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Electrochemical Li-ion battery modeling for electric vehicles 

Abstract 
 

The future development of electric vehicles is mostly dependent of improvements in battery performances. In 
support of the actual research of new materials having higher performances in terms of energy, power, durability 
and cost, it is necessary to develop modeling tools. The models are helpful to simulate integration of the battery 
in the powertrain and crucial for the battery management system, to improve either direct (e.g. preventing 
overcharges and thermal runaway) and indirect (e.g. state of charge indicators) safety. However, the battery 
models could be used to understand its physical phenomena and chemical reactions to improve the battery design 
according with vehicles requirements and reduce the testing phases. One of the most common model describing 
the porous electrodes of lithium-ion batteries is revisited. Many variants available in the literature are inspired by 
the works of prof. J Newman and his research group from UC Berkeley. Yet, relatively few works, to the best of 
our knowledge, analyze in detail its predictive capability. In the present work, to investigate this model, all the 
physical quantities are set in a dimensionless form, as commonly used in fluid mechanics: the parameters that 
act in the same or the opposite ways are regrouped, and the total number of simulation parameter is greatly 
reduced. In a second phase, the influence of the parameter is discussed, and interpreted with the support of the 
limit cases. The analysis of the discharge voltage and concentration gradients is based on galvanostatic and 
pulse/relaxation current profiles and compared with tested commercial LGC cells. The simulations are performed 
with the software Comsol® and the post-processing with Matlab®. Moreover, in this research, the parameters 
from the literatures are discussed to understand how accurate are the techniques used to parametrize and feed 
the inputs of the model. Then, our work shows that the electrode isotherms shapes have a significant influence 
on the accuracy of the evaluation of the states of charges in a complete cell. Finally, the protocols to characterize 
the performance of commercial cells at different C-rates are improved to guarantee the reproducibility.  
 
Keywords: Lithium-ion battery, electrochemical modeling, electric vehicles, porous electrodes, LIB COMSOL 
simulation, LIB test protocols, LIB state of charge identification. 

 

Résumé 
 

Le développement futur des véhicules électriques est lié à l’amélioration des performances des batteries qu’ils 
contiennent. Parallèlement aux recherches sur les nouveaux matériaux ayant des performances supérieures en 
termes d'énergie, de puissance, de durabilité et de coût, il est nécessaire développer des outils de modélisation 
pour : (i) simuler l'intégration de la batterie dans la chaine de traction et (ii) pour le système de gestion de la 
batterie, afin d'améliorer la sécurité et la durabilité. Soit de façon directe (par exemple, la prévention de surcharge 
ou de l’emballement thermique) soit de façon indirecte (par exemple, les indicateurs de l’état de charge). Les 
modèles de batterie pourraient aussi être utilisés pour comprendre les phénomènes physiques et les réactions 
chimiques afin d'améliorer la conception des batteries en fonction des besoins de l’utilisateur et de réduire la 
durée des phases de test. Dans ce manuscrit, un des modèles les plus communs décrivant les électrodes 
poreuses des batteries au lithium-ion est revisité. De nombreuses variantes dans la littérature s’inspirent 
directement du travail mené par le professeur J. Newman et son équipe de chercheurs à l’UC Berkeley. Pourtant 
relativement peu d’études analysent en détail les capacités prédictives de ce modèle. Dans ce travail, pour étudier 
ce modèle, toutes les grandeurs physiques sont définies sous une forme adimensionnelle, comme on l'utilise 
couramment dans la mécanique des fluides : les paramètres qui agissent de manière identique ou opposée sont 
regroupés et le nombre total de paramètres du modèle est considérablement réduit. Cette étude contient une 
description critique de la littérature incluant le référencement des paramètres du modèle développé par le groupe 
de Newman et les techniques utilisées pour les mesurer, ainsi que l’écriture du modèle dans un format 
adimensionnel pour réduire le nombre de paramètres. Une partie expérimentale décrit les modifications de 
protocoles mis en œuvre pour améliorer la reproductibilité des essais. Les études effectuées sur le modèle 
concernent d’une part l’identification des états de lithiation dans la cellule avec un attention particulière sur la 
précision obtenue, et enfin une prospection numérique pour examiner l’influence de chaque paramètre sur les 
réponses de la batterie en décharge galvanostatique puis en mode impulsion et relaxation. 

 

Mot-clé :  Batterie lithium-ion, modélisation électrochimique, véhicule électrique, électrode poreuse, simulation, 
COMSOL, protocole d’essais, identification état de charge. 
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List of symbols 
 

SYMBOL [UNITS] DESCRIPTION 

𝑆[𝑚2] Electrodes Surface Area 

𝐷𝑆,+ , 𝐷𝑆,− [𝑚
2𝑠−1] Solid phase diffusivity 

𝐷+,, 𝐷−, 𝐷𝑒[𝑚
2𝑠−1] Effective ions diffusivity in the electrolyte 

𝜎+, 𝜎−[𝑆 𝑚
−1] Electronic conductivity solid matrix 

𝑑+, 𝑑−, 𝑑𝑒[𝑚] Electrode and separator thickness 

𝑅+, 𝑅−[𝑚] Active material’s Particles size 

𝑡+[𝑎𝑑𝑖𝑚] Transport number of lithium ions 

𝐶∗[𝑚𝑜𝑙 𝑚−3] Initial 𝐿𝑖+concentration 

𝐶𝑠+,𝑚𝑎𝑥 , 𝐶𝑠−,𝑚𝑎𝑥[𝑚𝑜𝑙 𝑚
−3] Maximum 𝐿𝑖 concentration in the active 

material 
𝜀+,𝑠, 𝜀−,𝑠[𝑚

3 𝑚−3] Active material volume fraction 

𝜀+,𝑙, 𝜀−,𝑙[𝑚
3 𝑚−3] Electrode Porosity (electrolyte volume 

fraction) 
𝑘+
∗ , 𝑘−

∗ [𝑚𝑜𝑙 𝑚−2𝑠−1] Reaction rate constant, 

𝜅+, 𝜅−, 𝜅𝑒[𝑆 𝑚
−1] Electrolyte conductivity 

𝑎+, 𝑎−[𝑚
2 𝑚−3] Active surface 

 𝜃+,𝑐,  𝜃−,𝑐[𝑎𝑑𝑖𝑚] Positive/Negative Electrode 
Stoichiometry 

 𝑄+,  𝑄−[𝐴ℎ] Electrode Capacity 

 𝑄𝑚𝑎𝑥[𝐴ℎ] Cell Capacity 

𝛼+𝛼− Kinetic transfer coefficients  

𝐹 [𝐶 𝑚𝑜𝑙−1 ] Faradays constant, 96487 

𝑅[𝐽 𝑚𝑜𝑙−1 𝐾−1 ] Gas Constant, 8.3143 

𝐼 [𝐴] Current load 

𝑇 [𝐾] Temperature 

�̈�+ , �̈�−[𝑉] Deviation of the Electrode OCV from the 
Nernst Isotherm. 

𝜃(𝑥)[𝑚𝑜𝑙 𝑚−3] Average lithium concentration 

 Subscripts 

+/-/e Positive electrode/Negative 
Electrode/Separator 

Table 1 – The list of the dimensional parameters is reported with their units and 

description. 
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SYMBOL [UNITS] DESCRIPTION 

�̃�[−] non-dimensional solid phase potential 

𝜃[−] non-dimensional concentration 

�̃�[−] non-dimensional liquid phase concentration 

�̃�[−] non-dimensional liquid phase potential 

�̃�[−] non-dimensional l distance 

�̃�[−] non-dimensional time 

�̃�[−] non-dimensional cell capacity 

�̈�±[−] non-dimensional deviation of the electrode 

OCV from the Nernst isotherm. 

𝑗̃[−] non-dimensional current 

Table 2 – The list of the non-dimensional variables is reported with their units and 

description.  
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1 The state of the art on electrochemical modelling for Lithium-

ion batteries  
 

1.1. Framework and objectives 

Electric vehicles (EV) are periodically promoted as a pollution-free and economic 

alternative to gasoline vehicles. In reality, this technology is still affected by low 

autonomy and the high costs [1]. For these reasons, in the past their diffusion was 

limited. Despites these technological challenges, the EVs are the most promising 

solution for: mitigating the greenhouse effect, improving air quality for the citizen and 

ensuring the energetic stability from oil producing regions [2]. The continuous drop in 

battery prices combined with the consciousness against the emissions of internal 

combustion engines, could boost the EV sales up to hundreds of thousands in 2020-

2030 [3], [4]. The electrical vehicles program is the core of the Renault’s strategical 

framework to achieve zero emissions in automobile transports. The objective is to 

guarantee, to everyone, the access to silent and emission-free vehicles with no-

compromises between performances and safety. The Li-ion batteries, are one of the 

most promising technology able to achieve these goals. These batteries are largely 

diffused in consumer electronics because of their performances but, major 

improvements are still required to reduces costs, improving the safety and extend the 

lifetime for EV applications. Moreover, these batteries require expensive and time-

consuming tests to ensure their safety, evaluate their performance and assess their 

degradation during the years [5], [6]. Thus, better methods are required to predict 

these information during the cell design phase [7]. Improvements for the cell design 

(e.g. better performances, faster charging protocols or reduced ageing) or the 

understanding of physicochemical phenomena, could be achieved with the support 

of modeling [8]. In fact, an electrochemical model could simulate the behavior of 

lithium ion cells by using the chemical characteristics of the compounds and the 

design parameters. 

In this field, the Newman’s model and its variants represent a reference. These 

models are nowadays an intense object of research and largely promoted in 

commercials software [9]–[11]. 

The growth of articles on EVs, batteries and modelling are illustrated in Figure 1. 

Before 1989 the numbers of articles on EVs can be neglected while a constant 

number of articles on non-lithium ion is observed in Figure 1(A). Then, after the 

introduction of the first commercial lithium ion battery by Sony in 1991, the 



10 

 

publications on EVs increase exponentially by reaching 2000 articles only for in the 

last year. Thus, the articles on lithium-ion batteries follows the same exponential 

growth.  As consequence, the general interest for new battery technologies is rising 

to supply the demand of electric vehicles. However, it is also evident how the 

development of electric vehicles is strictly connected to the introduction of lithium ion 

batteries.  The number of papers on battery modelling is also rising but near 40 % of 

them, in 2016, are focused on lithium ion batteries as illustrated in Figure 1(B). Among 

all the publications on modeling, few hundreds concern physical based models. In 

conclusion, the development of modeling tools, from both industry (e.g. automotive 

producers and battery manufacturer) and academy (e.g. research centers) aiming to 

push forward the battery performances, is rapidly increasing. 

 

 

During a previous Ph.D. project in Renault, a simplified electrochemical model, 

developed by M. Safari in 2011, was able to simulate the battery (graphite/LFP)  

voltage up to 1C load [12], [13]. Thus, this work, can be considered as the further 

step to model a lithium ion battery using the Newman’s theory to increase the 

comprehension on batteries and improving the performances of modelling. In fact, 

after the testing of some commercial software, Renault decided to develop its own 

tools to improve the know-how on lithium-ion battery modelling.  

This work aims to develop the simplest possible electrochemical model, based on the 

Newman’s theory, to find a compromise between the predictability and the number of 

parameters. For this reason, the parameters available in literature are analysed to 

detect a range of values for each parameter and then investigate their contribution in 

Figure 1 –  The histograms in (A-B) reports the number of publications in the periods coming from 

1989 to 2016. In picture (A) the publications are for keywords: “Electric Vehicles”, “Lithium-Ion”, and 

“batteries” that are not lithium-ion. In picture (B) are reported the number of lithium ions model and 

the models of batteries that are not lithium ion.  (Source: Web of Science®) 
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the model. To generalise these results, the equations systems and the parameters 

are set in a dimensionless form, following an approach commonly used in fluid 

mechanics. Thus, the effects of each parameter are isolated in a limit case. In fact, 

for a limit case the parameter object of study, is the only parameter responsible for 

the result observed. Another question we want to answer, is how to accurately 

characterize the battery performances without worrying about the load history. In fact, 

we believe that only effective and accurate tests can be compared with the numerical 

simulations, while at the same time it uses only few parameters that are could be 

easily measured.  

Thus, at the first the literature state of the art is identified and then critically discussed. 

An innovative non-dimensional system of equations able to generalise kinetic laws 

from the simulations based on the Newman’s model is proposed. The values of the 

parameters from the literature are regrouped in a database also useful for further 

simulations. Commercial LG cells are electrically and physiochemically characterized 

to evaluate the performances and identify the parameters for the model. Thus, a new 

protocol aiming to accurately establish the electrical performances of the cells is 

proposed. Then, the electrode balancing and how the shape of the isotherms affects 

the estimation of the state of charge are deeply studied. Finally, in the last section the 

proposed non-dimensional model is solved in COMSOL for limiting cases and the 

kinetic limitations are generalised.  

In the next section, the working principles of the lithium ion batteries are shortly 

exposed.  

 

1.2. Lithium-ion working principles 

The Lithium-ion battery is a complex system where mass transports and chemical 

reactions acts together [14]–[16]. In this section, the working principles are illustrated 

while the characteristics of a commercial cell are investigated in detail § 4.2. The LIB 

system is working because the electrodes have the ability to reversibly host lithium in 

their structure. The cell is a sandwich composed of three porous components, as 

reported in Figure 2: two electrodes and a separator placed within. 
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The void spaces, in these porous structures, are filled with an electrolyte composed 

of a mixture of solvents, additives and a lithium salt (e.g. LiPF6 in a mixture of ethylene 

carbonate and ethyl methyl carbonate). The purpose of the separator is to avoid the 

direct contact between the electrodes (in fact, this generate a short circuit) but to allow 

the flow of charged species. The electrodes are based on chemical compounds 

where the lithium can soak into them. The positive electrode is usually a lithium metal 

oxide, with a large choice of different chemical elements (e.g. lithium manganese 

oxide, lithium nickel cobalt aluminum oxide, lithium iron phosphate), while the 

negative electrode is usually based on carbon (or rarely other materials such as the 

lithium titanate). The potential of the electrodes depends on the chemical species and 

the amount of lithium in its structure. Since each species has a different potential, a 

voltage jump between the two electrodes is created. Thus, the positive electrode and 

the negative electrode are assigned to the compounds with the higher potential and 

the lower potential, respectively. Hence, the cell voltage is given by the difference 

Figure 2 –  The lithium ion cells is constituted of two electrodes backed on two current collectors 

and a separator. The working principle of a lithium ion cell is illustrated. The red circles with a plus 

sign represents the lithium ions, while the black circle with a minus sign represent the electrons and 

the blue particles is the solvent. The dashed lines in blue and red represents the path of the electron 

and the lithium ions, respectively.  
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between the potentials of these electrodes. The electrodes are backed on a metallic 

current collector, usually aluminum and copper for the positive electrode and the 

negative electrode, respectively. Then, an electric tab is soldered to each current 

collector. When these tabs are connected to a load via an externa wire, a flow of 

electrons circulates between the electrodes and thus the cell discharges, as 

illustrated in  Figure 2 (A). Instead, when the cell is connected to an electric source 

the reaction is forced to reverse and consequently the cell is recharged, as illustrated 

in  Figure 2 (B). The details of this process that produces electrons circulating in an 

external circuit are explained in the followings.  

Either during the cell charge or discharge, lithium-ions intercalate in one electrode 

and deintercalated from the other. Thus, the ions shuttles between the electrodes 

creating a flow of charged species in the electrolyte. At the same time, this reaction 

of intercalation requires the participations of electrons: when an ion of lithium leaves 

the host structure of the electrode, an electron moves in the external circuit in 

direction of the other electrode. In parallel, an electron from the external circuit react 

with the lithium ion to intercalate in the host structure in the other electrode.  Thus, a 

net flow of electric charges is moving: ions in the electrolyte and electrons in the 

external cables and electrodes.  

The working principle of any electrochemical system is based on the possibility that 

a chemical species exists under two different forms. These two species are called 

oxidant and reductant, indicated by “Ox” and “Red” respectively. The transformation 

of the matter from “Ox” to “Red” goes via the electron shift at the atomic level, the so 

called redox reaction. When a chemical element (i.e. lithium) of this compound loses 

one electron this species undergoes to oxidation, instead, the reduction occurs, when 

the species gains an electron.   

Consequently, the overall reaction splits into two simultaneous half-reactions: 

{
𝐿𝑖Θ𝑆

𝑜𝑥
→ 𝐿𝑖+ + Θ𝑆 + 𝑒

−

𝐿𝑖+ + Θ𝑆 + 𝑒
−
𝑟𝑒𝑑
→ 𝐿𝑖Θ𝑆

 Eq. 1 

where Θ𝑆 is the host site in the latex of the insertion material. The complete redox 

reaction is then: 

𝐿𝑖+ + Θ𝑆 + 𝑒
− 
𝑟𝑒𝑑
⇌
𝑜𝑥
 𝐿𝑖Θ𝑆 Eq. 2 

In this system, the electro-chemical reactions occur at the interface between the solid 

and the liquid phases. The porous structure of the electrodes, guarantees a higher 
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active surface compared to a bulky electrode having the same dimensions. 

Consequently, the electrodes in lithium ion cells are porous, because higher is the 

active surface and higher is the power density. 

During the charge, most of the lithium in the positive electrode leaves the host 

structure and goes into the host structure of the negative electrode. If the negative 

electrode is made of lithium metal, the lithium ions are simply deposed on its surface. 

To reduce the formation of dendrites (i.e. the deposition of solid lithium over the 

electrodes when their potential is close to zero), that could generate short circuits, 

the lithium metal is replaced with the less performant graphite as a negative electrode. 

In fact, the graphite has a lower specific capacity but because of its slightly higher 

potential than lithium metal, the lithium deposition is disfavored. However, another 

inconvenient on graphite, is that during the first lithiation the potential decreases and 

the electrolyte reacts with the carbon on the surface creating new compounds and 

releasing gas, such as CO2. This process is accompanied by a non-reversible 

consumption of lithium ions that remains trapped in these compounds.  Thus, the 

surface of the active material is covered with the so-called solid electrolyte interface 

(SEI). This layer is composed of a mixture of lithium carbonates and many other 

complex compounds [17]–[30]. Fortunately, it constitutes a barrier between the active 

material and the electrolytes, preventing further reactions between the electrode and 

the electrolyte. However, the SEI (that is mostly formed during the first charge of the 

battery), could be broken up and it is subject to degradation due to both current and 

temperature cycling. Consequently, the SEI is re-formed at each time that the 

electrode’s surface is directly exposed to the electrolyte. One of the major 

degradation of the battery is attributed to the non-stability of SEI resulting in the direct 

contact between the graphite the electrolyte. Thus, the re-decomposition of the 

electrolyte creates a new layer of SEI to fill the cracks in the old SEI. This overview 

illustrates how the involved phenomena are complex and mutually coupled. Thus, an 

appropriate model is required to develop new cells and to simulate their behavior 

when they are integrated in a system (such as the EVs powertrain).  

 

1.3. Lithium-ion battery modelling 

The main purpose of modeling is to develop a mathematical representation able to 

simulate a system behavior. In lithium ion batteries, many complex phenomena are 

involved such as: the mass transport, migrations of ions, red-ox reactions (i.e. 

transformations of the chemical compounds when they react with electrodes) and 
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side reactions. The current collectors can be neglected since their conductivity is 

orders of magnitude higher than the values of active materials or electrolytes as 

reported in § 3.5. Thus, the potential drop in the collectors may be reasonably 

neglected. For these reasons, any proposed model can partially describe its behavior.  

In recent years, many models are developed for different purposes [31], [32], such as 

the integration of a battery in a more complex electrical system (e.g. a EV powertrain) 

or to focus into the internal physics (e.g. mass transport and chemical reactions). 

Some niche models are based on stochastics, artificial neural networks or the fuzzy 

logic [33]–[36]. These approaches are not based on the physics of the system, but 

they still can reproduce its behavior. Thus, it is possible to divide all these models in 

two families based on: the phenomenology or the physics of the system.  The 

phenomenological models can reproduce the battery behavior (i.e. the voltage drop 

under an external load) after a test campaign aiming to characterize electrically the 

cell performances in several operating conditions (e.g. temperature, state of charge, 

degradation, etc.). These models includes, as an example, empirical equations 

(Shepherd in 1965 [37]) and equivalent electric circuits. Instead, the electrochemical 

model describes the physics of the involved phenomena, such as (the list is not 

exhaustive): diffusion of ions, mechanical strain, charge transfer and migrations of 

ions.  

However, some hybrid models containing elements of both families can also be 

found, as an example: the model developed by Rakhmatov & Vrudhula 2001 [38] 

contains the diffusion of lithium in the solid phase and the empirical Peukert’s law, or 

the transmission line model that uses electric lumped elements to simulate the porous 

electrodes [39], [40].  

Today, when real time computations are required (e.g. in the battery management 

systems, BMS), the simple approach with the equivalent electrical circuit is usually 

preferred [41], [42]. In fact, in EVs is important to know, the battery state of charge, 

power fade, capacity fade, and instantaneous available power, that are used by the 

battery management systems (BMS) to estimate the present operating condition of 

the battery packs. This is achieved by adding the control theory to an equivalent 

electrical circuit. The equivalent electrical circuit is composed of several lumped 

circuital elements (e.g. voltage generators, resistors, capacitors). The values of this 

elements are estimated with experiments and electrical tests [43], [44]. However, 

these components are usually functions of the state-of-charge (SOC), state of health 

(SOH) and temperature[45]–[48]. It should be mentioned that many researches are 
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implementing simplified electrochemical models (e.g. single particle or linearizing the 

charge transfer relationship, cf. § 1.4) with a control systems in the BMS [49]–[52]. 

The transmission line model (TLM), uses circuital elements disposed in the 

configuration illustrated in Figure 3 [39], [53]–[57]. In this schematics, the resistances 

are attributed to electrode and electrolyte conductivity, while the lithium diffusion in 

the electrodes and the charge transfer kinetics are represented by non-constant and 

frequency dependent impedances [58]. Like in phenomenological models, these 

elements are influenced by the battery state of charge, the temperature and the state 

of degradation. 

 

 

While the phenomenological based models are used to characterize existing cells, 

the electrochemical models could be used to design new cells  [15], [60], [61]. In the 

electrochemical models, the mass transport and reaction kinetic are described in a 

system of partial differential equations. The objective is to predict the internal 

variables such as the lithium concentrations and the electrical potentials. At least one 

spatial dimension is required, such as the cell cross section, as indicated in Figure 5. 

The physical and mathematical background was established by J. Newman and its 

research group at Berkeley University in the ’90 [62], [63]. The mathematical system 

of equations is available in several books such as: Advances in Lithium-Ion Batteries, 

2002 [16]. The original formulation is based on a pseudo two-dimensional geometry, 

where one dimension is used for the lithium diffusion inside the active material and 

Figure 3 – The transmission line model (TLM) is a representation of the porous electrode where 

horizontal resistors represent the ohmic resistance in the solid phase and liquid phase while the 

impedances 𝑍1, 𝑍2, 𝑍𝑖 , … , 𝑍𝑖+1, 𝑍𝑛−1, 𝑍𝑛 represent the kinetic resistance and the diffusion in the solid 

phase [59]. The arrows indicate where the electrons and ions circulate.  
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the other for the transport of charge species in the cell cross section. In the last 

decades, many variants of that model have been produced, extending the equations 

system to 3D (three dimensional) geometries to simulation the thermal fluxes, as an 

example [64].  

More complex and simpler models than the Newman’s P2D are the so-called multi-

scales and the single particle, respectively. The multi-scales model introduce several 

spatial and time dimensions where different physical phenomena acts [32], [65], [66]. 

On the other side, the single particle represents the porous electrode with a bulky 

spherical particle [67].  

While research group of J. Newman created a free software in Fortran called Dualfoil, 

many commercial tools are now proposed. Among them we can mention the Batteries 

& Fuel cells package for Comsol Multiphysics®, Battery Design Studio® developed 

by CD-Adapco and Fire® from AVL [9]. The large number of parameters that is 

required in the original model is maintained and even increased. A critical review on 

the models is proposed in § 2.2.  

In summary, in the last years, most of the effort from scientist and engineers, for the 

electrochemical models was to: (i) increase the complexity to describe more 

phenomena, (ii) simplify the physics to reduce the calculation time for real time 

applications. Consequently, we decided to work to simplify  the Newman’s model, 

whitout any changes in its electrochemical foundamentals. 

 

1.4. Review on electrochemical models 

In recent years, many works dealt with variants and improvements of the P2D original 

model from J. Newman and his co-workers [15], [61], [68]–[77]. The initial set of 

equations is extended by including thermal effects by Bernardi et al. 1985 [78], [79], 

the ageing by Darling et al. 1998 [80], [81] or the mechanical deformations/swelling 

by Christensen et al. 2006 [82], [83].  

A synthetic review of the recent advances on electrochemical models representing 

the state of the art is reported: 

o Barai 2015 [84]: effect of the particles sizes on the mechanical degradation of 

the active material in the negative electrode; 

o Miranda 2015 [85]: effects of thickness, porosity and tortuosity of the separator 

membrane to battery performances; 
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o Suthar 2015 [86]: mechanical stress induced by the lithium intercalation 

considers the capacity fade for different values of porosity, SEI growth, lithium 

plating; 

o Zhao 2015 [87]: P2D electrochemical model is coupled with a double layer 

capacitance and a 3D thermal model; 

o Ecker 2015 [88] : simulations are based on the measurement of the 

parameters in prismatic cells made by Kokam® ; 

o Cobb 2014 [89]: effect of porosity and tortuosity; 

o Chandrasekaran 2014 [90], [91]: performance of a graphite-NMC cell and 

lithium plating induced by fast galvanostatic charge; 

o Kim 2014 [92]: The performance of prismatic GS-Yuasa LEV50 50-Ah NMC 

with a 3D thermal model;  

o Zhang 2014 [93]: degradation of a graphite/LCO during the cycling at high 

temperature; 

o Legrand 2014 [94]: How to maximize the charging rate and avoiding the lithium 

plating; 

o Legrand 2014 [95]: proposed electrochemical model includes the double layer 

capacitance; 

o Sikha et al. 2014 [96]: original model uses a 2D geometry including the strain 

and stress effects to study a nanowire electrode; 

o Cobb 2014 [97]: evaluation of performances for a 3D printed electrode; 

o Mao 2014 [98]: simulations of  short circuits in a MCMB/ LCO cell; 

o Ferrese 2014 [99], [100]: The PDE equations system for Li-Metal/LCO cells is 

solved with COMSOL to investigate the concentration of lithium along the 

negative electrode/separator interface during the cell cycling.  

o Northrop 2014 [101]: computational time efficiency during the simulations; 

o Fu 2013 [102]: mechanical stresses and heat fluxes for pouch C/LMO cells are 

studied during cycling; 

o Guo 2013 [103], [104]: The electrochemical model and the thermal model are 

solved in a decoupled equation system to study a battery module; 

o Ji 2013A [105]: A model containing a double layer capacitance is used to 

investigate different heating strategies for sub-zero temperatures to predict 

Lithium-plating; 
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o Ji 2013B [106]: A thermal-electrochemical model implemented in a commercial 

software is used to validate the discharge rates of 18650 type cells for 

temperatures ranging from −20°C to 45°C; 

o Christensen 2013 [107]: performances of 18650 cells cooled by natural and 

forced convection are studied;  

o Lin 2013[108]: A degradation model including SEI growth, manganese 

dissolution and electrolyte decomposition for a C/LMO cell is developed;  

o Awarke 2013 [81]: A P3D-thermal model including the SEI growth for a 40 Ah 

Li-ion during cycling of pouch cells; 

o Reimers 2013 [109]: electrochemical model PDE equations system is 

proposed in a decoupled form; 

o Zavalis 2012 [110]: The short-circuits are investigated in a prismatic cell having 

C/NCA electrodes; 

o Less 2012 [111]: The study is focused on the correlation between the 

geometrical scales of the structure, the material anisotropic properties, and the 

geometrical morphology of the electrodes compared with the macroscopic 

battery performances; 

o Ferrese 2012 [112]: The growth of dendrites in a 2D geometry of Li-Metal/LCO; 

o Chandrasekaran 2011[113]: The performances of cell having Li-Metal and a 

blend of graphite and silicon as negative and positive electrode, respectively; 

o Jannesari 2011 [114]: The effect of SEI thickness variation across electrodes 

depth; 

o Martínez-Rosas 2011 [72]: An equation system with dimensionless spatial 

coordinates and algebraic approximations is developed; 

o Christensen 2010 [115] : diffusion equation induced by mechanical stress is 

introduced in Dualfoil®; 

o Stephenson 2007 [116]: The study is focused on the transfer of electrons 

between particles having different: sizes, materials and contact resistances of 

carbon additive; 

o Stewart 2008 [117]: The different results associated to the salt activity between 

the concentrated solution and dilute solutions are compared;  

o Nyman 2010 [73]: A The current load profile “EUCAR” is simulated for NCA 

cells; 
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The new electrochemical models are likely to consider: thermal balance, side 

reactions and solid mechanics. In additions, as the computational power increases, 

the dimensions of the geometry increase from 1D to 3D or considering a real 

electrode scanned with the tomography. Consequently, the number of parameters 

required are increasing but many of them are still not accurately measured. In fact, 

most these studies and models uses the fitting over many parameters. However, as 

the number parameters increases if they are poorly measured, they can be 

compensated with additional terms obtained from the fitting. In conclusion, it is not 

guaranteed that the fitted parameters are physically consistent. This reflect the 

conclusions previously discussed by Hemery 2013 in his Ph.D. manuscript [118]. 

Thus, as the mathematical complexity increases the battery voltage is simulated more 

precisely but is not assured that the other variables are correct such as the gradients 

of concentrations [119]. The aim of this work is to simplify as much as possible the 

Newman’s model without losing its physical nature in order to understand meaning of 

each parameter and their role in the overall system.  

 

1.5. Tests and simulations 

In the literature, the majority of real EVs driving cycles are simulated with equivalent 

electrical circuits or simplified physical models (i.e. ODE instead of PDE) [49], [120]. 

In fact, a real driving profile contains charges (during the regenerative brake) and 

pulse-rest periods (acceleration). Thus, the thermal fluxes generated can be 

consistent and the values of the parameters used in the Newman’s model are not 

constant. For this reason, more than 25 parameters must be measured for each cell. 

Another difficulty is to deal with a non-accurate estimation of the state of charge 

(SOC). In fact, the most common estimator is based on the coulomb counting method 

(affected by measurement errors due to current sensor and integrations errors) that 

are amplified when it is applied to dynamic current profiles. 

However, the diffusion of Newman’s based models are rapidly rising in recent years, 

but they still represent a minority [73], [121]–[123].   

In addition, only few studies are focused on galvanostatic charges or pulse-rest 

periods [80], [124]. In fact, the constant voltage charge phase is difficult to simulate 

because it requires different boundary conditions [125], or as an alternative, a 

complex control feedback able to deal with current while it maintains the voltage 

constant could be used but it complexifies the study[63].  
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In conclusion, most studies are based on galvanostatic discharges, as example 

reported in Figure 4 (A), where different discharge rates are simulated at 273 K and 

compared with experiments for a graphite/NCA cell. The figure illustrates that the 

higher is the C-rate, the higher the errors are over the voltage while at 0.1C the rated 

capacity deviates from the experiment. In fact, at high current rate and low 

temperature the kinetic limitations are very important and the simulations are more 

complex (Doyle et al. 1996 [126]).  

 

 

The pulse rest sequences are studied by Darling et al. 1998 using the Newman’s 

model [80], for a Li-metal/LMO cell. The simulations and experiments reported in 

Figure 4 (B) are performed with four C/2-rate pulses followed by 1 hour of rest period. 

The deviations of the simulated voltages from the experiments, evidences the 

complexity in the battery modeling. In fact, large voltage errors after the relaxation 

are found even in recent papers [88]. These voltage mismatches after the relaxation 

could be attributed to a non-accurate estimation of time constants of the model.  

In the next chapter, the literature is critically reviewed to identify some non-physical 

features or some methodologies that are in contrast with the Newman’s P2D model. 

 

 

  

Figure 4 – (A) The discharge voltages as function of the specific capacity are measured (dashed 

curves) and simulated (solid curves) 273 K for several C-rates [127]: 0.01C, 0.1C, 0.5C and 1 C. (B) 

The voltage during the GITT as a function of the test time (in hours) is are measured (dashed line) 

and simulated (solid line) [80].  
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2 Electrochemical equations system 
 

In this chapter, the Newman’s model is introduced, and the related literature is 

critically reviewed. The main features contrasting with the original model and rickety 

assumptions on the involved electrochemical phenomena are discussed. Then, a 

dimensionless PDE model is proposed aiming to reduce as much as possible the 

number of parameters. Finally, the dimensional and the dimensionless models are 

compared. 

The basis for modeling the porous electrodes has been reviewed by Newman and 

Tiedemann in 1975 [128]. The porous electrodes are represented as a superposition 

of two macro-homogenous and continuous phases that coexist in every point of the 

cell. These phases are either solid or liquid. Furthermore, the solid phase is 

represented with spheres, attributed to particles of the active materials.  

In Figure 5 the schematics of the li-ion cell in the Newman’s vision of a cell is reported. 

It is constituted of: the negative electrode, the separator and the positive electrode, 

respectively with their thickness in the x-axis direction, and the particles of the active 

materials having an average radius 𝑅+. Finally, the currents in the solid phase, liquid 

phase and at the interfaces are indicated with 𝑖𝑠, 𝑖𝑙, 𝑗+ and 𝑗−, respectively. The 

current in the solid phase is carried out by electrons while the current in the liquid 

phase is carried out by ions. In all the points of the electrodes, the discharge current 

is the sum between the electronic and the ionic currents. Consequently, the electronic 

current is predominant near the current collector, while it is absent in the separator. 
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As stated before, the model assumes a macro-homogeneous phase where the 

physical and chemical properties are averaged on a reference volume. The reference 

volume, is small compared with the dimension of the electrodes but large compared 

with the dimension of the pores[129]. This representation is convenient because it 

disregards the exact position of the particles or the real shape of either particles and 

pores. Furthermore, the complex structure of a porous electrode is reduced to a two-

dimensional representation: one representing the “macro” domain (i.e. the x-axis 

direction) and the other represents “micro” domain associated to the particles radius. 

The macro domain is extended along the cell thickness while the micro domain is 

defined along the radius of the particles. Consequently, because two geometrically 

1-dimensional axes are coupled, this model is called pseudo-2D. 

The movement of ions in the electrolyte is driven by migration and the diffusion (since 

the convection is neglected because the medium is not moving), that are described 

with the mass transport law (cf. Eq. 14). The phenomenon of migration is associated 

to charged species moving under an electric field. Instead, the diffusion is related to 

any species driven by a concentration gradient. The solid phase and the liquid phase 

are coupled via mass balances and the kinetic reaction rate, which depends on the 

potential difference between the phases (cf. Eq. 13).  

Figure 5 –  A lithium-ion cell is illustrated according the Newman’s model. The x-axis (cartesian 

coordinate) indicates the distance of any point from the negative current collector (𝑥 = 0). Instead, 

the r-axis (spherical coordinate) indicates the distance in active material’s particles from the core of 

the particle (𝑟 = 0) to the surface (𝑟 = 𝑅+). The interface between the solid phase and electrolyte 

phase is at  𝑟 = 𝑅+. Similarly, the sign + can be replaced with – for the negative electrode. 
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The reaction in lithium-ions cells is an insertion, in the site of the host matrix, of lithium 

ions from the electrolyte that react with the electrons in the porous electrode (cf. Eq. 

9). The reactions occurring at the solid-electrolyte interface, as shown in Figure 6, are 

not constant across the electrode because they are function of the local potential and 

the local concentration in both phases. The relationship between the overpotential 

and the current density is expressed by the Butler-Volmer law (cf. Eq. 11). In insertion 

electrodes, the potential varies with the concentration of the inserted lithium and in 

the electrolyte (cf. Eq. 43). 

 

 

The phases are assumed electrically neutral, this means that the volume of the 

double layer is small relative to the pore volume. 

The geometry influences the mathematical behavior of the physical system: the 

diffusion is expressed in spherical coordinates while the mass transport in the 

electrolyte uses planar coordinates. This representation is valid since the thickness 

is small compared to the cell cross section area and the particles are smaller than the 

electrodes thickness (cf. Table 39 ) .   

The model deals with these complex interactions and describes the overpotential vs. 

current density relationships generated by the mass transport (i.e. a gradient of 

concentration of charges species coupled to an electric field in two phases) and the 

charges transfers (i.e. occurring at the interface between the solid and the liquid 

phases). 

Figure 6 – The picture shows a section of the positive electrode where are reported: in red the lithium 

ions, in the black hexagons are conductivity enhancer in carbon, in the binder, in grey the active 

materials’ particle and the small black particle the electron. In blue is depicted the electrolyte and in 

violet the interface solid phase – liquid phase. 
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Herein, we consider the basic Newman’s model for Li-ion battery rocking-chair with 

porous electrodes and the electrolyte is described as a dilute solution. In literature, 

the authors are used to present their system of equations with the concentrate 

solution, but in practices because some parameters are not identified such as, as an 

example, the thermodynamic factor (cf. Eq. 3) [117]: 

1 +
𝑑 ln 𝛾±
𝑑 ln𝑚

 Eq. 3 

where 𝛾± is the activity coefficient and 𝑚 the molality of the concentration. 

Thus, in several articles, the electrolyte is assumed ideal (i.e. 𝛾 = 1, the activity is 

equal the concentration) [117], [130], [131]. In fact, the values of the mutual 

diffusivities of the species involved (cations, anions, and solvent) 𝐷0+, 𝐷0−, 𝐷±  are 

generally not determined. 

In summary, the hypothesis assumed in our model are: 

• no swelling in the electrode during the intercalation; 

• no convection during the electrolyte mass transport;  

• electrolyte diffusivity and the transport number are constant [132]; 

• electrolyte is diluted, i.e. 𝛾 = 1 [133]; 

• electrolyte is binary, i.e. only Lithium ions or cations; 

• relation between mobility and diffusion is given by the Nernst-Einstein relation, 

i.e. 
ui

Di
=

F

RT
; 

• effective solid phase diffusivity is constant [134]; 

• contribution of the double layer is neglected. Double layer effects occur on 

millisecond time scale and can be neglected for current pulses with frequency 

lower than 100 Hz [59], [135] ; 
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Moreover, the diffusivity, transport number and conductivity are assumed functions 

of the concentration, in many papers. However, how these parameters affect the 

potential in either solid and liquid phase is not discussed [91], [137]. Furthermore, in 

some cases, the experimentally fitted law used in the model for the electrolyte 

conductivity are not defined when concentration drops to zero [88], [138]. In fact, if 

the concentration is zero the conductivity must fall to zero.  In Figure 7 is reported the 

conductivity measured by Lundgren et al. 2015 [136] for different temperatures of 

LiPF6 in EC:DEC. In this figure, the dashed lines represent the linear approximation 

used in the present model for the conductivity as 𝜅 =
𝐷𝑒𝐹

2

2𝑡+𝑡−𝑅𝑇
𝐶∗ [𝑆/𝑚] (cf. Eq. 21).  

It should be noted that when the concentration is close to zero the conductivity is not 

influenced by temperature. This fact can be used to generalize the conclusions of the 

simulation described in §6.1.2, when the electrolyte mass transport is discussed. 

Some considerations are about the limitations induced by ionic conductivity that justify 

the use of this approximate relation (cf. Eq. 21) are discussed in the following. 

Because of the mass conservation, when in the electrolyte the concentration drops in 

one point, in another point it rises. The conductivity in both cases decreases as 

observed in Figure 7, but as reported in Eq. 7,when the concentration drops to zero, 

the local electrolyte potential seriously increases, inducing a major drop in the cell 

Figure 7 –  The conductivity as a function of the concentration in the model reported by Lundgren et 

al. 2015 [136] for 10°C, 25°C and 40°C. The dashed straight line, represent the linear relationship 

used in the proposed model. 
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voltage. Consequently, with these hypothesis, we focus on the limitations associated 

to very low concentration because the ionic conductivity is a major limiting factor when 

the local concentration drops to zero. Nevertheless, we changed the values of the 

conductivity to see how it affects the resulting polarization. 

 

2.1. Newman’s PDE equations system (diluted solutions) 

In this section, the classical Newman’s PDE model for a diluted electrolyte is 

introduced.    

The material balance of the lithium ions is for the positive electrode 

𝜀+,𝑙
𝜕𝐶

𝜕𝑡
= 𝐷𝑒𝑓𝑓,+

𝜕2𝐶

𝜕𝑥2
+ (1 − 𝑡+)𝑎+𝑗+ Eq. 4 

where 𝐶 [𝑚𝑜𝑙/𝑚3 ] is the concentration in the electrolyte,  𝜀+,𝑙[−] the matrix porosity, 

𝐷𝑒𝑓𝑓,+[𝑚
2/𝑠] the effective diffusivity of the ions in the porous matrix,  𝑡+[−] the 

transport number of cations of the electrolyte, 𝑎+[𝑚
2/𝑚3 ] the specific active area and 

𝑗+[𝐴/𝑚
2 ] is the charge transfer current. From here the subscript + is referred to 

parameters for the positive electrode but the same results can be obtained with the – 

subscript that is associated to the negative electrode. The active surface area per unit 

volume, where reaction occurs for the porous electrode, is related to the active 

material sphere's radius:  

𝑎+ =
3𝜀+,𝑠
𝑅+

 Eq. 5 

The charge transfer current is related to the divergence of the current density in the 

solution phase: 

𝑎+𝑗+ =
1

𝐹

𝜕𝑖𝑙
𝜕𝑥

 Eq. 6 

The potential in the solution phase of the porous electrode is given by 

𝜕𝜑𝑙
𝜕𝑥

= −
𝑖𝑙
κ
+
2𝑅𝑇

𝐹
(1 − 𝑡+)

𝜕 ln 𝐶

𝜕𝑥
 Eq. 7 

where 𝜑𝑙[𝑉] is the liquid phase potential, κ[S/m] the electrolyte conductivity, 𝑖𝑙[𝐴/𝑚
2] 

the ionic current, 𝑇[𝐾] the temperature, 𝑅[J/(mol K)]  and 𝐹[C/mol]  are respectively 

the gas constant and the Faraday’s constant.   

The potential in the electrode phase follows Ohm's law 

𝜕𝜑𝑠
𝜕𝑥

= −
𝑖𝑠
𝜎+

 Eq. 8 

where 𝜎+[𝑆/𝑚] is the effective conductivity for the solid matrix that is results of the 

mixture of the poor conductive active material and the highly conductive black carbon.  
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The superficial current density in the two phases is conserved through a charge 

balance, which leads to  

𝐼 = 𝑖𝑠 + 𝑖𝑙 
Eq. 9 

with 𝑖𝑠[𝐴/𝑚
2] the electronic current, 𝑖𝑙[𝐴/𝑚

2] the ionic current and 𝐼 [𝐴/𝑚2 ] the cell 

current density (cf. Figure 5).   

The diffusion of the lithium in the host matrix is   

𝜕𝐶𝑠
𝜕𝑡
= −𝐷𝑆,+ (

𝜕2𝐶𝑆
𝜕𝑟2

+
2

𝑟

𝜕𝐶𝑆
𝜕𝑟
) Eq. 10 

where 𝐶𝑠[𝑚𝑜𝑙/𝑚
3 ] is the concentration of lithium in the active material’s particles, 𝑟 

the radius of the particles and 𝐷𝑆,+[𝑚
2/𝑆] is the effective solid phase diffusivity in the 

positive electrode.  

The charge-transfer reaction has the form 𝐿𝑖Θ𝑆  ⇌ 𝐿𝑖
+ + Θ𝑆 + 𝑒

− (cf. § 2.3.1) and the 

kinetics of this process is described by the Butler-Volmer relation: 

𝑗+ = 𝑗0 (𝑒
𝛼
𝐹
𝑅𝑇
𝜂 − 𝑒−

(1−𝛼)
𝐹
𝑅𝑇
𝜂) Eq. 11 

where the exchange-current density is: 

𝑗0 = 𝐹𝑘+
∗ (𝐶𝑆+,𝑚𝑎𝑥 − 𝐶𝑠)

𝛼
𝐶𝑠
(1−𝛼)𝐶𝛼 

Eq. 12 

where 𝑘+
∗ [𝑚/𝑠] is the reaction rate constant, 𝜂[𝑉] the overpotential, the 

𝐶𝑆,𝑚𝑎𝑥[𝑚𝑜𝑙/𝑚
3 ] the maximum concentration in the solid phase, 𝛼 the kinetic transfer 

coefficient, 𝐶[𝑚𝑜𝑙/𝑚3 ] and 𝐶𝑆[𝑚𝑜𝑙/𝑚
3 ] the concentration of lithium in the liquid and 

solid phase, respectively. The Eq. 11 looks like a classical Butler-Volmer equation, 

however a special attention is required for 𝑗0[𝐴/𝑚
2 ] because it is not a constant. In 

fact, it depends on the local concentrations in both solid and liquid phases at the 

interface on the particle’s surface.  

The local value of the surface overpotential is defined as: 

𝜂 = 𝜑𝑠 − 𝜑𝑙 − 𝐸𝑜𝑐𝑣 
Eq. 13 

and consequently, the overpotential is governed by:  

𝜕𝜂

𝜕𝑥
= −

𝐼

𝜎
+ 𝑖𝑙 (

1

𝜎
+
1

𝜅
) −

2𝑅𝑇

𝐹
(1 − 𝑡+)

𝜕 ln 𝐶

𝜕𝑥
 Eq. 14 

The apparently simple expression Eq. 14 hides few complexities since the ionic 

conductivity 𝜅 is not a constant like the electronic conductivity 𝜎. 
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2.2. Critical review of the literature 

 

The system of equations reported in literature, as observed by Ramos 2015, are 

sometimes reported with mistakes or altered by excessive mathematical 

manipulations [139]. Indeed, the system of equations could be both physically and 

mathematically incorrect. Some inconsistencies about the systems of equations and 

boundary founds in the literature are reported: 

o Ramos 2015 observes that systematically the boundary conditions reported 

have wrong signs [139]. This suggest that the equations are copied from other 

articles; 

o A linearized Butler–Volmer equation (for low overpotentials) or the Tafel 

approximation (valid for high overpotentials) are assumptions not verified [81], 

[92] ; 

o For the mass transport equation, the second term on the right-hand side of Eq. 

7 and Eq. 14 is often wrongly written in the literature as (1 − 𝑡+) or (1 − 2𝑡+) 

instead of the correct 2(1 − 𝑡+)  [69], [133], [139]–[141] ; 

o In some cases, the reference value of potential at some point 𝑥 is not set and 

then the PDE equation system does not have a unique solution [139]; 

o The use of the external current as a boundary instead of the current density is 

mathematically incorrect, because the system is not well-posed [139]; 

o The Butler-Volmer has a wrong expression of the overpotential in [72]; 

o The exchange current density 𝑖0 is used as a fitting parameter, while it depends 

of the local concentration [13]; 

A summary about the parameters used in the models reported in the literature: 

o The kinetic constant rate is not measured 𝑘0, while Ecker et al. 2015 [142] 

attempt to measure the exchange-current density 𝑖0 with a complex method; 

o The kinetic constant rate of the Butler-Volmer equation is usually reported with 

wrong units instead of [𝐴.𝑚−2+6𝛼𝑎+3𝛼𝑐 .𝑚𝑜𝑙−2𝛼𝑎−𝛼𝑐] [143]; 

o The conductivity is either non-zero [85] or not defined [142] when the 

concentration drops to zero; 

o The electrolyte conductivity is kept constant [144] (however the author 

explains this uncommon assumption); 
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o The active surface area is used as a fitting parameter while the particles radius 

is constant [73], [145]; 

o The expression of the concentrated binary electrolyte is derived for a constant 

transference number at first but then it is replaced with a transference number 

that is a function of the concentration [146]; 

o The isotherm (or OCV) of the electrodes is not a function of the lithium on the 

particles surface but depends on the average concentration in the electrode 

[73], [146]; 

o The electronic conductivity is not constant but depends on the concentration 

(but not from the measurements) [147];   

o The concentrated solution theory is incoherently used with a an activity 

coefficient equal to zero [104]; 

o The rated capacity at C/2-rate is higher than C/8-rate, indicating that the 

simulations are performed on poor measurements [148];  

o The parameters used for a liquid electrolyte are from the measurements from 

a polymer electrolyte [141], [149];  

o The anodic (αa) and cathodic (αc) charge transfer coefficient of the Butler-

Volmer kinetic law, cannot be measured with the actual knowledge. Their sum 

must be equal to unity and for symmetrical reasons, they are usually assumed 

to 0.5. However, some exceptions are reported in Ecker et al. 2015 (P2) [88] 

and Chandrasekaran et al. 2010 [150], where different values are chosen; 

o The exchange current density is written without the kinetic rate constant [151]; 

o The kinetical rate constant 𝑘0 is not constant but it is a function of the applied 

current 𝐼 by Safari [12];   

 

The discussion is now focused on the effective properties of the electrolyte in a 

porous electrode. In fact, the tortuosity and the porosity affect the diffusion path of 

the electrodes: higher the tortuosity and slower is the diffusion of lithium ions in the 

electrolyte, for the same porosity. The concept of porosity is explained with the 

examples of the two electrodes with different porosity reported in Figure 8. The figure 

illustrates on the left side an electrode with big particles, while at the right side, the 

spaces between the large particles are filled with smaller ones. For the same volume 

of reference, the amount of electrolyte is higher in the electrode with high porosity.   
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The other parameter affecting the mass transport properties in the electrolyte is the 

tortuosity, as illustrated in Figure 9. One of the possible definition for the tortuosity is 

the ratio between the distance 𝐿0 (indicated with the green arrows) and the effective 

path of the ions 𝐿 (indicated with the dashed line) done during their diffusion:  

𝜏 =
𝐿

𝐿0
 Eq. 15 

This picture illustrates different situations having different shape and orientation of 

the particles of the active material in electrodes with the same porosity:  

o In Figure 9 (A) thin and longitudinally oriented: the path of the ions is not 

perturbated and the tortuosity is one; 

o In Figure 9 (B) spherical and homogeneous and homogeneously distributed: 

this situation represents the approximation given by the Bruggeman relation 

(cf. Eq. 16); 

o In Figure 9 (C) spherical but non-homogeneous and sparse: the sphericity of 

the particles ensures a low tortuosity; 

o In Figure 9 (D) thin and orthogonally oriented: the path of the ions is the larger 

and the consequent tortuosity is high; 

The Bruggeman relation (cf. Eq. 16) connect the tortuosity with the porosity:  

 τ = εβ 
Eq. 16 

where β is the Bruggeman exponent and ε the porosity. For a matrix composed of 

monodisperse spherical particles of uniform size (Figure 9 (B)), it has been empirically 

measured that β ≈ 0.5 . The case reported in Figure 9 (C-D) are the most realistic 

and they could not respect the Bruggeman relation. 

 

Figure 8 – Two electrodes with different porosities are illustrated: on the left side, the porosity is 

higher than at the right side. 
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This value is usually reported in literature, but sometimes other values could be found 

for fitting reasons  [116], [152], [153]. In one case, as an example, two different 

Bruggeman exponents are used: one for effective electrolyte conductivity and the 

other for the effective electrolyte diffusivity [154]. However, the assumptions of β ≠

0.5 could be in contrast the assumptions of spherical particles [155], while the 

distribution of particles with different sizes size may be in contrast with the hypothesis 

of a macro-homogeneous electrode.  

The effective electrolyte diffusivity and effective electrolyte conductivity are 

expressed, respectively as [156], [157]:  

{
𝐷𝑒𝑓𝑓 = 

ε𝐷

𝜏

𝜅𝑒𝑓𝑓 = 
ε𝜅

𝜏

 
Eq. 17 

where ε is the porosity (the amount of void space in the electrode) and τ the tortuosity. 

The effective electronic conductivity is usually measured on a fraction of the porous 

matrix [49], and is an averaged value between the active material conductivity and 

the conductivity of the black carbon (i.e. additive for increasing the conductivity). This 

assumption may neglect some privileged conductivity path in the electrode, such as 

percolating issues. However, Guo et al. 2013 [103] and Amiribavandpour et al. 2015 

[149] have used the Bruggeman relation that is an unusual way to deal with the 

effective electron transport properties because it is usually assumed that electrons 

are not affected by the path in the solid matrix. 

The temperature dependence of the parameters is usually performed via an 

Arrhenius like function where the required activation energies for these descriptions 

are roughly measured [142] and in others are adjusted with the experiences [158].   

Figure 9 – In the four different electrodes reported, they have the same thickness  𝐿0 (indicated with 

the green arrows), the same volume and porosity but different shapes of the active material 

(depicted in blue). The red dashed lines indicated the path of ions diffusing from one side to the 

other.  
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The film or SEI resistance, and the inter-particle contact resistance are introduced in 

many papers [116] in order to improve the fit with the experiences, but they are not  

measured.  

In the next section, the proposed electrochemical equations system is illustrated and 

compared with the Newman’s model. 

 

2.3. The system of equations proposed in this study 

 

In this section, the system of PDEs with its boundary conditions and the initial values 

of the model are derived. The general framework of this model is based on classical 

thermodynamics of irreversible systems, describing the mass transports (migration 

and diffusion), and the kinetics describing the charge transfer.  

The current in discharge is 𝐼 > 0 for convention, and the subscript + represents a 

property associated to positive species and the subscript – is associated to a negative 

species. The variables in this model are: the concentration and the potential in both 

solid phase and electrolyte, 𝐶, 𝐶𝑆,𝑊, 𝑉. 

The bulk electrolyte properties are defined as: 

• Transport numbers are  

𝑡+ =
𝑢+

𝑢+ + 𝑢−
 

Eq. 18 

and  

𝑡_ + 𝑡− = 1 
Eq. 19 

where 𝑢+ and 𝑢− are the ionic mobility of the cations and ions, respectively. 

• Average liquid phase diffusion coefficient: 

𝐷𝑒 =
2𝐷+𝐷−
𝐷+ + 𝐷−

= 2𝑡−𝐷+ = 2𝑡+𝐷− Eq. 20 

• Linear approximation of the electrolyte conductivity is in a specific point 𝑥 at 

the instant of time 𝑡 : 

𝜅 =
DeF

2 𝐶

2t+t−RT
 Eq. 21 

Consequently, at the equilibrium the ionic conductivity, from Eq. 21 is in each point  

𝜅∗ =
DeF

2 C∗

2t+t−RT
 Eq. 22 
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First of all, for the liquid phase in the separator, the volume mass balance equations 

(continuity equations) are written in plane 1D geometry as: 

{
𝜀𝑙
𝜕𝐶+
𝜕𝑡

= −
𝜕𝑁+
𝜕𝑥

𝜀𝑙
𝜕𝐶−
𝜕𝑡

= −
𝜕𝑁−
𝜕𝑥

 
Eq. 23 

where 𝜀𝑙 is the porosity of the separator, that is the fraction of the volume where the 

mass transport act.  

The molar flux of ions by considering only diffusion and migration is written as: 

{
𝑁+ = −𝐷+

𝜕𝐶+
𝜕𝑥

− 𝑢+𝐶+
𝜕𝑉

𝜕𝑥

𝑁− = −𝐷−
𝜕𝐶−
𝜕𝑥

+ 𝑢−𝐶−
𝜕𝑉

𝜕𝑥

 
Eq. 24 

where 𝑉 indicates the liquid phase potential.  According to Nernst-Einstein relation: 

{
 

 𝜀𝑙
𝜕𝐶+
𝜕𝑡

= 𝐷+
𝜕2𝐶+
𝜕𝑥2

+ 𝐷+
𝐹

𝑅𝑇

𝜕

𝜕𝑥
(𝐶+

𝜕𝑉

𝜕𝑥
)

𝜀𝑙
𝜕𝐶−
𝜕𝑡

= 𝐷−
𝜕2𝐶−
𝜕𝑥2

− 𝐷−
𝐹

𝑅𝑇

𝜕

𝜕𝑥
(𝐶−

𝜕𝑉

𝜕𝑥
)

 
Eq. 25 

The consequence of the electroneutrality is that the concentration of cations and 

anions are the same. Then Eq. 25 became  

{
 

 𝜀𝑙
𝜕𝐶

𝜕𝑡
= 𝐷+

𝜕2𝐶

𝜕𝑥2
+ 𝐷+

𝐹

𝑅𝑇

𝜕

𝜕𝑥
(𝐶
𝜕𝑉

𝜕𝑥
)

𝜀𝑙
𝜕𝐶

𝜕𝑡
= 𝐷−

𝜕2𝐶

𝜕𝑥2
− 𝐷−

𝐹

𝑅𝑇

𝜕

𝜕𝑥
(𝐶
𝜕𝑉

𝜕𝑥
)

 
Eq. 26 

Then the sum between the upper equation in Eq. 26 multiplied per 𝐷− and the lower 

equation in Eq. 26 multiplied per 𝐷+ gives: 

(𝐷− + 𝐷+)𝜀𝑙
∂C

∂t
= 2𝐷+𝐷−

∂2C

∂x2
   

Eq. 27 

Similarly, the difference between the upper equation in Eq. 26 multiplied per 𝐷− and 

the lower equation in Eq. 26 multiplied per 𝐷+ gives: 

(𝐷− − 𝐷+)𝜀𝑙
𝜕𝐶

𝜕𝑡
= 2𝐷+𝐷−

𝐹

𝑅𝑇

𝜕

𝜕𝑥
(𝐶
𝜕𝑉

𝜕𝑥
) Eq. 28 

Consequently, two equations, considering the properties of Eq. 20, are derived:  

{
 

 𝜀𝑙
∂C

∂t
= De

∂2C

∂x2

(t− − t+)𝜀𝑙
∂C

∂t
= De

F

RT

∂

∂x
(C
∂V

∂x
)

 
Eq. 29 

In the porous electrodes, chemical reaction occurs (i.e. at the solid phase – liquid 

phase interface) so that a source term appears in the mass balance equations.  
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The electrochemical reaction occurring at the interface, defined by Faraday’s law, 

depends on local current density: 

{
𝜀+,𝑙

𝜕𝐶+
𝜕𝑡

= −
𝜕𝑁+
𝜕𝑥

+
1

𝐹
𝑎+𝑗+

𝜀+,𝑙
𝜕𝐶−
𝜕𝑡

= −
𝜕𝑁−
𝜕𝑥

 
Eq. 30 

The Faraday’s equation says that where the reactions between the electrode and the 

solutions are, the flux of the species is related to the current of the reaction, the 

stoichiometry of the species involved and the related of the number of electrons in 

the reaction.  

The current conservation is expressed by the movement of charged species: 

𝐼 = 𝐼𝑙 + 𝐼𝑆 Eq. 31 

where 𝐼𝑙 is the ionic current. The electronic current and 𝐼𝑠 is defined by Ohm’s law: 

𝐼𝑆 = −𝜎+𝐴
𝜕𝑊

𝜕𝑥
 Eq. 32 

where 𝑊 the solid phase potential and A is the electrode surface. The electronic 

transport is only due to migration. The volume is electrically neutral and total current 

density divergence is zero (no charge accumulation). The ionic current gradient is an 

expression of the local current density: 

𝜕𝐼𝑙

𝜕𝑥
= 𝑎+𝐴𝑗+ = 𝜎+𝐴

𝜕2𝑊

𝜕𝑥2
   

Eq. 33 

The mass transport equation and the migration are derived from Eq. 30 and Eq. 33, 

using the same procedure used for deriving Eq. 29: 

{
𝜀+,𝑙

𝜕𝐶

𝜕𝑡
= 𝐷𝑒,+

𝜕2𝐶

𝜕𝑥2
+
𝑡−

𝐹
𝜎+

𝜕2𝑊

𝜕𝑥2

𝐷𝑒,+
𝐹

𝑅𝑇

𝜕

𝜕𝑥
(𝐶

𝜕𝑉

𝜕𝑥
) = (𝑡− − 𝑡+)𝐷𝑒,+

𝜕2𝐶

𝜕𝑥2
−
2𝑡+𝑡−

𝐹
𝜎+

𝜕2𝑊

𝜕𝑥2

       Eq. 34 

The concentration of lithium in the solid phase is determined by the Fick’s second 

law: 

𝜕𝐶𝑠

𝜕𝑡
= 𝐷𝑠,+

1

𝑟2
𝜕

𝜕𝑟
(𝑟2

𝜕𝐶𝑠

𝜕𝑟
)     

Eq. 35 

where 𝐷𝑠,+ is a constant diffusion coefficient.  

The boundary conditions for the diffusion in the solid phase are: 

{
 
 

 
 −𝐷𝑠,+ (

𝜕𝐶𝑠
𝜕𝑟
)
𝑟=0

= 0

−𝐷𝑠,+ (
𝜕𝐶𝑠
𝜕𝑟
)
𝑟=𝑅+

=
1

𝐹
𝑗+

 
Eq. 36 

where the first condition is derived for symmetry reasons and the second one relates 

to the particle flux across the solid/liquid phases interface.  
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The boundary conditions between current collector and the electrode are obtained by 

setting the ionic flux to zero: 

{
𝑁+ = 0 =

𝐼𝑙
𝐹𝐴
=
𝐼

𝐹𝐴
+
𝜎+
𝐹
(
𝜕𝑊

𝜕𝑥
)
𝑥=𝐿+

𝑁− = 0

 Eq. 37 

consequently, the boundary conditions at the positive collector are:  

{
  
 

  
 
𝐹

𝑅𝑇
𝐶 (
𝜕𝑉

𝜕𝑥
)
𝑥=𝐿+

= 0

(
𝜕𝐶

𝜕𝑥
)
𝑥=𝐿+

= 0

𝜎+ (
𝜕𝑊

𝜕𝑥
)
𝑥=𝐿+

= −
𝐼

𝐴

 

Eq. 38 

The boundary conditions between the positive electrode and the separator are 

obtained by setting the flux continuity: 

{
𝑁+|𝑥+=𝐿𝑒 −𝑁+|𝑥−=𝐿𝑒 =

𝐼𝑆
𝐹𝐴
= 0 = −

𝜎+
𝐹
𝜕𝑊
𝜕𝑥

𝑁−|𝑥+=𝐿𝑒 −𝑁−|𝑥−=𝐿𝑒 = 0
 Eq. 39 

Where the exponent + and – for the 𝑥 variable represent, respectively the right side 

and left side of the frontier. Hence, the boundary conditions at separator side are: 

{
 
 

 
 −𝐷𝑒,+

𝐹

𝑅𝑇
𝐶 (

𝜕𝑉

𝜕𝑥
)
𝑥+=𝐿𝑒

= −𝐷𝑒
𝐹

𝑅𝑇
𝐶 (

𝜕𝑉

𝜕𝑥
)
𝑥−=𝐿𝑒

−𝐷𝑒,+ (
𝜕𝐶

𝜕𝑥
)
𝑥+=𝐿𝑒

= −𝐷𝑒 (
𝜕𝐶

𝜕𝑥
)
𝑥−=𝐿𝑒

(
𝜕𝑊

𝜕𝑥
)
𝑥+=𝐿𝑒

= 0

  

Eq. 40 

The initial conditions are: 

• Homogeneous concentration in each phase;  

• The phases are equipotential and  

{
𝜑+ −𝜒 = �̈�+

𝜑− −𝜒 = �̈�−
 Eq. 41 

where �̈�+ and �̈�− are the isotherms of the electrodes.  
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The local current density can be written in the general Butler-Volmer form: 

𝑗+ = 𝐹𝑘+
∗′ (𝜃𝑒𝛼

𝐹

𝑅𝑇
(𝑊−𝑉−𝑈+̈) −

𝐶

𝐶∗
(1 − 𝜃)𝑒−

(1−𝛼)
𝐹

𝑅𝑇
(𝑊−𝑉−𝑈+̈))

𝑟=𝑅
       

Eq. 42 

where 𝜃 is the concentration normalized with the maximum concentration in the solid 

phase and �̈�+(𝜃) is the deviation of a real isotherms from the ideal isotherm described 

by the Nernst law: 

�̈�+(𝜃) = 𝑈+(𝜃) +
𝑅𝑇

𝐹
ln

𝜃

1−𝜃
       

Eq. 43 

where 𝑈+(𝜃) is the measured electrode’s open circuit voltage. 

This equation describes the faradaic charge transfer from the matrix to the solution. 

The kinetic constant dimensions are 𝑘∗′ [
𝑚𝑜𝑙

𝑚2𝑠
] or 𝑘∗ [

𝑚

𝑠
] or  𝑘∗′′ [

𝑚2.5 

𝑚𝑜𝑙0.5𝑠
] are found in 

literature and can be obtained:  

𝑘∗′ = 𝑘∗𝐶𝑆,𝑚𝑎𝑥 = 𝑘∗′′𝐶𝑆,𝑚𝑎𝑥(𝐶
∗
)
𝛼
       

Eq. 44 

 

2.3.1 Comparison with Newman 

 

Most of equations used in this work are similar to Newman’s but some differences 

are associated to the different definition of the potential. This different definition 

affects the expression of the electrolyte potential and the Butler-Volmer equation.  

In fact, the definition of the potential is referred to an ideal electrode (constant 

potential) in the proposed PDE equations system, while in Newman’s model the 

potential is referred to a lithium electrode that is a pseudo reference because the 

potential depends on the nearby concentration of charged species. The potential in 

the Newman’s model can be expressed as: 

𝜑𝑙  =   𝑉 + 
𝑅𝑇

𝐹
ln
𝐶

𝐶∗
+ 𝑐𝑜𝑛𝑠𝑡. Eq. 45 

 

Potential in the electrolyte  

Some mathematical manipulations are required to transform the electrolyte potential 

Eq. 7 into Eq. 34. Combining Eq. 7 and Eq. 45 it is obtained: 

 
𝜕𝑉

𝜕𝑥
+
𝑅𝑇

𝐹

𝜕 ln𝐶

𝜕𝑥
= −

𝑖𝑙

𝑘
+
2𝑅𝑇

𝐹
(1 − 𝑡+)

𝜕 ln𝐶

𝜕𝑥
 

Eq. 46 
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Then introducing the conductivity defined in Eq. 21: 

 
𝜕𝑉

𝜕𝑥
= −

𝑖𝑙

𝐷𝑒𝐹

2𝑡+𝑡−

𝐶

𝑅𝑇

𝐹
+
𝑅𝑇

𝐹
(𝑡− − 𝑡+)

1

𝐶

𝜕𝐶

𝜕𝑥
 

Eq. 47 

The simplifications of Eq. 47 leads to: 

 𝐷𝑒
𝐹

𝑅𝑇
𝐶
𝜕𝑉

𝜕𝑥
= −

2𝑡+𝑡−

𝐹
𝑖𝑙 + (𝑡− − 𝑡+)𝐷𝑒

𝜕𝐶

𝜕𝑥
 

Eq. 48 

Then differentiating Eq. 48 is: 

 𝐷𝑒
𝐹

𝑅𝑇

𝜕

𝜕𝑥
(𝐶

𝜕𝑉

𝜕𝑥
) = −

2t+t−

𝐹

𝜕𝑖𝑙

𝜕𝑥
+ (𝑡− − 𝑡+)𝐷𝑒

𝜕2𝐶

𝜕𝑥2
 

Eq. 49 

Than according to Eq. 33 

 𝐷𝑒
𝐹

𝑅𝑇

𝜕

𝜕𝑥
(𝐶

𝜕𝑉

𝜕𝑥
) = −

2t+t−

De𝐹
𝜎+

𝜕2𝑊

𝜕𝑥2
+ (𝑡− − 𝑡+)𝐷𝑒

𝜕2𝐶

𝜕𝑥2
 

Eq. 50 

And simplifying the Eq. 34 is obtained. 

 

Butler-Volmer  

In insertion mechanism one of the redox species is an insertion compound like 

graphite or lithium oxides. In this case, the complete redox reaction is:  

𝐿𝑖+ + Θ𝑆 + 𝑒
− 
𝑟𝑒𝑑
⇌
𝑜𝑥
 𝐿𝑖Θ𝑆    Eq. 51 

where Θ𝑆 is the host site in the latex of the insertion compound material.  

The current density equation reported here is obtained from Eq. 11 and Eq. 12: 

𝐽+ = 𝐹𝑘+
∗ (𝐶𝑠+,𝑚𝑎𝑥 − 𝐶𝑠)

𝛼𝐶𝑠
1−𝛼𝐶𝛼(𝑒𝛼𝑓𝜂 − 𝑒−(1−𝛼)𝑓𝜂)    

Eq. 52 

where 𝑓 =
𝐹

𝑅𝑇
 . The expression of the overpotential is obtained using the combinations 

of Eq. 45, Eq. 13 and Eq. 43: 

𝜂 = 𝑊 − 𝑉 −
𝑅𝑇

𝐹
ln

𝐶

𝐶∗
− 𝑈+̈ −

𝑅𝑇

𝐹
ln

𝜃

1−𝜃
    

Eq. 53 

Consequently,  Eq. 52 becomes: 

𝐽+ = 𝐹𝑘+
∗𝐶𝑠+,𝑚𝑎𝑥(1 − 𝜃)

𝛼𝜃1−𝛼𝐶𝛼 ((
𝐶

𝐶∗
)
−𝛼

(
1−𝜃

𝜃
)
−𝛼

𝑒𝛼𝑓(𝑊−𝑉−�̈�) −

(
𝐶

𝐶∗
)
1−𝛼

(
1−𝜃

𝜃
)
1−𝛼

𝑒−(1−𝛼)𝑓(𝑊−𝑉−�̈�))    

Eq. 54 

then simplifying:  

𝐽+ = 𝐹𝑘+
∗𝐶𝑠+,𝑚𝑎𝑥𝐶

𝛼 [𝜃𝑒𝛼𝑓(𝑊−𝑉−�̈�) −
𝐶

𝐶∗
(1 − 𝜃)𝑒−(1−𝛼)𝑓(𝑊−𝑉−�̈�)]    

Eq. 55 
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2.3.2 Non-dimensional PDE equations system (positive and negative 

porous electrodes) 

 

The PDE equations system, uses 25 parameters: 21 are reported in Table 3 and 4 

are reported in Table 4. Consequently, an opportune strategy is required to reduce 

the number and facilitate the generalizations of the results. In fact, a non-dimensional 

equation system, allows to identify the role and isolate the influence of each 

parameter in the model. The same strategy is commonly applied in fluid mechanics, 

where some characteristic parameters such as the numbers of Reynolds, Prandtl, 

Grashof, and many others are identified. The schematics of the cell with the distances 

and the thicknesses is reported in Figure 10 (A). 

SYMBOL [UNITS] DESCRIPTION 

𝐷𝑆,+ , 𝐷𝑆,− [𝑚
2𝑠−1] Solid phase diffusivity 

𝐷+,, 𝐷−, 𝐷𝑒[𝑚
2𝑠−1] Effective ions diffusivity in the electrolyte 

𝜎+, 𝜎−[𝑆 𝑚
−1] Electronic conductivity solid matrix 

𝑑+, 𝑑−, 𝑑𝑒[𝑚] Electrode and separator thickness 

𝑅+, 𝑅−[𝑚] Active material’s Particles size 

𝐶∗[𝑚𝑜𝑙 𝑚−3] Initial 𝐿𝑖+concentration 

𝐶𝑠+,𝑚𝑎𝑥 , 𝐶𝑠−,𝑚𝑎𝑥[𝑚𝑜𝑙 𝑚
−3] Maximum 𝐿𝑖 concentration in the active 

material 
𝜀+,𝑠, 𝜀−,𝑠[𝑚

3 𝑚−3] Active material volume fraction 

𝜀+,𝑙, 𝜀−,𝑙[𝑚
3 𝑚−3] Electrode porosity (electrolyte volume 

fraction) 
𝑘+
∗ , 𝑘−

∗ [𝑚𝑜𝑙 𝑚−2𝑠−1] Reaction rate constant 

 

The kinetic transfer coefficient 𝛼+ and 𝛼− are assumed equal to 0.5 and not calculated 

as a design parameter. The surface is not considered directly as a parameter 

because all the others are defined per unit of surface. The temperature is considered 

constant to 25°C. 

 

 

 

 

Table 3 – The list of the dimensional parameters is reported with their units and description. The 

subscripts +/-/e are associated to positive electrode/negative electrode/separator, respectively. 
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SYMBOL [UNITS] DESCRIPTION 

𝑡+[𝑎𝑑𝑖𝑚] Transport number of lithium ions 

 𝜃+,𝑐,  𝜃−,𝑐[𝑎𝑑𝑖𝑚] Initial positive/Negative electrode 
stoichiometry at the charged state 

∆𝐸0[𝑉], 
𝐹

𝑅𝑇
∆𝐸0[𝑎𝑑𝑖𝑚] Difference between the electrodes 

isotherms 

 

In Table 4, is reported only the difference between the two electrodes isotherms ∆𝐸0.  

If the isotherms are obtained with the Nernst law, they are characterized by the 

difference between the equilibrium potentials. 

casein reality, the isotherms of the electrodes are defined with more parameters 

depending of the method used (e.g. interpolating function, look-up table, etc.). 

Anyway, disregarding the method used the isotherms increase the number of 

parameters equally in both Table 3 and Table 6.  

Many different choices for non-dimensional parameters are possible. In the proposed 

dimensionless equations system, the effective ion diffusivity in the positive electrode 

is used to derive all the other dimensionless parameters. The non-dimensional 

variables are listed in Table 5.  

UNIT/DEFINITION DESCRIPTION 

𝜃 =  
𝑐𝑠+

𝑐+,𝑠,𝑚𝑎𝑥
 in (+); 𝜃 =  

𝑐𝑠−

𝑐−,𝑠,𝑚𝑎𝑥
in (-) Solid concentration 

�̃� =  
𝐶

𝐶∗
 

Liquid phase 

concentration 

�̃� =  
𝐹

𝑅𝑇
 𝜑 

Solid phase potential 

�̃� =  
𝐹

𝑅𝑇
 𝜒 

Liquid phase potential 

�̃� =
𝑟

𝑅+
= 

𝑟 𝑎+

3 𝜀+,𝑠
 in (+) ;�̃� =

𝑟

𝑅−
= 

𝑟 𝑎−

3 𝜀−,𝑠
 in (-) Particle radius 

�̃� =
𝑥

𝑑+
 in (+); �̃� =

𝑥

𝑑𝑒
 in (sep) ; �̃� =

𝑥

𝑑−
 in (-) Cell distance  

�̃�  =  𝑡 
1

 𝜀+,𝑙
 
𝐷+

𝑑+
2   

 
Time 

 

The schematics of the cell with the distances and the thicknesses in the 

dimensionless system is reported in Figure 10 (B). It should be noted that the 

dimensionless thicknesses are equal to 1 for each component. The non-dimensional 

Table 4 – The list of parameters the are still required after the dimensionless equations system are 

reported with their units and description. 

Table 5 – Non-dimensional variables 
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current is expressed as 𝑗̃  =  𝑗 
𝑑+

 𝐷+𝐹𝐶∗
 , hence the non-dimensional capacity is the 

product between the non-dimensional current and the non-dimensional time: �̃� = 𝑗̃�̃�.  

 

 

These non-dimensional variables are associated to 12 non-dimensional parameters 

reported in Table 6 plus the parameters reported in Table 4. Consequently, the 25 

parameters in the dimensional equations systems are reduced to 16. 

𝐴1+ =  
𝑅𝑇

𝐹
 
𝜎+ 

𝐷+ 𝐹 𝐶∗
 𝐴1− =  

𝑅𝑇

𝐹
 
𝜎− 

𝐷− 𝐹 𝐶∗
 

𝐴2+ =   𝜀+,𝑠  
𝐷𝑠,+ 

𝐷+ 
 
  𝐶𝑠,𝑚𝑎𝑥,+ 

𝐶∗
 (
𝑑+
𝑅+
)
2

 𝐴2− =   𝜀−,𝑠  
𝐷𝑠,− 

𝐷− 
 
  𝐶𝑠,𝑚𝑎𝑥,− 

𝐶∗
 (
𝑑−
𝑅−
)
2

 

𝐴3+ =    
𝜀+,𝑠 

𝜀+,𝑙 
 
  𝐶𝑠,𝑚𝑎𝑥,+ 

𝐶∗
   𝐴3− =    

𝜀−,𝑠 

𝜀−,𝑙 
 
  𝐶𝑠,𝑚𝑎𝑥,− 

𝐶∗
   

𝐴4+ =     
𝑎+𝑑+

2  𝑘+
∗

𝐷+
   

  𝐶𝑠,𝑚𝑎𝑥,+ 

  𝐶∗
 𝐴4− =     

𝑎−𝑑−
2  𝑘−

∗

𝐷−
   

  𝐶𝑠,𝑚𝑎𝑥,− 

  𝐶∗
 

𝐴5𝑒 =  
1

𝜀+,𝑙
 
𝐷+ 

𝐷𝑒 
(
𝑑𝑒
𝑑+
)
2

 
𝐴6𝑒 =    

𝐷+ 

𝐷𝑒 
  
𝑑𝑒
𝑑+

 

𝐴7− =   
𝜀−,𝑙
𝜀+,𝑙
 
𝐷+ 

𝐷− 
(
𝑑−
𝑑+
)
2

 
𝐴8− =    

𝐷+ 

𝐷− 
  
𝑑−
𝑑+

 

 

 

Figure 10 – In figure (A) is reported the schematics of complete cell with the thickness and distances 

for the negative electrode, separator, and positive electrode. In figure (B) is reported the equivalent 

complete cell transformed by using the dimensionless thickness. 

Table 6 – Non-dimensional parameters for porous electrodes 
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The parameters 𝐴1+ and 𝐴1−  , as an example, associate the electronic conductivity 

of the porous matrix, the effective electrolyte diffusivity, the temperature and the initial 

electrolyte salt concentration.  

The non-dimensional PDE equations system is reported in Table 7 for the porous 

electrodes and separator.  

 

The terms for the exchange current are defined as:  

{
 

 𝑎− 𝑑− 𝑗−̃ =   
𝐴1−

𝐴8−
 
𝜕2�̃�

𝜕�̃�
2 ≡ 𝐽𝐵𝑉,−

𝑎+ 𝑑+ 𝑗+̃ =   𝐴1+  
𝜕2�̃�

𝜕�̃�
2 ≡ 𝐽𝐵𝑉,+

 
Eq. 56 

 

 

 Electrolyte concentration 

𝐴7−  
𝜕�̃�

𝜕�̃�
   −   

𝜕2�̃�

𝜕�̃�2
  = (1 − 𝑡+) 𝐴1−   

𝜕2�̃�

𝜕�̃�2
 

Negative electrode  

𝜕�̃�

𝜕�̃�
   −   

𝜕2�̃�

𝜕�̃�2
  = (1 − 𝑡+) 𝐴1+   

𝜕2�̃�

𝜕�̃�2
 

Positive electrode  

𝐴5𝑒
𝜕�̃�

𝜕�̃�
  =   

𝜕2�̃�

𝜕�̃�2
 

Separator  

 Electrolyte potential 

𝜕

𝜕�̃�
(𝐶 ̃
𝜕𝜒

𝜕�̃�
)   =  (𝑡− − 𝑡+) 

𝜕2�̃�

𝜕�̃�2
  −   2 𝑡+𝑡− 𝐴1−

𝜕2�̃�

𝜕�̃�2
  

Negative electrode  

𝜕

𝜕�̃�
(𝐶 ̃
𝜕𝜒

𝜕�̃�
)   =  (𝑡− − 𝑡+) 

𝜕2�̃�

𝜕�̃�2
  −   2 𝑡+𝑡− 𝐴1+

𝜕2�̃�

𝜕�̃�2
 

Positive electrode  

𝜕

𝜕�̃�
(𝐶 ̃
𝜕𝜒

𝜕�̃�
)   =  (1 − 2𝑡+) 

𝜕2�̃�

𝜕�̃�2
 

Separator  

 Solid phase potential 

𝐽𝐵𝑉,−  =   
𝐴1−
𝐴8−

 
𝜕2�̃�

𝜕�̃�2
 

Negative electrode  

𝐽𝐵𝑉,+  = 𝐴1+  
𝜕2�̃�

𝜕�̃�2
 

Positive electrode  

 Exchange current density 

𝐽𝐵𝑉,− =  
𝐴4−
𝐴8−

 (𝜃𝑒𝛼(�̃�−�̃�−�̈�−)  − (1 − 𝜃) C̃ 𝑒−(1−𝛼)(�̃�−�̃�−�̈�−))
�̃�=1

 
Negative electrode  

𝐽𝐵𝑉,+  =   𝐴4+ (𝜃𝑒
𝛼(�̃�−�̃�−�̈�+)  − (1 − 𝜃) C̃ 𝑒−(1−𝛼)(�̃�−�̃�−�̈�+))

�̃�=1
 Positive electrode  

 Solid phase diffusion 

𝐴3− 𝐴7−  
𝜕𝜃

𝜕�̃�
=   𝐴2−  

1

 �̃�2 
 
𝜕

𝜕�̃�
(�̃�2

𝜕𝜃

𝜕�̃�
) 

Negative electrode  

𝐴3+  
𝜕𝜃

𝜕�̃�
=    𝐴2+ 

1

 �̃�2 
 
𝜕

𝜕�̃�
(�̃�2

𝜕𝜃

𝜕�̃�
) 

Positive electrode  

Table 7 – Porous electrode and porous separator non-dimensional PDE equation system 
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The boundary conditions are reported in Table 8:  

Negative Electrode/Current Collector Positive Electrode/Current Collector 

{
  
 

  
 −𝐴1− ( 

𝜕�̃�

𝜕�̃�
)
�̃�=0

=    𝐴8−  𝑗 ̃

( 
𝜕�̃�

𝜕�̃�
)
�̃�=0

= 0

( 
𝜕�̃�

𝜕�̃�
)
�̃�=0

= 0

 

φ̃(x = 0) = 0 

{
  
 

  
 −𝐴1+ ( 

𝜕�̃�

𝜕�̃�
)
�̃�=3

=   �̃�

( 
𝜕�̃�

𝜕�̃�
)
�̃�=3

= 0

( 
𝜕�̃�

𝜕�̃�
)
�̃�=3

= 0

 

Negative Electrode/Separator Positive Electrode/Separator 

{
  
 

  
 (

𝜕�̃�

𝜕�̃�
)
�̃�=1−

=  0

𝐴6𝑒 ( 
𝜕�̃�

𝜕�̃�
)
�̃�=1−

=   𝐴8− ( 
𝜕�̃�

𝜕�̃�
)
�̃�=1+

𝐴6𝑒 ( 
𝜕�̃�

𝜕�̃�
)
�̃�=1−

=   𝐴8− ( 
𝜕�̃�

𝜕�̃�
)
�̃�=1+

 

{
  
 

  
 (

𝜕�̃�

∂�̃�
)
�̃�=2+

= 0

𝐴6𝑒 (
𝜕�̃�

𝜕�̃�
)
�̃�=2+

= (
𝜕�̃�

𝜕�̃�
)
�̃�=2−

𝐴6𝑒 (
𝜕�̃�

𝜕�̃�
)
�̃�=2+

= (
𝜕�̃�

𝜕�̃�
)
�̃�=2−

 

Particle Surface/Negative Electrode Particle Surface/Positive Electrode 

{
 

 (
𝜕𝜃

𝜕�̃�
)
𝑟=0

=  0

3 𝐴2−  (
𝜕𝜃

𝜕�̃�
)
𝑟=1

=  − 𝐴1−
𝜕2�̃�

𝜕�̃�
2

 

{
 
 

 
 (

𝜕𝜃

∂�̃�
)
�̃�=0

= 0

3𝐴2+ (
𝜕𝜃

∂�̃�
)
�̃�=1

= −𝐴1−
𝜕2�̃�

𝜕�̃�2

 

 

 

Finally, the initial conditions are reported in Table 9. 

𝜃 =  𝜃−,𝑐 Negative electrode stoichiometry  

𝜃 =  𝜃+,𝑐 Positive electrode stoichiometry 

�̃� = 1 Electrolyte concentration 

�̃�  = 0 Negative electrode solid phase potential 

�̃� = − �̈�−  −  ln  
1 −  𝜃−,𝑐

 𝜃−,𝑐
 

Electrolyte liquid potential 

�̃� =  �̈�+  +  ln  
1 −  𝜃+,𝑐

 𝜃+,𝑐
+ �̃� 

Positive electrode solid phase potential 

 

 

 

 

Table 8 – Boundary Conditions 

Table 9 – Initial Conditions  
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The capacity of the cell depends of the initial (charged) state of charge of the 

electrodes according the relation: 

�̃� = min (𝐴3−
𝐴7−

𝐴8−
 𝜃−,𝑐  ;   (1 − 𝜃+,𝑐) 𝐴3+ ) Eq. 57 

The mass conservation law for the ions of lithium in the liquid phase is: 

𝐴7−
𝐴8−

 ∫ �̃�𝑑�̃�
1

0

 +   
𝐴5𝑒
𝐴6𝑒

 ∫ �̃�𝑑�̃�
2

1

 +  ∫ �̃�𝑑�̃�
3

2

   =   
𝐴7−
𝐴8−

 +   
𝐴5𝑒
𝐴6𝑒

  +  1  Eq. 58 

The average insertion state in every particle is: 

𝜃(�̃�) = 3∫ 𝜃(�̃�, �̃�)�̃�2𝑑�̃�
1

0

 Eq. 59 

and the state of charge in the whole positive electrode is:  

𝜃+ = 3∫ ∫ 𝜃(�̃�, �̃�)�̃�2𝑑�̃� 𝑑𝑥
1

0

1

0

 Eq. 60 

 

As an example, the 24 values (the isotherms are not reported) in Table 10 are 

obtained from the literature [72] and the corresponding non-dimensional parameters 

are reported.  

𝐷𝑠,− = 10
−13 m2 s−1  𝐶∗ = 870 mol m−3 

𝐷𝑠,+ = 10
−13 m2 s−1 𝑅− = 11 µm 

𝑑− = 72 µ𝑚 𝑅+ = 5 µm 

𝑑+ = 61 µ𝑚 𝜀−𝑠 = 0,60 

𝑑𝑒 = 20 µ𝑚 𝜀+𝑠 = 0,62 

𝐶𝑠,𝑚𝑎𝑥− = 30 000 mol m−3 𝜀−𝑙 = 0,32 

𝐶𝑠,𝑚𝑎𝑥+ = 50 000 mol m−3 𝜀+𝑙 = 0,24 

𝜃−,𝑐 = 0,8 𝑘−
∗ = 3.10−9 m s−1 

𝜃+,𝑐 = 0,4 𝑘+
∗ = 3.10−9 m s−1 

𝜎− = 4 𝑆𝑚
−1 𝐷𝑒 = 10

−10 m2 s−1 

𝜎+ = 0,5 𝑆𝑚
−1 𝐷− = 2.10

−11 m2 s−1 

𝑡+ = 0,4 𝐷+ = 10
−11 m2 s−1 

 

 

 

 

Table 10 – The parameters from the table are obtained from the literature [93]. The thickness of the 

separator is not reported in the article and it is assumed.   
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The other derived parameters such as active surface, and the capacity are calculated 

and reported in Table 11.  The specific capacity is 27,8 Ah m−2 and the reference 

current is 1𝐽 ≈  14.3 𝐴 𝑚−2 corresponding to C/2.   

𝑎− =
3𝜀−𝑠
𝑅−

= 2.105 𝑚−1 𝜅∗ =
𝐷𝑒𝐹

2𝐶∗

𝑅𝑇

1

2𝑡+𝑡−
= 0,7 𝑆 𝑚−1 

 

𝑎+ =
3𝜀+𝑠
𝑅+

 =  4.105 𝑚−1 
𝑄𝑒+
 𝐴 
 =   𝜀+𝑙  𝑑+𝐹  𝐶

∗   =  0,34 Ah m−2 

 𝑄+
𝐴
=  50,7  Ah m−2 

 𝑄−
𝐴
=  34,7 Ah m−2 

 𝑄𝑚𝑎𝑥
𝐴

=  
 𝑄−
𝐴
 𝜃−,𝑐 = 27,8 Ah m

−2 
1 �̃� ≈ 25 𝑚𝑉 

1𝐽 ≈  14.3 𝐴 𝑚−2 1�̃� ≈ 89 𝑠 

 

 

 The dimensionless parameters are reported: 

𝐴1− =  68 𝐴1+ = 13  

𝐴2− =  4.9 𝐴2+ =   45 

𝐴3− =  65    𝐴3+ = 150 

𝐴4− =   5.0 𝐴4+ =   21 

𝐴7− =  1,2 𝐴5𝑒 =  0,053 

𝐴8− =  0,77 𝐴6𝑒 =   0,039 

 

 

 

 

 

 

 

 

 

 

 

 

Table 11 – The derived parameters, the capacity and the reference values are calculated.   

Table 12 - These are the non-dimensional parameters obtained from [93].   
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2.3.3 Non-dimensional PDE equations system for the Li-metal foil 

negative electrode 

The number of parameters is additionally reduced by studying the “half-cell” 

configuration. In this case, the negative electrode is a lithium metal foil. Consequently, 

the parameters 𝐴2− ,   𝐴3−  , 𝐴7− and   𝐴8−  are not defined, while parameters 𝐴1−  and 

𝐴4−  are replaced with the parameters  𝐿1−  and  𝐿4−  respectively. The new table of 

non-dimensional parameters is: 

𝐴1+ =  
𝑅𝑇

𝐹
 
𝜎+ 

𝐷𝑒+ 𝐹 𝐶∗
 𝐴3+ =    

𝜀+,𝑠 

𝜀+,𝑙 
 
  𝐶𝑠,𝑚𝑎𝑥,+ 

𝐶∗
   

𝐴2+ =   𝜀+,𝑠  
𝐷𝑠,+ 

𝐷+ 
 
  𝐶𝑠,𝑚𝑎𝑥,+ 

𝐶∗
 (
𝑑+
𝑅+
)
2

 𝐴4+ =     
𝑎+𝑑+

2  𝑘+
∗

𝐷𝑒+
   

  𝐶𝑠,𝑚𝑎𝑥+ 

  𝐶∗
 

𝐴5𝑒 =  
1

𝜀+𝑙
 
𝐷𝑒+ 

𝐷𝑒 
(
𝑑𝑒
𝑑+
)
2

 𝐿1− =  
𝑅𝑇

𝐹
 

𝜎− 

𝐷𝑒− 𝐹  𝐶∗
 
𝑑+
𝑑−

 

𝐴6𝑒 =    
𝐷𝑒+ 

𝐷𝑒 
  
𝑑𝑒
𝑑+

 
 𝐿4− =   

𝑑+ 𝑘−
∗

𝐷𝑒+
  

 

As it is reported in Table 13, the number of parameters is reduced to 11 (8+3), and 

their effect on the rated capacity are detailed in § 6. 

The non-dimensional PDE equations system is reported in for the positive porous 

electrode and the lithium foil at the negative electrode. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 13 – Non-dimensional parameters for a positive porous electrode and a lithium metal foil at the 

negative electrode. 
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The terms for the exchange current are defined as:  

{

 

𝑎+ 𝑑+ 𝑗+̃ =   𝐴1+  
𝜕2�̃�

𝜕�̃�
2 ≡ 𝐽𝐵𝑉,+

 Eq. 61 

 

 

 

 

 

 

 Electrolyte concentration 

𝐴7−  
𝜕�̃�

𝜕�̃�
   −   

𝜕2�̃�

𝜕�̃�2
  = (1 − 𝑡+) 𝐴1−   

𝜕2�̃�

𝜕�̃�2
 

Negative Electrode  

𝜕�̃�

𝜕�̃�
   −   

𝜕2�̃�

𝜕�̃�2
  = (1 − 𝑡+) 𝐴1+   

𝜕2�̃�

𝜕�̃�2
 

Positive Electrode  

𝐴5𝑒
𝜕�̃�

𝜕�̃�
  =   

𝜕2�̃�

𝜕�̃�2
 

Porous Separator  

 Electrolyte potential 

𝜕

𝜕�̃�
(𝐶 ̃
𝜕𝜒

𝜕�̃�
)   =  (𝑡− − 𝑡+) 

𝜕2�̃�

𝜕�̃�2
  −   2 𝑡+𝑡− 𝐴1−

𝜕2�̃�

𝜕�̃�2
  

Negative Electrode 

𝜕

𝜕�̃�
(𝐶 ̃
𝜕𝜒

𝜕�̃�
)   =  (𝑡− − 𝑡+) 

𝜕2�̃�

𝜕�̃�2
  −   2 𝑡+𝑡− 𝐴1+

𝜕2�̃�

𝜕�̃�2
 

Positive Electrode 

𝜕

𝜕�̃�
(𝐶 ̃
𝜕𝜒

𝜕�̃�
)   =  (1 − 2𝑡+) 

𝜕2�̃�

𝜕�̃�2
 

Porous Separator  

 Solid phase potential 

−  𝐿1−  
𝜕�̃�

𝜕�̃�
= �̃� 

Negative Electrode  

𝜕�̃�

𝜕�̃�
  = − 

𝐴4−
𝐴1−

 (𝑒𝛼(�̃�−�̃�−�̈�−) −  C̃𝑒−((1−𝛼)(�̃�−�̃�−�̈�−)) 
Positive Electrode 

 Exchange current density 

𝑗̃  =   𝐿4−(𝑒
𝛼(�̃�−�̃�−�̈�−) −  C̃𝑒−((1−𝛼)(�̃�−�̃�−�̈�−)) Negative Electrode  

𝐽𝐵𝑉,+  =   𝐴4+(𝜃𝑒
𝛼(�̃�−�̃�−�̈�+)  − (1 − 𝜃) C̃ 𝑒−(1−𝛼)(�̃�−�̃�−�̈�+))

�̃�=1
 Positive Electrode  

 Solid phase diffusion 

𝐴3− 𝐴7−  
𝜕𝜃

𝜕�̃�
=   𝐴2−  

1

 �̃�2 
 
𝜕

𝜕�̃�
(�̃�2

𝜕𝜃

𝜕�̃�
) 

Negative Electrode 

 

𝐴3+  
𝜕𝜃

𝜕�̃�
=    𝐴2+ 

1

 �̃�2 
 
𝜕

𝜕�̃�
(�̃�2

𝜕𝜃

𝜕�̃�
) 

Positive Electrode  

 

Table 14 – Porous electrode and porous separator non-dimensional PDE equation system 
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The boundary conditions at the negative current collector for lithium negative 

electrode foil are:  

 Negative Electrode / Current Collector 

 

{
  
 

  
 −𝐴1+ ( 

𝜕�̃�

𝜕�̃�
)
�̃�=3

=  𝑗̃

( 
𝜕�̃�

𝜕�̃�
)
�̃�=3

= 0

( 
𝜕�̃�

𝜕�̃�
)
�̃�=3

= 0

 

φ̃(x = 0) = 0 

Separator/Negative Electrode Positive Electrode/Separator 

{
 
 

 
 ( 

𝜕�̃�

𝜕�̃�
)
�̃�=1+

= − 𝐴6𝑒 (1 − 𝑡+) 𝑗̃

(�̃�   
𝜕�̃�

𝜕�̃�
)
�̃�=1+

= − 𝐴6𝑒 (1 − 𝑡+) 𝑗̃

 

{
  
 

  
 (

𝜕�̃�

∂�̃�
)
�̃�=2+

= 0

𝐴6𝑒 (
𝜕�̃�

𝜕�̃�
)
�̃�=2+

= (
𝜕�̃�

𝜕�̃�
)
�̃�=2−

𝐴6𝑒 (
𝜕�̃�

𝜕�̃�
)
�̃�=2+

= (
𝜕�̃�

𝜕�̃�
)
�̃�=2−

 

 Particles Surface / Electrode 

 

{
 
 

 
 (

𝜕𝜃

∂�̃�
)
�̃�=0

= 0

3𝐴2+ (
𝜕𝜃

∂�̃�
)
�̃�=1

= −𝐴1−
𝜕2�̃�

𝜕�̃�2

 

 

 

Finally, the initial conditions are 

𝜃 =  𝜃+,𝑐 Positive electrode stoichiometry 

�̃� = 1 Electrolyte concentration 

�̃� = − �̈�−  Electrolyte liquid potential 

�̃�  = 0 Negative electrode solid phase potential 

�̃� =  �̈�+  +  ln  
1 −  𝜃+,𝑐

 𝜃+,𝑐
+ �̃� 

Positive electrode solid phase potential 

 

 

The conservation of the lithium charged species in the electrolyte is expressed as: 

𝐴5𝑒
𝐴6𝑒

 ∫ �̃�𝑑�̃�
2

1

 +  ∫ �̃�𝑑�̃�
3

2

   =     
𝐴5𝑒
𝐴6𝑒

  +  1  Eq. 62 

  

Table 15 – Boundary Conditions for the “Half-Cell” 

Table 16 – Initial Conditions for the “Half-Cell”  
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3 Analysis of the parameters from literature 
 

The values of the parameters obtained from the literature are discussed in this 

chapter. In fact, most of these parameters are assumed or fitted with simulations but 

only some of them are measured.   

A similar work was performed by Arunachalam et al. 2015 [159] by reporting tables 

containing some of the required parameters. In the present chapter, all the required 

parameters are reported for both dimensional and the dimensionless PDE systems 

(§ 2.3.3). Because of the large number of parameters in this database an estimation 

of their range is permitted.  

The ionic conductivity 𝜅, the diffusivity 𝐷 and the transport (or transference) number 

of cations 𝑡+, are the macroscopic parameters that describes the property of the 

electrolyte mass transport. These values change when the medium is filling the 

porous structure of the cell. Consequently, several correction factors are introduced 

to deal with the porosity and the tortuosity. Usually, the  Bruggeman relation (cf. § 

2.2) is widely used to estimate the effective transport properties but other relations 

could be used as investigated by Cobb and Bae 2014 [156]. The transport properties 

in the solid phase are regulated by the diffusivity 𝐷𝑠 and the conductivity 𝜅. In 

literature, these parameters could be functions of both concentration and 

temperature.  

In Table 17 the parameters from the literature are reported by assigning a different 

color for each parameter according to the source. Thus, the chemical compounds 

related to Table 17 for the electrodes and the electrolytes are reported in Table 18. 

The fitting (e.g. using a regression method [109], [160]) with the simulations used by 

the authors, can be useful to identify some parameters, but it leads to non-general 

results because of the fitting ambiguities and the poor accuracy. It is worth mentioning 

that, even when the values are measured they are commonly adjusted to obtain better 

simulations[88], [142].   
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 𝑫𝒆 𝝈− 𝝈+ 𝒅− 𝒅𝒆 𝒅+ 𝑹− 𝑹+ 𝑫𝒔,− 𝑫𝒔,+ 𝜷− 𝜷𝒆 𝜷+ 𝒕+ 𝑪∗ 𝑪𝒔𝒎𝒂𝒙,− 𝑪𝒔𝒎𝒂𝒙,++ 𝜺𝒔,− 𝜺− 𝜺𝒆 𝜺𝒔,+ 𝜺+ 𝒌𝟎,+ 𝒌𝟎,− 𝜿𝒆 

Albertus_2008 [161] L A A F A F L L L L L L L L L L L L L L L L A A L 

Albertus_2009 [162] L L L A A A A A L L L L L L A L L A A A A A L L L 

Awarke_2013 [81] L A A L L L L L L L F F F L L L L A A A A A F F L 

Christensen_2013 [107] L A A A A A A A A A A A A A A A A A A A A A A A L 

Cobb_2014 [156] L A A A A A A A A A A A A L A A A A A A A A A A L 

Darling_1997 [154] L L L A A A A A A A A A A L A A A A A A A A A A L 

Darling_1998 [80] L L L A A A A A F F A A A L A A A A A A A A F F L 

Ecker_2015 [88], [142] M M M M M M F M L L M M M L M M M M M M M M F F M 

Ferrese_2012 [112] L L L M M M L L L L L L L L L L L L L L L L L L L 

Ferrese_2014 [99] L L L M M M L L L L L L L L L L L L L L L L L L L 

Fu_2014 [163] A A A A A A A A A A A A A A A A A A A A A A A A A 

Guo_2013 [103], [104] L A A A A A A A A A A A A L A A A A A A A A A A L 

Jsari_2011 [114] F L L L L L F F L L L L L L L L L F F F F F A A F 

Ji_2013 [105] L L L M M M A A L L L L L L M L L L M M L M F F L 

Kim_2014 [92] L L L L L L L L L L L L L L L L L L L L L L L L L 

Kumaresan_2008 [164] L L L A A A A A F L F F F F A A A A A A A A F F L 

Zhang_2014 [93] F A A A A A F F F F A A A A F A A F F F F F F F F 

Legrand_2014 [95] L L L L L L L L L L L L L L L L L L L L L L L L L 

Martínez-Rosas_2011 
[72] L L L L L L L L L L L L L L L L L L L L L L L L L 

Ning_2004 [165] A A A A A A A A A A A A A A A A A A A A A A A A A 

Nyman_2010 [73] L L L L L L L L L L L L L L L L L L L L L L L L L 

Barai_2015 [84] L L L L L L L L L L L L L L L L L L L L L L L L L 

Prada_2013 [166] L A A M M M M M A L L L L L A L L A A A A A A A L 

Ramadass_2003 A A A A A A A A A A A A A A A A A A A A A A F F L 

Ramadass_2004 A A A A A A A A A A A A A A A A A A A A A A A A L 

Sikha_2004 [145] A A A A A A A A A A A A A A A A A F F F F F A A L 

Stephenson_2007 [116] A A A A A A A A A A A A A A A A A A A A A A F F L 

Suthar_2015 [86], [158] L L L A A A A A L L A A A L L L L L L L L L L L L 

Lin_2013 [108] A A A A A A A A A A A A A A A A A A A A A A A A A 

Zavalis_2012 [110] L A L L L L L L L L L L L L L L L L L L L L L L L 

Zhao_2015 [87] L L L L L L L L L L L L L L L L L L L L L L L L L 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 17 – The parameters used in the Newman’s model for each reference are reported with a color-

map according their source: in blue if the authors take the value from another article (L), in yellow if 

they are assumed either by the author or they are not explicated (A), in red if values are fitted by the 

author (F), in green if they are measured by the author (M). 
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NAME ELECTROLYTE 

COMPOSITION 

ACTIVE MATERIAL 

COMPOUNDS 

REFERENCE 

Albertus_2008 LiPF6 in EC/DMC C/LMO and LTO/LFP [161] 
Albertus_2009 LiPF6 in a 1:2 EC/DMC Li-M/NCA+LMO [162] 

Awarke_2013 
LiFP6 salt, EC/EMC and 
PVDF polymer matrix 

C/NMC [81], [131] 

Christensen_2013 N.C. C/LCO [107], [131] 
Cobb_2014 EC/PC/DMC Li-M/LCO [156], [117] 
Darling_1997 LiClO4 in PC Li-M/LMO [154], [167] 
Darling_1998 LiClO4 in PC Li-M/LMO [80] , [167] 
Ecker_2015 BASF (LP50) C/NCO KOKAM 7.5 Ah [88], [142] 
Ferrese_201(2/4) N.C. Li-M/CoO2 [112], [99] 
Fu_2014 EC/DMC C/NMC [135] 
Guo_2013 N.C. C/NCA LG pouch [103] 

Jsari_2011 
EC/PC/EMC/DEC 
30:5:35:30 

C/LCO [114], [168] 

Ji_2013 
20% EMC, 20% EC and 
60% DMC 

C/NMC [106] 

Kim_2014 LiPF6 in EC/DEC C/NMC [92] 

Kumaresan_2008 
LiPF6 salt, 
EC/PC/EMC/DEC 

MCMB/LCO [164] , [131] 

Zhang_2014 EC/DMC MCMB/LCO [93] 
Legrand_2014 N.C. C/LMO, LCO, LNO [95], [135] 
Martínez_Rosas_2011 LiPF6 in a EC/DMC 2:1 C/LMO [72] 
Ning_2004 EC MCMB/LCO [165] 

Nyman_2010 
LiPF6 in EC/EMC 3:7, 
MAG-10 

C/NCA [73] 

Barai_2015 N.C. C+NMC [84] 
Prada_2013 N.C. C/LFP [169],[170] 
Ramadass_2003 LiPF6 in EC/DMC C/LCO [171] 
Ramadass_2004 EC mixture C/LCO [172] 
Sikha_2004 LiFP6 salt, EC/DMC C/LCO [145] 
Stephenson_2007 EC/DEC 1:1 (w) Li-M/LCO [116] 
Suthar_2015 N.C. C/LCO [86] 
Lin_2013 1 M LiPF6 in EC/DMC C/LMO [108] 
Zavalis_2012 EC/EMC 3:7 |MAG-10 MCMB/NCA [110] 
Zhao_2015 2M LiPF6 salt in 1:2 v/v 

EC/DMC 
C/LMO [87] 

 

 

3.1. Electrolyte conductivity  

 

The electrolyte conductivity can be measured with the conductivity meter or the 

impedance spectroscopy [131], [136], [173]–[175]. The electrolyte is a medium 

constituted of a mixture of solvents, a lithium salt and many additives. In the literature, 

LiPF6 is the most used salt. Instead the solvent could be a mixture of ethylene 

carbonate (EC), ethyl methyl carbonate (EMC), diethyl carbonate (DEC), dimethyl 

Table 18 – The references are listed with the respective composition of the electrolyte and the active 

material.  
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carbonate (DMC) and propylene carbonate (PC). Yet, the exact, composition in a 

commercial cell, is usually not communicated by the manufacturer. Consequently, it 

is difficult to use the values reported in literature and the electrolyte must be analyzed 

by modeler but still some additives can be poorly detected. 

In Figure 11 (A-B) are reported the conductivities for various solvents, when the salt 

concentration ranges between 0.4 and 1 M [175]: EMC, EC/DMC, EC/EMC, 

PC/EC/DMC and PC/EC/EMC. At the concentration of 1M, for most solvents the 

conductivity is found ranging between 1.2 and 1.8 S/m at 50°C Figure 11 (A). Instead, 

at -40°C, for the same concentration of 1M, the conductivity is 10 times smaller, i.e. 

approximately 0.1 S/m, Figure 11 (B).  

 

 

The conductivity as a function of the concentration is reported in Figure 12 and Figure 

13. In Figure 12 the conductivity is measured at 25°C while in Figure 13 the 

measurements are reported for 10°C and 45°C.  The maximum conductivity is 

reached when the concentration is approximately 1M. Physically, when the 

concentration is zero, the conductivity is zero, but a non-physical offset is introduced 

by some authors to deal with the numerical stability of the solver.  

For most electrolytes at 1 M, the conductivity is approximatively 1 S/m at 25°C (Figure 

12), while the conductivity measured by Lundgren et al. 2015 [136], for a EC/DEC 

electrolyte, is 8 times higher. The EC/DEC electrolyte seems to depend more on 

temperature rather than the PC/EC/DMC reported by Valøen & Reimers 2005 [131]. 

Figure 11 – The conductivity for different electrolytes containing a LiPF6 salt, is reported for 

concentrations ranging from 0.4 M to 1 M. In (A) the measurements are conducted at 50°C, while in 

(B) they are conducted at -40°C. 
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Figure 12 – The conductivity as a function of the concentration is reported for 25°C.  The composition 

of the electrolyte and the references are reported in Table 19. 

Figure 13 –The conductivity as a function of the concentration is reported for both 10°C and 45°C. 

The composition of the electrolyte and the references are reported in Table 19. 
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ID COMPOSITION RANGE OF CONCENTRATION REFERENCE 

Stephenson_2007 EC/DEC 1:1 (w) Non-physical offset when concentration 
goes to 0 for the solver’s numerical 
stability 

[116] 

Ecker_2015 BASF (LP50) From 0.5 to 1.5 M [88] 

Nyman_2008 EC/EMC 3:7 From 0.2 and 2.0 M [110], [174] 

Legrand_2014 N.C. N.C [95], [135] 

Jsari_2011 EC/PC/EMC/DEC 
30:5:35:30 

N.C. [114], [168] 

Fu_2014 EC/DMC N.C. [135] 

Albertus_2009 EC/DC 1:2 (v) From 0.1 to 1.45 M [162] 

Less_2012 EC/DMC 3:7 From 0.2 to 1.60 M [111] 

Valoen_2005 PC/EC/DMC 
10:27:63 (vol. %) - 
Mitsubishi 

From 0.1 to 4.0 M [81], [86], 
[131], [164] 

Lundgren_2015 EC/DEC 1:1 (w) From 0.5 to 1.5 M [136] 

 

The values of the conductivity reported by Guo 2013 [103], Doyle 1996 [176] and 

Christensen  2013 [107] are some orders of magnitude far from the values reported 

in Figure 12 and Figure 13. In details, the electrolyte from Doyle et al. 1996 [176], is 

a liquid-polymer matrix system consisting of a mixture of EC/DMC (2:1 v/v and 1:2 

v/v) having a much smaller conductivity than a pure liquid electrolyte.  

In Figure 14 (A-B) the conductivity is reported for the initial concentration of the 

simulation: in most cases 1M. The electrolyte conductivity 𝜅𝑒 of the pure species and 

its associated conductivity 𝜅𝐷 calculated by using Eq. 21 are reported in Figure 14 

(A). In most cases, these values are very close, indicating the good approximation 

with the measurements. This fact also suggests that the diffusivity can be calculated 

by knowing the electrolyte conductivity, that is much easier to be measured.  

The effective conductivity of the electrolyte obtained when the electrolyte fills the 

pores in the matrix 𝜅𝑒𝑓𝑓,− , 𝜅𝑒𝑓𝑓,𝑒 , 𝜅𝑒𝑓𝑓,+ at 1M is reported in Figure 14 (B). The 

relationship used to calculate the effective conductivity (e.g. by considering 

Bruggeman relationship between porosity and tortuosity) suggests that conductivity 

in the separator is higher than in the electrodes.  

 

Table 19 – The list of references with the identification name, the composition, the range of 

concentration where the conductivity is defined, and the references are reported.  
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3.2. Electrolyte diffusivity 

 

The diffusivity of lithium ions in the solvent is measured for examples with the Pulse 

Field Gradient PFG - NMR, the UV/vis absorption  or a concentration cell [131], [136], 

[177]. In the concentration cell, two lithium metal electrodes are immersed in the 

electrolytes: at the beginning the concentration of lithium is the same in the proximity 

of both electrode, after applying a constant current for a predetermined amount of 

time, the concentration in the proximity of one electrode is much higher than the other. 

Thus, the potential is then measured during the relaxation and the diffusion coefficient 

is then extracted with an appropriate mathematical theory. 

The diffusivities are plotted in Figure 15 (A-C) at 25°C, 10°C and 40°C, respectively. 

These expressions are obtained by fitting an expression on the measurements on a 

limited range of concentration. We extrapolate the values of the diffusivity from 0M to 

4M, because they are crucial when limitations occur. In fact, the diffusivity at higher 

Figure 14 – The conductivity 𝜅𝑒 is referred to pure electrolyte species and 𝜅𝐷  is the conductivity 

calculated with the value of the diffusivity is reported in (A), while in (B) is reported the effective 

conductivity 𝜅𝑒𝑓𝑓,− , 𝜅𝑒𝑓𝑓,𝑒 , 𝜅𝑒𝑓𝑓,+ associated to negative electrode, separator and positive electrode, 

respectively. 
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and lower concentration is more difficult to obtain experimentally, but it is a crucial 

parameter when kinetic limitations occur.  

ID COMPOSITION RANGE OF 

CONCENTRATION 

REFERENCE 

Suthar_2015  N.C. N.C. [86] 

Nyman_2008 EC/EMC 3:7 From 0.2 and 2.0 M [174] 

Valoen_2005 PC/EC/DMC 10:27:63 (vol. %) - 

Mitsubishi 

From 0.1 to 4.0 M [131] 

Guo_2013  N.C. N.C. [103] 

Albertus_2009 EC/DC 1:2 (v) From 0.1 to 1.45 M [162] 

Lundgren_2015 EC/DEC 1:1 (w) From 0.5 to 1.5 M [136] 

Christensen_2013 EC/DEC  N.C. [107] 

 

The composition of the electrolytes and their range of concentration when the 

diffusivity is measured is reported in Table 20. 

 

 

The diffusivity reported by Suthar et al. 2015 [86] is higher at least of one order of 

magnitude than the others. The composition is not known but the authors used the 

values from Subramanian et al. 2009 [68]. In this case, the diffusivity doubles when 

Table 20 – The list of references with the identification name, the composition, the range of 

concentration where the diffusivity is defined, and the references are reported.  

Figure 15 – Diffusivity from the equations available in literature @ 25°C (A), 10 °C (B) and 40°C (C) 

for concentrations ranging from 0 M to 4 M.  
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the temperature increases from 10°C to 40°C. Instead, the other electrolytes are less 

influenced by the temperature.  

Two different trends are found for the diffusivity: in the references Valøen and 

Reimers 2005 [131] and Albertus et al. 2009 [162] the diffusivity is higher when the 

concentration is close to zero, and then it decreases monotonically, while in the 

references Nyman  et al. 2008 [174] and Lundgren et al. 2015 [136]  the diffusivity 

has a “U” shaped profile with the same values at 0M and 4M. 

 

 

In Figure 16 (A-B) is reported the electrolyte diffusivity at 25°C for the pure electrolyte 

and the effective diffusivity dealing with the porous structure. These diffusivities are 

reported from models that uses a constant diffusivity, or they are calculated for the 

initial salt concentration. The values of the porosity, initial concentration and 

Bruggeman exponents, used for calculating the effective diffusivity, are reported in § 

3.7. The references and the composition, when available, are reported in Table 18.  

The diffusivity in pure electrolyte ranges between 10−9[𝑚2/𝑠] and 10−10[𝑚2/𝑠], while 

a large dispersion is observed for effective diffusivity (i.e. mediated with the values of 

Figure 16 – Diffusivity from at 1M concentration and 25°C. In (A) the diffusivity of the pure electrolyte 

is reported, while in (B) the effective electrolyte diffusivity when the electrolyte fills the porous 

electrodes is reported using the Bruggeman approximation.  
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tortuosity, porosity and Bruggeman): from 10−9[𝑚2/𝑠] to 10−12[𝑚2/𝑠] and the 

average diffusivity is 5 ∙ 10−11[𝑚2/𝑠].   

 

 

3.3. Transport number 

 

The lithium ion transport number (or transference number) can be determined with 

two techniques: the moving boundary method or the Hittorf method[131], [174], [177].  

The moving boundary method consists to measure the speed of displacement of the 

boundary between two solutions generated by an applied electric current. Instead, 

the Hittorf method is based on the measurements of the variation of ion concentration 

in the proximity of the electrodes. The transport number is reported in Figure 17(A-B) 

as a function of the concentration for three temperatures: 25°C, 10°C and 40°C [131], 

[174], [177]. These picture illustrates the different behavior on the values from 

literature: in Nyman 2010 (EC/EMC 3:7) [73] and Lundgren 2015 (EC/DEC 1:1) [136] 

the transport number decreases monotonically while the opposite behavior is 

reported by Guo 2013 [103]. However, in the last reference, the composition is not 

communicated. It is worth mentioning that the transport number measured by 

Lundgren 2015 [136] is defined for a concentration from 0.5 M to 1.5 M. 

 

 

The transport numbers reported in Figure 18 are mostly from papers where they are 

considered constant or they are calculated at 1M. The references and the 

compositions, when available, are reported in Table 18. The transport number is 

almost close to 0.37 despites the different solvents.  

Figure 17 – The transport number as a function of the electrolyte concentration at 25°C in (A) and 

for both 10°C and 40°C in (B).  
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3.4. Solid phase diffusivity 

The solid phase diffusivity is measured with several techniques such as the GITT 

(intermittent current steps), the PITT (intermittent potential steps), the EIS 

(impedance spectroscopy using a current signal) or EVS (impedance spectroscopy 

using a voltage signal) [111], [135], [142], [178]–[185]. Each of them have advantages 

and drawbacks but a large inaccuracy on the measurements is found. The most 

pertinent method to apply for the solid phase diffusivity measurements is the subject 

of intense researches [111], [186].  

Many authors report the solid phase diffusivity as a function of the Li-ions 

concentration in the solid phase at the solid/liquid phase interface or its average in 

the electrode (such as the DOD). Thus, the diffusivities are plotted in Figure 19 with 

the functions reported by Ji et al. 2013 (Graphite/NMC)  [106]. The reference P. Barai 

et al. 2015 (Graphite/NMC)  [84] and Albertus et al. 2009 [162] (blend positive 

electrode of LMO and NCA).   

These values are far (several orders of magnitude) from the values measured by Levi 

& Aurbach 1997 [187] and Ecker 2005 [142]. 

 

Figure 18 – Transference number are reported for LiPF6 in different solvents at 25°C for a 

concentration of 1M. 
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Furthermore, the diffusivity is usually reported as a monotonous function of the 

temperature[188], as illustrated in Figure 20 for the values reported by Suthar 2015 

[86], Subramanian 2007 [189]) and Kumaresan 2008 [164].  

 

 

In Figure 21 is reported the diffusivity (the references and compounds are indicated 

in  Table 18) when it is assumed as a constant. In average, the values range between 

10−13[𝑚2/𝑠] and 10−15[𝑚2/𝑠], but an extremely large dispersion is also observed, 

since the values are from 10−7[𝑚2/𝑠] and 10−19[𝑚2/𝑠] , indicating the solid phase 

Figure 19 – Electrode material diffusivity as a function of the intercalated concentration at the 

surface.  

Figure 20 – Solid phase diffusivity as a function of the temperature for the graphite (values from 

Suthar 2015 [86] and Kumaresan 2008 [164]) and lithium cobalt oxide from Suthar 2015.   
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diffusion as one of the poorly measured parameter.  We can attribute this dispersion 

to both the techniques used for the measurements and the mathematical model used 

to extrapolate these values. These aspects are discussed more in details in § 6.2. 

 

 

 

3.5. Solid phase conductivity 

The porous electrode matrix conductivity is generally measured with a four-point 

probe technique [142]. Since the lithium oxide compounds are poorly conductive, the 

conductivity of the positive electrode mostly depends on the amount of black carbon 

and if it is homogeneously distributed. Nevertheless, the conductivity can be a 

function of the state of lithiation as reported by Park et al. 2010 [190].  

The conductivities found in the literature for the negative and positive electrode 

material are reported in Figure 22 (A-B). In Figure 22 (A) the conductivity of the 

electrodes solid matrix is presented. In Figure 22 (B) the effective conductivity is 

calculated through the volume fraction or the Bruggeman relation. In fact, in some 

papers the electrode conductivity is corrected by considering the active material 

Figure 21 – Values of the solid phase diffusion coefficient reported from articles using a constant 

diffusivity. 
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volume fraction, the tortuosity and porosity. Thus, a Bruggeman like approach is also 

used to calculate the effective conductivity.  

The graphite conductivity is extremely variable with 3 to 4 orders of magnitude 

according to the considered references. Furthermore, the measures reported by 

Ecker et al. 2015 [142] before and after the SEI formation are 139.91 ±  34.2[𝑚𝑆/𝑐𝑚] 

and 1. 11 ±  0.7 [𝑚𝑆/𝑐𝑚],  respectively. We can conclude that large variations occur 

in conductivity before and after the SEI formation and the accuracy is very poor. The 

same poor accuracy is evidenced for positive electrode (NCO) having a conductivity 

of 680.67 ±  442.7 [𝑚𝑆/𝑐𝑚] [142]. 

The electronic conductivity could be a function of the particle size and distribution as 

studied for the LiFePO4 by N. Zhao et al. 2015 [188], with variations of 4 orders of 

magnitude through the particle size range.  

 

 

One of the most studied compound is the LCO, but there is not a complete agreement 

on its conductivity: in most cases it is assumed at 100 [𝑆/𝑚] in others at 10 [𝑆/𝑚]. 

The list of the whole references and chemistries are reported in Table 18. Comparing 

Figure 22 (A) and Figure 22 (B) we can conclude that the conductivity is assumed to 

Figure 22 – The positive and negative electrode conductivities are reported in (A). The effective 

conductivity corrected with the active material volume fraction and the “Bruggeman” relationship are 

shown in (B). 



63 

 

be high for almost all the compounds, but it is later adjusted to fit the experiments.  

Then, the effective conductivity is usually comprised between 1 [𝑆/𝑚] and 10 [𝑆/𝑚]. 

 

3.6. Kinetic reaction rate constant 

 

The kinetic reaction rate constant of Li insertion, to the authors knowledge, still cannot 

be measured in a complex system like lithium ion batteries. Consequently, it is mostly 

a fitting parameter. Furthermore, to complexify the situation, the authors use slightly 

different formulations of the Butler-Volmer kinetic equation (e.g. Tafel or linear 

approximations) and consequently the unit associated to this constant is different 

according to the considered reference (cf. Eq. 11, Eq. 12). Thus, it is hard to compare 

the values found in the literature, because they must be converted in the same units. 

For some papers, we could deal such conversions and the results are reported in 

Figure 23. The composition of the materials used is reported in Table 18. As we can 

see, the only conclusions that can be stated is that these values are far orders of 

magnitude from each other. 

 

 

It is worth mentioning that in many articles, the kinetic constant rate 𝑘0
∗ is meaningless 

since the fitting was performed on the current density 𝑖0, that depends on the local Li 

concentration.   

Figure 23 – Kinetic reaction rate constants converted in the same units. 
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3.7. Dimensional design parameters 

 

In this section are reported the remaining design parameters collected from the 

literature. They are different for each cell, but their reports could be useful to estimate 

time constants and having reference parameters, but also observe which cells are 

most simulated as an example, power (thin electrodes, small particles, etc..) or 

energy cells (high active material volume fraction, thick electrodes, etc..).   

 

 

In Figure 24 (A-B) the thicknesses of the electrodes, separators and the radius of the 

active material’s particles are reported. As an example, if we assume 100 [𝜇𝑚] as 

thickness of the electrode and the particles radius of 10 [𝜇𝑚], then only 10 particles 

constitutes the electrode. This situation may be adverse for a macro-homogeneous 

model where the presence of many particles is assumed.  

In Figure 25 the Bruggeman’s correction factors are reported. This theory was 

developed to understand how the oil diffuses in sedimentary rocks for the oil drilling  

in rocky sands containing oil. For spherical particles, the values are close to 1.5, 

different values can be coherently used by changing the shape of the active materials 

particles.  Instead, in many cases the Bruggeman’s exponent is used as a global 

Figure 24 – The thickness of the electrodes and the separator are reported in (A), while the particles’ 

radii of the active materials are reported in (B). 
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fitting parameter because it changes both liquid phase diffusivity and electronic 

conductivity. 

 

 

In Figure 26 (A) is reported the initial concentration in the electrolyte, that is usually 

assumed to 1M. Then, the maximum solid phase concentration is reported in Figure 

26 (B). It should be noted that for the same material such as the graphite, different 

values are reported by Kumaresan_2008 and Guo_2008. Probably because the 

values are not correctly calculated. Finally, in Figure 27(A-B) the porosity and the 

active material are shown. These parameters usually do not consider the inclusions 

(i.e. percentile of porosity non-connected) and fracture/non-connected active material 

(i.e. percentile of active material volume fraction non-connected). For such reasons, 

these parameters are, in practices, non-easily measurable. 

Figure 25 – The Bruggeman’s correction factors are reported. 
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Figure 26 – In (A) the initial concentration in the electrolyte and in (B) the maximum concentration 

in the active materials are reported. 

Figure 27 – The porosity and the active material volume fraction are reported in (A) and (B), 

respectively. 
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3.8. Dimensionless parameters  

Finally, all the parameters found in literature (Table 18)  and reported in the previous 

chapters, are converted in the dimensionless parameters use in the model reported 

in § 2.3.2.  

 

 

 

 

 

 

 

Figure 28 – The parameters 𝐴1 are reported using both relation described by Eq. 63 and Eq. 64 . 
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The first parameter illustrated in Figure 28 is 𝐴1 associated to electronic conductivity. 

Two values for each electrode are calculated because the effective electronic 

conductivity can be calculated using:  

𝜎𝑒𝑓𝑓,+ = 𝜎+𝜀+ 
Eq. 63 

or  

𝜎𝑒𝑓𝑓,+ = 𝜎+𝜀+
𝛽+ 

Eq. 64 

The same equations are obtained for the negative electrode by substituting the 

subscript + with the subscript − . Since some authors uses eithers Eq. 63 or Eq. 64, 

we decided to calculate both. As we can see, the calculation mode influence can be 

neglected compared to the range of variation for 𝐴1 from 1 to 1000, in most of the 

cases. 

 

 

Figure 29 – The dimensionless parameter 𝐴2 associated to solid phase diffusivity is reported. 
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The dimensionless parameter 𝐴2 associated to solid phase diffusivity is reported in 

Figure 29. Many authors, focus their studies on “half-cell” configuration, and 

consequently more values are available for the parameter associated to positive 

electrode 𝐴2+. However, the negative electrode is usually the graphite but a large 

variation on  𝐴2− of 4 to 5 orders of magnitude can be observed. 

 

 

The dimensionless parameter 𝐴3, reported in Figure 30, is associated to the amount 

of active material in the electrode. For this parameter, there is a small dispersion, 

since the dimensional parameters that defines 𝐴3 are close in the literature. 

The dimensionless parameter 𝐴4 associated to reaction rate kinetics is reported in 

Figure 31. The values are found in a wide range, but they are surprisingly extremes, 

i.e. very large or very small. 

Figure 30 – The dimensionless parameter 𝐴3 is associated to the amount of active material in the 

electrode. 
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Finally, the remaining parameters 𝐴5, 𝐴6, 𝐴7, 𝐴8 are reported. They mostly deal with 

the properties of the separator and they are concentrated in a small range from 1 to 

0.1.   

In conclusion, the parameters with large dispersion are 𝐴2 then  𝐴1. Instead, the 

parameters 𝐴5, 𝐴6, 𝐴7, 𝐴8 and 𝐴3 are closer. The parameter 𝐴4  is affected by the 

lack of measurement of the kinetic constant rate, that justifies the 12 orders of 

magnitude of variations between the references.   

Figure 31 – The parameter 𝐴4 is associated to the kinetic reaction rate. 
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3.9. The ageing effect on parameters 

 

Some considerations on the evolution of the parameters because of the battery 

degradation are reported in this section. Considering the difficulties, to properly 

measure the parameters for a fresh cell, it seems logical that for aged cell, it would 

be even more complex because of the cell history and considering the different mixed 

aging conditions[191]–[194]. However, some qualitative trend can be considered by 

resuming the studies on aging available in literature. In fact, the degradation affects: 

the capacity fade (i.e. State-Of-Health reduction) and the ohmic drop (i.e. rising of 

internal resistance).  

Figure 32 – The parameters 𝐴5, 𝐴6, 𝐴7, 𝐴8 are reported. 
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Capacity  

The capacity decreases because of: 

• Lithium losses. Consequently, the stoichiometry of the electrodes at the 

charged and discharged state of the complete cell shift [108], [195]–[197]. This 

may be attributed to: 

o The deposition of lithium in metallic or lithium metal plating over the 

negative electrode surface. This lithium will not likely participate 

anymore to intercalation reactions. Furthermore, these depositions 

create very dangerous safety issues; 

o The SEI growth. The reactions between the negative electrode and the 

electrolyte creates compounds tramping the lithium in the structure. 

These compounds may affect the electrodes porosity by filling up the 

pores and reducing the active surface, creating an insulating barrier 

between the solid and electrolyte interfaces[198], [199]. Consequently, 

the reaction rate kinetics will be affected, and a reduction of its value is 

observed most of the time [20], [200]; 

• Loss of the active material/Loss of hosting capacity [115], [201]. This may be 

attributed to: 

o Dissolution of the chemical elements constituting the active material; 

o Structural degradation or irreversible phase changes due to high 

insertion of lithium (overcharge) or poor insertion of lithium (under-

discharges);  

o Particle’s isolation because of side reactions between the binder and 

the solvent of the electrolyte [202]; 

o The particle cracking due to mechanical stress generated by the lithium 

swelling during the intercalation process[75], [86], [114]; 

o The active material delamination due to reactions of the electrolyte 

during the SEI growth. This may generate the expansion of gasses in 

the active material structure leading to exfoliations. 

o Underutilization of the active material because of the drift of the 

stoichiometry [203]–[206]. The discharge may be limited at the 

beginning by the negative electrode but later by the positive electrode 

as a consequence of the negative electrode degradation[201].  
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Internal resistance and impedance  

The internal resistance (i.e. the ohmic drop during current loads) or the impedance 

(applying alternating signals of currents) increases (or impedance). This may be the 

consequence of a sluggish diffusion of lithium in active material [207] and in the 

electrolyte [84], [93], [166], [208]–[210]. The conductivity decreases as well in the 

electrolyte and in the solid matrix [197], [211].  This may be attributed to  

• Passivation films at the active particle surface (SEI);  

• Lower active surface due to SEI growth and lithium plating [212];  

• Loss of electrical contact between the particles (side reactions between the 

electrolyte and the black carbon, cracking and fracture in the particles and in 

the porous matrix).  

• Reduction of concentration of Lithium ions in the liquid phase at the equilibrium 

[199]. 

Many of these hypotheses are still object of intense research and studies, for this 

reason the simulations in § 6 will be focused in situations where the smaller number 

of parameters can influence the results to obtain general rules. The analysis of the 

literature conducted in this chapter allowed to estimate the approximative value 

expected for each parameter (for either in dimensional and dimensionless model) and 

not only which one is accurately measured, but also how they depend from other 

variables such as temperature, local concentrations and their evolution during time 

(ageing and degradation).  

In conclusion, the parameters found in the literature are in some cases poorly 

measured and in most cases assumed or fitted. Thus, further researches are required 

to understand how the measurements (e.g. theoretical approximations, testing 

conditions, instruments and methods) should coherently connect the parameters 

used in the electrochemical models (e.g. Newman’s model).   

The next chapter is focused in the determination of the performance of the cells by 

optimizing the protocols and the identification of some parameters (e.g. electrode’s 

thicknesses, compositions, particle’s radii) that are useful for the simulations of 

commercial LGC MH18650 cells. 
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4 Electrical and physicochemical characterizations  
 

In this chapter the electrical and physicochemical characterizations of the cell are 

detailed. The openings and the chemical analysis are conducted by Renault’s 

experts. The devices used to perform the electrical tests are constituted of 3 battery 

cyclers able to perform impedance spectroscopy and deliver currents up to 20 A for 

a total of 72 channels from Bio-Logic Instruments® and 6 climatic chambers from 

different suppliers. In the climatic chamber, shown in Figure 33, it is illustrated how 

the cells and the electrical harness are arranged during the tests. 

 

 

4.1. Electrical characterization 

Electrical tests are required to assess the battery performances and comparing it with 

the simulations. Before entering in the details of the testing procedures and protocols, 

the concepts of rated current and rated capacity are introduced. 

The rated current is indicated with “xC”, where x is a real number. This value 

represents the theoretical current required to completely discharge the cell in 1/“x” 

hours. Thus, the measured capacity at the end of the discharge is called the rated 

Figure 33 –    The picture shows a Weiss® secured climatic chamber having 600L of volume. The 

different cell supports are provided from Arbin Instruments® for the cylindrical cells while the “coin” 

shape cells are made in-house via 3D printers. 
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capacity. Furthermore, for a discharge current “small” 1 enough, the rated capacity is 

indicated as the nominal capacity and the voltage during the discharge is close to 

OCV.  

The rated capacity is then normalized using the nominal capacity as reference, 

defining the DOD: a real number varying between 0 and 1. Consequently, this method 

is used to benchmark cells having different capacities, different chemical compounds 

or manufacturing processes. 

In the next sections the reproducibility of C-rate characterizations and the cell voltage 

behaviour are discussed.   

 

4.1.1 Reproducibility analysis of a test protocol for galvanostatic discharges 

 

The purpose of this procedure is to guarantee the reproducibility of the measured 

voltage and rated capacity during galvanostatic discharges. The correct protocol is 

attained after two failure attempts described in the followings.  

Accelerated C-rate Characterization Protocol 

In Figure 34 is reported the applied current profile to characterize the C-rate capability 

for a commercial cell having the voltage cut-off reported by the manufacturer between 

4.2 V and 2.5 V. After the galvanostatic charge, once the upper cut-off voltage is 

reached, the charge continues with a constant voltage until the cut-off current to 50 

mA is reached, as reported in the datasheet. The overall test time is shortened by 

setting the charge and discharge at the same C-rates and the rest time limited to 30 

minutes.  

The test is repeated twice for the cell n°01. After the first test the cell is degraded by 

0.69 %, as a consequence the time duration to complete the test is reduced from 92h 

to 90h.  

                                            

1 The current applied for discharge the cell can be considered “small” when the measured capacity is 

reasonably equal to the measured capacity obtained with a smaller current and the polarization can 

be neglected. As an example, we suggest a C-rate smaller than C/24 inducing a polarization, when 

the current is switched on, smaller than 5mV 
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The test showing the discharge voltage as a function of the capacity for different C-

rate is reported in Figure 35.  

As the capacity rated at C/25 is lower than the capacity rated at C/5, that is not 

physically possible, because the rated capacity at lower rate is inferior than the 

capacity rated for a higher rate.  In conclusion, the protocol applied is not satisfying 

and the results are not accurate enough. 

 

 

 

Figure 34 –  The picture reports the current profile in mA and the expected test duration in the 

abscises for the cell n°01 and 25°C the test n°1 in blue is for the fresh cell and in red is reported the 

test n°2. 

Figure 35 – The discharge voltage as a function of the capacity for different C-rates is reported for 

the test n°1. 
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Homogeneous C-rate Characterization Protocol 

The next protocol reported in Figure 36, based on the experience of the previous 

protocol reports more coherent rated capacities. For the C-rate capability in charge, 

the discharge rate is fixed to C/3 while for the C-rate capability in discharge the charge 

rate is fixed to C/3, for symmetry. 

 

 

Thus, the discharge voltage as a function of the capacity for different C-rate is 

reported in Figure 37. The results are more accurate because the capacity measured 

behave as expected with the higher quantity of charge measured at lower discharge 

rate. However, as discussed just below, the dispersion in terms of ohmic drop is still 

elevate and consequently even this protocol is not satisfying.  

 

 

Figure 36 –  The picture reports the current profile in mA and the expected test duration in the 

abscises for the test n°3 of the cell n°01 performed at 25°C. The test protocol uses a fixed discharge 

rate to C/3 for the charge rate characterization and a fixed charge rate to C/3 for the discharge rate 

characterization. 
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In fact, the test is repeated twice and the discharge voltages at 1C rate are reported 

in Figure 38. The rated capacities are very close, but the ohmic drops are still 

different. In fact, the lithium ions batteries, like most of the batteries, are influenced 

by their load history[213]. This behaviour is mitigated with the protocol proposed in 

the next section.  

 

 

 

 

Figure 37 –  The discharge voltage as a function of the capacity for different C-rates is reported test 

n°3. 

Figure 38 –  The discharge voltage as a function of the capacity for 1C rate is reported test n°3, n°4 

and n°5. 
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Optimized C-rate Characterization Protocol 

The most accurate C-rate characterization protocol is finally reported in Figure 39. 

Thus, the 5 steps constituting the protocols are reported:  

• Step 1 – The initial rest period ensures the stabilization of the cell temperature 

is stabilized and the initial equilibrium of the battery; 

• Step 2 – Charge-discharge sequences at C/3 are reproduced 4 times to 

stabilize the capacity. In fact, after long rest periods a fluctuation in the rated 

capacity can be found; 

• Step 3 – The nominal battery capacity is measured at C/12 using the Battery 

Capacity Determination feature implemented in Bio-Logic® Instrument; 

• Step 4 – The battery is charged at C/3 till 4.2 V followed by a constant voltage 

charge until the current drops to 50 mA. Then the cell is discharged at “x”C-

rate (where “x” stands for the C-rate that we want to characterize during this 

test); 

• Step 5 – A loop of 3 charge-discharge sequences at C/3 is performed to reset 

the battery “history”. After, the protocol is set back to Step 4 for 4 times. Finally, 

the sequence is repeated for 2 times from the beginning. 

Between each step, the pause ends when the voltage variation is smaller than 1mV 

per hour. In the most favorable condition, such as after a slow C-rate, the pause 

duration is 1 hour.  

The discharge cut-off voltage is set to 1.75V for these cells that are usually limited to 

2.5 V.  
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The results in Figure 40, shows the excellent stability and the rated capacity is almost 

unchanged for the following C-rates: C/3, C/2, 1C, 2C and 3C. This test is repeated 

5 times for the same cell n°28 at 25°C. Furthermore, the cell shows an initial voltage 

dip when the cell was tested (i.e. 24 months after the reception of the cell’s batch). 

This behaviour was not observed when the batch of cells was received. 

 

Figure 39 –  The optimized characterization test per xC-rate is reported. The amount of time required 

to characterize the cells at 1C-rate is approximately 450 hours. 
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Very small variations in the rated capacity are appreciated: 

• the rated capacity at C/2 is 2.5 % ± 0.4 % smaller than at C/12; 

• the rated capacity at 1C is 3.9 % ± 0.8 % smaller than at C/12; 

• the rated capacity at 2C is 4.3 % ± 1.7 % smaller than at C/12; 

In conclusion, higher is the C-rate and larger is the spread of measured capacity and 

lower is the rated capacity. 

The electrical characterizations described in the next chapter were realized before 

the validation of the test described here. Consequently, the rated capacity may be 

not extremely accurate, but the results and the conclusions are qualitatively effective.  

 

4.1.2 Voltage dip during galvanostatic discharges 

A curious voltage dip at the beginning of the discharge is investigated during these 

tests, from two different manufacturers (i.e. Panasonic and LG Chemical), depending 

of C-rates, Temperatures, SOC and SOH. According to the manufacturer’s datasheet 

of LG-Chemical cells, the maximum current the cell can sustain continuously is 10 A 

(i.e. ~3.5C), while in these tests, currents up to 19 A are applied. The sequence of 

the C-rate profile is schematically reported in the Appendix 8.7.  

Figure 40 – The discharge voltage as a function of the capacity is reported for different C-rates: C/3, 

C/2, 1C, 2C and 3C. The cell is the n°28 tested for the first time 24 months after the reception at 

25°C.  
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Purpose of this protocol is to assess the cell performances from 1C to 6C, where high 

kinetic limitations occur. Indeed, simulations  below 1C where performed during a 

previous project by Safari 2011 in partnership with Renault [12].   

The discharge voltage is reported at 25°C in Figure 41 (A) and then at 0°C Figure 41 

(B) for cell n°26 at BOL. However, at lower temperature, the formation of a 

characteristic voltage is observed as the current rate increases. In both cases the 

rated capacity is inversely proportional to C-rates, which is more pronounced at low 

temperature, as expected. Furthermore, at low temperature the voltage is distorted 

because of major kinetic limitations (i.e. combination of diffusion, migration and 

charge transfer). 

 

Cell n°01 is cycled at C/10 at 25 °C from 4.2 V to 2.5 V for 30 days, reducing the SOH 

to 97 %. The cell is then characterized at 25°C between 4.2 V and 2.5 V,Figure 42 

(A), evidencing a voltage dip at the beginning of the discharge at 4C, 5C and 6C 

rates. The test is then performed between 3.9 V and 2.5 V, Figure 42 (B), but in this 

condition, the voltage dip is not observed.  

 

The cell n° 12 is characterized at BOL & 0°C, from 4.2 V to 2.5 V Figure 43 (A) and 

from 3.9 V and 2.5 V in Figure 43 (B), observing the voltage dip only in the first case.  

Figure 41 –  The cell n°26 is tested at BOL at 25°C (A) and 0°C (B). The discharge voltage as 

function of the quantity of charge is reported. The end of charge voltage is 4.2 V.  

Figure 42 –  The cell n°01 is tested at 97 % of SOH at 25°C, using and end of charge voltage of 4.2 

V (A) and 3.9 V (B).  The discharge voltage as function of the delivered quantity of charge is reported. 
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In conclusion, both SOC and SOH influences the voltage dip at the beginning of the 

discharge more than temperature or kinetic limitations in contrast with the conclusions 

found in literature [214]–[216]. The initial voltage dip is known in lead acid batteries 

as “coup-de-fouet”, but is not extensively investigated in lithium ion cells [217]–[223]. 

This phenomenon can be attributed to the terms of concentration observed in the 

Butler-Volmer relationship (cf. Eq. 11, Eq. 12). However, more detailed studies are 

required to understand this behavior.  

 

4.1.3 Galvanostatic discharge to 0.05 V 

In this section is studied the behaviour the cell discharge using a lower cut-off voltage 

than the usual values set to 2.5 V. In fact, the voltage knee (evidenced in the red 

dashed circle in Figure 44) at the end of discharge is not observed for rates higher 

than 2C, as seen in Figure 41 and Figure 42, when the cut-off is limited to 2.5 V [217]. 

For this reason the end of discharge voltage cut-off is set to 0.05 V to observe the 

voltage knee and the related degradation. 

The current profile in term of C-rate and the synthetic sequence are reported in 

Appendix 8.8.   

In order to compare the discharge rates, the charge conditions are the same. The 

discharge voltage as a function of charge is reported in Figure 44, for the following 

discharge rates: C/25, C/10, C/3, C/2, 1C, 2C, 3C, 4C and 5C. The rated capacity at 

5 C is 93.75 % of the capacity measured at C/25, indicating the presence of kinetic 

limitations. However, the voltage knee proving the end of discharge is observed, we 

suggest reducing the end of discharge cut-off voltage to measure the rated capacity 

at high C-rates. In literature is reported that at low voltages the electrolyte oxidation 

and structural degradation may occurs [224]. However, this condition is maintained 

Figure 43 –  The cell n°12 is tested at BOL at 0°C, using and end of charge voltage of 4.2 V (A) and 

3.9 V (B).  The discharge voltage as function of the delivered quantity of charge is reported.  
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in the proposed test protocol only for a short time. In literature similar tests was 

reported by Broussely 2005 where the SAFT VLE 45 Ah cell was  discharge to 0.7 V 

[225].     

In conclusion the rated capacities measured with a cut-off of 0.05 V are very close of 

the rated capacities evaluate with a cut-off of 1.75 V. Meanwhile, the degradation with 

a 1.5 V cut-off should be smaller than a 0.05 V cut-off. 

 

 

The rated capacities are calculated at the intersection between the discharge voltage 

and the cut-off voltage (dashed lines). The red dashed lines indicate the old cut-off 

voltage at 2.5 V while the green dashed line indicate the new cut-off voltage at 1.75V. 

It is evident that the new cut-off guarantees a higher rated capacity at the end of the 

discharge and the voltage knee. The general study conducted in § 6 evidences that 

are dominant kinetic limitation can be attributed to electronic limitations in these LG 

cells. 

This protocol is repeated 4 times to assess the battery SOH measured with the 

capacity measured at C/3 as reported in Figure 45, respectively. Moreover, the 

degradation accelerates after each test of 0.6 %, 0.7 % and 1 %. Obviously during a 

Figure 44 – The discharge voltage as function of the capacity is reported for different C-rates when 

the cell n°31 is discharged to 0.05 V. The red dashed circle indicates the voltage knee at the end of 

the discharge. The dashed lines indicate the old cut-off voltage at 2.5V and the new cut-off voltage 

at 1.75V respectively. The green arrow indicates the rated capacity at 5C with the old cut-off voltage 

and the new cut-off voltage respectively.  
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prolongated cycling at this low voltage, the degradations may be enhanced[30], [213], 

[226], But it is not investigate because the test aim only  to characterize the C-rate. 

 

In conclusion, if the voltage knee is not observed, then the cut-off voltage should be 

reduced if this procedure doesn’t affect significantly the degradation. This procedure 

is helpful for the understanding of kinetic limitations, improving the modelling and 

investigates the electrodes chemistries.  The objective of chapter xxx is to investigate 

the characteristics of this abrupt potential drop that is usually observed when the 

battery is close to the end of discharge. 

 

 

4.2. LGC INR18650MH1 chemical characterization 

 

The cell is opened to characterize compounds and chemistries to obtain useful 

parameters (e.g. electrode thickness, particles size, porosity, etc.) for the simulations.  

 

Radiography (X-Ray) 

The radiography is an imaging technique using electromagnetic radiation to observe 

the internal structure of an object. This non-destructive technique is used to measure 

the dimensions of the electrodes and prevent the electrodes short circuits during the 

opening of the cell steel case opening. In Figure 46, the radiography on LGC 18650 

Figure 45 – The discharge voltage is reported as a function of the capacity for the C/3 discharges 

used to calculate the battery capacity before each test sequences. The state of health is reported 

and calculated using the first rated capacity at C/3 as reference. 
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cells is reported and the components such as security cap, the negative electrical tab 

connection and the rolling tube are shown.  

 

 

Cylindrical Cell Case Openings  

The bottom of the cell is catted with a mandrel and the negative tab connection is 

removed as reported in Figure 47. During this procedure, the weight and thickness of 

the casing are measured and reported in Table 21. The amount of electrolyte in the 

cell is too small to be recovered.  

 

 

 

Figure 46 – The X-ray radiography of the LGC INR18650MH1 shows the details of the vent tap and 

the bottom of the negative tab side. 

Figure 47 – The cutting sequence with the successive measures of the casing thickness and weight 

are reported from the upper-left picture in clockwise order. 
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Dimensions MH18650 mm Positive Electrode mm Surface mm2 

Diameter 18.23 Inner Length 638 Inner 37004 

Height 64.32 Outer Length 650 Outer  37700 

Case Thickness 0.27 Height 58 Total 74704 

  Collector Length 690 Collector 40020 

  Negative Electrode mm Surface mm2 

  Inner Length 677 Inner 40620 

  Outer Length 621 Outer  37260 

  Height 60 Total 77880 

  Collector Length 690 Collector 40020 

 

Because of the cell rolling process the surface on each side of the electrodes has a 

different area, and the dimension of the separators are different. It’s worth mentioning 

that the negative electrode surface is 3176 mm2 higher than the positive electrode, 

suggesting that the amount of active material in this electrode is higher. Hence, the 

capacity in the negative electrode should be slightly higher than in the positive 

electrode. The mass of each component is reported in Table 22, where the electrolyte 

mass is estimated from the wet and the differences between dried components. 

For this reason, the electrodes are dumped in a solvent and the obtained solution is 

analyzed with mass spectrometry to identify the composition, as reported in Table 25. 

Weight grams 

Casing 8.27 

Positive Electrode (double coating) 17.39 

Positive Current Collector (Aluminum) 2.01 

Negative Electrode (double coating) 10.63 

Negative Current Collector (Copper) 3.82 

Separator # 1 0.90 

Separator # 2 0.78 

Total 43.80 

Total MH18650 46.81 

Electrolyte  3.01 

Table 22 – Resume the weight for each component. 

 

 

 

Table 21 – Dimension and sizes measured for the positive electrode, negative electrode and 

separator. The surfaces are calculated. 
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Optical microscope 

The optical microscope uses the visible light and a system of lenses to magnify the 

samples and capture the images. This instrument is used to measure the thicknesses 

of the electrodes and the radii of the active materials particles. In Figure 48 and Figure 

49  are reported the pictures of the electrodes and the separator, respectively. 

 

The thickness of the electrodes, their densities and the porosity are reported in Table 

23. The porosity is calculated considering the density of the active material, the weight 

and the volume of the electrodes. Consequently, pore inclusions (i.e. pores where 

the electrolyte is in a confined space between the active material’s particles) is not 

considered. The total thickness (double coating) of the positive electrode is ~7 time 

higher than its current collector while this ratio is ~17 for the negative side. 

Positive Electrode µm Densities mg/cm2 Porosity 

[%] 

Side # 1 63.4 One Side coating 23.7 22.19 

Side # 2  67.5 Collector  4.38  

Collector 18.7 Collector + double coating 50.58  

Total 150.2    

Negative Electrode µm Densities mg/cm2 Porosity 

[%] 

Side # 1 90.1 One Side coating 15.28 30.50 

Side # 2  97.3 Collector  7.09  

Collector 10.7 Collector + double coating 37.64  

Total 196.1    

 

Between the separator and the negative electrode, an alumina layer (~3 μm) is 

observed. It is usually applied to prevent dendrites and consequently the short 

circuits. 

Figure 48 – The images shows the sizes of the double coating electrodes and the radii of the active 

material particles. 

Table 23 – The thickness of the electrodes, density and porosity. 
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Scanning electron microscope with X-ray microanalysis SEM/XEDS 

A scanning electron microscope (SEM) is a type of microscope that produces images 

of a sample by scanning it with a focused beam of electrons. It is used to evaluate 

the sample's surface topography and composition, as shown in Figure 50, for the 

positive and the negative electrode respectively.  

 

 

The size of the grains ranges between 10 𝜇𝑚 and 30 𝜇𝑚 for the negative electrode, 

while positive electrodes are composed of conglomerates of particles smaller than 

0.5 𝜇𝑚 in macro-grains with sizes between 5 𝜇𝑚 and 15 𝜇𝑚. Consequently, we can 

estimate using the values reported in Table 23 the presence of 4 to 13 particles in the 

positive electrode thickness while there are 3 to 9 particles in the negative electrode 

Figure 49 – The image show the thickeness of both separator and its alumina coating. The 

composition of the alumina coating is verified with the XEDS analysis. 

Figure 50 –  The picture illustrates the electrodes surface morphology obtained with the SEM. The 

evidenced points are analysed with the XEDS in order to identify their chemical composition.  
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thickness. In fact, the highest the number of layers of particles and the closer are the 

samples with the macro-homogeneous assumption in the Newman’s model, as in this 

case each particle is equally supplied by electrons and reactants.  

The point P1, in Figure 50 is analyzed with the XEDS and the signal is show in Figure 

51 evidencing the presence of Nickel, Manganese and Cobalt (NMC).  Other 

elements found in significate amounts are oxygen and calcium because of the 

carbonates formed during the reduction of the solvent. 

 

 

The XEDS in point P2 identifies black carbon that is used as conductivity enhancer. 

In point N1 is found high presence of carbon while in N2 is identified the aluminum, 

migrated from the alumina coating.  

 

X-ray Diffraction (XRD) & X-ray fluorescence (XRF) 

The samples of positive and negative electrodes are set to 2.5 V vs Li-Metal and to 

1.5 V vs Li-Metal, respectively, before to be analyzed with the XRD. The results 

confirm the presence of the elements constituting the NMC for the positive electrode 

and carbon for the negative electrode. Traces of other elements, such as copper, are 

attributed to migration of atoms from the current collector. 

The percentage of elements constituting the positive electrodes, suggest that the 

compounds is the NMC 811, as reported in Table 24. 

 

 

Figure 51 –  The results of the EDS analysis over the sample P1 showing the presence of Nickel 

Manganese Cobalt. The x-axis indicates the applied energy in keV and the y-axis the reponse. 
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Element Concentration [%] 

Nickel 56.2 

Oxygen 18.0 

Cobalt 7.04 

Manganese 6.41 

 

 

Conclusions 

The results of the chemical characterization are resumed in Table 25. 

Positive electrode  

Active compound 96 % Nickel-Manganese-Cobalt (NMC 811) 

Particle radius from 5 to 15 µm 

Conductivity enhancer   2 % Carbon 

Binder   2 % PVDF 

Negative electrode  

Active compound 98 % Graphite 

Particle radius from 10 to 30 µm 

Other 2 % CMC/SBR 

Separator  

Composition PE – High Density 

Manufacturing Wet process 

Electrolyte  

Salt LiPF6 

Solvent DMC, DEC, EC, PC 

Additive Trichlorobenzene (probably) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 24 - Composition of the positive electrode elements obtained with the XRF. 

Table 25  – Resume of the chemical analysis 
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Finally, in Table 26, are resumed the parameters that are here measured and are 

later used for the simulations reported in Appendix 8.6.      

 Summary of the physical parameters measured 

𝑅+ = 10 𝜇𝑚 Radii of the positive electrode active material’s particles 

𝑅− = 20 𝜇𝑚 Radii of the negative electrode active material’s particles 

𝑑+ = 65 𝜇𝑚 Thickness of the positive electrode 

𝑑− = 65 𝜇𝑚 Thickness of the negative electrode 

𝑑𝑠 = 11 𝜇𝑚 Thickness of the separator 

𝑆 = 750 𝑐𝑚2 Total surface of the electrodes 

𝜀+𝑙 = 22 % Positive electrode porosity 

𝜀−𝑙 = 30 % Negative electrode porosity 

𝜀+𝑠 = 75 % Positive electrode active material volume fraction 

𝜀−𝑠 = 68 % Negative electrode active material volume fraction 

 

  

Table 26 – The parameters measured in Renault and used for the simulations are here summarized. 
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5 Electrode balancing  
In this chapter is studied how the shape of the isotherms influences the capability to 

estimate the state of lithiations in the electrodes at the charged and discharged state 

in the complete cell. They play a major role on the battery performances because the 

electrode balancing is affected and are not constant during the battery lifetime.  This 

is one of the first task to be completed for the electrochemical model because it affects 

both OCVs and the parameters that are function of the state of charge, such as the 

solid phase diffusivity, as discussed in § 3. The states of lithiations are a non-directly 

accessible parameter in the complete cell. Thus, a method for their estimation is 

required. At the beginning of this study, two simple isotherms based on the Nernst 

law are considered and then by scaling up the complexity of the isotherms a method 

is proposed to evaluate the accuracy of the fitting process for the fresh and aged cells 

introduced in the previous chapter. The fitting method is applied to the identification 

of the stoichiometry in each electrode in the complete cell.  

 

5.1. Introduction to electrode balancing 

The electrode balance is usually reported in literature as the negative electrode (𝑄−) 

and the positive electrode (𝑄+) capacities ratio [227] . In addition, the electrode 

balance is also influenced by the state of lithiation in each electrode. When a fresh 

cell is assembled, the negative electrode is completely delithiathed and the positive 

electrode is lithiated. A new cell is assembled entirely discharged and the voltage is 

the lowest possible. Then, during the first charge, as it was discussed in § 1.2, the 

solid electrolyte interface (SEI) is formed. In this layer composed of many compounds 

such as the lithium carbonates, some ions of lithium are trapped within. Even if few 

ions are trapped, this side reaction by itself induces the state of lithiation to shift. In 

other words, at the same equilibrium potential, the states of lithiation in both 

electrodes changes after side reactions. Consequently, for the same operating 

voltage window (e.g. from 4.2 V to 2.5 V), the stoichiometry shifts, and this can have 

consequences on the amount of that is used in the electrodes.  

Furthermore, during battery life many other side effects occur such as the deformation 

of the structure, the dissolution, fracture of the active material, enhancing the shifting 

the electrodes stoichiometry. In conclusion, the knowledge of the stoichiometry is 

requested to identify the limiting electrode and preventing the underuse of the active 

material or preventing the lithium deposition over the surface of the negative electrode 

during the charge. The lithium deposition is an important issue for the cell 
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performance and safety because short circuits may occur. The methodology used by 

author’s in the literature to identify the stoichiometry is not completely clear. Thus, a 

method for their identification and the accuracy determination is proposed and 

discussed in the next sections.   

 

5.2. Introduction to isotherms and the states of lithiation in 

either complete cell and “half-cell” configurations 

In this section, we focus the discussion on the state of lithiation of the electrodes and 

how they influence the OCV in the complete cell. The concepts of “half-cell” and then 

the hypothesis supporting this study is introduced. 

It is useful to disassemble a complete cell to measure the isotherm of its electrodes. 

The electrodes are reassembled in a cell with a lithium metal foil as counter electrode 

i.e. the so called “half-cell”. The term “positive electrode” and negative electrode 

remains assigned to the lithium metal oxide electrode and to the carbon-based 

electrode to avoid confusion.  

Herein, the hypotheses are discussed. In fact, the quantity of charge is the cell 

capacity if no parasitic reaction occurs. For this reasons, the concept of coulombic 

efficiency is usually introduced to deal with the side reactions [228], [229]. Then a 

very small current is applied to let the system in equilibrium upon measuring the 

isotherm. 

In conclusion, we assume that no side reactions occur during the measure (cf. Eq. 

67) and the isotherms are accurately measured. 

For the graphite, the “rocking chair” reaction is reported in Eq. 65: 

𝑥𝐿𝑖+ + 𝐶6 + 𝑥𝑒
− ⇆ 𝐿𝑖𝑥𝐶6 

Eq. 65 

Where 0 < 𝑥 < 1 is the electrode stoichiometry defined with the reference to 𝐶6. 

The case for the lithium metal oxide 𝐿𝑖𝐶𝑜𝑂2 is different: lithium ions are deintercalated 

as the 𝐶𝑜3+ is oxidized into 𝐶𝑜4+ while the intercalation the 𝐶𝑜4+ is reduced into 𝐶𝑜3+ 

according to Eq. 66:  

𝐿𝑖𝐶𝑜𝑂2 ⇆ 𝑦𝐿𝑖
+ + 𝐿𝑖𝑦𝐶𝑜𝑂2 + 𝑦𝑒

− 
Eq. 66 

Where 0.3 < 𝑦 < 0.9 is the stoichiometry window defined with the reference to 𝐶𝑜 

[63]. The reactions in Eq. 65 and Eq. 66 are the half-reactions taking places in the 

electrode when the complete cell is charged.  
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First of all, the attention is focused on the characteristics of the positive electrode 

isotherm, illustrated in Figure 52. The equilibrium potential, measured in the half-cell 

configuration, is reported as a function of the stoichiometry.  For LCO chemistries, 

the cell potential is usually limited between 4.3 V and 3.0 V. For higher and lower 

values of the voltage, the crystalline structure of the lithium oxides may be damaged. 

Furthermore, many side reactions are possible at higher voltage such as the oxidation 

of the electrolyte. Consequently, we attribute at the maximum voltage (e.g. 4.3 V) the 

minimum state of lithiation 𝑦𝑚𝑖𝑛  while at the minimum voltage (e.g. 3.0 V) is 

associated the maximum state of lithiation 𝑦𝑚𝑎𝑥. When the battery cycles between 

these voltage cut-off, as illustrated in Figure 52, the state of lithiation varies from 𝑦𝑚𝑖𝑛 

to 𝑦𝑚𝑎𝑥 and the reversible quantity of charge measured is 𝑄+. 

 

 

This analysis continues by considering the complete cell configuration reported in 

Figure 53(A), where the open circuit voltage measured with quasi-static discharge 

between 𝑉𝑚𝑎𝑥  and 𝑉𝑚𝑖𝑛 is reported as a function of the DOD (the depth of discharge). 

The DOD is defined as fraction of the total quantity of charge Qt.. When the battery 

Figure 52 – The positive electrode isotherm is reported in the half cell configuration as function of 

the state of lithiation. The symbols 𝑦𝑚𝑖𝑛  and 𝑦𝑚𝑎𝑥, indicates the minimum and the maximum state 

of lithiation available without inducing side reactions. The states of lithiation  𝑦 at the charged and 

the discharged state, when the electrode is assembled in the complete cell configuration are  𝜃𝑐ℎ
+   

and 𝜃𝑑𝑐ℎ
+ , respectively. The quantity of charge measured between the voltage cut off corresponding 

at the state of charges 𝑦𝑚𝑖𝑛  and 𝑦𝑚𝑎𝑥 is 𝑄+. Similarly, the capacity measured between 𝜃𝑐ℎ
+   and 𝜃𝑑𝑐ℎ

+  

is 𝑄𝑡, corresponding at the complete cell total capacity. The values of potential associated to 𝑦𝑚𝑖𝑛  

and 𝑦𝑚𝑎𝑥 are respectively 𝑉𝑚𝑎𝑥  and 𝑉𝑚𝑖𝑛. 
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is fully charged, the state of lithiation for the positive electrode is indicated with 𝜃𝑐ℎ
+ , 

while for the negative electrode is indicated with 𝜃𝑐ℎ
−  ,as reported in Figure 53 (B). 

Therefore, when the battery is discharged, the states of lithiation are 𝜃𝑑𝑐ℎ
+  and 𝜃𝑑𝑐ℎ

− , 

for the positive electrode and the negative electrode, respectively. Thus, with this 

notation there is an agreement between the charged and the discharged state of 

lithiation for both electrodes. Furthermore, a mathematical artifice for the negative 

electrode indicating the state of lithiation as 𝜃− = 1 − 𝑥 is introduced. The symbol 𝑥 

indicates the stoichiometry in the negative electrode having the same meaning of 𝑦 

for the positive electrode. When the OCV of the complete cell cycles, the state of 

lithiations in the electrodes moves from  𝜃𝑐ℎ
±  to 𝜃𝑑𝑐ℎ

± . As consequence, for both 

electrodes their capacity 𝑄+ and 𝑄− is inferior or equal to 𝑄𝑡. 

 

 

In a complete cell, the states of charge at the maximum and minimum voltage are 

determined by 6 parameters: 𝑄+, 𝑄− , 𝜃𝑑𝑐ℎ
+ , 𝜃𝑐ℎ

+ , 𝜃𝑑𝑐ℎ
− , 𝜃𝑐ℎ

− . However, these parameters 

are not independent because of the relation between capacity and the state of 

lithiation:  

𝑄𝑡 = 𝑄+(𝜃𝑑𝑐ℎ
+ − 𝜃𝑐ℎ

+ ) = 𝑄−(𝜃𝑑𝑐ℎ
− − 𝜃𝑐ℎ

− ) 
Eq. 67 

Consequently, the independent parameters to be evaluated are 4 (for example 

𝜃𝑑𝑐ℎ
+ , 𝜃𝑐ℎ

+ , 𝜃𝑑𝑐ℎ
− , 𝜃𝑐ℎ

− ), but they can be reduced to 2 (i.e. 𝜃𝑐ℎ
+ , 𝜃𝑐ℎ

− )  if the capacities of the 

electrodes  𝑄+ and 𝑄− are measured in the half-cell configuration. In this latter case, 

the states of lithiation at the end of discharge can be determined:  

Figure 53 – (A) The cell voltage is reported as a function of the normalized quantity of charge DOD, 

where 𝑄𝑡 is the rated capacity. In (B) the isotherm of the electrodes reports the associated state of 

lithiation when the complete cell is charged rather discharged.   
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{
 

 𝜃𝑑𝑐ℎ
+ =

𝑄𝑡
𝑄+
+ 𝜃𝑐ℎ

+

𝜃𝑑𝑐ℎ
− =

𝑄𝑡
𝑄−
+ 𝜃𝑐ℎ

−

 
Eq. 68 

A method to estimate the states of lithiation (i.e. 𝜃𝑑𝑐ℎ
+ , 𝜃𝑐ℎ

+ , 𝜃𝑑𝑐ℎ
− , 𝜃𝑐ℎ

− ) without opening 

the cell and measuring the capacity of each electrode is proposed in the next 

chapters. This method can also be applied to track the shift of these parameters 

during the cell fading. Herein, for generality, the four states of lithiations 

𝜃𝑑𝑐ℎ
+ , 𝜃𝑐ℎ

+ , 𝜃𝑑𝑐ℎ
− , 𝜃𝑐ℎ

−  are unknown parameters. 

 

5.3. How the shape of the isotherms influences the accuracy 

on the initial states of lithiation 

 

In a complete cell configuration, the states of lithiation in either electrode are unknown 

even if they were measured in each electrode before the assembling. Indeed, the 

irreversible side reactions occurring on the electrodes on the first cycle, shifts these 

values when the electrodes are assembled, as stated in § 5 and § 5.2. These values 

are estimated by matching the cell open-circuit voltage with the difference between 

the isotherms according to Eq. 69 [176].  

min{𝐸𝑚𝑒𝑎𝑠(𝐷𝑂𝐷) − [𝐸+(𝜃
+) − 𝐸−(𝜃

−)]} 
Eq. 69 

where 𝜃𝑑𝑐ℎ
+ < 𝜃+ < 𝜃𝑐ℎ

+  and 𝜃𝑑𝑐ℎ
− < 𝜃− < 𝜃𝑐ℎ

− , and 0 < 𝐷𝑂𝐷 < 1.  

Before to discuss about the accuracy on the estimated states of lithiation, we discuss 

about different techniques for the isotherm analysis. Many studies have been 

reported using the incremental capacity (IC) and differential voltage (DV) [196], [228]–

[239].  

These two approaches are equivalent because they arrange differently the slope of 

the same isotherms, i.e. 
𝑑𝑄

𝑑𝑉
 𝑣𝑠 𝑉 (IC) and  

𝑑𝑉

𝑑𝑄
 𝑣𝑠 𝑄(DV). When the modulus of the 

change of the potential rises, a peak is observed, that is attributed to a phase 

transformation. Without entering in these details, many studies use the IC and DV 

curves to analyses how these peaks shift with the degradation of lithium ions 

batteries. Additional information about these methods are reported in Appendix  8.3.  

We focus now the discussion on the accuracy of the measurement of the identified 

states of lithiation [240]. In this paragraph is explained why a good fit between the 

measured OCV and the reconstructed OCV does not guarantee a priori the correct 
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identification of the states of lithiation. Since the Nernst law represents the simplest 

isotherm, it can be used to illustrate the ambiguity of the fitting method.  

In a complete cell (Figure 54), the capacity is limited at least by the capacity of one 

of the electrodes, creating four different scenarios, reported in Figure 55:   

• (A) end of charge limited by positive electrode while end of discharge limited 

by the negative electrode; 

• (B) end of charge limited by negative electrode while end of discharge limited 

by positive electrode; 

• (C) end of charge and end of discharge limited by positive electrode;  

• (D) end of charge and end of discharge limited by negative electrode. 

 

 

The four different scenarios reported in Figure 55 (A)-(D), lead to the same isotherm 

in the complete cell (Figure 54). Consequently, the estimated states of lithiation are 

not accurate. This situation is caricatural because of the simplicity of the isotherms, 

but it illustrates well the problematics behind any fitting process. Which electrodes 

limit the charge and which one the discharge is not usually known.  

For this scope, we consider a reference cell having a Nernst isotherm for the 

electrodes and the states of lithiation: 𝜃𝑐ℎ,𝑟𝑒𝑓
+ = 0.01 , 𝜃𝑑𝑐ℎ,𝑟𝑒𝑓

+ = 0.99,  𝜃𝑐ℎ,𝑟𝑒𝑓
− = 0.1 

and 𝜃𝑑𝑐ℎ,𝑟𝑒𝑓
− = 0.90. This OCV is then compared with a cell having the same Nernstian 

Figure 54 – The OCV of complete cell is obtained with the four scenarios in Figure 55 (A)-(D) 

associated to the electrodes’ isotherms initial and final states of charge.  
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isotherms and different states of lithiation to evaluate the error different the states of 

lithiation. 

 

 

The quantity of charge transferred the electrodes 𝑄𝑡, depends of the capacity of each 

electrode and the variation from the charged to discharged state, as reported in Eq. 

67:  

𝑄𝑡 = 𝑄+( 𝜃𝑑𝑐ℎ,𝑟𝑒𝑓
+ − 𝜃𝑐ℎ,𝑟𝑒𝑓

+ ) = 𝑄−( 𝜃𝑑𝑐ℎ,𝑟𝑒𝑓
− − 𝜃𝑐ℎ,𝑟𝑒𝑓

− )  
Eq. 70 

In the Nernstian case investigated up to now, the reference complete cell OCV is 

𝑈𝑟 = (𝐸0
+ +

𝑅𝑇

𝐹
log
1 − 𝜃𝑟

+

𝜃𝑟
+ ) − (𝐸0

− +
𝑅𝑇

𝐹
log

𝜃𝑟
−

1 − 𝜃𝑟−
) Eq. 71 

A similar equation can be written for the fitting cell with the unknown states of lithiation  

Figure 55 – The potential of the isotherms is reported for the electrodes as a function of the state of 

lithiation. The four-major combinations of charge and discharge limitation are illustrated.  
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𝑈 = (𝐸0
+ +

𝑅𝑇

𝐹
log
1 − 𝜃+

𝜃+
) − (𝐸0

− +
𝑅𝑇

𝐹
log

𝜃−

1 − 𝜃−
) Eq. 72 

The function of the voltage error between these OCVs can be determined analytically 

as:  

𝑈𝑒𝑟𝑟𝑜𝑟(𝐷𝑜𝐷) = 𝑈𝑟 − 𝑈 =
𝑅𝑇

𝐹
log (

𝜃−𝜃+(1−𝜃𝑟
−)(1−𝜃𝑟

+)

𝜃𝑟
−𝜃𝑟

+(1−𝜃+)(1−𝜃−)
)  

Eq. 73 

The states of lithiation are then obtained by minimizing the error: 

𝑉𝑒𝑟𝑟𝑜𝑟 = min (max(𝑈𝑟(𝜃𝑐ℎ
+ , 𝜃𝑑𝑐ℎ

+ , 𝜃𝑐ℎ
− , 𝜃𝑑𝑐ℎ

− ) − 𝑈(𝐷𝑂𝐷)))  
Eq. 74 

In Figure 56 is reported 𝑉𝑒𝑟𝑟𝑜𝑟 as a function of 𝜃𝑐ℎ
+  , where per construction for 𝜃𝑐ℎ

+ ≡

𝜃𝑐ℎ,𝑟𝑒𝑓
+  , hence 𝑉𝑒𝑟𝑟𝑜𝑟 = 0 𝑚𝑉. As an example, for a 𝜃𝑐ℎ

− = 0.05 the other 3 parameters 

are optimized (i.e. 𝜃𝑑𝑐ℎ
+ , 𝜃𝑐ℎ

+ , 𝜃𝑑𝑐ℎ
− ) to minimize this error (i.e. ~ 7 mV). In other words, 

there is no combinations of 𝜃𝑑𝑐ℎ
+ , 𝜃𝑐ℎ

+ , 𝜃𝑑𝑐ℎ
−  when 𝜃𝑐ℎ

− = 0.05 that could provide an error, 

inferior to 7 mV. For any value of DOD, the error is compared between 0mV and 7 

mV. At least two combinations of the 4 parameters ( 𝜃𝑐ℎ
+ , 𝜃𝑑𝑐ℎ

+ , 𝜃𝑐ℎ
− , 𝜃𝑑𝑐ℎ

− ) leads to 

coincident OCVs. Furthermore, if we consider acceptable an error of 10 mV 

(𝑖. 𝑒. 𝑉𝑒𝑟𝑟𝑜𝑟 = 10 𝑚𝑉), represented in the picture Figure 56 (A) to Figure 56 (D) by the 

dashed red lines, many combinations of these parameters are acceptable.  

It should be noted that the curves are flickering as consequence of the discretized 

number of combinations used. Thus, they become smoother as the path of the 

samples decreases.  

In conclusion, the shape of the isotherm affects directly how the state of charge of 

the electrodes at the charged are estimated, even for small error between the 

measured and the fitted OCV.   
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In the next case illustrated in Figure 57, the isotherms are complex enough to 

guarantee a good accuracy. the positive electrode has two sharp voltage steps in 𝜃𝑠1
+  

and 𝜃𝑠2
+  , respectively. 

Figure 56 – In each of picture is reported the maximum error in terms of the voltage between the 

reconstructed OCV(DOD) and the reference OCV(DOD) obtained with two Nernstian electrodes 

isotherms. Furthermore, the reconstructed OCV is obtained with the best combination of 3 

parameters when the 4th is parameter.  
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The reference OCV as a function of the quantity of charge is reported in Figure 58.  

 

 

The total capacity is 𝑄𝑡 and the voltage steps are in 𝑞𝑠1
+  [𝑚𝐴ℎ] and 𝑞𝑠2

+  [𝑚𝐴ℎ]. In this 

situation, it is possible to associate the state of lithiation 𝜃𝑠1
+  and 𝜃𝑠2

+  with the quantity 

of charge 𝑞𝑠1
+  and 𝑞𝑠2

+  with the equation Eq. 75: 

Figure 57 – The isotherms in either electrodes are based on the Nernst law but for the positive 

electrode is modified with two sharp voltage steps in 𝜃𝑠1
+ = 0.45  and 𝜃𝑠2

+ = 0.7 . 

Figure 58 – The complete cell isotherm reported as a function of the quantity of charge. The capacity 

is 𝑄𝑡 = 3100 𝑚𝐴ℎ, and the sharp voltage steps are detected in 𝑞𝑠1
+ = 970 [𝑚𝐴ℎ] and 𝑞𝑠2

+ =

1940 [𝑚𝐴ℎ]. 
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𝜃𝑑𝑐ℎ
+ − 𝜃𝑠2

+

𝑄𝑡 − 𝑞𝑠2
+ =

𝜃𝑠2
+ − 𝜃𝑠1

+

𝑞𝑠2
+ − 𝑞𝑠1

+ =
𝜃𝑠1
+ − 𝜃𝑐ℎ

+

𝑞𝑠1
+  Eq. 75 

From Eq. 75 it is possible to explicit the state of lithiation for the positive electrode at 

the charged and discharged state as:  

{
 
 

 
 𝜃𝑑𝑐ℎ

+ =
𝜃𝑠2
+ − 𝜃𝑠1

+

𝑞𝑠2
+ − 𝑞𝑠1

+ (𝑄𝑡 − 𝑞𝑠2
+ ) + 𝜃𝑠2

+

𝜃𝑐ℎ
+ = −

𝜃𝑠2
+ − 𝜃𝑠1

+

𝑞𝑠2
+ − 𝑞𝑠1

+ 𝑞𝑠1
+ + 𝜃𝑠1

+

 
Eq. 76 

The positive electrode capacity can also be calculated analytically, and consequently 

the measuring is not necessary: 

𝑄+ = −
𝑞𝑠1
+

𝜃𝑠1
+ (1 − 𝜃𝑠2

+ ) + 𝑞𝑠2
+  Eq. 77 

Additional considerations about the error are reported in Figure 59 if 𝜃𝑐ℎ
−  is smaller 

than 𝜃𝑐ℎ,𝑟𝑒𝑓
−  than the error between the OCVs is positive, otherwise is negative. In 

conclusion, when one of the isotherm possess two voltage jumps, the state of 

lithiation can be accurately detected for both electrodes.  

 

 

The same procedure used to obtain the Figure 56 is now applied and illustrated in 

Figure 60. The charged and discharged state for the positive electrode can be 

detected very precisely as reported in Figure 60 (C) and Figure 60 (D). The accuracy 

is lower for the negative electrode, but still there is only one combination of 

Figure 59 – The complete cell isotherm is reported with the values of the positive electrodes states 

of lithiations. The blue curve is measured, the red and black are drawn with different charged and 

discharged state of lithiation at the negative electrode.  
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parameters leading to  𝑉𝑒𝑟𝑟 = 0. The ambiguity of the estimated states of charge 

reported in Figure 56  is now avoided. 

 

 

When the electrodes isotherms are similar to Nernst law, like in LiFePO4/LTO cells, 

the state of lithiation are poorly detectable. However, if one isotherm presents at least 

two sharp voltage steps, the initial states of lithiation are accurately identified. 

Between these two extreme cases, there are intermediate situations where some of 

the 4 parameters identified. This is for example the case if in one or both electrodes 

there is only one sharp voltage step. With these guidelines, the LGC cell is in 

investigated in the next chapter. 

Figure 60 –  In these pictures is reported the maximum error in terms of the voltage between the 

reconstructed OCV(DOD) and the reference OCV(DOD) obtained for a Nernstian isotherm (negative 

electrode) and a Nernstian isotherm having two voltage steps (positive electrode). Furthermore, the 

reconstructed OCV is obtained with the best combination of 3 parameters when the value of the 4th 

parameter is indicated in the abscises. 
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5.4. Identification of the state of lithiation in LGC INR18650MH1 

half cell 

In Figure 61 (A) are illustrated the isotherms of the LGC INR18650MH1 are measured 

with a current rate of C/50. The voltage thresholds are from 1.5 V to 0.05V for the 

negative electrode and from 4.3V to 3V for the positive electrode. The measurement 

of the isotherm is a difficult because the quasi-static condition is required [13], [238], 

[241]–[248].  

The state of lithiation at 4.3 V for the positive electrode is approximatively 𝜃𝑚𝑎𝑥
+ ≈ 0.3 

(as it is estimated in Appendix 8.2). However, the values of the boundary states of 

lithiation use the definition of § 5.2, found in literature (cf. § 3):  

• For the negative electrode: 𝜃𝑚𝑎𝑥
− = 1 at 1.5 V and 𝜃𝑚𝑖𝑛

− = 0 at 0.05 V 

• For the positive electrode: 𝜃𝑚𝑎𝑥
+ = 1 at 3.0 V and 𝜃𝑚𝑖𝑛

+ = 0.3 at 4.3 V 

Slightly changes of 𝜃𝑚𝑎𝑥,𝑚𝑖𝑛 
+,−

doesn’t affect our conclusions this method. Herein, the 

isotherms as a function of the state of lithiation are reported in Figure 61 (B).  

 

 

 

The identification of the initial and final states of charge of the electrodes of the 

complete cell is discussed in the followings. The same tool developed in MATLAB for 

the analysis performed in § 5.3 is used for this purpose. The code uses parallel 

computing to calculate ~100 million of combinations. In fact, for each one of the four 

states of charge (𝜃𝑐ℎ
+ , 𝜃𝑑𝑐ℎ

+ , 𝜃𝑐ℎ
− , 𝜃𝑑𝑐ℎ

− ) 100 values are considered: 

• For the negative electrode between 0.95 and 1 for  𝜃𝑑𝑐ℎ
−  and between 0 and 

0.2 for 𝜃𝑐ℎ
−  ; 

Figure 61 – The OCVs of both positive and negative electrode obtained from a LGCMH18650 are 

reported as a function of the quantity of charge (A) and as a function of the state of lithiation (B).  
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• For the positive electrode between 0.95 and 1 for 𝜃𝑑𝑐ℎ
+  and between 0.3 and 

0.35 𝜃𝑐ℎ
+  ; 

In Figure 62 in red is reported the measured OCV, while the fitted OCV is dashed. 

For this set of parameters: 𝜃𝑐ℎ
+ ≅ 0.305,  𝜃𝑑𝑐ℎ

+ ≅ 0.975 ,  𝜃𝑐ℎ
− ≅ 0.030,  𝜃𝑑𝑐ℎ

− ≅ 0.998 the 

maximum absolute error is ~4.3 mV (while the accuracy of measurement is 2mV) and 

a root squared error R2  =  0.9997. Despites this very good fitt the identified values 

require an additional study to evaluate how an error on their estimation affects the 

fitting. For example, we need to know how the OCV is if 𝜃𝑐ℎ
+   is few per cent higher or 

lower than the estimated value. Therefore, this study is conducted to evaluate the 

accuracy for each one of the states of charge. 

 

 

Figure 63 (A-D) illustrates the evolution of one of the maximum error between the 

measured OCV and the reconstructed OCV as a function of the state of charge   by 

minimizing the error associated to the other three parameters. The maximum error is 

reported in (A) and (B) for the parameters 𝜃𝑐ℎ,− and 𝜃𝑑𝑐ℎ,−, respectively, while the 

error associated to 𝜃𝑐ℎ,+, 𝜃𝑑𝑐ℎ,+, 𝜃𝑑𝑐ℎ,−  and 𝜃𝑐ℎ,+, 𝜃𝑑𝑐ℎ,+, 𝜃𝑐ℎ,− respectively, is 

minimized. Similarly, the maximum error is reported in (C) and (D) for the states of 

𝜃𝑐ℎ,+ and 𝜃𝑑𝑐ℎ,+, respectively, while the error associated to 𝜃𝑐ℎ,−, 𝜃𝑑𝑐ℎ,+, 𝜃𝑑𝑐ℎ,−  and 

𝜃𝑐ℎ,+, 𝜃𝑑𝑐ℎ,−, 𝜃𝑐ℎ,−, respectively is minimized. In conclusion, the most critical parameter 

is 𝜃𝑐ℎ,− because different values lead to the same error in the complete cell. Even 

Figure 62 –  The measured OCV and the reconstructed OCV using the proposed method is reported 

as a function of the DOD by using Eq. 72. The difference between these OCVs, obtained with Eq. 

73, is reported in the second axis and the dashed blue line represent the zero.  
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though graphite isotherms have 3 voltage plateaus the state of charge at the charged 

state are poorly identified. In fact, the transitions between plateaus are smooth and 

the voltage steps are too small to provide enhanced accuracy.  

 

The uncertainties of the estimated state of charges at 4.2 V and 2.5 V illustrated in 

Figure 63 (A-D) with an accuracy of 10 mV are reported in Table 27.  

 

 

  

 

Figure 63 – The errors reported is the maximum error measured on the curve between the measured 

OCV and the fitted OCV, for the studied LGMH18650.  In the abscises indicates the parameters 

analyzed and in the ordinates the maximum error over the curves, when the other parameters are 

optimized for the minimum error.  
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∆𝜃𝑐ℎ,− ∆𝜃𝑑𝑐ℎ,− ∆𝜃𝑐ℎ,+ ∆𝜃𝑑𝑐ℎ,+ 

0 – 0.12 0.995 – 1 0.3 – 0.313 0.963 – 0.984 

 

This procedure is then applied to 11 LGC INR18650MH cells at beginning-of-life and 

after aging from the same batch. The intention is to observe if the states of charges 

are similar in all the cells, and their accuracy. Furthermore, the goal for the aged cell 

investigation is to observe their evolutions. 

The OCV, measured at C/25 shows in Figure 64 (A), the dispersion in terms of 

capacity in this batch is close to 3%. The result after the normalization of the capacity 

is reported in Figure 64 (B).  

 

 

In Figure 65(A) are reported the differences between the OCV as a function of the 

DOD from the cell n°9 and the cells previously reported in Figure 64(B). The different 

discharge curves ca be superposed when they are normalized using the definition of 

DOD. In fact, the dispersion (i.e. voltage difference between al the discharge curves) 

is less than 2 mV in the DOD range from 0.05 to 0.95. In fact, 2 mV represents the 

sensibility of the instrument. In Figure 65 (B) is reported the differential voltage as a 

function of the DOD. Even in this case the differential voltage is very similar for these 

cells. Consequently, is not possible with this approach to demonstrate that the states 

of charges are different. 

Table 27 – The range of uncertainties ∆𝜃 over the state of charges at the charged and discharged 

state having an accuracy of 10 mV between the reference OCV and the reconstructed OCV for the 

cell characterized in § 4.2.  

Figure 64 – The discharge voltage at a C/25 rate is reported as a function of the measured capacity 

(A) for the different cells. The discharge capacity is normalized with the measured capacity at the 

end of each discharge (B).  
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The capacity dispersion and weight are analysed in this section. Their nominal values 

are 3200 mAh and 49 gr, respectively. Instead, the measurement performed on 10 

cells belonging to the same batch, shows that the average capacity and weight are 

3242 ± 92 mAh (or ± 2.8%) and 47 ± 0.059 gr (or ± 0.12 %), respectively.  

 

 

In Figure 66 are reported their capacity and weight, percentile variation of capacity 

and weight from the average. It should be noted that cells n°07 and n°10 have a 

similar weight, but their capacity is respectively the highest and lowest. The 

connection between the capacity and the weight is thus not obvious. This can be 

attributed to the effect of particle connection, quantity of black carbon and binder, 

pore inclusions and percolations.  

The capacity of these cells is measured after 3 years of aging in calendar at 25°C 

and 50% of DOD for the cells n°14 and n°06. Instead, the cell n°09 cycled for 1 month 

at C/3, 25 °C from DOD 0 to 100 % and then aged in calendar at 25°C and 50% of 

DOD for 3 years. In these conditions, the SOH become 91%, 96% and 98 %, for the 

Figure 65 – In (A) is reported the voltage difference from the OCV normalized of the cell n°9, used 

as reference cell, and the voltage of the other cells. Instead, in (B) the differential voltage is reported 

for all the cells as a function of the DOD.   

Figure 66 – In (A) and (B) are reported, in the main axis, for the fresh cells the capacity [mAh] and 

the weight [gr] respectively.  In the second axis are reported, the percentile variations of capacity 

and weight using their respective average values: 3242 mAh and 46.90 gr.  
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cell n°09, n°14 and n°06, respectively. In Table 28 is resumed the capacity before 

and after aging:  

CELL NUMBER Q @ BOL [mAh] Q @ SOH [mAh] ΔQ [mAh] 

09 3347 3050 -298 

06 3251 3175 -74 

14 3245 3127 -119 

 

The method is then applied to identify the possible drift in the electrodes balancing. 

In Table 29 are reported the uncertainty for the four states of charge having an 

accuracy of 10 mV. Surprisingly these values are the same in these aged cells. 

∆𝜃𝑐ℎ,− ∆𝜃𝑑𝑐ℎ,− ∆𝜃𝑐ℎ,+ ∆𝜃𝑑𝑐ℎ,+ 

0 – 0.20 0.99 – 1 0.3 – 0.32 0.95 – 0.98 

 

In literature, the degradation is commonly attributed to graphite electrode, however 

with this results we cannot confirm nor deny this conclusion [203], [206].  

In conclusion, two different situations are identified: 

• 𝜃𝑐ℎ,− has a poor accuracy; 

• 𝜃𝑑𝑐ℎ,− , 𝜃𝑐ℎ,+ and 𝜃𝑑𝑐ℎ,+ are accurately measured but it is not possible to identify 

significant variations after the aging. However, this conclusion should be 

verified after a more severe aging;  

Therefore, more cells are required to observe the stoichiometry drift in aged cells. In 

conclusion, the proposed method can identify the stoichiometry but is not able to 

identify the variation of the parameters after the aging. We are confident that harsher 

ageing protocol are going to lead to detectable variations. Nevertheless, the aging 

effects are evident at high C-rates on the polarization, as reported in Figure 41 (A) 

and  Figure 42 (A).  

In the next paragraph, another strategy is illustrated to investigate the influence of 

ageing on the stoichiometry. 

 

 

Table 28 – The capacity for the cells at the beginning of life and after the degradation is reported. 

Table 29 – The range of uncertainties over the state of charges at the charged and discharged state 

having an accuracy of 10 mV between the reference OCV and the reconstructed OCV.  
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5.5. The aging scenarios 

 

The method described in the previous section was not able to identify the effect of 

the degradation on the states of charge. For this reason, several scenarios are 

created to simulate how the stoichiometry affect the OCV. The isotherms of the 

electrodes, obtained from the LGC INR18650MH1 are reported in Figure 61.  

Case 1: 𝜃𝑐ℎ
− ↑ 

In the first case, the state of lithiation in the negative electrode at the charged states 

shift to higher values after the degradation as reported in Figure 67 (A). In Figure 67 

(B) is reported the shape of OCVs associate to different values of 𝜃𝑐ℎ
−  and the 

difference between the OCV having the initial 𝜃𝑐ℎ
−  and the obtained OCVs. The arrows 

indicate how the peaks changes for different 𝜃𝑐ℎ
− . In conclusion, the voltage at the end 

of the charge is lower for higher 𝜃𝑐ℎ
− .  

 

 

Case 2: 𝜃𝑐ℎ
− ↓ 

For symmetry, in the second scenario are simulated the new OCVs when 𝜃𝑐ℎ
−  

decrease, as shown in Figure 68 (A-B). The variations of the new OCVs are small 

and the peaks in the new OCVs shifts only slightly, as indicated by the blue arrows in 

Figure 68 (B). It should be noted that the peaks are symmetric with the reference of 

previous first case.  

Figure 67 – The isotherms of the LGC INR18650MH1 cell are reported in (A) and the complete cell 

open circuit voltage and the differences between the initial OCV and OCV with shifted stoichiometry 

are reported in (B). The OCV reported in (B) are consequence of the shift of the 𝜃𝑐ℎ
−   to higher values. 

The blue arrows indicate the directions of the new peaks obtained as a difference between the initial 

OCV and the actual OCV.    
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Case 3: 𝜃𝑐ℎ
+ ↑ 

In the next scenario, 𝜃𝑐ℎ
+  increase as illustrated in Figure 69 (A-B). In this case the 

OCV decreases and the voltage at the end of charge decreases. This situation is not 

observed in the cells studied and consequently this scenario can be excluded.  

 

 

Case 4: 𝜃𝑑𝑐ℎ
+ ↓ 

In Figure 70 (A) is illustrated how the OCV looks like if the state of lithiation at the end 

of the discharge 𝜃𝑑𝑐ℎ
+   decreases as indicated by the red arrow. The resulting OCVs 

in Figure 70 (B) indicates that the potential rises for elevate DODs. This situation is 

not observed in the studied cells and consequently is excluded.  

Figure 68 –  The isotherms of the LGC INR18650MH1 cell are reported in (A) and the complete cell 

open circuit voltage and the differences between the initial OCV and OCV with shifted stoichiometry 

are reported in (B). This scenario illustrates the consequences on the OCV if the 𝜃𝑐ℎ
−  decrease 

because of the cell degradation as indicated by the blue arrows.    

Figure 69 –  The isotherms of the LGC INR18650MH1 cell are reported in (A) and the complete cell 

open circuit voltage and the differences between the initial OCV and OCV with shifted stoichiometry 

are reported in (B).  This scenario illustrates the consequences on the OCV if the 𝜃𝑐ℎ,+ increase 

because of the cell degradation as indicated by the red arrows.    



113 

 

 

 

Case 5: 𝜃𝑑𝑐ℎ
+ ↑ 

The symmetric of the previous scenario is illustrated in Figure 71(A-B). Indeed, some 

similarities can be found with the scenarios illustrated in Figure 68. In fact, in the 

present scenario, the OCV is slightly affected by the shifting of 𝜃𝑑𝑐ℎ
+  to higher values.  

 

 

Case 6: 𝜃𝑑𝑐ℎ
+ ↑ and 𝜃𝑑𝑐ℎ

− ↓ 

Finally, in Figure 72 (A) a situation where both 𝜃𝑑𝑐ℎ,− decreases while 𝜃𝑑𝑐ℎ,+ increases 

are illustrated. In fact, by considering that one of the electrode should limit the end of 

the discharge, 𝜃𝑑𝑐ℎ
−  can decrease only if 𝜃𝑑𝑐ℎ

+  increases opportunely. Thus, in this 

scenario, the cell becomes limited by the positive electrode after the aging.  

Figure 70 –  The isotherms of the LGC INR18650MH1 cell are reported in (A) and the complete cell 

open circuit voltage and the differences between the initial OCV and OCV with shifted stoichiometry 

are reported in (B). This scenario illustrates the consequences on the OCV if the 𝜃𝑑𝑐ℎ
+  decrease 

because of the cell degradation as indicated by the red arrows.    

Figure 71 –  The isotherms of the LGC INR18650MH1 cell are reported in (A) and the complete cell 

open circuit voltage and the differences between the initial OCV and OCV with shifted stoichiometry 

are reported in (B). This scenario illustrates the consequences on the OCV if the 𝜃𝑑𝑐ℎ,+ increase 

because of the cell degradation as indicated by the red arrows.    
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In this last section, the aged cells n°09, n°06 and n°14 introduced in § 5.4 are 

analyzed to identify which one of the proposed scenarios is the most likely possible. 

 

Figure 73 –The figure shows the difference between the fresh and the aged OCV (C/25) as function 

of the DOD for the cells n°09, n°06 and n°14.  

 

In Figure 73 the differences between the fresh and the aged OCV are reported. The 

curves associated to cell n°6 and n°14 are similar, while in the n°9 different peaks are 

observed. This result suggests that different history of aging affects the shape of the 

OCV. However, this low degradation cannot provide definitive conclusions because 

the OCV, after aging is slightly modified. However, the first scenario discussed in 

Figure 67 where 𝜃𝑐ℎ
−  increases seems the most possible. However, it is also realistic 

the  𝜃𝑐ℎ
+  shifts to higher values.   

Figure 72 –  The isotherms of the LGC INR18650MH1 cell are reported in (A) and the complete cell 

open circuit voltage and the differences between the initial OCV and OCV with shifted stoichiometry 

are reported in (B). This scenario illustrates the consequences on the OCV if the 𝜃𝑑𝑐ℎ,+ increase 

while the 𝜃𝑑𝑐ℎ,− decrease because of the cell degradation as indicated by the red arrows.    
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6 Numerical simulations with COMSOL 
 

The system of equations is coded in COMSOL to investigate the mass transport 

limitations and their effect on the rated capacity. The dedicated battery toolbox 

available for COMSOL was also tested but the convergence of the solution is not 

reached when the local concentration in the solvent is zero. This situation may occur 

at very high C-rates.  For these reasons the system of equation is coded ex-novo 

using the constant coefficient form. 

The 1D geometry consists of three segments: the positive electrode, the separator 

and the negative electrode. The geometry of the non-dimensional P2D model in 

COMSOL and the mesh are illustrated in Figure 74. The mesh density is higher at 

the boundaries: electrode/separator, electrode/current collector and the particle’s 

surface (r=1). In the P2D model, the x-axis indicates the position along the width of 

the electrodes (i.e. the 1D electrode geometry) while the r-axis indicate the particles 

radius (i.e. the 2D particles geometry indicated with P2D). The lithium concentration 

is a local variable in either solid and liquid phase in the (x,r) dimensions.  

 

 

Figure 74 – The draw reports the 1D geometry with the negative electrode, positive electrode and 

the separator. The negative current collector is located in x=0 and the positive current collector in 

x=3 as indicated by blue arrows. The positive electrode in the 2D geometry is represented with the 

square shape: the direction x across the particles comes from x=2 to x=3 and the direction-r, inside 

the particle, comes from r=0 to r=1. The value of r=1 represent the surface of the particles. The 

green arrows indicate the variables 𝐽+ and 𝐶𝑠,+ that connects the 1D geometry with the P2D 

geometry (i.e. the current density and concentration at the surface of the particles).  
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The Butler-Volmer law connects the two geometries: the flux from the 1D geometry 

is projected to the P2D boundary while the surface concentration from the P2D 

boundary is projected to the 1D geometry, as indicated by the green arrows. 

The diffusion equation in the P2D geometry is modeled in COMSOL using an 

anisotropic diffusivity equal to zero in the x-axis direction. The reference potential (0 

V) is set at the boundary of the negative current collector (x=0).  

The solver in Comsol has some problems when the solid phase concentration 

reaches the unity (i.e. the particle is saturated in the dimensionless equation system). 

However, the stability of the solver is obtained with a simple variable change: 

𝜃𝑆 = 1 − 𝜃+ Eq. 78 

where the subscript S is for reverse solid phase concentration and the subscript + for 

positive solid phase concentration. The new variable reaches zero at the end of 

discharge (i.e. the particle’s saturation). When, the solver works close to zero it is 

accurate because of the separation because of the separation between positive and 

negative values. 

At the beginning of the discharge, when the current is switched on there is a numerical 

instability associated to the non-derivability of mathematical steps. Consequently, the 

use of the smoothed step transitions function “fl2hcs” creates continuous variables 

that can be derived twice. 

The model was also coded in Matlab using the server COMSOL-Livelink, with the 

intention to automatize the simulations and identify the parameter’s sensibility and 

manipulate the data for post-processing. Unfortunately, COMSOL-Livelink is found to 

be much slower (at least 5 times) then COMSOL, and after many tentative this 

approach was abandoned. In the next chapter are explained the main mass transport 

limitations during the galvanostatic discharges.  

 

6.1. Galvanostatic discharges 

The battery performances are usually evaluated with a sequence of discharges at 

constant current (i.e. galvanostatic) in a potential threshold window. In general, the 

measured capacity is lower as the current increases. Thus, one of the method to 

evaluate the cell performances is to apply a constant discharge current to associate 

it with the measured capacity. On the contrary, in literature, many studies are 

conducted on the cell polarization by fitting the simulations with the experiments 

rather than studying the rated capacity [91], [106], [137], [249], [250]. 
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In the followings, the rated capacity at the end of the galvanostatic discharge reported 

from literature is investigated to detected possible connections with the C-rate. The 

discharge voltage profiles from the literature are reported in Figure 75, for a prismatic 

(A), cylindrical (B) and pouch cell (C).  

 

 

It is known that the rated capacity decreases at higher C-rate, but the inverse of the 

rated capacity provides information about the behaviour of the transport limitation. In 

fact, this trend can be attributed to one of the different possible kinetic limitation. The 

rated capacity and its inverse value obtained from Figure 75 are reported in Figure 

76. The rated capacity decreases as the C-rate increases by following different laws. 

In fact, for the cells [A] and [B] the inverse of the rated capacity is linear, while in [C] 

it is almost for C-rate lower than 1.5 and then it decreases. The origin of the 

performance limitations in terms of the capacity were studied by Johns et al 2009 

[251] and Cornut et al. 2015 [252]. Following their approach in Figure 76(A) is 

reported the rated capacity and in Figure 76(B) the inverse of the rated capacity as 

function of the C-rate. Considering these articles, and the results of this work detailed 

in the next chapters, we can speculate that the limiting factors responsible for the 

reduction of the rated capacity are similar in cell [A] and [B] (i.e. solid phase mass 

Figure 75 – The discharge voltage at 25°C for different C-rates for (A) prismatic cell, (B) cylindrical 

cell [155] and (C) pouch cell [214]. The figures reports in % the estimated rated capacity at the end 

of the discharge. 
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transport limitation) and a different one in cell [C] (i.e. liquid phase mass transport 

limitation). When no kinetic limitation occurs for the rated capacity the inverse of the 

capacity is constantly 1. Instead, when the liquid phase transport limitations occur, 

the inverse of the rated capacity form a straight line, like in the case Figure 76(B) [A] 

that can be eventually extrapolated to a line passing per zero.  

 

 

More in general, how the rated capacity varies as a function of the C-rate is discussed 

in several articles and the rated capacity is a direct consequence of the different 

kinetic limitations occurring in the: electrolyte, solid phase, or particles [252][251]. 

These mass transport limitations, occurring during galvanostatic discharge, are 

discussed in detail in this chapter. 

Many parameters can potentially influence the results and the rated capacity. 

Consequently, an opportune methodology is required to isolate the effect of each 

parameter, to obtain general conclusions. In practice, the number of parameters is 

reduced by avoiding the mass transport limitations in the negative electrode and the 

separator, as reported in Table 30.  As consequence, the negative electrode is a 

lithium metal foil and the isotherm in the positive electrode is represented with the 

Nernst law. In Table 14 are reported the values of transport number and reaction 

kinetic constant that are usually found in literature (§ 3) [93].    

The non-dimensional electrochemical model with the description of the PDE system 

and its parameters are reported in § 2.3.3.  

The ratio between the quantity of charge in the solid phase and the charge in the 

liquid phase is expressed by the non-dimensional parameter 𝐴3+ (Table 31).  

Figure 76 – The rated capacity for different C-rates for (A) prismatic cells and (B) cylindrical cells 

[155], while in (C) are pouch cells from [214]. 
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The parameter 𝐴3+, is assumed to 100, as it is usually close to what is obtained from 

the literature. However, the effect of different value for the parameter 𝐴3+ will be 

discussed. The maximum concentration in the solid phase is approximately 22000 

𝑚𝑜𝑙 𝑚−3 for LFP and from 40000 to 60000𝑚𝑜𝑙 𝑚−3 for NMC, NCA or LCO.The initial 

concentration in the electrolyte is approximately 1000 𝑚𝑜𝑙 𝑚−3 according to literature.  

The study is focused on: kinetic limitation, electrolyte mass transport limitation, 

electronic transport limitation, diffusion mass transport limitation in the particles. 

Finally, the influence on their combinations are discussed.  

CONSTANT PARAMETERS  

𝐿1− =
𝑅𝑇

𝐹
 
𝜎− 

𝐷𝑒+ 𝐹 𝐶∗
 
𝑑+
𝑑−
≫ 1 

𝐿1− = 1000 

𝐿4− =
𝑑+ 𝑘−

∗

𝐷𝑒+
  ≫ 1 

𝐿4− = 1000 

𝐴6𝑒 =
𝐷𝑒+ 

𝐷𝑒 
  
𝑑𝑒
𝑑+
≪ 1 

𝐴6𝑒 = 0.001 

𝐴5𝑒 =
1

𝜀+𝑙
 
𝐷𝑒+ 

𝐷𝑒  
(
𝑑𝑒
𝑑+
)
2

≪ 1 
𝐴5𝑒 = 0.001 

 

Since the non-dimensional parameters are obtained using the effective diffusivity in 

the positive electrode, the electrolyte mass transport limitation corresponds to the 

study of the non-dimensional current 𝑗̃ (§ 2.3.3). The other parameters such as 𝐴1+ , 

𝐴2+ , 𝐴4+ are associated to electronic mass transport, diffusion in the solid phase and 

kinetic reaction, respectively.  

 

 

 

 

 

 

 

 

 

 

Table 30 – The table shows the parameters selected in all the following simulations and their respective 

values. These latter were chosen for avoiding their contribution in the mass transport limitations.  
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CONSTANT PARAMETERS FROM LITERATURE 

𝛼± = 0.5 

𝑡+ = 0.4 

𝐴3+ =    
𝜀+𝑠 

𝜀+𝑙 
 
 𝐶𝑠,𝑚𝑎𝑥+ 

𝐶∗
= 100   

 

 

6.1.1 Kinetic redox limitation 

 

In this chapter, the influences of the reaction rate kinetics constant 𝑘∗ in the Butler-

Volmer relation are studied. In this study the transport limitation in both solid and 

liquid phase are avoided (i.e. infinitely fast diffusion) by using the opportune values 

of the parameters reported in Table 32. Thus, the concentration of lithium ions in the 

electrolyte is constant (𝐶 ≡ 𝐶∗).  

CONSTANT PARAMETERS  

𝐴1+ =
𝑅𝑇

𝐹
 
𝜎+ 

𝐷𝑒+ 𝐹 𝐶∗
≫ 1 

𝐴1+ = 1000 

𝐴2+ = 𝜀+𝑠  
𝐷𝑠+ 

𝐷𝑒+ 
 
 𝐶𝑠,𝑚𝑎𝑥+ 

𝐶∗
 (
𝑑+
𝑅𝑝+

)

2

≫ 1 
𝐴2+ = 1000 

𝐴3+ =    
𝜀+𝑠 

𝜀+𝑙 
 
 𝐶𝑠,𝑚𝑎𝑥+ 

𝐶∗
 

𝐴3+ = 100   

 

In Figure 77 is reported the non-dimensional potential during the discharge as a 

function of the DOD for different values of the parameter A4+.  

Table 31 – The table shows the parameters selected according to literature and used in all the following 

simulations. In some cases, the influence of the parameter 𝐴3+ is discussed and its values explicated.  

Table 32 – The parameters reported in this table ensure that only the kinetic limitation can be observed. 
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In Figure 78 is reported the discharge voltage for different values of the non-

dimensional current 𝐽 for three different values of the kinetical parameter  𝐴4+. The 

values chosen for 𝐽  are small enough to avoid transport limitation in solution: 𝐽<<3 

(detailed in § 6.1.2). At the beginning the analysis focused on the evolution of the 

internal variables (i.e. concentration in the solid and the liquid phase) during the 

discharge. Then it is studied now the influence of the parameters on the polarization 

for a given DOD of 15%. 

 

 

Figure 77 – The non-dimensional potential is plotted as function of the DOD for different values of 

the parameter 𝐴4+ for a fixed value of the non-dimensional current  𝐽 = 0.01. 

Figure 78 – The discharge voltage as a function of the DOD is reported for three values of the 

parameter 𝐴4+ = 10, 0.1,10
−3. The values of non-dimensional  𝐽 are 0.5, 0.1, 0.05 and 0.01. 

The red arrow indicate the direction of lower 𝐴4+ and the dashed arrow indicates the 15% of DOD. 
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The lithium concentration on the particle’s surface is reported every 10% of DOD, 

across the electrode in Figure 79. The concentration is uniform in the whole section 

from x=2 to x=3 for any values of the parameter A4+. 

 

 

The concentration of lithium ions in the electrolyte are reported in Figure 80. The 

concentration is uniform and constant during the discharge.  

 

 

The concentration of intercalated lithium inside the particle near the separator (x=2) 

is reported every 10% of DOD in Figure 81. The concentration is uniform from the 

inner (𝑟 = 0) to the surface (𝑟 = 1) for any values of the parameter A4+. This picture 

is connected at the values reported in Figure 79, inside the particle at the separator 

(𝑥 = 2). 

Figure 79 – The concentration of intercalated lithium across the electrode is reported every 10 % of 

DOD for different values of the parameter 𝐴4+  for a fixed value of the non-dimensional current  𝐽 =

0.01. The blue arrow indicate the time direction while the red arrow indicate the direction of lower 

𝐴4+. 

Figure 80 – The concentration of lithium ions in the separator and positive electrode are reported 

every 10% of DOD for different values of the parameter 𝐴4+  for a fixed value of the non-dimensional 

current  𝐽 = 0.01.  The red arrow indicate the direction of lower 𝐴4+. 
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Finally, the profile of the concentration inside the particles of the electrode at the end 

of the discharge are reported in Figure 82. The concentration is uniform in both 

dimension x (across the electrode) and r (inside the particles), showing that all the 

host site in the active material are used for any A4+.  

 

  

In conclusion, the kinetic limitation does not influence the concentration in the solid 

phase nor in the liquid phase, but it only increases the non-ohmic drop. The non-

ohmic drop (cf. Figure 78) is not proportional to the current but the voltage drop is 

constantly translated during the discharge. 

The non-ohmic behavior is evidenced in Figure 83, reporting the difference 𝜉(𝜃) 

between the potential at the equilibrium and the voltage written according to Eq. 79.  

Figure 81 – The concentration as function of the radius for the particle near the separator is reported 

every 10 % of DOD for different values of the parameter 𝐴4+  and a fixed value of the non-

dimensional current  𝐽 = 0.01. The blue arrow indicate the time direction while the red arrow indicate 

the direction of lower 𝐴4+. 

Figure 82 – The profile of the solid phase concentration in the positive electrode (the axis in the 

bottom of the figures are the electrode thickness and particle radii) is reported at the end of 

discharge. The red arrow indicate the direction of smaller 𝐴4+. The non-dimensional current  𝐽 =

0.01 is a fixed-value. 
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𝜉 =
𝐹

𝑅𝑇
(𝐸 − 𝐸0) Eq. 79 

where: 𝜃 is 0.85 (i.e. DOD 15%). A logarithmic behavior for 𝐴4+ < 0.5 is observed, in 

line with the exponent in the Butler-Volmer kinetic law, that is poorly influenced by the 

𝜃, 𝜃𝑖 (the initial state of lithiation) or 𝛼 (the kinetic exponential). 

 

The same approach is used in Figure 84 for studying the polarization at 15% of DOD 

as a function of the non-dimensional current  𝐽 for various parameters 𝐴4+, as seen 

in Figure 78. The voltage drop is exponential because of the connection with the 

Butler-Volmer expression.  

 

 

Figure 83 – The overpotential is plotted as function of kinetical parameter 𝐴4+ in the logarithmic axis-

scale at 15% of DOD and a fixed value of the non-dimensional current  𝐽 = 0.01. 

Figure 84 – The overpotential is plotted as function of the non-dimensional current  𝐽 = 0.01 in the 

linear axis scale (A) and logarithmic axis-scale (B) at 15% of DOD for different values of the kinetical 

parameter 𝐴4+.   
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These results (Figure 83 and Figure 84) are in contrast with what is obtained from 

experiments, in Figure 85 and Figure 86. In Figure 85, is reported the discharge 

voltage for the LGCMH at different current rates. Therefore, the dashed red line, 

indicates the values of the voltage at 500 mAh (i.e. 15% DOD), that are reported in 

Figure 86. 

 

 

The Figure 86 shows that for different current values the behavior is linear, while in 

Figure 84, the behavior was exponential.   

Figure 85 – The discharge voltages as a function of the rated capacity, for the LGCMH, are reported 

for the C-rates ranging from C/25 to 6C. The red dot indicate the refence voltage, while the blue dots 

are used to calculate the voltage drop. 
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In conclusion, the interfacial kinetics limitation is not likely playing a relevant role in 

the system. Consequently, while the Butler-Volmer relation is maintained, the 

hypothesis of reversibility is advanced. This will imply a large kinetic constant  𝑘∗ and 

consequently A4+ ≫ 1 in the dimensionless PDE system.  

 

6.1.2 Electrolyte mass transport  

 

The effect of the electrolyte mass transport limitation is isolated with an opportune 

selection of the non-dimensional parameters, as reported in Table 33. The non-

dimensional current 𝑗̃ =  𝑗 
𝑑+

𝐷𝑒+ 𝐹 𝐶∗
 is responsible for the mass electrolyte mass 

transport limitation in the electrolyte.  

CONSTANT PARAMETERS  

𝐴1+ =
𝑅𝑇

𝐹
 
𝜎+ 

𝐷𝑒+ 𝐹 𝐶∗
≫ 1 

𝐴1+ = 1000 

𝐴2+ = 𝜀+𝑠  
𝐷𝑠+ 

𝐷𝑒+ 
 
 𝐶𝑠,𝑚𝑎𝑥+ 

𝐶∗
 (
𝑑+
𝑅𝑝+

)

2

≫ 1 
𝐴2+ = 1000 

𝐴4+ =
𝑎+𝑑+

2  𝑘+
∗

𝐷𝑒+
   

  𝐶𝑠,𝑚𝑎𝑥+ 

  𝐶∗
≫ 1 

𝐴4+ = 1000 

 

Figure 86 – The voltage drop of the LGCMH for C-rates ranging from C/25 to 6 is reported in either 

linear (A) and logarithmic axis scale (B) when the battery deliver @ 15% DOD. 

Table 33 – The parameters reported in this table ensure that only electrolyte mass transport limitation 

can be observed. 
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The results of the simulations, for different current density rate, are presented in 

Figure 87 where the battery voltage as a function of the Depth-Of-Discharge or DOD 

is shown. The most relevant fact is that the rated capacity depends of the applied 

current. 

 

 

 

The reduction of the rated capacity is explained by observing how the concentration 

of lithium in both solid phase and liquid phase evolves. Across the electrode 

thickness, the lithium concentration on the particle’s surface is reported every 10% of 

DOD (Figure 88). At the beginning, when the discharge current is low, the 

concentration of intercalated lithium is uniform along the electrode.  

When the current when rise, the concentration of intercalated lithium is predominant 

in the particles near the separator (x=2).  Furthermore, as the particles closer the 

separator are filled the insertion slips towards the positive current collector (x=3), 

where non-saturated particles are present. In fact, since the conductivity in the solid 

phase is large, because 𝐴1+ ≫ 1, the electrons can be easily transported in the solid 

Figure 87 – The battery voltage for different currents are reported in function of the Depth-of-

Discharge(DOD).  
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phase. Consequently, the different distribution of concentration in the solid phase is 

attributed only to the heterogeneous distribution of lithium ions in the solution. 

 

 

In fact, the concentration of lithium ions in the electrolyte is reported in Figure 89. 

When the current is low, the concentration is uniform across both separator and 

positive electrode. Afterwards, for a high current the concentration rises in the 

separator and decreases in the electrode. In this condition, a quasi-steady-state of 

concentration of lithium is reached, because the diffusion in the electrolyte is fast 

enough to compensate the number of ions consumed during the intercalation. 

Instead, when the current is too large, the steady state cannot be achieved, and the 

lithium consumed cannot be replaced. Hereafter, the ions are depleted near the 

current collector creating a large gradient in the electrolyte concentration. Once 

somewhere in the electrode, the concentration of lithium ions is zero, the ohmic drop 

in the electrolyte becomes huge and consequently the cell voltage drops, and the 

discharge is immediately interrupted.  

 

 

Figure 88 – The concentration of intercalated lithium across the electrode is reported every 10 % of 

DOD for different current rates.  
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It should be noted, that while the concentration of lithium ions rises in the separator 

while it decreases in the electrode. The reason is found in the mass conservation in 

the liquid phase as reported in Eq. 80. Moreover, during these simulations the 

parameters 𝐴5𝑒 and 𝐴6𝑒 are equal and consequently the integral of the concentration 

is constantly 2 during the whole discharge.  

𝐴5𝑒
𝐴6𝑒

 ∫ �̃�𝑑�̃�
2

1

 +  ∫ �̃�𝑑�̃�
3

2

   =     
𝐴5𝑒
𝐴6𝑒

  +  1  Eq. 80 

The profiles of concentration inside the particle near the separator (x=2) (Figure 90), 

is uniform as expected, because the parameter 𝐴2+ ≫ 1, avoid the mass transport 

limitation in the solid phase. 

This image can be interpreted from Figure 88, and looking on at the point near the 

separator (x=2), as the current increase the concentration in this particle is higher at 

the beginning and then, when they are filled the insertion slips to particles closer the 

current collector. 

 

 

Finally, in Figure 91 is reported the concentration inside the positive electrode at the 

end of the discharge. The complete lithiation is reached for J=0.001 and J=1, while 

for J=4 an underutilization of the active material near the current collector is observed.  

 

 

Figure 89 – The concentration of lithium ions in the separator and positive electrode are reported 

every 10% of DOD for different values of the non-dimensional current. The arrows indicate the 

evolution of the concentration during the discharge.   

Figure 90 – The concentration as function of the radius for the particle near the separator is reported 

every 10 % of DOD. The blue arrow indicate the time direction while the red arrow indicate the 

direction of higher currents. 
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The rated capacity as a function of the discharge current is reported in Figure 92 for 

three values of 𝐴3+: 50, 100 and 200. The current reported in Figure 92(A) is in a 

linear scale, while in Figure 92 (B) is logarithmic. We can conclude that 𝐴3+ do not 

influence the rated capacity.    

 

Figure 91 – The profile of the solid phase concentration in the positive electrode (the axis in the 

bottom of the figures are the electrode thickness and particle radii) is reported at the end of 

discharge. The red arrow indicate the direction of higher current densities.  
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The effect of the electrolyte limitation on the rated capacity can be better investigated 

by plotting the inverse of the rated capacity as a function of the non-dimensional 

current in either linear scale Figure 92 (C) and logarithmic scale Figure 92 (D). When 

the current is close to 3 the limitation occurs and the rated capacity follows a straight 

line, as predicted by the analytical expression of Johns et al.[251] . This value is the 

frontier for the mass transport limitation i.e. for lower values the rated capacity is not 

affected. The shape of the curve is scarcely influenced by the parameter 𝐴3+ because 

in practices 𝐴3+ ≫ 1 and we can conclude that mass transport limitation is mostly 

dependent of the effective electrolyte diffusivity rather than the electrode porosity. 

This can be explained because the large amount of the lithium ions that intercalate 

cannot be initially contained in the electrolyte, but they must be transported from the 

negative electrode through the separator. 

The draw in Figure 93 , schematically illustrate the situation when the electrolyte limits 

the rated capacity. The lithiated particles are solid in black and the lithium ions in the 

electrolytes is represented in the electrodes with vertical stripes. The white color 

indicates the particles non-entirely lithiated and the electrolyte depleted in lithium 

ions. The discharge is interrupted because the particle non-entirely lithiated are 

surrounded with solvent without ions.    

Figure 92 – The rated capacity is reported as a function of the non-dimensional current in both linear 

(A) and logarithmic (B) scales. The inverse of the rated capacity as a function of the non-dimensional 

current in linear is reported in (C) and in logarithmic axis in (D).  
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An equivalent electric circuit can be used for a better understating of the limitations 

observed and creates a bridge between the electrochemical and the electrical 

models. In fact, the transmission line model (TLM) is an advanced equivalent 

electrical circuit able to partially represent the behavior of porous electrodes, Figure 

94.  

 

Figure 93 – The schematics of a porous electrode when mass transport limitations in electrolyte 

interrupt the discharge.  

Figure 94 – The general representation of the Transmission Line Model (TLM) for the half-cell is 

reported. The impedances represents the diffusion in the active material particles, and the 

resistances the voltage drop in the electrolyte and solid phase matrix. The arrows indicate the ionic 

current and the electronic current, respectively.  
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The equivalent situation of this limit case is reported in Figure 95, where the 

impedances and the resistance in the solid phase can be seen as short circuits. 

When the particles are entirely lithiated the system act like an open circuit. 

Furthermore, when the mass transport limitation occurs the electrolyte resistance is 

seen as an open circuit because the ohmic drop becomes infinite (i.e. the lithium ions 

are depleted and no current can flow).   

 

 

 

6.1.3 Electronic transport   

 

The electronic transport limitation is discussed in this section. A small current is 

applied (𝐽 ≪ 3) to avoid any mass transport limitation in the electrolyte, as concluded 

from § 6.1.1. The other limitations are avoided with the opportune choice of the 

parameters reported in Table 34. 

CONSTANT PARAMETERS  

𝐴2+ = 𝜀+𝑠  
𝐷𝑠+ 

𝐷𝑒+ 
 
 𝐶𝑠,𝑚𝑎𝑥+ 

𝐶∗
 (
𝑑+
𝑅𝑝+

)

2

≫ 1 
𝐴2+ = 1000 

𝐴4+ =
𝑎+𝑑+

2  𝑘+
∗

𝐷𝑒+
   

  𝐶𝑠,𝑚𝑎𝑥+ 

  𝐶∗
≫ 1 

𝐴4+ = 1000 

𝐴3+ =    
𝜀+𝑠 

𝜀+𝑙 
 
 𝐶𝑠,𝑚𝑎𝑥+ 

𝐶∗
= 100   

𝐽 = 0.01 

Figure 95 – The equivalent TLM is reported when the electrolyte mass transport limitation occurs.  

Table 34 – The parameters reported in this table ensure that only electronic transport limitation can be 

observed. 
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The simulations are performed for different non-dimensional values of the parameter 

𝐴1+, Eq. 81, that is associated to electronic conductivity. 

𝐴1+ =  
𝑅𝑇

𝐹
 
𝜎+ 

𝐷𝑒+ 𝐹 𝐶∗
 Eq. 81 

The voltage drop is higher for low values of 𝐴1+, as expected because of the poor 

conductivity, but conversely, the rated capacity is not reduced (Figure 96). Since the 

voltage drop is proportional to the applied current it can be called as an ohmic-drop 

but it is not constant during the discharge. The opposite situation was observed for 

the kinetic limitations of section 6.1.1, where the non-ohmic drop (voltage drop non-

proportional to the applied current) reproduce a voltage plateau during the discharge. 

 

 

The profiles of lithium concentration in the electrode’s particles are reported in  Figure 

97 for 𝐴1+ = 10, 0.01 and 0.0009.   For high conductivity, the concentration is uniform 

every 10% of DOD and across the entire electrode. Instead, for low conductivity, the 

insertion is predominant in the particles near the current collector (x=3). Once these 

particles are almost fully intercalated, the insertion slips toward the separator where 

empty particles are still available but it is required a large potential drop to move 

electrons at the insertion site.  

Figure 96 – The cell voltage during the discharge is reported as a function of the DOD for J=0.01.The 

values used for 𝐴1+ in the simulations are: 100, 10, 1, 10−1, 10−2, 5 ∙ 10−3, 3 ∙ 10−3, 2 ∙ 10−3, 1.5 ∙

10−3, 10−3, 9 ∙ 10−4 .   
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Instead, the concentration of ions in the electrolyte is constant, as expected, since 

this transport limitation is avoided with the chosen value of 𝐽 (Figure 98).   

 

 

In Figure 99, is reported the concentration inside the particle close to the separator 

(x=2). The concentration of lithium is uniform in each particle, as expected, because 

no transport limitation in the particles occurs with the chosen value of 𝐴2+. Instead, 

the concentrations between two levels of DOD are not constants, for small values of 

𝐴1+, as seen in Figure 97 for x=2. 

Figure 97 – The profiles of the concentration of intercalated lithium in the positive electrode are 

reported every 10% of DOD. The blue arrow indicates the time direction during the discharge, while 

the red arrow indicates the direction of lower parameters 𝐴1+ .  

Figure 98 – The concentration of lithium ions in the electrolyte is constant during the whole discharge 

for any 𝐴1+. 
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In case of electron transport limitation, at the end of the discharge, all the particles 

reach the same state of lithiation (Figure 100). All the active material is used and 

consequently the rated capacity is constant for any 𝐴1+. 

 

 

Like in § 6.1.2, the so called TLM, ( Figure 94) is used to explain this limit case with 

an electrical model. 

In this case, the electrolyte resistance and the charge transfer/diffusion impedances 

are short circuits, because no transport limitations are involved. However, the 

impedances became open circuit, and no current can flow once the particles are fully 

lithiated.  

 

Figure 99 – The concentration as function of the radius for the particle near the separator is reported 

every 10 % of DOD. The blue arrow indicate the time direction while the red arrow indicate the 

direction of smaller 𝐴1+. 

Figure 100 – The profile of the solid phase concentration in the positive electrode (the axis in the 

bottom of the figures are the electrode thickness and particle radii) is reported at the end of 

discharge. The red arrow indicate the direction of smaller 𝐴1+. 
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6.1.4 Solid phase diffusivity   

 

In this case, the solid phase mass transport limitation is discussed. Thus, a sufficient 

small current is applied (𝐽 ≪ 3) to avoid any mass transport limitation in the 

electrolyte, as studied in § 6.1.1.  

The other limitations are avoided with the opportune choice of the parameters 

reported in Table 35. 

CONSTANT PARAMETERS  

𝐴1+ =  
𝑅𝑇

𝐹
 
𝜎+ 

𝐷𝑒+ 𝐹 𝐶∗
≫ 1 

𝐴1+ = 1000 

𝐴4+ =
𝑎+𝑑+

2  𝑘+
∗

𝐷𝑒+
   

  𝐶𝑠,𝑚𝑎𝑥+ 

  𝐶∗
≫ 1 

𝐴4+ = 1000 

𝐴3+ =    
𝜀+𝑠 

𝜀+𝑙 
 
 𝐶𝑠,𝑚𝑎𝑥+ 

𝐶∗
= 100   

𝐽 = 0.01 

 

The non-dimensional parameter expressing the solid phase diffusivity is 𝐴2+ and its 

expression is reported in Eq. 82. 

𝐴2+ = 𝜀+𝑠 
𝐷𝑠+ 

𝐷𝑒+ 
 
 𝐶𝑠,𝑚𝑎𝑥+ 

𝐶∗
 (
𝑑+
𝑅𝑝+

)

2

 Eq. 82 

 

Figure 101 –  The TLM is represented when the electronic transport limitation occurs. 

Table 35 – The parameters reported in this table ensure that only the solid phase mass transport 

limitation can be observed. 
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The galvanostatic discharge simulations show that the rated capacity decreases for 

low values of the parameter 𝐴2+, Figure 102. The rated capacity is below 100% when 

𝐴2+ ≈ 0.1. The reason of such reduction of the rated capacity, are found from the 

analysis of the profiles of the concentration in either solid and liquid phases.  

 

 

The concentration of intercalated lithium at the particle’s surface is uniform in the 

electrode thickness, because there is no transport limitation in the solid phase nor in 

the liquid phase, as reported in Figure 103. However, the amount of concentration is 

not equidistant from two levels of DOD for a low value of the parameter 𝐴2+. In fact, 

for 𝐴2+ = 0.001 the discharge is interrupted for a DOD between 40% and 50 %, while 

the concentration at the surface in all the particles are saturated. The active material 

is evidently underused. 

 

Figure 102 – The simulations of the cell voltage during the galvanostatic discharge in terms of DOD 

for the following non-dimensional parameters 𝐴2+:  

1000,10, 1, 10−1, 5 ∙ 10−1, 10−2, 2.5 ∙ 10−3, 2 ∙ 10−3, 1.25 ∙ 10−3, 10−3, 8 ∙ 10−4,  

5 ∙ 10−4, 3 ∙ 10−4, 10−4. 
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Instead, the concentration of lithium ions in the electrolyte is constant, as expected, 

since the electrolyte transport limitation is avoided with a non-limiting value of 𝐽 

(Figure 104).  

 

 

Figure 105 reports the concentration inside the particle near the separator (x=2). If 

the value of the parameter 𝐴2+ is sufficient the profile of concentration is uniform in 

the particle, and the level of concentration is constant for any DOD. Contrarily, when 

the parameter 𝐴2+ is small, a gradient of the lithium concentration in the solid phase 

is observed. Furthermore, the concentration of the intercalated lithium is predominant 

on the particle’s surface (r=1), while its core stays empty (r=0) or at least with a lower 

concentration. In fact, once the lithium intercalates in the particles surface (r=1), 

because of the small parameter 𝐴2+, the transport of lithium toward the core of the 

particle is very slow compared to the insertion on the particles surface. 

 

Figure 103 – The profiles of the concentration of intercalated lithium at the particle’s surface in the 

positive electrode are reported every 10% of DOD. The blue arrow indicates the time direction during 

the discharge, while the red arrow indicates the direction of lower parameters 𝐴2+ . 

Figure 104 – The concentration of lithium ions in the electrolyte is constant during the whole 

discharge for any value of the parameter 𝐴2+. 
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The concentration inside all the particles of the electrode at the end of the discharge 

is reported in Figure 106. This picture, like Figure 103, evidences that the 

concentration is uniform in all the particles. In the picture at the left side, where the 

parameter 𝐴2+ is higher, there is no gradient of concentration inside the particles. 

When the parameter 𝐴2+ decreases, the gradient inside the particles became more 

and more important, as shown in the picture at the right side. In this case, when the 

concentration at the particles’ surface (r=1) reaches the maximum value the 

discharge is immediately interrupted, because no lithium can intercalate anymore. 

This underutilization of the active material explains why when the parameter A2+ is 

small (e.g. associated to the active materials particle size and diffusivity), the rated 

capacity decreases.  

 

 

The draw in Figure 107, schematically represents the mass transport limitation in the 

solid phase when it limits the rated capacity. This picture illustrate a porous electrode 

with the separator and the current collector, at the left side and the right side, 

Figure 105 – The concentration as function of the radius for the particle near the separator is 

reported every 10 % of DOD. The blue arrow indicate the time direction while the red arrow indicate 

the direction of lower values of the parameter 𝐴2+.   

Figure 106 – The profile of the solid phase concentration in the positive electrode (the axis in the 

bottom of the figures are the electrode thickness and particle radii) is reported at the end of 

discharge. The red arrow indicate the direction of lower values of the parameter 𝐴2+. 
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respectively.  The vertical stripes represent the concentration of lithium in the 

electrolyte. The while the particles are darker in the outer surface and clearer in the 

core with a grey scale transition in between indicating the gradient of concentration. 

In fact, the particles are always surrounded with enough lithium ions in the electrolyte, 

that is necessary for the intercalation, but the poor diffusion in the particles creates a 

gradient of concentration in their core with a saturation of lithium on the surface. When 

the surface of the particles is saturated, the intercalation is interrupted and the rated 

capacity is smaller than the total capacity.  

 

 

In conclusion, a better utilization of the active material can be achieved when the 

particles are smaller and consequently the active surface is higher.  

The transmission line model (TLM) reported in Figure 94, is used to schematically 

visualize, the mass transport limitation in the solid phase, as reported in Figure 108. 

For instances, there are no resistances associated to transport limitation, however 

once the particles are saturated the system acts like an open circuit (no charge 

transfer reactions allowed) and the discharge is interrupted. 

 

 

 

 

Figure 107 – The schematics of a porous electrode when the solid phase limitations interrupt the 

discharge. 
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6.1.5 Mixed case: solid phase diffusivity and electronic transport 

 

In this case are studied the combination of both electronic transport (𝐴1+) and solid 

phase mass transport (𝐴2+) limitations. Like in the previous studies, a sufficient small 

current is applied (𝐽 ≪ 3) to avoid any electrolyte mass transport limitation. 

The other kinetic limitations are avoided with the opportune choice of the parameters 

reported in Table 36. 

CONSTANT PARAMETERS  

𝐴4+ =
𝑎+𝑑+

2  𝑘+
∗

𝐷𝑒+
   

  𝐶𝑠,𝑚𝑎𝑥+ 

  𝐶∗
≫ 1 

𝐴4+ = 1000 

𝐴3+ =    
𝜀+𝑠 

𝜀+𝑙 
 
 𝐶𝑠,𝑚𝑎𝑥+ 

𝐶∗
= 100   

𝐽 = 0.01 

Table 36 – The parameters reported in this table ensure that the combination and solid phase diffusivity 

and electronic transport can be observed. 
 

The cell voltage during the discharge simulation is reported in Figure 109 for different 

parameters 𝐴1+ and three values for the parameter 𝐴2+: 0.001, 0.002 and 0.003.  

Figure 108 – The  TLM is illustrates the situation when the solid phase mass transport limitation 
occurs. 
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The simulations clearly show that for a given solid phase parameter, the electronic 

transport parameter does not impact the rated capacity. Thus, there is no interaction 

betwheen the solid phase diffusion limitation with the electronic transport. 

As the electronic conductivity decreases, the intercalation is predominant near the 

positive current collector because the voltage drop for their transport is minimized. At 

the same time, the diffusion in the solid phase creates a gradient inside the particles 

of the active material. Consequently, there is a gradient of lithium in the solid phase 

in either electrode thickness (x-axis) and particles radius (r-axis), Figure 110.  

 

 

 

 

 

 

Figure 109 – The cell discharge voltages are traced as function of the DOD for different values of  

𝐴2+:0.001, 0.02 and 0.03 and different values for the 𝐴1+. This latter ranges from 1 to 0.001. 

Figure 110 – The profile of the solid phase concentration in the positive electrode (the axis in the 

bottom of the figures are the electrode thickness and particle radii) is reported at the end of 

discharge. The red arrow indicates the direction of lower values of the parameter 𝐴1+ for the 

assigned value of 𝐴2+ = 0.03 . The white arrows pointing toward the current collector, indicate the 

concentration gradient in the electrodes thickness, that increases for lower values of 𝐴1+. The white 

arrows indicate the gradient of concentration toward x-direction. 
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6.1.6 Mixed case: solid phase diffusivity and electrolyte diffusivity 

 

In this case are studied the interactions between the solid phase mass transport (𝐴2+) 

and the electrolyte mass transport (𝐽). The other limitations are avoided with the 

opportune choice of the parameters reported in Table 37. 

CONSTANT PARAMETERS  

𝐴1+ =  
𝑅𝑇

𝐹
 
𝜎+ 

𝐷𝑒+ 𝐹 𝐶∗
≫ 1 

𝐴1+ = 1000 

𝐴4+ =
𝑎+𝑑+

2  𝑘+
∗

𝐷𝑒+
   

  𝐶𝑠,𝑚𝑎𝑥+ 

  𝐶∗
≫ 1 

𝐴4+ = 1000 

𝐴3+ =    
𝜀+𝑠 

𝜀+𝑙 
 
 𝐶𝑠,𝑚𝑎𝑥+ 

𝐶∗
= 100   

 

 

The simulations of the discharge voltage are reported in Figure 111, for different 

combination of 𝐴2+ and 𝐽.  

 

 

The rated capacity in these conditions is deeply influenced. Therefore, how the 

parameter 𝐴2+ influences the rated capacity as a function of the applied non-

dimensional current 𝐽 is reported in Figure 112(A) and  Figure 112(B) for the linear 

axis scale and logarithmic axis scale, respectively. In this figure, the rated capacity 

due to solid phase mass transport limitations decreases, as expected, but when 

electrolyte limitations occur, the rated capacity decreases much more. The limit 

Table 37 – The parameters reported in this table ensure that the combination of the solid phase 

diffusivity and the electrolyte diffusivity can be observed. 

Figure 111 – The cell discharge voltage is reported as a function of the DOD, for different values of 

𝐴2+: 0.005, 0.01 and 0.05. The non-dimension current 𝐽 ranges from 0.01 to 0.1 when 𝐴2+ is 0.005 

and 0.01, while 𝐽 ranges from 0.01 to 1 when 𝐴2+ is 0.05. 
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condition is expressed for 𝐴2+ = 1000 when no mass transport in the solid phase 

occur and only the electrolyte limitations acts. Thus, for 𝐽 > 3 both transport limitation 

occurs simultaneously, while for 𝐽 < 3 the solid phase transport limitation is 

predominant. When 𝐽 > 3 the reduction of the rated capacity is enhanced by low 

values of 𝐴2+.  

 

 

The previous are reported in Figure 112(C) with the y-axis indicates the inverse of 

the rated capacity. The arrow indicates the direction of lower values for the parameter 

𝐴2+. The regions where the contribution of the respective limitations is predominant 

are evidenced, like in Figure 112(A), but with this representation, the effects of 

electrolyte limitation are more evident. In conclusion, the combination of both diffusion 

limitation in the solid phase and the transport in the electrolyte influences more the 

rate capacity than these limitations acting separately. 

 

 

 

 

 

 

Figure 112 – The rated capacity and its inverse are reported as a function of the non-dimensional 

current in either linear and logarithmic scale. The arrow indicates the direction of lower values for 

the parameter 𝐴2+ .  
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6.1.7 Mixed case: electronic transport and electrolyte mass transport 

diffusivity 

 

In this case are studied the combined limitation of the electronic transport (𝐴1+) and 

the electrolyte mass transport (𝐽). The other limitations are avoided with the 

opportune choice of the parameters reported in Table 38. 

CONSTANT PARAMETERS  

𝐴2+ = 𝜀+𝑠  
𝐷𝑠+ 

𝐷𝑒+ 
 
 𝐶𝑠,𝑚𝑎𝑥+ 

𝐶∗
 (
𝑑+
𝑅𝑝+

)

2

≫ 1 
𝐴2+ = 1000 

𝐴4+ =
𝑎+𝑑+

2  𝑘+
∗

𝐷𝑒+
   

  𝐶𝑠,𝑚𝑎𝑥+ 

  𝐶∗
≫ 1 

𝐴4+ = 1000 

𝐴3+ =    
𝜀+𝑠 

𝜀+𝑙 
 
 𝐶𝑠,𝑚𝑎𝑥+ 

𝐶∗
= 100   

 

 

The simulations of the discharge voltage are reported in Figure 113, each picture 

represents a simulation conducted with a different value of 𝐴1+ while the non-

dimensional current density varies from 0.01 to 15 as indicated by blue arrows.    

 

 

The mass transport in the electrolyte and the electronic conductivity are coupled and 

their interaction is more complex than in previous cases. In fact, while the voltage 

drop is expected for lower values of the parameter 𝐴1+, how it contributes to increase 

the rated capacity for the same dimensionless current 𝐽 is more complex. In practice, 

Table 38 – The parameters reported in this table ensure that the combination of electronic transport 

and electrolyte mass transport limitation can be observed. 

Figure 113 – The cell voltage during the discharge is reported as a function of the DOD. The values 

for the parameter 𝐴1+ are 1000, 1 and 0.3, while the non-dimensional current density from 0.01 to 

15. 
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for the same value of the non-dimensional current density, the rated capacity is 

slightly higher obtained when the electronic transport is more difficult. 

This situation is investigated for 𝐽 = 15 for different values of the parameter A1+. For 

this value, when no electronic transport limitations occur, the rated capacity is the 

35% of the available capacity. When the transport limitations increase, the rated 

capacity increases as reported in Figure 114.  

 

 

The analysis of Figure 115 is helpful for understanding how the electronic conductivity 

is involved. The picture reports the concentration in the solid phase at the surface of 

the particles (R=1) across the electrode from the separator (x=2) to the current 

collector (x=3). The beneficial effects due to a low conductivity are still present but 

limited to 5 to 10 % in gains of the rated capacity. In fact, if the electrons are not easily 

transported in the solid matrix, a balance between the tendency to intercalate near 

the separator, where the lithium ions are abundant, and the tendency to intercalate 

near the current collector, where the electrons are abundant, is established. However, 

when the electrolyte transport limitations are stronger, the insertion is predominant 

near the separator and the conductivity is not able to uniform the insertion across the 

electrode, Figure 115.  

Figure 114 –The simulations of the discharge cell voltage are reported for a dimensionless current 

𝐽 = 15 while the parameters 𝐴1+ ranges from 1000 to 0.3. 
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The profiles of the concentration of lithium ions in the electrolyte are reported in Figure 

116. The limited transport of lithium ion in the electrolyte creates a lithium poor area, 

near the current collector (x=3). When the concentration in the electrolyte drop to zero 

somewhere, the ohmic drop in the electrolyte rises in the reactions and the discharge 

is interrupted. In such a condition, the reduction of conductivity is positive because it 

forces the lithium to intercalate near the current collector and the lithium ions gains 

some time diffuse where their presence is required.  Consequently, the cell discharge 

is immediately interrupted, and the active material is underutilized.  

 

 

The rated capacity, as function of the applied current density for the values of the 

parameter A1+ indicated before is reported in Figure 117. In Figure 117(B) the inverse 

Figure 115 – The concentration of intercalated lithium across the electrode, at the particles’ surface 

(R=1) is reported every 10 % of DOD. The red arrow indicates the direction of lower values of the 

parameter the parameter 𝐴1+  =100, 1, 0.3. The non-dimensional current is fixed to 𝐽 = 15. The blue 

arrow indicates the direction of the discharge time. 

Figure 116 – The concentration of lithium ions in the electrolyte is reported for a fixed value of the 

non-dimensional current 𝐽 = 15 and three different values of the parameter 𝐴1+  = 100, 1, 0.3. The 

profiles of concentration indicate a variation of 10% in the DOD. The blue arrow indicate the evolution 

of these profiles during time. 
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of the rated capacity as a function of the logarithm of the current density shows a 

linear slope, typical of the electrolyte mass transport limitation. The red dashed line, 

represent the condition where no electronic transport limitations occurs. When the 

electronic transport limitation increases, the curve translates and the gain in terms of 

rated capacity is evidencedin the yellow dashed box: the rated capacity decrease for 

J̃ ≅ 3 when A1+ = 100, while rated capacity shifts to  J̃ ≅ 6 when A1+ = 0.3. In 

conclusion, when the parameter A1+ decreases, it is possible to slightly mitigate the 

reduction of the rated capacity induced by the electrolyte mass transport limitation.  

 

 

 

 

 

Figure 117 – In (A)The rated capacity is reported as a function of the current density for the values 

of the parameter  𝐴1+  = 1000, 1, 0.3. The inverse of the rated capacity is shown in (B) evidencing 

its linear behaviour. 
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6.1.8 Conclusions and perspectives  

 

In this chapter some limiting factor have been studied and general results are 

obtained. It seems to be possible to identify or to exclude which one of the transport 

limitations is acting in  a real cell by looking on the relation of the rated capacity vs C-

rate. In fact, in Figure 76 (B) the cells [A] and [B] seems to be limited by the solid 

phase transport (linear behaviour), while the cell [C] is limited by electrolyte transport 

(constant and then linear reduction of the rated capacity). 

Furthermore, the polarization at a given DOD can provide additional information on 

the nature of the transport limitation. As an example, in Figure 118 is reported the 

combination of solid and liquid phase mass transport limitations in Figure 118(A) and 

the combination of electronic transport and liquid phase mass transport limitations in 

Figure 118(B). Looking on the polarization at 20 % of DOD, the voltage drop is 

completely different. Thus, how the voltage drops is influenced by the transport 

limitation, should be investigated in further studies. 

 

 

 

 

 

 

 

 

Figure 118 – The cell discharge voltage is reported as a function of the DOD, for different values of 

the non-dimension current 𝐽 in case of solid phase mass transport limitation 𝐴2+ in (A) or electronic 

limitation 𝐴1+ in (B).  
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6.2. Pulse-rest sequences 

6.2.1 Introduction 

The pulse-rest sequences are widely used for characterizing the internal resistance, 

the diffusion coefficient or the OCV. In this chapter, the measurement of voltage 

relaxation and of the solid phase diffusion coefficient, the time constants of this 

electrochemical model and the simulations of the pulse-rest sequences are 

discussed.  

In the literature is reported the simplest equivalent electrical circuit able to simulate 

approximatively the dynamics of a lithium ion cell’s, shown in Figure 119 [253]–[257]. 

In details, the internal resistance 𝑅𝑂 represents the ohmic drop associated to charge 

transfer and conductivity in the components (e.g. harness, electrolyte, solid phase 

matrix). The resistance 𝑅𝐷 – capacitance 𝐶𝐷 parallel branch is attributed to a physic 

and chemical phenomena such as the charge transfer and representing the cell 

dynamics.  These linear electrical components require several tests to be identified 

as functions of the SOC, temperature and SOH  

 

 

Consequently, large libraries of resistances and capacitance are created and 

implemented in the model with a look-up table. As an example, the impulsion reported 

in Figure 120 for the LGC INR18650MH1 cells at 1C, 90 % SOC & 25°C, illustrates 

the part of the voltage used to identify these electrical components.  

Figure 119 – A simple electrical circuit is illustrated able to reproduce the dynamics of lithium ion 

cells. In the drawing, the 𝑈𝑂𝐶𝑉  represent the open circuit voltage as a function of the state of charge 

(SOC), the 𝑅𝑂  the parallel branch between 𝑅𝐷 and 𝐶𝐷 represents the steady state and the dynamics 

of the ohmic drop. 
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A dynamic system regulated by only one-time constant (i.e. only one parallel RC 

branch) is described with Eq. 83.  

𝑉 = 𝑉𝑒𝑞 + (𝑉𝑟𝑒𝑙 − 𝑉𝑒𝑞)𝑒
−
𝑡
𝜏 

Eq. 83 

In this case, the voltage in the logarithmic scale of the time axis, shows a linear 

behavior. However in Figure 121 (A) is reported in the ordinates the logarithm of the 

voltage relaxation (described by Eq. 84, based on the initial and final voltages with 

𝑉𝑖𝑛 and 𝑉𝑒𝑞 identified in Figure 120) is observed, a non-linear behavior, as indicated 

by the inequality of Eq. 85.  :  

𝑦 = ln (
𝑉 − 𝑉𝑒𝑞

𝑉𝑟𝑒𝑙
) Eq. 84 

 

ln (
𝑉 − 𝑉𝑒𝑞

𝑉𝑟𝑒𝑙
) ≠ −

𝑡

𝜏
 Eq. 85 

In conclusion, the relaxation involves several time constants and the simple electrical 

circuit illustrated in Figure 119 does not reproduce the behavior. Thus, a pseudo-time 

constant 𝜏𝑝𝑠𝑒𝑢𝑑𝑜(𝑡) can be defined using the slope ( Eq. 86) of the relaxation defined 

in Eq. 83 as: 

𝑑𝑉

𝑑𝑡
 = −

1

𝜏
(𝑉 − 𝑉𝑒𝑞) Eq. 86 

Figure 120 – The impulsion-rest sequence is illustrated in (A) for 30 secs at 1C & SOC = 90 % & 

25°C for a LCG INR18650MH1 cell. The parts of the signal associated to ohmic internal resistance 

𝑅O and the diffusion impedance, i.e. the RC parallel branch of the electrical circuit illustrated in Figure 

119, are identified. The voltage at the beginning of the relaxation 𝑉𝑟𝑒𝑙 and at the equilibrium 𝑉𝑒𝑞 are 

also reported.  
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Finally the pseudo-time constant is obtained in Eq. 87 and reported in Figure 121 (B). 

𝜏𝑝𝑠𝑒𝑢𝑑𝑜(𝑡) = −(
𝑑𝑉

𝑑𝑡
∙

1

𝑉 − 𝑉𝑒𝑞
)

−1

 Eq. 87 

This picture illustrates the value of the time constants and the evolution with time. As 

an example, at 50 seconds is 𝜏𝑝𝑠𝑢𝑒𝑑𝑜(50) = 50 𝑠 while at 300 secs: 𝜏𝑝𝑠𝑢𝑒𝑑𝑜(300) =

220 𝑠 (~ 4.4 times higher). Thus, Eq. 87 can be used to identify many time constants 

at different instants of time and the electric circuit reported in Figure 119 can be 

improved by adding RC branches based on the values of the pseudo-time constant. 

 

 

In conclusion, the dynamics of the cell relaxation is regulated via several time 

constants and many RC circuits estimated at different instant of times using the Eq. 

87 are required to reproduce the behavior. Alternatively, is the electrochemical model 

can be used because it possesses naturally several time constants generated by the 

PDE that are complexly coupled. These time constants are identified and discussed 

in the next section. 

 

 

 

 

 

 

 

 

 

Figure 121 –  In (A) the logarithm of the relaxation voltage described with Eq. 84 is reported as a 

function of time, while in (B) is reported the dynamic time constant derived in Eq. 87. 
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6.2.2 Time constants 

The time constants in the proposed model (§ 2.3.3), are reported in Table 39.  

TIME CONSTANTS [S] 

𝒅𝒆
𝟐

𝑫𝒆
 

Diffusion of lithium ions in the separator 

𝜺+𝒍
𝒅+
𝟐

𝑫𝒆+
 

Diffusion of lithium ions in the electrolyte confined in the positive electrode 

𝑭

𝑹𝑻
 
𝜺+𝒍𝒅+

𝟐𝑭 𝑪∗

 𝝈+
 

Transport of electrons in the positive electrode 

𝑹𝒑+
𝟐

𝑫𝒔+
 

Diffusion of intercalated lithium in the particles of the positive electrode 

 

For the “half-cell” configuration with no kinetic limitation there are 4-time constants, 

each one associated to characteristic phenomena. The pulse-rest simulation in 

Figure 122 illustrates in (A) the first 60 seconds of simulations and in (B) the logarithm 

of the voltage in the ordinates expressed by relation Eq. 84. The profile reported in 

Figure 122 (B), is nonlinear like in the experiment shown in Figure 120(B), proving 

the presence of several time constants in the model.   

 

 

 

 

 

 

Table 39 – The time constants are identified for the half-cell configuration for the dimensionless model 

proposed in § 2.3.3 and their physical interpretation is reported.  

Figure 122 – The pulses are applied at SOC = 90% from C/5 to 9C, as indicated in picture (A), for 

30 seconds, while the rest period is shown for only 30 seconds. In (B) is reported the complete rest 

period of the relaxation (4 hours) and in the ordinates, is reported the logarithm of the rest voltage. 
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The parameters used for these simulations are reported in Table 40: 

CONSTANT PARAMETERS 

𝑆[𝑚2] =   0.08 𝑅+[𝑚] =   10−6 𝜃+,𝑖𝑛 = 0.9 

𝑑+[𝑚] = 150 ∙ 10
−6 𝑑𝑒[𝑚] = 50 ∙ 10

−6 d−[𝑚] = 50 ∙ 10
−6 

𝜀+,𝐿 = 0.1 𝜀+,𝑆 = 0.8 
𝐶𝑆+,𝑚𝑎𝑥 [

𝑚𝑜𝑙

𝑚3
] = 6 ∙ 10−4 

𝐷𝑒 [
𝑚2

𝑠
] = 10−9 𝐷𝑒,+ [

𝑚2

𝑠
] = 10−12 𝐷𝑆 [

𝑚2

𝑠
] = 10−15 

𝜎+ [
𝑆

𝑚
] = 10 

𝑄+[𝐴h] = 15.44 𝑄𝑒[𝐴h] = 0.03 

 

 

The concavity of the voltage is changing from 8C as shown in Figure 122 (A), this 

behavior was observed in a previous experiment conducted in Renault for a 

SOC<10%.  

In the next studies, it should be demonstrated if the entire dynamics can be simulated. 

The improvements obtained with the proposed PDE system solved in COMSOL are 

evident when compared with the previous results with Dualfoil® in a study conducted 

internally in Renault by D. Sicsic. 

In the next section, a classical method used to measure the diffusivity in the solid 

phase is discussed and some weak points are detected with the simulations. 

 

 

6.2.3 GITT 

After a general introduction of the methods used to assess the solid phase diffusivity, 

the attention is focused on the GITT techniques.  

The diffusivity of the active material is estimated in literature with three different 

electro- chemical techniques: the potentiostatic intermittent titration technique (PITT), 

the galvanostatic intermittent titration technique (GITT), and the electrochemical 

impedance spectroscopy (EIS) [111].  

The impedance, during the EIS, is obtained by analyzing the voltage or the current 

signals obtained from the other variable applied with a sinusoidal shape to a system 

previously in equilibrium [185]. 

During the GITT or PITT the electrode at the equilibrium is forced to change the state 

of using a potential or current step  the other variable [178], [179]. 

Each technique presents some limitations and the value of the diffusivity measured 

is significantly influenced.  

Table 40 – The parameters used for the simulations reported in Figure 122 and Figure 125.   
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The GITT was introduced by Weppner in 1977[179] by applying steps of current  as 

illustrated in Figure 123 (A). The voltage between the working electrode and the 

reference electrode, E, is measured as a function of time during the pulse as shown 

in Figure 123 (B). It is assumed that: the diffusion can be approximated with the Fick's 

second law, the migration is neglect, the electrode is bulky and planar. The general 

solutions of the Fick’s law require the instantaneous value of the concentration at the 

electrolyte-electrode interface that is usually not directly measurable. An approximate 

solution is available using some mathematical manipulation. Recently, Delacourt  

proposes an improved mathematical equation to obtain the value of the diffusion 

[180]. However, even in this case the porous-electrode effects (i.e., transport 

limitations in the liquid phase and the voltage drop across the solid conductive matrix 

of the electrode) and the volume changes of the active material are neglected (around 

10 % volume contraction). In Figure 123 (C) is reported the potential profile on LFSO4 

during a GITT test protocol.   

 

 

 

 

 

 

 

 

Figure 123 – In (A) is reported the current step applied during the GITT, while in (B) illustrates the 

voltage step whit the ohmic drop (RI) and the variation of the potential ∆𝐸𝑆 from the equilibrium states 

before and after the pulse[179]. In (C) Potential profile during GITT on LiyFeSO4 at 25C. Conditions: 

30 min charging/discharging segments at C/25 & 10 h rest. [180] 
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In conclusion, the GITT is basically a pulse-rest sequence where small currents (e.g. 

less than C/25) are applied for long time (e.g. 30 minutes).  

The assumptions in the GITT are listed:  

• bulk planar electrodes;  

• chemical compounds with no phase changes;  

• the kinetics (i.e. the migration of charged species) is neglected; 

• the Fick’s law is usually solved if 𝜏 ≪
𝐿2

𝐷
  ; 

• small variation from one steady state to another. 

In conclusion, the model, to estimate the solid phase diffusion as a function of the 

state of charge is much simpler than in the phenomena really involved. However, it is 

not discussed in literature the validity of these hypotheses. 

 

 

Finally, in Figure 124 the diffusion coefficients are reported as a function of the state 

of lithiation measured with the GITT, the PITT techniques are fitted with a simple 

particle model [180].  Very large uncertainty on measurements and a non-precise 

agreement between these techniques, is shown. This is in contrast with the good 

agreement that was found for a bulk electrode[178]. Furthermore, the PITT for some 

chemistries like the LFSO4 or LFP, cannot be used for voltage plateau because, the 

small voltage drops imposed by PITT cannot be applied.  

For these reasons these studies and the following simulations are focused on the 

GITT only. 

Figure 124 – The diffusion coefficient for the LFSO4 is measured with the PITT and the GITT. The 

values of the diffusivity effectively used in the single particle model for the simulation of the 

galvanostatic charges and discharges by Delacourt are also reported  [180].  
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During a presentation illustrated by Gallagher 2012 the simulated GITT shows a good 

fit during the pulse but not during the relaxation[258]. We suggest that the time 

constants identified were not correct, however how to identify these values is still 

ongoing. In the last section, the GITT is simulated and some important phenomena 

are discussed. 

 

6.2.4 First steps to an appropriate interpretative framework of GITT 

 

The simulated impulsions are reported in Figure 125 for two set of parameters: in the 

first one the time constant associated to the diffusion in the solid phase higher than 

the one in the liquid phase while in the second set the situation is reversed.  

 

 

As illustrated in Figure 125, the two set of parameters lead to different time constant 

but a similar voltage behavior is obtained. The values of these time constants are 

reported in Table 41, while the other parameters that are common in both simulations 

are reported in Table 40.  

 

 

Figure 125 – The impulsions are simulated at C/25 for 30 minutes and 10 hours of rest period as 

reported by Delacourt [180]. The time constant for two set of parameters used for the simulations 

illustrated in Figure 125 are reported. Indeed, one show a higher time constant for the diffusion in 

the solid phase while the other has higher diffusion in the solid phase. The parameters not shown 

here can be found in Table 40. 
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TIME CONSTANTS [S] 

 SOLID DIFF. LIQUID DIFF. 

𝜺+𝒍
𝒅+
𝟐

𝑫𝒆+
 

22.5 1731 

𝑭

𝑹𝑻
 
𝜺+𝒍𝒅+

𝟐𝑭 𝑪 ∗

 𝝈+
 

0.169 16.906 

𝑹𝒑+
𝟐

𝑫𝒔+
 

106 10 

Table 41 – The time constants used for the simulations reported in Figure 125.   

 

Consequently, the GITT should be carefully used, as demonstrated in this simulation 

to identify accurately the solid phase diffusion coefficient. However, the ambiguity can 

be removed by using pulses with different amplitude and/or duration, as illustrated in 

Figure 126. The simulations are performed with the same time constants for 30 

seconds but the C-rate is now 1C. 

 

 

In conclusion, the GITT can still be used to evaluate the diffusion time constants in a 

porous electrode but the diffusivity cannot be measured without improving this 

method. Yet 𝑎 𝑝𝑟𝑖𝑜𝑟𝑖 it is not possible to say which one of the time constant is higher 

and so if the diffusion in the electrolyte is predominant or not. However, we 

demonstrate that a combination of pulse-rest having different C-rates and time 

lengths, can be used to discriminate this situation. A systematic study should be 

conducted to create a proper GITT protocol able to discriminate in which case the 

Figure 126 – The simulations are performed with the parameters used in the previous simulation 

reported in Figure 125, but the current rate is 1C and the pulse duration are 30 seconds. 
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diffusion in the electrolyte is predominant and in which one the solid phase time 

constant can be measured.  For this purpose, prior simulations are useful to drive the 

research through a good GITT protocol.  
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7 Conclusions and perspectives 
 

The present work debates about the Newman’s model, widely used in recent years 

and proposed with many variants without appropriate discussions and the 

connections between the model, the parameters and the experiments. The state of 

the art in electrochemical modelling and its critical review are presented. 

A new dimensionless model based on the dilute solutions of the classical Newman’s 

model is proposed for porous insertion and Li-metal electrodes. The dilute solution is 

used after the controversial uses of the concentrated solution in the literature as 

explained in the three chapters. Furthermore, the proposed dimensionless model 

reduces the number of parameters from 25 in dimensional to 16 in the dimensionless 

system of equations.  

Then, the parameters from the literature are analysed and a large review of their 

values, never done previously at our knowledge, has been performed before. Thus, 

using these tables of parameters, the dimensionless parameters are calculated. 

Some parameters for the model such as porosity, particles size, electrode thickness, 

isotherms are identified with a physicochemical characterization in commercial LGC 

INR18650MH1 cells. Then, these cells are electrically characterized for different 

operating conditions: C-rates, SOC, temperature, SOH and cut-off voltage. It is 

observed, in the present study, that load history affects the precision of the electrical 

measurements, and a new protocol is developed to mitigate this behaviour.  

The states of lithiation in the electrodes when the cell is completely charged are 

fundamentals for any simulations or the understanding of the battery degradation. 

These parameters are not known because when initially the SEI formation occurs, 

the state of lithiation in the pristine cell change. The first step was to understand how 

the shape of the isotherms influences the accuracy associated with the evaluation of 

the initial and final states of charge. This method was then applied at the LG-Chemical 

cells. Moreover, some aging scenarios are studied to discuss how the states of 

lithiation could change, and how it impacts the shape of the OCV.  

In another section, the rated capacity for “half-cell” configuration is studied in limit 

cases using the support of numerical simulations. A limit case is a special 

configuration where the kinetic and transport limitations could be attributed, with no 

ambiguity, to a specific set of parameters. Among the seven proposed limit cases, 

one of them can explain the limitations observed in the tested LGC cells.  
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Finally, the simulations of pulse-rest sequences are used to discuss about a 

technique for the measurement of the solid-state diffusivity: the galvanostatic 

intermittent titration techniques (GITT). In fact, it is observed that the large number of 

time constants in both battery and its electrochemical model may lead to a miss-

identification of the diffusion coefficient. 

In further works, the simulations should be focused on the ohmic drop in the limit 

cases and extend the numerical prospection of limit cases for the complete cell. This 

work opens new avenues in several directions such as: the development of a proper 

method to identify the diffusion time constants, the understanding of the “voltage-dip”, 

the detection of lithium metal plating, and finally obtaining an electrochemical model 

able to predict the behaviour of a non-existing cells in different working temperatures. 
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8 Appendix 
 

8.1. Mesoscopic 1D porous electrode model 

A mesoscopic 1D porous electrode model having inter-particle diffusion is proposed 

in this section. The main difference with the P2D model, discussed in the present 

work, concerns the definition of the diffusion in the solid phase. In this case, the 

diffusion of the intercalated lithium occurs in the whole active material of the electrode 

with defining geometrically the particles. Consequently, the particles radii are not 

defined, reducing the number of parameters required in this model. The other 

hypothesis, detailed in § 2, are unchanged but they are shortly resumed in the 

followings: binary electrolyte (i.e. Li+ et X-) and ideal solution (i.e. the activity of the 

solution equals the concentration). The relation between mobility and diffusion is 

described by the Nernst-Einstein law and the values are independent from the 

concentration, the transport number and the effective electrolyte diffusivity are the 

same in both the electrodes and separator. The chemical reactions are described by 

the Butler-Volmer law and no side reactions occurs. The porous electrodes are 

modeled in a macroscopic scale. Consequently, there are two homogeneous 

interleaved media: one solid and the other liquid.  The diffusion and the migration of 

cations and anions act in the liquid phase, while the diffusion of intercalated lithium 

and the electronic conductivity act in the solid phase. Thus, the current 𝐼 circulating 

in the cell is, locally, the sum between the ionic current 𝐼𝑙 in the liquid phase and the 

electronic current in the solid phase 𝐼𝑠. It is also assumed that a positive current is 

associated for the discharge current. The current collector of the negative electrode 

is set in 𝑥 = 0. The Eq. 18 defines the transport number in the electrolyte, the Eq. 20 

defines diffusion coefficient in the bulk electrolyte, and Eq. 21 defines the conductivity 

in the electrolyte.  

The volume mass balance equations (or continuity equations) in the electrolyte are 

written in plane 1D geometry. These equations are reported for the separator in Eq. 

23 to Eq. 29 and they are still valid for both electrodes by changing opportunely the 

parameters’ subscripts: 

{
 

 
∂C

∂t
= De

∂2C

∂x2

(t− − t+)
∂C

∂t
= De

F

RT

∂

∂x
(C
∂V

∂x
)

 
Eq. 29 
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In the electrodes, where chemical reaction occurs, a source term appears in the mass 

balance equations as reported in Eq. 30, for the positive electrode by changing the 

subscript + to – it is obtained the equations system for the negative electrode. 

{
𝜀+,𝑙

𝜕𝐶+
𝜕𝑡

= −
𝜕𝑁+
𝜕𝑥

+
1

𝐹
𝑎+𝑗+

𝜀+,𝑙
𝜕𝐶−
𝜕𝑡

= −
𝜕𝑁−
𝜕𝑥

 
Eq. 30 

The same production term in the volume appears in the solid phase for the balance 

of the concentration of intercalated lithium: 

𝜀+𝑠
𝜕𝐶𝑠
𝜕𝑡

= −
𝜕𝑁𝑠
𝜕𝑡
−
1

𝐹
𝑎+𝑗+ Eq. 88 

The flux is generated only by diffusion (i.e. no migration of charges in the solid phase) 

in the x-direction, as shown in Figure 5:  

𝑁𝑠 = −𝐷𝑠
𝜕𝐶𝑠
𝜕𝑥

 Eq. 89 

The local current density 𝑗+ is described by the general Butler-Volmer equation 

reported in Eq. 90:   

𝑗+ = 𝐹𝑘+
∗′ (𝜃𝑒𝛼

𝐹

𝑅𝑇
(𝑊−𝑉−𝑈+̈) −

𝐶

𝐶∗
(1 − 𝜃)𝑒−

(1−𝛼)
𝐹

𝑅𝑇
(𝑊−𝑉−𝑈+̈))       

Eq. 90 

The current conservation has been reported in equations Eq. 31 to Eq. 33. 

The complete system of equations can be written in Eq. 91: 

𝜀+𝑙
𝜕𝐶

𝜕𝑡
= 𝐷𝑒+

𝜕𝐶2

𝜕𝑥2
+
𝑡+
𝐹
𝜎+
𝜕2𝑊

𝜕𝑥2

𝜀+𝑠
𝜕𝐶𝑠
𝜕𝑡
= 𝐷𝑠+

𝜕𝐶2

𝜕𝑥2
+
1

𝐹
𝜎+
𝜕2𝑊

𝜕𝑥2

𝜎+
𝜕2𝑊

𝜕𝑥2
= 𝑎+𝐹𝑘+

∗′ (𝜃𝑒𝛼
𝐹
𝑅𝑇
(𝑊−𝑉−𝑈+̈) −

𝐶

𝐶∗
(1 − 𝜃)𝑒−

(1−𝛼)
𝐹
𝑅𝑇
(𝑊−𝑉−𝑈+̈))

𝐷𝑒+
𝐹

𝑅𝑇

𝜕

𝜕𝑥
(𝐶
𝜕𝑉

𝜕𝑥
) = (𝑡− − 𝑡+)𝐷𝑒+

𝜕𝐶2

𝜕𝑥2
−
2𝑡+𝑡−
𝐹

𝜎+
𝜕2𝑊

𝜕𝑥2

 

Eq. 91 

There are 4 equations for 4 variables 𝐶,𝐶𝑆, 𝑉 and 𝑊, where 𝐶 is the concentration in 

the electrolyte, 𝐶𝑆 the concentration in the solid phase, the 𝑉 is the potential in the 

liquid phase and 𝑊 is the potential in the solid phase.  

The boundary conditions for the solid phase at the current collector are expressed in 

Eq. 92: 

−𝐷𝑠+ (
𝜕𝐶𝑠
𝜕𝑥
)
𝑥=𝐿+

= −(
𝐼

𝐹𝐴
+
𝜎+
𝐹
(
𝜕𝑊

𝜕𝑥
)
𝑥=𝐿+

) Eq. 92 

while at the separator are reported in Eq. 93: 

−𝐷𝑠+ (
𝜕𝐶𝑠
𝜕𝑥
)
𝑥+=𝐿𝑒

= −
𝜎+
𝐹
(
𝜕𝑊

𝜕𝑥
)
𝑥+=𝐿𝑒

 Eq. 93 
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For the liquid phase, the boundary conditions are reported in Eq. 37 to Eq. 40. The 

initial conditions are reported in Eq. 42. It should be noted that in the P2D model the 

concentration in the solid phase 𝐶𝑠 (or 𝜃 if normalized with the maximum 

concentration in the electrode) is the concentration at the surface of the particle, while 

in the present model the concentration is only a function of the distance x across the 

electrode.   

 

 

8.2. Estimation of the state of charge at 4.3 V 

The state of lithiation at the charged state for the NMC electrode in the half cell (i.e. 

at 4.3V) can be estimate with Eq. 94 [88], [142], [237]:   

𝑄𝑀,+ = (1 − 𝑦𝑚𝑎𝑥)𝑄𝑀𝑡ℎ,+ 
Eq. 94 

Where 𝑄𝑀,+[𝑚𝐴ℎ/𝑔] is the effective mass capacity for the active material in the range 

from 4.3 V to 3.0 V, while 𝑄𝑀𝑡ℎ,+[𝑚𝐴ℎ/𝑔] is the theoretical loading of the electrode. 

The effective mass capacity is 𝑄𝑀,+ = 190,96 mAh/gr obtained with: 

𝑄𝑀,+ =
𝑄ℎ𝑐,+

𝜌+ ∙ 𝜇+ ∙ 𝑆ℎ𝑐,+
 

Eq. 95 

Where 𝑄ℎ𝑐,+ = 5.52 𝑚𝐴ℎ is the measured quantity of charge in the range from 4.3 V 

to 3.0 V, 𝜌+ = 23.7 𝑚𝑔/𝑐𝑚
2 is the electrode specific weight, 𝜇+ = 0.96 is the effective 

amount of active material in the solid phase and the 𝑆ℎ𝑐,+ = 1.27 𝑐𝑚
2 is the surface 

of the coin shaped half-cell. Finally, the 𝑄𝑀𝑡ℎ,+ = 275,56 mAh/g is obtained with the 

expressions:  

𝑄𝑀𝑡ℎ,+ =
𝐹

3.6 ∙ 𝑀+ 
 

Eq. 96 

where 𝑀+ = 97.26 gr/mol is the molecular weight of the NMC8112 and 𝐹 =

96485 𝐶/𝑚𝑜𝑙 the Faraday’s constant.  

The use of Eq. 94, provides in this case the result of 𝑦𝑚𝑎𝑥 ≈ 0.3 . 

 

8.3. Differential voltage 

In this section is discussed the differential voltage technique introduced previously in 

§ 5 and its filtering techniques to obtain a smooth signal.  

                                            

2 From the formulation 𝐿𝑖(𝑁𝑖0.8𝑀𝑛0.1𝐶𝑜0.1)𝑂2 the molecular weight is the sum of the molecular weight 

of the species: 6.941 + 58.69 ∙ 0.8 + 54.93 ∙ 0.1 + 58.93 ∙ 0.1 + 15.99 ∙ 2 
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The current rate during the measurement is small enough to consider a zero ohmic 

drop. Thus, the measured electrode voltage is the electrode isotherms. However, 

additional considerations are required on the signal sampling. In fact, the sampling 

frequency and the potentiometer accuracy may affect the results and an appropriate 

analysis on the DV signals requires a noise filter. The voltage measurement and its 

derivate are reported, in this study, as functions of the DOD (i.e. the normalized 

capacity) and conclusions are hold even if the DOD is replaced with the quantity of 

charge. In Figure 127(A) the OCV of the LGCMH02 and the number of samples of 

the voltage are reported. The OCV is measured with a galvanostatic discharge at 

25°C for a C/25 current rate. The number of samples increases linearly with the DOD 

apart at the end of the discharge, identified in the dashed circle. In fact, the number 

of samples increases because of major voltage variation for the same amount of 

charge measured. Thus, excepted the end of the discharge, the sample frequency is 

almost constant. During the entire discharge are measured 1605 points 

corresponding approximately to 14-15 samples every 1% of DOD.   

 

 

In Figure 127(B) is reported in the second axis the voltage differential calculated with 

the Eq. 97: 

(𝑑𝑉/𝑑𝐷𝑂𝐷)_1 =  −
𝑉𝑘 − 𝑉𝑘−1 

𝐷𝑂𝐷𝑘 − 𝐷𝑂𝐷𝑘−1
 for 𝑘 = 2,… ,𝑁

(𝑑𝑉/𝑑𝐷𝑂𝐷)_2 =  −
𝑉𝑘 − 𝑉𝑘−2 

𝐷𝑂𝐷𝑘 − 𝐷𝑂𝐷𝑘−2
 for 𝑘 = 3,… ,𝑁

(𝑑𝑉/𝑑𝐷𝑂𝐷)_5 =  −
𝑉𝑘 − 𝑉𝑘−5 

𝐷𝑂𝐷𝑘 − 𝐷𝑂𝐷𝑘−5
 for 𝑘 = 6,… ,𝑁

 

Eq. 97 

where 𝑘 indicate the sample index and 𝑁 ∈ ℕ is the total number of samples. 

Figure 127 – The OCV of the LGCMH02 and the number of samples in (A). In (B) are reported the 

same OCV and the differential voltage calculated with Eq. 97.  
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The noise of the differential voltage depends on how it is defined. For example, the 

definition (𝑑𝑉/𝑑𝐷𝑂𝐷)_1 has a higher noise than (𝑑𝑉/𝑑𝐷𝑂𝐷)_5 because of the sampling 

path width.    

Another approach available to reduce the signal noise is either filtering the curve 

(𝑑𝑉/𝑑𝐷𝑂𝐷) or filtering the measured voltage before the differentiation as shown in 

Figure 128. In the picture, the moving average filter is used over 11 samples but to 

obtain clear signal only 7 samples are sufficient. 

 

 

 

8.4. PDE equations system in COMSOL® (half-cell) 

In this section is explained how the PDE equations systems was implemented in 

COMSOL®.  

The first step is to define the geometries and their mesh for the finite element solver. 

The model is obtained with a combination of two geometries: one is 1D geometry 

composed of three segments (negative electrode, separator and positive electrode) 

and the other is a 2D geometry (representing the particles in the positive electrode). 

The 1D geometry is represented in Figure 129 and the 2D geometry in Figure 130. 

Figure 128 – The signals are obtained filtering the differential voltage (green) and filtering the voltage 

and the differentiate (red). The numbers indicate the DODs where either the peaks and valleys are 

detected.   
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The red dashed boxes, in the “Model Builder” identifies the geometries information, 

while the boxes in the “Settings” provides the details on the geometry.  

The dimensionless parameters are inserted by the user in the “Global Parameter” 

menu as reported in Figure 131. The details concerning these parameters such as 

the initial conditions and the definitions of time steps are reported in Table 42.. 

 

 

 

 

Figure 129 – The 1D geometry is reported. The blue numbers identify the elements: negative 

electrode (1), separator (2) and the positive electrode (3).  The red numbers identify the boundaries: 

current collector – negative electrode (1), negative electrode – separator (2) separator – positive 

electrode (3), positive electrode – current collector (4).   

Figure 130 – The 2D geometry is reported. The red boxes indicate the position starting position of 

the electrode and the set of information in the Model Builder” such as: variable, equations, mesh 

and geometry. 
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Figure 131 – The user inputs and the global parameters that are applied to the entire model are 

reported. The details of the parameters are reported in Table 42.  
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INPUT PARAMETERS  

A1N  USER  adim. param. neg. electrode. 
A4N  USER adim. param. 
A5  USER adim. param. 
A6  USER adim. param. 
A1P  USER adim. param. 
A2P  USER adim. param. 
A3P  USER adim. param. 
A4P  USER adim. param. 
tP  USER Transference number 
TPI  USER Initial state lithiation positive electrode 
alphaN  USER Kinetic constant negative electrode 
alphaP  USER Kinetic constant positive electrode 
UPSI 160 USER dimensionless potential at the equilibrium for positive 

electrode 
NUM_SAMP  USER Number of time samples 
J USER Dimensionless current 
n_s  USER Set 1 for discharge or -1 for charge 
Qmax  TPSI*A3P Definition of remaining capacity 
Nsim_stop USER If N=1 galvanostatic discharge, if N > 1 pulse 
TSTOP_DCH  TFIN_TH/ Nsim_stop Duration of the applied current: pulse (if Nsim_stop >1) 
Nsim_rest USER Duration of the rest period 
TSIM Nsim_rest *TSTOP_DCH Total simulation time 
TPSI  1-TPI Initial state of lithiation (reversed: during the 

discharge, it goes from TPSI to 0) 
CI 1 Initial concentration electrolyte 
CHII 0 Initial potential in the liquid phase 
TFIN_TH abs(Qmax/J) Definition of theorical remaining simulation time 
tN  1-tP Anionic transference number 
C_min 10^-7 Minimum concentration in the electrolyte for improving 

the stability of the BV equation 
RIT 1E-11 Initial delay before applying the current 
DRIT path_time/50 It guarantees the smoothness of the transition when 

the current is applied (sharp transition the solver could 
break) 

path_time  TSIM/NUM_SAMP Width of each time step 
path_time_init  path_time/300 Width of each time steps at the beginning of the 

discharge 

 

In Figure 132 are reported the variables attributed at the negative electrode, interface 

negative electrode - separator, positive electrode and the switch of the current. The 

details and the description of such variables are reported in Table 43.  

The linear extrusion is then used to connect the two geometries by sharing the 

concentration at the surface of the particles and the exchange current density as 

reported in Figure 133. 

Table 42 – The input parameters form the User, the initial conditions and the simulations time steps 

are reported in the table. These parameters are in Global -> Definitions -> Parameters. 
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VARIABLES NEG   

 NEGATIVE ELECTRODE DOMAIN: 1 
PNI log(CI) Initial potential 

VARIABLES POS 

 POSITIVE ELECTRODE DOMAIN: 3 
PPSI UPSI+n_s*log(TPSI/(1-TPSI)) Initial potential  
BVNS if(n_s<0,(TEPS)*exp(alphaP*(PP-CHIP-UPS))-(1-TEPS)*CPS*exp(-(1-

alphaP)*(PP-CHIP-UPS)),(1-TEPS)*exp(alphaP*(PP-CHIP-UPS))-
(TEPS)*CPS*exp(-(1-alphaP)*(PP-CHIP-UPS))) 

Butler-Volmer 
equation. 

TEPS if(mod2.linext4(TPS)>Theta_min, mod2.linext4(TPS),Theta_min) Concentration at the 
surface of the 
particles 

UPS UPSI Equilibrium potential 
CPS if(CP>C_min,CP,C_min) Minimum 

concentration in the 
electrolyte to 
ensures the stability 
of the solver 
(because of the 
exponential of B-V) 

VARIABLES START STOP 

 VARIABLE ASSOCIATED TO THE CURRENT SWITCH ENTIRE MODEL 
start flc2hs(t-RIT,DRIT)*flc2hs(TSTOP_DCH-t,DRIT) The flc2hs functions 

ensures the smooth 
switch of the current. 

VARIABLES BOUNDARY NEG SEP 

 NEGATIVE ELECTRODE BOUNDARY: 2 
BVNN n_s*(exp(alphaN*(PN-CHIS-UN))-CS*exp(-(1-alphaN)*(PN-CHIS-UN))) Butler-Volmer 

equation. 
UN log(CS) Equilibrium potential  

Table 43 – The variables associated to the model geometry 1D  

 

 

Figure 132 – The variable defined in the 1D geometry are evidenced in the red dashed boxes 

contains the variables for the: negative electrode, the positive electrode, the boundary at the 

negative electrode - separator and the variables associated to the current start and stop. The details 

are reported in Table 43. 
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The three 1D sub-domains have a system of equations implemented with a coefficient 

form PDE reported in Table 44, Table 45 and Table 46 , for the negative, separator 

and positive electrode, respectively.  

The 2D sub-domain for the particles in the positive electrode have a 2x2 equations 

for the anisotropic solid phase diffusivity, as it is reported in Table 47. 

 

 

 

 

 

 

 

Figure 133 – The uses of the linear extrusion is reported for the 1D model (upper figure) and the 2D 

model (lower figure). The linear extrusion is used to connect the two geometries with the 

concentration in the solid phase at the particles surfaces and the local exchange current density. 
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COEFFICIENT FORM PDE - NEGATIVE ELECTRODE 

DOMAIN SELECTION: 1 
NUMBER OF DEPENDENT VARIABLES: 1 (PN) 
𝑐 = 0 ; 𝑎 = 0  ; 𝑒𝑎 = 0  ; 𝑑𝑎 = 0 ; 𝛼 = 0 ;  𝛾 = 0   
𝑓 = n_s ∗ J ∗ start/A1N 
𝛽 = 1 
 
INITIAL VALUES FOR PN: PNI 
 
DIRICHLET BOUNARY CONDITIONS, BOUNDARY SELECTION: 1;  
Prescribed value of PN: PNI 
 
FLUX/SOURCE, BOUNDARY SELECTION: 2; 𝑔 = 0 ; 𝑞 = 0  
 

 

 

COEFFICIENT FORM PDE - SEPARATOR 

DOMAIN SELECTION:2 
NUMBER OF DEPENDENT VARIABLES: 2 (CS, CHIS) 

[𝑎 ;  𝑒𝑎 ; 𝛼 ;  𝛽] = [
0 0
0 0

] 

[𝑓; 𝛾] = [
0
0
] 

𝑐 = [
1/𝐴5 0

1 − 2 ∗ 𝑡𝑃 −𝐶𝑆
] 

𝑑𝑎 = [
1 0
0 0

] 

 
INITIAL VALUES FOR: 

DOMAIN SELECTION:2 

CS = CSI, CHIS = CHISI,
𝜕𝐶𝑆

𝜕𝑡
= 0,

𝜕𝐶𝐻𝐼𝑆

𝜕𝑡
= 0 

 
FLUX/SOURCE 

BOUNDARY SELECTION:2 

g =
−1 ∗ n_s ∗ (−A6 ∗ (1 − tP) ∗ A4N ∗ BVNN)/A5

−1 ∗ (−A6 ∗ (1 − tP) ∗ A4N ∗ BVNN) − (1 − 2 ∗ tP) ∗ CSx
 

𝑞 = [
0 0
0 0

] 

 
DIRICHLET BOUNDARY CONDITION: 2 

Prescribed values of CHIS 
 r2 = −(1/alphaN) ∗ log(n_s ∗ J ∗ start/A4N+ CS ∗ exp((alphaN − 1) ∗ (PN− CHIS − UN) )) + PN − UN 
 

DIRICHLET BOUNDARY CONDITION: 3 
Prescribed values of CS: 
r1 = CP 
Prescribed values of CHIS: 
r2 = CHIP 
 

 

 

 

 

 

 

 

 

 

 

Table 44 – The PDE equations system for the Model 1D in the negative electrode.  

Table 45 – The PDE equations system for the Model 1D in the separator. 
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COEFFICIENT FORM PDE - POSITIVE 

DOMAIN SELECTION:3 
NUMBER OF DEPENDENT VARIABLES: 3 (CP, CHIP, PP) 

𝑎 = [
0 0 0
0 0 0
0 0 0

] ; 𝑒𝑎 = [
0 0 0
0 0 0
0 0 0

] ; 𝛼 = [
0 0 0
0 0 0
0 0 0

] ; 𝛽 = [
0 0 0
0 0 0
0 0 0

] 

𝑓 = [
0
0

A4P ∗ BVNS/A1P
]     ;    [𝛾] = [

0
0
0
] 

𝑐 = [
1 0 (1 − tP) ∗ A1P

tN − tP −CP −2 ∗ tP ∗ tN ∗ A1P
0 0 −1

] 

𝑑𝑎 = [
1 0 0
0 0 0
0 0 0

] 

 
INITIAL VALUES FOR: 

DOMAIN SELECTION:3 

CP = CPI, CHIP = CHIPI, PP = PSI,
𝜕𝐶𝑃

𝜕𝑡
= 0,

𝜕𝐶𝐻𝐼𝑃

𝜕𝑡
= 0,

𝜕𝑃𝑃

𝜕𝑡
= 0 

 
FLUX/SOURCE 

BOUNDARY SELECTION: 3 

g = {
−1 ∗ ((1 − 𝑡𝑃) ∗ 𝐴1𝑃 ∗ 𝑃𝑃𝑥 + 𝐶𝑆𝑥/𝐴6)

−1 ∗ ((𝑡𝑁 − 𝑡𝑃) ∗ 𝐶𝑃𝑥 + 2 ∗ 𝑡𝑃 ∗ 𝑡𝑁 ∗ 𝐴1𝑃 ∗ 𝑃𝑃𝑥 − 𝐶𝑃 ∗ 𝐶𝐻𝐼𝑆𝑥/𝐴6)
0

 

𝑞 = [
0 0 0
0 0 0
0 0 0

] 

 
FLUX/SOURCE 

BOUNDARY SELECTION: 4 

g = {

(1 − tP) ∗ A1P ∗ PPx
(tN − tP) ∗ CPx − 2 ∗ tP ∗ tN ∗ A1P ∗ PPx + (1 − CP) ∗ CHIPx

n_s ∗ (J/A1P) ∗ start
 

𝑞 = [
0 0 0
0 0 0
0 0 0

] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 46 – The PDE equations system for the Model 1D in the positive electrode. 
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COEFFICIENT FORM PDE – POSITIVE PARTICLES 

DOMAIN SELECTION:1 
NUMBER OF DEPENDENT VARIABLES: 1 (TPS) 

𝑐 = [
0 0
0 A2P ∗ r^2

]   

𝑎 = 0 ;  𝑓 = 0; 𝑒𝑎 = 0 ; 
𝑑𝑎 = 𝐴3𝑃 ∗ 𝑟^2 

𝛼 = [
0
0
] ; 𝛽 = [

0
0
] ;  𝛾 = [

0
0
] 

 
ZERO FLUX 

BOUNDARY SELECTION: 1, 2, 4 
INITIAL VALUES 

DOMAIN SELECTION:1 

TPS = TPSI ,
𝜕TPS

𝜕𝑡
= 0 

 
FLUX/SOURCE 

BOUNDARY SELECTION: 3 
g = n_s ∗ A4P ∗ mod1. linext2(BVNS) ∗ r^2/3 
𝑞 = 0 
 

 

 

Finally the time path for the simulations is defined as:   

range(0, path_time_init,RIT+10*DRIT) … 

range(RIT+10*DRIT, path_time,TSTOP_DCH-10*path_time) … 

range(TSTOP_DCH-10*path_time, path_time_init,TSTOP_DCH+10*path_time) … 

range(TSTOP_DCH+10*path_time, path_time,TSIM-10*path_time)… 

range(TSIM-10*path_time, path_time_init, TSIM)… 

 

The points “…” indicates that the expression is written in the same line. The number of steps is higher 

during the current switch on/off and less during the rest period when the variation of the voltage slope 

is smaller. It is not reported how to create the mesh but there is no complexity and it is chosen to 

guarantee the  accuracy of the solution and the computational time. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 47 – The PDE equations system for the Model 2D in the positive electrode active material.  
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8.5. PDE equations system in COMSOL® (full-cell) 

In this section are reported the variables and the PDE equation system implemented 

in COMSOL for a cell having two insertion electrodes. Some features described in 

the previous section Appendix 8.4 such as the input parameter, the geometry and 

how the 1D and 2D geometries are connected, are still valid in this case and they will 

not be repeated. It should be mentioned that the present code is validated at the 

moment, only for galvanostatic discharges. Another difference with the previous case 

is that the real isotherms of LGCMH cells are used for the simulations.   

The initial potential in Eq. 98 in the liquid phase is calculated using an interpolating 

function set in “Global->Definition->interpolation” as: 

𝐶𝐻𝐼𝐼 = −Udd_ref_neg2(TNI) − log((1 − TNI)/TNI) 
Eq. 98 

The variables for the 1D geometry are described in Table 48: 

VARIABLES NEG   

 NEGATIVE ELECTRODE DOMAIN: 1 
PNI UNI-log((TNI)/((1-TNI)*CI)) Initial potential 
UN ((F/(R*T))*Udd_ref_neg(TEN))+log(TEN/(1-TEN)) Equilibrium potential of the 

experimental isotherm 
UNI (F/(R*T))*Udd_ref_neg(TNI)+log(TNI/(1-TNI)) Initial equilibrium potential for 

the isotherm 
TEN if(mod2.linext3(TPN)>Theta_min,mod2.linext3(TPN),Theta_min) Concentration at the surface of 

the particles 
BVNN TEN*exp(alphaN*(PN-CHIN-UN))-(1-TEN)*CN*exp(-(1-

alphaN)*(PN-CHIN-UN)) 
Butler-Volmer equation 

   

VARIABLES POS 

 POSITIVE ELECTRODE DOMAIN: 3 
PPSI UPSI-log(TPSI/((1-TPSI)*CI)) Initial potential  
BVNS (1-TEPS)*exp(alphaP*(PP-CHIP-UPS))-TEPS*CPS*exp(-(1-

alphaP)*(PP-CHIP-UPS)) 
Butler-Volmer equation. 

TEPS if(mod2.linext2(TPS)>Theta_min,mod2.linext2(TPS),Theta_min) Concentration at the surface of 
the particles 

UPS (F/(R*T))*Udd_ref_pos(1-TEPS)-log(TEPS/(1-TEPS)) Equilibrium potential of the 
experimental isotherm 

UPSI (F/(R*T))*Udd_ref_pos(1-TPSI)-log(TPSI/(1-TPSI)) Inital equilibrium potential of 
the experimental isotherm 

CPS if(CP>C_min,CP,C_min) Minimum concentration in the 
electrolyte to ensures the 
stability of the solver (because 
of the exponential of B-V) 

VARIABLES START  
 VARIABLE ASSOCIATED TO THE CURRENT SWITCH ENTIRE MODEL 
start flc2hs(t-RIT,DRIT)*flc2hs(TSIM-t,DRIT) The flc2hs functions ensures 

the smooth switch of the 
current. 

Table 48 – The variables associated to the model geometry 1D for the complete cell  
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The variable Udd_ref_neg and Udd_ref_pos represents the isotherm in 

dimensionless unit of the electrodes. This variable is introduced using the 

interpolation function implemented in COMSOL.  

The PDE equations system for the Model 1D in the negative electrode, separator and 

positive electrode are reported in Table 49, Table 50 and Table 51, respectively. The 

PDE equations system for the Model 2D in the particle of the negative electrode and 

positive electrode are reported in Table 52 and Table 53, respectively. 

COEFFICIENT FORM PDE - NEGATIVE 

DOMAIN SELECTION:1 
NUMBER OF DEPENDENT VARIABLES: 3 (CN, CHIN, PN) 

𝑎 = [
0 0 0
0 0 0
0 0 0

] ; 𝑒𝑎 = [
0 0 0
0 0 0
0 0 0

] ; 𝛼 = [
0 0 0
0 0 0
0 0 0

] ; 𝛽 = [
0 0 0
0 0 0
0 0 0

] 

𝑓 = [
0
0

A4N ∗ BVNN/A1N
]     ;    [𝛾] = [

0
0
0
] 

𝑐 = [
1 0 (1 − tP) ∗ A1N

tN − tP −CN −2 ∗ tP ∗ tN ∗ A1N
0 0 −1

] 

𝑑𝑎 = [
𝐴7 0 0
0 0 0
0 0 0

] 

 
INITIAL VALUES FOR: 

DOMAIN SELECTION:1 

CN = CI, CHIN = CHII, PN = PNI,
𝜕𝐶𝑁

𝜕𝑡
= 0,

𝜕𝐶𝐻𝐼𝑁

𝜕𝑡
= 0,

𝜕𝑃𝑁

𝜕𝑡
= 0 

 
FLUX/SOURCE 

BOUNDARY SELECTION: 1 (Negative Current Collector) 

g =

−1 ∗ (1 − tP) ∗ A1N ∗ PNx
−1 ∗ ((tN − tP) ∗ CNx − 2 ∗ tP ∗ tN ∗ A1N ∗ PNx + (1 − CN) ∗ CHINx)

−1 ∗ (A8 ∗ J/A1N) ∗ start
 

𝑞 = [
0 0 0
0 0 0
0 0 0

] 

 
FLUX/SOURCE 

BOUNDARY SELECTION: 2 (Interface Negative Electrode / Separator)  

g =
1 ∗ ((1 − tP) ∗ A1N ∗ PNx + A8 ∗ CSx/A6)

1 ∗ ((tN − tP) ∗ CNx − 2 ∗ tP ∗ tN ∗ A1N ∗ PNx − A8 ∗ CN ∗ CHISx/A6)
0

 

𝑞 = [
0 0 0
0 0 0
0 0 0

] 

DIRICHLET BOUNDARY CONDITION 
BOUNDARY SELECTION: 1 (Negative Current Collector) 
Prescribed value of PN 𝑟3  =  0 , this represent the voltage refence for the cell (the other cases for 𝑟1 and 𝑟2 must stay 
unselected) 
 

 

 

 

 

 

 

 

 

Table 49 – The PDE equations system for the Model 1D in the negative electrode. 
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COEFFICIENT FORM PDE - SEPARATOR 

DOMAIN SELECTION:2 
NUMBER OF DEPENDENT VARIABLES: 2 (CS, CHIS) 

𝑎 = [
0 0
0 0

] ; 𝑒𝑎 = [
0 0
0 0

] ; 𝛼 = [
0 0
0 0

] ; 𝛽 = [
0 0
0 0

] 

𝑓 = [
0
0
]     ;    [𝛾] = [

0
0
] 

𝑐 = [
1/𝐴5 0

1 − 2 ∗ 𝑡𝑃 −𝐶𝑆
] 

𝑑𝑎 = [
1 0
0 0

] 

 
INITIAL VALUES FOR: 

DOMAIN SELECTION:2 

CS = CI, CHIS = CHII,
𝜕𝐶𝑆

𝜕𝑡
= 0,

𝜕𝐶𝐻𝐼𝑆

𝜕𝑡
= 0 

 
DIRICHLET BOUNDARY CONDITION 

BOUNDARY SELECTION: 2 (Interface Negative Electrode / Separator) 
Prescribed value of CS 𝑟1  =  𝐶𝑁 
Prescribed value of CHIS 𝑟2  =  𝐶𝐻𝐼𝑁 

DIRICHLET BOUNDARY CONDITION 
BOUNDARY SELECTION: 3 (Interface Separator / Positive Electrode) 
Prescribed value of CS 𝑟1  =  𝐶𝑃 
Prescribed value of CHIS 𝑟2  =  𝐶𝐻𝐼𝑃 
 

 

 

COEFFICIENT FORM PDE - POSITIVE 

DOMAIN SELECTION:3 
NUMBER OF DEPENDENT VARIABLES: 3 (CP, CHIP, PP) 

𝑎 = [
0 0 0
0 0 0
0 0 0

] ; 𝑒𝑎 = [
0 0 0
0 0 0
0 0 0

] ; 𝛼 = [
0 0 0
0 0 0
0 0 0

] ; 𝛽 = [
0 0 0
0 0 0
0 0 0

] 

𝑓 = [
0
0

A4P ∗ BVNS/A1P
]     ;    [𝛾] = [

0
0
0
] 

𝑐 = [
1 0 (1 − tP) ∗ A1P

tN − tP −CP −2 ∗ tP ∗ tN ∗ A1P
0 0 −1

] 

𝑑𝑎 = [
1 0 0
0 0 0
0 0 0

] 

 
INITIAL VALUES FOR: 

DOMAIN SELECTION:3 

CP = CI, CHII = CHII, PP = PPSI,
𝜕𝐶𝑃

𝜕𝑡
= 0,

𝜕𝐶𝐻𝐼𝑃

𝜕𝑡
= 0,

𝜕𝑃𝑃

𝜕𝑡
= 0 

 
FLUX/SOURCE 

BOUNDARY SELECTION: 3 

g =
−1 ∗ ((1 − tP) ∗ A1P ∗ PPx + CSx/A6)

−1 ∗ ((tN − tP) ∗ CPx − 2 ∗ tP ∗ tN ∗ A1P ∗ PPx − CP ∗ CHISx/A6)
0

 

𝑞 = [
0 0 0
0 0 0
0 0 0

] 

 
FLUX/SOURCE 

BOUNDARY SELECTION: 4 

g =

1 ∗ (1 − tP) ∗ A1P ∗ PPx
1 ∗ ((tN − tP) ∗ CPx − 2 ∗ tP ∗ tN ∗ A1P ∗ PPx + (1 − CP) ∗ CHIPx)

1 ∗ (J/A1P) ∗ start
 

𝑞 = [
0 0 0
0 0 0
0 0 0

] 

 

 

 

 

Table 50 – The PDE equations system for the Model 1D in the separator. 

Table 51 – The PDE equations system for the Model 1D in the positive electrode. 
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COEFFICIENT FORM PDE – NEGATIVE PARTICLES 

DOMAIN SELECTION:1 
NUMBER OF DEPENDENT VARIABLES: 1 (TPN) 

𝑐 = [
0 0
0 A2N ∗ r^2

]   

𝑎 = 0 ;  𝑓 = 0; 𝑒𝑎 = 0 ; 
𝑑𝑎 = 𝐴3𝑁 ∗ 𝐴7 ∗ 𝑟^2 

𝛼 = [
0
0
] ; 𝛽 = [

0
0
] ;  𝛾 = [

0
0
] 

 
ZERO FLUX 

BOUNDARY SELECTION: 1, 2, 4 
INITIAL VALUES 

DOMAIN SELECTION:1 

TPN = TNI ,
𝜕TPN

𝜕𝑡
= 0 

 
FLUX/SOURCE 

BOUNDARY SELECTION: 3 
g = 1 ∗ ((−A4N ∗ mod1. linext4(BVNN) ∗ r^2)/3) 
𝑞 = 0 
 

 

 

 

 

COEFFICIENT FORM PDE – POSITIVE PARTICLES 

DOMAIN SELECTION:1 
NUMBER OF DEPENDENT VARIABLES: 1 (TPS) 

𝑐 = [
0 0
0 A2P ∗ r^2

]   

𝑎 = 0 ;  𝑓 = 0; 𝑒𝑎 = 0 ; 
𝑑𝑎 = 𝐴3𝑃 ∗ 𝑟^2 

𝛼 = [
0
0
] ; 𝛽 = [

0
0
] ;  𝛾 = [

0
0
] 

 
ZERO FLUX 

BOUNDARY SELECTION: 1, 2, 4 
INITIAL VALUES 

DOMAIN SELECTION:1 

TPS = TPSI ,
𝜕TPS

𝜕𝑡
= 0 

 
FLUX/SOURCE 

BOUNDARY SELECTION: 3 
g = 1 ∗ (A4P ∗ mod1. linext1(BVNS) ∗ r^2)/3 
𝑞 = 0 
 

 

 

 

 

 

 

 

 

 

Table 52 – The PDE equations system for the Model 2D in the negative electrode active material 

Table 53 – The PDE equations system for the Model 2D in the positive electrode active material 
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8.6. Simulation of the LGC INR18650MH1 with COMSOL® 

In this section are reported the galvanostatic simulations of the LGC cells in Figure 

134 with the parameters measured in Table 26. In addition, the parameters assumed 

from the literature or fitted are reported in Figure 134 (A-B). 

 

 

In Figure 134 (A) are reported with different colours the voltage during the 

galvanostatic discharge a fresh LGCMH cell (the n°13) at 25°C for the following C-

rates: C/25, C/3, 1C, 2C and 3C. It should be noted that these cells are highly resistive 

because of the high energy thus a very large polarization is observed (~ 0.5-0.8V) at 

only 3C. The difference between the measured and the simulated rated capacity is 

less than 5%. In Figure 134 (B) is used a solid phase diffusion coefficient as a fitting 

function of the SOC as reported in Figure 135, following the examples reported in 

literature and described in § 1.4, §2.2 and § 6.1.4.  In this case the error is less than 

1% but there is no improvement in the physics of the model. In further studies, it 

should be discussed that fitted parameters approximate the physically measured 

parameters. 

 

 

 

 

 

 

Figure 134 – The galvanostatic discharges at 25°C for a fresh LGCMH cell (i.e. the number 13) are 

reported as a function of the DOD for various C-rates: C/25, C/3, 1C, 2C and 3C. In (A) the 

discharges simulated are indicated with the grey dashed curves, and the parameters are reported 

in table Table 54. Instead, in (B) a diffusion coefficient is used as a function of the SOC and the 

values are reported in Figure 135. 
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Summary of the parameters 

𝜎− = 0.008 [𝑆/𝑚] 𝐶0 = 1.1 ∙ 10
−10 [𝑚𝑜𝑙/𝑚3] 

𝜎+ = 0.01 [𝑆/𝑚] 𝐷𝑠,+ = 1.5 ∙ 10
−14 [𝑚2/𝑠] 

𝐷𝑒,+ = 8 ∙ 10
−11 [𝑚2/𝑠] 𝐷𝑠,− = 1 ∙ 10

−13 [𝑚2/𝑠] 

𝐷𝑒,− = 1 ∙ 10
−10 [𝑚2/𝑠] 𝑘+ = 1 ∙ 10

−10 [𝑚𝑜𝑙/(𝑚2𝑠)] 

𝐷𝑒,𝑠 = 1.1 ∙ 10
−10 [𝑚2/𝑠] 𝑘− = 5 ∙ 10

−10 [𝑚𝑜𝑙/(𝑚2𝑠)] 

  

 

The value of the electronic conductivity is low than the values reported in § 3.5. The 

fact can be attributed to the high value of the kinetic rate constant and because of the 

absence of a contact resistance between the particle. However, in other works the 

difficult to find an agreement between the measurement and the simulation, some 

authors use a conductivity as a function of the current rate as stated in § 1.4. 

The dimensionless parameters are reported here below in Table 55: 

Summary of the dimensionless parameters 

𝐴1− = 0.021 𝐴1+ = 0.033 𝐴5 = 0.086 

𝐴2− = 0.932 𝐴2+ = 0.485 𝐴6 = 0.111 

𝐴3− = 86.3 𝐴3+ = 148 𝐴7 = 2.30 

𝐴4− = 0.210 𝐴4+ = 0.087 𝐴8 = 1.10 

 

 

Table 54 – The parameters used for the simulations illustrated in Figure 134 are reported.  

Table 55 – The dimensionless parameters used for the simulations illustrated in Figure 134 are 

reported. 

Figure 135 – The variable diffusion coefficient as a function of the SOC used for the simulations 

illustrated in Figure 134(B)  
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Despites this combination of parameters allows good simulations, it should be 

demonstrated that this is unique. Thus, there is no pretention to identify the real 

values of the parameters also because some effects are not accounted such as: 

• temperature dependency of the parameters at high C-rates; 

• inter-particle diffusion; 

• lithium swelling in the active material; 

In conclusion, these simulations indicate that the proposed model is able to reproduce 

the behaviour of lithium-ion battery like most of the “state-of-the-art” commercial tools 

does. However further studies are required to understand how to predict the 

behaviour of a new cell without fitting the experiences. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

8.7. C-rate profile used in galvanostatic discharges in § 4.1.2 

 

In Figure 136 the yellow boxes with green and blue contours indicate the first and the 

second part of the protocol, respectively. In the first part of the protocol, the discharge 

rate is set to C/3 for the different charge rates, in the second part, the charge rate is 

set to C/3 for the several discharge rates.   
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The discharge with a constant voltage of 2.5V guarantee the discharge of the residual 

capacity when the cell is discharged at high rates but it increases the degradation 

around 2% after the test sequence. In fact, the current can flow not because of 

intercalation reaction but because of side reactions such as the oxidation of the 

Figure 136 – The picture illustrates the current profile expressed in term of C-rate as a function of 

the expected test duration. A synthetic form of this test aiming to characterize the cell performances 

from 1C to 6C is reported above. 
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electrolyte [165], [259] . For these reasons, the constant voltage discharge will be 

avoided in further protocols. 
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8.8. C-rate profile used in galvanostatic discharges in § 4.1.3 

 

 

Figure 137 – The picture reports the current profile as C-rate and the expected test duration in the 

abscises. The test protocols with the associated C-rates are also reported in a compact format. 

Purpose of the test is to characterize the cell behavior at low voltage: between 2.5V and 0.05 V. 
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Résumé (long) 
 

Régulièrement, les véhicules électrique (VE) sont proposés comme une alternative 

aux véhicules à combustion interne, représentant une solution viable à la pollution 

métropolitaine et à l’instabilité géopolitique des pays producteurs de combustible 

fossile. Le développement massif de cette technologie est pour le moment bloqué 

par la faible autonomie des véhicules et par leur cout élevé.  

Néanmoins, le prix des batteries est en constante baisse et la volonté politique de 

réduire les émission polluantes (e.g. NOx, pm10, CO2) devrait accélérer la diffusion 

de cette technologie. Il est ainsi anticipé que des centaines de milliers de véhicules 

électriques circuleront dans le monde d’ici 2020.  

Aujourd’hui le contexte industriel est en pleine mutation numérique et 

environnementale. Les acteurs du domaine de l’automobile, eux aussi, évoluent 

rapidement et la voiture s’électrifie, se connecte, s’automatise. Le programme « zéro 

émissions » est la réponse de Renault à la problématique des émissions polluantes, 

qui a rendu Renault leader de vente des véhicules électriques. L’objectif est d’assurer 

à tout le monde l’accès à des véhicules silencieux et sans émissions polluantes, le 

tout sans compromis sur les performances et la sécurité. Ce succès est envisageable 

grâce à la technologie des batteries lithium-ion, qui à ce jour représente la meilleure 

solution en termes de densité énergétique, puissance et durabilité ainsi que de coût 

pour le stockage d’énergie électrique.  

Néanmoins, des améliorations sont désirables pour allonger la durée de vie à plus 

de 10 ans et réduire les temps de caractérisation sur les bancs d’essai. La 

modélisation pourrait être une solution pour mieux comprendre les phénomènes 

physico-chimiques complexes et donc améliorer la conception de nouvelles cellules, 

qui vont permettre de répondre à ces besoins de durabilité et de performances, grâce 

à un système de gestion des batteries amélioré. La procédure standard d’évaluation 

des performances d’une batterie consiste à effectuer des cycles de charge-décharge 

à courant constant.  Généralement, plus le courant est élevé et plus la capacité 

obtenue diminue à cause de limitations cinétiques, due à la migration de ions, à la 

diffusion des espèces chimiques ou au transfert de charges. Idéalement un modèle 

électrochimique doit simuler les cellules lithium-ion à partir des paramètres psycho-

chimique de ses matériaux constitutifs. Ainsi, si une caractérisation de chaque 

matériau permet de prévoir le comportement de la cellule avant sa fabrication, le 

modèle aura beaucoup d’intérêt pour la conception des nouvelles cellules. 
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Le modèle électrochimique le plus utilisé a été développé par le prof. J. Newman et 

son équipe de recherche à l’université de Berkeley aux Etats Unis. La cellule, 

constituée de deux électrodes et d’un séparateur, est représenté dans le modèle par 

sa section transversale, ce qui implique que les effets de bord dans la longueur et la 

hauteur de la batterie sont négligés. La diffusion décrit le transport dans les particules 

sphériques. L'équation de diffusion est exprimée en coordonnées sphériques pour le 

bilan matière du lithium dans les particules. Pour ces raisons le modèle est dit 

« pseudo bi-dimensionnel » avec une dimension orthogonale aux électrodes et une 

dimension pour le transport dans les particules de matière active.  Les pores du 

séparateur et des électrodes sont remplis par un électrolyte, supposé binaire (i.e. 

ions lithium et ses anions), qui est décrit par la théorie des solutions concentrées. La 

réaction principale d’insertion du lithium est supposée suivre une loi de type Butler-

Volmer. Les électrodes volumiques sont traitées comme des électrodes poreuses à 

l’échelle macroscopique avec deux milieux homogènes imbriqués : une phase liquide 

où agit le transport des ions et une phase solide où on simule la diffusion de lithium 

inséré et le transport d’électrons. 

Au cours du temps, la communauté scientifique a complexifié ce modèle et plusieurs 

logiciels de simulations sont maintenant commerciaux. Après la commercialisation 

de la première batterie rechargeable au lithium ion par SONY en 1991 le nombre de 

publications sur la batterie lithium ions est passé de moins de 5 par année à plus de 

3000 en 2016. Dans ce domaine, plus de 150 articles par année portent sur la 

modélisation, en sens large, de batteries lithium ion. 

Dans une précédente thèse un modèle électrochimique simplifié (i.e. modèle dit de 

“la particule seule”) a été développé chez Renault en 2011 par Safari. Ce modèle a 

permis de simuler les décharges jusqu'à 1C pour des cellules graphite / LFP. 

Aujourd’hui Renault souhaite intégrer ce travail à celui initié par le groupe de 

Newman, dont il souhaite identifier les points forts et les points faibles. Pour ces 

raisons la thèse a été structurée en cinq parties: une description critique de la 

littérature incluant le référencement des paramètres du modèle développé par le 

groupe de Newman et les techniques utilisées pour le mesurer, l’écriture du modèle 

dans un format adimensionnel pour réduire le nombre de paramètres, une partie 

expérimentale pour améliorer le reproductibilité des essais, l’identification des états 

de lithiation dans la cellule avec un attention particulière sur la précision obtenue, et 

enfin une prospection numérique pour examiner l’influence de chaque paramètre sur 

les performances de la batterie. 
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Les nouveaux modèles de « modèle de Newman » sont de plus en plus complexes, 

avec par exemple l’ambition de modéliser la température dans la batterie, les 

réactions parasites et les déformations mécaniques. Cette augmentation de 

complexité ne se limite pas seulement à la physique mais aussi à la géométrie qui 

passe d’un pseudo-2D au pseudo-4D (3D pour la géométrie de la cellule plus une 

dimension pour le transport dans les particules de matière active) ou 3D complet avec 

une structure poreuse mesurée par la tomographie. En conséquence, ces modèles 

ont de plus en plus de paramètres d’entrée, dont plusieurs sont difficilement 

mesurables, si bien que leur valeur est ajustée pour obtenir des simulations qui 

reproduisent les résultats expérimentaux. Malgré la sophistication physique et 

mathématique de ces modèles récents, ils ne s’avèrent pas plus prédictifs que 

les modèles plus simples. L’objectif d’une partie du travail présenté dans ce 

manuscrit est de simplifier le modèle électrochimique de Newman pour mieux 

comprendre l’effet de chaque paramètre sur les simulations.  

Dans une première partie, le système d'équations et ses paramètres sont réécrits 

sous une forme adimensionnelle, pour permettre la généralisation des résultats. 

Cette technique est très exploitée dans plusieurs domaines dont la mécanique des 

fluides avec l’identification des nombres de Reynolds ou de Prandtl par exemple. 

Grâce à cette méthode, on réduit le nombre des paramètres du modèle et on identifie 

plus facilement les influences semblables de certains de ces paramètres.  

Le modèle est écrit à partir des équations de la thermodynamique en supposant que 

l’électrolyte est idéal. Il ressort de cette hypothèse que l’activité est égale à la 

concentration des ions et que les paramètres de transport de la matière suivent la loi 

de Nernst-Einstein (avec des coefficients indépendants de la concentration). On 

suppose aussi que les nombres de transport des ions sont identiques dans les 

phases liquides des électrodes poreuses que dans le séparateur. Les coefficients de 

diffusion, dans le modèle proposé ne dépendent pas de la concentration et leurs 

valeurs effectives dans les électrodes poreuses et dans le séparateur sont décrites 

comme des paramètres différents en évitant de rajouter des relations entre eux avec 

des coefficients de correction (par exemple l’approximation de Bruggeman).  

Dans cette étude on se focalise sur la capacité obtenue en fin de décharge. Pour 

simplifier l’étude, on travaille sur une seule électrode, l’électrode positive, avec une 

électrode négative et un séparateur dont les propriétés sont telles qu’aucune 

limitation n’y survient. Cela permet de réduire le nombre de paramètres de 25 (en 

grandeur dimensionnelle) à 4 paramètres adimensionnels. Dans ces conditions, bien 
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que le nombre de combinaisons de paramètres à analyser reste important, une 

analyse prospective devient envisageable.   

Dans une deuxième partie, nous avons discuté comment les paramètres de ce 

modèle sont mesurés dans la littérature, et, dans une troisième partie un protocole 

de cyclage a été mis en place pour garantir la reproductibilité des mesures (courbes 

de décharge à différents régimes et succession de pulse et repos) et réduire les effets 

de l’histoire du cyclage.   

La détermination des états de lithiation dans une cellule complète a été investiguée 

dans une quatrième partie. Les états de lithiation représentent des paramètres 

indispensables pour simuler des systèmes complets. Ils sont aussi des éléments clés 

dans les études du vieillissement par l’impact de leurs variations sur les performances 

globales de la batterie. Ces paramètres ne sont pas connus sans étude : en effet 

après que les électrodes sont assemblées, lors de la première charge la réaction 

associée à la formation d’une couche interface solide (SEI) sur l’électrode négative 

change ces paramètres. De facto, l’état de charge des batteries en début et en fin de 

charge devient alors inconnu, tout en étant de plus sujet à se modifier au cours du 

temps par des processus de vieillissement. Notre première tâche a été de 

comprendre comment la forme des isothermes influence la précision associée à 

l’évaluation des états de charge initiaux et finaux. Cette méthode a ensuite été 

appliquée à des cellules commerciales LG-Chemical. Plusieurs scenarios de 

vieillissement ont été proposés pour observer comment l’OCV évolue avec les états 

de charge. Ces résultats ont finalement été discutés avec les OCV mesurés sur des 

cellules commerciales LGC après un vieillissement modéré.  

Dans une cinquième partie, le système d’équations est implémenté et simulé avec le 

logiciel COMSOL Multiphysics, ce qui a permis d’étudier l’effet individuel des 

paramètres identifiés dans la première partie. L’étude a permis de comprendre les 

observations effectuées pendant les décharges à courant constant sur les cellules 

commerciales examinées. Puis, les simulations ont été conduites sur des séquences 

d’impulsions-relaxations. Ce type de protocole de caractérisation est généralement 

utilisé pour établir comment varie la résistance interne dans différentes conditions 

(e.g. température de stockage, état de charges, etc.). Expérimentalement, on 

observe que la relaxation de la tension contient plusieurs constantes de temps. Des 

constantes de temps se retrouvent dans le modèle étudié dans la première partie, 

chacune étant attribuable à des phénomènes physiques précisément identifiables. 

Les simulations ont permis de trouver 2 combinaisons différentes de constante de 
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temps qui reproduisent la tension mesurée pendant et après l’impulsion de courant. 

Ce résultat met notamment en perspective une méthode largement utilisée pour 

mesurer le coefficient de diffusion du lithium dans la phase solide, appelé GITT (i.e. 

Galvanostatic Intermittent Titration Technique), dont la fiabilité est ainsi remise en 

cause.  

L'étude a mis en évidence : (i) comment les combinaisons de paramètres, dans le 

nouveau système d’équations adimensionnel influencent les performances a diffèrent 

régimes, (ii) que l’évaluation des constantes des temps associée à différents 

phénomènes nécessite des méthodes plus appropriées que ce qui est proposée 

actuellement dans la littérature, (iii) que la forme des isothermes des électrodes 

influence de manière significative la précision avec laquelle on évalue les états de 

charge dans une cellule complète. La prospection numérique devrait être étendue à 

une cellule complète pour comprendre l’interaction du transport de matière dans un 

système de deux électrodes à insertion couplées. Sur un plan expérimental, le 

vieillissement des cellules devrait être fait dans des conditions plus agressives pour 

permettre d’établir une relation entre les conditions de vieillissement et l’évolution des 

états de charge des deux électrodes. 
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Abstract (grand public) 
 
The future development of electric vehicles is mostly dependent of improvements in battery performances. In 
support of the actual research of new materials having higher performances it is useful to develop modeling tools. 
Furthermore, the battery models could be used to understand the physicochemical phenomena and to improve 
the design and reduce the testing time. One of the most common electrochemical model for lithium ion batteries 
is revisited and set in a dimensionless form. The influence of its parameters is analyzed with galvanostatic and 
pulse-rest sequence simulations performed with the software COMSOL Multiphysics. The electrode balancing 
and the accuracy during the estimation of the parameters associated to the electrode states of charge is 
discussed.  Finally, a characterization protocol aiming to increases the precision of measurement is proposed. 

 

Résumé (grand public) 
 

Le développement des véhicules électriques dépend principalement des améliorations apportées aux 
performances de la batterie. En support à la recherche de nouveaux matériaux plus performantes, il est utile de 
développer des outils de modélisation, pour comprendre les phénomènes physico-chimiques et pour améliorer la 
conception. Cette étude contient une description critique de la littérature incluant le référencement des paramètres 
du modèle développé par le groupe de Newman et les techniques utilisées pour le mesurer, l’écriture du modèle 
dans un format adimensionnel pour réduire le nombre de paramètres, une partie expérimentale pour améliorer le 
reproductibilité des essais, l’identification des états de lithiation dans la cellule avec un attention particulière sur 
la précision obtenue, et enfin une prospection numérique pour examiner l’influence de chaque paramètre sur les 
performances de la batterie. 
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