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Introduction en francais

Dans cette thése, nous étudions l'interaction entre les champs classiques du transport
optimal et des semigroupes de Markov avec le probléme moins connu de minimisation
entropique de Schrodinger. Comme resultat des analogies et relations entre ces theories,
nous allons deriver des inegalités fonctionnelles.

Cela peut étre résumé dans le schema suivant.

Optimal Transport Schrédinger Problem

Functional Properties

Au cours des 20 derniéres années, la théorie du transport optimal s’est revelée étre un outil
efficace pour étudier le comportement asymptotique dans le cas des équations de diffu-
sion, pour prouver des inégalités fonctionnelles et pour étendre des propriétés géométriques
dans des espaces extrémement généraux comme des espaces métriques mesurés, etc. La
condition de courbure-dimension de la théorie Bakry-Emery apparait comme la pierre
angulaire de ces applications. Il suffit de penser au cas le plus simple et le plus impor-
tant de la distance quadratique de Wasserstein Ws: la contraction du flux de chaleur en
Wy caractérise les bornes inférieures uniformes pour la courbure de Ricci; I'inégalité de
Talagrand du transport, comparant W5 a ’entropie relative est impliquée et implique,
par l'inégalité HWI, I'inégalité log-Sobolev; les géodésiques de McCann dans 'espace de
Wasserstein (Py(R™), W) permettent de prouver des propriétés fonctionnelles importantes
comme la convexité, et des inégalités fonctionnelles standards telles que 'isopérymétrie,
des propriétés de concentration de mesure, 'inégalité de Prékopa-Leindler et ainsi de
suite. Néanmoins, le manque de régularité des plans minimisation nécessite des argu-
ments d’analyse non lisse.

Le probléme de Schrodinger est un probléme de minimisation de I'entropie avec des
contraintes marginales et un processus de référence fixes. A partir de la théorie des
grandes déviations, lorsque le processus de référence est le mouvement Brownien, sa
valeur minimale A converge vers W, lorsque la température est nulle. Les interpola-
tions entropiques, solutions du probléme de Schrodinger, sont caractérisées en termes de
semigroupes de Markov, ce qui implique naturellement les calculs I'; et la condition de
courbure-dimension. Datant des années 1930 et négligé pendant des décennies, le prob-
léme de Schrodinger connait depuis ces derniéres années une popularité croissante dans
différents domaines, grace a sa relation avec le transport optimal, a la regularité de ses
solutions, et a d’autres propriétés performantes dans des calculs numériques.

7
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Le but de ce travail est double. D’abord, nous étudions certaines analogies entre le
probléme de Schrodinger et le transport optimal fournissant de nouvelles preuves de la
formulation duale de Kantorovich et de celle, dynamique, de Benamou-Brenier pour le
colit entropique A. Puis, en tant qu’application de ces connexions, nous dérivons certaines
propriétés et inégalités fonctionnelles sous des conditions de courbure-dimension. En par-
ticulier, nous prouvons la concavité de I'entropie exponentielle le long des interpolations
entropiques sous la condition de courbure-dimension C'D(0,n) et la régularité du cott
entropique le long du flot de la chaleur. Nous donnons également différentes preuves de
I'inégalité variationnelle évolutionnaire pour A et de la contraction du flux de la chaleur
en A, en retrouvant comme cas limite, les résultats classiques en W, sous C'D(k, )
et C'D(0,n). Enfin, nous proposons une preuve simple de la propriété de concentration
gaussienne via le probléme de Schrodinger comme alternative aux arguments classiques
tel que 'argument de Marton basé sur le transport optimal.

Organisation de la thése

Dans le chapitre 1 nous rappellons toutes les notions préliminaires et les résultats con-
nus nécessaires a la compréhension du reste des chapitres. En particulier, la section 1.1
est divisée en quatre parties. La premiére est entiérement consacrée a l'entropie rela-
tive. Nous rappelons la définition classique des mesures de probabilité, 'extension aux
mesures non bornées et des propriétés importantes telles que la formule variationnelle
(1.2) et la propriété additive (1.6). Dans la deuxiéme partie, nous étudions les propriétés
cinématiques des processus de diffusion de Markov. Aprés avoir rappelé les définitions
de base, nous introduisons la notion (et la notation) de mesures de chemin sur 'espace
de trajectoires continues (1.10) comme solution au probléme de martingale associé a une
EDS du type (1.7). Puis nous rappelons les notions de vitesses stochastiques de Nelson,
1.1.9, et donnons leur interprétation physique a l'aide des équations de transport et de
Fokker-Plank. A ce stade, nous présentons des exemples que nous utiliserons tout au long
du manuscrit, comme le mouvement Brownien, le processus d’Ornstein-Uhlenbeck et le
semi-groupe de Kolmogorov. La troisiéme partie contient les principaux résultats de la
théorie de Girsanov dans le théoréme 1.1.14 et 'idée de la preuve. Le théoréme de Gir-
sanov jouera un role crucial dans la section 3.5 et au chapitre 6. Dans la quatrieme partie,
nous nous concentrons sur les semigroupes de Markov et le critére de Bakry-Emery via
I'opérateur I's. Dans la section 1.2 nous résumons les résultats trés basiques du transport
optimal dans le contexte euclidien avec une attention particuliére au cas quadratique de
la distance de Wasserstein.

Dans le chapitre 2 nous présentons le protagoniste principal du manuscrit, le probléme de
Schrodinger: dans ce chapitre, nous passons sur beaucoup de détails, pour lesquels nous
renvoyons a la littérature et nous renoncons aux cas plus généraux ol ces résultats sont
valables pour des arguments plus directs et explicites afin d’avoir un chapitre de taille
raisonnable. La section 2.1 concerne la définition du probléme et I'existence de résultats
uniques. Dans la section 2.2 nous nous intéressons a la solution, c¢’est a dire, les ponts et
les interpolations entropiques, et nous analysons quelques propriétés cinématiques. Puis
dans la section 2.3 nous nous intéressons a la valeur optimale du probléme de Schrédinger
et nous proposons des moyens alternatifs pour définir le cotit entropique, analogue a la
distance Wasserstein. Dans les sections 2.4 et 2.5 nous étudions respectivement la con-
nexion du probléeme de Schrédinger au transport optimal et le comportement de I’entropie
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relative le long des interpolations entropiques, via le critére I';. Enfin, dans la section 2.6,
nous donnons un apercu de la motivation physique statistique de la question originale
adressée par Schrodinger et une revue historique de la littérature sur ce sujet.

Le chapitre 3 traite des analogies entre le probléme de Schrodinger et le transport optimal
(OT). Nous donnons une nouvelle preuve de la double formulation de Kantorovich pour
le cotit entropique dans la section 3.4 et une formulation a la Benamou-Brenier dans la
section 3.5 Comme application nous démontrons a la section 3.6 des inégalités de con-
tractions pour le cotit entropique qui, a la limite, donnent les resultats classique dans
la distance de Wasserstein (12). Enfin, dans la derniére section 3.7 nous donnons des
exemples explicites d’interpolations entropiques et de McCann dans deux cas simples ol
des calculs explicites sont possibles et deux exemples numériques simples.

Dans le chapitre 4 nous montrons la propriété de concavité (26) et la propriété de régu-
larité (30) sous la condition C'D(0, N'). Nous dérivons les inégalités EVI et de contraction
dimensionnelles eqref eq-intro-contr-2n pour le cotit entropique.

Dans le chapitre 5, nous prouvons sous le C'D(k,o0), l'inégalité EVI via deux méth-
odes alternatives.

Dans le chapitre 6 nous utilisons une version simple du probléme de Schrédinger avec
€ = 1 fixé pour donner une preuve rapide de 'inégalité de concentration dans la section
6.1 et de I'inégalité de Prékopa-Leindler dans la section 6.2, via une méthode de couplage
et le théoréeme de Girsanov.

Les chapitres 1 et 2 ne contiennent aucun nouveau résultat, contrairement au reste du
manuscrit. Les chapitres 3 et 4 sont des versions légérement modifiées de, respectivement,
[GLR17] et |Rip17] dans lesquelles nous avons ajouté quelques commentaires et utilisons
des notations cohérentes avec le reste du manuscrit. Nous avons décidé de les retranscrire
telles qu’elles apparaissent dans l'organisation de l'article (résumé, introduction, cadre,
résultats ...) pour garder leur autonomie par rapport au reste du manuscrit, et laisser
le lecteur libre de lire la partie qui l'intéresse, au prix de définitions parfois redondantes.
Nous nous excusons pour ces quelques répétitions. Le chapitre 6 est I'objet d’un nouvel
article en préparation avec Gentil et Léonard.



10

CONTENTS



Introduction

In this work we will study the interplay between the classical fields of optimal transport
and Markov semigroups with the less explored Schrédinger entropic minimization prob-
lem. As a result of the analogies and relations between these theories we will derive some
functional inequalities.

The introduction is organized in three parts. In a first part we recover the basic notions
of the optimal transport theory and some of the connections with curvature dimension
conditions. In a second part we introduce the Schréodinger problem and present some
of the new results of this manuscript about the analogies with optimal transport. The
third part contains our contributions to the applications of these analogies to functional
properties and inequalities via the Bakry-Emery theory.

This can be summarized in the following scheme.

Optimal Transport Schrodinger Problem

Functional Properties

I. Optimal transport and Bakry-Emery theory

We start by giving an informal picture of the very definition of the Monge-Kantorovich
problem, its dynamic counterpart and few important and well known properties on R™.
We will discuss these topics in more details later at Section 1.2.

Optimal Transport

The fathers of the optimal transport theory are Monge (1781) [Mon81] and Kantorovich
(1942) [Kan42a|. The idea is to transport in the most economical way some mass between
two prescribed distributions. Let us choose for simplicity, as state space the Euclidean
space R™. We denote by pq, 111 € P(R™) the prescribed configurations and ¢ : R*xR" — R*
the cost function. Then the Monge-Kantorovich problem consists in,

nt{ [ el nldedyin € M) 1)

11
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where TI(pg, p11) is the set of all probability measures on the product space R™ x R™ with
marginals p, 41 namely, all 7 € P(R™ x R") such that

mo(dx) == m(dx x R") = po(dz), m(dy) = 7(R" x dy) = 1 (dy). (2)

The Monge-Kantorovich problem admits also a dynamical formulation, proposed by Mc-
Cann in [McC97], taking into account the whole trajectory of the system and not only
the initial and final position. It can be written as,

iﬂf{ Cl(Te)o<e<1) dpo; To = Id, Tyypo = Ml} ; (3)
RTL

where C' is a non-negative function on the space of the continuous trajectories on R,
Q := C([0,1],R™). In order to be equivalent to its static version (1), the cost function
C:Q — RT in (3) has to satisfy the relation

c(x,y) = inf{C(z)o<i<1]; 20 =, 21 = y}.
For instance in the quadratic case, C|[(2;)] = fol |22/2 dt.

A keystone result is due to Brenier who, in the 1980s, characterized the optimal map,
in the quadratic case c¢(x,y) = |r — y|[>. Brenier’s Theorem establishes that whenever
o, i1 € Po(R™), that is the set of probability measures with second order moment finite,
and gy is absolutely continuous with respect to the Lebesgue measure, then the optimal
plan is given by

™= (]d X ch)#,ug € ,P(Rn X [Rn)

where V is the gradient of a convex function and is called Brenier’s map. With the push-
forward notation we have that Vg = i1, which means that for all regular enough real

function A on R™,
/hdﬂl = /h(V(p) dto.

On the other hand, the solution of the quadratic dynamical problem is called McCann or
displacement interpolation and is characterized by the formula

e = Togppio = (1= ) 1d + 1Vl ppo, Y0 <t < 1.
where Vo is the Brenier map.

In the quadratic case, the optimal value of the Monge-Kantorovich problem gives rise
to the square of a distance in the space P2(R") = {u € P(R"), [ |z|*dp < oo}, that is
called the Wasserstein distance or cost, and is denoted,

W3 (o, 1) = inf {/ |z — y|* w(dedy); 7 € H(uo,ul)} (4)
R7 x R™

The Wasserstein space (P2(R™), W) is geodesic. This means that for any couple of prob-
ability measures p, 1 € Po(R"™), there exists a path (,uiwc)te[o,l] in Py(R™) such that for
any s,t € [0, 1],

Wa ", ") = |t — s|Wa(po, ).
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Such a path is a constant speed geodesic in (P2(R"), Ws), see [AGS08, Ch.7|. Formally,
the optimal transport dynamics is driven by the transport equation,

atlﬁt + V- (,utVQt) =0

for all £ > 0, to be meant in a weak sense, and initial condition p;—g = pg. Here 6, is the
solution of the Hamilton-Jacobi equation,

|V,

0:0; + 5

=0 ()
with initial condition y(z) = ¢(z) — |z|*/2. One issue of optimal transport maps is that
they are in general not smooth.

The Wasserstein distance enjoys two alternative formulations useful when dealing with
applications of optimal transport. The first one in the dual Kantorovich [Kan42b]| formu-
lation. It allows us to write

W ) = sup { [ Q- [ wdul} (6)

PYeCy(R™)

where Q; is the Hopf-Lax formula at time ¢t = 1, Qu(z) = inf,ern {(2) + |y — z|?/t}
which is the viscosity solution of the Hamilton Jacobi equation (5). The second one is the
Eulerian Benamou-Brenier formulation [BB00|. It states that for any pg, 11 € P2(R"),

1
W3 (1o, 1) = (mf/o i lve|? du dt, (7)

Z/’U

where the infimum runs over all paths (14, v;)sc0,1) where v, € P(R") and v(z) € R™ are
such that v; is absolutely continuous with respect to time in the weak sense of [AGS08,
Ch.1] for all 0 <t <1, vy = po, v1 = 11 and

atl/t—“V'(VtUt):O, 0§t§1

Markov semigroups and [';-calculus

Optimal transport matched very soon another well known theory, the one of Markov
semigroups and the Bakry-Emery theory, that we recall here briefly.

Given a Markov process (Xt)t20 the associated Markov semigroup is defined for any real
suitable measurable function f and any ¢ > 0 as

Tof(x) = E(f(X,)|Xo = x) = / £ () il dy).

where p;(x, dy) is the transition probability kernel of the process (X;):>o. To any Markov
semigroup we associate an infinitesimal generator

Lf = lim Lif-f

t—0t t ’

whenever the limit makes sense, and a reversing measure m € M, (R") satisfying

[ Tigdm = [ gt dm.
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whenever the integral exists. Hence for any suitable couple of functions f,g € L?(m) we
define the symmetric non-negative and bi-linear carre du champ operator as,

I(f.g9) = %[L(fg) — fLg—gLf].

In 1985 in the founding paper [BE85], Bakry and Emery introduced a notion of curvature-
dimension bound via the iterated carré du champ operator

La(f,9) = 5[0(F0) = T(S, Lg) — T(Lf )

We say that L satisfies the Bakry-Emery condition C'D(k, N) for some k € R and N €
[1,00), if for all suitable function f € L?(m)

Do(f) 2 AT(F) + (L) ®)

Roughly speaking the interpretation of x as a curvature and N as a dimension can be
seen in a Riemannian manifold via Bochner’s formula. For instance consider L = A, on
a smooth complete connected Riemannian manifold (M, g). Then the Bochner identity is

Lo(f) = S L(VSP) = V1 - VL] = Rie(V [, V) + |V

where Ric is the Ricci curvature and V? is the Hessian. Hence we can deduce that the
CD(k, N) condition is satisfied if and only if the Ricci curvature is bounded from below
by x and the dimension of the manifold is bounded from above by N. This curvature-
dimension criterion was first introduced by Bakry and Emery in [BE85| as a sufficient
condition for a class of functional inequalities such as hypercontractivity, the log-Sobolev
inequality or the Poincaré inequality etc.

Optimal Transport and Curvature-Dimension

The connections between optimal transport theory and curvature-dimension conditions
are nowadays innumerable. Far from being exhaustive, we mention here some of the main
founding results of the last twenty years.

Displacement convexity. In the pioneering 1997 paper [McC97] McCann introduced
the concept of displacement convexity for functionals of the type,

Fi) = [ Flp)dm ©)

where p € P(R"), p is the density p = du/dm and m is the equilibrium measure. We say
that a functional F is k-geodesically (or displacement) convex in the Wasserstein space
(Pa(R™), Wa) for some « € R, if for all McCann interpolation (u}¢)g<i<; and all 0 < ¢ < 1,

F"®) < (L= 0)F (o) +tF () = 5 HL = )W (p10, ). (10)
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Transport and HWI inequalities. In the 2000 paper [OV00] Otto and Villani es-
tablished a link between the transport Talagrand inequality and the log-Sobolev inequal-
ity. More precisely, let us introduce the two principal information-theoretical functionals:
the relative entropy defined for any couple of probability measures as

dp
Hiply) = [ 10g

whenever 1 < v and +o0o otherwise. While the Fisher information,

du ?
I(ulv) =/\V1og5

Otto and Villani proved that any measure m = e~V dz with V regular enough satisfying
the log-Sobolev inequality

dp.

H(ulm) < 5T (ulm)

for some C' > 0 and for any probability measure p << m, then it also satisfies the Talagrand
inequality,

Walya,m) < 2] (1)

They also proved the reverse implication, through the introduction of a new inequal-
ity relating entropy, Fisher’s information and Wasserstein distance, hence called HWI
inequality, which writes for any u € Py(R™) and p < m, as

(,u|m < W2 :uv \/ :U“| - _W2 w, m

Contraction. In 2005 von-Renesse and Sturm [Sv05| proved the equivalence between
CD(k,00) and contraction in Wasserstein distance. This means that given a diffusion
operator L and denoting by (7});>0 the associated Markov semigroup with invariant mea-
sure m € M (R"), saying that it satisfies the Bakry-Emery condition (8) with N = oo
is equivalent of saying that the Wasserstein distance is a contraction along the flow of
(E)tzo, that is

W3 (Ti fdm, Tigdm) < e WS (f dm, g dm). (12)

This result was later established in the flat but dimensional case, C'D(0, N) in [BGL15]
and [Kuwl5|,
WHT,f dz, Tygdx) < W2(f dx, gdz) + 2N (vt — \/5)?, Vs, t>0. (13)

It has been recently extended to the general C'D(k, N) in [EKS15] and improved in
[BGG16] and [BGGK16], both in the Euclidean and the Riemannian cases, writing as,

9 t

N 6_2”“_“)[H(Tuglm)—H(Tuflm)]QdU- (14)

W2<thm T,gm) <W2(fm gm) —

Gradient flow. In 1998 a new approach was proposed by Jordan, Kinderlehrer and
Otto [JKO98| on the heat flow, solution of the drift-diffusion equation

atpt = A,ut + V- ([LtVV)
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They showed that it can be seen as the gradient flow in the Wasserstein space with its
Riemannian-like metric, of the relative entropy functional with respect to the invariant
measure m = e~V dx. A similar result was proved a bit later in [Ott01] for the porous
medium equation. This approach opened a new chapter in the study of integral functional
such as (9).

Let us recall the basic definition of gradient flow on R™. Given the differential equation,

8txt = —VF(I't), t Z 0 (15)
with initial condition zy = x, then we say that (z;);>¢ is the gradient flow of F.

Evolutionary variational inequality The concept of k-displacement convexity, gra-
dient flows and the contraction property are striclty related. In the textbook [AGS08| the
authors Ambrosio Gigli and Savaré, introduced a new inequality leading them together.
It is the Ewolutionary variational equation (EVI) and, roughly speaking, it defines the
gradient flows in metric spaces, with the main advantage of avoiding differentiation of
non-smooth trajectories . In the Wasserstein space (Po(R™), Ws) it writes as,

n
W2 (L) + SWE (T, v) < Fv) — F () (16)
for all £ > 0, and any suitable function u and v. Later on it became a classical strategy
to derive contraction in Wasserstein distance along the flow (7});>¢ from EVI. Moreover
it was also proved by Daneri and Savaré |[DS08] that the EVI inequality with constant
k € R implies the k-displacement convexity (10) of the functional F. For completeness let
us recall that displacement k-convexity (10) of a functional implies the contraction (12)
for its gradient flow.
It is easily seen in the Euclidean setting that for z;,y; solutions of (15) with initial
condition respectively xo = x and yo = v,

%m — i

2<l't — Yy, Oy — 8tyt>
—2(wy — Yo, VEF (1) — VF(y1))

IA*

—2kK|xy — yt|2

and Gronwall’s lemma yields to the contraction,
|z — ye]® < e 2w — g, Vit > 0.
The k-convexity appears in the marked inequality, in the form of x-monotonicity of VF,

(VF(z) = VF(y),z —y) > klz —y|*.

The EVI approach was successively developed in the dimensional case C'D(k, N) by Erbar
Kuwada and Sturm in [EKS15].

LSV theory The mailstone of the links between optimal transport and Ricci curvature
is the Lott-Sturm-Villani theory, simoultaneously and independently developed in [LV09]
and [StuO6a|. They extended the notion of C'D(k, c0) condition to metric measured spaces
(X,d, m) through convexity properties along geodesics between probability measures on

X.
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II. Schrodinger problem and Optimal Transport

In this second part we introduce the Schrédinger problem and briefly recall the definitions
of the entropic interpolation and cost, respectively solution and optimal value of the
Schrodinger problem. After recalling that the Schrodinger problem is, roughly speaking,
a regular approximation of the Monge-Kantorovich problem, we will explore some new
analogy.

Schrodinger problem

Introduced in 1932 [Sch32|, the Schrédinger problem is, in modern terms, an entropy min-
imization problem. We fix a reference path measure R € M (2), where Q = C([0, 1], R"™).
We denote the joint law of the initial and final position as,

R(n = (Xo X Xl)#R S ,P(Rn X [Rn),
where (X;)o<t<1 is the canonical process on €2, defined by
Xt(W) = wy € |Rn, Vw= (ws)ogsgl € Q, 0 S t S 1.

For any couple of prescribed marginals pg, 11 € P(R™), the Schrodinger problem consists in
minimizing the entropy relative to Ry; among all the probability measures 7 € P(R" x R™)
with marginals po and gy, that is,

inf{H(w|Ron); 7 € P(R" x R"), mo = po, 71 = p11 }, (17)

where the marginals my and 7 are defined in (2). As the Monge-Kantorovich problem, it
admits the following dynamical formulation,

1I1f{H(P|R), P e P(Q) : P() = M07P1 = [Ll} (18)

where we denoted by P, (for ¢ = 0,1) the time projection at time t of the path measure
P, namely

where (X;);>0 is the canonical process.
Problems (17) and (18) are equivalent, in the sense that they share the same optimal
value, attained respectively by 7 and P, mutually characterized by the relation,

Pl = /[R  RY(C)(dady) € P(O)

that means that Py, = # and that P shares the same bridges P* = R™ := R(-| X, =
z,X; = y) of R. In the manuscript we will mainly consider as reference measure, the
Markov reversible path measure R associated with generator L = (A — VV - V)/2 and
reversing measure m = e~V dz, for a regular enough potential V. Under some sufficient
assumption on the reference measure and the marginals, which will be specified in Chapter
2 the Schrédinger problem admits a solution. Uniqueness follows directly from the strictly
convex nature of the Schrédinger problem.

In the two basic examples, when V = 0 and V = —|z|?/2, which correspond respectively
to the Brownian motion and the Ornstein-Uhlenbeck process, we will show that these
assumptions are satisfied, whereas the assumptions on the marginals reduce to

H(ulm) < o0, € Pa(R")
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that is, the marginal measures have finite relative entropy with respect to the equilibrium
measure (respectively m = £ and m = e 1*I"/2/(27)"/2dzx), and second order moment
finite.

The solution of (18) is called entropic bridge and is characterized by the formula,

pP= [(X0)g(X1)R € P(Q)

where f, g are measurable non negative functions, satisfying the initial and final condi-

tions,

o = fTig

= gTif,
where (7}):>o is the Markov semigroup associated with the reference R. The entropic
interpolation is defined as the time marginal flow of the entropic bridge, pu; == P, =

(X;)4P € P(R") and characterized by the formula,
dps =Ty fTitgdm, V0 <t < 1.

We denote p; = duy/dz the density of the entropic interpolation with respect to the
Lebesgue measure, it is a smooth solution of the transport equation,

at/Lt + V- (,utVHt) = 0,

where the vector field
Vb, = (Vo + Vipy)/2 (19)

is called current velocity and the functions ¢y, ¢, are the Schrodinger potentials defined
by o =log T f, and ¢ = log T1_g.

From the point of view of random process, if R is associated with the SDE (in a sense
that will be made cleat later at Section 1.1.2)

X, = —g dt + dw,, (20)

then the entropic bridge, P is associated to the SDE,

vV
dX; = <_T + W) dt + dW,, (21)

where 1 is a Schrédinger potential.
Provided that a solution P € P(Q) of (18) exists, it attains the optimal value

H(P|R) = inf{H(P|R); P € P(Q), Py = pio, P, = ju1 }-
Thus we define the entropic cost between two measures pig, 11 € P(R") as,
. 1
Alo, ) := L H(P|R); P € P(Q), Po = po, Pr = pu} — 5[H(polm) — H(pu|m)]. (22)

It is symmetric and non-negative. The necessity of withdrawing the constant term
[H (po|m) — H(uilm)]/2 will be clear at Sections 2.3 and 3.5. As an alternative, we
can define the forward and backward costs as,

A(po, ) == it {H(P|R): P € P(Q), Py = uo, Py = pun} — H(psolm)
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(10, 1) = inf{H(P|R): P € P(Q), Py = p1o, P, = ur} — H(ju|m).

They have the drawback of being non symmetric but they admit a useful dual Kantorovich
formulation that will be proved at Section 3.4.

We can recover from here the original question addressed by Schrodinger. Roughly speak-
ing, assume that (20) models the position of a particles system with initial law £(Xy) = po.
We observe the system at time, say, ¢ = 1 and we see that £(X;) = p; is different from
what we expect according to the SDE (20). This is a rare event, with a very low proba-
bility to happen. It means that an unexpected drift, namely V), perturbed the motion
of the system, that is thus driven by the SDE (21). Moreover the most likely dynamics
of the perturbed particles system is P, that is the one who minimizes the relative entropy
with respect to R.

Schrodinger problem vs. Optimal Transport

Besides the fact of being transportation problems between two prescribed configurations,
the Monge-Kantorovich and the Schrodinger problems at a first sight don’t seem to have
much in common. One is deterministic the other is probabilistic, involving a reference
random process and the relative entropy functional. Nevertheless several connections and
analogies do actually hold between optimal transport and entropy minimization. Let us
discuss informally here the main results.

The link between the Schrédinger problem and optimal transport was first established
in [Mik04] not actually in terms of minimal entropy but of h-transforms. Considering
problem (17) with a scaling factor £ > 0,

A (po, o) = inf{eH(P|R%); P € P(Q), By = po, P = pun} — g[H(Mo\m) + H (pa|m)]

where R° is associated to the generator L° = ¢A/2 then,

W22<:u0: Ml)

. (23)

lim A (o, 1) =
dim Ao, 1)
and X R
lim P* = P
e—0
where P € P(Q) is the unique solution of the dynamic Monge-Kantorovich problem with
quadratic cost (4). In [Léol2a| Léonard proved that this limit is actually true whenever
the reference measure R® in (18) and the cost function in (3) satisfy a large deviation
principle,
—inf C(w)/e
R°(A) = e weA ,
e—07t
for any Borel set A C . A formal but persuasive argument to prove the convergence (23)
is to consider the static versions (17) and (1) respectively with Brownian motion as ref-

erence measure, and the quadratic distance as cost function, namely
2
=yl

e € 9
2 dl’dy, C(l’,y) = ’.’13 - y’ .

o (dedy) = ey
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An explicit computation shows that

2
— d
eH(m|Rg,) = /%deﬂg/log d:pZydﬂ+€lOg(27T€)n/2'

Hence at the limit

a2
lim eH (7| Rg,;) = y|
e—=0t
Optimizing over all 7w € II(ug, pt1), we obtain
W2 (o,
lim A% (g, uy) = 20 #1)
e—0t 2

This is consistent with the fact that the entropic cost and the entropic interpolations
approximate the Wasserstein distance and the McCann interpolation when the rescaling
parameter ¢ vanishes. But even for fixed ¢ > 0 our two main problems enjoy some
important analogy. In [MT06] Mikami and Thieullen and later in [GLR17], Gentil Léonard
and the author proved with different methods a dual Kantorovich formulation for the
Schrodinger problem, analogous to (6). It states that for every pg, u1 € P(R™ x R™) such
that a solution of (18) exists, then

Ao, 1) = sup { / Yy — / Qﬁ/)d,uo}
PeCL(R™)

Q1 = log Tlf?d}, (24)

and (73);>o is the reference semigroup associated with R. Note that Qi satisfies the
Hamilton-Jacobi-Bellman equation,

where

[Vul?

oyu + +Lu=0

with initial condition w;—g = 1, in analogy with the Hopf-Lax semigroup appearing in (6)
defining the solution of the Hamilton-Jacobi equation (5).

The second important analogy is the Benamou-Brenier formulation for the entropic cost
proved by Chen Georgiu and Pavon in [CGP16] in the special case of Brownian mo-
tion with L = A/2 as reference measure, and for a general Kolmogorov semigroup with

= (A—=VV-V)/2in [GLR17, Section 5|. It states that the entropic cost can be written
as a minimal action problem,

Ao, p1) = mf/ / (]vt (2)|* + ]Vlogpt( )| )ut(z) dzdt,

where the infimum runs over all the couples (p, v¢)o<i<1 such that u; is a probability on
R™ for any 0 < t < 1 satisfying the marginals constrains p;—g = po, pi—1 = p1 and such
that

Oppie +V - (pevy) = 0.

Unlike the Benamou-Brenier formulation (7) where we minimize the classical kinetic ac-
tion, here we minimize the sum on the kinetic plus the osmotic actionj (that we will
define at Section 2.3) which takes into account the osmotic pressure due to the diffusion
phenomenon.
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III. Applications

From this comparative study of the Schrodinger and the optimal transport problem, a
natural question arises: can we develop some new connection between the Schrédinger
setting and the Bakry-Emery theory, in analogy to the several connections between opti-
mal transport and curvature dimension, recalled in the first part of the introduction? The
answer is yes. We mention here the main results that will be proved in the manuscript as
examples of these connections.

Schrédinger problem and Curvature-Dimension

The setting of the Schrédinger problem can be studied under curvature-dimension condi-
tions. Recalling that entropic interpolations are (smooth) approximations of the McCann
interpolations, and recalling the important role that plays convexity of the entropy func-
tional along geodesics the natural question that arises is: what is the behavior of the
relative entropy with respect to the equilibrium measure m, along entropic interpola-
tions? The surprising answer is that, despite in the Schrodinger setting we loose the
geometric properties of geodesics, entropic interpolations preserve the convexity of the
entropy. It follows by direct I's-computations, that the first and second derivative of the
entropy along entropic interpolations, can be written in terms of I' and 'y operators.
Denote (p¢)o<t<1 the entropic interpolation between two probability measures i, i1 such
that a solution of (18) exists, then

d
%H(#ﬂm) = /F% — Ty dps = Q/F(log pr, ) dpy
d2
@H(Mﬂm) = 2/F2¢t + Doy dpy = /(4F29t + I’y log py) dy (25)

where I'y is the iterated carré du champs operator associated to the generator L of the
reference measure R, m is the reversing measure of R, #; appears in the current veloc-
ity (19) and p; = du/dm is the density of the entropic interpolation with respect to the
reversing measure m. Applying the Bakry-Emery condition (8) with £ = 0 and infinite
dimension to (25), we obtain immediately the convexity of the relative entropy along en-
tropic interpolation. This was first shown by Léonard in [Léol7]. This result has been
extended by the author in [Rip17] under the dimensional condition C'D(0, N). It is shown
that,

0,1 5 5 — exp (_%H(ﬂs\c)) | (26)

is concave. In the trivial example in which the entropic interpolation coincides with the
heat flow, y; = T, f for some smooth probability density f, this result recovers Costa’s
Theorem [Cos85| that is one of the starting points of the Bakry-Emery-Ledoux theory.
The concavity property of the exponential entropy (26) holds also along displacement
interpolations and is a crucial result in [EKS15]. The gain of dealing with entropic inter-
polations, is that, being smooth, computations are not formal as in the optimal transport
setting but rigorous.

Application: functional inequalities

Optimal transport is an efficient tool to prove functional and geometric inequalities under
appropriate curvature-dimension conditions (see for instance [BGL14, Ch.9| or [Vil09,
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Part III|). The analogies and connections to optimal transport, together with the reg-
ularity of trajectories and the characterization formula in terms of Markov semigroups,
suggest that the Schrodinger problem might also be a useful tool to prove functional in-
equalities under curvature-dimension bounds.

We propose in this manuscript some new proof of standard functional inequalities, through
the notions of entropic interpolations and entropic cost.

e In [GLR17, Sec. 6] we prove a contraction inequality with respect to the entropic cost,
along the semigroup (7});>¢ associated with the reference measure R. In particular we
prove that, for R® associated with generator L® = ¢(A — VV - V) /2 with ¢ > 0,

(a) If V satisfies Hess(V') > kld, for some k € R, then for any ¢t > 0,

Alf(TOét(b)um? Ttvm) < A,%t(b)(umv Um) + 8[H<Tat(b)um’m> T H(um’mﬂ: (27>
where u and v are probability densities with respect to the reversing measure m =
e Vdz, and

e—anb

ai(b) =t + % log ( ) Bi(b) = —L log(1+ e (e™*"* — 1))

1+ em‘/(efsf-eb _ ]_)
where: if £ <0, b€ (0,00) and if K > 0, b € (0, —log(1 — e ") /(re)).
(b) If V' =0 then for any t > 0,

AS(Toul, TowL) < A5 (ul,vLl) + gm ~ Ve 4 e[H(Tw|L) — H|L)].  (28)
In the first case we introduced a generalization of entropic cost AZ defined as,

eAS (o, pn) = eH (prolm) + SUP{ Yduy — | Qdpg, Y€ Cb([R”)}
RTL

|Rn

where for any 1) € Cy(R"),
Qs = elog Ter ().

Taking the limit as € goes to zero of the contraction inequalities in entropic cost, we
recover the classical contraction in Wasserstein distance (12), (13). The dimensional case
(28) is successively improved by the author in [Rip17]|, obtaining,

A(Tyu, Tyw) < A(u,v) — n/ot sinh? (H(Tsu\ﬁ) — H(TSU|£)) ds. (29)

2n

analogous of (14) for kK = 0. The proof of (27) and (28) are based on the commutation of
the semigroup (7}):>o and (Q;):>o defined at (24), and is proved at Lemma 3.6.2. While
(29) is derived as a consequence of the EVI inequality for the entropic cost, in Corollary
4.3.8.

e The EVI inequality is proved for the entropic cost under the C'D(k, 00) and C'D(0, N)
conditions. Taking advantage of the regularity properties of the entropic interpolation,
we prove in Theorem 4.3.4 that the function,

0,00) 2t — A(u L, Tiv L),
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where A is the entropic cost (22), is differentiable. In particular, for ¢ = 0 it holds,

AL, Toot) = 2L H(ule) (30)

dt li=o 2dsls=1

where (ps)o<s<1 is the entropic interpolation between u and v. Hence the entropic inter-
polation is just a consequence of the concavity of (26). Under C'D(k, 00) with x € R we
prove in Chapter 5 that for all ¢ > 0,

2 1
%Ae(um,Ttvm) + gAE(um, vm) — %yfq / In(ps)ds < =[H(ulm) — H(Tv|m)]
0

| —

where (ps)o<s<1 is the entropic interpolation between um and vm, and [n(us) is the
Fisher’s information (5.8) of us with respect to the reversing measure dm. We derive this
result by means of two strategies already used one in [DS08| and the other in [BGL15] to
derive EVI in Wasserstein distance.

We give a proof of the dimensional EVTI for the entropic cost, as an immediate consequence
of (30) and the Costa’s type property (26),

L AL, TwL) <

(1 B 6_%[H(u|[,)—H(TtU|[f)]) _
dt

|3

e Finally we propose an easy proof of the Gaussian concentration inequality at Theo-
rem 6.1.1, saying that for any 0 < p < 1, ¢ > 0, z € R” and any Borel measurable subset
A C R" such that m**(A) > p, it holds

[r —r(p, &, )]
27(k, t)

M AT) > 1 - exp {— } Vi > r(p, k. 0),

where A" := {x € R";d(x, A) < r} is the r-enlargement of the subset A, and

= { s Kt

and r(p, k,t) == /27(k,t)log(1/p). The proof is very fast. It is based on a coupling
method and on the statistical physics nature of the Schrodinger problem (through Gir-
sanov’s Theorem 1.1.14); we don’t even need the limit to the optimal transport. As a
consequence we derive the Talagrand inequality (11).

e With the same method we obtain the Gaussian Prékopa-Leindler inequality recover-
ing the same result of Lehec [Leh13]. We recall that it writes, for any 7' > 0 as

log/ e dyp > (1)) log/ e? dvT—i—/\log/ eV dryr,

n

where 6,1, 19" are measurable [—00, 0o)-valued functions on R™ satisfying for any 0 < A < 1
O((1 — N+ M) > (1 — N)(z) + ' (2'), Va, ' e R,

and vy := N(0,7T1d). As an application we derive the Prékopa-Leindler inequality for
any log-concave measure m (Corollary 6.2.3) and its geometric counterpart, the Brunn-
Minkowski inequality (Corollary 6.2.4).
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Structure of the manuscript

The manuscript is organized as follows.

In Chapter 1 we collect all the preliminary notions and known results necessary for un-
derstanding the rest of the chapters. In particular Section 1.1 is divided into four parts.
The first one is entirely devoted to relative entropy. We recall the classical definition for
probability measures, the extension to unbounded measures, and important properties
such as the variational formula (1.2) and the additive property (1.6). In the second part
we investigate kinematic properties of Markov diffusion processes. After recalling the
basic definitions, we introduce the notion (and notation) of path measures on the space
of continuous trajectories (1.10) as solution of the martingale problem associated with a
SDE of the type (1.7). Then we recall the concept of stochastic velocities due to Nelson,
in Definition 1.1.9 and give their physical interpretation by means of the Fokker-Plank
and the transport equations. At this point we introduce some example that will refer to
all along the manuscript, such as the Brownian motion, the Ornstein-Uhlenbeck process
and the Kolmogorov semigroup. The third part contains the main results of the Girsanov
theory in Theorem 1.1.14 and a sketch of the proof. Girsanov’s Theorem will play a crucial
role in Section 3.5 and at Chapter 6. In the fourth part we focus on Markov semigroups,
and the Bakry-Emery criterion via the [';-operator. In Section 1.2 we summarize the very
basic results of optimal transport in the Euclidean setting with particular attention to
the quadratic case of the Wasserstein distance.

In Chapter 2 we present the protagonist of the manuscript, the Schréodinger problem.
In this chapter we avoid many details, for which we refer time to time to the literature,
and renounce to the most generality in which these results are valid, in favor of more
direct and explicit arguments and of a reasonable size of the chapter. Section 2.1 is about
the definition of the problem and existence and uniqueness results. In Section 2.2 we
focus on the solution, namely the entropic bridges and entropic interpolations, and an-
alyze some kinematic properties. Then in Section 2.3 we are interested in the optimal
value of the Schrédinger problem and propose alternative ways to define the entropic cost,
the analogous of the Wasserstein distance. In Section 2.4 and Section 2.5 we investigate
respectively the connection of the Schrodinger problem to optimal transport and the be-
havior of the relative entropy along entropic interpolations, via the I'y criterion. Finally
in Section 2.6 we give a flavor of the statistical physics motivation of the original question
addressed by Schrodinger and an historical review of the literature on the topic.

Chapter 3 deals with the analogies between the Schrédinger problem and optimal trans-
port (OT). We give a new proof of the Kantorovich dual formulation for the entropic
cost in Section 3.4 and a Benamou-Brenier formulation in Section 3.5. As an application
we prove at Section 3.6 some contraction results in entropic cost that, at the limit, give
the classical contraction in Wasserstein distance (12). Finally in last Section 3.7 we give
some explicit examples of entropic and McCann interpolations in two basic cases in which
explicit computations are possible, that is between two Gaussian measures when the ref-
erence measure is either the heat either the Ornstein-Uhlenbeck semigroup, and two easy
numerical examples.

In Chapter 4 we prove the concavity property (26) and the regularity property (30) under
the C'D(0, N) condition. We derive the dimensional EVI and the dimensional contraction
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(29) for the entropic cost.

In Chapter 5 we prove under the C'D(k, 00), the EVI inequality via two alternative meth-
ods.

In Chapter 6 we use a genuine Schrodinger problem with fixed ¢ = 1 to give a fast
proof of the Concentration inequality at Section 6.1 and of the Prékopa-Leindler inequal-
ity at Section 6.2, via a coupling method and the Girsanov theorem.

Chapters 1 and 2 do not contain any new results, contrary to the rest of the manuscript.
Chapters 3 and 4 are slightly modified versions of, respectively, [GLR17] and |Ripl7]
in which we added few comments and use notations consistent with the rest of the
manuscript. We decided to report them in their article organization (abstract, introduc-
tion, setting, results...) to keep the autonomy with respect to the rest of the manuscript,
and leave the reader free to read the part of interest, at the price of some redundant
definition. We apologize for the occasional repetitiveness. Chapter 6 is the object of a
new article in preparation with Gentil and Léonard.
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Chapter 1

Preliminary tools

This chapter is meant to be a toolbox containing all the necessary instruments for a
complete comprehension of the rest of the manuscript. All the results presented here are
well known results, object, in more details and more generality, of a rich bibliography
of manuals and papers, that we will mention time to time. Thus the only ambition of
this chapter is to put together all these different topics, sharing uniform notation and the
same final goal. It is organized in two parts: Section 1.1 is devoted to relative entropy
and diffusion processes, while Section 1.2 to the optimal transport theory.

1.1 Actions of diffusion processes

This section is organized as follows. First at Section 1.1.1 we introduce the relative en-
tropy that will play a central role all along the manuscript. Then at Section 1.1.2 we
recall the basic notions of Markov diffusion processes and focus on kinematics proper-
ties. At Section 1.1.3 we present the main results of the Girsanov theory, and finally at
Section 1.1.4 we discuss the principal facts of Markov semigroups and ['s-theory.

1.1.1 Relative entropy

The relative entropy is a fascinating functional recurring in different fields of physics,
mathematics and information theory. We start by giving a mathematical picture, far
from being complete but sufficient to understand the rest of the following chapters.

Definition 1.1.1 (Relative entropy) Let X' be a Polish space and p,v € P(X) two
probability measures on X. The relative entropy is defined as,

du .
log —dp if p < v,
i~ { s e i (11)

+00 otherwise.

Some important properties of the entropy can be directly derived by its definition. Indeed,

we can write,
dp
H = —
(ulv) /h (du) dv

where h(a) = aloga —a + 1 for any a > 0 (with the convention that 0log0 = 0)
and 4oo for any negative a. The function A(-) is non-negative and strictly convex, and

27
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it is straightforward to see that these properties are inherited by the relative entropy
functional. Note that h(a) = 0 if and only if a = 1, which implies that

H(plv) =0 <= p=w.

Proposition 1.1.2 (Variational formula) Let v be a probability measure; for any p €
P(X) such that p < v, the relative entropy can be written as,

H(plv) :sup{/u du—log/e“ dv; umeas., /e“du < oo,/|u|dl/ < oo}. (1.2)

Proof

< We recover here the proof of [GL10, Prop. B1]. It is based on the Fenchel inequality
st < tlogt —t + €, valid for all ¢ > 0, and s € R. It can be easily checked that the
equality is attained when

st=tlogt —t+e’ <= t=¢". (1.3)
Take this inequality with ¢ = du/dv and s = u(x),

dp  dp dp  dup
il il or_TF
“ dv — dv log dv  dv

then integrate it with respect to v,

/uduﬁH(du\du)—l—i—/e“du.

It makes sense under the hypothesis that [ e*dv < oo and [ |u|dp < co. Taking the sup
among all the measurable function u satisfying [ e*dv < oo and [ |u| dp < 0o, we obtain

H(ulv) :sup{/u du—/(e“— 1) dv; umeas., /e“d,u < oo,/|u|du < oo}.

Observe that the equality is given by the monotone convergence theorem. Indeed, easy
computations show that the case of equality, e* = du/dv, is the limit of the sequence
u, = max{log(du/dv),u="}. Now, replace u by u + b for some b € R,

/(u+b)du—/e(“+b)—1d,u:/udu—eb/e“du+b+1.

The sup with respect to b € R is attained by b = —log [ udv, and it gives

sup{/udu—eb/e“du+b+1} —/udy—log/e“d,u.
beR
Finally,

H(uly) = sup{/u du—/(e“— 1) dv; umeas., /e“d,u< oo,/|u|du < oo}
= sup{/u+bdu—/(e“+b—1) dv; b € R, umeas., /e“d,u< oo,/|u|dy<oo}
sup{/udv—log/e“du; wmeas., /e“du < oo,/|u]dl/< oo}.

This concludes the proof. >
Note that it follows from (1.2) by standard approximation arguments that

H(ulv) = sup {/u d — log/e“ dv: u e Cb(X)} |

+ e
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Relative entropy with respect to unbounded measures

We introduce here a generalization of the relative entropy to unbounded measures, which
will be necessary later in the manuscript. In order (1.1) to be meaningful when v has
infinite mass, we need some restriction on the set of definition of probability measures.
Let X be a Polish space, and v € M, (X) a o-finite measure. The o-finiteness assures
the existence of a function w : X + [0, 00), such that

Zy 1= / e Ydv < 0. (1.4)
x

Hence, we can define a probability measure associated to v, by

Vi ::iVG’P(X)

o

therefore, log(du/dv) = log(du/dv,, ) —log z, —w, so that we can write the relative entropy
w.r.t. v via the relative entropy w.r.t. a probability measure as follows,

H(plv) = H(p|vy) — log 2y — /wd,u. (1.5)

This formula is well defined for all € P, (X) :={p € P(X): [wdp < cc}.

Definition 1.1.3 Let v € M (X) be a o-finite measure. Then, for all probability mea-
sure p € Py, (X) the relative entropy is defined as

d
/log—udu if p < v,
¥ dv

+00 otherwise.

H(uly) =

Proposition 1.1.4 The relative entropy defined at Definition 1.1.3 satisfies the following
properties:

(i) Variational formulation, H(plv) = sup { [ dp —log [ € dv; u € Cy(X)};
(ii) H(-|v) is convex on the space of all signed measures M(Q);

(ii) If X is a topological space, then H(-|v) is lower semi-continuous with respect to the
topology 0 (M, (X), Cy (X)), where M., (X) is the space of all signed measures p on
X such that [, wd|pu| < oo

Proof

<0 (i) The proof is the same as in the classic case of Proposition 1.1.2.

(77) + (7i7) By (i) we have that H(-|v) is the supremum of affine continuous functions
p— [wdp—log [ e*dv. Therefore it is convex and lower semi-continuous [Roc97|. >

A last important property that we mention in this section about relative entropy, is
the additive property.

Let X,)Y be two Polish spaces equipped with their Borel o-fields. Then, for any mea-
surable function ¢ : X +— ), and any measure u € M (X) we have the disintegration
formula,

M0=Lyﬁ¢=ﬂwwﬂ
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where py = ¢up. We recall the push-forward 14 of a measure ;1 on a space X through a
map ¢ : X — ), is a measure on ) defined for all regular enough function A : Y — R as

/yhdu¢=/Xh(¢)du.

Proposition 1.1.5 The following additive property for the relative entropy is satisfied,

H(ulv) = Hpolvs) + /X H(ul( 16 = 7|6 = 7))sldr). (1.6)

Proof
< The proof is a consequence of [Léolda, Thm. 1.6] where it is proved an extension of
the conditional expectation to unbounded measures. In particular, it allows us to write,

Hdv) = [ B Jioa () o= 7] watan

= [roe Sl sty [ | [ 1o 6= utarlo = )| ot
= Hluglvw) + /X H(u( 16 = 7)1 = 7)) (dr)

that is the announced result. >

1.1.2 Kinematics of diffusion processes

In this section we investigate some kinematic property of diffusion stochastic processes.
We consider the stochastic differential equation (SDE)

dXt = b(Xt> dt + O'(Xt>th,

N (1.7)

where (W;);>0 is the standard Brownian motion on R", the diffusion coefficient o isanxn
matrix and the drift b is a vector on R”. We assume the coefficients b, to be smooth
functions. In the next theorem we recall some sufficient conditions for the existence of a
unique solution of (1.7), see for instance [IW89].

Theorem 1.1.6 Let b and o have linear growth, that is,
lo ()] +[b(x)] < D(1 + |z|)

for some D € R and for all x € R, and assume that b, o are locally Lipschitz, in the sense
that for any compact K C R, there exists a constant Cx > 0 such that,

lo(z) = o)l +[b(z) = b(y)| < Cklz -yl

for all x,y € K. Then there exists a unique solution (X[)i>o of (1.7) defined on [0, 00).



1.1. ACTIONS OF DIFFUSION PROCESSES 31

The solution of the SDE (1.7) defines a Markov diffusion process. We recall that given a
filtration (F;)ier, a process satisfies the Markov property if for all s,¢ > 0,

P(Xis € AlF) = P(Xips € AlXy),  as.

for any A € B. Or equivalently, E(f(X¢s)|F:) = E(f(Xiys)|X:) for any suitable function
f. In other words we say that a process is Markov if for all time ¢ the past and the future
are conditionally independent given the present,

P(Xmﬂ < A,X[t,l] c B|Xt) = P(X[oﬂ < A|Xt)P(X[t71} < B|Xt).

In the subsequent chapters we will deal only with Markov processes. On the other hand we
recall that a diffusion process, is a process driven by a second order differential operator

of the form,

Lf(z)= Z ai; ()05 f () + sz(x)azf(x) (1.8)

ij=1

We can verify that this is the case for the solution of (1.7). Indeed, for every real smooth
function on R™, It6’s formula provides,

df (X;) = V(X)) -dX, + %dXt - V2(X,)dX,.

Let us compute the terms dX/dX7,

dXidX] = b'dt+ o'(x)dW)) - (dt + o?dW})
= bV dt? — b dtdW] — Vo' dtdW; + o' dWia?dW7 .

By definition of Brownian motion we have

A 0 if i#j
E(ththj>:{dt if zi;

and we can neglect the higher order terms dtdW; and dt?, hence by (1.7),
1
df (X¢) = VF(Xy) - (0(Xy) dt + o (Xy)dWy) + §Af(Xt)a(Xt)dt

where a = oo*. After collecting the terms and integrating with respect to t, it yields to

t
FXP) = M/ +/ Lf(X%)ds, Vt>0, zeR" (1.9)
0

where L is of the type (1.8), and (M )¢ is a local martingale (for basic definition and
properties of martingales see for instance the reference book [Doo53|). In this case the
law of the process (X[ ):>o is said to solve the martingale problem associated with the
operator L.
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Path measures

In the subsequent chapters we will refer to the solution of the SDE (1.7) through the
notion of path measure, that we shall introduce now.
We denote the space of continuous paths on R™ as

Q:=C([0,1],R™). (1.10)
The canonical process X = (X;)o<i<1 is defined for any 0 < ¢ <1 by,
Xi(w) =w € R", Vw = (ws)o<s<1 € Q.

For any time t, X; : 2 — R” represents the position at time ¢ of the trajectory w € €.
We equip €2 with the canonical o-field generated by (X;;0 <t < 1), denoted by o(Xjo1).
Any probability measure on € is called a path measure.

For any path measure P € P(Q2) and any time 0 < ¢ < 1, the probability measure

Pii= (X)4P = P(X, € ) € P(R")

is the law of the position of a particle at time ¢ when its whole random history is described
by P. It is called the t-th marginal of P.

In the following we will say that P € P(Q2) is associated to the SDE (1.7) or is the law of
the SDE (1.7), or even P is associated with the operator L, in the sense that P is solution
of the martingale problem associated to L. This means that for every smooth function f
and for every ¢t > 0,

F(X0) — F(Xo) - / LF(X.)ds = M{

is a local- P martingale, that is the same of saying that

lim, = Bp(f(Xen — f(X0)IX, = 2) = Lf(2).

h—0*+
In the following chapters we will also use the notation
dX, = b(X,)dt + cdW}

where dW[ denote a P-martingale increment (Ep(dW[F|X;) = 0) and a P-Brownian
increment (with quadratic variation [W/[] := fg as ds, with as = o,0% P-a.e.).
Given the time-reversal mapping

X=X, 0<t<1, (1.11)
we introduce the next important properties for path measures.

Definition 1.1.7 (Reversible and invariant measure) We say that a path measure
R € P(Q) is reversible with reversing measure m € M (X) if Ry = m and for all
0<s<t<1, the time reversed R* := (X*)x R satisfies,

Rr&t] = R[s,t] )

that is equivalent to say that R is invariant with respect to the inversion of time.
We say that R is stationary if

(X))4R=m e P[RY), Vt>0.
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Clearly reversibility is stronger than stationarity. Indeed it means that R, = R; for all
0<s<t<1hence R, = Ry=m forall t € [0,1].

In the following we will mainly focus on the case of (1.7) with a constant diffusion coeffi-

cient, that is

for some o > 0.

Examples 1.1.8 Let us mention some fundamental examples that will occur often in this
manuscript.

1. The easiest case is the one with no drift, i.e. b = 0. In this case dX; = adW,, is
the Brownian motion and the operator in (1.8) is

Lf =d*Af)/2.

It is an easy exercise to prove that the reversing measure is m = L, where L 1is
the Lebesgue measure on R™. Note that m is not a probability measure since it has
infinite mass on R™.

2. Another typical ezample is when the drift is b(x) = —x. The solution is called
Ornstein-Uhlenbeck process, the operator L is given by,

Lf = (c*Af —x-Vf)/2.
and the reversing measure is the Gaussian measure on R", dm = 6_|x2|/2/(27r)”/2dx.

3. In general we will consider the Kolmogorov process, solution of the SDE (1.12)
with a drift of the type b = =NV /2, for some reqular enough potential V.. Then the
operator L 1s

Lf = (A —-VV -Vf)/2,

and the reversing measure is m = e~ Vdx. Typically we will assume V to be C?, such
that fe_vdx =1 and k-convex, that is V2V > kld for some real k.

Nelson’s velocities

We start by recalling the well known link between the SDE (1.12) and the related partial
differential equations.

Let p(x,t) be the probability density of the diffusion process which satisfies (1.12) so that
for any measurable set B C R,

P(X; € B) = /B,u(x,t)dx. (1.13)

Then it follows by Ité’s formula that for any regular and integrable enough test function
u and any t > 0,

/n w(z)u(2)dz = FEpu(Xo)+ Ep /Ot(b -Vu+ o?Au/2)(X,)ds

- /Rnu(z)ﬂo(z)dw/otds/n(b-vwa%um)(z)us(z)dz
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and after integration by parts, we obtain

2
o
Orpty + V- (b)) — 7A/~Lt = 0. (1.14)

that is the Fokker Plank equation [Doo53, Ch. 6].

In order to go further in the study of diffusion kinematics, let us introduce the notions
of backward and forward mean velocities, and current and osmotic velocities that we will
refer to with the name of Nelson’s velocities. We refer to [Nel67] and [Nel88] for a detailed
discussion on these notions.

Definition 1.1.9 (Nelson’s velocities) Given a Markov diffusion process (Xi)i>o so-
lution of the SDE (1.12), and let P € P(2) be the path measure associated to it. We
define for dtdP,(dz)-almost all (t,z) € [0,1] x R™, when these quantities are meaningful,

(i) the forward velocity as,

1
71{3(2) = llm EE <Xt+h — Xt

h—0t

Xt = Z> ;
(ii) the backward velocity as

1
oP(2) = lim EE (Xt_h - X

h—0t

Xt:z);

(#i) the current and osmotic velocities respectively by

cu : 1

v (2) = Jim - Ep(Xpon = Xpon|X = 2) (1.15)
oS . 1

v (2) = Jim - Ep(Xpen = 2X0 + Xop|X, = 2). (1.16)

By the definition of current and osmotic velocities, it is clear that they are given respec-
tively by the half difference and the average of the forward and backward velocities, that
is,

— —
cu,P_ﬁf_vf OS,P_7tP+Uf
v = A R (1.17)
2 2
Moreover we see that
?f _ Ucu,P + ’UOS’P, vf _ _Ucu,P + UOS’P. (118)

It is an immediate consequence of relations (1.17), that the Nelson velocities satisfy the
parallelogram identity,

cu 0s <—
2| + [v ) = [T]* + |V | (1.19)

Remark 1.1.10 These notions are defined for any P € P(Q). However, in the general
case where P might not be Markov, the forward and backward velocities of P are defined

by

} 1
?P(@ X[o,t]) = hlggl+ EEP (Xt+h - X ‘ X[O,t])
&p 1
v (t, X[t,l]) = lim —EP (thh — Xt ‘ X[t,l]) .

h—0+ h
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In this case the current and osmotic velocities depend on the whole past and future history
of the path and it is not true in general that they can be expressed by formulas of the
type (1.15), (1.16).

Remark 1.1.11 Note that we defined the backward velocity with opposite sign with respect
to the original definition of Nelson; this is actually a more natural choice when dealing
with reversed time.

Time reversed

Since we introduced two time directions notions of velocities, it is interesting to see which
is the relation with the Nelson velocities of the time reversed process.

Let us consider the time reversed P* = (X*).P, where (X*) is the time reversal map
introduced at (1.11). By Definition 1.1.9, the backward velocity is given by

1
P :
= lim —Ep(Xip — X| X,
Uy hi)fgih P( t—h t| t)
= lm —Ep (X1 o — X1 X1) 0o X* = U1, (1.20)
h—0+ h

where the lighter index * stands for P*. The same relation holds for the forward velocity
of P, hence we can deduce that,

— —
7:_ v;fk Uf—t_ﬁft cu, P

Cu,*

v = 5

= = U1

\)
|

and analogously,
08,% 7? + %: _ vfft + 7{11} os,P
for dtdP,(z)-almost all (t,z) € [0,1] x R™.

Examples 1.1.12 (First part) Let us identify the Nelson velocities in our typical ex-
amples.

1. In the deterministic case, i.e. 0 =0 and X; = x; satisfying the ordinary differential
equation T; = x, + fg b(xs)ds, it is straightforward to see that

Ty = vt = b(2), = —b(z) vy® = 0.

2. For the general Markov diffusion process (1.12) the forward velocity is 7t(z) =0(z2),
indeed,

1 1 t+h
EE(Xt+h — Xt|Xt = Z) = ﬁE (/ b(Xs)dS|Xt == Z) + \/EE(Wt+h - thXt == Z)
t

1 t+h
= —F (/ b(Xs)ds| X, = z)
h ¢

where the last equality derives by the definition of Brownian motion; then taking the
limit, we have

725(2) = lim %E(prh — Xi| X = 2) = 0(2). (1.21)

h—0t
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We want to see now the relations between Nelson’s velocities and the density pu; = dP;/dz
introduced at (1.13). At the light of (1.21), the Fokker-Plank equation derived at (1.14)
can be written in terms of forward velocity as,

2
(o
Oupie +V - (U ) — - A =0. (1.22)

Writing the Fokker-Plank equation for the time reversed process P*,
2

* kok g *
Oy +V - (71:/%) - ?Aﬂt =0
where we denoted pf := dP;/dz = dP,_;/dz = . Hence Oyp;_, = —0,pt, and together
with (1.20) the last equation can be written as,
2
o
Oppir — V- (%fﬂt) + EANt =0 (1.23)
Taking the half sum of (1.22) and (1.23), we have
v
that gives, by (1.17), the current equation
Onpir + V- (v ) = 0. (1.24)
On the other hand, by taking the difference of (1.22) and (1.23) we obtain,
Ve (V] + 0] = 0*Viog )] = 0

it means by (1.17) that the quantity vfsp 2V10g\//7t is divergence free. It can be

proved that this quantity is actually zero via a duality formula (appearing in [Nag64],
[Nel67, Ch. 13| and [F6186]) that is,

2

v = %Vlog e = a°V log \/1is. (1.25)
Examples 1.1.13 (Second part) Going back to the Examples 1.1.12, we study the case
when b= —c*V'V/2 for some C? real function V', where o is the diffusion coefficient. As

pointed out in the Examples 1.1.8, (3), the reversing measure is m = e Vdz. Hence,
pe = dP;/dz = e”V. According to (1.25), we have,
2

2
vt = %Vlog(e’v) = —%VV.

Moreover, by (1.21) the forward velocity is
2

=SV

and together with the relations (1.17) and (1.18) we can conclude that,

P — o’
vt =0, vl = —?vv.

Summerizing, when P € P(Q)) is associated to the SDE
2

dX, = —%V\/dt T odW,

the Nelson velocities are,

2
P 0s,P o cu,P
TP =% = ——7VV, v, " =0.
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Physical interpretation

From a physical point of view, the diffusion process (1.12) describes the trajectory of
many particles suspended in a fluid, under the action of an external (deterministic) force.
Think for instance to a ink drop released in water, or to some perfume quickly spreading
in the air. The diffusion, that describes the motion of the particles from a region of high
concentration to a region of low concentration, is the result of random displacements due
to collisions between molecules in the suspension, namely Brownian motions.
Following [Nel67, Ch. 4], at the equilibrium the external force K is balanced by the
osmotic pressure that is the force due to collisions,

K = kT@

P

where p is the probability density (the number of particles per unit of volume divided
by the total number of particles), k is the Boltzmann constant and T is the absolute
temperature. Without entering in the details, if we divide both sides by mf where m is
the mass of a particle and 3 is some constant with the dimension of sec™!, encoding the
friction experienced by the particle moving in the fluid, we obtain,

K  _Vp

mf3 p
where D := kT /mf is the diffusion coefficient derived by Einstein in [Ein05]. Thus, a
dimensional analysis shows us that the left hand side is a velocity, and is due to the
external force, whereas the right hand side is the velocity due to the osmotic pressure
(diffusion) and coincides with (1.25).
On the other hand the meaning of the current velocity is easily derived by the continuity
equation (1.24). It consists in the velocity field driving the flux, hence the movement of

particles (or in other words the current) according to equation (1.24) (see for instance the
textbook [Eva98| for a general discussion on continuity equations).

1.1.3 Entropy of diffusion processes

In this section we focus on the Girsanov Theory. It will play a crucial role when we will
derive a dynamic Benamou-Brenier formulation for the entropic cost at Section 3.5 and
in the application to the concentration and Prékopa-Leindler inequality at Chapter 6.
Let R € P(f2) be associated to the SDE (1.12), with ¢ > 0 and the vector field b :
[0,1] x 2 — R™ locally Lipschitz.

Theorem 1.1.14 (Girsanov’s theorem) Let P € P(2) be such that H(P|R) < oc.
Then there ezists a vector field 5 : [0,1] x Q — R™ defined P-a.e. such that,

1. .
O'QEP/ B2 dt < oo;
0
2. P is associated to the SDE
dXt = [bt(Xt) + 0-2Bt<Xt)] dt + O'thP.

Assume furthermore that for all x € R™, R* is the only weak solution of (1.12) with initial
law 0,, then
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3. The density of P with respect to R 1is,

P dp
R ) eXp{ /@ dWR——/ ]Bt|2dt} (1.26)

4. The relative entropy of P with respect to R is given by,
o2 1
H(PIR) = H(Ry|Ro) + G Ep [ |5 dt.
0

Remark 1.1.15 Note that since o is a positive and finite constant, it does not play any
role in 1. However we chose to include it, to underline the fact that the diffusion coefficient
does have a role. Indeed, whenever o(X,) is not constant, then M = [\ og dWE, with

quadratic variation,

¢
[MR,MR]t:/ asds R-a.e.
0

where a; = o0, (Xy). In this situation, 1. becomes,

1
EP/ ﬁt . atﬁt dt < oo.
0

Sketch of the Proof

< We only give a sketch of the proof and refer to [Léol2b, Thm. 2.1, Thm. 2.4| for a
detailed version.

For any measure () € P(£2) we define,

1
H(Q) = {g :[0,1] x 2 — R™; meas. and s.t. O'QEQ/ g dt < oo}
0

1/2
equipped with the semi-norm || g3 (q) = <02Eq fol | g¢|? dt) . The starting point is the

variational representation of the relative entropy (1.2) which implies,

H(P|R) Z/UdP—log/e“ dR. (1.27)

We can choose u = f ohy dWE — "—2 |h |*ds. For such a function u, [Léo12b, Lemma
4.1] assures that the logarithmic term 1n (1.27) is non-positive, therefore we can neglect

it and we obtain,

2 1
H(P|R) > Epa/hs dAWE — %Ep/ Ihy|? ds (1.28)
0

We can do the same for —h and replace h with h/A for some A > 0, to get

‘Ep%/ he - dWE| < H(P|R) + Ep/ |hs|2 ds.
0

If we choose A\ = ||h||3(p), it reduces to

1 1
ok [ ne-aw| < (1R~ ) Wl
0
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This holds even when ||h]|» = 0. Indeed, when ||h||» = 0 replacing h by ah in (1.28)
gives

Epa/hs - dWE < H(P|R)/a
and at the limit a — oo it gives Ep/o [ hy-dWZE = 0. Identifying the equivalence classes

turns (H”,||-||p) into an Hilbert space. Hence, the Riesz representation Theorem assures,
as soon as H(P|R) is finite, the existence of a unique 5 € H? such that,

1
JEp/h- de:aEp/ By - hy dt.
0

This is equivalent to,
1
EP/ ht'(thR—O'Qﬁtdt):O, VhEHP
0

And this implies that dMF := dME — o?Bydt = dX; — by(X;)dt — o?B,dt is a P-martingale
increment. In other words, P is associated to the SDE,

dXt = [bt(Xt) + O'2Bt(Xt)] dt + UthP

that is the statement in 2..
In order to prove 3. we take any P € P(€2) that satisfies

dX; = bl dt +dM[F,
for some b" such that

1
Ep/ b [2dt < oco. (1.29)
0

We define for some ~y satisfying (1.29),

1 0_2 1
Q::exp</ %~de——/ |Vs|2d5)P
0 2 0

It can be proved that () satisfies
dX, = [P + o] dt + dMP2,  Q-a.e.

with dM? = o dW?. Now, if we recall that R is associated with (1.12) and take P € P(f)
such that H(P|R) < oo, then if we set 7 = —[ that is the vector field that appears in 1.
and 2., we obtain

dX, = [b—oB]dt +dMP
= [bt—‘—gﬂt—gﬂt]dt—i—thQ
= bydt 4+ dMP.

Finally by the assumption of uniqueness on R, we obtained Q* = R”, that implies

P* = exp (/ By - dMP+7/ |ﬂt!2) R*

= exXp / /Bt dXt — btdt — 0'2/6tdt —|— - / ’615 Zdt)

~ exp (/ B, (dX, — bydt) ——/ 18] dt> R
= eXp(/ By - dMR——/ |ﬁt2dt)Rm
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that is 3..
Point 4. is a direct consequence of 3. Indeed by definition of relative entropy and (1.26)

H(P|R) = Eplog(dP/dR)

1 2 [l
= Eplog(dPy/dRo)(Xo) + Ep (/ B - dM] + %/ ‘5t|2dt)
0 0

0.2 1
— H(RIR) + T Er [ |3Fd
0

where the last equality is given by the martingale identity Ep fol By -dMP =0. >

1.1.4 Markov semigroups and [';-calculus

We recall here some well known and basic results related to the I's-calculus and the Bakry-
Emery theory. Beyond a wide literature on the topic, the main references are the two
monographs [BGL14| and [ABC700] (in french).

Let us start by the definition of Markov semigroup and its relation to Markov processes.

Let m € M (R") be any o-finite measure.

Definition 1.1.16 (Markov semigroup) Let (T});>o be a family of linear bounded op-
erators on L?(m) it is a Markov semigroup if:

(i) Ty =1d,

(ii) for all f € L*(m),t — T,f is continuous on [0, +00),

(11i) for all s,t > 0, Ty s =T, 0Ty,

(w) Ty1 =1 and T, f >0 for f >0,

(v) T is a contraction: ¥ f € L*(m), | Tof || 2em) < |1 f1 220m)-

Given a Markov process (X;);~0 and Xy = z, solution of the SDE (1.7) then the associated
Markov semigroup is defined for any suitable real measurable function f on R™ by,

Tif(x) == E(f(X¢)| Xo = ).

On R™ Markov semigroups admit the kernel representation,

Tof(x) = B(F(X,)|Xo = x) = / Fp, dy).

where p;(z,dy) is the transition probability kernel of the associated Markov process.
This is actually true on any space that admits a disintegration formula p(dzdy) =
k(x,dy)pi(dx), such as a Polish space. Moreover the kernel p,(z,dy) may have a den-
sity with respect to the measure m, in this case we say that a Markov semigroup admits
a density kernel with respect to m, if for any ¢t > 0 and any f € L*(m),

Tof(x) = / @il y)dm(y).

The existence of such a kernel is not always guaranteed, see for instance [BGL14, Prop.1.2.5].
For all function f such that (T;f — f)/t admits the limit for ¢t — 07 in L?(m) with the
L?(m) norm, we give the following
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Definition 1.1.17 (Infinitesimal generator) The infinitesimal generator is the oper-
ator L associated to the semigroup (1Ti)i>0 defined as

Lf:= lim ni-J

t—0t+ t

The set of functions f for which the limit exists in L*(m) with respect to the L?-norm, is
called domain of L and is denoted D(L).

The semigroup property and the linearity of the operators (73);> yield for any function
f € D(L) and for all t > 0 to,

oOTif =T,Lf = LT:f

It is a delicate question to determine the domain of the generator L and the class of
functions on which defining a Markov semigroup. [BGL14, Ch. 3.3] is entirely devoted to
rigorously answering this question, and the name of the chapter "Heart of the darkness"
is emblematic. We only mention that in order the operator L to be well defined, it is not
enough to consider a class of functions smooth enough, but it is necessary a good behavior
at infinity in order to use integration by parts.

The infinitesimal generator L coincides with the differential diffusion operator (1.8) asso-
ciated to the martingale problem (1.9).

Let us now give the important notions of invariant and symmetric measures defined at
Definition 1.1.7 in terms of Markov semigroups.

Definition 1.1.18 (Invariant measure) A o-finite measure m on R" is invariant for a
Markov semigroup (T})¢>o, if for allt > 0 and all bounded measurable function f : R — R,

/ T, f dm = fdm

n lR’l’L

Not necessary a Markov semigroup admits an invariant measure; moreover it is not nec-
essary a finite measure, and it is defined up to a multiplicative factor. When m is a finite
measure we assume that it is a probability and we can see that

E(f(X.) = E(E(f(X,)|X0)) = / Tifdm= [ fdm=E(f(X0).

n R

We can deduce that if the associated Markov process has initial distribution m, namely
L(Xg) = m, then L£(X;) = m for any time ¢ > 0. It follows directly from the definition of
infinitesimal generator, that Definition 1.1.18 is equivalent to say that for all f € L*(m),

such that Lf € L*(m),
/ Lfdm=0.

Another important definition that we will often use in the next chapters, is the one of
reversibility.

Definition 1.1.19 (Reversing measure) A o-finite measure m on R™ is reversing for
a Markov semigroup (T})>0, tf for all f,g € L*(m) and all t > 0,

/thgdmz oI, f dm.
mn [Rn
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Remark that reversibility is a stronger condition and implies invariance. It can be seen by
taking in the definition ¢ = Id. It is an easy exercise to prove that these two definitions
are equivalent to the one given at Definition 1.1.7. Indeed, we say that a measure is
invariant if and only if R, = (X;)xR =m for all 0 <¢ <1, hence

/thdm:ERf(Xt):ERf(XO):/fdm.

On the other hand, R is reversible if and only if,
/ FTgdm = Ex(f(Xo)g(X,) = Ene (F(Xo)g(X,)) =
= Er(f(X0)g(X1-0)) = Er(f(X,)g(X0)) = / gT,f dm.

Examples 1.1.20 Let us look at the main example that we will explore all along this
manuscript. The Kolmogorov semigroup (7})i>o on R", associated to the random process
introduced in Example 1.1.8 (3.), has infinitesimal generator

=(A-VV-V)/2.
and reversing measure dm = e~V dx.

(a) The first main example is V. = 0. In this case the generator is L = A/2, the
reversing measure is the Lebesque measure and (1})i>o is the heat semigroup

lz —y|

_ /[R fy)e 2t Jmt)2 dy.

(b) Another explicit example is V = |z|?/2. In this case, L = (A —x - V)/2, the
reversing measure is the Gaussian measure dm = e /2 /(2m)"2dx and (T,)1>¢ is
the Ornstein-Uhlenbeck semigroup

/fe by + V1 — e 2ly)——

Note that while the reversing measure of the Ornstein-Uhlenbeck semigroup is a
probability measure, the reversing measure of the heat semigroup is not finite on R™.

o lwl2/2

Gy

We recall some general definition and property of the operators I' and 'y associated to a
generator L with invariant measure m being fixed.

We assume the existence of an algebra 2y C L?*(m) dense in L?(m), stable under the
action of smooth functions ® : R — R, such that ®(0) = 0 and satisfying Ly C . See
[BGL14, Sec. 3.4.1] for further details on the existence and the properties of the algebra
2[0.

Definition 1.1.21 (Carré du champs operators) For all couples (f,g) of functions
wm Ag, the carré du champ operator and the iterated carré du champ operator associated
to the generator L, are respectively defined as

[(fg) = ylL(fg)~ fLg— gLl
Thlfg) = SIT(f.0) ~ T(f.Lg) ~ (o, L)

We denote U'f =T(f) =T(f, f), and the same for T's.
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We collect in the next proposition some basic properties of I' and I'y, that will be used
over and over in this manuscript.

Proposition 1.1.22 Let I' and T’y be associated to an infinitesimal generator L with
reversible measure m. For any couple of functions f,g € 2y the following statements are
satisfied,

1.

.

1.

VL.

VL.

1.

)

L(-,-) and T's(-,+) are bi-linear and symmetric;
rf>0,

I' satisfies the integration by parts formula,
[ trgdm=— [T(7.9)dm:

For all real function ® € C*°(R"™) with ®(0) = 0 and for all functions fi, ..., fn € Ao,
the diffusion property is satisfied,

~ 0P ~ P
8_xi<f17 vy fn) Lfi + Z M(fb s f)U(fis f7): - (1.30)

i=1 ij=1

L(I)(flv ceey fn) =

For all real function ® € C*°(R™) with ®(0) = 0 the chain formula is satisfied,

L(@(f). g) = @(T(S, 9);

For any function h € 2,
[ et gmdn =~ [(70(g.)+ fhLg) m:

If f € /Uy depends also on a time variable t > 0,

d

SL() = 20 (fu £

I’ satisfies for any o, B € R the identity,
D(af + Bg.af — Bg) = o®T(f) — BI(9);
For any o, B € R, I'y satisfies the parallelogram identity

Do(af + Bg) + Da(af — Bg) = 20°Ts(f) + 26°Ta(g);

[y satisfies the integration by parts formula,
[ matgyam = [ (L5 (L) dm:

I' satisfies the symmetry property ,

[res.gyam = [v(7.1g)dm.
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Note that property (iv) is equivalent to the diffusion formula (1.8). An easy computation
shows that L defined at (1.8) satisfies (1.30). On the other hand by choosing f; = z;
in (1.30) shows that L is actually of the form (1.8). We skip the proof of these properties,
that is merely computations. We refer to [BGL14] for a deep and complete presentation
on the subject.

Definition 1.1.23 (Bakry-Emery condition) We say that an operator L satisfies a
curvature-dimension inequality CD(k, N) with curvature x € R and dimension N €
(1, 00], if for all function f € Ao,

1
La(f) = /0(f) + 5 (L)%, (1.31)
or with infinite dimension N = 00,

Dao(f) >k D(f). (1.32)

Remark 1.1.24 Define for some a € R the operator L = oL. It is an easy exercise to
see that the associated carré du champ operators are,

I =al, IS = a’Ty,

where I and Ty are associated to the generator L. Then if L satisfies a CD(k, N) condi-
tion, we have

D30 = ’Ta(f) 2 @)+ (L)
= anI™(f) + (L)

that is, L* satisfies a CD(ak, N) condition. Note that unlike the typical L = A —VV -V
traditionally used in the Bakry-Emery-Ledoux theory [BGL1}/, in the subsequent chapters
we will deal with the generator L/2 that is a more natural choice in our setting.

Examples 1.1.25 Fasy computations show that for the Kolmogorov semigroup, with gen-
erator L = (A — VV - V) /2 and reversing measure dm = e~V dz, the I' and T'y operators
are given by

r(f) = VP
) = IV IR+ (VAT (VYY)

where V? denotes the hessian matriz. Then condition CD(rk/2,00) is satisfied if and only
if the potential V is k-convex, that is V2V > kld. Note that in this case, the algebra is
the set of all the smooth and compactly supported functions on R, that is, Ay = C§*(R™)

e The Ornstein-Uhlenbeck semigroup has V = |z|?/2, V2V =1d, (V is convez) and,

VIR 1

To(f) = IV A3 +19 47 > D = Zrgp

hence it satisfies the C'D(1/2,00) condition.
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o WhenV =0, by the Cauchy-Schwarz inequality,

V21115

no() = VB Lage = gy

hence the heat semigroup satisfies the C'D(0,n) condition, with n the dimension of
the Euclidean space.

In practice often the CD(k, N) condition is used in the following equivalent forms.
Theorem 1.1.26 The following are equivalent,

(i) CD(k,00) is verified;
(ii.) For any f € Ay and any t > 0,

D(T,f) < e T(Tf); (1.33)

(iii.) For any positive f € Ay and any t > 0,

IVLfI? . (IVFIPY
TS ~¢ T( f )

(w.) For any f € Ay and any t > 0,
VI(TLf) < e T(VT]).

Proof

< The method used to prove the equivalence (i) <= (ii) is a classical tool in the
Bakry-Emery theory. We omit the computations and give an idea of the method.

Define a function A : [0,¢] — R for any ¢ > 0, by

A(s) == To(I(Ti-sf))-

We differentiate in s € [0, ¢] and apply some of the properties stated in Proposition 1.1.22
to obtain, A’(s) > 2kA(s). At this point, by the Gronwall lemma, it follows that

A(t) > A(0) e**

which, by definition of A, gives (1.33). Analogous computations show the equivalence
(i) <= (d¢i1). In order to prove (i) <= (iv), we use a similar strategy with the

function A, defined for any ¢t > 0 as

A(s) == e */T(T_sf).

But in order to show that A is increasing and conclude, we need the special trick to
consider the reinforced curvature-dimension condition,

ATf(Taf — kT f) = T(TS).

See [BGL14, Thm3.2.4, page 515|. ©>
Taking into account the dimension, there is a corrective term that occurs and yields to
the next stronger result.
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Theorem 1.1.27 The following are equivalent,
(i) CD(0,N) is verified;

(ii) For any f € Ay and any t > 0,

D(T.f) < TUTf)) — (LT,

N

The proof, via the dimensional log-Sobolev inequality, can be found in [BLOG] .

In order to understand the geometrical meaning of the Bakry-Emery condition, let us
consider on a smooth complete connected Riemannian manifold (M, g), the generator
L = A, where A, is the Laplace-Beltrami operator. One might consider the more general
case L = A, + X for some smooth vector field X on M, but let us stick to the trivial
but significant case V = 0. In this setting the Bochner identity says that for any smooth
function f on M,

—V VAL +AVSIP/2= V2 fI* + Ric(Vf, V)

where Ric is the Ricci curvature on M. Comparing Bochner’s formula with Defini-
tion 1.1.21, one easily sees that the left hand side of (1.1.4) is equal to the formula
of I'y, that is

Lof = |[V2f]? 4+ Ric(V £,V f). (1.34)

Hence the Bakry-Emery condition (1.31) holds true if and only if
Ric(Vf, V) =z kT(f),

that is equivalent of saying that the Ricci curvature is bounded from below by some real
k. Note that the bound on the term ||[VZf]|? in (1.34) is just a consequence of the the
Cauchy-Schwarz inequality,

IV2FIP = (Ag f)? /.
Let us remark that the Laplacians are the only operators for which the dimension of the
manifold and the dimension in the CD(k, V) condition are equal, while in general it can
be proved that N > n.

The curvature-dimension condition (1.31) was introduced by Bakry and Emery in the
seminal paper |BE85| with the aim of providing a criterion for hypercontractivity, hence
by the Gross Theorem, for logarithmic Sobolev inequalities, see for instance the lecture
notes [Bak94]. Thereafter the Bakry-Emery condition has known a large number of gen-
eralizations (|EKS15]), it has proven to be equivalent to several semigroup inequalities
([Wan05]), functional, geometric and transportation inequalities. We refer to the text-
book [BGL14| and the related rich bibliography for the countless applications.

1.2 Optimal transport

The optimal transport theory is nowadays a huge increasing field, at the crossroads of
analysis, geometry, probability, functional inequalities, numerical applications. The main
references are the two monographs of Villani, [Vil03, Vil09]| the one of Ambrosio, Gigli
and Savaré, [AGS08|, and the one of Santambrogio [Sanl15|. Here we recall some of the
basic notions and the fundamental results, and focus mainly on the particular case of
quadratic cost on R™.
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1.2.1 The Monge-Kantorovich problem

Introduced by Monge in 1871 [Mon81]|, the basic idea of the optimal transport theory, is
to move in the cheapest possible way some kind of material (sand, particles, goods, ...)
from one configuration to another one.

We consider as a state space the Euclidean space R", and fix a measurable non-negative
function ¢(z,y) : R® x R® — R, that represents the cost to transport a unity of particle
from position x to position y. We denote by g, t11 : R* — R respectively the initial and
final distribution; under the assumption that no mass is added or lost in the transporta-
tion, we assume f[Rn duy = fRn du, = « for some positive a < oo, and without loss of
generality, we can assume o = 1.

Definition 1.2.1 (Static Monge-Kantorovich problem) Given two probability mea-
sures fi, 11 € P(R™) and a cost function c(z,y) : R* x R" — RT,

inf {/[RR c(z,y) m(dedy) ; T € H(,uo,m)} (1.35)

where (g, 1) s the set of probability measures on R™ x R™ with marginals po, p1, that

’ 7(A X ) = o(A)
7[_(' X B) = ,ul(B)>

or equivalently, all the couplings ™ of o and py, namely, all the probability measures
m € P(R" x R") such that for any bounded measurable functions ¢ and 1 on R",

(o, po1) == {71' € P(R" x R") s.t. A, BCR" meas.} :

| lete)+ vntdady) = [ eduo+ [ v, (1.36)

This one is actually a relaxed version, proposed by Kantorovich in the 1940s. The original
Monge’s problem had one more constraint : no mass to be split. It means that any particle,
say at postion z, can be send to a unique destination y = T(z). In this case, problem
(1.35) writes as,

inf {/ c(z, T(x)) duo(x); T: R — R"meas. s.t. Tgpg = ul} .

The Monge Kantorovich problem (1.41) admits also a dynamical formulation, that takes
into account the path of each particle for any 0 < ¢ < 1, and not only the initial and
final positions for ¢ = 0,¢ = 1. To this aim we consider the path space €2 := C([0, 1], R")
already introduced in (1.10).

Definition 1.2.2 (Dynamic Monge-Kantorovich problem) Let pg, 1 € P(R™) and
the cost function C(-) : Q — R be fized,

in {/Q Cl(wn)ocrer) P(dw): P € P(Q), Py = 1o, P — ul} | (1.37)

In order problem (1.35) and (1.37) to be equivalent, the cost functions ¢(+,-) and C(-)
have to be related by,

c(z,y) = inf{C((wi)o<i<1) : wo = 7, w1 = y}.
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From now on we will consider the particular case when the cost function is the quadratic
distance, namely c(z,y) = v — y|?,

we{ [ oy atdody) s 7 € )}, (1.38)
R™ x R™

or its dynamical version,
1 .
inf {Ep/ |Xt|2dt, P e P(Q),PO = Lo, P1 = ,ul} . (139)
0

It can be easily verified that (1.38) and (1.39) are equivalent. Indeed,

1 1
Ep/ ‘Xt‘z dt = / Epacy / ‘Xt‘2 dth(dxdy),
0 R xR™ 0

and with Jensen’s inequality, we see that any solution P of (1.39) satisfies,
Pa:y — 57““/7

where ~;Y = (1 — t)x + ty is the constant speed geodesic between x and y. Hence, since
1 )
E(S zy fo |Xt|2 dt = fO |/Yty|2 - y|2, we obtain

1
Ep/ |Xt|2dt:/ 2 — y? By (dady).
0 R xR™

Thus the two problems are equivalent, in the sense that they have the same minimal
value, and the respective solutions 7 and P are related by, P f[RnX[Rn Oy (4) 7 (dzdy)

and P01 = .
Note that (1.39) can be written in the equivalent form,

1
inf {/ / T, % dtdpo;  To = Id, Tisupo = ul}- (1.40)
R™ JO

In this case, (1.35) defines the square of the quadratic Wasserstein pseudo-distance, for
any fig, i € P(R") as

W3 (o, p11) = inf {/ lz — y|* w(dady) ; ™€ H(uo,ul)} : (1.41)
R™ xR™

In order W5 to be a distance (also known as Kantorovich-Monge-Rubinstein distance),
we need to reduce the set of definition of the marginals pg, p1. Let us denote the set of
probability measures with second order moment finite, by

Pu(R") i= { € PRV [ 1ol utde) < oo (1.42)

then the following proposition is satisfied.

Proposition 1.2.3 (Py(R™), Ws) is a metric space.
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Proof

< It is immediate to see that Wo(po, 1) > 0 and that W (ug, 1) = Walpa, po). Moreover,
if Wa (o, p1) = 0, it means that the infimum in (1.41) is attained, therefore it exists an
optimal v € II(ug, p11) such that [o, .|z —y[*y(dzdy) = 0. It means that v(z,y) =
0{z=y}, and this implies that for any test function ¢

/¢duo =/¢(x) dy = /Gb(y) d7=/¢du1, (1.43)

where the first and last equality are given by the fact that v € II(ug, 1) while the
central equality is given to the property that ~ is concentrated on the set {x = y}
as we just saw. Hence, (1.43) implies that py = p. It remains to prove the triangular
inequality. Let po, i1, 2 € P(R™) and let ;€ II(po, 1) and o € II(uq, p2) be optimal for
the Monge Kantorovich problems respectively between (po, pt1) and (i1, p2). The gluing
lemma [Vil03, Ch. 1] makes sure the existence of a probability measure ¢ € P(R*xR"xR")
such that (Xo1)go = 71 and (Xi2)go = 79, where (Xo;) and (Xi2) are the projection
respectively on the two first and two last variables. Define v := (X¢2)x0. It can be easily
verified that v € II(p, p2), hence,

1/2 1/2
W) < ([lo=sPar) = ([lo-sPao) =l sl
1/2 1/2
< o —ylrze) + [y — 2l120) = (/ |z — y|2d0) + </ ly — z\2da)

1/2 1/2
_ (/u—mww) +(/W—A%w) — Wi, 1) + Wapn, ).

>

Remarks 1.2.4 (i). Note that Proposition 1.2.3 (and its proof ) can be extended to (P,(R™), W,)
for any p > 1.

(17). Note that on P(R"™), Wy already satisfies the azioms of distance but it is not necessary
finite. Whereas for any x,y € R" the inequality |z — y|* < 2(|z|* + |y|?) implies

[ rtdwdy < [ it + [ Pitin) < oo,

whenever iy, i1 € Pa(R™).

1.2.2 McCann interpolations

From now on we will focus on the quadratic case, (1.41). We see here some existence and
uniqueness results of the static and dynamic Monge-Kantorovich problem, and how these
solutions are related.

Theorem 1.2.5 (Brenier’s Theorem) Let pg, 11 € Pao(R"), suppose that py < L.
Then there exists a convex function ¢ : R* — R differentiable a.e. such that

p1 = Vpuiig

and the optimal map T = V is unique, in other words,

W3 (1o, 1) = . |z — V()] dpo ().
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Note that this is equivalent to say that the optimal coupling 7 € TI(jug, pt1) is given by
7= (Id x V).

This Theorem was later generalized by McCann to Riemannian manifolds in [McCO1].
Let’s see now the solution of the dynamic problem.

Theorem 1.2.6 (McCann’s theorem) Let g, py € Pa2(R") with py < L, then the
unique solution (Ty)cp) of (1.38) is,

T, =(1—-1t)Id+tVe, (1.44)

where Vg is the solution of the Monge-Kantorovich static problem given by the Brenier
Theorem 1.2.5.

Definition 1.2.7 (McCann interpolation) For g, pu; € Po(R™) with pg < L we de-
fine the McCann or displacement interpolation, the family of probability measures,

where (T;)o<i<1 1S the solution of (1.40) given at Theorem 1.2.6.

In the rest of this section we shall drop the index Me¢ since there is no ambiguity with
other interpolations.

The McCann interpolations are constant speed geodesics in the space (P2(R"), Wa). In-
deed, for any 0 <t <1,

Wio ) = [ o= (1= ) — 9 (@) dug
= ¢ [ Jo= Vel du
= W5 (o, p)-
Moreover, for any 0 < s <t <1,

W3 () = [ o = Taldp,
where T is the optimal map such that Ty, = ;. Since j, = Ty M0,
W3 (s, 1) = / T,z — TTox|*dpo.
On the other hand, it can be easily verified that TTS#,uo = pg but py = Ty po, hence
W) = [ T~ TP
= / (1 —8)z+ sVp(x) — (1 —t)x — tV(x)|*du

— (s / & — V() Pdpo.
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In other words, for any 0 < s, <1,
WQ(N’S: :ut) = |t - S|W2(M07ﬂ1)‘
Formally, the optimal transportation is driven by the system,

Opy + V- (ptvet) =0, pi=0 = po

Vo, |?
VOE 0 = ele) - a2

(1.46)

where 19 € Po(R") is the prescribed initial marginal and ¢ is the convex function given
by the Brenier Theorem 1.2.5.

Let us show how to obtain formally the equations of motion of (i)o<i<1. We start by
showing that the McCann interpolation is a weak (in the sense of distribution) solution
of the transport equation with vector field V6;. We recall that 11, = Ty o where Ty(x) =
(1—t)x+tVp(z). Define the associated velocity filed by v, = dT,/dtoT, ", or equivalently

v(t, Ty(z)) = %Tt(a:). (1.47)

By definition of push forward we have for any test function f,

/fthZ/f(Tt)dﬂo-

It can be verified that the dominated convergence theorem allows us to switch integral
and derivative, hence we have

d
%/fd/ﬁt :/8tf<Tt>dM0- (1.48)

The integrand on the right hand side is given by

dT,

O f(Ty) = Vf(Tt)d—t = V[(T:) - ve(Ty)

where the last equality follows directly by the definition of v;. Hence from (1.48),

%/futdx: /Vf(Tt) oi(Ty) dto é/Vf-vtdut = /fV-(vtut) dz,

where the marked equality is the definition of push forward and in the last equality we
integrated by parts.

We study now the equation satisfied by the vector field v, (1.47). We see by definition of
the map T; (1.44) that the second order derivative is zero. Hence,

d? d 0
0= @Tt(a:) = Ev(t,Tt) = —Ev(t,Tt:c) +v(t, Tex) - Vo(t, Tyx)

that is,
oww+v-Vou=0. (1.49)

Moreover by definition of T, the initial condition is given by

v(0,To(x)) = v(0,z) = %Tt(x) o V() — . (1.50)
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It can be actually proved (see [Vil03, Ch. 5]) that v, is a gradient vector field, i.e. v; = Vé,.
We can deduce the Hamilton Jacobi equation satisfied by 6; by replacing V6, to v; in
(1.49),

GtVHt + Vet : V2V(9t = 0

9 2
v (|V2t| ) = Vb, - V%0,

and replacing it in the previous equation, we can see that

Note that,

Vo>

0,0 + 5

0.

Moreover, according to (1.50), the initial condition is
0y = p(x) — |z|*/2. (1.51)

Corollary 1.2.8 (Conserved quantity) The Kinetic Energy is conserved along Mec-
Cann geodesics, in other words, for all 0 <t <1,

/ V0,2 duy = / V() — o’dpo = W(ji0, 11). (1.52)

Proof
<1 We just show trough a formal computation, that the derivative of the energy is zero.

d
E / |V0t|2 d,U/t == /ZVQt . Vat(gtd,ut + |v0t|28t/,btdl'

_ Vo, |? 2
= /—V@t-V|V9t|2+V|V6’t|2-V@t,utdx:0,

where in the last equality we integrated by parts. >

Remark 1.2.9 One bad news about optimal transport maps, is that they are in general
not smooth. Alexandrov’s Theorem makes sure that ¢ being a convex function on R,
1s twice differentiable almost everywhere, but for what concerns continuity and reqularity
everywhere it is a delicate issue. For instance as proved by Caffarelli [Vil09, Ch.12],
even if we consider two marginal measures with smooth, compactly supported probability
densities on R™, with smooth and connected supports, yet the optimal transport associated
with quadratic cost, is discontinuous.

Assume that pg and py have respectively density f and g with respect to the Lebesque
measure. Then the Brenier map, Vo wverifying Voupo = 1 satisfies for all regular
enough test function h,

/h(y)g(y)dy— /h(ch(m))f(x)dx.
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On the other hand we can do at least formally, the change of variable y = Vp(z),

[ ) gty = [ 1Tota)a(Ve(@) det Vola)da,
Comparing these last two equations we derive the Monge-Ampére equation

2 f(z)
det Vp(x) Iz
Despite the reqularity of f and g we cannot deduce any additional reqularity property for
@ (See [Vil09, Ch. 12] and [Vil03, Ch. 4]). Some regularity results on the solutions of the
Monge-Ampeére equation have been studied first in [Caf92] and then [McC97] under lighter
assumptions, provided that the Hessian is interpreted in the sense of Alexandrov.
It is a big drawback in the applications of optimal transport to require non-smooth arqu-
ments, and it is an important part of the motivation of our work as it will be made clear
i the next chapter.

1.2.3 Kantorovich and Benamou-Brenier formulations

In this section we present two alternative formulations of the Monge-Kantorovich prob-
lem, that are useful when proving functional inequalities. One is the Kantorovich dual
formulation by mean of the Hopf-Lax semigroup, solution of the Hamilton Jacobi equa-
tion, very practical in computation. The other is the Benamou-Brenier formulation by
mean of minimal action.

Kantorovich dual formulation

We give first an intuitive interpretation of the Monge Kantorovich problem, and the dual
problem. The primal problem, as we already mentioned, consists in minimizing the cost
c(x,y) of the transportation of some goods from position x to position y. As an alternative
we can think to the transportation in terms of price. Imagine to operate the transportation
for someone else. You fix a price () to charge the element in position x that you sell
in position y at the price ¢(y). Your goal is to maximize your profit ¢(y) — ¥ (z) with
the condition not to exceed the cost ¢(x,y) (otherwise is not convenient). This can be
written as,

sup{/w(y)dm(y) - /w(fv)duo(fr); py) —y(z) < c(fv,y)}-

The dual formulation holds in extremely generality on the state spaces, as long as they
are Polish spaces, and on the cost function, as long as it is lower semi-continuous. It was
first proved by Kantorovich in [Kan42b| in a particular case; a complete and general proof
can be found in [Vil09]. In what follows, we will state the Kantorovich dual formulation
in the specific case of the quadratic Wasserstein distance, (1.41).

Theorem 1.2.10 (Kantorovich dual formulation for W3) For any o, 11 € Pa(R"),
then

W3 (o, p11) = sup {/ P dus — Qs@duo} : (1.53)
n |Rn

©
where the supremum runs over all bounded continuous function ¢ and

Qu(z) = sup {o(y) — |z —y[*}, zeR™ (1.54)
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Intuitively it comes by the constrain on ¢ and v,

p(y) —¥(z) < |z —yl”
Indeed it can be written as,
U(@) = p(z) = |z —y|*

and taking the sup over y € R™ it gives (1.54).

Remark 1.2.11 [t is often expressed in the equivalent form,

Wf(uo,ul)zsup{ @¢du1—/ wduo}, (1.55)
P R"

n

where the supremum runs over all bounded continuous function v and
Qu(y) = inf {u(a)+ly -2}, yeR" (1.56)

The map Qv is called the sup-convolution of 1 and its defining identity is often referred
to as the Hopf-Lax formula.

Let us briefly recall that the Hopf-Lax formula describes the viscosity solution of some
class of Hamilton-Jacobi equations. Consider the Cauchy problem,

dyu+ H(|Vul) =0 t >0,

Under some assumption on the Hamiltonian H and the initial datum f, it can be proved [Vil09,

Ch. 22] that
u(t,z) = inf < f(y) +tH ; , t>0

yeR™

and u(0,z) = f(x) when ¢t = 0 is the solution of (1.57). Here H* is the Legendre-Fenchel
transform of H that is defined by H*(r) = sup,cg+(rs — H(s)). So, when H(s) = s?/2
the also H* = s%/2. The HJ equation in (1.57) writes as,

[Vul? _

0
2

8tu +

and the the solution for all ¢ > 0 is given by,

u(t,z) = inf {f(y) I yIQ}

yeR™ 2t

and for ¢ = 1 it coincides up to a factor 1/2 with (1.56) with initial datum f.

Moreover it can be verified that the optimal ¢ in (3.3) is given by 0y(z) = ¢(z) — |z|*/2
introduced in (1.51).

The functions ¢, v attaining the sup are called Kantorovich potentials.
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Benamou-Brenier formulation

The Monge Kantorovich problem admits a differential formulation, based on an Eulerian
point of view on the optimal transport problem. It was first eastablished in [BBOO|
by Benamou and Brenier with the purpose of new numerical methods. The idea is to
associate to the cost of transportation, an action, as a way to measure the effort of
moving the system along continuous curves. Given a particle system, moving according
to the transport equation

Opr + V- (prvy) = 0.

The kinetic action is the time integral of the kinetic energy, that is, up to a factor 1/2,

Aoy = [ [ 1@ pta) dar

Theorem 1.2.12 (Benamou-Brenier formulation for W3) For any g, 11 € P2(R"),

1
Wgz(/,Lo’ Ml) = (mf)/ . |Ut|2 dl/t dt,
0 n

Vv

where the infimum runs over all paths (v, ve)icpp,1) where v, € P(R™) and vi(z) € R™ are
such that vy is absolutely continuous with respect to time in the sense of [AGS0S8, Ch. 1]
forall0 <t <1, vy = g, 1 = 1 and

8tVt+V'(VtUt):O, OStSl
In this equation which is understood in a weak sense, V- stands for the standard diver-
gence of a vector field in R™ and v; is identified with its density with respect to Lebesgue
measure. This general result is proved in [AGS08, Ch.8|. A proof under the additional

requirement that g, y1 have compact supports is available in [Vil03, Thm. 8.1].
Roughly speaking it can be proved that

1
W2 (o, 1) < inf / lvg|? du, dt.
(vw) Jo Rn

Formally this is a result of the Jensen inequality. Indeed consider any p; between py and
11 and let T; be the associated trajectory and v; the velocity field. Then its action is given

by
/01/|Ut($)|2dpt(x)dt = /01/|Ut(Tt($))|2d,ugdt
= /01/|%Ttx’2dﬂodt
2 / /01 %Tt(a:) dt 2

= /|T1(:U) — To(2)[* dpo = W3 (1o, p11),

dpo

since according to the dynamical formulation (1.40) Tp = Id and Ti4po = 1. The
optimal couple, that is, the couple attaining the equality is given by (u;, V8;) where i, is
the McCann interpolation and the vector field V§, is defined at (1.46). It can be seen by
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recalling that 1, = T, po where the optimal map T, is given at (1.45) and the associated
velocity field is (1.47), that can be rewritten also as,

d
v = (%Tt) oT, ' = (Vo —1Id)oT;".

It implies that,
Jlutmde = (96~ 1) 0T s

/ (Voo — Id) o (T, o T,)|? o dor = / V() — o o dz = W2 (o, o),

[

where the * equality is just the push forward. Note that somehow we recovered (1.52).



Chapter 2

The Schrodinger problem

In this section we present the main protagonist of the manuscript, the Schrédinger prob-
lem. A reference on the subject is the survey of Léonard [Léol4b|, and the other main
references will be recalled along the chapter. Introduced by Schrodinger in 1931 [Sch31],
in modern terms, it consists, roughly speaking, in minimizing the relative entropy with
respect to a fixed reference path measure R € M ()), among all the path probability
measures, satisfying the marginal constraints Py = po and P, = p;. In other words,

H(P|R) — min; P € P(Q), s.t. Py = po, Py = 11,

where P, = (X;)4P € P(R") for all 0 < ¢ < 1. First we define the problem in its dy-
namic and static formulations, give some sufficient conditions for the existence of solutions
and describe the minimizers, called entropic bridges at Section 2.1. Then starting from
Section 2.2 we will focus on the case of the reference path measure associated to the Kol-
mogorov process, whose generator is given by L = (A —VV -V)/2, we define the entropic
interpolations as continuous time projection of entropic bridges, du; = P=T, fTi_1gdm;
we explore their kinematics, by identifying the correspondent Nelson’s velocities and de-
riving the associated time evolution equation. At Section 2.3 we discuss different possible
definitions of entropic cost between the two probability measures pig, i1 from the minimal
value attained by the minimizer. Then at Section 2.4 we will make the link between the
Schrodinger problem and the Monge-Kantorovich problem introduced at Section 1.2. In
particular we will see that the Schrodinger problem associated to the slowed down ref-
erence measure R° with generator L® = ¢(A — VV - V) /2 is a regular approximation of
the square of the Wasserstein distance. At Section 2.5 we will study the behavior of the
relative entropy and the Fisher information along the entropic interpolation, in analogy
to their behavior along the heat flow and the McCann interpolations. And finally at
Section 2.6 we give the statistical physics interpretation of the problem that motivated
the question of Schrodinger and retrace the chronology and the related literature.

2.1 Solutions of the Schrodinger problem

Definition 2.1.1 (Dynamical formulation) Let the marginals ug, 1 € P(R") and a
reference o-finite path measure R € M () be fivzed. The dynamic Schrédinger problem
18,

inf{H(P|R); P P(Q): Py = o, P =1} € (—o0, 0], (2.1)

o7
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As for the Monge-Kantorovich problem, it also admits a static formulation. Consider the
projection,

R()1 = (XO,Xl)#R € M+([Rn X [Rn)
of R onto the endpoint space R™ x R".

Definition 2.1.2 (Static formulation) For any ug, 1 € P(R"), the static Schrodinger
problem 1s,

inf{H(7|Ro1); m € P(R" x R") : mg = po, ™ = p1} € (—00, 0], (2.2)
where my := (- x R"), and m := 7(R" x -).

As stated in the next theorem, the dynamic and the static formulations are actually
equivalent.

Theorem 2.1.3 (Equivalence between the static and dynamic formulations) The
Schrodinger problems (2.1) and (2.2) admit respectively at most one solution P € P(Q)
and 7 € P(R™ x R™) and they are related by,

PO~ [ RV € P@)

that means Py =we€ P(R™ x R™) and that P has the same bridges of the reference
measure P™ = R for w-almost every (z,vy).

Proof

<0 We recover here the proof of [F6188|.

The minimization problems (2.1) and (2.2) are strictly convex, hence if a solution exists,
it has to be unique. Let us assume that such a solution exists.

The additive decomposition (1.6), when ¢ = (X, X;) writes as,

H(PIR) = H(FulRo) + | H(P|R™)Pu(dudy).
R xR™
It implies H (Fo1|Ro1) < H(P|R) with equality whenever P* = R* for Py -almost every
(z,y) € R" x R™. Therefore, P € P(Q) is solution of (2.1) if and only if it disintegrates
as,

PO= [ By

with # = Py; € P(R" x R") solution of (2.2).

Note that a priori the minimal value in (2.1) and (2.2) is not necessary finite and it
might also take negative values. We collect some sufficient and necessary condition for the
reference measure R € M (2) and the marginals jg, 1y € P(R") in order the Schrodinger
problem (2.1) (or (2.2)) to admit a solution.

Theorem 2.1.4 (Existence and uniqueness) Let R € M, (Q) be Markov, with re-
versing measure m € P(R™), and let us assume that,

1. there exist two real non-negative measurable functions on R, A and B such that

(i) Roi(dxdy) > e =AW m(dz)m(dy),
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(1) forg 5950 Ros(dady) < o,
(111) [gn A+ Bdu; < oo, for po, pu;
2. H(p;|m) < oo for o, p1,

then (2.1) (hence (2.2)) admits a unique solution.
Moreover, assumption 2. is also a necessary condition.

Proof

<1 We already mentioned in the proof of Theorem 2.1.3 that from the strictly convex
nature of the problem, if a solution exists then it is unique.

Let us show that the existence of the function B such that (i)-(ii) are satisfied, makes
sure that the minimal value of (2.2) is bounded from below. In the generalization of the
relative entropy to unbounded measures in Section 1.1.1, we used the existence of a real
valued measurable function w such that (1.4) holds true. Assumption (ii) is nothing but
(1.4) when v = Ry, and w(z,y) = B(x) + B(y). It allows us to write the relative entropy
as in (1.5), for all 7 € P(R™ x R™), by

H(x|Ror) = H(rIRE) = [ [Bla)+ B(y)) wldody) = 2 (2.3

Since in the minimization problem (2.2) we take into account only probability measures
m € P(R" x R") with marginals po, i1, the integral on the right hand side, writes as,

[ B+ Bl = [ Baws [ Ban, 2.4

With decomposition (2.3) in mind, it is now clear that assumptions (i7) and (ii7) make
sure respectively that z, < oo, and that (2.4) is bounded from above. Moreover, the
relative entropy H(m|RE) > 0 since RP € P(R™ x R"), thus (2.3) is bounded from below.
It remains to prove that the minimal value of (2.2) is bounded from above. Consider the
probability measure o ® 1 € P(R™ x R™), and compute the relative entropy of it with
respect to Roq,

dpg ®
H(po ® pi|Ror) = / log %Mo(d-’ﬂ)ul(dy)
R xRn o1

= /[R . log (o (@) (y)) po(dw) pa (dy) — / log Rox po(dz) 11 (dy)

[R’IL X [R?’L

(1)
< Hluolm) + H(um) + / Al)dpioldz) + / Aly)dus(dy)
n |Rn
(iid)+2.
< —+00.

Hence, since 1o ® 1 € P(R™ x R™) and satisfies the marginal constrains,
mf{H(ﬂROl), T E P([Rn X an> Py = Mo, T = /Jq} < H(,UO & ,Ul‘R(n) < Q.

Finally we show that 2. is actually a necessary condition. By the additive property (1.6)
with ¢ = X, we deduce that for all 7 € P(R" x R") satisfying the marginal condition
To = Mo, it holds H (m|Ro1) > H(uo|m). Taking the inf over all the probability 7 satisfying
the marginal constrains, we obtain

inf{H(w|Ro1); m € P(R" x R") : my = po, m = p1} > H(polm).
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This proves that if H(ug|m) = +o00, the optimal value of the Schréodinger problem on the
right hand side cannot be finite. >

Examples 2.1.5 We verify here that assumptions (i)-(iit) are satisfied in two main ex-
amples introduced at Examples 1.1.8.

e The simplest ezample is R associated to the Brownian motion, with reversing mea-
sure m = L on R™. In this case,

Roi (dwdy) = e =972 ) (2m) 2 dady,

and by the simple quadratic inequality (a — b)* < 2a* + 2b* for all a,b € R, it is
immediate to see that by choosing A(x) = B(xz) = |z|* assumptions (i)-(ii) are
satisfied.

e Analogous computations show that assumptions (i) — (iit) are satisfied with the same
functions A(x) = B(z) = |z|?, up to multiplication by a real factor, when R is the
law associated to the Ornstein- Uhlenbeck process, in Example 1.1.20 (b),

Ly — e P

Ry (dzdy) = exp ( m

) /(2m(1 — 6_1))_”/2dxdy.

In both cases the assumption on the marginals (iii) reduces to ask the measures pg, p11 to
have second order moment finite, i.e.

o, 1 € Po(R™)

defined at (1.42) and finite entropy relative to the reversing measure, H(pu;lm) < oo for
Koy Ho1 -

Provided that a solution exists, we are now interested in the minimizer.
Theorem 2.1.6 (Entropic bridge) Suppose that hypothesis 1. and 2. in Theorem 2.1.4

are satisfied. Then the unique solution of (2.1) is called entropic bridge and it is charac-
terized by the formula,

P = f(Xo)g(X1)R € P(), (2.5)

where f, g are measurable non-negative functions, unique solutions, up to the multiplica-
tions af,ga”' for some constant a € R, of the Schrodinger system

{0 21 20

where (T3)i>0 is the Markov semigroup associated with the measure R. Moreover, the
unique solution of the static problem (2.2) 7 € P(R™ x R™), is given by

m(dedy) = f(x)g(y)Roi(dzdy) € P(R™ x R™).
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Sketch of the Proof

< Let B be the function appearing at (¢)-(i7) in Theorem 2.1.4. Define the sets, Cg(R") :=
{u:R" = R :suplul/B < oo} and Pp(R") = {x € P(R") : [, Bdpu < co}. We recall
that to say that 7 € P(R" x R") has marginals py, 11 is equivalent to (1.36). Hence, the
variational formula (1.2) writes for any © € P(R™ x R") with marginals p, i1 as,

H(mw|Ro1) = sup {/god,uo + /wd,ul - log/ eV dRo1; 0,1 € CB([R”)} (2.7)
R7 x R™

where ¢ @ (x,y) = o(x) + ¥ (y). It is proved in [LéoOlal that the minimal value in (2.2)
is equal to the maximal value in (2.7). Hence, if 7 is the minimizer of (2.2), the case of
equality (1.3) gives

dm _ oY
dRo:
Since the variational formulation still holds for the dynamic formulation H(P|R), analo-
gous computations yield to
AP oxo)tscx)
dR
that is (2.5), with f = e and g = ¢¥. >

The solvability of the system (2.6) was left open by Schrodinger. The existence of solu-
tions has been proved first by Bernstein [Ber32] when the reference measure is the Wiener
measure on R and later in the 40s by Fortet [For40] under more general hypothesis through
a method of successive approximations. Subsequently Beurling in 1960 [Beu60| proposed
an alternative proof via functional analysis, and more recently, in [RT93| the existence
of the solution was obtained as a consequence of Csiszar’s projection theorem, whereas
in [BLN94]| through a variational method.

Remark 2.1.7 Let us point out some issue of the (sketch of ) the proof we presented here.
Nothing assures that the supremum is attained in (2.7) by functions in Cg(R™). In general
we only have that ¢ & 1 is Ry -measurable [Léo01c] and this does not imply that ¢ and
WY are respectively Ry and Ry measurable. The same measurability problems are of course
inherited by the functions f and g, thus we are not a priori allowed to write

T f = Er(f(Xo| X1 =y))

(and the same for T\ _,g) in the marginal conditions in (2.6). To overcome these problems,
it is mecessary to add an assumption on the reference R; in particulare, assume that there
exists some 0 <ty < 1 and some measurable F' C R"™ such that Ry,(F') > 0 and

R01 < R((Xo,Xl) € "Xto = Z), VzeF.
For more details see [LRZ1/] and [Léo14b, Thm. 2.6/

For completeness we mention that there is a complementary way to think to entropic
bridges, that can be found in the survey [Léol4b|, through the definition of (f,g)-
transforms. Given a reversible Markov reference measure R, the basic idea is to fix
two functions f, g and build two measures pg, p1; by (2.6).

Definition 2.1.8 ((f, g)-transform) Let f,g : R" — [0,00) be two non-negative mea-
surable functions such that Eg(f(Xo)g(X1)) = 1. The (f,g)-tranform of R is defined

by,
P = f(Xo)g(X1)R € P().



62 CHAPTER 2. THE SCHRODINGER PROBLEM

This definition is a two-sided version of the h-transform introduced by Doob in [Doo57].

Theorem 2.1.9 Let P be an (f, g)-transform of R, as defined at Definition 2.1.8, with
the functions f, g satisfying,

|fglog f|dm < oo, |fglog g|dm < oo.
R" [Rn

Then P is the entropic bridge between pg, 1y € P(R™) given by,

po = fTigdm
i = Tifgdm,

where (T})i>1 is the Markov semigroup associated to R.

For the proof see [Léol4b, Thm.3.2].

2.2 Kinematics of entropic bridges

In this section we look closer at the minimizer of the Schrédinger problem. It is assumed
once for all that hypothesis of Theorem 2.1.4 are satisfied.

The results that we discuss here can be formulated for any o-finite measure R € M, (Q)
satisfying the assumptions of Theorem 2.1.4. However we decided to focus on a specific
R € M, (Q), first because it is what will be actually used in the applications in the
following chapters, and then to provide some direct proofs and explicit properties. For
the literature about the Schrodinger problem in general we refer to [Léol4b]|, and therein
references.

The reference measure. Let Q = C([0,1],R") be the space of continuous path on
the state space R". We consider the measure R® € M () associated to the stochastic
diffusion process (1.12), with diffusion coefficient o = ¢, for some € > 0 and a drift vector
field of the form b = —eVV/2, for some real valued potential V' on R", namely,

dXf = —eVV(XF)/2dt + VedW;, 0<t <1,

) — ot (2.8)

where dm = e~V dx is the reversing measure. We assume the potential V to be C? on R
and, whenever [, e”Vdx < oo, such that [, e"Vdz = 1. Furthermore, we assume that
there exists some constant ¢ > 0 such that one of the following assumptions holds true:

(1) limpgoe V() = 400 and inf{|VV]* — AV/2} > —oc0, or
(ii) —z - VV(z) < (1 + |z]?), for all z € R™.

Under this assumption, (2.8) admits a unique solution, see [Roy99, Thm. 2.2.19].

Note that R® is not necessary a probability measure on ). Indeed in the case V = 0,
R? is the measure associated to the standard reversible Brownian motion, that on R™ has
infinite mass. This is the reason why we introduced at Section 1.1.1 the generalization of
the relative entropy to unbounded measures.

In the rest of the manuscript, we will mainly consider the case V = 0, already discussed,
or the case of k-convex V', that is, for some k € R,

[VV(z) = VV(Y)] - (y—2) < —klz —y|?/2, VYa,yeR™
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The reason why we considered the slowed down process (2.8), instead of

dX, = —VV(X,)/2dt + dW,, 0<t<1,

) = (2.9)

will be clear at Section 2.4 when will take the limit for ¢ — 0, to connect the Schrédinger
problem to the optimal transport theory, and at Section 2.6 when we will give some phys-
ical motivation/interpretation.

As we already mentioned in the Examples 1.1.20, the operators associated to the Kol-
mogorov SDE (2.9) are

VAP

Lf = (Af=VV-V)j2.  Tf=12k,

Laf = SE(VIP) ~ Vf-VLE (210)

For the slowed down process (2.8), we denote,

Lf =¢L, [°f =el'f, ISf =&l (2.11)

Definition 2.2.1 (Entropic interpolation) The R¢-entropic interpolation between i
and py is defined as the marginal flow of the entropic bridge (2.5), that is

p =P, = (Xy)xPFePR"), VO<t<L
In particular, it is characterized by the formula,

du; =17 f. 17 ,g-dm, V0 <t <1, (2.12)

It is sometimes more convenient to use the equivalent exponential form,

of + iy
du; =e € dm, V0<t<l1, (2.13)

where for any ¢ € [0,1],

¢y = elog Ty f.
2.14
Vj ==elogTt_,9- ( )

with f., g. solutions of (2.6) and (77 );>o the Markov semigroup associated with the gen-
erator L°. Note that in analogy to the Kantorovich potentials (attaining the sup in (1.53)
and (1.55)), ¢f and ¢ are referred to as Schrodinger potentials.

Following the traditional notation in [Vil09], we denote the density of the measure dus
with respect to the invariant measure m and with respect to the Lebesgue measure £
respectively as,

e _ dug o dpg

P T

Since we consider the case m = e~"dz, the relation between the densities is

€

i =g (2.15)
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Proposition 2.2.2 The potentials ©f, )5 are respectively solutions of the following Hamilton-
Jacobi-Bellman equations,

5 = elog f. t=0 Y = elog g., t=1.

(2.16)
where L and T are given at (2.10).

Proof
< The proof is an immediate consequence of Definition (2.14) and I';-calculus in Sec-
tion 1.1.4. Without any ambiguity, we can drop the index ¢ in the potentials ¢; and
for the rest of the proof.
LTy f -

) U /e[ E(ppilE

tPt € T.f €e Gy

_ geﬂpt/s 6%/5 Lsgpt n e<Pt/€

€

1
= Lo+ EFE% = eLpy + Ly,

where the last equality follows by the notation convention (2.11). The case of v is exactly
the same but with opposite sign. >

Kinematics of uf. As a consequence of Proposition 2.2.2 we can derive the time evolu-
tion equation for the entropic interpolation. Indeed, taking the sum of the two equations
in (2.16), we obtain

(@ +45) +eL(¥f — ¢f) + (T'Y; —Tyf) =0 (2.17)

Thanks to property (viii) in Proposition 1.1.22, and (2.13), it becomes

e0y(log pf) +eL(Y; — ;) +T'(elog pf, 5 — ¢f) =0

Namely,
i + 207 [LO; + T'(log pj, 07)] = 0 (2.18)

where V05 := V(¢ — ¢5)/2 is the current velocity that will be introduced at Proposi-
tion 2.2.4.

Examples 2.2.3 We write explicitly these equations in two particular cases.

e When the reference measure is associated to the generator L° = eA/2 and dm = L,
the equations in (2.16) write as,

Ohp — eAp; /2 — |[Vi[?/2 =0, 0<t <1,
¢y =¢elog fe, t=0

and,
Oy + APy /24 |VY;?/2=0, 0<t<1,
Yi = elogyg, t=1.
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and equation (2.18) is the transport equation,
Oy +V - (pVO;) = 0.

Note that in this case (pt)o<t<1 = (pt)o<i<1 since the reversing measure m coincides
with the Lebesque measure L.

e Whereas in the general case with generator L = e(A—VV -V)/2 and dm = e Vdx,
equation (2.18) writes as,

Op; + V- (P V) — piVV - VO, =0
or equivelently,
Oips + €V - (e7V pivies) = 0.
We can deduce from (2.15) that the density with respect to the Lebesque measure,

e __ -V ¢
He =€ Py

satisfies the transport equation,

Op; +V - (u;Ve;) = 0. (2.19)

Beyond these algebraic computations, we can derive the kinematics of the entropic bridge
P* from a probabilistic point of view. In the next proposition we identify the Nelson
velocities introduced at Section 2.2 for the entropic bridge P° € P(£2).

Proposition 2.2.4 Let P° € P(Q) be the entropic bridge between two measures fig, f11 €
P(R™). The forward and backward velocities associated with P are respectively,

T =—SVV AV, ST =SV 4 (2.20)

where Y5 and @§ are defined at (2.14). And the current and osmotic velocities are respec-
tively,

e v P — V H N
U;:u,P _ V@f _ %7 UtOS’P =&V log \/ /lf (221)

Proof

< We recall that as reference measure we consider the Markov and reversible R° € P(€2)
associated with generator L¢ = ¢(A — VV - V)/2.

In the rest of the proof we use the notations,

DX = Xt+h — Xt and7 gr ‘= ER(g(Xl)‘Xt) = Tl—tg

where g appears at the Schrodinger system (2.6), and we drop the index e. By definition
of entropic bridge we have,

apr
dR

1
£ 1)
Er(f(Xo)g(X1)DX|X})
Er(f(Xo)g(X1)[Xy)

Ep(DX|X;) = ER< DX‘Xt>
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where in the last equality we applied Theorem 2.1.6. By the Markov property of the
reference measure R, the past and the future are independent, then

Er(f(Xo)|X:)Er(g(X1)DX|X,)
Er(f(Xo)|X:)Er(9(X1)[X})
ER(Q(Xl)DX\Xt).
gt

Ep (DX|X})

Again, by the Markov property,
Er(9(X1)DX[X;) = Er(9(X1)DX|X0,) = Er(Er(9(X1)DX|X(0,t4na1) | X[0.4)-
Moreover, by writing Dg = gi+n — 1,

Er((9:+ Dg)DX|X)
Gt

= Er(DX|X,)+

Ep (DX|X,) =

Er(DGDX|X;)
gt ‘

By definition of forward velocity (Definition 1.1.9 (7)),

vP = lim Ep (%]Xt>

h—0t

Er(DGDX|X,
= i (P ¢ EROEDN)

h—0+ h—0Tt hgt
. r
2 Br g (g;,fct)
t

vV
= T + eV log g,

\A%
- TtV

Similar computations show that o 7" = —e¥X + V.

It remains to identify the current and osmotic velocities. By Definition 1.1.9 we have, for
any 0 <t <1,

onr _ UL =W VY- Vi

! 2 2 '

Thus we recognize that the current velocity is the vector field that appears in the transport
equation vf“’P = V#,. For what concerns the osmotic velocity, we have for any 0 <t < 1,

os TP+ %F £ 1
= = SV oV )

£ £ _
= —§(VV — Vlogp;) = §V10g(0§6 Y)

G Vlog ik (2.22)

recovering identity (1.25). >
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Remark 2.2.5 Note that in the proof we used the probabilistic definition of the I'-operator,
that we recall here briefly. For any suitable function u, Ito’s formula gives

du(X;) = Lu(X;) + Vu(Xy) - dW].
Multiply this equation for a suitable function v,
vdu(X;) = vLu(X;) + vVu(Xy)d - dWl. (2.23)
We can switch the role of u and v,
udv(X;) = uLv(X;) +uVo(X,) - dW/r. (2.24)
And finally consider Ito’s formula for the product function uv,
d(uv)(X;) = L(uw)(X;) + V(uwv)(X,) - dW/r. (2.25)
We subtract (2.23) and (2.24) from (2.25), and, according to Definition 1.1.21, get
d(uv) —vdu — udv = L(uv) — vLu — ulLv = 2I'(u, v)dt.

Hence,

[(u,v)dt = d(uv) — vdu — udv. (2.26)
Applying Ito’s formula to w(X;) = uy and v(X;) = vy,
d(uvy) = wpdvy + veduy + dvgduy.
This together with (2.26) gives,
[(u,v)dt = du(X;)dv(Xy). (2.27)

Note also that the limit in the proof is formal, since one has to make sure that the relative
entropy is finite.

Remark 2.2.6 We can derive as well the relation between current and osmotic velocities
of the entropic bridge P with those of the reference path measure R®. According to
Examples 1.1.13 we have

v () wosR — _Ey
Hence,
pee e = e,
pS P e = g[v log p; + VV]
= SVlog(ie")
2L gv log pf.

Let us see now which are the relations between the Nelson velocities of the the entropic
Bridge P and its time reversed P* € P({2), that we recall is P* = (X*)xP, where
X=X, forallte0,1], ie.

Ep f(X{) = Epf(X1).
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Lemma 2.2.7 (Time reversal) Given an entropic bridge P and its time reversed P*,
the forward velocity of the former and the backward velocity of the latter are related by,

V() =%T(), UL() =T (), (2.28)
forany 0 <t < 1.

Proof

< It follows directly by the definitions that,
* X — - X —
ﬁfit(Z) = hnl EP* ( ! t+hh 1=t Xt = Z)
L Xion = Xo|
- (3 )
= P(2).

A similar computation shows that 07, (z) = ¥F(2). >

h—0t

The stochastic equation associated to the entropic bridge P is
dX, — (—gvv + V¢f) dt +2dW,, t>0 (2.29)
L(Xo) = po

This implies that for any regular and integrable enough test function v and any 0 < ¢ < 1,

/n w(2)p;(z)dz = Epeu(Xo) + Ep- /(:(755 -Vu+ eAu/2)(X,)ds

= /[R w(2)po(z)dz + /t ds/ (VT Vu+ eAu/2)(2) ps(2)dz.
After integration by parts, it yields the Fokk(;]r Planck equation
iy + V- (ui [75 - ngogu;?D =0,
and replacing the forward velocity by its value (2.20),
Oui + V- (p; [—gvv + Vg — gv log ut]) —0. (2.30)
Writing (2.30) for the time reversed P=* € P(£2), together with (2.20) and (2.28), gives
D™ + V- (pj’* [—gvv + Vi — gVIOg u?*D —0, (2.31)

where we denoted p}(z) = dP/"/dz = dPf_,/dz = py_(z). Since, dyui_, = —0uu(2),
(2.31) writes as,

€ €
Ot +V - <p§ bVV — Vi + §Vlog ufD = 0. (2.32)
Taking the half sum of (2.30) and (2.32), we obtain,
Oupis + ¥ - (JEVE7) = 0,
recovering the transport equation (2.19).
In Corollary 1.2.8 we showed that the kinetic energy is conserved along displacement

interpolations and actually coincides with W3. We show here an analogous result along
entropic interpolations.
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Lemma 2.2.8 (Conserved quantity) For any entropic interpolation (ji5)o<t<1,

52
— [196 = 51V log i s =2 [ V05 - Vit (2.33)

18 constant for each t > 0.

Proof
<1 We drop the index ¢ to simplify the notation. We start to prove that
/F(wt, o) dpiy = /F(ft,gt) dm, (2.34)
where .
{ ;CZ _ T’ig (2.35)

with f, g solutions of the Schrodinger system (2.6). Then,

/ L'(pr, ) dpy / ['(log fi,log g ) dpu

/EF fes gr)dp = /F(ft>gt) dm

where the marked equality is due to property v. in Proposition 1.1.22, and the last equality
to d,ut = ftgtdm as in (212)

We show that (2.34) is constant. From property vii. in Proposition 1.1.22 and (2.35) it
follows,

I+

a7 L(fi,9¢))dm = /F<atftagt) +T'(fe, Orge) dm

- / L(Lfir g0) — T(fos Lgs) dm =0, (2.36)

and the last equality is given by the symmetry property zi. in Proposition 1.1.22.
Finally in order to show that the constant quantity C® is (2.33) we recall the relations
between Nelson’s velocities in Proposition 2.2.4, and property viii. in Proposition 1.1.22,
to obtain

2/F(¢t,<pt) d/Lt = 2/F<9t+510g\/@70t_510g\/ﬁ) d,LLt
= 2 [ 1(6) — T (log v7m)
g & 2
= /|V6t] —Z!ngptl dpt,

that is the claimed result. >

Remark 2.2.9 Note that Lemma 2.2.8 is a particular case of a more general result. We
introduce the T',, operator defined via the iterative formula for n =0,1,2...

Fn-‘rl - %[Lrn(fa g) - Fn(Lfa g) - Fn<f7 Lg)]
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with initial condition I'y = fg, recovering Definition 1.1.21 for n = 1,2. It can be proved
with the same arguments as in (2.36) that for any n > 0, the function

0,15 / Lo(ff, gf) dm

15 constant.

2.3 Entropic cost

Provided that an entropic bridge between two measures p, 111 € P(R") exists, it attains
the minimal value, that is

H(P|R) = inf{H(P|R); P € P(Q), Py = p1o, P, = 1}

We could think about the value H (P\R) as a cost of transporting p into puy according to
the minimization problem (2.1). However, despite it is the most natural and intuitive way
to define such a cost, it might not be the most meaningful, since for instance, it might
be negative. We discuss here the different possible definitions of entropic cost with their
properties.

Definition 2.3.1 (Forward and backward entropic costs) _Guven two probability mea-
sures pig, i1 € P(R™), such that there exists an entropic bridge P € P(2), we define, the
forward entropic cost as,

A (o, j11) = nf{eH(P|R); P € P(Q), By = pto, P = 1} — eH(polm)  (2.37)

and the backward entropic cost as,

F
A (o, 1) = inf{e H(P|R*); P € P(Q), Py = po, P = p1} — eH (1 |m).

The interest of considering j and j is that they are non negative quantities, and they
take into account only the contribution of the transportation, of the dynamics. However
they are not symmetric, since reversing o with 1, the value of the constant term H (p;|m),
for pg, p1 changes, hence also the value of costs.

To enforce symmetry, but still taking into account only the demand of transportation, we
introduce the next definition.

Definition 2.3.2 (Entropic cost) Given two measures pg, p11 € P(R™), such that there
exists an entropic bridge P € P(2), we define the entropic cost as,

A (po, pa) = inf {eH(P|R%); P € P(Q), Py = po, Pr = pua } — g[H(Mo!m) + H(pam)].

The entropic cost A is symmetric A(u, v) = A(v, u) since R is reversible. To see this, let
us denote X; = X;_4,0 <t <1, and Q* := (X*) @ the time reversal of any @) € M, ().
As X* is one-to-one, we have H(P|R) = H(P*|R*) and since we assume that R* = R, we
see that

H(P|R) = H(P*|R), VP ePQ).

Hence, if P solves (2.1) with (po, 1) = (g, v), then X*, P solves (2.1) with (o, 1) =
(v, ) and these Schrédinger problems share the same value. For what concerns the
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constant term [H (u|m) + H(v|m)] it is evident that if we exchange the role of p and v it
remains unchanged.

Thus A seems to be the best candidate to define a cost between two measures, having
in mind the idea that we have no hope to define the square of an entropic distance
between iy and g, in analogy to W2. Indeed there is no reason why A(u, ) = 0 for any

p € P(R™) (and this is true also for A and A) This last definition is useful when we
want to look at the dynamic Eulerian point of view. We will prove at Section 3.5 that the
entropic cost A admits a Benamou-Brenier formulation, in analogy to the Wasserstein
distance (Theorem 1.2.12). In order to motivate Definition 2.3.2 we anticipate here some

arguments of Section 3.5.
Let P € P(2) be such that H(P|R®) < oo, by the Girsanov Theorem 1.1.14 there exists

a vector field ?t such that
1
Br [ (312t < o,
0

the forward velocity of P is given by 7f = Eﬁt — eVV/2 and the relative entropy can
be written as,

H(P|R?) :H(P0|m)~|—z—:Ep/O |Ft|2/2dt.

Since R° is reversible, we obtain by reversing time, analogously
'«
H(PIR) = H(Pim) + <Ep |51 /2a
0

where B ¢+ appears in the backward velocity of P, that is I P=¢ Bt eVV/2. Furthermore
by definition of current and osmotic velocities (Deﬁnltlon 1.1.9),

— <~
Ucu7P Eﬁt 561& . Eﬁcu UOS,P_gﬁt_'_gﬁt

3
: = — -VV = ¢B%” —eVV/2.
2 ’ 2 2 ep EVV/

We define here the forward and backward entropic actions of P with respect to R® by

A(PIR?) = H(P|RP) —ng/ Bt

TPl = PR =By [ (5t
where
R = [ RCXo=a) Rlda), BR4(= [ RCIX =) Rldy)
for which it holds,
H(P|R™<) = H(P|R) — H(RRS),  H(PIRP) = H(P|R*) - H(P\|FY).

Similarly, we define the current and osmotic actions as,

1
A(P|R) stp/ |32 /2 dt,
0
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1
A%(P|RF) stp/ 18| /2 dt.
0

A°(P|R) = // 0|2/ (2) dtdyu,,

A%(P|R®) = // IV log 11 + VV/2|? dtdy,.

It follows that

Taking the half sum of the two expressions in (2.3) together with the parallelogram iden-
tity (1.19), leads us to,

1 1
H(PIR) = J[H(RIRS) + H(AIRD) + <Ep [ 1677 + |50 P e (239)
0
Let us introduce the last definition of the entropic action,

A(P|R?) = A°(P|R°) + A% (P|R°) = [A(P|R°) + A (P|R°)]/2, (2.39)

and write (2.38) as
H(P|R) = S[H(P|RS) + H(PIR)] + A(PIR?). (2.40)

It is straightforward that the Schrodinger problem (2.1) is equivalent, up to an additive
constant, to

inf{e A(P|R°); P € P(Q) : Py = po, P = i1},

and it follows in particular that its minimal value is,
€
A(no, i) = mt{ H(P|R"); P € P(Q), Py = po, Pr = pun} — 5[H (polm) + H(pia|m)].

In the subsequent chapters we will deal both with the forward and entropic cost. The
advantage of the first is that it has a duality formulation that will be proved at Sec-
tion 3.4, while the advantage of the second is the Benamou-Brenier formulation proved at
Section 3.5. We will choose time to time which is the most convenient definition to adopt.

When we will use the two different entropic costs j and A in the same expression, it
might seem confusing but keep in mind that they differ just for a constant term, that is

A, 1) = A (pio, o) + 5 [H (1ol £) = H (| )]

Remark 2.3.3 As a consequence of (2.40), we deduce that the conserved quantity at
Lemma 2.2.8 is finite, indeed,

C¢| < 2H(PF|R) < 0o

where P¢ is an entropic bridge.
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2.4 Limit for ¢ — 0

In this section we explore the relation between the Schrodinger problem and the Monge-
Kantorovich problem. We will see that the normalized entropic cost, no matter which
of the previous definitions we choose, converges to the minimal value of the Monge Kan-
torovich problem, whenever the reference path measure R € P(Q) of the former, is
properly related to the cost function of the latter C': Q — R™ in (1.37). In particular, we
need that (R°).-o satisfies a large deviation principle with scale 1/e, as € tends to zero,
and rate function C, that is,

— inf C(w)/e
R(A) =< e weA
e—0t

for any measurable subset A C Q. The paper [Léol2a| of Léonard gives the proof of
this convergence result in all generality. Let us first give an idea of how the family of
Schrodinger problems with reference measure R® associated to the Brownian motion is
related to the quadratic Wasserstein distance.

Indeed when R§; € M, (R™ x R") and ¢: R® x R" — R are given respectively by

=yl
Ry (dedy) = e 2e [(2me)"Pdady,  c(x,y) =

|z —y|
2 )

we can compute explicitely the relative entropy for any 7 € P(R™ x R") as,

d
H(rm|Rg) = 5/long7z dm
01
|z —yf?

= /log ddd dw—e/log (e_ 2¢ /(2me)™?)dr

dm _ 2
= 5/logd dyd +/’$ yl dr+ = 10g(27r5)

Taking limit for ¢ — 0, when H (7|dzdy) is finite, shows that

E: —yl2

limeH (7| Rg,)

e—0
And taking the infimum over all 7 € P(R" x R") satisfying the marginal constrains, we

obtain )
W2 (H’O? H’l)

5 (2.41)

lim A% (po, p11) =

%
Remark 2.4.1 Note that either Zs or A¢ or A® defined at Definitions 2.5.1 and 2.5.2
can play the role of the entropic cost A® in this theorem, since they differ by some constant
quantity times €, namely eH (po1|m) that vanishes at the limit.

Despite formal, these computations give an enlightening intuition on how the entropy
minimization problem (2.1) can be actually an approximation of a linear deterministic
minimization problem as (1.37), without entering in the heavy machinery of large devia-
tion theory and I'-convergence.
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The relation between the Schrédinger problem with reference measure (R%).-¢ with gen-
erator L° = ¢(A—VV -V)/2 to the quadratic Wasserstein distance, is due to the fact that
they satisfy a large deviation principle. We recall here that a sequence (p.).~o of proba-
bility measures satisfies the large deviation principle with scale 1/e and rate function I,
if for each Borel measurable set A we have,

. < Tim <1 < _ i
xEIELEA I(z) < 11gilglf€10gp5(A) < 111?_?&1p610gp5(14) < a:IGI}:ZfA I(x)

where intA and clA are respectlively the interior and the closure of the set A.
We recall that when V' = 0 and R® € M (Q) is associated to the SDE,

Yo =a4+eW,, 0<t<1.

where the initial condition Y;"® = x is deterministic, Schilder’s theorem makes sure that
such a (R%).-o satisfies a large deviation principle with scale 1/e and rate function,

o { fl j@n* g €[0,00], ifweNs. t.wy==z, and w is abs.cont. (2.42)

+oo otherwise.

Theorem 2.4.2 (Schilder’s theorem) The sequence of stochastic processes (2.4) sat-
isfies a large deviation principle in = C([0, 1], R™) equipped with the topology of uniform
convergence with scale 1/e and rate function (2.42).

For the proof see [DZ98, Thm. 5.2.3]. This result was extended in the Freidlin-Wentzell
Theorem, which states that the solution of the SDE (1.12),

dX; = b(X,)dt + edW;, VO<t<1l, Xy=0

satisfies a large deviation principle as € tends to zero with rate function

1 .
= 5 / |wt — b(wt)|2 dt,

see [DZ98, Thm. 5.6.3]. Since we consider the drift b = —eVV/2, it can be proved
through exponential equivalence, that the rate function I(w) coincides with the quadratic
cost (2.42) as ¢ tends to zero.

Theorem 2.4.3 (Convergence of A° to W}/2) Let R° have generator L = g(A —
VV -V)/2 and reversing measure m = e~V and let pg, 1 € P2(R™) have finite relative
entropy with respect to m. Then,

W22(:u0’ )
2

in P(R"). Moreover, for any p; € P(R™), there exists a sequence i € P(R™) such that
lim. o p5 = p1 € P(R"), and

F_ll_I}éA (/“LO) ) =

sz (NOa ,Ul)
— Yy

If p1 € Po(R™), then for any small enough € > 0 the dynamic Schrédinger problem (2.1)
admits a unique solution P* € P(Q) such that

: e e\ __
lim A% (p10, 1) =

lim P° = 15

e—0

where P € P(Q) is the unique solution of the dynamic Monge-Kantorovich problem with
quadratic cost, (1.40).
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Let us give a flavor of the general arguments of the proof in [Léol2al. We first recall
that the I'-limit of a sequence (fx)x>1 of (—o0, oo]-valued functions on R", is given for all
x € R" by,
- li = lim inf
Jim fi(z) JSup Hm inf fr(y)

where N(z) is the set of all neighborhoods of x. This is equivalent to say that, for any
sequence (z)r>1 such that limy o 2y = x,

liminf fy(z) > f(2),
k—o0
and there exists a sequence (Ty)r>1 such that limy, ., 7 = z, and

limsup f(#) < f(x).

k—o00

The proof of Theorem 2.4.3 relies on the next preliminary result. First we introduce some
useful notation. We denote,

R = [ R Oulds), € P@)
with R** the law of the stochastic process (2.4), and for every z € R" and A C R",

{ 0, ifreA
lacA =

oo otherwise.
We also denote for any P € P(2),
geio(P

) = cH(PIRY™) 4 1ppp (2.43)
go(p) = / CdP + tpy,. (2.44)
Q

Observe that,

A (po,v) = inf{&"(P): P e P(Q), Py = o, P =1}
W22(:u07’/)
2

Proposition 2.4.4 For any © € R" and puo € P(R™), it holds for any P € P(),

= inf{{"(P): P e P(Q), Po = po, P =v}.

- lim eH(P|R™") + tpy—py = / CdP + tpy—p,- (2.45)
Q

e—0t

where R&M and C' are given respectively at (2.4) and (2.42). Equivelently according to
Definitions (2.43) and (2.44),

T- lim €540 = ¢ho ¢ P(Q).
e—0t
Sketch of the Proof
< We give the recipe of the proof step by step.
Stepl. Furnish the space Cy(€2) with the norm ||f|| = supq |f|, f € Cp(2) and denote
Cy () its topological dual space. Prove that for each P € Cy(Q2),

HPLR) g = s {[ 0= [ e ([ o)) imian)}
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Compare this formula to the variational formula (1.2).
Step2. For any f € C(€2) denote

M) = [ supls = O olde) = [ sup(f = €Y o).

Oz
where Q7 := {Xy = 2} C Q, and its convex conjugate by,
N(Q) = sup {/ fdQ - A(f)} .
JT€CH(Q) Q

Prove that for any Q € P(Q),
A(Q) = /QCdQ + 1{Qo=po}>

or shortly, A°(Q) = £(Q), ¥ Q € My(®).
Step3. Define, for any f € Cy(9)

vt = [ ou ([ el roe(an)) i)

Prove that
o lim.,o A(f) = A(S);
o sup..o [A°(S)] < (ISl [ACH] < (I f]] := supgq | f;

e A, A* are convex.

From the Laplace-Varadhan principle [DZ98, Thm. 4.3.1], it follows that for all x € R™,

e—0

limslog/ e!/® RS (dw) = sup{f — C*}.
Q Q

Moreover, it is easy to see that |elog [, e//¢ R®*(dw)| < || f||~. Hence by the dominated
convergence theorem, is follows that lim._,o A*(f) = A(f), for all f € C,(Q).
Prove that

A*(Q) = eH(P|R™M) + tpy—pq-

Step4. From Step3. and [Léol2a, Cor.5.4]", deduce that

lim A (Q) = A*(Q)

e—0

From Stepl. it follows that A** = £5#0 and from Step2. A* = £#°. Hence, by Defini-
tions (2.43) and (2.44), conclude the proof. >

Proof of Theorem 2.4.3
< The proof of Theorem 2.4.3 is an immediate consequence of Proposition 2.4.4 and

1Tt states that given a family of real valued convex functions (gx)r>1 on a normed space (Y, ] - |),
such that g, converges pointwise to g as k — oo and there exists ¢ > 0 such that |gx(y)| < ¢(1+ ||y||) for
all y € Y and k > 1, then (g;)xr>1 I'-converges to ¢* with respect to o(X,Y) where X is the topological
dual space of Y.



24. LIMIT FOR ¢ — 0 7

[Léol2a, Thm. 6.1]. The last insures that, given the I'-convergence (2.45), we have that
the minimization problem

inf {eH (7| RG{®) + tpympo} : ™ € P(R* X R") : Py = i1 } (2.46)

['-converges as ¢ tends to zero to

a2
inf {/ = 2y| m(dzdy) + tpy=po} : ™ € P(R" x R") : P, = Ml} (2.47)
R™ xR™

in P(R™). Moreover it states that for any p; € P(R"), it exists a sequence (u]).~0 such
that lim. o 4] = p1 and such that

lim inf  {eH(T|RG!") + t{pympo} : ™ € P(R* X R") : Py =y} = (2.48)
e—

. ‘x_y‘Q . n ny . _
inf 5 dr + tpy=per T € P(R" X R") : Py = iy ¢ .

Note that the I'-convergence of (2.46) to (2.47) can be written equivalently as,

2 .
I'- lim AE(M07 ) = W2 (Iuo’ )
e—0 2
in P(R"). Hence (2.48) writes as,
e o W (o, )
i A, ) = 200 4),

Moreover [Lé¢ol2a, Thm. 6.1] states that if gy € P(R™) is such that W3 (i, j11) < oo, then
A= (o, p15) < oo for a small enough £ > 0, and it admits a minimizer 7. The sequence
(7%)e>0 admits at least a cluster point #, minimizer of W2(uo, p11). >

As a consequence of Theorem 2.4.3, we can derive some convergence result for the current

and osmotic actions.

Lemma 2.4.5 Let (115)o<t<1 be the entropic interpolation between two measures fig, 11 €

P(R™), then

lim, o+ / [ 1V6P ducat = W3, ) (2.49)
1

lim, o+ 62/ I(pf|m) dt = lim 52/ /\Vlogpﬂ2 dygdt = 0, (2.50)
0 e—0t+ 0

where V05 is the current velocity of the entropic bridge P in (2.21) and I(p:Jm) denotes
the Fisher information I(plv) = [ |V log(dp/dv)|*dp.

Proof
< Let P* € P(Q) be the entropic bridge between pg, 1 € P(R™), then according to
(2.39) it minimizes

inf{cA(P|R°); P € P(Q), Po = po, P, = 11 }
thus,

1/t .
apir) =5 [ [ e P 5 / (15 m) d
0 n
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where (pf)o<t<1 is the entropic interpolation between gy and py. Theorem 2.4.3 implies
that

1
lim A®(po, pt1) = hm / [ 2 dpsdt + — / I(ps|m) dt = Wi (o, p11).  (2.51)
e—0t R™ 8 0

Since the continuity equation and the other assumptions in Theorem 1.2.12 are satisfied
by (15)o<t<1, the Benamou-Brenier formulation makes sure that for any € > 0,

1
W3 (10, 1) S/ o™ 12 dpgdt.
0 R

Together with limit (2.51), it implies the claimed limits (2.49) and (2.50). >

Lemma 2.4.6 Let (115)o<i<1 be the entropic interpolation between two measures fig, 11 €
P(R™), then

lim / /|v95|2 adt <u07ﬂl)
e—07t

lim 52/ tI(pf|m) dt = lim 52/ t/|Vlogp§]2d,utdt—0 (2.52)
e—0t 0 e—0t 0

where V05 is the current velocity of the entropic bridge P in (2.21) and I(p:Jm) denotes
the Fisher information.

Proof
<1 The proof is a consequence of Lemma 2.4.5 and the conserved quantity at Lemma
2.2.8. Indeed since

g2

/Wﬂwg——/WMMMm /wmwm—2mmo

taking the limit

i % = i [ 1905 — T 1) = WE o, ),

e—0t e—0+

where the two limits are given at (2.49) and (2.50). At the same time from (2.50) it

follows,
1 1

0 < lim t[(ut\m) dt < hm I(pf|m)dt =0 (2.53)

e—0t —0t 0

that is (2.52). Finally,

1 1 1
Elir(l)a/o t/\VQﬂzduf = slir(%/o t08+51i%1+/0 t1 (pg|m) dt
1 2
W.
— lim 06/ pat = e lto )
0

e—0t 2

where the first equality is a consequence of (2.53). >

Another convergence result is about the kinematics of the entropic bridge with veloc-
ity field v} " = —5VV 4 V5 introduced at Proposition 2.2.4 to the one associated with
the McCann interpolation introduced at (1.46). Since in this convergence the potential
V' doesn’t play any role, we can assume V' = 0, that is L = eA/2.
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Proposition 2.4.7 The following limit holds true,

lim ¢ =0,

e—0t

where 0y is introduced at (1.46) and o5 in (2.14).

Proof
<0 We recall that 1) is defined as,

w,? =clogTi_.g =: Qwi

where the semigroup Q is defined for any suitable function f as Q,f = elog Tye!/¢ and
Y] = elog g°. Moreover as we proved in Proposition 2.2.2 it satisfies the Hamilton-Jabobi-
Bellman equation for any 0 <t < 1

Ol + Y5 /2 + |V [2/2 = 0

with initial condition ¢§ = elogg.. By the vanishing viscosity theory [Eva98| it follows
that for e — 0, ¢y converges to the solution of the associated Hamilton-Jacobi equation
by + | Vb |* /2 = 0 with condition

Y = lim o5, (2.54)

It will be clear at Section 3.4 that the limit (2.54) is a consequence of the dual Kantorovich
formulation for the entropic cost given at Theorem 3.4.1 and that in particular

o) = g {otw) = o+ 5 (2,59

yeR™

where 1g(y) := ¢(y) — |y|* is given at (1.46) where ¢ is the convex function of the Brenier
Theorem 1.2.5. >

Remark 2.4.8 The convergence of 1; might be seen as well as the result of the Schilder
Theorem 2.4.2. Indeed the Laplace-Varadhan principle [DZ98, Thm. 4.3.1] states that,

. ‘ 2

1
lim ¢f(z) = sup {wl(wl)—/ s

e—0t 2

B ES

yeR™

ds;wEQ:wt:z}

where 1y is given at (2.55). Again we recovered the solution of the Hamilton-Jacobi
equation in (1.46).

2.5 Entropy along entropic interpolation

In this section we look at the evolution along entropic interpolations of two information
functionals: the relative entropy and the Fisher Information introduced at Section 1.1.1.
Let (147)tejo,1) be the entropic interpolation between two measures i, ft1 € P(R") chosen
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in order assumptions in Theorem 2.1.4 to be satisfied. In the rest of the Section, the
reference measure is R® with generator

IF = g(A ~VV.V), and T°(f,g)= §W VY

In the following we will adopt the convention (2.11) to have a clearer and explicit notation.
We recall that by definition, the relative entropy and the Fisher Information of the entorpic
interpolation with respect to the invariant measure m are, respectively,

Hiilm) = [ pitogsidm, 1w =5 [ [V10gsil

We recall also that the densities with respect to the Lebesgue and the reversing measure

m are respectively
©r + U8 v; + Y8

g=e ¢ eV, pi=e

related by (2.15). The question of the behavior of the relative entropy along entropic
interpolations was first addressed in |Léol7], in which the first and second derivative,
that we compute in the next two Propositions, are studied. Here we won’t make any
assumption on the marginals pg, 1 € P(R™) in addition to those of Theorem 2.1.4 which
assure the existence of entropic interpolations. Further assumptions are necessary to make
sure that I';-computations are allowed. We will make them clear later at Chapter 4 when
these results will be used.

Proposition 2.5.1 (First derivative of the entropy) Let g, 11 € P(R") and the ref-
erence measure R° € P () be such that hypothesis in Theorem 2.1.J are satisfied. Then
the first order derivative of the relative entropy along the entropic interpolation (1u5)o<i<1,
18

S itm) =2 [ 007~ v du; =2 [ Togpi, 67 du

where I' is the carré du champs operator associated with the generator L of the reference
measure R.

Proposition 2.5.2 (Second derivative of the entropy) In the same setting as in Propo-
sition 2.5.1, the second order derivative of the relative entropy along the entropic inter-

polation (15)o<i<1, @S

2

S (pim) =2 / Lath + Dagpg dp = / ATo0; + 7Ty log pf dpu;

where 'y is the iterated carré du champ operator associated with the generator L of the
reference measure R.

Proposition 2.5.3 (First derivative of the Fisher Information) In the same set-
ting as in Proposition 2.5.1, the first order derivative of the Fisher information along
the entropic interpolation (Mt)0§t§1, is

d
ST itm) =2 [ Tof — Dagf duf = 1= [ Tallog 7, 67) do

where 'y is the iterated carré du champ operator associated with the generator L of the
reference measure R.
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Remarks 2.5.4 Let us do some formal considerations.

1. It is interesting to remark the formal analogy between (both the expressions of) the
first derivative of the Fisher information in Proposition 2.5.3 and the first derivative of
the entropy in Proposition 2.5.1.

2. The entropic interpolation can be seen somehow as a link between the heat flow and
the McCann interpolation. Indeed consider equation (2.18),

p; = —2p;[L0; + T(log 5, 0;)]
for some 0;. If, formally, we assume v + v°® =0, that is equivalent to
0; = —elog pi /2,

we get the heat equation p; = Lfp;. It is well known that in this case the Fisher infor-
mation represents the opposite of the first derivative of the entropy along the heat flow.
Indeed we recover this result, if we replace 0; = —elog pi/2 in the second expression in
Proposition 2.5.1, and as a consequence, we get also, from Propositions 2.5.2 and 2.5.3
that, in this specific case, d*H (ps|m)/dt* = —dI(us|m)/dt.

On the other hand by considering the case e =0, we get,

pr = —pi[A0; + T'(log py, 0;)]

that is the transport equation satisfied by the McCann interpolation as stated in (1.46).
Hence, with € = 0, and replacing V=2 = V0, also given at (1.46), we obtain in Propo-
sitions 2.5.1 and 2.5.2 the formal expression of the first and second order derivatives of
the entropy along the McCann interpolation.

3. It is interesting to look at the equation satisfied by the potential 05, that can be easily
verified,

) 2 2

13 I3 € £ € £
0; =107 — ngogpt — ZFlogpt.

If we consider the example L = A/2, we recognize the Hamilton-Jacobi equation with the
potential log p5, [Eva98].

2.5.1 Proofs of the preceding results.

Proof of Proposition 2.5.1
< We drop the index ¢ to simplify the notation.

d d
EH(,Ut‘m) = = prlog py dm

= //)t(logpt + 1)dm

[

o | =

é / (—eLihy =T +eLipy + Dipr) —(dhe + ) dpse

- é\/(% + ) Loy — ¢t)dﬂi+€—12 /(Fsot — D) (@ + U )dps (2.56)

-~

*)

—

where the star equality is given to (2.17). We integrate (x) by parts,
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tWt

(x) = — /F(got — i, (e +h)e = )dm
= - /F(% — Yu, P+ ) (1 + %(@t + Qﬂt)) iy
= /(st?t — I'hy) (1 + é(%ot + %)) dpse

= /F@/Jt — T dpy — % /(F% — D) (o1 + ) dpag.

Where in the the star and double star equality we used respectively properties (v.) and
(vidi.) of Proposition 1.1.22. If we replace it in (2.56) we have,

1 1 1
7 H(pylm) = - /F@/)t — Loy dpy — 2 /(F% — Dy) (1 + ) dpy + 2 /(FSOt — Ty) (or + Uy )dpuy

1
~ 2 [ro-rodu

In order to get the second equality in Proposition 2.5.1 by property (viii.) in Proposi-
tion 1.1.22, together with the current velocity (2.2) and the characterization formula (2.13),

L(Yr + @1, Y — 1) dpg

m | =

1
E/Fwt—rwtdut _

m | =

= 2

/P 20, € log pr) dpu

(0, log py) dpy = /V@t V log p; djiy

and this concludes the proof.

Proof of Proposition 2.5.2
< Again for simplicity we drop the index ¢.

d2

1d
St lm) = 25 [ To = T,
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By property (vii.) in Proposition 1.1.22

1 .
/QF wt,wt — 2l (1, 1) + E(Fwt — Do) (U + ¢1) dpu

I+

o= 0|

/QF 1/}t7 €L1/Jt Fl/)t) — 21 (Q0t7 €LQOt + FQOt) —+
1
E(F¢t Lyy) (eLpy — eLapy + Dy — Tfy) dpuy

/—25F(1/1t, Lapy) — 2T (g, Tily) — 26T (@4, Lpy) — 21 (or, py)

+I Ly — Yy Lapy, — Doy Loy 4 Tipy Lapy
1 1 1 1
+gr¢tr<ﬂt — g(ﬁ/ft)2 - E(F<Pt)2 + ngotFwt dyug

1
= - /251—‘2'1/115 + 25].—‘2@,5 €Lr¢t — ELFQOt —QF(@Dt, F¢t> — 2:[‘(90757 FgOt)
(**)
+0Lpy — TpyLapy — Uipp Lipy + Doy Ly

1 1 1 1

+

™ | =

Where the star equality is given by (2.16), and the last equality is given by definition of
Iy (Definition 1.1.21). Integrating the terms (x%) twice by parts, we obtain

€/F(F77Z)t + F@he

Yitet

—€/L(F¢t+rg0t)€ < dm

Yitet

= )dm

/F(D/Jt + Lo, o + ) dpy

wt Pt Ut Pt

- /(Fwt + L) T(pr + 1ty e )+ (Ty + Tooy) L(pr + 1y )e dm
- / %(Fwt + L) (s + i, 00 + ) + (Dl + Do) Loy + ) d e
_é /(F¢t + L) (Dpr + 21 (01, ¥) + Thr) dpae +

- / Py Loy + DippLapy + Tpp Loy + Tpp Lapy dyug

where the marked equality is again due to property (vi.) in Proposition 1.1.22. Therefore,
in (2.57) we get,
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2 1
_H(,ut‘m) = g /ZSFth + 2€F290t — 2F(wt7 Fwt) — 2F(g0t, FgOt)

1
+I Ly — 'Yy Lapy, — Doy Loy + Doy L)y — g(r¢t)2
1 2 1 2
—EF%F% - EF%F(%, ¢t) - E(F%)z - gr@tr(%a SOt)
1
_gn/’tr@t — 'Y Loy — D' Lpy — Do Loy — T'p Ly

1 1 1
+-Ty g — = (Thy)? — =
€ € €
After simplification it reduces to

d? 1
@H(,LLATTL) = g / 28F2”¢t + 2€F2§0t \_2F(T/1t, Fl/)t) \_2F<90t7 Fth)J _QFthwt

2 2
— E(F%)Z - gr(%ﬂ/}t)(r% + Taby) dypsy.

1
() + gr%rwt djug.

2
—2l'pr Loy — E(Fwt)Z
We integrate by parts (x x ),

Yitet

(%% %) = —Q/F(Q/Jt,Fwt)e = dm

Yrteor Yitet

€ )‘i‘rl/)thtG < dm

— 2 [ Tul(uc
1
= 2 / EP%F(@% ot + ) + T Ly dpuy

1 L
= Q/EF%F(%,%)‘FE(FW) + Dpy Lapy dyuy.

Analogously, we can deduce that

1 1
(o #x) = 2 / EF@tFOpta ®r) + E(FSDOQ + e Lepy dpue.

So, replacing these two terms in (2.57),

d? 1 2 2
@H(Mﬂm) = g /28F2wt -+ 2€F2Q0t + gr¢tr(¢t, QOt) + g<r¢t)2 + 2P1/}tL77Dt

2 2
+gr¢tr(¢ta ©t) + g(r@t)Q + 20 Loy — 2T Ly
2 2 2
—2Lpy Lpy — E(F¢t>2 - E(F%)Z - EF(%, wt)(r% + Fwt) djug
= /QFQ% + 209 dyuy.

And after simplification of equal opposite terms, we get the announced result. Finally to
get the second equality in Proposition 2.5.2; we use property (ix.) in Proposition 1.1.22,
together with the current velocity (2.2) and the characterization formula (2.13),

2 / Doty + Toprdpyy = /F2(1/Jt + @) + La(¥y — @) dpuy

= / 4F20t + €2F2 log Pt th
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Proof of Proposition 2.5.3

<
d de
%I(ﬂthﬂ) = E§/|V10gpt|2dﬂt

d 1 ettt
- —- /T :
T / (o1 +r)e

1 1 :
-2 / 20 (e + s+ 1) + T+ 60) (B + )

dm

1
= - / 20 (¢ + Yy, —eL(Yy — @) — T'hy + Tpy)
1
+ 2T+ ve)(—eL(vr = 1) = Ty + Tpr)dpy
_ é / 9D (1, Liby) + 26Ty, Lipy) — 2eT(tby, L) + 26T (e, Ligy)

1
+20 (0t + Y1, Tpr — Tpy) — Do + 90) L(0e — 1) + EF(% + ) (Do — Ty ) dypay

1
= - / —2€F2g0t + é\LFSOt +25F2¢t — €LF1/Jt —2€P(Q0t, L@Z)t) + 2€F(1/1t7 LQOt>
€ —— ——

(%) (%)
2 (s + U, Doy — Tfy) — T + 00e) L(hy — 1)

+§F<90t + 1) (Dpp — Ty ) d iy (2.58)

Integrating by parts (%) and ()

(x) = ¢ / LT pydpuy
= /F<F(Pt790t+wt)dﬂt

(k) = —/F(Fwt,wﬁwt}dut.

It follows that,
(%) + (#x) = —/F(% + b, Dopy — Tay) dpay.
So, replacing these terms in (2.58),

d

o (pulm) = é/—%[rz% — Dothu] + Tl + ¢, ooy — ) =2¢[I(¢pr, Lty) + T'(, Lipy)]

(k)
1
~Loe + U)LY — @) + “Dleor + 40) (Do — D) dpae. (2.59)
Integrating (x * ) by parts,
(s56) = [ Tlor+ v Lo~ Ton)du

— — e =TT+ )2 + Lo+ w0l



86 CHAPTER 2. THE SCHRODINGER PROBLEM

Therefore, after simplification we get,

d

1
E[(Mﬂm) = E / —25P2g0t + 25F277Z)t — ?€F((pt, L¢t2+\25r(¢t, LgOt)l

kokckok kokskokok

— T(pr + ) L(Yr — @1) + (Tpr — TPy) L(spr + bt )d e

Integrate by parts (s %)
(xkx) = 2€/F(90t7 Lapy) dp

1
= _25/L¢tr(¢t; Y + ¢t)g + Lpy Lipydpuy.

In the same way,

1
(k% % k%) = —2¢ / LoD (e, 1 + ¢t)g + Lapr Lpydpuy.

We replace these terms in (2.59), and after further simplification,

d 1
—I(pjm) = z / —2elopy 4 2eT91)y — 2L py — 2Lp I (4, 4y

dt
=Lt + ) LYy — ¢1) + (Tpr — D) L(opr + r)dpe
= 2/—F2§0t + Do)y dpiy.

The second equality in Proposition 2.5.3 is obtained similarly to the others in Proposi-
tions 2.5.1 and 2.5.2.

2.6 Physical motivation and chronology

The Schrédinger problem appears for the first time in a 1931 paper [Sch31] of the Austrian
physicist Nobel prize Erwin Scrhédinger. Interested by quantum mechanics phenomenon,
in the last section of his paper, translated in french the next year [Sch32|, he proposed
a probability problem in the classic theory of Brownian motion that at first sight has no
link with the rest of his paper. But as he advises the reader at the end he will show an
astonishing analogy.

The original question of Schrodinger didn’t look like the modern formulation in terms of
minimal entropy (2.1) but it was motivated by a statistical physics consideration.
Consider the classical heat equation,

dp = Ap, (2.60)

where p is the probability density of a particles system. Assume that we know at time
that pli—y, = po and at a later time ¢; that p|,—;, = p1, that is,

{ Op = Ap (2.61)
p|t:t0 = Po, p|t:t1 = p1-
With only one of the two #nitial conditions the solution of the Cauchy problems,

. op = Ap y { Op = —Ap
2.62
Q { Pli=to = Po (&) Pli=t, = p1 ( )
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is well known. But if we know simultaneously the two limit conditions, then the solution
of (2.60) will not be equal to the solution of any of the Cauchy problems in (2.62).
Schrodinger did not prove existence and uniqueness results for problem (2.61) but he
proved that if a solution exists then, it is given by the product of the unique respective
solution of (i) and (i7) in (2.62). Indeed this is what we obtained in (2.12).

Therefore the Schrodinger problem can be addressed in the following way: according to ()
in (2.62) we are supposed to find the particles system at time ¢; > ¢, at the configuration
pli=t, where p is the solution of the classical Cauchy problem with initial condition pg. If
we find the system at time ¢; in the configuration p; # pli—;, it means that something
unexpected perturbed the evolution of the system. Hence the problem is to determine a
drift V¢ (a priori it is not unique), able to drive the system in the observed p;, i.e. a
drift such that the problem

{ Op=Ap+Vy-Vp (2.63)
p’t:to = pPo, p|t:t1 = pP1

admits a solution. We can still formulate this problem in more probabilistic terms. To
this aim we basically follow [L.éol4b, Sec. 6].

Consider a large number N of particles moving in the state space, that so far we assumed
to be R™. The particles are independent, non interacting and indistinguishable. The
position of each particle is associated to a random variable Y?,i = 1,..., N on (), the set
of continuous path on R™ (1.10), such that

PY'e)=R(|Yo=1v) €P(Q), V1<i<N\,

where y{ is the initial deterministic position of the i-th particle and R is the reference
path measure. For instance if ' ' '
Y=y +W (2.64)

we recover the Brownian motion, namely, (2.60). Consider the empirical measure,

LY = iiéw
N =1

that is a random element in P(Q). For any 0 < ¢ < 1 the projection of LY is an element
of P(R") given by,
| N
N _ .
LY =+ > by
i=1

Suppose that the initial positions are close to some configuration py € P(R™),
Lév — o € P([Rn)
N—o00

By the law of large numbers, we know that for N — oo, LY converges in law to the law
of Y, that is, taking into account the conditioning with respect to the initial position,

LY (dy) — R(X; € dy | Xy = ) po(dx). (2.65)

N—o0 Rn

For instance in the example (2.64), we expect LY to be close to N(0,1) for N large.
Schrodinger’s question is then the following. Suppose that at time ¢ = 1, we observe the
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system in a configuration pu; different from the one we expect according to (2.65). This
is possible since N is finite, but is a rare event. Conditionally to this rare event what is
the most likely dynamics of the whole system described by LY? Mathematically this is
equivalent to determine the limit,

lim lim Prob(L™ € -|LY € B(uy,¢))

e—0t N—oo

in P(P(R2)), where B is the ball of radius ¢ centered in p; according to some metric on
P(R™). In these terms it is clear that it is a large deviations problem, hence it can be
solved via the Sanov Theorem [DZ98]. Define C. = {P € P(Q) : Py = o, P1 € B(11,¢€)},
a modified version of Sanov’s Theorem states that,

N N - _ : o
Prob(L"™ € A|LY € C.) L exXPp [ n{ 1141f H(P|R) Plgés H(P[R)}} . (2.66)

PeANC:

Roughly speaking, if P € C. is the solution of

Plélés H(P|R), (2.67)

there are two possible situations: P € ANC. or P € C.\ (AN C.). In the first case it
means that the two optimal values in (2.66) are equal, thus,

Prob(LY € ALY € C.) =< 1.
N—o0

In the latter case, it means that the two optimal values are different, the exponent is
strictly negative, hence at the limit for N — 0,
Prob(LN € A|ILN € C.) =< 0.
N—oo
Summarizing we obtained that limy_. Prob(L" € -|[LN € C.) = 65 where P. is the
solution of (2.67). Finally it can be proved that at the limit & — 07, 155 — P solution of

1Hf{H(P|R), P e P(Q), P(] = Mo, P1 = ,Uq} (268)
hence we can conclude that

El_ig:_ ]\}I_I}CIXJ Prob(L™ € -|LY € B(py,€)) = 0p € P(P(Q)),
where P is the unique solution of (2.68) that coincides with the dynamical definition of
the Schrodinger problem (2.1). This is equivalent to say that for large enough N, LY
converges in law to P.
In the same way the probability that the system evolves spontaneously from g to the
unexpected profile y; is given by,

|
Elir(r)l+ ]\}gr;oﬁlogProb(LiV € B(u,e)|LY € B(uo,¢)) =
—inf{H(P|R); P € P(Q), Py = po, P, = j1} + H(polm) (2.69)

where the quantity on the right hand side is equal to the forward entropic cost defined
at (2.37).

To summarize, the entropic cost defined at Section 2.3 is an evaluation of the (low)
probability to end up in the prescribed iy, starting from pg. The entropic interpolation
defined at Section 2.2 is the most likely dynamics followed by the system, and Vi in
(2.29) is the unexpected drift which perturbed the reference (Brownian) motion in the
formulation (2.63).
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2.6.1 Brief history

Schrodinger’s work has been remembered by the large public for the "cat", by the mathe-
matical and physical community for the "equation", and by a quite tiny subset of mathe-
maticians for the problem we are dealing with. Although it is an interesting and classical
question in probability, Schrodinger’s problem has never been mainstream, rather it was
forgotten for a long time before being properly studied. After 1932’s article, the first con-
tributions for the solvability of system (2.6), were accomplished first by Bernstein [Ber32],
successively by Fortet in 1940 [For40], 20 years later by Beurling [Beu60| and still 15 years
later in the 70s by Jamison [Jam74, Jam75].

It was Follmer in the 80s [F6I88| to give a new birth to the Schréodinger problem through
its modern formulation in terms of large deviation theory. At the same time, inspired by
the work of Schrédinger, Zambrini in [Zam86| started to develop a work of connections
between stochastic processes and quantum physics that is still productive, [CZ91, CWZ00,
CZ08|. More recently, are due to Mikami and Léonard the results on the convergence of
the Schrédinger problem to the Monge-Kantorovich problem, [Mik04, Léol2al.

The last few years have known an increasing popularity of the Schrodinger problem. In
connection with the optimal transport theory we recall the works of Chen, Georgiu and
Pavon |[CGP16, CGP17]|, and, with applications to functional inequalities, the works of
Gentil, Léonard and the author [GLR17, Rip17|. The Schrodinger problem has recently
been studied by Gigli and Tamanini in [GT17] in RDC* spaces and applied to the study
of incompressible viscid fluids in [ABLZ17].

In applied mathematics the Schrédinger problem is used as a regularizing approxima-
tion of the Monge-Kantorovich problem, being much more performing in numerical com-
putations. We mention the works of Benamou, Carlier, Cuturi, Duval, Nenna, Peyré,
Schmitzer such as [Cutl3, BCC*15, CDPS17|. The Schrodinger problem counts also
applications in economics, given by Galichon and Salanié in [GS09].
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Chapter 3

Analogies between optimal transport
and minimal entropy

This chapter contains a slightly modified version of [GLR17|. We tried to uniform no-
tations to the rest of the manuscript and we decided to keep the original structure of
the paper to leave the chapter self-contained. We invite the reader who already passed
through Chapter 1 and Chapter 2 to skip Sections 3.2 and 3.3, which are basically repe-
titions and start directly from Section 3.4.

Abstract We describe some analogy between optimal transport and the Schrédinger
problem where the transport cost is replaced by an entropic cost with a reference path
measure. A dual Kantorovich type formulation and a Benamou-Brenier type represen-
tation formula of the entropic cost are derived, as well as contraction inequalities with
respect to the entropic cost. This analogy is also illustrated with some numerical exam-
ples where the reference path measure is given by the Brownian motion or the Ornstein-
Uhlenbeck process.

Our point of view is measure theoretical, rather than based on stochastic optimal control,
and the relative entropy with respect to path measures plays a prominent role.

Resumé Nous décrivons des analogies entre le transport optimal et le probléme de
Schrodinger lorsque le cotit du transport est remplacé par un cotit entropique avec une
mesure de référence sur les trajectoires. Une formule duale de Kantorovich, une formula-
tion de type Benamou-Brenier du cotit entropique sont démontrées, ainsi que des inégalités
de contraction par rapport au cotit entropique. Cette analogie est aussi illustrée par des
exemples numériques ou la mesure de référence sur les trajectoires est donnée par le mou-
vement Brownien ou bien le processus d’Ornstein-Uhlenbeck.

Notre approche s’appuie sur la théorie de la mesure, plutot que sur le controle optimal
stochastique, et ’entropie relative joue un réle fondamental.

3.1 Introduction

In this article, some analogy between optimal transport and the Schrodinger problem is
investigated. A Kantorovich type dual equality, a Benamou-Brenier type representation of
the entropic cost and contraction inequalities with respect to the entropic cost are derived
when the transport cost is replaced by an entropic one. This analogy is also illustrated
with some numerical examples.

91
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Our point of view is measure theoretical rather than based on stochastic optimal control
as is done in the recent literature; the relative entropy with respect to path measures
plays a prominent role.

Before explaining the Schrodinger problem which is associated with an entropy min-
imization, we first introduce the Wasserstein quadratic transport cost W3 and its main
properties. For simplicity, our results are stated in R™ rather than in a general Polish
space. Let us note that properties of the quadratic transport cost can be found in the
monumental work by C. Villani [Vil03, Vil09]. In particular its square root Wy is a
(pseudo-)distance on the space of probability measures which is called Wasserstein dis-
tance. It has been intensively studied and has many interesting applications. For instance
it is an efficient tool for proving convergence to equilibrium of evolution equations, concen-
tration inequalities for measures or stochastic processes and it allows to define curvature
in metric measure spaces, see the textbook [Vil09] for these applications and more.

The Wasserstein quadratic cost W} and the Monge-Kantorovich
problem

Let P(R™) be the set of all probability measures on R”. We denote its subset of probability
measures with a second moment by Py(R") = {u € P(R"); [ |«]* u(dz) < oo}. For any
to, i1 € Pa(R™), the Wasserstein quadratic cost is

vv§<uo,u1>:=infu/“ ly — o w(dudy), (3.1)
T JRrxRn

where the infimum is running over all the couplings 7 of uy and gy, namely, all the
probability measures m on R” x R" with marginals po and pq, that is for any bounded
measurable functions ¢ and 1 on R",

n R

In restriction to Py (R™), the pseudo-distance W5 becomes a genuine distance. The Monge-
Kantorovich problem with a quadratic cost function, consists in finding the optimal cou-
plings 7 that minimize (3.1). For more details see Section 1.2.

The entropic cost A" and the Schrédinger problem

Let fix some reference non-negative measure R on the path space Q = C([0,1],R") and
denote Ry, the measure on R” x R". It describes the joint law of the initial position X
and the final position X; of a random process on R” whose law is R. This means that

Ro1 = (Xo, X1)4R

is the push-forward of R by the mapping (Xo, X7). Recall that the push-forward of a
measure « on the space A by the measurable mapping f : A — B is defined by

fua(db) = a(f~(ab)), db C B,

in other words, for any positive function H,

[ Hattsa) = [ H(p)de.
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For any probability measures po and p; on R™, the entropic cost AR (g, 1) of (po, p11) is
defined up to a constant term by

A (o, 1) = i{}fH(W’ROQ

where H(7|Ro1) = [z, g 108(dm/dRo1) drr is the relative entropy of m with respect to Ry

and 7 runs through all the couplings of py and 1. The Schrodinger problem consists in
finding the unique optimal entropic plan 7 that minimizes the above infimum.

In this article, we choose R as the reversible Kolmogorov continuous Markov process
specified by the generator %(A — VV - V) and the initial reversing measure e V@) dg.

Aim of the paper

Below in this introductory section, we are going to focus onto four main features of the
quadratic transport cost W3. Namely:

e the Kantorovich dual formulation of W;

e the Benamou-Brenier dynamical formulation of W;

e the displacement interpolations, that is the Wa-geodesics in Py(R™);
e the contraction of the heat equation with respect to W3.

The goal of this article is to recover analogous properties for AP instead of W2, by
replacing the Monge-Kantorovich problem with the Schrédinger problem.

Several aspects of the quadratic Wasserstein cost

Let us provide some detail about these four properties.

Kantorovich dual formulation of W}

The following duality result was proved by Kantorovich in [Kan42b|. For any po, pu; €
Pa(R™),

W3 (po, p11) = sip { Yduy — . QY duo} : (3.2)

[Rn

where the supremum runs over all bounded continuous function 1 and
Qv(z) = sup {¢(y) — |z —y[*}, z€R™
yeRn
It is often expressed in the equivalent form,
W3 (pto, p11) = sup { Qe dyy — / wduo} : (3.3)
[R'n, n

©

where the supremum runs over all bounded continuous function ¢ and

Qe(y) = inf {p(x)+|y—2*}, yeR™

zeR”

The map Qv is called the sup-convolution of ¢ and its defining identity is sometimes
referred to as the Hopf-Lax formula.
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Benamou-Brenier formulation of W}

The Wasserstein cost admits a dynamical formulation: the so-called Benamou-Brenier
formulation which was proposed in [BB00|. It states that for any pug, 1 € Po(R"),

W2(po, 1) = inf / v |? duy dt, (3.4)
R™ x[0,1]

V)

where the infimum runs over all paths (14, v;)icjo1) where v, € P(R") and v(z) € R" are
such that v is absolutely continuous with respect to time in the sense of [AGS08, Ch. 1]
forall 0 <t <1, vy = po, 1 = p1 and

8tVt+V'(VtUt):0, OStS].

In this equation which is understood in a weak sense, V- stands for the standard diver-
gence of a vector field in R” and v; is identified with its density with respect to Lebesgue
measure. This general result is proved in [AGS08, Ch.8|. A proof under the additional
requirement that pg, 1 have compact supports is available in [Vil03, Thm. 8.1].

Displacement interpolations

The metric space (Pa(R™), Ws) is geodesic. This means that for any probability measure
fto, pt1 € Pa(R™), there exists a path (117%),e0,1) in P2(R™) such that for any s,¢ € [0, 1],

Wa(ps, i) = [t — s[Wa(po, p11).

Such a path is a constant speed geodesic in (Py(R™), W), see [AGS08, Ch.7]. Moreover
when v is absolutely continuous with respect to the Lebesgue measure, there exists a
convex function ¢ on R™ such that for any ¢ € [0, 1], the geodesic is given by

= (1= DI + tV) 4o (3.5)

This interpolation is called the McCann displacement interpolation in (Py(R™), Ws), see [Vil03,
Ch. 5.

Contractions in Wasserstein distance

Contraction in Wasserstein distance is a way to define the curvature of the underlying
space or of the reference Markov operator. In its general formulation, the von Renesse-
Sturm Theorem tells that the heat equation in a smooth, complete and connected Rieman-
nian manifold satisfies a contraction property with respect to the Wasserstein distance if
and only if the Ricci curvature is bounded from below, see [SvR09]. In the context of the
present article where Kolmogorov semigroups on R” are considered, two main contraction
results will be explained with more details in Section 3.6.

Organization of the paper

The setting of the present work and notation are introduced in Section 3.2. The entropic
cost A is defined with more detail in Section 3.3 together with the related notion of
entropic interpolation, an analogue of the displacement interpolation. A dual Kantorovich
type formulation and a Benamou-Brenier type formulation of the entropic cost are derived
respectively at Sections 3.4 and 3.5. Section 3.6 is dedicated to the contraction properties
of the heat flow with respect to the entropic cost. In the last Section 3.7, we give some
examples of entropic interpolations between Gaussian distributions when the reference
path measure is given by the Brownian motion or the Ornstein-Uhlenbeck process.
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Literature

The Benamou-Brenier formulation of the entropic cost which is stated at Corollary 3.5.3
was proved recently by Chen, Georgiou and Pavon in [CGP16] (in a slightly less general
setting) without any mention to optimal transport (in this respect Corollary 3.5.6 relating
the entropic and Wasserstein costs is new). Although our proof of Corollary 3.5.3 is close
to their proof, we think it is worth including it in the present article to emphasize the
analogies between displacement and entropic interpolations. In addition, we also provide
a time asymmetric version of this formulation at Theorem 3.5.1.

Both [MT06] and [CGP16| share the same stochastic optimal control viewpoint. This
differs from the entropic approach of the present paper.

Let us notice that Theorem 3.6.1 is a new result: it provides contraction inequalities with
respect to the entropic cost. Moreover, examples and comparison proposed at the end of
the paper, with respect two different kernels (Gaussian and Ornstein-Uhlenbeck) are new.

3.2 The reference path measure

We make precise the reference path measure R to which the entropic cost A is associ-
ated. Although more general reversible path measures R would be all right to define a
well-suited entropic cost, we prefer to consider the specific class of Kolmogorov Markov
measures introduced at Section 1.1.2. This choice is motivated by the fact that, as pre-
sented in |Léol2al, the Monge Kantorovich problem is the limit of a sequence of entropy
minimization problems, when a proper fluctuation parameter tends to zero. The Kol-
mogorov Markov measures, as reference measures in the Schrodinger problem, admit as
a limit case the Monge Kantorovich problem with quadratic cost function, namely the
Wasserstein distance.

Notation

For any measurable set Y, we denote respectively by P(Y) and M(Y) the set of all the
probability measures and all positive o-finite measures on Y. The relative entropy of a

probability measure p € P(Y’) with respect to a positive measure r € M(Y) is loosely

defined by
H(plr) == { fy log(dp/dr)dp € (=00, 0], if p < ?ﬂu
0, otherwise.

For some assumptions on the reference measure r that guarantee the above integral to
be meaningful and bounded from below, see Section 1.1.2. For a rigorous definition and
some properties of the relative entropy with respect to an unbounded measure see Section
1.1.1 and [Léolda]. The state space R™ is equipped with its Borel o-field and the path
space ) with the canonical o-field o(X;;0 <t < 1) generated by the canonical process

Xt(w) =Wy € IRn, W = (w3>0§5§1 < Q, 0 S t S 1.
For any path measure Q) € M (Q2) and any 0 <t < 1, we denote
Q) = QX € ) = (Xy)Q € M(R"),

the push-forward of @) by X;. When () is a probability measure, (); is the law of the
random location X; at time ¢t when the law of the whole trajectory is Q).
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The Kolmogorov Markov measure R and its semigroup

Most of our results can be stated in the general setting of a Polish state space. For the
sake of simplicity, the setting of the present paper is particularized. The state space is
R™ and the reference path measure R is the Markov path measure associated with the
generator

1
§(A - VV.V) (3.6)
and the corresponding reversible measure
m=e¢ VL
as its initial measure, where L is the Lebesgue measure. It is assumed that the potential V/
is a C? function on R such that the martingale problem associated with the generator (3.6)
on the domain C? and the initial measure m admits a unique solution R € M (). This
is the case for instance when the following hypothesis are satisfied.
Existence hypothesis (Exi)
There exists some constant ¢ > 0 such that one of the following assumptions holds true:
(1) limpye V(z) = 400 and inf{|VV]* — AV/2} > —oc0, or
(ii) —z - VV(z) < (14 |z]?), for all z € R™.
See |[Roy99, Thm.2.2.19| for the existence result under the assumptions (i) or (ii). For

any initial condition Xy = = € R", the path measure R, := R(- | Xo = x) € P(Q) is the
law of the weak solution of the stochastic differential equation

dX, = —VV(X,)/2 dt + dW,(t), 0<t<1

where W, is an R,-Brownian motion. The Kolmogorov Markov measure is
R() = / Ro(-) mdz) € M(Q).

Recall that m = eV L is not necessary a probability measure. The Markov semigroup
associated to R is defined for any bounded measurable function f : R" — R and any ¢ > 0,
by

Tif(x) = Egr, f(Xy), z€R™

It is reversible with reversing measure m as defined in [BGL14].

Regularity hypothesis (Regl)

We also assume for simplicity that (7});>¢ admits for any ¢ > 0, a density kernel with
respect to m, a probability density p;(z,y) such that

Tif(z) = . fW)pe(w,y) m(dy). (3.7)

For instance, when V (x) = |z|?/2, then R is the path measure associated to the Ornstein-
Uhlenbeck process with the Gaussian measure as its reversing measure. When V' = 0, we
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recover the Brownian motion with Lebesgue measure as its reversing measure. We studied
these examples in Sections 1.1.2 and 1.1.4. Examples of Kolmogorov semigroups admitting
a density kernel can be found for instance in [BBGM12, Cor. 4.2]. This semigroup is fixed
once for all.

Properties of the path measure R

The measure R is our reference path measure and it satisfies the following properties.

(a) It is Markov, that is for any ¢t € [0,1], R(Xp1 € | Xpg) = R Xpy € [ Xy).
See [Léolda] for the definition of the conditional law for unbounded measures since
R is not necessary a probability measure.

(b) It is reversible. This means that for all 0 < 7" < 1, the restriction Rjgq of R to

the sigma-field o(X,7) generated by Xy = (X¢)o<t<r, is invariant with respect to
time—reversal, that is [(XT—t)OStST]#R[O,T] = R[QT].
Any reversible measure R is stationary, i.e. R, = m, for all 0 < ¢t < 1 for some
m € M(R™). This measure m is called the reversing measure of R and is often
interpreted as an equilibrium of the dynamics specified by the kernel (R,;x € R™).
One says for short that R is m-reversible.

3.3 Entropic cost and entropic interpolations

We recall the definitions of the Schrédinger problem, the entropic cost and the entropic
interpolation which are respectively the analogues of the Monge-Kantorovich problem,
the Wasserstein cost and the displacement interpolation that were briefly described in the
introduction and in Chapter 2.

Let us state the definition of the entropic cost associated with R.

Definition 3.3.1 (Entropic cost) Consider the projection
Ry = (Xo,Xl)#R S M([Rn X |Rn)

of R onto the endpoint space R™ x R™. For any g, 1 € P(R"),

: n n 1
A(po, pr1) = nf{H (7|Ro1); m € P(R* X R") : 1o = pto, m = pu } — §[H(u0|m) + H(pu|m)]
is the R-entropic cost of (po, f1)-

This definition is related to a static Schrédinger problem. It also admits a dynamical
formulation.

Definition 3.3.2 (Dynamical formulation of the Schrédinger problem) The Schrodinger
problem associated to R, g and py consists in finding the minimizer P of the relative en-

tropy H(-|R) among all the probability path measures P € P(Q) with prescribed initial

and final marginals Py = po and Py = uq,

H(P|R) = min{H(P|R), P € P(Q), Py = po, P, = j11}. (3.8)
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It is easily seen that its minimal value is the entropic cost,
: 1
A(po, prn) = mf{H(P|R); P € P(Q): Py = po, P =} — §[H(H0’m) + H(pu|m)] (3.9)

see for instance |Léol4b, Lemma2.4].

Remark 3.3.3 (1) First of all, when R is not a probability measure, the relative entropy
might take some negative values and even the value —oo. However, because of the
decrease of information by push-forward mappings, we have

H(P|R) = max(H (po|m), H(p1|m)),

see [Léol4a, Thm. 2.4] for instance. Hence H(P|R) is well defined in (—oo, 00| when-
ever H(uglm) > —oo or H(ui|m) > —oo. This will always be assumed.

(2) Even the nonnegative quantity A(uo, p1) > 0 cannot be the square of a distance such
as the Wasserstein cost W2. There is no reason for A(ug, 1) = 0 in the special
situation where oy = p1 = [,

(3) A good news about A is that since R is reversible, it is symmetric: A(u,v) = A(v, ).
To see this, let us denote X} = X;_4,0 <t <1, and Q" := (X*)xQ the time reversal
of any Q € M (). As X* is one-to-one, we have H(P|R) = H(P*|R*) and since
we assume that R* = R, we see that

H(P|R) = H(P*|R), VP € P(Q). (3.10)

Hence, if P solves (3.8) with (uo, 1) = (u,v), then X* 4P solves (3.8) with (po, 1) =
(v, ) and these Schridinger problems share the same value.

Another definition of entropic cost is possible, depending on the time direction.

Definition 3.3.4 The forward and backward entropic cost are defined respectively as,
A0, 1) = mf{H(P|R); P € P(Q): Py = pio, P = i1} — H(po|m)

Ay .
A(po, 1) = inf{H(P|R); P € P(Q): Py = o, Pr = pu} — H(pz|m).

Existence of a minimizer. Entropic interpolation

We recall some general results from [Léol4b, Thm. 2.12] about the solution of the dynami-
cal Schrodinger problem (3.8). Let us denote by p(z, y) the probability density introduced
at (3.7), at time ¢ = 1, so that

Ro1(dzxdy) = m(dx)p(z, y)m(dy).

In order for (3.8) to admit a unique solution, it is enough that it satisfies the following
hypothesis:
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Regularity hypothesis (Reg2)
(i) p(z,y) > e A@~4W) for some nonnegative measurable function A on R”;

(il) fen, gn € BO7BWp(z, y) m(dz)m(dy) < oo for some nonnegative measurable func-
tion B on R";

(iil) [pu(A+ B)dpo, [za(A+ B)duy < oo where A appears at (i) and B appears at (ii);
(iv) —oo < H(ug|lm), H(p|m) < oo;

Assumptions (ii)-(iii) are useful to define rigorously H(uo|lm) and H(u;|m). Under these
assumptions the entropic cost A(pg, p1) is finite and the minimizer P (entropic bridge)
of the Schrédinger problem (3.8) is characterized, in addition to the marginal constraints
Py = po, Py = p1, by the product formula

P = f(Xo)g(X1) R (3.11)

for some measurable functions f and ¢ on R"™. The uniqueness of the solution is a direct
consequence of the fact that (3.8) is a strictly convex minimization problem.

Definition 3.3.5 (Entropic interpolation) The R-entropic interpolation between pi
and py is defined as the marginal flow of the minimizer P of (3.8), that is yu, == P, €
P(R™),0<t<1.

Proposition 3.3.6 Under the hypotheses (Exi), (Regl) and (Reg2), the R-entropic in-
terpolation between py and py is characterized by

e =e?rm, 0<t <1, (3.12)
where
Pt = IOg Ef) 77Z}t = IOg Tl—tga 0 S t S 17 (313)
and the measurable functions f, g solve the following system
dpo dpn
— = fT; — =Jq1if. 3.14
dm Ty, dm g1 f ( )

The system (3.14) is often called the Schrédinger system. It simply expresses the marginal
constraints. Its solutions (f,g) are precisely the functions that appear in the iden-
tity (3.11). Actually it is difficult or impossible to solve explicitly the system (3.14).
However, in Section 3.7, we will see some particular examples in the Gaussian setting
where the system admits an explicit solution. Some numerical algorithms have been
proposed recently in [BCCT15].

In our setting where R is the Kolmogorov path measure defined at (3.6), the entropic
interpolation u; admits a density p;(2) := dp,/dz with respect to the Lebesgue measure
and p; := dp;/dm with respect to the equilibrium measure. It is important to notice that,
contrary to the McCann interpolation, the (¢,z) + () is smooth on (¢,z) €]0,1[xR
and solves the transport equation

Oupie + V- (e v (¢, pie)) = 0 (3.15)

with the initial condition o and where v<(¢, us, 2) = Vb (2) — VV(2)/2 + Vlog p(2) /2
refers to the current velocity (see Section 2.2), introduced by Nelson in [Nel67, Chap. 11]
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(this will be recalled at Section 3.5). The current velocity is a smooth function and the
ordinary differential equation

Ti(x) = v (t,x4(x)), mo==x

admits a unique solution for any initial position x, the solution of the continuity equa-
tion (3.15) admits the following push-forward expression,

He = (xt)#:uov 0<t<1, (316)
in analogy with the displacement interpolation given at (3.5).

Remark 3.3.7 (From the entropic cost to the Wasserstein cost) The Wasserstein
distance is a limit case of the entropic cost. We shall use this result to compare contraction
properties in Section 3.6 and also to illustrate the examples in Section 3.7.

Let us consider the following dilatation in time with ratio € > 0 of the reference path
measure R: R® = (X®)xR where X°(t) := X, 0 <t < 1. It is shown in [Léol2a] and
presented in Section 2./ that some re-normalization of the entropic cost A% converges to
the Wasserstein distance when e goes to 0. Namely,

lim e A (10, 1) = Wi (j10, 1) /2

Even better, when pio and py are absolutely continuous, the entropic interpolation (u$)o<i<1
between jy and py converges as € tends to zero towards the McCann displacement inter-

polation (put)o<t<1, see (3.5).

3.4 Kantorovich dual equality for the entropic cost

We derive the analogue of the Kantorovich dual equality (3.2) when the Wasserstein cost
is replaced by the entropic cost.

Theorem 3.4.1 (Kantorovich dual equality for the entropic cost) Let V,uo and
w1 be such that the hypothesis (Exi), (Regl) and (Reg2) stated in Section 3.3 are sat-
1sfied. We have

Z(,uo,ul) = sup {/nl/Jdm — /n QM dpg; ¥ € Cb(an)}

where for every v € Cy(R™), QF)(z) := log Egee?™X) =log T\ (e¥)(x), » € R,

This result was obtained by Mikami and Thieullen in [MTO06] with an alternate statement
and a different proof. The present proof is based on an abstract dual equality which is
stated below at Lemma 3.4.2. Let us first describe the setting of this lemma.

Let U be a vector space and ® : U — (—o0, 00| be an extended real valued function
on U. Its convex conjugate ®* on the algebraic dual space U* of U is defined by

O*(() := 21618 {<€7U>U*,U — @(u)} € [—o0, 0], e U

We consider a linear map A : U* — V* defined on U* with values in the algebraic dual
space V* of some vector space V.
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Lemma 3.4.2 (Abstract dual equality) We assume that:

(a) © is a convez lower o(U, U*)-semicontinuous function and there is some £, € U* such
that for all u € U, ®(u) > ®(0) + (o, u) e o 5

(b) ®* has o(U*, U)-compact level sets: {{ € U*: ®*({) < a}, a € R;
(c¢) The algebraic adjoint AT of A satisfies ATV C U.

Then, the dual equality

inf {®*((); ¢ € U*, Al =v"} = sup {<’U, UV )yye — (I)(ATU)} € (—o0, 0] (3.17)

veVY

holds true for any v* € V*.

Proof

< [Proof of Lemma 3.4.2] In the special case where ®(0) = 0 and ¢, = 0, this result
is [LéoO1b, Thm. 2.3]. Considering ¥(u) := ®(u) — [P(0) + ({,, u)], u € U, we see that
inf ¥ = ¥(0) = 0, ¥ is a convex lower o(U, U*)-semicontinuous function and ¥*(¢) =
O*(l,+ )+ P(0), £ € U*, has o(U*, U)-compact level sets. As WU* satisfies the assumptions
of [Léo01b, Thm. 2.3], we have the dual equality

inf {¥*(0); ¢ € U, Al =0v* — Al,} = sup {(v,v* — Aly)y e — \I/(ATU)} € [0, o0]
vevY '

which is (3.17). >

Proof
< [Proof of Theorem 3.4.1] Let us denote

Ru()i= [ Ralpolds) € PO,

R, is a measure on paths, its initial marginal, as a probability measure in R", is R, 0 =
to. When po = m, we have R,, = R. If U is a functional on paths,

En, (U) = /ER(U|X0 — 2)po(d) = /ER(U|X0 = )30 ) Ro(da)

dR,
= ER(ER<U;Z_ZZ|XO)) = ER(ER(U%<XO)|XO)) = ER(U%(XO))'
So R, () = %(Xo) R(-), we see that for any P € P(Q2) such that Py = py,
H(P|R) = H(po|m) + H(P|Ry,).
Consequently, the minimizer of (3.8) is also the minimizer of
H(P|R,,) = min; P e P(Q): Py = o, P = (3.18)

and

Aluo, i) = inf{H(P|R,,), P €P(Q): Py= o, P = ju}- (3.19)



102 CHAPTER 3. ANALOGIES BETWEEN OT AND SP

Therefore, all we have to prove is
inf{(H(P|R,,). P € P(Q): Py=juo, P, = i} =

sup{ Wdpy — Q™) dpg, v € C’b([R”)} )
|RTL

R™

This is an application of Lemma 3.4.2 with U = C,(Q2), V = C,(R™) and

O(u) = /n log (/Q e dR’“") po(dz), we Cy(Q),
Al = (X1) € Gu(Q), ¥ € Cy(RY).

Let Cy(£2)" be the topological dual space of (Cy(€2), ] - ||) equipped with the uniform norm
|u|| := supg, |ul|. It is shown at [Léol2a, Lemma 4.2| that for any ¢ € Cy(Q),

% o H(glRu0)7 if ¢ e P(Q) and (Xo)#g = Mo
() = { +00, otherwise (3.20)

But according to [Léo0la, Lemma 2.1], the effective domain {¢ € C,(2)* : *(¢) < oo} of
®* is a subset of Cp(2)'. Hence, for any ¢ in the algebraic dual Cy,(Q)* of Cy(Q2), ®*(¢) is
given by (3.20). The assumption (c) of Lemma 3.4.2 on AT is obviously satisfied. Let us
show that ® and ®* satisfy the assumptions (a) and (b).

Let us start with (a). It is a standard result of the large deviation theory that u
log [, e" dR" is convex (a consequence of Hélder’s inequality). It follows that @ is also
convex. As @ is upper bounded on a neighborhood of 0 in (Cy(2), || - ) :

u€C,(Q), [lull<1

(note that @ is increasing and ®(1) = 1) and its effective domain is the whole space U =
Cy(Q), it is || - ||-continuous everywhere. Since ® is convex, it is also lower a(Cy(€2), Cp(2)')-
semicontinuous and a fortiori lower o(C(£2), Cp(£2)*)-semicontinuous. Finally, a direct
calculation shows that ¢, = R,,, is a subgradient of ® at 0. This completes the verification
of (a). The assumption (b) is also satisfied because the upper bound (3.21) implies that
the level sets of ®* are o(Cy(2)*, Cp(€2))-compact, see [LéoOla, Cor.2.2|. So far, we have
shown that the assumptions of Lemma 3.4.2 are satisfied. It remains to show that A¢ = v*
corresponds to the final marginal constraint. Since {®* < oo} consists of probability
measures, it is enough to specify the action of A on the vector subspace M;(2) C Cy(Q2)*
of all bounded measures on 2. For any () € M,;(Q2) and any ¢ € C,(Q2), we have

<17D7 AQ>Cb [Rn Cb [Rn <AT¢7 Cb Q) Cb / w Xl dQ wdQl

This means that for any Q@ € M,(Q2), AQ = Q1 € My(R™). With these considerations,
choosing v* = py € P(R™) in (3.17) leads us to

inf { H(Q|Ry,); Q € P(Q) : Qo = 1o, Q1 = fu }
= sup { Wduy — / log <ew(X1), R") uo(dm)}
Rn Rn

YeCy(R™)

which is the desired identity. >
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Remark 3.4.3 Alternatively, considering RY :== R (- | Xy = vy), for m-almost all x € R™
and

Ri () = / R pa(dy) € P(9)

<_
we would obtain a formulation analogous to (3.3) for the backward entropic cost A (Def-
inition 2.3.1).

Remark 3.4.4 We did not use any specific property of the Kolmogorov semigroup. The
dual equality can be generalized, without changing its proof, to any reference path measure
R € P(Q) on any Polish state space X .

3.5 Benamou-Brenier formulation of the entropic cost

We derive some analogue of the Benamou-Brenier formulation (3.4) for the entropic cost.

Theorem 3.5.1 (Benamou-Brenier formulation of the entropic cost) LetV, ug and
w1 be such that hypothesis (Exi), (Regl) and (Reg2) stated in Section 3.3 are satisfied.
We have

2
: v (2
j(,uo,,ul) = H(polm) + (anf)/ua o | t(2)| vy (dz)dt, (3.22)

where the infimum is taken over all (vy,vy)o<i<1 such that, v (dz) is identified with its
density with respect to Lebesgue measure v(t,z) = dv,/dz, satisfying vo = o, 1 = [
and the following continuity equation

o+ V- (vjv—V(V+logr)/2]) =0, (3.23)

1s satisfied in a weak sense.
Moreover, these results still hold true when the infimum in (3.22) is taken among all (v,v)
satisfying (3.23) and such that v is a gradient vector field, that is

v(2) = Viy(z), 0<t<1,zeR",
for some function 1 € C>([0,1) x R™).
Remark 3.5.2
(1) The continuity equation (3.23) is the linear Fokker-Planck equation
ov+V-(v[v—VV/2]) - Ar/2 = 0.

Its solution (v;)o<i<1, with v considered as a known parameter, is the time marginal
flow vy, = P, of a weak solution P € P () (if it exists) of the stochastic differential
equation

dX; = [v(X;) — VV(Xy)/2]dt +dWS,  P-a.s.

where W is a P-Brownian motion, Py = o and (X1)1<i<1 is the canonical process.

(2) Clearly, one can restrict the infimum in the identity (3.22) to (v,v) such that

/ vy (2) ]2 v (d2)dt < 0.
R™x[0,1]
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Proof
< Because of (3.9) and (3.19), all we have to show is

2
inf{H(P|R,,); P€P(Q): Py =g, P, =} = inf / P, a2,
o) Jrnxjoy 2

where (v,v) satisfies (3.23), vy = po and vy = p;. As R, is Markov, by [Léol4db,
Prop. 2.10] we can restrict the infimum to the set of all Markov measures P € P(2) such
that Py = po, Py = iy and H(P|R,,) < co. For each such Markov measure P, Girsanov’s
theorem introduced in Section 1.1.3 (see for instance [Léo12b, Thm. 2.1] for a proof related
to the present setting) states that there exists a measurable vector field 3 (z) such that

dX, = [BF'(X) — VV(X,)/2]dt + dW[F,  P-as., (3.24)
where W is a P-Brownian motion. Moreover, 3" satisfies Ep fol |BF2(X,)dt < oo and

1

= 12 (2) P(dz)dt. :
N GCEET (3.25)

H(PlRuo) =
For any P with Py = po, H(polm) < oo and H(P|R,,) < 0o, we have P, < Ry =m < L
for all t. Taking v = (P;)o<i<1 and v = B the stochastic differential equation (3.24)
gives (3.23) and optimizing the left hand side of (3.25) leads us to

2
inf{H(P|R,,): P €P(Q): Py =, P, = 1} < (inf)/ ‘”t(;)‘ vy(dz)dt.
»o) JRvx[0,1]

On the other hand, it is proved in [Zam86, Léo14b| that the solution P of the Schrédinger
problem (3.18) is such that (3.24) is satisfied with 87 (z) = Vy(z) where ¢ is given
in (3.13). This completes the proof of the theorem. >

Corollary 3.5.3 Let V, pg and py be such that the hypotheses stated in Section 3.3 are
satisfied. We have

. 1 1
A(po, p11) = inf / (—]vt(z)]2 + -|Vlog pt(z)|2> pi(z) m(dz)dt, (3.26)
(p0) JRrx[0,1] \ 2 8
where the infimum is taken over all (pg, vi)o<i<1 such that pom = o, prm = py and the
following continuity equation

Ohp+e'V-(eVpv)=0 (3.27)

18 satisfied in a weak sense.
Moreover, these results still hold true when the infimum in (3.26) is taken among all (v, v)
satisfying (3.27) and such that v is a gradient vector field, that is

v(2) =VO(z), 0<t<1,2z€R",

for some function 6 € C>([0,1) x R™).
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Remark 3.5.4 The density p in the statement of the corollary must be understood as a
density p = dv/dm with respect to the reversing measure m. Indeed, with v(t, z) = dv;/dz,
we see that v = e Vp and the evolution equation (3.27) writes as the current equation

o +V - (vv) = 0.

This result was proved recently by Chen, Georgiou and Pavon in [CGP16] in the case
where V' = 0 without any mention to gradient type vector fields. The present proof is
essentially the same as in [CGP16]: we take advantage of the time reversal invariance of
the relative entropy H(:|R) with respect to the reversible path measure R.

Proof

< The proof follows almost the same line as Theorem 3.5.1’s one. The additional in-
gredient is the time-reversal invariance (3.10): H(P|R) = H(P*|R). Let P € P(Q) be
the solution of (3.8). We have already noted that P* is the solution of the Schrédinger
problem where the marginal constraints o and pq are inverted. We obtain

dX; = ol (X)) dt +dW}F,  P-as.
dX, = o (X)) dt + dW}”, P*as.

where W and W' are respectively Brownian motions with respect to P and P* and
1
H(PIR) = H(uolm)+ Ep / 8P (X P de
H(P'|R) = H(ulm) + 5 Ep. / 55 (XD dt = H(alm) + S B / 187X, dt

with vF = —VV/2 4+ BF and " = —VV/2 + BF". Taking the half sum of the above
equations, the identity H(P|R) = H(P*|R) implies that

1
H(PIR) = 5l olm) + HGalm)] + 1 Be [ (87 + 180" d

4

Let us recall the definition of current velocities of P and P* introduced in Section 1.1.2
cu, 1 1
v (z) =) (2) — 5 Vlog vi(z) =pBl(z)— 5 Vlog pi (2)
cu * * 1 * * 1 *
b () = ol () — 5 Vloaw! (2) = B () — 5V log ol (2)

where for any 0 <t <1,z € R,

dP; dP; . dP; . dP;
vPE) = T pP ()= ) and ()= S () = )
The naming current velocity is justified by the current equations
ot +v - (" c“’P) =0 and 9p" +e"V- (e _VpP Py =,

ot + V- (W) =0 and 9" + "V (e7VpP v PT) = 0

To see that the first equation 9" + V - (v7v®P) = 0 is valid, remark that v* satisfies
the Fokker-Planck equation (3.23) with v replaced by S¥. The equation for p? follows
immediately and the equations for ¥ and p?" are derived similarly.
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The very definition of P* implies that pI’” = p” , and the time reversal invariance R* = R
implies that
v (2) = =T (2), 0<t<1zeR™

Therefore, 517, = —v{"" + 1Vlogpl" and 1(|8F)? + |81,
This completes the proof of the first statement of the corollary.

For the second statement about v = V6, remark that as in Theorem 3.5.1’s proof, the
solution P of the Schrédinger problem is such that 8 = Vi for some smooth function

. One concludes with v** = ¥ — 2V log p”, by taking § = ¢ —log/p”. >

%) = Sl TP+ gV log pf .

Remark 3.5.5

(1) The current velocity v°“* of a diffusion path measure P has been introduced by Nelson

in [Nel67] together with its osmotic velocity v°>¥ := £V log p”’.

(2) Up to a multiplicative factor, [, |V 1og pi(2)? pt(z) m(dz) is the entropy production or

Fischer information. The average osmotic action is A% (P) := f[R"x[O,l] s 2 dPdt =
fﬂ?”xi),l] %|V10g p|?p dm dt and it ?5 dir@ctly con‘nect‘ed tlo a variation of entropy. It’s
worth remarking that by considering the dilatation in time of the reference path mea-
sure as introduced in Remark 3.3.7, the osmotic action vanishes in the limit for e — 0.
Let us define now the osmotic cost

I%(po, p1) == inf{A*(P); P € P(Q) : Py = po, Pr = pu1 }

and the current cost I°"(jg, p1) = inf(, . ernx[o,l] () pe(z) m(dz)dt where the
infimum runs through all the (p,v) satisfying (3.27). The standard Benamou-Brenier
formula precisely states that I(po, p11) = Wi (o, p1)/2. Therefore, Corollary 3.5.3
implies that

1
Ao, p1) > §W22(M0,M1) + 1% (o, p1)-

In particular, by the positivity of the entropic cost 1°® we obtain the following relation
between the entropic and Wasserstein costs:

Corollary 3.5.6 Let V., g and py be such that the hypotheses stated in Section 3.3 are
satisfied. We have

Alpo, p1) = W5 (o, pia).

DO | —

3.6 Contraction with respect to the entropic cost

The analogy between optimal transport and minimal entropy can also be observed in the
context of contractions.

As explained in the introduction, contraction in Wasserstein distance depends on the cur-
vature. Even if there are actually many contraction inequalities in Wasserstein distance,
we focus here on two main results. The first one depends on the curvature and the second
one includes the dimension. These results can be written for more general semigroups
satisfying the curvature-dimension condition as defined in the Bakry-Emery theory.

In the context of the Kolmogorov semigroup of Section 3.2 with a generator given
by (3.6) in R, the two main contraction inequalities can be formulated as follows.
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e Let assume that for some real x, we have Hess(V') > x1d in the sense of symmetric
matrices. Then for any f, g probability densities with respect to the measure m and
any t > 0,

Wo T, f m, Trgm) < e~ 2'Wa(fm, gm). (3.28)

Let us recall that this result was proved in [SvR09] in the general context of Rie-
mannian manifold. Although in the context of Kolmogorov semigroups the proof is
easy, its generalization for the entropic cost to a Riemannian setting is not trivial.

e When L = A/2 that is V' = 0, the heat equation in R" satifies the following
dimension dependent contraction property:

WR(TLf £, Tog £) < WE(F £.g L)+ n(vE—v/5)7, (3.29)

for any s,t > 0 and any f, g probability densities with respect to the Lebesgue
measure L. This contraction was proved in a more general context in [BGL15,
Kuwlb].

The two inequalities (3.28) and (3.29) can be proved in terms of entropic cost. Let us
choose the reference path measure R associated with the potential V' and take ,u > 0
and g, 1 € P(R™). In order to extend for each w,e > 0 the dual formulation for the
entropic cost of Theorem 3.4.1, consider the semigroup (7., ):>0 and the corresponding
path measure R“: time is dilated by the factor (su)~!. Theorem 3.4.1 implies that

A" (o, 1) = H (po|m) + Sup{ Y dp — / log Tu(e”) dpo, ¥ € Cb([Rn)} :
[R?’L n

Now by changing ¢ with 1)/e we see that

e AR (1o, 1) = eH (pg|m) + sup { Wduy — Q- Yduy, Y€ C’b(ﬂ?”)} (3.30)
[RTL

Rn

where for any 1 € Cy(R"),
Q¢ =elog Tsu(ew/e)' (331)

For simplicity, we denote e A" = A5 and A5 = A°.
As explained in Remark 3.3.7, we have

lim A7 (o, 1) = W5 (pto, 1) /2u. (3.32)
The entropic cost associated to the Kolmogorov semigroup has the following properties.

Theorem 3.6.1 (Contraction in entropic cost) Let ¢ > 0 be fized.
(a) If V satisfies Hess(V') > k1d for some k € R, then for any t > 0,
Ay (Toyy [, Togm) < A3 ) (fm, gm) + e[H (T, ) frlm) — H(fm[m)],  (3.33)

where f, g are probability densities with respect to m, and

—erb

u(b) =t + Llog <m> n(b) = —Llog(l+ et(e= — 1)) (3.34)

where: if K <0, b€ (0,00) and if k>0, b€ (0, log(1 —e™™)).
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(b) If V=0 then for any t > 0,

A (T, fm, Tsgm) < A°(fm, gm) + g(ﬂ —/5)? + e[H(T, fm|m) — H(fm|m)].

The proof of this theorem relies on the following commutation property between the
Markov semigroup 7; and the semigroup QF defined at (3.31). Let us notice that the
second statement of next lemma was proved in [BGL15, Section 5.

Lemma 3.6.2 (Commutation property) Let s,t >0, >0 and f : R" — R be any
bounded measurable function.

(a) If Hess(V') > k1d for some real k, then

Qo)L f) < Tuy(Qpf) (3.35)

where for each t > 0, the numbers uy(b), vi(b) and b are given in (3.34).
Moreover, for e small enough and t > 0 fized, (3.35) is valid for all b positive.

(b) If V=0 then
Qi(Lif) < T(Qif) + 5(VE— V5)2

Proof
< We only have to prove the first statement (a). Let us define for each s < ¢ the function

A(s) = To Q3(Ti—s f)

with « : [0,¢] — [0,00) an increasing function such that «(0) = 0, and 5 : [0,¢] — [0, c0)
and we call 5(t) = b. Setting g = exp(T;_sf/e), using the chain rule for the diffusion
operator L we obtain

1
N(s)=¢€T, |&'LlogT.59 + T_ﬁgTEﬁ (ef'Lg — gLlog g)]

[ (LT.sg  |VTesg)? 1 Vyg|*
= Ta ! p — Ta /L —L
c _a ( T.pg  2(1.pg)? * 159 o\ L~ Lo+ 29

1 Vg[? V.59
=Ty | —— | LTpg(a’ + B — 1) + T ( _ o/ e
Taﬁg( 91 ) P\ 29 2759

(LT&BQ(O/ +ef = 1)+ 1 B <|Vgg| ) (1-— e_’%ﬁo/))}

> T,
Z £ 5

_Teﬁg
where the last inequality is given by the commutation,
VTig|? Vgl?
’ tgl S e—f@tﬂ ( ’ g‘ )
Trg g

which is implied by the condition Hess(V') > kld (see for instance [BGL14, Section 3.2]).
If the following conditions on « and S hold

{ o +epf —1=0 (3.36)

1 —e*Pfa/ =0,
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we have A'(s) > 0 for each 0 < s < t. In particular A(0) < A(t) for each ¢ > 0, that is

Qi) (Tif) < Tuyr) (25 f)
where v(b) = B(0) and w(b) = «(t). Finally solving system (3.36) together with the
conditions «a(0) = 0, B(t) = b, we can compute the explicit formulas for v and u as in

statement (a). In particular, substituting o’ in the second equation of the system and
integrating from 0 to ¢ we obtain the following relation

e PO = 1 4 ert(em= — 7). (3.37)
If we assume for a while that the term on the right hand side is positive, we obtain
1 Kkt ( —erb
5(0) = ——log(1+ (e — 1)

and

1 —ekb
a(t)zt—i——log( ‘ )
K

1+ elit<€—€l-€b _ 1)
Let us study now the sign of the right hand side in (3.37).

e If kK <0, it is positive for each b € R;

e If Kk > 0 in order to be positive, we need the condition for b,
1 —kKt
b < ——1log(l—e™"):=by.
EK

Finally let us consider the case when £ > 0 is small. From (3.37) we obtain the
relation,

B(0) = be™ + o(e)

for each k € R and b positive.

This completes the proof of the lemma. >

Proof

< [Proof of Theorem 3.6.1] The proof is based on the dual formulation stated in Theo-
rem 3.4.1. Let ¢ € Cp(R™), by Lemma 3.6.2 under the condition Hess(V) > kId and by
time reversibility,

| wtgdn— [ GuTiwsdn= [ Twgin- [ 700w dn
n [Rn [R'IL [R’i’l
S/ Ttl/)gdm—/ Qv Lip fdm
Rn Rn
< A5, o) (fm, gm) — eH(fm|m).
Finally taking the supremum over ¢ € C,(R™) we obtain the desired inequality in (7).

The same argument can be used to prove the contraction property in (ii), applying the
second commutation inequality in Lemma 3.6.2. >
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Remark 3.6.3 Let observe that if k < 0, the function B(s), for s € [0,t], is decreasing,
while for k > 0 it is increasing and if k = 0 it is the constant function B(t) = b. In
particular by choosing b =1 (3.35) writes as follows

QUTLf) < Ti(QLf)-

Remark 3.6.4 Lemma 53.6.2 can be proved in the general context of a Markov diffusion
operator under the Bakry-Emery curvature-dimension condition. Its application to more
general problems is actually a working paper of the third author.

Remark 3.6.5 Let us point out two converse assertions.

(1) The contraction in entropic cost in Theorem 5.6.1 implies back the contraction in
Wasserstein cost. Indeed, under the assumptions of Section 5.3, it can be easily
checked that when € — 0, we have u(t) — t and v(t) — be"™. Therefore, with (3.32)
and (3.33), one recovers (3.28). Analogous arguments can be applied to recover the
contraction of the Wasserstein cost (3.29) when V = 0.

(2) The commutation property in Lemma 3.6.2 implies back the convexity of the potential
V. This can be seen by differentiating (3.35) with respect to b around 0. We believe
also that for € > 0 fized, inequality (3.33) implies back the convexity of the potential.

3.7 Examples

In this section we will compute explicitly the results discussed in the previous sections, be-
tween two given measures. We first compute the Wasserstein cost, its dual and Benamou-
Brenier formulations and the displacement interpolation, as exposed in the introduction.
Then, we will do the same for the entropic cost, taking in consideration two different
reference path measures R. In particular, we will compute (3.30), for u = 1 and ¢ > 0
and look at the behavior in the limit ¢ — 0 to recover the classical results of the optimal
transport. For abuse of notation we will denote with p; both the interpolation and its
density with respect to the Lebesgue measure dr. We introduce for Gaussian measures the
following notation: for any m € R" and v € R, the density with respect to the Lebesgue
measure of A/(m,v?) is given by

2
92 —"/2 (_|$—m|>
(2mv*) exp oz )

As marginal measures we consider for xg,z; € R"
po(z) == Nz, 1), pa(x) :=N(xq,1). (3.38)

Note that the entropic interpolation between two Dirac measures 6, and d, should be the
Bridge R™ between z and y with respect to the reference measure R. But unfortunately
H(0,|m), H(0,|m) = oo, hence we consider only marginal measures with a density with
respect to m.
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3.7.1 Wasserstein cost

The Wasserstein cost between pg, 11 as in (3.38), is

W;(Uo,ﬂl) = d(xoaﬂfl)Q-

In its dual formulation, the supremum is reached by the function

Y(z) = (21 — 20)
and in the Benamou-Brenier formulation the minimizer vector field is

’UMC =T — X9

The displacement or McCann interpolation is given by
(@) = N (e, 1) (3.39)
where x; = (1 — t)zo + tz1. In other words using the push-forward notation (3.5),

p () = (2" o

with 2M¢(z) := (1 — t)x + t(z + 2, — 20) a trajectory whose associated velocity field is

’UMC =TT — X9-
3.7.2 Schrodinger cost

Heat semigroup

As a first example we consider on the state space R" the Heat (or Brownian) semigroup,
that corresponds to the case V' = 0 in our main example in Section 3.2, whose infinitesimal
generator is the Laplace operator L = A/2 and the reversing reference measure is the
Lebesgue measure dx. Since we are interested in the e—entropic interpolation, with
e > 0, we take in consideration the Heat semigroup with a dilatation in time, whose
density kernel is given by

_ z —yl?
€ — (27et n/2 _’
pi(w,y) = (2met) ™™= exp ( Tom )

ie. pi(z,y) = N(y,et) for t >0, (x,y) € R" x R™.
e The entropic interpolation (3.12) is
py (x) = N (1, D7) (3.40)
where x; is like in (3.39) and D5 : [0,1] — R* is a polynomial function given by
D =at(l—t)+1

with o = §%/(1 + 0) where § = (¢ — 2 + /4 +¢2)/2. We observe that D5 is such
that Dy = Dy = 1 with a maximum in ¢t = 1/2 for each € > 0, (see Figure 3.1).
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It’s worth to point out how we managed to derive an explicit formula for the entropic
interpolation. The key point is the resolution of the Schrodinger system (3.14) that
in our example writes as

(27) 7"/ exp —M = f(z) [ g(y)(2met) ™2 exp —% dy
(2m) 2 exp (—E52E ) = g(a) [ f(y)(2met) ™ exp (— 525 ) dy.
By taking f and g exponential functions of the type
e a1 tao  with g0 ay a € R

we can solve the system explicitly by determining the coefficients of f and g.

One can also express the entropic interpolation through the push-forward notation
as introduced at (3.16), i = (&%) 4p0 where

25(x) = /Di(x — x0) + x4
Furthermore 75 satisfies the differential equation

ry = v (x7) (3.41)

where v is the current velocity, and is given by
- £
e = 2Dt§ (x —x) + 21 — xo.
It can be finally verified that the entropic interpolation (3.40) satisfies the PDE
[+ V- (ppo®) = 0. (3.42)

Remark 3.7.1 Let observe that if xo = 1, i is not constant in time, unlike the
McCann interpolation.

Denoting P € P(2) the path measure whose flow is given by (3.40) and that mini-
mizes H(-|R), the entropic cost between g, p; as in (3.39) is

The easiest way to compute this quantity is to use the Benamou-Brenier formulation
in Section 3.5. The resulting formula has not a nice and interesting form, therefore
we don’t report it explicitly.

In the dual formulation proved in Section 3.3, the supremum is reached by the
function ¢ € Cy(R™) given, up to a constant term, by

ilz) = 1 ) 5 1 v

e A4
R R (343)
with ¢ as in (3.40) and v = 2[zo(1 + J) — 24].

S 2146(1—t

In the Benamou-Brenier formulation in Theorem 3.5.1 the minimizer vector field is
vl = Vi,

where ¢, is given by (3.43) and V1), represents the forward velocity. It can be easily
verified that the equation

\Y
Oppie + V- (Mt [Vfﬂt—Q—m]) =0
Mt

1s satisfied.
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Ornstein-Uhlenbeck semigroup

As a second example, we consider on the state space R™ the Ornstein-Uhlenbeck semi-
group, that corresponds to the case V = [z]?/2 for the Kolmogorov semigroup in Sec-
tion 3.2, whose infinitesimal generator is given by L = (A — x - V)/2 and the invariant
measure is the standard Gaussian in R” . Here again we consider the kernel representa-
tion with a dilatation in time; in other words, for € > 0, the kernel with respect to the
Lebesgue measure is given by

_—t)2]2
— _ —et\\—n/2 _|y re © |
pt(l',y) = (27T(1 (& e )) exp ( W
ie. pi(x,y) = N(ve /21 — ).
e The entropic interpolation (3.12) is given by
pi (x) = N(my, Dy) (3.44)

where m; = at[(e—etm _ 6_5(1_t/2))$0 + (e—a(l—t)/Q _ 6_5(1+t)/2)$1] with

1+0—0de =
(1 _ 6_5)[(5<1 + 5)(6—615 + e—e(l—t)) _ 2526—6]

ay =

with ¢ as in (3.45), and D5 : [0, 1] — R defined as
D :=—-142(1—¢°)q

satisfying, as in the case of the Heat semigroup, D = D = 1.

Furthermore, we have p§ = (25)xpuo where
5 =/ D5 (x — xo) + my.

It can be verified that equations (3.42) and (3.41) hold true also in the Ornstein-
Uhlenbeck case, with the current velocity given by

- _ D
cu 2Dt

v (x — o) + 11y

e The entropic cost between pig, ;411 can be computed as in the Heat semigroup case
by
A (po, 1) = H(P|R)

where P is the path measure associated to the flow (3.44) which minimizes H (-|R).

e In the dual formulation at Section 3.3, the supremum is reached, up to a constant
term, by the function

1 656—5(1—t) ) 8”}/6_8(1_0/2

T 0l —e ) T Tr (e 0Dy

Yi(x) = x (3.45)

where § = (e7*—v/e™* —e7= +1)/(e*—1) and y = (woe~*/?—z1(1+d—de %)) /(1-
e ).
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e In the Benamou-Brenier formulation (Theorem 3.5.1) the minimizer vector field is

UOU = V@Dt

Remark 3.7.2 Let observe that both in the Heat and Ornstein-Uhlenbeck cases, if we take
the limit € — 0 of the entropic interpolation, of the velocities v, v°U and of the function

Wy, we recover the respective results for the Wasserstein cost stated in Subsection 3.7.1.

In the following figures we refer to the McCann interpolation with a dotted line, the Heat
semigroup with a dashed line and the Ornstein Uhlenbeck semigroup with a continuous
line. We fix ¢ = 1 and consider marginal measures in one dimension.

e Figure 3.1 represents the variance of the three interpolations, independent from the
initial and final means xq, 7.

e Figures 3.2 and 3.3 correspond to the mean in the three cases respectively with
the initial and final means symmetric w.r.t the origin, and for any means. It’s
worth to remark from these images that the McCann interpolation and the entropic
interpolation in the case of the heat semigroup, have the same mean.

e Finally figures 3.4 and 3.5 represent the three interpolations at time t = 0,1/2,1
respectively with different marginal data, as before.

0.8¢

0.6

0.4}

0.2}

0.2 0.4 0.6 0.8 1

Figure 3.1: Variance, ¢ =1

Figure 3.2: Mean with xg = —3,21 =3,e =1
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0.2 0.4 0.6 0.8 1

Figure 3.3: Mean o = 1,2y =T7,e =1

Figure 3.4: Interpolations at time t =0,1/2,1, xg = —=3,21 =3,e = 1

Figure 3.5: Interpolations at time ¢t = 0,1/2,1, zp = 1,21 = T,e =1
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3.7.3 Numerical examples

The question of determining explicit solutions f, g of the Schrodinger system (3.14) is not
trivial. Explicit computations, as those presented in Section 3.7.2, are possible in very few
cases. Just think to the trivial case of the heat semigroup as reference, and two uniform
probability measures as marginals: despite trivial, we cannot determine the two functions
f and g by hands. With the precious help of my PhD colleague Maxime Herda, we propose
here two further examples via numerical computations. In both cases we choose the heat
semigroup on the real line as reference measure and play with the choice of the marginals
fio; 11 € P(R).

The implemented algorithm is the following. The first step is to discretize the Schrédinger
system (3.14). Given a space interval I C R, we consider the discretization (z;)icf1,..,n
of I. We denote by f; &~ f(z;) and g; ~ g(x;) and the same for g, 3 € P(R). Then the
Schrodinger system (3.14) writes as,

N N
po; = fi Z Gijg; Hii = Gi Z Gijf; (3.46)
j=1 j=1

foralli =1,...,N. Here G;; = AzG(x; — ;) and G is the Gaussian kernel. System (3.46)
can be reformulated as,

fi=— Hos . = FLi . (3.47)
1,5 Ho.j
Gy | — 1 Gy | — 109
; ’ (Z;L ijfk> ; ! (ZL ij9k>

Note that (3.46) and (3.47) are equivalent up to a constant factor. Indeed for any solution
(f,g)of (3.46), (Af, Ag) is a solution of (3.47) for any A € R. Any confusion will be avoided
by a re-normalization to unit mass of the terms on the right hand side in (3.46). It is a
fixed point problem of the form f = Fy1(f) and g = Fio(g), where the applications Foy;
and Fjo are given at (3.47). The maps Fy; and Fjo are contractions on the positive cone
R} with respect to the Hilber projective metric,

- max; f;/g;
du(f,9) = log (W) '

The Sinkhorn algorithm [Cutl3] consists in iterating Fy; and Fjp to converge to the
solutions f and g of (3.46). Once the solutions f, g of the Schrodinger system are de-
termined, the entropic interpolation is defined according to (2.12). Figures 3.6 and 3.8
show respectively two choices of marginal measures. In both cases we set I = [—5, 5] and
N = 1000. Moreover, by considering the Gaussian kernel with variance £ > 0, we can see
in Figures 3.7 and 3.9 the behavior of the entropic interpolation when & decreases to zero.
We stopped at ¢ = 0.05 since the algorithm is very unstable when £ > 0 is too small as
pointed out in [BCC*15].
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mUO
Tr mu, | |
0.5 .
0 | | | l | |
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Entropic interpolation for eps = 0.05

1.5
1t
0.5
O .
-5 0 5
1 Entropic interpolation for eps = 0.43
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0.5}
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-5 0 5
1 Entropic interpolation for eps = 0.81
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5
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Figure 3.6: Marginals pyg, 1

Entropic interpolation for eps = 0.24

-5

0

5

Entropic interpolation for eps = 0.62

Entropic interpolation for eps = 1

-5

Figure 3.7: Interpolations for different values of
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mu

mu

Figure 3.8: Marginals p, 1

Entropic interpolation for eps = 0.05 Entropic interpolation for eps = 0.24

15+

0.5

1.5r

0.5

15+

0.5

Figure 3.9: Interpolations at for different values of ¢




Chapter 4

Convexity and regularity properties
under C'D(0,n)

In this chapter we report a slightly modified version of [Rip17|. Sections 4.1 and 4.2 con-
tain repetitions of the previous chapters, hence the reader who already went over them
can start over from Section 4.3 which contains the main results.

Abstract In this paper we prove a convexity property of the relative entropy along
entropic interpolations (solutions of the Schrédinger problem), and a regularity property
of the entropic cost along the heat flow. Then we derive a dimensional EVI inequality and
a contraction property for the entropic cost along the heat flow. As a consequence, we re-
cover the equivalent results in the Wasserstein space, proved by Erbar, Kuwada and Sturm

Résumé Dans cet article nous démontrons une propriété de convexité de 'entropie rela-
tive le long des interpolations entropiques (solutions du probléme de Schrédinger), et une
propriété de régularité du cotit entropique le long du flot de la chaleur. Ensuite, nous en
déduisons une inégalité EVI dimensionnelle et une propriété de contraction pour le cofit
entropique le long du flot de la chaleur. En conséquence, nous retrouvons les résultats
équivalents dans ’espace de Wasserstein, démontrés par Erbar, Kuwada et Sturm.

4.1 Introduction

Convexity of the entropy along evolutionary equations is a powerful tool to prove regularity
properties, asymptotic behavior, etc. We extend and compare some main and fruitful
results around convexity of the entropy in the Wasserstein space, to the context of the
Schrodinger problem.

For simplicity, results are presented in R™ associated with the Lebesgue measure L.
Generalization can be stated in the context of a n-dimensional Riemannian manifold
(M", g).

We consider the relative entropy functional, loosely defined for any couple of positive

measures 4, v on R as
dp
H — [1og (£ )d
(ulv) / 0og (dy) 1L,

whenever the integral is meaningful. A rigorous definition is stated at Section 4.2.

119
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Context of the Wasserstein space

The quadratic Monge-Kantorovich distance between two probability measures p, 11 €

Po(R™) = {p € P(R") : [ |z|*du < oo}, is defined as

W)=t [ o= yPrlaad) .
4 R™ x R™

where the infimum is running over all the couplings 7 of uy and gy, namely, all the
probability measures 7 € P(R" x R") with marginals uo and gy, that is for any bounded
measurable functions ¢ and ¢ on R”, [[p(z) + ¢(y)|n(dzdy) = [ @ dpo + [ dp.

The space (Py(R™), Ws) is geodesic. This means that for any couple o, 1 € Py(R™)
there is a path (u“)sep,1) in Po(R™) such that,

Wz(ﬂ“é\/lc7ui\/lc) - |t - S|W2(M07M1) v Sut S [O’ 1]

e The first result in this context is the convexity of the entropy along geodesics, i.e. if
(1129 seq0,1) is a geodesic in Py(R"), then the map

0,1] 3 5> H(uM|)

is convex. The entropy is then displacement convex in the sense introduced by McCann
in [McC97]. This was a breakthrough, a starting point of the Lott-Sturm-Villani theory,
who defined the (positive) curvature in a metric measure space (mms space), see [LV09,
Stu06b]. This is usually noted the C'D(0, c0) condition.

e Taking into account the dimension, the main progress is proposed by Erbar-Kuwada-
Sturm in [EKS15] who proved the stronger result, under the same assumption, that the
map

0,1] 5 s N(M€) = exp (—%HW%)) .

is concave. This condition can be used to define the CD(0,n) condition in a mms space.
This result has two main applications.

— First a dimensional evolution variational inequality (EVI) for the quadratic Monge-
Kantorovich distance, that writes for all t > 0 as,

d +
p W2(TwL,vL) <n (1 - e_%[H(”lﬁ)_H(Tt"‘E)U : (4.1)

for any u,v € Po(R") where (T}):>0 is the heat semi-group in R™. This inequality is
actually equivalent to say that the heat flow is the gradient flow associated to the entropy
functional [AGS08].

— Then, it provides a proof of the dimensional contraction with respect to the Ws
distance, for any u,v € Py(R") and any 7 > 0,

Wi (Trul, Tool) < Wi(u,v) — 4n/ sinh? <H<Ttu|£)2_ H(Ttv|£)) dt, (4.2)
0 n

result proved in [BGG16, BGGK16].
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Context of the Schrodinger problem

It will be properly defined in Section 4.2. Roughly speaking, the entropic cost associated
to the Schrédinger problem, is, up to a constant term, the minimization problem,

A(po, 1) = inf{H(P|R) ; P € P(Q)s.t. Py =poand P, = 11} € (—o0,00|,  (4.3)

for a fixed reference measure R € M (C([0,1],R")), that we can consider to be the
Brownian motion on R™ with reversing measure the Lebesgue measure, and marginals
[, 1 in some restriction of the set P,, that will be defined later at Section 4.2. If we
denote P € P(£2) the minimizer of (4.3), the entropic interpolation is defined as its
marginal flow, i.e.

= P, = (X;)»P € P(R"), forany0<t<1.

e The first result on the subject is due to Léonard [Léol7] who proved that for any
entropic interpolation (1ts)scp,1], the map

[0,1] 5 s = H(us|£),

is convex, where £ denotes the Lebesgue measure on R™.

One particular entropic geodesic is the map us = Tsf, s € [0, 1], where f is a smooth
probability density. This is one of the starting point of the Bakry-Emery-Ledoux theory to
prove regularity, asymptotic behaviour etc. of diffusion Markov generators (see [BGL14]).

In this context, adding the dimension, again it is more convenient to look at the
exponential entropy. In 1985, Costa [Cos85| proved that the map

R* 5 s N(T,f) = exp (—%H(TS f|£)) (4.4)

is concave. This is an important result in information theory, and it is also useful to prove
some functional inequalities, for instance the dimensional log-Sobolev inequality as it is
reported in [ABC*00, Ch. 10].

All these results have their counterparts in the more general case of Ricci curvature
bounded from below by some x € R. We refer to references for general cases, Riemannian
manifolds or mms spaces, see for instance [Conl7].

The aim of the paper is to complete the picture concerning convexity and regularity for
the Schrodinger problem. First we prove a Costa type result for the entropic interpolation,
that is for any entropic interpolation (i)sejo,1), the map

0,1] 5 5 exp (—%me) |

is concave, cf. Theorem 4.3.1. Note the absence of the factor 2 with respect to (4.4). The
relation between these two expressions will be done at Remark 4.3.2. Secondly, we prove
that for any u and v, probability densities in some space that will be specified later, the
map

Rt >t— ATy L,v L),

is differentiable and,

d 1d
gl _ATuL,vL) = 5| H(usl|L),

s=1
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where (15)scp,1] is the entropic interpolation between u and v, cf. Theorem 4.3.4.
From these two results, one can deduce an EVI inequality for the entropic cost (Corol-
lary 4.3.6)

d n 1
@ Tor) < (1 _ *g[H(fw)*H(Ttgw)})
GASLTgL) < 5 € )

for any ¢ > 0 and a dimensional contraction inequality (Corollary 4.3.8) of the entropic
cost along the heat flow,

ATl Tool) — AL, v L) < _n/ <inh? (H(ﬂuw)z—nﬂ(ﬂvw)) "
0

In conclusion, this approach provides an easy and rigorous proof of the analogous
results for the Wasserstein distance. In fact, if we introduce a parameter € > 0 in the
entropic cost as follows,

A (1o, 1) = inf{e H(P|R); P € P(Q) s.t. Py = pp and P, = ul}—g[H(u0|m)+H(u1|m)]

where RF is the reference path measure associated to the generator L¢ = eA /2. As proved
in [Léol2a, Mik04] we have the convergence property,

: W3 (1o,
lim A% (i, 1) = 2002 11).
e—0 2
Thanks to this result, it is an immediate consequence to derive (4.1) and (4.2) as limits

respectively of EVI and the contraction for the e-entropic cost.

The paper is organized as follows. In the next section, we give in full details the set-
ting of the Schrodinger problem. In Section 4.3 we present and prove our main results.
First, in Theorem 4.3.1 we prove concavity of the exponential entropy along entropic inter-
polations. Then, in Theorem 4.3.4 we prove the regularity property of the entropic cost.
We derive from these two results the EVI inequality for the entropic cost (Corollary 4.3.6),
the dimensional contraction along the heat flow (Corollary 4.3.8) and an integral form
of EVI (Proposition 4.3.10). Finally, we deduce contraction in Wasserstein distance (Re-
mark 4.3.9) and the classical EVI for the Wasserstein distance (Corollary 4.3.11).

4.2 Setting

In this section we fix notations and recall some definition and property of the main objects
of our framework.

First we extend the definition of relative entropy to measures that are not necessary finite.
Let r € M, (Y) be o-finite. Then, it exists at least a measurable non negative function W
such that zy = [ e "Wdr < co. By defining the probability measure dr'V = e~ Wdr/zy,
we can write, H(p|r) = H(p|r"™')— [ Wdp—log zi. And it is well defined for any p € P(Y)
such that [ Wdp < co. Therefore the relative entropy of a probability measure p € P(Y')
such that [ Wdp < oo, with respect to a positive o-measure r € M, (Y) is defined by,

dp . .
(—o0,00] 3 H(p|r) = /log% dp ifp<r (4.5)

+00 otherwise.



4.2. SETTING 123

For more details about relative entropy, conditional expectation and disintegration for
unbounded measures, see [Léol4a] or Section 1.1.1.
A reference path measure R € M (), is a positive measure on the set 2 = C([0,1],Y).
We fix the state space Y = R", equipped with its Borel o-field, and the path space 2,
with the canonical o-field o(X;; 0 < t < 1) generated by the canonical process for all
t e [0,1],

Xi(w) :=w €R", w = (ws)o<s<1 € Q.

Moreover, for any measure ) € M (§2) and any ¢ € [0, 1], we denote

Qi) = Q(Xy € 1) = (Xp)2Q € M (R").

In this chapter the reversing and Lebesgue measure coincide, hence without ambiguity by
abuse of notation we will not distinguish between density functions and measures.

The reference path measure

In the sequel, as reference path measure, we consider the reversible Brownian motion R
on the state space Y = R", with generator L = A/2 and initial condition Ry(dx) := L
the Lebesgue measure on R”. Note that it is an unbounded measure since R has the
same mass as Ry (See [Léol4b]). In particular, we denote (73);>0 the Markov semigroup
associated to the generator L, which is defined for any bounded measurable function f

and any t > 0 and x € R" by,
e —lz—y|?/2t
0= [ 1) dy. (4.6)

(2mt) (2mt)n/2

Reversibility will play a crucial role at different points of our proofs. We recall that it is
equivalent to say that for any couple of functions f,g € C(R"),

/thgdx:/thfdx.

In other words, let us define the time reversal mapping X; := X;4, 0 < ¢ < 1 and
R* = (X*)4R the time-reversed of R. Reversibility means that R* = R. Moreover it
implies that R is L-stationary, that is, R, = L, for all 0 < ¢ < 1, and this is equivalent to
say that the generator is symmetric, that is for f, g € C2°(R"),

/ngdx:/gLfdx.

It can be easily verified that the carré du champ operator, defined for any couple of
functions f,g € C*(R™), by I'(f,9) = [L(fg) — fLg — gLf]/2, when it is associated to
L =A/2,is given by I'(f,g) = Vf - Vg/2. It satisfies the integration by parts formula,

/ngdx:—/Vf-ngx:—2/I‘(f,g)dx. (4.7)
Moreover the iterated carré du champ operator I's, defined for f € C°(R") by,
1
Lo(f) = 5LAVIR) ~ Vf - VL]

when the generator L = A/2, writes as Iy(f) = ||Hessf||3/4 and by the Cauchy-Schwarz
inequality, it yields to,
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Dof) 2 (A = (L) (45)

Inequality (4.8) is known under the name of C'D(0,n) condition, introduced by Bakry
and Emery in [BE85], see also [BGL14]. For further details about this subject we refer to
Section 1.1.4.

Entropic cost A

In order to define the entropic cost, we need to fix, in addition to a reference path measure,
two marginal probability measures on the state space R™. In particular we assume that
the marginals,

o, p1 € 11 := {p € P(R") : H(plL) < oo,/|x|2d,u < oo} . (4.9)
Under this assumption, the entropic cost is defined as

Alpio, ) = b {(H(P|R): P € P(Q) s.t. Py = po and Py =} — L [H(po|£) + H(p|£)

(4.10)
In order to show that the entropic cost is well defined and finite, it is more convenient to
use the equivalent static definition. Let us consider the joint law of the initial and final
position of the reversible Brownian motion R, that is,

o—la—yl?/2

R()l (dﬂ?dy) = W

dxdy.

It is shown in [Léoldb, Prop. 2.3] (see Theorem 2.1.3) that the entropic cost can be
defined equivalently as,

1
A(po, 1) = inf{H(7|Rp1); m € P(R"XR") s.t. mg = po, m = Ml}—i[H(Mow)‘i‘H(le)]

where 7y := 7(- x R"), and 7 := 7(R" x -). The assumption on the marginals (i, y; to
have second order moment finite in (4.9), implies that the relative entropy with respect
to Ry is bounded from below. To see this, it is enough to choose W (z,y) = |z]* + |y|?
in the definition of relative entropy (4.5). Moreover, the assumption of finite relative
entropy in (4.9) together with the fact that Roy(dzdy) > e 1"~ dzdy, makes sure that
H(po®pu1|Ro1) < 0o, therefore A(pg, pt1) is bounded also from above (See [Léol4b, Lemma
2.a, Prop. 2.5| and Section 2.1 for more details and the general case).

However, in order to enunciate rigorously our results we need some more restrictive as-
sumption on the marginals. In particular, we will assume g, ;11 to be smooth and com-
pactly supported probability measures. As a consequence of this assumption we have that
Lo, i1 € 11, A stronger result in Theorem 4.3.4 is stated under stronger assumptions that
will be specified later at...

Remark 4.2.1 Note that unlike the W3, A is not the square of a distance. Though, by
the reversibility of the reference measure R, A is symmetric, that is, for all suitable g, pi1,

Alpo, 1) = A(pa, o).
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Indeed, since the time reversing mapping X* (defined above) is one-to-one, it holds H(P|R) =
H(P*|R*). Moreover, since R is reversible, it implies that, H(P|R) = H(P*|R). Thus,

if P is a minimizer in (4.10), then P* is the minimizer of the same Schrédinger problem
with switched marginals.

We introduce here a fluctuation parameter, that will allow us to link the entropic cost to
the quadratic Wasserstein distance. Let R® be the law of the reversible Brownian motion
with infinitesimal generator

LF = %A, for any ¢ > 0.

Note that it doesn’t change the dynamics, but it corresponds to a simple dilatation in
time. We define the e-entropic cost as,

A% (pto, i) = inf{e H(P|R°); P € P(Q) s.t. Py = po, Pr = pu} — g[H(uolﬁ) + H(po| L))
(4.11)
Note the rescaling factor ¢ in front of the entropy, in order A° not to explode to infinity
in the limit when e vanishes. It is shown in [Léol2a] via large deviation arguments, see
also Section 2.4 that the e-entropic cost is a regular approximation of the square of the
quadratic Wasserstein distance, namely,
W3 (10, 1)

lim A% (po, p11) = — Yy (4.12)

We only use the e-entropic cost A° to recover the classic results for Wy at Remark 4.3.9
and Corollary 4.3.11 at the end of the chapter.

Entropic interpolations

We assume from now on, that the reference path measure R is associated to the heat
semigroup as introduced at the beginning of this section, and g, 1 € C°(R™). Under
these assumptions, by [Léoldb, Thm. 2.12|, a unique minimizer exists, is called entropic
bridge and is characterized by the formula,

P = f(Xo)g(X1)R € P(Q), (4.13)

where f, g positive, are unique solutions of the Schrédinger system (cf. [F6188]),

{1 Z it (414

Here T; is the heat semigroup (4.6) at time ¢ = 1, and again by abuse of notation we

denote by p; also the density of the probability measure p; with respect to the Lebesgue
measure, for ¢ =0, 1.

Remark 4.2.2 As proved in [GT17, Thm. 3.1/, and in [Tam17] in a non compact setting,
the assumption on the marginal measures to have densities with respect to the Lebesque
measure in C°(R™), makes sure that the functions f, g solution of (4.14) are positive and
L then T, f,Ty_4+g € C(R™) for any 0 <t < 1. Thus,

Ho
=—_— e (C*R"

since T1g is smooth and strictly positive and py € C°(R™). The same is valid for g.
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Definition 4.2.3 (Entropic interpolation) The R-entropic interpolation between p
and py is defined as the marginal flow of the minimizer (4.13), that is j, = =P = (Xt)#P €
P(R™) for 0 <t < 1. In particular, it is characterized by the formula,

d:ut = j—‘thl—tgﬁa Vo S 14 S ]-7
or equivalently,
duy =Pt TV vo<t<i,

where for any ¢ € [0, 1], p; :=logT;f and v, := log T} ;g with f, g solutions of (4.14) and
(T})¢>0 the heat semigroup (4.6). Note that since by hypothesis f, g are C2°(R"), then 1
is in C>(R") for all 0 < ¢ < 1.

The two functions ¢; and 1) satisfy respectively the Hamilton-Jacobi-Bellman equations,

A Vo, |? A V|2
at%_ﬁ_ﬂza 0<t<l1, Oy + wt_ﬂﬂzo, 0<t<1,
2 2 2 2
o = log f t=0 Y = log g, t=1.

(4.15)
In analogy to the Kantorovich potentials, ¢y and 1, are often referred to as Schrodinger
potentials. By adding the PDEs for ¢ and v in (4.15), we deduce that the entropic
interpolation is a smooth solution of the transport equation,

1o = o, =0, (4.16)

where VO, = V(¢ — ) /2. We briefly recall here the definitions of forward, backward, os-
motic and current velocity introduced by Nelson in [Nel67] and explained in Sections 1.1.2
and 2.2, and how they are related,

{ at/Lt + V- (,utVQt) = 0, Vte (0, 1]

vt =V, = Y Ve { Vo= Vi, = 1V log iy + V6,
vy® = %Vlog we = Vi + Vo o= Vi, ==V, + %Vlog L

Moreover, the definition of P*, the time reversal of the minimizer in (4.10), implies that,
py = pi—¢ =T fTig, for any 0 < ¢ < 1, and it establishes the following relation between
the backward and the forward velocities respectively associated to u, and its time reversal

17
Cux) =T (x), 0<t<1 zeR" (4.17)

Dual and Benamou-Brenier formulations

Finally, we recall two equivalent formulations of the entropic cost, that will be crucial in
the proof of our main results. First, the dual formulation, in analogy with the Kantorovich
formulation for the Monge problem ([MT06|, [GLR17, Section 4| and Chapter 3).

Theorem 4.2.4 (Dual Kantorovich formulation) For pug, 1 € C°(R"™) defined at

(4.25), then
j(MoaMl sup {/1/1dﬁb1 /Q1¢duo} (4.18)

YeC(R™)

Here, Q1) := logTie?, where Ty is the heat semigroup at time t = 1. The supremum is
achieved by the Schridinger potential 11 = log g that appears in (4.15).
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We recall from Section 2.3 that the forward entropic cost is defined by,
Ao, 1) = it {H(P|R) : P € P(Q) s.t. Py = jio and Py = 1} — H(po|L)

and is related to the entropic cost (4.10) by the relation

1
Ao, ) = Alpo. pn) + S[H (ol £) = H(pa| )] (419)
Then, the Benamou-Brenier formulation for the entropic cost (Theorem 3.5.1), in analogy
with the one for the Wasserstein distance proved in [BB00]. In the case of the entropic
cost this formulation is been proved for the Brownian motion in [CGP16| and for a general
Kolmogorov semigroup in [GLR17, Section 5|.

Theorem 4.2.5 (Benamou-Brenier formulation) Let R be the Brownian motion on
R™, 1o, 1 € CX(R™) defined at (4.25), then

1 ! 1
Ao, p) = 3t [ [ (m<z>12 n ermguxz)\?) (=) dedt,

where the infimum runs over all the couples (pu,vi)o<i<1 such that

€ P(RM), YO <t <1,

=0 = Ho; He=1 = H1, (4.20)
@,ut + V. (utvt) = 0.

The infimum is achieved by the couple (p, VO0;)o<i<i € C(R™), where (p)ejo,1) is the
entropic interpolation between o and p1y and (V0;)icp1) appears in (4.16).

4.3 Main results

The first result in this section is about the concavity of the exponential entropy along the
entropic interpolation. For simplicity we state and prove our results in the Euclidian space
R™, but it is still true in more general cases, like a smooth complete connected Riemannian
manifold satisfying the C'D(0,n) condition, under lighter assumptions on the marginals
Lo, 1. This result is a generalization of an older result known in information theory as
the Costa’s Theorem [Cos85, CTO06], that establishes the concavity of the exponential
entropy along the heat flow.

Theorem 4.3.1 (Concavity of exponential entropy) Let R € P(Q) be the reversible
Brownian motion, jig, i1 € CF(R™). Let (ps)scio,1) be the entropic interpolation between
the probability measures o and py. Then the function,

W [0,1] 3 5 e HslO)/n

1S concave.

Proof

< The assumptions on the marginals pg, 11 make sure that the function ¥ is smooth for
all 0 < s < 1. Thus, to prove the concavity we will show that the second derivative of ¥
is non positive. In the rest of the proof we use the shortest notation &L H (u,|L) := h/(s).
A double differentiation provides,
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- e~ H(ue)/n [
§5) = ———

- %h’(s)Q - h”(s)} .

It remains to prove that
1
CD(0,n) = —h(s)? — 1" (s) <0. (4.21)
n

By definition of the entropy functional, and the transport equation (4.16), easy compu-
tations show that the first and second order derivatives of the entropy along the entropic
interpolation write as, (see [Léol7])

B'(s) = /V@S-V,us dx (4.22)
Wi(s) = / 4ATa(0,) + Ta(log 1)) . (4.23)

Explicit computations are in Section 2.5.
But the C'D(0,n) condition implies (4.8), therefore,

sy > L / (A6,)2dp,

n
@ 1 2
Z - /Aesdljls
n
2
(ﬁ) l . l / 2
= - (/ Vo, - Vs dx) = (h'(s))

where (i) follows from the Jensen’s inequality and (i7) from integration by parts (4.7).
Thus, it yields (4.21) and this completes the proof. >

Remark 4.3.2 Note that formally, if 0, = —log us/2 in (4.16) (hence in (4.22) and (4.23)),
then s would be the heat flow and we would recover the stronger result obtained by Costa,
namely, the concavity of the function W2. Though, when p, is the McCann interpola-
tion, concavity of U is the best we can obtain, being equivalent to C'D(0,n) as proved
in [EKS15]. Our result shows that it is still true for the entropic approximation of the
McCann geodesics, namely the entropic interpolations.

Remark 4.3.3 An analogous result holds when we neglect the dimension and we add a
drift to the generator, i.e. we consider L = (A — NV -V)/2, with reversing measure
dm = e~V L where the potential V is k-convex for some non-negative k.

The next theorem is about a differential property of the entropic cost. The stronger result
holds under some more restrictive hypothesis on the marginal measures. To this aim let
us introduce here the Schwartz space, tha is the space of rapidly decreasing functions
defined by,

S={f:R" >R, st. f€C®and ||z°D’ f|| < 00,Va, 8 € Z'}}. (4.24)
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It is well known that S is closed under multiplication and convolution and for any 1 <
p<oo,§C LP(R™).

We consider all the couples of measures that admit a Schrodinger decomposition of the
type (4.14) in which f and g are two positive functions in the Schwartz space (4.24) such
that there exists some o > 0 such that f,g > cae " for some positive constant c,. In
other words, we define the set

po = fTvg, p1 =911 f;
s = q (o, 1) : po, s € P(R") and 3 f, g st. ¢ f,g € Sand f,g>0;
Ja,c, > 0s.t. f,g > el
(4.25)
It is immediate to see that if (o, p1) € Ils then pg, g € I defined at (4.9).

Theorem 4.3.4 (Regularity of the entropic cost) Let u,v be two probability densi-
ties with respect to the Lebesgue measure on R"™ and let (T})i>o denote the heat semigroup.

(a) If u,v are such that ul,vL € lls as defined in (4.25), then the function,
0,00) 2t —= A(u L, Tiv L)

15 differentiable. In particular, for t = 0 it holds,

d 1d
a T — ___‘
dt t:OA(u’ w) 2dsls=1

H(p,|) (4.26)

where (s)o<s<1 s the entropic interpolation between u and v.
(b) If u,v € CX(R™), then,
d+
dt

Where we used the notation

H (ju| L)

s=1

1d
To) < —=%
A(u, Tyv) < 57

t=0 S

%U‘(t} = lim sup ft+h) - f(t)

msn . (4.27)
.

to denote the super derivative.

Proof

<1 We start by proving that
. A(u, Tyv) — A(u, v) 1d
1 < ———1| H(uslL).
lﬁﬁfp t — 2dsls=1 (11s].£)

for u,v € C®(R™). This will prove (b). The same arguments are valid under the as-
sumption (u,v) € Ilg, thus we will complete the proof of (a), by proving the converse
inequality,

lim inf Alu, Trv) — A(u, v) > _li
t—0+ t 2ds

Let (f15)sejo,1) be the entropic interpolation between u and v, with associated vector field
V0, verifying equation (4.16), that is, Ospus +V - (11sVs) = 0. According to the Benamou-
Brenier formulation at Theorem 4.2.5 the entropic cost between v and v can be written
as,

H(ps|L). (4.28)

s=1
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A, v) = // <\ve 2 ]Vlogus|2>usdzds (4.29)

Following a method already used in [DS08|, we define a new path between u and Tv, for
all fixed ¢t > 0, by

(Hi)se[o,l} = (Tst,us)se[o,l} .

Let us compute the derivative with respect to s > 0, in order to see if it satisfies a
transport equation,

85#2 - asTst,us

t
= SO = TuV - (1,90,)

t
= V- (_vﬂi - Tst(NSVHS))

_ v.{ (Vlog,us ; (MSVG)H

where (T}):>¢ is, roughly speaking, the heat semigroup acting on R"-valued functions as
a standard heat semigroup on each coordinate,

f1 T, f1
T, | | = :
[ Tifn
and the associated generator is A /2, acting on R"-valued functions in similar way,
fi A/2fy
Azl =1
Ja Af2fn

Therefore (1})scp0,1) satisfies the transport equation Osu’ + V - (uivl) = 0, with the vector

field
Tst (,Us ves)

t
s

t
vl = —§Vlog wh + (4.30)

Moreover, py = u and p} = Tyv for all t > 0, and of course, for any s > 0, (u);>0

is a probability on R". Then the three conditions in (4.20) are satisfied, and, by the
Benamou-Brenier formulation (Theorem 4.2.5), we can write,

t)2
A(u, Tyw) < / /(’U‘ —|Vlog,us| )da:ds. (4.31)

Taking the difference between (4.31) and (4.29),

t)2
A(u, Tv) — A(u, v) / / (|U ! |Vlog,us| )dxds

s 1
—// ! ,us—i-—|V10g,us|2,uS dzds. (4.32)
; 2 8
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Here we denoted v, = v? = V), by definition (4.30). And recall that the couple (u,, V)
is optimal in Theorem 4.2.5 when py = v and g1 = v. Dividing (4.32) by ¢ > 0 and taking
the superior limit for ¢ — 0%, we obtain

1 t)2
{/ /|US| pl dxds
t=0 0 2

1 1
+ g/ /\Vlogui]%idxds :
0

Note that on the right hand side, the superior limit is actually a limit since g, 11 C2°(R™).
Indeed, all the three terms are differentiable. From Lemma 4.3.5 below we can conclude
that,

lim sup Alw, Tiv) = Alw,v

t—0t t

) _d
< —
T dt

A(u, Tyv) — A(u, v) 1d

IN

H (] £).

s=1

lim su
t—0+ p t 2 dS

This concludes the proof of (b). These aeguments are valid also for (u,v) € Ils, hence to
conclude the proof of (a) let us show (4.28). Note that since (u,v) € Ils then u, Tyv € 11,
therefore the entropic cost A(u,Tiv) is still finite. We will use the Kantorovich dual
formulation (4.18) for the forward entropic cost. Indeed,

X(U,Ttv) —Z(u,v) > /thvda:—/Qlfuda:—/@bvdm+/621¢udat

where £ € C3(R") is any bounded continuous function and ¢ is optimal in (4.18) when
o = uw and g1 = v. By choosing & = 9, we get

Z(U,T;ﬂ)) - Z(u, v) > /w(Ttv —v)dz. (4.33)

Note that since ¢ is in the Schwartz space, 1) = log ¢ is smooth but not bounded. Hence
we are not actually allowed to take & = 1) but we should approximate 1 by a sequence of
bounded and continuous functions by standard arguments. For the sake of simplicity we
avoid here the technical details and use the inexact shortcut & = 1. Note also that the
right hand side of (4.33) is bounded from below thanks to the third hypothesis on the
functions f, ¢ in the definition of Ils, namely up to (bounded) constant factors,

/w(TtU —v)dr > —/\:C]Q(Ttv —v)dx > —o0.

The same is false in the case f, g € C’lmfty([R”) for which [ ¢Tvdr = —cc.
On the other hand, by symmetry

j(u, Tw) — j(u, v) = X(Ttv,u) — Z(v, w)+ H(Tw|L) — H(v|L). (4.34)

Again, by duality (4.18),

X(Ttv,u) — j('u,u) > /fudx — /QlﬁTtvd:c - /w*udx + /Qlw*Ttvdx.

Here, as before, we choose & = ¢*, where ¢* is optimal in (4.18) in the reverse case, when
fo = v and g1 = u. In this case we get,
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Z(Ttv,u) - Z(U,u) > —/le/J*(Ttv — ) d. (4.35)

Take the half-sum of (4.33) and (4.35) and recall relation (4.34),

A, Tow)— A, v)+%[H(v\£)—H(Ttv|£)] > % (/w(m o) dz - /Qlw*(m ) dx) |

According to (4.19) it reduces to,

At To) = A, o) 2 3 oo v de— [ Qurto— o).

We divide both sides by ¢ and take the inferior limit for ¢ — 0%. By the assumptions on
the marginals g, p1, the liminf on the right hand side is actually a limit. By definition
of the infinitesimal generator (that we recall being for any measurable bounded function
fas Lf :=limy_,o(T.f — f)/t we obtain,

lim inf Alu, Tiw) — Al

t—0+ t

1 1
) §/¢Lvdx— §/Q1¢*Lvdx
and after integration by parts (4.7), it yields to
A, Tw) — Alw,v) 1 / (W — VO

lim inf >
t—0+ t 2

2
Note that since ¥* is optimal, ()19* coincides with the potential i = logTi 9" =
logT_if for t = 0. Therefore VQ,9¥* = Vi = 73 =%, = V1, where the middle

equality is given by the relation (4.17). We can conclude that on the right hand side
of (4.36) we have,

) Vo da. (4.36)

o, - V1= Ve
2

and this proves (4.28).

We have proven that the inferior and supremum limits are bounded from above and be-

low by the same quantity, and it proves (4.26). Moreover by the semigroup property, the

differential property can be extended to any ¢t > 0. >

Lemma 4.3.5

d ! lvi2 1 1d

il L4 S \Viog fb)? ) it deds = —=—|  H(us|L).
oo [ (5554 §ivtogt) s deds = 52| rulo
Proof

<1 We denote for simplicity,

0 = o

1 t)2
/ /Mui dzds,
t=0 Jo 2
L/l
/ /(—|V10gpf;|2) wh dads.
t=0 Jo 8

Let us compute separately, these two derivatives,

G = o
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d |2
) = ! dad
(4) / / sdtvsuﬁ 5 s 4 5|

_ L t v sAp 1 é t
a / / { Vst V< 2t ) AL (S y ToelhaVOu)is

—3 * Ty (s V0, )Ausﬂ L ’tl? .

1 1 A S
= / /W [——Vlog fs + ) (S;(MSWS)MS - §MSV95AMS)} fhs +

+ 4| sAps dzds

1
= 5/ /—V@S Vs + sVl - A(us Vo) —
0

—sAp! dxds

VO, |*
s

Apg dzds
I 1 )
= 3 —VO,-Vyus+s | VAl - VO, — §A(]V95| Vs | dxds
0
. [ 1d
(4.22) / {___H(usw) — 25 / FQ(es)Msdx] ds.
0 2d
On the other hand,
I Aut 1
(ii) = g/o /QVIOgu'; -V (82—”/;5) pl + §|Vlogu§|25Ap’; dxds

1! A 1
- —/ /sVIogMS -V ( MS) ths + = |V log pis|*sA s dxds
8 Jo Ihs 2

1 [t 1
- g/ /S(Vlog,us - V(Alog s + |V log us|*) + §A|V10gﬂs|2)us duds
0

t=0

1/t 1
= g/ /sVlog,Us.VAloguslus_§SA’v10gus‘2usdxd8
0

1 /1
= —5/ /ng(log,uS);Lsdxds
0

Taking the sum of (i) and (i),

o+ - [ {—%diﬂwsw—% [ Tatn + 3Tali08 )i s

1 2
.23) _1d _fd_
2 [ 0 ~ Sz o)

1 (td [ d
- | = (s+H
2/0 P (Sds (,u5|£)) ds

1d

= 22| H(ulo).
2 ds ot HlE)

>
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The next theorem is an immediate consequence of Theorem 4.3.1 and Theorem 4.3.4. It
establishes the Evolution Variational Inequality for the entropic cost, under the C'D(0,n)

condition.
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Corollary 4.3.6 (EVI for entropic cost) Under the same hypothesis of Theorem /.3.}
(a),

d + n 1
— < = (1 = e~ nH@IL)=H(Tiv|L)] )
o Alu L, Tiw L) < i <1 e ) (4.37)

for any t > 0. If u,v satisfy the hypothesis of Theorem j.3.4 (b), then the standard
derivative on the left hand side has to be replaced by the super derivative.

Proof
< Without loss of generality, by the semigroup property, it is enough to prove (4.37) for
t=20,i.e.

d

dt lt=0

By Theorem 4.3.1, we have in particular that the concavity of the function ¥ implies that

AL, Tw L) < g (1 - e—%[Hw\c)—H(vwn) .

V(1) < U(1) — v(0).
Taking into account the definition of W, it is equivalent to say

o Heom (L4
nds

H(MS\L’)) < e HOIL)/n _ o=H(ulO)/n

s=1
that after rearranging the terms gives,

d

ds

H(us|C) < n (1 - e*%[m“'ﬁ)*f’(”‘ﬁﬂ) . (4.38)

s=1

We conclude by applying (4.38) to (4.26), to obtain the claimed result,

dt

AL, TwL) < = (1 - e—%[H(u\ﬁ)—Hmm]) _
=0 ' )

Remark 4.3.7 We show later at Corollary 4.5.11 that the EVI inequality for the entropic
cost provides an immediate and alternative proof of the EVI inequality for the Wasserstein
distance under the C'D(0,n) condition.

The evolution variational inequality has some nice consequence. The first one stated in
the first Corollary below, is the contraction of the entropic cost along the heat flow. It is
an improvement of Theorem 3.6.1 ( [GLR17, Thm 6.6 (b)|) where dimensional contraction
with respect to two different time variables ¢, s > 0 is shown.

Corollary 4.3.8 (Contraction) Under the same hypothesis of Theorem /J.3.J (a), it
holds for any t > 0,

A(Tru, Tov) < A(u,v) —n /0 " sinh? (H (Ziul£) Q;H (Tt”w)) dt. (4.39)
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Proof

< To derive contraction from EVI, we follow a standard strategy already used to deduce
contraction in Wasserstein distance, see [AGS08].

Inequality (4.37) is true for any probability density u, thus it is true in particular for Tyu
for some fixed s > 0,

d
S AT, Tw) < 5 (1 - emstae-HTio)) (4.40)

We mentioned in Remark 4.2.1 (ii), that the entropic cost is symmetric with respect to
the initial and final measures, thus,

and if we switch v and v, it yields to

d
EA(Ttu,v) < g (1 — e_%[H(”W—H(TzU\E)}) '

Since v is also arbitrary, we can replace it by Tiv for some s > 0 fixed,

d 1
ATy, Tw) < g (1 - e—z[H<Tsv‘ﬁ>—H<Ttulﬁﬂ) . (4.41)
We take the sum of (4.40) and (4.41),
d d n 1
& AT, T AT, Too) < 2 (2 = e HHBIE) BT _ =)=

We take s =t and integrate in t between 0 and 7, for some 7 > 0,

AT ) = M) < 2 [T (e nmio gimmo-nor) g
0

_ n/71_cosh (H(Ttu|£> - H(Ttv!£)> b

n

Moreover, by recalling that sinh?z = (cosh(2z) — 1)/2, we can rewrite the contraction
inequality as,

A(Tru, Tov) — A(u,v) < —Qn/ sinh? (H<E“|£)2—HH(TW|£)) "
0

Remark 4.3.9 Contraction for the entropic cost, implies the analogue dimensional con-
traction for the quadratic Wasserstein distance along the heat flow [BGG16, BGGK16].

W2(Tou, Too) < W(u,0) — 4n / sinh2(H(Ttuw);H(Ttvw))dt. (4.42)
0 n

It can be seen, by considering (4.39) for the e-entropic cost A® defined in (4.11), take the
limit for e — 0 and recall the convergence property (4.12).
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Finally, we show an integral and equivalent form of (4.37). Through the integral form we
will be able in Corollary 4.3.11 to deduce the classical EVI for the Wasserstein distance.

Proposition 4.3.10 Under the same assumption as in Theorem 4.5.4, the following
statements are equivalent:

(i) For any u,v € lls, and any t > 0,
d
A, T) < g (1 - e‘ﬂH(ulﬁ)_H(Tt”‘ﬁﬂ) : (4.43)

(ii) For any u,v € 1lg,

d n 1
@ To) < 2 (1 _ f;[muw)fH(v\c)}) :
dt t:oA(u’ w) < 2 ¢ ’

(iii) For any u,v € Ilg, and any t > 0,
A(u, Tiw) — A(u,v) < gt (1 - e_%[H("‘E)_H(TWM)U . (4.44)

Proof
< (i) = (dit) We integrate (4.43) with respect to 0 <t < 7, for any fixed 7 > 0. Thus,

A, Tov) — Alu,v) < 2 / | o MA@~ HTle) gy
0

2
< P (1 _ ef%[Hw\c)—H(Tva)]) / "
< 3 i
_ (1 _ e—%[H(uw)—H(Tva)])

2

where the second inequality is given by the fact that the entropy is decreasing along the
heat flow.

(1ii) = (i1) We divide by ¢ both sides of (4.44), and take the limit for ¢ — 0. The limit
exists on the left hand side by Theorem 4.3.4, and on the right hand side by continuity.
Therefore we obtain,

n 1
@ Tor) < <1 _ f;[Hw\c)fH(vw)]) .
o tZOA(u L,TwL) < ) e
(17) = (i) It is true by the semigrop property. >

Corollary 4.3.11 (EVI for the Wasserstein distance) Under the same assumption
of Theorem 4.3.4, EVI for the Wasserstein distance holds for any t > 0,

+

d
%Wg(u,Ttv) <n(l-— e_%[H(ulﬁ)_H(Tt”w)]). (4.45)

Proof
< Let us consider (4.43) for the e-entropic cost (4.11). As we just showed, it implies the
integral form (4.44) for the e-entropic cost,

A (u, Tw) — A% (u,v) < —t (1 — e_%[H(“w)_H(Tt”lﬁ)]) :

|3
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Taking the limit for ¢ — 0, and recalling (4.12) we obtain, for any ¢ > 0,

W3 (u, Tyw) — Wi(u,v) < nt (1 — e’%[H(“w)’H(Tt”‘L”) .
Finally, divide by ¢ both sides and take the lim sup for ¢ — 07, to get

<n <1 _ eﬁ[H(uw)fH(vw)]) .
t=0

Again, by the semigroup property, it implies (4.45) for any ¢ > 0*. Remark that at the
limit ¢ — 0 the differential property at Theorem 4.3.4 is no more satisfied, hence we
cannot have better than the sup-derivative of the Wasserstein distance. >

Remark 4.3.12 The absence of the factor 1/2 on the left hand side in (4.45) and (4.42),
is due to the fact that we have chosen the heat semigroup associated to L = A/2, that is a
more natural choise in the framework of the Schrodinger problem. It is straighforward to
see that they are equivalent to their analogues in [EKS15, BGG16] and [BGGK16], where
L=A.
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Chapter 5

Evolutionary variational inequality
under C'D(k, 00)

In this chapter we investigate the Evolutionary variational inequality under the C'D(k, 00)
condition for some k € R. Let (T})i>o be the Markov semigroup associated with the
generator L = (A — VV - V)/2 and reversing measure m = e~V L. We recall that in
this context to say that L satisfies a C'D(k/2,00) condition is equivalent to say that
the potential V' is k-convex, that is [V?V| > k/2Id. The EVI inequality in Wasserstein
distance under C'D(k/2, 00) writes as,

dr s K2

%WQ (u, Tyv) + §W2 (u, Tyv) < H(ulm) — H(Twjm), Vit >0, (5.1)
where d*/dt is defined at (4.27). This inequality was first introduced in [AGSO08|] to
define gradient flows in measure metric spaces and k-convexity of functionals such as the
relative entropy (See also [Vil09, Ch. 23]). In Chapter 4 we proved this inequality for
the entropic cost in the flat dimensional case C'D(0,n). Here we show the counterpart
of these results in the case C'D(k,00). In particular we will see that, contrarily to the
CD(0,N) case, when we replace the e-entropic cost to the Wasserstein distance in (5.1)
we obtain a penalized inequality due to the diffusion phenomenon. Luckily at the limit
for ¢ — 07, the additional term vanishes, and we recover the standard results for the
Wasserstein distance.
After briefly reviewing in Section 5.1 the basic notions and properties that we need in the
proof, at Section 5.2 we present the main result of this Chapter, that will be proved at
Section 5.3 via two different methods.

5.1 Setting

We start by recalling some essential facts already stated in Chapters 1, 2, 3. We denote
(T})s>0 the Kolmogorov Markov semigroup associated with generator L = (A—=VV-V)/2
and recall that it satisfies the CD(k/2,00) condition (1.32), that is equivalent to the
gradient bound

VT[] < e ™ T(|Vf]) (5.2)

for any function f € C°(R"), (Theorem 1.1.26).
We consider the Schrodinger problem with reference measure R®, associated to the gen-
erator L° = (A — VV - V)/2 for which we adopt the convention for the notation (2.11),

139
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that we recall,
Lf=¢L, e f =cl'f, [Sf =Ty
where

_Af_OV. |Vf!2 _ 1 N _ur.
Lf =(Af=VV-Vf)/2,  If= o Df =SL(VIF) - Vf-VLf.

Let the marginals pug,pu; € P(R™) be such that the hypothesis of Theorem 2.1.4 are
satisfied, then the associated entropic cost is defined by,

: . £
A (o, ) = inf{eH(P|R7) - P € P(Q), P = po, Pr = pu} — 5 [H (polm) + H (pa[m)].
See Chapter 2 for any further detail about the Schrodinger problem. In Chapter 3 we
proved the dual Kantorovich formulation for the entropic cost (2.37), that we recall here.
Theorem 5.1.1 (Dual Kantorovich formulation) For pg, 1 € C°(R"), then
A “(po, 1) = sup {/wdm /QW duo} (5.3)
heCy(R™)

Here, Q5v)(z) := elog Toi(e¥/%)(z), x* € R and it satisfies the Hamilton-Jacobi-Bellman
equation

O — SAu=0, t>0
’ 5.4
We recall from Section 2.3 that the forward entropic cost is defined by,
ze(uo,ul) =inf{H(P|R); P € P(Q)s.t. Py =poand Py = pu1} — eH (uo|L)
and is related to the entropic cost (4.10) by the relation
Z €
Alho, ) = Alpo, i) + 5[H(pol£) — H(pu | £)]. (5.5)

On the other hand the entropic cost of Definition 2.3.2 admits the Benamou-Brenier
formulation, proved at Chapter 3, which states that

Theorem 5.1.2 (Benamou-Brenier formulation) Let R be the Brownian motion on
[Rn, Mo, 1 € C(?OUR”), then

1. ! g2
A (p1g, 1) = §1nf/ / (|V¢s\2 + Z\Vlogps|2) ps(z) dxds, (5.6)
O n

where we denoted ps = dus/dm for all 0 < s < 1, and the infimum runs over all the
couples (s, Vs )o<s<t

ps € P(R"), V0 <s<1,¢, € C([0,1] x R")

Ho = Ho, M1 = H1,

Ospie + V- (usVs) = 0.
For the proof of these two results, in the case € = 1, see Sections 3.4 and 3.5. We denote by
(15)o<s<1 the entropic interpolation, solution of the Schrodinger problem (See Section 2.2),

and recall that we denote the density of (uS)o<s<1 with respect to the Lebesgue measure
and to the equilibrium measure m, respectively by,

- dyg e _ dug
:us - dﬂf ) ps - dma
where,
@5 + 5 ps + 5

e _ -V
ps_e € lus_e € € .
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5.2 Main result

Theorem 5.2.1 (EVI) Let u,v € CX(R") be two probability densities with respect to m
on R*. Under CD(k/2,00) with k € R we have for all t > 0,

%A (um, Tyom) + .As(um vm) — —’/il/ m(ps)ds < = [ (ulm) — H(Twlm)]  (5.7)

where (ps)o<s<1 is the density of the entropic interpolation between um and vm, and Ly (ps)
1s a short notation for the Fisher information of ps with respect to the reference measure
dm,

:/\Vlogp\zpdm. (5.8)

Remarks 5.2.2 Let us point out that:
e we obtained a penalized inequality, due to the presence of the additional term,

€2 1
R / In(py)ds
0

which corresponds to |k| times the osmotic action introduced at Section 2.3.
e the case k = 0 is trivial. It can be seen as a consequence of the case k > 0, or as a
consequence of Corollary 4.5.6 when N — oo.

Corollary 5.2.3 (EVI under CD(k,00) for Wy) Under the same assumptions as The-
orem 5.2.1, we have
+

W3 (u, Tyw) + gwg(u, Ty) < H(Tw|m) — H(ulm), Vt> 0.

Proof
< Consider an integrated form of the EVI inequality (5.7).
2

1 1 t
AE (um, Tyom) — A (um, vm)—l—gtAE(um, vm)+%|/ﬁ;|t / In(p1s)ds < 5 / H (um)—H (T, v|m)
0 0
Taking the limit for ¢ — 07, we have from (2.41) and (2.50),
2 T 2 2 1 t
W3 (un‘;, wm) W3 (u;ﬂ, vm) N /{tWZ (uzln, vm) < 5/ H (u|m)

It suffices to divide by ¢ > 0 and take the superior limit for ¢ — 0T, to obtain the claimed
result. >

— H(T,v|m).

5.3 Proofs

5.3.1 First method

Here we present one proof of Theorem 5.2.1, following the strategy explained by Bakry
Gentil and Ledoux in [BGL15| to prove EVI for the Wasserstein distance in the particular
case k = 0. This proof is based on the Kantorovich and Benamou-Brenier formulations,
with the trick of running along the entropic interpolation (is)o<s<1, not linearly in s but
through a smooth bijective function ((s) : [0,1] — [0, 1] "carrying" the curvature .

First we prove the following auxiliary result.
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Lemma 5.3.1 For any couple (us, vs)o<s<1 such that conditions (i)-(iii) in (5.6) are sat-
isfied, for all function H € L*(m) and each smooth function ¢ : [0,1] — [0, 1], it holds,

1 2 1
. : VH 1
/ /C/’LC(S)H_CK/’LC(S)’ 5 | dsdr < ﬁ/ /|US|2,uSdsdx
0 0

for all K > 0.

Proof
< Consider the transport equation (zii) in (5.6) at time ¢t = ((s),

1 1
/ /Cﬂ((s)H dsdx = / /—CHV . (UC(S)MC(S))dS dx
0 0
1
- / / C(VH - vg(s)) () ds d
0
1 . K
/ /C (E‘VH ’UCP) Lc(s) ds dx
0

for all K > 0. After the change of variable ¢ = ((s) in the last term on the right hand
side and after rearranging the terms, we get the desired result. >

IN

Proof of Theorem 5.2.1
< Thanks to the semigroup property, we can prove inequality (5.7) in t = 0, without loss
of generality. For £ > 0 and all £ > 0, let us define

t —
:/zﬁTtvdm—/Qil/Judm—l— <T€> /(Evlogﬂv—ulogu)dm

where 9 is the optimal function in the Kantorovich dual formulation (5.3) when pp = um
and gy = Tyuvm. Let (u5)o<s<1 be the entropic interpolation between um and vm, let
(ps)o<s<1 be its density with respect to the equilibrium measure m and let ((s) be a
smooth function from [0, 1] to [0,1] such that ((0) = 0 and ((1) = 1. Then, it can be
easily checked that B can be written as,

1 d t—c¢
b= / ds / Q1 WTapes) + (T) Tstpe(s) log Tstp(s)ds dm
0

Let us compute explicitly the derivative with respect to s € [0,1]. Recall the Hamil-
ton Jacobi Bellman equation (5.4) satisfied by the semigroup Q°, and together with the
properties in Proposition 1.1.22 we obtain,

VQ 8’17/) 2 € : .
/ / |: LQ | - | } Tstpg(s) + Q1,s¢ [tLTstpC(s) + CTstpC(s)

t—¢ S
-+ ( ) ) [tLTstpC(s) + CTstpC(s)] log TstpC(s) ds dm
We regroup the terms with factor C p¢(s) and integrate by parts according to the identity,

/ngdm:—%/Vf-ngm.



5.3. PROOFS 143

We get,

/ /CpC |: stQ1 31/}—1_ Tst 1OgTstpC(s) +

VO te—e)
2

Tstpe(s) {—VQ sV - Viog Type(sy — |V 1og Ty pes | ds dm.

Weset H := T, Q] _ )+ ( t’TE) Ty log Ty p¢(s) and rearrange the terms in the square brackets
to obtain the square of a sum,

/ /Cpc — =Tapcis)

2
+

w + ( 9 ) VIOgTstpC(s)

2
€
+ gTstl)g(s) |V log Tsipe(s) |?ds dm.

For what concerns the second term,

1
/ /— stPc(s) |V QI Sw—l—( >VlogTstp< s)| ds dm

- / [ ~gpco (!VQ ( ) Vlog Tupe(s) ) ds dm
—¢
< / /—Qempas) (WTst s+ (T) VT log TstPC(s)P) ds dm
0
! 1
= / / —ée’{StpC(s)\VHP ds dm,
0

where the inequality is given by the commutation property between the semigroup and
the gradient (5.2). Thus we obtained,

B</ /gpg(s _-pg ”St|VH|2+8Tstp<s)|V10gTstp< Pdsdm.  (5.9)

Now, we use Lemma 5.3.1 applied to the couple (us,vs)o<s<1 given by the entropic in-
terpolation between um and vm, and the associated current velocity, with (K = et
Together with the boundary conditions ((0) = 0 and (1) = 1, it yields to,

1 efst — 1 Kt __
C(s)::§e — where K = °

>0, Vit>0. (5.10)
Kt

This provides the following upper bound for the first two terms on the right hand side of
(5.9),

B</ / lvs|2ps + 8Tstp4 \VlogTStpC(S] ds dm (5.11)

According to the Benamou-Brenier formulation (5.6) the first term on the right hand side
is equal to

/1 Vs s dm = L [ 4%(um m)—62/1/|V10 2, ds dm (5.12)
| ipedsdm = g | A(um,v 5 /. g ps|*ps ds dm| . .
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On the other hand, given the Kantorovich dual formulation (5.3), B corresponds to

t—e¢

B = A (um, Tyom) + ( ) [ (Tyolm) — H(ulm),

which reduces, according to (5.5) to,

B = A*(um, Tyom) + t[H(Tw|lm) — H(ulm)]/2. (5.13)

Finally the estimation (5.11) of B togheter with (5.12) and (5.13) yields to,
t 1
A (um, Toom) + §[H(Ttv|m) — H(ulm)] < EAs(um,vm)—
2l 2l
—/ I(ps|m) ds + —/ /Tstp<(5)|VlogTstp<(s)]2 ds dm
8K J, 8 J,

The C'D(k/2,00) condition implies (see [BGL14, Section 5.7]),

In(Tips) < eimjm(ps»

Moreover, dividing by ¢ > 0,

1 1
;Ag(um, Towvm) — — A (um,vm) <

= (1 (ulm) — H(Tolm)}+

N | —

€

2 167167&3 1 1
o ]m s d - I sd . 14
[ Sttt g [ eas|. )

For small positive ¢, by the definition of K in (5.10), a Taylor expansion of 1/K gives
1/K =1—r/2t+ o(t). For what concerns the terms inside the square brackets, they can
be written as,

S——— 0 ~~

1 1 1 1 e*list _ 1 1 1
[ o (7 557 s+ [ ntoe st [ tinlac) = Iatpol ds. 5.15)
0 0 N _
—_——

Let us compute the three terms separately. Taylor expansions provide (x) = (K —1)/Kt =
k/2 4+ o(t) and (xx) = (e "' — 1)/t = —ks + o(t). After the change of variable ((s) = o,
with ds = 1/(1 + kto K)do for the first term in (x * %), we can write it as,

! K 1
— [ e (5 1)4
(xx %) /0 ('u)(t+/ft2$K t) °

A Taylor expansion of the term into the square brackets gives,

(54 %) = /0 (k)2 — K5 + o(t)) In(ps)ds

Hence we obtained that (5.15) is equal to

/o k(1 — 25+ o(t))In(ps)ds.
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Raplacing it in the square brackets in (5.14), and taking the limit for ¢ — 07, yields,

d
Sl A (um, Tom) — gAE(um,um) <

ol [H (ulm) — H (v]m)

N | —

2l
+ —/1/ (1 —2s)Iy(ps)ds
8 Jo

Since 0 < s < 1, it holds k(1 — 2s) < |&|, hence we obtain the desired result,

d K
— € — —A° <
o t:OA (um, Tvom) 2A (um,um) <

N | —

wmm—MWM+%wAA@M&

>

5.3.2 Second method

Here we prove Theorem 5.2.1 following the method proposed by Daneri and Savaré in
[DS08] for the Wasserstein distance based on the approach of [OW05] and [Ott01]. We
will show in particular that the same arguments are still valid for the entropic cost with
some proper adaptation.

Again, we denote (f15)o<s<1 the entropic interpolation between um and vm and (ps)o<s<1 its
density with respect to the reversing measure m. We consider the following perturbation
of the entropic interpolation through the Kolmogorov semigroup, for all £ > 0

(Ps)o<s<t = (Tatfts)o<s<t (5.16)

Let ¢! be defined by
Dottt +V - (4 V6) = 0 (5.17)

We denote the action of the perturbed path as,

2
&:/wm%m+§/wmm%ml (5.18)

We present here some preliminary results that will be crucial in the following proof of
Theorem 5.2.1.

Lemma 5.3.2 Let AL, p' and ¢ be respectively like in (5.18), (5.16) and (5.17). Then
the following formula holds

lgAt +13H( flm) = =2 /[F (08) + g—zr (log p")] p'. dm (5.19)
20t T 2ps MM T TS LG TR 208 Pe) s ‘
Furthermore, under CD(k/2,00)
o if k=0,
ﬁAt + 2H( flm) <0 (5.20)
gr’ts T s T = ‘
o if Kk #0,
gAt + 2l—!(,ut|m) < —ksA (5.21)
ot 0Os T ° ‘
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Proof
< The proof of (5.19) is essentially the same of the proof of Lemma 4.3.5. For simplicity
in the proof we assume ¢ = 1. Let us start by computing (z) and (i) separately in

1 8 t 2 t 2

(i) zz)

We recall that the computation of (i) can be found in a more general setting in [DS08],
but we decided to report it for completeness.

1 )
@) = [ Vol gvstams g [ 19650k dm
— / -V (psatwt)gb dm + = /|V¢ |?Lp dm

o o8 t t 112\ .t
= [ ot v (Tebget) | otam+ 5 [ 2056t
= [ Lot - SLV - (V)6 + V- (SLpLT0)k + LT )k dm

S
— [ LG~ SV (VLS — SLAIV AL + SLAVE ) dm
S
— [ L6t~ 5VaL - VLt~ s(AGLPR, — s L(VAP) + LIV ), dm
— [ et~ 5oL VLo~ sl (L)~ ST dim

1
= [~V ek UL + Tk VLG — spl (L6 — SLIVOL)ek dm

1 1
=[5 Volam s [ (VoL VLot~ SLAAR)) st

We remark now that,

e By definition of I'y operator 1.1.21

1
Vol VL6, — SL(VGLP) = —2Ta(eh). (5.23)

e On the other hand it follows by Proposition 2.5.1 that
1_ , . 10 .

= . dm=—-—H :

[ 5V Vatdm = 52 H G m)

Thanks to these two considerations, we can conclude that

10

() = ~5peHtlm) =25 [ Ta(eh)o! dm
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Let us compute now the second part of (5.22), which does not appear in the case of the
Wasserstein distance.

m>:8m/wmm

= —/QVlogpS Vlogpsps—i-lvlogps\z Psdm

(sLpt)pt — L 2
_ Z/ngpg.( sLp,)ps = Vpi(s '08)) dm+%s/|v1ogpg|2Lpgdm

ot

2 t 1
- % [/Vlogpﬁ -VLp' —Vlogp' - %Lpi dm + §/|V10gpi|2Lp'; dm]
se? ) 1 )
= T/Vlogpi-VLpZ— |V log pi[* Lo + 5|V log pl|* Ll dm
se? 1 ‘v b
= [ Viegp,- VLlog p{p = 5L(|Vlog p[*) o dm

se?
= —7/r2(10gpg)92 dm

where the last equality is given again by (5.23). This concludes the proof of (5.19). The
two inequalities (5.20) and (5.21) follow directly from the Bakry-Emery condition (1.32).
Let us assume x # 0,

10, 10,

2
10 ¢ _ ¢ e N7t
S At g Hm) = =25 [I0a(6) + S Tallog )] ot dm

k e, € t12 ¢
< =58 [ IVOT + Vg o[, dm
= —gsAi

The case k = 0 is trivial. >
The next Lemma is a generalization to the entropic setting of [DS08, Lem. 5.1].

Lemma 5.3.3 For every function f € C*([0,1]), and (us, ¢s)o<s<1 Satisfying conditions

(§)-(34) in (4.2.5),
1
A° (um, vm) // ]Vlogps|2dsdm< f/ f(s)Aqds,
0

where Ly = f 0 —lds.

Proof
< We consider a smooth increasing map r : [0, 1] — [0, 1] defined by

pi=iit [ggin b= [ e

We define s the inverse function of r.
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So,
s'(x(s)) = Ly f(s).

We consider the new reparametrized curve
ﬁr(‘r) = pS(T)(‘T)? ér(‘r) = S/(T)¢S(r)(x)'

It can be easily verified that (p,, ¢,) satisfies conditions (7)-(ii7) in (5.6) thus, the Benamou-
Brenier formulation implies that

1
A (um, vm) < %/ A,dr, (5.24)
0

where,

}l
I

[1Vapteydm+ 5 [ 19108 5 p, dm
52
- /!V%(T)\ ps(ns' (1)° dm+2/|VI0gpS(r)|2pS(r) dm

= S0P A + 5007 [ 19 log s s dm

Integrating with respect to r € [0, 1],

1 1 2 1
/ Apdr = / §'(r)? As(pydr + EZ (1—¢'(r)? / [V log ps( |* ps(r) dm
0 0 0

1 2 11_S )
S EGOIERE +4/ T/|v10gps| o ds dm

1—L2
= Lf/ f(s)Asds + — // \Vlogps|2psdsdm,
Lff

where the last equality is obtained with the change of variable s(r) = s. Together
with (5.24) it follows that

1- ff 2
A (um, vm) f VA, ds—i— |V10gps| psdsdm

that is the claimed result. >
We have now all the elements to prove the main result of this section.

Proof of Theorem 5.2.1

< Let us remark that thanks to the semigroup property, we can prove EVI only for t = 0
without loss of generality.

Let us start by multiplying the inequality (5.21) by e

10 K 10
At nst - At Kst __H t kst <0

that can be written also as,

10 10
550 (At nst) S5 (H(uﬂm)emt) < gte”StH(,ugm).
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We integrate with respect to s € [0, 1],

10

! 1
KS 1 K 1 K, s
3o [ AL+ e H i lm) = SH ) < [ D1 G m)

By definition of p! (5.16) we have p = u, pi = Tyv. Then, we integrate with respect to
t € [0, 7] for some 7 > 0,

e 1 L[ e
_/}wvﬁ@——/xﬁmwame—/\ﬂHmeﬁﬁS/u/Emewwwﬁ%-
2/, 2 /o 2 2 Jo o Jo 2

(5.25)
Since the entropy is decreasing along the semigroup (7})¢>o,

/ ™ H(Twlm)dt > H(Tyv|m)E.(T),
0

T KT __ 1
E.(7) ::/0 ertdt = < .

K

where we denoted,

By the Benamou-Brenier formulation (5.6) and the fact that (u2)p<s<; coincides with the
entropic interpolation between um and vm,

1
—%/ Alds = — A°(um, vm).

In order to control the first term on the left hand side of (5.25), we apply Lemma 5.3.3
with X n
f(s) = €™, hence Ly(t)=——. ¥r>0, (5.26)

KT
So from (5.25) we get,

1— L2
A (um, Tyom) — A°(um, vm) / / |V10g P pt dsdm

B(r)
2

Ly(7)
—%H(u!m)—i— H(T,v|m) < / / gte“tH(ui]m)dtds. (5.27)
0 0

e We consider first the case k < 0. Being negative, we can then neglect the term on the
right hand side.
We divide (5.27) by 7 > 0 and let 7 — 07. Since L;(0) = 1, (5.27) gives,

d[ 1 1— L3 f(
— [ (um, Twm)] — lim — / / thff |V log pI |7 ds dm

dr | Ls(7) 750 8
1
< §[H(u|m) — H(vjm)]. (5.28)

Let us study now each term separately.
The first term:
d 1 d 1 1 d
- TT —= _ € - 3 T
o [Lf(T) (um, vm)} . ar (7). A (um, vm) + Z;0) dTA (um, Trom) .

K d
— 2A (um, Um) + — A (um, Trom) L
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It can be easily checked indeed that the derivative of (L;(7))~' in 7 = 0 is equal to k/2.

) 1-— L2 (s) 5
lim — / / |V log pZ|“pL ds dm.
7—0 )

By definition of f and Ly (5.26),

1= 13 (s 1—G€§ifﬂw
He) (7Y s

The second term:

KT

—RST
. € KST
= -  — ¢

1 _ e—HT 2

—RKT

(&
S _ 6[{7’

1 . 6*:‘{7’ 2
KT
where the inequality follows from the fact that k < 0 and 0 < s < 1. With the Taylor

expansion we can conclude that

1 e T o .1 [ —kT+3(k7)?/4+ o(T?)
lim— | ———— —¢ = lim -
70 T 1—e " =07 \ 1 — K7+ (k7)%2/4 + o(1?)
KT
= —K.

And finally we get,

2 —KT 1
T2 T : el € KT s
< _ -
lli% a / / TL2 Vlogps| prdsdm < }_lil[l) e R e /0 In(p;) ds

Coming back to (5.28), it reduces to

i.Ae(um Trom)

e + K [As(um, vm) + %/o ]m(ps)ds] < %[H(uh‘n) — H(v|m)].

7=0

e Let us consider now the case k > 0. Since the entropy is decreasing along the heat flow,
and convex along the entropic interpolation, the term on the right hand side of (5.25) is
bounded by,

// te™ H(pl|m) dsdt < // te™* H (ps|m) dsdt

/ / Eterts[(1 — s)H(ulm) + s H (v]m)] dsd

< 7T H(Im) + H(ulm)].

IN
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For what concerns the bounds of the terms of the left hand side of (5.25), the first one
remains unchanged, while the second one changes as follows,

1—e"m\? 9
1-I2f(s)? 1‘(—m )f<‘”>

L2f(s) <ﬂ)2f(s)

KT
e—HST st
= ———————— —e¢
1—e 2
KT
< ! 1
S
(=)
Therefore,
1 1 1 — 2/4 12
im= | ——— —1| = lim-——" (k7)7/4 + olt)
750 T 1 — ¢ rT =071 — KT + (K7)2/4 + o(t?)
KT
= K.

So this time,

1
< 2
11—1;%8/ / TL2 |V10g,us| dsdm_h;/o /\Vlogus| s ds ,dm

which has opposite sign with respect to the previous case k < 0. So, as before,

i.A6 (um, Trom)

. [H (ulm) — H(v]m)]

| —

g2 [l
+ K [As(um,vm) — §/ Im(ps)dS} <
0

7=0

that is the claimed result. >
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Chapter 6

Functional inequalities when ¢ = 1

In the previous chapters we used the Schrodinger problem to prove functional inequalities
by recovering the optimality of McCann geodesics at the limit e — 0T. In this chapter we
prove that the Schrodinger problem is a useful tool itself for a fixed ¢ = 1. We will show
the classical Gaussian concentration and Prékopa-Leindler inequalities by using only the
statistical physical nature of the Schrodinger problem, together with a simple coupling
technique.

6.1 Concentration inequality

In the last fifty years the study of the concentration measure phenomenon concerned a
wide number of mathematicians from different fields, such as geometry, functional analysis,
discrete mathematics, complexity theory and probability theory. See the textbook of
Ledoux [Led01| for a complete description of the subject from all the different points of
view.

In an abstract metric measure space (X, d, m) equipped with a Borel probability measure
m and distance d, a concentration inequality writes as

m(A") >1—-Cy(r), Yr>0, VACX:m(A) >p

where A is a Borel subset, 0 < p < 1 and A" := {z € X; d(x, A) < r} is the r-enlargement
of the subset A. The function C, is called concentration profile of the measure m with
respect to the distance d. It was Marton for the first time in 1986 in [Mar86| to provide
a link between transport inequalities and concentration. Through an easy and elegant
argument she proved that if a measure satisfies a transport-entropy inequality of the form
a(7T4) < H then it satisfies a concentration inequality with profile C,(r) = exp{—a(r—ro)}
for any bijection a : RT — RT, any measurable subset A and any r > ry = a~!(log2).
See for instance |GL10] for more details.

Here we propose a new proof of the concentration inequality of statistical mechanics
nature. We will consider the measure of a set as the relative entropy of the uniform
measure on the set, with respect to a prescribed reference measure, and then derive
the result from the dynamics of the particles system that is optimal for a particular
Schrodinger problem. The setting of our proof is the following.

We consider the state space X = R"™ and denote as usual Q@ = C([0,1],R™) the set
of continuous paths. We fix the reference path measure R € P(f2), with infinitesimal
generator L defined for all functions u : [0,00) x R* — R, by

Lu=Au/2+b-Vu (6.1)

153
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where b is a locally Lipschitz vector field and satisfies

b(t,y) — b(t,2)] - (y — ) < —rlw — /2, Va,y € R >0 (6.2)

for some k € R. We denote the transition probability kernel m**(:) := R*(X; € ) =
R(X: € | Xg=12) € P(R") for all ¢ > 0.

Theorem 6.1.1 (Concentration inequality) Let b be a locally Lipschitz vector field,
verifying hypothesis (6.2); for any 0 < p < 1, t >0, x € R" and any Borel measurable
subset A C R"™ such that m**(A) > p, we have

mz,t(Ar> > 1 — exp {_ [T - I’(p, /f,t)]Q } , Vr > r<p’ Ii,t)

27 (R, t)
where A" := {x € R";d(x, A) < r} is the r-enlargement of the subset A, and
A=)k ifk#0
T(k,t) = { ; ik =0, (6.3)

and r(p, k,t) := \/27(k, t) log(1/p).

Remarks 6.1.2 We denote,

Cpi(r) = exp {_ [r —r(p, ,@t)]z} |

27 (K, t)

(a) For any fizedr >0,0<p<landr >0,t+ CF(r), t = 7(k,t) and t — r(p, K,t)
are increasing functions. This reflects the fact that m™' starting from the Dirac
measure m*° = §, looses concentration as time increases.

(b) For any fizedr >0, 0<p<1andt>0, k> Cy(r), t = r(p, K,t) are decreasing
functions. This reflects the fact that increasing curvature enforces concentration.

(¢) In the flat case k = 0 we have T(o,t) =t that is the usual Brownian concentration.

We prove the theorem after presenting some preliminary results about the two main
tools that we will need in the proof: the coupling technique and a light version of the
Schrodinger entropy minimization problem.

In the following, we consider an abstract probability space, (0, F,P) and build a pro-
cess X such that X4;P = R where R is the reference path measure that we introduced
above. Under hypothesis (6.2), R is the law of the R"-valued random process X, with
SDE,

dX; = b(t, X)) dt +dW,, t>0 (6.4)

where W is a (P, F)-Brownian motion. In addition, let P and @ be two other path
measures in P(Q2), such that Py = Qo = Ry and H(P|R), H(Q|R) < oco. On the same
abstract probability space (O, F,P), there exists two R"-valued random processes Y and
Z such that Y4P = P and Z4P = @), and satisfy respectively the SDEs,

dY, = [btY,) +uldt+dW,  t>0
dZt = [b(t, Zt) + Vt]dt + th, t Z O
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for the same vector field b(t, -) and the same (P, F)-Brownian motion W as in (6.4), with
initial conditions Yy = Zg = X, P-a.e., where u; and v; are two predictable vector fields
given by Girsanov’s Theorem 1.1.14.

Lemma 6.1.3 For allt > 0,
t
1Z, - Y,|]* < T(I{,t)/ vy — u,|?ds < o0
0

for the same constant 7(k,t) as in (6.3).

Proof
< By Ito’s formula,

dlzs - Ys|2 = 2(28 - Ys) ) d(zs - Ys)
= 2(Z;—Y,) - [b(s,Zs) —b(s,Ys) +vs — uglds
< —k|Zs — YslPds +2(Zs — Y) - (v — uy)ds.

An integration in 0 < s <t and the initial condition Zg = Yy = z, lead to

¢
|Z, — Yt\Q < / —K|Zs — YS\Q +2(Zs —Ys) - (vs — ug)ds.
0

We can use here the following nonlinear Gronwall’s type inequality, which states that for
¢ >0, and a(s),b(s) continuous functions, if for ¢ > 0,

u(t) < c —|—/0 la(s)u(s) + b(s)u(s)/?]ds,

then
2

ul(t) < {01/2 exp B /0 ta(s)ds} +% /0 b(s) exp {(1/2) / ta(r)dr] ds} |

By applying this result to u(t) = |Z; — Y¢|?, a(s) = —k, b(s) = 2(vs — us) and ¢ = 0, we
can conclude that

Z -V < :/0t<vs—us>exp{ g/d}d}

[ wpen {5 o}a]
(o) ()]
- = /O|vs s

that is the desired result with 7(k,t) := (1 —e ") /k. >

The following Lemma is about a particular case of the entropy minimization problem (2.1).
Let R € P(Q) be associated to the generator (6.1) with some Ry € P(R") and Ry =m €
P(R™) for T > 0.

2

IN

IN
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Lemma 6.1.4 Given the following entropy minimization problem,
nf{H(QIR); Q € P(Q), 5.t Qr(E) = 1} (6.5)

with instant T > 0 fived, E a Borel subset of R" and R the same reference path measure
as above. The unique solution of this problem is QF = 1(X7)/m>T(E)R := pp(Xr)R €
P(Q). The minimal value of the relative entropy is,

H(QP|R) = —logm*" (E).

Remark 6.1.5 It is indeed a Schrédinger problem in which the infimum runs among all
the path measures (Q, that concentrate on the subset E at time T' > 0, whereas the initial
constraint on Qq is forced by the initial condition on R, being the Dirac measure Ry = 9,
and by the condition Qy <K Ry.

Proof

< In the following, since x € R™ and T' > 0 are fixed, we will drop the index and use the
lighter notation m = m®»T. Let Q € P(Q) be any path measure satisfying the marginal
constraint in (6.5),

E

) = QI + Bolos 0

d dQ dQF
H(QIR) = EQlogﬁzEQlog (dQ_QEc?_R

> Eqlogp®(Xr) = Egrlog p”(Xr) = H(Q"|R),

where the inequality is a consequence of the non negativity of the relative entropy. The
uniqueness of the solution is given by the strictly convex nature of the Schréodinger prob-
lem. It follows that the minimal value achieved is,

E 1(X
Ege log @ = Ege log M

H(Q"|R) = E

dm = —logm(FE). (6.6)

/ 1 | 1
e m(E) °m(E)

And this completes the proof. >
We are ready now to prove our main result of this section, the concentration inequality.
Proof of Theorem 6.1.1
< Consider problem (6.5) respectively for the subset A and B = R"\ A”. We denote
PAT and PBT the minimizers, and u! and u” the two predictable vector fields whose
existence is assured by the Girsanov theory, and such that
T lu? B,T T ufP?

dt, H(P®”"|R) = EPB,T/ Tdt. (6.7)

0

H(P*T|R) = Epar /

0 2
This ensures in particular that [ |u|?, [7 [uf|* < co. As we have already done in
Lemma 6.1.3, we construct on an abstract probability space (©,F,P) two random R"-

valued processes Y4 and Y? such that

Ap _ pA Bp _ pB
Y,P=P Y/,P=P
associated with the SDEs,
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aYd = (b, YY) Fuydt+dW,,  t>0,
dYE = (b(t,YB) +uP)dt +aw,, — t>0,

and the initial constraint translates to the initial condition Xg = Y4 = Y§ = z, P-a.e. By
the choice of the sets A and B it is a trivial observation that r < [Y4 —YZ|; on the other
hand by Lemma 6.1.3 it holds that,

T
P2 < YA YB2 < r(x, T)/ A — uB2dt. (6.8)
0

By the basic inequality, —2ab < (as)? + (b/s)?, valid for all s > 0, we can bound (6.8) on
the right hand side by,

T 1 T
< YA YER < o(k,T) [(1+3)[E/ |u;‘\2dz+(1+—)[5/ |uf3|21
0 S 0

D o7k, T) l(l +5)H(PT|R) + (1 t 2) H(P B’T|R)}
WO _or(k,T) {(1 + 5) logm(A) + (1 + é) logm<B)]
<

1
—27(k,T) [(1 +s)logp + (1 + —> log m(B)}

s
where the last inequality follows from the hypothesis m(A) > p. After rearranging the
terms, and replacing m(B) = 1 — m(A"), we get

1
27(k, T

1—m(Ar)§exp{ ) [r21is+2310gp7(/£,T)]}, Vs >0

Optimizing in s, it can be easily verified that the best value is § = r?/+/27(x, T') log(1/p) —
1 providing,

m(A7) > 1— exp {_ (r = (T, w))Q}

27(k,T)

where r(T, k,p) := \/27(x,T) log(1/p). >

Remark 6.1.6 The same argument can be used also to provide a proof of the Talagrand
inequality. Let R € P() be the same reference measure as before, associated to the
SDE (6.4) and same initial condition Ry = 0, for some x € R™. Consider the Schridinger
problem in Lemma 6.1.4 with marginal constraint at time T' > 0 given by Pr = f Ry for
some real function f on R", such that [ fdRr = 1. By the Girsanov theory, there exists
a predictable vector field u; such that the minimizer P € P(2) is the law of the random
process with SDFE

dYt = (b(t, Yt) + Ut) dt + th, Vt > O
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and initial condition Py = §,. By Lemma 6.1.53, it holds that |Yo—X:|* < 7(k, T) fOT |ug|2dt.
It follows that

T
WE(PE,R5) < E(Yr — Xaf?) < 700 T)E | fufdt = 2r(s, T H(PF| ).
0

Letting T' — oo and thanks to the ergodic property we obtain the classic Talagrand in-
equality,
2

W3(P,R) < EH(P|R).

6.2 Prékopa-Leindler inequality

The Prékopa-Leindler inequality is the functional form of the Brunn-Minkowski inequal-
ity. It is been used in [BL0O0, Gen08| to prove other functional inequalities such as the
Brascamp-Lieb or the logarithmic Sobolev inequality. Known from the 70s [Pré71]|, among
all the proofs of this inequality the two main contributions were given by Borell [Bor00]
who proposes a proof via Brownian motion, and, independently, by McCann and Barthe
(in the Gaussian case), see for instance [Vil03|, who use optimal transport.

The proof we propose here is in the same line of the proof of the concentration inequality,
via coupling techniques. Our proof is very close to the works of Lehec [Leh13|, [Leh14]
(see also [Lehl5| for the Riemannian setting) and the paper of Cordero-Erasquin and
Maurey [CEM17|. In both cases Borell’s formula is used to prove functional inequalities,
among which the Prékopa-Leidndler inequality. The Borell formula states that,

log (/nefch) = sup [[E (f (W1+/01usds) —%/01|u5|2ds)]

where 7 denotes the standard Gaussian measure on R", W is the standard Brownian
motion and f is a bounded real function on R". Roughly speaking, the Borell formula
is obtained by the variational formula for the relative entropy (1.2) and the Girsanov
Theorem 1.1.14, which are also the main ingredients of our proof.

Theorem 6.2.1 (Prékopa-Leindler inequality) Let 8,1, be three measurable [—oo, c0)-
valued functions on R satisfying for each 0 < A < 1

O((1 — Nz +Ax') > (1 — N)(x) + ' (o) Va2’ e R™. (6.9)
Then, for any T > 0,

log/ e dyp > (1 - )\) log/ e¥ dyr + )\log/ e’ dyr,
Rn R

where yr := N (0,T1d).

The proof of this theorem is in the same spirit of the one of Theorem 6.1.1, and we will
use similar tools. Moreover, a key role will be played by the following variational formula
for the log-Laplace transform of the probability R.

Proposition 6.2.2 Let 3 be a measurable space, and R € P(X); for any [ : ¥ —
[_OO7OO>7

log/zede = sup {/EfdQ —~ H(Q|R): Q € P(X) /E frdQ < oo} . (6.10)
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Proof

<1 The proof is very close to the one of the variational formula for the relative entropy (1.2)
but we recover it here for completeness. The starting point is the elementary inequality
st <tlogt—t+e® forall s € Rand t > 0 with equality if and only if ¢ = e*. We choose
s = f(x) and t = dQ/dR for some @ € M () and integrate with respect to R to obtain

/ de>/fdQ /log—dQ+Q( )-

It implies,

/de>sup{/fdQ 10852 da+a >QeM+<Q>,/f+d@<oo}.

Hence, the case of equality e/ = dQ/dR is the limit of the sequence @, = e™™/" R it
provides,

/de—sup{/fd@ 102 da+ )QeM+<Q>,/f+dQ<oo}.

We replace @ by a@) for some a > 0, leading

/ede:supa{/fdQ—/log%dQ—l—Q(Q)loga;QEM+(Q),/f+dQ<oo}.

Since,

ig%){a (/fdQ - /10g%dQ+Q(Q)loga)}
—o@ e { [ 1a0/a@) - [0 G20/}

we can write,

/ede = sup{ (/fd@ /log—d@—i—@( )loga);aZO;QEM+(Q),/f+dQ<oo}

— s { [ a0/ - 10z d0/0iQ e M. (@), [ 140 < 0}
and this completes the proof. >

Proof of Theorem 6.2.1

<1 We denote Q := C([0, 1], R™) the space of the R"-valued continuous paths defined for
€ [0, 1]; as reference path measure R € P(£2) we fix the Wiener measure with Ry = d

and for any T > 0, Ry = vy := N(0,T1d), the standard Gaussian measure on R". For

f =1(Xr), the formula (6.10) when R is the Wiener measure, writes as,

log/ eV dyp = sup {/ @Z)dQT—H(QThT)}. (6.11)
n QreP(R™) Rn

It can be verified that the maximizer of this problem is given by QT =e¥yr/Z, € P(RY),
where Z = [ eYdyr is a renormalization factor. Indeed
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dO H(@!)—lfwd /1 Ny
- T TIYT) = E e anT 0g =z Z’YT
= logZ

= log/ e dyr.

In addition we observe that (6.11) is equivalent to the following entropy minimization
problem,

inf {H(P|R) . PeP(Q) st. Pr=Qr= %w} . (6.12)

Remark that as in (6.5) it is a Schrodinger problem, where the final constraint in 7' > 0
is explicit, whereas the injtial condition is forced by Ry = dy and the condition P, < R;
for all t > 0. We denote P € P(Q2) the minimizer in (6.12), and see that

. dP Y(X7) ¥(x) .
H(P|R) = E, <logﬁ> ~-E, (loge = ) :/ log (62 )dPT

dP R R
— / log (d—T> dPp = H(Pr|yr).

YT

As in the case of the concentration inequality, we construct an abstract space (0, F, P).
By Girsanov’s Thorem 1.1.14, there exists a predictable drift u; such that P will be the
law of the process with stochastic equation,

dY" = Uz dt -+ th, vt > 0,
and,
o] u 2
H(P|R) = H(Prlyr) = E (/ %) . (6.13)
0

Let us consider (6.11) and (6.12) with a different function ¢'(Xr). The optimal P’ € P(Q2)
then is the law of the process Y¥ with drift u’ and verifies (6.13).
Let 6 be a measurable function on R” satisfying for 0 < A < 1

(1 =Nz + ') > (1= N(x) + W'(a') Va2’ e R (6.14)
By the Borell’s formula (6.10),

10g/€0dWT = Sup{/QdQT — H(Q|r) : /Q+dQT < OO}

> / 0407 — H(Qrlr). (6.15)

for a specific Q € P(2). We consider in particular Q being the law of the process given
by the linear combination of Y! and Y,

Z, = (1= A)Y!+AYY.
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We provide a lower bound for the two terms in (6.15), separately. By definition of Q.

[odGr = £0@) = E0(1 - 0¥+ 298] STEI - A0vE) £ Y]

[E
= (1= ME@(YE)) + AE@ (YY) = (1— A / B(Xr)dP + A / H(Xp)dP

Again by definition, Q has drift v, = (1 — A)u, + Auj, hence

A *1 *1
H(Qrlw) = E / L= £ / L= nut awpar
0 2 0 2

1 o
< 5[E/ (1= M) Jui]? + Au2de
0
= (L= NH(Pr|yr) + AH(Pr|yr).

Therefore (6.15) can be controlled by,

log / vy > (1— A) / WP+ A / WdPy — (1= \VH(Prlyr) — AH(Pylye).

But since P and P’ are the maximizer of (6.10) respectively for ¢ and /', we can conclude
that,

log/ dyp > (1 -\ log/ eVdyr —|—)\log/ e dyr.

>
We can actually generalize this result to any log-concave measure m. Let m = ™V €
M(R™), where the potential V' : R® — R is C* and satisfies

V2V > kld, for some k € R. (6.16)

Corollary 6.2.3 Let 0,1,1" be three measurable [—o0, 00)-valued functions on R™ satis-
fying for each 0 < A <1

R/A(l _ )‘)

(1 =Nz + Mx') > (1 = N(z) + MW (') — 5

|z’ — z|?,
for all x,2" € R™ and some k' < k. Then,

log/ eedmZ(l—)\)log/ ed’dm%—)\log/ e’ dm.

Proof

< Let us consider § := 0 —V 4+ Qp, ¥ := ¢ — V + Qr, and 1/)’ = ' =V + Qr, where
Qr = —log(dyr/dx). Hypothesis (6.9) in Theorem 6.2.1 for 6, 1,1, for any T > 0, is
equivalent to,
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O((1 — Nz + Ax') > (1 — N)(z) + M ()
+ V(1 =Nz +A2') = (1= NV (z) — AV (")
— Qr((1 =Nz + X2') + (1 = N)Qr(z) + \Qr(2). (6.17)

Since (6.16) is equivalent to

1—
(1=XNV(x)+ A\V(2) = V((1 =Nz + \) > HM’JJ — z|?,
and by definition of Qr,
B N B N TNt R (€ B o
(1 =N)Qr(x) + AQ7r(2") — Qr(1 — Nz +Xz) = (1—2A) 57 + A 57 5T
AL=X), ,
_ (2T )‘iL' . x|2
Therefore from (6.17) it follows that,
LY AM1=A
(1 — N+ ') > (1 — Np(z) + W' (o)) — (FL - f) ( 5 )| ' —z)?

So if 0,4,¢ satisfy (6.16), then 0,1, ¢ satisfy (6.9), and by Theorem 6.2.1,
log/ edyT (I=2X) log/ elz’dfyT + /\log/ e’z’/dfyT.

Finally, by definition of 6, 1;, ¢’ and the arbitrary of T, we conclude the proof. >

To conclude, we show that by an appropriate choice of the functions €, and ', we can
recover the geometric counterpart of the Prékopa-Leindler inequality, that is the Brunn-
Minkowski inequality.

Corollary 6.2.4 Let A, B C R" be two bounded measurable sets, such that (1—X)A+\B
18 also measurable, then
(1= NA+AB| > A" B} (6.18)

where | - | denotes the volume of the set.
Proof
< It is enough to consider the functions 6,1,v" in Theorem 6.2.1 such that, respectively

e’ = 1(1_nairn), e =1y, eV = 1p.

And by the properties of the logarithmic function, (6.18) is immediately derived.
>

Physical interpretation

We stress here the statistical mechanics flavour of this proof, given by the Schrédinger
problem. We consider a large number N of independent and non interacting particles. We
associate to each particle a random variable X} defined on R", for all ¢ > 0. The initial
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conditions Ry = dp, means that at time ¢t = 0, they are all concentrated in the origin;
and for each t > 0, each of them, is distributed as a Normal Gaussian random variable
N(0,tId). By the law of large numbers, we know that for each ¢ > 0, the empirical
measure converges as N — oo to the law N(0, tId). We assume to observe the system at
time 7" uniformly distributed (and normalized) on a set A. We get,

H(Q|R) = H(Qr|Rr) = —logyr(A).

According to (2.69) the measure of the set gives an estimation of the probability to end
up to the uniform distribution of the same set: the largest the set A is (w.r.t to Gaus-
sian measure) the most likely (but still unexpected!) is to observe the system uniformly
distributed on A.
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Conclusions and perspectives

In this manuscript we studied the Schrodinger entropy minimization problem and some
of its applications.

We proved some similarities between the solutions of the Schrodinger problem and the
Monge-Kantorovich problem, respectively the entropic and the displacement interpola-
tions, and their minimal values, respectively the entropic cost and the quadratic Wasser-
stein distance. Among them, the most useful in the applications are the Kantorovich-
Schrodinger dual formulation and the Benamou-Brenier-Schrodinger formula-
tion.

On the other hand, we saw that the Schrédinger problem naturally involves Markov
semigroups and the I's-operator, hence, it lend itself to be studied under suitable curvature-
dimension conditions. As a consequence of these features, we derived some functional
property and inequality. We proved that convexity of the relative entropy is con-
served along entropic interpolations under C'D(0, n) both for finite and infinite dimension
and a regularity result of the entropic cost along the heat flow.

In order to prove functional inequalities we followed two strategies: one is to give
proofs through the genuine Schrédinger problem, that is ¢ = 1, without exploiting the
convergence to optimal transport; the other is to give proofs via the Schrédinger problem
with € > 0, and then take advantage of the limit € — 0 to recover the standard results like
for instance, the contraction and EVI inequalities. The first method is very perform-
ing, providing easy and fast proofs for instance for Prékopa-Leindler or concentration
inequalities. For what concerns the second method, what we can observe is that in some
case, the inequalities that we obtain for £ > 0 are penalized by some additional term, due
to the diffusion phenomenon, see for instance (5.7). On the other hand the advantage of
this method is to be able to perform rigorous computations thanks to the regularity of
entropic interpolations, without an additional effort. This is the main gain of working
with the Schrodinger entropy minimization problem, as an approximation of the Monge-
Kantorovich problem.

Far from being exhaustive, our work leaves many open questions, that hopefully will
be answered soon. Let us mention some of them.

e A short term question is to study the convexity of the entropy along entropic inter-
polations and the EVI inequality under the CD(k,n) condition, with finite n > 1 and
Nnon-zero K.

e Characterize curvature-dimension conditions via entropic properties. In
[Sv05] it is proved that C'D(k,00) is equivalent to contraction in Wasserstein distance
of the heat flow. We proved that C'D(k, co) implies the contraction of the heat semigroup
with respect to the entropic cost; can we prove the reverse implication? Of course, as
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we have shown, contraction in entropic cost, implies contraction in Wasserstein distance,
but could we have a direct equivalence between curvature-dimension conditions and the
Schrodinger problem without recurring to the optimal transport setting? On the same
line, the x-EVI inequality is strictly related to displacement k-convexity of the entropy
functional. Does the xk-EVTI inequality for the entropic cost give rise to an analogue notion
of entropic k-convexity?

e Another natural extension of our work is to replace the Brownian motion on R™ with
a random walk on a discrete graph. This approach was initiated in [Léol6| to provide
a notion of displacement interpolation in the discrete setting. In particular the discrete
analogue of our results might give an hint for a notion of s-convexity and curvature-
dimension conditions on a discrete setting.

e Numerical applications. The Schrodinger problem revealed itself to be very per-
forming in numerical computations, [Cut13, BCCT15]. Tt is therefore used as a regular
approximation to solve optimal transport related problems. For instance in [CDPS17] it
is studied the discretization of the JKO scheme [JKO98] where the Wasserstein distance
is replaced by its entropy approximation (the equivalent of our entropic cost). This ap-
proach is relatively few explored and might be extended to many other optimal transport
based questions.
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Abstract

In the past 20 years the optimal transport theory revealed to be an efficient tool to
study the asymptotic behavior for diffusion equations, to prove functional inequalities,
to extend geometrical properties in extremely general spaces like metric measure spaces,
etc. The curvature-dimension of the Bakry-Emery theory appears as the cornerstone of
those applications. Just think to the easier and most important case of the quadratic
Wasserstein distance Wsy: contraction of the heat flow in W5 characterizes uniform lower
bounds for the Ricci curvature; the transport Talagrand inequality, comparing W5 to the
relative entropy is implied and implies via the HWI inequality the log-Sobolev inequality;
McCann geodesics in the Wasserstein space (Po(R™), Ws) allow to prove important func-
tional properties like convexity, and standard functional inequalities, such as isoperimetry,
measure concentration properties, the Prékopa-Leindler inequality and so on. However
the lack of regularity of optimal maps, requires non-smooth analysis arguments.

The Schrédinger problem is an entropy minimization problem with marginal con-
straints and a fixed reference process. From the Large deviation theory, when the refer-
ence process is driven by the Brownian motion, its minimal value A converges to W5 when
the temperature goes to zero. The entropic interpolations, solutions of the Schrédinger
problem, are characterized in terms of Markov semigroups, hence computation along
them naturally involves ['s-computations and the curvature-dimension condition. Dating
back to the 1930s, and neglected for decades, the Schrodinger problem recently enjoys
an increasing popularity in different fields, thanks to this relation to optimal transport,
smoothness of solutions and other well performing properties in numerical computations.

The aim of this work is twofold. First we study some analogy between the Schrodinger
problem and optimal transport providing new proofs of the dual Kantorovich and the
dynamic Benamou-Brenier formulations for the entropic cost A. Secondly, as an appli-
cation of these connections we derive some functional properties and inequalities under
curvature-dimensions conditions. In particular, we prove the concavity of the exponential
entropy along entropic interpolations under the curvature-dimension condition C'D(0,n)
and regularity of the entropic cost along the heat flow. We also give different proofs the
Evolutionary Variational Inequality for A and contraction of the heat flow in A, recovering
as a limit case the classical results in Wy, under C'D(k, 00) and also in the flat dimensional
case. Finally we propose an easy proof of the Gaussian concentration property via the
Schrodinger problem as an alternative to classical arguments as the Marton argument
which is based on optimal transport.

Key words: Schrodinger problem, Optimal Transport, Functional inequalities, curvature-
dimension.



Le probléme de Schrodinger et ses liens avec le

transport optimal et les inégalités fonctionnelles

Résumé : Au cours des 20 derniéres années, la théorie du transport optimal s’est revelée étre un outil efficace
pour étudier le comportement asymptotique dans le cas des équations de diffusion, pour prouver des inégalités
fonctionnelles et pour étendre des propriétés géométriques dans des espaces extrémement généraux comme des
espaces métriques mesurés, etc. La condition de courbure-dimension de la théorie Bakry-Emery apparait comme
la pierre angulaire de ces applications. Il suffit de penser au cas le plus simple et le plus important de la distance
quadratique de Wasserstein W5 : la contraction du flux de chaleur en Wy caractérise les bornes inférieures uni-
formes pour la courbure de Ricci; I'inégalité de Talagrand du transport, comparant Ws & Ientropie relative est
impliquée et implique, par 'inégalité HWI, I'inégalité log-Sobolev ; les géodésiques de McCann dans 'espace de
Wasserstein (Pa(R"™), Ws) permettent de prouver des propriétés fonctionnelles importantes comme la convexité, et
des inégalités fonctionnelles standards telles que 'isopérymétrie, des propriétés de concentration de mesure, 1'in-
égalité de Prékopa-Leindler et ainsi de suite. Néanmoins, le manque de régularité des plans minimisation nécessite
des arguments d’analyse non lisse.

Le probléme de Schrédinger est un probléme de minimisation de I’entropie avec des contraintes marginales et un
processus de référence fixes. A partir de la théorie des grandes déviations, lorsque le processus de référence est le
mouvement Brownien, sa valeur minimale A converge vers W lorsque la température est nulle. Les interpolations
entropiques, solutions du probléme de Schréodinger, sont caractérisées en termes de semigroupes de Markov, ce qui
implique naturellement les calculs I's et la condition de courbure-dimension. Datant des années 1930 et négligé
pendant des décennies, le probléme de Schrodinger connait depuis ces derniéres années une popularité croissante
dans différents domaines, grace a sa relation avec le transport optimal, & la regularité de ses solutions, et & d’autres
propriétés performantes dans des calculs numériques.

Le but de ce travail est double. D’abord, nous étudions certaines analogies entre le probléme de Schrodinger
et le transport optimal fournissant de nouvelles preuves de la formulation duale de Kantorovich et de celle,
dynamique, de Benamou-Brenier pour le coiit entropique A. Puis, en tant qu’application de ces connexions, nous
dérivons certaines propriétés et inégalités fonctionnelles sous des conditions de courbure-dimension. En particulier,
nous prouvons la concavité de ’entropie exponentielle le long des interpolations entropiques sous la condition de
courbure-dimension C'D(0,n) et la régularité du coiut entropique le long du flot de la chaleur. Nous donnons
également différentes preuves de 'inégalité variationnelle évolutionnaire pour A et de la contraction du flux de la
chaleur en A, en retrouvant comme cas limite, les résultats classiques en Wy, sous CD(k,00) et CD(0,n). Enfin,
nous proposons une preuve simple de la propriété de concentration gaussienne via le probléme de Schrodinger
comme alternative aux arguments classiques tel que ’argument de Marton basé sur le transport optimal.

Mots-clés : Transport Optimal ; Probléme de Schréodinger ; Entropie relative ; Bakry-Emery ; Inéga-
lités fonctionnelles.
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