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#✐♦♥✳

❖♥ ❝♦♥.✐❞6)❡ µ ✉♥❡ ♠❡.✉)❡ ❞❡ ♣)♦❜❛❜✐❧✐#* :✉✐ ✈*)✐✜❡

∫
log d(x, I)dµ(x) > −∞✳

❖♥ .✉♣♣♦.❡ µ ✐♥✈❛)✐❛♥#❡ ♣❛) f ✱ ❡)❣♦❞✐:✉❡ ❡# ❤②♣❡)❜♦❧✐:✉❡✱ ❝✬❡.#✲?✲❞✐)❡ :✉❡ .❡. ❡①✲
♣♦.❛♥#. ❞❡ ▲②❛♣♦✉♥♦✈ ✈*)✐✜❡♥# ✿

χ1 ≥ · · · ≥ χm0 > 0 > χm0+1 ≥ · · · ≥ χk ♣♦✉) ✉♥ 1 ≤ m0 ≤ k − 1.

❙♦✉. ❝❡. ❤②♣♦#❤6.❡.✱ ❡♥ .✉✐✈❛♥# ❧❛ .#)❛#*❣✐❡ ❞✬❆✳ ❑❛#♦❦ ✭✈♦✐) ❬✶✷❪✮✱ ♥♦✉. ❞*♠♦♥✲

#)♦♥. ❧❡ ❈❧♦.✐♥❣ ▲❡♠♠❛ ✭✈♦✐) ❧❡ ❝❤❛♣✐#)❡ ✷ ❡# ❧❡ #❤*♦)6♠❡ ✺✮✳

❊♥.✉✐#❡✱ ❣)U❝❡ ? ❧❛ ❞*♠♦♥.#)❛#✐♦♥ ❞❡ ❝❡ )*.✉❧#❛#✱ ♥♦✉. ♣♦✉✈♦♥. ❛♣♣)♦❝❤❡) ❧❛ ❞②✲

♥❛♠✐:✉❡ ❞❡ µ ♣❛) ❞❡. ❡♥.❡♠❜❧❡. :✉✐ .♦♥# ❝♦❞*. ♣❛) ❞❡. ❇❡)♥♦✉❧❧✐✳ W❧✉. ♣)*❝✐.*♠❡♥#✱

♦♥ ❛ ✿

❚❤"♦$%♠❡ ✶✳ ❖♥ "✉♣♣♦"❡ ❡♥ ♣❧✉" (✉❡ hµ(f) > 0✳

❆❧♦+" ♣♦✉+ ,♦✉, ρ > 0 ❡, ϕ1, · · · , ϕk0 ∈ C0(X,R) ♦♥ ❛ ✿

✶✳ ■❧ ❡①✐",❡ n ≥ 1 ❡, ✉♥ ❝♦❞❛❣❡ ✿

✺



{1, · · · , N}Z σ
//

S0

��

{1, · · · , N}Z

S0

��

Λ0
fn

// Λ0

♦! N = ehµ(f)n−ρn
✱ fn◦S0 = S0◦σ✱ σ ❡$% ❧❡ ❞(❝❛❧❛❣❡ , ❞-♦✐%❡ ❡% S0 ❡$% ❝♦♥%✐♥✉❡✳

❉❡ ♣❧✉$ ν0 = (S0)∗λ0 ✭♦! λ0 ❡$% ❧❛ ♠❡$✉-❡ ❞❡ ❇❡-♥♦✉❧❧✐✮ ❡$% ✉♥❡ ♠❡$✉-❡ ✐♥✈❛✲

-✐❛♥%❡ ♣❛- fn
❡% ❞✬❡♥%-♦♣✐❡ ♠(%-✐;✉❡ $✉♣(-✐❡✉-❡ ♦✉ (❣❛❧❡ , n(hµ(f)− ρ)✳

✷✳ htop(f|Λ0) ≥ hµ(f)− ρ ✭♦! ✐❝✐ Λ0 = S0({1, · · · , N}Z)✮✳

✸✳ ❙✐ ♦♥ ♥♦%❡ Λ = Λ0 ∪ f(Λ0) ∪ · · · ∪ fn−1(Λ0)✱ ♦♥ ❛ ;✉❡ Λ ❡$% ❝♦♥%❡♥✉ ❞❛♥$ ✉♥

ρ✲✈♦✐$✐♥❛❣❡ ❞❡ $✉♣♣(µ) ❡% ❧❛ ♠❡$✉-❡

ν =
1

n
(ν0 + f∗ν0 + · · ·+ (fn−1)∗ν0),

♣♦-%(❡ ♣❛- Λ✱ ❡$% f ✲✐♥✈❛-✐❛♥%❡ ❡% ✈(-✐✜❡ ✿

∀i = 1, · · · , k0

∣∣∣∣
∫
ϕidν −

∫
ϕidµ

∣∣∣∣ < ρ.

❘❡♠❛-;✉❡✳ ❉❛♥# ❧❡ &❤(♦*+♠❡ ♣*(❝(❞❡♥&✱ #✐ ♦♥ #❛✐& ❞❡ ♣❧✉# 3✉❡ f ❡#& ✐♥✈❡*#✐❜❧❡ ❡&
3✉❡

∫
log d(x, I(f−1))dµ(x) > −∞ ✭♦7 I(f−1) ❡#& ❧✬❡♥#❡♠❜❧❡ ❞✬✐♥❞(&❡*♠✐♥❛&✐♦♥ ❞❡

f−1
✮✱ ❛❧♦*# S0 ❡#& ✉♥ ❤♦♠(♦♠♦*♣❤✐#♠❡ ❡& Λ ❡#& ✉♥ ❤♦*#❡#❤♦❡ ❝♦♠♠❡ ❞❛♥# ❧❡ ❝❛# ❞❡#

❞✐✛(♦♠♦*♣❤✐#♠❡# ✭✈♦✐* ❬✶✸❪✮✳

❙✐❣♥❛❧♦♥# 3✉❡ ❧✬❤②♣♦&❤+#❡

∫
log d(x, I)dµ(x) > −∞ ❡#& ❛##❡③ ❢❛✐❜❧❡ ❡& 3✉✬❡❧❧❡ ❡#&

♥❛&✉*❡❧❧❡ ♣♦✉* ❢❛✐*❡ ❞❡ ❧❛ &❤(♦*✐❡ ❞❡ E❡#✐♥✳ ▲♦*#3✉❡ f ❡#& ✐♥✈❡*#✐❜❧❡ ❡& 3✉❡ µ ❡#& ♣❧✉#
*(❣✉❧✐+*❡✱ &②♣✐3✉❡♠❡♥& ✉♥❡ ♠❡#✉*❡ ❙❘❇ ✭✈♦✐* ❧❛ ❝♦♥❞✐&✐♦♥ ✶✳✶ ❞❡ ❬✶✹❪✮✱ ✐❧ ❡①✐#&❡ ❛✉##✐

❞❡# *(#✉❧&❛&# ❞✬❛♣♣*♦①✐♠❛&✐♦♥ ❞❡# #②#&+♠❡# ❞②♥❛♠✐3✉❡# ❞✐&# #✐♥❣✉❧✐❡*# ✭✈♦✐* ❬✶✹❪✮

3✉✐ #❡ ❜❛#❡♥& #✉* ❧✬❛♣♣*♦❝❤❡ ❞❡ E❡#✐♥ ✭✈♦✐* ❬✶✼❪✮✳

❈❡ &②♣❡ ❞❡ &❤(♦*+♠❡ ❡#& ❛✉##✐ ✈*❛✐ ♣♦✉* ❧❡# ❛♣♣❧✐❝❛&✐♦♥# ❛✈❡❝ #✐♥❣✉❧❛*✐&(# ❧♦*#3✉❡

&♦✉# ❧❡# ❡①♣♦#❛♥&# ❞❡ ▲②❛♣♦✉♥♦✈ #♦♥& #&*✐❝&❡♠❡♥& ♣♦#✐&✐❢# ✭✈♦✐* ❬✶✶❪✮✳

E❛* ❛✐❧❧❡✉*#✱ ✐❧ ❡①✐#&❡ ❛✉##✐ ❞❡# *(#✉❧&❛&# ❞❡ ❝♦❞❛❣❡ ♣❛* ❞❡# ❇❡*♥♦✉✐❧❧✐ ♣♦✉* ❧❛

♠❡#✉*❡ ❞✬❡♥&*♦♣✐❡ ♠❛①✐♠❛❧❡ ❞✬✉♥ ❡♥❞♦♠♦*♣❤✐#♠❡ ❤♦❧♦♠♦*♣❤❡ ❞❡ Pk(C) ✭✈♦✐* ❬✶❪ ❡&
❬✻❪✮✳

▲❡ ❈❧♦#✐♥❣ ▲❡♠♠❛ ❞❡ ♥♦&*❡ &❤+#❡ ❡#& N ❝♦♠♣*❡♥❞*❡ ❡♥ &❛♥& 3✉❡ ❢❡*♠❡&✉*❡ ❞✬✉♥❡

♦*❜✐&❡ #❛♥# ❝❤❛♥❣❡♠❡♥& ❞❡ ❧✬❛♣♣❧✐❝❛&✐♦♥ f ✳ ■❧ ② ❛ ❛✉##✐ ❞❡# &❤(♦*+♠❡# ❡♥ ❞②♥❛♠✐3✉❡
❤♦❧♦♠♦*♣❤❡ ♦7 ❧✬♦*❜✐&❡ ❡#& ❢❡*♠(❡ ❡♥ ❢❛✐#❛♥& ✈❛*✐❡* f ✭✈♦✐* ❬✽❪ ❡& ❬✾❪✮✳
❱♦✐❝✐ ♠❛✐♥&❡♥❛♥& ❧❡ ♣❧❛♥ ❞❡ ♥♦&*❡ &❤+#❡ ✿ ❞❛♥# ✉♥ ♣*❡♠✐❡* ❝❤❛♣✐&*❡ ♥♦✉# ❢❛✐#♦♥#

❞❡# *❛♣♣❡❧# #✉* ❧❛ &❤(♦*✐❡ ❞❡ E❡#✐♥ ❡& #✉* ❧❡# &❤(♦*+♠❡# ❞❡ &*❛♥#❢♦*♠(❡# ❞❡ ❣*❛♣❤❡#

✻



 ✉❡ ♥♦✉% ✉&✐❧✐%❡)♦♥%✳ ❉❛♥% ❧❡ %❡❝♦♥❞✱ ♥♦✉% ❞♦♥♥♦♥% ✉♥ 0♥♦♥❝0 ♣)0❝✐% ❞✉ ❈❧♦%✐♥❣

▲❡♠♠❛ ❡& ♥♦✉% ❧❡ ❞0♠♦♥&)♦♥%✳ ▲❡ &)♦✐%✐6♠❡ ❝❤❛♣✐&)❡ ❡%& ❝♦♥%❛❝)0 8 ❧❛ ♣)❡✉✈❡ ❞✉

&❤0♦)6♠❡ ✶✱ ❝✬❡%&✲8✲❞✐)❡ 8 ❧✬❛♣♣)♦①✐♠❛&✐♦♥ ❞✉ %②%&6♠❡ ❞②♥❛♠✐ ✉❡ ♣❛) ❞❡% ❇❡)♥♦✉❧❧✐✳

✼



✽



❙♦♠♠❛✐%❡

✶ ❚❤#♦%✐❡ ❞❡ )❡*✐♥ ❡, ,%❛♥*❢♦%♠#❡* ❞❡ ❣%❛♣❤❡* ✶✸

✶✳✶ ❚❤#♦%3♠❡ ❞✬❖*❡❧❡❞❡,* ❡, ,❤#♦%✐❡ ❞❡ )❡*✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✷ ❚%❛♥*❢♦%♠#❡* ❞❡ ❣%❛♣❤❡* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷ ▲❡ ❈❧♦*✐♥❣ ▲❡♠♠❛ ✷✶

✷✳✶ ❈❛❞%❡ ❡, #♥♦♥❝# ❞✉ ,❤#♦%3♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✷ )%❡✉✈❡ ❞✉ ❈❧♦*✐♥❣ ▲❡♠♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✷✳✶ ❉#♠♦♥*,%❛,✐♦♥ ❞❡ ❧✬❡①✐*,❡♥❝❡ ❞✉ ♣♦✐♥, ♣#%✐♦❞✐?✉❡ z ✳ ✳ ✷✷

✷✳✷✳✷ ❉#♠♦♥*,%❛,✐♦♥ ❞✉ ❞❡✉①✐3♠❡ ♣♦✐♥, ❞✉ ❈❧♦*✐♥❣ ▲❡♠♠❛ ✸✺

✷✳✷✳✸ ❉#♠♦♥*,%❛,✐♦♥ ❞❡ ❧✬❤②♣❡%❜♦❧✐❝✐,# ❞❡ z ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸ ❆♣♣%♦①✐♠❛,✐♦♥ ♣❛% ❞❡* ❇❡%♥♦✉❧❧✐ ✹✾

✸✳✶ ❈♦♥*,%✉❝,✐♦♥ ❞✉ ŷ ∈ Λδ ❛✈❡❝ ❞❡ ❧❛ %#❝✉%%❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✸✳✷ ❈♦♥*,%✉❝,✐♦♥ ❞✉ ❝♦❞❛❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✸✳✸ )%♦♣%✐#,#* ❞✉ ❝♦❞❛❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

❇✐❜❧✐♦❣%❛♣❤✐❡ ✼✶

✾



❙❖▼▼❆■❘❊

✶✵



❈❤❛♣✐%&❡ ✶

❚❤*♦&✐❡ ❞❡ -❡.✐♥ ❡% %&❛♥.❢♦&♠*❡. ❞❡

❣&❛♣❤❡.

❉❛♥# ❝❡ ❝❤❛♣✐)*❡ ♥♦✉# *❛♣♣❡❧♦♥# ❧❛ )❤.♦*✐❡ ❞❡ 0❡#✐♥ ❛✐♥#✐ 1✉❡ ❧❡# )❤.♦*2♠❡# ❞❡

)*❛♥#❢♦*♠.❡# ❞❡ ❣*❛♣❤❡#✳

✶✳✶ ❚❤$♦&'♠❡ ❞✬❖-❡❧❡❞❡/- ❡/ /❤$♦&✐❡ ❞❡ 1❡-✐♥

❙♦✐) X ✉♥❡ ✈❛*✐.). ❝♦♠♣❧❡①❡ ❝♦♠♣❛❝)❡ ❞❡ ❞✐♠❡♥#✐♦♥ k ❡) f : X → X ✉♥❡

❛♣♣❧✐❝❛)✐♦♥ ♠.*♦♠♦*♣❤❡ ❞♦♠✐♥❛♥)❡✳ ❖♥ ♥♦)❡*❛ I #♦♥ ❡♥#❡♠❜❧❡ ❞✬✐♥❞.)❡*♠✐♥❛)✐♦♥✳
❖♥ ♠✉♥✐) X ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ❝❛*)❡# (τx)x∈X 1✉✐ ✈.*✐✜❡♥) τx(0) = x✱ τx ❡#) ❞.✜♥✐❡

#✉* ✉♥❡ ❜♦✉❧❡ B(0, ǫ0) ⊂ Ck
❛✈❡❝ ǫ0 ✐♥❞.♣❡♥❞❛♥) ❞❡ x ❡) ❧❛ ♥♦*♠❡ ❞❡ ❧❛ ❞.*✐✈.❡

♣*❡♠✐2*❡ ❡) #❡❝♦♥❞❡ ❞❡ τx #✉* B(0, ǫ0) ❡#) ♠❛❥♦*.❡ ♣❛* ✉♥❡ ❝♦♥#)❛♥)❡ ✐♥❞.♣❡♥❞❛♥)❡
❞❡ x✳ 0♦✉* ❝♦♥#)*✉✐*❡ ❝❡# ❝❛*)❡# ✐❧ #✉✣) ❞❡ ♣❛*)✐* ❞✬✉♥❡ ❢❛♠✐❧❧❡ ✜♥✐❡ (Ui, ψi) ❞❡ ❝❛*)❡#
❞❡ X ❡) ❞❡ ❧❡# ❝♦♠♣♦#❡* ♣❛* ❞❡# )*❛♥#❧❛)✐♦♥#✳

❖♥ ❝♦♥#✐❞2*❡ ✉♥❡ ♣*♦❜❛❜✐❧✐). µ )❡❧❧❡ 1✉❡
∫
log d(x, I)dµ(x) > −∞✳ ❖♥ ❧❛ #✉♣♣♦#❡

❛✉##✐ ✐♥✈❛*✐❛♥)❡ ♣❛* f ❡) ❡*❣♦❞✐1✉❡✳ ❖♥ ♥♦)❡ Ω = X\∪i≥0f
−i(I)✳ ❈♦♠♠❡ µ ♥❡ ❝❤❛*❣❡

♣❛# I ❡) 1✉✬❡❧❧❡ ❡#) ✐♥✈❛*✐❛♥)❡ ♣❛* f ✱ µ ❡#) ✉♥❡ ♠❡#✉*❡ ❞❡ ♣*♦❜❛❜✐❧✐). #✉* Ω✳
❖♥ ❞.✜♥✐) ❧✬❡①)❡♥#✐♦♥ ♥❛)✉*❡❧❧❡ ✿

Ω̂ := {x̂ = (· · · , x0, · · · , xn, · · · ) ∈ ΩZ
✱ f(xn) = xn+1}.

❉❛♥# ❝❡) ❡#♣❛❝❡✱ f ✐♥❞✉✐) ✉♥❡ ❛♣♣❧✐❝❛)✐♦♥ f̂ 1✉✐ ❡#) ❧❡ ❞.❝❛❧❛❣❡ C ❞*♦✐)❡✳ ❙✐ ♦♥
♥♦)❡ π ❧❛ ♣*♦❥❡❝)✐♦♥ ❝❛♥♦♥✐1✉❡ π(x̂) = x0 ❛❧♦*# µ #❡ *❡❧2✈❡ ❡♥ ✉♥❡ ✉♥✐1✉❡ ♣*♦❜❛❜✐❧✐).

µ̂ ✐♥✈❛*✐❛♥)❡ ♣❛* f̂ 1✉✐ ✈.*✐✜❡ π∗µ̂ = µ✳
❉❛♥# )♦✉)❡ ❧❛ #✉✐)❡✱ ♦♥ ♥♦)❡*❛ fx = τ−1

f(x) ◦ f ◦ τx 1✉✐ ❡#) ❞.✜♥✐❡ ❛✉ ✈♦✐#✐♥❛❣❡ ❞❡
0 1✉❛♥❞ x ♥✬❡#) ♣❛# ❞❛♥# I✳ ▲❡ ❝♦❝②❝❧❡ ❛✉1✉❡❧ ♥♦✉# ❛❧❧♦♥# ❛♣♣❧✐1✉❡* ❧❛ )❤.♦*✐❡ ❞❡

✶✶
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 ❡"✐♥ ❡"% ✿

A : Ω̂ −→Mk(C)

x̂ −→ Dfx(0)

♦(Mk(C) ❡"% ❧✬❡♥"❡♠❜❧❡ ❞❡" ♠❛%/✐❝❡" ❝❛//1❡" k×k 2 ❝♦❡✣❝✐❡♥%" ❞❛♥" C ❡% π(x̂) = x✳
●/6❝❡ 2 ❧✬❤②♣♦%❤:"❡ ❞✬✐♥%1❣/❛❜✐❧✐%1 ❞❡ ❧❛ ❢♦♥❝%✐♦♥ log d(x, I)✱ ♦♥ ❛ ✭✈♦✐/ ❧❡ ❧❡♠♠❡ ✽
❞❡ ❬✹❪✮

∫
log+ ‖A(x̂)‖dµ̂(x̂) < +∞.

■❧ ❡♥ ❞1❝♦✉❧❡ G✉❡ ❧✬♦♥ ❛ ✉♥ %❤1♦/:♠❡ ❞✉ %②♣❡ ❖"❡❧❡❞❡%" ✭✈♦✐/ ❬✶✵❪ ❡% ❬✶✽❪ ❛✐♥"✐

G✉❡ ❧❡ %❤1♦/:♠❡ ✷✳✸ ❞❡ ❬✶✻❪✱ ❧❡ %❤1♦/:♠❡ ✻✳✶ ❞❛♥" ❬✼❪ ❡% ❬✶✺❪✮ ✿

❚❤"♦$%♠❡ ✷✳ ■❧ ❡①✐%&❡ ❞❡% ()❡❧% λ1 > λ2 > · · · > λl ≥ −∞✱ ❞❡% ❡♥&✐❡(% m1, · · · ,ml

❡& ✉♥ ❡♥%❡♠❜❧❡ Γ̂ ❞❡ ♠❡%✉(❡ ♣❧❡✐♥❡ ♣♦✉( µ̂ &❡❧% 1✉❡ ♣♦✉( x̂ ∈ Γ̂ ♦♥ ❛✐& ✉♥❡ ❞)❝♦♠♣♦%✐✲

&✐♦♥ ❞❡ Ck
❞❡ ❧❛ ❢♦(♠❡ Ck =

⊕l
i=1Ei(x̂) ♦6 ❧❡% Ei(x̂) %♦♥& ❞❡% %♦✉%✲❡%♣❛❝❡% ✈❡❝&♦(✐❡❧%

❞❡ ❞✐♠❡♥%✐♦♥ mi 1✉✐ ✈)(✐✜❡♥& ✿

✶✮ A(x̂)Ei(x̂) ⊂ Ei(f̂(x̂)) ❛✈❡❝ )❣❛❧✐&) %✐ λi > −∞✳

✷✮ ?♦✉( v ∈ Ei(x̂) \ {0}✱ ♦♥ ❛ ✿

lim
n→+∞

1

n
log ‖A(f̂n−1(x̂)) · · ·A(x̂)‖ = λi.

❙✐ ❞❡ ♣❧✉%✱ λi > −∞✱ ♦♥ ❛ ❧❛ ♠A♠❡ ❧✐♠✐&❡ 1✉❛♥❞ n &❡♥❞ ✈❡(% −∞✳

?♦✉( &♦✉& γ > 0✱ ✐❧ ❡①✐%&❡ ✉♥❡ ❢♦♥❝&✐♦♥ Cγ : Γ̂ −→ GLk(C) &❡❧❧❡ 1✉❡ ♣♦✉( x̂ ∈ Γ̂ ✿

✶✮ limn→∞
1
n
log ‖C±1

γ (f̂n(x̂))‖ = 0 ✭♦♥ ♣❛(❧❡ ❞❡ ❢♦♥❝&✐♦♥ &❡♠♣)()❡✮✳

✷✮ Cγ(x̂) ❡♥✈♦✐❡ ❧❛ ❞)❝♦♠♣♦%✐&✐♦♥ %&❛♥❞❛(❞

⊕l
i=1 C

mi
%✉(

⊕l
i=1Ei(x̂)✳

✸✮ ▲❛ ♠❛&(✐❝❡ Aγ(x̂) = C−1
γ (f̂(x̂))A(x̂)Cγ(x̂) ❡%& ❞✐❛❣♦♥❛❧❡ ♣❛( ❜❧♦❝ (A1

γ(x̂), · · · , A
l
γ(x̂))

♦6 ❝❤❛1✉❡ Ai
γ(x̂) ❡%& ✉♥❡ ♠❛&(✐❝❡ ❝❛(()❡ mi ×mi ❡&

∀v ∈ C
mi

♦♥ ❛ eλi−γ‖v‖ ≤ ‖Ai
γ(x̂)v‖ ≤ eλi+γ‖v‖

%✐ λi > −∞ ❡&

∀v ∈ C
ml ‖Al

γ(x̂)v‖ ≤ e−4γ‖v‖

%✐ λl = −∞✳

 ♦✉/ ❧❡ ❞❡/♥✐❡/ ♣♦✐♥%✱ ✈♦✐/ ❧❛ /❡♠❛/G✉❡ ❛♣/:" ❧❡ %❤1♦/:♠❡ ✶✹ ❞❡ ❬✸❪✳

◆♦%♦♥" ♠❛✐♥%❡♥❛♥% gx̂ ❧❛ ❧❡❝%✉/❡ ❞❡ fx ❞❛♥" ❧❡" ❝❛/%❡" Cγ ❝✬❡"%✲2✲❞✐/❡ gx̂ =

C−1
γ (f̂(x̂)) ◦ fx ◦ Cγ(x̂) ♦( π(x̂) = x✳
◆♦✉" ❛❧❧♦♥" ❝♦♥"%/✉✐/❡ ❞❡" ❝❛/%❡" ❞❡  ❡"✐♥ G✉✐ "❡/♦♥% ❛❞❛♣%1❡" ♣♦✉/ ♠♦♥%/❡/ ❧❡

❈❧♦"✐♥❣ ▲❡♠♠❛✳

✶✷
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 !♦♣♦$✐&✐♦♥ ✶✳✶✳✶✳ ■❧ ❡①✐%&❡ ✉♥ ❡♥%❡♠❜❧❡ Γ̂′
❞❡ ♠❡%✉,❡ ♣❧❡✐♥❡ ♣♦✉, µ̂ ❡& ✉♥❡ ❛♣♣❧✐✲

❝❛&✐♦♥ ♠❡%✉,❛❜❧❡ r : Γ̂′ →]0, 1] &❡❧% 2✉❡ ♣♦✉, &♦✉& x̂ ∈ Γ̂′
♦♥ ❛✐& e−γ ≤ r(f̂(x̂))

r(x̂)
≤ eγ

❡&

✶✮ gx̂(0) = 0✳

✷✮ Dgx̂(0) = Aγ(x̂)✳

✸✮ gx̂(w) ❡%& ❤♦❧♦♠♦,♣❤❡ ♣♦✉, ‖w‖ ≤ r(x̂) ❡& ♦♥ ❛ ‖D2gx̂(w)‖ ≤ 1
r(x̂)

♣♦✉, ‖w‖ ≤

r(x̂)✳

❊♥ ♣❛,&✐❝✉❧✐❡,✱ %✐ ♦♥ ♥♦&❡ gx̂(w) = Dgx̂(0)w + h(w)✱ ♦♥ ❛ ‖Dh(w)‖ ≤ 1
r(x̂)

‖w‖

♣♦✉, ‖w‖ ≤ r(x̂)✳

;,❡✉✈❡✳ ❖♥ "❡ ♣❧❛❝❡ "✉) Γ̂✳ ▲❡" ❞❡✉① ♣)❡♠✐❡)" ♣♦✐♥1" ♣)♦✈✐❡♥♥❡♥1 ❞✉ 1❤4♦)5♠❡ ♣)4✲
❝4❞❡♥1✳

▲❛ ❞4♠♦♥"1)❛1✐♦♥ ❞❡ ❧❛ 1)♦✐"✐5♠❡ ♣)♦♣)✐414 ❡"1 ❜❛"4❡ "✉) ❧❛ ♣)♦♣♦"✐1✐♦♥ ✽ ❞❡ ❬✷❪

✭✈♦✐) ❛✉""✐ ❧❛ ♣)♦♣♦"✐1✐♦♥ ✶✵ ❞❡ ❬✹❪✮✳ ❖♥ )❡♣)❡♥❞ ❧❡" ♥♦1❛1✐♦♥" ❞❡ ❬✹❪✳

❖♥ ❛ ❧✬❡①✐"1❡♥❝❡ ❞✬✉♥❡ ❝♦♥"1❛♥1❡ ǫ1 > 0 1❡❧❧❡ B✉❡ gx̂(w) ❡"1 ❤♦❧♦♠♦)♣❤❡ ♣♦✉)

‖w‖ ≤ ǫ1d(x,I)p

‖Cγ(x̂)‖
✳ ❉❡ ♣❧✉"✱ ♣♦✉) ‖w‖ ≤ ǫ1d(x,I)p

‖Cγ(x̂)‖
✱ ♦♥ ❛Dgx̂(w) = C−1

γ (f̂(x̂))◦Dfx(Cγ(x̂)(w))◦

Cγ(x̂)✱ ❝❡ B✉✐ ❞♦♥♥❡ ❧❛ ♠❛❥♦)❛1✐♦♥ ✿

‖D2gx̂(w)‖ ≤ ‖C−1
γ (f̂(x̂))‖‖D2fx(Cγ(x̂)(w))‖‖Cγ(x̂)‖

2.

❈♦♠♠❡ ❞❛♥" ❧❛ ♣)❡✉✈❡ ❞❡ ❧❛ ♣)♦♣♦"✐1✐♦♥ ✶✵ ❞❡ ❬✹❪✱ ❡♥ ✉1✐❧✐"❛♥1 B✉❡ ‖D2f(x)‖ ≤
Cd(x, I)−p

✭✈♦✐) ❧❡ ❧❡♠♠❡ ✷✳✶ ❞❡ ❬✺❪✮ ❡1 B✉❡ ❧✬✐♠❛❣❡ ♣❛) τx ❞✉ "❡❣♠❡♥1 [0, Cγ(x̂)(w)]
✈✐1 ❞❛♥" ❧❛ ❜♦✉❧❡ B(x,K‖Cγ(x̂)(w)‖) ♦J K ❡"1 ✉♥❡ ❝♦♥"1❛♥1❡ B✉✐ ♥❡ ❞4♣❡♥❞ B✉❡ ❞❡

X✱ ♦♥ ❛ ✭1♦✉❥♦✉)" ♣♦✉) ‖w‖ ≤ ǫ1d(x,I)p

‖Cγ(x̂)‖
✮ ✿

‖D2gx̂(w)‖ ≤ C‖C−1
γ (f̂(x̂))‖‖Cγ(x̂)‖

2d(τx([0, Cγ(x̂)(w)]), I)
−p

≤ C(1−Kǫ1)
−p‖C−1

γ (f̂(x̂))‖‖Cγ(x̂)‖
2d(x, I)−p

≤ 2C‖C−1
γ (f̂(x̂))‖‖Cγ(x̂)‖

2d(x, I)−p.

◆♦1♦♥" ♠❛✐♥1❡♥❛♥1 ✭❛✈❡❝ x = π(x̂)✮ ✿

α(x̂) = max

(
1,

‖Cγ(x̂)‖

ǫ1d(x, I)p
, 2C‖C−1

γ (f̂(x̂))‖‖Cγ(x̂)‖
2d(x, I)−p

)
.

❈♦♠♠❡

∫
log d(π(x̂), I)dµ̂(x̂) =

∫
log d(x, I)dµ(x) > −∞✱ ❧❡ 1❤4♦)5♠❡ ❞❡ ❇✐)✲

❦❤♦✛ ✐♠♣❧✐B✉❡ B✉✬✐❧ ❡①✐"1❡ ✉♥ ❡♥"❡♠❜❧❡ ❞❡ ♠❡"✉)❡ ♣❧❡✐♥❡ A ♣♦✉) µ̂ "✉) ❧❡B✉❡❧ ✿

✶✸
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lim
n→+∞

1

n

n−1∑

i=0

log d(π(f̂ i(x̂)), I) = lim
n→+∞

1

n

n−1∑

i=0

log d(π(f̂−i(x̂)), I)

=

∫
log d(π(x̂), I)dµ̂(x̂) > −∞.

❈❧❛##✐%✉❡♠❡♥*✱ ❝❡❧❛ ✐♠♣❧✐%✉❡ %✉❡ ♣♦✉/ x̂ ∈ A✱ ♦♥ ❛ ✿

lim
n→±∞

1

n
log d(π(f̂n(x̂)), I) = 0.

❈♦♠♠❡ ❧❡# ‖Cγ(x̂)‖ #♦♥* ❛✉##✐ *❡♠♣1/1❡#✱ ♦♥ ♦❜*✐❡♥* %✉❡ α(x̂) ❡#* ✉♥❡ ❢♦♥❝*✐♦♥

*❡♠♣1/1❡ #✉/ Γ̂′ = Γ̂ ∩ A✳
5❛/ ❧❡ ❧❡♠♠❡ ❙✳✷✳✶✷ ❞❛♥# ❬✶✸❪✱ ✐❧ ❡①✐#*❡ ✉♥❡ ❢♦♥❝*✐♦♥ αγ ≥ α %✉✐ ✈1/✐✜❡ e−γ ≤

αγ(f̂(x̂))

αγ(x̂)
≤ eγ ♣♦✉/ *♦✉* x̂ ∈ Γ̂′

✳

❖♥ ♣♦#❡ ❛❧♦/# r(x̂) = 1
αγ(x̂)

✭%✉✐ ❡#* ♣❧✉# ♣❡*✐* %✉❡ 1✮✳ ❖♥ ❛ e−γ ≤ r(f̂(x̂))
r(x̂)

≤ eγ

♣♦✉/ *♦✉* x̂ ∈ Γ̂′
✱ ❧❛ ❢♦♥❝*✐♦♥ gx̂(w) ❡#* ❤♦❧♦♠♦/♣❤❡ ♣♦✉/ ‖w‖ ≤ r(x̂) = 1

αγ(x̂)
≤

1
α(x̂)

≤ ǫ1d(x,I)p

‖Cγ(x̂)‖
❡* ❡♥✜♥ ✿

‖D2gx̂(w)‖ ≤ 2C‖C−1
γ (f̂(x̂))‖‖Cγ(x̂)‖

2d(x, I)−p ≤ α(x̂) ≤ αγ(x̂) =
1

r(x̂)

♣♦✉/ ‖w‖ ≤ r(x̂)✳ ❈✬❡#* ❝❡ %✉❡ ❧✬♦♥ ✈♦✉❧❛✐* ❞1♠♦♥*/❡/✳
⋄

✶✳✷ ❚$❛♥'❢♦$♠+❡' ❞❡ ❣$❛♣❤❡'

◆♦✉# ✉*✐❧✐#❡/♦♥# ❧❡# *❤1♦/F♠❡# ❞❡ */❛♥#❢♦/♠1❡# ❞❡ ❣/❛♣❤❡# ❡♥ ❛✈❛♥* ❡* ❡♥ ❛//✐F/❡

♣❛/ ❞❡# ❛♣♣❧✐❝❛*✐♦♥# ♥♦♥ ✐♥✈❡/#✐❜❧❡#✳

❈♦♠♠❡♥H♦♥# ♣❛/ ❧❛ */❛♥#❢♦/♠1❡ ❞❡ ❣/❛♣❤❡ ❡♥ ❛✈❛♥* ✭✈♦✐/ ❧❡ ♣❛/❛❣/❛♣❤❡ ✹ ❞❡ ❬✷❪✮✳

❖♥ #❡ ♣❧❛❝❡ ❞❛♥# Ck
❡* ❞❛♥# ❧❛ #✉✐*❡ ‖ · ‖ ❞1#✐❣♥❡/❛ ❧❛ ♥♦/♠❡ ❊✉❝❧✐❞✐❡♥♥❡ ❡*

Bl(0, R) ❧❛ ❜♦✉❧❡ ❞❡ ❝❡♥*/❡ 0 ❡* ❞❡ /❛②♦♥ R ❞❛♥# Cl
✳

❖♥ ❝♦♥#✐❞F/❡ ✿

g(X, Y ) = (g1(X, Y ), g2(X, Y )) = (AX +R(X, Y ), BY + U(X, Y ))

❛✈❡❝ (X, 0) ∈ E1 ✭❛❜#❝✐##❡#✮✱ (0, Y ) ∈ E2 ✭♦/❞♦♥♥1❡#✮ ❡* A : Ck1 −→ Ck1
✱B : Ck2 −→

Ck2
❞❡# ❛♣♣❧✐❝❛*✐♦♥# ❧✐♥1❛✐/❡# ❛✈❡❝ k = k1 + k2✳ ❖♥ #✉♣♣♦#❡ %✉❡ g : Bk(0, R0) −→

✶✹
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Bk(0, R1) ❡!" ❤♦❧♦♠♦'♣❤❡ ❛✈❡❝ R0 ≤ R1✱ g(0) = 0 ❡" max(‖DR(Z)‖, ‖DU(Z)‖) ≤ δ
!✉' Bk(0, R0)✳

❖♥ !✉♣♣♦!❡'❛ ❛✉!!✐ A ✐♥✈❡'!✐❜❧❡✱ ‖B‖ < ‖A−1‖−1
❡" ♦♥ ♥♦"❡ ξ = 1−‖B‖‖A−1‖ ∈

]0, 1]✳
◆♦✉! ✉"✐❧✐!❡'♦♥! ❧❛ ✈❡'!✐♦♥ '❛✣♥5❡ !✉✐✈❛♥"❡ ❞✉ "❤5♦'7♠❡ ❞❡ ❧❛ "'❛♥!❢♦'♠5❡ ❞❡

❣'❛♣❤❡ ✭✈♦✐' ❧❡ ♣❛'❛❣'❛♣❤❡ ✹ ❞❡ ❬✷❪ ✮ ✿

❚❤"♦$%♠❡ ✸✳ ❙♦✐# {(X,φ(X)), X ∈ D} ✉♥ ❣'❛♣❤❡ ❞❛♥- Bk(0, R0) ❛✉✲❞❡--✉- ❞✬✉♥❡
♣❛'#✐❡ D ❞❡ E1 0✉✐ ✈2'✐✜❡ Lip(φ) ≤ γ0 ≤ 1✳

❙✐ δ‖A−1‖(1 + γ0) < 1 ❛❧♦'- ❧✬✐♠❛❣❡ ♣❛' g ❞❡ ❝❡ ❣'❛♣❤❡ ❡-# ✉♥ ❣'❛♣❤❡ ❛✉✲

❞❡--✉- ❞❡ π0(g(❣'❛♣❤❡ ❞❡ φ)) ♦8 π0 ❡-# ❧❛ ♣'♦❥❡❝#✐♦♥ -✉' ❧❡- ❛❜-❝✐--❡-✳ ;❛' ❛✐❧❧❡✉'-✱

-✐ (X,ψ(X)) ❞2-✐❣♥❡ ❝❡ ♥♦✉✈❡❛✉ ❣'❛♣❤❡✱ ♦♥ ❛ ✿

‖ψ(X1)− ψ(X2)‖ ≤
‖B‖γ0 + δ(1 + γ0)

‖A−1‖−1 − δ(1 + γ0)
‖X1 −X2‖

0✉✐ ❡-# ✐♥❢2'✐❡✉' ? γ0‖X1 −X2‖ -✐ δ ≤ ǫ(γ0, ξ)✳
❊♥✜♥✱ -✐ ❞❡ ♣❧✉- Bk1(0, α) ⊂ D ❡# ‖φ(0)‖ ≤ β✱ ❛❧♦'- π0(g(❣'❛♣❤❡ ❞❡ φ)) ❝♦♥#✐❡♥#

Bk1(0, (‖A
−1‖−1−δ(1+γ0))α−δβ) ❡# ‖Ψ(0)‖ ≤ (1+γ0)(‖B‖β+δβ+‖D2g‖Bk(0,R0)β

2)
✭-✐ δ ≤ ǫ(γ0, ξ)✮✳

;'❡✉✈❡✳ ■❧ !✬❛❣✐" ❞❡ '❡♣'❡♥❞'❡ ❧❛ ♣'❡✉✈❡ ❞❡ ❬✷❪ ❡" ❞❡ ♠♦❞✐✜❡' ❥✉!"❡ ❧❛ ✜♥✳

❚♦✉" ❡!" ✐❞❡♥"✐F✉❡ ❥✉!F✉✬G ❧❛ ❧✐❣♥❡ ✶✶ ♣✳✶✵✷ !❛✉❢ F✉✬✐❝✐ ❧❡! ❣'❛♣❤❡! !♦♥" ❛✉✲❞❡!!✉!

❞❡! ❛❜!❝✐!!❡!✳

❊♥!✉✐"❡✱ ♦♥ ❛ ✿

‖λ(X1)− λ(X2)‖ ≥ (‖A−1‖−1 − δ(1 + γ0))‖X1 −X2‖.

❊♥ ♣❛'"✐❝✉❧✐❡'✱

‖λ(X)− λ(0)‖ ≥ (‖A−1‖−1 − δ(1 + γ0))‖X‖

= (‖A−1‖−1 − δ(1 + γ0))α !✐ X ∈ ∂B(0, α).

▼❛✐! λ(0) = A0 +R(0, φ(0)) ❡!" ❞❡ ♥♦'♠❡ ✐♥❢5'✐❡✉'❡ G ✿

‖R(0, φ(0))‖ = ‖R(0, φ(0))−R(0, 0)‖ ≤ δ‖φ(0)‖ ≤ δβ.

❖♥ ❡♥ ❞5❞✉✐" F✉❡ π0(g(❣'❛♣❤❡ ❞❡ φ)) ❝♦♥"✐❡♥" Bk1(0, (‖A
−1‖−1−δ(1+γ0))α−δβ)✳

❈✬❡!" ❧❛ ♠♦❞✐✜❝❛"✐♦♥ F✉❡ ❧✬♦♥ ✈♦✉❧❛✐" ♠♦♥"'❡'✳

⋄

✶✺
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◆♦✉# ✉$✐❧✐#❡(♦♥# ❛✉##✐ ❧❛ $(❛♥#❢♦(♠-❡ ❞❡ ❣(❛♣❤❡ ❡♥ ❛((✐2(❡ ❞❛♥# ❧❡ ❝❛# ♥♦♥✲

✐♥✈❡(#✐❜❧❡ ✭✈♦✐( ❬✼❪ $❤-♦(2♠❡ ✻✳✹✮✳

❚❤"♦$%♠❡ ✹✳ ❙♦✐# (φ(Y ), Y ) ✉♥ ❣'❛♣❤❡ ❞❛♥- Bk(0, R0) ❛✉✲❞❡--✉- ❞❡ Bk2(0, α) /✉✐
✈1'✐✜❡ ‖φ(0)‖ ≤ β ❡# Lip(φ) ≤ γ0 ≤ 1 ♣♦✉' ✉♥ ❝❡'#❛✐♥ β ≤ α ≤ R0/4✳ ❙♦✐# γ > 0
#❡❧ /✉❡ e2γ < 3

2
✳

❖♥ -✉♣♣♦-❡ /✉❡ ✿

γ0(1− ξ) + 2δ(1 + γ0)‖A
−1‖ ≤ 1 ❡#

(γ0‖B‖+ δ(1 + γ0))(‖A
−1‖−1 − δ(1 + γ0))

−1 ≤ e−γγ0 ❡#

(‖B‖+ 2δ)e2γ + δ ≤ 1 ❡# δ(1 + γ0) ≤ min{(‖A−1‖−1 − γ0‖B‖)/2, ‖A−1‖−1 − e2γ}.

❆❧♦'- ✐❧ ❡①✐-#❡ ψ : Bk2(0, αe
2γ) −→ Ck1

❛✈❡❝ Lip(ψ) ≤ e−γγ0✱ ‖ψ(0)‖ ≤ βe−2γ
❡#

g(❣'❛♣❤❡(ψ)) ⊂ ❣'❛♣❤❡(φ)✳

;'❡✉✈❡✳ ■❧ #✬❛❣✐$ ❞✬✉♥❡ ❧-❣2(❡ ❛❞❛♣$❛$✐♦♥ ❞❡ ❧❛ ♣(❡✉✈❡ ❞✉ $❤-♦(2♠❡ ✻✳✹ ❞❛♥# ❬✼❪✳ ◆♦✉#

❡♥ (❡♣(❡♥♦♥# ❛✉##✐ ❧❡# ♥♦$❛$✐♦♥#✳

❙♦✐$ Y ∈ Bk2(0, αe
2γ) ❡$

Lβe−2γ = {(X, Y ) ✱ ‖X‖ ≤ ‖Y ‖+ βe−2γ}.

❚♦✉$ ❞✬❛❜♦(❞✱ ♦♥ ❛ Lβe−2γ ⊂ Bk(0, R0) ❝❛( ♣♦✉( (X, Y ) ∈ Lβe−2γ

‖(X, Y )‖ ≤ ‖X‖+ ‖Y ‖ ≤ 2‖Y ‖+ βe−2γ ≤ 2αe2γ + α

≤
R0

2
e2γ +

R0

4
< R0.

❊♥#✉✐$❡✱ $♦✉❥♦✉(# ♣♦✉( (X, Y ) ∈ Lβe−2γ
✱ ♦♥ ❛ ✿

‖g2(X, Y )‖ ≤ ‖B‖‖Y ‖+ ‖U(X, Y )‖ = ‖B‖‖Y ‖+ ‖U(X, Y )− U(0, 0)‖

≤ ‖B‖‖Y ‖+ δ‖(X, Y )‖ ≤ ‖B‖‖Y ‖+ δ‖X‖+ δ‖Y ‖

≤ (‖B‖+ 2δ)‖Y ‖+ δβe−2γ < (‖B‖+ 2δ)αe2γ + δα ≤ α

❝❛( (‖B‖+ 2δ)e2γ + δ ≤ 1✳
❖♥ ❡♥ ❞-❞✉✐$ H✉❡ ‖g2(X, Y )‖ < α ♣♦✉( $♦✉$ (X, Y ) ∈ Lβe−2γ

✳ ❊♥ ♣❛($✐❝✉❧✐❡(✱ #✐

♦♥ ♥♦$❡ ✿

✶✻
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U = {Y ∈ Bk2(0, R0) ✱ g2(Lβe−2γ ) ⊂ Bk2(0, α)},

♦♥ ❛ Bk2(0, αe
2γ) ⊂ U ✳

❙♦✐' Y ∈ Bk2(0, αe
2γ) ✜①*✳ ❖♥ ✈❡✉' '/♦✉✈❡/ (X, Y ) ∈ Lβe−2γ

❛✈❡❝ φ(g2(X, Y )) =
g1(X, Y )✳ ❈✬❡3' *4✉✐✈❛❧❡♥' 6 '/♦✉✈❡/ (X, Y ) ∈ Lβe−2γ

❛✈❡❝ ✿

ΛY (X) = A−1 [φ(g2(X, Y ))− (g1(X, Y )− AX)] = X.

8♦✉/ ❝❡❧❛ ♠♦♥'/♦♥3 ❞✬❛❜♦/❞ 4✉❡ ΛY : Bk1(0, ‖Y ‖+ βe−2γ) −→ Bk1(0, ‖Y ‖+ βe−2γ)✳
8♦✉/ X ∈ Bk1(0, ‖Y ‖+ βe−2γ)✱ ♦♥ ❛ ✿

‖ΛY (X)‖ ≤ ‖A−1‖ [‖φ(g2(X, Y ))− φ(0)‖+ ‖φ(0)‖+ ‖g1(X, Y )− AX‖]

≤ ‖A−1‖ [γ0(‖B‖‖Y ‖+ ‖U(X, Y )‖) + β + ‖R(X, Y )‖]

≤ ‖A−1‖ [γ0(‖B‖‖Y ‖+ δ‖X‖+ δ‖Y ‖) + β + δ‖X‖+ δ‖Y ‖]

≤ ‖A−1‖
[
γ0(‖B‖‖Y ‖+ 2δ‖Y ‖) + γ0δβe

−2γ + β + 2δ‖Y ‖+ δβe−2γ
]

= ‖A−1‖
[
(γ0‖B‖+ 2δ(1 + γ0))‖Y ‖+ β(1 + δ(1 + γ0)e

−2γ)
]
.

▼❛✐3 γ0‖B‖+ 2δ(1 + γ0) ≤ ‖A−1‖−1
❡' e2γ + δ(1 + γ0) ≤ ‖A−1‖−1

✱ ❞✬♦=

‖ΛY (X)‖ ≤ ‖A−1‖
[
‖A−1‖−1‖Y ‖+ βe−2γ‖A−1‖−1

]
≤ ‖Y ‖+ βe−2γ.

❈✬❡3' ❝❡ 4✉❡ ❧✬♦♥ ✈♦✉❧❛✐'✳

▼❛✐♥'❡♥❛♥'✱ ❡♥ 3✉✐✈❛♥' ♠♦' ♣♦✉/ ♠♦' ❧❛ ♣/❡✉✈❡ ❞❡ ❬✼❪✱ ♦♥ ❛ 4✉❡ ΛY ❡3' ✉♥❡

❝♦♥'/❛❝'✐♦♥ ❝❡ 4✉✐ ❞♦♥♥❡ ❧✬❡①✐3'❡♥❝❡ ❡' ❧✬✉♥✐❝✐'* ❞✬✉♥ ♣♦✐♥' ✜①❡ ❞❛♥3 Bk1(0, ‖Y ‖+ βe−2γ)
4✉❡ ❧✬♦♥ ♥♦'❡ Ψ(Y )✳

❊♥3✉✐'❡✱ '♦✉❥♦✉/3 ❡♥ 3✉✐✈❛♥' ❬✼❪ ❡' ❡♥ ✉'✐❧✐3❛♥' ❧✬❤②♣♦'❤F3❡

(γ0‖B‖+ δ(1 + γ0))(‖A
−1‖−1 − δ(1 + γ0))

−1 ≤ e−γγ0,

♦♥ ❛ Lip(ψ) ≤ e−γγ0✳
❊♥✜♥✱ ❝♦♠♠❡ Λ0 : Bk1(0, βe

−2γ) −→ Bk1(0, βe
−2γ)✱ ♦♥ ♦❜'✐❡♥' 4✉❡ ‖ψ(0)‖ ≤

βe−2γ
✳ ❈❡❧❛ '❡/♠✐♥❡ ❧❛ ❞*♠♦♥3'/❛'✐♦♥✳

⋄
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❈❤❛♣✐%&❡ ✷

▲❡ ❈❧♦,✐♥❣ ▲❡♠♠❛

✷✳✶ ❈❛❞&❡ ❡( )♥♦♥❝) ❞✉ (❤)♦&/♠❡

❖♥ ❝♦♠♠❡♥❝❡ ♣❛( ❞♦♥♥❡( ❧❡ ❝❛❞(❡ ❞✉ ,❤.♦(/♠❡✳ ❖♥ ✉,✐❧✐2❡(❛ ❧❡2 ♥♦,❛,✐♦♥2 ❡, ❧❡2

(.2✉❧,❛,2 ❞✉ ❝❤❛♣✐,(❡ ✶✳

❙♦✐, µ ✉♥❡ ♠❡2✉(❡ ❞❡ ♣(♦❜❛❜✐❧✐,. ❛✈❡❝
∫
log d(x, I)dµ(x) > −∞✳ ❖♥ ❧❛ 2✉♣♣♦2❡

✐♥✈❛(✐❛♥,❡ ♣❛( f ✱ ❡(❣♦❞✐9✉❡ ❡, ❤②♣❡(❜♦❧✐9✉❡✱ ❝✬❡2,✲=✲❞✐(❡ 9✉❡ 2❡2 ❡①♣♦2❛♥,2 ❞❡ ▲②❛✲
♣♦✉♥♦✈ ✈.(✐✜❡♥, ✿

χ1 ≥ · · · ≥ χm0 > 0 > χm0+1 ≥ · · · ≥ χk ♣♦✉( ✉♥ 1 ≤ m0 ≤ k − 1.

❈♦♠♠❡ ❧❡2 ❡①♣♦2❛♥,2 ❞❡ ▲②❛♣♦✉♥♦✈ ♥❡ ❞.♣❡♥❞❡♥, ♣❛2 ❞✉ ❝❤♦✐① ❞❡2 ❝❛(,❡2 ♣♦✉(

X✱ ♦♥ ♣❡✉, 2✉♣♣♦2❡( 9✉❡ µ ♥❡ ❝❤❛(❣❡ ♣❛2 ❧❡ ❜♦(❞ ❞❡2 ❝❛(,❡2 ✭Ui✱ ψi✮✳

❖♥ ✜①❡ γ > 0 ♣❡,✐, ❞❡✈❛♥, ❧❡2 ❡①♣♦2❛♥,2 ❞❡ ▲②❛♣♦✉♥♦✈ ❛✈❡❝ 4γ < χm0 − χm0+1

❡, ♦♥ ❛♣♣❧✐9✉❡ ❧❡ ,❤.♦(/♠❡ ❞✬❖2❡❧❡❞❡,2 ❛✈❡❝ ❝❡ γ✳

❙♦✐, 0 < δ < 1
6
✳ E♦✉( ǫ0 > 0 2✉✣2❛♠♠❡♥, ♣❡,✐,✱ ❧❛ ♠❛22❡ ♣♦✉( µ ❞✬✉♥ ǫ0✲✈♦✐2✐♥❛❣❡

❞❡2 ❜♦(❞2 ❞❡2 ❝❛(,❡2 9✉✐ (❡❝♦✉✈(❡♥, X ✭♣♦✉( ✉♥❡ ♠.,(✐9✉❡ ✜①.❡ 2✉( X✮ ❡2, ♣❧✉2 ♣❡,✐,❡
9✉❡

δ
2
✳

❖♥ ♥♦,❡ Vǫ0 ❝❡ ✈♦✐2✐♥❛❣❡ ❡, ♦♥ ❛ µ̂(π
−1(V c

ǫ0
)) = µ(V c

ǫ0
) ≥ 1− δ

2
✳

E❛( ❧❡ ,❤.♦(/♠❡ ❞❡ ▲✉2✐♥✱ ♦♥ ♣❡✉, ,(♦✉✈❡( ✉♥ ❡♥2❡♠❜❧❡ Λδ ❝♦♠♣❛❝,✱ ✐♥❝❧✉2 ❞❛♥2

π−1(V c
ǫ0
) ❛✈❡❝ µ̂(Λδ) ≥ 1− δ ❡, x̂ 7→ C±1

γ (x̂)✱ x̂ 7→ r(x̂) ❝♦♥,✐♥✉❡2 2✉( Λδ✳

❖♥ ✜①❡ ✉♥❡ ♠.,(✐9✉❡ 2,❛♥❞❛(❞ 2✉( Ω̂ 9✉✐ ✈.(✐✜❡ d(x̂, ŷ) ≥ d(π(x̂), π(ŷ)) ♣♦✉( ,♦✉,

x̂, ŷ ∈ Ω̂ ❡, ♦♥ ❛ ❛❧♦(2 ❧❡ ,❤.♦(/♠❡ ✿

❚❤"♦$%♠❡ ✺ ✭❈❧♦2✐♥❣ ▲❡♠♠❛✮✳ ❙♦✐# ǫ > 0✳ ■❧ ❡①✐&'❡ η > 0 '❡❧ (✉❡ &✐ x̂ ∈ Λδ✱

f̂m(x̂) ∈ Λδ ♣♦✉- ✉♥ ❝❡-'❛✐♥ m ≥ 1 ❛✈❡❝ d(x̂, f̂m(x̂)) < η ❛❧♦-& ✐❧ ❡①✐&'❡ z ∈ X '❡❧

(✉❡ ✿

✶✾
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✶✳ fm(z) = z✱

✷✳ d(f i(x), f i(z)) ≤ ǫmax(e−γi, e−γ(m−i)) ♣♦✉' 0 ≤ i ≤ m ✭♦) x = π(x̂)✮✱

✸✳ z ❡-. ❤②♣❡'❜♦❧✐4✉❡✳

✷✳✷ "#❡✉✈❡ ❞✉ ❈❧♦+✐♥❣ ▲❡♠♠❛

✷✳✷✳✶ ❉$♠♦♥()*❛)✐♦♥ ❞❡ ❧✬❡①✐()❡♥❝❡ ❞✉ ♣♦✐♥) ♣$*✐♦❞✐5✉❡ z

 ♦✉# ❞%♠♦♥(#❡# ❧❡ ❈❧♦,✐♥❣ ▲❡♠♠❛✱ ♥♦✉, ,✉✐✈♦♥, ❧✬❛♣♣#♦❝❤❡ ❞✬❆✳ ❑❛(♦❦ ✭✈♦✐#

❬✶✷❪✮✳ ❈❡ A✉✐ ❝❤❛♥❣❡ ❝✬❡,( A✉❡ f ♥✬❡,( ♣❛, ✐♥✈❡#,✐❜❧❡ ❡( A✉✬✐❧ ② ❛ ✉♥ ❡♥,❡♠❜❧❡ ❞✬✐♥✲
❞%(❡#♠✐♥❛(✐♦♥ I ,✉# ❧❡A✉❡❧ f ♥✬❡,( ♠E♠❡ ♣❛, ❞%✜♥✐❡✳  ♦✉# ,✉#♠♦♥(❡# ❝❡, ❞✐✣❝✉❧(%,✱
♥♦✉, ✉(✐❧✐,❡#♦♥, ❞❡, (#❛♥,❢♦#♠%❡, ❞❡ ❣#❛♣❤❡, ♣❛# ❞❡, ❛♣♣❧✐❝❛(✐♦♥, ♥♦♥ ✐♥✈❡#,✐❜❧❡,

✭✈♦✐# ❧❡ (❤%♦#I♠❡ ✹✮ ❡( ❞❡, ❝❛#(❡, ❞❡  ❡,✐♥ A✉✐ ♣#❡♥♥❡♥( ❡♥ ❝♦♠♣(❡ I✳
❙♦✐( 0 < γ0 <

1
5
✜①% ,✉✣,❛♠♠❡♥( ♣❡(✐( ♣♦✉# A✉❡ γ0 < e

γ
4 − 1✱ γ0 < 1 − e−

γ
2
❡(

γ0e
χ1+γ + e−4γ < e−

7
2
γ
✳

Λδ ❡,( ❝♦♠♣❛❝(✱ ❞♦♥❝ ✐❧ ❡①✐,(❡ r0 > 0 (❡❧ A✉❡ ✿

∀x̂ ∈ Λδ, r(x̂) ≥ r0 ❡( r0 ≤ ‖Cγ(x̂)
±1‖ ≤

1

r0
.

❉❛♥, ✉♥ ♣#❡♠✐❡# (❡♠♣,✱ ♥♦✉, ❢❛✐,♦♥, ❞❡, (#❛♥,❢♦#♠%❡, ❞❡ ❣#❛♣❤❡, ❡♥ ❛✈❛♥( ❡( ❡♥

❛##✐I#❡ ❞❛♥, ❞❡, ❜♦O(❡, ❞❡ (❛✐❧❧❡ hr(f̂ i(x̂)) ❛✈❡❝ h ,✉✣,❛♠♠❡♥( ♣❡(✐( ✭♥♦✉, ♣#%❝✐,❡#♦♥,
P A✉❡❧ ♣♦✐♥( ❛✉ ❢✉# ❡( P ♠❡,✉#❡✮✳

✶✮ "♦✉%%&❡% ❡♥ ❛✈❛♥+ ❞❡ ❣.❛♣❤❡% 1 ♣❛.+✐. ❞❡ x ♣❛. gx̂, gf̂(x̂), · · · , gf̂m−1(x̂) ✿

❙♦✐( x̂ ∈ Λδ✳ ❖♥ ♥♦(❡ Eu(x̂) ❧❛ ,♦♠♠❡ ❞✐#❡❝(❡ ❞❡ (♦✉, ❧❡, Ei(x̂) ❝♦##❡,♣♦♥❞❛♥(,
❛✉① ❡①♣♦,❛♥(, ,(#✐❝(❡♠❡♥( ♣♦,✐(✐❢, ❡( Es(x̂) ❧❛ ,♦♠♠❡ ❞✐#❡❝(❡ ❞❡, Ei(x̂) ❛✈❡❝ ❞❡,
❡①♣♦,❛♥(, ,(#✐❝(❡♠❡♥( ♥%❣❛(✐❢,✳

❖♥ ❛ dim Eu(x̂) = k1 ❡( dim Es(x̂) = k2 = k − k1✳
 ♦✉# i ❝♦♠♣#✐, ❡♥(#❡ 0 ❡( m− 1✱ ♦♥ ,❡ ♣❧❛❝❡ ❞❛♥, ❧❡ #❡♣I#❡ ✿

C−1
γ (f̂ i(x̂))Eu(f̂

i(x̂))
⊕

C−1
γ (f̂ i(x̂))Es(f̂

i(x̂))

❡( ♦♥ ❛ ✿

▲❡♠♠❡ ✷✳✷✳✶✳ ❙♦✐. (X,φ(X)) ✉♥ ❣'❛♣❤❡ ❛✉✲❞❡--✉- ❞❡ Bk1(0, α) ⊂ C−1
γ (f̂ i(x̂))Eu(f̂

i(x̂))

♦) α = hr(f̂ i(x̂))✱ β = ‖φ(0)‖ ≤ hr(f̂ i(x̂)) ❡. Lip(φ) ≤ γ0✳
❆❧♦'- ❧✬✐♠❛❣❡ ♣❛' gf̂ i(x̂) ❞❡ ❝❡ ❣'❛♣❤❡ ❡-. ✉♥ ❣'❛♣❤❡ (X,ψ(X)) ❛✉✲❞❡--✉- ❞✬✉♥❡ ♣❛'.✐❡

❞❡ C−1
γ (f̂ i+1(x̂))Eu(f̂

i+1(x̂)) ❛✉ ♠♦✐♥- ♣♦✉' ‖X‖ ≤ hr(f̂ i+1(x̂))eγ ❡. ‖ψ(0)‖ ≤ e−2γβ✱
Lip(ψ) ≤ γ0e

−γ
✳

✷✵
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 !❡✉✈❡✳ ❙✐ χm0+1 = −∞✱ ❧❡% ❝❛❧❝✉❧% )✉✐ ✈♦♥- %✉✐✈.❡ .❡%-❡♥- ✈❛❧❛❜❧❡% ❡♥ .❡♠♣❧❛2❛♥-

χm0+1 ♣❛. −5γ✳

❉❛♥% ❧❡ .❡♣5.❡ ♣.6❝6❞❡♥- gf̂ i(x̂) %✬6❝.✐- ✭✈♦✐. ❧❡ ❝❤❛♣✐-.❡ ✶✳✶✮ ✿

gf̂ i(x̂)(X, Y ) = (AX +R(X, Y ), BY + U(X, Y ))

❛✈❡❝ (A,B) = diag(A1
γ(f̂

i(x̂)), · · · , Al
γ(f̂

i(x̂)))✳ ❖♥ ❛ ‖A−1‖−1 ≥ eχm0−γ
❡- ‖B‖ ≤

eχm0+1+γ
❡- ♣♦✉. ‖(X, Y )‖ ≤ 5hr(f̂ i(x̂))

max(‖DR(X, Y )‖, ‖DU(X, Y )‖) ≤
1

r(f̂ i(x̂))
‖(X, Y )‖ ≤ 5h.

❖♥ ❛♣♣❧✐)✉❡ ❧❡ -❤6♦.5♠❡ ❞❡ ❧❛ -.❛♥%❢♦.♠6❡ ❞❡ ❣.❛♣❤❡ ❡♥ ❛✈❛♥- ❛✈❡❝ R0 =
5hr(f̂ i(x̂))✳

❚♦✉- ❞✬❛❜♦.❞✱ ❧❡ ❣.❛♣❤❡ (X,φ(X)) ❡%- ❜✐❡♥ ❞❛♥% Bk(0, R0) ❝❛.

‖φ(X)‖ ≤ ‖φ(0)‖+γ0‖X‖ ≤ hr(f̂ i(x̂))γ0+hr(f̂
i(x̂)) ≤ hr(f̂ i(x̂))(γ0+1) ≤ 2hr(f̂ i(x̂)).

❊♥%✉✐-❡✱ ♣♦✉. ❧❡% ❤②♣♦-❤5%❡% ❞✉ -❤6♦.5♠❡ ♦♥ ❛ ❞✬✉♥❡ ♣❛.-

δ‖A−1‖(1 + γ0) ≤ 5he−χm0+γ × 2 < 1

♣♦✉. h ♣❡-✐- ♣❛. .❛♣♣♦.- D γ ❡- ❞✬❛✉-.❡ ♣❛.-

‖B‖γ0 + δ(1 + γ0)

‖A−1‖−1 − δ(1 + γ0)
≤
γ0e

χm0+1+γ + 6h

eχm0−γ − 6h
≤ e−γγ0

-♦✉❥♦✉.% ♣♦✉. h ♣❡-✐- ❝❛. 4γ < χm0 − χm0+1✳

▲❡ -❤6♦.5♠❡ ♣❡.♠❡- ❛❧♦.% ❞✬❛✣.♠❡. )✉❡ ❧✬✐♠❛❣❡ ♣❛. gf̂ i(x̂) ❞✉ ❣.❛♣❤❡ ❞❡ φ ❡%- ✉♥

❣.❛♣❤❡ (X,ψ(X)) ❛✉✲❞❡%%✉% ❞✬✉♥❡ ♣❛.-✐❡ ❞❡ C−1
γ (f̂ i+1(x̂))Eu(f̂

i+1(x̂)) )✉✐ ❝♦♥-✐❡♥-
Bk1(0, t) ❛✈❡❝ ✿

t ≥ (‖A−1‖−1 − δ(1 + γ0))α− δβ ≥ (eχm0−γ − 6h)hr(f̂ i(x̂))− 5h× hr(f̂ i(x̂))

≥ hr(f̂ i(x̂))(eχm0−γ − 6h− 5h) ≥ hr(f̂ i(x̂)) (e4γ − 11h)︸ ︷︷ ︸
>e2γ %✐ h<<γ

❝❛. %✐ ♦♥ ✈❡✉- eχm0−γ ≥ e4γ.

❈❡--❡ ❞❡.♥✐5.❡ )✉❛♥-✐-6 ❡%- %✉♣6.✐❡✉.❡ D hr(f̂ i+1(x̂))eγ ❝❛.

r(f̂ i(x̂))

r(f̂ i+1(x̂))
≥ e−γ

✳

✷✶
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❊♥✜♥ ♦♥ ❛ ✿

‖ψ(0)‖ ≤ (1 + γ0)(‖B‖β + δβ + ‖D2gf̂ i(x̂)‖B(0,R0)β
2)

≤ e
γ
2 (eχm0+1+γ + 5h+

1

r(f̂ i(x̂))
hr(f̂ i(x̂)))β

≤ e
γ
2 (e−4γ + 5h+ h)β ❝❛' (✐ ♦♥ ✈❡✉- eχm0+1+γ ≤ e−4γ

≤ e−2γβ (✐ h << γ.

❈❡❧❛ ❛❝❤1✈❡ ❧❛ ❞3♠♦♥(-'❛-✐♦♥ ❞✉ ❧❡♠♠❡✳ ⋄

❖♥ ❛♣♣❧✐8✉❡ ♠❛✐♥-❡♥❛♥- ❝❡ ❧❡♠♠❡ ❞❡ ❧❛ ♠❛♥✐1'❡ (✉✐✈❛♥-❡✳

❖♥ ♣❛'- ❞✬✉♥ ❣'❛♣❤❡ (X,φ0(X)) ❞❛♥( ❧❡ '❡♣1'❡ C−1
γ (x̂)Eu(x̂)

⊕
C−1

γ (x̂)Es(x̂)
❛✈❡❝ φ0(X) = 0 ♣♦✉' ‖X‖ ≤ hr(x̂)✳

❊♥ ♣♦✉((❛♥- ❡♥ ❛✈❛♥- ♣❛' gx̂ ♦♥ ♦❜-✐❡♥- ✉♥ ❣'❛♣❤❡ (X,φ1(X)) ❛✉ ♠♦✐♥( ♣♦✉'

‖X‖ ≤ hr(f̂(x̂))eγ ❛✈❡❝ ‖φ1(0)‖ = 0 ≤ hr(f̂(x̂))e−γ
❡- Lip(φ1) ≤ γ0e

−γ
✳

❉❛♥( ❝❡ ❣'❛♣❤❡ ♦♥ ♥❡ ❣❛'❞❡ 8✉❡ ❧❛ ♣❛'-✐❡ ♣♦✉' ‖X‖ ≤ hr(f̂(x̂)) ✭♦♥ ❢❛✐- ✉♥
❝✉-✲♦✛✮ ❡- ♦♥ '❡❝♦♠♠❡♥❝❡ ❡♥ ♣'❡♥❛♥- ❧✬✐♠❛❣❡ ♣❛' gf̂(x̂)✳ ❆♣'1( m 3-❛♣❡( ✭♣♦✉((3❡(

(✉❝❝❡((✐✈❡( ♣❛' gx̂, gf̂(x̂), · · · , gf̂m−1(x̂)✮✱ ♦♥ ♦❜-✐❡♥- ✉♥ ❣'❛♣❤❡ (X,φm(X)) ❞❛♥( ❧❡ '❡✲
♣1'❡ ✿

C−1
γ (f̂m(x̂))Eu(f̂

m(x̂))
⊕

C−1
γ (f̂m(x̂))Es(f̂

m(x̂))

❛✉ ♠♦✐♥( ♣♦✉' ‖X‖ ≤ hr(f̂m(x̂))eγ ❛✈❡❝ ‖φm(0)‖ = 0 ≤ hr(f̂m(x̂))e−γ
❡- Lip(φm) ≤

γ0e
−γ
✳

❖♥ ✈❡✉- ♠❛✐♥-❡♥❛♥- '❡♠❡--'❡ ❧❡ ❣'❛♣❤❡ (X,φm(X)) ♦❜-❡♥✉ ❞❛♥( ❧❡ '❡♣1'❡ ✐♥✐-✐❛❧ ✿

C−1
γ (x̂)Eu(x̂)

⊕
C−1

γ (x̂)Es(x̂)

❛✜♥ ❞❡ '❡❝♦♠♠❡♥❝❡' ❧✬♦♣3'❛-✐♦♥✳

❘❡♠❛$%✉❡✳ ❖♥ ✈❛ ❧❡ ❢❛✐'❡ ❡♥ (✉♣♣♦(❛♥- (❡✉❧❡♠❡♥- 8✉❡ ‖φm(0)‖ ≤ hr(f̂m(x̂))e−γ
✭❡-

♥♦♥ ‖φm(0)‖ = 0✮ ❝❛' ❝❡❧❛ ♥♦✉( (❡'❛ ✉-✐❧❡ ❞❛♥( ❧❛ (✉✐-❡✳

❈❡❧❛ '❡✈✐❡♥- D ♣'❡♥❞'❡ ❧✬✐♠❛❣❡ ❞❡ (X,φm(X)) ♣❛' ❧✬❛♣♣❧✐❝❛-✐♦♥ ✿

C(X, Y ) := C−1
γ (x̂)τ−1

x τfm(x)Cγ(f̂
m(x̂))(X, Y ).

E❛' ❞3✜♥✐-✐♦♥✱ Λδ ♥❡ ❝♦♥-✐❡♥- ♣❛( ❞❡( ♣♦✐♥-( ❞❡ π
−1(Vǫ0)✳ ❊♥ ♣❛'-✐❝✉❧✐❡'✱ (✐ x̂, ŷ ∈

Λδ ❛✈❡❝ d(x̂, ŷ) < η < ǫ0 ♦♥ ❛ d(x, y) ≤ d(x̂, ŷ) < ǫ0✱ ❝✬❡(-✲D✲❞✐'❡ 8✉❡ x ❡- y (♦♥- ❞❛♥(
✉♥❡ ♠F♠❡ ❝❛'-❡✳

❖♥ ♣❡✉- (✉♣♣♦(❡' 8✉❡ ❧❛ ❢❛♠✐❧❧❡ (τx)x ❡(- ❝❤♦✐(✐❡ ❞❡ (♦'-❡ 8✉❡ ❞❛♥( ❝❡ ❝❛( τ
−1
x ◦τy

(♦✐- ❥✉(-❡ ✉♥❡ -'❛♥(❧❛-✐♦♥ ✭♦♥ '❛♣♣❡❧❧❡ 8✉❡ τx ❡(- ❧❛ ❝♦♠♣♦(3❡ ψ ◦ tx ♦H ψ ❡(- ✉♥❡

✷✷
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❝❛"#❡ ❡# tx ✉♥❡ #"❛♥'❧❛#✐♦♥✮✳ ❖♥ '✉♣♣♦'❡"❛ /✉❡ ❧❡' (τx)x ✈1"✐✜❡♥# ❝❡##❡ ♣"♦♣"✐1#1 ❞❛♥'

❧❛ '✉✐#❡✳

❈♦♠♠❡ d(x̂, f̂m(x̂)) < η < ǫ0✱ ♦♥ ❛ τx = ψ ◦ tx ❡# τfm(x) = ψ ◦ tfm(x)✳

❖♥ ❡♥ ❞1❞✉✐# /✉✬✐❧ ❡①✐'#❡ ✉♥ ✈❡❝#❡✉" am #❡❧ /✉❡ τ−1
x τfm(x)(w) = w + am✱ ❝❡ /✉✐

♣❡"♠❡# ❞❡ '✐♠♣❧✐✜❡" ❧✬❡①♣"❡''✐♦♥ ❞❡ C '♦✉' ❧❛ ❢♦"♠❡ ✿

C(w) = g1(w) + C−1
γ (x̂)am

♦; g1(w) = C−1
γ (x̂)Cγ(f̂

m(x̂))(w)✳
❈♦♠♠❡♥<♦♥' ♣❛" ♣"❡♥❞"❡ ❧✬✐♠❛❣❡ ❞✉ ❣"❛♣❤❡ (X,φm(X)) ♣❛" g1✳ ❖♥ ❛ ✿

g1(w) = C−1
γ (x̂) ◦ Cγ(x̂)w + C−1

γ (x̂) ◦ (Cγ(f̂
m(x̂))− Cγ(x̂))w

= w + C−1
γ (x̂) ◦ (Cγ(f̂

m(x̂))− Cγ(x̂))w

❛✈❡❝ ‖C−1
γ (x̂) ◦ (Cγ(f̂

m(x̂))− Cγ(x̂))‖ ≤ 1
r0
‖Cγ(f̂

m(x̂))− Cγ(x̂)‖✳
?❛" ❛✐❧❧❡✉"' ŷ 7→ Cγ(ŷ) ❡'# ❝♦♥#✐♥✉❡ '✉" ❧❡ ❝♦♠♣❛❝# Λδ✱ ❞♦♥❝ ② ❡'# ✉♥✐❢♦"♠1✲

♠❡♥# ❝♦♥#✐♥✉❡✳ ❊♥ ♣❛"#✐❝✉❧✐❡"✱ ✐❧ ❡①✐'#❡ ✉♥❡ ❢♦♥❝#✐♦♥ ǫ(η) −→
η→0

0 #❡❧❧❡ /✉❡ ❧✬♦♥ ❛✐#

❧✬✐♠♣❧✐❝❛#✐♦♥ '✉✐✈❛♥#❡ ✿

(d(ẑ, ŷ) ≤ η ❛✈❡❝ ẑ, ŷ ∈ Λδ) =⇒
1

r0
‖Cγ(ẑ)− Cγ(ŷ)‖ ≤ ǫ(η).

?♦✉" η ♣❡#✐# ♣❛" "❛♣♣♦"# C γ ❡# γ0 ❧✬✐♠❛❣❡ ❞✉ ❣"❛♣❤❡ (X,φm(X)) ♣❛" g1 ✈❛ D#"❡

✉♥ ❣"❛♣❤❡ (X,ψ1
m(X))✳ ❊♥ ❡✛❡#✱ g1 '✬1❝"✐# '♦✉' ❧❛ ❢♦"♠❡ g1(X, Y ) = (AX+CY,BY +

DX) ❛✈❡❝ ‖A−1‖−1 ≥ 1− ǫ(η)✱ ‖B‖ ≤ 1 + ǫ(η)✱ ‖C‖ ≤ ǫ(η) ❡# ‖D‖ ≤ ǫ(η)✳
❙✐ ♦♥ "❡♣"❡♥❞ ❧❡' ♥♦#❛#✐♦♥' ❞✉ #❤1♦"G♠❡ ❞❡ ❧❛ #"❛♥'❢♦"♠1❡ ❞❡ ❣"❛♣❤❡ ♦♥ ❛ ❞♦♥❝ ✿

δ‖A−1‖(1 + γ0) ≤ ǫ(η)×
1

1− ǫ(η)
× 2 <︸︷︷︸

♣♦✉" η ♣❡#✐#

1 ❡#

‖B‖γ0e
−γ + δ(1 + γ0)

‖A−1‖−1 − δ(1 + γ0)
≤

(1 + ǫ(η))e−γγ0 + 2ǫ(η)

1− ǫ(η)− 2ǫ(η)
≤︸︷︷︸

♣♦✉" η<<γ,γ0

γ0.

▲❡' ❤②♣♦#❤G'❡' ❞❡ ❝❡ #❤1♦"G♠❡ 1#❛♥# ✈1"✐✜1❡'✱ ♦♥ ♦❜#✐❡♥# ✉♥ ❣"❛♣❤❡ (X,ψ1
m(X))

❛✈❡❝ Lip(ψ1
m) ≤ γ0 ❛✉ ♠♦✐♥' ❛✉✲❞❡''✉' ❞❡ Bk1(0, t) ❛✈❡❝ ✿

t ≥ (1− ǫ(η)− 3ǫ(η))eγhr(f̂m(x̂)) = (1− 4ǫ(η))eγhr(f̂m(x̂)).

▼❛✐' r(f̂m(x̂)) ≥ e−
γ
4 r(x̂) '✐ η ❡'# ♣❡#✐# ♣❛" "❛♣♣♦"# C γ✳

✷✸
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❊♥ ❡✛❡$✱ x̂ 7→ r(x̂) ❡&$ ✉♥✐❢♦+♠-♠❡♥$ ❝♦♥$✐♥✉❡ &✉+ Λδ ❡$ ♦♥ ♣❡✉$ ❞♦♥❝ &✉♣♣♦&❡+

1✉❡ ✿

(d(x̂, ŷ) < η ❛✈❡❝ x̂, ŷ ∈ Λδ) =⇒ |r(x̂)− r(ŷ)| ≤ (1− e−
γ
4 )r0

❝❡ 1✉✐ ❞♦♥♥❡ ✿

r(ŷ) ≥ r(x̂)− (1− e−
γ
4 )r0 ≥ r(x̂)− (1− e−

γ
4 )r(x̂) = e−

γ
4 r(x̂).

❖♥ ❛ ❞♦♥❝ t ≥ (1− 4ǫ(η))eγhe−
γ
4 r(x̂) > he

γ
4 r(x̂) &✐ η << 1✳

❊♥✜♥ ❝♦♠♠❡ g1 ❡&$ ❧✐♥-❛✐+❡✱

‖ψ1
m(0)‖ ≤ (1 + γ0)(1 + ǫ(η) + ǫ(η))he−γr(f̂m(x̂))

≤ e
γ
4 (1 + 2ǫ(η))he−γr(f̂m(x̂)) ≤ e−

γ
2 (1 + 2ǫ(η))hr(x̂)

❝❛+ ❝♦♠♠❡ ♣+-❝-❞❡♠♠❡♥$ ♦♥ ❛ r(f̂m(x̂)) ≤ e
γ
4 r(x̂)✳

❆✐♥&✐✱ ‖ψ1
m(0)‖ ≤ e−

γ
4hr(x̂) &✐ η << γ✳

■❧ +❡&$❡ ❞-&♦+♠❛✐& ; $+❛♥&❧❛$❡+ ❝❡ ❣+❛♣❤❡ ♣❛+ C−1
γ (x̂)am ✭♦♥ +❛♣♣❡❧❧❡ 1✉❡ C(w) =

g1(w) + C−1
γ (x̂)am✮✳

▲❡ ✈❡❝$❡✉+ C−1
γ (x̂)am &✬-❝+✐$ (t1, t2) ❞♦♥❝ ❧✬✐♠❛❣❡ ❞❡ (X,ψ

1
m(X)) ❡&$ ✿

(X ′, ψm(X
′)) := (X + t1, ψ

1
m(X) + t2)

♦B ψm(X
′) = ψ1

m(X) + t2 = ψ1
m(X

′ − t1) + t2✳
❈✬❡&$ ❞♦♥❝ ✉♥ ❣+❛♣❤❡ ❛✉✲❞❡&&✉& ❞✬✉♥❡ ♣❛+$✐❡ ❞❡ ❧✬❛①❡ ❞❡& ❛❜&❝✐&&❡& C−1

γ (x̂)Eu(x̂)✳
❉❡ ♣❧✉&✱ Lip(ψm) = Lip(ψ1

m) ≤ γ0 ❡$ ❝✬❡&$ ✉♥ ❣+❛♣❤❡ ❛✉ ♠♦✐♥& ❛✉✲❞❡&&✉& ❞❡

B(0, hr(x̂)e
γ
4 − ‖C−1

γ (x̂)‖‖am‖)✳

▼❛✐& ❡♥ ✉$✐❧✐&❛♥$ 1✉❡ am =
−−−−−−−−−−−−−→
ψ−1(x)ψ−1(fm(x))✱ ♦♥ ❛ ✿

‖C−1
γ (x̂)‖‖am‖ ≤

1

r0
‖ψ−1(fm(x))− ψ−1(x)‖ ≤︸︷︷︸

&✐ η<<h,r0

h2r20
r0

= h2r0 ≤ h2r(x̂).

❉✬♦B hr(x̂)e
γ
4 − ‖C−1

γ (x̂)‖‖am‖ ≥ hr(x̂)(e
γ
4 − h) > hr(x̂) &✐ h << γ✳

❊♥✜♥ ✿

‖ψm(0)‖ = ‖ψ1
m(−t1) + t2‖ ≤ ‖ψ1

m(−t1)− ψ1
m(0)‖+ ‖ψ1

m(0)‖+ ‖t2‖

≤ γ0‖ − t1‖+ ‖t2‖+ e−
γ
4hr(x̂) ≤ (1 + γ0)‖C

−1
γ (x̂)‖‖am‖+ e−

γ
4hr(x̂)

≤ e
γ
4h2r(x̂) + e−

γ
4hr(x̂) ≤ hr(x̂)(he

γ
4 + e−

γ
4 ) ≤ hr(x̂) ♣♦✉+ h << γ.

✷✹
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❖♥ ❛ ❞♦♥❝ ❜✐❡♥ )*❝✉♣*)* ✉♥ ❣)❛♣❤❡ ❛✈❡❝ ❧❡1 ❜♦♥♥❡1 ❡12✐♠*❡1 ♣♦✉) ♣♦✉✈♦✐) )❡✲

❝♦♠♠❡♥❝❡) 2♦✉2 ❧❡ ♣)♦❝❡11✉1 ✭✈♦✐) ❧❡ ❧❡♠♠❡ ♣)*❝*❞❡♥2✮ ❛✈❡❝ (X,ψm(X)) 7 ❧❛ ♣❧❛❝❡
❞❡ (X,φ0(X))✳
❖♥ ♥♦2❡)❛ B0 ❧❡ ❣)❛♣❤❡ ✐♥✐2✐❛❧ (X,φ0(X))✱ B1 ❧❡ ❣)❛♣❤❡ ♦❜2❡♥✉ (X,ψm(X)) ❡2

❛✐♥1✐ ❞❡ 1✉✐2❡✳ ❖♥ ❛ ❛✐♥1✐ ❝♦♥12)✉✐2 ✉♥❡ 1✉✐2❡ (Bj)j ❞❡ ❣)❛♣❤❡1✳
❖♥ ✈❛ ♠❛✐♥2❡♥❛♥2 ❢❛✐)❡ ❧❛ ♠;♠❡ ❝❤♦1❡ ❡♥ 2✐)❛♥2 ❡♥ ❛))✐<)❡✳

✷✮ ❚✐$%& ❡♥ ❛$$✐*$❡ ❞❡ ❣$❛♣❤❡& / ♣❛$0✐$ ❞❡ fm(x) ♣❛$ gf̂m−1(x̂), · · · , gx̂ ✿

=❛) ❤②♣♦2❤<1❡ f̂m(x̂) ∈ Λδ✳ =♦✉) ❧❡ ❧❡♠♠❡ ?✉✐ 1✉✐2✱ ♦♥ 1❡ ♣❧❛❝❡ ❞❛♥1 ❧❡ )❡♣<)❡ ✿

C−1
γ (f̂ i+1(x̂))Eu(f̂

i+1(x̂))
⊕

C−1
γ (f̂ i+1(x̂))Es(f̂

i+1(x̂))

✭♣♦✉) i ❝♦♠♣)✐1 ❡♥2)❡ 0 ❡2 m− 1✮✳

▲❡♠♠❡ ✷✳✷✳✷✳ ❙♦✐# (ψ(Y ), Y ) ✉♥ ❣'❛♣❤❡ ❛✉✲❞❡..✉. ❞❡ Bk2(0, α) ⊂ C−1
γ (f̂ i+1(x̂))Es(f̂

i+1(x̂))

♦/ α = hr(f̂ i+1(x̂))✱ β = ‖ψ(0)‖ ≤ hr(f̂ i+1(x̂))✱ Lip(ψ) ≤ γ0✳

❆❧♦'. ✐❧ ❡①✐.#❡ ✉♥ ❣'❛♣❤❡ (φ(Y ), Y ) ❛✉✲❞❡..✉. ❞✬✉♥❡ ♣❛'#✐❡ ❞❡ C−1
γ (f̂ i(x̂))Es(f̂

i(x̂))
♣♦✉' ❛✉ ♠♦✐♥. ‖Y ‖ ≤ e2γα ❛✈❡❝ gf̂ i(x̂)(graphe φ) ⊂ graphe ψ✱ ‖φ(0)‖ ≤ e−2γβ ❡#

Lip(φ) ≤ e−γγ0✳

9'❡✉✈❡✳ ❙✐ χm0+1 = −∞✱ ❧❡1 ❝❛❧❝✉❧1 ?✉✐ ✈♦♥2 1✉✐✈)❡ )❡12❡♥2 ✈❛❧❛❜❧❡1 ❡♥ )❡♠♣❧❛B❛♥2
χm0+1 ♣❛) −5γ✳ ❉❛♥1 ❧❡ )❡♣<)❡ ✿

C−1
γ (f̂ i(x̂))Eu(f̂

i(x̂))
⊕

C−1
γ (f̂ i(x̂))Es(f̂

i(x̂))

gf̂ i(x̂) 1✬*❝)✐2 ✿

gf̂ i(x̂)(X, Y ) = (AX +R(X, Y ), BY + U(X, Y ))

♦E (A,B) = diag(A1
γ(f̂

i(x̂)), · · · , Al
γ(f̂

i(x̂)))✱ ‖A−1‖−1 ≥ eχm0−γ
❡2 ‖B‖ ≤ eχm0+1+γ

✳

❈♦♠♠❡ ❞❛♥1 ❧❛ ❞*♠♦♥12)❛2✐♦♥ ❞✉ ❧❡♠♠❡ ♣)*❝*❞❡♥2✱ ♦♥ ❛ ♣♦✉) ‖(X, Y )‖ ≤

5hr(f̂ i(x̂)) = R0 ✿

max(‖DR(X, Y )‖, ‖DU(X, Y )‖) ≤ 5h.

❖♥ ❛ ❛✉11✐ ✿

β ≤ α ≤ eγhr(f̂ i(x̂)) ≤
R0

4
.

▲❛ ❞❡✉①✐<♠❡ ✐♥*❣❛❧✐2* ✈✐❡♥2 ❞✉ ❢❛✐2 ?✉❡ r(f̂ i+1(x̂)) ≤ eγr(f̂ i(x̂))✳ ▲❛ ❞❡)♥✐<)❡
❞*❝♦✉❧❡ ❞❡ 4eγ ≤ 5 ✭?✉✐ ❡12 ✈)❛✐❡ ♣♦✉) γ 1✉✣1❛♠♠❡♥2 ♣❡2✐2✮✳

✷✺
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❖♥ ♣❡✉% ❛❧♦)* ❛♣♣❧✐,✉❡) ❧❡ %❤.♦)/♠❡ ❞❡ ❧❛ %)❛♥*❢♦)♠.❡ ❞❡ ❣)❛♣❤❡ ❡♥ ❛))✐/)❡✳ ❊♥

❡✛❡%✱ ♦♥ ❛ ✿

γ0(1− ξ) + 2δ(1 + γ0)‖A
−1‖ ≤ γ0 + 6h× 2× e−χm0+γ ≤ γ0 + 12h < 1

❝❛) γ0 <
1
5
❡% h ♣❡%✐%✳ ❊♥*✉✐%❡✱

γ0‖B‖+ δ(1 + γ0)

‖A−1‖−1 − δ(1 + γ0)
≤
γ0e

χm0+1+γ + 6h

eχm0−γ − 6h
< e−γγ0

*✐ h << γ, γ0 ❝❛) e
χm0+1+γ−χm0+γ ≤ e−2γ

✳ :✉✐*✱

(‖B‖+ 2δ)e2γ + δ ≤ (eχm0+1+γ + 10h)e2γ + 5h < 1

♣♦✉) h << γ ❝❛) eχm0+1+γ ≤ e−4γ
✳ ❊♥✜♥✱ ❞✬✉♥❡ ♣❛)%✱

δ(1 + γ0) ≤ 6h <
‖A−1‖−1 − γ0‖B‖

2

❝❛) ‖A−1‖−1−γ0‖B‖ ≥ eχm0−γ −γ0e
χm0+1+γ ≥ e4γ −γ0 ≥ e2γ > 12h ♣❛) ❧✬❤②♣♦%❤/*❡

❢❛✐%❡ *✉) γ0 ❛✉ ❞.❜✉% ❡% ❧❡ ❢❛✐% ,✉❡ e
2γ > 12h ♣♦✉) h ♣❡%✐%✳ ❉✬❛✉%)❡ ♣❛)%✱

‖A−1‖−1 − e2γ ≥ eχm0−γ − e2γ ≥ e4γ − e2γ > 6h

❛✉**✐✳ ❈❡ ,✉✐ ❛❝❤/✈❡ ❧❛ ❞.♠♦♥*%)❛%✐♦♥ ❞✉ ❧❡♠♠❡✳ ⋄

❖♥ ✈❛ ♠❛✐♥%❡♥❛♥% ❛♣♣❧✐,✉❡) ❝❡ ❧❡♠♠❡✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛) *❡ ♣❧❛❝❡) ❞❛♥* ❧❡ )❡✲

♣/)❡ ✿

C−1
γ (f̂m(x̂))Eu(f̂

m(x̂))
⊕

C−1
γ (f̂m(x̂))Es(f̂

m(x̂))

❡% ♦♥ ♣❛)% ❞❡ (ψm(Y ), Y ) ❛✈❡❝ ψm ≡ 0 ❡% Y ∈ Bk2(0, hr(f̂
m(x̂)))✳

:❛) ❧❡ ❧❡♠♠❡ ♣).❝.❞❡♥%✱ ♦♥ ❛ ❧✬❡①✐*%❡♥❝❡ ❞✬✉♥ ❣)❛♣❤❡ (ψm−1(Y ), Y ) ❛✈❡❝

gf̂m−1(x̂)(graphe ψm−1) ⊂ graphe ψm,

Lip(ψm−1) ≤ γ0e
−γ
❡% ❝❡ ❣)❛♣❤❡ ❡*% ❞.✜♥✐ ❛✉ ♠♦✐♥* ♣♦✉) ‖Y ‖ ≤ e2γhr(f̂m(x̂))✱ ❝✬❡*%✲

D✲❞✐)❡ ❛✉ ♠♦✐♥* ♣♦✉) ‖Y ‖ ≤ eγhr(f̂m−1(x̂))✳ ❉❡ ♣❧✉* ‖ψm−1(0)‖ = 0 ≤ e−2γhr(f̂m(x̂)) ≤

e−γhr(f̂m−1(x̂))✳

❉❛♥* ❝❡ ❣)❛♣❤❡ ♦♥ ♥❡ ❣❛)❞❡ ,✉❡ ❧❛ ♣❛)%✐❡ ♣♦✉) ‖Y ‖ ≤ hr(f̂m−1(x̂)) ✭♦♥ ❢❛✐% ✉♥
❝✉%✲♦✛✮ ❡% ♦♥ )❡❝♦♠♠❡♥❝❡ ❛✈❡❝ gf̂m−2(x̂)✳

✷✻
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❆♣"#$ m %&❛♣❡$ ✭&✐"%$ ❡♥ ❛""✐#"❡ $✉❝❝❡$$✐❢$ ♣❛" gf̂m−1(x̂), gf̂m−2(x̂), · · · , gx̂✮✱ ♦♥ ♦❜✲

&✐❡♥& ✉♥ ❣"❛♣❤❡ (ψ0(Y ), Y ) ❞❛♥$ ❧❡ "❡♣#"❡ ✿

C−1
γ (x̂)Eu(x̂)

⊕
C−1

γ (x̂)Es(x̂)

❛✉ ♠♦✐♥$ ♣♦✉" ‖Y ‖ ≤ e2γhr(f̂(x̂)) ✭❞♦♥❝ ❛✉ ♠♦✐♥$ ♣♦✉" ‖Y ‖ ≤ eγhr(x̂)✮✱ ‖ψ0(0)‖ =

0 ≤ e−2γhr(f̂(x̂)) ≤ e−γhr(x̂) ❡& Lip(ψ0) ≤ e−γγ0✳
❖♥ ✈❡✉& ♠❛✐♥&❡♥❛♥& "❡♠❡&&"❡ ❝❡ ❣"❛♣❤❡ ❞❛♥$ ❧❡ "❡♣#"❡ ✐♥✐&✐❛❧ ✿

C−1
γ (f̂m(x̂))Eu(f̂

m(x̂))
⊕

C−1
γ (f̂m(x̂))Es(f̂

m(x̂))

❛✜♥ ❞❡ "❡❝♦♠♠❡♥❝❡" ❧✬♦♣%"❛&✐♦♥✳

❖♥ ✈❛ ❧❡ ❢❛✐"❡ ❡♥ $✉♣♣♦$❛♥& $❡✉❧❡♠❡♥& ‖ψ0(0)‖ ≤ e−γhr(x̂) ❡& ♥♦♥ ♣❛$ 0 ❝❛" ❝❡❧❛
♥♦✉$ $❡"✈✐"❛ ♣♦✉" ❧❡$ %&❛♣❡$ $✉✐✈❛♥&❡$✳

❖♥ ♣"❡♥❞ ❧✬✐♠❛❣❡ ❞❡ (ψ0(Y ), Y ) ♣❛" C−1
✳ ?❛" ❧❡$ ♠@♠❡$ ❛"❣✉♠❡♥&$ A✉❡ ♣"%❝%✲

❞❡♠♠❡♥&✱ ❧✬✐♠❛❣❡ ❞❡ (ψ0(Y ), Y ) ❡$& ✉♥ ❣"❛♣❤❡ (φ0(Y ), Y ) ❛✉ ♠♦✐♥$ ♣♦✉" ‖Y ‖ ≤

hr(f̂m(x̂))✱ ❛✈❡❝ Lip(φ0) ≤ γ0 ❡& ‖φ0(0)‖ ≤ hr(f̂m(x̂))✳
❈❡ $♦♥& ❧❡$ ❜♦♥♥❡$ ❡$&✐♠%❡$ ♣♦✉" ♣♦✉✈♦✐" "❡❝♦♠♠❡♥❝❡" ❧❡ ♣"♦❝❡$$✉$ ❛✈❡❝ (φ0(Y ), Y )

C ❧❛ ♣❧❛❝❡ ❞❡ (ψm(Y ), Y )✳
❖♥ ♥♦&❡ A0 ❧❡ ❣"❛♣❤❡ ✐♥✐&✐❛❧ (ψm(Y ), Y )✱ A1 ❝❡❧✉✐ ♦❜&❡♥✉ (φ0(Y ), Y )✳ ❖♥ ❛ ❞♦♥❝

❝♦♥$&"✉✐& ❞❡ ❝❡&&❡ ♠❛♥✐#"❡ ✉♥❡ $✉✐&❡ ❞❡ ❣"❛♣❤❡$ (Al)l≥0✳

◆♦✉$ ♥♦&❡"♦♥$ ❛✉$$✐ A0
l ❧❡ ❣"❛♣❤❡ ♦❜&❡♥✉ ❥✉$&❡ ❛✈❛♥& ❞❡ ♣"❡♥❞"❡ ❧✬✐♠❛❣❡ ♣❛" C

−1

❡& ❝"%❡" Al+1✳ ▲❡ ❣"❛♣❤❡ A
0
l ❡$& ❞❛♥$ ❧❡ "❡♣#"❡ C

−1
γ (x̂)Eu(x̂)

⊕
C−1

γ (x̂)Es(x̂)✳
▲❡$ ❡♥$❡♠❜❧❡$ Bj ❡& A

0
l $❡ ❝♦✉♣❡♥& ❡♥ ✉♥ $❡✉❧ ♣♦✐♥& ✭✈♦✐" ❧❛ ❞%♠♦♥$&"❛&✐♦♥ ❞❡ ❧❛

♣"♦♣♦$✐&✐♦♥ ❙✳✸✳✼ ❞❛♥$ ❬✶✸❪ ❝❛" γ20 < 1✮✳
?♦✉" l, j ≥ 0✱ ♦♥ ♣♦$❡ ✿

zl,j = τx ◦ Cγ(x̂)(Bj ∩ A
0
l ).

▲❡ ❧❡♠♠❡ $✉✐✈❛♥& %♥♦♥❝❡ ❞❡$ ♣"♦♣"✐%&%$ ❞❡ ❧❛ $✉✐&❡ (zl,j)l,j✳

▲❡♠♠❡ ✷✳✷✳✸✳ ▲❛ "✉✐%❡ (zl,j)l,j ✈()✐✜❡ ✿

✶✳ fm(zl,j) = zl−1,j+1 ♣♦✉) l ≥ 1, j ≥ 0✳

✷✳ ‖C−1
γ (x̂) ◦ τ−1

x (zl1,j) − C−1
γ (x̂) ◦ τ−1

x (zl2,j)‖ ≤ e−γ‖C−1
γ (x̂) ◦ τ−1

x (zl1−1,j+1) −
C−1

γ (x̂) ◦ τ−1
x (zl2−1,j+1)‖ ♣♦✉) l1, l2 ≥ 1 ❡% j ≥ 0✳

✸✳ ‖C−1
γ (x̂)◦τ−1

x (zl,j1)−C
−1
γ (x̂)◦τ−1

x (zl,j2)‖ ≥ eγ‖C−1
γ (x̂)◦τ−1

x (zl−1,j1+1)−C
−1
γ (x̂)◦

τ−1
x (zl−1,j2+1)‖ ♣♦✉) j1, j2 ≥ 0 ❡% l ≥ 1✳

2)❡✉✈❡✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛" ❧❛ ✿

❉'♠♦♥*+,❛+✐♦♥ ❞✉ ♣♦✐♥+ ✶ ✿

✷✼
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 ❛" ❝♦♥&'"✉❝'✐♦♥ ❞❡& A0
l ✱ ♦♥ ❛ ♣♦✉" l ≥ 1 ✿

gf̂m−1(x̂) ◦ · · · ◦ gx̂(A
0
l ) ⊂ Al ⊂ Bk1(0, he

γr(f̂m(x̂)))× Bk2(0, hr(f̂
m(x̂)))

❡' ♣♦✉" i = 0, · · · ,m− 1 ✿

gf̂ i−1(x̂) ◦ · · · ◦ gx̂(A
0
l ) ⊂ Bk1(0, hr(f̂

i(x̂)))× Bk2(0, he
γr(f̂ i(x̂)))

✭❝❛" ‖ψi(Y )‖ ≤ ‖ψi(Y ) − ψi(0)‖ + ‖ψi(0)‖ ≤ γ0e
−γeγhr(f̂ i(x̂)) + he−γr(f̂ i(x̂)) ≤

hr(f̂ i(x̂))✮✳
▲❡& ❛❜&❝✐&&❡& ❞❡ ❝❡& ❡♥&❡♠❜❧❡& &♦♥' ❞♦♥❝ ❞❛♥& ❧❛ ♣❛"'✐❡ 6✉❡ ❧✬♦♥ ❣❛"❞❡ 6✉❛♥❞ ♦♥

❢❛✐' ❧❡ ❝✉'✲♦✛ ♣♦✉" ❧❡ ♣♦✉&&< ❡♥ ❛✈❛♥'✱ ❝✬❡&'✲>✲❞✐"❡ ❞❛♥& ❧❛ ❝♦♥&'"✉❝'✐♦♥ ❞❡& Bj✳

❊♥ ♣❛"'✐❝✉❧✐❡"✱ Cγ(x̂)
−1τ−1

x τfm(x)Cγ(f̂
m(x̂))(gf̂m−1(x̂) ◦ · · · ◦ gx̂(C

−1
γ (x̂)τ−1

x zl,j)) ❡&'

❞❛♥& A0
l−1 ∩Bj+1✳ ❉✬♦A

{Cγ(x̂)
−1τ−1

x fm(zl,j)} = A0
l−1 ∩Bj+1 = {C−1

γ (x̂)τ−1
x zl−1,j+1}.

❉♦♥❝ fm(zl,j) = τx ◦ Cγ(x̂)C
−1
γ (x̂)τ−1

x zl−1,j+1 = zl−1,j+1✳

❈❡ 6✉✐ ❛❝❤D✈❡ ❧❛ ❞<♠♦♥&'"❛'✐♦♥ ❞✉ ♣♦✐♥' ✶✳

 ❛&&♦♥& ❛✉① ♣♦✐♥'& ✷ ❡' ✸ ❞✉ ❧❡♠♠❡✳ ▲❡✉"& ❞<♠♦♥&'"❛'✐♦♥& ✉'✐❧✐&❡"♦♥' ❧❡& ❞❡✉①

❧❡♠♠❡& &✉✐✈❛♥'& ✿

▲❡♠♠❡ ✷✳✷✳✹✳ ◆♦"♦♥$ Bi
j ♣♦✉' i = 0, · · · ,m ❧❡$ *"❛♣❡$ ✐♥"❡'♠*❞✐❛✐'❡$ ✭❛♣'0$ ❝✉"✲

♦✛✮ ❡♥"'❡ Bj ❡" Bj+1 ❧♦'$5✉❡ ❧✬♦♥ ❢❛✐" ❧❡$ ❝✉"✲♦✛ $✉❝❝❡$$✐❢$✳ ❊♥ ♣❛'"✐❝✉❧✐❡'✱ ♣♦✉'

i = 1, · · ·m− 1✱ Bi
j ❡$" ✉♥ ❣'❛♣❤❡ (X,ψ(X)) ❞❛♥$ ❧❡ '❡♣0'❡ ✿

C−1
γ (f̂ i(x̂))Eu(f̂

i(x̂))
⊕

C−1
γ (f̂ i(x̂))Es(f̂

i(x̂))

❛✉ ♠♦✐♥$ ❛✉✲❞❡$$✉$ ❞❡ Bk1(0, hr(f̂
i(x̂))) ⊂ C−1

γ (f̂ i(x̂))Eu(f̂
i(x̂))✱ Lip(ψ) ≤ γ0e

−γ
❡"

‖ψ(0)‖ ≤ hr(f̂ i(x̂))e−γ
✭♣♦✉' i = 0 ❝❡ $♦♥" ❧❡$ ♠>♠❡$ ❡$"✐♠*❡$ $❛♥$ ❧❡$ e−γ

❡" ♣♦✉'

i = m ❝✬❡$" Bk1(0, hr(f̂
m(x̂))eγ) ❛✉ ❧✐❡✉ ❞❡ Bk1(0, hr(f̂

m(x̂)))✮✳

B0
j = Bj ❡" C

−1
γ (x̂)τ−1

x τfm(x)Cγ(f̂
m(x̂))Bm

j ⊃ Bj+1 ✭❝✉"✲♦✛✮✳

❆❧♦'$ $✐ z1, z2 ∈ Bi
j (i = 0, · · · ,m− 1) ♦♥ ❛ ✿

‖gf̂ i(x̂)(z1)− gf̂ i(x̂)(z2)‖ ≥ e2γ‖z1 − z2‖.

@'❡✉✈❡✳ ❖♥ ❛ ✈✉ ❛✉ ♣"<❝<❞❡♠♠❡♥' ✭✈♦✐" ❧❡♠♠❡ ✷✳✷✳✶✮ 6✉❡ gf̂ i(x̂) &✬<❝"✐' ✿

gf̂ i(x̂)(X, Y ) = (AX +R(X, Y ), BY + U(X, Y ))

✷✽
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♦! (A,B) = diag(A1
γ(f̂

i(x̂)), · · · , Al
γ(f̂

i(x̂)))✱ ‖A−1‖−1 ≥ eχm0−γ
✱ ‖B‖ ≤ eχm0+1+γ

❡$

max(‖DR(X, Y )‖, ‖DU(X, Y )‖) ≤ 5h ♣♦✉' ‖(X, Y )‖ ≤ 5hr(f̂ i(x̂))✳
◆♦$♦♥+ (X,φ(X)) ❧❡ ❣'❛♣❤❡ 0✉✐ '❡♣'2+❡♥$❡ Bi

j✳ ❖♥ ❛ z1 = (X1, φ(X1)) ❡$ z2 =
(X2, φ(X2))✳

❉✬♦! ‖gf̂ i(x̂)(X1, φ(X1))− gf̂ i(x̂)(X2, φ(X2))‖ ❡+$ +✉♣2'✐❡✉' 6

‖A(X1 −X2)‖ − ‖R(X1, φ(X1))−R(X2, φ(X2))‖

− ‖U(X1, φ(X1))− U(X2, φ(X2))‖ − ‖B‖‖φ(X1)− φ(X2)‖

≥ ‖A−1‖−1‖X1 −X2‖ − 5h(1 + γ0)‖X1 −X2‖ − 5h(1 + γ0)‖X1 −X2‖

− γ0e
χm0+1+γ‖X1 −X2‖ ≥ (eχm0−γ − 12h− γ0e

χm0+1+γ)‖X1 −X2‖

✭♦♥ ❛ ✉$✐❧✐+2 0✉❡ ‖AX‖ ≥ ‖A−1‖−1‖X‖✮✳ ❖' ✿

eχm0−γ − γ0e
χm0+1+γ ≥ e4γ − γ0e

−4γ ≥︸︷︷︸
γ0<<γ

e3γ,

❞♦♥❝ ♣♦✉' h << γ, γ0 ♦♥ ❛ ✿

eχm0−γ − γ0e
χm0+1+γ − 12h ≥ e3γ − 12h ≥ e

5γ
2 .

❉❡ ♣❧✉+✱ ‖z1 − z2‖ ≤ (1 + γ0)‖X1 −X2‖ ≤ e
γ
4 ‖X1 −X2‖ ❝❡ 0✉✐ ❞♦♥♥❡ ✿

‖gf̂ i(x̂)(X1, φ(X1))− gf̂ i(x̂)(X2, φ(X2))‖ ≥ e
5γ
2 ‖X1 −X2‖ ≥ e2γ‖z1 − z2‖.

❈❡❧❛ ❛❝❤=✈❡ ❧❛ ❞2♠♦♥+$'❛$✐♦♥✳ ⋄

▲❡♠♠❡ ✷✳✷✳✺✳ ◆♦"♦♥$ Ai
l ♣♦✉' i = 0, · · · ,m ❧❡$ *"❛♣❡$ ✐♥"❡'♠*❞✐❛✐'❡$ ✭❛♣'0$ ❝✉"✲

♦✛✮ ❡♥"'❡ Al ❡" Al+1 ❧♦'$5✉❡ ❧✬♦♥ ❢❛✐" ❧❡$ ❝✉"✲♦✛ $✉❝❝❡$$✐❢$✳ ❊♥ ♣❛'"✐❝✉❧✐❡'✱ ♣♦✉'

i = 1, · · · ,m− 1✱ Ai
l ❡$" ✉♥ ❣'❛♣❤❡ (φ(Y ), Y ) ❞❛♥$ ❧❡ '❡♣0'❡

C−1
γ (f̂ i(x̂))Eu(f̂

i(x̂))
⊕

C−1
γ (f̂ i(x̂))Es(f̂

i(x̂))

❛✉ ♠♦✐♥$ ❛✉✲❞❡$$✉$ ❞❡ Bk2(0, hr(f̂
i(x̂))) ⊂ C−1

γ (f̂ i(x̂))Es(f̂
i(x̂)) ❛✈❡❝ Lip(φ) ≤

γ0e
−γ
❡" ‖φ(0)‖ ≤ hr(f̂ i(x̂))e−γ

✭♣♦✉' i = m ❝❡ $♦♥" ❧❡$ ♠>♠❡$ ❡$"✐♠*❡$ $❛♥$ ❧❡$

e−γ
❡" ♣♦✉' i = 0 ❝✬❡$" Bk2(0, hr(x̂)e

γ) ❛✉ ❧✐❡✉ ❞❡ Bk2(0, hr(x̂))✮✳
A0

l ❡$" ❧❡ ♠>♠❡ 5✉❡ ❞*✜♥✐ ♣'*❝*❞❡♠♠❡♥" ❡" A
m
l = Al

❆❧♦'$ $✐ z1, z2 ∈ Ai
l (i = 0, · · · ,m− 1) ♦♥ ❛ ✿

‖gf̂ i(x̂)(z1)− gf̂ i(x̂)(z2)‖ ≤ e−2γ‖z1 − z2‖.

✷✾
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 !❡✉✈❡✳ ❖♥ "❡♣"❡♥❞ ❧❡' ♠)♠❡' ♥♦+❛+✐♦♥' .✉❡ ❞❛♥' ❧❡ ❧❡♠♠❡ ♣"0❝0❞❡♥+✳

◆♦+♦♥' (φ(Y ), Y ) ❧❡ ❣"❛♣❤❡ .✉✐ "❡♣"0'❡♥+❡ Ai
l✳ ❖♥ ❛ z1 = (φ(Y1), Y1) ❡+ z2 =

(φ(Y2), Y2)✳ ❉✬♦8 ✿

‖gf̂ i(x̂)(φ(Y1), Y1)− gf̂ i(x̂)(φ(Y2), Y2)‖

≤ ‖A‖‖φ(Y1)− φ(Y2)‖+ ‖R(φ(Y1), Y1)−R(φ(Y2), Y2)‖

+ ‖U(φ(Y1), Y1)− U(φ(Y2), Y2)‖+ ‖B‖‖Y1 − Y2‖

≤ eχ1+γγ0‖Y1 − Y2‖+ 5h(1 + γ0)‖Y1 − Y2‖+ 5h(1 + γ0)‖Y1 − Y2‖

+ eχm0+1+γ‖Y1 − Y2‖ ≤ (γ0e
χ1+γ + 12h+ eχm0+1+γ)‖Y1 − Y2‖.

❖" ✿

γ0e
χ1+γ + eχm0+1+γ ≤ γ0e

χ1+γ + e−4γ ≤︸︷︷︸
γ0<<γ

e−
7γ
2 .

❉♦♥❝ ♣♦✉" h << γ, γ0✱ ♦♥ ❛ γ0e
χ1+γ + 12h+ eχm0+1+γ ≤ e−3γ

✳

❉❡ ♣❧✉' ‖z1 − z2‖ ≥ (1− γ0)‖Y1 − Y2‖ ≥ e−γ‖Y1 − Y2‖ ❝❡ .✉✐ ❞♦♥♥❡ ✿

‖gf̂ i(x̂)(φ(Y1), Y1)− gf̂ i(x̂)(φ(Y2), Y2)‖ ≤ e−3γ‖Y1 − Y2‖ ≤ e−2γ‖z1 − z2‖.

❈✬❡'+ ❝❡ .✉❡ ❧✬♦♥ ✈♦✉❧❛✐+ ❞0♠♦♥+"❡"✳

⋄

❯+✐❧✐'♦♥' ♠❛✐♥+❡♥❛♥+ ❝❡' ❞❡✉① ❧❡♠♠❡' ♣♦✉" ♠♦♥+"❡" ❧❡' ♣♦✐♥+' ✷ ❡+ ✸ ❞✉ ❧❡♠♠❡

✷✳✷✳✸✳

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ♣♦✐♥& ✷ ✿

❖♥ ❛ ✈✉ .✉❡ ♣♦✉" i = 0, · · · ,m−1✱ ♦♥ ❛ gf̂ i(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x (zl1,j)) ❞❛♥' ❧❛
♣❛"+✐❡ .✉❡ ❧✬♦♥ ❣❛"❞❡ .✉❛♥❞ ♦♥ ❢❛✐+ ❧❡ ❝✉+✲♦✛ ♣♦✉" ❝♦♥'+"✉✐"❡ Bj+1✱ ❝✬❡'+✲D✲❞✐"❡ .✉✬✐❧

❡'+ ❞❛♥' Bi+1
j ✳ ❊♥ ♣❛"+✐❝✉❧✐❡"✱ ♣❛" ❧❡ ❧❡♠♠❡ ✷✳✷✳✹ ♦♥ ❛ ✿

‖gf̂m−1(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x zl1,j)− gf̂m−1(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x zl2,j)‖

≥ e2γm‖C−1
γ (x̂)τ−1

x zl1,j − C−1
γ (x̂)τ−1

x zl2,j‖.

❖" ✿

τfm(x) ◦ Cγ(f̂
m(x̂)) ◦ gf̂m−1(x̂) ◦ · · · ◦ gx̂(C

−1
γ (x̂)τ−1

x zl1,j) = fm(zl1,j) = zl1−1,j+1

✸✵
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♣❛" ❧❡ ♣"❡♠✐❡" ♣♦✐♥) ❞✉ ❧❡♠♠❡ ✷✳✷✳✸✳

❉♦♥❝ 1✐ ♦♥ ♥♦)❡ C = C−1
γ (x̂)τ−1

x τfm(x)Cγ(f̂
m(x̂))✱ ♦♥ ❛ ✿

‖C−1
γ (x̂)τ−1

x zl1,j − C−1
γ (x̂)τ−1

x zl2,j‖

≤ e−2γm‖C−1(C ◦ gf̂m−1(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x zl1,j))

− C−1(C ◦ gf̂m−1(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x zl2,j))‖

≤ e−2γm‖DC−1‖ × ‖C−1
γ (x̂)τ−1

x zl1−1,j+1 − C−1
γ (x̂)τ−1

x zl2−1,j+1‖.

❖" C−1(w) = C−1
γ (f̂m(x̂))Cγ(x̂)w+C

−1
γ (f̂m(x̂))bm✱ ❞♦♥❝DC

−1 = C−1
γ (f̂m(x̂))Cγ(x̂)

❝❡ 5✉✐ ✐♠♣❧✐5✉❡ ‖DC−1‖ ≤ eγ 1✐ η << γ✳
❖♥ ❡♥ ❞6❞✉✐) ❧❡ ♣♦✐♥) ✷ ❞✉ ❧❡♠♠❡ ✷✳✷✳✸✳

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ♣♦✐♥& ✸ ✿

7♦✉" i = 0, · · · ,m − 1✱ ♦♥ ❛ gf̂ i(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x zl,j1) ❞❛♥1 Ai+1
l ✭♣❛"

❝♦♥1)"✉❝)✐♦♥ ❞❡1 Ai
l✮ ❞✬♦; ♣❛" ❧❡ ❧❡♠♠❡ ✷✳✷✳✺ ✿

‖gf̂m−1(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x zl,j1)− gf̂m−1(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x zl,j2)‖

≤ e−2γm‖C−1
γ (x̂)τ−1

x zl,j1 − C−1
γ (x̂)τ−1

x zl,j2‖.

❖" ✿

τfm(x) ◦ Cγ(f̂
m(x̂)) ◦ gf̂m−1(x̂) ◦ · · · ◦ gx̂(C

−1
γ (x̂)τ−1

x zl,j1) = fm(zl,j1) = zl−1,j1+1.

❉✬♦;✱ 1✐ ♦♥ ♥♦)❡ )♦✉❥♦✉"1 C = C−1
γ (x̂)τ−1

x τfm(x)Cγ(f̂
m(x̂))✱ ♦♥ ❛ ✿

‖C−1
γ (x̂)τ−1

x (zl−1,j1+1)− C−1
γ (x̂)τ−1

x (zl−1,j2+1)‖

= ‖C−1
γ (x̂)τ−1

x fm(zl,j1)− C−1
γ (x̂)τ−1

x fm(zl,j2)‖

= ‖C ◦ gf̂m−1(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x zl,j1)− C ◦ gf̂m−1(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x zl,j2)‖

≤ ‖DC‖e−2γm‖C−1
γ (x̂)τ−1

x (zl,j1)− C−1
γ (x̂)τ−1

x (zl,j2)‖.

❈♦♠♠❡ ♣"6❝6❞❡♠♠❡♥) ♦♥ ❛ DC(w) = C−1
γ (x̂)Cγ(f̂

m(x̂))w ❛✈❡❝ ‖DC‖ ≤ eγ 1✐

η << γ✱ ❞✬♦; ❧❡ ♣♦✐♥) ✸ ❞✉ ❧❡♠♠❡ ✷✳✷✳✸✳

❈❡❧❛ )❡"♠✐♥❡ ❧❛ ❞6♠♦♥1)"❛)✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✷✳✸✳

⋄

✸✶
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❖♥ ❝♦♥$✐♥✉❡ ❧❛ ❞+♠♦♥-$.❛$✐♦♥ ❞❡ ❧✬❡①✐-$❡♥❝❡ ❞✉ ♣♦✐♥$ z ❡$ ♦♥ ✈❛ ✉$✐❧✐-❡. ❧❡ ❧❡♠♠❡
✷✳✷✳✸ ♣♦✉. ❝❡❧❛✳

▲✬✐❞+❡ ❡-$ ❞❡ ❞+♠♦♥$.❡. 7✉❡ ❧❛ -✉✐$❡ (zl+1,l)l ❝♦♥✈❡.❣❡ ✈❡.- ✉♥ ♣♦✐♥$ ♣+.✐♦❞✐7✉❡
❞❡ f ✳
9❛. ❧❡ ❧❡♠♠❡ ✷✳✷✳✸✱ ♦♥ ❛

‖C−1
γ (x̂)τ−1

x zl+1,l − C−1
γ (x̂)τ−1

x zl,l‖

≤ e−γl‖C−1
γ (x̂)τ−1

x z1,2l − C−1
γ (x̂)τ−1

x z0,2l‖ ≤ 2hr(x̂)e−γl

❝❛. C−1
γ (x̂)τ−1

x z1,2l ❡$ C
−1
γ (x̂)τ−1

x z0,2l -♦♥$ ❞❛♥- B2l✳

❉❡ ♠<♠❡ ✿

‖C−1
γ (x̂)τ−1

x zl,l+1 − C−1
γ (x̂)τ−1

x zl,l‖

≤ e−γl‖C−1
γ (x̂)τ−1

x z2l,1 − C−1
γ (x̂)τ−1

x z2l,0‖ ≤ 2hr(x̂)e−γl,

❡$ ♣♦✉. l ≥ 1✱

‖C−1
γ (x̂)τ−1

x zl,l−1 − C−1
γ (x̂)τ−1

x zl,l‖

≤ e−γ(l−1)‖C−1
γ (x̂)τ−1

x z2l−1,0 − C−1
γ (x̂)τ−1

x z2l−1,1‖ ≤ 2hr(x̂)e−γ(l−1).

❊♥ ❝♦♠❜✐♥❛♥$ ❝❡- ✐♥+❣❛❧✐$+-✱ ♦♥ ♦❜$✐❡♥$ ✿

‖C−1
γ (x̂)τ−1

x zl+1,l − C−1
γ (x̂)τ−1

x zl,l−1‖ ≤ 4hr(x̂)e−γ(l−1).

❈❡❧❛ ✐♠♣❧✐7✉❡ 7✉❡ ❧❛ -✉✐$❡ (C−1
γ (x̂)τ−1

x zl+1,l)l≥0 ❡-$ ✉♥❡ -✉✐$❡ ❞❡ ❈❛✉❝❤② ❞❡ C
k
✳

❊♥ ❡✛❡$✱ -✐ q ≥ l ♦♥ ❛ ✿

‖C−1
γ (x̂)τ−1

x zq+1,q − C−1
γ (x̂)τ−1

x zl+1,l‖

≤ ‖C−1
γ (x̂)τ−1

x zq+1,q − C−1
γ (x̂)τ−1

x zq,q−1‖+ · · ·

+ ‖C−1
γ (x̂)τ−1

x zl+2,l+1 − C−1
γ (x̂)τ−1

x zl+1,l‖ ≤
∑

i≥l

4he−γi −→
l→+∞

0.

▲❛ -✉✐$❡ (C−1
γ (x̂)τ−1

x zl+1,l)l ❝♦♥✈❡.❣❡ ❞♦♥❝ ✈❡.- ✉♥ ♣♦✐♥$ 7✉❡ ❧✬♦♥ ♥♦$❡ C
−1
γ (x̂)τ−1

x z✳
❉❡ ♣❧✉-✱

‖C−1
γ (x̂)τ−1

x zl+1,l − C−1
γ (x̂)τ−1

x zl,l+1‖ ≤ 2hr(x̂)e−γl + 2hr(x̂)e−γl −→
l→+∞

0

✸✷
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❝❡ "✉✐ ♠♦♥()❡ "✉❡ zl,l+1 −→
l→+∞

z ❛✉++✐✳

▼♦♥()♦♥+ "✉❡ ❧❡ ♣♦✐♥( z ♦❜(❡♥✉ ✈2)✐✜❡ fm(z) = z✳
4♦✉) i = 0, · · · ,m−1 ❧❡ ♣♦✐♥( gf̂ i−1(x̂)◦· · ·◦gx̂(C

−1
γ (x̂)τ−1

x zl+1,l) ❡+( ❞❛♥+ ❧✬❡♥+❡♠❜❧❡

Bk1(0, hr(f̂
i(x̂)))× Bk2(0, e

γhr(f̂ i(x̂))) +✉) ❧❡"✉❡❧ gf̂ i(x̂) ❡+( ❝♦♥(✐♥✉❡✳ ❆✐♥+✐✱

fm(zl+1,l) = τfm(x)Cγ(f̂
m(x̂))gf̂m−1(x̂) ◦ · · · ◦ gx̂C

−1
γ (x̂)τ−1

x (zl+1,l) −→
l→+∞

fm(z).

❈♦♠♠❡ fm(zl+1,l) = zl,l+1 −→
l→+∞

z✱ ♦♥ ♦❜(✐❡♥( ❜✐❡♥ "✉❡ fm(z) = z✳

❈❡❧❛ (❡)♠✐♥❡ ❞♦♥❝ ❧❛ ❞2♠♦♥+()❛(✐♦♥ ❞✉ ♣♦✐♥( 1 ❞✉ ❈❧♦+✐♥❣ ▲❡♠♠❛✱ ❝✬❡+(✲=✲❞✐)❡

❧✬❡①✐+(❡♥❝❡ ❞✉ ♣♦✐♥( ♣2)✐♦❞✐"✉❡ z✳

✷✳✷✳✷ ❉#♠♦♥'()❛(✐♦♥ ❞✉ ❞❡✉①✐0♠❡ ♣♦✐♥( ❞✉ ❈❧♦'✐♥❣ ▲❡♠♠❛

■❧ +✬❛❣✐( ❞✬❡+(✐♠❡) ❧❛ ❞✐+(❛♥❝❡ ❡♥()❡ f i(x) ❡( f i(z) ♣♦✉) i = 0, · · · ,m✳

❖♥ +❡ ♣❧❛❝❡ ❞❛♥+ ❧❡ )❡♣A)❡ C−1
γ (x̂)Eu(x̂)

⊕
C−1

γ (x̂)Es(x̂) ❡( ♦♥ ♥♦(❡ yl := B0∩A
0
l ✳

4♦✉) i = 0, · · · ,m− 1✱ ♦♥ ❛ ✿

‖gf̂ i(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x zl,l+1)‖

≤ ‖gf̂ i(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x zl,l+1)− gf̂ i(x̂) ◦ · · · ◦ gx̂(yl)‖+ ‖gf̂ i(x̂) ◦ · · · ◦ gx̂(yl)‖.

▼❛✐+ gf̂ i(x̂)◦· · ·◦gx̂(yl) ∈ gf̂ i(x̂)◦· · ·◦gx̂(A
0
l ) ❡+( ❞❛♥+ ❧❛ ♣❛)(✐❡ "✉❡ ❧✬♦♥ ❣❛)❞❡ "✉❛♥❞

♦♥ ❢❛✐( ❧❡ ❝✉(✲♦✛ ♣♦✉) ❝♦♥+()✉✐)❡ B1 ✭✈♦✐) ❧❡ ❞2❜✉( ❞❡ ❧❛ ❞2♠♦♥+()❛(✐♦♥ ❞✉ ❧❡♠♠❡

✷✳✷✳✸✮✱ ✐❧ ❡+( ❞♦♥❝ ❞❛♥+ Bi+1
0 ✳ 4❛) ❧❡ ❧❡♠♠❡ ✷✳✷✳✹✱ ♦♥ ❛ ❞♦♥❝ ♣♦✉) i = 0, · · · ,m− 1 ✿

‖gf̂ i(x̂) ◦ · · · ◦ gx̂(yl)‖ = ‖gf̂ i(x̂) ◦ · · · ◦ gx̂(0)− gf̂ i(x̂) ◦ · · · ◦ gx̂(yl)‖

≤ e−2γ(m−i−1)‖gf̂m−1(x̂) ◦ · · · ◦ gx̂(0)− gf̂m−1(x̂) ◦ · · · ◦ gx̂(yl)‖

≤ e−2γ(m−i−1) × 2hr(f̂m(x̂)) ≤ 2he−2γ(m−i−1).

4❛) ❛✐❧❧❡✉)+✱ ♣❛) ❧❡ ❧❡♠♠❡ ✷✳✷✳✺✱ ♦♥ ❛ ❛✉++✐ ♣♦✉) i = 0, · · · ,m− 1 ✿

‖gf̂ i(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x zl,l+1)− gf̂ i(x̂) ◦ · · · ◦ gx̂(yl)‖

≤ e−2γi‖C−1
γ (x̂)τ−1

x zl,l+1 − yl‖ ≤ 2hr(x̂)e−2γi ≤ 2he−2γi.

❊♥ ❝♦♠❜✐♥❛♥( ❧❡+ ❞❡✉① ✐♥2❣❛❧✐(2+✱ ♦♥ ❡♥ ❞2❞✉✐( "✉❡ ✿

✸✸
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‖gf̂ i(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x zl,l+1)‖ ≤ 2he−2γ(m−i−1) + 2he−2γi

≤ 4hmax(e−2γi, e−2γ(m−i−1)).

❖♥ ❢❛✐% %❡♥❞(❡ l ✈❡(* ❧✬✐♥✜♥✐✱ ❡% ♣❛( ❝♦♥%✐♥✉✐%3 ✭❝♦♠♠❡ ♣(3❝3❞❡♠♠❡♥%✮✱ ♦♥ ♦❜✲
%✐❡♥% ✿

‖gf̂ i(x̂) ◦ · · · ◦ gx̂(C
−1
γ (x̂)τ−1

x z)‖ ≤ 4hmax(e−2γi, e−2γ(m−i−1)).

▼❛✐♥%❡♥❛♥% ❝♦♠♠❡ f i(z) = τf i(x) ◦ Cγ(f̂
i(x̂)) ◦ gf̂ i−1(x̂) ◦ · · · ◦ gx̂(C

−1
γ (x̂)τ−1

x z) ❡%

f i(x) = τf i(x) ◦ Cγ(f̂
i(x̂))(0)✱ ♣❛( ❧❡ %❤3♦(<♠❡ ❞❡* ❛❝❝(♦✐**❡♠❡♥%* ✜♥✐*✱ ♦♥ ❛ ♣♦✉(

i = 0, · · · ,m ✿

d(f i(x), f i(z)) ≤ C(X)‖Cγ(f̂
i(x̂))‖ × ‖gf̂ i−1(x̂) ◦ · · · ◦ gx̂(C

−1
γ (x̂)τ−1

x z)‖.

▼❛✐* ‖Cγ(f̂
i(x̂))‖ ≤ eγi‖Cγ(x̂)‖ ≤ eγi

r0
❝❛( ‖Cγ(x̂)‖ ❡*% %❡♠♣3(3❡ ❡% x̂ ∈ Λδ✳ ❉❡

♠?♠❡✱ ❝♦♠♠❡ f̂m(x̂) ∈ Λδ✱ ♦♥ ❛ ‖Cγ(f̂
i(x̂))‖ ≤ eγ(m−i)‖Cγ(f̂

m(x̂))‖ ≤ eγ(m−i)

r0
✳

❖♥ ♦❜%✐❡♥% ❞♦♥❝✱ ♣♦✉( i = 0, · · · ,m✱

d(f i(x), f i(z)) ≤ C(X)‖Cγ(f̂
i(x̂))‖4hmax(e−2γ(i−1), e−2γ(m−i))

≤ C(X)e2γ‖Cγ(f̂
i(x̂))‖4hmax(e−2γi, e−2γ(m−i)) ≤

C(X)e2γ4h

r0
max(e−γi, e−γ(m−i)).

■❧ *✉✣% ❛❧♦(* ❞❡ ♣(❡♥❞(❡ h *✉✣*❛♠♠❡♥% ♣❡%✐% ♣♦✉( B✉❡ C(X)4he2γ

r0
< ǫ ❡% ♦♥ ♦❜%✐❡♥%

❧✬❡*%✐♠3❡ B✉❡ ❧✬♦♥ ✈♦✉❧❛✐%✳

■❧ (❡*%❡ ❧❡ ♣♦✐♥% 3 ❞✉ ❈❧♦*✐♥❣ ▲❡♠♠❛ F ♠♦♥%(❡(✱ ❝✬❡*%✲F✲❞✐(❡ B✉❡ z ❡*% ❤②♣❡(❜♦✲
❧✐B✉❡✳

✷✳✷✳✸ ❉$♠♦♥()*❛)✐♦♥ ❞❡ ❧✬❤②♣❡*❜♦❧✐❝✐)$ ❞❡ z

◆♦✉* ❛❧❧♦♥* ♠♦♥%(❡( B✉❡ Dfm(z) ❛ m0 ✈❛❧❡✉(* ♣(♦♣(❡* ❞❡ ♠♦❞✉❧❡ *✉♣3(✐❡✉( F e
γ

❡% k −m0 ✈❛❧❡✉(* ♣(♦♣(❡* ❞❡ ♠♦❞✉❧❡ ✐♥❢3(✐❡✉( F e
−γ
✭♦♥ ❝♦♠♣%❡ ❛✈❡❝ ♠✉❧%✐♣❧✐❝✐%3✮✳

I♦✉( ❝❡❧❛ ♦♥ ✈❛ ❝♦♥*%(✉✐(❡ ❞❡* ✈❛(✐3%3* *%❛❜❧❡* ❡% ✐♥*%❛❜❧❡* ❡♥ z F ♣❛(%✐( ❞❡* *✉✐%❡*
(Bj)j ❡% (Al)l ♣(3❝3❞❡♥%❡*✳ ❈♦♠♠❡♥J♦♥* ♣❛( ❧❛ ✈❛(✐3%3 ✐♥*%❛❜❧❡✳
❖♥ *❡ ♣❧❛❝❡ ❞❛♥* ❧❡ (❡♣<(❡ C−1

γ (x̂)Eu(x̂)
⊕

C−1
γ (x̂)Es(x̂) ❡% ♦♥ ♥♦%❡ Gh ❧✬❡♥*❡♠❜❧❡

❞❡* ❣(❛♣❤❡* ❞❡ ❢♦♥❝%✐♦♥* ❤♦❧♦♠♦(♣❤❡* (X,ψ(X)) ❛✉✲❞❡**✉* ❞❡ Bk1(0, hr(x̂)) ⊂ C−1
γ (x̂)Eu(x̂)

❛✈❡❝ Lip(ψ) ≤ γ0 ❡% ‖ψ(0)‖ ≤ hr(x̂)✳ ▲❡* Bj *♦♥% ❞❛♥* Gh ♣❛( ❝♦♥*%(✉❝%✐♦♥✳

✸✹
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❖♥ ♠✉♥✐% Gh ❞❡ ❧❛ ♠*%+✐,✉❡ -✉✐✈❛♥%❡ ✿

d(graphe φ, graphe ψ) = max
t∈Bk1

(0,hr(x̂))
‖φ(t)− ψ(t)‖.

0❛+ ❧❡ %❤*♦+3♠❡ ❞✬❆-❝♦❧✐✱ (Gh, d) ❡-% +❡❧❛%✐✈❡♠❡♥% ❝♦♠♣❛❝% ✭♦♥ ❛ ✉♥❡ ❢❛♠✐❧❧❡
*,✉✐❝♦♥%✐♥✉❡ ❝❛+ Lip(ψ) ≤ γ0 ❡% ‖ψ(t)‖ ≤ ‖ψ(0)‖+‖ψ(t)−ψ(0)‖ ≤ hr(x̂)+γ0‖t‖ ≤
hr(x̂)(1 + γ0)✮✳
❯♥❡ ❧✐♠✐%❡ ✉♥✐❢♦+♠❡ ❞❡ ❢♦♥❝%✐♦♥- ❤♦❧♦♠♦+♣❤❡- *%❛♥% ❤♦❧♦♠♦+♣❤❡✱ (Gh, d) ❡-%

♠>♠❡ ❝♦♠♣❛❝%✳ ❖♥ ❛ ❛❧♦+- ✿

▲❡♠♠❡ ✷✳✷✳✻✳ (Bj)j ❡!" ✉♥❡ !✉✐"❡ ❞❡ ❈❛✉❝❤② ❞❡ (Gh, d)✳ ❊♥ ♣❛/"✐❝✉❧✐❡/ ✐❧ ❡①✐!"❡

B ∈ Gh "❡❧ 2✉❡ Bj −→
j→+∞

B✳

3/❡✉✈❡✳ ❈♦♠♠❡ ❞❛♥- ❧❛ ✜♥ ❞❡ ❧❛ ♣+❡✉✈❡ ❞❡ ❧✬❡①✐-%❡♥❝❡ ❞❡ z✱ ✐❧ -✉✣% ❞❡ ❞*♠♦♥%+❡+
,✉❡ ✿

∀j ≥ 0, d(Bj, Bj+1) ≤ e−γjd(B0, B1) ≤ e−γj3hr(x̂).

0♦✉+ ❝❡❧❛ ✐❧ ❡-% -✉✣-❛♥% ❞❡ ✈♦✐+ ,✉❡ ✿

∀j ≥ 0, d(Bj+1, Bj+2) ≤ e−γd(Bj, Bj+1).

❉❛♥- ❧❡ +❡♣3+❡ C−1
γ (f̂ i(x̂))Eu(f̂

i(x̂))
⊕

C−1
γ (f̂ i(x̂))Es(f̂

i(x̂))✱ ♦♥ ❝♦♥-✐❞3+❡ ♣♦✉+
i = 0, · · · ,m − 1✱ ❧✬❡♥-❡♠❜❧❡ Gi

h ❞❡- ❣+❛♣❤❡- ❞❡ ❢♦♥❝%✐♦♥- ❤♦❧♦♠♦+♣❤❡- (X,ψ(X))

❛✉✲❞❡--✉- ❞❡ Bk1(0, hr(f̂
i(x̂)) ❛✈❡❝ Lip(ψ) ≤ γ0 ❡% ‖ψ(0)‖ ≤ hr(f̂ i(x̂)) ♠✉♥✐ ❞❡ ❧❛

❞✐-%❛♥❝❡ di ❞*✜♥✐❡ ♣❛+ ✿

di(graphe φ, graphe ψ) = max
t∈Bk1

(0,hr(f̂ i(x̂)))

‖φ(t)− ψ(t)‖.

❖♥ ❛ d0 = d✳ ❖♥ ❝♦♥-✐❞3+❡ ❛✉--✐ Gm
h ❧✬❡♥-❡♠❜❧❡ ❞❡- ❣+❛♣❤❡- ❞❡ ❢♦♥❝%✐♦♥- ❤♦❧♦✲

♠♦+♣❤❡- (X,ψ(X)) ❛✉✲❞❡--✉- ❞❡ Bk1(0, e
γhr(f̂m(x̂)) ❛✈❡❝ Lip(ψ) ≤ γ0 ❡% ‖ψ(0)‖ ≤

hr(f̂m(x̂)) ♠✉♥✐ ❞❡ ❧❛ ❞✐-%❛♥❝❡ dm ❞*✜♥✐❡ ♣❛+ ✿

dm(graphe φ, graphe ψ) = max
t∈Bk1

(0,eγhr(f̂m(x̂)))

‖φ(t)− ψ(t)‖.

▲❡- Bi
j (i = 0, · · · ,m) -♦♥% ❞❛♥- Gi

h✳

❖♥ ❛ ♣♦✉+ i = 0, · · · ,m− 1 ❡% j ≥ 0 ✿

di+1(B
i+1
j , Bi+1

j+1) ≤ e−2γdi(B
i
j, B

i
j+1).

✸✺
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❊♥ ❡✛❡$ gf̂ i(x̂)(X, Y ) = (AX +R(X, Y ), BY +U(X, Y )) ❛✈❡❝ ‖A−1‖−1 ≥ eχm0−γ
✱

‖B‖ ≤ eχm0+1+γ
❡$max(‖DR(X, Y )‖, ‖DU(X, Y )‖) ≤ 5h ♣♦✉, ‖(X, Y )‖ ≤ 5hr(f̂ i(x̂))✳

❉♦♥❝ /✐ ♦♥ ♥♦$❡ (X,φ1(X)) ❧❡ ❣,❛♣❤❡ ❞❡ Bi
j✱ (X,ψ1(X)) ❧❡ ❣,❛♣❤❡ ✐♠❛❣❡ ♣❛,

gf̂ i(x̂) 6✉✐ ❝♦♥$✐❡♥$ B
i+1
j ✱ (X,φ2(X)) ❧❡ ❣,❛♣❤❡ ❞❡ Bi

j+1 ❡$ (X,ψ2(X)) ❧❡ ❣,❛♣❤❡ ✐♠❛❣❡

♣❛, gf̂ i(x̂) 6✉✐ ❝♦♥$✐❡♥$ B
i+1
j+1✱ ♦♥ ❛ ✿

‖ψ1(AX +R(X,φ1(X)))− ψ2(AX +R(X,φ1(X)))‖

≤ ‖ψ1(AX +R(X,φ1(X)))− ψ2(AX +R(X,φ2(X)))‖

+ ‖ψ2(AX +R(X,φ2(X)))− ψ2(AX +R(X,φ1(X)))‖.

▼❛✐/ gf̂ i(x̂)(X,φ1(X)) = (AX + R(X,φ1(X)), Bφ1(X) + U(X,φ1(X))) ❡/$ ✉♥

♣♦✐♥$ ❞❡ (X,ψ1(X)) ✭❡$ ❞❡ ♠:♠❡ ❡♥ ,❡♠♣❧❛;❛♥$ φ1 ♣❛, φ2 ❡$ ψ1 ♣❛, ψ2✮✱ ❞✬♦> ✿

‖ψ1(AX +R(X,φ1(X)))− ψ2(AX +R(X,φ1(X)))‖

≤ ‖Bφ1(X) + U(X,φ1(X))− Bφ2(X)− U(X,φ2(X))‖

+ γ0‖R(X,φ2(X))−R(X,φ1(X))‖

≤ ‖B‖‖φ1(X)− φ2(X)‖+ 5h‖φ1(X)− φ2(X)‖+ γ05h‖φ1(X)− φ2(X)‖

≤ (eχm0+1+γ + 5h(1 + γ0))‖φ1(X)− φ2(X)‖ ≤ e−2γ‖φ1(X)− φ2(X)‖.

Bi+1
j ❡$ Bi+1

j+1 /♦♥$ ❞❡/ /♦✉/✲♣❛,$✐❡/ ❞❡ (X,ψ1(X)) ❡$ (X,ψ2(X)) ❞✬♦> ✿

∀i = 0, · · · ,m− 1, ∀j ≥ 0, di+1(B
i+1
j , Bi+1

j+1) ≤ e−2γdi(B
i
j, B

i
j+1).

❖♥ ♦❜$✐❡♥$ ❛✐♥/✐ ✿

dm(B
m
j , B

m
j+1) ≤ e−2γmd0(B

0
j , B

0
j+1) = e−2γmd(Bj, Bj+1).

■❧ ❢❛✉$ ♠❛✐♥$❡♥❛♥$ ♣❛//❡, ❞❡ Bm
j D Bj+1✳

❖♥ ❛ Bj+1 6✉✐ ❡/$ ❧❡ ❝✉$✲♦✛ ❞❡ C
−1
γ (x̂) ◦ τ−1

x ◦ τfm(x) ◦ Cγ(f̂
m(x̂))(Bm

j )✳

❖♥ ,❡♣,❡♥❞ ❧❡/ ♥♦$❛$✐♦♥/ ✉$✐❧✐/E❡/ D /❛✈♦✐, C = C−1
γ (x̂) ◦ τ−1

x ◦ τfm(x) ◦Cγ(f̂
m(x̂))

6✉✐ /✬E❝,✐$ C(w) = g1(w) + C−1
γ (x̂)am ❛✈❡❝ g1(w) = C−1

γ (x̂)Cγ(f̂
m(x̂))w✳

❖♥ ❛ g1(X, Y ) = (AX+CY,BY +DX) ❛✈❡❝ ‖A−1‖−1 ≥ 1−ǫ(η)✱ ‖B‖ ≤ 1+ǫ(η)✱
‖C‖, ‖D‖ ≤ ǫ(η)✳ ❊♥ ♥♦$❛♥$ C−1

γ (x̂)am = (t1, t2)✱ ♦♥ ♣❡✉$ E❝,✐,❡✱

C(X, Y ) = (t1 + AX + CY, t2 +BY +DX).

❙✐ ♦♥ ,❡♣,❡♥❞ ❧❡ ❝❛❧❝✉❧ ♣,E❝E❞❡♥$ ❛✈❡❝ C D ❧❛ ♣❧❛❝❡ ❞❡ gf̂ i(x̂)✱ (X,φ1(X)) ♣♦✉,

Bm
j ✱ (X,φ2(X)) ♣♦✉, Bm

j+1 ❡$ (X,ψ1(X)), (X,ψ2(X)) ❧❡/ ✐♠❛❣❡/ ,❡/♣❡❝$✐✈❡/ ❞❡ ❝❡/
❣,❛♣❤❡/ ♣❛, ❈✱ ♦♥ ❛ ✿

✸✻
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‖ψ1(t1 + AX + Cφ1(X))− ψ2(t1 + AX + Cφ1(X))‖

≤ ‖ψ1(t1 + AX + Cφ1(X))− ψ2(t1 + AX + Cφ2(X))‖

+ ‖ψ2(t1 + AX + Cφ2(X))− ψ2(t1 + AX + Cφ1(X))‖

≤ ‖Bφ1(X) +DX −DX − Bφ2(X) + t2 − t2‖+ γ0‖C‖‖φ1(X)− φ2(X)‖

≤ (‖B‖+ γ0‖C‖)‖φ1(X)− φ2(X)‖ ≤ (1 + ǫ(η) + γ0ǫ(η))‖φ1(X)− φ2(X)‖

≤ eγ‖φ1(X)− φ2(X)‖ ♣♦✉# η << γ, γ0.

❈♦♠♠❡ Bj+1 ❡' Bj+2 (♦♥' ✐♥❝❧✉( ❞❛♥( (X,ψ1(X)) ❡' (X,ψ2(X))✱ ♦♥ ♦❜'✐❡♥' ✿

d(Bj+1, Bj+2) ≤ eγdm(B
m
j , B

m
j+1) ≤ eγe−2γmd(Bj, Bj+1) ≤ e−γd(Bj, Bj+1).

❈✬❡(' ❝❡ 3✉✬♦♥ ✈♦✉❧❛✐' ❞5♠♦♥'#❡#✳ ▲❛ (✉✐'❡ (Bj)j ❝♦♥✈❡#❣❡ ❞♦♥❝ ✈❡#( B ∈ Gh✳

❘❡♠❛#3✉♦♥( ❛✉((✐ 3✉❡ ❞❡ ❧❛ ♠:♠❡ ❢❛<♦♥✱ ❧❡( Bi
j ❝♦♥✈❡#❣❡♥' 3✉❛♥❞ j → +∞ ✈❡#(

Bi ∈ Gi
h ♣♦✉# i = 0, · · · ,m ✭❝❡❧❛ ❞5❝♦✉❧❡ ❞❡( ✐♥5❣❛❧✐'5( 3✉❡ ❧✬♦♥ ✈✐❡♥' ❞❡ ♠♦♥'#❡#✮✳

⋄

?❛((♦♥( ♠❛✐♥'❡♥❛♥' @ ❧❛ ✈❛#✐5'5 ('❛❜❧❡✳

❉❛♥( ❧❡ #❡♣B#❡ C−1
γ (x̂)Eu(x̂)

⊕
C−1

γ (x̂)Es(x̂)✱ ♦♥ ♥♦'❡ Gv ❧✬❡♥(❡♠❜❧❡ ❞❡( ❣#❛♣❤❡(

❞❡ ❢♦♥❝'✐♦♥( ❤♦❧♦♠♦#♣❤❡( (φ(Y ), Y ) ❛✉✲❞❡((✉( ❞❡ Bk2(0, he
γr(x̂)) ⊂ C−1

γ (x̂)Es(x̂)
♣♦✉# ❧❡(3✉❡❧( Lip(φ) ≤ γ0 ❡' ‖φ(0)‖ ≤ hr(x̂)✳ ▲❡( A0

l (♦♥' ❞❛♥( Gv✳

❖♥ ♠✉♥✐' Gv ❞❡ ❧❛ ♠5'#✐3✉❡ ✿

d(graphe φ, graphe ψ) = max
t∈Bk2

(0,heγr(x̂))
‖φ(t)− ψ(t)‖.

❈♦♠♠❡ ♣#5❝5❞❡♠♠❡♥'✱ ♣❛# ❧❡ '❤5♦#B♠❡ ❞✬❆(❝♦❧✐✱ (Gv, d) ❡(' ❝♦♠♣❛❝'✳

❖♥ ❛ ❛❧♦#( ✿

▲❡♠♠❡ ✷✳✷✳✼✳ (A0
l )l ❡!" ✉♥❡ !✉✐"❡ ❞❡ ❈❛✉❝❤② ❞❡ (Gv, d)✳ ❊♥ ♣❛/"✐❝✉❧✐❡/ ✐❧ ❡①✐!"❡

A0 ∈ Gv ❛✈❡❝ A0
l −→

l→+∞
A0

✳

3/❡✉✈❡✳ ❖♥ ✈❛ ♠♦♥'#❡# 3✉❡ ✿

∀l ≥ 1, d(A0
l , A

0
l+1) ≤ e−γd(A0

l−1, A
0
l )

❡' ❝❡❧❛ ✐♠♣❧✐3✉❡#❛ ❧❡ #5(✉❧'❛' ❝♦♠♠❡ ❛✉ ❧❡♠♠❡ ♣#5❝5❞❡♥'✳

✸✼
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❉❛♥# ❧❡ &❡♣(&❡ C−1
γ (f̂ i(x̂))Eu(f̂

i(x̂))
⊕

C−1
γ (f̂ i(x̂))Es(f̂

i(x̂))✱ ♦♥ ❝♦♥#✐❞(&❡✱ ♣♦✉&
i = 1, · · · ,m✱ ❧✬❡♥#❡♠❜❧❡ Gi

v ❞❡# ❣&❛♣❤❡# ❞❡ ❢♦♥❝5✐♦♥# ❤♦❧♦♠♦&♣❤❡# (φ(Y ), Y ) ❛✉✲

❞❡##✉# ❞❡ Bk2(0, hr(f̂
i(x̂)) ❛✈❡❝ Lip(φ) ≤ γ0 ❡5 ‖φ(0)‖ ≤ hr(f̂ i(x̂)) ♠✉♥✐ ❞❡ ❧❛

❞✐#5❛♥❝❡ di ❞8✜♥✐❡ ♣❛& ✿

di(graphe φ, graphe ψ) = max
t∈Bk2

(0,hr(f̂ i(x̂)))

‖φ(t)− ψ(t)‖.

▲❡# Ai
l #♦♥5 ❞❛♥# G

i
v ♣❛& ❝♦♥#5&✉❝5✐♦♥ ♣♦✉& i = 1, · · · ,m✳ ❉❡ ♣❧✉#✱ ♦♥ ❛ ✭❡♥ ♥♦5❛♥5

d0 = d✮

∀i = 0, · · · ,m− 1 ❡5 ∀l ≥ 0, di(A
i
l, A

i
l+1) ≤ e−2γdi+1(A

i+1
l , Ai+1

l+1).

❊♥ ❡✛❡5 ❝♦♠♠❡ ❞❛♥# ❧❡ ❧❡♠♠❡ ♣&8❝8❞❡♥5 gf̂ i(x̂)(X, Y ) = (AX + R(X, Y ), BY +

U(X, Y )) ❛✈❡❝ ‖A−1‖−1 ≥ eχm0−γ
✱ ‖B‖ ≤ eχm0+1+γ

❡5max(‖DR(X, Y )‖, ‖DU(X, Y )‖) ≤

5h ♣♦✉& ‖(X, Y )‖ ≤ 5hr(f̂ i(x̂))✳
❉♦♥❝ #✐ ♦♥ ♥♦5❡ (φ1(Y ), Y ) ❧❡ ❣&❛♣❤❡ ❞❡ Ai

l✱ (ψ1(Y ), Y ) #♦♥ ❣&❛♣❤❡ ✐♠❛❣❡ ♣❛&
gf̂ i(x̂) A✉✐ ❡#5 ✐♥❝❧✉# ❞❛♥# A

i+1
l ✱ (φ2(Y ), Y ) ❧❡ ❣&❛♣❤❡ ❞❡ Ai

l+1 ❡5 (ψ2(Y ), Y ) #♦♥ ❣&❛♣❤❡

✐♠❛❣❡ ♣❛& gf̂ i(x̂) A✉✐ ❡#5 ✐♥❝❧✉# ❞❛♥# A
i+1
l+1✱ ♦♥ ❛ ✿

‖ψ1(BY + U(φ1(Y ), Y ))− ψ2(BY + U(φ1(Y ), Y ))‖

≥ ‖ψ1(BY + U(φ1(Y ), Y ))− ψ2(BY + U(φ2(Y ), Y ))‖

− ‖ψ2(BY + U(φ2(Y ), Y ))− ψ2(BY + U(φ1(Y ), Y ))‖.

gf̂ i(x̂)(φ1(Y ), Y ) ❡#5 ✉♥ ♣♦✐♥5 ❞❡ (ψ1(Y ), Y ) ✭❡5 ❞❡ ♠B♠❡ ❡♥ &❡♠♣❧❛C❛♥5 φ1 ♣❛&

φ2 ❡5 ψ1 ♣❛& ψ2✮ ❞✬♦D ❧❛ A✉❛♥5✐58 ♣&8❝8❞❡♥5❡ ❡#5 #✉♣8&✐❡✉&❡ E

‖Aφ1(Y ) +R(φ1(Y ), Y )− Aφ2(Y )−R(φ2(Y ), Y )‖ − γ05h‖φ1(Y )− φ2(Y ))‖

≥ ‖A(φ1(Y )− φ2(Y ))‖ − (1 + γ0)5h‖φ1(Y )− φ2(Y )‖

≥ (eχm0−γ − 5h(1 + γ0))‖φ1(Y )− φ2(Y )‖

≥ e2γ‖φ1(Y )− φ2(Y )‖ ❝❛& (eχm0−γ − 5h(1 + γ0)) ≥ e2γ.

▲✬✐♠❛❣❡ ❞❡ Ai
l ♣❛& gf̂ i(x̂) ❡#5 ✐♥❝❧✉#❡ ❞❛♥# A

i+1
l ❞✬♦D ✿

∀i = 0, · · · ,m− 1 ❡5 ∀l ≥ 0, di+1(A
i+1
l , Ai+1

l+1) ≥ e2γdi(A
i
l, A

i
l+1).

❖♥ ♦❜5✐❡♥5 ❛✐♥#✐ ✿

d0(A
0
l , A

0
l+1) ≤ e−2γmdm(A

m
l , A

m
l+1).

✸✽
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❙✐ C−1 = C−1
γ (f̂m(x̂)) ◦ τ−1

fm(x) ◦ τx ◦ Cγ(x̂)✱ ♦♥ ❛ C−1(A0
l−1) ⊃ Al = Am

l ✭❝❛( ♦♥

❢❛✐* ✉♥ ❝✉*✲♦✛✮ ❞✬♦1 ✿

d0(A
0
l , A

0
l+1) = d(A0

l , A
0
l+1) ≤ e−2γmdm(A

m
l , A

m
l+1)

≤ e−2γmdm(C
−1(A0

l−1), C
−1(A0

l ))

≤ eγe−2γmd(A0
l−1, A

0
l ) ✭❡①❛❝*❡♠❡♥* ❝♦♠♠❡ ❛✉ ❧❡♠♠❡ ♣(8❝8❞❡♥*✮

≤ e−γd(A0
l−1, A

0
l ).

❈✬❡:* ❝❡ ;✉✬♦♥ ✈♦✉❧❛✐* ❞8♠♦♥*(❡(✳

⋄

❘❡♠❛(;✉♦♥: ❛✉::✐ ;✉❡ ❧❡: Ai
l ❝♦♥✈❡(❣❡♥* ;✉❛♥❞ l → +∞ ✈❡(: Ai

❞❛♥: Gi
v ♣♦✉(

i = 0, · · · ,m ♣❛( ❧❡: ✐♥8❣❛❧✐*8: ;✉❡ ❧✬♦♥ ❛ ♣(♦✉✈8❡:✳

❘❛♣♣❡❧♦♥: ;✉❡ ❧❡ ♣♦✐♥* zl,l+1 ✈8(✐✜❡ C
−1
γ (x̂)τ−1

x (zl,l+1) ∈ Bl+1∩A
0
l ✳ ❊♥ ♣❛(*✐❝✉❧✐❡(

;✉❛♥❞ l → +∞ ♦♥ ❛ C−1
γ (x̂)τ−1

x (z) ∈ B ∩ A0
✳

B ❡* A0
:♦♥* ❞❡: ❣(❛♣❤❡: ❞❡ ❢♦♥❝*✐♦♥: ❤♦❧♦♠♦(♣❤❡: ❝♦♠♠❡ ❧✐♠✐*❡: ✉♥✐❢♦(♠❡: ❞❡

❢♦♥❝*✐♦♥: ❤♦❧♦♠♦(♣❤❡:✳

❖♥ ✈❛ ♠❛✐♥*❡♥❛♥* ✉*✐❧✐:❡( ❝❡: ❞❡✉① ❡♥:❡♠❜❧❡: ♣♦✉( ♠♦♥*(❡( ;✉❡ z ❡:* ❤②♣❡(❜♦✲

❧✐;✉❡✳

❈❡❧❛ ✈❛ :❡ ❢❛✐(❡ ❡♥ ❞❡✉① 8*❛♣❡: ✿ *♦✉* ❞✬❛❜♦(❞ ♥♦✉: ❝♦♥:*(✉✐:♦♥: ❞❡: ❡:♣❛❝❡:

✐♥✈❛(✐❛♥*: Eu(z) ❡* Es(z) ♣✉✐: ❞❛♥: ✉♥❡ ❞❡✉①✐F♠❡ 8*❛♣❡ ♥♦✉: ❡:*✐♠❡(♦♥: ❧❡: ✈❛❧❡✉(:

♣(♦♣(❡: ❞❡ Dfm(z) ❞❡::✉:✳

❈♦♥#$%✉❝$✐♦♥ ❞❡ #♦✉#✲❡#♣❛❝❡# ✐♥✈❛%✐❛♥$# ✿

❖♥ ❛ gf̂m−1(x̂) ◦ · · · ◦ gx̂ ◦ C
−1
γ (x̂)τ−1

x (τx ◦ Cγ(x̂)(A
0
l )) ⊂ Am

l ❡*

Am
l ⊂ C−1

γ (f̂m(x̂)) ◦ τ−1
fm(x) ◦ τx ◦ Cγ(x̂)(A

0
l−1) ❝❡ ;✉✐ ✐♠♣❧✐;✉❡ ✿

τfm(x) ◦Cγ(f̂
m(x̂))◦gf̂m−1(x̂) ◦ · · · ◦gx̂ ◦C

−1
γ (x̂)τ−1

x (τx ◦Cγ(x̂)(A
0
l )) ⊂ τx ◦Cγ(x̂)(A

0
l−1).

❊♥ ♣❛::❛♥* G ❧❛ ❧✐♠✐*❡ :✉( l✱ ♦♥ ♦❜*✐❡♥* fm(τx ◦ Cγ(x̂)(A
0)) ⊂ τx ◦ Cγ(x̂)(A

0) ✭❡*
z = fm(z) ∈ fm(τx ◦ Cγ(x̂)(A

0))✮✳
❊♥ ♣❛(*✐❝✉❧✐❡( :✐ ♦♥ ♥♦*❡ Es(z) ❧✬❡:♣❛❝❡ *❛♥❣❡♥* G τx ◦ Cγ(x̂)(A

0) ❡♥ z✱ ♦♥ ❛ ✿

Dfm(z)(Es(z)) ⊂ Es(z).

❖♥ ✈❡((❛ ;✉❡ :✐ 0 ❡:* ✈❛❧❡✉( ♣(♦♣(❡ ❞❡ Dfm(z)✱ ❧✬✐♥❝❧✉:✐♦♥ Dfm(z)(Es(z)) ⊂
Es(z) ♣❡✉* H*(❡ :*(✐❝*❡✳

❋❛✐:♦♥: ✉♥ (❛✐:♦♥♥❡♠❡♥* ❛♥❛❧♦❣✉❡ ♣♦✉( ❧✬❡:♣❛❝❡ Eu(z)✳

✸✾
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❉❛♥# ❧❛ #✉✐'❡✱ ♦♥ ♥♦'❡ ∆0 = Bk1(0, hr(x̂))×Bk2(0, e
γhr(x̂))✱ ♣♦✉, i = 1, · · · ,m−1✱

∆i = Bk1(0, hr(f̂
i(x̂)))×Bk2(0, hr(f̂

i(x̂))) ❡'∆m = Bk1(0, e
γhr(f̂m(x̂)))×Bk2(0, hr(f̂

m(x̂)))✳
❊♥ ♣❛##❛♥' / ❧❛ ❧✐♠✐'❡ #✉, ❧❡# Bj ♦♥ ❛ ✿

C−1
γ (x̂)τ−1

x τfm(x)Cγ(f̂
m(x̂))(gf̂m−1(x̂)(· · · (gf̂(x̂)(gx̂(B)∩∆1)∩∆2) · · · )∩∆m)∩∆0 = B

✭❝✉'✲♦✛ #✉❝❝❡##✐❢#✮✳

▲❡ ♣♦✐♥' C−1
γ (x̂)τ−1

x (z) ❡#' ❞❛♥# B✱ ❡♥#✉✐'❡ gf̂ i(x̂) ◦· · ·◦gx̂(C
−1
γ (x̂)τ−1

x (z)) ❡#' ❞❛♥#

❧✬✐♥';,✐❡✉, ❞❡ ∆i+1 ♣♦✉, i = 0, · · · ,m−1 ❡' C−1
γ (x̂)τ−1

x τfm(x)Cγ(f̂
m(x̂))gf̂m−1(x̂)◦· · ·◦

gx̂(C
−1
γ (x̂)τ−1

x (z)) ❡#' ❞❛♥# ❧✬✐♥';,✐❡✉, ❞❡ ∆0✳

❖♥ ♣❡✉' ❞♦♥❝ ',♦✉✈❡, ✉♥ ✈♦✐#✐♥❛❣❡ U ❞❡ C−1
γ (x̂)τ−1

x (z) '❡❧ ?✉❡ gf̂ i(x̂)◦· · ·◦gx̂(U) ⊂

∆i+1 ♣♦✉, i = 0, · · · ,m−1 ❡' C−1
γ (x̂)τ−1

x τfm(x)Cγ(f̂
m(x̂))gf̂m−1(x̂) ◦ · · · ◦gx̂(U) ⊂ ∆0✳

❊♥ ♣❛,'✐❝✉❧✐❡, ✿

C−1
γ (x̂)τ−1

x τfm(x)Cγ(f̂
m(x̂))gf̂m−1(x̂) ◦ · · · ◦ gx̂(U ∩B) ⊂ B

❝❡ ?✉✐ ✐♠♣❧✐?✉❡ ?✉❡ fm(τxCγ(x̂)(U ∩ B)) ⊂ τxCγ(x̂)(B)✳
❙✐ ♦♥ ♥♦'❡ Eu(z) ❧✬❡#♣❛❝❡ '❛♥❣❡♥' / z ❡♥ τxCγ(x̂)(B)✱ ♦♥ ❛ ❝♦♠♠❡ ♣,;❝;❞❡♠♠❡♥' ✿

Dfm(z)Eu(z) ⊂ Eu(z).

❘❡♠❛$%✉❡✳ ❖♥ ✈❡,,❛ ?✉✬✐❝✐ ♦♥ ❛ ✉♥❡ ;❣❛❧✐';✱ ❝✬❡#'✲/✲❞✐,❡ ?✉❡ Dfm(z) ❡#' ✉♥ ✐#♦♠♦,✲
♣❤✐#♠❡ ❞❡ Eu(z) ❞❛♥# ❧✉✐✲♠B♠❡✳

❊!"✐♠❛"✐♦♥ ❞❡! ✈❛❧❡✉-! ♣-♦♣-❡! ❞❡ Dfm(z) ✿
❙♦✐' v ✉♥ ✈❡❝'❡✉, '❛♥❣❡♥' / A0

❛✉ ♣♦✐♥' C−1
γ (x̂)τ−1

x (z) ❛✈❡❝ v 6= 0✳
❖♥ ♥♦'❡ g = gf̂m−1(x̂) ◦ · · · ◦ gx̂ ❡' ♦♥ ✈❛ ;✈❛❧✉❡, ‖Dg(C

−1
γ (x̂)τ−1

x (z))v‖✳
❙✉♣♣♦#♦♥# ❞❛♥# ✉♥ ♣,❡♠✐❡, '❡♠♣# ?✉❡ ❝❡''❡ ?✉❛♥'✐'; ❡#' ♥♦♥ ♥✉❧❧❡✳ ❖♥ ❛ ✿

‖Dg(C−1
γ (x̂)τ−1

x (z))v‖

= ‖Dgf̂m−1(x̂)(gf̂m−2(x̂) ◦ · · · ◦ gx̂C
−1
γ (x̂)τ−1

x (z))D(gf̂m−2(x̂) ◦ · · · ◦ gx̂)(C
−1
γ (x̂)τ−1

x (z))(v)‖

=
‖Dgf̂m−1(x̂)(gf̂m−2(x̂) ◦ · · · ◦ gx̂C

−1
γ (x̂)τ−1

x (z))D(gf̂m−2(x̂) ◦ · · · ◦ gx̂)(C
−1
γ (x̂)τ−1

x (z))(v)‖

‖D(gf̂m−2(x̂) ◦ · · · ◦ gx̂)(C
−1
γ (x̂) ◦ τ−1

x (z))(v)‖

× ‖D(gf̂m−2(x̂) ◦ · · · ◦ gx̂)(C
−1
γ (x̂) ◦ τ−1

x (z))(v)‖,

♣✉✐# ♦♥ ,❡❝♦♠♠❡♥❝❡ ❝❡ ?✉❡ ❧✬♦♥ ✈✐❡♥' ❞❡ ❢❛✐,❡ ❛✈❡❝ gf̂m−2(x̂) ◦ · · · ◦ gx̂ ❛✉ ❧✐❡✉ ❞❡
gf̂m−1(x̂) ◦ · · · ◦ gx̂✳ ❆♣,D# m ❢♦✐# ♦♥ ❛ ✿

✹✵
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‖Dg(C−1
γ (x̂)τ−1

x (z))v‖ =
‖Dgf̂m−1(x̂)(Zm−1)(Um−1)‖

‖Um−1‖
× · · · ×

‖Dgx̂(Z0)(U0)‖

‖U0‖
‖U0‖

✭✷✳✶✮

❛✈❡❝ Zi = gf̂ i−1(x̂)◦· · ·◦gx̂C
−1
γ (x̂)τ−1

x (z) ❡) Ui = D(gf̂ i−1(x̂)◦· · ·◦gx̂)(C
−1
γ (x̂)τ−1

x (z))(v)
♣♦✉- i = 0, · · · ,m− 1✳

▼❛✐♥)❡♥❛♥) ♦♥ ❛ ✿

gf̂ i−1(x̂) ◦ · · · ◦ gx̂(A
0) ⊂ Ai = lim

l→+∞
Ai

l ♣❛- ❝♦♥2)-✉❝)✐♦♥.

❈❡❧❛ 2✐❣♥✐✜❡ 7✉❡ Ui ❡2) )❛♥❣❡♥) 8 Ai
❛✉ ♣♦✐♥) Zi✳

Ai
❡2) ✉♥ ❣-❛♣❤❡ ❞❡ ❧❛ ❢♦-♠❡ (φi(Y ), Y ) ❛✈❡❝ ‖Y ‖ ≤ hr(f̂ i(x̂)) ♣♦✉- i = 1, · · · ,m

❡) ‖Y ‖ ≤ eγhr(x̂) ♣♦✉- i = 0✳ ❖♥ ❛ ❛✉22✐ Lip(φi) ≤ γ0 ♣♦✉- i = 0, · · · ,m✳ ▲❡ ✈❡❝)❡✉-

Ui ❡2) ❞♦♥❝ ❞❡ ❧❛ ❢♦-♠❡ Ui = (Dφi(Y )αi, αi)✳

❖♥ ❛ ❛❧♦-2 ‖Dgf̂ i(x̂)(Zi)(Ui)‖ ≤ e−2γ‖Ui‖✳ ❊♥ ❡✛❡)✱ ♣♦✉- ‖(X, Y )‖ ≤ 5hr(f̂ i(x̂)) ✿

Dgf̂ i(x̂)(X, Y )(w1, w2) = (Aw1 +DR(X, Y )(w1, w2), Bw2 +DU(X, Y )(w1, w2))

❞✬♦C ✿

‖Dgf̂ i(x̂)(Zi)(w1, w2)‖ ≤ ‖A‖‖w1‖+ 10h‖(w1, w2)‖+ ‖B‖‖w2‖

❛✈❡❝ (w1, w2) = Ui✳ ▼❛✐2 ‖w1‖ = ‖Dφi(Y )αi‖ ≤ γ0‖αi‖ = γ0‖w2‖ ❡) ❞♦♥❝ ✿

‖Dgf̂ i(x̂)(Zi)(w1, w2)‖ ≤ (γ0‖A‖+ 10h(1 + γ0) + ‖B‖)‖w2‖

≤ (γ0e
χ1+γ + 10h(1 + γ0) + eχm0+1+γ)‖w2‖ ≤ e−3γ‖w2‖

✭✈♦✐- ❧❛ ❞D♠♦♥2)-❛)✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✷✳✺ ♣♦✉- ❧❛ ❞❡-♥✐F-❡ ✐♥D❣❛❧✐)D✮✳

❈❡))❡ ❞❡-♥✐F-❡ 7✉❛♥)✐)D ❡2) ❜✐❡♥ ♣❧✉2 ♣❡)✐)❡ 7✉❡ e−2γ‖Ui‖ ❝❛-

‖Ui‖ ≥ ‖w2‖ − ‖w1‖ ≥ (1− γ0)‖w2‖ ≥ e−γ‖w2‖.

❙✐ ♦♥ -❡♣-❡♥❞ ❧✬D7✉❛)✐♦♥ ✭✷✳✶✮✱ ♦♥ ♦❜)✐❡♥) ❛✐♥2✐

‖Dg(C−1
γ (x̂)τ−1

x (z))v‖ ≤ e−2γm‖v‖.

❈✬❡2) ❛✉22✐ ✈-❛✐ 2✐ ❧❡ ♠❡♠❜-❡ ❞❡ ❣❛✉❝❤❡ ❡2) ♥✉❧✳

❈♦♥2✐❞D-♦♥2 ❡♥❝♦-❡ C = C−1
γ (x̂)τ−1

x τfm(x)Cγ(f̂
m(x̂))✳ ❖♥ ❛ ✿

✹✶
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‖D(C ◦ g)(C−1
γ (x̂)τ−1

x (z))(v)‖

≤ ‖DC(g ◦ C−1
γ (x̂) ◦ τ−1

x (z))‖‖Dg(C−1
γ (x̂)τ−1

x (z))(v)‖

≤ ‖C−1
γ (x̂) ◦ Cγ(f̂

m(x̂))‖e−2γm‖v‖

≤ eγ−2γm‖v‖ ❝❛" η << γ

≤ e−γ‖v‖.

▼❛✐♥&❡♥❛♥& ♦♥ ✈❛ ✐&*"❡" ❝❡&&❡ ✐♥*❣❛❧✐&*✳ .♦✉" ❝❡❧❛✱ ♦♥ "❡♠❛"2✉❡ 2✉❡ ✿

(C ◦ g)(C−1
γ (x̂) ◦ τ−1

x (z)) = C−1
γ (x̂)τ−1

x ◦ fm(z) = C−1
γ (x̂) ◦ τ−1

x (z)

❡& (C ◦ g)(A0) ⊂ C(Am) ⊂ A0
✳

❖♥ ♣❡✉& ❞♦♥❝ "❡❝♦♠♠❡♥❝❡" ❡& ♣❛" ✉♥❡ ❢♦"♠✉❧❡ ❞✉ ♠8♠❡ &②♣❡ 2✉❡ ❝❡❧❧❡ ❞❡ ❧✬*2✉❛✲

&✐♦♥ ✭✷✳✶✮✱ ♦♥ ❛ ♣♦✉" k ≥ 1 ✿

‖D(C ◦ g ◦ · · · ◦ C ◦ g︸ ︷︷ ︸
k ❢♦✐@

)(C−1
γ (x̂) ◦ τ−1

x (z))(v)‖ ≤ e−γk‖v‖.

❊♥@✉✐&❡ ✿

D(C ◦ g ◦ · · · ◦ C ◦ g)(C−1
γ (x̂) ◦ τ−1

x (z))v

= D(C−1
γ (x̂) ◦ τ−1

x ◦ fmk ◦ τx ◦ Cγ(x̂))(C
−1
γ (x̂) ◦ τ−1

x (z))v

= D(C−1
γ (x̂) ◦ τ−1

x )(fmk(z)) ◦Dfmk(z) ◦D(τx ◦ Cγ(x̂))(C
−1
γ (x̂) ◦ τ−1

x (z))v,

❞✬♦B ✿

‖D(C ◦ g ◦ · · · ◦ C ◦ g)(C−1
γ (x̂) ◦ τ−1

x (z))v‖

≥ ‖D(C−1
γ (x̂) ◦ τ−1

x )(z)−1‖−1 × ‖Dfmk(z) ◦D(τx ◦ Cγ(x̂))(C
−1
γ (x̂) ◦ τ−1

x (z))v‖.

❙♦✐& w ∈ Es(z)✳ .❛" ❞*✜♥✐&✐♦♥ ❞❡ Es(z)✱ w @✬*❝"✐& w = D(τx◦Cγ(x̂))(C
−1
γ (x̂)τ−1

x (z))(v)
❛✈❡❝ v &❛♥❣❡♥& E A0

❡♥ C−1
γ (x̂)τ−1

x (z)✳ ❉✬♦B ✿

‖Dfmk(z)w‖ ≤ ‖D(C−1
γ (x̂)τ−1

x )(z)−1‖e−γk‖v‖ ≤ C(X, r0)e
−γk‖w‖.

❉♦♥❝ Dfm(z) ❡@& ❝♦♥&"❛❝&❛♥&❡ @✉" Es(z) ❡& @❡@ ✈❛❧❡✉"@ ♣"♦♣"❡@ @♦♥& ❞❡ ♠♦❞✉❧❡

✐♥❢*"✐❡✉" ♦✉ *❣❛❧ E e−γ
✳

.❛@@♦♥@ E Eu(z)✳ ❙♦✐& v ✉♥ ✈❡❝&❡✉" &❛♥❣❡♥& E B ❛✉ ♣♦✐♥& C−1
γ (x̂)τ−1

x (z) ❛✈❡❝

v 6= 0✳ ◆♦&♦♥@ Zi = gf̂ i−1(x̂) ◦ · · · ◦ gx̂C
−1
γ (x̂)τ−1

x (z) ❡& Ui = D(gf̂ i−1(x̂) ◦ · · · ◦

gx̂)(C
−1
γ (x̂)τ−1

x (z))(v) ♣♦✉" i = 1, · · · ,m− 1✳

✹✷
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❖♥ ❝♦♠♠❡♥❝❡ ♣❛( ❡)*✐♠❡( ‖Dgf̂ i(x̂)(Zi)Ui‖✳

❙✐ U ❡)* ✉♥ ♣❡*✐* ✈♦✐)✐♥❛❣❡ ❞❡ C−1
γ (x̂)τ−1

x (z) ♦♥ ❛ ✿

gf̂ i−1(x̂) ◦ · · · ◦ gx̂(U ∩ B) ⊂ Bi = lim
j→+∞

Bi
j ♣♦✉( i = 0, · · · ,m.

❊♥ ♣❛(*✐❝✉❧✐❡( Ui ❡)* *❛♥❣❡♥* 5 B
i
❡♥ Zi✳

❈♦♠♠❡ Bi
❡)* ✉♥ ❣(❛♣❤❡ ❞✉ *②♣❡ (X,ψi(X)) ❛✈❡❝ ‖X‖ ≤ hr(f̂ i(x̂)) ♣♦✉( i =

0, · · · ,m−1✱ ‖X‖ ≤ eγhr(f̂m(x̂)) ♣♦✉( i = m ❡* :✉❡ Lip(ψi) ≤ γ0 ♣♦✉( i = 0, · · · ,m✱
❧❡ ✈❡❝*❡✉( Ui ❡)* ❞❡ ❧❛ ❢♦(♠❡ Ui = (αi, Dψ

i(X)αi)✳
❖♥ ❛ ❛❧♦() ✿

‖Dgf̂ i(x̂)(Zi)Ui‖ ≥ e2γ‖Ui‖.

❊♥ ❡✛❡* ✿

Dgf̂ i(x̂)(X, Y )(w1, w2) = (Aw1 +DR(X, Y )(w1, w2), Bw2 +DU(X, Y )(w1, w2)),

❞✬♦> ✿

‖Dgf̂ i(x̂)(Zi)(w1, w2)‖

≥ ‖Aw1‖ − ‖DR(Zi)(w1, w2)‖ − ‖B‖‖w2‖ − ‖DU(Zi)(w1, w2)‖

≥ ‖A−1‖−1‖w1‖ − 5h‖(w1, w2)‖ − ‖B‖‖w2‖ − 5h‖(w1, w2)‖.

❖( Ui = (αi, Dψ
i(X)αi) = (w1, w2) ❞♦♥❝ ‖w2‖ ≤ γ0‖αi‖ = γ0‖w1‖✱ ❡* ❛✐♥)✐

‖Dgf̂ i(x̂)(Zi)(w1, w2)‖

≥ eχm0−γ‖w1‖ − 5h(1 + γ0)‖w1‖ − eχm0+1+γγ0‖w1‖ − 5h(1 + γ0)‖w1‖

= (eχm0−γ − 10h(1 + γ0)− γ0e
χm0+1+γ)‖w1‖.

❈♦♠♠❡ ‖(w1, w2)‖ ≤ (1 + γ0)‖w1‖ ♦♥ ♦❜*✐❡♥* ✿

‖Dgf̂ i(x̂)(Zi)Ui‖ ≥
eχm0−γ − 10h(1 + γ0)− γ0e

χm0+1+γ

1 + γ0
× ‖Ui‖ ≥ e2γ‖Ui‖

✭✈♦✐( ❧❛ ♣(❡✉✈❡ ❞✉ ❧❡♠♠❡ ✷✳✷✳✹ ♣♦✉( ❧❛ ❞❡(♥✐C(❡ ✐♥D❣❛❧✐*D✮✳

❘❡♠❛(:✉♦♥) :✉❡ ❝❡❧❛ ✐♠♣❧✐:✉❡ ❛✉))✐ :✉❡ Dgf̂ i(x̂)(Zi)(Ui) = Ui+1 ❡)* ♥♦♥ ♥✉❧ )✐

Ui 6= 0✳

✹✸
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❊♥ ♣❛$%✐❝✉❧✐❡$✱ ❝♦♠♠❡ U0 = v 6= 0✱ ♦♥ ❛ Ui 6= 0 ♣♦✉$ i = 0, · · · ,m− 1✳
▼❛✐♥%❡♥❛♥%✱ 0✐ ♦♥ ✉%✐❧✐0❡ ❧❛ ❢♦$♠✉❧❡ ❞❡ ❧✬45✉❛%✐♦♥ ✭✷✳✶✮✱ ♦♥ ❛ ✿

‖Dg(C−1
γ (x̂)τ−1

x (z))v‖ ≥ e2γm‖v‖,

❡% 0✐ ♦♥ ❝♦♠♣♦0❡ ♣❛$ C = C−1
γ (x̂)τ−1

x τfm(x)Cγ(f̂
m(x̂))✱ ♦♥ ♦❜%✐❡♥%

‖D(C ◦ g)(C−1
γ (x̂)τ−1

x (z))v‖

= ‖DC(g ◦ C−1
γ (x̂)τ−1

x (z)) ◦Dg(C−1
γ (x̂)τ−1

x (z))v‖

≥ ‖DC(g ◦ C−1
γ (x̂)τ−1

x (z))−1‖−1e2γm‖v‖

= ‖C−1
γ (f̂m(x̂)) ◦ Cγ(x̂)‖

−1e2γm‖v‖ ≥ e−γe2γm‖v‖ 0✐ η << γ

≥ eγ‖v‖.

❖♥ ✈❛ ✐%4$❡$ ❝❡%%❡ ✐♥4❣❛❧✐%4✳

?♦✉$ ❝❡❧❛✱ ♦♥ $❡♠❛$5✉❡ C ◦ g(C−1
γ (x̂)τ−1

x (z)) = C−1
γ (x̂)τ−1

x (z) ❡% 0✐ W1 ❡0% ✉♥

✈♦✐0✐♥❛❣❡ 0✉✣0❛♠♠❡♥% ♣❡%✐% ❞❡ C−1
γ (x̂)τ−1

x (z)✱ ♦♥ ❛ C ◦ g(B ∩W1) ⊂ B ∩ U ✳
❖♥ ♣❡✉% ❞♦♥❝ $❡❝♦♠♠❡♥❝❡$ ❝❡ 5✉❡ ❧✬♦♥ ✈✐❡♥% ❞❡ ❢❛✐$❡✳ ❊♥ ✐%4$❛♥% k ❢♦✐0 ❧❡ ♣$♦❝4❞4

✭5✉✐%%❡ A ♣$❡♥❞$❡ Wk A ❝❤❛5✉❡ ❢♦✐0✮✱ ♦♥ ❛ ♣❛$ ✉♥❡ ❢♦$♠✉❧❡ ❞✉ ♠C♠❡ %②♣❡ 5✉❡ ❝❡❧❧❡

❞❡ ❧✬45✉❛%✐♦♥ ✭✷✳✶✮ ✿

‖D(C ◦ g ◦ · · · ◦ C ◦ g)(C−1
γ (x̂)τ−1

x (z))(v)‖ ≥ eγk‖v‖.

❊♥0✉✐%❡ ❝♦♠♠❡ ♣$4❝4❞❡♠♠❡♥% ✿

D(C ◦ g ◦ · · · ◦ C ◦ g)(C−1
γ (x̂)τ−1

x (z))(v)

= D(C−1
γ (x̂)τ−1

x )(z) ◦Dfmk(z)(D(τx ◦ Cγ(x̂))(C
−1
γ (x̂)τ−1

x z)(v)),

❞✬♦E ✿

‖D(C ◦ g ◦ · · · ◦ C ◦ g)(C−1
γ (x̂)τ−1

x (z))(v)‖

≤ ‖D(C−1
γ (x̂)τ−1

x )(z)‖ × ‖Dfmk(z)(D(τx ◦ Cγ(x̂))(C
−1
γ (x̂)τ−1

x z)(v))‖.

❙♦✐% w ∈ Eu(z)✳ ?❛$ ❞4✜♥✐%✐♦♥ w = D(τx ◦ Cγ(x̂))(C
−1
γ (x̂)τ−1

x (z))(v) ❛✈❡❝ v
%❛♥❣❡♥% A B ❡♥ C−1

γ (x̂)τ−1
x (z)✳ ❉♦♥❝ eγk‖v‖ ≤ ‖D(C−1

γ (x̂)τ−1
x )(z)‖‖Dfmk(z)w‖ ♦✉

❡♥❝♦$❡ eγk‖w‖ ≤ C(X, r0)‖Df
mk(z)w‖✳ ❊♥ ♣❛$%✐❝✉❧✐❡$✱ Dfm(z) ❡0% ❞✐❧❛%❛♥%❡ 0✉$

Eu(z) ❡% 0❡0 ✈❛❧❡✉$0 ♣$♦♣$❡0 0♦♥% ❞❡ ♠♦❞✉❧❡ 0✉♣4$✐❡✉$ ♦✉ 4❣❛❧ A e
γ
✳

❈❡❧❛ %❡$♠✐♥❡ ❧❛ ❞4♠♦♥0%$❛%✐♦♥ ❞✉ ❈❧♦0✐♥❣ ▲❡♠♠❛✳

❋❛✐0♦♥0 ❞❡✉① $❡♠❛$5✉❡0 0✉♣♣❧4♠❡♥%❛✐$❡0 ✿

✹✹
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✶✳ ❚♦✉% ❞✬❛❜♦*❞ ❝♦♠♠❡ Dfm(z)|Eu(z) ❡.% ❞✐❧❛%❛♥%❡✱ Df
m(z) ❡.% ✉♥ ✐.♦♠♦*♣❤✐.♠❡

❞❡ Eu(z) ❞❛♥. ❧✉✐✲♠6♠❡✳ ❖♥ ❛ ❞♦♥❝ Dfm(z)Eu(z) = Eu(z)✳

✷✳ ▲✬✐♥❝❧✉.✐♦♥ Dfm(z)Es(z) ⊂ Es(z) ♣❡✉% 6%*❡ .%*✐❝%❡✳ ❊♥ ❡✛❡% KerDfm(z) ⊂
Es(z) ✭♣♦✉* ❧❡ ✈♦✐* ❢❛✐*❡ ✉♥❡ ❞?❝♦♠♣♦.✐%✐♦♥ ❞❡ v ∈ KerDfm(z) ❞❛♥. ✉♥❡ ❜❛.❡

❝♦♠♣♦.?❡ ❞❡ ✈❡❝%❡✉*. ❞❡ Es(z) ❡% Eu(z)✮✳

✹✺
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✹✻



❈❤❛♣✐%&❡ ✸

❆♣♣&♦①✐♠❛%✐♦♥ ♣❛& ❞❡/ ❇❡&♥♦✉❧❧✐

▲❡ ❜✉$ ❞❡ ❝❡ ❝❤❛♣✐$+❡ ❡,$ ❞❡ ❞-♠♦♥$+❡+ ❧❡ $❤-♦+2♠❡ ✶✳ ◆♦✉, ❛❧❧♦♥, ♣♦✉+ ❝❡❧❛ ,✉✐✈+❡

❧❛ ♠-$❤♦❞❡ ❞✬❆✳ ❑❛$♦❦ ❡$ ▲✳ ▼❡♥❞♦③❛ ✭✈♦✐+ ❬✶✸❪✮✳ ❈♦♠♠❡ ❞❛♥, ❧❡ ❈❧♦,✐♥❣ ▲❡♠♠❛✱ ❝❡

E✉✐ ❝❤❛♥❣❡ ❝✬❡,$ E✉❡ f ♥✬❡,$ ♣❛, ✐♥✈❡+,✐❜❧❡ ❡$ ♣♦,,2❞❡ ✉♥ ❡♥,❡♠❜❧❡ ❞✬✐♥❞-$❡+♠✐♥❛$✐♦♥✳
❖♥ ❣❛+❞❡ ❧❡, γ✱ δ ❡$ ǫ0 ❞✉ ❝❤❛♣✐$+❡ ✷✳ ❙♦✐$ ρ > 0 ❡$ ϕ1, · · · , ϕk0 ∈ C0(X,R)✳

❖♥ ✜①❡ 0 < r < 1 ♣❡$✐$ ❞❡ ,♦+$❡ E✉❡ 0 < r < ρ ❡$ hµ(f)

1+r
− 3r > hµ(f)− ρ✳

❖♥ ❝❤♦✐,✐$ ❡♥,✉✐$❡ ǫ > 0 ,✉✣,❛♠♠❡♥$ ♣❡$✐$ ♣♦✉+ E✉❡ d(x, y) < ǫ ✐♠♣❧✐E✉❡ |ϕi(x)−
ϕi(y)| <

r
2
♣♦✉+ i = 1, · · · , k0✳ ❈✬❡,$ ♣♦,,✐❜❧❡ ❝❛+ ❧❡, ❢♦♥❝$✐♦♥, ϕi ,♦♥$ ✉♥✐❢♦+♠-♠❡♥$

❝♦♥$✐♥✉❡, ✭X ❡,$ ❝♦♠♣❛❝$✮✳

M❛+ ❧❡ $❤-♦+2♠❡ ❞❡ ❇+✐♥✲❑❛$♦❦✱ ,✐ ♦♥ ♥♦$❡

Bm(x, ǫ) = {y ∈ X✱ d(f p(x), f p(y)) < ǫ ♣♦✉+ p = 0, · · ·m− 1},

♦♥ ❛

hµ(f) = lim
ǫ→0

lim inf
m→+∞

−
1

m
log µ(Bm(x, ǫ)) ♣♦✉+ µ− ♣+❡,E✉❡ $♦✉$ x.

❖♥ ♣♦,❡ ✿

Γǫ,m0 = {x, ∀m ≥ m0 µ(Bm(x, ǫ)) ≤ e−hµ(f)m+rm}.

❙✐ ǫ ❡,$ ❛,,❡③ ♣❡$✐$✱ ♦♥ ❛ ✿

1−
δ

2
≤ µ

({
x, lim inf

m→+∞
−

1

m
log µ(Bm(x, ǫ)) ≥ hµ(f)−

r

2

})
≤ µ(∪m0Γǫ,m0)

❞♦♥❝ µ(Γǫ,m0) ≥ 1− δ ,✐ m0 ❡,$ ❛,,❡③ ❣+❛♥❞✳

❉❛♥, ❧❛ ,✉✐$❡ ♦♥ ❝♦♥,✐❞2+❡ ❧❡ γ0 ✭E✉✐ -$❛✐$ ♣❡$✐$ ♣❛+ +❛♣♣♦+$ R γ✮✱ ❧❡ h ❡$ ❧❡ η ❞✉
❈❧♦,✐♥❣ ▲❡♠♠❛ ❡$ ❞❡ ,❛ ♣+❡✉✈❡✳ ❖♥ ♠❡$$+❛ ❞❡, ❝♦♥❞✐$✐♦♥, ✉♥ ♣❡✉ ♣❧✉, ❢♦+$❡, ,✉+ ❝❡,

✹✼
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 ✉❛♥$✐$&'  ✉❡ ❧✬♦♥ ❛✉,❛✐$ ♣✉ '✉♣♣♦'❡, ❞❛♥' ❧❛ ❞&♠♦♥'$,❛$✐♦♥ ❞✉ ❈❧♦'✐♥❣ ▲❡♠♠❛ '✐

♦♥ ✈♦✉❧❛✐$✳

❱♦✐❝✐ ♠❛✐♥$❡♥❛♥$ ❧❡ ♣❧❛♥ ❞❡ ❧❛ ♣,❡✉✈❡ ✿

❉❛♥' ✉♥ ♣,❡♠✐❡, $❡♠♣'✱ ♦♥ ✈❛ ❝♦♥'$,✉✐,❡ ŷ ∈ Λδ ❛✈❡❝ ❜❡❛✉❝♦✉♣ ❞❡ ,&❝✉,,❡♥❝❡

❛✉$♦✉, ❞❡ ❧✉✐✳ ❊♥'✉✐$❡ ♥♦✉' ✉$✐❧✐'❡,♦♥' ❝❡ ♣♦✐♥$ ♣♦✉, ❢❛❜,✐ ✉❡, ❧❡ ❝♦❞❛❣❡ ❡$ ✈&,✐✜❡,

❧❡' $,♦✐' ♣♦✐♥$' ❞✉ $❤&♦,?♠❡✳

✸✳✶ ❈♦♥&'(✉❝'✐♦♥ ❞✉ ŷ ∈ Λδ ❛✈❡❝ ❞❡ ❧❛ (1❝✉((❡♥❝❡

▲❡' {B(ŷ, η), ŷ ∈ Λδ} ❢♦,♠❡♥$ ✉♥ ,❡❝♦✉✈,❡♠❡♥$ ❞❡ Λδ  ✉✐ ❡'$ ❝♦♠♣❛❝$ ✿ ♦♥ ♣❡✉$

❞♦♥❝ $,♦✉✈❡, ✉♥ '♦✉'✲,❡❝♦✉✈,❡♠❡♥$ ✜♥✐ ∪t
i=1B(ŷi, η)✳

❙♦✐$ ξ ✉♥❡ ♣❛,$✐$✐♦♥ ✜♥✐❡ ❞❡ ❧✬❡①$❡♥'✐♦♥ ♥❛$✉,❡❧❧❡ X̂✱ ♣❧✉' ✜♥❡  ✉❡ (Λδ, X̂ \Λδ) ❡$
$❡❧❧❡  ✉❡ ❧❡ ❞✐❛♠?$,❡ ❞❡' &❧&♠❡♥$' ❞❡ ξ '♦✐$ ♣❧✉' ♣❡$✐$  ✉❡ ❧❛ ❝♦♥'$❛♥$❡ ❞❡ ▲❡❜❡'❣✉❡

❞✉ ,❡❝♦✉✈,❡♠❡♥$ ❞❡ Λδ ♣❛, ∪
t
i=1B(ŷi, η)✳

❖♥ ♥♦$❡ ✿

Λδ,m′

0
= {x̂ ∈ Λδ, ∀m ≥ m′

0 ♦♥ ❛ f̂ q(x̂) ∈ ξ(x̂) ♣♦✉, ✉♥ q ∈ [m,m(1 + r)] ❡$

∀i = 1, · · · , k0 ♦♥ ❛

∣∣∣∣∣
1

m

m−1∑

l=0

ϕi ◦ π(f̂
l(x̂))−

∫
ϕidµ

∣∣∣∣∣ <
r

2
}.

▲❡♠♠❡ ✸✳✶✳✶✳  ♦✉# m′
0 ❛%%❡③ ❣#❛♥❞✱ ♦♥ ❛ µ̂(Λδ,m′

0
) ≥ 1− 2δ✳

 #❡✉✈❡✳ ▲❡' ❢♦♥❝$✐♦♥' ϕi ◦π '♦♥$ ❝♦♥$✐♥✉❡' '✉, X̂✱ ❞♦♥❝ ♣❛, ❧❡ $❤&♦,?♠❡ ❞❡ ❇✐,❦❤♦✛✱

♦♥ ❛ '✉, ✉♥ ❡♥'❡♠❜❧❡ ❞❡ ♠❛''❡ 1 ♣♦✉, µ̂ ✿

1

m

m−1∑

l=0

ϕi ◦ π(f̂
l(x̂))

m
−→

∫
ϕi ◦ πdµ̂(x̂) =

∫
ϕidµ.

❈❡❧❛ ✐♠♣❧✐ ✉❡  ✉❡

⋃

m1

{
x̂, ∀m ≥ m1 ✱ ∀i = 1, · · · , k0 ♦♥ ❛

∣∣∣∣∣
1

m

m−1∑

l=0

ϕi ◦ π(f̂
l(x̂))−

∫
ϕidµ

∣∣∣∣∣ <
r

2

}

❡'$ ❞❡ ♠❡'✉,❡ 1 ♣♦✉, µ̂✳

❙✐ m1 ❡'$ ❛''❡③ ❣,❛♥❞ ♦♥ ❛ ❞♦♥❝ ✿

✹✽
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µ̂

({
x̂, ∀m ≥ m1 ✱ ∀i = 1, · · · , k0 ♦♥ ❛

∣∣∣∣∣
1

m

m−1∑

l=0

ϕi ◦ π(f̂
l(x̂))−

∫
ϕidµ

∣∣∣∣∣ <
r

2

})
≥ 1−

δ

2
.

❙♦✐& ♠❛✐♥&❡♥❛♥& C ∈ ξ ❛✈❡❝ C ⊂ Λδ✳ ❖♥ -✉♣♣♦-❡ 0✉❡ µ̂(C) > 0✳

❙✐ ♦♥ ❛♣♣❧✐0✉❡ ❧❡ &❤3♦45♠❡ ❞❡ ❇✐4❦❤♦✛ : ❧❛ ❢♦♥❝&✐♦♥ x̂ → χC(x̂) ✭0✉✐ ✈❛✉& 1 -✉4

C ❡& 0 ❛✐❧❧❡✉4-✮✱ ♦♥ ❛ ✿

1

m

m−1∑

l=0

χC(f̂
l(x̂))

m
−→

∫
χC(x̂)dµ̂(x̂) = µ̂(C)

-✉4 ✉♥ ❡♥-❡♠❜❧❡ ❞❡ ♠❛--❡ 1 ♣♦✉4 µ̂✳

❈❡❧❛ -✐❣♥✐✜❡ ❡♥ ♣❛4&✐❝✉❧✐❡4 0✉❡ ✿

⋃

m2

{x̂, ∀m ≥ m2 ♦♥ ❛

1

m

m−1∑

l=0

χC(f̂
l(x̂)) < µ̂(C)(1 +

r

3
) ❡&

1

[m(1 + r)] + 1

[m(1+r)]∑

l=0

χC(f̂
l(x̂)) > µ̂(C)(1−

r

3
)}

❡-& ❞❡ ♠❡-✉4❡ 1 ♣♦✉4 µ̂✳

❙✐ m2 = m2(C) ❡-& ❛--❡③ ❣4❛♥❞✱ ♦♥ ❛ ❞♦♥❝ ✿

µ̂(Γ(C)) = µ̂({x̂ ∈ C, ∀m ≥ m2 ♦♥ ❛

1

m

m−1∑

l=0

χC(f̂
l(x̂)) < µ̂(C)(1 +

r

3
) ❡&

1

[m(1 + r)] + 1

[m(1+r)]∑

l=0

χC(f̂
l(x̂)) > µ̂(C)(1−

r

3
)}) ≥ µ̂(C)−

δ

2cardξ
.

❙✐ x̂ ❡-& ❞❛♥- Γ(C) ❡& -✐ f̂ l(x̂) /∈ C ♣♦✉4 l = m, · · · , [m(1 + r)] ✭❛✈❡❝ m ≥ m2✮✱

♦♥ ❛ ✿

(1 + r)(1−
r

3
)µ̂(C) <

1

m

[m(1+r)]∑

l=0

χC(f̂
l(x̂)) =

1

m

m−1∑

l=0

χC(f̂
l(x̂)) < µ̂(C)(1 +

r

3
),

❞✬♦E ✿

✹✾
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(1 + r)(1−
r

3
) < 1 +

r

3
=⇒

r

3
<
r2

3
✱ ❝❡ #✉✐ ❡&' ❛❜&✉*❞❡✳

❈❡❧❛ &✐❣♥✐✜❡ #✉❡ ♣♦✉* x̂ ∈ Γ(C) ♦♥ ❛ ✿ ∀m ≥ m2(C)✱ x̂ ∈ C ❡' ✐❧ ❡①✐&'❡ q ∈

[m,m(1 + r)] ❛✈❡❝ f̂ q(x̂) ∈ C = ξ(x̂)✳ ❙♦✐'

m2 = max
C∈ξ,C⊂Λδ ,µ̂(C)>0

m2(C).

▲✬❡♥&❡♠❜❧❡ {x̂ ∈ Λδ, ∀m ≥ m2 ✐❧ ❡①✐&'❡ q ∈ [m,m(1 + r)] ❛✈❡❝ f̂ q(x̂) ∈ ξ(x̂)}
❝♦♥'✐❡♥' ❞♦♥❝

⋃
C∈ξ,C⊂Λδ ,µ̂(C)>0 Γ(C)✳ ❖♥ ❡♥ ❞<❞✉✐' #✉❡ ✿

µ̂({x̂ ∈ Λδ, ∀m ≥ m2 ✐❧ ❡①✐&'❡ q ∈ [m,m(1 + r)] ❛✈❡❝ f̂ q(x̂) ∈ ξ(x̂)})

≥ µ̂(Λδ)−
δ

2
≥ 1−

3δ

2
.

❆✐♥&✐ &✐ m′
0 = max(m1,m2)✱ ♦♥ ❛ ✿

µ̂(Λδ,m′

0
) ≥ 1−

δ

2
−

3δ

2
= 1− 2δ

❝❛* Λδ,m′

0
❝♦♥'✐❡♥'

{
x̂, ∀m ≥ m1 ✱ ∀i = 1, · · · , k0 ♦♥ ❛

∣∣∣∣∣
1

m

m−1∑

l=0

ϕi ◦ π(f̂
l(x̂))−

∫
ϕidµ

∣∣∣∣∣ <
r

2

}

✐♥'❡*&❡❝'< ❛✈❡❝

{
x̂ ∈ Λδ, ∀m ≥ m2 ✐❧ ❡①✐&'❡ q ∈ [m,m(1 + r)] ❛✈❡❝ f̂ q(x̂) ∈ ξ(x̂)

}
.

❈❡❧❛ ❞<♠♦♥'*❡ ❧❡ ❧❡♠♠❡✳

⋄

▼❛✐♥'❡♥❛♥' ♦♥ ❛ µ(π(Λδ,m′

0
) ∩ Γǫ,m0) ≥ 1− 3δ✳ ?♦✉* m ≥ max(m0,m

′
0)✱ &♦✐' Em

✉♥ ❡♥&❡♠❜❧❡ (m, ǫ)✲&<♣❛*< ❞❡ ❝❛*❞✐♥❛❧ ♠❛①✐♠❛❧ ❞❛♥& π(Λδ,m′

0
) ∩ Γǫ,m0 ✳

❙✐ x ∈ Em✱ ♦♥ ❛ µ(Bm(x, ǫ)) ≤ e−hµ(f)m+rm
✳ ▲❡ ❝❛*❞✐♥❛❧ ❞❡ Em ❡&' ❞♦♥❝ &✉♣<*✐❡✉*

A (1− 3δ)ehµ(f)m−rm
✳

?♦✉* q = m, · · · , [(1 + r)m]✱ ♦♥ ♣♦&❡ Vq = {x ∈ Em, f̂
q(x̂) ∈ ξ(x̂)} ♦B x̂ ❡&' ✉♥

♣♦✐♥' ❞❡ Λδ,m′

0
#✉✐ &❡ ♣*♦❥❡''❡ &✉* x✳

❙♦✐' n #✉✐ ♠❛①✐♠✐&❡ ❧❡ ❝❛*❞✐♥❛❧ ❞❡ Vq✳ ❖♥ ❛ ✿

✺✵



✸✳✷✳ ❈❖◆❙❚❘❯❈❚■❖◆ ❉❯ ❈❖❉❆●❊

card Vn ≥
(1− 3δ)ehµ(f)m−rm

rm+ 1
≥ (1− 3δ)ehµ(f)m−2rm ≥

1

2
ehµ(f)m−2rm.

❙♦✐# x ∈ Vn✳ ❖♥ ❛ f̂
n(x̂) ∈ ξ(x̂) ❡# ❛❧♦*+ d(x̂, f̂n(x̂)) ≤ ❞✐❛♠(ξ(x̂)) .✉✐ ❡+# ❧✉✐✲♠1♠❡

♣❧✉+ ♣❡#✐# .✉❡ ❧❛ ❝♦♥+#❛♥#❡ ❞❡ ▲❡❜❡+❣✉❡ ❞✉ *❡❝♦✉✈*❡♠❡♥# ❞❡ Λδ ♣❛* ∪
t
i=1B(ŷi, η)✳

❊♥ ♣❛*#✐❝✉❧✐❡* ✐❧ ❡①✐+#❡ i ∈ {1, · · · , t} #❡❧ .✉❡ x̂ ❡# f̂n(x̂) +♦♥# ❞❛♥+ B(ŷi, η)✳
❙♦✐# i .✉✐ ♠❛①✐♠✐+❡ ❧❡ ♥♦♠❜*❡ ❞❡ x ∈ Vn .✉✐ ✈:*✐✜❡♥# ❝❡##❡ ♣*♦♣*✐:#:✳ ❖♥ ♥♦#❡*❛

ŷ = ŷi✱ y = π(ŷ)✱ ❡# N ❧❡ ♥♦♠❜*❡ ❞❡ x ∈ Vn ❛✈❡❝ x̂ ❡# f̂n(x̂) ❞❛♥+ B(ŷ, η)✳ ❖♥ ❛

N ≥ ehµ(f)m−2rm

2t
✳

❈✬❡+# ❧❡ ♣♦✐♥# ŷ ∈ Λδ .✉❡ ❧✬♦♥ ✈♦✉❧❛✐# ❝♦♥+#*✉✐*❡✳

❘❡♠❛*.✉♦♥+ .✉❡

ehµ(f)m−2rm

2t
≥ ehµ(f)m−3rm

+✐ ♦♥ ♣*❡♥❞ m ❣*❛♥❞ ❡# .✉❡ ❝❡ ♥♦♠❜*❡

❡+# +✉♣:*✐❡✉* @ ehµ(f)
n

1+r
−3rn

❝❛* m ≤ n ≤ (1 + r)m✳

❖♥ ❛ ❞♦♥❝ N ≥ ehµ(f)n−ρn
❣*A❝❡ @ ❧✬❤②♣♦#❤D+❡ ❢❛✐#❡ +✉* r ❛✉ ❞:❜✉#✳ ❊♥ ♣❛*#✐❝✉❧✐❡*✱

.✉✐##❡ @ *:❞✉✐*❡ ❧❡ ♥♦♠❜*❡ ❞❡ ♣♦✐♥#+✱ ♦♥ ♣*❡♥❞*❛ ❞❛♥+ ❧❛ +✉✐#❡ N = ehµ(f)n−ρn
❡# ♥♦✉+

♥♦#❡*♦♥+ x1, · · · , xN ❧❡+ x ❞❡ Vn #❡❧+ .✉❡ x̂ ❡# f̂n(x̂) +♦♥# ❞❛♥+ B(ŷ, η)✳
F❛* ❝♦♥+#*✉❝#✐♦♥ x1, · · · , xN +♦♥# ❞❛♥+ π(Λδ,m′

0
) ❡# ♥♦✉+ ❛♣♣❡❧❧❡*♦♥+ x̂1, · · · , x̂N

❞❡+ ♣♦✐♥#+ ❞❡ Λδ,m′

0
.✉✐ +❡ ♣*♦❥❡##❡♥# +✉* ❡✉① ✭❡# .✉✐ ✈:*✐✜❡♥# x̂i, f̂

n(x̂i) ❞❛♥+ B(ŷ, η)✮✳
◆♦✉+ ❛❧❧♦♥+ ♠❛✐♥#❡♥❛♥# ✉#✐❧✐+❡* ❝❡+ ♣♦✐♥#+ ♣♦✉* ❝♦♥+#*✉✐*❡ ❧❡ ❝♦❞❛❣❡✳

✸✳✷ ❈♦♥&'(✉❝'✐♦♥ ❞✉ ❝♦❞❛❣❡

◆♦✉+ ✉#✐❧✐+❡*♦♥+ ❧❡ ❧❡♠♠❡ +✉✐✈❛♥# ✿

▲❡♠♠❡ ✸✳✷✳✶✳  ♦✉# η > 0 ♣❡&✐&✱ ♦♥ ❛ ✿
♣♦✉# &♦✉& x̂, ŷ ∈ Λδ ❛✈❡❝ d(x̂, ŷ) < η✱ .✐ (X,ψ(X)) ❡.& ✉♥ ❣#❛♣❤❡ ❛✉✲❞❡..✉. ❞✬✉♥❡
♣❛#&✐❡ ❞❡ C−1

γ (ŷ)Eu(ŷ) ✭❞❛♥. ❧❡ #❡♣6#❡ C
−1
γ (ŷ)Eu(ŷ) ⊕ C−1

γ (ŷ)Es(ŷ)✮ ♣♦✉# ‖X‖ ≤

e
γ
2 r(ŷ)h ✭#❡.♣❡❝&✐✈❡♠❡♥& ‖X‖ ≤ eγr(ŷ)h✮ ❛✈❡❝ ‖ψ(0)‖ ≤ e−

γ
2 r(ŷ)h ✭#❡.♣❡❝&✐✈❡♠❡♥&

‖ψ(0)‖ ≤ e−γr(ŷ)h✮ ❡& Lip(ψ) ≤ γ0e
− γ

2
✭#❡.♣❡❝&✐✈❡♠❡♥& Lip(ψ) ≤ γ0e

−γ
✮ ❛❧♦#.

❧✬✐♠❛❣❡ ❞❡ ❝❡ ❣#❛♣❤❡ ♣❛# C = C−1
γ (x̂)τ−1

x τyCγ(ŷ) ❡.& ✉♥ ❣#❛♣❤❡ (X,φ(X)) ❛✉✲❞❡..✉.
❞✬✉♥❡ ♣❛#&✐❡ ❞❡ C−1

γ (x̂)Eu(x̂) ♣♦✉# ❛✉ ♠♦✐♥. ‖X‖ ≤ r(x̂)h ✭#❡.♣❡❝&✐✈❡♠❡♥& ‖X‖ ≤

e
γ
2 r(x̂)h✮ ❛✈❡❝ ‖φ(0)‖ ≤ r(x̂)h ✭#❡.♣❡❝&✐✈❡♠❡♥& ‖φ(0)‖ ≤ e−

3γ
4 r(x̂)h✮ ❡& Lip(φ) ≤ γ0

✭#❡.♣❡❝&✐✈❡♠❡♥& Lip(φ) ≤ γ0e
− γ

2
✮✳

 #❡✉✈❡✳ ❈✬❡+# ❡①❛❝#❡♠❡♥# ❝❡ .✉❡ ❧✬♦♥ ❛ ❢❛✐# ❞❛♥+ ❧❛ ❞:♠♦♥+#*❛#✐♦♥ ❞✉ ❈❧♦+✐♥❣ ▲❡♠♠❛

✭✈♦✐* ❛♣*D+ ❧❡ ❧❡♠♠❡ ✷✳✷✳✶✮✳ ■❧ +✉✣# ❞❡ *❡♠♣❧❛❝❡* f̂m(x̂) ♣❛* ŷ ❡# ❞❡ ♠❡##*❡ ❞❡+ ❝♦♥❞✐✲

#✐♦♥+ ✉♥ ♣❡✉ ♣❧✉+ ❢♦*#❡+ +✉* ❧❡+ γ0✱ h ❡# η✳ ❈❡+ ❝♦♥❞✐#✐♦♥+ ♣♦✉✈❛✐❡♥# 1#*❡ +✉♣♣♦+:❡+
❞❛♥+ ❧❡ ❈❧♦+✐♥❣ ▲❡♠♠❛ +✐ ♦♥ ✈♦✉❧❛✐#✳ ⋄

✺✶
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❘❡♠❛$%✉❡✳ ❖♥ ❛ ✉♥ ❧❡♠♠❡ ❞✉ ♠(♠❡ )②♣❡ ❡♥ ,❡♠♣❧❛-❛♥) Eu(x̂) ❡) Eu(ŷ) ,❡.♣❡❝)✐✲
✈❡♠❡♥) ♣❛, Es(x̂) ❡) Es(ŷ) ❡) ❞❡. ❣,❛♣❤❡. (φ(Y ), Y ) ❛✉ ❧✐❡✉ ❞❡ (X,ψ(X))✳

▲❡ ❝♦❞❛❣❡ ✈❛ (),❡ ❝♦♥.),✉✐) 8 ♣❛,)✐, ❞❡ ❣,❛♣❤❡. ♣,♦✈❡♥❛♥) ❞❡ ),❛♥.❢♦,♠:❡. ❞❡

❣,❛♣❤❡. ❡♥ ❛,,✐;,❡ ❡) ❡♥ ❛✈❛♥)✳

❈♦♠♠❡♥-♦♥. ♣❛, ❝❡✉① ❝♦♥.),✉✐). ♣❛, ❞❡. )✐,:. ❡♥ ❛,,✐;,❡✳

❖♥ .❡ ♣❧❛❝❡ ❞❛♥. ❧❡ ,❡♣;,❡ C−1
γ (ŷ)Eu(ŷ)⊕C−1

γ (ŷ)Es(ŷ) ♣♦✉, ❧❡ ŷ ❝♦♥.),✉✐) ❞❛♥.
❧❡ ♣❛,❛❣,❛♣❤❡ ♣,:❝:❞❡♥)✳

❙♦✐) A0
❧✬❡♥.❡♠❜❧❡ ❝♦♥.)✐)✉: ❞❡ ❧✬✉♥✐♦♥ ❞❡. ❣,❛♣❤❡. ❞✬❛♣♣❧✐❝❛)✐♦♥. ❤♦❧♦♠♦,♣❤❡.

(ψ(Y ), Y ) ❛✉✲❞❡..✉. ❞❡ C−1
γ (ŷ)Es(ŷ) ❛✈❡❝ ‖Y ‖ ≤ hr(ŷ)e

γ
2
✱ ψ(Y ) = constante✱

‖ψ(0)‖ ≤ hr(ŷ)e−
γ
2
❡) Lip(ψ) = 0 ≤ γ0e

− γ
2
✳

▲✬✐♠❛❣❡ ❞❡ ❝❡. ❣,❛♣❤❡. ♣❛, Ci = C−1
γ (f̂n(x̂i))τ

−1
fn(xi)

τyCγ(ŷ) ✭♣♦✉, i = 1, · · · , N✮

.♦♥) ❞❡. ❣,❛♣❤❡. (φ(Y ), Y ) ❛✉✲❞❡..✉. ❞✬✉♥❡ ♣❛,)✐❡ ❞❡ C−1
γ (f̂n(x̂i))Es(f̂

n(x̂i)) ♣♦✉,

❛✉ ♠♦✐♥. ‖Y ‖ ≤ hr(f̂n(x̂i)) ❛✈❡❝ ‖φ(0)‖ ≤ hr(f̂n(x̂i)) ❡) Lip(φ) ≤ γ0 ❣,D❝❡ 8 ❧❛

,❡♠❛,E✉❡ ♣,:❝:❞❡♥)❡ ❝❛, d(f̂n(x̂i), ŷ) < η ❡) f̂n(xi) ∈ ξ(x̂i) ⊂ Λδ✱ ŷ ∈ Λδ✳

❊♥.✉✐)❡ ♦♥ )✐,❡ ❡♥ ❛,,✐;,❡ ❝❡. ❣,❛♣❤❡. (φ(Y ), Y ) ♣❛, gf̂n−1(x̂i)
, · · · , gx̂i

✭✈♦✐, ❧❡

❧❡♠♠❡ ✷✳✷✳✷✮✳ ❖♥ ♦❜)✐❡♥) 8 ❧❛ ✜♥ ❞❡. ❣,❛♣❤❡. (φ0(Y ), Y ) ❛✉✲❞❡..✉. ❞✬✉♥❡ ♣❛,)✐❡ ❞❡
C−1

γ (x̂i)Es(x̂i) ♣♦✉, ❛✉✲♠♦✐♥. ‖Y ‖ ≤ eγhr(x̂i)✱ ‖φ0(0)‖ ≤ e−γhr(x̂i) ❡) Lip(φ0) ≤
e−γγ0✳
▼❛✐♥)❡♥❛♥)✱ ♦♥ ,❡♠❡) ❝❡. ❣,❛♣❤❡. ❞❛♥. ❧❡ ,❡♣;,❡ ✐♥✐)✐❛❧ C−1

γ (ŷ)Eu(ŷ)⊕C
−1
γ (ŷ)Es(ŷ)

❝✬❡.)✲8✲❞✐,❡ E✉❡ ❧✬♦♥ ♣,❡♥❞ ❧❡✉, ✐♠❛❣❡ ♣❛, C−1
γ (ŷ)τ−1

y τxi
Cγ(x̂i)✳

❈♦♠♠❡ d(x̂i, ŷ) < η✱ ❧❛ ,❡♠❛,E✉❡ ♣,:❝:❞❡♥)❡ ✐♠♣❧✐E✉❡ E✉❡ ❧✬♦♥ ♦❜)✐❡♥) ❞❡.

❣,❛♣❤❡. (ψ0(Y ), Y ) ♣♦✉, ❛✉ ♠♦✐♥. ‖Y ‖ ≤ e
γ
2hr(ŷ) ❛✈❡❝ ‖ψ0(0)‖ ≤ e−

3γ
4 hr(ŷ) ❡)

Lip(ψ0) ≤ e−
γ
2 γ0✳

❈❡ .♦♥) ❡①❛❝)❡♠❡♥) ❧❡. ♠(♠❡. ❝♦♥❞✐)✐♦♥. E✉✬❛✉ ❞:♣❛,) ✭❝✬❡.)✲8✲❞✐,❡ E✉❡ ❧✬♦♥

♣♦✉,,❛ ,❡❝♦♠♠❡♥❝❡, ❧❡ ♣,♦❝:❞: ❛✈❡❝ ✉♥ x̂j ♣❛. ♥:❝❡..❛✐,❡♠❡♥) :❣❛❧ ❛✉ x̂i✮✱ .❛✉❢

E✉✬❡♥ ♣❧✉. ♦♥ ❛ ‖ψ0(0)‖ ≤ e−
3γ
4 hr(ŷ)✳

●,D❝❡ 8 ❝❡))❡ ♠❛,❣❡✱ .✐ ♦♥ ♣,❡♥❞ ‖Y ‖ ≤ e
γ
2hr(ŷ) ♦♥ ❛ ✭E✉✐))❡ 8 .✉♣♣♦.❡, E✉❡ γ0

❡.) .✉✣.❛♠♠❡♥) ♣❡)✐) ♣♦✉, E✉❡ e−
3γ
4 + γ0 < e−

γ
2
✮ ✿

‖ψ0(Y )‖ ≤ ‖ψ0(0)‖+ ‖ψ0(Y )− ψ0(0)‖ ≤ e−
3γ
4 hr(ŷ) + γ0e

− γ
2 ‖Y ‖ < hr(ŷ)e−

γ
2

❝✬❡.)✲8✲❞✐,❡ E✉❡ ❧❡. ❣,❛♣❤❡. (ψ0(Y ), Y ) ♥❡ .♦,)❡♥) ❞❡ Bk1(0, e
− γ

2hr(ŷ))×Bk2(0, e
γ
2hr(ŷ))

E✉❡ ♣❛, ❧❡ ❜♦,❞ Bk1(0, e
− γ

2hr(ŷ))×∂Bk2(0, e
γ
2hr(ŷ))✳ ❈❡ .♦♥) ❞❡. ❣,❛♣❤❡. ✈❡,)✐❝❛✉①✳

◆♦)♦♥. A0
1, · · · ,A

0
N ❧❡. ❡♥.❡♠❜❧❡. ❝♦♥.)✐)✉:. ❞❡ ❧✬✉♥✐♦♥ ❞❡ ❝❡. ❣,❛♣❤❡. ♦❜)❡♥✉.

♣♦✉, i = 1, · · · , N ✳ ❖♥ ❛ ❞♦♥❝ A0
i ⊂ A0

✳ ❖♥ ♥♦)❡,❛ ❛✉..✐ Ai ❧✬✐♠❛❣❡ ❞❡ A0
i ♣❛,

τy ◦ Cγ(ŷ)✳
❖♥ ❛ ❛❧♦,. ✿

✺✷



✸✳✷✳ ❈❖◆❙❚❘❯❈❚■❖◆ ❉❯ ❈❖❉❆●❊

▲❡♠♠❡ ✸✳✷✳✷✳ ▲❡" ❡♥"❡♠❜❧❡" Ai "♦♥( ❞✐"❥♦✐♥(" ♣♦✉. i = 1, · · · , N ✳

0.❡✉✈❡✳ ❙♦✐# z ∈ Ai✳ %♦✉' l = 0, · · · , n− 1 ♦♥ ❛ ✿

‖gf̂ l(x̂i)
◦ · · · ◦ gx̂i

◦ C−1
γ (x̂i)τ

−1
xi

(z)‖

≤ ‖gf̂ l(x̂i)
◦ · · · ◦ gx̂i

◦ C−1
γ (x̂i)τ

−1
xi

(z)− gf̂ l(x̂i)
◦ · · · ◦ gx̂i

(y)‖+ ‖gf̂ l(x̂i)
◦ · · · ◦ gx̂i

(y)‖

♦+ y ❡-# ❧❡ ♣♦✐♥# ❞✬✐♥#❡'-❡❝#✐♦♥ ❡♥#'❡ ❧❡ ❣'❛♣❤❡ ❞❡ ❧❛ ❢♦'♠❡ (φ0(Y ), Y ) ♣'7❝7❞❡♥# 8✉✐
❝♦♥#✐❡♥# C−1

γ (x̂i)τ
−1
xi

(z) ❡# ❧❡ ♣❧❛♥ ❝♦♠♣❧❡①❡ ❤♦'✐③♦♥#❛❧ (X, 0) ♣♦✉' ‖X‖ ≤ hr(x̂i)✳
❖♥ ♦❜#✐❡♥# ❞♦♥❝ ✭✈♦✐' ❧❡ ♣❛'❛❣'❛♣❤❡ ✷✳✷✳✷✮ ✿

‖gf̂ l(x̂i)
◦ · · · ◦ gx̂i

◦ C−1
γ (x̂i)τ

−1
xi

(z)‖ ≤ 4hmax(e−2γl, e−2γ(n−l−1)).

%❛' ❝♦♥#✐♥✉✐#7 ❝❡##❡ ✐♥7❣❛❧✐#7 ❡-# ❡♥❝♦'❡ ✈'❛✐❡ -✐ z ∈ Ai✳

❆✐♥-✐✱ #♦✉❥♦✉'- ♣❛' ❧❡ ♣❛'❛❣'❛♣❤❡ ✷✳✷✳✷✱

d(f l(z), f l(xi)) ≤
C(X)e2γ4h

r0
max(e−γl, e−γ(n−l))

❝❛' f̂n(x̂i) ∈ ξ(x̂i) ⊂ Λδ✳

❙✐ h ❡-# ❛--❡③ ♣❡#✐#✱ ♦♥ ❛ ❞♦♥❝ ✿

d(f l(z), f l(xi)) ≤
ǫ

4
♣♦✉' l = 0, · · · , n.

❈♦♠♠❡ ❧❡- ♣♦✐♥#- xi -♦♥# (m, ǫ)✲-7♣❛'7-✱ ✐❧- -♦♥# (n, ǫ)✲-7♣❛'7- ❝❛' n ≥ m✳ ❊♥

♣❛'#✐❝✉❧✐❡' -✐ i 6= j ✐❧ ❡①✐-#❡ l ❝♦♠♣'✐- ❡♥#'❡ 0 ❡# n ❛✈❡❝ d(f l(xi), f
l(xj)) ≥ ǫ✳

❙✐ ♦♥ ❛✈❛✐# ✉♥ ♣♦✐♥# z ∈ Ai ∩ Aj ♦♥ ❛✉'❛✐# ❛❧♦'- ✿

ǫ ≤ d(f l(xi), f
l(xj)) ≤ d(f l(xi), f

l(z)) + d(f l(z), f l(xj)) ≤ 2×
ǫ

4

❝❡ 8✉✐ ❡-# ❛❜-✉'❞❡✳

▲❡- ❡♥-❡♠❜❧❡- Ai -♦♥# ❞♦♥❝ ❜✐❡♥ ❞✐-❥♦✐♥#- ❡# ❝❡❧❛ ❞7♠♦♥#'❡ ❧❡ ❧❡♠♠❡✳ ⋄

▲❡- ❣'❛♣❤❡- 8✉✐ ❝♦♥-#✐#✉❡♥# ❧✬❡♥-❡♠❜❧❡ A0
j ✈7'✐✜❡♥# ❧❡- ♠I♠❡- ❝♦♥❞✐#✐♦♥- 8✉✬❛✉

❞7♣❛'#✳ ❖♥ ♣❡✉# ❞♦♥❝ '❡❝♦♠♠❡♥❝❡' ❧❡ ♣'♦❝❡--✉- ♣❛' '❛♣♣♦'# J x̂i✱ ❝✬❡-#✲J✲❞✐'❡ 8✉❡
❧✬♦♥ ♣❛--❡ ❝❡- ❣'❛♣❤❡- ❞❛♥- ❧❡ '❡♣K'❡ C−1

γ (f̂n(x̂i))Eu(f̂
n(x̂i))⊕C

−1
γ (f̂n(x̂i))Es(f̂

n(x̂i))
♣✉✐- ♦♥ #✐'❡ ❡♥ ❛''✐K'❡ ♣❛' gf̂n−1(x̂i)

, · · · , gx̂i
❡# ♦♥ '❡♣❛--❡ ❞❛♥- ❧❡ '❡♣K'❡ ✐♥✐#✐❛❧✱ J

-❛✈♦✐' C−1
γ (ŷ)Eu(ŷ)⊕ C−1

γ (ŷ)Es(ŷ)✳
❖♥ ♦❜#✐❡♥# ❛✐♥-✐✱ ❡♥ ❢❛✐-❛♥# ✈❛'✐❡' i ❡# j✱ N2

❡♥-❡♠❜❧❡- A0
ij ✭❛✈❡❝ ❧❡ ♠I♠❡ #②♣❡

❞❡ ♥♦#❛#✐♦♥ 8✉❡ ♣'7❝7❞❡♠♠❡♥#✮✳

❖♥ ❛ ❛❧♦'- ✿

✺✸
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▲❡♠♠❡ ✸✳✷✳✸✳ A0
ij ⊂ A0

i ♣♦✉# $♦✉$ i = 1, · · · , N ❡$ j = 1, · · · , N.

&#❡✉✈❡✳ ❙♦✐# z ∈ A0
ij✳ %❛' ❝♦♥*#'✉❝#✐♦♥ z ❛♣♣❛'#✐❡♥# . ✉♥ ❣'❛♣❤❡ (ψ0(Y ), Y ) ❛✉✲

❞❡**✉* ❞❡ Bk2(0, hr(ŷ)e
γ
2 ) ⊂ C−1

γ (ŷ)Es(ŷ)✳

❙♦✐# B ✉♥ ♣❧❛♥ ❝♦♠♣❧❡①❡ ♣❛'❛❧❧6❧❡ . C−1
γ (ŷ)Eu(ŷ) ❡# 7✉✐ ♣❛**❡ ♣❛' z✳

B ❡*# ✉♥ ❣'❛♣❤❡ (X,φ(X)) ❛✉✲❞❡**✉* ❞❡ Bk1(0, hr(ŷ)e
5γ
2 ) ❛✈❡❝ φ ❝♦♥*#❛♥#❡ ✭❞♦♥❝

Lip(φ) = 0✮ ❡# ‖φ(0)‖ ≤ hr(ŷ)e
γ
2
✳

%❛' ❧❡ ❧❡♠♠❡ ✸✳✷✳✶ ✭❡♥ '❡♠♣❧❛>❛♥# h ♣❛' e
3γ
2 h✮ ❧✬✐♠❛❣❡ ❞❡ B ♣❛' C−1

γ (x̂i)τ
−1
xi
τyCγ(ŷ)

❡*# ✉♥ ❣'❛♣❤❡ B0 ❞❡ ❧❛ ❢♦'♠❡ (X,φ0(X)) ❛✉ ♠♦✐♥* ♣♦✉' ‖X‖ ≤ eγhr(x̂i) ❛✈❡❝

‖φ0(0)‖ ≤ e
3γ
4 hr(x̂i) ❡# Lip(φ0) ≤ γ0✳

▼❛✐♥#❡♥❛♥# ♦♥ ♣❡✉# ♣♦✉**❡' ❡♥ ❛✈❛♥# ❝❡ ❣'❛♣❤❡ ♣❛' gx̂i
, · · · , gf̂n−1(x̂i)

❝♦♠♠❡ ❞❛♥*

❧❡ ❧❡♠♠❡ ✷✳✷✳✶ ❛✈❡❝ eγh . ❧❛ ♣❧❛❝❡ ❞❡ h✳ ❆ ❝❤❛7✉❡ C#❛♣❡ ♦♥ ❢❛✐# ❛✉**✐ ❧❡ ❝✉#✲♦✛ ✭♣♦✉'

‖X‖ ≤ heγr(f̂ l(x̂i))✮✳

❆ ❧❛ ✜♥ ♦♥ ♦❜#✐❡♥# ✉♥ ❣'❛♣❤❡ Bn ❞❡ ❧❛ ❢♦'♠❡ (X,φn(X)) ❛✉✲❞❡**✉* ❞✬✉♥❡ ♣❛'#✐❡ ❞❡

C−1
γ (f̂n(x̂i))Eu(f̂

n(x̂i)) 7✉✐ ❝♦♥#✐❡♥# B(0, hr(f̂n(x̂i))e
2γ) ❛✈❡❝ ‖φn(0)‖ ≤ e−

γ
4hr(f̂n(x̂i))

❡# Lip(φn) ≤ γ0e
−γ
✳

%♦✉' l = 0, · · · , n✱ ♥♦#♦♥* ✿

zl = gf̂ l−1(x̂i)
◦ · · · ◦ gx̂i

(C−1
γ (x̂i)τ

−1
xi
τyCγ(ŷ)(z)).

%❛' ❝♦♥*#'✉❝#✐♦♥ ❞❡ A0
ij✱ zl ❡*# ❞❛♥* ✉♥ ❣'❛♣❤❡ (ψ′

l(Y ), Y ) ❛✈❡❝ ❛✉ ♣✐'❡ ‖Y ‖ ≤

eγhr(f̂ l(x̂i))✱ ‖ψ
′
l(0)‖ ≤ hr(f̂ l(x̂i)) ❡# Lip(ψ

′
l) ≤ γ0✳

❖♥ ❛ ❞♦♥❝ ✿

‖ψ′
l(Y )‖ ≤ ‖ψ′

l(0)‖+ ‖ψ′
l(Y )− ψ′

l(0)‖

≤ hr(f̂ l(x̂i)) + γ0e
γhr(f̂ l(x̂i)) ≤ eγhr(f̂ l(x̂i))

❝❛' γ0 ❡*# ♣❡#✐# ♣❛' '❛♣♣♦'# . γ✳

▲❡ ♣♦✐♥# zl ❡*# ❞♦♥❝ ❞❛♥* ❧❛ ♣❛'#✐❡ ❞❡ Bl 7✉❡ ❧✬♦♥ ❣❛'❞❡ 7✉❛♥❞ ♦♥ ❢❛✐# ❧❡* ❝✉#✲♦✛✳

▼❛✐♥#❡♥❛♥#✱ 7✉❛♥❞ ♦♥ ♣'❡♥❞ ❧✬✐♠❛❣❡ ❞✉ ❞❡'♥✐❡' ❣'❛♣❤❡ (X,φn(X)) ♣❛'

C−1
γ (ŷ)τ−1

y τfn(xi)Cγ(f̂
n(x̂i)) ♦♥ ♦❜#✐❡♥# ✉♥ ❣'❛♣❤❡ B̃ ❞❡ ❧❛ ❢♦'♠❡ (X, φ̃(X)) ❛✉

♠♦✐♥* ❛✉✲❞❡**✉* ❞❡ B(0, hr(ŷ)eγ) ❛✈❡❝ ‖φ̃(0)‖ ≤ hr(ŷ) ❡# Lip(φ̃) ≤ γ0e
− γ

2
✭#♦✉❥♦✉'*

♣❛' ❧❡ ❧❡♠♠❡ ✸✳✷✳✶ ❛✈❡❝ e
3γ
4 h ❛✉ ❧✐❡✉ ❞❡ h✮✳

%❛' ❞C✜♥✐#✐♦♥ ❞❡ A0
ij✱

z̃n = C−1
γ (ŷ)τ−1

y τfn(xi)Cγ(f̂
n(x̂i))(zn) ∈ A0

j ⊂ A0.

✺✹
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▲❡ ♣♦✐♥& z̃n ❛♣♣❛(&✐❡♥& ❞♦♥❝ + ✉♥ ❣(❛♣❤❡ ∆̃ /✉✐ ❝♦♥0&✐&✉❡ ❧✬❡♥0❡♠❜❧❡ A0
✳ ❈❡

❣(❛♣❤❡ ∆̃ ❢❛✐& ♣❛(&✐❡ ❞❡0 ❣(❛♣❤❡0 /✉❡ ❧✬♦♥ ✉&✐❧✐0❡ ♣♦✉( ❝♦♥0&(✉✐(❡ A0
i ✈✐❛ ❧❡ ♣(♦❝❡00✉0

/✉✐ ✉&✐❧✐0❡ gx̂i
, · · · , gf̂n−1(x̂i)

✳

❙♦✐& ∆ ❧❡ ❣(❛♣❤❡ ❞❡ A0
i ✐00✉ ❞❡ ∆̃ ✈✐❛ ❝❡ ♣(♦❝:❞:✳

∆ ❡0& ✉♥ ❣(❛♣❤❡ (ψ(Y ), Y ) ❛✉✲❞❡00✉0 ❞❡ B(0, hr(ŷ)e
γ
2 ) ⊂ C−1

γ (ŷ)Es(ŷ) ❛✈❡❝

‖ψ(0)‖ ≤ e−
γ
2hr(ŷ) ❡& Lip(ψ) ≤ γ0e

− γ
2
✳ ∆ ❝♦✉♣❡ ❞♦♥❝ B ❡♥ ✉♥ ✉♥✐/✉❡ ♣♦✐♥& /✉❡

❧✬♦♥ ♥♦&❡ z′✳
▼♦♥&(♦♥0 /✉❡ z = z′ ✿ ❝❡❧❛ ✐♠♣❧✐/✉❡(❛ /✉❡ z ∈ A0

i ❡& &❡(♠✐♥❡(❛ ❧❛ ❞:♠♦♥0&(❛&✐♦♥

❞✉ ❧❡♠♠❡✳

❙✉♣♣♦0♦♥0 /✉❡ z 6= z′✳
▲❡✉(0 ✐♠❛❣❡0 ♣❛( C−1

γ (x̂i)τ
−1
xi
τyCγ(ŷ) ❞♦♥♥❡♥& ❞❡✉① ♣♦✐♥&0 z0 ❡& z

′
0 ❞✐0&✐♥❝&0 ❞❡

B0✳

❈♦♠♠❡ ♣(:❝:❞❡♠♠❡♥& ❧❡0 ♣♦✐♥&0 z′l = gf̂ l−1(x̂i)
◦ · · · ◦ gx̂i

(C−1
γ (x̂i)τ

−1
xi
τyCγ(ŷ)(z

′))

(❡0&❡♥& ❞❛♥0 ❧❛ ♣❛(&✐❡ ❞❡ Bl /✉❡ ❧✬♦♥ ❣❛(❞❡ /✉❛♥❞ ♦♥ ❢❛✐& ❧❡ ❝✉&✲♦✛ ✭♣❛( ❝♦♥0&(✉❝&✐♦♥

❞❡ A0
i ✮✳

❉❡ ♣❧✉0✱ ♣❛( ✉♥ (:0✉❧&❛& ❞✉ ♠D♠❡ &②♣❡ /✉❡ ❧❡ ❧❡♠♠❡ ✷✳✷✳✹ ♦♥ ❛ ✿

‖gf̂ l−1(x̂i)
(zl−1)− gf̂ l−1(x̂i)

(z′l−1)‖ ≥ e2γ‖zl−1 − z′l−1‖ ♣♦✉( &♦✉& l = 1, · · · , n.

H❛( (:❝✉((❡♥❝❡ ❝❡❧❛ ❞♦♥♥❡ /✉❡✱ ♣♦✉( l = 0, · · · , n✱ ❧❡ ♣♦✐♥& zl ❡0& ❞✐0&✐♥❝& ❞❡ z
′
l✳

❊♥ ♣❛(&✐❝✉❧✐❡( zn 6= z′n✳ ▼❛✐0 C
−1
γ (ŷ)τ−1

y τfn(xi)Cγ(f̂
n(x̂i))(z

′
n) ❡0& ❞❛♥0 ∆̃ ∩ B̃ /✉✐ ❡0&

(:❞✉✐& + z̃n = C−1
γ (ŷ)τ−1

y τfn(xi)Cγ(f̂
n(x̂i))(zn)✳

❖♥ ♦❜&✐❡♥& ❛✐♥0✐ ❧❛ ❝♦♥&(❛❞✐❝&✐♦♥ (❡❝❤❡(❝❤:❡✳ ⋄

❆ ❧❛ ❞❡✉①✐L♠❡ ❣:♥:(❛&✐♦♥ ♦♥ ❛ ❞♦♥❝ ❝♦♥0&(✉✐& N2
❡♥0❡♠❜❧❡0 A0

ij ❛✈❡❝ A0
ij ⊂ A0

i

♣♦✉( j = 1, · · · , N ✳ ❖♥ ✈❛ ♠❛✐♥&❡♥❛♥& ✐&:(❡( ❧❡ ♣(♦❝❡00✉0✳
❖♥ ♣❛(& ❞❡A0

ij /✉✐ (❛♣♣❡❧♦♥0 ❧❡ ♣(♦✈✐❡♥& ❞❡ A
0
j ✈✐❛ ❧❡ ♣(♦❝:❞: /✉✐ ✉&✐❧✐0❡ gx̂i

, · · · , gf̂n−1(x̂i)
✳

A0
j ❝♦♥&✐❡♥& N ❡♥0❡♠❜❧❡0 A0

jl ♣♦✉( l = 1, · · · , N ✳ ❙✐ ♦♥ ❛♣♣❧✐/✉❡ ❧❡ ♣(♦❝❡00✉0 ❛✉①
❣(❛♣❤❡0 ❞❡ A0

jl ✭✈✐❛ gx̂i
, · · · , gf̂n−1(x̂i)

✮✱ ♦♥ ♦❜&✐❡♥& ✉♥ ❡♥0❡♠❜❧❡ /✉❡ ❧✬♦♥ ♥♦&❡ A0
ijl

✭l = 1, · · · , N✮✳ ■❧0 ✈:(✐✜❡♥& A0
ijl ⊂ A0

ij ♣❛( ❧❡ ♠D♠❡ (❛✐0♦♥♥❡♠❡♥& /✉❡ A0
ij ⊂ A0

i ✳

❊& ♦♥ ❝♦♥&✐♥✉❡ ❧❡ ♣(♦❝:❞:✳

❆ ❧❛ (l + 1)✲L♠❡ ❣:♥:(❛&✐♦♥ ♦♥ ❛ N l+1
❡♥0❡♠❜❧❡0 A0

w0···w−l
❛✈❡❝ wi = 1, · · · , N ✳

A0
w0···w−l

❡0& ❝♦♥0&✐&✉: ❞❡ ❣(❛♣❤❡0 (ψ(Y ), Y ) ❛✈❡❝ ‖Y ‖ ≤ e
γ
2hr(ŷ)✱ ‖ψ(0)‖ ≤

e−
3γ
4 hr(ŷ) ❡& Lip(ψ) ≤ γ0e

− γ
2
✳

❈❡0 ❣(❛♣❤❡0 ♣(♦✈✐❡♥♥❡♥& ❞❡0 ❣(❛♣❤❡0 ❞❡ A0
w−1···w−l

✈✐❛ ❧❡ ♣(♦❝:❞: /✉✐ ✉&✐❧✐0❡ gx̂w0

✱ · · · ✱gf̂n−1(x̂w0 )
✳

❈♦♠♠❡ ♣(:❝:❞❡♠♠❡♥& ♦♥ ❛ A0
w0···w−l

⊂ A0
w0···w−l+1

♣♦✉( &♦✉& w0, · · · , w−l ∈
{1, · · · , N} ❡& l ≥ 0✳

✺✺
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❉❡ ♣❧✉% ♦♥ ❛ ✿

▲❡♠♠❡ ✸✳✷✳✹✳ ▲❡" N l+1
❡♥"❡♠❜❧❡" A0

w0···w−l
"♦♥( ❞✐"❥♦✐♥("✳

-.❡✉✈❡✳ ❖♥ ❞,♠♦♥./❡ ❧❡ ❧❡♠♠❡ ❛✈❡❝ ✉♥❡ /,❝✉//❡♥❝❡ %✉/ l✳
3♦✉/ l = 0✱ ❝✬❡%. ❞,❥7 ❢❛✐.✳ ❙✉♣♣♦%♦♥% ❧❛ ♣/♦♣/✐,., ✈/❛✐❡ ❛✉ /❛♥❣ l− 1 ❛✈❡❝ l ≥ 1✳
❆✉ /❛♥❣ l ❝♦♥%✐❞,/♦♥% ❞❡✉① ❡♥%❡♠❜❧❡% A0

w0···w−l
❡. A0

w′

0···w
′

−l
❛✈❡❝ (w0, · · · , w−l) 6=

(w′
0, · · · , w

′
−l)✳

❖♥ ❞✐%.✐♥❣✉❡ ❧❡% ❞❡✉① ❝❛% %✉✐✈❛♥.% ✿

✲ %✐ (w0, · · · , w−l+1) 6= (w′
0, · · · , w

′
−l+1) ❛❧♦/% ♦♥ ❛ A

0
w0···w−l+1

❡. A0
w′

0···w
′

−l+1
@✉✐ %♦♥.

❞✐%❥♦✐♥.% ♣❛/ ❤②♣♦.❤C%❡ ❞❡ /,❝✉//❡♥❝❡ ✳ ❈♦♠♠❡ A0
w0···w−l

⊂ A0
w0···w−l+1

❡. A0
w′

0···w
′

−l
⊂

A0
w′

0···w
′

−l+1
♦♥ ♦❜.✐❡♥. @✉❡ ❧❡% ❞❡✉① ❡♥%❡♠❜❧❡% A0

w0···w−l
❡. A0

w′

0···w
′

−l
%♦♥. ❞✐%❥♦✐♥.%✳

✲ %✐ (w0, · · · , w−l+1) = (w′
0, · · · , w

′
−l+1) ❛❧♦/% ♥,❝❡%%❛✐/❡♠❡♥. w−l 6= w′

−l✳ 3❛/

❤②♣♦.❤C%❡ ❞❡ /,❝✉//❡♥❝❡✱ A0
w−1···w−l

❡. A0
w′

−1···w
′

−l
%♦♥. ❞✐%❥♦✐♥.%✳

❈♦♠♠❡ A0
w0···w−l

✈✐❡♥. ❞❡ A0
w−1···w−l

✈✐❛ ❧❡ ♣/♦❝❡%%✉% @✉✐ ✉.✐❧✐%❡ gx̂w0
, · · · , gf̂n−1(x̂w0 )

❡. @✉❡ A0
w′

0···w
′

−l
✈✐❡♥. ❞❡ A0

w′

−1···w
′

−l
✈✐❛ ❧❡ ♠E♠❡ ♣/♦❝,❞, ❝❛/ w0 = w′

0✱ ♦♥ ❡♥ ❞,❞✉✐.

@✉❡ A0
w0···w−l

❡%. ❞✐%❥♦✐♥. ❞❡ A0
w′

0···w
′

−l
✳

❈❡❧❛ .❡/♠✐♥❡ ❧❛ ❞,♠♦♥%./❛.✐♦♥ ❞✉ ❧❡♠♠❡✳

⋄

❖♥ ✈❡✉. ♠❛✐♥.❡♥❛♥. ,✈❛❧✉❡/ ❧❛ ❞✐%.❛♥❝❡ ❡♥./❡ ❧❡% ❣/❛♣❤❡% ❞✬✉♥ ♠E♠❡ ❡♥%❡♠❜❧❡

A0
w0···w−l

❞❡ ❧❛ (l + 1)✲C♠❡ ❣,♥,/❛.✐♦♥✳
3♦✉/ ❝❡❧❛✱ %♦✐. Gv ❧✬❡♥%❡♠❜❧❡ ❞❡% ❣/❛♣❤❡% ❞❡ ❢♦♥❝.✐♦♥% ❤♦❧♦♠♦/♣❤❡% (φ(Y ), Y )

❛✉✲❞❡%%✉% ❞❡ Bk2(0, e
γ/2hr(ŷ)) ❛✈❡❝ ‖φ(0)‖ ≤ e−

γ
2hr(ŷ) ❡. Lip(φ) ≤ γ0✳

▲❡% ❣/❛♣❤❡% @✉✐ ❝♦♥%.✐.✉❡♥. ❧❡% A0
w0···w−l

%♦♥. ❞❛♥% Gv✳

❙✉/ Gv ♦♥ ♠❡. ❧❛ ♠,./✐@✉❡ ✿

d(graphe φ, graphe ψ) = max
Bk2

(0,eγ/2hr(ŷ))

‖φ− ψ‖.

❖♥ ❛ ❛❧♦/% ✿

▲❡♠♠❡ ✸✳✷✳✺✳ -♦✉. (♦✉( l ≥ 1 ❡( ♣♦✉. (♦✉( w0, · · · , w−l+1 ∈ {1, · · · , N} ♦♥ ❛ ✿

∀A1
l , A

2
l ❣.❛♣❤❡" 6✉✐ ❝♦♥"(✐(✉❡♥( A0

w0···w−l+1
, d(A1

l , A
2
l ) ≤ 2he−2γnl+2γl.

-.❡✉✈❡✳ A1
l ✈✐❡♥. ❞✬✉♥ ❣/❛♣❤❡ A

1
l−1 ❞❡ A0

w−1···w−l+1
@✉✐ ✈✐❡♥. ❞✬✉♥ ❣/❛♣❤❡ A1

l−2 ❞❡

A0
w−2···w−l+1

✱ ❡. ❛✐♥%✐ ❞❡ %✉✐.❡✳ ❖♥ ♥♦.❡/❛ A1
l−p ✭p = 0, · · · , l✮ ❧❡% ❣/❛♣❤❡% ❞❡ A0

w−p···w−l+1

@✉✐ ❢♦♥. ♣❛/.✐❡ ❞✉ ♣/♦❝❡%%✉% ♣♦✉/ ❝♦♥%./✉✐/❡ A1
l ✳ ❖♥ ❢❛✐. ❞❡ ♠E♠❡ ♣♦✉/ A

2
l ✳

✺✻
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❖♥ ❛ ❛❧♦%& ✿

∀p = 1, · · · , l, d(A1
p, A

2
p) ≤ e−2γn+2γd(A1

p−1, A
2
p−1).

❊♥ ❡✛❡+✱ ♣♦✉% ♣❛&&❡% ❞❡ A1
p−1 0 A

1
p ❡+ ❞❡ A

2
p−1 0 A

2
p ♦♥ ♣%❡♥❞ +♦✉+ ❞✬❛❜♦%❞ ❧❡&

✐♠❛❣❡& ❞❡ A1
p−1 ❡+ A

2
p−1 ♣❛% ❧✬❛♣♣❧✐❝❛+✐♦♥ C

−1
γ (f̂n(x̂w−l+p

))τ−1
fn(xw

−l+p
)τyCγ(ŷ)✳

▼❛✐& ♦♥ ❛ ✈✉ ❞❛♥& ❧❛ ❞:♠♦♥&+%❛+✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✷✳✻ =✉❡ ❝♦♠♠❡ f̂n(x̂w−l+p
) ❡&+

+%>& ♣%♦❝❤❡ ❞❡ ŷ✱ ❝❡++❡ ♦♣:%❛+✐♦♥ ♠✉❧+✐♣❧✐❡ ❧❛ ❞✐&+❛♥❝❡ ❡♥+%❡ ❧❡& ❣%❛♣❤❡& d(A1
p−1, A

2
p−1)

♣❛% ❛✉ ♣❧✉& eγ✳ ❊♥&✉✐+❡✱ ♦♥ +✐%❡ ❡♥ ❛%%✐>%❡ ♣❛% gf̂n−1( ̂xw
−l+p

), · · · , g ̂xw
−l+p

✳ ❖♥ ❛ ♠♦♥+%:

♣%:❝:❞❡♠♠❡♥+ ✭✈♦✐% ❧❛ ♣%❡✉✈❡ ❞✉ ❧❡♠♠❡ ✷✳✷✳✼✮ =✉✬0 ❝❤❛=✉❡ :+❛♣❡ ❧❛ ❞✐&+❛♥❝❡ ❡♥+%❡

❧❡& ❣%❛♣❤❡& ❡&+ ❞✐✈✐&:❡ ♣❛% ❛✉ ♠♦✐♥& e2γ✳
❊♥✜♥ 0 ❧❛ ❞❡%♥✐>%❡ :+❛♣❡ ♦♥ ♣%❡♥❞ ❧✬✐♠❛❣❡ ♣❛% C−1

γ (ŷ)τ−1
y τxw

−l+p
Cγ(x̂w−l+p

) ❡+ ❧0
❝❡❧❛ ♠✉❧+✐♣❧✐❡ ❡♥❝♦%❡ ❧❛ ❞✐&+❛♥❝❡ ♣❛% ❛✉ ♣❧✉& eγ✳
❊♥ ❛♣♣❧✐=✉❛♥+ ❧✬✐♥:❣❛❧✐+: ✿

∀p = 1, · · · , l, d(A1
p, A

2
p) ≤ e−2γn+2γd(A1

p−1, A
2
p−1),

♦♥ ♦❜+✐❡♥+ ✿

d(A1
l , A

2
l ) ≤ e−2γnl+2γld(A1

0, A
2
0) ≤ e−2γnl+2γl × 2e−

γ
2hr(ŷ) ≤ 2he−2γnl+2γl.

❈✬❡&+ ❝❡ =✉❡ ❧✬♦♥ ✈♦✉❧❛✐+ ❞:♠♦♥+%❡%✳ ⋄

●%F❝❡ 0 ❝❡ ❧❡♠♠❡ ♦♥ ♣❡✉+ ❞:✜♥✐% ✉♥❡ ❛♣♣❧✐❝❛+✐♦♥ ❞❡ {1, · · · , N}N ❞❛♥& Gv ❞❡ ❧❛

❢❛H♦♥ &✉✐✈❛♥+❡✳

❙♦✐+ w = (w0, w−1, · · · , w−l, · · · ) ∈ {1, · · · , N}N✳ ❖♥ ♣%❡♥❞ Al ✉♥ ❣%❛♣❤❡ =✉✐

❝♦♥&+✐+✉❡ A0
w0w−1···w−l

♣♦✉% l ≥ 0✳
Al ❡&+ ❞❛♥& Gv ❡+ ♣❛% ❧❡ +❤:♦%>♠❡ ❞✬❆&❝♦❧✐✱ ✐❧ ❡①✐&+❡ ✉♥❡ &♦✉&✲&✉✐+❡ (Alj) =✉✐

❝♦♥✈❡%❣❡ ✈❡%& A ∈ Gv ✭✉♥❡ ❧✐♠✐+❡ ✉♥✐❢♦%♠❡ ❞❡ ❢♦♥❝+✐♦♥& ❤♦❧♦♠♦%♣❤❡& ❡&+ ❤♦❧♦✲

♠♦%♣❤❡✮✳

▼♦♥+%♦♥& =✉❡ (Al)l ❝♦♥✈❡%❣❡ ❛✉&&✐ ✈❡%& A✳
❙♦✐+ β > 0✳ ■❧ ❡①✐&+❡ j0 +❡❧ =✉❡ d(A,Alj) <

β
2
&✐ j ≥ j0✳ ❊♥&✉✐+❡

A0
lj
⊂ A0

w0···w−lj
⊂ A0

w0···w−j

❞♦♥❝ d(Alj , Aj) ≤ 2he−2γn(j+1)+2γ(j+1)
❡♥ ✉+✐❧✐&❛♥+ ❧❡ ❧❡♠♠❡ ♣%:❝:❞❡♥+✳ ❈❡++❡ =✉❛♥✲

+✐+: ❡&+ ♣❧✉& ♣❡+✐+❡ =✉❡

β
2
&✐ j ≥ j1 ✭❝❛% n ≥ 3 &✐ ♦♥ ✈❡✉+✮✳

N♦✉% j ≥ max(j0, j1) ♦♥ ❛ ❞♦♥❝ ✿

d(Aj, A) ≤ d(Aj, Alj) + d(Alj , A) < β.

✺✼
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▲❛ "✉✐%❡ (Aj) ❝♦♥✈❡+❣❡ ✈❡+" A ❡% ♦♥ ❛ ❞♦♥❝ ❜✐❡♥ ❞/✜♥✐ ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ✿

σv : {1, · · · , N}N −→ Gv

w −→ A

❘❡♠❛$%✉❡✳ ▲✬❛♣♣❧✐❝❛%✐♦♥ σv ❡"% ✐♥❥❡❝%✐✈❡ ❡% ♦♥ ❛ ♠7♠❡ σv(w)∩σv(w
′) = ∅ "✐ w 6= w′

✳

❊♥ ❡✛❡%✱ "♦✐% w,w′ ∈ {1, · · · , N}N ❛✈❡❝ w 6= w′
✳ ❖♥ ❝♦♥"✐❞=+❡ l ❧❡ ♣❧✉" ♣❡%✐%

❡♥%✐❡+ ❛✈❡❝ w−l 6= w′
−l✳ ❙♦✐% Ap ∈ A0

w0···w−p
❡% A′

p ∈ A0
w′

0···w
′

−p
♣♦✉+ p ≥ 0 ✭♦♥ ❛ ❞♦♥❝

Ap −→ σv(w) ❡% A
′
p −→ σv(w

′)✮✳

❈♦♠♠❡ w−l 6= w′
−l✱ ❧❡" ❡♥"❡♠❜❧❡" A

0
w0···w−l

❡% A0
w′

0···w
′

−l
"♦♥% ❞✐"❥♦✐♥%"✳

❖+ ♣♦✉+ %♦✉% p ≥ l✱ Ap ⊂ A0
w0···w−p

⊂ A0
w0···w−l

❡% A′
p ⊂ A0

w′

0···w
′

−p
⊂ A0

w′

0···w
′

−l
❞♦♥❝

σv(w) ∩ σv(w
′) = ∅✳ ❊♥ ♣❛+%✐❝✉❧✐❡+ σv ❡"% ✐♥❥❡❝%✐✈❡✳

❖♥ +❡❢❛✐% ♠❛✐♥%❡♥❛♥% ❝❡ C✉❡ ❧✬♦♥ ❛ +/❛❧✐"/ ❛✈❡❝ ❞❡" %+❛♥"❢♦+♠/❡" ❞❡ ❣+❛♣❤❡" ❡♥

❛✈❛♥%✳

❈♦♠♠❡ ♣+/❝/❞❡♠♠❡♥% ♦♥ "❡ ♣❧❛❝❡ ❞❛♥" ❧❡ +❡♣=+❡ C−1
γ (ŷ)Eu(ŷ) ⊕ C−1

γ (ŷ)Es(ŷ)
♣♦✉+ ❧❡ ŷ ∈ Λδ ✜①/✳

❖♥ ♣❛+% ❞❡ ❧✬❡♥"❡♠❜❧❡ ❞❡" ❣+❛♣❤❡" ❞❡ ❧❛ ❢♦+♠❡ (X,φ(X)) ❛✉✲❞❡""✉" ❞❡ C−1
γ (ŷ)Eu(ŷ)

❛✈❡❝ ‖X‖ ≤ hr(ŷ)e
γ
2
✱ φ(X) = constante✱ ‖φ(0)‖ ≤ hr(ŷ)e−

γ
2
❡% Lip(φ) = 0 ≤ γ0e

− γ
2
✳

❖♥ ♥♦%❡+❛ B0
❧✬❡♥"❡♠❜❧❡ ❝♦♥"%✐%✉/ ♣❛+ ❧✬✉♥✐♦♥ ❞❡ ❝❡" ❣+❛♣❤❡"✳

▲✬✐♠❛❣❡ ❞❡ ❝❡" ❣+❛♣❤❡" ♣❛+ Ci = C−1
γ (x̂i)τ

−1
xi
τyCγ(ŷ) ✭♣♦✉+ i = 1, · · · , N✮ "♦♥% ❞❡"

❣+❛♣❤❡" (X,ψ(X)) ❛✉✲❞❡""✉" ❞✬✉♥❡ ♣❛+%✐❡ ❞❡ C−1
γ (x̂i)Eu(x̂i) ♣♦✉+ ❛✉ ♠♦✐♥" ‖X‖ ≤

hr(x̂i) ❛✈❡❝ ‖ψ(0)‖ ≤ hr(x̂i) ❡% Lip(ψ) ≤ γ0 ♣❛+ ❧❡ ❧❡♠♠❡ ✸✳✷✳✶ ❝❛+ d(ŷ, x̂i) < η✳
❊♥"✉✐%❡ ♦♥ ♣♦✉""❡ ❡♥ ❛✈❛♥% ❝❡" ❣+❛♣❤❡" (X,ψ(X)) ♣❛+ gx̂i

, · · · , gf̂n−1(x̂i)
✳ ❖♥ ♦❜✲

%✐❡♥% J ❧❛ ✜♥ ❞❡" ❣+❛♣❤❡" (X,ψn(X)) ❛✉✲❞❡""✉" ❞✬✉♥❡ ♣❛+%✐❡ ❞❡ C−1
γ (f̂n(x̂i))Eu(f̂

n(x̂i))

♣♦✉+ ❛✉ ♠♦✐♥" ‖X‖ ≤ eγhr(f̂n(x̂i)) ❛✈❡❝ ‖ψn(0)‖ ≤ e−γhr(f̂n(x̂i)) ❡% Lip(ψn) ≤
e−γγ0 ✭✈♦✐+ ❧❡ ❧❡♠♠❡ ✷✳✷✳✶✮✳

▼❛✐♥%❡♥❛♥%✱ ♦♥ +❡♠❡% ❝❡" ❣+❛♣❤❡" ❞❛♥" ❧❡ +❡♣=+❡ ✐♥✐%✐❛❧ C−1
γ (ŷ)Eu(ŷ)⊕C

−1
γ (ŷ)Es(ŷ)

❝✬❡"%✲J✲❞✐+❡ C✉❡ ❧✬♦♥ ♣+❡♥❞ ❧❡✉+ ✐♠❛❣❡ ♣❛+ C−1
γ (ŷ)τ−1

y τfn(xi)Cγ(f̂
n(x̂i))✳

❈♦♠♠❡ d(f̂n(x̂i), ŷ) < η✱ ♦♥ ♦❜%✐❡♥% ❞❡" ❣+❛♣❤❡" (X,φn(X)) ♣♦✉+ ❛✉ ♠♦✐♥"

‖X‖ ≤ e
γ
2hr(ŷ) ❛✈❡❝ ‖φn(0)‖ ≤ e−

3γ
4 hr(ŷ) ❡% Lip(φn) ≤ e−

γ
2 γ0 ✭%♦✉❥♦✉+" ♣❛+ ❧❡

❧❡♠♠❡ ✸✳✷✳✶✮✳

❈❡ "♦♥% ❡①❛❝%❡♠❡♥% ❧❡" ♠7♠❡" ❝♦♥❞✐%✐♦♥" C✉✬❛✉ ❞/♣❛+% ✭❝✬❡"%✲J✲❞✐+❡ C✉❡ ❧✬♦♥

♣♦✉++❛ +❡❝♦♠♠❡♥❝❡+ ❧❡ ♣+♦❝/❞/ ❛✈❡❝ ✉♥ x̂j ♣❛" ♥/❝❡""❛✐+❡♠❡♥% /❣❛❧ ❛✉ x̂i✮✱ "❛✉❢

C✉✬❡♥ ♣❧✉" ♦♥ ❛ ‖φn(0)‖ ≤ e−
3γ
4 hr(ŷ)✳

●+M❝❡ J ❝❡%%❡ ♠❛+❣❡✱ "✐ ♦♥ ♣+❡♥❞ ‖X‖ ≤ e
γ
2hr(ŷ) ♦♥ ❛ ✿

‖φn(X)‖ ≤ ‖φn(0)‖+ ‖φn(X)− φn(0)‖ ≤ e−
3γ
4 hr(ŷ) + γ0e

− γ
2 ‖X‖ < hr(ŷ)e−

γ
2

✺✽
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❝✬❡#$✲&✲❞✐)❡ *✉❡ ❧❡# ❣)❛♣❤❡# (X,φn(X)) ♥❡ #♦)$❡♥$ ❞❡ B(0, e
γ
2hr(ŷ))×B(0, e−

γ
2hr(ŷ))

*✉❡ ♣❛) ❧❡ ❜♦)❞ ∂B(0, e
γ
2hr(ŷ))×B(0, e−

γ
2hr(ŷ))✳ ❈❡ #♦♥$ ❞❡# ❣)❛♣❤❡# ❤♦)✐③♦♥$❛✉①✳

◆♦$♦♥# B0
1, · · · ,B

0
N ❧❡# ❡♥#❡♠❜❧❡# ❝♦♥#$✐$✉:# ❞❡ ❧✬✉♥✐♦♥ ❞❡ ❝❡# ❣)❛♣❤❡# ♦❜$❡♥✉#

♣♦✉) i = 1, · · · , N ✳ ❖♥ ❛ ❞♦♥❝ B0
i ⊂ B0

✳ ❖♥ ♥♦$❡)❛ ❛✉##✐ Bi ❧✬✐♠❛❣❡ ❞❡ B0
i ♣❛)

τy ◦ Cγ(ŷ)✳
■❝✐ ❧❡# B0

i ♥❡ #♦♥$ ♣❛# ❢♦)❝:♠❡♥$ ❞✐#❥♦✐♥$# ❝❛) f ♥✬❡#$ ♣❛# ❛ ♣)✐♦)✐ ✐♥❥❡❝$✐✈❡✳

❖♥ )❡❝♦♠♠❡♥❝❡ ❧❡ ♣)♦❝❡##✉#✳ ❖♥ ✜①❡ i ❡$ j ❞❛♥# {1, · · · , N} ❡$ ♦♥ ❝♦♥#✐❞A)❡

❧❡# ❣)❛♣❤❡# ❞❡ B0
j ✳ ❖♥ ❧❡# ♠❡$ ❞❛♥# ❧❡ )❡♣A)❡ C−1

γ (x̂i)Eu(x̂i) ⊕ C−1
γ (x̂i)Es(x̂i) ❡♥

❛♣♣❧✐*✉❛♥$ Ci✱ ♣✉✐# ♦♥ ❧❡# ♣♦✉##❡ ❡♥ ❛✈❛♥$ ♣❛) gx̂i
, · · · , gf̂n−1(x̂i)

❡$ ♦♥ )❡♣❛##❡ ❞❛♥#

❧❡ )❡♣A)❡ ✐♥✐$✐❛❧✳

❖♥ ♥♦$❡ B0
ij ✭i, j = 1, · · · , N✮ ❧❡# N2

❡♥#❡♠❜❧❡# ❛✐♥#✐ ♦❜$❡♥✉#✳ ❖♥ ❛ ❛❧♦)# ✿

▲❡♠♠❡ ✸✳✷✳✻✳ B0
ij ⊂ B0

i ♣♦✉# $♦✉$ i, j = 1, · · · , N ✳

&#❡✉✈❡✳ ❙♦✐$ z ∈ B0
ij✳ G❛) ❝♦♥#$)✉❝$✐♦♥ z ❡#$ ❞❛♥# ✉♥ ❣)❛♣❤❡ ❞❡ B0

ij *✉✐ ♣)♦✈✐❡♥$ ❞✬✉♥

❣)❛♣❤❡ ❞❡ B0
j ✈✐❛ ❧❡ ♣)♦❝❡##✉# *✉✐ ✉$✐❧✐#❡ gx̂i

, · · · , gf̂n−1(x̂i)
✳ ❊♥ ♣❛)$✐❝✉❧✐❡)✱

z = C−1
γ (ŷ)τ−1

y τfn(xi)Cγ(f̂
n(x̂i))gf̂n−1(x̂i)

◦ · · · ◦ gx̂i
◦ C−1

γ (x̂i)τ
−1
xi
τyCγ(ŷ)(z0)

♦I z0 ❡#$ ❞❛♥# ✉♥ ❣)❛♣❤❡ ❞❡ B0
j ✳

❈❡❧❛ #✐❣♥✐✜❡ *✉❡ C−1
γ (x̂i)τ

−1
xi
τyCγ(ŷ)(z0) ❡$ gf̂ l(x̂i)

◦· · ·◦gx̂i
◦C−1

γ (x̂i)τ
−1
xi
τyCγ(ŷ)(z0)

✭♣♦✉) l = 0, · · · , n − 1✮ ❡$ z #♦♥$ $♦✉❥♦✉)# ❞❛♥# ❧❛ ♣❛)$✐❡ ❞✉ ❝✉$✲♦✛ *✉❡ ❧✬♦♥ ❣❛)❞❡✳

▼❛✐♥$❡♥❛♥$ z0 ∈ B0
j ⊂ B0

❞♦♥❝ z0 ❛♣♣❛)$✐❡♥$ & ✉♥ ❣)❛♣❤❡ ❞❡ B0
✳ ◗✉❛♥❞ ♦♥ ❛♣♣❧✐*✉❡

❧❡ ♣)♦❝❡##✉# & ❝❡ ❣)❛♣❤❡ ❞❡ B0
✈✐❛ gx̂i

, · · · , gf̂n−1(x̂i)
♦♥ ♦❜$✐❡♥$ & ❧❛ ✜♥ ✉♥ ❣)❛♣❤❡ ❞❡

B0
i ❡$ ❧❡ ♣♦✐♥$ z ❡#$ ❞❡❞❛♥# ❝❛) ❧❡# ✐♠❛❣❡# #✉❝❝❡##✐✈❡# ❞❡ z0 )❡#$❡♥$ ❞❛♥# ❧❛ ♣❛)$✐❡ ❞✉

❝✉$✲♦✛ *✉❡ ❧✬♦♥ ❣❛)❞❡ ♣❛) ❧❛ )❡♠❛)*✉❡ ♣):❝:❞❡♥$❡✳ ❖♥ ❛ ❞♦♥❝ z ∈ B0
i ❡$ ❧❡ ❧❡♠♠❡

❡#$ ❞:♠♦♥$):✳ ⋄

❆ ❧❛ ❞❡✉①✐A♠❡ ❣:♥:)❛$✐♦♥ ♦♥ ❛ ❞♦♥❝ ❝♦♥#$)✉✐$ N2
❡♥#❡♠❜❧❡# B0

ij ❛✈❡❝ B0
ij ⊂ B0

i ✳

❖♥ ✈❛ ♠❛✐♥$❡♥❛♥$ ✐$:)❡) ❧❡ ♣)♦❝❡##✉#✳

B0
j ❝♦♥$✐❡♥$ N ❡♥#❡♠❜❧❡# B0

jl ✭l = 1, · · · , N✮✳ ❙✐ ♦♥ ❛♣♣❧✐*✉❡ ❧❡ ♣)♦❝❡##✉# ❛✉①

❣)❛♣❤❡# ❞❡ B0
jl ✭✈✐❛ gx̂i

, · · · , gf̂n−1(x̂i)
✮✱ ♦♥ ♦❜$✐❡♥$ ✉♥ ❡♥#❡♠❜❧❡ *✉❡ ❧✬♦♥ ♥♦$❡ B0

ijl✳

❈♦♠♠❡ ♣):❝:❞❡♠♠❡♥$✱ ♦♥ ❛ B0
ijl ⊂ B0

ij ♣♦✉) $♦✉$ i, j, l = 1, · · · , N ✳ ❊$ ♦♥ ❝♦♥$✐♥✉❡

❛✐♥#✐ ❧❡ ♣)♦❝:❞:✳

❆ ❧❛ l✲A♠❡ ❣:♥:)❛$✐♦♥ ♦♥ ❛ N l
❡♥#❡♠❜❧❡# B0

w1···wl
❛✈❡❝ w1, · · · , wl = 1, · · · , N ✳

B0
w1···wl

❡#$ ❝♦♥#$✐$✉: ❞❡ ❣)❛♣❤❡# (X,φ(X)) ❛✈❡❝ ‖X‖ ≤ e
γ
2hr(ŷ)✱ ‖φ(0)‖ ≤

e−
γ
2hr(ŷ) ❡$ Lip(φ) ≤ γ0e

− γ
2
✳ ❈❡# ❣)❛♣❤❡# ♣)♦✈✐❡♥♥❡♥$ ❞❡ ❣)❛♣❤❡# ❞❡ B0

w2···wl
✈✐❛

❧❡ ♣)♦❝:❞: *✉✐ ✉$✐❧✐#❡ gx̂w1
, · · · , gf̂n−1(x̂w1 )

✳ ❖♥ ❛ ❡♥❝♦)❡ B0
w1···wl

⊂ B0
w1···wl−1

♣♦✉) $♦✉$

l ≥ 1 ❡$ ♣♦✉) $♦✉$ w1, · · · , wl = 1, · · · , N ✳

✺✾
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❈♦♠♠❡ ❡①♣❧✐(✉* ♣❧✉+ ❤❛✉.✱ ❧❡+ B0
w1···wl

♥❡ +♦♥. ♣❛+ ♥*❝❡++❛✐2❡♠❡♥. ❞✐+❥♦✐♥.+✳

❖♥ ✈❡✉. ♠❛✐♥.❡♥❛♥. *✈❛❧✉❡2 ❧❛ ❞✐+.❛♥❝❡ ❡♥.2❡ ❧❡+ ❣2❛♣❤❡+ (✉✐ ❝♦♥+.✐.✉❡♥. ✉♥ ♠9♠❡

❡♥+❡♠❜❧❡ B0
w1···wl

✳ ;♦✉2 ❝❡❧❛✱ +♦✐. Gh ❧✬❡♥+❡♠❜❧❡ ❞❡+ ❣2❛♣❤❡+ ❞❡ ❢♦♥❝.✐♦♥+ ❤♦❧♦♠♦2♣❤❡+

(X,φ(X)) ❛✉✲❞❡++✉+ ❞❡ Bk1(0, hr(ŷ)e
γ/2) ❛✈❡❝ ‖φ(0)‖ ≤ e−γ/2hr(ŷ) ❡. Lip(φ) ≤ γ0✳

❙✉2 Gh ♦♥ ♠❡. ❧❛ ♠*.2✐(✉❡ ✿

d(graphe φ, graphe ψ) = max
Bk1

(0,hr(ŷ)eγ/2)

‖φ− ψ‖.

❖♥ ❛ ❛❧♦2+ ✿

▲❡♠♠❡ ✸✳✷✳✼✳  ♦✉# $♦✉$ l ≥ 1 ❡$ $♦✉$ w1, · · · , wl = 1, · · · , N ♦♥ ❛ ✿

∀B1
l , B

2
l ❣#❛♣❤❡, -✉✐ ❝♦♥,$✐$✉❡♥$ B0

w1···wl
, d(B1

l , B
2
l ) ≤ 2he−2γnl+2γl.

 #❡✉✈❡✳ B1
l ✈✐❡♥. ❞✬✉♥ ❣2❛♣❤❡ B

1
l−1 ❞❡ B

0
w2···wl

(✉✐ ✈✐❡♥. ❞✬✉♥ ❣2❛♣❤❡ B1
l−2 ❞❡ B

0
w3···wl

✱

❡. ❛✐♥+✐ ❞❡ +✉✐.❡✳ ❖♥ ♥♦.❡ B1
p ♣♦✉2 p = 0, · · · , l ❧❡+ ❣2❛♣❤❡+ ❞❡ B0

wl−p+1···wl
(✉✐ ❢♦♥.

♣❛2.✐❡ ❞✉ ♣2♦❝❡++✉+ ♣♦✉2 ❝♦♥+.2✉✐2❡ B1
l ✳ ❖♥ ❢❛✐. ❞❡ ♠9♠❡ ♣♦✉2 B

2
l ✳

❖♥ ❛ ❛❧♦2+ ♣♦✉2 p = 1, · · · , l ✿

d(B1
p , B

2
p) ≤ e−2γn+2γd(B1

p−1, B
2
p−1).

▲❛ ❞*♠♦♥+.2❛.✐♦♥ ❡+. ❧❛ ♠9♠❡ (✉❡ ❞❛♥+ ❧❡ ❧❡♠♠❡ ✸✳✷✳✺✱ ❡♥ ✉.✐❧✐+❛♥. ❝❡ (✉❡ ❧✬♦♥

❛ ❢❛✐. ❞❛♥+ ❧❛ ♣2❡✉✈❡ ❞✉ ❧❡♠♠❡ ✷✳✷✳✻✳

❊♥ ♣❛2.✐❝✉❧✐❡2 ♦♥ ❛ ♠❛✐♥.❡♥❛♥. ✿

d(B1
l , B

2
l ) ≤ e−2γnl+2γld(B1

0 , B
2
0) ≤ 2e−

γ
2hr(ŷ)e−2γnl+2γl ≤ 2he−2γnl+2γl.

❈❡❧❛ ❞*♠♦♥.2❡ ❧❡ ❧❡♠♠❡✳ ⋄

●2H❝❡ I ❝❡ ❧❡♠♠❡ ♦♥ ♣❡✉. ❞*✜♥✐2 ✉♥❡ ❛♣♣❧✐❝❛.✐♦♥ ❞❡ {1, · · · , N}N ❞❛♥+ Gh ❞❡ ❧❛

❢❛K♦♥ +✉✐✈❛♥.❡✳

❙♦✐. w = (w1, · · · , wl, · · · ) ∈ {1, · · · , N}N✳ ❖♥ ♣2❡♥❞ Bl ✉♥ ❣2❛♣❤❡ (✉✐ ❝♦♥+.✐.✉❡

B0
w1···wl

♣♦✉2 l ≥ 1✳ Bl ❡+. ❞❛♥+ Gh ❡. ♣❛2 ❧❡ .❤*♦2L♠❡ ❞✬❆+❝♦❧✐✱ ✐❧ ❡①✐+.❡ ✉♥❡ +♦✉+✲

+✉✐.❡ (Blj) (✉✐ ❝♦♥✈❡2❣❡ ✈❡2+ B ∈ Gh✳ ❆❧♦2+ ❝♦♠♠❡ ♣♦✉2 ❧❡+ A0
✱ ❣2H❝❡ ❛✉ ❧❡♠♠❡

♣2*❝*❞❡♥.✱ ♦♥ ❛ ❛✉++✐ (Bl) (✉✐ ❝♦♥✈❡2❣❡ ✈❡2+ B✳ ❈❡❧❛ ❞*✜♥✐. ✉♥❡ ❛♣♣❧✐❝❛.✐♦♥ σh :
{1, · · · , N}N −→ Gv ♣❛2 σh(w) = B✳

❙✐ f ♥✬❡+. ♣❛+ ✐♥✈❡2+✐❜❧❡✱ σh ♥✬❡+. ♣❛+ ❛ ♣2✐♦2✐ ✐♥❥❡❝.✐✈❡✳
;❛2 ❝♦♥.2❡ +✐ f ❡+. ✐♥✈❡2+✐❜❧❡ ❡.

∫
log d(x, I(f−1))dµ(x) > −∞✱ ❝♦♠♠❡ ❞❛♥+ ❧❡

❝❛+ A0
✱ σh ❡+. ✐♥❥❡❝.✐✈❡ ✭✐❧ +✉✣. ❞❡ ♣2❡♥❞2❡ ❞❡+ r(x̂) ❛❞❛♣.*+ I ❧❛ ❢♦✐+ ♣♦✉2 f ❡. f

−1
✮✳

❱♦✐❝✐ ♠❛✐♥.❡♥❛♥. ❧❡ ❝♦❞❛❣❡ (✉❡ ❧✬♦♥ ❝❤❡2❝❤❛✐. ✿

✻✵
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❙♦✐# w = (· · ·w−l, · · · , w0, w1, · · · , wl, · · · ) ∈ {1, · · · , N}Z✳
(· · · , w−l, · · · , w0) ❞&✜♥✐# ✉♥ &❧&♠❡♥# A ∈ Gv ✭.✉✐ ❡/# &❣❛❧ 2 σv(w0, w−1, · · · , w−l, · · · )✮

❡# (w1, · · · , wl, · · · ) ❞&✜♥✐# ✉♥ B ∈ Gh ✭.✉✐ ❡/# σh(w1, · · · , wl, · · · )✮✳
▲✬✐♥#❡6/❡❝#✐♦♥ ❞❡ A ❛✈❡❝ B ❡/# ❝♦♠♣♦/&❡ ❞✬✉♥ ✉♥✐.✉❡ ♣♦✐♥# ✭✈♦✐6 ❧❛ ❞&♠♦♥/#6❛#✐♦♥

❞❡ ❧❛ ♣6♦♣♦/✐#✐♦♥ ❙✳✸✳✼ ❞❛♥/ ❬✶✸❪ ❝❛6 γ20 < 1✮✳
❖♥ ♥♦#❡6❛ S0(w) ❧✬✐♠❛❣❡ ❞❡ ❝❡ ♣♦✐♥# ♣❛6 τyCγ(ŷ)✳ ❖♥ ❛ ♦❜#❡♥✉ ❛✐♥/✐ ✉♥❡ ❛♣♣❧✐❝❛✲

#✐♦♥ S0 : {1, · · · , N}Z −→ X✳ ❈✬❡/# ❧❡ ❝♦❞❛❣❡ .✉❡ ❧✬♦♥ ❝❤❡6❝❤❛✐#✳ ■❧ /✬❛❣✐# ♠❛✐♥#❡♥❛♥#

❞❡ ✈&6✐✜❡6 ❧❡/ ♣6♦♣6✐&#&/ ❞✉ #❤&♦6E♠❡ ✶✳

✸✳✸ "#♦♣#✐'(') ❞✉ ❝♦❞❛❣❡

▼♦♥#6♦♥/ #♦✉# ❞✬❛❜♦6❞ .✉❡ ❧✬♦♥ ❛ ❧❡ ❞✐❛❣6❛♠♠❡ /✉✐✈❛♥# ✿

{1, · · · , N}Z
σ

//

S0

��

{1, · · · , N}Z

S0

��

X
fn

// X

❛✈❡❝ σ ❧❡ ❞&❝❛❧❛❣❡ 2 ❞6♦✐#❡ ❡# fn ◦ S0 = S0 ◦ σ✳
❙♦✐# w = (· · · , w−l, · · · , w−1, w0, w1, · · · ) ∈ {1, · · · , N}Z✳
S0(w) = τyCγ(ŷ)(A ∩B) ❛✈❡❝ A = limA0

l ❡# B = limB0
l ♦H A0

l ❡/# ✉♥ ❣6❛♣❤❡ ❞❡

A0
w0w−1···w−l

✭♣♦✉6 #♦✉# l ≥ 0✮ ❡# B0
l ❡/# ✉♥ ❣6❛♣❤❡ ❞❡ B0

w1···wl
✭♣♦✉6 #♦✉# l ≥ 1✮✳

I♦✉6 l ≥ 1✱ ♦♥ ❛ ♣❛6 ❝♦♥/#6✉❝#✐♦♥ C−1
γ (ŷ)τ−1

y τfn(xw0 )
Cγ(f̂

n(x̂w0))gf̂n−1(x̂w0 )
◦ · · · ◦

gx̂w0
◦ C−1

γ (x̂w0)τ
−1
xw0

τyCγ(ŷ)(A
0
l ) .✉✐ ❡/# ✐♥❝❧✉/ ❞❛♥/ ✉♥ ❣6❛♣❤❡ A1

l ❞❡ A0
w−1···w−l

✳

A1
l ❝♦♥✈❡6❣❡ ❞♦♥❝ ✈❡6/ σv(w−1, · · · , w−l, · · · ) .✉❛♥❞ l → +∞✳

▼❛✐♥#❡♥❛♥# ❧❡/ gf̂p−1(x̂w0 )
◦· · ·◦gx̂w0

◦C−1
γ (x̂w0)τ

−1
xw0

τyCγ(ŷ)(A
0
l ) /♦♥# ❞❛♥/ ❞❡/ ❜♦K#❡/

Bk1(0, e
−γ/2hr(f̂ p(x̂w0)))×Bk2(0, hr(f̂

p(x̂w0))) ♣♦✉6 p = 1, · · · , n− 1 ❣6L❝❡ ❛✉① ♣6♦✲

♣6✐&#&/ ❞❡/ ❣6❛♣❤❡/✱ C−1
γ (x̂w0)τ

−1
xw0

τyCγ(ŷ)(A
0
l ) ❡/# ❞❛♥/ ❧❛ ❜♦K#❡ Bk1(0, e

−γ/2hr(x̂w0))×

Bk2(0, e
γhr(x̂w0)) ❡# ♣♦✉6 p = n ❧❡ ♣♦✐♥# ♣6&❝&❞❡♥# ❡/# ❞❛♥/ Bk1(0, e

γ/2hr(f̂n(x̂w0)))×

Bk2(0, hr(f̂
n(x̂w0))) ✭#♦✉❥♦✉6/ ♣❛6 ❧❡/ ♣6♦♣6✐&#&/ ❞❡/ ❣6❛♣❤❡/ ❡# 1 + γ0 ≤ e

γ
2
✮✳

❊♥ ♣❛6#✐❝✉❧✐❡6✱ gf̂p−1(x̂w0 )
◦· · ·◦gx̂w0

C−1
γ (x̂w0)◦τ

−1
xw0

τyCγ(ŷ)(A
0
l ) ✈✐# ❞❛♥/ ✉♥ ❡♥❞6♦✐#

♦H gf̂p(x̂w0 )
❡/# ❤♦❧♦♠♦6♣❤❡ ❞♦♥❝ ❝♦♥#✐♥✉❡✳ ❖♥ ♣❡✉# ❞♦♥❝ ♣❛//❡6 2 ❧❛ ❧✐♠✐#❡ .✉❛♥❞

l → +∞ ❡# ♦♥ ♦❜#✐❡♥# .✉❡ ✿

C−1
γ (ŷ)τ−1

y fn(S0(w)) = C−1
γ (ŷ)τ−1

y τfn(xw0 )
Cγ(f̂

n(x̂w0))gf̂n−1(x̂w0 )
◦ · · ·

◦ gx̂w0
◦ C−1

γ (x̂w0)τ
−1
xw0

τyCγ(ŷ)(C
−1
γ (ŷ)τ−1

y (S0(w)))

✻✶
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❡!" ❞❛♥! σv(w−1, · · · , w−l, · · · )✳
'❛( ❛✐❧❧❡✉(! ♦♥ ♦❜"✐❡♥" ❛✉!!✐ .✉❡ ✿

gf̂p−1(x̂w0 )
◦ · · · ◦ gx̂w0

◦ C−1
γ (x̂w0)τ

−1
xw0

τyCγ(ŷ)(C
−1
γ (ŷ)τ−1

y (S0(w)))

!❡ "(♦✉✈❡ ❞❛♥! Bk1(0, e
−γ/2hr(f̂ p(x̂w0)))×Bk2(0, hr(f̂

p(x̂w0))) ♣♦✉( p = 1, · · · , n−1✱

❞❛♥! Bk1(0, e
−γ/2hr(x̂w0))×Bk2(0, e

γhr(x̂w0)) ♣♦✉( p = 0 ❡" ❞❛♥! Bk1(0, e
γ/2hr(f̂n(x̂w0)))×

Bk2(0, hr(f̂
n(x̂w0))) ♣♦✉( p = n✳

❙♦✐" (bl) ✉♥❡ !✉✐"❡ ❞❡ B0
l .✉✐ ❝♦♥✈❡(❣❡ ✈❡(! C−1

γ (ŷ)τ−1
y (S0(w))✳ '❛( ❝♦♥"✐♥✉✐"6 ♣♦✉(

l ❛!!❡③ ❣(❛♥❞ ♦♥ ❛ ✿ gf̂p−1(x̂w0 )
◦· · ·◦gx̂w0

◦C−1
γ (x̂w0)τ

−1
xw0

τyCγ(ŷ)(bl) .✉✐ ❡!" ❛✉✲❞❡!!✉! ❞❡

Bk1(0, hr(f̂
p(x̂w0))) ♣♦✉( p = 0, · · · , n−1 ❡" ❛✉✲❞❡!!✉! ❞❡ Bk1(0, e

γhr(f̂n(x̂w0))) ♣♦✉(
p = n ✿ ❝❡ !♦♥" ❞♦♥❝ ❞❡! ♣♦✐♥"! .✉✐ !♦♥" ❞❛♥! ❧❛ ♣❛("✐❡ ❞✉ ❝✉"✲♦✛ .✉❡ ❧✬♦♥ ❣❛(❞❡ .✉❛♥❞

♦♥ ♣❛!!❡ ❞❡ B0
l ; !♦♥ !✉❝❝❡!!❡✉( ✈✐❛ ❧❡ ♣(♦❝❡!!✉! .✉✐ ♣❛!!❡ ❞❡ gx̂w0

, · · · , gf̂n−1(x̂w0 )
✳

▲❡ !✉❝❝❡!!❡✉( ❞❡ B0
l ❡!" ♣❛( ❞6✜♥✐"✐♦♥ ✉♥ ❣(❛♣❤❡ B1

l .✉✐ ❝♦♥!"✐"✉❡ B0
w0w1···wl

✳

❖♥ ❛ B1
l → σh(w0, w1, · · ·wl, · · · ) ❡" ❛✐♥!✐ ✿

C−1
γ (ŷ)τ−1

y fn(S0(w)) = C−1
γ (ŷ)τ−1

y τfn(xw0 )
Cγ(f̂

n(x̂w0))gf̂n−1(x̂w0 )
◦ · · ·

◦ gx̂w0
◦ C−1

γ (x̂w0)τ
−1
xw0

τyCγ(ŷ)(C
−1
γ (ŷ)τ−1

y (S0(w)))

❡!" ❞❛♥! σh(w0, w1, · · · , wl, · · · )✳
❙✐ ♦♥ ❢❛✐" ❧❡ ❜✐❧❛♥ ♦♥ ❛ .✉❡ C−1

γ (ŷ)τ−1
y fn(S0(w)) ❡!" ❧✬✉♥✐.✉❡ ♣♦✐♥" ❞❡

σv(w−1, · · · , w−l, · · · ) ∩ σh(w0, w1, · · · , wl, · · · ).

❊♥ ♣❛("✐❝✉❧✐❡( ❝❡❧❛ !✐❣♥✐✜❡ .✉❡ ✿

fn(S0(w)) = τyCγ(ŷ)(σv(w−1, · · · ) ∩ σh(w0, · · · )) = S0(σ(w))

♦B σ ❡!" ❧❡ ❞6❝❛❧❛❣❡ ; ❞(♦✐"❡✳ ❈✬❡!" ❜✐❡♥ ❝❡ .✉❡ ❧✬♦♥ ✈♦✉❧❛✐" ❞6♠♦♥"(❡(✳

▼♦♥"(♦♥! ♠❛✐♥"❡♥❛♥" .✉❡ S0 ❡!" ❝♦♥"✐♥✉❡✳ ❙✉( {1, · · · , N}Z ♦♥ ♠❡" ❧❛ ♠6"(✐.✉❡ ✿

d(w,w′) =
+∞∑

i=1

|wi − w′
i|

2i
+

0∑

i=−∞

|wi − w′
i|

2−i
.

❙♦✐" β > 0✳ ❙✐ p ❡!" !✉✣!❛♠♠❡♥" ❣(❛♥❞✱ ♦♥ ❛ 8he−2γnp+2γp ≤ βr0
C(X)

✳

▼❛✐♥"❡♥❛♥"✱ !✐ d(w,w′) < 1
2p+1 ✱ ♦♥ ❛ ❢♦(❝6♠❡♥" ✿

w0 = w′
0, · · · , w−p = w′

−p, w1 = w′
1, · · · , wp = w′

p.

✻✷
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σv(w0, w−1, · · · , w−l, · · · ) ❡!" ❧✐♠✐"❡ ❞❡ A1
l ❛✈❡❝ A1

l ❣+❛♣❤❡ ❞❡ A0
w0w−1···w−l

♣♦✉+

l ≥ 0✳
1♦✉+ l ≥ p ♦♥ ❛ A1

l ⊂ A0
w0···w−l

⊂ A0
w0···w−p

✳ ❊♥ ♣+❡♥❛♥" ❧❛ ❧✐♠✐"❡ 4✉❛♥❞ l "❡♥❞

✈❡+! +∞✱ ♦♥ ♦❜"✐❡♥" 4✉❡ σv(w0, w−1, · · · ) ⊂ A0
w0···w−p

✳ ▲❡ ♣♦✐♥" C−1
γ (ŷ)τ−1

y (S0(w))

❡!" ❞♦♥❝ ❞❛♥! A0
w0···w−p

✳ ❉❡ ♠9♠❡ C−1
γ (ŷ)τ−1

y (S0(w
′)) ❡!" ❞❛♥! A0

w′

0···w
′

−p
4✉✐ ❡!" :❣❛❧

; A0
w0···w−p

✳

1❛+ ✉♥ +❛✐!♦♥♥❡♠❡♥" !✐♠✐❧❛✐+❡✱ C−1
γ (ŷ)τ−1

y (S0(w)) ❡" C−1
γ (ŷ)τ−1

y (S0(w
′)) !♦♥"

❞❛♥! B0
w1···wp

✳

❈♦♠♠❡ C−1
γ (ŷ)τ−1

y (S0(w)) ❡!" ❞❛♥! A0
w0···w−p

✱ ✐❧ ❡①✐!"❡ ✉♥❡ !✉✐"❡ ❞❡ ♣♦✐♥"! ❞❡

A0
w0···w−p

4✉✐ ❝♦♥✈❡+❣❡ ✈❡+! ❧✉✐✳ 1❛+ ❞:✜♥✐"✐♦♥ ❧❛ !✉✐"❡ ❞❡ ♣♦✐♥"! !✬:❝+✐" (φ1
l (Yl), Yl) ♦@

‖Yl‖ ≤ e
γ
2hr(ŷ)✱ Lip(φ1

l ) ≤ γ0 ❡" ‖φ1
l (0)‖ ≤ e−

γ
2hr(ŷ)✳

1❛+ ❧❡ "❤:♦+A♠❡ ❞✬❆!❝♦❧✐✱ ✐❧ ❡①✐!"❡ ✉♥❡ !♦✉!✲!✉✐"❡ (φ1
lj
) 4✉✐ ❝♦♥✈❡+❣❡ ✉♥✐❢♦+♠:♠❡♥"

✈❡+! φ1
4✉✐ ❡!" ❞❛♥! Gv✳ 1❛+ ❛✐❧❧❡✉+!✱ !✐ C−1

γ (ŷ)τ−1
y (S0(w)) = (X, Y )✱ ♦♥ ❛ Yl →

Y ❡" ‖φ1
lj
(Y ) − φ1

lj
(Ylj)‖ ≤ γ0‖Y − Ylj‖ → 0 ❞♦♥❝ φ1(Y ) = X ❝✬❡!"✲;✲❞✐+❡ 4✉❡

C−1
γ (ŷ)τ−1

y (S0(w)) ❛♣♣❛+"✐❡♥" ❛✉ ❣+❛♣❤❡ (φ1(Y ), Y ) ❞❡ Gv✳

❉❡ ♠9♠❡✱ C−1
γ (ŷ)τ−1

y (S0(w
′)) ❛♣♣❛+"✐❡♥" ; ✉♥ ❣+❛♣❤❡ (φ2(Y ), Y ) ❝♦♥!"+✉✐" ♣❛+ ❧❡

♠9♠❡ ♣+♦❝:❞:✳

1❛+ ❧❡ ❧❡♠♠❡ ✸✳✷✳✺✱ ♦♥ ❛ d(graphe φ1
l , graphe φ

2
l ) ≤ 2he−2γn(p+1)+2γ(p+1)

❡" ❛✐♥!✐✱

❡♥ ♣❛!!❛♥" ; ❧❛ ❧✐♠✐"❡ !✉+ l✱ ♦♥ ❛ d(graphe φ1, graphe φ2) ≤ 2he−2γn(p+1)+2γ(p+1)
✳

❉❡ ❧❛ ♠9♠❡ ❢❛H♦♥✱ C−1
γ (ŷ)τ−1

y (S0(w)) ❛♣♣❛+"✐❡♥" ; ✉♥ ❣+❛♣❤❡ (X,ψ1(X)) ❞❡ Gh

✭❧✐♠✐"❡ ❞❡ ❣+❛♣❤❡! ❞❡ B0
w1···wp

❡" C−1
γ (ŷ)τ−1

y (S0(w
′)) ❡!" ❞❛♥! ✉♥ ❣+❛♣❤❡ (X,ψ2(X) ❞❡

Gh✳ ❖♥ ❛ ❛✉!!✐✱ ❡♥ ✉"✐❧✐!❛♥" ❝❡""❡ ❢♦✐!✲❝✐ ❧❡ ❧❡♠♠❡ ✸✳✷✳✼ 4✉❡ d(graphe ψ1, graphe ψ2) ≤
2he−2γnp+2γp

✳

▲❡ ♣♦✐♥" ❞✬✐♥"❡+!❡❝"✐♦♥ C−1
γ (ŷ)τ−1

y (S0(w)) ❡♥"+❡ ❧❡! ❣+❛♣❤❡! (φ1(Y ), Y ) ❡" (X,ψ1(X))

❡!" ❞❡ ❧❛ ❢♦+♠❡ (φ1(Y1), Y1) ♦@ Y1 ❡!" ❧✬✉♥✐4✉❡ ♣♦✐♥" ✜①❡ ❞❡ ψ1◦φ1 : Bk2(0, e
γ/2hr(ŷ)) −→

Bk2(0, e
γ/2hr(ŷ)) ✭✈♦✐+ ❧❛ ❞:♠♦♥!"+❛"✐♦♥ ❞❡ ❧❛ ♣+♦♣♦!✐"✐♦♥ ❙✳✸✳✼ ❞❛♥! ❬✶✸❪ ❝❛+ ♦♥

❛ γ20 < 1✮✳ ❉❡ ♠9♠❡ ❧❡ ♣♦✐♥" ❞✬✐♥"❡+!❡❝"✐♦♥ C−1
γ (ŷ)τ−1

y (S0(w
′)) ❡♥"+❡ ❧❡! ❣+❛♣❤❡!

(φ2(Y ), Y ) ❡" (X,ψ2(X)) ❡!" ❞❡ ❧❛ ❢♦+♠❡ (φ2(Y2), Y2) ♦@ Y2 ❡!" ❧✬✉♥✐4✉❡ ♣♦✐♥" ✜①❡

❞❡ ψ2 ◦ φ2
✳ ❖♥ ❛ ❛❧♦+! ✿

‖Y1 − Y2‖ = ‖ψ1 ◦ φ1(Y1)− ψ2 ◦ φ2(Y2)‖

≤ ‖ψ1 ◦ φ1(Y1)− ψ2 ◦ φ1(Y1)‖+ ‖ψ2 ◦ φ1(Y1)− ψ2 ◦ φ2(Y2)‖

≤ d(graphe ψ1, graphe ψ2) + γ0‖φ
1(Y1)− φ2(Y2)‖

≤ d(graphe ψ1, graphe ψ2) + γ0
(
‖φ1(Y1)− φ2(Y1)‖+ ‖φ2(Y1)− φ2(Y2)‖

)

≤ d(graphe ψ1, graphe ψ2) + γ0d(graphe φ
1, graphe φ2) + γ20‖Y1 − Y2‖.

❉✬♦@ ✿

✻✸
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‖Y1 − Y2‖ ≤
d(graphe ψ1, graphe ψ2) + γ0d(graphe φ

1, graphe φ2)

1− γ20
.

❉❡ ❧# ♦♥ ❡♥ ❞'❞✉✐* +✉❡ ✿

‖C−1
γ (ŷ)τ−1

y S0(w)− C−1
γ (ŷ)τ−1

y S0(w
′)‖ ≤ ‖Y1 − Y2‖+ ‖φ1(Y1)− φ2(Y2)‖

≤ ‖Y1 − Y2‖+ ‖φ1(Y1)− φ2(Y1)‖+ ‖φ2(Y1)− φ2(Y2)‖

≤ (1 + γ0)‖Y1 − Y2‖+ d(graphe φ1, graphe φ2)

≤
1

1− γ0
(d(graphe ψ1, graphe ψ2) + d(graphe φ1, graphe φ2)).

❆✉*.❡♠❡♥* ❞✐*✱

‖C−1
γ (ŷ)τ−1

y S0(w)− C−1
γ (ŷ)τ−1

y S0(w
′)‖ ≤ 8he−2γnp+2γp ≤

βr0
C(X)

❡* ♣❛. ❧❡ *❤'♦.4♠❡ ❞❡5 ❛❝❝.♦✐55❡♠❡♥*5 ✜♥✐5✱ ❝♦♠♠❡ ‖Cγ(ŷ)‖ ≤ 1
r0
✱ ♦♥ ❛ ✜♥❛❧❡♠❡♥* ✿

d(S0(w), S0(w
′)) ≤

C(X)

r0
×

βr0
C(X)

= β.

❖♥ ❛ ❞♦♥❝ ♠♦♥*.' +✉❡ S0 ❡5* ✉♥✐❢♦.♠'♠❡♥* ❝♦♥*✐♥✉❡✳

❘❡♠❛$%✉❡✳ ▲♦.5+✉❡ f ❡5* ✐♥✈❡.5✐❜❧❡ ❡* +✉❡ ❧✬♦♥ ❛ ❡♥ ♣❧✉5
∫
log d(x, I(f−1))dµ(x) >

−∞✱ S0 ❡5* ✉♥ ❤♦♠'♦♠♦.♣❤✐5♠❡ ❞❡ {1, · · · , N}Z 5✉. 5♦♥ ✐♠❛❣❡✳
❊♥ ❡✛❡*✱ *♦✉* ❞✬❛❜♦.❞ S0 ❡5* ✐♥❥❡❝*✐✈❡ ✿ 5✐ w,w

′ ∈ {1, · · · , N}Z ❛✈❡❝ w 6= w′
♦♥ ❛

5♦✐* (· · · , w−l, · · · , w0) 6= (· · · , w′
−l, · · · , w

′
0)✱ 5♦✐* (w1, · · · , wl, · · · ) 6= (w′

1, · · · , w
′
l, · · · )✳

❉❛♥5 ❧❡ ♣.❡♠✐❡. ❝❛5 C−1
γ (ŷ)τ−1

y S0(w) ❡* C
−1
γ (ŷ)τ−1

y S0(w
′) 5♦♥* .❡5♣❡❝*✐✈❡♠❡♥*

❞❛♥5 σv(w0, · · · , w−l, · · · ) ❡* σv(w
′
0, · · · , w

′
−l, · · · ) +✉✐ 5♦♥* ❞✐5❥♦✐♥*5✳ ❖♥ ❛ ❞♦♥❝ S0(w) 6=

S0(w
′)✳
❉❛♥5 ❧❡ 5❡❝♦♥❞ ❝❛5✱ ❝♦♠♠❡ f ❡5* ✐♥✈❡.5✐❜❧❡ ❡* +✉❡

∫
log d(x, I(f−1))dµ(x) >

−∞✱ ♦♥ ❛ ❛✉55✐ σh(w1, · · · , wl, · · · ) ❡* σh(w
′
1, · · · , w

′
l, · · · ) +✉✐ 5♦♥* ❞✐5❥♦✐♥*5 ❡* ❛✐♥5✐

S0(w) 6= S0(w
′)✳

▼♦♥*.♦♥5✱ *♦✉❥♦✉.5 5♦✉5 ❧✬❤②♣♦*❤45❡ f ✐♥✈❡.5✐❜❧❡ ❡*
∫
log d(x, I(f−1))dµ(x) >

−∞✱ +✉❡ S−1
0 ❡5* ❝♦♥*✐♥✉❡ 5✉. Λ0 = S0({1, · · · , N})Z✳

❙♦✐* β > 0✳ ❙✐ p ❡5* 5✉✣5❛♠♠❡♥* ❣.❛♥❞ ♦♥ ❛ 4N
2p+1 < β✳ ❖♥ ❛ ✈✉ +✉❡ ❧❡5 Aw0···w−p

5♦♥* ❞✐5❥♦✐♥*5✳ ❈♦♠♠❡ f ❡5* ✐♥✈❡.5✐❜❧❡ ❡*
∫
log d(x, I(f−1))dµ(x) > −∞✱ ✐❧ ❡♥ ❡5* ❞❡

♠H♠❡ ♣♦✉. ❧❡5 Bw1···wp ✳ ❙♦✐* ❞♦♥❝ α > 0 ♣❧✉5 ♣❡*✐* +✉❡ ❧❛ ❞✐5*❛♥❝❡ ♠✐♥✐♠❛❧❡ ❡♥*.❡

❞❡✉① Aw0···w−p ❡* +✉❡ ❧❛ ❞✐5*❛♥❝❡ ♠✐♥✐♠❛❧❡ ❡♥*.❡ ❞❡✉① Bw1···wp ✳

❙♦✐* z ❡* z′ ∈ Λ0 ❛✈❡❝ d(z, z
′) < αr0

C(X)
✳

✻✹
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❈♦♠♠❡ ♦♥ ❧✬❛ ✈✉ *✉❛♥❞ ♦♥ ♠♦♥,-❛✐, *✉❡ S0 ❡/, ❝♦♥,✐♥✉❡✱ C
−1
γ (ŷ)τ−1

y (z) ∈

A0
w0···w−p

∩B0
w1···wp

♦2 S−1
0 (z) = (· · · , w−p, · · · , w0, · · · , wp, · · · )✳ ❉❡ ♠5♠❡✱ C

−1
γ (ŷ)τ−1

y (z′) ∈

A0
w′

0···w
′

−p
∩ B0

w′

1···w
′

p
♦2 S−1

0 (z′) = (· · · , w′
−p, · · · , w

′
0, · · · , w

′
p, · · · )✳

6❛- ❧❡ ,❤8♦-9♠❡ ❞❡/ ❛❝❝-♦✐//❡♠❡♥, ✜♥✐/✱

‖C−1
γ (ŷ)τ−1

y (z)− C−1
γ (ŷ)τ−1

y (z′)‖ <
C(X)

r0
×

αr0
C(X)

= α

❝❛- ‖C−1
γ (ŷ)‖ ≤ 1

r0
✳

❖♥ ❡♥ ❞8❞✉✐, *✉❡ C−1
γ (ŷ)τ−1

y (z) ❡, C−1
γ (ŷ)τ−1

y (z′) ♥❡ ♣❡✉✈❡♥, ♣❛/ 5,-❡ ❞❛♥/ ❞❡✉①

A0
w0···w−p

♦✉ ❞❛♥/ ❞❡✉① B0
w0···w−p

❞✐✛8-❡♥,/✳

❖♥ ❛ ❞♦♥❝ w0 = w′
0, · · · , w−p = w′

−p ❡, w1 = w′
1, · · · , wp = w′

p✳

❊♥ ♣❛-,✐❝✉❧✐❡-

d(S−1
0 (z), S−1

0 (z′)) =
+∞∑

i=1

|wi − w′
i|

2i
+

0∑

i=−∞

|wi − w′
i|

2−i

≤
+∞∑

i=p+1

N

2i
+

−p−1∑

i=−∞

N

2−i

≤
N

2p+1
× 2 +

N

2p+1
× 2 ≤

4N

2p+1
< β.

▲✬❛♣♣❧✐❝❛,✐♦♥ S−1
0 ❡/, ❞♦♥❝ ✉♥✐❢♦-♠8♠❡♥, ❝♦♥,✐♥✉❡ /✉- Λ0✳

❘❡✈❡♥♦♥/ ❛✉ ❝❛/ ❣8♥8-❛❧✳

6♦✉- ,❡-♠✐♥❡- ❧❛ ❞8♠♦♥/,-❛,✐♦♥ ❞✉ ♣-❡♠✐❡- ♣♦✐♥, ❞✉ ,❤8♦-9♠❡ ✶ ✐❧ -❡/,❡ E 8,✉❞✐❡-

❧❛ ♠❡/✉-❡ ν0 = (S0)∗λ0 ✭♦2 λ0 ❡/, ❧❛ ♠❡/✉-❡ ❞❡ ❇❡-♥♦✉❧❧✐ /✉- {1, · · · , N}Z✮✳ ❖♥ ❛ ✿

(fn)∗ν0 = (fn)∗(S0)∗λ0 = (fn ◦ S0)∗λ0 = (S0 ◦ σ)∗λ0 = (S0)∗λ0 = ν0.

❈✬❡/, ❞♦♥❝ ✉♥❡ ♠❡/✉-❡ (fn)✲✐♥✈❛-✐❛♥,❡✳ ❈❛❧❝✉❧♦♥/ ♠❛✐♥,❡♥❛♥, hν0(f
n)✳

❙♦✐, α > 0 ❧❛ ❞✐/,❛♥❝❡ ♠✐♥✐♠❛❧❡ ❡♥,-❡ ❞❡✉① Ai ♣♦✉- i = 1, · · · , N ✳ ❖♥ ❛

▲❡♠♠❡ ✸✳✸✳✶✳  ♦✉# $♦✉$ z1 ∈ Aw0···w−l
❡$ z2 ∈ Aw′

0···w
′

−l
❛✈❡❝ (w0, · · · , w−l) 6=

(w′
0, · · · , w

′
−l)✱ ❧❡+ ♣♦✐♥$+ z1 ❡$ z2 +♦♥$ (l + 1, α)✲+0♣❛#0+ ♣♦✉# fn

✳

 #❡✉✈❡✳ ❖♥ ❝♦♥/✐❞9-❡ ❞❡✉① ♣♦✐♥,/ z1, z2 ❝♦♠♠❡ ❝✐✲❞❡//✉/ ❡, /♦✐, p ❧❡ ♣❧✉/ ♣❡,✐, ❡♥,✐❡-
❛✈❡❝ w−p 6= w′

−p ✭0 ≤ p ≤ l✮✳
❖♥ ❛ ✈✉ ❛✉ ❞8❜✉, ❞✉ ♣❛-❛❣-❛♣❤❡ ✸✳✸ *✉❡ ✿

✻✺
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C−1
γ (ŷ)τ−1

y fnτyCγ(ŷ)(A
0
w0···w−l

) ⊂ A0
w−1···w−l

❝✬❡#$✲&✲❞✐)❡ fn(Aw0···w−l
) ⊂ Aw−1···w−l

✳

❆✐♥$✐ fnp(Aw0···w−l
) ⊂ Aw−p···w−l

⊂ Aw−p ❡& ❞❡ ❧❛ ♠+♠❡ ❢❛-♦♥ fnp(Aw′

0···w
′

−l
) ⊂

Aw′

−p···w
′

−l
⊂ Aw′

−p
✳ /❛0 ❝♦♥&✐♥✉✐&3 fnp(Aw0···w−l

) ⊂ Aw−p ❡& fnp(Aw′

0···w
′

−l
) ⊂ Aw′

−p
✳

❖♥ ❛ ❞♦♥❝ d(fnp(z1), f
np(z2)) ≥ α ❡& ❝✬❡$& ❝❡ 6✉❡ ❧✬♦♥ ✈♦✉❧❛✐& ❞3♠♦♥&0❡0✳

⋄

❙✐ w ∈ {1, · · · , N}Z✱ ♦♥ ❛ ✈✉ 6✉❡ ♣♦✉0 l ≥ 0✱ ♦♥ ❛ S0(w) ∈ Aw0···w−l
✳

▲❡ $✉♣♣♦0& ❞❡ ν0 ❡$& ❞♦♥❝ ✐♥❝❧✉$ ❞❛♥$

⋃

w0,··· ,w−l=1,··· ,N

Aw0···w−l
.

✳

❉❡ ♣❧✉$✱

ν0(Aw0···w−l
) = λ0(S

−1
0 (Aw0···w−l

))

= λ0({w
′, w′

0 = w0, · · · , w
′
−l = w−l}) ❝❛0 ❧❡$ Aw0···w−l

$♦♥& ❞✐$❥♦✐♥&$

=

(
1

N

)l+1

.

❙♦✐& z ∈
⋃

w0,··· ,w−l=1,··· ,N Aw0···w−l
✳ ❖♥ ❛ z ∈ Aw0···w−l

♣♦✉0 ✉♥ ❝❡0&❛✐♥ (w0, · · · , w−l) ∈

{1, · · · , N}l+1
❡& ❞♦♥❝✱ ♣❛0 ❧❡ ❧❡♠♠❡ ♣03❝3❞❡♥&✱ $✐ ♦♥ ♥♦&❡ ✿

Bl+1(f
n, α, z) = {y ∈ X ✱ d(fnp(z), fnp(y)) < α ♣♦✉0 p = 0, · · · , l},

♦♥ ❛ ✿

ν0(Bl+1(f
n, α, z)) = ν0


Bl+1(f

n, α, z) ∩
⋃

w0,··· ,w−l=1,··· ,N

Aw0···w−l




= ν0(Bl+1(f
n, α, z) ∩ Aw0···w−l

) ≤

(
1

N

)l+1

.

/❛0 ❧❡ &❤3♦0@♠❡ ❞❡ ❇0✐♥✲❑❛&♦❦✱ ♦♥ ❛ ✿

hν0(f
n) = lim

α→0
lim sup
l→+∞

−
1

l + 1
log ν0(Bl+1(f

n, α, z))

✻✻
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♣♦✉# ν0 ♣#❡%&✉❡ '♦✉' ♣♦✐♥' ✭❝❛# ❝♦♠♠❡ λ0 ❡%' ❡#❣♦❞✐&✉❡✱ ν0 ❧✬❡%' ❛✉%%✐ ❣#3❝❡ 4 ❧❛

#❡❧❛'✐♦♥ fn ◦ S0 = S0 ◦ σ✮✳

❙✐ z ∈
⋂

l≥0

⋃
w0,··· ,w−l=1,··· ,N Aw0···w−l

✭&✉✐ ❡%' ❞❡ ♠❛%%❡ 1 ♣♦✉# ν0✮✱ ♦♥ ❛ ♣♦✉# '♦✉'

l ≥ 0 ✿

−
1

l + 1
log ν0(Bl+1(f

n, α, z)) ≥ − log
1

N
= logN,

❝❡ &✉✐ ✐♠♣❧✐&✉❡ hν0(f
n) ≥ logN = hµ(f)n− ρn✳ ❈✬❡%' &✉❡ ❧✬♦♥ ✈♦✉❧❛✐' ❞;♠♦♥'#❡#✳

■❧ #❡%'❡ 4 ❞;♠♦♥'#❡# ❧❡% ♣♦✐♥'% 2 ❡' 3 ❞✉ '❤;♦#>♠❡ ✶✳

❚♦✉' ❞✬❛❜♦#❞✱ htop(f|Λ0) ≥ htop((f
n)|Λ0) ×

1
n
❝❛# ✉♥ ❡♥%❡♠❜❧❡ (l, α)✲%;♣❛#; ♣♦✉#

fn
❡%' (ln− n+ 1, α)✲%;♣❛#; ♣♦✉# f ✳

❊♥%✉✐'❡ ♦♥ ❛ ✭♣❛# ❡①❡♠♣❧❡ ❡♥ ✉'✐❧✐%❛♥' ❧❡ '❤;♦#>♠❡ ❞❡ ❇#✐♥✲❑❛'♦❦✮✱ htop((f
n)|Λ0) ≥

hν0(f
n) ≥ hµ(f)n− ρn✳ ❖♥ ❛ ❞♦♥❝ htop(f|Λ0) ≥ hµ(f)− ρ✳ ❈✬❡%' ❝❡ &✉❡ ❧✬♦♥ ✈♦✉❧❛✐'✳

I❛%%♦♥% ❛✉ ❞❡#♥✐❡# ♣♦✐♥'✳

❖♥ ♥♦'❡ Λ = Λ0 ∪ f(Λ0) ∪ · · · ∪ fn−1(Λ0)✳

❙♦✐' z ∈ Λ0✳ ❖♥ ❛ z = S0(w) ❛✈❡❝ w = (· · · , w−l, · · · , w0, · · · , wl, · · · ) ∈
{1, · · · , N}Z✳

z ∈ Aw0 ❡' ♦♥ ❛ ✈✉ ❞❛♥% ❧❛ ❞;♠♦♥%'#❛'✐♦♥ ❞✉ ❧❡♠♠❡ ✸✳✷✳✷ &✉❡ d(f l(z), f l(xw0)) ≤
ǫ
4
♣♦✉# l = 0, · · · , n✳ ▲❡ ♣♦✐♥' xw0 ❡%' ❞❛♥% ❧❡ %✉♣♣♦#' ❞❡ µ %✐ ♦♥ ✈❡✉' ✭♦♥ ♣❡✉' '♦✉❥♦✉#%

✐♥'❡#%❡❝'❡# π(Λδ,m′

0
) ∩ Γǫ,m0 ♣❛# ❧❡ %✉♣♣♦#' ❞❡ µ %✐ ♦♥ ❧❡ %♦✉❤❛✐'❡✮✳

❈❡❧❛ %✐❣♥✐✜❡ &✉❡ Λ ❡%' ✐♥❝❧✉% ❞❛♥% ✉♥

ǫ
4
✲✈♦✐%✐♥❛❣❡ ❞❡ %✉♣♣♦#' ❞❡ µ✳ ❙✐ ♦♥ ♣#❡♥❞

ǫ
4
< ρ✱ ♦♥ ❛ ❞♦♥❝ ❧❛ ♣#❡♠✐>#❡ ♣❛#'✐❡ ❞✉ ♣♦✐♥' 3✳

❙✐ z ∈ Λ0✱ ♦♥ ❛ z = S0(w) ❡' ♦♥ ❛ ✈✉ ❛✉%%✐ &✉❡ gf̂ l(x̂w0 )
❡%' ❝♦♥'✐♥✉❡ ❛✉ ✈♦✐%✐♥❛❣❡

❞❡ gf̂ l−1(x̂w0 )
◦ · · · ◦ gx̂w0

◦ C−1
γ (x̂w0)τ

−1
xw0

(z) ♣♦✉# l = 0, · · · , n− 1✳ ❈❡❧❛ ✐♠♣❧✐&✉❡ &✉❡

f ❡%' ❝♦♥'✐♥✉❡ ❛✉ ✈♦✐%✐♥❛❣❡ ❞❡ f l(S0(w)) ♣♦✉# l = 0, · · · , n− 1✳

❖♥ ♣❡✉' ❞♦♥❝ ❞;✜♥✐# ✿

ν =
1

n
(ν0 + f∗ν0 + · · ·+ (fn−1)∗ν0)

❡' ♦♥ ❛ ✿

f∗ν =
1

n
(f∗ν0 + (f 2)∗ν0 + · · ·+ (fn)∗ν0︸ ︷︷ ︸

=ν0

) = ν.

▲❛ ♠❡%✉#❡ ν ❡%' ❞♦♥❝ ❜✐❡♥ ✐♥✈❛#✐❛♥'❡ ♣❛# f ❡' ♣♦#';❡ ♣❛# Λ✳ ❊♥✜♥✱ ♣♦✉# i =
1, · · · , k0✱ ♦♥ ❛

✻✼
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I =

∣∣∣∣
∫
ϕidν −

∫
ϕidµ

∣∣∣∣ =
∣∣∣∣
∫
ϕi

1

n
d(ν0 + · · ·+ (fn−1)∗ν0)−

∫
ϕidµ

∣∣∣∣

=

∣∣∣∣∣
1

n

∫ n−1∑

l=0

ϕi(f
l(x))dν0(x)−

∫
ϕidµ

∣∣∣∣∣ =
∣∣∣∣∣
1

n

∫ n−1∑

l=0

ϕi(f
l(S0(w)))dλ0(w)−

∫
ϕidµ

∣∣∣∣∣

=

∣∣∣∣∣

∫ (
1

n

n−1∑

l=0

ϕi(f
l(S0(w)))−

∫
ϕidµ

)
dλ0(w)

∣∣∣∣∣ .

▼❛✐# ♣♦✉' l = 0, · · · , n✱ ♦♥ ❛ d(f l(S0(w)), f
l(xw0)) ≤ ǫ

4
✳ ▲✬❤②♣♦/❤0#❡ ❢❛✐/❡ ❛✉

❞4❜✉/ ✐♠♣❧✐8✉❡ ❞♦♥❝ 8✉❡ |ϕi(f
l(S0(w)))− ϕi(f

l(xw0))| <
r
2
♣♦✉' l = 0, · · · , n− 1✳

❉✬♦; ✿

I ≤

∫ ∣∣∣∣∣
1

n

n−1∑

l=0

ϕ(f l(xw0))−

∫
ϕidµ

∣∣∣∣∣ dλ0(w) +
r

2
.

❊♥✜♥ ♣❛' ❞4✜♥✐/✐♦♥ ❞❡ Λδ,m′

0
✱ ♦♥ ❛ ✿

∣∣∣∣∣
1

n

n−1∑

l=0

ϕ(f l(xw0))−

∫
ϕidµ

∣∣∣∣∣ <
r

2

❝❡ 8✉✐ ❞♦♥♥❡ I ≤ r < ρ ❡/ ❝❡❧❛ /❡'♠✐♥❡ ❧❛ ❞4♠♦♥#/'❛/✐♦♥ ❞✉ /❤4♦'0♠❡✳
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