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Abstract

This paper investigates the impact of copper access regulation on
broadband adoption for each technology (xDSL on copper infrastructure,
FTTx on �ber infrastructure and cable modem). We modeled adoption
using a logistic function. Using a dataset covering 15 European countries,
we found that copper access regulation has a negative impact on �ber
and cable modem adoption. Copper access regulation is measured by two
variables: copper access charge and copper wholesale access share, i.e. the
ratio of copper wholesale access provided by the incumbent to alternative
operators out of the total number of copper accesses) . The model allows
us to forecast the penetration rate of broadband access for each technology
(copper xDSL, �ber, FTTx and cable modem) through 2020. An increase
in copper access charges or a decrease in copper wholesale access shares
could help to achieve the objectives of the digital agenda.

1 Introduction

The adoption of fast or ultra-fast Broadband (>100 Mbits/s) is a major issue
for the telecommunications policy in the coming decades, particularly in Eu-
ropean countries which tend to lag behind other OECD countries. The digital
agenda for Europe sets a target of a more than 50% of households with ultra-fast
broadband by 2020.

This paper aims to estimate the impact of copper access regulation on NGA
(FTTx and Cable) adoption in order to determine which form of copper regu-
lation would support the achievement of the Digital Agenda objectives.

Access Regulation plays a crucial role in this issue. Its impact on Broad-
band and Ultra-fast broadband internet has been both theoretically and empiri-
cally demonstrated. It does not necessarily have the same impact on broadband
and ultra-fast broadband. Ultra-fast broadband should not be developed at
the expense of broadband; the Digital Agenda also sets a target of 75% of the
population using the internet regularly in 2015.
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For Broadband, the Ladder of investment hypothesis (Cave 2006) theo-
retically encourages alternative operators to enter the broadband market where
the network is owned by an incumbent operator. The alternative operator pays
an access charge to unbundle the incumbent�s local loop, i.e. to install its own
equipment, in order to o¤er its own services on the retail market. The last step
is building a complete alternative network, including a local loop. Each step
forms a rung of the Ladder. Incentive mechanisms are supposed to encourage
alternative operators to climb the ladder of investment. In reality, local loop
unbundling policies appear to have a mitigated impact on broadband penetra-
tion. Some empirical frameworks have found a positive impact (Lee et al 2011),
while others have found a negative or no signi�cant impact (Distaso et al 2005),
(Wallsten 2006). This ambiguous e¤ect may be due to the negative impact of
unbundling policies on incentives to invest both from the incumbent and on al-
ternative platforms. A decrease in copper access charges encourages alternative
operators to remain on the incumbent�s infrastructure instead of building their
own. (Bourreau and Dogan 2006), (Gayle and Weissman 2007), (Bouckaert et
al. 2008), (Grajek and Röller 2009).

Copper access regulation also has an impact on ultra-fast broadband
adoption. Copper access charges increase the incentive for alternative operators
to invest by decreasing the opportunity cost of building an alternative infrastruc-
ture. However the impact on incentives for incumbents to invest is ambiguous.
The wholesale revenue e¤ect hampers the incumbent�s investment and copper
access charges increase the incumbent�s wholesale revenues, meaning that whole-
sale losses increase if consumers migrate to another infrastructure. However, the
business migration e¤ect encourages the incumbent to make investments, and
copper access charges increases retail prices and encourage consumers to migrate
from the "old" copper infrastructure to the "new" �ber infrastructure (Bour-
reau et al 2011). Empirically, Briglauer et al, found that tight copper access
regulation has a negative impact on �ber infrastructure roll-out (Briglauer et
al 2012). Is there a tradeo¤ between the adoption of broadband and ultra-fast
broadband? Does copper access regulation promote Broadband at the expense
of ultra-fast Broadband? Crandall, Je¤rey and Ingraham found that, in the long
run, copper unbundling has a negative impact on broadband penetration. They
suggest that various forms of wholesale unbundling could create a temporary
surge in penetration by providing entrants with low-cost access to incumbents�
networks, but that surge is soon o¤set by the reduction in network investment
and the corresponding reduction in availability, capacity and/or service quality
caused by low wholesale rates (Crandall et al 2013).

In order to avoid the negative impact of technological competition on
ultra-fast broadband adoption, WIK-consult suggests a mandatory cut-o¤ of
the copper network or very low copper access charges. This would force incum-
bents to invest and customers to migrate to the new technology (Wik report
2011). However, as Plum consulting observed, the WIK study considers foregone
copper revenues only, and focuses exclusively on the case of a copper network
operator who is also the �ber investor. The WIK model does not take customer
migration incentives into account, but acknowledges that a lower copper price

2

31



would discourage customers from switching to next generation access. The Plum
report also examines the business migration e¤ect and dynamic issues related
to investor con�dence. (Plum report 2011)

Another �nding in the economic literature is the impact of copper ac-
cess regulation on competition. Tight copper access regulation increases service-
based competition and decreases facility-based competition (Bender and Götz
2009), and facility-based competition increases broadband and ultra-fast broad-
band adoption (Distaso et al. 2005).

This article, in turn, highlights the negative impact of copper access
regulation on the adoption of �ber and other types of access. Its originality
is the fact that it takes into account not only the price of the access charge
but also the percentage of the total number of xDSL accesses purchased on the
wholesale market by alternative operators. The Copper Wholesale Access Share
is an index that indicates the level of copper access regulation. A logistic-shaped
model is used to model each type of broadband adoption. The accuracy of the
results allows us to attempt to forecast the future penetration rate of di¤erent
types of broadband access.

Each type of access de�ned by a particular technology (copper (xDSL),
�ber (FTTx), cable modem) faces �erce competition from the others. Each type
of access can easily be replaced by the others, meaning that a price variation on
one type of access has a signi�cant impact on the others. A theoretical model of
this type of technological competition, whose intensity increases with the substi-
tutability of the technologies, was developed by Jeanjean and Liang (Jeanjean
and Liang 2012). Fiber technology allows much higher connection speeds than
copper technologies, although the di¤erence in consumers� willingness to pay
is relatively low: approximately $3 according to a recent study for the FCC
(Rosston et al 2010). This leads to high levels of technological competition
between �ber and copper technologies.

The remainder of the paper is organized as follows. Section 2 describes
the data, section 3 highlights the static impact of copper access regulation,
section 4 integrates dynamics and describes and estimates the logistic model,
section 5 forecasts the broadband adoption and section 6 concludes the paper.

2 Data

2.1 Broadband penetration rate

This paper aims to assess and forecast the impact of copper access regulation on
the FTTx penetration rate, F . However, in order to forecast FTTx penetration,
we also need to forecast xDSL access on a copper infrastructure, C; other types
of �xed broadband access: (Cable modem, Wimax, satellite, powerline, etc.)
that we will call Cm; because they are mainly Cable modem access and Total
Broadband access, B;such that B = F + Cm+ C .

The Broadband penetration rates for all types of access come from the in-
forma WBIS (World Broadband Information Service). WBIS is a quarterly
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database. This paper uses data from Q1 2007 to Q2 2012, a total of 22 quarters
for each broadband provider in each country.

Penetration rates are de�ned as the penetration for households, i.e. the
number of accesses divided by the number of households H.

2.2 Regulation and control variables

Two regulation variables are used: the unbundling access charge, UAC , ex-
pressed in e/line/month and provided by Cullen-international, and the copper
wholesale access share, CWAS . The CWAS is the ratio of xDSL accesses
provided through the wholesale market to the total number of copper xDSL
accesses. CWAS is calculated using the WBIS database. CWAS is represen-
tative of the level of copper access regulation. The tighter the copper access
regulation, the higher the CWAS.
Intensity of competition is measured using the Her�ndahl index, HHI, as

a proxy. The Her�ndahl index is calculated using the corporate market shares
provided by the WBIS database. In order to determine the impact of copper ac-
cess regulation on incumbent and alternative operators, we have de�ned another
variable: the Fiber Incumbent Market Share, FIMS. This is the ratio of FTTx
accesses provided by the incumbent to the total number of FTTx accesses.

15 European countries are analyzed: Austria, Belgium, Czech Repub-
lic, Denmark, France, Germany, Italy, Netherlands, Norway, Poland, Portugal,
Spain, Sweden, Switzerland and the United Kingdom. A total of 330 observa-
tions are provided by the 15 countries. However, 23 observations are missing,
so only 307 observations are available.
The table below provides descriptive statistics (table 1):

B F C Cm CWAS HHI UAC time

Mean 63,00% 3,03% 43,65% 16,33% 35,28% 0,285 9,33 11,87

Standard Error 0,84% 0,27% 0,74% 0,55% 0,79% 0,004 0,12 0,36

Median 63,61% 0,44% 45,64% 14,81% 32,72% 0,288 9,29 12,00

Standard Deviation 14,69% 4,78% 12,95% 9,65% 13,78% 0,069 2,12 6,35

Sample Variance 2,16% 0,23% 1,68% 0,93% 1,90% 0,005 4,48 40,35

Kurtosis -0,518 2,209 0,078 -0,409 -0,385 -0,828 2,835 -1,198

Skewness -0,287 1,776 -0,153 0,264 0,569 0,088 0,867 -0,084

Range 0,643 0,199 0,609 0,394 0,582 0,322 13,590 21,000

Minimum 28,11% 0,00% 17,94% 0,00% 9,09% 0,141 5,20 1

Maximum 92,39% 19,92% 78,84% 39,42% 67,27% 0,462 18,79 22

Sum 193,425 9,288 133,991 50,147 108,319 87,388 2865 3645

Count 307 307 307 307 307 307 307 307

Confidence Level(95,0%) 1,65% 0,54% 1,45% 1,08% 1,55% 0,0078 0,2376 0,7134

Table1: Descriptive statistics

The 15 countries studied can be divided roughly into three groups in terms of
copper access regulation. The �rst represents the most tightly regulated coun-
tries: France, Germany, Italy and the United Kingdom, where the unbundling
access charges are moderate but copper wholesale access charges are very high.
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These countries experienced very low growth in ultra-fast broadband over the
period. The second category is that of countries with middle of the road regu-
lations: Austria, Denmark, Poland, Portugal, Netherlands, Spain and Sweden,
where the two parameters are average (Denmark, Portugal, Spain, Sweden) or
have con�icting e¤ects which result in a mid-range e¤ect (Austria; Netherlands,
Poland). These countries experienced moderate growth in ultra-fast broad-
band. The third category represents the most least regulated countries: Nor-
way, Switzerland, Belgium and the Czech Republic, where unbundling access
charges are high and the Copper Wholesale Access Share is moderate (Nor-
way and Switzerland) or Unbundling Access Charges are moderate and Copper
Wholesale Access charges are low (Belgium, Czech Republic). These countries
experienced strong growth in ultra-fast broadband.

Broadband deployment is already quite advanced in all of the countries
studied. Household broadband penetration is still increasing, but its growth
is slowing as it approaches to full coverage. Growth rates are increasing for
all technologies. Copper is the most used technology, but its growth is slowing
although it remains relatively far from full coverage. Cable modem growth is
almost constant while FTTx growth is increasing. The table below shows the
variable correlation matrix (Table 2):

B F C Cm CWAS HHI UAC time

B 1

F 0,28503 1

C 0,66855 -0,152951538 1

Cm 0,48434 0,143544655 -0,248319562 1

CWAS 0,07949 -0,072110177 0,581661972 -0,6241 1

HHI 0,03262 -0,176451532 0,144962312 -0,0574 -0,394607054 1

UAC 0,09018 0,183524159 0,135360126 -0,1354 0,176344132 -0,046636717 1

time 0,3242 0,208086133 0,114236845 0,23728 -0,161770784 -0,082720128 -0,2057 1

Table 2: Correlation matrix

All technologies are signi�cantly correlated with the total Broadband vari-
able. Cable modem and FTTx are positively correlated, but are negatively
correlated with xDSL. More generally, Cable modem and FTTx have the same
signs of correlation with all the variables, while xDSL has the opposite sign with
the exception of time. This suggests �erce technological competition between
xDSL and the other technologies. As expected, total Broadband, FTTx and
Cable penetration tend to decrease with the concentration index HHI while
xDSL tends to increase. This suggests that competition bene�ts �ber and ca-
ble modem at the expense of copper. This is consistent with Distaso et al.�s
work, which showed that inter-platform competition among technologies has a
positive impact on broadband penetration while intra-platform competition on
xDSL has a negative impact (Distaso et al. 2005).
The copper access charge, UAC is not signi�cantly correlated with adop-

tion, with the exception of FTTx adoption. It is also negatively correlated with
FIMS and HHI. This suggests that UAC, which tends to increase FTTx

5

34



adoption, has a stronger impact on alternative operators than on the incum-
bent. Unbundling access charges, UAC, increase the incentives for alternative
operators to invest in a new �ber infrastructure and have an ambiguous im-
pact on the incumbent because the wholesale revenue e¤ect is compensated by
the business migration e¤ect (Bourreau et al. 2011). The overall outcome of
these two contrary e¤ects appears to be positive for FTTx adoption, which
has a signi�cant positive correlation with UAC. The copper wholesale access
share, CWAS, has a strong positive correlation to xDSL adoption and a strong
negative correlation to Cable modem adoption and to a lesser extent FTTx
adoption. This suggests that copper access regulation increases copper adop-
tion at the expense of adoption on other platforms. The overall outcome for
the period studied appears ambiguous, as the correlation between CWAS and
total Broadband adoption is not signi�cant (Wallsten 2006).
We will take a more detailed look at the impacts of copper access regulation

when estimating the parameters for logistic models in the next section.

3 Impact of copper access regulation

As we noted in the introduction, copper access charge regulation has a signi�-
cant impact on FTTx adoption. This section aims to produce a broad and static
estimation of this impact. The next section will include dynamics in the speci-
�cation. We express the penetration rate X 2 fB;F;C;Cm; f; c; cmg according
to regulation variables UAC;CWAS and HHI, taking into account the �xed
e¤ects of country and time:

Xi;t = �1;i + �2;t + �1UACi;t + �2CWASi;t + �3HHIi;t + "i;t (1)

i denotes the country index and t the time index �1; �2; �1; �2 and �3 are
constant coe¢cients. The following table (table 3) presents the result of the
linear regression using the Huber/White/Sandwich robust estimation procedure.
This procedure takes into account both heteroskedasticity and autocorrelation.
Country and time e¤ects are included but not reported for brevity.
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VARIABLES B F Cm C f cm c

UAC -0.00114 0.00135** -0.000711 -0.00179 0.00232*** 0.00290*** -0.00522***

(0.00121) (0.000582) (0.000729) (0.00150) (0.000771) (0.00109) (0.00124)

CWAS 0.148* -0.325*** -0.437*** 0.909*** -0.531*** -0.495*** 1.026***

(0.0771) (0.0375) (0.0678) (0.116) (0.0439) (0.0939) (0.0922)

HHI 0.229** -0.547*** -0.568*** 1.344*** -0.771*** -0.818*** 1.589***

(0.111) (0.0654) (0.102) (0.164) (0.0703) (0.128) (0.152)

Observations 307 307 307 307 307 307 307

R-squared 0.981 0.953 0.978 0.954 0.967 0.985 0.984

Robust standard errors in parentheses

*** p<0.01, ** p<0.05, * p<0.1

Table 3: Linear regression of equation 1

As expected,UAC;CWAS and HHI signi�cantly impact the FTTx pene-
tration rate. UAC has a positive impact, while CWAS has a negative one.
Copper access charges tend to increase xDSL prices, while unbundling obliga-
tions tend to decrease them. Both an increase in UAC and a decrease in CWAS
improve the competitiveness of �ber compared to copper and thus accelerate the
migration from copper to �ber. On the other hand, xDSL penetration, C, is
positively impacted by CWAS and negatively a¤ected by UAC, although the
coe¢cient is not signi�cant. The overall impact of UAC on total broadband is
negative but not signi�cant and the impact of CWAS is positive but relatively
weak and barely signi�cant. This re�ects the opposite e¤ects of copper access
regulation on xDSL access and other types of access. The technological com-
petition appears more clearly when considering the reduced forms f = F=B;
c = C=B and cm = Cm=B. In that case, all the coe¢cients are very signi�cant
and have the expected signs. Furthermore, as we have F + C + Cm = B, thus
f + c + cm = 1 and as a result: f + cm = 1 � c. This relation can be veri�ed
for the coe¢cients of all the parameters (UAC;CWAS; and HHI). We can
then note that the overall impact of copper access regulation is roughly equally
shared between �ber, f and cable modem, cm. Competition, analyzed using
the Her�ndahl index, HHI; acts like an unbundling charge, UAC. It fosters
FTTx and Cable modem adoption (coe¢cient of HHI < 0) at the expense of
xDSL (coe¢cient of HHI > 0). The overall impact of competition on total
broadband penetration, B, is negative (coe¢cient HHI > 0). The estimated
coe¢cients for B have the same sign as xDSL, C, but they are lower and less sig-
ni�cant, re�ecting the fact that copper accesses currently outnumber the other
type of access. Consequently, one might reasonably expect a reversal of sign if
the number of �ber and cable modem accesses eventually exceeds that of copper
accesses.
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4 The dynamic model

4.1 Description

In this section we present the principles of the forecasting model.
The innovation process in the telecommunications industry often leads

to S-shaped adoption curves (Fides 2002).
The adoption of a new product follows a process where the number of

newcomers depends on the number of existing customers and the number of
potential customers who have not yet purchased it but may decide to.

dX(t)

dt
= g(t)X(t) (1�X(t)) (2)

WhereX(t) represents the type of access studied,X 2 fF;B;C;Cm; f; c; cmg
with f = F

B
; c = C

B
, cm = Cm

B
the reduced forms, and g(t) a time function.

Let us denote z such that:

z(t) = ln

�

X(t)

1�X(t)

�

(3)

Equations 2 and 3 lead to g(t) = dz(t)
dt

and X(t) can be expressed in a logistic
form:

X(t) =
1

1 + e�z(t)
(4)

In order to estimate the impact of each variable, we assume that z(t) can be
expressed by a linear function of the variables UAC, CWAS;HHI and FIMS.

z(t) = a+ bt+ �1UACi;t + �2CWASi;t + �3HHIi;t + �4FIMSi;t + "i;t (5)

where a; b; �1; �2; �3 and �4 are constant parameters that depend on the type
of access and "i;t, the error term.
We can also estimate the model with aggregate data. The aggregate variables

are the sum of the variables for each country at time t, weighted by the number
of households. Subscript ag denotes the aggregate variables.

8Xag 2 fBag; Fag; Cmag; Cag; UACag; CWASag; F IMSagg

Xag(t) =

P

i

Xi;t:Hi;t
P

i

Hi;t
(6)

In that case, zag(t) writes:

zag(t) = aag + bagt+
4
X

i=1

�i;agVi;ag + "ag;t (7)
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with aag; bag; �1;ag; �2;ag; �3;ag and �4;ag, constant parameters that depend
on the type of access, V1 = UAC; V2 = CWAS; V3 = HHI; V4 = FIMS; and
"ag;t, the error term1 .

4.2 Estimation

When using the logistic models described in the previous section, we must re-
move observations for which FTTx or Cable modem deployment has not started,
F = 0 or Cm = 0, where it is not possible to calculate equation 4. This leaves
us 230 usable observations to calculate the logistic form of f = F=B and 285
observations to calculate the logistic form of cm = Cm=B. FIMS can be cal-
culated only if F 6= 0. This leaves 230 usable observations for the regressions,
including FIMS for all types of broadband access with the exception of cable
modem, for which we also have to remove the observations where Cm = 0,
leaving 208 useable observations.
The estimated coe¢cients for the model of equation 5 are reported in the

table below (Table 4). Country and time e¤ects are included but not reported
for brevity:

VARIABLES  z=ln (B/(1-B)) ln (B/(1-B)) ln (f/(1-f)) ln (f/(1-f)) ln (cm/(1-cm)) ln (cm/(1-cm)) ln (c/(1-c)) ln (c/(1-c))

time 0.0495*** 0.0498*** 0.114*** 0.135*** 0.0104 0.00546 -0.0139** -0.00923**

(0.00431) (0.00341) (0.0356) (0.0339) (0.00706) (0.00456) (0.00548) (0.00413)

UAC -0.00608 -0.00999 0.0669 0.0565 0.0257* 0.0306*** -0.0271** -0.0362***

(0.00807) (0.00608) (0.0802) (0.0804) (0.0130) (0.00986) (0.0135) (0.00976)

CWAS 1.193** 0.994*** -7.029* -5.269 -3.252*** -2.903*** 5.696*** 4.879***

(0.515) (0.378) (3.644) (3.435) (0.837) (0.623) (0.726) (0.564)

HHI 1.396** 1.006* 3.456 5.901 -3.972*** -4.363*** 6.163*** 6.454***

(0.678) (0.565) (3.602) (3.635) (0.886) (0.730) (0.853) (0.747)

FIMS 0.284*** 1.817*** -0.173* 0.0544

(0.0830) (0.662) (0.0989) (0.112)

Observations 230 307 230 230 208 285 230 307

R-squared 0.974 0.977 0.914 0.909 0.968 0.970 0.986 0.983

Robust standard errors in parentheses

*** p<0.01, ** p<0.05, * p<0.1

Table 4: Linear regression of equation 5

All the parameters have the expected signs, as for equation 1 (Table 3).
Time tends to increase �ber adoption and decrease xDSL adoption. The im-
pact on cable seems to be positive though not signi�cant. This suggests that
�ber and cable adoption are still in a growth phase and copper has begun its
decline, while the overall impact on total broadband adoption is positive. The

1From equation 2, we can write: dXag(t)

dt
=

dzag(t)

dt
Xag(t) (1�Xag(t)) and

dzag(t)

dt
=

bag +
P4
i=1 �i;ag

dVi;ag
dt

+ �ag;t with �ag;t, the error term.
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impact of the Fiber Incumbent Market Share, FIMS, is signi�cant and posi-
tive for Total Broadband and Fiber adoption. Equation 5 takes into account the
changes in adoption over time. This reduces the statistical signi�cance of the
other variables (UAC;CWAS;HHI) in table 4 compared to table 3. Moreover,
�ber adoption remains low during the period, which may explain why the �ber
coe¢cients appear less statistically signi�cant than the coe¢cients of the other
technologies. However, the coe¢cients in table 3 clearly indicate each variable�s
type of impact on adoption. Country and time �xed e¤ects allow a high level
of R-squared.
The coe¢cients for equation 5 in table 4 are mean coe¢cients that do not

allow us to forecast broadband adoption in each country. To do so, we will use
the aggregated data and equation 7.
In equation 7, aggregated penetration rates represent broadband penetration

for an "average country". We are now looking at how the di¤erent penetration
rates behave in this average county.
�zag(t) plays the role of g(t) in equation 2. This means that �zag(t) is the

standard deviation of the logistic adoption curve. However, in that case, �zag(t)
is not a constant parameter: it varies around bag depending on the quarterly
variations in UAC;CWAS;HHI and FIMS: The variations of these parame-
ters represent the e¤ect that modulates the time e¤ect. We can therefore test
how the adoption curve is impacted when the regulation changes, for example,
if the copper access charge increases by e1/month or if the Copper wholesale
access share increases by 10%.
How does the model �t with empirical data? We can model direct variables

F;Cm and C, or their reduced forms f; cm and c. The direct forms provide
good results, but the reduced forms provide a better �t. We choose to model the
reduced forms as well as total broadband, B, then we calculate F = fB;Cm =
cmB and C = cB.
The following table (table 5) shows the results of the estimation of equation

7 with the linear regression using the Huber/White/Sandwich robust estimation
procedure: the variable explained is �zag(t) for the household penetration rate
of B; f = F=B; cm = Cm=B and c = C=B
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VARIABLES ln (B/(1-B)) ln (f/(1-f)) ln (cm/(1-cm)) ln (c/(1-c))

time 0.0400*** 0.0367*** 0.0104*** -0.0162***

(0.00844) (0.00580) (0.00339) (0.00325)

UAC -0.196** 0.117*** 0.107** -0.115***

(0.0759) (0.0373) (0.0412) (0.0347)

CWAS 1.105 -0.0257 -7.138*** 5.934***

(1.875) (1.573) (0.938) (0.677)

HHI 2.601 -7.238*** -5.092*** 5.713***

(3.216) (2.369) (1.330) (1.229)

FIMS 0.395 -0.514** 0.00911 0.0411

(0.343) (0.189) (0.157) (0.136)

Observations 22 22 22 22

R-squared 0.990 0.995 0.995 0.997

Robust standard errors in parentheses

*** p<0.01, ** p<0.05, * p<0.1

Table 5: Linear regression of equation 7 (average country)

As expected, we �nd the same signs as in table 3 for the variablesUAC;CWAS
and HHI and for all the reduced forms of broadband accessf; cm; c, and also for
B. This con�rms that copper access charges tend to decrease xDSL adoption C
in favor of the other types of access: FTTx, F , and cable modem Cm. On the
other hand, copper wholesale access charges CWAS tend to encourage adop-
tion of xDSL at the expense of other technologies. Aggregation decreases the
number of observations, so the coe¢cients in table 5 are less consistent those in
table 4. However, table 5 allows us to build a forecast of a mean country which
is representative of Europe.
Using an iterative process2 between time t and t+1 and the coe¢cients esti-

mated in table 5, as well as the values of the regulation variables, UACag;t; CWASag;t
and also HHIag;t and FIMSag;t we can reconstitute the quarterly evolution of
Broadband di¤usion, B;F;Cm and C whatever the technology, until Q2 2012
from the �rst values of Q1 2007.
We know that F +Cm+C = B:We can therefore calculate the penetration

rate of each technology from the other technologies. Fiber�s low penetration rate
during the period and data aggregation may cause a decrease in accuracy when

2Let us denote �zag(t) = bag+�1;ag�UAC+�2;ag�CWAS+�3;ag�HHI+�4;ag�FIMS;

with �UAC;�CWAS;�HHI and �FIMS, the respective variations of UAC;CWAS;HHI

and FIMS between time t and time t+ 1. Assuming that time between two observations (a
quarter) is su¢ciently short, and neglecting the error term, we can calculate: Xag(t + 1) =
Xag(t) + �zag(t)Xag(t) (1�Xag(t))

11

40



estimating the coe¢cients of f: In order to improve the accuracy of the forecast,
we can build several models. We can calculate F in two ways: F = B�Cm�C,
(model 1) orF = fB, but in this case, we have to adjust another type of
broadband access to ensure that the total broadband access penetration rate for
households does not exceed one. In that case, we can adjust xDSL penetration
C, such that: C = B � Cm � F , rather than C = cB, (model 2) or we can
adjust Cable modem Cm, such that Cm = B �C � F rather than Cm = cmB
(model 3). We can also build a model that is the average of the 3 models
where F = (B � Cm � C + 2fB)=3; Cm = (B � F � C + 2cmB)=3 and
C = (B � F � Cm+ 2cB)=3 (Model 4)
In order to compare those models, we calculate the Mean square error on

the 21 time periods, MSE = 1
21

21
P

t=1
(Xag(t) � X(t))

2 with Xag(t) . The table

below (table 6) summarizes the results:

X Model 1 Model 2 Model 3 Model 4
F 4:11 10�7 9:77 10�7 9:77 10�7 7:52 10�7

Cm 4:18 10�7 4:18 10�7 7:01 10�7 4:76 10�7

C 7:86 10�5 7:47 10�7 7:86 10�5 7:73 10�5

B 8:50 10�5 8:50 10�5 8:50 10�5 8:5 10�5

Total 1:645 10�4 1:611 10�4 1:653 10�4 1:636 10�4

Table 6: Mean square error

The three models provide a very accurate forecast. The di¤erences among
the models are very low. Model 2 provides better overall results, but accuracy
for FTTx, F is lower. Model 4 seems to be a good compromise between accuracy
on FTTx and the other broadband access technologies.

The graph below (�gure 1) shows the comparison between the observa-
tions and calculated model (The four models provide very similar results that
are di¢cult to distinguish on the graph. That is why we choose to show only
Model 4 in �gure 1)
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Figure 1: Comparison between observed and forecast data

The �t is quite accurate; although only the �rst value is common, the model
does not deviate much from the observed values during the 21 quarters. How-
ever, we would like to know what the regulation variables contribute to the
�t. In order to do so, we use exactly the same modeling process with two al-
ternatives: the �rst alternative, A1, uses only the variable time. In that case,
�zag(t) = bag and the second alternative, A2, where UAC and CWAS variables
are removed. In that case, �zag(t) = bag + �3;ag�HHI + �4;ag�FIMS: This
allows us to focus on what UAC and CWAS contribute to the model.

For the alternatives A1 and A2, we obtain the following results (table 7):
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VARIABLES ln (B/(1-B)) ln (B/(1-B)) ln (f/(1-f)) ln (f/(1-f)) ln (cm/(1-cm)) ln (cm/(1-cm)) ln (c/(1-c)) ln (c/(1-c))

time 0.0441*** 0.0416*** 0.0338*** 0.0339*** 0.0304*** 0.0282*** -0.0327*** -0.0303***

(0.00245) (0.00575) (0.00280) (0.00465) (0.00134) (0.00365) (0.000925) (0.00338)

HHI 3.756* -8.701*** 2.335 -0.123

(2.098) (1.434) (1.379) (1.269)

FIMS 0.477 -0.600* 0.355* -0.227

(0.369) (0.319) (0.199) (0.191)

Observations 22 22 22 22 22 22 22 22

R-squared 0.963 0.984 0.872 0.991 0.961 0.981 0.985 0.987

Robust standard errors in parentheses

*** p<0.01, ** p<0.05, * p<0.1

Table 7: Alternatives A1 and A2

To compare the model with alternatives A1 and A2, we calculate the Mean
square error for the 21 periods of time. The table below (table 8) summarizes
the results:

X Model 4 A1 A2
F 7:52 10�7 1:84 10�6 4:42 10�7

Cm 4:76 10�7 2:05 10�5 7:48 10�6

C 7:73 10�7 8:26 10�4 2:90 10�4

B 8:50 10�7 9:64 10�4 2:52 10�4

Total 1:64 10�4 1:81 10�3 5:50 10�4

Table 8: Mean square errors MSE

The forecast model with all the variables is signi�cantly more accurate than
alternatives A1 and A2, which means that the regulation variables greatly im-
prove the accuracy of the model. The addition of the variables HHI and FIMS
in alternative A2 as compared to alternative A1 divides the MSE by 3.31 and the
addition of the regulation variables UAC and CWAS in the model as compared
to alternative A2 divides the MSE by 3.41.

5 Forecasting

In this section, we will extend Model 4 beyond Q2 2012 to forecast the adoption
of each technology through 2020, all things being equal (to compare to the
digital agenda target). We know that many elements will change by 2020, and
the forecast given here is not intended to be very accurate but simply to show
the impact of regulation. We will consider 3 scenarios: the �rst scenario is
the trend scenario, where the variables UAC;CWAS;HHI and FIMS retain
the value they had in Q2 2012 through 2020. The second scenario assesses the
impact of a regular increase in the copper access charge, UAC, by e1 between
Q3 2012 and Q4 2020; the other variables retain their Q2 2012 value. The third
scenario assesses the impact of a regular decrease in the copper wholesale access
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share, CWAS, by 5% between Q3 2012 and Q4 2020; the other variables retain
their Q2 2012 value.

The graph below (�gure 2) represents the trend scenario:

Broadband adoption forecast
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Figure 2: Trend scenario

Scenarios 2 and 3 tend to decrease xDSL adoption and increase adoption of
other technologies. An increase in copper access charges,UAC, seems to favor
FTTx over Cable modem while a decrease in copper wholesale access shares,
CWAS, favors Cable modem over FTTx. They both tend to decrease xDSL
access, C. As a result, the overall impact on total broadband is low.

The graph below (�gure 3) illustrates the impact of scenarios 2 and 3
on the di¤erent types of broadband access.
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Figure 3: Broadband adoption forecast

Assuming that only cable modemCm and FTTx, F , could o¤er ultra-fast
broadband in 2020, the digital agenda�s target (50% of households have pur-
chased an ultra-fast broadband o¤er � 100Mbit=s) will not be achieved accord-
ing to the trend scenario. How much would regulations have to change in order
to achieve the digital agenda�s target?

The model estimates that copper wholesale access shares, CWAS would
have to decrease by 15.11% if copper access charges, UAC, remain at their 2012
level or 13.74% if UAC increases by e1/month or 12.49% if UAC increases by
e2/month.

6 Conclusion

Ultra-fast broadband adoption depends on copper access regulation. Tight cop-
per access regulation decreases the speed of adoption for FTTx and cable adop-
tion. The impact of copper access regulation is very high and may be crucial for
achieving the digital agenda�s targets for ultra-fast broadband. An increase in
copper access charges and a relaxation of the obligations imposed on the classi-
cal broadband market would improve the adoption of ultra-fast broadband on
both �ber infrastructures and by cable modem.
The impact of copper access regulation on total broadband adoption is less

obvious. It seems to be positive as long as copper access is predominant, how-
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ever, in the long term, it tends to become negative as soon as alternative plat-
forms become predominant.
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Abstract

Mobile industry is characterized by a sharp fall in megabyte price
which highly bene�ts to consumers. This article aims to identify the main
parameters that lead to such a fall and shows that the growth of tra¢c is
by far the main cause. It proposes a parametric model that explains the
growth of tra¢c from investment. Using a 20-countries wireless market
dataset to calibrate the model, it shows that investment actually drives
the exponential growth of tra¢c. As the growth of revenues are much
lower, the price of megabyte decreases sharply. The role of competition
is ambiguous. On the one hand it reduces margin and thus prices, on
the other hand, as the relationship between investment and competition
turns to be inverted-U shaped, it may reduce investment and therefore
slow down the fall in unit price.
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1 Introduction

Prices of telecommunication services is a key issue for competition and regula-
tory authorities. They have a high impact on the whole economy and in�uence
the rate of growth (Röller, 2001; Datta, 2004; Wavermann & Meschi, 2005). To
compare prices of telecommunication services across countries and over time, it
seems more appropriate to consider the price of a unit of consumption than sim-
ply comparing the subscription prices. Indeed, the services o¤ered in a subscrip-
tion can vary widely over time, across countries and even between consumers
while a unit of consumption (minute of communication or quantity of data) is
much more suited to the comparison. Usage (in minutes or megabytes) better
characterizes the amount of useful service for users than subscription, either as
intermediate consumption for business, or as �nal consumption for households.
The subscription today includes many more services than a few years ago while
the price has not changed in the same proportions. Focusing on the price of the
subscription does not account for this huge growth in usage. The unit price of
uses better re�ects market developments.

The unit price of telecommunications services fall sharply over time, which
bene�ts consumers as they highly increased their consumption. What are the
causes of such a fall? Is this the result of increased competition? or drastic
reduction in operating costs? or rather the e¤ect of technological progress em-
bodied in the network through investment? All these reasons may contribute to
lower prices, but not all in the same proportions. To what extent each of them
contributes? This paper attempts to answer this question from both a theoret-
ical and an empirical point of view. The paper proposes a model that explains
the growth of tra¢c as a function of Investment. It shows that the impact of
investment in successive generations of network technologies is predominant in
the permanent trend of price reduction of telecommunication services, over time.
Static e¤ects like competition and cost reduction are by nature limited. Indeed,
competition can not sustainably decrease the rate of margin under 0% and costs
can not become negative. Dynamic e¤ects, by contrary, are not limited. Cu-
mulative investments always increase tra¢c and therefore always decrease unit
prices. Using a 20 national mobile markets dataset provided by Yankee Group
and Strategy Analytics from 2006 to 2012, empirical evidence from mobile mar-
kets stresses that the impact of competitive intensity and operating costs are
almost negligible compared to the impact of investment in a period of just seven
years.
The fact that investment is the main driver of unit-price reduction leads

to important policy implications. In particular, the price cost margin issue is
particularly relevant. On the one hand, the current margin has a direct and
increasing impact on unit price, on the other hand, the expected margin spurs
investment and tends to increase tra¢c which has a decreasing impact on unit
price. Empirical evidence shows that, as expected, the dynamic impact on traf-
�c dominates the static impact on price in the data which have been studied.
Empirical evidence also highlights an inverted U relationship between competi-
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tion and investment that culminates for an intensity of competition which yields
a rate of Ebitda margin close to 40% . As a result, strengthened competition
which result in lower margin may accelerate or slow down the decrease in unit-
price according as Ebitda margin is lower or higher than the threshold of 40%.
Therefore, competition and regulation authorities should be wondering how to
invest more rather than how to enhance competition. The intensity of compe-
tition should be carefully settled in order to maximize investment and reduce
unit prices.

The rest of the paper is organized as follows. The second section is an
economic literature review. The third section presents the dataset, the fourth
section shows that tra¢c growth is mainly driven by investment. The �fth
section explains the evolution of price per Megabyte according to margin, costs
and tra¢c growth and concludes that tra¢c growth highly dominates margin
and costs. The sixth section discuss on the competition ambiguous impact and
the seventh section is the conclusion and the policy implications.

2 Related Literature

Information Technologies in general and telecommunication industry in partic-
ular experience an exponential technological progress growth for more than a
century according to (Koh & Magee, 2006). They highlighted a relatively steady
annual rate of technical progress in information technologies around 20 to 30 %
from the end of the nineteenth century to 2004. The annual rate of technical
progress is even higher between 1940 and 2004, around 25 to 40%, highly above
that of energy sector which is around 6% (Koh & Magee, 2008). In particular,
Koh and Magee highlights an exponential growth of performances for a given
spent amount. For example, in data storage, the number of Megabits stored per
US $, or in data transportation, the number of Kbits per second per Km per
US $.

This high technical progress spurs investment. Doms highlights that the
sharp increase in telecommunication service providers� investments, in the late
1990s, corresponds to an acceleration of the technical progress rate (Doms,
2004). Technical progress generates opportunities to improve the quality of
service for consumers and encourages telecom operators to invest. (Jeanjean F.
2011).

Thanks to technological progress and investment, wireless industry data traf-
�c is experiencing exponential growth for several years (Cisco Networking In-
dex). Such growth, highlighted by Price (Price 1963) has been largely observed
in information technologies (Moore�s low) and even in other sectors (Tague J.
&., 1981), (Schummer 1997).
Chapin & Lehr (2011) also note this growth in tra¢c. They indicate that

this growth may lead to an increase in infrastructure costs and a shortage of
spectrum. They are concerned about the harmful impact that this could have
on competition. To cope with this problem, they suggest infrastructure and
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spectrum sharing. In its report "Supercollider" HSBC suggest market consol-
idation rather than network sharing. HSBC argues that network sharing is a
complement but not an alternative to consolidation. Network sharing reduces
costs while consolidation, to a certain extent, supports heavier investment in
infrastructure (HSBC, 2014).

Many papers acknowledge the role of investment in the growth of tra¢c,
however, to my knowledge, none explains how investment generates tra¢c.

Competition has an ambiguous impact on investment incentives. On the one
hand, competition encourages investment with the �escape competition e¤ect�
mentioned by (Arrow,1962), and on the other hand, it deters investment reduc-
ing the future expected pro�ts. (Shumpeter,1942) pointed out that incentives
to invest are higher in a monopoly than in a competitive market. (Gilbert &
Newbery, 1982) underlined that a monopoly �rm is more encouraged to invest
in innovation than a potential entrant �rm. As a result, there seems to be an
inverted U relationship between competition and investment in the telecommu-
nication industry. This relationship highlighted by (Aghion, Bloom, Blundell, &
gri¢th, 2005) between competition and innovation has been extended between
competition and investment in several empirical studies (Friederiszick, Grajek,
& Röller, 2008; Kim, Kim, Gaston, Lestage, & Kim & Flacher, 2011;Houng-
bonon & Jeanjean 2014).

3 Data set

The dataset gathers annual �nancial information from 20 countries around the
world between 2006 and 2012.

Total revenues, Capex and Ebitda per country in millions $US are provided
by Yankee group mobile Carrier Monitor. Four reports have been used according
to the world area of the country: "EMEA Mobile Carrier Monitor", "North
America Mobile Carrier Monitor", "Latin America Mobile Carrier Monitor"
and "Asia-Paci�c Mobile Carrier Monitor". In the rest of the paper, Ebitda is
treated as pro�t and Capex as Investment.
Tra¢c per country in Petabytes is provided by Strategy Analytics on an

annual basis. Our purpose is to explain the relationship between investment
and data tra¢c. To do so, we need the total tra¢c carried out on the mobile
infrastructure in each country whatever the type of tra¢c: tablet, PC, Handset
and even the voice tra¢c because voice tra¢c, regardless of the technology 2G,
3G or LTE, is part of the customer experience and consumes network resources
and hence investment. As the voice is counted in minutes, it is necessary to
convert them into bytes for addition on to other types of tra¢c. Total traf-
�c is the sum of Handset data tra¢c, PC/Modem data Tra¢c, Tablets data
Tra¢c and Voice tra¢c. Handset tra¢c is provided by The "Global Mobile
Media Forecast; Handset Data Tra¢c (2001-2017)" �le, Tablets data tra¢c is
provided by the "Global Active Mobile Broadband Tablet Subscription Fore-
cast: 2010-2017" �le, PC/Modem data tra¢c is provided by the "Global Active
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Mobile Broadband PC/Modem Subscription Forecast: 2007-2017" �le and the
voice tra¢c is estimated from the number of voice minutes. It is assumed that
one minute of voice represents 95 Kbytes. This is the case using an Adapta-
tive Multi-Rate Wideband AMR-WB (G.722.2) that codes the voice at a 12,65
Kbits/s rate. This is not the only rate used, however, it is a medium rate which
provides a good quality. The number of voice minutes as well as the number
of users per country are provided by the "Worldwide Cellular User Forecasts,
2013-2018".

The number of users seems more relevant than the number of subscribers
because the number of subscription per user highly varies across country. The
table below (Table.1) represents the descriptive statistics for the whole sample
of 20 countries.

Revenues Ebitda Capex Traffic Users ARPU Traffic/User Price/Mbyte

US$ (millions) US$ (millions) US$ (millions) Petabyte millions US$ Mbyte US$

2006 487 514 194 235 95 319 580 1390 351 417 0,84

2007 568 230 214 544 102 016 843 1571 362 536 0,67

2008 574 545 242 699 106 042 1290 1740 330 741 0,45

2009 627 545 244 457 104 175 2071 1921 327 1078 0,30

2010 662 736 262 986 113 502 3624 2107 315 1720 0,18

2011 690 893 275 881 119 548 6071 2261 306 2685 0,11

2012 716 914 276 268 142 149 9461 2391 300 3958 0,08

CAGR 6,64% 6,05% 6,89% 59,25% 9,46% -2,58% 45,48% -33,04%

20 countries

Table.1: Descriptive Statistics (Global)

In all the countries, during the studied period, tra¢c increases exponen-
tially, while the variations of the other variables are much more moderate. As
a result, the average revenue per megabyte (price/Mbyte) decreases sharply.
Growth of revenues, Ebitda and Capex are mainly driven by the growth of
users. Revenues, Ebitda and Capex per user slightly decreased over the pe-
riod while Tra¢c per user increased exponentially. In only 6 years, consumers
enjoyed a 10-fold increase in tra¢c for a nearly constant price. This trend is
common to all countries. The table below (Table.1bis) describes the evolution
in terms of Compounded Annual Growth rate (CAGR) for each country.
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Country Revenues Ebitda Capex Traffic Users ARPU Traffic/User Price/Mbyte

South Africa 7,63% 6,45% 1,68% 61,85% 6,30% 1,25% 52,26% -33,50%

Argentina 13,18% 20,25% 10,05% 56,56% 4,94% 7,85% 49,19% -27,71%

Brazil 13,77% 22,82% 10,43% 71,51% 10,38% 3,08% 55,38% -33,66%

Mexico 5,67% 3,95% 8,26% 59,11% 10,50% -4,37% 44,00% -33,59%

Australia 14,42% 18,92% 15,53% 88,18% 1,96% 12,22% 84,56% -39,20%

China 16,05% 9,24% 20,01% 49,93% 16,01% 0,03% 29,24% -22,60%

India 23,30% 22,39% -5,38% 46,89% 20,53% 2,30% 21,87% -16,06%

Japan 5,34% 7,38% 5,70% 85,07% 2,56% 2,71% 80,46% -43,08%

Korea 0,62% 3,52% 13,42% 64,36% 1,24% -0,61% 62,34% -38,78%

Czech Republic 0,32% 1,29% 2,61% 56,72% 0,92% -0,59% 55,30% -35,99%

Poland 0,68% -0,62% -0,93% 60,18% 1,71% -1,01% 57,49% -37,15%

Russia 12,99% 10,88% 15,11% 73,59% 2,68% 10,04% 69,07% -34,91%

France 1,25% -2,35% -4,92% 55,97% 3,05% -1,75% 51,35% -35,08%

Germany -0,83% 0,09% -6,71% 71,66% 0,98% -1,80% 69,99% -42,23%

Italy -3,52% -4,18% -6,81% 68,02% 1,23% -4,69% 65,97% -42,58%

Spain -3,95% -5,80% -6,26% 61,23% 1,49% -5,36% 58,86% -40,43%

Sweden 6,70% 7,25% 13,44% 93,23% 1,54% 5,09% 90,31% -44,78%

UK -3,11% -5,66% -1,66% 71,34% 1,55% -4,58% 68,73% -43,45%

Canada 10,87% 6,70% 12,47% 70,76% 6,17% 4,43% 60,84% -35,07%

USA 6,69% 6,82% 1,84% 54,74% 4,86% 1,74% 47,57% -31,05%

Table.1bis: Evolution 2006-2012 per country

In all countries, the growth of Tra¢c is much higher than the growth of
Revenues; even in the emerging countries where the growth in the number of
users is fairly high, like India and China and to a lesser extent Brazil and Mexico.

4 Tra¢c is driven by investment

One wonders what is driving this growth? Investment by mobile operators or
the increasing use of consumers over time, driven by experience and imitation?
Obviously, both are necessary. Investment is necessary to install the capacity
required to carry the tra¢c and consumers� demand is necessary to increase
the tra¢c. What is the relative importance of time and investment in tra¢c
growth? This question is even more di¢cult because the investment is relatively
stable over time, making the cumulative investment strongly correlated with the
time, however as Romer said: �no economist, so far as I know, has ever been
willing to make a serious defence of the proposition that technological change is

literally a function of elapsed calendar time� (Romer P. 1994).
In order to disentangle this problem, let us consider a basic model that

represents the investment in the infrastructures of telecommunication. The
operators of telecommunication invest in infrastructure equipments in order
to be able to carry the tra¢c with a good quality of service. New generation
equipments are generally developed and commercialized by equipment providers,
not by the telco themselves. This is the reason why, in this model, it is assumed
that the technical progress is regular and exogenous. Thus the technical progress
rate per unit of time is a constant, �:This is a simpli�cation. As explained
Christensen (1992), technological performance curves are S-shaped and therefore
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the rate of technical progress is not constant. However, the di¤erent generations
of technology are intertwined so that the rate of technical progress, by choosing
the most e¢cient technology, is much more stable.

At a point of time, t; the level of technological knowledge in telecommunica-
tion infrastructure is At: At time t+1; the level of technical knowledge becomes
At+1 = At(1 + �)

At the origin of time, the initial level of knowledge is A0: Thus, the level of
knowledge at time t writes At = A0(1 + �)

t:
Investment allows to incorporate the technical progress into the infrastruc-

ture. At time t, an amount of investment It allows to add new capacity, At:It
in the network according to the level of knowledge. However, the oldest equip-
ments in the network become obsolete and are removed. Let us assume that
the equipment lifetime is, �; at time t, all the equipments installed at time
t � � are removed. The variation of the network capacity at time t writes
�t � �t�1 = AtIt �At��It�� for t � � and �t � �t�1 = AtIt otherwise. Indeed,
when t � �; there are no obsolete equipments.
At t = 0, it is assumed that �0 = A0I0: At time t; the accumulation and the

removal of equipments lead to the capacity:

�t = A0

"

t
X

i=0

(1 + �)
i
Ii �

t
X

i=�

(1 + �)
i��

Ii��

#

(1)

The carried tra¢c in the infrastructure can be deduced from the capacity
with the occupancy rate, �: the tra¢c writes Tt = ��t:In order to allow a good
quality of service and to avoid network congestion, the occupancy rate needs to
be su¢ciently low. However, in order to optimize investment, the occupancy
rate needs to be su¢ciently high. As a result, the occupancy rate must remain
in a relatively tight range. In the following, we assume that the occupancy rate
of the infrastructure remains constant over time.
Variations of investment over time in each country can be approximated by

the Compound Annual Growth rate during the period t0 = 2006 and tf = 2012 ,

� = (Itf =It0)
( 1
tf�t0

)
�1; such that for each country at time t; Investment writes:

It = It0(1 + �)
t�t0 + �t . �t is the di¤erence between actual investment and

the approximation: It0(1+�)
t�t0 . It is noteworthy that �t0 = �tf = 0, because

It0 = It0 + �t0 and Itf = Itf + �tf . This provides a good approximation of
investment. The graph below represents for all countries the di¤erence between
actual Investment and approximation.
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Figure.1: Approximation of Capex

The average di¤erence between actual investment and approximation is un-
der 11,3 %. The distribution of the relative di¤erence, for t 2 [t0; tf ] ;

�t
It
;

according to both the Shapiro-wilk and the Kolmogorov-Smirnov tests, can be
considered as a standard normal distribution with a 0.195 standard deviation
(see annex 7.2). Therefore, �t is considered as a random error term. For simpli-
�cation, in equation (1), It is replaced by its approximation: It0(1+�)

tf�t0 . As
E(�t=t) = 0; the approximation does not change the value of E(Tt=t) and does
not impact the estimation of Tt: By de�ning

�

1 + �0
�

= (1 + �) (1 + �) ; tra¢c
at time t writes (see proof in annexes):

Tt = Tt0
�

1 + �0
�t�t0

(2)

If this expression is a good approximation of the growth of tra¢c in each
country, it allows to estimate the level of technical progress.
For each country, we consider the following equation:

ln

�

Tt
Tt0

�

= (t� t0) ln
�

1 + �0
�

+ "t (3)

with "t, the error term such that "t = f(�t) + "
0

t. f(�t) is the part of error
term due to the approximation on the growth in investment and "0t is the part
of error term due to other unknown factors. As �t

It
, distribution of "t can be

considered as a standard normal distribution(see annex 7.2).
t0 represents the year 2006, and t takes all the values from 2006 to 2012,

giving 7 observations per country. The estimation of �0 for each country is
obtained with the OLS. At time t0, Tt = Tt0 ; thus there is no constant term.
The following table, (Table.2) reports the results for each country.
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min max

South Africa 59% 65,41 0,999 2% 57% 54% 60%

Argentina 54% 27,85 0,992 10% 40% 35% 45%

Brazil 75% 25,26 0,991 10% 58% 50% 67%

Mexico 56% 53,85 0,998 8% 44% 42% 47%

Australia 102% 20,96 0,987 16% 75% 61% 90%

China 46% 21,91 0,988 20% 21% 16% 27%

India 50% 31,77 0,994 -5% 59% 54% 64%

Japan 88% 97,50 0,999 6% 78% 75% 81%

Korea 66% 91,46 0,999 13% 46% 44% 48%

Czech Republic 63% 21,93 0,988 3% 59% 51% 68%

Poland 64% 51,90 0,998 -1% 66% 62% 70%

Russia 78% 24,30 0,990 15% 55% 46% 64%

France 48% 14,61 0,973 -5% 56% 46% 66%

Germany 72% 73,50 0,999 -7% 84% 81% 87%

Italy 71% 53,79 0,998 -7% 84% 79% 88%

Spain 62% 59,86 0,998 -6% 72% 69% 76%

Sweden 107% 24,48 0,990 13% 83% 70% 96%

UK 74% 52,42 0,998 -2% 77% 73% 82%

Canada 64% 18,80 0,983 12% 46% 37% 55%

USA 51% 29,56 0,993 2% 48% 43% 53%

95% confidence interval
Countries q ' R² l qt statistic

Table.2: Estimation of Annual Technical Progress Rate �

Even with a low number of observations, the model �ts quite well with
observations with R2 > 0:97 in all country and R2 > 0:99 in most of countries.
This model of tra¢c growth can be used to calculate the evolution of the price
of Megabyte.

5 The price of the Megabyte

Unit price, up;may be expressed as the ratio between Revenue, R, and tra¢c, T :
up = R

T . Unit price is thus inversely proportional to the tra¢c. The relationship
between Ebitda, E, operating costs, C, and revenues writes E = R � C , the
Lerner index L is de�ned by L = E

R . As a result, the Revenue is: R = C
1�L ,

where (1� L) represents a proxy of competition intensity. Equation (2) provides
the expression of tra¢c growth:

Tt = Tt0
�

1 + �0
�t�t0

. Therefore, unit price writes:

up =
C
�

1 + �0
�

�(t�t0)

Tt0(1� L)
(4)

The contribution of each variable to the unit price change is driven by the
elasticities:
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�C =
@up

@C

C

up
= 1 (5)

�(1�L) =
@up

@(1� L)

(1� L)

up
= �1

�t�t0 =
@up

@(t� t0)

t� t0
up

= � (t� t0) ln(1 + �
0)

It is possible to express �t�t0 according to the technical progress rate � and
the CAGR of Capex, � :
�t�t0 = ��+�� with �� = �(t� t0) ln(1+�) and �� = �(t� t0) ln(1+�): ��

represents the elasticity of unit price according to the variations of investment.
When Investment increases, � is positive and ��is negative which means that
Investment has a decreasing impact on unit prices. In the same manner, techni-
cal progress has a decreasing impact on unit price. However, in this model, the
possible impact of investment on technical progress is not studied since technical
progress is exogenous and supposed to be constant in each country during the
period under study. Notice that �� also depends on Investment. It depends on
the steady part of Investment It0

It is noteworthy that the elasticities of operating costs and competition are
constant while the elasticity of investment �t�t0depends negatively on time with
an increasing absolute value. This means that the impact of operating costs and
competition on unit price are static while impact of investment is dynamic.
The sign of the elasticity of operating costs is positive. An increase in op-

erating costs, all things being equal increases the unit price. The sign of the
elasticity of competition is negative. An increase in competition intensity, all
things being equal, reduces the Ebitda margin and then the unit price. The sign
of Investment elasticity is negative because investment increase tra¢c which re-
duces unit price.

The impacts of operating costs and competition are static. Their elasticities
remain equal to unity. The impacts of investment are dynamic, they increase
over time. As a consequence, the impact of dynamic e¤ects becomes predomi-
nant after a while. Moreover, operating costs and competition can increase or
decrease over time while cumulative investment always increases. Speci�cally,
the dynamic e¤ects outweigh the static e¤ects after only a few months. On the
entire 7-year period between 2006 and 2012, the static e¤ects appear almost
negligible compared to the dynamic e¤ects.

Using the dataset, it is possible to determine the actual contribution of each
parameter to the fall in unit price during the period 2006-2012. t0 = 2006 and
tf = 2012 After some transformations (see annex 7.3), equation (4) yields:

ln

�

uptf
upt0

�

= ln

�

Ctf
Ct0

�

� ln

 

(1� L)tf
(1� L)t0

!

� 6 ln(1 + �)� 6 ln(1 + �) (6)
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The value of each term represents the relative change of one parameter during
2006 and 2012. The following table, (Table.3) provides the results for each
country:

Country ln(Uptf/Upt0) -Ln(Ctf/Ct0) -ln(1-Ltf)/(1-Lt0) -6ln(1+q) -6ln(1+l) S

South Africa -2,45 0,48 -0,04 -2,70 -0,10 -2,36

Argentina -1,95 0,58 0,16 -2,01 -0,57 -1,84

Brazil -2,46 0,58 0,20 -2,75 -0,60 -2,58

Mexico -2,46 0,43 -0,09 -2,21 -0,48 -2,35

Australia -2,99 0,64 0,17 -3,35 -0,87 -3,41

China -1,54 1,56 -0,67 -1,16 -1,09 -1,36

India -1,05 1,27 -0,01 -2,78 0,33 -1,19

Japan -3,38 0,26 0,05 -3,47 -0,33 -3,49

Korea -2,94 -0,07 0,10 -2,29 -0,76 -3,01

Czech Republic -2,68 -0,03 0,05 -2,79 -0,15 -2,93

Poland -2,79 0,07 -0,03 -3,03 0,06 -2,94

Russia -2,58 0,81 -0,08 -2,62 -0,84 -2,73

France -2,59 0,17 -0,09 -2,66 0,30 -2,28

Germany -3,29 -0,09 0,04 -3,66 0,42 -3,29

Italy -3,33 -0,17 -0,04 -3,65 0,42 -3,44

Spain -3,11 -0,17 -0,07 -3,27 0,39 -3,12

Sweden -3,56 0,37 0,02 -3,61 -0,76 -3,98

UK -3,42 -0,14 -0,05 -3,44 0,10 -3,53

Canada -2,59 0,81 -0,19 -2,25 -0,71 -2,34

USA -2,23 0,38 0,00 -2,36 -0,11 -2,09

Table.3: Contribution to the fall in megabyte price

The model�s prediction after 7 years (column �) is close to the observed

changes in megabyte price (column ln
�

up2012
up2006

�

). The �t between prediction

and observed values brings up a R2 = 0:94.
The growth of the number of users a¤ects the growth of operating costs as

well as Tra¢c especially in developing countries. It seems relevant to have per
user �gures in addition to total �gures . Without changing the result, it is
possible to express the price of Megabyte according to the operating costs per

user and the Tra¢c per user: up = C=U
(1�L)T=U

From year t0 and year tf , static e¤ect, Se; is composed of operating cost

and competition intensity such that: ln
�

Setf
Set0

�

= ln
�

Ctf
Ct0

�

� ln
�

(1�L)tf
(1�L)t0

�

and

dynamic e¤ect, De; is composed of the impact of the growth of tra¢c such that:

ln
�

Detf
Det0

�

= � (tf � t0) [ln (1 + �) + ln(1 + �)]. Same manner, Static e¤ect per

user, Sepu; writes: ln
�

Seputf
Seput0

�

= ln
�

Ctf
Ct0

�

� ln
�

(1�L)tf
(1�L)t0

�

� ln
�

Utf
Ut0

�

and Dy-

namic e¤ect per user, Depu;: ln
�

Deputf
Deput0

�

= � (tf � t0) [ln (1 + �) + ln(1 + �)]+

ln
�

Utf
Ut0

�

Total impact on unit price can write: ln
�

uptf
upt0

�

= ln
�

Setf
Set0

�

+ln
�

Detf
Det0

�

=

ln
�

Seputf
Seput0

�

+ ln
�

Deputf
Deput0

�

:Growth of users decreases static e¤ect and increases

(decreases in absolute value) dynamic e¤ect by the same value, and consequently
does not change unit price.
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The Compounded Annual Growth Rate (CAGR) of the change in megabyte

price is CAGRup(tf�t0) =
�

uptf
upt0

�
1

tf�t0 �1 = e

1

(tf�t0)
ln

�

uptf
upt0

�

�1: Same manner,

for a type of e¤ect, X 2 fSe; Sepu;De;Depug, the contribution in term of
Compounded Annual Growth Rate (CAGR) to the change in megabyte price

is: CAGRX(tf�t0) = e

1

(tf�t0)
ln

�

Xtf
Xt0

�

� 1. For the whole period tf = 2012 and
t0 = 2006:
The following table, Table.3bis, provides the contributions to the change in

unit price in Compounded Annual Growth Rate.

Country Static Dynamic
Static

(per user)

Dynamic

(per user)
Total Unit price

South Africa 8% -37% 1% -33% -33% -34%

Argentina 13% -35% 8% -32% -26% -28%

Brazil 14% -43% 3% -37% -35% -34%

Mexico 6% -36% -4% -29% -32% -34%

Australia 14% -50% 12% -50% -43% -39%

China 16% -31% 0% -20% -20% -23%

India 23% -34% 2% -20% -18% -16%

Japan 5% -47% 3% -46% -44% -43%

Korea 1% -40% -1% -39% -39% -39%

Czech Republic 0% -39% -1% -38% -39% -36%

Poland 1% -39% -1% -38% -39% -37%

Russia 13% -44% 10% -42% -37% -35%

France 1% -33% -2% -31% -32% -35%

Germany -1% -42% -2% -41% -42% -42%

Italy -4% -42% -5% -41% -44% -43%

Spain -4% -38% -5% -37% -41% -40%

Sweden 7% -52% 5% -51% -48% -45%

UK -3% -43% -5% -42% -44% -43%

Canada 11% -39% 4% -35% -32% -35%

USA 7% -34% 2% -31% -29% -31%

Table 3bis: Static and dynamic e¤ect (CAGR)

The "Total" column represents the cumulation of static and dynamic ef-
fects. In CAGR the cumulation is calculated following: CAGRTotal = (1 +
CAGRDynamic)(1+CAGRStatic)� 1: Negative signs mean a decreasing contri-
bution to the megabyte price and positive signs mean an increasing contribu-
tion. According to the theoretical model, Total might represent the CAGR of
unit price. Empirically, the adjustment between Total and Unit price CAGR
columns is R2 = 0:943 which means that the model provided by equation (4)
�ts quite well with observations. Contributions of static e¤ects (operating costs
and competition) are relatively low compared to contributions of dynamic ef-
fects. In the case of South Africa, for example (�rst line), static e¤ects have
entailed a increase by 8% per year of Megabyte price, while dynamic e¤ects
entailed a decrease by 37%. Static (per user) e¤ects increased unit price by 1%
while dynamic (per user e¤ect) decreased it by 33%. The graph below (�gure.2)
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compares the contributions of static and dynamic e¤ects to the fall in Megabyte
price.

Figure.2: Contributions to the fall in Megabyte price (CAGR 2006-2012)

The contribution of static e¤ects may be positive or negative. Indeed, dur-
ing the period 2006-2012, competitive intensity has increased in some countries
and decreased in others. Same for operating costs (see Table.3). While static
e¤ects can increase or decrease unit prices, dynamic e¤ects always contribute to
decrease them. During the period 2006-2012, dynamic e¤ects have had a much
greater impact than the static e¤ects, and this di¤erence increases over time.
Indeed, the elasticities of dynamic e¤ects increase over time while elasticities
of static e¤ects remain steady ( see equation 5). Moreover, the potential for
change of static e¤ects are limited; indeed, it is not possible to increase com-
petition intensity beyond perfect competition (1� L) = 1, operating costs can
not sustainably exceed revenues, revenue per user can not exceed consumers�
willingness to pay and the number of users ( di¤erent from subscribers) can not
exceed the population while cumulated investment regularly increases. This is
the reason why, on the long run, static e¤ects become negligible compared to
dynamic e¤ects.

6 In wireless industry, �erce competition may

slow down the decrease in megabyte price.

Fierce competition reduces Ebitda margin. If reduced margin increases invest-
ment, then static and dynamic e¤ects act in the same direction and tend to
decrease megabyte price. however, if reduced margin decreases investment, then
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static and dynamic e¤ects act in opposite direction. In that case, since the dy-
namic e¤ect outweighs the static e¤ect, the overall e¤ect should slow down the
decline in unit price.

This section empirically highlights that the relationship between competi-
tion and investment turns to be inverted-U shaped, in the wireless industry.
It is found that the slope of the rate of growth of Investment (Capex) as a
function of the intensity of competition measured as (1-L) is signi�cantly and
negatively correlated to the average intensity of competition during the period
2006-2012. The slope is positive for the countries with low intensity of competi-
tion and becomes negative for the countries with high intensity of competition.
This suggests that Investment tends to increase with the intensity of competi-
tion when competition is weak and to decrease when it is �erce. As a result,
this suggests an inverted-U relationship between competition and Investment.
The intensity of competition at which the slope is �at is close to 60%. This
corresponds to the intensity of competition that maximizes investment.

The rate of growth of investment at time t is de�ned by �t =
It�It0
It0

: The

slope of the rate of growth as a function of the intensity of competition is:
Pt

i=t0
(�t��)((1�L)t�(1�L))
P

t
i=t0

(�t��)
2 with � = 1

t�t0+1

Pt
i=t0

�i and 1� L =
1

t�t0+1

Pt
i=t0

(1�

L)i. For each country, the slope is calculated for the whole period t0 = 2006
and tf = 2012:
The �gure below, Figure.3, represents the relationship between the slope of

the rate of growth of Investment as a function of the intensity of competition.

Figure.3: Relationship between competition and investment

14

61



Countries whose intensity of competition has tended to move away from 60%
(increasing or decreasing) also tended to reduce their investment and therefore
to slow down the fall in megabyte price. By contrast, countries whose intensity
of competition has tended to get closer to 60% (increasing or decreasing) tended
to increase investment and to accelerate the fall in megabyte price. The graph
below, Figure.4, shows the contribution of the change in competition intensity
to the megabyte price evolution.

Figure.4: Impact of the evolution of the intensity of competition on Megabyte
price

In the �gure 4, x-axis is de�ned by: j(1� L)2012 � 60%j�j(1� L)2006 � 60%j ;
and the y-axis by ��

1+� (see annex 7.4). The positive values on the x-axis cor-
responds to a moving away from the intensity of competition that maximizes
Investment (1-L = 60%), and the negative values correspond to a coming closer
toward the maximizing level. The positive values on the y-axis correspond to a
slow down of the fall in Megabyte price and the negative values correspond to
an acceleration of the fall in Megabyte price.
Countries where the intensity of competition moves away from 60% tend to

slow down the fall in megabyte price. Those where the intensity of competition
get closer to 60% tend to accelerate it. This is because a moving away reduces
investment while a coming closer increases it.
As a result, strengthening competition in countries where 1�L < 60% helps

accelerate the fall in megabyte price by both static and dynamic e¤ects working
in the same direction. By contrast, strengthening competition in countries where
1 � L > 60% may slow down the fall in unit price because in this case, static
and dynamic e¤ects work in opposite direction. Static e¤ect accelerates the fall
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in price while dynamic e¤ect slows down it. But dynamic e¤ect, in the long
run, tends to become predominant. Hence, �nally, enhanced competition, in
this case tends to slow down the fall in megabyte price.

7 Conclusion

In a highly innovative industry, like telecommunication and particularly wireless
industry, where the technical progress is tremendous, investment becomes the
key issue. Investment drives the growth of tra¢c in an exponential relationship,
while competition avoids such a growth of subscription price. Competition
tends to decrease price cost margin, however, even perfect competition can
not bring down the price below marginal costs, and marginal costs can not
be negative. As a result, static e¤ects as competition and cost reduction are
limited. Dynamic e¤ects, mainly driven by cumulative investment, by contrary,
continuously increase exponentially the tra¢c. There is theoretically no limit,
and in practice, consumers demand continue to support this growth. Tra¢c
increases much faster than revenues, as a result, price of megabyte decreases
sharply allowing consumers to bene�t from a higher bit rate for a pretty steady
price. This improvement also bene�ts to service and content providers that may
provide more services and more contents.

However, There may be a drawback. Investment requires some margin and
the increased margin reduces consumer surplus. However, increased margin also
may increase investment and accelerate the fall in prices of megabyte. This oc-
curs when the intensity of competition is above the investment maximizing level.
In that case, increased investment rapidly compensates for the increased price
caused by increased margin, and, as a result, accelerates the fall in megabyte
price. by cons, when the intensity of competition is under the investment max-
imizing level, increased margin reduces investment and consequently, static and
dynamic e¤ects mutually reinforce each other to slow down megabyte price.
Competition and regulatory authorities should carefully monitor the rate

of Ebitda margin in order to maximize investment. Indeed, Investment is the
key driver of price decrease in mobile industry and it is the reason why it is
welfare enhancing. In the wireless industry, the price of megabyte depends
more on dynamic e¤ects of investment than on static e¤ects of competition and
operating costs. Dynamic e¤ects outweigh static e¤ects after only a few months.
Thereby, the positive impact of investment far dominates the harmful impact
of margin on welfare.

However, it should be noted that this result is speci�c to very innovative
industry. In sectors with a lower technical progress, impact of investment is
lower, and the inverted-U relationship between competition and investment may
not occur or with a di¤erent shape. It is then possible that investment never
outweighs the negative impact of increased margin.

16

63



8 Annexes

8.1 Proof of equation (2):

Let us denote j = i��, from equation (1), using the approximation of investment
It = It0(1 + �)

t�t0 ; the tra¢c writes:

Tt = A0�It0(1 + �)
�t0
h

Pt
i=0 (1 + �)

i
(1 + �)

i
�
Pt��

j=0 (1 + �)
j
(1 + �)j

i

We know that
�

1 + �0
�

= (1 + �) (1 + �) ;thus �0 = � + � + ��. Notice that

I0 = It0(1+�)
�t0 ; the expression becomes: Tt = A0I0�

h

Pt
i=0

�

1 + �0
�i
�
Pt��

j=0

�

1 + �0
�j
i

:

According to the sum of the terms of a geometric sequence: Tt = A0I0�
�

1 + �0
�t
�

(1+�0)�(1+�0)
1��

�0

�

.

At time t0; the initial tra¢c is Tt0 = A0I0�
�

1 + �0
�t0

�

(1+�0)�(1+�0)
1��

�0

�

: As

a result, tra¢c at time t writes:Tt = Tt0
�

1 + �0
�t�t0

:This is equation 2.

8.2 Distributions �
t

It
and "t:
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S Wilk test obs W V z prob>z

m 100 0.99104 0.740 -0.669 0.74838

e 120 0.98954 1.006 0.014 0.49451

KS test obs pr(skewness) pr(kurtosis) adj c2 prob>c2

m 100 0.5545 0.5191 0.78 0.6774

e 120 0.8778 0.3863 0.79 0.6749

0
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1
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2
.5

D
e
n
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y

-.5 0 .5
Epsilon

Kernel density estimate

Normal density

kernel = epanechnikov, bandwidth = 0.0549

Kernel density estimate

Distribution of "t

Shapiro-Wilk test. Null hypothesis: The distribution is normal.
Probability of null hypothesis > 0.1, it can not be rejected.
Kolmogorov-Smirnov test. Null hypothesis: The distribution is normal.
Probability of null hypothesis > 0.1, it can not be rejected.

8.3 Proof of equation (6):

From equation (4): upt =
Ct(1+�0)

�(t�t0)

Tt0 (1�L)t

ln(upt) = ln(Ct)� ln(1� L)t � ln(Tt0)� (t� t0) ln(1 + �
0)

For tf = 2012 and t0 = 2006
ln(uptf ) = ln(Ctf )� ln(1� L)tf � ln(Ttf )� 6 ln(1 + �

0)
Same manner: ln(upt0) = ln(Ct0)� ln(1� L)t0 � ln(Tt0)
Thus ln(uptf ) � ln(upt0) = ln(Ctf ) � ln(1 � L)tf � 6 ln(1 + �

0) � ln(Ct0) +
ln(1� L)t0
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We know that
�

1 + �0
�

= (1 + �) (1 + �) ; therefore ln
�

uptf
upt0

�

= ln
�

Ctf
Ct0

�

�

ln

�

(1�L)tf
(1�L)t0

�

� 6 ln(1 + �)� 6 ln(1 + �)

This is equation (6)

8.4 Figure.4, y-axis:

Dynamic e¤ect has two parts, on the one hand, the impact of regular invest-
ment according to the rate of technical progress, �, in the other hand, the

impact of the growth in investment, �. Dynamic e¤ect writes ln
�

Detf
Det0

�

=

� (tf � t0) [ln (1 + �) + ln(1 + �)] : Denoting the impact of regular investment

De�;and the impact of the growth in investment De�; such that ln
�

De�tf
De�t0

�

=

� (tf � t0) ln (1 + �) and ln
�

De�tf
De�t0

�

= � (tf � t0) ln (1 + �) ; we can write: ln
�

Detf
Det0

�

=

ln
�

De�tf
De�t0

�

+ ln
�

De�tf
De�t0

�

: The contribution of the growth of investment to the

change in unit price in CAGR is CAGRDe�(tf�t0) = e

1

(tf�t0)
ln

�

De�tf
De�t0

�

� 1 =
1

1+� � 1 =
��
1+� :
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Abstract: 
 
This paper investigates the incentives to invest in improving quality (as opposed to investments in new 
activities) in the telecommunications industry, based on the example of wireless markets. We highlight 
the fact that investment incentives are positively related to potential for technical progress. They also 
depend on market structure, competition intensity and penetration rate. We show that for each national 
market, there is a target level of investment which companies strive to achieve. From a social 
perspective, this target level is the best amount that companies are encouraged to invest. Non-
achievement of the target level entails underinvestment and a decrease in consumer surplus and welfare 
and may slow down technical progress. We used a data set covering 30 countries over a period of 8 
years to empirically prove the existence of a change in investment behavior depending on whether or 
not the target level is achieved. A low margin per user may hamper achievement of the target level. As 
a result, maximum consumer surplus and welfare occur under imperfect competition and not perfect 
competition. 
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1  Introduction 
Information technologies are characterized by the regular exponential growth of data 
usage, as exemplified by Moore�s law. The telecommunications sector is no 

exception, and shows an impressive increase in consumption, with annual growth 
rates often well into the double digits. 
This is made possible by the sector�s tremendous technological progress, as well as 
regular and ongoing investments by operators. 
These investments are essential to allow consumers to benefit from technical progress. 
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It is therefore crucial for policy makers and the competition authorities to ensure that 
investment incentives and capacities are sufficient for investments to continue. 
In this paper, we will examine telecommunications companies� investments in 
wireless markets in 30 countries around the world from 2002 to 2010. 
We will show empirically that in all studied countries, companies strive to achieve 
target investment levels based on market conditions (competition, standard of living, 
penetration rate, technological progress, etc.). However, only companies which 
generate adequate margins succeed. Companies with lower margins invest only what 
they can and find themselves threatened by the technology gap.  
Target investment levels are the levels of investment which maximize expected 
corporate profits. They are closely related to the potential for technical progress: high 
potential provides more investment opportunities and makes investment more 
efficient, thus increasing the target level.  
Investments in quality improvement, which represent a significant portion of 
telecommunications operators� investments, must be distinguished from investments 
in new activities or markets. The decision processes involved differ significantly. 
Investments in new activities are expected to ultimately provide new revenues and 
profits. The decision to invest is based on the estimated Net Present Value and Return 
On Investment. The decision to invest in improving the quality of existing services, 
on the other hand, depends more on competition than on expected profits. Indeed, this 
paper shows that when the market is fully covered and symmetrical, investment in 
improving the quality does not increase profits. 
Improving quality means improving network performance for users (bandwidth, 
availability, quality and ease of use, customer care, etc.) and leads to an increase in 
consumers� willingness to pay.  
The operator which most improves its performance gains a competitive advantage and 
increases its profits. However, if all competitors improve their performances to the 
same extent, none of them creates a competitive advantage. In practice, competitive 
advantages are relatively weak because they are difficult to obtain and even more 
difficult to maintain over time. All operators can buy the same equipment and invest 
under similar conditions, meaning that this type of investment generally does not 
significantly increase corporate profits; however, these investments do dramatically 
increase consumer surplus and social welfare. 
Competition based on quality improvement grows fiercer as the potential for technical 
progress increases. An increase in the potential for technical progress increases the 
profit margin required to achieve the target investment levels. It is impossible to 
achieve target investment levels if profit margins are too low, thus slowing technical 
progress at the expense of consumers and their welfare.  
Our study revealed that this occurs not only in emerging countries but also in 
developed countries when price-based competition is so fierce that companies are 
unable to achieve their target investment levels. A Chow test shows that companies� 

investment behavior varies depending on whether or not they have the means to attain 
their target levels. 
Competition plays a crucial role in investment behavior. More specifically, there are 
two types of competition, which have very different impacts: competition on pricing 
and competition on quality improvement. The former tends to decrease margins, 
while the latter tends to increase investments. As long as companies� margins remain 
sufficient to achieve their target investment levels, the competition is sustainable; 
otherwise it is too fierce and companies underinvest. 
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A trade-off seems to exist between the two types of competition. An increase in the 
potential for technical progress encourages competition based on quality improvement 
by increasing the target investment levels, implying a decrease in price-based 
competition. In a sense, these two types of competition are in competition with one 
another. 
We will show that consumer surplus and welfare are maximized at investment levels 
which exceed the target. A trade-off should therefore be made in favor of competition 
based on quality improvement until the target levels are achieved, and in favor of 
competition based on pricing in other cases. Companies will not invest more once 
they have achieved their target levels. 
Another key parameter which impacts investments in quality improvement is the user 
penetration rate. Investment increases consumers� willingness to pay, allowing 
consumers with lower willingness to pay to enter the market. This increases revenues 
and profits for all competitors, even without generating a competitive advantage. 
However, this phenomenon depends on the market�s potential for growth. When  a 
market is fully covered, it no longer offers any growth potential. 
We will show that investments in quality improvement do not actually increase profits 
when the market is close to full coverage. A Granger test reveals that investment does 
not generate margins, except when the size of the market is increasing fast enough. 
On the other hand, margins always generate investments. Margins mainly depend on 
competition, market structure and standards of living, and have a major influence on 
target levels of investment. 
Because investments in quality improvement do not have a major impact on margins, 
companies cannot rely on future additional margins to finance them, meaning that 
they must generate an adequate margin. This explains why corporate investment 
behavior varies when companies� margins are insufficient to attain target investment 
levels. Companies aim to reach their target levels, and try to come as close as possible 
when reaching their goal is impossible. 
Our paper is organized as follows: Part 2 is a literature review on the relationship 
between competition and investment. Part 3 provides a theoretical framework which 
explains how investment incentives and target investment levels are determined in the 
specific and particularly relevant case of markets with full coverage. Part 4 describes 
the empirical model used, and Part 5 lays out our conclusion and discusses its policy 
implications. 
 

2 Literature review 
 
The literature on the relationship between competition and investment is quite rich, 
but mainly focuses on investments in Research and Development. These studies differ 
from ours, since R&D investment leads to uncertain outcomes while investments in 
quality improvement are much more predictable. The issues are, however, closely 
related and the findings are very similar. There are two conflicting traditions in the 
field (Loury, 1979). The first is the Schumpeterian Effect, which highlights 
competition�s negative impact on innovation. Schumpeter emphasized that a 

monopoly gives entrepreneurs the greatest incentive to invest in innovation 
(Schumpeter, 1942). The second, the Escape Effect, highlights the positive impact of 
competition on innovation. In a competitive structure, companies are encouraged to 
innovate in order to escape from competition. Innovation provides a competitive 
advantage, thus restoring a portion of their monopoly rents. Adam Smith�s �invisible 
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hand� supports the idea that monopolies should be restrained and competitive market 
structures promoted in order to foster innovation.  
The trade-off between the Schumpeterian and Escape Effects raises the question of 
whether there is an optimal intermediate degree of competition located somewhere on 
the spectrum between monopoly and perfect competition. Several empirical and 
theoretical studies support this view, (Kaminen & Schwartz, 1975) (Dasgupta & 
Stiglitz, 1980), as well as the famous inverted U relationship between competition and 
innovation demonstrated by Aghion et al. (Aghion, Bloom, Blundell, Griffith, & 
Howitt, 2005).  
The Escape Effect is true for relatively low levels of competition, but the 
Schumpeterian Effect prevails after a certain saturation point is reached. 
The idea of a trade-off between competition and innovation has been extended to the 
trade-off between competition and investment (Friederiszick, Grajek, & Röller, 2008), 
as the concepts of innovation and investment are often closely linked. The inverted U 
relationship has also been observed between competition and investment (Kim, Kim, 
Gaston, Kim, & Lestage, 2010) or (Bouckaert, Van Dijk, & Verboven, 2010). The 
Escape and Schumpeterian Effects also apply to investments in quality improvement, 
but in a rather different way. The Escape Effect is more prevalent in this case, since 
investments in quality never lead to radical innovation and a competitive advantage is 
more difficult to obtain. Competition based on quality improvement drives companies 
to make regular investments, although these investments do not significantly increase 
their profits. However, it always increases both consumer surplus and social welfare. 
The Schumpeterian Effect also works differently in this case. Competition reduces 
margins, thus decreasing both the expected profits and investment capabilities. 
The literature has consequences for regulatory authorities and policy makers, who 
must adjust their decisions depending on whether the Schumpeterian Effect or the 
Escape Effect prevails. 
When the Escape Effect prevails, static regulation (Antitrust policies, entry 
promotion, increased price competition, reduced switching costs, etc.) will increase 
the intensity of competition, thus encouraging investment. When the Schumpeterian 
Effect prevails, on the other hand, dynamic regulation (regulatory vacancies, laissez 

faire, etc.) will decrease competition in order to increase investment. The debate 
surrounding the trade-off between static and dynamic regulations has changed over 
time. 
Pakes et al. noted the positive impact of technological opportunities on R&D 
investments (Pakes & Schankerman, 1984). High levels of technical potential improve 
the effectiveness of investments, encouraging companies to invest more and requiring 
greater investment capacities. This shifts the balance between the Escape and 
Schumpeterian Effects towards the latter.  
Pure static regulation has come under increasing criticism in recent years (Audretsch, 
Baumol, & Burke, 2001), (Valletti, 2003) and (Bauer, 2010). Its main drawback is the 
fact that it is best applied to situations with a very stable demand and market structure, 
at a time when the telecommunications sector is changing rapidly. 
The need for significant investments in telecommunications networks such as the 
Next Generation Network has led regulatory authorities to increasingly take the issues 
of investment and dynamic efficiency into account. Bauer and Bohlin observed this 
shift in the USA (Bauer & Bohlin, 2008). Furthermore, Cambini and Jiang  (Cambini 
& Jiang, 2009) note that:  
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�Nowadays, the urgency to spread broadband access calls for a large amount of 

capital expenditure. Therefore more and more regulatory concerns are attracted to 

the investment issue in the broadband market� 

  

Dynamic regulation seeks to encourage investments in order to improve consumer 
appeal and surplus, as well as welfare. However, dynamic regulation is not a panacea 
for regulatory policies. (Salop, 1979), (Gilbert & Newbery, 1982) and (Sutton, 1991) 
refute this assumption and highlight the fact that dynamic regulation may reduce the 
intensity of competition and does not necessarily lead to improved consumer welfare. 
 

3 Theoretical background 
 
This section provides a theoretical framework for understanding the incentives to 
invest in quality improvement. In particular, it explains the origin of the target 
investment levels and the impact of the different parameters on these levels.  
Our model is based on the spoke model described by (Chen & Riordan, 2007), a 
competition model with horizontal differentiation among companies.  
The model highlights telecommunications operators� incentives to invest. They invest 
in order to improve the quality of their offer and increase consumers� willingness to 
pay. This boosts the total number of consumers who make purchases, thus expanding 
the market. Furthermore, the companies which most improve their quality gain a 
competitive advantage, although if all of them improve their quality to the same 
extent none of them gains a competitive advantage. Competition will, however, 
encourage them to invest anyway. This constitutes competition based on quality 
improvement. The amount that companies are willing to invest depends on their 
investments� impact on consumer utility. The model shows that a certain amount of 
investment maximizes corporate profits. This is the target investment level. 
Companies invest this amount when they have the ability to do so; otherwise they 
invest as much as they can but are unable to reach their target and invest less than 
they would like to.  
The model shows that the socially optimal level of investment is always higher than 
the financially optimal amount that companies seek to invest. Companies which can 
achieve their target levels of investment therefore come closest to the socially optimal 
level. 
The model also reviews the ideal margin level, which maximizes consumer surplus 
and welfare. 
We have chosen to study the relevant case of a fully covered market in order to 
analyze the role of competition based on quality improvement in investment 
incentives. The market size is normalized to 1. When the market is not fully covered, 
its potential for growth encourages investment. We wanted to set aside this factor in 
order to focus solely on the impact of competition on quality improvement. 
The market is represented by a spoked wheel where consumers are uniformly 
distributed. Each company is located at the end of a spoke. The wheel�s diameter is 

normalized to 1; the length of each spoke is thus 1/2. Each consumer located within a 
spoke compares the utility of purchasing an offer from the company located at the end 
of the spoke and an offer from one of the other companies, which all have an equal 
probability of being chosen. Since all of the spokes converge at the centre of the 
wheel, the companies can be compared on a one-to-one basis. If there are N 
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companies, there will be  2)1( -NN  comparisons. Each company is involved 

in )1( -N comparisons.  

We assume that iv  and ip  are respectively the consumer�s willingness to pay and the 

price of company i�s offer.  We will focus on the comparison between companies i 
and j. The combined length of the two spokes is 1. A consumer located at a distance 
of x from company i is located at a distance of (1-x) from company j. For the 
customer, the utility of purchasing company i and company j�s offers respectively is:  
 

)1( xtpvU

txpvU

jjj

iii

---=
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With t, the differentiation coefficient (transportation cost).  
 
We consider the following two-stage game, which comprises an investment stage and 
a competition stage.  
In the investment stage, each company decides on an investment level I per customer, 
which will improve the quality of its offer. 
In the competition stage, companies compete on the basis of price. 
The game is solved by backwards induction. 
In order to simplify the situation, we assume that at the beginning of the game, the 
market is symmetrical which is not so far from actual markets2. 
All companies have the same market share and earn the same profit. In that case, 

vvvji ji ==" ,  and Ntji === ppp .  Each company has an equal market share: 

N1=s  customers. 
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We assume that all companies incur the same marginal cost c . Company i�s profit is: 
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The first order condition allows us to determine ip : 
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2 The asymmetry index used in the empirical section, the variable IOA, shows that markets are 
generally relatively close to symmetrical. (See descriptive statistics in the appendix). The average IOA 
is under 15% and less than 10% of the markets observed have an asymmetry index above 30%. 
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3.1 Investment incentives 

 
We assume that the investment I per customer at the investment stage increases 

willingness to pay by )(IV  during the competition stage. Function V characterizes the 

impact of investment on consumers� willingness to pay. We assume that function 

)(IV  is increasing, concave and tends toward a horizontal asymptote: increasing 

because the greater the investment, the greater its impact; concave because the 
marginal increase in investment is less and less efficient. According to the Weber 
Fechner law, consumers are sensitive to the logarithm of a stimulus (Reichl, Tuffin, & 
Schatz, 2010). It tends toward a horizontal asymptote because the impact of 
investment cannot be infinite. These conditions define the target amount that 
companies are encouraged to invest  (F. Jeanjean, 2011) As the impact of the marginal 
investment decreases and tends toward zero (horizontal asymptote), there is a 
threshold above which the cost of investment is higher than the expected gains. This 
threshold is the target investment level, provided that the initial marginal investment 
is lower than expected gains. 
 

Assume that company i decides to invest iI  and improves its consumers� willingness 

to pay from v  to )( iIVv + . In the competition stage, company i attempts to 

maximize iP , its profit minus the cost of the investments made during the previous 

stage, depending on the discount rate r : 
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The level of investment which maximizes equation (3) is *I . If all companies play an 

equal role on the market, they will all invest the same amount *I . 
 
The first order condition leads to: 
 

)1(2

)12)(1()( *

-
-+

=
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N

dI

IdV r
        (4) 

(See proof in appendix) 
 
Let us denote T, the right side of equation (4). As we can see, T does not depend on 
the differentiation between companies, parameter t. It depends only on the discount 

rate r and the number of companies, N. For a given market, when r and N are fixed, T 

does not depend on the level of investment. 

As V is increasing, concave and the marginal increase of V tends toward zero, dIdV  

is positive, decreasing, and ( ) 0lim =
+¥®

dIdV
I

. Therefore the higher the value of T, the 

lower the value of *I .  If  dIdV )0(  is higher than T, equation (4) has a solution, and 

companies are encouraged to invest *I . However, if dIdV )0(  is lower, equation (4) 
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has no solution and companies decide not to invest, as shown in the graph below 
(figure 1). T is thus the triggering threshold for investment. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Threshold triggering of investment 

 

The amount of investment *I  which maximizes corporate profits is obtained when the 

curve dIdV  crosses T. At this point, equation 4 is fulfilled. For lower levels of 

investment, dIdV is higher than T, consumer utility increases faster than the 

corresponding cost of investment, and companies are encouraged to invest more. For 

higher levels of investment, where dIdV is lower than T, consumer utility increases 

more slowly than the corresponding cost of investment so companies are encouraged 
to invest less. 

The discount rate r tends to reduce investment because investment is riskier or the 

value of money is higher in the short run. 
The number of companies N tends to increase investment. N strengthens competition, 
as the difference in quality between competitors, the competitive advantage, becomes 
more important. The variation in margin per user generated by a higher investment 
increases with N. 
As the market is symmetrical, all companies invest the same amount, meaning that 
none of them gains a competitive advantage. They would therefore have been better 
off not investing but are driven to invest anyway by fear of competition. This is non 
price-based competition. This type of investment benefits consumers more than 
companies. 
 

3.2 Budget constraints and effective investment levels 

 
At the end of the game, given the assumption of a symmetrical market, all companies 
have invested the same amount, so the market remains symmetrical. The investments 
made have increased quality, but prices and margins remain stable. In a symmetrical 

market, equation (1) becomes tcpi +=  and industry margin t=p which does not 

depend on Investment. 
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T
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T

Firms invest
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In this case, companies cannot rely on futures profits to finance their investments; 
they must rely solely on self-investment. Indeed, investment does not increase profits 
and profits are fully mobilized for investment, thus there remains nothing to repay a 

loan. Companies try to invest target amount *I . When their profits are sufficient to 

achieve *I , they invest *I ; otherwise they invest as much as possible but are unable to 

achieve their target investment levels.  
 
Given the assumption of a symmetrical market, the margin (profit per customer) 

equals the transportation cost: tii =sp  

The relationship between investments and margins is as follows: 

When the margin is low, i.e. *It < , companies do not make enough profits to invest 
*I , so they invest tI = . 

When investment capabilities are high enough, i.e. *It > , companies invest *I . 

The following graph (figure 2) illustrates the relationship 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  Figure 2: Investment according to the margin I(t) 

 

The drop in investment for low margin is due to budgetary restrictions. This decrease 
in investment is empirically observed in the next section.  
 

3.3 Socially optimal investment levels 

 
Consumer surplus increases with investment. When the market is symmetrical, all 

companies benefit from the same willingness to pay { } vvvNji ji ==Î" ,,...,2,1,  

)
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5
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(See appendix) 
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 and as a result )()( IVcsIcs =-  

Social Welfare, defined as the sum of consumer surplus and total profits generated on 

the market, is written as: )()()( IIcsIw P+=  

The market size is normalized to 1, so the profit generated on the market is 

)1()( r+-=P ItI . The market�s symmetry encourages all companies to invest the 

same amount and prevents them from winning a competitive advantage. Investment 
ultimately increases consumer surplus but decreases corporate profits. What level of 

investment **I  maximizes welfare? 

Welfare is written as: 
 

)1()
4

)(()( r+---+= I
t

cIVvIw        (6) 

 
The first order condition leads to the following equation: 
  

)1(
)( **

r+=
dI

IdV
         (7) 

 

A comparison of equations 4 and 7 shows that dIIdVdIIdV )()( *** < . As a result, 
*** II > . The socially optimal level of investment is always greater than the 

investment level which maximizes corporate profits. As we saw in subsection 3.2, 
companies are never encouraged to exceed the target level , meaning that they always 

invest less than the socially optimal level **I . They come closest to achieving 
**I when they can afford to invest *I . 

3.4 Socially optimal margins 

 
Equations (5) and (6) represent consumer surplus and welfare according to the margin 
t (figure 3). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: Optimal margin which maximizes consumer surplus and welfare
3
 

                                                 
3  The graph is based on the assumption that the impact of investment on consumers is high enough that 

r+> 45)( * dIIdV . Consumer surplus and welfare increase as long as *tt <  
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Derivatives of equations (5) and (6) provide variations of consumer surplus and 
welfare according to t: 
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Figure 2 indicates that investment depends on whether the value of the margin is 

lower or higher than the target level. If *It < , then tI =  and 1=dtdI . If *It ³ then 
*II =  and  0=dtdI . 

 

If *It < , 
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dw
, any margin growth is used to invest. 

As long as the impact of investment on consumers is high enough, and so as long as 

the dynamic effects outweigh the static effects: ( 45>dIdV  for consumer surplus 

and r+> 45dIdV  for welfare), the margin�s growth increases both consumer 

surplus and welfare. 
 

If  *It ³ 45-=dtdcs  and 41-=dtdw , however, the margin�s growth is no 

longer used to make investments. The dynamic effects disappear, leaving only static 
effects, so both consumer surplus and welfare decrease with the margin. 
 

When the dynamic effects are high enough ( 45>dIdV  for consumer surplus and 

r+> 45dIdV  for welfare), the margin values which maximize consumer surplus 

or welfare are both strictly positive. The socially optimal margin value is therefore not 
equal to zero. The socially optimal situation is not perfect competition. A certain 
degree of margin t, which reduces market fluidity, can be socially efficient. 
The greater the potential for technical progress, the higher the socially optimal margin 
value. 

Moreover, if r23 +£N , then r+> 45)( * dIIdV , and consumer surplus and 

welfare are maximum for the same value ** Itt == (case of figure 3). 
Remark: Investment mainly benefits the telecommunications sector and equipment 
suppliers. If we consider welfare without investment, equation (6) becomes: 

)
4

)(()(
t

cIVvIw --+= . In that case, welfare is always maximum when ** Itt == . 

Quality improvement based competition can be characterized by the target amount of 

investment *I and price-based competition by the level of margin t or rather by t1 , 

the level of substitutability. 

Maximum welfare occurs for 1* =tI  which means that the level of quality 

improvement based competition is inversely proportional to the level of price-based 
competition. 
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4 Empirical analysis 
 
This section provides an empirical analysis of the relationship between investment 
and margin per user for in wireless markets in 30 countries between 2002 and 2010. It 
highlights the existence of a breaking point in the relationship between margin and 
investment. Companies� investment behavior in a country tends to change when their 
margins reach a certain threshold. Below the threshold, investment increases sharply 
with the margin, while the increase is slower above the threshold. The theoretical 
model in the previous section predicts this type of change in a symmetrical and fully 
covered market (figure 2). In that specific case, beyond the threshold (the target 
level), growth in investment is nil. 
Section 3 address the problem in terms of the firms problem, however, because the 
market is assumed to be symmetrical, all firms play the same role. As a result the 
industry behavior is totally defined by a representative firm. In this section, the 
analysis is conducted at the industry level and the results could be compared at the 
theoretical results of section 3. 
In markets which are not fully covered, investment may increase the number of 
consumers and profits. The observed growth of investment, although relatively low, 
therefore remains positive. The model also underscores the role of other factors 
including market structure, level of service adoption, level of technology and standard 
of living. 

4.1 Data set 

 
The data set used here is a panel data set for 30 countries (cf. list in appendix, which 
includes annual data by country from 2002 to 2010. The data set should comprise 270 
observations, however 29 observations are unavailable. The data set therefore 
comprises 241 observations.  The financial figures used (Revenue, Capex, Ebitda, 
HHI and the number of companies) are drawn from the Informa �World Cellular 

Information Service�. The number of wireless users, the population and the level of 
technology come from the strategy analytics report �Broadband cellular user forecasts 

2011-2016 (September 2011)�
4, while the standard of living (GNI per Capita) is taken 

from the World Bank. A table of descriptive statistics is provided in the appendix. 
The dependant variable in the linear regression model is the yearly Capex per user by 
country, CAPU in US $. Capex per user is a proxy of investment. 
There are two categories of explanatory variables: financial figures, which depend on 
the wireless market in the country, and country figures, which are based on the 
specificities of each country. A time trend is included, YEAR, which indicates the 
number of years counting from 2001, (the value of year in 2002 is 2, and in 2003 is 3, 
etc.), as is a squared time trend. Descriptive statistics are available in the appendix 
These variables are presented as follows: 
 

4.1.1 Financial figures: 

 
These variables aim to evaluate the market�s impact on investment incentives. First, 

the margin per user, MAPU, defined as annual Ebitda divided by the number of users. 

                                                 
4 This report provides not only forecast data but also data from 2002 to 2010. 

79



 13 

Second, the number of companies on the market, N. Third, the asymmetry index , 
which measures the degree of asymmetry among companies present on the market: 

IOA. This index is calculated as follows: 
1

1)(

-
-

=
N

HHIN
IOA . IOA may range from 0 

to 1. In a perfectly symmetrical market, IOA=0; IOA increases with market�s 

asymmetry. HHI, the Herfindahl index, is expressed as a percentage. When the market 

is absolutely symmetrical, all companies have an equal market share: NHHI 1= , 

thus 0=IOA . When the market is absolutely asymmetrical, it tends towards a 

monopoly; HHI tends towards 1, so IOA tends towards 1 as well. Fourth, the potential 
for market growth, PMG. PMG depends on the penetration rate q, defined as the 
number of users divided by the total population of the country. Assuming that the 
demand function, which expresses the penetration rate according to price, is sigmoid 
shaped, which is a common assumption in telecommunications (Fildes and Kumar 
2002) potential for market growth is close to its maximum at the middle of market 
coverage. When q is low or high, close to 0 or 1, the potential for market growth is 

low. )1( qqPMG -= . The potential for market growth increases with PMG, which 

seems more relevant than simply q. The strength of competition is given by COMP, 
which is defined by 1-L, where L is the Lerner index. The Lerner index is calculated 
yearly by country; it is defined as Ebitda divided by total Revenue on the market. 

4.1.2 Country-specific figures: 

 
These variables aim to take into account the specific situation of each country. First, 
the density of population, DPOP, defined as the total population divided by the 
country�s surface area. Density may have an impact on investment. Second, the 

standard of living, given by the Gross National Income per capita, GNICAP, 
expressed in PPP. Finally, the level of technical advances integrated in the network, 
3GT, defined as the proportion of subscriptions using 3G technologies as CDMA 
2000, WCDMA or LTE. 
The following table (Table 1) represents the descriptive statistics of the variables. 
 

CAPU MAPU COMP N IOA PMG 3G DPOP YEAR GNICAP

Mean 62,24 172,61 60,72% 5,94 14,50% 18,13% 14,88% 564 5,33 26579

Standard error 2,10 5,78 0,69% 0,60 0,69% 0,26% 1,29% 102 0,16 810

Median 60,99 173,55 61,33% 4,00 12,38% 17,20% 5,29% 108 5,00 29893

Standard deviation 32,58 89,79 10,76% 9,25 10,76% 3,97% 20,05% 1582 2,45 12575

Variance 1061,57 8061,65 1,16% 85,65 1,16% 0,16% 4,02% 2501646 6,01 158135179

Kurstosis coefficient (flattening) 3,12 -0,24 0,94 38,21 1,43 -1,16 2,58 9,41 -1,11 -0,41

Skewness 1,31 0,44 -0,36 6,05 1,27 0,29 1,67 3,35 -0,12 0,07

Minimum 5,32 12,92 23,76% 2 0,05% 9,35% 0,00% 2,65 1 4064

Maximum 211,11 466,51 93,43% 71 51,99% 25,00% 95,38% 6812,24 9 68547

Sum 15000 41599 146 1432 35 44 36 135976 1285 6405424

Observations 241 241 241 241 241 241 241 241 241 241  
    Table 1: Descriptive statistics 
 

4.2 Econometric Model 

 
We estimate first the determinants of the margin and we discuss the impact of 
investment on future margin. We have shown in section 3 that in a symmetrical and 
fully covered market, investment did not increase the margin. However, since markets 
are neither perfectly symmetrical nor fully covered, we will see to what extend 
investments actually affect margin.  
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4.2.1 Margin equation 

 
We use a panel data regression OLS in order to estimate the coefficients of the 
following equation: 
 

iyiykiyjiy YXMAPU eaaa +++=        (8) 

 

 where iyX  represents the control variables and iyY the investment variables 

{ }iyiyiyiyiyiyiy YEARIOANGNICAPDPOPCOMPX ,,,,,Î , 

{ }iyiyiyiyiy IOACAPUPMGCAPUCAPUCAPUY *1,*1,1, ---Î  and 
iye is the error 

term.  
 
CAPU-1 is the Capex per user CAPU lagged one year. CAPU-1*PMG and  CAPU-

1*IOA are the lagged values of CAPU multiplied respectively by the Potential for 
market growth PMG and index of asymmetry IOA. These variables aim to assess the 
impact of the remoteness of assumption of symmetry and full coverage on the margin. 
The subscripts of the variables denote country i at year y.  The results are presented in 
the following table (Table 2): 
 

VARIABLES MAPU (1) MAPU (2) MAPU (3) MAPU (4) MAPU (5) MAPU (6) MAPU (7)

COMP -195.1*** -182.2*** -182.3*** -183.9*** -184.9*** -181.9*** -184.1***

(25.13) (25.86) (24.03) (24.59) (24.41) (24.84) (24.67)

DPOP 0.0755*** 0.0812*** 0.0716*** 0.0807*** 0.0748*** 0.0806*** 0.0804***

(0.0254) (0.0255) (0.0241) (0.0239) (0.0240) (0.0242) (0.0240)

GNICAP 0.00458*** 0.00489*** 0.00426*** 0.00455*** 0.00450*** 0.00461*** 0.00399***

(0.000873) (0.000885) (0.000832) (0.000835) (0.000829) (0.000844) (0.000871)

N 0.0148 -0.288 -0.153 -0.525* -0.581** -0.483* -0.656**

(0.288) (0.276) (0.278) (0.267) (0.266) (0.272) (0.286)

YEAR -0.0121 -2.364* -0.109 -2.684** -2.579** -2.171* -1.837

(1.220) (1.255) (1.162) (1.189) (1.181) (1.211) (1.215)

CAPU 0.0449 0.223** 0.171*

(0.0740) (0.0913) (0.0902)

CAPU-1 0.0374 0.277*** 0.253***

(0.0687) (0.0924) (0.0926)

CAPU-1*PMG 1.127**

(0.497)

CAPU-1*IOA 1.216***

(0.428)

Constant 124.0*** 121.6*** 117.5*** 120.5*** 116.6*** 119.3*** 139.0***

(27.16) (27.59) (26.06) (26.29) (26.18) (26.66) (26.75)

Observations 241 211 238 208 208 208 208

R-squared 0.433 0.384 0.428 0.408 0.420 0.395 0.405

Number of Countries 30 30 30 30 30 30 30

Standard errors in parentheses

*** p<0.01, ** p<0.05, * p<0.1  
    Table 2: Margin equation 
 
The first specification is the regression on the full sample (241 observations). The 
second specification represents the same model with lagged CAPU, that is why we 
lose 30 observations (one per country). The results of the second specification are 
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very similar to the first. In this case, Investment seems to have no significant impact 
on margin. However, three observations show an abnormally high Capex. For those 
observations, Capex is significantly higher than margin. It is possible that these Capex 
do not only represent investments in improving quality or that these values are 
incorrect. Anyway, in the following columns, we removed these three values leaving 
238 observations for CAPU and 208 for CAPU-1. In the third and the fourth 
specification, investment has a significant impact on margin. There is no significant 
difference between the coefficients estimated in these two specifications which 
suggest that an investment remains relatively steady over time. The fifth specification 
provides both CAPU and CAPU-1 in order to compare the respective impact of past 
year and current year investment on margin. As expected, although both CAPU and 
CAPU-1 are significant, the impact of past year is higher and more significant. 
Consequently, in the following model, we chose the lagged values of investment 
CAPU-1 rather than CAPU. In the sixth specification we replaced CAPU-1 by the 
product CAPU-1*PMG and in the seventh we replaced CAPU-1 by the product 
CAPU-1*IOA. These variables indicate respectively the impact of the Potential for 
Market Growth PMG and the asymmetry of the market on the relationship between 
investment and margin.  These two variables have a positive and significant impact on 
margin. This means that PMG and IOA both increase the impact of investment on 
margin. This is consistent with section 3 and the hypothesis of market symmetry and 
full coverage. Under such hypothesis, PMG = IOA = 0, Investment has no impact on 
margin. Therefore, the impact we highlighted is caused by the fact that markets are 
neither fully covered nor symmetrical, even though they often approach close to 
symmetry and full coverage. PMG increases profits and thus encourages investment. 
Indeed, when PMG is high, investment in quality improvement encourages customers 
who were not yet in the market to enter. This increases the market size and thus 
profits. Asymmetry of market also encourages investment because asymmetry means 
there are leader firms, and leader firms can expect their investment to provide them a 
competitive advantage and increase their profits. 
The coefficients of control variables are robust to the different specifications. As 
expected, competition COMP and the number of firms N have a negative impact on 
margin. The density of the population DPOP and the GNI per capita have a positive 
one. The time trend YEAR, indicates a decline of margin over time. 
 

4.2.2 Investment equation 

 
The investment equation emphasizes the difference in behavior between companies 
according to their margins. In order to do so, we will compare two hypotheses: The 
first hypothesis, H0 supposes there is no change in firms� behavior according to their 
margin. The corresponding equation is as follow: 
 

iyiyyi MAPUCAPU ebb ++= 10        (9) 

 

The Capex per user CAPU is explained by the margin per user MAPU. e is the error 
term. 
The alternative hypothesis, Ha supposes there is a break in firms� behavior. Before the 
break, for the low values of margin, Capex per user follows the equation (9) and after 
the break, Capex per users follows the following equation: 
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iyiyiyyi PMGMAPUMAPUCAPU ebbb +¢+¢+¢= *210     (10)  

 

Where  CONSTANTD+=¢
00 bb , MAPUD+=¢

11 bb ; and PMGMAPU *2 D=¢b  

 
We will make a Chow test to choose the most likely hypothesis. We will first test the 
model with all the 241 observations then we will remove the three abnormal 
observations like in margin equation. 

We will also test the model for 00 =b which suggests there is no investment when 

there is no margin.  
The results are presented in the following table (table3): 
 

VARIABLES CAPU (1) CAPU (2) CAPU (3) CAPU (4) CAPU (5)

MAPU 0.253** 0.502*** 0.255*** 0.478*** 0.478***

(0.108) (0.0366) (0.0868) (0.0296) (0.0308)

D Constant 31.30*** 52.89*** 24.46** 43.96*** 38.89***

(11.61) (7.599) (9.506) (6.364) (6.521)

D MAPU -0.357*** -0.606*** -0.303*** -0.526*** -0.331***

(0.124) (0.0713) (0.100) (0.0586) (0.0415)

D MAPU*PMG 1.151*** 1.151*** 1.016*** 1.016***

(0.271) (0.274) (0.221) (0.224)

Constant 21.59** 19.50***

(8.848) (7.138)

Observations 241 241 238 238 238

R-squared 0.327 0.852 0.438 0.892 0.883

Chow test 8.46 27.9 8.9 30.27 32.42

Prob (H0) 0.00002 0.00000 0.00001 0.00000 0.00000

Standard errors in parentheses

*** p<0.01, ** p<0.05, * p<0.1  
    Table3: Investment equation 
 
Specifications (1) and (2) use all the 241 observations. Specifications (3), (4) and (5) 
removed the three abnormal observations. 

Specifications (1) and (3) have a coefficient 00 ¹b , specifications (2), (4) and (5) 

have a coefficient 00 =b . Those specifications reflect the fact that there should be no 

investment when there is no margin5. The specification (5) have the coefficient 

PMGMAPU *2 D=¢b = 0 in order to compare the impact of the potential for market 

growth between specification (4) and (5). 
Removal of abnormal observations do not change significantly the results, however, it 
improves the accuracy of the model. 
The Chow test indicates that in all specifications, the hypothesis H0 is highly unlikely. 
This means that the alternative hypothesis Ha is confirmed: There is actually a 
structural change. Under a certain threshold of margin, Capex per user CAPU is 
proportional to the margin per user CAPU and follows the equation (9). Beyond the 

                                                 
5 This is theoretically exact when the market is symmetrical and fully covered because in that case 
investment does not provide an increase in profits (see section3).  
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threshold, CAPU follows the equation (10). The margin threshold is chosen for the 
value of MAPU that maximizes the fisher�s statistic of the chow test. This occurs for a 
value of MAPU=117 $/user/year. 

Equation (10) does not depend on the initial specification of the coefficient 0b . We 

can notice that CONSTANTD+=¢
00 bb and MAPUD+=¢

11 bb  have exactly the same 

values in specification (1) and (2) and in specification (3) and (4).  
The structural change in investment behavior according to the margin is consistent 
with the theoretical framework of section 3. 
For low margin values (under the threshold), the target amount of investment is not 
achieved, therefore an increase in margin entails a proportional increase in investment 
to approach the target amount. 
For high values of margin (above the threshold), the target amount is achieved and an 
increase in margin does not necessary lead to a higher investment. The value of 

MAPUD+=¢
11 bb in specifications (2), where 104.0606.0505.01 -=-=¢b  and in 

specification (4), where 048.0526.0478.01 -=-=¢b , is very low (and negative), 

barely significant in specification (2) and not significant in specification (4). Only the 
specification (5) indicates a positive and significant coefficient 

147.0331.0478.01 =-=¢b  but this is just because we do not have taken into account 

the variable PMGMAPU * . In specifications (2) and (4), the coefficient of this 

variable, 2b ¢ ,  is positive and significant. This variable, indeed, captures all the impact 

of the variation of the margin. This means that, beyond the threshold,  the impact of 
margin on investment is positive only if the Potential for market growth, PMG, is 
nonzero. As a result, when the market is fully covered, the margin has no impact on 
investment, as theoretically stated in section 3. However, when the potential for 
market growth is high, investment increases the market size and future profits, as 
shown in the margin equation. Thereby, an increase in margin leads to an increase in 
investment. 
The figure below (figure.4) illustrates the relationship between margin and 
investment. 

 
  Figure.4: Relationship between Investment and margin 
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The linear regression lines on Figure 4, calculated when the 3 abnormal observations 
are removed,  are quite similar to the theoretical Figure 2. Especially the �y (0) = 0� 

line where 00 =b . The break between low margin and high margin values appears 

clearly from both sides of the margin threshold (MAPU=117 $/year). The main 
difference is the slope of the line due to the potential for market growth. It is 

noteworthy that when 00 =b (y (0) =0 line), the two half-lines are continuous at the 

breaking point. This is not the case when 00 ¹b . Thus the hypothesis 00 =b  is 

consistent with the trend beyond the threshold. The fact that markets are neither fully 
covered nor perfectly symmetrical could explain the constant. 
Investment behavior is different from either sides of the breaking threshold. Before 
the breaking threshold, margin is too low to achieve the target amount of investment. 
Thereby, in this case, an increase in margin results in a proportional increase in 
investment in order to approach the target amount. Beyond the breaking threshold, the 
target amount is achieved. An increase in margin does not result in an increase in 
investment if the market is not fully covered. When the market is fully covered, the 
target amount is achieved and the investment is no more linked to the margin as 
indicated by equation 4 in the theoretical framework. When the market is not fully 
covered, target amount depends on the margin. An increase in investment allows an 
increase in market size and profits, and therefore,  margin is reinvested proportionally 
to the potential for market growth. 

4.2.3 Impact of competition on investment 

 
Considering that beyond the margin threshold the target amount is achieved, 
investment does not exceed this target amount. As a result, we consider that, in such 
case, CAPU equals the target amount. We will now test the impact of the other 
variables: (COMP,  N and 3G+) on the target amount. Beyond the threshold 
MAPU>117 $/year, 

iyiyyi XCAPU ebb ++= 0         (11) 

With  X, the vector of variables { }+= GNCOMPPMGMAPUMAPUX 3,,,*, ,  and b 

the coefficients to be estimated. The results are presented in the following table 
(Table.4) 

VARIABLES CAPU (1) CAPU (2) CAPU (3) CAPU (4)

COMP 58.16*** 39.43** 49.15*** 35.18***

(21.45) (17.36) (9.826) (8.036)

N 2.833*** 2.760*** 2.758*** 2.724***

(0.714) (0.574) (0.694) (0.558)

3G+ 26.65*** 33.62*** 27.88*** 34.21***

(9.698) (7.829) (9.319) (7.515)

MAPU -0.0177 0.0129 -0.0332 0.00564

(0.0659) (0.0532) (0.0571) (0.0461)

MAPU*PMG 0.844*** 0.776*** 0.872*** 0.789***

(0.299) (0.240) (0.292) (0.235)

Constant -7.950 -3.743

(16.81) (13.53)

Observations 158 156 158 156

R-squared 0.357 0.477 0.914 0.941

Standard errors in parentheses

*** p<0.01, ** p<0.05, * p<0.1  
   Table.4: Target amount of investment 

85



 19 

 
Specifications (1) and (3) use all the 241 observations, specifications (2) and (3) 
removed the three abnormal observations. Specifications (1) and (2) use the constant 
term while specifications (3) and (4) do not.  
Coefficients of competition COMP and number of firms N are positive and significant 
in all the specifications in table 4. 
Competition has an ambiguous impact on investment. On the one hand, table 4 
indicates that competition tends to increase; however, on the other hand, table 2 
highlights that competition decreases margin. 
The overall impact of competition on target amount seems to be positive provided the 
potential for market growth is not too high,  because the variable MAPU, as in 
equation 10, is not significant. Although variable MAPU*PMG is positive and 
significant, its impact becomes negligible when market approach the full coverage. 
However, when competition is fierce enough to reduce the margin below the 
threshold, then the target amount is no more achieved. In this case, margin is pushed 
below the threshold where investment is proportional to the margin. As a result, 
investment decreases. 
In other words, competition has a positive impact on investment as long as the target 
amount can be reached; otherwise it has a negative impact. 
 

4.2.4 Discussion 

 
As we discussed in subsection 3.3, the target investment level is lower than the 
socially optimal level of investment, but is the highest amount that companies are 
encouraged to invest. Non-achievement of the target level thus means 
underinvestment and a decrease in consumer surplus and social welfare. A low 
margin may cause non-achievement of the target investment level.  This could explain 
the inverted U relationship between investment and competition. As we have seen, 
competition and the number of companies have a positive impact on investment when 
the margin is sufficient to achieve the target investment level. However, they also 
have a negative impact on the margin. If this negative impact is strong enough to 
decrease the margin to a point below the level which makes it possible to achieve the 
target investment level, the overall impact may be negative. Otherwise the overall 
impact remains positive. 
 

5 Conclusion and policy implications 
 
Competition based on quality improvement leads to a target investment level which 
companies strive to achieve in order to maximize their profits. This target level is 
lower than the socially optimal level, meaning that the target level is, in social terms, 
the best level of investment that companies are encouraged to make. However, 
companies need to have adequate margins to achieve their target amounts. A lack of 
resources causes non-achievement of the target level and entails a decrease in 
technical progress, consumer surplus and welfare. 
The potential for technical progress increases investment�s impact on quality. The 

target level is thus even higher than the potential for technical progress. This potential 
is particularly high for information technologies and telecommunications, meaning 
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that the target investment level is particularly high and difficult to achieve. There are 
many examples where the target level is not achieved, not only in emerging countries 
where  standards of living are low, but also in developed countries when price-based 
competition is too fierce. 
There is a trade-off between competition based on quality improvement, which 
represents the dynamic side of competition, and competition based on pricing, which 
represents the static side of competition. These two types of competition can be seen 
as competitors. Welfare is maximized when the target investment level is exactly 
achieved. For a given potential for technical progress providing a given target 
investment level and thus a given level of dynamic competition, the static side of 
competition should be adjusted in order to allow achievement of the target level. 
Regulatory and competition authorities in the sector should avoid underinvestment by 
ensuring that companies are able to achieve their target levels. 
In terms of market tools, competition and entry have a positive impact on investment 
but only when companies can achieve their target levels, otherwise they may have a 
negative impact.  
 
 

Appendix 

 

List of countries: 
Argentina 2004-2010; Australia 2005-2010; Austria 2002-2010; Belgium 2003-2010; 
Brazil 2002-2010; Canada 2002-2010; China 2005-2010; Colombia 2005-2010; Egypt 
2006-2010; France 2003-2010; Germany 2002-2010; Hong-Kong 2002-2010; 
Hungary 2002-2010; Italy 2002-2010; Japan 2004-2010; Korea 2002-2010; Mexico 
2003-2010; Netherland 2003-2010; Norway 2002-2010; Poland 2002-2010; Portugal 
2002-2010; Russia 2002-2010; Singapore 2003-2010; South Africa 2002-2010; Spain 
2004-2010; Sweden 2002-2010; Switzerland 2003-2008; Turkey 2003-2010; UK 
2002-2010; USA 2002-2010. 

 

Correlation Matrix: 
 

Correlation matrix CAPU MAPU COMP NF IOA PMG 3GT DPOP YEAR GNICAP

CAPU 1.000

MAPU 0.505 1.000

COMP 0.003 -0.314 1,000

NF 0.119 -0.166 -0.087 1.000

IOA -0.068 -0.192 -0.155 0.190 1.000

PMG -0.114 -0.307 -0.027 0.096 0.416 1.000

3GT 0.324 0.363 0.142 -0.119 -0.139 -0;443 1.000

DPOP -0.021 -0.038 0.138 -0.050 -0.211 -0.352 0.119 1.000

YEAR -0.084 0.075 0.033 -0.153 -0.021 -0.311 0.609 -0.002 1.000

GNICAP 0.469 0.783 0.069 -0.148 -0.376 -0.457 0.447 0.227 0.136 1.000  
 

 

Proof of equation (4): 
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If the market is symmetrical, III ji == ; in that case, å
¹

=-
ji

ji IVIVN )()()1(  and 

therefore: )1(
1)(

12

)1(2
r+-

-
-

=
P

NdI

IdV

N

N

NdI

d

ii

i  

The first order condition 0=
P

=
P

dI

d

dI

d i

i

i  leads to 

 
)1(2

)12)(1()( *

-
-+

=
N

N

dI

IdV r
 equation (4) 

 
 

Proof of equation (5) and (6): 

 

There are N spokes and 

2

)1( -NN  different i,j pairs. There are Nq  consumers on 

each spoke or Nq2  customer for each pair. Each company appears in ( )1-N  pairs. 

Let us denote 
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Welfare is the sum of consumer surplus and industry profits. 

In a symmetrical market, industry profits are )1( r+- Itq . Welfare is written: 
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♦❢ ❝♦♠♣❡,✐,✐♦♥ ❛♥❞ ✐♥✈❡#,♠❡♥,✳ ❚❤❡ ✐♥✈❡#,♠❡♥, ♠❛①✐♠✐③✐♥❣ ✐♥,❡♥#✐,② ♦❢ ❝♦♠✲

♣❡,✐,✐♦♥ #,❛♥❞# ❛, ✻✸ ♣❡'❝❡♥, ♣❧✉# ♦' ♠✐♥✉# ✻ ♣❡'❝❡♥,❛❣❡ ♣♦✐♥,# ❛, ,❤❡ ✺✪

❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧✳ ❚❤✐# ♠❡❛♥# ,❤❛, ,❤❡ ♠❛①✐♠❛❧ ❧❡✈❡❧ ♦❢ ✐♥✈❡#,♠❡♥, ✐# '❡❛❝❤❡❞

✇❤❡♥ ,❤❡ ♦♣❡'❛,✐♥❣ ♣'♦✜, '❡♣'❡#❡♥,# ✸✼ ♣❡'❝❡♥, ♦❢ ,♦,❛❧ '❡✈❡♥✉❡✳ ❚❤✐# '❡#✉❧,

✐# '♦❜✉#, ❛❝'♦## '❡❣✐♦♥# ♦❢ ❲♦'❧❞✱ ♥♦,❛❜❧② ❆#✐❛✲E❛❝✐✜❝✱ ❲❡#,❡'♥ ❊✉'♦♣❡ ❛♥❞

❆❢'✐❝❛✳ ■, ✐# ❛❧#♦ '♦❜✉#, ,♦ ✐♥✈❡#,♠❡♥, ✐♥ ,❤❡ ♥❡,✇♦'❦ H✉❛❧✐,②✳ ▼♦'❡♦✈❡'✱ ✐,

✜♥❞# ,❤❛, ,❤❡ ,❤'❡❛, ♦❢ ❡♥,'② '❡❞✉❝❡# ,❤❡ ✐♥❝❡♥,✐✈❡ ,♦ ✐♥✈❡#, ✐♥ ,❤❡ ♠♦❜✐❧❡

♥❡,✇♦'❦ ❛♥❞ ❝❛♥ ❡①♣❧❛✐♥ ✹ ♣❡'❝❡♥,❛❣❡ ♣♦✐♥,# ♦❢ ,❤❡ ✐♥✈❡#,♠❡♥, ♠❛①✐♠✐③✐♥❣ ✐♥✲

,❡♥#✐,② ♦❢ ❝♦♠♣❡,✐,✐♦♥✳ ❋✐♥❛❧❧②✱ ,❤✐# ♣❛♣❡' ❛❧#♦ #❤♦✇# ,❤❛, ✉♥❧✐❦❡ ,❤❡ ❡①,❡♥#✐✈❡

✐♥✈❡#,♠❡♥,✱ ✐♥,❡♥#✐✈❡ ✐♥✈❡#,♠❡♥,❀ ,❤❛, ✐# ,❤❡ '❛,✐♦ ♦❢ ,❤❡ ❡①,❡♥#✐✈❡ ✐♥✈❡#,♠❡♥,

♦✈❡' '❡✈❡♥✉❡✱ ❤❛# ❛ ❯✲#❤❛♣❡❞ '❡❧❛,✐♦♥#❤✐♣ ✇✐,❤ ,❤❡ ✐♥,❡♥#✐,② ♦❢ ❝♦♠♣❡,✐,✐♦♥✳

■, ♣'♦✈✐❞❡# ❛ #✐♠♣❧❡ ,❤❡♦'❡,✐❝❛❧ ♠♦❞❡❧ ,♦ #❤♦✇ ,❤❛, ,❤❡#❡ '❡#✉❧,# ❝❛♥ ♣❛',❧② ❜❡

❡①♣❧❛✐♥❡❞ ❜② ,❤❡ #✐③❡ ♦❢ ✐♥♥♦✈❛,✐♦♥ ✐♥ ,❤❡ ♠♦❜✐❧❡ ,❡❧❡❝♦♠♠✉♥✐❝❛,✐♦♥# ✐♥❞✉#,'②✳

❚❤❡ ❧❛'❣❡' ,❤❡ #✐③❡ ♦❢ ✐♥♥♦✈❛,✐♦♥✱ ,❤❡ ❧♦✇❡' ✐# ,❤❡ ✐♥✈❡#,♠❡♥, ♠❛①✐♠✐③✐♥❣ ✐♥✲

,❡♥#✐,② ♦❢ ❝♦♠♣❡,✐,✐♦♥✳

❑❡②✇♦$❞"✿ ❈♦♠♣❡,✐,✐♦♥✱ ■♥✈❡#,♠❡♥,✱ ▼♦❜✐❧❡ ❚❡❧❡❝♦♠♠✉♥✐❝❛,✐♦♥#✳

❏❊▲ ❈❧❛""✐✜❝❛#✐♦♥✿ ❉✷✶✱ ❉✷✷✱ ▲✶✸✱ ▲✹✵✳

∗
❚❤❡ ✉$✉❛❧ ❞✐$❝❧❛✐♠❡+ ❛♣♣❧✐❡$✳

†
.❛+✐$ ❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝$ ✫ ❖+❛♥❣❡✱ ❣✈✐✈✐❡♥❤❅❣♠❛✐❧✳❝♦♠

‡
❖+❛♥❣❡✱ ❘❡❣✉❧❛;♦+② ❆✛❛✐+$✱ ❢+❛♥❝♦✐$✳❥❡❛♥❥❡❛♥❅♦+❛♥❣❡✳❝♦♠

✶
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❚❤❡ #❡❧❛&✐♦♥*❤✐♣ ❜❡&✇❡❡♥ ❝♦♠♣❡&✐&✐♦♥ ❛♥❞ ✐♥✈❡*&♠❡♥& ✐* &❤❡ &♦♣✐❝ ♦❢ ❛ ❧❛#❣❡ ❡❝♦♥♦♠✐❝

❧✐&❡#❛&✉#❡✳ ❆❧&❤♦✉❣❤ &❤❡ ❞❡❜❛&❡ ❤❛* ❜❡❡♥ ❧✐✈❡❧② ❢♦# ♠❛♥② ❞❡❝❛❞❡*✱ ♥♦ ❝❧❡❛#✲❝✉& ❝♦♥✲

❝❧✉*✐♦♥ ❤❛* ❜❡❡♥ #❡❛❝❤❡❞ *♦ ❢❛#✳ ❚❤❡#❡ ❛#❡ ♠❛✐♥❧② &✇♦ ♦♣♣♦*✐&❡ ✈✐❡✇* ❛❜♦✉& &❤❡

❞✐#❡❝&✐♦♥ ♦❢ &❤❡ #❡❧❛&✐♦♥✳ ❚❤❡ ❙❝❤✉♠♣❡&❡#✐❛♥ ✈✐❡✇ ❤✐❣❤❧✐❣❤&* &❤❛& ❧❛#❣❡ ✜#♠* ✐♥ ❧♦✇

❝♦♥❝❡♥&#❛&❡❞ ♠❛#❦❡&* ❛#❡ ♠♦#❡ ❧✐❦❡❧② &♦ ✐♥✈❡*&✱ ❛♥❞ &❤❡ *❝❤♦♦❧ ♦❢ ❍❛#✈❛#❞✬* ✈✐❡✇

❤✐❣❤❧✐❣❤&* &❤❡ ✈✐#&✉❡* ♦❢ ❝♦♠♣❡&✐&✐♦♥ &❤❛& *&✐♠✉❧❛&❡* ✐♥✈❡*&♠❡♥& &♦ ❡*❝❛♣❡ ❝♦♠♣❡&✐✲

&✐♦♥✳ ❖♥❡ ♦❢ &❤❡ *✐❣♥✐✜❝❛♥& ❝♦♥&#✐❜✉&✐♦♥* &♦ &❤✐* ❞❡❜❛&❡ ✐* &❤❡ ✜♥❞✐♥❣* ❜② ❆❣❤✐♦♥✱

❇❧♦♦♠✱ ❇❧✉♥❞❡❧❧✱ ●#✐✣&❤✱ ❛♥❞ ❍♦✇✐&& ✭✷✵✵✺✮ ♦❢ ❛♥ ✐♥✈❡#&❡❞✲❯ #❡❧❛&✐♦♥*❤✐♣ ❜❡&✇❡❡♥

❝♦♠♣❡&✐&✐♦♥ ❛♥❞ ✐♥✈❡*&♠❡♥& ✐♥ ❘✫❉✳ ❲❤✐❧❡ &❤❡*❡ ✜♥❞✐♥❣* #❛✐*❡ ❛ ❝❛✉&✐♦♥ ❛❜♦✉&

&❤❡ #❡❧❡✈❛♥❝❡ ♦❢ ♣❡#❢❡❝& ❝♦♠♣❡&✐&✐♦♥ ❛* ❛ ♣♦❧✐❝② ♦❜❥❡❝&✐✈❡✱ &❤❡② ❞♦ ♥♦& ✐❞❡♥&✐❢② &❤❡

❧❡✈❡❧ ♦❢ ❝♦♠♣❡&✐&✐♦♥ ✇❤✐❝❤ ♠❛①✐♠✐③❡* ✐♥✈❡*&♠❡♥&✱ ❛* &❤✐* ❧❡✈❡❧ ♠❛② ❞❡♣❡♥❞ ♦♥ ❡❛❝❤

✐♥❞✉*&#②✳

❚❤❡ ❣♦❛❧ ♦❢ &❤✐* ♣❛♣❡# ✐* &♦ ❛**❡** ❡♠♣✐#✐❝❛❧❧② ✇❤❡&❤❡# &❤❡#❡ ✐* ❛ ❧❡✈❡❧ ♦❢ ❝♦♠♣❡&✐&✐♦♥

✐♥&❡♥*✐&② &❤❛& ♠❛①✐♠✐③❡* ✐♥✈❡*&♠❡♥& ✐♥ ✐♥❢#❛*&#✉❝&✉#❡* ❛♥❞ ♥❡&✇♦#❦ P✉❛❧✐&② ✇✐&❤✐♥

&❤❡ ♠♦❜✐❧❡ &❡❧❡❝♦♠♠✉♥✐❝❛&✐♦♥* ✐♥❞✉*&#②✳ ■& &❛❦❡* ❛❞✈❛♥&❛❣❡ ♦❢ &❤❡ ❛✈❛✐❧❛❜✐❧✐&② ♦❢ ✜#♠

❧❡✈❡❧ ❞❛&❛ ♦♥ ♠♦❜✐❧❡ ♥❡&✇♦#❦ ♦♣❡#❛&♦#* ✇♦#❧❞✇✐❞❡ &♦ ✐❞❡♥&✐❢② &❤❡ ❝❛✉*❛❧ ✐♠♣❛❝& ♦❢

&❤❡ ✐♥&❡♥*✐&② ♦❢ ❝♦♠♣❡&✐&✐♦♥ ♦♥ ✐♥✈❡*&♠❡♥&✳ ❚❤❡ ✐♥&❡♥*✐&② ♦❢ ❝♦♠♣❡&✐&✐♦♥ ✐* ♠❡❛*✉#❡❞

❛& &❤❡ ✜#♠ ❧❡✈❡❧ ❛* ✶✲▲❡#♥❡# ✐♥❞❡① ❛♥❞ ✐♥✈❡*&♠❡♥& ✐* &❤❡ P✉❛#&❡#❧② ❡①♣❡♥❞✐&✉#❡* ✐♥

&❛♥❣✐❜❧❡ ❛♥❞ ❞✉#❛❜❧❡ ❛**❡&*✳ ❚❤❡ ✐❞❡♥&✐✜❝❛&✐♦♥ *&#❛&❡❣② *&❡♠* ❢#♦♠ &❤❡ ❝#♦**✲✜#♠*

❛♥❞ ❝#♦**✲❝♦✉♥&#② ❞✐✛❡#❡♥❝❡* ✐♥ &❤❡ ✐♥&❡♥*✐&② ♦❢ ❝♦♠♣❡&✐&✐♦♥ ❞✉❡ &♦ &❤❡ ❞❛&❡ ♦❢ ❡♥&#②

✐♥&♦ &❤❡ ♠❛#❦❡& ❛♥❞ &❤❡ ♥✉♠❜❡# ♦❢ ❢#❡P✉❡♥❝② ❜❛♥❞* #❡❧❡❛*❡❞ ❜② #❡❣✉❧❛&♦#*✳

■& &✉#♥* ♦✉& &❤❛& &❤❡#❡ ✐* ❛♥ ✐♥✈❡#&❡❞✲❯ #❡❧❛&✐♦♥*❤✐♣ ❜❡&✇❡❡♥ ❝♦♠♣❡&✐&✐♦♥ ✐♥&❡♥*✐&②

❛♥❞ ✐♥✈❡*&♠❡♥&✳ ❚❤❛& ✐*✱ ✐♥✈❡*&♠❡♥& ✐* ♠❛①✐♠❛❧ ❢♦# ❛♥ ✐♥&❡#♠❡❞✐❛&❡ ❧❡✈❡❧ ♦❢ ❝♦♠♣❡&✲

✐&✐♦♥ ✐♥&❡♥*✐&② ❜❡&✇❡❡♥ ♠♦♥♦♣♦❧② ❛♥❞ ♣❡#❢❡❝& ❝♦♠♣❡&✐&✐♦♥✳ ❚❤❡ ✐♥&❡#♠❡❞✐❛&❡ ❧❡✈❡❧

♦❢ ❝♦♠♣❡&✐&✐♦♥ ✐♥&❡♥*✐&② &❤❛& ♠❛①✐♠✐③❡* ✐♥✈❡*&♠❡♥& ✐* ❢♦✉♥❞ ❛& ✻✸ ♣❡#❝❡♥&✳ ❚❤✐*

♠❡❛♥* &❤❛& &❤❡ ♠❛①✐♠❛❧ ❧❡✈❡❧ ♦❢ ❡①&❡♥*✐✈❡ ✐♥✈❡*&♠❡♥& ✐* #❡❛❝❤❡❞ ✇❤❡♥ &❤❡ ♦♣❡#✲

❛&✐♥❣ ♣#♦✜& ♦❢ ❛ ✜#♠ #❡♣#❡*❡♥&* ✸✼ ♣❡#❝❡♥& ♦❢ ✐&* #❡✈❡♥✉❡✳ ❇❡❧♦✇ &❤✐* ❧❡✈❡❧✱ ♠♦#❡

❝♦♠♣❡&✐&✐♦♥ ❞❡❝#❡❛*❡* ✐♥✈❡*&♠❡♥&✳ ❚❤❡ ✐♥✈❡#&❡❞✲❯ ✐* ✈❛❧✐❞ ❢♦# ❞✐✛❡#❡♥& #❡❣✐♦♥* ♦❢

&❤❡ ❲♦#❧❞✱ ✇✐&❤ ❛♥ ✐♥✈❡*&♠❡♥& ♠❛①✐♠✐③✐♥❣ ✐♥&❡♥*✐&② ♦❢ ❝♦♠♣❡&✐&✐♦♥ #❡❛❝❤❡❞ ❛& ✻✺

♣❡#❝❡♥& ❢♦# ❆*✐❛✲X❛❝✐✜❝✱ ✻✻ ♣❡#❝❡♥& ❢♦# ❲❡*&❡#♥ ❊✉#♦♣❡✱ ❛♥❞ ✻✾ ♣❡#❝❡♥& ❢♦# ❆❢#✐❝❛✳

■& ✐* ❛❧*♦ ✈❛❧✐❞ ❢♦# ✐♥✈❡*&♠❡♥& ✐♥ &❤❡ ♥❡&✇♦#❦ P✉❛❧✐&②✳ ❍❡#❡ &❤❡ P✉❛❧✐&② ✐* ♠❡❛*✉#❡❞

❜② &❤❡ ❞♦✇♥❧♦❛❞ *♣❡❡❞ ♦❢ &❤❡ ♠♦❜✐❧❡ ♥❡&✇♦#❦✳ ❚❤❡ ✐♥&❡♥*✐&② ♦❢ ❝♦♠♣❡&✐&✐♦♥ ✇❤✐❝❤

♠❛①✐♠✐③❡* ✐♥✈❡*&♠❡♥& ✐♥ ♥❡✇&♦#❦ P✉❛❧✐&② ✐* ❢♦✉♥❞ ❛& ✼✶ ♣❡#❝❡♥&✳

▼♦#❡♦✈❡#✱ ♦✉# #❡*✉❧&* *❤♦✇* &❤❛& ❛ ♣❛#& ♦❢ &❤❡ ❞♦✇♥✇❛#❞ *❧♦♣✐♥❣ ♣❛#& ♦❢ &❤❡ #❡❧❛✲
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 ✐♦♥$❤✐♣ ❜❡ ✇❡❡♥  ❤❡ ✐♥ ❡♥$✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ❛♥❞ ✐♥✈❡$ ♠❡♥ $ ❡♠$ ❢1♦♠  ❤❡  ❤1❡❛ 

♦❢ ❡♥ 1②✱ ♠❡❛$✉1❡❞ ❜②  ❤❡ ♥✉♠❜❡1 ♦❢ ♣❧❛♥♥❡❞ ❡♥ 1✐❡$ ✐♥ ♦  ❤❡ ♠❛1❦❡ ✳ ▼♦1❡ $♣❡✲

❝✐✜❝❛❧❧②✱  ❤❡ ✐♥✈❡$ ♠❡♥ ♠❛①✐♠✐③✐♥❣ ✐♥ ❡♥$✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ✐$ ✹ ♣❡1❝❡♥ ❛❣❡ ♣♦✐♥ $

❤✐❣❤❡1 ✇❤❡♥ ✇❡ ❝♦♥ 1♦❧ ❢♦1  ❤❡ ♥✉♠❜❡1 ♦❢ ♣❧❛♥♥❡❞ ❡♥ 1✐❡$ ✐♥ ♦  ❤❡ ♠❛1❦❡ ✳ ❚❤❡

♣♦✐♥ ❡$ ✐♠❛ ❡ ♦❢  ❤✐$ ❧❛  ❡1 ✈❛1✐❛❜❧❡ ✐$ ♥❡❣❛ ✐✈❡ ❛♥❞ $✐❣♥✐✜❝❛♥ ✱ ✐♠♣❧②✐♥❣  ❤❛  ❤❡

 ❤1❡❛ ♦❢ ❡♥ 1② ✐♥ ♦  ❤❡ ♠❛1❦❡ 1❡❞✉❝❡$  ❤❡ ✐♥❝❡♥ ✐✈❡ ❢♦1 ✐♥✈❡$ ♠❡♥ ✐♥  ❤❡ ♠♦❜✐❧❡

♥❡ ✇♦1❦ ✐♥❢1❛$ 1✉❝ ✉1❡✳ ❋✐♥❛❧❧②✱ ✇❡ ❛❧$♦ ✜♥❞  ❤❛ ✉♥❧✐❦❡  ❤❡ ❡① ❡♥$✐✈❡ ✐♥✈❡$ ♠❡♥ ✱

 ❤❡ ✐♥ ❡♥$✐✈❡ ✐♥✈❡$ ♠❡♥ ❀  ❤❛ ✐$  ❤❡ 1❛ ✐♦ ♦❢ ✐♥✈❡$ ♠❡♥ ♦✈❡1 1❡✈❡♥✉❡✱ ❤❛$ ❛ ❯✲$❤❛♣❡❞

1❡❧❛ ✐♦♥$❤✐♣ ✇✐ ❤  ❤❡ ✐♥ ❡♥$✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥✳ ❚❤✐$ ✐$ ❜❡❝❛✉$❡  ❤❡ 1❡✈❡♥✉❡ ♦❢  ❤❡

♠♦❜✐❧❡ ♥❡ ✇♦1❦ ♦♣❡1❛ ♦1$ ✐$ ♠❛①✐♠✐③❡❞ ❛  ❤❡ ✐♥✈❡$ ♠❡♥ ♠❛①✐♠✐③✐♥❣ ✐♥ ❡♥$✐ ② ♦❢

❝♦♠♣❡ ✐ ✐♦♥✳

◆♦♥❡ ❤❡❧❡$$✱  ❤✐$ ❡♠♣✐1✐❝❛❧ ❡✈✐❞❡♥❝❡ ❝❛♥♥♦ ❜❡ ❣❡♥❡1❛❧✐③❡❞  ♦ ♦ ❤❡1 $❡❝ ♦1$✳ ❆❝ ✉❛❧❧②✱

 ❤❡ ♠♦❜✐❧❡  ❡❧❡❝♦♠♠✉♥✐❝❛ ✐♦♥$ ✐♥❞✉$ 1② ✐$ ❝❤❛1❛❝ ❡1✐③❡❞✱ ❧✐❦❡  ❤❡ ✇❤♦❧❡ ✐♥❢♦1♠❛ ✐♦♥

 ❡❝❤♥♦❧♦❣✐❡$ $❡❝ ♦1✱ ❜② ❛ ✈❡1② ❤✐❣❤ 1❛ ❡ ♦❢  ❡❝❤♥♦❧♦❣✐❝❛❧ ♣1♦❣1❡$$✱ ♠♦1❡  ❤❛♥ ✷✵✪

❢♦1 ♠♦1❡  ❤❛♥ ❛ ❝❡♥ ✉1② ❛❝❝♦1❞✐♥❣  ♦ ✭❑♦❤ ❛♥❞ ▼❛❣❡❡✱ ✷✵✵✻✮✳ ❚❤✐$ ❤✐❣❤ 1❛ ❡ ♦❢

 ❡❝❤♥♦❧♦❣✐❝❛❧ ♣1♦❣1❡$$ ✐♠♣❧✐❡$  ❤❛  ❤❡ $✐③❡ ♦❢ ✐♥♥♦✈❛ ✐♦♥ ✐$ ❧❛1❣❡ ✐♥  ❤❡ ♠♦❜✐❧❡  ❡❧❡✲

❝♦♠♠✉♥✐❝❛ ✐♦♥$ ✐♥❞✉$ 1②✳ ❚♦ ❤✐❣❤❧✐❣❤  ❤❡ 1♦❧❡ ♦❢  ❤❡ $✐③❡ ♦❢ ✐♥♥♦✈❛ ✐♦♥ ✐♥ ❞1✐✈✐♥❣

 ❤❡ $❤❛♣❡ ♦❢  ❤❡ 1❡❧❛ ✐♦♥$❤✐♣✱ ✇❡ ♣1♦♣♦$❡ ❛  ❤❡♦1❡ ✐❝❛❧ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ ✐♥✈❡$ ♠❡♥ ✐♥

❛ ♥❡✇  ❡❝❤♥♦❧♦❣② ❣❡♥❡1❛ ❡$ ❛ $ 1❡❛♠ ♦❢ ♠♦♥♦♣♦❧② ♣1♦✜ ❢♦1  ❤❡ ✐♥✈❡$ ✐♥❣ ✜1♠ ♦✈❡1

❛ ❝❡1 ❛✐♥ ♣❡1✐♦❞✳ ❍♦✇❡✈❡1✱  ❤✐$ ♣❡1✐♦❞ ✐$ 1❡❞✉❝❡❞ ❜② ❝♦♠♣❡ ✐ ✐♦♥✳ ❚❡❝❤♥♦❧♦❣✐❝❛❧

♣1♦❣1❡$$ $❤✐❢ $ ❞♦✇♥✇❛1❞  ❤❡ ♠❛1❣✐♥❛❧ ❝♦$ ♦❢ ♣1♦❞✉❝ ✐♦♥✳ L1♦✈✐❞❡❞  ❤❛  ❤❡ $✐③❡

♦❢ ✐♥♥♦✈❛ ✐♦♥ ✐$ ❧❛1❣❡ ❡♥♦✉❣❤✱  ❤❡ ♠♦❞❡❧ ②✐❡❧❞$ ❛ ♥♦♥✲♠♦♥♦ ♦♥♦✉$ 1❡❧❛ ✐♦♥$❤✐♣✱ ♣❛1✲

 ✐❝✉❧❛1❧② ❛♥ ✐♥✈❡1 ❡❞✲❯✱ ❜❡ ✇❡❡♥ ❝♦♠♣❡ ✐ ✐♦♥ ❛♥❞ ✐♥✈❡$ ♠❡♥ ✱ ❝♦♥$✐$ ❡♥ ❧② ✇✐ ❤  ❤❡

❡♠♣✐1✐❝❛❧ ✜♥❞✐♥❣$ ❢♦1  ❤❡ ♠♦❜✐❧❡ ✐♥❞✉$ 1②✳ ■♥ ❛❞❞✐ ✐♦♥✱  ❤❡ $✐③❡ ♦❢ ✐♥♥♦✈❛ ✐♦♥ 1❡❞✉❝❡$

 ❤❡ ✐♥✈❡$ ♠❡♥ ♠❛①✐♠✐③✐♥❣ ✐♥ ❡♥$✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥✳ ▼♦1❡ ❣❡♥❡1❛❧❧②✱ ✇❡ $❤♦✇  ❤❛ 

 ❤❡ ✐♥✈❡1$✐♦♥ ♦❢  ❤❡ ❝✉1✈❡ ✐$ ♠♦1❡ ❧✐❦❡❧②  ♦ ♦❝❝✉1 ✉♥❞❡1 ❤✐❣❤  ❡❝❤♥♦❧♦❣✐❝❛❧ ♣1♦❣1❡$$

❛$ ♦❜$❡1✈❡❞ ✐♥  ❤❡ ♠♦❜✐❧❡  ❡❧❡❝♦♠♠✉♥✐❝❛ ✐♦♥$ ✐♥❞✉$ 1②✳

❚❤❡ 1❡$ ♦❢  ❤❡ ♣❛♣❡1 ✐$ ♦1❣❛♥✐③❡❞ ❛$ ❢♦❧❧♦✇$✳ ❙❡❝ ✐♦♥ ✷ ♣1♦✈✐❞❡$ ❛ $✉♠♠❛1② ♦❢

 ❤❡ 1❡❧❛ ❡❞ ❧✐ ❡1❛ ✉1❡✱ $❡❝ ✐♦♥ ✸ ❞❡$❝1✐❜❡$  ❤❡ ✐♥❞✉$ 1②✱  ❤❡ ❞❛ ❛$❡ ❛♥❞  ❤❡ ✈❛1✐✲

❛❜❧❡$✱ $❡❝ ✐♦♥ ✹ ♣1❡$❡♥ $  ❤❡ ❡♠♣✐1✐❝❛❧ ❡✈✐❞❡♥❝❡ ❛♥❞ $❡❝ ✐♦♥ ✺ ♣1♦✈✐❞❡$ ❛  ❤❡♦1❡ ✐❝❛❧

❢1❛♠❡✇♦1❦  ❤❛ ❣✐✈❡$  ❤❡ ✐♥$✐❣❤ ♦❢  ❤❡ ✐♥✈❡1 ❡❞✲❯ $❤❛♣❡❞ ❝✉1✈❡ ❢♦1 ❛ ❤✐❣❤❧② ✐♥♥♦✈✲

❛ ✐✈❡ ✐♥❞✉$ 1②✳ ❚❤❡ ✜♥❛❧ $❡❝ ✐♦♥ ❞✐$❝✉$$❡$  ❤❡ 1❡$✉❧ $ ❛♥❞ ♣1♦✈✐❞❡$ $♦♠❡ ❝♦♥❝❧✉❞✐♥❣

1❡♠❛1❦$✳
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✐♥❞✉!(+✐❡! +❡H✉✐+❡! ♣❛♥❡❧ ❞❛(❛ ♦♥ ✜+♠! ❢+♦♠ ❛ ❣✐✈❡♥ ✐♥❞✉!(+✐❡! ❛❝+♦!! !❡✈❡+❛❧ ❝♦✉♥✲

(+✐❡!✳ ❆❧(❤♦✉❣❤ ♠❛♥② ✜+♠ ❧❡✈❡❧ ❞❛(❛❜❛!❡! ❤❛✈❡ ❜❡❡♥ ❛!!❡♠❜❧❡❞ ✈❡+② +❡❝❡♥(❧②✱ (❤❡②

❛+❡ !(✐❧❧ ❤❛+❞❧② ❛❝❝❡!!✐❜❧❡ (♦ +❡!❡❛+❝❤❡+!✳ ❲❤❡♥ (❤❡② ❛+❡✱ (❤❡ ✐!!✉❡! ♦❢ ✉♥♦❜!❡+✈❡❞

✶

❙❡❡ "❤❡ $♣❡❝✐❛❧ ✐$$✉❡ ♦❢ "❤❡ ❏♦✉.♥❛❧ ♦❢ ■♥❞✉$".②✱ ❈♦♠♣❡"✐"✐♦♥ ❛♥❞ ❚.❛❞❡ ❢♦. ❛ ❧✐$" ♦❢ ♣❛♣❡.$
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❡✣❝✐❡♥❝② ❛♥❞ ❝♦❧❧✉+✐♦♥✱ ❛+ ✇❡❧❧ ❛+ .❤❡ 0❡✈❡0+❡ ❝❛✉+❛❧✐.② 0✉♥♥✐♥❣ ❢0♦♠ ✐♥✈❡+.♠❡♥.

.♦ ❝♦♠♣❡.✐.✐♦♥ 0❡6✉✐0❡ ❛❞❞✐.✐♦♥❛❧ ✐♥❢♦0♠❛.✐♦♥ .♦ ✐♠♣❧❡♠❡♥. ❛ 0♦❜✉+. ✐❞❡♥.✐✜❝❛.✐♦♥

+.0❛.❡❣②✳

■♥ .❤✐+ +.✉❞②✱ ✇❡ .❛❦❡ ❛❞✈❛♥.❛❣❡ ♦❢ .❤❡ ❛✈❛✐❧❛❜✐❧✐.② ♦❢ ✜0♠ ❧❡✈❡❧ ❞❛.❛ ♦♥ ♠♦❜✐❧❡

♥❡.✇♦0❦ ♦♣❡0❛.♦0+ ✭▼◆❖✮ ❛♥❞ .❤❡ +♣❡❝✐✜❝ 0♦❧❡ ♦❢ +♣❡❝.0✉♠ ♣♦❧✐❝② ✐♥ ❞❡.❡0♠✐♥✐♥❣ .❤❡

✐♥.❡♥+✐.② ♦❢ ❝♦♠♣❡.✐.✐♦♥ .♦ ✐❞❡♥.✐❢② .❤❡ ❝❛✉+❛❧ ✐♠♣❛❝. ♦❢ ❝♦♠♣❡.✐.✐♦♥ ♦♥ ✐♥✈❡+.♠❡♥.✳

❚❤❡ ❡♠♣✐0✐❝❛❧ ❡✈✐❞❡♥❝❡ ✐+ +✉♣♣♦0.❡❞ ❜② ❛ +✐♠♣❧❡ .❤❡♦0❡.✐❝❛❧ ♠♦❞❡❧ .❤❛. ②✐❡❧❞+ .❤❡

✐♥✈❡0.❡❞✲❯ ❛♥❞ +✉❣❣❡+.+ .❤❡ +✐③❡ ♦❢ ✐♥♥♦✈❛.✐♦♥ ❛+ ♦♥❡ ♦❢ .❤❡ ❞0✐✈❡0+ ♦❢ .❤❡ ✐♥✈❡0.❡❞✲❯

0❡❧❛.✐♦♥+❤✐♣✳

✸ ❇❛❝❦❣&♦✉♥❞✱ ❉❛-❛.❡- ❛♥❞ ❱❛&✐❛❜❧❡.
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❢♦0 .❤❡ ❡+.✐♠❛.✐♦♥✳
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✷

✷

❆! !❤❡ ❣❧♦❜❛❧ )❝❛❧❡✱ !❤❡ ❲♦-❧❞ ❘❛❞✐♦✲❝♦♠♠✉♥✐❝❛!✐♦♥ ❈♦♥❢❡-❡♥❝❡ ✭❲❘❈✮ ❛❧❧♦❝❛!❡) !❤❡ -❛♥❣❡

♦❢ ❢-❡9✉❡♥❝② !♦ ❡❛❝❤ -❡❣✐♦♥ ♦❢ !❤❡ ❲♦-❧❞✳ ❚❤❡-❡❛❢!❡-✱ ❡❛❝❤ ❝♦✉♥!-② ✐♥ ❛ ❣✐✈❡♥ -❡❣✐♦♥ )❡!) ✉♣

❛ ❣♦✈❡-♥♠❡♥! ❛❣❡♥❝② ✇❤✐❝❤ ❛))✐❣♥) !❤❡ ❛❧❧♦❝❛!❡❞ ❢-❡9✉❡♥❝② -❛♥❣❡ !♦ -❛❞✐♦✲♥❛✈✐❣❛!✐♦♥✱ ♠❛-✐!✐♠❡

♠♦❜✐❧❡✱ ❜-♦❛❞❝❛)!✐♥❣ ❛♥❞ ❧❛♥❞ ♠♦❜✐❧❡ !❡❧❡❝♦♠♠✉♥✐❝❛!✐♦♥)✳
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❙♦ ♦❢#❡♥✱ #❤❡ ❣♦✈❡*♥♠❡♥#, *❡❧❡❛,❡ ❛❞❞✐#✐♦♥❛❧ ❢*❡1✉❡♥❝② ❜❛♥❞, ❛❝❝♦*❞✐♥❣ #♦ #❤❡✐* ♦✇♥

❛,,❡,,♠❡♥# ♦❢ #❤❡ ✐♥#❡♥,✐#② ♦❢ ❝♦♠♣❡#✐#✐♦♥✳

✸

❊❛❝❤ ❢*❡1✉❡♥❝② ❜❛♥❞ ✐, ,♣❧✐# ✐♥#♦ ,❡✈❡*❛❧

,♣❡❝#*✉♠ ❧✐❝❡♥,❡, ❛❝❝♦*❞✐♥❣ #♦ #❤❡ ♥✉♠❜❡* ♦❢ ♥❡#✇♦*❦ ♦♣❡*❛#♦*, #❤❛# #❤❡ ❣♦✈❡*♥♠❡♥#

✐, ✇✐❧❧✐♥❣ #♦ ❛❝❝♦♠♠♦❞❛#❡ ✐♥ #❤❡ ♠❛*❦❡#✳ ■♥ ❊✉*♦♣❡ ❢♦* ✐♥,#❛♥❝❡✱ #❤❡ ✷✶✵✵ ▼❍③

❢*❡1✉❡♥❝② ❜❛♥❞ ✇❛, ,♣❧✐# ✐♥#♦ ❢♦✉* ,♣❡❝#*✉♠ ❧✐❝❡♥,❡, ✐♥ ,♦♠❡ ♠❛*❦❡#, ✇✐#❤ ✐♥✐#✐❛❧❧②

#❤*❡❡ ♦♣❡*❛#♦*, ✐♥ ♦*❞❡* #♦ ❛❧❧♦✇ #❤❡ ❡♥#*② ♦❢ ❛ ❢♦✉*#❤ ♦♣❡*❛#♦*✳ ❯♥❧✐❦❡ #❤❡ ♥✉♠❜❡*

♦❢ ,♣❡❝#*✉♠ ❧✐❝❡♥,❡,✱ #❤❡ ♥✉♠❜❡* ♦❢ ❢*❡1✉❡♥❝② ❜❛♥❞, ❛❧❧♦❝❛#❡❞ ❜② #❤❡ ❣♦✈❡*♥♠❡♥#

❞♦❡, ♥♦# ❞❡♣❡♥❞ ♦♥ #❤❡ ✜*♠,✬ ❜❡❤❛✈✐♦*✳ ■# *❛#❤❡* ❞✐*❡❝#❧② ❛✛❡❝#, #❤❡ ✐♥#❡♥,✐#② ♦❢

❝♦♠♣❡#✐#✐♦♥ ❛♥❞ #❤❡ ♥✉♠❜❡* ♦❢ ✜*♠, ✐♥ #❤❡ ♠❛*❦❡#✳ ❆, ✐#, ❛❧❧♦❝❛#✐♦♥ ❞❡♣❡♥❞, ♦♥

#❤❡ ❛,,❡,,♠❡♥# ♦❢ ❝♦♠♣❡#✐#✐♦♥ ❜② #❤❡ ❣♦✈❡*♥♠❡♥#✱ ♣*♦✲❝♦♠♣❡#✐#✐✈❡ ❣♦✈❡*♥♠❡♥#, ❛*❡

♠✉❝❤ ♠♦*❡ ❧✐❦❡❧② #♦ *❡❧❡❛,❡ ♠♦*❡ ❢*❡1✉❡♥❝② ❜❛♥❞, ✐♥#♦ #❤❡ ♠♦❜✐❧❡ #❡❧❡❝♦♠♠✉♥✐❝❛#✐♦♥

♠❛*❦❡# ❛# ❛♥ ❡❛*❧✐❡* ❞❛#❡✳ ❚❤❡ *❡❧❡❛,❡ ♦❢ #❤❡ ❢*❡1✉❡♥❝② ❜❛♥❞, ❧♦✇❡*, #❤❡ ❧❡❣❛❧ ❜❛**✐❡*,

#♦ ❡♥#*② ✐♥#♦ #❤❡ ✐♥❞✉,#*②✳

❆♥♦#❤❡* *❡❛,♦♥ ✇❤② #❤❡ ❣♦✈❡*♥♠❡♥#, ♠❛② ❞❡❝✐❞❡ #♦ ❣*❛♥# ❛❞❞✐#✐♦♥❛❧ ❢*❡1✉❡♥❝② ❜❛♥❞,
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❝♦✉♥#*✐❡, ✇❤❡*❡ ❛♥ ✐♥❝*❡❛,✐♥❣ #*❛✣❝ ♦✈❡* #❤❡ ✐♥#❡*♥❡# ✐, ❣❡♥❡*❛#❡❞ ♦♥ ♠♦❜✐❧❡ ❞❡✈✐❝❡,

✭K❡♣♣❡*✱ ✷✵✶✸✮✳ ❋*❡1✉❡♥❝② ❜❛♥❞, ❛❧❧♦❝❛#❡❞ ✉♥❞❡* #❤❡,❡ ❝✐*❝✉♠,#❛♥❝❡, ❝❛♥ ❣❡♥❡*❛#❡

♠♦*❡ ❝♦♠♣❡#✐#✐♦♥ ✐♥ #❤❡ ♠❛*❦❡#✳ ❆, #❤❡ ❞❡♠❛♥❞ ❢♦* ❧❛*❣❡* ❜❛♥❞✇✐❞#❤ ✐, ❞*✐✈❡♥ ❜②

#❡❝❤♥♦❧♦❣✐❝❛❧ ♣*♦❣*❡,,✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛, ❡①♦❣❡♥♦✉, ❛# ❛ ❝♦✉♥#*② ❧❡✈❡❧✱ #❤❡

♥✉♠❜❡* ♦❢ ❢*❡1✉❡♥❝② ❜❛♥❞, ✐, ❛♥ ❡①♦❣❡♥♦✉, ,❤✐❢#❡* ♦❢ ❝♦♠♣❡#✐#✐♦♥ ✐♥ #❤❡ ♠♦❜✐❧❡

♠❛*❦❡#✳

■# #✉*♥, ♦✉# #❤❛# #❤❡ ✐♥#❡♥,✐#② ♦❢ ❝♦♠♣❡#✐#✐♦♥ ✐♥ #❤❡ ♠♦❜✐❧❡ #❡❧❡❝♦♠♠✉♥✐❝❛#✐♦♥, ✐♥✲

❞✉,#*② ✐, ♣❛*#❧② ❞*✐✈❡♥ ❜② #❤❡ ❛❧❧♦❝❛#✐♦♥ ♦❢ ❢*❡1✉❡♥❝② ❜❛♥❞, ❜② #❤❡ ❣♦✈❡*♥♠❡♥#,

❜❡❝❛✉,❡ ♦❢ #❤❡✐* ♦✇♥ ❛,,❡,,♠❡♥# ♦❢ ❝♦♠♣❡#✐#✐♦♥ ❛♥❞ #❤❡ *❛#❡ ♦❢ #❡❝❤♥♦❧♦❣✐❝❛❧ ♣*♦✲

❣*❡,,✳ ❚❤✐, ❢❡❛#✉*❡ ♠❛❦❡, #❤❡ ♥✉♠❜❡* ♦❢ ❢*❡1✉❡♥❝② ❜❛♥❞, ❛❧❧♦❝❛#❡❞ ❜❡❢♦*❡ ❛ ❣✐✈❡♥

②❡❛* ❛ ❣♦♦❞ ✐♥,#*✉♠❡♥#❛❧ ✈❛*✐❛❜❧❡ ❢♦* #❤❡ ✐♥#❡♥,✐#② ♦❢ ❝♦♠♣❡#✐#✐♦♥ ✐♥ #❤❡ ♠♦❜✐❧❡

#❡❧❡❝♦♠♠✉♥✐❝❛#✐♦♥ ♠❛*❦❡#✳

✹

■♥ ❛❞❞✐#✐♦♥ #♦ #❤❡ ♥✉♠❜❡* ♦❢ ❢*❡1✉❡♥❝② ❜❛♥❞,✱ #❤❡

,♣❡❝#*✉♠ ♠❛♥❛❣❡♠❡♥# ♣♦❧✐❝② ❞❡#❡*♠✐♥❡, ❡①♦❣❡♥♦✉,❧② #❤❡ ❡①❛❝# ②❡❛* ♦❢ ❡♥#*② ♦❢ ❛

✜*♠ ✐♥#♦ #❤❡ ♠❛*❦❡#✿ ♥❡#✇♦*❦ ♦♣❡*❛#♦*, ❞❡❝✐❞❡ ✉♣♦♥ #❤❡✐* ❡♥#*② ✐♥#♦ #❤❡ ♠❛*❦❡# ❛♥❞

#❤❡ ②❡❛* ♦❢ ❡♥#*② ✐, ❞❡#❡*♠✐♥❡❞ ❜② #❤❡ ❣♦✈❡*♥♠❡♥# #❤*♦✉❣❤ #❤❡ ♣*♦❝❡,, ♦❢ ❣*❛♥#✐♥❣

#❤❡ ,♣❡❝#*✉♠ ❧✐❝❡♥,❡✳

❚❤❡ ,❡❝♦♥❞ ❢❡❛#✉*❡ ♦❢ #❤❡ ♠♦❜✐❧❡ #❡❧❡❝♦♠♠✉♥✐❝❛#✐♦♥, ✐♥❞✉,#*② ✐, #❤❡ ,✐❣♥✐✜❝❛♥# *❛#❡

✸

❆! ♦❢ ❉❡❝❡♠❜❡) ✷✵✶✷ ❛. .❤❡ ❣❧♦❜❛❧ !❝❛❧❡✱ .❤❡ ❢♦❧❧♦✇✐♥❣ ❢)❡6✉❡♥❝② ❜❛♥❞! ❤❛✈❡ ❜❡❡♥ ❛!!✐❣♥❡❞ .♦

♠♦❜✐❧❡ ♥❡.✇♦)❦ ♦♣❡)❛.♦)!✿ ✶✺✵✵✱ ✷✶✵✵✱ ✽✵✵✱ ✶✻✵✵✱ ✶✼✵✵✱ ✶✾✵✵✱ ✷✺✵✵✱ ✷✻✵✵✱ ✶✽✵✵✱ ✷✸✵✵✱ ✸✹✵✵✱ ✸✺✵✵✱

✹✶✵✱ ✹✺✵✱ ✼✵✵ ❛♥❞ ✽✺✵ ▼❍③✳

✹

❚❤❡ ✈❛❧✐❞✐.② ♦❢ .❤❡ ✐♥!.)✉♠❡♥.❛❧ ✈❛)✐❛❜❧❡ ✐! ♣)❡!❡♥.❡❞ ✐♥ .❤❡ )❡!✉❧. !❡❝.✐♦♥✳
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♦❢ "❡❝❤♥♦❧♦❣✐❝❛❧ ♣,♦❣,❡-- ✇❤✐❝❤ ❞,✐✈❡- ,❡❣✉❧❛, ✐♥✈❡-"♠❡♥" ✐♥ "❤❡ ❛❞♦♣"✐♦♥ ♦❢ ♥❡✇

"❡❝❤♥♦❧♦❣✐❡- ✭❑♦❤ ❛♥❞ ▼❛❣❡❡✱ ✷✵✵✻✮✳ ❊❛❝❤ ②❡❛,✱ ❡>✉✐♣♠❡♥" ♣,♦✈✐❞❡,- ✐♥♥♦✈❛"❡ ❛♥❞

,❡❧❡❛-❡ ♥❡✇ "❡❝❤♥♦❧♦❣✐❡- ♦❢ ♠♦❜✐❧❡ "❡❧❡❝♦♠♠✉♥✐❝❛"✐♦♥- ♦♥ "❤❡ ♠❛,❦❡"✳ ❚❤❡ ♥❡✇

"❡❝❤♥♦❧♦❣② ❝❛♥ ❜❡ ❛ ,❛❞✐❝❛❧ ❝❤❛♥❣❡ ✐♥ "❤❡ ♣,♦✈✐-✐♦♥ ♦❢ "❡❧❡❝♦♠♠✉♥✐❝❛"✐♦♥- -❡,✈✐❝❡-

♦, ❛ ♠❡,❡ ✐♠♣,♦✈❡♠❡♥" ✐♥ "❤❡ ",❛♥-♠✐--✐♦♥ ♦❢ ",❛✣❝ ♦✈❡, "❤❡ ♥❡"✇♦,❦✳ ❘❛❞✐❝❛❧

✐♥♥♦✈❛"✐♦♥- ❝♦♠♠♦♥❧② ,❡❢❡,,❡❞ "♦ ❛- ❛ ♥❡✇ ❣❡♥❡,❛"✐♦♥- ♦❢ ♥❡"✇♦,❦✱ ❛,❡ ❝❤❛,❛❝"❡,✐③❡❞

❜② ❛ -❤✐❢" ✐♥ "❤❡ -♣❡❡❞ ♦, "❤❡ ♣,♦"♦❝♦❧ ♦❢ ❞❛"❛ ",❛♥-♠✐--✐♦♥✳ ❙♦ ❢❛,✱ "❤❡,❡ ❤❛✈❡ ❜❡❡♥

❢♦✉, ♦✈❡,❧❛♣♣✐♥❣ ❣❡♥❡,❛"✐♦♥- ♦❢ ♠♦❜✐❧❡ "❡❧❡❝♦♠♠✉♥✐❝❛"✐♦♥- ♥❡"✇♦,❦- ✭❆♥❛❧♦❣✱ ✷●✱

✸● ❛♥❞ ✹●✮✳ ❚❤❡ ♦✈❡,❛❧❧ ♦✉"❝♦♠❡ ✐- ❛ ❝♦♥"✐♥✉♦✉- ♣,♦❣,❡--✐♦♥ ♦❢ ♣❡,❢♦,♠❛♥❝❡-✳

❖♥❡ ❝♦♥-❡>✉❡♥❝❡ ♦❢ "❤✐- "❡❝❤♥♦❧♦❣✐❝❛❧ ♣,♦❣,❡-- ✐- "❤❛" ♠♦❜✐❧❡ ♥❡"✇♦,❦ ♦♣❡,❛"♦,-

♥❡❡❞ "♦ ✐♥✈❡-" ,❡❣✉❧❛,❧② ✐♥ ♦,❞❡, "♦ ✉♣❣,❛❞❡ "❤❡ >✉❛❧✐"② ♦❢ "❤❡✐, ♥❡"✇♦,❦ ❛♥❞ ❦❡❡♣

✐♥ "❤❡ ,❛❝❡ ❢♦, "❡❝❤♥♦❧♦❣② ❛❞♦♣"✐♦♥✳ ❆♥♦"❤❡, ❝♦♥-❡>✉❡♥❝❡ -"❡♠- ❢,♦♠ "❤❡ ❢❛❝" "❤❛"

"❤❡ ♥❡✇ "❡❝❤♥♦❧♦❣② ✐- ♥♦" ❛✈❛✐❧❛❜❧❡ ✐♥ ❡✈❡,② ,❡❣✐♦♥ ❢♦, ❤✐-"♦,✐❝❛❧ ,❡❛-♦♥- ♦✇✐♥❣ "♦

"❤❡✐, ✐♥✐"✐❛❧ ❧❡✈❡❧ ♦❢ ❞❡✈❡❧♦♣♠❡♥"✳ ❚❤❡,❡❢♦,❡✱ ❛ ❝♦♠♣❛,✐-♦♥ ❜❡"✇❡❡♥ "❤❡-❡ ,❡❣✐♦♥- ❝❛♥

♣,♦✈✐❞❡ ❛♥ ✐♥-✐❣❤" ✐♥"♦ "❤❡ ,♦❧❡ ♦❢ "❡❝❤♥♦❧♦❣✐❝❛❧ ♣,♦❣,❡-- ✐♥ ❞❡"❡,♠✐♥✐♥❣ "❤❡ ✐♠♣❛❝"

♦❢ ❝♦♠♣❡"✐"✐♦♥ ♦♥ ✐♥✈❡-"♠❡♥" ✐♥ ♥❡✇ "❡❝❤♥♦❧♦❣✐❡-✳

✸✳✷ ❉❡%❝'✐♣*✐♦♥ ♦❢ *❤❡ ❞❛*❛%❡*

❲❡ ❜✉✐❧❞ ❛ ♥❡✇ ❞❛"❛-❡" ❜② ❛❣❣,❡❣❛"✐♥❣ ✐♥❢♦,♠❛"✐♦♥ ❢,♦♠ -❡✈❡,❛❧ -♦✉,❝❡-✳ ❚❤❡ ✜,-"

-♦✉,❝❡ ✐- "❤❡ ❲♦,❧❞ ❈❡❧❧✉❧❛, ■♥❢♦,♠❛"✐♦♥ ❙❡,✈✐❝❡- ✭❲❈■❙✮ ❞❛"❛❜❛-❡ ♣,♦✈✐❞❡❞ ❜②

❖✈✉♠✳ ❚❤✐- ❞❛"❛❜❛-❡ ♣,♦✈✐❞❡- >✉❛,"❡,❧② ❛❝❝♦✉♥"✐♥❣ ✐♥❢♦,♠❛"✐♦♥ ♦♥ ♠♦❜✐❧❡ ♥❡"✇♦,❦

♦♣❡,❛"♦,- ✇♦,❧❞✇✐❞❡✳ ❚❤✐- ✐♥❢♦,♠❛"✐♦♥ ✐♥❝❧✉❞❡- ✜,♠-✬ ,❡✈❡♥✉❡✱ ♣,♦✜"✱ ✐♥✈❡-"♠❡♥"✱

❛♥❞ "❤❡✐, ♣✉,❝❤❛-❡ ♦❢ ❢,❡>✉❡♥❝② ❧✐❝❡♥-❡-✳

❚❤✐- ✐♥❢♦,♠❛"✐♦♥ ✐- ❝♦♠♣❧❡♠❡♥"❡❞ ❜② ❞❛"❛ ♦♥ "❤❡ ✜①❡❞ ❛❝❝❡-- ❧✐♥❡- ♠❛,❦❡" -❤❛,❡

❢♦, "❤♦-❡ ♠♦❜✐❧❡ ♥❡"✇♦,❦- ♦♣❡,❛"♦,- "❤❛" ❛❧-♦ ♦♣❡,❛"❡ ❛ ✜①❡❞ ♥❡"✇♦,❦✳ ■♥ ♦,❞❡,

"♦ ❛❝❝♦✉♥" ❢♦, ❞✐✛❡,❡♥❝❡ ❛❝,♦-- ♠❛,❦❡"- ✐♥ "❡,♠- ♦❢ ✜①❡❞ ♥❡"✇♦,❦ ♣❡♥❡",❛"✐♦♥ ❛♥❞

,❡❣✉❧❛"✐♦♥✱ "❤❡ ❞❛"❛-❡" ❛❧-♦ ✐♥❝❧✉❞❡ ❞❛"❛ ♦♥ ❤♦✉-❡❤♦❧❞ ♣❡♥❡",❛"✐♦♥ ♦❢ ✜①❡❞ "❡❧❡♣❤♦♥②

❧✐♥❡- ❛♥❞ "❤❡ -❤❛,❡ ♦❢ ✉♥❜✉♥❞❧❡❞ ❧♦❝❛❧ ❧♦♦♣ ❛❝❝❡-- ❧✐♥❡-✳ ❉❛"❛ ♦♥ "❤❡ ✜①❡❞ ♥❡"✇♦,❦

✇❡,❡ ,❡",✐❡✈❡❞ ❢,♦♠ "❤❡ ❲♦,❧❞ ❇,♦❛❞❜❛♥❞ ■♥❢♦,♠❛"✐♦♥ ❙❡,✈✐❝❡ ❞❛"❛❜❛-❡ ♠❛♥❛❣❡❞

❜② ❖✈✉♠✳

❆❞❞✐"✐♦♥❛❧ ✐♥❢♦,♠❛"✐♦♥ ♦♥ "❤❡ ②❡❛, ♦❢ ❡♥",②✱ ♠❡,❣❡, ♦, ❡①✐" ❛- ✇❡❧❧ ❛- "❤❡ ②❡❛, ♦❢

❢✉"✉,❡ ❡♥",✐❡- ✇❡,❡ ❛❧-♦ ❛❞❞❡❞ "♦ "❤❡ ❞❛"❛❜❛-❡ ❢,♦♠ "❤❡ ❲✐,❡❧❡-- ■♥"❡❧❧✐❣❡♥❝❡ ♦♥❧✐♥❡

❞❛"❛❜❛-❡✳ ❲❡ ✇❡,❡ ❛❧-♦ ❛❜❧❡ "♦ ♦❜"❛✐♥ ❞❛"❛ ♦♥ "❤❡ ❝❤❛,❛❝"❡,✐-"✐❝- ♦❢ "❤❡ ♠♦❜✐❧❡

♥❡"✇♦,❦- ♦❢ ❡❛❝❤ ▼◆❖- ✐♥❝❧✉❞✐♥❣ "❤❡ ❞❛"❡ ♦❢ ❧❛✉♥❝❤✱ "❤❡ ❞♦✇♥❧♦❛❞ ❛♥❞ ✉♣❧♦❛❞
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 ♣❡❡❞✱ ❛ ✇❡❧❧ ❛ (❤❡ ❧✐ ( ♦❢ ♠♦❜✐❧❡ ✈✐0(✉❛❧ ♥❡(✇♦0❦ ♦♣❡0❛(♦0 (❤❛( ✐( ❤♦ ( ✳

❋✐♥❛❧❧② ✇❡ ❛❧ ♦ ✉ ❡ (❤❡ ❲♦0❧❞ ❉❡✈❡❧♦♣♠❡♥( ■♥❞✐❝❛(♦0 ♦♥❧✐♥❡ ❞❛(❛❜❛ ❡ ♠❛♥❛❣❡❞ ❜②

(❤❡ ❲♦0❧❞ ❇❛♥❦ (♦ ✐♥❝❧✉❞❡ ❞❛(❛ ♦♥ (❤❡ ♣♦♣✉❧❛(✐♦♥ ❞❡♥ ✐(② ❛♥❞ (❤❡  ✐③❡ ♦❢ (❤❡ ♣♦♣✲

✉❧❛(✐♦♥ ❜❡(✇❡❡♥ ✶✺ ❛♥❞ ✻✹ ②❡❛0 ♦❧❞ ✭✇♦0❦✐♥❣✲❛❣❡ ♣♦♣✉❧❛(✐♦♥✮✳ ❚❤❡ ❡ ❞❛(❛ ✇✐❧❧ ❜❡

✉ ❡❢✉❧ (♦ ❝♦♥(0♦❧ ❢♦0 ❞✐✛❡0❡♥❝❡ ✐♥ (❤❡ ❝♦ ( ♦❢ ♥❡(✇♦0❦ ❞❡♣❧♦②♠❡♥( ❛♥❞ (❤❡  ✐③❡ ♦❢

(❤❡ ♠❛0❦❡( ✇❤✐❝❤ ❛0❡ ❝0✐(✐❝❛❧ ❢♦0 (❤❡ ✐♥✈❡ (♠❡♥( ✐♥ (❤❡ ♠♦❜✐❧❡ (❡❧❡❝♦♠♠✉♥✐❝❛(✐♦♥ 

✐♥❞✉ (0②✳

❚❤❡ ✜♥❛❧ ❞❛(❛ ❡( ✐ ❝❧❡❛♥❡❞ ❢0♦♠ ♥❡❣❛(✐✈❡ ♣0♦✜( ❛♥❞ ✐♥✈❡ (♠❡♥( ❛ ✇❡❧❧ ❛ ❡①(0❡♠❡

✈❛❧✉❡ ✳ ❯♥❞❡0 (❤❡ ❛  ✉♠♣(✐♦♥ (❤❛( (❤❡ ❞✐ (0✐❜✉(✐♦♥ ♦❢ (❤❡ ✐♥(❡♥ ✐(② ♦❢ ❝♦♠♣❡(✐(✐♦♥

 ❤♦✉❧❞ ❜❡ ♥♦0♠❛❧✱ ✇❡ ❞❡✜♥❡ ❛ ❝♦♥✜❞❡♥❝❡ ✐♥(❡0✈❛❧ ❛ (❤❡  ❛♠♣❧❡ ♠❡❞✐❛♥ ✐♥(❡♥ ✐(② ♦❢

❝♦♠♣❡(✐(✐♦♥ ♣❧✉ ♦0 ♠✐♥✉ (✇✐❝❡ (❤❡  ❛♠♣❧❡  (❛♥❞❛0❞ ❞❡✈✐❛(✐♦♥✳ ❚❤❡♥ ♦❜ ❡0✈❛(✐♦♥ 

♦✉( ✐❞❡ (❤✐ ❝♦♥✜❞❡♥❝❡ ✐♥(❡0✈❛❧ ❛0❡ ❞❡❡♠❡❞ ❡①(0❡♠❡ ✈❛❧✉❡ ✳ ■♥ (❤❡ ❡♥❞✱ ✇❡ ♦❜(❛✐♥

❛♥ ✉♥❜❛❧❛♥❝❡❞ ♣❛♥❡❧ ♦❢ ✷✹✵ ✜0♠ ❢0♦♠ ✶✶✾ ❝♦✉♥(0✐❡ ♦❜ ❡0✈❡❞ ❢0♦♠ ✷✵✵✵ (♦ ✷✵✶✹✳

❆ ❛ 0❡ ✉❧( (❤❡ ♠❛✐♥ ❡ (✐♠❛(✐♦♥  ❛♠♣❧❡ ❝♦♥(❛✐♥ ✹✻✾✺ ♦❜ ❡0✈❛(✐♦♥ ✳

✸✳✸ ❉❡$❝&✐♣)✐♦♥ ♦❢ )❤❡ ❱❛&✐❛❜❧❡$

❚❤❡  ✉♠♠❛0②  (❛(✐ (✐❝ ♦❢ (❤❡ ♠❛✐♥ ✈❛0✐❛❜❧❡ ❛0❡ ♣0❡ ❡♥(❡❞ ✐♥ (❤❡ (❛❜❧❡ ✶ ✐♥ ❛♣✲

♣❡♥❞✐①✳ ❋0♦♠ (❤❡ ❡ ✈❛0✐❛❜❧❡ ✱ ✇❡ ❜✉✐❧❞ (❤❡ ✐♥✈❡ (♠❡♥( ❜♦(❤ ❛( ✜0♠ ❛♥❞ ♠❛0❦❡( ❧❡✈❡❧ 

✉ ✐♥❣ (❤❡ ✜0♠✬ ❝❛♣✐(❛❧ ❡①♣❡♥❞✐(✉0❡ ✭❈❆P❊❳✮✳ ❚❤❡ ❈❆P❊❳ ✐♥❝❧✉❞❡ (❤❡ ❡①♣❡♥❞✐(✲

✉0❡ ✐♥ (❤❡ ❛❝S✉✐ ✐(✐♦♥ ♦❢ (❛♥❣✐❜❧❡ ✭✜①❡❞✮ ❛  ❡( ✱ (❤❡ ❡①♣❡♥❞✐(✉0❡ ✐♥ (❤❡ ♠❛✐♥(❡♥❛♥❝❡

♦❢ (❤❡ ❡①✐ (✐♥❣ (❛♥❣✐❜❧❡ ❛  ❡( ✇✐(❤ ❛ ✉ ❡❢✉❧ ❧✐❢❡(✐♠❡ (❤❛( ❡①(❡♥❞ ❜❡②♦♥❞ (❤❡ (❛①❛❜❧❡

②❡❛0✱ ❛♥❞ (❤❡ ❡①♣❡♥❞✐(✉0❡ ❢♦0 (❤❡ ♣✉0❝❤❛ ❡ ♦❢  ♣❡❝(0✉♠ ❧✐❝❡♥ ❡ ✳ ❆ ✇❡ ❢♦❝✉ ♦♥

✐♥✈❡ (♠❡♥( ✐♥ ♥❡✇ (❡❝❤♥♦❧♦❣✐❡ ✱ ♦♥❧② (❤❡ ✜0 ( ❝♦♠♣♦♥❡♥( ♦❢ (❤❡ ❈❆P❊❳✱ 0❡❧❛(❡❞

(♦ (❤❡ ❛❝S✉✐ ✐(✐♦♥ ♦❢ (❛♥❣✐❜❧❡ ❛  ❡(✱ ✐ ✐♥(❡0❡ (✐♥❣ ❢♦0 (❤❡ ❡ (✐♠❛(✐♦♥✳ ❍♦✇❡✈❡0✱ ✇❡

❞♦ ♥♦( ♦❜ ❡0✈❡ (❤❡ ❡①♣❡♥❞✐(✉0❡ ✐♥ (❤❡ ♠❛✐♥(❡♥❛♥❝❡ ♦❢ (❤❡ ❡①✐ (✐♥❣ ❛  ❡( ♦0 (❤❡

❡①♣❡♥❞✐(✉0❡ ✐♥ (❤❡ ♣✉0❝❤❛ ❡ ♦❢  ♣❡❝(0✉♠ ❧✐❝❡♥ ❡ ✳ ❖♥❡ ❝♦✉❧❞ ❛  ✐❣♥ ❛♥ ❛0❜✐(0❛0②

 ❤❛0❡ ♦❢ (❤❡ ❈❆P❊❳ (♦ (❤❡ ♠❛✐♥(❡♥❛♥❝❡ ❡①♣❡♥❞✐(✉0❡ ✐♥ ♦0❞❡0 (♦ ❣❡( 0✐❞ ♦❢ (❤✐ 

❝♦♠♣♦♥❡♥(✳ ❯♥❞❡0 (❤❡ ❛  ✉♠♣(✐♦♥ (❤❛( (❤✐  ❤❛0❡ ✐ (❤❡  ❛♠❡ ❢♦0 ❛❧❧ ✜0♠ ✱ (❤❡

❡❝♦♥♦♠❡(0✐❝ ❡ (✐♠❛(✐♦♥ ♦❢ (❤❡ ✐♠♣❛❝( ♦❢ ❝♦♠♣❡(✐(✐♦♥ ♦♥ ✐♥✈❡ (♠❡♥( ✇♦✉❧❞ ❜❡  ❝❛❧❡❞

✉♣ ❜② (❤✐ ♣❡0❝❡♥(❛❣❡✳ ■♥ ❛❞❞✐(✐♦♥✱ ✐❢ ✇❡ ✉ ❡ (❤❡ ❧♦❣❛0✐(❤♠ ♦❢ (❤❡ ✐♥✈❡ (♠❡♥( ✐♥ (❤❡

0❡❣0❡  ✐♦♥✱ (❤❡ ❝♦♥ (❛♥(  ❤❛0❡ ♦❢ (❤❡ ❈❆P❊❳ ❞❡❞✐❝❛(❡❞ (♦ (❤❡ ♠❛✐♥(❡♥❛♥❝❡  ❤❛❧❧

♦♥❧② ❛✛❡❝( (❤❡ ❝♦♥ (❛♥( ♦❢ (❤❡ ❡❝♦♥♦♠❡(0✐❝ ♠♦❞❡❧✳ ❘❡❣❛0❞✐♥❣ (❤❡ ❡①♣❡♥❞✐(✉0❡ ✐♥

(❤❡ ♣✉0❝❤❛ ❡ ♦❢  ♣❡❝(0✉♠ ❧✐❝❡♥ ❡ ✱ ✇❡ ❝♦✉❧❞ ❡①❝❧✉❞❡ ❢0♦♠ (❤❡  ❛♠♣❧❡ (❤♦ ❡ ♦❜ ❡0✲

✈❛(✐♦♥ ✇❤✐❝❤ ❝♦00❡ ♣♦♥❞ (♦ (❤❡ ♣✉0❝❤❛ ❡ ♦❢ ❧✐❝❡♥ ❡ ♦0 ✐♥❝❧✉❞❡ ✐♥(♦ (❤❡ 0❡❣0❡  ✐♦♥ ❛

❞✉♠♠② ✈❛0✐❛❜❧❡ ❝❛♣(✉0✐♥❣ (❤❡ ❡✛❡❝( ♦❢ (❤❡ ♣✉0❝❤❛ ❡ ♦❢ ❧✐❝❡♥ ❡ ♦♥ (❤❡ ❈❆P❊❳✳ ■♥

✾
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 ❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✉,❡  ❤❡ ❧♦❣❛.✐ ❤♠ ♦❢  ❤❡ ❈❆2❊❳ ❛, ❛ ♠❡❛,✉.❡ ♦❢ ✐♥✈❡, ♠❡♥ ❛♥❞

✐♥❝❧✉❞❡ ❞✉♠♠② ✈❛.✐❛❜❧❡, ❝❛♣ ✉.✐♥❣  ❤❡ ❡✛❡❝ ♦❢  ❤❡ ♣✉.❝❤❛,❡ ♦❢ ❧✐❝❡♥,❡,✳

✺

❘❡❣❛.❞✐♥❣  ❤❡ ✐♥ ❡♥,✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥✱ ✐ ✐, ❜✉✐❧ ❛  ❤❡ ✜.♠ ❧❡✈❡❧ ❜❛,❡❞ ♦♥  ❤❡

▲❡.♥❡. ✐♥❞❡① ♦❢ ♠♦♥♦♣♦❧② ♣♦✇❡.✳ ■ , ❝♦♠♣✉ ❛ ✐♦♥ .❡B✉✐.❡, ✐♥❢♦.♠❛ ✐♦♥ ♦♥ ♣.✐❝❡,

❛♥❞ ♠❛.❣✐♥❛❧ ❝♦, ✇❤✐❝❤ ❛.❡ ♥♦ ❛✈❛✐❧❛❜❧❡✳ ❯♥❞❡.  ❤❡ ❛,,✉♠♣ ✐♦♥ ♦❢ ❝♦♥, ❛♥ ♠❛.✲

❣✐♥❛❧ ❝♦, ♦❢ ♣.♦❞✉❝ ✐♦♥✱  ❤❡ .❛ ✐♦ ❜❡ ✇❡❡♥ ❛ ✜.♠✬, ♦♣❡.❛ ✐♥❣ ♣.♦✜ ❛♥❞ ✐ ,  ♦ ❛❧

.❡✈❡♥✉❡ ✐, ❛ ✈❛❧✐❞ ♠❡❛,✉.❡ ♦❢  ❤❡ ▲❡.♥❡. ✐♥❞❡① ♦❢ ♠♦♥♦♣♦❧② ♣♦✇❡.✳ ❆❝❝♦.❞✐♥❣  ♦  ❤❡

♠❡ ❤♦❞♦❧♦❣② ❛♥❞ ❞❡✜♥✐ ✐♦♥ ❣✉✐❞❡ ❛❝❝♦♠♣❛♥②✐♥❣  ❤❡ ❲❈■❙ ❞❛ ❛❜❛,❡✱  ❤❡ ♦♣❡.❛ ✐♥❣

♣.♦✜ ✐, ♠❡❛,✉.❡❞ ❜②  ❤❡ ❡❛.♥✐♥❣, ❜❡❢♦.❡ ✐♥ ❡.❡, ✱  ❛①✱ ❞❡♣.❡❝✐❛ ✐♦♥ ❛♥❞ ❛♠♦. ✐③❛ ✐♦♥

✭❊❇■❚❉❆✮✳ ■ ✐,  ❤❡ ❞✐✛❡.❡♥❝❡ ❜❡ ✇❡❡♥  ♦ ❛❧ .❡✈❡♥✉❡, ❛♥❞ ♦♣❡.❛ ✐♥❣ ❡①♣❡♥❞✐ ✉.❡,✱

❡①❝❧✉❞✐♥❣ ♣♦. ✐♦♥, ❛.✐,✐♥❣  ❤.♦✉❣❤  ❛①✱ ✐♥ ❡.❡, ♣❛②♠❡♥ ✱ ❞❡♣.❡❝✐❛ ✐♦♥ ❛♥❞ ❛♠♦. ✲

✐③❛ ✐♦♥ ♦❢ ❛,,❡ ,✳ ❚❤❡  ♦ ❛❧ .❡✈❡♥✉❡ ✐,  ❤❡ ,✉♠ ♦❢ .❡✈❡♥✉❡ ❣❡♥❡.❛ ❡❞  ❤.♦✉❣❤  ❤❡

♣.♦✈✐,✐♦♥ ♦❢ ✇✐.❡❧❡,, ❝♦♠♠✉♥✐❝❛ ✐♦♥, ,❡.✈✐❝❡, ❞✉.✐♥❣ ❛ ②❡❛. ❛♥❞  ❤❡ .❡✈❡♥✉❡ ❣❡♥✲

❡.❛ ❡❞ ❢.♦♠  ❤❡ ,❛❧❡, ♦❢ ♠♦❜✐❧❡ ❞❡✈✐❝❡, ♦. ♦ ❤❡. ❡B✉✐♣♠❡♥ ,♦❧❞ ❜②  ❤❡ ♦♣❡.❛ ♦.

❞✉.✐♥❣  ❤❡ ②❡❛.✳ ❚❤❡ .❡✈❡♥✉❡ ❢.♦♠  ❤❡ ♣.♦✈✐,✐♦♥ ♦❢ ✇✐.❡❧❡,, ❝♦♠♠✉♥✐❝❛ ✐♦♥, ,❡.✲

✈✐❝❡, ✐♥❝❧✉❞❡, .❡✈❡♥✉❡ ❢.♦♠ ✈♦✐❝❡ ❛♥❞ ❞❛ ❛ ,❡.✈✐❝❡, ♦✈❡.  ❤❡ ♠♦❜✐❧❡ ♥❡ ✇♦.❦✱ .♦❛♠✐♥❣

❝❤❛.❣❡,✱ .❡✈❡♥✉❡ ❢.♦♠ ✐♥ ❡.♥❛ ✐♦♥❛❧ ❞✐.❡❝ ❞✐❛❧✐♥❣ ❛♥❞ ✐♥ ❡.❝♦♥♥❡❝ ✐♦♥ .❡✈❡♥✉❡✳

✻

■❢ Compi ❞❡♥♦ ❡,  ❤❡ ✐♥ ❡♥,✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ❡①♣❡.✐❡♥❝❡❞ ❜②  ❤❡ ✜.♠ i✱  ❤❡ ❢♦❧❧♦✇✐♥❣

❡B✉❛ ✐♦♥ ♣.♦✈✐❞❡,  ❤❡ ❢♦.♠✉❧❛ ❢♦. ❝♦♠♣✉ ✐♥❣  ❤❡ ✐♥ ❡♥,✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥✿

Compi = 1−
Ebitdai
Revenuei

■♥ ❧✐♥❡ ✇✐ ❤  ❤❡ ❞✐,❝✉,,✐♦♥ ♦♥  ❤❡ .♦❧❡ ♦❢ ,♣❡❝ .✉♠ ♣♦❧✐❝② ❛♥❞  ❡❝❤♥♦❧♦❣✐❝❛❧ ♣.♦✲

❣.❡,, ✐♥ ❞❡ ❡.♠✐♥✐♥❣  ❤❡ ✐♥ ❡♥,✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ✐♥  ❤❡ ♠♦❜✐❧❡  ❡❧❡❝♦♠♠✉♥✐❝❛ ✐♦♥,

✐♥❞✉, .②✱ ✇❡ ❜✉✐❧❞  ❤❡ ♥✉♠❜❡. ♦❢ ❢.❡B✉❡♥❝② ❜❛♥❞, ❛❧❧♦❝❛ ❡❞  ♦ ♠♦❜✐❧❡ ❝♦♠♠✉♥✐❝❛✲

 ✐♦♥, ,❡.✈✐❝❡, ❜❡❢♦.❡ ❛ ❣✐✈❡♥ ②❡❛. ❢♦. ❛❧❧  ❤❡ ✶✶✾ ❝♦✉♥ .✐❡, ✐♥ ♦✉. ,❛♠♣❧❡✳ ❍❡.❡ ✇❡

❢♦❝✉, ♦♥  ❤❡ ♥✉♠❜❡. ♦❢ ❢.❡B✉❡♥❝② ❜❛♥❞, ❜✉ ♥♦  ❤❡ ♥✉♠❜❡. ♦❢ ,♣❡❝ .✉♠ ❧✐❝❡♥,❡,  ♦

❛✈♦✐❞ ❝♦..❡❧❛ ✐♦♥ ✇✐ ❤  ❤❡ ♥✉♠❜❡. ♦❢ ✜.♠, ✇✐ ❤✐♥  ❤❡ ♠❛.❦❡ ✳ ❆❝ ✉❛❧❧②✱  ❤❡ ♥✉♠❜❡.

♦❢ ❧✐❝❡♥,❡, ✐, ❛, ❡♥❞♦❣❡♥♦✉, ❛,  ❤❡ ♥✉♠❜❡. ♦❢ ✜.♠, ✇✐ ❤✐♥  ❤❡ ♠❛.❦❡ ❀ ✇❤❡.❡❛, ❢♦. ❛

❣✐✈❡♥ ♥✉♠❜❡. ♦❢ ,♣❡❝ .✉♠ ❧✐❝❡♥,❡,✱ ✜.♠, ✐♥ ❝♦✉♥ .✐❡,  ❤❛ .❡❧❡❛,❡❞ ♠♦.❡ ❢.❡B✉❡♥❝②

❜❛♥❞, ,❤♦✉❧❞ ❜❡ ❡①♣❡❝ ❡❞  ♦ ❡①♣❡.✐❡♥❝❡ ❤✐❣❤❡. ✐♥ ❡♥,✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥✳ ❚❤✐, ❛❞✲

✺

❲❡ ♦❜$❛✐♥ (✐♠✐❧❛+ +❡(✉❧$( ✇❤❡♥ ✇❡ ❡①❝❧✉❞❡ ❢+♦♠ $❤❡ (❛♠♣❧❡✱ ♦❜(❡+✈❛$✐♦♥( ❝♦++❡(♣♦♥❞✐♥❣ $♦ $❤❡

♣✉+❝❤❛(❡ ♦❢ ❧✐❝❡♥(❡(✳ ❍♦✇❡✈❡+✱ $❤❡ ✐♥($+✉♠❡♥$( ❛+❡ ❧❡(( ($+♦♥❣ ❞✉❡ $♦ $❤❡ ❢❛❧❧ ✐♥ $❤❡ (❛♠♣❧❡ (✐③❡✳

✻

❆❝$✉❛❧❧②✱ $❤❡ (❡+✈✐❝❡ +❡✈❡♥✉❡ ✐( ❛ ❜❡$$❡+ ♠❡❛(✉+❡♠❡♥$ ♦❢ $❤❡ +❡✈❡♥✉❡ ❛( ✐$ ♦♥❧② ✐♥❝❧✉❞❡( +❡✈❡♥✉❡

❢+♦♠ $❤❡ ♣+♦✈✐(✐♦♥ ♦❢ +❡$❛✐❧ ❛❝❝❡(( $♦ $❤❡ ♠♦❜✐❧❡ ♥❡$✇♦+❦✳ ❍♦✇❡✈❡+✱ ❜❛(❡❞ ♦♥ ❞❛$❛ ❢+♦♠ ✜+♠( ❢♦+

✇❤✐❝❤ ✇❡ ❤❛✈❡ ❜♦$❤ $♦$❛❧ ❛♥❞ (❡+✈✐❝❡ +❡✈❡♥✉❡✱ ✇❡ ❢♦✉♥❞ $❤❛$ $❤❡ +❡✈❡♥✉❡ ❢+♦♠ $❤❡ (❛❧❡( ♦❢ ♠♦❜✐❧❡

❞❡✈✐❝❡( ❛♥❞ ❡>✉✐♣♠❡♥$ ❛❝❝♦✉♥$( ❢♦+ ❧❡(( $❤❛♥ ✶ ♣❡+❝❡♥$ ♦❢ $❤❡ $♦$❛❧ +❡✈❡♥✉❡✳
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❞✐"✐♦♥❛❧ ✐♥"❡♥(✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ✐( ❡①♦❣❡♥♦✉( ✇✐"❤ 3❡(♣❡❝" "♦ ✐♥✈❡("♠❡♥" ❛( ✐" ✐(

❣❡♥❡3❛❧❧② ❞3✐✈❡♥ ❜② ❣♦✈❡3♥♠❡♥" (❡❡❦✐♥❣ ♠♦3❡ 3❡✈❡♥✉❡ ♦3 "❤❡ ❡①♦❣❡♥♦✉( 3❛"❡ ♦❢ "❡❝❤✲

♥♦❧♦❣✐❝❛❧ ♣3♦❣3❡(( ✐♥ "❤❡ ♠♦❜✐❧❡ ✐♥❞✉("3②✳ ❚❤❡ ♥✉♠❜❡3 ♦❢ ❢3❡:✉❡♥❝② ❜❛♥❞( ❛❧❧♦❝❛"❡❞

❜❡❢♦3❡ ❛ ❣✐✈❡♥ ②❡❛3 ✐( ❛ ❝✉♠✉❧❛"❡❞ ✈❛3✐❛❜❧❡✳ ❲❤❡♥ ♥❡✇ ❢3❡:✉❡♥❝② ❜❛♥❞( ❛3❡ 3❡✲

❧❡❛(❡❞ ❢♦3 ♠♦❜✐❧❡ ❝♦♠♠✉♥✐❝❛"✐♦♥( ✐♥ ❛ ❝♦✉♥"3②✱ "❤❡3❡ ❛3❡ ❛❞❞❡❞ ✉♣ "♦ "❤❡ ♥✉♠❜❡3

♦❢ ❢3❡:✉❡♥❝② ❜❛♥❞( 3❡❧❡❛(❡❞ ❜❡❢♦3❡ "❤❛" ②❡❛3 "♦ ♠❛❦❡ ✉♣ "❤❡ ✈❛3✐❛❜❧❡✳ ■" ❛❝"✉❛❧❧②

❝❤❛3❛❝"❡3✐③❡( "❤❡ ❡①"❡♥" ♦❢ "❤❡ 3❡❣✉❧❛"♦3② ❜❛33✐❡3( "♦ ❡♥"3② ✐♥"♦ "❤❡ ♠♦❜✐❧❡ "❡❧❡❝♦♠✲

♠✉♥✐❝❛"✐♦♥( ✐♥❞✉("3②✳ ❚❤❡ ❤✐❣❤❡3 "❤❡ ♥✉♠❜❡3 ♦❢ ❢3❡:✉❡♥❝② ❜❛♥❞( 3❡❧❡❛(❡❞ ❜❡❢♦3❡ ❛

❣✐✈❡♥ ②❡❛3✱ "❤❡ ❧♦✇❡3 "❤❡ ❜❛33✐❡3 "♦ ❡♥"3② ✐♥"♦ "❤❡ ✐♥❞✉("3②✳

❚♦ ❡♥(✉3❡ ❝♦♠♣❛3❛❜✐❧✐"② ❛❝3♦(( ♠❛3❦❡"( 3❡❣❛3❞✐♥❣ "❤❡ ❥♦✐♥" ❞❡"❡3♠✐♥❛♥"( ♦❢ ✐♥✈❡("✲

♠❡♥" ✐♥ ♥❡✇ ♠♦❜✐❧❡ ♥❡"✇♦3❦ "❡❝❤♥♦❧♦❣✐❡( ❛♥❞ "❤❡ ✐♥"❡♥(✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥✱ ✇❡ ❞❡✜♥❡

"❤❡ ❧♦❣❛3✐"❤♠ ♦❢ "❤❡ (✐③❡ ♦❢ "❤❡ ✇♦3❦✐♥❣ ❛❣❡ ♣♦♣✉❧❛"✐♦♥ ❛♥❞ "❤❡ ♣♦♣✉❧❛"✐♦♥ ❞❡♥(✲

✐"② ❛( ♣3♦①✐❡( ❢♦3 "❤❡ ♠❛3❦❡" (✐③❡ ❛♥❞ "❤❡ ❝♦(" ♦❢ ♥❡"✇♦3❦ ❞❡♣❧♦②♠❡♥" 3❡(♣❡❝"✐✈❡❧②✳

❲❡ ❛❧(♦ ❜✉✐❧❞ ❛ ❞✉♠♠② ✈❛3✐❛❜❧❡ ❝❤❛3❛❝"❡3✐③✐♥❣ ❝♦✉♥"3② ✇✐"❤ ❧♦❝❛❧ ❧♦♦♣ ✉♥❜✉♥❞❧✐♥❣

3❡❣✉❧❛"✐♦♥ ✇❤❡♥ "❤❡3❡ ✐( ❛ ✜①❡❞ ♥❡"✇♦3❦✱ ❛♥❞ ❛ (❡" ♦❢ 3❡❣✐♦♥❛❧ ❞✉♠♠② ✈❛3✐❛❜❧❡( "♦

❝❛♣"✉3❡ 3❡❣✐♦♥( ✜①❡❞ ❡✛❡❝"( (✉❝❤ ❛( "❤❡ ❞✐✛❡3❡♥❝❡ ✐♥ "❤❡ ("❛♥❞❛3❞( ♦❢ ❧✐✈✐♥❣ ♦3 "❤❡

✇✐❧❧✐♥❣♥❡(( "♦ ♣❛② ❢♦3 ♠♦❜✐❧❡ ❝♦♠♠✉♥✐❝❛"✐♦♥( (❡3✈✐❝❡( ❛❝3♦(( ♠❛3❦❡"(✳ ❙✐♠✐❧❛3❧② ❛"

"❤❡ ✜3♠ ❧❡✈❡❧✱ ✇❡ ❜✉✐❧❞ ❞✉♠♠② ✈❛3✐❛❜❧❡( ❝❤❛3❛❝"❡3✐③✐♥❣ 3❡(♣❡❝"✐✈❡❧② ❛♥ ▼◆❖ ✇❤✐❝❤

✐( ❛❧(♦ "❤❡ ✐♥❝✉♠❜❡♥" ✜①❡❞ ♥❡"✇♦3❦ ♦♣❡3❛"♦3✱ ❛♥ ▼◆❖ ✇❤✐❝❤ ❤♦("( ❛♥ ▼❱◆❖✱ ❛♥❞

❛♥ ▼◆❖ ✇❤✐❝❤ ❤❛( ♣✉3❝❤❛(❡❞ (♣❡❝"3✉♠ ❧✐❝❡♥(❡ ❞✉3✐♥❣ ❛ ❣✐✈❡♥ :✉❛3"❡3✳

✹ ❊♠♣✐%✐❝❛❧ ❊✈✐❞❡♥❝❡

✹✳✶ ❉❡%❝'✐♣*✐✈❡ %*❛*✐%*✐❝% ❛♥❞ ◆♦♥✲♣❛'❛♠❡*'✐❝ ❡%*✐♠❛*✐♦♥

❋✐❣✉3❡ ✷ ✐♥ ❛♣♣❡♥❞✐① ♣3❡(❡♥"( "❤❡ (❝❛""❡3 ♣❧♦" ♦❢ "❤❡ 3❡❧❛"✐♦♥(❤✐♣ ❜❡"✇❡❡♥ "❤❡ ✐♥"❡♥(✲

✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ❛♥❞ ✐♥✈❡("♠❡♥"✳ ❚❤✐( ✜❣✉3❡ ❡①❤✐❜✐"( ❛♥❞ ✐♥✈❡3"❡❞✲❯ 3❡❧❛"✐♦♥(❤✐♣

❜❡"✇❡❡♥ "❤❡ ✐♥"❡♥(✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ❛♥❞ "❤❡ ❧♦❣❛3✐"❤♠ ♦❢ ✐♥✈❡("♠❡♥"❀ ❛( ❡✈✐❞❡♥❝❡❞

❜② "❤❡ :✉❛❞3❛"✐❝ ✜" ❢3♦♠ "❤❡ ❞❛"❛✳ ❚❤❡ ✐♥✈❡3"❡❞✲❯ ♦❜(❡3✈❡❞ ❢3♦♠ "❤✐( ✜❣✉3❡ 3❡(✲

✉❧"( ❢3♦♠ "❤❡ ♣❛3❛♠❡"3✐❝ ❛((✉♠♣"✐♦♥ ❛❜♦✉" ❛ :✉❛❞3❛"✐❝ 3❡❧❛"✐♦♥(❤✐♣ ❜❡"✇❡❡♥ "❤❡

✐♥"❡♥(✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ❛♥❞ ✐♥✈❡("♠❡♥"✳

■♥ ♦3❞❡3 "♦ ✐❞❡♥"✐❢② "❤❡ ❛❝"✉❛❧ 3❡❧❛"✐♦♥(❤✐♣ ✐♥ "❤❡ ❞❛"❛ ✇✐"❤♦✉" ♠❛❦✐♥❣ ❛♥② ♣❛3❛✲

♠❡"3✐❝ ❛((✉♠♣"✐♦♥✱ ✇❡ ♣3♦❝❡❡❞ ❜② ❡("✐♠❛"✐♥❣ "❤❡ ♥♦♥✲♣❛3❛♠❡"3✐❝ 3❡❧❛"✐♦♥(❤✐♣ ❜❛(❡❞

♦♥ ❛ ❧♦❝❛❧ ♣♦❧②♥♦♠✐❛❧ (♠♦♦"❤✐♥❣ ❛♥❞ ❛ ❧♦❝❛❧❧② ✇❡✐❣❤"❡❞ (❝❛""❡3 ♣❧♦" (♠♦♦"❤✐♥❣✳

❚❤❡ 3❡(✉❧"( ♦❢ "❤❡(❡ ❡("✐♠❛"✐♦♥ ❛3❡ ♣3❡(❡♥"❡❞ ✐♥ ✜❣✉3❡( ✸ ❛♥❞ ✹ 3❡(♣❡❝"✐✈❡❧②✳ ■♥
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❜♦"❤ ❡%"✐♠❛"✐♦♥%✱ ✇❡ ♣❛-"✐❛❧✲♦✉" "❤❡ ❡✛❡❝" ♦❢ "❤❡ %✐③❡ ♦❢ "❤❡ ♠❛-❦❡"❀ "❤❛" ✐% ✇❡ ✉%❡

"❤❡ -❡%✐❞✉❛❧% ♣❧✉% "❤❡ ❝♦♥%"❛♥" ❢-♦♠ "❤❡ -❡❣-❡%%✐♦♥% ♦❢ ✐♥✈❡%"♠❡♥" ❛♥❞ ❝♦♠♣❡"✐"✐♦♥

♦♥ "❤❡ %✐③❡ ♦❢ "❤❡ ✇♦-❦✐♥❣✲❛❣❡ ♣♦♣✉❧❛"✐♦♥✳ ■" "✉-♥% ♦✉" "❤❛" "❤❡-❡ ✐% ✐♥❞❡❡❞ ❛♥

✐♥✈❡-"❡❞✲❯ -❡❧❛"✐♦♥%❤✐♣ ❜❡"✇❡❡♥ "❤❡ ✐♥"❡♥%✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ❛♥❞ "❤❡ ✐♥✈❡%"♠❡♥" ✐♥

♥❡✇ "❡❝❤♥♦❧♦❣✐❡%✳

❚❤❡ ❞❡%❝-✐♣"✐✈❡ %"❛"✐%"✐❝% ♣-♦✈✐❞❡❞ ❜② ✜❣✉-❡% ✷✱ ✸ ❛♥❞ ✹ ♣-♦✈✐❞❡ %♦♠❡ ✐♥%✐❣❤"% ✐♥"♦

"❤❡ ♣♦"❡♥"✐❛❧ ✐♠♣❛❝" ♦❢ "❤❡ ✐♥"❡♥%✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ♦♥ ✐♥✈❡%"♠❡♥"✳ ❍♦✇❡✈❡-✱ "❤❡②

❛-❡ ♥♦" %✉✣❝✐❡♥" "♦ ❞-❛✇ ❛♥② ❝❛✉%❛❧ ✐♠♣❛❝" ♦❢ ❝♦♠♣❡"✐"✐♦♥ ♦♥ ✐♥✈❡%"♠❡♥"✳ ❚❤❡②

❛-❡ ❛❝"✉❛❧❧② ♣❧❛❣✉❡❞ ✇✐"❤ ✐%%✉❡% -❡❧❛"❡❞ "♦ ♦♠✐""❡❞ ✈❛-✐❛❜❧❡% ❜✐❛%❡% ❛♥❞ -❡✈❡-%❡

❝❛✉%❛❧✐"②✳ ❋✐❣✉-❡% ✺ ❛♥❞ ✻ ✐♥ ❛♣♣❡♥❞✐① ♣-♦✈✐❞❡ ❡✈✐❞❡♥❝❡ ❛❜♦✉" "❤❡ ❡①♦❣❡♥♦✉%

❞-✐✈❡-% ♦❢ "❤❡ ✐♥"❡♥%✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ "❤❛" ✇✐❧❧ ❜❡ ✉%❡❞ "♦ ✐❞❡♥"✐❢② ✐"% ❝❛✉%❛❧ ✐♠♣❛❝"

♦♥ ✐♥✈❡%"♠❡♥"✳ ❚❤❡ ✜-%" ✜❣✉-❡ ♣-❡%❡♥"% ❛ ♣♦%✐"✐✈❡ -❡❧❛"✐♦♥%❤✐♣ ❜❡"✇❡❡♥ "❤❡ ♥✉♠❜❡-

♦❢ ❢-❡I✉❡♥❝② ❜❛♥❞% -❡❧❡❛%❡❞ ❛♥❞ "❤❡ ✐♥"❡♥%✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ✇✐"❤✐♥ ❛ ♠❛-❦❡"✳ ❚❤❡

%❡❝♦♥❞ ✜❣✉-❡ %❤♦✇% "❤❛" ✜-♠% "❤❛" ❡♥"❡- "❤❡ ♠❛-❦❡" ❧❛"❡- ❢❛❝❡ ❤✐❣❤❡- ✐♥"❡♥%✐"② ♦❢

❝♦♠♣❡"✐"✐♦♥ ♦♥ ❛✈❡-❛❣❡✳ ❆❧"♦❣❡"❤❡-✱ "❤❡%❡ ✜❣✉-❡% %❤♦✇ "❤❛" "❤❡ -❡❣✉❧❛"✐♦♥ ♦❢ ❡♥"-②

❛♥❞ ❛❝❝❡%% "♦ %♣❡❝"-✉♠ ❞-✐✈❡ "❤❡ ✐♥"❡♥%✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ❡①♣❡-✐❡♥❝❡❞ ❜② ▼◆❖%✳

✹✳✷ ❊❝♦♥♦♠❡)*✐❝ ♠♦❞❡❧. ❛♥❞ ✐❞❡♥)✐✜❝❛)✐♦♥ .)*❛)❡❣✐❡.

■♥ ♦-❞❡- "♦ ❡%"✐♠❛"❡ "❤❡ ❝❛✉%❛❧ ✐♠♣❛❝" ♦❢ "❤❡ ✐♥"❡♥%✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ♦♥ ✐♥✈❡%"♠❡♥"✱

✇❡ ❛❞♦♣" ❛ "✇♦✲%"❛❣❡ %"-✉❝"✉-❛❧ ❛♣♣-♦❛❝❤ ❜❛%❡❞ ♦♥ -❡❞✉❝❡❞✲❢♦-♠ ♠♦❞❡❧%✳ ■♥ "❤❡ ✜-%"

%"❛❣❡✱ ❝♦♠♣❡"✐"✐♦♥ ✐% ♠♦❞❡❧❡❞ ❛% ❛ ❧✐♥❡❛- ❢✉♥❝"✐♦♥ ♦❢ "❤❡ -❡❣✉❧❛"♦-② ✈❛-✐❛❜❧❡% ✐❞❡♥"✐✲

✜❡❞ ✐♥ "❤❡ ❜❛❝❦❣-♦✉♥❞ %❡❝"✐♦♥✳ ❚❤❡♥✱ ✐♥ ❛ %❡❝♦♥❞ %"❛❣❡✱ ✐♥✈❡%"♠❡♥" ✐% ❡①♣-❡%%❡❞ ❛%

❛ ❢✉♥❝"✐♦♥ ♦❢ ❝♦♠♣❡"✐"✐♦♥✳ ❚❤❡ ❝♦❡✣❝✐❡♥"% ♦❢ "❤❡ -❡%✉❧"✐♥❣ ♠♦❞❡❧% ❤❛✈❡ ❜❡❡♥ ❡%"✐♠✲

❛"❡❞ ❜② ✐♠♣❧❡♠❡♥"✐♥❣ ❛♥ ✐♥%"-✉♠❡♥"❛❧ ✈❛-✐❛❜❧❡ ❛♣♣-♦❛❝❤ ❜❛%❡❞ ♦♥ "❤❡ ●❡♥❡-❛❧✐③❡❞

▼❡"❤♦❞ ♦❢ ▼♦♠❡♥" ✭●▼▼✮ ✭❍❛♥%❡♥✱ ✶✾✽✷✮✳ ❚②♣✐❝❛❧❧②✱ "❤❡ ✐♥"❡♥%✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥

❛♥❞ ✐"% %I✉❛-❡ ❛-❡ ❞❡❡♠❡❞ ❡♥❞♦❣❡♥♦✉% ❛♥❞ ✐♥%"-✉♠❡♥"❡❞ ❜② "❤❡ ❝✉♠✉❧❛"❡❞ ♥✉♠❜❡-

♦❢ ❢-❡I✉❡♥❝② ❜❛♥❞% ❛♥❞ "❤❡ ②❡❛- ♦❢ ❡♥"-② ✐♥"♦ "❤❡ ♠❛-❦❡"✳ ❆❧❧ ❡%"✐♠❛"✐♦♥% ❝♦--❡❝" ❢♦-

❛-❜✐"-❛-② ❤❡"❡-♦%❦❡❞❛%"✐❝✐"② ❛♥❞ ❛✉"♦❝♦--❡❧❛"✐♦♥ ✉%✐♥❣ "❤❡ ❇❛-"❡" ❑❡-♥❡❧ ♦❢ ❜❛♥❞✲

✇✐❞"❤ ✷✳ ❲❡ ✐♠♣❧❡♠❡♥" "❤❡ ✇❡❛❦ ✐♥%"-✉♠❡♥"% "❡%" ✉%✐♥❣ "❤❡ ✐♥%"-✉♠❡♥"❛❧ ✈❛-✐❛❜❧❡%

❙"❛"❛ -♦✉"✐♥❡ ♣-♦♣♦%❡❞ ❜② ❇❛✉♠✱ ❙❝❤❛✛❡-✱ ❛♥❞ ❙"✐❧❧♠❛♥ ✭✷✵✵✼✮✳ ❚❤❡ ❑❡❧✐❜❡-❣❡♥✲

Z❛❛♣ ❲❛❧❞ -❛♥❦ ❋✲%"❛"✐%"✐❝% ❛-❡ ❝♦♠♣❛-❡❞ "♦ "❤❡ ❝-✐"✐❝❛❧ ✈❛❧✉❡% "❛❜✉❧❛"❡❞ ❜② ❙"♦❝❦

❛♥❞ ❨♦❣♦ ✭✷✵✵✷✮ "♦ "❡%" "❤❡ ✇❡❛❦♥❡%% ♦❢ "❤❡ ✐♥%"-✉♠❡♥"%✳ ❚❤❡ ❞❡"❛✐❧% ♦❢ "❤❡ ♠♦❞❡❧✐♥❣

❛-❡ ♣-❡%❡♥"❡❞ ❛% ❢♦❧❧♦✇✿

❆❝-♦%% %✐♠✐❧❛- ♠❛-❦❡"% ❛♥❞ ✜-♠%✱ "❤❡ ✐♥"❡♥%✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ✐% ❞❡"❡-♠✐♥❡❞ ❜② "❤❡

❝✉♠✉❧❛"❡❞ ♥✉♠❜❡- ♦❢ ❢-❡I✉❡♥❝② ❜❛♥❞% -❡❧❡❛%❡❞ ❛♥❞ "❤❡ ②❡❛- ♦❢ ❡♥"-② ❛❧❧♦✇❡❞ ❜②

✶✷
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 ❤❡ #❡❣✉❧❛ ♦#✳ ❚❤❡ ❝✉♠✉❧❛ ❡❞ ♥✉♠❜❡# ♦❢ ❢#❡1✉❡♥❝② ❜❛♥❞3 ❛❝ 3 ❛3 ❛ ♣#♦①② ❢♦#  ❤❡

❜❛##✐❡#  ♦ ❡♥ #② ✐♥ ♦  ❤❡ ♠♦❜✐❧❡  ❡❧❡❝♦♠♠✉♥✐❝❛ ✐♦♥3 ♠❛#❦❡ ✳ ❚❤❡ ❧❛#❣❡#  ❤❡ ♥✉♠❜❡#

♦❢ ❝✉♠✉❧❛ ❡❞ ❢#❡1✉❡♥❝② ❜❛♥❞3✱  ❤❡ ❧♦✇❡# ✐3  ❤❡ ❜❛##✐❡#  ♦ ❡♥ #② ❛♥❞  ❤❡ ✜❡#❝❡# ✐3

 ❤❡ ❝♦♠♣❡ ✐ ✐♦♥ ✇✐ ❤✐♥  ❤❡ ♠❛#❦❡ ✳ ❙✐♠✐❧❛#❧②✱ ✜#♠3  ❤❛ ❡♥ ❡# ❧❛ ❡# ✐♥ ♦  ❤❡ ♠❛#❦❡ 

❢❛❝❡ ♠♦#❡ ❝♦♠♣❡ ✐ ♦#3✱ ❛♥❞  ❤❡#❡❢♦#❡ ❡①♣❡#✐❡♥❝❡ ❤✐❣❤❡# ✐♥ ❡♥3✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥✳

▼♦#❡ ❢♦#♠❛❧❧②✱  ❤❡ ✐♥ ❡♥3✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ✐3 ❧✐♥❡❛#❧② #❡❧❛ ❡❞  ♦  ❤❡3❡ ❡①♦❣❡♥♦✉3

❝♦♠♣❡ ✐ ✐♦♥ 3❤✐❢ ❡#3 ❛3✿

Compiq = α0 + α1freqiq + α2entryi + αXq + εiq ✭✶❛✮

Comp2iq = β0 + β1freqiq + β2entryi + βXq + ǫiq ✭✶❜✮

❚❤❡3❡  ✇♦ ❡1✉❛ ✐♦♥3 ❞❡ ❡#♠✐♥❡  ❤❡ ❡①♦❣❡♥♦✉3 ❝❤❛♥❣❡ ✐♥ ❝♦♠♣❡ ✐ ✐♦♥ ❛♥❞ #❡♣#❡3❡♥ 

 ❤❡ ✜#3 ✲3 ❛❣❡ ♦❢  ❤❡ ❡3 ✐♠❛ ✐♦♥ ♦❢  ❤❡ ✐♠♣❛❝ ♦❢  ❤❡ ✐♥ ❡♥3✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ♦♥

✐♥✈❡3 ♠❡♥ ✐♥ ♥❡✇  ❡❝❤♥♦❧♦❣✐❡3✳ Compiq ✐3  ❤❡ ✐♥ ❡♥3✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ❡①♣❡#✐❡♥❝❡❞

❜② ✜#♠ i ❞✉#✐♥❣  ❤❡ 1✉❛# ❡# q✳ freqiq ✐3  ❤❡ ❝✉♠✉❧❛ ❡❞ ♥✉♠❜❡# ♦❢ ❢#❡1✉❡♥❝② ❜❛♥❞3

#❡❧❡❛3❡❞ ✐♥  ❤❡ ♠❛#❦❡ ♦❢ ✜#♠ i ❜❡❢♦#❡  ❤❡ 1✉❛# ❡# q ✭✐♥❝❧✉❞❡❞✮✳ entryiq ✐3  ❤❡ ②❡❛# ♦❢

❡♥ #② ♦❢ ✜#♠ i ✐♥ ♦  ❤❡ ♠❛#❦❡ ✳ ❋✐♥❛❧❧②✱ Xq ✐3 ❛ ✈❡❝ ♦# ♦❢ ❝♦♥ #♦❧ ✈❛#✐❛❜❧❡3  ♦ ❡♥3✉#❡

3✐♠✐❧❛#✐ ✐❡3 ❛❝#♦33 ♠❛#❦❡ 3 ❛♥❞ ✜#♠3✳ ■ ✐♥❝❧✉❞❡3  ❤❡ ❧♦❣❛#✐ ❤♠ ♦❢  ❤❡ ✇♦#❦✐♥❣✲❛❣❡

♣♦♣✉❧❛ ✐♦♥✱  ❤❡ ❧♦❣❛#✐ ❤♠ ♦❢  ❤❡ ♣♦♣✉❧❛ ✐♦♥ ❞❡♥3✐ ②✱ ❢♦✉# ❞✉♠♠✐❡3 ❝❤❛#❛❝ ❡#✐③✐♥❣

♠❛#❦❡ 3 ✇✐ ❤ ❧♦❝❛❧ ❧♦♦♣ ✉♥❜✉♥❞❧✐♥❣✱ ✐♥❝✉♠❜❡♥ ✜①❡❞ ♥❡ ✇♦#❦ ♦♣❡#❛ ♦#3✱ ✜#♠3 ❤♦3 ✲

✐♥❣ ❛♥ ▼❱◆❖3 ❛♥❞  ❤❡ ♣✉#❝❤❛3❡ ♦❢ 3♣❡❝ #✉♠ ❧✐❝❡♥3❡✳ ❚❤❡ ✈❡❝ ♦# Xq ❛❧3♦ ✐♥❝❧✉❞❡3

❛ 1✉❛# ❡#❧②  #❡♥❞ ❛♥❞ #❡❣✐♦♥❛❧ ✜①❡❞ ❡✛❡❝ 3✳

❚❤❡ 3❡❝♦♥❞ 3 ❛❣❡ ♦❢  ❤❡ ❡3 ✐♠❛ ✐♦♥ ❝♦♥3✐❞❡#3 ✈❛#✐♦✉3 ♦✉ ❝♦♠❡3  ♦ ♠❡❛3✉#❡  ❤❡ ✐♥✲

✈❡3 ♠❡♥ ✐♥ ♥❡✇  ❡❝❤♥♦❧♦❣✐❡3✱ ♥❛♠❡❧②  ❤❡ ❡① ❡♥3✐✈❡ ✐♥✈❡3 ♠❡♥ ✱  ❤❡ ❡① ❡♥3✐✈❡ ✐♥✲

✈❡3 ♠❡♥ ✐♥ ♥❡ ✇♦#❦ 1✉❛❧✐ ② ❛♥❞  ❤❡ ✐♥ ❡♥3✐✈❡ ✐♥✈❡3 ♠❡♥ ✳ ●✐✈❡♥  ❤❡ #❡3✉❧ 3 ♦❢

 ❤❡ ♥♦♥✲♣❛#❛♠❡ #✐❝ ❡3 ✐♠❛ ✐♦♥✱ ✇❡ ♣♦3 ✉❧❛ ❡ ❛ 1✉❛❞#❛ ✐❝ #❡❧❛ ✐♦♥3❤✐♣ ❜❡ ✇❡❡♥  ❤❡

✐♥ ❡♥3✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ❛♥❞  ❤❡ ✐♥✈❡3 ♠❡♥ ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡1✉❛ ✐♦♥ ❡3 ✐♠❛ ❡3  ❤❡ ✐♠♣❛❝ ♦❢  ❤❡ ✐♥ ❡♥3✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ♦♥  ❤❡

❡① ❡♥3✐✈❡ ✐♥✈❡3 ♠❡♥ ✿

lninviq = γ0 + γ1Compiq + γ2Comp2iq + γXq + µiq ✭✷✮

❲❤❡#❡ lninviq ✐3  ❤❡ ❧♦❣❛#✐ ❤♠ ♦❢ ✐♥✈❡3 ♠❡♥ ♦❢ ✜#♠ i ❞✉#✐♥❣ 1✉❛# ❡# q✱ ❛♥❞ µiq ❛#❡

 ❤❡ #❡3✐❞✉❛❧3 ♦❢ ♠♦❞❡❧✳
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❚❤❡ ✐♠♣❛❝( ♦❢ (❤❡ ✐♥(❡♥,✐(② ♦❢ ❝♦♠♣❡(✐(✐♦♥ ♦♥ ✐♥✈❡,(♠❡♥( ✐♥ ♥❡✇ (❡❝❤♥♦❧♦❣✐❡, ✐,

❡,(✐♠❛(❡❞ (❤3♦✉❣❤ (❤❡ ❝♦❡✣❝✐❡♥(, γ1 ❛♥❞ γ2✳ ■❢ (❤❡ ✐♥✈❡3(❡❞✲❯ 3❡❧❛(✐♦♥,❤✐♣ ♦❜✲

,❡3✈❡❞ ❢3♦♠ (❤❡ ❞❡,❝3✐♣(✐✈❡ ,(❛(✐,(✐❝, ✐, ✈❛❧✐❞✱ (❤❡,❡ ❝♦❡✣❝✐❡♥(, ,❤♦✉❧❞ ❜❡ ,(❛(✐,(✐❝✲

❛❧❧② ,✐❣♥✐✜❝❛♥( ❛♥❞ 3❡,♣❡❝(✐✈❡❧② ♣♦,✐(✐✈❡ ❛♥❞ ♥❡❣❛(✐✈❡✳ ■♥ (❤✐, ❝❛,❡✱ (❤❡ ✐♥✈❡,(♠❡♥(

♠❛①✐♠✐③✐♥❣ ✐♥(❡♥,✐(② ♦❢ ❝♦♠♣❡(✐(✐♦♥ ✭■▼■❈✮ ✐, ❡,(✐♠❛(❡❞ ❛,✿

IMIC = −
γ1
2γ2

❚❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥(❡3✈❛❧ ♦❢ (❤❡ ✐♥✈❡,(♠❡♥( ♠❛①✐♠✐③✐♥❣ ✐♥(❡♥,✐(② ♦❢ ❝♦♠♣❡(✐(✐♦♥ ✐,

❡,(✐♠❛(❡❞ ✉,✐♥❣ (❤❡ ❞❡❧(❛ ♠❡(❤♦❞✳

✼

❆♥ ❡,(✐♠❛(✐♦♥ ❛❧❣♦3✐(❤♠ ✐, ❞❡✈❡❧♦♣❡❞ ✐♥ ❙(❛(❛

❜② ❍♦❧❡ ✭✷✵✵✼✮✳

❲❡ ✐♥✈❡,(✐❣❛(❡ (❤❡ ❤❡(❡3♦❣❡♥❡♦✉, ✐♠♣❛❝( ♦❢ ❝♦♠♣❡(✐(✐♦♥ ♦♥ ✐♥✈❡,(♠❡♥( ❜② ❡,(✐♠✲

❛(✐♥❣ ❡K✉❛(✐♦♥ ✭✷✮ ♦♥ (❤❡ ,✉❜✲,❛♠♣❧❡, ♦❢ 3❡❣✐♦♥❛❧ ♦❜,❡3✈❛(✐♦♥,✳ ■♥ ♣❛3(✐❝✉❧❛3✱ (❤❡

❡,(✐♠❛(✐♦♥, ❛3❡ ❜❛,❡❞ ♦♥ (❤❡ ,✉❜✲,❛♠♣❧❡, ♦❢ ♦❜,❡3✈❛(✐♦♥, ❢3♦♠ ❆,✐❛✲L❛❝✐✜❝✱ ❲❡,(❡3♥

❊✉3♦♣❡ ❛♥❞ ❆❢3✐❝❛✳ ■♥ (❤❡ ♦(❤❡3 3❡❣✐♦♥,✱ (❤❡3❡ ✇❡3❡ ♥♦( ,✉✣❝✐❡♥( ♦❜,❡3✈❛(✐♦♥, (♦

♠❛❦❡ (❤❡ ,(❛(✐,(✐❝❛❧ ✐♥❢❡3❡♥❝❡✱ ♦3 (❤❡ ♣♦✇❡3 ♦❢ (❤❡ ✐♥,(3✉♠❡♥(, ✐, ♥♦( ,(3♦♥❣ ❡♥♦✉❣❤✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡K✉❛(✐♦♥, ❤❛✈❡ ❜❡❡♥ ❡,(✐♠❛(❡❞ (♦ ❡①❛♠✐♥❡ (❤❡ ❤❡(❡3♦❣❡♥❡♦✉, ❡✛❡❝(,

♦❢ ❝♦♠♣❡(✐(✐♦♥ ♦♥ ✐♥✈❡,(♠❡♥(✳

lninviq = γ0 + γ1Compiq + γ2Comp2iq + γX
′

q + µiq ✭✸❛✮

lninviq = γ0 + γ1Compiq + γ2Comp2iq + γX
′

q + µiq ✭✸❜✮

lninviq = γ0 + γ1Compiq + γ2Comp2iq + γX
′

q + µiq ✭✸❝✮

❊K✉❛(✐♦♥, ✭✸❛✮✱ ✭✸❜✮ ❛♥❞ ✭✸❝✮ ❤❛✈❡ ❜❡❡♥ ❡,(✐♠❛(❡❞ ♦♥ (❤❡ ,✉❜✲,❛♠♣❧❡ ♦❢ ♦❜,❡3✈❛(✐♦♥,

❢3♦♠ ❆,✐❛✲L❛❝✐✜❝✱ ❲❡,(❡3♥✲❊✉3♦♣❡ ❛♥❞ ❆❢3✐❝❛ 3❡,♣❡❝(✐✈❡❧②✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡3❡♥❝❡

❜❡(✇❡❡♥ (❤❡,❡ ❡K✉❛(✐♦♥, ❛♥❞ (❤❡ ❡K✉❛(✐♦♥ ✷ ✐, (❤❡ ,❡( ♦❢ ❝♦♥(3♦❧, X
′

q ✇❤✐❝❤ ♥♦ ❧♦♥❣❡3

✐♥❝❧✉❞❡, 3❡❣✐♦♥❛❧ ❞✉♠♠✐❡,✳

❚♦ ❞✐,❡♥(❛♥❣❧❡ ❜❡(✇❡❡♥ ✐♥✈❡,(♠❡♥( ✐♥ (❤❡ ❡①(❡♥,✐♦♥ ♦❢ (❤❡ ♥❡(✇♦3❦ ❛♥❞ (❤❡ ✐♥✈❡,(✲

♠❡♥( ✐♥ ✉♣❣3❛❞✐♥❣ (❤❡ K✉❛❧✐(② ♦❢ (❤❡ ♥❡(✇♦3❦ (❤3♦✉❣❤ (❤❡ ❛❞♦♣(✐♦♥ ♦❢ ♥❡✇ (❡❝❤♥♦❧♦✲

❣✐❡,✱ ✇❡ ❛❧,♦ ❡,(✐♠❛(❡ (❤❡ ♠♦❞❡❧ ✭✷✮ ❛❜♦✈❡ ❜✉( 3❡♣❧❛❝❡ (❤❡ ❧♦❣❛3✐(❤♠ ♦❢ ✐♥✈❡,(♠❡♥(

❜② (❤❡ ❧♦❣❛3✐(❤♠ ♦❢ (❤❡ ♣3❡❞✐❝(❡❞ ✐♥✈❡,(♠❡♥( ✐♥ ♥❡✇ (❡❝❤♥♦❧♦❣✐❡,✳ ❚❤✐, ❧❛((❡3 3❡,✲

✉❧(, ❢3♦♠ (❤❡ ♣3❡❞✐❝(❡❞ ✈❛❧✉❡, ♦❢ (❤❡ ❧✐♥❡❛3 3❡❣3❡,,✐♦♥ ♦❢ (❤❡ ❝❛♣✐(❛❧ ❡①♣❡♥❞✐(✉3❡,

✼

❚②♣✐❝❛❧❧②✱ (❤❡ ❞❡❧(❛ ♠❡(❤♦❞ ❧✐♥❡❛/✐③❡1 ❛♥ ❡1(✐♠❛(♦/ ✉1✐♥❣ (❤❡ ❚❛②❧♦/ ❡①♣❛♥1✐♦♥ ❛/♦✉♥❞ ✐(1 ♠❡❛♥

✐♥ ♦/❞❡/ (♦ ❝♦♠♣✉(❡ ✐(1 ✈❛/✐❛♥❝❡✳ ❙❡❡ ❖❡❤❧❡/( ✭✶✾✾✷✮ ❢♦/ ❞❡(❛✐❧1✳
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♦♥ "❤❡ ♠❛①✐♠✉♠ ❞♦✇♥❧♦❛❞ -♣❡❡❞ ❛❧❧♦✇❡❞ ❜② "❤❡ ♠♦❜✐❧❡ ♥❡"✇♦1❦- ♦❢ ❡❛❝❤ ♥❡"✇♦1❦

♦♣❡1❛"♦1✳

✽

■❢ lninvtechiq "❤❡ ♣1❡❞✐❝"❡❞ ✐♥✈❡-"♠❡♥" ✐♥ ♥❡✇ "❡❝❤♥♦❧♦❣✐❡-✱ "❤❡ ♠♦❞❡❧

"❤❡♥ ✇1✐"❡-✿

lninvtechiq = γ0 + γ1Compiq + γ2Comp2iq + γXq + µiq ✭✹✮

❖♥❡ ♦❢ "❤❡ ❤②♣♦"❤❡-❡- ❡♠♣❤❛-✐③❡❞ ✐♥ "❤❡ ❧✐"❡1❛"✉1❡ "♦ ❡①♣❧❛✐♥ "❤❡ ❞♦✇♥✇❛1❞ -❧♦♣✐♥❣

♣❛1" ♦❢ "❤❡ ✐♥✈❡1"❡❞✲❯ ✐- "❤❡ ♥❡❣❛"✐✈❡ ✐♠♣❛❝" ♦❢ "❤❡ "❤1❡❛" ♦❢ ❡♥"1② ♦♥ ✐♥✈❡-"♠❡♥"✳

■♥ ♦1❞❡1 "♦ "❡-" "❤✐- ❤②♣♦"❤❡-✐-✱ ✇❡ ❡-"✐♠❛"❡ "❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧✿

lninviq = γ0 + γ1Compiq + γ2Comp2iq + λE[ξiq/Compiq] + γXq + µiq ✭✺✮

E[ξiq/Compiq] ✐- "❤❡ "❤1❡❛" ♦❢ ❡♥"1② ❣✐✈❡♥ "❤❡ ❝✉11❡♥" ✐♥"❡♥-✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥✳ ■♥

"❤❡ ❡❝♦♥♦♠❡"1✐❝ ❡-"✐♠❛"✐♦♥✱ ✇❡ ✉-❡ "❤❡ ♥✉♠❜❡1 ♦❢ ❡♥"1✐❡- ♣❧❛♥♥❡❞✱ ❛- ♦❢ "❤❡ ❧❛-"

C✉❛1"❡1 ♦❢ ♦❜-❡1✈❛"✐♦♥ ✭◗✶ ♦❢ ✷✵✶✹✮✱ ❛- ❛ ♣1♦①② ❢♦1 "❤❡ "❤1❡❛" ♦❢ ❡♥"1②✳

❖♥ "♦♣ ♦❢ ❧♦♦❦✐♥❣ ❛" "❤❡ ❡①"❡♥-✐✈❡ ✐♥✈❡-"♠❡♥"✱ ♦♥❡ ❝❛♥ ❛❧-♦ ❜❡ ✐♥"❡1❡-"❡❞ ❛- ✐♥ ✭❱✐✈❡-✱

✷✵✵✽✮ ✐♥ ✐❞❡♥"✐❢②✐♥❣ "❤❡ ✐♠♣❛❝" ♦❢ "❤❡ ✐♥"❡♥-✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ♦♥ "❤❡ ✐♥"❡♥-✐✈❡

✐♥✈❡-"♠❡♥"❀ "❤❛" ✐- "❤❡ 1❛"✐♦ ♦❢ ✐♥✈❡-"♠❡♥" ♦✈❡1 1❡✈❡♥✉❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡C✉❛"✐♦♥

♣1❡-❡♥"- "❤❡ ♠♦❞❡❧ "♦ ❜❡ ❡-"✐♠❛"❡❞ ❢♦1 "❤❛" ♣✉1♣♦-❡✿

capexiq

revenueiq
= δ0 + δ1Compiq + δ2Comp2iq + δXq + µiq ✭✻✮

✹✳✸ ❘❡%✉❧(%

❚❤❡ 1❡-✉❧"- ♦❢ "❤❡ ❡-"✐♠❛"✐♦♥ ♦❢ "❤❡ ♠♦❞❡❧- ✭✶❛✮ ❛♥❞ ✭✶❜✮ ❛1❡ ♣1❡-❡♥"❡❞ ✐♥ "❤❡ ✜1-"

"✇♦ ❝♦❧✉♠♥- ♦❢ "❛❜❧❡ ✸✳ ❆- -✉❣❣❡-"❡❞ ❜② "❤❡ ❞❡-❝1✐♣"✐✈❡ -"❛"✐-"✐❝-✱ "❤❡② ❝♦♥✜1♠

"❤❛" "❤❡ 1❡❣✉❧❛"✐♦♥ ❛✛❡❝"- "❤❡ ✐♥"❡♥-✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ❡①♣❡1✐❡♥❝❡❞ ❜② ✜1♠- ✐♥ "❤❡

♠❛1❦❡"✳ ▼♦1❡ -♣❡❝✐✜❝❛❧❧②✱ "❤❡ 1❡❧❡❛-❡ ♦❢ ❛♥ ❛❞❞✐"✐♦♥❛❧ ❢1❡C✉❡♥❝② ❜❛♥❞- ✐- ♣1❡❞✐❝"❡❞

"♦ ✐♥❝1❡❛-❡ "❤❡ ✐♥"❡♥-✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ❜② ✵✳✶ ♣❡1❝❡♥"❛❣❡ ♣♦✐♥"✳ ▲✐❦❡✇✐-❡✱ ❡♥"❡1✐♥❣

✐♥"♦ "❤❡ ♠❛1❦❡" ❛ ②❡❛1 ❧❛"❡1 1❛✐-❡- "❤❡ ✐♥"❡♥-✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ❡①♣❡1✐❡♥❝❡❞ ❜② ❛ ✜1♠

❜② ✵✳✹ ♣❡1❝❡♥"❛❣❡ ♣♦✐♥"✳ ❚❤❡-❡ ❡✛❡❝"- ❛1❡ -"❛"✐-"✐❝❛❧❧② -✐❣♥✐✜❝❛♥" ❛" ✶✪ ❧❡✈❡❧✳

❚❤❡ ❡✛❡❝" ♦❢ "❤✐- ❝❤❛♥❣❡ ✐♥ ❝♦♠♣❡"✐"✐♦♥✱ ❛- ♣1❡❞✐❝"❡❞ ❜② 1❡❣✉❧❛"✐♦♥✱ ♦♥ "❤❡ ✐♥✈❡-"✲

♠❡♥" ✐- ❡-"✐♠❛"❡❞ ❢1♦♠ ♠♦❞❡❧ ✭✷✮✳ ❚❤❡ 1❡-✉❧"- ♦❢ "❤✐- ❡-"✐♠❛"✐♦♥ ❛1❡ ♣1❡-❡♥"❡❞ ✐♥

✽

❚❤❡ ❞♦✇♥❧♦❛❞ )♣❡❡❞ ✐) ♥✐❧ ✇❤❡♥ ,❤❡ ❜❡), ❛✈❛✐❧❛❜❧❡ ♥❡,✇♦/❦ ✐) ✷●✳

✶✺

105



 ❤❡ ✜$% ❝♦❧✉♠♥ ♦❢  ❛❜❧❡ ✹✳ ❚❤❡ %✐❣♥ ❛♥❞ %✐❣♥✐✜❝❛♥❝❡ ♦❢  ❤❡ ♣♦✐♥ ❡% ✐♠❛ ❡% ♦❢  ❤❡

❝♦♠♣❡ ✐ ✐♦♥ ✈❛$✐❛❜❧❡% ✐♥❞✐❝❛ ❡  ❤❛  ❤❡$❡ ✐% ❛♥ ✐♥✈❡$ ❡❞✲❯ $❡❧❛ ✐♦♥%❤✐♣ ❜❡ ✇❡❡♥ ❝♦♠✲

♣❡ ✐ ✐♦♥ ❛♥❞ ✐♥✈❡% ♠❡♥ ✐♥  ❤❡ ♠♦❜✐❧❡  ❡❧❡❝♦♠♠✉♥✐❝❛ ✐♦♥% ✐♥❞✉% $②✳ ▼♦$❡ ♣$❡❝✐%❡❧②✱

❛% ❧♦♥❣ ❛%  ❤❡ ✐♥ ❡♥%✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ✐% ❜❡❧♦✇ ✻✸ ♣❡$❝❡♥ ✱ ❛♥ ✐♥❝$❡❛%❡ ✐♥  ❤❡ ✐♥✲

 ❡♥%✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ $❛✐%❡% ✐♥✈❡% ♠❡♥ ✳ ❆❜♦✈❡  ❤✐% ❧❡✈❡❧✱ ❛♥② ❢✉$ ❤❡$ ✐♥❝$❡❛%❡ ✐♥

 ❤❡ ✐♥ ❡♥%✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ❞❡❝$❡❛%❡% ✐♥✈❡% ♠❡♥ ✳ ❋♦$ ✐♥% ❛♥❝❡✱ ✶ ♣❡$❝❡♥ ❛❣❡ ♣♦✐♥ 

✐♥❝$❡❛%❡ ✐♥  ❤❡ ✐♥ ❡♥%✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ $❛✐%❡% ✐♥✈❡% ♠❡♥ ❜② ✼✳✷ ♣❡$❝❡♥ ❛  ❤❡ ✜$% 

D✉❛$ ✐❧❡ ♦❢  ❤❡ ✐♥ ❡♥%✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ✭✺✸✪✮❀ ❜✉ ❞❡❝$❡❛%❡% ✐♥✈❡% ♠❡♥ ❜② ✻✳✼ ♣❡$✲

❝❡♥ ❛  ❤❡  ❤✐$❞ D✉❛$ ✐❧❡ ♦❢  ❤❡ ✐♥ ❡♥%✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ✭✼✷✪✮✳ ❚❤❡ ✾✺ ♣❡$❝❡♥ ❧❡✈❡❧

❝♦♥✜❞❡♥❝❡ ✐♥ ❡$✈❛❧ ♦❢  ❤❡ ✐♥✈❡% ♠❡♥ ♠❛①✐♠✐③✐♥❣ ✐♥ ❡♥%✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ✭IMIC✮

❧✐❡% ❜❡ ✇❡❡♥ ✺✼ ❛♥❞ ✻✾ ♣❡$❝❡♥ ✳

❚❤❡ ❤❡ ❡$♦❣❡♥❡♦✉% ✐♠♣❛❝ ♦❢  ❤❡ ✐♥ ❡♥%✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ♦♥ ✐♥✈❡% ♠❡♥ ✐% ❡% ✐♠❛ ❡❞

❢$♦♠ ♠♦❞❡❧% ✭✸❛✮✱ ✭✸❜✮ ❛♥❞ ✭✸❝✮✳ ❚❤❡%❡ ♠♦❞❡❧% ❛$❡ ✉%❡❞  ♦ ❡% ✐♠❛ ❡  ❤❡ ✐♠♣❛❝ ♦❢

 ❤❡ ✐♥ ❡♥%✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ♦♥ ✐♥✈❡% ♠❡♥ $❡%♣❡❝ ✐✈❡❧② ✐♥ ❆%✐❛✲M❛❝✐✜❝✱ ❲❡% ❡$♥

❊✉$♦♣❡ ❛♥❞ ❆❢$✐❝❛✳ ❚❤❡ $❡%✉❧ % ❛$❡ ♣$❡%❡♥ ❡❞ ✐♥  ❤❡ ❝♦$$❡%♣♦♥❞✐♥❣ ❝♦❧✉♠♥% ♦❢  ❛❜❧❡

✹✳ ❚❤❡② %❤♦✇  ❤❛  ❤❡ ✐♥✈❡$ ❡❞✲❯ $❡❧❛ ✐♦♥%❤✐♣ ❜❡ ✇❡❡♥  ❤❡ ✐♥ ❡♥%✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥

❛♥❞ ✐♥✈❡% ♠❡♥ % ✐❧❧ ❤♦❧❞% ✐♥  ❤❡%❡  ❤$❡❡ $❡❣✐♦♥%✳ ❍♦✇❡✈❡$✱  ❤❡$❡ ❛$❡ %♦♠❡ ❞✐✛❡$❡♥❝❡%

✇✐ ❤ $❡%♣❡❝  ♦  ❤❡ IMIC ❛♥❞  ❤❡ %❧♦♣❡ ♦❢ ✐♥✈❡$ ❡❞✲❯ ❝✉$✈❡%✳

■♥❞❡❡❞✱ ♥♦ ♦♥❧② ✐%  ❤❡ IMIC ❤✐❣❤❡$ ✐♥  ❤❡%❡ $❡❣✐♦♥%  ❤❛♥ ✐♥  ❤❡ ✇❤♦❧❡ ❲♦$❧❞❀ ❜✉ 

❛❧%♦ ✐ ✐% ❤✐❣❤❡$ ✐♥  ❤♦%❡ $❡❣✐♦♥% ✇❤✐❝❤ ❛$❡ % ✐❧❧ ❡① ❡♥❞✐♥❣  ❤❡✐$ ♥❡ ✇♦$❦ ❝♦✈❡$❛❣❡✳

❚❤✐% ✐%  ❤❡ ❝❛%❡ ❢♦$ ✐♥% ❛♥❝❡ ✐♥ ❆❢$✐❝❛✱ ✇❤❡$❡  ❤❡ ♣❡♥❡ $❛ ✐♦♥ $❛ ❡% ♦❢ ❜♦ ❤  ❤❡ ✷●

❛♥❞ ✸● ♥❡ ✇♦$❦ ❛$❡ % ✐❧❧ ✈❡$② ❧♦✇ ❛ ✻✸ ❛♥❞ ✾ ♣❡$❝❡♥ $❡%♣❡❝ ✐✈❡❧② ✭❙❡❡ ✜❣✉$❡% ✼ ❛♥❞

✽✮✳ ▲✐❦❡✇✐%❡✱  ❤❡ IMIC ✐% %❧✐❣❤ ❧② ❤✐❣❤❡$ ✐♥ ❲❡% ❡$♥ ❊✉$♦♣❡ ✇❤❡$❡  ❤❡ ❝♦✈❡$❛❣❡ ♦❢

 ❤❡ ✸● ♥❡ ✇♦$❦ ✐% ✉♥❞❡$ ✇❛②✳ ❚❤❡%❡ $❡%✉❧ % %✉❣❣❡%  ❤❛  ❤❡ $❡❧❛ ✐♦♥%❤✐♣ ❜❡ ✇❡❡♥

 ❤❡ ✐♥ ❡♥%✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥ ❛♥❞ ✐♥✈❡% ♠❡♥  ❡♥❞%  ♦ ❜❡ ♠♦♥♦ ♦♥♦✉%❧② ✐♥❝$❡❛%✐♥❣ ✐♥

❛❜%❡♥❝❡ ♦❢  ❡❝❤♥♦❧♦❣✐❝❛❧ ♣$♦❣$❡%%✳ ■♥ ♦ ❤❡$ ✇♦$❞%✱  ❤❡ $❛ ❡ ♦❢  ❡❝❤♥♦❧♦❣✐❝❛❧ ♣$♦❣$❡%%

✐% ♣♦ ❡♥ ✐❛❧❧② ♦♥❡ ♦❢  ❤❡ ❞$✐✈❡$% ♦❢  ❤❡ IMIC ✿  ❤❡ ❧♦✇❡$  ❤❡ $❛ ❡✱  ❤❡ ❤✐❣❤❡$  ❤❡

IMIC✳ ❚❤✐% % ❛ ❡♠❡♥ ✇✐❧❧ ❜❡ ❢✉$ ❤❡$ ✐♥✈❡% ✐❣❛ ❡❞ ✐♥ ❛  ❤❡♦$❡ ✐❝❛❧ ♠♦❞❡❧ ✐♥ ♥❡① 

%❡❝ ✐♦♥✳

■♥ ❛❞❞✐ ✐♦♥✱ ♦♥  ❤❡ ♦♥❡ ❤❛♥❞✱ ❛  ❤❡ ✜$% D✉❛$ ✐❧❡ ♦❢  ❤❡ ✐♥ ❡♥%✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥✱

❛ ❢✉$ ❤❡$ ✐♥❝$❡❛%❡ ❜② ✶ ♣❡$❝❡♥ ❛❣❡ ♣♦✐♥ $❛✐%❡% ✐♥✈❡% ♠❡♥ ❜② ✶✼✳✽ ♣❡$❝❡♥ ✐♥ ❆%✐❛✲

M❛❝✐✜❝✱ ✻✳✷ ♣❡$❝❡♥ ✐♥ ❲❡% ❡$♥ ❊✉$♦♣❡ ❛♥❞ ✼✳✶ ♣❡$❝❡♥ ✐♥ ❆❢$✐❝❛✳ ❖♥  ❤❡ ♦ ❤❡$ ❤❛♥❞✱

❛  ❤❡  ❤✐$❞ D✉❛$ ✐❧❡ ♦❢  ❤❡ ✐♥ ❡♥%✐ ② ♦❢ ❝♦♠♣❡ ✐ ✐♦♥✱  ❤❡ ❡✛❡❝ ♦❢  ❤❡ %❛♠❡ ✐♥❝$❡❛%❡

✐♥ ❝♦♠♣❡ ✐ ✐♦♥ ❞❡❝$❡❛%❡% ✐♥✈❡% ♠❡♥ ❜② ✶✵ ♣❡$❝❡♥ ✐♥ ❆%✐❛✲M❛❝✐✜❝✱ ✷✳✼ ♣❡$❝❡♥ ✐♥

❲❡% ❡$♥ ❊✉$♦♣❡ ❛♥❞ ✶✳✺ ♣❡$❝❡♥ ✐♥ ❆❢$✐❝❛✳ ❚❤✉%✱  ❤❡ %❧♦♣❡ ♦❢  ❤❡ ✐♥✈❡$ ❡❞✲❯ ❝✉$✈❡

✐% % ❡❡♣❡$ ✐♥ ❆%✐❛✲M❛❝✐✜❝  ❤❛♥ ✐♥  ❤❡ ♦ ❤❡$  ✇♦ $❡❣✐♦♥%✳
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❆! ❡①♣❡❝&❡❞✱ &❤❡ ❝❛♣✐&❛❧ ❡①♣❡♥❞✐&✉/❡! ✐! ♦♥ ❛✈❡/❛❣❡ ✶✷ ♣❡/❝❡♥& ❤✐❣❤❡/ ✇❤❡♥ ❛ ✜/♠

♣✉/❝❤❛!❡! ❢/❡9✉❡♥❝② ❧✐❝❡♥!❡! ❞✉/✐♥❣ ❛ 9✉❛/&❡/ ✭❝♦❧✉♠♥ ✭✷✮ ♦❢ &❛❜❧❡ ✹✮✳ ❲❤✐❧❡ &❤✐!

❡✛❡❝& ❡①&/❛❝&! &❤❡ ❡✛❡❝& ♦❢ &❤❡ ♣✉/❝❤❛!❡ ♦❢ ❧✐❝❡♥!❡! ❢/♦♠ &❤❡ ❡!&✐♠❛&❡❞ ✐♠♣❛❝& ♦❢

&❤❡ ✐♥&❡♥!✐&② ♦❢ ❝♦♠♣❡&✐&✐♦♥ ♦♥ ✐♥✈❡!&♠❡♥&✱ ✐& ❞♦❡! ♥♦& ❤❡❧♣ ❞✐!❡♥&❛♥❣❧❡ ❜❡&✇❡❡♥ &❤❡

❡✛❡❝&! ♦♥ &❤❡ ✐♥✈❡!&♠❡♥& ✐♥ ♥❡&✇♦/❦ ❡①&❡♥!✐♦♥ ❢/♦♠ &❤❡ ❡✛❡❝& ♦♥ &❤❡ ✐♥✈❡!&♠❡♥&

✐♥ ✉♣❣/❛❞✐♥❣ &❤❡ 9✉❛❧✐&② ♦❢ &❤❡ ♥❡&✇♦/❦ &❤/♦✉❣❤ &❤❡ ❛❞♦♣&✐♦♥ ♦❢ ♥❡✇ &❡❝❤♥♦❧♦❣✐❡!✳

❚❤❡ ❡!&✐♠❛&✐♦♥ /❡!✉❧&! ♦❢ &❤❡ ♠♦❞❡❧ ✭✹✮ ♣/❡!❡♥&❡❞ ✐♥ &❤❡ ❝♦//❡!♣♦♥❞✐♥❣ ❝♦❧✉♠♥

♦❢ &❛❜❧❡ ✹ ♣/♦✈✐❞❡ ❛♥ ✐♥!✐❣❤& ✐♥&♦ &❤❡ ✐♠♣❛❝& ♦❢ &❤❡ ✐♥&❡♥!✐&② ♦❢ ❝♦♠♣❡&✐&✐♦♥ ♦♥

&❤❡ ✐♥✈❡!&♠❡♥& ✐♥ ♥❡&✇♦/❦ 9✉❛❧✐&②✳ ❚❤❡② !❤♦✇ &❤❛& &❤❡/❡ ✐! ❛❧!♦ ❛♥ ✐♥✈❡/&❡❞✲❯

/❡❧❛&✐♦♥!❤✐♣ ❜❡&✇❡❡♥ &❤❡ ✐♥✈❡!&♠❡♥& ✐♥ &❤❡ 9✉❛❧✐&② ♦❢ &❤❡ ♥❡&✇♦/❦ ❛♥❞ &❤❡ ✐♥&❡♥!✐&②

♦❢ ❝♦♠♣❡&✐&✐♦♥✳ ❍♦✇❡✈❡/✱ &❤❡ ❧❡✈❡❧ ♦❢ &❤❡ IMIC ✐! ✽ ♣❡/❝❡♥&❛❣❡ ❤✐❣❤❡/ ❝♦♠♣❛/❡❞

✇✐&❤ &❤❡ ❧❡✈❡❧ ♦❜&❛✐♥❡❞ ✇✐&❤ &❤❡ ♦✈❡/❛❧❧ ✐♥✈❡!&♠❡♥& ✐♥ ❜♦&❤ &❤❡ ✐♥❢/❛!&/✉❝&✉/❡ ❛♥❞

&❤❡ 9✉❛❧✐&② ♦❢ &❤❡ ♥❡&✇♦/❦✳ ❲✐&❤ ❛ ♣/♦❜❛❜✐❧✐&② ♦❢ ✾✺ ♣❡/❝❡♥&✱ &❤❡ IMIC ♦❢ &❤❡
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▲♦❝❛❧ ❧♦♦♣ ✉♥❜✉♥❞❧✐♥❣ ❤❛) ♥♦ ❡✛❡❝# ♦♥ #❤❡ #♦#❛❧ ✐♥✈❡)#♠❡♥#❀ ❜✉# ♥❡❣❛#✐✈❡❧② ❛✛❡❝#)

✐♥✈❡)#♠❡♥# ✐♥ #❤❡ H✉❛❧✐#② ♦❢ #❤❡ ♠♦❜✐❧❡ ♥❡#✇♦ ❦✳ ❚❤✐) ❧❛##❡ ❡✛❡❝# ✐) ❝♦♥# ❛❞✐❝#♦ ②

♦❢ #❤❡ ✜♥❞✐♥❣) ❜② ◆❛ ❞♦##♦✱ ❱❛❧❧❡##✐✱ ❛♥❞ ❱❡ ❜♦✈❡♥ ✭✷✵✶✷✮ ♦❢ #❤❡ ❡✛❡❝# ♦❢ ▲▲❯

♦♥ #❤❡ H✉❛❧✐#② ♦❢ #❤❡ ✜①❡❞ ❜ ♦❛❞❜❛♥❞ ✐♥ #❤❡ ❯❑✳ ❆❝#✉❛❧❧②✱ ❝♦✉♥# ✐❡) ✇✐#❤♦✉# ▲▲❯

 ❡❣✉❧❛#✐♦♥ ❛ ❡ ♠♦)#❧② #❤♦)❡ ✐♥ ✇❤✐❝❤ #❤❡ ✜①❡❞ ♥❡#✇♦ ❦ ✐) ❧❡)) ❞❡✈❡❧♦♣❡❞✳ ❚❤✉) #❤❡

❞❡♣❧♦②♠❡♥# ♦❢ ♠♦❜✐❧❡ ♥❡#✇♦ ❦ ✇✐#❤ ❤✐❣❤❡ ❞♦✇♥❧♦❛❞ )♣❡❡❞ ✐) ♠♦ ❡ ♥❡❝❡))❛ ② ✐♥ #❤❡)❡

❝♦✉♥# ✐❡)✳ ❚❤✐) ✐) ♣♦#❡♥#✐❛❧❧② #❤❡  ❡❛)♦♥ ✇❤② ✐♥✈❡)#♠❡♥# ✐♥ ♠♦❜✐❧❡ ♥❡#✇♦ ❦ H✉❛❧✐#②

✾

❚❤❡ ❡#$✐♠❛$✐♦♥ *❡#✉❧$# ♦❢ $❤❡ ✐♠♣❛❝$ ♦❢ $❤❡ ✐♥$❡♥#✐$② ♦❢ ❝♦♠♣❡$✐$✐♦♥ ♦♥ *❡✈❡♥✉❡ ❛*❡ ❛✈❛✐❧❛❜❧❡

✉♣♦♥ *❡3✉❡#$✳
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✐! ❧♦✇❡& ✐♥ ❝♦✉♥*&✐❡! ✇✐*❤ ▲▲❯ &❡❣✉❧❛*✐♦♥✳

❚❤❡ ✐♥❝✉♠❜❡♥* ✜①❡❞ ♥❡*✇♦&❦ ♦♣❡&❛*♦&!✱ ♦♥ ❛✈❡&❛❣❡ ✐♥✈❡!* ♠♦&❡ *❤❛♥ *❤❡ ♦*❤❡&

▼◆❖!✱ ♣❛&*✐❝✉❧❛&❧② ✐♥ ❆!✐❛✲A❛❝✐✜❝ ❛♥❞ ✐♥ ❲❡!*❡&♥ ❊✉&♦♣❡✳ ❚❤❡ &❡!✉❧* ✐! !*✐❧❧ ✈❛❧✐❞

❢♦& *❤❡ ✐♥✈❡!*♠❡♥* ✐♥ *❤❡ E✉❛❧✐*② ♦❢ *❤❡ ♠♦❜✐❧❡ ♥❡*✇♦&❦ ✐♥ ❆!✐❛✲A❛❝✐✜❝ ❛♥❞ ✐♥ ❲❡!*❡&♥

❊✉&♦♣❡✳ ❚❤❡ ✐♥❝&❡❛!❡ ✐♥ *❤❡ ♣♦✐♥* ❡!*✐♠❛*❡ ♦❢ *❤❡ ❞✉♠♠② ✈❛&✐❛❜❧❡ ❝❤❛&❛❝*❡&✐③✐♥❣

❋◆❖ ❢&♦♠ ✵✳✶✼ *♦ ✵✳✸✻ ❛♥❞ ✐*! !✐❣♥✐✜❝❛♥❝❡ ✐♥ ♠♦❞❡❧ ✭✺✮✱ !✉❣❣❡!*! *❤❛* *❤❡ ✐♥❝✉♠❜❡♥*

❋◆❖✬! ✐♥✈❡!*♠❡♥* ✐♥ ♠♦❜✐❧❡ ♥❡*✇♦&❦ ✐! ♠✉❝❤ ♠♦&❡ ♥❡❣❛*✐✈❡❧② ❛✛❡❝*❡❞ ❜② *❤❡ *❤&❡❛*

♦❢ ❡♥*&② ✐♥*♦ *❤❡ ♠❛&❦❡*✳ ❋✉&*❤❡&♠♦&❡✱ *❤❡ ✐♥❝✉♠❜❡♥* ❋◆❖ ❤❛! ❧♦✇❡& ✐♥*❡♥!✐✈❡

✐♥✈❡!*♠❡♥* *❤❛♥ *❤❡ ♦*❤❡& ✜&♠! ♠❛✐♥❧② ❞✉❡ *♦ ❡❝♦♥♦♠✐❡! ♦❢ !❝❛❧❡✳

❚❤❡ ♣♦✐♥* ❡!*✐♠❛*❡ ♦❢ *❤❡ ❞✉♠♠② ✈❛&✐❛❜❧❡ ❝❤❛&❛❝*❡&✐③✐♥❣ ▼♦❜✐❧❡ ♥❡*✇♦&❦ ♦♣❡&❛*♦&!

❤♦!*✐♥❣ ✈✐&*✉❛❧ ♦♣❡&❛*♦&! ✭▼❱◆❖!✮ ✐! ♣♦!✐*✐✈❡✱ ♠❡❛♥✐♥❣ *❤❛* *❤❡② ✐♥✈❡!* ♠♦&❡ *❤❛♥

*❤❡ ♦*❤❡& ▼◆❖! ✇❤✐❝❤ ❞♦ ♥♦* ❤♦!* ❛♥② ✈✐&*✉❛❧ ♦♣❡&❛*♦&!✳ ❍♦✇❡✈❡&✱ *❤✐! ❡✛❡❝* ✐!

♥♦ ❧♦♥❣❡& !✐❣♥✐✜❝❛♥* ✇❤❡♥ ✇❡ ❝♦♥*&♦❧ ❢♦& *❤❡ *❤&❡❛* ♦❢ ❡♥*&② ✐♥ ♠♦❞❡❧ ✭✺✮ ❢♦❧❧♦✇✐♥❣

❛ ❢❛❧❧ ✐♥ *❤❡ ♣♦✐♥* ❡!*✐♠❛*❡ ❢&♦♠ ✵✳✷✺ *♦ ✵✳✶✸❀ *❤❡ !*❛♥❞❛&❞ ❡&&♦& ❜❡✐♥❣ &♦✉❣❤❧② *❤❡

!❛♠❡✳ ❚❤❡&❡❢♦&❡✱ *❤❡ ♦♠✐!!✐♦♥ ♦❢ *❤❡ ❡✛❡❝* ♦❢ *❤❡ *❤&❡❛* ♦❢ ❡♥*&② ♦✈❡&❡!*✐♠❛*❡! *❤❡

❡✛❡❝* ❤♦!*✐♥❣ ❛♥ ▼❱◆❖✳ ■♥ ♦*❤❡& ✇♦&❞!✱ ▼◆❖! *❤❛* ❤♦!* ▼❱◆❖! ❛&❡ ❧❡!! ❛✛❡❝*❡❞

❜② *❤❡ *❤&❡❛* ♦❢ ❡♥*&② ❝♦♠♣❛&❡❞ *♦ *❤❡ ♦*❤❡& ✜&♠!✳

❋✐♥❛❧❧②✱ *❤❡ ♣♦✐♥* ❡!*✐♠❛*❡! ♦❢ *❤❡ E✉❛&*❡&❧② *&❡♥❞ ✈❛&✐❛❜❧❡ !✉❣❣❡!* *❤❛* ♦*❤❡& *❤❡

♣❡&✐♦❞ ♦❢ *❤✐! !*✉❞②✱ ❜♦*❤ ❡①*❡♥!✐✈❡ ❛♥❞ ✐♥*❡♥!✐✈❡ ✐♥✈❡!*♠❡♥* ❤❛✈❡ ❜❡❡♥ ❞❡❝❧✐♥✐♥❣

♣❛&*✐❝✉❧❛&❧② ✐♥ ❆!✐❛✲A❛❝✐✜❝ ❛♥❞ ✐♥ ❲❡!*❡&♥ ❊✉&♦♣❡✱ ❞✉❡ *♦ *❤❡ ✐♥❝&❡❛!✐♥❣ ♥❡*✇♦&❦

❝♦✈❡&❛❣❡✳ ❖♥ *❤❡ ❝♦♥*&❛&②✱ ❡①*❡♥!✐✈❡ ✐♥✈❡!*♠❡♥* ❤❛! ❜❡❡♥ ✐♥❝&❡❛!✐♥❣ !♦ ❢❛& ✐♥ ❆❢&✐❝❛✱

❛! ❛ &❡!✉❧* ♦❢ ❧♦✇❡& ♣❡♥❡*&❛*✐♦♥ ♦❢ ♠♦❜✐❧❡ ♥❡*✇♦&❦✳ ■♥*❡&❡!*✐♥❣❧②✱ ✐♥✈❡!*♠❡♥* ✐♥

♠♦❜✐❧❡ ♥❡*✇♦&❦ E✉❛❧✐*② ❤❛! ❜❡❡♥ ✐♥❝&❡❛!✐♥❣ ❛* *❤❡ ❣❧♦❜❛❧ !❝❛❧❡✳

✺ ❆ "❤❡♦&❡"✐❝❛❧ ♠♦❞❡❧ "♦ ❡①♣❧❛✐♥ "❤❡ &♦❧❡ ♦❢ "❤❡ 1✐③❡

♦❢ ✐♥♥♦✈❛"✐♦♥ ✐♥ ❞&✐✈✐♥❣ "❤❡ ✐♥✈❡&"❡❞✲❯ 1❤❛♣❡❞

■♥ *❤✐! !❡❝*✐♦♥✱ ✇❡ ♣&❡!❡♥* ❛ !✐♠♣❧❡ *❤❡♦&❡*✐❝❛❧ ♠♦❞❡❧ *♦ !❤♦✇ *❤❡ &♦❧❡ ♦❢ *❤❡ ♣♦*❡♥✲

*✐❛❧ ❢♦& *❡❝❤♥♦❧♦❣✐❝❛❧ ♣&♦❣&❡!! ✐♥ ❞&✐✈✐♥❣ *❤❡ ✐♥✈❡&*❡❞ ❯ !❤❛♣❡❞ &❡❧❛*✐♦♥!❤✐♣ ❜❡*✇❡❡♥

❝♦♠♣❡*✐*✐♦♥ ❛♥❞ ✐♥✈❡!*♠❡♥*✳ ❚❤✐! ♣♦*❡♥*✐❛❧ ❢♦& *❡❝❤♥✐❝❛❧ ♣&♦❣&❡!! ✐! ♥♦* ❛ ♣❛&❛♠❡*❡&

♦❢ *❤❡ ❡❝♦♥♦♠❡*&✐❝ ♠♦❞❡❧ *❤❛* ✇❡ ❤❛✈❡ *❡!*❡❞ ❜❡❝❛✉!❡ ♦✉& ❞❛*❛!❡* ♦♥❧② ❝♦♥!✐❞❡& *❤❡

♠♦❜✐❧❡ ♠❛&❦❡* ✇❤❡&❡ ❛❧❧ ✜&♠! ❤❛✈❡ &♦✉❣❤❧② ❛❝❝❡!! *♦ *❤❡ !❛♠❡ *❡❝❤♥♦❧♦❣✐❡!✳ ❆! ❛

&❡!✉❧*✱ *❤❡&❡ ✐! ♥♦* ❡♥♦✉❣❤ ❞✐✛❡&❡♥❝❡ ❜❡*✇❡❡♥ ✜&♠! ♦& ❝♦✉♥*&✐❡! *♦ *❡!* ✐* ❛! ♦♥❡

♦❢ *❤❡ ✉♥❞❡&❧②✐♥❣ ♠❡❝❤❛♥✐!♠ ♦❢ *❤❡ ✐♥✈❡&*❡❞✲❯✳ ❍♦✇❡✈❡&✱ *❡❝❤♥♦❧♦❣✐❝❛❧ ♣&♦❣&❡!! ✐!
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♣❛"#✐❝✉❧❛"❧② ❤✐❣❤ ✐♥ ♠♦❜✐❧❡ #❡❧❡❝♦♠♠✉♥✐❝❛#✐♦♥ 0❡❝#♦"✳ ❑♦❤ ❛♥❞ ▼❛❣❡❡ ✭✷✵✵✻✮ ❢♦✉♥❞

❛ ✷✵ #♦ ✸✵ ♣❡"❝❡♥# "❛#❡ ♦❢ #❡❝❤♥♦❧♦❣✐❝❛❧ ♣"♦❣"❡00 ❢♦" ✐♥❢♦"♠❛#✐♦♥ #❡❝❤♥♦❧♦❣✐❡0 ❢♦"

♠♦"❡ #❤❛♥ ❛ ❝❡♥#✉"②✳ ❚❤✐0 ✐0 ❢❛" ❛❜♦✈❡ ♠♦0# ♦❢ ♦#❤❡" 0❡❝#♦"0 ❧✐❦❡ ❡♥❡"❣② ✇❤❡"❡

#❡❝❤♥♦❧♦❣✐❝❛❧ ♣"♦❣"❡00 ✐0 ❝❧♦0❡ #♦ ✻ ♣❡"❝❡♥#✱ ❛♥❞ ❢❛" ❛❜♦✈❡ #❤❡ "❛#❡ ♦❢ ❣❧♦❜❛❧ ♣"♦✲

❞✉❝#✐✈✐#② ❣"♦✇#❤ ♦❢#❡♥ ✉♥❞❡" ✺ ♣❡"❝❡♥#✳ ❚❤✐0 ✐0 ♣"♦❜❛❜❧② ♦♥❡ ♦❢ #❤❡ "❡❛0♦♥0 ✇❤②

#❤❡ "❡❧❛#✐♦♥0❤✐♣ ❜❡#✇❡❡♥ ❝♦♠♣❡#✐#✐♦♥ ❛♥❞ ✐♥✈❡0#♠❡♥# ✐0 ✐♥✈❡"#❡❞ ❯✲0❤❛♣❡❞ ✐♥ ♠♦❜✐❧❡

#❡❧❡❝♦♠♠✉♥✐❝❛#✐♦♥ ✐♥❞✉0#"②✳

■♥ #❤❡ ❧✐#❡"❛#✉"❡✱ #❤❡ ♠❛✐♥ ♠♦❞❡❧ "❛#✐♦♥❛❧✐③✐♥❣ #❤❡ ✐♥✈❡"#❡❞✲❯ ✐0 #❤❡ ♦♥❡ ♣"♦✈✐❞❡❞

❜② ❆❣❤✐♦♥✱ ❇❧♦♦♠✱ ❇❧✉♥❞❡❧❧✱ ●"✐✣#❤✱ ❛♥❞ ❍♦✇✐## ✭✷✵✵✺✮ ✭❆❇❇●❍✮✳ ❚❤✐0 ♠♦❞❡❧

❞♦❡0 ♥♦# ❤❡❧♣ ❡①♣❧❛✐♥✐♥❣ ♦✉" ❡♠♣✐"✐❝❛❧ ❡✈✐❞❡♥❝❡ ❛0 ✐# ✐0 ❞❡"✐✈❡❞ ❢"♦♠ ❛♥ ❡♥❞♦❣❡♥♦✉0

❣"♦✇#❤ ♠♦❞❡❧✳ ■# ✐0 #❤❡"❡❢♦"❡ ❛ ❣❡♥❡"❛❧ ❡L✉✐❧✐❜"✐✉♠ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ #❤❡ ♠❛✐♥ ❢❡❛#✉"❡

❞"✐✈✐♥❣ #❤❡ ✐♥✈❡"#❡❞✲❯ ✐0 #❤❡ #❡❝❤♥♦❧♦❣✐❝❛❧ ❣❛♣ ❜❡#✇❡❡♥ ✜"♠0 ✇✐#❤✐♥ #❤❡ ✐♥❞✉0#"✐❡0✳

■♥ ❛❞❞✐#✐♦♥✱ ✇❤❡♥ #❤❡ #❡❝❤♥♦❧♦❣② ✐0 ♥♦"♠❛❧✐③❡❞ ❛♥❞ ❛✈❛✐❧❛❜❧❡ #♦ ❛❧❧ ✜"♠0 ✇✐#❤✐♥ ❛♥

✐♥❞✉0#"②✱ #❤❡"❡ ✐0 ❤❛"❞❧② ❛ #❡❝❤♥♦❧♦❣✐❝❛❧ ❣❛♣ ❜❡#✇❡❡♥ #❤❡♠✳

❚❤✐0 ♠♦❞❡❧ ❡♥❝❧♦0❡0 ❜♦#❤ #❤❡ ❡0❝❛♣❡✲❝♦♠♣❡#✐#✐♦♥ ❛♥❞ #❤❡ ❙❝❤✉♠♣❡#❡"✐❛♥ ❡✛❡❝#0 ❧✐❦❡

✐♥ #❤❡ ❆❇❇●❍✬0 ♠♦❞❡❧✳ ❍♦✇❡✈❡"✱ ✇❤✐❧❡ #❤❡ ♠♦❞❡❧✐♥❣ ♦❢ #❤❡ ❡0❝❛♣❡ ❝♦♠♣❡#✐#✐♦♥

❡✛❡❝# ✐0 ❛❧✐❦❡✱ #❤❡ ❙❝❤✉♠♣❡#❡"✐❛♥ ❡✛❡❝#✱ ✇❤✐❝❤ ❞❡❝"❡❛0❡0 #❤❡ ✐♥❝❡♥#✐✈❡ #♦ ✐♥✈❡0# ✇✐#❤

#❤❡ ✐♥#❡♥0✐#② ♦❢ ❝♦♠♣❡#✐#✐♦♥✱ ✐0 ♠♦❞❡❧❡❞ ❛0 ❛ "❡❞✉❝#✐♦♥ ✐♥ #❤❡ ❞✉"❛#✐♦♥ ♦✈❡" ✇❤✐❝❤

❛ ✜"0# ♠♦✈❡" ❡♥❥♦②0 ✐#0 ✐♥✈❡0#♠❡♥#✳ ❚❤✐0 ✐0 ♥♦# #❤❡ 0❛♠❡ ❛0 ✐♥ #❤❡ ❆❇❇●❍ ♠♦❞❡❧✱

✇❤❡"❡❜② #❤❡ ❙❝❤✉♠♣❡#❡"✐❛♥ ❡✛❡❝# ✐0 ❞"✐✈❡♥ ❜② #❤❡ #❡❝❤♥♦❧♦❣✐❝❛❧ ❣❛♣✳ ❇② ❞♦✐♥❣ 0♦✱

✇❡ ❛"❡ ❛❜❧❡ #♦ ❡♠♣❤❛0✐③❡ #❤❡ #❡❝❤♥♦❧♦❣✐❝❛❧ ♣"♦❣"❡00 ♦" #❤❡ 0✐③❡ ♦❢ ✐♥♥♦✈❛#✐♦♥ ❛0 #❤❡

♠❛✐♥ ❞"✐✈❡" ♦❢ #❤❡ ✐♥✈❡"#❡❞✲❯ "❡❧❛#✐♦♥0❤✐♣ ✇✐#❤✐♥ ❛♥ ✐♥❞✉0#"②✳

✺✳✶ ❙❡%%✐♥❣) ♦❢ %❤❡ ♠♦❞❡❧

❈♦♥#✐❞❡' ❛ #②♠♠❡+'✐❝ ❇❡'+'❛♥❞ ❞✉♦♣♦❧② ✇✐+❤ ❞✐✛❡'❡♥+✐❛+❡❞ ❣♦♦❞#✱ ♣'♦❞✉❝❡❞ ❛+ ❝♦♥✲

#+❛♥+ ♠❛'❣✐♥❛❧ ❝♦#+ c✳ ❚❤❡ ❞✐✛❡'❡♥+✐❛+✐♦♥ ♣❛'❛♠❡+❡' θ ∈ [0, 1] #+❛♥❞# ❢♦' +❤❡ ✐♥+❡♥#✲

✐+② ♦❢ ❝♦♠♣❡+✐+✐♦♥✳ ❲❤❡♥ θ = 0 +❤❡ ❣♦♦❞# ❛'❡ ✐♥❞❡♣❡♥❞❡♥+ ❛♥❞ ❡❛❝❤ ✜'♠ ❡♥❥♦②#

❛ ♠♦♥♦♣♦❧② ♦✈❡' ✐+# ♣'♦❞✉❝+✳ ❲❤❡♥ θ = 1 ❣♦♦❞# ❛'❡ ♣❡'❢❡❝+ #✉❜#+✐+✉+❡#✱ ✐♥ ✇❤✐❝❤

❝❛#❡ +❤❡ ❇❡'+'❛♥❞ ❝♦♠♣❡+✐+✐♦♥ ②✐❡❧❞# +❤❡ ♣❡'❢❡❝+ ❝♦♠♣❡+✐+✐♦♥ ♦✉+❝♦♠❡✳ ❚②♣✐❝❛❧❧②✱

❛♥ ✐♥❝'❡❛#❡ ✐♥ θ ✐♠♣❧✐❡# ❛ '✐#❡ ✐♥ ❝♦♠♣❡+✐+✐♦♥✳

❲❡ ❝♦♥#✐❞❡' ❛♥ ✐♥✜♥✐+❡ ❤♦'✐③♦♥ ♦✈❡' ✇❤✐❝❤ ✐♥♥♦✈❛+✐♦♥ ♦❝❝✉'# ♦♥❝❡✳ ❚❤✐# ❤♦'✐③♦♥

✐# #♣❧✐+ ✐♥+♦ +❤'❡❡ ♣❡'✐♦❞# ❞✉'✐♥❣ ✇❤✐❝❤ ✜'♠# ✜'#+ ✐♥✈❡#+ ❛♥❞ +❤❡♥ ❝♦♠♣❡+❡ ✐♥ +❤❡

♣'♦❞✉❝+ ♠❛'❦❡+✳

 ❡"✐♦❞ ✵✿ ❙②♠♠❡+"✐❝ ♠❛"❦❡+
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❉✉"✐♥❣ &❤✐( ♣❡"✐♦❞ &❤❡"❡ ✐( ♥♦ ✐♥♥♦✈❛&✐♦♥ ❛♥❞ ❜♦&❤ ✜"♠( ✐♥❝✉" &❤❡ ♠❛"❣✐♥❛❧ ❝♦(& c̄

❛♥❞ ❡❛"♥ &❤❡ ❞✉♦♣♦❧② ♣"♦✜& πd(c̄; θ)✳

 ❡"✐♦❞ ✶✿ ■♥♥♦✈❛,✐♦♥ ❛♥❞ ,❤❡ ✜"/, ♠♦✈❡"✬/ ✐♥✈❡/,♠❡♥,

❆& &❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♣❡"✐♦❞ ✶✱ ❛♥ ❡①♦❣❡♥♦✉( ✐♥♥♦✈❛&✐♦♥ ♦❝❝✉"(❀ ♣"♦✈✐❞✐♥❣ ❛ ♥❡✇ &❡❝❤✲

♥♦❧♦❣② ✇❤✐❝❤ ✐( ❛✈❛✐❧❛❜❧❡ &♦ ❜♦&❤ ✜"♠(✳ ❚❤❡ ❝♦(& ♦❢ &❤✐( &❡❝❤♥♦❧♦❣② ✐( ❞❡❝"❡❛(✐♥❣ ♦✈❡"

&✐♠❡ ❛♥❞ ✐♥✈❡(&♠❡♥& ✐♥ &❤❡ ♥❡✇ &❡❝❤♥♦❧♦❣② "❡❞✉❝❡( &❤❡ ♠❛"❣✐♥❛❧ ❝♦(& ♦❢ ♣"♦❞✉❝&✐♦♥

❢"♦♠ c̄ &♦ c✱ ✇✐&❤ c̄ > c✳

●✐✈❡♥ &❤❡ ✐♥♥♦✈❛&✐♦♥✱ ♦♥❡ ♦❢ &❤❡ ✜"♠( ✐♥✈❡(&( ✐♥ &❤❡ ♥❡✇ &❡❝❤♥♦❧♦❣②❀ &❤✐( ✐( &❤❡

✜"(&✲♠♦✈❡"✳ ❚❤❡♥✱ &❤❡② ❜♦&❤ ❝♦♠♣❡&❡ ✐♥ ♣"✐❝❡ &♦ (✉♣♣❧② &❤❡ ❞✐✛❡"❡♥&✐❛&❡❞ ❣♦♦❞

✉♥&✐❧ &❤❡ ❡♥❞ ♦❢ &❤✐( ♣❡"✐♦❞✳

❉✉"✐♥❣ &❤✐( ♣❡"✐♦❞✱ &❤❡ "❡❞✉❝❡❞ ❢♦"♠ ♦❢ &❤❡ ♣"♦✜& ♦❢ &❤❡ ✜"(& ♠♦✈❡" ✇"✐&❡(✿ π1(c; θ)

❛♥❞ &❤❡ ♣"♦✜& ♦❢ &❤❡ (❡❝♦♥❞ ✜"♠ ✇"✐&❡( π1(c̄; θ)✳ ❆( (✉❝❤✱ &❤❡ ✐♥&❡♥(✐&② ♦❢ ❝♦♠♣❡&✐&✐♦♥

✐( ♥♦& ❛✛❡❝&❡❞ ❜② &❤❡ ✐♥✈❡(&♠❡♥& ✐♥ &❤❡ ♥❡✇ &❡❝❤♥♦❧♦❣②✳

 ❡"✐♦❞ ✷✿ ❚❤❡ ❢♦❧❧♦✇❡"✬/ ✐♥✈❡/,♠❡♥,

❚❤❡ (❡❝♦♥❞ ✜"♠✱ &❤❡ ❢♦❧❧♦✇❡"✱ ✐♥✈❡(&( ✐♥ &❤❡ ♥❡✇ &❡❝❤♥♦❧♦❣② ❛& &❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢

♣❡"✐♦❞ ✷✳ ❆( ❛ "❡(✉❧&✱ ❜♦&❤ ✜"♠( ♥♦✇ ✐♥❝✉" &❤❡ ♠❛"❣✐♥❛❧ ❝♦(& c ❛♥❞ ❡❛"♥ &❤❡ ❞✉♦♣♦❧②

♣"♦✜& πd(c; θ)✳

❚❤❡ ❧❛❣ ❜❡&✇❡❡♥ ♣❡"✐♦❞( ✶ ❛♥❞ ✷ "❡♣"❡(❡♥&( &❤❡ "❡❛❝&✐♦♥ &✐♠❡ ♦❢ &❤❡ ❢♦❧❧♦✇❡" &♦ &❤❡

✐♥✈❡(&♠❡♥& ♦❢ &❤❡ ❧❡❛❞❡"✳ ❚❤✐( ❞✉"❛&✐♦♥ ✐( ❞❡♥♦&❡❞ T ❛♥❞ ❛((✉♠❡❞ &♦ ❜❡ ❡①♦❣❡♥♦✉(✳

❲❡ ❛((✉♠❡ &❤❛& &❤❡ ♠♦"❡ &❤❡ ♣"♦❞✉❝&( ❛"❡ (✉❜(&✐&✉&❡(✱ &❤❡ D✉✐❝❦❡" &❤❡ "❡❛❝&✐♦♥ ♦❢

&❤❡ ❢♦❧❧♦✇❡"❀ &❤❛& ✐(✱ T ✐( ❛ ❞❡❝"❡❛(✐♥❣ ❢✉♥❝&✐♦♥ ♦❢ θ✿ T ′(θ) < 0✳ ■♥ ♣❛"&✐❝✉❧❛"✱ T

&❡♥❞( &♦ ✐♥✜♥✐&② ✇❤❡♥ θ &❡♥❞( &♦ ③❡"♦✳

◆♦&❡ &❤❛& &❤❡ (❡&&✐♥❣( ♦❢ &❤❡ ♠♦❞❡❧ ❛❝❝♦"❞ ✇❡❧❧ ✇✐&❤ &❤❡ ✐♥✈❡(&♠❡♥& ❛♥❞ ❝♦♠♣❡&✐&✐♦♥

✐♥ &❤❡ ♠♦❜✐❧❡ &❡❧❡❝♦♠♠✉♥✐❝❛&✐♦♥( ✐♥❞✉(&"②✳

◆♦✇ &❤❛& &❤❡ (❡&&✐♥❣( ♦❢ &❤❡ ♠♦❞❡❧ ❛"❡ ✐♥ ♣❧❛❝❡✱ ♦✉" ❣♦❛❧ ✐( &♦ (❤♦✇ ❤♦✇ &❤❡ ♣♦&❡♥&✐❛❧

❢♦" &❡❝❤♥♦❧♦❣✐❝❛❧ ♣"♦❣"❡((✱ ♠❡❛(✉"❡❞ ❜② &❤❡ ✐♠♣❛❝& ♦❢ &❤❡ ✐♥♥♦✈❛&✐♦♥ ♦♥ ♠❛"❣✐♥❛❧

❝♦(& ♦❢ ♣"♦❞✉❝&✐♦♥ ❛♥❞ ❞❡♥♦&❡❞ τ = c̄−c✱ ❛✛❡❝&( &❤❡ "❡❧❛&✐♦♥(❤✐♣ ❜❡&✇❡❡♥ ✐♥✈❡(&♠❡♥&

❛♥❞ &❤❡ ✐♥&❡♥(✐&② ♦❢ ❝♦♠♣❡&✐&✐♦♥✳ ▼♦"❡ (♣❡❝✐✜❝❛❧❧②✱ ✇❡ ✜"(& ❞❡&❡"♠✐♥❡ &❤❡ ♥❛&✉"❡ ♦❢

&❤❡ "❡❧❛&✐♦♥(❤✐♣ ❜❡&✇❡❡♥ &❤❡ ✐♥&❡♥(✐&② ♦❢ ❝♦♠♣❡&✐&✐♦♥ ❛♥❞ ✐♥✈❡(&♠❡♥& ❜② "❡❧②✐♥❣ ♦♥

&❤❡ ✐♥❝❡♥&✐✈❡ &♦ ✐♥✈❡(& ✐♥ &❤❡ ♥❡✇ &❡❝❤♥♦❧♦❣②✳ ❚❤✐( ✐♥❝❡♥&✐✈❡ ✐( ❝❤❛"❛❝&❡"✐③❡❞ ❜② &❤❡

❛❞❞✐&✐♦♥❛❧ ✢♦✇ ♦❢ ♣"♦✜& ❣❡♥❡"❛&❡❞ ❜② ✐♥✈❡(&♠❡♥& ♦✈❡" &❤❡ ✇❤♦❧❡ ♣❡"✐♦❞✳ ❚❤❡♥✱ ✇❡

(&✉❞② ❤♦✇ &❤❡ "❡❧❛&✐♦♥(❤✐♣ ✐( ❛✛❡❝&❡❞ ❜② &❤❡ ♣♦&❡♥&✐❛❧ ❢♦" &❡❝❤♥♦❧♦❣✐❝❛❧ ♣"♦❣"❡(( τ ✳
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▲❡"✬$ f ❛♥❞ g ❞❡♥♦"❡ "❤✐$ ✐♥$"❛♥"❛♥❡♦✉$ ❛♥❞ ❝♦♥$"❛♥" ❛❞❞✐"✐♦♥❛❧ ✢♦✇ ♦❢ ♣2♦✜" ♦✈❡2

"❤❡ ✜2$" ❛♥❞ $❡❝♦♥❞ ♣❡2✐♦❞$ 2❡$♣❡❝"✐✈❡❧②✿

✶✵

f(θ) = π1(c, θ)− πd(c̄, θ) ❛♥❞ g(θ) = πd(c, θ)− πd(c̄, θ)

f(θ) ❛♥❞ g(θ) ❛2❡ 2❡$♣❡❝"✐✈❡❧② ✐♥❝2❡❛$✐♥❣ ❛♥❞ ❞❡❝2❡❛$✐♥❣ ❢✉♥❝"✐♦♥ ♦❢ θ✳

❚❤❡ "♦"❛❧ ✐♥❝2❡♠❡♥"❛❧ ✢♦✇ ♦❢ ♣2♦✜" ❣❡♥❡2❛"❡❞ ❜② ✐♥✈❡$"♠❡♥" ❜② "❤❡ ✜2$" ♠♦✈❡2

✇2✐"❡$✿

V (θ) =

∫ T

0

e−rtf(θ)dt+

∫

∞

T

e−rtg(θ)dt

❚❤✐$ ✐$ ❡<✉✐✈❛❧❡♥" "♦✿

V (θ) =
1

r
[φ(θ)f(θ) + (1− φ(θ))g(θ)]

❲✐"❤ r✱ "❤❡ ❞✐$❝♦✉♥" 2❛"❡ ❛♥❞ φ(θ) = 1− e−rT (θ)
✳

❆❧"❤♦✉❣❤ ✇❡ ❞♦ ♥♦" ❦♥♦✇ "❤❡ ❡①♣❧✐❝✐" ❡①♣2❡$$✐♦♥ ♦❢ V (θ)✱ ✇❡ ❛2❡ ❛❜❧❡ "♦ ❞❡2✐✈❡

"❤❡ $❤❛♣❡ ♦❢ ✐"$ ❝✉2✈❡ ❜② $"✉❞②✐♥❣ "❤❡ $✐❣♥ ♦❢ ✐"$ ❞❡2✐✈❛"✐✈❡ ❛" "❤❡ ❡①"2❡♠❡ ♦❢ "❤❡

✐♥"❡♥$✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥✳ ❚❤✐$ ❞❡2✐✈❛"✐✈❡ ✇2✐"❡$✿

∂V

∂θ
=

1

r

[∂φ

∂θ
(f(θ)− g(θ)) + (1− φ(θ))

∂g

∂θ
+ φ(θ)

∂f

∂θ

]

✭✼✮

✺✳✷ ❚❤❡ ✐♥✈❡)*❡❞✲❯ ❛♥❞ *❤❡ )♦❧❡ ♦❢ *❤❡ ♣♦*❡♥*✐❛❧ ❢♦) *❡❝❤♥♦✲

❧♦❣✐❝❛❧ ♣)♦❣)❡55

●✐✈❡♥ "❤❛" T (θ) ✐$ ❞❡❝2❡❛$✐♥❣✱ $♦ ✐$ "❤❡ ❞❡2✐✈❛"✐✈❡ ♦❢ φ(θ)✿ ∂φ

∂θ
< 0✳ ■♥ ❛❞❞✐"✐♦♥✱

f(θ) − g(θ) ≥ 0 ❜❡❝❛✉$❡ "❤❡ ❡✣❝✐❡♥" ❞✉♦♣♦❧✐$"✬$ ♣2♦✜" ✐$ ❤✐❣❤❡2 "❤❛♥ "❤❡ ♣2♦✜" ♦❢

"❤❡ $②♠♠❡"2✐❝ ❞✉♦♣♦❧②✳ ❚❤❡2❡❢♦2❡✱ "❤❡ ✜2$" "❡2♠ ✇✐"❤✐♥ "❤❡ ❜2❛❝❦❡" ✐$ ♥❡❣❛"✐✈❡❀

"❤❛" ✐$

∂φ

∂θ
(f(θ)− g(θ)) ≤ 0✳

▼♦2❡♦✈❡2✱ ❣✐✈❡♥ "❤❛" f ′(θ) ≥ 0✱ g′(θ) ≤ 0 ❛♥❞ 0 ≤ φ(θ) ≤ 1✱ ✇❡ ❤❛✈❡ "❤❛" (1 −

φ(θ))∂g
∂θ

≤ 0 ❛♥❞ φ(θ)∂f
∂θ

≥ 0✳

✶✵

❚❤❡ ❡①♣%❡&&✐♦♥ ♦❢ +❤❡ ✐♥&+❛♥+❛♥❡♦✉& ♣%♦✜+ ♦✈❡% +❤❡ &❡❝♦♥❞ ♣❡%✐♦❞ &+❡♠& ❢%♦♠ +❤❡ ❢❛❝+ +❤❛+ +❤❡

❞✉%❛+✐♦♥ T (θ) ✐& ❡①♦❣❡♥♦✉&❧② ❞❡+❡%♠✐♥❡❞ ❜② +❤❡ ✐♥+❡♥&✐+② ♦❢ ❝♦♠♣❡+✐+✐♦♥✳ ❙❤♦✉❧❞ +❤❡ +✐♠✐♥❣ ♦❢
✐♥✈❡&+♠❡♥+ ❝❤♦&❡♥ ❜② ✜%♠✱ +❤❡♥ g(θ) = πd(c, θ)− π1(c, θ)✳

✷✷
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❚❤❡ #✐❣♥ ♦❢ )❤❡ ❞❡+✐✈❛)✐✈❡ ♦❢ V (θ) ❛) )❤❡ ❡①)+❡♠❡ ♦❢ )❤❡ ✐♥)❡♥#✐)② ♦❢ ❝♦♠♣❡)✐)✐♦♥

)✉+♥# ♦✉) ❛# ❢♦❧❧♦✇❀

�❲❤❡♥ θ = 0✱ )❤❡ ♣+♦❞✉❝)# ❛+❡ ✐♥❞❡♣❡♥❞❡♥) ❛♥❞ ❜♦)❤ ✜+♠# ❛+❡ ♠♦♥♦♣♦❧✐#)# ✐♥ ❡❛❝❤

♣+♦❞✉❝)✬# ♠❛+❦❡)✳ ■♥ )❤✐# ❝❛#❡✱ f(0) = g(0) ❛♥❞ φ(0) = 1✳ ❆# ❛ +❡#✉❧)✱ ∂V
∂θ

= 1
r

∂f

∂θ
> 0✳

❚❤❡ ❞❡+✐✈❛)✐✈❡ ♦❢ )❤❡ ✐♥❝❡♥)✐✈❡ )♦ ✐♥✈❡#) ✐# ♣♦#✐)✐✈❡ ✇❤❡♥ )❤❡ ♠❛+❦❡) ✐# ♠♦♥♦♣♦❧✐#)✐❝✳

� ❲❤❡♥ θ = 1✱ )❤❡ ♣♦#✐)✐✈❡ )❡+♠ ✐♥ )❤❡ ❜+❛❝❦❡)# ♦❢ ❡@✉❛)✐♦♥ ✭✸✮ ✐# ❧♦✇❡+ )❤❛♥

)❤❡ ♥❡❣❛)✐✈❡ )❡+♠# ❛♥❞

dV
dθ

< 0✱ ♦♥❧② ✐❢ φ(1) ✐# #✉✣❝✐❡♥)❧② #♠❛❧❧✳ ❚❤✐# ❝♦♥❞✐)✐♦♥

♠❡❛♥# )❤❛) )❤❡ ❞✉+❛)✐♦♥ ♦❢ )❤❡ ✜+#) ♠♦✈❡+✬# ❛❞✈❛♥)❛❣❡ ✐# #✉✣❝✐❡♥)❧② #♠❛❧❧ ✉♥❞❡+

♣❡+❢❡❝) ❝♦♠♣❡)✐)✐♦♥✳ ❯♥❞❡+ )❤✐# ❝♦♥❞✐)✐♦♥✱ )❤❡ ❞❡+✐✈❛)✐✈❡ ♦❢ )❤❡ ✐♥❝❡♥)✐✈❡ )♦ ✐♥✈❡#)

✐# ♥❡❣❛)✐✈❡ ❛) )❤❡ ♣❡+❢❡❝) ❝♦♠♣❡)✐)✐♦♥✳

■) )✉+♥# ♦✉) ❢+♦♠ )❤❡#❡ )✇♦ +❡#✉❧)# )❤❛) V (θ) ✐# ❧♦❝❛❧❧② ✐♥❝+❡❛#✐♥❣ ❛) θ = 0 ❛♥❞

❧♦❝❛❧❧② ❞❡❝+❡❛#✐♥❣ ❛) θ = 1✱ ✇❤❡♥ φ(1) ✐# #✉✣❝✐❡♥)❧② #♠❛❧❧✳ ❚❤❡+❡❢♦+❡✱ )❤❡+❡ ❝❛♥

❜❡ ❛ ✈❛❧✉❡ θ∗ ✐♥ )❤❡ ✐♥)❡+✈❛❧ ❬✵✱✶❪ )❤❛) ♠❛①✐♠✐③❡# V (θ) ❛♥❞ )❤❡+❡❢♦+❡ ❛♥ ✐♥✈❡+)❡❞✲❯

+❡❧❛)✐♦♥#❤✐♣ ❜❡)✇❡❡♥ ❝♦♠♣❡)✐)✐♦♥ ❛♥❞ ✐♥✈❡#)♠❡♥) ❝❛♥ ❛+✐#❡✳ ❖)❤❡+✇✐#❡✱ ✐❢ φ(1) ✐#

❧❛+❣❡✱ )❤❡ ♣♦#✐)✐✈❡ )❡+♠ ❝❛♥ ❜❡ ❤✐❣❤❡+ )❤❛♥ )❤❡ ♥❡❣❛)✐✈❡ ♦♥❡# ❛♥❞

∂V
∂θ

> 0✳ ■♥ )❤❛)

❝❛#❡✱ ✐♥✈❡#)♠❡♥) ✐# ♠❛①✐♠✐③❡❞ ✉♥❞❡+ ♣❡+❢❡❝) ❝♦♠♣❡)✐)✐♦♥✳

❆ ✜+#) ♥♦)❡ ❢+♦♠ )❤✐# +❡#✉❧) ✐# )❤❛) )❤❡ ❞✉+❛)✐♦♥ ♦❢ )❤❡ ✜+#) ♠♦✈❡+✬# ❛❞✈❛♥)❛❣❡ ✉♥✲

❞❡+ ♣❡+❢❡❝) ❝♦♠♣❡)✐)✐♦♥ ❞❡)❡+♠✐♥❡ ✇❤❡)❤❡+ ♦+ ♥♦) +❡❧❛)✐♦♥#❤✐♣ ❜❡)✇❡❡♥ ❝♦♠♣❡)✐)✐♦♥

❛♥❞ ✐♥✈❡#)♠❡♥) ✐# ✐♥✈❡+)❡❞✲❯✳ ■♥❞❡❡❞✱ )❤✐# ❞✉+❛)✐♦♥ ✐# ❛ ❞❡❝+❡❛#✐♥❣ ❢✉♥❝)✐♦♥ ♦❢ )❤❡

♣♦)❡♥)✐❛❧ ❢♦+ )❡❝❤♥♦❧♦❣✐❝❛❧ ♣+♦❣+❡## τ ✳ ❍❡♥❝❡✱ )❤❡ ♣♦)❡♥)✐❛❧ ❢♦+ )❡❝❤♥♦❧♦❣✐❝❛❧ ♣+♦✲

❣+❡## ❞❡❝+❡❛#❡# )❤❡ ✐♥❝❡♥)✐✈❡ )♦ ✐♥✈❡#) ❜❡❝❛✉#❡ ♦❢ ❛ ❧♦✇❡+ ❞✉+❛)✐♦♥ ♦❢ )❤❡ ✜+#) ♠♦✈❡+

❛❞✈❛♥)❛❣❡ ✉♥❞❡+ ❤✐❣❤ ✐♥)❡♥#✐)② ♦❢ ❝♦♠♣❡)✐)✐♦♥✳ ❚❤✐# ❡✛❡❝) ✐# #✐♠✐❧❛+ )♦ )❤❡ ❙❝❤✉♠✲

♣❡)❡+✐❛♥ ❡✛❡❝)✳ ❖♥ )♦♣ ♦❢ )❤✐# ❡✛❡❝)✱ ✇❡ ❝❛♥ ♦❜#❡+✈❡ )❤❛) )❤❡ ❞✐✛❡+❡♥❝❡ f(θ)− g(θ)

+❡♣+❡#❡♥)# )❤❡ ♠❛❣♥✐)✉❞❡ ♦❢ )❤❡ ✜+#) ♠♦✈❡+ ❛❞✈❛♥)❛❣❡✳ ■) ✐# ❛♥ ✐♥❝+❡❛#✐♥❣ ❢✉♥❝)✐♦♥

♦❢ )❤❡ ♣♦)❡♥)✐❛❧ ❢♦+ )❡❝❤♥♦❧♦❣✐❝❛❧ ♣+♦❣+❡## τ ✳ ❚❤✐# ✐# )❤❡ ❡#❝❛♣❡✲❝♦♠♣❡)✐)✐♦♥ ❡✛❡❝)✳

❚❤❡ ❙❝❤✉♠♣❡)❡+✐❛♥ ❡✛❡❝) )❡♥❞# )♦ +❡❞✉❝❡ )❤❡ ♣♦#✐)✐✈❡ )❡+♠ ♦❢ ❡@✉❛)✐♦♥ ✭✸✮❀ ✇❤❡+❡❛#

)❤❡ ❡#❝❛♣❡✲❝♦♠♣❡)✐)✐♦♥ ❡✛❡❝) )❡♥❞# )♦ +❛✐#❡ )❤❡ ♥❡❣❛)✐✈❡ ♦♥❡#✳ ❆# ❛ +❡#✉❧)✱ )❤❡ ❧❛+❣❡+

)❤❡ ♣♦)❡♥)✐❛❧ ❢♦+ )❡❝❤♥♦❧♦❣✐❝❛❧ ♣+♦❣+❡##✱ )❤❡ ♠♦+❡ ❧✐❦❡❧② ✐# )❤❡ ✐♥✈❡+)❡❞✲❯✳ ❚❤✐# ✐#

♣+❡❝✐#❡❧② ❜❡❝❛✉#❡ )❤❡ ✜+#) ♠♦✈❡+ ❡♥❥♦②# ❤✐❣❤❡+ +❡♥) ❢+♦♠ ✐♥✈❡#)✐♥❣❀ ❜✉) ♦✈❡+ ❛ #♠❛❧❧❡+

♣❡+✐♦❞✳

✷✸
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✺✳✸ ❆♥ ✐❧❧✉()*❛)✐♦♥ ✇✐)❤ )❤❡ ❙✐♥❣❤ ❛♥❞ ❱✐✈❡(✬ ❞❡♠❛♥❞ ❢✉♥❝✲

)✐♦♥

❚❤❡ ✐♥✈❡&'❡ ❞❡♠❛♥❞ ❢✉♥❝.✐♦♥ ♦❢ ✜&♠ i ✇&✐.❡'✿ pi = 1− 1
1+θ

qi−
θ

1+θ
qj✱ ✇❤❡&❡ 0 ≤ θ ≤ 1

✭❙❡❡✭❙✐♥❣❤ ❛♥❞ ❱✐✈❡'✱ ✶✾✽✹✮✮✳ ■❢ ci ❛♥❞ cj ❞❡♥♦.❡ &❡'♣❡❝.✐✈❡❧② .❤❡ ❝♦♥'.❛♥. ♠❛&❣✐♥❛❧

❝♦'. ♦❢ ♣&♦❞✉❝.✐♦♥ ♦❢ ✜&♠ i ❛♥❞ j✱ .❤❡ ◆❛'❤✲❡D✉✐❧✐❜&✐✉♠ ♦❢ .❤❡ ❇❡&.&❛♥❞ ❝♦♠♣❡.✐.✐♦♥

✇✐.❤ ❞✐✛❡&❡♥.✐❛.❡❞ ♣&♦❞✉❝.' ②✐❡❧❞'✿

pi(θ) =
(2− θ2) + 2 ∗ ci − θ(1− cj)

(2− θ)(2 + θ)

πi(θ) =
[(2− θ2)(1− ci)− θ(1− cj)]

2

(4− θ2)2(1− θ)

❇❡❢♦&❡ ✐♥✈❡'.♠❡♥. ✐♥ .❤❡ ♥❡✇ .❡❝❤♥♦❧♦❣②✱ .❤❡ ♠❛&❦❡. ✐' '②♠♠❡.&✐❝ ❛♥❞ ❜♦.❤ ✜&♠'

✐♥❝✉& .❤❡ ♠❛&❣✐♥❛❧ ❝♦'. c̄ ❛♥❞ ❡❛&♥ .❤❡ ♣&♦✜.✿

πd(c̄, θ) =
(1− θ)(1− c̄)2

(2− θ)2

❚❤❡ ✜&'.✲♠♦✈❡& ✐♥✈❡'. ✐♥ .❤❡ ♥❡✇ .❡❝❤♥♦❧♦❣② ❛♥❞ ❞❡❝&❡❛'❡' ✐. ❝♦'. ❢&♦♠ c̄ .♦ c ❛♥❞

❡❛&♥' .❤❡ ❛'②♠❡.&✐❝ ♣&♦✜. ✇❤✐❝❤ ✇&✐.❡'✿

π1
i (c, θ) =

[(2− θ2)(1− c)− θ(1− c̄)]2

(4− θ2)2(1− θ)

❆. ❞❛.❡ ❚✱ .❤❡ ❢♦❧❧♦✇❡& &❡❛❝.' ❛♥❞ .❤❡ ♠❛&❦❡. ❜❡❝♦♠❡' '②♠♠❡.&✐❝❛❧ ❛❣❛✐♥✳ ❚❤❡♥✱

❡❛❝❤ ✜&♠ ✐♥❝✉& .❤❡ ❝♦'. c ❛♥❞ ❡❛&♥ .❤❡ '②♠♠❡.&✐❝ ♣&♦✜.✿

πd(c̄, θ) =
(1− θ)(1− c)2

(2− θ)2

❚❤❡ ✐♥'.❛♥.❛♥❡♦✉' ♣&♦✜.' ❜❡❢♦&❡ ❛♥❞ ❛❢.❡& .❤❡ &❡❛❝.✐♦♥ ♦❢ .❤❡ ❢♦❧❧♦✇❡& ✇&✐.❡'✿

f(θ) =
(2(1− c̄)τ + τ 2)(2− θ2)2 − 2θ(2− θ2)(1− c̄)τ

(4− θ2)2(1− θ)

g(θ) =
(1− θ)(2(1− c̄)τ + τ 2)

(2− θ)2
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❲❡ ❝❤♦♦%❡ ❛♥ ❛(❜✐+(❛(② ❞✉(❛+✐♦♥ ♦❢ +❤❡ φ(θ) = 1−λθ✱ ✇✐+❤ 0 ≤ λ ≤ 1✳ ❚❤✐% ❢✉♥❝+✐♦♥

✐% ❞❡❝(❡❛%✐♥❣ ✐♥ +❤❡ ✐♥+❡♥%✐+② ♦❢ ❝♦♠♣❡+✐+✐♦♥ θ ❛♥❞ ②✐❡❧❞% +❤❡ (❡8✉✐(❡❞ ♣(♦♣❡(+✐❡% ❢♦(

+❤❡ (❡❛❝+✐♦♥ +✐♠❡ T (θ)✳✶✶

❚❤❡ ❣(❛♣❤✐❝❛❧ ✐❧❧✉%+(❛+✐♦♥ ♦❢ +❤❡ (❡❧❛+✐♦♥%❤✐♣ ❜❡+✇❡❡♥ ❝♦♠♣❡+✐+✐♦♥ ❛♥❞ ✐♥✈❡%+♠❡♥+

❜❛%❡❞ ♦♥ +❤✐% ♠♦❞❡❧ ✐% ♣(❡%❡♥+❡❞ ❜❡❧♦✇✿

❋✐❣✉$❡ ✶✿ ❈♦♠♣❡,✐,✐♦♥ ❛♥❞ ✐♥✈❡1,♠❡♥, ✉1✐♥❣ ❙✐♥❣❤ ❛♥❞ ❱✐✈❡1✬ ❞❡♠❛♥❞ ❢✉♥❝,✐♦♥

✶✶

❚❤❡♦$❡%✐❝❛❧❧②✱ φ(θ) = 1 − e−rT (θ)
✳ ❚❤✉.✱ %❤❡ ❝♦$$❡.♣♦♥❞✐♥❣ $❡❛❝%✐♦♥ %✐♠❡ ✐. T (θ) = −

ln(λθ)
r

❛♥❞ ✐% ✐. ❞❡❝$❡❛.✐♥❣ ✐♥ %❤❡ ✐♥%❡♥.✐%② ♦❢ ❝♦♠♣❡%✐%✐♦♥✳
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✻ ❈♦♥❝❧✉'✐♦♥

■♥ "❤✐% ♣❛♣❡)✱ ✇❡ ✉%❡ ✜)♠ ❧❡✈❡❧ ❞❛"❛ ❛♥❞ ❛♥ ✐♥%")✉♠❡♥"❛❧ ✈❛)✐❛❜❧❡ ❡%"✐♠❛"✐♦♥ %")❛"❡❣②

"♦ ✐❞❡♥"✐❢② "❤❡ ❝❛✉%❛❧ ✐♠♣❛❝" ♦❢ "❤❡ ✐♥"❡♥%✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ♦♥ ✐♥✈❡%"♠❡♥" ✐♥ "❤❡

♠♦❜✐❧❡ "❡❧❡❝♦♠♠✉♥✐❝❛"✐♦♥% ✐♥❞✉%")②✳ ❲❡ ✜♥❞ ❛♥ ✐♥✈❡)"❡❞✲❯ )❡❧❛"✐♦♥%❤✐♣ ❜❡"✇❡❡♥

❝♦♠♣❡"✐"✐♦♥ ✐♥"❡♥%✐"② ❛♥❞ ✐♥✈❡%"♠❡♥"✳ ❚❤❡ ✐♥✈❡%"♠❡♥" ♠❛①✐♠✐③✐♥❣ ✐♥"❡♥%✐"② ♦❢ ❝♦♠✲

♣❡"✐"✐♦♥ %"❛♥❞% ❛" ✻✸ ♣❡)❝❡♥"✳ ❚❤✐% )❡%✉❧" ✐% A✉❛❧✐"❛"✐✈❡❧② )♦❜✉%" ❛❝)♦%% )❡❣✐♦♥% ♦❢

"❤❡ ❲♦)❧❞✱ ❢♦) ✐♥✈❡%"♠❡♥" ✐♥ ♥❡"✇♦)❦ A✉❛❧✐"② ❛♥❞ "❤❡ "❤)❡❛" ♦❢ ❡♥")②✳

❚♦ ❡①♣❧❛✐♥ "❤✐% )❡%✉❧"✱ ✇❡ ❞❡)✐✈❡ ❛ %✐♠♣❧❡ ♠♦❞❡❧ "❤❛" ❡♠❜❡❞% ❜♦"❤ "❤❡ ❡%❝❛♣❡ ❝♦♠✲

♣❡"✐"✐♦♥ ❡✛❡❝" ❛♥❞ "❤❡ ❙❝❤✉♠♣❡"❡)✐❛♥ ❡✛❡❝"✳ E)♦✈✐❞❡❞ "❤❛" "❤❡ %✐③❡ ♦❢ ✐♥♥♦✈❛"✐♦♥ ✐%

❧❛)❣❡ ❡♥♦✉❣❤✱ "❤✐% ♠♦❞❡❧ ②✐❡❧❞% ❛♥ ✐♥✈❡)"❡❞✲❯ )❡❧❛"✐♦♥%❤✐♣ ❜❡"✇❡❡♥ ❝♦♠♣❡"✐"✐♦♥ ✐♥✲

"❡♥%✐"② ❛♥❞ ✐♥✈❡%"♠❡♥"✱ ❝♦♥%✐%"❡♥"❧② ✇✐"❤ "❤❡ ❡♠♣✐)✐❝❛❧ ✜♥❞✐♥❣%✳ ❚❤❛" ✐%✱ ❛" ❧♦✇ ❧❡✈❡❧

♦❢ ❝♦♠♣❡"✐"✐♦♥ ✐♥"❡♥%✐"②✱ "❤❡ ❡%❝❛♣❡ ❝♦♠♣❡"✐"✐♦♥ ❡✛❡❝" ❞♦♠✐♥❛"❡% ♦✈❡) "❤❡ ❙❝❤✉♠♣❡✲

"❡)✐❛♥ ❡✛❡❝"✳ ❍♦✇❡✈❡)✱ ❛❜♦✈❡ ❝❡)"❛✐♥ ✐♥"❡)♠❡❞✐❛"❡ ❧❡✈❡❧ ♦❢ ❝♦♠♣❡"✐"✐♦♥✱ "❤❡ ❡%❝❛♣❡

❝♦♠♣❡"✐"✐♦♥ ❡✛❡❝" ✐% ♦✈❡)"❛❦❡♥ ❜② "❤❡ ❙❝❤✉♠♣❡"❡)✐❛♥ ❜❡❝❛✉%❡ ♦❢ "❤❡ %♠❛❧❧❡) ❞✉)❛"✐♦♥

♦✈❡) ✇❤✐❝❤ ❛♥② ✜)%" ♠♦✈❡) ❡♥❥♦②% "❤❡ ♠♦♥♦♣♦❧② )❡♥" ❣❡♥❡)❛"❡❞ ❜② ✐♥✈❡%"♠❡♥"✳

❖♥❡ ♦❢ "❤❡ ❦❡② ❢❡❛"✉)❡% ♦❢ "❤✐% ♠♦❞❡❧ ✐% "❤❡ ❢❛❝" "❤❛" "❤❡ ✐♥✈❡)%✐♦♥ ♦❢ "❤❡ ❝✉)✈❡

❞❡♣❡♥❞% ♦♥ "❤❡ %✐③❡ ♦❢ ✐♥♥♦✈❛"✐♦♥✱ ♠❡❛%✉)❡❞ ❜② "❤❡ ✐♠♣❛❝" ♦❢ ✐♥✈❡%"♠❡♥" ✐♥ ♥❡✇

"❡❝❤♥♦❧♦❣✐❡% ♦♥ "❤❡ ♠❛)❣✐♥❛❧ ❝♦%" ♦❢ ♣)♦❞✉❝"✐♦♥✳ ❚❤❡ ♠♦❞❡❧ ✐♠♣❧✐❡% "❤❛" "❤❡ ✐♥✲

✈❡%"♠❡♥" ♠❛①✐♠✐③✐♥❣ ✐♥"❡♥%✐"② ♦❢ ❝♦♠♣❡"✐"✐♦♥ ✐% ❤✐❣❤❡) ✐♥ ✐♥❞✉%")✐❡% ✇✐"❤ %♠❛❧❧❡)

%✐③❡ ♦❢ ✐♥♥♦✈❛"✐♦♥✳ ❚❤❡)❡❢♦)❡✱ "❤❡ %✐❣♥✐✜❝❛♥❝❡ ♦❢ "❡❝❤♥♦❧♦❣✐❝❛❧ ♣)♦❣)❡%% ✐♥ "❤❡ ♠♦✲

❜✐❧❡ "❡❧❡❝♦♠♠✉♥✐❝❛"✐♦♥% ✐♥❞✉%")②✱ ❛% ❢♦✉♥❞ ✐♥ "❤❡ ❧✐"❡)❛"✉)❡✱ ❝❛♥ ♣❛)"❧② ❡①♣❧❛✐♥ "❤❡

✐♥✈❡)"❡❞✲❯✳ ❖"❤❡)✇✐%❡✱ ❛♥ ✐♥❝)❡❛%✐♥❣ )❡❧❛"✐♦♥%❤✐♣ ✇♦✉❧❞ ❜❡ ♠♦)❡ ❧✐❦❡❧② "♦ ❡♠❡)❣❡✳

❚❤❡%❡ )❡%✉❧"% %✉❣❣❡%" "❤❛" ♣♦❧✐❝②♠❛❦❡)% ♥❡❡❞ "♦ ❝♦♥%✐❞❡) "❤❡ ♣)♦✜" ♠❛)❣✐♥✱ "❤❡ )❛"✐♦

♦❢ "❤❡ ❊❇■❚❉❆ ♦✈❡) )❡✈❡♥✉❡✱ ♦❢ "❤❡ ♠♦❜✐❧❡ ♥❡"✇♦)❦ ♦♣❡)❛"♦)% ❜❡❢♦)❡ ❛❧❧♦✇✐♥❣ ❛♥

❡♥")② ♦) ❛ ♠❡)❣❡) ✐♥ "❤❡ ✐♥❞✉%")②✳ ❲❤❡♥ "❤❡ ♣)♦✜" ♠❛)❣✐♥ ✐% ❜❡❧♦✇ "❤❡ ✐♥✈❡%"♠❡♥"

♠❛①✐♠✐③✐♥❣ ♣)♦✜" ♠❛)❣✐♥✱ "❤❡♥ ❛ ♠❡)❣❡) ✐% ♠♦)❡ ❞❡%✐)❛❜❧❡ "❤❛♥ ❛♥ ❛❞❞✐"✐♦♥❛❧ ❡♥")②✳

❖♥ "❤❡ ❝♦♥")❛)②✱ ✇❤❡♥ "❤❡ ♣)♦✜" ♠❛)❣✐♥ ✐% ❛❜♦✈❡ ✐"% ✧♦♣"✐♠❛❧ ❧❡✈❡❧✧✱ ❛♥ ❛❞❞✐"✐♦♥❛❧

❡♥")② ♠❛② ❣❡♥❡)❛"❡ ♠♦)❡ ✐♥✈❡%"♠❡♥" ✐♥❝❡♥"✐✈❡ "❤❛♥ ❛ ♠❡)❣❡)✳ ■♥ "❤❡ ♠♦❜✐❧❡ ♥❡"✇♦)❦

✐♥❞✉%")②✱ )❡❣✉❧❛"♦)% ♦❢"❡♥ ♣❧❛♥ ❛ ♥❡✇ ❡♥")② %❡✈❡)❛❧ ②❡❛)% ✐♥ ❛❞✈❛♥❝❡ ❛% ❛ ❞✐%❝✐♣❧✐♥✐♥❣

❞❡✈✐❝❡ ❢♦) "❤❡ ✐♥❝✉♠❜❡♥" ♠♦❜✐❧❡ ♥❡"✇♦)❦ ♦♣❡)❛"♦)%✳ ❖✉) )❡%✉❧"% %❤♦✇ "❤❛" "❤✐%

%")❛"❡❣② ❧♦✇❡)% "❤❡ ✐♥✈❡%"♠❡♥" ♦❢ "❤❡ ✐♥❝✉♠❜❡♥" ♦♣❡)❛"♦)%✳

❚❤❡%❡ ♣♦❧✐❝② ✐♠♣❧✐❝❛"✐♦♥% )❛✐%❡ "❤❡ A✉❡%"✐♦♥% ♦❢ ✇❤❡"❤❡) "❤❡)❡ ✐% ❛♥ ✐♥✈❡%"♠❡♥"

♠❛①✐♠✐③✐♥❣ ♥✉♠❜❡) ♦❢ ♠♦❜✐❧❡ ♥❡"✇♦)❦ ♦♣❡)❛"♦)%✳ ❋♦) ❢✉)"❤❡) )❡%❡❛)❝❤✱ ✇❡ ✇♦✉❧❞

❧✐❦❡ "♦ ✉♥❞❡)%"❛♥❞ ❤♦✇ "❤❡ ♠❛)❦❡" %")✉❝"✉)❡ ❛✛❡❝"% "❤❡ ✐♥✈❡%"♠❡♥" ✐♥❝❡♥"✐✈❡% ❛♥❞
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❤♦✇ ✐$ ❞❡♣❡♥❞) ♦♥ $❤❡ ❛)②♠♠❡$-② ❜❡$✇❡❡♥ $❤❡ ✜-♠)✳ ●✐✈❡♥ $❤❡ ❞②♥❛♠✐❝ ❢❡❛$✉-❡

♦❢ $❤❡ ♠♦❜✐❧❡ ✐♥❞✉)$-②✱ ❛ )$✉❞② ♦❢ $❤❡ ✐♠♣❛❝$ ♦❢ ❡♥$-② ❛♥❞ ♠❡-❣❡- ♦♥ ♣-✐❝✐♥❣ ❛♥❞

✐♥✈❡)$♠❡♥$ ♦✈❡- )❡✈❡-❛❧ ②❡❛-) ✇♦✉❧❞ ♣-♦✈✐❞❡ ❛♥ ❛❞❞✐$✐♦♥❛❧ ✐♥)✐❣❤$ ✐♥$♦ $❤❡ ✐♠♣❛❝$ ♦❢

❝♦♠♣❡$✐$✐♦♥ ✐♥ $❤✐) ✐♥❞✉)$-②✳ ❋✐♥❛❧❧②✱ ❛ ❝♦♠♣❧❡♠❡♥$❛-② ✈✐❡✇ $♦ $❤❡ ♠❛✐♥ :✉❡)$✐♦♥

✐) $♦ )$✉❞② ❤♦✇ ❝♦♦♣❡-❛$✐♦♥ ✐♥ ✐♥✈❡)$♠❡♥$ )✉❝❤ ❛) ♥❡$✇♦-❦ )❤❛-✐♥❣ ✐♥$❡-♣❧❛②) ✇✐$❤

$❤❡ ❡✛❡❝$ ♦❢ $❤❡ ♥✉♠❜❡- ♦❢ ✜-♠) ❛♥❞ ♠♦-❡ ❣❡♥❡-❛❧❧② ♠❛-❦❡$ ❞②♥❛♠✐❝)✳
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❘❡❢❡#❡♥❝❡&

❆❣❤✐♦♥✱ '✳✱ ◆✳ ❇❧♦♦♠✱ ❘✳ ❇❧✉♥❞❡❧❧✱ ❘✳ ●2✐❢❢✐4❤✱ ❛♥❞ '✳ ❍♦✇✐44 ✭✷✵✵✺✮✿

✏❈♦♠♣❡,✐,✐♦♥ ❛♥❞ ■♥♥♦✈❛,✐♦♥✿ ❆♥ ■♥✈❡4,❡❞✲❯ ❘❡❧❛,✐♦♥9❤✐♣✱✑ ◗✉❛#❡%❧② ❏♦✉%♥❛❧ ♦❢

❊❝♦♥♦♠✐❝0✱ ✶✷✵✭✷✮✱ ✼✵✶✕✼✷✽✳

❆❣❤✐♦♥✱ '✳✱ ❘✳ ❇❧✉♥❞❡❧❧✱ ❘✳ ●2✐❢❢✐4❤✱ '✳ ❍♦✇✐44✱ ❛♥❞ ❙✳ '2❛♥4❧ ✭✷✵✵✾✮✿

✏❚❤❡ ❡✛❡❝,9 ♦❢ ❡♥,4② ♦♥ ✐♥❝✉♠❜❡♥, ✐♥♥♦✈❛,✐♦♥ ❛♥❞ ♣4♦❞✉❝,✐✈✐,②✱✑ ❚❤❡ ❘❡✈✐❡✇ ♦❢

❊❝♦♥♦♠✐❝0 ❛♥❞ ❙#❛#✐0#✐❝0✱ ✾✶✱ ✷✵✕✸✷✳

❆22♦✇✱ ❑✳ ✭✶✾✻✷✮✿ ❊❝♦♥♦♠✐❝ ❲❡❧❢❛%❡ ❛♥❞ #❤❡ ❆❧❧♦❝❛#✐♦♥ ♦❢ ❘❡00♦✉%❝❡0 ❢♦% ■♥✈❡♥✲

#✐♦♥✳ L4✐♥❝❡,♦♥ ✉♥✐✈❡49✐,② ♣4❡99 ❡❞♥✳

❇❛✉♠✱ ❈✳ ❋✳✱ ▼✳ ❊✳ ❙❝❤❛❢❢❡2✱ ❛♥❞ ❙✳ ❙4✐❧❧♠❛♥ ✭✷✵✵✼✮✿ ✏❊♥❤❛♥❝❡❞ 4♦✉,✐♥❡9 ❢♦4

✐♥9,4✉♠❡♥,❛❧ ✈❛4✐❛❜❧❡9✴❣❡♥❡4❛❧✐③❡❞ ♠❡,❤♦❞ ♦❢ ♠♦♠❡♥,9 ❡9,✐♠❛,✐♦♥ ❛♥❞ ,❡9,✐♥❣✱✑

❙#❛#❛ ❏♦✉%♥❛❧✱ ✼✭✹✮✱ ✹✻✺✕✺✵✻✳

❇❧✉♥❞❡❧❧✱ ❘✳✱ ❘✳ ●2✐❢❢✐4❤✱ ❛♥❞ ❏✳ ❱❛♥ ❘❡❡♥❡♥ ✭✶✾✾✾✮✿ ✏▼❛4❦❡, ❙❤❛4❡✱ ▼❛4❦❡,

❱❛❧✉❡ ❛♥❞ ■♥♥♦✈❛,✐♦♥ ✐♥ ❛ L❛♥❡❧ ♦❢ ❇4✐,✐9❤ ▼❛♥✉❢❛❝,✉4✐♥❣ ❋✐4♠9✱✑ ❚❤❡ ❘❡✈✐❡✇ ♦❢

❊❝♦♥♦♠✐❝ ❙#✉❞✐❡0✱ ✻✻✭✸✮✱ ✺✷✾✕✺✺✹✳

❉❡ ❇♦♥❞4✱ ❘✳✱ ❛♥❞ ❏✳ ❱❛♥❞❡❦❡2❝❦❤♦✈❡ ✭✷✵✶✷✮✿ ✏❘❡✢❡❝,✐♦♥9 ♦♥ ,❤❡ ❘❡❧❛✲

,✐♦♥ ❇❡,✇❡❡♥ ❈♦♠♣❡,✐,✐♦♥ ❛♥❞ ■♥♥♦✈❛,✐♦♥✱✑ ❏♦✉%♥❛❧ ♦❢ ■♥❞✉0#%②✱ ❈♦♠♣❡#✐#✐♦♥ ❛♥❞

❚%❛❞❡✱ ✶✷✱ ✼✕✶✾✳

●✐❧❜❡24✱ ❘✳✱ ❛♥❞ ❉✳ ◆❡✇❜❡2② ✭✶✾✽✷✮✿ ✏L4❡❡♠♣,✐✈❡ L❛,❡♥,✐✈❡ ❛♥❞ ,❤❡ L❡49✐9,❡♥❝❡

♦❢ ▼♦♥♦♣♦❧②✱✑ ❆♠❡%✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✼✷✱ ✺✶✹✕✺✷✻✳

❍❛♥F❡♥✱ ▲✳ '✳ ✭✶✾✽✷✮✿ ✏▲❛4❣❡ 9❛♠♣❧❡ ♣4♦♣❡4,✐❡9 ♦❢ ●❡♥❡4❛❧✐③❡❞ ▼❡,❤♦❞ ♦❢ ▼♦♠❡♥,9

❊9,✐♠❛,♦49✱✑ ❊❝♦♥♦♠❡#%✐❝❛✱ ✺✵✭✹✮✱ ✶✵✷✾✕✶✵✺✹✳

❍♦❧❡✱ ❆✳ ❘✳ ✭✷✵✵✼✮✿ ✏❲❚L✿ ❙,❛,❛ ♠♦❞✉❧❡ ,♦ ❡9,✐♠❛,❡ ,❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥,❡4✈❛❧9 ❢♦4

✇✐❧❧✐♥❣♥❡99 ,♦ ♣❛② ♠❡❛9✉4❡9✱✑ ✳

❑❛♠✐❡♥✱ ▼♦24♦♥✱ ■✳✱ ❛♥❞ ▲✳ ❙❝❤✇❛24③✱ ◆❛♥❝② ✭✶✾✼✺✮✿ ✏▼❛4❦❡, ❙,4✉❝,✉4❡ ❛♥❞

■♥♥♦✈❛,✐♦♥✿ ❆ ❙✉4✈❡②✱✑ ❏♦✉%♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ▲✐#❡%❛#✉%❡✱ ✶✸✭✶✮✱ ✶✕✸✼✳

❑♦❤✱ ❍✳✱ ❛♥❞ ❈✳ ▲✳ ▼❛❣❡❡ ✭✷✵✵✻✮✿ ✏❆ ❢✉♥❝,✐♦♥❛❧ ❛♣♣4♦❛❝❤ ❢♦4 9,✉❞②✐♥❣ ,❡❝❤♥♦❧♦✲

❣✐❝❛❧ ♣4♦❣4❡99✿ ❆♣♣❧✐❝❛,✐♦♥ ,♦ ✐♥❢♦4♠❛,✐♦♥ ,❡❝❤♥♦❧♦❣②✱✑ ❚❡❝❤♥♦❧♦❣✐❝❛❧ ❋♦%❡❝❛0#✐♥❣

✫ ❙♦❝✐❛❧ ❈❤❛♥❣❡✱ ✼✸✱ ✶✵✻✶✕✶✵✽✸✳

❑2❛❢4✱ ❑✳ ✭✶✾✽✾✮✿ ✏▼❛4❦❡, ❙,4✉❝,✉4❡✱ ❋✐4♠ ❈❤❛4❛❝,❡4✐9,✐❝9 ❛♥❞ ■♥♥♦✈❛,✐✈❡ ❆❝,✐✈✲

✐,②✱✑ ❚❤❡ ❏♦✉%♥❛❧ ♦❢ ■♥❞✉0#%✐❛❧ ❊❝♦♥♦♠✐❝0✱ ✸✼✭✸✮✱ ✸✷✾✕✸✸✻✳
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▼❛"❤✐%✱ ❏✳✱ ❛♥❞❲✳ ❙❛♥❞✲❩❛♥"♠❛♥ ✭✷✵✶✹✮✿ ✏❈♦♠♣❡-✐-✐♦♥ ❛♥❞ ■♥✈❡4-♠❡♥-✿ ❲❤❛-

❞♦ ✇❡ ❦♥♦✇ ❢:♦♠ -❤❡ ❧✐-❡:❛-✉:❡❄✱✑ ❲♦:❦✐♥❣ ♣❛♣❡:4✱ ■❉❊■✳

◆❛1❞♦""♦✱ ▼✳✱ ❚✳ ❱❛❧❧❡""✐✱ ❛♥❞ ❋✳ ❱❡1❜♦✈❡♥ ✭✷✵✶✷✮✿ ✏❯♥❜✉♥❞❧✐♥❣ -❤❡ ✐♥✲

❝✉♠❜❡♥-✿ ❊✈✐❞❡♥❝❡ ❢:♦♠ ❯❑ ❇:♦❛❞❜❛♥❞✱✑ ❈❡♣: ❞✐4❝✉44✐♦♥ ♣❛♣❡:4✱ ❈❡♥-❡: ❢♦:

❊❝♦♥♦♠✐❝ J♦❧✐❝② ❘❡4❡❛:❝❤✳

◆✐❝❦❡❧❧✱ ❙✳ ❏✳ ✭✶✾✾✻✮✿ ✏❈♦♠♣❡-✐-✐♦♥ ❛♥❞ ❈♦:♣♦:❛-❡ J❡:❢♦:♠❛♥❝❡✱✑ ❏♦✉#♥❛❧ ♦❢ (♦❧✐*✲

✐❝❛❧ ❊❝♦♥♦♠②✱ ✶✵✹✭✹✮✱ ✼✷✹✕✼✹✻✳

<❡♣♣❡1✱ ❘✳ ✭✷✵✶✸✮✿ ✏●❧♦❜❛❧ ▼♦❜✐❧❡ ❉❛-❛ ❚:❛✣❝✱ ❋♦:❡❝❛4- ❯♣❞❛-❡✱✑ ❘❡♣♦:-✱

❈■❙❈❖✳

❙❝❤♠✉"③❧❡1✱ ❆✳ ✭✷✵✶✸✮✿ ✏❈♦♠♣❡-✐-✐♦♥ ❛♥❞ ✐♥✈❡4-♠❡♥- ✕ ❆ ✉♥✐✜❡❞ ❛♣♣:♦❛❝❤✱✑

■♥*❡#♥❛*✐♦♥❛❧ ❏♦✉#♥❛❧ ♦❢ ■♥❞✉3*#✐❛❧ ❖#❣❛♥✐③❛*✐♦♥✱ ✸✶✱ ✹✼✼✕✹✽✼✳

❙❝❤✉♠♣❡"❡1✱ ❏✳ ✭✶✾✹✷✮✿ ❈❛♣✐*❛❧✐3♠✱ ❙♦❝✐❛❧✐3♠ ❛♥❞ ❉❡♠♦❝#❛❝②✳ ◆❡✇ ❨♦:❦✱ ❤❛:♣❡:

✫ :♦✇ ❡❞♥✳

❙✐♥❣❤✱ ◆✳✱ ❛♥❞ ❳✳ ❱✐✈❡% ✭✶✾✽✹✮✿ ✏J:✐❝❡ ❛♥❞ ◗✉❛♥-✐-② ❈♦♠♣❡-✐-✐♦♥ ✐♥ ❛ ❉✐✛❡:❡♥✲

-✐❛-❡❞ ❉✉♦♣♦❧②✱✑ ❘❛♥❞ ❏♦✉#♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝3✱ ✶✺✱ ✺✹✻✕✺✺✹✳

❙"♦❝❦✱ ❏✳ ❍✳✱ ❛♥❞ ▼✳ ❨♦❣♦ ✭✷✵✵✷✮✿ ✏❚❡4-✐♥❣ ❢♦: ❲❡❛❦ ■♥4-:✉♠❡♥-4 ✐♥ ▲✐♥❡❛: ■❱

❘❡❣:❡44✐♦♥✱✑ ◆❜❡: -❡❝❤♥✐❝❛❧ ✇♦:❦✐♥❣ ♣❛♣❡:4 ✵✷✽✹✱ ◆❛-✐♦♥❛❧ ❇✉:❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝

❘❡4❡❛:❝❤✱ ■♥❝✳

❚✐1♦❧❡✱ ❏✳ ✭✶✾✽✽✮✿ ❚❤❡ *❤❡♦#② ♦❢ ✐♥❞✉3*#✐❛❧ ♦#❣❛♥✐③❛*✐♦♥✳ ▼✐- ♣:❡44 ❡❞♥✳

❱✐✈❡%✱ ❳✳ ✭✷✵✵✽✮✿ ✏■♥♥♦✈❛-✐♦♥ ❛♥❞ ❈♦♠♣❡-✐-✐✈❡ J:❡44✉:❡✱✑ ❚❤❡ ❏♦✉#♥❛❧ ♦❢ ■♥❞✉3*#✐❛❧

❊❝♦♥♦♠✐❝3✱ ✺✻✱ ✹✶✾✕✹✻✾✳
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❆ ❆♣♣❡♥❞✐①

❆✳✶ ❙✉♠♠❛'② ❛♥❞ ❉❡-❝'✐♣1✐✈❡ ❙1❛1✐-1✐❝-

❚❛❜❧❡ ✶✿ ❙✉♠♠❛*② ❙,❛,✐.,✐❝.

❋✐❣✉*❡ ✷✿ ❘❡❧❛,✐♦♥.❤✐♣ ❜❡,✇❡❡♥ ❝♦♠♣❡,✐,✐♦♥ ❛♥❞ ✐♥✈❡.,♠❡♥,

❋✐❣✉*❡ ✸✿ ▲♦❝❛❧ ♣♦❧②♥♦♠✐❛❧ .♠♦♦,❤✐♥❣

✸✵
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❋✐❣✉$❡ ✹✿ ▲♦❝❛❧❧② ✇❡✐❣❤0❡❞ 2❝❛00❡$♣❧♦0 2♠♦♦0❤✐♥❣

❋✐❣✉$❡ ✺✿ ❘❡❧❛0✐♦♥2❤✐♣ ❜❡0✇❡❡♥ 0❤❡ ♥✉♠❜❡$ ♦❢ ❢$❡:✉❡♥❝② ❜❛♥❞2 $❡❧❡❛2❡❞ ❛♥❞ 0❤❡ ✐♥0❡♥2✐0②

♦❢ ❝♦♠♣❡0✐0✐♦♥

✸✶
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❋✐❣✉$❡ ✻✿ ❘❡❧❛+✐♦♥.❤✐♣ ❜❡+✇❡❡♥ +❤❡ ②❡❛$ ♦❢ ❡♥+$② ❛♥❞ +❤❡ ✐♥+❡♥.✐+② ♦❢ ❝♦♠♣❡+✐+✐♦♥

❆✳✷ ❈❛%❛❝'❡%✐*'✐❝* ♦❢ '❤❡ ❘❡❣✐♦♥*

❚❛❜❧❡ ✷✿ ▲✐.+ ♦❢ ❝♦✉♥+$✐❡. ✇✐+❤✐♥ +❤❡ $❡❣✐♦♥.

✸✷
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❋✐❣✉$❡ ✼✿ (❡♥❡*$❛*✐♦♥ $❛*❡ ♦❢ ✷● ♠♦❜✐❧❡ ♥❡*✇♦$❦5

❋✐❣✉$❡ ✽✿ (❡♥❡*$❛*✐♦♥ $❛*❡ ♦❢ ✸● ♠♦❜✐❧❡ ♥❡*✇♦$❦5
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❆✳✸ ❊❝♦♥♦♠❡)*✐❝ ❡,)✐♠❛)✐♦♥ *❡,✉❧),

❚❛❜❧❡ ✸✿ ❚❤❡ ✐♠♣❛❝, ♦❢ /❡❣✉❧❛,✐♦♥ ♦♥ ,❤❡ ✐♥,❡♥3✐,② ♦❢ ❝♦♠♣❡,✐,✐♦♥ ❛♥❞ ,❤❡ ♥✉♠❜❡/ ♦❢ ✜/♠3
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Logarithm of investment
Investment 
/revenue

  (2) (3a) (3b) (3c) (4) (5) (6) 

Competition (1-Lerner) 46.51*** 95.40*** 31.17* 31.03*** 2.64*** 67.22*** -41.88*** 

(13.55) (18.05) (18.47) (11.21) (0.62) (13.82) (8.84)

Squared competition -37.01*** -73.20*** -23.56* -22.59*** -1.86*** -50.36*** 31.68*** 

(9.20) (13.18) (12.98) (7.89) (0.41) (9.68) (6.20)

# of entries planned as of Q1 2014       -0.04**    

            (0.02)   

Log of working age pop. 0.81*** 0.95*** 0.75*** 0.77*** -0.003 0.87*** 0.07*** 

(0.03) (0.29) (0.05) (0.07) (0.002) (0.04) (0.02)

Log of pop. density -0.06** -0.19*** 0.07** 0.02 -0.006*** -0.08*** 0.02 

(0.03) (0.07) (0.03) (0.09) (0.002) (0.03) (0.02)

LLU regulation 0.21 -0.05 0.11   -0.016** -0.00 0.10 

(0.13) (1.32) (0.07) (0.007) (0.13) (0.09)

Incumbent FNO 0.17 1.11*** 0.25** -0.11 0.014 0.36** -0.18** 

(0.13) (0.41) (0.13) (0.16) (0.009) (0.14) (0.09)

Hosting MVNO 0.25** 0.38 -0.10* 0.09 -0.012* 0.13 0.08 

(0.10) (0.45) (0.05) (0.25) (0.007) (0.11) (0.07)

Purchase a license 0.12* 0.69* 0.06 0.32 0.012* 0.18** 0.04 

  (0.07) (0.42) (0.09) (0.21) (0.006) (0.09) (0.06) 

Quarter -0.00 -0.04*** -0.01* 0.02*** 0.003*** -0.00 -0.01*** 

  (0.00) (0.01) (0.00) (0.01) (0.000) (0.00) (0.00) 

Region fixed effects �       �� � �

Constant -23.70*** -39.73*** -18.36*** -20.08*** 2.819*** -31.87*** 10.53*** 

  (4.96) (10.72) (7.10) (3.46) (0.224) (4.93) (3.12) 

Observations 4,695 862 1,245 711 3,979 4,695 4,695

Investment maximizing intensity of competition (IMIC):  

                 Lower bound 0.57 0.54 0.60 0.58 0.66 0.64 0.63

                 Mean 0.63 0.65 0.66 0.69 0.71 0.67 0.66 

                 Upper bound 0.69 0.76 0.73 0.79 0.76 0.70 0.69

Under-identification test (H0: the instruments do not significantly affect the intensity of competition)  

LM statistic 22.25 7.76 7.31 10.67 61.61 24.88 22.25

Weak instruments test (H0: instruments are weak)  

Wald F statistic 12.89 3.71 3.04 5.85 38.72 12.78 12.89
Significance at 1% (***), 5% (**) and 10% (*). Standard errors in parentheses are robust to arbitrary heteroskedasticity and 
autocorrelation. The Bartlett kernel with a bandwidth of 2 is used to correct for arbitrary autocorrelation. 
The confidence interval of the investment maximizing intensity of competition is obtained by computing the standard error based on 
the delta method. 
The Lagrange Multiplier (LM) statistics for under-identification is to be compared to the critical value of a Chi2 with two degrees of 
freedom at 5% significance level (0.103). 
The Weak identification test's Wald F statistics is to be compared to Stock & Yogo (2005)�s critical values: 7.03; 4.58 or 3.95 for a 
maximal size of 10%, 15% or 20% respectively.

�
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Résumé   

Les incitations à investir dans les réseaux de télécommunications 

Cette thèse présente 4 articles de recherche qui étudient les relations entre la structure de marché, la concurrence, la régulation 

et les investissements dans les réseaux de télécommunications. Les réseaux de télécommunications nécessitent des 

investissements réguliers et importants. Ces investissements sont essentiels pour incorporer le progrès technique dans le 

réseau et ont une influence importante sur la croissance et l’emploi . C’est pourquoi la question des incitations à investir revêt 

une importance particulière. Le premier article étudie les relations entre la régulation ( tarif de la charge d’accès au réseau 

cuivre, taux d’accès cuivre vendu en gros)  et les taux de pénétration des différentes technologies (cuivre, fibre optique et 

câble). Il montre qu’une régulation trop favorable au cuivre, diminue les incitations à investir et peut donc ralentir le 

développement des autres technologies et en particulier les technologies de nouvelle génération. Le deuxième article étudie la 

relation entre les investissements dans la téléphonie mobile et les prix moyens du trafic (en mégaoctet). Il montre que le 

développement du trafic est lié aux investissements et au progrès technique.  Un investissement régulier produit une 

croissance exponentielle du trafic. Il montre aussi que la baisse des prix unitaires du mégaoctet est principalement due à la 

croissance du trafic et donc aux investissements. Le troisième étudie la relation entre la marge et l’investissement des 

opérateurs de téléphonie mobile. Il met en évidence une rupture de comportement des opérateurs en fonction de leur niveau de 

marge. Il montre aussi qu’il existe un niveau d’investissement qui maximise le profit. Ce niveau d’investissement dépend de la 

structure du marché et de la demande des consommateurs. Lorsque la marge des opérateur est suffisante, le niveau 

d’investissement maximisant le profit est atteint, dans le cas contraire, l’investissement est plus faible ce qui ralentit  

l’incorporation du progrès technique dans le réseau, la croissance du trafic et finalement la baisse des prix de mégaoctet au 

détriment des consommateurs. Le quatrième étudie empiriquement de manière précise la relation entre le taux de marge et 

l’investissement dans la téléphonie mobile. Il met en évidence une relation en U inversé. L’investissement maximum est 

atteint pour un taux de marge de 37,2%. Un modèle théorique complète cette étude et montre que le progrès technique, c’est-

à-dire la réponse à l’investissement en terme d’utilité pour les consommateurs,  joue un rôle important dans la forme de la 

relation entre marge et investissement. Lorsque le progrès technique est faible, la relation est monotone et décroissante. La 

probabilité d’avoir une relation en U inversé augmente avec le progrès technique et lorsque la relation est en U inversé, le 

sommet de la courbe se déplace vers des niveaux de marge plus élevés. 

Mot clés : Investissement, Concurrence, Régulation, Structure de Marché, Incitations, Oligopole. 

Abstract  

Incentives to invest in telecommunications networks

This thesis presents four research papers studying the relationship between market structure, competition, regulation and 

investment in telecommunications networks. Telecommunications networks require regular and substantial investments. 

These investments are essential to incorporate the technical progress in the network and have a large impact on growth and 

employment. This is why the issue of investment incentives is especially important. The first paper examines the relationship 

between regulation (price of the access charge to legacy network, copper wholesale access share) and penetration of different 

technologies (copper, optical fiber and cable). It shows that a regulation which is too favorable to copper, decreases incentives 

to invest in other technologies and may slow down their development , especially the new generation technologies. The 

second paper examines the relationship between investment in mobile telephony and the average prices of the traffic (in 

megabytes). It shows that traffic growth depends on investments and technical progress. Regular investment yields an 

exponential growth of  traffic. It also shows that the fall in average prices of the megabyte is mainly due to traffic growth and 

therefore investment. The third paper examines the relationship between margin and investment of mobile telephony 

operators. It shows a break in operators behavior based on their level of profit margin. It also shows that there is a level of 

investment that maximizes profit. This level of investment depends on the structure of the market and consumers’ demand. 

When the margin of the operator is sufficient, the level of investment to maximize profit is reached, otherwise, the investment 

is lower which slows down the incorporation of technical progress in the network, traffic growth and ultimately the fall in 

megabyte prices to the detriment of consumers. The fourth paper empirically examines precisely the relationship between the 

rate of margin (margin/revenues) and investment in mobile telephony. It highlights an inverted U-shaped relationship. The 

maximum investment is achieved for a 37.2% rate of margin. A theoretical model complements this study and shows that 

technical progress, that is to say, the response to the investment in terms of usefulness to consumers, plays an important role in 

shaping the relationship between the rate of margin and investment. When technical progress is weak, the relationship is 

monotonic and decreasing. The likelihood of having an inverted U  relationship increases with technological progress and 

when the relationship is inverted U, the peak of the curve shifts to higher rates of margin.

Key words : Investment, Competition, Regulation, Market structure, Incentives, Oligopoly 
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