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Résumé

Les études existantes s’intéressant au dimensionnement des structures paravalanches s’ap-

puient généralement sur des signaux de force lissés dans le temps. Cependant, le caractère

hétérogène de la neige en écoulement est responsable de fortes fluctuations systématiquement

observées. Cette thèse a pour objectif de caractériser les fluctuations de force exercées sur un

obstacle surversé par un écoulement granulaire. Des modélisations numériques par la méthode

des éléments discrets sont mises en œuvre pour simuler l’interaction entre la neige, représentée

par un ensemble plan de particules sphériques, et un mur immobile et indéformable. Une par-

ticularité de ce travail réside dans l’étude d’une gamme très large de régimes d’écoulement, de

quasistatique à collisionnel. Deux systèmes modèles sont développés dans le but de focaliser la

zone d’étude en amont de l’obstacle, et de permettre le contrôle des variables macroscopiques de

l’écoulement (vitesse de cisaillement, pression de confinement, tailles des systèmes). Le premier

confine les grains entre quatre parois dont l’une impose un cisaillement à vitesse constante, alors

que les signaux de force sont mesurés sur la paroi faisant face au cisaillement. Le second système

confine les grains entre deux parois (dont une cisaillante) et une condition aux limites périodique

dans la direction du cisaillement, alors que le mur est immergé dans les grains. Chaque système

est étudié via une analyse moyenne puis les fluctuations sont caractérisées à partir des signaux

de force instantanés.

Le nombre inertiel macroscopique construit sur la vitesse de cisaillement et la pression de

confinement imposées au système s’avère être une variable de contrôle à la fois de la dynamique

moyenne et des fluctuations dans les deux systèmes. Une loi empirique a été établie pour chacun

des systèmes pour prédire la transmission de force moyenne sur l’obstacle en fonction du nombre

inertiel macroscopique, et la mesure de grandeurs locales a révélé que la loi rhéologique µ(I)

des milieux granulaires en écoulement est respectée quasiment partout. Les autocorrélations des

signaux de force sur le mur à l’échelle mésoscopique ont révélé l’existence d’un effet mémoire

des systèmes aux faibles nombres inertiels, disparaissant avec la transition vers le régime dense

inertiel. Les distributions de forces à trois échelles spatiales différentes sont également contrôlées

par le nombre inertiel macroscopique : aux régimes lents les distributions sont resserrées et

approchent une forme Gaussienne, aux régimes rapides les distributions sont exponentielles. Des

lois de probabilité log-normales tronquées à trois paramètres ont été établies afin de prédire de

façon empirique les distributions de force sur l’obstacle.

Ce travail contribue à approfondir les connaissances sur la composante moyenne et les fluc-

tuations de force subies par un obstacle soumis à un écoulement granulaire. Les résultats obtenus

permettent d’envisager la modélisation de systèmes gravitaires s’approchant des conditions réelles

d’écoulements, permettant ainsi la comparaison avec des expérimentations de laboratoire dans

le but de mieux dimensionner les structures de génie-civil.

Mots clés : écoulement granulaire, obstacle, force, méthodes des éléments discrets, fluctuations,

autocorrélation, distribution.
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Abstract

The existing studies dealing with the design of civil-engineering structures against snow

avalanches are generally based on force times series that are smoothed over time. However the

strong heterogeneity of snow leads to systematic observations of a high level of force fluctuations.

This PhD thesis aims at characterizing the force fluctuations exerted on an obstacle that is

overflowed by a granular flow. Numerical simulations based on the discrete elements method are

implemented to model the interaction between the snow, represented by an assembly of spherical

particles, and a rigid motionless wall-like obstacle. A key feature of this work is the broad range

of flow regimes investigated, from quasistatic to collisionnal. Two model systems are studied in

order to focus on a zone restricted to the upstream of the obstacle, and to allow a full control of

the macroscopic flow variables (shearing velocity, confinement pressure, system sizes). The first

one confines the grains between four walls from which the top one imposes a constant shearing

velocity while the force signals are measured on the wall facing the corresponding displacement.

The second system confines the grains between a static bottom wall, a shearing top wall, and a

periodic boundary condition in the shear direction, while the wall-like obstacle is fully immersed

in the grains. Each system is studied through a time-averaged analysis then the fluctuations are

characterized from the instantaneous force time series.

The macroscopic inertial number built from the shear velocity and the confinement pressure

imposed to the system turns out to be the main control variable of both the mean dynamics and

the fluctuations in the systems. An empirical law has been established to predict the mean force

transmission on the obstacle as a function of the macroscopic inertial number for each of the

two systems, and the measurement of local strain and stress tensors revealed that the granular

flow µ(I)-rheological law is respected nearly everywhere in the samples. The autocorrelations of

force signals on the obstacle at the mesoscopic scale revealed the presence of a memory effect of

both systems at low inertial numbers which vanishes with the transition from the quasistatic to

the dense inertial flow regimes. The force distributions at three different spatial scales are also

controlled by the macroscopic inertial number : for slow regimes the distributions are tightened

and resemble Gaussian shapes, for fast regimes the distributions are rather exponential. Trun-

cated log-normal probability density functions (with three parameters) have been established in

order to predict empirically the force distributions on the obstacle.

This work contributes to advance the knowledge on both the time-averaged and the fluctua-

ting components of the force exerted on a wall subjected to a granular flow. The results enable

to look forward with the modeling of gravity-driven systems approaching real flow conditions,

thus allowing a comparison with laboratory experiments and full-scale measurements, with the

aim of better designing of civil engineering structures impacted by avalanches.

Keywords : granular flow, obstacle, force, discrete elements method, fluctuations, autocorrela-

tion, distribution.
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6 Chapitre 1. Introduction

1.1 Contexte

1.1.1 Avalanches de neige et ouvrages de protection

Avalanches : déclenchement et écoulement

Une avalanche neigeuse est définie comme une masse de neige qui se décroche puis s’écoule
le long d’un versant montagneux. La masse de neige est soumise à la pesanteur—qui joue
le rôle de force motrice, contre balancée par le frottement basal. La définition de trois
phases correspondant à trois zones permet de décrire le déroulement d’une avalanche (Cf.
Fig. 1.1).

Figure 1.1 – Les trois phases de l’écoulement d’une avalanche : initiation, écoulement, arrêt

(© 2014 Canadian Avalanche Center).

L’initiation du phénomène est appelé déclenchement, et s’explique par la rupture mé-
canique d’un équilibre dans le manteau neigeux. Cette rupture qui a lieu dans la zone
de départ peut être due à une condition climatique particulière (perte de cohésion du
manteau par réchauffement) ainsi qu’à une surcharge mécanique naturelle (animal, chute
de corniche) ou artificielle (déclenchement préventif).

La phase de propagation correspond à l’écoulement de la masse de neige le long de la
pente. La topographie, les conditions météorologiques, le type de neige formant le man-
teau sont autant de facteurs qui influencent grandement le phénomène de propagation. Il
existe une classification différenciant les types d’avalanches selon les modes d’écoulements
observables et la composition de la neige (voir Fig. 1.2).
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Figure 1.2 – Deux types d’écoulements d’avalanches : en aérosol à gauche (©ANENA), dense

à droite (photo Alain Duclos).

— L’avalanche en aérosol : c’est un nuage de neige sèche et froide, formé de particules de
glace en suspension dans l’air, pouvant atteindre des vitesses de l’ordre de 100 m.s−1.

— L’avalanche dense : la cohésion de la neige permet son aggrégation en grains de
taille variable. Ces écoulements ont tendance à suivre le relief par la ligne de plus
forte pente, et leur forte densité peut causer des dégâts importants, malgré des
vitesses parfois faibles. Si la teneur en eau liquide est faible, le comportement peut
être reproduit par un matériau granulaire sec (c’est l’objet de cette thèse, voir
partie 1.1.2), mais si elle est forte le mélange est hétérogène et les modèles issus de
l’hydraulique torrentielle sont plus adaptés.

— L’avalanche mixte : c’est la combinaison simultanée d’une avalanche en aérosol et
d’une avalanche granulaire ou dense.

La phase d’arrêt de l’avalanche se produit lorsqu’elle rencontre un obstacle ou une
pente moyenne suffisamment faible. Elle décélère puis s’arrête totalement, formant une
zone de dépôt inerte.

Dispositifs de protection et dimensionnement

Face aux dangers pour la population que représentent les avalanches de neige en milieu
alpin, deux types d’ouvrages de protection permanents sont mis en place :

— les ouvrages de défense actifs (voir Fig. 1.3), ils interviennent en amont de l’ava-
lanche, en évitant le déclenchement : claies paravalanches, râteliers, filets, reboise-
ments ...

— les ouvrages de défense passifs (voir Fig. 1.4), ils sont bâtis en aval de la zone de
déclenchement pour dévier, freiner ou arrêter les avalanches pendant la propagation :
étraves, digues ou murs d’arrêt, dents déflectrices, tunnels ...
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Figure 1.3 – Protections paravalanches actives : claie à gauche (photo Böhringer Friedrich), filet

à droite (photo Irstea).

Figure 1.4 – Protections passives : mur d’arrêt à gauche (Bleie, Ullensvang, Norvège), tunnel

ferroviaire à droite (©SMJ).
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Figure 1.5 – Représentation schématique d’une avalanche surversant un obstacle, identifications

des zones (image Chanut [21]).

L’objet de cette thèse concerne les ouvrages de protection passifs, et plus généralement l’in-
teraction entre une avalanche en écoulement—lent ou rapide, et un obstacle (voir Fig. 1.5).
Dans ce type de configuration, une partie de la neige se retrouve bloquée en amont de
l’obstacle, formant une zone quasistatique appelée zone morte. L’obstacle perçoit alors
par contact direct la force provenant du poids de la zone morte. En fonction des échelles
mises en jeu lors de l’événement (volume de neige, hauteur de l’obstacle), l’ensemble zone
morte - obstacle est susceptible d’être débordé par de la neige en écoulement plus ou
moins rapide : on parle de zone inertielle. L’obstacle subit également la force dynamique
provenant de la zone inertielle par transmission (et éventuellement altération) via la zone
morte. Le système ainsi décrit implique la coexistence entre deux zones définies par un
matériau identique mais des conditions d’écoulement différents. Une transition spatiale
aux propriétés mécaniques complexes a lieu au sein de la neige entre l’état inerte et l’état
d’écoulement. Cette transition est à l’origine de fluctuations de force sur l’obstacle d’am-
plitude et de fréquence élevées, tel qu’exposés dans la partie 1.1.3.

La caractérisation de la force subie par les structures passives de génie civil soumises
aux avalanches est un élément majeur lors de leur dimensionnement. Elle passe par l’étude
de deux types de données complémentaires. Le premier type est le résultat de lissages tem-
porels, permettant le dimensionnement en terme de force moyenne, maximale et résiduelle,
facilitant l’étude des avalanches malgré leur propriété transitoire. Le second type de don-
nées résulte des signaux bruts qui comportent des informations temporelles à échelles de
temps courtes et permettent d’obtenir des informations sur les fluctuations de force sur
l’ouvrage. Il intervient dans l’analyse du phénomène de résonance mécanique survenant
à la fréquence propre des structures, élément critique lors du dimensionnement. C’est sur
ce second type de données instantanées que porte cette étude.



10 Chapitre 1. Introduction

1.1.2 Écoulements granulaires secs

Les avalanches de neige sont des événements dangereux et souvent rapides qui ont lieu
dans des environnements hostiles et instables. Pour ces raisons, l’acquisition de données de
terrain à l’échelle d’un versant ou même d’un couloir est très délicate. Afin d’observer ces
phénomènes dans des conditions reproductibles et contrôlées et à des échelles acceptables,
des expérimentations en laboratoire d’écoulements sur plans inclinés sont souvent réalisés
par analogie aux écoulements in-situ. Dans ce contexte, le choix du matériau modèle est
un point important qui nécessite une étude de terrain pour obtenir des informations sur la
constitution de la neige en écoulement. Cette section vise à montrer que, comme souvent
utilisés dans la littérature (voir [31, 85, 71, 70]), les écoulements granulaires secs sont
adaptés à la modélisation des écoulements de neige dense sèche.

De la neige aux grains

Les zones de dépôt formées à la fin des événements avalancheux sont des terrains propices
à l’étude du matériau qu’est la neige en écoulement. Elles sont en effet situées dans des
zones plus facile d’accès, et présentent l’avantage de pouvoir être analysées a posteriori,
réduisant ainsi considérablement la contrainte opérationnelle. De plus, par opposition au
manteau neigeux avant l’avalanche, le matériau étudié est celui qui s’est réellement écoulé,
susceptible d’avoir été transformé par l’écoulement lui-même.

La figure 1.6 montre quatre dépôts formés par des avalanches denses, constitués d’agré-
gats de différentes géométries. En fonction de la composition de la neige et des conditions
d’écoulement, leurs formes peuvent être très angulaires, se rapprochant de polyèdres (voir
(a)) ou plus arrondies voire quasi-sphériques (voir (b,c,d)). Dans ce cas, c’est l’érosion
efficace par frottement inter-grains qui a tendance à les arrondir lors de l’écoulement.
À l’origine, ce sont ces observations d’agrégats quasi-sphériques qui ont conduit la com-
munauté scientifique à considérer les avalanches comme des écoulements granulaires. Ce
constat a motivé une analyse réalisée dans [6], qui vise à quantifier la distribution des
tailles de ces agrégats pour deux avalanches de neige sèche et deux avalanches de neige
humide. Les agrégats sont le résultat de zones fortement cisaillées au sein de l’avalanche,
la dynamique de l’écoulement a donc une forte influence sur leur formation.

L’assimilation des avalanches à des écoulement de grains secs a fait l’objet de vali-
dations récentes en se basant sur des mesures variées. En 1999, Pouliquen [77] a établi
une loi entre épaisseur de dépôt et pente à partir d’écoulements de billes de verre dans
un modèle réduit de canal. Cette loi est notamment basée sur l’existence de deux angles
critiques θmin et θmax, qui correspondent respectivement aux pentes en-dessous de laquelle
aucun écoulement n’est possible et au-dessus de laquelle aucun dépôt n’est laissé après
le passage des grains. En 2008, Rognon et al. [83] ont confirmé l’existence de ces angles
critiques pour la neige grâce à un canal expérimental situé au col du Lac Blanc. Les angles
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(a) (b)

(c) (d)

Figure 1.6 – Exemples de zones de dépôt d’avalanches denses, formation d’agrégats ((a) et (c) :

tirées de [3], (b) : ©T. Faug, (d) : tirée de [6]).
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obtenus ne sont pas identiques à ceux mentionnés dans [77], mais les différences pourraient
être expliquées par les effets de bords qui ne sont pas identiques dans les deux études.
Finalement, en 2010, Sovilla et al. [98] ont validé la loi obtenue dans [77] sur des mesures
in-situ de pente et d’épaisseur de dépôt d’avalanches prises sur le site expérimental de la
Sionne grâce à des données acquises par lidar aérien.

La comparaison des rhéologies des matériaux est un autre axe de comparaison entre
avalanches et écoulements granulaires secs. Le cisaillement vertical γ̇ est une donnée im-
portante dans l’étude des avalanches de neige dense, car couplé à la composante de cisaille-
ment τ du tenseur des contraintes, il permet d’avoir accès à la rhéologie de l’écoulement.
Les profils verticaux de vitesse d’écoulement de la neige ont été mesurés sur de multiples
dispositifs expérimentaux à échelle réelle (voir [47, 32, 56]) ou sur canal d’écoulement
(voir [33, 11, 12, 57, 103, 83, 86]). Un point commun à ces études est la concentration du
cisaillement dans une zone proche du fond, alors que les déformations au-dessus de cette
zone sont bien plus faibles. Certains modèles permettent de reconstruire ce comportement
(voir [33, 73, 72, 74, 31, 57]), et sont quasiment tous basés sur un seuil d’écoulement “ar-
tificiel” τ0 ou un écoulement biphasique. Seule l’étude de P.Rognon prend uniquement
en compte le caractère granulaire de l’écoulement (voir [83]) pour expliquer—de manière
qualitative—l’existence de deux zones de cisaillement à partir d’une propriété mesurable
et intrinsèque à la neige : le diamètre des grains d, non homogène dans la hauteur. En
effet, cette étude met en jeu un ensemble bidisperse de grains et établit une relation de
proportionnalité entre le cisaillement local et le diamètre local des grains : γ̇ ∝ 1/d.

Le présent travail de thèse exploite ces similitudes entre les avalanches denses et les
écoulements granulaires, et s’inscrit donc dans le cadre des écoulements de grains rigides,
secs et sphériques tels qu’utilisés dans [77]. Le paragraphe suivant résume les résultats
existants concernant ce type d’écoulements.

Régimes d’écoulement

Un matériau granulaire est défini comme un ensemble de grains de géométrie et de taille
variables qui interagissent. Cette simple définition englobe des domaines d’études nom-
breux, qui n’ont pourtant de prime abord pas de points communs. Ainsi, l’industrie phar-
maceutique, le génie civil, l’agriculture, la géophysique ou encore les chutes de blocs sont
autant de domaines concernés par la compréhension de ce matériau complexe. La difficulté
principale réside dans le fait qu’aucune loi constitutive universelle ne permet d’établir la
rhéologie des milieux granulaires. À contrario, leur comportement dépend des sollicita-
tions extérieures qui lui sont appliqués. Les chercheurs ont donc subdivisé les matériaux
granulaires en catégories selon leur mode de sollicitation. Il en résulte trois régimes qui
sont définis par la manière dont le milieu granulaire s’écoule (voir Fig. 1.7).

— Le régime quasistatique : les grains ont une inertie quasi nulle qui se traduit par
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Figure 1.7 – Écoulement granulaire, identification des régimes quasistatique, dense et collision-

nel (photo issue de [41]).

des contacts frictionnels persistants dans le temps. Les milieux granulaires quasista-
tiques sont souvent étudiés par les mécaniciens des sols qui utilisent la théorie de la
plasticité pour en prévoir le comportement macroscopique (voir [84]).

— Le régime collisionnel : c’est l’opposé du régime quasistatique, les grains ont une
inertie très forte qui se traduit par un milieu très agité où les grains sont très
éloignés. Comme les temps de contact sont extrêmement courts, assimilables à des
contacts binaires, une théorie dérivée de la théorie cinétique des gaz a été établie
pour en déduire les équations constitutives (voir [51, 46]).

— Le régime dense : il se situe entre les deux régimes extrêmes, caractérisé par un
comportement “liquide”. L’inertie commence à avoir de l’influence sur la rhéologie,
mais le réseau de contacts entre les grains peut toutefois percoler à travers le milieu
de manière transitoire. La majorité des écoulements géophysiques sont concernés par
ce régime, mais c’est aussi celui pour lequel l’établissement d’une loi constitutive
est le plus difficile. C’est la raison pour laquelle de nombreuses études ont cherché
à comprendre ce type d’écoulements complexes ces dernières années.

La recherche dans le monde des milieux granulaires étant caractérisée par un large panel
d’applications et donc des systèmes physiques différents, le GDR MiDi a unifié le résultat
de plusieurs travaux de recherches dans [44] en 2004. Six configurations bidimensionnelles
différentes y sont présentées (voir Fig. 1.8), dont trois confinées et trois à surface libre.
Le milieu granulaire (constitué de grains rigides) est cisaillé, soit par gravité, soit par le
contrôle en déplacement ou en contrainte d’une paroi, et des mesures sont réalisées aux
parois et au sein des grains afin d’extraire les propriétés mécaniques de l’écoulement. Une
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Figure 1.8 – Les six configurations d’écoulements granulaires testées par le GDR MiDi : cisaille-

ment plan (a), cisaillement annulaire (b), chute verticale (c), plan incliné (d), entassement (e),

tambour tournant (f) (illustration tirée de [44]).

grandeur est définie sur la base d’une analyse dimensionnelle pour quantifier le régime
auquel les grains s’écoulent. Cette grandeur, appelée nombre inertiel I, doit refléter les
effets antagonistes de la vitesse de cisaillement γ̇ et de la pression de confinement P . Pour
ce faire, deux temps caractéristiques sont définis (voir Fig. 1.9) :

Tγ =
1

γ̇
, (1.1)

le temps typique correspondant à la déformation par cisaillement, et

TP = d

√
ρp
P
, (1.2)

le temps typique de confinement correspondant au réarrangement (à la relaxation) d’un
grain sous la pression P (ρp est la masse volumique des grains). Le nombre inertiel I,
grandeur adimensionnelle, est le rapport de ces deux temps :

I =
TP

Tγ

=
γ̇d√
P/ρp

. (1.3)

Parmi les configurations étudiées par le GDR MiDi dans [44], le cisaillement plan sans
gravité (voir Fig. 1.8(a)) met en valeur un comportement intéressant de l’écoulement vis-
à-vis du nombre inertiel, à condition que les propriétés microscopiques des grains soient
ordinaires (coefficient de restitution e inférieur à 1 et angle de frottement µp non nul).
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Figure 1.9 – Représentation schématique des deux temps caractéristiques, Tγ et TP (illustration

tirée de [44]). Tγ est le temps nécessaire à une couche de grains pour parcourir une distance d

par rapport à une autre couche par le cisaillement γ̇. TP est le temps nécessaire à une couche

de grains pour “retomber” dans une position basse lorsqu’elle a atteint une hauteur maximale en

gravissant la couche inférieure.

En particulier, tant que le régime collisionnel (gazeux) n’est pas atteint, les propriétés
intrinsèques à l’écoulement du milieu granulaire : vitesses, fraction volumique, frottement
effectif µeff = τ/P , sont des fonctions univoques de I. Lorsque I est faible, le régime
est quasistatique et la réponse du système est indépendante de la vitesse de cisaillement.
Lorsque I augmente, le régime dense est atteint et l’inertie entre en jeu : le système devient
dépendant à la vitesse de cisaillement. Lorsque I est élevé, l’écoulement est dans l’état
collisionnel. I contrôle donc le régime d’écoulement, ce qui signifie qu’il y a deux façons
d’effectuer une transition de régime : en modifiant soit la vitesse de cisaillement γ̇, soit la
pression de confinement P .

Ayant trouvé une relation rhéologique µeff = µeff (I) (dite locale, car en un point
donné elle ne dépend que des grandeurs locales) dans cette configuration simple, il est
tentant de vouloir l’étendre à des systèmes plus complexes, pour savoir si la rhéologie
locale de tout système d’écoulement granulaire répond à cette loi. Mais il s’avère que dans
des systèmes plus complexes, la rhéologie en un point donné peut également dépendre de
grandeurs qui ne sont pas localisées en ce point. En d’autres termes, il se peut que la rhéo-
logie locale soit perturbée par des grandeurs lointaines, comme la vitesse de l’écoulement
en un point géométrique différent, ou encore par des longueurs caractéristiques liées aux
conditions au bord du système. Dans ce cas on parle de non-localité, phénomène étudié
dans [54, 14].

Enfin, en 2006, Jop et. al. ont proposé une formule théorique reliant le coefficient de
frottement local µ et le nombre inertiel I valable dans le régime dense, dans le cas où
la non-localité n’a pas lieu (voir [52]). Ils établissant alors une loi rhéologique empirique
reliant l’inertie de l’écoulement au rapport entre les composantes tangentielle et normale
des contraintes appliquées aux grains :

τ/P = µ(I) = µs +
µ2 − µs

I0/I + 1
. (1.4)

C’est une fonction à double saturation, aux faibles et fortes valeurs de I : µs est le
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Figure 1.10 – La loi rhéologique µ(I), avec les trois valeurs de paramètres du cisaillement plan

donnés dans [52] : µs = 0.382, µ2 = 0.643, I0 = 0.279.

frottement correspondant au seuil d’écoulement (asymptote lorsque I → 0), µ2 est la
valeur de saturation aux grands I, et I0 est une constante permettant de décaler la fonction
par rapport à I (voir Fig. 1.10). Sous condition que les propriétés microscopiques des grains
soient ordinaires (voir paragraphes ci-dessus) et que la non localité n’entre pas en jeu, ces
trois paramètres ne dépendent que de la configuration géométrique du système (parois,
type de sollicitation, dimensionnalité 2D ou 3D).

1.1.3 Interaction avalanche - obstacle : état de l’art

La force exercée par un écoulement granulaire sur un obstacle immergé constitue un do-
maine d’étude primordial, nécessaire au dimensionnement des structures de génie civil. En
plus des ouvrages de protection paravalanches, les bâtiments et pylônes sont également
concernés. La norme européenne Eurocodes concernant le risque lié à l’aléa avalanche de
neige recommande la prise en compte de la moyenne temporelle de la pression exercée sur
l’ouvrage 〈P 〉. De cette façon l’écoulement de neige est vu comme une masse statique pe-
sant sur l’obstacle à dimensionner et des coefficients de sécurité sont utilisés pour prendre
en compte les composantes dynamiques.

Cependant, les signaux temporels de pression sur obstacles soumis à des avalanches
ont été mesurés et se sont révélés complexes (voir Fig. 1.11). La pression commence
par augmenter quasi linéairement dans le temps jusqu’à atteindre un maximum absolu
Pmax. Pendant cette phase de montée en charge correspondant à l’impact de l’avalanche,
des maximums locaux de pression Ppeak sont observés. Par la suite, la pression diminue
rapidement avant d’atteindre une valeur de pression moyenne quasiment constante 〈P 〉
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Figure 1.11 – Signaux de pression P d’avalanches impactant une plaque carrée de 1m2 sur le

site d’expérimental du Lautaret, en fonction du temps normalisé (tmax est le temps auquel le

signal de force est maximal).

correspondant à un état permanent de l’écoulement, et perturbée par des fluctuations
haute fréquence σP . Enfin, lorsque l’écoulement cesse, le dépôt en amont de l’obstacle y
applique une pression résiduelle Pres.

De tels signaux peuvent—s’ils ne sont pas estimés a priori dans leur intégralité—
conduire à l’endommagement ou la destruction des structures immergées. Une meilleure
compréhension de l’interaction entre une avalanche et un obstacle est donc nécessaire pour
les dimensionnements. Cela passe en particulier par la mise en évidence des liens entre
les caractéristiques d’écoulement et les caractéristiques des signaux de force. Cette thèse
porte essentiellement sur la compréhension de la composante fluctuante σP des signaux
de force.

Force moyenne sur l’obstacle

Le calcul analytique complet de la physique des avalanches reste difficile à maîtriser, même
en faisant des hypothèses fortes sur leur composition. En effet, les variables d’état au sein
de l’écoulement sont à l’heure actuelle non mesurables dans des conditions réelles : les
flux de quantité de mouvement et le tenseur des contraintes locaux. Aussi, la rhéologie
du matériau, c’est-à-dire la relation locale entre contrainte et déformation ou vitesse de
déformation, n’est pas établie de manière universelle (voir partie 1.1.2). Dans ce contexte,
des mesures de laboratoire ont toutefois permis d’établir certaines relations entre les pro-
priétés macroscopiques des écoulements granulaires secs en régime permanent et la force
moyenne exercée sur un obstacle immergé. En adéquation avec la rhéologie des milieux
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granulaires détaillée en partie 1.1.2, il faut distinguer deux régimes : celui où l’inertie est
négligeable (régime quasistatique) et celui où l’inertie joue un rôle important.

Lorsque l’inertie de l’écoulement est faible, la pression moyenne sur l’obstacle est
proportionnelle à la pression hydrostatique (pression de confinement du milieu granulaire),
et la vitesse de l’écoulement n’a pas d’influence. Ce comportement a été vérifié dans
plusieurs configurations : écoulement annulaire (voir [2]), écoulement gravitaire vertical
(voir [22]), barreau immergé en rotation perpendiculaire à son axe (voir [16]). Pour un
système constitué d’un écoulement gravitaire à surface libre rencontrant un obstacle le
long d’une pente, la pression moyenne sur l’obstacle peut alors être estimée par (voir
[40]) :

Phydro = Kρgh cos(θ), (1.5)

où θ est la pente en amont de l’obstacle, ρ est la densité moyenne de l’écoulement, g

est l’accélération de la pesanteur, h est la hauteur de l’obstacle et K est un coefficient
adimensionnel qui dépend de la géométrie du problème et des propriétés du milieu gra-
nulaire.

Lorsque la force d’inertie est grande devant la force de pression hydrostatique, les
grains sont très espacés et interagissent par des chocs rapides. Le milieu granulaire est
collisionnel et peut être vu comme un fluide : la pression moyenne perçue par l’obstacle
dépend du carré de la vitesse de l’écoulement. Cette loi, également vérifiée dans diverses
configurations (voir [17, 22, 13, 16]), peut alors s’écrire :

Pdyn = C
1

2
ρu2, (1.6)

où u est la vitesse de l’écoulement et C est un coefficient adimensionnel qui dépend de la
géométrie du problème et des propriétés de l’écoulement.

Finalement, dans le cas d’étude d’une zone inertielle s’écoulant par-dessus une zone
morte en amont de l’obstacle (voir Fig. 1.5), une approche basique consiste à sommer ces
deux contributions pour obtenir la pression totale sur l’obstacle (voir [40]) :

P = Kρgh cos(θ) + C
1

2
ρu2, (1.7)

Hormis le caractère purement permanent de cette description, la limite à cette ap-
proche est la forte dépendance de K et C à la taille de l’obstacle, à la hauteur de l’écou-
lement et aux propriétés mécaniques du milieu granulaire. Ainsi, K = 1 est possible pour
un écoulement similaire à un écoulement fluide, mais des valeurs supérieures à 10 ont été
atteintes sous certaines conditions. C varie généralement entre 1 et 2, et se caractérise par
une dépendance à la fraction volumique locale de l’écoulement granulaire et à la forme
géométrique de la surface que l’obstacle présente à l’écoulement. Une calibration de ces
coefficients en fonction du système étudié est donc souvent nécessaire. De plus, la simple
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sommation des deux contributions ne permet pas de prendre en compte l’interaction com-
plexe entre les deux zones d’écoulement. Cela revient à considérer que la zone morte “pèse”
simplement sur l’obstacle, et transmet sans altération la force exercée par la zone inertielle.

Récemment, un modèle théorique plus complet a été établi par Chanut et al. [20]
et validé expérimentalement par Faug et al. [39] pour mieux apprécier la force exercée
par un écoulement granulaire sec à surface libre dans la configuration du mur surversé
exposé dans la figure 1.5. Il est basé sur la conservation de la masse et de la quantité de
mouvement dans un volume de contrôle correspondant à la zone inertielle surmontant la
zone morte. Sa particularité est de prendre en compte la longueur de la zone morte et le
caractère transitoire des signaux de pression présentés dans la figure 1.11. La force sur
l’obstacle est décomposée en plusieurs contributions :

F = FN
u + Fh0

+ FN
w − µzm

[
F T
w + F T

u

]
+ Fmv, (1.8)

où FN
u est la force due à la déviation de la quantité de mouvement (en régime perma-

nent) entre l’écoulement entrant et l’écoulement sortant, Fh0
est la force statique liée à

l’écoulement incident, FN
w est la force correspondant au poids de la zone de contrôle, et

µzm

[
F T
w + F T

u

]
est la force de frottement basal sous la zone morte. Fmv est la force liée

à la variation de la quantité de mouvement à travers le temps pour permettre la prise en
compte du caractère transitoire des avalanches. Ce modèle est particulièrement intéres-
sant car ses paramètres d’entrée sont des grandeurs physiques mesurables exprimées en
fonction de :

— θ, la pente en amont de l’obstacle,

— θmin et θmax, les angles limites définis dans la partie 1.1.2,

— τ , un temps caractéristique de formation de la zone morte,

— h, la hauteur de l’obstacle,

— h0/h
∗, le rapport entre l’épaisseur de l’écoulement inertiel entrant et l’épaisseur de

l’écoulement inertiel au niveau de l’obstacle.

Fluctuations de forces sur l’obstacle

Les fluctuations de force dans les milieux granulaires, composantes notées σP dans la fi-
gure 1.11, ont fait l’objet d’un bon nombre d’études ces dernières années. Des données
in-situ sur le site de la Sionne lors d’événements avalancheux en 1998 et 1999 ont permis
d’établir un premier lien entre les propriétés granulaires de l’écoulement (tailles et vitesses
des grains) et les fluctuations de force sur obstacle (voir [87]). En parallèle, des expéri-
mentations de laboratoire ont vu le jour pour étudier le comportement fondamental des
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Figure 1.12 – Spectre de puissance de la force exercée sur une barre immergée dans un écoule-

ment granulaire cisaillé (graphique issu de [1]).

matériaux granulaires. La majorité d’entre elles mettent en œuvre des écoulements lents
et des mesures de force aux parois (voir par exemple [67]) ou sur un élément fixe immergé
(voir [1, 45, 26]). Les configurations étudiées sont souvent des cisaillements dans des géo-
métries annulaires de type Couette. Un nombre bien plus restreint d’expérimentations ont
été réalisés dans le but d’étudier les fluctuations dans des écoulements granulaires rapides.
Dans ce cas, c’est le plus souvent la gravité qui entraîne les grains : décharges de silos
équipés de capteurs (voir [62, 42]) ou écoulements à surface libre sur plans inclinés (voir
[92]). Dans les écoulements granulaires rapides, l’origine du phénomène de fluctuations
est souvent expliqué par des impacts intermittents de particules à haute vitesse. Dans les
régimes lents par contre, le système oscille entre des états “bloqués” (dus aux contraintes
stériques des milieux granulaires), et des états de relaxation. Le phénomène mis en avant
comme responsable des fluctuations est alors le cycle de formation et de rupture du réseau
de forces fortes (Radjai et al. [79]).

La réalisation des spectres de forces dans les milieux granulaires a été faite dans la
majorité des expérimentations, sur les parois et sur des capteurs fixes immergés. Malgré
la variété des systèmes et conditions d’écoulement étudiés, il est saisissant de consta-
ter la convergence des spectres vers une loi générique (voir Fig. 1.12). Les spectres sont
constants aux faibles fréquences, puis une décroissance en loi puissance d’exposant −2

jusqu’aux plus hautes fréquences est observée. Cette forme de courbe est généralement
caractéristique de processus physiques aléatoires, et traduit la complexité et la richesse
des phénomènes qui ont lieu à plusieurs échelles dans les matériaux granulaires.

Afin de révéler les propriétés mécaniques des milieux granulaires, les distributions
de forces sont souvent utilisées—en particulier dans les études mentionnées ci-dessus.
Plusieurs choix sont possibles concernant le type de données relevées et les traitements
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qui sont effectués. La grande majorité des études exploitent des distributions purement
spatiales, c’est-à-dire que les données sont relevées sur les forces de contact au sein d’un
système au repos ou à un temps fini déterminé (“photo” du système). À contrario, ce sont
parfois les distributions temporelles qui sont utilisées, ce qui signifie que les échantillons
de données proviennent de signaux temporels : le signal d’un capteur de force ou le suivi
de la force exercée sur une particule. Dans certains cas les distributions sont obtenues à
partir d’échantillons combinant des données spatiales et temporelles, via des moyennes
dans le temps ou l’espace. Une revue bibliographique sur le sujet sera détaillée en partie
3.2, mais les principaux résultats extraits de la littérature sur les distributions de forces
sont décrits ci-après. On propose ici de distinguer deux modes de mesure :

— les distributions des forces de contact (mesures à l’échelle des grains) dans un premier
temps ;

— les distributions de forces intégrées dans l’espace (contribution de plusieurs contacts
simultanés) dans un second temps.

Distribution des forces de contact

Les premières analyses de forces de contact dans les milieux granulaires étaient réalisées
grâce à du papier carbone placé aux parois du système. Il était possible de remonter
aux forces normales en mesurant la taille et l’intensité des traces laissées par les grains
(voir [69]). L’utilisation de matériaux photoélastiques (biréfringence induite par contrainte
mécanique) et de modélisations numériques a ouvert l’accès aux forces de contact entre
les grains au sein du milieu granulaire. Plusieurs études croisées ont démontré que dans
le cas statique, les distributions des forces de contact grain-grain sont identiques à celles
provenant des forces de contact grain-paroi (voir [95, 96, 80]).

Le comportement des distributions des forces de contact f supérieures à leur valeur
moyenne f est un résultat robuste, vérifié par de nombreuses études (voir par exemple
[61, 81] et Fig. 1.13) : la densité de probabilité décroît exponentiellement jusqu’aux forces
les plus élevées. La probabilité relativement forte d’avoir des forces bien supérieures à la
force moyenne est généralement associée à la tendance qu’ont les milieux granulaires de
transmettre une grande partie des forces le long de structures en chaînes appelées “chaînes
de forces fortes” (voir [79]). L’introduction du modèle théorique “q-model” par Liu et al.
[61] permet de reproduire ce comportement : chaque grain perçoit les forces en provenance
des contacts avec la couche supérieure, et les transmet via une répartition aléatoire aux
grains de la couche inférieure. Plusieurs études ont montré la sensibilité de ces distributions
à la vitesse de cisaillement (ou au déviateur du tenseur des contraintes pour les systèmes
statiques) : l’augmentation de la vitesse de cisaillement du milieu granulaire provoque un
élargissement des distributions (voir [62, 96, 45] et Fig. 1.13).
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Figure 1.13 – Distribution des quantités de mouvement P (I) au bord d’écoulements granulaires.

Le capteur, de la taille des grains, est placé sur la surface interne d’un silo se déchargeant à des

vitesses Vf différentes (graphique issu de [62]).

Les distributions des forces de contact faibles (inférieures à f) ont également fait l’ob-
jet d’études, mais aucune loi universelle n’a été établie. Cette partie des distributions est
en effet très sensible à de nombreux paramètres : la préparation de l’échantillon de grains,
la fraction volumique Φ∗ au sein du système (liée à l’éventuelle vitesse de cisaillement γ̇),
ou encore l’anisotropie des contacts sont autant de facteurs influents. Ainsi, le comporte-
ment exponentiel est parfois continu jusqu’aux faibles forces, mais il est souvent observé à
contrario un plateau aux alentours de f . Dans ce dernier cas, la forme de la courbe pour
f < f admet un ensemble de possibilités, de la disparition lente au pic de probabilité
lorsque f → 0 (voir [4, 96, 104, 78]). À l’heure actuelle, le modèle théorique permettant
de prendre en compte cette disparité de la façon la plus complète est décrit par Radjai
[78] (voir Fig. 1.14). Basé sur la coexistence et l’interdépendance des réseaux de forces fort
et faible (voir [79]), il prend en compte les contraintes stériques des particules et l’aspect
aléatoire de la répartition des contacts sur une sphère.

Distribution des forces intégrées dans l’espace

Ce travail de thèse est focalisé sur l’interaction milieu granulaire–obstacle, système
dans lequel la force sur l’obstacle est susceptible d’être composée de la contribution si-
multanée de plusieurs contacts grain–obstacle. Les fluctuations temporelles dans cette
situation—pour des écoulements relativement lents—ont été étudiées par un nombre res-
treint d’études expérimentales, dans des configurations de type Couette (voir [67, 50,
45]) et pour une pale tournante dans un milieu granulaire (voir [97]). Les données sont
acquises différemment selon les études, mais systématiquement à des échelles spatiales
supérieures à la taille des grains : mesure sur la totalité d’une paroi ou d’un intrus fixe
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Figure 1.14 – Distribution des forces de contact f dans un milieu granulaire statique selon le

modèle théorique Radjai [78] (graphique issu de [78]). Le paramètre γ permet de prendre en

compte plusieurs comportements lorsque f < f .

dans [67], [45] et [97] ; mesure des contraintes locales moyennée sur 260 grains du sys-
tème dans [97]. Un comportement commun des distributions de forces se dégage (voir
Fig. 1.15) : en comparaison avec les décroissances exponentielles obtenues à l’échelle des
grains, les distributions se resserrent et tendent vers des lois normales à des échelles de
mesure plus élevées. Ce résultat est d’autant plus marqué que les écoulements sont lents
et s’approchent de l’état quasistatique (forte fraction volumique Φ∗), tandis que l’aug-
mentation de la vitesse provoque l’obtention de distributions de formes log-normales [45]
à exponentielles [50].

1.2 Objectifs

En adéquation avec les récents travaux de thèse de Benoît Chanut et Paolo Caccamo (voir
[21, 18]), cette thèse vise à étudier l’interaction entre un écoulement granulaire sec le long
d’une pente et un obstacle plan orthogonal au déplacement. Les travaux précédents se
sont concentrés sur la quantification de la force moyenne subie par l’obstacle, au regard
des zones granulaires formées à l’amont : zone stagnante triangulaire surversée par une
zone en écoulement dynamique. Cependant, les signaux de force sont systématiquement
composés d’une forte composante fluctuante restée inexplorée, notée σP dans la figure
1.11.

Les fluctuations de force que subissent les structures soumises aux écoulements gra-
nulaires sont un ingrédient essentiel de leur dimensionnement. Ce travail de thèse a pour
objectif d’investiguer le rôle que joue la transition fluide-solide au sein du milieu granu-
laire dans les fluctuations de force sur un obstacle immergé. Il s’agit de les caractériser
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Figure 1.15 – Distribution de force exercée sur une particule fixe de diamètre a (a/d ≃ 2.6)

immergée dans un milieu granulaire en écoulement (expérimentation bidimensionnelle, graphique

issu de [45]). Les différentes courbes correspondent à différentes vitesses de cisaillement.

vis-à-vis de paramètres physiques macroscopiques choisis afin de couvrir une gamme très
large de régimes d’écoulements permanents : de quasistatique à collisionnel. Différentes
échelles spatiales sont considérées dans cette étude : de l’échelle des grains à l’échelle de
l’obstacle entier, en passant par une échelle intermédiaire mésoscopique (quelques grains).

Des systèmes modèles mettant en œuvre l’interaction entre un écoulement granulaire
et un obstacle plan sont imaginés et modélisés informatiquement par la méthode des
éléments discrets. Afin de trouver un équilibre entre rapidité des calculs et représentativité
physique, les systèmes sont restreints à des configurations simples en régime permanent
sans gravité, correspondant à des zones géométriques en amont de l’obstacle aussi réduites
que possible. L’usage de la méthode des éléments discrets permet de prendre en compte
l’aspect granulaire du milieu à modéliser, sous des conditions aux limites particulières.
Elle s’avère également avantageuse pour acquérir des données complètes, que ce soit aux
parois ou au sein du milieu granulaire.

1.3 Méthode

1.3.1 La méthode des éléments discrets (DEM)

La méthode des éléments discrets, formulée dès 1979 par Cundall et al. [28], est une
extension de la dynamique moléculaire. Particulièrement adaptée à la modélisation de
milieux granulaires, elle prend en compte la complexité géométrique des interactions mul-
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Détection des contacts

Calcul des déformations locales aux contacts

Déplacement/rotation des particules par intégration des équations du mouvement

Sommation des forces/moments par particule

Calcul des forces/moments via une loi de contact

Figure 1.16 – Cycle de calcul de la méthode des éléments discrets.

tiples d’un ensemble de particules à l’échelle microscopique. Les particules, supposées
localement déformables, sont décrites individuellement par leur position, taille, vitesses
de translation et de rotation. Le cycle de calcul est décrit dans la figure 1.16 : à chaque
pas de temps, les contacts entre particules sont détectés, puis les déformations normale
et tangentielle dans les repères locaux de chaque contact sont calculés. Une loi de contact
permet d’en déduire les forces et moments, puis, après sommation par particule, un schéma
d’intégration explicite des équations du mouvement est utilisé pour déplacer et appliquer
les rotations aux particules. Le schéma numérique est décrit ci-après pour les translations,
la formulation est similaire pour les rotations.

Le point de départ est le principe fondamental de la dynamique appliqué à une parti-
cule :

ẍ =

∑
F

m
, (1.9)

où ẍ et m sont l’accélération et la masse de la particule, et
∑

F est la somme des forces de
contact qui s’y applique. La discrétisation temporelle suivant la méthode des différences
finies centrées à l’ordre 2 permet d’exprimer explicitement l’accélération des particules au
temps t en fonction de leurs positions x aux temps t+ dt, t et t− dt :

ẍ
t ≃ x

t−dt − 2xt + x
t+dt

dt2
, (1.10)

d’où :

x
t+dt ≃ x

t + dt

(
x
t − x

t−dt

dt
+ ẍ

tdt

)
. (1.11)
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Figure 1.17 – Illustration bidimensionnelle de la loi visco-élastique.

Afin de s’affranchir de l’utilisation de x
t−dt, on approxime la vitesse à t− dt

2
par :

ẋ
t− dt

2 ≃ x
t − x

t−dt

dt
, (1.12)

et finalement :

x
t+dt ≃ x

t + dt

(
ẋ
t− dt

2 +

∑
F

t

m

)
. (1.13)

Les positions sont donc connues aux temps i · dt et les vitesses le sont aux temps i · dt
2
,

i étant un entier positif. Le modèle ainsi décrit permet le déroulement de la cinématique
des grains en fonction des forces et moments appliqués. Il reste à ajouter la mécanique
aux contacts, c’est-à-dire le lien entre déformations locales et forces/moments de contact,
et l’ensemble des paramètres associés.

Les expérimentations d’écoulements granulaires en laboratoire sont souvent réalisées à
l’aide de billes de verre rigides. Afin de faciliter la correspondance future entre les simula-
tions numériques et d’éventuelles expérimentations, la loi et les paramètres microscopiques
sont choisis pour correspondre à ce cas de figure. Une loi de contact visco-élastique est
utilisée et illustrée par la figure 1.17 : dans les directions normale et tangentielle au plan
de contact, des raideurs kn et respectivement ks contrôlent la partie élastique du com-
portement. L’amortissement normal est piloté par un coefficient de restitution e, et une
loi à seuil de frottement µ est utilisée dans la direction tangentielle. Les choix des quatre
paramètres, ainsi que la formulation détaillée de la loi seront décrits dans la partie 2.2.1.

Le code de modélisation par la méthode des éléments discrets YADE (voir [105]) est
largement utilisé pour ce travail de thèse. Il a l’avantage d’être open-source, permettant
ainsi le contrôle, la modification et l’implémentation de fonctionnalités. Il bénéficie de ce
fait d’une large communauté d’entraide et de contributeurs, en grande partie constitués
de scientifiques.

1.3.2 Systèmes modèles

Le choix de l’utilisation de systèmes modèles simplifiés a été fait pour deux raisons prin-
cipales.
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La première répond à un souci de limitation du temps de calcul, en se focalisant sur
une zone restreinte en amont de l’obstacle. De cette façon, il est possible de modéliser
finement cette zone en diminuant la taille des particules. Dans le cas d’un écoulement
gravitaire, le temps avant établissement de l’état permanent au regard de l’interaction
avalanche-obstacle est relativement long. Il faut en effet modéliser le phénomène dans sa
totalité, alors que l’initiation de l’écoulement le long de la pente ainsi que la force d’impact
pendant l’état transitoire ne font pas partie de cette étude. L’utilisation de systèmes
modèles permet d’atteindre bien plus rapidement l’état permanent de l’écoulement, et de
ce fait de limiter le temps de calcul.

La seconde motivation à l’utilisation de systèmes simplifiés est la maîtrise des para-
mètres macroscopiques de l’écoulement comme la pression de confinement et la vitesse.
Dans le cas de l’interaction entre un écoulement granulaire et un obstacle, ces paramètres
sont fortement dépendants à la pente et alors difficiles à contrôler. En particulier, dans
l’étude avancée de Chanut et al. [20] mentionnée en partie 1.1.3, la longueur de la zone
morte en amont de l’obstacle est un paramètre primordial mais très sensible à la pente.
Pour répondre à cette problématique, les écoulements dans les systèmes choisis ne sont
pas induits par la pesanteur, mais par le déplacement de l’une des parois qui contrôle
alors le cisaillement et la pression de confinement.

Les deux parties suivantes sont consacrées à la description des deux systèmes modèles
étudiés dans cette thèse, à savoir : la cavité granulaire entraînée par cisaillement, puis le
mur immergé dans un écoulement granulaire cisaillé. Ils sont tous deux sans gravité, et
constitués de sphères et de murs définis dans le même plan. Ils peuvent donc être assimilés
à des systèmes bidimensionnels, mais la formulation DEM et les grandeurs physiques sont
tridimensionnelles.

La cavité granulaire entraînée par cisaillement

La cavité granulaire entraînée par cisaillement ou LDC (granular Lid-Driven Cavity, voir
Fig 1.18) est un système dont les conditions aux limites sont classiquement utilisées dans
le domaine de la mécanique des fluides. Un assemblage plan de sphères de hauteur initiale
H est déposé par gravité dans une boite à quatre parois. La paroi inférieure de longueur
L est immobile et rugueuse, tandis que les parois latérales sont lisses, immobiles, et de
hauteur infinie. La paroi supérieure est rugueuse et de longueur infinie. Elle se déplace
par translation constante dans la direction x avec une vitesse U positive, appliquant un
cisaillement aux grains. La position de cette paroi suivant l’axe vertical y est calculée
continuellement par l’algorithme de DEM afin d’appliquer la pression de confinement P

au milieu granulaire. Elle repose ainsi sur les grains en leur appliquant une force macro-
scopique verticale Fc correspondant à la pression macroscopique P = Fc/Ld, où d est le
diamètre des grains. Il convient de préciser qu’aucun mouvement de rotation n’est autorisé
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Figure 1.18 – Illustration de la cavité granulaire entraînée par cisaillement (LDC). La paroi

rouge représente l’obstacle, sur lequel sont faites les mesures.

à la paroi supérieure, et que la pression qu’elle exerce est susceptible de ne pas être homo-
gène le long de l’axe x. Le cisaillement ainsi défini est simulé pour une période (virtuelle)
de dix secondes, dont la première est nécessaire pour atteindre le régime permanent alors
que l’enregistrement des données est effectué pendant les neuf suivantes.

La correspondance avec la description “zone morte - zone inertielle - obstacle” faite
dans les parties précédentes est la suivante : la zone morte est représentée par l’assemblage
de grains, qui sont confinés et cisaillés par la paroi supérieure représentant la zone iner-
tielle. Le mur de droite, qui fait face à l’écoulement, est l’obstacle sur lequel les signaux de
force F sont enregistrés. La longueur de la zone d’influence de l’obstacle sur l’écoulement,
caractérisée par la zone morte dans le modèle de Chanut et al. [20], dépend de la pente
dans les systèmes gravitaires et a une forte incidence sur la force subie par l’obstacle. Elle
est alors difficile à contrôler et à mesurer, la technique actuellement utilisée reste basée sur
un critère de vitesse arbitraire. L’avantage majeur de la cavité granulaire entraînée par ci-
saillement est la maîtrise de la taille de la zone d’influence, imposée par construction avec
l’introduction de la longueur du système L. Il est à noter aussi que les grandeurs macro-
scopiques de contrôle : U , P et L, sont ajustables explicitement pour permettre d’étudier
directement leur impact sur l’interaction écoulement granulaire – obstacle. Cependant, ce
système ne permet pas aux grains de surverser l’obstacle, c’est-à-dire de transiter de la
zone morte à la zone inertielle. Il est de ce fait susceptible de souffrir d’un phénomène de
blocage des grains dans le coin supérieur droit de la cavité, l’éloignant potentiellement de
l’application finale.



1.3. Méthode 29

Figure 1.19 – Illustration du mur immergé dans un écoulement granulaire entraîné par cisaille-

ment (IW). La paroi rouge représente l’obstacle, sur lequel sont faites les mesures.

Le mur immergé dans un écoulement granulaire entraîné par cisaillement

Le mur immergé dans un écoulement granulaire entraîné par cisaillement, IW (Immersed
Wall, voir Fig 1.19) est un système original, imaginé pour correspondre spécifiquement à
l’étude des fluctuations dans l’interaction avalanche-obstacle. Il peut être vu comme une
généralisation de la LDC à des obstacles dont la hauteur h n’est pas infinie, mais inférieure
à la hauteur des grains (h < H). Les conditions aux limites supérieure et inférieure sont
identiques à la LDC : paroi inférieure rugueuse et immobile, paroi supérieure rugueuse
imposant la vitesse de cisaillement U > 0 et la pression de confinement P par translations
suivant les axes respectifs x et y. La hauteur initiale des grains est H, la longueur du
système est L, et un mur vertical de hauteur h est immergé dans le milieu granulaire.
Le système dispose d’une condition aux limites périodique suivant l’axe x, ce qui signifie
que les grains qui surversent le mur vertical sont de fait réinsérés dans la simulation, à
l’extrémité opposée (voir annotations vertes dans la figure 1.19). Comme pour la LDC,
le cisaillement dure dix secondes, dont la première est destinée à l’atteinte du régime
permanent.

Dans ce système, la définition de la zone morte et de la zone inertielle n’est pas pré-
établie car les grains sont autorisés à transiter naturellement d’une zone à l’autre. La
paroi supérieure peut donc être vue comme une condition d’entraînement des grains au
sein de la zone inertielle, mais la frontière avec la zone morte se localise librement au sein
du milieu granulaire. Contrairement à la LDC, la longueur d’influence de l’obstacle n’est
de fait pas imposée, mais ce système a l’avantage de se rapprocher des observations faites
sur les écoulements en conditions réelles en autorisant les grains à surverser l’obstacle. En
outre, l’utilisation de la condition aux limites périodique permet de garder la souplesse
du choix des grandeurs macroscopiques de contrôle : U , P et L, facilitant la comparaison
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de ce système avec la LDC.

1.4 Grille de lecture

Force moyenne et fluctuations subies par un 
obstacle indéformable soumis à l'écoulement 

confiné d'un milieu granulaire

Chapitre 1 : Introduction générale

CAVITÉ GRANULAIRE MUR IMMERGÉ

Étude
moyenne

Chapitre 2 : 
Étude moyenne de la force subie 

par un obstacle soumis à un 
écoulement granulaire entraîné par 

cisaillement

Étude des 
fluctuations

Chapitre 4 : 
Force moyenne et 

fluctuations sur un 
mur immergé dans un 
écoulement granulaire 

cisaillé

Chapitre 3 : 
Fluctuations de force sur un 

obstacle en interaction avec un 
écoulement

granulaire cisaillé

Chapitre 5 : Synthèse et perspectives

ARTICLE

ARTICLE

ARTICLE

ARTICLE

Analyse comparative

Figure 1.20 – Grille de lecture du manuscrit.

Après cette première partie dédiée à l’introduction générale de ce travail, la suite
du manuscrit est organisée en 4 chapitres incluant la conclusion (voir aussi Fig. 1.20).
Chaque chapitre est constitué d’un article scientifique, et la description suivante permet
de les articuler vis-à-vis du contexte général de cette thèse.

— Le chapitre 2 est dédié à l’étude exploratoire de la cavité granulaire entraînée par
cisaillement via des grandeurs moyennées dans le temps. Le système ainsi que la
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loi de contact et les gammes de paramètres sont décrits de manière détaillée. Les
résultats des mesures et leur réponse à la variation des paramètres macroscopiques
d’écoulement sont présentés et discutés : lignes de courant, profils spatiaux de forces
aux parois, force moyenne sur l’obstacle. La définition d’un nombre inertiel macro-
scopique IM , qui reflète les effets antagonistes de la vitesse et de la pression ma-
croscopiques, permet de définir une expression pour la force moyenne exercée sur
l’obstacle. Une étude de sensibilité de cette loi aux paramètres microscopiques est
également exposée.

— Le chapitre 3 s’intéresse principalement aux fluctuations de forces sur l’obstacle
dans le même système. Une brève description du système qui reprend les éléments
du chapitre 2 est proposée, et les résultats moyens sont complétés par une analyse de
la rhéologie locale. Les fluctuations sont d’abord analysées via des autocorrélations
de signaux à l’échelle mésoscopique qui donnent des informations sur la périodicité
et la mémoire du système. Les distributions de signaux de forces à trois échelles sont
ensuite introduites, et leur comportement vis-à-vis du nombre inertiel IM est décrit.
Dans ce chapitre, les limites de la géométrie de la cavité vis-à-vis des fluctuations
sont mises en avant, annonçant la nécessité d’étudier un système différent.

— Le chapitre 4 présente le mur immergé dans un écoulement granulaire cisaillé, ré-
pondant à la principale limite du système précédent. Hormis l’introduction de la
hauteur du mur, les paramètres et la loi de contact sont identiques au système de
cavité. Cette partie s’appuie donc sur les outils et résultats des chapitres précédents
pour étudier la dynamique moyenne et les fluctuations dans ce nouveau système. Les
lignes de courant ainsi que la rhéologie locale sont analysées, et une loi de prédiction
de la force moyenne sur l’obstacle en fonction des paramètres macroscopiques est
établie. Enfin, ce chapitre s’intéresse aux fluctuations via les autocorrélations et les
distributions de signaux de forces aux échelles mésoscopique et macroscopique.

— La conclusion de ce manuscrit fait un rappel des objectifs et de la méthode employée
pour y parvenir. Les résultats des chapitres précédents sont ensuite synthétisés en
mettant l’accent sur les principaux résultats pour chaque système dans un premier
temps, puis en proposant une analyse comparative des deux systèmes dans un se-
cond temps. Finalement, certains résultats sont discutés, amenant les perspectives
majeures de ce travail de thèse.
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Chapitre 2. Étude de la force moyenne subie par un obstacle soumis à un

écoulement granulaire cisaillé

Numerical investigations of the force experienced by a
wall subject to granular lid-driven flows : regimes and
scaling of the mean force.
Kneib F., Faug T., Dufour F., Naaim M.

Article published in Computational Particles Mechanics.

Abstract Discrete element simulations are used to model a two-dimensional1 gravity-
free granular sample, which is trapped between two smooth sidewalls and one bottom
rough wall while being subject to a constant shearing velocity at the top under a given
confinement pressure. This system, inspired by conventional fluid mechanics, is called a
granular lid-driven cavity. Attention is firstly paid to the time-averaged dynamics of the
grains once a steady-state is reached. Strong spatial heterogeneities associated with a
large-scale vortex formed within the whole volume of the lid-driven cavity are observed.
The mean steady force on the sidewall opposite to the shearing direction is then investi-
gated in detail for different cavity lengths, shearing velocities and confinement pressures
at the top. The ratio of the force on the latter wall to the top confinement pressure force
is not constant but depends on both the shearing velocity and the confinement pressure.
Above a critical value of the cavity length relative to the wall height and over a wide range
of both shearing velocity and top confinement pressure, all data merge into a one-to-one
relation between the mean force scaled by the top pressure force and the macroscopic
inertial number of the lid-driven cavity. This result reveals the key role played by the
inertial rheology of the granular material in the granular force transmission.

2.1 Introduction

The force experienced by obstacles subject to granular flows is of particular interest for
several problems, e.g. the transport of particles in industrial or agriculture applications
[108], the modeling of impact cratering [55], or the design of safe building and protection
structures able to withstand the avalanche force [38]. For the latter example, it is now well-
established that stagnant (quasistatic) zones, namely dead zones, can be formed behind
obstacles, while the non trapped grains can continue to flow around the obstacle [39]. In
those specific configurations, a kind of shear band may appear at the interface between
the dead zone and the flowing zone. Up to now, for the particular situation of rigid walls

1The two-dimensional system mentionned here was modeled by a perfectly planar assembly of tree-

dimensional objects : the grains are modeled by spheres and the walls are modeled by cuboid shapes. As

such, their positions coordinates in the z-axis component is fixed to 0, and the rotations of the spheres

are only allowed through the z-axis.



2.1. Introduction 35

normal to incoming free surface flows, a great attention has been paid to the mean (time-
averaged) force on the obstacle. Some successful analytical solutions have been developed
to predict the time-averaged force on the wall, while accounting for the presence of the
dead zone, in either steady [40] or unsteady [20, 39] regimes. One main finding is that
the apparent weight of the fluid volume disturbed by the wall (influence zone upstream of
the wall), which includes both the dead zone and the overflowing layer of grains, greatly
contributes to the total force [40, 20, 39, 38]. The apparent weight is the difference between
the weight in the slope direction and the effective friction force. The latter force depends
on the rheology of the granular material. The main motivation of the present study is to
better understand the role played by the rheological properties of the granular material
(through its friction) in the total force experienced by the wall, under a wide range of
confinement pressures and shearing velocities imposed by the flow surrounding the dead
zone.

A classical geometry in conventional fluid mechanics, namely the lid-driven cavity (see
for instance [91] and references therein) is tackled, with the help of two-dimensional1 (2D)
discrete element method (DEM) simulations. Attention is paid to the force experienced
by the vertical wall facing the shearing displacement, as a function of the pressure and
the shearing speed at the top. Instead of directly studying a flow overflowing a wall (as
done in [40, 20]), the lid-driven cavity problem without gravity is considered. This system
allows the investigation of the problem of a quasistatic zone in contact with a wall under
various flow regimes at reasonable computational times. A wide range of both confinement
pressures P and shearing velocities U at the top (mimicking a flowing granular layer
above the dead zone) can be studied. Moreover, the size of the granular sample subject
to P and U is entirely controlled by the size of the lid-driven cavity itself. Analysing a
dead zone formed upstream of a wall down a slope and subject to a wide range of both
P and U (imposed by a surrounding flow), with the help of periodic DEM simulations,
remains challenging. Firstly, the final length of the dead zone reached in the steady state is
unknown and greatly depends on both the wall height and the nature of the incoming flow,
which makes the size of the simulated system difficult to predict a priori. In particular, it
has been shown in [40] that the length of the dead zone diverges at low slopes. Secondly, it
is rather difficult to investigate a wide range of macroscopic inertial number IM ∝ U/

√
P

while the present study on the 2D granular lid-driven cavity allows the range of IM to
span four decades (from 6 10−4 to 1.2).

The problem of the force exerted by granular flows impacting obstacles or experienced
by objects in motionless granular materials has been tackled in various granular systems :
annular flows [108, 2, 1, 45], unidirectional horizontal [17, 106, 13, 99] or vertical [22]
flows, objects penetrating in static granular media [55, 89, 90, 15], flows down inclines
impacting a wall [40, 20, 39], etc. Rods rotated perpendicular to their axis in a granular
bed have been also studied [16, 48]. For rapid (either dense or dilute) flows for which
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inertial forces prevail, a velocity-square dependent force is generally found [17, 106, 13,
16]. In contrast, the force is rate-independent when inertia becomes weak [108, 2, 22,
16, 48] and the granular force is described as a frictional phenomenon meaning that the
force is proportional to the confinement pressure times the surface of the object. Recent
studies have investigated in detail a broad range of parameters for the specific problem
of the object penetration in static granular materials [55, 15]. If inertial effects are not
dominant (the velocity-square dependent force does not come into play for sufficiently slow
flows), a robust scaling verified for several shapes of objects has been found. The force is
proportional to the pressure p [15]: F = αµ0pS⊥, where S⊥ is the object surface normal
to the flow direction, µ0 is a constant friction coefficient associated with the granular
material at stake and α is a proportionality coefficient which may be much greater than
unity. For the penetration problem, p = ρgZ is the typical hydrostatic pressure associated
with the penetration depth Z, where ρ is the bulk density and g = 9.81m.s−2 is the gravity
acceleration. A similar scaling was found earlier for rods rotated perpendicular to their
axis in a granular bed [16]. The present paper does not deal with the recent results in
[49] showing that this classical frictional picture of the granular force may not be valid in
some specific systems where the object itself is able to screen the pressure. The present
paper demonstrates that the force measured at the wall of a lid-driven cavity is consistent
with the traditional frictional scaling, meaning that the force is firstly controlled by the
pressure at the top. However, a subtle effect of the rheology of the granular material
through imposed U and P will be presented.

The paper is organized as follows. The discrete element method used and the associated
contact laws are first described in detail, as well as some important results regarding the
time-averaged dynamics of the 2D lid-driven cavity (section 2.2). The time and depth
averaged force exerted on the wall which is normal and opposite to the direction of the
shear speed is then investigated (section 2.3). Finally, we discuss the main results and
further research to be conducted in section 2.4.

2.2 Method and simulated granular system

2.2.1 Discrete element method and contact laws

The Discrete Element Method (DEM) is an extension of the Molecular Dynamics mo-
deling method introduced by Cundall & Strack [28]. It is specifically suited to model
granular media as it allows accounting for the multiple interactions between deformable
spheres through contact forces. All numerical simulations in this paper were performed
with the open-source software YADE-DEM, whose implementation details are available
at [105]. At each time step, contact forces are computed from particles relative positions
and rotations, and from specific contact laws accounting for the required contact physics.
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Then an explicit leapfrog integration of the 2nd Newton’s law allows computing the new
position and velocity of particles.
A linear visco-elastic normal force model is used with a Coulomb frictional force along
the tangential direction. This model is satisfactory for the present study as it can mimick
dry contacts regardless to the rate of loading, from a quasistatic regime to a dynamic one
(see for instance [27]). The normal component of the interaction force is defined as :

Fn = max(0, knδn + cnδ̇n)n, (2.1)

where δn is the normal interpenetration between the two particles, δ̇n the related inter-
penetration velocity, kn the contact normal stiffness, cn the viscous coefficient and n the
contact normal unit vector. In accordance with [64], the tangential component of the
interaction force is incrementally computed as :

{
dFs = (ksδ̇sdt)s

|Fs| ≤ µ|Fn|
(2.2)

where δ̇s is the relative tangential velocity at the contact point, ks the contact tangential
stiffness, µ the contact friction coefficient, dt the time-step and s the tangential unit
vector associated with the relative tangential displacement. The normal contact stiffness
kn between two particles {1, 2} is deduced from their Young modulus {E1, E2} and their
diameters {d1, d2} :

kn =
E1d1E2d2

E1d1 + E2d2
. (2.3)

The contact tangential stiffness is determined by the particle Poisson’s ratios ν1 and
ν2 :

ks =
ν1E1d1ν2E2d2

ν1E1d1 + ν2E2d2
. (2.4)

For two identical spheres of diameter d, Young modulus E and Poisson’s ratio ν,
equations (2.3) and (2.4) reduce to :

kn =
1

2
Ed,

ks = νkn.
(2.5)

The initial aim is to mimick glass beads behavior, but the real glass Young modulus
cannot be used as this would lead to heavy calculation times. It is quite well established
that the following dimensionless number should be sufficiently high for the simulations to
be in the asymptotic limit of rigid grains :

N0 =
kn
P0d

=
1

2

E

P0

, (2.6)

where the dimensionless number N0 compares the normal contact stiffness to a typical
pressure P0 characterizing the granular system at stake (the value chosen for P0 will be
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discussed hereinafter). Keeping E (or kn) sufficiently large leads to simulations insensi-
tive to its value, at least if the mean (macroscopic) behavior of the granular system is
considered. This generally works well with N0 = 104, as discussed for instance in [40] and
references therein. However, as local peak pressures are likely to reach very high values,
the results sensitivity toward the particle stiffness was investigated by increasing N0 from
1.5 104 to 6 104 (see table 2.1).

The contact friction coefficient µ is deduced from the two particle friction coefficients
µ1 and µ2 :

µ = min(µ1, µ2) (2.7)

Computing the viscous coefficient cn from the particle parameters – and especially
from the restitution coefficient e – is not trivial. The formulation reported in [88] is used :

e =





exp
[
−β

ω

(
π − arctan 2βω

ω2−β2

)]
for β < ω0√

2
,

exp
[
−β

ω

(
arctan −2βω

ω2−β2

)]
for β ∈

[
ω0√
2
, ω0

]
,

exp
[
− β

Ω
ln β+Ω

β−Ω

]
for β > ω0,

(2.8)

where β = cn/meff , ω2
0 = 2kn/meff , ω =

√
ω2
0 − β2, Ω =

√
β2 − ω2

0 and 1/meff = 1/m1+

1/m2. But the reciprocal function of equation (2.8) to get a solution for cn(e, kn,meff )

does not allow any analytic solution. Thus, the efficient Newton-Raphson method was
implemented, which is appropriate as cn(e, kn,meff ) is a monotonic function. The effect
of cn is analysed on the results according to the values of e reported in table 2.1. In the
DEM model, the time-step is chosen with respect to the minimum natural oscillation
period amongst all particles (Tmin). The time-step dt is then automatically set up with a
safety factor Ndt as :

dt = NdtTmin. (2.9)

The effect of the time-step on the results is studied by modifying Ndt, as reported in table
2.1. In accordance with equations (2.3, 2.6, 2.8) and table 2.1, the following ranges of
values are used : kn ∈ [6.6 101, 6.6 105]N.m−1 ; cn ∈ [1.3 10−3, 3.3 10−1]kg.m.s−1.

To avoid crystallization effect, a slight polydispersity is introduced by choosing the
grain diameters randomly between d(1 − ddisp) and d(1 + ddisp), where ddisp is the po-
lydispersity coefficient. Although all results presented in this paper were obtained with
ddisp = 0.15, it has been verified that they are not influenced by a slight variation of the
polydispersity coefficient by performing some simulations with ddisp = 0.1. The particle
density ρp is chosen according to the glass density, i.e. 2500 kg.m−3.



2.2. Method and simulated granular system 39

Table 2.1 – All simulation parameters and corresponding values used. RCP = random close

packing.

Symbol Value(s) Description

d 10−3m mean grain diameter

ddisp {0.1, 0.15} polydispersity coefficient

ρp 2500 kg.m−3 grain density

Φ 0.6 estimated RCP (spheres)

e {0.5, 0.75} restitution coefficient

N0 {1.5 104, 3 104, 6 104} stiffness safety factor

µ {0.27, 0.5} friction coefficient

Ndt {0.15, 0.3} time-step safety factor

ν {0.3} Poisson’s ratio

H {30d} cavity height

L 0.5H to 10H cavity length

NU 1 to 20 shear velocity coefficient

NP 0.01 to 100 top pressure coefficient

2.2.2 Lid-driven cavity

Geometry and boundaries

The lid-driven cavity is modeled by a planar assembly of spheres trapped in a rectangular
gravity-free box (see Fig. 2.1). The box length is L and its height is H. The box height
H was kept constant and equal to 30d in all simulations discussed in the present paper.
The two sidewalls are fixed and smooth while the bottom wall is fixed and rough. The top
wall is horizontal, rough and rigid. Its infinite length allows the application of a constant
horizontal (shear) velocity U as well as a constant vertical pressure P (through the vertical
displacement of the top wall satisfying inertial dynamics). Roughnesses are made by glued
grains. The friction coefficient between walls and particles is equal to the inter-particle
friction. The imposed vertical pressure P directly defines the typical pressure P0 used for
the limit of rigid grains discussed in section 2.2.1 : P0 = P . As a large range of flow regimes
is studied, the two dimensionless numbers NU and NP are introduced : U = NU

√
gd and

P = NPΦρpgH. They are convenient to modify the shear velocity and the vertical pressure
around some typical values based on the gravity acceleration g, the grain diameter d, the
box height H, the particle density ρP and a typical volume fraction Φ. Please note that
even if the system is gravity-free, NP is based on a typical pressure which would act in
an identical system under gravity.
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Figure 2.1 – Sketch of the 2D granular lid-driven cavity simulated by DEM.

Figure 2.2 – Example of time series of space-averaged force on the wall, obtained for L/H = 5,

NU = 10, NP = 0.01. The instantaneous force F is highly fluctuating over time. The horizontal

dashed line depicts the value of the time-averaged force, named F , reached in the steady-state

regime (after a short transient of about 1s).

Steady-state regime

Figure 2.2 displays an example of the total normal force (F ) on the wall evolving over
time, obtained for L/H = 5, NU = 1 and NP = 0.01. The tangential component of the
force is much smaller than the normal component for all simulations. The force time series
show strong fluctuations. If a moving average is considered (over 0.3 seconds, as shown in
Fig. 2.2), a transient regime followed by a steady-state regime is observed. F is defined
as the mean force experienced by the sidewall facing to the shear velocity averaged over
time and across the wall height, which is reached in the steady-state regime. Thus, F is
independent of the simulation time as soon as the latter is high enough. This mean steady
force F corresponds to the horizontal dashed line drawn in Fig. 2.2.

The present study is mainly focused on the study of the mean force F over a wide
range of velocity U and pressure P . However, three important aspects are first investigated
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in order to highlight the strong spatial heterogeneities within the box, which are caused
by the geometry and boundary conditions associated with the lid-driven cavity problem.
The main observations associated with the development of a large-scale vortex within the
whole volume of the cavity are reported in the following section.

Large-scale vortex and spatial heterogeneities within the cavity

Firstly, some examples of time-averaged streamlines within the cavity are drawn in Fig. 2.3
for L/H = 5 at constant pressure (NP = 1) for two distinct shear velocities (NU =

{3, 10}). Similarly to classical patterns usually observed with Newtonian fluids flows, a
large-scale vortex appears within the whole cavity. In contrast with recent investigations
on the formation of mesoscopic and short-life vortice in granular media (see [82] and [68]),
the present study focuses on the macroscopic steady vortex whose size is fully controlled
by the cavity size. The vertical dashed line highlights the position of the vortex center
relative to the box length : the vortex center is almost located at the center of the box at
low shear rates, while it is shifted to the right at high shear rates. The horizontal dashed
line depicts the position of the vortex center across the cavity height, which remains
very close to the upper shearing wall whatever the shear rate. Interestingly, those time-
averaged streamlines show that the flow within the cavity ressembles a thick layer of grains
undergoing a quasi simple shear (below the vortex center and moving from right to left
in Fig. 2.3) surmounted by a very thin and rapid inertial layer (above the vortex center
and moving from left to right). The typical thickness of the latter layer is called ǫ (a few
grains), while the thickness of the former layer is H− ǫ, as shown in Fig. 2.3. This picture
is true over around 75% of the cavity length for NU = 3 and around 40% for NU = 10.
In addition to the shearing at the top, the roughness at the bottom might be essential
for the vortex center position (we expect that a smoother but still rough bottom would
probably increase ǫ).

Secondly, Fig. 2.4 shows the variation of the time-averaged vertical force on the top
wall across the cavity length (along the position x). The data were reconstituted from the
position and the vertical component of the force of each sphere that compose the top wall.
It is worth noting that 1

L

∫ L

0
F top
n (x)dx = PLd, where P is the pressure imposed at the

top. The overlapping curves at constant cavity length exhibit a weak effect of the shear
velocity on the top force profile. A strong increase along the cavity length occurs at the
top : the profile is exponential and may become more than exponential when approaching
the position x = L (sidewall facing the shearing velocity). This kind of singular wedge
effect (caused by a very high confinement in the top right corner of the cavity) prevails
when the typical length of the wedge reaches the length of the cavity. There might then
exist a critical cavity length above which the magnitude of the force experienced by the
sidewall facing to the shearing velocity should not be significantly influenced by this wedge
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Figure 2.3 – Examples of time-averaged streamlines for two shearing velocities : NU = 3 (top)

and NU = 10 (bottom), NP = 1 and L/H = 5 for both plots. The intersection between the

vertical and horizontal dashed lines defines the position of the vortex center.

effect (see discussion in section 2.3.1).
Thirdly, the time-averaged force distribution along the wall height is investigated.

Fig. 2.5 shows the normalized pressure variation across the vertical position y, which is
experienced by the right sidewall of the cavity. The curves were obtained by segmenting
the force measurement along the right wall height into 10 parts of same thickness, in a
similar fashion that would stem from data obtained from laboratory tests with 10 force
sensors placed along the wall (the surface of each of them filling a tenth of the wall height).
The high increase of the force just below the cavity lid confirms the importance of the
wedge effect.

No systematic analysis of the time-averaged streamlines, spatial pressure variations
at the top and against the wall, as functions of L/H, NU and NP is conducted in this
paper. However, the results shown in Figs. 2.3, 2.4 and 2.5 clearly evidence the strong
spatial heterogeneities occurring within the cavity, which are associated with the large-
scale vortex forming inside the whole volume of the cavity. In spite of those strong spatial
heterogeneities, the existence of a scaling of F is investigated thereinafter.

2.3 Mean force on the sidewall facing to the upper shea-

ring velocity

Forces in slow sheared dense granular media are usually described as a frictional pheno-
menon, meaning that the forces are proportional to the local confining pressure times the
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Figure 2.4 – Examples of time-averaged pressure variation along the position x at the top of the

cavity for different cavity lengths and shear velocities. Cavities lengths are displayed by vertical

dashed lines.
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Figure 2.5 – Examples of normalized spatial pressure variation across the vertical position

y at the right wall of the cavity, for different confinement pressures P and shear velocities U

(L/H = 5). The wall height is segmented into 10 parts for force measurements.
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Figure 2.6 – Mean force on the right wall relative to the top force, F/(PLd), versus the cavity

length relative to its height, L/H, for different velocities at constant NP = 1 (H/d = 30).

surface of the object (see discussion in the introduction of the paper). The mean force
from the top, PLd, should then play a prevailing role in the force transmission from the
top toward the sidewall facing to the upper shear velocity. In the following, the effect of
L, U and P on the mean force F scaled by the top force PLd on the wall is investigated.

2.3.1 Effect of the cavity length

Figure 2.6 shows how the ratio F/(PLd) varies with the cavity relative length L/H.
This ratio highly depends on L/H at small L/H values, which confirms some influence
of the strong spatial heterogeneities observed within the cavity and discussed before in
section 2.2.2. However, the ratio F/(PLd) becomes only weakly dependent on L/H above
a critical value of L/H around 4 − 5. Data on the force experienced by the left wall of
the cavity, named F−, are not shown here because the magnitude of this force was found
to be much lower than the force F on the right wall, once L/H was sufficiently large.
The following values are typically obtained : F−/F < 0.05 − 0.10 for L/H above 4 − 5,
while F−/F could reach 0.2 − 0.25 for L/H = 2. In order to avoid a prevailing effect of
the cavity length while keeping reasonable computational times (large L leads to higher
computational times), the results presented in the following of the paper were obtained
with a constant cavity length relative to its height, namely L/H = 5, unless otherwise
specified.

2.3.2 Effect of the macroscopic inertial number

Figure 2.7 shows how the ratio F/(PLd) varies with NU at different values of NP :
F/(PLd) undergoes a slow increase with the shear velocity, similarly to the results re-
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Figure 2.7 – Mean force on the wall relative to the top force, F/(PLd), versus NU at different

NP .

ported by [45] for an object moving in a static granular medium in an annular geometry.
Note that decreasing P at constant U leads to a substantial increase of F/(PLd).

Two conclusions are straightforward from Fig. 2.7. Firstly, the force is rate-dependent,
in contrast to rate-independent stresses in purely Mohr-Coulomb friction models. Se-
condly, it does not correspond to the linear increase of force with the velocity (when the
velocity is not too large) for Newtonian fluids in conventional fluid mechanics. The slow
increase of F with U observed here might be consistent with the µ(I) inertial rheology
proposed by [52] for sheared dense granular materials. It is now well established that flow
regimes in sheared dense granular materials are mainly controlled by the inertial num-
ber I = tσ/tγ̇ (see [44]), which compares the typical time scale of rearrangements under
pressure σ, (tσ = d/

√
σ/ρP ), and the macroscopic time scale (tγ̇ = 1/γ̇) linked to the

mean deformation γ (γ̇ is the local strain shear rate). The detailed time-averaged map-
ping of the local inertial number within the whole volume of the cavity is not quantified
in this study. This remains a technical challenge regarding data processing because the
I(x, z)−mapping is likely to be highly heterogeneous with respect to the shape of the
streamlines and to pressure variation along x at the top, as shown in section 2.2.2. A
direct and much simpler approach is rather adopted by defining the macroscopic inertial
number of the lid-driven cavity as the macroscopic shear rate U/H times the macroscopic
time scale tP = d

√
ρ/P associated with the mean top pressure P :

IM =
U

H
tP =

U

H
d

√
ρ

P
, (2.10)

where ρ is taken equal to Φρp, which corresponds to the mean medium density within
the whole cavity (see values in table 2.1). It is important to stress that the present study
is focused on how varying U and P affects F/(PLd) (H and d were kept constant).
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Figure 2.8 depicts the ratio F/(PLd) as a function of the macroscopic inertial number
IM . Depending on the set of simulation parameters considered, the top plot in Fig. 2.8
shows some scattering, i.e. a slight dispersion of F/(PLd) at identical IM can appear. In
the bottom plot of Fig. 2.8, the averaged value of F/(PLd) for a given IM is considered,
which allows to obtain a very well-defined curve showing that

〈
F/(PLd)

〉
is entirely

controlled by the inertial number IM , whatever the couple (U, P ). It is worth noting that
some results obtained here with values of L/H different from 5 (L/H = 7 or 10) are also
included. The latter result means that F is not only controlled by P , but the length of the
cavity crucially comes into play. Thus, following the traditional granular force on objects
discussed in the introduction, the force F can also be written : F = αµ0PHd, where α

would depend on L/H.
Fig. 2.8 also allows to verify that the results are insensitive to the value of kn because

this parameter is not constant but varied with P with respect to the limit of rigid grains
(see section 2.2.1).A recent study has investigated in detail the influence of the particles
stiffness for steady-state shear granular flows [94]. In particular that study has quantified
a critical stiffness below which the softness of the particles plays a significant role in the
constitutive laws. In the present study, it is verified that kn is kept sufficiently high and
weakly influences the one-to-one relation between F/(PLd) and IM shown in Fig. 2.8 by
testing the values reported in table 2.1. The results are presented in Fig. 2.9, confirming
the weak sensitivity to kn in our simulations. Fig. 2.9 also allows the verification that
both e and Ndt do not have any influence on the results. However, a strong influence of
the particle friction µ was found : decreasing µ from 0.5 to 0.27 led to a systematic and
remarkable decrease of F/(PLd), whatever the value of IM (see black crosses in Fig. 2.9).
This result highlights that even though the mean force is primarily controlled by P and
L, the interparticle friction also comes into play. As a consequence, the bulk shear stress
analysis should provide crucial information. This will be done in a future study based on
the work of Singh et al. [93], where the shear stress is deduced from the contact forces
along the local strain rate eigendirections.

2.3.3 Toward an empirical model for the mean force

The data on Fig. 2.8 can be robustly fitted by the following empirical function (R2 ≃
0.98) :

F

PLd
= r1 +

r2 − r1

1 +
I0
M

IM

, (2.11)

where r1 and r2 would correspond to asymptotic values of the ratio F/(PLd) at low
IM and high IM , respectively. A fit on data displayed in the bottom plot of Fig. 2.8 (see
continuous line) gives r1 = 0.53 and r2 = 0.86. I0M defines the typical inertial number
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Figure 2.8 – Mean force on the wall relative to the top force, F/(PLd), versus the macroscopic

inertial number IM . Top plot : raw data corresponding to all simulations conducted at different

U and P (H/d = 30) ; for a given IM , some scattering is observed depending on the set of

simulation parameters considered. Bottom plot : same data as in the top plot but by considering

the averaged value of F/(PLd) obtained at identical IM . The continuous line depicts the fit given

by Eq.(2.11) with r1 = 0.53, r2 = 0.86 and I0M = 0.034. Inset : same plot with a linear scale and

the prediction of the linear equation r1 + bIM with b = (r2 − r1)/I
0
M (valid for the lowest IM ).
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for which F/(PLd) = (r1 + r2)/2 and is found to be I0M = 0.034. For low IM , Eq. (2.11)
reduces to F/(PLd) = r1+bIM , where b = (r2−r1)/I

0
M (see dashed line in the bottom plot

of Fig. 2.8). The cross-comparison between the data and this linear law clearly shows the
saturation of F/(PLd) at high IM , which can be captured by Eq.(2.11) with the additional
parameter r2 corresponding to the upper-limiting value of F/(PLd). As a conclusion, the
force on the right wall is dependent on the three different flow regimes, which are classically
characterized by the inertial number IM : the quasistatic regime at low IM (IM . 10−3)
for which F/(PLd) is constant, the dense inertial regime at intermediate values of IM

(10−3 . IM . 0.3) for which F/(PLd) is a function of IM and the rapid regime at higher
IM (IM & 0.3) for which F/(PLd) starts saturating.

It is now well-established that (if non-local effects do not play a role) there exists a
one-to-one relation between the inertial number and the bulk friction within the material
[52] (enhanced granular rheologies that quantifies the non-local effects introduced in [54]
and [14] are not taken into account in this paper). The analogy between the characteristic
shape of the data shown in Fig. 2.8, fitted by Eq.(2.11), and the form of the friction law
proposed by Jop et al. (see [52]) for dense sheared granular flows is striking. This might
confirm the crucial role played by friction, intimately linked to the inertial number, in the
force transmission process. Let’s assume a I−dependent friction force, known to increase
when the inertial number increases [52], which is likely to drive the variation of F/(PLd).
Assuming the collinearity between the stress and strain rate tensors, the latter friction
force should (by construction) be oriented from the left to the right in the same direction
as the upper shear velocity, so it may produce an increase of F/(PLd) with IM (for the
detailed discussion about the non-collinearity, see [107]). Coming back to the shape of the
time-averaged streamlines within the cavity associated with the large-scale vortex moving
clockwise (Fig. 2.3), the thick bottom layer (of thickness H − ǫ) in quasi simple shear
might produce this friction force. In contrast, the friction force stemming from the thin
upper layer (of thickness ǫ) is expected to be negligible because the latter layer correspond
to a dilute and more inertial flow. The high force experienced by the wall in its upper
part (see Fig. 2.5) is more likely to emerge from a purely inertial force in the form ρU2ǫd.
The existence of a thick flow in simple shear opposite to the shearing velocity at the
top appears to be consistent with the observation of an increasing F/(PLd) with IM , as
observed in Fig. 2.8.

The inertial forces (proportional to U2) caused by the large-scale vortex moving clo-
ckwise do not appear to come into play, meaning that the force is not controlled by the
velocity square (within the range of parameters tested in the present study), in contrast
to the velocity-square dependent force generally found for rapid granular flows in some
other geometries [17, 106, 13]. Eq.(2.11) demonstrates that the force transmission is ra-
ther driven by frictional but rate-dependent processes. The force is proportional to the
pressure imposed at the top. However, the proportionality coefficient is not constant but
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depends on the macroscopic inertial number. This result reveals a new granular regime
regarding force transmission process. Further measurements are needed to understand
more in detail the role played by the µ(I) inertial rheology in the force transmission and
to possibly develop a model for fully predicting F , instead of Eq.(2.11) which remains an
empirical fit of the numerical data.

2.4 Discussion and conclusion

The present paper described the study of a granular lid-driven cavity with a particular
attention paid to the force experienced by the sidewall facing to the shear velocity. Because
of the boundary conditions associated with the lid-driven cavity (two fixed sidewalls, one
bottom fixed wall and a moving upper wall at velocity U), a large-scale vortex developed
inside the whole volume of the cavity and reached a steady-state regime. Strong spatial
heterogeneities stem from this vortex-like dead zone. In particular, the force at the top
of the cavity increased exponentially from the left to the right (in the direction of the
shearing velocity) with the development of wedge zone of high pressure. As a result, the
force on the right wall was much higher in the upper part of the wall than in the rest of
the wall height. In spite of this strong spatial heterogeneity, the time-averaged force on
the wall F relative to the mean top force PLd is entirely controlled by the macroscopic
inertial number of the cavity IM over a wide range of IM , whatever the couple U and
P . From quasistatic to nearly collisional flow regimes, no influence of both the stiffness
and the restitution coefficient used in the contact law between grains was found in our
simulations. For collisional flow regimes, increasing the latter two parameters may slightly
increase F/(PLd). A significant effect of the interparticle friction was however observed,
suggesting the crucial role of friction in the force transmission mechanism. For a given
value of the interparticle friction, the data could be described by a robust fit showing that
the force transmission is fully controlled by a rate-dependent frictional process. Further
measurements (mapping of the local inertial number within the whole volume of the cavity
in particular) are needed to better understand the one-to-one relation between F/(PLd)

and IM , which might emerge from the µ(I) inertial rheology. This could open a path to
develop a model for predicting the mean force on the wall.

Next step of this research will tackle the force fluctuations on the wall. Since the early
experimental work in a granular Couette geometry by Miller et al. (see [67]), force fluc-
tuations in sheared granular materials received a great attention in the past recent years
by analysing force fluctuations on objects moving in a static granular medium [1, 45, 97]
or the force at the boundary of a granular flow during silo discharge [62, 42]. Some studies
directly tracked the force fluctuations between particles in response to an external per-
turbation [26]. Many of those studies support the idea that force fluctuations in sheared
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granular materials are mainly controlled by dynamic force chains which continuously form
and collapse, through either repeated cycles of stick-slip events of the bulk granular mate-
rial or other (more random) grain-scale dynamics yet to be solved. It is still unclear if the
birth-death evolution remains the prevailing process over a whole range of granular flow
regimes from the quasistatic regime to the dense inertial regime. The DEM simulations
of the granular lid-driven cavity offer the possibility to answer the question. Preliminary
analysis of the temporal force fluctuations have shown that the shape of the force distri-
bution is fully controlled by the macroscopic inertial number, further confirming the key
role played the µ(I)−inertial rheology proposed by [44, 52].
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Force fluctuations on a wall in interaction with a granu-
lar lid-driven cavity flow
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Abstract The force fluctuations experienced by a boundary wall subjected to a lid-
driven cavity flow are investigated by means of numerical simulations based on the discrete
element method. The time-averaged dynamics inside the cavity volume and the resulting
steady force on the wall are governed by the boundary macroscopic inertial number, the
latter being derived from the shearing velocity and the confinement pressure imposed at
the top. The force fluctuations are quantified through measuring both the autocorrelation
of force time-series and the distributions of grain-wall forces, at distinct spatial scales
from particle-scale to wall-scale. A key result is that the grain-wall force distributions
are entirely driven by the boundary macroscopic inertial number, whatever the spatial
scale considered. In particular, the distributions at wall-scale are found to evolve from
exponential to Gaussian distributions when the macroscopic inertial number is decreased.
The transition from quasistatic to dense inertial flow is well identified through remarkable
changes in the shapes of the distributions of grain-wall forces, accompagnied by a loss of
system memory in terms of the mesoscale force transmitted toward the wall.

3.1 Introduction

Granular materials are ubiquitous in nature and daily life situations. Depending on the
stress level applied, dense packings of grains can exhibit solidlike or fluidlike behaviour.
The rheology of dense granular flows is a key question among others in granular physics
that has attracted increasing attention in the last twenty years [44, 41, 53]. The still
unsolved questions, in particular related to the transition between quasistatic and dense
inertial regimes, are relevant to a number of physical problems. Two examples are the
modeling of the processes at stake when a full-scale granular flow—such as an avalanche
or a landslide—initiates in the release area or ceases in the runout zone on the one hand,
and the optimal design of silos to guarantee an efficient transport of particles in food
processing or mining industry on the other hand.

Though outstanding progress was recently made regarding the rheology of dense gra-
nular flows, most of the existing models were developed to predict the average flow with
only limited attention paid to the fluctuating part (fluctuating trajectories of grains, ve-
locity fluctuations, stress fluctuations) of the flow [53]. In a similar manner, many studies
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about the force experienced by objects immersed in dense granular flows [37] focused
on the average force signal but only a few of them (see for instance [45]) addressed the
problem of the fluctuating part of the force signal.

There exists a large body of statistical studies which are focused on spatial force varia-
bility, more particularly on the analysis of the distributions of forces, in static (unsheared)
or slowly sheared granular media, thanks to laboratory tests [69, 63, 9, 35, 65, 25], nu-
merical simulations [4, 81, 92] and theory [61, 23, 34, 95, 96, 104, 78]. In contrast, there
are only few studies that have tackled the problem of temporal and/or spatio-temporal
fluctuations (the distinction between both being not so clear in a number of studies) in
slow to fast flows of granular materials [67, 50, 62, 92, 45, 26, 42, 43]. Section 3.2 will give
an overview of those studies

The present paper proposes to investigate in detail the fluctuating part of the force
experienced by a boundary wall subjected to a granular flow. Our study is based on an
original system, namely the granular lid-driven cavity, which is simulated by the discrete
element method (DEM). This follows a preliminary analysis of the time-averaged dy-
namics of this granular cavity system that was presented in [58]. The force fluctuations
experienced by the boundary wall are analysed with the help of a systematic characteriza-
tion of the probability distributions of grain-wall forces, over a wide range of confinement
pressure and shear velocity imparted to the cavity. Moreover, various spatial scales are
analysed including particle microscale, wall macroscale, and mesoscale (intermediate bet-
ween the two previous scales).

The present paper is organized as follows. Section 3.2 provides a brief state of the art
on past studies dedicated to the distributions of forces in granular media. Following our
initial numerical study on the time-averaged dynamics of the granular lid-driven cavity
system [58], Sec. 3.3 gives a summary of the macroscopic boundary conditions and the
microscopic parameters which we are using for this new numerical study. Section 3.4
recalls briefly the main results regarding the time-averaged dynamics and enriches them
with analysis of the horizontal position of the vortex formed within the cavity, as well as
of the local rheology in the granular bulk. Section 3.5 tackles the temporal fluctuations of
force by analysing in detail the autocorrelation of the force time-series on both the entire
height of the wall and portions of the wall. Section 3.6 is devoted to the analysis of the
grain-wall force distributions at microscale (particle scale), macroscale (entire height of
the wall) and mesoscale (portion of wall). Finally, the paper ends by discussing the main
results and some potential implications for basic aspects of granular physics.
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3.2 Force distributions in granular media

The present section provides an overview of the literature about contact force distributions
in granular media for static (unsheared) or slowly sheared systems, as well as for fast flow
systems.

For static granular packings, the q−model was early proposed and successful to re-
produce the inhomogeneous interparticle contact force distributions observed in the pio-
neering experimental and numerical studies [61, 24]. In particular, the q−model is able to
predict the remarkable exponential decay at large forces generally measured in static gra-
nular matter. The high probability (compared to a Gaussian distribution) of having forces
much larger than the mean is generally associated with the ability of granular materials to
develop long chainlike structures, the so-called granular force chains, that can support the
large forces [81]. The probability density function (PDF) of interparticle contact forces f
predicted by the q−model in static granular media under gravity takes the following form
[61, 24]:

P(f/f) =
kk

(k − 1)!

(
f

f

)k−1

exp

(
−k

f

f

)
, (3.1)

where f is the mean and k is the number of downward neighbour particles considered
(see much more details in [61, 24, 23]). Considering k = 2 − 3 generally gives good
results for the forces larger than the mean [101, 4]. However, thanks to technological
progress in the field of force sensors, a number of experimental studies identified a range
of complicated shapes of contact force distributions when approaching forces much below
the mean (see [4] for a detailed summary of those studies, before 2000, about distributions
at weak forces). In particular, the presence of a plateau, followed by a slight increase at
the smallest forces, was identified under certain circumstances. In order to fit that more
complicated shape of contact force distributions, the empirical following functional form
was proposed in [69]:

P(f/f) = a

[
1− b exp

(
−f 2

f
2

)]
exp

(
−βf

f

)
, (3.2)

where a, b and β correspond to the PDF parameters fitted on the experimental measu-
rements made by [69]. A slight modification of Eq. (3.2) was proposed by [9] to interpret
their experimental data on the effect of both packing order (disordered packings versus
highly ordered—crystalline—configurations) and interparticle friction on P(f). Finally, it
is worthwhile to note that log-normal distributions were reported in some studies [76, 30].

As discussed in a recent review in [78] and a number of references therein, the key
features of the contact force distributions in static or very slowly sheared granular pa-
ckings can be summarized as follow : i) the distribution functions fall-off exponentially at
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large forces, ii) a small peak, or plateau, is observed below the mean force, and iii) the
vanishingly small forces remain highly probable. In his review about granular force trans-
mission in static granular packings, Radjai [78] proposed an elegant model for contact
force distributions and derived an analytical expression for the density function able to
predict the three aforementioned features :

P(f) = β0(1 + γ0)
γ0 exp(β0f)

[1 + γ0 exp(β0f)]2
, (3.3)

where β0 (homogeneous to a force) and γ0 (dimensionless coefficient) are the PDF
parameters. Under the normalization f = 1, β0 and γ0 are linked by the relation β0 =

(1+ γ0) ln[(1+ γ0)/γ0)]. Though further studies are needed to relate γ0 to actual physical
properties of the grains, varying γ0 allows to cover a wide range of distributions with or
without the presence of a peak [78].

Among the great number of experimental, numerical and theoretical results concerning
the shape of force distributions in static packings or slowly sheared granular media, a key
result is that the distribution at small forces (plateau versus peak, maximum value, non-
zero value at vanishingly small force, etc.) is found to be very sensitive to the granular
sample preparation and shear history the system experiences [4, 78]. While interpreting
distributions of contact forces in static granular packings, Antony [4] concluded that it is
required to pay a due attention to the shear strain level and any other quantities related to
shear history, such as the volume fraction. A theoretical study on static packings proposed
by [96] predicted a broadening of the distribution while increasing the shear stress level,
moving from distributions with a peak below the mean value to exponential distributions.
Two-dimensional granular packings under anisotropic stresses were studied theoretically
by [104], showing that an increase in the stress anisotropy produced a transition from
distributions with a peak below the mean to exponential distributions.

A few studies observed the possibility of a crossover in the shape of P(f) from expo-
nential to Gaussian at large confining pressure [101, 102, 66]. This change in the shape
of P(f) was attributed to very large deformations of particles [9]. The effect of particle
stiffness on distributions of contact forces in static packings was investigated by Erikson
et al. [35]. They found that beyond a high threshold—around 30% of deformation, the
distributions became sensitive to the particle stiffness. Decreasing the particle stiffness led
to an increase in the peak and of the slope of the exponential decay at large forces, thus
producing a distribution likely to evolve toward a Gaussian distribution. The increase of
the peak by decreasing the particle stiffness was also derived from the theory in [96] (note
that this theory predicts an increase of the non-zero value at f = 0). In the limit of rigid
grains (as addressed in the present study), one can conclude that the distributions are
very weakly—not to say not—affected by the particle stiffness.

The pioneering laboratory measurements of contact forces distributions in granular
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media (see for instance [61, 69, 63, 66, 9]) were confined to contact forces between a grain
packing and a boundary wall. It is worthwhile to note that some studies paid attention to
the cross-comparison between the grain-grain (inside the bulk) contact force distributions
and the grain-wall contact force distributions. No significant difference was found for static
packings [80, 95, 96], suggesting that the results for the distributions at the boundary walls
may generally be extended to the grain-grain contact forces.

For slowly sheared granular packings, the effect of a slight variation of the volume
fraction on the shape of distributions was evidenced by the two-dimensional experiments
on a granular Couette geometry [50]. The authors observed exponential distributions at
the smallest volume fraction (around 0.78 in their 2D system), while the distributions
exhibited a peak at larger volume fraction (around 0.81). Interestingly, Howell et al. [50]
provided a comparison between the distributions at the particle scale to the distributions
averaged over a great number of particles (∼ 260 in their study). For the latter, they found
that at large volume fraction the distributions became nearly Gaussian. The transition
from exponential distributions to narrower distributions with the presence of a peak while
increasing packing density was also reported in a theoretical study based on the analogy
with supercooled liquids and foams [75].

A study on relatively fast granular flows (a silo discharge) identified the effect of
the velocity (flow rate at the exit of the silo) on the shape of distributions [62]: the
authors observed a broadening of the distribution at large velocities. A similar conclusion
was drawn from the experiments on objects dragged into a static granular medium in an
annular cell by Geng et al. [45], who observed broader distributions at large rotation speeds
of the annular cell. The theoretical study of O’Hern et al. [75] based on the analogy with
supercooled liquids and foams predicted the broadening of distributions with the increase
of the shear stress.

The original system considered in the present paper, namely the granular lid-driven
cavity, makes possible the investigation of a wide range of boundary conditions in terms
of shearing velocity and confinement pressure, keeping the granular bulk relatively dense.
This allows to investigate, for the first time, how the distributions of grain-wall contact
forces evolve over a wide range of both shearing velocity and confinement pressure imposed
on the granular medium, and considering different spatial scales from a single grain to the
entire boundary wall.

3.3 The granular lid-driven cavity simulated by DEM

3.3.1 Macroscopic boundary conditions

A planar assembly of spheres is trapped into a box made of four walls, as sketched in
Fig. 3.1. The bottom horizontal wall is fixed and rough, while both lateral walls are fixed,
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Figure 3.1 – Geometry and boundary conditions for the lid-driven cavity simulated by DEM.

The granular sample is trapped between four walls, the top one (the lid) applies the shear

displacement U and the confinement pressure P (see text for details).

smooth and spaced by a distance L = 5H. The upper horizontal wall, namely the lid, is
rough and has an infinite length that allows for a uniform horizontal displacement, thus
producing a constant shearing of the sample at velocity U . A constant vertical confinement
force Fc is added continuously to the lid whose vertical position is computed through the
DEM algorithm. Although the grains reaction to this force is not homogeneous along the
lid—but rather exhibits an exponential shape (see figure 4 of our preliminary study on
this system [58]), an equivalent macroscopic confinement pressure P can be defined from
the system dimensions : P = Fc/Ld. As the grains are forced to stay inside the cavity and
the force profile is heterogeneous, a perpetual circulation takes place within the whole
volume of the cavity, as further discussed in Sec. 3.4 of the present paper.

The following dimensionless macroscopic parameters are used to run the numerical
simulations over a broad range of confinement pressure P and shear velocity U , namely
NP and NU :

P = NPΦρpgH, (3.4)

U = NU

√
gd. (3.5)

The gravity acceleration g = 9.81 m s−2 is used for convenience in order to facilitate
the parallel with any potential real laboratory tests in the future, though the numerical
system considered here is gravity-free. A constant macroscopic volume fraction Φ = 0.6

is considered here, which corresponds roughly to the random close packing of a three
dimensional assembly of spheres of width d. The particle density was taken equal to
ρP = 2500kg m−3.

The cavity is initially filled of grains under gravity deposition in order to produce a
dense granular packing of height H. Once the system reaches the static equilibrium, the
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gravity is set to zero and the shearing starts for a period of 10 seconds. As it will be
defined in Sec. 3.5 (see Fig. 3.6), the data recording starts one second after the shearing
has started. One second typically corresponds to the maximal time needed for the system
to reach a permanent regime in terms of force measured on the sidewall (see also more
detail in [58]). In most of the simulations presented in the present study, H/d was taken
equal to 30 with H = 0.3m and d = 1mm. Some results from numerical simulations with
H = 0.3m but d = 0.3mm will be discussed in conclusion.

Following the analysis proposed by [44] at the local grain scale, if we consider the
typical time tP = d

√
ρ/P associated with the top confinement pressure P and the typical

time tU = H/U equal to the inverse of the macroscopic shear rate, one can define the
macroscopic inertial number IM :

IM =
tP
tU

=
d
√
ρ/P

H/U
, (3.6)

where ρ = ΦρP holds for the density of the granular sample within the cavity.
In the present study, NP varied from 0.01 to 100 and NU from 1 to 20, which allows

to investigate a wide range of granular flow regimes defined by IM ranging typically from
5 10−4 to 0.6. A very slight variation of Φ∗—the volume fraction actually measured in
our simulations— with the boundary conditions in terms of U and P was observed. This
point will be discussed in Sec. 3.7. In addition to IM , another dimensionless parameter
that controls the system is the length L of the cavity relative to its height H. It has
been shown in our preliminary study of this granular lid-driven cavity system [58] that
the constraint L/H ≥ 5 should be respected to prevent an effect of the cavity length on
the steady force experienced by the wall facing the shear displacement (namely the right
sidewall shown in Fig. 3.1).

All the results shown in the present paper were obtained for L/H = 5, but their
sensitivity to L/H was investigated by performing simulations with L/H = 7 and L/H =

10. This sensitivity analysis revealed that—as observed for the mean force, the force
fluctuations remainded not influenced by L/H as soon as L/H ≥ 5.

3.3.2 Micromechanical parameters

The grain-grain and the grain-wall interactions are handled by a viscoelastic contact law
for the normal force and an elastic force with a Coulomb threshold for the shear force.
The normal contact force Fn and the shear contact force Fs are expressed as :





Fn = max(0, knδn + cnδ̇n)n,

dFs = (ksδ̇sdt)s,

|Fs| ≤ µ|Fn|,
(3.7)
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where n is the normal of the contact plane, s is the unity vector along the shear
direction (n · s = 0), kn and ks are the normal and tangential contact stiffnesses, δn is
the normal penetration depth, δ̇s is the tangential displacement increment, µ is the local
friction coefficient, cn is the normal viscosity coefficient and dt is the timestep.

For a contact between two identical spheres of diameter d, Young’s modulus E and
Poisson’s ratio ν, the contact stiffnesses can be computed as :

kn =
1

2
Ed,

ks = νkn.
(3.8)

The contact law is governed by four physical parameters : E, ν, cn and µ. It has
been discussed in a number of studies (see [40, 58] and references therein) that E can be
reduced to decrease the total time of calculation without changing the numerical results,
as long as we stay in the limit of rigid grains. Such a limit of rigid grains is verified if, for
instance, we take N0 = E/(2P ) = 1.5 104, where P holds for the macroscopic confinement
pressure and N0 is a dimensionless number. cn is set in the same manner as in [58], with
a restitution coefficient e = 0.5. Most of the simulations were conducted with µ = 0.5 but
we will shortly discuss some results with µ = 0.27 in the conclusion. In order to avoid
crystallization, the grain diameters are homogeneously chosen between d(1 − ddisp) and
d(1 + ddisp) where ddisp = 0.15.

3.4 Time-averaged dynamics

The overarching goal of the present paper is to study in detail the force fluctuations
experienced by the boundary wall that faces the direction of the shearing velocity at
the top. In our previous study of this system [58], we reported an analysis of the results
regarding the time-averaged dynamics. Before going into the details of force fluctuations,
this section proposes to recall some important results reported in [58] and to further
extend some of the results concerning the time-averaged dynamics.

3.4.1 Steady vortex and mean force

The macroscopic inertial number IM , defined from the boundary condition [see Eq.(3.6)],
is the relevant parameter to quantify the flow inertial state and to predict the mean force
experienced on the sidewall scaled by the force imposed at the top, namely F/(PLd)

(see figure 8 in [58]). More specifically, our previous study showed that the mean force
on the right sidewall is entirely controlled by the changes in granular flow regimes, the
latter regimes being governed by the macroscopic inertial number. In the quasistatic
regime at low IM , F/(PLd) is constant. In the dense inertial regime at intermediate IM ,
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Figure 3.2 – Time-averaged streamlines within the cavity for three different values of IM :

IM = 1.2 10−3 (top panel), IM = 6 10−2 (middle) and IM = 0.3 (bottom).

F/(PLd) is a nearly-linear increasing function of IM . In the rapid regime at higher IM

values, F/(PLd) starts saturating. The measurement of time-averaged local granular flow
velocity-fields revealed the formation of one single vortex occupying the whole volume of
the cavity. This cavity-scale vortex is caused by the fact this system forces the grains to
move within the cavity volume, without any possibility to escape it.

Figure 3.2 shows examples of the streamlines inside the cavity for low (IM = 1.2 10−3),
intermediate (IM = 6 10−2) and high (IM = 0.3) values of IM . The x−position of the
vortex centre along the cavity was extracted from the streamlines (as shown by the vertical
dotted lines in Fig. 3.2), thus allowing to deduce the horizontal distance ℓ between the
vortex center and the right sidewall. The top graph in Fig. 3.3 shows ℓ scaled by the
cavity length L as a function of IM . In the quasistatic regime (IM . 10−2), ℓ is relatively
constant at an approximative value of L/2, meaning that the vortex is centered. Beyond
IM . 10−2, the symmetry of the velocity pattern is lost, as depicted by ℓ/L which starts
decreasing sharply. The vortex centre is more and more shifted toward the right sidewall
when IM is increased, thus producing an important horizontal asymmetry at the highest
IM .

Figure 3.3 depicts how the mean force on the wall F relative to the typical pressure
force PLd imposed at the top evolves with the macroscopic inertial number (see [58] for
more details). The variation of both F/(PLd) and ℓ/L with IM reveals the same transition
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graph reveals that the mean force on the wall is entirely controlled by the distance of the vortex

from the right sidewall.
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from quasistatic to dense inertial regime. While comparing the two curves, a significant
coupling can be detected, which becomes obvious when plotting F/(PLd) as a function of
ℓ/L in Fig. 3.4. F/(PLd) and ℓ/L are linearly linked, meaning that the mean force on the
wall scaled by PLd may be deduced from the vortex position, and vice-versa. It is worth
noting that the scattering at low F/(PLd) in Fig. 3.4 is due to the very low velocity of
the flow in this region, making difficult the identification of the vortex centre position.

In our previous study, we proposed an empirical scaling for F as a function of IM in
the following form [58]: F = PLd [r1 + (r2 − r1)f(IM)], where f(IM) = (1 + I0M/IM)−1,
and r1, r2 and I0M were constant fitting parameters. For the data shown in Fig. 3.3, a
good fit is obtained with r1 = 0.53, r2 = 0.86 and I0M = 0.02. The interparticle friction
does affect the values of r1, r2 and I0, as it will be discussed in Sec. 3.7.

Considering that the mean force on the wall is controlled by the distance of the vortex
center from the wall (ℓ being a function of IM as displayed in the top panel of Fig. 3.3),
we can specify another scaling that is given by the following relation :

F = PLd

(
c1 − c2

ℓ(IM)

L

)
, (3.9)

where c1 and c2 are two constants that may depend on the micromechanical parameters
of the grains. In this specific case c1 = 0.88 and c2 = 0.5, as shown by the dashed line in
Fig. 3.4.

The above analysis showing the link between the vortex center position and the mean
force on the right sidewall (that faces the shearing direction at the top) further extends the
results reported in [58] concerning the mean dynamics of the granular lid-driven cavity.
For given micromechanical grain properties, all macroscopic physical quantities measured
in the cavity can be deduced from the macroscopic inertial number defined on the imposed
shearing velocity and confinement pressure.

3.4.2 The local µ(I)−rheology

To further test the rheology, the local effective friction µloc and the local inertial number
I were measured within the whole volume of the cavity. Detailed steps for the calcula-
tion of those local quantities are provided in appendices 3.8 and 3.8. Though the strain
field is rather complicated inside the cavity (see the streamlines in Fig. 3.2), the local
µ(I)−rheology, given by the relation µth = µ1 + (µ2 − µ1)(1 + I/I0)

−1 [52], was found
to be valid in most of the cavity volume. The values found for the parameters of the
µloc(I)−friction law were µ1 = 0.12, µ2 = 0.40 and I0 = 0.13 (see much more details in
appendix 3.8). The difference between the µloc actually measured and µth was calculated.
Figure 3.5 displays the results in terms of maps of |µloc − µth|, for two distinct values of
IM ∼ 10−2 and IM ∼ 6 10−2.
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Figure 3.5 – Maps of |µloc − µth| for IM = 1.22 10−2 (top panel) and IM = 6.09 10−2 (bottom

panel).

At IM ∼ 10−2, a symmetrical bow-like pattern appears across the entire length of
the cavity (see top panel). Similar symmetrical bow-like patterns (not shown here) were
systematically obtained for IM below 10−2. Above the bow-like pattern and below it (apart
from the two regions close to the two lateral walls), |µloc − µth| is nil, which means that
the sample is well governed by the µ(I)−inertial rheology. For higher values of IM (see
bottom panel in Fig. 3.5), the symmetry and the bow-like shape were broken. In other
words, the region inside the cavity where |µloc − µth| was nil could extend over the whole
height of the cavity.

Note that Fig. 3.5 displays the absolute values of µloc − µth, thus preventing the
detection of negative values. However, a great number of values of µloc were found to be
lower than µ1 for IM below 10−2 (see Fig. 3.18 in appendix), which corresponds to the
region in the center of the cavity in the top panel of Fig. 3.5 (forming the bow-like pattern
across the entire length of the cavity). These negative values of µloc−µth that suggest the
presence of non-locality [54] will deserve further investigation in the future.

In conclusion, the crossover from a bow-like pattern extending across the entire length
of the cavity to a smaller pattern in the confines of the boundary wall appears to be a
clear signature of the quasistatic to dense inertial transition in the system studied here.
The rest of the paper is devoted to the influence of the macroscopic inertial number on
the force fluctuations.

3.5 Force data autocorrelations

3.5.1 Data recordings

While analysing temporal fluctuations, data acquisition frequency requires a particular
attention : it has to be large enough to be able to capture short-life force events, and
simultaneously small enough to avoid practical memory allocation issues while recording
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Figure 3.6 – Example of time-series of total force on the wall, obtained for NU = 10 and

NP = 25. The instantaneous force F is highly fluctuating over time. The horizontal dashed line

depicts the value of the time-averaged force, named F , reached in the steady-state regime (after

a short transient of about 1s). Inset : same data, zoomed in a time window of 0.05 s.

trends over large durations. The DEM algorithm is not able to model oscillating pheno-
mena that occur at frequencies higher than the typical natural contact frequency fc. In
the present statistical study the record frequency frec was set to 10 kHz and fc typically
ranged from 4.8 kHz to 320 kHz. The frequency corresponding to the DEM timestep was
systematically set to 10fc, avoiding any instability issues. The overlap between frec and
the lowest values of fc may cause the recording of unintended effects caused by particle
oscillations. It has been verified that neither the autocorrelations nor the distributions of
the force time-series presented in the following statistical study are sensitive to frec by
comparing to simulations with a doubled (20 kHz) and a halved (5 kHz) record frequency.

3.5.2 Force time-series autocorrelation

The force time-series on the right sidewall of the cavity show high temporal fluctuations,
as displayed in Fig. 3.6. This section aims at studying these fluctuations by analysing
the autocorrelation of force time-series. The first information that will be extracted is the
force periodicity. The latter is for instance a sensitive data while designing civil enginee-
ring structures subjected to granular avalanche-flows, if one wants to avoid a resonance
phenomenon around the natural frequency of the impacted structure. The second infor-
mation arising from force autocorrelation is the critical autocorrelation time ∆tc, which
can be interpreted as the time after which the system has forgotten a certain force value
on the wall. In other words, it reflects the typical time during which a future state of the
system keeps history of its past state regarding the force transmitted to the wall.
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We denote by C(F (t), F (t + ∆t)) the temporal autocorrelation function, where ∆t is
the lag between two system states. The critical autocorrelation time ∆tc is defined with
an arbitrary low autocorrelation threshold :

C (F (t), F (t+∆tc)) = 0.15. (3.10)

It is worthwhile to note that the above threshold value does not influence the conclu-
sions presented here as they are qualitative, focused on main trends. Since the local
autocorrelation function C(F (t), F (t+∆t)) is likely to be a non monotonic function, it is
expected to cross the threshold many times. In this case, because we focus on the initial
autocorrelation decrease corresponding to memory loss and we want to avoid any effect
of the signal noise, the lowest value of ∆tc is kept.

In the following, we present the autocorrelation of force time-series at macroscopic
scale, i.e. on the entire height of the wall (Sec. 3.5.2). Then the autocorrelation at meso-
scopic scale is studied by splitting the wall height into ten portions of a few grains each
(Sec. 3.5.2).

Autocorrelation for the entire height of the wall

Figure 3.7 depicts the autocorrelation of the force signal on the entire height of the right
sidewall, for five values of the macroscopic inertial number IM .

Because of the strong stress localisation taking place at the top right corner of the
cavity (see more detail on this wedge effect in [58]), the shearing frequency at the rough-
ness (particle) scale is transmitted to the right sidewall, as long as IM is not too high
(typically smaller than 10−2). Sinusoid-like oscillations are therefore observed, with a de-
creasing period while increasing NU . The inset of Fig. 3.7 shows a collapse of sinusoid-like
oscillations when the autocorrelation function is plotted versus (U/d)∆t, the wavelength
associated with these oscillations being d (the diameter of the grains composing the top
wall roughness and shearing the sample).

For the highest IM , this effect is absent, which is in agreement with a more inertial
regime for which short-time collisions occur in addition to enduring frictional contacts
able to transmit the shear force. The mean free path of grains increases, which makes
impossible any continuous transmission of enduring contacts between grains. Again, we
detect the transition from the quasistatic to the dense inertial granular regime occurring
around IM = 10−2, which is a value similar to the one extracted from the time-averaged
dynamics in Sec. 3.4.

The general shapes of the autocorrelation functions shown in Fig. 3.7 resemble a lot the
ones found by Geng et al. [45] in their experimental study of an intruder slowly dragged
into a granular medium (see figure 8 in [45]). We generally observe that C(F (t), F (t+∆t))

drops quickly (exponentially) to zero over a time scale ∆tc and then fluctuate around zero.
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Figure 3.7 – Evolution of C(F (t), F (t+∆t)) over time for five values of Im, where F (t) is the

force time-series on the entire right sidewall. Inset : C(F (t), F (t+∆t)) plotted against (U/d)∆t

to highlight the oscillations wavelength.

These fluctuations are well explained in our system by the typical frequency U/d asso-
ciated with the shearing velocity at the top and the grain size (see discussion above). We
were not able to find a clear dependency of the critical time ∆tc on either the macroscopic
inertial number IM or any input parameter such as the shear velocity of the lid, or the
confinement pressure at the top. In the following, we focus on portions of the wall.

Autocorrelation for portions of the wall

The force time-series on the right wall is the result of the cumulative contact forces applied
over the entire height of the wall. Consequently, the strong spatial heterogeneity of the
granular lid-driven cavity system may require a more localized analysis by taking into
account the position at which individual forces are applied to the wall. We propose here
to investigate the autocorrelation of force time-series on some portions of the wall. The
entire wall height is split into ten slices i ∈ {1...10} of identical size. Each slice has its
associated force time-series from which the autocorrelation Ci(F (t), F (t + ∆t)) is then
computed.

Figure 3.8 shows the autocorrelation of force time-series for each of the ten identical
wall portions, for three values of the macroscopic inertial number. The signal periodicity
already discussed above is still observed at the frequency U/d—associated with the rough-
ness of the top wall moving at velocity U . This is particularly clear in the simulation at
IM = 1.2 10−2 for which each temporal autocorrelation curve shows this period, whatever
the vertical slice i considered along the wall. This indicates that the periodic fluctuations
at the top can be transmitted to the lowest position at the bottom of the cavity. This
result is consistent with the fact that we could identify a small, yet non-zero, spatial
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Figure 3.8 – Evolution of Ci(F (t), F (t+∆t)) over time measured on 10 portions i of wall, for

three values of IM . In each graph, the horizontal dashed line shows the threshold of 0.15 that

was used to derive ∆tic.
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autocorrelation at IM = 1.2 10−2 (not shown here). At the lowest IM = 1.2 10−3, the per-
iodicity caused by the top roughness is present at the highest portion of the wall (i = 10)
but quickly fades while going deeper into the sample along the wall, and even disappears
for the lowest position at the bottom of the cavity. In contrast to the intermediate IM ,
the periodic fluctuations from the top wall cannot be transmitted over the entire depth
of the wall. This observation is in accordance with the fact that at IM = 1.2 10−3 we
did not find any spatial autocorrelation (not shown here). There might exist some zones
near the cavity top inside which the grains have enough time to rearrange locally, thus
being able to relax the high stress caused by jamming close to the wedge. At higher IM ,
the periodic fluctuations associated with the roughness of the top wall are lost whatever
the vertical position along the wall, thus further confirming the transition toward a much
more inertial regime for which the increase of the mean free path between grains prevents
the transmission of those fluctuations (see Sec. 3.5.2).

Figure 3.9 shows the mean value of autocorrelation time, <∆tc>, averaged over all
portions of the wall. Though there is some data scattering regarding ∆tic (see grey-colored
crosses on Fig. 3.9), this plot demonstrates that there exists a IM below which <∆tc>

is not zero and beyond which <∆tc> vanishes. In other words, it means that beyond a
IM (≃ 10−2) it is not possible to predict a future system state from the past one, thus
indicating that the memory of the system is completely lost. This observation was still
valid by increasing L/H from 5 to 10 (not shown here). The granular lid-driven cavity
system suggests here a remarkable transition from the quasistatic to the dense inertial
granular regime, which is characterized by a total loss of system memory (not intrinsic
to the material) in terms of the force transmission from the top wall toward the right
sidewall.

3.6 Force distributions

The distributions of force time-series on the sidewall give crucial information on fluctua-
tions, as they quantify the probability of each force value the sidewall may experience. In
this section, the analysis of force distributions concerns three spatial scales : the micros-
cale focused on individual grain-wall contact forces, the macroscale focused on the total
force on the wall, and the mesoscale focused on the force experienced by portions of wall.
For each scale, the distribution response to the same wide range of IM as tackled in the
previous sections is investigated. All distributions presented in this section were obtained
from quantities that were scaled by their time-averaged value.
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3.6.1 Force distributions at microscale

The distributions of contact forces measured in our DEM simulations, for grains in contact
with the right sidewall, characterize the typical forces repartition applied locally on the
wall (grain scale). Recorded contact forces on the wall from all recording times are merged
to form the sample, and then the probability distribution is computed. Let us note f an
individual grain-wall contact force and f the overall mean grain-wall contact force of a
simulation. In the following, f̃ = f/f is the scaled grain-wall particle contact force.

Figure 3.10 shows examples of distributions of f̃ obtained with three different values
of IM but from several distinct dipoles (NU , NP ). The remarkable result is that the dis-
tributions collapse very well at each IM , revealing that the repartition of particle contact
forces on the wall is entirely controlled by the macroscopic inertial number of the granular
lid-driven cavity.

Figure 3.11 shows the distributions of f̃ computed for several IM . We have tested a
number of well-established PDFs to fit these curves, as well as theoretical or empirical
PDFs discussed in the literature for granular contact forces, specifically the ones proposed
by [69] [Eq. (3.2)] and [78] [Eq. (3.3)] (see Sec. 3.2). None of those PDFs was able to give
conclusive results over the whole range of IM tested in our DEM simulations. The results
were conclusive, over the whole range of IM , with a truncated log-normal distribution
that reads as follows :

P(f̃) =
1

S
1

f̃σ
√
2π(f̃ + f̃0)

exp

(
− [ln(f̃ + f̃0)− f̃µ]

2

2f̃σ
2

)
, (3.11)
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Figure 3.10 – Probability distributions of contact forces for grains in contact with the wall.

For each IM the curves are collapsing whatever the dipole (U,P ), thus demonstrating that the

boundary macroscopic inertial number fully controls the grain-wall contacts distributions.

where f̃ > 0, f̃0 > 0, and S is the normalization factor corresponding to the value
at f̃0 of the survival function of the (untruncated) log-normal PDF. The scale parameter
f̃µ, the shape parameter f̃σ and the location parameter f̃0 are monotonic functions of the
macroscopic inertial number IM , as shown at the bottom panel of Fig. 3.11.

Apart from the fact that the best fits were obtained with the truncated log-normal dis-
tributions over the whole range of IM tested, it remains challenging to provide physically-
based arguments to justify the use of such a PDF. A key result of the present study is
that the parameters of Eq. (3.11) are found to be well-defined monotonic functions of IM
(see bottom of Fig. 3.11). This opens a path to predict the force distributions empirically,
as long as the boundary macroscopic inertial number is known. A question then arises :
does that key result too hold for the distributions of the total force on the entire height
of the wall ?

3.6.2 Force distribution at macroscale

Figure 3.12 shows the distribution of F̃ , the total force time-series exerted on the sidewall
scaled by its mean F , for seven values of IM ranging from 1.2 10−3 to 0.6. At the lowest
IM in the quasistatic regime, the distribution are nearly Gaussian whereas at the highest
IM , the PDF has an exponential shape. This result is consistent with the crossover from
exponential to Gaussian PDFs generally observed at high confinement pressures in some
past studies [101, 102, 66] (as reviewed in Sec. 3.2).

At intermediate IM in the dense inertial regime, the distribution has a more complex
shape : at a first glance, it may appear as a distribution which would combine some
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Figure 3.11 – Top panel : probability distributions of contact forces for grains in contact with the

wall, for different values of IM ; the dashed lines show a fit by a truncated log-normal distribution

(maximizing the likelihood with the Nelder-Mead optimization method). Bottom panel : variation

of the parameters of the log-normal distributions as functions of IM (see Eq.(3.11)).
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Figure 3.12 – Top panel : PDF of the total force on the right sidewall for eight values of IM
ranging from 1.2 10−3 to 0.9. A truncated log-normal distribution can be fitted on the data

(dashed lines). Bottom panel : the truncated log-normal parameters variation as a function of

IM .

properties of a Gaussian-like distribution and an exponential-like distribution. However,
it was impossible to find a way to model the distributions of total force by an analytical
form that combines both Gaussian and exponential distributions, over the entire range of
IM tested here. The only PDF that could be fitted to the distributions of the total force
on the wall is again the truncated log-normal distribution [see Eq.(3.11)], as shown by the
dashed lines drawn in Fig. 3.12.

As for the distributions of f̃ discussed in Sec. 3.6.1, it would be difficult to give
a physical interpretation for the truncated log-normal PDF for the distributions of F̃ .
However, it is possible to analyse the evolution of the corresponding parameters with
the inertial number. f̃w

µ , f̃w
σ and f̃w

0 (the scale, shape and local parameters, respectively)
are presented at the bottom panel of Fig. 3.12, as a function of IM . These parameters
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follow monotonous paths with IM , allowing to predict the distribution of the force on the
sidewall from the inertial number. This result was further confirmed (with the same set of
simulations as in Fig. 3.10) because several distinct dipoles (NU , NP ) that give the same
inertial number systematically led to the same distribution (curves not presented here).

The bottom panel of Fig. 3.12 displays a jump in the parameters of the truncated
log-normal distribution between IM = 10−2 and IM = 6 10−2. Further looking at the
curves on the top panel of Fig. 3.12, this jump occurs when the Gaussian shape almost
disappears due to the competition with the exponential shape at low forces, thus displaying
an homogeneous repartition (kind of plateau) from F/F = 0 to F/F = 1. This significant
change (for IM ∼ 10−2) of the distribution of the total force on the wall, when the low
forces and the mean forces have almost the same probability of occurrence, appears to be
an additional marker of the quasistatic to dense inertial transition, concomitant with the
total loss of system memory discussed in Sec. 3.5.2.

3.6.3 Force distribution at mesoscale

Because of the heterogeneity of the granular sample induced by the cavity boundary
conditions, it is interesting to investigate the force distributions at a mesoscopic scale—
smaller than the cavity height and greater than the grain scale, as already done for the
force autocorrelation (see Sec. 3.5.2). We note Fi the force time-series on a portion of wall
located at a given i, and Fi its mean. The top panel of Fig. 3.13 displays the distributions
of Fi/Fi obtained on ten wall portions of identical size, for IM ≃ 10−2. The distributions
corresponding to the portions located in the center of the right sidewall collapse into one
single curve, while the distributions measured close to the top and bottom right corners
of the cavity differ from this master curve. This result reflects the spatial heterogeneity
of the cavity over its height, in connection to three zones : a highly sheared zone of
small height at the top, a small dead zone at the bottom and (in between) a flowing
zone of much larger height in the center. An identical behaviour (curves not shown here)
was observed for all values of IM . These three zones, extracted from the distributions of
Fi/Fi, are fully consistent with the vertical profile of the time-averaged force measured on
the wall, as depicted in figure 5 of our previous study [58]. The time-averaged force was
rather homogeneous over the same (large) central zone of the wall. It is worth noting that
the sizes of the bottom and top zones may be sensitive to the grain diameter relative to
the wall height. Further simulations with different grain diameters would be necessary to
study the potential influence on the size of the boundary (top and bottom) zones identified
here.

In the following, the collapse of the Fi/Fi distributions, excluding the extreme (top and
bottom) zones of the wall, is exploited to analyse how the distribution at mesoscale evolves
with the macroscopic inertial number. This mesoscale corresponds to a size H/10 = 3d.
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Figure 3.13 – Top panel : PDF of force time-series on ten wall portions i for NU = 10 and

NP = 25 (each portion time-series is scaled by its corresponding time-averaged force). The blue,

orange and red curves respectively correspond to i ∈ [1; 2], i ∈ [3; 9] and i = 10. Bottom panel :

mean distribution over i for i ∈ [3; 9] (yellow curves of top panel) for seven values of IM .
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The bottom panel of Fig. 3.13 depicts the mean distribution over seven values of i ∈
[3; 9] (corresponding to the central zone of the cavity excluding the top and bottom highly
inhomogeneous layers), for a wide range of IM . As observed for the force distributions
at micro- and macroscale presented previously (see Sec. 3.6.1 and 3.6.2, respectively),
the curves depict shapes that resemble a truncated log-normal PDF. While comparing
the distributions over the wide range of IM , they appear however to be much closer
with each other, meaning they exhibit a weaker dependency toward IM . It has been
verified (curves not shown here) that the distributions at macroscale for the entire wall
did remain unchanged if the data near the bottom and top wedges was not considered. The
weaker dependency of the distributions to IM at mesoscale is thus striking, as it cannot
be explained by a wedge effect only (this effect would be detected on the macroscale
otherwise). As a consequence, it can be concluded that similar mesoscale distributions
can result in radically different macroscale distributions through the summation relation
that links the forces on wall portions to the force on the entire height of the wall. The
latter observation may put emphasis on the crucial role of spatial dependencies between
mesoscale force signals, that are controlled by the granular flow regime (through the value
of IM). In particular, the Gaussian-like shapes shown on Fig. 3.12 obtained for quasistatic
regimes (IM ≃ 10−3) typically reflect the summation of independent mesoscale force
signals. This is consistent with the fact that no spatial correlation was found at the lowest
IM (as detected from the temporal autocorrelation functions at different i shown on the
top graph of Fig. 3.8). Conversely, the evolution toward an exponential-like distribution
at intermediate inertial numbers (IM & 10−2) on Fig. 3.12 reveals a spatial dependency
between the mesoscale force signals. This is consistent with the spatial correlation detected
between the temporal autocorrelation functions at different i shown in the mid graph of
Fig. 3.8.

At IM ≃ 10−3, the distribution displays a small amount of low forces and a nearly
Gaussian repartition centered at about 0.7Fi. Then, with the increase of IM , all distribu-
tions quickly converge to an exponential-like decrease with a high number of low forces.
Finally, the force distribution on wall portions become independent of IM as soon as
IM & 10−2 and i ∈ [3; 9]. This result allows once again the identification of a clear signa-
ture of the transition from quasistatic to dense inertial granular flow regime for the cavity
system studied here.

3.7 Discussion and conclusion

3.7.1 Time-averaged dynamics

The analysis of the time-averaged dynamics in section 3.4 highlighted the crucial role
played by the µ(I)−rheology (proposed by [44, 52]) in the granular force transmission
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toward a boundary wall. To further confirm it, we have analysed the slight variation of
the height H of the cavity system. Up to now, a constant volume fraction Φ = 0.6 close
to random close packing has been considered. The cavity system defined in our study is
by construction a volume-free system, meaning that the volume fraction inside the ca-
vity may vary. Indeed, though the variation of volume fraction of the granular bulk was
small, one could measure it. The top graph of Fig. 3.14 displays how the volume fraction
Φ∗, actually measured in our DEM simulations, evolved with the boundary macroscopic
inertial number IM . We observe a plateau (constant Φ∗) at the lowest IM , followed by a
slow decrease of Φ∗ with log(IM). This slight dilatancy of the granular bulk while increa-
sing the inertial number is a robust result for a number of volume-free granular systems
governed by the µ(I)−rheology, such as plane shear flows [27], free-surface granular flows
down inclines [41], annular shear cell flows [36], etc. Finding this dynamic dilatancy law
in the lid-driven cavity system studied here further confirms the key role played by the
µ(I)−rheology.

Note that the results in the top graph of Fig. 3.14 are shown with two values of both
µ and d. A decrease of the interparticle friction coefficient produced a slight increase of
Φ∗ but did not change the qualitative trend regarding the overall evolution of Φ∗ with
IM . The increase of Φ∗ with the decrease of the grain diameter d may be explained by
some boundary effects at the confining walls of the cavity, which are smoothed for smaller
d. The bottom graph of Fig. 3.14 shows how the scaling between F/(PLd) and IM , was
influenced by the interparticle friction µ. The values of r1, r2 and I0M used for the fitting
function are slightly changed when µ is divided by nearly two (see detail in bottom panel
of Fig. 3.14). Finally, the particle diameter d has a slight influence on the relation in the
quasistatic regime, namely when IM is below 10−2. The influence of the grain properties
(grain diameter, interparticle friction) will merit more attention in the future.

3.7.2 Grain-wall force distributions

As already mentioned in Sec. 3.2, Howell et al. [50] found exponential distributions at
the smallest volume fraction while the distributions exhibited a peak at larger volume
fraction. Considering the one-to-one relation between IM and Φ∗ shown in Fig. 3.14, the
evolution of the distributions with IM depicted in Figs. 3.11 and 3.12 are in qualitative
agreement with the evolution of the distributions with the volume fraction reported by
Howell et al. [50] in their 2D granular Couette experiments.

While varying IM and the spatial scale of interest, the probability distributions of
grain-wall forces which we found in the present study (summarized in Fig. 3.15) cover the
wide range of shapes discussed in the literature overview proposed in Sec. 3.2. In their two-
dimensional granular Couette experiments, Howell et al. [50] compared the distributions
at the particle scale to the ones averaged over a great number of particles, and found that
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Figure 3.14 – Volume fraction Φ∗ (top panel) and scaled mean force on the sidewall F/(PLd)

(bottom panel) actually measured in the numerical simulations, as a function of IM : d = 0.001
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Figure 3.15 – PDFs of grain-wall forces at three different spatial scales for two extreme values

of IM .

at large volume fraction the distributions became nearly Gaussian. The latter observation
appears to be consistent with the evolution of the distributions for IM = 1.2 10−3 (largest
volume fraction in this numerical study) when the spatial scale is increased, as shown in
Fig. 3.15.

A key result of the present study is that the value of the boundary macroscopic inertial
number and, to a lesser extent, the spatial scale (macro, micro, or meso) considered, are
key inputs that predetermine the grain-wall force distributions. Note that doubling L/H

(not shown here) did not change the distributions. All measured distributions could be
modeled by truncated log-normal PDFs whose parameters were fully controlled by IM .
This opens a path to being able to predict the grain-wall force distributions over a wide
range of IM .

3.7.3 Quasistatic to dense inertial regime

The analysis of the granular lid-driven cavity problem showed that the macroscopic iner-
tial number IM fully controlled all the time-averaged quantities (the mean scaled force
on the wall, the position of the vortex, and the bulk volume fraction) and the force fluc-
tuations (through the analysis of probability distributions). Moreover, a clear transition
was observed at IM around 10−2 in the time-averaged dynamics of the cavity system.
This transition was identified by an increase of the scaled steady force, a displacement
of the vortex position toward the wall, a loss of symmetry in the |µloc − µth| maps, and
a macroscopic dilation of the granular bulk. The autocorrelation of force time-series at
mesoscale allowed to reveal a total loss of system memory (not intrinsic to the material)
beyond a value of IM ∼ 10−2. Finally, we identified drastic changes in the evolution of the
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Figure 3.16 – Illustration of the kernel smoothing used for regular mesh fields calculations.

shape of probability distributions beyond a IM once again close to 10−2. All these results
are interpreted as a salient signature of the transition from quasistatic to dense inertial
flow regime in granular media.
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3.8 Appendices

Kernel smoothing As the granular sample is made of discrete particles involving dis-
continuities, the construction of classical fields often used in continuous mechanics require
a particular attention. In this paper, a spacial kernel smoothing is used, as described in
Fig. 3.16.

A 2D set of points mj spaced by d constitutes a regular mesh over the whole cavity.
The physical quantities are computed at each mesh point from the particles quantities,
according to the particle-point distance. Thus, any (scalar or tensor) quantity Qi which is
associated with each individual sphere Si can also be associated with all individual mesh
points mj, forming a continuous field. This quantity at the point mj, noted Qj, is the
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Figure 3.17 – Illustration of the tesselation for the per-particle volume calculation.

result of a spacial kernel smoothing with a Gaussian kernel :

Qj =
1∑

i

N (Dij)

∑

i

QiN (Dij), (3.12)

where Dij are the distances between the spheres centers and the mesh points, and N is
the Gaussian function of mean 0 and standard deviation d/2. It is worth noting that the
use of a Gaussian kernel is arbitrary and any classical kernel such as a simple rectangular
function should not modify the results. The choice of the standard deviation follows the
result presented in [107]: the coarse-graining width should be of the order of magnitude of
the grains diameter to avoid any oscillation effect and at the same time to limit sidewall
effects.

Local stress and strain rate tensors The per-particle stress tensors and strain rate
tensors used in the current paper are computed thanks to the algorithms that are part
of the YADE-DEM open-source code (see [105] and [19]). The space inside the cavity
is discretized with the help of a Voronoï tesselation algorithm, as shown by the dotted
lines in Fig. 3.17. In this way, it is possible to compute quantities based on an equivalent
continuum of the cavity space. Each sphere is then associated with a list of neighbours
forming a bounding polyhedral contour Cǫ with their centroid positions, and a bounding
volume Vσ which does not overlap with the neighbours.

Making the assumption that the spheres are at static equilibrium, the following Love-
Weber expression can be applied to each sphere in order to compute their associated local
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stress tensors based on the contact forces :

σ =
1

Vσ

∑

cn

~fc ⊗~lc, (3.13)

where cn is the ensemble of contacts on the sphere, ~fc are the contact forces and ~lc are
the vectors linking the sphere center to the contact points.

The local strain rate tensor D is defined as D = ǫ

∆t
, where ǫ is the strain tensor

computed from two system states shifted by a short lag ∆t. For a particular sphere, the
displacements of all neighbours during ∆t are computed. Then the average displacement
gradient < ∇d~r > is obtained from the integration of the displacement d~r along Cǫ (see
[19] for more details) :

< ∇d~r >=
1

VD

∫

Cǫ

d~x⊗ ~nds, (3.14)

where VD is the volume associated with the contour Cǫ, and d~r is linearly interpolated on
the segment between two successive neighbours. Finally, the strain tensor is given by the
symmetric part of < ∇d~r >.

Inertial number and effective friction coefficient The stress tensors σ and strain
rate tensors D computed according to Sec. 3.8 enable the computation of the spatial fields
of inertial numbers I and effective friction coefficients µloc. The following formulations are
the same as described in [10] and are applied at each field point m.

The norm ||A|| and the deviatoric component A
′ of a matrix A are defined as :

||A|| =
√

Tr(AAT )

2
, (3.15)

A
′ = A− Tr(A)

3
I3, (3.16)

where I3 is the identity matrix of size 3. The inertial number I and the effective friction
coefficient µloc are :

I = d
√
ρp

||D′||√
p

, (3.17)

µloc =
Tr(σ′

D
′)

3

1

p||D′|| . (3.18)

In the above relations, p denotes the pressure that is defined from the decomposition of
the Cauchy stress into the isotropic pressure and the deviatoric stress : σ = pI3 + σ

′.
Figure 3.18 displays µloc as a function of I for each point m that belongs to a selected
region of the cavity not too close to the boundary walls (see its definition in the caption of
Fig. 3.18) and for all simulations of this study—over the whole range of IM tested. Finally,
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the empirical following form proposed by [52] is used to fit all the points, as drawn by the
solid line on Fig. 3.18 :

µth(I) = µ1 + (µ2 − µ1)
1

1 + I0/I
, (3.19)

where µ1 = 0.12, µ2 = 0.40 and I0 = 0.13. Note that a great number of points falls below
µ1 at low IM , suggesting that non-locality [54] is present. This point will need further
investigation in the future.
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Mean force and fluctuations on a wall immersed in a
sheared granular flow
Kneib F., Faug T., Dufour F., Naaim M.

In progress.

Abstract The time-averaged dynamics and the force fluctuations in a system compo-
sed of a wall-like obstacle subjected to a granular flow under different shearing velocity
and confinement pressure are investigated by means of numerical simulations based on
the discrete elements method. The mean force on the wall is controlled by the boundary
macroscopic inertial number which is derived from the confinement pressure, the shearing
velocity and the height of grains sheared above the wall. An empirical law is thus defined
to predict the mean force as a function of the boundary macroscopic inertial number,
whatever the flow regime and the wall height. The force fluctuations on the wall are cha-
racterized by the analysis of the force autocorrelations at mesoscale on the one hand, and
by the distributions of grains-wall forces at both macroscale and mesoscale on the other
hand. A modified macroscopic inertial number that takes into account a shearing across
the whole height of grains is found to fully control the force fluctuations on the wall. The
distributions evolve from Gaussian-like shapes to broader asymmetric log-normal shapes
with the increase of this macroscopic inertial number. The collapse of all distributions
above a certain value of the macroscopic inertial number, and the concomitant loss of
system memory revealed by the force autocorrelations, are two indicators of a remarkable
transition from quasistatic to dense inertial flow regime. The latter result is further em-
phasized by a detailed study of the local rheology, showing that the µ(I) rheological law
governs the system in a large part of the granular bulk.

4.1 Introduction

Many industrial processes and geophysical problems involve granular matter at rest or
in movement. More specifically, the force exerted on solid objects subjected to flowing
granular matter is an important topic that has attracted increasing attention over the
recent years. The time-averaged force on objects of different sizes and shapes was stu-
died in various configurations (see for instance [108, 2, 22, 16, 90]). The drag force on
immersed solid objects in dense free-surface granular flows was firstly investigated by the
experimental work of Wieghardt [108]. In his pioneering experiments, Wieghardt found on
the one hand that the drag force was only weakly influenced by the flow velocity, and on
the other hand that a quasistatic pile of grains formed upstream the solid object. These
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findings were confirmed later in different configurations from low to intermediate shear
rates, including annular shear flows [2], free-fall chute flows [22], immersed rods rotating
along an axis perpendicular to its main axis [16], etc. All these studies showed that, whe-
never the obstacle is in contact with a quasistatic bulk of grains, the drag force linearly
depends on the confinement pressure and the object size rather than on the flow velocity.
This picture is however no longer valid once the granular flows become fast, more dilute
and collisional, as shown for instance in [8, 106]. In this situation, it was found that the
force acting on the obstacle evolved with the square of the relative grains-object velocity.

A free-surface flow of granular materials down a slope and coming across a perpendi-
cular wall-like obstacle is a common situation in the field of natural hazards related to
full-scale gravity-driven granular flows. In particular, protection structures against snow
avalanches or landslides are built to limit their propagation through the decrease of their
kinetic energy. In this situation, a roughly triangular stagnant zone of grains—a so-called
dead zone—is formed upstream the obstacle, and a more inertial zone made of flowing
grains can overcome the dead zone (see [38] and references therein). In-situ force measu-
rements of snow avalanches against a square plate were conducted by Thibert et al. [100],
Berthet-Rambaud et al. [7], and Baroudi et al. [5]. The time series signals systematically
display complex shapes. After a fast rise, the force reaches a peak, and then decreases to
a plateau. The latter plateau reflects a permanent regime, disturbed by high amplitude
and high frequency fluctuations. A full prediction of the entire force time series remains
challenging due to measurement issues and the complex rheology of granular materials.
Faug et al. [40] proposed a rich semi-analytic model able to predict the average force on a
wall-like obstacle in steady regime. It is based on the mass and momentum conservation
equations applied to a control-volume corresponding to the dead zone plus the overflowing
inertial zone. This model has the particularity to take into account the length of the dead
zone. Such a model was extended with some success to transient flows that mimic natural
avalanche-flows [20, 39]. However, while this model (based on conservation equations in
their depth-averaged form) predicts well the force signals smoothed over time, it does not
handle the fluctuating component which remains poorly documented in this flow-obstacle
configuration. The overarching aim of the present paper is to analyse force fluctuations
experienced by a wall facing a sheared granular flow.

Most studies dedicated to force fluctuations in granular materials concerned quasi-
static or slowly sheared systems, in Couette-like geometries (see [1, 45, 26]). Only a few
number of papers addressed the problem of force fluctuations for rapid granular flows.
The experiments were based on the discharge of silos equipped with a force sensor, at a
boundary wall, whose size was the typical size of the grains [62, 42]. The measurements
of contact force distributions in quasistatic or slowly sheared systems were initially com-
puted with the help of carbon paper placed at a system boundary [69], but the use of
photo-elastic disks in laboratory experiments, as well as numerical modelling, opened the
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path to measuring the contact forces inside the granular bulk. Some cross-comparisons
were performed in [80, 95, 96, 76], showing that—at least in the static case—the grain-
grain contact force distributions from the bulk were identical to the grain-wall contact
force distributions. A robust result concerns the shape of the contact forces f distributions
for values greater than the mean f : they decrease exponentially up to the highest values
of f (see for instance [61, 62, 81]). This behaviour is sensitive to the shear velocity (or the
deviatoric stress tensor in static cases), as the inertia tends to broaden the distributions
(see [62, 96, 45]). For the lowest forces (f < f), different behaviours depending mostly
on the sample history are observed from vanishing to very high probabilities near f = 0.
Some empirical or theoretical models were proposed to fit the entire range of observed
distribution shapes for quasistatic systems [69, 67, 78].

A few studies tackled the distributions of forces that were integrated through a spatial
dimension, for slow to intermediate flow rates. It means that the data sets were syste-
matically recorded on surfaces that were greater than the grain size. The configurations
tested were the Couette geometry [67, 50, 45], as well as a rotating immersed rod [97].
A remarkable trend emerged from all these studies : while increasing the spatial scale
considered, the exponential force distributions narrow and finally move toward Gaussian-
like distributions. The latter result is especially pronounced for very slow flows, whereas
intermediate shear rates result in exponential to log-normal shapes.

The present paper is dedicated to the numerical modelling of the force exerted on
a wall-like obstacle immersed in a sheared granular flow. The originality of this work is
the wide range of flow regimes investigated, from nearly quasistatic to collisional flows,
through dense inertial flows. In order to control the flowing conditions and to focus on the
grain-wall interactions, an innovative planar and gravity-free system is designed. While
the spherical grains are trapped across the vertical direction between two rough walls,
a periodic boundary condition is used in the horizontal direction. The obstacle is a wall
which is fully immersed in the granular bulk and orthogonal to the shearing direction.
First, the modelled system (boundary conditions, relevant macroscopic parameters), as
well as the numerical simulations based on the discrete element method, are described in
Sec. 4.2. Then, the mean (time-averaged) dynamics in terms of velocity fields, scaling of
the mean force experienced by the wall, and spatial maps of the local µ(I)−rheology, is
analysed in Sec. 4.3. The fluctuations are quantified through both the autocorrelation of
mesoscopic force signals associated with the system memory (Sec. 4.4), and the distribu-
tions of force time series at macroscopic and mesoscopic spatial scales (Sec. 4.5.1). The
effect of the system length relative to its height is discussed in Sec. 4.6, before concluding
the paper with an extended discussion on the main results and perspectives (Sec. 4.7).
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4.2 DEM simulation of the wall immersed in a granular

flow

4.2.1 Macroscopic boundary conditions

A planar sample of spheres is confined between two walls at the top and the bottom, and
by a periodic boundary condition linking the right and the left borders of the system,
as depicted by the vertical dashed lines in Fig.4.1. The bottom wall is fixed, rough,
and its length is equal to the system length L. A constant macroscopic pressure P is
applied to the system. It is controlled by the vertical position of the rough top wall,
continuously computed by the DEM algorithm and applying a vertical force on the sample.
The periodicity of the system also concerns the top wall which has a constant horizontal
velocity U shearing the sample. The top wall remains perfectly horizontal by preventing
its rotation in the (x, y) plane (see Fig.4.1). The roughness of these walls is made of fixed
aligned spheres that are identical to the ones forming the granular medium. A thin and
smooth vertical wall of finite height h, namely the obstacle, is immersed into the spheres
assembly. The spheres are initially deposited under gravity to form a rectangular dense
packing of height H greater than h. Then, the gravity is set off and the shearing starts
for a period of ten seconds over which the data are collected. Only the data arising from
the latest nine seconds are exploited because the first second is the observed time needed
by the system to reach a permanent regime. In the present system, the grains are allow to
overflow the obstacle (by contrast to the lid-driven cavity problem studied in [58]), thus
mimicking a granular flow passing over a rigid wall.

The following dimensionless macroscopic parameters are used to run the numerical
simulations over a broad range of confinement pressure P and shear velocity U :

NP =
P

ΦρpgH
, (4.1)

NU =
U√
gd

. (4.2)

The mean grain diameter d was taken equal to 1 mm and H/d = 30, and a slight
polydispersity was introduced by picking randomly the grain diameters between 0.85d

and 1.15d. A constant macroscopic volume fraction Φ = 0.6 is considered in these two
definitions, as it roughly corresponds to the random close packing of a three-dimensional
assembly of spheres. We will discuss in more detail the mean volume fraction of the
granular sample in the concluding section of the paper (Sec. 4.3). The particle density
was taken equal to ρP = 2500 kg m−3, and although the system is gravity-free, the gravity
acceleration is considered here (g = 9.81 m s−2) for convenience to compare the results
with laboratory experiments in a future work.
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Figure 4.1 – Geometry and boundary conditions of the periodic sheared system simulated by

DEM. The granular sample is trapped between two horizontal walls and a periodic boundary

condition in the horizontal x−direction (dashed lines). The top wall applies the shear displace-

ment U and the confinement pressure P (see text for details), and force measurements are done

onto the sidewall of height h, immersed into the granular sample.

The boundary macroscopic inertial number IM can be defined from the typical time
associated with the top confinement pressure tP = d

√
ρ/P and the typical time equal to

the inverse of the macroscopic shear rate tU = H/U :

IM =
tP
tU

=
d
√
ρ/P

H/U
, (4.3)

where ρ = ΦρP holds for the density of the granular sample.

In the present study, NP ranged from 0.01 to 100 and NU from 1 to 20, which allows
to investigate a wide range of granular flow regimes defined by IM ranging typically from
1.2 10−3 to 6 10−1.

The length of the periodic cell relative to the initial height of the sample, L/H, is a
parameter that may also influence the system dynamics. It has been shown by similar
DEM simulations on another system, namely the lid-driven cavity (see details in [58, 59]),
that the mean dynamics and the force fluctuations are no longer dependent on L/H as
soon as L/H > 5. In this paper L/H is taken equal to 5 unless otherwise specified, and
the sensitivity of the results to L/H will be discussed in detail in Sec. 4.6.

Simulations with various obstacle heights (h ∈ {5d, 10d, 15d, 20d}) were performed to
analyze the influence of this parameter on the time-averaged results.

4.2.2 Micromechanical parameters

The discrete elements method, the contact laws and the associated parameters used in this
paper are the same as described in [58]. The general DEM algorithm is described in [28].
A visco-elastic contact law is used for the normal component of the inter-particle forces
(see [88]), while a classical coulomb friction threshold drives the tangential component in
the same fashion as in [64]. The following set of equations describes the micromechanical
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model used in the present study, for the grain-grain and the grain-wall interactions :




Fn = max(0, knδn + cnδ̇n)n,

dFs = (ksδ̇sdt)s,

|Fs| ≤ µ|Fn|,
(4.4)

where n and s are the unity vectors along the contact normal and shear directions res-
pectively, kn and ks are the normal and tangential contact stiffnesses, δn is the normal
penetration depth, δ̇s is the tangential displacement increment, µ is the local friction co-
efficient, cn is the normal viscosity coefficient and dt is the time-step. The four physical
parameters kn, ks, cn and µ, are chosen to fit the behaviour of glass beads. As discussed
in [40] the contact stiffnesses are reduced to decrease the total time of calculation, but the
limit of rigid grains was respected with the help of an adimensional number N0 = 1.5 104.
For two grains of same size, kn was thus set regarding the macroscopic pressure and N0 :
kn = N0Pd, and ks was set with a poisson ratio ν = 0.3 : ks = νkn. cn is set in the same
manner as in [58] with a restitution coefficient e = 0.5, and µ was taken equal to 0.5.

In accordance with the motivation of this study—i.e. the force fluctuations experienced
by an obstacle immersed in a granular flow, the current paper is mainly focused on F (t),
the normal force time-series exerted on the vertical sidewall over a broad range of IM .
Before going into the details of the force fluctuations (see Secs. 4.4 and 4.5), the time-
averaged dynamics of the system (mean force F on the wall, streamlines, vertical velocity-
profiles and local µ(I)−rheology within the granular sample) is studied in the next section.

4.3 Mean dynamics

4.3.1 Velocity field

The time-averaged granular flow velocity streamlines are displayed on Fig.4.2 for three
different inertial numbers IM and one obstacle height h = 20d. The norm of the local
grain velocity vg scaled by the top wall shearing velocity U is displayed on the colour
scale. For all simulations the flow velocity fits the top and bottom boundary conditions,
ranging from zero near the bottom to U in the vicinity of the top wall. At low inertial
numbers (IM ≃ 1.2 10−3) the flow velocity shows a symmetric pattern along the system
length. Near both corners at the bottom of the system, very low flow rates take place
in front of the obstacle—likely at the origin of the streamlines instabilities. They are
the markers of nearly triangular dead zones of height h forming near the obstacle and
gradually disappearing while moving farther from the obstacle. In a central region (50d .

x/d . 100d) the streamlines are horizontal and parallel with each other, revealing that
the flow experiences a quasi-horizontal shear without any significant vertical displacement.
Back to past studies on free-surface gravity-driven granular flows passing over a rigid wall
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Figure 4.2 – Time-averaged streamlines for an obstacle height of h = 20d (thin vertical bars

on each border of the system), for three different values of IM : IM = 1.2 10−3 (top panel),

IM = 6.09 10−2 (middle) and IM = 0.3043 (bottom). The colour scale represents the norm of

the local grain velocity scaled by the top wall shearing velocity, vg/U .

[40, 20, 39, 38], the latter homogeneous region mimics the incoming flow, co-existing with
a similar (nearly triangular) dead zone formed upstream the obstacle (the wall on the
right side).

However, the response of the system velocity streamlines to the increase of IM is tricky.
While the top panel at the lowest IM exhibits a symmetric pattern, the middle and the
bottom panels of Fig.4.2 display different behaviours. As the obstacle is also duplicated
through the periodic boundary condition along x, a local vortex of height h starts forming
on the left side of the system. In the present context, this phenomenon is considered as
an artifact caused by the grains flowing through the periodic boundary condition and
incoming with high velocity from the top of the vertical left sidewall. The shape of this
vortex varies with the macroscopic boundary conditions. In particular, the vortex length
increases with IM , disturbing progressively the above picture of the central region where
shear is quasi-horizontal. The latter region becomes narrower when increasing IM , and
may totally disappear at the largest IM . This peculiar feature of the periodic flow-obstacle
system studied here is further investigated in the following paragraph, focusing on the
vertical velocities of grains.

Figure 4.3 depicts the vertical component Vy of the grain velocity along the system
length, averaged over time and height, and scaled by the top wall shearing velocity U .
This measurement is presented for seven values of inertial numbers, from quasistatic to
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Figure 4.3 – Profile of the vertical component of the grains velocity Vy, averaged over time and

grains height H, scaled by the top wall shearing velocity U . The profile is plotted for an obstacle

height h of 20d and seven values of IM from 1.2 10−3 to 0.6.

collisional flow regimes.

For IM ≤ 1.2 10−2 all profiles collapse, revealing that the global (scaled) grain velocity
is not influenced by the macroscopic conditions in the quasistatic regime. Near the (left
side) incoming flow region (x/L < 0.3), Vy is negative with a high slope gradient, induced
by the grains that continuously fill the bottom of the system. Between x/L = 0.3 and
x/L = 0.85, Vy/U is nearly close to zero with only a very small positive slope gradient. This
region, which we call a plateau, characterizes the homogeneous sheared zone described
just above. Finally, from x/L = 0.85, the increase of the slope gradient marks the presence
of the dead zone formed upstream of the obstacle (on the right side) overflowed by the
grains. The presence of a plateau in the center of Fig. 4.3 is a sign that the system length
should be large enough to guarantee that the flowing direction of the granular assembly
is orthogonal to the obstacle. Thus—if non-local effects do not play a prevailing role, the
force exerted on the obstacle should not be influenced by its periodic duplicate (on the
left side). The effect of increasing L/H (fixed to 5 here) will be discussed in Sec. 4.6.

As shown at the middle and bottom panels of Fig.4.2, the vortex formed in the left side
of the system produces vertical movements of the granular flow that are inhomogeneous
through the system height for simulations done with IM ≥ 6.09 10−2. As a consequence,
the averaging over height done in Fig.4.3 to obtain the Vy/U profile for the corresponding
inertial numbers cannot be quantitatively interpreted. Qualitatively, the plateau is still
observed up to IM = 9.13 10−2 but the two curves obtained for the largest IM (IM ≥ 0.3)
are highly disturbed by the vortex, thus preventing the occurrence of the plateau in
the collisional regime. We will show in Sec. 4.6 that increasing L/H does not change this
observation : it is not possible to produce a plateau for L/H = 10 at high inertial numbers.
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This flow inhomogeneity along the main flow direction (x−axis direction) observed for high
IM makes difficult, in the collisional regime, the direct comparison of this system to free-
surface gravity-driven granular flows passing over a wall. The influence zone downstream
of the duplicate obstacle (on the left side of the periodic system) is too long so that it
disturbed the granular kinematics in the whole volume of the system up to the obstacle
(on the right side) of interest here. However, it will be shown in the following of the paper
that an analysis of the force (time averaged value and fluctuations) experienced by the
latter obstacle can be done continuously, over the whole range of IM covered by this study.
In particular, a robust scaling of the mean total force exerted on the obstacle is proposed
in the next section.

4.3.2 Mean force on the obstacle

The main feature of the present system is that the height H of the granular sample is
higher than the height h of the obstacle, by contrast to the lid-driven cavity problem in
[58]. As a consequence the following flow dynamics can be observed : grains are trapped
upstream the obstacle (the right sidewall), thus forming a dead zone, and other grains
are able to flow over the obstacle, as discussed in Sec. 4.3.1. Based on the height H − h

of the sheared layer passing over the obstacle, a new macroscopic inertial number I∗M can
be defined :

I∗M =
d
√

ρ/P

(H − h)/U
. (4.5)

In the above definition, the dead zone is assumed to cover the entire height of the wall.
The grains passing over the wall are sheared between the top wall of vertical position
H on the one hand, and the top of the dead zone of null velocity and height h on the
other hand. Introducing this macroscopic inertial number allows us to obtain a remarkable
scaling of the mean force F on the obstacle, scaled by the pressure force Phd associated
with the wall height, as a function of I∗M , as shown in Fig.4.4.

A collapse of all the data is observed, including four obstacle heights h ∈ {5d, 10d, 15d, 20d}.
This result reveals that the shearing velocity and the top pressure can be wrapped into
a macroscopic inertial number which predicts the scaled mean force on the sidewall. It is
enhanced by the construction of I∗M , showing that the inertial number corresponding to
the grains overflowing the sidewall plays a crucial role in the force applied on the obstacle.

The scaled mean force, F/(Phd), shows a quasi-linear evolution with I∗M at low and
intermediate I∗M . Though a scattering of the data appears at high I∗M , a saturation then
occurs from around I∗M = 0.3 (see the linear plot in the inset of Fig. 4.4). The following
relation fits well the data points, as shown by the solid line drawn on Fig. 4.4 :

F

Phd
= r∗1 +

r∗2 − r∗1

1 +
I∗0
M

I∗
M

, (4.6)
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Figure 4.4 – Time-averaged force on the obstacle F scaled by Phd as a function of I∗M , the

inertial number corresponding to the height of grains overflowing the obstacle. Four obstacle

heights are presented : h ∈ {5d, 10d, 15d, 20d}. Inset : same data with linear x-axis scale.

where r∗1 = 1.4 and r∗2 = 3.3 are the two asymptotic values of F/(Phd) at low and high
I∗M , respectively. The constant I∗0M = 0.3 is the inertial number for which F/(Phd) =

(r∗1 + r∗2)/2. It is worth noting that the values of r∗1, r
∗
2 and I∗0M were obtained for the

configuration presented in this paper, and may be influenced by the micromechanical
grain parameters (d, µ, etc.), as well as by the system configuration. In particular, the
effect of L/H on the mean force scaling shown in Fig. 4.4 will be discussed in Sec. 4.6.

It is worthwhile to note that the data saturation (concomitant with some scattering)
and the plateau which vanishes in the mean Vy profiles (see Sec. 4.3.1) both occur at
I∗M ≃ 0.3. This observation is a signature of the transition from the dense inertial regime
to a more collisional regime, where enduring frictional grain-grain contacts are replaced
by short-life contacts due to the strong increase of the inertia and the increase of the mean
free path of particles. The role played by the local µ(I)−rheology, proposed by [52, 44],
on the force transmision toward the wall-like obstacle is further analysed below.

4.3.3 The local µ(I)−rheology

The form of the empirical scaling showing a one-to-one relation between the scaled mean
force F/(Phd) on the wall and the boundary macroscopic inertial number I∗M , given by
Eq. (4.6), suggests that the local µ(I)−rheology comes into play. To further investigate
the rheology, the time-averaged values of the local inertial number I and the local effective
friction µloc were measured inside the whole volume of the granular system.

For that purpose, the strain (D) and stress (σ) tensors at local (grain) scale were
computed, using a spatial kernel smoothing method and tesselation techniques (see much
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Figure 4.5 – The local µ(I)−rheology for this study, extracted from all simulations. The points

come from a region of the granular flow-wall system selected to approach the conditions of a

simple sheared granular sample.

more details in [59]). The pressure p within the granular medium was defined by :

p =
1

3
Tr(σ). (4.7)

The local effective friction was calculated as :

µloc =
1

3

Tr(σ′
D

′)

p‖D′‖ , (4.8)

where D
′ = D − 1

3
Tr(D)I3 holds for the deviatoric strain tensor and σ

′ = σ − pI3

is the deviatoric stress tensor. We define I3 as the unit tensor and ‖A‖ =
√

Tr(AAT )/2

for any A. Finally, the local inertial number was computed using the relation :

I = d

√
ρP
p
‖D′‖. (4.9)

Then, for each position (x, y), the measured µloc was compared to a µth(I) derived
from the relation proposed by Jop et al. [52], which reads as follows :

µth = µ1 + (µ2 − µ1)
1

1 + I0/I
, (4.10)

where µ1, µ2 and I0 are parameters dependent on the mechanical grain properties. In
our study, we found that the best fitting parameters for µth were µ1 = 0.17, µ2 = 0.48

and I0 = 0.18, as shown in Fig. 4.5.
Figure 4.6 displays the spatial maps of |µloc − µth| for three values of IM . First, it is

generally observed that the granular sample obeys the local µ(I)−rheology in most of
the volume of the granular system, except in the regions close to the sidewalls in the two
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Figure 4.6 – Spatial maps of |µloc − µth| for three values of IM : IM = 1.2 10−3 (top panel),

IM = 6.09 10−2 (middle) and IM = 0.3 (bottom). See text for the definition of µloc and µth.

corners at the bottom of the system. Second, at low IM the patterns resulting from this
|µloc − µth| mapping is symmetric, while it becomes asymmetric at the highest IM . At
the highest IM , the region in the left corner at the bottom, in which the measured µloc

discards from the µth derived from the µ(I)−rheology, grows in size and tends to extend
in the middle of the granular system. Those observations are fully consistent with the
streamlines shown in Fig. 4.2. The regions with a dead zone (whatever IM) correspond to
regions where the granular material does not obey the µ(I)−rheology.

Back to the analogy with gravity-driven free-surface flows passing over a wall (as
studied in [40, 20]), our study reveals that the incoming flowing grains able to overtop
the wall would obey the µ(I)−rheology, while the grains trapped inside the dead zone
(upstream of the wall) would not. The deviation from the µ(I)−rheology can thus help
to demarcate the dead zone from the coexisting (more inertial) flowing zone above.

The region (in the left corner at the bottom), where a vortex-like structure forms
at high IM , grows in size with IM and also corresponds to a region where the granular
medium does not obey a µ(I)−rheology.

From now on, the paper tackles the force fluctuations on the obstacle, through analy-
sing the autocorrelation of force time-series (Sec. 4.4) and the distributions of grain-wall
contact forces (Sec. 4.5). All data obtained for the next analysis was extracted from nu-
merical simulations with an obstacle height h = 20d. Keeping the obstacle high enough
to catch collective effects of the grains (in order to avoid discretization issues), while the
height available for the grains to overflow is one third of the total height H of the sample,
made the results clearer. The results extracted from the simulation with h/d = 5, 10 or
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15 (not shown here) were very similar overall.

4.4 Force time-series autocorrelation

In this section, the force fluctuations are investigated by analysing the autocorrelation of
force time-series on portions i of the wall. Information about the memory of the system

(we will define below what we call memory of the system) is then extracted through a
critical autocorrelation time ∆tic.

The force signal record frequency is set to 10 kHz, this value being high enough to
capture short-time events so that the results do not depend on this parameter (see more
detail in [59]). To study the potential heterogeneity of the force signals along the obstacle
height, the sidewall is split into five portions i ∈ {1, 2, 3, 4, 5} from bottom to top, of
identical size h/5. Each slice has its associated force time-series from which the autocor-
relation function Ci(F (t), F (t+∆t)) is then computed, where ∆t is the lag between two
system states. The critical correlation time ∆tic is extracted from each slice. It can be
interpreted as the delay after which the system has forgotten a certain value of force on
the wall. In other words, it reflects the typical time during which a future state of the
system keeps history of its past state regarding the force transmitted to the wall. The
critical correlation time ∆tic is defined with an arbitrary low correlation threshold :

Ci
(
F (t), F (t+∆tic)

)
= 0.15. (4.11)

As the local autocorrelation function Ci may be a non-monotonic function, it is possible
that the threshold value is reached many times. In this case the lowest value of ∆tc is
kept, avoiding the noise to have an influence on the results.

The top panel of Fig. 4.7 shows the autocorrelation of force time-series for each of
the five identical portions of the wall, for a low value of the macroscopic inertial num-
ber (1.2 10−3). For this granular regime, the autocorrelations decrease slowly to reach
a vanishing value between approximatively 0.2 s to 1.5 s, depending on the wall portion
considered. Although an observable trend suggests that bottom portions are correlated
for longer times (lower slopes) than top portions (higher slopes), no general rule could be
deduced, because this behaviour is not strictly monotonic.

The values of autocorrelation times ∆tic for each portions of the wall, as well as their
mean over i—called <∆tc>, are displayed on Fig.4.7. A scattering of the ∆tic−values
around <∆tc> is observed, showing that autocorrelation times are inhomogeneous along
the height of the sidewall height. However, the average value <∆tc> shows a remarkable
decreasing trend with IM . This behaviour may be interpreted as a decrease of the system
memory while increasing the inertial number, which is in accordance with a collisional
regime where short-life contacts are dominant compared to long-lasting enduring frictional
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IM . <∆tc> is the mean over the five ∆tic values of a simulation.
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contacts. Near IM = 1.2 10−2 the mean autocorrelation time nearly vanishes, thus showing
that the system is unable to keep memory of a past state. The granular medium, which
is at the origin of the force transmission from the boundary conditions to the sidewall,
handles here the signature of a remarkable cross- over from quasistatic to dense inertial
regime. It is important to note that what we call the memory of the system is not an
intrinsic memory of the granular material, but is rather system-dependent. This becomes
obvious when those ∆tic (and <∆tc>) are shown to be influenced by the length of the
system, as it will be discussed in Sec. 4.6.

4.5 Force distributions

In the following, we analyze how the distributions of force time-series evolve with the
boundary macroscopic inertial number, at macroscale (the entire wall ; Sec 4.5.1) as well
as at mesoscale (portions of wall ; Sec 4.5.2) .

4.5.1 Force distributions on the entire obstacle

This section investigates the distribution of the total force experienced by the sidewall, on
the whole surface facing the granular flow. This measurement gives information about the
collective effect of the granular bulk on the obstacle. This analysis is crucial for real-world
applications, while for instance designing civil engineering structures—in the case of main
anchors that hold the whole obstacle, or for technical reasons when the installation of local
force sensors is not possible (see a discussion in Sec. 4.7.3). The total force time-series
F is obtained by summing all grain-wall contributions at each recording time. This force
scaled by the mean force F is noted F̃ = F/F , and its probability distribution density is
computed.

The top panel of Fig.4.8 shows the distributions of F̃ , for seven values of IM ranging
from 1.2 10−3 to 0.6. The distribution shapes follow a nearly Gaussian law at low IM

(= 1.2 10−3). A slight asymmetry appears while increasing IM : the decreasing tail at high
forces becomes more and more important. At the same time, from IM ≥ 1.2 10−2, the
probability to have weak or vanishing force signals on the sidewall increases. A systematic
fit of the distributions—actually measured in DEM—using a shifted (and truncated) log-
normal function, called P(F̃ ), provides very good results over the whole range of IM

tested, as depicted by the dashed lines on top of Fig. 4.8 :

P(F̃ ) =
1

S
1

F̃σ

√
2π(F̃ + 1)

exp

(
− [ln(F̃ + 1)− F̃µ]

2

2F̃σ

2

)
, (4.12)

where F̃µ is the scale parameter, F̃σ is the shape parameter, and the shift (truncation) is 1.
S is the normalization factor corresponding to the value at 1 of the survival function of the
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Figure 4.8 – Top panel : distribution of the total force on the right sidewall for seven values of

IM ranging from 1.2 10−3 to 0.6. The dashed lines show fits using a (truncated) log-normal PDF

given by Eq. (4.12). Bottom panel : variation of fµ and fσ, the two parameters of Eq (4.12), as

function of IM .
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(untruncated) log-normal PDF. The evolution of these parameters with IM is displayed
on the bottom panel of Fig.4.8.

Three distinct simulations, done for different macroscopic shear rates and confinement
pressures {U, P} but keeping the inertial number constant (IM = 6.1 10−3), give identical
distributions, as shown in the top panel of Fig.4.8 (orange-colored curves). This reveals
that the boundary macroscopic inertial number is the only parameter which controls the
distribution of the total force on the wall. Such a key result is further confirmed by the two
fitting parameters F̃µ and F̃σ, displayed at the bottom of Fig.4.8, that evolve monotonically
with IM—whatever {U, P}. It can be concluded that Eq. (4.12), fed with the parameters
controlled by IM (bottom of Fig.4.8), provides an empirical model capable of predicting
the total force distribution for the granular flow-wall interaction system studied here.

Moreover, the DEM simulations show that all distributions of F̃ collapse when IM ≥
6.1 10−2, as shown in the top of Fig.4.8 (blue curves). This observation becomes clearer
in the bottom of Fig.4.8, as both F̃µ and F̃σ reach a plateau from IM = 6.1 10−2 up to
the highest value of the inertial number achieved in this study. This saturation of the
total force distribution is likely to reflect a fast flow state largely influenced by inertial
effects. It occurs above a certain value of IM between 1.2 10−2 and 6.1 10−2, which closely
matches the value of IM at which the loss of system memory was identified in Sec. 4.4.

In order to analyse the distributions of the force at mesoscopic spatial scale, thus
taking into account the potential heterogeneity over the system height, the next section
tackles the distributions of force time-series recorded on portions of the obstacle height.

4.5.2 Force distributions on portions of the obstacle

In the same manner as in Sec. 4.4, the sidewall is split into five portions i ∈ {1, 2, 3, 4, 5}
of same height. We note Fi the force time-series associated with the portion i and Fi its
mean. The upper panel of Fig.4.9 shows the distribution of Fi/Fi, the force arising from
each portion scaled by the corresponding mean, for IM = 6.1 10−2. The distributions
of the force time-series from the three portions located in the center of the sidewall are
equivalent (orange lines), unlike the two located at the top and bottom (red and blue
lines, respectively). This difference between the portions i ∈ {2, 3, 4} on the one side,
and the portions i = 1 and i = 5 on the other side, is observed for any IM (not shown
here). This result reveals that the mesoscopic force distributions are homogeneous along
a large area at the center—along the y−axis (vertical) direction—of the obstacle, whereas
some modifications near the weak forces appear at the top and the bottom. In the bottom
corner, at the interface with the bottom rough wall, few grains can be trapped and exert
enduring forces on the obstacle, thus decreasing the probability of weak forces on the
time-series. Near the top of the obstacle, the increasing probability of small forces can be
explained by the shortening of the thickness of the dead zone, thus causing the obstacle



4.6. Effect of the system length 103

to experience directly the force of the flowing grains.

Because of the collapse of the distributions for portions i ∈ {2, 3, 4} is observed for
all values of IM , the mean (called <Fi/Fi>i) of the distributions over these three central
portions of the sidewall was computed, and its variation with the macroscopic inertial
number was computed. The results are shown on the bottom panel of Fig.4.9. Similarly
to the distributions on the entire height of the obstacle (see Sec. 4.5.1), the resulting curves
depict log-normal-like shapes. Near IM ≃ 10−3, the distribution displays a small amount
of low forces and a repartition which approaches a Gaussian-like shape. The number of
weak forces increases with IM , shifting the maximum probability density toward the low
forces. This behaviour can be explained by a finite-size effect. At low inertial numbers the
force signal may arise from the summation of several enduring contact forces, which is
known to produce a Gaussian-like shape. By contrast, at higher inertial numbers the force
signal arises from a lower number of contacts, thus increasing the probability of weak (or
null) forces. Finally, all the force distributions on wall portions collapse for IM ≥ 6.1 10−2.
The latter observation reveals that—excluding the effects related to the top and bottom
ends—the force distributions at mesoscale become independent of IM as soon as a certain
IM is reached. This further confirms the result presented in Sec. 4.5.1 for the entire height
of the obstacle, where the collapse of distributions was interpreted as a signature of the
transition from quasistatic to dense inertial regime.

4.6 Effect of the system length

The results that have been presented up to now were extracted from simulations with a
constant length of the system (L/H = 5 and H = 30d, where d = 1 mm). This section
compares those results to additional ones from simulations where the length of the system
was doubled (L/H = 10, while keeping H = 30d and d = 1 mm).

The simulations at L/H = 10 did not allow to produce a plateau at high IM around
zero in the curves of Vy/U versus x/L (not shown here), the results being similar to the
ones shown in Fig. 4.3. Doubling the length of the system did not allow to reduce the
effect of the vortex-like structure (generated by the duplicate obstacle on the left side),
which starts disturbing a lot the entire volume of the system for IM larger than 0.3.
This proves to be a signature of the transition toward the collisional regime, thus making
questionable—beyond that IM ∼ 0.3—the analogy between the periodic system studied
here and a free-surface gravity-driven granular flow passing over a rigid wall.

Figure 4.10 shows the scaled mean force, F/(Phd), as a function of I∗M for L/H = 5

and L/H = 10. The empirical scaling given by Eq. (4.6) is slightly influenced by the ratio
L/H. Doubling the length of the system yields a slight increase of the scaled mean force,
but the empirical scaling that relates F/(Phd) to I∗M is still robust, provided that r∗1 and



104
Chapitre 4. Force moyenne et fluctuations sur un mur immergé dans un

écoulement granulaire cisaillé

0.0 0.5 1.0 1.5 2.0 2.5 3.0

Fi/Fi

0.0

0.2

0.4

0.6

0.8

1.0

D
en

sit
y

IM ≃0.0609|NU =10.0|NP =1.0

i=1

i=2

i=3

i=4

i=5

0.0 0.5 1.0 1.5 2.0 2.5 3.0

<Fi/Fi >i

0.0

0.2

0.4

0.6

0.8

1.0

D
en

sit
y

IM ≃0.0012|NU =1.0|NP =25.0

IM ≃0.0061|NU =1.0|NP =1.0

IM ≃0.0122|NU =10.0|NP =25.0

IM ≃0.0609|NU =10.0|NP =1.0

IM ≃0.0913|NU =15.0|NP =1.0

IM ≃0.3043|NU =10.0|NP =0.04

IM ≃0.6086|NU =10.0|NP =0.01

Figure 4.9 – Top panel : distribution of force time-series experienced by five equal portions i of

the sidewall for NU = 10 and NP = 1 (each portion time-series is scaled by its corresponding time-

averaged force). The blue, orange and red curves correspond respectively to i = 1, i ∈ {2, 3, 4}
and i = 5. Bottom panel : mean distribution over i for i ∈ {2, 3, 4} (orange curves of top panel)

for seven values of IM .
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r∗2, in Eq. (4.6), become slightly dependent on L/H.
The top and bottom panels of Fig. 4.11 compare two extremes distributions of grain-

wall forces at macroscale (entire height of the obstacle) and mesoscale (portions of obs-
tacle) respectively, for L/H = 5 and L/H = 10. The distributions, besides at macroscale
for very low IM , are weakly influenced by the system length, and even totally independent
on this parameter when the saturation occurs at intermediate to high IM .

Overall, doubling the length of the system does small changes to the main results
regarding the time-averaged dynamics and the distributions of grain-wall forces. However,
moving from L/H = 5 to L/H = 10 has a significant effect on the variation of <∆tc> with
IM . As shown in Fig. 4.12, while <∆tc> is largely positive at small IM for L/H = 5, it
tends to approach zero for L/H = 10 at the same IM . This put emphasis on the fact that
the positive value of <∆tc> at small IM can be interpreted as a signature of a memory
activated by the system (memory of the system) in terms of the force transmission toward
the wall, but not of a memory that would be intrinsic to the granular material itself.

4.7 Discussion and conclusion

The present paper described periodic numerical simulations based on DEM of a granular
flow passing over a wall-like obstacle, over a wide range of confinement pressure and
shearing velocity imposed at the top of the granular flow. The main results concerning the
time-averaged dynamics and the force fluctuations are summarized and further discussed
in this concluding section. We end the paper by exploring the potential implications of this
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collapse).
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basic knowledge for a real-world problem that is the interaction of full-scale granular flows
in nature, such as avalanches, in interaction with civil engineering structures (Sec. 4.7.3).

4.7.1 Time-averaged dynamics

The mean force experienced by a wall (of height h) in contact with a dead zone subjected
to a granular flow (of incoming height H) passing over the wall obeys the following
scaling : F = f(I∗M)Phd, where I∗M is a macroscopic inertial number built on the boundary
confinement pressure P and the shearing velocity U over the height difference H−h, and
f is a function which saturated at both low and high I∗M . It was found that the bulk of
the granular flow was controlled by the local µ(I)−rheology, while the dead zone formed
upstream of the wall was not. At very high I∗M , the µ(I)−rheology became, however,
much less relevant. A vortex-like structure, inside which the local µ(I)−rheology was
not verified, formed downstream of the duplicate obstacle (on the left side of the periodic
system simulated) and grew in size, thus producing a disturbance that propagated over the
entire volume of the system. This was interpreted as the transition towards the collisional
regime.

Figure 4.13 shows how the mean volume fraction Φ∗ of the system, actually measured
in the DEM simulations, varies with the macroscopic inertial number I∗M . The curve has
the typical shape of the Φ(I)−constitutive law generally observed in a number of other
systems, such as plane shear flows [29], inclined flows down a slope [41, 40], or annular
shear cell flows [36]. Note that those curves result from simulations at different obstacle
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heights. The inset of Fig. 4.13 that shows Φ∗ versus IM with a noticeable scattering at high
IM , further confirms that the inertial number I∗M defined on the shearing height H − h

above the obstacle is the relevant parameter for this system (by contrast to the lid-driven
cavity problem, as investigated in [58]). Note that the relation Φ∗(I

∗
M) was found to be

slightly dependent on L/H for very high I∗M (not shown here).

4.7.2 Force fluctuations

In the present study, the analysis of the force fluctuations was performed through two
main measurements. Firstly, the autocorrelations of force time series were computed at a
spatial mesoscopic scale, intermediate between the grain size and the entire wall height
(considering five portions of the wall, identical in size). Those temporal autocorrelations
were found to be inhomogeneous through the wall height. A criterion based on the mean of
an autocorrelation threshold through the wall height (<∆tc>) was however able to reflect
the system memory. Secondly, the distributions of force signals were computed at both
macroscale (wall height) and mesoscale (considering the same portions of the wall as used
for the autocorrelations). The boundary macroscopic inertial number IM imparted to the
granular system was found to be the control parameter of both types of measurements,
thus highlighting remarkable trends that are summarized below.

For the lowest values of IM tested, the system exhibited a significant memory, and nar-
rowed distributions from normal-like to log-normal-like shapes—depending on the spatial
scale considered—were observed. This result typically reflects the quasistatic flow regime :
the wall experiences a constant and large number of enduring contacts with the grains.
This increases the time needed for a force value to be forgotten by the system on the one
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hand, and restricts the range of actual force values on the wall on the other hand.

While increasing IM , the overall memory of the system decreased and the distributions
widened. The inertial effect started to come into play, with faster motions of particles cau-
sing shorter contact times with the wall. In comparison with the quasistatic regime, the
broadening of the statistical range of force values is thus interpreted as the consequence
of (i) shorter and scarcer contacts with the wall near the weak force values on the one
hand and (ii) more intense interactions near the highest forces on the other hand. The
measurements of force fluctuations showed a saturation near 10−2 ≤ IM ≤ 6 10−2, ma-
terialized by the collapse of force distributions and the vanishing of the system memory.
In accordance with the well-established time-averaged dynamics of dense granular flows,
as reviewed for instance in [41, 53], this saturation was interpreted as a clear signature of
the transition from quasistatic to dense inertial regime.

4.7.3 Impact for a real-world application

The periodic immersed wall system studied in the present paper was motivated by the
understanding of force fluctuations experienced by walls impacted by full-scale granular
flows in nature, such as snow avalanches. Though the system is still a simplified model
(planar and gravity-free in particular) of that geophysical problem, there are important
outcomes regarding potential applications and perspectives.

First, the analysis of the mean dynamics of the system suggests that there exists a
relatively wide range of flow regimes under which the mean force of a full-scale granular
flow on a rigid wall of surface Sw should be controlled to first order by the confinement
pressure (F/Sw ∼ P ). However, the ratio of the impact pressure to the confinement
pressure is not constant. It is controlled by the inertial number I∗M , increasing from a
value higher than 1 at low I∗M up to a value around 3− 4 when I∗M approaches unity. It is
worthwhile to note that, in their simulations of a wall impacted by a free-surface granular
flow down an incline (see [40]), Faug et al. found a ratio of the mean force on the wall
to the pressure-dependent force of the incoming flow (associated to flow-depth) around
4 at similar inertial numbers close to unity, namely below a value for which velocity-
square inertial force would become dominant. This suggests a strong analogy between
the periodic immersed wall system studied here and the more complicated problem of a
gravity-driven free-surface flow overflowing a wall, and shows that the value of F/Sw to
P (namely F/(Phd) in the present study) appears to be robust.

Second, it is interesting to stress that the force distributions on the entire wall height
were found to be much more narrow at low IM∗, thus indicating that slow flows can exert
a relatively steady thrust on the wall (mainly centered over time on the mean value), while
the wall immersed in a faster flow will experience highly time-varying levels of force. This
robust result at the scale of the entire height of the wall put emphasis on two types
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of force fluctuations in the pressure-dependent force regime. Any structure impacted by
avalanches should be designed against both types of force fluctuations as a given avalanche
track can produce either fast or slow dense flows, depending on the quality of the snow
involved.

The present study paves the path for short-term research that will analyse, with the
help of a similar approach, the force fluctuations for more complicated systems consisting
of a rigid wall impacted by a gravity-driven free-surface avalanche-flow down an incline
(as studied in [20] for the mean force). Finally, long-term research will tackle the problem
of deformable walls impacted by granular flows.
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5.1 Contexte et méthode

Le risque naturel que représentent les avalanches de neige fait l’objet d’importantes re-
cherches depuis quelques dizaines d’années. Afin de mieux dimensionner les structures
de génie civil soumises à cet aléa, la compréhension de l’interaction complexe entre un
milieu granulaire et un obstacle est nécessaire. À l’heure actuelle, des modèles avancés per-
mettent de prévoir la force moyenne subie par un mur soumis à une avalanche. Cependant,
les fluctuations de force de fréquence et d’amplitude élevées, systématiquement relevées
sur l’obstacle, restent peu documentées. Ce travail de thèse s’intéresse au problème des
fluctuations de force : il établit un cadre d’expérimentations adapté à leur étude, et fournit
des éléments qui permettent de les caractériser en fonction des grandeurs macroscopiques
qui gouvernent l’écoulement granulaire.

Les écoulements granulaires secs ont été mis en œuvre numériquement par la méthode
des éléments discrets. Deux systèmes modèles ont été développés dans le but de focaliser
la zone d’étude en amont de l’obstacle, et de permettre le contrôle des variables ma-
croscopiques de l’écoulement (vitesse de cisaillement, pression de confinement, taille du
système). Le premier a été l’objet des chapitres 2 et 3 : les grains sont confinés par quatre
parois, dont l’une impose un cisaillement à vitesse constante. Les signaux de force ont été
mesurés sur la paroi faisant face au cisaillement. Le chapitre 4 s’est focalise sur le second
système : le cisaillement est toujours imposé par la différence de vitesse entre deux parois
opposées, mais la condition aux limites périodique dans l’axe du cisaillement permet aux
grains de surverser un unique mur immergé sur lequel sont réalisées les mesures. Chacun
des systèmes a été dans un premier temps analysé par une approche moyennée dans le
temps, puis les fluctuations ont été caractérisées à partir des signaux de force instantanés.

5.2 Synthèse des résultats

Un nombre conséquent de mesures a été effectué lors de l’étude des systèmes modèles ;
elles visent à caractériser la dynamique moyenne ou les fluctuations lors de l’interaction
du milieu granulaire avec l’obstacle.

— Dynamique moyenne : lignes de courant, profils de force aux parois, force moyenne
sur l’obstacle, fraction volumique, tenseur des contraintes et taux de déformation
locaux, nombre inertiel.

— Fluctuations : autocorrélation et distribution des signaux de force sur l’obstacle,
à trois échelles spatiales différentes.

L’objet de cette partie est de synthétiser les résultats mentionnés précédemment dans les
articles de cette thèse, en distinguant d’abord les deux systèmes. Une analyse comparative
des deux systèmes est présentée par la suite, sous forme d’un article de conférence.
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5.2.1 Cavité granulaire entraînée par cisaillement

Nombre inertiel IM

Le nombre inertiel macroscopique IM ∝ U/H
√
P unit les conditions aux bords régissant

l’écoulement : vitesse de cisaillement U , pression de confinement P et hauteur du système
H. Il s’est avéré fondamental dans la compréhension du système de cavité, en tant que
variable de contrôle de la plupart des mesures. Il gouverne en particulier l’influence de
l’inertie des grains sur la force moyenne ressentie par l’obstacle, mais également toutes
les mesures caractérisant les fluctuations. De plus, la variation du nombre inertiel macro-
scopique a souvent révélé que les transitions de régimes d’écoulement ont des incidences
marquées sur l’interaction avalanche–obstacle.

Dynamique moyenne

Une étude poussée de la dynamique moyenne du système a été menée dans un pre-
mier temps afin d’en comprendre les comportements vis-à-vis des conditions aux limites
(pression de confinement, vitesse, taille).

L’étude des lignes de courant et des profils de forces aux parois pour la cavité ont
révélé la complexité et l’hétérogénéité spatiale de la cavité. Un vortex unique se forme
dans tout l’espace de la cavité, mettant en mouvement la grande majorité des grains. La
position du centre de ce vortex sur l’axe horizontal dépend du régime d’écoulement : il
est centré aux régimes quasistatiques et se rapproche de l’obstacle avec l’augmentation
de IM . Sur le mur faisant face au cisaillement, la force moyenne est répartie de façon
non régulière : elle est quasiment nulle proche de la paroi inférieure, très élevée dans les
couches supérieures, et à peu près homogène dans les couches intermédiaires.

La pression de confinement P et la longueur du système L gouvernent au premier
ordre la force moyenne sur l’obstacle F , mais une composante dépendante de la vitesse
de cisaillement doit également être prise en compte pour une description totale. Une loi
de saturation permettant de prédire F en fonction de IM et de L a été établie, suggérant
que F porte la signature de la loi rhéologique locale µ(I) des écoulements granulaires.
Ce résultat a été confirmé par des mesures rhéologiques locales dans les écoulements,
révélant que la loi rhéologique µ(I) est respectée quasiment partout dans le système. Les
régions où cette loi n’est pas respectée correspondent principalement aux zones proches
des murs verticaux et également à une fine bande horizontale centrée verticalement aux
régimes lents. L’évolution de la fraction volumique macroscopique moyenne Φ∗ avec IM

suit la même forme classique que les écoulements à volume libre, confirmant le rôle de la
rhéologie µ(I) dans la force subie par l’obstacle.

Fluctuations

Les fluctuations de force sur le mur faisant face au cisaillement ont été étudiées via
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l’utilisation d’outils statistiques à des échelles spatiales variables. L’autocorrélation des
signaux de forces à l’échelle mésoscopique a mis en avant une propriété importante de la
cavité : la fréquence liée à la rugosité de la paroi supérieure est directement observable,
sauf dans les régimes très inertiels. Ce phénomène lié au blocage des grains dans le coin
supérieur droit se transmet dans toute l’épaisseur du système jusqu’à la paroi inférieure
aux régimes intermédiaires, alors qu’aux régimes lents elle n’est observable qu’en surface.
La mesure de l’autocorrélation a également permis d’observer le phénomène de mémoire
temporelle du système, existant pour les cisaillements à faible inertie mais disparaissant
lors de la transition vers le régime dense inertiel.

L’investigation des distributions de forces sur l’obstacle est un élément majeur de la
caractérisation des fluctuations. Quelle que soit l’échelle spatiale considérée, le nombre
inertiel IM s’est révélé être le paramètre de contrôle de ces mesures. Les distributions
de forces évoluent entre des formes Gaussiennes aux régimes les plus lents et des formes
exponentielles aux régimes les plus rapides. La transition entre ces deux types de densités
de probabilités n’est pas triviale, mais les distributions ont pu être approchées numéri-
quement par des fonctions log-normales tronquées dont les paramètres sont des fonctions
monotones de IM . En concordance avec la littérature, l’échelle spatiale de la mesure a éga-
lement une influence sur les distributions. Il a donc été relevé que les échelles plus larges
(macroscopique, à l’échelle de l’obstacle entier) ont tendance à resserrer les distributions,
tandis qu’en diminuant l’échelle des mesures (jusqu’à l’échelle microscopique des grains),
les distributions ont tendance à s’élargir.

5.2.2 Mur immergé dans un écoulement granulaire cisaillé

Nombre inertiel IM

Ce système dispose d’une grandeur géométrique supplémentaire par rapport à la cavité :
la hauteur du mur h. De ce fait, le nombre inertiel IM a été complété par une définition
correspondant au cisaillement des grains au droit de l’obstacle : I∗M ∝ U/(H − h)

√
P .

La définition de I∗M considère alors que tout le cisaillement au niveau de l’obstacle est
concentré dans la région qui le surplombe (H − h). Tandis que IM s’est révélé être la
grandeur de contrôle des fluctuations, l’introduction de I∗M a été fondamentale dans la
compréhension de la dynamique moyenne du système.

Dynamique moyenne

L’étude de la dynamique moyenne de ce système a permis de révéler sa réponse à
la variation des conditions aux limites d’écoulement (pression de confinement, vitesse,
longueur, hauteur de la paroi).

Les lignes de courant et les profils de vitesse verticale le long de l’axe horizontal
fournissent un premier aperçu de la phénoménologie moyenne du système à mur immergé.
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Dans les régimes lents à intermédiaires, des conditions proches du cisaillement simple sont
observées dans la majeure partie du système. Lorsque l’inertie augmente, on constate
cependant une recirculation locale dans la zone inférieure au point de réinjection des
grains (partie gauche du système). Dans ce cas, une forte composante verticale de la
vitesse perturbe la situation de cisaillement simple.

La hauteur de la paroi h et la pression de confinement P sont les variables qui entrent
en jeu au premier ordre dans la force moyenne subie par l’obstacle F . Cependant, la
description précise de F nécessite d’intégrer une composante d’inertie de l’écoulement
via I∗M . Une loi de saturation permet de prédire F/Phd en fonction de I∗M , suggérant la
présence de la loi rhéologique locale µ(I) dans le système. Ce résultat est confirmé par
les mesures locales de déformation et de contrainte ainsi que par le comportement de la
fraction volumique Φ∗ avec I∗M . La loi µ(I) est respectée localement dans le système sauf
au droit de l’obstacle pour les cisaillements lents et le comportement classique de Φ∗ des
écoulements à volume libre est vérifié.

Fluctuations

Les mêmes mesures statistiques que pour la cavité ont été utilisées pour le mur immergé.
Le phénomène de mémoire temporelle du système a été observé via l’autocorrélation de
signaux de forces à l’échelle mésoscopique. Les cisaillements à régimes faibles provoquent
un effet de mémoire, signifiant qu’une valeur de force met un temps non négligeable à
être “oubliée” par le système. En revanche, ce comportement disparaît totalement avec
l’augmentation de l’inertie et le passage dans le régime d’écoulement dense inertiel.

À l’échelle macroscopique (intégration sur tout l’obstacle), le comportement des dis-
tributions de force évolue de façon univoque avec le nombre inertiel macroscopique IM .
Les formes sont Gaussiennes aux régimes lents et s’élargissent de manière asymétrique
lorsque IM augmente. Une saturation de cette évolution (superposition des distributions)
est observée à partir d’une valeur de IM proche de celle à laquelle la mémoire du système
disparaît, traduisant la transition du régime quasistatique vers le régime dense inertiel. Les
distributions ont pu être approchées par une loi empirique de forme log-normale tronquée
dont les paramètres sont fonction de IM . La réduction de la dimension spatiale d’intégra-
tion des mesures produit un effet sur les distributions qui est en accord avec la littérature.
Ainsi, les distributions à l’échelle mésoscopique présentent des formes plus larges et moins
symétriques qu’à l’échelle macroscopique, s’éloignant de la forme Gaussienne quel que soit
le régime.
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5.3 Analyse comparative

L’article de conférence figurant ci-après reprend les résultats clés de cette thèse, en pro-
posant une analyse comparative des deux systèmes vis-à-vis du large panel de mesures
effectuées.
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Force fluctuations experienced by a boundary wall sub-
jected to a granular flow in two distinct systems
Kneib F., Faug T., Dufour F., Naaim M.

Conference paper accepted for Powder and Grains 2017.

Abstract The present paper describes a numerical study of force fluctuations experien-
ced by a boundary wall subjected to a granular flow on two distinct systems, namely a
lid-driven cavity and an immersed wall system. Though the two systems exhibit different
time-averaged dynamics, the force fluctuations experienced by the boundary wall show
robust features in terms of the shapes of the probability density distributions and auto-
correlation functions, under a wide range of boundary confinement pressure and shearing
velocity imparted to the granular flow at the top of the system. This study identifies the
key link between the grain-wall force fluctuations and the µ(I)−rheology while moving
from quasistatic to inertial regime.

5.3.1 Introduction

The problem of an assembly of grains in interaction with a boundary wall is relevant for
a number of real-world applications involving granular materials, such as the transport of
particle in food processing or mining industry, the impact of large-scale avalanche-flows
with civil engineering structures in geophysics, the design of technological earthmoving
equipments used to work with the soils in agriculture, etc. Understanding the force ex-
perienced by a boundary wall in interaction with a granular flow is crucial but little is
known about the fluctuating part of the granular force under slow to fast flow regimes. The
distributions of grain-grain or grain-wall contact forces (noted f) in static or quasistatic
systems received a great attention, as reported in [4, 78] and a number of references the-
rein. A salient feature in static granular media is a relatively robust exponential decrease
at large forces, while the distributions at small forces may show very different behaviours
(absence or presence of a plateau—even a peak, non-zero probability at f = 0), depending
on many parameters associated with the shear history of the system. By contrast, only a
few studies were devoted to force fluctuations at stake in flows of granular materials (see
for instance [42]).

The present study investigates the distributions of grain-wall forces, as well as force
time-series autocorrelation, when a granular flow interacts with a rigid boundary wall,
under a wide range of macroscopic boundary shearing velocity U and confinement pressure
P imparted to the granular bulk. The approach is based on the cross-comparison between
two distinct granular flow systems simulated by discrete element method (DEM). The two
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systems and their time-averaged dynamics are briefly described in section 5.3.2. Section
5.3.3 is devoted to the grain-wall force distributions on the entire height of the wall and on
portions of wall. The analysis of force time-series autocorrelation is addressed in section
5.3.4. Finally, a conclusion is given in section 5.3.5.

5.3.2 Two distinct granular systems studied

Flow-wall geometries and methods

This section gives a brief summary of the two systems studied, both involving a boundary
wall that is subjected to a planar and gravity-free granular flow. The first system, namely
the granular lid-driven cavity, is a closed system for which the grains are forced to stay
inside the cavity, thus producing a perpetual recirculation of the grains in the whole
volume. The second system, namely the immersed wall granular system, is an opened
system which enables the grains to escape by passing over an immersed wall, while other
grains are trapped behind the wall-like obstacle. Both systems are simulated thanks to
DEM, using the open-source YADE software [105].

The contact forces between the spherical particles of diameter d were modelled using
a damped linear spring law for the normal direction and a linear spring with a static
Coulomb threshold law for the tangential direction. Four microscopic parameters were
required for the simulations presented here : the normal stiffness kn, the tangential stiffness
kt, the interparticle friction coefficient µ and the normal restitution coefficient e. All
simulations were conducted in the limit of rigid grains, varying kn and kt accordingly,
with respect to the macroscopic pressure imparted by the top wall to the system. We
considered µ = 0.5 and e = 0.5. Full information on how the values of those parameters
were implemented is given in our initial study of the lid-driven cavity system [58].

For both systems, we defined the two dimensionless following parameters : NU =

U/
√
gd and NP = P/(ΦρP gH) where H is the height of the system (equal to 30d with

d = 1 mm in the simulations presented here), and ρP was the particle density taken
equal to 2500 kg m−3 (corresponding to the density of glass beads generally used in
small-scale laboratory experiments). The systems lengths L were set to five times the
height of grains : L/H = 5. A polydispersity of ±15% was given to the grains in order
to avoid crystallization. Note that we considered typical pressures ΦρP gH (where Φ was
a typical volume fraction taken equal to 0.6 for a dense three-dimensional packing) and
typical velocities

√
gd in order to define NP and NU , though the systems simulated by

DEM were gravity-free in the present study. This choice was made for convenience if
laboratory experiments under gravity are developed in the future and compared to the
DEM simulations presented in the paper. For both systems, NU and NP were typically
varied in the ranges [1; 20] and [0.01; 100], respectively.

Based on the boundary conditions imposed at the top in terms of shearing velocity U
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Figure 5.1 – Geometry and boundary conditions for the granular lid-driven cavity simulated by

DEM

and confinement pressure P , a macroscopic inertial number can be defined as the ratio
between the typical time tP = d

√
ρ/P , associated with the top confinement pressure P ,

and the typical time tU = H/U , equal to the inverse of the macroscopic shear rate over
the height of the sample : IM = U

H
d
√

ρ/P .

The granular lid-driven cavity

The two-dimensional granular lid-driven cavity simulated by DEM consists of a planar
assembly of spheres trapped into a box made of four walls, as sketched in Fig. 5.1. The
perpetual recirculation of the grains within the cavity (closed system) produced stream-
lines showing the formation of a vortex in the whole volume of the cavity. The mean force
on the right sidewall (see Fig. 5.1) was found to fit the empirical following scaling :

F =

(
r +

∆r

1 + I0M/IM

)
PLd, (5.1)

where r = 0.53, ∆r = 0.33 and I0M = 0.2 in this study (see detail in [58, 59]). The
values of r and ∆r depend on the mechanical properties of the grains, for instance the
interparticle friction, as reported in [59] where results from DEM simulations with µ = 0.27

are presented too.

The immersed wall granular system

The immersed wall granular system consists of a horizontal flow of spheres passing over
a wall of height h = 20d, as sketched in Fig. 5.2. This system was simulated by DEM
using periodic conditions. The immersed wall-like obstacle led to the formation of a dead
zone behind the wall, this dead zone co-existing with a sheared granular flow over it. As
a result, the mean force on the wall was found to obey the empirical following relation :

F =

(
r∗ +

∆r∗

1 + I∗0M /I∗M

)
Phd, (5.2)

where r∗ = 1.4, ∆r∗ = 1.9 and I∗0M = 0.3 in the present study (see detail in [60]). The
values of r∗ and ∆r∗ depend on the mechanical properties of grains. I∗M is the macroscopic
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Figure 5.2 – Geometry and boundary conditions for the immersed wall granular system simu-

lated by DEM. Periodic conditions were used, thus explaining the presence of a wall on the left

side (lighter-colored area), which is a duplicate of the wall (of interest in our study) on the right

side

inertial number defined with the difference between the height of the system (the height
of grains) and the immersed wall height : I∗M = U

H−h
d
√
ρ/P .

Distinct time-averaged dynamics

Because the two systems presented above are by construction different, they show two
different time-averaged dynamics. First, a standing vortex-like structure is formed inside
the cavity volume [58, 59], while longitudinal streamlines with a curvature in the vicinity
of the wall take place in the immersed wall system [60]. Second, the mean force scalings
allowed us to identify different relevant spatial scales specific to each system. The relevant
pressure force is PLd for the cavity (see Eq. (5.1)), while it is Phd for the immersed wall
system (see Eq. (5.2)). The relevant spatial scale for the macroscopic inertial number is
the system height H for the cavity (see Eq. (5.1)), while it is the height difference H − h,
namely the height of the granular layer overflowing the wall, for the second system (see
Eq. (5.2)). Much more details about the specific features of the lid-driven cavity and the
immersed wall system can be found in [58, 59] and [60], respectively.

However, we show in the following how these two distinct systems exhibit very similar—
not to say, for some aspects, identical—key features in terms of the force distributions
and the force time-series autocorrelations on the boundary wall, and we will identify a
robust signature of the transition from quasistatic to dense inertial granular flow regime.

5.3.3 Grain-wall force distributions

At the scale of the entire wall

Figure 5.3 shows the distributions of total force on the boundary wall for the lid-driven
cavity (top panel) and the immersed wall system (bottom panel) for different values of
IM . First, it is worthwhile to note that the distributions are entirely controlled by the
value of IM , whatever the pair (U, P ) (see the curves for IM = 6.1 10−3 obtained with
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Figure 5.3 – Distributions of total force experienced by the boundary wall for the lid-driven

cavity (top panel) and the immersed wall system (bottom panel), for different values of IM

three different pairs (U, P ) for the two systems). Second, it is found that they generally
evolves from an exponential-like form at high forces (much larger than the mean) with
the presence of a plateau/peak at small forces for high IM , toward a Gaussian-like form
at the lowest IM . We observe a difference between the cavity and the immersed wall at
the highest IM : the cavity exhibit purely exponential shapes without any peak, while the
peak at small forces is still present in the immersed wall system.

At the scale of a portion of wall

For both systems and a given IM , our simulations showed that the distribution of the
force Fi on each portion i of the boundary wall was independent of the vertical location
along the boundary wall, excluding the extreme locations at the top and the foot of the
wall (not shown here : details can be found in [59] for the cavity and [60] for the immersed
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wall). As a result, we could average the distributions and extract robust mean values of
distributions as functions of IM , as depicted in Fig. 5.4. The top panel shows the results
for the lid-driven cavity, while the bottom panel holds for the immersed wall system.

The force distributions shown in Fig. 5.4 collapse nicely into one single master curve,
independent of IM , once IM becomes greater than 10−2, whatever the granular system
considered. This remarkable result, showing that there exists a threshold value of IM

which is independent of the system geometry, suggests that the distributions on portions
of wall are robust to identify the transition between quasistatic and dense inertial granular
flow regimes.

5.3.4 Force time-series autocorrelation

The autocorrelation function C(t, t + ∆t) of force time-series on the wall was analysed
for the cavity and the immersed wall system. It was generally observed that C(t, t +
∆t) dropped quickly (exponentially) to zero over a time scale ∆tc and could fluctuate
around zero (see details in [59, 60]). Note that very similar C(t, t + ∆t) functions were
extracted from an experimental study on the force experienced by an intruder dragged
into a granular medium in an annular geometry [45].

Well-defined fluctuations associated with the transmission of the frequency U/d as-
sociated with the roughness of the wall at the top shearing the granular sample could
sometimes be identified in the case of the cavity, as detailed in [59]. By contrast, this
effect was never detected for the immersed wall. This observation illustrates the fact that
the cavity can produce high confinement pressure on the right top corner (see [58] for
much more discussion).

We could not find any clear relation between the critical time ∆tc beyond which the
force time-series became weakly correlated, and the inertial number IM , considering the
entire height of the boundary wall subjected to the granular flow. However, by considering
the autocorrelation function for portions of wall (as done for the distributions in section
5.3.3), we found that each ∆tc

i (the critical time corresponding to a vertical location i

along the boundary wall) had systematically a non-zero value for IM below 10−2, while
it was nil beyond IM = 10−2. This result being robust whatever the system considered,
we defined the critical time 〈∆tc〉 averaged over all the locations i considered along the
boundary wall. The latter is plotted in Fig. 5.5 as a function of IM for the two granular
systems. It is remarkable that both curves display very similar behaviours.

The autocorrelation function C(t, t +∆t) can be seen as a measure of the memory of
the system through time ∆t. High values of C indicate that a future state of the system
(in terms of force applied to the wall) depends on the past state of this system, while it
does not when C tends toward zero. As such, we can conclude from Fig. 5.5 that a future
state of the system may strongly depend on the past state below IM ≃ 10−2 while it does
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Figure 5.4 – Distributions of the force experienced by a portion of the boundary wall for the

lid-driven cavity (top panel, H split into 10 portions) and the immersed wall system (bottom

panel, h split into 5 portions). The curves drawn in both graphs correspond to the mean value

obtained from all the vertical locations i along the wall, excluding the extreme locations at the

top and the foot of the boundary wall
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not beyond this critical IM . The latter result being robust whatever the granular system
considered, this reveals another clear signature of the transition from the quasistatic
regime (system with a memory) to the dense inertial regime (full loss of memory).

Note that the non-zero value of 〈∆tc〉 below IM ≃ 10−2 is higher for the immersed wall
than for the cavity. This difference may be explained by the fact that the grains against the
boundary wall are moving along the cavity wall (perpetual recirculation), while they are
not in the immersed wall system because they are trapped in the stagnant zone formed
against the immersed wall. Therefore, memory effects may be more pronounced in the
immersed wall system.

5.3.5 Conclusion

The present paper paid a particular attention to the force fluctuations experienced by the
boundary wall, considering a wide range of macroscopic boundary conditions in terms of
shearing velocity and confinement pressure imposed to each system. By comparing the
results between the two distinct systems, we could extract some key features which ap-
peared to be independent of the system at stake. In particular, our study showed that the
distributions measured on portions of wall (of size around 3d) moved from an exponential
decrease at large forces with a shoulder at small forces, which were independent of IM
for IM greater than 10−2, toward IM -dependent Gaussian-like distributions while IM was
decreased. Moreover, we could detect a system memory for the lowest IM , which disap-
peared while increasing IM beyond 10−2. Those features were obtained from two distinct
granular flow systems, characterized by a different time-averaged dynamics in terms of
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streamlines and mean force scalings on the boundary wall. Those results then appear as
a robust signature of the transition between quasistatic and dense inertial granular flow
regimes, revealing and quantifying the link between the µ(I)−rheology proposed by [52]
and the force fluctuations experienced by a boundary wall.
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5.4 Discussions et perspectives

La comparaison des fluctuations de force au sein des deux configurations étudiées dans
cette thèse a mis en valeur certains résultats communs, qui ne semblent donc pas dépendre
du système étudié. Les comportements des distributions à l’échelle mésoscopique (≃ 3

grains) sont similaires : elles sont de forme log-normales et dépendent de IM aux régimes
lents, alors qu’elles sont de forme quasi-exponentielles et indépendantes de IM aux régimes
rapides. Du régime quasistatique au régime dense inertiel, les distributions à l’échelle
macroscopique (tout l’obstacle) sont très proches entre les deux systèmes. Enfin, l’effet
mémoire des systèmes est présent au régime quasistatique, s’effaçant totalement lors de la
transition vers le régime dense inertiel. L’ensemble de ces similitudes dans des systèmes
où la dynamique moyenne est pourtant totalement différente, confirme l’importance de
la loi rhéologique locale µ(I) dans les fluctuations de force sur un obstacle soumis à un
écoulement granulaire (voir partie 1.1.2).

Un certain nombre de perspectives émergent alors, avec comme objectif d’appliquer
les résultats de cette thèse à des systèmes se rapprochant progressivement de la situation
réelle d’un obstacle surversé par un écoulement granulaire. Une description non exhaustive
de ces perspectives est présentée ci-après.

Longueur des systèmes

Parmi les paramètres étudiés dans ce travail, la réponse des systèmes à la variation
de la longueur L est particulièrement intéressante. La motivation première de l’utilisa-
tion de la cavité (LDC) par rapport à un système gravitaire a été la maîtrise de la zone
d’influence de l’obstacle sur l’écoulement. Les résultats montrent bien dans ce cas que
L, bien qu’intervenant par construction dans la force moyenne subie par l’obstacle, n’a
pas d’influence sur les fluctuations de forces. L’introduction du système périodique à mur
immergé (IW) modifie ce comportement car L a un effet sur la force moyenne comme sur
les fluctuations : modification légère du comportement F/Phd = f(I∗M) et des distribu-
tions ; modification radicale de l’effet mémoire. Dès lors, L apparaît comme une limite
de ce système de laquelle il sera difficile de s’affranchir, tel que le montrent les lignes de
courant dans la partie 4.2.

Il serait alors intéressant d’étudier la réponse d’un système qui ferait un pas de plus
vers l’application finale, c’est-à-dire où l’écoulement des grains est induit par la gravité. On
pourrait s’intéresser dans un premier temps aux fluctuations dans le régime permanent, en
imaginant un débit de grains constant (condition périodique ou réservoir alimenté conti-
nuellement). Dans un second temps, le caractère transitoire des écoulements granulaires
naturels (pic de force suivi d’un plateau puis d’une résiduelle, voir partie 1.1.3) pourrait
être pris en compte en réalisant des lâchers de masses de grains en amont. Les résultats
apportés par le présent travail seraient alors un bon point de comparaison. Le problème
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hauteurs de murs immergés.

de la non-maîtrise des grandeurs macroscopiques se poserait (et notamment la consti-
tution d’un nombre inertiel macroscopique IM), mais les outils amenés par cette thèse
permettent de relever des grandeurs locales (dont le nombre inertiel local), et pourraient
donc répondre à cette problématique.

Rapport entre fluctuations et force moyenne

Dans la démarche de prise en compte des fluctuations pour de meilleurs dimensionne-
ments des structures de génie-civil, la mesure du rapport entre l’amplitude typique des
fluctuations (l’écart type des signaux) et la valeur de la composante moyenne de la force
est un élément essentiel. Ce coefficient de variation est tracé dans la figure 5.6 pour toute
la gamme de régimes d’écoulements étudiée dans ce travail.

Aux régimes lents, l’amplitude des fluctuations représente 25% de la valeur moyenne de
la force, et ce rapport augmente logarithmiquement avec le nombre inertiel. Aux régimes
rapides, l’amplitude des fluctuations prend alors une forte importance, jusqu’à des rap-
ports de l’ordre de 80% pour les murs immergés et 150% pour la cavité. Dans les régimes
d’écoulements dense inertiel et collisionnel, les fluctuations jouent donc un rôle majeur
dans la force sur l’obstacle, et sont par conséquent un ingrédient essentiel au dimensionne-
ment des structures. En particulier, alors qu’une saturation du coefficient de variation est
observée pour les murs immergés aux forts IM , l’amplitude typique des fluctuations peut
dépasser la valeur moyenne du signal pour les situations très confinées localement (cas de
la cavité avec recirculation). Les fluctuations représentent alors la majeure partie de la
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composante du signal et leur prise en compte dans les dimensionnements est primordiale.
Les modélisations réalisées dans cette thèse et les coefficient de variation présentés

dans la figure 5.6 portent toutefois sur des écoulements plans. La généralisation à trois
dimensions pour se rapprocher de la plupart des écoulements réels est discutée ci-après.

Dimensionnalité

Les écoulements in-situ sont de toute évidence en trois dimensions spatiales, et la réa-
lisation d’expérimentations de laboratoire dans des conditions planes n’est pas aisée. Le
passage des systèmes numériques plans décrits dans ce travail à des systèmes pleinement
tridimensionnels est donc une évolution majeure à envisager pour permettre les ponts
vers l’ingénierie. Dans ce cas, et si les effets de bords ne sont pas dominants, on peut
s’attendre à des résultats moyens qualitativement semblables car ils sont lissés par na-
ture. Les résultats concernant les fluctuations sont toutefois susceptibles d’être modifiés
quantitativement voire qualitativement pour deux raisons :

— le nombre de grains en contact avec l’obstacle changerait drastiquement avec une
influence sur les distributions ;

— les contraintes stériques inter-particules sont plus fortes en trois dimensions, aug-
mentant le frottement effectif par phénomène de blocage et modifiant donc la rhéo-
logie du milieu granulaire.

Il faudrait alors analyser l’influence du passage de 2 à 3 dimensions sur les résultats, et en
particulier comment sont modifiées les relations posées par cette thèse entre les grandeurs
macroscopiques moyennes et les fluctuations.

Géométrie et dynamique de l’obstacle

L’objet de cette thèse concerne l’étude de systèmes où l’obstacle est un mur dont la
surface efficace fait face à l’écoulement. Dans les configurations étudiées, l’obstacle est un
objet adjacent au fond fixe et rugueux exerçant un frottement basal à l’écoulement. Une
zone morte de taille variable se forme alors naturellement à proximité du coin formé par
l’intersection du fond et de l’obstacle. Les risques naturels mettant en jeu des écoulements
granulaires concernent cependant des obstacles de toutes formes qui, en plus d’être surver-
sés, sont potentiellement contournés par l’écoulement. L’étude d’obstacles de géométries
différentes serait une évolution intéressante de cette thèse, s’appliquant par exemple aux
cas de pylônes ancrés dans le sol ou à des ouvrages de déflexion des écoulements gra-
nulaires. Le système de mur présenté ici pourrait alors être modifié en immergeant des
obstacles de formes diverses qui ne seraient pas en contact avec le fond, laissant passer
les grains de part et d’autre. La comparaison des résultats avec ceux obtenus dans cette
thèse pourrait mettre en relief le rôle joué par le blocage strict des grains dans le coin
inférieur par rapport à des écoulements déviés par l’obstacle.
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Dans ce travail, l’obstacle est considéré comme un élément fixe et parfaitement indéfor-
mable avec lequel les grains interagissent. Cependant, le passage à des problèmes in-situ
implique l’utilisation de structures aux propriétés mécaniques qui leur sont propres. Il
serait alors utile par la suite de modéliser l’obstacle en prenant en compte des com-
portements réalistes (modules d’élasticité, endommagement, modes de vibration ...), et
d’analyser l’influence réciproque de l’obstacle avec le milieu granulaire. Dans cette optique,
l’analyse de la rupture des structures en fonction des conditions d’écoulement est un point
sensible particulièrement intéressant à étudier. Dans un premier temps, des obstacles plus
réalistes pourraient intégrer les systèmes en régime permanent couverts par cette thèse
pour étudier l’effet des fluctuations sur les vibrations mécaniques naturelles de l’obstacle.
Des systèmes gravitaires pourraient être envisagés dans un second temps afin de prendre
en compte le caractère transitoire des écoulements et l’effet successif des différentes phases
des signaux de force (pic, plateau, résiduelle) sur la résistance de l’obstacle.
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