 se généralise sans difficulté et I'obtention
de la seconde dérive résulte du passage a la limite dans le terme

L

1
Vi, - 5 Jf vivy - Vg, fedude ,
TxR3

dans 'expression de V,, - J¢. Lorsque b est constant en x| ce terme tend vers 0.

Pour des classes plus larges de champs magnétiques, d’autres effets dus a la géométrie
du champ sont attendus. Méme sans champ électrique et sans collisions, ces derniers sont
extrémement complexes & décrire et on renvoie vers [53, 54| pour davantage de détails a
ce sujet.

5.3 Analyse du modéle limite

Expliquons ici les mécanismes de propagation et de gain de régularité en jeu dans le
systéme limite. Une fois ces points compris, la construction des solutions peut se faire

21. L’amplitude b ne dépend pas de zj afin d’obtenir un champ a divergence nulle et vérifier I’équation
de Maxwell-Thompson (3).
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par un processus itératif similaire & ceux utilisés pour Vlasov-Poisson [99, 30, 174] ou
Euler incompressible en formulation vorticité [145, 52, 143].

Malgré les non-linéarités, le systéme (58)-(59) hérite d’une riche structure. D’abord,
I'équation de conservation (58) peut étre écrite sous forme d’équation de transport
puisque le champ d’advection est & divergence nulle. Ainsi, en particulier, les normes
LP sont formellement conservées

IN@Olorzy = [N(O)]Lor2),

quel que soit p € [1,4+00]. Ensuite, I’équation de Poisson-Boltzmann (59) est I’équation
d’Euler-Lagrange associée a la fonctionnelle suivante

JW] = %52 Lrii IV ? + ﬁr?N In (Le¢ dx) dr; — Lgm/ﬁ (62)

Pour des sources N € L*3(T?) et n e LY%(T3), cette fonctionnelle est coercive, stricte-
ment convexe, semi-continue inférieurement et Gateaux-différentiable dans

Hoz{ heD'(T3) | VheLQ(TB’)etf h=0 }
T3

Elle a donc un unique point critique qui est 'unique solution faible de (59). Concernant
le gain de régularité, on parvient a montrer que si de plus n € L% 21(T3) alors les non-
linéarités e? et e~ sont bornées dans L*. A partir de 14, (59) se comporte comme une
équation elliptique du second ordre linéaire, dans le sens ou ¢ est deux dérivées plus
réguliére que les sources N et n (voir Proposition 2.3.3).

Puisque le champ d’advection dépend de gzwb, il reste a comprendre le lien entre régula-
rité de ¢ et de sa moyenne non-linéaire dans la direction paralléle. Dans toute I'analyse
de ce systéme, il est important de distinguer ce qui se passe parallélement et perpendicu-
lairement au champ magnétique. Avec quelques ingrédients supplémentaires on obtient
le résultat suivant (Théoréme 2.1.2 dans le chapitre).

Théoréme 6 (Chapitre 2). Soient p > 4/3 et 6 > 0.
Soit n € C(R; L5/°(T?)) n LY (R; LP(T?) n L¥21(T?)) une densité de fond positive.
Pour toute donnée initiale N € LP(T?) positive telle que Spe N = Sps 1, il existe une

solution faible globale N au systeme (58), (59) commencant a N*™ au temps 0.

Commentons simplement le seuil sur p, afin d’illustrer que la régularité est transmise,
de maniére anisotrope, sans perte dans les estimations. Imaginons que n soit constante.
Dans ce cas, le systéme se réduit a (61) et en particulier, I’équation de Poisson devient
linéaire et 2D. Par conséquent si la source N est dans LP le potentiel est dans ’espace de
Sobolev W?2P. Si p < 2, par injection de Sobolev en 2D, le gradient du potentiel est dans
L2P/(2=P) e plus petit p qui assure que le produit d’'un élément de LP avec un élément
de L?P/(2=P) soit une distribution est bien 4/3.

Concernant 'existence et I'unicité de solutions fortes, on démontre le résultat suivant
(Théoréme 2.1.1 dans le chapitre).
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Théoréme 7 (Chapitre 2).

Soit p> 2,5 >0 et n e Cp(Ry; WHP(T?)) une densité de fond positive.

Pour tout N e WHP(T?) positive telle que STQ N = ST3 n, il existe une unique solution
mazimale (N, I) & l’équation N au systéeme (58), (59) dans C(I; L*(T?))nC(I; W1P(T?)—
faible) commencant & N™ au temps 0. De plus, le temps mazimal d’existence est unifor-
mément borné loin de 0 pour des données initiales dans un ensemble borné de WP (T?).

Ici le seuil correspond & l'obtention de la régularité Lipschitzienne pour le champ
d’advection, naturelle pour I'obtention de solutions fortes & une équation de transport.
Le seuil p = 2 correspond donc & I’exposant critique de I'injection de Sobolev W?2P(T?) «
WL (T?). Afin d’obtenir le résultat du Théoréme 7 il faut ici étudier la propagation de
la régularité W1P(T?) pour la densité N. En dérivant 1’équation de transport on obtient

0405, N + V¢ -V, N = =0, V¢ -VN,

qui correspond & une structure de transport avec terme source. A cause de la non-linéarité
du terme de droite on obtient une borne W1P(T?) jusqu’a un temps fini dépendant de
la donnée initiale 2. On montre ainsi I’existence de solution fortes sur un intervalle de
taille controlée par en dessous. Grace a la régularité Lipschitz du champ d’advection, on
a l'unicité et on peut prolonger notre solution en une unique solution maximale sur un
intervalle de temps de taille bornée par en dessous. Notons que rien n’assure que cette
solution soit globale, sans toutefois réfuter 'existence globale de solutions fortes pour
cette équation.

6 Meéthodes hypocoercives et taux de convergence (Cha-
pitres 2 et 3)

Dans cette section on présente une méthode permettant d’établir des estimations de
régularisation et de retour vers I'équilibre pour des équations de type Vlasov-Fokker-
Planck dans les régimes limites de certains paramétres de I’équation. On commence par
expliquer la méthode sur un modéle jouet.

6.1 Stratégie illustrée sur un modéle jouet

On considére I’équation de Kolmogorov posée sur le tore (z,v) € T2,
Of + etvduf = 31, (63)

oll € > 0 et a,be R. On veut montrer par une estimation globale que f converge vers sa
moyenne lorsque t — 0, au pire exponentiellement rapidement. De plus on veut détermi-
ner la dépendance du taux exponentiel en € dans la limite ¢ — 0 et plus généralement la
dépendance de normes de la solution en €.

22. Le temps fini est décroissant par rapport a la taille de la donnée initiale dans Wl’p(’H‘Q)
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L’équation (63) est un exemple classique d’une équation parabolique dégénérée a la
structure hypoelliptique et hypocoercive. On référe & Hormander [128] et Villani [194]
pour une présentation abstraite et générale de ces deux concepts, traduisant les propriétés
de régularisation et de convergence vers 1’équilibre. On introduit ’espace de Hilbert
H = L*(T?), que 'on munit de son produit scalaire (-,-) canonique et de la norme
associée | - |, et le sous-espace H( des fonctions de H & moyenne nulle. Si f € H est
solution de (63) alors h = f — {{., f est également solution et vérifie h € Hy. D’autre
part, les opérateurs non-bornés vd, et 0, sont anti-symétriques sur H et leur commutateur
est [V, Oy] = —0y. Gréce & ces propriétés on montre aisément les égalités suivantes (au
moins formellement)

$Ln)? + oyn? = o, sL0,h)? + eb|02,h|? = —e® (dyh, Ouh) ,
2 410,h|% + €202,n)? = 0, $<0uh,0uh) + ev|dzh|? = —2&° (32,h, 2 ) .

On voit clairement qu’on ne peut pas obtenir une estimation H' classique en sommant
les trois premiéres égalités car le terme de reste (0,h, 0,h) n’est pas controlé par les
termes de dissipation dans les membres de gauche des égalités. Cela est dii au défaut de
coercivité de vd, — 02, dans les espaces H®, s € N, munis de leur norme canonique. Il est
cependant possible de boucler une estimation pour une norme H! équivalente en ajoutant
le terme croisé. Grace a des poids en temps il est méme possible de rendre compte des
effets de régularisation. Cette méthode d’hypoellipticité globale est due & Hérau [121] et
Villani et est expliquée pour 'équation de Fokker-Planck cinétique dans [194, Appendice
A.21]. On introduit donc

= |2* + v €” min (1, 5) |0h|?
+ y2e® min (1, £)° 0,82 + 27;5e® min (1, )% (0.h, k), (64)

avec v € (0,0)3 et B € R? des paramétres a calibrer. Les puissances du temps peuvent
étre prédites grace a la solution fondamentale?® de (63) (voir [194, Appendice A.21] et
Section B.3 en Appendice B). A partir des équations précédentes on s’attend & pouvoir
controler les termes de reste grace aux dissipations (par des inégalités de Young) sous un
certain nombre de contraintes (sur ) d’inégalités affines

M(a,b)3 < V(a,b), (65)

ot M (a, b) est une matrice a trois colonnes et V'(a, b) un vecteur de taille égale au nombre
de contraintes. Sous (65) on s’attend alors & ce qu’il existe eg > 0, v € (0,0)% et § > 0
tels qu'uniformément en ¢ € (0,p), on ait I'équivalence entre || - [[Z_ -, €t une norme H !

23. On peut également introduire d’autres paramétres a calibrer pour les puissances du temps et les
optimiser pour obtenir la meilleure fonctionnelle de Lyapunov. Cette méthode a le mérite d’étre généra-
lisable & d’autres équations hypoelliptiques dont on ne connaitrait pas a priori les taux de régularisation
temporels.

36



6. Méthodes hypocoercives et taux de convergence (Chapitres 2 et 3)

canonique dés que ¢t > 0 et que pour tout s € [0,0), t € [0, 00),

g,smﬁ ’ (66)

A ()]

4
s + 0 [ Ducabu) du < [Jh(s)

pour la dissipation
Dicrp(h) = € [0,h]? + 41 ™ min (1, 5) |05,
: 3 . 2
+ 92e” min (1, 5)” 02,0 + 273%7% min (1, %) |0:h]*. (67)

A partir de 14 on obtient des estimations de f et de ses dérivées en fonction de la donnée
initiale et £. On a capturé des effets de régularisation L? — H! puisque [|h(0)l0c~.5 =
[h(0)|. Notons que I'on pourrait monter en ordre dans les dérivées pour quantifier la
régularisation dans des espaces H®. De plus, grice a I'inégalité de Poincaré

In]? < Kp(|0uh]? + [0:h]%),

e—n(s)t ’

o[ < o[

avec r(e) = O emax(bfstab=F.s+a=F2) pour une certaine constante C' > 0. On peut
alors optimiser le taux?* (asymptotiquement dans la limite £ — 0) par la résolution du
probléme de programmation linéaire consistant a minimiser max(b, 3 + a,b — 51, B3 +
a — f2) sous les contraintes (65). De méme en minimisant d’autres puissances de € on
optimise les estimations de chaque dérivée.

On adapte cette méthode & un cadre anisotrope dans le Chapitre 2 et non-linéaire
dans le Chapitre 3. Notons que cette technique de pondération de la fonctionnelle hypo-
coercive par des paramétres d’échelles (ici €) avait été précédemment utilisée pour des
fins similaires par Briant [35] pour I'étude quantitative de la limite de faible nombre de
Knudsen des solutions de I’équation de Boltzmann linéaire et I’équation de Boltzmann
en régime perturbatif.

6.2 Convergence vers les densités de Boltzmann (Chapitre 2)

On adapte la méthode ci-dessus a I’équation de Vlasov-Fokker-Planck linéaire avec
champ magnétique extérieur (50). Notre but est de quantifier la convergence vers la
densité de Maxwell-Boltzmann. A cause de I'anisotropie du probléme, on doit séparer les
dérivées paralléles au champ magnétique et les dérivées orthogonales. On régle donc des
parameétres dans les deux directions. Cela fournit le résultat suivant.

Théoréme 8. (Chapitre 2) Soit un potentiel extérieur stationnaire ¢ € W% (T3).
Alors il existe une constante positive C' telle que pour tout € € (0,1) et toute donnée

24. Notons que le taux obtenu n’est pas optimal, il est le meilleur pour cette technique particuliére
seulement et ne donne pas la taille du trou spectral en fonction de € mais simplement une estimation de
ce dernier.
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initiale fo € L2(M~'(v)dr dv), la solution f¢ de l’équation de Vlasov-Fokker-Planck
(50) commengant en fy vérifie

€ € ot
1fe=n" M 2w, r2ou-1y) < Clfolze@u-—r1ye

nt = R3 oG, v)dv et NE = ﬁl‘ng('»'?y)dy‘

1—
< Cllfollpzar—1ye 2

al

n® — N°¢ e"ﬁ_‘z‘

L2(Ry xT3)

on

En particulier, lorsque € — 0 la fonction de distribution f€ est a une distance d’ordre
1—|a] . .
e 2 de la densité de Mazwell-Boltzmann anisotrope

Jv|? ~
#3/2 Ng(t, fCL) e_T+¢(zL7x\\)_¢(l'J_)

dans L2(Ry; L2(M™Y)), avec ¢ le potentiel moyenné défini par (57).

Quelques commentaires concernant les puissances de ¢ s’imposent. D’abord, bien que
I’anisotropie due au champ magnétique ajoute de la complexité technique dans I'analyse,
elle n’influe pas sur les puissances de e attendues. En effet, on trouverait les mémes taux
en ¢ sans champ magnétique et pour une densité de Boltzmann isotrope. Ensuite, la
convergence vers la maxwellienne locale en O(e(17®)/2) pouvait déja étre obtenue (dans
un espace fonctionnel différent) a partir de la dissipation d’énergie libre (52). Le résultat
intéressant du théoréme est la seconde estimation. On voit que le taux n’est pas mono-
tone ?® en « et le taux maximal est obtenu lorsque a = 0. Cela illustre le fonctionnement
des mécanismes hypocoercifs. Lorsque la convergence provient & la fois du transport
et de la dissipation, celle-ci est la plus rapide seulement lorsque les deux phénoménes
sont de magnitude comparable. En particulier, une dissipation trop forte détériore la
convergence, ce qui peut sembler contre-intuitif & premiére vue. Enfin, le taux obtenu est
cohérent avec la restriction a € (—1,1).

6.3 Comportement en temps long de VPFP (Chapitre 3)

Dans le Chapitre 3 on s’intéresse a I’équation de Vlasov-Poisson-Fokker-Planck sui-
vante

atf+v’va:f_vx¢'vvf = %vv‘(vf'i'vvf)v
(68)

_52Ax¢ = P—Ph(x)a p = w2 [ dv.

25. Ici encore, nous n’avons pas prouvé que le trou spectral est maximal pour @ = 0. Cependant sa
non-monotonie est assurée par le fait qu’en o = 1 et @ = —1, méme formellement, les limites attendues
pour f€ n’e sont pas donnée par la densité Maxwell-Boltzmann anisotrope, comme 'atteste I’analyse du
Chapitre 1.
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Ici, les aspects de modélisation nous intéressent moins que dans les deux premiers cha-
pitres. L’équation décrit simplement I’évolution d’'une distribution f : Ry xT?xR? — R,
(t,z,v) — f(t,z,v) de particules chargées dans un domaine périodique bi-dimensionnel
contenant un fond de particules lourdes de charge opposée caractérisées par la densité
macroscopique pp. Le but principal du chapitre est de décrire le comportement en temps
long de f dans des régimes de fortes collisions 7 — 07 et de collisions évanescentes 7 — o0
et d’étudier la dépendance des estimations en les paramétres 7 et 8. A partir de celles-ci,
des modéles asymptotiques seront obtenus en lien avec ceux des deux premiers chapitres.

Dans [29], Bouchut et Dolbeault ont montrés que lorsque ¢ — oo la solution converge
vers la densité de Maxwell-Boltzmann

7 (0) = M(v)e =) (69)
pour un potentiel limite solution de I’équation de Poisson-Boltzmann
~02 Dy = % — py. (70)

Le résultat de Bouchut et Dolbeault ne quantifie pas la vitesse de convergence. Récem-
ment Hérau et Thomann ont montrés [123] une convergence exponentielle vers I’équilibre
a 7 fixé et pour ¢ suffisamment grand. Dans des travaux précédents, Hérau [121] avait
établi des estimations pour le semi-groupe d’évolution de I’équation de Fokker-Planck
cinétique (sans champ électrique) par des méthodes hypocoercives et d’hypoellipticité
globale similaires & celles exposées en Section 6.1. A partir de ces estimations, Hérau et
Thomann montrent 'existence et I'unicité d’une solution & (68) dans un espace captu-
rant régularisation en temps court et décroissance exponentielle en temps long par une
méthode de point fixe de Banach. Leur preuve repose sur une formulation de Duhamel
de I’équation (68) grace au semi-groupe précédent et en considérant le terme non-linéaire
comme un terme source. Cependant 1'utilisation d’estimations «boite-noire» sur le semi-
groupe ne permet pas de boucler un tel argument dans les régimes extrémes 7 — 400 et
7 — 0%, c’est-a-dire uniformément pour 7 suffisamment petit ou grand. Par la méthode
de la Section 6.1 (7 y prend la place de €) nous montrons par une méthode de point fixe
la régularisation et la décroissance exponentielle et exhibons la dépendance des taux en
7 et §. Pour cela nous construisons les estimations et optimisions les taux directement
au niveau non-linéaire.

Résultats principaux

Notre premier résultat concerne le régime diffusif.

Théoréme 9 (Chapitre 3; 7 < 1). Quels que soient 9 > 0, Ry > 1 et pp € WHP(T?)
avec p > 2, tel que STQ pn = 1, il existe o > 0, g > 0 et K > 0 tels que pour tout
7€ (0,79), 0 € (6o, 0) et fo tel que
ooy <Bo et [ fo-1,
T2 xR2
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léquation (68) posséde une unique solution forte f de donnée initiale fo, et elle vérifie
pour toutt =0

£ = 6N aqarsy < K Lo = 2Lz e "

De plus, Uapplication qui a fo associe f est Lipschitzienne uniformément en temps sur
la boule de L*(M~1Y) centrée de rayon Ry, a valeur dans C(R.; L*(M™1)).

Notre second résultat concerne le régime des collisions évanescentes.

Théoréme 10 (Chapitre 3; 7 2 1). Quels que soient € > 0, 19 > 0, Ry > 1 et pp, €
WLP(T2) avec p > 2, tel que STQ pn =1, il existe Ko > 0, 6y > 0 et K > 0 tels que pour
tout T € (19,0), 6 € (Kor"/15%¢ o0) et fy tel que

I follL2vr—1) < Ro et f Jo=1,
T2 xR?2

léquation (68) posséde une unique solution forte f de donnée initiale fo, et elle vérifie
pour tout t = 0

£ ) = 2 ey < K 1o — £ a1y e

De plus, Uapplication qui & fo associe f est Lipschitzienne uniformément en temps sur
la boule de L?>(M~1) centrée de rayon Ry, a valeur dans C(Ry; L>(M~1)).

Les théorémes ci-dessus décrivent le comportement en temps long de la solution.
Les effets de régularisation nous permettent d’obtenir la convergence exponentielle pour
des données initiales seulement dans L?(M~!). Méme si cela n’est pas énoncé ci-dessus,
la méthode de la Section 6.1 adaptée ici permet d’obtenir également des informations
quantitatives de régularité sur les solutions par des estimations des dérivées.

La méme dépendance en 7 dans les taux de retour exponentiels est attendue au
niveau linéaire, sans le couplage avec ’équation de Poisson. On peut commenter cela a la
lumiére d’un modéle jouet d’équations différentielles ordinaires X'(¢t) = V(t) et V'(t) =
—X(t) — 771V(¢). Méme si la comparaison peut sembler simpliste les taux viennent
seulement de la structure hypocoercive qu’on retrouve dans ce modéle élémentaire. En
effet, le systéme peut s’écrire (5)/ + L, (i,() = 0 avec L; la somme d’une matrice
de rotation, antisymétrique pour le produit scalaire canonique de R?, et d’une matrice
de projection sur la composante V multipliée par le facteur 7! qui est symétrique, et
coercive dans une seulement dans une composante. La premiére joue le réle de 'opérateur
de transport et la seconde celui de I'opérateur positif dégénéré de Fokker-Planck. Par le
calcul des valeurs propres on trouve que le trou spectral de L, se comporte en O(7) lorsque
7 dans le régime diffusif 7 — 07 et en O(1/7) dans le régime de collisions évanescentes
T — 0.

Nous passons maintenant aux dépendances concernant le paramétre de quasi-neutralité
6 et dues a la non-linéarité.
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Dans le Théoreme 9, en régime diffusif, le paramétre de quasi-neutralité d doit étre
supérieur & une constante suffisamment grande dépendant de la taille des données initiales
mais pas de 7. En somme, on demande & la non-linéarité d’étre suffisamment petite
uniformément en 7. Le résultat peut étre considéré comme perturbatif mais dans un sens
différent de celui du papier de Hwang et Jang [130] ou la condition de petitesse est posée
sur la donnée initiale, qui doit étre suffisamment proche d’une Maxwellienne. Notons
que la méme était déja nécessaire a Hérau et Thomann pour boucler des estimations
non-linéaires dans [123].

Dans le Théoréme 10, le paramétre ¢ doit étre supérieur a 0(7'7/ 15+2) " Ainsi lorsque
7 augmente, nous devons atténuer la non-linéarité pour fermer nos estimations. On peut
s’attendre & cette non-uniformité en 7 pour plusieurs raisons. D’abord, si nous avions
obtenu une condition sur § uniforme en 7 comme au Théoréme 9, alors a la limite 7 — 0,
dans le régime de Vlasov-Poisson, nous aurions prouvé la stabilité de la solution pour tout
profil initial fo dans une boule de L?(M~1). Or, comme cela a été remarqué initialement
par Penrose [169] et prouvé par Guo et Strauss [113], certains profils de vitesse tels que
la somme de deux Gaussiennes de moyennes opposées non nulles 26 sont asymptotique-
ment instables pour Vlasov-Poisson (voir Appendice A pour une illustration numeérique).
Concernant la puissance 7/15 + €, nous nous tournons encore une fois vers une analyse
heuristique. La non-linéarité de Vlasov-Poisson-(Fokker-Planck) est quadratique en la
fonction de distribution. Par conséquent, pour comparer (68) avec un équation différen-
tielle simple ayant une non-linéarité et une relaxation exponentielle similaire avec un taux
de 1/7 lorsqu’elle est linéarisé autour de I’équilibre, nous considérons y' = 5%3;2 — %y
De toute évidence, y tend vers 0 exponentiellement rapidement dés que 0 < y(0) < 62/7.
Ainsi, 6 doit étre dans le pire des cas comme 7Y/2 afin d’obtenir Puniformité en les don-
nées initiales dans une boule. Nous obtenons ici un meilleur taux, ce qui signifie que la
structure de I’équation de Poisson a fournit un gain dans les estimations non-linéaires.

Mentionnons tout de méme que le pour les plasmas, le paramétre § est extrémement
petit et qu’aucun des résultats ci-dessus ne permet de décrire la limite quasi-neutre § — 0.
Pour plus de détails sur cette derniére on renvoie aux articles de Brenier et Grenier
[34, 111, 33] pour les premiers travaux sur le sujet et aux papiers d’Han-Kwan, Hauray
et Rousset [115, 117, 116] pour les résultats les plus récents concernant le traitement de
cette limite pour des modéles cinétiques.

Modéles asymptotiques

Dans le régime diffusif, les contraintes sur ¢ sont uniformes en 7. Par conséquent,

on peut utiliser les estimations établies dans la preuve pour passer a la limite 7 — 0

sur différentes échelles de temps. On introduit le temps de référence tyor = tooe(7) et le
changement d’échelle

Jret(t,z,v) = f(trett, x,v). (71)

Suivant la dépendance de t,of en 7 différents modéles asymptotiques peuvent étre obtenus.
On les décrit dans le diagramme et le théoréme suivant.

26. Les profils & deux bosses
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Fokker-Planck

homogéne

Donnée initiale

gelée Régimes asymptotiquement thermalisés
(v)  (iv) (iii) (ii) (i)
: : : tref(T)
0 T 1/7
Régimes asymptotiquement Maxwell-Boltzmann

linéaires et sans champs

Limite parabolique
non-linéaire

On démontre le théoréme suivant au Chapitre 3 (Théoréme 3.1.4 dans le chapitre).

Théoréme 11 (Chapitre 3; 7 — 0).
Soit frer la solution du Théoréeme 9 aprés le changement d’échelle (71).

(1). Pour K et 6y > 0 dépendant seulement de Ry, pyp et 19, on a pour tout t = 0 et
T <70

| fref(ts =) — FZ(, ’)HL2(M*1) < K| fo— e o 00 tresTt

si bien que, dans L*(M~1), uniformément pour les temps t dans les compacts de
(0, 0],

fref(ta '> ) T——)Q foc

a condition que tyef(T) T =S

(ii). Lorsque tpef(T) = 771, il emiste K > 0 dépendant seulement de Ry, pp €

W2P(T2) avec p > 2 et 1o, tel que pour tout 7 < 1o

T7—0

[ fres = pres M 2w, 21y < K7lfo—fPlr2@u-1) —0
avec pref = Spo fref(-, - v)dv, et, dans L*(Ry; L3(T?)),

T—0

pref(t» 1) = Pas

ot pas € LP(Ry; L2(T?)) n L2(Ry; HY(T?)) est l'unique solution de ’équation de
dérive-diffusion

atpas + V- (Eas Pas — v:rpas) =0,
(72)

E,s = 5_2VxA$_1(pas - Ph) )

de donnée initiale po = (g2 fo(-,v)dv € L?(T?). De plus 'application qui a la
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donnée initiale pg associe pqs est Lipschitzienne uniformément en temps de la boule
de L?(T?) centrée en 0 de rayon Ry, & valeur dans C(R; L?(T?)) et pas converge
exponentiellement rapidement en temps long vers la densité de Boltzmann, c’est-
a-dire que, pour un certain 0y > 0, pour tout t = 0,

(iii). Dans L*(M~1) uniformément pour des temps t dans les compacts de (0, 0),

Pas(t, ) — €—¢20(~)‘

iy S Ko = S lzapn e (73)

7—0
fref(ta ) ) — 00 M

avec po = Sgo fo(,v)dv si tyef(7) T 500 et trog(r) Tt S 00

(iv). Lorsque tyf(T) = 7, dans L*(M™Y), uniformément pour des temps t dans les
compacts de [0, 0),

T—0

f?“ef(ta y ) - fFP

ol frp est 'unique solution de l’équation de Fokker-Planck homogéne

Otfrp = Vo (v frp+ Vo frp), (74)

de donnée initiale fo.

(v). Dans L*>(M~1), uniformément pour des temps t dans les compacts de [0, 0),

—0
fref(ta ) ) 5 fO
a condition que t,f(T)T 10 lorsque T — 0.

Dans ce théoréme, on montre de la convergence forte sur toutes les échelles de temps.
Dans le régime (i), nous démontrons une convergence exponentielle vers I’état station-
naire, la densité de Maxwell-Boltzmann. Cette limite peut étre mise en lien avec I'approxi-
mation des électrons sans masse. En effet 4 condition de prendre € = t,¢(7) ! = 71/ avec
a € (0,1), on retrouve le modéle du Chapitre 2 sans champ magnétique et en dimension
2. Tl existe un seuil t..¢(7) = 77! entre les régimes asymptotiques qui conservent la trace
des effets de champ ((i) et (ii)) et les régimes sans effets des champs de transport, que
I'on appelle régimes lin¢aires ((iii), (iv) et (v)). Pour ces derniers, nous montrons dans
la preuve du théoréme précédent, que la solution est asymptotiquement proche d’une
solution d’une équation homogéne de Fokker-Plank. De 14, les modéles asymptotiques
sont facilement identifiables. Au seuil (ii) apparait la dynamique non-linéaire la plus in-
téressante, la limite parabolique ou limite de diffusion. Cela correspond au régime étudié
au Chapitre 1 dans le cadre des électrons sans masse. On redémontre donc ici le résultat
de Poupaud et Soler [172], Goudon [106] et Masmoudi et el Ghani [81]. On améliore pas
ces résultats concernant les hypothéses sur la donnée initiale puisqu’on demande ici plus
qu'une masse et énergie libre bornée initialement. Cependant, dans notre méthode de
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preuve 'obtention de compacité forte pour passer a la limite est extrémement simple. I1
suffit de passer a la limite pour des données trés réguliéres pour lesquelles on peut ob-
tenir simplement des estimations de propagation de régularité et de la convergence vers
la limite avec des taux. Ensuite, grace a la continuité par rapport a la donnée initiale
du Théoréme 9, on récupére la convergence 2 vers le modéle limite pour une donnée
simplement L2(M™1).

7 Un schéma volumes finis pour des problémes aux limites

paraboliques (Chapitre 4)

Dans ce chapitre on s’intéresse & la conception d’'un schéma numérique pour la réso-
lution de I’équation de convection-diffusion suivante

O VBN N =0 powr xeQ, 120
) f(t,x)sz(x) pour xeI', t >0, (75)
f(0,x) :fm(X) pour x € (2,

posée dans un domaine €2 polyédral convexe ouvert de frontiére I'. Le champ d’advection
E : Q — R? et la condition de Dirichlet non-homogéne f? : @ — R, ne dépendent pas
du temps et la non-linéarité n : R — R est une fonction réguliére strictement croissante
et surjective telle que n(0) = 0. Précisons tout de suite que tous les résultats du chapitre
s’adaptent & des conditions de bord mixtes Dirichlet non-homogeénes / flux nuls

{f = fPsur T'p,
[En(f) — Vn(f)] n(x) =0 sur Ty,

oul'=Tpuly.
Dans le chapitre on réalisera des simulations numériques sur plusieurs exemples de
modéles physiques dont ’équation de Fokker-Planck avec champ magnétique

Of+(wAB)-Vof = V- (vf+Vyf),

avec B constant, qui correspond & une version homogéne (ou intégrée) en espace et
sans champ électrique des équations de Vlasov-Fokker-Planck avec champ magnétique
étudiées dans les Chapitres 1 et 2. Ce modeéle s’intégre dans le cadre général de (75)
avec 1n(s) = s et E(x) = —x + x A B ou la variable x correspond a la variable v de
vitesse des chapitres précédents. Si 'on souhaite réaliser un schéma numérique Eulerien
de I’équation précédente, on est confronté & un probléme de troncature du domaine R? sur

27. sans taux, car les constantes dépendraient de normes de dérivées que I'on ne contrdle pas initiale-
ment.
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lequel elle est naturellement posée, afin de se ramener & un domaine borné discrétisable.
Apreés troncature il faut ajouter des conditions de bord pour que le modéle soit bien posé.

7.1 Motivations

Il a été montré dans [24] par Bodineau, Villani, Mouhot et Lebowitz que le modéle
(75) admet une grande classe d’entropies relatives a I’état stationnaire

V- (En(f*)—Vn(f*)) =0 dans Q,
(76)
fe = fb sur I

Comme on 'a vu dans la section précédente dans le cadre de 1’équation de Vlasov-
Poisson-Fokker-Planck, ces fonctionnelles peuvent caractériser la convergence, éventuel-
lement exponentielle, vers I’équilibre. Ici, les entropies relatives sont définies par

f(tx)
n(s)
o= [ [ (1Y e
T o) T \n(7 ()
ou ¢ est une fonction, dite génératrice, strictement convexe, deux fois contintiment déri-

vable et telle que ¢(1) = ¢/'(1) = 0. Dans le cas linéaire n(f) = f, Uentropie relative est
réduite a la forme classique

- (852)

D’aprés [24, Theoréme 1.4 on sait que quelle que soit la fonction génératrice ¢

dHe
% L p, <o, 77

avec une dissipation d’entropie donnée par
_ n(f(t,x)) ? w ((f(t,x)) O (x)) dx
pu = [ v (3 )| ¢ (Giey ) e

Les exemples typiques d’entropies relatives de la forme H, sont ’entropie physique de
Boltzmann générée par

o1(x) = zln(z) — (x — 1),

ou les p-entropies de Tsallis [186] générées par

xP — px
p—1

Op(z) = +1,

pour p € (1,2]. Les ¢-entropies caractérisent I’éloignement a 1’état stationnaire. En effet
Hy et Dy sont toujours positives et s’annulent si et seulement si f = f®. Dans le cas de la
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2-entropie et si n(s) = s alors H, est méme une distance L? a poids. Lorsque ces entropies
ne sont pas des distances, elles en controlent grace & des inégalités fonctionnelles de
type Csiszar-Kullback-Pinsker [138, 55, 189]. D’autre part, si l'on dispose d’une inégalité
fonctionnelle de type Poincaré-Sobolev, c’est a dire un controle de Hy par Dy alors on
peut montrer la convergence et obtenir des taux par un argument de type Gronwall. Ainsi,
quels que soient les outils & disposition, il est clair que (77) caractérise le comportement
en temps long et 'éventuelle convergence vers 1’équilibre pour les solutions de (75).

La preuve de cette inégalité différentielle est extrémement simple si I'on remplace
(75) par la reformulation suivante

g{ + V- (U*h — n(f*)Vh) = 0,
U” = En(f*) — Vn(f*), (78)
vV-U* =0,

utilisant a la fois (75) et (76) et une nouvelle inconnue

n(f) dans
B o= n(f*) (79)

1 sur I'.

Sous la forme (78), la complexité calculatoire menant a (77) est minime. On conserve une
structure de convection-diffusion, mais le champ d’advection devient incompressible alors
que E est un champ quelconque. Surtout, les conditions de bord sont homogénes sur h—1.
Dans ce probléme la dynamique est complétement entrainée par les conditions de bord.
Avec la reformulation (78), ces derniéres sont en quelque sorte intégrées a I’équation.

La motivation principale de ce chapitre est la conception d’un schéma numérique
reproduisant toutes les inégalités (77) au niveau discret afin d’obtenir un bon comporte-
ment en temps long de la solution numérique et une convergence vers ’état stationnaire.
L’idée est bien sir de reproduire les calculs continus menant a (77) et étant donné ce
que nous avons présenté ci-dessus, c’est sous la forme (78) que nous allons discrétiser le
probléme. Cela implique de construire un schéma basé sur 1’état stationnaire.

On insiste sur le fait qu’ici le champ d’advection n’est ni irrotationnel, ni incompres-
sible. Lorsqu’il dérive d’un potentiel, I’équation (78) a une structure de flot gradient et
de nombreuses méthodes numeériques (90, 45, 21, 38, 36, 46| ont été développées. D’autre
part, la plupart des travaux concernant la conservation par des schémas numériques de
propriétés entropiques en domaine borné concernent des équations munies de conditions
de bord conservatives. Dans le cas de conditions de Dirichlet non-homogénes, on rappelle
tout de méme les travaux de Bessemoulin-Chatard [21] qui propose une extension du
schéma de Scharfetter et Gummel [180] pour les modeéles de semi-conducteurs a toute
une classe d’équations de convection-diffusion. Cependant 1'obtention d’inégalités d’en-
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tropie discrétes ne concerne que certains cas particuliers.

7.2 Schéma basé sur les flux stationnaires et résultats principaux

On renvoie au Chapitre 4 pour I'introduction compléte du schéma numérique. Comme
on l'a évoqué précédemment notre schéma est construit grace a une discrétisation préa-
lable de I’état stationnaire. En effet, on se donne d’abord des flux stationnaire, ¢’est-a-dire
une discrétisation de V - U® = 0 ainsi que des approximations de I’état stationnaire.

Pour un modeéle physique, deux situations peuvent se présenter. Dans certains cas,
on connait a I'avance ’état stationnaire du modeéle. C’est le cas par exemple lorsque ce
dernier correspond & un équilibre thermodynamique comme pour le modéle de Fokker-
Planck avec champ magnétique. Dans ce cas, les approximations peuvent étre obtenues
grace a la formule explicite, par exemple par une méthode de quadrature des intégrales
définissant les flux ou les moyennes sur les cellules.

Dans les autres cas, on ne connait pas ’état stationnaire a I’avance. On résout alors
I’équation (76) par un schéma volumes finis. Notre méthode ne prescrit en rien le schéma
précis a utiliser pour I'état stationnaire et différents exemples sont considérés dans le
chapitre.

A partir des quantités stationnaires discrétes on discrétise (78). Les flux correspondant
A la partie convective et la partie diffusive sont respectivement approchés par un flux
décentré amont et un flux & deux points. Les propriétés de monotonie relatives a ces
derniers sont importantes pour établir la dissipation des entropies qui nous intéressent.
Notons que ces flux sont extrémement classiques. L’originalité du schéma vient de la
reformulation de ’équation et de sa construction & partir d’un autre schéma pour 1'état
stationnaire. Concernant la discrétisation en temps on réalise dans le chapitre ’analyse
et des simulations pour des discrétisations d’Euler explicite et implicite.

On montre un certain nombre de résultats théoriques sur le schéma. Dans le Théo-
réme 4.4.2, on montre a maillage fixé les propriétés suivantes.

1) Il existe une unique solution au schéma.

2) Les approximations numériques sont positives et bornées uniformément par des
constantes dépendant seulement des bornes sur la donnée initiale et 1’état station-
naire.

3) Le schéma préserve I’état stationnaire.

4) Le schéma fait décroitre toutes les ¢-entropies relatives discrétes avec une dissi-
pation consistante.

Dans le cas linéaire, la décroissance des entropies discrétes ainsi qu’une inégalité de
Poincaré discréte (voir Proposition 4.4.6), prouvée par Bessemoulin-Chatard, Chainais-
Hillairet et Filbet dans [22, Theorem 6] et basée sur des travaux plus anciens cités dans
le méme article, donne la convergence exponentielle vers I’équilibre en temps long (Théo-
réme 4.4.7).

5) Si 7 est la fonction identité, la solution discréte converge (en norme L' et en
entropie) au pire exponentiellement rapidement vers I’équilibre discret & un taux
qui ne dépend pas de la discrétisation.
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On montre finalement la convergence vers une solution faible de (78) (Théoréme 4.5.7)

6) Sila solution du schéma stationnaire converge (lorsque le paramétre de discrétisa-
tion tend vers 0) vers une solution faible de (76) alors la solution de notre schéma
en temps converge vers une solution faible de I’équation reformulée (78).

On renvoie le lecteur vers le Chapitre 4 pour des simulations numériques illustrant
ces résultats. Concernant I'implémentation des schémas numériques, le code de nos cas
test est écrit en C++. Pour le schéma implicite nécessitant la résolution d’un systéme
linéaire a chaque itération temporelle, nous utilisons la librairie SuperLLU [140]| permettant
une factorisation LU efficace ?® des matrices creuses non-symétriques. Comme le champ
d’advection est indépendant du temps, cette opération n’est effectuée qu’une fois au
début de la simulation. Concernant la visualisation des résultats, nous avons utilisé les
logiciels libres Gnuplot et Vislt afin de produire les figures du Chapitre 4.

8 Perspectives

8.1 Modéle de Van Roosbroeck avec champ magnétique

Dans le Chapitre 1, on a obtenu un modeéle asymptotique de dérive-diffusion ani-
sotrope dont la matrice de diffusion dépend du champ magnétique. Ce modéle est trés
proche de celui considéré par Gajewski et Gartner dans [93] comme extension du modéle
de Van Roosbroeck [176] en présence d’un champ magnétique extérieur. Ce modeéle décrit
I'évolution des densités macroscopiques d’électrons N = N(¢,z) et de trous P = P(t, )
sous 'effet d’'un champ magnétique extérieur B = B(t,x) et des interactions électrosta-
tiques caractérisées par le potentiel ¢. Le modéle s’écrit

ON + V-Jy = 0, JNAB+ Jy = NV¢ — VN,
P +V-Jp =0, JpAanB+ Jp = —PV¢ — VP, (80)
—-A¢p = P—N—C,

avec C' = C(t, x) le profil de dopage qui caractérise le milieu semi-conducteur. Ce dernier

est dans un domaine borné 2 de frontiére I' = 0 et (80) est munie de conditions de
bord de type Neumann en présence d'une isolation électrique

VN - -v(x) = 0, VP-v(z) =0, VV-v(zx) =0, (81)
et de Dirichlet en présence d'un contact ohmique
N(t,z) = NP(z), P(t,z) = PP(z), V(t,z) = VP(z). (82)

La modélisation des semi-conducteurs connait toute une hiérarchie de modéles cinétiques
et hydrodynamiques (voir les ouvrages de Jiingel [135, 134] et les références incluses).
Ici, on pourrait clairement, a partir d'un modéle de type Vlasov-Poisson-Fokker-Planck

28. conservant une structure de matrice creuse
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ou Vlasov-Poisson-Boltzmann dans le scaling de I’équation du Chapitre 1 retrouver le
modeéle (80)-(82). Au niveau de l'analyse, de nouvelles difficultés seraient alors créées a
cause des conditions de bord. Cependant quelques travaux dans la littérature existante
donnent des pistes de travail. En effet, des conditions compatibles avec (82) au niveau
cinétique sont étudiées dans le papier de Masmoudi et Tayeb [147]. En ce qui concerne
les conditions de Neumann (81), une analyse basée sur [147] existe dans le papier de Wu,
Lin et Liu [195].

8.2 Justification non-linéaire des densités de Boltzmann anisotrope

Dans le Théoréme 11 (i), on obtient la convergence exponentielle vers la densité de
Boltzmann isotrope a partir de ’équation de Vlasov-Poisson-Fokker-Planck. En présence
d’un champ magnétique, on parvient & obtenir un modéle limite dans le scaling diffusif au
Chapitre 1. Au Chapitre 2, on réalise le passage a la limite vers la densité de Boltzmann
anisotrope pour un potentiel électrique extérieur. Plusieurs pistes sont envisagées pour
obtenir le méme résultat au niveau non-linéaire. La premiére piste repose sur 'utilisation
d’un argument d’énergie modulée ou entropie relative au modéle asymptotique attendu
(voir par exemple Han-Kwan [115] et les références incluses). La construction d’une fonc-
tionnelle de Lyapunov modulant ’énergie libre a été considéré mais nous n’avons pas
réussi & fermer les estimations. Un renforcement de cette stratégie avec celle développée
en Section 6 fera 'objet de futures recherches.

Si ’on se contente des estimations d’énergie libre, la principale obstruction au passage
a la limite non-linéaire est 'obtention de compacité forte. Dans le scaling du Chapitre 2,
il ne nous semble pas possible d’utiliser des lemmes de moyenne en vitesse existants (par
exemple le Lemme 2) & cause du champ magnétique singulier. Cependant une autre piste
consisterait a ré-estimer explicitement le gain de régularité pour des moyennes en vitesse
spécifiques (a symétrie radiale par exemple) afin de tirer partie de la structure particuliére
des termes de champ magnétique et de Fokker-Planck. Plus précisément, si 'on note f
la transformée de Fourier de f = f(x,v) en z et £ la variable de Fourier correspondante,
il s’agirait d’estimer des quantités comme

R R A
13 JU 'vamdv

pour un certain s > 0 en fonction de quantités controlées uniformément grace aux esti-
mations & priori et en tirant éventuellement partie des phénomeénes de dissipation dus a
I'opérateur de Fokker-Planck. Cette piste est en cours d’investigation.

8.3 Autres opérateurs de collisions

Du point de vue de la modélisation d’un plasma, le principal biais dans les travaux
présentés dans cette thése concerne le choix de 'opérateur de collision. Mentionnons
d’abord que la majorité de I'analyse des Chapitres 1 et 2 se généralise pour d’autres opé-
rateurs avec un noyau générée par la maxwellienne centrée réduite (par exemple les opé-
rateurs de relaxation ou de Boltzmann linéaire), a quelques exceptions prés. Le controle
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du champ magnétique dans le scaling diffusif du Chapitre 1 et la régularisation hypoel-
liptique utilisée dans le Chapitre 2 dépendent fortement de la structure de I'opérateur
de Fokker-Planck. D’autre part, dans la preuve du Théoréme 4, on estime la taille des
moments en vitesse grace a la dissipation d’énergie libre de 'opérateur de Fokker-Planck
dans les estimations (48) et (49). Dans le cas d’un opérateur de relaxation?® linéaire
Q(f) = f—nM la dissipation d’énergie libre controle 3 [+/f — W\\%Q, et en utilisant
cette quantité on peut obtenir I'estimation

JRd v fdv

En revanche sans controle de moments d’ordre supérieur, il n’est pas clair que 'on ob-
tienne 'équivalent de (49). Nous pensons néanmoins que grace a des arguments de tron-
cature en vitesse comme dans [178], il est possible de régler le passage a la limite du
terme impliquant les seconds moments en vitesse dans (40) sans supposer davantage sur
la donnée initiale.

< |WF = VaM|3s o) f]1 Y2

LY(Q)

L’extension de nos analyses & des opérateurs plus réalistes comme 'opérateur de
Landau est envisagée comme perspective aux travaux réalisés dans les Chapitres 1 et 2.
De nombreuses difficultés apparaitrons dans I’étude d’asymptotique de ce type de modéles
en présence d'un champ magnétique fort. Ici seule la dynamique spatiale est affectée par
le champ magnétique dans les limites considérées. On peut s’attendre & ce qu’avec un
opérateur plus complexe, la statistique en vitesse soit également modifiée de maniére
anisotrope. Comme on ’a déja mentionné, des résultats formels existent déja dans la
littérature [170, 64, 65, 61, 160, 44, 109, 97, 96| en lien avec ces modéles. Cependant leur
analyse rigoureuse est encore, a notre connaissance, complétement ouverte.

8.4 Geénéralisation des résultats du Chapitre 3 en dimension supérieure

Dans le Chapitre 3, nos résultats de retour exponentiel vers 1’équilibre et 1’obtention
de modéles asymptotiques sont énoncés en dimension 2. La principale difficulté technique
relative aux dimensions supérieures est la suivante. Afin de controler un certain nombre
des termes de restes dans l'estimation de notre fonctionnelle de Lyapunov F, nous avons
besoin d'un contréle L® du champ électrique. Grace a l'équation de Poisson et par
injection de Sobolev ce controle est obtenu dés que la solution est dans H" avec n >
(d — 2)/2. Le controle de la fonctionnelle et de sa dissipation ne fournissent que des
estimations H!. Par conséquent dés que d > 4, il faut ajouter des dérivées d’ordre
supérieur dans F afin d’espérer boucler I'argument. En dimension 3 si 'on oublie la
régularisation hypoelliptique, c’est a dire si l'on s’autorise un contréle des dérivées de
la donnée initiale et que 'on supprime les poids en temps dans la fonctionnelle, alors
on obtient sans difficulté des résultats équivalents. En revanche, la méthode ne semble
pas permettre d’obtenir la décroissance exponentielle en dimension 3 avec une donnée
initiale dans L2. En effet la régularisation pour obtenir un champ L* est trop lente (&
cause du seuil sur 1) et on est confronté a un probléme d’intégrabilité en temps. Dans leur

29. la discussion est la méme pour Boltzmann linéaire avec cross-section bornée
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papier [123] Hérau et Thomann sont confrontés & un probléme similaire et leur analyse
suggére qu’il est possible d’établir notre estimation avec une donnée initiale dans H?® avec
s> 1/2.

8.5 Geénéralisation des résultats du Chapitre 3 dans R?

Dans le Chapitre 3, notre analyse repose comme dans {120, 122, 121, 123| sur 'exis-
tence d’une inégalité de Poincaré dans Hg (voir Proposition 3.2.1) venant du poids Gaus-
sien en vitesse et de la compacité du domaine spatial. C’est I’absence de controle de termes
d’ordre 0 dans la dissipation de la fonctionnelle hypocoercive qui pousse a tirer partie
du confinement pour obtenir la décroissance exponentielle vers I’équilibre. Nous pensons
néanmoins qu’une décroissance exponentielle vers I’équilibre est envisageable également
dans ’espace entier, pour une densité de fond quelconque, dans le sens ou elle ne prend
pas forcément le role d’un potentiel confinant comme dans ’article de Hérau et Thomann
[123].

Pour argumenter notre propos, repartons de ’analyse menée dans la Section 6.1 de
cette introduction. Pour le modéle jouet, on a été capable d’établir (66), sans 1'utilisa-
tion de l'inégalité de Poincaré. Cette derniére permet néanmoins d’obtenir le résultat
de convergence exponentiel final. Si 'on remplacait T? par R? pour cette équation la
convergence vers ’état d’équilibre deviendrait algébrique en temps. Pour le prouver on
peut remplacer I'inégalité de Poincaré par I'inégalité de Nash. On renvoie au récent 31|
pour davantage de détails et la justification de I'optimalité de cette décroissance. Dans
le modéle de Vlasov-Poisson-Fokker-Planck du Chapitre 3, la présence supplémentaire
d’interactions de Coulomb modifie la situation. Tout d’abord, de nombreux termes de
restes sont estimés grace a des termes d’ordre 0 (voir Lemme 3.4.2 et Lemme 3.4.3 dans le
Chapitre 3). L’inégalité de Poincaré est alors déja utilisée pour contrdler ces derniers par
leur dérivées, présentes dans la dissipation, et établir I’équivalent de (66). Afin de généra-
liser les résultats du Chapitre 3 dans I’espace entier R?, le simple fait d’établir I'inégalité
de dissipation d’entropie semble a prior: incertaine. Néanmoins nous pensons qu’il est
possible de tirer partie de la structure de I’équation de Poisson afin de créer une dissipa-
tion d’ordre 0 (la norme L? de la densité macroscopique, voir la seconde estimation du
Lemme B.4.2 en appendice de ce manuscrit, dans la Section B.4) en ajoutant des termes
impliquant des quantités macroscopique dans la fonctionnelle & estimer. Cette stratégie,
inspirée des estimations micro-macro de Guo a fait ses preuves dans 'article de Hwang
et Yang [130] ot un résultat perturbatif de retour exponentiel vers 1’équilibre est obtenu
pour Vlasov-Poisson-Fokker-Planck dans le cas d'une densité de fond constante .

Dans l'esprit de cette stratégie micro-macro mais indépendamment de la discussion
précédente relative a I'influence de I’équation de Poisson, nous pensons qu’il y a également
des liens entre la premiére estimation du Lemme B.4.2 en appendice de ce manuscrit avec
I'ajout du dernier terme de l'entropie modifiéce de Mouhot, Dolbeault et Schmeiser (voir
Section 1.3 dans [75]). Ce terme est constitué de quantités macroscopiques remplacant la

30. Une densité de fond constante pour des charges opposée correspond implicitement & un potentiel
confinant quadratique, comme le fond remarquer Hérau et Thomann [123]. Cependant dans [130] les
auteurs ne semblent pas tirer partie de cela.

51



Introduction

dérivée croisée (V,h, V,h) et permettant de boucler les estimations dans un espace L?
plutot que H'. L'utilisation de ces techniques d’hypocoercivité, différentes des méthodes
utilisées dans ce manuscrit s’inspirant essentiellement du traitement de Villani dans le
mémoire [194], sont également des pistes pour la généralisation de nos résultats.

8.6 Restriction de non-quasineutralité

Dans le Chapitre 3, on obtient un certain nombre de modéle asymptotique sur diffé-
rentes échelles de temps lorsque la fréquence de collisions tend vers 'infini. Cependant,
il y a une limite diffusive non-triviale de VPFP qui ne peut étre obtenu pour le mo-
ment avec notre méthode, la «high-field limit». Elle a été étudiée par plusieurs auteurs
[163, 3, 25, 107] et donne une équation hyperbolique non-linéaire sur la densité macro-
scopique. Afin de traiter cette limite, il faudrait pouvoir prendre §% = 7, ré-échelonner
le potentiel en 5 = 7 ¢ et prendre la limite 7 — 0 sur f et 5 Ce n’est pour le moment
pas possible car les estimations de la preuve du Théoréme 9 ne sont valables que pour
¢ suffisamment grand, uniformément en 7. Nous pensons néanmoins qu’il est possible de
surmonter cette difficulté par I'estimation d’une fonctionnelle différente. En effet la res-
triction sur ¢ n’est pas due a la non-linéarité de ’équation et est nécessaire pour arriver
aux mémes conclusions sur un modéle linéarisé autour d’'une maxwellienne. Notre idée
est de partir d’une fonctionnelle plus proche de I’énergie libre afin de mieux intégrer la
structure de I’équation dans les estimations. Pour ce faire, il faut remplacer la mesure
statique e~ %% @) M (v) dv dz par une mesure dynamique e~ %% M (v) dv dz dans I'espace
de Hilbert de travail. De cette facon les termes relatifs au champ électrique s’intégrerons
mieux dans les estimations au prix de nouveaux restes impliquant des quantités comme
0i¢. Cette derniére étant moralement une primitive d’une quantité moyennée en vitesse
(a cause de I’équation d’Ampére), il est envisageable de coupler cette approche avec la
stratégie micro-macro du paragraphe précédent. Cette piste rejoint également celles évo-
quées plus haut pour obtenir des estimations globales permettant de traiter la limite
non-linéaire du Chapitre 2.

8.7 Extension du schéma du Chapitre 4 a des diffusions anisotropes

Concernant les résultats du Chapitre 4, la premiére perspective concernerait la généra-
lisation du schéma & des diffusions anisotropes (et / ou a des maillages non-orthogonaux).
En effet le résultat théorique de Bodineau, Mouhot, Lebowitz et Villani [24] est égale-
ment valable pour une matrice de diffusion plus générale. Dans un cadre isotrope sur
maillage orthogonal la conception de flux numériques approchés nécessite seulement une
discrétisation de gradients orthogonaux au faces ou arétes du maillage. Une discrétisation
du gradient dans toutes les directions est nécessaire lorsqu’une matrice de diffusion est
ajoutée. Plusieurs méthodes ont été développées en ce sens par Eymard, Herbin, Gal-
louét [86, 83, 84, 87| et, Guichard et Cances [39]. Leurs méthodes sont basées sur des
schémas volumes finis hybrides (SUSHI, DDFV, VAG...) qui utilisent en général des
inconnues auxiliaires (parfois seulement nécessaires pour écrire le schéma) sur les faces
ou les sommets du maillage. Les premiéres recherches effectuées en ce sens suggérent
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qu’il sera difficile de conserver les propriétés de monotonie des flux permettant d’obtenir
la décroissance des entropies. Une option envisagée serait un schéma dépendant d’une
fonction génératrice ¢ bien choisie préservant naturellement les bornes sur la solution par
la décroissance de 'entropie associée. Le flux de convection pourrait alors étre discrétisé
grace au flux centré I []g f; introduit dans la preuve du Théoréme 4.4.2.

8.8 Schémas préservant les états stationnaires quasi-thermiques pour
les semi-conducteurs

La généralisation du schéma congu au Chapitre 4 pour le modéle de Van Roosbroeck
(80)-(82) sans champ magnétique (B = 0) est en cours d’investigation. L’idée serait de
réussir a conserver des équilibres non thermiques pour ce modeéle. En effet lorsque les
conditions de bord satisfont

VD(x) - log(PD(:):)) —VP(z) + log(ND(:U)) = «, Veelp, (83)

pour un « constant on sait qu’il existe un unique équilibre ([146, 188|), appelé équi-
libre thermique, et tel que la relation (de Boltzmann-Gibbs) (83) est vérifiée a l'intérieur
du domaine. Physiquement, cet état stationnaire est atteint lorsqu’aucun potentiel n’est
appliqué sur I'p. Par conséquent dans un grand nombre de situations physiques, lors-
qu’un potentiel de biais est appliqué, il existe des états stationnaires non-thermiques
[155]. A notre connaissance, mis & part quelques pistes dans I'ouvrage [155] de Mock, la
convergence exponentielle vers ces états n’a jamais été prouvée théoriquement. Notons
que c’est une question délicate, car I'unicité des états stationnaires non-thermiques n’est
pas toujours assurée [156]. En revanche, dans les cas quasi-thermiques, c’est & dire pour
une petite perturbation des conditions d’équilibre thermique nous sommes en mesure de
montrer cette convergence exponentielle vers 'unique état stationnaire grace a une refor-
mulation similaire & celle de I’équation du Chapitre 4 et un argument d’entropie relative.
La conception d'un schéma préservant ces états stationnaire est également généralisable
pour ce modéle et est I'objet d’un travail en cours.
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Chapitre 1

Limite de diffusion anisotrope d’un
systéme bi-cinétique

Ce chapitre est publié en version abrégée dans
Journal of Differential Equations [124].

We consider a three-dimensional kinetic model for a two species plasma consisting of
electrons and ions confined by an external nonconstant magnetic field. Then we derive a
kinetic-fluid model when the mass ratio m./m; tends to zero.

Each species initially obeys a Vlasov-type equation and the electrostatic coupling
follows from a Poisson equation. In our modeling, ions are assumed non-collisional while
a Fokker-Planck collision operator is taken into account in the electron equation. As the
mass ratio tends to zero we show convergence to a new system where the macroscopic
electron density satisfies an anisotropic drift-diffusion equation. To achieve this task,
we overcome some specific technical issues of our model such as the strong effect of the
magnetic field on electrons and the lack of regularity at the limit. With methods including
renormalized solutions, relative entropy dissipation and velocity averages, we establish
the rigorous derivation of the limit model.
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1.1. Introduction

1.1 Introduction

In many plasma physics applications, the numerical simulation of full multi-species
kinetic systems of equations can be extremely expensive in computer time. Indeed, since
the typical time, space and velocity scales of each species differ from several orders of
magnitude, it requires a fine discretization to accurately approximate the different scales.
We refer to |9] for a discussion on these issues in the two-species Vlasov-Poisson case.
Therefore, part of the problem is sometimes overcome by making simplifying assumptions
on species with negligible contribution to the whole dynamic. In this chapter, we are
interested in reducing a kinetic model by taking the limit when the mass ratio between
light and heavy particles, namely electrons and ions, tends to 0.

The charged gas evolves under its self-consistent electrostatic field and an external
magnetic field. This configuration is typical of a tokamak plasma [19, 154] where the
magnetic field is used to confine particles inside the core of the device. We assume that
on the time scale we consider, collisions on ions can be neglected while for electrons, it
is entirely modeled with a Fokker-Planck operator. At the formal level, an exhaustive
study of asymptotic mass-disparate model with more involved collision operators such
as the Boltzmann or Landau operator can be found in the review [61] of Degond. When
the mass ratio goes to 0, our model converges to a drift-diffusion equation featuring
a magnetic-field dependent diffusion matrix for the electrons coupled with the original
kinetic equation for the heavy particles. Similar parabolic equations with non-symmetric
diffusion for plasmas can also be found in |20, 56, 58, 57, 61].

Hereafter, we start from the physical equations and propose a detailed scaling with
respect to the ions time scale. In the dimensionless system, for the light species equation,
the leading order terms with respect to the mass ratio are those related to the magnetic
field and the collisions. Therefore, the resulting derivation is in the mean time similar
to a strong magnetic field limit as in the papers of Golse and Saint-Raymond [105, 177],
and to a diffusive or parabolic limit as in the work of Poupaud, Soler, Masmoudi and
El Ghani in [172, 81|. While the latter papers provide us with many tools to handle
our own problem, some technical issues in our analysis are closely related to the special
features of our model. In a single-species model of charged particles, the other particles
density is usually given either as a static regular background or as a function of the
electric potential, while our ions are only known to obey a non-trivial kinetic equation.
Because of this coupling, it turns out that some extra analysis is needed to recover the
regularity required for our limit system to make sense. Besides, we have to control the
strong magnetic field. This is done by looking at the interplay between the increasing
effect of oscillations and collisions in the asymptotic regime where the mass ratio tends to
0. Indeed, despite the fact that collisions and magnetic forces appear at the same order of
magnitude in original and limit equations we consider, we prove, by making the most of
special cancellations, that with other respects collisional effects provide a form of control
on magnetic contributions. While the rest of our analysis seems rather robust the latter
control — that relies on cancellations — does not seem to extend readily to other forms
of dissipation operators such as linear Boltzmann collision operators.
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Chapitre 1. Limite de diffusion anisotrope d’un systéme bi-cinétique

1.1.1 The physical model

To avoid unnecessary technicalities, we suppose that there is only one type of ion in
the plasma of mass m; and charge ¢, while m, denotes the electron mass and —q their
negative charge. The case of a plasma containing several types of ions can be treated in
the same way.

The number of particle of type s in the phase space volume dz dv at position z € R?,
with velocity v € R? between time t and t+dt is fs(t, z,v) dz dv dt. The index s stands for
the species of particles and can be either ¢ for ions or e for electrons. The ion distribution
function f; evolves according to a Vlasov equation and the electron distribution function
fe follows a Vlasov-Fokker-Planck equation. The coupling occurs through the Poisson
equation that relates the electric field to the densities. The equations of the model,
written in physical units, are the following

atfl-+v‘vxf,-+%(—v$¢+m3m)'vufi=o,

1
aL‘fe +v- V$fe - mi (_vx¢ +v A Bext) : vvfe = Tlvv : <Ufe + %vvfe> ) (11)

- 50A:r¢ = q(nl - n6)7

where t.o is the characteristic time between two collisions, kg is the Boltzmann constant,
0 is the average electron temperature and gg is the dielectric constant. The Poisson
equation involves the macroscopic densities

ns = j fsdv, Vse{ie}.
R3

As mentioned before the typical time scales of ions and electrons largely differ due to
the smallness of the mass ratio m./m;. In applications involving magnetic confinement
fusion, ions are the particles of interest and approximations are made on the electron
distribution function f. in order to simplify the model. A common reduction supposes
that the macroscopic electron density is given by the Maxwell-Boltzmann density

qo(t,x)
nus(t, x) = C(t)e *87 |

where C(t) is a normalization function. The derivation of the latter from (1.1), with
Bext = 0, is discussed in [27] and obtained in [29] for a one species Vlasov-Poisson-
Fokker-Planck model. To our knowledge, the case of a magnetized plasma has never been
treated before. We stress that the presence of a strong magnetic field modifies even formal
computations.

The goal of the present chapter is to derive a fluid equation for electrons, when the
mass ratio tends to 0. The evolution of their dynamic shall obey an equation on the ma-
croscopic density. In the next paragraph we write the system in a consistent dimensionless
form to receive the fluid model in the asymptotic regime of massless electrons.
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1.1. Introduction

1.1.2 Scaling

We denote by L the characteristic length of the system, ty the characteristic time and
Vs the thermal velocity for the species s € {7, e}. For any other physical quantity G, we
denote by G the characteristic value of G and G’ the dimensionless quantity associated
to G so that G = GG’. We assume that the plasma is globally neutral, which means that

n; = Ne =: N,

and that the characteristic temperature (or kinetic energy) of each species are equal. A
plasma satisfying the latter hypothesis is called a hot plasma [19] and satisfies with our
notation

min = meVe2 = kgo.

The new unknowns of the system are then defined by the following relations

N , (1t z v , [t x
fS(txvv):Visgfs <7‘;O’L’Vs>’ ns(t,l'):an <t07L>7

- t
t,x)=o¢¢ | —, = ).
ott.0) =60 (1.7
The dimensional analysis of (1.1) introduces several important physical constants of
the system, namely, for each species s € {i, e}

B eokpl (s) _ /\£ (s) _ Ms (s) _ (s)
AD_M’ L AR T A

which are respectively the Debye length, the plasma time, the cyclotron time and the
Larmor radius. More details on these constants can be found in the physics literature
(see [19, 154]). We mention that the first two are typical scales of the electrostatic effects
while the last two are related to magnetic phenomena. Since the goal is to perform a
model reduction for the electron dynamic, we choose a scaling relative to the typical ion
time scale. In particular, it means that we choose

ty = —.
7
From some of the original physical constants and characteristic quantities arise dimen-
sionless parameters of the system, namely
_ )‘7D Q(E & Me

g = —_—.

5 _ - v
L " ke M T LvBL ™

In a tokamak plasma these parameters would all be small. Dealing with the asymptotic
6 — 0 is called the quasineutral limit and has been first investigated for the Vlasov-
Poisson system by Brenier and Grenier in [34, 111, 33] and developed recently by Han-
Kwan, Hauray and Rousset in [115, 117, 116]. The second parameter 71 is called the
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coupling parameter, for it measures the importance of the electrostatic effects with res-
pect to the thermal agitation. The third parameter p compares the Coulomb (electric)
and the Laplace (magnetic) forces. The limit g — 0 corresponds to the case of a strong
magnetic field and has been studied for single-species plasma by Frenod and Sonnen-
drucker in [92] and Golse and Saint-Raymond in [105, 177|. This asymptotic is called
the gyrokinetic or drift-kinetic approximation in the mathematics literature. The last
parameter ¢, quantifying the mass ratio, is the main concern of this chapter. We are
interested in the limit of massless electrons, namely € — 0. The dimensionless equations
write

Orfi +v-Vafi —nVad' - Vo fi + g(v A Beyt) - Vo fl =0,

1 t

atfé + v vxfé + <nvx¢, - LQ(/U A Bext)) ’ vaé = lvv ’ (vfé + vvfé) (1.2)
€ € JUE teol

— 0% Ag¢° =nl —nl.

The link between the different time scales and dimensionless parameters follows from
the previous relations and writes

1 1 "

t = ?t; = dty, t. = gti = Eto'
Finally we consider the regime where
to 1
teol €2

which means that the ratio between collision time and the observation time is of the same
order than the mass ratio. This can be derived considering that the Knudsen number,
namely the ratio between the mean free path of the particles and the observation length
L is of order €. More details on this part of the scaling can be found in the paper of
Petit and Darrozes [170] and in the work of Degond and Lucquin [64, 65, 61] and more
recently Graille, Magin, Massot and Giovangigli [109, 97, 96]. This makes the collision
the leading order term with the magnetic field in the electron equation. In its analysis,
the resulting scaling slightly differs from the usual parabolic or hydrodynamic scaling of
Vlasov-Poisson-Fokker-Planck since the magnetic field introduces fast oscillations when
€ tends to zero and it is a priori not clear that the latter can be controlled by the
dissipation effect due to collisions.

By taking weaker collisions, say to/tcoi = 1/e, one formally derives a Maxwell-
Boltzmann density in the direction parallel to the magnetic field and a guiding center
model in the perpendicular plane when € — 0. This limit model features interesting and
well-known physical phenomena. Its derivation and analysis will be investigated in future
work.

1.1.3 The mathematical model

From now on, we keep 6, n, u fixed and thus, for writing convenience, we assume that
0 = n = p = 1. The rescaled two species (Vlasov)-(Vlasov-Fokker-Planck)-(Poisson)
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kinetic system with external magnetic field writes
QS + 0 Voff = Vad® - Vuff + (v a B) - Voff =0,
SO0 VafE  Vad Vi = (08 B) VS = 240D, (13)
— Ag¢® =ni —nt.
where we have dropped primes and marked the dependency on € with an exponent. The
Fokker-Planck operator on the right-hand side of the second equation of (1.3) is defined

by
Lr:f—Vy (vf +Vuf).

The external magnetic field is of the form
B(t,x) = (b1 by bs) ",

in the canonical euclidean basis of R3. The magnetic field B is assumed to belong to
L*(0,T; LY) and to satisfy the Maxwell-Thompson equation V- B = 0. Its effect on the
particle is given by the Lorentz force, appearing in the kinetic equations as (v A B)-V,”.
The Cauchy problem is completed with initial conditions on distribution functions

Ji(t =0,2,0) = fM(x,v), Vse{ie}.

The Poisson equation can be reformulated using its fundamental solution @, in dimension

3
1

" dnf2|

d(x)

(1.4)

The potential ¢° is then given by

o (t,z) = P xyn. = fRS O(x — y)n°(t,y)dy, (1.5)

where n° denotes the total charge density and is given by
n(t,) = i (t, @) — ni(t, ).

For later use, we also introduce the current density
e e e . c . 1 c
J (ta (13) =7 (ta x) —]e(t,.%'), where j; = vfi dv and je = — Ufedv'
R3 g Jr3

and the rescaled uniform Maxwellian, in dimension 3

1 _l?

M(v) = We (1.6)

The existence of global weak solutions for the Vlasov-Poisson system, namely the first
and the last equation of (1.3) with a given electron background n, was first established by
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Arsenev in |6]. DiPerna and Lions improved conditions on the initial data for this result
in [66] and adapted their renormalization techniques for the Vlasov-Poisson system [68].
Concerning classical solutions, global existence in dimension 2 was proved by Ukai and
Okabe for well-localized initial data in [187]. The case of dimension 3 was considered by
Bardos and Degond in [11].

The theory for the Vlasov-Poisson-Fokker-Planck system, consisting of last two equa-
tions of (1.3) with a given ion background n;, is also well-known. The existence of global
weak solutions is proved in [191, 41| and results on the existence and uniqueness of
smooth solutions were first obtained by Degond in [59] and generalized by Bouchut in
[28]. Here, we shall consider DiPerna-Lions renormalized solutions of the Vlasov-Fokker-
Planck equation as introduced in [68]. Our choice is motivated by two observations. First,
the presence of the friction part of the Fokker-Planck operator precludes any hope for a
uniform (in time and in €) L% , bound of f¢ in the small  limit when p > 1. As Poupaud
and Soler proved in [172], a uniform in & bound can be obtained for the adequate weigh-
ted LP norm but only on a finite time decreasing with p, which is not quite satisfying.
On the other hand, knowing merely that f& lies in Lzlr,v and that V,¢° belongs to L2
is insufficient to give even a distributional sense to the product fiV,¢° appearing in
the electron equation of (1.3). The concept of renormalized solutions proposes to replace
the direct consideration of the troublesome equation for f; by a family of meaningful
equations for S(fS), B ranging through a sufficiently large class of smooth functions.

For the coupled system (1.3), we consider weak solutions of the ion equation and
renormalized solutions of the electron equation, the electric potential being given by
(1.5).

Definition 1.1.1. We say that a triplet (ff, f<, ¢°) is a solution on [0,7") to the Cauchy
problem (1.3) with initial data fi*, fin if it satisfies

1) ff e L®(0,T;LY, n LE,); fe e L*(0,T;L,); f& = 0 almost everywhere for
s € {i,e},

2) ¢° e L7(0,T; Hy); Von/fE € L2(0, T5 L),
and, for every ¢ € D([0,T) x RY)

3) The mapping t — ({6 ¢ ffdvdx is continuous and the first equation of (1.3) holds
in the sense of distributions on [0,7") x RS with the initial condition f®.

4) For every function 8 € C%(R, ) satisfying

B(w)] < C(Wu+1), Wup'(u)] < C, |[up"(u)] < C,

for some C' > 0, the mapping ¢t — {§zc ¢B(f¢)dvdz is continuous and B(ff)
satisfies in the sense of distributions on [0,7") x RS

SOUB(IE) + v VaBUSE) + Vad® VBE) — 20 1 B) - VuBUE) = ZLi(B (D),
(1.7)
with the initial condition B(f).
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5) For any A > 0, 6.\ = 4/f¢ + AM is such that the mapping ¢t — SSRG PO ydvdz is
continuous and 6. ) satisfies in the sense of distributions on [0,77) x R®

AM

1
5at05,/\ +v- V:veS,)\ + Ve o° - V”UGE,)\ = 7[:14( es) - 2.
g,

2695’)\

v-Vao©,  (1.8)

where the Fokker-Planck operator and the term related to the magnetic field are
gathered within the operator £4 which may be written in the following form

['A(f) =Vy- (A(tvx)vf + vvf) (19)

where the matrix A(t, z) is given by

1 by —by
Av=v+vAB=|-b3 1 by |v. (1.10)
by —bp 1

Remark 1.1.2. One readily checks that weak formulations of 3), 4) and 5) are consistent
with estimates in 1) and 2). We stress that we need to use two types of renormalization
for the electron Vlasov-Fokker-Planck equation. Actually, points 1) to 4) are sufficient
to define a self-consistent notion of solution for which we can prove an existence result.
The introduction of the additional equation (1.8) is inspired by [81]. It comes from a
renormalization of the equation satisfied by fE/M with the function s — +/s + X\. While
equation (1.7) provides us with the required alternative meaning for the electron equation
in (1.3), we shall pass to the limit ¢ — 0 in (1.8).

1.1.4 Main result

Our main goal is to prove the convergence of solutions to (1.3)-in the sense of Defi-
nition 1.1.1-towards weak solutions of the following coupled kinetic-fluid system
(Oifi +v - Vafi—Vad-Vofi+ (A B)-Vyfi =0,

Otne + Vg - je = 0,
Je = =D(Vyne — Vagne),
— Az =n; —ne,

fl(07 Y ) — iin and ne(07 - ) — Jféndv'

(1.11)

where the diffusion matrix is given by

1+ b% —b3 + b1y bo + b1bs
bs + bi1bs 1+ b% —by + babs
—by + b1b3 b1 + bobs 1+ b%

D(t,ﬂf) = Ail(t, l‘) = W

Since B is essentially bounded, it yields

De L®(0,T;LY).
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Moreover by denoting I3 the identity matrix in dimension 3, one sees that

D+DT 1

is uniformly positive definite.

Remark 1.1.3. Let us denote by E = —V ¢ the electric field. In the strong magnetic
field limit, namely |B| — o, the particles follow the guiding center dynamic (see for
example [164, 154, 19] in the physics literature). They are mainly advected along the
magnetic field and transport in the perpendicular plane, called the electric drift, occurs at
the next order in 1/|B|. The corresponding parallel and drift velocities are respectively

(E-B)B EAB
————, Virit = =5
‘BP ) drift |B|2
The guiding center dynamic can be recovered from the limit electron equation in (1.11).
Indeed, note that applying the diffusion matrix to the electric field gives

M

1 1
DE = E——— EAB+—— (EAB)AB
=B P T1T \B|2( A B) A B, L12)

Therefore the limit equation for the electrons formally rewrites
Orne + Vo [(v) + Varine + O (1/|B[?))ne — DVane| = 0.

Definition 1.1.4. A triplet (f;, ne, ¢) is called a weak solution on [0,7") of the Cauchy
problem (1.11) if it satisfies

1) fie L*(0,T;L;, n LY,); fi = 0 almost everywhere,

2) n.e L®(0,T;LL); n. = 0 almost everywhere,

3) ¢ =@, (§ fidv —n.) € L*(0,T; HY) and n.V,é € LL ([0,T) x RY),
and for every ¢ € D([0,T) x R%), ¥ e D([0,T) x R3)

4) The mappings t — ({z6 @ fidvdz and t — §p5 ¢Yn.de are continuous and (1.11)
holds in the sense of distributions.

Let us state the main result of this chapter. We make the following assumptions on
the initial data

Vs e {i,e}, f > 0 almost everywhere, (A1)
Z Ufm lz| + |v)* + |lnf‘n|)dvd:r~|—f |vx¢m| dx < +oo0, (A2)

sefi,e} R6

fhely, ALY, f"el,,, (A3)

H Fduda = H Finduda. (Ad)

where ¢ = @, (§ fdv — § findv).
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Remark 1.1.5. The case of initial data depending on € may be treated in the same way
as soon as assumptions (Al) to (A4) are satisfied uniformly in €. In this case one may
pick as limit initial condition for (1.11) any accumulation point of the sequence of initial
data.

Theorem 1.1.6. Under assumptions (Al) to (A4), there exists a solution (ff, fE,¢°)
of (1.3) in the sense of Definition 1.1.1. Moreover, for any such solution, one has, when
e — 0 and up to the extraction of a subsequence

f5—fi weakly-x in L*([0,T) x R? x R?),

fe —>neM  strongly in LY(0,T; L}w),

F— @ strongly in L?(0, T Wml’p) for1<p<2,
and the limit (fi,ne, ¢) is a weak solution of (1.11).

The parabolic limit for the Vlasov-Poisson-Fokker-Planck system with a given ion
background has been studied in dimension 2 by Poupaud-Soler in [172] and Goudon in
[106]. Masmoudi and El Ghani generalized these results in any dimension in [81], using
DiPerna-Lions renormalized solutions and averaging lemmas. The procedure they follow
was introduced by Masmoudi and Tayeb to study the diffusion limit of a semi-conductor
Boltzmann-Poisson system in [147]. Let us point out, here and later, the importance of
the latter paper, which provides efficient tools to derive a global in time result for our
own problem. A recent paper [195] of Wu, Lin and Liu treats with this method the case
of a multispecies model where several Vlasov-Fokker-Planck equations are coupled by
a Poisson equation on a bounded domain. Let us also mention [80], where the author
deals with the case of a self-consistent magnetic field in the context of a Vlasov-Maxwell-
Fokker-Planck system.

Here, we are considering a multispecies model with an external magnetic field. This
brings some new technical difficulties in the analysis. First, the coupling with a non-
collisional kinetic equation rather than a fixed background of charged particles makes it
harder to recover regularity sufficient to give a distributional sense to the limit problem:.
Indeed, the regularity given by Vlasov-Poisson in dimension three for the ions impacts
that of the electrons (see Lemma 1.6.1 and 1.6.2). Besides, by considering a magnetic
field of the same order of magnitude than the collisions, it is not clear at all that one
can control the fast Larmor oscillations at the limit especially in the three dimensional
setting. As an example of this difficulty in the non-collisional case of Vlasov-Poisson, we
refer to the paper of Saint-Raymond [177] where only the two-dimensional case can be
treated since the dynamic along the magnetic field lines is too fast to be captured at
the limit in this scaling. Here, we are able to control the whole dynamic thanks to the
dissipative effect of the collisions and the orthogonality between the Lorentz force and the
velocity field (see Lemma 1.3.3 and Proposition 1.4.3). An other proof of the nontrivial
effect of the B field can be seen with the diffusion matrix of the limit drift-diffusion
equation which is anisotropic, for it contains the magnetic field effects. Let us mention
that such a model was derived in a linear setting (i.e. with an external electric field) by
Ben Abdallah and El Hajj in [20] with a linear Boltzmann collision kernel.
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In the rest of this chapter we detail the proof of Theorem 1.1.6. The outline is as
follows. In section 1.2, we introduce natural estimates associated with (1.3). These esti-
mates will be crucial to prove our derivation and the existence of solution which is briefly
discussed in Section 1.3. After proving the required compactness of the family of solutions
in Section 1.4, we will take limits in equations in Section 1.5. Eventually, in Section 1.6,
we shall use the algebraic structure of the limit system to gain some regularity which will
allow us to recover (1.11) in a distributional-rather than renormalized—sense.

1.2 A priori estimates

The study of the asymptotic € — 0 requires estimates that are uniform with respect
to €. For our coupled system, the only natural identities providing such bounds are mass
estimates (see Lemma 1.2.2), free energy and entropy inequalities (see Proposition 1.2.1).
Let us introduce kinetic energies associated with each species

1
K*°(t) = K5 (t) + K:(t) where K, = QJ lv|? fedvdz Vs € {i,e}.
R6

The characteristic energy due to electrostatic effects is called electric energy and reads

1

1
Us(t) = J V¢ |2de = J ¢*nfd,
2 R3 2 R3

where the last equality stems from the Poisson equation. Let us also define the entropy
of each species

smniﬂﬁm@mmxv%uﬁy
S

The natural energy associated with Vlasov-Fokker-Planck type equations is called the
free energy and writes, for our system

E5(t) = US(t) + K=(t) + SE(t).

We also introduce the free energy dissipation given by the following non-negative quantity
1 1 4 | fe
RS RR6

Proposition 1.2.1 (Free energy and entropy estimates). Suppose that (ff, f,¢%) is a
smooth localized solution of (1.3). One has the following “entropy” estimates, for alle > 0
and t € [0,T).

— The free energy satisfies

2
Mdvdz

ﬁayﬁqungsmy
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— The ion entropy satisfies

S (1) = 55(0)

Proof. Multiplying the first two equations of (1.3) by |v|?/2 and |v|?/(2¢) respectively,
integrating in v, x and summing the two equations yields, up to an integration by parts,

1
iKE-FJVng)E-jEd:c: —gffv-(vfg—i-vvfj)dvdx (1.13)

The continuity equation is obtained by integrating the fist two equations of (1.3) with
respect to v, x and summing the resulting equations after dividing the electron equation
by €. It reads

o +Vyz-5°=0 (1.14)

Then using (1.14) and the Poisson equation, we can rewrite the second term in (1.13)

1

d

Hence we get an energy estimate from (1.13) and (1.15), namely

d 1
a(KawLUs) = —gffv-(vfg—i-vvfg)dvdx (1.16)

The entropy equations are obtained by multiplying the first two equations of (1.3)
by In f7 + 1 and In f$ + 1 respectively and integrating in x,v. It yields

d .
. Qf — 1.17
dtSZ O’ ( )
d 1 ([ Vo fe
e _ _ e . £ € 11
gidtse 8 f I (vfs + VyfS)dvde, (1.18)

where we performed an integration by part of the right-hand side of the second equation.
Equation (1.17) provides the ion entropy estimate. By summing (1.18) divided by € and
(1.16), we obtain the announced estimate up to an integration in time. O

The other type of natural a priori estimate for Vlasov-type equations is the conser-
vation of LP norms.

Lemma 1.2.2 (L? norms). Suppose that (f7, fS,¢%) is a smooth localized solution of
(1.3). For alle >0 and t € [0,T),
— The distribution function of electrons satisfies

1ot e, = 1",

— The distribution function of ions satisfies

Hff(t, " ')HLQW = HfimHLﬁmv Vpe [17 OO]
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Proof. Keeping in mind that distribution functions are positive, the integration of the
Vlasov-Fokker-Planck equation in (1.3) with respect to x and v provides the first estimate.
Let us multiply the ion equation of (1.3) by (ﬁ)p_1 /p and integrate in x and v to get

d
Ty, o
Hence | f| 1z is constant. Letting p go to infinity gives the limit case. O]

As we are working on an unbounded domain in space, we need to control space
moments of the distribution functions to ensure that no mass can be "lost” at infinity. It
reduces to controlling current densities as shows the following estimate.

)

Lemma 1.2.3 (First moment in space). Suppose that (f7, S, ¢°) is a smooth localized

solution of (1.3). For alle >0, t€[0,T) and s € {i,e}

t
H 2| fdvdz = J L, % jedx + ” 2| firdvd
R6 0K R6

Proof. Multiply the first two equations of (1.3) by |z| and integrate in x, v and ¢ to
obtain the result.
O

1.3 Existence of solutions and uniform in ¢ estimates

In this section, we give an existence result for (1.3). The a priori estimates of the
previous section are necessary to build these solutions, by a mollification procedure. Let
us mention that this result follows from single-species cases. Indeed the coupling between
the kinetic equations of (1.3) is weak in the sense that, because of the form of the Poisson
equation, it is possible to isolate the contribution of each species in the electric field V,¢°.
The addition of the magnetic field term only cause minor and harmless modifications to
usual proofs as it is linear and does not alter a priori estimates. For the Vlasov-Poisson
part, the theory of Arsenev may be applied. We refer to [30, Theorem 1.3 and 1.4]
for details. The Vlasov-Poisson-Fokker-Planck part of (1.3) may be handled with the
DiPerna-Lions theory of renormalized solutions [66, 68|. Some technical details may also
be found in [29] and [147, 152, 153| on bounded domains.

Proposition 1.3.1. Under assumptions (Al) to (A4), the system (1.3) admits a solu-
tion in the sense of Definition 1.1.1. In particular, the solution satisfies the continuity
equations in the sense of distributions on [0,T) x RS

omns +Ve-js =0, Vse{ie} (1.19)
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1.3. Existence of solutions and uniform in € estimates

Moreover, the following estimates hold, uniformly in t € [0,T), € > 0 and s € {i, e},

t
+ J D (s)ds < E™, (1.20)

0
Si(t) < s, (1.21)
1t s, < IFey,, (1.22)
vpe Lol (£t )z, <18, (1.23)

”mfﬁdudx\f f ‘§d:v+]RL || fdvda. (1.24)

and the distribution functzons are non-negative almost everywhere.

From estimates obtained in Proposition 1.3.1 we infer uniform in ¢ estimates that will
allow us to take limits in the following sections. Let us first give a name to the particular
solutions satisfying these estimates.

Definition 1.3.2. Any triplet (f7, 5, $°) which is a solution of the system (1.3) in the
sense of Definition 1.1.1, associated with initial datum satisfying (A1) to (A4), and itself
satisfying estimates of Proposition 1.3.1 is called from now on a physical solution of (1.3).
Proposition 1.3.3. A physical solution of (1.3) satisfies the following properties

(a) Control of current densities :

I7; Iy < C(T) + K3, (1.25)
-£ 1 £
ljelzy < C(T) + §D : (1.26)

(b) Uniform bounds on the free energy and moments :
Jff (2] + o2 + | In f])dvdz +J V6| d:L‘+J D*(s)ds < C(T) (1.27)
sefi,e} R6
(c¢) Consequences of (b) :

l7i oy + licleioreyy + IVov fElrzorz,)
) (1.28)
+ EH(U AB) -V felpor,) < C(T)

for some constant C(T') independent of € and t € [0,T)

Proof. (a) First we can control the ion current density by decomposing the velocity space
in the following way,

Wl <[] plspdvde+ [ 1olszavas

|v|<2 |v[=2

in 1
< 2|f"lzemir,) + 3 jj [v|? f£dvda.
R6
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We can conclude with (A2).
The electron current density can be controlled by the free energy dissipation. Indeed,
following the idea in [172, Equation 2.21]|, it writes

o= 2 [Tz + 2V T e
and thus . . .
liles < 5102, + o || golof + VisiPavds
and the desired result follows using (A2).

(b) The key arguments here are the entropy estimates (1.20) and (1.21). Since distribu-
tion functions are non-negative, we decompose the free energy in the following form

£ =K+ U +5:, — S, (1.29)

where we define, for s € {7, e},

Se4 = J feIn® fodvdx,

Jf feln™ fidvdex,

with In™(s) = max{In(s),0} and In~(s) = max{—In(s),0} for s > 0. By applying the
same arguments as in [172, Lemma 2.3] and estimate (1.24), one can get the following
bound on the negative part of the entropy

1 .
St < O+ g (K 4 1l oany) + | [ lelfdvaa, (1.30

for some positive constant C. By inequality (1.26) on the electron current density and

(1.30)
S5 <y <K§ + L t Ds(s)ds> L o).

Now with estimate (1.20) and the decomposition of the free energy (1.29), one can
conclude that K¢, U*, Sé D=(s)ds, Sg__ and S¢ , are uniformly bounded in ¢ and ¢.
Replacing the index e by i, inequality (1.30) holds true for the ion related quantities and
the bound (1.25) on the ion current density and estimate (1.21) on the ions entropy give
the boundedness of Sf,_ and Si+.

(c) The estimates on current densities follow using (a) and (b). Now, as in [81, Corollary
5.3], the following computation

T 1 1
|\vvx/f>g\\iQ(O,T;%) = L U (Z|v\/E + 2V /e — Z'“'Qfee NG Vv\/,)Tg)dvdxdt

g2 1 (T
—Da + J JJ(VU - ) fedvdzdt
—DE + — ff findvda,

A

IN
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provides the third bound. Finally we can control the term related to the magnetic field
by noticing that, since (v A B) - v = 0,

1 1"
@A B Vililpora,y = 2| [[|0nB)-@UnTE oI deavar
< |BHL00 ( Dadt—l—Tsup K5>
)
We conclude with the estimates in (b). O

Remark 1.3.4. Actually, the estimate on the ion current density can be largely improved
using a classical moment lemma [105, Lemma 3.1]. The latter gives that (j5)e is uniformly

bounded in L*(0, T} L5/4)

1.4 Compactness of the family of solutions

From the estimates of the foregoing section, we can infer some compactness. When &
tends to 0, estimates (1.23) and (1.27) give, up to the extraction of a subsequence,
f§ — fi weakly-» in L*(0,T; LP(R®)) for p e (1, o], (1.31)
and
V.¢° — Vié weakly-+ in L°(0,T; L*(R?)), (1.32)
where the limit is a gradient because it is irrotational in the sense of distributions.
Lemma 1.4.1. Families of physical solutions of (1.3) satisfy the following properties
(a) (ff). and (fS). are weakly relatively compact in L'([0,T) x RO).
(b) (nf). and (ng), are weakly relatively compact in L*([0,T) x R?).
(c) f—niM — 0 in L([0,T) x RS) when e — 0
Proof. The first two assertions follow from the Dunford-Pettis theorem.

(a, b) Let us define W : z — e 1?l/(87), M : (2,v) —» W(z)M(v) and ¥ : u > 0 —
u(ln* u + 1). Note that W and M are of integral 1 and ¥ is a convex, non-negative,
increasing function satisfying

W(u)

lim —~ = 4+

u—w Y

Let s € {i,e}. One sees that by the Jensen inequality

J\IJ(”Wi)de = f@( ﬁM@) Wdx

< JJ‘I’ (ﬁ) Mdvdz
= Jf filn (j\%{) dvdz
< Sop+ ST KO+ H || fsdvda + CH fedvda,
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for some constant C' > 0. Because of the uniform estimates (1.23) and (1.27), we hence
get by the de la Vallée Poussin lemma the equi-integrability of the bounded families

{fs/M}. = LY(0,T; L (Mdvdz))

and
(nS/W}e < L0, T; LY (Wdx)).
This yields the announced weak compactness by the Dunford-Pettis theorem.

(c) Using the log-Sobolev inequality (see [112]), we get an upper bound for the relative
entropy of the electrons with respect to a local Maxwellian

Lt JJ filn (nf%) dvdxds < 2J0t Jf VU\/E
C(T)e?

<
where the last inequality comes from estimate (1.27). By the Cziszar-Kullback-Pinsker
inequality (see [55, Theorem 3.1 and Section 4]), we have

2
Mdvdxds

9

t 2 t €
f <Jf |fe —niM| dvdm) ds < 2sup (j nidm) f J filn ( €fe > dvdzds
0 [0,T) 0 ngM
< C(T)é,
which yields the L?(0, T} Lglw) convergence hence the expected result. 0

The results of Lemma 1.4.1 are not sufficient to take limits in equations. We need to
gain strong compactness to deal with non-linear terms. While there is no hope of doing
so with the distribution functions, the particular averaging properties of Vlasov type
equations allows us to get additional compactness results in space on the macroscopic
densities. Indeed, by the dispersion property of the v - V, transport operator, one gains
regularity on velocity averages of the distribution function. Besides, time compactness
stems from the continuity equations (1.19) and the uniform bounds on current densities.
We shall apply the following averaging lemma that is adapted from the famous DiPerna,
Lions and Meyer results in [70].

Lemma 1.4.2. Let (h¥)_ be a bounded sequence in L?(0,T; L2(L?

Tocw)) Salisfying in the
sense of distributions

e0th® +v-Vih® = hy+ V, - hi

are bounded sequences in L*(0,T; Lzl,;(Lllow

where (hg)., (h) )). Then for all 1 € D(R3),

£

— 0
L1(0,T;L})

Hﬁ@m—mmm

when y — 0 uniformly in e, where 7, is the translation of vector y in the x variable.
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1.4. Compactness of the family of solutions

Proof. We refer to [147, Appendix 2| for a proof. O]

Let us highlight that the following result is crucial to the rest of the proof of Theorem
1.1.6 and that in particular, point (b) in Proposition 1.4.3 depends upon the control of
the magnetic leading term of the equation by the entropy dissipation.

Proposition 1.4.3. Families of physical solutions of (1.3) satisfy the following strong
compactness properties

(a) (V7). is relatively compact in L*(0,T; Lj,..) for1<p<2,
(b) (ng). is relatively compact in L*([0,T) x R3).
Proof. The result of (a) stems from applying the Aubin-Lions-Simon lemma [182, Theo-

rem 5, Corollary 4| to the family of electric fields and the proof can be readily adapted
from [147, Proposition 3.3 3)|.

(b) Let us define

u
fs i ur 1+ ou
There exits Cs > 0 such that, for all u >0
.1 1 1
Bolu) < min(5,u), (L+ VAl <1+ = ()] < 5

In particular, one checks that S5 satisfies the requirements of a renormalization func-
tion for the Vlasov-Fokker-Planck equation and hence (1.7) holds. Now set

= Bs(f5)
= Vs VeI ey Lo 0 B Wu(B(2))
%=—w&&%ﬁ—ﬁi¥ﬁﬁuﬂ

Let us check the hypotheses of Lemma 1.4.2. Clearly, we have,
(h*) is bounded in L*(0,T; Ly, n LE,) = L*(0,T; L2 ).

Moreover,
f€+vf8 vfe + Vo fe
V’Ufe6 Uieﬁ f: < V’U fg —_Je = " vYJe fsﬁ” feg L,
| O oy <V [ | Nz,

and, using that (v A B) -v = 0, we have

‘i(v A B) - Vo(Bs(f2))

LY(0,T;L% )

=|(vAB)fe = 2v fe + v/ B5(fS)

LY(0,T;LL )
vfe + Vo fe
fe

<\/T”BHLOC(0,T;L;O) H|U|2f€€”LOC(0,T;L;m) HB‘S(f:)HL”(OvT?L%%) :

L2(0,T5L% )
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Finally, if K is a compact measurable set of R?, then

IVad® Bs(F) L0001 (11 (1 awyy) S TV meas(K) [Vod®| ooz 185(FE) [ Loz,

and,

vfe + Vofe
e

vfe + Vofe

e\/fE

Thus, the sequences (h%),, (hg). and (k). satisfy the hypotheses of Lemma 1.4.2. Then
for any fixed 6 and any v € D(R?)

<VT

L1(0,T5L} )

Bs(f) I felers  1B5(fE) -

L2

-0 (1.33)
LY(0,T:L)

|[ests) - satgepyian

when y — 0 uniformly in e. The L*(0,T; L*((1 + |v|?)dvdz) uniform bound on f¢ from
(1.22) and (1.27) allows us to extend this to ¢(v) = 1. Now, we can also take the limit
0 — 0 uniformly in €, using the equi-integrability of the family (f¢).. Indeed, since, for
any u > 0

0< fs(u) <u and [Bs(u) —ul < ou’,

one has

T T
Ife = Bs(f)Lr(jo,ryxre < 2 f f fedvdadt + 5f J J |fePdvdzdt  (1.34)
0 0

fe>M {fe<M}

for an arbitrary M > 0. The first term is O(1/In(|M])) because of the uniform bound
on the entropy S:. Using the uniform bound on the mass, the second term is seen to be
O(8M). Take M = =2 to conclude. Therefore, using (1.33) and (1.34), one has

Iy = 2l s oy — 0
when y — 0 uniformly in €.
Finally, using the continuity equation (1.19), we get a L'(0,T; Wx_l’l) bound on

oins. With the uniform L'((1 + |z|)dzdt) estimate (1.24) on né, this gives the relative
compactness of the sequence using Lemma C.3.3. L]

Using the results of Lemma 1.4.1 and Proposition 1.4.3, we get the following strong
convergence results concerning the macroscopic density of electrons.

Lemma 1.4.4. The families of physical solutions of (1.3) satisfy the following properties,
up to the extraction of a subsequence. There exists n. € L*([0,T) x R3) such that when
e—0

(a) ng — ne in L'0,T; Ly),
(b) /g — \/ne in L*(0,T; L2),
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(C) fe<€ — neM in Ll(OvT; L;,v):
(d) 05 = /& + MM — /ne + AWM in L*(0,T; L3 ),
(e) g — ML in L2(0.T;12,),

\/ne+>\
VIEM | AneM o 72 .72
(f) 057)\ m m L (O, T, L$,’U)7
for any A > 0.

Proof. Properties (a, b, ¢, d) are straightforward consequences of Lemma 1.4.1 (¢) and
Proposition 1.4.3 (b).

(e) Using the definition of 6, y, it yields that,

M m

‘95)\ Ne +

.
< X‘w/(ne+)\)M—¢95,>\ .

Then one concludes with (d).

(f) Just notice that,

NGvi ngM /e
957)\ Ne + A
v M vVneM
<9 \/ngM—«/neM‘+7’\/(ne+)\)M—957>\
e,

\1F (‘\/nEM \/neM‘ ‘\/ e + NJM — em)
and conclude with (b) and (d). O

1.5 Taking limits in equation (1.8)

Using the previous compactness results, we can readily take limits in weak formula-
tions of the Vlasov equation for ions in (1.3), the continuity equation for electrons (1.19),
and the Poisson equation in (1.3).

Lemma 1.5.1. The limits n. € L*([0,T) x R?), f; € L*(0,T;L,,, n LY,) and V¢ €
L®(0,T; L?) defined respectively in Lemma 1.4.4, (1.31) and (1.32) satisfy in the sense
of distributions,

atfi +v- vmfz - vx¢ : vaz + (U N B) : vvfi =0,
Otne + Vg “Je =0,
- Ax¢ = N — Ne,

ng = ffsdv, Vs € {i,e},

for any accumulation point j. of the family (j5)e.
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At this point, we do not know much on limits3! of the electron current density j¢.
Our goal is now to characterize them. Let us introduce,

(\/E_ V ngM)v (135)

1
ev M

g
re =

and !
Re = 5 (2 — M) (1.36)

so that the distribution function of electrons may be written as

fe = nEM + 2erfy/niM + 2 rE P M

c 1.37
= ngM + 2¢R;. (1.37)

With this in hands, one writes the electron current density as
Je = 24/ng frZMvdv +€ f AR

As in [81, 80|, we aim at taking the limit ¢ — 0 on the latter and characterize the
limit current. We first gather some useful estimates on r¢.

Proposition 1.5.2. Let (f$): be the electron distribution functions of a family of physical
solutions of (1.3) and define r¢ by (1.35). Then, the following uniform estimates hold
(a) (r%)e is bounded in L*(0,T; L?(Mdvdz)),
(b) (elrellv[*M). is bounded in L'(0,T; L ),
(¢) (Velrsl*lvo|M). is bounded in L*(0,T; L} ),
(d) (V7). is bounded in L*(0,T; L?(Mdvdz)).

Proof. ((a, b, c¢) are adapted from |81, Proposition 5.5|)

We begin with some elementary preliminaries. Let us define h: x — (1 +z)In(1+2) —z
for z > —1. The Legendre transform of h, defined by z* — h*(z*) = sup{zz* —h(z), = >
—1}, is given here by h*(z*) = e —z*—1 for * € R. By definition, the Young inequality
holds, zz* < h(z) + h*(z*).

Moreover it follows from a convexity argument in the variable /1 4+ x that h is bounded
from below by g : # — (v/z + 1 —1)2. Additionally a direct study shows that for z > —1,
h(|z]) < h(x).

Notice finally that one readily obtain from the power expansion of h* that h*(\z*) <
N2h*(z*) for 0 < A < 1 and z* > 0.

(a) One has,
ep2 neM e neM, (fe
M = -1]< h -1].
Ire ez 7 <n€M > e2 '\ neM

31. From estimate 1.3.3, we only know a priori that, up to the extraction of a subsequence, (j)e
converges to a finite Radon measure for the weak star topology.

76
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Integrating in v yields,

g 1 g fee 1 191 fg
f]re\QMdv < 82Jnth (néM - 1) dv = €2er In (niM) dv.

Then after an integration in z,¢, we can use the log-Sobolev inequality (see Corol-
€

lary C.2.2 in Appendix C) and estimate (1.27), to get a uniform bound on (rf). in
L?(0,T; L?>(Mdvdz)).

(b) Now we use the Young inequality and other properties of h and h* to obtain, for &
sufficiently small,

2
c22 _Me ¢ 2
Pl = =1 b
ng c 2
<?2 ngM_l elv|
nE () 9
€ € *
ns‘ € |U‘2
<= |h| 2~ —1)+162n* ().
| (i ) et (5

After a multiplication by M and an integration in v, one can bound the first term as in
(a) and the second one thanks to mass estimate (1.22).

(c) In order to establish the third bound, we apply Young inequality,
1 1
2 2|, .62 2
VEllsg? < Selol? sl + S,

and conclude with (a) and (b).

(d) From the definition of 7¢ stems

T 1 T
f f \VUTEQMdvdzdtzzf ﬂ
0 €= Jo

The right-hand side is uniformly bounded thanks to estimate (1.27) on the entropy
dissipation.

Al
Vo Me Mdvdzxdt.

O

From now on we consider a subsequence of a family of physical solutions of (1.3) such
that all convergence properties following from the previous compactness results hold. Let
us denote by 7. the weak L?(0,T; L?(Mdvdz)) limit of (r%)

Lemma 1.5.3. When € — 0, the family (j5). satisfies

.
Ji = Je i= 24/Ne Jredev weakly in L*(0,T; LL).
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Proof. Take the limit in the following expression, coming from (1.37),
je = 2«/n§fm‘§Mdv+sjv|r§|2Mdv. (1.38)
The first term in the right-hand side converges weakly in L'(0,7; L} ). Indeed,

V7 = g strongly in L(0, T I2),

and since r$ — 7, weakly in L?(0,T; L?(Mdvdz)) and (t,v) — v € L*(0,T; L*(Mdv))
j’l)?”szU — fvreMdv weakly in L*(0,T; L?).

The second term in the right-hand side of (1.38) goes to 0 in L'(0,7; L}) since we know
from Proposition 1.5.2 (c) that (y/|rg[*|v|M). is bounded in L*(0,T; L} ). O

Now we focus on the limit of equation (1.8) from Definition 1.1.1 to derive the last
pieces of information we need to characterize the limit of the current density j.. To do

so, we introduce elements of notation associated with the operator £4. We denote by
L2, the Hilbert space L?*(R3, M ~1dv) endowed with the scalar product

Sy = [ | forran
Almost everywhere in ¢, x,
La:f— Vo (Alt,2)vf +Vof) =V (vf +Vof) + (v A B(tx)) - Vof
is an unbounded operator on L%\/I' On

La(f) =V, (MV, (AJD) + (v AB)-V, <> VM, (1.39)

one sees that the formal adjoint of £4 in L3, is given by
L5(f) = Vo (0f +Vof) = (A B)-Vof =V, (ATof + Vof) = Lar(f).  (140)
Proposition 1.5.4. The limit density ne and electric field —V y¢ are such that (V z/ne—

%Vmgb, /ne) € L?(0,T; L2). Moreover the limit electron current density j. satisfies in the
sense of distributions

1
Jo = _Q@A_l(vx Ne — §Vx¢ﬁ)’
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Proof. We know from Lemma 1.5.3 that

Je = 24/Ne Jre’UMdU.

We will now take the limit in the renormalized equation (1.8) in order to get an additional
equation characterizing r.. Let us recall that (1.8) reads

1
€010 + v - Vialbe y + Vi - Vol ) = 520 )\L’A(fea) —

By the strong convergence of 6, ) from Lemma 1.4.4 (d) and the weak convergence of
V. ¢° from (1.32), the left-hand side of equation (1.8) converges to

Vi (v (ne + \)M Ve (ne + \)M
= oV M - (Vz\/ne A §V$¢«/ne + ).

The first term of the right-hand side of the renormalized equation (1.8) may be
written, using (1.36) and the fact that M € KerLy, as

1
—La(RY). (1.41)
€,A

)

La(fe) =

2695 A

Now, for any ¢ € D([0,T) x RY), one has

:fﬂe

1
La(RY)pdvdxdt := IT + IS + I5.
e,\

with .
pM R
_[6 = B : v —= d d dta
e T s (5
T M RE ©
o _J ” VMg <> Y, () Mdvdzdt,
? 0 O M VM
T € M
I _J JJVU <R€> Vo £ oV Mdvdzdt.
0 M 96,)\

where we have performed an integration by part on the Fokker-Planck part of the operator
L 4 defined in (1.39) to obtain I§ and I5. Mark that

fe
m@©<ﬁ%3

so that using the definition of RS in (1.36), one has, for some constant C(T),

| < fﬂ‘ ﬁmm

f&

2
06)\

¥
06,/\

< C(T)e,
L*®(0,T5L%,)

L*(0,T;L,)
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by the control on the free energy dissipation provided by estimate (1.27). Hence I§ goes
to 0. To handle I7 and IS, we decompose R according to,
Re
SV
Doing so, the contribution of the magnetic field becomes

f H (ﬁM VoM >s0(v A B) - Vyridvdzdt

ners + f\r€|2

Ve + A

- 765\/M B) - Vypdvdzdt
LJ] o re (v A B) pdvdx
T
+ef U 0*0 (v A B) - Vorsv/Mrév/Mdvdzdt.
0 €,\

after an integration by parts in the second term. The first and third terms of the right-
hand side go to zero by Lemma 1.4.4 (f) and 1.5.2 (a),(d). Therefore

T
o fo ff \/%Tem(v A B) - Vypdvdzdt

T
N
= —r———(v A B) - Vy(reM)pdvdxdt
b e w0
The contribution of the Fokker-Planck part may be written as

J U (ﬁM ‘ZIT ) VMV <\/¢M> dvdzdt

[T o ()
—sf H\ﬁfr VMV, - <\/90M>dvdxdt.

As for If, the first and third terms go to 0 and therefore

_>f0 f f \/neTnAe\/MV” (MY, (re)) pdvdzdt

We eventually showed that, in the sense of distributions

1 A/Ne
La(fS) — ———=La(reM 1.42
26957)\ A( e) \/mm A(T ) ( )

The convergence of the second term of the right-hand side of the renormalized equa-
tion (1.8) stems from the strong convergence of M /6. ) from Lemma 1.4.4 and the weak
convergence of V,¢° from (1.32). Finally, we receive for any A > 0

vV M - <V$«/ne +A— %quﬁ«/ne + )\>

V' gy - — 2 v
(ne + \)M 2¢/(ne + \)M
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1.6. Regularity of the limit

By dominated convergence, one may take the limit A — 0 to obtain

oM - (Ve — %vm\/@  La(raM)

in the sense of distributions. Since the left-hand side of the former equality is rapidly
decaying in v, one may actually multiply the previous equation by v and integrate in the
v variable to derive in the sense of distributions

(Vs ne—%vxqﬁ\/E) = JUEA(reM)dv

jﬁj(vM)redv

f[ﬁ[(UM) — (v A B)-Vy(vM)] redv

j—(v + (v A B))reMdo = —Afredev,

Since A(t, z) is invertible one gets the result by combining this identity with the expres-
sion of j, from Lemma 1.5.3. OJ

1.6 Regularity of the limit

Let us summarize what we have proved so far. The triplet
(fi,Ved,ne) € L*(0,T; Ly, ,n LY, ) x L*(0,T; L2) x L'(0,T; L},) is such that in the sense

of distributions

( atfi+v'vxfi_vx¢'vvfi+ (2} A B) 'vvfi = 07
Otne + Vg “Je =0,

1
(Var/Ne — 3 Vo /ne) € L*(0,T, L?)
1
je = _2’\/ neA_l(vx Ne — vaﬁb’\/ ne)

_Aat¢ = N — Ne,

with initial data
fi(0,-,+) = Z-m and n.(0,-,-) = fféndv =: nien.

Note that because of uniform bounds on (9;nf). in L*(0,T; W, ') and on (0¢ff)e in
LY0,T; W, o1, we get that, by the Arzela-Ascoli theorem, the limit functions ¢ —
§nepdz and t — § fiydvdx are continuous on [0,T) for any test functions ¢ and .
Thus, we do recover the above initial conditions for the limit system. On the other hand,
usual arguments based on the convexity and lower semi-continuity of the energy and
entropy functionals and corresponding uniform estimates prove the boundedness of the
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following quantities, uniformly in ¢ € [0,T)
Jne| Inn.|dz + J |z|nedx + JJ(\UP + |z|) fidvdz < C(T)
] 51 pdode < 010 £,

for some positive constant C(T'). Furthermore, the following mass estimates and global
neutrality result hold uniformly in ¢ € [0,T)

Inelzs = Mfiley, = 1M, = 16" ey - (1.43)
| filz, < £ e, for p e (1, +o0] (1.44)

Equality is verified for the mass estimate thanks to the tightness of the distribution
functions that comes from the control of space and velocity moments.

The classical moment lemma [105, Lemma 3.1| shows that, by the boundedness of f;
in L*(0, T; L*((1+|v|?)dvdz) n LY,), the limit macroscopic ion density has the regularity

ng € L*(0,T; LY?). (1.45)

We may gain some additional regularity on n. using the particular structure of the
limit system. The procedure we set up is a generalization of Lemma 7.1 in [147|. Here
the situation is trickier because the ion background n; is not regular enough to reach
directly an L? regularity in space for n, in order for the product n.V,¢ to make sense.
However one may first gain some regularity and conclude by a bootstrap argument in
Lemma 1.6.2.

Lemma 1.6.1. Let n. € L'([0,T) x R%) be a non-negative function that satisfies

1
Var/Ne + §E\/n>e =G, (1.46)
Ve E=mn;—ne (1.47)

in the sense of distributions, where G € L*([0,T) x RY), E e L*([0,T) x R?%) and n; €
D'([0,T) x RY). Then, for any p € [1,2] it holds

n; € LP([0,T) x RY) — n, € LP([0,T) x RY)

Proof. Let p € (1,2]. The first step of the proof is the renormalization of equation (1.46).
We define hereafter the particular renormalization function we use and which is built to
recover in the end an LP bound on n.. Let us define v € C* (R ) such that v(s) = s on
[0,1], v(s) = 2 for s > 3 and 0 < +' < 1. Now set, for ¢ € (0,1],

1 p=2

(s) =~ ((1;7(53) 4 1>p1 and  4(s) = +(55) ((157(53) + 1>
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1.6. Regularity of the limit

The derivative of the renormalization function satisfies

(1.48)

S

5(s)] <1 and  |sy5(s)| <

Equation (1.46) implies that V,\/n. € L{_([0,7) x R?). Let us renormalize equation
(1.46) by multiplying it by ~v5(y/me)

Vars(Vie) + 5 Byiah(vite) = Grh(ymo)

One can check with (1.48) that every term is square integrable. By taking the L? norm
of the equation and expanding we obtain

1
[Vars(vne)lze + 7 1EvRes(vre) 72

(1.49)
; j j Vs (v/ie) - Bx/mery(y/me)dadt < | G[2.

We want to rewrite the third term as the scalar product of E with a gradient in order to
use (1.47). Let us define

7a(s) = fo " (4(w)) . (1.50)

Using (1.50) in the third term of (1.49) and dropping the first two non-negative terms
yields

|| £ vaistvine)dade < 161

By using equation (1.47), one gets after integrating by parts

”%(\/n?) (ne —n;) < |G|32. (1.51)
Let us estimate ¥5(y/ne). For s € [0,1/0], one obtains
° 2p—4 * oope3 22
’?58=Juu+1 p_duéfup_du: ,
()= [ utws 0 -
and - -
1) -1 1) —1 3
(5+2)_2 _(s+2)_3 ifp;é§,
Fs(s) = p p 5
s—In(s+1) ifp:5

Then, one readily checks that for any p € (1,2] there exists C; > 0 such that for any
§€(0,1] and s < 3 it holds

- 15
’}/5(8) = Zs2p 2 1
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For s > 1/6, there exists Cy > 0 depending only on p such that

1 2p—2 53
5a(s) < 75(3/8) < (6) [t = o
0

This provides the following estimates, for any s > 0 and C' = max(Cy,Cs,1/(2p — 2))

(is%? — C’) Lis<i/s)(s) < Fs(s) < Cs72, Vs = 0. (1.52)

We now use estimate (1.52) in (1.51). First we get rid of the part involving the ion density
n;. Using Young’s inequality, for any 1 > 0 there exists some constant C; > 0 such that

g ~ _p_
”75(\/776)7%- < Cylnali, + HU (35 (/1)) 71 dxdt.
< CylnillL, + Opllnﬂ neds(y/ne)dadt

where we used estimate (1.52) in the second inequality. On the other hand, we have

jfne%( ne)dzdt = Jf nfdzdt — C|ne| 1.

{ne 1/62}

As a result, by taking n sufficiently small, one gets

0< f f AL, <1jpeydedt < O(1C g, il oo el 1),

uniformly in 4. Taking the monotone limit § — 0 concludes the proof.
O

The regularity of n. that one may establish by the previous proof is limited by the
regularity of n;. Nevertheless the available regularity of n; is sufficient to provide us with
a termwise sense for je.

Lemma 1.6.2. Limiting densities of families of physical solutions satisfy Vypi/ne €
LY(0,T; L%OCI) Ve € LY0,T; Hllocz) and in the sense of distributions

Je = *D(vxne - vx¢ne)a
where we recall that D = A~
Proof. First by an application of Lemma 1.6.1 with p = 5/3, we show that the source
n in the Poisson equation —A,¢ = n; — ne =: n lies in L5/3(0,T; Li/?)) n L*(0,T; L)
and therefore, with an L*(0,T; L2) electric field, it yields V,¢ = V,® %, n. Thus, by

the Hardy-Littlewood-Sobolev inequality, V¢ € L5/ 3(0,T; L}f/ 4). Hence, by the Holder
inequality, the product V,¢,/ne is in LY/ %0, T; L30/ 17) and since

Van/Ne + iE\/TTe e L*([0,T) x R?),
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1.6. Regularity of the limit

this yields \/ne € L'99(0,T; W1’30/17). By Sobolev embedding this gives at least /n. €

loc,x
LY(0,T; Lfoc’x) and since V¢ € L®(0,T; L2), the product V,¢,/ne belongs to L'(0, T'; LIQOC@)
which yields the results. O

This completes the proof of Theorem 1.1.6.
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Chapitre 2

Densité de Maxwell-Boltzmann
anisotrope

Travail en collaboration avec L. Miguel Rodrigues 2.

Ce chapitre est soumis pour publication [126].

We consider various sets of Vlasov-Fokker-Planck equations modeling the dynamics of
charged particles in a plasma under the effect of a strong magnetic field. For each of them
in a regime where the strength of the magnetic field is effectively stronger than that of
collisions we first formally derive asymptotically reduced models. In this regime, strong
anisotropic phenomena occur; while equilibrium along magnetic field lines is asymptoti-
cally reached our asymptotic models capture a non trivial dynamics in the perpendicular
directions. We do check that in any case the obtained asymptotic model defines a well-
posed dynamical system and when self consistent electric fields are neglected we provide
a rigorous mathematical justification of the formally derived systems. In this last step we
provide a complete control on solutions by developing anisotropic hypocoercive estimates.
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2.1. Introduction

2.1 Introduction

In the present contribution we are interested in understanding on long-term scales
interactions between oscillations and dissipative mechanisms when the latter are not the
dominant effect and the long-time scale is chosen to match natural times scales of the
averaged evolution arising from strong oscillations. We are essentially motivated by the
modeling of a strongly magnetized, weakly collisional three-dimensional plasma. Yet our
analysis indicates that even with strong but non dominant collisions the presence of a
strong magnetic field would essentially prevent the classical Maxwell-Boltzmann/Gibbs
regime resulting from entropy dissipation from happening.

The dynamics of a plasma, a charged gas composed of ions and electrons evolving
under self-consistent and external electromagnetic interactions, can be accurately mo-
deled by a system of kinetic equations of Vlasov-type. However, in applications, these
models are rarely numerically simulated in their full complexity because of computer-
time costs. Instead, some reduced models are used in computational experiments. Even
at a theoretical level these models are precious to capture coherent dynamics emerging
on large-time scales from short-scale oscillations or out of dissipation. Therefore it is
crucial to understand how they derive from modeling assumptions in some asymptotic
regimes. In tokamak physics [154], a usual reduction consists in approximating the den-
sity of electrons by Maxwell distribution in velocity and the so-called Boltzmann-Gibbs
macroscopic density which reads

1 qo(t,x)
npg(t,r) = % exp (W) , (2.1)

where t and x are respectively the time and space variables, ¢ and kp stand for the
elementary charge and the Boltzmann constant, ¢ is the electric potential and 7' is a
temperature. It depends also on a normalizing density Z that could actually be taken to
be 1 by a suitable normalization of the electric potential. The approximation by Maxwel-
lian distribution hinges directly on entropy dissipation arguments whereas the derivation
of the Boltzmann-Gibbs approximation stems from the interplay between transport and
collisions in an appropriate scaling. Depending on the modeling of both phenomena one
obtains different asymptotic descriptions reflecting more or less complex dynamics for
T. For instance, recently, in [15], Bardos, Golse, Nguyen and Sentis formally derive (2.1)
jointly with an evolution rule for 7" when starting from a magnetic-field-free kinetic des-
cription of electrons and prove that the corresponding evolution obtained by coupling
with a full kinetic model for ions dynamics possesses global weak solutions. In any case
the asymptotic reduction hinges on essentially the same mechanisms driving large-time 33
asymptotics for similar models. On the latter the reader is referred to [29].

In this paper, we are rather interested in a detailed analysis of the normalizing fac-
tor C' := 1/Z for strongly magnetized plasma. While, as already pointed out, in many
applications in tokamak physics the isotropic (2.1) is often used, namely C at (¢,x) is
C(t), we claim that under the influence of a strong three-dimensional magnetic field the

33. Here in the sense of t — 0.
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Chapitre 2. Densité de Maxwell-Boltzmann anisotrope

relevant asymptotic form for the slaved density (2.1) features a space dependent den-
sity C(t,2z;) where z is the projection of x in the plane orthogonal to magnetic field
lines. In other words we claim that in a strongly magnetized regime Boltzmann equi-
distribution of energy occur in velocity variables and spatially along the magnetic field
but not perpendicular to it. Therefore we shall call the resulting approximation aniso-
tropic Boltzmann-Gibbs approzximation. Note that when C' is space-dependent it cannot
be eliminated by a suitable convention change in the definition of the electric field. Some
similar questions have already been investigated by formal asymptotics both in plasma
physics and applied mathematics communities. We point out the articles of Negulescu,
de Cecco and Possaner [44, 160| to the attention of the reader as both an instance of a
formal analysis similar to that developed here and a source of references to the relevant
plasma physics literature. Besides the formal derivation of a suitable anisotropic version
of (2.1) and of the corresponding spatio-temporal evolution for C, our goal is to provide
various rigorous validations of our formal analysis and a mathematical analysis of the
reduced dynamics for C.

2.1.1 Our original kinetic model and its approximation

To keep the general picture as simple as possible we restrict our attention to a uniform
magnetic field, compact spatial domains without boundaries and collisions with a thermal
bath, which will yield a constant temperature 7" in our anisotropic version of (2.1). Our
initial object of study is the evolution of a distribution function f¢: Ry x T3 xR? — R,
(t,z,v) — fe(t,z,v) depending on time ¢, space x and velocity v (where T = R/Z is a
one-dimensional torus) according to a Vlasov—Fokker-Planck equation (VFP)

1 1
e fE+v-Vyf+0E° -V, f¢ — ga#-vvfa = E—adivv(vfe + Vo f), (2.2)

where v+ = (0,0,1) A v — in coordinates (vq,v2,v3)* = (—vg,v1,0) — stems from the
Laplace force induced by the external magnetic field, o stands for the sign of the particle
charge, £ is an electric field and a € R measures the collisions strength with respect to
magnetic effects. Note that as is implicit above the vector (0,0, 1) provides the direction
of the magnetic field. Depending on the situation, we shall consider various forms of
prescription for the electric field E¢ : Ry x T? — R3. In any case it derives from an
electric potential ¢° : Ry x T? — R, £ = —V,¢°. The simplest situation corresponds to
the case where the electric potential itself is taken as a known applied electric potential.
For obvious reasons we shall refer to the latter case as the external field case or the linear
case. In this case the electric potential is independent of € and we sometimes drop the
superscript € on it. Two other situations are considered in the present chapter. Indeed
though we have so far mostly discussed motivations from asymptotic reduction in the
electronic dynamics we also investigate a similar question for the ions dynamics. This
results in two separated prescriptions of the electric field through modeling considerations
that are only briefly summarized hereafter but detailed in Section 2.2.1.
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2.1. Introduction

In the first nonlinear case, that we shall refer to as the electronic or the light spe-
cies case, f¢ is the electron distribution function and phenomena are observed on ions
characteristic scales. Consistently we should set ¢ = —1 here but we shall mostly keep
o undetermined to offer a treatment as unified as possible of all situations. In this first
case the scaling parameter e represents the square root of the ratio m./m; of masses
of electrons and ions. In the asymptotics € — 0, particles are massless zero-inertia elec-
trons and the corresponding dynamics is sometimes called adiabatic evolution. Note that
here the fact that magnetic effects are strongly perceived by electrons arise from the
strong separation in time scales induced by a small mass ratio. As we have already
stressed this limit plays a particular important role in the understanding of plasma dy-
namics and accordingly has been investigated in many similar but distinct situations
[124, 9, 160, 44, 61, 64, 65, 27, 15]. In a non relativistic regime, the electric field satisfies
the classical Poisson equation

—62A¢F = o(nf —n), (2.3)

where n° : R, x T% — R is the macroscopic density of particles under consideration

n°(t,x) = fet, z,v)do
R3

and n : R. x T3 — R denotes the background time-dependent density of the other species
with opposite charges.

In the second nonlinear model, called the ionic or the heavy species case in the
following, f¢ denotes the ion distribution function. Scaling parameter € stands for a scaled
Larmor radius which directly measures the strength of the external magnetic field. In this
regime, classical Boltzmann-Gibbs approximation for the macroscopic electron density
leads to the so-called Poisson-Boltzmann equation for the electric field

1 c
A ey Lo I 2.4
¢ g <Tl S,H,s €U¢E(y)dye > ( )

In non-collisional settings the strong magnetic field limit ¢ — 0 has also been thoroughly
investigated by many authors [63, 105, 178, 92, 53, 54|. As in those pieces of work time
scale is chosen here to observe a non trivial averaged dynamics.

Concerning the strength of collisions, we focus on cases where |a] < 1, @ < 0 corres-
ponding to a regime of evanescent collision frequency and o > 0 to a strongly collisional
regime. The assumption o > —1 ensures that even in weakly collisional regimes colli-
sions are strong enough to lead on the large observation time scales we consider to a
global equilibrium if magnetic effects were discarded (see [29, 125] for a related analysis
and Remark 2.2.3 for further comments) so that the non-equilibrium features that we
shall describe are indeed due to the presence of a strong magnetic field. The condition
a < 1 enforces that magnetic effects are dominant. We refer the reader to [124] for an
extensive list of references concerning the borderline case a = 1 that yields a diffusive
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limit when ¢ — 0 which provides an asymptotic model retaining some features of the
external magnetic field. We point out that in contrast with the case under study here,
in the borderline case the specific geometry of the magnetic field plays almost no role in
the derivation of an asymptotic model.

In Section 2.2.2 by arguing on formal grounds we provide a heuristic argument and
in Section 2.4.2 we offer a rigorous justification in the linear case that both suggest that,
for any family (f€).~0 of suitable solutions to (2.2) with a given initial datum fp, taking
the limit ¢ — 0 yields a limiting distribution f and a limiting electric potential ¢ that
have reached an adiabatic regime along the magnetic field

e—aqb(t,x)

t = N(t
f(t,x,v) (t, 1) S’]I‘ e—odtzLyn) dy,

M(v) (2.5)

where x = (z,,7) € T2 x T and M is a Maxwellian distribution

1 P
M(U) = (27T)3/2 e 2.

In this asymptotic regime the dynamics is slaved to the evolution of a reduced macroscopic
distribution N : Ry x T? — R, in the perpendicular direction, satisfying

ON + divy, (N (Ve d)b) =0 (2.6)
with initial condition

N(0,21) = No(z1) = ff fo(z,zy,v)dado,
TxR3

where ¢ : R, x T? — R is an x-averaged version of ¢

gg(t,al) = —0oln (J e‘m(t’“’x)dx) , (2.7)
T

and ¢ is either the initially prescribed electric field in the external field case, or is obtained
by solving (2.3) or (2.4) (dropping the superscript €) with the anisotropic Boltzmann-
Gibbs density

e—a¢(t,:c)

= -0 d)(t’z)_(Z(tﬂf )
) S’JI‘ e—o(tx1,yn) dy = N(t,z1)e ( 1) . (2.8)

n(t,x) = N(t,z)

To ease comparison with the initial discussion we observe that (2.8) provides an anistropic
version of (2.1) where C' = 1/Z would be given by

Clt.1) = N(t.w)/(| eosterm ay,).
T
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The reader may rightfully wonder whether the reduced dynamics described above
could in disguise follow a set of purely two-dimensional local differential equations. The
answer turns out to be positive in the heavy-species case that actually follows

~ - o¢
N + divy, (N (Vo d)5) = 0, LY S S ————
STQ eU¢>('7yL)dyL

In the light-species case the presence of a three-dimensional background n prevents any
fully two-dimensional reduction from happening. However in the special case where ac-
tually n does not depend on x the light-species case does reduce to a two-dimensional
set of equations, the classical guiding center model

ON + divy, (NVE ¢) = 0, —0%A,, 6 = o(N —n),

that has been analytically derived by Golse and Saint-Raymond [105, 178] and Miot [150]
as the large magnetic field limit of the Vlasov-Poisson system with uniform magnetic
fields. Interestingly enough it is also consistent with formal arguments in the recent [63]
by Degond and Filbet that in a non-uniform large magnetic field regime obtain from the
Vlasov-Poisson system a set of equations for a limiting f(¢,z,v) = F(t,z,|vy|,v;) which
when specialized to a constant magnetic field as considered here is

OF +VE ¢ Vo F—00,0 00, F +v) 0y P—004,00,P = 0

1
vl 61\\F_Uaxu¢a’qu =0, —Az¢= U(&”)J F(',-,p,vu)pdpdvu _ﬁ>

]R+><R
—App = U((QW)J P(-,-,p,v1) pdpduy —n)
]R+><R

where P is thought as a multiplier associated with the constraint on F' encoded by
the first equation of the second-line. A priori for collisionless plasmas nothing seems to
force a Maxwellian distribution in velocity but if one inserts a Maxwellian distribution
f(t,z,v) = n(t,z)M(v) in the asymptotic model formally derived by Degond and Filbet
then the first equation of the second-line of the system becomes (2.8) for some N and,
afterwards, integrating in (zy, |v1 |, v)) the first equation to eliminate (P, ) reduces the
two first lines of the system to (2.6)-(2.7)-(2.8)-(2.3).

2.1.2 Main analytical results

We now state our two sets of mathematical results, on one hand existence results for
nonlinear asymptotic models and on the other hand analytic proofs of validity for the
linear asymptotic model.

Roughly speaking, nonlinear asymptotic systems remotely look like transport equa-
tions for NV by a divergence-free vector-field obtained by applying to N a linear differential
operator of order —1. Yet in both cases the relation between N and gﬁ? is far from being
linear and in the light-species case the system is not even truly two-dimensional so that
it is not readily apparent that those nonlinear asymptotic systems do enjoy existence
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and well-posedness results expected for the foregoing class of equations. In Section 2.3
we prove that it is the case at least in subcritical 3 regimes and our strategy does follow
the above analogy. Indeed once sufficient control on the construction of gz~5 has been ob-
tained one may follow standard arguments for similar equations such as Vlasov-Poisson
equations |99, 30, 174] or two-dimensional incompressible Euler equations in vorticity
formulation {145, 52, 143]. Consequently, the key part of the argument is a detailed ana-
lysis of existence, uniqueness, continuous dependence and regularity results for solutions
to both elliptic equations (2.4)-(2.8) and (2.3)-(2.8) (as well as estimates on ¢ in terms
of ¢) that are for <Z as two-dimensional and linear as possible. From these we obtain the
following results for the full asymptotic systems.

Theorem 2.1.1 (Strong solutions).

Let p>2,8 >0 and n € Cy(R; WHP(T?)) with mean constant equal to one, n = 0.

For any N ¢ WLP(T?), N** > 0, STQ N = 1, there exists a unique mazimal so-
lution (N,I) to (2.6)-(2.7)-(2.3)-(2.8) (resp. (2.6)-(2.7)-(2.4)-(2.8)) in C(I; L*(T?)) n
Cow(I; WEP(T?)) starting from N at time 0. Moreover the maximal time of existence
is uniformly bounded away from zero on bounded sets of W1P(T?).

In the former Theorem, C,, denotes the space of functions that are continuous for
the weak topology on the space of values and of course in the heavy-species case no n is
actually needed.

Theorem 2.1.2 (Weak solutions). Let p > 4/3, 6 > 0.

Let n € C(R; LY>(T3)) n L, (R; LP(T?) n L¥21(T3)) with mean constant equal to one,
n = 0.

For any N™* ¢ LP(T?), N™* > 0, $p2 N™ = 1, there exists a global weak solution N to
(2.6)-(2.7)-(2.3)-(2.8) (resp. (2.6)-(2.7)-(2.4)-(2.8)) starting from N** at time 0.

The reader unfamiliar with Lorentz spaces as appearing in our last statement may
replace LP(T3) n L¥>1(T?) with LI(T?) for some ¢ > max({p,3/2}) to obtain a simpler
weaker statement or consult [139, Chapter 2|.

Now we elaborate on the analogy mentioned in the paragraph preceding our state-
ments to motivate critical thresholds appearing in our foregoing theorems. For strong
solutions of transport equations a natural threshold is obtained by requiring the Lip-
schitz property for the advection field as it enables to transport regularity. Assuming that
(Vaz, )+ is indeed one-derivative more regular than N this amounts here to W2P(T2) —
WL (T?), hence p > 2. Concerning weak solutions, natural thresholds are obtained by
requiring that all terms in the equations should be well-defined as distributions and this
is usually an issue only for nonlinear terms, hence here only for N(V,, quS)L Therefore we
seek v“% e L¥ (T?) since N € LP(T?) (where (-)’ denotes Lebesgue conjugation, hence
1/p+1/p’ = 1). Assuming again that (V,, gzwﬁ)L is indeed one-derivative more regular than
N this leads to enforce W'?(T?) < L¥ (T?) which yields p = 4/3 as a critical exponent.
Note that in our actual analysis we need to go from N to QNS through ¢ and thus need

34. However we let open more technical issues such as existence of renormalized solutions and well-
posedness in critical spaces.
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to replace two-dimensional embeddings implicitly used above with suitable anisotropic
versions of three-dimensional embeddings to preserve two-dimensional-like scalings.

Though we do not explicitly state it here an inspection of our proofs also provides
propagation of regularity for strong solutions, weak-strong uniqueness and global exis-
tence of strong solutions for small initial data. Concerning the latter such a form of
statement would be slightly inconsistent with modeling considerations since N™ can not
really be small... However in the same way one may also obtain the following form of glo-
bal existence in weakly nonlinear regimes : for any R > 0 there exists dp(R) such that if
6 > 6o(R) and [N™|y1p(r2) < R, |12] 1o ;w10 (13)) < R then solutions of Theorem 2.1.1
are global. We do not elaborate here on the crucial role of § that we consider as fixed in
the present contribution but we refer the reader to [125] for a detailed discussion and a
thorough analysis of a non magnetized version of our original systems.

Second, in the external field case, we prove in Section 2.4 that formal arguments
may indeed be replaced with sound rigorous mathematical analysis. We provide such a
justification for what is often considered to be the weakest notion of solutions that are
physically relevant, that is, for free energy solutions of (2.2) in the sense of Bouchut and
Dolbeault [29, 74|. More explicitly we consider all Llog L distributions with finite se-
cond moments in velocity or equivalently, distributions with bounded mass, finite kinetic
energy and finite entropy.

Theorem 2.1.3. Assume that ¢ € W/llo’(:l(R+;Loo(T3)) N L} (Ry; WhO(T3)) and fo is
such that
fo >0, H (14 [0 + Ins fo) fo dedo < o0

T3 xR3
(where (-); denotes positive part). Then there exists a unique f& € C(Ry;LY(T3 x
R?)) solving Equation (2.2) and starting from fo at time 0. Moreover there exists N €
L®(R; LY(T?)) and a positive sequence () converging to zero such that when n — o0

e—U¢(t»I)

) ST 67‘7¢(t7mlvy“)dy“ M(U)

for(t @, v) — Nty weakly in Li,(Ry; L'(T® x R?)),

and N solves the transport equation (2.6)-(2.7).

Note that when ¢ is sufficiently regular to ensure uniqueness for the transport equa-
tion one may actually replace convergence along the subsequence (g,) with full conver-
gence as € — 0 by the argument relying on compactness and uniqueness of limit points.

Finally, we want to obtain convergence rates in strong norms for asymptotic limits
that are expected to be compatible with strong convergence. Indeed one expects three
kind of phenomena to co-exist, dissipation by collisions leads to Maxwellian distribution
in velocity, interaction between transport and collisions yields anisotropic Boltzmann-
Gibbs behavior of macroscopic density for some N°¢, strong oscillations induced by the
magnetic field average N¢ to some N solving (2.6). By essence the last part does not
lend itself to a strong convergence analysis. For the other ones we develop a form of ani-
sotropic hypocoercive estimates that provide a strong form of control on norms involved
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in the limiting process. Note that even for the simplest part of the convergence analysis
leading to Maxwellian behavior one needs to assume some strong form of localization of
initial data to derive decay rates. Accordingly we assume our initial data to lie in some
weighted functional space. The justification of the Boltzmann-Gibbs approximation also
requires control on derivatives of the solutions but we assume no regularity on the initial
data and instead gain this regularity at later time from hypoelliptic properties of the
dynamics. At a technical level our proof proceeds by building a suitable dissipated func-
tional that captures both hypocoercivity observed on relevant commutators as in [194]
and hypoellipticity as in [121, 122]. For simplicity we assume ¢ to be time-independent
here.

Theorem 2.1.4 (Convergence rates). Let ¢ € W2%(T3).

Then there exists a positive constant C such that for any e € (0,1) and any initial data

foe L2(M~Y(v) dx dv), the strong solution f¢ solving (2.2) and starting from fo satisfies
atl

175 =n" Ml o, 2i—tdwavy < Clfollzr—1avany €2

1—|af
< Cllfollzz(ar—1dedvy €2

H (t,2) > n(t, ) — N°(t,z,) e—aw(z)—&m)‘

L2(Ry xT3)
where
TLE = fg(‘7'7v)dlv CLTLd NE = J ns(',wa)dyH .
R3 T

. L, . . 1-|o . .
In particular, as € — O the distribution function f€ gets e 2 -close to the anisotropic

Mazwell-Boltzmann density

11\2

) € 2
(277)3/2

(ta Z, U) = Ns(t’ ﬂfj_) 6_0(¢(m)_$(xi)

in L?(Ry; L2(M~Y(v)dxdv)).

A few comments on rates are in order. Rates in our statement are expected to be
optimal. Indeed the first rate is naturally associated with the fact that solutions to

- 1 - ~
e off = g—adivv(vf6 + Vo f9)

starting from fo € L> (M~1(v)dv) decay to a Maxwellian distribution at a rate e~/ ™ in
L?(M~1(v)dv). On the other hand the second one is closely connected to the convergence

of solutions to
1
e ff+v-Vuff+0E*-V,f° = e—adivv(vfs + Vo f9)

starting from fy € L?>(M~!(v)dzdv) such that V,fo, Vyfo,vfo € L*(M ™ (v)dxdv)
towards a Maxwell-Boltzmann distribution at a rate e %0 #='™* in L?(M~1(v)dadv)
for some kg > 0. Note that the latter rate is not monotone with respect to «. This
reflects that collisions are not the only mechanism involved in this convergence. For a
thorough discussion we refer the reader to [125] that analyzes nonlinear magnetic-field-
free analogous questions.
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Structure of the chapter

The structure of the chapter follows the organization of our introduction. In Sec-
tion 2.2 we provide motivations for our initial models and a formal derivation of reduced
equations. In Section 2.3 we analyze nonlinear reduced asymptotic models to prove Theo-
rems 2.1.1 and 2.1.2. At last in Section 2.4 we prove Theorems 2.1.3 and 2.1.4 hence justify
the linear reduced model.

2.2 Heuristic considerations

In the following we give modeling and heuristic justifications for both our starting
and limiting models. We explain in Section 2.2.1 how our initial physical models —
Equation (2.2) completed with some prescription of the electric field — arise precisely
in the regime ¢ « 1 from more complete two-species systems. Then, in Section 2.2.2,
starting from (2.2) we argue on formal grounds to identify the asymptotic dynamics
obeying (2.6)-(2.7)-(2.8).

2.2.1 Original physical variables

Though our goal is mostly to identify qualitative mechanisms our choice of systems
originates in concrete realistic plasma dynamics, from which they are obtained by a
combination of arguments — that we expound now — either of asymptotic analysis type
or made purely to lower technicalities to their bare minimum.

We begin our discussion by considering the full dynamics of a plasma containing
electrons with negative charge —q and mass m, and ions of mass m; and charge Zgq,
where ¢ is the elementary charge and Z is the atomic number of ions. In the following
we take into account an external unidirectional magnetic field of constant amplitude B,
to be thought of as a confinement field for a fusion device, but as is classical in this
regime (and rigorously justified in some closely related contexts, see for instance [60])
we neglect self-induced magnetic effects. To reduce technicalities in the analysis we also
idealize the mechanism of collisions between particles and describe collisions as if they
were occurring with a thermal bath with temperature 6 and zero mean velocity. To our
opinion this is by far the less realistic of our simplifications and the only one that does
not bear principally on modeling considerations but we expect that the phenomena that
we identify in our simplified evolution do occur on a much wider range of models. In this
direction we recall that the formal asymptotic analysis carried out in Section 2.2.2 does
not rely heavily on the specific form of the full collision operator but only on the nature
of its kernel, here Maxwellian equilibria with zero mean velocity and fixed temperature.

Denoting respectively by f. and f; electron and ion distribution functions, the original
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equations, written in physical variables, are

col

0o 40 Vol = L (~Vao = Bot) - Vofe = v, (fe + 509, 1.),

Oufi v Vofi+ B (~Vap— Bot) - Vofi = vV (vfi+ 20v,5), (29)

—e0Qz¢ = Zqn; — qne,

where the macroscopic density of the species s € {i, e} is given by ng(t, z) = {53 fs(t, 2, v) dv.
The parameter l/ég is the characteristic frequency of collisions with the thermal bath for
the species s € {i, e}, kp is the Boltzmann constant and ¢g is the dielectric constant. To
ease comparisons of respective sizes of parameters and allow corresponding asymptotic
analysis we now aim at turning (2.9) in dimensionless form. To do so, in the following,
we denote by L the characteristic length of the system, t,,5 the characteristic observation
time and V;, V. the thermal velocity of ions and electrons respectively. For any other phy-
sical quantity G, we denote by G the characteristic value of G and G’ the dimensionless
quantity associated to G so that G = GG’. Accordingly, we introduce

Ng ,( t x v ., ([t =
t = — — = t = — =
fs(:xvv) Vs3 fs <tobs’L’Vs>’ ns(vx) nsn <tobs’L>,

o(t,7) = ¢‘>¢>’< ! ”)

tobs "L

where s € {i, e}, and reformulate (2.9) in terms of f/, f/, n}, n, and ¢'.

Physical scales

We assume that the plasma is globally neutral and introduce the characteristic num-
ber of electrons N defined by
Zn; = ne = N.
Moreover we consider a hot plasma [19] meaning that characteristic temperatures (or
kinetic energy) are equal to that of the thermal bath. It implies

miViQ = mer = kpgo.

Besides the characteristic potential energy due to electric effects is assumed of same order
than that of kinetic effects which yields

5 kot
q

Now we may introduce several physical time and space scales characterizing each of
the electric, magnetic and collision phenomena. Electrostatic constants are the Debye
length and plasma time respectively given by

_|cokBl (s) _ AD
AD = 2N tp—Vs.
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They measure the typical length of influence of an isolated particle and the period of
electrostatic waves in the plasma. Magnetic constants are cyclotron time and the Larmor
radius defining the period and radius of gyration of particles around magnetic field lines
and reading respectively

g Dext

Finally the mechanism of collisions is characterized by a typical time between two colli-

)

sions 1/ (I/C(zl) and the mean free path of a particle

Vs

s
Veol

We refer to the physics literature [101, 19, 154] for deeper insights and thorough comments
on the respective roles of each of the former quantities.
Dimensionless parameters
From now on we use ionic quantities as references and set
tobs = WTobsa L =1;.
col

This leads to the consideration of quotients

(4)
AD T le Me
§ =20 = L — e A= ¢
7 12 I Y I m;

Since we focus on globally-neutral hot plasmas one may expect the ratio between mean
free paths v to depend only on the mass ratio A. Consistently we set for some real

exponent «,
v = Y2,

Incidently we point to the attention of the reader [61, Section 1.5] as an instance of a
detailed modeling analysis of the dependence of collision frequencies with respect to mass
ratio A for more reallistic collisional operators and we note that the modeling arguments
there suggests that a = 0 would be the case of highest practical interest. Going on by
dropping primes on dimensionless quantities, we may express the dimensionless form of
the equations as

1

A2 1 1
’ atfe+v’v:cfe+ (vx¢+ 1 UL) ’vvfe = Tvv‘(vfe+vvfe)v
Tobs A2 I A2
] 1 (2.10)

Tobs

atfi+v'vxfi+z<vx¢;vL) 'vvfi = VU'(UfiJrvvfi),

- 52 Ax¢ = Nj — TNe,

99



Chapitre 2. Densité de Maxwell-Boltzmann anisotrope

We refer to [61, 9] for more details on similar computations. Since the changes required
to deal with the general case are of notational nature from now on we assume that the
atomic number of ions Z is equal to one. Note that the foregoing assumption, made here
purely for expository purposes, is consistent with the presence of light ions in tokamak
plasmas [154].

In the situations we have in mind both A and p are small. In particular, the mass
ratio A is of order 1074 for a deuterium plasma. As a consequence typical time scales of
ions and electrons completely uncouple since, with our previous set of notation,

2
vo (2 Z
tz()Z) tgz)

The systems we consider in the core of the present chapter are motivated by the asymp-
totic analysis of the case where A « p « 1. We believe that this distinguished regime is
of particular relevance for applications. We stress however that it is far from covering the
full range of (\, ) « 1 and we do not intend here to justify a double limit in any case.

Ion dynamics interacting with massless electrons in the strong magnetic field
limit.

Neglecting the fact that a strong magnetic field could slow down thermalization ef-
fects, one expects, as it is usually assumed in tokamak physics applications, that the
electronic zero-inertia regime A — 0 brings the macroscopic density of electrons to a
Boltzmann-Gibbs density provided that the scaled observation time is at least of order
one, Tops = 1. See for instance Remark 2.2.3 for some elements of justification. This yields

e¢(t,$)
ne(ty :E) = STS 6¢(t,f£)dx'

This approximation being taken for granted, we are now interested in the limit 4 — 0,
meaning that the Larmor radius becomes infinitely small. We point out that the corres-
ponding asymptotics has already been extensively studied in related contexts, notably
for collisionless models in [92, 105, 178].

In the present case, the small parameter of interest is thus

E=p

and we recover (2.2)-(2.4), with 0 = 1, & = 0 on the observation time scale 7ops = 1/p. As
already mentioned the later choice reflects the fact that one needs to consider long-time
dynamics to observe a significant averaged evolution.

Electron dynamics in the massless limit

Though the former scenario may seem plausible our intention is precisely to convince
the reader that the above-mentioned Boltzmann-Gibbs approximation for n, fails when
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collisions are not the dominant mechanism leading the electron dynamics. To do so, we
focus on the kinetic description of electrons in the massless limit A — 0 when «a < 1.
In this context the small parameter of interest is

e =V

Since the ion evolution equation does not depend explicitly on A and the coupling of
equations is relatively weak we make the further simplification assumption that the ma-
croscopic density of ions n; is independent of A and hence can be considered as frozen
and given by a background density n. This reflects the fact that without this simplifi-
cation one would expect to recover in the limit A — 0 the same asymptotic equation
derived under the frozen ion density assumption but coupled with the Vlasov-Fokker-
Planck equation for the evolution of the "frozen" density n. In slightly different related
situations several papers dealing with the full coupling [124, 15| have proved that it was
indeed a sound expectation.

After the harmless notational simplification consisting in setting u = 1, we recover
the model (2.2)-(2.3), with 0 = —1 when 7ops = 1.

Remark 2.2.1. Our analysis not only indicates that the classical isotropic Boltzmann-
Gibbs approximation fails to capture the electron dynamics in the massless limit but also
provides an anisotropic replacement that may be coupled with the slow dynamics of ions.
For completeness’ sake we draw now briefly some consequences for the ion dynamics.
Our first claim is that the dynamics of ions surrounded by massless electrons could be
correctly described by

1 ~
—— 0N + pudivy, (Ne (Ve 0e)t) = 0
obs
1 1
- atfz +v- v:cfz + (_vx¢ - HUJ_> . vvfz = vv : (vfz + vvfz) 5
obs

—62 00 = n;— Ned)*‘?’e,

where 56 is obtained from ¢ by the nonlinear averaging (2.7) with o = —1. An analysis
similar to the one expounded here then shows that on time-scale Tops = 1/p the limit
pu — oo leads n; to an anisotropic Boltzmann-Gibbs regime where corresponding (Ne, N;)
satisfies a system of coupled guiding-center equations

OuN; + divy, (N; V3, ¢) = 0,
OiNe + divy, (Ne Vg, ¢) = 0,
—0?Az 6 = N;— N,

Incidently note that consistently with classical gyrokinetic theory both species are advected
by the same electric drifts irrespective of the sign of their charges.
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2.2.2 Formal derivation

Now we begin the derivation of (2.6)-(2.7)-(2.8) from (2.2). Here we argue formally
and in particular take for granted in this heuristic section that any sequence of func-
tions that is bounded in one norm actually converges in any norm required to take limits
and that rates of convergence may indeed be predicted by balancing orders in equations.
It goes without telling that conclusions thus derived must then be taken with care. In
particular even when formally derived results may be rigorously justified, in general the
mathematical validation may not proceed by proving each step of the crude path followed
arguing heuristically. Moreover especially in strongly oscillating asymptotics formal argu-
ments may lead to misleading conclusions. Indeed terms that may seem prominent may
actually turn to be irrelevant because of averaging effects, that is because for instance
they are derivatives of small immaterial terms, or in the converse direction terms that
are small may have huge derivatives and thus could yield strong effects. Besides, taking
oscillating limits typically do no commute with nonlinear operations. This being stated
we begin our formal process leading to an identification of possible asymptotic dynamics
but try to use arguments as close as possible from those that we do justify in the linear
setting in Section 2.4.2.

To do so we pick a family of solutions (f¢) and denote (¢°) corresponding electric
potentials (whether they actually depend on € or not). We may normalize potentials by
requiring for any ¢t and ¢

f e 7Tt qy = 1. (2.11)
T3

This amounts to replacing the original ¢* with

¢° — In (f e~ 9" (t) dy> :
T3

a process that as expected does not modify any equation.

We stress that aiming at a unified in « derivation precludes any use of an asymptotic
expansion in powers of €. Hence alternatively we rely directly on symmetries of the
equations to sort out different terms of the equation. Incidentally note that even in an
a-by-« identification several symmetry arguments would be needed to derive that some
terms that are expected to sum to zero actually vanish separately.

Free energy identities

To begin with, we introduce the time-dependent measure du; = M*(t,z,v)dz dv
where the global Maxwellian is given by

ME(t,z,v) = e 70D M (v) (2.12)

and M (v) = (27r)_3/2 e_|”|2/2, so that, roughly speaking, transport terms and collision
terms are respectively skew-symmetric and symmetric with respect to duy. As a conse-
quence, setting

hE = fs (Me>—1’
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we obtain the following family of a priori estimates.

Lemma 2.2.2. Let f¢ be a smooth and localized solution of the magnetized Viasov-
Fokker-Planck equation (2.2) with smooth electric potential ¢*. Then for any smooth
function H,

d
€ € // e €12
p J H(h®) du® + €a+1 J H"(h®) |V yh|*du®
T3 R? T3 <R3 (2.13)

f (' () h¥ — H(hE)) 00,67 dyit .

T3 xR3
In particular,

p H fe (l e+ e +g¢€> a1+1 H h15|Vvh€|2dM€=—£r3n506t¢a. (2.14)

T3 xR3 T3 xR3

Proof. We omit the detailed computation leading to (2.13) as perfectly standard. Equa-
tion (2.14) follows then from the choice H(h) = h In(h). O

Assuming moreover (2.3) or (2.4) one may rewrite (2.14) in a form related to the
conservation of some free energy. However since we shall make no use of such considera-
tions we do not dwell on those here.

Now we formally take limits in the free energy identities of the previous lemma. For
the limiting functions we drop the superscript ¢ (e.g. f, ¢, n, h, p ...). Since o > —1,

we get for all time ¢ >
f H |v h(s,-,-)|*dus ds = 0.

T3 xR3

As a consequence h only depends on space and time variables which means that the
limiting distribution function is a local Maxwellian, namely f = nM. By inserting this
into equation (2.2) and balancing terms we can surmise® that

P
e

should possess a limit ]? that satisfies for any (¢, x,v)
v-Vaof(t,z,v) — o Ved(t,z) - Vof(t,z,v) —ovt - va(t,$,v) =0.

Now comes the key observation that the image of v - V,, consists of functions with zero
average with respect to the polar angle 6 from cylinder coordinates (|vy|,,v)) implicitly

35. Unlike the rest of the formal analysis this expectation has no rigorous counterpart in our mathe-
matical analysis. It is highly dubious that it could be fulfilled.
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defined by v = (|vp|cos(0), |vy|sin(),v)). From this and the radial character of f with
respect to velocity variable stems

| axuf(taxav) - Uaxu(b(ta ZIZ)(?UHf(t,{IZ,U) = 0.

Using once again that f is Maxwellian in velocity we conclude that indeed

e_mp(t,x) e 2
Vet dy, @

flt,x,v) = N(t,zy

where

N(tz1) H F(t,2,v) daydo.

TxR3

Dynamics of velocity moments

The only task left is the identification of an equation for N. To proceed we denote by
N¥ the integral of f¢ with respect to (x,v) and observe that a corresponding integration
of (2.2) leads to a certain form of conservation of charge

ON® + divy, (J) = 0

where

|
JE(tx) = gL el ) dndy.
X

This suggests that J{ could possess a limit J| . To identify this limit we proceed as above.
By multiplying (2.2) by v, and integrating one derives

EzatJj + divy, (J UL®UifE(',-,$,U)d$dU> +
TxR3
Uf Vo, ¢ (a)n(, o) dey = —o (J9)T — 75
T
where - acts on vectors of R? through (1, jo)* = (—Jja,1). Taking limits brings

—o (J)t = div,, (L . vl ®vy f(',',fﬂ,v)dl”dU) + O’L Ve, 6, zi)n(, - z)de)

which, by using the special form of f, may also be written as

—o(J1)t =V, N - NV, <1n (J e_“¢(""x)dx>> :
T

Inserting this in the limit of the foregoing equation of conservation of charge achieves the
derivation of (2.6) after noticing that (V,, N)* is divergence free.
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Remark 2.2.3. To ease comparisons we briefly sketch how in a collision-dominated
scenario a similar fomal analysis may be carried out. Therefore in the present remark we
insert og € {0,1} in front of the magnetic field term and allow oy = 0 (non magnetized
case) and o > 1 (very strong collisions). The condition o« > —1 is sufficient to support
the expectation that f° converges to some f = nM. Then one turns to the analysis of

moments ]
na: fa(',',U)dU, jE:f vfe(-,-,v)dv
R3 R3

€
iwolved in the following version of conservation of charge

ot + divg(j°) = 0

and computes that
£2 0,55 + divg (J v®u f° dv) + oVid*n® = —ooy (je)l — gl e, (2.15)
R3

If 09p =0 and —1 < a < 1 taking the limit ¢ — 0 and inserting f = nM yields
Vaen + onVip =0

hence the classical Mazwell-Boltzmann approzimation as for instance in [15]. If o = 1
(no matter what oo is) one rather obtains

Vin + onV,o = —UaojL -7

that may be solved for j and inserted in dyn + divy(j) = 0 to derive a diffusive equation
for n as for instance in [124]. At last if &« > 1 (no matter what oo is) one derives j = 0
hence oyn = 0 thus the formal analysis suggests convergence to a global equilibrium. In
our case we have essentially taken the limit of the third component of (2.15) to obtain
Boltzmann-Gibbs behavior along the magnetic field and we have integrated the two first
components of (2.15) to derive the equation for N.

2.3 Well-posedness of asymptotic models

2.3.1 Light particles

In the present subsection we analyze the asymptotic system obtained in the electronic
case so that, since it is consistent with modeling, for reading convenience we set ¢ = —1.
Therefore we study the well-posedness of the following system

N + divy, (NV @) = 0,

- N 2.16
—6%App = n— Ne??, o(t,xy) = In (f e‘z’(t’“’x)da:) ) ( )
T

We are thus trying to solve a conservation law corresponding to advection by a divergence-
free velocity field build from a "stream function" ¢ obtained by averaging the solution
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to a second-order elliptic equation. As already pointed out in the introduction once
sufficient control on the construction of <Z from N has been obtained one may follow
standard arguments for similar equations such as Vlasov-Poisson equations |99, 30, 174]
or two-dimensional incompressible Euler equations in vorticity formulation [145, 52, 143].

Anisotropic Poisson-Boltzmann equation

Accordingly we first focus on the elliptic equation involved in System 2.16. Since time
variable is a simple parameter there, we temporarily omit to mention time dependence
along the following considerations. Moreover for concision’s sake we do not repeat but
always assume N > 0, n > 0, ST3 n= STQ N =1.

Hence we study the following anisotropic Poisson-Boltzmann equation

e¢(xL ST )

_62Aa} R = y — N (0 N1
d)(flu_ I‘H) Q(IIZ'J_ .TH) (J,‘J_) ST e(b(xl,yu)dyu

(2.17)

where N and n are nonnegative functions with integral equal to one. The key observation
is that Equation 2.17 is the FEuler-Lagrange equation associated to the energy functional

J[Y] = %52 qus |VLZ)|2 + LZ N In (JT e dm) dr; — Lgnﬁ% (2.18)

Explicitly, at least for smooth pairs (¢, 1),

e¢

d

dr

J[¢+T¢]=J <52v¢-w + NS
7=0 T3

7 €?dzx;

b — np > dx (2.19)

We aim now at identifying an appropriate functional setting in which J is strictly convex
and coercive. From this shall stem existence and uniqueness for (2.17). Afterwards we
focus on corresponding regularity issues.

To do so we introduce

HO:{ heD(T3) | VheLQ(TS)andf h=0 }
T3

The set Hy is a closed linear subspace of the Sobolev space H!(T?) and by Mazur’s
theorem it is also weakly closed. Moreover, by Sobolev embedding and Poincaré inequality
Hy — LS(T3).
Proposition 2.3.1. Assume N € L*3(T?) and n € L5/5(T?). Then
(i) J: Hy — R is well defined, bounded on bounded sets and coercive ;
(i) J is strictly convex;
(iii) J is Gateaux differentiable ;

(iv) J is weakly lower semi-continuous.
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Proof. Since Hy < L5(T3), for some C

LS nfpldr < ol pos sy [0l ss) < Clnlpesrs) [¢1a1 xs)-

Likewise since®0 Hy < L?(T?; HY(T)) n L%(T3) — L*(T?; L*(T)), a pointwise estimate
on the exponential function shows that
In <J ew('yy)dy>
T

ij(f z”@)]<wumm)

< C|N|gaserzy ¥l Lerz;oeo )

LA(T?)

3/4 1/4
< O IVl wsquey 181 sy 1 o oy
< "IN gass(p2y 19l 1 sy

for some C,C’,C”. Combined with a Poincaré inequality this provides

1
‘JW] - 552HV¢H%2(T)3 < C(INpas(r2y + [l Loss sy [Vl 213y, (2.20)

for some C, which proves the first claim.
Thanks to the Holder inequality it holds, for 6 € [0, 1]

0 1-6
f 6e¢1+(179>w2dx” < <f ewldx> <f 6¢2d$> .
T T T

Therefore the second term of the right-hand side of (2.18) is convex. The first is strictly
convex and the last is linear. This proves the second claim.

To prove differentiability, since the first and third term of J are respectively qua-
dratic and linear continuous, one may safely focus on the middle term of J. The latter
differentiability follows from applying twice the Dominated Convergence Theorem. To
do so, we note that when (¢,%) € (Hp)? and (t,s) € R?, for almost any x|

‘ln (J e(¢+t1/l)($J_7y)dy> — In (J e(¢+sd})(m,z)dz> ’
T T
= In et=9)¥(zL,yn) €(¢+Sw)(xbyu)dy”
T ST e(¢+s¥)(zi,21)dz

+sy)(xy,
In e't_5| Hlp(xl,')HLao(T) 6(¢ V)@ yH)dyH
T T €(¢+51/1)(90J_,Z\\)dz“

IN

A

|t = sl |[v(xL, ) Lo
36. The last embedding follows from Gagliardo-Nirenberg inequality

W@, Yz ry < C s, Mo (o, Y

combined with one Hélder inequality. From now on we shall make use of similar anisotropic Sobolev
embeddings without further comment.
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Chapitre 2. Densité de Maxwell-Boltzmann anisotrope

where we have broken the symmetry by assuming that

f (BHVELA Q< f @) (L) gy,
T T

and used monotonicity of In and exp. From this follows the third claim.
The last claim follows for instance from convexity and local boundedness combined
with Mazur’s theorem. O

The foregoing proposition yields by classical arguments the following one.

Proposition 2.3.2 (Existence and uniqueness). For any N € L*3(T?) and n e L%°(T3),
Equation (2.17) possesses a unique weak solution ¢ € Hy. Moreover there exists C such
that for any such (N,n) the solution ¢ satisfies

|8l (rsy < CUNpassr2y + Il posscrs)) -

Besides there exists C' such that for any pair (N,n), (N',n’) of such couples respective
solutions ¢ and ¢’ satisfy

16 = &lm(rsy < CUN = Nl pserzy + I — 2l poss 3y

Proof. Existence and uniqueness follows from Proposition 2.3.1 along the classical line of
the direct method of calculus of variations. Then the uniform bound stems directly from
coercivity estimate (2.20) and the fact that J takes the value 0 at the null function. At
last, as we explain now, the Lipschitz estimate follows from quantifying convexity and
local boundedness. Temporarily, to make it precise, we mark J with suffixes N,n. By
using that ¢ and ¢’ are critical points of, respectively, Jn, and Jyv, and that each of
the three terms defining J is convex, one obtains

3 |V(¢ = ey < Inal(d) = Inn(@) + Inw () = Inrw (@)

- o (A N ) de
- [ N)ln(hew)m | =)@ =0

< CUIN = Nl pasrzy + In = 0/l orsrs)) 16 = &'l oy

for some C’, where we have used the pointwise bound

, ST e® (@L,zn) dzy
n S’]I‘ edl@rzn) dg,

) < (6= &) (L, e (2.21)

and the embedding Hy — L*(T?; L®(T)). From here a Poincaré inequality yields the
result. O
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2.3. Well-posedness of asymptotic models

Now we discuss regularity of solutions to Equation (2.17). In the next proposition we
use classical elliptic regularity properties — in Calderén-Zygmund form — and maximum
principles — as recalled in Appendix C.4 — to obtain estimates of ¢ in higher order
Sobolev spaces. We refer the reader to [183, 184] or [108] on the classical Calderon-
Zygmund regularity theory and to [139, Chapter 2| for relevant basic properties of Lorentz
spaces appearing in the following.

Proposition 2.3.3 (Regularity). There exists C' such that if N € L*3(T?) and n €
L3/21(T3) then ¢ the unique solution to (2.17) satisfies

< € CImls2 ) FIN Lajs o))

R
ST €¢('7yH ) dyH LOO(TQ)
and if moreover N € L3/%1(T?)

Bl < C (,n“LW(TB) i NLg/z,l(w)ec('””L‘“’/Q’WW”N'L4/3<“>>) _

Moreover, for any 1 < p < o, there exists C' such that if N € LY3(T2) n LP(T?) and
n e L3/ (T3) A LP(T?) then ¢ the unique solution to (2.17) satisfies

|6l < C (|n||LP('JI3) n ‘N|LP(’]I‘2)eC(nL3/2,1<T3)+NL4/3(T2))) ‘

Besides for any 1 <p < w0 and any 1 < g < o0 such that

3 1 1
2 1<Z<=
2p q p
there exists C' such that with
1_{§,+;—§q if q=2
- 1 1 1 .
r i‘i‘;—a Zf q<2

if N € LY(T?) A L"(T?) nWHP(T?) and n € L"(T3) n WP(T3) then ¢ the unique solution
to (2.17) satisfies

élwssims) < cQnWWWYWNummnUWWW”WMWWNHMMD

C +||NV
+ €l W) (1N |y + V] ogesy IN L)

To ease later use of estimates of |[¢|ys»(rs) note that for instance the choice

)

is always available and that in this case r < q.
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Proof. Bounds in L® follow from repeated use of the maximum principle stated in Lemma
C.4.1. Indeed, first, since L3/?(T3) — LS5(T3) and —6?A¢ < n, the bound on e? follows
from 0 < e? < €*55P¢_ In turn the bound on (§; e?@1¥1)dy, )~ stems from

1

m < e Sr¢@Lyndyn < gesssup(—§p d(@Lyn)dyn)
T €AY

0<

and —Ag (— ST ¢dzy) = N — S’[r n(-,y1)dy; combined with embeddings W%%3(T?) —
L*(T?) and L3%(T3) — L*3(T2%; L(T)). At last, using the equation, those two es-
timates yield then estimates on ¢ itself both in L*(T3) and W?2P(T3) respectively by
maximum principle and elliptic regularity.

The bound in W3?(T?) may then be obtained by differentiating once the equation.
Indeed differentiation yields

—§2AV¢ = Vi — (VN 4+ NV — Nva) e?=9

where we have introduced notation gg defined through nonlinear averaging (2.7) for conci-
sion’s sake. Moreover, by using Lemma 2.3.5 below to estimate ¢ and Holder inequalities,
we obtain for some C independent of N

HNVQZ)”LP(TJ) T HNV(ZHLP(’]I‘J) < C€C<Hﬂ||L3/2,1(T3>+||NHL4/3('J1‘2)> HNHL‘I(TZ) ’|V¢HLS(T2;LP(T))'

with 1/s = 1/p — 1/q. One achieves the proof of the claim through elliptic regularity and
bounds on |¢|lyy2.r(rs) combined with embedding WLr(T3) — L*(T?; LP(T)). Strictly
speaking instead of differentiating the equation and estimating as above terms thus ap-
pearing we should have applied finite differences to the equation and estimated those
finite differences. But here and elsewhere we skip over those cumbersome details. This is
particularly immaterial in our analysis since there is no boundary to deal with. O

With the obtained regularity one may provide higher-order counter-parts to the Lip-
schitz bound of Proposition 2.3.2.

Proposition 2.3.4 (Lipschitz dependence). For any 4/3 < p < o0, there exists C such
that if N € LP(T?), N’ € LP(T?) and n € L3> (T3) then ¢ and ¢' the respective solutions
to (2.17) corresponding to (N,n) and (N',n) satisfy

’
6= luaocesy < CIN=N'locay (1IN sy e (2himasy Ve ¥ ).

Proof. The power 2 in the above estimate reflects the fact that we provide a three-
steps proof to reach the full range of Lebesgue indices p. First observe that H!(T3) —
L4(T?; L*(T)) for any 1 < ¢ < c0. Using the equation, we get

—%A(p—¢) = (N — N’)e¢_$ + (ef — ed”)N’e_qg + (e_‘;5 - e_d;’)N’ed’/
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2.3. Well-posedness of asymptotic models

where again we use notation from (2.7). By using Lemma 2.3.5 this enables us to prove
that for any 1 < r < 4/3 there exists C, such that

|6 = ¢'lwar(rsy < Cr [N = N'|| sy O (12l o721y N a3 g2y HIN' Lo )

Using once again the equation and the embedding W?27»(T3) < L*(T?2; L?(T)) for
a suitable 1 < r, < 4/3, one deduces the result (with a bound depending linearly on
IN"l| o (12)) when p < 4.

One may then use this intermediate case to conclude the proof by using again the
equation and the embedding W27°(T3) < L®(T?) for some 1 < py < 4 when p > 4. O

Prior to turning back to Equation (2.16), we provide estimates converting bounds on
a potential ¢ into bounds on advection field gg obtained through nonlinear averaging (2.7).
That is the content of the following lemma. It is of course necessary to deal with (2.16)
and we have already used it repeatedly in foregoing estimates on ¢.

Lemma 2.3.5. (i). For any ¢ € Hy, let ¢ be defined by (2.7), then for any 1 < p < o
\|$\|LP(T2) < |1Bllpe ez (ry)
and
IVe, @llocrey < min({|Va, ¢l 1oz, o ry), He(bHLOO(W)HeiguLw(TQ)Hvﬂu Ol Lo cr2, 010y }) -

Moreover there exists C such that for any ¢, p and 5 as above,
|Hessz, | zo(r2) < C Hed)HQLOO(Ti‘)H67¢H%00(’]1‘2) (HHGSSMMLP(T?;LI(T)) + |‘V$J_¢H%2P(T2;L2(T))> :

(i). For any ¢, ¢’ € Hy, let & and @ be defined by nonlinear averaging (2.7) respectively
from ¢ and ¢', then for any 1 < p < ©
|6 — $HLIJ(T2) < min({|¢ — ¢|| e (12,00 (1))
(el ooy + e onzoy) (el zonam) + le™ lon 2216 = & Lucrossa o)

and
Ve, (6 — 5’)||LP(T2)

< min({||Va, (¢ — &) rocr2.co(my)s 1€ |20 (r3) H€7¢?||L°0('J1‘2)”vxL(¢ — ) eer2;1 () })

ez + e |z0) (le™New + €7 |10) IV, & | pore;a oy |9 = & o re; oy -

To ease subsequent use of the lemma we stress that

— W2P(T3) «— W12 (T?; L2(T)) provided that p > 4/3;

— W34(T3) — W2P(T2; LY(T)) n WH2P(T?; L?(T)) provided that 1/¢ < 1/2 + 1/p
when p < o0 and that 1/¢g < 1/2 when p = w0
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— W?24(T3) — LP(T?%; L®(T))nWP(T2; L' (T)) provided that 1/q < 1/2+1/p when
p < o and that 1/¢ < 1/2 when p = o0.

Proof. Since HY(T3) — L4(T2%; L®(T)), ¢ is well-defined. Moreover, the first estimate

follows directly from a pointwise bound and the second from the triangle inequality for
the LP(T?)-norm. Concerning the latter note that indeed

Vo, d(x)) = e=9(@1) J @YY by, yr) dyi .
T
Likewise
Hess,, (¢)(z1) = e 9@L) J e?@LU) (Hess, (¢) + Vo, ¢ @ Vi, ¢) (1, 1) dyi

T
— e 2@ JJ e?@Ly)Te@L2) 7 Bz y)) @ Va, bz, z1) dyidz .
TxT

implies the third inequality. This achieves the proof of (i).

Concerning the first inequality of (i), the LP(T?; L®(T)) estimate follows directly
from (2.21). To prove the second part of this first inequality we first observe that, breaking
the symmetry as in the proof of (2.21) by assuming gg’(:nl) < QNS(:UJ_), one obtains

) - F) < I <1+e—$m> fT(<¢¢'>e¢’>m,x>dx)

< e poorsyle™ I peo ey (6 — ¢) (L, ) paemy
by using both (Vz e R, e* <1+ ze*) and (Vo € RY, In(z) < x —1). Integrating a
symmetrized form of the foregoing inequality achieves the proof of the first inequality of
(ii). The second one follows almost readily from

Ve, ¢(x1) = Vi, d(x1) = e=@L) qu L), (¢ — @) (@, yn) dy

b (et _ ~Fan)) J HELI) T, @ (w1, y) dyy
T

e~/ f (P twn) — e @)y 7, ' (2, yn) dyi -
T

_|_

O

Existence of solutions

Proof of Theorem 2.1.1 for light particles. The strong framework allows to work with
Lipschitz fields VLQE and propagate WP (T?) bounds. The other key observation is that
it is also sufficient to prove a Lipschitz bound in low-order norms. For instance, with
constants depending only on bounds on [ N| /g2y, [ N[l fass(r2) and [0l ps/21 s

< CIV(@ = a2y VN[ 22y
< o= & lwzass) VN p2(re)
< C"IN = Nl s r2) VN 22,

(Ve — V) - VN[ Luss 2y
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2.3. Well-posedness of asymptotic models

using Proposition 2.3.4 and Lemma 2.3.5 and since W243(T?) — WbL4(T2; LY(T)) n
LA(T?; L*(T)). This is sufficient to prove uniqueness (even of weak-strong type) and
convergence of existence schemes.

As it is fairly classical we only sketch the main steps of the proof. The uniqueness
follows for instance from the fact that if N and N’ are two solutions starting with the
same initial data then on any compact interval Iy containing zero on which both N and
N’ are defined

(N = N')+ V- V(N = N') = —(V:3 - V1§) - VN

so that for any t € Iy

t
[N = N, ) passeay < C \ fo IN(s,) = N'(s, ) ooy s

for some C depending on N and N’. Then N = N’ follows from the Gronwall lemma.
Existence on an interval of controlled length may be proved by showing convergence of
the scheme

ONni1 + Vi - VNyyy = 0, n>0,

where ¢_; = 0, with Np41(0,-) = N On any interval of time I containing zero the
divergence-free structure of the vector field yields bounds on (N,) in L®(I; L*(T?)),
independent of I, by | N™] e pz2). Then, on such an interval, by differentiating the equa-
tion and using Lemma 2.3.5 and Proposition 2.3.3 one obtains (with obvious modification
when n = 0) for any t € [

4
IV, Noal o) < ’viﬁJ_NmLP(’]l‘Q)""L [6n(8) lw2e012) [V, Nnt1(8) [ Lo (r2) ds

t
< Ve N%e(r2) + CUO | Na(8) (2| Vo N1 (8) | o2y ds

provided that 2 < p < oo and for some C depending only on p, HNinHL@(Tz) and
|l oo (7:71.0 (3)) - Therefore, on a suitably short interval I one may also obtain uniform
bounds of (N,,) in L®(I; WP(T?)) where both the bound on (N,) and the smallness
of I are only constrained by the sizes of |[N™|y1p(r2) and of ||y (wreesy). Now,
by already expounded arguments, on the same intervals one may prove convergence of
(N,,) in C(I; L*3(T?)) to some N. One then concludes the proof of the claimed existence
by upgrading this convergence through interpolation with uniform bounds from Propo-
sition 2.3.3 and taking limits in the equation using Lipschitz bounds on maps N — ¢
and ¢ — 5 from Proposition 2.3.4 and Lemma 2.3.5. At last one achieves the proof by
combining the strong uniqueness statement and existence on a controlled interval with
classical arguments leading to the existence of a maximal solution. O

Proof of Theorem 2.1.2 for light particles. While a suitable Lipschitz bound is the key
step in proving Theorem 2.1.1, here the main issue is the stability of some approximate
solutions (V) and their compactness in compatible norms. With this respect, one key
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observation is that in the Lipschitz bound of Proposition 2.3.2 one may replace the L¥/3-
norm with a W~22-norm. This follows from

‘ ln ST e‘is/(xl,x\\) daﬁ'H B ln ST qu/(xl,zu) dxH ‘
ST edl@izn) dg, ST e®@m) dg

< [I¢ =)@, peoer) = 16 = ¢) (@, ) o]

and the embedding Hy < W1H2(T?; L3(T)) n L?(T%; W12(T)) < W/22(T2; L®(T)) that

yield
e(bl('vw\\) dxH
! (M < Clo - # i
T€ Z W1/2.2(T2)

for some universal C.
To be more specific, let us discuss how to prove existence by a compactness argument
on the family of solutions (N.) to3"

ON. +V1td. VN, =0, >0,

starting from N™ where 55 is obtained from N, through

_52AJ3¢6 = n_NE €¢€ ’ %&‘(taxl) = CE * In f e¢€(t7$L,xH)dxH
- ST €¢8('7'7y\\)dyH T

where (() is an approximation of unity. The existence of (N;) may be obtained by an
argument similar but much simpler than the one leading to Theorem 2.1.1 with the
crucial modification that one does not need to restrict the interval of existence to obtain
needed bounds (which are of course e-dependent).

Now, the divergence-free property of vector fields (Vlaﬁg) provide control of (N;) in
L®(R; LP(T?)) uniformly in e. Then bounds in V[/'lifo(R; W—14(T?)) with 1/q = 2/p—1/2
ifp<2 any 1 <qg<2ifp=2andq=pif p> 2 may be derived directly from the
equation in conservative form that implies for any compact interval I and any t € [

10 Ne(t, <) [ w1012y < |V 0e(t, Mir ) INe(t, ) oy < O

with 1/r = 1/q — 1/p for some constant C' depending only on | N™| s g2y,

|72 poo (1.00(13) ~ 132 (13)) (and g if p = 2). Therefore, compactness of (V) in

C(Ry; W=Y22(T?)) may be obtained by interpolation between boundedness in LP(T?)
and Lipschitz bounds in W~%4(T?) with ¢ as above. The stability argument mentioned
above translates this into convergence of (¢.) in C(R; H'(T?2)). Then interpolation with
uniform bounds respectively in LP(T?) and W?P(T?) provides convergence in norms
sufficient to take limits in the equations. O

37. This € should not be confused with the one involved in our original models.
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2.3. Well-posedness of asymptotic models

2.3.2 Heavy particles

Now, consistently with modeling considerations, for reading convenience we analyze
the heavy particle case setting o = 1. Thus we study the system

(0N + div,, (NVL $) =0,
Ne=¢ - e?
ST @_¢('7'7y\\)dyu ST3 @¢('7y)dy ’ (222)

gZ(t,:Ei) =—1In (j e—qﬁ(t,xL,x)dx) .
T

As in the previous subsection we focus on the elliptic equation involved in System 2.22
and while doing so we temporarily omit to mention time dependence and do not always
repeat but always assume N >0, {. N = 1.

Hence we study the following mixed Poisson-Boltzmann equation

— 20,6 =

—o(zL,xn) d(xL,xn)
((17 ) e B e
- STF e*‘f’(fELzyH)dyH STS e¢(y)dy

—8*Ap(z 1, 2) = N (2.23)

where N is a nonnegative function with integral equal to one. Our first observation is
that Equation 2.23 is the Euler-Lagrange equation associated to the energy functional

J[p] = %52 LB V2 — Jp N In <L eV dx) dz; +1In <L3 e¢> . (2.24)

Again we consider
Hy = { heD (T3 | Vhe L*(T?) and J h=0 }
T3

With minor modifications on the proof of Proposition 2.3.1, one obtains the following.

Proposition 2.3.6. Assume N € L*/3(T2). Then
(i) J: Hy — Ru{+ow} is well defined, bounded by below on bounded sets and coercive ;
(i) J is strictly convex;

(iii) J is Gateauz differentiable at ¢ in the direction 1 — ¢ for any (¢,) € (Ho)? such
that J(¢) < +0 and J () < +00;

() J is weakly lower semi-continuous.
Proposition 2.3.7 (Existence and uniqueness). For any N € L*3(T?), Equation (2.23)

possesses a unique weak solution ¢ € Hy such that S’]I‘?’ e? < +00. Moreover there exists C
such that for any such N the solution ¢ satisfies

ol + 0 ([ e9) < CIN s
T3
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Besides there exists C' such that for any pair N, N’ of such functions respective solutions
¢ and ¢ satisfy
I — & rrersy < CIN — N[l passp2y

To tight more closely both propositions note that

JHR) ={ heD'(T3) | VheLQ(TS),f

h=0 and fe¢<~|—oo }
T3 T3

Likewise one may also derive qualitative properties of solutions by paralleling the light
particle case. However instead we retain only uniqueness from the foregoing propositions
and as already mentioned in the introduction we observe that ¢ is actually independent
of its third argument and may be obtained by solving

e?(z1)

—(52Am =N -
L¢(xJ_) (wJ_) STQ e¢(y)dy

(2.25)

To justify this claim it is sufficient now to prove that (2.25) possesses a solution.

Equation (2.25) is a classical Poisson-Boltzmann equation. The equation itself and
various generalizations have been studied thoroughly elsewhere and the reader is referred
to |27, 73, 37| as entering gates to the extensive relevant literature. Here we merely
apply slight variations on the arguments of the light species case to obtain the following
propositions. Generally speaking the modified arguments turn to be actually simpler than
the original ones. Implicitly they involve the consideration of

Ji[Y] = %52 LQ \v¢|2d:c—£r2Nw+1n Uw e¢)

HLz{ heD'(T? | VheL2(T2)andf h=0 }
']I‘Q

on

Proposition 2.3.8 (Existence and uniqueness). For any®® N € H~Y(T?), Equation (2.25)
possesses a unique weak solution ¢ € H| such that STQ e® < +00. Moreover there exists
C such that for any such N the solution ¢ satisfies

“gﬁ“%l(r]rz) + In <J‘ €¢> < CHN“%I—l(TQ) .
'JTQ

Besides there exists C' such that for any pair N, N’ of such functions respective solutions
¢ and ¢ satisfy
g — &' mrerey < C|N = N'| gr—1(72y

38. At this level of regularity in the definition of J; the term involving N should be interpreted as a
duality pairing.

116



2.4. Mathematical justification of the limiting process

Proposition 2.3.9 (Regularity). Let 1 < py < oo. There exists C' such that if N €
LPo(T?) then ¢ the unique solution to (2.25) satisfies

|p]l e (r2y < C (1 + [N 1o (r2)) -

Moreover, for any 1 < p < o, there exists C' such that if N € LP°(T?) n LP(T?) then ¢
the unique solution to (2.23) satisfies

HCZ)HWZP('[FQ) <C (eC’"NHLPO(Tz) + HN“LP(']I‘Q)) )

Besides for any 1 < p < o0 and any 1 < g < o0 such that % < % + % there exists C

such that with if N € LY(T?) n LPo(T?) n WLP(T?) then ¢ the unique solution to (2.23)
satisfies

l¢lws.r(rs) < C(IINHWLP(TQ) + (” N Lacr) +1) ecuNHLPO(Tz))_

Proof. On one hand we first observe that —92A¢ < N so that Lemma C.4.4 and the
coercivity estimate of Proposition 2.3.8 provides the needed upper bound on ¢. On the
other hand we also have —6?A¢ > —e®. Now note that on any bounded €’ one may
chose ¢o € R to ensure that —ell>te0 > —§2A(|| - |2 + ¢p). With suitable Q, €’ and ¢,
one may then apply Lemma C.4.5 to u = | - |? + cg — ¢ with Ko = 0. Combined with the
coercivity estimate of Proposition 2.3.7 this yields the claimed upper bound on ¢ thus
achieves the proof of the estimate on |¢|z» ().

From here the proof is achieved along the lines of the proof of the light species
case. O

Proposition 2.3.10 (Lipschitz dependence). For any 1 < p < o0 and 1 < py < o0, there
exists C such that if N € LP(T?) n LP°(T?), N’ € LP(T?) n LP°(T?) then ¢ and ¢’ the
respective solutions to (2.25) corresponding to N and N’ satisfy

“¢ o ¢/HW2»P('H‘3) < C (”N _ N/HLP(’]I‘2) 4 HN”Hfl(’]I‘Q) (ec HN”LPO(TQ) + BC ”N/HLPO(TQ)) ) .

From here proofs of Theorems 2.1.1 and 2.1.2 in the ionic case follow arguments
completely parallel to those of the electronic case that we omit here.

2.4 Mathematical justification of the limiting process

In this section, we investigate the rigorous derivation of the asymptotic model (2.6)-
(2.7) from original equation (2.2) in a linear setting, that is when electric forces derive
from an external electric potential.

To do so, we provide in Subsection 2.4.1 an existence result and corresponding a priori
estimates yielding bounds on solutions uniform with respect to . In Subsection 2.4.2 we
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prove that those bounds provide enough compactness on the e-family of solutions to
justify formal asymptotic arguments. This leads to Theorem 2.1.3, the first main result
of this section.

In the last subsection, we investigate further the asymptotic process yielding conver-
gence of the macroscopic density to a limiting anisotropic Boltzmann-Gibbs density.
Specifically we provide decay rates in terms of € and the exponent «. To achieve this
task, we use a different functional setting that is more demanding on the localization
of considered initial data but classical for the Fokker-Planck operator. Our task is then
achieved by designing an anisotropic hypocoercive strategy based on a suitable global
Lyapunov functional. This results in Theorem 2.1.4.

2.4.1 A priori estimates

We have already encountered in the formal derivation section, either implicitly or
explicitly, the two main a priori estimates at our disposal, conservation of mass

J fet, z,v)dedo = J fo(z,v)dzdv
T3 xR3 T3 xRR3

obtained by integrating (2.2) and free energy dissipation (2.14) obtained by setting
H(h) = hln(h) in (2.13)

[ o () a0 ]
o = ff foln (%) dzdv — JET}XR?’ 01 f€ dxdv ds
T3 xRS T8 xRS

where M is the global Maxwellian defined in (2.12) that has integral equal to one by
our normalization 3 (2.11) of ¢. Note however that, as is customarily expected, our weak
solutions will satisfy only a relaxed form of the foregoing free energy dissipation equality.

To unfold controls provided by the above estimates we recall the following well-known
lemma.

Lemma 2.4.1. There exists a constant C' such that for any integrable f : T3 x R? — R%
and any bounded ¢ : Ry x T3 - R

f S + [of?) dedo
T3 xR3

<o (@m0 ol e+ [[ 1 () do).

e 7 M
T3 xR3

39. Note that this differs from normalization in Section 2.3.
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Proof. We start by expanding
f(z,v)
ff f(x,v) In (e_o_dj(l’)]w(v)) dxdv
T3 xRR3
into
fj (|In(f(z,0)] + [v]* + o d(z) + 3 In(27)) f(2,v)dzdv — 2 Jf f In_ fdzdv
T3 xR3 T3 xR3

where (-)_ denotes negative part. Then we note that for any positive u, ug,

aln(u) < uln_(ugp) if u>=wug
- h C \/ug if u < g

where C' = max,cp+ Vwln_(w). Applying the above to u = f(z,v), ug = Coe 2" for
each fixed (z,v) yields for any 8 > 0, Cp > 0

f fIn_ fdozdv < C+/Co U e PIP2qzdy + H (B|v]? + In_(Cy)) f (z, v)dzdw.
T3 xR3 T3 xR3 T3 xR3
We conclude by choosing first some S € (0,1/2) then optimizing in Cp. O

Relying on the free energy dissipation one may then obtain the following existence
result.

Proposition 2.4.2. Assume that ¢ € I/Vlloc1 (Ry; L®(T3)) and fy is such that

fo=0, Jf (L+|v]* +1ny fo) fodedv < 0.
T3 xR3

Then there exists a unique f¢ € C(Ry, LY(T? x R3)) solving Equation (2.2) and starting
from fo at time 0. Moreover there exists C' such that for any such (¢, fo) this solution

additionally satisfies for any t =0
)
Vo i

<C [ (1T +In_( foll L2 (s xr3)) + D lwracoze(rsy) 1follor(rsxrs)

H (14 o + I fo(t, 2,0))) f(t,2,0) dedo + de= () Lt ” M

T3 xR3 T3 xR3

. H (Jof? + Ins fo(z,v)) fo(x,v)dxdv]. (2.26)

T3 xR3
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Bounds on free energy provide enough compactness to reduce the proof of the exis-
tence part of the proposition to an existence proof for a dense subset of initial data.
Moreover uniqueness may also be obtained by proving an existence result for a dual
equation starting from a suitably large set of initial data. Besides one may choose the
measure with respect to which identification of L?-duals is performed in order to make
this dual equation as simple as possible. Here one may enforce that the dual equation has
essentially the same structure as the original one ; see Section 2.4.3 for details on involved
symmetries. At last existence for data in adapted Sobolev spaces — which is sufficient to
complete the proof — follows from semigroup arguments [167|. One may for instance use
a spectral version of hypocoercive estimates to prove that the equation generates a semi-
group when ¢ = 0 [167, Chapter 4] and recover the full case by a fixed point argument
or directly establish frozen-time spectral estimates to prove that the equation generates
an evolution system [167, Chapter 5]. We skip these details but refer the reader to [120,
Chapter 5| for a detailed analysis that is closely related to the last part of the argument.

2.4.2 Weak compactness arguments

As already announced it turns out that in the linear case the arguments that we
have expounded along the formal derivation in Section 2.2.2 have fully justified close
counterparts. This is the line we follow to prove Theorem 2.1.3.

Proof of Theorem 2.1.3. Since (f¢M~1(1 + (In(f*M~1)))) is uniformly bounded in
L} (Ry; LY(T? x R3, M(v) dedv)), de la Vallée-Poussin and Dunford-Pettis theorems
imply that (f¢) converges weakly to some f in L} (R, ;L'(T? x R3)) along some subse-
quence. Moreover the bound on the dissipation of free energy in (2.26) implies that

loc
0
T3 XRB

thus f is a local Maxwellian, f = n M with n = SR?, f(-,-,v)dv. Besides tensorization
with the constant function equal to one on R? shows that n® does converge weakly to n
in L, (Ry; LY(T?)).

Bounds on the dissipation also shows that (e~“(v f¢ + V, f¢)) converges strongly to
zero in L2(Ry; L'(T3 x R3)) since

2
Vo ‘}W M(v)daxdvds = 0

€
VfEHVoft = 24/f¢ Vv< L) vM
and the Cauchy-Schwarz inequality shows that the relevant norm is (’)(5(1_0‘)/ Hase —
0. This key observation shows that for any smooth compactly-supported function ) :
R, x T2 x R3 — R that is independent of the polar angle #, or equivalently such that

vl - V1 = 0, taking the limit ¢ — 0 along the relevant subsequence yields

J (v-Vab(t,x,v) — oVo(t,x) - Vytb(t, z,v)) f(t,z,v)dtdzdv = 0
Ry xT3xR3
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which, given that f is a local Maxwellian, is also
f v (Vap(t, z,v) — aVap(t,z) (t,z,v))n(t,z) M(v)dtdedv = 0
Ry xT3xR3
thus, by symmetries of ¢ and M,

f V) (O, Y (t, 2,0) — 00, 0(t,x) Y(t,z,v))n(t,z) M(v)dtdedv = 0.
R4 xT3xR3

Choosing a non zero smooth radial compactly-supported 1Z~: R3 — R, and noticing
that the foregoing class of 1) functions includes (¢, z,v) — vy ¥(v) ¢ (t, z) for any smooth

compactly-supported ¢ : Ry x T3 — R, one derives that in distributional sense Og, =

—0n g, ¢. Hence n e L} (Ry x T2, WHY(T)) and 0, (e7?n) = 0 thus

€_U¢(t7$)

) Spe-oetary) dy,

n(t,z) = N(t,x N(t,xy) = J n(t,x 1, yi)dy .
T

Now we prove that IV satisfies the claimed equation. To do so we set

Ne(t,z)) = J n®(t, 1, yn)dy
T

and observe that by using again a tensorization argument one gets that along the relevant
subsequence N¢ converges weakly to N in L], (Ry;L'(T?)). As in Section 2.2.2 we also
introduce

1
JE(t,xy) = — v fe(t, L, yn,v)dyy do
€ JTxR3

and observe that d;N¢ + div,, (J¢) = 0. The same kind of integration shows that

o(J)t + divy, <f L uL®uy fa(-,-,x,’u)dxdv> + Jj Ve, &, zi)n(-, - zy)dy
TxR: T

converges weakly to zero. Moreover the last term of the foregoing expression converges
weakly to
va (ST 6_0 ¢('7')$H )dl' Il )
-N
S']T e 7 (i )d;L'H

UJ Ve, ¢(,zp)n(-, - zy)dey =

T

along the relevant subsequence. Finally we observe that

J v vy fo(, - xy,v)deydy = f v1 @ (v + Vo) f(, -z, v)dayde + N°IT
TxR3 TxR3

and that

f ’Ul®(’(}l+VUL)f6(',',l'H,’U)d$HdU
TxR3

- 2J’JI‘><R3 UlW@vvl <\/E) (',',.T\\,U)\/deudv
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is seen to converge to zero in L?(R; L'(T?)) by using the Cauchy-Schwarz inequality
combined with bounds on second-order moments and dissipation of free energy. Therefore
J§ converges weakly to

1
o(Vy Nt —oN (vu In <J e—w('v'vm)dx))
T

along the relevant subsequence. Inserting this in 0, N¢ + div,, (J¢) = 0 achieves the
proof. O

Remark 2.4.3. It may be instructive to compare the former proof with the arguments
proving [124, Lemma 4.1] as those would apply equally well here. They rely rather on a
direct compactness argument on n° and log-Sobolev and Cziszdr-Kullback-Pinsker inequa-
lities to control f& —n® M.

Remark 2.4.4. Note that in the last step while we had not enough control on moments
i velocities to justify in this way convergence of expression involving terms quadratic in
velocity we were able to use cancellations and collisional dissipation to do so. This is a
by now classical trick that was crucial in similar studies of the diffusive regime o = 1
see [172, Section 5] and [124, Propositions 3.3 € 4.3]. However we could replace it with
an argument involving evanescent cut-off functions as in [178].

2.4.3 Anisotropic hypocoercive estimates

Now we provide convergence rates for some limits involved in the derivation of our
asymptotic model. To keep technicalities as low as possible we assume here that ¢ does
not depend on time ¢ but only on = € T3. While it is likely that one may also deal with
time-dependent cases assuming sufficient control on time variations of ¢ this would add
unessential complications to already technical estimates.

Part of the asymptotic process involves oscillatory processes and some limits are in
essence weak limits that may only be expected to hold in spaces of negative regularity.
We only focus here on those that are expected, and proved here, to be strong limits. With
this in mind the goal of this section is merely to provide quantitative bounds, explicit
with respect to € and «, on the distance between the distribution function f¢ and an
anisotropic Maxwell-Boltzmann density expressed in terms of N¢. While one could track
convergence rates of vanishing terms in the foregoing convergence proof, this would lead
to estimates in functional spaces of (highly) negative regularity by lack of control on
(spatial) gradients of the solution. Here instead we prove that by assuming that initial
data belongs to a stronger space, controlling in particular any number of moments in
velocity, we obtain natural convergence rates for

2
670'(;5(:)3) e %

e _ €
fe(t,z,v) Ne(t 1) ST e*mf’(zl,yu)dy“ (27T)3/2

in strong norms for some suitable N¢. Note that while convergence of f¢—n® M follows at
once from the dissipation of free energy, the next step relies on a subtler interplay between
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2.4. Mathematical justification of the limiting process

three kind of terms : electric-and-free transport, magnetic transport and collisions. As
we show in Appendix 2.4.4 this interplay may be essentially elucidated by computing
commutators of involved terms and then encoded in a global functional of hypocoercive
type.

To make the functional setting more precise, let us introduce h® = f¢/M where once
again
1 ~(as@f)

M(.I,’U) = W@ s
is our global Maxwellian. Associated initial data hy = fp/M is assumed to belong to
H = L?(u) the Hilbert space H characterized by its L%norm | - | = (§| - | du)/? where

o is the probability measure with density M. In the following we denote by (;-) the
corresponding scalar product.

A direct computation shows that the distribution function f¢ solves the linear Vlasov-
Fokker-Planck equation (2.2) with external electric potential ¢ if and only if h® satisfies

C AN v Yk = oV Vol = TtV = Eia (0 Voh® — AhS).  (2.27)
In the absence of any magnetic field, the original version of the approach that we extend
here to serve our purposes would lead to a quantitative proof of convergence as ¢ — 0 to
the global Maxwellian M, and in this case it would really follow from very classical hy-
pocoercive estimates. See [194, 158, 75, 125| for some instances of proofs of hypocoercive
convergence to equilibrium through global functionals. The presence of a strong magne-
tic field prevents return to equilibrium in the perpendicular direction and our goal is to
design functionals that capture this anisotropic behavior. We detail this strategy along
the proof of the following theorem, which is the main result of this section.

Theorem 2.4.5. Suppose that ¢ € W2 (T3).

Then for any hg € H and any € > 0 there exists a unique global solution h® to (2.27)
starting from hg at time zero such that h® € C(Ry;H) and V,he € L2(R.;H).

Moreover there exists a constant Cy > 0, depending only on the norm of ¢ in W2%(T3),
such that for any € € (0,1), f¢ = h*M — solving (2.2) with initial data fo = hoM and
associated to the above solution h® — satisfies

e e atl
15 =n"M 2w, r20u-1)azary) < Collholle 25 (2.28)
e - Ne < Cylhole =" (2.29)
ST €_U¢(':y\\) dyH = ¢ 0 ’

L2 (R+ X T3)
where

nt = fe(, - v)dv and N¢& = J n°(-, - yn)dyy -
R3 T

. . L, . . 1—|of
In particular, since a € (—1,1), as e — 0 the distribution function f€ gets e 2 -close to

the anisotropic Mazwell-Boltzmann density

- _l?
e O'(b(df) e 2

) S'Jl‘ e—ob(zL,yn) dy (2#)3/2

(t,z,v) — N°(t, x|
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in L*(Ry; L2(M~Y(v)dzdv)).

Remark 2.4.6. Again we stress however that the last part of the asymptotic description
— the identification of an asymptotic dynamics for limits of N® — proceeds from ave-
raging mechanisms and we do not expect to be able to capture it by similar dissipative
arguments nor do we expect the corresponding convergence to hold in strong norms.

Proof. We skip the proof of the existence and uniqueness part but we refer the reader to
[120, Chapter 5| for a detailed analysis of a nearly identical problem. The existence proof
also provides detailed justification for the rather formal computations that we perform
below. The reader may consult [157] for an instance of a similar detailed verification

starting directly from the approximation process proving existence.
The starting point is the L?-estimate obtained from (2.13) by choosing H(h) = h?,

t
|hau,»-nﬁ-%2s-‘a+l>J;|<nﬁf<sf,o|2ds < 152

From this, (2.28) follows by Poincaré inequality for the Gaussian measure and bounded-

ness of ¢, since
fR+ xT3xR3 | M

J |f5 _naM‘ZM—l
Ry xT3xR3
f€>
< v, (L
fR+xT3xR3 ! (M

+o0
< cf IVoh(t, -, )2 dt
0

2
M

€

A

2
M

for some C' depending only on [¢||zx(rs). In order to prove (2.29), we need to extend
this strategy that only yields dissipation of velocity derivatives so that it also provides
estimates on an xj-derivative. To do so we exploit the hypocoercive structure and mo-
dify the L? functional in a H' functional whose dissipation contains new terms yielding
suitable control on 0y, (f¢ M™1). To state this in a concise way we define the ¢ and time
dependent norm

Ih |87 + i1 €172 min ({1, =}) (00, Al

2
+ g el el min ({1, £23)? 05, b
+ 293l min ({1, 243)° Doy by 00y )
+ yiae ™ min ({1, 255) [Vorhl? + vi2e® min ({1, 2b=})” Ve )
+ 27132 min ({1, 245 })? (Vo by Vo )
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and the corresponding ¢ and time dependent (partial) dissipation
Dey(h) = e 1w h|? + emtllal=el2=e min ({1, L5 }) [Vodo, b))
+ g Hlal+(lal=a)/2 i ({1751%})3 vaawuhH2
+ el =Tmin ({1, 745 1) |00, 5]
+ e min ({1, ok }) VoV, hI? + 17 min ({1, o)) [V Ve bl
+ o min ({1, o) Vbl

These quantities are related through the dissipation estimate contained in the following
lemma.

Lemma 2.4.7. Let ¢ € W2®(T3). There exist positive constants v1 i, Vi, i € {1,2,3}
such that,
— uniformly in (t,€) € Ry x (0,1), the norm |- | is equivalent to the square root of

|12+ el min ({1, 223 [y, (]2
+ elal+lal+e)/2 min ({1, £21)7 80, ()2

o . 3
+ e min ({1, o25=)) Ve, O + €% min ({1, 25=3)" Ve, O]

— there exists K > 0 such that for any hy € H the solution h® of (2.27) starting
from hg satisfies for any € € (0,1) and any t = 0,

t
1h=(t, -, )2, +KJO Des(h%(s,+,)) ds < |hol. (2.30)

The proof of this result is given in Appendix 2.4.4. There in particular we explain
in details how different choices of power of ¢t and ¢ arise as necessary constraints to
satisfy expected inequalities. Nonetheless, we do provide here some partial insights on
the choice of the functional. Standard L2-based hypocoercive strategy for the kinetic
Fokker-Planck operator suggests to estimate H' type functionals with mixed derivative to
unravel dissipation of space derivatives that was missing in the original L? computation.
Here, direct computations performed in Lemma 2.4.9 show that

d _ _
dt <avu ke, Oz he) + € ! Hazu haH2 =oge ! {(Vyhe - Vfﬂ)aﬂcu @, Oy he) (2.31)
g~(te) ({Ouy h%, Oy B + 2V 0y, h%, V 0z, h))
d — €
I (Vo h%, Ve b5y + YV, he|? (2.32)

= e Y, B,V B + 2(V, YV 15,V Va, b))
+ 0 MVt Vo)Va, ¢, Vo, by — 0 2(Vy h*,V, hF).
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where good useful dissipation terms have been kept on left-hand sides and useless signless
terms have been left on the right. When putting everything in one global functional the
goal is to balance each bad term with some fraction of good dissipative terms. We stress
that in (2.32) the worst term to balance — the one of order =2 — is precisely the one
due to the presence of a strong magnetic field. It stems from non-commutation of V,, and
v'-V, and forces the choice of anisotropic weights in our functional. Finally, we note that
the presence of time weights in our functionals only reflects our choice to use hypoelliptic
regularizing effects to start with L? and not H' initial data but gain instantancous H'
control on the solution. In particular our choice of the powers of time involved in the
above definitions follows directly from the hypoelliptic structure of the operator at hand.
For the kinetic Fokker-Planck the method essentially originates in work of Hérau [121];
see also [194, Appendix A.21] or [157].

We now use dissipative effects afforded by Lemma 2.4.7 to achieve the proof. The
dissipation of the energy functional in (2.30) provides a bound on the size of the perpen-
dicular and parallel space derivatives of h® in H. Indeed, by non-negativity of | - |
get from the dissipation in (2.30) that

et We

1-|af

Clholle™",

IN

Haﬁvu hEHLQ((alJr“,-i-OO); H)

a—1
10z, h¥[ L2 ((e1+e o0y, 1y < Cllhof e 2

for some constant C' depending only on |¢| 2.0 psy. To prove our claim only the first esti-
mate — on the parallel derivative — is needed. Nevertheless, let us stress that the second
estimate is essentially useless and in any case does not contradict the non-convergence
to a global Maxwellian in the perpendicular direction since o < 1. To proceed we first
observe that

e7%nf = f he(-,-,v) M(v)dv
R3
hence by the Jensen inequality, for any ¢t > 0

1/2 1
02, (7%1°) (¢, ) 279 < ( fﬂ@ 00y hE (2, -, 0) 2 py M (v) dv) <671 2 00, B2 (2, )] -

Therefore introducing the intermediate quantity
Né — f ns(.’ . yH> ea'(i)("y\\)dy” X f e_o-d)('vy\\)dyu
T T

the classical Poincaré inequality on T yields for E, . = (¢!7%, +o0)

Na —op N‘E
e = o < el e —
S’]Te Y dyy L2(Be . xT9) STe Yi)dyy L2(Fa.. xT?)
< lem 7| |0z, (79 | L2 o1+ 400y xT)
: 1o
< Cle ) poo(rs) €% Foo sy I ol €2
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This achieves the proof with N¢ instead of N¢ when combined with

Nee—o¢
- §peootundy,

2]

< O |ho| < Ce 2 |hol

. Nee—o9

- €
K ST e_o'd)('vy\\)dy“ "

L2((0,1+)xT3) L*((0,e1);L3(T?))

for some C” depending only on |¢|yy2.:0(73), where we have used

|VE HLC‘O(R+;L2(T2)) < Heﬂw 123 (T3) Hemﬂm(?b‘) |n* HLOO(R+;L2(T3))
and
1 1
170 oo 22 (x3y) < 178N Fon ooy 1B | Lo e s90) < 17 Foo sy o] -

To conclude the proof we simply observe that

N N¢ e—o0(2n)
N¢ - N° = f ng('mzu)—e— dz
T ST 6_0¢('1y\\ )dyH

hence
Na e~

€ _——,—
" ST e*o'ﬁb(‘yy\\)dy“

IN® = Nl 2@y x12) <

L2(Ry xT3)

2.4.4 Hypocoercivity : a technical lemma, Lemma 2.4.7

To motivate the actual choice of powers of € we prove a slighted extended version of
Lemma 2.4.7 for norms involving free powers of ¢,

[PI2: = 817 + Y™ min ({1, 25z }) 100, R

+ y26™2 min ({1, 245 1)? |0z,

+ 293673 min ({1, 7tz })? oy hy Oy h)

+ L1 min ({1, b)) [V, b

+ yr2e®2 min ({1, ot })” [Va, bl

+ 2713688 min ({1, 245 })? (Vo by Vi B
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and the corresponding ¢ and time dependent (partial) dissipation

Dea(h) = e h|? 4 et min ({1, o) | Vody, )P
+ e tbie min ({1, 42 1)® [V,0n, b2
+ e min ({1, ot })? |0y b
+ e B min ({1, ot }) [V Vi, b2
+ e (raHiie min ({1, 25 1)? [V, Va, b2
+ e min ({1, o5 1) [ Ve, b2
We prove an extended version of Lemma 2.4.7 under
max({2 —a, (811 +B12)/2}) < Brz < min({a+2811, a+281, Bia—a}),

max({[a], (Bi1+Bi12)/2) < Pz < min({a+ 2611, a+28i2, Biz—a}).
(2.33)
The actual choice follows from minimization of 3 3 and 3, 3 under this constraint that
aims at the best possible control on d,,h® and V,, h® through the dissipation. Indeed,
(2.33) requires f 3 > |a|. And the optimal choice () 3 = || enforces

Bii+ Bz < 2|al, Bz —a=lal, 2011 +a = |al, 2812 +a = |af
which uniquely determine 3y 1 and ) 2 as 81 = 0, B2 = 2a when a > 0 and 31 = —a,
B2 = —a otherwise. The optimal choice for 3| 3is 3| 3 = 2—a that is available provided

that 811 =21 -, B12 = 2and 811+ B2 < 4 — 2a. The latter inequalities do not
determine 3, 1 and 3| > uniquely but the best choice is indeed 8,1 =1 -, 812 = 2.

Proposition 2.4.8. Let ¢ € W2®(T3). Under condition (2.33) there exist positive
constants 1 i, Y4, i € {1,2,3} such that,
— wniformly in (t,e) € Ry x (0,1), the norm | - ||+ is equivalent to the square root of

. . 3
|17+ € min ({1, ) 100, ()7 + ™2 min ({1, 24<3)” 102, ()
+ & min ({1, 7551) [V, ()7 + €22 min ({1, 255 1) Ve O

— there exists K > 0 such that for any hy € H the solution h® of (2.27) starting
from hg satisfies (2.30) for any e € (0,1) and any t = 0.

To emphasize the algebraic nature of the proof, as in [194] we introduce abstract
notation for operators

A =V,, B = v-V,—0V.0 -V,
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and their coordinate-wise adjoints in H,
A* = (v—=V,), B* = —B.
Additionally, we evaluate (and define) the following commutators
C = [AB]=V,, [BC]=oHess(¢)V,,

[Ai, AX] = 635, [4,0F-V,] = —At

where §;; is the classical Kronecker symbol. Also, as a preliminary computation we ob-
serve, using Einstein’s summation convention on repeated indices, that

|A* - AR|* = (AFAsh, ATAjh)
= (AjATAh, Ajh)
= <(5Z]Alh, A]h> + <AjAZ'h, A2A3h>
= [ AR|? + | A%h|?,

where A2 denotes the matrix A ® A. Finally we set

A*. A+EB.
g

Le = €a+1

to write (2.27) as

(o Lo — Fvt V)0 =0
93

Lemma 2.4.9. Let h® solves (2.27). Then equations (2.31) and (2.32) hold as well as

2 dtuhfu? e lAn)? = (2:34)
1

2 dtnA#hﬂR Ha<||A#h€||2+HA#Ah€H> —— Oyt Ayhy, (235)

3 dtl\O whe[* + Ha\lc#AhﬂP = Z{(AF - V1) Viy 6, Cyh®), (2.36)

where # stands either for 1L or .

Proof. As already pointed out, estimate (2.34) follows from (2.13) with H(h) = h?. We
prove (2.35) by computing on one hand for any @

(A; L% AihS) =

1
e (14 he|? + | A ARS|%) + - (Cih®, Aih®)
and on the other hand
<‘41"UL . Vvhe, Azh€> = — <(AL)Z'h€, Azh€>

129



Chapitre 2. Densité de Maxwell-Boltzmann anisotrope

which vanishes when either one sums over ¢ = 1,2 or takes i = 3. Equality (2.36) follows
from the fact that for any ¢

(CiL:h®, Cih*) = HC’AIfH2 <(AhE 2)0z,0, Cih®)

1+a

and the fact that the v* -V, commutes with space derivatives hence its contribution
vanishes by skew-symmetry. To derive (2.31) and (2.32) we first observe that for any i

<C’iLah5 ,Aih€> 4 (A LRE, Cih®)

- (Cihe,

1+a

,AARS)

—Z(An- vm>axi¢, Aih®) + | Cib?
and conclude with for any ¢
(Ot - Voh®, Aih®)y + (At - Vbhe, Cihey = —((A)he,Cih®) .
O

Proof of Proposition 2.4.8. By using estimates (2.34), (2.36), (2.35), (2.32) and (2.31) in
each direction we infer that 4?, for any € € (0,1), € RS and v € (R*)©

1d
S d (Hhs -)
+ ) [ T A b |? + 1 min (1,

#e{L I} 5
+ Y24 min (1, 61%) 662#_1_a||C#Ah8H2

Ga) M TITN(|AghT P + | Ag ARt )

+ s min (1, k) o1 Cyh 2]

> |gemin (1, o) Y Cph | Al
#e{L,I1}
+ oy min (1, s ) [Hessgl| oo (ro)e# 1 [Cy 7] | AR

A

+ g min (1, otk ) | Hessg| oo gy %% ~1 | Agh® | AR

+ g min (1, zree)” €910 (| AghT|Che] + 2 A AR |C AR

+ ysrmin (1, obe)® €422 ALRE||OLRS|

+

bYL [ T Ah + Byape™ T min (1, oba) | Ceh?
#e{L,I1}
+ g min (1, 1L0) Ak | O

40. We keep the variable t essentially implicit in the estimate for concision’s sake.
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2.4. Mathematical justification of the limiting process

|z—:,t-

where the last sum arises from differentiation of time factors in the definition of |h®(¢, -, -)
In the former inequality, the right-hand side may be controlled by the dissipation on the
left-hand side using the following procedure. Young’s inequalities implies that for any
(a,b,c) € R? and (K4, Kp, K.) € (R%)3 there exists Ky > 0 such that for any positive
N1, N and any € € (0,1)

—K, e*N} — Kj, ®N2 + 2K. e“N1 Ny < —Ko(¢*NE + e°N2),

provided that 4!
2cza+b and K. < K, Ky.

It imposes the following conditions on

min({a + 2014, a + 26 > f
( 1 2 ) 7 Induced by Fokker-Planck
max({a, —a, (Big + B2g)/2}) < Bsg
Biz = 2—« Induced by magnetic field
frg = 0
Boy —a = 3y Due to regularization in time
a < fap

By eliminating redundant conditions we obtain (2.33). It remains to find s satisfying
the remaining constraints K. < K,K}”". To do so we seek s as v;» = n° with 1 positive
and sufficiently small. Remaining conditions reduce then to

2c¢1 > c3+ 0, 2co > c3+ 0, c3 > 0, 2c3 > c3+ 0, 2c3 > c1 + co,

c3 > 0, c1 >0, Cy > C3, c3 >0

and a smallness condition on 7 that we do not explicit here. To achieve the proof note
that the former condition on c¢s is satisfied with for instance ¢; = 1, ¢ = 2 and ¢35 = 7/4.
At last we observe that those conditions are also sufficient to ensure by similar arguments
the claimed equivalence of norms. O

41. One may relax conditions to
2c>a+b or (2c=a+band K. < K.Ks)

if one replaces ¢ € (0,1) with € € (0,20) for some sufficiently small 9 depending on (a,b,c) and
(Ka, Kp, K.).
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Chapitre 3

Comportement asymptotique de
I’équation de
Vlasov-Poisson-Fokker-Planck
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Ce chapitre est soumis pour publication [125].

The present contribution investigates the dynamics generated by the two-dimensional
Vlasov-Poisson-Fokker-Planck equation for charged particles in a steady inhomogeneous
background of opposite charges. Our goal is to provide global in time estimates that are
uniform with respect to initial data taken in a bounded set of a weighted L? space, and
where dependencies on the mean-free path 7 and the Debye length § are made explicit.
In our analysis the mean free path covers the full range of possible values : from the
regime of evanescent collisions 7 — o0 to the strongly collisional regime 7 — 0. We pay a
special attention to relax as much as possible the 7-dependent constraint on § ensuring
exponential decay with explicit 7-dependent rates towards the stationary solution. In the
strongly collisional limit 7 — 0, we also examine all possible asymptotic regimes selected
by a choice of observation time scale. Here also, our emphasis is on strong convergence,
uniformity with respect to time and to initial data in bounded sets of a L? space. Our
proofs rely on a thorough preliminary study of the nonlinear elliptic equation defining
stationary solutions and a careful tracking and optimization of parameter dependencies
of hypocoercive /hypoelliptic estimates.
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3.1. Introduction

3.1 Introduction

In a periodic box T? = R?/Z2?, we consider a large number of charged particles
subject to self-consistent electrostatic forces and interacting with a fixed background
of steady heavy particles with opposite charge as well as a thermal bath. The system
can be described at a kinetic level by a distribution function f : R, x T? x R? — R,
(t,z,v) — f(t,z,v) obeying the Vlasov-Poisson-Fokker-Planck (VPFP) system which
reads in dimensionless form

Of 40 Vaf = Ve Vof = —divy (uf + V),

—0*Dpd = p—pn, p= | fdv
RQ
and is completed with the prescription of an initial data, f(0,-,-) = fo.

The number density of background particles is given as p, : T? — R, whereas
¢ : Ry x T? — R is the electrostatic potential satisfying a Poisson equation. Interactions
with the thermal bath are modeled by the Fokker-Planck term at the right-hand side
of the first equation. The characteristic temperature of the bath is scaled to 1. The
respective total charges have also been scaled to 1,

f fo=1, f pn =1,
T2 xR2 T2

the constraint being preserved by the time evolution. The parameter 7 denotes the scaled
mean free path between two "collisions" with the thermal bath. The scaled Debye length
6 measures the radius of electrostatic influence of an isolated particle. The asymptotics
6 — 0 is called the quasineutral limit and the terminology quasineutral parameter is
also used for . While, as we clarify later on, our strategy has a clear counterpart in any
dimension, the precise outcome would be significantly modified by another dimensional
choice therefore we choose to restrict ourselves to the two dimensional setting.

The VPFP system, as expounded here or with some variants, including the considera-
tion of gravitational forces instead of electrostatic forces, has a long history. A derivation
of the model and references to even earlier derivations may already be found in a seminal
piece of work by Chandrasekhar [50]. Concerning the Cauchy problem in two dimensions,
first global well-posedness results were obtained by Neunzert, Pulvirenti and Triolo [161]
on R? for bounded compactly-supported initial data, by the method of stochastic cha-
racteristics ; then by Degond [59] for a frictionless version of the system, on R?, for W1!
data with finite moments in velocity of more than second order, by relying mostly on
suitable maximum principles. Since then those results have been extended and improved
in various ways [192, 41, 165].

Our goal is to provide a description of the dynamics of solutions to Equation (3.1)
on every possible time scale, from initial data to exponential convergence towards a sta-
tionary state, and in any regime of the collisional parameter 7. We also aim at providing
strong convergence results uniform with respect to initial data taken from bounded sets.
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Our normalization already contains || fo|r1(12xr2) = 1. However to benefit from a Hilbert
structure we shall use a weighted L? space embedded in L' instead of L' itself. Namely
we introduce the norm | - [|z2(37-1y defined by

u(x,v 2
fullery = || il dedo
T2 xR2

where M is the local Maxwellian

M(v) = (217T) e_%“"z )

The main advantage in this particular weight choice stems from the fact that the Fokker-
Planck operator is symmetric on L?(M~1). Then we choose fo > 0 such that

I follz2(ar-1) < Ro,

where Ry > 1 is fixed but arbitrary and obtain bounds depending on Ry but not on fy
itself.

As a preliminary observation, note that stationary states (f%, qﬁgo) are characterized
by

1
v Vaf® = Vadle  Vof ™ = —divy (0f* + Vo f*) |

—820. 8% = po—ph,  po = [T dv.
R

Since the Fokker-Planck operator is symmetric on L2(e*¢gO M~1) and the transport part
is skew-symmetric on this space, if for instance ¢J, is bounded and f® e L2(M~1') then
the two parts must vanish separately when applied to f®. Therefore f* is a global
Maxwell-Boltzmann distribution

FO(x,0) = M(v)e %@, (3.2)
and the stationary equations reduce to

—87 0,0, = e % — py. (33)
Concerning the latter, we observe that

Lemma 3.1.1. For any p, € H'(T?) such that {, p, = 1, for any § > 0, Equation (3.3)

. . S
possesses a unique weak solution ¢l € H'(T?) and moreover Spe e %% = 1.

Our analysis involves a more detailed study of Equation (3.3). Though we have not
found in the literature directly applicable results, the first steps of our analysis of equi-
librium states is however by now essentially standard [100, 76, 73, 98, 74, 37, 79, 78|.
It is noteworthy that the existence of nontrivial stationary states holds for most ge-
neralizations of (3.1). To prevent it, one essentially needs to look either at frictionless
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versions, where the Fokker-Planck operator is replaced with a Laplacian in velocity, or at
equations on R? with no background density p, = 0 and no confining potential [98, 74].
Correspondingly, in the former case, in various perturbative settings, self-similar decay
to zero at algebraic rates has been proven [42, 40, 166, 136].

In [29, 74|, Bouchut and Dolbeault prove that in R% d > 3 in presence of a confining
potential, when p, = 0, solutions f starting from initial data with finite mass, finite
energy, finite entropy and such that V,¢ € L ((0,00); L% (R?)), converge in L!(R??) to
a global Maxwell-Boltzmann distribution as time goes to infinity. Their proof is likely to
extend to the case under consideration and our focus is not in reproving such behavior
but in providing uniform bounds in the same space for the solution and the initial data,

and including exponential decay to equilibrium.

Obviously this encompasses asymptotic stability of equilibrium states. For the equa-
tion under consideration, Hwang and Jang [130] have already proved some asymptotic
stability results for the case where pp = 1 so that gbgo = 0, in a topology requiring
(fo — f*)/v/f® to be small in H3(T? x R?) (instead of L?). Note that condition ¢%, =
brings a lot of exceptional cancellations in the analysis and a considerable part of asymp-
totic stability results for similar equations have been so far focused essentially on this
case. Our result contains asymptotic stability in L? with explicit dependence on pa-
rameters of exponential convergence rates, and arbitrary pp, provided ¢ is sufficiently
large. Though we have not investigated this track, we anticipate that our strategy of
proof would also yield exponential asymptotic stability in L? for any fixed § provided
pn — 1 is sufficiently small, in the spirit of [78]|. During the completion of the present
contribution, also appeared by Bedrossian [16] an extension of [130], still with pp = 1
and high-regularity weighted L? spaces (but with algebraic weights instead of Gaussian
ones), to a version of the system where collisions are more nonlinear and model self-
collisions instead of collisions with a thermal bath. More importantly to us, holding §
fixed, Bedrossian provides a careful study of dependencies on the parameter 7 in the limit
T — 00, benefiting both from Landau damping for the limiting Vlasov-Poisson system
[159, 17] and from mixing-enhanced dissipation. This extends to the full nonlinear regime
the former linearized analysis by Tristani [185].

It is important to note however that our nonlinear parameter shall not be the distance
of the initial data to some equilibrium, that is essentially arbitrary here, but the inverse
of the quasineutral parameter. In particular even when p, = 1 our set of initial data
contains data that fail to satisfy Penrose stability criterion, that is known to play a
crucial role for the Vlasov-Poisson system both in the large-time limit [169, 113, 159, 17|
and in the quasineutral limit [117]. Though the currently available results [59] concerning
the approximation of solutions to (3.1) by those of the Vlasov-Poisson system are not
precise enough to justify relevant heuristic arguments, this strongly hints at the fact that
one cannot benefit from mixing properties at least initially and that one needs to take
6 — o0 when 7 — c0.

Though they do not state it in this precise way, the recent analysis by Hérau and
Thomann [123] proves precisely that for any fixed (7, Rg) there indeed exists a do(7, Rp)
such that when § > do(7, Rg) one may obtain global bounds for the solution, for the
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version of the system set on R?, with a confining potential but with p, = 0. Our main
goal here is to provide explicit upper bounds for those do(7, Rp). The analysis of Hérau
and Thomann scales badly with respect to 7, due to the anisotropic nature of hypo-
coercivity /hypoellipticity. Indeed, their analysis uses directly decay estimates from [121]
(see also [122, 120]) for the linearization about a stationary solution. Yet using those
would prevent us from keeping track of the anisotropic nature of dissipation that helps
in improving estimates of do(7, Ry). Moreover, as we discuss more precisely below, in the
limit 7 — 0, our optimization of involved hypocoercive Lyapunov functionals differs from
what would follow from an optimal treatment of the linearized problem !

Main results

Let us state our main results concerning the latter, that we split in cases including
respectively either the strongly collisional regime or the the regime of evanescent colli-
sions.

Our first result concerns the diffusive regime, namely when 7 is small.

Theorem 3.1.2 (Diffusive regime; 7 < 1). For any 19 > 0, any Ry > 1 and any
pn € WHP(T2), with p > 2, such that Sw pn = 1, there exist 09 > 0, 6y > 0 and K > 0
such that for any T € (0,79), any 6 € (49, 0),

— for any fo such that

Ifollz(ar-1) < Ro and J fo=1,
T2 xR?

then Equation (3.1) posseses a (unique strong) solution f starting from fo, and it
satisfies for any t =0

|£ () = fOOHL2(M*1) < K|fo— fOOHLQ(Mfl) e fort

where f* solve (3.2)-(3.3) ;
— for any fo, go such that

I
—_

[folzzu-ty < Ro. lgolzzar—) < Ro  and j fo - f
T2 xR2 T

2 «R2

then corresponding solutions f and g satisfy for anyt =0

Lf(E ) =gt )21y < K| fo = goll2ar1ye ™7

Actually we may ensure §p < K (1+ Ré/ 2) for some suitable K depending on pp,. The
forcing by pp indeed induces inhomogeneity in the bound.

Our second result concerns the regime of evanescent collisions, namely when 7 is
large.
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Theorem 3.1.3 (Evanescent collisions; 7 2 1). For any e >0, any 79 > 0, any Ry > 1
and any pn € WIP(T?), with p > 2, such that STQ pn = 1, there exist Ky > 0, 6y > 0 and
K > 0 such that for any 7 € (10,0), any § € (Kor7/1%+¢, o0),

— for any fo such that

IfollLzapr—1) < Ro and J fo=1,
T2 xR2

then Equation (3.1) posseses a (unique strong) solution f starting from fo, and it
satisfies for any t = 0

1£(t) = 12y < K Lo~ £ e e F

where f* solve (3.2)-(3.3) ;
— for any fo, go such that

I follz2(ar-1y < Ro,  [golr2ar1) < Ro and J fo= J go=1,
T2 xR2 T2 xR2
then corresponding solutions f and g satisfy for any t =0

6o L
ILf(t, -0 =gt ')HL2(M—1) < K|fo— 90||L2(M*1) e .

We may ensure Ky < K (1 + R(l)/ 2) for some suitable K again depending on py,.

Some comments are in order. Previous theorems prove that the combination of the
transport term that mixes space and velocity at typical time scale of size 1 with the
Fokker-Planck part that regularizes and dissipates in the velocity variable at time scale
7 do lead to both decay and regularity in all variables, regularization being somewhat
implicit in our statements, but clearly apparent in our proofs. This type of structure is
actually the prototype of systems leading to hypocoercive decay to equilibrium [122, 158,
194, 77, 75, 157] and hypoelliptic regularization [128, 137, 122, 120, 157|. Regularization
allows us to obtain exponential convergence starting from initial data in L*(M ') and
to prove Lipschitz dependence on the initial data from the norm topology of L?(M 1)
to the norm topology of L®(R; L?(M~1)). The latter is somewhat in contrast with the
analysis in [114]. The presence of a constant K > 1 allowing for some finite transient
growth also reflects both the non purely dissipative nature of our nonlinear system and
our use of regularizing effects. Indeed the dissipations of functionals involved in our proofs
need some time to control enough regularity to prevent the nonlinearity from inducing
some norm growth.
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The dependence of decay rates in the collisional

10
parameter 7 also stems from the multi-scale ani-
sotropic behavior of the system. As a simple but
enlightening toy model consider the system of two
1 ordinary differential equations
g N X'(t) = V()
0.1 Vi) = —X(@t) -7V ()
0.1 1 10
T that mixes X and V at scale 1 and dissipates expli-

citly V at scale 7, mimicking respectively transport
and collisions. For the toy model one readily checks
that the rate of exponential decay to zero behaves
as 1/(27) in the limit 7 — oo and as 7 in the limit
7 — 0%, This is consistent with our results for (3.1). Also note that our decay rates are
directly related to the spectral gap of self-adjoint operators

Real part of eigenvalues of the toy
model vs. T, in logarithmic scale.

1
—T A:D - — le’U (’U . +VU)
T

on L?(M~1), that exhibit the same asymptotic behaviors.

To comment on constraints on ¢, let us start with a deliberately oversimplified analogy.
Retaining from the foregoing discussion only decay rates and assuming that regularity is

not an issue leads to the consideration of scalar differential equations y/(t) = 1+57%(t)y(t) -
Ty(t) when 7 < land ¢/ (t) = 1+67y2(t)y(t)—%y(t) when 7 = 1, the forcing by y/6% modeling

in particular the effect of the inhomogeneity of pj,. For those equations the ball of center
zero and radius Ry is uniformly attracted to zero respectively when & > /1 + Ro 7 /2
and when & > /1T + Ro7'/2. Though those equations fail to provide relevant predictions
for our system, they give an idea of the kind of conclusion that can be drawn when one first
derives bounds for the semi-group evolution, without tracking anisotropic dependences
in parameters, and then uses them at the nonlinear level. In the regime where 7 < 1 it
is obvious that the foregoing scalar equation is way too pessimistic to be relevant since
it overlooks the dissipation in v at rate 7—! that helps to bound any term that involves
a derivative in v, including all contributions from the electric field, hence all nonlinear
terms! It is a bit more surprising that it also fails to predict an accurate threshold in the
limit 7 — oo.

It may be worth stressing that the necessity to impose § — o0 when 7 — o0 is a short-
time/nonlinear constraint and that for the evolution linearized about f* one may obtain
uniform estimates assuming only that § is large uniformly with respect to 7 € (0, ).
This follows directly from Proposition 3.7.2 and contrasts with Proposition 3.7.3.

To try a comparison with previous analyses involving an explicit discussion on the
parameter 7, let us extrapolate that when p, = 1 our constraint could be turned into

14
I fo — f*/6% < K. min(1,7~15%9)) for any ¢ > 0 and some K, where | - || is a suitable
norm. As already pointed out, in the limit 7 — oo this compares unfavorably with the
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recent analysis of Bedrossian [16] that only requires | fo — f©|| < Ks 7 /3 (with a norm
encompassing strong regularity however) when 7 < 1, and whose cornerstones are Landau
damping and mixing-enhanced dissipation — a priori not available in our context — that
leads to a dissipation in 771/3, instead of 771, for inhomogeneities in the x variable. In
the limit 7 — 0 it would compare however extremely favorably with the analysis by Jin
and Zhu [132], that also appeared during the finalization of the present contribution and
that requires | fo — f*|/6> < K7 when 7 < 1 (in a norm also requiring strong regularity
of the initial data). In particular their result does not allow to take limits when 7 — 0
for a fixed nontrivial pair (fp,d).

Now we turn to asymptotic regimes. In the diffusive regime, constraints on § are
uniform with respect to 7. Therefore for any sufficiently large fixed § one may examine
model reductions in the limit 7 — 0. Those depend on the typical time scale chosen to
observe the solution. Therefore we introduce an observation time t.of = tyf(7) and scale
f accordingly to obtain fief through free(t, x,v) = f(treft, x,v). The following diagramm
may help the reader to visualize remarkable time scales appearing in our last main result.

Homogeneous
Fokker-Planck

Frozen
initial data Asymptotically thermalized regimes
(v)  (iv) (iii) (ii) (i)
: : : tref(T)
0 T 1/7
Asymptotically free-field Asymptotically

linear regimes steady regime
Nonlinear low-field

regime

Theorem 3.1.4 (Diffusive limits; 7 — 0).
Let us denote fef the rescaled solution provided by Theorem 3.1.2.

(1). With K depending only on Ry, pn and 1, there holds for any t =0 and T < 19
”fref(ta K ) - foo('a ')HLZ(M—l) < K HfO - fOO“LQ(M*1) 6_90 bregt

s0 that, in L?(M~1Y), uniformly with respect to times t taken in compacts of (0, 0],
—0
fref(ta . ) ™y foo

provided tpef(T) T 30 0.
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(ii). When tnf(t) = 771, with K depending only on Ry, any py € W?P(T?), with
p > 2, and Tp, there holds for any T <

70
| fres = pres Mo, o1y < K7lfo = fZ 21y —0

With pref = Sgo fref(-; - v)dv, and, in L®(Ry; L*(T?)),

—0
pref(t7 K ) = Pas
where pas € LP(Ry; L2(T?)) n L3Ry ; HY(T?)) is the unique strong solution to the
drift-diffusion equation
{ atpas + divx(Eas Pas — vxpas) =0,

o (3.4)
E., = o vagg (pas_ph)7

starting from po = (g2 fo(-,v)dv € L*(T?).
(iii). In L2(M ') uniformly with respect to times t taken in compacts of (0, 0),

7—0
fref(ta " ) — po M

with po = SRQ Jo(-,v)dv provided tref(T) T = 0 and tref(T)Tfl 730 o0

(iv). When tof(t) = 7, in L*(M™Y), uniformly with respect to times t taken in
compacts of [0,00),

—0
fTef(tu Y ) T—) fFP

where frp is the unique strong solution to the homogeneous Fokker-Planck equation

otfrp = divy(v frp + Vo frp), (3.5)

starting from fo.

(v). In L>(M~1Y), uniformly with respect to times t taken in compacts of [0,0),

—0
fTef(tv'v') z fO
provided t,f(7)71—0 when T — 0.

Note that our Lipschitz dependence on initial data also allows us to replace the
fixed initial data of the previous theorem with a 7-dependent family converging to fy in
L2 (M~1Y) as 7 — 0.

In this theorem we prove strong convergence in each particular regime. In the asymp-
totically steady regime (i) we prove exponential convergence to the global Maxwellian
uniformly with respect to fy. Here uniformity in time necessarily excludes a neighborhood
of initial time since the asymptotic limit loses any trace of the initial data. Likewise, in
regimes (ii) and (iii) part of the initial data is asymptotically lost so that uniformity
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near initial time may hold for the asymptotics of pyet but not for fier. There is a threshold
tret(T) = 771 between asymptotic regimes where nonlinearity due to field effects play a
role ((i) and (ii)) and the asymptotically field-free linear regimes ((iii), (iv) and (v)).
For the latter regimes, moreover, the macroscopic density p is asymptotically stuck to its
initial data, which prevents uniformity in time to hold up to infinite time. Actually those
three regimes may be understood via the fact that solutions are asymptotically close to
the family of solutions f to homogeneous Fokker-Plank equation

-
tref(T)

starting from fy. As for the foregoing linear case, our proof does provide convergence
rates for those three asymptotically linear regimes when one assumes more regularity on
initial data.

At the threshold (ii) appears the most interesting limit, known as the low-field, para-
bolic or diffusion limit. Here the asymptotic dynamics for pet is non-linear and capable
to connect initial data to large-time equilibrium, resulting in estimates uniform with res-
pect to time in [0, 00]. Note moreover that System (3.4) inherits the same properties of
exponential convergence and uniform stability with respect to initial data as (3.1). As for
the large-time limit, our main goal here is not to prove that the limit holds but to provide
strong convergence in the same L? space where the initial data is taken and uniform in
time. Indeed the present limit has been extensively investigated over the years, with first
results obtained by Poupaud and Soler [172], then improved by Goudon [106] and ex-
tended to higher dimensions [81] and multiple-species dynamics [195, 124]. In particular,
for various variants of (3.1), the limit is known to hold for initial data with finite mass,
finite energy and finite entropy (plus one moment in velocity when the system is set on
R?). Yet the convergence of p proved there is local in time and only weak in the spatial
variable, that is, it is proved in L ((0,00); L' — weak). In particular those convergence
results cannot be used to transfer the large-time behavior of the limiting (3.4) to the
original (3.1). In contrast, assuming here that § is sufficiently large, uniformly with res-
pect to 7, we prove that the convergence of pef holds in L® (R ; L?(T?)) assuming that
fo € L?>(M~1). Moreover, as for asymptotically linear regimes, assuming more regularity
on the initial data, our proof also provides uniform convergence rates.

ﬁt]? = divv(vf+ va),

Strategy

We now provide some more details on our strategy. To begin with, though we do
consider initial data not necessarily close to f%, it is convenient for this forthcoming
analysis to write solutions in a seemingly perturbative form by introducing the following
new unknowns

e

fo
In terms of (h,), System (3.1) becomes

h =0 — ¢

1
Ouh + 0 Voh = Vbl - Voh + = (0= Vo) - Voh + Voth -0 = Vath- (V= v)h (3.6)
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coupled with the Poisson equation
—0°AY = n, (3.7)

where the source is given by
n = f h f*dv.
R2

Once sufficient bounds have been obtained on gzﬁ‘go, one may rightfully replace in all
our statements canonical norms of L?(M~!) with the equivalent norm arising from its
interpretation as H := L?(T? x R?, ) where p is the measure with probability density
function f*. The space H is thus endowed with its canonical scalar product

Co (f,9) — fgdu.
T2 xR2

and we denote by | - | the corresponding norm. The main advantage is that now at
the linearized level the transport term becomes skew-symmetric for the new structure
whereas the Fokker-Planck operator remains symmetric. We stress that hgf™ is mean-
free and so will remain h(t,-,-)f* for later times ¢. Hence we introduce the following
subspace of H

Ho = {he?—[ such that (1;h) = j hdp = O}
T

2 « R2

where 1 denotes the constant function with value 1.

As is customary in the field, in particular following the memoir of Villani [194],
we shall write estimates proving hypocoercivity using an abstract formulation of the
equations. To do so we introduce the following unbounded operators on H

A = vva
B = v-Vy— (Vi) V,.

Let us mention that in order to clarify computations using vectors or higher-order tensors
we sometimes use Einstein summation convention on repeated indices. In this way, we
also introduce L, defined as

1
LT = fA;‘Ai-l-B
T

where we use the superscript * to denote coordinate-wise formal adjoint in H. On this
example our convention explicitly reads

A* =v-V,, B* = —B.
The perturbative form (3.6)-(3.7) is then equivalently written
Ooth + L:h — E-A*(1) = E-A%h,

E=062%V,A'n, n = f h f*dv.
R2
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3.1. Introduction

In this abstract form preservation of mass follows from A(1) = 0, B*(1) = 0, and the
non-linear part of the system lies on the right-hand side of the first equation.
Commutators play a crucial role in the analysis so that we define and evaluate

C = [A, B] = V:p 5
[B,C] = Hess(qbgo)vv ,
[Ai, AT] = 04,

where Hess(¢?)) is the Hessian matrix of ¢%, and §;; is the Kronecker symbol. At the
linearized level, good dissipative terms arise from

1
(hiLohy = ~[AR|?  and @U%ﬁm%MAchm=WCMP—<%Jh$w@A@>

that are involved in computations of time derivatives of respectively ||h|? and (Ah, Ch),
when h solves (3.8). Incidentally, we point out that, for K, L two vector-valued operators,
we shall repeatedly use K'L to denote the matrix-valued operator with coefficients K;L;.
For instance the operator yielding the Hessian in the velocity variable is denoted AA or
A2,

We will prove all parts of Theorems 3.1.2 and 3.1.3 — existence, uniqueness, stability
with respect to initial data, regularization and exponential convergence — at once by
interpreting (3.8) as the research of a fixed point for a strict contraction on a functional
space that encodes regularization and decay and that quantifies precisely dependences on
7. This function space is designed from functionals &, g - 5 and .7-"37 B.r.8 built as follows.
First we consider the following weighted Sobolev norm

0113, 6,7e = A1 + 777 min (1, £) |AR[
+ 427 min (1, %)3 |ICh|? + 2y37% min (1, %)2 (Ah,Ch),
and a corresponding dissipation
Dygre(h) = 7 AR + 57 min (1, 1) [A* - AR)?

+ o min (1, £)? JACK|? + 577 min (1, £)* | Ch| %

The presence of cross terms in ||h||, g, -+ is related to the above mentioned commutator
computation. Let us also mention that we have chosen to use weights with pure powers
of 7 instead of, for instance, some minima of two powers, principally to facilitate reading.
However it forces us to split the discussion between regimes 7 = 1 and 7 < 1.

Note that an estimation of [|h(t,-,-)||, 8, ¢ in terms of ||hol|, 5,~,0 = [|hol Wwhen A
solves (3.8) would encode hypoelliptic regularization. Powers of the time variable should
be appreciated with this in mind as they are associated with classical gain of regularity
afforded by the kinetic Fokker-Planck operator; see for instance [194, Appendix A.21].
Furthermore, if one proves that solutions to (3.8) satisfy for any to >t > 7

to
1A (t2) |2 + 0 t Dy . s(h(s))*ds < ||h(t1)]

Y 57 7,12
1

2
VvﬁvTatQ
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for some 6 > 0, then by using Poincaré inequality one deduces exponential decay with
rates scaling as min (77!, 753,753_B2). Hence closing such form of estimates will prove at
the same time hypoelliptic regularization and hypocoercitive decay.

In Section 3.5 we first show what choices of parameters v and 3 are available for the
reduced toy system d;h+ L;h = 0 that may be though as a ¢ = oo version of System (3.8).
We may then analyze for the original problem what is, among available parameters for
the toy system, the optimal choice to relax as much as possible the constraint on §
and still obtain the same entropy/dissipation relations. Since the way in which we prove
corresponding nonlinear a priori estimates lends itself to a strict contraction formulation
this will lead to Theorems 3.1.3 and 3.1.2. Actually in our study of (3.8) we rather use

& p.rot(h) = R]2 5,5 + 6> (1 + 7 min (1, £))|E|7,

to offer a better account of electric-field contributions. Our goal is then essentially to
build solutions such that

T g.7.5(h) < K |ho?

for some constant K, where

FY g.r.6(h) = & 5r5(h) + 0D 5 - 5(h) (3.9)
with
g’y,ﬁ,T,5(h) = Ssup g ,ﬁ,‘r,é,t(h(t? Yy ))7
t=0
and

o0
Dy oo s(h) = jo Dy (. ) dt

for a suitable choice of & > 0, 8 € R? and 7 € (0,+00)% under the weakest possible
constraint on ¢ and uniformly with respect to (7, hg) taken in relevant spaces. It turns
out that our choices are § = (0,2,1) when 7 < 1 and 8 = (—8/15,2/5,—1/15) when
7 2 1, and we amply comment on motivations of these choices along the proof. We stress
however here that the latter choice differ from the choice § = (—1,—1,—1) optimal for
the linearized dynamics when 7 = 1.

Once Theorem 3.1.2 and 3.1.3 have been proved, corresponding estimates or higher-
order versions of those may be used to bound error terms in diffusive asymptotics, leading
to Theorem 3.1.4.

Outline

The rest of the chapter is devoted to proofs of our three main theorems. In Section 3.2,
we investigate the well-posedness of Equation (3.10) and gather estimates on its solution
¢§O, which provides estimates on the steady state f®. Then, in Section 3.3, we glean
estimates on E in terms of h when it is obtained from the Poisson equation of (3.8). In
Section 3.4, we gather some preliminary pieces of information on solutions to the system
obtained by freezing nonlinear terms. In Section 3.5, to support our choice of exponents
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3.2. The Poisson-Boltzmann equation

B in the functional F, we close estimates for d.h + L:h = 0, a § = oo version of (3.8).
Theorems 3.1.2 and 3.1.3 are then proved in Section 3.6 and 3.7. Finally, the last section
is devoted to the proof of Theorem 3.1.4.

3.2 The Poisson-Boltzmann equation
In this section we provide well-posedness and regularity results for
— 2N, ¢% = e % — py. (3.10)

Consistently with our global analysis we insist on uniformity of estimates with respect
to & when 0 is bounded away from zero. This turns out to be crucial so as to control all
our norms and relative inequalities since they depend on § through ¢§O.

As a key example note the following form of the Poincaré inequality in H.

Proposition 3.2.1. There exist a positive constant K such that for any h € Hg and any
6 >0, one has

& A0
|8 < K [[e® | pocre) ™ | ooy (4RI + |CRI) -

The foregoing inequality is actually a straightforward consequence of the tensorization
of the classical Poincaré inequality on the torus with the Gaussian Poincaré inequality.
The reader is referred to [10, Chapter 4] for a detailed argument.

In the present section our arguments are relatively classical and strongly echo those
in [27, 73, 37] and even more those in [126, Section 3|. In particular the existence part
follows by identifying (3.10) with an Euler-Lagrange equation. To do so we set np = pp—1
so that ny is mean-free and introduce the functional

_ 52 2 —¢
J(¢) = 7 ) Ved|™ + erdmh + In (ere )

HO:{¢6H1(’IF2)’ ¢>=o}.
T2

on

The functional J is coercive, bounded from below and strictly convex provided that
pn € H~1(T?). The main observation leading to strict convexity is that from the Holder
inequality stems for any 6 € [0, 1] and ¢4, ¢2 € H,

0 1-6
J e 001-(1-0)¢24,, < (J e¢1dx> <f e~ %2 dx) .
T2 T2 T2

In turn, since by Jensen’s inequality, for any ¢ € Hy

In (L‘Q e¢> > In (e*STQ ¢> =0,
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coercivity and boundedness from below are explicitly derived from

i . 2\ »
50) = 5 [ 19008 = Kl ([ 9002) 4 m([Le?) G

that holds for some constant K and any ¢ € Hy. The Euler-Lagrange equation associated

with J is actually
6_¢5

2 -
-0 Ax(bls = STQ o5 Ph -

Yet, solutions ¢5 € Hy to the foregoing equation are in one-to-one correspondence with
solutions ¢4 € H'(T?) to Equation (3.10) through

5 _ 1 ~5 = ¢d — 0 3.12
¢oo G5 + n(fT2€ > ’ Ps (Zsoo J;l‘? ¢m7 ( )

(since Equation (3.10) implicitly contains §, e=%% = 1).

Proposition 3.2.2 (Existence, uniqueness and regularity).

1. For any py, € HY(T?) such that S}.Q pn = 1, for any 6 > 0, Equation (3.10)
possesses a unique weak solution ¢, € H! ']I‘2) and this solution is such that

Sr2€ 9 =

2. Moreover there exists a positive constant K such that for any such pp and any
§ > 0, the corresponding solution ¢5, satisfies

S|V 22y + ] f ¢
TQ

< Klpn = 1F-1(p2) -

3. If additionally, for some p € [1,+0], py € LP(T?) then

_ 46
le %] Locr2y < lpnlLore) -

4. In particular, for any p € (1,400), there exists K, > 0 such that for any py, €
LP(T?) such that Sp2pn = 1 and any & > 0, the unique solution #%, to Equa-
tion (3.10) satisfies

K
0
||v32n¢oo“LP(’]I‘2) < (TngPhHLP(W)

and
K

HébgoHLw(TQ) < (T;HPhHLP(W)-

Proof. Existence and uniqueness follow from the properties of J expounded above through
a direct minimization of the strictly convex functional J. Then the bound in H' stems
from (3.11) and J(0) = 0 by noticing that

= In U e¢’6> >0.
T2 T2
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3.2. The Poisson-Boltzmann equation

Concerning L estimate of e“b(gO, the formal argument proceeds by multiplying the
equation by —e~(P=19% and integrating to derive

(p—1)5° ﬁrz Va2 e P09 4 Lﬂ e PP = quz ~E=Do% b,

that implies
— &9 —1
e 12 g2y < e 1% beay lonl o
by Hélder’s inequality, from which the bound follows by simple computations. This may
be turned into a sound argument by testing instead against —e~ (=D max({$5m}) and
letting n — —oo0.

From here the W?2P? bound stems directly from the equation and classical elliptic
regularity properties — in Calderén-Zygmund form — for which we refer the reader to
[183, 184] or [108]. The L* bound then follows from the bound on {, ¢3, and a Sobolev
embedding applied to ¢%, — §o ¢7,. O

The foregoing proposition provides an L* bound on %% that blows up exponentially
in 672 in the quasi-neutral regime § — 0. Though this will be sufficient for our general
argument and thus we do not pursue this line of investigation here, let us mention for
precision’s sake that the bound on 9% may be dramatically improved if pp is bounded
away from zero.

Proposition 3.2.3 (Higher regularity). Let s € N, s > 2, q € (1,0] and p € (1,00).
There ewists a positive constant K = K, 4 and an integer ag such that for any pp, €
We=2P(T?) A L*(T?) such that §po pp = 1 and any 6 > 0, the unique solution #%, to
Equation (3.10) satisfies

K
IVs6teloem) < 5 (1+|e %m) (14 0252 ) (14 552) lonllwszo - (3.13)

Proof. We proceed by induction. The induction estimate

A0
%IV 200 | o(rzy < KIV*pnlio(rzy + Klle™ | oo (ray (1 + |65 15y ma(re)) [ 9%l (r2)

is obtained essentially by differentiating the equation and applying suitable Sobolev in-
equalities in Gagliardo-Nirenberg’s form. Namely, the elementary block leading to the
foregoing estimates is that if 1 < ¢ < k and o € (N*)? is such that || = k then

¢ ¢

ITTe% % emey < 107 ¢% w5 (z2y

=1 =1
¢

1-% k8 | k
< 1_[ HW2 a(T2) ”v gbooHLp(’]P H¢oo‘w2q ']1‘2)Hv ¢00HLP (T2)

]:
< K(l + H¢ |W2q T2) )H¢ HW’“P(TQ)

where p; = pk/o;. Actually some of the derivatives needs first to be replaced with finite
differences to justify formal manipulations, but we skip those classical details. O
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From now on we shall always assume but never repeat that ¢§O is obtained from py,
through Equation (3.10) and we shall keep the dependence on norms of p, implicit. Also
for concision’s sake we shall use without mention estimates of the present section.

3.3 The Poisson equation

We glean here estimates on E in terms of h when £ = —V and
—0%AY = n, n = f h(-,v) fC>-,v)dv
RQ

whenever h € Hg. They are naturally obtained from classical estimates on the Poisson
equation on one side and estimates on n in terms of h on the other side. We recall that
|- | denotes the canonical L?(du) norm for the measure dy = f*dxdv, that does depend
on J and py,.

Proposition 3.3.1.

1. For any s € N, p, € H*(T?) such that STQ pn = 1 and 6y > 0 there exists Ks > 0
such that for all § = b, for any h, n = o h(-,v) f©(-,v)dv satisfies

IVain)r2mey < K Z V5 h|

k<s

and if moreover h € Hog and E is the corresponding electric field

S KS
IV Bl 22y < 52 2 Ivanl.

k<s

2. For any py, € H'(T?) such that o pp = 1, p € (1,00) and 6y > 0 there exists
K, > 0 such that for all § = 6o, for any h, n = §go h(-,v) f*(-,v)dv satisfies

2 1—2
Inllzer2y < Kplhl? [Vah] >
and if moreover h € Hg and E is the corresponding electric field
K 2 -2
Ve Bl < 2 I01F [Vah]'5

3. For any pp € L*(T?) such that §opp = 1, p € (1,00) and & > 0 there exists
K, > 0 such that for all 6 = d9 and any h € Ho, the corresponding electric field
E satisfies

K
By < SR

4. For any py, € L*(T?) such that STQ pr = 1,1 € (0,1] and 69 > 0 there exists K, > 0
such that for all § = dg and any h € Hy, the corresponding electric field E satisfies

Ky e
|Blperey < =5 IR IVaR]
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3.4. Frozen equations

Proof. The Sobolev estimate on the macroscopic density stems from an integration of
the point-wise

V@2 < K 3 [5(e8) (a)]2 @ f VEh(z, 0)[2 £ (2, v)dv
RQ

k<s

that follows from direct differentiation and Jensen’s inequality (for the square function).
The Lebesgue estimate on the macroscopic density follows from

A0
Inllo(r2y < e ‘%Imo(w)f [ ) e (r2y M (v)dv
2

_ 48 2 1-2
S Ol a0 o Mo

A

5 S 1_,
< Kple™ | o €% o ray Il [Vah]
that is derived by triangle inequality, some Sobolev embeddings and the Hélder inequa-
lities. Remaining estimates are then deduced from classical elliptic regularity. Note in
particular that for any 1 < p < 2 < ¢ < o there exists K, ; such that

0 1-6
Bl < Kpqlnl5tgs Il 5ress
where 6,4 € (0,1) is defined by 1/2 = 6, 4/p + (1 — 6,4) /4. O

3.4 Frozen equations

As preliminaries to nonlinear final arguments, in the following section, we gather some
pieces of information on solutions to the system obtained by freezing nonlinear terms,
namely

Oh + Lih—E-v = E- A*g, (3.14)
where

E = 072V, A ', n = f h f*dv,
RQ
and E and g are given sources, E being derived from some given g € Hg through
E =62V, A, @= J 7 f*dv.
R2

We first collect algebraic identities describing each elementary piece of the final energy
estimate.

Lemma 3.4.1. Any smooth localized h solving (3.14) satisfies

ld 2 | <22 1 2 _ ~
i (A1 FIEE) + ZOAE - LA) = Q400 +Ra 1)

5 dtl\ChHQ FJACH? = Qe(h) + Re(h.g,9),

%<Ah, Chy+|Ch|> = Qac(h)+ Rac(h,g,7),
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with quadratic terms given by

Qu(h) = —(Ch, Ah
Qc(h) = <Hess(¢§o)Ah,Ch>+<Vm(E-v),C’h>
Qac(h) = —%((Ah,Ch>+2<A2h,ACh>) + Qac(h)

where

Ouc(h) = <Hess(¢§o)Ah, Ah> (B, Ch) + (Vo (E - v), Ah)

and trilinear terms

Ro(h,g,9) = <Ah, Eg>
Ralh,g,5) = <Ah, Eg> + <A2h, EAg>
Re(h,g,5) = <ACh, Ecg> n <C’Ah, ngE>
Rac(h,g,§) = <A2h, Ecg> + <A2h, ngE> 4 <Ch, Eg> + <AC’h, EAg> .

For latter use we also observe that if more frozen nonlinear terms of the same form
were added to (3.14), this would only result in adding more trilinear terms of the same
form in the foregoing identities. Namely, if E. A*g is replaced with E, “A*gr+ E,- A*go,
then accordingly trilinear terms R (h, g, g) are turned into Ry (h, g1, 1) + R4 (h, g2, §2).

Proof. We evaluate the time derivative of |h|?, ||AR|?, |Ch|? and (Ah, Ch). Using (3.14),

we need to compute three kinds of terms, involving respectively L,, F-v and the nonlinear

product E- A*g. Trilinear remainders Rg, Ra, Rc and Rac are exclusively obtained

from the latter while dissipation terms and quadratic remainders come from other terms.
To obtain the first energy equality we use the skew-symmetry of B to derive

1 1
_<LTha h> = _7<A*Ah7 h> = _7HAhH27
T T
To proceed we use the continuity equation
omn + divg(j) = 0, J = J vh f*Pdv (3.15)
R2

obtained by multiplying the first equation of (3.14) by f* and integrating with respect
to the velocity variable. By the Poisson equation, written in terms of a potential v such
that £ = —V1), and (3.15) we obtain

_1523

2
S0 B,

(E-v, hy = J joEdr = — | ¢omdr = —52J Vp- 0/ Vo da =
T2 T2 T2
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3.4. Frozen equations

The second equation follows from similar computations using that C' = [A, B] and
I =[A, A*], which implies

|A* - Ab|* = (AFAh, ATAjh)
= (AjATAh, Ajh)
= <51JAlh, Ajh> + <A]Alh, AZAJh>
= |An|? + | A%h)?.
This leads to
1
—(AL.;h, Ah) = — =|A*Ah|* — (ABh, Ah)
T

~ Z(JARJ? + |AR]?) — (Ch, Ah),
and we also observe that
(Ai(Ejvj), Ahy = (Ei, Aih) = (A7(E;), h)y =<v-E, h),
which we recognize as a term already computed. The trilinear term R 4 is
<Aih, Ai(B; A;fg)> _ <Aih, A; A Ejg)> - <Aih, E’ig> + <AZ- A;h, B Aig> .
Concerning the third equation we first compute
—{(Ci L+h, C;h) = —% (A;j Cih, A;Cih) +{|B,C;]h, Cih),
and use that [B, C] = Hess(¢%,) A. The remainder term R¢ is
<C,~h, i (B A;fg)> - <C’ih, (00, E;) A* g> + <c,~h, B ¢ A;fg>.

Finally, for the fourth equality, we only explain how a few typical terms are derived,
other following by the same kind of arguments. To this purpose note that

—(ABh, Ch) —(Ah, CBh) = —|Ch|* + (Ah, [B,C]h)
and
—(AA* - Ah, Ch) — (Ah, CA* - Ah) = —(Ah, Ch) —2{A*h, ACh) .
O

In the following lemmas, we indicate how to estimate each right-hand side term of the
foregoing lemma. The first lemma is a trivial corollary of the Cauchy-Schwarz inequality
and estimates on £ and ¢J,.
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Lemma 3.4.2. For any p, € WYP(T?), p > 2 such that STQ prn = 1 and 69 > 0 there
exists K > 0 such that for all § = 0qy, for any h

[Qa(h)] < [Ch[[An]

K
[Qe(h)] < 55 (IARLICR] + [A] |CRI)

30—

Qac(h) = Qac(h)| <~ (IAR||Ch] + 2| A%h||ACh])

1Qac(h)]

IN

K
53 (14B]* + [R[ [CR] + [R[AR]) -

Now we estimate trilinear terms by norms involving h, g, ¢ and their derivatives.

Lemma 3.4.3. For any p, € L*(T?) such that §o pp, = 1, n € (0,1)* and 6y > 0 there
exists K = K, > 0 such that for all § = & and any (h,g,3) € (Ho)?,

~ K : . ~ ~i1— ~
[Ro(h,g.9)| < 55 [AR| min(lg]*~™ [Cg|™ I3l 9] [31"™ |CFI™),

~ K - ~
[Ralh,g,9)] < 55 |AR] |gl'=™ [Cql™ |3l

K ileme v
+ = 1A% g™ |Cg]™ |Agl,

~ K 1 ~
[Re(h.g,9) < =5 [ACh] |Cg] [g]'=™ |Cg|™

K ~1— ~ .
+ =5 IACh| g~ |Cgl™ |g]™ |Cg|'~™

[Rac(h,g,9)| < 52 |A2h| g1 |cgl™ |yl
b B g o gl (Cgl
ICh]l gl =™ [Cgl™ 171
+ =5 IACH| JgI*~™|Cg|™ |Ag].
Proof. Half of the estimate on R stems directly from bounds on HEHLOO(TQ). The other
half follows, setting p = 2/n € (2,00) and defining ¢q € (2,00) by 1/2 = 1/p + 1/q, from

[(An, Bg)| < K 1ARIIE ] ogre) 92 (vav, o a)
< K'|AR] Bl o) o)~ ICg)"
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where we have used bounds on gb‘go and Holder and SoboleNV inequalities and noticed that
2/q =1 —mn. Then, one concludes thanks to bounds on | Ezpr2).
To estimate R4, we simply notice that

Ra(h.9.9)] < [Rolh,g,9)| + |AR] | E|Le(r) | Agl.

As for the third estimate, the first term of R¢ is dealt with similarly using once again
the L* bound on E. However the second term requires a more careful distribution of spa-
tial derivatives, essentially as in the proof of the bound on ||| (2 of Proposition 3.3.1.
Namely, set p = 2/n € (2,00) and define g € (2,00) by 1/p + 1/q = 2, then

(CAb, gV E)| < K |ACK] VBl 92 vav oy

with

N

2 2 4
Il euan iy < K’ (fR 00t 1Cg ) e M) dv)

" 1-2 2
< K'|gl" »[Cy|r

by Sobolev embeddings, Holder inequalities and L* bounds on ¢%,. The estimate is
achieved by relying on bounds on |V E| pp(r2).
We skip the estimate of R 4¢ as completely similar. O

3.5 Linear warm-up

For expository purpose and to support our choice of exponents in the functional (3.9)
we first develop our strategy on the following equation

Oth + L:h = 0, (316)

supplemented with initial data hg. Recall that — L, generates a semi-group of contrac-
tions on H [120, 122]. Moreover, Schwartz functions form a core for L, and all following
computations are readily justified for Schwartz initial data so that up to a density ar-
gument it is immaterial to do as if all computations were performed in the classical
sense.

As already expounded in the introduction our goal is to prove that in each regime
under suitable conditions on parameters 8 € R? and ~y € (0, +0)3, the following functional

i

v = [P+ min (1, £) |AR|?

+ 427 min (1, 3)3 |Ch|? + 2y37% min (1, %)2 (Ah,Ch)y,
is decaying in time with dissipation rate at least

Dy ge(h) = 7 AR + 917" min (1, 1) [A* - AR[?

+ 4ol min (1, %)3 |ACh|? 4 ~377 min (1, %)2 |Chl?.
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Proposition 3.5.1 (Diffusive regime). Under the following conditions on (3 € R3

max ( b —562> fs <min (261 + 1,8, — 1), (3.17)

for any 19 > 0 there exist v € (0,4)3, ¢g > 0, Co > 0 and 6 > 0 such that for any
pn € H™Y(T?) such that Sz pn =1, any 6 > 0 and any 7 € (0,79)

1. for any h, for anyt =0,

lalle > co (182 + 7 min (1, £) |AA|? + 7% min (1, £)* |Ch|?)

and
lIBlle < Co (18] + 7% min (1, £) [AR|? + 7% min (1, £)* |Ch[?) |

2. for any hy € Hy the solution to the linear Viasov-Fokker-Planck equation (3.16)
starting from hg satisfies for allt =0

B t
wh(t,-,')u@,ﬂ,twfo D,y po(h(s,)) ds < [hol?.

Proof. One may adapt Lemma 3.4.1 to (3.16) with resulting modifications being that
there is no electric field in time derivatives and in remainder terms no trilinear term, no
@ Ac and no Q¢. In particular, only Q4 and half of Q 4o have non-zero contribution to
remainders and those may be bounded without resorting to ¢>§O bounds. This leads to

t 1 t
SR 5. [ D) ds < Giol? + | R (b as.
with
Ry, ,¢(h)

e min (1, £) |Ch) | AR

+ 57 min (1,£) (JAR||Ch| + 2| A%h] | ACR])

1
e (M AR + 3575 (£)2 [CBIP + g7 (£) | AB] O] )
where we have used notation y;—, to denote the value at time t of the characteristic
function of [0, 7), namely 0 if ¢ > 7, 1 otherwise.

Now we want to ensure that R, g ¢ is controlled by an arbitrarily small fraction of
D, g ¢, uniformly in time and in 7. To do so, we seek ~; under the form £% for some
positive ¢; and observe that a bound

7% min (1,£)" K L “2° o(=7% min (1,£)" K2 + 777" min (1,£)" L?)

uniform with respect to K, L, t and 7 < 79 requires o = min({c/, a"}). If o/ # o” and
a € [o/,a”"] then there exists a unique 6 € [0,1] such that a = 6o/ + (1 — 0) " and
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3.5. Linear warm-up

the estimate also requires 8 = 03 + (1 — 0)3”. However once the above conditions are
fulfilled the estimate holds provided that ¢ > 6¢ + (1 — 0)c”. With this in hands, one
deduces our claimed estimate from

fr—1=-1, P2 —1= B3, B3 —1=3(Bs—1),
Br=3(B5—1), Bs—1=23(Bs—1)—3, Bs—1=23(B+5—2),

— which reduces to (3.17) — and
%(cl + ¢) < ¢3 < min(cg, 2¢) .

We conclude by noting that the choice (c1, ca,c3) = (1,2,7/4) fulfills the latter constraint.
So far we have omitted the very first constraint on || - [[;. Yet a sufficient condition is

Bs=3(BL+B2), 3<+1n72,

which is redundant with above requirements. O

The proof of Proposition 3.17 may be readily adapted to cope with the regime of
evanescent collisions, yielding the following result.

Proposition 3.5.2 (Evanescent collisions). Under the following conditions on (3 € R3

min <1,ﬁ1;62> > B3 > max (28, + 1,8, — 1) . (3.18)

for any 10 > 0 there exist v € (0,+0)3, ¢g > 0, Co > 0 and 6 > 0 such that for any
pn € H™H(T?) such that (o pr = 1, any 6 > 0 and any 7 € (10, +0)

1. for any h, for anyt = 0,
e = co (102 + 7% min (1, £) [ AR + 7% min (1, £)° [CB]?)
and
t
-

lIRll: < Ko (12 + 7 min (1, £) AB|? + 77 min (1, £)* |ChJ?) ;

2. for any hy € Ho the solution to the linear Viasov-Fokker-Planck equation (3.16)
starting from hg satisfies for allt = 0

|||h(t7 K )‘

_rt
3)67t+9J;) D77ﬁzs(h(s7'7.)) dS g HhOH2
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3.6 Strongly collisional regime

In view of Lemmas 3.4.2 and 3.4.3, to analyze terms that have been left over in the
foregoing section, we only need to consider

Q(h) = 7% min (1, ;) |AR| [Ch| + 77 min (1, %) e
+ 7P mm( %) HAhH2 + 7P mln( %) k| |Ch]
& 7% min (1 1)° 1] J4n] (319

57 Z Si+(h)
i=1

and choosing some 71 € (0,1)? and 7j; € (0,1)

o1 N - N 1§ N
Ry (h,g,9) = 52 (Tl,t(hagag) Xtzr + T1t(h, 9,9) thr) t 5 Z Tit(h,g,9) (3.20)
i=2

where

Tii(h,g,3) = [AR| [g]'=™ [Cg|™ I3,
Tiy(h,9.9) = |An| |g| Ig1"™ |Cg|™,
Tou(h.g,3) = 77 min(1,L) |AR| |g|*=™ |Cg|™ |3].
Tse(h,g,9) = 7 min(1,L) |A%R| |g]'~™ |CF|™ | Agl.
Tii(hy9,9) = 77 min(1,1)° |ACH| |Cy| |3]*™ |Cg|™
Tsi(h.g.5) = % min(1,£)° |ACh| |3]*~™ |CF|™ |g|™ |Cg|~™,
and
~ . 2 ol L 1| e 178
Tou(h.g,9) = 7 min(1,%)" |A%h| 3"~ |Cg|™ |Cqgl,

(h,9,9) (1, %)

Tro(h,g,g) = 7% min(1,4)" [A%K] [g]'~™ |G| |g|™ |Cgl'~™
(h,9,9) (L £)" [Ch] lgl'=™ ICgl™ I3l ,
(h.9.9) (1. 7)

|ACH] gl =™ [Cgl™ Ag].

We also need to take into account the electric field contributions in time derivatives by
augmenting || - H\W 57,1 to & defined by

E(h) = |IRlI3, 5 7.0 + 821 + 1 7” min (1, £))| E| 7. -

Prior to carrying on our nonlinear analysis in the diffusive regime, for reading’s sake
we make a specific choice of 3, namely 5 = (0,2, 1), and fix a corresponding v accordingly.
This choice is motivated by the following remark.
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3.6. Strongly collisional regime

Remark 3.6.1 (Optimality of 3). From Proposition 3.5.1, one may derive, through

Poincaré’s inequality, exponential decay of ||h(t,-,-)||y,8,+¢ when h solves (3.16), ex-
Tmax(B3,71,B3

plicitly encoded by a rate e=? 2t for some uniform 6 > 0. To optimize the
former decay rate, one must minimize max(fBs,—1, 3 — B2) under constraints (3.17).
The optimal choice requires actually B3 = 1, that forces 1 = 0 and B2 = 2. Indeed the
existence of a Ps satisfying constraint (3.17) is equivalent to

B1=0, B2=22, 3B1=pP—2, [1<fr—2

which is compatible with (81 + B2)/2 < 1 only if 81 = 0 and B = 2. In turn, the
corresponding choice of 5 does satisfy (3.17).

Last preliminary results are provided by the following proposition.

Proposition 3.6.2 (1 <1; =1(0,2,1)). Set 5 =(0,2,1). For any 70 > 0 and any y €
(0,00)3 satisfying corresponding conditions of Proposition 3.5.1, for any p, € WHP(T?),
p > 2, such that STQ pn =1, any 5o > 0 and any 71 € (0,1), there exist n € (0,1)° and
K > 0 such that for any t =0, any 7 € (0,7), any 6 € (5p, ) and any (h,g,q) € (Ho)?>

K

Q)(h) < 67Dt(h)’
Rig.0) < g []E |@Dda)® + 37 ()7 e 01| 8@

Proof. Besides obvious estimates we point out that Poincaré’s inequality implies that for
any h € Hy
72 min (1, 1) || < K [Dy(h)]"?

uniformly in 7 < 79, § = dg, t = 0. With this in hands one readily deduce for any h € Hg
Sl,t(h) + Sg}t(h)
Sgt(h) + Ss4(h) < K7 min(1,%) Dy(h),

A

K72 min (1, 1) Dy(n),

Sat(h) < K Di(h),
hence proving the first estimate. Likewise one obtains for any (h, g,§) € (Ho)?
Tia(h.g.9) < K min(1,1)"" Dy(h)2 Di(g)" £(3)"/2,
Tiolhig,§) < K770 D)2 [r=12min (1,£) 72 g | &(5)2,
Tou(h,9.9) + Tse(hyg.9) < K Di(h)"* Di(g)"? £4(9)7,
and for i € {3,4,5,6,7,9}

1-3n;

Tit(h,9,9) < K772 min (1,1) 2 Dy(h)Y2 Di(g)"? £:(5)">.

This yields the second estimate by choosing n; € (0,1/3] for i € {3,4,5,6,7,9}. O
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Remark 3.6.3 (Follow-up on the optimality of ). Estimates of Proposition 3.6.2 will
be used to set up a contraction argument with = (0,2,1) for large enough 6. As pointed
out in Remark 3.6.1, this choice of B is motivated by our will to optimize decay rates.
However one may wonder whether with a different choice of 5 one could improve the fore-
going estimates and set up a contraction argument using smallness of T and not largeness
of 0, hence allowing for asymptotically vanishing ¢ (possibly in a T-dependent way). Un-
fortunately, the answer is negative since our estimate of Sy, is actually independent of T

and 3.

Proof of Theorem 3.1.2. To prove Theorem 3.1.2, we introduce
X = {hel®Ru;H)|EN) <o} and Y = {heL®Ry;H)| F(h) <o}

endowed with norms V€ and +/F. For any R > 0 we denote by Xr and Yg the closed
balls of center 0 and radius R of Banach spaces X and Y. We recall that £ and F are
defined by

F(h) = Eh)+60D(h)

where

Q0
E(h) = sup&(h(t,-,-)) and D(h) = J Dy(h(t,-,-))dt.
=0 0
We fix Ry > 0 and choose hg € Ho such that |[hg| < Rp and for a suitable R > 0 we
consider the map ® : Xg — LS (Ry;H), g — h where h starts from hg and solves the
linear equation

oth + Lh — E-v = E-A*h (3.21)

where E and F are obtained through the Poisson equation from respectively h and
g. Existence and uniqueness in C(Ry;#) for (3.21) may be shown for instance using
arguments [121, Proposition 5.1| (adapted to our space-periodic setting that does not
involve a confining potential) in two steps. First, when considered as given source terms,
E -v and E - A*h satisfy the hypotheses of [121, Proposition 5.1] thanks to estimates

T
K
|, KB vl at < Gitlmoron 1Adlizoran VT

and

i KR T o\
fo ‘<E'A*hv‘:0>‘ dt < ?HhHLw(O,T;H) 1A@] 220,721 <J0 min(1, £) 3”)

for any ¢ € L2(0,T;H) such that Ap € L?(0,T;H) and 1 > 0 small enough. Then, by a
fixed point argument in C(0, to; H) for a sufficiently small ¢g, one builds a unique solution
to (3.21). Since tg can be chosen independently of the initial data one may repeat the
argument to eventually get a global solution.

Our goal is to show that when ¢ is large enough one may choose R sufficiently large
(independently of §) such that ®(Xg) < Yi and @ is a strict contraction (with uniform
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3.6. Strongly collisional regime

constant) for norms /&€ and +/F. Since fixed points of ® are exactly solutions of (3.8)
starting from hg, this will prove altogether the existence of a solution in Yz, its uniqueness
in Xpg, uniform bounds on the solution and smooth dependence on hgy. To extend the
uniqueness result one shall only need to remark that the above argument may be localized
in time and to use a continuity argument based on the fact that any solution belongs to
a suitable time-localized version of Xp for sufficiently small time.

Let us be more precise on the order in which parameters are chosen. Positive para-
meters 19 and Ry are given data and we choose a first g > 0 arbitrarily, say g = 1.
Then we may set 5 = (0,2,1) and a suitable ~ is provided by Proposition 3.5.1, constants
in corresponding estimates being uniform in the range 7 < 79, § = Jdp. The parameter
0 could be chosen essentially arbitrarily but it is convenient to set 6 = 5/2 where 0 is
provided by Proposition 3.5.1. It turns out that we may also choose R > Ry arbitrarily,
say R = 2Ry.

Step 1, ®(Xgr) < Yr. Now we show that we may choose d(, = dp such that for any 6 >
8, T < 70 and |ho| < Ry, we do have that ®(Xp) < Yr. Combining Propositions 3.5.1
and 3.6.2, we obtain indeed that for any (7,9, hg) as above, for any g € Xg, h = ®(7)
satisfies for any t > 0, for some constants K’ and K depending only on 75 € (0,1)

g + 0 fo Dy (h(s)) ds
< hol? + K [ QU0 + BEAG), As). 3060 s
0

K(1+R t min(t,7) s s
<nmw+%g)<me@mwﬁL P2 (2) 7 (s ds

hence, provided that (1 + R)/(5))? is sufficiently small one has

1+ R)

t K min(¢,7) N 3
Ehe) + 0 [ Duiho)as < hof? + T [T () o,

0 T
and choosing 71 € (0, %) yields for any ¢ > 0 and some constant K depending only on 7

K (1+R) r2(1—71)

|@)] < [hol*e 2

therefore for any ¢ > 0 and some constant K depending only on 7;

2(1-7 2(1—ii1)
HM<VMQG+K“+@T("¥MW% 1)
which can be made smaller than R? provided that (1+ R)/(8})? is small enough. It follows
that ® is well-defined from Xpg to Yg.
Step 2, Contraction. Now we show that ® is a strict contraction from Xpg to Yg.
Provided that (1 + R)/(d;) is sufficiently small, for any (7,9, hg) as above, for any data
(91, 92) € (XR)?, values hy = ®(§1) and hy = ®(Jo) satisfy

(8t + LT)(hl — hg) + (E1 — EQ) U= (El — EQ) . A*hl + EQ . A*(hl — hg)

161



Chapitre 3. Comportement asymptotique de I'équation de Vlasov-Poisson-Fokker-Planck

(with obvious implicit notation for electric fields), thus, for some constant K, for any
t>=0,

K (1+R)
52

D=

E((h — h2)(1)) + 8 Lt Ds((h1 = h2)(s)) ds < Fhi — h2)% €91 — g2)

as may be derived using that hy € Y and hy € Yg. Factoring out F(hy — hg)%, it follows
that ® is Lipschitzian from Xy to Yz and that its Lipshitz constant may be assumed
arbitrarily small provided that (1+ R)/(d))? is sufficiently small. This is sufficient to lead
to the well-posedness part of Theorem 3.1.2

Step 3, Faxponential Decay. The large-time decay may then be deduced from the
Poincaré inequality. Indeed the foregoing arguments provide for any to >t > 7

Enlht2)) + 60 [ Dulh(s))ds < &, (h(tr)).

t1

and for some K > 0, our choice of parameters yields uniformly for (7, d, hg) as above that
forallt > 7
K 7&(h(t)) < Dy(h(t)).

This leads to
E(h(t)) < e " TIE(h(T)) < K'e "7 R

for any ¢ > 7 and some uniform positive K’ and ¢’. This may be extended to all ¢ using
the uniform boundedness of & (h(t)). Similar arguments prove the uniform stability with
respect to initial data.

3.7 The regime of evanescent collisions

Remark 3.7.1 (Optimality of 8). From Proposition 3.5.2, one may also derive, through
Poincaré’s inequality, exponential decay in H of solutions to (3.16), explicitly encoded by
a rate e~0T™MB TR for some uniform 6 > 0. In order to optimize the former decay
rate under (3.18), first observe that the latter constraint implies B3 — o = —1 hence
min(fs, —1, 3 — f2) = min(Bs, —1). Thus, we only need to ensure that 3 = —1 and
there is a large choice of B that meet this constraint jointly with (3.18). Indeed for any

—2 < 81 < 0 one may choose By such that
max (381 +2,—f1 —2) < B2 < f1 +2

and then a suitable B3 may be chosen according to

min (1, i ;Bz> > B3 > max (—1,281 + 1,82 — 1)

and that defines a non empty interval of Bss.
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A natural guide towards a good choice of 8 could be the examination of the best
analogue of Proposition 3.6.2 in the regime where 7 is large. However, another thing that
also differs from the strongly collisional regime is that the main obstruction here does
not arise from quadratic terms. Indeed one may prove the following estimates.

Proposition 3.7.2 (1 2 1; = (-1,-1,-1)). Set g = (-1,—1,—1). For any 79 > 0
and any v € (0,00)3 satisfying corresponding conditions of Proposition 8.5.2, for any
pn € WHP(T2), p > 2, such that Sp2 pn = 1, any 0o > 0, there exists K > 0 such that for
any t =0, any 7 € (19,0), any § € (59, 0) and any h € Hy

QIh) < 75 Dlh).

Since we shall not make any use of the former proposition we skip its proof. Yet let
us point out that the involved uniform estimate enforces 3; < —1, 7 = 1, 2, 3. Indeed
constraints (3.18) implies ;1 < 0 and, under this condition, the best possible estimates

Sit(h) < K %% min (1, 3)2 Dy(h),
S3+(h) < K7'*P min (1, %)2 Dy(h),

provide uniform bounds only when 28 + 1 < 3 and 3 < —1, which jointly with (3.18)
yield the claimed constraint. Note also that if moreover one requires 83 = —1 then the
only possible choice is indeed § = (-1, -1, —1).

Unfortunately, in the regime 7 2 1, trilinear terms leads to a more stringent constraint
on 0 and the foregoing choice 8 = (—1,—1,—1) does not minimize trilinear constraints.
Indeed

Tig(h,g.5) < K2 O min (1,£) 7" D)2 Di(g) V2 £,(3)V2

1+max(1,—B3)—1 B2

Tahgd) < Ko 2 Dyw)l2 [ 2min (1,4) 772 g(0)) | 3)12,

with 0 < m; <1 and 0 < 77 < 1, provides bounds that grow superlinearly in 7 unless
B2 = 0 and B3 = —1. Note in turn that in order not to exceed a linear growth in 7, the
bound on Ss; only requires 53 < 0. Now let us observe that in the final argument 7; is
constrained by 77 < % and that constraints (3.18) yield

%53-1-% < P2 < B3+ 1.

In turn minimizing
1 1 1
max(l — 582,52 — 385 + 3)

14
under these constraints proves that one cannot do better than a 715-growth and that
one may hope to (almost) realize it only with

8 2 1
ﬁ - (_Evga_ﬁ)

As the following proposition proves this turns out to be indeed possible.
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Proposition 3.7.3 (12 1; 8= (—<, g, 15)) Set B = (— %, g, L). For any e > 0,
any 70 > 0 and any v € (0,00)3 satisfying corresponding conditions of Proposition 8.5.2,
for any pr, € WYP(T?), p > 2, such that Sp2 o = 1 and any 6o > 0, there exist n € (0, 1)?,
n € (0,1) and K > 0 such that for any t =0, any T € (19, +0), any 6 € (89, 0) and any

(ha gvg) € (%0)3

14
o
Q) < Z5— Dilh.
KI5t 1 1 1 3m
Riug.9) < 25— 0t [0} + 78 (97 e ol @

Proof. We have already shown how to bound S ; and S3 ;. Moreover S ; may be bounded
as Si¢, and Sy and S5, as S3 ;. Likewise

1 7
Syi(h) < K720%%) Dy(h) = K 715 Dy(h).

We have already explained how to bound TM, we only need to add that 77; is chosen as
hm=z—beife< 15, and arbitrarily otherwise. Besides
m _
Tihig.3) < K772 ® ™ min (1,4)7 Di(h)"2 Di(9)2 (5)"2

Tou(h,g.5) < K% 2+ Dy(n)V2 Dy ()12 &(5)V2,

1—
Tyi(h,9,9) < Kt 2" (Bs+1) Dy(h)Y2 Dy(g)V2 &(9)"2,

which are shown to be sufficient by choosing 77 = % and any s, ng. At last

1-3n3

1y m3
Tsu(h,g,5) < Krafim2/H min (1,£) 2

Dt(h)l/Q Dt( )1/2 51&( )1/2

1—- 774 *3774
B2— 2ﬁ3+2 min (1 t)

Tyi(h,9.9) < K7 Dy(h)Y2 Dy(g)V2 & ()2,

B

17375
Tsa(h,g,5) < Kr2P oot B0emom) yin (1 £)2" D,(h)1/2 Dy(g)/2 £,(5)2

1y, Mo 1 1 1=3ng
T6,t(h;g,§) < KT—251— 2652+253+2 min (17 %) 50 Dt(h)1/2 Dt(g)l/Z gt(§)1/2,

1-3n7

1 1 1
Toa(h,g,5) < Kr 20talfstat T ) piy (1 L)
(14n9)
2

Di(h)! Di(g)" £(3)"".

1—-3n9
B2+PBs+1 min (1, %) 2

Toi(h,g,9) < K71~ Dy(h)'/2 Dy(g)Y? &(3)Y?,

which are themselves shown to be sufficient by choosing 7;, i € {3,4,5,6, 7,9}, arbitrarily
in (0, 3]. O

With this in hands the proof of Theorem 3.1.3 is achieved as was proved Theo-
rem 3.1.2.
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3.8 Asymptotic models in the diffusive regime

This section is devoted to the proof of Theorem 3.1.4. So far we have aimed at global-
in-time estimates and therefore what exactly was the reference time scale was immaterial.
Now we turn to asymptotics that are uniform only locally in time thus we explicitly
introduce a reference time in the equations. Namely, after choosing an observation time
tref = tref(T) in a 7-dependent way, we observe that if f solves the original system then
fret defined by fref(t, x,v) = f(treft, x,v) and hyer = (fref — f*°)/f* are such that

1
7athref + LThref = Eref‘ A*(]-) + Eref‘ A*href>
tref(T)
(3.22)
1

Eref = 52

vaglnrefa Nref = j s href foo dv.
R
with initial data hyg.
We already know that for any 79 > 0, Ry > 0 there exists dp and uniform positive
constants K and 6 such that when § > 8§y and ||ho| < Ry, for any ¢ > 0

Iaes()* + min (1, b20) [ Aheee(0) [ + 7% min (1, 225)” | Choer(1)]

tres t

[ Pt e [ min (1, 519) (o

0 0

bret (" t

+ ff min (17%3) HAzhref(S)Hst + trefo min (17%3)3 HAChref<3)H2d3
T 0 0

< K |hol?

and
|Pres(t)]| < K e 0%t Tt| pg| .

The latter estimates shows that |hger(t)| converges to 0 uniformly on compacts of (0, +o0]

provided that t,e¢(7)7 3" 0. The foregoing asymptotic regime is stationary. This proves
part (i) of Theorem 3.1.4.

3.8.1 Asymptotically linear free-field regimes

In the opposite regime where t,¢¢(7)7 "2% 0 we show now that relevant asymptotic
models are of evolution type or at least strongly keep track of initial data. However they
are linear and one can also drop out convective terms at least in the velocity directions.

Namely, let us denote hyy, the solution to

1 1
——0 hin : achin - E(S ’ vhin - *A*Ahin =0
() 1 + v-Valy w " Vol = 1
with initial data hg. Observe that for any ¢ > 0
2 tret [ 2 2
[Pain () + 2= ) | Ahtin(s)["ds < |holl” -
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Note that
1
Or(heet — M)+ 0+ Va(hret — hiin) — B+ Vi (hret — Tiin) — — A" Alhret = huin)
= Eref . A*href + Eref : A*(]-) .
This implies for any ¢ > 0
tref t
s = i) OF -+ L | A = o)) P

t
< nﬁjﬂwEm<>M@N2++aa>V)w
K,(1+ R3) 2 (treg T t)1T when  tyef
< gl < g i,

when  trer

tref(T)

for any 0 < n < % The trickiest part of the foregoing bound follows from

t
tﬂvf|ﬂﬁ@mﬁwn%u < MTfncmd>2wmﬂ>W1"
0
t 1ttef Chre 2n
< flho“‘"treﬂf G W ds
mln(l,rjefs)
K, RO

t 2
< HhOH ( 1ref7')1777 (J‘ min (17 %3)_1?7]77 dS)
0

obtained by the same argument used to bound R( in Lemma 3.4.3 and Holder estimates.
The proof of the claim is then achieved by noticing that

1-n

t _ 20
f min (1,%3) =1 ds < K max (t T > .

0 ? ref

Hence we are asymptotically close to the linear regime.
Now let us show that contributrions of the linear field terms also vanish in these
regimes. Let us denote h,s the solution to

1
PR has - *A*Ahas = )
Lref(T) O T 0

with initial data hg € H, and assume Chg € H. Note that
tre *
(O + 25 [ A (o)Pds < Ihol?.

and that, since C and A commute, Ch,s solves the same equation, hence satisfies a similar
estimate with initial data C'hg. Using that v = A + A*, a direct estimate provides

”(hlin - haS)(t)Hz + refJ HA hhn - aS)( )szs

Kot f [Chas(s)|2ds
0
t
+ Ktreff [[AChas(s)| + [Ahas(s)[] [[(Min — has)(s)]ds

0
K’ [treth HChoH2 + Vier Tt (Hho”2 + HChoH2)] .

N

N
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Since such hg form a dense set in H, the corresponding convergence, uniform in ¢t on
compact sets of [0, o0),

| () = has(8)| =20 provided  trer(r) T 0

may be extended to any hg € H. This proves part (iv) of Theorem 3.1.4.
At last observe that, on one hand, for any ¢ > 0, with ng = SRQ ho Mdwv

Tref
=" ho — nol|

|has(t) = no|l < e

for some uniform 6 > 0, which proves part (iii) of Theorem 3.1.4. On the other hand,
uniformly in ¢ on compact sets of [0, o0),

|Pas(t) — hol =0 provided @ =%
for any hg € H. The latter follows through a density argument from the explicit estimate
[has(t) = ol < =D [ A% A h|

that holds when moreover A?hg € H. This proves part (v) of Theorem 3.1.4.

3.8.2 Nonlinear diffusive regime

The remaining regime corresponds to the case where t..¢ 7 is of order 1 and therefore
in this section we set t..¢(7) = 77 !. Note that with this choice we already know that

—

0 2
(f HAhrefa)\?dt) < K lhol
0

and this implies that

1
« 2
(JO Hfref(t) - M,Oref(t)%2(M—1)dt> < K/T Hho” .

Our goal is to also identify some asymptotic limiting behavior for nyet = pref — e~ %%.
Note that the proof of Theorem 3.1.2 by a contraction argument also provides us with
the fact the map hg — hyer is Lipschitz from Hg to L (R ;Hy), therefore this is also
the case for the map hg — nget from Ho to L®(R; L?(T?)). To prove convergence in
L (Ry; L?(T?)) (without explicit decay rates) we may therefore restrict to a case where

also hold Ahg € H, AChy € H, Chg € H and C?hg € H. The gain we shall use is two-fold.

Indeed one may both drop out time weights in our arguments and upgrade it to higher
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regularity to obtain
Hhref(t)‘|2 + HAhref(t)Hz + HChref(t)H2 + ”AChref(t)H2 + 77 HOQhref(t)”2

1 [t 1 [t

" TQL Ah(s)Pds + L | A%hger(s)2ds
1 [t 1 [t

+ 2f |ACh(s)Pds  + 2f | A2Choeg(s)|2ds
T U T U

¢ ¢ ¢
+ f |AC?hyet(s)|?ds  + f |Cheet(s)|?ds — + J |C?hyeg(s)||*ds
0 0 0
< K [lhol? + [[Aho|* + |Chol® + [ACho|* + 7% |C?ho|?] -
It is very important to note however that to do so we do not need to restrict further d
in a way that would depend on the size of |Ahgl|, |[Chol|, | ACho| and |C%hg|. Otherwise
this would prevent us from extending the convergence to hg € Hg by a density argument.
In contrast, we will be free to restrict 79 in a way depending on above norms. We skip the
proof of the foregoing claim as lengthier but otherwise completely similar to estimates
that have been proved in detail above.
Now, our starting point is the continuity equation (3.15), that here takes the form
. .
5tnref + ;dlvx(]ref) =0
where we recall that

TNyef :f hreffoodv7 Jref 1= J Uhreffoodv~
R2 R2

Similarly, a momentum equation
. 1. 5 .
Tat]ref + ;]ref = MNref Eoo + (,000 + 7,Lref) Eref - v:Ijnref - dlvx (Sref) (323)

may be obtained by multiplying (3.22) by v and integrating in the velocity variable, with

Sret = f 2(1} Qv —1) hyer fPdv.
R
To give some hints on computations involved in the foregoing derivation, we introduce

{3 ) to denote the spatially dependent scalar product on L?(f® dv) and notice that
Nyef = <1;href>va Jret = <A*(1);href>v = <1;Ahref>v7 Sret = <(A*)2(1);href>v

as follows from v = A+ A*, A(1) = 0 and commutation properties of A and A*. Now
the key computations leading to the above are

(A*(1); Brer - A*(1 + hyet) )y = (Poo + Nref) Evet »
(A*(1); EY, - Ahret)y = SretEY, ,
(A*(1); A" - Ahvet)y = Jret
(A*(1);dive (A + A% hper) po - = dive ((A*(1); (A + A%) hrepyo)
— (A*(1); (A + A*)hrety ES,
—  divy(Sref + Trer]) — (Sref + Mrerl) ES .
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To proceed, with this in hands, the continuity equation may be turned into
atnref + divw(nref Ego + (Poo + nref) Eref - vz”ref) = divx(divw(gref)) + Tdivz(atjref) .

Therefore we set
1

1~
52 \ Ax Tref

ﬁref = TNyref — Tdivz(jref) and Eref =
and introduce n,s the solution to
OtNas + divx(nas Ego + (poo + nas) Eas — vznas) =0

starting from ng, where E,s = 072V, A n.s. Note that the well-posedness of the equa-
tion for nag may be obtained by a simpler version of the argument proving Theorem 3.1.2.
Moreover we may ensure that || < 2 Ry by requiring 79 [[div,(jo)| < Ro and thus res-
trict dp in a way that depends only on Ry in order to deduce for any ¢ > 0

= )+ [ 1920t = (3]s
< 7 diva o) P
b [ [P e 1S + B e
+ 1 72xet () | (Eres — Eres) (8) 700 72y
£ 72V ) ()] + [dive(Seer) (5) 2 | s
< K7 [Jhol? + | Ahol? + [Chol? + JACHo[? + *[C?hol?]

since |[divy (Sref)|| < K (| A2Chyer| + | A%hue]). This proves part (iz) of Theorem 3.1.4.
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Chapitre 4

Un schéma volumes finis pour des
problémes aux limites paraboliques

Travail en collaboration avec Francis Filbet 43.
Ce chapitre est publié en version abrégée
dans Numerische Mathematik [89].

We propose a finite volume scheme for a class of nonlinear parabolic equations endowed
with non-homogeneous Dirichlet boundary conditions and which admit relative entropy
functionals. For this kind of models including porous media equations, Fokker-Planck
equations for plasma physics or dumbbell models for polymer flows, it has been proved
that the transient solution converges to a steady-state when time goes to infinity. The
present scheme is built from a discretization of the steady equation and preserves steady-
states and natural Lyapunov functionals which provide a satisfying long-time behavior.
After proving well-posedness, stability, exponential return to equilibrium and conver-
gence, we present several numerical results which confirm the accuracy and underline the
efficiency to preserve large-time asymptotic.

43. Institut de Mathématiques de Toulouse, Université Toulouse III & Institut Universitaire de France,
Béatiment 1R3, 118, route de Narbonne F-31062, Toulouse cedex 9, France.
E-mail: francis.filbet@math.univ-toulouse.fr
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4.1. Introduction

4.1 Introduction

4.1.1 General Setting

Let Q be a polyhedral open bounded connected subset of R? with boundary T' = 0.
Let us introduce the steady advection field E : @ — R% and 1 : R — R a strictly increa-
sing smooth function onto R satisfying 1(0) = 0. We consider the following nonlinear
convection-diffusion equation with non-homogeneous Dirichlet boundary conditions

(v @) -V = 0 for xen, 20,
| ftx) = f(x) for xeT', t =0, (4.1)
L f(0,x) = fm(X) for x e Q.

In [24], T. Bodineau, C. Villani, C. Mouhot and J. Lebowitz showed that this equation
admits a large class of Lyapunov functionals, that we denote, using their denomination,
relative ¢-entropies. Each functional is generated by a convex function ¢ satisfying the
following properties.

Definition 4.1.1 (Entropy generating functions). For any non-empty interval J of R
containing 1, we say that ¢ € C?(J,R,) is an entropy generating function or simply
entropy function if it is strictly convex and satisfies ¢(1) = 0 and ¢/(1) = 0.

The entropies are defined relatively to a steady state of (4.1). Therefore, we assume
that there exists f* which satisfies

V- (En(f*)—vVn(f*)) =0 inQ,
(4.2)
fe =gt onT.

Now we can define the relative ¢-entropies and associated dissipations.

Definition 4.1.2 (Relative ¢-entropy and dissipation). For any entropy generating func-
tion ¢, we denote by Hy the relative ¢-entropy defined by

o= | | f((>) ’ <n(}7°ii)><))> do b

and by Dy the relative ¢-entropy dissipation defined by

Do(t) = || IVAI® " (W n(s)ax.
where h is the ratio between the transient and stationary nonlinearities

nf) . o
po= | 1) (4.3)
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Let us note that for the linear problem, namely when 7 is the identity function, the

relative ¢-entropy rewrites
f
He(t =J () “ dx.
(t) Q¢ Iz f

Typical examples of relative ¢g-entropies are the physical relative entropy and p-entropies
(or Tsallis relative entropies) respectively generated, for p € (1, 2], by

¢1(xr) = zxln(x)— (z—-1),

. (4.4)
dpla) = :”Z_]ix +1.

One readily sees that, since 7 and ¢’ are increasing functions satisfying 7(0) = 0 and
¢'(1) = 0, the relative ¢-entropy is a non-negative quantity which cancels if and only
if f and f® coincide almost everywhere. The ¢-entropies are not, in general, distances
between the solution and the steady state. However Csiszar-Kullback type inequalities
[55, 138, 189] yield a control of the L' distance between the solution and the equilibrium.
Therefore if a relative ¢-entropy goes to zero when time goes to infinity, the solution
converges to equilibrium in a strong sense.

The following proposition was proved in [24, Theorem 1.4] and yields an entropy-
entropy dissipation principle for Equation (4.1). It starts from a reformulation of (4.1)
using the new unknown (4.3). It is easily derived using Leibniz product rule in Equa-
tion (4.1) together with (4.2) and (4.3) and reads

% + V- (U*h — n(f®)Vh) = 0,
U* = B(f*) - Vi), (45)
V-U*® = 0.

Proposition 4.1.3. Any L™ solution of (4.1) satisfies in the sense of distributions

dHy
—— =-Dy <0, 4.6
dt ¢ (4.6)

for any entropy generating function ¢.

The formal computations leading to (4.6) motivate our choices in the elaboration of
the discrete scheme. Therefore, we recall the proof yielding the entropy equality.

Proof. First, we integrate (4.5) against ¢’(h), integrate by parts and use the boundary
conditions and the fact that ¢'(1) = 0 to get
dHy
dt

L ¢ (h)V - (=U%h + n(f*)Vh) dx

f U® - Vh¢"(h) h dx — J VA ¢"(h)n(f*) dx.
Q Q
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Let ¢ : s — s¢/(s) — ¢(s). It satisfies ¢'(s) = ¢” (s) s and ¢(1) = 0. Hence, substituting
it in the last expression yields

dHe B

= f u*. ch(h) dx — D¢ = —D¢,
dt 0

where we integrated the first term by parts, used the stationary equation (4.2) and the
boundary conditions. O

There are two important facts that justify the use of (4.5) instead of (4.1) to derive
the above entropy dissipation inequality. The rewriting transforms the advection field E
on 7(f) into the incompressible field U* on h so that the contribution of the convection
can vanish when the time derivative of the relative entropy is computed. The underlying
cancellations stems from the transformation of Vh ¢” (h) h into a gradient thanks to ¢ and
on the fact that f* solves (4.2). The second reason is that considering the equation on h
instead of f changes non-homogeneous Dirichlet boundary conditions into homogeneous
ones on h — 1. Together with properties of ¢, it enables cancellations of boundary terms.
In other words, relative ¢-entropies are the correct functionals and (4.5) the right form
of the equation to capture the boundary-driven dynamics.

The purpose of this work is the design and analysis of a finite volume scheme pre-
serving the whole class of relative ¢-entropy dissipation inequalities (4.6). This is done
by discretizing the reformulated equation (4.5) in a way that enables the counterpart
of computations of the proof of Proposition 4.1.3 to hold at the discrete level. Because
of the reformulation involving the steady state, the scheme is based on a preliminary
discretization of the steady state and flux.

Let us emphasize that E is a general field and need not to be either incompressible
nor irrotational as for parabolic equations with a gradient flow structure [168]. Indeed,
assuming some regularity on the advection field, one can apply the Hodge decomposition
to get the existence of a potential V : Q@ — R and F : Q — R? such that

E=-VV+F, V.-F =0 (4.7)

When F = 0, there are many examples in the literature [90, 45, 21, 38, 36, 46| of finite
volume schemes preserving entropy dissipation properties. C. Chainais-Hillairet and F.
Filbet studied in [45] a finite volume discretization for nonlinear drift-diffusion system and
proved that the numerical solution converges to a steady-state when time goes to infinity.
In [36], M. Burger, J. A. Carrillo and M. T. Wolfram proposed a mixed finite element
method for nonlinear diffusion equations and proved convergence towards the steady-
state in case of a nonlinear Fokker-Planck equation with uniformly convex potential. All
these schemes exploit the gradient flow structure of the equation, which gives a natural
entropy.

In the non-symmetric case F' # 0, the gradient structure cannot be exploited anymore,
but as Proposition 4.1.3 shows, there is still a relative entropy structure, which may be
investigated to prove convergence to a steady state. The relative entropy properties of
Fokker-Planck type equations in the whole space are exhaustively studied in the famous
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paper [5] of A. Arnold, P. Markowich, G. Toscani, A. Unterreiter and specific properties
of the non-symmetric equations have been investigated in [4, 1].

In bounded domains, entropy properties are often used in the context of no-flux boun-
dary conditions or in the whole space, but few results concern Dirichlet boundary condi-
tions. In [21], M. Bessemoulin-Chatard proposed an extension of the Scharfetter-Gummel
for finite volume scheme for convection-diffusion equations with nonlinear diffusion and
non-homogeneous and unsteady Dirichlet boundary conditions. While in the latter work
the author presents a scheme with a satisfying long-time behavior for a similar class of
models than those of the present paper, our strategy and objectives differ. Here we aim
at preserving a whole class of relative entropies and build our scheme for the transient
problem from a discretization of the stationary equation.

Let us precise that we can generalize our approach to the more general boundary
conditions

[En(f) = Vn(f)]-n(x) =0 on Ty,

with I' = I'p u I'y. Our results hold in this setting with minor modifications but to
avoid unnecessary technicalities in the notation and in the analysis we consider non-
homogeneous Dirichlet conditions on the whole boundary. However, numerical results
will be shown in both cases.

{f= fPon Tp,

4.1.2 Physical models

Before describing our numerical scheme, let us present some physical models described
by equation (4.1) for which the large-time asymptotic has been studied using entropy-
entropy dissipation arguments. Some of these models are the homogeneous part of kinetic
Fokker-Planck-type equations and this work constitutes a first step towards treating full
kinetic models. In future work, we aim at adapting the strategy developed here to ensure
the property of convergence to local equilibrium for the solutions of these equations.

The Fokker-Planck equation with magnetic field

A classical model of plasma physics describing the dynamic of charged particles evol-
ving in an external electromagnetic field (—Vx¢, B) is given by the Vlasov-Fokker-Planck
equation reading

8;; + Vv -VxF —Vx¢ -VyF + (vAB) - VyF =V, (vF+ VF). (4.8)
For more details on the model we refer to [29, 124]. In [29], Bouchut and Dolbeault
proved that the solution of (4.8) in the whole phase space and without magnetic field
converges to a global equilibrium. Their proof mainly relies on the decrease of the free
energy functional, which corresponds to the physical relative entropy introduced in (4.4).
The external magnetic field does not alter the relative entropy inequality. We refer to
[124] for the corresponding computations. Here, we consider the phenomena happening in
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the velocity space which results in a Fokker-Planck equation with magnetic field, namely
equation (4.1) with 7(s) = s and an advection field given by

E(v)=—-v+vAB, (4.9)

with constant magnetic field B. In applications, the velocity variable v usually lives in
R3. However when performing numerical simulations, one needs to restrict the velocity
domain to a bounded set €2. On the edge of this restricted domain 2, we shall consider
the following non-homogeneous Dirichlet boundary conditions

ft,v) = f2(v) VvedQ, (4.10)
where f® is the local Maxwellian associated with (4.8) which writes
[P (v) = ;efg Vv e (4.11)
(27)3/2 ' '

and is a stationary state of (4.1) with (4.9)-(4.10). With the boundary conditions (4.10),
one recovers the same stationary state as in the whole space while working in a bounded
domain. As for the more complicated kinetic model (4.8), free energy (relative ¢-entropy)
decrease holds.

Our approach is particularly promising for this kind of problem when the solution
develops some micro-instabilities around a steady state. In this situation, it is important
that numerical artefacts do not generate spurious oscillations.

The dumbbell model for the density of polymers in a dilute solution

The following kinetic equation describes the evolution of the density F' = F(t¢,x,k)
of polymers at time ¢ and position x diluted in a fluid flow of velocity u(x) from a
mesoscopic point of view

oF 1 1

The polymers are pictured as two beads linked by a spring and the variable k stands
for the vector indicating the length and orientation of the molecules. The potential II is
given by II(k) = |k|?/2 in the case of Hookean dumbbells or by II(k) = —In(1 — |k|?)/2
in the case of Finite Extensible Nonlinear Elastic dumbbells. In the complete model,
the velocity of the fluid u follows an incompressible Navier-Stokes equation featuring an
additional force term modeling for the contribution of the polymers on the dynamic of
the fluid which results in a nonlinear kinetic-fluid coupling. Here, we consider the simpler
case where u(x) is a given incompressible field. For more details on the modeling, we
refer to [133] and references therein. We also refer to the paper [148] of Masmoudi that
treats the well-posedness and provides additional information on the model.

Once again we aim at approximating numerically the “velocity” part of the kinetic
equation (4.12) which rewrites as (4.1) with n(s) = s and an advection field given by

E(k) = Ak — %Vkﬂ(k), (4.13)
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with constant matrix A satisfying tr(A) = 0. This matrix is the gradient of an incompres-
sible velocity field at some space location. Natural boundary conditions for this model
are given by null outward flux. In [133], the long-time behavior of (4.12) and of the latter
reduced model are investigated using relative ¢-entropies with ¢ given by (4.4).

A nonlinear model, the porous medium equation

The porous medium equation is a nonlinear PDE writing

of m
i Af™ (4.14)
with m > 1. It can model many physical applications and generally describes processes
involving fluid flow, heat transfer or diffusion. The typical example is the description of
the flow of an isentropic gas through a porous medium. There is a huge literature on this
equation and we refer to the book of Vasquez [190] for the detailed mathematical theory.
Here, equation (4.14) is set in a bounded domain £ with non-homogeneous Dirichlet
boundary conditions

ft,x) = f’(x) >0 VxedQ,

such that it might be recast like (4.1) with a null advection field and with n(s) = s™.
Using their relative ¢-entropy method, Bodineau, Mouhot, Villani and Lebowitz show
exponential convergence to equilibrium for this nonlinear equation.

4.1.3 Outline and main results

The plan of the paper is as follows. In Section 4.2, we present the finite volume
scheme and the discrete version of the relative ¢-entropies. Then, in Section 4.3, we
prove the main properties of our discrete flux , namely the preservation of steady states
in Lemma 4.3.1 and the non-negativity of discrete ¢ entropy dissipations in Proposi-
tion 4.3.2. In Section 4.4, we analyze our fully-discrete schemes. In Theorem 4.4.2, we
prove well-posedness, stability and decay of discrete ¢-entropies for the time implicit ver-
sion of our scheme. For the explicit version, we prove the same results in Theorem 4.4.4,
under a parabolic Courant-Friedrichs-Lewy (CFL) condition. Besides, the long-time be-
havior of the discrete solution, for both schemes, is investigated in this section and we
prove in Theorem 4.4.7 that discrete solutions return to equilibrium exponentially fast,
with a rate that does not depend on the size of the discretization. In Section 4.5, we show
convergence of the discrete solution to a solution of (4.5), when the size of the discreti-
zation goes to zero. Finally in Section 4.6, we end by providing numerical illustrations of
the properties of our schemes on the models presented above.

4.2 Presentation of the numerical schemes

In this section, we introduce our finite volume schemes. In the following, T is a
positive real number and Q7 denotes the cylinder [0, T") x 2. We start with some notations
associated with the discretization of Q.

178



4.2. Presentation of the numerical schemes

4.2.1 Mesh and time discretization

An admissible mesh of Q is defined by the triplet (7,&,P). The set T is a finite
family of nonempty connected open disjoint subsets K < €2 called control volumes or
cells. The closure of the union of all control volumes is equal to . The set £ is a finite
family of nonempty subsets Q2 called edges. Each edge is a subset of an affine hyperplane
in R4, Moreover, for any control volume K € T there exists a subset Ex of € such that
the closure of the union of all the edges in £k is equal to 0K = K\K. We also define
several subsets of £. The family of interior edges &y is given by {o € £, o & I'} and
the family of exterior edges by Eext = E\Ent. Similarly, for any control volume K € T,
we define &g x = Eing N Ex and Eext k= Eext N Ex. We assume that for any edge o,
the number of control volumes sharing the edge o is exactly 2 for interior edges and 1
for exterior edges. With these assumptions, every interior edge is shared by two control
volumes, say K and L, so that we may use the notation 0 = K|L whenever o € .
The set P = {Xf} oy is a finite family of points satisfying that for any control volume
K e T, xg € K. We introduce the transmissibility of the edge o, given by

where

i - d(xg,xr), ifoe€é&n, c=K|L,
7 d(xg,0), ifoebir,

with d(-,-) the euclidean distance in R?. The size of the mesh is defined by

Ax = max sup d(x .
KeTx,ny (x,y)

The Dirichlet condition on the boundary is given by f* € L*(I"). Endowed with these
boundary conditions, a discrete solution of the scheme at some fixed time is an element
of the set

Xp = {feRT x REext . f — 1f fPdm, Vo € Sext}.
m(o) Jo

Remark 4.2.1. The particular formula providing f, on the exterior edges is cosmetic
here since by the reformulation of the equation, we will only use the constant boundary
values of a reformulated unknown defined in (4.15).

Let us mention that with a slight abuse we keep the same notation for discrete and
continuous unknowns. Concerning the initial condition we assume that

>0 and Ky = HfinHLOO(Q) < +00, (H1)

and the discrete initial condition is given by

i n,L(lmefin<x>dx,

179



Chapitre 4. Un schéma volumes finis pour des problémes aux limites paraboliques

for all K € 7. For any function ¢ : R — R, and f € Xy we shall define the component-
wise composition with the intuitive notation ¥ (f) = (Y (fx))keTs (V(fo))octus)-

We denote the time step by At and set t" = n At. From this, a time discretization
[0,T) is given by the integer Ny = |T'/At| and the sequence (t")o<n<n,. A spacetime
discretization D of Q7 is composed of an admissible mesh of 2 and the time discretization
parameters At and Np. Finally, the size of the discretization D is given by

d = max(Az, At).

4.2.2 Discretization of the steady equation

In order to build our numerical scheme for the reformulated equation (4.5), we need
a discrete version of the steady state as well as corresponding discrete steady flux at
interfaces. Hence we introduce an approximation of n(f*) on cells (n(f*)x)xer and on
edges (N(f*)s)oce. We suppose that there exists positive constants mq, and My, that do
not depend on the discretization D and such that for all K € 7 and 0 € £

0<me < n(f)k, n(fP)e < My . (H2)

Remark 4.2.2. Of course this hypothesis requires some kind of maximum principle hol-
ding at the continuous level. It is the case at least for divergence free fields E, if f° is
bounded and bounded from below by a positive constant then by [82, Section 6.4, Theorem
1].

Moreover for each cell K € T and edge o € £k, we introduce a discrete flux F' ;(O, -
approximating § U®(x) - ng ,(x) dx along with the divergence free hypothesis

2, F, =0, (113)
UESK
and the interior continuity condition
Vo =K|L€&w, Fi,=—Fi,. (H4)

Let us emphasize that this last condition is required and satisfied for all the discrete flux
we define in the following. From the flux we also introduce the discrete velocities
o _ L 0
K,o — m(o_) Ko -
On one hand, for some models, the global equilibrium f* may be known analytically.
In this case, we may build a discrete approximation in X by a standard projection on
the mesh and the numerical flux F}¥  may be computed exactly or approximated with a
quadrature formula. In any case, hypotheses (H2)-(H4) must be satisfied. In Section 4.6.2
and Section 4.6.3, this strategy is used for computing f¥ and F¥ _ on our test cases.
On the other hand, when the steady state is not known We7apply a finite volume
scheme to compute a numerical approximation. Our method does not impose any scheme
for solving the stationary equation as long as assumptions (H2)-(H4) are satisfied. Ho-
wever to fix ideas let us provide an example here.
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4.2. Presentation of the numerical schemes

Example 4.2.3. One can determine the discrete steady state by solving (H3) on each
cell K € T with the flux

m(o) [EE,U n(f*)k — Eg n(f*)n — n(*)e = 77(foo)K] , ifo=K|L,

o0 do
e (£2)a = ()
m(o) [E;( W) By (™), — M K], otheruise.
where for any real number u, we denote by u* = max(u,0) and v~ = max(—u,0) the

positive and negative parts of uw. The quantity E , is a consistent approzimation of
E - ng, on the edge o such as E(x,) - ng ,, where X, is the center of mass of the
edge o. Then, for o = K|L, the approzimation of n(f*) on the edge o can be given by

n(f2)e = (fF) K +n(f*)L)/2 and for each cell K € T, [z =n"'(n(f*)k).

In Section 4.6.4, we provide another example of resolution of the steady equation by
a finite volume discretization.

4.2.3 Discretization of the evolution equation

Now we treat the time evolution problem and use the discrete steady state to build
a numerical approximation of the reformulated equation (4.5). We start by introducing
our finite volume scheme in a general implicit and explicit form. Then we define the flux.

Fully discrete schemes

In the continuous setting, we defined a new unknown to reformulate the convection-
diffusion equation. Its discrete equivalent is still denoted h and belongs to the space
X{VTH. It is defined for any K € 7 and n € {0,..., Nr} by

n(fx)
h = . 4.15
B (K (4.15)
Let us insist on the fact that boundary conditions are contained in the definition of the

approximation space so that here, h, = 1 for o € Eeyt. Solving the fully discrete implicit
scheme consists in finding f = (f&)nefo,..., N7} € X]]X,TH such that for all K € T

n+1
_ f;l( 1
m(K)y2 K N e (BT = 0, Vne{0,...,Np—1},
At U§K (4.16)
fr = Ig.

In explicit form, it amounts to building f sequentially by

n+1 _fm
m(K)KifKJr N Fro(h™) =0, Vne{o,...,Nr—1}
VK eT, At o (4.17)
=18,
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In order to lighten the notation we sometimes write Fi (k") = F , in the following.

: Np+1 . L
For any discrete element u € XubTJr , its reconstruction is given almost everywhere on
Qr by

™ if z e K and te [t",¢"T1),  (Implicit case)
us(t, r) = . 1
u'f if v € K and t e [t",t"""). (Explicit case)

Definition of the flux
The flux is divided in two parts,
Fyo = Fo% + Fis, (4.18)

corresponding respectively to the discretization of the convective term So hU%-ng ,(x) dm
conv

and of the dissipative term —§_1(f*) Vh - nk ,(x) dm. Accordingly, we call FZ7" the

convective flux and F;?;S the dissipative flux. The former is discretized thanks to an
monotone upstream discretization reading

J— 0% 9, he) = Uy g(hushie) |, if o = KL, o)
K,o = .
m(o) [U;g’: glhg, he) — U[O?’;g(ha,hK) ] , otherwise,

where U2 " = max(Ug ,,0) and U;(O; = max(—Ug ,,0) denote the positive and negative
parts of U;gg respectively. The classical upwind flux, that we use for our numerical
simulations is obtained by choosing ¢(s,t) = s. With this more general version, we aim
at highlighting the importance of the monotony property of this flux concerning stability
of the scheme and decay of discrete relative ¢-entropy. Accordingly, g : R? — R ought to
satisfy the following assumptions.

g is locally Lipschitz-continuous,

g is non-decreasing in the first variable and non-increasing in the second variable,

g(s,s) = s, for all s € R.
(H5)
The first and last conditions ensure consistency of the approximation.
The dissipative flux is built on a two-point approximation of the derivative along the
outward normal vector of each edge, namely

FE5(h) = =15 n(f*)s Di o, (4.20)
where the difference operator Dy , is defined for any K € T, 0 € £k and u € X;» by

ur, —ug if o€ &, 0 = K|L,
DK,UU = .
Uy — UK lfUEgext,K.

For consistency of discrete gradients, we require an orthogonality condition for the mesh,
namely
Vx,yeo=K|L, (x—y) (xx—x5)=0. (H6)
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4.3. Properties of the discrete flux

Remark 4.2.4. Hypothesis (H6) is necessary for establishing the convergence of the
scheme in Section 4.5 and even if it is standard [85], it remains a restrictive condition
on the shape of the mesh. The necessity for this hypothesis stems from the fact that we
choose a two-point flux (4.20) for the diffusion. This choice is motivated by the monotony
properties of this flux which enable the decay of ¢p-entropies at the discrete level.

Remark 4.2.5. Even if the flur (4.19) and (4.20) seem fairly classical, one must not
forget that they act on the unknown h while the discrete time derivative in (4.16) or (4.17)
is on f. As in the continuous setting, this is the most important part of the strategy.

4.2.4 Discrete relative ¢-entropies and dissipations

For f € Xy, the discrete equivalent of the relative ¢-entropy in Definition 4.1.2 is
given by
Hy(f) = Y m(K)egw(f), (4.21)

KeT

where ey = (eg,i) g 18 the local discrete relative ¢-entropy writing, for K € T

= [ () o

Contributions of the convective and diffusive part of the equation to the relative entropy
variation are defined, for h € X by

=SS ) FEm(h), = 3N ) PR, (4.22)

KeT oe€k KeT oe€k

We write Hj, C and Dj to denote respectively Hy(f"), Cy(h™) and Dg(h™). The precise
relation between these quantities is derived in the proof of Theorem 4.4.2 and 4.4.4. For
the moment, C’g + Dy should be thought as the “time derivative” of Hy. In Proposition
4.3.2 we show that Dy is as expected consistent with its continuous analogue Dy and
non-negative. Moreover, thanks to the monotonicity properties of the convective flux
(4.19), we also prove that Cy(f) remains non-negative, creating an additional numerical
dissipation consistent with 0 as § — 0.

4.3 Properties of the discrete flux

We present here, independently of time discretizations (4.16) or (4.17), the properties
of the flux introduced in the previous section. In this section, f is an element of X ;» and
h the corresponding element of X using relation (4.15).

4.3.1 Preservation of the steady state

The next lemma show that the discrete steady state is a steady state of our schemes.
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Lemma 4.3.1. Under hypotheses (H2)-(H3), if for all cells K € T, n(fx) = n(f*)k,
then
VKeT, > Fgo(h)=0.

el

Proof. Just observe that every component of h equals 1. Hence, for any K € T and
o€k, F%if(h) =0 and

> Fwh) = Y mio) (U = Uy ) = X FiE, =0,

O’GEK G'EEK O'ESK

using (H3). O

4.3.2 Non-negativity of dissipations

Proposition 4.3.2. Let ¢ be any entropy generating function and h € X1. Under hypo-
theses (H2)-(H5), the following results hold.
(i) The numerical dissipation is non-negative, namely,

Cy(h) = 0.
(ii) The physical dissipation rewrites
D¢(h) = Z To DK,Jh DK,Uqb,(h) U(foo)a
o€€int
o=KI|L (4.23)

+ > >, To Dioh D od' () n(f*)s = 0.
KeT 0€€cut, i

In order to prove the non-negativity of the numerical dissipation we compare it to
C’¢ ¢ which is the numerical dissipation of a centered convective flux that we define
hereafter as well as some complementary notation.

Definition 4.3.3. A function M : R, x Ry — R is called a mean function if it satisfies
for all s,te R,

1. M(s,t) = M(t,s),

2. M(s,s) =s,

3. If s <t, then s < M(s,t) < t.

We also define M, : X, — R by M,(u) = M(uk,ur) if o = K|L and M,(u) =

M (ug,uy,) otherwise. This is well defined thanks to the symmetry of M. For any such
function M, we define the centered convective flux associated to M by

Fito(h) = m(0) U, My(h)
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4.3. Properties of the discrete flux

and

= > D> ()R ().

KeT o€k

Finally for any entropy generating function ¢, it is elementary to show that

o(s) — ()
P'(s) — /()

where ¢(s) = s¢/(s) — ¢(s), defines a continuous mean function. We call it the ¢-mean.

M®(s,t) =

Remark 4.3.4. Let us note that for the 2-entropy generating function ¢o(s) = (s — 1)?

, the corresponding ¢o-mean is the arithmetic average and therefore FKﬁQ

approzimation for the convective flux, namely for o € Eipt

is a centered

hic + h
Fil%2 (h) = m(o) UR, %

When choosing the generator of the physical entropy ¢1(s) = slog(s)—s+1, the correspon-
ding mean function is the logarithmic average reading Mgy, (s,t) = (s—1t)/(log(s)—log(t)).

We are now ready to prove Proposition 4.3.2.

Proof of Proposition 4.3.2. In order to prove (4.23), we use (4.22) and (4.20) to get

D¢,(f) = — Z Z To -DK,O'h Qb/(hK) U(fgo)

KeT oefk

and the result stems from a discrete integration by parts.
Now, let us prove the non-negativity of Cy. For M a mean function (see Defini-
tion 4.3.3), we perform a discrete integration by parts of Cy — C’éw which yields

C¢_C¢])V[ - _ Z (Fconv FKO’)DKO' 2 Z conv_F%a)DK70(¢/(h)) )
0€&€int KeT o€€ext VK
oc=K|L

Now let us just remark that for any o € &y with o = K|L,

— (FE — FR')Dio(¢/(h) = m(o)Us (9(hk, hK) —g(hx,hr)) (¢'(hr) — &' (hK))
+ m(o) U%O: (Mo (h) — hr) (¢'(hr) — &' (hx))
+ m(o) U}‘?U_ (hr — My(h)) (¢'(hr) — ¢'(hi))
+ m(o) Uy, (g(he, hi) = g(he, b)) (&' (he) — ¢'(hi))

where we used that g(s,s) = s. If 0 € Ext, the same equation holds replacing hy with
hey. Therefore, since ¢' and g(s, -) are monotonically non-decreasing functions and M, (h)
is always between hx and hy (resp. hy), the above quantity is non-negative. Hence, it
proves that Cy > C’é)w.
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Finally, a simple computation using two integrations by parts yields

M M M
= = N FEDg. @) - Y)Y FRiDre(d(h),
€€int KeT Uegext,K
o=K|L
= — D, FR,Drolp(h)—= >, Y, FE,Dro(p(h),
€€int KeT Uegext,K
oc=K|L
= Z Z Flog,ago(hK) =0,
KETO’GSK

where we used (H3) in the last equality. Thus, Cy > e = 0. O

¢
Remark 4.3.5. Let us note that if we had used the fluzes Fljgi instead of Feg” in our
scheme, then the contribution of the convection would be null in the discrete relative ¢-
entropy variation. However, the scheme would have been ¢-dependent. With the upstream
flux, we get the whole class of relative entropy inequalities at the cost of an additional
numerical dissipation.

4.4 Analysis of the schemes

4.4.1 Implicit Euler

Before stating our main result for the implicit scheme (4.16)-(4.20). Let us show
that the control of a large class of relative ¢-entropies yields L™ stability of the discrete
solution. To establish this result with bounds that are independent of the discretization
D, L* bound on the initial data, given by (H1) is mandatory.

Lemma 4.4.1. Assume that for any entropy function ¢, and n € {0,..., Np}
Hy(h") < Hy(1").

Then, under hypotheses (H1) and (H2), there exists a positive constant Ko, depending
only on K, 0, Mg and My, such that for all (t,x) € [0,T) x R?,

0< f(;(tax)? hé(tax> < Koo.

Proof. Let us define ¢y, (1) = (- —up)™ if ugp > 1 and ¢y, (1) = (- —up)” if up < 1. It is
differentiable on R\{ug} with derivative ¢, = L[y 1o0) if uo > 1 and @), = —T(_g ]
if up < 1, where 14 denotes the indicator function of the set A. The function ¢,, is not
an entropy function. However, if for any n € N one has Hg,, (h™) = 0 for up = 0 and
ug = n(Kin)/mo, then ey, x (k™) = 0 and b € [0,7(Kin)/mo] for all cell K. Hence let
us show that Hy, (h") =0 by an approximation argument.
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4.4. Analysis of the schemes

Let B : 2 + x/(exp(z) — 1) be the Bernoulli function, which is a strictly convex C?
function. Then, for any € > 0 and ug € R, one readily checks that

Gerug * U —> Geug(U) = € [B (u;u()) - B (1;%)} + B <1_€u°) (1— ),

are entropy generating functions. When ¢ tends to 0, qb/auo converges pointwise to ;0 on
R\{up}. Therefore, by dominated convergence, one has for any n € {0,..., Np}

n 0
0<Hg,, < Hg,,

Since, by (H2) and (H1), HY = 0 for ug = n(Ki)/me and ug = 0 then H = 0 for all
n € {0,..., Nr}. Hence we infer the uniform bounds on hgs, and consequently on fs. [

Theorem 4.4.2 (Implicit Euler). Under hypotheses (H1)-(H5) the scheme (4.16) toge-
ther with (4.18)-(4.20) satisfies the following properties.

(i) There ezists a unique discrete solution f € X}\,CTH ;
(ii) there is a positive constant Ko, depending only on K, 1, Mo and My, such that

for all (t,2) < [0.T) x RY.
0< fé(t,l‘), h&(tyx) < KOO7

(iii) the scheme preserves the steady state f* and for any entropy function ¢ and
ne{0,..., Ny — 1},

Hn+1 — H"
% + DI <0 and DI >0. (4.24)

Proof. (i) : The existence of a unique solution to the implicit scheme can be shown with
a fixed point strategy close to that in [85, Remark 4.9] and we do not detail this part.
(iii) : Let us derive the entropy inequality. The Taylor-Young theorem provides the exis-
tence of 9}?”“ € (min(f%, fith), max(f3, fi)) such that

n+l _ n _ ;é+1 / 77(8) >
Con T o LK i (n(f??) @
= SR~ ) - ok G )2
A
R X P ek O = T,
el
where Y is given by
/A C)) ,,< n(x) ) 495
vee e \nim ) (425)
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Note that 1k is a positive function thanks to the positive monotony of  and ¢'. From
the definition of the dissipation in (4.22), it yields

H;LJrl Hn
n n m,n 1 n
T D+1 C¢+1_m2¢ 9 + +1 fK) ( )<07
KeT

where we applied Proposition 4.3.2 to control the first term of the right-hand side.
(ii) : By summing (4.24) over n and using the positivity of D, we obtain the boundedness
of Hp and we can use Lemma 4.4.1 to conclude. O

4.4.2 Explicit Euler

Before stating the main result on this scheme, let us introduce

d. U=+ h?(_g( TILOh%) UOO— g( L’hn) h?{ 1f0—:[§‘L
n T\TRT D ohn Droh" , | (4.26)
UKo = .
: h% — g(h%, hy) ~ g(hg, h) — g .
+ ) ) J
d, (U;(Oa K s }Ifn + U, KIZ o K ) otherwise,

with the convention a% , = 0if Dg,h™ = 0. Then observe that we can use this ag »
to reformulate the convective part of the scheme as a “diffusive term”, thanks to the
incompressibility of U, which is a consequence of (H3). Indeed, for all K € T, we have

7ZTO'GJKCTDKCT]’L_ Z Conv 2 UKU_ IC((')gva

O'EgK UEgK O'EgK 0’65;{

where we used (H3) in the last equality. Now we suppose that there is a positive constant
Vs that does not depend on § > 0 and such that

< Vi H
%27).(52%X|UK0| Vo (H7)

Thanks to the monotonicity and regularity properties of g from (H5), one has
0 <ag, < Cy Vyp diam(Q),

where Cy is the Lipschitz constant of g on [0, 7(Kin)/mx]? and diam(Q) is the diameter
of Q.

Remark 4.4.3. Hypothesis (H7) is the most restrictive of our assumptions since it im-
plicitly demand uniform W5 bound on the discrete steady state n(f*®). A more natural
and similar hypothesis is a uniform L? control on the velocity (instead of L™ ). It corres-
ponds to discrete H' control on n(f®), uniformly in § > 0, which can be easily obtained
for a finite volume discretization of an elliptic equation like (4.2). For the convergence
analysis in Section 4.5, this hypothesis follows from (H10). Unfortunately, we need the
stronger (HT) to obtain L* stability for the explicit scheme.
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Theorem 4.4.4 (Explicit Euler). Let f € X%TH be defined by the scheme (4.17)-(4.20).

Then, under hypotheses (H1)-(H5), (HT) the following properties hold.
(i) There exists a positive constant Creo depending only on Kin, My, Ve, g, n and
Q such that under the CFL condition

At
max ———

< (O,
KeT m(K) Z 7o <Cp

O'EgK

there is a positive constant Ko, depending only on K, 1, Mo and My, such that
for all (t,x) € [0,T) x R,

0< fs(t,z), hs(t,z) < Ko

(ii) If ® is a family of entropy functions with second derivate bounded between mg
and Mg, then there exists a positive constant Ceny depending only on on Ky, Mmoo,
My, Vo, g, n and 2 such that for every e € (0,1), under the CFL condition

At . me
T < o, Uent 7 .
I}(lg%( (K UGZE:K T, < min (C’L Cont A 5> (4.27)

for any ¢ € ® and n€{0,..., Np — 1},
n+1 n
Hy™ — Hy

At

Moreover the scheme preserves the stationary state f.

+(1-¢e)Dg <0 and Dy=0. (4.28)

Proof. (i) : For explicit time discretization it is rather classical (see [85]) to use the
convexity property of the scheme to show L* stability. However due to the fact that
flux are expressed in terms of h instead of f adds up some technicalities here. We have
to proceed in two steps to show the heredity of the induction hypothesis h" € J =
[0 7(Kin) /mc].

First note that for any ¢ > 0, under the CFL condition

At 5
2N 1, < Gi(6) = ,
KT m(K) J;K 7o < C100) = (Cy Voo diam(Q) + M)

one has fi*! € Iy = [0, K, + 6] for all control volume K € 7 since the scheme rewrites

At
n+1 n o0 n
= i+ E To(ak,o +n(f Dk oh".
K K m( Kv) et ( ( K))

Let us define M,‘]S = supgey, 7' (). Now we show that under a possibly more restrictive
CFL condition, A belongs to J. By the mean value theorem, there exists g} € I5 such
that

nt+l _gpn _ 77/(9%) n+l _ ¢n
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The scheme can then be rewritten as

'(gn) At
et = (1o TR s () |
" ( ) mi(R) 2 7o e F KD [
n'(g%) At 0\ B
+ ‘ TolOK, o + 1 f h
W) () T T
o=K|L
77,(97[1() At o0 n
+ To(ak,e +n(fK)) h
n(fg) m(K) Ueg% b K
Under the CFL condition
max Z T = e
KeT m( K ) S v s - MY (Cy Vi diam(Q) + M)’

it provides h’};rl as a convex combination of elements of J and hence {h}?’l} KeT S J.
The CFL constant Cr can then be taken as the supremum of min(C(d), C2(d)) when
0> 0.

(ii) : We proceed exactly as in the proof of Theorem 4.4.2 to get the existence of
9}?"“ such that

n+1
Hy' —Hy

N T Des<- wa OR"HURT = fie)*m(K), (4.29)

KeT

for v defined by (4.25). Note that the sign of the last term has changed compared to
the implicit scheme. Using the scheme, the last term in (4.29) can be estimated with the
Cauchy-Schwartz inequality as

2
At 1 nn+
7K iy V) (ZFK> -
Ny (Z ) (Z " (DK’”hn)2>’

O'EgK O'GgK

M) (Cy Vi diam(Q) + Mo)?

Moo

Then, using that
me m
n = ® 0 Z Z To DKO’ )

KeT oe€k
it yields (4.28) provided that the CFL condition is satisfied with constant

2
My

MY (Cy Vi diam(Q) + My)?

Cent = 9
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4.4. Analysis of the schemes

4.4.3 Long time behavior

In this section, we study the long-time behavior of the discrete solution in the linear
case 7)(s) = s. We prove exponential decay to equilibrium with the following strategy.
From a classical discrete Poincaré inequality, we establish a discrete Poincaré-Sobolev
inequality for controlling Hy, by Ds,, where we recall that ¢o(s) = (s — 1)2. Then, pro-
perties (4.24) and (4.28) provide exponential decay to equilibrium by a discrete Gronwall-
type argument for Hyg, and all relative ¢-entropies controlled by the latter.

Remark 4.4.5. The question of the existence of a general ¢-Poincaré-Sobolev functional
inequality for any entropy generating function ¢, even in the continuous setting, goes way
beyond the scope of this paper and we refer to [24, 5] for discussions on this matter.

The 2-entropy and its dissipation are closely related to, respectively, the L? norm

1/2
o2 = (Z m(K) |UK|2> :

KeT

1w

and the discrete H! semi-norm

1/2
‘U|172,7’ = Z To |-DK,O'U‘2+ Z Z To ’DK,UU|2 ) (430)
0€Eint KeT 0€€ext, K
o=K|L

for which M. Bessemoulin-Chatard, C. Chainais-Hillairet and F. Filbet proved the follo-
wing discrete Poincaré inequality in [22, Theorem 6], based on older work that may be
found in references therein. Before stating it, we need to introduce the following regula-
rity constraint on the mesh. There is a positive constant & that does not depend on D
such that

VK eT, Vo e &y, dK,O' > & dy (HS)

Proposition 4.4.6 ([22]). Under hypothesis (H8), there exists a constant Cp only de-
pending on ) such that for all uw e Xq, it holds

Cp
lullop < —glulieT
§

1

As a consequence we have the following chain of inequalities. For any h € X3
C% My,
&
Theorem 4.4.7. (Exzponential return to equilibrium)

We suppose that n is the identity function, and that the assumptions of Theorem 4.4.2
(respectively those of Theorem 4.4.4 as well as the CFL condition (4.27) for ® = {¢2})

C% My,
§1 Moo

Hg,(h) < Mo |h =15, < Ao < Dy, (h). (4.31)
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and (H8) are satisfied. In the implicit case, we also assume that At is smaller that a
given constant k. Then, the solution f of the scheme (4.16),(4.18)-(4.20) (respectively
(4.18)-(4.20) ) is such that there are two positive constants, k depending only on §2, My,
My, &1, and Cyy, depending additionally on HgQ (and k in the implicit case) such that
forallne{0,...,Np — 1},

Hg2 < Cip e Rt

As a consequence, for all m € {0,..., Np — 1}, it holds

”f(s(tn? ) - f?()“%l(ﬂ) < CZ eimn.

Proof. By combining (4.31) and (4.24) (respectively (4.28)), we obtain Hg;l < (1+
KAL) ! Hj, in the implicit case with k = & Mo/ (Ch My) and Hg;l < (1—rAl) Hj, in
the explicit case with k = (1 —¢)& Mo /(C% My,) where € is in the CFL condition (4.27).
Hence we get exponential decay of the 2-entropy, with Cy, = HgQ in the explicit case and
Cin = HgQ exp(k?k?/2) in the implicit case. Finally, the estimate in L' is obtained from
a Cauchy-Schwartz inequality

157 = £ 120y < 12 Lo s /A £ = A/ 5 gy = 168 2y HE -

and the decay of Hy,.
O

Remark 4.4.8. The exponential decay holds for many other ¢-entropies. For instance,
let us restrict our class of entropy generating functions to that introduced by Arnold,
Markowich, Toscani and Unterreiter in [5], that is those satisfying ¢ € C*(Ry) and

<¢”’)2 < %‘bﬂ ¢IV.

Mark that the physical and p-entropies are generated by these entropy functions. As a
consequence of [5, Lemma 2.6/, one has that any such ¢ is bounded from above by a
quadratic entropy function, namely

o(s)
¢"(1)

Therefore, since the same inequality holds for the corresponding relative entropies, namely
Hy < ¢"(1)Hy,, the exponential decay holds for any relative ¢-entropy in this class.

< da(s) = (s —1)°

4.5 Convergence

In this section, we prove that when 6 — 0, the sequence (hs)s=o converges to a
solution of (4.5) in the following sense.
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4.5. Convergence

Definition 4.5.1. We say that h is a solution of (4.5) starting at initial data f" if
— h—1€ L%(0,T; H(Q))
— F = (7)) € L Q)
— For any test function ¢ € CX(Qr), it holds

_H[fathr(Umh—n(fOO)Vh).vw]_fgfinw(07_) _0
Qr

Thanks to the reformulation of Equation (4.1) into (4.5), the only nonlinearity lies in
the first term. In order to prove convergence of the scheme we need strong compactness
to recover pointwise convergence and identify the limit of (fs)s as =1 (n(f*)h) with h
the limit of (hs)s.

Except for this originality, the strategy is fairly standard. We first derive uniform-in-¢
estimates on hg and its (discrete) gradient in x in order to get compactness in the space
variable. Then thanks to the structure of the equation compactness in time is obtained
from previous estimates. Using the consistency we shall then take limits in our scheme
and recover a global weak solution in the sense of Definition 4.5.1.

4.5.1 Hypotheses

We discuss specific hypotheses needed for the convergence result to hold. While, it
was not crucial until now, the orthogonality condition (H6) is very important in this
part, for consistency of discrete gradients. As in [47, 48, 21], the latter are introduced on
a dual mesh. For o0 = K|L, we define T, as the cell with vertices xf, x;, and those of o.
If 0 € Eoxt then T, is the cell with vertices xx and those of o, where K is the only cell
having o € Ex. We refer to [48, Fig. 1] for a visualization. On this dual mesh we set

m(o) DKU}L’"”Jr1 ng,, ifxeT,andte][t", ") (Implicit case)
6 o m(Ta)
VOhs(t,x) = m(c)
o
Dk h"ng 4, if xe T, and t € [t",t""!) (Explicit case)
m(T,)

Remark 4.5.2. The discrete gradients are well-defined since for ue X,, and o = K|L,
the product D su ng o is independent of the cell K. For o € Eqqy, there is no ambiguity
since only one cell is sharing the edge.

In order to obtain convergence of these gradients we need the following regularity
hypothesis on the mesh (see [48| and references therein for related comments). There
exist a constant & > 1 that does not depend on the discretization such that

Voe& m(Ty) <m(o)d, < &m(Ty). (H9)

Since our scheme is based on a discretization of the stationary equation (4.2), one needs
the convergence of the latter to obtain that of the former. Therefore we assume that
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both the discrete steady state and the discrete velocity converge to their continuous
counterparts. First, let us define them on the dual mesh, by

n(f*)s(x) = n(f*), for xeTy,

and
m(o)dy

m(Ty)

Then, when § — 0, we assume that

n(f?)s — n(f*) strongly in L*(Q)
Uy — U~ weakly in L*(€)

Uy (x) = Ug, 1k, for xeT,.

(H10)

Remark 4.5.3. Hypothesis (H10) is very natural. Indeed, since n(f*) satisfies a linear
non-degenerate second order elliptic equation, one expects to get uniform H' control on
discrete solutions of any reasonable finite volume scheme.

In the rest of Section 4.5, all results are stated for the implicit scheme. However,
everything holds also for the explicit scheme with minor modifications provided that one
adds hypothesis (H7) and the CFL condition (4.27) with ® = {¢2} to each proposition.

4.5.2 Compactness

In the following proposition, we provide the uniform L* and L?(0,T; H') estimates
we need for compactness. The discrete L?(0,T; H') norm is defined by

Np—1 1/2
[hsll120 = ( > Atlh"“ﬁ,g,r)

n=0
for the implicit scheme.

Proposition 4.5.4. (Uniform estimates) Under hypotheses (H1)-(H6) and (H9)-(H10),
there are positive constants Ko and K12 depending only on Ki,, 1, my and My such
that the solution of the scheme (4.16) together with (4.18)-(4.20) satisfies

0 < f&(tax)v h(;(t,X) < K(X)a

and

s

120 < Kio.

Proof. The first estimate is proved in Theorem 4.4.2 and 4.4.4. The second estimate is a
consequence of the boundedness of the dissipation of 2-entropy and of the lower bound
on the steady state since

meo W07 < DI,

By summing (4.24) over n and inserting the above inequality one obtains the result. [
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From the first result of Proposition 4.5.4 one obtains weak-*+ compactness in L%.
Now, we need to gain weak compactness on the sequence of discrete gradients as well
as strong compactness on the sequence of discrete solutions. The strong compactness is
obtained by the Riesz-Fréchet-Kolmogorov criterion on spacetime translates. In order to
recover right boundary conditions at the limit the criterion is stated on the whole space
R4 for hy defined by

hott. o) = {h(g(t,x) —1 if (t,z) e Qrp,

The proof of the following lemma can be readily adapted from [85, Lemma 4.3 and 4.7|.

Lemma 4.5.5. Under hypotheses (H1)-(H6) and (H9)-(H10), there is a positive constant
Ky depending only on Ko, K12, Q, T and n such that the solution of the scheme (4.16)
together with (4.18)-(4.20) satisfies for all y € RY

135 (- + ¥) = Bs (M agary < K2ly|(lyl +9),
and for all 7 € (0,T)
“]N”Lé(' +7,0) — }Nlé('a ')H%Q((o,T_T)de) < K7l
From the previous results we obtain the following convergences.

Proposition 4.5.6. There is a function h € L*(0,T; H'(Q)) such that as § — 0 and up
to the extraction of a subsequence,

hs — h  strongly in L*(Q7),
V°hs; — Vh weakly in (Lz(QT))d,

fs — f  strongly in L*(Qr),

with f(t,x) = 0~ (n(f*(t,x)) h(t,x)), (t,x)—almost everywhere in Qr. Moreover h—1 €
L*(0, T Hy(Q)).

Proof. The first result is a consequence of the Riesz-Fréchet-Kolmogorov LP compactness
criterion. It yields the convergence of (hs)s=o to a function h strongly in L2([0,T) x R%).
By taking limits in the first space translates estimate, we know that i € L2(0, T; H'(R%)).
Since by definition hg(t,-) = 0 on RAQ, we get that h € L*(0,T; H§()). Hence (hs)s
converges strongly in L?(Q7) to h = 1 + h and up to the extraction of a sparser subse-
quence, it also converges almost everywhere. Since hs and n( f*);s are uniformly bounded,
n~1 is continuous and the cylinder Q7 is bounded, one can apply the dominated conver-
gence theorem to obtain the convergence of fs towards f. For the weak convergence of

discrete gradients we refer to [47, Lemma 4.4] with minor modifications. O
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4.5.3 Convergence of the scheme

Theorem 4.5.7. Under hypotheses (H1)-(H6) and (H9)-(H10), the function h defined
in Proposition 4.5.6 is a solution of Equation (4.5) in the sense of Definition 4.5.1.

Let us mention that we follow hereafter the methods of proof from [47, 48|.

Proof. Let us consider a test function ¢ € CX([0,T) x Q) and set ¥} = ¥(t", xx) for all
KeT and n=0,..., Np. We suppose that the mesh size § is sufficiently small for the
inclusion supp(¢)) < [0, (Np—1)At) x {x € Q, d(x,T') > 6} to hold. With this assumption
sums on exterior edges disappear as one may remark in various terms hereafter. Let us
define

-

T(0) = = || fo(t:3) (e 3) axat = | 320 (0.3 ax.
Qp

[ T0) = [[n(r)s Vs V0 axat,
Qr

T30(8) = — jj hs U - Vi) dx dt.
Qr
From the results of Proposition 4.5.6 and assumption (H10), it is clear that
T(0) + Ton(0) + Toa(0) — = || ow+ (U= —a(r)¥h)- Vel = | v,

[0,T)x

as 6 — 0. Now let us show that it also converges to 0. By multiplying the scheme by
At ¢} and summing over n and K we obtain

T1(5) + TQ((S) + Tg(é) =0,
with
r Ny

Ti(8) = > > m(E) (fEh — fie) vk,

Nr
To(0) = Y. ALY > men(fP)e (B =B Pk,

n=0 KeT o€&int

oc=K|L
Nt
To0) = DALY, Y mlo) [URTgUi B = U g mE| vk
n=0 KeT UESiTt
o=K|L

Let us show that each T;(0) gets asymptotically close to Tjp(d), for i = 1, 2 or 3, as §
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goes to 0. After a discrete integration by parts, one gets

Ti(5) = Z D m(E) f W =t = Y m(K) fr vk
n=0 KeT KeT
Nt tntl
-y 2[ f P b (t xge) dxdt — EJ £2(0, x50 dx
n=0 KeT KeT

which yields

T1(0) = Tao(9) < 0 (T + 1) m(Q) |l fsl L) ¥ 27y = 0

as 0 — 0 by Proposition 4.5.4. Concerning the diffusion term one has, integrating by
parts

Nt
= DAt D () (W = R (Y — vF)
= Uegint
o=K|L

and

T20 Z Z (hTL+1 hnKJrl) f

n=0 O’Egmt
o=K|L

¢+l

dx dt.

n

Now just note that by the orthogonality hypothesis (H6) on the mesh and the regularity
of v one has,

$n+1

n n 1
wL<_1#K - Aj_Ln

Therefore, with a Cauchy-Schwartz inequality and thanks to the regularity of the mesh
one obtains

T5(6) — Tao(9)] < 6 /& T [n(f*)

as 0 — 0, by Proposition 4.5.4 and assumption (H10). Finally let us deal with the
convection term. As it is classical we transform the upwind form of 73(9) into the sum
of a numerical diffusion and a centered flux yielding T3(5) = T31(d) + T52(d), with

1
[ . < a5 0. .
Ty LJ Vi - dong e dxdt| <|t)]czqy 6 (4.32)

H¢Hc2(gTT) -0,

1
Ts(0) = 52, At Y, >, m@) [UR,| (gt hE™) — g(hT ™ i) Wi,
n=0 K€7-;§iﬁz

Nt

1

= 5 2 At 3 m(o)|UR| (g hE™) = g(h ™ Wit ) (v — i),
n= 0€E€int
o=K|L
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whereas T32(0) is

Nt
1 n n n n n
T(6) = QZOAtKET g m(o) Uity (g(hic™ BTt + g (it midh)) vk
n= € TECint
oc=K|L

ZAt D, m(o) URy g(hit hp™h) (Wi — o)
Uegmt
o=K|L

= T321(6) + T322(0),
with T321(5) and T322(5) given by

T51(6) = Z At >0 m(o) U, (g npth) — nth) (W — ¢F)
TSR

Ts2(0) = ZAt D, mlo) U, bt (W — vF) .
Uegmt
o=K|L

Similarly we introduce the decomposition T30(6) = T310(5) + T320(5) with

tn+1
Ts10(6) = f f (R — R U - Vi dx dt,
n= 0 o€€int TonL
o=K|L
tn+1
ngg(é) = f J h?{—"_l Ugo : Vi/) dxdt.
n= 0 0€Ent To
o=K|L

Let us prove that T31(6), T310(0), T521() and T392(d) — T320(d) converge to zero when §
goes to zero. First, notice that using the Lipschitz continuity of g, the definition of U§”
and eventually the Cauchy-Schwartz inequality yields

T321(0)] + [T51(5)| < 26 llglwree (o, jhs)e012) 1Y ller gy 1Roll12,0 1UF 220

Then, similarly one obtains
T510(0)] < 0 ¥ler gy IPsl2p U |20,

and by Proposition 4.5.4 and hypotheses (H5) (H10) both right-hand sides go to 0 as §
goes to 0. Finally

T392(8) — T520(0) =
Nr

> Y mlo) U, |

n=0 O'Egint t
o=K|L

4n+1

dx) dt,

<w"K—wz—
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and by using (4.32) we obtain,

|T522(0) — Ts20(0)| < 0/ Tm(Q) [ Yl ez iy I8l e (07) [0S | 22021 -

Hence, |T;(6) — Tio(d)| — 0 as § — 0, for any i € {1,2, 3}. O

4.6 Numerical simulations

4.6.1 Implementation

Before presenting our numerical results let us state an important remark concerning
the implementation of our scheme. By Theorem 4.4.7, we expect the solution hg of the
scheme (4.16),(4.18)-(4.20) or (4.17)-(4.20) to converge to 1 when time goes to infinity.
Due to floating point numbers repartition there can be non-negligible numerical errors
in the computation of difference operators leading to saturation of ¢-entropies. To avoid
this issue, the scheme should be implemented in the following way. We introduce new
unknowns defined by,

forn € {0,..., Ny} and K € T One can readily check that in the upwind case g(s,?) = s,
thanks to (H3), the schemes remain unchanged by replacing f by f and h by h. Even for
other g, this modified scheme is the discretization of

U= 17) 4 V(U (h=1) — (V1) = 0,

which is the same as (4.5) since f® is steady and U® is incompressible.

The new unknowns converge to 0 when time goes to infinity and thus differences
are computed with a better precision. Hence one should solve the scheme (and compute
¢-entropies, dissipations, etc...) on the new unknowns. Moreover boundary conditions on
h become homogeneous, which actually makes the implementation easier.

In the following test cases, the implicit scheme (4.16),(4.18)-(4.20) is used only for
linear models in Section 4.6.2 - 4.6.4. The nonlinear model in Section 4.6.5 is solved with
the explicit scheme (4.17)-(4.20). For the first test cases we use the linear solver SuperLU
[140], which provides efficient results for large sparse and non-symmetric systems by
performing a sparsity-preserving LU factorization. Since the advection field is steady in
Equation (4.5), the resolution matrix can be factorized only once at the beginning of the
simulation.

4.6.2 Proof of concept

In this part, we provide a numerical experiment showing the spatial accuracy of
our scheme, especially in the long-time dynamics. It is performed on the following one
dimensional toy model. The test case is the linear (7(s) = s) drift-diffusion equation (4.1)

199



Chapitre 4. Un schéma volumes finis pour des problémes aux limites paraboliques

endowed with the (scalar) advection E(x) = 1 and set on the domain Q = (0,1). With
the boundary conditions f(¢,0) = 2 and f(¢,0) = 1 + exp(1) the function

1
f(t,z) =1+ exp(z) + exp (g - <7r2 + 4> t> sin(mx)
is the exact solution of (4.1) and converges to the stationary state

fP(x) =1+ exp(z),

as time goes to infinity.

In order to illustrate the advantage of our approach compared to the one consisting
in a direct approximation of (4.1), we perform numerical simulations using our scheme
(4.16), (4.18)-(4.20) and a classical finite volume discretization of (4.1) with upwind flux
for the convective term and two-points approximation of the gradient for the diffusive
term. Both schemes are implicit in time and we shall call the former “¢-entropic” and
the latter “upwind”.

The domain is discretized by the regular Cartesian mesh 7 = {K; := (x; — Az/2, x;+
Az/2), i =0,...,N — 1} where z; = Az/2 + iAz and Az = 1/N. Concerning the time
discretization, the final time is 7 = 5 and we choose the small time step At = 1076 in
order to minimize the error due to time discretization. For the implementation of our
scheme we explicitly compute both the discrete steady solution and the steady flux.

We define the LP error at time t between the reconstruction of the approximate solu-
tion fn (corresponding to fs with previous notation) and the projection of the analytic
solution on the mesh by

en(t) = TN f(t,) = fn(t )@

where IIn f(t,z) = fif (t,x) € [t",¢t""!) x K; with f a numerical approximation of
the average of f(t"*!,-) on the cell K;, computed with the trapezoidal rule. In Table 4.1,
we measure, for both schemes and for different number of points NV, the global error and
experimental order of accuracy, respectively given by

ey = sup ey(t), kby =|log(ean) —log(en)|/log(2).
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N Error e}v Order || Error e]lv Order Error e}y | Order | Error ef; || Order

¢-entropic Upwind ¢-entropic Upwind

20 || 2.07.1073 4.28.1073 3.33.107° 7.38.1073
40 | 1.21.1073 | 0.77 | 2.36.1073 | 0.86 1.93.1073 | 0.79 |4.03.1073 || 0.87
80 || 6.45.10=* | 0.91 [ 1.24.1073 | 0.93 1.02.1072 | 0.91 |2.11.1072 | 0.94
160 || 3.30.107* | 0.97 [ 6.30.107*| 0.97 [[| 5.22.10=* | 0.97 | 1.07.1073 | 0.98
320 || 1.64.10~* | 1.01 [/ 3.15.10~*| 1.00 [/ 2.59.10~* | 1.01 |5.31.10~* || 1.00
640 || 7.87.107° | 1.06 || 1.55.10~*| 1.03 1.26.107* | 1.06 |2.61.107%] 1.02
1280 || 3.57.107° | 1.14 || 7.38.10=° | 1.07 5.65.107° | 1.14 [1.25.107* | 1.06

TABLE 4.1 — Proof of concept. Experimental spatial order of convergence in L' and
L®.

Both schemes are first order accurate, but we observe that our ¢-entropic scheme
(4.16), (4.18)-(4.20) is performing better since the numerical error is smaller than the
classical upwind scheme. Furthermore in Figure 4.1, we observe that for large time the nu-
merical error corresponding to the entropy preserving scheme (4.16),(4.18)-(4.20) decays

to zero and the error becomes negligible compared to that of the upwind scheme.

10_2% | | |
B EEEEEEEERER
4 T 9999999999
o o 107 }'éé/égw =
3 3
7] n 10—6
8 4
= -8
= £ 10 N=0020 m
@ @ o0 N=0080
0 N=0320 -
o2 . N=1280 —&—
0.5 1 15
t t
(a) (b)

FIGURE 4.1 — Proof of concept. Time evolution of the E}V error for (a) the ¢-entropic
scheme and (b) the classical upwind scheme.

The accurate long-time behavior is confirmed by Figure 4.2 where the time variation
of the distance to the discrete solution is represented. While the upwind scheme saturates
quickly, our scheme reproduces perfectly the exponential decay to 0 of the solution, even
if N = 40, illustrating the result of Theorem 4.4.7.
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FIGURE 4.2 — Proof of concept. Time evolution of the L!() distance to the discrete
steady state for NV = 40.

4.6.3 Fokker-Planck with magnetic field

We now consider the two-dimensional version of homogeneous Fokker-Planck equation
with an external magnetic field

of

ot

ft=0)=fy in R?.

The external magnetic field is along a third direction that is orthogonal to the plane
under consideration and has amplitude b = 4. Compared to the 3D case, the vector
vt = (vy, —vz) replaces the cross product between v and the direction of the magnetic

field. The initial datum fy is given by the sum of two Gaussian distributions

folv) = ;ﬂ {aexp (-'V_QV”Q> +(1—a)exp (-'V_2VQ|2>] ,

with o = 3/4, vi = (—1,2) and vo = (2,—1).

This equation is solved numerically in a bounded domain Q = (—8,8)? on various
regular Cartesian meshes from N = 40% to N = 640? points. We use our implicit scheme
(4.16),(4.18)-(4.20) with a time step At = 0.001 until the final time 7" = 10. We choose
non homogeneous Dirichlet boundary conditions f* = f*, where f® is the steady state,
that is, the Maxwellian distribution

+bvh - Vyf=Vy (Vf+Vyf) in RT xR?,

Here the knowledge of the steady state f® allows us to compute the steady flux F?,o
analytically. Indeed, since v f* + V, f* = 0, one only needs to evaluate

Fj‘&,zbf

[

ngy v = b f nk - Vof®,

o
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which is, up to a multiplicative constant, the difference between f* evaluated at each
endpoint of o.

10? 10% |
100 | 10° |
1072 1072
=4, =4,
= 10 < 10
S Tk g 4
1078 | 1078 |
g0 g0
10712 10712

oL

N;8022 'm
N=1602
N=3202 —@

_. q0° N=640" ——
=

=

= m

¥ li\\A:,llllll%
10° g\g\g—fo R

1072

0 2 4 6 8 10

FIGURE 4.3 — Fokker-Planck equation with magnetic field. Time evolution of (a)
the entropy Hg, (b) the physical dissipation Dy, and (c) the (normalized) numerical
dissipation Cy, /Hg, .

We recall that the physical entropy generating function is ¢; : s — slog(s) —s+1. In
Figure 4.3, we represent the time evolution of the entropy Hy,, the physical dissipation
Dy, and the ratio between the numerical and physical dissipation Cy, /Dy, in log scale.
On one hand, Hy, and Dy, decay exponentially and are well approximated when NV is
larger than 160%. Figure 4.3 (a) and (b) also illustrate the convergence to equilibrium at
exponential rate, when time goes to infinity. On the other hand, the numerical dissipation
Uy, converges to zero when the space step goes to zero, but since the scheme is only first
order accurate, it is relatively slow. Besides, the numerical dissipation Cy, also converges
to zero at the same exponential rate than Dy, , hence it does not affect the accuracy
on the decay rate for large time. Also note that for the chosen meshes the numerical
dissipation is smaller than the physical dissipation. From these numerical experiments,
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we get some
time.

numerical evidence of the uniform accuracy of the scheme with respect to

0.16 0.16
0.14 0.14
0.12 0.12
0.1 0.1
0.08 0.08
0.06 0.06
0.04 0.04
0.02 0.02
0 0
X VX
t=20 t=0.1
8 i 0.16 8 r | 0.16
6 0.14 6 - 0.14
4 0.12 4 - 0.12
2 0.1 2 - 0.1
= 0.08 =0 - 0.08
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-4 0.04 -4 - 0.04
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-8 : 0 -8 - : 0
864202468 864202468
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-4 0.04 -4 - 0.04
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-8 : 0 -8 - : 0
8642024638 8642024638
VX VX
t=04 t =00

FI1GURE 4.4 — Fokker-Planck equation with magnetic field. Time evolution of the
distribution on the fine mesh N = 1602.

Remark 4.6.1. For the same mesh if we take a larger magnetic field, the numerical
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dissipation can become larger than the physical one. Even if both of them seem to converge
to zero with the same decay rate, the dissipation is amplified.

Finally, in Figures 4.4, we propose the time evolution of the distribution function at
different times. The black lines represent the isovalues f(¢,v) = 1.107°, 3.107%, 5.1073,
2.5.1073,7.1072, 1.2.10~", 1.5.10~! of the distribution function. We observe the effect of
the magnetic field by the rotation of the two bumps and under the effect of the Fokker-
Planck operator, the solution converges to a Maxwellian distribution.

4.6.4 Polymer flow in a dilute solution

We investigate the numerical approximation of the Fokker-Planck part of the kinetic
Fokker-Planck equation for polymers [148]

oF 1 1

Ft=0)=F, in QcR?

where the matrix A represents the gradient of an external velocity field and is given by

1/4 —=1/2 0
A=| 1/2 —-1/4 0
0 0 0

The domain is Q = (—4,4)% and we choose the Hookean model I1(k) = |k|?/2. The initial
datum Fj is given by the sum of two Gaussian distributions

with k; = (—=3/2,1,0) and ke = (1,—3/2,0). This equation is supplemented with homo-
geneous Neumann boundary conditions such that global mass is conserved. For numerical
simulations we choose various meshes from N = 243 to 642 points with At = 0.01 using
a time implicit scheme until 7' = 5. In this case, the steady state is not known, hence
the steady equation is first solved numerically to compute a consistent approximation of
the equilibrium (f%)ker and the stationary flux FZ . If the matrix A were equal to
zero we would expect the steady state to be close to a Gaussian G(k) = exp(—II(k)), at
least far from edges since G' do not satisfy the boundary conditions. Thus we can expect
f*/G to be close to some constant in the domain, which seems easier to approximate
numerically. Hence for all K € T and o € &y, we define the quantities Gx and G, as
the evaluation of GG at the center of the respective cell or edge, as well as

/&
hg = 1K
K GK
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The scheme is solved on this new unknown hA*. More precisely, it is given by (H3) with
the flux
_ 1
Fity = ml0) Gy | Ay e = Ay W 5 (E ~ 1)
ag

if o = K|L and F?_ = 0if 0 € Eex. The quantity Ak, is the evaluation of (Ak) - ng ,
at the center of the edge o. Besides, because of the conservative boundary conditions, we
need to specify the mass of the steady state to be that of the initial data in order to get
a unique solution to the scheme. Then we define the steady state on interior edges by
I = (fZ+f°)/2if 0 = K|L. Observe that this scheme is consistent with the following
equation

v. [G(k)((Ak) B — ;Vhoo)] — 0

which is only a reformulation of the original steady equation.

In Figure 4.5, we represent the time evolution of the entropy Hyg,, its dissipation
Dy, and the numerical dissipation due to the convective term Cy, in log scale. First
when N > 322 points, the entropy and the physical dissipation are well approximated
compared to the solution computed with a fine mesh N > 643. Once again both of them
are decreasing function of time and converge to zero with an exponential decay rate. The
numerical dissipation of the convective term Cy, is much smaller than the physical one
and also converges to zero when times goes to infinity exponentially fast, hence it does
not affect the accuracy on the decay rate for large time.

3

10%

H, with 64 , D, with 64°
1 b2 10° ®2 3
10 H,,, with 32 10! D, with 32
. 3
10° (o Cy, With 32
-1 1
10 10 L
) e 107 e,
107 e 3
. 10
10 107
107* 107
3 3

10

FIGURE 4.5 — Polymer flow in a dilute solution. Time evolution of the 2-entropy
Hy, and the corresponding physical dissipation and numerical dissipation (Dyg,, Cy,) with
N = 323 mesh points.

Finally, in Figure 4.6, we set forth the time evolution of the distribution function at
different time. The first column represents an isovalue f(t,k) = 0.02 of the distribution
function whereas the second column is a two dimensional projection in the plane k, —

206



4.6. Numerical simulations

ky, the solution converges to the discrete steady state, which is consistent with the
equilibrium.

FIGURE 4.6 — Polymer flow in a dilute solution. (a) one isovalue F(t,k) = 0.02 (b)
ky — ky projection of the distribution in the k space at time ¢ = 0.2, ¢ = 0.7 and ¢ = 5.
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4.6.5 Porous medium equation

We finally study the numerical approximation of the porous medium equation

of m
E_Af 3

FE=0)=fo Q= (0,1)x (—1,1)?,

with m = 2 and fy = 0 together with the non-homogeneous Dirichlet boundary conditions

2.5, if x=1andy®+22<1/8,

1, else.

This model is nonlinear, with 7(s) = s™, and without convective terms. Moreover, since
7' (0) = 0 the equation is degenerate. As a consequence, with our choice of initial data
and boundary conditions, we expect the solution to be equal to zero on some subset of
w < £, having non-zero measure, for some positive time.

Since the steady state is not known, we first compute a numerical approximation
(f#) ke and the corresponding stationary flux F}¥ | using the scheme given in Example 4.2.3,
which amounts to solving (H3) with

FIO?,U = _TUDK,UTI(fOO)-

Then from the knowledge of n(f™) € Xﬁ?;;l, we set f£ = n"1(n(f*)k) on each cell

KeT and n(f*)e = (n(f*)x +n(f*)r)/2 for interior edges o = K|L.

For the numerical simulations we choose two Cartesian meshes with N = 30% and
60% points using the explicit scheme (4.17)-(4.20). Hence the time step now satisfies a
CFL condition At = O(Az?) (precisely defined in Theorem 4.4.4) which is satisfied for
the two meshes with At = 107°. In Figure 4.7, we represent the time evolution of the
relative entropy and the physical and numerical dissipation until final time 7" = 0.5. These
results are in good agreement with those obtained using a finer mesh and the numerical
dissipation is several orders of magnitude smaller than the physical dissipation.
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FIGURE 4.7 — Porous medium equation. Time evolution of the 2-entropy Hg, and the
corresponding physical dissipation and numerical dissipation (Dg,,Cy,) with N = 303
mesh points.

Finally in Figure 4.8 we represent the intersection of the graph of the discrete solution
with the plane z = 0 at different time. The black line represents the isovalue 10716
that surrounds the zone where the diffusion has not yet happened, namely where the
distribution is null. This illustrates the good behavior of our scheme with respect to the
degeneracy of the porous medium equation.
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FIGURE 4.8 — Porous medium equation. Time evolution of the distribution at z = 0
for N = 60%. The black line is the isovalue f(t,z,y,0) = 10716,
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Annexe A

Simulations numériques d’un
systéme bi-cinétique non-collisionnel

Travail en collaboration avec Mehdi Badsi 4.
Ce chapitre est publié en version étendue dans
ESAIM Proceedings and Surveys [9].

In this chapter, we present part of the work done for the Multisplash project (Mul-
tispecies plasma simulations) during the CEMRACS 2014. In the framework of a non-
magnetized collisionless two-species one dimensional Vlasov-Poisson model we focus on
two-asymptotics. On the first hand we adapt an asymptotic preserving numerical scheme
dealing with the quasineutral approximation originally proposed by Belaouar, Crouseilles,
Degond and Sonnendriicker [18] to our model. On the second hand we focus on the mass-
less electron asymptotics. We make the mass ratio tends to zero and compare the density
of electrons obtained for two species simulations with the isotropic Boltzmann density
approximating the latter in most one species simulations. We conclude on the invalidity
of the Boltzmann approximation in unstable cases.
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Chapitre A. Simulations numériques d’un systéme bi-cinétique non-collisionnel

We consider the following one dimensional Vlasov-Poisson system corresponding to
the model (34) in the introduction with B = ~; = 7. = 0 and € := A2, Tt writes,

atfi +v azfz +E avfz =0,

ofo + é v 0 fe — é Eouf. =0, (A1)
6% 0,F = n; — Ne,
where,
b= _ax¢7

is the electric field associated with the potential ¢. The velocity v varies on the whole
real line R while the space domain is periodic of length L, i.e. x € Ty, = R/LZ. Let
us recall some important features of this model. Under compatible assumptions on the
initial data the following properties hold for classical solutions of (A.1) (see [30] for more
details), for a € {i, e},
Positivity :
fa = 0.

LP norm conservation :

d
pn Jf fPdvdxz =0, Vpe|[l,+x].
RXT]L

Energy conservation :

%S = % 5 J‘ "U’ (fl + fe)d'l)dl' + 5 JT]L ’E‘ dr | =0.
RXT]L

Entropy conservation :

d d
d—Sa = Jf faIn fodvdx = 0.

t
]RXT]L
Moreover, for initial data £, fi*, a smooth solution writes, for a € {i, e},
fa(t,z,v) = fIN(X(0;t, ), Va(0; ,0)), (A.2)

where X, and V,, solve the characteristics associated with the system (A.1),

dX; dXe o _ 1o
E(S’t’ x) = Vi(s;t,v), T (s;t,x) = 6Ve(s,t,v),
dvi o\ _ (e Ve, v 1 .
E(satvv) - E(ta XZ(Svtwr))a ds (Sﬂf,’l}) - EE(the(svta'r»a
(A.3)
and, for a € {i, e},
Xo(t;t,x) =2 Va(t;t,v) = v.
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A.1. Numerical methods

A.1 Numerical methods

In this section, we present the numerical methods implemented to solve (A.1). After
a brief state of the art, we describe the backward semi-Lagrangian method used for the
resolution of the Vlasov equations and adapt an asymptotic preserving scheme for the
Poisson equation in the quasineutral regime § « 1. The latter was introduced in [18] and
we shall detail its implementation in our model. However, we left its numerical validation
with respect to both the massless electron limit and quasineutral regime for future work.

A.1.1 State of the art

The accurate simulation of the Vlasov equation is a delicate problem. Indeed the
system has some inherent properties that must be preserved in order to describe the
physics underneath the equations. Namely, the invariants such as the mass, the energy or
the LP norms must be preserved by the scheme. Consequently, either the latter is designed
to naturally conserve these macroscopic quantities, or they are used as control variates
for the simulation. In this context of multispecies simulations, the stiffness towards the
parameters € and 0 makes it even harder to fulfill these objectives.

There are two major categories of numerical methods for solving the Vlasov equation.
The first and oldest, is the category of particle methods such as the Particle-In-Cell
method. Its principle is based on the statistical description of the origin of the Vlasov
equation. It is a Monte-Carlo type method. One approaches the initial densities with a
large number of particles which trajectories are followed in time with the characteristic
ODEs. The literature on the subject is vast and includes a more physical description of the
method in Birdsall and Langdon [23] and mathematical proofs of convergence in Neunzert
and Wick [162]. PIC methods still serve as benchmark in terms of full 6D simulations
of Vlasov equations because by construction, the computational cost depends weakly on
the dimension. Only the complexity of fields reconstruction increases drastically with the
dimension of the physical space.

The second category consists of methods known as Fulerian, including the semi-
Lagrangian, finite volume, Galerkin or finite difference methods. Eulerian schemes aim
at solving the equations on a fixed discretization of the phase space. A comparison of
some of these methods for the one species Vlasov-Poisson system can be found in the
survey of Filbet and Sonnendriicker [88]. We adapt a backward semi-Lagrangian code to
our two species model.

A.1.2 The Backward Semi-Lagrangian method

The semi-Lagrangian method is based on the fact, coming from equation (A.2), that
the densities f; and f. are constant along their characteristics. Assuming that the den-
sities are known at time t” = nAt then we get their value at time t"*! by the following
relations, for a € {i, e},

fa(t”+1, x,v) = fo(t", Xo(t"; t"“, x), Vo (" t”“, v)).
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One goes one step back in time and evaluates the densities at the feet of the charac-
teristics. To solve the characteristics, we use here a classical Strang splitting technique
that allows us, in this case, to approximate the characteristics with an explicit formula
of order 2 in time.

Remark A.1.1. For our one dimensional unmagnetized model, the explicit formula for
the characteristics allows us to handle small values of € without having to numerically
solve a stiff ODE. However, to ensure a uniform approzimation for the study of the e — 0
limit, one should take a time step such that At = o(4/€).

A sketch of the principle can be found on Figure A.1 for a Cartesian mesh in the
phase space (x;,vj)ierjes. In general, the characteristics feet don’t coincide with the

FIGURE A.1 — Reconstruction phase for the backward semi-Lagrangian method

mesh points. Therefore, a reconstruction of the densities by interpolation is required.
A wide literature exists on this important phase. Let us just mention that in our case
we used a high order Hermite weighted essentially non oscillatory (HWENO) method
designed by Filbet and Yang [196]. This method gives an excellent accuracy because of
the order of interpolation while avoiding the drawback of numerical oscillations.

The introduction of the mesh brings the question of the boundary conditions. In
space, system (A.1) is set on the torus of length L. Consequently, we consider periodic
boundary conditions for the (x;);er. The velocity variable is defined on the whole real line
for the continuous problem. However, we restrain it to a segment [—V, V] with V large
enough to keep the main part of the mass. This is possible since the typical densities
quickly decrease in |v| at infinity. In other words most of the particles don’t go too fast.
Therefore we associate homogeneous Dirichlet conditions for the boundary velocities.

A.1.3 An asymptotic preserving scheme for the Poisson equation in
the quasineutral limit

In dimension 1, it is trivial to solve numerically the Poisson equation,
820, F = n; — ne,

from the knowledge of the macroscopic densities, by a direct numerical integration. Ho-
wever, with this method the error blows up when the quasineutrality parameter § tends
to 0. This comes directly from the continuous problem. Indeed the formal limit of the
Poisson equation is reduced to the quasineutrality constraint n; = n.. Namely, we lose the
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ability to compute the potential or the electric field. In order to propose an asymptotic
preserving scheme to manage small values of §, the first step is to derive a reformulated
Poisson equation adapted to the quasineutral limit.

By multiplying the Vlasov equations of (A.1) by 1 and v and integrating in the v
variable, one gets the following moment equations,

Osmi + 0pji = 0, (
dime + Zuje =0, (
Otji + 05 = —ni029, (

(

1 n
at]e + —0;5: = *eaﬂﬁ
€ €
where the first order moments write, for a € {i, e},
Ja = fvfadv Sa = J’UQfad’U.

Subtracting (A.4) with (A.5) and (A.6) with (A.7) divided by ¢, one gets respectively,

at(ni - ne) + ax(]l - j;e) = 0, (AS)
o Je _Sey_ (. L Me
OelJi = 7))+ 0alSi = ) = (m + 52) Oz . (A.9)

By taking the partial derivative in time of (A.8) and subtracting it with the partial
derivative of (A.9), we get, using the Poisson equation,

0o ([ + 2 + 822 B) = 32(5: - %). (A.10)

Providing some additional conditions on the initial conditions, one can show that we can
equivalently use the Poisson equation or (A.10).

The scheme presented hereafter was introduced by Belaouar, Crouseilles, Degond and
Sonnendriicker [18] for the resolution of the one species Vlasov Poisson system with a
semi-Lagrangian method. The two species case was treated in [62] with a PIC method.
Let us discretize equation (A.10) semi-implicitly in time,

(m) 2 (m)
m Ne m 5 m m m— m Se
ax<[n§ S+ B Dt (D - 280 1 B 1>)) = (S - 5,

Now, in the last two terms of the left-hand side, we can use the Poisson equation at time
mAt and (m — 1)At to get,

S(m) 2(n(~m) . (m)) o (n(mfl) B n(mfl))

! g2 (At)?

(m) 2
(m) . Me )
O ([n + — + 2 (A0)?
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In order to rewrite the right-hand side we can approach 0;(n; — ne)|t=ma¢ with

At '
Then, using equation (A.8), we get,
(m) 52 S ) _m) g m) gy
o, (m) | Te Emt1) | _ 52 (m)_Pe i e Oz\J; e /)
([” T T A B N Ve Al
Now, for clarity, let us define,
M
a(r) = (At)? ngm) + 22 + 62,
m _ S
b(x) = (A1)’ <S§ 75 ) :
c(x) = nl(-m) —n{™,
(m)
d(z) = —At (j§m> - 3) .
€
At this point we need to solve the following equation,
& (aE<m+1>) — 2b+ ¢ + Oyd. (A.11)
We integrate numerically equation (A.11) on the uniform mesh {zo,...,z,_2} (with

Tn—1 = xg) with the space step Ax. Between xq et xy, it gives,

k—1
akEk — aoEo = axb|x:mk — axb|x:mo + Z CjAI‘ + dk — do,
§=0
which is approached by,
beci—be  bi—b &
_ R+l _ _ ) _
arEy, — agFEy = Ar Ar + JZO C]Al‘ + di, — dy

and then,

1 boii—be  bi—by
E, = — E — Ay +dp—do |-
K ak (ao 0 Ax Az + ;)Cj + 0
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We need an additional equation to close the system. We know that the electric field E
has zero mean value since it derives from a potential. Therefore, the following equation
holds,

which gives Ey. Indeed,

n—2 — k—1
aoE 1 (b —b by —b
o3 LS (- ) T (B B S ).

k=0 7=0

and so,
Yo by —bg
Azx - Ax

Ey = (aOEl)_l X <— Y — 2X3Ax — Xy + d021> ,

with,

n—2 _2b]<;+1 k n—2k— 10 n—Qdk
21—2@ EQ_ZT, zg_ZZa; = o

k=0 k k=0 j=0 k—0

The asymptotic preserving Poisson solver is adapted to large scale regimes and we refer to
[18] for relevant test cases. In the next section, we shall focus on micro kinetic phenomena
in the massless electron asymptotic. For this purpose, we will use a classical Poisson
solver, setting § = 1.

A.2 Numerical results

We want to investigate the massless electron approximation for our modeling. In our
initial modeling we neglected the collisions between particles. However, if we suppose
that the electron density is at thermodynamical equilibrium, namely,

fe(t,z,v) = ne(t,z)M(v),

where M is the rescaled Maxwellian,

M(v) = e T,
Injecting this expression in the electron equation of (A.1) yields,
e0ne + v (0zne + E ne) = 0.
Letting € goes to zero gives formally,
OzNe + E ne = 0.
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since the equality before the last hold for any v. Now, we can use the fact that £ = —d,¢
to get,
ne(t,z) = C(t)e?t2),
with
~ nida

C(t) - S€¢d$’

because of the global neutrality. The goal of the following numerical test cases is to de-
termine whether the electron density gets close to the latter rescaled Maxwell-Boltzmann
density as € gets small, when following the two-species non-collisional equation (A.1). We
will suppose that the initial electron density is at global equilibrium, namely

fe(0,z,v) = M(v),

whereas the ions will be such that they impose their dynamic on the coupled system.
Actually their initial density will be of the following form,

£i(0,2,0) = (1 + A cos (223;» u(w),

where A « 1 is the amplitude of the perturbation. We will try two velocity profiles v, one
being stable and the other being unstable in the sense of Penrose (see Definition A.2.1).

Definition A.2.1 ([116]). We say that an homogeneous even profile v(v), such that
Sl/dv = 1, satisfies the Penrose instability criterion if p has a local minimum point in 0
and,

U2 d'U> ﬁ

f v(v) — v(0) 472
R

Under some additional smoothness properties for the profile v, Guo and Strauss
proved the equivalence between the Penrose condition and the nonlinear instability of v
for the one species Vlasov Poisson system [113]. The kinetic instabilities created by these
profiles are often referred to as two-stream instabilities, because they appear for v with
two or more maxima.

In order to measure the distance between n, associated with a solution of (A.1) and
the Maxwell-Boltzmann density, we introduce the following quantity,

d(t) = Zlnelt, ) — ()

‘2
L2

A.2.1 Test case 1 : stability

In this first test case, we consider a grid of 512 points in the = € [0, 21] direction and
of 512 points in the v € [—7,7] direction. The time step is At = 0.01 and we stop the
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simulation at t.x = 15. The amplitude of the perturbation is A = 0.001 and the ion
velocity profile is the following Maxwellian distribution,

We perform the simulation of system (A.1) for the following mass ratio,
ee {1, 0.5, 0.1, 0.05, 0.01, 0.005}

The error on the conservation of mass, total energy and entropy can be found in Table
Al

e=| 1 0.5 0.1 [ 0.05 | 0.01 | 0.005
Mass (ions) : \{ fidvdz | 10712 | 10712 | 10712 | 10712 | 1071% | 10712
Mass (electrons) : {{ fedvdz | 10712 | 10712 | 10712 | 10712 | 10719 | 1077
Total energy : £(t) | 1078 [ 1072 | 1078 | 107° | 1078 | 1078
Entropy : S;(t) + Se(t) | 10712 [ 10712 | 10712 | 10712 | 10711 | 10710

TABLE A.1 — Test case 1 : stability. Relative error on mass, total energy and entropy
at time tyax for different values of e.

As we can observe on Figure A.2, in this stable case, the macroscopic electron density
is exponentially damped in time towards the Maxwell-Boltzmann density with a rate that
increases as the mass ratio € diminishes. The accuracy of this simulation is confirmed by
the weak relative error on the control variates of Table A.1.

A.2.2 Test case 2 : instability

In this second test case, we consider a grid of 512 points in the = € [0,21] direction
and of 2048 points in the v € [—5, 5] direction. The time step is At = 0.02 and we stop
the simulation at ¢, = 100. The amplitude of the perturbation is A = 0.01 and the ion
velocity profile is the following two-stream density,

v(v) = 8v* M(2v),

which satisfies the Penrose instability criterion of Definition A.2.1. We perform the si-
mulation of system (A.1) for the following mass ratio,

ee{l, 0.5, 0.1, 0.05, 0.01, 0.005}

The error on the conservation of mass, total energy and entropy can be found in Table
A2

We observe on Figure A.3 that in this case, there does not seem to be any convergence
to the Maxwell-Boltzmann density neither in time nor in . Moreover, as witnesses Figures
A.4 and A.5, the two-stream instability arises at similar time and with comparable electric
energy amplitude, whatever the value of €. Therefore, the smallness of the mass ratio does
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p. q 4 q

€= 1 0.5 0.1 0.05 0.01 0.005
Mass (ions) | 4.1.1073 | 4.2.107% | 3.2.1073 | 2.9.107° | 2.2.1073 | 3.2.10~3
Mass (electrons) | 5.2.10~* | 5.3.10~% | 5.3.107° | 7.1.107° | 1.0.107° | 1.2.10~*
Total energy | 7.0.107% | 6.9.10~% | 6.0.10~* | 5.4.10~* | 4.2.107* | 3.9.10~*
Entropy | 3.2.1073 | 4.7.1073 | 3.3.1073 | 3.0.1073 | 2.7.1073 | 3.2.1073

TABLE A.2 — Test case 2 : instability. Relative error on mass, total energy and entropy
at time tyax for different values of e.

not seem to prevent from the creation of micro kinetic instabilities such as two-stream
instabilities. Compared to the first test case, the relative errors on the control variates
in Table A.2 are larger but uniform in €. We can infer that this is due to the turbulent
dynamic and the fact that the simulation is longer.
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FIGURE A.2 — Test case 1 : stability. Distance to the Maxwell Boltzmann density d(t)
over time in logscale for different values of mass ratio ¢.
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F1GURE A.3 — Test case 2 : instability. Distance to the Maxwell Boltzmann density
d(t) over time in logscale for different values of ¢.
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F1GURE A.5 — Test case 2 : instability. Densities during the creation of the instability
(t = 60; Left : Tons; Right : Electrons) for different values of e.
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Annexe B. Résultats et remarques complémentaires

B.1 Scaling of the bi-kinetic system

In physical units the two-species VPFP system with magnetic field reads

atfi + vafz + mil (_vx¢ + v /\B) vvfz = Vivv'(vfi + %vvfi)v
atfe+U'V:che_mie(_vx¢+v/\3)'vvfe = Vevv'(vfe+%vvfe)a

_€0Aw¢ = qn; — gqMNe.

We refer to Table B.1 for a list of characteristic scales. Let us recall appropriate expres-
sions of the various dimensionless parameters defined in the introduction

5§ — /\£ . Eok39 . (;3 )\_%
- T Nene Tl T my

We additionally introduce here the inverses of the scaled mean free path of each species

Remark B.1.1. The dependence of . on the mass ratio X implicitly means that the ratio
between the mean free paths of each species depends on the mass ratio. Undoubtedly, a
more convincing way of introducing these parameters would be a successive definition of v;
as above (since ions are the reference species), then l;/le and finally ve = 7; l;/le. However
it would prevent us from putting the ions in a collisionless setting as in Chapter 1 without
forcing the electrons to be also in a collisionless setting. The modeling argument that
Justifies of approximation of ~; by 0 in (1.3) is that ~; is extremely small in applications
and it does not depend on the mass ratio, unlike ~v. which goes to infinity when A goes to
0. From a mathematical point of view, we also justify this choice by the will of analyzing a
mized collisional / collisionless model. Finally let us mention that the results of Chapter 1
hold replacing the Vlasov equation for the ions by a Viasov-Fokker-Planck equation with
constant v; under minor changes.

We use a «prime» exponent to denote scaled variables and unknowns. Namely, we
introduce for s € {i, e}

fs(t,l‘,v) = V%fé (%7%7\%) ) ns(t,x) = 77L7’L{9 (%7%) )
otr) = o0 (£.%) . B(t.x) = BB (4.%)
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B.2. Derivation of the Boltzmann approximation with temperature

Injecting these expressions in the system yields

(o B V] + 8 (Ve + B A BV,
: kpb

= BLLv, (o f + 28 = Vo f),

4 Oufl + YRV fl g;giirgj;%&( vd + YLy /\B’)-Vv,fé

it VL kg6
077 ( fe mBVQV fe)a

| — qi,ffz Apd = n} —nl.
By using the relations of Table B.1 and the expressions of the dimensionless parameters,
we get in particular that that

Vz'to_l q¢to _1 €09 2 Vi

1
— = =4 — = A2
L ’ m; V; L ’ qnL? ’ Ve i

and recover system (34) of the introduction by dropping the primes.

B.2 Derivation of the Boltzmann approximation with tem-
perature

For a thorough treatment of the following type of arguments concerning the derivation
of the isotropic Boltzmann density, we refer to the recent [15].

Lemma B.2.1 (Isotropic Boltzmann density). Assume that fe, fi : Ry x T x R — R,
and ¢ : Ry x T — Ry are smooth functions and f. is given by the centered Maxwellian

distribution (t.2) )
Ne(t,x v
€ t7 ) = S 7. \N\1/9 T AaMm 71 N )
Jebav) = GG eXp( 2Te(t,at))

for smooth macroscopic density ne and temperature Te.. If moreover f;, fe, ¢ satisfy mass-
less electron Vlasov-Poisson equation

atfi + Uaxfz - axégvfz = 07
VOzfe + 0z90vfe = 0,
—620,00 = n;(t,x) — ne(t, x)

and the conservation of energy

2
5 ||+ o) dode + 5 ool o - &,

for some given total energy & > 0, then 0,T. = 0 and n. is given by the Boltzmann

distribution s
ne(t,z) = CH)eTH |
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with the normalization constant

O(t) = <f fidxdv> / (je¢/Tedx>

Moreover the electron temperature can be determined from the conservation of energy by
the relation

0 - (250— [[1P 0 dvas - 6 [ocoteP ac)

Proof. Just note that by plugging the ansatz in the equation, one has for all v € R,
0% 0 (T e + v (0ene + 0u(To V)N Tene — 0upne T ) = 0.

It yields the Boltzmann density and the constant temperature in space by identifying
each coefficient of the v polynomial. Then plug the Maxwellian in the energy conservation
relation to obtain the last formula. O

B.3 Green function for magnetized Vlasov-Fokker-Planck

In this section we apply the method of Chandrasekhar [50] to compute the funda-
mental solution of

Of +v-Vaof + pvt-Vf = %VU~(vf+9VUf), (B.1)

with vt = (—wvg,v1,0)7, that is the function I' = T'(t,s,z,y,v,w) such that f =
f(t,z,v) =T(t,s,2,y,v,w) satisfy (B.1) for all s,y, w and the Dirac initial condition

L(s,s,z,y,v,w) =d(x —y,v—w).

First, we introduce a change of variable corresponding to first integrals of the characte-
ristic curves of the transport operator ¢ + v-V, + ,UUJ‘ -V — %v - V. It reads

T(t) = t,
X(z,v) = x — Tpat + T,
V(t,v) = R_,iel/mv,

where Ry is the rotation matrix of angle 6 with axis parallel to the magnetic field. Note

that
(v)=2(0);

with A(t) the matrix

1 —7p O
T 1 0 T3
AW = | v o 1 ;
03 R_utet T
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B.3. Green function for magnetized Vlasov-Fokker-Planck

with I3 and O3 the identity and null matrices in dimension 3 respectively. It yields
0y = Oor + % [R,Htet/T (v — /ATUJ‘)] -Vvy
v-Vy = (v— prot) Vx
V, = 7Vyx + e/"R;Vy

A, = T2Ax + 2767 <cos(,ut)VXL -V, +6X" 8\/“) + 2T Ay

Hence by setting
f(t7 x, U) = g(T(t)7 X(l‘, U)v V(ta U)) )
one easily gets that ¢ satisfies the following PDE

3 1
org = —9 7 <7‘AXg + 26T (cos(,ut)VXL Vv, g+ dx, 6VHg) + Te2t/TAVg>

Then we absorb the O-th order term by setting h(T,X,V) = e 37/7g(T,X,V) and
switching to Fourier variables (n,£) in (X, V) we get

. . . . 1 .
orh = —0 (7’ €]%h + 26€YT (cos(ut)&L “nLh+€m h) + . 2T |n|? h> .
The latter equation is solved by

Mg = his,&mexo (=06 St - 5)())

with
T Xrpu(t) 0 0
Ttl3 0 T Xru(t) 0
0 0 T X1,0 (t)
Y(t) = d ,
®) @0 0
0 TXT,/L(t) 0 %XT,O(Qt) I3
0 0 T XT,() (t)
where

et (cos(ut) + T sin(ut)) — 1
1+ (7p)? '

Xru(t) =
Hence, back to real variables we get
ht, X, V) = (2m)7%? |det (t — s)7| h(s, X, V) #x.v exp (—e (%) st - s)—l(?vf)) .
It yields the following proposition

Proposition B.3.1. The fundamental solution of (B.1) with initial condition att = s
given by a Dirac mass centered in (y,w) € R? x R3

e3(t=s)/7

(27)3/2 |det B(t — )|

F(t, S, T,Y,, w) = exp (_9 (X(r,v)—X(yﬂU))TE(t . S)—l (X(:c,v)—X(y,w)))

V(t—s,w)—w V(t—s,w)—w
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From this formula we can for example recover regularization time powers by noticing
that for p = 0, after taking the Fourier transform of I'(¢,0, z,0,v,0) (to simplify) in z, v
the quadratic form in the Gaussian has matrix given by

Ely+o(td) =I5+ 0(t2)>

. Ty L
AT OEM)A () = (ijg +o(t?) I3+ o(t)

when ¢ — 0. This is consistent with our choice of time weights in Chapter 2 and 3.

B.4 Micro-macro estimates

In this section we use the notations of Chapter 3. We consider the same Vlasov-
Poisson-Fokker-Planck equation in perturbative abstract form

Oth+ L:h—E-v=FE-A*h.
. (B.2)
E=V,A,"n
For any h € ‘H we define
nt.o) = [ w0 P ) = [ ot o,
R4 R4
Lemma B.4.1. Let h € H be a smooth solution of (B.2). Then (n,j) satisfies
om+Vy-7=0 (B.3)

1
Otj + Van + ;j — Epy — (ES, + E)n =V, J (I —v®uv)h fPdv (B.4)
R4

Proof. Let us integrate
Oth+ L:h—E-v=FE-A*h,

against f in the velocity variable. First,

A*-Ahfoodvzf Ah-A1f*dv=0 and E-| vof%dv=0.
R4

R4 R4

Then,

f v-VehfPdv = V- uthOd@—ngo-f vhfPdo,
R4 d

R4 R
Ve j—ES-j.

Finally
ES - J VohfPdv = ES, f hA*(1) fPdv = ES, - j.
R4 R4

To derive the equation on j, we integrate the kinetic equation against v f* in the velocity
variable and use that

f vE - vfPdv = Epy.
Rd

230



B.4. Micro-macro estimates

Then mark that AA*(1) = I to get
f vA* - AhfPdv = f A*(D)hf*dv = j.
R? R¢
The transport in real space yields
J vv - VehfPdv =V, J v @ vhfPdv — ES, J v@vhfPdu.
R? R¢ R?
For the transport in velocity space part, it holds
J vES - VohfPdv = f vA - (ESh)f*dv
Rd Rd
= E. J (v®v —I)hf*do,
Rd

where we used A*(v) = v®uv — I. The last equality stems from similar computations and
using that A(v) = I and yields

J vE - A*hf®dv = nE.
Rd

O

Lemma B.4.2. Let h be a smooth solution of (B.2). Then, the following macroscopic
estimates hold.

d , 1 .
i ([ 37 Fomto s ) + Gloanls + 9t (B5)
1
= [Vs ]H%z Jrf nEgo (Ven — poE)dx — ZJ n3de + <Vxn, v, - (- v@u)hfoodv>
" 2 e Re L2(T4)
d . 0 . 1.
gt \ 7 )T B+ o 1Bl ) + Vel + gl (B.6)

— ool - [ nEL B |
Td T

n|E|*dx — <E V- f (I —v®uv)h foodv>
d Rd

L2(T4)

Proof. For the first macroscopic estimates, multiply (B.4),

1
0j + Van + —j = Epw —En=V, | I-v®v)hf*dv
Rd

by V.n and integrate in the space variable to get
1
f 01j - Vondx + | Vayn|7s + — J J - Vendz — f (poo + n)E - Vyndx
Td T J1d Td

= J nEgo -Vendx + <Vxn, V- J (I —v®uv)h foodv>
Td Rd LQ(']I‘d)
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The first term of the left-hand side rewrites

d
0tj - Vender = —

j - Vendr — J j - Vazomde,
Td dt Td

Td
and an integration by parts and Equation (B.3) yields
f j - Vedmde = |V, - jl2.
Td

The third term of the left-hand side rewrites

1 1 d
- - Vendr = — —|n|?
Tdej e 2T dt”nHL2

and the fourth term gives

1
- er poE - Vyndr = EH\//EnH%Q + JW npoES - Edx.

Finally, the nonlinear term yields,

1 3
— de nk - Vyndxr = 552 JW n’dz

For the second macroscopic estimates, multiply (B.4), by —FE and integrate in the
space variable to get

1
— | 0y Edr— Vzn-Edw—f j-Edw—Ff (poo +n)|EB|*da
Td Td T J1d Td

:—J nEgo-Edac—<E, V- (I—v@v)hfoodv>
Td

Re L2(T4)

The first term of the left-hand side rewrites
d
| o Vavde = 5 {5 Vavde = |- Vaowd,
Td dt Jpa Td

and an integration by parts and Equation (B.3) yields

[ i+ atwds = | amdusde = o0l
Td Td
The second term of the left-hand side yields
—Ld Von - Edr - %\\n“%z
The third term of the left-hand side rewrites
1 5 d

1
—— | j-Edz=- de = ——|E|?
’TJ:[Fdj * ’TJ:[Fd Cinipda 27 dt |E]z2
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B.4. Micro-macro estimates

Physical quantities Characteristic quantities
Number densities n
Temperatures 0

Tons thermal velocity V, = kﬁ’f
FElectrons thermal velocity Ve = ’iff
Tons distribution function fi = V%“
Electrons distribution function | f. = V%;
Tons collision frequency v;

Electrons collision frequency Ve

Tons mean free path l; = 1%
Electrons mean free path le = ‘V/—:
Reference length L

Ton reference time to = %
Electric potential b = %

wef]

Magnetic field amplitude

TABLE B.1 — Scaling of the bi-kinetic system. Physical characteristic quantities
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Annexe C

Lemmes techniques

Sommaire
C.1 Interpolationresults. ... ... ... ............... 235
C.2 Functional inequalities . . .. ... ... ... .. ........ 235
C.3 Compactnessresults . . . . ... .. ... ... ... ..., 237
C.4 Maximum principle on the torus . .. ... ... ........ 239

C.1 Interpolation results

Lemma C.1.1. Let f = f(z,v) € L' n L%(R? x R?Y) be an almost everywhere non-
negative measurable function such that (x,v) — |v|™ f(z,v) € L}, ,, for some m = 0. Then
for any 0 < k < m,

e

where Cq . is a positive constant depending only on d and k.

k+d
d+m
m—k

e < Car 19152 | |[ flolmdvda (1)
Lz RQd

See [105, Lemma 3.1] for a proof.

C.2 Functional inequalities

Theorem C.2.1 (Gross’s Log-Sobolev inequality [112]). Let v denote a Gaussian mea-
sure on R and let u : R — C. If ue HY(R?, dv), then u is in the Orlicz space L* In™ L
and,

f [l In uld < J Vul2dy + [ul3 1 ],
Rd Rd
where | - ||2 is the usual L?(R%, dv) norm.
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See [112] for a proof.

Corollary C.2.2. Let f : R3xR3 > R, be an integrable function such that |V 4/ i HL2(Mdvdw)
1s finite. Then,

2
J fln( )dvdm ]\f4| Mdvdz,
where n = §ps fdv and M is defined in (1.6).
Démonstration. Take dv = Mdv and u = 4/ % in Theorem C.2.1. ]

Lemma C.2.3 (Csiszar-Kullback-Pinsker inequality [55]). Let p denote a probability
measure and u € L' (R, du) a non negative function such that Sgaudp = 1. Then it

holds,
2
<f \u—l\du) <2f ulnudp.
R4

Démonstration. Define h : x = 0 — xlnx—ax+ 1. It is easy to see that since xt —1 > Inz,
1/x —1> —Inx and h(z) = 0. Now let

g:xr—>(x—1)2—<§+2x>h(az).

3
One has ¢g(1) = ¢/(1) = 0 and ¢"(x) = —4}5(1) 0. Therefore by the Taylor-Lagrange
theorem, for every x > 0, there exists £ > 0 such that [ — 1| < |z — 1| and,
"
2
g(x) = J 2(5) (z—1)%=— };(;) (z—1)2<0.
Thus,
4 2
j lu—1ldp < \/<+>
R4 3
4 2
< ~+-uld
\/fRd 3 * 3u M\/JRd
= IZJ uln udp.
Rd
where we used the Cauchy-Schwartz inequality. O

Corollary C.2.4. Let f:R3 x R3 — R, be an integrable function. Then,
2

J f — nM|dvdz | <2 <JR3 ndaz) J fln (J\D dvda:
RE R6

where n = §ps fdv and M is defined in (1.6).

Démonstration. Take duy = S:dx = ﬁ in Lemma C.2.4. Ol
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C.3 Compactness results

Theorem C.3.1 (Aubin-Lions-Simon [182]). Let X <> B < Y be three Banach spaces
such that the first embedding X — B is compact. Assume that for some 1 < p < 400,
— F' is bounded in LP(0,T;X),
— |l7sf — fllr(0,7—s;v) — 0 as s — 0, uniformly for f € F,
Then F' is relatively compact in LP(0,T; B) (and C(0,T; B) if p = +).

See [182, Theorem 5, Corollary 4] for a proof.

Theorem C.3.2. Let ne LP(R?), 1 < p < o0, and let ¢ = ® * n, where ® is defined in
(1.4). Then —A¢ = n almost everywhere and, for any i, j,
— Hardy-Littlewood-Sobolev inequality : If p < 3, then, for ¢ = 3p/(3 — p),

102 @l La(rs)y < Cpglnlrrws)

where C, 4 is a constant that depends only on p.
— Calderon-Zygmund inequality :

102, 0; 0| Lo 3y < Cplnl|Lews)
where Cy, is a constant that depends only on p.

Both inequalities are proved in Stein [183]. For the Calderon-Zygmund inequality,
let us also mention that the case of a source n with compact support is treated in [95,
Theorem 9.9] and extended to any source in dimension 3 or higher, in the remark following
the proof.

Lemma C.3.3. Let (n: (t,z) € [0,T)xR? > R).~ be a family of measurable functions.
Suppose that,

— (n®)e=0 is a bounded sequence of L*(0,T; L*((1 + |z|)dx)),

— limy_o sup_ |7yn® —n®| 1o 7)xRae) = 0,

— (04nF)e=0 is bounded in L'(0,T; W~LH(R?)),
where T, is the translation of y in the space variable and WL R?) denotes the topological
dual of the Sobolev space WL (R?). Then,

(nf)esg is relatively compact in L*([0,T) x RY)

Démonstration. The goal is to use the Riesz-Fréchet-Kolmogorov theorem but we miss
the uniform smallness of the translation in time. Through a mollifying process, we can
use the bound on the time derivative and the space compactness to recover this property.
Let (ps)s=o be the following sequence of standard mollifiers,

Pale) = 5T )

237



Annexe C. Lemmes techniques

where p is given by,
1

p(z) =4 ell* —1
0 ifex>1

ifz<l1

One sees that there exists a universal constant C' > 0 such that,

C
|psl 1.0 (ray < Sa+T

Let us denote by 75 is the translation of s in the time variable. Using this estimate we
have, almost everywhere in ¢, x,

‘(Ts - 1)n8 *x pé’ =

[L 7= 0 doste — i

t+s
| ( [ aﬂf(ny)m) sz — y)dy‘
Rd t
t+s
<J\
t

C t+s
<girt [ 10mE (s

<atn€(7_a ')7 P(S(fU - ')>W71,17W1,oo‘ dr

Therefore if we integrate on [0,T") x B where By is the ball of radius R in R?, it yields,

RYs
I(7s — 1)n® #4 ps| L1017y xBR) = O < 5dll|>

and thanks to the L'(0,7; L'((1 + |z|)dx)) bound,

e>0

RYs 1
sup [(7s — 1)n® #, pé”Ll([O,T)xR‘i) =0 < (5d—1-1‘ + R)

and optimizing in R yields,

e>0

. s|iT
sup [[(7s — 1)n" %5 ps| 1 (o.ryxrty = O | —5 (C2)
Now as in the proof of the Riesz-Fréchet-Kolmogorov theorem, we shall remark that,

T T
J J |n® %, ps — n®|dxdt <f f f |n(t,z —y) — n°(t, x)|ps(y)dydxdt
0 Jrd 0 Jrd Jrd

< JB ps(y)dy sup |myn® — n| 1110 1) xre)
5

yEBs
and hence,

lim sup [n® #5 ps — n°[| 1(jo,1) xre) = 0
d—0 e>0
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1
Finally, by taking, say, 0 = |s|2(+D in (C.2), and using that,

I(7s = D)n® [ 110,17y xray < 21 %2 ps — 1| L1 (0, 1)xray + [(Ts — 1IN %4 psll 11 (0,1) xR

we showed that,

: 5 5 _
il_ff(l)?i%) |msn® —n HLI([O,T)de) =0.

Relative compactness follows from the Riesz-Fréchet-Kolmogorov theorem. O

C.4 Maximum principle on the torus

For convenience we state and prove here maximum principles adapted to our purposes.

Lemma C.4.1 (Maximum principle on the torus, three-dimensional case). There exists
a constant C such that if ue WH(T3) and —Au < Ko with Ko € L¥*1(T?) then

ess iupu < C (Huuwl,l(']r?,) + HKOHL3/271('JI‘3))'
T

We refer for instance to [139, Chapter 2] for relevant basic properties of Lorentz spaces
appearing in the statement of the former lemma.

The foregoing lemma is readily derived from the following one through the canonical
identification of functions on T3 and periodic functions on R3 by choosing § containing
a fundamental domain and Q" a suitably larger bounded domain.

Lemma C.4.2 (Maximum principle, three-dimensional case). Let Q' be an open subset
of R? and Q be a bounded open subset of Q such that Q < €.
There ezists a constant C' such that if u € WHH(Q') and —Au < Ko with Ko € L¥?1(Q)
then

esssupu < C(Jullwray + 1Kol zs2a o) -

Démonstration. 1t is sufficient to prove the estimate when u and Ky are smooth. From
there a classical approximation argument yields the full result by providing upper bounds
at any Lebesgue point of .

For any 0 < € < § and g € R3, we set

Qes(z0) = { yeR® | e<|y—wo| <3 }
and for any € > 0 and zg € R, we denote
Se(wo) = { yeR® | Jy—=of=¢ }.

We also consider G : R® — R, y — |y, which is a multiple of the Green function of
the Laplacian on R3.
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First we choose R > 0 such that for any zg € Q, Qo 5(zo) < €. Then, for any zo € Q,
repeated use of the Green formula provides for any 0 < e < R

1 1 (1 1 > J'
— u = — u+ | -——= (—Au)
e? Se(wo) Rr? Sr(zo) e R Q0. (z0)

+ LE’R(%) (G(- ) — ;) (—Au)

1 (1 1> J‘
< = w+ (-—= Ko
R? )5y (o) e RJ Jag. (@)
1
+ f (G($0)) Ky
QE,R(:EO) 1 R
< ﬁHUHLl(SR(:cO)) + gHKoHLl(QO,E(xO))

+ ‘

1
G( — xo) — ) Ko
( R LY(Q0,r(x0))

< C'ulwray + C'IKoll sz wo)) + C 1Kol Loz oy

for some constant C’ depending only on R (for instance through |G — R™ 15.0(q n(0)))-
Taking the limit € — 0 provides the estimate at xg.

We shall also use the foregoing slight generalization.

Lemma C.4.3 (Maximum principle, three-dimensional case, second version). Let €' be
an open subset of R and Q be a bounded open subset of 0 such that Q < €.

There exists a constant C' such that if u € W (Q') and, for some Ko € L3> (), stands
Xuz0(—Au) < Ky on ' then

essgupu < C(lulwrrony + [ Kol psaon) -

Proof. Since u < uy (where ()4 denotes positive part) the proof is achieved by applying
Lemma C.4.2 to uy since Vuy = xy>oVu and

—Aug < Xuso(—Au) + Fxu—o(—Au)
as is classical and derived by inspecting the limit € — 0 of
T(We+u?+u).
O

At last we observe that a slight variation on the proof of Lemma C.4.2 provides the
following two-dimensional versions of Lemmas C.4.1 and C.4.3.
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Lemma C.4.4 (Maximum principle on the torus, two-dimensional case). For any 1 <
p < o there exists a constant C such that if u € WH(T?) and —Au < Ko with Kq €
LP(T?) then

essTs2upu < C(Julwraerzy + [ Kol zo(r2)) -

Lemma C.4.5 (Maximum principle, two-dimensional case, second version). Let 1 < p <
w0,  be an open subset of R? and Q be a bounded open subset of Q such that Q < .
There exists a constant C such that if u € WEHQ) and xuso(—Au) < Ko on with
Ky e LP(QY) then

essSUp U < C([ullwra@y + [ Kol ze) -
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Résumeé : Cette thése est consacrée a I’étude mathématique de quelques modéles d’équations aux dérivées
partielles issues de la physique des plasmas. On s’intéresse principalement a I’analyse théorique de différents
régimes asymptotiques de systémes d’équations cinétiques de type Vlasov-Poisson-Fokker-Planck. Dans
un premier temps, en présence d’'un champ magnétique extérieur on se concentre sur l'approximation
des électrons sans masse fournissant des modéles réduits lorsque le rapport m./m; entre la masse m,
d'un électron et la masse m; d'un ion tend vers 0 dans les modéles. Suivant le régime considéré, on
montre qu’a la limite les solutions vérifient des modéles hydrodynamiques de type convection-diffusion
ou sont données par des densités de type Maxwell-Boltzmann-Gibbs, suivant 'intensité des collisions
dans la mise a 'échelle. En utilisant les propriétés hypocoercives et hypoelliptiques des équations, on
est capable d’obtenir des taux de convergence en fonction du rapport de masse. Dans un second temps,
par des méthodes similaires, on montre la convergence exponentielle en temps long vers 1’équilibre des
solutions du systeéme de Vlasov-Poisson-Fokker-Planck sans champ magnétique avec des taux explicites en
les paramétres du modéles. Enfin, on congoit un nouveau type de schéma volumes finis pour des équations
de convection-diffusion non-linéaires assurant le bon comportement en temps long des solutions discrétes.
Ces propriétés sont vérifiées numériquement sur plusieurs modeéles dont 1’équation de Fokker-Planck avec
champ magnétique.

Mots clés : équations cinétiques ; plasma ; électrons sans masse ; Vlasov-Poisson ; Fokker-Planck ; entropie
relative ; hypocoercivité ; limite de diffusion; Maxwell-Boltzmann ; schémas volumes finis; convection-
diffusion.

Asymptotic and numerical analysis of kinetic and fluid models
for the transport of charged particles

Abstract : This thesis is devoted to the mathematical study of some models of partial differential equa-
tions from plasma physics. We are mainly interested in the theoretical study of various asymptotic regimes
of Vlasov-Poisson-Fokker-Planck systems. First, in the presence of an external magnetic field, we focus
on the approximation of massless electrons providing reduced models when the ratio m./m; between the
mass m, of an electron and the mass m; of an ion tends to 0 in the equations. Depending on the scaling,
it is shown that, at the limit, solutions satisfy hydrodynamic models of convection-diffusion type or are
given by Maxwell-Boltzmann-Gibbs densities depending on the intensity of collisions. Using hypocoercive
and hypoelliptic properties of the equations, we are able to obtain convergence rates as a function of the
mass ratio. In a second step, by similar methods, we show exponential convergence of solutions of the
Vlasov-Poisson-Fokker-Planck system without magnetic field towards the steady state, with explicit rates
depending on the parameters of the model. Finally, we design a new type of finite volume scheme for a
class of nonlinear convection-diffusion equations ensuring the satisfying long-time behavior of discrete so-
lutions. These properties are verified numerically on several models including the Fokker-Planck equation
with magnetic field.

Keywords : Kinetic equations ; plasma ; massless electrons ; Vlasov-Poisson ; Fokker-Planck ; relative en-
tropy ; hypocoercivity ; diffusion limit ; Maxwell-Boltzmann ; finite volume schemes ; convection-diffusion.

Image en couverture : Evolution temporelle de la distribution en vitesse de particules soumises & des collisions et & un champ

magnétique orthogonal & la page. Dans le sens négatif, de I’état initial en haut & gauche a I’état stationnaire en bas a gauche.
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