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Ever tried. Ever failed. No matter. Try Again. Fail again. Fail better.

By Samuel Beckett in Worstward Ho

The road to wisdom ? Well, it’s plain and simple to express :
Err and err and err again, but less and less and less.

By Piet Hein in Knuth’s Mathematical Writing
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aide précieuse lors de la mise en page de ce document.

Enseignement
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possibles.

iv
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1.2.3 Réduction parallèle . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
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3.3.3 Algorithme basé sur les super-développements . . . . . . . . . . . . 63

II Structures of the rewriting calculus 65

4 The rewriting calculus 67

4.1 Syntax . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.2 Operational semantics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.2.1 Matching . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.2.2 Evaluation rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.3 Confluence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3.1 Syntactical restrictions . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3.2 Reduction strategies . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.3.3 Encoding Klop’s counter example in the ρ-calculus . . . . . . . . . 76

4.4 Expressiveness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.5 Extensions of the ρ-calculus . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.5.1 The ρstk-calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.5.2 The ρd-calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.6 Higher-order matching in the ρ-calculus . . . . . . . . . . . . . . . . . . . 82

4.6.1 Matching in the λ-calculus vs matching in the ρ-calculus . . . . . . 82

4.6.2 Matching in the ρ-calculus needs unification . . . . . . . . . . . . . 84

4.6.3 Extensionality in the ρ-calculus . . . . . . . . . . . . . . . . . . . . 84

5 The explicit ρ-calculus 87

5.1 Explicit substitution ρs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5.1.1 Syntax of ρs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.1.2 Operational semantics of ρs . . . . . . . . . . . . . . . . . . . . . . 90

5.2 Explicit matching ρm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.2.1 Syntax of ρm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.2.2 Operational semantics of ρm . . . . . . . . . . . . . . . . . . . . . . 92

5.3 Explicit substitution and explicit matching ρ◦
x

. . . . . . . . . . . . . . . . 95

5.3.1 Syntax of ρ◦
x

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.3.2 Operational semantics of ρ◦
x

. . . . . . . . . . . . . . . . . . . . . . 97

5.4 Properties of ρ◦
x

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.4.1 Proof scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.4.2 Soundness of explicit substitutions . . . . . . . . . . . . . . . . . . 102

5.4.3 Termination of the constraint handling rules . . . . . . . . . . . . . 103

2



Table des matières

5.4.4 Confluence of the sub-relations . . . . . . . . . . . . . . . . . . . . 111

5.4.5 Parallel version of the ρδ . . . . . . . . . . . . . . . . . . . . . . . 114

5.4.6 Yokouchi-Hikita’s diagram modulo and confluence of ρ◦
x

. . . . . . 114

5.5 Implementation in the Tom language . . . . . . . . . . . . . . . . . . . . . 117

5.6 Explicit substitutions with generalized de Bruijn indices in the ρ-calculus 119

5.6.1 Explicit substitution with de Bruijn indices in the λ-calculus . . . 119

5.6.2 Explicit substitutions with generalized de Bruijn indices in the
ρ-calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

6 Confluence of pattern-based λ-calculi 125

6.1 The dynamic pattern λ-calculus . . . . . . . . . . . . . . . . . . . . . . . . 126

6.1.1 Syntax . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

6.1.2 Operational semantics . . . . . . . . . . . . . . . . . . . . . . . . . 127

6.2 Confluence of the dynamic pattern λ-calculus . . . . . . . . . . . . . . . . 128

6.2.1 The parallel reduction . . . . . . . . . . . . . . . . . . . . . . . . . 129

6.2.2 Stability of Sol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

6.2.3 Confluence of the dynamic pattern λ-calculus . . . . . . . . . . . . 130

6.2.4 Confluence issues with linear patterns . . . . . . . . . . . . . . . . 135

6.3 Instantiations of the dynamic pattern λ-calculus . . . . . . . . . . . . . . 137

6.3.1 λ-calculus with Patterns . . . . . . . . . . . . . . . . . . . . . . . . 138

6.3.2 Rewriting calculi . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

6.3.3 Pure pattern calculus . . . . . . . . . . . . . . . . . . . . . . . . . 140

6.3.4 λ-calculus with constructors . . . . . . . . . . . . . . . . . . . . . . 142

III Categorical semantics of the parallel λ-calculus 145

7 Categorical semantics of the λ-calculus 147

7.1 Cartesian closed categories and reflexive objects . . . . . . . . . . . . . . . 147

7.2 Interpretation of pure λ-terms . . . . . . . . . . . . . . . . . . . . . . . . . 149

7.3 Examples in Scott domains . . . . . . . . . . . . . . . . . . . . . . . . . . 150

7.4 Completeness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

8 Categorical semantics of the parallel λ-calculus 155

8.1 The parallel λ-calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

8.1.1 The core calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

8.1.2 Extensions of the equational theory . . . . . . . . . . . . . . . . . 157

8.1.3 Linearity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

8.2 Monads and algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

8.3 Aggregation monads . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

8.3.1 Notion of aggregation . . . . . . . . . . . . . . . . . . . . . . . . . 161

8.3.2 Typical examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

8.3.3 Algebras and linear morphisms . . . . . . . . . . . . . . . . . . . . 164

8.3.4 Strong notion of aggregation . . . . . . . . . . . . . . . . . . . . . 167

3



Table des matières

8.4 Model of the parallel λ-calculus . . . . . . . . . . . . . . . . . . . . . . . . 168
8.4.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
8.4.2 Interpreting parallel λ-terms . . . . . . . . . . . . . . . . . . . . . 169

8.5 Examples in Scott domains . . . . . . . . . . . . . . . . . . . . . . . . . . 171

9 Completeness by syntactical models 175
9.1 The notion of T-per . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
9.2 The ccc structure of T-PER . . . . . . . . . . . . . . . . . . . . . . . . . . 178
9.3 The aggregation monad of T-PER . . . . . . . . . . . . . . . . . . . . . . 181

9.3.1 The boxing monad . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
9.3.2 The aggregation monad . . . . . . . . . . . . . . . . . . . . . . . . 184

9.4 Completeness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
9.4.1 Proof sketch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
9.4.2 Reflexivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
9.4.3 Algebraicity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188
9.4.4 Distributivity axiom . . . . . . . . . . . . . . . . . . . . . . . . . . 188
9.4.5 Adapted model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
9.4.6 Completeness result . . . . . . . . . . . . . . . . . . . . . . . . . . 191

10 Constructing a model of the parallel λ-calculus 193
10.1 First method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

10.1.1 Algebraicity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194
10.1.2 Reflexivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194
10.1.3 Distributivity axiom . . . . . . . . . . . . . . . . . . . . . . . . . . 195
10.1.4 Typical use . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

10.2 Second method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196
10.2.1 Algebraicity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
10.2.2 Reflexivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
10.2.3 Distributivity axiom . . . . . . . . . . . . . . . . . . . . . . . . . . 199
10.2.4 Typical use . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200
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Extended abstract

In the 1930s, A. Church introduced the λ-calculus as a theoretical framework for describ-
ing functions and their evaluation and gave a negative answer to the Entscheidungsprob-
lem [Chu36, Chu41]. Ever since, the λ-calculus greatly influenced functional program-
ming languages and is even very often quoted as the paradigm of functional languages.
Interestingly, in practice, functional languages strongly rely on pattern-matching. This is
the case of O’caml [LDG+04], Haskell [Pey03], Lisp [All78] or F# [Pic07]. A “speed-up”
of the λ-calculus with patterns where variable abstraction is replaced by pattern abstrac-
tion was then emerging from the practice of functional programming design [Pey87].

On one hand, following S. Peyton Jones the so-called λ-calculus with patterns was
introduced [Oos90, KOV07]. Latter on, many different pattern-based λ-calculi arose in
the context of the functional programming. For example, we can quote the basic pattern
matching calculus [Kah03] and the pure pattern calculus [JK06].

On the other hand, studying rewriting —where pattern-matching is a fundamental
operation— and especially rewriting strategies led to the rewriting calculus [CK98b]. The
rewriting calculus, a.k.a. the ρ-calculus, was introduced to make explicit all the ingre-
dients of rewriting such as rules, rule applications, strategies and results [CK01, Cir00].
The ρ-calculus is a generalization of the λ-calculus with pattern-matching features and
term collections. The work presented here was initially motivated by its study.

There are thus several pattern λ-calculi and each of them has many syntactical vari-
ants depending on the intended use: define the relationship between pattern-calculi
and first-order term rewriting [CHW06] or graph rewriting [BBCK06, Ber05], encode
object λ-calculi [CKL01], study type systems [BCKL03, Wac05], add dynamic pat-
terns [BCKL03, JK06], etc.. This plethora of calculi raises the following questions: what
are the basic ingredients on which all these calculi are based, how do these components
interact and what is the computational and expressive power of such calculi. To answer
these questions there are many possible approaches and we chose four of them in this
thesis that are summarized below. A more detailed presentation of each part is given
afterwards.

To play with the computational and expressive power of pattern-based λ-calculi, we
can study higher-order matching where λ-terms (purely functional programs) are re-
placed by ρ-terms (functional programs with pattern-matching). The work already done
in the typed λ-calculus is not transposable, as the simply typed ρ-calculi is not normal-
izing [Wac05]. In fact, the normalizing simply typed ρ-calculus uses (weakly) dependent
types built using Π-abstractions on patterns. Then for a given matching equation, to
give the types of the matching variables almost corresponds to give the solutions. So,
it is of strong interest to study higher-order matching in an untyped context. In this
thesis, we analyze higher-order matching in the untyped λ-calculus as a preliminary step
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to solve matching in the ρ-calculus.

Most of the presentations of the ρ-calculus use meta-level matching and substitution
application but the explicit definition of these operations underlines some interactions
between both operations. Following the works on explicit substitutions in the λ-calculus,
we define and study a ρ-calculus with explicit matching and substitution application.
We show that it is a useful theoretical back-end for implementations of pattern-based
λ-calculi and especially rewriting-calculi.

To compare the expressiveness and the confluence of pattern-based λ-calculi, we in-
troduce and study a general confluent formalism where the way pattern-abstractions are
applied is axiomatized. This is done in the third part of this thesis.

Another way to understand the basic ingredients of pattern-based λ-calculi is to study
a denotational semantics for the rewriting calculus. This raises many questions and
challenges that are not intrinsically related to the ρ-calculus but that already appear
in the parallel λ-calculus. This is why we propose a clear categorical semantics for the
parallel λ-calculus that can be seen as a first step towards a denotational semantics for
the ρ-calculus.

We now give a more detailed presentation for each of the corresponding contributions.

Higher-order matching modulo superdevelopments We often need to decide β-
equivalence. This is the case for the transformation of strict functional programs (pro-
grams as λ-terms) and for the proof theory (proofs as λ-terms). Since β-equivalence is
undecidable, we usually restrict to typed λ-terms in order to recover decidability. But
when we transform functional programs with pattern-matching (programs as ρ-terms)
and when we consider [Wac05] rich proof terms for the generalized deduction modulo
(proofs as ρ-terms), β-equivalence has to be replaced by the equational theory of the
ρ-calculus.

The equivalence in the ρ-calculus is also undecidable (as it includes β-equivalence).
But unlike in the λ-calculus, the restriction to typed ρ-terms is not suitable in the context
of higher-order matching. In fact, the normalizing simply typed ρ-calculus [Wac05] uses
(weakly) dependent types built using Π-abstractions on patterns. Then for a given
matching equation, to give the types of the matching variables almost corresponds to
give the solutions.

Consequently, the work already done concerning higher-order matching in the simply
typed λ-calculus is not transposable. This is why we propose a different approach based
on a restriction of β-conversion [MS01]. The usual approximation of β-normal forms
is given by complete finite developments with the corresponding parallel reduction of
Tait and Martin-Löf. An extension of finite developments, called superdevelopments,
was introduced in [Raa93] to prove the confluence of a general class of reduction systems
containing the λ-calculus and term rewrite systems.

A superdevelopment is a reduction sequence that may reduce the redexes of the term,
its residuals and some created redexes. The redexes created by the substitution of a
variable in a functional position by a λ-abstraction are not reduced. The approximation
given by superdevelopments of a second-order term coincides with its β-normal form. Su-
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perdevelopments can be alternatively defined using a suitable parallel reduction [Acz78]
that generalises the parallel reduction of Tait and Martin-Löf.

We consider here matching equations built over untyped λ-terms and solve them mod-
ulo superdevelopments. The matching problems are of interest particularly because the
set of matches modulo superdevelopments contains, but is not restricted to, second-order
β-matches. Moreover, the restriction of the β-conversion needed in the case of pattern-
matching à la Miller [Mil91] is subsumed by superdevelopments and thus matching
modulo superdevelopments is complete w.r.t. the matching à la Miller.

We propose sound and complete algorithms for the matching in the pure λ-calculus
modulo superdevelopments and for the second-order matching modulo β. The algo-
rithms are presented using transformation rules [MM82] based on the parallel reduction
of Aczel while the intuitions and the proofs are based on the equivalent notion of su-
perdevelopments. This leads to an intuitive presentation and to simpler proofs.

A ρ-calculus with explicit constraint applications Substitutions and pattern-matching
are fundamental operations of the rewriting calculus that are inherited respectively from
the λ-calculus and from rewriting. To perform pattern-matching, evaluation rules of the
ρ-calculus use helper functions that are indeed implicit computations: all the computa-
tions related to the considered matching theory belong to the meta-level. These compu-
tations are conceptually and computationally important in all matching theories, from
syntactic ones to quite elaborated ones like associative-commutative theories [Eke95]. In
concrete implementations, substitutions and pattern-matching should be separated and
should interact with one another. In particular, we want matching related computations
and applications of substitutions to be explicit.

A first step toward an explicit handling of the matching related computations was
the introduction of matching problems as part of the ρ-calculus syntax [CKL02]. More
precisely, the matching constraints represent constrained terms which are eventually
instantiated by the substitution obtained as solution of the corresponding matching
problem (if such a solution exists).

We study two versions of the ρ-calculus, one with explicit matching and one with ex-
plicit substitutions (following the works on λ-calculi with explicit substitutions [ACCL91,
Les94, Ros96]), together with a version that combines the two and considers efficiency
issues and more precisely the composition of substitutions. This allows us to isolate the
features absolutely necessary in both cases and to analyze the issues related to the two
approaches. The result is a full calculus that enjoys the usual good properties of explicit
substitutions (conservativity, termination) and which is confluent. We show that the
ρ-calculus, and especially explicit ρ-calculi, are suitable as a theoretical back-end for
implementations of rewriting-based languages.

This work is implemented in the Tom language [BBK+06] as an interpreter for the
ρ-calculus.

Confluence of pattern-based λ-calculi Each of the pattern-based calculi mentioned
before differs on the way patterns are defined and on the way pattern abstractions
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are applied. Thus, patterns can be simple variables like in the λ-calculus, algebraic
terms like in the algebraic rewriting calculus [CLW03], special (static) patterns that
satisfy certain (semantic or syntactic) conditions like in the λ-calculus with patterns or
dynamic patterns that can be instantiated and possibly reduced like in the pure pattern
calculus and some versions of the rewriting calculus. The underlying matching theory
strongly depends on the form of the patterns and can be syntactic, equational or more
sophisticated [JK06, BCKL03].

Although some of these calculi just extend the λ-calculus by allowing pattern abstrac-
tions instead of variable abstractions, the confluence of these formalisms is lost when no
restrictions are imposed.

Several approaches are then used to recover confluence. One of these techniques con-
sists in syntacticly restricting the set of patterns and then showing that the reduction
relation is confluent for the chosen subset. This is done for example in the λ-calculus
with patterns and in the ρ-calculus (with algebraic patterns). The second technique
considers a restriction of the initial reduction relation (that is, a strategy) to guarantee
that the calculus is confluent on the whole set of terms. This is done for example in the
pure pattern calculus where the matching algorithm is a partial function whereas any
term is a pattern.

Nevertheless, we can notice that in practice the proof methods share the same structure
and that each variation on the way pattern abstractions are applied needs another proof
of confluence. There is thus a need for a more abstract and more modular approach. A
possible way to have a unified approach for proving the confluence is the application of the
general and powerful results on the confluence of higher-order rewrite systems [KOR93,
MN98, Ter03]. Although these results have already been applied for some particular
pattern-calculi [BK07] the encoding seems to be rather complex for some calculi and in
particular for a general setting that encompasses several calculi. Moreover, it would be
interesting to have a framework where the expressiveness and (confluence) properties of
the different pattern calculi can be compared.

We thus show [CF07] that all the pattern-based calculi can be expressed as a general
calculus parameterized by a function that defines the underlying matching algorithm
and thus the way pattern abstractions are applied. This function can be instantiated
(implemented) by a unitary matching algorithm as in [CK01, JK06] but also by an
anti-pattern matching algorithm [KKM07] or it can be even more general [LHL07]. We
propose a generic confluence proof where the way pattern abstractions are applied is
axiomatized. Intuitively, the sufficient conditions to ensure confluence guarantee that
the (matching) function is stable by substitution and by reduction.

We apply our approach to several classical pattern calculi, namely the λ-calculus with
patterns, the pure pattern calculus, the rewriting calculus and the λ-calculus with con-
structors [AMR06]. For all these calculi, we give the encodings in the general framework
from which we derive the proofs of confluence. This approach does not provide conflu-
ence proofs for free but it establishes a proof methodology and isolates the key points
that make the calculi confluent. It can also point out some matching algorithms that al-
though natural at the first sight can lead to non confluent reduction in the corresponding
calculus.

8



A categorical semantics of the parallel λ-calculus The starting point of this work
was the semantical study of the ρ-calculus. A Scott semantics revealed the similarity
(up to the fact that term collections are not systematically required to be associative,
commutative and/or idempotent) between term collections of the ρ-calculus interpreted
as the binary join and Boudol’s parallel construct of the parallel λ-calculus [Bou94] .

Formally, the parallel λ-calculus is obtained by extending the pure λ-calculus with a
binary operator that intuitively represents the parallel execution. The parallel λ-calculus
adds to the equational theory of the pure λ-calculus the single equational axiom (δ)

expressing the distributivity of function application w.r.t. parallel aggregation. The
parallel λ-calculus was initially introduced as a tool to study full-abstraction of the
interpretation of λ-terms in Scott domains. In this framework, Boudol extended the
interpretation of pure λ-terms to the parallel construction using the join operation.

Scott semantics is well-suited to achieve full-abstraction but it is not sufficient to cap-
ture neither the basic equational theory of the calculus nor many interesting extensions
of it—typically when dealing with extensionality. In the same way, interpreting the par-
allel operator as the binary join automatically validates associativity, commutativity and
idempotence, although on a purely syntactical level, these equational axioms are clearly
independent from the basic equational axiom (β) and (δ). For these reasons, there is a
need for a more general and more modular semantics.

We define [FM07] a sound and complete categorical semantics for the parallel λ-
calculus, based on a notion of aggregation monad which is modular w.r.t. associativity,
commutativity and idempotence. This semantics is complete in a very strong sense: for
each extension T of the basic equational theory of the parallel λ-calculus, it is possible
to find a reflexive object such that the equational theory induced by the interpretation
of parallel λ-terms in this object is exactly the theory T.

To prove completeness, we introduce a category of partial equivalence relations adapted
to parallelism, in which any extension of the basic equational theory of the calculus is
induced by some model. We also present abstract methods to construct models of the
parallel λ-calculus in categories where particular equations have solutions, such as the
category of Scott domains and its variants, and check that G. Boudol’s original semantics
is a particular case of ours.

The semantical study of the ρ-calculus also pointed out many interesting problems
related to the interaction between a mechanism of pattern-matching and the parallel
construct. These problems helped us to grasp the importance of linear terms which play
a central rôle in the proof of completeness (Boudol’s shift towards the λ-calculus with
resources [BCL99] seems to be motivated by similar reasons).

We think that the categorical semantics introduced here will contribute to a better
understanding of the interaction between pattern-matching and the parallel construct,
and thus will constitute a significant step towards a denotational semantics for the ρ-
calculus.

9



Extended abstract

10



Introduction

Plusieurs développements récents montrent que les assistants à la preuve sont suffi-
samment mûrs pour être utilisés soit pour formaliser des théories mathématiques non
triviales [Gon05, ADGR07, GWZ02, Fly07], soit pour spécifier et étudier des programmes
de grande taille [MPU07, Fil03, Ler06, BDL06].

Pourtant, la distance entre une preuve papier et une preuve réalisée grâce à un assistant
à la preuve est toujours importante. Cette distance est en partie due à la nécessité, dans
le cas d’une preuve formelle, d’expliciter tous les raisonnements considérés y compris
les plus triviaux et c’est bien pour cela que les mathématiciens ne présentent pas leurs
preuves dans des systèmes formels.

There are good reasons why Mathematicians do not usually present their
proofs in fully formal style. It is because proofs are not only a means to
certainty, but also a means to understanding. Behind each substantial formal
proof there lies an idea, or perhaps several ideas. The idea, initially perhaps
tenuous, explains why the result holds. The idea becomes Mathematics only
when it can be formally expressed, but that expression must be so couched as
to reveal the idea; it will not do to bury the idea under the formalism.
(Saunders MacLane)

Proofs really aren’t there to convince you something is true – they’re there
to show you why it is true.
(Andrew Gleason)

De plus, l’utilisation des assistants à la preuve révèle qu’un passage à l’échelle n’est
possible que si le formalisme sous-jacent possède une capacité calculatoire suffisante. La
réécriture est souvent choisie pour cette capacité à exprimer et implémenter simplement
le calcul. Par exemple, plusieurs extensions du calcul des constructions, formalisme à la
base du projet Coq, combinent le λ-calcul et la réécriture [TG89, Bar91, JO95, Fer93,
Bla05].

Les notions de règles et de relations de réécriture jouent donc un rôle fondamental
dans ce contexte, comme dans celui de la transformation de programmes [Vis05], de la
sécurité des protocoles [Rus06], des politiques de contrôles d’accès [HJM06] , etc. Ces
notions sont aussi particulièrement pertinentes pour manipuler des structures de données
vérifiant des invariants [Rei06, HJM06], c’est-à-dire pour maintenir la représentation
interne de données en forme canonique par rapport à un système de réécriture.

Toutes ces applications de la réécriture utilisent explicitement ou implicitement la
notion de stratégies [BKK96, Vis01b, KK04, Kir05, MOMV06] qui s’est imposée uni-
versellement dans les langages à base de règles (Tom, Elan, Maude), certains langages
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en ayant même fait un véritable paradigme de programmation (Stratego). Il est parti-
culièrement intéressant de remarquer que l’ingrédient fondamental de la réécriture, le
filtrage, est présent dans la plupart de langages fonctionnels et intervient donc dans des
applications couvrant des domaines variés, comme par exemple le web [Bal06, Fri06] ou
la programmation parallèle [CMV+06].

Pourtant, et de manière tout à fait surprenante, le λ-calcul, modèle de calcul particu-
lièrement bien étudié, repose sur une notion triviale de filtrage. Par exemple, S. Peyton-
Jones insista sur l’importance d’étudier une généralisation du λ-calcul avec du filtrage,
afin de proposer pour les langages fonctionnels un paradigme incluant de manière pri-
mitive le filtrage [Pey87].

Cette absence de filtrage dans le λ-calcul nécessite de nombreux encodages tant il est
vrai qu’il n’est pas adapté pour décrire de manière simple des mécanismes de calcul.
Cette problématique se retrouve par exemple dans le calcul des constructions qui a été à
plusieurs reprises enrichi de primitives de calcul [CP88, Bar91], dans la transformation
de programmes [MS01, Sit01] où l’on utilise de manière intensive la primitive fold pour
contourner l’absence de filtrage, ou encore lorsque l’on souhaite donner une sémantique
aux langages à base de règles.

C’est pour toutes ces raisons que l’on voit émerger à partir des années 90, de nom-
breux calculs avec motifs introduits soit pour donner une sémantique aux langages à
base de règles comme le calcul de réécriture [CK01, Cir00, CK98a], soit dans le cadre de
la programmation fonctionnelle comme le λ-calcul avec motifs [Oos90], le calcul basique
de filtrage [Kah03], le calcul pur de motifs [Jay04, JK06] et le λ-calcul avec construc-
teurs [AMR06].

Introduit par H. Cirstea et C. Kirchner pour expliciter les mécanismes de la réécriture
et des stratégies, le calcul de réécriture ou ρ-calcul est in fine une généralisation du λ-
calcul avec filtrage et agrégation de termes. L’abstraction sur les variables est étendue en
une abstraction sur les motifs et dans sa définition la plus générale, le calcul de réécriture
permet l’utilisation du filtrage modulo une théorie équationnelle a priori arbitraire,
utilisant l’agrégation pour collecter les différents résultats possibles. L’agrégation de
termes, souvent appelée structure, peut donc être assimilée à des collections.

Dans cette thèse, nous proposons différentes approches pour expliciter les ingrédients
de base des calculs avec motifs en général et du ρ-calcul en particulier. Nous cherchons
à analyser le filtrage et l’agrégation en présence de mécanismes d’ordre supérieur et à
préciser leurs interactions.

Dans une première partie, nous étudions le filtrage d’ordre supérieur dans le λ-calcul.
L’approche classique [Hue76, HL78] consistant à se restreindre au sous-ensemble des
termes typés est ici remplacée par une approche considérant les équations modulo une
restriction de la β-conversion. Cette restriction est suffisamment expressive pour traiter
les équations du second-ordre et les équations sur les motifs d’ordre supérieur à la Miller.
En plus de ne pas dépendre d’un système de types particulier, les algorithmes que nous
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étudions n’introduisent pas de nouvelles variables de filtrage durant le processus de
résolution.

Dans une deuxième partie, nous proposons tout d’abord une extension du ρ-calcul où
les opérations fondamentales de filtrage et de l’application de substitutions sont rendues
explicites, généralisant ainsi les λ-calculs avec substitutions explicites. Nous étudions
ensuite la propriété de cohérence (confluence) des calculs avec motifs et nous montrons
que cette étude peut être réalisée de manière axiomatique sur les propriétés des algo-
rithmes de filtrage utilisés dans ces calculs. Nous isolons ainsi les propriétés implicitement
utilisées dans les différentes preuves de confluence des λ-calculs avec motifs.

Dans la troisième partie de cette thèse, nous introduisons une sémantique catégorique
du λ-calcul parallèle dont les premiers modèles donnés par G. Boudol en sont des cas
particuliers. Nous montrons que cette sémantique est correcte et complète. Nous donnons
plusieurs constructions possibles de tels modèles et notament dans les domaines de Scott.
Ce travail montre que les notion d’opérateur pour le parallélisme, de collection de termes
et d’opérateur de structure du ρ-calcul peuvent être étudiées simultanément grâce à la
notion plus générale de monades d’agrégation.

Guide de lecture Ce document est divisé en trois parties relativement indépendantes.
Nous avons pour cela occasionnellement répété certaines définitions. L’intérêt est bien-
sûr de permettre une lecture non-linéaire du manuscrit.

Les chapitres 1, 4 et 7 de cette thèse sont introductifs et présentent respectivement la
normalisation dans le λ-calcul, le ρ-calcul et les modèles catégoriques du λ-calcul.

Le chapitre 2 définit dans plusieurs contextes (typés ou non) le filtrage d’ordre su-
périeur dans le λ-calcul et donne plusieurs instances (filtrage modulo β, modulo super-
développements, second-ordre, motifs à la Miller etc.). Nous comparons ensuite leur
expressivité.

Dans le chapitre 3, nous développons plusieurs algorithmes pour le filtrage d’ordre
supérieur et plus spécialement pour le filtrage modulo super-développements dont les
propriétés (terminaison, correction et complétude) sont précisément étudiées.

Le chapitre 5 introduit plusieurs extensions du ρ-calcul qui rendent explicite le filtrage
puis l’application de substitutions. Nous étudions les propriétés de ces différents calculs
(confluence) et montrons différentes interactions possibles entre le filtrage et les substi-
tutions. Nous présentons une implémentation de ces calculs, implémentation simple mais
efficace qui offre un interpréteur pour le calcul de réécriture.

Le chapitre 6 présente un calcul où les motifs sont dynamiques, c’est-à-dire qu’ils
peuvent être instanciés et réduits. Nous proposons une preuve de confluence générique
où la manière dont le filtrage est réalisé est axiomatisée. Nous montrons que cette ap-
proche s’applique à différents calculs avec motifs. Nous caractérisons aussi une classe
d’algorithmes de filtrage qui conduisent à des calculs non confluents.

Le chapitre 8 est consacré à la définition d’une sémantique catégorique pour le λ-
calcul parallèle. Nous introduisons les notions fondamentales de monades d’agrégation
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et de termes linéaires. Nous illustrons enfin notre définition sur plusieurs exemples pris
dans les domaines de Scott. Nous retrouvons notamment les premiers modèles du λ-calcul
parallèle introduits par G. Boudol.

Dans le chapitre 9, nous prouvons la complétude de la sémantique du λ-calcul paral-
lèle introduite dans le chapitre 8. Nous introduisons pour cela une notion de modèles
syntaxiques basés sur les « pers ».

Nous concluons notre étude des modèles du λ-calcul parallèle en donnant dans le
chapitre 10 deux méthodes de constructions de tels modèles à partir de modèles vérifiant
certaines équations. Nous illustrons ces constructions dans la catégorie des domaines de
Scott où ces équations ont des solutions intéressantes.

Pour finir nous présentons plusieurs pistes pour prolonger le travail présenté tout au
long de ce manuscrit.

Quelques notations ne sont pas uniformes d’une partie à une autre. Nous avons essayé à
chaque fois d’utiliser celles qui nous paraissaient les plus claires et les plus couramment
utilisées suivant le contexte. Le choix final a été fait en ayant en tête le conseil de
Witehead :

A good notation sets the mind free to think about really important things.
(Alfred North Witehead)
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Première partie

Filtrage d’ordre supérieur dans le
lambda-calcul
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Chapitre 1

Normalisations dans le λ-calcul

Contexte Dans ce chapitre, nous examinons la normalisation du λ-calcul munie de la
β-réduction dans un cadre typé puis non typé. Chacune des deux approches conduit,
dans le chapitre suivant, à une étude différente du filtrage d’ordre supérieur.

Nous proposons tout d’abord de ne considérer que des termes bien typés. Restreint
à ce sous-ensemble de termes, la β-réduction termine. Ensuite, au lieu de restreindre
l’ensemble des termes, nous restreignons la β-réduction : nous considérons une première
restriction donnée par les développements et une seconde par les super-développements.

Un développement est une suite de réductions qui ne réduit que les résidus des radicaux
présents dans le terme initial. Le théorème des développements finis (qui assure que de
telles réductions sont toujours finies) apparâıt pour la première fois dans la preuve de
confluence du λI-calcul donnée par A. Church et J.R. Rosser [CR36]. La preuve générale
pour le λ-calcul telle qu’elle est donnée dans [Hin78] illustre l’importance du théorème
des développements finis dans toutes les preuves de confluence des λ-calculs.

La notion de super-développements, introduite initialement pour prouver la confluence
d’une classe générale de systèmes de réductions contenant le λ-calcul et les systèmes de
réécriture [Raa93], généralise la notion de développement en autorisant la réduction ad-
ditionnelle de tous les radicaux créés et qui ne sont pas obtenus par la substitution d’une
variable en position fonctionnelle par une λ-abstraction. Le théorème des développements
finis se généralise au théorème des super-développements finis.

Contributions Ce chapitre est introductif. Le lecteur peut consulter [Bar84, Bar92,
Kri90, Raa96] pour plus de détails et notamment pour les preuves des résultats cités. La
structure de ce chapitre est en partie inspirée du chapitre 2 de [Raa96].

Plan du chapitre Le chapitre est organisé est trois parties qui sont chacune une manière
différente d’obtenir la normalisation dans le λ-calcul. Tout d’abord nous étudions dans
la section 1.1, le λ-calcul simplement typé pour lequel la β-réduction termine toujours.
Les deux sections suivantes se place dans le cadre du λ-calcul non typé, aussi appelé
λ-calcul pur. Dans ce contexte, pour obtenir une réduction terminante nous considé-
rons deux sous-ensembles de la β-réduction. Dans la section 1.2 nous considérons les
développements et dans la section 1.3 les super-développements.
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Chapitre 1 Normalisations dans le λ-calcul

1.1 Lambda-calcul simplement typé et β-réduction

Nous rappelons ici les définitions de base du λ-calcul simplement typé afin de fixer les
notations. Cette section est donc une succession de définitions de base qui se terminent
par le théorème de confluence et de forte normalisation du λ-calcul simplement typé.

Définition 1.1 (Types) Étant donné un ensemble de types de base T0, l’ensemble T

des types est défini inductivement comme le plus petit ensemble

– contenant T0 ;
– et tel que pour tous α,β ∈ T on a (α→ β) ∈ T.

Définition 1.2 (Ordre d’un type) L’ordre d’un type α dénoté o(α) est défini par :

– o(α) = 1 si α ∈ T0 ;
– o(α→ β) = max(o(α) + 1, o(β)).

Définition 1.3 (Termes bien typés) Soit K un ensemble de constantes ayant cha-
cune un type unique. Pour chaque type α ∈ T, on suppose donné un ensemble de va-
riables de ce type, dénoté Xα. L’ensemble X est défini comme l’union des ensembles Xα

supposés distincts, soit X = ∪α∈TXα.

Par définition, l’ensemble des termes bien typés noté Tt est

– le plus petit ensemble contenant toutes les constantes et toutes les variables ;
– et clos par les règles suivantes :

– Si A est un élément de Tt de type α → β et B est un élément de Tt de type α,
alors (AB) est un élément de Tt de type β ;

– Si A est un élément de Tt de type β et x est une variable de Xα, alors λx.A est
un élément de Tt de type α→ β.

On utilisera les lettres A,B,C pour désigner des éléments de Tt, les lettres a, b, c, f, g, h
pour désigner des constantes et les lettres x, y, z pour désigner des variables.

Les atomes qui représentent soit une variable soit une constante seront dénotés par la
lettre ε.

Pour une meilleure lisibilité, le terme (. . . ((ε A1) A2) . . .) An) sera souvent noté
ε(A1, A2, . . . , An), où ε est un atome et où A1, . . . , An sont des termes quelconques.

Étant donné un terme A1A2 par définition le terme dit en position applicative est par
définition le terme A2 et le terme en position fonctionnelle est par définition le terme
A1.

Définition 1.4 (Variables libres et liées) L’ensemble des variables libres d’un terme
A noté fv(A) et l’ensemble des variables liées noté bv(A) sont définis par

fv(x) = {x} bv(x) = ∅
fv(a) = ∅ bv(a) = ∅

fv(AB) = fv(A) ∪ fv(B) bv(AB) = bv(A) ∪ bv(B)

fv(λx.A) = fv(A)\{x} bv(λx.A) = bv(A) ∪ {x}
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1.1 Lambda-calcul simplement typé et β-réduction

Une variable x est dite libre dans A si x ∈ fv(A). Une variable qui n’est pas libre est
dite liée. Un λ-terme qui ne contient pas de variables libres est dit clos.

Nous considérons les termes modulo α-conversion c’est-à-dire modulo renommage des
variables liées. De plus nous supposons la condition d’hygiène de Barendregt : les va-
riables libres et liées ont des noms différents.

Définition 1.5 (Positions dans les λ-termes) L’ensemble des positions dans les λ-
termes est l’ensemble {0, 1}∗, c’est-à-dire l’ensemble des mots construits sur l’alphabet
{0, 1}. L’opérateur de concaténation sur les mots (et donc sur les positions) est dénoté
par la juxtaposition. Le mot vide est dénoté ǫ. On utilise la lettre q (éventuellement
indexée) pour désigner une position d’un λ-terme.

Nous utilisons le symbole q pour les positions ; la lettre p sera utilisée dans la suite pour
les étiquettes. Nous utiliserons sans ambigüıté le symbole ǫ pour dénoter le mot vide et
le symbole ε pour dénoter un atome.

Définition 1.6 (Ordre sur les positions) L’ordre sur les positions dans les λ-termes
noté � est défini par q1 � q2 s’il existe une position q ′ telle que q1q

′ = q2.

Définition 1.7 (Positions d’un λ-terme) L’ensemble Pos(A) des positions d’un λ-
terme A est défini par induction sur l’ensemble des termes :

– Pos(x) = {ǫ}

– Pos(c) = {ǫ}

– Pos(λx.A0) = {ǫ} ∪ {0q0|q0 ∈ Pos(A0)}

– Pos(A0A1) = {ǫ} ∪ {0q0|q0 ∈ Pos(A0)} ∪ {1q1|q1 ∈ Pos(A1)}

La position ǫ est souvent appelée la position de tête.

Définition 1.8 (Sous-terme) Soit A un λ-terme et soit q un élément de Pos(A). Le
sous-terme de A à la position q, dénotée Aq est défini par :

– A|ǫ = A

– (λx.A0)|0q0
= A0|q0

– (A0A1)|0q0
= A0|q0

– (A0A1)|1q1
= A1|q1

Définition 1.9 (Substitutions) Soient A et B deux termes bien typés. La substitution
de x par A dans B est dénotée B[x := A] et définie par

– x[x := A] = A

– y[x := A] = y si y 6= x

– a[x := A] = a

– (λy.B0)[x := A] = λy.(B0[x := A])

– (B0B1)[x := A] = (B0[x := A])(B1[x := A])

Dans la définition précédente, le cas d’une λ-abstraction est correct puisque nous
considérons les termes modulo α-conversion : un représentant adéquat est choisi pour
éviter d’éventuelles captures de variables.
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Définition 1.10 (Relation compatible) Une relation →R sur l’ensemble des termes
est compatible si :

A→R B implique
AC →R BC

CA →R CB

λx.A →R λx.B

pour tout C

Définition 1.11 (Notion de réduction) Une notion de réduction est une relation bi-
naire sur l’ensemble des termes.

Définition 1.12 (Relation de réduction) Une relation de réduction est la fermeture
compatible de d’une notion de réduction.

Définition 1.13 (Notion de β-réduction) La notion de β-réduction est définie par

(λx.A)B → A[x := B]

et nous notons →β la relation de réduction associée.

La fermeture réflexive et transitive de →β est notée →→β. La fermeture réflexive, symé-
trique est notée =β.

Dans ce manuscrit, nous confondrons sans ambigüıté la notion de réduction et la
relation de réduction associée.

Définition 1.14 (Radical – Ordre d’un radical) Un radical est un terme qui peut
s’écrire sous la forme (λx.A)B. L’ordre d’un tel radical est l’ordre du type du terme λx.A.

Théorème 1.15 (Normalisation forte de β [HS86]) La relation de β-réduction ter-
mine sur l’ensemble des termes bien typés.

Ce résultat a été prouvé pour la première fois par Turing (voir [Gan80]). Pour prouver
ce théorème, plusieurs approches sont possibles. Par exemple, nous pouvons citer la
méthode habituellement appelée méthode des candidats de réductibilité et basée sur les
notions introduites par Tait [Tai67].

Théorème 1.16 (Confluence de β [Bar84]) La β-réduction est confluente sur l’en-
semble des termes bien typés.

Il existe de nombreuses preuves différentes de ce théorème, voir par exemple [Bar84]
et [HS86]. Le théorème 1.15 nous assure de l’existence d’une β-forme normale, le théo-
rème 1.16 nous assure de son unicité. On parle ainsi de termes β-normaux et de la forme
β-normale d’un terme.
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1.2 Lambda-calcul pur et développements

1.2 Lambda-calcul pur et développements

Nous définissons les développements comme un sous-ensemble de la β-réduction qui
ne réduit que les radicaux présents dans le terme initial et leurs résidus. Cette notion est
formalisée par l’intermédiaire du λ-calcul souligné : on souligne les β-radicaux présents
initialement dans un terme et la β-réduction est remplacée par la β-réduction qui ne
réduit que les radicaux soulignés. Ainsi, les radicaux créés au fur et à mesure ne sont
pas réduits (puisqu’ils ne sont pas soulignés).

1.2.1 Lambda-calcul souligné

Nous définissons l’ensemble des termes soulignés. Nous surchargeons sans ambigüıté
les notations du λ-calcul simplement typé pour le λ-calcul pur. Toutes les définitions
précédentes n’utilisant pas les informations de type seront utilisées dans le λ-calcul pur
sans être répétées ici.

Définition 1.17 (Termes soulignés) Soient X un ensemble dénombrable et infini de
variables et K un ensemble de constantes. L’ensemble des termes soulignés Ts est

– le plus petit ensemble contenant toutes les constantes et toutes les variables ;
– et clos par les règles suivantes :

– Si A et B sont des éléments de l’ensemble Ts alors (AB) est un élément de Ts ;
– Si A est un élément de Ts et x est une variable de X , alors λx.A est un élément

de Ts ;
– Si A et B sont des éléments de l’ensemble Ts alors (λx.A)B appartient à Ts.

L’ensemble des termes soulignés n’est pas clos par sous-terme : par exemple le terme
λx.A n’en est pas un élément.

Définition 1.18 (Relation de β-réduction) La relation de β-réduction est définie
sur l’ensemble des termes soulignés Ts par

(λx.A)B →β A[x := B]

La β-réduction consomme à chaque étape de réduction un radical souligné, peut en
dupliquer mais ne peut pas en créer. C’est ainsi une relation qui termine (théorème 1.21).

Exemple 1.19 (Terminaison) Il n’existe pas de réduction infinie à partir du terme
(λx.xx)(λx.xx). Son β-réduit (λx.xx)(λx.xx) est bien en forme β-normale puisqu’il ne
contient pas de radical souligné.

Exemple 1.20 (Duplication et réduction d’un radical) Un radical souligné peut
être dupliqué et ensuite chaque duplicata peut être β-réduit.

(λx.xx)((λy.y)z) →β ((λy.y)z))((λy.y)z))

→β z((λy.y)z))

→β zz
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Théorème 1.21 (Normalisation forte de β [Bar84]) La relation de β-réduction est
terminante sur l’ensemble des termes soulignés.

Théorème 1.22 (Confluence de β [Bar84]) La β-réduction est confluente sur l’en-
semble des termes soulignés.

1.2.2 Développements

Les termes du λ-calcul pur sont définis de la même manière que dans le λ-calcul
simplement typé mais en enlevant toutes les contraintes sur les types. Nous donnons
néanmoins leur définition.

Définition 1.23 (Termes) Soient K un ensemble de constantes et X un ensemble de
variables. L’ensemble des termes du λ-calcul, noté T est

– le plus petit ensemble contenant toutes les constantes et toutes les variables ;
– et clos par les règles suivantes :

– Si A et B sont des éléments de l’ensemble T alors (AB) est un élément de T ;
– Si A est un élément de T et x est une variable de X , alors λx.A est un élément

de T .

Nous pouvons remarquer qu’il existe une injection canonique de l’ensemble des termes
bien typés Tt dans l’ensemble des termes T .

Nous allons dans un premier temps considérer le λ-calcul pur avec un sous-ensemble
de la β-réduction, sous-ensemble défini par l’intermédiaire du λ-calcul souligné. Nous
définissons tout d’abord un morphisme d’effacement des soulignés.

Définition 1.24 (Morphisme d’effacement) Le morphisme Υ : Ts → T d’efface-
ment des soulignés est défini par

– Υ(x) = x ;
– Υ(c) = c ;
– Υ(λx.A) = λx.Υ(A) ;
– Υ(AB) = Υ(A)Υ(B) ;
– Υ((λx.A)B) = (λx.Υ(A))Υ(B).

Nous étendons le morphisme Υ défini sur les termes soulignés à toute suite de β-
réductions, ce qui nous permet de définir la notion de développements.

Définition 1.25 (Développements) Une suite de β-réductions ζ dans le λ-calcul pur
est un développement (aussi appelé développement complet) s’il existe une suite de β-
réductions dans le λ-calcul souligné σ qui termine sur un terme en forme β-normale et
telle que Υ(σ) = ζ.

Nous donnons tout d’abord un exemple de β-réduction qui est un développement.
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Exemple 1.26 (Développement) La suite de β-réductions suivante est un dévelop-
pement dont la suite de β-réductions correspondante a été donnée dans l’exemple 1.20.

(λx.xx)((λy.y)z) →β ((λy.y)z))((λy.y)z))

→β z((λy.y)z))

→β zz

Comme conséquence de la terminaison de la β-réduction (théorème 1.21), on obtient
que tous les développements terminent. De plus, ils terminent tous sur le même terme.

Le théorème suivant a été prouvé pour la première fois pour le λ-calcul pur dans [Sch65]
(une première preuve avait été donnée par Church et Rosser pour le λI-calcul).

Théorème 1.27 (Développements finis [Bar84])
– Tous les développements sont finis.
– Si ζ1 et ζ2 sont deux développements complets avec le même terme initial, alors

leurs termes finals sont égaux.

1.2.3 Réduction parallèle

Nous introduisons dans cette section une définition à grand pas [Des98] des dévelop-
pements : la notion de réduction parallèle. Cette définition est initialement due à Tait
et Martin-Löf.

Nous retrouverons par la suite plusieurs variantes de la réduction parallèle, toutes
construites sur même schéma (une définition générale pour les systèmes d’ordre supérieur
linéaire gauche peut être donnée, voir par exemple [Ter03]). On part d’une relation de
réduction, ici la β-réduction, que l’on étend en une version parallèle qui autorise à réduire
simultanément tous les radicaux d’un terme. En particulier, on peut réduire aucun radical
et donc la relation obtenue est réflexive.

Ceci est obtenu par une règle de réflexivité pour les atomes, ici la règle (Red− ε), par
des règles de congruence, ici les règles (Red− λ) et (Red− @), et par la version parallèle
de la réduction initiale, ici la règle (Red− β).

Notons qu’il est équivalent de considérer la règle de réflexivité pour tous les termes
(et non pas uniquement sur les atomes).

Définition 1.28 (Réduction parallèle) La relation de réduction parallèle définie sur
l’ensemble des termes et notée =⇒β est définie inductivement dans la figure 1.1.

Théorème 1.29 (Développements et réduction parallèle [Bar84]) Les notions de
développements et de réduction parallèle cöıncident :

Pour tous termes A,B ∈ T

il existe un développement A→→β B ssi A =⇒β B
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ε =⇒β ε
(Red− ε)

A1 =⇒β A2

λx.A1 =⇒β λx.A2
(Red− λ)

A1 =⇒β A2 B1 =⇒β B2

A1B1 =⇒β A2B2
(Red− @)

λx.A1 =⇒β λx.A2 B1 =⇒β B2

(λx.A1)B1 =⇒β A2[x := B2]
(Red− β)

Fig. 1.1: Réduction parallèle dans le λ-calcul

1) ((λx.(λy.A))B)C →β (λy.A[x := B])C

2) ((λx.x)(λy.A))B →β (λy.A)B

3) (λx.A)(λy.B) →β A[x := (λy.B)]

s’il existe une position q tel que A|q = xA0

Fig. 1.2: Création de radicaux dans le λ-calcul

1.3 Lambda-calcul pur et super-développements

Nous avons vu précédemment que les développements dans le λ-calcul pur ne réduisent
que les radicaux présents initialement dans le terme ainsi que leurs résidus. La notion
de développement complet donne une première approximation de la β-forme normale.

Dans la suite, nous étudions une approximation plus fine dont la définition est liée à la
classification [Lév78] des créations de radicaux dans le λ-calcul, proposée par J.J. Lévy.

Nous allons voir que les super-développements généralisent la notion de développe-
ments en réduisant en plus les radicaux créés qui n’ont pas été obtenus par la substitution
d’une variable en position fonctionnelle par une λ-abstraction.

1.3.1 Créations de radicaux dans le λ-calcul

Dans le λ-calcul, on distingue trois manières de créer des radicaux par β-réduction
que nous donnons dans la figure 1.2 et informellement dans la figure 1.3. Les numéros
indiqués dans la figure 1.3 sont utilisés pour l’instant informellement mais correspondent
à des termes étiquetés que nous définirons plus tard. On peut remarquer que dans chaque
cas, c’est la réduction de (λ1. )@1 qui crée un radical étiqueté (λ2. )@2.

Une suite de β-réductions qui ne réduit que les résidus des radicaux présents dans
le terme initial et les radicaux créés de la première ou deuxième manière est un super-

24



1.3 Lambda-calcul pur et super-développements
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Création de type 3

@1

KKKKKKK

rrrrrrr

λ1
x

��
��
��
��
��
��
��
��
��

99
99

99
99

99
99

99
99

99
99

λ2

@2

}}
}} >>

>>

x

→

��
��

��
��

��
��

��
��

��
�

44
44

44
44

44
44

44
44

44
44

@2

||
||

;;
;;

;

λ2

Fig. 1.3: Création de radicaux dans le λ-calcul
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développement. Tous les super-développements, comme les développements, sont finis.
De plus, les créations de type 1 et 2 se font « par le haut » alors que la création de

type 3 se fait « par le bas ». C’est précisément cette remarque qui justifie intuitivement
la restriction de termes bien étiquetés définie ci-dessous.

Avant de définir le λ-calcul étiqueté, nous insistons sur la différence entre la création
de radicaux de type 1 ou 2 et de type 3. Cette remarque sera utile par la suite pour définir
la notion adéquate de réduction parallèle qui correspond aux super-développements.

Remarque 1.30 (Création de type 1&2 vs de type 3) Les créations de radicaux
de type 1 ou 2 et de type 3 se distinguent par la remarque suivante : dans le premier cas
c’est la réduction du terme en position fonctionnelle de l’application étiquetée 2 qui crée
le radical. Dans la création de type 3, c’est la substitution d’une variable en position
fonctionnelle par une λ-abstraction qui crée le radical.

1.3.2 Lambda-calcul étiqueté

On généralise l’ensemble des termes soulignés en un ensemble de termes étiquetés. Les
étiquettes sont des entiers naturels, c’est-à-dire des éléments de N.

Définition 1.31 (Termes étiquetés) Soient K un ensemble de constantes et X un
ensemble infini dénombrable de variables. L’ensemble des termes étiquetés, noté Te est

– le plus petit ensemble contenant toutes les constantes et toutes les variables
– et clos par les règles suivantes :

– si A est un élément de l’ensemble Te et p est un élément de N alors λpx.A est un
élément de Te.

– si A et B sont des éléments de Te et p un élément de N, alors (AB)p est un
élément de Te.

Définition 1.32 (Relation de βe-réduction) La relation de βe-réduction est définie
sur l’ensemble des termes étiquetés par

((λpA.)B)p →βe
A[x := B]

Lorsque l’étiquette d’une application n’intervient pas dans les réductions, nous pou-
vons sans ambigüıté ne pas la donner explicitement.

Pour définir la notion de super-développements nous nous restreignons aux termes bien
étiquetés, qui limite la réduction des radicaux créés « par le haut », comme remarqué
précédemment.

Définition 1.33 (Termes bien étiquetés) Un terme étiqueté A de l’ensemble Te est
dit bien étiqueté si pour toutes positions q1 et q2 telles que A|q1

= (B0B1)
p et A|q2

=

λpx.C alors nécessairement q1 � q2.

Il n’est pas difficile de remarquer que l’ensemble des termes bien étiquetés est clos
par βe-réduction. Dans la suite, on supposera que tous les termes étiquetés sont bien
étiquetés.
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Définition 1.34 (Termes initialement bien étiquetés) Un terme est dit initiale-
ment bien étiqueté :

– si c’est un terme bien étiqueté ;
– si pour toutes positions q1 et q2 telles que A|q1

= λpx.C et A|q2
= λpx

′.C ′ alors
nécessairement q1 = q2.

Théorème 1.35 (Normalisation forte de βe [Raa93]) La βe-réduction est termi-
nante sur l’ensemble des termes étiquetés.

Théorème 1.36 (Confluence de βe [Raa93]) La βe-réduction est confluente sur l’en-
semble des termes étiquetés.

1.3.3 Super-développements

Nous définissons tout d’abord une correspondance entre le λ-calcul avec étiquette et
le λ-calcul.

Définition 1.37 (Morphisme d’effacement) Le morphisme Υ : Te → T d’efface-
ment des étiquettes est défini comme suit

1. Υ(x) = x ;

2. Υ(c) = c ;

3. Υ(AB)p = Υ(A)Υ(B) ;

4. Υ(λpx.A) = λx.Υ(A).

On peut étendre le morphisme Υ à toute suite de βe-réductions, ce qui nous permet
de définir la notion de super-développements.

Définition 1.38 (Super-développement) Une suite de β-réductions ζ du λ-calcul
pur est un super-développement (aussi appelé super-développement complet) s’il existe
une suite de βe-réductions σ du λ-calcul étiqueté qui termine sur une βe-forme normale
et telle que Υ(σ) = ζ.

Exemple 1.39 (Super-développement) La suite de β-réductions suivante :

(λx.λy.xy)zz ′ →β (λy.zy)z ′ →β zz ′

est un super-développement puisqu’elle correspond à la suite de βe-réductions suivante :

(((λ1x.λ2y.xy)z)
1)z ′)2 →βe

((λ2y.zy)z
′)2 →βe

zz ′ .

Exemple 1.40 (Super-développement) La suite de β-réductions suivante :

((λx.x)(λy.y))z →β (λy.y)z →β z

est un super-développement puisqu’elle correspond à la suite de βe-réductions suivante :

(((λ1x.x)(λ2y.y))
1z)2 →βe

((λ2y.y)z)
2 →β z
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Exemple 1.41 (Super-développement) La suite de β-réductions suivante :

(λx.xx)(λx.xx) →β (λx.xx)(λx.xx) →β . . .

n’est pas un super-développement.

Essayons en effet « d’étiqueter » le terme (λx.xx)(λx.xx) et de trouver la suite de βe-
réductions adéquate. Nous allons voir étape par étape que nous ne pouvons pas obtenir
un terme bien étiqueté satisfaisant.

Commençons par étiqueter les λ-abstractions. Comme on cherche un terme initiale-
ment bien étiqueté, chaque λ-abstraction doit avoir une étiquette différente. Sans perte
de généralité on peut supposer que l’on a les étiquettes suivantes :

(λ1x.xx)(λ2x.xx).

Pour que le terme contienne un βe-radical nécessairement on doit avoir

((λ1x.xx)(λ2x.xx))
1.

Pour conclure l’étiquetage de (λx.xx)(λx.xx) il nous reste à déterminer les étiquettes p1

et p2 telles que le terme

((λ1x.(xx)
p1 )(λ2x.(xx)

p2 ))1

soit bien étiqueté. Or si on souhaite obtenir un terme réductible après une étape de
β-réduction, alors p1 est nécessairement égal à 2 ; ce qui est impossible puisque l’on
souhaite un terme bien étiqueté.

Étant donné un λ-terme, on peut « l’étiqueter » d’une certaine manière (et donc obtenir
un terme étiqueté) pour βe-réduire les radicaux créés de la première et deuxième manière
mais pas de la troisième. C’est exactement pour cela que l’on s’est restreint aux termes
bien étiquetés.

À partir de maintenant, la suite de βe-réductions associée à un super-développement
ne sera pas directement explicitée. Nous pouvons remarquer de plus que comme βe est
fortement normalisant et confluent alors nous pouvons parler de la βe-forme normale.

Exemple 1.42 (Radicaux et (super-)développements) Nous donnons 4 exemples
de suite de β-réductions qui sont des super-développements en explicitant les créations
de radicaux mise en jeu.

1. Les résidus des radicaux présents dans le terme initial peuvent être contractés.
Cette suite de β-réductions est aussi un développement.

(λx.f(x, x)) ((λy.y) a)

→β f((λy.y) a, (λy.y) a)

→β f(a, (λy.y) a)

→β f(a, a)
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2. La première réduction de la séquence suivante crée un radical (création de type 1).
Ce radical est ensuite réduit dans le super-développement suivant :

((λx.λy.f(x, y))a)b

→β (λy.f(a, y))b

→β f(a, b)

3. Comme dans la réduction précédente, un radical est créé par réduction mais d’une
manière différente (création de type 2).

((λx.x)(λy.y))a

→β (λy.y)a

→β a

4. Il n’existe pas de super-développement du terme (λx.xa)(λy.y) vers le terme a. Le
seul super-développement envisageable serait le suivant.

(λx.xa)(λy.y)

→β (λy.y)a

La création de radical est de type 3. Le radical créé ne peut pas être réduit par
super-développement.

Théorème 1.43 (Super-développements finis [Raa96])
– Tous les super-développements sont finis.
– Si ζ1 et ζ2 sont deux super-développements complets avec le même terme initial,

alors leurs termes finals sont égaux.

1.3.4 Réduction parallèle forte

On peut généraliser la notion de réduction parallèle (qui cöıncide avec la notion de
développements) pour obtenir de la même manière une correspondance avec la notion de
super-développements. Historiquement, la notion de réduction parallèle forte introduite
dans [Acz78] apparâıt antérieurement à la notion de super-développements.

Définition 1.44 (Réduction parallèle forte) La réduction parallèle forte définie sur
l’ensemble des termes T et notée =⇒βf

est la plus petite relation close par les règles
donnée dans la figure 1.4.

Nous disons simplement que le terme A se βsd-réduit sur le terme B s’il existe un
super-développement entre A et B. Dans la définition de la réduction parallèle forte, la
règle (Red-βf) est venue remplacer la règle (Red-β) de la réduction parallèle, différence
significative qui fait passer des développements aux super-développements.

La règle (Red-βf) réduit le radical formé à partir de la λ-abstraction donnée par le
réduit du terme A1. Cette λ-abstraction a donc bien été obtenue après réduction de A1

(par opposition à la règle (Red-β) qui réduit le radical présent dans le terme initial). Le
radical ainsi réduit par la règle n’était donc pas nécessairement présent dans le terme
initial A1A2. Il a donc été éventuellement créé par réduction.
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ε =⇒βf
ε (Red− ε)

A1 =⇒βf
A2

λx.A1 =⇒βf
λx.A2

(Red− λ)

A1 =⇒βf
A2 B1 =⇒βf

B2

A1B1 =⇒βf
A2B2

(Red− @)
A1 =⇒βf

λx.A2 B1 =⇒βf
B2

A1B1 =⇒βf
A2[x := B2]

(Red− βf)

Fig. 1.4: Réduction parallèle forte dans le λ-calcul

Définition 1.45 (βsd-forme normale) La βsd-forme normale d’un terme A est le
terme B tel que

1. A =⇒βf
B

2. il n’existe pas de terme B ′ 6= B tel que A =⇒βf
B ′ et B =⇒βf

B ′.

La βsd-forme normale est obtenue en appliquant prioritairement la règle (Red-βf). La
remarque 1.30 sur la différence entre les différentes créations de radicaux conduit au
théorème suivant.

Théorème 1.46 (Super-développements et réduction parallèle forte [Raa96])
Pour tous termes A et B de l’ensemble T

il existe un super-développement A→→β B ssi A =⇒βf
B

Du théorème précédent et de la confluence de βe on en déduit que la relation =⇒βf

vérifie la propriété du diamant.

Propriété 1.47 (Propriété du diamant pour =⇒βf
) Soient A,B,C des termes de

T . Si A =⇒βf
B et A =⇒βf

C alors il existe un terme D tel que B =⇒βf
D et C =⇒βf

D.
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Conclusion

Le matériel de base introduit dans ce chapitre sera utilisé tout au long de la première
partie de cette thèse. Nous allons voir que les super-développements conduisent à une
nouvelle approche pour le filtrage d’ordre supérieur.
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Chapitre 2

Filtrage d’ordre supérieur

Contexte L’égalité de deux termes modulo β est un problème indécidable dans le λ-
calcul, comme l’a montré Church. L’unification et le filtrage dans le λ-calcul pur ne
peuvent donc pas être étudier directement puisqu’ils nécessitent de décider de l’égalité
de deux termes. Néanmoins, en pratique on n’a pas besoin de toute la puissance du
λ-calcul pur et dans le cadre de la déduction automatique par exemple on étudie l’uni-
fication dans le cadre du λ-calcul simplement typé (isomorphisme de Curry-Howard-de
Bruijn). L’unification reste dans ce contexte toujours indécidable [Hue76] mais comme
l’a montré D. Miller dans [Mil91] les termes que l’on écrit en pratique vérifient souvent
des contraintes qui font que l’unification devient décidable et peut même être résolue en
temps linéaire [Qia96].

Le travail présenté ici concerne le filtrage d’ordre supérieur qui requiert une étude
particulière bien qu’étant un cas particulier de l’unification (voir par exemple [HL78]).
Il est utilisé principalement pour la réécriture d’ordre supérieur [KOR93, MN98, Ter03,
BCK06] et pour la transformation de programmes [MS01, Hag90, HM88, HL78]. Néan-
moins, les algorithmes utilisés sont souvent une spécialisation de l’algorithme général
d’unification tel qu’il a été introduit dans [Hue76] et sont complexes à comprendre et
mettre en œuvre.

Contributions Nous proposons dans ce chapitre et le chapitre suivant une approche
nouvelle au filtrage d’ordre supérieur. Au lieu de décider de l’égalité modulo β dans le
λ-calcul typé, nous proposons de considérer une restriction décidable de la β-équivalence
dans un cadre non typé. Cette restriction est donnée par les super-développements qui
ont été introduits au chapitre 1.

Elle peut parâıtre arbitraire et restrictive mais remarquablement, l’approximation don-
née par les super-développements cöıncide avec la β-forme normale pour les termes
du second-ordre. Autrement dit, l’ensemble des filtres modulo super-développements
contient les filtres du second-ordre. Ceci est particulièrement important puisqu’en pra-
tique, les problèmes que l’on considère sont très souvent du second ordre. Nous mon-
trons aussi que les super-développements sont suffisamment expressifs pour traiter les
problèmes de filtrage sur des motifs à la Miller.

Le filtrage d’ordre supérieur dans un cadre non typé a été étudié pour la première
fois dans [Sit01, MS01]. Les équations de filtrage sont résolus modulo une réduction
atomique (une étape) qui ne cöıncident pas avec la notion de réduction parallèle de
Tait and Martin-Löf. Elle termine néanmoins et fournit une approximation à l’opération
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de β-normalisation. La réduction atomique considérée est comme l’indique les auteurs
du papier original, difficile à comprendre. La théorie des super-développements donne
des intuitions claires et un cadre formel solide permettant une comparaison simple avec
les autres approches du filtrage d’ordre supérieur. Les preuves par rapport aux travaux
initiaux [Sit01, MS01] sont considérablement simplifiées.

Nous verrons dans le chapitre suivant que l’algorithme et les concepts pour le fil-
trage modulo super-développements étant clarifiés, il est maintenant simple de déduire
plusieurs propriétés et variantes de cet algorithme. En particulier, nous obtenons un al-
gorithme original pour le filtrage du second-ordre et des propriétés de minimalité dans
le cadre des motifs à la Miller.

Les principales idées de ce chapitre et du suivant ont été présentées dans [Fau06]. Une
version détaillée proche de la présentation donnée ici est disponible dans [Fau07].

Plan du chapitre Dans une section préliminaire, nous introduisons les variables de fil-
trage qui seront les inconnues des équations que nous allons résoudre. Nous définissons
ensuite le filtrage d’ordre supérieur dans le λ-calcul simplement typé (modulo β sec-
tion 2.1.1 et modulo βη section 2.1.3) et le filtrage modulo super-développements dans
le λ-calcul pur (section 2.2.1 et section 2.2.5 avec η). Nous comparons ce dernier avec dif-
férentes instances du filtrage dans le λ-calcul simplement typé : filtrage du second ordre
(section 2.2.2), du troisième ordre (section 2.2.3) et des motifs à la Miller (section 2.2.4).

Variables de filtrage

En général, une équation de filtrage est définie par la donnée d’un couple de termes.
Un des deux termes est clos. Les variables libres de l’autre terme sont les inconnues
du problème de filtrage, c’est-à-dire les variables que l’on cherche à instancier afin de
rendre les deux termes égaux modulo une équivalence donnée (traditionnellement, pour
le λ-calcul simplement typé, la βη-équivalence).

Nous proposons une présentation légèrement différente, où les inconnues appartiennent
à un ensemble séparé. Autrement dit, dans toute la suite du chapitre, aussi bien dans le
cadre typé que non typé, nous supposerons donnés deux ensembles disjoints de variables :
l’ensemble X défini comme dans le chapitre 1 et l’ensemble V, appelé ensemble des
variables de filtrage et qui représentent les inconnues.

Les variables de filtrage seront dénotées par les lettres X, Y, Z . . .. Elles ne peuvent
pas être liées par une λ-abstraction. Elles seront substituées durant la résolution d’un
problème de filtrage. Dans le cadre typé, chaque variable de filtrage a un type donné et
nous supposerons que V peut être partitionné en des ensembles disjoints de variables de
filtrage d’un type donné.

Ainsi l’ensemble des termes (non typés) est défini par
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A,B ::= x (Variable)
| X (Variable de filtrage)
| c (Constante)
| λx.A (Abstraction)
| A B (Application)

Afin de lever toute ambigüıté, nous rappelons la définition des variables libres pour
souligner qu’elle ne concerne pas les variables de filtrage.

Définition 2.1 (Variables libres et liées) L’ensemble des variables libres d’un terme
A noté fv(A) et l’ensemble des variables liées noté bv(A) sont définis par

fv(x) = {x} bv(x) = ∅
fv(X) = ∅ bv(X) = ∅
fv(a) = ∅ bv(a) = ∅

fv(AB) = fv(A) ∪ fv(B) bv(AB) = bv(A) ∪ bv(B)

fv(λx.A) = fv(A)\{x} bv(λx.A) = bv(A) ∪ {x}

Définition 2.2 (Terme X -clos et terme V-clos) Un terme A est dit X -clos s’il ne
contient pas de variable libre, c’est-à-dire si fv(A) = ∅.

Un terme est dit V-clos s’il ne contient pas de variable de filtrage.

Définition 2.3 (Substitution) Une substitution de variables de filtrage ou plus sim-
plement une substitution est une fonction de l’ensemble des variables de filtrage dans
l’ensemble des termes V-clos (typés ou non suivant le contexte). La substitution de la
variable de filtrage X par A dans B est dénotée par B{A/X}.

Si l’on avait utilisé la terminologie des CRS [Klo80, KOR93], on aurait appelé « méta-
variables » les variables de filtrage, « méta-termes » les termes contenant éventuellement
des variables de filtrage et « termes » nos termes V-clos. Les substitutions des variables
de filtrage pour des termes V-clos correspondent bien aux « assignement » des CRS.

Dans ce chapitre, nous ne considérons que des substitutions normales, c’est-à-dire des
substitutions de termes normaux. Nous notons par id la substitution identité (aussi
appelée substitution vide).

Comme nous considérons les termes modulo α-conversion, lorsque l’on applique une
substitution de variable de filtrage, un représentant adéquat est choisi pour éviter d’éven-
tuelles captures de variables.

De la même manière qu’il existe une injection canonique de l’ensemble des termes
typés dans l’ensemble des termes, il existe une injection canonique des substitutions
définies sur les termes typés Tt dans l’ensemble des substitutions définies sur l’ensemble
des termes non typés T . Cette injection ne sera pas explicitement indiquée.

Définition 2.4 (Domaine, co-domaine) Si φ = {A1/X1, . . . , An/Xn} est une substi-
tution alors son domaine est l’ensemble {Xi}

n
i=1 et son co-domaine est l’ensemble {Ai}

n
i=1.
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Nous définissons l’union de deux substitutions, union bien définie uniquement pour
des substitutions qui cöıncident sur l’intersection de leur domaine respectif.

Définition 2.5 (Union) Deux substitutions sont compatibles si leur image cöıncide sur
l’intersection de leur domaine. On définit ainsi l’union de deux substitutions qui cöın-
cident par :

X(σ ∪ τ) =

{
Xσ si X ∈ Dom(σ)

Xτ si X ∈ Dom(φ)

Par exemple, les substitutions {A/X} et {B/Y} sont compatibles puisque leurs do-
maines sont disjoints.

2.1 Filtrage modulo β

Dans cette section, nous considérons des termes du λ-calcul simplement typé. Dans ce
contexte typé, les substitutions de variables de filtrage sont toujours bien typées c’est-à-
dire qu’à chaque variable de type α est forcément associée un terme de même type.

2.1.1 Définition

Nous définissons tout d’abord la nature des équations que nous allons résoudre.

Définition 2.6 (β-équation et β-système) Une β-équation est un couple de termes
bien typés en β-forme normale et de même type, notée A 6β B et telle que B soit V-clos.
Un β-système S, ou plus simplement système, est un multi-ensemble de β-équations.

Nous considérons les notations classiques pour les multi-ensembles et nous notons par
∪ l’opération de multi-union. Si E1 et E2 sont deux équations de filtrage, nous notons
simplement (E1) ∪ (E2) l’union des deux multi-ensembles singletons.

Considérons par exemple un type de base ι, une constante a de type ι et deux variables
de filtrage X et Y de type respectif ι→ ι et ι. Alors XY 6β a est une β-équation.

Nous définissons ce qu’est une solution d’une β-équation.

Définition 2.7 (β-filtre) Une substitution φ est un β-filtre pour l’équation A 6β B si
on a Aφ =β B. Une substitution est un β-filtre pour un système S si elle est un β-filtre
pour chacune des équations de S.

La substitution {λx.x/X, a/Y} est un β-filtre pour la β-équation XY 6β a.

2.1.2 Filtrage d’ordre n

En pratique, nous ne cherchons souvent à résoudre qu’un sous-ensemble de l’ensemble
des β-équations en restreignant l’ordre des variables et des constantes considérées. En
effet, dans le cas général (c’est-à-dire sans restriction d’ordre), le filtrage dans le λ-
calcul simplement typé modulo β est indécidable [Loa03]. Nous verrons dans les sections
suivantes comment se placer dans un cadre décidable.
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Définition 2.8 (Ordre d’un système) Une β-équation est dite d’ordre au plus n si
toutes ses inconnues sont d’ordre au plus n et si toutes ses constantes sont d’ordre au
plus n+ 1. Un système est dit d’ordre au plus n s’il est composé d’équations d’ordre au
plus n.

Par exemple, la β-équation XY 6β a est d’ordre 2.

Définition 2.9 (Filtrage d’ordre n modulo β) Nous désignons par filtrage d’ordre
n modulo β la recherche des β-filtres de β-systèmes d’ordre au plus n.

2.1.3 Filtrage modulo βη

En pratique l’égalité qui est intéressante est non pas l’égalité modulo β mais l’égalité
modulo βη c’est-à-dire que l’on rajoute dans la théorie équationnelle l’équation

(η) λx.(Ax) = A

si x 6∈ fv(A)

La complexité du filtrage modulo βη a été abondamment étudiée. Sa décidabilité est
restée un problème ouvert pendant plus de trente ans (conjecturée dans [Hue76]). La
décidabilité à l’ordre 2 est établi dans [HL78], à l’ordre 3 dans [Dow94] et à l’ordre 4
dans [Pad00]. La preuve de décidabilité générale (sans restriction d’ordre) n’apparâıt que
dans les récents travaux de [Sti06] utilisant la théorie des jeux.

Nous reformulons les définitions données précédemment modulo βη.

Définition 2.10 (βη-équation et βη-système) Une βη-équation est un couple de λ-
termes bien typés en forme normale η-longue et de même type, notée A 6βη B et telle
que B soit V-clos. Un βη-système S est un multi-ensemble de βη-équations.

Définition 2.11 (βη-filtre) Une substitution φ est un βη-filtre pour l’équation A 6βη

B si on a Aφ =βη B. Une substitution est un βη-filtre pour un système S si elle est un
βη-filtre pour chacune des équations de S.

2.1.4 Filtrage de motifs à la Miller

Nous définissons tout d’abord l’ensemble de motifs à la Miller.

Définition 2.12 (Motifs à la Miller) Un λ-terme typé A en β-forme normale est un
motif à la Miller si chaque occurrence d’une variable de filtrage est dans un sous-terme
X(A1, . . . , An) de A tel que (A1, . . . , An) soit η-équivalent à une liste de variables liées
distinctes.

Par opposition à l’unification d’ordre supérieur qui est indécidable en générale [Hue73,
Hue75, Gol81], l’unification de motifs à la Miller est décidable. De plus, quand un pro-
blème a une solution, il en existe une plus générale. La recherche de cette solution la
plus générale peut être faite en un temps linéaire [Qia96]. Nous montrerons dans la sec-
tion 3.2.2 que l’algorithme proposé pour le filtrage modulo super-développements et η
donne exactement (et uniquement) le filtre le plus général pour toute équation ayant une
solution.
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2.2 Filtrage modulo super-développements

2.2.1 Définition

Nous considérons dans cette section des termes du λ-calcul pur, c’est-à-dire des élé-
ments de T . Nous allons considérer la résolution d’équations modulo la restriction de la
β-réduction donnée par les super-développements qui a été introduite au chapitre 1.

Nous définissons comme dans la section précédente, tout d’abord la notion d’équation
dans ce contexte. Ensuite, nous définissons ce que ce sont les solutions de telles équations.

Définition 2.13 (βsd-équation et βsd-système) Une βsd-équation est un couple de
termes dénotée A 6βsd

B,telle que B est V-clos et en β-forme normale. Un βsd-système
S, ou plus simplement système, est un multi-ensemble (éventuellement vide) de βsd-
équations.

On dit que la variable de filtrage X appartient à un système S et on note X ∈ S si cette
variable apparâıt dans une des équations du système S.

Exemple 2.14 (βsd-équations) Par exemple, le couple (XY, λx.x) ainsi que le couple
((λx.x)X, a) sont des βsd-équations de filtrage alors que le couple (XY, (λx.x)a) n’en est
pas une puisque le terme (λx.x)a n’est pas en forme normale.

Comme l’indique l’exemple précédent, contrairement aux β-équations, le terme A
d’une βsd-équation A 6βsd

B n’est pas supposé en forme normale, ce que nous jus-
tifierons dans la section 3.1 (paragraphe sur les règles (ε)).

Définition 2.15 (βsd-filtre) Une substitution φ est un βsd-filtre pour A 6βsd
B s’il

existe un super-développement entre Aφ et B (soit Aφ =⇒βf
B). Une substitution est

un βsd-filtre pour un système S si elle est un βsd-filtre pour chacune des équations qui
constituent S. L’ensemble des filtres d’un système S est noté M(S).

De la même manière que l’on peut associer à tout terme typé un terme non typé, on
peut associer à chaque β-équation une βsd-équation. Par abus de notation, nous noterons
simplement A 6βsd

B la βsd-équation associée à la β-équation A 6β B.
Rappelons que nous ne considérons que des substitutions normales et closes c’est-à-

dire des substitutions de termes clos et normaux. En particulier un βsd-filtre est donc
bien une substitution normale et close.

Exemple 2.16 (βsd-filtres) Considérons l’équation

XY 6βsd
λx.x.

– Les substitutions

σ1 = {λx.λy.y/X} et σ2 = {λy.y/X, λx.x/Y}

sont des βsd-filtres pour cette équation puisque

(XY)σ1 = (λx.λy.y)Y =⇒βf
λx.x et (XY)σ2 = (λy.y)(λx.x) =⇒βf

λx.x.

36



2.2 Filtrage modulo super-développements

– La substitution

{λz.z(λx.x)/X, λy.y/Y}

n’est pas un βsd-filtre puisque

(λz.z(λx.x))(λy.y) 6=⇒βf
λx.x

bien que ces deux-termes soient β-convertibles.
– La substitution

σ3 = {(λy.y)(λz.z)/X, λx.x/Y}

n’est pas un βsd-filtre puisqu’elle n’est pas normale.

Nous allons voir qu’une équation peut avoir un nombre infini de βsd-filtres, qu’il
n’existe pas de filtre plus général mais qu’il existe toujours une partie génératrice (pro-
position 3.14).

Exemple 2.17 (Nombre infini de βsd-filtres) Nous continuons l’exemple 2.16. Nous
pouvons remarquer que de la même manière que

σ1 = {λx.λy.y/X}

est un βsd-filtre pour l’équation XY 6βsd
λx.x, toutes les substitutions qui sont compa-

tibles avec σ1 sont aussi solutions, quelle que soit la valeur associée à Y (il y en a donc
une infinité). Nous pouvons citer par exemple les substitutions

σ2 = {λx.λy.y/X, λx.x/Y} et σ3 = {λx.λy.y/X, λx.λy.y/Y}.

Ces deux substitutions seront « représentées » par la substitution σ1 dans le sens où :

σ1 ≤ σ2 et σ1 ≤ σ3

Par contre, il n’existe pas de filtre plus général comme le montre l’exemple suivant.

Exemple 2.18 (βsd-filtres incomparables) Nous continuons encore l’exemple 2.16.
Une autre solution de l’équation considérée est donnée par

σ4 = {λx.λy.x/X, λx.x/Y}.

Les deux substitutions σ1 et σ4 sont incomparables.

Nous cherchons à résoudre des βsd-équations. Pour cela, nous allons transformer par
étapes successives [MM82, Kir84] un système jusqu’à obtenir un système à partir duquel
on peut extraire facilement un βsd-filtre (s’il existe). Un tel système est un système dit
en forme résolue dans le sens de la définition suivante.
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Définition 2.19 (Forme résolue) Une équation X 6βsd
A est en forme résolue si le

terme A est X -clos. La substitution associée à une telle équation est définie par {A/X}.
Un système est en forme résolue si chacune des équations qui le constituent sont

en forme résolue et si les membres gauches des équations étant deux à deux disjoints.
La substitution associée à un système résolu S est l’union des substitutions associées à
chacune des équations. Elle est dénotée σS.

Si le système est le multi-ensemble vide alors la substitution associée est la substitution
identité.

La substitution associée à un système résolu est bien définie puisque c’est l’union de
substitutions qui sont compatibles deux à deux (elles sont compatibles puisque leurs
domaines sont disjoints, les membres gauches des équations étant deux à deux disjoints).

Nous allons donner dans la section 3.1 un algorithme pour la recherche des βsd-filtres.
Or, il peut exister un nombre infini de βsd-filtres (exemple 2.17) et il n’existe pas de plus
général filtre (exemple 2.18). C’est pour cela que nous introduisons la notion d’ensemble
complet de filtres. Nous prouverons dans la proposition 3.14 que dans le cas du filtrage
modulo super-développements dans le λ-calcul pur, si une équation a une solution alors
il existe toujours un ensemble complet fini de filtres.

Définition 2.20 (Ensemble complet de filtres) Soit S un ensemble d’équations. Un
ensemble complet de filtre pour S est un ensemble de substitutions M de domaine inclus
dans les variables de filtrage de S et tel que

1. Correction Pour toutes les substitutions φ ∈ M, φ est un βsd-filtre de S ;

2. Complétude Pour toutes les substitutions φ telle que φ est un βsd-filtre pour S,
il existe ψ ∈ M telle que ψ ≤ φ c’est-à-dire qu’il existe une substitution ψ telle
que φ = ξ ◦ψ où ◦ dénote la composition de substitution.

Lemme 2.21 (Correction des formes résolues) Si un système S est en forme ré-
solue alors {σS} est un ensemble complet de filtre pour S.

2.2.2 Comparaison avec le filtrage du second ordre

Nous avons vu qu’à toute β-équation correspond une βsd-équation. En nous restrei-
gnant à des β-équations d’ordre au plus 2, nous allons montrer que tout β-filtre d’une
telle équation est un βsd-filtre pour la βsd-équation correspondante.

Nous avons décrit dans le chapitre 1, les trois manières de créer un radical dans le λ-
calcul. La troisième manière induit l’existence dans le terme initial d’un radical d’ordre
au moins 3. Nous rappelons tout d’abord que les super-développements réduisent tous
les radicaux résidus de radicaux présents dans le terme initial et tous les radicaux créés
qui ne l’ont pas été par la troisième manière. Or, si l’on considère une β-équation du
second ordre, il n’y aura jamais de radical d’ordre au moins 3 et donc jamais de création
de radical de type 3. Autrement dit, dans ce contexte, la β-forme normale et la βsd-
forme normale cöıncident et donc tout β-filtre est un βsd-filtre. C’est ce que nous allons
formaliser dans la suite de cette section.

Nous commençons par un lemme technique sur la création de radicaux.
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Lemme 2.22 (Ordre d’un radical et super-développements) Soient A1, . . .An−1

et An des termes typés. Supposons de plus que An contienne un radical d’ordre au moins
3 et qu’il existe un super-développement A1→β . . .→β An. Alors A1 contient aussi un
radical d’ordre au moins 3.

Preuve. Nous prouvons le résultat par induction sur n. Le résultat est vrai dans le cas de
base (n = 1). Supposons maintenant que le résultat est vrai pour n. On veut le prouver
pour n + 1. Par hypothèse d’induction, nous savons que A2 contient un radical d’ordre
au moins 3 que nous dénoterons par la suite par R = (λx.C)D. Nous raisonnons par cas
suivant suivant que R est un résidu ou a été créé durant la réduction de A1 en A2 en
analysant les trois manières dont il a pu être créé.

– Si R est le résidu d’un radical de A1 alors le résultat est vrai.
– Sinon, c’est-à-dire si le radical R est créé durant la réduction de A1 en A2 de la

première manière alors le terme A1 contient nécessairement un sous-terme de la
forme (((λz.λx.C ′) E)D avec C = C ′[z := E]. L’ordre du radical (λz.λx.C ′) E est au
moins celui de R. Ce qui conclut le cas.

– Sinon, c’est-à-dire si R est créé durant la réduction de A1 en A2 de la deuxième
manière alors A1 doit contenir un sous-terme de la forme (λy.y) (λx.C)D. L’ordre
du radical (λy.y) (λx.C) est strictement supérieur à l’ordre de R. Ce qui conclut le
cas.

– Sinon, c’est-à-dire si R est créé durant la réduction de A1 en A2 de la troisième
manière alors A1 doit contenir un sous-terme de la forme R ′ = (λz.E)(λx.C) et il
existe une position q telle que E|q = zD ′ avec D = D ′[z := λx.C]. L’ordre du radical
R ′ est strictement supérieur à l’ordre de R. Ce qui conclut le cas.

�

Propriété 2.23 (Super-développements et second ordre) Si φ est un β-filtre pour
une β-équation du second ordre alors φ est un βsd-filtre pour la βsd-équation correspon-
dante.

Preuve. Raisonnons par l’absurde. Supposons qu’il existe une substitution φ qui soit
un β-filtre de l’équation du second ordre A 6β B et qui ne soit pas un βsd-filtre de
la βsd-équation correspondante. En d’autres termes, A ne contient aucun radical, φ ne
contient aucun terme d’ordre supérieur à deux et Aφ =β B et Aφ 6=⇒βf

B. Il existe donc
une suite (Ai)i telle que Aφ →β A1→β . . . →β An et An contient un radical (λx.C)D

qui ne peut pas être réduit dans le super-développement ci-dessus. C’est donc un résidu
d’un radical créé en réduisant Ai0 (i0 entre 1 et n). Comme il n’existe pas de β-séquence
qui soit un super-développement et qui permette de réduire ce radical, la création est de
type 3 et induit donc un radical d’ordre au moins 3. Le lemme 2.22 implique que Aφ
contient un radical d’ordre au moins 3. Mais comme A et φ appartiennent à l’ensemble
des formes β-normales, il existe une position q de A et un terme E telle que A|q = XE

où X est une variable de filtrage envoyée par φ sur une λ-abstraction d’ordre au moins
3, ce qui contredit l’hypothèse sur l’ordre de l’équation initiale. �
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La proposition précédente se généralise aux systèmes.

Propriété 2.24 (Super-développements et second ordre) Nous supposons donné
un β-système du second ordre. Si φ est un β-filtre pour ce β-système alors φ est un
βsd-filtre pour le βsd-système correspondant.

Preuve. Considèronns le β-système du second ordre

(A1 6β B1) ∪ . . . ∪ (An 6β Bn).

Dire que φ est un β-filtre pour ce système est équivalent à dire que φ est un β-filtre
pour la β-équation

λx.x(A1, . . . , An) 6β λx.x(B1, . . . , Bn)

où la variable x est du type adéquat et x(A1, . . . , An) dénote le terme (. . . (xA1) . . .).
En appliquant la proposition précédente, on obtient que φ est un βsd-filtre pour la
βsd-équation

λx.x(A1, . . . , An) 6βsd
λx.x(B1, . . . , Bn)

ce qui est équivalent à dire que φ est un βsd-filtre pour le βsd-système

(A1 6βsd
B1) ∪ . . . ∪ (An 6βsd

Bn).

�

2.2.3 Comparaison avec le filtrage du troisième ordre

Dès que l’on considère des problèmes de filtrage du troisième ordre, l’ensemble des
solutions minimales est potentiellement infini. Comme le filtrage modulo les super-
développements ne génère qu’un nombre fini de solutions minimales (résultat démontré
dans la proposition 3.14), on en déduit que le filtrage modulo les super-développements
ne peut pas être complet par rapport au filtrage du troisième ordre.

Nous exhibons donc un exemple de β-équation qui contient des inconnues d’ordre 3
et qui admet une substitution qui est un β-filtre mais qui n’est pas un βsd-filtre. Pour
trouver un tel exemple il suffit de trouver deux termes bien typés dont la preuve de β-
égalité nécessite de réduire un radical créé de la troisième manière. De ces deux termes,
nous extrayons ensuite une équation.

Nous allons voir que l’équation considérée est du troisième ordre et admet [Dow01] un
nombre infini de solutions minimales de type ι → (ι → ι) → ι qui sont exactement les
nombres de Church λx.λf.(f . . . (f x) . . .).

Exemple 2.25 (Super-développement et troisième ordre) Considérons la suite de
β-réductions suivante :
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2.2 Filtrage modulo super-développements

λz.((λx.λf.fx) z (λy.y)) →β λz.((λf.fz)λy.y)

→β λz.((λy.y)z)

→β λz.z

On peut remarquer que la dernière étape de réduction réduit un radical créé de la
troisième manière. Donc ce radical ne peut pas être réduit par βsd-réduction. On en
déduit que la substitution {λx.λf.fx/X} est un β-filtre mais n’est pas un βsd-filtre pour
l’équation λz.(X z (λy.y)) ≪ λz.z.

2.2.4 Comparaison avec le filtrage des motifs à la Miller

Nous allons prouver dans cette section, que la restriction de la β-réduction donnée par
les super-développements est suffisante pour le filtrage de motifs à la Miller.

D. Miller souligne que pour les motifs à la Miller, il suffit de considérer une restriction
de la β-réduction [Mil91], appelée β0-réduction, et définie par

(λx.M)x →β0
M

que l’on peut exprimer encore

(λy.M)x →β0
M[y := x]

Nous avons remarqué dans le chapitre 1 qu’une création de radical de type 2 ou 3 nécessite
la réduction d’un radical dont le terme en position applicative est une λ-abstraction.
Comme la β0-réduction ne permet de réduire que les radicaux dont le terme en position
applicative est une variable, les seules créations de radicaux par β0-réduction sont de
type 1. Les radicaux créés de la première manière étant réduit par super-développements,
on a le résultat suivant :

Propriété 2.26 (Motifs à la Miller et super-développements) Si P un motif à la
Miller et si φ un β-filtre pour l’équation P 6β A alors il existe un super-développement
Pφ→→β A. La substitution φ est donc un βsd-filtre pour cette équation.

2.2.5 Filtrage modulo super-développements et η

Dans le λ-calcul simplement typé, la différence technique entre le filtrage d’ordre supé-
rieur modulo β et le filtrage d’ordre supérieur modulo βη est principalement expliquée
par l’utilisation fondamentale de la forme normale η-longue. Cette différence est cru-
ciale puisque l’utilisation de la règle η dans le filtrage permet de passer d’un problème
indécidable [Loa03] à un problème décidable [Sti06].

Dans le contexte du filtrage d’ordre supérieur modulo les super-développements, l’uti-
lisation de η n’influence ni fondamentalement ni techniquement le filtrage comme nous
le montrons dans la section 3.2 en proposant un algorithme directement inspiré de l’al-
gorithme modulo super-développements (sans η).
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Dans le cadre typé, nous considérons des termes en formes normale η-longue. Dans un
contexte non typé, nous allons au contraire considérer des termes en forme η-normale
c’est-à-dire, des termes en forme normale par rapport à la η-réduction définie par

λx.(Ax) →η A

si x 6∈ fv(A)

Définition 2.27 (βsdη-équation et βsdη-système) Une βsdη-équation de filtrage est
définie comme un couple (A,B) de termes telle que B est βη-normal et V-clos. On dé-
note une telle équation par A 6βsdη B. Un βsdη-système est un multi-ensemble de
βsdη-équations.

Définition 2.28 (βsdη-filtre) On dit qu’une substitution φ est un βsdη-filtre pour la
βsdη-équation A 6βsdη B s’il existe un terme C tel que Aφ =⇒βf

C→→η B.

Ces deux notions seront illustrées dans la section 3.2.

Conclusion

Nous avons défini dans ce chapitre le filtrage modulo super-développements et nous
l’avons comparé avec différentes instances du filtrage dans le λ-calcul simplement typé.
Dans le chapitre suivant, nous allons donner différents algorithmes implémentant ces
deux approches et et montrer leur correction et complétude.

42



Chapitre 3

Algorithmes de filtrage d’ordre supérieur

Contributions Après avoir défini dans le chapitre précédent le filtrage modulo β(η) et
modulo super-développements (η), nous donnons ici plusieurs algorithmes.

Nous présentons et étudions tout d’abord un algorithme pour le filtrage modulo super-
développements. Cet algorithme présenté par des règles de transformations [MM82,
Kir84, SG89, JK91] est déduit de la définition de la réduction parallèle forte (qui cöın-
cident avec les super-développements). Nous étudions en détail les propriétés de cet
algorithme : terminaison, correction et complétude.

Ensuite, nous proposons plusieurs variantes de cet algorithme qui aboutissent respecti-
vement à un algorithme original pour le filtrage du second-ordre (approche différente de
celle de Huet et Lang) et à un algorithme pour le filtrage modulo super-développements
et η qui, dans le cadre du filtrage de motifs à la Miller, donne (s’il existe) le filtre
principal.

Plan du chapitre Dans la première section qui est le cœur de ce chapitre, nous don-
nons et étudions un algorithme pour le filtrage modulo super-développements. Dans la
deuxième section, nous donnons deux algorithmes pour le filtrage d’ordre 2. Le premier
est dû à Huet et Lang et le deuxième est directement inspiré de l’algorithme pour le fil-
trage modulo super-développements de la première section. La troisième section propose
un algorithme pour le filtrage modulo super-développements et η.

3.1 Filtrage modulo super-développements

Nous présentons dans cette section un algorithme pour le filtrage modulo super-
développements dans le λ-calcul pur. Nous l’illustrons sur des exemples. Ensuite nous
étudions ses différentes propriétés.

3.1.1 Régles

Les règles pour le filtrage modulo super-développements est donné dans la figure 3.1
en utilisant des règles de transformations [MM82, Kir84, SG89, JK91]. Nous entendons
par règles de transformations des règles de réécriture qui ne sont appliquées qu’en tête.
Ainsi,

– un système est transformé par étapes successives jusqu’à obtenir une forme normale
(l’ensemble des règles est terminant) ; cette forme normale peut être une forme
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(A1B1 6βsd
A2B2) ∪ S →@@

(A1 6βsd
A2) ∪ (B1 6βsd

B2) ∪ S

(A1B1 6βsd
C) ∪ S →@π

(A1 6βsd
λx.C) ∪ S

où x variable frâıche

(A1B1 6βsd
C) ∪ S →@β

(A1 6βsd
λx.A2) ∪ (B1 6βsd

B2) ∪ S

où A2[x := B2] = C

et x variable frâıche, x ∈ fv(A2)

et A2, B2 β-normaux

(λx.A 6βsd
λx.B) ∪ S →λλ

(A 6βsd
B) ∪ S

(x 6βsd
x) ∪ S →εv S

(a 6βsd
a) ∪ S →εc S

(X 6βsd
A) ∪ S →εX

(X 6βsd
A) ∪ S{A/X}

si fv(A) = ∅ et X ∈ S

Fig. 3.1: Règles pour le filtrage d’ordre supérieur modulo super-développements

44



3.1 Filtrage modulo super-développements

résolue qui donne une solution au problème de filtrage considéré (l’algorithme est
correct) ;

– en explorant toutes les réductions (l’application des règles est non-déterministe dans
le sens où deux réductions d’un même système peuvent donner deux formes nor-
males distinctes) et en collectant toutes les formes normales résolues, on obtient un
ensemble complet de filtres (l’algorithme est correct et complet).

Nous notons S → S
′ s’il existe une des règles de transformation de la figure 3.1 qui

s’applique et qui permet de transformer S en S
′. Nous notons également S→→ S

′ s’il existe
n > 0 systèmes S1, . . . ,Sn tels que S = S1 → . . . → Sn = S

′. L’algorithme de filtrage
modulo super-développements est basé sur l’équivalence entre super-développements et
réduction parallèle forte. Nous analysons chaque règle de transformation de la figure 3.1
corrélativement aux règles de la réduction parallèle forte données dans la définition 1.44.

Les règles ε prennent en compte les atomes. Les règles (εc) et (εv) sont des règles
éliminant les équations trivialement résolues. Quand la règle (εc) est appliquée au multi-
ensemble singleton a 6βsd

a alors le système obtenu est le multi-ensemble vide.

La règle (εX) substitue une variable de filtrage par sa valeur correspondante. Nous
ne substituons pas des termes non X -clos et lors de l’application de la substitution, les
termes ainsi obtenus ne sont pas normalisés (contrairement aux algorithmes de filtrage
modulo β(η) dans le λ-calcul simplement typé). Sinon, la règle (εX) ne serait pas correcte.
Considérons en effet la règle suivante :

(X 6βsd
A) ∪ S →

ε
↓
X

(X 6βsd
A) ∪ (S{A/X}) ↓

où (S{A/X}) ↓ dénote la βsd-forme normale de S{A/X}. Soit A 6βsd
B une βsd-équation

de filtrage. Nous cherchons une substitution φ telle que Aφ et B sont égaux modulo une
étape de réduction parallèle forte. Considérons par exemple l’équation suivante :

f(XYZ,X, Y, Z) 6βsd
f(1, λx.λy.xy, λz.z, 1)

On peut réduire le problème en

(XYZ 6βsd
1) ∪ (X 6βsd

λx.λy.xy) ∪ (Y 6βsd
λz.z) ∪ (Z 6βsd

1)

en appliquant ensuite la règle (ε↓X) trois fois et la règle (εc) une fois, nous obtenons :

(X 6βsd
λx.λy.xy) ∪ (Y 6βsd

λz.z) ∪ (Z 6βsd
1)

qui est en forme résolue bien que la substitution correspondant ne soit pas un βsd-filtre
(mais c’est bien-sûr un β-filtre).

Notons enfin à propos de la règle (εX) que la condition d’application X ∈ S est néces-
saire pour assurer la terminaison des règles comme nous le verrons dans le section 3.1.2.
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La règle λ prend en compte les λ-abstractions en imitant la règle (Red-λ). Notons que
comme nous considérons que des substitutions closes, il est tout à fait correct d’éliminer
ainsi les lieurs. Dans beaucoup d’algorithmes pour le filtrage d’ordre supérieur, les λ-
abstractions sont conservés en préfixe. Les deux choix sont pertinents. L’algorithme
pour le filtrage modulo super-développements et η sera présenté en utilisant la deuxième
possibilité (voir section 3.2).

On retrouve une règle similaire dans les travaux sur l’unification d’ordre supérieur
dans le λ-calcul avec indices de de Bruijn et substitutions explicites [DHK00].

Les règles @ prennent en compte les applications. La règle (@@) est en correspondance
directe avec la règle (Red-@) et ne nécessite donc pas plus de commentaires. Les règles
(@π) et (@β) sont toutes deux liées à la règle (Red-βf). On cherche à exprimer le membre
droit C de l’équation comme le résultat d’une β-réduction disons A2[x := B2]. Selon
l’appartenance de x dans A2, nous obtenons la règle (@π) ou (@β). Si x n’appartient
pas à A2 alors nous obtenons la règle (@π) : le membre gauche de l’équation est associé
à une λ-abstraction qui ignore son argument et retourne le membre droit de l’équation
initiale. Sinon, si x appartient à A2, nous obtenons la règle (@β) en imitant la règle
(Red-βf) pour tous les termes tels que C = A2[x := B2] où x appartient à A2 et A2 et
B2 sont β-normaux. Pour trouver de tels termes A2 et B2, on peut remarquer dans un
premier temps que B2 est nécessairement un sous-terme de C (puisque x appartient à A2).
Considérons un de ces sous-termes. Choisissons ensuite un sous-ensemble de l’ensemble
des positions de C telles que le sous-terme de C à ces positions soit exactement B2. On
obtient ensuite A2 à partir de C en mettant x à chacune des positions du sous-ensemble
considéré. Il n’existe qu’un nombre fini de couples (A2, B2) qui satisfont ces conditions.

L’approche proposée ici pour le filtrage d’ordre supérieur se distingue fortement des
approches comme celles de [HL78] puisqu’on n’introduit pas de nouvelles variables de
filtrage durant le calcul des solutions. Les solutions d’un système S calculées par notre
algorithme ont donc un domaine inclut dans les variables de fitrage de S. Lorsqu’on com-
pare une telle solution avec un solution quelconque de S, il n’est donc pas techniquement
nécessaire de limiter cette comparaison aux variables de filtrage de S ; comme cela est
souvent nécessaire (voir par exemple [Bür90]).

Exemple 3.1 (Calcul des solutions d’une βsd-équation) Considérons XY 6βsd
ab

une βsd-équation . Comme les membres gauche et droit de l’équation sont des applica-
tions, on peut appliquer les règles (@@), (@π) ou (@β).

1. Règle (@@) :

(XY 6βsd
ab)→ (X 6βsd

a) ∪ (Y 6βsd
b).

2. Règle (@π) :

(XY 6βsd
ab)→ (X 6βsd

λx.ab).

3. Règle (@β) : pour trouver A1 et A2 tels que A1[x := A2] = ab, tout d’abord on
choisit A2 parmi les sous-termes de « ab » : a, b et ab. L’ensemble des positions
de ab pour lesquelles A2 est le sous-terme de C correspondant est un singleton
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puisque chaque sous-terme de ab n’apparâıt qu’une seule fois dans ab. On obtient
donc trois manières d’appliquer la règle (@β) correspondant aux trois sous-termes
du membre droit de l’équation XY 6βsd

ab :

a) (XY 6βsd
ab)→ (X 6βsd

λx.xb) ∪ Y 6βsd
a).

b) (XY 6βsd
ab)→ (X 6βsd

λx.ax) ∪ (Y 6βsd
b).

c) (XY 6βsd
ab)→ (X 6βsd

λx.x) ∪ (Y 6βsd
ab).

Exemple 3.2 (Calcul des solutions d’une βsd-équation) Considérons l’équation
X(YX) 6βsd

a une βsd-équation . On peut appliquer les règles (@π) ou (@β).

1. Règle (@π) :
(X(YX) 6βsd

a)→ (X 6βsd
λx.a).

2. Règle (@β) :

(X(YX) 6βsd
a)→ (X 6βsd

λx.x) ∪ (YX 6βsd
a).

Pour simplifier YX 6βsd
a on peut appliquer la règle (@π) ou la règle (@β).

a) Règle (@π) :

(X 6βsd
λx.x) ∪ (YX 6βsd

a)→ (X 6βsd
λx.x) ∪ (Y 6βsd

λx.a).

b) Règle (@β) :

(X 6βsd
λx.x) ∪ (YX 6βsd

a)

→ (X 6βsd
λx.x) ∪ (Y 6βsd

λx.x) ∪ (X 6βsd
a)

→ (X 6βsd
λx.x) ∪ (Y 6βsd

λx.x) ∪ (λx.x 6βsd
a).

Dans le dernier cas, le système n’est pas en forme résolue (bien qu’il soit en forme
normale) et ne correspond donc à aucune substitution solution. Le problème de filtrage
initial n’a donc que deux solutions.

Remarque 3.3 L’application de la règle (@β) dépend fortement du choix d’un terme
B2 qui filtre le terme B1, ce qui est une condition forte. Dans une implémentation de
l’algorithme, à partir de plusieurs heuristiques simples on peut largement limiter l’ap-
plication de la règle (@β). Par exemple, si B1 est une constante ou une variable alors
nécessairement B2 = B1. Ce cas se produit toujours lors du filtrage de motifs à la Miller
puisqu’une variable de filtrage ne peut être appliquée qu’à des variables liées.

3.1.2 Propriétés de l’algorithme

Terminaison

Nous définissons tout d’abord la taille d’un terme (resp. d’une équation de filtrage,
resp. d’un système) :
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Définition 3.4 (Taille) La taille d’un terme A dénotée S(A) est définie par induction

S(ε) = 1 pour tous les atomes ε
S(λx.B) = S (B) + 1

S(BC) = S (B) + S (C) + 1

La taille d’une équation de filtrage A 6βsd
B est déterminée uniquement par la taille

de A. La taille d’un système est la somme des tailles de chacune des équations qui
composent ce système. Nous utilisons la même notation pour la taille d’un terme, d’une
équation et d’un système.

Pour tout système S, nous dénotons par U (S) le nombre de variables non résolues de
S suivant la définition suivante.

Définition 3.5 (Variable résolue) Une variable de filtrage d’une équation X 6βsd
A

appartenant à un système S est une variable résolue si X n’apparâıt nulle part ailleurs
dans S.

Lemme 3.6 (Variables non résolues) Pour tous systèmes S et S
′ tels que S → S

′

on a l’inégalité suivante :

U (S) > U
(

S
′
)

L’inégalité est stricte si la réduction est faite en utilisant la règle (εX).

Lemme 3.7 (Décroissance de la taille) Pour tous systèmes S et S
′ tels que S→ S

′

en utilisant n’importe laquelle des règles de réduction à l’exception de la règles(εX) on a
l’inégalité suivante :

S(S) > S
(

S
′
)

Preuve. La preuve se fait en examinant l’inégalité pour chacune des règles comme indiqué
dans la Figure 3.2. Rappelons que la taille d’une équation ne dépend pas du membre
droit : l’inégalité est donc vraie en particulier pour la règle (@β).

�

Propriété 3.8 (Terminaison de l’ensemble des règles) L’ensemble des règles de
transformation donné dans la figure 3.1 est terminant.

Preuve. Pour tous les systèmes S et S
′ tels que S → S

′, chaque règle fait décrôıtre le
produit lexicographique composé du nombre de variables non résolues U ( ) et de la taille
du système S( ) :
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εv S((x 6βsd
x) ∪ S)

= S (x 6βsd
x) + S (S)

> S(S)

εc S((c 6βsd
c) ∪ S)

= S (c 6βsd
c) + S (S)

> S(S)

λλ S((λx.A 6βsd
λx.B) ∪ S)

= S (λx.A 6βsd
λx.B) + S (S)

= 1+ S (A) + S (S)

> S(A 6βsd
B) + S (S)

@@ S((A1B1 6βsd
A2B2) ∪ S)

= S (A1B1) + S (S)

= 1+ S (A1) + S (B1) + S (S)

> S(A1 6βsd
A2) + S (B1 6βsd

B2) + S (S)

@π S((A1B1 6βsd
A2) ∪ S)

= S (A1B1) + S (S)

= 1+ S (A1) + S (B1) + S (S)

> S(A1 6βsd
λx.A2) + S (S)

@β S((A1B1 6βsd
C) ∪ S)

= S (A1B1) + S (S)

= 1+ S (A1) + S (B1) + S (S)

> S(A1 6βsd
λx.A2) + S (B1 6βsd

B2) + S (S)

pour tous termes A2 et B2 normaux

Fig. 3.2: Décroissance de la taille
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∅ ∈ βf

(A1, B1) ∈ βf E ∈ βf

(A1, B1) ∪ E ∈ βf

(A ′
1, B

′
1) ∈ βf (A ′′

1 , B
′′
1) ∈ βf

(A1, B1) ∈ βf (A ′
1, B

′
1) ∪ (A ′′

1 , B
′′
1) ∪ E ∈ βf

(A1, B1) ∪ E ∈ βf

(A ′
1, B

′
1) ∈ βf

(A1, B1) ∈ βf (A ′
1, B

′
1) ∪ E ∈ βf

(A1, B1) ∪ E ∈ βf

Fig. 3.3: Extension de =⇒βf
aux multi-ensembles

U ( ) S ( )

εv = >

εc = >

λλ > >

εX >

@@ > >

@π > >

@β > >

Notons que la règle (εX) fait toujours décrôıtre le nombre de variables résolues grâce
à la condition d’application de la règle : X ∈ S. �

Complétude

Nous définissons une extension de la relation =⇒βf
aux multi-ensembles. Nous notons

dans cette section (A1, B1) ∈ βf à la place de A1 =⇒βf
B1.

Définition 3.9 (Extension de =⇒βf
aux multi-ensembles) Nous notons ∅ le multi-

ensemble vide. Nous définissons la relation sur les multi-ensembles par les règles d’infé-
rence (nous surchargeons la notation utilisée pour la relation du même nom définie sur
les termes) définies dans la Figure 3.3.

Propriété 3.10 (Complétude) Pour tout système S, si φ ∈ M(S) alors il existe une
suite de transformations

S = S0→ S1→ . . .→ Sn
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où Sn est en forme résolue et σSn
≤ φ.

Preuve. Nous supposons donné un système S0 tel que φ ∈ M(S0). On veut montrer qu’il
existe une dérivation tel que

S = S0→ S1→ . . .→ Sn

où Sn est en forme résolue et σSn
≤ φ.

Posons S0 = (A1 6βsd
B1) ∪ . . . (Ap 6βsd

Bp). Soit E0 le multi-ensemble défini par

E0 = (A1φ,B1) ∪ . . . ∪ (Apφ,Bp)

Dire que φ ∈ M(S0) est équivalent à dire que E0 ∈ βf. Nous montrons la proposition par
induction sur la preuve de E0 ∈ βf.

1. Si E0 = ∅ alors S0 = ∅ et σS0
est la substitution identité id. Le résultat est immédiat

puisque pour toute substitution φ on a, id 6 φ.

2. Si E0 = (A1φ,B1) ∪ E ∈ βf avec (A1φ,B1) ∈ βf est prouvable sans aucune hypo-
thèse et E ∈ βf. Par hypothèse d’induction il existe une dérivation (D)

S
′
0 = (A2 6βsd

B2) ∪ . . . ∪ (Ap 6βsd
Bp)

→ . . .

→ S
′
n

telle que σS ′
n

6 φ. Ainsi si X ∈ Dom(σ ′
n) alors Xσ ′

n = B1.

Supposons tout d’abord que A1 soit une constante ou une variable. Alors la déri-
vation

S0 →εc
εv

(A2 6βsd
B2) ∪ . . . ∪ (Ap 6βsd

Bp)

→ . . .

→ S
′
n

est la dérivation recherchée.

Supposons maintenant que A1 soit une variable de filtrage alors s’il n’existe pas
d’étape de réduction de (D) où X est instanciée (application de la règle (εX) à la
variable X) alors la dérivation

(X 6βsd
B1) ∪ (A2 6βsd

B2) ∪ . . . ∪ (Ap 6βsd
Bp)

→ . . .

→ (X 6βsd
B1) ∪ S

′
n

est la dérivation recherchée.

Sinon (c’est-à-dire s’il existe une étape de dérivation i0 de D durant laquelle X est
instanciée) alors X est forcément instanciée par B1 et la dérivation suivante est la
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dérivation recherchée :

(X 6βsd
B1) ∪ (A2 6βsd

B2) ∪ . . . ∪ (Ap 6βsd
Bp)

→ . . .

→i0 (B1 6βsd
B1) ∪ S

′
i0+1

→→ S
′
i0+1

→ . . .

→ S
′
n

3. Si E0 = (A1φ,B1) ∪ E ∈ βf avec (A1φ,B1) ∈ βf est prouvable en utilisant deux
hypothèses. On raisonne par cas sur la dernière règle utilisée dans la preuve de
(A1φ,B1) ∈ βf.

– Règle (Red− @) Alors on a E0 = (A1
1φA

2
1φ,B1B2) ∪ E ∈ βf avec

(A1
1φ,B

1
1) ∈ βf (A2

1φ,B
2
1) ∈ βf

(A1
1φA

2
1φ,B

1
1B

2
1) ∈ βf

et
(A1

1φ,B
1
1) ∪ (A2

1φ,B
2
1) ∪ E ∈ βf

Par hypothèse d’induction, il existe une dérivation telle que

(A1
1 6βsd

B1
1) ∪ (A2

1 6βsd
B2

1) ∪ (A2 6βsd
B2) ∪ . . . ∪ (Ap 6βsd

Bp)

→ . . .

→ Sn

avec σSn
6 φ.

Si A1 = X alors on a aussi (puisqu’alors A1
1 = B1

1 et A2
1 = B2

1 et donc que les
deux équations correspondantes sont V-closes et n’influencent pas la dérivation)

(A2 6βsd
B2) ∪ . . . ∪ (Ap 6βsd

Bp)

→ . . .

→ S
′
n

telle que σS ′
n

6 φ. On conclut comme dans la cas précédent.
Sinon, la dérivation

(A1 6βsd
B1) ∪ . . . ∪ (Ap 6βsd

Bp)

= (A1
1A

2
1 6βsd

B1
1B

2
1) ∪ (A2 6βsd

B2) ∪ . . . ∪ (Ap 6βsd
Bp)

→ (A1
1 6βsd

B1
1) ∪ (A2

1 6βsd
B2

1) ∪ . . . ∪ (Ap 6βsd
Bp)

→ . . .

→ Sn

est la dérivation recherchée.
– Règle (Red− βf) Alors on a E0 = (A1

1φA
2
1φ,B

1
1[x := B2

1]) ∪ E avec

(A1
1φ, λx.B

1
1) ∈ βf (A2

1φ,B
2
1) ∈ βf

(A1
1φA

2
1φ,B

1
1[x := B2

1]) ∈ βf
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et

(A1
1φ, λx.B

1
1) ∪ (A2

1φ,B
2
1) ∪ E ∈ βf

Par hypothèse d’induction, il existe une dérivation telle que

(A1
1 6βsd

λx.B1
1) ∪ (A2

1 6βsd
B2

1) ∪ . . . ∪ (Ap 6βsd
Bp)

→ . . .

→ S
′
n

avec σ ′
Sn

6 φ. La dérivation

(A1
1A

2
1 6βsd

B1
1[x := B2

1]) ∪ (A1
1 6βsd

λx.B1
1) ∪ (A2

1 6βsd
B2

1) ∪ . . . ∪ (Ap 6βsd
Bp)

→ . . .

→ Sn

est la dérivation recherchée si x ∈ fv(B1
1). Sinon, la dérivation

(A1
1A

2
1 6βsd

B1
1[x := B2

1]) ∪ (A1
1 6βsd

λx.B1
1) ∪ . . . ∪ (Ap 6βsd

Bp)

→ . . .

→ Sn

est la dérivation recherchée.

4. Ce cas est similaire au précédent.

�

Correction

Lemme 3.11 Pour tous systèmes S et S
′ tels que S → S

′ en utilisant les règles (εc),
(εv), (λλ) ou (εX), on a M(S ′) = M(S).

Preuve. Le seul cas non trivial concerne la règle (εX). Soient X une variable de filtrage,
S un système et A un terme tel que fv(A) = ∅ et X ∈ S.

φ ∈ M((X 6βsd
A) ∪ S) ⇔ Xφ =⇒βf

A et φ ∈ M(S)
φ normale⇔ Xφ = A et φ ◦ {A/X} ∈ M(S)

⇔ Xφ =⇒βf
A et φ ∈ M(S{A/X})

⇔ φ ∈ M((X 6βsd
A) ∪ S{A/X})

�

Lemme 3.12 Pour tous systèmes S and S
′ tels que S→ S

′ en utilisant les règles (@@),
(@π) ou (@β) on a M(S ′) ⊆ M(S).
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Preuve. On prouve le résultat pour chaque règle.

@@ φ ∈ M((A1 6βsd
A2) ∪ (B1 6βsd

B2) ∪ S)

⇔ φ ∈ M(A1 6βsd
A2) et φ ∈ M(B1 6βsd

B2) et φ ∈ M(S)

⇔ A1φ =⇒βf
A2 et B1φ =⇒βf

B2 et φ ∈ M(S)

⇒ (A1B1)φ =⇒βf
A2B2 et φ ∈ M(S)

⇔ φ ∈ M((A1B2 6βsd
A2B2) ∪ S)

@π φ ∈ M((A1 6βsd
λx.A2) ∪ S)

⇔ A1φ =⇒βf
λx.A2 et φ ∈ M(S)

⇒ (A1B1)φ =⇒βf
A2[x := (B1φ)] et φ ∈ M(S)

⇔ (A1B1)φ =⇒βf
A2 et φ ∈ M(S)

comme x est frâıche pour A1, B1, A2,S

⇔ φ ∈ M((A1B1 6βsd
A2) ∪ S)

@β φ ∈ M((A1 6βsd
λx.A2) ∪ (B1 6βsd

B2) ∪ S)

⇔ A1φ =⇒βf
λx.A2 et B1φ =⇒βf

B2 et φ ∈ S

⇒ (A1B1)φ =⇒βf
A2[x := B1] et φ ∈ S

⇔ φ ∈ M((A1B1 6βsd
A2[x := B1]) ∪ S)

�

Propriété 3.13 (Correction) Pour tous systèmes S et S
′ tels que S →→ S

′ et S
′ est

une forme résolue on a σS ′ ∈ M(S).

Preuve. Par une induction simple sur la longueur de la suite de transformations et en
utilisant les lemmes précédents pour l’étape d’induction. �

Finitude de l’ensemble complet de filtres

Les propriétés de correction et complétude de l’algorithme nous donnent qu’il existe
un ensemble complet de filtre. Il est obtenu en explorant toutes les réductions possibles et
en construisant l’ensemble des substitutions obtenu à partir de toutes les formes résolues.
On sait que ce processus est fini puisque l’algorithme termine et donc que l’on obtient
un ensemble complet de filtre qui est fini.

Propriété 3.14 (Finitude de l’ensemble complet de filtres) Étant donné un sys-
tème S, il existe un ensemble complet de filtres M qui est fini. Il est donné par

M = {σ ′
S | S→→ S

′ et S
′ est en forme résolue } .
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3.2 Filtrage modulo η et super-développements

3.2.1 Règles

L’algorithme pour le filtrage modulo super-développements donné dans la figure 3.1
doit être ajusté en deux points pour tenir compte de l’η-conversion. Tout d’abord, l’η-
expansion est faite à la demande en ajoutant la règle suivante :

(λx.A 6βsdη B) ∪ S → (A 6βsdη Bx) ∪ S

si B n’est pas une λ-abstraction
et x est une variable frâıche

Cette règle remplace le membre droit B par λx.Bx et effectue (comme dans la règle (λλ)
de la figure 3.1) une élimination de la λ-abstraction en tête.

Ensuite, nous devons ajouter une condition à la règle (@β) de manière à ce que λx.A2

et A1 soient en forme βη-normale (et non plus seulement en forme β-normale).

En effectuant ces deux changements on obtient ainsi un algorithme pour le filtrage
modulo super-développements et η. Nous le redonnons explicitement dans la figure 3.4
mais en choisissant de ne pas éliminer les λ-abstractions mais plutôt de les conserver en
préfixe (et donc la règle (λλ) disparâıt).

On peut finalement remarquer que l’algorithme ainsi obtenu dispose des mêmes pro-
priétés (terminaison, correction et complétude). La preuve de terminaison ainsi que la
preuve de correction sont sans aucune difficulté. La preuve de complétude est légèrement
plus technique mais fondamentalement identique à celle donnée dans la section 3.1.2.

Exemple 3.15 (βsdη-filtres) Considérons l’équation donnée dans l’exemple 3.1. Si on
résout cette équation modulo βsdη on obtient seulement 4 solutions. En effet, les deux
solutions

(X 6βsd
a) ∪ (Y 6βsd

b) et (X 6βsd
λx.ax) ∪ (Y 6βsd

b)

sont η-équivalentes.

Exemple 3.16 (Solutions d’une βsdη-équation) Considérons le couple de termes
(λx.X(Yx), a). Ce couple est une βsd-équation qui n’a pas de βsd-filtre solution.

Par contre, cette équation a deux βsdη-filtres donnés par

{a/X, λz.z/Y} et {λz.z/X, a/Y}.
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(λxn.(A1B1) 6βsd
λxn.(A2B2)) ∪ S →@@

(λxn.A1 6βsd
λxn.A2)∪

(λxn.B1 6βsd
λxn.B2) ∪ S

(λxn.(A1B1) 6βsd
λxn.C) ∪ S →@π

(λxn.A1 6βsd
λxn.(λy.C)) ∪ S

où y variable frâıche

(λxn.(A1B1) 6βsd
λxn.C) ∪ S →@β

(λxn.A1 6βsd
λxn.(λx.A2))∪

(λxn.B1 6βsd
λxn.B2) ∪ S

où A2[x := B2] = C

et x variable frâıche, x ∈ fv(A2)

et λx.A2, B2 βη-normaux

(λxn.A 6βsd
λxn−k.B) ∪ S →λ (λxn.A 6βsd

λxn−k+1.Bxn−k+1) ∪ S

(λxn.x 6βsd
λxn.x) ∪ S →εv S

(λxn.a 6βsd
λxn.a) ∪ S →εc S

(λxn.X 6βsd
λxn.A) ∪ S →εX

(λxn.X 6βsd
λxn.A) ∪ S{A/X}

si fv(A) = ∅ et X ∈ S

Fig. 3.4: Règles pour le filtrage modulo η et super-développements
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En effet,

(λx.(X(Yx) 6βsdη a) → (λx.X(Yx) 6βsdη λx.ax)

→ (λx.X 6βsdη λx.a) ∪ (λx.Yx 6βsdη λx.x)

→ (λx.X 6βsdη λx.a) ∪ (λx.Y 6βsdη λx.λz.z)

(λx.X(Yx) 6βsdη a) → (λx.X(Yx) 6βsdη λx.ax)

→ (λx.X 6βsdη λx.λz.z) ∪ (λx.Yx 6βsdη λx.ax)

→ (λx.X 6βsdη λx.λz.z) ∪ (λx.Y 6βsdη λx.a)

3.2.2 Minimalité pour les motifs à la Miller

Nous poursuivons la comparaison, commencée dans la section 2.2.4, entre le filtrage
modulo super-développements et le filtrage de motifs à la Miller. Dans la suite de cette
section, nous appellerons équation de motifs à la Miller une βsd-équation dont le premier
terme est un motif à la Miller.

L’algorithme donné pour le filtrage modulo η et super-développements appliqué à un
motif à la Miller donne au plus une solution (proposition suivante). Comme l’algorithme
est correct et complet, cette solution est le filtre le plus général.

On peut tout d’abord remarquer que tout réduit d’un système d’équations à la Miller
est un système d’équations à la Miller.

Propriété 3.17 Soit P 6βsdη B une βsd-équation où P est un motif à la Miller qui a
une solution et A un terme typé. Alors l’ensemble des formes résolues données par les
règles de la figure 3.4 est un singleton.

Preuve. Nous pouvons tout d’abord remarquer que si la règle (λ ) s’applique alors aucune
autre règle ne peut s’appliquer et donc cette situation n’introduit pas de choix dans
l’application des règles. Nous l’exclurons donc dans le reste de la preuve.

Nous prouvons le résultat par induction sur la taille des motifs. On distingue trois cas
suivant le symbole de tête du motif.

1. Si P = λxn.f(A1, . . . , An) alors, pour que l’équation est une solution alors néces-
sairement B doit être de la forme B = λxn.f(B1, . . . , Bp). Toutes les dérivations qui
mènent à une solution doivent réduire P 6βsd

B en

(λxn.A1 6βsd
λxn.B1) ∪ . . . ∪ (λxn.Ap 6βsd

λxn.Bp)

(modulo l’ordre d’application des règles).
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Or λxn.A1, . . . λxn.Ap sont des motifs à la Miller donc on peut appliquer l’hypo-
thèse d’induction et conclure que

λxn.A1 6βsd
λxn.B1 a pour unique solution σ1

. . .

λxn.Ap 6βsd
λxn.Bp a pour unique solution σp

donc le problème initial a pour unique solution σ1 ∪ . . . ∪ σp.

2. Le cas P = λxn.x(A1, . . . , An) est similaire au précédent.

3. Si P = λxn.X(xi1 , . . . , xip ) où les variables xi1 , . . . , xip sont deux à deux différentes.
Alors trois règles peuvent s’appliquer (@π), (@@) ou (@β). Nous allons montrer que
dans tous les cas un seul de ces choix mène à une solution.

Dans la suite de cette preuve, nous utiliserons constamment le fait que si l’appli-
cation de la règle (@@) mène à une solution alors nécessairement B = B1xip . De
même si l’application de la règle (@β) mène à une solution alors

(λxn.X(xi1 , . . . , xip ) 6βsd
λxn.B) → (λxn.X(xi1 , . . . , xip−1

) 6βsd
λxn.λz.C1∪)

(λxn.xip 6βsd
λxn.xip )

avec B = C1[z := xip ] et z ∈ fv(C1)

et donc xip ∈ fv(B).

Supposons tout d’abord que l’application de la règle (@π) mène à une solution.
Montrons alors que ni l’application de la règle (@@) ni l’application de la règle
(@β) aboutissent à une solution. On a

(λxn.X(xi1 , . . . , xip ) 6βsd
λxn.B)

→ (λxn.X(xi1 , . . . , xip−1
) 6βsd

λxn.λy.B)

Forcément, le terme B ne contient pas la variable xip (car aucune des variables
xi1 , . . . , xip−1

n’est égale à xip ). Le résultat est donc immédiat.

Supposons maintenant que l’application de la règle (@@) mène à une solution.
Montrons alors que ni l’application de la règle (@π) ni l’application de la règle
(@β) aboutissent une solution. On a

(λxn.X(xi1 , . . . , xip ) 6βsd
λxn.B1xip )

→ (λxn.X(xi1 , . . . , xip−1
) 6βsd

λxn.B1) ∪ (λxn.xip 6βsd
λxn.xip

De la deuxième équation, on déduit que xip ∈ fv(B) et donc (voir ci-dessus) que
la règle (@π) ne mène pas à une solution. De la première équation on déduit que
xip 6∈ fv(B1).

Essayons d’appliquer la règle (@β). On cherche C1 tel que B1xn = C1[z := xn].
Mais comme xip 6∈ fv(B1), nécessairement C1 = B1z avec z 6∈ fv(B1) mais le
terme λz.B1z n’est pas βη-normal donc la règle ne s’applique pas. Ce qui conclut
la preuve.

�
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3.3 Filtrage du second ordre

Dans cette section, nous considérons le filtrage d’ordre deux modulo βη. Nous allons
montrer que l’algorithme pour le filtrage modulo les super-développements appliqué dans
un cadre typé donne un algorithme pour le filtrage d’ordre deux. Ceci repose sur les
propriétés de l’algorithme de filtrage modulo les super-développements que nous étudions
dans la section 3.3.2. Nous rappelons tout d’abord l’algorithme de filtrage du second-
ordre proposé dans [HL78]. Un algorithme plus efficace a été proposé dans [CQS96].

3.3.1 Algorithme de Huet et Lang

Nous rappelons dans cette section l’algorithme pour le filtrage du second ordre mo-
dulo βη donné dans [HL78]. Cet algorithme est une particularisation de l’algorithme
d’unification proposé dans [Hue76] et présenté sous forme de règles de transformations
dans [SG89]. Nous adaptons cette dernière présentation au cas du second ordre comme
cela a été fait dans [CQS96]. Rappelons que nous ne considérons pour cet algorithme
que tous les termes sont en forme normale β-longue. L’application de substitutions est
en particulier normalisante.

Les règles de transformation de l’algorithme de la figure 3.5 transforment un couple
formé d’un multi-ensemble d’équations de filtrage et d’une substitution. Étant donné un
couple 〈S, id〉 l’algorithme réussit s’il existe une suite de transformations terminant sur
〈∅, σ〉. La substitution σ est dans ce cas (correction de l’algorithme) un filtre pour S.

La première règle (Décomposition) simplifie une équation dont les symboles de tête
sont identiques. Les règles (Projection) et (Imitation) traitent le cas des équations dont la
tête du membre gauche est une variable de filtrage. Dans le premier cas, la variable est
instanciée par une fonction de projection. C’est donc l’argument projeté qu’il va falloir
rendre égal au membre droit. Dans le second cas, on réalise une instanciation partielle de
la variable de filtrage dans le sens suivant : le symbole de tête du terme associé à cette
variable est fixé à partir de celui du membre droit ; on introduit de nouvelles variables
de filtrage pour effectuer les choix restants1.

Nous aurions pu présenter les algorithmes donnés précédemment en construisant l’éven-
tuelle substitution solution au fur et à mesure. Nous ne l’avons pas fait pour alléger la
présentation des règles de transformation (alors que dans le cas présent c’est indispen-
sable).

Nous illustrons l’algorithme donné dans la figure 3.5 sur un exemple.

Exemple 3.18 Considérons l’équation (λx.X(x, a) 6βη λx.f(a, x, a)) où a et f sont
des constantes de types appropriés. Clairement, la règle (Décomposition) ne peut pas
s’appliquer. Appliquer la règle (Projection) mène à un blocage puisque les deux arguments
de X (qui sont x et a) ne sont pas filtrables avec le membre droit. Par contre, la règle

1L’instanciation partielle implique notamment que l’on peut substituer des variables de filtrage par des

termes non V-clos. Nous sortons donc temporairement dans cette section du cadre défini jusqu’ici

afin d’exprimer l’algorithme de Huet et Lang dans sa présentation standard.
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(Décomposition) 〈(λx.ε(A1, . . . , An) 6βη λx.ε(B1, . . . , Bn)) ∪ S, σ〉

↓
〈(λx.A1 6βη λx.B1) ∪ . . . ∪ (λx.An 6βη λx.Bn) ∪ S, σ〉

(Projection) 〈(λx.X(A1, . . . , An) 6βη λx.B) ∪ S, σ〉

↓
〈(λx.(Aiσ

′) 6βη λx.B) ∪ (Sσ ′), σ ′ ◦ σ〉
où σ ′ = {λyn.yi/X}

pour 1 ≤ i ≤ n

(Imitation) 〈(λx.X(A1, . . . , An) 6βη λx.ε(B1, . . . , Bm) ∪ S, σ〉

↓
〈(λx.H1(A1σ

′, . . . , A ′
nσ

′) 6βη λx.B1)

∪ . . . ∪ (λx.Hm(A1σ
′, . . . , A ′

nσ
′) 6βη λx.Bm)

∪ Sσ ′ , σ ′ ◦ σ〉

où σ ′ = {λyn.ε(H1(y1, . . . , yn), . . . Hm(y1, . . . , yn))/X}

et H1, . . . , Hn sont des variables de filtrage frâıches

et de types adéquats

Fig. 3.5: Règles pour le filtrage du second-ordre de Huet et Lang
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(Imitation) s’applique et donne

〈(λx.H1(x, a) 6βη λx.a)

∪ (λx.H2(x, a) 6βη λx.x) , {λy1y2.f(H(y1, y2), H2(y1, y2), H3(y1, y2)/X}〉
∪ (λx.H3(x, a) 6βη λx.a)

La résolution des équations faisant intervenir H1, H2 et H3 donnent pour chacune de
ces trois équations les solutions suivantes

{λz1z2.a/H1} ou {λz1z2.z2/H1}

{λz1z2.z1/H2}

{λz1z2.a/H3} ou {λz1z2.z2/H3}

Il existe donc quatre solutions à l’équation initiale qui sont données par

{λy1y2.f(a, y1, a)/X}

{λy1y2.f(a, y1, y2)/X}

{λy1y2.f(y2, y1, a)/X}

{λy1y2.f(y2, y1, y2)/X}

3.3.2 Filtrage modulo super-développements et types

Nous pouvons tout d’abord remarquer que si un système est constitué uniquement de
termes bien typés alors tous ses réduits sont constitués de termes bien typés. L’algorithme
donné dans la figure 3.1 se comporte bien vis à vis des types dans le sens suivant : une
suite de transformations qui aboutit à un système bien typé (c’est-à-dire un système tel
que les deux membres de chacune des équations sont des termes bien typés et de même
type) ne peut pas mettre en œuvre de systèmes mal typés.

Propriété 3.19 Pour tous systèmes S et S
′ tels que S →→ S

′, si le système S
′ est bien

typé alors le système S est aussi bien typé.

Cette proposition est une conséquence directe du lemme suivant :

Lemme 3.20 Pour tout système S tel que S ne soit pas bien typé et tout système S
′ tel

que S→ S
′, le système S

′ n’est pas bien typé.

Preuve. Supposons donné un système S qui ne soit pas bien typé. On montre que tous
les réduits de S ne sont pas bien typés en analysant règle par règle

– Règles (εv) et (εc) : immédiat.
– Règle (εX) : Les systèmes S et S

′ sont respectivement définis par S = (X 6βsd
A)∪S0

et par
S
′ = (X 6βsd

A) ∪ S0{A/X}. Si l’équation (X 6βsd
A) n’est pas bien typée alors

le résultat est immédiat. Sinon (si X 6βsd
A est bien typée c’est-à-dire si X et A

sont deux termes bien typés de même type) le système S0 n’est pas bien typé. Mais
comme X et A sont de même type, alors S0{A/X} n’est donc pas bien typé.
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– Règle (λλ) : immédiat.
– Règle (@β) : Si S = (AB 6βsd

C)∪ S0 et S0 n’est pas bien typé alors le résultat est
immédiat. Sinon, supposons que l’équation AB 6βsd

C ne soit pas bien typée. Alors
posons σ le type de AB et τ celui de C avec τ 6= σ. Il existe υ0 et υ1 éventuellement
égaux tels que le terme A soit de type υ0 → σ et le terme λx.C de type υ1 → τ.
L’équation A 6βsd

λx.C n’est pas donc bien typée, ce qui conclut le cas.
– Règle (@π) et (@@) : Même raisonnement que pour le cas précédent.

�
Nous pouvons remarquer néanmoins qu’étant donné un système bien typé, ces réduits
ne sont pas forcément bien typés comme l’indique l’exemple suivant.

Exemple 3.21 (Réduits d’un système bien typé) Soit l’équation XY 6βsd
fa. Si

on suppose que X est de type s → ι, que Y est de type s, que f est de type r → ι et
a est de type r où ι, r et s sont trois types de bases différents, alors cette équation
forme un système bien typé. Pourtant, en appliquant la règle (@@) on obtient le système
(X 6βsd

f) ∪ (Y 6βsd
a) qui lui n’est pas bien typé. Néanmoins, cette équation a aussi

pour solution { {λx.x/X}, {fa/Y}} qui est bien typée.

La question qui suit naturellement la remarque précédente est de savoir s’il existe
une βsd-équation bien typée et du second ordre qui n’admet que des solutions mal
typées. Dans le cas d’une réponse négative, on pourrait ainsi prouver la NP-complétude
du filtrage modulo les super-développements à partir du résultat de NP-complétude du
filtrage du second ordre [Bax77] (l’existence d’une solution (typée) modulo β serait alors
équivalente à l’existence d’une solution modulo super-développements, ce qui prouverait
que le filtrage du second ordre est NP-difficile, l’appartenance à la classe NP étant
immédiate). Mais, la réponse est positive comme le montre l’exemple suivant.

Exemple 3.22 (βsd-équation bien typée n’ayant que des solutions mal typées)
Soient a et b deux constantes de type r. Soit f une constante de type r→ ι et soit g une
constante de type ι→ ι→ ι. Soient X une variable de filtrage de type s→ ι. Soient Y et
Z deux variables de filtrage de type s.

Considérons l’équation

g(XY,XZ) 6βsd
g(fa, fb)

qui est une équation bien typée et du second ordre.

L’équation XY 6βsd
fa possède cinq solutions données par

X 6βsd
f ∪ Y 6βsd

a

X 6βsd
λx.fa

X 6βsd
λx.fx ∪ Y 6βsd

a

X 6βsd
λx.xa ∪ Y 6βsd

f

X 6βsd
λx.x ∪ Y 6βsd

fa

De même l’équation XZ 6βsd
fb possède cinq solutions données par :
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X 6βsd
f ∪ Z 6βsd

b

X 6βsd
λx.fb

X 6βsd
λx.fx ∪ Z 6βsd

b

X 6βsd
λx.xa ∪ Z 6βsd

f

X 6βsd
λx.x ∪ Z 6βsd

fb

Dans chaque cas, une seule des solutions est bien typée, respectivement X 6βsd
λx.fa

et X 6βsd
λx.fb. Mais ces solutions sont bien-sûr incompatibles.

La seule solution de l’équation initiale est

(X 6βsd
f) ∪ (Y 6βsd

a) ∪ (Z 6βsd
b)

qui est mal typée. On a donc exhibée une β-équation du second ordre qui n’a pas de
solutions mais dont la βsd-équation correspondante en a une.

3.3.3 Algorithme basé sur les super-développements

Dans cette section, nous nous plaçons dans le cadre du λ-calcul typé. On cherche à
déterminer les β-filtres (qui sont des substitutions bien typées) d’équations d’ordre au
plus 2 modulo β.

Nous avons vu que la règle η n’influence pas fondamentalement notre algorithme.
Ainsi, nous aurions pu aussi bien écrire cette section pour le filtrage d’ordre 2 modulo
βη mais cela n’apporterait rien de plus y compris dans la comparaison avec l’algorithme
de Huet et Lang.

On peut tout d’abord remarquer que l’on peut se restreindre à des équations bien
typées (c’est-à-dire à des équations dont les deux termes sont de même type). Ceci est
justifié par la proposition 3.19. Ainsi les règles de la figure 3.1 ne seront appliquées que si
le système obtenu après réduction vérifie ces conditions. Cette contrainte sur l’application
des règles est imposée dans tous les algorithmes de filtrage d’ordre supérieur dans un
cadre typé (particulièrement mise en évidence dans le cas de l’application de la règle
(Projection)).

De plus, on a montré (proposition 2.24) que tout β-filtre d’une équation du second-
ordre était un βsd-filtre pour la βsd-équation correspondante. On en déduit donc qu’en
appliquant l’algorithme donné figure 3.1 dans un cadre bien typé (termes toujours bien
typés et systèmes toujours bien typés) alors on obtient un algorithme pour le filtrage du
second ordre.

Théorème 3.23 (Algorithme pour le filtrage du second ordre) Les règles de la
figure 3.1 appliquées dans un cadre typé donnent un algorithme correct et complet pour
le filtrage du second ordre.

Nous illustrons l’algorithme sur un exemple.

Exemple 3.24 Nous considérons l’équation λx.X(x, a) 6βη λx.f(a, x, a) donnée dans
l’exemple 3.18. Nous appliquons tout d’abord la règle (λλ) pour éliminer les λ-abstractions
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de tête. Examinons ensuite quelles sont les possibilités d’application de la règle (@β),
autrement dit quelles sont les instanciations de B1 et B2 (en suivant les notations de la
figure 3.1). Puisque l’on doit avoir a 6βsd

B2, nécessairement B2 = a. Il y a donc trois
choix pour B1 :

1. B1 = λy2.f(y2, x, y2) ;

2. B1 = λy2.f(y2, x, a) ;

3. B1 = λy2.f(a, x, y2).

Chacun de ses choix conduit aux solutions

{λy1y2.f(y2, y1, y2)/X}

{λy1y2.f(y2, y1, a)/X}

{λy1y2.f(a, y1, y2)/X}

De plus, en appliquant la règle (@π) on retrouve la quatrième solution à savoir

{λy1y2.f(a, y1, a)/X}.

Remarque 3.25 (Comparaisons des algorithmes pour le filtrage du 2nd ordre)
Les algorithmes pour lne filtrage d’ordre 2 de Huet et Lang et celui basé sur les super-
développements sont relativement différents. En pensant à une représentation des termes
sous forme d’arbre, l’algorithme de Huet et Lang compare les termes par le bas (symbole
de tête) alors que l’algorithme basé sur les super-développements compare les termes par
le haut (comparaison des arguments, voir remarque 3.3).

Conclusion

Nous avons vu que le filtrage modulo super-développements est un outil simple mais
puissant qui a l’avantage de ne pas être lié à un système de type. Nous verrons dans le
chapitre suivant, après avoir introduit les définitions nécessaires, que cette approche est
particulièrement prometteuse pour l’étude du filtrage d’ordre supérieur dans les calculs
avec motifs et plus particulièrement le ρ-calcul.

D’autre part, la compréhension que nous avons apportée du filtrage modulo super-
développements permet un regard nouveau sur le travail d’explicitation [BCK06] du
filtrage dans les CRS. Il nous apparâıt maintenant claire que ce filtrage est le filtrage
modulo développements, ce qui n’est pas surprenant a posteriori puisque le méta-langage
des CRS est le λ-calcul avec développements.

En mettant en avant les propriétés du λ-calcul avec super-développements et plus
particulièrement celles du filtrage associé, nous soulignons que le λ-calcul avec super-
développements est un méta-langage (ou « substitution calculus » au sens de van Raam-
donk et van Oostrom) bien adapté à la réécriture d’ordre supérieur. On définit ainsi un
nouveau formalisme d’ordre supérieur qu’il convient d’appeler les super-CRS.
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Chapter 4

The rewriting calculus

Context We present here the background theory that originally lead to the different
works presented in this thesis. The rewriting calculus, also called the ρ-calculus, was
introduced to give a semantics to rewrite-based languages such as Elan and in particular
to rewriting strategies [BKK98a, BKK96]. To have a control on the rewriting relation,
the ρ-calculus makes all the ingredients of rewriting explicit objects, in particular the
notion of rule, application and result.

The ρ-calculus is a higher-order formalism that inherits from the λ-calculus its higher-
order capabilities: the explicit treatment of functions and their applications. To express
rewrite rules, the λ-abstraction is generalized to an abstraction on patterns. This means
that the evaluation is based on pattern-matching that can be performed syntactically or
modulo an equational theory. In the latter case, it may give several results that are all
represented, in the ρ-calculus, with term collections, allowing a natural handling of the
non-determinism of rewriting.

The first version of the ρ-calculus appears in [CK01, Cir00, CK98a] and focusses on
the encoding of rewriting and rewriting strategies. A simplified version [CKL01] focuses
on the encoding of λ-calculi of objects. Several extensions of the plain ρ-calculus have
been proposed in order to handle different problems: to deal with exceptions [FK02],
to handle explicitly matching and substitutions (Chapter 5), to deal with imperative
features [LS04], to handle term-graphs instead of terms [BBCK04, Ber05] etc.

A polymorphic type system can be found in [CKL02] and type checking and type in-
ference issues have been studied in [LW04]. The approach is extended to Pure Patterns
Type Systems [BCKL03], a generalization of Pure Type Systems for the ρ-calculus. It
has been shown that the simply-typed pure pattern type system ensures strong nor-
malization [Wac05]. The ρ-calculus is useful in logic, more particularly in relation with
deduction modulo [Wac05].

The ρ-calculus is in fine an extension of the λ-calculus with pattern-matching and
term-collections. The combination of the λ-calculus with first-order term rewriting has
been already handled by enriching first-order rewriting with higher-order capabilities,
like for example in the Combinatory Reduction Systems (CRS) [Klo80, KOR93]. The
link between the two formalisms has already been studied for the simplest version of the
ρ-calculus (first-order algebraic patterns and term collections as tuples). In fact, CRS can
be encoded in the ρ-calculus [BCK06, Ber05] and conversely, the simplest version of the ρ-
calculus can also be encoded by an orthogonal CRS [BK07]. As a consequence, important
properties like confluence, finite developments and standardisation are deduced for the
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corresponding version of the rewriting calculus.

Contributions In this chapter, we summarize basic definitions and properties of some
ρ-calculi. In the following chapter, we will extend the basic ρ-calculus to deal explicitly
with the matching and the application of substitutions. The different extensions of the
ρ-calculus will be used to give instances of the general calculus defined in Chapter 6.

Following the work presented in Part I on higher-order matching in the λ-calculus, we
give some hints on higher-order matching in the ρ-calculus.

Outline of the chapter In Section 4.1 and Section 4.2 we introduce the syntax and
the operational semantics of the ρ-calculus. In Section 4.3 we give some already known
results on the confluence of the ρ-calculus. In Section 4.4, we give some results on
the expressiveness of the ρ-calculus. In Section 4.5, we present two extensions of the
ρ-calculus. Section 4.6 discusses higher-order matching in the ρ-calculus.

4.1 Syntax

Given a set of constants (denoted c, d, e, f, . . .) anda set of variables denoted x, y, z, . . .)
and the set of ρ-terms is defined in Figure 4.1.

In the ρ-calculus, the usual λ-abstraction λx.A is generalized by a pattern-abstraction
(also called rule abstraction) P _ A where P can be a more general pattern than a single
variable x. The left-hand side of an abstraction defines the variables we abstract on and
some context information. An application is implicitly denoted by concatenation. The
terms can be grouped together into structures that can be seen as collections of terms.
In an abstraction of the form P _ A we call the term P the pattern and the term A the
body.

We assume that the application operator associates to the left, while the other oper-
ators associate to the right. The priority of the application operator is higher than that
of _ which is, in turn, of higher priority than the ≀ .

Definition 4.1 (Algebraic terms) We call algebraic the terms of the form

(. . . ((f A1)A2) . . .)An

where f is a constant. We usually denote them by f(A1, A2, . . . , An).

Definition 4.2 (Free and bound variables) The set of free variables of a term A

and the set of bound variables, denoted fv(A) and bv(A), are defined inductively by:

fv(c) , ∅ fv(x) , {x}

bv(c) , ∅ bv(x) , ∅

fv(AB) , fv(A ≀ B) , fv(A) ∪ fv(B) fv(P _ A) , fv(A)\fv(P)

bv(AB) , fv(A ≀ B) , bv(A) ∪ bv(B) bv(P _ A) , bv(A) ∪ bv(P) ∪ fv(P)
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A,B, P ::= x (Variable)
| c (Constant)
| P _ A (Abstraction)
| A B (Application)
| A ≀ B (Structure)

Figure 4.1: Syntax of the ρ-calculus

When the set of free variables of a term is empty we say that the term is closed. Other-
wise, it is open.

In what follows we work modulo α-conversion, that is two terms that are α-convertible
are not distinguishable. Equality modulo α-conversion is denoted here by ≡. We adopt
Barendregt’s hygiene-convention [Bar84], i.e. for a given term, the set of free and bound
variables are disjoint.

A substitution is a partial function from variables to terms (we use post-fix notation for
substitution application). We denote by σ = {x1 ← A1, . . . , xn ← An} the substitution
that maps each variable xi to a term Ai. The set {x1, . . . , xn} is called the domain of σ
and is denoted Dom(σ).

Definition 4.3 (Substitution) The application of a substitution σ to a term A is in-
ductively defined by

xσ , A if σ = {. . . , x← A, . . .}

yσ , y if y 6∈ Dom(σ)

cσ , c

(P _ B)σ , P _ (Bσ)

(A1A2)σ , (A1σ)(A2σ)

(A1 ≀ A2)σ , (A1σ) ≀ (A2σ)

In the abstraction case, we take the usual precautions to avoid variable captures.

The range of a substitution σ, denoted Ran(σ), is the union of the sets fv(xσ) where
x ∈ Dom(σ). The set of the variables of a substitution σ is denoted Var(σ) and is
defined by Dom(σ) ∪Ran(σ).

The composition of two substitutions σ and τ is denoted σ ◦ τ and defined as usually,
that is x(σ ◦ τ) = (xτ)σ. We denote by id the empty substitution.

The restriction of (the domain of) a substitution σ to a set of variables θ is denoted σ|θ.

One can easily remark that the set of ρ-terms strictly contains the set of λ-terms.

Remark 4.4 (Translation of λ-terms) One can encode the λ-calculus into the ρ-
calculus : given the set of λ-terms the translation function J K from λ-terms to ρ-terms
is defined by

JxK = x

Jλx.AK = x _ JAK
JABK = JAK JBK
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Thus, when translating λ-terms into ρ-terms the binder λ is replaced by the (rule) ab-
straction operator _ like for the following terms:

λ-calculus ρ-calculus

λx.x x _ x

λx.λy.x x _ y _ x

λx.(x x) x _ x x

As we will see in the next section, this translation is consistent with the reduction in the
two formalisms: for each β-reduction of a λ-term there exists a corresponding reduction
of the translated term in the ρ-calculus.

Example 4.5 (Encoding of propositional formulae) Using the constants t, f, not,
and, or, xor (denoting respectively the boolean values true and false, the negation, the
conjunctionn the disjunction and the exclusive disjunction) we can define the following
propositional formulae: and(x, t) and or(not(x), not(y)).

Example 4.6 (Rewrite rules) Some rules to compute in the Boolean algebra:

• and(x, t) _ x; the occurence of the variable x in the body is bound by the pattern
and(x, t).

in this abstraction the variable x in the body is bound by the variable in the pattern.

• not(and(x, y)) _ or(not(x), not(y)); this rule bounds the variables x and y.

• xor(x, x) _ f; a non-linear rule.

The application of the second rewrite rule to the term not(and(t, f)) is represented by the
term

(

not(and(x, y)) _ or(not(x), not(y))
)

not(and(t, f))

and, as we will see in the next section, this term reduces to or(not(t), not(f)).

4.2 Operational semantics

The evaluation mechanism of the ρ-calculus relies of the fundamental operation of match-
ing. When applying a pattern-abstraction, this operation allows to bind variables to their
corresponding values. The general framework of the ρ-calculus allows pattern-matching
to be performed syntactically or modulo an equational theory. The set of patterns and
the congruence on terms modulo which the matching is performed are thus parameters of
the calculus. The third parameter is the underlying theory for the ≀ operator (typically,
a combination of associativity, commutativity and idempotence). We will see that in
case of non-unitary matching the third parameter can not be arbitrarily chosen.

In this section, we give some examples of matching algorithms that can be used in the
evaluation of the ρ-calculus. We then define the operational semantics of the ρ-calculus.
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4.2 Operational semantics

4.2.1 Matching

We first define the operation of matching and then give some examples of matching
algorithms for different sets of patterns.

Definition 4.7 (Matching) Given a theory T, i.e. a set of axioms defining a congru-

ence relation
T
=, we define

1. A matching equation (also called a matching problem) is a pair denoted P ≺≺T A

with P a pattern and A a term.

2. A substitution σ is a solution of the matching equation P ≺≺T A if Pσ
T
= A.

The set of solutions of P ≺≺T A is denoted by Sol(P ≺≺T A).

We often consider Sol as a function that given a pattern and a term returns the set
of substitutions (possibly empty) of the matching problem. When it is clear from the
context, we do not always explicitly mention the congruence used to performed matching.

As we will see in the next sections, when studying confluent instances of the ρ-calculus,
we consider particular sets of patterns.

Definition 4.8 ((Structure) algebraic patterns) The set of algebraic and structure
algebraic patterns are defined as follows:

Algebraic patterns P,Q ::= x

| c

| f(P1, P2, . . . , Pn)

Structure algebraic patterns P,Q ::= x

| c

| f(P1, P2, . . . , Pn)

| P ≀ Q

Definition 4.9 (Syntactic matching) We consider that the matching constraints are
of the form A≪∅ B and we consider possibly empty conjunctions of such problems built
with the associative commutative operator ∧ . The following set of terminating and
confluent rules can be used to solve the (non-linear) syntactic matching:

A≪∅ A ∧ M → M

(A1A2 ≪∅ B1B2) ∧ M → (A1 ≪∅ B1) ∧ (A2 ≪∅ B2) ∧ M

The set of solutions of a matching problem P ≺≺∅ A is obtained by normalizing the
matching constraint P ≪∅ A w.r.t. the above rewrite rules and according to the obtained
result we have:
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Chapter 4 The rewriting calculus

• Sol(P ≺≺ A) = {xi ← Ai}i∈I if the result is of the form
∧

i∈I6=∅(xi ≪∅ Ai) with
Ai = Aj if xi = xj;

• Sol(P ≺≺ A) = id if the result is the empty conjunction;

• Sol(P ≺≺ A) = ∅ otherwise.

We will see that syntactical matching is often used for a particular set of patterns. We
thus give particular cases of this algorithm.

Definition 4.10 (Syntactic matching of algebraic patterns) When dealing with al-
gebraic patterns one could instead replace the decomposition rule for application by the
following rule:

f(A1, . . . , An) ≪∅ f(B1, . . . , Bn) ∧ M → ∧n
i=1(Ai ≺≺ Bi) ∧ M

Definition 4.11 (Syntactical matching of the structure operator) When no the-
ory is used for the structure operator then the structure operator can be considered as
a constant and the previous matching algorithms should be enriched with the following
rule:

(P ≀ Q≪∅ A1 ≀ A2) ∧ M → (P ≪∅ A1) ∧ (Q≪∅ A2) ∧ M

4.2.2 Evaluation rules

The operational semantics of the ρ-calculus is given in Figure 4.2 where T denotes the
congruence modulo which matching problems are solved. It consists of two rules.

The (ρ) rule deals with the application of pattern-abstractions : when applying a rule
P _ A to a term B, we compute the potential solutions of the matching between P and B
modulo the congruence T. When such solutions exist, the corresponding substitutions
are applied to A and the results are then aggregated using the structure operator.

The (δ) rule deals with the application of structures. When applying a structure
A1 ≀ A2 to a term B, we simply distribute the application of the argument to the
elements of the structure. Intuitively, when A1 and A2 are rules, this could model the
application of several rules of a rewrite system to B.

Following the notation introduced in Part I, we denote the compatible closure of a
relation R either→R or by a litte abuse of notation simply R. Its transitive and reflexive
closure is denoted either by →→R or by R∗. For example, →→ρδ denotes the reflexive and
transitive closure of the compatible relation induced by the rules (ρ) and (δ).
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4.2 Operational semantics

(P _ A)B →ρ Aσ1 ≀ . . . ≀ Aσn

where {σ1, . . . , σn} = Sol(P ≺≺T C)

and n > 0

(A1 ≀ A2)B →δ A1B ≀ A2B

Figure 4.2: Operational semantics of the ρ-calculus

Example 4.12 (Reductions)

1. When considering syntactic matching (T = ∅), we have

(x _ A)B →ρ A{x← B}

(a _ A)a →ρ A

(a _ a)b is in normal form since a and b do not match

(f(x) _ g(x)) f(a) →ρ g(a)

(a _ b ≀ a _ c)a →δ (a _ b)a ≀ (a _ c)a

→ρ b ≀ (a _ c)a

→ρ b ≀ c

2. In an equational theory where f x y =T f y x, we have

(x _ x) f(a, b) →ρ f(a, b)

(f(x, y) _ x) f(a, b) →ρ a ≀ b

Note that in case of non-unitary matching, the underlying theory given to the structure
operator must include associativity and commutativity if we want to consider confluent
reductions. In fact, the function Sol associated to a non-unitary matching theory returns
a (multi)set of substitutions and to the knowledge of the author there is no order for
substitutions that is adequate to higher-order contexts (the subsumption order is not).

Example 4.13 (Application of a rewrite system) In a first approximation, the ap-
plication of a structure of rewrite rules can be seen as the application of a rewrite system.
The term

(

and(x, or(y, z)) _ or(and(x, y), and(x, z)) ≀

and(or(x, y), z) _ or(and(x, z), and(y, z))
)

and(or(t, f), or(f, f))

represents the application of the rewrite system
{

and(x, or(y, z)) → or(and(x, y), and(x, z))

and(or(x, y), z) → or(and(x, z), and(y, z))
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Chapter 4 The rewriting calculus

to the term and(or(t, f), or(f, f)). We use the ( δ) rule to distribute the two rewrite rules
and we obtain:

→δ

(

and(x, or(y, z)) _ or(and(x, y), and(x, z))
)

and(or(t, f), or(f, f)) ≀
(

and(or(x, y), z) _ or(and(x, z), and(y, z))
)

and(or(t, f), or(f, f))

and we perform two reductions to obtain:

or(and(or(t, f), f), and(or(t, f), f)) ≀ or(and(t, or(f, f)), and(f, or(f, f)))

The application of a rewrite system is actually never as simple as presented above.
Here, we encode only one (meta) rewriting step but, in general, the encoding is more
complicated because one needs to encode not only the application of a rewrite rule at
the top position of a term but also the reduction strategy guiding the application of the
rules. The problem can be solved, for example, by using (typed) fix-points to apply the
rewrite system recursively (see [CKLW03] for a full presentation).

4.3 Confluence

This section recalls basic results for confluence of the ρ-calculus. A more detailed study
of confluence of pattern-based calculi will be done in Chapter 6.

4.3.1 Syntactical restrictions

Using syntactic matching can lead to non-confluent reductions if we do not restrict the
shape of patterns. The reductions

(xy _ y) ((z _ z)(ab))
ρ

ttiiiiiiiiiiii

ρ

""D
DD

DD
DD

DD
DD

DD
DD

DD

((xy) _ y) (ab)

ρ
��
b ab

illustrate that when using higher-order patterns (like xy), first-order matching has to be
used with care (this is not surprising).

More surprisingly first-order non-linear patterns can lead to non-confluent reductions.
To ensure confluence, we usually use the Rigid Pattern Condition which is due to
V. van Oostrom [Oos90, KOV07]. We present in the following definition a characteriza-
tion of this condition and we will be discussed in the general definition in Chapter 6.

Definition 4.14 (Rigid Pattern Condition) A pattern P satisfies the rigid pattern
condition if it is
— linear (each free variable occurs at most once),
— in ρδ-normal form,
— with no active variables (i.e., no sub-terms of the form xA where x is free).
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4.3 Confluence

Theorem 4.15 (Confluence by RPC) The relation ρδ is confluent if each pattern
verifies the Rigid Pattern Condition.

Unfortunately, this result does not generalize to other matching theories even for very
natural and simple ones.

Example 4.16 (Confluence with non-unitary matching) Consider an associative
symbol “+”

x+ (y+ z) =T (x+ y) + z

We have two reductions

(

z _ (x+ y _ x) (a+ z)
)

(b+ c)

ρ

sshhhhhhhhhhhhhhhhhh
ρ

**UUUUUUUUUUUUUUU

(x+ y _ x) (a+ (b+ c))

ρ

��

(z _ a) (b+ c)

ρ

��
a ≀ (a+ b) a

When the inner redex is reduced, since the variable z is not yet instantiated, it is not
possible to apply the associativity to“rearrange” the term a+z – like for the term a+(b+c)

in the alternative reduction – and thus some solutions are lost.

To recover confluence, we can use reduction strategies.

4.3.2 Reduction strategies

In the previous section, we give a syntactical restriction to guarantee confluence of the
ρ-calculus (Theorem 4.15). We show on an example that these restrictions are difficult
to adapt in the case of non-unitary pattern-matching. We propose in this section a call
by value calculus, inspired by [Plo75], which leads to confluent instances of the ρ-calculus
for any matching theory.

Definition 4.17 (Reduction strategy for the ρ-calculus) A reduction strategy for
the ρ-calculus is given by a predicate C on the set of ρ-terms such that the (ρ) evaluation
rule is now defined by

(P _ A)B →ρ Aσ1 ≀ . . . ≀ Aσn

if Sol(P ≺≺T B) = {σ1, . . . , σn} with n > 0
and B satisfies C

The condition C is often defined by (the membership to) a set of terms.

We define two evaluation strategies in the ρ-calculus given by two sets of terms.
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Chapter 4 The rewriting calculus

Definition 4.18 (Values in the ρ-calculus) The set of values is defined by

V ::= c | P _ T | f(V1, . . . , Vn) | V ≀ V

The call by value strategy is the evaluation strategy defined using the given set of
values.

The following theorem states that the ρ-calculus is confluent when using the call by
value strategy and the syntactic matching (syntactical decomposition of the application
as in Definition 6.2) on arbitrary patterns.

Theorem 4.19 (Confluence by values [CK01, Cir00]) The relation ρδ is conflu-
ent if the ρ-rule is applied with the call by value strategy and the syntactical matching.

It is not difficult to remark that if the (ρ) rule is applied when the arguments of
pattern-abstractions cannot evolve anymore then the calculus is confluent since there
are only trivial critical pairs. Example 4.16 of non-confluent reductions in presence of
an associative symbol is now solved because the evaluation which leads to a is no longer
possible.

Definition 4.20 (Rigid values) A ρ-term A is called a rigid value if it is closed and
it is in normal form for ρδ.

The call by rigid value strategy is the evaluation strategy defined using the set of rigid
values.

Theorem 4.21 (Confluence by rigid values [CHW06, Cir00]) The relation ρδ is
confluent for any matching equational theory defined on a set of algebraic patterns if the
ρ-rule is applied with the call by rigid value strategy.

4.3.3 Encoding Klop’s counter example in the ρ-calculus

Confluence of higher-order rewriting systems dealing with non-linear matching is a dif-
ficult task since we usually obtain non-joinable critical pairs as those coined for the first
time in [Klo80].

We first recall that Klop’s counter example in classical rewriting is based on a non-
linear rewrite rule. We can adapt it in the λ-calculus enriched with a rewriting rule and
finally in the ρ-calculus. Let us begin by describing Klop’s counter example in classical
rewriting.

Example 4.22 (Classical rewriting) Let us consider the first-order rewrite system
consisting of the rewrite rules {d(x, x) → e, c(x) → d(x, c(x)), a → c(a)}. The following
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reductions are obtained when reducing the term c(a):

c(a)

����
��

��
��

��
�

''PPPPPPP

c(c(a))

��
d(a, c(a))

��

c(d(a, c(a)))

��
d(c(a), c(a))

��

c(d(c(a), c(a)))

��
e c(e)

We cannot close the diagram since e is in normal form and the smallest reduction from
c(e) to e would reduce d(e, c(e)) which can only be reduced by a reduction from c(e) to
e, which contradicts the minimality of the reduction.

We can go a step further in the encoding by considering λ-terms and higher-order
rewriting.

Example 4.23 (λ-calculus and rewriting) The usual fixpoint combinator Y is de-
fined by

Y ,
(

λy.λx.(x (yyx))
)(

λy.λx.(x (yyx))
)

We introduce the following λ-terms and the corresponding reductions:

C ≡ Y
(

λy.λx.d(x, y x)
)

A ≡ YC

C →→β

(

λy.λx.d(x, y x)
)

C A →→β CA

→β λx.d(x,C x)

The λ-term C simulates the behavior of the constant c and of the second rewrite rule,
whereas A simulates the behavior of the constant a and of the third rewrite rule. We
can thus omit these two rules and consider a variation of Klop’s example. If we add in
the λ-calculus the non-linear rewrite rule R = {d(x, x) → e} to the β-reduction then we
obtain a non confluent calculus. In fact, the λ-term A reduces by →β∪R on the one hand
to e and on the other hand to (Ce). These two terms do not share a common reduct.

We are now ready to give the encoding in the ρ-calculus.

Example 4.24 (ρ-calculus) The usual fixpoint combinator Y is defined as in the λ-
calculus and for any ρ-term A we have YA→→ρA (YA). We now define the following
terms as in the previous example except that the rule d(z, z) → e is directly encoded in
the term C.

C ≡ Y
(

y _ x _ ((d z z) _ e) (dx (yx))
)

C →→ρ

(

y _ x _ ((d z z) _ e) (dx (yx))
)

C

→ρ x _ ((d z z) _ e) (dx (Cx))

A ≡ YC
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Chapter 4 The rewriting calculus

We have the following reductions:

A // // CA

����

// ((d z z) _ e) (dA (CA))

��
Ce ((d z z) _ e) (d (CA) (CA))

��
e

The constant e is in normal form and in the smallest reduction from (Ce) to e the
head redex must be reduced. After several reductions, we obtain ((d z z) _ e) (d e (Ce))

which can be head reduced only after a reduction from (Ce) to e. Since the reduction is
supposed to be minimal, we conclude by contradiction that (Ce) cannot be reduced to e
and thus that the two reductions cannot be joined.

4.4 Expressiveness

An easy but fundamental result is that when using syntactic pattern-matching, the λ-
calculus can be simulated in the ρ-calculus. We refer to Section 4.1 for the (trivial)
encoding of λ-terms in ρ-terms that we omit in the following theorem.

Theorem 4.25 (Simulating λ-calculus in ρ-calculus) If A and B are two λ-terms
viewed as ρ-terms then

A→β B if and only if A→ρ B.

Several object oriented calculi, namely the Lambda Calculus of Objects of Fisher,
Honsell, and Mitchell [MHF94] and the Object Calculus of Abadi and Cardelli [AC96]
can also be encoded in the ρ-calculus [CKL01].

As far as it concerns rewriting, the comparison is a bit more elaborated since the
evaluation in the ρ-calculus and in rewriting is quite different:

• in the ρ-calculus rules are consumed once they have been used ;

• the positions at which a rewrite rule is applied must be explicitly by using congru-
ence rules ;

• the order of applications of the rules (the strategy) must be also explicitly given.

The first result states that rewriting derivations can be encoded in the ρ-calculus. Alge-
braic terms of rewriting are directly translated into the ρ-calculus by algebraic ρ-terms.
We underline this trivial encoding using the function J K.

Theorem 4.26 (Representing a rewriting path [CK01]) Let R be a rewrite sys-
tem and t, t ′ be two algebraic terms. If t→→R t

′, then there exists a ρ-term A such that

A JtK→→ρδJt
′K.
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Syntax of the ρstk-calculus

Patterns P ::= x | stk | f(P, . . . , P) (variables occur only once in any P)

Terms A,B ::= x | c | stk | P _ A | AB | A ≀ B

Semantics of the ρstk-calculus

(ρstk) (P _ A)B → Aσ with Sol(P ≺≺ B) = σ

(δ) (A1 ≀ A2)B → A1B ≀ A2B

(stk) (P _ A)B → stk if P 6⊑ A

(stk) stk ≀ A → A

(stk) A ≀ stk → A

(stk) stkA → stk

Figure 4.3: The ρstk-calculus

We can go a step further and show that the behavior of a certain class of rewrite systems
can be simulated.

Theorem 4.27 (Representing a rewriting system [CLW03]) Let R be a rewrite
system. There exists a ρ-term A such that for all algebraic terms t, t ′

1. If A JtK→→ρδJt
′K, then t→→R t

′.

2. If R is confluent and terminating and if t→→R t
′, then A JtK→→ρδJt

′K.

The last step is to show that the behavior of a rewriting system under some strategies
can also be simulated. This is done for example in [CLW03, CKLW03].

4.5 Extensions of the ρ-calculus

4.5.1 The ρstk-calculus

We have seen in the previous section that when matching does not succeed then no
reduction is performed. For example, the term (a _ b) c is in normal form. We focus
here on a version of the ρ-calculus that uses a special constant stk to represent matching
failures. It is called the ρstk-calculus in [CLW03] and was used to encode rewrite
systems but also to give semantics to functional programming languages. The syntax of
the ρstk-calculus is given in Figure 4.3. The patterns are algebraic patterns built using
the special constant stk. We have to decide when a matching problem associated to
the application of pattern-abstraction has and will have no solution in order to reduce
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the term to stk. This is the case when neither an instantiation of the argument nor a
reduction can make the problem solvable. In other words,

∀σ1, σ2, ∀B
′, Bθ1→→ρδB

′ ⇒ Pσ2 6≡ B ′

(P _ A)B→stk stk

Nevertheless, this evaluation rule is not decidable. This is why we introduce a superposi-
tion relation 6⊑ between (patterns and) terms whose aim is to characterize a broad class
of matching equations that have not and will never have a solution (i.e. independently
of subsequent instantiations and reductions).

Definition 4.28 (Definitive failures) The relation 6⊑ is defined as follows

stk 6⊑ g(B1, . . . , Bn) if g 6≡ stk
stk 6⊑ Q _ B

f(P1, . . . , Pm) 6⊑ g(B1, . . . , Bn) if f 6≡ g or n 6= m or ∃i, Pi 6⊑ Bi

f(P1, . . . , Pm) 6⊑ stk
f(P1, . . . , Pm) 6⊑ Q _ B

f(P1, . . . , Pm) 6⊑ (Q _ A)B if Q 6⊑ B or f(P1, . . . , Pm) 6⊑ A

The ρstk-calculus handles uniformly matching failures and eliminates them when they
are not significant for the computation. The semantics of the ρstk-calculus is given in
Figure 4.3.

We show on an example how the ρstk-calculus can be used to encode term rewriting
systems and to give semantics to functional programming languages. Further details can
be found in [CLW03].

Example 4.29 (Encoding of the Peano addition) We suppose given the constants
0, S, add and rec. We define the following ρ-term

plus , (rec z) _

(

(add 0y) _ y

≀(add (S x)y) _ S (z (rec z) (addxy))

)

addition , n _ m _
(

plus (rec plus) (addnm)
)

The variable z will contain a copy of plus to allow “recursive calls”. We show in Fig-
ure 4.4 that this term actually computes the addition over Peano integers.

The notations m, m+n and m−n have to be understood as the terms S(. . . (S 0) . . .)
with the right number of S symbols.

The term plus(rec plus) (addnm) can be infinitely reduced but it is weakly normal-
ising: the reduction →stk removes the n−1 first attempt to apply the rule (add 0y) _ y

since 0 6⊑ n as soon as n > 0. At the end of the reduction, the step →stk removes the
non-terminating term since S x 6⊑ 0. The normal form m+n (which is actually unique
since the ρstk-calculus is confluent) is sound.
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additionnm

→→ρ plus (rec plus) (addnm)

→→ρδ ((add 0y) _ y) (addnm)

≀ ((add (S x)y) _ S (plus (rec plus) (addxy))) (addnm)

→ρ ((add 0y) _ y) (addnm)

≀ S (plus (rec plus) (addn− 1m))

→stk S (plus (rec plus) (addn− 1m))

→→ρδ S

(

((add 0y) _ y) (addn− 1m)

≀ ((add (S x)y) _ S (plus (rec plus) (addxy))) (addn− 1m)

)

...

→→ρδ
stk S (. . . (S

(

((add 0y) _ y) (add 0m)

≀ ((add (S x)y) _ S (plus (rec plus) (addxy))) (add 0m)

)

) . . .)

→ρδ S (. . . (S

(

m

≀ ((add (S x)y) _ S (plus (rec plus) (addxy))) (add 0m)

)

) . . .)

→stk S (. . . (Sm))

≡ m+n

Figure 4.4: Reduction of a ρ-term encoding the addition
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4.5.2 The ρd-calculus

Term rewriting systems and classical guiding strategies have been encoded in the original
rewriting calculus [CK01] and in the ρstk-calculus [CLW03]. The former encoding is
rather elaborated while the latter is simpler but restricted to convergent (i.e. confluent
and strongly normalizing) term rewriting systems. To extend this encoding to arbitrary
term rewrite systems, a new evaluation rule that enriches the semantics of the structure
operator is added and an evaluation strategy is enforced by imposing a certain discipline
on the application of the evaluation rules. This strategy is defined syntactically using
an appropriate notion of value and is used in order to recover confluence of the calculus
that is lost in the general case.

The obtained calculus is the distributive rewriting calculus, called the ρd-calculus and
introduced in [CHW06]. This formalism shares the syntax of the ρstk-calculus and uses
the notion of values that intuitively represent the terms that we do not need to evaluate.
These values can be extended to the so-called structure values and stuck values that will
be used to restrict the applications of the evaluation rules.

The syntax and the operational semantics of the ρd-calculus is given in Figure 4.5. The
main difference w.r.t. the ρstk-calculus is the γ rule that although seems very natural
and not dangerous leads to simple non confluent reductions if not restricted to structure
values [CHW06].

Thanks to the (γ) rule, which defines the right-distributivity of the application over
the structure, we can encode potentially non-confluent TRS in the ρd-calculus (this
contrasts with the ρstk-calculus). More precisely, given a TRS R we can build the terms
Ω1

R and ΩR such that

• Ω1
Rm represents (i.e. reduces to) the one-step reducts of m w.r.t. R,

• ΩRm represents the normal forms of m w.r.t. R (if they exist).

4.6 Higher-order matching in the ρ-calculus

In Part I, we studied higher-order matching in the untyped λ-calculus modulo a re-
striction of the β-conversion. Now that the ρ-calculus has been introduced, we give
a smooth and very short introduction to higher-order matching in the ρ-calculus. We
mainly emphasize some of the problems that are interesting for a future study.

In this section, we use the notations of Chapter 2 and in particular capital letters
denote matching variables. We call matching in the ρ-calculus the process of finding a
substitution σ of matching variables into ρ-terms such that an equation A ≪ B has a
solution if and only if Aσ =ρδ B. In this section, we focus on the role played by the
ρ-rule and thus we solve equations only modulo this rule.

4.6.1 Matching in the λ-calculus vs matching in the ρ-calculus

We begin with a very simple example: we consider the matching problem

Xa≪ g(a, a)
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Syntax of the ρd-calculus

Patterns P ::= x | stk | f(P, . . . , P) (variables occur only once in any P)

Terms A,B ::= x | c | stk | P _ A | AB | A ≀ B

Values of the ρd-calculus

V ::= x | c | f(V, . . . , V) | P _ T (Values)

Vγ ::= V | Vγ ≀ Vγ (Structure Values)

Vρδ ::= V | stk (Stuck Values)

Semantics of the ρd-calculus

(βρd
) (P _ A) Vρδ → Aσ if Sol(P ≺≺ Vρδ) = σ

(δ) (A1 ≀ A2) V
ρδ → A1 V

ρδ ≀ A2 V
ρδ

(γ) A (V
γ
1 ≀ Vγ

2 ) → A V
γ
1 ≀ A Vγ

2

(stk) (P _ A)B → stk if P 6⊑ A

(stk) stk ≀ A → A

(stk) A ≀ stk → A

(stk) stkA → stk

Figure 4.5: The ρd-calculus

In the λ-calculus, this problem has 4 independent solutions given by

{λx.g(a, a)/X}, {λx.g(a, x)/X}, {λx.g(x, a)/X}, {λx.g(x, x)/X}.

This problem has an extra solution in the ρ-calculus because of its matching capabilities:

{a _ g(a, a)/X}.

In this example, the matching capabilities of the ρ-calculus give an extra solution.
Moreover, some equations have solutions in the ρ-calculus but not in the λ-calculus. Typ-
ically, such an equation should instantiate a matching variable by a pattern-abstraction
that “decomposes” its argument. This is the case in the following equation

(

x _ (Xg(x))
)

≪ (x _ x)
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which has no solution in the λ-calculus whereas the substitution

{(g(y) _ y)/X}

is a solution in the ρ-calculus.

4.6.2 Matching in the ρ-calculus needs unification

We conjecture that is is not possible to study higher-order matching in the ρ-calculus
independently from unification.

We show on a simple example that there exist matching problems that are equivalent
to unification problems.

Consider for example the following matching problem in the ρ-calculus

(f(g(x), y) _ y) f(Zg(a), a) ≪ a

In the body of the pattern-abstraction, the variable x is not used. The problem has
thus as many solutions as there are instantiations of Z such that the match between the
reducts of Zg(a) and g(x) succeeds. In other words, we should equivalently solve the
unification equation

Zg(a) =ρ g(X)

where X is a fresh variable.

4.6.3 Extensionality in the ρ-calculus

To conclude this section, we give a short discussion on the extensionality of terms (or
programs) defined with pattern-matching that is not yet (to the knowledge of the au-
thor) well-understood. We claim that higher-order matching in the ρ-calculus should be
defined as the process that solves of equation modulo ρ(δ). But it is not so clear that, in
practice, this is the right equality one should consider. For example, the two following
terms

g(g(x)) _ x g(x) _ (g(y) _ y) x

should be equal in the same way the two following functional programs

let f z = match z with

g(g(X)) -> X

and

let f z =

match z with

| g(X) -> match X with

| g(Y) -> Y
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are. But in fact, in the plain ρ-calculus these two terms are distinct normal forms. At
first sight, this problem seems easy to solve by adding the equality

c(P1, . . . , Pn) _ M = c(x1, . . . , xn) _ (P1 _ . . . (Pn _ M) xn) . . .) x1

if ∃i, Pi is not a variable

where the variables xi are fresh. Nevertheless, this equality does not make equal the
terms

g(x ′) _ f
(

(g(x) _ x) x ′, (g(x) _ x) x ′
)

and g(g(x)) _ f(x, x)

and this seems to be rather difficult to achieve.

Conclusion

We first give a presentation of the ρ-calculus that makes clear that matching and sub-
stitutions are the two fundamental operations of the calculus. We will analyze them in
more detail in the following chapter.

We also show that confluence of the ρ-calculus should be studied with care. In Chap-
ter 6, we will study this property and compare the ρ-calculus with other pattern-based
calculi.
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Chapter 5

The explicit ρ-calculus

Context The substitution application (inherited from the λ-calculus) and the pattern-
matching (inherited from rewriting) are the fundamental operations of the rewriting
calculus.

To perform pattern-matching, evaluation rules of the ρ-calculus use helper functions
that are indeed implicit computations: all the computations related to the considered
matching theory belong to the meta-level. These computations are conceptually and
computationally important in all matching theories, from syntactic ones to quite elabo-
rated ones like associative-commutative theories [Eke95]. In concrete implementations,
substitutions and pattern-matching should be separated and interact with one another.
In particular, we want matching related computations and applications of substitutions
to be explicit.

Explicit substitution λ-calculi [ACCL91, Les94, Mel95, Mel96, Ros96, DG01, Kes07]
have been widely studied. They play a central role in some implementations of ML [LN04]
and provide nice tools to deal with higher-order unification [DHK00] or to represent
incomplete proofs in type theory [Muñ97].

In this work, we need to make explicit both substitutions and matching computations.

Contributions A first step toward an explicit handling of the matching related com-
putations was the introduction of matching problems as part of the ρ-calculus syn-
tax [CKL02]. More precisely, the matching constraints represent constrained terms which
are eventually instantiated by the substitution obtained as solution of the corresponding
matching problem (if such a solution exists).

The matching constraints are solved and the resulting substitutions are applied in
one step. In concrete implementations these operations the matching constraint solving
and the substitution application) should be separated and should interact with other
computations. In particular, we want computations on constraints and applications of
constraints (substitutions) to be explicit.

The evaluation rules solving the syntactic matching problems eventually transform a
term constrained by a matching problem to the same term but constrained by the solved
problem, that is, by a substitution. The application of the resulting substitutions follows
the approaches used in λ-calculi with explicit substitutions.

In all the explicit substitution calculi, substitutions can be delayed thanks to the β rule
that transforms a β-redex (λx.A)B into the explicit application on A of the substitution
that replaces x by B. In the explicit ρ-calculus, the application of substitutions is delayed

87



Chapter 5 The explicit ρ-calculus

to the moment where the original matching constraint is solved. Thus, the role of the
β rule is taken by the ρ rule which transforms the application of a rewrite rule into the
application of a matching constraint and by the evaluation rules solving the obtained
matching problem. This led to a calculus à la λx-calculus [Ros96] simple and without
substitution compositions.

This calculus [CFK04] handles at the object level not only the matching problems but
also the application of the resulted substitutions. Nevertheless, these two computations
are handled differently and considered one at a time.

We present two versions of the ρ-calculus, one with explicit substitutions and one with
explicit matching, together with a version that combines the two and considers efficiency
issues and more precisely the composition of substitutions. This allows us to isolate the
features absolutely necessary in both cases and to analyze the issues related to the two
approaches. The result is a full calculus that enjoys the usual good properties of explicit
substitutions (conservativity, termination) and which is confluent. We show that the ρ-
calculus, and especially explicit ρ-calculi, are suitable as a useful theoretical back-end for
implementations of rewriting-based languages. This work has been implemented using
the Tom language [BBK+06] and gives an interpreter for the ρ-calculus.

A first version of this work was published in [CFK04]. A long version close to this
chapter was published in [CFK07].

Outline of the chapter Sections 5.1 and 5.2 consider respectively the extensions of the
plain ρ-calculus for explicit substitution (ρs) and explicit matching (ρm). Section 5.3
presents the combination (ρ◦

x
) of the two previous calculi enriched with a rule for com-

bining term traversal (composition rule for substitutions). Properties such as confluence
of (ρ◦

x
) and the termination of the explicit part are then established in Section 5.4. We

finally give some hints on a direct implementation of explicit ρ-calculi in Section 5.5 and
on a ρ-calculus with de Bruijn indices and explicit substitutions in Section 5.6.

5.1 Explicit substitution ρs

We introduce in this section a generalization of the λx-calculus [Ros96] that we call
ρ-calculus with explicit substitutions and that considers abstractions not only on single
variables but also on patterns potentially containing several variables. On the other
hand, the obtained ρ-calculus with explicit substitutions, denoted shortly ρs, can be
seen as an extension of the plain ρ-calculus with explicit substitutions.

In the plain ρ-calculus, when reducing the application of a rule to a term, the matching
between the left-hand side of the rule and the term is solved and the resulting substitution
is applied to the right-hand side of the rule at the meta-level of the calculus. This
means that, in one step, we compute the substitution solving the corresponding matching
problem and apply it.

This reduction can obviously be decomposed into two steps, one computing the sub-
stitution and the other one describing the application of this substitution. This decom-
position does not mean that the matching related computations and the application of
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5.1 Explicit substitution ρs

Terms A,B, P ::= x (Variable)
| c (Constant)
| P _ A (Abstraction)
| A B (Functional application)
| A ≀ B (Structure)
| B [φ] (Substitution application)

Substitutions φ ::= id (Identity)
|

∧

i=1...n

xi = Ai (Conjunction)

where ∧ is associative

Figure 5.1: Syntax of ρs

substitutions are explicit but just that they are clearly separated. In this section we go
a step further toward an explicit version of the ρ-calculus by proposing a version of the
calculus where the substitution application is performed explicitly while the matching
problems are still solved at the meta-level.

5.1.1 Syntax of ρs

The syntax of the plain ρ-calculus given in the previous chapter is extended with an
explicit substitution operator and is given in Figure 5.1. Also, we follow the conventions
mentioned in the previous chapter.

The substitution application operator is a generalization of the similar one from λx-
calculus. In the λ-calculus, a λ-abstraction binds only one variable and thus an ex-
plicit substitution consists in a single variable binding. In the ρ-calculus, the pattern-
abstraction can bind an arbitrary number of variables and thus the definition of a substi-
tution is extended to support multiple bindings. The id symbol represents the identity
substitution. We should point out that in this context the symbol “=” is not symmetric.

The symbols φ,ψ, . . . range over the set Φ of substitutions. A term is called pure if
it does not contain any explicit substitution application.

To simplify the reading, we adopt the following notation for explicit substitution ap-
plication

B [xi = Ai]
n
i=1 ,






B

[

∧

i=1...n

xi = Ai

]

if n > 0

B [id] otherwise

89



Chapter 5 The explicit ρ-calculus

In the same way, we adopt the following notation for (meta) substitution application

B{Ci/xi}
n
i=1 ,






B{C1/x1, . . . , Cn/xn} if n > 0

B otherwise

The domain of a substitution φ =
∧

i=1...n

xi = Ai, denoted Dom(φ), is the set {xi}
n
i=1.

For the purpose of this chapter, we restrict to structure patterns as defined in Sec-
tion 4.2.1. The formal definition for the set of free variables for the fore-coming ρ◦

x

calculus is given in Section 5.3 and the restriction to the ρ-calculus with explicit substi-
tutions is straightforward.

5.1.2 Operational semantics of ρs

The operational semantics of the ρ-calculus with explicit substitutions is given in Fig-
ure 5.2. We follow the conventions in the previous chapters in particular, we consider
terms modulo α-conversion. The reduction rules given in Figure 5.2 are split into two
categories:

• Rules describing the application of structures and abstractions on ρ-terms.

• Rules defining the application of substitutions.

The (ρ) rule is used to reduce the application of an abstraction to a term by matching
the left-hand side of the abstraction against the term (using the matching algorithm given
in Section 4.2.1) and triggering the application of the obtained substitution to the right-
hand side of the abstraction. As a particular case, when the function Sol returns the
identity substitution (represented by {Qi/xi}

0
i=1) then the result is the explicit application

of id (represented by A[xi = Qi]
0
i=1). If no match exists, the rule is not applied. The

rule (δ) is inherited from the plain ρ-calculus (see Chapter 4).

The rules handling the substitution application distribute it over the different oper-
ators until a variable or a constant is reached. If the variable is in the domain of the
substitution then the corresponding term replaces it; a substitution applied to a variable
that is not in its domain or to a constant is ignored. Since we consider classes of terms
modulo α-conversion, the appropriate representatives are always chosen in order to avoid
potential variable captures (introduced by the rule (Abs)).

We define the relations σ and ρs induced by the rules dealing with substitutions (i.e.
(Identity), (Replace), (Var), (Const), (Abs), (App), (Struct)) and by the set of all
rules in Figure 5.2, respectively. We should point out that in ρs and in the other calculi
introduced in the next sections all the evaluation steps are performed modulo the un-
derlying theory (associativity or associativity with neutral elements) for the conjunction
(see Definition 5.9 for a precise definition of rewriting modulo).

One can notice that when replacing the pattern P by a variable in rule (ρ), we recover
the (Beta) rule of λ-calculi with explicit substitution.
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5.1 Explicit substitution ρs

(P _ A) B →ρ A [xi = Ci]
n
i=1

where Sol(P ≺≺ B) = {Ci/xi}
n
i=1

(A1 ≀ A2) B →δ A1 B ≀ A2 B

A [id] →Identity A

x [φ∧ (x = A) ∧ψ] →Replace A

y [φ] →Var y if y 6∈ Dom(φ)

c [φ] →Const c

(P _ A) [φ] →Abs P [φ] _ A [φ]

(A B) [φ] →App A [φ] B [φ]

(A ≀ B) [φ] →Struct A [φ] ≀ B [φ]

Figure 5.2: Operational semantics of ρs

Example 5.1 (Application of a rewrite rule) In order to compute the disjunctive
normal form of a propositional formula, we use the rewrite rule

not(and(x, y)) _ or(not(x), not(y)).

The application of this rewrite rule to the term not(and(t, f)) is described in ρs by the
following reduction

(

not(and(x, y)) _ or(not(x), not(y))
)

not(and(t, f))
→ρ or(not(x), not(y)) [x = t ∧ y = f]
→→App (or [x = t ∧ y = f])(not(x [x = t ∧ y = f]), not(y [x = t ∧ y = f]))
→Const or(not(x [x = t ∧ y = f]), not(y [x = t ∧ y = f]))
→→Replace or(not(t), not(f))

Example 5.2 (Multiple applications) Since substitutions cannot be composed, the
application of each substitution is done independently and can involve a lot of evaluation
steps needed in order to access to the leaves of the term (seen as a tree).

(g(x) _ ((f(y) _ h(x, y)) f(a)) g(b)

→ρ ((f(y) _ h(x, y)) f(a)) [x = b]

→ρ h(x, y) [y = a] [x = b]

→→σ h(x, y [y = a]) [x = b]

→→σ h(x, a) [x = b]

→→σ h(x [x = b], a)

→→σ h(b, a)

As we will see later on, if the substitutions are composed, then the term traversal related
steps can be factorized (see Example 5.8).
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Terms A,B, P ::= x (Variable)
| c (Constant)
| P _ A (Abstraction)
| A B (Functional application)
| A ≀ B (Structure)
| B [C] (Constraint application)

Constraints C,D ::= id (Identity)
| P ≪M (Match-equation)
| C ∧ D (Conjunction of constraints)

where ∧ is associative and id is a neutral element

Figure 5.3: Syntax of ρm

5.2 Explicit matching ρm

In this section we concentrate on the matching problems intrinsic to the ρ-calculus and,
more precisely, we want to make explicit the matching computations performed during
the ρ-evaluation. We propose here the ρ-calculus with explicit matching, denoted also
ρm, that extends the plain ρ-calculus with evaluation rules dealing with the (syntactic)
matching. In this calculus the obtained matching problems are solved explicitly while
the substitution application is done at the meta-level.

5.2.1 Syntax of ρm

The syntax of the ρ-calculus with explicit matching is given in Figure 5.3. The explicit
substitutions of ρs that can be considered as match equations in solved form are replaced
by match constraints that will be solved in the evaluation process.

The symbols C,D, E . . . range over the set of (possibly empty) constraints. The id

symbol represents here the identity constraint while in the ρs the same symbol was used
to represent the empty substitution. We consider that an empty conjunction and id

represent the same object.

The domain of a constraint C, denoted Dom(C), is intuitively the same as the domain
of the substitution that solves all the corresponding matching problems and is computed
by taking the union of the sets of free variables of the patterns of all the match-equations
in C. The formal definition is given in Section 5.3.1.

5.2.2 Operational semantics of ρm

The operational semantics of the ρ-calculus with explicit matching consists of two parts
as shown in Figure 5.4.
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As for ρs, the first part describes the application of structures and abstractions on ρ-
terms. This time the (ρ) rule always applies and reduces the application of an abstraction
to a term constraint by the corresponding matching problem.

The matching problems are handled by the second part of the evaluation rules that
are clearly inspired by the ones presented in Section 4.2.1. A matching constraint is
simplified using the decomposition rules which are strongly related to the considered
matching theory. As we have already mentioned, we consider only structures of algebraic
terms as patterns and we restrict to a decidable and unitary matching theory and, more
precisely, to syntactic matching. Therefore, we do not handle the higher-order symbols
(e.g. “_”, “≪”) and we only decompose the restricted patterns. The two decomposition
rules given in Figure 5.4 are thus performed w.r.t. to an empty matching theory for the
structure operator and for the constant symbols. Since an empty conjunction and id

represent the same object and thus, the rule (DecomposeF ) can be used for constants
(i.e. n = 0) in which case the result is the identity.

When a part of the constraint is solved and independent of the rest of the constraint,
the corresponding substitution can be applied at the meta-level. We consider that the
meta-application of the substitution {A/x} to the term B, denoted B{A/x}, is higher-order
and thus performs α-conversion in order to avoid the possible variable captures. The
condition in rule (ToSubst) guarantees that a matching problem is solved and thus (part
of) the corresponding substitution can be applied only if all its variables are assigned
the same term. Non-linear matching problems can lead to matching constraints which
assign different terms to the same variable and which represent, intuitively, a failure (see
Example 5.5). The doubletons in a matching constraint are eliminated with the rule
(Idem).

Notice that in the rule (ToSubst), because of the hygiene-convention, the intersection
between the set of free variables of A and Dom(C ∧D) is empty and thus, the variables
in A cannot be captured in the right-hand side of the rule.

The ρ-calculus (and in particular ρm) is well-suited to deal with (matching) errors,
represented by constraints without solution, that is, constraints that do not represent
substitutions. Depending on the intended use of the calculus we may want or not to
propagate such (constraint) failures. If the failures are propagated, the error’s location
is lost and the final result would be a term with constraints with no solution applied on
each leaf of the term (considered as a tree). The information contained in such a term
seems useless when one wants to analyze the error and, for debugging reasons, we do
not want to lose the error’s location. This is why the failures are not propagated as they
are but only the corresponding substitution (if one exists) is propagated.

Example 5.3 (Application of a rewrite rule) The term presented in Example 5.1
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(P _ A)A →ρ A[P ≪ B]

(A1 ≀ A2) B →δ A1 B ≀ A2 B

A1 ≀ A2 ≪ B1 ≀ B2 →Decompose≀ A1 ≪ B1 ∧ A2 ≪ B2

f(A1, . . . , An) ≪ f(B1, . . . , Bn) →DecomposeF ∧n
i=1(Ai ≪ Bi)

C ∧ (x≪ A) ∧ D ∧ (x≪ A) ∧ E →Idem C ∧ (x≪ A) ∧ D ∧ E

A [id] →Identity A

B [C ∧ (x≪ A) ∧ D] →ToSubst (B{A/x}) [C ∧ D]

if x 6∈ Dom(C ∧ D)

Figure 5.4: Small-step operational semantics of ρm

reduces in the ρ-calculus with explicit matching as follows

(

not(and(x, y)) _ or(not(x), not(y))
)

not(and(t, f))
→ρ or(not(x), not(y)) [not(and(x, y)) ≪ not(and(t, f))]
→→DecomposeF or(not(x), not(y)) [x≪ t ∧ y≪ f]
→→ToSubst or(not(t), not(f)) [id]

→Identity or(not(t), not(f))

Example 5.4 (Application of a non-linear rewrite rule) When non-linear patterns
are used, the rule ( Idem) can merge the solved matching problems that are identical:

(xor(x, x) _ f) xor(t, t)
→ρ f [xor(x, x) ≪ xor(t, t)]
→DecomposeF f [x≪ t ∧ x≪ t]
→Idem f [x≪ t]
→→ToSubst f [id]

→Identity f

Example 5.5 (Application of a non-linear rewrite rule with failure) Of course,
the application of a non-linear rewrite rule may lead to failures due to merging clashes.
Merging clashes are not reduced but kept as a constraint application failure.

(xor(x, x) _ f) xor(t, f)
→ρ f [xor(x, x) ≪ xor(t, f)]
→DecomposeF f [x≪ t ∧ x≪ f]

94



5.3 Explicit substitution and explicit matching ρ◦
x

The next example illustrates the usefulness of explicit matching when we want to track
the source (cause) of the failure.

Example 5.6 (Run-time error: matching failure) Let us consider the following rule
that checks if two persons are brothers, i.e., if they have the same father:

Brother(Person(Name(x),Father(z)),Person(Name(y),Father(z))) _ t

When checking if two concrete persons (Alice and Bob) are brothers by applying this
rule to the corresponding term:

Brother(Person(Name(Alice),Father(John)), Person(Name(Bob),Father(Jim)))

we obtain as result the term

t [z≪ John∧ z≪ Jim]

indicating that the variable z corresponding to the father cannot be instantiated correctly,
i.e., that the father of the two persons is not the same.

This is in contrast with the ρ-calculus with explicit substitutions where the fact that
the application of the rule to the term is in normal form indicates that the matching has
no solution but gives no information on the source of this failure.

5.3 Explicit substitution and explicit matching ρ◦
x

The combination of the two previously introduced calculi, ρs and ρm, leads to a version
of the calculus that handles explicitly the matching constraints resolution as well as the
application of the substitutions. This calculus, called ρx and introduced in [CFK04]
does not handle the composition of substitutions, a key issue when one wants to obtain
efficient implementations.

In what follows we add this feature and define ρ◦
x
. The properties of this calculus are

then studied.

5.3.1 Syntax of ρ◦
x

The syntax presented in Figure 5.5 merges the ones of ρs and ρm and defines ρ◦
x
-terms.

In what follows we refer to the three categories of ρ◦
x
-terms by simply calling them terms,

substitutions and constraints respectively.
One can notice that the conjunction operator ∧ is overloaded and it is used to build

substitutions as well as constraints. Since the two types of conjunctions are disjoint, in
what follows, we will generally denote the corresponding identities ids and idm by the
same symbol id.

We assume that the functional, substitution and constraint application operators as-
sociate to the left, while the other operators associate to the right. The priority of
the substitution application is higher than that of the constraint application which is
higher than that of the functional application. The application has a higher priority than
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Terms A,B, P ::= x (Variables)
| c (Constants)
| P _ A (Abstraction)
| A B (Functional application)
| A ≀ B (Structure)
| B [φ] (Substitution application)
| B [C] (Constraint application)

Substitutions φ,ψ ::= ids (Identity)
| x = A (Equation)
| φ∧ψ (Conjunction of equations)

Constraints C,D ::= idm (Identity)
| P ≪ A (Match-equation)
| C ∧ D (Conjunction of constraints)

where ∧ is associative
and ids and idm are neutral elements

Figure 5.5: Syntax of ρ◦
x
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“ _ ”which is, in turn, of higher priority than the“ ≀ ”. The equation operators are of
higher priority than the conjunction operators. The equation and conjuntion operators
have a lower priority than the other ones.

Definition 5.7 (Free variables and constraint domains) The set of free variables
and the domain of a constraint (resp. substitution) are defined by:

fv(x) = {x}

fv(c) = ∅ fv(P _ A) = fv(A)\fv(P)
fv(A B) = fv(A) ∪ fv(B) fv(A ≀ B) = fv(A) ∪ fv(B)

fv(B [C]) = fv(C) ∪
(

fv(B)\Dom(C)
)

fv(B [φ]) = fv(φ) ∪
(

fv(B)\Dom(φ)
)

fv(C ∧ D) = fv(C) ∪ fv(D) fv(φ∧ψ) = fv(φ) ∪ fv(ψ)

fv(x = A) = FV(A) fv(id) = ∅
fv(P ≪ A) = fv(A)

Dom(P ≪ A) = fv(P) Dom(C ∧ D) = Dom(C) ∪ Dom(D)

Dom(id) = ∅

Dom(x = A) = {x} Dom(φ∧ψ) = Dom(φ) ∧ Dom(ψ)

5.3.2 Operational semantics of ρ◦
x

The evaluation rules of ρ◦
x

are presented in Figure 5.6 and consist of those used for ρs
and ρm together with a composition rule.

The application of rule abstractions and structures as well as the matching constraints
decomposition are inherited from ρm. As in ρm, when part of the constraint is solved
and independent of the rest of the constraint, the corresponding substitution should be
applied. In ρ◦

x
the application of the substitution is just triggered (as in ρs) in the rule

(ToSubst) and the rules inherited from ρs perform its application. The (Identity) rule
represents in fact two rules, one for the identity substitution and a second one for the
identity constraint. When not clear from the context, the former is called (Identitys)
while the latter is called (Identityc).

The newly introduced rule (Constraint) distributes the substitutions in the con-
straints. The rule (Compose) defines the composition of substitutions. The side condi-
tion for these two rules says that the constraint and respectively the substitution cannot
be identities. For simplicity, we used an abuse of notation in the rule (Compose) where
B[φ∧ xi = Ai [φ]]ni=1 denotes the term B [φ∧ x1 = A1 [φ] ∧ . . .∧ xn = An [φ]].

Example 5.8 (Multiple applications) The composition of substitutions leads to more
efficient evaluations. The following evaluation is obtained for the term considered in Ex-
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(P _ A) B →ρ A[P ≪ B]

(A1 ≀ A2) B →δ A1 B ≀ A2 B

A1 ≀ A2 ≪ B1 ≀ B2 →Decompose≀ A1 ≪ B1 ∧ A2 ≪ B2

f(A1, . . . , An) ≪ f(B1, . . . , Bn) →DecomposeF ∧n
i=1(Ai ≪ Bi)

C ∧ (x≪ A) ∧ D ∧ (x≪ A) ∧ E →Idem C ∧ (x≪ A) ∧ D ∧ E

B [C ∧ (x≪ A) ∧ D] →ToSubst (B [x = A]) [C ∧ D]

if x 6∈ Dom(C ∧ D)

A [id] →Id A

x [φ∧ (x = A) ∧ψ] →Replace A

y [φ] →Var y if y 6∈ Dom(φ)

c [φ] →Const c

(P _ A) [φ] →Abs P [φ] _ A [φ]

(A B) [φ] →App A [φ] B [φ]

(A ≀ B) [φ] →Struct A [φ] ≀ B [φ]

(A[Pi ≪ Bi]
n
i=1) [φ] →Constraint (A [φ])[Pi [φ] ≪ Bi [φ]]ni=1

if n > 0

(B[xi = Ai]
n
i=1) [φ] →Compose B[φ∧ xi = Ai [φ]]ni=1

if n > 0

Figure 5.6: Small-step operational semantics of ρ◦
x
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ample 5.2.
(g(x) _ ((f(y) _ h(x, y)) f(a))) g(b)

→→ ((f(y) _ h(x, y)) f(a)) [x = b]

→→ h(x, y) [y = a] [x = b]

→Compose h(x, y) [x = b∧ y = a [x = b]]

→Const h(x, y) [x = b∧ y = a]

→→App h(x [x = b∧ y = a], y [x = b∧ y = a])

→→Replace h(b, a)

All the evaluation steps dealing with the traversal of the term h(x, y) are done only once
this time since only one substitution should be propagated.

The non-efficient route given in Example 5.2 can also be taken but while this was the only
alternative for ρs, this problem disappears for ρ◦

x
if we apply the evaluation rules with

a strategy [BKK96] that gives the highest priority to the composition rule, a canonical
way to limit term traversal.

As mentioned at the beginning of this section, a ρ-calculus handling explicitly the con-
straint solving and the substitution application was coined for the first time in [CFK04].
In ρx there was no mechanism for the composition of substitutions (i.e. no (Compose)
rule) and consequently, no substitution conjunctions. Therefore, we can consider ρx as
a restriction of ρ◦

x
where all substitutions are simple equations and the (Compose) rule

is not available.

5.4 Properties of ρ◦
x

5.4.1 Proof scheme

As mentioned before, all the evaluation steps are performed modulo the theory of the
conjunction (in ρ◦

x
modulo the associativity and the neutral elements) and thus, we are

performing rewriting modulo a set of axioms. We give first a formal definition for this
evaluation and then we introduce a more operational evaluation that is usually used in
proofs and implementations. For a detailed exposition about rewriting modulo, we refer
to [Hue80, JK86, KK99, Ohl98].

Definition 5.9 ((R/A)) Given a rewrite system R and a set of axioms A, the term t

(R/A)-rewrites to t ′, denoted t →R/A t
′, if there exists a rule l → r ∈ R, a term u, an

occurrence q in u and a substitution σ such that t
∗←→A u[q ←֓ σ(l)] and t ′

∗←→A u[q ←֓
σ(r)] where u[q ←֓ v] denotes the term u with the sub-term at the position q replaced by
v.

Definition 5.10 ((R,A)) Given a rewrite system R and a set of axioms A , the term t

(R,A)-rewrites to a term t ′, which is denoted by t→R,A t
′ if there exists a rule l→ r ∈ R,

a position q in t, and a substitution σ such that t|q
∗←→A σ(l) (i.e. the sub-term of t

at position q is equivalent to σ(l)), and t ′ = t[q ←֓ σ(r)] (i.e. t ′ is equal to t where the
sub-term at the position q is replaced by σ(r)).
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In the following, we will denote by A1 the set of axioms defining the associativity
and the neutral elements idm and ids for the conjunction and by ∼A1 the equivalence
relation induced by these axioms. In order to simplify the reading, we denote by→C the
relation →k,A1 where k is the rewrite relation induced by all the evaluation rules except
(ρ) and (δ). Similarly, we denote by →σ the relation induced by the rules dealing with
the application of substitutions (the (Identity) rule for substitutions and the rules from
(Replace) to (Compose)). We denote ρ◦

x
the rewrite system given in Figure 5.6, and

thus we obtain the relations →ρ◦
x
,A1

and →ρ◦
x
/A1

.

As mentioned in the previous chapter, non-linear patterns lead to non-confluent re-
ductions. This justifies the following definition.

Definition 5.11 (Linear ρ◦
x
) A pattern is linear if it does not contain two occurrences

of the same variable. We say that a substitution (xi = Ai)
n
i=1, n > 0 is linear if all the

variables xi are different. We say that a matching constraint (Pi ≪ Ai)
n
i=1, n > 0 is

linear if
⋂n

i=1 fv(Pi) = ∅. ids and idm are both linear.

The linear ρ◦
x

is the ρ◦
x

where all the patterns, substitutions and constraints are linear.

The general scheme of the proof of confluence of the linear ρ◦
x

follows the proof of
confluence of the full theory of the λσ⇑-calculus presented in [CHL96] and uses a variant
of Yokouchi-Hikita’s lemma [YH90]:

Lemma 5.12 (Yokouchi-Hikita modulo) Let R and S be two relations defined on
the same set T and ∼ an equivalence relation such that

• R is strongly normalizing.

• R is confluent modulo ∼, i.e., for all u, v,w in T such that u R∗ v and u R∗ w

there exist t1, t2 in T such that v R∗ t1, w R∗ t2 and t1 ∼ t2

• S has the diamond property, i.e., for all u, v,w in T such that uSv and uSw there
exists an element t in T such that vSt and wSt

• R and S are coherent modulo ∼, i.e., for all u, v,w such that u ∼ v, uRw (resp.
uSw) there exists a t such that vRt (resp. vSt) and w ∼ t.

• the following diagram (often mentioned as Yokouchi-Hikita’s diagram modulo)
holds:

u
R

��~~
~~

~~
~

S

  A
AA

AA
AA

A

v

R∗SR∗

��

w

R∗

��
t1 ∼ t2

Then the relation R∗SR∗ is confluent modulo ∼.
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x

Proof. Since the coherence properties are strong, to go from the classical lemma given
in [CHL96] to this generalization is just a straightforward verification. We only have to
use these coherence properties as much as needed to “factorize” the coherence relation
at the bottom of all commutative diagrams given in [CHL96]. In fact, we first prove by
induction on the R-depth that:

u
R∗

��~~
~~

~~
~

S

  A
AA

AA
AA

A

v

R∗SR∗

��

w

R∗

��
t1 ∼ t2

Then we conclude by induction on the R-depth of u, and where we distinguish between
the depth zero and nonzero. The following diagram holds for the case zero

u
S //

S
��

u1

S
��

R∗

// u2

R∗SR∗

��
u ′ S //

R∗

��

u ′
1

R∗

��

R∗

// u ′
2

R∗

��

∼ u ′
3

R∗

��
v
R∗SR∗

// v1 ∼ v2
R∗

// v3 ∼ v4 ∼ v5

and confluence follows since R is coherent with ∼ and thus v1 ∼ v2 R∗ v3 can be replaced
by v1 R∗ v ′3 ∼ v3.

The diagram for the induction case is more complex but is handled similarly. �

We thus split the evaluation rules of ρ◦
x

into two relations corresponding to the relations
R and S of the previous lemma. A natural choice for the relation R is →C . In fact, the
rules dealing with constraints and explicit substitutions should be strongly normalizing
and confluent (in explicit substitution calculi we always ask these properties for the
explicit part). The relation S cannot be the rewrite relation induced by the (ρ) and (δ)
rules since this relation verifies neither the diamond property (the (δ) rule duplicates
redexes) nor the Yokouchi-Hikita’s diagram modulo (the relation →C duplicates also
redexes). This is why we use a parallelization of the (ρ), (δ) rules.

We first prove in Section 5.4.3 the termination of →C . Then we prove that →C is
confluent, taking into account the fact that the rules can be applied modulo the associa-
tivity and the neutral elements (ids, idm) for the conjunctions. Then we formally define
the parallelization of (ρ) and (σ) and show that it verifies the diamond property (Sec-
tion 5.4.5). Finally, we prove the Yokouchi-Hikita’s diagram modulo and conclude the
proof of confluence of the linear ρ◦

x
by noticing that the parallelization and the original

relation have the same transitive closure.
First of all, we show the soundness of the explicit substitution reductions, a mandatory

and useful lemma in any calculus involving explicit substitution.
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Chapter 5 The explicit ρ-calculus

5.4.2 Soundness of explicit substitutions

First, we show that →σ is confluent and strongly normalizing and thus defines a func-
tion σ on terms. Secondly, we show that explicit substitutions soundly relate to meta
substitutions. The corollary is that the function σ associates to every term a pure term
(where all the substitutions have been applied).

Lemma 5.13 (Convergence of →σ) In the linear ρ◦
x
, the relation→σ is confluent and

strongly normalizing.

Proof. The relation →σ is strongly normalizing by Lemma 5.22 which proves a more
general result that is, the termination of →C . The local confluence is easily proved by
observing that all critical pairs modulo A1 are convergent and as a consequence of the
above properties, confluence is obtained. We must notice that the linearity condition
is mandatory since for example the non-linear substitution application x [x = a∧ x = b]

leads either to a or to b. �

Lemma 5.14 (Soundness of explicit substitutions) For all n, for all terms Ai and
B, there exists a term B ′ such that

B [xi = Ai]
n
i=1 →→C B ′{Ai/xi}

n
i=1 and B→→C B

′

Proof. If n = 0 then the result follows by the application of the (Identity) rule. Other-
wise, we proceed by induction on B.

• If B is a variable, then if this variable is one of the xi for i between 1 and n then
apply the (Replace) rule. If not, then apply the (Var) rule.

• If B is an application, then B1 B2 [xi = Ai]
n
i=1 can be reduced using the (App) rule

to B1 [xi = Ai]
n
i=1 B2 [xi = Ai]

n
i=1. Then, the result follows by induction.

• If B is a substitution application, then

B ′[xi = Ai]
n
i=1 [φ] →Compose B ′[φ∧ xi = Ai [φ]]ni=1

≡ (1) B ′{φ,Ai{φ}/xi}
n
i=1

≡ (2) B ′{φ}{Ai{φ}/xi}
n
i=1

≡ (3) B ′{Ai/xi}
n
i=1{φ}

The first step (1) is the application of the induction hypothesis twice. The second
step is valid since by α-conversion we can suppose that all the xi do not belong to
the free variables of Ai. The third step is exactly the substitution lemma of the
plain ρ-calculus (xi 6∈ fv(Ai)).

• The other cases are similar to the application one.

�
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5.4.3 Termination of the constraint handling rules

First of all, we will show that →C is strongly normalizing and for this we use the lex-
icographic product of two orders. The first order is a measure (a size) on terms such
that the size of the right-hand side is smaller than that of the left-hand side for the rules
(ToSubst), (Idem), (Replace), and the decomposition rules and equal for all the other
rules. The second order is based on a polynomial interpretation which decreases on all
the other rules.

The measure on terms defined below represents (an upper bound of) the size of the
corresponding pure term where all the pending substitutions were applied. The size of
a term B [x = A] is thus the size of B plus the size of A multiplied by the number of
occurrences of x is B (called here the multiplicity of x in B), taking thus into account the
possible instantiation(s) of x by A in B. As far as it concerns the matching constraints,
we have to take into account that they can (possibly) become substitutions. We make
thus an approximation and consider that for the terms of the form B [P ≪ A], each
variable of P is (potentially) instantiated by a sub-term of A that is approximated by A.

This measure is preserved by the duplicative rules (e.g. the term (x ≀ x) [φ] and its
(Struct) reduct x [φ] ≀ x [φ] have the same size independently of φ). Notice also that
in the right-hand side of the rule (ToSubst), A is not affected by the variables of the
domain of C ∧ D (by α-conversion) and thus, the size decreases (see Lemma 5.19).

Definition 5.15 (Multiplicity) The multiplicity of the variable x in the term A, de-
noted Ax (A), is defined inductively in Figure 5.7.

Definition 5.16 (Size) The size of a term A, denoted S(A), is defined in Figure 5.8.

We should point out that the notions of multiplicity and size are compatible w.r.t. to
neutrality of the conjunction operator since id has no impact on the two notions. It is
also compatible w.r.t. the associativity of the conjunction and w.r.t. α-conversion.

Lemma 5.17 (Soundness of multiplicity) For any term A and variable x such that
x 6∈ fv(A) we have Ax (A) = 0.

Proof. By induction on the structure of A.

• A = y with x 6= y. By definition.

• A = c. By definition.

• A = P _ A1. We have Ax (P _ A1) = Ax (A1) and the result holds by applying
the induction hypothesis.

• A = A1A2. Then Ax (A1A2) = Ax (A1)+Ax (A2) and the result holds by applying
twice the induction hypothesis since x 6∈ fv(A1A2) implies x 6∈ fv(A1), x 6∈ fv(A2).

• A = A1 ≀ A2. Similar to the previous case.
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Ax (x) = 1

Ax (y) = 0 if x 6= y

Ax (c) = 0

Ax (P _ A) = Ax (P) + Ax (A)

Ax (A B) = Ax (A) + Ax (B)

Ax (A ≀ B) = Ax (A) + Ax (B)

Ax (B [C]) = Ac
x (B [C]) + Ax (B)

Ax (B [φ]) = Ac
x (B [φ]) + Ax (B)

Ac
x (B [C ∧ D]) = Ac

x (B [C]) + Ac
x (B [D])

Ac
x (B [φ∧ψ]) = Ac

x (B [φ]) + Ac
x (B [ψ])

Ac
x (A [y = B]) = Ax (B) × Ay (A)

Ac
x (B [id]) = 0

Ac
x (A [P ≪ B]) =

∑

yj∈fv(P)

Ax (B)
(

Ayj
(A) + 1

)

where x 6= yj and x 6∈ fv(P)

Figure 5.7: Multiplicity of a variable
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S(x) = 1

S(c) = 1

S(P _ A) = S (P) + S (A)

S (A B) = S (A) + S (B)

S (A ≀ B) = S (A) + S (B)

S (B [C]) = Sc (B [C]) + S (B)

S (B [φ]) = Sc (B [φ]) + S (B)

Sc (B [C ∧ D]) = Sc (B [C]) + Sc (B [D])

Sc (B [φ∧ψ]) = Sc (B [φ]) + Sc (B [ψ])

Sc (A [y = B]) = S (B) × Ay (A)

Sc (B [id]) = 0

Sc (A [P ≪ B]) =
∑

yj∈fv(P)

S(B) ×
(

Ayj
(A) + 1

)

Figure 5.8: Size of a term
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• A = A1 [C]. We can apply the induction hypothesis to A1 and get Ax (A1) = 0.
Then, we show that for all constraint C, we have Ac

x (A1 [C]) = 0, by structural
induction on C.

– C = (P ≪ B). Apply the induction hypothesis on B (induction on the set of
terms).

– C = (D1 ∧ D2) then the result follows by applying the induction hypothesis
to D1 and D2 (induction on the set of constraint).

– C = id. The result holds by definition.

• A = A1 [φ]. We proceed as before and we use an induction on φ

– φ = (y = B). Apply the induction hypothesis to B.

– φ = ψ1 ∧ψ2. The result follows by applying the induction hypothesis to ψ1

and ψ2 (induction on the set of substitutions).

�

Lemma 5.18 (Preservation of multiplicity) For any variable x and any terms A
and B such that A→C B, the following inequality holds:

Ax (A) ≥ Ax (B)

Proof. We prove that we have

Ac
x (B [y = A] [C]) = Ac

x (B [C]) (5.1)

for all constraints C, for all terms A and B such that Dom(C) ∩ fv(A) = ∅. The proof is
done by induction on C. We only show the basic case, i.e., if C = P ≪ A ′.

Ac
x (B [y = A] [P ≪ A ′])

=
∑

zj∈fv(P)

Ax (A ′)
(

Azj
(B [y = A]) + 1

)

=
∑

zj∈fv(P)

Ax (A ′)
(

Azj
(A) Ay (B) + Azj

(B) + 1
)

=
∑

zj∈fv(P)

Ax (A ′)
(

Azj
(A) Ay (B) + Azj

(B) + 1
)

=
∑

zj∈fv(P)

Ax (A ′)
(

Azj
(B) + 1

)

By hypothesis and Lemma 5.17

= Ac
x (B [P ≪ A ′])
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One can notice that the condition x 6∈ fv(A) is not needed since the multiplicities in A
only depend on the variables in the domain of C (and not on x).

We can also prove by an easy induction on n that if x does not belong to ∪n
i=1fv(Pi)

and if for all i, x 6= yi then

Ax

(

B

[

∧

i=1..n

Pi ≪Mi

])

= Ax (B) +

n∑

i=1

∑

xj∈fv(Pi)

Ax (Ai) ×
(

Axj
(B) + 1

)

(5.2)

Ax

(

B

[

∧

i=1..n

yi = Ai

])

= Ax (B) +

n∑

i=1

Ax (Ai) × Axi
(B) (5.3)

Since the multiplicity is defined by a monotonic induction it is sufficient to prove the
result when the reduction takes place at the root of A. We give all the computations in
Figure 5.9. �

Lemma 5.19 (Preservation of size) For any terms A and B such that A →C B, the
following inequality holds:

S(A) ≥ S(B)

The inequality is strict if the reduction is done using either the ( ToSubst) rule, or the
(Replace) rule, or the ( Idem) rule, or the decomposition rules.

Proof. The proof of the lemma is similar to that of Lemma 5.18. We only give some
cases.

(Replace) S (x [φ∧ x = A∧ψ])

= S (x) + Sc (x [φ]) + Sc (x [x = A]) + Sc (x [ψ])

= 1+ Sc (x [φ]) + S (A) × Ax (x) + Sc (x [ψ])

> S(A)

(ToSubst) S (x [C ∧ (x≪ A) ∧ D])

= S (x) + Sc (x [C ∧ (x≪ A) ∧ D])

= S (x) + Sc (x [C]) + Sc (x [x≪ A]) + Sc (x [D])

> 1+ S (A) × Ax (x)

> S(A)

(Idem) S (B [C ∧ (x≪ A) ∧ D ∧ (x≪ A) ∧ E ])

= S (B) + Sc (B [C]) + 2Sc (B [x≪ A]) + Sc (B [D]) + Sc (B [E ])

> S(B) + Sc (B [C]) + Sc (B [x≪ A]) + Sc (B [D]) + Sc (B [E ])

= S (B [C ∧ (x≪ A) ∧ τ∧ D])

�
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(Identity) Ax (M [id])

= Ac
x (A [id]) + Ax (A)

= Ax (A)

(Replace) Ax (y [φ ∧ y = A ∧ ψ])

= Ax (y) + Ac
x (y [φ ∧ y = A ∧ ψ])

= Ax (y) + Ac
x (y [φ]) + Ac

x (y [y = A]) + Ac
x (y [ψ])

≥ Ac
x (y [y = A])

= Ac
x (A) × Ay (y)

= Ac
x (A)

(Const) Ax (c [φ])

= Ax (c) + Ac
x (c [φ])

≥ Ax (c)

(Abs) Ax ((A _ B) [φ])

= Ac
x ((A B) [φ]) + Ax (A _ B)

= Ac
x (A [φ]) + Ax (B) + Ac

x (A [φ]) + Ax (B)

= Ax (A [φ] _ B [φ])

(App) Ax ((A B) [φ])

= Ac
x ((A B) [φ]) + Ax (A B)

= Ac
x (A [φ]) + Ax (B) + Ac

x (A [φ]) + Ax (B)

= Ax (A [φ] B [φ])

(Constraint) Ax

`

A[Pi ≪ Bi ]
n
i=1 [xj = Aj ]

m

i=1

´

= Ax (A[Pi ≪ Bi ]
n
i=1) +

∑
j
Ax (Aj) Axj

(A[Pi ≪ Bi ]
n
i=1)

Eq. 5.2
= Ax (A) +

∑
i

∑
yj∈fv(Pi) Ax (Bi) × Ayj

(A) +
∑

i
Ac

x ((A [Pi ≪ Bi ]) [φ])

=
∑

i

∑
yj∈fv(Pi) Ax (Bi) × Ayj

(A) +
∑

i
Ac

x ((A [Pi ≪ Bi ]) [φ])

=
∑

i

∑
yj∈fv(Pi)(Ax (Bi) + Ac

x (Bi [φ])) × (Ayj
(A) + Ac

yj
(A [φ]))

=
∑

i

∑
yj∈fv(Pi) Ax (Bi [φ]) × Ayj

(A [φ])

= Ax (A [φ][Pi ≪ Bi [φ]]ni=1)

(Compose) Ax

`

B[xj = Aj ]
m
j=1 [xi = Ai ]

n
i=1

´

Eq. 5.3
= Ax

`

B[xj = Aj ]
m
j=1

´

+
∑

i
Ax (Ai) Axi

`

B[xj = Aj ]
m
j=1

´

Eq. 5.3
= Ax (B) +

∑
j
Ax (Aj) Axj

(B) +
∑

i
Ax (Ai)

`

Axi
(B) +

∑
j
Axi

(Aj) Axj
(B)

´

= Ax (B) +
∑

i
Ax (Ai) Axi

(B) +
∑

j
Axj

(B)
`

Ax (Aj) +
∑

i
Ax (Aj) Axi

(Aj)
´

= Ax (B) +
∑

i
Ax (Ai) Axi

(B) +
∑

j
Ax (Aj [xi = Ai ]

n
i=1)

Eq. 5.3
= Ax

“

ˆ

xi = Ai ∧ xj = Aj [xi = Ai ]
n

i=1

˜

i,j
(B)

”

(ToSubst) Ax (B [C ∧ (y≪ A) ∧ D])

= Ax (B) + Ac
x (B [C ∧ (y≪ A) ∧ D])

= Ax (B) + Ac
x (B [C]) + Ac

x (B [y≪ A]) + Ac
x (B [D])

= Ax (B) + Ac
x (B [C]) + Ax (A) × (Ay (B) + 1) + Ac

x (B [D])

> Ax (B) + Ac
x (B [C]) + Ax (A) × Ay (B) + Ac

x (B [D])
Eq. 5.1

= Ax (B) + Ac
x (B [y = A] [C]) + Ax (A) × Ay (B) + Ac

x (B [y = A] [D])

= Ax (B [y = A]) + Ac
x (B [y = A] [C ∧ D])

= Ax (B [y = A] [C ∧ D])

Figure 5.9: Preservation of multiplicity
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Definition 5.20 (Polynomial interpretation) We use the standard order on natural
numbers in order to define the following polynomial interpretation:

I(k) = 3 I(P _ B) = I(P) + I(B) + 1

I(A ≀ B) = I(A) + I(B) + 1 I(A B) = I(A) + I(B) + 1

I(B [C]) = I (C) + I(B) + 1 I(A [φ]) = (I (φ) + 2) × I(A)

I (C ∧ D) = I (C) + I (D) I (φ∧ψ) = I (φ) + I (ψ)

I (id) = 0 I (x = A) = I(A)

I (P ≪ A) = I(P) + I(A)

We should point out that the polynomial interpretation is compatible w.r.t. to neutral-
ity of the conjunction operator since id has no impact on the two notions. It is also
compatible w.r.t. the associativity of the conjunction and w.r.t. α-conversion. Moreover,
since the addition and the multiplication are increasing on naturals, the monotonicity
condition a > b implies I(a) > I(b) is clearly satisfied. We show that for any terms A
and B such that A →C B the image of A is greater than that of B for any replacement
of the interpretation of the variables of A and B by naturals bigger than 2.

Lemma 5.21 For any terms A and B such that A →C B using either (Compose), or
(Constraint), or (Abs), or (Const), or (Var), or ( Identity), or (App), or (Struct)
then

I(A) > I(B)

Proof. For any natural number n, for any terms B,Ai for any patterns Pi and for any
variables yi the following equalities hold:

I(B

[

∧

i=1..n

Pi ≪ Ai

]

) = I(B) + 1+
∑

i

(I(Pi) + I(Ai)) (5.4)

I(B

[

∧

i=1..n

yi = Ai

]

) = I(B) ×

(

2+
∑

i

I(Ai)

)

(5.5)

We can first remark that for any constraint C (resp. substitution φ) we have I(C) ≥ 0

(resp. I(φ) ≥ 0) and for any term A we have I(A) > 2.
We check the inequality for each rule mentioned in the Lemma in Figure 5.10. �

Lemma 5.22 (SN of →C) The relation →C is strongly normalizing.

Proof. Every pair of terms in→C (strictly) decreases the lexicographic product (S () , I( )).
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(Identitys) I(A [ids]) = (I (ids) + 2) × I(A) = 2× I(A) > I(A)

(Identityc) I(A [idc]) = I (idc) + I(A) + 1 = I(A) + 1 > I(A)

(Var) I(y [φ]) = (I (φ) + 2) × I(y) > I(y)

(Const) I(c [φ]) = (I (φ) + 2) × I(c) > I(c)

(Abs) I((P _ A) [φ]) = (I (φ) + 2) × I(P _ A)

= (I (φ) + 2) × (I(P) + I(A) + 1)

> (I (φ) + 2) × I(P) + (I (φ) + 2) × I(A) + 1

= I(P [φ]) + I(A [φ]) + 1

= I(P [φ] _ A [φ])

(App) I((AN) [φ]) = (I (φ) + 2) × I(AN)

= (I (φ) + 2) × (I(A) + I(N) + 1)

> (I (φ) + 2) × I(A) + (I (φ) + 2) × I(N) + 1

= I(A [φ]) + I(N [φ]) + 1

= I(A [φ]N [φ])

(Struct) I((A ≀ N) [φ]) = (I (φ) + 2) × I(A ≀ N) + 1
= (I (φ) + 2) × (I(A) + I(N) + 1) + 1
> (I (φ) + 2) × I(A) + 1+ (I (φ) + 2) × I(N) + 1

= I(A [φ]) + I(N [φ]) + 1
= I(A [φ] ≀ N [φ])

(Constraint) I(A[Pi ≪ Ni]
n
i=1 [φ])

Eq. 5.4
= (I (φ) + 2) × (I(A) +

∑
i I(Pi) +

∑
i I(Ni) + 1)

>
∑

i((I(φ) + 2) × I(Pi)) +
∑

i((I(φ) + 2) × I(Ni)) + I(φ) + I(A) + 1

=
∑

i(I(Pi [φ]) + I(Ni [φ])) + I(φ) + I(A) + 1

=
∑

i I(Pi [φ] ≪ Ni [φ]) + I(A [φ]) + 1

= I(A [φ][Pi [φ] ≪ Ni [φ]]ni=1)

(Compose) I(N [xi = Ai]
n

i=1 [φ])

= (I(φ) + 2) × I(N [xi = Ai]
n

i=1)
Eq. 5.5

= (I(φ) + 2) × (
∑

i I(Ai) + 2) × I(N)
= I(N) × (2× (I(φ) + 2) + (I(φ) + 2) ×

∑
i I(Ai))

> I(N) × (I(φ) + 2+ (I(φ) + 2) ×
∑

i I(Ai))

= I(N) × (I(φ) + 2+
∑

i I(Ai [φ]))

= I(N) (I(φ) + 2+
∑

i I(xi = Ai [φ]))

=
(

I(φ∧
∧

i

(

xi = Ai [φ]
)

) + 2
)

× I(N)

= I(N [φ∧ xi = Ai [φ]]
n

i=1)

Figure 5.10: Strict decrease of polynomial interpretation
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S( ) I( )

(Decompose≀) >

(DecomposeF ) >

(Idem) >

(ToSubst) >

(Identity) ≥ >

(Replace) >

(Var) ≥ >

(Const) ≥ >

(Abs) ≥ >

(App) ≥ >

(Struct) ≥ >

(Constraint) ≥ >

(Compose) ≥ >

�

5.4.4 Confluence of the sub-relations

First, we show that →C is coherent modulo A1, i.e., two equivalent (modulo A1) terms
can be reduced to two equivalent ones.

Lemma 5.23 (Coherence modulo A1) For any terms A, B, A ′ such that A →C B

and A ∼A1 A
′, there exists B ′ such that B ∼A1 B

′ and A ′ →C B
′.

A

C
��

∼A1 A ′

C��
B ∼A1 B ′

Proof. The proof is done by case analysis on the rule used to reduced A into B. The
diagram is easily closed for all rules except for the (Idem) rule, for which we may ob-
serve that, thanks to the extension variables (the variables called C and E in the (Idem)
rule), all the computations from A to A ′ can be reproduced when performing the →C

reductions from A ′ to B ′. �

Lemma 5.24 (Local confluence modulo A1) For any terms A, B1, B2 such that
A →C B1 and that A →C B2, there exist two terms B ′

1 and B ′
2 such that B1→→C B

′
1 and
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B2→→C B
′
2 with B ′

1 ∼A1 B
′
2:

A
C

~~}}
}}

}}
}} C

  A
AA

AA
AA

A

B1

C �� ��

B2

C����
B ′

1
∼A1 B ′

2

Proof. We proceed by induction on A. We suppose that the redexes are not disjoint
(otherwise the result is easy to prove). In what follows, we call “the first reduction” the
reduction from A to B1 and “the second reduction” the reduction from A to B23.

• If A = A1A2 then the two reductions take place in the same Ai. The result follows
by applying the induction hypothesis.

• If A = A1 [C] then we proceed by induction on C. If the two reductions take place
in A1 then the result follows by induction.

– If C = idm then the result is obvious.

– If C = P ≪ A2 then, if the two reductions take place in A2 then the result
follows by induction. If the first reduction is a decomposition rule, lets say
(Decompose≀) then

A1 [P1 ≀ P2 ≪ C1 ≀ C2]

ssggggggggg
++VVVVVVVV

A1 [P1 ≪ C1 ∧ P2 ≪ C2]

++WWWWWWWWW
A1 [P1 ≀ P2 ≪ C1 ≀ C ′

2]

sshhhhhhhh

A1 [P1 ≪ C1 ∧ P2 ≪ C ′
2]

If the first reduction is (ToSubst) then just swap the two reduction steps.

– If C = C1∧C2 then, if the two reductions take place in C1 or in C2 then the result
follows by induction. If the first reduction is (ToSubst) then just swap the two
reduction steps. Otherwise the first reduction reduces C at its top position
and thus C must be equal modulo A1 to D1 ∧ (x≪ B) ∧ D2 ∧ (x≪ B) ∧ D3.
If the second reduction takes place in one of the Di then the result follows
easily. If the second reduction occurs in one occurrence of B by reducing it to
B ′ then close the diagram on the left by reducing the remaining occurrence
of B into B ′ and on the right by first reducing the other occurrence of B into
B ′ and then apply the (Idem) rule. If the two reductions use the rule (Idem)
then there are two cases (any permutation of constraints in the first case is
similar) :

We can have

C ∼A1

(

C1 ∧ (x≪ A) ∧ C2 ∧ (y≪ B) ∧ C3 ∧ (x≪ A) ∧ C4 ∧ (y≪ B) ∧ C5

)
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and the first reduction eliminates the doubletons related to x and the second
reduction eliminates the doubletons related to y. Then, to close the dia-
gram simply swap the two reductions (this is possible thanks to the extension
variables in the (Idem) rule).

Otherwise

C ∼A1

(

C1 ∧ (x≪ A) ∧ C2 ∧ (x≪ A) ∧ C3 ∧ (x≪ A) ∧ C4

)

and conclude the case as in the previous case.

• If A = A1 [φ] then we proceed by induction on φ and by case analysis on the rule
used for the first reduction.

The interesting case is when the first reduction uses the (Constraint) rule and the
second reduction is done using the (ToSubst) rule. In this case, the result follows
using the (Compose) rule and Lemma 5.14. Let us denote ∧i(Pi ≪ Bi) by C and
∧j(Pj ≪ Bj) by D. In the following we simply write C [x = B] for ∧i(Pi [x = B] ≪
Bi [x = B]). Let us suppose moreover that A1 = A3 [C ∧ (y≪ A2) ∧ D] in which
case the first reduction gives:

(A3 [C ∧ (y≪ A2) ∧ D]) [x = B]

→Constraint A3 [x = B] [C [x = B] ∧ (y [x = B] ≪ A2 [x = B]) ∧ D [x = B]]

→Var A3 [x = B] [C [x = B] ∧ (y≪ A2 [x = B]) ∧ D [x = B]]

→ToSubst A3 [x = B] [y = A2 [x = B]] [C [x = B] ∧ D [x = B]]

→Compose A3 [y = A2 [x = B] ∧ x = B [y = A2 [x = B]]] [C [x = B] ∧ D [x = B]]

By α-conversion, y 6∈ fv(B) and so, by applying Lemma 5.14, we get

→→C A3 [y = A2 [x = B] ∧ x = B ′] [C [x = B] ∧ D [x = B]] (1)

with B→→C B
′. The second reduction gives:

(A3 [C ∧ (y≪ A2) ∧ D]) [x = B]

→ToSubst (A3 [y = A2] [C ∧ D]) [x = B]

→Constraint A3 [y = A2] [x = B] [C [x = B] ∧ D [x = B]]

→Compose A3 [x = B∧ y = A2 [x = B]] [C [x = B] ∧ D [x = B]]

→→C A3 [x = B ′ ∧ y = A2 [x = B]] [C [x = B] ∧ D [x = B]] (2)

Lemma 5.14 concludes the case showing that the terms (1) and (2) have a common
reduct.

�
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Lemma 5.25 The relation →C is confluent modulo A1.

Proof. We actually prove a stronger property, that is that the relation is Church-
Rosser modulo A1, which is obtained according to [Ohl98] from the strong normalization
(Lemma 5.22), the coherence (Lemma 5.23) and the local confluence (Lemma 5.24) mod-
ulo A1 of →C . �

5.4.5 Parallel version of the ρδ

The parallelization of the ρ and δ rules is an easy extension of the parallel reduction of
Tait and Martin-Löf given in Part I. The definition is here a bit longer because of the
many congruence rules.

Definition 5.26 (Parallelization of ρδ) The parallelization of the relation induced by
the rules (ρ) and ( δ), denoted ⇒ρδ, is defined inductively in Figure 5.11.

Lemma 5.27 (Diamond Property of ⇒ρδ) For any terms A,B1, B2 there exists a
term A ′ such that the following diagram holds:

A
ρδq

~~||
||

||
|| ρδq

  B
BB

BB
BB

B

B1

ρδq   A
A

A
A B2

ρδq~~}
}

}
}

A ′

Proof. The relation ⇒ρδ is the parallelization of an orthogonal system. �

5.4.6 Yokouchi-Hikita’s diagram modulo and confluence of ρ◦
x

Lemma 5.28 (Yokouchi-Hikita’s diagram modulo) For any terms A, B1 and B2

in the linear ρ◦
x

there exists the terms A ′
1, A

′
2 such that the following diagram holds:

A

C

����
��

��
��

��
ρδq

��>
>>

>>
>>

>>
>

B1

C∗ ρδq C∗

��-
-

-
- B2

C∗

���
�
�
�

A ′
1

∼A1 A ′
2
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A⇒ρδ A
′ B⇒ρδ B

′

(P _ A) B⇒ρδ A
′[P ≪ B ′]

A ′
1⇒ρδ A

′
1 A2⇒ρδ A

′
2 B⇒ρδ B

′

(A1 ≀ A2) B⇒ρδ A
′
1 B

′ ≀ A ′
2 B

′

A⇒ρδ A

A⇒ρδ A
′

P _ A⇒ρδ P _ A ′

A⇒ρδ A
′ B⇒ρδ B

′

A B⇒ρδ A
′ B ′

A⇒ρδ A
′ B⇒ρδ B

′

A ≀ B⇒ρδ A
′ ≀ B ′

C ⇒ρδ C ′ A⇒ρδ A
′

A [C]⇒ρδ A
′ [C ′]

φ⇒ρδ φ
′ A⇒ρδ A

′

A [φ]⇒ρδ A
′ [φ ′]

B⇒ρδ B
′

(P ≪ B)⇒ρδ (P ≪ B ′)

B⇒ρδ B
′

(x = B)⇒ρδ (x = B ′)

C ⇒ρδ C ′ D ⇒ρδ D ′

C ∧ D ⇒ρδ C ′ ∧ D ′

φ⇒ρδ φ
′ ψ⇒ρδ ψ

′

φ∧ψ⇒ρδ φ
′ ∧ψ ′

Figure 5.11: Parallel version of the ρδ-rules
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Proof. When the two steps from A to B1 and from A to B2 do not overlap, the proof
is easy. So we have to inspect every critical pair1. Since a strict subexpression of a ρδq

redex can never overlap with a C redex, it is sufficient to work by cases on the derivation
from A to B1. We only consider the (App) rule. The other cases are simpler and similar.

(A B) [xi = Ai]
n

i=1
C

rrffffffffffffff ρδq

++WWWWWWWWWWWW

A [xi = Ai]
n

i=1 B [xi = Ai]
n

i=1

ρδq
,,XXXXXXXXXXXXXX

(A ′ B ′) [xi = A ′

i]
n

i=1

Cssgggggggggggg

A ′ [xi = A ′

i]
n

i=1
B ′ [xi = A ′

i]
n

i=1

((P _ A1) B) [xi = Ai]
n

i=1
C

rreeeeeeeeeee ρδq

++XXXXXXXXX

((P _ A1) [xi = Ai]
n

i=1) B [xi = Ai]
n

i=1

C��

(A ′

1[P ′ ≪ B ′]) [xi = A ′

i]
n

i=1

C

vvmmmmmmmmmmmmmmmmmm

(P _ A1 [xi = Ai]
n

i=1) B [xi = Ai]
n

i=1

ρδq

,,YYYYYYYYYYY

(A ′

1 [xi = A ′

i]
n

i=1
)[P ′ ≪ B ′ [xi = A ′

i]
n

i=1
]

The case where the ρδq reduction from A to B2 concerns a δ redex is similar to the
previous one. �
Notice that the linearity condition is essential here since it ensures that the rule (Idem)
is never used. If this condition is not enforced and non-linear terms are allowed, the
following (non-joinable) diagram gives a counterexample of Yokouchi-Hikita’s diagram
modulo.

x [x≪ (a _ a) a∧ x≪ (a _ a) a]

C

wwppppppppppppppp
ρδq

))SSSSSSSSSSSSSSSSSSSS

x [x≪ (a _ a) a] x [x≪ a [a≪ a] ∧ x≪ (a _ a) a]

Lemma 5.29 The relation →→K⇒ρδ→→K is confluent modulo A1.

Proof. All the hypotheses of the Yokouchi-Hikita’s lemma modulo (Lemma 6.10) are
proved in the previous lemmas:

• The relation →K is strongly normalizing by Lemma 5.22.

• The relation →K is confluent modulo A1 by Lemma 5.25.

1As in the λσ⇑ -calculus a critical pair has a slightly different meaning than the standard one because

of the parallel reduction.
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• The relation ⇒ρδ has the diamond property by Lemma 5.27.

• The relations →K and ⇒ρδ are coherent modulo A1 : the coherence of ⇒ρδ modulo
A1 is obvious and the coherence of →K is obtained by Lemma 5.23.

• Yokouchi-Hikita’s diagram modulo holds by Lemma 5.28.

�

Lemma 5.30 The relation →ρ◦
x
,A1

is confluent modulo A1.

Proof. We have→ρδ ⊆⇒ρδ ⊆ →→ρδ thus→ρ◦
x
,A1

⊆→→K⇒ρδ→→K ⊆→→ρ◦
x
,A1

and the reflexive

and transitive closure of (→→K ⇒ρδ →→K) is equal to →→ρ◦
x
,A1

. Then confluence modulo A1

of →ρ◦
x
,A1

is equivalent to confluence modulo A1 of →→K⇒ρδ→→K. Lemma 5.29 concludes

the proof. �

Theorem 5.31 The linear ρ◦
x

is confluent (the relation →ρ◦
x
/A1

is confluent).

Proof. The property follows from the previous lemma and the coherence of→ρ◦
x
,A1

mod-

ulo ∼A1 [Ohl98]. �

5.5 Implementation in the Tom language

Explicit substitution calculi have been studied from different points of view. Different
calculi have been proposed so as to obtain meta properties like confluence and preser-
vation of strong normalization [Les94, Ros96, CHL96, DG01]. They have been used to
perform higher-order unification [DHK00] just like to represent incomplete proofs in type
theory [Muñ97] or to prove correctness of compiler optimizations [Ler02]. Moreover, ex-
plicit substitution calculi have been used in two significant practical systems [Nad02]:
the Standard ML of New Jersey compiler and the Teyjus implementation of Lambda
Prolog. In particular the use of de Bruijn indices and the ability to merge together
structure traversals (i.e. the composition of substitutions) have a strong positive impact
on the system performances [LN04].

The study of explicit ρ-calculi is thus also important for future implementations of
languages based on the ρ-calculus. Actually, the ρ-calculus provides the basis for a
language combining functional languages and rewrite based languages (Elan, Maude . . . )
features and thus besides provides a toy interpreter allowing us to experiment with
the ρ-calculus. Our implementation of explicit ρ-calculi is a first step toward such a
language. Moreover, the ρ-calculus provides proof terms for the proof assistants based
on superdeduction [BHK07, Wac05] such as Lemuridae.

The rest of the section is devoted to the brief presentation of our implementation
and of the support language, Tom. The gap between the different calculi defined in the
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previous sections and the actual implementation is rather small and so, we mainly focus
here on the key features of Tom that led to a natural implementation of the explicit
ρ-calculi.

Following the experience of Elan, a strategic rewriting based language [BKK+98b,
KK04], the Tom language extends Java with the purpose of providing high level con-
structs inspired by the rewriting community such as powerful matching capabilities along
with a rich strategy language inspired by Elan and Stratego [Vis01a]. A full presentation
of Tom2 is out of the scope of this chapter but we refer to [BBK+06] for a detailed
presentation.

First, Tom performs associative and unitary matching (unlike Elan that performs as-
sociative and commutative matching) also known as list matching. Constraints and
substitutions are represented by lists of atomic matching equations (built using the op-
erator “≪”) and respectively equations (built using the operator “ = ”).

Secondly, the overall evaluation process of a term with respect to a rewrite system
and a given strategy can be implemented straightforwardly in Tom since one can define
separately the rewrite system and the strategy to evaluate it. This is a good way to
obtain a modular and easily maintainable implementation.

Thirdly, thanks to an intensive use of the Tom component called Gom [Rei06] that
automatically generates tree-like data-structures (following [BMV05] and [BJKO00]),
we obtain for free the corresponding maximal sharing representation of terms for a given
signature. Maximal sharing has strong impact on performances. For example, we can
test the equality of terms in constant time (check the equality of memory addresses).

Lastly, an elaborated parser was easily obtained by the combination of Tom and a
second generation parser generator such as Antlr : the parser generator is used for
parsing, Tom is used for term construction.

The implementation of the operational semantics of the ρ◦
x

follows the overall eval-
uation process given earlier. All previously given examples can be simulated by the
implementation. Our interpreter is available on the ρ-calculus web page3.

The approach followed here is to give a simple but trustable interpreter for the ρ-
calculus. There are other implementations of the ρ-calculus but that are quite different.

iRho It is an interpreter an imperative version of the ρ-calculus [LS04]. The approach
is quite different from the one presented in this chapter since the final objective is to
make an agile programming language. The interesting point is that the core of this
implementation (evaluator) is certified using the proof assistant Coq [Coq07].

Rogue It is an imperative rewriting language that extends the untyped ρ-calculus with
mutable expression attributes. The approach is quite different since the main objective
is to implement efficient decision procedures [SDK+03]. This leads to the development
of a calculus of explicit binding [SS04] in which the arrow operator of the ρ-calculus

2http://tom.loria.fr
3http://rho.loria.fr/implementations.html
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is analyzed into two operators: a scoping operator alpha, which binds a variable in an
expression; and a weaker form of arrow showing how to transform expressions matching
a pattern. This is a particular case of dynamic patterns described in Chapter 6.

5.6 Explicit substitutions with generalized de Bruijn indices in
the ρ-calculus

Until now, we do not deal explicitly with α-conversion. There are many works that should
be considered: deBruijn [Bru78] indices, the λ-calculus with explicit scoping [HO03],
director strings [Sin05] etc. These works should be adapted in the ρ-calculus since the
arrow operator may bind more than one variable.

In this section, we set the main ideas for a ρ-calculus with de Bruijn indices and
explicit substitutions. We first recall the framework of explicit substitutions with de
Bruijn indices in the λ-calculus.

5.6.1 Explicit substitution with de Bruijn indices in the λ-calculus

In the λ-calculus, the substitution application is performed modulo α-conversion in or-
der to avoid captures of variables when substitutions go through λ-abstractions. This
means that each β-step requires an explicit treatment in order to rename variables. This
operation highly influences the performance of the implementation and should thus be
studied with care.

The λ-calculus with de Bruijn indices is a formalism that replaces each variable of the
λ-calculus by an integer representing the number of λ-abstractions from this variable to
its binder. Examples are given in the following table.

λ-terms λ-terms with de Bruijn indices

λx. x λ1

λx. λy. x λλ2

(λx. λy. x) (λx. x) (λλ2) (λ1)

The notion of substitution and substitution application should be adapted in the
context of de Bruijn indices. When reducing a β-redex (λA)B, the free indices (variables)
of A should be increased by one to take into account that one λ-abstraction has been
removed. This is for example the case in

λx. (λy. x) x λ(λ2) 1

→ λx. x → λ1
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Moreover, when applying a substitution {x ← B} to an abstraction, the indices of B
must be increased by one to take into account the extra λ-abstraction that is crossed by
the substitution. This is for example the case in the following reduction

λz1. λz2. (λx1. λx2. x1) z1 λλ(λλ2) 2

→ λz1. λz2. λx2. z1 → λλλ3

The definition of substitution is thus based on the fundamental shift operation, de-
noted ↑, that increases by one all the indices.

To make explicit the substitution application in a λ-calculus with de Bruijn indices,
the λσ-calculus was introduced [ACCL91, CHL96]. The substitutions are no longer
composed of pairs of indices (variable) and terms but are equivalently represented by a
list of terms where the position in the list corresponds to the indices. The symbol ◦ is
used to represent substitution composition and the symbol id to represent the identity
which is nothing but the sequence of de Bruijn indices (n)n≥1. The shift substitution
is interpreted as the sequence of de Bruijn indices (n + 1)n≥1. For example, in this
framework we represent the substitution {A/1, B/2} by the substitution [A.B.id]. The
(Beta) rule which reduces a redex into an explicit substitutions application is described
as follows

(Beta) (λA)B → A[B.id]

For example, the following β-reduction sequence

(λx. λy. x) (λx. x)

→ λy. λz. z

is represented in the λσ-calculus by

(λλ2) (λ1)

→→ (λ2) [λ1.id]

→→ λ(2[1.(λ1.id)◦ ↑]
→→ λ(2[1.(λ1). ↑]
→→ λλ1

where the first step reduces the redex into the explicit substitution application, the
second one describes how a substitution is updated when traversing a λ-abstraction
(often named the lift operation), the third one simplifies the composition of the two
substitutions and finally the last step replaces the indice 2 by its corresponding term.

The precise rules of the λσ-calculus can be found, for example, in [CHL96] and a
general survey on explicit substitution calculi can be found in [Kes07].

5.6.2 Explicit substitutions with generalized de Bruijn indices in the
ρ-calculus

H. Cirstea proposed to adapt [Cir00] these notions to the ρ-calculus. The main difficulty
is that the binders can bind more than one variable. If the notion of substitution remains
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unchanged w.r.t. the λ-calculus, then when traversing a pattern-abstraction with a
pattern which contains n variables, we should lift the substitution n times.

We sketch here an approach that adapts the notion of substitutions to the binder of
the ρ-calculus : substitutions become lists of lists of terms. The position in this list
indicates the number associated to the binder (as in the λ-calculus) and the inner lists
are used to indicate the substitution for each of the indices bound by this abstraction.
Then a bound indice in the body of an abstraction must mention first a position to
indicate the binder and another position to indicate the corresponding variables of the
binder. Note that this is a generalization of the notion of substitution of the λ-calculus
(substitutions as lists of terms) since if the abstraction binds only one variable then all
the substitutions are list of singletons and thus, they are in a one-to-one correspondence
with list of terms.

For example, consider the ρ-rewrite sequence

(

f(x, y) _ (g(z, t) _ h(x, y, z, t))g(x, a)
)

f(b, c)

→ (g(z, t) _ h(b, c, z, t))g(b, a)

→ h(b, c, b, a)

The initial term can be encoded using generalized de Bruijn indices by

(

f(1, 2) _ (g(1, 2) _ h(21, 22, 11, 12))g(11, a)
)

f(b, c)

where 12 indicates that we refer to the second variable of the outer binder. This should
be evaluated as follows

(

f(1, 2) _ (g(1, 2) _ h(21, 22, 11, 12))g(11, a)
)

f(b, c)

(1)→→ (g(1, 2) _ h(21, 22, 11, 12))g(11, a)
)

[[b, c].id]

(2)→→ (g(1, 2) _ h(21, 22, 11, 12))[[b, c].id]g(11, a)[[b, c].id]
)

(3)→→ (g(1, 2) _ h(21, 22, 11, 12)[[id].[[b, c].id]◦ ↑)]g(11, a)[[b, c].id]
)

(4)→→ (g(1, 2) _ h(21, 22, 11, 12)[[id].[[b, c].id]◦ ↑)]g(b, a)
)

(5)→→ (g(1, 2) _ h(21, 22, 11, 12)[[id].[b, c]. ↑)]g(b, a)
)

(6)→→ (g(1, 2) _ h(b, c, 11, 12)g(b, a)
)

(7)→→ h(b, c, 11, 12) [[b, a].id]
(8)→→ h(b, c, b, a)

where the step labelled (1) reduces the outer redex to the explicit substitution applica-
tion, the step (2) propagates the substitution over the application, the step (3) propagate
the substitution over the abstraction by doing a single lift operation, the step (5) simpli-
fies the composition of the two substitutions. The other steps are explicit substitution
applications.
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Thanks to the generalized de Bruijn indices and substitutions, only one lift operation
is needed when traversing an abstraction.

We conjecture that the full theory of the explicit substitution calculus that we sketched
in this section is quite of interest and has the expected properties (such as the Church-
Rosser property).

Conclusion and future works

We have proposed a ρ-calculus that handles explicitly the (syntactic) matching con-
straints and the application of the resulted substitutions. We have proved that it enjoys
the classical properties of such a formalism, i.e., confluence of the calculus and the ter-
mination and confluence of the constraint handling part. We have seen that the calculus
is modular and can be adapted to other matching theories for the defined constants and
for the structure operator “≀”. We have shown that we can either choose to be atomic
and give a simple definition of substitutions (as in ρs), or more general and efficient and
define a calculus that handles substitution composition (as in ρ◦

x
).

ρ-calculi and especially the ρ◦
x
, are new frameworks that provide us with theoretical

foundations for a new family of programming languages. Different extensions/variations
of the ρ-calculus are now available: in [LS04] an imperative version of the calculus has
been proposed and in [FK02] exceptions in the ρ-calculus were studied. The imple-
mentation briefly described here can be seen as the basis for programming language
incorporating the features introduced in these different extensions.

Related work: In [BKK98a], a calculus called the PSA-Calculus was introduced. The
explicit application of a rewrite rule and the explicit matching handling were coined for
the first time in this ancestor of the ρ-calculus. Nevertheless, it was a first approach to
make explicit rewriting and thus less powerful than the current ρ-calculus. For example,
the PSA-Calculus is not powerful enough to express strategies as explicit objects and
thus there is a hierarchy between rules and strategies.

A rewriting calculus with explicit substitutions has been already proposed in [Cir00].
This calculus is mainly an extension of the λσ-calculus and is called the ρσ-calculus. The
approach is less general than the one presented here since this calculus makes explicit the
substitution application but not the computations to go from constraints to substitutions.
In [NKK02], the cooperation between Coq and Elan that automates the use of AC-
rewriting is the proof assistant makes an intensive usage of the ρσ-calculus to represent
proof terms of rewrite derivations. The explicit treatment of matching in the ρ◦

x
should

be a useful tool to obtain normalization traces in some non-trivial matching theories.
Our work follows the line of the works on explicit substitution calculi and more gener-

ally on the way to represent higher-order languages [Bru72, BF82, Ros96, Pag98]. This
chapter shows that these works need to be extended to deal with the interaction of match-
ing and substitution. Even the works on generic calculi of explicit substitutions [Ste00]
cannot be used since, to the best of our knowledge, they do not handle composition of
substitutions. Of course, if such works would be extended, the embedding of our calculus
should be of interest.
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Future work: There are different points that should be studied. Namely, we should
understand how the approach proposed in [KL05, Kes07] and, in particular, the permu-
tation of substitutions can be applied in order to simplify the notion of substitution for
the ρ-calculus. Moreover, taking advantage of the very general management of errors we
should propose a powerful named exception mechanism.

Finally, we should note that that confluence of the ρ◦
x

was proved by splitting the set of
evaluation rules as follows: the ρ and δ rules, the rules dealing explicitly with matching
and the rules dealing with explicit substitutions. The set of matching rules deals with
first-order linear structure patterns while the two other set of rules are independent from
the matching theory (and from the set of patterns). A more general approach would
have been to study all the properties independently of the set of patterns and of the
matching algorithm. This is what we do in the following chapter for a plain ρ-calculus
with dynamic patterns.
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Chapter 6

Confluence of pattern-based λ-calculi

Context There are several formalisms that address the integration of pattern matching
capabilities with the λ-calculus; we can mention the λ-calculus with patterns [Oos90,
KOV07], the rewriting calculus [CK01], the pure pattern calculus [JK06] and the λ-
calculus with constructors [AMR06].

Each of these pattern-based calculi differs on the way patterns are defined and on
the way pattern-abstractions are applied. Thus, patterns can be simple variables like in
the λ-calculus, algebraic terms like in the algebraic ρ-calculus [CLW03], special (static)
patterns that satisfy certain (semantic or syntactic) conditions like in the λ-calculus with
patterns or dynamic patterns that can be instantiated and possibly reduced like in the
pure pattern calculus and some versions of the ρ-calculus. The underlying matching
theory strongly depends on the form of the patterns and can be syntactic, equational or
more sophisticated [JK06, BCKL03].

Although some of these calculi just extend the λ-calculus by pattern-abstractions
instead of variable-abstractions the confluence of these formalisms is lost when no re-
strictions are imposed.

Several approaches are then used to recover confluence. One of these techniques con-
sists in syntactically restricting the set of patterns and then showing that the reduction
relation is confluent for the chosen subset. This is done for example in the λ-calculus
with patterns and in the ρ-calculus (with algebraic patterns). The second technique
considers a restriction of the initial reduction relation (that is, a strategy) to guarantee
that the calculus is confluent on the whole set of terms. This is done for example in the
pure pattern calculus where the matching algorithm is a partial function (whereas any
term is a pattern).

Nevertheless we can notice that in practice, the proof methods share the same structure
and that each variation on the way pattern-abstractions are applied needs another proof
of confluence. There is thus a need for a more abstract and more modular approach
in the same spirit as in [Mel02, Kes00]. A possible way to have a unified approach for
proving confluence is the application of the general and powerful results on confluence
of higher-order rewrite systems [KOR93, MN98, Ter03]. Although these results have
already been applied for some particular pattern-calculi [BK07] the encoding seems to
be rather complex for some calculi and in particular for the general setting proposed
here. Moreover, it would be interesting to have a framework where the expressiveness
and (confluence) properties of the different pattern calculi can be compared.
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Contributions We show that all the pattern-based calculi can be expressed in a general
calculus parameterized by a function that defines the underlying matching algorithm
and thus the way pattern abstractions are applied. This function can be instantiated
(implemented) by a unitary matching algorithm as in [CK01, JK06] but also by an
anti-pattern matching algorithm [KKM07] or it can be even more general [LHL07]. We
propose a generic confluence proof where the way pattern abstractions are applied is
axiomatized. Intuitively, the sufficient conditions to ensure confluence guarantee that
the (matching) function is stable by substitution and by reduction.

We apply our approach to several classical pattern calculi, namely the λ-calculus
with patterns, the pure pattern calculus, the rewriting calculus and the λ-calculus with
constructors. For all these calculi, we give the encodings in the general framework and
we obtain proofs of confluence. This approach does not provide confluence proofs for
free but it establishes a proof methodology and isolates the key points that make the
calculi confluent. It can also point out some matching algorithms that although natural
at the first sight can lead to non confluent reduction in the corresponding calculus.

Outline of the chapter In Section 6.1 we give the syntax and semantics of the dynamic
pattern λ-calculus. The hypotheses under which the calculus is confluent and the main
theorems are stated and proved in Section 6.2. A non-confluent calculus is given at
the end of this section. In Section 6.3 we give the encoding of different pattern-calculi
and the corresponding confluence proofs. Note that the sections 6.2 and 6.3 are fairly
independent (except for the confluence proofs) and can be read in any order.

6.1 The dynamic pattern λ-calculus

In this section, we first define the syntax and the operational semantics of the core
dynamic pattern λ-calculus. We then give the general definition of the dynamic pattern
λ-calculus.

6.1.1 Syntax

The syntax of the core dynamic pattern λ-calculus is defined in Figure 6.1. We use the
syntactical conventions of the previous chapters. In particular, variables are denoted
by x, y, z, . . ., constants by a, b, c, d, e, f, . . . and we sometimes use an algebraic notation
f(A1, . . . , An) for the term ((fA1) . . .)An). In an abstraction A _θ B, the set θ is
a subset of the set of variables of A and represents the set of variables bound by the
abstraction. This set is often omitted when it is exactly the set of free variables of the
pattern.

Comparing to the λ-calculus we abstract thus not only on variables but on general
terms and the set of variables bound by an abstraction is not necessarily the same as
the set of (free) variables of the corresponding pattern. We say thus that the patterns
are dynamic since they can be instantiated and possibly reduced.

Since the binders are somehow unusual, we give precisely the definition of the free and
bound variables.
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6.1 The dynamic pattern λ-calculus

A,B ::= x (Variable)
| c (Constant)
| A _θ B (Abstraction)
| A B (Application)

Figure 6.1: Syntax of the (core) dynamic pattern λ-calculus

Definition 6.1 (Free and bound variables) The set of free and bound variables of
a term A, denoted fv(A) and bv(A), are defined inductively by:

fv(c) , ∅ bv(c) , ∅ fv(x) , {x} bv(x) , ∅

fv(AB) , fv(A) ∪ fv(B) fv(A _θ B) , (fv(A) ∪ fv(B))\θ

bv(AB) , bv(A) ∪ bv(B) bv(A _θ B) , bv(A) ∪ bv(B) ∪ θ

Open and closed terms, substitutions and substitution application are defined as usu-
ally (see for example Chapter 4). Also, we work modulo α-conversion and as before
α-equivalence is denoted by ≡.

6.1.2 Operational semantics

The operational semantics of the core dynamic pattern λ-calculus is given by a single
reduction rule that defines the way pattern-abstractions are applied. This rule, given in
Figure 6.2, is parameterized by a partial function, denoted Sol(A ≺≺θ B), that takes as
parameters two terms A and B and a set θ of variables and returns a substitution.

Different instances of the core dynamic pattern λ-calculus are obtained when we give
concrete definitions to Sol. For example, the λ-calculus can be seen as the core dynamic
pattern λ-calculus such that

σ = Sol(A ≺≺θ C) iff A is a variable x, θ = {x} and Aσ ≡ C

Example 6.2 (Syntactic matching) Consider the rules to solve syntactic matching
problem given in Section4.2.1.We can define Sol(A ≺≺θ B) as the function that normal-
izes the matching problem A ≪? B w.r.t. the above rewrite rules and according to the
obtained result returns:
– nothing (i.e. is not defined) if fv(A) 6= θ or if the result is F,
– the substitution {xi← Ai}i∈I if the result is of the form

∧

i∈I6=∅ xi ≪
? Ai,

– id, if the result is empty.

Example 6.3 (Case branchings) Consider a pattern-based calculus with a case con-
struct denoted using | (a.k.a. a match operator as in functional programming languages).
It can be encoded in the core dynamic pattern λ-calculus as follows:

(A1 7→ B1| . . . |An 7→ Bn)C ,
(

(A1 →֒ B1/ . . . /An →֒ Bn) _x x
)

C
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(ρ) (A _θ B)C → Bσ

where σ = Sol(A ≺≺θ C)

Figure 6.2: Operational semantics of the core dynamic pattern λ-calculus

where x is a fresh variable, the symbols →֒ and / are constants of the core dynamic
pattern λ-calculus (infix notation) and the function Sol may be defined by

Sol
(

(A1 →֒ B1/ . . . /An →֒ Bn) ≺≺x Aiσ
)

, {x← Biσ}

Some pattern-calculi come with additional features and cannot be expressed as in-
stances of the core dynamic pattern λ-calculus. For example, the pure pattern calcu-
lus [JK06] and some versions of the rewriting calculus [CLW03] reduce the application of
a pattern-abstraction to a special term when the corresponding matching problem has
not and will never have a solution. In the rewriting calculus [CLW03] there is also a
construction that aggregates terms and then distributes them over applications.

We define thus the dynamic pattern λ-calculus as the core dynamic pattern λ-calculus
extended by a set of rewrite rules. As for Sol this set, denoted ξ, is not made precise and
can be considered as a parameter of the calculus. It can include for example some rules
to reduce particular pattern-abstractions to a special constant representing a definitive
matching failure or some extra rules describing the distributivity of certain symbols (like
the structure operator of the ρ-calculus) over the applications.

In what follows, →ρ denotes the compatible closure of the relation induced by the
rule ρ and →→ρ denotes the transitive closure of →ρ. Similarly, we will denote by →ρ∪ξ

the compatible closure of the relation induced by the rules ρ and ξ. →→ρ∪ξ denotes the
transitive closure of →ρ∪ξ.

6.2 Confluence of the dynamic pattern λ-calculus

The calculus is not confluent when no restrictions are imposed on the function Sol. This
is for example the case when we consider the decomposition of applications containing
free active variables (the term (x a _x x) ((y _y y)a) can be reduced either to y _y y

or to (x a _x x)a which are not joinable) or when we deal with non-linear patterns (see
Section 4.3.3). Nevertheless, confluence is recovered for some specific definitions of Sol
like the one used in Section 6.1.2 when defining the λ-calculus as a core dynamic pattern
λ-calculus.

In this section we give some sufficient conditions that guarantee the confluence of the
core dynamic pattern λ-calculus. Intuitively, the hypotheses introduced in Section 6.2.2
under which we prove confluence of the calculus guarantee the coherence between Sol and
the underlying relation of the calculus. The obtained results can then be generalized for
a dynamic pattern λ-calculus with an extended set of rules ξ that satisfies some classical
coherence conditions.
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6.2 Confluence of the dynamic pattern λ-calculus

A ⇒ρ A

A ⇒ρ A ′ B ⇒ρ B ′

AB ⇒ρ A ′B ′

A ⇒ρ A ′ B ⇒ρ B ′

(A _θ B) ⇒ρ (A ′ _θ B
′)

A ⇒ρ A ′ B ⇒ρ B ′ C ⇒ρ C ′

(A _θ B)C ⇒ρ B ′σ ′ if σ ′ ∈ Sol(A ′ ≺≺θ C
′)

Figure 6.3: Parallel reduction for the dynamic pattern λ-calculus

6.2.1 The parallel reduction

We use here a proof method introduced by Martin-Löf that consists in defining a so-
called parallel reduction that, intuitively, can reduce all the redexes initially present in
the term and that is strongly confluent (even if the one-step reduction is not) under
some hypotheses. A detailed discussion on parallel reductions in the λ-calculus has been
given in Chapter 1.

Definition 6.4 (Parallel reduction) The parallel reduction is inductively defined on
the set of terms in Figure 6.3 .

Note that the parallel reduction is compatible.

Remark 6.5 (Parallel reduction and developments) The given definition of par-
allel reduction does not coincide with the classical notion of developments. For example,
if we use a Sol function that computes the substitution solving the matching between its
two arguments (for example, like in Example 6.2 but without using the last rule) then we
have

f x ⇒ρ f x x ⇒ρ x (y _ f y)a ⇒ρ f a

((f x) _ x)((y _ f y)a) ⇒ρ a

The substitution {x← a} solves the syntactic matching between the terms f x and f a and
thus, even if the initial term contains no head redex (because the argument (y _ f y)a

must be reduced before) it can still be reduced using the parallel reduction.

We extend the definition of parallel reduction to substitutions having the same domain
by setting σ ⇒ρ σ ′ as soon as for all x in the domain of σ, we have xσ ⇒ρ xσ ′.

6.2.2 Stability of Sol

Preservation of free variables First of all, when defining a higher-order calculus it
is natural to ask that the set of free variables is preserved by reduction (some free
variables can be lost but no free variables can appear during reduction). For example,
the free variables of the term (A _θ B)C should be include the ones of the term Bσ with
σ = Sol(A ≺≺θ C). Thus, the substitution σ should instantiate all the variables bound
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(by the abstraction) in B, that is, all the variables in θ. Moreover, the free variables
of σ should already be present in C or free in A. These conditions are enforced by the
hypothesis H0 in Figure 6.4.

If we think of Sol as a unitary matching algorithm, the examples that do not verify
H0 are often peculiar algorithms (for example the function that returns the substitution
{x← y} for any problem). When considering non-unitary matching (not handled here),
there are several examples that do not verify H0. For instance, the algorithms solving
higher-order matching problems or matching problems in non-regular theories (e.g., such
that x× 0 = 0) do not verify H0.

Stability by substitution In the core dynamic pattern λ-calculus, when a pattern-
abstraction is applied the argument may be open. One can wait for the argument
to be instantiated and only then compute the corresponding substitution (if it exists)
and reduce the application. On the other hand, one might not want to sequentialize the
reduction but to perform the reduction as soon as possible. Nevertheless, the same result
should be obtained for both reduction strategies. This is enforced by the hypothesis H1

in Figure 6.4.

If we consider that Sol performs a naive matching algorithm that does not take into
account the variables in θ and such that Sol(a ≺≺∅ b) has no solution and Sol(x ≺≺∅

y) = {x← y}, then the hypothesis H1 is clearly not verified (take τ = {x← a, y← b}).

Stability by reduction When applying a pattern-abstraction, the argument may also
be not fully reduced. Once again, if Sol succeeds and produces a substitution σ then
subsequent reductions should not lead to a definitive failure for Sol. Moreover, the
substitution that is eventually obtained should be derivable from σ. This is formally
defined in hypothesis H2.

The function Sol proposed in Example 6.2 does not satisfy this hypothesis. If we take
I , (y _ y) then Sol(f(x, x) ≺≺x f(I I, I I)) = {x ← I I} but Sol(f(x, x) ≺≺x f(I I, I))

has no solution. Similarly, this hypothesis is not satisfied by a matching algorithm that
allows the decomposition of applications containing a so-called free active variable (i.e.
a variable in applicative position). For example, we can have Sol(xa ≺≺x (y _ y)a) =

{x← y _ y} but Sol(xa ≺≺x a) has no solution for any classical (first-order) matching
algorithm.

6.2.3 Confluence of the dynamic pattern λ-calculus

In this section, we prove confluence of the dynamic pattern λ-calculus under the hy-
potheses H0,H1,H2. The proof uses the standard techniques of parallel reduction first
introduced by Tait and Martin-Löf. We first show that the reflexive and transitive clo-
sure of the parallel and one-step reductions are the same. Then we show that the parallel
reduction has the diamond property and we deduce confluence of the one-step reduction.

The three hypotheses given in the previous section are used for showing the strong
confluence of the parallel reduction and in particular the Lemma 6.7. On the other hand,
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∀A,C,A ′, C ′

H0 : Sol(A ≺≺θ C) = σ implies

{
Dom(σ) = θ

Ran(σ) ⊆ fv(C) ∪ (fv(A)\θ)

H1 : Sol(A ≺≺θ C) = σ implies

{
∀τ s.t. Var(τ) ∩ θ = ∅, we have

Sol(Aτ ≺≺θ Cτ) = (τ ◦ σ)|θ

H2 :

{
Sol(A ≺≺θ C) = σ

A ⇒ρ A ′ C ⇒ρ C ′
implies

{
Sol(A ′ ≺≺ C ′) = σ ′

σ ⇒ρ σ ′

Figure 6.4: Conditions to ensure confluence of the core dynamic pattern λ-calculus

we can show that the reflexive and transitive closure of ⇒ρ is equal to→→ρ independently
of the properties of Sol.

Lemma 6.6 The following inclusions holds: →ρ⊆ ⇒ρ ⊆ →→ρ .

Proof. For the first inclusion suppose that the reduction A → B occurs at the head
position. This means that A ≡ (A1 _θ A2)A3 and B ≡ A2σ where σ = Sol(A1 ≺≺θ A3).
Then we trivially have A ⇒ρ B since the relation ⇒ρ is reflexive. In the other cases
(the reduction does not occur at the head position), the proof directly follows from the
compatibility of the relation ⇒ρ .

For the second inclusion, we prove by induction that if A ⇒ρ B then A→→B.

• If A ≡ B then the result follows since the relation →→ is reflexive.

• If A ≡ A1A2 and B ≡ B1B2 with A1 ⇒ρ B1 and A2 ⇒ρ B2 then by induction
hypothesis applied to A1 and A2 we have, A1→→B1 and A2→→B2. We conclude
that A1A2→→B1B2.

• If A ≡ A1 _θ A2 and B ≡ B1 _θ B2 with A1 ⇒ρ B1 and A2 ⇒ρ B2 we proceed
as in the previous case.

• If A ≡ (A1 _θ A2)A3 and B ≡ B2σ with A1 ⇒ρ B1 and A2 ⇒ρ B2 and
A3 ⇒ρ B3 and σ = Sol(B1 ≺≺θ B3) then by induction hypothesis, we have

A1→→B1 and A2→→B2 and A3→→B3

from which we conclude
(A1 _θ A2)A3

→→ (B1 _θ B2)B3

→ B2σ.
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�
The proof of the diamond property of the parallel reduction relies on the following lemma:

Lemma 6.7 (Fundamental lemma) For all terms C and C ′ and for all substitutions
σ and σ ′,such that C ⇒ρ C ′ and σ ⇒ρ σ ′ we have Cσ ⇒ρ C ′σ ′.

Proof. The proof is by induction.

• If C ≡ C ′ then the result follows by H2 using a trivial induction on C.

• If C ≡ C1C2 and C ′ ≡ C ′
1C

′
2 with C1 ⇒ρ C ′

1 and C2 ⇒ρ C ′
2. By induction

hypothesis applied to C1 and C2, we have

C1σ ⇒ρ C ′
1σ

′ and C2σ ⇒ρ C ′
2σ

′

and then we have
(C1C2)σ ⇒ρ (C ′

1C
′
2)σ

′

which means that Cσ ⇒ρ C ′σ ′. This concludes the case.

• If C ≡ (C1 _θ C2) and C ′ ≡ (C ′
1 _θ C

′
2) with C1 ⇒ρ C ′

1 and C2 ⇒ρ C ′
2.

The case is similar to the previous one. In fact, by induction hypothesis applied
to C1 and C2, we have C1σ ⇒ρ C ′

1σ
′ and C2σ ⇒ρ C ′

2σ
′ and then we have

(C1 _θ C2)σ ⇒ρ (C ′
1 _θ C

′
2)σ

′ which means that Cσ ⇒ρ C ′σ ′. This concludes
the case.

• If C ≡ (C1 _θ′ C2)C3 and C ′ ≡ C ′
2τ

′ with C1 ⇒ρ C ′
1 and C2 ⇒ρ C ′

2 and
C3 ⇒ρ C ′

3 and τ ′ = Sol(C ′
1 ≺≺θ′ C ′

3). We want to prove that

Cσ ≡ (C1σ _θ′ C2σ)C3σ ⇒ρ (C ′
2τ

′)σ ′ ≡ C ′σ ′

By induction hypothesis applied to C1, C2 and C3 we have

C1σ ⇒ρ C ′
1σ

′ and C2σ ⇒ρ C ′
2σ

′ and C3σ ⇒ρ C ′
3σ

′.

Since by α-conversion we can assume that Dom(σ ′) ∩ θ ′ = ∅, we can apply H1

and we get Sol(C ′
1σ

′ ≺≺θ′ C ′
3σ

′) = (σ ′ ◦ τ ′)θ′ . Then, we have

(C1σ _θ′ C2σ)C3σ ⇒ρ (C ′
2σ

′)(σ ′ ◦ τ ′)|θ′

So, to conclude the proof it remains to show that σ ′ ◦ τ ′ ≡ (σ ′ ◦ τ ′)|θ′ ◦ σ ′. The
proof is depicted as follows. There are two cases.

1. If x belongs to θ ′ then

σ ′ ◦ τ ′ : x
τ′

// xτ ′
σ′

// x(σ ′ ◦ τ ′)

(σ ′ ◦ τ ′)|θ′ ◦ σ ′ : x
σ′

(1)
// x

(σ′◦τ′)|θ ′

// x(σ ′ ◦ τ ′)
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2. If x does not belong to θ ′ then

σ ′ ◦ τ ′ : x
τ′

(3)
// x

σ′

// xσ ′

(σ ′ ◦ τ ′)|θ′ ◦ σ ′ : x
σ′

// xσ ′
(σ′◦τ′)|θ ′

(2)
// xσ ′

The steps labeled (1) and (2) are true since by α-conversion we can assume that
Dom(σ ′) ∩ θ ′ = ∅ and Ran(σ ′) ∩ θ ′ = ∅. The step labeled (3) is true since by
applying H0, we have Dom(τ ′) = θ ′.

�

Lemma 6.8 (Diamond property for ⇒ρ ) The relation ⇒ρ satisfies the diamond
property that is, for all terms A,B and C if A ⇒ρ B and A ⇒ρ C then there exists a
term D such that B ⇒ρ D and C ⇒ρ D.

Proof. The proof is by induction on the structure of A.

• If A ≡ x or A ≡ c then the result holds since we necessarily have A ≡ B ≡ C.

• If A ≡ (A1 _θ A2) then necessarily

we have B ≡ (B1 _θ B2) with A1 ⇒ρ B1 and A2 ⇒ρ B2

and C ≡ (C1 _θ C2) with A1 ⇒ρ C1 and A2 ⇒ρ C2.

Applying the induction hypothesis to A1 and to A2 we get that there exist two
terms D1 and D2 such that

we have B1 ⇒ρ D1 and C1 ⇒ρ D1

and B2 ⇒ρ D2 and C2 ⇒ρ D2.

We conclude that

B ≡ (B1 _θ B2) ⇒ρ (D1 _θ D2) ≡ D
and C ≡ (C1 _θ C2) ⇒ρ (D1 _θ D2) ≡ D.

• If A ≡ A1A2 then there are three cases depending on the last rules used to prove
that A ⇒ρ B and A ⇒ρ C.

1. If B ≡ B1B2 and C ≡ C1C2 with A1 ⇒ρ B1 and A2 ⇒ρ B2 and A1 ⇒ρ C1

and A2 ⇒ρ C2 then the proof is similar to the previous case.

2. If A ≡ (A1 _θ A2)A3 and B ≡ B2σ and C ≡ C2σ
′ with






A1 ⇒ρ B1 and A1 ⇒ρ C1

A2 ⇒ρ B2 and A2 ⇒ρ C2

A3 ⇒ρ B3 and A3 ⇒ρ C3

and

{
Sol(B1 ≺≺θ B3) = σ

Sol(C1 ≺≺θ C3) = σ ′
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Chapter 6 Confluence of pattern-based λ-calculi

then we apply the induction hypothesis on A1, A2 and A3 and we get

B1 ⇒ρ D1 and C1 ⇒ρ D1

B2 ⇒ρ D2 and C2 ⇒ρ D2

B3 ⇒ρ D3 and C3 ⇒ρ D3

By applying H2 we have σ ′′ = Sol(D1 ≺≺θ D3) with σ ⇒ρ σ ′′. Then by
applying Lemma 6.7 we conclude that B2σ ⇒ρ D2σ

′′ and C2σ ⇒ρ D2σ
′′.

3. The last case where A ≡ (A1 _θ A2)A3 and B ≡ B2σ and C ≡ (C1 _θ C2)C3

with

A1 ⇒ρ B1 and A1 ⇒ρ C1 and
A2 ⇒ρ B2 and A2 ⇒ρ C2 and
A3 ⇒ρ B3 and A3 ⇒ρ C3 and Sol(B1 ≺≺θ B3) = σ

is similar to the previous one.

�

Theorem 6.9 (Confluence) The core dynamic pattern λ-calculus with Sol satisfying
H0, H1 and H2 is confluent.

Proof. By Lemma 6.6 the reflexive and transitive closure of the relations →ρ and ⇒ρ

are the same. By Lemma 6.8 , the relation ⇒ρ is confluent. We conclude that the
relation →ρ is confluent. �

As we have already said most of the pattern-calculi extend the basic β rule (or its
equivalent) by a set of rules. We will state here the conditions that should be imposed
in order to prove the confluence of the dynamic pattern λ-calculus, conditions that turn
out to be satisfied by most of the different calculi that can be expressed as instances of
the dynamic pattern λ-calculus.

We show in this section that confluence of extensions of the core dynamic pattern
λ-calculus with an appropriate set of rules is easy to deduce using Yokouchi-Hikita’s
lemma [YH90] (see also [CHL96]).

Lemma 6.10 (Yokouchi-Hikita) Let R and S be two relations defined on the same
set T of terms such that

• R is strongly normalizing and confluent,

• S has the diamond property,

• for all A,B and C in T such that A→R B and A→S C then there exists D such
that B→R∗SR∗ D and C→R∗ D (often mentioned as Yokouchi-Hikita’s diagram).
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6.2 Confluence of the dynamic pattern λ-calculus

The following diagram commutes

S

��;
;;

;;
;;

R

����
��

��
�

R∗SR∗

��;
;;

;;
;;

R∗

����
��

��
�

Then the relation R∗SR∗ is confluent.

Theorem 6.11 The dynamic pattern λ-calculus is confluent when

• Sol satisfies H0,H1,H2,

• the set ξ of reduction rules is strongly normalizing and confluent,

• the relations ⇒ρ and ξ satisfy Yokouchi-Hikita’s diagram.

Proof. We apply Yokouchi-Hikita’s lemma by taking for the relation R the compatible
relation induced by ξ and for the relation S the relation ⇒ρ . The diamond property of
the relation ⇒ρ is given by Lemma 6.8. To conclude the proof, it is sufficient to remark
that the reflexive and transitive closure of

→ρ∪ξ and →→ξ ⇒ρ →→ξ

are equal (as a consequence of Lemma 6.6).
�

In fact this theorem states that any pattern-calculus defined as a dynamic pattern
λ-calculus with a particular Sol that satisfies H0, H1 and H2 is confluent.

6.2.4 Confluence issues with linear patterns

The different results we give in the previous sections may seem to be limited because the
conditions imposed on the matching algorithm are strong. Nevertheless, these conditions
are respected by most of the pattern-calculi we have explored and relaxing them leads
to classical counter-examples for confluence.

For example, if the matching can be performed on active variables then non-confluent
reductions can be obtained in both the lambda-calculus with patterns [Oos90, KOV07]
and in the rewriting calculus [CLW03]. Similarly, non-linear patterns lead to non-
confluent reductions that are variations of the Klop’s counter-example [Klo80] for higher-
order systems dealing with non-linear matching.

When using dynamic patterns containing variables that are not bound in the abstrac-
tion the confluence hypotheses should be carefully verified. More precisely, the behavior
of non-linear rules can be encoded using linear and dynamic patterns. Consequently,
Klop’s counter-example can be encoded in the corresponding calculus that is therefore
non-confluent.
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(dx x) _x ♣ , (dxy) _x,y (x _∅ ♣)y

where ♣ denotes an arbitrary term.

Figure 6.5: Klop’s counter example using dynamic linear patterns

Proposition 6.12 (Non-confluence) The core dynamic pattern λ-calculus with Sol
such that for all terms A and B and for some constant d

Sol(A ≺≺∅ A) = id

Sol(x ≺≺x A) = {x← A}

Sol(d(x, y) ≺≺x,y d(A,B)) = {x← A,y← B}

is not confluent.

Proof. The main idea of the proof is to remark that we can encode non-linear patterns
using dynamic linear patterns indicated in Figure 6.5. Then, the proof is a straightfor-
ward adaptation of the encoding of Klop’s counter example in the ρ-calculus given in
Section 4.3.3.

Let d and e be two constants. Recall that we omit the set θ of variables bound in an
abstraction when it coincides with set of free variables of the pattern. We denote →→h

head reductions.

We define the fix-point combinator Y as in the λ-calculus by

Y ,
(

y _ x _ (x (yyx))
)(

y _ x _ (x (yyx))
)

As usually, for all term A we have YA→→hA (YA). We define the following terms:

C ′ ≡
(

y _ x _ (d(z1, z2) _ (z1 _∅ e)z2)d(x, (yx))
)

C ≡ YC ′

C →→h

(

y _ x _ (d(z1, z2) _ (z1 _∅ e)z2)d(x, (yx))
)

C

→h x _ (d(x, z) _ (z1 _∅ e)z2)d(x, (Cx))

A ≡ YC
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6.3 Instantiations of the dynamic pattern λ-calculus

and we have the following reductions:

A // // CA

����

// (d(z1, z2) _ (z1 _∅ e)z2)d(A, (CA))

��
Ce d(z1, z2) _ (z1 _∅ e)z2)d((CA), (CA))

��
((CA) _∅ A) (CA)

��
e

The constant e is in normal form. Let us consider the smallest reduction from Ce to e.
In this reduction, head redexes must be reduced:

Ce ≡ (YC ′) e

→→h C ′ (YC ′) e

→→h ((d(z1, z2) _ (z1 _∅ e)z2)(d(e, (Ce))

→h (e _∅ e)(Ce)

But the term (e _∅ e)(Ce) can be head-reduced only after reducing Ce to e. This
contradicts the minimality of the reduction and thus we conclude that Ce does not re-
duce to e. �

As a consequence we obtain that any pattern-calculus defined using a function Sol that
satisfies the conditions in Proposition 6.12 is not confluent. This is somewhat surprising
since the last two computations are clearly satisfied by any classical syntactic matching
algorithm and the first one seems to be a reasonable choice. On the other hand, ignoring
the information given by the set θ of bound variables when performing matching can
lead to strange behaviors and in particular it allows for an encoding of the equality of
terms.

There were some attempts [BCKL03] to develop calculi that combine the three condi-
tions of Proposition 6.12. Of course, they do not succeed. In fact, the solution proposed
in [BCKL03] validates the first condition but validates neither the second condition nor
the third one: the syntactical restriction does not allow in an abstraction (A _θ B)

patterns with variables in θ and is thus not conservative with the λ-calculus. We study
in more details this syntactical restriction in Section 6.3.2

6.3 Instantiations of the dynamic pattern λ-calculus

In this section, we give some instantiations of the dynamic pattern λ-calculus. For the
sake of simplicity, we only give the key points for each of the pattern based calculi.
All these calculi have been proved confluent under appropriate conditions; we give here
confluence proofs based on these conditions and using the general confluence proof for
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(ρλP
) (A _ B)(Aσ) → Bσ

Figure 6.6: Operational semantics of the λ-calculus with patterns

the dynamic pattern λ-calculus. This latter approach does not provide confluence proofs
for free but gives a proof methodology that focuses on the fundamental properties of the
underlying matching that can be thus seen as the key issue of pattern based calculi.

6.3.1 λ-calculus with Patterns

The λ-calculus with patterns was introduced in [Oos90, KOV07] as an extension of the
λ-calculus with pattern-matching facilities. The set of terms is parameterized by a set
of patterns Φ on which we can abstract.

The syntax of the λ-calculus with patterns is thus the one of the core dynamic pattern
λ-calculus but where patterns are taken in a given set and abstractions always bind all
the (free) pattern variables. Its operational semantics is given by the rule in Figure 6.6.

Instead of considering syntactical restrictions, we can equivalently consider that a
matching problem A ≺≺θ Aσ has a solution only when A ∈ Φ. The λ-calculus with
patterns can thus be seen as an instance of the core dynamic pattern λ-calculus.

The calculus is not confluent (see [Oos90] Ex. 4.18) in general but some restrictions
can be imposed on the set of patterns to recover confluence. This restriction is called
the Rigid Pattern Condition (RPC) and can be defined using the parallel reduction of
the calculus.

Definition 6.13 (RPC) A term P satisfies the RPC condition if

∀σ, ∀A, Pσ ⇒ρ A implies A ≡ Pσ ′ with σ ⇒ρ σ ′

The definition allows for patterns which are extensionally but not intensionally rigid,
such as Ωxy with Ω = (x _ xx) (x _ xx). We choose a (less general) syntacti-
cal characterization [Oos90, KOV07] which we also call RPC and that excludes these
pathological cases.

Definition 6.14 (RPC) The set of terms satisfying RPC is the set of all terms of the
λ-calculus which

• are linear (each free variable occur at most once),

• are in normal form,

• have no active variables (i.e., no sub-terms of the form xA where x is free).

Note that reformulating H2 in the particular case of a Sol function that performs
matching on closed patterns leads to a condition close to the original RPC (the parallel
reduction used in the definition of RPC is slightly different). Nevertheless, the hypothesis
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6.3 Instantiations of the dynamic pattern λ-calculus

H2 allows the matching to be performed on patterns that are not in normal form (or not
reducible to themselves) while this is not the case for the RPC.

Example 6.15 Pairs and projections can be encoded in the λ-calculus with patterns by
directly matching on the pair encoding.

(

(z _ (z x)y) _ x
)(

z _ (zA)B
)

→ρλP
x{x← A, y← B}

≡ A

Proposition 6.16 The λ-calculus with patterns is confluent if the patterns are taken in
the set defined by the RPC.

Proof. The hypotheses H0 and H1 follow immediately. To prove H2, we can remark
that if Pσ ⇒ρ B with P ∈ RPC then ∃B ′, σ ′ s.t. B ′ ≡ Pσ ′ with σ ⇒ρ σ ′ This proves
that a redex cannot overlap with P in Pσ if P ∈ RPC and thus that the condition H2 is
satisfied. We conclude the proof by applying Thm. 6.9. �

6.3.2 Rewriting calculi

In this section, we review the confluence of the extensions of the ρ-calculus presented in
Section 4.5: namely the ρstk-calculus and the ρd-calculus.

The ρstk-calculus

We can consider ≀ and stk as constants of the dynamic pattern λ-calculus and thus we can
see the syntax of the ρstk-calculus as an instance of the syntax of the dynamic pattern
λ-calculus. The rule (ρstk) can be considered as an instance of the (ρ) rule of the dynamic
pattern λ-calculus.

(ρ) (P _ A)B → Aσ

if σ = Sol(P ≺≺ B)

where Sol(P ≺≺ B) has a solution only when P is a pattern. Since patterns are lin-
ear algebraic terms then the Sol function can be implemented using first-order linear
matching à la Huet (see Example 6.2).

Proposition 6.17 The ρstk-calculus with linear algebraic patterns is confluent.

Proof. Confluence of the (ρstk) rule is obtained as the confluence of the λ-calculus with
patterns since the set of patterns of the ρstk-calculus is a subset of patterns satisfying
RPC. The relation δ∪stk induces a terminating relation. It is also locally confluent (this
can be proved by an easy induction on the structure of terms).

To conclude that the ρstk-calculus is confluent using Theorem 6.9 it is sufficient to
remark that ⇒ρ ρstk

and (δ∪stk) satisfy the Yokoutchi-Hikita’s diagram (easy induction
of the structure of terms).

�
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The ρd-calculus

The encoding is similar to the one of the ρstk-calculus. Note that for the (ρd) rule, the
corresponding function Sol has solutions only when the argument is a stuck value.

Proposition 6.18 The ρd-calculus is confluent.

Proof. The proof is similar to the one of the ρstk-calculus. Yokoutchi-Hikita’s diagram
is satisfied since the use of values eliminate most of the critical pairs. �

Pure Pattern Type Systems

In [BCKL03] to obtain confluence, the condition RPC is adapted to deal with dynamic
patterns (that can be instantiated and reduced). The original definition of RPC diffi-
cultly fits into dynamic patterns since the RPC condition prevents reduction in patterns
(except for some pathological cases).

An other alternative close to the one presented in [BCKL03] is to define the following
restriction: P satisfies RPC+

if for all A,B and for all σ1, σ2 and σ3 such that
then B ⇒ρ Pσ3

A ⇒ρ Pσ2, A ⇒ρ B, σ1 ⇒ρ σ2 and σ1 ⇒ρ σ3

Nevertheless, the RPC+ condition does not allow variables in patterns. In fact, let x be
a variable. We denote by I = (y _y y) the identity function. We show that the variable
x does not satisfy RPC+ by taking:

σ1 ≡ σ3 ≡ {x← I I} σ2 ≡ {x← I}

A ≡ I I B ≡ I

6.3.3 Pure pattern calculus

In the λ-calculus, data structures such as pairs of lists can be encoded. Although the
λ-calculus supports some functions that act uniformly on data structures, it cannot
support operations that exploit characteristics common to all data structures such as
an update function that traverses any data structures to update its atoms. In the pure
pattern calculus [JK06] where any term can be a pattern the focus is put on the dynamic
matching of data structures.

The syntax of the pure pattern calculus is the same as the one of the dynamic pattern
λ-calculus (except that the pure pattern calculus defines a single constructor).

Pattern-abstractions are applied using a particular matching algorithm. Although the
original paper uses a single rule to describe application of pattern-abstractions we present
it here using two rules. First, a rule that is an instance of the (ρ) rule of the dynamic
pattern λ-calculus. Secondly, a rule that reduces the corresponding pattern-abstraction
application to the identity (the motivation for this second rule is given in [JK06]) when
the pattern-matching does not succeed.
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6.3 Instantiations of the dynamic pattern λ-calculus

φ-data structures and φ-matchable forms

D ::= x (x ∈ φ) | c | DA

E ::= D | A _θ B

where A and B are arbitrary terms

Semantics of the pure pattern calculus

(ρpc) (A _θ B)C → Bσ

if σ = Sol(A ≺≺θ C)

(ρstk
pc ) (A _θ B)C → x _ x

if none = Sol(A ≺≺θ C)

Figure 6.7: The pure pattern calculus

The matching algorithm of the pure pattern calculus is based on the notions of φ-data
structures (denoted D) and φ-matchable forms (denoted E) that are given in Figure 6.7.

The operational semantics of the pure pattern calculus is given in Figure 6.7 where
the partial function Sol is defined by the following equations that are applied respecting
the order below

Sol(x ≺≺θ A) = {x← A} if x ∈ θ

Sol(c ≺≺θ c) = id

Sol(A1A2 ≺≺θ B1B2) = Sol(A1 ≺≺θ B1) ⋒ Sol(A2 ≺≺θ B2)

if A1A2 is a θ-data structure
if B1B2 is a data structure

Sol(A1 ≺≺θ B1) = none
if A1 is a θ-matchable form
if B1 is a matchable form

Note that the union ⋒ is only defined for substitutions of disjoint domains and that
the union of none and σ is always none.

At first sight, the matching algorithm may seem surprising because one decomposes
application syntactically whereas it is a higher-order symbol. This is sound because the
decomposition is done only on data-structures, which consist of head normal forms.

Example 6.19 [JK06] Define elim , x _ (xy) _y y to be the generic eliminator.
For example, suppose given two constants Cons and Nil representing list constructs. We
define the function singleton , x _ (Cons x Nil) and we check that

elim singleton ≡
(

x _ (xy) _y y
)(

x _ (Cons x Nil)
)

→ρpc

(

(x _ Cons x Nil)y
)

_ y

→ρpc (Consy Nil) _ y

Proposition 6.20 The pure pattern calculus is confluent.

141



Chapter 6 Confluence of pattern-based λ-calculi

Proof. The hypothesis H0 is true. The hypotheses H1 and H2 are not surprisingly
intermediate results in [JK06]. In particular, Lemma 7 [JK06] states that the function
Sol is stable by substitution and Lemma 8 [JK06] proves that the function Sol is stable
by reduction (when it returns a substitution and when it returns none). We use this
property to prove that the relation (ρstk

pc ) is locally confluent (simple induction). It is

trivially terminating, and thus confluent. The fact that the relations ⇒ρpc and (ρstk
pc )

verify Yokouchi-Hikita’s diagram is obtained again by a simple induction. The only in-
teresting case is for the term (A0 _ A1)A2 but it is easy to conclude using the stability
by reduction of the function Sol. �

6.3.4 λ-calculus with constructors

The λ-calculus with constructors was introduced in [AMR06] to address the problem of
the interaction of functions and constructed values. We show that it can be encoded in
the dynamic pattern λ-calculus. The encoding gives a nice example where computations
and matching cohabits. In fact, a matching problem may have a solution even if the
pattern is not in normal form. To the knowledge of the authors the dynamic pattern
λ-calculus is the first confluent calculus where such encodings can be done.

We recall the syntax and the operational semantics of the λ-calculus with constructors
in Figure 6.8. For the sake of simplicity, we have not included η-conversion rules but the
same approach applied also in this case. Note that in the rule (CaseCase) of Figure 6.8,
the binding composition denoted ◦ is an external operation defined as follows:

φ ◦ (c1 7→ A1; . . . ; cn 7→ An) ≡ (c1 7→ {|φ|}. A1; . . . ; cn 7→ {|φ|}. An)

Example 6.21 [AMR06] In the λ-calculus with constructors the predecessor function is
implemented as

pred ≡
(

n _ {|0 7→ 0; s 7→ (z _ z)|}. n
)

We can check that
pred 0

→ {|0 7→ 0; s 7→ (z _ z)|}. 0

→ 0

and
pred (sN)

→ {|0 7→ 0; s 7→ (z _ z)|}. (sN)

→ ({|0 7→ 0; s 7→ (z _ z)|}. s)N

→ (z _ z)N

→ N

Encoding in the dynamic pattern λ-calculus The following encoding is inspired by
Example 6.3. We propose the following encoding in the dynamic pattern λ-calculus.
The syntax of the λ-calculus with constructors can be translated in the syntax of the
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Syntax of the λ-calculus with constructors

Terms A,B ::= x | c | z | AB | x _ A | {|φ|}. A

Case bindings φ ::= c1 7→ A1; . . . ; cn 7→ An (ci 6= cj for i 6= j)

Semantics of the λ-calculus with constructors

(AppLam) (x _ A)B → A{x← B}

(AppDai) zN → z

(CaseCons) {|φ|}. c → A ((c 7→ A) ∈ φ)

(CaseDai) {|φ|}.z → z

(CaseApp) {|φ|}. (AB) → ({|φ|}. A)B

(CaseLam) {|φ|}. (x _ A) → x _ {|φ|}. A (x 6∈ fv(φ))

(CaseCase) {|φ|}. {|ψ|}. A → {|φ ◦ψ|}. A

Figure 6.8: The λ-calculus with constructors

dynamic pattern λ-calculus by defining (the other cases are straightforward, considering
that z is a constant)

{|c1 7→ A1; . . . ; cn 7→ An|}. B ,
(

(c1 →֒ A1/ . . . /cn →֒ An) _x x
)

B

Note that the symbols used in the encoding (for example →֒ or /) are considered as con-
stants of the dynamic pattern λ-calculus. We can encode the (AppLam) and (CaseCons)
rules as a single (ρ) rule with a function Sol defined by

Sol(x ≺≺x A) = {x← A}

Sol
(

(c1 →֒ A1/ . . . /cn →֒ An) ≺≺x ci0
)

= {x← Ai0 }

The (ρ) rule induced by this function Sol gives a direct encoding of the (AppLam)
and (CaseCons) rules.

Proposition 6.22 The λ-calculus with constructors is confluent.

Proof. The (ρ) rule defined using the above function Sol is confluent since the func-
tion Sol clearly verifies H0,H1 and H2. Consider the set of rules ξ that consists of all
the rules given in Figure 6.8 but (AppLam) and (CaseCons). The compatible relation
induced by this set of rules is confluent since it is strongly normalizing and locally con-
fluent (the proof of strong normalization and local confluence are given in [AMR06] and
are straightforward verifications). Moreover, it is easy to check that the relations →ξ

and ⇒ρ verify Yokoutchi-Hikita’s lemma. By applying Theorem 6.9 we obtain that the
λ-calculus with constructors is confluent. �
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Conclusion and future works

We propose here a different formulation for different pattern-based calculi and we use
the confluence properties of the general formalism to give alternative confluence proofs
for these calculi. The general confluence proof uses the standard techniques of parallel
reduction of Tait and Martin-Löf and Yokouchi-Hikita’s lemma. The method proposed
by M. Takahashi [Tak95] gives in general more elegant and shorter proofs by using the
notion of complete developments. Reformulating the hypotheses H0,H1 and H2 and
adapting the proofs of this chapter is easy but given a pattern-calculus the reformulated
hypotheses are often more difficult to prove than for the original case.

Moreover, we show that the proof of confluence of the ρ-calculus is easy to deduce
from our general result as soon as the structure operator has no equational theory.
Nevertheless, if one wants to switch to non-unitary matching (and this is very useful is
practice [BBK+06, CDE+02]) then the ρ rule should return a collection of results and
the structure operator should be (at least) associative and commutative. This extension
is syntactically and semantically non-trivial and opens new challenging problems. Even
the extension of the λ-calculus with term collections is not trivial as it is shown in the
following chapters.
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Chapter 7

Categorical semantics of the λ-calculus

Context The categorical semantics of the untyped λ-calculus, which is based on Carte-
sian closed categories (ccc) with reflexive objects [Mac98], provides a rich framework
to classify all the existing models of the λ-calculus [Bar84]. One of the most striking
properties of this semantics is that it is complete in a very strong sense [Sco80a, Sco80b]:
for each extension T of the basic equational theory of the λ-calculus, it is possible to find
a reflexive object such that the equational theory induced by the interpretation of pure
λ-terms in this object is exactly the theory T.

Consequently, there exists a reflexive object, in a ‘syntactical’ ccc of partial equivalence
relations, which captures β-conversion, so that two terms having the same denotation
in all reflexive objects have the same denotation in this particular object, and thus are
β-convertible.

In other words, we obtain the completeness property by showing that the syntax of
the λ-calculus has already the structure of a Cartesian closed category with reflexive
objects, i.e. it is a λ-model.

Contributions This chapter recalls some basic material used in the categorical seman-
tics of the λ-calculus and sketches the completeness proof. All the proof details will be
given in Chapter 9 for the case of the parallel λ-calculus.

The reader may found more details on categories in [Mac98, AL91]. Several good
introductions on the usual interpretation of the simply typed λ-calculus in cccs are
available, see for example [AC98] or the master course notes of P.-A. Melliès. More on
models for the untyped λ-calculus can be found in [Sco96, Bar84, AC98, AL91].

Part III of this thesis is a joint work with Alexandre Miquel. The following chapters
are directly inspired from our official [FM07] and non official documents.

Outline of the chapter In Section 7.1 we recall basic definitions related to Cartesian
closed categories and reflexive objects in order to fix the notations used in the following.
In Section 7.2 we give the interpretation of the pure λ-terms in a given Cartesian closed
category and state its soundness. In Section 7.4 we sketch the proof of the completeness
property for the interpretation of pure λ-terms.

7.1 Cartesian closed categories and reflexive objects

We first recall the definition of a category and of a Cartesian closed category.
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Definition 7.1 (Category) A category C is given by

• A class of objects, denoted ObjC.

• A class of morphisms. Each morphism f has a unique source object A and target
object B where A and B are objects of C. We write f : A → B, and we say “f is a
morphism from A to B” or equivalently that “f is an arrow from A to B”. We write
C[A;B] to denote the class of all morphisms from the object A to the object B.

• A composition law ◦ : C[B;C] × C[A;B]→ C[A;C] which is associative, that is

∀(f;g;h) ∈ C[C;D] × C[B;C] × C[A;B] f ◦ (g ◦ h) = (f ◦ g) ◦ h.

• An identity morphism idA ∈ C[A;A] for all objects A which is a neutral element
for ◦, that is

∀f ∈ C[A;B] f ◦ idA = f = idB ◦ f.

Definition 7.2 (Cartesian closed) A category C is called Cartesian closed if it has

1. A terminal object written 1 that is, for each object A ∈ C there is exactly one
arrow from A to 1 written ⋄A : A→ 1.

2. For each object A,B ∈ C a Cartesian product given by an object written A×B and
two morphisms (projections) π1 : A× B→ A and π2 : A× B→ B such that for all
objects C ∈ C and arrows f : C → A and g : C → B, there exists a unique arrow
〈f;g〉 : C→ A× B that makes the following diagram commute

C
f

{{xxxxxxxxx

〈f;g〉
��

g

""F
FFFFFFFF

A A× Bπ1

oo
π2

// B

π1 ◦ 〈f;g〉 = f (prod-1)
π2 ◦ 〈f;g〉 = g (prod-2)

3. For each object A,B ∈ C an exponent given by an object written BA and a corre-
sponding evaluation function written evA,B : BA ×A→ B such that for all objects
C ∈ C and for all morphisms f : C × A → B, there exists a unique morphism
Λ(f) : C→ BA that makes the following diagram commute

C

Λ(f)

��

C×A

Λ(f)×idA

��

f // B

BA BA ×A

evA,B

;;wwwwwwwww
evA,B ◦ (ΛC,A,B(f) × idA) = f (exp-β)

It is easy to remark that in all Cartesian closed categories (see for example [AC98]) the
following equations hold

Λ(f) ◦ h = Λ(f ◦ (h× id)) (exp-◦)
Λ(ev) = id (exp-η)
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7.2 Interpretation of pure λ-terms

Definition 7.3 (Reflexive object) A reflexive object of a ccc C is a triple (D, lam, app)

formed by an object D ∈ C and two arrows lam : DD→ D and app : D→ DD such that
app ◦ lam = idDD .

7.2 Interpretation of pure λ-terms

The syntax of the λ-calculus used in this chapter was defined in Part I. Terms are denoted
hereM,N (instead of A,B) because it fits better with the notations used in the following
chapters. We recall that the syntax of the λ-calculus is defined by

M,N ::= x | λx .M | MN

The corresponding equational theory is given by the equational axiom

(β) (λx .M)N = M{x := N}

In this section, we work in a fixed Cartesian closed category C. Let (D, lam, app) be
a reflexive object of C. The idea of the interpretation is to consider each pure λ-term as
a simply typed λ-term expressed in a degenerate type system with only two ‘types’ D
and DD, plus coercions lam : DD→ D and app : D→ DD relating both types.

In this setting, typing contexts degenerate into (ordered) lists of variables

ℓ ::= [] | ℓ, x

in which variables are implicitly declared with typeD. Each list (context) ℓ is interpreted
as an object JℓK of C which is defined by:

J[]K = 1 and Jℓ, xK = JℓK ×D .

To each pair (ℓ, x) formed by a list of variables ℓ and a variable x that belongs to ℓ, we
define the projection πx

ℓ : JℓK→ D by setting

πx
ℓ,x = π2 ∈ JℓK ×D→ D

πx
ℓ,y = πx

ℓ ◦ π1 ∈ JℓK ×D→ D (if y 6= x)

Each term M whose free variables belong to a list of variables ℓ is interpreted by an
arrow JMKℓ : JℓK→ D which is defined by the equations given in Figure 7.1.

With a little abuse of notations, we write FV (N) ⊂ ℓ to express that all the free
variables of N occur (at least once) in the list ℓ. Notice that a variable x may occur
several times in a list ℓ, but that the interpretation JMKℓ : JℓK→ D systematically binds
the last occurrence of x in ℓ. The reader is invited to check that this choice (which is
implemented by the definition of the projections πx

ℓ : JℓK → D) is consistent with the
interpretation of λ-abstractions.

The soundness of this interpretation relies on the following propositions.
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Chapter 7 Categorical semantics of the λ-calculus

(Var)

(Lam)

(App)

JxKℓ = πx
ℓ

Jλx .MKℓ = lam ◦Λ(JMKℓ,x)

JMNKℓ = ev ◦ 〈app ◦ JMKℓ; JNKℓ〉

Figure 7.1: Interpretation of pure λ-terms

Proposition 7.4 (Soundness w.r.t. substitution) Given a list of variables ℓ and a
variable x, for all terms M and N such that FV (M) ⊂ (ℓ, x) and FV (N) ⊂ ℓ,we have:

JM{x := N}Kℓ = JMKℓ,x ◦ 〈id; JNKℓ〉

Proposition 7.5 (Soundness w.r.t. β-reduction) Given a list of variables ℓ, for all
terms M and M ′ whose free variables occur in ℓ we have

M→β M
′ ⇒ JMKℓ = JM ′Kℓ

As a corollary, it is clear that β-convertible terms have the same denotation in any
reflexive object of any ccc. Notice that if we want to extend this result to η-conversion,
we must assume that lam ◦ app = idD too, which means that DD is not only a retract
of D, but that DD is actually isomorphic to D.

What is more interesting is that the converse of the soundness property is true: if
two λ-terms have the same denotation in all reflexive objects of all cccs, then these λ-
terms are β-convertible. This property, studied in Section 7.4, is often mentioned as the
completeness property.

In the following section, we give examples of models of the untyped λ-calculus taken
in the category of Scott domains.

7.3 Examples in Scott domains

In this section, we give a smooth presentation of the first historical model of the untyped
λ-calculus given by Scott [Sco80a, Sco80b].

A Scott domain is a poset (D,≤) satisfying particular axioms (see below for a precise
definition). Domain equations such as D ≃ (D → D) have non trivial solutions when
working with continuous functions.

The following definitions should be read with the following intuitions. Each point of a
Scott domain D represents some amount of information. The elements of D are ordered
by the partiality order: x ≤ y means that x is less defined than y. The least element ⊥
denotes thus the lack of observable information, which corresponds in computer science
to non-termination. The restriction to continuous functions (that makes the things
work) that is, to functions satisfying the monotonicity as well as the finiteness property
ensure respectively that we cannot extract information from non-termination (the halting
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7.3 Examples in Scott domains

problem) and that a finite piece of output is only produced by a finite piece of input
(commutation with directed limits).

Definition 7.6 (Directed set — cpo) Given a partial order set (D,≤) a non-empty
subset ∆ ⊆ D is called directed if for all x, y ∈ ∆ there exists a z ∈ ∆ such that x ≤ z

and y ≤ z.

A cpo (D,≤) is a partial order with a least element denoted ⊥D and such that each
directed set ∆ ⊆ D has a least upper bound denoted

∨

∆.

Definition 7.7 (Compact—Algebraic cpo) An element d ∈ D is called compact if
for each directed set ∆ ⊆ D the following implication holds:

d ≤
∨

∆⇒ ∃x ∈ ∆ d ≤ x

We write K(D) for the set of all compact elements of D.

A cpo (D,≤) is called algebraic is for all elements x ∈ D the set {d ∈ K(D)|d ≤ x} is
directed and has least upper bound x.

Definition 7.8 (Scott domain) A Scott domain is an algebraic cpo (D,≤) such that
every set bounded B ⊆ D has a least upper bound.

Definition 7.9 (Monotonic — Continuous) Let (D,≤) and (D ′,≤ ′) be cpos. A
function f : D→ D ′ is called monotonic if

∀x, y ∈ D x ≤ y⇒ f(x) ≤ ′ f(y) .

It is continuous if moreover it is finite that is, for all directed subset ∆ of D we have

f(
∨

∆) =
∨

f(∆)

Theorem 7.10 The category SCOTT of Scott domains and continuous functions is a
Cartesian closed category with the following structure. For two Scott domains (D,≤D)

and (E,≤E), we define

• the Scott domain (D × E,≤×) where D × E = {(x, y) | x ∈ D and y ∈ E} and
(x, y) ≤ (x ′, y ′) if (x ≤D x

′, y ≤E y
′).

• the Scott domain (D ⇒ E,≤⇒) where D ⇒ E is the set of continuous functions
from D to E and f ≤⇒ g if for all x ∈ D we have f(x) ≤E g(x).

Theorem 7.11 There exist reflexive objects in the category SCOTT.

The historical reflexive objects are the well-known D∞-models. We refer to [AC98]
for their constructions.

151



Chapter 7 Categorical semantics of the λ-calculus

7.4 Completeness

The completeness result mentioned in the section 7.2 is an immediate consequence of a
more general result, which says that for each λ-theory T, there is a reflexive object that
captures the equational axioms of T exactly.

Definition 7.12 (λ-theory) A λ-theory is an equivalence relation T over the set Λ of
open λ-terms (taken up to α-conversion) which is closed under the following rules:

(λx .M) =T M{x := N}

M =T M
′

MN =T M
′N

N =T N
′

MN =T MN
′

M =T M
′

λx .M =T λx .M
′

As we already mentioned above, any reflexive object (D, lam, app) defines a λ-theory
written =D and defined as follows

M =DM
′ iff JMKD = JM ′KD

for all M,M ′ ∈ Λ. The interesting point is that we can define a ‘syntactic’ category in
which each λ-theory is represented by a reflexive object. This category is the category
based on the following notion of λ-per. Let us first recall that a partial equivalence
relation (per) on Λ is a symmetric and transitive relation on Λ.

Definition 7.13 (λ-per) A λ-per is a partial equivalence relation A ⊂ Λ2 such that
{=β} ◦ A ⊂ A, that is, such that (M,M ′) ∈ A and M ′ =β M

′′ entail (M,M ′′) ∈ A for
all M,M ′,M ′′ ∈ Λ.

Since a per is not required to be reflexive, it is natural to define the domain of a per A
as follows.

Definition 7.14 (Domain) The domain of a per is defined by

dom(A) = {M ∈ Λ | (M,M) ∈ A} .

Let A be a per, we write M ∈ A when M ∈ dom(A). It is straightforward to check
that A ⊂ dom(A)2, and that the relation A is but a total equivalence relation on dom(A).
Conversely, any equivalence relation defined on a subset of Λ is a per on Λ, which gives
an equivalent definition to the notion of per. Moreover, the class of all pers (on Λ) is
closed under arbitrary intersection. The following lemma defines the realisability arrow
over λ-pers.

Lemma 7.15 If A and B are pers, then the following binary relation is also a per.

A→ B = {(M1,M2) ∈ Λ
2 | ∀(N1, N2)∈A (M1N1,M2N2) ∈ B}
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7.4 Completeness

In this framework, a λ-per is but a per which is compatible with the β-conversion equiv-
alence relation. As for the class of pers, the class of λ-pers is closed under arbitrary
intersection as well as it is closed under the realisability arrow (A,B) 7→ (A → B). In
particular, the per A→ B is a λ-per as soon as A and B are λ-pers. In what follows, we
will frequently use λ-pers of the form

N→ A = {(N,N)}→ A

where N is a fixed term and A an arbitray λ-per.

Definition 7.16 The category λPER is defined as follows.

• The objects of λPER are λ-pers.

• Given two λ-PERs A and B, the hom-set λPER[A;B] is defined by

λPER[A;B] = dom(A→ B)/≈A→B

• Identity and composition are defined for all objects A,B,C ∈ λPER and for all
arrows M ∈ λPER[B;C] and N ∈ λPER[A;B] by

idA = λx . x ∈ λPER[A;A]

M ◦N = λx .M(Nx) ∈ λPER[A;C]

(taking the corresponding operations on equivalence classes).

We can check that:

Proposition 7.17 The category λPER is a ccc with the following structure.

• A× B = (true→ A) ∩ (false→ B) and 1 = Λ2

• π1 = λp . p true, π2 = λp . p false and 〈M;N〉 = λxp . p (Mx) (Nx)

• BA = A→ B

• ev = λp . (π1p) (π2p) and Λ(M) = λxy .M (λp . pxy).

Noticing that any λ-theory T ⊂ Λ2 is a λ-per of domain Λ, we can easily check that:

Proposition 7.18 (λ-theories as reflexive objects) — For all λ-theories T, the triple
(T, λxy . xy, λx . x) is a reflexive object in the category λPER.

Notice that the embedding-retraction pair (lam, app) = (λxy . xy, λx . x) does not
depend on the λ-theory T. Consequently, the denotation JMKT

ℓ of a term M (with
FV (M) ⊂ ℓ) does not depend on T too. This denotation is actually characterized by
the following lemma:
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Chapter 7 Categorical semantics of the λ-calculus

Lemma 7.19 Let T be a λ-theory (that we also consider as a reflexive object of λPER).
For all lists of variables ℓ = (x1, . . . , xn) and for all terms M such that FV (M) ⊂ ℓ, one
has

JMKT
ℓ =β λz .M{x1 := π

x1

ℓ (z); . . . ; xn := πxn

ℓ (z)} .

We can now easily conclude that:

Proposition 7.20 Let T be a λ-theory (that we also consider as a reflexive object of
λPER). For all lists of variables ℓ, and for all terms M1 and M2 such that FV (M1) ∪
FV (M2) ⊂ ℓ, one has

JM1K
T
ℓ = JM2K

T
ℓ iff M1 =T M2 .

Conclusion

In this chapter, we recall the sound and complete categorical semantics for the λ-calculus.
In the following chapters, we extend this result to the parallel λ-calculus.
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Chapter 8

Categorical semantics of the parallel
λ-calculus

Context The starting point of this work was the semantical study of the ρ-calculus. A
Scott semantics revealed the similarity between term collections of the ρ-calculus inter-
preted as the binary join and Boudol’s parallel construct of the parallel λ-calculus [Bou94]
(up to the fact that term collections are not systematically required to be associative,
commutative and/or idempotent).

Formally, the parallel λ-calculus is obtained by extending the pure λ-calculus with a
binary operator M // N, that intuitively represents the parallel execution of M and N.
The parallel λ-calculus adds to the equational theory of the pure λ-calculus the single
equational axiom (δ) expressing the distributivity of function application w.r.t. parallel
aggregation.

The parallel λ-calculus was initially introduced as a tool to study full-abstraction of
the interpretation of λ-terms in Scott domains. In this framework, Boudol extended the
interpretation of pure λ-terms to the parallel construction using the join operation.

Scott semantics is well-suited to achieve full-abstraction but it is not sufficient to cap-
ture neither the basic equational theory of the calculus nor many interesting extensions
of it – typically when dealing with extensionality. In the same way, interpreting the
parallel operator as the binary join automatically validates associativity, commutativity
and idempotence, although on a purely syntactical level, these equations are clearly in-
dependent from the basic equations (β) and (δ). For these reasons, there is a need for a
more general and more modular semantics.

The semantical study of the ρ-calculus also pointed out many interesting problems
related to the interaction between a mechanism of pattern-matching and the parallel
construct. These problems helped us to grasp the importance of linear terms which play
a central rôle in the proof of completeness (Boudol’s shift towards the λ-calculus with
resources [BCL99] seems to be motivated by similar reasons).

Contributions We first give a modular presentation of the parallel λ-calculus: the core
calculus consists of the (β) and the (δ) equational axioms while some extensions are pos-
sible including some equational axioms for extensionnality and some equational axioms
expressing associativity, commutativity and idempotence of the parallel operator. This
gives 24 variants of the calculus (see below for more details).

We define a sound categorical semantics for the parallel λ-calculus, based on a notion
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Chapter 8 Categorical semantics of the parallel λ-calculus

of aggregation monad which is modular w.r.t. the 24 equational theories of the calculus.
Particular cases of this semantics are given by Boudol’s models.

The given semantics is complete in a very strong sense: for each congruence extending
one of the 24 equational theories of the parallel λ-calculus there exists a reflexive object,
adapted to the considered equational theory, such that the equational theory induced by
the interpretation of parallel λ-terms in this object is exactly this congruence.

To prove completeness, we introduce a category of partial equivalence relations adapted
to parallelism, in which any extension of the basic equational theory of the calculus is
induced by some model (see Chapter 9).

We also present abstract methods to construct models of the parallel λ-calculus in cat-
egories where particular equations have solutions, such as the category of Scott domains
and its variants (see Chapter 10).

We think that the categorical semantics introduced here will contribute to a better
understanding of the interaction between pattern-matching and the parallel construct,
and thus will constitute a significant step towards a denotational semantics for the ρ-
calculus.

Outline of the chapter In Section 8.1, we present the syntax and equational theory of
the parallel λ-calculus and define the notion of linear terms. In Section 8.2, we recall
some basic definitions for monads and algebras. In Section 8.3, we introduce and study
the notion of aggregation monads. In Section 8.4, we first give the definition of the
categorical models of the parallel λ-calculus and we then define the interpretation of
parallel λ-terms in this model and we show its soundness. The last section (Section 8.5)
gives examples of such models in Scott domains.

8.1 The parallel λ-calculus

We first give a detailed presentation of the syntax and the equational theory of the
parallel λ-calculus which is summarized in Figure 8.1 page 158.

8.1.1 The core calculus

The parallel λ-calculus is obtained by extending the pure λ-calculus with a binary oper-
ator M//N representing the parallel execution of M and N. Formally, the terms of the
parallel λ-calculus are given by

M,N ::= x | λx .M | MN | M// N

and the corresponding equational theory is defined from the two equational axioms

(β)

(δ)

(λx .M)N = M{x := N}

(M1 //M2)N = M1N //M2N

In the following, we will consider parallel λ-terms from the point of view of equational
reasoning rather than from the point of view of reduction. However, both equational
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8.1 The parallel λ-calculus

axioms can also be presented as rewrite rules (orienting them from left to right), and it
can be checked that the rewrite systems induced by β, δ and βδ are confluent.

8.1.2 Extensions of the equational theory

In many situations, it is desirable to extend the core calculus with one of the following
equational axioms:

(ǫ)

(η)

λx . (M1 //M2) = (λx .M1) // (λx .M2)

λx .Mx = M (if x /∈ FV (M))

Again, both equation axioms can be presented as reduction rules, orienting them from
left to right. Notice that in the presence of equational axiom δ, the equational axiom η

subsumes ǫ, that is: ǫ ⊂ δη (equationally). In fact, we can check that

(λx .M1) // (λx .M2) =η λy .
(

(λx .M1) // (λx .M2)
)

y

=δ λy .
(

(λx .M1)y // (λx .M2)y
)

=β λy .
(

M1{x := y} //M2{x := y}
)

=α λx . (M1 //M2)

From the point of view of the corresponding rewrite systems, both reduction rules δ
and η make a critical pair which is closed with the ǫ-reduction rule.

Finally, the parallel λ-calculus can be extended with any combination of the three
equational axioms expressing associativity, commutativity and idempotence of the par-
allel operator:

(A)

(C)

(I)

(M1 //M2) //M3 = M1 // (M2 //M3)

M1 //M2 = M2 //M1

M//M = M

In what follows, most definitions will be modularized in order to handle the 24 variants
of the calculus obtained by combining each of the 3 basic calculi βδ, βδǫ and βδη with
the 23 = 8 possible combinations of A, C, and I.

8.1.3 Linearity

Definition 8.1 (Linear term) Let T be an equational theory of the parallel λ-calculus
which contains at least β and δ. We say that a termM is linear (w.r.t. its first argument)
in the theory T when

M(N1 // N2) =T MN1 //MN2

for all terms N1, N2.

By substitutivity, it is equivalent to say that M(x // y) =T Mx //My , where x and y
are fresh variables.

When a term M is linear in the theory βδ, we simply say that M is linear. Examples
of linear terms are the identity term λx . x and more generally all the terms of the form
λx . x~N where x /∈ FV (~N) (i.e. tuples).
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(β)

(δ)

(ǫ)

(η)

(A)

(C)

(I)

The core calculus

M,N ::= x | λx .M | MN | M// N

(λx .M)N = M{x := N}

(M1 //M2)N = M1N //M2N

Extensions of the equational theory

λx . (M1 //M2) = λx .M1 // λx .M2

λx .Mx = M (if x /∈ FV (M))

(M1 //M2) //M3 = M1 // (M2 //M3)

M1 //M2 = M2 //M1

M//M = M

Figure 8.1: The parallel λ-calculus

It is important not to confuse the notion of linearity given here with the more syntactic
notion of linear λ-terms (referred below as syntactic linearity) that says that a λ-term is
said to be linear when all its free and bound variables occur exactly once. In particular,
there is no inclusion between both notions:

• The term λx . x(λy . yy) is linear but not syntactically linear,

• The term λxy . yx is syntactically linear but not linear.

8.2 Monads and algebras

We first give the categorical definition of a monad. Then, we give some intuitions coming
from functional programming monads.

Definition 8.2 (Monad) A monad over a category C is a triple (T, η, µ) formed by an
endofunctor T in the category C equipped with two natural transformations η : I → T
and µ : T2→ T such that the following diagrams commute:

T

ηT

��

Tη //

BB
BB

BB
BB

BB
BB

BB
BB

T2

µ

��
T2

µ
// T

T3

µT

��

Tµ // T2

µ

��
T2

µ
// T

µX ◦ TηX = idTX (mon-1)

µX ◦ ηTX = idTX (mon-2)

µX ◦ TµX = µX ◦ µTX (mon-3)
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To make the definition complete, let us recall the axioms which express the functoriality
of T and the naturality of the transformations η and µ:

TidX = idTX

T(g ◦ f) = Tg ◦ Tf
ηY ◦ f = Tf ◦ ηX (nat-η)

µY ◦ T2f = Tf ◦ µX (nat-µ)

In what follows, we identify the monad with its underlying functor, and simply write
‘the monad T’ instead of ‘the monad (T, η, µ)’.

The definition of a monad is based upon the notion of functoriality, natural transfor-
mations that can be modelled in functional languages (Walder’s starting point [Wad93]
was to adapt Moggi’s ideas [Mog89, Mog91] in order to use monads to structure the
semantics of computations).

A functor is based upon an object mapping and a morphism mapping. The object
part of a functor is represented in a functional language by a type-constructor. For
example, if an object A has type α, then the object TA has type Mα where M is a type
constructor (typically the list type constructor). The morphism mapping of the functor
is modelled by a function map : (α → β) → (Mα → Mβ) and then the corresponding
morphism of f via the functor T (that is Tf) is modelled by map f.

Moreover, a natural transformation can be thought as a family of arrows from each
object in a category to objects in an over category. It is thus somehow similar to a
polymorphic function. Therefore, the natural transformations η and µ can be written
as the polymorphic functions unit : α→Mα and join : M(Mα)→Mα such that

join ◦ unit = id
join ◦ (mapunit) = id
join ◦ (map join) = join ◦ join

Note that functional programming monads are in practice based on the (equivalent)
notion of Kleisli triples.

When working with a monad T defined in a Cartesian category, it is usually necessary
to make the following stronger assumption on T.

Definition 8.3 (Strong monad) A strong monad over a Cartesian category C is a
monad T = (T, η, µ) equipped with a (bi-)natural transformation

tA,B : TA× B→ T(A× B)

such that the diagrams given in Figure 8.2 commute (where αA,B,C is the natural iso-
morphism from A× (B× C) to (A× B) × C and rA is the natural isomorphism from A

to A× 1.

Intuitively, the transformation t distributes the second component of its input to all the
elements of the first component—thinking of TA as a type of lists or sets.

We conclude this section by the definition of an algebra.
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TA

rTA

��

TrA

&&MMMMMMMMMM

TA× 1
tA,1

// T(A× 1)

tA,1 ◦ rTA = TrA (str-1)

TA× (B× C)
tA,B×C //

αTA,B,C

��

T(A× (B× C))

TαA,B,C

**UUUUUUUUUUUUUUUU

(TA× B) × C
tA,B×idC

// T(A× B) × C
tA×B,C

// T((A× B) × C)

TαA,B,C ◦ tA,B×C = tA×B,C ◦ (tA,B × idC) ◦ αTA,B,C (str-α)

A× B

ηA×idB

��

ηA×B

''OOOOOOOOOOO

TA× B
tA,B

// T(A× B)

T2A× B
tTA,B

//

µA×idB

OO

T(TA× B)
TtA,B

// T2(A× B)

µA×B

ggOOOOOOOOOOO

tA,B ◦ (ηA × idB) = ηA×B

µA×B ◦ TtA,B ◦ tTA,B = tA,B ◦ (µA × idB)

(str-η)
(str-µ)

Figure 8.2: Diagrams of strong monadicity
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8.3 Aggregation monads

Definition 8.4 (Algebra) Let T be a monad over a category C. A T-algebra is an ob-
ject A ∈ ObjC equipped with an arrow flat ∈ C[T(A);A] such that the following diagrams
commute:

A

id

��

η
((PPPPPP

TA

flatvvnnnnnn

A

T2A

µA

��

Tflat // TA

flat

��
TA

flat
// A

flat ◦ η = idA (alg-1)

flat ◦ Tflat = flat ◦ µ (alg-2)

A morphism f : 〈A,hA〉 → 〈B, hB〉 of T-algebras is an arrow f : A → B such that the
following diagram commutes

TA
hA //

Tf
��

A

f
��

TB
hB

// B

Notice the similarity between the second diagram above (the one that corresponds to
(agg-2)) and the second diagram of monadicity. Actually, any pair of the form (T(X), µX)

is a T-algebra.

8.3 Aggregation monads

We now present a notion of aggregation monad which is the categorical counterpart of
the syntactical notion of parallel execution. We use here the terminology of ‘aggrega-
tion’ to emphasize the fact that this notion exists independently from the properties of
associativity, commutativity and idempotence that are usually associated with the idea
of parallelism (however, we keep the name of parallel λ-calculus, for obvious historical
reasons.)

8.3.1 Notion of aggregation

Definition 8.5 (Aggregation monad) Let C be a Cartesian category. A notion of
aggregation (in C) is a monad T = (T, η, µ) equipped with a natural transformation

u : TX× TX ⇒ TX

such that the following diagram commutes

T2A× T2A
uTA //

µA×µA

��

T2A

µA

��
TA× TA uA

// TA

µA ◦ uTA = uA ◦ (µA × µA) (agg-µ)

An aggregation monad is simply a monad equipped with a notion of aggregation. We
say that a notion of aggregation u is associative (A), commutative (C) or idempotent (I)
depending on the corresponding diagram commutes in Figure 8.3 (where α denotes the
associativity isomorphism of ×).
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Chapter 8 Categorical semantics of the parallel λ-calculus

Idempotence

TA

〈idA ;idA〉
��

idA

%%LLLLLLLLLL

TA× TAuA

// TA

uA ◦ 〈idA; idA〉 = idA (I-u)

Commutativity

TA× TA uA

))TTTTTTT

〈π2 ;π1〉

��
TA

TA× TA
uA

55jjjjjjj

uA ◦ 〈π2;π1〉 = uA (C-u)

Associativity

TA× (TA× TA)

idTA×uA

��

αTA,TA,TA // (TA× TA) × TA

uA×idTA

��
TA× TA

uA
((PPPPPPPPPPPPP TA× TA

uA
vvnnnnnnnnnnnnn

TA

uA ◦ (idTA × uA) = uA ◦ (uA × idTA) ◦ αTA,TA,TA (A-u)

Figure 8.3: ACI diagrams of aggregation
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8.3 Aggregation monads

The diagram (agg-µ) describes the interaction between the notion of aggregation u
and µ. A useful consequence of this diagram is that the arrow uA can always be defined
in terms of the arrow uTA. This can also be seen as a description of the interaction
between u and η.

Lemma 8.6 If (T, u) is a notion of aggregation then the following diagram commutes

TA× TA
uA //

ηTA×ηTA

��

TA

T2A× T2A uTA

// T2A

µA

OO
µA ◦ uTA ◦ (ηTA × ηTA) = uA (agg-η)

Proof. It is easy to check that

µA ◦ uTA ◦ (ηTA × ηTA) = uA ◦ (µA × µA) ◦ (ηTA × ηTA) (agg-µ)
= uA (mon-2)

�

8.3.2 Typical examples

Typical notions of aggregation monads are the following.

In the category of sets

• The powerset monad with union (ACI)

• The multiset monad with multi-union (AC)

• The list monad with concatenation (A)

• The free group monad with composition (A)

In the category of Scott domains

• The lower powerdomain monad with join (ACI)

• The upper powerdomain monad with meet (ACI)

In Ab-categories (with finite products), the fundamental aggregation monad is the
binary sum, given as the identity monad equipped with the arrow

π1 + π2 : A×A→ A (ACI)
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Chapter 8 Categorical semantics of the parallel λ-calculus

8.3.3 Algebras and linear morphisms

Let C be a Cartesian category equipped with an aggregation monad 〈T, u〉.

Definition 8.7 (Aggregation operator) Each T-algebra 〈A,hA〉 can be given an ag-
gregation operator pA : A×A→ A defined by

A×A
ηA×ηA ��

//pA // A

T(A) × T(A)
uA

// T(A)

hA

OO
pA = hA ◦ uA ◦ (ηA × ηA)

The aggregation operator pA inherits the properties of associativity, commutativity
and idempotence from the underlying aggregation monad 〈T, u〉 in the sense of the
following lemma.

Lemma 8.8 If the aggregation monad 〈T, u〉 is associative, commutative, and/or idem-
potent, then for all T-algebras 〈A,hA〉 the aggregation operator pA : A × A → A is
associative, commutative, and/or idempotent in the sense of the following diagrams:

A× (A×A)

id×pA ��

α // (A×A) ×A

pA×id
��

A×A

pA %%LLLLLLLL A×A

pAyyrrrrrrrr

AA×A pA

))RRRRRR

〈π2 ;π1〉

��
A

A×A
pA

66llllll

A

〈id;id〉
��

id

%%LLLLLLLLL

A×A pA

// A

Proof. First, let us suppose that u is idempotent that is, it satisfies (I-u). Then we have:

hA ◦ uA ◦ (ηA × ηA) ◦ 〈idA; idA〉 = hA ◦ uA ◦ 〈idTA; idTA〉 ◦ ηA

= hA ◦ idTA ◦ ηA (I-u)

= idA (alg-1)

This shows that pA is idempotent.
We suppose now that u is commutative that is, it satisfies (C-u). Then we have:

hA ◦ uA ◦ (ηA × ηA) ◦ 〈π2;π1〉 = hA ◦ uA ◦ 〈π2;π1〉 ◦ (ηA × ηA)

= hA ◦ uA ◦ (ηA × ηA) (C-u)

This shows that pA is commutative.
We suppose now that u is associative that is, it satisfies (A-u). The proof of associa-

tivity of pA is given in Figure 8.4. The innermost diagram is the associativity of pA.
To show that this diagram commutes we prove the commutativity of the other ones.
The outermost diagram is given by (A-u). Diagram (1) is true by the naturality of η.
Diagrams (2) and (3) are true by definition of pA for the first component of the product
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8.3 Aggregation monads

(TA× TA) × TA
αTA,TA,TA //

uA×idTA

��

(2)

TA× (TA× TA)

idTA×uA

��

(3)(A×A) ×A

(ηA×ηA)×ηA

ffMMMMMMMMMMMMMMMMM
αA,A,A //

pA×idA

��

(1)

A× (A×A)

ηA×(ηA×ηA)

88qqqqqqqqqqqqqqqqq

idA×pA

��
TA× TA

hA×hA //

uA

%%KKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKKK A×A

pA

""F
FF

FF
FF

FF
FF

FF
F

(4)

A×A

pA

||xx
xx

xx
xx

xx
xx

xx

(4)

TA× TA

uA

yyssssssssssssssssssssssssssssssssssss

hA×hAoo

A

TA

hA

OO

Figure 8.4: Associativity of the aggregation operator
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Chapter 8 Categorical semantics of the parallel λ-calculus

TA× TA
uA //

ηTA×ηTA

%%KKKKKKKKKKKKKKKKKKKKKKK

hA×hA

��

TA
hA // A

A×A

ηA×ηA

%%KKKKKKKKKKKKKKKKKKKKKKK
(5) T2A× T2A

uA //

ThA×ThA

��

(6)

(8)

T2A

µA

OO

ThA //

(7)

TA

hA

OO

TA× TA

uA

44hhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhh

Figure 8.5: Commutation of the notion of aggregation and the aggregation operator
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8.3 Aggregation monads

and by (alg-1) for the second one. The proof of diagrams (4) is a bit more elaborated
and is detailed in Figure 8.5. The diagram (5) is given by the naturality of η. The
diagram (6) was proved before and is known as (agg-η). The diagram (7) is given by
(alg-2). The diagram (8) is given by the naturality of u.

�

A consequence of diagram (agg-µ) is that morphisms of algebras are linear in the sense
that they commute with the aggregation operator:

Lemma 8.9 If 〈A,hA〉 and 〈B, hB〉 are T-algebras, then for all morphisms of T-algebras
f : 〈A,hA〉→ 〈B, hB〉 the following diagram commutes

A×A
pA //

f×f
��

A

f
��

B× B pB

// B

Proof. The proof is given by the following diagram

A×A

(1)

ηA×ηA //

f×f

��

TA× TA
uA //

Tf×Tf

��
(2)

TA
hA //

Tf

��

(3)

A

f

��
B× B

ηB×ηB

// TB× TB uB

// TB
hB

// B

where the diagram (1) commutes by the naturality of η, the diagram (2) commutes by
the naturality of u and the diagram (3) commutes since f is a morphism of T-algebra.

�
Remember that for all objects A,B and for all morphisms f : A→ B, the morphism Tf
is a morphism of algebras from 〈TA,µA〉 to 〈TB, µB〉.

8.3.4 Strong notion of aggregation

Definition 8.10 (Strong notion of aggregation) A strong notion of aggregation is
a notion of aggregation such that the underlying notion of monad is strong and that
satisfies the following diagram:

(TA× TA) × B
〈π1×idB ;π2×idB〉 //

uA×idB

��

(TA× B) × (TA× B)

tA,B×tA,B

��
TA× B

tA,B ((QQQQQQQQQQQQQ T(A× B) × T(A× B)

uA×Buukkkkkkkkkkkkkk

T(A× B)

uA×B ◦ (tA,B × tA,B) ◦ 〈π1 × idB;π2 × idB〉 = tA,B ◦ uA × idB (agg-t)
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Chapter 8 Categorical semantics of the parallel λ-calculus

A strong aggregation monad is simply a strong monad equipped with a strong notion
of aggregation.

In particular, all the examples of aggregation monads given in Section 8.3.2 are strong
aggregation monads.

8.4 Model of the parallel λ-calculus

8.4.1 Definition

Definition 8.11 (Model of parallel λ-calculus) A model of the parallel λ-calculus is
a ccc C equipped with a strong aggregation monad 〈T, u〉 and a quadruple 〈D, lam, app,flat〉
such that

• 〈D, lam, app〉 is a reflexive object of C;

• 〈D, flat〉 is a T-algebra;

and such that the following diagram commutes:

(δ)

TD

Tapp ��

flat // D
app
��

T(DD)
Λ(flat ◦Tev ◦ t)

// DD

where the bottom arrow is built by curryfying the following sequence of morphisms:

T(DD)×D
t

// T(DD×D)
Tev

// T(D)
flat

// D

Definition 8.12 (ǫ/η/ACI-model) We say that a model of the parallel λ-calculus is

• An ǫ-model when the following diagram commutes:

(ǫ)

TD
flat // D

T(DD)

Tlam

OO

Λ(flat ◦Tev ◦ t)
// DD

lam

OO

• An η-model when lam ◦ app = id (η), that is, when the arrows app and lam are
converse isomorphisms;

• Associative (A), commutative (C) or idempotent (I) when the underlying aggrega-
tion monad 〈T, u〉 is.

We have seen that in the presence of the equational axiom (δ), the equational axiom
(η) subsumes (ǫ), that is ǫ ⊆ δη. The definition of η and ǫ models is sound for this
inclusion in the following sense.
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8.4 Model of the parallel λ-calculus

(Var)

(Lam)

(App)

(Par)

JxKℓ = πx
ℓ

Jλx .MKℓ = lam ◦Λ(JMKℓ,x)

JMNKℓ = ev ◦ 〈app ◦ JMKℓ; JNKℓ〉

JM// NKℓ = par ◦ 〈JMKℓ; JNKℓ〉

Figure 8.6: Interpretation of parallel λ-terms

Lemma 8.13 Any η-model of the parallel λ-calculus is also an ǫ-model.

Proof. The diagram (δ) gives

app ◦ flat = Λ(flat ◦ Tev ◦ t) ◦ Tapp

That is
lam ◦ app︸ ︷︷ ︸ ◦ flat = lam ◦Λ(flat ◦ Tev ◦ t) ◦ Tapp

Since by hypothesis, we consider an η-model we have

flat = lam ◦Λ(flat ◦ Tev ◦ t) ◦ Tapp

from which we conclude that

flat ◦ Tlam = lam ◦Λ(flat ◦ Tev ◦ t) ◦ Tapp ◦ Tlam︸ ︷︷ ︸
= lam ◦Λ(flat ◦ Tev ◦ t)

�

Definition 8.14 (Parallel operator) Each model of the parallel λ-calculus comes with
a parallel operator par : D×D→ D given by

par = pD = flat ◦ uD ◦ (ηD × ηD) .

8.4.2 Interpreting parallel λ-terms

Let C be a ccc with a strong aggregation monad 〈T, u〉, and 〈D, lam, app,flat〉 a model
of the parallel λ-calculus in this category. Context (list of variables) and projections are
defined in the same as in Section 7.2. Each parallel λ-termM whose free variables belong
to a list ℓ is interpreted as an arrow JMKℓ : Dℓ → D which is defined by the equations
given in Figure 8.6. The soundness of this interpretation relies on the following lemma.

Lemma 8.15 (Substitutivity) — Given a list of variables ℓ and a variable x, then
for all terms M and N such that FV (M) ⊂ (ℓ, x) and FV (N) ⊂ ℓ, we have:

JM{x := N}Kℓ = JMKℓ,x ◦ 〈id; JNKℓ〉
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Chapter 8 Categorical semantics of the parallel λ-calculus

Definition 8.16 (Adapted model) Let T denote one of the 24 equational theories
obtained by combining the three basic theories βδ, βδǫ, βδη with all possible combinations
of A, C and I. We say that the model D is adapted to the theory T when

• if T contains the equational axiom ǫ (resp. η), then D is an ǫ-model (resp. an
η-model);

• if T contains the equational axiom A (resp. C, I), then the underlying aggregation
monad 〈T, u〉 is associative (resp. commutative, idempotent).

Proposition 8.17 (Soundness) — If the model is adapted to the theory T, then for
all lists of variables ℓ and for all terms M,M ′ whose free variables occur in ℓ, we have:

M =T M
′ ⇒ JMKℓ = JM ′Kℓ .

Proof. It suffices to check the equality for each equational axiom of T. The soundness
of the β rule is inherited from the soundness property for the λ-calculus.

To check that the δ-rule is sound we can first remark that the following diagram
commutes

D×D

app×app
��

par // D
app
��

DD ×DD
Λ(par◦〈ev◦(π1×id);ev◦(π2×id)〉)

// DD

We can check that

app ◦ par
= app ◦ flat ◦ u ◦ (η× η)
= Λ(flat ◦ Tev ◦ t) ◦ Tapp ◦ u ◦ (η× η) (δ)

= Λ(flat ◦ Tev ◦ t ◦ (Tapp × id) ◦ (u× id) ◦ (η× η) × id) (exp-◦)
= Λ(flat ◦ u ◦ (η× η) ◦ ev × ev ◦ 〈π1 × id;π2 × id〉 ◦ (app × app) × id) (Fig. 8.7)
= Λ(par ◦ 〈ev ◦ (π1 × id); ev ◦ (π2 × id)〉) ◦ (app × app) (exp-◦)

The diagram in Figure 8.7 commutes essentially thanks to the strong aggregation monad
property (agg-t). More precisely, in Figure 8.7, diagram (1) is given by the naturality of
η. Diagram (2) is given by the naturality of u. Diagram (3) is given by some obvious
properties of products. Diagram (4) is given by (agg-t). Diagram (5) is given by (str-η)
and the naturality of η. Finally, diagram (6) is given by the naturality of u.
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We now check that

J(M1 //M2)NKℓ

= ev ◦ 〈app ◦ JM1 parM2K; JNKℓ〉

= ev ◦ 〈app ◦ par〈JM1Kℓ; JM2Kℓ〉; JNKℓ〉

= ev ◦ 〈Λ(par ◦ (ev × ev) ◦ 〈π1 × id;π2 × id〉︸ ︷︷ ︸
f

) ◦ (app × app) ◦ 〈JM1Kℓ; JM2Kℓ〉; JNKℓ〉

= ev ◦ 〈Λ(f) ◦ (app × app) ◦ π1; π2〉 ◦ 〈〈JM1Kℓ; JM2Kℓ〉; JNKℓ〉

= ev ◦ 〈Λ(f ◦ (app × app) × id) ◦ π1; π2〉 ◦ 〈〈JM1Kℓ; JM2Kℓ〉; JNKℓ〉

= par ◦ (ev × ev) ◦ 〈π1 × id; π2 × id〉 ◦ (app × app) × id) ◦ 〈〈JM1Kℓ; JM2Kℓ〉; JNKℓ〉

= par ◦ 〈ev ◦ π1 × id; ev ◦ π2 × id〉 ◦ (app × app) × id) ◦ 〈〈JM1Kℓ; JM2Kℓ〉; JNKℓ〉

= par ◦ 〈ev ◦ 〈app ◦ JM1Kℓ; JNKℓ〉; ev ◦ 〈app ◦ JM2Kℓ; JNKℓ〉〉

= par ◦ 〈JM1NKℓ; JM2NKℓ〉

= JM1N //M2NKℓ

If T contains the ǫ rule, then the soundness of the (ǫ) equational axiom is proved in
the same way as for the soundness of the δ-rule: we check that the following diagram
commutes

D×D
par // D

DD ×DD

lam×lam

OO

Λ(par◦〈ev◦(π1×id);ev◦(π2×id)〉)
// DD

lam

OO

Suppose that T contains the equational axiom (A) respectively the equational ax-
iom (C) respectively the equational axiom (I). All models adapted to T validates these
equations by Lemma 8.8.

�

8.5 Examples in Scott domains

In the category of Scott domains [Sco82, AC98], the ACI-aggregation monad 〈Pl; ∨〉
(where Pl denotes the lower powerdomain [Plo76, Smy78]) is the source of a plethora of
models for the parallel λ-calculus, due to the fact that:

Proposition 8.18 — Any Scott domain D with a top element is a Pl-algebra whose
aggregation operator pD is the binary join: pD(x, y) = x∨ y (for all x, y ∈ D).

Proof. Remember that a Scott domain has a top element iff it has all its joins (the
converse already holds for cpos). We define the morphism hD : Pl(D) → D from the
map

h0 : K(Pl(D)) = P+
fin(K(D)) → D

{k1; . . . ;kn} 7→ k1 ∨ · · · ∨ kn
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Chapter 8 Categorical semantics of the parallel λ-calculus

(D×D) ×D

(app×app)×id

''NNNNNNNNNNNNNNNNNNNNNN

(η×η)×id

yyttttttttttttttttttt

(1)(TD× TD) × TD

(Tapp×Tapp)×id

$$J
JJJJJJJJJJJJJJJJJJ

u×id

~~~~
~~

~~
~~

~~
~~

~~
~~

(2)

(DD ×DD) ×D

〈π1×id;π2×id〉

''OOOOOOOOOOOOOOOOOOOOOO

(η×η)×id

wwpppppppppppppppppppppp

(3)TD×D

Tapp×id

  @
@@

@@
@@

@@
@@

@@
@@

@ T(DD) × T(DD) ×D

〈π1×id;π2×id〉

''NNNNNNNNNNNNNNNNNNNNNN

u×id

zzttttttttttttttttttt

(4)

(DD ×D) × (DD ×D)

(η×id)×(η×id)

wwoooooooooooooooooooooo

ev×ev

��

T(DD) ×D

t

$$J
JJJJJJJJJJJJJJJJJJ

(T(DD) ×D) × (T(DD) ×D)

t×t

��

(5)

T(DD ×D)

Tev

��

(6)

T(DD ×D) × T(DD ×D)

Tev×Tev

��

u
oo D×D

η×η

wwoooooooooooooooooooooooo

T(D) TD× TDu
oo

Figure 8.7: Soundness of the (δ) rule
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8.5 Examples in Scott domains

(writing K(D) the set of finite elements of D) by setting

hD(x) = sup
k≪x

h0(k)

(where k ranges over all finite approximants of x) for all x ∈ Pl(D). From this construc-
tion, it is obvious that the corresponding aggregation operator is the binary join. �

Moreover, the notion of morphism of algebras (cf subsection 8.3.3) exactly corresponds
to the notion of additive functions in Scott domains:

Proposition 8.19 Let D and E be two Scott domains with a top element. A continuous
function f : D→ E is a morphism of algebras iff it is additive, namely:

f(⊥) = ⊥ and f(x∨ y) = f(x) ∨ f(y)

for all x, y ∈ D.

(Notice that we require that additive functions are strict.)

Proposition 8.20 If D is a Scott domain with a top element equipped with a reflexive
structure (lam, app) where app : D→ DD is an additive continuous function, then D is
a model of the parallel λ-calculus w.r.t. the aggregation monad 〈Pl; ∨〉.

Proof. To check that the diagram (δ) commutes, it suffices to check that for all k̄ =

{k1; . . . ;kn} ∈ K(Pl(D)) and for all x ∈ D we have

app(k1 ∨ · · · ∨ kn)(x) =

app(k1)(x) ∨ · · · ∨ app(kn)(x) ,

which follows from the hypothesis and the fact that function application is additive on
its first argument. �

An obvious example of such a model is Scott’s D∞ domain, which is built from the
domain D0 = {⊤⊥} by taking the colimit of the sequence Di+1 = (Di→ Di) (i ≥ 0).

Application: Boudol’s models In [Bou94], Boudol presents two models D∗ and Ds for
λ-calculi with a parallel construct, as the initial solutions of both equations

D∗ = (D∗ → D∗)⊥ and Ds = (Ds →⊥ Ds)⊥

(where ( )⊥ denotes lifting and ( →⊥ ) the space of strict continuous functions). The
first model D∗ (due to Abramsky [Abr91, AO93]) is clearly a model of the parallel
λ-calculus from Prop. 8.20 due to the existence of a retraction pair

(up∗,down∗) : (D∗ → D∗) ⊳ D∗
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Chapter 8 Categorical semantics of the parallel λ-calculus

whose second component (the projection) is additive. The second model Ds (which
interprets a λ-calculus with call-by-value abstractions) can be decomposed as follows

{
Ds = Vs⊥

Vs = Vs⊥ →⊥ Ds = Vs → Ds

where Vs is a space of values (as opposed to Ds, which is a space of computations). Here,
the space of values Vs is again a model of the parallel λ-calculus from Prop. 8.20 due to
the existence of a retraction pair

(λf .ups ◦ f, λf .downs ◦ f) : (Vs → Vs) ⊳ Vs

whose second component is additive. (Here, (ups,downs) denotes the retraction Vs ⊳ Ds.)

Conclusion

In this chapter, we define a categorical semantics for the parallel λ-calculus and we prove
it sound. We prove in the following chapter its completeness.
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Chapter 9

Completeness by syntactical models

Contributions For each of the 24 equational theories T0 of the parallel λ-calculus ob-
tained by combining each of the 3 basic calculi βδ, βδǫ and βδη with the 8 combinations
of A, C and I, we prove the following completeness result: for every congruence T that
contains T0 there exists a model adapted to T0 such that the equational theory induced
by the interpretation of parallel terms in this object is exactly T.

The proof is based on an adequate notion of pers models as for the proof of com-
pleteness of the categorical semantics of the λ-calculus given in Chapter 7. The main
difficulty here is to find a suitable aggregation monad. This is achieved by introducing
a boxing monad that ensures that in the per models we only have parallel aggregation
of linear terms (in the sense of definition 8.1).

Outline of the chapter In Section 9.1, we extend the notion of λ-per by defining a
general notion of T-per w.r.t. the equational theories of the parallel λ-calculus. We
define and study in Section 9.2 the corresponding category and in Section 9.3 the corre-
sponding aggregation monad. The last section (9.4) is devoted to the detailed proof of
the completeness result.

9.1 The notion of T-per

Let T be one of the 24 equational theories of the parallel λ-calculus mentioned in Sec-
tion 8.1 and obtained by combining each of the 3 basic calculi βδ, βδǫ and βδη with
the combinations of A, C and I.

Definition 9.1 (T-per) — A T-partial equivalence relation (T-per) is a partial equiv-
alence relation (per) A on the set of parallel λ-terms such that T ◦ A ⊂ A, that is, a
symmetric and transitive relation A such that

(M,M ′) ∈ A and M ′ =T M
′′ ⇒ (M,M ′′) ∈ A

for all terms M,M ′,M ′′.

Definition 9.2 (Domain) The domain of a T-per A is defined by

dom(A) = {M | (M,M) ∈ A} .
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T-pers are naturally ordered by inclusion: the smallest T-per is the empty per (of
domain the empty set) and the largest T-per is the full per (of domain the set of all terms).
Moreover, T-pers are closed under arbitrary intersection, and thus form a complete
distributive lattice.

Two important constructions of T-pers are the arrow A → B of two T-pers A and B
and the parallel closure A+ of one T-per defined as follows.

Definition 9.3 (Arrow T-pers) The arrow A → B of two T-pers A and B is defined
for all M,M ′ by

(M,M ′) ∈ (A→ B) iff ∀N,N ′ ((N,N ′) ∈ A⇒ (MN,M ′N ′) ∈ B)

The arrow construction of pers is a construction which is antimonotonic w.r.t. A and
monotonic w.r.t. B.

Definition 9.4 (Parallel closure) The parallel closure A+ of a T-per A is inductively
defined by the two following rules

(M,M ′) ∈ A

(M,M ′) ∈ A+

(M1,M
′
1) ∈ A

+

(M2,M
′
2) ∈ A

+

M =T M1 //M2

M ′ =T M
′
1 //M

′
2

(M,M ′) ∈ A+

We first show that the two definitions are sound. Note that in the proof of soundness of
the arrow construction, we use the fact that both A and B are T-pers.

Lemma 9.5 Let A and B be two T-pers. The arrow A→ B is also a T-per.

Proof. We first prove the symmetry of the relation A→ B. Suppose that we have

(M,M ′) ∈ A→ B.

Let (N ′, N) ∈ A. By the symmetry of A, we have (N,N ′) ∈ A and then

(MN,M ′N ′) ∈ B.

By the symmetry of B, we get

(M ′N ′,MN) ∈ B.

We then show the transitivity of the relation A→ B. Suppose that we have

(M,M ′) ∈ A→ B and (M ′,M ′′) ∈ A→ B.

Let (N,N ′) ∈ A. Then we have N ∈ dom(A) and thus (MN,M ′N) ∈ B. But we have
also

(M ′N,M ′′N ′) ∈ B.

The transitivity of B concludes the proof.
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We finally show that the relation A→ B is closed by T. Suppose that we have

(M,M ′) ∈ A→ B and M ′ =T M
′′.

Let (N,N ′) ∈ A. Then we have

(MN,M ′N ′) ∈ B and M ′N ′ =T M
′′N ′.

Since B is closed by T, we have MN =T M
′′N ′. �

Lemma 9.6 Let A be a T-per. The parallel closure A+ is a T-per.

Proof. Let us show the symmetry of the relation A+. Suppose that (M,M ′) ∈ A+. We
proceed by induction on its proof.

• First, if (M,M ′) ∈ A then the result follows by the symmetry of A.

• For the induction case, we have

M =T M1 //M2 and M ′ =T M
′
1 //M

′
2

with (M1,M
′
1) ∈ A

+ and (M2,M
′
2) ∈ A

+. By induction, we obtain that

(M ′
1,M1) ∈ A

+ and (M ′
2,M2) ∈ A

+.

We conclude (M ′,M) ∈ A+.

The proof of the transitivity and the proof of the closure of A+ are easy and proceed in
the same way. �

Fact 9.7 (Parallel closure construction) The parallel closure construction is a clo-
sure operator since it is monotonic and we have

A ⊂ A+ and A++ = A+.

Lemma 9.8 For all T-pers A and B, we have (A→ B)+ ⊂ A→ B+

Proof. Suppose that (M,M ′) ∈ (A → B)+. We prove the result by induction on its
proof.

• If (M,M ′) ∈ (A→ B). The result is obvious since A→ B ⊆ A→ B+.

• Suppose now that we have

M =T M1 //M2 and M ′ =T M
′
1 //M

′
2

with (M1,M
′
1) ∈ (A→ B)+ and (M2,M

′
2) ∈ (A→ B)+. By induction hypothesis,

we have
(M1,M

′
1) ∈ A→ B+ and (M2,M

′
2) ∈ A→ B+.
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Let (N,N ′) ∈ A. We check that

(M1 //M2)N =δ M1N //M2N

=B+ M ′
1N

′ //M ′
2N

′

=δ (M ′
1 //M

′
2)N

′

This proves (M,M ′) ∈ A→ B+.

�
The previous lemma is obtained from the equation (δ). On the other hand, the equation
(A→ B) ⊂ (A+→ B+) holds only for linear terms (in the sense of definition 8.1). This
justifies the importance of linear terms.

Fact 9.9 If two terms M and M ′ are linear in the theory T then

(M,M ′) ∈ (A→ B) implies (M,M ′) ∈ (A+→ B+) .

Proof. Let (N,N ′) ∈ A+ we prove that

(MN,M ′N ′) ∈ B+

by induction on the proof of (N,N ′) ∈ A+.

• If (N,N ′) ∈ A then (MN,M ′N ′) ∈ B ⊆ B+.

• If N =T N1 // N2 and N ′ =T N
′
1 // N

′
2 with (Ni, N

′
i) ∈ A+. Then by induction

hypothesis we have (MNi,M
′N ′

i) ∈ B
+. We can check that

MN =T M(N1 // N2)

=T MN1 //MN2 Linearity of M

=B+ M ′N ′
1 //M

′N ′
2

=T M ′(N ′
1 // N

′
2) Linearity of M ′

=T M ′N ′

�

9.2 The ccc structure of T-PER

Definition 9.10 (Category T-PER) The category T-PER is defined as follows

• The objects of T-PER are T-pers.

• Given two T-pers A and B, the hom-set T-PER[A;B] is defined by

T-PER[A;B] = dom(A→ B)/∼(A→B) ,

where ∼(A→B) denotes the (total) equivalence relation induced by the T-per (A→ B)

on its domain.
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• Identity and composition are defined for all objects A,B,C ∈ T-PER and for all
arrows M ∈ T-PER[B;C] and N ∈ T-PER[A;B] by

idA = λx . x ∈ T-PER[A;A]

M ◦N = λx .M(Nx) ∈ T-PER[A;C]

(taking the corresponding operations on equivalence classes).

Lemma 9.11 The category T-PER is a Cartesian category:

• The terminal object is the full T-per: 1 = ⊤.

• The Cartesian product A× B is defined by

(M,M ′) ∈ (A× B) iff

(π1M,π1M
′) ∈ A and (π2M,π2M

′) ∈ B ,

where π1 = λp . p(λxy . x) and π2 = λp . p(λxy . y).

• The pairing operator is given by 〈M;N〉 = λxp . p(Mx)(Nx).

Proof. We prove the following three items.

• The fact that the full T-per is the terminal object is trivial: the full T-per makes
all terms equal and then (A→ ⊤) is also the full T-per.

• We check that for all M : C→ A and N : C→ B

π1 ◦ 〈M;N〉 =β λz . π1(λp . p(Mz)(Nz))

=β λz .Mz

=C→A M

and
π2 ◦ 〈M;N〉 =β λz . π2(λp . p(Mz)(Nz))

=β λz .Nz

=C→B N

• We show the uniqueness of the pairing operator for every (M,N) ∈ dom(A) ×
dom(B). Suppose that there exists P : C→ A× B such that

π1 ◦ P =C→A M

π2 ◦ P =C→B N

since we have
M =C→A π1 ◦ 〈M;N〉

N =C→B π2 ◦ 〈M;N〉

This gives π1◦P =C→A π1◦〈M;N〉 and π2◦P =C→B π2◦〈M;N〉. By the definition
of A× B, we conclude P =C→A×B 〈M;N〉.
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�

Lemma 9.12 In the category T-PER, for every pairs of objets A,B there exists an
exponent:

• The exponent is given by BA = (A→ B).

• The evaluation map is given by ev = λp . (π1p) (π2p).

• The currying operator is given by Λ(M) = λxy .M(λp . pxy).

Proof. We prove the following items.

• Let M ∈ C×A→ B. We check that

ev ◦ (Λ(M) × id) =β λz . ev
(

〈Λ(M)(π1z); π2z〉
)

=β λz .Λ(M)(π1z)(π2z)

=β λz .M(λp . p(π1z)(π2z))

=C×A→B M

• Suppose given M ∈ C × A → B. We now prove the uniqueness of the currying
operator. Suppose given a term M ′ : C→ A→ B such that

ev ◦ (M ′ × id) =C×A→B M

We want to show
M ′ =C→A→B Λ(M).

Let (N1, N
′
1) ∈ C and (N2, N

′
2) ∈ A. We want to show that

M ′N1N2 =C Λ(M)N ′
1N

′
2

or equivalently:
M ′N1N2 =B Mλp . pN ′

1N
′
2

But since ev ◦ (M ′× id) =C×A→B M and λp . pN1N2 =C×A λp . pN ′
1N

′
2 we have

(ev ◦ (M ′ × id)) (λp . pN1N2) =B M(λp . pN ′
1N

′
2)

The equality (ev ◦ (M ′ × id)) (λp . pN1N2) =β M
′N1N2 concludes the proof.

�

From the two previous results, we conclude the following proposition.

Proposition 9.13 (Ccc of T-PER) The category of T-PER can be given the structure
of a ccc.
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9.3 The aggregation monad of T-PER

It would be tempting to define the aggregation monad T of T-PER by setting TA = A+.
Unfortunately, the parallel closure operator A 7→ A+ is not functorial (since A ⊂ A+ but
(A→ B) 6⊆ (A+→ B+)) and thus cannot be given the structure of a monad. To achieve
functoriality, we first need to introduce the following boxing mechanism that constructs
only linear terms (see Lemma 9.20).

9.3.1 The boxing monad

Definition 9.14 (Boxing terms) For all terms M, we set

[M] = λx . xM

where x is a fresh variable.

This construction can be understood as a 1-uple. Unboxing is performed by applying
I = λx . x, since [M]I =β M.

Definition 9.15 (Boxing T-pers) To each T-per A, we associate a T-per [A] defined
by

(M,M ′) ∈ [A] iff

∃(M0,M
′
0)∈A (M =T [M0] ∧ M ′ =T [M ′

0]) .

This definition is clearly sound and we have

Lemma 9.16 Both T-pers [A] and A are isomorphic via the converse isomorphisms

box = λx . [x] ∈ dom(A→ [A]) and unbox = λx . xI ∈ dom([A]→ A) .

Proof. As remarked above, we have unbox ◦ box =A→A I. We prove the other direction.
Suppose that we have (N,N ′) ∈ [A] that is,

N =T [N0] and N ′ =T [N ′
0] and (N0, N

′
0) ∈ A

We check that
(box ◦ unbox)(N) =β [NI]

=T [[N0]I]

=β [N0]

=[A] [N ′
0]

=T N ′

�
Moreover, the following implication holds.

Lemma 9.17 For all T-pers A and B, we have [A→ B] ⊂ [A]→ B.
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Proof. Suppose that (M,M ′) ∈ [A→ B] that is

M =T [M0] and M ′ =T [M ′
0] and (M0,M

′
0) ∈ A→ B

Let (N,N ′) ∈ [A], that is

N =T [N0] and N ′ =T [N ′
0] and (N0, N

′
0) ∈ A

We check that
MN =T [M0][N0]

=β [N0]M0

=β M0N0

=B M ′
0N

′
0

=β [M ′
0][N

′
0]

�

Definition 9.18 (Boxing functor) The boxing functor is defined as follows

• The object function: A 7→ [A].

• The arrow function: ↑M = [λz . [Mz]] for all M.

The definition is sound since M ∈ dom(A→ B) implies

↑M ∈ dom([A→ [B]]) ⊂ dom([A]→ [B]) .

It actually defines a functor since

• it preserves identity:
↑id =[A]→[A] [λz . [z]]

=[A]→[A] λz . z

• it preserves composition:

↑(f ◦ g) =β [λy . [f(gz)]]

=[A]→[A] λz . z(λx . [gx])(λy . [fy])

= ↑f ◦ ↑g

Lemma 9.19 (Boxing monad) The boxing functor can be given the structure of monad
by setting:

– Unit: η = box.

– Multiplication: µ = unbox.
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Proof. Note that all the terms involved in this proof are linear (except in the naturality
of η). This will be used in the section related to the aggregation monad. The two
transformations η and µ are well-defined and define a monad. We show that there are
natural transformations.

• We check that η is natural:

η ◦M =β λz . [Mz]

=β λz . [z](λy . [My])

=β ↑M ◦ η

• We check that µ is natural. We first check that

↑M ◦ µ =β λz . zI(λx . [Mx])

µ ◦ ↑↑M =β λz . z(λx . [x(λy . [My])])I .

Let (N,N ′) ∈ [[A]] that is N =T [[N0]] and N ′ =T [[N ′
0]] with (N0, N

′
0) ∈ A we

check that
(↑M ◦ µ)(N) =T ([[N0]]I)(λy . [My])

=β [MN0]

=[B] [MN ′
0]

=β [[N ′
0](λx . [Mx])]I

=T [[N ′
0]](λy . [y(λx . [Mx]]))I

= (µ ◦ ↑↑M)(N ′)

• We check that (mon-1) is satisfied. We have

µ ◦ ↑η = λz . z(λx . [ηx])I

Let (N,N ′) ∈ [A] this means that N =T [N0] and N ′ =T [N ′
0] with (N0, N

′
0) ∈ A.

We have
(µ ◦ ↑η)(N) =T [N0](λx . [[x]])I

=β [[N0]]I

=β [N0]

=[A] [N ′
0]

=T N ′

• We check that (mon-2) is satisfied: this is true since η and µ are isomorphic.

• We check that (mon-3) is satisfied. We have

µ ◦ ↑µ =β λz . z(λx . [xI])I

µ ◦ µ =β λz . (zI)I
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Let (N,N ′) ∈ [[[A]]] this means that we have N =T [[N0]] and N ′ =T [[N ′
0]] with

(N0, N
′
0) ∈ [A]. We have

(µ ◦ µ)(N) =T [[N0]]II

=β N0

=[A] N ′
0

=β [[N ′
0]I]I

=β [[N ′
0]](λx . [xI])I

=β (µ ◦ ↑µ)(N ′)

�
The main property of the boxing mechanism is that boxed objects (including lifted
morphisms ↑M) are linear w.r.t. their first argument, in the sense that

Lemma 9.20 For all M ∈ [A] and for all terms N1, N2,

M(N1 // N2) =T MN1 //MN2

Proof. Let M ∈ [A] that is M =T [M ′
0] with M ′

0 ∈ A. We check that

M(N1 // N2) =T [M0](N1 // N2)

=β (N1 // N2)M0

=δ N1M0 // N2M0

=β [M0]N1 // [M0]N2

=T MN1 //MN2

�

This property is crucial for the definition of the aggregation monad below.

9.3.2 The aggregation monad

Definition 9.21 (Aggregation monad) The aggregation monad T is defined by

• The object function: A 7→ [A]+.

• The arrow function: ↑M = [λz . [Mz]] for all M.

• Unit: η = box.

• Multiplication: µ = unbox.

• Aggregation: u = λp . (π1p) // (π2p).

• Strength: t = λx . (π1x)(λy . [〈y;π2x〉)].
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Of course, one has to check that these constructions fit in their new types, using the
property of linearity mentioned above.

Lemma 9.22 The functor T is well-defined and is a monad.

Proof. We first show that T fits in its types: If M ∈ A→ B then T(M) ∈ [A]+→ [B]+.

Let M ∈ A→ B and let N ∈ [A]+. We prove that

T(M)(N) ∈ [B]+

by induction on the proof of N ∈ [A]+. Note that since T(M) is linear, it is sufficient to
check the basic case. So let N ∈ [A]. We have T(M)(N) ∈ [B]. Since

[B] ⊆ [B]+ ,

then we conclude T(M)(N) ∈ [B]+. This concludes the proof.
To show that T defines actually a functor and that we have indeed define a monadic

structure, it is sufficient to remark that all terms that are involved in the proof of
Lemma 9.19 are linear (except in the naturality of η but it is trivial).

�

Lemma 9.23 〈T, u〉 is an aggregation monad on the category T-PER.

Proof. We can check that:

µ ◦ u =β λz . (π1z // π2z)I
=δ λz . (π1z)I // (π2z)I
=β u ◦ (µ× µ)

�

Proposition 9.24 〈T, u〉 is a strong aggregation monad on the category T-PER.

Proof. We check that the diagram (agg-t) commutes:

t ◦ (u× id) =β λz . ((π1π1z) // (π2π1z))λx . [〈x;π2z〉]
=δ λz . (π1π1z)(λx . [〈x;π2z〉]) // (π2π1z)(λx . [〈x;π2z〉])
=β λz . t〈π1π1z;π2z〉 // t〈π2π1z;π2z〉
=β u ◦ (t× t) ◦ 〈π1 × id;π2 × id〉

�
Moreover, it is straightforward to check that the aggregation monad 〈T, u〉 is associative,
commutative or idempotent as soon as T contains the corresponding equation.

Lemma 9.25 If T contains the equation A, then the category of T-PER can be equipped
with a strong notion of aggregation that is associative.
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Proof. We check that

u ◦ (u× id) ◦ α =β λz .
(

π1(z) // π1(π2(z))
)

// π2(π2(z))

=A λz . π1(z) //
(

π1(π2(z)) // π2(π2(z))
)

=β u ◦ (id× u)

�

Lemma 9.26 If T contains the equation C, then the category of T-PER can be equipped
with a strong notion of aggregation that is commutative.

Proof. We check that

u ◦ 〈π2;π1〉 =β λz . (π2(z) // π1(z))

=C λz . (π1(z) // π2(z))

= u

�

Lemma 9.27 If T contains the equation I, then the category of T-PER can be equipped
with a strong notion of aggregation that is idempotent.

Proof. We check that
u ◦ 〈id; id〉 =β λz . u(〈z, z〉)

=β λz . (z // z)

=I λz . z

�

9.4 Completeness

Every model D of the parallel λ-calculus induces a congruence written =D over the set
of parallel λ-terms, which is defined for all terms M and M ′ by

M =DM
′ iff JMKD

ℓ = JM ′KD
ℓ

(where ℓ is such that FV (MM ′) ⊂ ℓ). Of course, since the semantics is sound the
congruence =D contains βδ.

We want to show that the converse holds, in the sense that for every congruence T

containing βδ, there exists a model D of the parallel λ-calculus that induces the congru-
ence T exactly, namely, there exists a model D such that M =DM

′ iff M =T M
′ for all

terms M and M ′.

Theorem 9.28 (Completeness) — Let T0 be one of the 24 equational theories of the
parallel λ-calculus mentioned in Section 8.1. For every congruence T ⊇ T0, there exists
a T0-per D such that:
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1. D is a model of the parallel λ-calculus in T0-PER, which is adapted to the the-
ory T0;

2. M =DM
′ iff M =T M

′ (for all terms M,M ′)

9.4.1 Proof sketch

The theorem is proved as follows. Consider a congruence T ⊇ T0(⊇ βδ). We first notice
that as a binary relation, the congruence T is a T0-per whose domain is the set of all
parallel λ-terms. We choose for the object D of Theorem 9.28

D = T

and we show that

1. D is a model in T0-PER, which is adapted to the theory T0. We first
check that the model fulfills all the expected properties namely it is a reflexive
object (Lemma 9.29) and an algebra (Lemma 9.30) and that the diagram (δ) holds
(Lemma 9.31). We check (Lemma 9.32 resp. Lemma 9.33) that the model D de-
fined above is an ǫ-model (resp. an η-model) as soon as the equational theory T0

contains the equation ǫ (resp. the equation η). Moreover, we know (previous sec-
tion) that the underlying aggregation monad that comes with the category T0-PER
is associative, commutative, idempotent as soon as T0 contains the corresponding
equation.

2. M =DM
′ iff M =T M

′ for all terms M and M ′. This is done in Section 9.4.6.

9.4.2 Reflexivity

Lemma 9.29 The reflexive structure for the congruence T is given by

app = λx . x lam = λxy . xy .

Proof. We first check that app ∈ T → TT and lam ∈ TT→ T. We easily check that

app ◦ lam , λz . λy . z y

=TT→TT λz . z

In fact, let (M0,M1) ∈ TT = T → T and (N0, N1) ∈ T then

(λz . (λy . z y))M0)N0 =β M0N0

=T M1N1

=β ((λz . z)M1)N1

�
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9.4.3 Algebraicity

Lemma 9.30 The structure of algebra for the congruence T is given by

flat = µ = unbox = λx . xI

Proof. We are in the particular case where the arrow of the algebra is the multiplicity
of the corresponding monad. Then the two diagram (alg-1) and (alg-2) are given by the
monadicity (Lemma 9.22). �

9.4.4 Distributivity axiom

Lemma 9.31 For the model D defined above, the diagram (δ) commutes.

Proof. We prove that the diagram (δ) commutes. We first make the following simplifi-
cations:

flat ◦ ↑ev ◦ t =β λz . (flat ◦ ↑ev)
(

(π1z)(λx . [〈x;π2z〉])
)

=β λz . (π1z) (λx2 . [〈x2;π2z〉]) (λx3 . [(π1x3)(π2x3)]) I

Λ(flat ◦ ↑ev ◦ t) =β λxy . x(λx2 . [〈x2;y〉]) (λx3 . [(π1x3)(π2x3)])I

Λ(flat ◦ ↑ev ◦ t) ◦ ↑app =β λz . λy . z(λx1 . [x1]) (λx2 . [〈x2;y〉]) (λx3 . [(π1x3)(π2x3)]) I

app ◦ flat = λx1 . x1I

We want to prove that

Λ(flat ◦ ↑ev ◦ t) ◦ ↑app =T(T)→(T→T) app ◦ flat

that is, for all terms M and M ′ such that M =T(T) M
′ we have

(

Λ(flat ◦ ↑ev ◦ t) ◦ ↑app
)

M =T→T

(

app ◦ flat
)

M ′

We prove the result by induction on the proof of M =T(T) M
′. Note that since the two

terms corresponding to Λ(flat ◦ ↑ev ◦ t) ◦ ↑app and app ◦ flat are linear it is sufficient to
check the result for the basic case when (M,M ′) ∈ [T] that is,

M =T [M0] and M ′ =T [M ′
0] and (M0,M

′
0) ∈ T
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We can check that for all terms (N,N ′) ∈ T

(

Λ(flat ◦ ↑ev ◦ t) ◦ ↑app
)

MN =T

(

Λ(flat ◦ ↑ev ◦ t) ◦ ↑app
)

[M0] N

=β [M0] (λx1 . [x1]) (λx2 . [〈x2;N〉]) (λx3 . [(π1x3) (π2x3)]) I

=β [M0] (λx2 . [〈x2;N〉]) (λx3 . [(π1x3) (π2x3)]) I

=β [〈M0;N〉] (λx3 . [(π1x3) (π2x3)]) I

=β [M0 N] I

=β M0 N

=T (λx . xI) [M ′
0] N

′

=T (λx . xI) M ′ N ′

=
(

app ◦ flat
)

M ′ N ′

�

9.4.5 Adapted model

Lemma 9.32 If the equational theory T0 contains the equation ε, then the diagram (ε)
commutes.

Proof. We prove that the diagram (ε) commutes. Recall (proof of Lemma 9.31) first
that

Λ(flat ◦ ↑ev ◦ t) =β λxy . x(λx2 . [〈x2;y〉]) (λx3 . [(π1x3)(π2x3)]) I

lam ◦Λ(flat ◦ ↑ev ◦ t) =β λz . λy . z (λz2 . [〈z2;y〉]) (λz3 . [(π1z3)(π2z)]) I

flat ◦ ↑lam =β λz . z (λx1 . [λx2 . x1x2]) I

We want to prove that

flat ◦ ↑lam =T(T→T)→T lam ◦Λ(flat ◦ ↑ev ◦ t)

that is, for all terms M and M ′ such that M =T(T→T) M
′ we have

(

flat ◦ ↑lam
)

M =T

(

lam ◦Λ(flat ◦ ↑ev ◦ t)
)

M ′

We prove the result by induction on the proof of M =T(T→T) M
′.

Base case If M =[T→T] M
′ that is,

M =T [M0] and M ′ =T [M ′
0] and (M0,M

′
0) ∈ (T → T)
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Chapter 9 Completeness by syntactical models

We check that
(

flat ◦ ↑lam
)

M =T [M0] (λx1 . [λx2 . x1x2]) I

=β [λx2 .M0x2] I

=β λx2 .M0x2

=T λy .M ′
0 y

=β λy . [M ′
0 y] I

=β λy . [〈M ′
0; y〉] (λz3 . [(π1z3)(π2z3)]) I

=β λy . [M ′
0] (λz2 . [〈z2; y〉]) (λz3 . [(π1z3)(π2z3)]) I

=T

(

lam ◦Λ(flat ◦ ↑ev ◦ t)
)

M ′

Induction case If M =T M1 //M2 and M ′ =T M
′
1 //M

′
2 with (M1,M

′
1) ∈ [T → T]+ and

(M2,M
′
2) ∈ [T → T]+ we can check that

(

lam ◦Λ(flat ◦ ↑ev ◦ t)
)

(M1 //M2)

=β λy . (M1 //M2) (λz2 . [〈z2;y〉]) (λz3 . [(π1z3)(π2z)]) I

=δ λy .
(

M1 (λz2 . [〈z2;y〉]) (λz3 . [(π1z3)(π2z)]) I
)

//
(

M2 (λz2 . [〈z2;y〉]) (λz3 . [(π1z3)(π2z)]) I
)

=ε

(

λy .M1 (λz2 . [〈z2;y〉]) (λz3 . [(π1z3)(π2z)]) I
)

//
(

λy .M2 (λz2 . [〈z2;y〉]) (λz3 . [(π1z3)(π2z)]) I
)

IH
= (flat ◦ ↑lam) M ′

1 // (flat ◦ ↑lam) M ′
2

=β M ′
1 (λx1 . [λx2 . x1x2]) I // M ′

2 (λx1 . [λx2 . x1x2]) I

=δ (M ′
1 //M

′
2) (λx1 . [λx2 . x1x2]) I

=β

(

flat ◦ ↑lam
)

(M ′
1 //M

′
2)

where IH indicates the two applications of the induction hypothesis on the proofs of
(M1,M

′
1) ∈ [T → T]+ and (M2,M

′
2) ∈ [T → T]+.

�

Lemma 9.33 If T contains the equation η, then for all T0-theories, the triple (T, λx . x, λxy . xy)
defines an isomorphism between T and T→ T

Proof. We check first that λx . x ∈ TT→ T. Let M1 =TT M2. We want to prove

(λx . x)M1 =T (λx . x)M2

We can equivalently prove that M1 =T M2. In fact, (x, x) ∈ T and then M1x =T M2x.
Since T is a congruence, we have

λx . (M1x) =T λx . (M2x).
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9.4 Completeness

Using the η rule we conclude that M1 =T M2.
We check that

lam ◦ app =β λz . lam(z)

=β λz . λy . zy

=η λz . z

�

9.4.6 Completeness result

To conclude the proof of Theorem 9.28, we need to ensure that the congruence induced
by the model D is precisely the congruence T. This relies on the following lemma:

Lemma 9.34 Let ℓ = [x1, . . . , xn] be a list of variables. For all terms M such that
FV (M) ⊂ ℓ, we have:

JMKD
ℓ =βδ λz .M{x1 := π

x1

ℓ z; . . . ; xn := πxn

ℓ z}

(where z is a fresh variable).

Proof. We prove the result by induction on M. We only check the result for the last
case that is, if M = M1 //M2 then we have

JM1 //M2K
D
ℓ = par ◦ 〈JM1K

D
ℓ ; JM2K

D
ℓ 〉

IH
=βδ par ◦ 〈λz .M1{x1 := π

x1

ℓ (z); . . . ; xn := πxn

ℓ (z)};

λz .M2{x1 := π
x1

ℓ (z); . . . ; xn := πxn

ℓ (z)}〉

=β λy . par (λp . p (M1{x1 := π
x1

ℓ (y); . . . ; xn := πxn

ℓ (y)})

(M2{x1 := π
x1

ℓ (y); . . . ; xn := πxn

ℓ (y)}))

=β λy .flat ◦ u(λp . p (M1{x1 := π
x1

ℓ (y); . . . ; xn := πxn

ℓ (y)})

(M2{x1 := π
x1

ℓ (y); . . . ; xn := πxn

ℓ (y)}))

=β λy .
(

[M1{x1 := π
x1

ℓ (y); . . . ; xn := πxn

ℓ (y)}] //

[M2{x1 := π
x1

ℓ (y); . . . ; xn := πxn

ℓ (y)}]
)

I

=δ λy . [M1{x1 := π
x1

ℓ (y); . . . ; xn := πxn

ℓ (y)}] I //

[M2{x1 := π
x1

ℓ (y); . . . ; xn := πxn

ℓ (y)}] I

=β λy .M1{x1 := π
x1

ℓ (y); . . . ; xn := πxn

ℓ (y)} //

M2{x1 := π
x1

ℓ (y); . . . ; xn := πxn

ℓ (y)}

= λy . (M1 //M2){x1 := π
x1

ℓ (y); . . . ; xn := πxn

ℓ (y)}

�

191



Chapter 9 Completeness by syntactical models

Theorem 9.35 (Completeness) For all lists of variables ℓ, and for all terms M1 and
M2 such that FV (M1) ∪ FV (M2) ⊂ ℓ, one has

JM1K
D
ℓ = JM2K

D
ℓ iff M1 =T M2 .

Proof. The soudness proposition gives one implication. We show the other one. Let us
assume that JM1K

D
ℓ = JM2K

D
ℓ and l = [x1, . . . , xn]. Since D is a congruence we have

〈x1, . . . , xn〉 ∈ D
n (by abuse we denote by l this term). We check that

M1 = M1{x1 := x1; . . . ; xn := xn}

=β M1{x1 := π
x1

ℓ (l); . . . ; xn := πxn

ℓ (l)}

=β

(

λz .M1{x1 := π
x1

ℓ (z); . . . ; xn := πxn

ℓ (z)}
)

l

=βδ JM1K
D
ℓ l

=T JM2K
D
ℓ l

=βδ M2

�

Conclusion

In the previous chapter, we introduce a sound categorical semantics for the parallel λ-
calculus that we proved here its completeness. In the following chapters, we give two
abstract methods to build such models.
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Chapter 10

Constructing a model of the parallel
λ-calculus

Context We have defined a sound and complete categorical semantics for the parallel
λ-calculus. We have given in Chapter 8 several examples of models of the parallel λ-
calculus in the category of Scott domains.

Contributions We present two methods for constructing a model of the parallel λ-
calculus from a given ccc and a given strong aggregation monad. Both construction
methods rely on the existence of objects satisfying particular equations. They can be
fruitfully used in the category of Scott domains where such equations have many inter-
esting solutions.

Outline of the chapter We give a first method in Section 10.1 and a second one in
Section 10.2.

10.1 First method

In this section, we assume that C is a Cartesian closed category equipped with a strong
aggregation monad (T, η, µ, t, u). Our aim is to show that

Theorem 10.1 If D ∈ ObjC is such that D ∼= (TD)D, then D can be given all the
structures of a model of the parallel λ-calculus.

The rest of this section is devoted to the proof of Theorem 10.1. We can notice that
we will never use the hypothesis (agg-t) and (agg-µ).

In what follows, we assume that D is an object equipped with a pair of arrows

D
unfold //

(TD)D

fold
oo

such that unfold ◦ fold = idTDD and fold ◦ unfold = idD.
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Chapter 10 Constructing a model of the parallel λ-calculus

10.1.1 Algebraicity

The arrow flat ∈ C[T(D);D] is defined by

flat = fold ◦Λ(µ ◦ Tev ◦ t) ◦ Tunfold

Its construction is depicted below:

T(D)

Tunfold
��

D

T
(

(TD)D
) Λ(µ◦Tev ◦ t) // (TD)D

fold

OO

T
(

(TD)D
)

×D
t

// T
(

(TD)D ×D
)

Tev
// T2(D) µ

// T(D)

We check that

flat ◦ η = fold ◦Λ(µ ◦ Tev ◦ t) ◦ Tunfold ◦ η
= fold ◦Λ(µ ◦ Tev ◦ t) ◦ η ◦ unfold (nat-η)
= fold ◦Λ

(

µ ◦ Tev ◦ t ◦ (η× id)
)

◦ unfold (exp-◦)
= fold ◦Λ

(

µ ◦ Tev ◦ η
)

◦ unfold (str-η)
= fold ◦Λ

(

µ ◦ η ◦ ev
)

◦ unfold (nat-η)
= fold ◦Λ

(

ev
)

◦ unfold (mon-2)

= fold ◦ unfold (exp-η)
= id (fold/unfold)

Writing f = Λ(µ ◦ Tev ◦ t), we check that

flat ◦ Tflat = fold ◦ f ◦ Tunfold ◦ T(fold ◦ f ◦ Tunfold)

= fold ◦Λ(µ ◦ Tev ◦ t) ◦ Tf ◦ T2unfold (fold/unfold)

= fold ◦Λ(µ ◦ Tev ◦ t ◦ (Tf× id)) ◦ T2unfold (exp-nat)
= fold ◦Λ(µ ◦ Tev ◦ T(f× id) ◦ t) ◦ T2unfold (t-nat)
= fold ◦Λ(µ ◦ T(µ ◦ Tev ◦ t) ◦ t) ◦ T2unfold (exp-β)

= fold ◦Λ(µ ◦ µ ◦ T2ev ◦ Tt ◦ t) ◦ T2unfold (mon-3)

= fold ◦Λ(µ ◦ Tev ◦ µ ◦ Tt ◦ t) ◦ T2unfold (µ-nat)
= fold ◦Λ(µ ◦ Tev ◦ t ◦ (µ× id)) ◦ T2unfold (str-µ)

= fold ◦Λ(µ ◦ Tev ◦ t) ◦ µ ◦ T2unfold (exp-◦)
= fold ◦Λ(µ ◦ Tev ◦ t) ◦ Tunfold ◦ µ = flat ◦ µ (µ-nat)

10.1.2 Reflexivity

Once the structure of T-algebra of D has been outlined, it is easy to check that D is
a reflexive object of the category. For that, we define two arrows lam ∈ C[DD;D] and
app ∈ C[D;DD] by setting:

lam = fold ◦Λ(η ◦ ev) and app = Λ(flat ◦ ev) ◦ unfold .
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10.1 First method

The construction of these arrows is depicted below:

lam =






DD
Λ(η◦ ev) // (TD)D fold // D

DD ×D ev
// D η

// T(D)

app =






D
unfold// (TD)D

Λ(flat ◦ ev) // DD

(TD)D ×D ev
// T(D)

flat
// D

We check that

app ◦ lam = Λ(flat ◦ ev) ◦ unfold ◦ fold ◦Λ(η ◦ ev)

= Λ(flat ◦ ev) ◦Λ(η ◦ ev) (unfold/fold)

= Λ
(

flat ◦ ev ◦ (Λ(η ◦ ev) × id)
)

(exp-◦)
= Λ(flat ◦ η ◦ ev) (exp-β)

= Λ(ev) (alg-1)

= id (exp-η)

so that (lam, app) is a retraction of D onto DD.

10.1.3 Distributivity axiom

We prove that the diagram (δ) commutes. We check that

app ◦ flat = Λ(flat ◦ ev) ◦ unfold ◦ flat
= Λ(flat ◦ ev) ◦ unfold ◦ fold︸ ︷︷ ︸ ◦Λ(µ ◦ Tev ◦ t) ◦ Tunfold (def-flat)

= Λ(flat ◦ ev) ◦ Λ(µ ◦ Tev ◦ t) ◦ Tunfold (unfold/fold)

= Λ(flat ◦ ev ◦Λ(µ ◦ Tev ◦ t) × id) ◦ Tunfold (exp-◦)
= Λ(flat ◦ µ ◦ Tev ◦ t) ◦ Tunfold (exp-β)

= Λ(flat ◦ Tflat ◦ Tev ◦ t) ◦ Tunfold (alg-2)

= Λ(flat ◦ Tev ◦ T(Λ(flat ◦ ev) × id) ◦ t) ◦ Tunfold (exp-β)

= Λ(flat ◦ Tev ◦ t ◦ (TΛ(flat ◦ ev) × id)) ◦ Tunfold (nat-t)
= Λ(flat ◦ Tev ◦ t) ◦ TΛ(flat ◦ ev) ◦ Tunfold (exp-◦)
= Λ(flat ◦ Tev ◦ t) ◦ Tapp (def-app)

10.1.4 Typical use

The typical use of this theorem in the category of Scott domains is the following: as-
sume that 〈T, u〉 is a strong aggregation monad in the category of Scott domains whose
underlying endofunctor T is ωop-continuous (i.e. preserves limits on ωop-chains). Then
the correspondence

X 7→ (TX)X

induces an ω-cocontinuous (covariant) endofunctor in the category Scottip of Scott
domains equipped with injection-projection pairs. Starting from a domain D0 equipped
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Chapter 10 Constructing a model of the parallel λ-calculus

with an injection retraction pair D0 ֌ (TD0)
D0 , it is easy to build a smallest fixpoint

D ≃ (TD)D containing D0 (in the sense of injection-retraction pairs).

Notice that this way of constructing models in the category of Scott domains is not
limited to the lower powerdomain monad Pl, but that it can be also used with:

• The list monad, which defines an associative aggregation monad using the concate-
nation function;

• The free magma monad TX, defined as the smallest fixpoint of the equation

TX =
(

X+ (TX× TX)
)

⊥
,

that induces an aggregation monad which is neither associative, commutative nor
idempotent.

10.2 Second method

In this section, we assume that C is a Cartesian closed category equipped with a strong
aggregation monad (T, η, µ, t, u) and a T-algebra (R,flatR).

We denote by Dω the infinite product of D. We use the standard functions coming
with infinite products:

hd : Dω→ D = π0

tl : Dω→ Dω = 〈πi+1〉i∈N

cons : D×Dω→ Dω = 〈fi〉i∈N

f0 = π1

fi+1 = πi ◦ π2

We will often use the following equation:

cons ◦ 〈hd; tl〉 = idDω (prod-i)
〈hd; tl〉 ◦ cons = idD×Dω

Theorem 10.2 If D ∈ ObjC is such that D ∼= RDω
then D can be given the additional

structures of an ε-model of the parallel λ-calculus.

In what follows we assume that D is an object equipped with a pair of arrows

D
unfold //

RDω

fold
oo

such that

unfold ◦ fold = idRDω and fold ◦ unfold = idD .
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10.2 Second method

10.2.1 Algebraicity

The arrow flatD ∈ C[T(D);D] is defined by

flatD = fold ◦Λ(flatR ◦ Tev ◦ t) ◦ Tunfold

Its construction is depicted below:

T(D)

Tunfold
��

D

T
(

RDω) Λ(flatR ◦Tev ◦ t) // RDω

fold

OO

T(RDω
) ×Dω

t
// T(RDω

×Dω)
Tev

// TR
flatR

// R

We check that

flatD ◦ η = fold ◦Λ(flatR ◦ Tev ◦ t) ◦ Tunfold ◦ η
= fold ◦Λ(flatR ◦ Tev ◦ t) ◦ η ◦ unfold (nat-η)
= fold ◦Λ

(

flatR ◦ Tev ◦ t ◦ (η× id)
)

◦ unfold (exp-◦)
= fold ◦Λ

(

flatR ◦ Tev ◦ η
)

◦ unfold (str-η)
= fold ◦Λ

(

flatR ◦ η ◦ ev
)

◦ unfold (nat-η)
= fold ◦Λ

(

ev
)

◦ unfold (alg-1)

= fold ◦ unfold (exp-η)
= id (fold/unfold)

Writing f = Λ(flatR ◦ Tev ◦ t), we check that

flatD ◦ TflatD = fold ◦ f ◦ Tunfold ◦ T(fold ◦ f ◦ Tunfold)

= fold ◦Λ(flatR ◦ Tev ◦ t) ◦ Tf ◦ T2unfold (fold/unfold)

= fold ◦Λ(flatR ◦ Tev ◦ t ◦ (Tf× id)) ◦ T2unfold (exp-◦)
= fold ◦Λ(flatR ◦ Tev ◦ T(f× id) ◦ t) ◦ T2unfold (t-nat)
= fold ◦Λ(flatR ◦ T(flatR ◦ Tev ◦ t) ◦ t) ◦ T2unfold (exp-β)

= fold ◦Λ(flatR ◦ µ ◦ T2ev ◦ Tt ◦ t) ◦ T2unfold (alg-2)

= fold ◦Λ(flatR ◦ Tev ◦ µ ◦ Tt ◦ t) ◦ T2unfold (µ-nat)
= fold ◦Λ(flatR ◦ Tev ◦ t ◦ (µ× id)) ◦ T2unfold (str-µ)

= fold ◦Λ(flatR ◦ Tev ◦ t) ◦ µ ◦ T2unfold (exp-◦)
= fold ◦Λ(flatR ◦ Tev ◦ t) ◦ Tunfold ◦ µ = flatD ◦ µ (µ-nat)

Note that the proofs of the last two equations are in a one-to-one correspondence with
the one of Theorem 10.1. The morphism µ is replaced here by flatR.

10.2.2 Reflexivity

We check that D is a reflexive object of the category. For that, we define two arrows
lam ∈ C[DD;D] and app ∈ C[D;DD] by setting:

lam = fold ◦Λ(ev ◦ (ev × id) ◦ α ◦ (id × 〈hd; tl〉)) ◦Λ(unfold ◦ ev)

and app = Λ(fold ◦ ev) ◦ΛΛ(ev ◦ (id × cons) ◦ α) ◦ unfold
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Chapter 10 Constructing a model of the parallel λ-calculus

The construction of these arrows is depicted below:

DD
Λ(unfold◦ev) //

(RDω
)D

Λ(fold◦ev)
oo

Λ(ev◦(ev×id)◦α◦(id×〈hd;tl〉))

��
RDω

fold //

ΛΛ(ev◦(id×cons)◦α)

OO

D
unfold

oo

We first prove that DD ∼= (RDω
)D. We check that

Λ(unfold ◦ evD,D) ◦Λ(fold ◦ evRDω
,D)

= Λ(unfold ◦ evD,D ◦Λ(fold ◦ evRDω
,D) × idD) (exp-◦)

= Λ(unfold ◦ fold ◦ evRDω
,D) (exp-β)

= Λ(evRDω
,D) (fold/unfold)

= id(RDω
)D (exp-η)

and
Λ(fold ◦ evRDω

,D) ◦Λ(unfold ◦ evD,D)

= Λ(fold ◦ evRDω
,D ◦Λ(unfold ◦ evD,D) × idD) (exp-◦)

= Λ(fold ◦ unfold ◦ evD,D) (exp-β)

= Λ(evD,D) (fold/unfold)
= idDD (exp-η)

We now prove that (RDω
)D ∼= RDω

. Writing f = ev ◦ (ev × id) ◦ α ◦ (id× 〈hd; tl〉) and
g = ev ◦ (id × cons) ◦ α we check that

Λf ◦ΛΛg
(i)
= Λ(ev ◦ (ev × id) ◦ α ◦ (id × 〈hd; tl〉) ◦ΛΛg× id) (exp-◦)
= Λ(ev ◦ (ev × id) ◦ α ◦ (ΛΛg× id) ◦ (id × 〈hd; tl〉))
= Λ(ev ◦ (ev × id) ◦ ((ΛΛg× id) × id) ◦ α ◦ (id × 〈hd; tl〉)) (nat-α)
(v)
= Λ(ev ◦ (Λg× id) ◦ α ◦ (id × 〈hd; tl〉)) (exp-β)
(vi)
= Λ(ev ◦ (id × cons) ◦ α︸ ︷︷ ︸

g

◦α ◦ (id × 〈hd; tl〉)) (exp-β)

(vii)
= Λ(ev) (prod-i)

= id (exp-η)

The steps from (i) to (vi) are described in Figure 10.1. In this figure, diagram (1) is
given by trivial properties of products. Diagram (2) is given by the naturality of α.
Diagram (3) is given by (exp-β) and (exp-◦).

The step (vii) is described in Figure 10.2, which expresses easy properties of products.
More precisely, this diagram is given by (prod-i).
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10.2 Second method

RDω
×Dω

id×〈hd;tl〉

��

ΛΛg×id

vvnnnnnnnnnnnnnnnnnnnnnnnnn

(RDω
)D ×Dω

id×〈hd;tl〉

��

RDω
× (D×Dω)

α

��

ΛΛg×id

vvnnnnnnnnnnnnnnnnnnnnnnnn

(RDω
)D × (D×Dω)

α

��

(1)

(RDω
×D) ×Dω

(ΛΛg×id)×id

vvnnnnnnnnnnnnnnnnnnnnnnnn

g

��
((RDω

)D ×D) ×Dω

ev×id

��

(2)

R

RDω
×Dω

ev

66nnnnnnnnnnnnnnnnnnnnnnnnnnnn

(3)

Figure 10.1: Auxiliary diagram for the reflexivity

We finally check that

ΛΛg ◦Λf
= ΛΛ(g ◦ ((Λf× id) × id)) (exp-◦)
= ΛΛ(ev ◦ (id × cons) ◦ α ◦ ((Λf× id) × id))

= ΛΛ(ev ◦ (id × cons) ◦ (Λf× id) ◦ α) (nat-α)

= ΛΛ(ev ◦ (Λf× id) ◦ (id × cons) ◦ α)

= ΛΛ(ev ◦ (ev × id) ◦ α ◦ (id × 〈hd; tl〉)︸ ︷︷ ︸
f

◦(id × cons) ◦ α) (exp-β)

= ΛΛ(ev ◦ (ev × id) ◦ α ◦ α) (prod-i)
= ΛΛ(ev ◦ (ev × id)) = Λ(ev) = id

10.2.3 Distributivity axiom

Since we have an isomorphism between DD and D then the two diagrams (δ) and (ε)
are equivalent. So we only check the first one.

We isolate two parts of the proofs in Figure 10.3 and in Figure 10.4. The proof of
commutation of the first one is immediate. In Figure 10.4 the first diagram is given
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RDω
×Dω

id×〈hd;tl〉 // RDω
× (D×Dω)

α // (RDω
×D) ×Dω

α

vvmmmmmmmmmmmmmmmmmmmmmmmm

RDω
×Dω RDω

× (D×Dω)
id×cons

oo

Figure 10.2: Auxiliary diagram for reflexivity

by (str-α). Diagram (2) is given by the naturality of t. Diagram (3) is given by the
definition of g.

We often use the equation

Tev ◦ t ◦ TΛf× id = Tf ◦ t (10.1)

that can be proved using first (nat-t) and then using (exp-β). Writing h = flatR◦Tev◦t,
we check that:

app ◦ flatD

= Λ(fold ◦ ev) ◦ΛΛg ◦ unfold ◦ fold ◦Λh ◦ Tunfold
= Λ(fold ◦ ev ◦ (ΛΛg× id) ◦Λh× id) ◦ Tunfold (exp-◦)
= Λ(fold ◦Λg ◦Λh× id) ◦ Tunfold (exp-β)

= Λ(fold ◦Λ(g ◦ ((Λh× id) × id))) ◦ Tunfold (exp-◦)
= Λ(fold ◦Λ(h ◦ (id × cons) ◦ α)) ◦ Tunfold (Fig. 10.3)
= Λ(fold ◦Λ(flatR ◦ Tg ◦ t ◦ (t× id))) ◦ Tunfold (Fig. 10.4)
= Λ(fold ◦Λ(flatR ◦ Tev ◦ t ◦ TΛg× id ◦ (t× id))) ◦ Tunfold (Eq. 10.1)
= Λ(fold ◦Λ(h ◦ TΛg× id ◦ (t× id))) ◦ Tunfold
= Λ(fold ◦Λ(h) ◦ Tunfold ◦ Tfold ◦ Tev ◦ t ◦ TΛΛg× id) ◦ Tunfold (Eq. 10.1)
= Λ(fold ◦Λ(h) ◦ Tunfold ◦ Tev ◦ t ◦ (TΛ(fold ◦ ev) × id) ◦ TΛΛg× id) ◦ Tunfold (Eq. 10.1)
= Λ(flatD ◦ Tev ◦ t) ◦ TΛ(fold ◦ ev) ◦ TΛΛg ◦ Tunfold = Λ(flatD ◦ Tev ◦ t) ◦ Tapp (exp-◦)

10.2.4 Typical use

In Scott domains, the equation D = R(Dω) always has solutions, since the endofunctor
X 7→ R(Xω) is ω-cocontinuous in the category of injection-projection pairs. Notice that
the least fixpoint D of this functor is not trivial as soon as the algebra R is not trivial.
Intuitively, the smallest solution D can be understood as the smallest η-model of the
parallel λ-calculus which contains R (in the sense of injection-projection pairs).

Conclusion and Future Works

We have defined a sound and complete categorical semantics for the parallel λ-calculus,
based on a notion of aggregation monad which is modular w.r.t. associativity, commu-
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10.2 Second method
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Figure 10.3: Auxiliary diagram for the distributivity
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Figure 10.4: Auxiliary diagram for the distributivity
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tativity and idempotence.
To prove completeness, we have introduced a category of partial equivalence relations

adapted to parallelism, in which any extension of the basic equational theory of the
calculus is induced by some model.

We have also presented abstract methods to construct models of the parallel λ-calculus
in categories where particular equations have solutions, such as the category of Scott
domains and its variants, and check that G. Boudol’s original semantics is a particular
case of ours.

This work on the denotational semantics of the parallel λ-calculus is initially motivated
by the semantical study of the ρ-calculus [CK01], a formalism which combines ML-style
pattern-matching with parallel aggregation. The next step is thus to find a satisfying
way to integrate constructors and pattern-matching in our setting. However, combining
pattern-matching with parallel aggregation naturally raises new problems related to
additivity. To understand this point, let us consider the following example.

Assume that the parallel λ-calculus is enriched with two constant constructors a, b
and a unary constructor c( ), plus a syntactic construct [c(x) ≪ N]M that matches the
term N against the pattern c(x), and binds all free occurrences of x inM to the argument
of the destructed value. (We do not give any special meaning to this construction whenN
is not a constructed value.)

Now consider the term M = [c(x) ≪ c(a // b)] F x x, where F is an arbitrary function.
The naive way to reduce M is to substitute the term (a // b) to x in the r.h.s. F x x,
hence:

[c(x) ≪ c(a // b)] F x x → F (a // b) (a // b) .

(This strategy is the one which is actually implemented by the standard encodings of
constructed values and pattern-matching in the λ-calculus.)

However, it is also legitimate to consider that a and b represent two possible choices
for the argument of the constructed value c(a//b). Following this intuition, a completely
different reduction strategy is to distribute a and b w.r.t. the matching construct, which
yields:

[c(x) ≪ c(a // b)]F x x → F aa // F bb .

Of course, both design choices are clearly incompatible, which is easy to see by taking
F = λxy . xy. This second strategy—which seems to be impossible to simulate in the
core parallel λ-calculus—is much more interesting, since it suggests that both operations
of construction and destruction are linear:

c(N1 // N2) = c(N1) // c(N2)

[c(x) ≪ (N1 // N2)]M = [c(x) ≪ N1]M// [c(x) ≪ N2]M

This example naturally raises the exciting challenge of constructing a model of the ρ-
calculus that implements the second reduction strategy, while being rich enough to reflect
all the expressivity of ML-style pattern-matching, such as the existence of infinitely
many constructors of all arities (with pairwise disjoint images), the existence of variadic
constructors, etc.
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Conclusion et travaux futurs

Dans la première partie de cette thèse, nous avons introduit une nouvelle approche
pour résoudre des équations de filtrage dans le λ-calcul. La méthode utilisée n’est pas dé-
pendante d’un système de types particulier et possède de plus l’avantage, contrairement
aux autres approches [Hue76, HL78, CQS96], de ne pas introduire de nouvelles variables
de filtrage durant le processus de résolution. Bien que l’ensemble des équations résolues
soit particulièrement riche (équations du second-ordre et équations sur des motifs à la
Miller entre autres), l’utilisation du λ-calcul comme langage support est restrictif.

Tout d’abord, dans le cadre de la transformation de programmes et dans le cadre de la
preuve (calcul des constructions avec filtrage par exemple), il est fondamental de disposer
d’algorithmes pour le filtrage modulo βη en présence de symboles AC. Une telle extension
de l’algorithme du second-ordre de G. Huet et de B. Lang a été proposée [Cur93] mais il
serait particulièrement intéressant d’étudier le filtrage modulo super-développements en
présence de symboles AC et de le comparer avec l’approche précédente. Un tel algorithme
utilisant les super-développements semble a priori plus simple à mettre en pratique.

D’autre part, lorsque l’on souhaite transformer des programmes fonctionnels non
stricts1 (programmes comme ρ-termes), ou lorsque l’on considère [Wac05] des termes
de preuve riches pour la déduction modulo (preuves comme ρ-termes), la β-équation
du λ-calcul doit être remplacée par la théorie équationnelle du ρ-calcul. Ainsi défini, un
algorithme pour le filtrage d’ordre supérieur modulo super-développements permettrait
de faire l’économiede l’encodage, souvent coûteux [MS01], du filtrage.

Les outils pour le filtrage d’ordre supérieur que nous avons introduits dans cette thèse
ont des applications nombreuses et plus particulièrement dans le cadre de la preuve de
propriétés de programme. En se basant sur un ensemble de règles de transformations
préservant la sémantique des programmes et en utilisant, pour appliquer ces règles, un
algorithme de filtrage certifié, on peut ainsi prouver des propriétés sur des programmes
sémantiquement équivalents mais plus simples. Considérons par exemple les deux al-
gorithmes classiques pour renverser les listes : l’algorithme näıf mais défini simplement
par filtrage sur la structure de données liste et l’algorithme efficace utilisant une pile
auxiliaire. L’approche que nous avons décrite consiste à prouver d’abord les propriétés
souhaitées sur l’algorithme näıf (ce qui est toujours plus simple) puis, par transformation
de programmes prouvée correcte et complète, on peut « hériter » de ces propriétés sur
la version efficace.

Dans la deuxième partie de cette thèse, nous avons étudié le filtrage et les substitu-
tions, mécanismes de base des calculs d’ordre supérieur avec motifs comme le ρ-calcul, le

1c’est-à-dire utilisant primitivement un mécanisme de filtrage
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calcul pur de motifs [JK06] et le λ-calcul avec motifs [Oos90]. Nous avons tout d’abord
introduit un calcul avec filtrage et substitutions explicites, donnant un cadre permettant
de souligner les interactions possibles et, offrant un support pour l’implémentation de
tels calculs.

Ce calcul ne traite pas explicitement l’α-conversion. Nous avons esquissé une version
généralisée des substitutions explicites avec indices de de Bruijn adaptée aux calculs
ayant des constructions pouvant lier plusieurs variables simultanément. D’autres ap-
proches peuvent être adaptées pour ces langages : le λ-calcul avec opérateur explicite
de portée [HO03], les directeurs qui sont utilisés pour la réécriture d’ordre supérieur
dans [Sin05] ou encore les réseaux d’interactions qui ont été étudiés dans le cadre du
ρ-calcul dans [FMS05, CFF+06].

Nous avons mis en avant l’importance de l’étude modulaire des calculs avec motifs
et nous avons isolé les propriétés clés des algorithmes de filtrage permettant d’obtenir
des calculs cohérents (confluents). Ces calculs avec motifs peuvent manipuler des mo-
tifs dynamiques, c’est-à-dire qui peuvent être instanciés et réduits. Ils conduisent à des
langages fonctionnels avec de nouvelles formes de polymorphisme [Jay04].

Notre étude s’est limitée au cas du filtrage unitaire (au plus une solution). Pourtant en
pratique, l’utilisation du filtrage modulo une théorie équationnelle permet d’écrire des
programmes hautement déclaratifs, comme c’est la cas dans le langage Tom [BBK+06]
implémentant le filtrage sur les listes (filtrage associatif avec élément neutre). Néanmoins,
l’extension de l’étude réalisée ici au cas du filtrage non-unitaire nécessite une compré-
hension nouvelle du mécanisme de filtrage et plus particulièrement dans son interaction
avec les collections de résultats (indispensables dans le cas du filtrage non-unitaire).

Dans la troisième partie de cette thèse, nous avons mis en évidence que l’ajout de
collections de termes distributifs par rapport à l’application est non triviale même dans
le cadre du λ-calcul. Nous avons montré que les collections de termes, la structure du
ρ-calcul ou encore l’opérateur de parallélisme du λ-calcul parallèle [Bou94] conduisent à
la notion plus générale d’agrégation.

Nous avons donc introduit une sémantique catégorique correcte et complète du λ-
calcul avec opérateur de parallélisme. Cette sémantique repose fortement sur la notion
d’agrégation et de termes linéaires. Les exemples de modèles que nous avons donnés sont
essentiellement des domaines de Scott mais les modèles de la logique linéaire qui valident
la règle Mix et les modèles du λ-calcul différentiel [ER03, Ehr05, Ehr02] sont clairement
de bons candidats.

L’étape suivante est donc d’intégrer les constructeurs et le filtrage de manière satisfai-
sante dans notre cadre. Nous retrouvons naturellement les problèmes liés à la combinaison
du filtrage avec les collections de résultats et que nous avons mentionnés dans la deuxième
partie de cette thèse. Cette combinaison se traduit dans notre cadre sémantique par de
nouveaux problèmes liés à la linéarité des constructeurs et du filtrage.

Dans cette thèse, nous avons, en résumé, cherché à expliciter les mécanismes fon-
damentaux des calculs avec motifs en utilisant une approche opérationnelle et dénota-
tionnelle. L’étude du calcul de réécriture qui est à l’origine des travaux présentés ici
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avait été réalisée pour donner une sémantique aux langages basés sur la réécriture, les
stratégies [BKK96, Vis01b, KK04, Kir05, MOMV06] jouant un rôle particulièrement
important dans tous ces langages (Tom, Elan, Maude, Stratego etc).

Intégrées en effet aux langages généralistes comme Java, les notions de base de la
réécriture comme le filtrage et les stratégies, permettent d’introduire dans ces langages
des ı̂lots formels [BKM06]. Ceci est particulièrement important pour pouvoir développer
des parties de code fortement sensibles, c’est-à-dire dont la sécurité (certification et
sûreté) est cruciale. C’est par exemple le cas pour l’implémentation des politiques de
sécurité [DKKS07]. La réécriture et les stratégies ainsi que la notion d’̂ılots formels
donnent des outils particulièrement novateurs et efficaces.

Dans ce contexte particulièrement riche, il nous apparâıt maintenant indispensable de
revenir aux motivations initiales du ρ-calcul pour approfondir la sémantique des straté-
gies. Plusieurs pistes sont possibles. L’étude de la sémantique dénotationnelle des calculs
avec motifs, initialisée dans cette thèse, en est une. Une autre approche est l’utilisation
de la réécriture de dimension supérieure [Bur93, Laf97, Gui04, Gui06b, Gui06a] offrant
un langage à la fois algébrique, graphique et topologique commun aux structures, aux
calculs et aux démonstrations. Les règles de réécriture étant, dans ce formalisme, des
objets de dimension 3, on peut envisager de considérer [Gui04] les stratégies comme des
objets de dimension 4. Bien que très prospective, cette approche parâıt particulièrement
prometteuse.
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[MOMV06] Narciso Mart́ı-Oliet, José Meseguer et Alberto Verdejo – « Towards
a strategy language for maude », P6th International Workshop on Rewri-
ting Logic and its Applications - WRLA’06, vol. 117, Electronic Notes in
Theoretical Computer Science, 2006. 11, 207
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(C. Kirchner, éd.), Lecture Notes in Computer Science, vol. 690, Springer-
Verlag, 1993, p. 168–182. 6, 17, 27

[Raa96] — , « Confluence and normalisation for higher-order rewriting », Thèse de
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Résumé
Le calcul de réécriture ou rho-calcul est une généralisation du lambda-calcul avec

filtrage et agrégation de termes. L’abstraction sur les variables est étendue à une abs-
traction sur les motifs et le filtrage correspondant peut être effectué modulo une théorie
équationnelle a priori arbitraire. L’agrégation est utilisée pour collecter les différents
résultats possibles.

Dans cette thèse, nous étudions différentes combinaisons des ingrédients fondamentaux
du rho-calcul : le filtrage, l’agrégation et les mécanismes d’ordre supérieur.

Nous étudions le filtrage d’ordre supérieur dans le lambda-calcul pur modulo une
restriction de la beta-conversion appelée super-développements. Cette nouvelle approche
est suffisamment expressive pour traiter les problèmes de filtrage du second-ordre et ceux
avec des motifs d’ordre supérieur à la Miller.

Nous examinons ensuite les modèles catégoriques du lambda-calcul parallèle qui peut
être vu comme un enrichissement du lambda-calcul avec l’agrégation de termes. Nous
montrons que ceci est une étape significative vers la sémantique dénotationnelle du calcul
de réécriture.

Nous proposons également une étude et une comparaison des calculs avec motifs éven-
tuellement dynamiques, c’est-à-dire qui peuvent être instanciés et réduits. Nous montrons
que cette étude, et plus particulièrement la preuve de confluence, est suffisamment géné-
rale pour s’appliquer à l’ensemble des calculs connus. Nous étudions ensuite l’implémen-
tation de tels calculs en proposant un calcul de réécriture avec filtrage et substitutions
explicites.

Mots clefs : Filtrage, lambda-calcul, calculs de réécriture, calculs de motifs, filtrage
d’ordre supérieur, super-développements, calculs explicites, confluence, sémantique ca-
tégorique, lambda-calcul parallèle, modèles syntaxiques.

Abstract
The rewriting calculus, also called the rho-calculus, is a generalisation of the lambda-

calculus with matching capabilities and term aggregation. The abstraction on variables
is replaced by the abstraction on patterns and the corresponding matching theory can
be a priori arbitrary. The term aggregation is used to collect all possible results.

This thesis is devoted to the study of different combinations of the fundamental in-
gredients of the rho-calculus: matching, term aggregation and higher-order mechanisms.

We study higher-order matching in the pure lambda-calculus modulo a restriction of
beta-conversion known as superdevelopments. This new approach is powerful enough to
deal with second-order and higher-order Miller pattern-matching problems.

We next propose a categorical semantics for the parallel lambda-calculus that is noth-
ing but an extension of the lambda-calculus with term aggregation. We show that it is
a significant step towards a denotational semantics of the rewriting calculus.

We also study and compare pattern-based calculi where patterns can be dynamic in
the sense that they can be instantiated and reduced. We show that this study, and
particularly the confluence proof, is general enough so that it can be instantiated to
recover all the already existing pattern-based calculi. We then study implementation
of such calculi by proposing a rewriting calculus with explicit matching and explicit
substitution application.

Keywords: Pattern-matching, lambda-calculus, pattern calculi, rewriting calculi,
higher-order matching, superdevelopments, explicit calculi, confluence, categorical se-
mantics, parallel lambda-calculus, per models.
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