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Abstract

The context of this work relies to high frequency combustion instabilities in Liquid Rocket

Engines (LRE). The present research focuses on the e�ects of high amplitude transverse

acoustic �elds on non-reactive coaxial injection. The acoustic response of injection domes

is found to be dependent on the local properties of the acoustic �eld in the injection cav-

ity. The modi�cation of the atomization process, induced by the acoustic �eld, has been

analyzed in single and multi-injection con�gurations. Experiments were performed from

low to high Weber number atomization regimes. Three phenomena are observed: jet �at-

tening, improvement of the atomization process and deviation. The combination of these

phenomena in multi-injection con�gurations leads to a droplet clustering phenomenon.

In the presence of combustion, such a clustering could lead to non-uniform heat release

rate which can trigger or sustain combustion instabilities. A theoretical model based on

non-linear acoustics has been developed, providing general expressions of radiation pres-

sure and resulting radiation force, for spherical and cylindrical objects in standing and

progressive wave �eld. The model has been successfully used to interpret and quantify

experimental observations in liquid/gas, trans-critical/super-critical and gas/gas con�g-

urations and showed that the Helmholtz number α characterizing the acoustic �eld and

the density ratio η characterizing the two media are two parameters of importance. The

major conclusions are that the observed phenomena can be interpreted as resulting from

non-linear acoustics, the key feature being the density ratio. It is claimed that the layer

separating the two media, seen as an interface, does not need to be restricted only to a

liquid/gas interface.

Keywords: combustion instability, high amplitude, transverse mode, coaxial injec-

tion, atomization, acoustics, nonlinear e�ects, radiation pressure, rocket engines.
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Résumé

Le contexte de ce travail repose sur l'étude des instabilités de combustion au sein des mo-

teurs fusées à propergols liquides. Cette étude se concentre sur les e�ets des champs acous-

tiques transverses de haute amplitudes sur l'injection coaxiale en conditions non-réactives.

La réponse acoustique du système d'injection est dépendante des propriétés locales du

champ acoustique dans la cavité d'injection. La modi�cation du processus d'atomisation,

induit par le champ acoustique, a été analysée dans des con�gurations simples et multi-

injection. Des expériences ont été menées pour des régimes d'atomisation de faibles et

hauts nombres de Weber. Trois phénomènes ont été observés: un aplatissement du jet,

une amélioration du processus d'atomisation et la déviation du système liquide. La combi-

naison de ces trois phénomènes en con�guration multi-injection résulte en un phénomène

de regroupement de gouttes. En présence de combustion, un tel regroupement pourrait

mener à un dégagement de chaleur non-uniforme susceptible de déclencher ou d'entretenir

des instabilités de combustion. Un modèle théorique basé sur les équations d'acoustique

non-linéaire a été développé pour donner les expressions générales de pression de radiation

et de forces de radiations résultantes appliqué aux objets sphériques et cylindriques en

champ stationnaire ou progressif. Le modèle a été utilisé pour interpréter et quanti�er les

observations expérimentales en con�gurations liquide/gaz, trans-critique/super-critique

et gaz/gaz, et a permis de montrer que le nombre de Helmholtz qui caractérise le champ

acoustique, et le rapport de densité qui caractérise les deux milieux, sont deux paramètres

cruciaux. Les principales conclusions montrent que le phénomène observé peut être inter-

prété comme résultant de l'acoustique non-linéaire, dont le paramètre clé étant le ratio

de densité. Cela exige que la couche séparant les deux milieux, vue comme une interface,

ne doive pas être réduite uniquement à une interface liquide/gaz.

Mot-clés: instabilité de combustion, haute amplitude, mode transverse, injection

coaxiale, atomisation, acoustique, e�ets non-linéaires, pression de radiation, moteurs-

fusées.
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a.a. acoustic axis

GD gas dome

IAN intensity anti-node

LD liquid dome

LDV laser doppler velocimetry

LRE liquid rocket engine

h.r.r. heat release rate

PAN pressure anti-node

PT pressure transducer

PW progressive wave

SD Gaussian standard deviation

SW standing wave

V AN velocity anti-node

Greek Symbols
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Chapter 1

Introduction

1.1 Overview of Combustion Instabilities

Combustion instabilities were �rst observed in the late 1930s in both solid and liquid pro-

pellant rocket engines [1, 2] and roughly at the same time in the Soviet Union and in the

United States. Since then, combustion instabilities have been encountered in almost all

new propulsion system development programs also concerning afterburners and ramjets;

and recently, they have also become a serious problem in the development of gas tur-

bines [3] in which the new strategies for reducing emission of pollutants, as lowering the

average temperature at which primary combustion occurs, makes combustion less stable

and tend to encourage the excitation of oscillations.

Due to the extremely high density of energy released in a volume having relatively

low losses, liquid rocket engines are among the systems the most a�ected by combustion

instabilities. A very representative example is the Apollo program. During the 1960s this

program motivated a large amount of research in the domain because of the presence of

the astronauts. More than 7 years of research, involving more than 2000 full-scale tests

were necessary to develop the �nal engine (a comprehensive review of the subject has been

presented in 1993 by Oefelein and Yang [4]). Experience gained during this period formed

the basis for developing the Space Shuttle main engine. In 1972 a �rst e�ort to assemble a

reference report on liquid rocket engine (LRE) combustion instabilities was concluded in

the United States from a series of NASA and AIR FORCE sponsored research programs

which resulted in the publiction of the NASA SP-194 [5]. In 1995 a second reference

text intended as an extension of the NASA SP-194 was published in the U.S. by Yang

and Anderson [6] followed by another publication in 2007 containing information about

the testing and development practices for treating liquid rocket combustion instability

17



18 Introduction

problems in Russia covering more than 50 years of research and edited by Dranovsky,

Yang, Culick and Talley [7].

In Europe a signi�cant program has been supported since 1981 as a consequence of the

�ight failure of an Ariane 4 vehicle due to combustion instability in the �rst-stage Viking

motor. In 2001 the Ariane 5 �ight v142 failed to place a satellite into the right orbit.

In that case it was the upper-stage Aestus engine that developed combustion instability,

leading to the failure of the mission. The Ariane program justi�ed research e�orts in the

combustion instability domain and in 2001 a French-German collaboration between space

agencies, industries and research laboratories was initiated with the objective to provide

a better understanding of the phenomenon. The program designated as "Rocket Engine

Stability iniTiative" (REST) was initiated by the CNES and DLR in collaboration with

research laboratories and industrial partners. The program is currently undergoing.

In a way or another, combustion instabilities have been under continuous investiga-

tion and progress made in any one of the systems is fundamental to understanding and

treating combustion instabilities in other sorts of system. However, despite the great ef-

fort expended on the problem during the last 80 years, our understanding of instability

mechanisms is limited and new rocket engines can still be plagued by it. We still need

to improve our knowledge about what drives combustion instabilities and how to pre-

vent them; additional investigation is required to provide reliable predictions for practical

designs.

1.1.1 Combustion Instabilities Classi�cation

Combustion process in liquid rocket combustors is never perfectly steady. Pressure, tem-

perature and velocity �uctuations are always present in the thrust chamber, since a very

high energy density is released in a small con�ned volume where relatively low losses oc-

cur. If peak-to-peak pressure �uctuations in the combustion chamber remain below 5%

of the main chamber pressure, the engine exhibit what is called "smooth" combustion;

whereas if pressure �uctuations exceed this percentage, without a discernible periodicity,

the engine exhibit the so-called "rough combustion" [8] . In some conditions pressure

�uctuations can interact with engine structure, natural frequencies of the feeding system

or with the acoustic resonant modes of the combustion chamber, resulting in periodic

�uctuations which can be ampli�ed by a small fraction of the energy released by the

combustion process. This phenomenon is referred as combustion instabilities.

Combustion instabilities in liquid rocket engines can be classi�ed in several ways.
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According to Barrère and Williams [9] three main classes can be identi�ed, by considering

the size of the components involved in the instability process:

� System instabilities : involve the entire system, by an interaction between the pro-

cess taking place in the chamber, the propellant feed system and also the vehicle

structure by means of the thrust �uctuations. In this class can be mentioned the

well-known POGO or "chugging" instabilities [1].

� Combustion chamber instabilities : also known as thermo-acoustic instabilities, are

characterized by the propagation of the acoustic waves in the combustion chamber.

� Intrinsic instabilities : involve only the reactants, depending on the combustion

kinetics but not on the chamber properties. The characteristic combustion times

being very short the frequency spectrum of these instabilities is very high.

The �rst type of instabilities are called low frequency (LF) instabilities, characterized

by pressure �uctuations in the 10 to 400 Hz range. The second type is instead charac-

terized by pressure �uctuations at higher frequencies, going from some hundreds of Hz

to some kHz; they are called high frequency (HF) instabilities. High frequency instabili-

ties tend to be the most damaging and the most di�cult to eliminate. They result from

the coupling of the �uctuating heat release rate (h.r.r) with the acoustic �eld in general

relying on the combustion chamber's eigenmodes. In the case of cylindrical chambers,

eigenmodes can be classi�ed into longitudinal modes, in the direction of the combustion

chamber axis, and azimuthal or radial modes oriented perpendicularly to the chamber

axis (see Figure 1.1).

Figure 1.1: Fundamental (a) longitudinal, (b) azimuthal and (c) radial modes of a cylin-
drical chamber.

Longitudinal modes characterizing liquid rocket instabilities can be progressive or

standing waves. Azimuthal modes coming from the counterbalance of two progressive
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waves of equal pressure amplitude result in standing waves. Azimuthal modes described by

spinning or traveling waves can rotate in the clockwise or counterclockwise. A combination

of longitudinal and transverse (azimuthal and/or radial) modes can also be found in real

combustion chambers leading to more complicated three-dimensional modes' structures.

Among the di�erent types of combustion instabilities, high frequency azimuthal (spin-

ning or standing) mode instabilities are considered as the most harmful for the operations

of liquid rocket engines and unfortunately are the most commonly found in their current

development [8]. Instantaneous pressure peaks roughly twice of the chamber pressure

under stable operations can be attained and heat release rate (h.r.r.) can increase up to

10 times. Injection head and chamber walls can be seriously damaged (see Figure 1.2)

leading to the failure of the mission. It is thus clear that in order to ensure launch vehicles

safe operations, high frequency instabilities must be understood and minimized.

(a) (b) (c)

Figure 1.2: Three examples of liquid rocket engines damaged by high frequency combus-
tion instabilites: (a) injection head damaged; (b) engine partially destroyed (NASA) (c)
engine exploded during start-up (NASA).

Passive countermeasures are usually adopted to reduce high-frequency instabilities

within the combustion chamber. These countermeasures include: injector face ba�es,

acoustic energy absorption cavities or combustion chamber liners. Once the engine design

is �xed it is tested over a wide range of operating condition in order to verify its stabil-

ity. Rating test guidelines have been released in the U.S. by the Chemical Propulsion

Information Agency (CPIA) [10, 11]. According to these guidelines, if the engine su�ers

sustained, organized oscillations with peak-to-peak amplitudes greater than 10% of the

chamber pressure, the engine is classi�ed as unstable.

The amount of tests necessary to prove engine stability has been greatly reduced



Introduction 21

since the development of the F-1 engine of the Apollo program thanks to the scienti�c

community upgraded knowledge.

1.1.2 Fundamental Processes

In the 1950s Crocco provided a �rst heuristic approach (the n−τ model) to high-frequency
instabilities modeling. This approach did not take into account the �ne physical processes

occurring in the chamber, and postulated that pressure �uctuations could a�ect the mass

�ow rates, and thus the heat release rate [12, 13]. The model was later re�ned and de-

veloped into the well known "Sensitive Time-Lag Theory" [14]; it was then validated

experimentally for both longitudinal [15] and transverse instabilities [16]. Despite many

years of research since the elaboration of the n−τ model, there is still a lack of knowledge
in the fundamentals of the combustion instability mechanisms. The main problem comes

from the numerous involved processes and sub-processes, as well as from the complexity

of their potential interactions. Since the sub-processes that occur in between the injec-

tion and the chemical reactions are dependent on the pressure and aerodynamics of the

combustion chamber, a feedback mechanism able to amplify the natural acoustic modes

of a combustion chamber may be encountered [17]. Thus, even small perturbations can

be ampli�ed, leading very quickly to high amplitude �uctuations. The feedback loop

through which instabilities can be ampli�ed is shown in Figure 1.3. It involves com-

bustion, acoustics and �uid dynamics which rely on many physical or chemical processes.

The combustion process is characterized by heat release rate �uctuations and �ame/�ame

interactions which can generate acoustic �uctuations. Acoustics can excite chamber eigen-

modes; the complex boundary conditions and the coupling between the chamber and other

cavities of the system can result in a modulation of the �ow dynamics. The �ow �eld

modulation a�ects injection, atomization, vaporization and turbulence which may lead to

�ame �uctuations.

The injection system and the combustion chamber are designed to control the conver-

sion of liquid propellants into product gases in order to have uniform distribution of heat

release rate. However, the feedback can induce the modi�cation or the modulation of one

or more processes inducing unsteady �uctuations of the heat release rate. According to

the Rayleigh criterion [18], if the heat release rate �uctuations are in-phase with pressure

oscillations, resonant interaction between combustion and acoustic �eld is possible. This

condition is necessary but not su�cient. Indeed, the acoustic energy equation indicates

that the amount of acoustic energy of a system increases in time if the source term coming
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Figure 1.3: A schematic representation of the thermo-acoustic feedback loop involving
�uid dynamics, combustion and acoustics and associated sub-processes.

from the coupling (p′q̇′) is greater than the acoustic energy �ux and the damping.

The main issue is thus to determine which processes (among those taking place in a

combustion chamber), in which hierarchical order, and by means of which mechanisms

they can drive the instability process [19]. The feedback mechanisms are commonly sub-

classi�ed into two classes: intrinsic and injection-coupled mechanisms. In the injection-

coupled mechanism the acoustic �uctuations in the combustion chamber interact with

the natural frequencies of the injection system, causing �ow-rate �uctuations which con-

tribute signi�cantly to the acoustic pressure ampli�cation. This type of mechanism is

usually responsible of low frequency instabilities, but it can also occur in high frequency

instabilities [17, 20]. The intrinsic mechanism implies that only the processes taking place

after propellant injection, are responsible for the pressure �uctuation ampli�cation in the

chamber. This kind of mechanism is considered as a driving mechanism for high frequency

instabilities [5].

Although full-scale tests are preferable to investigate engine stability they are expen-

sive, and it is not always easy to perform measurements inside an actual rocket engine.

When modi�cation are needed the engine development is delayed, and its cost is strongly

augmented. For this reason sub-scale or lab-scale devices are fundamental in order, not

only to increase our knowledge in such a complicated �eld, but also to provide low-order

models able to be implemented in numerical simulations. Self-sustained thermo-acoustic

instabilities are di�cult to be reproduced and investigated in laboratory due to the large

complexity of mechanisms involved [1]. For this reason, the di�erent steps describing
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instability loops are analyzed separately. In particular, the impact of acoustics on �ow

dynamics, with or without combustion, is studied by imposing an external acoustic forcing.

One of the key elements that must be taken into account is the very high level of acoustic

�uctuations existing in those unstable environments, since phenomena observed are di-

rectly dependent on this level. Producing high level acoustic �elds in laboratory remains

a true challenge so that only a few studies are found in the literature; even fewer concern

coaxial jet con�gurations, which are, however, widely used in liquid rocket engines. In

these kinds of propulsion systems, propellants are usually in a trans or super-critical phase

during steady state operative conditions. However, during the early transient phase, the

oxidant can remain in the liquid phase, resulting in a liquid jet surrounded by a coaxial

gaseous �ow of fuel [21, 22, 23]. Atomization determines droplet size and spatial dis-

tribution, in�uencing the vaporization process which has a direct impact on combustion

instability [24, 25]. Since the operating conditions of a given engine can be rendered

stable or unstable by a slight injector modi�cation [26], it is clear that the impact of

acoustics on the atomization process is of crucial importance. Investigating the response

of �uid-systems to acoustic forcing, with and without combustion, is thus essential to

understand which processes are involved in the feedback mechanism, how they interact

and how energy is transferred to the acoustic �eld.

1.2 LRE Injection System

The purpose of the injection system is to introduce the �ow of liquid propellants into the

combustion chamber in order to control their conversion into combustion gases at high

temperature and pressure [6]. The function of the injector in this sense is of primary im-

portance since it has to atomize the liquid (break up into small droplets), distribute and

mix the propellants in order to obtain a proportioned mixture of fuel and oxidizer, with

propellant mass �ow and composition as uniform as possible over the chamber cross sec-

tion [8]. Many di�erent types of injection elements exist, each of them presents advantages

and drawbacks having strong impact on LRE performance. Most common injectors can

be basically classi�ed into three classes: impinging, pintle and coaxial. Simpli�ed cross-

section schematics of these types of injectors are reported in Figure 1.4. Based on the

propellant injection phase, it is then possible to further distinguish between liquid/liquid

or gas/liquid injectors.

Impinging injectors (see Figure 1.4(a)) are commonly used with oxygen-hydrocarbon

and storable propellants [8, 27]. The ducts are made with a certain angle with respect
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(a) Impinging (b) Pintle (c) Coaxial

Figure 1.4: Cross-section schematics of most common types of injectors in LRE: (a)
impinging: (b) pintle and (c) shear-coaxial.

to the injector plate in order to obtain the propellants impingement. Impingement forms

thin liquid fans and aids atomization of the liquids into ligaments and then into droplets.

Several con�gurations with 2 and up to 5 jets can be found and impact can be induced be-

tween jets of the same propellant (like impinging) or between the two propellants (unlike

impinging). This type of injector presents good atomization and mixing characteristics

associated with low fabrication costs. However, there is still a lack of basic knowledge re-

garding the fundamental atomization mechanisms of impinging jets and their subsequent

mixing and combustion processes [28]. Pintle or throtteable injectors (see Figure 1.4(b))

have been used in the lunar descent module engine and currently in the Merlin engine de-

signed by SpaceX. They are basically used in engines in which thrust must be controlled.

One of the biggest advantages is the relatively low sensitivity to combustion instability.

The third class of injectors is represented by coaxial injectors in which one of the pro-

pellant, usually the oxidizer in the liquid phase, is injected in the central tube (oxidizer

post), while the gaseous fuel is injected in the coaxial annular channel. Atomization is

achieved by the development of a shear layer resulting from the strong velocity di�erence

between the two propellants, with the gas injected at a higher velocity than the liquid.

If one of the two �uids is injected with a tangential velocity component the injector is

called swirl-coaxial. This solution can be frequently �nd in Russian engines like the RD-

180. When both propellants are injected parallel to the injector axis the injector is called

shear-coaxial (see Figure 1.4(c)). This kind of injector is widely used in liquid rocket

engines with cryogenic propellants like liquid oxygen (LOX) and gaseous hydrogen. Most

of the U.S. and European rocket engines use shear-coaxial injectors. It is the case of the

Space Shuttle main engine (SSME) or the Ariane 5 Vulcain engine.
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Combustion chambers of liquid rocket engines are usually feed with a large number of

injectors, which can go from a few dozens to some hundreds as shown in the F-1 engine

view presented in Figure 1.5. Each injector must provide the same injection conditions, in

order to ensure proper oxidizer/fuel mixing ratio and uniform distribution of propellant in

the combustion chamber. Figure 1.6 presents an exploded view of the F-1 engine in which

the fuel inlet manifold and the oxidizer dome are visible. The dome and the manifold are

designed to ensure homogeneous distribution of propellants.

Figure 1.5: Detail on an F-1 engine injector plate at the forward end of the nozzle.

The geometry of the feeding system depends on the architecture of the engine. The

injectors represent a connection between the combustor dynamics and the feeding system,

and even if they are usually designed with a pressure drop (15 -20 %) to avoid any acoustic

coupling, thermo-acoustic instabilities may occur as a result of the coupling of the acoustic

eigenmodes of the dome/manifold with those of the combustion chamber. This mechanism

is known as injection-coupled mechanism. It can cause mass �ow-rate �uctuations able

to signi�cantly contribute to the process of acoustic pressure oscillation ampli�cation.

1.3 Combustion Instabilities in LRE: Representative Works

in the Area

In this section a review of the research activities dedicated to the investigation of high

frequency combustion instability in Liquid Rocket Engine (LRE) is given. Particular

attention is paid to those works concerning the interaction between acoustic �elds and
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Figure 1.6: F-1 injection head exploded view.

injection processes.

Since the �rst postulation of the n − τ model a large amount of research activities

concerning high-frequency instabilities have focused on the characterization of injection

�ows in cold-�ow or reacting conditions. One of the �rst investigation concerning the

e�ects of an external acoustic forcing on �uid injection was conducted by Miesse [29].

A free water jet was submitted to transverse and longitudinal acoustic perturbation. It

was shown that transverse waves, more than longitudinal ones, induced a modi�cation of

the jet structure in particular reducing the length of the continuous liquid core. In 1965

Heidmann experimentally investigated a liquid oxygen jet combusting in a gaseous hy-

drogen atmosphere under the e�ects of a spinning transverse mode [30, 31]. He observed

that the jet atomization and vaporization processes were a�ected by the acoustic �eld

and their modi�cation a�ected the heat release rate. Evidence of the connection between

atomization/vaporization and high-frequency instabilities led the scienti�c community

to conduct theoretical analysis of droplet vaporization under the e�ects of a transverse
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acoustic �eld: the general conclusion was that acoustic forcing diminished the vapor-

ization time [32, 33, 34]. Experimental investigation on a LOx/H2 engine con�guration

in the 1960s highlighted a link between engine stability and the injected hydrogen tem-

perature. It was later explained that decreasing the temperature induced a decrease in

the injection velocity, which a�ected the jet dynamics. Lower injection velocities caused

liquid jet to be more sensitive to chamber pressure �uctuations resulting in �ow-rate

�uctuations. This suggested that for su�ciently low H2 temperature injection-coupled

feedback mechanism could lead to high-frequency instabilities [35]. In 1969 Heidmann

and Groeneweg [36] identi�ed the injection-chamber acoustic coupling as a driving mech-

anism for high-frequency instabilities and demonstrated that pressure �uctuations might

be suppressed through appropriate acoustic design of the manifold.

These works togheter with many other early works in the �eld of high-frequency com-

bustion instability in LRE were included in the already cited NASA SP-194 [5]. This

report has been long considered to cover all engineering requirements for liquid rocket en-

gines development. In the 1990s, in the U.S. the advanced launch system (ALS) [37] pro-

gram renewed the community interest in the investigation of the instability phenomenon.

In 1991 Hoover et al. investigated the e�ects of an acoustic �eld on a free water jet, in

sub-critical conditions [38]. Acoustic �eld amplitudes were produced up to 165 dB and a

jet �attening process was observed perpendicularly to the acoustic axis. They proposed

an explanation for the �attening based on the impact of two opposite transverse gas �ows.

However, the two �ow con�gurations they compared did not fall in the same range of We-

ber numbers. So, even though the authors found similar tendencies, the results suggest

that the physical mechanisms involved in the �attening of the jet are quite di�erent in the

two experiments. Extensive investigation of non-reacting �ow responses to a transverse

acoustic �eld was also performed at the Air Force Research Laboratory (AFRL) for sound

pressure levels (SPL) up to 180 dB. Chehroudi and Talley [39] dedicated the attention

on a free liquid jet of nitrogen introduced into a chamber at room temperature, under

sub and super-critical pressures. They observed a jet �attening, with greater e�ects for

low nitrogen �ow rates and lower chamber pressures. The experimental set-up was then

modi�ed to investigate LN2/GN2 co-axial �ows [40, 41]. The liquid jet was observed to

assume a sinusoidal shape under transverse acoustic �eld. The group then systemati-

cally investigated the response of a coaxial jet of nitrogen to such an acoustic �eld under

sub-critical, trans-critical and super-critical conditions, focusing on the intact liquid core

length reduction [42, 43, 44]. The jet under trans-critical conditions located at a velocity

anti-node showed a �uctuation of the core length with a maximum reduction of the inner
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core length of about 90 %. This reduction was thought to enhance mixing; based on

these observations (and other ones concerning impinging jets behavior [27]) Chehroudi

proposed a feedback-mechanism for the high-frequency instability driving process [45].

A research group at the University of Maryland conducted experiments on coaxial

GO2/GH2 �ame subjected to a transverse acoustic forcing [46, 47]. It was shown that

small acoustic disturbances could be ampli�ed by �ame-acoustic coupling under certain

conditions, leading to the modulation of the h.r.r. �uctuations and that baroclinic torque

could play a role in triggering �ame acoustic interactions [48].

A research group at Purdue University undertook investigation of combustion insta-

bilities from both experimental and numerical points of view and research activities are

currently ongoing. The CVRC (Continuously Variable Resonance Combustor) test bench

operating at Maurice Zucrow Laboratory is used to study longitudinal instabilities. Insta-

bility is reproduced by using a historically unstable injector to excite the resonance mode

of a cylindrical combustor [49]. Variations in the oxidizer post length have been proven to

strongly a�ect the combustor stability [50, 51, 52, 53]. Experimental results, in particular

concerning phase shift between acoustic pressure and heat release rate �uctuations, were

used to develop a reduced order model for high frequency instability prediction, based

on linearized Euler equation [54, 55, 56] and served as database to develop simulations

which were able to reproduce spontaneous instability of the system [57, 58]. The same

approach concerning the excitation of the combustor eigenmodes through an unstable

element was used to study transverse instability in a rectangular chamber using methane

and oxygen [59, 60, 61, 62, 63].

Parallel to these activities a large research program was initiated in Europe as a

consequence of the destruction of the Ariane 4 launcher in 1980 and the failure of the

Ariane 5 �ight V510 in 2001. These two episodes served to remind that the knowledge

in the �eld of LRE combustion instability was still limited and that further investigation

was still necessary.

At DLR several experimental and numerical studies have been dedicated to character-

ize coaxial jets, in both non-reactive and reactive conditions [64, 65, 66], and to investigate

high-frequency combustion instabilities in sub-scale and lab-scale rocket models [67]. The

Common Research Combustor (CRC), developed in the framework of the REST initia-

tive, is a lab-scale motor dedicated to studying �ame-acoustic interaction. A siren is used

to modulate a secondary nozzle and to excite combustor eigenmodes. The position of the

secondary nozzle could be varied at a number of angular position around the side wall in a

way that either the pressure or the velocity anti-node could be aligned with the �ame. By
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using high-speed OH* imaging, it was observed that h.r.r. �uctuations were the strongest

at the pressure anti-node [68, 69]. Furhter investigations on the CRC highlighted how the

characterization of the acoustic modes of the injection system/chamber was important in

the interpretation of experimental results [70, 71]. In parallel a numerical study on the

same experimental set-up also revealed the role played by the coupling of the acoustic

cavities on the resonance frequencies [72].

The experimental principle of the CRC was extended to more representative condi-

tions with the development of Combustor H (BKH). In this con�guration �ve coaxial

injectors, operating with LOx/H2, are clustered in a rectangular combustor. As in the

CRC acoustic, BKH is excited with a rotating wheel modulating the �ows at the exhaust

nozzle. Shadowgraph imaging revealed signi�cant response of the LOx core to transverse

instability. As acoustic amplitude was increased a decrease of the intact core length was

observed, due to accelerated breakup and mixing [73, 74]. The BKH was also used to

investigate the phenomenon of injection-chamber coupling [75, 76]. The use of acoustic

ba�e in the H2 manifold was necessary in that case to reduce acoustic coupling.

Recently, the impact of acoustic coupling between the injection system and the com-

bustion chamber has been also investigated in another sub-scale model combustor at

DLR: the research Combustor D or BKD. The BKD is a sub-scale rocket combustor

which presents, under certain operating conditions, spontaneous high-frequency instabil-

ities with amplitudes greater than 20% of the mean chamber pressure (peak-to-peak).

Experiments indicated that the 1T chamber mode could be excited if the LOx post res-

onance frequency coincides with that of the 1T mode. Emissivity �ame response showed

dominant frequencies corresponding to LOx post acoustic resonance frequencies [77, 78].

Combustion instabilities in the BKD combustor have been also object of numerical simu-

lations [79] based on high-performance Large-Eddy Simulation in combination with com-

putational acoustics. By triggering instabilities in the chamber they were able to obtain

limit cycles and acoustic activity in the injection domes that successfully compared with

experiments.

Combustion instability and jet acoustic interaction were also the subject of a large

research program in France. The Multi Injector Combustor (MIC) is a lab-scale combustor

operating at the Mascotte test bench at ONERA [80, 81, 82] in collaboration with the

EM2C laboratory. It was developed especially for high frequency combustion instability

research and it can work with three or �ve coaxial injectors (initially conceived for LOx/H2

it was later adapted for LOx/CH4). Acoustic modes of the chamber can be excited with a

rotating toothed wheel which modulates the exhaust nozzle �ow. Experiments indicated
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that injector-injector interaction may play a role in driving instabilities. A signi�cant

modi�cation of the �ame structure was shown, with an increase in the spreading angle

leading the neighboring �ames to overlap [83]. At the same time the French group of

the EM2C laboratory simulated the interaction between �ame and acoustics [84, 85] to

reproduce the MIC experiments. Simulations provided �ame responses similar to those

observed experimentally. In the case of a trans-critical round jet of nitrogen submitted to

a transverse acoustic �eld [86], they obtained a jet �attening at the intensity anti-node

and an oscillating motion in the direction of the acoustic axis. Flattening was ascribed to

the presence of low pressure regions on jet sides where the pressure drop was attributed

to a behavior explained by the unsteady Bernoulli theorem. In order to produce greater

acoustic perturbation, the MIC was then modi�ed with the addition of the Very High

Amplitude Modulator (VHAM), an excitation system composed by two parallel exhaust

nozzles alternatively excited with a toothed wheel. The new experimental setup was used

to investigate the response of �ve cryogenic coaxial jet �ames, in sub-critical and trans-

critical regimes, under high-frequency transverse acoustic �eld [87, 88]. It was shown that,

provided that the acoustic level was high enough in the combustion chamber, the �ame

length and the atomization process were modi�ed by acoustic forcing in the vicinity of

velocity anti-nodes. In some conditions, a �ame �attening or an asymmetry in the �ame

distribution were observed. These observations are coherent with those found in other

works focusing on non-reactive �ows.

In the framework of the REST research program, investigation of non-reactive coaxial

jet response submitted to high amplitude high frequency acosutic �eld were also under-

taken at the CORIA laboratory [89, 90, 91]. The research activities have pointed out how

an acoustic �eld with a su�ciently high amplitude (< 165 dB) can drastically a�ect the

behavior of an air-assisted water jet. Flattening of the jet was observed at the velocity

anti-node for low Weber atomization regimes and the threshold for the �attening onset

was calculated [90]. Deviation from the vertical axis at the intensity anti-node was ob-

served for droplets placed under the roof. No quanti�cation of high Weber atomization

regimes response was provided. The typical response of the low Weber number jets to the

transverse acoustic �eld at the velocity and intensity anti-nodes was ascribed to nonlinear

acoustic e�ects, which could not be neglected for high acoustic amplitudes. In particular,

the local radiation pressure [92] distribution and the resulting radiation pressure force

were thought to explain the jet behavior. Preliminary calculation of radiation pressure

for spherical objects were performed in order to identify a threshold for the �attening

phenomenon [90]. The mathematical derivation of such quantities was carried out based
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on the work of King [93]. The group also investigated the e�ects of a transverse acoustic

�eld on premixed �ames [94, 95]. Responses similar to those obtained for non-reactive

�ows were quanti�ed (�attening and deviation), showing that non-linear acoustic e�ects

observed in liquid/gas jets could also be e�ective in gas/gas systems.

1.4 Thesis Objectives

The literature survey presented in the previous section indicates that interaction between

acoustics and injection process is a subject always present in the research programs on

HF combustion instabilities. Although reacting �ows should be studied, in conditions as

close as possible to operating conditions, past researches have revealed that investigation

of non-reactive �ows o�ers important insight into the fundamental involved mechanisms.

However, a limited number of works has been dedicated to the response of non-reactive

�ows to acoustics, and only a few involving acoustic levels comparable with those typical

of combustion instabilities in liquid rocket engines. Several measurements could be made

in such conditions, which would help to better understand the behavior of sprays under

high/amplitude pressure �uctuations. Moreover, experimental data could be used to

develop or validate numerical tools for combustion instability prediction. The aim of

the research activity presented in this thesis is to contribute to �ll this gap, providing

experimental data, and also a theoretical model for the explanation of the phenomena

observed. The research has been funded by the CNES R&D program, in the framework

of the activity of the French-German research group REST. The study is based on one

of the three branches of the loop presented in Figure 1.3, and focuses on the interaction

between �uid dynamics and acoustics. The objective is to improve the knowledge of the

e�ects of high-amplitude high-frequency acoustic �elds on non-reactive coaxial injection,

by facing three aspects of the problem.

The �rst aspect concerns the acoustic response of an expressly designed injection

system represented by a liquid injection dome and a gas injection dome. A parametric

investigation is performed in order to characterize the sensitivity of the system to some

of its key geometrical features, and to identify which dome con�guration may facilitate

the acoustic coupling with the main chamber.

The second part of the research is dedicated to the investigation of the response of

a coaxial jet to acoustic perturbations. The objective is to quantify the e�ects of high-

amplitude/high-frequency acoustic �elds on high Weber atomization regimes and to iden-

tify and quantify the parameters characteristic of the jet response. Jet response has been
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systematically investigated for several injection locations in order to submit the jet to all

possible acoustic conditions. Atomization regimes from Rayleigh axi-symmetric to �ber

one have been considered. Single-injector and three-injector con�guration have been in-

vestigated. In the case of the three-injector con�guration experiments were carried out

with and without injection domes. Responses at low Weber number atomization regimes

are used to: identify the nonlinear e�ects responsible for the changes induced by acoustics;

interpret the response of high Weber number atomization regimes; explain how acoustics

can a�ect the droplet spatial distribution in the chamber.

The �rst and third points are strongly related to the development of the theoretical

model based on nonlinear acoustics introduced by Baillot et al. [90] to describe the jet

response. By combining experimental results and theoretical development it is demon-

strated that all phenomena observed at low Weber number regimes can be ascribed to

non-linear acoustics and that the same mechanisms also a�ect high Weber number atom-

ization regimes. This also leads to a new interpretation of super-critical jet response and

also for reactive �ows [94, 95] and thus improve the knowledge of the thermo-acoustic

feedback mechanisms responsible for the trigger and sustain of combustion instabilities.

1.5 Thesis Structure

The thesis is organized in three parts.

The �rst part is dedicated to the description of the experimental setup and measure-

ment techniques. The TAC-Spray test rig is presented in Chapter 2. The acoustic resonant

cavity and the forced acoustic �eld are described in section 2.1. The injection system is de-

scribed in section 2.2. Details of the coaxial injector geometry and of the injection domes

are given in this section. Measurement techniques are presented in Chapter 3: high-speed

back-light visualization technique is introduced in section 3.1; droplet size measurement

by image processing is described in section 3.2 and Laser Doppler Velocimetry (LDV) for

gas velocity �eld characterization is presented in section 3.3.

Experimental results are discussed in the second part. Chapter 4 is dedicated to the

characterization of the injection domes' acoustic response. The response of the atomiza-

tion process to the acoustic �eld is reported in Chapter 5. Single injector con�guration

is discussed in section 5.2 whereas multi-point injection con�guration is presented in sec-

tion 5.3. Preliminary results concerning droplet size and gas velocity �eld measurements

are reported in section 5.4.

The third part focuses on the theoretical model. Acoustic nonlinear theory is in-
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troduced in Chapter 6. Fundamental equations for acoustic radiation pressure and the

resulting radiation force are derived in section 6.2. Speci�c expressions are obtained for

cylindrical and spherical objects. In Chapter 7 the phenomena observed experimentally

are interpreted on the basis of the theoretical model.

The concluding remarks and perspectives for future development are given in Chap-

ter 8.

Complementary results and information can be found in the appendices. Appendix A

reports the results of the vibration test campaign, which has been carried out to improve

the experimental setup con�guration. In Appendix B the in�uence of the loudspeaker duct

length on the resonant cavity eigenmodes is discussed by reporting numerical results. In

Appendix C technical sketches concerning the injection domes are reported. Appendix D

shows an example of high-speed visualization post-processing for �ow visualization.
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Experimental Setup
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Chapter 2

TAC-Spray: Transverse Acoustic

Cavity for Spray

The experimental activities described in this thesis have been carried out at the CORIA

laboratory on the test bench called Transverse Acoustic Cavity for Spray or TAC-Spray.

The experimental setup is composed of a main resonant cavity in which a high-amplitude

high-frequency acoustic �eld is produced and the injection system. Characteristics of the

main resonant cavity and of the generated acoustic �eld are discussed in section 2.1. The

injection system is presented in section 2.2: the injector geometry and injection domes

are introduced in subsections 2.2.1 and 2.2.2, respectively. Air and water supply system

is described in section 2.2.3.

2.1 Acoustic Resonant Cavity

The experimental setup is composed of a semi-open resonant cavity represented in Fig-

ure 2.1 inside which an acoustic �eld is forced. The aim is to reproduce acoustic �uctuation

amplitudes similar to those that can be found in a real LRE combustion chamber when

it experiences high frequency combustion instability. The resonant cavity consists of two

parallel vertical walls made of steel, a roof and a �oor, both made of PVC. The distance

between the two vertical walls is indicated as Lc, the width of the walls is Wc and the

total cavity height (the distance in between the roof and the �oor) is Hc. In the reference

frame ~x represents the horizontal direction parallel to the cavity walls; ~y represents the

direction perpendicular to the walls and parallel to the acoustic axis (a.a.) while ~z is the

vertical descending direction. The origin O of the reference frame is taken at the top

center of the cavity, i.e. at the center of the roof's inner surface.

37
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Two square (Wc/4 x Wc/4) optical access windows are located on the vertical walls

(one on each side). A pair of Beyma CP850Nd compression drivers is placed on each

vertical plate as shown in Figure 2.1(b).

(a) (b) (c)

Figure 2.1: Experimental test-rig: (a) acoustic semi-open resonant cavity; (b) acoustic
cavity upper-side view; (c) acoustic cavity front-side view.

Compression drivers are used at the limit of their capacity, in order to reach the highest

amplitude pressure �uctuations in the resonant cavity. To avoid premature deformation

or breaking of the titanium diaphragm inside the loudspeakers the maximum level are

reached progressively and maintained for a short period. The typical input signal envelop

is composed of a ramp of length δtramp raising from 0 to the maximum signal amplitude,

a constant part at the maximum amplitude and a decreasing ramp from the maximum to

0. Each part lasts 300 ms. In order to ensure compression drivers internal coil cooling,

an interval of at least 10-15 minutes must be considered in between two consecutive tests.

The maximum voltage that loudspeakers can sustain with this protocol is of 48 VRMS.

Using an ampli�er with a gain of + 32 dB the signal generated must not exceed 1400

mVRMS. Before ampli�cation the signal is �ltered with a high-pass �lter with a crossover

frequency of 500 Hz to avoid compression drivers damaging.

Acoustic pressure can attain a maximum peak-to-peak amplitude of 12000 Pa. For

this reason the entire system is placed in an acoustically isolated room provided with

several passages for electric cables and pipes.

The strong acoustic �elds produced in the main cavity induce also, as a secondary

e�ect, mechanical vibrations on the cavity structure which are transmitted to all compo-

nents directly connected with it. Vibrations of strong intensity could induce undesired

vibrations of the injector bodies a�ecting measurements. Thus an aluminum structure
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has been placed around the main cavity in order to reduce the vibrations transmitted to

the injection domes. The entire injection system is placed on the top of the main reso-

nant cavity and sustained by this expressly designed structure which support also feeding

lines, valves, mass �ow meters and it can be used also as a support for the camera when

needed. Measurements of the mechanical vibrations transmitted to the domes before and

after the structure installation con�rm the reduction of transmission. Details concern-

ing the support structure and the mechanical vibration measurements can be found in

Appendix A.

2.1.1 Pressure Measurements and Signals Generation

Acoustic measurements have been performed using high frequency pressure transducers

and microphones. Two Brüel & Kjær microphones type 2670 have been used to charac-

terize the acoustic �eld inside the main resonant cavity without �ow in the �rst part of

the research. Signal acquisition was done through the OROS36 Multianalyzer recorder

and a dedicated software (NVGate).

The experimental setup was then modi�ed to allow injection through two injection

domes (see section 2.2.2). The previous acquisition system was replaced and experiments

were managed through a LabVIEW interface and the National Instruments CompactDAQ-

9178 (NI cDAQ) system. The LabVIEW interface was developed in order to automate the

signal generation, the acoustic �eld acquisition and the synchronization with the cameras

when required. Three NI modules were used in the cDAQ (see Figure 2.2):

� NI 9263: for analog signals generation, used to generate the electric signal sent to

the loudspeakers and the TTL signals for synchronization;

� NI 9215: analog module for signal acquisition. It is used to check the amplitude

and the shape of the electric signal generated for the loudspeakers and to check the

synchronization;

� NI 9234 IEPE: for analog signal acquisition, used for acoustic pressure measurements

from PCB high frequency pressure transducers;

Three types of PCB high frequencies pressure transducers were used to characterize

the acoustic response of injection domes and to measure the acoustic pressure reference

in the cavity. These transducers allow measurements in both gas and liquid media and

can be easily installed through their clump nut (which is not possible with Brüel & Kjær

microphones type 2670).
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Figure 2.2: Schematic of the system for the generation and acquisition of signals.

� PCB 106B51 for the measurement of the reference pressure in the main cavity;

� PCB 106 (x4) for the measurement of the reference pressure in the main cavity and

the acoustic pressure inside the gas dome (see subsection 2.2.2.1);

� PCB 113B28 (x2) for the measurement of the acoustic pressure inside the liquid

dome (see subsection 2.2.2.3).

A 4-channel ICP sensor signal conditioner model 482C54 was used to provide the

necessary current excitation to the PCB transducers.

An example of acoustic pressure signal measurement in the resonant cavity is shown

in Figure 2.3. Acoustic �eld produced inside the resonant cavity follows the envelope of

the loudspeaker input signal with the amplitude of �uctuations increasing from 0 to pa,pp

then a plateau at pa,pp and �nally a decreasing ramp from pa,pp to 0.

Figure 2.3: Example of raw acoustic pressure signal measurement (x = y = z = 0,
f = 1000 Hz).
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The peak-to-peak amplitude of the acoustic pressure presents a maximum at the be-

ginning of the plateau and then slightly decreases. This is due to the compression drivers

which cannot generate exactly the same amplitude during the entire plateau. To avoid

overestimation of the e�ective acoustic �eld to which the jet is submitted, peak-to peak

amplitude is calculated from signal histogram. Figure 2.4 represents a typical signal

post-treatment. Figure 2.4(a) shows the signal histogram from which the peak-to-peak

amplitude pa,pp is calculated; Figure 2.4(b) represents the signal Power Spectral Density

(PSD) plot.

(a) (b)

Figure 2.4: Example of acoustic signal post-processing: (a) signal amplitude calculation;
(b) power spectral density plot (x = y = z = 0, f = 1000 Hz).

In the following, the peak-to-peak value pa,pp at PAN will be considered as the reference

acoustic pressure for the tests.

2.1.2 Cavity Acoustic Field

The size of the cavity and the location of the loudspeakers have been chosen in order

to maximize the amplitude of the acoustic �eld and in order to produce an acoustic

�eld inside the resonant cavity that can be identi�ed, at �rst approximation, as a planar

standing wave in the ~y direction corresponding to the 2nd transverse mode (2T) of the

cavity.

In the previous works [89, 90] the acoustic resonant cavity was provided with only

two loudspeakers that were placed in the upper side of the vertical walls (close to the

roof) at their center (x = 0). With such a con�guration peak-to-peak acoustic pressure

amplitudes up to ≈ 5000 Pa could be produced. In order to increase the acoustic levels

the experimental setup evolution was studied. The number of loudspeakers was increased

from 2 to 4 (two on each wall) at the same distance from the roof. The vertical position
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was then varied and the con�guration adopted in the present work was found to be the

one providing the highest acoustic levels, which can be as high as 12000 Pa (peak-to-

peak amplitude). Simulations, with the Acoustics module of COMSOL Multiphysics,

have been used as support to the design phase. The Acoustics module is an optional

package that extends the COMSOL environment and presents functionality optimized for

the analysis of acoustics and vibration problems. For analysis of the main resonant cavity

simulations have been performed with the Acoustic-Solid Interaction, Frequency domain

interface, which combine the Pressure acoustics and the Solid Mechanics interface. The

Helmholtz equation is solved in the frequency domain to obtain the acoustic pressure p.

Cavity walls, roof and wall are treated as rigid walls (i.e. zero normal acoustic-velocity

�uctuations). The loudspeakers are modeled as circular surfaces and a normal acceleration

at the frequency f = 1000 Hz is imposed as boundary condition. The entire system is

then placed in a larger domain simulating the environment and to allow wave propagation

trough out the open sides of the cavity.

Figure 2.5 shows the resonant cavity acoustic �eld simulated in the injection plane

(x = 0) for the current con�guration in which the loudspeakers closer to the �oor than the

previous con�guration. The acoustic �eld in the upper half part of the cavity corresponds

with a good approximation to the 2T mode of the cavity.

Figure 2.5: Resonant cavity numerical acoustic �eld.

2.1.2.1 Acoustic Pressure Pro�les

Measurements inside the resonant cavity con�rm simulations presented in Figure 2.5.

Figure 2.6 represents the horizontal and vertical acoustic �eld experimental pro�les in the

injection plane (x = 0) compared with simulations. The horizontal pro�le in Figure 2.6(b)

shows the acoustic �eld pro�le in the region close to the injector exit plane (z ≈ Dl).
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(a) (b)

(c) (d)

Figure 2.6: Compariosn between experimental and numerical acoustic �eld: (b) horizontal
pro�le (x = 0) and acoustic reference locations along the acoustic axis a.a. (1=PAN,
y/Lc = 0; 2=PAN-IAN, y/Lc = 1/16; 3=IAN, y/Lc = 1/8; 4=IAN-VAN, y/Lc = 3/16;
5=VAN, y/Lc = 1/4); (d) vertical pro�le at x = y = 0; .

The jet can be submitted to di�erent conditions in terms of acoustic pressure and ve-

locity �uctuations, depending on its position in the cavity. Five locations of interest along

the y-direction (parallel to the direction of a.a.) are speci�ed, representative of all possi-

ble acoustic conditions to which the jet can be submitted: the pressure anti-node (PAN);

the intensity anti-node (IAN), the velocity anti-node (VAN); the position PAN-IAN at

equal distances between the pressure and intensity anti-nodes, and the position IAN-VAN

between the intensity and velocity anti-nodes. IAN is the location where acoustic �ux

per unit surface in the ~y direction is maximum, the acoustic �ux being de�ned as the

product between the acoustic pressure and the acoustic velocity ua(y, t). The maximum
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acoustic pressure �uctuations are reached at the pressure anti-nodes. Figure 2.6(d) shows

the vertical pro�le measured at the pressure anti-node (PAN). It can be seen that the

acoustic pressure does not vary much in almost the �rst half of the cavity height, thus the

jet can be considered submitted to a quasi-uniform acoustic �eld in the vertical direction.

In the vicinity of the two velocity anti-nodes (around y/Lc = 1/4) the acoustic pressure

�uctuation presents two minima. Experiments indicated that pressure amplitudes at VAN

are in between 20− 30% of those at PAN. Pressure amplitude is not null at the velocity

anti-nodes because the cavity is open on two sides which causes acoustic losses and because

cavity walls do not provide perfect re�ecting boundary conditions. As a consequence of the

non-perfect re�ection a phase shift between the incident and re�ected progressive wave can

result. The acoustic pressure in the vicinity of the velocity anti-nodes can be considered

as the superimposition of a stationary and a progressive wave of the same frequency as

shown by Lespinasse [95]. This model is also able to reproduce the phase shift between

the pressure antinode and the positions in the vicinity of the velocity antinode, which

experiments were found to vary continuously across VAN from −π to π.

2.1.2.2 Acoustic Pressure Signals at PAN and VAN

Figure 2.7 shows the acoustic pressure signals measured at PAN (see Figure 2.7(a)) and

VAN (see Figure 2.7(b)) and their respective power spectral density plots (see Figure 2.7(c)

and 2.7(d)). Measurements are taken at x = 0 at the forcing frequency of f=1015 Hz.

In Figure 2.7(a) and 2.7(b) raw signals are compared with signals �ltered at 1015 Hza

(black solid line) and 2030 Hzb (black dashed line).

The raw signal recorded at PAN (see blue line Figure 2.7(a)) is non-symmetric and

presents a quasi-sinusoidal shape at the forcing frequency of 1015 Hz (see Figure 2.7(c)).

The deformation is due to nonlinear distortion caused by the harmonics of the forcing

frequency (see peaks at 2030 Hz and 3045 Hz in the spectrum of Figure 2.7(c)); which

however present energy densities at least one order of magnitude lower than that at

1015 Hz. The peak-to-peak amplitude of the raw signal is 10900 Pa, which corresponds

to 174.7 dB, whereas the amplitude of the signal �ltered at 1015 Hz is 10120 Pa, which

corresponds to 174 dB. At VAN the signal is much more distorted (see red line in Fig-

ure 2.7(b)) and the power spectral density plot shows two peaks of similar amplitudes

(see Figure 2.7(d)). The main peak is represented by the �rst harmonic, i.e. 2030 Hz,

aSignals are �ltered with a Scilab pass band digital �lter with a lower cut-o� frequency of 950 Hz and
an upper cut-o� frequency of 1100 Hz.

bSignals are �ltered with a Scilab pass band digital �lter with a lower cut-o� frequency of 1950 Hz
and an upper cut-o� frequency of 2100 Hz.
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(a) (b)

(c) (d)

Figure 2.7: Acoustic signal measurements and power spectral density plots for (a-c) PAN
and (b-d) VAN for f = 1015 Hz (x = 0).

which presents the same energy density as that observed at PAN. The second peak is the

fundamental frequency, i.e. 1015 Hz. In this case energy density is one order of magni-

tude lower than that measured at PAN. The spectra suggest the presence of secondary

standing wave corresponding to the 4T mode of the cavity superimposed onto the 2T

mode. The 4T mode presents �ve pressure anti-nodes. Two of them correspond in space

to the velocity anti-nodes of the 2T mode. Signal �ltering at 2030 Hz indicated that the

amplitude of the corresponding wave is around 1600 Pa (see Figure 2.7(a) and 2.7(b)),

which further explains the residual pressure �uctuations at VAN (see Figure 2.6(b)).

2.1.2.3 Acoustic Pressure at PAN

The acoustic pressure at PAN (pa,pp) depends on the amplitude of the loudspeakers'

input signal and on the resonant conditions. Figure 2.8(a) shows pa,pp at PAN as a

function of the voltage mVRMS of the signal generated with the LabVIEW interface

(before ampli�cation) for a frequency of 1015 Hz. It can be seen that pa,pp increases almost

linearly with the signal generated; 1400 mVRMS is the maximum value that loudspeakers
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can sustain (see section 2.1). The value of pa,pp also varies as a function of the forcing

frequency, as shown in Figure 2.8(b). In this case the maximum of pa,pp is attained around

1015 Hz. Before testing, the forcing frequency was adjusted around 1000 Hz in order to

�nd conditions at which loudspeakers provided the desired resonant condition and the

maximum value of acoustic pressure at PAN was reached.

(a) (b)

Figure 2.8: Acoustic pressure signal amplitude at PAN (x = 0) as a function of: (a) the
forcing frequency.

2.2 Injection System

2.2.1 Coaxial Injector

The injector considered in the present work belongs to the family of the shear-coaxial

injectors (see Figure 1.4). A cross-section schematic of the injector used is presented in

Figure 2.9. The liquid is injected in the central post tube while the gas �ows from the two

side inlets through the external coaxial channel. The liquid is water, and the gas �owing

around the liquid jet is air (air-assisted liquid jet). A close-up view of the injector exit is

shown on the right side of the picture. The exit diameter of the liquid post is indicated

as Dl and the overall exit diameter is Dg, whereas e is the thickness of the gas annular

gap.

The liquid post presents a divergent at the exit and no recess zone is made. The

geometry is similar to that of the injector used in the previous work [89, 90], except for

the injector body length and the diverging angle.

Injection conditions will be indicated by three non-dimensional numbers: the gaseous

Weber number Weg [96, 97], the liquid Reynolds number Rel, and the momentum �ux
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Figure 2.9: Schematic of the coaxial injector used in the experiments and close-up view
of the injector exit.

ratio J . They are expressed as follows:

Weg =
ρgU

2
gDl

σl
Rel =

DlUl
νl

J =
ρgU

2
g

ρlU2
l

(2.1)

where ρg and Ug are the density and the bulk velocity of the gas while ρl, Ul, σl and νl

are respectively the density, bulk velocity, surface tension and kinematic viscosity of the

liquid at standard conditions.

Depending on the injection conditions di�erent atomization regimes can be identi-

�ed [89, 96, 98]. Figure 2.10 shows �ve atomization regimes characteristic of air-assisted

liquid jet disruption modes: Rayleigh axi-symmetric (Weg = 9; Rel = 2500, see Fig-

ure 2.10(a)); Rayleigh non-symmetric (Weg = 40; Rel = 3000, see Figure 2.10(b));

Shear break-up (Weg = 60; Rel = 2900, see Figure 2.10(c)); Membrane (Weg = 129;

Rel = 3200, see Figure 2.10(d)) and Fiber (Weg = 224; Rel = 3200, see Figure 2.10(e)).

In the present work several �ow conditions have been investigated (9 < Weg < 600,

1000 < Rel < 6600) covering all atomization regimes previously cited, ranging from

Rayleigh axi-symmetric regime to �ber type regime.

In the following atomization regimes characterized by Weg < 100 will be indicated as

low Weber number atomization regimes, whereas atomization regimes with Weg > 100

will be indicated as high Weber number atomization regimes. A speci�c injection condition

with Weg = 519, Rel = 6600, J = 5.1 has been also selected in order to investigate the

response of a jet more representative of actual injection conditions in a liquid rocket engine

and it will be indicated as T-LRE in the following. Experimental results concerning this

speci�c test conditions are used for validation of numerical tools developed at ONERA as

object of a scienti�c collaboration in the framework of the REST group.
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(a) (b) (c) (d) (e)

Figure 2.10: Examples of liquid jet atomization regimes obtained with the coaxial injector
studied: (a) Rayleigh axi-symmetric (Weg = 9; Rel = 2500); (b) Rayleigh non-symmetric
(Weg = 40; Rel = 3000); shear break-up (Weg = 60; Rel = 2900); membrane (Weg =
129; Rel = 3200) and �ber (Weg = 224;Rel = 3200).

Up to three injectors can be placed simultaneously on the cavity roof in order to

simulate multi-point injection systems. The conditions of temperature and pressure of

the cavity where the injection takes place are those of the ambient. Injectors placed in

the acoustic cavity have their exit plane coincident with the inner surface of the roof.

Multi-point injection tests were performed with independent feeding lines for the three

injectors connected or not with the injection domes. In the following a speci�c test

conditions represented by Weg = 190, Rel = 2000 will be considered as representative of

high Weber atomization regimes. Multi-point injection tests (with and without injection

domes) and gas velocity measurements were made for these speci�c injection conditions.

2.2.2 Injection Domes

The characterization of the acoustic response of the injection domes represents one of

the objectives of this work. To do that, two variable-size injection domes were designed

and built. In this way it has been possible to investigate how acoustic produced in the

resonant cavity could propagate upstream through out the injectors and interact with the

resonant modes of the feeding system. The entire system is conceived in such a way that

several design parameters can be modi�ed to investigate their in�uence on the acoustic

coupling. A numerical parametric analysis was performed with the Acoustics module of

COMSOL Multiphysics® in order to determine the geometries (size and shape) of the

two injection domes. The Eigenfrequency study type of the Pressure Acoustics interface,

in which the Helmholtz equation is solved in the frequency domain without source terms,
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has been used. The acoustic pressure p is the only variable of the problem. Figure 2.11

presents the two numerical domains and the parameters considered in the analysis. More

details concerning domes geometries and schematics can be found in Appendix C. These

geometries have been used to calculate the domes' eigenmodes. The boundary conditions

imposed at the injectors' exit plane are those of an open boundary (p = 0) while all other

surfaces are treated as rigid walls (i.e. zero normal acoustic-velocity �uctuations); no

mass �ow rate is considered in the simulations.

Domes' size and also size of the connection components between the domes and the

injectors allow varying domes' eigenfrequencies, fm,n,p around the frequency of the acoustic

�eld forced in the main cavity, i.e. 1 kHz. Here m, n and p indicate the number of nodes

respectively in the direction ~x, ~y and ~z. Determination of the geometries and sizes of

the two domes was based on the fact that the cavities should have been provided with

movable parts and based on geometrical and manufacturing process constraints.

Figure 2.11: Gas dome GD (left side) and liquid dome LD (right side) internal domains
considered in numerical simulations (COMSOL Multiphysics®).

2.2.2.1 Gas Dome Design

The gas dome presents a rectangular section and encloses a part of the three injector

bodies (see Figure 2.12). The gas is injected into the dome through out the four gas inlets

placed on the dome sides which are parallel to the injectors line (see Figure 2.12(a)).

Figure 2.12(b) shows a cut of the domain along the injectors axes. The internal injector

geometry presented in Figure 2.9 is taken into account in the simulations. Gas then

enters into the injectors through out two diametrically opposite inlets of injector bodies
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(see Figure 2.9). The diameter of the inlet ori�ces dor can be changed by replacing the

internal inserts which are shown in Figure 2.12(c)). Three inlet ori�ce diameters have

been tested: 0.375, 0.75 and 1.125 (diameters are scaled with the total injector exit

diameter Dg, see Figure 2.9). The length LGD and the height HGD of the dome have been

�xed since simulations indicated that the dome width WGD was the parameter that the

most strongly a�ects the resonant modes of interest. Two pistons (see Figure 2.12(a))

have been placed on the same surfaces of the gas inlets in order to vary the dome size

WGD. The smallest gas dome volume will be indicated in the following as GD0 and the

biggest one as GD8. The dome sizes scale linearly with their indexes, which means that

GD8−GD6 = GD4−GD2.

(a) (b)

(c)

Figure 2.12: (a) Gas dome upper view; (b) half gas dome side view (c) ori�ce internal
inserts dor.

Figures 2.13(a) and 2.13(b) represent the real part of the complex pressure amplitude

distribution of the mode shapes GD-A, GD-B and GD-C of the three eigenfrequencies
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around 1 kHz. These results are provided by the simulations for dor = 1.125, respectively

for GD0 and GD8. Characterization of numerical mode shapes is given as a function

of reduced coordinates: x̃g = x/WGD8 and ỹg = y/LGD. Envelope pro�les of pressure

amplitudes along x̃g and ỹg are reported in Figures 2.13(c) and 2.13(d). These pro�les

are calculated at the gas dome mid-height (HGD/2) for ỹg = 0.16 and x̃g = 0.11 re-

spectively (see Figure 2.13(a) and 2.13(b)). Numerical acoustic pressure distributions for

GD-A indicate that, in the vertical planes ỹg = constant, all points are in-phase (see

Figure 2.13(a)) and acoustic pressure has a maximum at x̃g = 0 and decreases toward the

dome boundaries at x̃g = ±0.5 (see Figure 2.13(c)). The vertical symmetry plane ỹ = 0

is the nodal plane (see Figure 2.13(d)), f0,1,0. Acoustic pressure amplitudes decreases by

increasing the dome size from GD0 to GD8.

An example of the in�uence of the dome size on the mode frequencies is shown in

Figure 2.14 for dor = 1.125. Calculations indicate that eigenfrequency associated with

mode GD-A increases from 950 to 1005 Hz by increasing the dome size from GD0 to

GD8. Mode GD-B presents a spatial structure similar to that of GD-A along the x̃g-

axis (see Figure 2.13(c)). In every plane z̃g = constant two nodal lines parallel to x̃g

are identi�ed, f0,2,0 (see Figure 2.13(d)). In both plots curves corresponding to GD0,

GD4 and GD8 are superimposed. Increasing the dome size does not a�ect the associated

eigenfrequency, which varies between 1040 and 1050 Hz (see Figure 2.14).

The third mode, named GD-C changes its shape as the dome size is increased. For

GD0, GD2 and GD4 all points in the dome cavity are in phase (see Figure 2.13(a)) and

the dome acts as a Helmholtz resonator, f0,0,0. For GD6 and GD8 two nodal lines appear

in the ỹg-direction, f2,0,0 (see Figure 2.13(b)). In the x̃g-direction, acoustic pressure ampli-

tudes at the pistons' walls, are of the same order of magnitude as those observed for GD0

(see Figure 2.13(c)). Increasing the dome size from GD0 to GD8 produces an associated

eigenfrequency which decreases from 1100 Hz to roughly 1040 Hz (see Figure 2.14).

Based on these results the geometry selected has been considered appropriate for the

purpose of the investigation and the �nal manufactured dome is shown in Figure 2.15.

Pressure transducer housing and pistons are also indicated. In the following only

pressure transducer locations indicated in the �gure will be discussed in order to identify

the eigenmode excited experimentally. Each transducer's location is identi�ed by means

of the nomenclature indicated in Figure 2.15 (i.e. PTl0; PTc0; PTr0; PTl1; PTl2 and PTl3).

Transducers' positions in the x̃-ỹ plane are summarized in Table 2.1. Up to 4 pressure

transducers (PCB 106B) can be placed on the gas dome at the same time in order to

characterize its acoustic response.
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(a)

(b)

(c)

(d)

Figure 2.13: Gas dome mode-shapes obtained with COMSOL Multiphysics®: (a) real
part of the complex pressure amplitude distribution (GD0; dor = 1.125); (b) real part of
the complex pressure amplitude distribution (GD8; dor = 1.125); (c) envelope pro�les of
pressure amplitudes at ỹg = 0.16 w.r.t. x̃g = x/WGD8; (d) envelope pro�les of pressure
amplitudes at x̃g = 0.11 w.r.t. ỹg = y/LGD. (• GD0; ◦ GD4; C GD8; dor = 1.125).
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Figure 2.14: Gas dome eigenfrequencies as a function of the dome size (dor = 1.125).

Figure 2.15: Gas dome upper view and pressure transducer locations.

PTl0 PTc0 PTr0 PTl1 PTl2 PTl3

x̃ -0.17 -0.17 -0.17 0.17 0.32 0.47
ỹ 0.39 0 -0.39 0.39 0.39 0.39

Table 2.1: Pressure transducers' positions in the gas dome as functions of the reduced
coordinates x̃ and ỹ.

2.2.2.2 Gas Dome Frequency Response to White Noise Excitation

The frequency response of the gas dome has been investigated experimentally with a

procedure similar to that found in the literature for the acoustic characterization of com-

bustion chambers with quarter wave cavities [99]. A white noise signal has been used to

excite the dome. The signal generated with a Scilab function is ampli�ed with a gain of
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+ 26 dB and sent to a loudspeaker. Dome size has been varied from GD0 to GD8; for

each dome size the acoustic pressure has been measured with the PTl1 pressure transducer

(see Figure 2.15). The signal spectrum is then calculated and �ltered in between 900 -

1200 Hz in order to focus on the spectrum region around 1000 Hz. Results are shown in

Figure 2.16 for GD0 and GD8.

(a) (b)

Figure 2.16: Experimental gas dome frequency response to white noise excitation for: (a)
GD0 and (b) GD8 (dor = 1.125).

By taking into account numerical results reported in Figure 2.14, the three modes GD-

A, GD-B and GD-C can be identi�ed in the experimental spectrum of Figure A1(a) at 970

Hz, 1050 Hz and 1120 Hz, respectively. Mode GD-B has very low energy compared with

GD-A and GD-C, which is in agreement with Figure 2.13. For GD8 (see Figure A1(b)) the

frequencies corresponding to GD-A and GD-C are closer than for GD0. This narrowing

of the spectrum is in agreement with numerical results reported in Figure 2.14, in which

eigenfrequencies get closer as gas dome size is increased.

2.2.2.3 Liquid Dome Design

The design procedure described in the previous section for the gas dome has been adopted

for the liquid dome LD (right side in Figure 2.11), and a cylindrical geometry has been

chosen. First, the shape of the dome has been selected taking into account injectors

body size and manufacturing constraints. Then, the characteristic dimensions have been

chosen based on numerical simulations of the liquid dome eigenmodes performed with the

Acoustics module of COMSOL. Figure 2.17 shows a side view of the liquid dome in which

liquid inlets are indicated.

The diameter of the dome dLD has been �xed in the analysis, whereas its length LLD

has been selected as the variable parameter, and can be varied by means of two pistons.
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Figure 2.17: Liquid dome numerical domain (side view).

The smallest available liquid dome volume is indicated in the following as LD0 while the

largest one as LD4. The relationship between two consecutive liquid dome sizes is linear,

which means that LD4 − LD3 = LD1 − LD0. The dome is connected to the injectors

by three connection junctions. The length Lj and the diameter dj of these junctions

are also adjustable parameters. In particular, two connection lengths Lj of 0.387 and

0.548 and two connection diameters dj of 0.67 and 1 have been considered. The values

of Lj and dj are scaled with the injector length Linj and post diameter Dl, respectively.

Figure 2.18 represents the two liquid dome eigenmodes predicted by the simulations that

will be considered for the interpretation of the experimental results for which Lj = 0.548

and dj = 0.67.

The real part of the complex pressure amplitude distributions are reported in Fig-

ure 2.18(a) while the envelope pro�les of the pressure amplitude envelope calculated along

the liquid dome axis (see Figure 2.18(a); x̃l = z̃l = 0) are reported in Figure 2.18(b). Re-

duced coordinates considered for the characterization of the eignemodes in the liquid

domes are: x̃l = x/dLD, ỹl = y/LLD and z̃l = z/dLD. The corresponding eigenfrequen-

cies are shown in Figure 2.19 as functions of the liquid dome size. The eigenfrequency

associated to mode LD-A is around 1000 Hz for all dome sizes. When this eigenmode is

excited all points in the whole domain are in-phase (see Figure 2.18(a)), with a behavior

similar to that of an Helmholtz resonator, f0,0,0. Mode LD-B is reported here even if its
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(a)

(b)

Figure 2.18: Liquid dome mode-shapes (COMSOL Multiphysics®): (a) real part of the
complex pressure amplitude distribution (LD2); (b) envelope pro�les of pressure ampli-
tudes w.r.t. ỹl = y/LGD for • LD0; ◦ LD2 and C LD4 (Lj = 0.548, dj = 0.67).

Figure 2.19: Liquid dome eigenfrequencies w.r.t dome length (Lj = 0.548, dj = 0.67).

corresponding eigenfrequency is around 3500 Hz, because its spatial structure indicates

the presence of a pressure node at the central injector (see Figure 2.18(b)) whilst the two
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domes extremities oscillate out-of-phase (see Figure 2.18(a)).

The liquid dome �nal manufacture is shown in Figure 2.20. Two pressure transducers

were installed in the pistons, indicated as PTl and PTr. Also an exploded view of the

right-side piston is reported, in order to show the pressure transducer housingc.

Figure 2.20: Liquid dome side view and piston exploded view.

2.2.3 Air and Water Supply System

Figure 2.21 shows a schematic of the supply systems for air and water. Air comes from

the building network at the pressure of 8 bar, passes in a pressure regulator valve and

goes into the isolated room through one of the pipe passages. It then goes through an

on/o� valve and then �ows into three separated lines, each one provided with a mass �ow

rate controller (Brooks). Air �owrate can be varied in between 0 and 5 g/s on each line.

Water is stored at 3-4 bar in a tank external to the acoustically isolated room. The tank is

pressurized with the air coming from the building network. Water goes inside the isolated

room, passes through an on/o� valve and then �ows into three separated lines. Each line

is provided with an Oval (model LSF41) �owmeter and a Burkert solenoid valve for mass

�ow rate regulation. A maximum water �owrate of 100 l/h can be injected in each line.

After injection, water is recovered under the resonant cavity �oor and discharged through

cIn the �rst design two con�gurations with transducers placed perpendicularly to the dome main axis
were tested. Transducers were placed vertically in the upper part or in the lower part of the dome but
acoustic measurements did not provide good results. Due to the small diameter of the dome, transducers
were never �ush mounted, and liquid/gas interfaces could appear giving rise to misleading results. For
this reason a new liquid dome was manufactured and the current con�guration with pressure transducers
installed in the piston and �ush mounted in the dome cavity was �nally adopted.
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Figure 2.21: Schematic of water and air supply systems.

out a pipe. A dedicated software is used to control the valves and to check and control

mass �ow rates.



Chapter 3

Measurements Techniques

In this section the measurements techniques adopted for the characterization of the jet

response will be described. High speed back-light visualizations technique, which has been

used to identify the jet response, is described in section 3.1. Drop size characterization

by image processing, performed for a speci�c case (T-LRE test case), is described in

section 3.2. Section 3.3 is dedicated to the Laser Doppler Velocimetry (LDV) technique,

chosen to characterize the gas velocity �eld. Each technique is presented along with post-

treatment examples in order to clarify the procedure adopted and facilitate interpretation

of results presented in the dedicated chapters.

3.1 High Speed Back-light Visualization

The largest amount of experimental data has been obtained by high-speed back-light

visualization image acquisition. This technique consists in placing the object (the liquid

jet in the present case) between a continuous di�use light source and a high-speed camera.

Two visualization planes have been considered as shown in Figure 3.1. View A provides

images in the vertical plane containing the acoustic axis while view B provides images in

the perpendicular plane. The camera used is a Vision Research Phantom V12 and the

light source is a 300W Xenon arc lamp Lot-Oriel LSB530. A di�user plate is placed in

between the light source and the object in order to obtain a homogeneous background

(i.e. same grey level on each pixel).

The presence of the object between the light source and the camera causes a local

decrease of light transmission and the pixel corresponding to the object shows a lower grey

level with respect to the background (see Figure 3.2). The experimental procedure consists

in the acquisition of a series of background images without any object (see Figure 3.2(a))

59
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Figure 3.1: Experimental setup for high-speed back-ligth visualizations.

from which an average background image is obtained.

(a) (b) (c)

Figure 3.2: High-speed back-light image acquisition samples: (a) background; (b) raw jet
image; (c) normalized jet image.

The jet image acquisition is then performed at a frame rate and with a resolution

depending on the test con�guration. Raw jet images (see Figure 3.2(b)) are then nor-

malized (see Figure 3.2(c)) with the background average image. Image post-processing

is performed with home-made software [100] (see Figure 3.3). Single injector test visu-

alizations are usually performed at a frame rate of 6273 fps with a resolution of 800 x

1280 pixels, whereas three-injector visualizations are performed at a frame rate of 6200

fps with a 1024 x 768 pixels image resolution. Normalized images are then converted into

two-level images (see Figure 3.3(a)). To do that, a threshold based on grey level must
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be chosen. Larger objects are well detected by an image segmentation procedure based

on a global grey level threshold �xed at 30% of the grey level dynamic of the current

image. For smaller objects or objects with a lower contrast, a segmentation based on a

wavelet transform is applied. The Mexican Hat wavelet function is used to compute the

second derivative of the Gaussian �ltered grey level image and a threshold is applied to

the transformed image to detect local concave grey level distributions [100]. All pixels

presenting a grey level lower than the global threshold, or in a concave portion of the

grey level distribution, will be shown in black (0). They represent the liquid objects

like droplets, ligaments and the continuous liquid core. Pixels presenting a grey level

higher than the threshold belong to the background and will be represented in white (1).

The two-level images are then used to calculate average and minimum images. Aver-

age images, as that represented in Figure 3.3(b), are calculated on a series of images by

averaging the grey level pixel by pixel. An example of average images post-processing

can be found in Appendix F. These images provide an indication of the spatial region in

which the liquid elements are more probable to be found based on the considered image

series. In the minimum images each pixel has the minimum grey level over the series

(see Figure 3.3(c)) and indicate all pixels in which liquid has been detected at least once

(in one image). Figure 3.3(d) represents the same minimum images �ltered by a median

�lter with a structuring element of radius 20 pixels. This value has been selected as a

compromise between all images treated.

(a) (b) (c) (d)

Figure 3.3: Post-processing image examples: (a) two-level image; (b) average image; (c)
minimum image, (d) minimum �ltered image.

Minimum �ltered images are used to calculate the spray cone angle as shown in the

example of Figure 3.4(a) and �ltering is necessary to avoid those events not statistically
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important that could lead to an overestimation of the cone angle. In Figure 3.4(a) the

cone angle is de�ned on the minimum �ltered image while in Figure 3.4(b) it is reported

on one image of the series.

(a) (b)

Figure 3.4: Example of cone angle calculated from minimum image (a), and reported on
one image of the series (b).

In order to analyse the acoustic e�ect on the dispersed phase, the droplet spatial

distributions in the vertical plane containing a.a. and in planes perpendicular to a.a.,

are investigated by means of image processing performed with home-made software [100].

A sequence of 200 consecutive images selected during the constant envelope part of the

acoustic pressure signal (see Figure 2.3) is compared with the case without acoustics.

Each image of width wim is divided into m spatial classes of the same width ∆w (see

Figure 3.5).

The discrete droplet location probability density function per normalized class width

(∆w/wim) indicated as f(i) for class i is de�ned by Eq. 3.1.

f(i) =
Nd(i)∑m

k=1Nd(k)∆w/wim
=
Nd(i)m

N
. (3.1)

where Nd(i) is the number of objects in the class i and N is the total number of objects.

In the following, positions will be given in non-dimensional coordinates, i.e. x̃ = x/wim,

ỹ = y/wim and z̃ = z/him, where wim and him are the image width and height, respectively.

Concerning the dispersed phase a morphological criterion [100, 101, 102, 103] has been
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(a) (b)

Figure 3.5: Typical examples of output image for (a) view A and (b) view B.

applied for the sphericitya of the objects (Sp ≤ 0.6), in order to consider spherical or

pseudo-spherical elements with a reduced diameter in the range 0.0025 - 0.25. Droplets

diameter is reduced by the injector liquid post exit diameter Dl.

The error in the f(i) calculation can be estimated using the propagation of uncer-

tainties theory [104]. Based on Eq. 3.1 f(i) of class i can be seen as the ratio of two

quantities, the number of objects Nd(i) in the class i and the total number of objects

N =
∑m

i=1 Nd(i), multiplied by m the number of classes.

Since m is �xed, the expression of the relative uncertainty in the f(i) can be expressed

as follows:
δf(i)

f(i)
=
δNd(i)

Nd(i)
+
δN

N
. (3.2)

Where the overbar indicates mean quantities calculated on a series of N . The number of

object in the class i is Nd(i); and it is calculated N times. Thus, it is possible to estimate

the mean value of the measurement Nd(i) and its uncertainty δNd(i) by calculating the

standard deviation on the N measurements. The relative uncertainty in Nd(i) is then

given by δNd(i)/Nd(i). The same procedure is applied for each class and for the total

number of object N for which the relative uncertainty is δN/N . Finally, the relative

uncertainty δf(i)/f(i) can be calculated by using Eq. 3.2.

Figure 3.6 represents an example of f(i) calculation with the relative uncertainty

aFor an object of surface S a disk of equivalent surface can be de�ned. Indicating as ∆S the symmetric
di�erence between S and the surface of the equivalent disk (centered at the barycenter of S), the sphericity
Sp is then de�ned as the ratio between ∆S and S. The value of Sp ranges from 0 (for a disk, i.e. circular
2D projection) to 2 (in the case of a line).
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calculated with the method explained above. Since in each test case the f(i) are calculated

with the same method, the relative uncertainty calculated in one case is used to estimate

the error in all the experiments [104].

Figure 3.6: An example of f(i) with indication of the relative uncertainties in the mea-
surements.

All droplet spatial distributions present a bell-shape which can be �tted with a Gaus-

sian function. From the �tting Gaussian function the mean spray position µh is then

calculated. These values are used to quantify the spray deviation in the case of high

Weber number atomization regimes. The mean value µh is calculated considering the

entire image, or as a function of the vertical coordinate. In the latter case, the images

are subdivided into horizontal slices, and f(i) is calculated for each of them. Each f(i)

is then �tted with a Gaussian function and the local values of µ(z) are calculated. The

relative uncertainty in µh and µ(z) are calculated in the same way of that of Nd(i).

Still images extracted from the high-speed visualization sequences are used for the

calculation of the deviation angle for low Weber number atomization regimes, see Fig-

ure 3.7. In each image the two sides of the jet contour are detected and for a �xed vertical

coordinate z the half-distance in between the contour sides represents the jet centerline

(in red in Figure 3.7). The jet centerline composed of N points of coordinates (xi, yi) is

then �tted with a linear function of the form yf = A+Bx (in blue in Figure 3.7).

The angle γ in between the vertical and the line �tting the jet centerline is calculated

as:

γ =
180

π
arctanB ± δγ. (3.3)

The error δγ in the estimation of γ is calculated in the same way as for f(i). The
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Figure 3.7: Example of jet centerline �tting for deviation angle calculation (� jet center-
line, � linear �tting).

uncertainty in the jet centerline position is calculated as:

δyj =

√√√√ 1

N − 2

N∑
i=1

(yi − A−Bxi)2. (3.4)

whereas the uncertainty in the calculation of the slope can be deducted using the

propagation of uncertainties theory as:

δB = δyj

√
N

∆
. (3.5)

where ∆ =
∑N

i=1 x
2
i − (

∑N
i=1 xi)

2. The uncertainty in γ can be �nally calculated as:

δγ =
dγ

dB
δB =

180

π

1√
1 +B2

δB. (3.6)

3.2 Droplet Size Measurement by Image Processing

In this section the setup, and some of the most important aspects, concerning the droplet

size measurements technique by image processing [103] are described. The big advantage

of this technique is the ability to quantitatively analyze the liquid element morphology.

The imaging setup is in backlight con�guration and the objects under consideration are
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liquid droplets illuminated by an incoherent light source. Liquid droplet in a spray is

a refractive object, whose image is similar to that of an opaque disc, see Figure 3.8(a).

Droplets can be thus modeled as opaque or slightly transmitting objects with the object

function og(x, y). The function og(x, y) represents the amount of light transmitted by the

object. It is characterized by the contrast coe�cient τ , and is expressed by:

og(x, y) = 1− (1− τ)Π
(√x2 + y2

2ai

)
(3.7)

where ai = γa0 is the radius of the geometric image, a0 is the object radius, γ is the

lateral magni�cation of the imaging system, and Π is the rectangle function: Π(t) = 1 for

|t| < 0.5; Π(t) = 0 otherwise. In an imaging system using a incoherent light source, the

(a) (b)

Figure 3.8: (a) Theoretical and experimental normalized images [105], and (b) de�nition
of the relative levels of the theoretical image pro�le [103].

illumination distribution in the image plane i(x, y) can be described by the convolution

product of the object function og(x, y) and the Point Spread Function (PSF) of the imaging

system psf(x, y) [106]. The PSF of an optical system is de�ned as the response of the

imaging system to an in�nitesimally small source point. It is a function of the position of

the object with respect to the focus plane, and its width is minimum at the focus plane.

The PSF can be represented as a Gaussian function of the kind:

psf(x, y) = s0 exp
(−2(x2 + y2

χ2

)
(3.8)



Experimental Setup and Procedure 67

where χ is de�ned as the PSF half-width. The convolution product between og(x, y) and

psf(x, y) can be then expressed in nondimensional radial coordinates as [103, 107]:

ĩ(r̃) = 1− 2(1− τ) exp(−r̃2)

∫ ã

0

ρ exp(−ρ2)I0(2r̃ρ)dρ (3.9)

where r̃ =
√

2r/χ is the dimensionless radial coordinate, ã =
√

2ai/χ is the dimensionless

object radius and I0 is the modi�ed Bessel function of the �rst kind. The function ĩ

represents the image grey level pro�le from which the object diameter is detected (see

Figure 3.8(b)). The width of the pro�le increases when the object diameter increases.

For small object width, compared to the PSF width, the image pro�le present a V-shape,

whereas for larger object width (compared to the PSF width) the pro�le assumes a U-

shape [100, 101, 102, 103]. Two image parameters are used to describe the grey level

pro�le. The �rst one is the image contrast C = (imax − imin)/(imax + imin), where imin

and imax are respectively the maximum and the minimum levels of i(x, y). Images with a

low contrast correspond to unfocused objects, or to object widths much smaller than the

PSF width. The second parameters is the image half-width rl determined at the relative

level l (0 < l < 1). A relation between Contrast C, image half-width rl and object

radius a was derived by Blaisot & Yon [103]. Fdida & Blaisot [107] then introduced a

depth-of-�eld criterion based on the estimation of χ to calculate droplet size, whatever

the droplet out-of-focus position. In practical applications, experimental images are �rst

normalized, then each droplet is individually detected (images are post-processed with

home-made software [100]). Parameters (C and rl) are measured on each normalized

droplet image. To characterize droplet shape the sphericity morpholical parameter de�ned

by Malot & Blaisot [103] is introduced. The sphericity Sp, is used to quantify the deviation

of the droplet shape from the spherical shape (see Figure 3.9). For spherical objects

Sp = 0, whereas Sp = 2 for ligaments. This technique has been applied to characterize the

Figure 3.9: Sphericity morphological parameter de�nition [103].
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droplet size distribution for the T-LRE case at IAN (Weg > 400, Rel = 6602, J = 5.1).

The objective is to demonstrate the feasibility of the application of the technique to

our experimental setup, in order to produce experimental data to validate numerical

simulations (see section 5.4). Measurements have been performed in the vertical plane

containing the acoustic axis. The experimental arrangement is shown in Figure 3.10. Two

CCD cameras mvBlueCougar-x (Matrix Vision) with a maximum frame rate of 10 Hz

(resolution: 2448 x 2050 pixels) have been used simultaneously by introducing a beam

splitter. In order to obtain a suitable magni�cation, an objective with a focal length

of 85 mm is used. The distance in between the objective and the camera, due to the

presence of the beam splitter, is 25 mm. A Cavitar laser unit and a laser diode generated

the illumination for the cameras and the parameters of the laser were controlled through

the Cavilux control unit (laser wavelength 640 nm, maximum pulse frequency 100 kHz,

minimum pulse duration 20 ns).

Figure 3.10: Schematic of the experimental setup for droplet size measurement.
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The interest of using two camera simultaneously was to double the frame rate in order

to increase the number of images acquired in the period in which the spray is submitted

to the constant part of the acoustic signal (300 ms) and to reduce the number of tests

necessary with acoustics. In order to be able to successfully merge the image sequences

acquired with the two cameras it must be ensured that the focus plane is the same and

that image post-processing provides the same results in terms of spray characteristics. To

ensure the superimposition of the focus planes, the cameras have been installed on two

micro-displacement systems. The point spread functions (PSF) [103] half-width χ of the

two cameras has been calculated by placing an object with a very sharp edge at di�erent

locations in the direction perpendicular to the y-z plane (see Figure 3.11). Figure 3.11(a)

shows an example of the measurements at the �rst step of the measurements. The shift

between data recorded from the two camera indicated that two focus planes are clearly

separated and in this case the two images series could not be compared. After accurate

modi�cation of the relative camera position a satisfactory superimposition of the χ func-

tions has been obtained as reported in Figure 3.11(b), showing that the superimposition

of the two camera focus planes, and thus of the measurement volumes is achieved.

Figure 3.12 shows an example of spray images acquired with the two cameras at

the same moment. The �rst row shows the normalized images while in the second row

the same images are reported after conversion into two-level images. The number of

objects detected is also reported and a di�erence of around 2.6 % between the two images

is found. This comes from the beam splitter used, which does not perfectly split in

half the light emitted from the laser diode. Consequently the image contrasts are not

exactly the same which may induce di�erences in the detection process. A correction

in the post-processing has been possible by considering objects with a certain diameter

3.33 · 10−4 < Dobj/Dl < 8.33 · 10−2 and a morphological criterion for the sphericity of the

objects Sp ≤ 0.4 [101, 102, 103, 100]. In order to have the same measurement volumes

on the two camera, and to be not too restrictive in the object detection (for statistical

reason) a dimensionless depth-of-focus of about 0.5 has been chosen. For this value, the

PSF in Figure 3.11(b) gives a normalized impulse response RI/Dl = 2χ/Dl ≈ 0.0083.

With these parameters the percentage di�erence in the objects count for the two images

shown in Figure 3.12 is reduced to 1.4 %.

The same parameters have been used to compare two identical 60-image series acquired

with the two cameras at the same time. The di�erence in the objects count is around

4.9 %. The percentage di�erences between the characteristic spray diameters calculated

from two series are reported in Table 3.1. Data indicate that images acquired with the
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(a)

(b)

Figure 3.11: PSF for the two mvBlueCougar-x cameras (a) before and (b) after postion
correction.

two cameras provide similar results in terms of spray characteristics.

Characteristic diameter Di�erence %
D30 1.28
D32 1.16
dv0.1 0.34
dv0.5 2.51
dv0.9 0.91

Table 3.1: Percentage di�erence between the characteristic spray diameters obtained with
post-processing of images acquired with the two cameras (3.33 · 10−4 < Dobj/Dl < 8.33 ·
10−2, RI = 0.05, Sp ≤ 0.4).

During the experiments with acoustics the two cameras have been triggered alterna-

tively as indicated in Figure 3.13 using a single TTL signal at 10 Hz while the laser unit

was triggered at 20 Hz. Cam1 is triggered in mode "raising edge" with the 10 Hz TTL



Experimental Setup and Procedure 71

(a) Cam1 (Normalized) (b) Cam2 (Normalized)

(c) Cam1 (two-level) 3160 objects (d) Cam2 (two-level) 3077 objects

Figure 3.12: Comparison between image acquisition with (a-c) Cam1 and (b-d) Cam2.

signal while Cam2 in "falling edge". The blue and green areas in Figure 3.13 indicate

the integration time interval of Cam1 and Cam2 respectively. The images acquired with

the two cameras have been gathered to obtain a 120-image series. In this way a su�cient

number of images is available with 20 tests to compare with the reference case series

without acoustics.

3.3 Laser Doppler Velocimetry (LDV)

The characterization of the gas velocity �eld was carried out using the Laser Doppler

Velocimetry (LDV) technique. LDV has been chosen for its non-intrusive nature and for

its good temporal and spatial resolution. It relies on the principle that the light, scattered

from a particle moving through a measurement volume produced by the intersection of

coherent laser beams, will be submitted to a frequency shift proportional to the particle's

velocity. The LDV basic con�guration (see Figure 3.14) consists of [108]:

� a monochromatic laser, which provides coherent and collimated beams;
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Figure 3.13: Time sequence of TTL signal for cameras trigger (10 Hz) and laser trigger
(20 Hz). Cam1 is triggered in mode "raising edge" while Cam2 in mode "falling edge".

� a transmitting optics, which includes a beam splitter, and a focusing lens;

� a receiving optics, which includes a focusing lens and a photomultiplier;

� a signal processor.

This technique requires tracer (or seeding) particles in the �uid (typically the size range

of particles is between 1 µm and 10 µm). From the single laser beam two laser beams are

obtained by means of the beam splitter. The two beams are focused (with a certain angle

θ) by a lens to intersect, forming an ellipsoidal measurement volume. In the measurements

volume the light intensity is modulated due to interference between the laser beams.

The interference produces planes of high light intensity, which are called fringes. The

distance between two consecutive fringes df is de�ned by the wavelength of the laser light

and the angle θ as df = λ/2 sin θ. When the particle traverses this fringe patterns the

scattered light �uctuates in intensity at a frequency fD, called Doppler frequency. The

light �uctuation is acquired by a photomultiplier, which produces an electrical current

proportional to the light �ux, called Doppler burst. The bursts are then processed (�ltered

and ampli�ed) by the signal processor, which determines the Doppler frequency of each

particle. The velocity is then calculated as V = dffD. In this con�guration the direction
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of the moving particles cannot be detected. In order to be able to determine the direction

of the particle velocity, a bragg cell is used (see Figure 3.14). The bragg cell produces a

shift in frequency df on one of the two beams. Due to the frequency shift between the two

laser beams, the di�raction pattern moves at a constant velocity. Two particles moving

with the same velocity, but with opposite directions, will produce di�erent frequencies.

The measured frequency is thus given by Fm = df ± fD, with the sign depending on

the direction of the particle velocity. The particle velocity is �nally calculated as V =

df (fm−df). In some con�guration, as the one adopted here, the transmitting and receiving

optics are in the same probe (backscatter con�guration).

Figure 3.14: LDV principle.

The application of this technique in our experimental setup represented a challenge

for three main reasons: the limited space in the experiment room in which dedicated

hardware had to be arranged; the development of an air extraction system in the acous-

tically isolated room to prevent accumulation of seeding particles; the number of test

necessary to characterize the �ow �eld with acoustics due to the protocol adopted to

prevent loudspeaker damaging (acoustic test duration length is limited to 300 ms to

preserve loudspeakers safety, each measured point corresponds to a single test). LDV

preliminary measurements have been made for a single jet placed at VAN and IAN at

Weg = 190, Rel = 2000 to verify the feasibility of the technique in our experimental

setup (see section 5.4). They served as a starting point for future investigations, to pro-

duce experimental results for the validation of numerical simulations. The experimental

arrangement adopted is shown in Figure 3.15.

An Argon-ion laser was used as a source. Due to limitations in terms of space a

con�guration in which the transmitting and receiving optics are in the same probe head

was used with a focal length of 350 mm and a beam separation of 50 mm. The probe is the
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Figure 3.15: Schematic of the LDV experimental setup for gas �ow velocity measurements.

only part of the system put inside the acoustically isolated room and it is mounted on a 3D

displacement system. From the Argon laser two wavelengths in the visible spectrum (390

to 700 nm) are selected and brought to the probe through a �ber: two blue laser beams

(λb = 488 nm) used to measure the vertical velocities and two green beams (λg = 514 nm)

for the measurement of the radial component. The four beams were directed to intersect

with an angle θ = 3.94◦ forming an ellipsoidal measurement volume. Data concerning the

measurement volume and the fringes are reported in Table 3.2.

Parameter Value
Measurement volume length (mm) 2.29
Measurement volume height (µm) 159
Fringe width for λb = 488 nm (µm) 3.55
Fringe width for λg = 514 nm (µm) 3.74

Table 3.2: LDV measurement volume parameters.

In order to scatter the light, the �ow was seeded with DEHS (Di-Ethylhexyl Sebacic

Acid Ester) particles with an average diameter of 5 µm. The Stokes number for a DEHS

particle is de�ned by Eq. 3.10 as the ratio of the characteristic time of the particle inertial
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response τp to the acoustic characteristic time τac = 1/f0.

Sk =
τp
τac

=
ρpd

2
p

18µair

1

1/f0

(3.10)

Here, f0 is the forcing frequency, ρp and dp are the density and characteristic diameter of

the DEHS particle and µair is dynamic viscosity of the air. Considering ρp = 912 kg/m3

and µair = 1.81 · 10−5 Pas a Stokes number lower than 7 · 10−2 is calculated, which

means that particles can be considered as good tracers for the problem in exam. When

a DEHS particle crosses the measurement probe, the light scattered by the particles is

detected by the photomultipliers (Colorlink), which generates a current proportional to

absorbed photon energy, and ampli�es that current. The signal is then sent to the LDV

signal processor (IFA) which communicates with the computer and the dedicated software.

Figure 3.16 shows the local reference system with the sign convention for the radial (Uy)

and vertical (Uz) velocities. Radial (in the ỹ-direction) and vertical (in the z̃-direction)

components of the velocity were measured simultaneously at the injector exit plane. The

modulus of the velocities is reported in the following reduced with the gas bulk velocity

Ug,bulk: Ũy = Uy/Ug,bulk and Ũz = Uz/Ug,bulk. The injector axis corresponds to ỹ = 0,

x̃ = 0. Here, coordinates are reduced with liquid post diameter Dl: x̃ = x/Dl, ỹ = y/Dl

and z̃ = z/Dl. Measurements were made at a distance z̃ = 2e from the injection exit

plane. With e being the width of the gas annular gap (see Figure 2.9).

Figure 3.16: Schematic of the local reference system for LDV measurements.
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In order to be as close as possible to the injector exit plane the laser probe has been

installed with an angle of 4.5◦ with respect to the horizontal plane. This con�guration

has been considered by making the hypothesis that the �ow presents a negligible tangen-

tial velocity. This hypothesis has been experimentally con�rmed by a complete velocity

cartography of the coaxial jet in the x̃− ỹ plane.
Figure 3.17 shows a typical pro�le in the ỹ direction of the vertical velocity for Weg =

190 and Rel = 2000. Seven tests are shown in the plot to highlight the repeatability

of experimental data. In the section dedicated to the experimental results it will be

Figure 3.17: Example of LDV accuracy on the vertical velocity measurements for 7 tests
without acoustics (Weg = 190 and Rel = 2000).

shown that for the tests with acoustics velocity measurements have been performed for

−0.6 < ỹ < −0.47 and 0.47 < ỹ < 0.6. In these intervals (annular �ow core) data of

the �ow without acoustics are highly reproducible, with a detection rate ranging between

12000 and 18000 particles per second.
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Chapter 4

Upstream e�ects: Domes' Acoustic

Response

The two injection domes described in section 2.2.2 have been tested, and their acous-

tic response is analyzed in this chapter. After a brief introduction explaining the test

con�gurations investigated (section 4.1) the response of the two domes will be discussed

separately. Section 4.2 is dedicated to the acoustic response of the gas dome (GD), whereas

the liquid dome (LD) will be treated in section 4.3. The last section is dedicated to the

general conclusions and remarks (section 4.4).

4.1 Introduction

In this section results of the experimental investigations of the acoustic response of the

injection domes will be discussed. The entire injection system assembly is shown in

Figure 4.1 along with the main resonant cavity. Three di�erent con�gurations are shown:

� IAN-VAN-IAN - The central injector exit is placed at the velocity anti-node (VAN)

and the two lateral ones at two intensity anti-nodes (IAN), oscillating out-of-phase

(non-symmetric excitation conditions);

� PAN-IAN-VAN - The injectors' exits are submitted to di�erent excitation condi-

tions: velocity (VAN), intensity (IAN) and pressure anti-node (PAN) respectively.

Acoustic pressure �uctuations in between VAN and PAN are in-phase and the am-

plitude decreases from PAN to VAN;

� IAN-PAN-IAN - The central injector exit is placed at the pressure anti-node (PAN)

where acoustic pressure level is maximum and the two lateral ones at two intensity

79
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anti-nodes (IAN). The three injectors' exits are submitted to in-phase cavity pressure

�uctuations symmetrically distributed relatively to the central injector (PAN). The

intensity anti-node is de�ned as the location where the product of the acoustic

pressure and velocity �uctuations is maximum in the cavity.

Figure 4.1: Scheme of the injection system placed on the main cavity roof according to
three test con�gurations.

All tests reported here have been performed by forcing the 2nd transverse mode of

the main cavity at the frequency of 1 kHz at the maximum available acoustic pressure

level corresponds to an amplitude of 12 kPa (peak-to-peak acoustic pressure amplitude

measured in the cavity).

4.2 Gas Dome Response

A total of 180 test con�gurations were investigated to characterize the acoustic response

of the gas dome, combining:

� the geometrical parameters presented in section 2.2.2.1 (domes size, and ori�ce

diameters dor);

� four air mass �ow rates: m̃air = 0 − 0.4 − 0.7 − 1 (scaled with the largest

considered mass �ow rate, mmax
air corresponding to Weg = 190);

� the three spatial con�gurations of the injection system with respect to the acoustic

axis indicated in Figure 4.1.
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Figure 4.2 represents a schematic of the gas dome in which are reported the pressure

transducer locations considered in the analysis and two examples of dome sizes, GD0 and

GD8 (see section 2.2.2.1). Pressure transducer PTl2 is only available for dome size greater

than GD4, and PTl3 only for GD8.

Figure 4.2: Schematic of gas dome and pressure trasnducer locations.

For all the tested con�gurations (IAN-VAN-IAN, PAN-IAN-VAN and IAN-PAN-IAN),

results indicate that the injection system response is strongly a�ected by the acoustic

conditions imposed at the injectors' outlets and by the design parameters. In all the

con�gurations the acoustic level measured in the gas dome decreases as its size is increased

fromGD0 toGD8. Indeed, dome frequency response to a white noise excitation, presented

in section 2.2.2.2, indicates that by increasing the dome size the eigenfrequencies of the

dome get closer to the forcing frequency. In Figure 2.16 a narrowing of the e�ective

spectrum is noted when the size increases from GD0 to GD8, in agreement with what

found in simulations presented in Figure 2.14. This is accompanied by a crucial decrease

in energy density associated with the eigenmodes (see Figure 2.16 in section 2.2.2.2). A

decrease of the acoustic pressure amplitude in the gas dome is also observed by increasing

the mass �ow rate due to an increase of the pressure drop. Similarly, decreasing the ori�ce

diameter dor also induces an increase in the pressure drop and a lower response.

IAN-VAN-IAN Con�guration

The IAN-VAN-IAN con�guration indicates the strongest acoustic response. Some ex-

amples of raw pressure signals are presented in Figure 4.3 and Figure D1 of Appendix
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D. Figure 4.4 shows the peak-to-peak acoustic pressure amplitudes measured with the

(a) GD0, m̃air = 1 (b) GD8, m̃air = 1

Figure 4.3: Acoustic pressure signal comparison in the gas dome for IAN-VAN-IAN: (a)
GD0, m̃air = 1; (b) GD8, m̃air = 1 (f = 1000 Hz; pa,pp ≈ 12 kPa at PAN; dor = 1.125).

transducers PTl0, PTl0, PTl0 and PTl0 in the dome. Measurements are reported for four

mass �ow rates (m̃air = 0 − 0.4 − 0.7 − 1) and for an injector connection diameter

dor = 1.125. A maximum of 2800 Pa (peak-to-peak amplitude) is measured without any

�ow rate (see Figure 4.4(a)), which corresponds to 23% of the acoustic pressure level mea-

sured in the main cavity at the pressure anti-node. Increasing the mass �ow rate decreases

the dome's acoustic response. For the maximum �ow rate considered here the acoustic

pressure �uctuation amplitude reaches 2000 Pa, namely 17% of the acoustic pressure

�uctuation amplitude imposed in the main cavity at the pressure anti-node. The three

pressure transducer signals PTl0, PTr0 and PTl1 have similar acoustic pressure �uctuation

amplitudes. Moreover, PTc0 shows a quasi-null signal (see Figure 4.4). Pressure �uctua-

tions of PTl0 and PTl1 are in-phase while PTl0 and PTr0 are always out-of-phase whatever

the dome size. All these features are in accordance with the eigenmode GD-A of the gas

dome presented in Figure 2.13: all points in vertical planes ỹg = constant are in-phase

(see Figure 2.13(a), 2.13(b) and 2.13(c)) and ỹg = 0 is a nodal plane (see Figure 2.13(d)).

Acoustic pressure measurements given by transducers PTl2 and PTl3 (see transducer lo-

cations reported in Figure 4.2) are shown in Figure 4.5. Results from simulations are also

reported for comparison. Simulations in this case are made by considering the dome and

the resonant cavity geometries at the frequency of 1000 Hz (see section 2.1.2). Results

from simulations are scaled with the experimental value of PTl1. Pressure transducers

PTl2 and PTl3 provide complementary information on the acoustic pressure distribution

inside the dome. These measurements show a global trend of decrease of the pressure

amplitude along x̃g. This is also consistent with mode GD-A in Figure 2.13(a) where

coordinates x̃g = 0.17, x̃g = 0.32 and x̃g = 0.47 correspond to the locations of PTl1, PTl2
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(a) m̃air = 0 (b) m̃air = 0.4

(c) m̃air = 0.7 (d) m̃air = 1

Figure 4.4: Peak-to-peak acoustic pressure measurements in the gas dome as a function
of the dome size at IAN-VAN-IAN for: (a) m̃air = 0, (b) m̃air = 0.4; (c) m̃air = 0.7;
(d) m̃air = 1 (◦ PTl0; ? PTc0; � PTr0;C PTl1; red dor = 0.375; blue dor = 0.75; black
dor = 1.125).

and PTl3 respectively. Finally Figure 2.13(c) indicates that when dome size is increased,

pressure amplitude at a given coordinate x̃g decreases. In combination with the identi�-

cation of mode GD-A, this indicates that a decrease of the pressure amplitude is likely to

occur in the whole dome.

A decrease of the acoustic pressure amplitude in the gas dome is also observed by

decreasing the ori�ce diameter dor. The in�uence of the size of dor, on the acoustic

coupling between the gas dome and the main cavity can also be noticed in the phase-shift

between the signal of PTl0 and the signals of PTc0, PTr0, PTl1 and PTref , which are

reported in Figure 4.6 (PTref is the signal of the transducer placed in the main cavity

at PAN). With dor = 1.125, acoustic coupling is facilitated and the phase-shift between

PTl0 and PTref varies continuously with the dome size. Since the change in the dome

size modi�es the internal mode shapes, the phase-shift between two spatially-�xed points

is a�ected. The phase-shift inside the gas dome, i.e. between PTl0 and PTc0 also varies

from 45◦ to 90◦, due to the modi�cation of the dome's internal mode shapes. The phase

di�erence between velocity and intensity anti-nodes is expected to be di�erent from zero.
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Figure 4.5: Complementary acoustic pressure measurements at IAN-VAN-IAN provided
by PTl2, and PTl3 and compared with PTl0 and PTl1 (red lines represent simultions,
values are scaled with the measurements of PTl1).

Indeed, it was shown by Cáceres et al. [109] that in the vicinity of a velocity anti-node

of such a transverse acoustic �eld phase-shift varied continuously from 0 to +π. Thus, in

our case the phase di�erence between velocity and intensity anti-nodes is expected to be

di�erent from zero.

Figure 4.6: Experimental phase-shifts between the PTl0 signal and PTc0, PTr0, PTl1 and
PTref signals as functions of the dome size at IAN-VAN-IAN.

On the contrary, in the presence of a small diameter (dor = 0.75), the phase-shifts are

independent of the dome size. Indeed, the boundary condition near the ori�ce is not far

from that given by the wall condition; thus, measurement at PTl0 does not vary with the

size of the gas dome. Thus, the mode shapes established in each cavity are not dependent
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on each other and the phase-shift between PTl0 and PTref remains �xed, as well as the

phase shift between PTl0 and PTc0 which is always 50◦.

PAN-IAN-VAN Con�guration

At PAN-IAN-VAN the dome is submitted to the largest pressure �uctuation range, due

to the presence of both pressure and velocity anti-nodesa, at the injectors' exits (see

Figure 4.1). Examples of raw pressure signals are shown in Figure 4.7 and Figure D2 of

Appendix D).

(a) GD0, m̃air = 1 (b) GD8, m̃air = 1

Figure 4.7: Acoustic pressure signal comparison in the gas dome for PAN-IAN-VAN: (a)
GD0, m̃air = 1; (b) GD8, m̃air = 1 (f = 1000 Hz; pa,pp ≈ 12 kPa at PAN; dor = 1.125).

The dome response is reported in Figure 4.8 in terms of acoustic pressure amplitude

of �uctuations (peak-to-peak values) for dor = 1.125. Pressure transducer signals PTl0,

PTr0 and PTl1 present similar amplitudes, which are always higher than that of PTc0 (see

Figure 4.8). Also in this con�guration, the maximum acoustic response of the injection

system is measured for GD0. It is about 2500 Pa without any �ow rate (see Figure 4.8(a))

and 1600 Pa (see Figure 4.8(d)) with the maximum considered mass �ow rate.

aWith respect to the cavity pressure transducers PTl0, PTc0 and PTr0 are respectively at PAN, IAN
and VAN.
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(a) m̃air = 0 (b) m̃air = 0.4

(c) m̃air = 0.7 (d) m̃air = 1

Figure 4.8: Peak-to-peak acoustic pressure measurements in the gas dome as a function
of the dome size at PAN-IAN-VAN for: (a) m̃air = 0, (b) m̃air = 0.4; (c) m̃air = 0.7;
(d) m̃air = 1 (◦ PTl0; ? PTc0; � PTr0;C PTl1; red dor = 0.375; blue dor = 0.75; black
dor = 1.125).

Figure 4.9 present a comparison between PTl0, PTl1, PTl2 and PTl3; red lines repre-

sents simulation of dome response when coupled with the main resonant cavity (results

from simulations are scaled with PTl1). The acoustic pressure �uctuations inside the

dome decrease when the dome's size is increased, which is in agreement with eigenmodes

calculations reported in Figure 2.13.

As explained before for the IAN-VAN-IAN con�guration in the vicinity of the velocity

anti-node phase-shift is expected to vary continuously from 0 to +π. Measurements are

thus very sensitive to the position of the pressure transducers, which causes the phase-

shifts of PTl0 with PTc0, PTr0 and PTref to vary with the dome size for both dor = 0.75

and dor = 1.125 (see Figure 4.10). The phase shift plots are presented in Figure 4.10.
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Figure 4.9: (a) Complementary acoustic pressure measurements at PAN-VAN-IAN pro-
vided by PTl2, and PTl3 and compared with PTl0 and PTl1 (red lines represent simultions,
values are scaled with the measurements of PTl1).

Figure 4.10: Experimental phase-shifts between the PTl0 signal and PTc0, PTr0, PTl1 and
PTref signals as functions of the dome size at PAN-IAN-VAN.

IAN-PAN-IAN Con�guration

The last con�guration considered here is the IAN-PAN-IAN which is centered in the cavity

(raw pressure signals are presented in Figure 4.11 and Figure D3 of Appendix D).

The three injectors are submitted to in-phase acoustic pressure �uctuations, with

amplitude larger than those of the two previous cases, i.e. ≈ 12 kPa. Figure 4.12

shows acoustic pressure measurement inside the dome for dor = 1.125. The acoustic

pressure amplitudes measured in the dome are always lower than 900 Pa, corresponding

to 7.5% of the acoustic pressure amplitude imposed in the main cavity at PAN. Acoustic



88 Upstream e�ects: Domes' Acoustic Response

(a) GD0, m̃air = 1 (b) GD8, m̃air = 1

Figure 4.11: Acoustic pressure signal comparison in the gas dome for IAN-PAN-IAN: (a)
GD0, m̃air = 1; (b) GD8, m̃air = 1 (f = 1000 Hz; pa,pp ≈ 12 kPa at PAN; dor = 1.125).

response is maximum for GD0 and decreases by increasing the dome size. The acoustic

conditions imposed at the injectors' exit at IAN-PAN-IAN facilitate the establishment

of the GD-C mode (see Figure 2.13 mode GD-C). This is con�rmed experimentally by

in-phase (see Figure 4.12) and same-amplitude (see Figure 4.12) pressure signals for all

pressure transducers in the dome. As observed for the IAN-VAN-IAN con�guration, the

gas dome is more likely to respond to acoustic excitation for larger junction diameters.

For dor = 0.75 phase-shifts are independent from the dome size while for dor = 1.125 they

change slightly as dome size is increased.

Figure 4.13: Experimental phase-shifts between the PTl0 signal and PTc0, PTr0, PTl1 and
PTref signals as functions of the dome size at IAN-PAN-IAN.

This slight change is due to the fact that the mode shape changes in this case. In-

deed, simulations indicate that, when dome size is increased, the eigenmode changes its

mode shape (see Figure 2.13 mode GD-C). A good agreement between pressure ampli-

tudes measured by PTl1, PTl2 and PTl3 and those predicted by simulations is shown in



Domes' Acoustic Response 89

(a) m̃air = 0 (b) m̃air = 0.4

(c) m̃air = 0.7 (d) m̃air = 1

Figure 4.12: Peak-to-peak acoustic pressure measurements in the gas dome as a function
of the dome size at IAN-PAN-IAN for: (a) m̃air = 0, (b) m̃air = 0.4; (c) m̃air = 0.7;
(d) m̃air = 1 (◦ PTl0; ? PTc0; � PTr0;C PTl1; red dor = 0.375; blue dor = 0.75; black
dor = 1.125).

Figure 4.14. In this case, simulations take into account the main cavity and the gas dome

simultaneously. The Helmholtz equation is solved with boundary conditions at the loud-

speakers corresponding to a given normal harmonic acceleration �uctuating at the forcing

frequency. Black markers represent experimental values as in the two previous cases, the

red lines represent numerical simulations for the case of GD4 and GD8. Numerical curves

are scaled by the maximum experimental value of PTl2 and PTl3 respectively for GD4

and GD8. The appearance of the nodal line is clearly visible at GD8. Increasing the

dome size at IAN-PAN-IAN does not induce a decrease of acoustic pressure �uctuation

amplitudes in all points, as it does in the other two con�gurations. Indeed, pressure am-

plitude measured with PTl3 at GD8 is higher than the one measured by PTl0 at GD0,

due to the mode shape veering. Acoustic pressure amplitudes detected in the dome are

always lower than 800 Pa, which corresponds to 6.7% of the acoustic pressure amplitude

imposed in the main cavity at PAN. However, even when the cavity acoustic pressure am-

plitudes are maximum at IAN-PAN-IAN, the response of the dome in this con�guration

is always lower than in the other two cases. The fact that the maximum acoustic response
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in the dome does not correspond to the maximum acoustic pressure �uctuations in the

cavity indicates that the dome acoustics has an important role in the acoustic interaction

between the injection system and the main cavity.

Figure 4.14: Complementary acoustic pressure measurements at IAN-PAN-IAN provided
by PTl2, and PTl3 and compared with PTl0 and PTl1 (red lines represent simultions, values
are scaled with the measurements of PTl2 and PTl3 respectively for GD4 and GD8).

4.3 Liquid Dome Response

The investigation of the liquid dome acoustic response was more challenging than that

of the gas dome, due to some di�culties encountered in the positioning of the pressure

transducers inside the dome (see section 2.2.2.3). The main problem consisted in having

the transducer head completely submerged in the liquid, which is not trivial due to the

size of the dome. A pair of transducers smaller than those used in the gas dome were

�nally installed inside the pistons (see Figure 2.20 in section 2.2.2.3). Thus, only two

measurement points were available and both at extremities which did not facilitate the

experimental identi�cation of the eigenmodes. On the same basis of what already done

with the gas dome a total of 60 test cases was performed, combining:

� the geometrical parameters presented in section 2.2.2.3 (dome size, junction length

Lj and diameter dj);

� three spatial con�gurations of the injection system with respect to the acoustic axis

(see Figure 4.1).
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Figure 4.15 represents a schematic of the liquid with the locations of the two pressure

transducer and two examples of dome sizes, LD0 and LD4.

Figure 4.15: Schematic of the liquid dome with pressure trasnducer locations.

Figure 4.16 shows the amplitudes recorded by PTl and PTr (presented in the schematic

of Figure 4.15) while Figure 4.17 shows the phase-shift between their signals. Both quan-

tities are expressed as functions of the dome size, Lj and dj for the three spatial con�gu-

rations considered (IAN-VAN-IAN, PAN-IAN-VAN and IAN-PAN-IAN).

• For the IAN-VAN-IAN con�guration the liquid dome's acoustic pressure amplitudes

are always lower than 1200 Pa (10% of the maximum acoustic pressure in the main cavity

at PAN). Changing the junction diameter or length, or the dome size the liquid dome does

not present a uniform trend. But for Lj = 0.387 the acoustic pressure measurements of

PTl continuously decreases with increasing dome size, especially for dj = 1. As shown

in Figure 4.17(a) the acoustic pressure signals measured with PTl and PTr tend to be

out-of-phase. The phase-shift between transducers suggests an acoustic pressure spatial

distribution similar to that of the LD-B mode shape (see Figure 2.18). However, the

power spectral density does not present any content around 3500 Hz.

• In the PAN-IAN-VAN con�guration the response is more sensitive to the dome size

and the acoustic pressure amplitudes decrease with the dome size (see Figure 4.16(b)).

A peak is measured for LD1: it equals 2000 Pa for the shortest junction length and

diminishes to 1200 Pa for the longest one. The phase-shift between the transducers

ranges between 40◦ and 120◦ in Figure 4.17(b), which does not correspond to those of the

simple eigenmodes calculated and presented in Figure 2.13.

• For the IAN-PAN-IAN con�guration and for Lj = 0.387 acoustic pressure amplitudes

(see Figure 4.16(c))are the lowest and do not exceed 700 Pa. For Lj = 0.548 a stronger

response of the liquid dome is obtained. For dj = 0.67 two peaks are observed for LD0

and LD1, 1600 Pa and 1250 Pa respectively. In Figure 4.17(c) the phase shift between

left and right transducers indicates that signals are perfectly in-phase for dj = 1 and

Lj = 0.387, in agreement with the onset of the mode LD-A (see Figure 2.18 mode LD-A).
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For dj = 1 and Lj = 0.548 the response is more complex. For dj = 0.67 the pressure

transducers phase-shift decreases from 100◦ to 0◦ for Lj = 0.387 and from 60◦ to 0◦ for

Lj = 0.548.

Results indicate that in some conditions the liquid dome can present acoustic pressure

�uctuations of the same order of magnitude as that observed in the gas dome. The general

tendency is to reduce the acoustic response by increasing the dome size. However, results

indicate that the liquid dome's acoustic response is more complex than that of the gas

dome since amplitude �uctuations are not a�ected in a unique manner by the investigation

parameters.

4.4 Summary of Results

Design procedure described in section 2.2.2 led to the manufacture of the two domes and

the experimental investigation of the interaction between a high-amplitude transverse

acoustic �eld and an injection system has been possible. A wide-ranging parametric

analysis has been performed and the response of the system has been tested in several

con�gurations. The objective of this investigation was to observe how an injection system

could respond to the acoustic pressure �uctuations coming from an instability established

in a combustion chamber. Two injection domes, one for the gas and one for the liquid,

have been expressly designed in order to investigate the acoustic coupling at the forcing

frequency of 1 kHz. The two domes were used to feed three coaxial injectors similar

to those used in liquid rocket engine applications. By changing the position along the

acoustic axis, di�erent excitation conditions are imposed on the injection system and

thus di�erent mode shapes are excited inside the injection domes. In most of the cases,

eigenmode simulations allow the mode shapes excited experimentally to be identi�ed.

However in some cases, the response of the domes, particularly the liquid dome, is more

complex and direct identi�cation is not possible. The response of the injection system is

strongly a�ected by the acoustic boundary conditions at injector outlets and by all the

geometrical parameters considered here.

In all the con�gurations, the acoustic coupling between the gas dome and the main

cavity is weakened by increasing the mass �ow rate and the dome size, and by decreasing

the diameter of the ori�ces between the injectors and the gas dome. The only exception

is represented by the IAN-PAN-IAN con�guration, in which an excessive increase of the

dome size causes an increase of the acoustic response. For the IAN-VAN-IAN con�gu-

ration the boundary conditions imposed at the injector exit plane, in terms of acoustic
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(a)

(b)

(c)

Figure 4.16: Acoustic response of the liquid dome as a function of the dome size at: (a)
IAN-VAN-IAN, (b) PAN-IAN-VAN and (c) IAN-PAN-IAN.

pressure amplitudes in the main cavity, are lower than those corresponding to PAN-IAN-

VAN and IAN-PAN-IAN con�gurations. But, the gas dome shows the strongest acoustic

response for this con�guration. This indicates that the dome acoustics plays a role in the

acoustic coupling mechanism between the main cavity and the injection system.

Concerning the liquid dome response, the general tendency is to discourage the acoustic

coupling by increasing the dome's size. The liquid dome's response does not seem to be

strongly sensitive to the parameters studied here for the IAN-VAN-IAN con�guration
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(a)

(b)

(c)

Figure 4.17: Experimental phase-shift between the PTl and PTr signals as function of the
dome size and Lj at: (a) IAN-VAN-IAN, (b) PAN-IAN-VAN and (c) IAN-PAN-IAN.

except for the acoustic pressure measurement of PTl with Lj = 0.387 which continuously

decreases with increasing dome size. But, the liquid dome shows a strong acoustic response

in some conditions for PAN-IAN-VAN and IAN-PAN-IAN con�gurations.

The main conclusion is that both liquid and gas domes show a strong response to

the transverse acoustic �eld established in the main cavity. The maximum of acoustic

pressure �uctuation amplitudes attains 23% of the amplitudes of the acoustic pressure

forced in the main cavity (without mass �ow rate). In an actual propulsion system,
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such a high level of �uctuations in the injection dome could induce strong mass �ow-

rate �uctuations. In fact, mass �ow-rate �uctuations can contribute signi�cantly to the

acoustic �uctuation ampli�cation in the combustion chamber. Moreover, the maximum

response of the domes is not observed in the con�guration where the injection system

is submitted to the highest acoustic pressure �uctuations of the cavity (IAN-PAN-IAN

con�guration), but rather where the phase-shift conditions can excite a particular dome

eigenmode, as in the IAN-VAN-IAN con�guration for the gas dome.

Domes' geometries considered here do not replicate actual rocket engine geometries.

However, results presented in this study open the path to the de�nition of general rules

that could be used early in design phases, together with numerical simulations, to antici-

pate and justify the acoustic coupling behavior of domes/main combustion device cavity

and represent a starting point for future investigation.
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Chapter 5

Downstream e�ects: Atomization

Process response

This section is dedicated to experimental results concerning the e�ects of the acoustic

�eld on the atomization process. The �rst part presents the analysis performed through

high-speed visualizations (see section 5.1). The single injector response is described for

all atomization regimes in section 5.2 by distinguishing three phenomena: �attening, de-

viation and atomization improvement. Section 5.3 reports results obtained in the three-

injector con�guration, �rst without injection domes (section 5.3.1) then with the injection

domes (section 5.3.2). In section 5.4 preliminary results concerning droplet size (see

subsection 5.4.1) and gas velocity �eld measurements (see subsection 5.4.3) are shown to

demonstrate the feasibility of the techniques chosen. Section 5.5 is dedicated to the general

summary and remarks.

5.1 Introduction

One of the main objective of this research activity was the investigation of the response

of coaxial jets to high-amplitude pressure �uctuations. Many test conditions were taken

into account in order to have a complete characterization of the jet response. The �ve

characteristic injection locations, described in section 2.1, were considered: PAN, PAN-

IAN, IAN, IAN-VAN, VAN. These locations cover all the characteristic conditions, in

terms of acoustic solicitation, that a jet can �nd in a standing wave �eld. Several acoustic

levels were tested up to the maximum available, i.e. 12 kPa (peak-to-peak value mea-

sured at PAN). The forcing frequency was adjusted around 1 kHz depending on ambient

conditions. Injection conditions used range from those of the Rayleigh axi-symmetric

97
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regime, up to those of the �ber type regime, which is more representative of actual in-

jection conditions in liquid rocket engine combustion chambers. The investigation of low

Weber number atomization response is however fundamental, since atomization regimes

such as the Rayleigh axi-symmetric can provide valuable information that are necessary

to interpret the behavior of high Weber number atomization regimes.

Single and three-injector test con�gurations were considered. In the multi-injection

con�guration, experiments with and without the injection domes have been performed.

Experimental results obtained with the single-injector test con�guration allow identi-

fying three main phenomena:

� jet �attening , particularly strong around the velocity anti-nodes. The phenomenon

is mainly observed in atomization regimes presenting a long continuous liquid core

(low Weber atomization regimes);

� atomization process improvement , observed in the spatial region around the

velocity anti-nodes for high Weber number atomization regimes;

� jet deviation , particularly strong around the intensity anti-nodes. It concerns all

atomization regimes but its strength decreases while increasing the Weber number.

The knowledge coming from the analysis of single-injector results is then exploited for

analyzing the three-injector con�guration. Indeed, in multi-injection con�gurations the

combination of the above-mentioned phenomena gives rise to what as been identi�ed as

a droplet clustering phenomenon .

5.2 Single Injector Response

In this section the response to the acoustic perturbation of a single coaxial jet is investi-

gated via three e�ects observed experimentally: round jet �attening, atomization process

improvement, and jet and spray deviation. One injector is positioned successively at each

of the �ve above-mentioned locations inside the acoustic �eld. For high Weber number

atomization regimes, acoustic e�ects on the droplet spatial distribution are analyzed in

the light of �attening and deviation analysis for low Weber number regimes.

5.2.1 Flattening

Experiments on the e�ects of a transverse acoustic �eld on free jets [38, 40, 41] and

on coaxial jets [89, 90] show the appearance of �attening at a speci�c location in the
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acoustic �eld, namely at the velocity anti-node (VAN), for su�ciently high acoustic levels.

Hoover et al. [38] suggested that the �attening could be ascribed to a velocity coupling

mechanism similar to the deformation induced by the impact of two opposite transverse

gas �ows. However, calculation relying on the suggested con�guration did not provide

results comparable with the experiments. In 2009 Baillot et al. [90] proposed a mechanism

for the �attening based on nonlinear acoustic e�ects. A threshold for the onset of the

�attening was estimated by means of a calculation based on acoustic �eld scattered by

a spherical object. In light of these results it was decided to analyze the �attening

phenomenon, by systematically investigating the di�erent positions inside the acoustic

�eld (including VAN) for a wide range of atomization regimes. The �rst result is that the

phenomenon does not take place exclusively at VAN but in any locations in between VAN

and IAN, with a decreasing intensity. The responses of Rayleigh axi-symmetric (Weg = 9,

Rel = 2500), Rayleigh non symmetric (Weg = 40, Rel = 3000) and shear breakup (Weg =

60, Rel = 3900) regimes are presented in Figures 5.1 and 5.2. Images were recorded

according to views A and B (see section 3.1) for similar injection conditions. In the case

of the Rayleigh axi-symmetric and non-symmetric regimes the �attening and liquid sheet

formation are clearly visible around t = 0.159s. The liquid sheet is subsequently atomized

and a spray is formed. For the shear breakup regime, the �attening e�ect leads to the

deformation of a smaller liquid sheet (see Figure 5.2(j)) which is eventually atomized.

Images reported in Figures 5.1 and 5.2 indicate that �attening is limited to a certain

portion of the jet not too far from the injector exit plane. At the extremities of the

liquid sheet the jet maintains its circular shape. The injector nozzle represents a physical

constraint which imposed the circular shape to the jet. This means that the jet cannot

be deformed at the very exit of the injector nozzle. However, the constraint imposed by

the injector decreases along z̃. On the contrary, the interfacial coherence, represented by

the Laplace pressure drop, is inversely proportional to the jet radius and increases with

z̃a. The competition of these two factors determines the position at which the �attening

begins.

aFor low velocity regimes, as those considered here, the jet is accelerated, and the local radius ro(z)
diminishes with z̃. Moreover, the lower the Reynolds number, the more the radius diminishes along the
z̃-axis.
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(a) t = 0 s (b) t = 0.159 s (c) t = 0.191 s (d) t = 0.319 s

(e) t = 0 s (f) t = 0.159 s (g) t = 0.191 s (h) t = 0.319 s

(i) t = 0 s (j) t = 0.159 s (k) t = 0.191 s (l) t = 0.319 s

Figure 5.1: View A visualizations of jet response at VAN for: (a-d) Rayleigh axisymmetric
(Weg = 20, Rel = 1900); (e-h) Rayleigh non-symmetric (Weg = 40, Rel = 3000); (i-l)
shear break-up (Weg = 60, Rel = 3900). Forcing frequency f = 1015 Hz, pa,pp =
11800 Pa.
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(a) t = 0 s (b) t = 0.159 s (c) t = 0.191 s (d) t = 0.319 s

(e) t = 0 s (f) t = 0.159 s (g) t = 0.191 s (h) t = 0.319 s

(i) t = 0 s (j) t = 0.159 s (k) t = 0.191 s (l) t = 0.319 s

Figure 5.2: View B visualizations of jet response at VAN for: (a-d) Rayleigh axisymmetric
(Weg = 9, Rel = 2500); (e-h) Rayleigh non-symmetric (Weg = 36, Rel = 2200); (i-l) shear
break-up (Weg = 80, Rel = 2800). Forcing frequency f = 1015 Hz, pa,pp = 11800 Pa.

5.2.1.1 Jet Thickness Evolution

By post-processing the high-speed visualization images an accurate evolution of the jet

thickness is obtained as a function of time. The jet thickness Th can be extracted from
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raw images by applying contour detection techniques. Due to its initial shape the Rayleigh

axi-symmetric regime is the one that better lends itself to �attening quanti�cation and

analysis.

Figure 5.3 shows an example of the complete jet thickness evolution, from �attening

to atomization, deducted from high-speed visualizations for a speci�c location along the

jet length, z̃ = 3.33. The thickness values are reduced by the liquid post exit diameter

Dl (T̃ h = Th/Dl). During the �rst part of the process the jet thickness is quasi-constant.

When acoustic level is high enough to deform the jet, the measured thickness starts to

decrease. Then, a steep decrease during �attening and the minimum value represents the

thickness of the resulting liquid sheet; after this point the liquid sheet is atomized. The

noisy central part in Figure 5.3 is due to the presence of droplets resulting from the sheet

atomization. When the acoustics is turned o� the jet recover its initial shape, and the

original jet thickness is restored.

Figure 5.3: Example of jet thickness temporal evolution at VAN for z̃ = 0.33 extracted
from high-speed image post-processing (View A; Weg = 9; Rel = 2000; 1015 Hz; pa,pp ≈
12 kPa).

Jet thickness evolutions as shown in Figure 5.3 are calculated for several vertical

locations in between 1 < z̃ < 12. Figure 5.4 shows the jet thickness evolution for some of

theme. Only the part concerning the �attening is reported here. It can be observed that

the evolution of T̃ h varies along z̃. Indeed, due to the jet acceleration, the jet diameter

decreases along z̃. Moreover, the larger the distance from the injector exit, the higher

the probability to develop instabilities which results in quasi-periodic �uctuations of the

jet thickness. To avoid noise in the thickness detection, data are �tted by means of a

hyperbolic tangent function, as given by Eq. 5.1:
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(a) z̃ = 0.43 (b) z̃ = 1.68

(c) z̃ = 3.33 (d) z̃ = 4.60

(e) z̃ = 6.68 (f) z̃ = 8.35

Figure 5.4: Jet thickness time evolution at VAN before atomization for several positionS
along the vertical axis z̃ (View A; Weg = 9; Rel = 2000; 1015 Hz; pa,pp ≈ 12 kPa).

T̃ h = T̃ hf +
dT̃h

2

[
1− tanh

(t− to)
δt

]
. (5.1)

Figure 5.5 shows an example of �tting, for z̃ = 3.33. The non-dimensional thickness

T̃ h reported here is scaled with Dl. The parameters T̃ hf , dT̃h, to and δt introduced in

Eq. 5.1 are obtained from thickness measurements, see Fig. 5.5. The last �tting function

point corresponds to the instant before jet disintegration. At this time the jet presents

the minimum thickness, namely T̃ hf . Beyond this time the jet atomizes, and its thickness

is no longer de�ned at the measured point.
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Figure 5.5: Example of jet thickness evolution and its associated �tting curve for a jet in
the Rayleigh-axisymmetric regime (Weg = 9, Rel = 2000) at VAN, pa,pp ≈ 12 kPa, 1 kHz
(z̃ = 3.33; T̃ hf = 0.1276, dT̃h = 0.4136, to = 0.1569 s and δt = 0.0198 s).

5.2.1.2 Flattening Threshold

The thickness T̃ h(t) is measured simultaneously with the acoustic �eld peak-to-peak am-

plitude pa,pp(t) at the pressure anti-node. The �attening can be observed gradually and

a threshold criterion for its onset can be established. The percentage decrease of the jet

thickness for which the �attening phenomenon is considered to begin is �xed at 10%. This

value is small enough to consider that the phenomenon is at its very beginning and at the

same time the jet is only slightly deformed, which means that its sections can be assumed

circular. The corresponding experimental value of the acoustic pressure for which the jet

thickness is decreased by 10% is referred as p10%. Calculations have been carried out for

several locations along z̃. An illustration is given here for nine test cases at z̃ = 3.33 and

z̃ = 5.85. The ratio between the initial jet radius ro(z̃) and the radius of the injector

rinj is summarized in Table 5.1 along with the value of the maximum acoustic pressure

amplitude pa,pp measured at PAN (peak-to-peak value of the plateau of the signal, see

section 2.1.1). Injection conditions are also given in terms ofWeg and Rel. The associated

values of p10% are reported in Figure 5.6.

At z̃ = 3.33 all tests between VAN and IAN-VAN (labeled from 1 to 7 in Table 5.1 and

Figure 5.6) present a threshold p10% of around 2700 Pa. For tests 3 and 4 corresponding

to jets with a larger initial radius (see ro/rinj in Table 5.1) obtained by increasing the

Reynolds numbers, lower values of the threshold are obtained, 2268 Pa and 2372 Pa

respectively. The values of the threshold measured at z̃ = 5.85 are slightly higher than
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Test number Position Weg Rel ro(z̃ = 3.33)/rinj ro(z̃ = 5.85)/rinj pa,pp [Pa]a

1 VAN 9 2000 0.48 0.42 6124
2 VAN 9 2000 0.50 0.44 8379
3 VAN 9 3000 0.72 0.68 10096
4 VAN 9 2700 0.65 0.63 11396
5 VAN 9 2000 0.54 0.48 12277
6 IAN-VAN 6 2000 0.53 0.46 7110
7 IAN-VAN 6 2000 0.54 0.48 12281
8 IAN 6 2000 0.50 0.46 8842
9 IAN 6 2000 0.52 0.48 12283

PAN-IAN 6 2000 No �attening
PAN 6 2000 No �attening

Table 5.1: Flattening analysis: summary of test case conditions at z̃ = 3.33 and z̃ = 5.85
(aMaximum peak-to-peak acoustic pressure amplitude measured at PAN.).

those calculated at z̃ = 3.33. This is due to the fact that jet radius decreases along z̃ due

to the jet acceleration. The di�erence is less noticeable for tests 3 and 4. In these two

cases, due to the higher values of the Reynolds numbers (see Table 5.1), the jet radius

decrease in between the two vertical coordinates is smaller.

Figure 5.6: Comparison between the values of p10% at z̃ = 3.33 and z̃ = 5.85 for the test
cases indicated in Table 5.1.

For tests 8 and 9, which correspond to injection at IAN, the threshold p10% is around

4000 Pa. High-speed visualizations indicated that at IAN another phenomenon, namely

the jet deviation, takes place simultaneously to the �attening. Flattening and devia-

tion compete for the acoustic energy distribution: the acoustic energy is only partially

dedicated to the �attening phenomenon while the rest is transferred into the deviation

process.
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5.2.2 Atomization Process Improvement

This section focuses on the consequences of the nonlinear acoustic e�ects on the atom-

ization e�ciency. Discussion concerns atomization regimes at Weg ≥ 100 and analysis

of the atomization improvement is performed via the quanti�cation of the droplet spatial

distribution.

General response quanti�cation

For high Weber number regimes a spray is already formed without acoustics and jet

�attening cannot be detected since the continuous liquid core is very short. However, the

radiation pressure acts also on dispersed objects causing droplets deformation and break-

up, which modi�es the atomization process. Figures 5.7 and 5.8 show images of the spray

submitted to acoustics, for two cases of the membrane regime (Weg = 129, Rel = 3200

and Weg = 116, Rel = 2800) and two cases of the �ber regime (Weg = 224, Rel = 3200

and Weg = 224, Rel = 2800) for which the injector is placed at VAN. In both �gures the

�rst row shows the spray in view A and the second row shows the spray in view B. The

spray cone angles are also reported on images at t = 0 s (spray angle without acoustics)

and t = 0.319 s (spray angle with acoustics). These angles are determined from minimum

images (see �rst and last columns of Figures 5.7 and 5.8) where each pixel has got the

minimum grey level over the image series. In the minimum images black indicates the

locations where liquid droplets have passed.

For the membrane regime a drastic modi�cation of the atomization process is observed

between t = 0 s and t = 0.319 s, as well on view A as on view B. A closer observation

to what occurs in the vicinity of the nozzle exit clearly shows a �attening of the short

liquid core. This is characterized by an increase of the spreading angle in view B with a

simultaneous increase of the population of small droplets resulting from the atomization

of the �attened jet. Without acoustics the cone angle is similar in both views A and B,

while with acoustics a larger cone angle is observed, 40◦ for view A and 105◦ for viewB.

For the �ber regime without acoustics the cone angle is around 40◦ in both directions.

In this regime the atomization process modi�cation is not straightforward. A larger

increase of the spray angle is observed for view B (from ≈ 40◦ ≈ 80◦) than for view A

(from ≈ 40◦ ≈ 50◦), indicating that even if not clearly visible, a �attening of the remaining

ligaments is still possible at such a high Weber number.

Droplet location distributions have been investigated by image analysis [110, 111] to

quantify the acoustics e�ect on the generation and on the spreading of the spray. The
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(a) w/o ac (b) t = 0 s (c) t = 0.159 s (d) t = 0.191 s (e) t = 0.319 s (f) with ac

(g) w/o ac (h) t = 0 s (i) t = 0.159 s (j) t = 0.191 s (k) t = 0.319 s (l) with ac

Figure 5.7: Jet response at VAN for the membrane regime: (a-f) view A, Weg = 129,
Rel = 3200; (g-l) view B, Weg = 116, Rel = 2800. Forcing frequency f = 1015 Hz,
pa,pp ≈ 12 kPa.

spatial distribution of droplets for the membrane and �ber regimes at VAN are shown

in Figure 5.9 for view A and B. Dash-dotted lines without markers indicate the droplet

spatial distribution N̂0
d without acoustics, while dash-dotted lines with circular markers

correspond to the distribution N̂ac
d at the maximum acoustic solicitation. Each curve is

scaled with respect to the maximum number of object N0,max
d without acoustics. A higher

droplets production is observed for the membrane regime in both views. In view A, spatial

distributions indicate a concentration of droplets around the injection axis while in view

B a spreading of the distributions is observed.

The ratio between the integrals of N̂ac
d and N̂0

d representing an assessment of the

droplets production ratio PR, is reported in Table 5.2 for four locations of interest. With

acoustics the number of objects is almost doubled in the �ber regime and is 10 times

higher in the membrane regime at VAN. If the injector is placed between IAN and VAN a

ratio of 7.61 is obtained for the jet in the membrane regime and 1.2 for the �ber regime.

At IAN and PAN-IAN this ratio is around 2 for the membrane regime and close to the

unity for the �ber case. For these two latter locations the values are underestimated due

to the spray deviation which means that a number of the droplets are outside the �eld of

view.
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(a) w/o ac (b) t = 0 s (c) t = 0.159 s (d) t = 0.191 s (e) t = 0.319 s (f) with ac

(g) w/o ac (h) t = 0 s (i) t = 0.159 s (j) t = 0.191 s (k) t = 0.319 s (l) with ac

Figure 5.8: Jet response at VAN for the �ber regime: (a-f) view A, Weg = 224, Rel =
3200; (g-l) view B, Weg = 224, Rel = 2800. Forcing frequency f = 1015 Hz, pa,pp ≈
12 kPa.

Position Pr for membrane regime PR for �ber regime
VAN 9.35 1.76
IAN-VAN 7.61 1.20
IANa 2.21 1.09
PAN-IANa 1.76 0.90

Table 5.2: Droplet production ratio PR = N̂ac
d /N̂

0
d (a PR is underestimated due to the

deviation which brings droplets outside the �eld of view). View A.

Fiber regime response quanti�cation as a function of droplet size

Figure 5.10 shows the droplet spatial distributions N̂d for two classes of droplet diameters

in the case of the �ber regime at VAN. The �rst class (designated as small droplets)

concerns elements with a reduced diameter in the range 0.0025 - 0.025 while the second

one (big droplets) involves objects diameters in the range 0.075 - 0.25. Distributions

obtained from view A are shown in Figure 5.10(a) and Figure 5.10(b) while those from

view B are reported in Figure 5.10(c) and Figure 5.10(d). Curves in each plot are scaled

by the maximum number of objects without acoustics. The Gaussian standard deviation

SD can be considered as an indicator of the spray width.

Small droplets move away from the jet axis as observed in view A and B. With
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(a) (b)

(c) (d)

Figure 5.9: Droplet spatial distribution N̂d at VAN with (•) and without (dash-dotted line)
acoustics for: (a) membrane regime, Weg = 129, Rel = 3200, view A; (b) �ber regime,
Weg = 224, Rel = 3200, view A; (c) membrane regime, Weg = 116, Rel = 2800, view
B; (d) �ber regime, Weg = 224, Rel = 2800, view B. Forcing frequency f = 1015 Hz,
pa,pp ≈ 12000 Pa.

acoustics SD increases from 17.2 and 15.8 to 20.2 and 19.5 respectively for the views A

and B. The same behaviour is observed for the big droplets in view B for which SD

increases from 11.9 to 19.2 but not for view A for which SD decreases from 11.7 to 9.7.

It has already been shown that droplets tend to be merged in VAN under the action of

acoustics. In Figure 5.10, VAN corresponds to the image plane of view B or to the central

axis (ỹ = 0) in view A. The accumulation of droplets in VAN is particularly signi�cant

for big droplets where an increase of drop counting is clearly seen at center of view A (see

Figure 5.10(b)). Large droplets tend to be trapped in the VAN plane while smaller ones

are more likely to be entrained away from the axis by the gas �ow and are thus ejected

in both views.
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(a) (b)

(c) (d)

Figure 5.10: Droplet spatial distribution N̂d at VAN with (•) and without (dash-dotted
line) acoustics for the �ber regime Weg = 224, Rel ≈ 3000: (a) small droplets, view A;
(b) big droplets, view A; (c) small droplets, view B; (d) big droplets, view B. Forcing
frequency f = 1015 Hz, pa,pp ≈ 12 kPa.

5.2.3 Deviation

When the liquid system is far from VAN and PAN it is deviated by the acoustic �eld

toward the nearest VAN. Deviation involves low and high Weber number atomization

regimes and both jet and droplets are deviated away from their original trajectories. Low

Weber number regimes will be discussed �rst in order to better visualize the phenomenon,

then high Weber regimes will be treated in light of what has been observed for the low

Weber regimes.

5.2.3.1 Low Weber Number Atomization Regimes

In the case of Rayleigh axi-symmetric regime, without perturbation, the jet can be con-

sidered cylindrical, at �rst approximation. The deviation is quanti�ed by introducing a

deviation angle γ, de�ned as the angle between the vertical and linear regression of the
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jet center-line, evaluated between 0 and z̃γ, as indicated in Figure 5.11(d) (see section 3.1

for more details on calculation of the deviation angle). The jet response di�ers according

to the injector position with respect to a.a., as shown in Fig. 5.11.

(a) (b) (c) (d)

Figure 5.11: Jet deviation at (a) PAN-IAN; (b) IAN; (c) IAN-VAN and (d) example of
deviation angle calculation.

Deviation without �attening

At PAN-IAN a pure deviation is observed. The jet remains cylindrical and the deviation

angle is constant through all the jet length (see Figure 5.11(a)). Figure 5.12 shows the

evolution of γ for two cases which are indicated by the maximum acoustic levels reached

at PAN during the plateau of the acoustic signal: test "pa,pp = 11870 Pa" and test

"pa,pp = 6000 Pa". In both cases, γ increases continuously throughout the ramp and

reaches a constant value during the plateau of the acoustic signal. The maximum angle

of deviation (10◦) is observed for the maximum possible amplitude of the acoustic �eld,

i.e. pa,pp = 11870 Pa measured at PAN. We can conclude that since the �attening

phenomenon is totally absent at this location, all the acoustic energy is used to deviate

the jet.
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Figure 5.12: Experimental deviation angle for a jet (Weg = 9, Rel ≈ 2000) placed at
PAN-IAN for: 2, test "pa,pp = 11870 Pa"; �, test "pa,pp = 6000 Pa".

Deviation attenuated by �attening

At IAN and IAN-VAN, deviation and �attening appear simultaneously, and liquid sheet

atomization occurs for acoustic levels pa,pp, measured at PAN, higher than about 5500 Pa.

At these locations, part of the acoustic energy is used to �atten the jet, and the liquid

surface on which the radiation pressure acts is deformed. It is inferred that due to the

liquid surface deformation, the jet response changes along the jet axis and the deviation

is no longer uniform (see Figures 5.11(b) and 5.11(c)). The region of the jet close to the

injection exit plane is more deviated than the rest of the jet, which remains parallel to the

vertical axis. Thus, the jet assumes an arc shape and the point of jet maximum deviation

is located at a distance z̃max from the injection plane, this distance depending on the

injection location. Figures 5.13- 5.14 shows the evolution of γ when the injector is placed

at IAN and IAN-VAN. The star-markers represent the instant of atomization. When the

amplitude of the acoustic �eld is not high enough to achieve a total jet �attening, such as

pa,pp = 3660 Pa, the evolution of γ is similar to that observed at PAN-IAN: γ increases

continuously throughout the ramp and then reaches a plateau.

At IAN, for test "pa,pp = 11870 Pa", measured at PAN, γ begins to increase up to

t = 0.15 s. At this time, a transition is observed, during which the jet is also �attened and

γ decreases. After the transition γ increases again. For test "pa,pp = 3660 Pa" a certain

amount of jet �attening is still present. The transition is less noticeable than in the

previous case, and the jet is not atomized. A similar behavior is observed at IAN-VAN

(see Fig. 5.14). For test "pa,pp = 12180 Pa", the transition is observed around t = 0.1 s,

but the sheet is rapidly atomized after this time and γ can no longer be determined. For



Acoustic E�ects on the Atomization Process 113

Figure 5.13: Experimental deviation angle for a jet (Weg = 9, Rel ≈ 2000) placed at IAN
for: 2, test "pa,pp = 11870 Pa"; �, test "pa,pp = 3660 Pa".

Figure 5.14: Experimental deviation angle for a jet (Weg = 9, Rel ≈ 2000) placed at
IAN-VAN for: 2, test "pa,pp = 12180 Pa"; �, test "pa,pp = 5015 Pa".

test "pa,pp = 5015 Pa", �attening is less evident. The angle γ constantly increases and

reaches a constant value during the plateau of the acoustic signal.

5.2.3.2 High Weber Number Atomization Regimes

High Weber number atomization regimes (Weg ≥ 100) are characterized by a continuous

liquid core with a short length and a dispersed phase. Acoustic e�ects are proved through

the analysis of spray deviation which is quanti�ed by comparing the droplet spatial dis-

tributions f(i) (de�ned by Eq.3.1) with and without acoustics. Figure 5.15 shows f(i) for

the membrane (Weg = 100) and the �ber (Weg = 220) regimes at IAN and VAN. The

dash-dotted lines represent �ber regime f(i) without acoustics, which is symmetric with

respect to the injection axis, ỹ = 0. A representative case for low Weber regimes with
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acoustics (Rayleigh axi-symmetric regime at Weg = 20) is also reported for comparison.

At IAN all curves are shifted with respect to the case without acoustics indicating liquid

accumulation on the right side of the image toward VAN. At VAN (Figure 5.15(e)) all

curves are superimposed to the case without acoustics. This is in accordance with the

fact that no deviation was observed at this location for low Weber number regimes.

Due to their particular shape the probability density functions can be �tted with a

Gaussian function (see section 3.1). The mean value µh is calculated by considering the

droplet spatial distribution f(i) on the entire image height. Hereafter, µh is reduced by the

image width wim and indicated as µ̃h. For each distribution µ̃h provides a quanti�cation

of the spray deviation. Figure 5.16 summarizes the f(i) mean values for the two cases

presented in Figure 5.15 and for the three other locations investigated, IAN-VAN, PAN-

IAN and PAN. As expected, µ̃h depends on the position of the injector along the acoustic

axis: it is approximately 0 at PAN and VAN, and maximum at IAN and PAN-IAN,

coherently with what observed for γ. It should be mentioned that, for the Rayleigh

regime, no data are available at PAN and PAN-IAN since no induced atomization is

observed at these particular positions.

The e�ect of the acoustic pressure level on the deviation of sprays located at IAN is

reported in Figure 5.17(a). Three injection conditions are considered: one for membrane

atomization regime at Weg = 104, Rel = 3900 and two for �ber regimes at Weg = 262,

Rel = 3900 and Weg = 225, Rel = 2500. As expected, the higher the acoustic pressure

level the greater the deviation µ̃h. When the acoustic pressure level is higher than about

3000-4000 Pa, the spray is deviated and µ̃h is found to increase non-linearly with the

acoustic pressure, according to a quadratic or exponential growth (R2
quad = 0.959)b.

For amplitudes of the acoustic �eld lower than 3000-4000 Pa there is no signi�cant

deviation. The physical meaning of this pressure threshold can be understood by intro-

ducing the acoustic Froude number Frac, de�ned as the square root of the ratio of the

mean acoustic energy of a stationary wave per unit mass εac = p2
a/(2ρgc

2) over the gravi-

tational potential energy of the liquid system per unit mass εg = ρlgDl, calculated on a

displacement equal to the initial jet diameter Dl.

Frac =

√
εac
ρlgDl

(5.2)

As can be seen in Figure 5.17(b) when the Froude number reaches a value of about 1 the

spray is deviated, which means that the acoustic potential energy becomes high enough

bDiscrimination between the two kinds of growth would necessitate data for larger pressure amplitudes
or larger Froude numbers as seen in the following.
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(a) (b)

(c) (d)

(e)

Figure 5.15: Droplet probability density function f(i) for �ber (· · · ); membrane (� �)
and Rayleigh axi-symmetric (� �) regimes with acosutics (pa,pp ≈ 12 kPa at1 kHz)
compared with the �ber regime without acoustics (��) at: (a) PAN; (b) PAN-IAN; (c)
IAN; (d) IAN-VAN and (d) VAN.
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Figure 5.16: Gaussian �tting curve mean value µ̃h as function of the position along the
acoustic axis for: 3, �ber; k, membrane and #, Rayleigh axi-symmetric regimes (pa,pp ≈
12 kPa at 1 kHz).

to counterbalance the gravitational energy.

5.2.3.3 Deviation as a function of z̃

The whole spray in each image was considered for the calculation of µ̃h in Figure 5.16

and 5.17(a). To analyse the progress of the spray deviation along the vertical axis, images

are subdivided in horizontal slices centered at di�erent locations z̃ where the local mean

value µ̃(z̃) of the Gaussian function used to �t the droplet spatial distribution of each

slice is determined. These results are reported in Figure 5.18(a) for the membrane regime

and in Figure 5.18(b) for the �ber regime. Whatever the atomization regime, it is clear

from these �gures that when injection takes place at PAN and at VAN, µ̃(z̃) is almost

constant indicating that no deviation occursc. At PAN-IAN and IAN for both regimes and

also at IAN-VAN for the �ber regime, the deviation of the spray increases progressively

from the injection point toward the nearest VAN location. The maximum deviation

determined on the whole spray image that is found to be µ̃m = 0.06 for membrane and

�ber regimes at IAN and PAN-IAN. The local maximum deviation is found to be as

large as µ̃(z̃) ≈ 0.1 − 0.12 at the bottom of the �eld of view, resulting form a roughly

linear increase of the deviation along the vertical axis. For the particular case of the

membrane regime at IAN-VAN (Figure 5.18(a)), µ̃(z̃) increases up to the middle of the

image and then decreases to zero at the bottom of the �eld of view. As already observed

cIn Figure 5.18(b) µ̃(z̃) for VAN measurements are slightly di�erent from zero because there is a small
shift between the injector axis and the VAN-axis of the acoustic �eld. The sign of µ̃(z̃) depends on the
side of the shift with respect to the VAN-axis.
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(a)

(b)

Figure 5.17: Spray deviation µ̃h as a function of: (a) acoustic pressure amplitude; (b)
acoustic Froude number Frac. Frequency of 1 kHz, injector placed at IAN (exponential
�tting curve (��), R2

exp = 0.95954; quadratic �tting curve (· · · ), R2
quad = 0.95918).

for the deviation of the cylindrical jet in Rayleigh regime (see section 5.2.3), it seems that

spray deviation does not take place everywhere with the same e�ciency. The membrane

regime is characterized by the presence of large liquid blobs and ligaments that tend to

be elongated into thin membranes that �nally atomize themselves in very small droplets.

At this very point, as observed for the Rayleigh regime, part of the acoustic energy is

consumed in liquid blobs �attening, resulting in a less e�cient deviation of the spray.

This is supported by the strong enhancement of the atomization induced by nonlinear

acoustic e�ect on the spray at this particular position for the membrane regime (see

Table 5.2).
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(a)

(b)

Figure 5.18: Gaussian mean value µ̃(z̃) for (a) membrane and (b) �ber regimes as function
of the longitudinal axis at: # , PAN; × , PAN-IAN; k, IAN; � , IAN-VAN; 3, VAN
(pa,pp ≈ 12 kPa at 1 kHz).



Acoustic E�ects on the Atomization Process 119

5.3 Multi-point Injection Con�guration

In a liquid rocket engine hundreds of injectors are used to feed the propellants into the

combustion chamber in order to ensure a correctly proportioned mixture of fuel and ox-

idizer, and uniform mass �ow and composition, insofar as possible. The combination

of the e�ects highlighted in the previous sections has been experimentally investigated

by placing three injectors in the acoustic cavity. When the injections take place simul-

taneously, a droplet clustering e�ect occurs, consecutively to the liquid jet atomization

improvement and the deviation generated by the acoustic �eld. Results reported in this

section were obtained from visualizations taken with view A. The spatial distributions

here are calculated considering objects with a reduced diameter in the range 0.025 - 0.5.

At �rst, injection at low Weber number (Weg = 9) is considered, in order to identify cru-

cial features which could be used to interpret response of multi-injection con�guration at

higher Weber numbers. Response of jets at a higher Weber number (Weg = 190) follows.

5.3.1 Without Injection Domes

Low Weber regime response (Weg = 9, Rel = 2000)

In Figure 5.19 three di�erent con�gurations are presented for three initially identical jets.

Each con�guration is accompanied by its respective droplet spatial distribution, calculated

on the entire image. In Figure 5.19(a) the central jet is placed at PAN and the two lateral

ones are both at IAN. The two latter jets are seen to be �attened, atomized and deviated

toward the nearest velocity anti-node, while the central jet is una�ected. The deviation

is also noted in the spatial distribution plot by the fact that the two distribution maxima

are not aligned with the injection axes at IAN.

In the con�guration presented in Figure 5.19(b) the injector positions are, from left

to right respectively, PAN, IAN and VAN. Droplet spatial distribution indicates that this

con�guration presents a non symmetric response and droplet clustering is observed in the

region around IAN and VAN while an absence of droplets is observed in the plane of the

pressure anti-node.

In the last con�guration, Figure 5.19(c) injections take place at IAN-VAN-IAN. This

con�guration exhibits a quasi-symmetric response, all jets are strongly a�ected by acous-

tics, and the two lateral ones are deviated toward the central VAN location. The small

discrepancies between the right and left sides may results from an asymmetry of the

acoustic �eld (see Figure 2.6(b)).
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(a) (b)

(c)

Figure 5.19: Multi-point injection visualization and droplet spatial distribution N̂d for
low Weber regime at: (a) IAN-PAN-IAN; (b) PAN-IAN-VAN and (c) IAN-VAN-IAN.
Weg = 9 and Rel = 2000; pa,pp ≈ 12 kPa at 1 kHz (view A).
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The corresponding droplet spatial distribution reported presents a bell-shape with a

maximum at ỹ = 0 and with practically no droplets along the IAN axes, con�rming the

clustering e�ect around VAN. The contribution to the droplet distribution in the vicinity

of VAN results from the deviation of the two jets at IAN contrarily to the previous case,

which comes from only one IAN-jet. These low Weber number tests allow to clearly visu-

alize the modi�cation of the atomization regime induced by acoustics and the clustering

phenomenon. Finally experiments indicate that due to interaction between sprays sub-

mitted to such high-level transverse acoustic �elds, the region around IAN and VAN is the

one with the strongest modi�cation in the atomization regime. In fact, tests with a single

injector (see section 5.2) have shown that when the injector is placed at VAN a strong

atomization regime improvement takes place and the smallest droplets tend to move away

from the injection axis. Thus, they tend to occupy the region around VAN. When the

injection takes place at IAN, the modi�cation of the atomization regime is less intense

but the droplets are deviated toward VAN. The combination of these two processes causes

the present clustering phenomenon in the spatial region around IAN and VAN.

High Weber regime response (Weg = 190, Rel = 2000)

In the light of what is observed at low Weber numbers it is possible to analyze the

�ber atomization regime at Weg = 190 and Rel = 2000. The same three injection

con�gurations, as reported in Figure 5.19, are considered in Figure 5.20. Each image

is divided into 18 classes. The droplet spatial distribution N̂d corresponds here to the

number of droplets calculated in each class, and reduced by the maximum in the reference

case without acoustics (visualizations taken with view A). The response is investigated

by comparing droplet spatial distributions with acoustics N̂ac
d and without acoustics N̂0

d

(see Figure 5.20). The global characteristic behavior observed at low Weber numbers is

also found at high Weber numbers, except at PAN where there is no atomization with

and without acoustics at low Weber number regimes. Thus, in the vicinity of IAN and

VAN similar spatial distribution shapes are found. The droplet spatial distribution for

the con�guration IAN-PAN-IAN is presented in Figure 5.20(a). At extreme positions, i.e.

|ỹ| > 0.6, N̂ac
d is above N̂0

d resulting from a deviation in the direction of the velocity anti-

nodes. Moreover, as seen in section 5.2.2, acoustics induces an increase in the droplets

number for jet in �ber regimes placed at IAN (Table 5.2 in section 5.2.2). This e�ect,

combined with the interaction of the two lateral sprays with the central one justi�es the

small accumulation around PAN.

When injection takes place at PAN-IAN-VAN (see Figure 5.20(b)) a strong increment
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(a) (b)

(c)

Figure 5.20: Droplet spatial distribution N̂d for the �ber atomization regime (Weg = 190,
Rel = 2000) in multi-point injection test at: (a) IAN-PAN-IAN; (b) PAN-IAN-VAN and
(c) IAN-VAN-IAN. Dash-dotted line, no acoustics; (•), pa,pp ≈ 12 kPa at 1 kHz (view A).

in the number of droplets is observed at IAN and VAN while the production ratio around

PAN is almost one. The droplets spatial distribution induced by acoustics is strongly

non-symmetric and a clustering in the region between IAN and VAN is measured.

When injection takes place at IAN-VAN-IAN (see Figure 5.20(c)) the two sprays at

IAN are deviated toward the central position and a clustering in the region around VAN

is quanti�ed. The observed asymmetry, as mentioned above, can be ascribed to the

asymmetry of the acoustic �eld.

Three-point injection tests provide a better insight on the droplet spatial distribu-

tion induced by a high amplitude acoustic �eld even for high Weber number regimes.

Similarly to what quanti�ed for the low Weber regimes, experiments con�rm that jets

in the neighborhood of IAN and VAN, are the most modi�ed. To conclude, the cluster-

ing phenomenon results from the combination of deviation and atomization improvement

phenomena.
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5.3.2 With Injection Domes

In the previous section the three-point injection con�guration has been discussed in order

to highlight the clustering e�ect. The three injectors were independently fed, thus the re-

sponse was induced purely by the acoustic induced in the main resonant cavity. However,

in Chapter 4 it has been shown that under certain conditions the injection domes, espe-

cially the gas dome, can provide a very strong acoustic response. It is thus inferred that

such acoustic levels inside the gas dome could provide �ow �uctuations which in turns

could modify the atomization process and a�ect the droplet spatial distribution. The

maximum acoustic response of the gas dome was measured for GD0 and dor = 1.123: 800

Pa, 1700 Pa and 2000 Pa respectively for IAN-PAN-IAN, PAN-IAN-VAN and IAN-VAN-

IAN (see section 4). These results have been obtained with a mass �ow rate corresponding

to Weg = 190 (see mmax
air in section 4.2). The liquid dome acoustic measurements did not

show an uniform trend (see section 4.3). However, the smallest dome size LD0 with the

junction Lj = 0.548 with a diameter dj = 1, seems to provide in general a strong response

(see Figure 4.16 in section 4.3). Results presented in this section have been thus obtained

with the following domes' parameters: GD0; dor = 1.123 for the gas dome; and LD0,

Lj = 0.548 and dj = 1 for the liquid dome.

In Figure 5.21 the non-dimensional droplet spatial distributions N̂d for the three-

injector con�guration without injection domes (��) are compared with those with in-

jection domes (� � �). Distributions are scaled with the maximum of the distributions

without injection domes. At IAN-PAN-IAN (see Figure 5.21(a)), where the gas dome

presents the lower acoustic response, the two spatial distributions present similar shapes.

At PAN-IAN-VAN (see Figure 5.21(b)) the asymmetry of the distributions with the domes

is more marked than that without dome. With an intensi�cation of the droplets clustering

in the region between IAN and VAN. At IAN-VAN-IAN (see Figure 5.21(b)), where the

gas dome presents the higher acoustic response, a decrease in the droplet counting around

VAN is noted.
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(a) (b)

(c)

Figure 5.21: Droplet spatial distribution N̂d for the �ber atomization regime (Weg = 190,
Rel = 2000) in multi-point injection test at: (a) IAN-PAN-IAN; (b) PAN-IAN-VAN and
(c) IAN-VAN-IAN; without injection domes (��) and with injection domes (� � �)
(pa,pp ≈ 12 kPa at 1 kHz; GD0; dor = 1.123 for the gas dome; and LD0, Lj = 0.548 and
dj = 1 for the liquid dome).
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5.4 Implementation of Droplet Size and Gas Velocity

Measurements Techniques

In the framework of the activities of the REST group a collaboration with the French na-

tional aerospace research establishment ONERA has been initiated in order to investigate

both, experimentally and numerically, the e�ects of the acoustic �eld on the atomization

process at injection conditions very close to those typical of liquid rocket engines. The

injection conditions chosen are in the �ber regime at high Weber number (Weg > 400)

with Rel = 6602 and J = 5.1. They represent a compromise between the conditions that

can be found in a real LRE combustion chamber and those that can be produced in our

experimental test bench. The position in the acoustic �eld selected was IAN, in order to

quantify the deviation phenomenon produced by the acoustic perturbation. Our objec-

tive is to provide experimental data which will be used to validate numerical simulations.

Measurements required concerns spray deviation, droplet size distributions and gas veloc-

ity �eld. The deviation has been quanti�ed by calculating the droplet spatial distribution

from high-speed image post-processing. This technique, already used for lower Weber

regimes (see Chapter 5), has been used to demonstrate that deviation takes place also in

such a high Weber and Reynolds number regimes. The measurement of droplet size and

gas velocity represented a challenge due to the experimental setup con�guration. Droplet

size quanti�cation has been performed by image processing (see section 3.2). Images

have been acquired using the experimental setup described in Figure 3.10 in section 3.2,

in which two cameras (with a maximum frame rate of 10 Hz) are used simultaneously.

The di�culties represented by the application of this technique was due to the num-

ber of images required and the protocol adopted to prevent loudspeaker damaging (see

section 2.1). Gas �eld velocity measurements have been performed by Laser Doppler Ve-

locimetry (LDV). The experimental con�guration used is that described in section 3.3.

The application of this technique in our experimental setup represented a true challenge.

The �rst reason is due to the limited space in the experimental room in which the laser

generation system, the probe and the 3-D displacement system had to be arranged. The

second problem was the absence of an air extraction system in the acoustically isolated

room. The third problem, as for the droplet size characterization, was represented by the

protocol adopted to prevent loudspeaker damaging, each measured point corresponds to

a single test. LDV preliminary measurements have been made for injection conditions

at Weg = 190, Rel = 2000. The feasibility of these measurements techniques applied to

our experimental setup has been demonstrated, and serves as a starting point for future
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investigations.

5.4.1 Quanti�cation of Deviation for: Weg > 400, Rel = 6602,

J = 5.1.

High-speed visualizations have been performed at IAN for the following injection con-

ditions: Weg > 400, Rel = 6602 and J = 5.1. The spray obtained at such injection

conditions without acoustics is represented in the left side of Figure 5.22 while the jet

submitted to the maximum solicitation (pa,pp ≈ 12 kPa at 1 kHz) of the acoustic �eld

is presented on the right side. A modi�cation of the atomization regime can be observed

from the raw images.

(a) (b)

Figure 5.22: Snapshots of the spray (a) without acoustics and (b) during maximum
acoustics at IAN (Weg > 400, Rel = 6602, J = 5.1, pa,pp ≈ 12 kPa at 1 kHz).

In order to quantify the deviation of the jet the droplet spatial distribution has been

calculated following the same procedure already adopted in section 5.2.3.2.

Image post-processing has been performed on the entire image width and length, consid-

ering a sequence of 200 frames. Objects with a reduced diameter in the range 0.003 - 0.3

have been considered (object diameters are reduced by Dl). A morphological criterion on

the droplet sphericity Sp ≤ 0.4 is used. In Figure 5.23 the droplet spatial distribution

with acoustics is compared with that of the spray without acoustic perturbation. The
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droplet spatial distribution without acoustics is non-symmetric. This can be ascribed

to a non-perfect centering of the liquid post with respect to the injection axis, which is

noticeable only at very high values of the Weber number. The asymmetry is also present

Figure 5.23: Droplet spatial distribution f(i) for the ONERA test case without acosutics
(−) and with acoustics at IAN (−#−) (Weg > 400, Rel = 6602, J = 5.1, pa,pp ≈ 12 kPa
at 1 kHz).

in the case with acoustics in which deviation is moreover observed. Deviation is detected

in the direction towards the velocity anti-node (right side of the �gure) and its strength

decreases from left to right. On the left side, i.e. in between PAN and IAN, the two

curves are clearly separated due to the deviation which is strong enough to move the

droplets toward VAN located on the right side of the image. On the contrary, on the right

side, i.e. in between IAN and VAN, the deviation is less intense (see section 5.2.3) and

the di�erence between the two curves is less marked. This result con�rms what has been

already observed at lower Weber numbers.

As discussed in section 5.2.3.2 the deviation is not constant all along the jet axis. Thus,

in order to better characterize the spray deviation images are subdivided into horizontal

slices along the vertical axis z̃. Results are reported in Figure 5.24. Two classes of

objects are considered in order to identify possible di�erences in the response due to

the object diameters: 0.003 < Dobj/Dl < 0.03 for small objects; 0.03 < Dobj/Dl < 0.3

for big objects (with φd = Dobj/Dl being the reduced equivalent spherical diameter).

The deviation for the entire population (0.003 < φd < 0.3) is also reported in the plot.

They are compared with the reference case without acoustic for objects with a diameter

in the range 0.003 < φd < 0.3. The three distributions with acoustics present similar

behaviors and are superimposed; deviation increases linearly from the injector exit plane
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Figure 5.24: Gaussian mean value µ̃(z̃) as a function of z̃ for: (−) φd = 0.003 − 0.3
(reference values without acoustics); (x) φd = 0.003− 0.3 (ac); (�) φd = 0.003− 0.03 (ac)
and (�) φd = 0.03− 0.3 (ac) (Weg > 400, Rel = 6602, J = 5.1, pa,pp ≈ 12 kPa at 1 kHz).

until z̃ = 0.7, where it reaches a maximum of roughly 0.5Dl. For z̃ > 0.7 the deviation

remains constant.

5.4.2 Droplet Size Characterization

Images shown in Figure 5.22 suggest a modi�cation of the atomization regime induced by

the acoustic �eld. Droplet size measurements have been performed in order to investigate

modi�cation induced by the acoustic �eld at IAN forWeg > 400, Rel = 6602 and J = 5.1.

The experimental setup is that described in section 3.2. Two cameras with a maximum

frame rate of 10 Hz have been used simultaneously as shown in Figure 5.4.2 in order to

reduced the number of tests, and to prevent loudspeaker damaging. A total of 120 images

has been acquired during the acoustic solicitation following the procedure explained in

section 3.2 (see Figure 3.13). The size of the measurement window is 1.8Dl x 1.5Dl

(resolution: 2448 x 2050 pixels). The coordinates of the center of the measurements

window are: x̃ = 0, ỹ = 0.28Dl; z̃ = 15Dl. In Figure 5.25 the measurement window

position is shown on an image from the high-speed series. This measurement position

has been chosen as result of a compromise between numerical calculation needs, and

experimental measurement feasibility. It is su�ciently distant from the injection plane

to have a su�cient number of objects; and not to close to the liquid core in order to

prevent ligaments or blobs to be captured by the images. Objects considered in the post-

processing are in the reduced diameter range 3.33 · 10−4 < Dobj/Dl < 8.33 · 10−2 with a

sphericity criterion of Sp ≤ 0.4.
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Figure 5.25: Representation of the droplet size measurement window location (x̃ = 0,
ỹ = 0.28Dl; z̃ = 15Dl) on an image from the high-speed series (measurement window
size: 1.8Dl x 1.5Dl).

Quanti�cation of deviation

The droplet spatial distribution has been calculated on the entire measurement window,

in the same way as droplet spatial distributions have been calculated from high-speed

visualization images (see section 3.1). Results are shown in Figure 5.26. Without acoustics

the droplet spatial distribution is quasi-constant indicating a homogeneous distribution

along ỹ in the measurement window. With acoustics a strong asymmetry in the droplet

distribution is observed indicating that the deviation, which has been clearly observed

on large scale (see Figure 5.23), is also noticeable at reduced scale. The e�ects of the

deviation are also noticeable in the average number of objects detected per images, which

is increase of about 15% with acoustics.

Droplet size quanti�cation

The same series of images that has been used in the previous section, for the quanti�cation

of the deviation, have been used to quantify the droplet size distribution. The numerical

distribution fnum has been calculated as follows. Let consider the range of diameters in

between the maximum and minimum diameters detected from the images. This range can

be divided into n classes, and for each classes the median diameter Dmed can be calculated

as the diameter corresponding to half of the distribution in the interval n. The numerical
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Figure 5.26: Droplet spatial distribution (2) without acoustics and (•) with acoustics
(Weg > 400, Rel = 6602, J = 5.1, pa,pp ≈ 12 kPa at 1 kHz).

distribution fnum indicates the probability to �nd objects in a certain diameter interval.

The integral of the numerical distribution is equal to 1. The numerical distributions

calculated without acoustics and with acoustics are compared in Figure 5.27 as functions

of Dmed/Dl. They are scaled with the maximum of the numerical distribution without

acoustics. The two curves do not present noticeable di�erences. Moreover, characteristic

Figure 5.27: Droplet size distribution (2) without acoustics and (•) with acoustics (Weg >
400, Rel = 6602, J = 5.1, pa,pp ≈ 12 kPa at 1 kHz).

spray diameters present percentage di�erences of the same order of magnitude of the

technique incertitude (< 8%). Thus, even if a clear translation of the population, due

to the deviation has been quanti�ed, no variation of the spray population is observed (in

the range of diameters considered). From the statistical point of view, a larger number of

images would be necessary to quantify modi�cation of the spray population. In particular

for what concerns large droplet diameters, that mainly contribute to the liquid mass

distribution in the spray.
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5.4.3 Gas Velocity Field Characterization by LDV

In this section the local gas velocity �eld is analyzed by means of the Laser Doppler

Velocimetry technique (see section 3.3) in order to highlight modi�cations induced by the

acoustic �eld. A speci�c injection condition at high Weber number is considered, Weg =

190 Rel = 2000 at IAN and VAN at the maximum acoustic pressure �uctuations available,

≈ 12kPa peak-to-peak at 1000 Hz. The objective is to demonstrate the feasibility of

LDV measurements in our experimental con�guration for future applications to injections

conditions more representative of those typical of LRE combustion chambers (Weg > 400,

Rel = 6602, J = 5.1).

Both radial and vertical velocities were measured simultaneously without and with

acoustics for comparison. The positions considered are the velocity and intensity anti-

nodes. Figure 5.28 represents a schematic showing the sign of the reference chosen to

specify the velocity vector, and the local reference system.

Figure 5.28: Local reference system for Laser Doppler Velocimetry measurements.

The radial velocity is indicated as Uy while the Vertical velocity is Uz. The modulus

of the velocities is reduced with the gas bulk velocity Ug,bulk: Ũy = Uy/Ug,bulk and Ũz =

Uz/Ug,bulk. Only dimensionless velocities will be provided hereafter. The injector axis

corresponds to ỹ = 0, x̃ = 0. Here, coordinate are reduced with liquid post diameter Dl:

x̃ = x/Dl, ỹ = y/Dl and z̃ = z/Dl. Measurements have been made at a distance from

the injector exit plane equal to 2e (where e is the width of the gas annular gap). Seeding

particles of DEHS are injected with the gas �ow. For ỹ < −0.6 and ỹ > 0.6 seeding
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particles detection rate is close to 0 thus the region of interest is restricted between these

two values. Moreover, when the liquid �ow is injected, velocity is not measured between

ỹ = −0.47 and ỹ = 0.47 in order to prevent damage of the photo multiplier through over-

excitation. Measurements reported have been obtained with a detection rate in between

10000 and 18000 particles per second.

5.4.3.1 Without Acoustics

Without water

First, the gas �ow �eld without liquid injection and without acoustic has been measured.

Figures 5.29(b)-5.29(a) show the mean values of the radial and vertical velocities in the

horizontal plane x̃−ỹ (perpendicular to the direction of the �ow), at a distance equal to 2e

downstream the injection plane. In Figures 5.29(d)-5.29(c) the mean values of the radial

and vertical velocities in the vertical plane ỹ− z̃ are reported (parallel to the direction of

the �ow).

(a) Uz map in the x̃− ỹ plane (b) Uy map in the x̃− ỹ plane

(c) Uz map in the ỹ − z̃ plane (d) Uy map in the ỹ − z̃ plane

Figure 5.29: Gas velocity characterization in the (a-b) ỹ − z̃ and (c-d) x̃ − ỹ planes for
Weg = 190 and Rel = 0 (Without acoustics).
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These measurements served also to verify the position of the measurement volume

with respect to the injector axis. The grids shown in these plots represent the meshes

used for the measurements. The colormaps have been obtained by interpolating the mean

velocity values measured in the mesh. Figure 5.30 presents three examples of vertical

and radial velocity mean pro�les for x̃ = −0.04, x̃ = 0 and x̃ = 0.04, as functions ỹ

axis (x̃ = 0; z̃ = 2e). Velocity pro�les are those typical of annular jets. Both radial

and vertical velocity �elds show a good axial symmetryd. The radial velocities measured

around ỹ = 0 are null which indicates that tangential velocity is negligible. The sign

of the radial velocities indicates that the co-�ow tends to converge toward the injection

axis. The vertical velocity �eld illustrated in Figures 5.29(a)-5.30(a) shows two negative

velocity regions in the center zone. They indicate the presence of a recirculation zone,

which is due to the absence of the central liquid jet.

(a) Vertical velocity pro�le Uz (b) Radial velocity pro�le Uy

Figure 5.30: Mean values of the (a) radial velocity and (b) vertical velocity pro�les for:
x̃ = −0.04; x̃ = 0; x̃ = 0.04 (Weg = 190, Rel = 0 without acoustics).

With water

Figure 5.31 shows the mean values of the vertical and radial velocities measured with a

central liquid jet at Rel = 2000 as functions of ỹ (x̃ = 0; z̃ = 2e). Mean pro�les measured

without the central jet are also reported for comparison. Velocities pro�les present the

typical shapes of annular jets. The presence of the central jet reduces the tendency of

the gas �ow to converge toward the injection axis, leading to a reduction of the radial

velocities in the central part of the coaxial �ow (in between |0.6| < ỹ < |0.5|). The vertical
velocities are less a�ected by the presence of the central liquid jet. Figure 5.32 shows an

example of the time series for the vertical (blue) and radial (green) velocity data recorded

at ỹ = −0.6 (x̃ = 0; z̃ = 2e). A well-de�ned periodicity can be observed in both signals

dIn order to avoid swirled �ow a grid has been put inside the injector.



134 Downstream e�ects: Atomization Process Response

(a) Vertical velocity pro�le Uz (b) Radial velocity pro�le Uy

Figure 5.31: Comparison with and without (black) central liquid jet of the mean values
of the vertical (blue) and radial (green) velocities as functions of ỹ (x̃ = 0; z̃ = 2e).

(a close-up view of the two signals in between t = 0.2 s and t = 0.25 s is shown on the

right sides of the images).

(a)

(b)

Figure 5.32: Examples of raw data signals for vertical (a) and radial (b) velocities without
acoustics (x̃ = 0; ỹ = −0.6; z̃ = 2e; Weg = 190, Rel = 2000).
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Power spectral density plots

The power spectral density plots e of the time series for Uz and Uy velocities are re-

spectively shown in Figures 5.33 and 5.34 for six di�erent locations along the ỹ-axis:

ỹ± 0.6; ±0.53; ±47. PSD values are reduced with the maximum value of the PSD calcu-

(a) ỹ = −0.6 (b) ỹ = 0.6

(c) ỹ = −0.53 (d) ỹ = 0.53

(e) ỹ = −0.47 (f) ỹ = 0.47

Figure 5.33: PSD of re-sampled signals for vertical velocities without acoustics (x̃ = 0;
z̃ = 2e; Weg = 190, Rel = 2000).

lated on Uz. A characteristic frequency around 90 Hz is observed in the PSD plots of Uz

(see Figures 5.33). The intensity of the PSD associated to this frequency is highest near

the liquid/gas interface (ỹ = |0.47|). By using the expression fp = Uc/40δ proposed by

eSince sampling rate is not constant, but due to the particles detection, the raw signals are re-sampled
in order to calculate the Fast Fourier Transform and the PSD.
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(a) ỹ = −0.6 (b) ỹ = 0.6

(c) ỹ = −0.53 (d) ỹ = 0.53

(e) ỹ = −0.47 (f) ỹ = 0.47

Figure 5.34: PSD of re-sampled signals for radial velocities without acoustics (x̃ = 0;
z̃ = 2e; Weg = 190, Rel = 2000).

Marmottant [112] for the frequency of instabilities at the liquid/gas interface, we obtain

fp ≈ 82 Hz which is of the same order of magnitude of the experimental values. Here

Uc = Ug(1−J−0.1)/(1+
√
ρl/ρg) [89, 112] is the convection velocity, and δ = 0.077Dl is the

momentum thickness calculated from the vertical velocity pro�le. This suggests that this

frequency may be due to instabilities arising at the liquid/gas interface, which propagate

through the gas annular thickness with decreasing intensity, and a�ect also Uy. Indeed,

the same characteristic frequency is observed in the PSD plots of the radial velocity (see

Figures 5.34). The intensity of the PSD peak on Uy is similar at each coordinate ỹ, and

it is much lower that that calculated for Uz.
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5.4.3.2 With Acoustics

In order to investigated the in�uence of the acoustic �eld on the gas radial and vertical

velocities, LDV measurements have been done on jets at VAN and IAN for the the max-

imum peak-to-peak amplitude of the acoustic pressure measured at PAN, 12000 Pa at

1000 Hz. Measurements have been performed on each side of the coaxial �ow focusing

on the spatial region where the quantity of seeding particles is larger and thus signal

quality is higher (x̃ = 0, |0.47| < ỹ < |0.6|, z̃ = 2e). Injection conditions chosen to verify

the feasibility of the LDV measurements in our experimental setup with acoustics are

Weg = 190, Rel = 2000.

Injection at VAN

The mean values of the vertical (Uz) and radial (Uy) velocities measured with acoustics

(pa,pp = 12000 Pa peak-to-peak, 1000 Hz) at VAN are compared, in Figure 5.35, with

those obtained without acoustics. Their relative RMS values (Uz,rms and Uy,rms) are also

reported in the �gure as empty square markers. For what concerns the vertical velocity,

(a) Vertical velocity (b) Radial velocity

Figure 5.35: Comparison at VAN between mean and RMS values of (a) vertical and (b)
radial velocities with and without acoustics as functions of ỹ (x̃ = 0; z̃ = 2e; Weg = 190,
Rel = 2000; with acoustics: pa,pp = 12 kPa, f = 1 kHz).

mean pro�les with acoustics are similar to those obtained without acoustics. A reduction

of the vertical velocity is noted in the region closer to the injector axis. This modi�cation

is symmetrical with respect to the injection axis. The rms values are higher with acoustics.

Without acoustics Uz,rms increases from ỹ = |0.6| to ỹ = |0.47|. With acoustics the Uz,rms

pro�les present a minimum in the central part of the gas �ow (around ỹ = |0.55|) and
increases toward the two interfaces gas/gas and liquid/gas. The increase of the rms values

at the gas/gas interface is due to the �uctuations imposed by the acoustic �eld. Radial

velocities in between |0.47| < ỹ < |0.6| present quasi-constant pro�les with and without
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acoustics, and Uy ≈ 0 with acoustics for 0.47 < ỹ < 0.6. Similar pro�les were also

observed by Lespinasse [95] in the analysis of a premixed �ame submitted to acousticsf.

Rms values of the radial velocity increases with acoustics, attaining roughly one third of

the theoretical acoustic velocity amplitude.

Raw data acquisition signals

Figure 5.36 shows an example time series for the vertical and radial velocity data acqui-

sition signals at VAN (Weg = 190, Rel = 2000). Measurements reported in this example

have been performed close to the gas/gas interface at x̃ = 0, ỹ = −0.6 and z̃ = 2e. The

typical envelop of the acoustic signal (see Figure 2.3) sent to the loudspeakers can be

observed. The velocity �uctuations oscillate around their mean values, proportionally to

the instantaneous amplitude of the acoustic �eld. The e�ect is stronger on the vertical

velocity. Close up views (in between t = 0.31 s and t = 0.32 s) of the two signals show

�uctuations with the same period as that of the forcing frequency (1000 Hz).

(a)

(b)

Figure 5.36: Examples of raw data signals for vertical (a) and radial (b) velocities with
acoustics at VAN (x̃ = 0; ỹ = −0.6; z̃ = 2e; Weg = 190, Rel = 2000; pa,pp = 12 kPa, f =
1 kHz).

fVelocity pro�les were obtained with Particle Image Velocimetry (PIV) technique. In that case, the
entire environment was seeded for the measurements.
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Power spectral density plots

PSD plots of the signals presented in Figure 5.36 are reported in Figures 5.37 and 5.38

along with those calculated at: ỹ = 0.6; ±0.53; ±47. A main peak at 1000 Hz is

(a) ỹ = −0.6 (b) ỹ = 0.6

(c) ỹ = −0.53 (d) ỹ = 0.53

(e) ỹ = −0.47 (f) ỹ = 0.47

Figure 5.37: PSD of re-sampled signals for vertical velocities with acoustics at VAN(x̃ = 0;
z̃ = 2e; Weg = 190, Rel = 2000; pa,pp = 12 kPa, f = 1 kHz).

observed in every plot (namely in every measurement location), corresponding to the

forcing frequency. For what concerns Uz, the peak is maximum at the gas/gas interface

(see Figures 5.37(a) and 5.37(b)). The intensity of the peak decreases at intermediate

positions in the gas annular �ow (see Figures 5.37(c) and 5.37(d)) and approaching the

liquid/gas interface (see Figures 5.37(e) and 5.37(f)). Two lower peaks are also noted: one

at 2000 Hz corresponding to the �rst harmonic of the main frequency; and one at around



140 Downstream e�ects: Atomization Process Response

120 Hz. The peak at 120 Hz presents stronger amplitude at the liquid/gas interface (see

Figure 5.37(e)) and corresponds to the liquid/gas interface instability discussed in the

previous section. The modi�cation of the frequency may result from the e�ects of the

acoustic �eld on the �ow �eld. PSD plots concerning the radial velocity also present a

main peak at 1000 Hz, and two lower peaks at 2000 Hz, and 120 Hz. It is worth noting

that the response at VAN is symmetrical with respect to the injector axis (the same

behavior is observed on the opposite sides of the coaxial �ow).

(a) ỹ = −0.6 (b) ỹ = 0.6

(c) ỹ = −0.53 (d) ỹ = 0.53

(e) ỹ = −0.47 (f) ỹ = 0.47

Figure 5.38: PSD of re-sampled signals for radial velocities with acoustics at VAN (x̃ = 0;
z̃ = 2e; Weg = 190, Rel = 2000; pa,pp = 12 kPa, f = 1 kHz).
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Injection at IAN

The same analysis performed at VAN will be presented in this section for IAN. The mean

values of Uz and Uy measured with acoustics (pa,pp = 12000 Pa peak-to-peak, 1000 Hz)

at IAN are compared, in Figure 5.39, with those measured without acoustics (rms values

Uz,rms and Uy,rms are also reported in the �gure as empty markers). Velocity pro�les

have similar shapes with and without acoustics. However, a non-symmetrical reduction

of the mean values of the vertical velocity is noted in Figure 5.39(a). The mean values

Uz on the side close to PAN (ỹ < 0) are reduced more than those on the side close to

VAN (ỹ > 0). The non-symmetrical response is also noticeable in the rms values. In the

region close to VAN rms values with and without acoustics are similar. On the contrary,

in the side close to PAN the rms measured with acoustics are higher than those measured

without acoustics. Mean and rms values of the radial velocity are only slightly a�ected by

acoustics at IAN. Mean values of Uy are higher with acoustics on the side close to PAN,

whereas Uy ≈ 0 with acoustics on the side close to VAN.

(a) Vertical velocity pro�le Uz (b) Radial velocity pro�le Uy

Figure 5.39: Comparison at IAN between mean and RMS values of (a) vertical and (b)
radial velocities with and withouc acoustics as functions of ỹ (x̃ = 0; z̃ = 2e; Weg = 190,
Rel = 2000; pa,pp = 12 kPa, f = 1 kHz).

Raw data acquisition signals

Figure 5.40 shows an example of time series for the vertical and radial velocity data

acquisition signals at IAN (Weg = 190, Rel = 2000). Measurements reported in this

example have been performed close to the gas/gas interface at x̃ = 0, ỹ = −0.6 and

z̃ = 2e. Close up views (in between t = 0.31 s and t = 0.32 s) of the two signals are also

reported in the �gure. The typical envelop of the acoustic signal (see Figure 2.3) sent

to the loudspeakers can be observed on Uz. Instantaneous values of the two velocities

oscillate around the mean value with amplitudes of �uctuations proportional to those of

the acoustic �eld. The e�ects of acoustic modulation are not clearly visible on the radial
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velocity.

(a)

(b)

Figure 5.40: Examples of raw data signals for vertical (a) and radial (b) velocities with
acoustics at IAN (x̃ = 0; ỹ = −0.6; z̃ = 2e; Weg = 190, Rel = 2000; pa,pp = 12 kPa, f =
1 kHz).

Power spectral density plots

PSD plots of signals presented in Figure 5.40 are reported in Figures 5.41 and 5.42. Five

more locations are considered for comparison, ỹ = 0.6; ±0.53; ±47. For what concerns

vertical velocities Uz, a main peak at 1000 Hz is noted in all locations. Its amplitude is

maximum at the gas/gas interface (see Figures 5.41(a) and decreases by approaching the

liquid/gas interface (see Figures 5.41(e) and 5.41(f)). Two lower peaks are also noted:

one at 2000 Hz corresponding to �rst harmonic of the signal; the other one at around 120

Hz. Contrarily to what observed at VAN, the response of the coaxial gas �ow at IAN is

not symmetric. A stronger response is noted on the PAN side (ỹ < 0) than on the VAN

side (ỹ > 0). As already stated above, radial velocity are less in�uenced by the acoustics

�eld at IAN. PSD plots in Figures 5.42 present an energy content much lower than that

of vertical velocities. The amplitude of the peak at 1000 Hz is one order of magnitude

lower than for Uz, and the strongest response is observed on VAN side for Uy whereas it

is on PAN side for Uz. This is due to the fact that radial velocity is more sensitive to
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acoustic velocity �uctuations, which are maximum at VAN.

(a) ỹ = −0.6 (b) ỹ = 0.6

(c) ỹ = −0.53 (d) ỹ = 0.53

(e) ỹ = −0.47 (f) ỹ = 0.47

Figure 5.41: PSD of re-sampled signals for vertical velocities with acoustics at IAN (x̃ = 0;
z̃ = 2e; Weg = 190, Rel = 2000; pa,pp = 12 kPa, f = 1 kHz).
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(a) ỹ = −0.6 (b) ỹ = 0.6

(c) ỹ = −0.53 (d) ỹ = 0.53

(e) ỹ = −0.47 (f) ỹ = 0.47

Figure 5.42: PSD of re-sampled signals for radial velocities with acoustics at IAN (x̃ = 0;
z̃ = 2e; Weg = 190, Rel = 2000; pa,pp = 12 kPa, f = 1 kHz).
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5.5 Summary of Results

Coaxial air-assisted liquid jet behavior under the e�ects of high amplitude/high frequency

acoustic �elds has been experimentally investigated. Several injection conditions and

locations with respect to the acoustic �eld, as well as the in�uence of the amplitude of

the acoustic �eld, have been taken into account in the experiments. Single injector and

multi-point injection tests have been performed with and without the injection domes.

The position of the injector in the acoustic �eld is demonstrated to be a crucial factor

in the jet response. The higher the acoustic amplitude the stronger the system response

and the e�ects observed at low Weber number regimes are demonstrated to take place

also at very high Weber numbers.

High-speed visualizations allowed identifying three main phenomena which, depending

on the position inside the acoustic �eld, can take place separately or simultaneously.

The �rst phenomenon is the �attening of the liquid core in a liquid sheet, in the

direction perpendicular to the acoustic axis. Flattening has been observed in low and high

Weber number atomization regimes, with decreasing intensity from VAN to IAN. This

phenomenon is based on the competition between acoustics and the jet coherence force

which is represented by the Laplace's pressure drop. As soon as acoustics is su�cient to

overcome the jet coherence force, the �attening is observed. For su�ciently high acoustic

levels the liquid sheet is atomized. In the case of low Weber number atomization regimes a

threshold, in terms of acoustic pressure, has been identi�ed for the onset of the �attening.

By assuming that a jet thickness decrease of 10% could be associated to the beginning

of the �attening a mean value of about 2700 Pa has been found for jets placed at VAN

and IAN-VAN. Results indicated that for smaller jet diameters higher acoustic energy was

necessary to �atten the jet. This con�rms that the Laplace's pressure drop competes with

acoustics to maintain jet initial shape (in Chapter 7 it will be shown that the existence

of a heavy/light interface is at the basis of the observed phenomena). When injection

takes place closer to IAN the calculated threshold is higher than that calculated at IAN

and VAN-IAN, ≈ 4000 Pa. Indeed, around IAN another phenomenon, namely the jet

deviation takes place simultaneously to the �attening. These two phenomena compete

for the acoustic energy distribution, which consequently is only partially dedicated to the

�attening phenomenon.

The deviation of the liquid system has been observed in all positions between VAN

and PAN (these two locations excluded) for low and very high Weber number regimes

(see T-LRE test case). For low Weber number regimes the deviation has been quanti-
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�ed directly from high-speed visualization images. For high Weber number atomization

regimes, the droplet spatial distributions have been calculated, from high-speed image

series, to determine the spray deviation. The deviation of the spray presents a non-linear

growth with the acoustic pressure. No deviation has been observed for acoustic pressure

lower than around 3000 - 4000 Pa. This threshold has been physically interpreted by in-

troducing an acoustic Froude number; de�ned as the square root of the ratio of the mean

acoustic energy of a stationary wave per unit mass over the gravitational potential energy

of the liquid system per unit mass. The measured values of 3000 - 4000 Pa corresponds to

a Froude number of about 1. This means that deviation is possible as soon as the acoustic

potential energy becomes high enough to counterbalance the gravitational energy.

The third phenomenon observed in this work is the improvement of the atomization

process at high Weber number atomization regimes. Ligaments, liquid blobs and big

droplets are broken into smaller droplets with a process similar to the �attening. The

phenomenon has its maximum impact at VAN and decreases in strength for jets placed

close to PAN, where it is no longer present. For very high Weber number atomization

regimes droplets are too small and di�cult to broken and thus more acoustic energy is

required to modify the atomization regime.

Multi-point injection tests have been also performed at low and high Weber num-

bers. Low Weber number atomization regime response is used to interpret results at

higher Weber numbers. They con�rm what has already been observed for single injection

experiments. The main result is a droplet-clustering phenomenon in the spatial region

between IAN and VAN which results from the combination of deviation and atomization

improvement.

In conclusion, experimental results indicates that acoustics can drastically a�ect the

atomization process and a�ect the droplet spatial distribution. It has been demonstrated

that acoustics can enhance the atomization process, which can directly a�ect the combus-

tion processes, e.g. by augmenting the heat �ux to the chamber walls and to the injector

exit plane. In multi-point injection con�gurations such as in liquid rocket engines, a spa-

tial redistribution of the spray can occur in the combustion chamber, leading to droplet

clustering between IAN and VAN. The non-uniform distribution of the spray inside the

chamber can cause spatial non-homogeneity of the heat release rate.

In the framework of the activities of the REST group a collaboration with the French

national aerospace research establishment ONERA has been initiated to investigate the

e�ects of acoustics on the atomization process at injection conditions very close to those

typical of liquid rocket engines. The injection conditions chosen were: (Weg > 400)
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with Rel = 6602 and J = 5.1. The position in the acoustic �eld selected was IAN. The

deviation has been quanti�ed by calculating the droplet spatial distribution from high-

speed image post-processing. Droplet size have been measured by image post-processing.

Measurements highlighted the presence of the deviation. However, modi�cations of the

atomization regime could not be quanti�ed. In future applications, for a complete char-

acterization of the spray, measurements should be done at VAN at di�erent vertical and

radial locations. Gas velocity �eld has been measured by LDV at VAN and IAN for

Weg = 190 and Rel = 2000. Velocity pro�les typical of coaxial �ows have been calcu-

lated. With acoustics both velocities presented a modulation at the forcing frequency,

with stronger intensity at the gas/gas interface. A symmetrical response was observed at

VAN, where mean vertical velocities are slightly reduced by acoustics. On the contrary

the response observed at IAN was non-symmetric. The �ow side in between IAN and

PAN is the one presenting the stronger response. Velocity rms values are globally higher

with acoustics, due to the �uctuations imposed by the acoustic �eld.

The application of these two techniques in our experimental setup represented a chal-

lenge. Preliminary results have been presented to con�rm the feasibility of their applica-

tion in our experimental conditions, and serves as a starting point for future investigations.
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Chapter 6

Nonlinear Acoustic Theory

This chapter is dedicated to the development of a theoretical model able to describe the

jet responses observed experimentally. The model is based on nonlinear acoustic theory,

whose basic concepts are introduced in section 6.1. The general expressions concerning

the radiation pressure and the resulting radiation force are introduced in section 6.2. In

section 6.3 these expressions are derived for an objects of cylindrical shape. Both standing

(SW) and progressive (PW) wave �elds will be discussed. Simpli�ed expressions under the

hypothesis of small objects, compared to the acoustic wavelength, will be presented in sec-

tion 6.3.3, and compared with the general expressions. The radiation pressure distribution

will be discussed and analyzed as a function of the position of the object in the acoustic

�eld and of the ratio of the medium density over the object density (see section 6.3.3.5).

Based on the same procedure, the case of spherical objects is also treated in section 6.4.

Results for these two geometries are compared in section 6.6.

6.1 Introduction

In many applications acoustic pressure �uctuations are low enough to interpret the acous-

tic �eld and the involved phenomena by means of linear acoustic concepts. Unfortunately,

thermo-acoustic instabilities occurring in liquid rocket engines are characterized by pres-

sure �uctuation amplitudes that cannot be approximated as low-amplitude acoustic waves.

In such conditions it is necessary to consider �nite-amplitude waves and get into the

�eld of nonlinear acoustic equations. Nonlinear acoustics is the portion of physics which

studies the behavior of su�ciently powerful acoustic �elds [113, 114]. Nonlinear e�ects

induce mean steady phenomena characterized by the time-average of quadratic �uctua-

tions of acoustic quantities. When acoustic waves propagate in a �eld without obstacles,
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a quantity named acoustic radiation pressure can be de�ned as the di�erence between the

time-averaged potential and kinetic acoustic energies per unit volume [92]:

pfreerad =
〈p′2〉
2ρ0c2

0

− ρ0

2
〈u′u′〉+ C (6.1)

Here C is a constant generally equal to zero by assuming that the acoustic wave is damped

in an in�nite volume; p′ and u′ are respectively the acoustic pressure and velocity �uctu-

ations; c0 is the speed of sound and ρ0 is the density of the �uid at rest in the reference

state. An object placed in the acoustic �eld is submitted simultaneously to the incident

and scattered acoustic waves whose nonlinear e�ects must be taken into account. Thus,

Eq. 6.1 must be modi�ed to take into account the contribution of both incident and

scattered acoustic �elds.

Radiation pressure was �rst studied by Lord Rayleigh as the acoustic counterpart of

the pressure induced by an electromagnetic wave. In analogy with the electromagnetism,

where the radiation pressure is the pressure experienced by a material surface when it is

illuminated by a light wave, the acoustic radiation pressure is the mean excess pressure

experienced by an object surface in a sound �eld. Nowadays, acoustic radiation pressure

is used in the �eld of acoustic levitation [115, 116]. In these applications the acoustic

radiation force, de�ned as the integral of the radiation pressure on the object surface, is

used to counterbalance the object weight and levitate the object.

Here, the radiation pressure distribution and the resulting radiation force, will be used

to interpret and explain the phenomena observed in Chapter 5, namely the �attening and

the deviation. In this chapter, the general equations for the acoustic radiation pressure

and force will be derived for the case of cylindrical and spherical objects. The same

approach used by King [93] and Zhuk [117] for the derivation of the expressions of the

radiation force will be adopted. Approximate and asymptotic expressions will be also

derived under the approximation of small objects.

6.2 Acoustic Radiation Pressure and Radiation Force

Equations

Let us consider the case of a compressible and isentropic �uid, for which ρ 6= constant and

the entropy s is constant (ds = 0). The thermodynamic equation in terms of enthalpy h

can be written as:

dh = dp/ρ (6.2)
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Under these hypotheses a general form of the Bernoulli's equation can be obtained as:

h =

∫
dp

ρ
= −1

2
~v2 − ∂φ

∂t
+ C = −1

2
(
−→
∇φ)2 − φ̇+ C (6.3)

where φ is the velocity potential de�ned as ~v = ~∇φ. The enthalpy h can be written as

the sum of the enthalpy of the reference state h0 and the �uctuating part h′, h = h0 + h′,

and similarly for the pressure p = p0 + p′. Expanding h in powers of p, and taking only

terms up to second order:

h =
(∂h
∂p

)
s

∣∣∣
0
(p− p0)− 1

2

(∂2h

∂p2

)
s

∣∣∣
0
(p− p0)2 + o(2) (6.4)

Since (∂h
∂p

)s

∣∣∣
0

= 1/ρ0, and p′ = p− p0 we have:

h′ =
p′

ρ0

− p′2

2ρ2
0

(∂ρ
∂p

)
s

=
p′

ρ0

− p′2

2c2
0ρ

2
0

(6.5)

Substituting Eq. 6.5 into Eq. 6.3 and omitting the "′" superscript we have:

p = −ρ0φ̇−
1

2
ρ0(
−→
∇φ)2 +

ρ0

2c2
0

φ̇2 (6.6)

By taking into account only second-order quantities, the pressure change in the �uid can

be expressed in terms of quantities calculated from the linear sound equations, so that it

is not necessary to solve directly the nonlinear equations of motion obtained when terms

of higher order are taken into account [92].

Let now consider a rigid object with surface S free to move in the ideal �uid and

subjected to a sound wave �eld. In this case the object is submitted simultaneously

to the incident and scattered acoustic waves, and the velocity potential of the incident

wave �eld φi as well as the velocity potential of the scattered �eld φr must be taken into

account. The pressure variation in the �uid is given by Eq. 6.6 [92, 93, 117] where the

total velocity potential is now given by φ = φi + φr. If the object is free to move under

the in�uence of the acoustic �eld the derivative of the velocity potential referred to the

moving origin is given by the equation:

φ̇ =
dφ

dt
− ~U ·

−→
∇φ (6.7)

where ~U is the translational displacement velocity.



154 Nonlinear Acoustic Theory

In the case of harmonic waves of period T , the radiation pressure prad acting on the

object surface is obtained as the time average of Eq. 6.6 over one cycle:

prad =
1

T

T∫
0

(−ρ0φ̇−
1

2
ρ0(
−→
∇φ)2 +

ρ0

2c2
φ̇2) dt = pζ + pφ + pq (6.8)

Eq. 6.8 indicates that expression of prad is composed of three terms which can be calculated

separately: the time-average volumetric potential energy density pq; the time-average

volumetric kinetic energy density pφ and the contribution due to the motion of the object

pζ . It is important to notice that due to the presence of the object the time average of

φ̇ is not zero, and the �rst term pζ , expressed in the Lagrangian reference frame, can be

simpli�ed as:

pζ =
ρ0

T

T∫
0

(~U ·
−→
∇φ)dt (6.9)

In order to obtain the radiation pressure acting on the object, the three terms pζ , pq

and pφ, as well as the total velocity potential φ = φi + φr, have to be determined at the

boundary of the object. The expression of φi depends on the nature of the acoustic �eld

(standing or progressive wave) whereas φr depends, in addition, on the geometry of the

object (e.g. cylinder or sphere). The scattered wave �eld φr should be determined by

requiring that the boundary condition on the object surface satis�es the equation:

~U · ~N = vN =
−→
∇φ · ~N (6.10)

where vN is the component of the �uid velocity along the unit normal ~N , at any point of

the object surface.

The integral of prad on the object surface gives rise to a net force called acoustic

radiation force ~Frad.
~Frad = −

{

S

prad ~N dS (6.11)

These equations are valid for both standing and progressive wave �elds and for an object

of cylindrical or spherical shapes.
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6.3 Cylindrical Objects

In the work of Boisdron [89] and Baillot et al. [90] a �rst approach in the modeling of

liquid jet response to acoustic perturbation by means of nonlinear acoustic equations was

performed. The equations considered for prad and ~Frad were those relative to the case

of spherical objects. In the case of jets with initial round shape more representative

geometries must be considered. For this reason the expressions of the acoustic radiation

pressure and force exerted on cylindrical objects (which better represent the case of a

liquid jet) will be derived in this section. A similar analysis concerning spherical object

can be found in section 6.4.

The case of a cylindrical rigid body submitted to an acoustic �eld has been treated by

Zhuk [117] and byWu [118] for what concerns progressive and standing waves, respectively.

But they focused their approach only on the radiation force expression while no general

expressions were given for the radiation pressure. Moreover, no systematic study was

performed to characterize the response by means of the driving parameters, leading to

an absence of any behavioral interpretation of the model. In this section we will consider

an in�nite long cylinder with radius a placed in an harmonic sound �eld characterized

by an angular frequency ω. General expressions are derived for both acoustic radiation

pressure and resulting force per unit length acting on the cylinder. Speci�c expressions

will be then obtained for plane standing and progressive acoustic waves.

Referring to Figure 6.1 the axis of the unperturbed cylinder coincides with the ascend-

ing axis z of a Cartesian coordinate system (x, y, z). The axis (O, ~y), with O de�ned as

the origin of any cylinder cross-sections, is parallel to the wave number vector ~k = k~y of

the incident wave. On the axis (O, ~y), the points of polar coordinates (r = a, θ = 0) and

(r = a, θ = π) are called equatorial points. The perpendicular axis (O, ~x) passes through

the two points (r = a, θ = π/2) and (r = a, θ = 3π/2), named pole points.

6.3.1 General Expressions

6.3.1.1 Velocity Potential Expression

The velocity potential φi of the incident wave can be expressed in the associated polar

coordinates (r, θ, z) as:

φi =
∞∑
n=0

AenKnJn(kr) cosnθe−iωt (6.12)
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Figure 6.1: Schematic of the coordinate reference frame in a plane perpendicular to the
cylinder vertical axis.

where A is the amplitude of the velocity potential, k = ω/c0, and Jn(kr) are the cylindrical

Bessel functions of the �rst kind, en = 2 for n ≥ 1 and e0 = 1. The coe�cients Kn, which

can be complex numbers, depend on the nature of the sound �eld, e.g. standing or

progressive wave. If pa is the maximum pressure amplitude, then A is equal to pa/ωρ0.

The velocity potential φr of the scattered acoustic �eld can be expressed as follows:

φr =
∞∑
n=0

AnH
(1)
n (kr) cosnθe−iωt (6.13)

where H(1)
n (kr) are the cylindrical Hankel functions of the �rst kind. The constants An

are determined by requiring that the boundary condition on the cylinder surface, derived

from Eq. 6.10, satis�es:

U cos θ =
∂φ

∂r

∣∣∣
r=a

(6.14)

with a the cylinder radius. The cylinder translational displacement velocity ~U is then

obtained by applying the momentum equation to the cylinder:

m~̇U = ~F = −
x

S1

p ~N dS1 (6.15)

where S1 is the cylinder cross-section surface, m = πa2ρ1 the mass per unit length of the

cylindrical object, and ~F is the hydrodynamic force acting on the object by unit length.

To calculate the displacement velocity ~U with Eq. 6.15, for r = a, it is su�cient to keep

the �rst order term of p in Eq. 6.6 [93, 117]. Since the component of ~F over ~x is nulla

then ~U is given by:

aThe projection of p ~N in the x-direction leads to integrals
∫ 2π

0
cosnθsinθdθ = 0.
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~U =
η

a

[
2AJ1(ka)K1 + A1H

(1)
1 (ka)

]
e−iωt~y (6.16)

with η = ρ0/ρ1. Using Eq. 6.12, 6.13 and 6.16, Eq. 6.14 satis�ed at r = a becomes :

η

a

[
2AJ1(ka)K1 + A1H

(1)
1 (ka)

]
cos θ = A

∞∑
n=0

enkJ
′
n(ka)Kn cosnθ+

∞∑
n=0

kAnH
(1)

′

n (ka) cosnθ

(6.17)

By introducing the Helmholtz number α = ka, the resolution of the previous relationship,

for n = 1, leads to the following coe�cient:

A1 =
−Ae1(J ′1(α)− η

α
J1(α))

H
(1)′

1 (α)−H(1)
1 (α) η

α

K1 =
−Ae1F1(α)

F1(α) + iG1(α)
K1 (6.18)

and for n 6= 1:

An = −AenJ
′
n(α)Kn

H
(1)′

n (α)
= − AenFn(α)Kn

Fn(α) + iGn(α)
(6.19)

with:

Fn(α) = α2Jn+1(α)− nαJn(α) for n 6= 1 (6.20a)

Gn(α) = α2Yn+1(α)− nαYn(α) for n 6= 1 (6.20b)

F1(α) = α2J2(α)− (1− η)αJ1(α) (6.20c)

G1(α) = α2Y2(α)− (1− η)αY1(α) (6.20d)

Finally the expression of the translational displacement velocity ~U of the cylinder is given

by:
~U = − η

aπ

2Ae1iαK1

(F1(α) + iG1(α))
e−iωt~y (6.21)

and the total velocity potential φ at r = a is expressed by:

φ = −2Aiα

π

∞∑
n=0

en
Kn

Fn(α) + iGn(α)
cosnθe−iωt (6.22)

The Kn coe�cients depend on the kind of the considered acoustic �eld.
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6.3.1.2 Expressions for the Radiation Pressure and its Contributions: pζ, pφ

and pq

The three terms in Eq. 6.8 can be now calculated separately:

pζ = ρ0
η2

2a2
(R2

1 + S2
1) cos2 θ + ρ0

η

2a2

[ ∞∑
n=1

n(R1Rn + S1Sn) sinnθ
]
sin θ (6.23)

pφ = −ρ0

2

[ η2

2a2
(R2

1 + S2
1) cos2 θ+

1

2a2

( ∞∑
n=1

n2(R2
n + S2

n) sin2 nθ + 2
∑

1≤n<m≤∞

nm(RnRm + SnSm) sinnθ sinmθ
)] (6.24)

pq =
ρ0

4c2
ω2
[ ∞∑
n=0

(R2
n + S2

n) cos2 nθ + 2
∑

0≤n<m≤∞

(RnRm + SnSm) cosnθ cosmθ
]

(6.25)

The sum of the three terms provides the radiation pressure prad = pζ + pφ + pq:

prad = ρ0
η2

4a2
(R2

1 + S2
1) cos2 θ + ρ0

η

2a2

[ ∞∑
n=1

n(R1Rn + S1Sn) sinnθ
]
sin θ−

1

2a2

( ∞∑
n=1

n2(R2
n + S2

n) sin2 nθ + 2
∑

1≤n<m≤∞

nm(RnRm + SnSm) sinnθ sinmθ
)]

+

ρ0

4c2
ω2
[ ∞∑
n=0

(R2
n + S2

n) cos2 nθ + 2
∑

0≤n<m≤∞

(RnRm + SnSm) cosnθ cosmθ
]

(6.26)

By integrating term by term the radiation pressure equation on the cylinder surface

(see Eq. 6.11) the modulus of the radiation force per unit length can be deduced as:

Frad = −πρ0

4a

[
2(R0R1 + S0S1)α2 + (R1R2 + S1S2)(α2 − 2 + 2η)+

∞∑
n=2

(RnRn+1 + SnSn+1)(α2 − n(n+ 1))
] (6.27)
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6.3.1.3 Coe�cients of the Expressions for Standing and Progressive Waves

Standing wave

For a standing wave:

Kn = cos(nπ/2 + kh) (6.28)

Here h is the distance in the y-direction between the center of any cylinder cross-section

and a �xed plane of reference in the acoustic �eld. The real parts of U and φ can thus be

written as:

ReU =
η

a
(R1 sinωt+ S1 cosωt) (6.29)

Reφ =
∞∑
n=0

(Rn sinωt+ Sn cosωt) cosnθ (6.30)

with:

Rn = −2Aαen
πΩn

cos(n
π

2
+ kh) cos εn Sn = −2Aαen

πΩn

cos(n
π

2
+ kh) sin εn (6.31)

Progressive wave

For a progressive wave:

Kn = cosn
π

2
+ i sinn

π

2
(6.32)

The real parts of U and φ assume the forms:

ReU =
η

a
(R1 cosωt+ S1 sinωt) (6.33)

Reφ =
∞∑
n=0

(Rn cosωt+ Sn sinωt) cosnθ (6.34)

with:

Rn = −2Aenα

πΩn

cos[(n+ 1)π
2
− εn] Sn = −2Aenα

πΩn

sin[(n+ 1)π
2
− εn] (6.35)

Here Rn and Sn do not depend on h, the position of the center of the cylinder cross-section

in the acoustic �eld. In both cases of standing and progressive �elds the coe�cients Ωn
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and εn are calculated with the following expressions:

Ω2
n = F 2

n(α) +G2
n(α) cos εn =

Fn(α)

Ωn

sin εn =
Gn(α)

Ωn

(6.36)

It can be noticed that only in the case of a standing wave �eld the expressions of prad

and Frad depend on the position h of the object in the acoustic �eld.

6.3.1.4 Dimensionless Expressions

The expressions derived in the previous section can be reduced by factoring the term P

which is given by:

P =
p2
a

ρ0c2
0

(6.37)

The selected normalizing factor has the same unit of a pressure, but can be also interpreted

as the mean acoustic energy per unit volume carried by a standing wave propagating in

an environment free from any obstacles. This dual interpretation perfectly highlights the

quality of the radiation pressure. The dimensionless function p∗(α, η, θ, h) is then de�ned

as p∗ = prad/P . The radiation force per unit length can be also rendered dimensionless

through the factor P . In this case the dimensionless force F ∗(α, η) is de�ned as F ∗(α, η) =

Frad/aP .

Eq. 6.23 to 6.27 can be written in their dimensionless forms as:

p∗ζ =
η2

2
(R′21 + S ′21 ) cos2 θ +

η

2

[ ∞∑
n=1

n(R′1R
′
n + S ′1S

′
n) sinnθ

]
sin θ (6.38)

p∗φ = −1

2

[η2

2
(R′21 + S ′21 ) cos2 θ +

1

2

( ∞∑
n=1

n2(R′2n + S ′2n ) sin2 nθ

+ 2
∑

1≤n<m≤∞

nm(R′nR
′
m + S ′nS

′
m) sinnθ sinmθ

)] (6.39)

p∗q =
α2

4

[ ∞∑
n=0

(R′2n + S ′2n ) cos2 nθ + 2
∑

0≤n<m≤∞

(R′nR
′
m + S ′nS

′
m) cosnθ cosmθ

]
(6.40)

The dimensionless radiation pressure p∗ is now given by p∗ = p∗ζ + p∗φ + p∗q, whereas the
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dimensionless radiation force can be written as:

F ∗ = −π
4

[
2(R′0R

′
1 + S ′0S

′
1)α2 + (R′1R

′
2 + S ′1S

′
2)(α2 − 2 + 2η)+

∞∑
n=2

(R′nR
′
n+1 + S ′nS

′
n+1)(α2 − n(n+ 1))

] (6.41)

The coe�cients R′n and S
′
n assume the forms reported in Table 6.1.

Standing wave Progressive wave
R′n = − 2en

πΩn
cos(nπ

2
+ kh) cos εn R′n = − 2en

πΩn
cos[(n+ 1)π

2
− εn]

S ′n = − 2en
πΩn

cos(nπ
2

+ kh) sin εn S ′n = − 2en
πΩn

sin[(n+ 1)π
2
− εn]

Ω2
n = F 2

n(α) +G2
n(α) cos εn = Fn(α)

Ωn
sin εn = Gn(α)

Ωn

Table 6.1: Coe�cients R′n and S
′
n for both standing and progressive waves.

In the following dimensionless expressions are used to investigate the convergence of

the in�nite sum, and the dependence on the parameters α and η. Particular attention

will be paid to the cases η = 0.0013 and η = 7. The �rst case is representative of

the experimental conditions considered here, i.e heavy object (water jet) in a light gas

environment (air). The second case corresponds to the case of a light gaseous jet in a

heavier surrounding gas.

6.3.2 Convergence Analysis: Truncated Expressions of the Radi-

ation Pressure and Resulting Force

Expressions derived in the previous section are given by the sum of an in�nite number

of terms s. When the in�nite sum is approximated by a �nite sum a truncation error is

caused. In the following, for the standing wave, three speci�c classed of positions inside the

acoustic �eld are considered: the pressure anti-nodes PAN, for h = c0jπ/ω = jλ/2 (e.g.

h = 0, λ/2, etc.); the velocity anti-nodes VAN, for h = c0(2j+ 1)π/2ω = λ(2j+ 1)/4 (e.g.

h = λ/4, 3λ/4, etc.); the intensity anti-nodes IAN, for h = c0(4j ∓ 1)π/4ω = λ(4j ∓ 1)/8

(e.g. h = λ/8, 3λ/8, etc.), with j ∈ Z where λ = c0/f is the wavelength. The analysis of

the convergence is carried out in a (α, η) domain centered around the conditions of the

experimental investigation, namely α = 0.055 and η= 0.0013.
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Truncation Error for α = 0.055 and η = 0.0013

We de�ne the maximum truncation error between to consecutive �nite sums as:

err(α, η) = max(p∗(s+ 1)− p∗(s)) (s = 1, 2, 3...) (6.42)

where s is number of terms kept in a truncated sum. Figure 6.2 shows how the maximum

truncation error varies as a function of s. Here, α = 0.055 and η = 0.0013 corresponding

to experimental conditions investigated serve as the reference case. Results for the three

positions PAN, VAN and IAN for a standing wave are reported as well as results for a

progressive wave. Calculations indicate that with one term (s = 1) err ≈ 0.002, and for

s > 1 err < 0.002. The only exception is represented by IAN, in which case for s = 1

err ≈ 0.02. For s = 2 the error between the sums with 2 and 3 terms is err ≈ 10−4, and

s ≥ 3 the error is practically zero err ≈ 10−6 whatever the types of waves. In order to

�x a criterion which is valid for both waves, a sum of three terms must be considered to

minimize the truncation error.

Figure 6.2: Truncation error as a function of the number s of terms considered in the sum
of p∗ (α = 0.055; η = 0.0013; f = 1000 Hz; c0 = 340 m/s). SW: Standing Wave; PW:
Progressive Wave.

Approximation Error as a Function of α and η

In the previous section the truncation error has been evaluated by considering a �xed

value of α and η. The e�ects of these two parameters on the approximation of the in�nite

sum by a sum of s = 3 terms is studied hereafter. The sum calculated with s = 20 is

considered as representative of the in�nite sum and is compared with the sum s = 3 by
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means of the percentage error de�ned by:

p∗err(α, η) =
stdev(p∗(s = 20)− p∗(s = 3))

max(|p∗(s = 20)|)
(6.43)

Figure 6.3 shows p∗err as a function of the Helmholtz number α = ka for η = 0.0013

(representative of the con�guration of a water jet in ambient air) for the progressive and

standing waves at the three positions VAN, PAN and IAN. The percentage error between

p∗err is less than 4 % for both standing and progressive waves. No signi�cant di�erence is

found between the errors calculated at the locations in the �eld (even if the largest error

is at PAN). Let us note that in the speci�c experimental con�gurations studied in the

previous chapters for which α = 0.055, the error in the truncation is less than 1 %. In the

case of the progressive wave, the error can be considered as negligible, remaining lower

than 0.2 %.

Figure 6.3: Percentage di�erence p∗err between p
∗(s = 3) and p∗(s = 20) as a function of α

(η = 0.0013; f = 1000 Hz; c0 = 340 m/s). SW: Standing Wave; PW: Progressive Wave.

The densities ratio parameter η can vary in a large range. Figure 6.4 reports the

percentage error p∗err between p
∗(s = 20) and p∗(s = 3) as a function of η for the case of

α = 0.055. Two peaks can be observed at around η = 0.15 and η = 0.4 (see Figure 6.4)

which are due to the de�nition of p∗err
b. However, the error is always less than 0.2 %

whatever η. Even for very large η, the error which is the same for all the con�gurations,

is truly negligible (lower than 0.05 %).

It can be concluded that whatever η, and particularly in the case α = 0.055, the �nite

sum for s = 3 is an accurate approximation of the in�nite sum for both standing and

progressive waves, whatever the positions in the acoustic �eld for the former one.

bThe max(|p∗(s = 20)|) at the denominator of Eq. 6.43 has a minimum, for which p∗err(α, η) is
maximum.
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Figure 6.4: Percentage di�erence p∗err between p
∗(s = 3) and p∗(s = 20) as a function of

η (α = 0.055; f = 1000 Hz; c0 = 340 m/s).

Distributions of p∗ at PAN, VAN and IAN

For α = 0.055 the previous results are illustrated by comparing the radiation pressure

distribution p∗ versus θ for the three speci�c positions investigated experimentally in the

standing wave �eld for s = 1− 3− 10− 20. The pro�les are shown in Figures 6.5-6.6-6.7

at PAN, VAN and IAN respectively. As expected at the three positions curves merge

quasi-perfectly for all n, no signi�cant di�erences can be noted, except at IAN for which

the pro�le obtained with s = 1 slightly di�ers from that calculated with s = 3− 10− 20

(maximum di�erence 2%). The largest discrepancy is observed in the vicinity of the two

poles on the cylinder.

The distribution of p∗ for a progressive wave PW is shown in Figure 6.8 for s =

1− 3− 10− 20. As already observed in the previous section the expressions of radiation

pressure and radiation force in the case of a progressive wave �eld do not depend on the

position h inside the acoustic axis. No di�erences between the di�erent calculations can

be noticed.

6.3.3 Small Objects Approximation (α� 1)

In the previous section it has been demonstrated that for small values of the Helmholtz

number α the truncation error caused by approximating the in�nite sum, giving the

radiation pressure, by the three �rst terms of the series is negligible ∀η. These summations
limited to 3 terms are now simpli�ed under the approximation of small objects (α� 1).
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Figure 6.5: Comparison of p∗ distribution at PAN for s = 1− 3− 10− 20 in the case of
a standing wave �eld (h = λ/2; α = 0.055; η = 0.0013; f = 1000 Hz; c0 = 340 m/s).

Figure 6.6: Comparison of p∗ distribution at VAN for s = 1− 3− 10− 20 in the case of
a standing wave �eld (h = λ/4; α = 0.055; η = 0.0013; f = 1000 Hz; c0 = 340 m/s).

The Bessel's functions Jn(α) and Yn(α) are approached by their asymptotic expressions:

Jn(α) ≈ 1

n!

(α
2

)n
(6.44)

Yn(α) ≈ −(n− 1)!

π

(α
2

)−n
(6.45)

This provides the following expressions:

J0 ≈ 1 J1 ≈
α

2
J2 ≈

α2

8
J3 ≈

α3

48
(6.46)
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Figure 6.7: Comparison of p∗ distribution at IAN for s = 1− 3− 10− 20 in the case of a
standing wave �eld (h = λ/8; α = 0.055; η = 0.0013; f = 1000Hz; c0 = 340 m/s).

Figure 6.8: Comparison of p∗ distribution for s = 1−3−10−20 in the case of a progressive
wave �eld (α = 0.055; η = 0.0013; f = 1000Hz; c0 = 340 m/s).

Y0 ≈
2

π
ln
α

2
Y1 ≈ −

2

πα
Y2 ≈ −

4

πα2
Y3 ≈ −

16

πα3
(6.47)

From them the functions Fn(α), Gn(α) and Ωn(α) can be computed:

F0 ≈
α3

2
F1 ≈

α4

8
− (1− η)

α2

2
F2 ≈

α5

48
− α3

4
(6.48)

G0 ≈ −
2α

π
G1 ≈

1

π
(−2− 2η) G2 ≈

8

πα
(6.49)
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Ω0 ≈ −
4α2

π2
Ω1 ≈

4

π2
(1 + η)2 Ω2 ≈

64

π2α2
(6.50)

Finally, the R′n and S
′
n coe�cients reported in Table 6.1 can be written as:

Standing wave

R′0 =
π3

16α
cos(kh) R′1 = −α

2π3(1− η)

8(1 + η)4
sin(kh) (6.51)

S ′0 =
π2

4α3
cos(kh) S ′1 = − sin(kh)

2(1 + η)3
(6.52)

Progressive wave

R′0 =
π2

4α3
R′1 = −α

2π3(1− η)

8(1 + η)4
(6.53)

S ′0 = − π3

16α
S ′1 = − π2

2(1 + η)3
(6.54)

6.3.3.1 Approximate Expressions for a Standing Wave

By means of the coe�cients calculated above under the hypothesis of α� 1 , the analyt-

ical expressions of the dimensionless radiation pressure and its three constitutive terms

are deduced at any positions h of the cylinder along a.a.:

p̃∗ζ =
2

(1 + η)

[
η2

(1 + η)
sin2 kh cos2 θ +

η

(1 + η)
sin2 kh sin2 θ +

α

4
η sin 2kh sin θ sin 2θ

]
(6.55)

p̃∗φ = − 1

(1 + η)

[ η2

(1 + η)
sin2 kh cos2 θ +

1

(1 + η)
sin2 kh sin2 θ +

α

2
sin 2kh sin θ sin 2θ

]
(6.56)

p̃∗q =
1

2
[
1

2
cos2 kh− α

(1 + η)
cos θ sin 2kh] (6.57)

p̃∗ =
[cos2 kh

4
+

sin2 kh

(1 + η)2
(η2 cos2 θ + (2η − 1) sin2 θ)−

α sin 2kh

2(1 + η)
[(sin θ sin 2θ)(1− η) + cos θ]

] (6.58)
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The dimensionless radiation force is obtained by simply integrating the analytical expres-

sion giving p̃∗:

F̃ ∗ =
πα

4

(3− η)

(1 + η)
sin 2kh (6.59)

The expressions of p̃∗, p̃∗ζ , p̃
∗
φ and p̃∗q are calculated at the three positions, namely PAN,

VAN and IAN. Resulting relationships are summarized in Table 6.2.

p̃∗ζ = 0 , p̃∗φ = 0
PAN p̃∗q = 1

4

p̃∗(kh = jπ) = p̃∗PAN = 1
4

p̃∗ζ = 2
(1+η)2

[(η2 − η) cos2 θ + η]

VAN p̃∗φ = − 1
(1+η)2

[(η2 − 1) cos2 θ + 1]

p̃∗q = 0

p̃∗(kh = (2j+1)π
2

) = p̃∗V AN = 1
(1+η)2

[(η − 1)2 cos2 θ + (2η − 1)]

p̃∗ζ = η
(1+η)

[ η
(1+η)

cos2 θ + 1
(1+η)

sin2 θ + α
2

sin θ sin 2θ]

p̃∗φ = − 1
2(1+η)

[ η2

(1+η)
cos2 θ + 1

(1+η)
sin2 θ + α sin θ sin 2θ]

IAN p̃∗q = 1
8
− α

2(1+η)
cos θ

p̃∗(kh = (4j∓1)π
4

) = 1
2
(p̃∗PAN + p̃∗V AN)∓ α

2(1+η)
[(sin θ sin 2θ)(1− η) + cos θ]

Table 6.2: Approximate expressions p̃∗ calculated form the truncated solutions p∗ for
α� 1 at four classes of locations inside the standing wave (with j ∈ Z)

Two expressions of p̃∗ can be obtained for IAN, depending on the speci�c positions with

respect to PAN. The expression with (4j − 1) must be considered for positive gradients

of the acoustic pressure, whereas the one with (4j + 1) must be considered for negative

gradients. This takes into account the fact that the direction of the resulting radiation

force changes in sign across PAN and VAN.

6.3.3.2 Approximate Expressions for a Progressive Wave

Approximate expressions for α � 1 can be also derived for progressive waves. They are

written as follows:

p̃∗ζ =
2η2

(1 + η)2
cos2 θ +

η

2

[ 4

(1 + η)2
sin2 θ +

πα3(1− η)

2(1 + η)2
sin θ sin 2θ

]
(6.60)

p̃∗φ = −1

2

[ 2η2

(1 + η)2
cos2 θ +

2

(1 + η)2
sin2 θ +

α2

2
sin2 2θ +

πα3(1− η)

2(1 + η)2
sin θ sin 2θ

]
(6.61)
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p̃∗q =
1

2

[
1
2

+
2α2

(1 + η)2
cos2 θ − α2

2
cos 2θ − πα3

(1 + η)2
cos θ

]
(6.62)

p̃∗ =
1

4

[
1 +

4η2

(1 + η)2
cos2 θ +

4(2η − 1)

(1 + η)2
sin2 θ

]
+
α2

4

[ 4

(1 + η)2
cos2 θ − cos 2θ

]
−

α3

4(1 + η)2

[
(1− η)2 sin 2θ sin θ + 2 cos θ

] (6.63)

The terms of the radiation pressure have the same dominant order of magnitude (α0).

The resulting radiation force is given by:

F̃ ∗ =
π2α3

8(1 + η)2
[4 + (1− η)2] (6.64)

It must be noticed that the leading term of the dimensionless expression of the radia-

tion force is of order α3 for a progressive wave, which is much lower than the one obtained

for a standing wave which is of order of α.

6.3.3.3 Comparison Between General Expressions p∗ and F ∗ and Approxi-

mate Solutions p̃∗ and F̃ ∗

In order to verify the range of validity of the approximate expressions for α � 1 they

are compared with the general expressions (sum for s = 20). The percentage di�erence

de�ned by Eq. 6.65 is reported in Figure 6.9 as a function of α. For a progressive wave

�eld p̃∗err is always lower than 6 % in the range of α considered.

p̃∗err =
stdev(p∗(s = 20)− p̃∗)
max(|p∗(s = 20)|)

(6.65)

For a progressive wave p̃∗err is always lower than 6 % in the range of α considered. For

a standing wave p̃∗err is lower than 10 % at VAN and IAN, whereas it reaches the 15 % at

PAN for α reaching values of 0.4.

Figure 6.10 shows p̃∗err as a function of η for α = 0.055. The error is independent of η

at PAN and keeps the value of 0.25 % A maximum error of 0.9 % is calculated at VAN

when η approaches the value of 0.4. At IAN and for the progressive wave, the error is

lower than 0.6 %. For all the conditions, the error after reaching a minimum of order of

0.05 % tends asymptotically to an error lower than 0.4 %. To conclude the approximate

expressions can be considered good approximations of the general solutions, especially for

the conditions representative of the experiments investigated here, namely of a water jet
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Figure 6.9: Percentage di�erence p̃∗err between p∗(s = 20) and p̃∗ as a function of α
(η = 0.0013).

in a gaseous environment (α = 0.055 and η = 0.0013).

Figure 6.10: Percentage di�erence p̃∗err between p∗(s = 20) and p̃∗ as a function of η
(α = 0.055).

6.3.3.4 Contribution of p̃∗ζ, p̃
∗
φ and p̃∗q to p̃

∗ for both waves

The dimensionless radiation pressure p̃∗ is composed of three terms: the dimensionless

volumetric kinetic energy (p̃∗φ), volumetric potential energy density (p̃
∗
q) and the term due

to the motion of the object (p̃∗ζ). The distributions of the three terms are compared in

order to quantify how they contribute in the calculation of p̃∗. In the �gures presented
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hereafter, p̃∗ will be reported as a continuous line and the three terms with symbol markers

(p̃∗ζ=◦; p̃∗φ=M; p̃∗q=x). The chosen conditions are α = 0.055 and η = 0.0013 to illustrate

their di�erent weights.

Standing wave

PAN - The distribution of p̃∗ around an object of cylindrical shape at PAN is reported

in Figure 6.11 along with the three terms composing it. The terms p̃∗φ and p̃∗ζ are close

to zero and the only contribution to p̃∗ comes from the time-average volumetric potential

acoustic energy density term, p̃∗q. The distribution of p̃∗ is uniform around the object,

which corresponds to a uniform compression: p̃∗ = p̃∗q = 1
4
. In practice, the dimensional

radiation pressure p̃ = p̃q is equal to P
4

= p2a
4ρ0c20

. It corresponds to the time-average

acoustic energy per volume carried by the standing wave in an environment free from

any obstacles. The integral of p̃∗ around the object surface is null and thus also the

dimensionless resulting radiation force F̃ ∗.

Figure 6.11: Comparison between p̃∗ and p̃∗ζ , p̃
∗
φ and p̃∗q at PAN (h = λ/2; α = 0.055;

η = 0.0013; f = 1000 Hz; c0 = 340 m/s).

VAN - When the object is placed at VAN the radiation pressure distribution is

that reported in Figure 6.12. At this location the object is submitted to the maximum

amplitude of the acoustic velocity �uctuations and the only term contributing to p̃∗ is that

corresponding to the time-averaged volumetric kinetic acoustic energy p̃∗φ. The resulting

distribution of p̃∗ is negative with two minima corresponding to the two pole points at

θ = 90◦ and θ = 270◦ (see Figure 6.1; p̃∗ is null at the two equatorial points (θ = 0◦ and

θ = 180◦). The distribution produces a suction e�ect which is maximum in the direction

perpendicular to the acoustic axis. Jointly, the integral of p̃∗ leads to a zero resulting
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radiation force.

Figure 6.12: Comparison between p̃∗ and p̃∗ζ , p̃
∗
φ and p̃∗q at VAN (h = λ/4; α = 0.055;

η = 0.0013; f = 1000 Hz; c0 = 340 m/s).

IAN - The distributions of p̃∗ when the object is placed at IAN is reported in Fig-

ure 6.13. At this location, where both acoustic velocity and pressure �uctuations present

important amplitudes, two terms are revealed to contribute to the �nal distribution of

p̃∗; p̃∗φ corresponding to the time-averaged volumetric kinetic acoustic energy and p̃∗q that

corresponding to the time-averaged volumetric potential energy density. The term p̃∗ζ is

close to zero. The evolution is similar to that obtained at VAN, producing a suction

e�ect around the cross section with a maximum action near the pole points (θ = 90◦ and

θ = 270◦). The quantity p̃∗q gives rise to a compression e�ect (positive values) with a maxi-

mum at the position θ = 180◦ and a minimum at the position θ = 0◦, corresponding to the

two equatorial points where additionally p̃∗φ is zero. This di�erence of ≈ 36 % in the local

compression action leads to a non-symmetric distribution of p̃∗ around the cross-section.

Consequently it produces a non-null integral of the radiation pressure leading to a non-

zero resulting force modulus F̃ ∗. As F̃ ∗ > 0, the force is pointed in the y-direction toward

VAN. Moreover, by comparing the areas under the curve p̃∗(θ), it is clearly highlighted

that the suction phenomenon strongly dominates against the compression one.

Figure 6.14 reports the maximum and minimum values extracted from the pro�le

p̃∗(θ) as functions of the position h in the acoustic �eld, for α = 0.055 and η = 0.0013.

Compression e�ect (positive values) is maximum at PAN (|p̃∗| ≈ 0.25) and zero at VAN,

whereas the suction has a maximum at VAN (|p̃∗| ≈ 1) and is zero in between IAN and

PAN. Moving from VAN to PAN the suction e�ect decreases and the compression one
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Figure 6.13: Comparison between p̃∗ and p̃∗ζ , p̃
∗
φ and p̃∗q at IAN (h = λ/8; α = 0.055;

η = 0.0013; f = 1000 Hz; c0 = 340 m/s).

increases until counterbalance the suction action in a zone located between IAN and PAN,

close to the position where the suction e�ects become zero. In the region near PAN only

compression e�ects are present.

Figure 6.14: Comparison between the dimensionless radiation pressure maximum and
minimum values and their di�erence, on a cylindrical object in a standing wave �eld as a
function of h (α = 0.055, η = 0.0013).

Progressive wave

The distribution of p̃∗ for the progressive wave, and of the three terms composing it, is

reported in Figure 6.15. The situation is similar to that observed at an intermediate point
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in between VAN and PAN. Here, p̃∗q appears to vary as a positive constant, which induces

a translation of the distribution without any modi�cation of the shape of p̃∗φ. Actually,

the asymmetry of p̃∗q is so small that it cannot be visible at naked eye on the diagram.

The dimensionless resulting radiation force F̃ ∗ seems zero, which is consistent with its

expression given in Eq. 6.64 whose order of magnitude is very small (α3).

Figure 6.15: Comparison between p̃∗ and p̃∗ζ , p̃
∗
φ and p̃∗q in a progressive wave �eld (α =

0.055; η = 0.0013; f = 1000 Hz; c0 = 340 m/s).
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6.3.3.5 Asymptotic Approximate Expressions for both Standing and Pro-

gressive Waves

For a �xed value of α the dimensionless approximate radiation pressure distributions p̃∗

evolve with η. The only exception is represented by PAN for which p̃∗ = 1/4 for all values

of α and η (see Figure 6.11). In all other positions, expressions can be further simpli�ed

by considering the limits for η → 0 and η →∞.

The asymptotic expressions for η → 0 and η →∞ of dimensionless radiation pressure

p̃∗, of the three terms (p̃ζ , p̃φ and p̃q) and also of the radiation force per unit length (F̃ ∗)

are summarized in Tables 6.3 and 6.4 for standing and progressive waves respectively.

Asymptotic expressions for SW
p̃ζ → 0

η → 0 p̃φ → − sin2 θ p̃∗ → cos2 kh
4
− sin2 kh sin2 θ

p̃q → 1
4

cos2 kh F̃ ∗ → 3πα
4

sin 2kh
p̃ζ → 2 sin2 kh cos2 θ

η →∞ p̃φ → − sin2 kh cos2 θ p̃∗ → cos2 kh
4

+ sin2 kh cos2 θ

p̃q → 1
4

cos2 kh F̃ ∗ → −πα
4

sin 2kh

Table 6.3: Asymptotic approximate expressions of the dimensionless radiation pressure,
of its three contributions and of the modulus of the radiation force per unit length for a
standing wave.

Asymptotic expressions for PW
p̃∗ζ → 0

η → 0 p̃∗φ → − sin2 θ p̃∗ → 1
4
− sin2 θ

p̃∗q → 1
4

F̃ ∗ → 5π2α3

8

p̃∗ζ → 2 cos2 θ
η →∞ p̃∗φ → − cos2 θ p̃∗ → 1

4
+ cos2 θ

p̃∗q → 1
4

F̃ ∗ → π2α3

8

Table 6.4: Asymptotic approximate expressions of the dimensionless radiation pressure,
of its three contributions and of the modulus of the radiation force per unit length for a
progressive wave.

6.3.3.6 In�uence of η

In this section the asymptotic expressions of p̃∗ are compared with the two cases: η =

0.0013, corresponding to a liquid cylinder in the air, and η = 7, corresponding to a warm
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gas cylinder in a colder gaseous environment. Solutions calculated for η = 0.5 and η = 3

are also considered.

Standing wave

VAN - For a cylindrical object placed at VAN the spatial distribution of the acoustic

radiation pressure with respect to θ and for the di�erent values of η is reported in Fig-

ure 6.16(a). Figure 6.16(b) shows how the maximum and minimum values of p̃∗ varies

with η, as well as their di�erence. Whatever η the distribution of p̃∗ is always non-uniform

and symmetrical, which implies that F̃ ∗ = 0. The distribution for η = 0.0013 is always

negative and is the same as that of the asymptotic distribution for η → 0. The object is

submitted to a suction e�ect mainly in the direction perpendicular to the acoustic axis.

By increasing η the suction decreases and the compression in the direction of the acoustic

axis increases (see Figure 6.16(b)). For η ≥ 0.5 the distribution of p̃∗ is positive at any

values of θ. There the object is submitted to a compression e�ect in all the directions

around the cylinder, but stronger in the direction parallel to the acoustic axis. In the limit

case η →∞ the object is submitted only to a large compression, mainly in the direction

parallel to a.a., and the di�erence between the maximum and minimum values of p̃∗ tends

to 1. This distribution is anti-symmetric with respect to that noted with η → 0 in which

the object is submitted only to a large suction e�ect in the direction perpendicular to

a.a..

(a) (b)

Figure 6.16: (a) Radiation pressure distribution at VAN around a cylindrical object in a
standing wave �eld as a function of η (α << 1). (b) Comparison between the radiation
pressure distribution p̃∗ maximum, minimum and their di�erence at VAN around a cylin-
drical object in a standing wave �eld as a function of η (h = λ/4; α << 1; f = 1000 Hz).

IAN - The distribution of p̃∗ at IAN is shown in Figure 6.17(a). Similarly to what



Nonlinear Acoustic Theory 177

observed at VAN the distribution for η = 0.0013 is the same as for η → 0. For η ≤ 3

the (absolute) maximum of p̃∗ is at θ = 180◦, but for η ≥ 3 it is at θ = 0 (or θ = 360◦).

Figure 6.17(b) shows the maximum and minimum values of p̃∗ as functions of η, along

with their di�erence. For η → 0 suction is stronger than compression. For η → ∞ only

compression is present, and the di�erence between the maximum and minimum values of

p̃∗ tends to 0.5.

(a) (b)

Figure 6.17: (a) Radiation pressure distribution at IAN around a cylindrical object in a
standing wave �eld as a function of η (α << 1). (b) Comparison between the radiation
pressure distribution p̃∗ maximum, minimum and their di�erence at IAN around a cylin-
drical object in a standing wave �eld as a function of η (h = λ/4; α << 1; f = 1000 Hz).

Figure 6.18(a) shows F̃ ∗ at IAN as a function of η. The force changes its sign at

η = 3 and for η → 0 force tends to maximum value F̃ ∗ ≈ 0.13, whereas for η → ∞
F̃ ∗ → −0.048.

In Figure 6.18(b) the variation of F̃ ∗ is reported as a function of the object position h

in the acoustic �eld for the di�erent values η. For η = 3 F̃ ∗ = 0 and across η = 3 the force

changes its sign with h. For η < 3 F̃ ∗ is directed toward the closest velocity anti-node

whereas for for η > 3 it is toward the closest pressure anti-node (see Figure 6.18(b)).

Progressive wave

The distributions of p̃∗ in the case of a progressive wave �eld for the di�erent values

of η are reported in Figure 6.19(a). The maximum and minimum values of p̃∗, as well as

their di�erence, are reported in Figure 6.19(b) as functions of η. As for the standing wave,

suction e�ect is stronger for small values of η. Indeed, for η → 0 max|p̃∗| −min|p̃∗| tends
to -0.5. By increasing η only compression is observed, and max|p̃∗| −min|p̃∗| tends to 1.
The radiation force (see Figure 6.20) in this case present a minimum value F̃ ∗ = 0.000105
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(a) (b)

Figure 6.18: (a) Dimensionless radiation force per unit length F̃ ∗ at IAN (h = λ/8) acting
on a cylindrical object placed in a standing wave �eld as a function of η (α << 1). (b)
Dimensionless radiation force per unit length F̃ ∗ around a cylindrical object in a standing
wave �eld as a function of h and η (α << 1). For η < 3 F̃ ∗ is directed toward the nearest
VAN, whereas for η > 3 it is directed toward the nearest PAN.

for η = 3. For any value of η is always at least 2 order of magnitude lower than the

radiation force in the case of a standing wave. For η → 0 F̃ ∗ → 0.00105, whereas for

η →∞ F̃ ∗ → 0.000209.

(a) (b)

Figure 6.19: (a) Radiation pressure distribution around a cylindrical object in a progres-
sive wave �eld as a function of η (α << 1). (b) Comparison between the radiation pressure
distribution p̃∗ maximum, minimum and their di�erence around a cylindrical object in a
progresive wave �eld as a function of η (h = λ/4; α << 1; f = 1000 Hz).
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Figure 6.20: Dimensionless radiation force per unit length F̃ ∗ around a cylindrical object
in a progressive wave �eld as a function of η (α << 1).

6.4 Spherical Objects

In section 6.3 the expressions of radiation pressure and force have been derived for the

case of a cylindrical object. Following a similar procedure the expressions for spherical

objects submitted to acoustic nonlinear e�ects are developed in this section. This case,

of great interest in the �eld of microgravity, especially for applications concerning the

acoustic levitation, usually focuses on the analytical determination of the radiation force

which can counterbalance gravity. However, in our study, the radiation pressure is also an

important quantity since its distribution can justify deformation of the particles, and even

secondary atomization. Hereafter, we will use the classical approach used by King [93]

to set the equations for both acoustic radiation pressure and force. At �rst, but limited,

calculation was also given in Baillot et al. [90, 89]. A �ne and systematic analysis is

proposed in the following.

Let consider the case of a rigid sphere of radius a placed in an ideal �uid and subjected

to an harmonic acoustic �eld. According to King the velocity potential, the sum of incident

and scattered velocity potentials, can be expressed as:

φ = φi + φr = cosωt
∞∑
n=0

RnPn(ν) + sinωt
∞∑
n=0

SnPn(ν) (6.66)

where Pn(ν) is the Legendre polynomial of order n and ν = cos θ, with θ denoting the

angle with respect to the acoustic axis. The Rn and Sn coe�cients are characteristic

functions of the acoustic �eld and their general expressions are given by:

Rn =
|An|
Hn(α)

cos(βn + εn)

αn+1
(6.67)
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Sn = − |An|
Hn(α)

sin(βn + εn)

αn+1
(6.68)

Here again α = ka with k = ω/c0 the wave number, An is the coe�cient of the incident

radiation �eld φi. Factors βn depend on the nature of the acoustic wave (standing or

progressive), they are de�ned in the next sections. Hn and εn are combinations of spherical

wave functions with:

H2
n = F 2

n +G2
n cos εn =

Fn
Hn

sin εn =
Gn

Hn

(6.69)

Referring to an origin at the center of the sphere moving under the action of the

acoustic �eld we can write φ̇ as:

φ̇ =
Dφ

Dt
− ζ̇ cos θ

∂φ

∂r
+ ζ̇

sin θ

r

∂φ

∂θ
(6.70)

where ζ̇ is the velocity of the center of the sphere along the y-axis, which is given by:

ζ̇ = −kη 1

α
(R1 cosωt+ S1 sinωt) (6.71)

Parameter η is the ratio of the density of the �uid ρ0 over the density of the sphere

ρ1 (η = ρ0/ρ1). Since the �uid must remain in contact with the sphere the following

boundary condition (r = a) must be also satis�ed:

−
(
∂φ

∂r

)
r=a

= ζ̇ cos θ (6.72)

6.4.1 General Expressions

Eq. 6.8 indicates that the radiation pressure is composed of three terms. The �rst time-

average contribution on the sphere (r = a) is given by the sphere displacement:

pζ =
1

T

∫ T

0

ρ0φ̇dt (6.73)

Considering Eq. 6.70 and taking the time average over the period T we obtain that

the �rst term is null while the expressions of the two others terms can be calculated as:[
−ζ̇ cos θ

∂φ

∂r
+ ζ̇

sin θ

r

∂φ

∂θ

]
r=a

= ζ̇2 cos2 θ + ζ̇
sin θ

a

∂φ

∂θ
(6.74)

where
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ζ̇2 = k2η2 1

α2
(R2

1 cos2 ωt+ S1 sin2 ωt+ 2R1S1 cosωt sinωt) (6.75)

and

∂φ

∂θ
=
∂φ

∂ν

∂ν

∂θ
= −

[
cosωt

∞∑
n=0

RnP
′

n(ν) + sinωt
∞∑
n=0

SnP
′

n(ν)
]

sin θ (6.76)

Quantity (P ′n(ν)) is the derivative of Legendre polynomial of order n. φ is obtained from

Eq. 6.70 by substituting Eq. 6.75 and 6.76 into Eq. 6.74. Finally pζ at r = a is deduced

from Eq. 6.73:

pζ = ρ0
1

2

k2

α2
η2
(
R2

1 + S2
1

)
cos2 θ +

kηρ0

2aα

[
R1

∞∑
n=0

RnP
′

n + S1

∞∑
n=0

SnP
′

n

]
sin2 θ (6.77)

Term by term integration of Eq. 6.77 over the sphere surface gives the contribution of

pζ . The second contribution to the radiation pressure at r = a is given by time averaging

the potential acoustic energy per unit volume:

pφ =
1

T

∫ T

0

1

2

ρ0

c2
0

φ̇2dt (6.78)

The preceding calculations give:

φ̇ = −ω
(

sinωt
∞∑
n=0

RnPn(ν)− cosωt
∞∑
n=0

SnPn(ν)
)

(6.79)

and

φ̇2 = ω2
[
sin2 ωt

( ∞∑
n=0

RnPn(ν)
)2

+ cos2 ωt
( ∞∑
n=0

SnPn(ν)
)2

− sinωt cosωt
∞∑
n=0

RnPn(ν)
∞∑
n=0

SnPn(ν)
] (6.80)

The time average of Eq. 6.80 provides the expression of pφ:

pφ =
1

4

ω2

c2
0

ρ0

[( ∞∑
n=0

RnPn(ν)
)2

+
( ∞∑
n=0

SnPn(ν)
)2]

(6.81)

The last contribution to the radiation pressure at r = a is given by the time average
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of the kinetic acoustic energy per unit volume:

pq =
1

T

∫ T

0

[−1
2
ρ0(~∇φ)2]dt (6.82)

Considering the boundary condition given by Eq. 6.72 and the fact that φ only depends

on θ and r we can express the square of the gradient of φ as follows:

(
~∇φ
)2

=

[
ζ2 cos2 θ +

1

a2

(
∂φ

∂θ

)2
]
r=a

(6.83)

The �rst term of the previous equation has already been treated in the calculation of pζ ,

while the second one can be easily obtained by taking the time average of the square of

Eq.6.76. The sum of the 2 terms gives rise to:

pq = −ρ0
1

4

k2

α2
η2
(
R2

1 + S2
1

)
cos2 θ − ρ0

4a2

[( ∞∑
n=0

RnP
′

n

)2

+
( ∞∑
n=0

SnP
′

n

)2
]

sin2 θ (6.84)

Adding the three contributions calculated above leads to a general form for the acoustic

radiation pressure, expressed by:

prad = − ρ0

4a2

[( ∞∑
n=0

RnP
′

n(ν)
)2

+
( ∞∑
n=0

SnP
′

n(ν)
)2]

sin2 θ︸ ︷︷ ︸
Baillot et al.

+

ρ0

4a2
k2
[( ∞∑

n=0

RnPn(ν)
)2

+
( ∞∑
n=0

SnPn(ν)
)2]

︸ ︷︷ ︸
Baillot et al.

+

ρ0

2a2
η

[
R1

∞∑
n=0

RnP
′

n(ν) + S1

∞∑
n=0

SnP
′

n(ν)

]
sin2 θ+

ρ0

4a2
η2
(
R2

1 + S2
1

)
cos2 θ

(6.85)

The �rst two terms represent the prad expression already found by Baillot et al. [90, 89]

for the case η � 1. The coe�cients Rn and Sn depends on the kind of wave considered.

Standing wave

For a standing wave |An| = |A| (2n + 1) cos(kh + 1
2
nπ) and βn = 0. The coe�cients

Rn and Sn are then rewritten as:

Rn =
Fn |A|
H2
nα

n+1
(2n+ 1)cos(kh+

1

2
nπ) (6.86)
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Sn = − Gn |A|
H2
nα

n+1
(2n+ 1)cos(kh+

1

2
nπ) (6.87)

Progressive wave

In the case of a progressive wave |An| = |A| (2n + 1) and βn = −1
2
nπ, thus the

coe�cients Rn and Sn can be written as:

Rn =
|A|

Hnαn+1
(2n+ 1)cos(βn + εn) (6.88)

Sn = − |A|
Hnαn+1

(2n+ 1)sin(βn + εn) (6.89)

6.4.2 Truncated expressions

We assume that the convergence of the series could be approximated by keeping the

terms until n = 2 as demonstrated in section 6.3 for the cylinder. Expanding the summa-

tions until n = 2 and rearranging the terms in Eq. 6.85 lead to the following truncated

relationship for prad:

prad = − ρ0

4a2

[
(R2

1 + S2
1)B1 + (R2

2 + S2
2)B2 − α2

(
(R2

0 + S2
0)+

2(R0R1 + S0S1)B01 + (R0R2 + S0S2)B02

)] (6.90)

with

B1 = −η2 cos2 θ + (1− 2η) sin2 θ − α2 (6.91)

B2 = 9 cos2 θ sin2 θ − α2

4
(3 cos2 θ − 1)2 (6.92)

B01 = cos θ (6.93)

B02 = 3 cos2 θ − 1 (6.94)

The same procedure is carried out to calculate the truncated expression of the resulting

radiation force. First, expanding the sum in Eq. 6.77 up to n = 2 and integrating over

the sphere surface provides the contribution of pζ to the radiation force:

Fζ = −2πa2

∫ π

0

pζ sin θ cos θdθ = −4

5
πηρ0(R1R2 + S1S2) (6.95)

Similarly expanding the sum in Eq. 6.81 up to n = 2 and integrating over the sphere
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surface provides the contribution of pφ to the radiation force:

Fφ = −2

3
πρ0α

2
[
(R0R1 + S0S1) +

2

5
(R1R2 + S1S2)

]
(6.96)

Finally the contribution of pq to the radiation force expression is obtained from Eq. 6.84

:

Fq =
4

5
πρ0(R1R2 + S1S2) (6.97)

The truncated expression of the radiation force is then deduced by adding the three

contributions:

Frad = πρ0

[4

5
(R1R2 + S1S2)

(
1− η − α2

3

)
− 2

3
α2(R0R1 + S0S1)

]
(6.98)

Equations 6.90 and 6.98 depend on the coe�cients Rn and Sn which in turns, depend

on the acoustic wave characteristics (e.g. standing or progressive acoustic waves).

6.4.3 Small Objects Approximation (α� 1)

Under the small objects hypothesis (α = ka � 1), the coe�cients Fn, Gn, Hn, the

Legendre polynomials P0(ν) and their derivatives P
′
0(ν) can be expressed as follows:

n 0 1 2 3
Fn 1/α (2 + η)/α3 9/α5 60α7

Gn α2/3 α2/15− (1− η)/3 α2/105− 2/15 α2/945− 3/105

Hn (1 + α2)/α2 (2 + η)2/α6 81/α10 3600/α14

P0(ν) 1 ν (3ν2 − 1)/2

P
′
0(ν) 0 1 3ν

Table 6.5: Coe�cients de�ning the acoustic �eld for a spherical object under the hypoth-
esis α� 1.

For α � 1 King [93] demonstrated that Fn+1Fn >> Gn+1Gn. The expressions of the

radiation pressure and force can be thus simpli�ed and approximate expressions can be

obtained for both standing and progressive waves.
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6.4.3.1 Approximate Expressions for a Standing Wave

In the case of a standing wave for α� 1, and for n = 0, 1 and 2 the following expressions

for the coe�cients Rn and Sn are deduced:

R0 =
|A|

(1 + α2)
cos(kh) R1 = − 3 |A|α

(2 + η)
sin(kh) R2 = −5

9
|A|α2 cos(kh)

(6.99)

S0 = − |A|α3

3(1 + α2)
cos(kh) S1 = −(1− η) |A|α4

(2 + η)2
sin(kh) S2 = −2 |A|α7

243
cos(kh)

(6.100)

with

R2
0 + S2

0 =
|A|2

(1 + α2)2
cos2(kh) (6.101)

R2
1 + S2

1 = 9
|A|2

(2 + η)2
α2 sin2(kh) (6.102)

R2
2 + S2

2 =
25

81
|A|2 α4 cos2(kh) (6.103)

By considering the conditions Fn+1Fn >> Gn+1Gn [93], we also have

R0R1 + S0S1 = −3

2
|A|2 sin(2kh)

α

(1 + α2)(2 + η)
(6.104)

R1R2 + S1S2 =
5

6
|A|2 sin(2kh)

α3

(2 + η)
(6.105)

R0R2 + S0S2 = −5

9
|A|2 cos2(kh)

α2

(1 + α2)
(6.106)

The approximate expressions of the acoustic radiation pressure and force are thus

given by:

p̃rad = − ρ0
4a2
|A|2 α2

[
9 sin2(kh)

(2+η)2
[−η2 cos2 θ + (1− 2η) sin2 θ]− cos2(kh)

]
+O(α3) (6.107)

F̃rad = πρ0 |A|2
sin 2kh

(2 + η)
α3

[
1 +

2

3
(1− η)

]
+O(α4) (6.108)
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6.4.3.2 Approximate Expressions for a Progressive Wave

For a progressive wave, and for n = 0, 1, 2 we obtain:

R0 =
|A|

(1 + α2)
R1 = −(1− η)2 |A|α4

(2 + η)
R2 = −5

9
|A|α2 (6.109)

S0 = − |A|α3

3(1 + α2)
S1 =

3 |A|α
(2 + η)

S2 = −2 |A|α7

243
(6.110)

And also

R2
0 + S2

0 =
|A|2

(1 + α2)2
(6.111)

R2
1 + S2

1 = 9
|A|2

(2 + η)2
α2 (6.112)

R2
2 + S2

2 =
25

81
|A|2 α4 (6.113)

By considering that Fn+1Fn >> Gn+1Gn [93], we �nally obtain:

R0R1 + S0S1 = − 3 |A|2 α4

(1 + α2)(2 + η)2
(6.114)

R1R2 + S1S2 =
5

9

|A|2 α6

(2 + η)2
(1− η) (6.115)

R0R2 + S0S2 = −5

9

|A|2 α2

(1 + α2)
(6.116)

The approximate expression of the acoustic radiation pressure equation in this case is:

p̃rad = − ρ0
4a2
|A|2 α2

[
9

(2+η)2
[−η2 cos2 θ + (1− 2η) sin2 θ]− 1

]
+O(α3) (6.117)

while approximate expression of the radiation force can be written as:

F̃rad = 2πρ0 |A|2 α6 [1 + 2
9
(1− η)2]

(2 + η)2
+O(α8) (6.118)

6.4.3.3 Dimensionless Expressions Analysis

As for the cylindrical object (see section 6.3), the expressions presented in the previous

section are now normalized by the factor:

P =
p2
a

ρ0c2
0

(6.119)
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In the following the dimensionless functions are speci�ed by the superscript * yet. On

the basis of the approximate functions p̃(α, η, θ, h) and F̃ (α, η, θ, h) obtained under the

assumption α = ka << 1, the dimensionless functions p̃∗(α, η, θ, h) and F̃ ∗(α, η, θ, h) are

then de�ned by p̃∗ = prad/P and F̃ ∗ = Frad/a
2P .

Standing wave

p̃∗ζ =
9

2(2 + η)2
(η2 cos2 θ sin2(kh)+η sin2 θ sin2(kh))+

5αη

4(2 + η)
sin 2kh cos θ sin2 θ (6.120)

p̃∗q =
1

4
cos2(kh)− 3α

4(2 + η)
cos θ sin 2kh (6.121)

p̃∗φ = − 9

4(2 + η)2
(η2 cos2 θ sin2(kh)+sin2 θ sin2(kh))− 5α

4(2 + η)
sin 2kh cos θ sin2 θ (6.122)

The sum of the three terms provides:

p̃∗ = − 1

4

[
9 sin2(kh)

(2+η)2
[−η2 cos2 θ + (1− 2η) sin2 θ]− cos2(kh)

]
+

α

4(2 + η)
[5η sin2 θ − 3− 5 sin2 θ] cos θ sin 2kh

(6.123)

The resulting radiation force is de�ned as:

F̃ ∗ =
πα

(2 + η)
sin 2kh

[
1 +

2

3
(1− η)

]
(6.124)

Progressive wave

The expressions of the three terms for a progressive wave are independent of h, and

are given by:

p̃∗ζ =
9

2(2 + η)2
(η2 cos2 θ+ η sin2 θ)− 3η

2(2 + η)2
α2 sin2 θ+

5η(1− η)

6(2 + η)2
α4 cos θ sin2 θ (6.125)

p̃∗q =
1

4
− 5

36
(3 cos2 θ − 1)α2 − 3α4

2(2 + η)2
cos θ +

25α4

81

(3 cos2 θ − 1)

8
(6.126)

p̃∗φ = − 9

4(2 + η)2
(η2 cos2 θ+sin2 θ)− 225

324
α2 cos2 θ sin2 θ− 15(1− η)

18(2 + η)2
α4 cos θ sin2 θ (6.127)
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The expression of p̃∗ obtained by adding the three terms is:

p̃∗ = −1
4

[
9

(2+η)2
[−η2 cos2 θ + (1− 2η) sin2 θ]− 1

]
(6.128)

and the resulting radiation force becomes:

F̃ ∗ = 2πα4 [1 + 2
9
(1− η)2]

(2 + η)2
(6.129)

6.4.3.4 Contribution of p̃∗ζ, p̃
∗
φ and p̃∗q to p̃

∗ for both waves

Standing wave

The di�erent quantities are �rst studied as spatial functions of the angle θ around the

sphere surface, for η = 0.0013. As for the cylinder, when the sphere is placed at PAN

the radiation pressure distribution is constant, p̃∗ = p̃∗q/4. Its constant value corresponds

to the time-average acoustic energy per volume carried by the standing wave in an en-

vironment free from any obstacles: p̃ = p̃q = P
4

= p2a
4ρ0c20

. The integral of p̃∗ around the

object surface is null and thus also the dimensionless resulting radiation force F̃ ∗. The

distribution of p̃∗ at VAN is shown in Figure 6.21 with distributions of p̃∗ζ , p̃
∗
φ and p̃

∗
q. Only

the term corresponding to the volumetric acoustic kinetic energy p̃∗q contributes to p̃
∗.

Figure 6.21: Comparison between p̃∗ and p̃∗ζ , p̃
∗
φ and p̃∗q at VAN (h = λ/4; α = 0.055;

η = 0.0013; f = 1000 Hz; c0 = 340 m/s).

The situation is more complicated at IAN where the two terms corresponding to p̃∗q
and p̃∗φ contribute to the �nal distribution of p̃

∗ (see Figure 6.22). By comparing the areas
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under the curve p̃∗(θ), the suction e�ect appears globally to be slightly stronger than the

compression e�ect. The two phenomena counterbalance at θ = 45◦ modulo 90◦ (p̃∗ = 0).

Similarly to the cylinder, the distribution of p̃∗(θ) is not symmetric according to the plane

perpendicular to a.a. which contains the two poles, since the maxima at the equatorial

points (θ = 0◦ and θ = 180◦) di�er from 0.05%. This gives rise to a net resulting force

F̃ ∗ 6= 0.

Figure 6.22: Comparison between p̃∗ and p̃∗ζ , p̃
∗
φ and p̃∗q at IAN (h = λ/8; α = 0.055;

η = 0.0013; f = 1000 Hz; c0 = 340 m/s).

As carried out for the cylinder, the (absolute) maximum and minimum values of p̃∗

are investigated as functions of the position h in the acoustic �eld (see Figure 6.23).

Compression e�ect (p̃∗ > 0) is maximum at PAN (|p̃∗| ≈ 0.25) and zero at VAN, whereas

suction (p̃∗ < 0) is maximum at VAN (|p̃∗| ≈ 0.55) and zero in between IAN and PAN.

The values of the two extrema counterbalance at IAN.

Progressive wave

The distribution of p̃∗ in this case is reported in Figure 6.24, along with the contribution

of the three terms p̃∗ζ , p̃
∗
φ and p̃∗q. In practice, only p̃∗φ and p̃∗q have a non-negligible

contribution. p̃∗φ acts as a constant compression e�ect on the sphere, whereas p̃∗q evolves

as a spatially modulated suction e�ect. By comparing the areas under the curve p̃∗θ, the

suction e�ect appears to slightly exceed the compression e�ect. They counterbalance their

action at θ = 45◦ modulo 90◦ (p̃∗ = 0).
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Figure 6.23: Comparison between the dimensionless radiation pressure maximum and
minimum values and their di�ernece, on a spherical object in a standing wave �eld as a
function of h (α << 1).

Figure 6.24: Comparison between p̃∗ and p̃∗ζ , p̃
∗
φ and p̃∗q in the case of a progressive wave

�eld (α = 0.055; η = 0.0013; f = 1000 Hz; c0 = 340 m/s).

6.4.3.5 Asymptotic Approximate Expressions for η → 0 and η →∞

The dimensionless asymptotic expressions for η → 0 and η →∞ are reported in Tables 6.6

and 6.7 for standing and progressive waves respectively.
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Asymptotic expressions for SW
p̃ζ → 0

η → 0 p̃φ → − 9
16

sin2 kh sin2 θ p̃∗ → 1
4

cos2 kh− 9
16

sin2 kh sin2 θ

p̃q → 1
4

cos2 kh F̃ ∗ → 5
6
πα sin 2kh

p̃ζ → 9
2

sin2 kh cos2 θ
η →∞ p̃φ → −9

4
sin2 kh cos2 θ p̃∗ → 1

4
cos2 kh+ 9

4
sin2 kh cos2 θ

p̃q → 1
4

cos2 kh F̃ ∗ → −2
3
πα sin kh

Table 6.6: Asymptotic dimensionless expressions of the radiation pressure, its three con-
tributions and the modulus of the radiation force for a standing wave under the approxi-
mation α� 1.

Asymptotic expressions for PW
p̃ζ → 0

η → 0 p̃φ → − 9
16

sin2 θ p̃∗ → 1
4
− 9

16
sin2 θ

p̃q → 1
4

F̃ ∗ → 11
18
πα4

p̃ζ → 9
2

cos2 θ
η →∞ p̃φ → −9

4
cos2 θ p̃∗ → 1

4
+ 9

4
cos2 θ

p̃q → 1
4

F̃ ∗ → 4
9
πα4

Table 6.7: Asymptotic dimensionless expressions of the radiation pressure, its three con-
tributions and the modulus of the radiation force for a progressive wave under the ap-
proximation α� 1.

6.4.3.6 In�uence of η

In this section the asymptotic expressions of p̃∗ are compared with the two cases of

η = 0.0013 (corresponding to the case of a liquid cylinder in air) and η = 7 (corresponding

to that of a warm gas in a colder gaseous environment). Solutions obtained for η = 0.5

and η = 2.5 are also considered.

Standing wave

As for the cylinder p̃∗ at PAN is constant and does not depend on η.

VAN - Whatever η the distribution of p̃∗ at VAN is non-uniform, but the locations

of the extrema are independent of η. The pro�le of p̃∗(θ) is symmetric according to the

plane perpendicular to a.a. containing the points θ = 90◦ and θ = 180◦. This implies

that F̃ ∗ is always zero (see Figure 6.25(a)). Figure 6.25(b) shows how the maximum

and minimum values of p̃∗ vary with η as well as their di�erence. For η < 0.5 the

di�erence results in a suction e�ect in the direction perpendicular to the acoustic axis.

For η > 0.5 only compression is noted at any positions. However, the non-uniformity

leads to a predominant compression in the direction parallel to the acoustic axis. For
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η →∞ max|p̃∗| tends to 2.25 and min|p̃∗| to 0.25, so max|p̃∗| −min|p̃∗| tends 2, a value
which is twice the asymptotic value in the case of the cylinder.

(a) (b)

Figure 6.25: (a) Radiation pressure distribution at VAN around a spherical object in a
standing wave �eld as a function of η (α << 1). (b) Comparison between the radiation
pressure distribution p̃∗ maximum, minimum and their di�erence at VAN around a spher-
ical object in a standing wave �eld as a function of η (h = λ/4; α << 1; f = 1000 Hz).

IAN - Similar distributions of p̃∗ are observed at IAN, as reported in Figure 6.26(a).

The same kind of spatial distribution with θ is noted between compression and suction

e�ects. But the amplitude of the extrema is divided by 2, compared to what is obtained

at VAN. Figure 6.26(b) gives a clear illustration of this whatever η by reporting max|p̃∗|,
min|p̃∗| and max|p̃∗| − min|p̃∗| with respect to η. The convergence of the di�erence

toward 1 as η increases, is less rapid than what is noted at VAN. The distributions are

slightly non-symmetric with respect to θ = 90◦. This induces a resulting radiation non-

null force F̃ ∗. Figure 6.27(a) shows the evolution of F̃ ∗ with respect to η. Across η = 2.5,

for which F̃ ∗ = 0, the force changes its sign. For η < 2.5 it is directed toward the

nearest VAN whereas for η > 2.5 it is directed toward the nearest PAN. This is illustrated

in Figure 6.27(b) which shows F̃ ∗ as a function of the object position h and η. The

asymptotic value of the force for η → 0 is 0.145, whereas for η →∞ F̃ ∗ → −0.116.

Progressive wave

Figure 6.28(a) shows the distribution of p̃∗ for a spherical object in a progressive wave

�eld. The maximum and minimum values of p̃∗, as well as their di�erence, are shown in

Figure 6.30, with respect to η. Distributions of p̃∗ are similar to the ones observed for a

standing wave at VAN. For η → ∞ max|p̃∗| −min|p̃∗| → 2, the asymptotic value is the

same as that obtained at VAN for the standing wave. However the slighter asymmetry
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(a) (b)

Figure 6.26: (a) Radiation pressure distribution at IAN around a spherical object in a
standing wave �eld as a function of η (α << 1). (b) Comparison between the radiation
pressure distribution p̃∗ maximum, minimum and their di�erence at IAN around a spher-
ical object in a standing wave �eld as a function of η (h = λ/4; α << 1; f = 1000 Hz).

(a) (b)

Figure 6.27: (a) Dimensionless radiation force F̃ ∗ at IAN (h = λ/8) acting on a spherical
object placed in a standing wave �eld as a function of η (α << 1). (b) Dimensionless
radiation force F̃ ∗ around a spherical object in a standing wave �eld as a function of h
and η (α << 1). For η < 3 F̃ ∗ is directed toward the nearest VAN, whereas for η > 3 it
is directed toward the nearest PAN.

leads to a smaller force, a result which is reinforced by the fact that F̃ ∗ varies as α4

instead of α. The force never changes its sign; it is always oriented in the way of the wave

propagation as shown in Figure 6.29. It is maximum (1.81 · 10−5) at η = 0 and decreases

up to a minimum for η = 2.5, before increasing again asymptotically for η → ∞ toward

a constant value which is about 1.31 · 10−5 the value of the maximum at η = 0.
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(a) (b)

Figure 6.28: (a) Radiation pressure distribution p̃∗ around a spherical object in a progres-
sive wave �eld as a function of η (α << 1). (b) Comparison between the radiation pressure
distribution p̃∗ maximum, minimum and their di�erence around a spherical object in a
progressive wave �eld as a function of η (α << 1; f = 1000 Hz).

Figure 6.29: Dimensionless radiation force F̃ ∗ around a spherical object in a progressive
wave �eld as a function of η (α << 1).
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6.5 Most important equations

In this section are summarized the dimensionless expressions of radiation pressure p̃∗

and force F̃ ∗ obtained for cylindrical and spherical objects (small objects approximation

α << 1) in standing and progressive wave �elds.

CYLINDRICAL OBJECTS

STANDING WAVE

p̃∗ =
[cos2 kh

4
+

sin2 kh

(1 + η)2
(η2 cos2 θ + (2η − 1) sin2 θ)−

α sin 2kh

2(1 + η)
[(sin θ sin 2θ)(1− η) + cos θ]

] (6.130)

F̃ ∗ =
πα

4

(3− η)

(1 + η)
sin 2kh (6.131)

PROGRESSIVE WAVE

p̃∗ =
1

4

[
1 +

4η2

(1 + η)2
cos2 θ +

4(2η − 1)

(1 + η)2
sin2 θ

]
+
α2

4

[ 4

(1 + η)2
cos2 θ − cos 2θ

]
−

α3

4(1 + η)2

[
(1− η)2 sin 2θ sin θ + 2 cos θ

] (6.132)

F̃ ∗ =
π2α3

8(1 + η)2
[4 + (1− η)2] (6.133)

SPHERICAL OBJECTS

STANDING WAVE

p̃∗ = − 1

4

[
9 sin2(kh)

(2+η)2
[−η2 cos2 θ + (1− 2η) sin2 θ]− cos2(kh)

]
+

α

4(2 + η)
[5η sin2 θ − 3− 5 sin2 θ] cos θ sin 2kh

(6.134)

F̃ ∗ =
πα

(2 + η)
sin 2kh

[
1 +

2

3
(1− η)

]
(6.135)

PROGRESSIVE WAVE

p̃∗ = −1
4

[
9

(2+η)2
[−η2 cos2 θ + (1− 2η) sin2 θ]− 1

]
(6.136)

F̃ ∗ = 2πα4 [1 + 2
9
(1− η)2]

(2 + η)2
(6.137)
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6.6 Comparison Between the Nonlinear Quantities in

the Presence of Cylindrical and Spherical Objects

In this chapter the relationship giving the acoustic radiation pressure distribution and

the resulting radiation force have been derived for standing and progressive waves around

objects of cylindrical and spherical shapes. Dimensionless expressions have been de�ned

by introducing the normalizing factor P = p2
a/ρ0c

2
0 such as p

∗ = prad/P and F ∗ = Frad/aP

for cylinders and F ∗ = Frad/a
2P for spheres. This factor has the same unit of a pressure

and can be also interpreted as the mean acoustic energy per unit volume of a standing

wave. Analytical approximate and asymptotic expressions have been then derived under

the hypothesis of α� 1. The approximate expressions of p̃∗ are reported in Table 6.8 for

the cylinder and the sphere, for both waves waves.

Wave Geometry p̃∗

SW
Cylinder 1

4
cos2(kh) + 1

(1+η)2
[(2η − 1) sin2 θ + η2 cos2 θ] sin2(kh)

Sphere 1
4

cos2(kh) + 9
4(2+η)2

[(2η − 1) sin2 θ + η2 cos2 θ] sin2(kh)

PW
Cylinder 1

4
+ 1

(1+η)2
[(2η − 1) sin2 θ + η2 cos2 θ]

Sphere 1
4

+ 9
4(2+η)2

[(2η − 1) sin2 θ + η2 cos2 θ]

Table 6.8: Approximate expressions of the radiation pressure p̃∗ with α� 1.

Expressions reported in Tables 6.8 depend strongly on the density ratio parameter

η = ρ0/ρ1. They lead to similar distributions of p̃∗ which result for both types of objects

from the two energetic terms: p̃∗q, the time-average volumetric potential energy density,

and p̃∗φ, the time-average volumetric kinetic energy density. The contribution due to the

motion of objects p̃∗ζ is noted negligible whatever the studied con�gurations. For η = 1 the

pro�les of the radiation pressure exerted on cylinders and spheres are identical for standing

waves as well as for progressive waves. Such identical pro�les are also noted whatever η

when cylinders and spheres are positioned at PAN. By comparing the expressions of p̃∗

in Table 6.8 for cylinders and spheres, it appears that whatever the points located on the

objects' surfaces, p̃∗(θ) on cylinders is always greater than p̃∗(θ) on spheres provided that

η < 1. It is veri�ed for the two classes of waves. For η < 0.5 local compression (p̃∗ > 0)

and suction (p̃∗ < 0) act on the surface of both types of objects, whereas for η > 0.5 only

compression is noted. Nevertheless the resulting e�ects can be seen as a traction in the

direction perpendicular to the acoustic axis.

The dimensional approximate radiation force can be expressed as follows: F̃rad =

Θ(α)GPψ(η). Parameter G represents the object surface: G = 4πa2 for spheres and
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G = 2πa for cylinders of unit length. The expressions of the functions Θ(α) and ψ(η)

are reported in Table 6.9 and in Figure 6.30. In the case of standing waves, |ψ(η)| for
the cylinder is always greater than for the sphere, except in a near vicinity where the

radiation force exerted on the cylinder is zero, namely 3+
√

124
5

< η <
√

13. But even in

that latter case, the force with the sphere stays very small since this zone is not far from

the domain where it is zero, namely η = 2.5. For progressive waves, |ψ(η)| for the cylinder
is always greater than for the sphere without any condition.

Geometry Wave Θ ψ(η)

SW
Cylinder α

8
sin(2kh) 3−η

1+η

Sphere α
4

sin(2kh) 1+2/3(1−η)
2+η

PW
Cylinder π

16
α3 4+(1−η)2

(1+η)2

Sphere α4

2
1+2/9(1−η)2

(2+η)2

Table 6.9: Approximate expressions of radiation force functions Θ and ψ with α � 1.
SW: Standing Wave; PW: Progressive Wave.

(a) Standing wave (b) Progressive wave

Figure 6.30: Comparison between the ψ(η) functions for cylinder and sphere as functions
of η for: (a) standing; (b) progressive wave.
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Chapter 7

Analysis of Observed Phenomena on

the Basis of the Theoretical Model

The nonlinear theory presented in Chapter 6 is used in this chapter to interpret and explain

experimental observations. Section 7.1 introduces the analysis and provides basic concepts

of the nonlinear acoustics model. Section 7.2 focuses on the experiments presented in

Chapter 5 in the liquid/gas con�guration. Section 7.3 is dedicated to the generalization of

the model on the basis of results found in literature for con�gurations di�erent from the

liquid/gas one. A trans-critical/super-critical con�guration is discussed in section 7.3.1,

whereas section 7.3.2 is dedicated to gas/gas con�guration. Section 7.4 provides the con-

cluding remarks.

7.1 Introduction

In Chapter 6 some basic elements of nonlinear acoustic theory were given in order to in-

troduce the concept of acoustic radiation pressure. It was explained how the distribution

of the radiation pressure around an object of cylindrical or spherical shape could induce a

suction e�ect in the direction perpendicular to the acoustic axis, or produce a net resulting

force directed along the acoustic axis. Such a model is used in this chapter to interpret

and explain experimental results. In the �rst part, the experimental results presented in

Chapter 5 concerning the response of an air-assisted liquid jet submitted to transverse

acoustic are considered. Jet �attening and deviation are quanti�ed by introducing two

models based on radiation pressure and resulting radiation force. Results found in liter-

ature concerning the presence of �attening and deviation in trans-critical/super-critical

and gas/gas con�gurations, are discussed in the second part. These results are used to

199



200 Nonlinear Acoustic Theory

prove the general validity of the model.

An illustration of the radiation pressure distributions around the circular cross-section

of a cylinder or sphere, for η � 1, is presented in Figure 7.1. Although it is a simpli�-

cation of the real distribution, it is a quite powerful instrument to explain experimental

observations based on previous calculations. When the object is placed at VAN the radi-

(a) VAN (b) IAN (c) PAN

Figure 7.1: A qualitative illustration of radiation pressure distribution around a circular
cross-section of a heavy object in a lighter environment (η � 1) placed at: (a) VAN, (b)
IAN and (c) PAN.

ation pressure distribution is non-uniform. In particular the radiation pressure is positive

along the acoustic axis and negative in the perpendicular direction. Thus, two axes of

symmetry AA' and a.a. can be identi�ed. This implies that the resulting radiation force

is necessarily zero. No deviation of the jet can exist. An e�cient suction e�ect in the di-

rection perpendicular to the acoustic axis may be obtained (see Fig.7.1(a)). The object is

thus deformed, resulting in the jet �attening. The radiation pressure presents an absolute

maximum value at a velocity anti-node, so the �attening phenomenon is �rst observable

at this location. In between VAN and PAN the radiation pressure is still non-uniform.

The �attening phenomenon may be observed also in between these two locations.

When the object is located at IAN the distribution of prad is non-uniform as mentioned

above, but in addition it is no longer symmetric with respect to AA' (see Figure 7.1(b)).

Contrarily to the former case for which the radiation force ~Frad was zero, at IAN ~Frad 6= ~0.

The jet is thus deviated (see section 5.2.3). The radiation force is maximum at IAN and

in the case illustrated in Figure 7.1(b) for η � 1 it is oriented toward the nearest VAN.

It is worth noting that for η > 3 (η > 2.5) for the cylinder (sphere), the radiation force is

directed toward the nearest PAN (this has been demonstrated in Chapter 6).

When the object is at PAN the radiation pressure distribution is again uniform all

around the object (see Fig.7.1(c)) acting as a supplementary constant pressure added to
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the atmospheric pressure, like a pressurized environment. Thus, �attening and deviation

cannot be observable at this position. Continuous modi�cation of prad distribution is

found between the three positions presented in Figure 7.1, where compression and traction

e�ects compete.

7.2 Interpretation of the Liquid/Gas Results by Means

of the Nonlinear Acoustic Model

In this section the nonlinear acoustic model is shown to be at the basis of the two main

phenomena described in Chapter 5, namely �attening (see section 5.2.1) and deviation (see

section 5.2.3). Figure 7.2 shows three round jets without acoustics (see Figure 7.2(a)) in

the multi-injection con�guration discussed in section 5.3 (injection conditions: Weg = 9;

Rel = 2000, without domes). They are placed (from left to right) at VAN, IAN and

PAN (see Figure 7.2(b)). The experimental jet deformation (�attening and deviation)

(a) Without acoustics (b) With acoustics

Figure 7.2: E�ects of a transverse acoustic �eld on three jets placed at a vressure anti-
node (left), an intensity anti-node (middle) and a pelocity anti-node (right). Weg = 9;
Rel = 2000; pa,pp ≈ 12 kPa at 1 kHz.

can be �rst justi�ed by the qualitative sketch drawn in Figure 7.2(b). The jet placed

at PAN is not modi�ed as results from the uniform distribution of prad around its cross-

section (see Figure 7.1(c)). The two jets at VAN and IAN are �attened and atomized.

The jet at IAN is deviated in the direction of VAN. Moreover, in section 6.3.3.6 it was

shown (see Figure 6.18(b) in section 6.3.3.6) that, the sign of the radiation force changes

across VAN and IAN. This has been observed experimentally as shown in Figure 7.3.
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Figure 7.3(a) shows the multi-injection con�guration with the three injectors placed at

IAN, VAN and IAN, respectively. Figure 7.3(b) shows the multi-injection con�guration

with the three injectors placed at IAN, PAN and IAN, respectively. In both cases, the jet

are deviated toward the nearest velocity anti-node, and across VAN or PAN the direction

of the deviation changes in sign. The jets at VAN and PAN are not deviated.

(a) IAN-VAN-IAN (b) IAN-PAN-IAN

Figure 7.3: E�ects of a transverse acoustic �eld on three jets placed at: (a) IAN - VAN-
IAN; (b) IAN - PAN - IAN. Weg = 9; Rel = 2000; pa,pp ≈ 12 kPa at 1 kHz.

7.2.1 Flattening Onset Threshold

In this section two models based on prad and Frad are introduced to calculate: the threshold

for the �attening onset; the deviation angle. The validation of those models is made by

considering experimental results concerning the Rayleigh axi-symmetric regime. Such an

atomization regime better lends itself to the comparison with the theory since the jet

can be considered at �rst approximation as cylindrical. The liquid jet �attening into a

sheet perpendicular to the acoustic axis can be explained by considering the radiation

pressure distribution (see Figure 7.1). The positive values along the acoustic axis create a

compression and the strong negative values in the perpendicular direction induce a suction

e�ect. Under suitable conditions, the combination of these two contributions can provoke

the jet �attening. These suitable conditions are related to the amplitude of the acoustic

�eld, thus of the radiation pressure.

In section 5.2.1.2 it was shown that, in those cases in which the �attening took place

without deviation, an average acoustic pressure threshold of around 2700 Pa could be

identi�ed. To explain the �attening phenomenon it is hypothesized that the jet deforma-

tion occurs when the non-uniform radiation pressure distribution around the jet is able

to overcome interfacial forces that tend to maintain the jet cylindrical shape. The inter-
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facial coherence is represented by the Laplace pressure drop ∆pLap which, in the case of

a cylinder, is expressed as:

∆pLap = σ/ro (7.1)

Here σ is the surface tension and ro the initial jet radius at the measurement location.

The Laplace pressure drop must be then compared with the radiation pressure in order

to obtain a theoretical threshold pth to be compared with the experimental values of p10%.

The comparison with the Laplace pressure drop needs to choose a representative value of

the radiation pressure distribution. The speci�ed amplitude of the non-uniform radiation

pressure distribution is de�ned as the radiation pressure drop ∆prad:

∆prad = |prad(θ = 0)− prad(θ = π/2)| (7.2)

with θ being the angular coordinate in the reference system presented in Figure 6.1. The

radiation pressure drop introduced through Eq. 7.2 corresponds to the absolute value of

the dimensionless di�erence max(p̃∗)−min(p̃∗).

The equality ∆prad = ∆pLap gives a threshold condition for the �attening onset which

can be converted in terms of acoustic pressure �eld amplitude pa, and referred as pa =

pth. A similar approach was introduced by Baillot et al. [90, 89] considering the prad

distribution around an object of spherical shape. The deformation of the jet into a liquid

sheet was observed at that time to take place suddenly because of the relatively short

signal ramp duration considered (60 ms). To follow the deformation occurring at the

threshold, a longer ramp duration (300 ms) has been chosen. Moreover, the radiation

pressure distribution considered is that for a cylindrical object, more representative of the

liquid jet than a spherical one.

As already discussed in section 5.2.1.2, for a �attening leading to a diminishing of 10%

of the jet thickness, the jet can still be considered cylindrical, thus equations introduced

in section 6.3 for the calculation of prad can be considered. The theoretical values of the

threshold pth are compared here with the experimental values of the acoustic pressure

threshold, which was referred to p10%. Tests considered in section 5.2.1.2 will be used for

the calculation of pth and ∆prad. They are summarized again in Table 7.1, for the sake of

clarity, where ro is the jet radius measured at z̃ = 3.33 and z̃ = 5.85 (see section 5.2.1.2).

The maximum acoustic pressure at PAN (pa) is also reported. The comparison between

the values of pth and p10% are reported in Figure 7.4, whereas Figure 7.5 shows the

ratio between ∆p10%
rad and ∆pLap as a function of the test cases. Good agreement is

found between pth and p10%, for all tests at VAN and IAN-VAN (labeled from 1 to 7
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Test number Position ro(z̃ = 3.33)/rinj ro(z̃ = 5.85)/rinj pa,pp [Pa]a

1 VAN 0.48 0.42 6124
2 VAN 0.50 0.44 8379
3 VAN 0.72 0.68 10096
4 VAN 0.65 0.63 11396
5 VAN 0.54 0.48 12277
6 IAN-VAN 0.53 0.46 7110
7 IAN-VAN 0.54 0.48 12281
8 IAN 0.50 0.46 8842
9 IAN 0.52 0.48 12283

PAN-IAN No �attening
PAN No �attening

Table 7.1: Flattening analysis: summary of test case conditions at z̃ = 3.33 and z̃ = 5.85
(aMaximum peak-to-peak acoustic pressure amplitude measured at PAN.).

(a) z̃ = 3.33 (b) z̃ = 5.85

Figure 7.4: Comparison between pth and p10% for the test cases indicated in Table 7.1 at:
(a) z̃ = 3.33 and (b) z̃ = 5.85.

in Table 7.1 and Figure 7.4), and for both locations considered along z̃. This concerns

also tests 3 and 4, for which the theory predicts a lower values due to a bigger initial

jet radius roa, which implies a smaller value of ∆pLap. Figure 7.5 shows that, at these

positions, the ratio between ∆pLap and ∆prad is around 1. Results con�rm that the

competition between ∆pLap and ∆prad is the driving mechanism in the �attening process

whatever the positions between VAN and IAN-VAN. The model based on the radiation

pressure distribution around a heavy object of cylindrical shape correctly predicts the

threshold value above which acoustics induces �attening onset. The dependence with the

jet radius is also correctly predicted. When the injector is placed at IAN (tests 8 and

9) p10% is higher than pth. As already discussed in the section dedicated to experimental

results (see Chapter 5) this is due to jet deviation that takes place simultaneously to

aThe larger jet radius is due to the higher value of the Reynolds number (see section 5.2.1).
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�attening. Indeed, �attening and deviation compete for the acoustic energy distribution:

the acoustic energy is only partially dedicated to the �attening phenomenon, while the

rest is transferred into the deviation process.

Figure 7.5: Ratio between ∆p10%
rad and ∆pLap for the test cases indicated in Table 7.1 at

z̃ = 3.33 and z̃ = 5.85.

We now introduce the dimensionless Laplace's pressure drop, reduced by the coe�cient

P = p2
a/ρ0c

2
0 (see section 6.3.1.4. Figure 7.6 shows |max(p̃∗)−min(p̃∗)| and the dimension-

less Laplace's pressure drop for two dimensionless jet radii (r0/rinj = 1; 0.5) as functions

of the position h in the acoustic �eld. It can be seen that in certain regions in the acoustic

Figure 7.6: Comparison between |max(p̃∗) − min(p̃∗)| and the dimensionless Laplace's
pressure drop as function of h for a cylindrical object.

�eld the dimensionless Laplace's pressure drop is higher than |max(p̃∗)−min(p̃∗)|. Here,
the acoustic energy cannot overcome the interfacial force and the jet is not deformed.

The smaller the jet radius, the larger the spatial region where the jet is not deformed.

This is exempli�ed by the region centered around the pressure anti-nodes. On the con-

trary, in the region around the velocity anti-nodes |max(p̃∗)−min(p̃∗)| is higher than the

dimensionless Laplace's pressure drop, leading to a possible jet deformation.
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7.2.2 Deviation Angle

The second phenomenon that can also be explained by means of nonlinear acoustics is the

jet deviation. As observed in the previous chapter, around IAN the distribution of the

acoustic radiation pressure is non-uniform and non-symmetric, which induces a non-null

force contribution ~Frad, the direction of which depends on the parameter η. Experiments

indicates that the liquid system not in the near vicinity of VAN and PAN is deviated

by the acoustic �eld toward the nearest VAN (see section 5.2.3), which carried out for

η = 0.0013. Calculations performed with this experimental η con�rm that the direction

of the resulting radiation force is the same as that found experimentally.

Figure 7.7 represents a simpli�ed model for the calculation of the deviation angle γ.

It is based on the balance between the liquid column weight ~W and the radiation force

Figure 7.7: Sketch of the simpli�ed model force diagram for γ calculation.

~Frad along the direction ~ζ, where ζ is the local coordinate perpendicular to the displaced

jet axis. The radiation force ~Frad for a cylindrical object is expressed by Eq. 6.59. The

present experiments have been carried out for a small Helmholtz number (α = 0.055),

and displacements resulting from the deviation are of the same order of magnitude of the

jet diameter. Thus radiation force variation, due to the displacementb is considered to be

negligible.

The theoretical deviation angles (represented as continuous lines) are compared to

measured values in Figure 7.8 and Figure 7.9. Experimental values of the deviation angle

γ are those reported in section 5.2.3.

bIt has been demonstrated in Chapter 6 that ~Frad, in a standing wave �eld, depends on the object
position h in the acoustic �eld.
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Deviation without �attening

Experiments indicate that at some positions in the acoustic �eld, e.g. PAN-IAN the jet is

deviated without being �attened. In these cases the jet remains cylindrical and deviation

angle is constant through all the jet length. Figure 7.8 shows the experimental evolution of

γ compared with the theoretical deviation angle for two test cases, test "pa,pp = 11870 Pa"

and test "pa,pp = 6000 Pa". Tests are indicated by their respective maximum peak-to-peak

acoustic pressure values measured at PAN, once the signal plateau is reached. For each

test, the acoustic values refers to the maximum peak-to-peak acoustic pressure measured

at PAN. In both cases the theoretical angle is in good agreement with the experiments.

The model accurately reproduces the increasing part (due to the signal ramp) and provides

a good prediction of the �nal deviation angle attained during the plateau of the acoustic

signal. At this position in the acoustic �eld (PAN-IAN) all the acoustic energy is used to

deviate the jet, since �attening is absent; thus it is correct to assume that all the acoustic

energy is used to deviate the jet.

Figure 7.8: Comparison between experimental and calculated deviation angle γ at PAN-
IAN for: 2, test "pa,pp = 11870 Pa"; •, test "pa,pp = 6000 Pa". Continuous lines:
simpli�ed approach.

Deviation attenuated by �attening

At IAN and IAN-VAN, experimental deviation and �attening appear simultaneously, and

liquid sheet atomization occurs for acoustic levels pa,pp, measured at PAN, higher than

about 5500 Pa. At these locations, a part of the acoustic energy is used to �atten the jet,

and the liquid surface on which the radiation pressure acts is deformed. Due to the liquid

surface deformation, the radiation force changes along the jet axis and the deviation is no

longer uniform.
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Fig. 7.9 shows the experimental evolution of γ when the injector is placed at IAN

(see Figure 7.9(a)) and IAN-VAN (see Figure 7.9(b)) compared with the calculation of γ

based on the simpli�ed approach which are represented as continuous lines. The stars ∗
represent the instants of atomization.

(a)

(b)

Figure 7.9: Comparison between experimental and calculated deviation angle γ at: (a)
IAN for 2, test "pa,pp = 11870 Pa"; •, test "pa,pp = 3660 Pa" and (b) IAN-VAN for 2,
test "pa,pp = 12180 Pa"; •, test "pa,pp = 5015 Pa". Continuous lines: simpli�ed approach;
∗: jet atomization.

For su�ciently high values of the acoustic �eld the jet is deviated and a total jet

�attening is achieved, leading to the atomization of the liquid sheet (i.e. test "pa,pp =

11870 Pa" at IAN and test "pa,pp = 12180 Pa" at IAN-VAN). A transition phase is

observed, during which the jet is also �attening, and γ does not increase continuously.

The calculated values of γ do not agree with experiments in the transition phase.

For lower values of the amplitude of the acoustic �eld (i.e. test "pa,pp = 3660 Pa" at

IAN and test "pa,pp = 5015 Pa" at IAN-VAN), the jet is deviated, but during the ramp
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the jet begins to �atten without being totally spread. So, a smoother transition in γ

behavior is detected: γ monotonically increases as a function of time with the ramp, and

reaches a constant value once the plateau is reached. During this transition, discrepancies

between the theoretical and experimental values of γ are observed. Once the transition is

�nished the theoretical values of γ follow the same trend as the experimental ones.

The nonlinear acoustic model indicates that, at these locations in the acoustic �eld,

the object is submitted to the simultaneous action of compression and suction. Flattening

and deviation are superimposed, and compete for the acoustic energy distribution. We

can conclude that the simpli�ed approach, based on nonlinear acoustic theory, provides

a good prediction of the deviation angle when the acoustic levels are relatively low, such

that the jet is deviated and no �attening occurs. Discrepancies between the prediction and

experiments are observed during the transition, when the liquid jet is not only deviated

but is also �attening.

7.2.3 Unsteady Jet Displacement

The nonlinear model derived in Chapter 6 is based on the consideration that the cylinder

is free to move under the action of the acoustic �eld. A complementary unsteady dis-

placement can be superimposed to the nonlinear time average properties. This theoretical

displacement ζ of the liquid jet submitted to acoustics can be thus estimated from the

model by integrating in time the cylinder displacement velocity ~U :

ζ~y =

∫
U~ydt (7.3)

The displacement velocity ~U has been obtained in section 6.3.1, by applying the momen-

tum equation to the cylinder (see Eq. 6.15 in section 6.3.1). For the calculation of ζ only

the real part of ~U is considered:

ReU =
η

a
(R1 sinωt+ S1 cosωt) (7.4)

where a is the cylinder radius. The coe�cients R1 and S1 introduced in section 6.3.1 are

given by:

R1 = −4Aα

πΩ2
1

F1 sin(kh) S1 = −4Aα

πΩ2
1

G1 sin(kh) (7.5)

where A = pa/ωρ0, Ω1 ≈ 4(1 + η)2/π2, F1 ≈ α4/8 − (1 − η)α2/2 and G1 ≈ −2(1 + η)/π

(see section 6.3.2).
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Even though the experimental jet is �xed at the top of the cavity, this calculation

gives a good estimation of the experimental oscillation displacement along the acoustic

axis. Indeed, by considering the experimental conditions α = 0.055 and η = 0.0013, we

obtain R1 ≈ 2.8 · 10−3 sin(kh) and S1 ≈ 1.9 · 10−1 sin(kh). Since 0 < | sin(kh)| < 1 we can

neglect R1 with respect to S1. By using Eq. 7.4, and neglecting the term R1 sinωt, the

integral of Eq. 7.3 becomes:

ζ~y =

∫
η

a
(S1 cosωt)~ydt =

η

aω
(S1 sinωt)~y (7.6)

For a frequency of 1000 Hz, the maximum dimensionless jet displacement modulus is

ζ/a = 0.0046 sinωt. This means that the maximum displacement of the jet is of about

0.5% of the jet radius. Such a theoretical displacement is too small to be detected in

our experiments. This is consistent with the fact that no unsteady displacements were

measured on the experimental jets studied here.

7.3 Generalization of the model in the absence of sur-

face tension phenomena

The nonlinear acoustic theoretical model developed in Chapter 6 has revealed the im-

portance of the two dimensionless quantities, whatever the kinds of the acoustic waves

used: α characterizing the acoustic �eld, and η characterizing the two media. It has been

used to interpret the phenomena, �attening and deviation, highlighted in the experiments

presented in Chapter 5 in liquid/gas con�guration for η = 0.0013, in which the surface

tension is involved. The question is to know if such nonlinear phenomena can be observed

without the implication of the surface tension. It would mean that the driving feature

is the existence of a density di�erence between the two media, speci�ed by η. When it

is localized in space, the layer separating the two media is seen as an interface. In such

an approach the interface does not need to be restricted only to a liquid/gas interface.

The model shows that the nonlinear quantities (radiation pressure and resulting force)

responsible of the phenomena are all the greatest as η is very large or very small. In

the literature, both phenomena were indeed observed in trans-critical/super-critical con-

ditions [42, 43, 87, 88, 86], but also in gas/gas con�gurations [95] at ambient pressure. In

the following we are going to show how the nonlinear model is able to explain the results

mentioned above.
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7.3.1 Trans-critical/super-critical conditions (small η)

Gonzalez-Flesca et al. [86] observed a turbulent round jet �attened in the presence of

transverse acoustic modulations in LES simulations. Simulations concerned a trans-

critical nitrogen jet (ρinj = 717kg/m3, Tinj = 100K) surrounded by the same �uid in

super-critical conditions (ρ∞ = 16.5kg/m3, T∞ = 1200K), for which η = 0.023. These

authors linked the jet spreading with dynamical e�ects resulting from the reduction of

the pressure in the transverse direction in relation with increased velocities on the two

sides of the jet.

Jet �attening

In the case of a standing wave the phenomenon was noted at the velocity anti-node for

large acoustic velocity amplitudes v(t) = v0 cos(2πft). To physically explain the reduction

of the pressure on both sides of the jet, they proposed to estimate it by applying the

unsteady Bernoulli theorem at constant density:

∂φ

∂t
+
p

ρ
+
v2

2
= 0 (7.7)

where φ is the velocity potential of the light surrounding �uid, ρ its density and v its

velocity. The velocity potential existing around the heavy jet is expressed in cylindrical

coordinates (r, θ) by the solution of an incompressible and irrotational �ow around a

cylindrical solid:

φ(r, θ, t) = v(t)
(
r +

R2

r

)
cos θ (7.8)

where R is the initial jet radius. On the jet surface (r = R) the radial velocity component

is zero and the tangential is give by:

vθ =
1

2

∂φ

∂θ
= −2v(t) sin θ (7.9)

The pressure distribution around the jet was �nally given by:

p(θ, t) = 2ρ0Rv0ωsinωt cos θ − 2ρ0v
2
0cos

2ωtsin2θ (7.10)

The time average pressure drop calculated between the two points θ = π/2 and θ = 0 leads

to −ρ0v
2
0. By considering an iso-density surface where ρ0 = 100 kg/m3 and v0 = 25 m/s

they estimated a pressure drop of 62500 Pa.

Now, we are going to compare their results with the nonlinear acoustic model we have

developed in Chapter 6. From our model it is possible to derive an expression for the



212 Nonlinear Acoustic Theory

pressure p(θ, t) around the object at r = R = a, to compare with that of Eq. 7.10. For

this purpose, we start from the general expression of p(θ, t) de�ned in Eq. 6.6 where the

total velocity potential (φ = φi + φr) is obtained from nonlinear quantities (Eq. 6.30). In

the con�guration presented by Gonzalez-Flesca et al. α ≈ 0.046, we will thus consider

the approximate coe�cients for α � 1. From the Sn and Rn coe�cients presented in

section 6.3.3 for a standing wave, our calculations at VAN (kh = π/2) for α � 1 and

n = 2 (three terms) gives: S0 = R0 = S2 = R2 = 0 and R1 � S1. Thus, we can write:

p(θ, t) = ρ0ωS1 sinωt cos θ +
1

2

ρ0

c2
0

(ω2S2
1 sin2 ωtcos2θ)−

1

2
ρ0

[η2

a2
S2

1 cos2 ωt cos2 θ +
1

a2
S2

1 cos2 ωt sin2 θ
] (7.11)

The coe�cient S1 is given by S1 = −2vaa/(1 + η)2, and va is the acoustic velocity. By

considering η � 1 Eq. 7.11 can be thus approximated and rewritten as:

p(θ, t) = −2ρ0ωvaa sinωt cos θ − 2ρ0v
2
a cos2 ωt sin2 θ (7.12)

This approximate expression of the pressure is the same as Eq. 7.10 obtained by Gonzalez-

Flesca et al.. The time average of Eq. 7.12 gives the expression of the radiation pressure,

i.e. ∆prad = −ρ0v
2
0. Obviously, if we consider for ρ0 the value of 100 kg/m3 given by

Gonzalez-Flesca et al. we obtain the same value of the radiation pressure drop ∆prad =

62500 Pa. But, in such conditions η = 0.14 and the approximation η � 1 is no longer

valid. All the terms in Eq. 7.11 must be thus considered for the calculation p(θ, t) and

∆prad, which leads to ∆prad = ρ0v
2
a(1− α2 + η2)/(1 + η)2 = 48932.6 Pac.

The expression of their pressure can be thus interpreted as a particular case of our

model at VAN, in its approximate formulation with α� 1 and η � 1. We have demon-

strated that the expression of p(θ, t) is derived from nonlinear quantities, which means

that the pressure drop −ρv2
0 obtained by Gonzalez-Flesca et al. is actually a radiation

pressure drop. The analysis of the radiation pressure has shown that at VAN the radi-

ation pressure is provided only by the term of acoustic kinetic energy per unit volume

pφ (the term pζ is negligible), which creates suction at the pole points θ = π/2 and

θ = 3π/2, and practically no action at the equatorial points θ = 0 and θ = π. Contrarily

to the approach chosen by Gonzalez-Flesca et al. to interpret their results, the nonlinear

acoustic model we have derived has the great advantage to be general in its application.

cBy considering for the value ρ0 = 16.5 kg/m3, the density of the external media, and η � 1 the
radiation pressure drop is about 10300 Pa
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This means, that it can be applied at any positions (∀h) of the acoustic �eld, and for

any values of η, and can be used to explain the observed nonlinear acoustic phenomena

at these positions. This represents an important asset for the model, if we consider its

potential application. Indeed, in liquid rocket engines, where hundreds of jets are present

in the acoustic �eld, it is necessary to know the response in any location, and not only at

VAN. The method presented here could be used to derive low order models which could

be implemented in simulations concerning thermoacoustic instabilities. The validity of

their model does not extend to PAN, IAN or any other intermediate locations since the

second order term corresponding to the volumetric potential energy density (pq) is not

considered (see section 6.2).

Jet deviation

In the case of a progressive wave they observed a jet spreading similar to that observed

in the standing wave, but the pressure drop being not estimated by their simpli�ed model

no comparison can be made. In addition, a bending of the jet was observed in the wave

propagation direction. The bending may be interpreted as the deviation highlighted in

our nonlinear acoustics model. This is explained by the existence of a non-zero radiation

force in section 6.3.3.6 for a progressive wave, due to a non-symmetric radiation pressure

distribution (see Figure 6.19). This force has been demonstrated to always keep the

direction of the propagation of the traveling wave (see Figure 6.20), independently of the

position in the acoustic �eld, contrarily to the standing wave. It is possible to conclude

that also this phenomenon, shown in simulations, as the jet spreading discussed above,

must be ascribed to nonlinear acoustic e�ects.

Unsteady jet displacement

In addition to �attening and deviation an oscillation of the jet around the mean

position was observed from the simulations performed by Gonzalez-Flesca et al. in both

standing and progressive wave. In order to interpret the phenomenon they proposed

another model in which the jet displacement is composed of two terms. The �rst term

is due to the acoustic �eld. It is obtained by time-averaging the acoustic velocity, the

second one is given by the hydrodynamic jet response. Only the term due to the acoustic

�eld, represented by Eq. 7.13 is considered here for comparison with our model:

yacc (t) =
va
ω
t12 sin(ωt) (7.13)

Here t12 = 2ρ1c1/(ρ1c1 + ρ2c2) represents the transmission coe�cient from the outer

medium (region 1) to the inner jet (region 2). By introducing the transmission coe�cient
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t12 in Eq. 7.13 and rearranging we obtain:

yacc (t) =
2va
ω

η
′

(1 + η′)
sin(ωt) (7.14)

where η
′

= ηc1/c2 can be seen as a modi�ed density ratio. The maximum dimensionless

(reduced with the jet diameter d) value of the displacement for t12 ≈ 0.77 is: yacc /d = 0.15.

This calculation is carried out for the test case indicated as V A0.8
12.5 in Gonzalez-Flesca et

al. (fac = 2000 Hz, and va = 12.5 m/s).

As already stated in section 7.2.3 our general model is based on the consideration that

the cylinder is free to move under the action of the acoustic �eld. Indeed, by integrating

the jet displacement velocity over time, the jet displacement is obtained. By using their

conditions in our model (d = 0.005, ρ0 = 100 kg/m3, α = 0.046, va = 12.5 m/s, ω =

12566.4 rad/s) we obtain R1 and S1 introduced in section 6.3.1: R1 = 4.6 · 10−4 and

S1 = 2.9 · 10−1. The term R1 sinωt is seen to be neglected in Eq. 7.4 and we obtain for

the displacement:

ζ(t) =
2va
ω

η

(1 + η)

π2

4(1 + η)2
sin(ωt) (7.15)

Eq. 7.15 is similar to that of Eq. 7.14 with a supplementary co-factor π2/4(1 + η)2. For

η = η
′

= 0.626 the resulting dimensionless maximum jet displacement is of about 0.14d,

which is in agreement with the one obtained by Gonzalez-Flesca et al.. Similarly to

the spreading and the bending, also the unsteady jet displacement can be interpreted as

nonlinear acoustic e�ect. Once again, this highlights the general validity of the nonlinear

acoustic theory presented in Chapter 6.1 which takes into account all observed phenomena

and do not need supplementary models.

7.3.2 Gas/gas conditions (large η)

Nonlinear acoustics phenomena, due to the presence of a heavy/light interface, were also

observed in con�gurations in which the density ratio was reversed, namely for η > 1.

Indeed, in parallel research activities carried out at CORIA [95] showed that hot gases and

laminar, conical or inverted-conical, �ames with η = 6, were deviated under the action of

a transverse acoustic �eld. Figure 7.11 shows two images of an inverted-conical premixed

�ame without acoustics (see Figure 7.10(a)) and with acoustics (see Figure 7.10(b)). In

the latter case, the hot gases and the �ame were deviated toward the pressure anti-node,

in agreement with calculations presented in section 6.3 for a cylindrical object, indicating

that the direction of Frad changes in sign for η > 3. Similarly, an helium jet issuing into



Nonlinear Acoustic Theory 215

(a) w/o acoustics (b) with acoustics

Figure 7.10: Premixed �ame direct light emission images: (a) without acoustics; (b) with
acoustics; f = 1010 Hz [95].

the ambient air, for which η = 7, was deviated in the direction of the pressure anti-node.

The density di�erence between the (hot or cold) light jets and the (heavy) ambient air,

characterized by η, leads there to the presence of an interface between the heavy and light

media on which the nonlinear e�ects can act. Therefore for a su�cient level, nonlinear

phenomena can be observed.

(a) Air jet (b) Helium jet

Figure 7.11: Tomographic view of jets submitted to a transverse acoustic �eld; f =
1010 Hz: (a) air jet; (b) helium jet. [95]

In addition, it was also shown that an air jet issuing into the ambient air was not

deviated when the same transverse acoustic �eld was active, see Figure 7.11(a). This con-

�guration corresponds to η = 1. Well, calculations presented in Chapter 6 indicate that

for η = 1 the radiation force is not null. This question was raised by Gor'kov [119] which

proposed a correction factor C(η), for the radiation force exerted on spherical objects,

in order to take into account compressibility e�ects. This coe�cient is given by C(η) =

−1/3χ1/χ2 = −η/3c2
0/c

2
1, where χ = 1/ρ(∂ρ/∂P ) is the isentropic coe�cient of compress-

ibility. A similar coe�cient was introduced by Lespinasse [95]: C(η) = −χ1/χ2 = −ηc2
0/c

2
1
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to modify the resulting radiation force exerted on cylinder objects. With the addition of

these coe�cients in the expressions of Frad presented in section 6.6, the radiation force

becomes null for an object placed in an environment of the same kind, at the same ther-

modynamic conditions. This modi�cation of the radiation force exerted on compressible

systems is consistent with experiments with systems for any value ηd. Thus, by consider-

ing the hot gases as a cylinder separated from the ambient air by an interface on which

the modi�ed nonlinear radiation force acts, they proposed a simpli�ed approach which

allowed to justify and estimate the deviation of the inverted-conical �ame.

7.4 Concluding Remarks

The model developed in Chapter 6 has been used in this chapter to interpret experimental

phenomena that have been described in Chapter 5. It has been shown that the response of

jets submitted to acoustic perturbations can be explained by considering the distribution

of the radiation pressure around the object surface, and the resulting radiation force.

Two simpli�ed approaches have been derived from the general equations to quantify the

observed phenomena. In the �rst application the competition between the radiation

pressure and Laplace pressure drops has been used to quantify the threshold for the

�attening onset. In the second one, the competition between the radiation force and the

object weight has been used to calculate the deviation angle. In both cases theoretical

results are in good agreement with experiments, especially when �attening does not take

place simultaneously with deviation.

It has been shown that �attening and deviation observed in trans-critical/super-critical

and gas/gas con�gurations can be explained by the nonlinear model developed here. In

general, these phenomena are interpreted individually in literature: each phenomenon is

interpreted by means of a speci�c approach. For the trans-critical/super-critical con�g-

uration, we have shown that these approaches can be considered as speci�c cases of our

nonlinear acoustic model. Indeed, each phenomenon can be explained by recurring to

the distribution of the radiation pressure and resulting radiation force. This con�rms, the

general validity of our model, and that phenomena observed in trans-critical/super-critical

(and gas/gas)con�guration are actually nonlinear acoustic phenomena. From experiments

based on systems for which η = 1, a supplementary coe�cient taking into account com-

pressibility e�ects in the radiation force is an interesting way to improve the model in

the con�guration of light gases surrounding by heavy gases [119, 95]. Whatever, all these

dIn particular for η small this supplementary term is negligible.
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comparisons experiments/theory lead to the conclusion that the presence of a heavy/light,

but not necessarily liquid/gas, interface between the jet and the surrounding environment

is crucial for the observed phenomena to be revealed. This means that the model can be

applied to any position (∀h) in the acoustic �eld and value of η. The generality of the

expressions derived here represents a great advantage, compared to models whose validity

is restricted to a speci�c location in the acoustic �eld or to some particular condition in

terms of η. This is an important asset of the model, if we consider its potential applica-

tion. Indeed, in liquid rocket engines, where hundreds of jets are present in the acoustic

�eld, it is necessary to know the response in any locations. The formulation presented

here could be used to derive low order model which can be implemented in simulations

concerning thermoacoustic instabilities.



218 Nonlinear Acoustic Theory



Part IV

Conclusion and Perspectives

219





Chapter 8

Conclusion and Perspectives

8.1 General Conclusions

The objective of this research was to provide a better insight into one of the critical

mechanisms involved in thermoacoustic instabilities observed in liquid rocket engines:

the interaction between the injection and the acoustic �eld, in particular the atomization

response and the acoustic coupling between injection domes and main cavity.

Among the di�erent types of combustion instabilities, high frequency azimuthal (spin-

ning or standing) mode instabilities are considered as the most harmful for the operations

of liquid rocket engines. An experimental and theoretical study is proposed here to inves-

tigate the e�ects of transverse acoustic �eld on air-assisted liquid jets. The experimental

setup is composed of a main resonant cavity in which the transverse acoustic �eld (cor-

responding to the 2T mode of the main cavity) is excited by means of four compression

drivers. The setup has been optimized in order to produce acoustic pressure peak-to-peak

amplitudes that can be as high as 12000 Pa at the frequency of 1 kHz. One up to three

(multi-injection con�guration) coaxial jets can be placed in the acoustic �eld excited in the

resonant cavity. Atomization regimes ranging from the Rayleigh axi-symmetric (Weg ≈ 9,

Rel = 2000), to the �ber one (Weg > 400, Rel > 2000) have been investigated. In the

multi-injection con�guration the three injectors can be fed through out three separate

lines, or connected with two injections domes, one for the gas and one for the liquid. The

two injection domes were designed during this worka in order to experimentally investi-

gate the acoustic coupling between the main resonant cavity and the injection system.

Their conception allows to submit them to several acoustic conditions depending on the

aNumerical simulations performed with the acoustic module of COMSOL Multiphysics for the design
and the acoustic characterization of the domes provided the necessary complement to the investigation.
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position of the injectors in the acoustic �eld. Several resonant conditions can be obtained

according to dome and connecting elements sizes.

In order to have a complete characterization of the air-assisted jet response to the

transverse acoustic �eld, �ve characteristic positions along the acoustic axis, representa-

tive of what occurs in such a transverse acoustic �eld have been investigated: the pressure

anti-node (PAN); the intensity anti-node (IAN), the velocity anti-node (VAN); the posi-

tion PAN-IAN at equal distances between the pressure and intensity anti-nodes, and the

position IAN-VAN between the intensity and velocity anti-nodes.

Experimental activities have been carried out in parallel with a theoretical study aim-

ing to model the behavior of jets submitted to high-amplitude acoustic �elds by means

of nonlinear acoustics. Such a model has been developed for standing and progressive

waves, and for cylindrical and spherical objects. The general expressions for the radiation

pressure prad and the resulting radiation force Frad have been derived. It has been shown

that the radiation pressure is composed of three terms: the time-average volumetric po-

tential energy density pq; the time-average volumetric kinetic energy density pφ and the

contribution due to the motion of the object pζ . The sum of these three terms provides

the shape of the radiation pressure distribution around the object surface (as a function

of the angular coordinate θ). The term corresponding to the time-average volumetric po-

tential energy density pq is non-symmetric with respect to the axis AA' perpendicular to

the acoustic axis (a.a.), giving rise to the resulting radiation force. The analytical study of

prad and Frad revealed the importance of two parameters: the Helmholtz number α char-

acterizing the acoustic �eld, and the ratio η of the jet and the surrounding. The model

has been used to interpret and explain experimental observations in the liquid/gas con-

�guration η � 1 investigated here, but also in trans-critical and gas/gas con�gurations.

This leads to the important conclusion that the jet responses observed (in experiments

and simulations) can be actually interpreted as resulting from nonlinear acoustic e�ects.

For what concerns the acoustic coupling between the main resonant cavity and the

injection domes, experimental results indicated that both liquid and gas domes presented

a strong response to the acoustic �eld to which they were submitted. All tests have been

performed at pa,pp = 12000 Pa (peak-to-peak pressure measured at PAN) at f=1000 Hz.

Depending on the position of the injectors in the acoustic �eld three con�gurations have

been investigated: IAN-PAN-IAN, IAN-VAN-IAN, and PAN-IAN-VAN. The gas dome

presented a well de�ned response as a function of the parameters investigated, whereas

the liquid dome response did not show a uniform trend. Experiments demonstrated that

boundary conditions in terms of phase shift at the injectors' exit plane have a predominant
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role in the acoustic coupling. Indeed, the most important acoustic response of the gas

dome has been observed when the three injectors were placed in the section of the cavity

around the velocity anti-node (con�guration denominated as IAN-VAN-IAN). In this

con�guration injectors were submitted to acoustic �uctuations presenting a phase shift

which matched the resonant mode of the injection system consisting of the dome and the

injectors. The acoustic characteristics of the injection system must be carefully considered

with respect to the acoustic characteristics of the combustion chamber (resonant frequency

and mode-shape).

Concerning the investigation of the liquid/gas jets' response to the transverse acoustic

�elds, single injector and multi-injector con�gurations have been investigated. In ad-

dition the single injector investigation has been the object of the theoretical analysis,

in which phenomena observed experimentally have been interpreted via the nonlinear

quantities derived from the theoretical model. The experiments have been carried out

for atomization regimes ranging from the Rayleigh axi-symmetric to the �ber one, at

the �ve characteristic locations mentioned above, and for several acoustic levels up to

pa,pp = 12000 Pa (f=1000 Hz). Experimental results demonstrate that a high-amplitude

(high-frequency) acoustic �eld may drastically a�ect the atomization of air-assisted liquid

jets (for all regimes) by inducing a non-uniform spatial distribution of the droplets inside

the combustion chamber. The experimental response of the jet has been classi�ed into

three main phenomena: �attening, atomization improvement and deviation.

The �attening consists in the spreading of the jet in the direction perpendicular to the

acoustic axis. It mainly depends on the position in the acoustic �eld and on the acoustic

levels. It takes place at all positions from VAN to the vicinity of IAN. Its intensity

is maximum at VAN and decreases toward IAN. Experimentally, �attening has been

observed in low (quasi-cylindrical jet shape) and high Weber number atomization regimes

(liquid spray). Flattening appears when a certain acoustic pressure threshold is attained,

and it is achieved when high values of the acoustic �eld are reached. A �ne investigation of

the phenomenon has been performed at VAN, where its intensity is maximum. First, the

theoretical model indicates that at VAN the distribution of the radiation pressure around

an object of cylindrical shape is given by the time-average volumetric kinetic energy

density pφ. The distribution of prad is non-uniform, but remains symmetrical relatively to

the acoustic axis and the axis perpendicular to it (the resulting radiation force is zero).

The object is thus submitted to a suction e�ect in the direction perpendicular to the

acoustic axis. Thanks to a �ne experimental investigation concerning jets at low Weber

numbers, as well as a �ne theoretical analysis, it has been shown that the threshold for
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the �attening onset corresponds to a balance between the radiation pressure drop and

the Laplace's pressure drop of about 1. This means that in our speci�c case, in which a

liquid jet is placed in an air environment η � 1, the competition between the radiation

pressure drop and the Laplace's pressure drop is the driving mechanism explaining why

the �attening is possible.

Obviously, a totally achieved �attening leads to an improvement of the atomization

process of jets at low Weber numbers. The improvement of the atomization process

has been also observed for sprays at high Weber number atomization regimes, and it

can be suggested that it come from the �attening phenomenon exerted on the dropletsb.

Indeed, the nonlinear acoustic model indicates that radiation pressure distribution and

the resulting radiation force acting on spherical objects present similar features to those

acting on cylindrical objects: droplets submitted to a suction e�ect are then deformed.

When acoustic levels are su�ciently high, droplets can be broken into smaller ones as soon

as the balance between the pressure radiation and the Laplace's pressure drop is broken to

the advantage of the nonlinear e�ects. For very high Weber number atomization regimes

droplets are very small and di�cult to be broken; thus more acoustic energy is required

to modify the atomization regime. The phenomenon is maximum at VAN and is no

longer observed at PAN, in between them the higher the acoustic amplitude the wider

the distance from VAN to PAN in which the phenomenon is observed.

Another important phenomenon observed experimentally is the jet deviation. It takes

place in all positions in between VAN and PAN (these two excluded). The spatial region

in which deviation can be observed is all the wider as the amplitude levels are higher.

Depending on the position in the acoustic �eld it has been observed with or without �at-

tening. Since the phenomenon is maximum at IAN, this position has been investigated in

detail. The theoretical model indicates that the radiation pressure distribution is due to

the presence of the term corresponding to the time-average volumetric potential energy

density pq. The distribution of prad is thus non-uniform, and non-symmetric relatively

to the axis perpendicular to a.a.. The asymmetry gives rise to a non-null resulting radi-

ation pressure force exerted on the object. In the case of a liquid/gas system (η � 1),

the radiation force is directed toward the nearest velocity anti-node, which agrees with

experimental observations. For high Weber number regimes deviation is found to increase

non-linearly with the amplitude of the acoustic �eld. By introducing the acoustic Froude

number (de�ned as the square root of the ratio of the mean acoustic energy of a stand-

ing wave per unit mass over the gravitational potential energy of the liquid system per

bBoisdron [89] visualized a �attening phenomenon exerted on droplets which led to their atomization
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unit mass) it has been shown that deviation is possible as soon as the acoustic poten-

tial energy becomes high enough to counterbalance the gravitational energy. In order to

quantify the deviation phenomenon, jets at low Weber number regimes have been chosen.

The deviation angle has been calculated by using the nonlinear acoustic model relying

on the counterbalance between the radiation force and the object weight. The agreement

between the calculations of the deviation angles, by using the nonlinear model, and exper-

imental angles shows the validity of the model in the interpretation of the phenomenon

on the basis of nonlinear acoustic e�ects.

A droplet clustering phenomenon in the spatial region between IAN and VAN has

been highlighted in multi-injection con�guration, in all atomization regimes. This phe-

nomenon has been visualized and quanti�ed by means of the experimental droplet spatial

distributions. It results from the combination of the three nonlinear acoustic phenomenon

described above: �attening, atomization improvement and deviation. In a real combustor

hundreds of injectors are submitted to the acoustic �eld, and droplet clustering phe-

nomenon may induce a non-uniform spatial distribution of droplets in the combustion

chamber. Moreover, each injector may be submitted to a di�erent acoustic condition, and

it is necessary to know the response in any locations. The advantage of the nonlinear

acoustic model derived here is its validity in each position of the acoustic �eld and for

each value of η.

As discussed above, the nonlinear acoustic model can explain the phenomena ob-

served in the present experimental liquid/gas con�guration for which η � 1. But, it was

also shown how it can explain �attening and deviation which are observed in trans-

critical/super-critical or gas/gas con�gurations, in both experiments and simulations.

This leads to two fundamental conclusions. The �rst one is that phenomena observed

in trans-critical/super-critical and gas/gas con�gurations can be interpreted as actually

resulting from nonlinear acoustics. The second one is that the driving feature is the ex-

istence of a density di�erence between the jet and the surrounding environment. When

localized in space, the layer separating the two media is seen as an interface. In such

an approach the interface does not need to be restricted only to a liquid/gas interface.

The general validity of the nonlinear acoustic model is an important asset, if we con-

sider its potential application. This means that such a model could be adopted to derive

low order models which might be used in the development of numerical tools for engines

combustion instability prediction in liquid rocket engines. Results of the study presented

here can be used to interpret jet's response during the start-up transient phase in which

propellants may remain in the liquid/gas state, but also to interpret physical behaviors
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of trans-critical/super-critical jets.

8.2 Perspectives

Future development concerns both modeling and experimental aspects. For what con-

cerns the modeling, more complicated object shapes (e.g. elliptical shapes in order to

represent the liquid sheet or particle cluster for the spray) should be taken into account

in order to further generalize the model. However, it will not be possible to obtain a

complete analytical solution for any geometries, so numerical tools will be necessary in

the case of these more complicated object shapes. An important aspect that should be

take into account in the model concerns compressibility e�ects in the formulation of the

radiation pressure and the resulting radiation force, as suggested by Gor'kov [119] and

Lespinasse [95]. It would be also interesting to further develop the model in order to

consider di�erent thermodynamic conditions for the two media.

For what concerns the experimental part, preliminary experimental results concern-

ing both droplet size and gas velocity �eld measurements have been discussed here to

demonstrate the feasibility of the application of the two measurements techniques in our

experimental setup. They serve mainly as a starting point for future investigations. In

order to enhance the knowledge of the nonlinear phenomena discussed in this work, it

would be also interesting to investigate them at pressure levels higher than the atmo-

spheric pressure.

Multi-point injection tests have also pointed out that the combination of nonlinear

e�ects is able to induce a non-uniform distribution of the spray in the chamber. From

the analysis of domes' acoustic response it can be inferred that the e�ects of the acoustic

coupling could be greater by increasing the connecting elements (number of injectors).

It could be then useful to consider more than three injectors, not aligned, in order to

have a three-dimensional characterization of the droplet spatial distribution. This would

lead to a new injection system concept, a con�guration with 5 or more injectors with

two cylindrical domes whose volume could be changed by varying the insert structures.

For a more distant future the cylindrical injection system could be also connected with a

combustion chamber of circular section.
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Appendix A - Vibration Tests

The four compression drivers installed in the main cavity generate a non negligible me-

chanical vibration which can be transmitted to the domes and a�ect measurements. A test

campaign dedicated to the evaluation of the mechanical vibration has been conducted on

a �rst version of the structure supporting the elements of the experiment. This campaign

showed that vibrations of signi�cative levels were transmitted to the domes, particularly

in the vertical direction. In order to reduce the mechanical transmission between the

cavity and the domes an expressly designed structure has been installed around the main

cavity. The structure is shown in the sketch of Figure 1(a) while in Figure 1(b) it is shown

the positioning of the injection domes on the structure on the top of the cavity. In this

con�guration the contact with the main cavity is reduced and mechanical transmission is

minimized. Vibration measurements have been performed with a PCB miniature triaxial

ICP accelerometers. Results of the test campaigns in terms of measured accelerations are

summarized in Figures A2 and A3 for di�erent levels of acoustic solicitation expressed in

terms of mVRMS of the signal sent to the compression drivers. For the maximum solici-

tation conditions, namely 1400 mVRMS (corresponding to pa,pp ≈ 12 kPa at PAN in the

main cavity) a noticeable reduction of vibration levels has been obtained with the new

experimental setup, i.e. 67% for the gas dome and 36% for the liquid dome, as reported

in Figure A4.

(a) (b)

Figure A1: (a) A sketch of the structure designed to support the injection domes, (b)
a picture of the injection domes placed on the top of the cavity and sustained by the
structure.
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Figure A2: Summary of vibration measurements before setup modi�cation.
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Figure A3: Summary of vibration measurements after setup modi�cation.

Figure A4: Comparison of vibration levels in gas and liquid domes before and after the
experimental setup modi�cation.
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Appendix B - Resonant Cavity Eigenmodes

Simulations presented in the manuscript have been performed with the Acoustics mod-

ule of COMSOL Multiphysics which is an optional package that extends the COMSOL

environment and presents functionality optimized for the analysis of acoustics and vibra-

tion problems. In this appendix results concerning the e�ects of the compression driver

(loudspeaker) duct length on the eigenmode of the main resonant cavity are presented.

Simulations have been performed with the Pressure Acoustics, Frequency domains inter-

face in which the Helmholtz equation is solved in the frequency domain without source

terms and the acoustic pressure p is the only variable of the problem. As described in sec-

tion 2.1 the acoustic resonant cavity is provided with 4 compression drivers, two on each

side. The membrane of the compression drivers is placed at a distance lls from the inner

cavity surface as indicated in Figure 1(a). The four resulting ducts in between the com-

(a) (b)

Figure B1: (a) Detail of the cavity/compression driver interface indicating the duct lenght
lls. (b) Resonant cavity geometrical domain and boundary conditions for eigenmodes
analysis.

pression driver membranes and the cavity inner surface must be taken into account in the

geometrical domain considered for the calculation of the cavity eigenmode. Figure 1(b)

shows half of the geometrical domain considered in the calculation of the eigenmodes

(see Figure 1(b)). Sound hard boundary conditions (i.e. zero normal acoustic-velocity

�uctuations) are used for the cavity walls, roof, �oor and compression driver membrane

surfaces while sound soft boundary conditions (p = 0) are used at the open surfaces of

the cavity and on interfaces between the compression driver ducts and the cavity .
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The 2T resonant mode of the cavity is shown in Figure B2. Only half of the cavity

is presented to show the structure of the mode in the central plane in the x-direction

which corresponds to the injections plane. Figure 2(a) represents the eigenmode without

compression drivers duct, i.e. lls = 0. Figure 2(b) to 2(d) presents the mode shape for

di�erent duct lengths lls/Lc where Lc is the cavity length. It can be seen that the presence

of the compression drivers duct a�ects the cavity mode shape. The modi�cation of the

acoustic �eld is more evident for short lengths whereas the mode shape assumes the same

structure that without compression drivers (Figure 2(a)) when lls/Lc approaches 0.222

(Figure 2(d)). In the experiments lls/Lc ≈ 0.194.

(a) lls/Lc = 0 (b) lls/Lc = 0.056

(c) lls/Lc = 0.111 (d) lls/Lc = 0.222

Figure B2: Resonant cavity eigenmodes at 1000 Hz (a) without compression drivers and
for di�erent length of the compression driver duct connection lls/Lc: (b) 0.056; (c) 0.111;
(d) 0.222.
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Appendix C - Injection Domes Technical Sketches

Technical sketches of the two injection domes designed for the investigation of the acoustic

response upstream the injection are shown in Figure C1.

Figure C1: Schematic of injection domes. Dimension are not reported for con�dential
reason imposed by the partner of this work (CNES).
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Appendix D - Gas Dome Acoustic Pressure Signal Plots

In this section raw acoustic pressure signals measured with pressure transducers PTl0,

PTl1, PTc0 and PTr0 in the gas dome are shown for the three con�gurations investigated

in Chapter 4. Measurements carried out without �ow rate are compared with those

with the maximum �ow rate, for GD0, GD4 and GD8 (f = 1000 Hz; pa,pp ≈ 12 kPa

at PAN; dor = 1.125). Figure D1 shows acoustic measurements in the IAN-VAN-IAN

con�guration. The amplitude of �uctuations decreases by increasing the dome size or the

mass �ow rate. PTl0, PTr0 and PTl1 present similar amplitudes of �uctuations, whereas

PTc0 amplitude is always close to zero. Signals measured with PTl0 and PTl1 are always

in-phase, and both are out-of-phase with PTr0.

(a) GD0, m̃air = 0 (b) GD0, m̃air = 1

(c) GD4, m̃air = 0 (d) GD4, m̃air = 1

(e) GD8, m̃air = 0 (f) GD8, m̃air = 1

Figure D1: Acoustic pressure signal comparison in the gas dome for IAN-VAN-IAN: (a)
GD0, m̃air = 0, (b) GD0, m̃air = 1; (c) GD4, m̃air = 0; (d) GD4, m̃air = 1; (e) GD8,
m̃air = 0; (d) GD8, m̃air = 1 (f = 1000 Hz; pa,pp ≈ 12 kPa at PAN; dor = 1.125).
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Acoustic pressure measurements performed at PAN-IAN-VAN are shown in Figure D2.

The amplitude decreases by increasing the dome size and the mass �ow rate. Also in this

con�guration, PTl0, PTr0 and PTl1 presents similar amplitudes, which are much higher

than for PTc0. PTl0 and PTl1 are in-phase. Their phase shift with PTr0 varies in between

120◦ and 180◦.

(a) GD0, m̃air = 0 (b) GD0, m̃air = 1

(c) GD4, m̃air = 0 (d) GD4, m̃air = 1

(e) GD8, m̃air = 0 (f) GD8, m̃air = 1

Figure D2: Acoustic pressure signal comparison in the gas dome for PAN-IAN-VAN: (a)
GD0, m̃air = 0, (b) GD0, m̃air = 1; (c) GD4, m̃air = 0; (d) GD4, m̃air = 1; (e) GD8,
m̃air = 0; (d) GD8, m̃air = 1 (f = 1000 Hz; pa,pp ≈ 12 kPa at PAN; dor = 1.125).

Figure D3 shows acoustic measurements for the IAN-PAN-IAN con�guration. The

amplitude of �uctuations decreases by increasing the dome size and the mass �ow rate,

and are much lower than those measured in the two previous con�gurations. All pressure

transducers are in-phase, and present very similar amplitudes of �uctuations.
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(a) GD0, m̃air = 0 (b) GD0, m̃air = 1

(c) GD4, m̃air = 0 (d) GD4, m̃air = 1

(e) GD8, m̃air = 0 (f) GD8, m̃air = 1

Figure D3: Acoustic pressure signal comparison in the gas dome for IAN-PAN-IAN: (a)
GD0, m̃air = 0, (b) GD0, m̃air = 1; (c) GD4, m̃air = 0; (d) GD4, m̃air = 1; (e) GD8,
m̃air = 0; (d) GD8, m̃air = 1 (f = 1000 Hz; pa,pp ≈ 12 kPa at PAN; dor = 1.125).
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Appendix E - High Speed Visualization Minimum Im-

ages Analysis

In Chapter 3.1 it has been shown how high-speed visualizations can be processed to obtain

two-level minimum or average images. Average images, as shown in Figure 3.3(b), are

converted here to pseudo-color images to more easily visualize the spray modi�cations

induced by the acoustic �eld at high Weber. In these images, colors ranging from black

to blue, green and red correspond to the probability of �nding liquid increasing from zero

to 1. Four mean images are computed from four partial image sequences of 200 frames

extracted from the entire sequence. These sequences are selected following the timings

indicated in Figure E1. Each sequence is composed of 200 images corresponding to a time

interval of 0.032 s. Results are reported in Figure E2 for VAN (a-d), IAN-VAN (e-h), IAN

(i-l) and PAN-IAN (m-p). Injection conditions are given by Weg = 250 and Rel = 3200.

No signi�cant di�erence can be observed at VAN between the four mean images. On the

contrary, the e�ects of acoustics can be observed at VAN-IAN, IAN and PAN-IAN. In

these cases the average images corresponding to fr2 and fr3 show a deviation toward the

right side side (toward VAN); indicating that the probability to �nd liquid objects in the

right side is higher than that of �nd them on the left side due to the deviation. On the

contrary, images corresponding to fr1 and fr4 are more centered and symmetric.

Figure E1: Reference time windows for post-processing with respect to the acoustic signal
envelope.
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(a) VAN=fr1 (b) VAN=fr2 (c) VAN=fr3 (d) VAN=fr4

(e) IAN-VAN=fr1 (f) IAN-VAN=fr2 (g) IAN-VAN=fr3 (h) IAN-VAN=fr4

(i) IAN=fr1 (j) IAN=fr2 (k) IAN=fr3 (l) IAN=fr4

(m) PAN-IAN=fr1 (n) PAN-IAN=fr2 (o) PAN-IAN=fr3 (p) PAN-IAN=fr4

Figure E2: Average images converted to RGB images at: (a-d) VAN; (e-h) IAN-VAN;
(i-l) IAN and (m-p) PAN-IAN. Forcing frequency f = 1 kHz, pa,pp = 12 kPa.
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For lower Weber number atomization regimes the e�ects of the deviation are more

clearly visible as shown in Figure E3 for the Rayleigh axi-symmetric (Weg = 9; Rel =

2000), Rayleigh non-symmetric (Weg = 40; Rel = 3000), shear breakup (Weg = 60;

Rel = 3900) and membrane (Weg = 120; Rel = 2800) regimes. The position considered

is IAN and average images are calculated form the fr2 image sequence.

(a) (b) (c) (d)

Figure E3: Average images converted to RGB images at IAN for: (a) Rayleigh axi-
symmetric (Weg = 9; Rel = 2000); (b) Rayleigh non-symmetric (Weg = 40; Rel = 3000);
(c) shear breakup (Weg = 60; Rel = 3900) and (d) membrane (Weg = 120; Rel = 2800).
Forcing frequency f = 1 kHz, pa,pp = 12 kPa.


