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Nabil Layaida INRIA Rhône-Alpes
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♥✉♠❜❡r ♦❢ ❞❛t❛ ♠♦❞❡❧s ❛♥❞ ❛❝❝❡ss t❡❝❤♥✐q✉❡s✱ ❛♥❞ ♠❛② ❜❡ ❝♦♠❜✐♥❡❞ ❢r♦♠ s❡✈❡r❛❧ ❤❡t❡r♦❣❡♥❡♦✉s
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♠❛♥❛❣✐♥❣ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❞❛t❛ ❛❝r♦ss ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ♣❛rt♥❡rs❀ ❜✉t t❤✐s ♠♦❞❡❧ ✇❛s ♥♦t
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❚❤❡ ❡❳t❡♥s✐❜❧❡ ▼❛r❦✉♣ ▲❛♥❣✉❛❣❡ ✭❳▼▲✮ ✐s ❛ ❲✸❈ r❡❝♦♠♠❡♥❞❛t✐♦♥ t❤❛t ❡♥❝♦❞❡s t❡①t ❛♥❞
❞❛t❛ ✐♥ ❛ ❢♦r♠❛t ✇❤✐❝❤ ❝❛♥ ❜❡ ♣r♦❝❡ss❡❞ ❡❛s✐❧② ❛♥❞ ❡①❝❤❛♥❣❡❞ ❛❝r♦ss ♠✉❧t✐♣❧❡ ♣❧❛t❢♦r♠s✳ ❆♥
❳▼▲ ❞♦❝✉♠❡♥t ❝♦♥s✐sts ♦❢ ♥❡st❡❞ ❡❧❡♠❡♥ts t❤❛t ❝♦❧❧❡❝t✐✈❡❧② ❢♦r♠ ❛ tr❡❡✳ ❚❤❡ ❝♦♥t❡♥t ♦❢ ❛♥
❳▼▲ ❡❧❡♠❡♥t ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥ts ❛♥❞ t❡①t✳ ▼♦r❡♦✈❡r✱ ❛ ❧✐st ♦❢ ❛ttr✐❜✉t❡s ❝❛♥ ❜❡ ❛tt❛❝❤❡❞
t♦ ❛♥ ❡❧❡♠❡♥t t♦ r❡♣r❡s❡♥t s✉♣♣❧❡♠❡♥t❛r② ✐♥❢♦r♠❛t✐♦♥✳ ❆ s✐♠♣❧❡ ❳▼▲ ❞♦❝✉♠❡♥t ✐s s❤♦✇♥ ✐♥
❋✐❣✉r❡✳ ✶✳✶✳ ❚❤✐s ❞♦❝✉♠❡♥t r❡♣r❡s❡♥ts ❛ ❝❛t❛❧♦❣ ♦❢ t✇♦ ❜♦♦❦s✱ ❡❛❝❤ ♦♥❡ ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ❧✐st ♦❢
❛✉t❤♦rs✱ t❤❡ t✐t❧❡✱ t❤❡ ♣✉❜❧✐❝❛t✐♦♥ ②❡❛r✱ ❛♥❞ ✐ts s❡r✐❡s✳ ■t ✐s ✐♥❝r❡❛s✐♥❣❧② ❝♦♠♠♦♥ t♦ ✜♥❞ t❤❡ ❳▼▲
❢♦r♠❛t ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ ❝♦♥❝❡♣ts ♦❢ t❤❡♦r❡t✐❝❛❧ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ✭❡✳❣✳ ❛✉t♦♠❛t❛ ❬▼▲▼❑✵✺❪✱
❣r❛♣❤ ❬❋●▼P✶✸❪✱ ❧♦❣✐❝ ❬❇❡t✵✽❪✱ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ❬❋●❑✵✸❪✮✳

✶



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

❁❝❛t❛❧♦❣❃

❁❜♦♦❦ ✐❞❂✧❱❙✵✶✧❃

❁❛✉t❤♦rs❃

❁❛✉t❤♦r ❢✐rst♥❛♠❡❂✧❱ér♦♥✐q✉❡✧ ❧❛st♥❛♠❡❂✧❈♦rt✐❡r✧✴❃

❁❛✉t❤♦r ❢✐rst♥❛♠❡❂✧❙t❡✈❡✧ ❧❛st♥❛♠❡❂✧❑r❡♠❡r✧✴❃

❁✴❛✉t❤♦rs❃

❁t✐t❧❡❃❋♦r♠❛❧ ▼♦❞❡❧s ❛♥❞ ❚❡❝❤♥✐q✉❡s ❢♦r ❆♥❛❧②③✐♥❣ ❙❡❝✉r✐t② Pr♦t♦❝♦❧s❁✴t✐t❧❡❃

❁s❡r✐❡s❃❈r②♣t♦❧♦❣② ❛♥❞ ■♥❢♦r♠❛t✐♦♥ ❙❡❝✉r✐t② ❙❡r✐❡s❁✴s❡r✐❡s❃

❁♣✉❜❧✐❝❛t✐♦♥❴②❡❛r❃✷✵✶✶❁✴♣✉❜❧✐❝❛t✐♦♥❴②❡❛r❃

❁✴❜♦♦❦❃

❁❜♦♦❦ ✐❞❂✧❲❋✵✶✧❃

❁❛✉t❤♦rs❃

❁❛✉t❤♦r ❢✐rst♥❛♠❡❂✧❲❡♥❢❡✐✧ ❧❛st♥❛♠❡❂✧❋❛♥✧✴❃

❁❛✉t❤♦r ❢✐rst♥❛♠❡❂✧❋❧♦r✐s✧ ❧❛st♥❛♠❡❂✧●❡❡rts✧✴❃

❁✴❛✉t❤♦rs❃

❁t✐t❧❡❃❋♦✉♥❞❛t✐♦♥s ♦❢ ❉❛t❛ ◗✉❛❧✐t② ▼❛♥❛❣❡♠❡♥t❁✴t✐t❧❡❃

❁s❡r✐❡s❃❙②♥t❤❡s✐s ▲❡❝t✉r❡s ♦♥ ❉❛t❛ ▼❛♥❛❣❡♠❡♥t❁✴s❡r✐❡s❃

❁♣✉❜❧✐❝❛t✐♦♥❴②❡❛r❃✷✵✶✷❁✴♣✉❜❧✐❝❛t✐♦♥❴②❡❛r❃

❁✴❜♦♦❦❃

❁✴❝❛t❛❧♦❣❃

❋✐❣✉r❡ ✶✳✶✿ ❆♥ ❳▼▲ ❞♦❝✉♠❡♥t ❡①❛♠♣❧❡✳

✶✳✶✳✶ ❇❡♥❡✜ts ❛♥❞ ❯s❡ ❈❛s❡s ♦❢ ❳▼▲

❳▼▲ ❤❛s ❡♥❥♦②❡❞ ❝♦♥s✐❞❡r❛❜❧❡ ♣♦♣✉❧❛r✐t② ❛♥❞ ❤❛s ❜❡❡♥ ✉♥✐✈❡rs❛❧❧② r❡❝❡✐✈❡❞ ❛s t❤❡ ❞❡ ❢❛❝t♦
st❛♥❞❛r❞ ❢♦r r❡♣r❡s❡♥t✐♥❣ ❛♥❞ ❡①❝❤❛♥❣✐♥❣ ❞❛t❛✳ ❳▼▲ ❜r✐♥❣s ❛ ♥✉♠❜❡r ♦❢ ♣♦✇❡r❢✉❧ ❝❛♣❛❜✐❧✐t✐❡s
t♦ ✐♥❢♦r♠❛t✐♦♥ ♠♦❞❡❧✐♥❣✿

✶✳ ❍❡t❡r♦❣❡♥❡✐t② ✿ ✇❤❡r❡ ❡❛❝❤ r❡❝♦r❞ ❝❛♥ ❝♦♥t❛✐♥ ❞✐✛❡r❡♥t ❞❛t❛ ✜❡❧❞s✳ ❚❤❡ r❡❛❧ ✇♦r❧❞ ✐s ♥♦t
♥❡❛t❧② ♦r❣❛♥✐③❡❞ ✐♥t♦ t❛❜❧❡s✱ r♦✇s✱ ❛♥❞ ❝♦❧✉♠♥s✳ ❚❤❡r❡ ✐s ❣r❡❛t ❛❞✈❛♥t❛❣❡ ✐♥ ❜❡✐♥❣ ❛❜❧❡ t♦
❡①♣r❡ss ✐♥❢♦r♠❛t✐♦♥✱ ❛s ✐t ❡①✐sts✱ ✇✐t❤♦✉t r❡str✐❝t✐♦♥s✳

✷✳ ❊①t❡♥s✐❜✐❧✐t② ✿ ❲❤❡r❡ ♥❡✇ t②♣❡s ♦❢ ❞❛t❛ ❝❛♥ ❜❡ ❛❞❞❡❞ ❛t ✇✐❧❧ ❛♥❞ ❞♦ ♥♦t ♥❡❡❞ t♦ ❜❡ ❞❡t❡r✲
♠✐♥❡❞ ✐♥ ❛❞✈❛♥❝❡✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❡♠❜r❛❝❡✱ r❛t❤❡r t❤❛♥ ❛✈♦✐❞✱ ❝❤❛♥❣❡✳

✸✳ ❋❧❡①✐❜✐❧✐t② ✿ ❲❤❡r❡ ❞❛t❛ ✜❡❧❞s ❝❛♥ ✈❛r② ✐♥ s✐③❡ ❛♥❞ ❝♦♥✜❣✉r❛t✐♦♥ ❢r♦♠ ✐♥st❛♥❝❡ t♦ ✐♥st❛♥❝❡✳
❳▼▲ ✐♠♣♦s❡s ♥♦ r❡str✐❝t✐♦♥s ♦♥ ❞❛t❛❀ ❡❛❝❤ ❞❛t❛ ❡❧❡♠❡♥t ❝❛♥ ❜❡ ❛s ❧♦♥❣ ♦r ❛s s❤♦rt ❛s
♥❡❝❡ss❛r②✳ ❳▼▲ ✐s ❛❧s♦ s❡❧❢✲❞❡s❝r✐❜✐♥❣❀ ❛♣♣❧✐❝❛t✐♦♥s ❝❛♥ ✉s❡ t❤✐s ❢❡❛t✉r❡ t♦ ❛✉t♦♠❛t✐❝❛❧❧②
❜✉✐❧❞ t❤❡♠s❡❧✈❡s ✇✐t❤ ❧✐tt❧❡ ♣r♦❣r❛♠♠✐♥❣ r❡q✉✐r❡❞✳

❲❡ r❡❢❡r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t♦ ❞✐✛❡r❡♥t r❡❛❧✲❧✐❢❡ ❝❛s❡s ✇❤❡r❡ ❳▼▲ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡✿

• ▼♦❞❡❧✐♥❣ s②st❡♠s ❝♦♠♣♦♥❡♥ts✿ ❈♦♠♣❛♥✐❡s s✉❝❤ ❛s ❚■❇❈❖✱ ■❇▼ ✶✱ ❖r❛❝❧❡✷ ❛♥❞ ▼✐❝r♦s♦❢t
♦✛❡r ❢r❛♠❡✇♦r❦s ❢♦r ❜✉✐❧❞✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✱ ✇✐t❤ ❛ ♠✐♥✐♠✉♠ ♦❢ ❡✛♦rt✱ ✇❤❡r❡ ❳▼▲ ✐s ✉s❡❞
❛s ❛ ✉♥✐✈❡rs❛❧ ✐♥❢♦r♠❛t✐♦♥✲str✉❝t✉r✐♥❣ t♦♦❧✳

✶❤tt♣✿✴✴✇✇✇✲✵✶✳✐❜♠✳❝♦♠✴s♦❢t✇❛r❡✴✇❡❜s♣❤❡r❡✴✳
✷❤tt♣✿✴✴✇✇✇✳♦r❛❝❧❡✳❝♦♠✴✉s✴s♦❧✉t✐♦♥s✴s❛♣✴❞❛t❛❜❛s❡✴ss✼✵✵✵✲s❛♣✲✐♠♣❧❡♠❡♥t❛t✐♦♥✲❣✉✐❞❡✲✸✺✷✻✸✼✳♣❞❢✳

✷

http://www-01.ibm.com/software/websphere/
http://www.oracle.com/us/solutions/sap/database/ss7000-sap-implementation-guide-352637.pdf


✶✳✶✳ ●❡♥❡r❛❧ ❈♦♥t❡①t

• ❳▼▲✲❜❛s❡❞ t❡❝❤♥♦❧♦❣✐❡s✿ ❳▼▲ ❤❛s ❡♠❡r❣❡❞ ❛s ❛ ❝r✐t✐❝❛❧ ❡♥❛❜❧❡r t♦ ✈❛r✐♦✉s t❡❝❤♥♦❧♦❣②
✐♥✐t✐❛t✐✈❡s✳ ❙❡r✈✐❝❡✲♦r✐❡♥t❡❞ ❛r❝❤✐t❡❝t✉r❡s ✭❙❖❆✮✱ ❡♥t❡r♣r✐s❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♥t❡❣r❛t✐♦♥ ✭❊❆■ ✮✱
❡♥t❡r♣r✐s❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥t❡❣r❛t✐♦♥ ✭❊■■ ✮✱ ✇❡❜ s❡r✈✐❝❡s✱ ❛♥❞ st❛♥❞❛r❞✐③❛t✐♦♥ ❡✛♦rts ✐♥ ♠❛♥②
✐♥❞✉str✐❡s ❛❧❧ r❡❧② ♦♥ ♦r ♠❛❦❡ ✉s❡ ♦❢ ❳▼▲ ❛s ❛♥ ✉♥❞❡r❧②✐♥❣ t❡❝❤♥♦❧♦❣②✳

• ❳▼▲✲❜❛s❡❞ ❜✉s✐♥❡ss s♦❧✉t✐♦♥s✿ ▼❛♥② s♦❧✉t✐♦♥s ❡①✐st t♦❞❛② t❤❛t r❡❧② ♦♥ ❳▼▲ t♦ ❛❞❞r❡ss
❜✉s✐♥❡ss ♥❡❡❞s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ s♦❧✉t✐♦♥s ♣r♦♣♦s❡❞ ❜② t❤❡ ■❇▼✬s ❥❙t❛rt t❡❛♠✸ ❛♥❞ t❤❡
❉■❚❆ ❖❆❙■❙ ❙t❛♥❞❛r❞✹ ❳▼▲ ❛r❝❤✐t❡❝t✉r❡ ❢♦r ❞❡s✐❣♥✐♥❣✱ ✇r✐t✐♥❣✱ ♠❛♥❛❣✐♥❣✱ ❛♥❞ ♣✉❜❧✐s❤✐♥❣
✐♥❢♦r♠❛t✐♦♥✳

• ❉❡s❦t♦♣ ❛♣♣❧✐❝❛t✐♦♥s✿ ❖♣❡♥❖✣❝❡ ✜❧❡s✱ ❆♥t✬s ❇✉✐❧❞ ✜❧❡s✱ ▼✐❝r♦s♦❢t ❱✐s✉❛❧ ❙t✉❞✐♦ ✳◆❡t
♣r♦❥❡❝t ✜❧❡s✱ ❛♥❞ ▼❛❝ ♣❧✐st ❝♦♥✜❣✉r❛t✐♦♥ ✜❧❡s ❛r❡ ❛❧❧ ✇r✐tt❡♥ ✐♥ ❳▼▲ ❢♦r♠❛t✳

• ❳▼▲✲❜❛s❡❞ ❧❛♥❣✉❛❣❡s✿ ❳▼▲ ❝♦♥tr✐❜✉t❡s ♦♥ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ♠❛♥② ♠❛r❦✉♣ ❧❛♥❣✉❛❣❡s ❢♦r
✈❛r✐♦✉s ❞♦♠❛✐♥s s✉❝❤ ❛s▼❛t❤▼▲ ❢♦r ♠❛t❤❡♠❛t✐❝✱ ❈▼▲ ❢♦r ❝❤❡♠✐str②✱ ❙❇▼▲ ❛♥❞ ❇■❖P❆❳
❢♦r ❜✐♦❧♦❣②✱ ●▼▲ ❛♥❞ ❑▼▲ ❢♦r ❣❡♦❣r❛♣❤②✱ ❙❱● ❢♦r ❣r❛♣❤✐❝s✱ ❙❈❖❘▼ ❢♦r ❡✲❧❡❛r♥✐♥❣✱ ❛♥❞
◆▲▼✲❉❚❉✱ ❖❉❚ ❛♥❞ ❖❖❳▼▲ ❢♦r ❞♦❝✉♠❡♥ts✳

❆s ❳▼▲ ❜❡❝♦♠❡s ♠♦r❡ ❝r✐t✐❝❛❧ t♦ t❤❡ ♦♣❡r❛t✐♦♥s ♦❢ ❛♥ ❡♥t❡r♣r✐s❡✱ ✐t ❜❡❝♦♠❡s ❛♥ ❛ss❡t t❤❛t
♥❡❡❞s t♦ ❜❡ s❤❛r❡❞✱ s❡❛r❝❤❡❞✱ s❡❝✉r❡❞✱ ♠❛✐♥t❛✐♥❡❞✱ ❛♥❞ ✐♥t❡❣r❛t❡❞ ✇✐t❤ ♦t❤❡r ❞❛t❛✳

✶✳✶✳✷ ▼❛♥❛❣✐♥❣ ❳▼▲ ❉❛t❛

▼❛♥② ❜✉s✐♥❡ss ❞❛t❛❜❛s❡ s②st❡♠s ❤❛✈❡ ♣r♦♣♦s❡❞ s✉♣♣♦rts t❤❛t ❛r❡ ❛✇❛r❡ ♦❢ t❤❡ ❳▼▲ ❞❛t❛ str✉❝✲
t✉r❡ ❛♥❞ ♦✛❡r ❡✣❝✐❡♥t ♠❛♥❛❣❡♠❡♥t✳ ■t ✐s ♥❡❝❡ss❛r② t♦ ♥♦t❡ t❤❛t t❤❡ ❛r❡❛ ♦❢ ❳▼▲ ❞❛t❛❜❛s❡s ✐s
r❡❧❛t✐✈❡❧② ♥❡✇ ❛♥❞ r❛♣✐❞❧② ❡✈♦❧✈✐♥❣✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❜♦✉♥❞❛r✐❡s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t t②♣❡s
♦❢ ❳▼▲ ❞❛t❛❜❛s❡s ❛r❡ ♥♦t ❝❧❡❛r✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ✐t ✐s s❡❧❞♦♠ ❡❛s② t♦ ❝❧❛ss✐❢② ❳▼▲
❛♣♣❧✐❝❛t✐♦♥s ❛s ❞❛t❛✲❝❡♥tr✐❝ ♦r ❞♦❝✉♠❡♥t✲❝❡♥tr✐❝✳ ❚❤✉s✱ t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❜r♦❛❞
❛♣♣❧✐❝❛t✐♦♥ ❛r❡❛s ♦❢ ❳▼▲ t❡❝❤♥♦❧♦❣✐❡s ♠✉st ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡ t②♣❡ ♦❢ t❤❡
❳▼▲ ❞❛t❛❜❛s❡ t❤❛t ✐s ♠♦r❡ s✉✐t❛❜❧❡ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❛♣♣❧✐❝❛t✐♦♥✳

❉❛t❛✲❝❡♥tr✐❝ ❳▼▲ ❛♣♣❧✐❝❛t✐♦♥s ♣r♦❞✉❝❡ ❛♥❞ ✉s❡ ❳▼▲ ❞♦❝✉♠❡♥ts t❤❛t ♠❛r❦ ✉♣ ❤✐❣❤❧② str✉❝✲
t✉r❡❞ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡② ❛r❡ t②♣✐❝❛❧❧② ❣❡♥❡r❛t❡❞ ❜② ♠❛❝❤✐♥❡s✱ ❞❡s✐❣♥❡❞ ❢♦r ♠❛❝❤✐♥❡ ❝♦♥s✉♠♣t✐♦♥✱
❛♥❞ ❣❡♥❡r❛❧❧② ✉s❡❞ t♦ ❝♦♠♠✉♥✐❝❛t❡ ❜❡t✇❡❡♥ ❝♦♠♣❛♥✐❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ❊①❛♠♣❧❡s ♦❢ s✉❝❤ ❞❛t❛✲
❝❡♥tr✐❝ ❳▼▲ ❞♦❝✉♠❡♥ts ❛r❡ s❛❧❡s ♦r❞❡rs✱ ✢✐❣❤t s❝❤❡❞✉❧❡s✱ s❝✐❡♥t✐✜❝ ❞❛t❛✱ ✜♥❛♥❝✐❛❧ tr❛♥s❛❝t✐♦♥
✐♥❢♦r♠❛t✐♦♥✱ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ❞❛t❛ str✉❝t✉r❡s✳ ❉❛t❛✲❝❡♥tr✐❝ ❞♦❝✉♠❡♥ts ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞
❜② ❢❛✐r❧② r❡❣✉❧❛r str✉❝t✉r❡✱ ✜♥❡✲❣r❛✐♥❡❞ ❞❛t❛ ✭t❤❛t ✐s✱ t❤❡ s♠❛❧❧❡st ✐♥❞❡♣❡♥❞❡♥t ✉♥✐t ♦❢ ❞❛t❛ ✐s ❛t
t❤❡ ❧❡✈❡❧ ♦❢ ❛ P❈❉❆❚❆✲♦♥❧②✱ ❛♥ ❡❧❡♠❡♥t✱ ♦r ❛♥ ❛ttr✐❜✉t❡✮✱ ❛♥❞ ❧✐tt❧❡ ♦r ♥♦ ♠✐①❡❞ ❝♦♥t❡♥t ✺✳ ❚❤❡
♦r❞❡r ✐♥ ✇❤✐❝❤ s✐❜❧✐♥❣ ❡❧❡♠❡♥ts ❛♥❞ P❈❉❆❚❆ ♦❝❝✉rs ✐s ❣❡♥❡r❛❧❧② ♥♦t s✐❣♥✐✜❝❛♥t✱ ❡①❝❡♣t ✇❤❡♥
✈❛❧✐❞❛t✐♥❣ t❤❡ ❞♦❝✉♠❡♥t✳ ❉❛t❛✲❝❡♥tr✐❝ ❞♦❝✉♠❡♥ts ❝❛♥ ♦r✐❣✐♥❛t❡ ❜♦t❤ ✐♥ t❤❡ ❞❛t❛❜❛s❡ ✭✐♥ ✇❤✐❝❤
❝❛s❡ ✇❡ ✇❛♥t t♦ ❡①♣♦s❡ ✐t ❛s ❳▼▲✮ ❛♥❞ ♦✉ts✐❞❡ t❤❡ ❞❛t❛❜❛s❡ ✭✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ ✇❛♥t t♦ st♦r❡ ✐t
✐♥ ❛ ❞❛t❛❜❛s❡✮✳

✸❤tt♣✿✴✴✇✇✇✲✵✶✳✐❜♠✳❝♦♠✴s♦❢t✇❛r❡✴❡❜✉s✐♥❡ss✴❥st❛rt✴
✹❤tt♣✿✴✴❞✐t❛✳①♠❧✳♦r❣✴✳
✺▼✐①❡❞ ❝♦♥t❡♥t r❡❢❡rs t♦ ❛♥ ❳▼▲ ❡❧❡♠❡♥t t❤❛t ❤❛s ❜♦t❤ ❡❧❡♠❡♥t ❛♥❞ t❡①t ♥♦❞❡s ❛s ❝❤✐❧❞ ♥♦❞❡s✳

✸

http://www-01.ibm.com/software/ebusiness/jstart/
http://dita.xml.org/


❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

❊①❛♠♣❧❡ ✶✳✶✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❳▼▲ ❞♦❝✉♠❡♥t✿

❁▼❡❡t✐♥❣s❃

❁▼❡❡t✐♥❣ ❞❛t❡❂✧✷✼✴✵✺✴✷✵✶✸✧ t✐♠❡❂✧✶✵✿✸✵❆▼✧❃

❁▼❡♠❜❡r ♥❛♠❡❂✧▼✐❝❤❛❡❧ ❘✉s✐♥♦✇✐t❝❤✧✴❃

❁▼❡♠❜❡r ♥❛♠❡❂✧❍♦✉❛r✐ ▼❛❤❢♦✉❞✧✴❃

❁❙✉❜❥❡❝t❃

❉✐s❝✉ss t❤❡ r❡❞❛❝t✐♦♥ ♣❧❛♥

❁✴❙✉❜❥❡❝t❃

❁❘♦♦♠❃

❆✷✵✾

❁✴❘♦♦♠❃

❁✴▼❡❡t✐♥❣❃

❁✴▼❡❡t✐♥❣s❃

❚❤✐s ❞♦❝✉♠❡♥t ✐s ❝❧❡❛r❧② ❞❛t❛✲❝❡♥tr✐❝✿ ✐t ❤❛s r✐❣✐❞ str✉❝t✉r❡✱ ✜♥❡✲❣r❛✐♥❡❞ ❞❛t❛ ❛♥❞ ❝♦♥t❛✐♥s ♥♦
♠✐①❡❞ ❝♦♥t❡♥t✳ ❆♥ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡ ♦❢ ❞❛t❛✲❝❡♥tr✐❝ ❞♦❝✉♠❡♥ts ❛r❡ ✇❡❜ ♣❛❣❡s ♦♥ ❆♠❛③♦♥✳❝♦♠
t❤❛t ❞✐s♣❧❛② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❛ ❜♦♦❦✳ ❆❧t❤♦✉❣❤ t❤❡ ♣❛❣❡ ✐s ❧❛r❣❡❧② t❡①t✱ t❤❡ str✉❝t✉r❡ ♦❢ t❤❛t
t❡①t ✐s ❤✐❣❤❧② r❡❣✉❧❛r✱ ♠✉❝❤ ♦❢ ✐t ✐s ❝♦♠♠♦♥ t♦ ❛❧❧ ♣❛❣❡s ❞❡s❝r✐❜✐♥❣ ❜♦♦❦s✱ ❛♥❞ ❡❛❝❤ ♣✐❡❝❡ ♦❢
♣❛❣❡✲s♣❡❝✐✜❝ t❡①t ✐s ❧✐♠✐t❡❞ ✐♥ s✐③❡✳ ❚❤✉s✱ t❤❡ ♣❛❣❡ ❝♦✉❧❞ ❜❡ ❝♦♥str✉❝t❡❞✱ ❢r♦♠ ❛ ❞❛t❛❜❛s❡✱ ❛s
❛ ❞❛t❛✲❝❡♥tr✐❝ ❳▼▲ ❞♦❝✉♠❡♥t t❤❛t ❝♦♥t❛✐♥s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❛ s✐♥❣❧❡ ❜♦♦❦✳ ■♥ ❣❡♥❡r❛❧✱
❛♥② ❲❡❜ s✐t❡ t❤❛t ❞②♥❛♠✐❝❛❧❧② ❝♦♥str✉❝ts ❍❚▼▲ ❞♦❝✉♠❡♥ts t♦❞❛② ❜② ✜❧❧✐♥❣ ❛ t❡♠♣❧❛t❡ ✇✐t❤
❞❛t❛❜❛s❡ ❞❛t❛ ❝❛♥ ♣r♦❜❛❜❧② ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ s❡r✐❡s ♦❢ ❞❛t❛✲❝❡♥tr✐❝ ❳▼▲ ❞♦❝✉♠❡♥ts ❛♥❞ ♦♥❡ ♦r
♠♦r❡ ❳❙▲ st②❧❡s❤❡❡ts✳ �

❉♦❝✉♠❡♥t✲❝❡♥tr✐❝ ❳▼▲ ❛♣♣❧✐❝❛t✐♦♥s ♣r♦❞✉❝❡ ❛♥❞ ✉s❡ ❳▼▲ ❞♦❝✉♠❡♥ts t❤❛t ❛r❡ ❞❡s✐❣♥❡❞ ❢♦r
❤✉♠❛♥ ❝♦♥s✉♠♣t✐♦♥✳ ❊①❛♠♣❧❡s ♦❢ s✉❝❤ ❞♦❝✉♠❡♥t✲❝❡♥tr✐❝ ❳▼▲ ❞♦❝✉♠❡♥ts ❛r❡ ❜♦♦❦s✱ ❡♠❛✐❧✱
❛❞✈❡rt✐s❡♠❡♥ts✱ t❡❝❤♥✐❝❛❧ ♠❛♥✉❛❧s✱ ❧❡❣❛❧ ❞♦❝✉♠❡♥ts✱ ♣r♦❞✉❝t ❝❛t❛❧♦❣s✱ ❛♥❞ ❛❧♠♦st ❛♥② ❤❛♥❞✲
✇r✐tt❡♥ ❳❍❚▼▲ ❞♦❝✉♠❡♥t✳ ❚❤❡s❡ ❞♦❝✉♠❡♥ts ❛r❡ ❡✐t❤❡r ✇✐t❤♦✉t str✉❝t✉r❡✱ ✇✐t❤ ❛ ✈❛r✐❛❜❧❡
str✉❝t✉r❡ ✭t❤❡ s❝❤❡♠❛ ❡✈♦❧✈❡s ♦✈❡r t❤❡ t✐♠❡✮✱ ♦r ✇✐t❤ ❛ ✜①❡❞ str✉❝t✉r❡ ❜✉t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❞♦❡s
♥♦t t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s str✉❝t✉r❡✳ ❚❤❡② ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛❧s♦ ❜② ❧❛r❣❡r ❣r❛✐♥❡❞ ❞❛t❛ ✭t❤❛t ✐s✱
t❤❡ s♠❛❧❧❡st ✐♥❞❡♣❡♥❞❡♥t ❞❛t❛ ✉♥✐t ♠✐❣❤t ❜❡ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ❛♥ ❡❧❡♠❡♥t ♦r t❤❡ ❡♥t✐r❡ ❞♦❝✉♠❡♥t
✐ts❡❧❢✮ ❛♥❞ ❧♦t ♦❢ ♠✐①❡❞ ❝♦♥t❡♥t ✭s❡♠✐✲str✉❝t✉r❡❞✮✳ ❚❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ s✐❜❧✐♥❣ ❡❧❡♠❡♥ts ❛♥❞
P❈❉❆❚❆ ♦❝❝✉rs ✐s ❛❧♠♦st ❛❧✇❛②s s✐❣♥✐✜❝❛♥t✳ ❉♦❝✉♠❡♥t✲❝❡♥tr✐❝ ❞♦❝✉♠❡♥ts ❛r❡ ✉s✉❛❧❧② ✇r✐tt❡♥
❜② ❤❛♥❞ ✐♥ ❳▼▲ ♦r s♦♠❡ ♦t❤❡r ❢♦r♠❛t ✭❡✳❣✳ ❘❚❋✱ P❉❋✱ ♦r ❚❊❳✮ ✇❤✐❝❤ ✐s t❤❡♥ ❝♦♥✈❡rt❡❞ t♦
❳▼▲✳ ❯♥❧✐❦❡ ❞❛t❛✲❝❡♥tr✐❝ ❞♦❝✉♠❡♥ts✱ t❤❡② ✉s✉❛❧❧② ❞♦ ♥♦t ♦r✐❣✐♥❛t❡ ✐♥ t❤❡ ❞❛t❛❜❛s❡✳

❊①❛♠♣❧❡ ✶✳✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❳▼▲ ❞♦❝✉♠❡♥t ✐s ❞♦❝✉♠❡♥t✲❝❡♥tr✐❝✿

❁▼❡❡t✐♥❣s❃

❁▼❡❡t✐♥❣❃

P❧❡❛s❡ ❝❛♥ ❁▼❡♠❜❡r ♥❛♠❡❂✧▼✐❝❤❛❡❧ ❘✉s✐♥♦✇✐t❝❤✧✴❃ ❛♥❞ ❁▼❡♠❜❡r ♥❛♠❡❂✧❍♦✉❛r✐ ▼❛❤❢♦✉❞✧✴❃

❝♦♠❡ t♦ ❁❘♦♦♠❃❆✷✵✾❁✴❘♦♦♠❃ ♦♥ ❁▼❡❡t✐♥❣❉❛t❡❃✷✼✴✵✺✴✷✵✶✸❁✴▼❡❡t✐♥❣❉❛t❡❃ ❛t

❁▼❡❡t✐♥❣❚✐♠❡❃✶✵✿✸✵❆▼❁✴▼❡❡t✐♥❣❚✐♠❡❃ t♦

❁❙✉❜❥❡❝t❃❞✐s❝✉ss t❤❡ r❡❞❛❝t✐♦♥ ♣❧❛♥❁✴❙✉❜❥❡❝t❃

❁✴▼❡❡t✐♥❣❃

❁✴▼❡❡t✐♥❣s❃ �

✹



✶✳✶✳ ●❡♥❡r❛❧ ❈♦♥t❡①t

DBMS
1

export

XML Converter

Data model 1

DBMS
2

Data model 2

import

Applications

✭❛✮
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XMLXMLXML

Conversion

Generation

✭❜✮

❋✐❣✉r❡ ✶✳✷✿ ❚❤❡ ❛r❝❤✐t❡❝t✉r❡ ♦❢ ✭❛✮ ❉❛t❛✲❝❡♥tr✐❝ ❛♥❞ ✭❜✮ ❉♦❝✉♠❡♥t✲❝❡♥tr✐❝ ❳▼▲ ❛♣♣❧✐❝❛t✐♦♥s✳

❚❤❡ ❣❡♥❡r❛❧ ❛r❝❤✐t❡❝t✉r❡ ♦❢ ❞❛t❛✲❝❡♥tr✐❝ ❛♥❞ ❞♦❝✉♠❡♥t✲❝❡♥tr✐❝ ❳▼▲ ❛♣♣❧✐❝❛t✐♦♥s ✐s ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✉r❡ ✶✳✷✳ ◆♦t❡ t❤❛t ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ❳▼▲ ❞♦❝✉♠❡♥ts ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ❛s ❞❛t❛✲❝❡♥tr✐❝ ♦r
❞♦❝✉♠❡♥t✲❝❡♥tr✐❝ ✇✐❧❧ ✉s✉❛❧❧② s✉✣❝❡ t♦ ❞❡❝✐❞❡ t❤❡ t②♣❡ ♦❢ t❤❡ s✉✐t❛❜❧❡ ❞❛t❛❜❛s❡ t♦ ✉s❡✳

❖r✐❣✐♥❛❧❧②✱ ❡①✐st✐♥❣ r❡❧❛t✐♦♥❛❧ ❞❛t❛❜❛s❡ s②st❡♠s ✇❡r❡ ❛❞❛♣t❡❞ t♦ ♠❛♥✐♣✉❧❛t❡ ❳▼▲ ❞❛t❛✱ ❛❧♦♥❣
✇✐t❤ t❤❡✐r tr❛❞✐t✐♦♥❛❧ ✇❡❧❧✲❡st❛❜❧✐s❤❡❞ t❡❝❤♥♦❧♦❣✐❡s✳ ❳▼▲ ✇❛s ✉s❡❞ ♦♥❧② ❛s ❛ ♠❡❞✐✉♠ t♦ tr❛♥s♣♦rt
❞❛t❛ ❜❡t✇❡❡♥ ♣❛rt♥❡rs✳ ■♥ t❤✐s ✇❛②✱ ❳▼▲ ❞❛t❛ ✇❛s st♦r❡❞ ❛s r❡❧❛t✐♦♥❛❧ t❛❜❧❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛
s♣❡❝✐❛❧ ❳▼▲✲❡♥❛❜❧✐♥❣ ❧❛②❡r ✇❛s ✉s❡❞ t♦ ❞❡❝♦♠♣♦s❡ ❳▼▲ ❞❛t❛ ✐♥t♦ t❛❜❧❡s ✭t❤❡ s❤r❡❞❞✐♥❣ ♣r♦❝❡ss✮
❛♥❞ st♦r❡ ✐t ✇✐t❤✐♥ ✉♥❞❡r❧②✐♥❣ ❞❛t❛❜❛s❡❀ ❛♥❞ ❛s ✇❡❧❧ ❛s t♦ ❡①tr❛❝t ❞❛t❛ ❢r♦♠ r❡❧❛t✐♦♥❛❧ t❛❜❧❡s
❛♥❞ ❡①❝❤❛♥❣❡ ✐t ✐♥ ❳▼▲ ❢♦r♠❛t ✭t❤❡ ♣✉❜❧✐s❤✐♥❣ ♣r♦❝❡ss✮✳ ❚❤❡ ♠♦st ✇✐❞❡❧② ✉s❡❞ ❧❛♥❣✉❛❣❡ ✐s
❙◗▲✴❳▼▲✻ ✇❤✐❝❤ ❡①t❡♥❞s ❙◗▲ ✇✐t❤ s♦♠❡ s♣❡❝✐❛❧ ❢✉♥❝t✐♦♥s ❢♦r s❤r❡❞❞✐♥❣ ❛♥❞ ♣✉❜❧✐s❤✐♥❣ ♦❢
❳▼▲ ❞❛t❛✳ ❚❤✐s ❦✐♥❞ ♦❢ ❞❛t❛❜❛s❡s✱ ❝❛❧❧❡❞ ❳▼▲✲❡♥❛❜❧❡❞ ❞❛t❛❜❛s❡s ✭❳❊❉s✮✱ q✉✐❝❦❧② ❜❡❝❛♠❡ ❢♦r
❛ ❧♦♥❣ t✐♠❡ t❤❡ ❞❡ ❢❛❝t♦ s♦❧✉t✐♦♥ ❢♦r ❞❡♣❧♦②✐♥❣ ❞❛t❛✲❝❡♥tr✐❝ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ♠❛♥❛❣❡❞ ❧❛r❣❡
✈♦❧✉♠❡s ♦❢ ❞❛t❛ ❛♥❞ ❡✐t❤❡r ✇❛♥t❡❞ t♦ ❜❡ ❛❜❧❡ t♦ ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ ♦t❤❡r ❜✉s✐♥❡ss❡s ♦r t♦ ❡①♣♦s❡
t❤❡✐r ❞❛t❛ ♦♥ t❤❡ ✇❡❜✳ ❊①❛♠♣❧❡s ♦❢ s✉❝❤ s②st❡♠s ❛r❡✿ ▼②❙◗▲ ❛♥❞ P♦st❣r❡❙◗▲✳

❚❤❡ ❳❊❉s ✇❡r❡ s♦♠❡✇❤❛t ❧✐♠✐t❡❞✿ t❤❡② ✇❡r❡ ♥♦t ❝❛♣❛❜❧❡ ❢♦r s✉♣♣♦rt✐♥❣ ❤✉❣❡ ❳▼▲ ❞♦❝✉✲
♠❡♥ts✱ ❛s s❤r❡❞❞✐♥❣ ❛♥❞ ♣✉❜❧✐s❤✐♥❣ ♣r♦❝❡ss r❡q✉✐r❡ ❛ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ❥♦✐♥ ♦♣❡r❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱
t❤❡② ❧❡❛❞ t♦ ✉♥❛❝❝❡♣t❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡✱ ❜♦t❤ ✐♥ r❡tr✐❡✈✐♥❣ ❞♦❝✉♠❡♥ts ❛♥❞ ✐♥ q✉❡r②✐♥❣ t❤❡♠✳
❚❤✐s t❡❝❤♥♦❧♦❣② ❣❛♣ ✇❛s ❝♦✈❡r❡❞ ❜② ♥❛t✐✈❡ ❳▼▲ ❞❛t❛❜❛s❡s ✭◆❳❉s✮✱ t❤❛t ✐s ❞❛t❛❜❛s❡ s②st❡♠s
s♣❡❝✐✜❝❛❧❧② ❞❡✈❡❧♦♣❡❞ ❢♦r st♦r✐♥❣ ❳▼▲ ❞♦❝✉♠❡♥ts ❛♥❞ ❝♦♠♠♦♥❧② ✉s❡❞ ❜② ❞♦❝✉♠❡♥t✲❝❡♥tr✐❝ ❛♣✲
♣❧✐❝❛t✐♦♥s✳ ❚❤❡② ❞❡✜♥❡ ❛♥ ❳▼▲ ❞❛t❛ ♠♦❞❡❧ ✭❡✳❣✳ ❳P❛t❤✱ ❉❖▼✱ ❛♥❞ ❳▼▲ ■♥❢♦s❡t ♠♦❞❡❧s✮✱
❛♥❞ st♦r❡ ❛♥❞ r❡tr✐❡✈❡ ❳▼▲ ❞❛t❛ ❛❝❝♦r❞✐♥❣ t♦ t❤❛t ♠♦❞❡❧✳ ❆♥ ❳▼▲ ❞❛t❛ ♠♦❞❡❧ ♠✉st ♣r❡✲
s❡r✈❡✱ ✐♥ ❛ ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t ♠❛♥♥❡r✱ t❤❡ ❤✐❡r❛r❝❤✐❝❛❧ ❢♦r♠ ♦❢ t❤❡ ❞♦❝✉♠❡♥t ❜② s✉♣♣♦rt✐♥❣ ❛t
♠✐♥✐♠✉♠ ❡❧❡♠❡♥ts✱ ❛ttr✐❜✉t❡s✱ t❡①t✱ ❛♥❞ ❞♦❝✉♠❡♥t ♦r❞❡r✳ ❚❤❡ ♠♦st ✉s❡❞ ◆❳❉s ❛r❡✿ ❇❛s❡❳✱
❙❡❞♥❛✱ ❛♥❞ ❡❳✐st✲❞❜✳ ▼♦st ♦❢ t❤❡ ❡①✐st✐♥❣ ◆❳❉s ♣r♦✈✐❞❡ s✉♣♣♦rt ❢♦r t❤❡ ❲✸❈ st❛♥❞❛r❞s ✭❡✳❣✳
❳P❛t❤ ❬❇❇❈+✶✵❪✱ ❳◗✉❡r② ❬❇❈❋❋+✶✵❪✮ ❢♦r q✉❡r②✐♥❣ ❛♥❞ ✉♣❞❛t✐♥❣ ❳▼▲ ❞❛t❛✳

✻❤tt♣✿✴✴sq❧①♠❧✳♦r❣✴✳

✺
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✭❜✮

❋✐❣✉r❡ ✶✳✸✿ ❚❤❡ ❛r❝❤✐t❡❝t✉r❡ ♦❢ ✭❛✮ ❳❊❉s ❛♥❞ ✭❜✮ ◆❳❉s✳

❋✐❣✉r❡ ✶✳✸ ❞❡♣✐❝ts t❤❡ ♦✈❡r❛❧❧ ❛r❝❤✐t❡❝t✉r❡ ♦❢ ❳❊❉s ❛♥❞ ◆❳❉s✳ ❚❤❡ ♥❡❡❞ t♦ ❝♦♠❜✐♥❡ t❤❡
❢❡❛t✉r❡s ♦❢ ❜♦t❤ ♥❛t✐✈❡ ❛♥❞ ❳▼▲✲❡♥❛❜❧❡❞ ❞❛t❛❜❛s❡s ❜r♦✉❣❤t ♦♥ ❛ ♥❡✇ ❝❛t❡❣♦r② ♦❢ ❞❛t❛❜❛s❡s
❝❛❧❧❡❞ ❍②❜r✐❞ ❳▼▲ ❉❛t❛❜❛s❡s ✭❍❳❉s✮✳ ❆ ❤②❜r✐❞ ❳▼▲ ❞❛t❛❜❛s❡ ♣r♦✈✐❞❡s ❳▼▲ ❞❛t❛ ♠❛♥❛❣❡✲
♠❡♥t ✐♥ ❜♦t❤ ♥❛t✐✈❡ ❛♥❞ ❳▼▲✲❡♥❛❜❧❡❞ ❢❛s❤✐♦♥✳ ▼♦st ♦❢ t❤❡ ♥♦✇❛❞❛②s✬ ❘❉❇▼ ✭❡✳❣✳ ■❇▼ ❉❇✷
❛♥❞ ❖r❛❝❧❡✮ ❛r❡ ❤②❜r✐❞ ❛♥❞ ❛❧❧♦✇✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s r❡q✉✐r❡♠❡♥ts✱ s❤r❡❞❞✐♥❣ ❛♥❞
♣✉❜❧✐s❤✐♥❣ ♦❢ t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t t♦ ❛♥❞ ❢r♦♠ r❡❧❛t✐♦♥❛❧ t❛❜❧❡s ❛s ✇❡❧❧ ❛s ♥❛t✐✈❡ st♦r❛❣❡✳ ❚❤❡s❡
s②st❡♠s ♣r❡s❡♥t ❛ s✐❣♥✐✜❝❛♥t ❛❞✈❛♥t❛❣❡ ✇❤❡r❡ ✐♥t❡r♦♣❡r❛❜✐❧✐t② ❜❡t✇❡❡♥ ❳▼▲ ❛♥❞ ♦t❤❡r ❞❛t❛ ✐s
♥❡❡❞❡❞✳

❚❤❡ ❲✸❈ ❛♥❞ s♦♠❡ ♦t❤❡r ♦r❣❛♥✐③❛t✐♦♥s ♦✛❡r❡❞ s♦❧✉t✐♦♥s ❢♦r ❜❡tt❡r ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ ❳▼▲
❞❛t❛✿ ❉❚❉✱ ❘❊▲❆❳ ◆●✱ ❳▼▲ ❙❝❤❡♠❛✱ ❳P❛t❤✱ ❳◗✉❡r②✱ ❳❯♣❞❛t❡✳ ❙♦♠❡ ❝♦♠♠❡r❝✐❛❧ ❞❛t❛❜❛s❡
s②st❡♠s ❞❡✈❡❧♦♣❡❞ t❤❡✐r ♦✇♥ ♣r♦♣r✐❡t❛r② ❳▼▲ ❧❛♥❣✉❛❣❡s ✭❡✳❣✳ t❤♦s❡ ❞❡✈❡❧♦♣❡❞ ❜② ❙❡❞♥❛ ❛♥❞
❡❳✐st✲❞❜ ❢♦r ✉♣❞❛t✐♥❣ ❳▼▲✮✳ ■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✱ ♦♥❧② t❤❡ ❲✸❈ st❛♥❞❛r❞s ❛♥❞ s♦❧✉t✐♦♥s ❛r❡
✐♥✈❡st✐❣❛t❡❞ ✇❤✐❝❤ ❛r❡ ✇✐❞❡❧② ✉s❡❞ ❜♦t❤ ✐♥ ♣r❛❝t✐❝❡ ❛♥❞ ✐♥ t❤❡♦r②✱ ❛♥❞ ❛r♦✉♥❞ t❤❡♠ ✐♥t❡r❡st✐♥❣
r❡s✉❧ts ❛r❡ ❢♦✉♥❞ ✭❡✳❣✳ ❲✸❈ ❳▼▲ q✉❡r② ♦♣t✐♠✐③❛t✐♦♥ ❬▼◆✶✵❛❪✱ ❝♦♥t❛✐♥♠❡♥t ❬t❈▲✵✾❪✱ ❡✈❛❧✉❛t✐♦♥
❬❇❑✵✽✱●❑P❙✵✺❛❪✱ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❬▲❈❙✶✷✱❲❡✐✶✶❪✮✳

✶✳✶✳✸ Pr♦t❡❝t✐♥❣ ❳▼▲ ❉❛t❛

❳▼▲ ❞❛t❛❜❛s❡s ❛r❡ ✇✐❞❡❧② ✉s❡❞ ✐♥ ✈❛r✐♦✉s ❞♦♠❛✐♥s✿ ❜✉s✐♥❡ss ❡♥✈✐r♦♥♠❡♥ts✱ s♦❝✐❛❧ ♥❡t✇♦r❦s✱
❜✐♦❧♦❣✐❝❛❧ ❛♥❞ ❤❡❛❧t❤✲❝❛r❡ s②st❡♠s✳ ❚❤✐s ❤❛s s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡❞ t❤❡ ♥❡❡❞ ❢♦r ♠♦r❡ ❡✣❝✐❡♥t
♠❛♥❛❣❡♠❡♥t ♦❢ ❳▼▲ ❞❛t❛✳ ❈♦♥s✐❞❡r ❞❛② t♦ ❞❛② ♦♣❡r❛t✐♦♥s ❝♦♥s✐st ♦♥ q✉❡r②✐♥❣ ❛♥❞✴♦r ✉♣❞❛t✐♥❣
❳▼▲ ❞❛t❛✳ ❚❤❡s❡ t❛s❦s ♥❡❡❞ t♦ ❜❡ ❡❛s② t♦ ✉s❡✱ q✉✐❝❦ t♦ ❝❛rr② ♦✉t✱ ❛♥❞ ♠♦r❡ ✐♠♣♦rt❛♥t❧② s❛❢❡
❢r♦♠ ✉♥❛✉t❤♦r✐③❡❞ ❛❝❝❡ss❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❡❧❡❝tr♦♥✐❝ ❝♦♠♠❡r❝❡ tr❛♥s❛❝t✐♦♥s r❡q✉✐r❡ ❡♥❢♦r❝❡♠❡♥t
♦❢ s♦♠❡ s❡❝✉r✐t② ❝♦♥str❛✐♥ts ❡♥s✉r✐♥❣ t❤❛t ❝r✉❝✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ✇✐❧❧ ❜❡ ❛❝❝❡ss✐❜❧❡ ♦♥❧② t♦ ❛✉t❤♦r✐③❡❞
❡♥t✐t✐❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ ♠❛♥② ♦r❣❛♥✐③❛t✐♦♥s ✭♠♦st❧② ♠❡❞✐❝❛❧ ❛♥❞ ❝♦♠♠❡r❝✐❛❧✮ ♠❛♥✐♣✉❧❛t❡ s❡♥s✐t✐✈❡
✐♥❢♦r♠❛t✐♦♥ t❤❛t s❤♦✉❧❞ ❜❡ s❡❧❡❝t✐✈❡❧② ❡①♣♦s❡❞ t♦ ❞✐✛❡r❡♥t ❝❧❛ss❡s ♦❢ ✉s❡rs ❜❛s❡❞ ♦♥ t❤❡✐r ❛❝❝❡ss

✻



✶✳✶✳ ●❡♥❡r❛❧ ❈♦♥t❡①t

♣r✐✈✐❧❡❣❡s✳ ❆ ❣♦♦❞ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ s❡♥s✐t✐✈❡ ❞❛t❛ ✐s t❤❡ ✏P❡rs♦♥❛❧ ▼❡❞✐❝❛❧ ❋♦❧❞❡r ✑ ✭❉▼P✼✮✱ ❛♥
♦♥❣♦✐♥❣ ♥❛t✐♦♥❛❧ ♣r♦❥❡❝t st❛rt❡❞ ✐♥ ❋r❛♥❝❡ ❛t ✷✵✵✹✱ ✇❤✐❝❤ ❤❛s ❛s ❣♦❛❧ t♦ ❛❧❧♦✇ ❡❛❝❤ ♦♥❡ t♦ ❛❝❝❡ss
❡❧❡❝tr♦♥✐❝❛❧❧② t♦ ❤✐s ♦✇♥ ♠❡❞✐❝❛❧ ❞❛t❛ ✭❡✳❣✳ ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✱ tr❡❛t♠❡♥t✱ ❛♥❛❧②s✐s✱ ♠❡❞✐❝❛❧
❛♥❞ s✉r❣✐❝❛❧ ❤✐st♦r②✮✳ ❆❧❧ ♣❛t✐❡♥ts✬ ❞❛t❛ ❛r❡ st♦r❡❞ ✐♥ ❛ ❝❡♥tr❛❧✐③❡❞ ❞❛t❛❜❛s❡✱ ❛♥❞ ❝❛♥ ❜❡ ❛❝❝❡ss❡❞
t♦t❛❧❧②✴♣❛rt✐❛❧❧② ❜② ❞✐✛❡r❡♥t ❤❡❛❧t❤ ♣❡rs♦♥♥❡❧s✿ ♥✉rs❡s✱ ❞♦❝t♦rs✱ ♣❤❛r♠❛❝✐sts✱ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥②
st❛✛✱ ❡t❝✳ ❚❤❡ ♣❛t✐❡♥t ❝❛♥ ♠♦❞✐❢② s♦♠❡ ♣❛rts ♦❢ ❤✐s ❉▼P ❛s ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦r ❛❞❞✐♥❣
s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t s❡❡♠s ✉s❡❢✉❧ ❛♥❞ ♣❡rt✐♥❡♥t✳ ❉✉❡ t♦ t❤❡ s❡♥s✐t✐✈❡ ♥❛t✉r❡ ♦❢ t❤✐s ❞❛t❛✱
❛ s❡❝✉r✐t② ♣♦❧✐❝② ✐s ❛♣♣❧✐❡❞ t❤❛t ❝♦♥tr♦❧s ❛❝❝❡ss t♦ ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡ ❉▼Ps✳ ❋♦r ✐♥st❛♥❝❡✱
❣r❛♥t t♦ ❛♥ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥② ❛ r❡❛❞ ❛❝❝❡ss t❤❛t ❝♦♥❝❡r♥s ♦♥❧② ♠❡❞✐❝❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥❀ ❛♥❞ ❛♥
✉♣❞❛t❡ ❛❝❝❡ss t♦ t❤❡ ♥✉rs❡s t❤❛t ❛❧❧♦✇s ✐♥s❡rt✐♦♥ ❛♥❞ ❞❡❧❡t✐♦♥ ♦❢ tr❡❛t♠❡♥t r❡s✉❧ts✳

❚❤❡ ❣❡♥❡r❛❧ s❝❡♥❛r✐♦ t❤❛t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ♣r❛❝t✐❝❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋♦r s♦♠❡ ❳▼▲ ❞❛t❛
t❤❡r❡ ♠❛② ❜❡ ♠✉❧t✐♣❧❡ ✉s❡r ❣r♦✉♣s ✇❤✐❝❤ ✇❛♥t t♦ q✉❡r② ❛♥❞✴♦r ✉♣❞❛t❡ t❤❡ s❛♠❡ ❞❛t❛✳ ❋♦r t❤❡s❡
✉s❡r ❣r♦✉♣s✱ ❞✐✛❡r❡♥t r❡❛❞ ❛♥❞ ✉♣❞❛t❡ ♣r✐✈✐❧❡❣❡s ♠❛② ❜❡ ✐♠♣♦s❡❞✱ s♣❡❝✐❢②✐♥❣ ✇❤❛t ♣❛rts ♦❢ t❤❡
❞❛t❛ ❛r❡ ❛❝❝❡ss✐❜❧❡ ❛♥❞✴♦r ✉♣❞❛t❛❜❧❡ ❜② t❤❡ ✉s❡rs✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ s❡❝✉r❡ ❳▼▲ ❛❝❝❡ss ✐s t♦
❡♥❢♦r❝❡ t❤❡s❡ ♣r✐✈✐❧❡❣❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❣♦❛❧ ✐s t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛♥② r❡❛❞
q✉❡r② r❡t✉r♥s ♦♥❧② ❞❛t❛ t❤❡ ✉s❡rs ❛r❡ ❛❧❧♦✇❡❞ t♦ ❛❝❝❡ss❀ ❛s ✇❡❧❧ ❛s t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛♥② ✉♣❞❛t❡
q✉❡r② ♠❛❦❡s ❝❤❛♥❣❡s ♦❢ ♦♥❧② ❞❛t❛ t❤❡ ✉s❡rs ❛r❡ ❛❧❧♦✇❡❞ t♦ ✉♣❞❛t❡✳

❚❤❡ ✇❡❧❧✲❡st❛❜❧✐s❤❡❞ s❡❝✉r✐t② s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ❡♥❢♦r❝❡♠❡♥t ❛♣♣r♦❛❝❤❡s ♦❢ r❡❧❛t✐♦♥❛❧ ❞❛t❛❜❛s❡s
❝❛♥♥♦t ❜❡ ❡❛s✐❧② ❛❞❛♣t❡❞ ❢♦r ❳▼▲ ❞❛t❛❜❛s❡s✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝ts✿

❼ ❙❝❤❡♠❛❧❡ss✿ ❯♥❧✐❦❡ r❡❧❛t✐♦♥❛❧ t❛❜❧❡s ✇❤❡r❡ t❤❡ str✉❝t✉r❡ ✐s ❦♥♦✇♥ ❛❤❡❛❞ ♦❢ t✐♠❡✱ ❳▼▲
❞♦❝✉♠❡♥ts ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❤❛✈❡ ❛ s❝❤❡♠❛✳

❼ ◆♦❞❡ r❡❧❛t✐♦♥s❤✐♣✿ ❲❤✐❧❡ r❡❧❛t✐♦♥❛❧ t❛❜❧❡s ❡①✐st ❛s st❛♥❞❛❧♦♥❡ ❡♥t✐t✐❡s✱ ❛♥ ❳▼▲ ♥♦❞❡ ❞❡✲
♣❡♥❞s t♦ ✐ts ❛♥❝❡st♦rs✱ ❛♥❞ ✐ts ❝❤✐❧❞r❡♥ ❛r❡ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ♥♦❞❡ ✐ts❡❧❢✳ ❚❤✐s ❝❛♥ ❜❡
♠❡❛♥✐♥❣❢✉❧✱ ❢♦r ❳▼▲ ❜✉t ♥♦t ❢♦r r❡❧❛t✐♦♥❛❧ ❝♦♥t❡①t✱ ✇❤❡r❡ ❛ ♥♦❞❡ ✐s r❡q✉✐r❡❞ t♦ ❜❡ ✐♥❛❝✲
❝❡ss✐❜❧❡ ✐❢ ♦♥❡ ♦❢ ✐ts ❛♥❝❡st♦r ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛ ❞❡♥② ❛❝❝❡ss✳ ▼♦r❡♦✈❡r✱ ✐♥ ❝❛s❡ ♦❢ ♦r❞❡r❡❞
❳▼▲ ❞♦❝✉♠❡♥ts✱ ❡❛❝❤ ♥♦❞❡ ❞❡♣❡♥❞s t♦ ✐ts r✐❣❤t✴❧❡❢t s✐❜❧✐♥❣✳

❼ ❍✐❡r❛r❝❤✐❝❛❧ str✉❝t✉r❡✿ ■t ✐s ✉s❡❢✉❧ ✐♥ s♦♠❡ ❝❛s❡s t♦ r❡q✉✐r❡ ❛ ❣✐✈❡♥ ♥♦❞❡ t♦ ❜❡ ❛❝❝❡ss✐❜❧❡
♦♥❧② ✐❢ s♦♠❡ ❝♦♥❞✐t✐♦♥s ✭❞❡✜♥❡❞ ❛s ♣r❡❞✐❝❛t❡s✮ ❛r❡ s❛t✐s✜❡❞ ❛t t❤✐s ♥♦❞❡✳ ❆ ❣❡♥❡r❛❧✐③❛t✐♦♥
♦❢ t❤✐s ♠❡❛♥✐♥❣ ❝♦♥s✐sts t♦ ❣r❛♥t ♦r ❞❡♥② ❛❝❝❡ss t♦ s♦♠❡ ♣❛rts ♦❢ t❤❡ ❞♦❝✉♠❡♥t✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ s❡❝✉r❡ ❛❝❝❡ss t♦ ❳▼▲ ❞❛t❛ ❤❛s ✐ts ♦✇♥ ♣❛rt✐❝✉❧❛r ✢❛✈♦r ❛♥❞
r❡q✉✐r❡s s♣❡❝✐✜❝ s♦❧✉t✐♦♥s✳ ❆♥ ❳▼▲ s❡❝✉r✐t② ♠♦❞❡❧ s❤♦✉❧❞ ✐❞❡❛❧❧② ♣r♦✈✐❞❡ ❡①♣r❡ss✐✈❡♥❡ss ❛s ✇❡❧❧
❛s ❡✣❝✐❡♥❝② ❜② ♣r❡s❡r✈✐♥❣✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ r❡q✉✐r❡♠❡♥ts✱ ❝♦♥✜❞❡♥t✐❛❧✐t② ❛♥❞✴♦r
✐♥t❡❣r✐t② ♦❢ ❞❛t❛✳ ■t ♠✉st s✉♣♣♦rt✿

✶✳ ❆♥ ❡❛s② t♦ ✇r✐t❡ ❛♥❞ ♣♦✇❡r❢✉❧ ✜♥❡ ❣r❛✐♥❡❞ ❛✉t❤♦r✐③❛t✐♦♥ ♠❡❝❤❛♥✐s♠ t❤❛t ❝❛♥ ❝♦♥tr♦❧ ❛❝❝❡ss
t♦ ❜♦t❤ ❝♦♥t❡♥t ❛♥❞ str✉❝t✉r❡ ✭❡✳❣✳ r❡str✐❝t✐♥❣ ❛❝❝❡ss t♦ ❡♥t✐r❡ s✉❜tr❡❡s ♦r s♣❡❝✐✜❝ ❡❧❡♠❡♥ts
✐♥ t❤❡ ❞♦❝✉♠❡♥t ❜❛s❡❞ ♦♥ t❤❡✐r ❝♦♥t❡♥t ♦r ❧♦❝❛t✐♦♥✮✳

✷✳ ❆♥ ❡✣❝✐❡♥t ♠❡❝❤❛♥✐s♠ ❢♦r t❤❡ ❡♥❢♦r❝❡♠❡♥t ♦❢ s❡❝✉r✐t② ♣♦❧✐❝② ✭✐✳❡✳ ❡✣❝✐❡♥t❧② ❞❡t❡r♠✐♥❡
✇❤❡t❤❡r t❤❡ ❛❝❝❡ss t♦ ❛♥ ❡❧❡♠❡♥t ♦r ❛ttr✐❜✉t❡ ✐s ❣r❛♥t❡❞ ♦r ❞❡♥✐❡❞✮✳

✼❚❤❛t r❡❢❡rs ✐♥ ❋r❡♥❝❤ t♦ ✏❉♦ss✐❡r ▼é❞✐❝❛❧ P❡rs♦♥♥❡❧✑✳
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Hybrid approaches
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❬❳❆❈❛❪ ❬▼❚❑❍✵✻❪

❬❉❩✵✽❛❪

❬❉❩✵✽❜❪

❬❋▼✵✹❪

❬❋▼✵✼❪

❬❑▼❘✵✾❪

❬❇●▼❙✶✶❪

❬◆✐❝✶✷❪

❬❋❈●✵✹❛❪

❬❋●❏❑✵✻❪

❬❋●❏❑✵✻❪

❬●❙❈+✵✾❪

❬❚❚▲✶✸❪

❋✐❣✉r❡ ✶✳✹✿ ❊✈♦❧✉t✐♦♥ ♦❢ ❳▼▲ ❆❝❝❡ss ❈♦♥tr♦❧ ▼♦❞❡❧s✳

✸✳ ❙❝❤❡♠❛ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ❝❤❛r❛❝t❡r✐③❡s✱ ❢♦r ❡❛❝❤ ✉s❡r✱ ❛❧❧ ❛♥❞ ♦♥❧② ❛❝❝❡ss✐❜❧❡ ❞❛t❛✳

❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ❤❛s ❡♠❡r❣❡❞ ❛s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❝❤❛❧❧❡♥❣❡s ❢♦r ❝♦♠♣✉t❡r s❡❝✉r✐t②✳ ❚❤✐s
✐s ♥♦t ❛ tr✐✈✐❛❧ s✉❜❥❡❝t ❛s ❝❛♥ ❜❡ s❡❡♥ ✇✐t❤ t❤❡ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s s✉❣❣❡st❡❞
✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬❙❋✵✷❛✱▼❚❑❍✵✸✱❋▼✵✹✱❋❈●✵✹❛✱❑▼❘✵✾✱❇❈❋❙✶✷✱❚❚▲✶✸❪✳

✶✳✷ ▼♦t✐✈❛t✐♦♥

❙❡✈❡r❛❧ ❛❝❝❡ss ❝♦♥tr♦❧ ♠❡❝❤❛♥✐s♠s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ ♠✐t✐❣❛t❡ t❤❡ r✐s❦s ♦❢ ✉♥❛✉t❤♦r✐③❡❞ ❛❝❝❡ss
t♦ r❡s♦✉r❝❡s✱ ✇❤✐❝❤ ❝♦✉❧❞ ❥❡♦♣❛r❞✐③❡ t❤❡ s❡❝r❡❝② ♦❢ s❡♥s✐t✐✈❡ ❞❛t❛ ❛♥❞ ❝❛✉s❡ ❧♦ss ♦❢ ❝♦♠♣❡t✐t✐✈❡
❛❞✈❛♥t❛❣❡s✳ ■♥ ❣❡♥❡r❛❧✱ ❛♥ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧ s♣❡❝✐✜❡s ❛♥❞ ❡♥❢♦r❝❡s ♣♦❧✐❝✐❡s t❤❛t ❞❡✜♥❡ ✇❤✐❝❤
✉s❡rs✱ ❣r♦✉♣ ♦❢ ✉s❡rs✱ ♦r r♦❧❡✱ ❝❛♥ ❤❛✈❡ ❛❝❝❡ss t♦ ✇❤✐❝❤ ❞❛t❛✱ t♦ ♣❡r❢♦r♠ ✇❤✐❝❤ ❦✐♥❞s ♦❢ ♦♣❡r❛t✐♦♥s✳
■♠♣❧❡♠❡♥t✐♥❣ s✉❝❤ ♣♦❧✐❝✐❡s ✐♥❝r❡❛s❡s t❤❡ ❡①❝❤❛♥❣❡ ♦❢ ❞❛t❛ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♦r❣❛♥✐③❛t✐♦♥s ❛♥❞
❛❧❧♦✇s ♣r❡s❡r✈✐♥❣ ❝♦♥✜❞❡♥t✐❛❧✐t② ❛♥❞ ✐♥t❡❣r✐t②✳ ❘❡❝❡♥t❧② ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤❡s ❛r❡ ❜② ♥♦ ♠❡❛♥s
❛ ♣❛♥❛❝❡❛ ♦❢ ❛❧❧ s❡❝✉r✐t② ✐ss✉❡s❀ ❜✉t t❤❡ ❛❞❡q✉❛t❡ ❛♣♣r♦❛❝❤ ✐s ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥t❡①t
❛♥❞ t❤❡ ✉s❡rs r❡q✉✐r❡♠❡♥ts✳ ❚❤❡② ✐♥✈♦❧✈❡ ✈❛r②✐♥❣ ❞❡❣r❡❡s ♦❢ ❝♦♠♣❧❡①✐t②✱ ✉s❡ ❞✐✛❡r❡♥t ❧❛♥❣✉❛❣❡s
✭❡✳❣✳ ❳P❛t❤✱ ❳◗✉❡r②✱ ❳❯♣❞❛t❡✮✱ ❛♥❞ t❛❦❡ s❡✈❡r❛❧ ❢♦r♠s✿ ❛♥♥♦t❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ✇✐t❤ s❡❝✉r✐t②
❧❛❜❡❧s✱ ✉s❡ ♦❢ ❳P❛t❤ ❡①♣r❡ss✐♦♥s t♦ ♣r♦t❡❝t ❛❝❝❡ss t♦ ❞❛t❛✱ ❡①tr❛❝t ♠❛t❡r✐❛❧✐③❡❞✴✈✐rt✉❛❧ ✈✐❡✇ ❢♦r
❡❛❝❤ ❣r♦✉♣ ♦❢ ✉s❡rs✱ ❡t❝✳

❋✐❣✉r❡ ✶✳✹ s✉♠♠❛r✐❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧s ❞✉r✐♥❣ t❤❡ t✇♦ ❞❡❝❛❞❡s✳
❆ ❧✐tt❧❡ ♠♦r❡ ❞❡t❛✐❧ ♦❢ t❤✐s ❡✈♦❧✉t✐♦♥ ✐s ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ❋✐rst❧②✱ ♥✉♠❡r♦✉s ♠❡t❤♦❞s✱
♣r♦t♦❝♦❧s ❛♥❞ st❛♥❞❛r❞s ✭❡✳❣✳ ❆❈▲✱ ❙❆▼▲ ❬❙❆▼❪✱ ❖❆✉t❤ ❬❖❆✉❪✱ ❳❆❈▲ ❬❍❑❪✱ ❳❆❈▼▲ ❬❳❆❈❛❪✮
❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✭♠♦st ♦❢ t❤❡♠ ❛r❡ ✐♥ ❛❝t✐✈❡ ❞❡✈❡❧♦♣♠❡♥t✮ t❤❛t ♣r♦✈✐❞❡ ❡✣❝✐❡♥t ♠❛♥♥❡rs
t♦ s♣❡❝✐❢②✱ ❡♥❢♦r❝❡✱ ❛♥❞ ✭♣♦ss✐❜❧②✮ ❡①❝❤❛♥❣❡ ❛❝❝❡ss r✐❣❤ts ❢♦r ❞✐✛❡r❡♥t t②♣❡s ♦❢ r❡s♦✉r❝❡s ✭❡✳❣✳
s②st❡♠ ✜❧❡s✱ ❞❛t❛❜❛s❡ t❛❜❧❡s✱ ❲❡❜ ♣❛❣❡s✮✳ ❚❤❡ ❆❈▲ ❛♥❞ ❳❆❈▼▲ ❛r❡ ✇✐❞❡❧② ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡
❢♦r ❛❝❝❡ss ❝♦♥tr♦❧ ♣✉r♣♦s❡✱ ❤♦✇❡✈❡r✱ t❤❡② st✐❧❧ r❡♠❛✐♥ s❧✐❣❤t❧② ❧✐♠✐t❡❞ ✐♥ ♣r♦t❡❝t✐♥❣ ❤✐❡r❛r❝❤✐❝❛❧
❞❛t❛✳ ❉✐✛❡r❡♥t ✇♦r❦s ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝t❡❞ ✐♥ ♦r❞❡r t♦ ❞❡s✐❣♥ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧s s♣❡❝✐✜❝ ❢♦r
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❳▼▲ ❞❛t❛✳ ❆t t❤❡ ♦✉ts❡t✱ ✉s❡❞ ❛♣♣r♦❛❝❤❡s ❬▼❚❑❍✵✸✱▼❚❑❍✵✻❪ ❝♦♥s✐st❡❞ ♦♥ ❛♥♥♦t❛t✐♥❣ ♥❛✐✈❡❧②
t❤❡ ❳▼▲ ❞❛t❛ ✇✐t❤ s♦♠❡ s❡❝✉r✐t② ❧❛❜❡❧s t♦ s♣❡❝✐❢② ✇❤✐❝❤ ❛❝t✐♦♥s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ♦♥ ✇❤✐❝❤
❳▼▲ ♥♦❞❡s✱ ❛♥❞ t❤✉s r❡str✐❝t ❛❝❝❡ss t♦ s❡♥s✐t✐✈❡ ❞❛t❛ t❤r♦✉❣❤ t❤❡s❡ ❧❛❜❡❧s✳ ❆❧t❤♦✉❣❤✱ s♦♠❡
✐♠♣r♦✈❡♠❡♥ts ❬❉❩✵✽❛✱❉❩✵✽❜❪ ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤❡ ❝♦st❧② r❡✲❛♥♥♦t❛t✐♦♥ ♦❢ t❤❡
❞❛t❛✱ t❤❡s❡ ♥❛✐✈❡ ❛♣♣r♦❛❝❤❡s ❛r❡ t✐♠❡ ❝♦♥s✉♠✐♥❣ ❛♥❞ ❣❡♥❡r❛❧❧② ❞✐✣❝✉❧t t♦ ❛♣♣❧② ❢♦r ❡①❛♠♣❧❡ ✐♥
❝❛s❡ ♦❢ ❞✐✛❡r❡♥t ✉s❡rs✱ ♠✉❧t✐♣❧❡ ❛❝t✐♦♥s✱ ❛♥❞ ❞②♥❛♠✐❝ ♣♦❧✐❝✐❡s✳

❙♦♠❡ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❬❋▼✵✹✱❋▼✵✼❪ t❤❛t ❞❡✜♥❡ ❛❝❝❡ss ♣♦❧✐❝✐❡s ✇✐t❤♦✉t ❛♥② ❧❛❜❡❧✲
✐♥❣ ♦❢ ❞❛t❛✱ ❛♥❞ ❡♥❢♦r❝❡ t❤❡s❡ ♣♦❧✐❝✐❡s ❞✉r✐♥❣ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ✉s❡rs r❡q✉❡sts ✭r❡❛❞✲❛❝❝❡ss q✉❡r✐❡s
♦r ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✮✳ ❆♥ ❛❝❝❡ss ♣♦❧✐❝② ✐s ❞❡✜♥❡❞ ❛s ❛ s❡t ♦❢ ❳P❛t❤ ❡①♣r❡ss✐♦♥s✱ ❡❛❝❤ ♦♥❡ r❡❢❡rs
t♦ ❛ s❡t ♦❢ ❳▼▲ ♥♦❞❡s ♦✈❡r ✇❤✐❝❤ t❤❡ ✉s❡r ❝❛♥ ❡①❡❝✉t❡ s♦♠❡ ❛❝t✐♦♥s ✭r❡❛❞ ♦r ✉♣❞❛t❡✮✳ ❚❤❡ ✉s❡rs
r❡q✉❡sts ❛r❡ r❡✇r✐tt❡♥ ✇✳r✳t t❤❡ ✉♥❞❡r❧②✐♥❣ ❛❝❝❡ss ♣♦❧✐❝✐❡s ❜② ❛❞❞✐♥❣ s♦♠❡ ❳P❛t❤ ♣r❡❞✐❝❛t❡s ✐♥
♦r❞❡r t♦ ❡①❡❝✉t❡ t❤❡ r❡q✉❡st❡❞ ❛❝t✐♦♥ ♦♥❧② ♦♥ ❛✉t❤♦r✐③❡❞ ❞❛t❛ ✭✐✳❡✳ ❞❛t❛ t❤❛t ❝❛♥ ❜❡ q✉❡r✐❡❞
❛♥❞✴♦r ✉♣❞❛t❡❞✮✳ ❚❤❡s❡ ❳P❛t❤✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s ♦✉t♣❡r❢♦r♠ t❤❡ ✐♥st❛♥❝❡✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s ✐♥
♠♦st ❝❛s❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ♠❛❥♦r ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡s❡ ♠♦❞❡❧s ✐s t❤❡ ❧❛❝❦ ♦❢ s✉♣♣♦rt ❢♦r ❛✉t❤♦r✐③❡❞
✉s❡rs t♦ ❛❝❝❡ss t❤❡ ❞❛t❛✿ t❤❡ s❝❤❡♠❛ ♦❢ ❛❝❝❡ss✐❜❧❡ ❞❛t❛✽ ✐s ♥❡❝❡ss❛r② ❢♦r t❤❡ ✉s❡rs ✐♥ ♦r❞❡r t♦
❢♦r♠✉❧❛t❡ ❛♥❞ ♦♣t✐♠✐③❡ t❤❡✐r q✉❡r✐❡s❀ ❛s ✇❡❧❧ ❛s ❢♦r t❤❡ s❡❝✉r✐t② ❛❞♠✐♥✐str❛t♦r ❢♦r ✉♥❞❡rst❛♥❞✐♥❣
❤♦✇ t❤❡ ❛✉t❤♦r✐③❡❞ ✈✐❡✇ ♦❢ t❤❡ ❳▼▲ ❞❛t❛✱ ❢♦r ❛ ❣r♦✉♣ ♦❢ ✉s❡rs✱ ✇✐❧❧ ❛❝t✉❛❧❧② ❧♦♦❦ ❧✐❦❡✳

✶✳✷✳✶ ❱✐❡✇✲❇❛s❡❞ ❙❡❝✉r✐t② ▼♦❞❡❧s

❚♦ ♦✈❡r❝♦♠❡ t❤❡ ❛❜♦✈❡ ❧✐♠✐t❛t✐♦♥s✱ ❙t♦✐❝❛ ❛♥❞ ❋❛r❦❛s ❬❙❋✵✷❛❪ ✐♥tr♦❞✉❝❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❳▼▲
s❡❝✉r✐t② ✈✐❡✇ t❤❛t ❝♦♥s✐sts ♦♥ ❞❡✜♥✐♥❣✱ ❢♦r ❡❛❝❤ ❣r♦✉♣ ♦❢ ✉s❡rs✱ ❛ ✈✐❡✇ ♦❢ t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t
t❤❛t ❞✐s♣❧❛②s ❛❧❧ ❛♥❞ ♦♥❧② ❛❝❝❡ss✐❜❧❡ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤✐s ♥♦t✐♦♥ ❤❛s ❜❡❡♥ r❡✜♥❡❞ ❧❛t❡r ❛♥❞ ✉s❡❞ ✐♥
❞✐✛❡r❡♥t ✇❛②s ❜② ♣r♦✈✐❞✐♥❣ ❡❛❝❤ ❣r♦✉♣ ♦❢ ✉s❡rs ✇✐t❤ ✭✶✮ ❛ ♠❛t❡r✐❛❧✐③❡❞ ✈✐❡✇ ♦❢ ❛❝❝❡ss✐❜❧❡ ❞❛t❛❀ ✭✷✮
❛ ✈✐rt✉❛❧ ✈✐❡✇❀ ♦r ✭✸✮ ❛ ✈✐❡✇ t❤❛t ❝♦♥s✐sts ♦❢ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♠❛t❡r✐❛❧✐③❡❞ ❛♥❞ ✈✐rt✉❛❧ s✉❜✈✐❡✇s✳
❋❛♥ ❡t ❛❧✳ ❬❋❈●✵✹❛❪ ♣r♦♣♦s❡❞ ❛♥ ❡①♣r❡ss✐✈❡ ❧❛♥❣✉❛❣❡ ✇❤✐❝❤ ❛✐♠s t♦ ❞❡✜♥❡ s✉❝❤ s❡❝✉r✐t② ✈✐❡✇s
❛♥❞ ❜❛s❡❞ ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ s❝❤❡♠❛ ❛♥♥♦t❛t✐♦♥✾✳ ❘♦✉❣❤❧②✱ t❤❡ s❝❤❡♠❛ ♦❢ t❤❡ ❳▼▲ ❞❛t❛ ✐s ♣❛✐r❡❞
✇✐t❤ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❳P❛t❤ ❡①♣r❡ss✐♦♥s t❤❛t✱ ✇❤❡♥ ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ ❞❛t❛✱ ❡①tr❛❝t ♦♥❧② ❛❝❝❡ss✐❜❧❡
✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡ s❡r✈❡r ❞❡✜♥❡s✱ ❢♦r ❡❛❝❤ ❣r♦✉♣ ♦❢ ✉s❡rs✱ s✉❝❤ ❝♦❧❧❡❝t✐♦♥s ♦❢ ❳P❛t❤ ❡①♣r❡ss✐♦♥s
r❡♣r❡s❡♥t✐♥❣ ✉s❡rs ❛❝❝❡ss ♣♦❧✐❝✐❡s✳ ❆❝❝♦r❞✐♥❣ t♦ ❡❛❝❤ ❛❝❝❡ss ♣♦❧✐❝②✱ t❤❡ s❝❤❡♠❛ ✐s t❤❡♥ s❛♥✐t✐③❡❞
❜② ❡❧✐♠✐♥❛t✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ✐♥❛❝❝❡ss✐❜❧❡ ❞❛t❛✱ t❤❡ r❡s✉❧t❡❞ s❝❤❡♠❛ ✈✐❡✇ ✐s ♣r♦✈✐❞❡❞ t♦ t❤❡
✉s❡rs ✇❤♦ ✉s❡ ✐t ❢♦r ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡✐r q✉❡r✐❡s✳ ❲❤✐❧❡ t❤❡ ✉s❡rs ♠❛② q✉❡r②
t❤❡ ✈✐❡✇s✱ t❤❡② ❛r❡ ♥♦t ❛❧❧♦✇❡❞ t♦ ❞✐r❡❝t❧② q✉❡r② t❤❡ ✉♥❞❡r❧②✐♥❣ ❳▼▲ ❞❛t❛✳ ❆♥ ✐♠♣♦rt❛♥t ✐ss✉❡
✐s t♦ ❛♥s✇❡r q✉❡r✐❡s ♣♦s❡❞ ♦♥ t❤❡ ✈✐❡✇s ❛♥❞ t♦ ❡♥s✉r❡ t❤❡ s❡❧❡❝t✐✈❡ ❡①♣♦s✉r❡ ♦❢ ❞❛t❛ t♦ ❞✐✛❡r❡♥t
❝❧❛ss❡s ♦❢ ✉s❡rs✳

❖♥❡ ✇❛② t♦ ❞♦ t❤✐s ✐s t♦ ♣r♦✈✐❞❡ ❡❛❝❤ ❣r♦✉♣ ♦❢ ✉s❡rs ✇✐t❤ ❛ ♠❛t❡r✐❛❧✐③❡❞ ✈✐❡✇ ♦❢ ❛❧❧ ❛♥❞
♦♥❧② ❛❝❝❡ss✐❜❧❡ ❞❛t❛ ✭❛s st✉❞✐❡❞ ✐♥ ❬❑▼❘✵✺✱❑▼❘✵✾❪✮✱ ✇❤✐❝❤ ✐s ✉s❡❞ t♦ ❡✈❛❧✉❛t❡ ✉s❡rs q✉❡r✐❡s
❞✐r❡❝t❧② ♦✈❡r ✐t ❛♥❞ ♦✛❡rs ❢❛st❡r ❛❝❝❡ss t♦ t❤❡ ❞❛t❛✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ❳▼▲ ❞❛t❛ ❛♥❞✴♦r
t❤❡ ❛❝❝❡ss ♣♦❧✐❝✐❡s ❛r❡ ❝❤❛♥❣❡❞✱ ❛❧❧ ✉s❡rs ✈✐❡✇s s❤♦✉❧❞ ❜❡ ✭✐♥❝r❡♠❡♥t❛❧❧②✮ ♠❛✐♥t❛✐♥❡❞ ❬●▼✾✺✱
●▼❘❘✵✶✱❇●▼❙✶✶✱◆✐❝✶✷❪✳ ◆♦t❡ t❤❛t ✐♥ s♦♠❡ ❝❛s❡s✱ ✐♥❝r❡♠❡♥t❛❧ ♠❛✐♥t❡♥❛♥❝❡ ♦❢ ♠❛t❡r✐❛❧✐③❡❞
✈✐❡✇s ❧❡❛❞s t♦ t❤❡ s❛♠❡ ♣❡r❢♦r♠❛♥❝❡s ❛s r❡✲❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✈✐❡✇s ❢r♦♠ s❝r❛t❝❤✳ ■♥ ❛❞❞✐t✐♦♥
t♦ t❤❡ ♠❛✐♥t❡♥❛♥❝❡ ❝♦st✱ ♠❛t❡r✐❛❧✐③❛t✐♦♥ ♦❢ ❛❧❧ ✉s❡rs ✈✐❡✇s ✇✐t❤✐♥ t❤❡ s❡r✈❡r ✐s t✐♠❡ ❛♥❞ ♠❡♠♦r②
❝♦♥s✉♠✐♥❣✳ ❈♦♥s✐❞❡r t❤❡ t❤✐r❞ ♠♦st ✈✐❡✇❡❞ ✇❡❜s✐t❡ ❛t t❤❡ ✇♦r❧❞✱ ❨♦✉❚✉❜❡✱ t❤❛t ✐s ❛❝❝❡ss❡❞ ❜②
❛ ♠✐❧❧✐♦♥ ♦❢ ♣❡♦♣❧❡ ♣❡r ❞❛②✳ ❙✐♥❝❡ ❞✐✛❡r❡♥t ✉s❡rs ♠❛② ❤❛✈❡ ❞✐✛❡r❡♥t ✐♥t❡r❡sts ✭❡✳❣✳ s♣❡❝✐❛❧ ❦✐♥❞
♦❢ ♠✉s✐❝✱ ❞♦❝✉♠❡♥t❛r✐❡s✱ ❢❛✈♦r✐t❡ ❝❤❛♥♥❡❧s✮✱ t❤❡ s❡r✈❡r ♠❛② ✇✐s❤ t♦ ♣r♦✈✐❞❡ ❛ ♣❡rs♦♥❛❧✐③❡❞ ✈✐❡✇
♦❢ t❤❡ ❝♦♥t❡♥t t♦ ✐ts ✉s❡rs✱ ❛♥❞ ❛❧❧♦✇ ✉s❡rs t♦ s❡❛r❝❤ s✉❝❤ ✈✐❡✇s✳ ■♥ s✉❝❤ ❝❛s❡✱ ✐t ✐s ✇❛st❡❢✉❧

✽❙❝❤❡♠❛ ♦❢ ✉♣❞❛t❛❜❧❡ ❞❛t❛ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✺✳
✾❲❤❡♥ ✐t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✱ ✇❡ r❡❢❡r ❜② s❝❤❡♠❛ ❜♦t❤ t♦ ❳▼▲ s❝❤❡♠❛s ❬❳▼▲❪ ❛♥❞ ❉❚❉ ❣r❛♠♠❛rs✳

✾



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

t♦ ♠❛t❡r✐❛❧✐③❡ ❛❧❧ ✉s❡r ✈✐❡✇s ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ♠❛♥② ✉s❡rs ✭♠♦r❡ t❤❛♥ ✸✵✵ ♠✐❧❧✐♦♥ ♦❢ ❨♦✉❚✉❜❡
❛❝❝♦✉♥ts ❛r❡ ❝r❡❛t❡❞✮ ❛♥❞ t❤❡✐r ❝♦♥t❡♥t ✐s ♦❢t❡♥ ♦✈❡r❧❛♣♣✐♥❣✱ ✇❤✐❝❤ ❝♦✉❧❞ ❧❡❛❞ t♦ ❞❛t❛ ❞✉♣❧✐❝❛t✐♦♥
❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ s♣❛❝❡✲♦✈❡r❤❡❛❞✳ ❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ s❡r✈❡r ♠❛② ❦❡❡♣ t❤❡ ✈✐❡✇✐♥❣ ❤✐st♦r② ♦❢
t❤❡ ✉s❡r✱ t❤❛t r❡✢❡❝ts ❤✐s ❛r❡❛ ♦❢ ✐♥t❡r❡st✱ ❛♥❞ s✉❣❣❡st ♦♥✲t❤❡✲✢② s♦♠❡ ❧✐♥❦s ♦❢ ✈✐❞❡♦s t❤❛t ♠❛②
✐♥t❡r❡st t❤✐s ✉s❡r ❬❩▲❈+✶✷❪✳

❚❤❡ ✈✐❡✇ ✈✐rt✉❛❧✐③❛t✐♦♥ ✐s t❤❡ ❛❞❡q✉❛t❡ ❛♥❞ ♠♦r❡ s❝❛❧❛❜❧❡ s♦❧✉t✐♦♥ ✐♥ ❝❛s❡ ♦❢ ❤✉❣❡ ❞❛t❛✱ ❛♥
✐♠♣♦rt❛♥t ♥✉♠❜❡r ♦❢ ✉s❡rs✱ ❛♥❞ ❞②♥❛♠✐❝ ♣♦❧✐❝✐❡s✳ ▼❛t❡r✐❛❧✐③❡❞ ❛♥❞ ✈✐rt✉❛❧ ✈✐❡✇s ❝❛♥ ❞✐✛❡r ✐♥ ♦♥❡
✈❡r② s✐❣♥✐✜❝❛♥t ❛s♣❡❝t✱ t❤❡ ❧✐❢❡t✐♠❡✿ ♠❛t❡r✐❛❧✐③❡❞ ✈✐❡✇s ❝♦✉❧❞ ❧✐✈❡ ❢♦r ❛ ❧♦♥❣ t✐♠❡✱ ✇❤✐❧❡ ✈✐rt✉❛❧
✈✐❡✇s ❛r❡ ♥❡❝❡ss❛r✐❧② t❡♠♣♦r❛r② ❛♥❞ ❝♦✉❧❞ ❧✐✈❡ ♦♥❧② t❤❡ t✐♠❡ t❤❡ ✉s❡r ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ s❡r✈❡r✳
❆ ✈✐rt✉❛❧ ✈✐❡✇ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ♥❡❝❡ss❛r✐❧② ❛❧❧ t❤❡ ❛❝❝❡ss✐❜❧❡ ❞❛t❛ st♦r❡❞ ✇✐t❤✐♥ t❤❡ s❡r✈❡r✱ ❜✉t ✐t
❣✐✈❡s ♦♥❧② s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ❤❡❧♣s t❤❡ ✉s❡rs t♦ q✉❡r② t❤❡ ✉♥❞❡r❧②✐♥❣ ❞❛t❛✳ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡
♦❢ ❳▼▲ ❞❛t❛✱ ❛ ♠❛t❡r✐❛❧✐③❡❞ ❳▼▲ ✈✐❡✇ ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ❛❝❝❡ss✐❜❧❡ ❞❛t❛ ❛♥❞ ✐s ♦❢t❡♥ st♦r❡❞ ✐♥ ❛
❢♦r♠❛t t❤❛t ❛❧❧♦✇s ❳▼▲ q✉❡r②✐♥❣ ✭❡✳❣✳ ❉❖▼ ❆P■✮✳ ❍♦✇❡✈❡r✱ ❛ ✈✐rt✉❛❧ ❳▼▲ ✈✐❡✇ ♣r♦✈✐❞❡s t♦ t❤❡
✉s❡r s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t r❡✢❡❝ts ❤♦✇ t❤❡ ❛❝t✉❛❧ ❛❝❝❡ss✐❜❧❡ ❞❛t❛ ❧♦♦❦ ❧✐❦❡✳ ❱✐rt✉❛❧ ❳▼▲ ✈✐❡✇s
❛r❡ ♦❢t❡♥ ♣r♦✈✐❞❡❞ ✐♥ t❡①t ♦r ❍❚▼▲ ❢♦r♠❛t t❤❛t ❞✐s♣❧❛②s ❛ ❜✉❧❦ ♦❢ ♥❡st❡❞ ❛❝❝❡ss✐❜❧❡ ❡❧❡♠❡♥ts
✇❤❡r❡ r❡❧❛t✐♦♥s❤✐♣s ❛r❡ ♥♦t ❡①♣❧✐❝✐t❧② ♠❛t❡r✐❛❧✐③❡❞✳ ❚❤❡s❡ ❢♦r♠❛ts r❡q✉✐r❡ ❧❡ss st♦r❛❣❡ ❝♦st ❜✉t
❝❛♥♥♦t ❜❡ q✉❡r✐❡❞ ✉s✐♥❣ ❳▼▲ t❡❝❤♥♦❧♦❣✐❡s✳ ❲✐t❤ t❤✐s ❝♦♠❡s t❤❡ ♥❡❡❞ t♦ ❛♥s✇❡r q✉❡r✐❡s ♣♦s❡❞
♦♥ ✈✐rt✉❛❧ ✈✐❡✇s✳ ❋❛♥ ❡t ❛❧✳ ❬❋❈●✵✹❛❪ ❞❡✜♥❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ q✉❡r② r❡✇r✐t✐♥❣ t❤❛t ❝♦♥s✐sts ♦♥
tr❛♥s❧❛t✐♥❣ q✉❡r✐❡s ♣♦s❡❞ ♦✈❡r ✈✐rt✉❛❧ ✈✐❡✇s ✐♥t♦ ❡q✉✐✈❛❧❡♥t ♦♥❡s t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧
❞❛t❛✳ ▼❛♥② ❛✉t❤♦rs ❤❛✈❡ r❡✜♥❡❞ t❤✐s ✇♦r❦ ❜② ❞❡✜♥✐♥❣ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ♣♦❧✐❝✐❡s ❬❘❛s✵✻✱❑▼❘✵✾❪✱
♦r ❜② ✉s✐♥❣ ♠♦r❡ ❡①♣r❡ss✐✈❡ q✉❡r② ❧❛♥❣✉❛❣❡ ❬❋●❏❑✵✻✱❋●❏❑✵✼✱●❙❈+✵✾❪✳

❆❧t❤♦✉❣❤ ✈✐rt✉❛❧✐③❛t✐♦♥ ♦❢ ✈✐❡✇s ❣✐✈❡s ✐♥ ♠♦st ❝❛s❡ ♠♦r❡ ❛❞✈❛♥t❛❣❡s t❤❛♥ t❤❡ ♠❛t❡r✐❛❧✐③❛t✐♦♥✱
♣r♦t❡❝t✐♥❣ ❞❛t❛ ♦✈❡r ✈✐rt✉❛❧ ✈✐❡✇s ✐s ♥♦t ❛❧✇❛②s str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ❜❡❝♦♠❡s ❝❤❛❧❧❡♥❣✐♥❣ ✐♥ s♦♠❡
❝❛s❡ ✭❡✳❣✳ ♦✈❡r ❝♦♠♣❧❡① s❝❤❡♠❛s ❛♥❞✴♦r ♣♦❧✐❝✐❡s✱ r❡✇r✐tt❡♥ r❡q✉❡sts ♠❛② ❜❡ ❝♦♠♣❧❡①✱ ✈❡r② ❧❛r❣❡✱
❛♥❞ t❛❦❡ ♠♦r❡ ❡✈❛❧✉❛t✐♦♥ t✐♠❡✮✳ ❉✉r✐♥❣ t❤❡ r❡❞❛❝t✐♦♥ ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥✱ ❛ ♥❡✇ ❤②❜r✐❞ ❛♣♣r♦❛❝❤
❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❬❚❚▲✶✸❪ t❤❛t ❞❡✜♥❡s ❜♦t❤ ♠❛t❡r✐❛❧✐③❡❞ ❛♥❞ ✈✐rt✉❛❧ ♣❛rts ♦❢ t❤❡ s❛♠❡ ❳▼▲
✈✐❡✇ ✐♥ ♦r❞❡r t♦ ❜❡♥❡✜t ❢r♦♠ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❡❛❝❤ ❛♣♣r♦❛❝❤✳

✶✳✷✳✷ ❆❞❞r❡ss❡❞ ■ss✉❡s

■t ✐s ✐♥❝r❡❛s✐♥❣❧② ❝♦♠♠♦♥ ♥♦✇❛❞❛②s t♦ ✜♥❞ ✈✐rt✉❛❧ ✈✐❡✇s ✉s❡❞ t♦ ♣r♦t❡❝t ❛❝❝❡ss t♦ ❞❛t❛ ❛s s✉♣✲
♣♦rt❡❞ ❜② ♠❛♥② ❞❛t❛❜❛s❡ s②st❡♠s ✭❡✳❣✳ ❖r❛❝❧❡ ✶✶❣✱ ■❇▼ ❉❇✷ ✮✳ ❉✉❡ t♦ t❤❡✐r ❜❡♥❡✜ts✱ ✈✐rt✉❛❧
❳▼▲ ✈✐❡✇s ❤❛✈❡ r❡❝❡✐✈❡❞ ♠♦r❡ ❛tt❡♥t✐♦♥ ❢r♦♠ t❤❡ r❡s❡❛r❝❤ ❝♦♠♠✉♥✐t②✳ ❚❤❡r❡ ❤❛s ❜❡❡♥ ❛ s✉❜✲
st❛♥t✐❛❧ ❛♠♦✉♥t ♦❢ ✇♦r❦ ♦♥ st✉❞②✐♥❣ t②♣✐❝❛❧ ♣r♦❜❧❡♠s r❛✐s❡❞ ❢r♦♠ t❤❡ ✉s❡ ♦❢ s✉❝❤ ✈✐❡✇s✿ q✉❡r②✲
✐♥❣ ❬❘❛s✵✻✱❋●❏❑✵✼✱●❙❈+✵✾✱▲▲▲▲✶✶❪✱ q✉❡r②✐♥❣ ❛♥❞ ✉♣❞❛t✐♥❣ ❬❈♦♥✵✼✱❉❋●▼✵✽❪✱ ❝♦♥s✐st❡♥❝② ♦❢
✉♣❞❛t❡ ♣♦❧✐❝✐❡s ❬❇❈❋❙✶✷❪✱ ✈✐❡✇ ✉♣❞❛t❡ tr❛♥s❧❛t✐♦♥ ❬❙❇●✶✵✱❇❈●+✶✶✱▲▲❍❨✶✸❪✱ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤
r❡❧❛t✐♦♥❛❧ ❞❛t❛ ❬❋❨▲+✵✾❪✳ ❚❤✐s ❞✐ss❡rt❛t✐♦♥ s✉♠♠❛r✐③❡s ♦✉r r❡s✉❧ts ♦♥ ❞❡✈❡❧♦♣✐♥❣ ❛♣♣r♦❛❝❤❡s
t❤❛t ♣r♦✈✐❞❡ s❛❢❡ ❛♥❞ ❡✣❝✐❡♥t ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ ❳▼▲ ❞❛t❛✱ ♥❛♠❡❧② q✉❡r②✐♥❣✱ ✉♣❞❛t✐♥❣✱ ❛♥❞ ✈❛❧✐✲
❞❛t✐♦♥ ♦❢ ❞❛t❛✳ ❲❡ ❤❛✈❡ ❢♦❝✉s❡❞ ♣r✐♥❝✐♣❛❧❧② ♦♥ s❤♦rt❝♦♠✐♥❣s ♦❢ s❡❝✉r✐t②✲✈✐❡✇✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s✱
❜r✐❡✢② ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❛♥❞ ✐♥✈❡st✐❣❛t❡❞ s♦♠❡ s♦❧✉t✐♦♥s t♦ ♦✈❡r❝♦♠❡ t❤❡♠✳ ❚❤✐s t❤❡s✐s
✐s t❤✉s ❛ ❝♦♥t✐♥✉❛t✐♦♥ t♦ t❤❡ ✐♠♣♦rt❛♥t ❡✛♦rt ❞♦♥❡ ❞✉r✐♥❣ t❤❡ t✇♦ ❞❡❝❛❞❡s t♦ ❞❡s✐❣♥ ❛♥❞ ✐♠♣❧❡✲
♠❡♥t ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧s✳

❘❡❛❞ ❆❝❝❡ss ❈♦♥tr♦❧ ▼♦❞❡❧s ❉✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s ❡①✐st t❤❛t ✉s❡ ✈✐rt✉❛❧ ✈✐❡✇s t♦ ♣r♦t❡❝t
❛❝❝❡ss t♦ ❳▼▲ ❞❛t❛✳ ▼♦st ♦❢ t❤❡♠ ❞❡❛❧ ♦♥❧② ✇✐t❤ r❡❛❞ ❛❝❝❡ss r✐❣❤ts✳ ●✐✈❡♥ ❛♥ ❳▼▲ ❞♦❝✉♠❡♥t
T t❤❛t ❝♦♥❢♦r♠s t♦ ❛ s❝❤❡♠❛ D✱ ❛ s❡❝✉r✐t② ✈✐❡✇ S ✐s ❞❡✜♥❡❞ t❤❛t ❤❡❛❞s s♦♠❡ ✐♥❛❝❝❡ss✐❜❧❡
✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ D✳ ❆❝❝♦r❞✐♥❣ t♦ S✱ ❛ s❝❤❡♠❛ ✈✐❡✇ Dv ✐s ❞❡r✐✈❡❞ ✜rst ❛♥❞ ♣r♦✈✐❞❡❞ t♦ t❤❡ ✉s❡r
t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❛❝❝❡ss✐❜❧❡ ❞❛t❛ ✭s✮❤❡ ✐s ❛❜❧❡ t♦ s❡❡✳ ▼♦r❡♦✈❡r✱ ❛ ✈✐rt✉❛❧ ✈✐❡✇ Tv ✐s ❡①tr❛❝t❡❞

✶✵



✶✳✷✳ ▼♦t✐✈❛t✐♦♥

t❤❛t ❞✐s♣❧❛②s ♦♥❧② ❛❝❝❡ss✐❜❧❡ ♣❛rts ♦❢ T ✳ ❋♦r ❡❛❝❤ ✉s❡r q✉❡r② Q ♣♦s❡❞ ♦♥ Tv✱ t❤❡ q✉❡r② r❡✇r✐t✐♥❣
♣r✐♥❝✐♣❧❡ ❝♦♥s✐sts ♦♥ r❡✇r✐t✐♥❣ Q ✐♥t♦ ❛♥♦t❤❡r ♦♥❡ Q′ s✉❝❤ t❤❛t✿ ❡✈❛❧✉❛t✐♥❣ Q ♦✈❡r Tv ②✐❡❧❞s t❤❡
s❛♠❡ r❡s✉❧t ❛s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ Q′ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞♦❝✉♠❡♥t T ✳ ▼❛♥② r❡✇r✐t✐♥❣ ❛❧❣♦r✐t❤♠s
❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t❤❛t ❞✐✛❡r ♦♥✿

❼ ❚❤❡ q✉❡r② ❧❛♥❣✉❛❣❡ ✉s❡❞ ✭❡✳❣✳ t❤❡ ❳P❛t❤ st❛♥❞❛r❞ ♦r s♦♠❡ ✈❛r✐❛♥ts ♦❢ ✐t ❬▼❛r✵✹❪✮❀

❼ ❚❤❡ ❝❧❛ss ♦❢ q✉❡r✐❡s s✉♣♣♦rt❡❞ ✭❡✳❣✳ ❞♦✇♥✇❛r❞ ❛①❡s✱ ✉♣✇❛r❞ ❛①❡s✮❀

❼ ❚❤❡ t②♣❡ ♦❢ t❤❡ s❝❤❡♠❛ ❝♦♥s✐❞❡r❡❞ ✭❳▼▲ s❝❤❡♠❛✱ ❉❚❉ ❣r❛♠♠❛r✱ r❡❝✉rs✐✈❡✱ ♥♦♥✲r❡❝✉rs✐✈❡✱
♥♦r♠❛❧✐③❡❞✶✵✮❀

❼ ❚❤❡ t②♣❡ ♦❢ t❤❡ r❡❛❞✲❛❝❝❡ss ♣♦❧✐❝✐❡s t❤❛t ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✭❡✳❣✳ t♦♣✲❞♦✇♥ ♣♦❧✐❝✐❡s✱ ❜♦tt♦♠✲✉♣
♣♦❧✐❝✐❡s ❬❑▼❘✵✾❪✮❀

❼ ❚❤❡ r❡✇r✐t✐♥❣ ♠❛♥♥❡r ✭s❝❤❡♠❛✲♦♥❧②✲❜❛s❡❞ r❡✇r✐t✐♥❣ ❬❋❈●✵✹❛✱●❙❈+✵✾✱❘❛s✵✻❪✱ ❛✉t♦♠❛t♦♥✲
❜❛s❡❞ r❡✇r✐t✐♥❣ ❬❉❋●▼✵✽✱▲▲▲▲✶✶❪✮✳

❆❧t❤♦✉❣❤ ❛ tr❡♠❡♥❞♦✉s ❡✛♦rt ❤❛s ❜❡❡♥ ❞♦♥❡ ♦♥ ✐♠♣r♦✈✐♥❣ q✉❡r② r❡✇r✐t✐♥❣ ♦✈❡r ✈✐rt✉❛❧ ❳▼▲
✈✐❡✇s✱ ♠♦st ♦❢ ❡①✐st✐♥❣ ❛❧❣♦r✐t❤♠s ❛r❡ ❧✐♠✐t❡❞ ✐♥ t❤❡ s❡♥s t❤❛t t❤❡② ❞❡❛❧ ♦♥❧② ✇✐t❤ ♥♦♥ r❡❝✉rs✐✈❡
s❝❤❡♠❛s ✶✶✳ ❲❡ ✐♥✈❡st✐❣❛t❡ ✐♥ t❤❡ r❡st ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥ t❤❡ ✉s❡ ♦❢ ♦♥❧② ❉❚❉ ❣r❛♠♠❛r ❛s ❞❛t❛
s❝❤❡♠❛✳ ❘❡❝✉rs✐✈❡ ❉❚❉s ♦❢t❡♥ ❛r✐s❡ ✐♥ ♣r❛❝t✐❝❡ ✇❤❡♥ s♣❡❝✐❢②✐♥❣ ❢♦r ✐♥st❛♥❝❡ ✭❜✐♦✮♠❡❞✐❝❛❧ ❛♥❞
❜✐♦❧♦❣✐❝❛❧ ❞❛t❛✳ ❊①❛♠♣❧❡s ♦❢ s✉❝❤ ❉❚❉s ❛r❡ ●❡❞▼▲ ❬●❡❞❪ ❛♥❞ ❇■❖▼▲ ❬❇■❖❪✳ ❚❤❡ st✉❞② ❞♦♥❡
✐♥ ❬❈❤♦✵✷❪ s❤♦✇♥ t❤❛t ♠♦st ♦❢ t❤❡ r❡❛❧✲✇♦r❧❞ ❉❚❉s ❛r❡ r❡❝✉rs✐✈❡✳ ❲❡ ♣r❡s❡♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦✉r
❍♦s♣✐t❛❧ ❉❚❉ ❡①tr❛❝t❡❞ ❢r♦♠ ❛ r❡❛❧✲❧✐❢❡ ❝❛s❡ ♦❢ ♠❡❞✐❝❛❧ ❞❛t❛ ❬❙❤❛✶✷❪✱ ❛♥❞ t❤❛t ✐s ✉s❡❞ t❤r♦✉❣❤♦✉t
t❤✐s ❞✐ss❡rt❛t✐♦♥✳

❊①❛♠♣❧❡ ✶✳✸✳ ❋✐❣✉r❡ ✶✳✺ ✐s ❛ ❣r❛♣❤ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♦✉r ❍♦s♣✐t❛❧ ❉❚❉✳ ❲❡ ✉s❡ ✬∗✬ ♦♥ ❛♥
❡❞❣❡ t♦ ✐♥❞✐❝❛t❡ ❛ ❧✐st✱ ✬?✬ t♦ ✐♥❞✐❝❛t❡ ❛♥ ♦♣t✐♦♥❛❧ ❡❞❣❡✱ ✇❤✐❧❡ ❞❛s❤❡❞ ❡❞❣❡s r❡♣r❡s❡♥t ❞✐s❥✉♥❝t✐♦♥✳
❆ ❤♦s♣✐t❛❧ ❞♦❝✉♠❡♥t ❝♦♥❢♦r♠✐♥❣ t♦ t❤✐s r❡❝✉rs✐✈❡ ❉❚❉ ❝♦♥s✐sts ♦❢ ❛ ❧✐st ♦❢ ❞❡♣❛rt♠❡♥ts✱ ❡❛❝❤
❞❡♣❛rt♠❡♥t ✭❞❡✜♥❡❞ ❜② ✐ts ♥❛♠❡✮ ❤❛s ❛ ❧✐st ♦❢ ❝❤✐❧❞r❡♥ r❡♣r❡s❡♥t✐♥❣ ♣❛t✐❡♥ts ❝✉rr❡♥t❧② r❡s✐❞✐♥❣
✐♥ t❤❡ ❤♦s♣✐t❛❧✳ ❋♦r ❡❛❝❤ ♣❛t✐❡♥t✱ t❤❡ ❤♦s♣✐t❛❧ ♠❛✐♥t❛✐♥s ❤❡r ♥❛♠❡ ✭♣♥❛♠❡✮ ❛♥❞ ✇❛r❞ ♥✉♠❜❡r
✭✇❛r❞◆♦✮✱ ❛ ❢❛♠✐❧② ♠❡❞✐❝❛❧ ❤✐st♦r② ❜② ♠❡❛♥s ♦❢ t❤❡ r❡❝✉rs✐✈❡❧② ❞❡✜♥❡❞ ♣❛r❡♥t ❛♥❞ s✐❜❧✐♥❣✱ ❛s ✇❡❧❧
❛s ❛ ❧✐st ♦❢ s②♠♣t♦♠s✳ ❚❤❡ ❤♦s♣✐t❛❧✐③❛t✐♦♥ ✐s ♠❛r❦❡❞ ❜② t❤❡ ✐♥t❡r✈❡♥t✐♦♥ ♦❢ ♦♥❡ ♦r ♠❛♥② ❞♦❝t♦rs
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡✐r s♣❡❝✐❛❧t② ❛♥❞ t❤❡ ♣❛t✐❡♥t ❝❛r❡ r❡q✉✐r❡♠❡♥t✳ ❋♦r ❡❛❝❤ ✐♥t❡r✈❡♥t✐♦♥✱ t❤❡ ❤♦s♣✐t❛❧
❛❧s♦ ♠❛✐♥t❛✐♥s t❤❡ ✐♥t❡r✈❡♥t✐♦♥ ❞❛t❡✱ t❤❡ r❡s♣♦♥s✐❜❧❡ ❞♦❝t♦r ✭r❡♣r❡s❡♥t❡❞ ❜② ✐ts ♥❛♠❡ ❞♥❛♠❡ ❛♥❞
s♣❡❝✐❛❧t②✮✱ ❛♥❞ t❤❡ tr❡❛t♠❡♥t ❛♣♣❧✐❡❞✳ ❆ tr❡❛t♠❡♥t ✐s ❞❡s❝r✐❜❡❞ ❜② ✐ts t②♣❡✱ ❛ ❧✐st ♦❢ r❡s✉❧t
✭❚r❡s✉❧t✮✱ ❛♥❞ ✐t ✐s ❢♦❧❧♦✇❡❞ ❜② ❛ ❞✐❛❣♥♦s✐s ♣❤❛s❡✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐❛❣♥♦s✐s r❡s✉❧ts ✭❉r❡s✉❧t✮✱
❡✐t❤❡r ❛♥♦t❤❡r tr❡❛t♠❡♥t ✐s ♣❧❛♥♥❡❞ ♦r t❤❡ ✐♥t❡r✈❡♥t✐♦♥ ♦❢ ❛♥♦t❤❡r ❞♦❝t♦r✴s♣❡❝✐❛❧✐st✴❡①♣❡rt ✐s
s♦❧✐❝✐t❡❞✶✷✳ �

❆♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ ❍♦s♣✐t❛❧ ❉❚❉ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✳✻✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ Xi t♦ ❞✐st✐♥❣✉✐s❤
❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ✐♥st❛♥❝❡s ♦❢ ❡❧❡♠❡♥t t②♣❡ X ✭❡✳❣✳ patient1✱ department2✮✳ ❉✉❡ t♦ s♣❛❝❡ ❧✐♠✐t❛✲
t✐♦♥✱ t❤❡ ❝♦♥t❡♥t ♦❢ s♦♠❡ ♥♦❞❡s ✐s ♥♦t ❞❡♣✐❝t❡❞ ❛♥❞ ✐s s✐♠♣❧② ❛❜❜r❡✈✐❛t❡❞ ❜② ✧✳✳✳✧ ✭❡✳❣✳ symptom1✱
intervention1✮✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❤♦s♣✐t❛❧ ✇❛♥ts t♦ ✐♠♣♦s❡ s♦♠❡ r❡str✐❝t✐♦♥s t❤❛t ❛❧❧♦✇ s♦♠❡
♥✉rs❡ t♦ ❛❝❝❡ss ♦♥❧② ✐♥❢♦r♠❛t✐♦♥ ♦❢ ♣❛t✐❡♥ts ✇❤♦ ❛r❡ ❜❡✐♥❣ tr❡❛t❡❞ ✐♥ t❤❡ ❝r✐t✐❝❛❧ ❝❛r❡ ❞❡♣❛rt♠❡♥t

✶✵❉❡✜♥✐t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❈❤❛♣t❡r ✸
✶✶❆ s❝❤❡♠❛ ✐s r❡❝✉rs✐✈❡ ✐❢ t❤❡r❡ ✐s ❛♥ ❡❧❡♠❡♥t t❤❛t ✐s ❞❡✜♥❡❞ ✭✐♥✮❞✐r❡❝t❧② ✐♥ t❡r♠s ♦❢ ✐ts❡❧❢✳
✶✷❆❝❝♦r❞✐♥❣ t♦ ❬❙❤❛✶✷❪✱ t❤✐s ♠❛② ❤❛♣♣❡♥ ✇❤❡♥ t❤❡ r❡q✉✐r❡❞ tr❡❛t♠❡♥t ✐s ♦✉ts✐❞❡ t❤❡ ❛r❡❛ ♦❢ ❡①♣❡rt✐s❡ ♦❢ t❤❡

❝✉rr❡♥t r❡s♣♦♥s✐❜❧❡ ❞♦❝t♦r✳

✶✶



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

❋✐❣✉r❡ ✶✳✺✿ ❊①❛♠♣❧❡ ♦❢ ❍♦s♣✐t❛❧ ❉❚❉✳

❛♥❞ r❡s✐❞✐♥❣ ❛t t❤❡ ✇❛r❞ ✹✷✶✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s ♣♦❧✐❝②✱ ❛ ✈✐❡✇ ✐s ❡①tr❛❝t❡❞ ❛♥❞ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡
✶✳✼✱ ✐t ❞✐s♣❧❛②s ❛❧❧ ❛♥❞ ♦♥❧② t❤❡ ❞❛t❛ t❤❡ ♥✉rs❡ ✐s ❣r❛♥t❡❞ ❛❝❝❡ss t♦✳ ❆❧❧ t❤❡ ♣❛t✐❡♥ts ♦❢ t❤❡ ❊◆❚
❞❡♣❛rt♠❡♥t ❛r❡ ❤✐❞❞❡♥ ✭✐✳❡✳ patient6✮✳ ▼♦r❡♦✈❡r✱ ❛❧❧ t❤❡ ❞❛t❛ t❤❛t ❜❡❧♦♥❣ t♦ t❤❡ ❝r✐t✐❝❛❧ ❝❛r❡
❞❡♣❛rt♠❡♥t ❛r❡ ❛❝❝❡ss✐❜❧❡ ❡①❝❡♣t t❤♦s❡ t❤❛t ❝♦♥❝❡r♥ patient2 ✭r❡s✐❞✐♥❣ ✐♥ t❤❡ ✇❛r❞ ✸✶✽ ✮✳ ■♥t✉✲
✐t✐✈❡❧②✱ t❤❡ ♥♦❞❡ patient2 ❛♥❞ ❛❧❧ ✐ts s✉❜♦r❞✐♥❛t❡ ♥♦❞❡s ✭pname2✱ wardNo2✱ parent2✱ sibling2✱
symptoms2✱ intervention4✮ ❛r❡ ❤✐❞❞❡♥✱ ❛♥❞ t❤✉s t❤❡ ♥♦❞❡s patient3 ❛♥❞ patient4 ❛♣♣❡❛r ❛s
✐♠♠❡❞✐❛t❡ ❝❤✐❧❞r❡♥ ♦❢ t❤❡ ♥♦❞❡ parent1 ❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ♥✉rs❡ ✈✐❡✇ ♦❢ ❋✐❣✉r❡ ✶✳✼✳ ❆♥② ✉s❡r
q✉❡r② s❤♦✉❧❞ ❜❡ r❡✇r✐tt❡♥ t♦ r❡t✉r♥ ♦♥❧② ❛❝❝❡ss✐❜❧❡ ❞❛t❛✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❳P❛t❤ q✉❡r② ❞❡s❝❡♥✲
❞❛♥t ✿✿❞❡♣❛rt♠❡♥t ❬♥❛♠❡❂✧❝r✐t✐❝❛❧ ❝❛r❡✧❪✴❞❡s❝❡♥❞❛♥t ✿✿♣❛t✐❡♥t ♦✈❡r t❤❡ ♥✉rs❡ ✈✐❡✇ ♠❛② ❜❡ r❡✇r✐t✲
t❡♥ ✐♥t♦ ❞❡s❝❡♥❞❛♥t ✿✿❞❡♣❛rt♠❡♥t ❬♥❛♠❡❂✧❝r✐t✐❝❛❧ ❝❛r❡✧❪✴❞❡s❝❡♥❞❛♥t ✿✿♣❛t✐❡♥t❬✇❛r❞◆♦❂✧✹✷✶✧❪ ✶✸

t❤❛t✱ ✇❤❡♥ ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛ ♦❢ ❋✐❣✉r❡ ✶✳✻✱ r❡t✉r♥s ♦♥❧② t❤❡ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s✿
patient1✱ patient3✱ patient4✱ ❛♥❞ patient5✳

■♥ ❝❛s❡ ♦❢ r❡❝✉rs✐✈❡ ❉❚❉s ❤♦✇❡✈❡r✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ r❡❝✉rs✐♦♥ ✐♥ ❳P❛t❤ q✉❡r✐❡s
✭✉s❡ ♦❢ t❤❡ ❞❡s❝❡♥❞❛♥t ❛①✐s✮ ❛♥❞ r❡❝✉rs✐♦♥ ✐♥ ❉❚❉s ♠❛❦❡s t❤❡ r❡✇r✐t✐♥❣ ♣r♦❝❡ss ♦✈❡r ✈✐r✲
t✉❛❧ ✈✐❡✇s ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❢♦r t✇♦ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s ❆ ❛♥❞ ❇✱ t❤❡r❡

✶✸❙❡❡ ❈❤❛♣t❡r ✸ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❝❧❛ss ♦❢ ❳P❛t❤ q✉❡r✐❡s t❤❛t ✇❡ ❝♦♥s✐❞❡r✳

✶✷



✶✳✷✳ ▼♦t✐✈❛t✐♦♥

♠❛② ❜❡ s♦♠❡ ✐♥❛❝❝❡ss✐❜❧❡ ♥♦❞❡s t❤❛t ❝♦♥♥❡❝t ❆ ✇✐t❤ ❇ ❛t t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✱ t❤❡s❡ ♥♦❞❡s
❛r❡ ❤✐❞❞❡♥ ✐♥ t❤❡ ✈✐❡✇ ❛♥❞ t❤✉s ❇ ❛♣♣❡❛rs ❛s ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ ❆✳ ❊❛❝❤ ✭s✉❜✮q✉❡r②
❆✴❇ ♠✉st ❜❡ r❡✇r✐tt❡♥ t♦ r❡t✉r♥ ♦♥❧② ❛❝❝❡ss✐❜❧❡ ❇ ♥♦❞❡s t❤❛t ❛r❡ ❡✐t❤❡r ✐♠♠❡❞✐❛t❡ ❝❤✐❧✲
❞r❡♥ ♦❢ s♦♠❡ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s ❆ ♦r ❝♦♥♥❡❝t❡❞ t♦ t❤❡♠ ✇✐t❤ ♦♥❧② ✐♥❛❝❝❡ss✐❜❧❡ ♥♦❞❡s✳ ❈♦♥✲
s✐❞❡r t❤❡ ❳P❛t❤ q✉❡r② ❞❡s❝❡♥❞❛♥t ✿✿♣❛t✐❡♥t ❬♣♥❛♠❡❂✧❍❡♥r②✧❪✴♣❛r❡♥t✴♣❛t✐❡♥t ❞❡✜♥❡❞ ♦✈❡r t❤❡
♥✉rs❡ ✈✐❡✇ ❛♥❞ t❤❛t s❤♦✉❧❞ r❡t✉r♥ ♦♥❧② t❤❡ ♥♦❞❡s patient3 ❛♥❞ patient4✳ ❉✐r❡❝t❧② ❡✈❛❧✉❛t❡
t❤✐s q✉❡r② ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛ r❡t✉r♥s t❤❡ ✐♥❛❝❝❡ss✐❜❧❡ ♥♦❞❡ patient2✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s
❞✐s❝❧♦s✉r❡✱ ✇❡ ♠❛② r❡✇r✐t❡ ❡❛❝❤ patient ❡❧❡♠❡♥t ✐♥ t❤❡ q✉❡r② ✐♥t♦ ♣❛t✐❡♥t ❬✇❛r❞◆♦❂✧✹✷✶✧❪✳
❚❤❡ r❡s✉❧t❡❞ q✉❡r② ❞❡s❝❡♥❞❛♥t ✿✿♣❛t✐❡♥t ❬♣♥❛♠❡❂✧❍❡♥r②✧❪✴♣❛r❡♥t✴♣❛t✐❡♥t ❬✇❛r❞◆♦❂✧✹✷✶✧❪ r❡✲
t✉r♥s ♥♦ ♥♦❞❡ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♥♦❞❡s patient3 ❛♥❞
patient4 ❛r❡ ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞r❡♥ ♦❢ t❤❡ ♥♦❞❡ parent1 ❛t t❤❡ ✈✐❡✇✱ ✇❤✐❧❡ s♦♠❡ ✐♥❛❝❝❡ss✐❜❧❡
♥♦❞❡s s❡♣❛r❛t❡ t❤❡♠ ❢r♦♠ parent1 ❛t t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✳ ❘❡✇r✐t✐♥❣ t❤❡ ❝❤✐❧❞ r❡❧❛t✐♦♥s❤✐♣ ♣❛r✲
❡♥t✴♣❛t✐❡♥t ✐♥t♦ ♣❛r❡♥t✴❞❡s❝❡♥❞❛♥t ✿✿♣❛t✐❡♥t ✐s ♥♦t t❤❡ ❛❞❡q✉❛t❡ s♦❧✉t✐♦♥✿ t❤❡ r❡s✉❧t❡❞ q✉❡r② ❞❡✲
s❝❡♥❞❛♥t ✿✿♣❛t✐❡♥t ❬♣♥❛♠❡❂✧❍❡♥r②✧❪✴♣❛r❡♥t✴❞❡s❝❡♥❞❛♥t ✿✿♣❛t✐❡♥t ❬✇❛r❞◆♦❂✧✹✷✶✧❪ ♦✈❡r t❤❡ ♦r✐❣✐✲
♥❛❧ ❞❛t❛ r❡t✉r♥s t❤❡ ♥♦❞❡s patient3✱ patient4✱ ❜✉t ❛❧s♦ patient5 t❤❛t ✐s ♥♦t ❛♥ ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞
♦❢ parent1 ❛t t❤❡ ❞❛t❛ ✈✐❡✇✳ ❘♦✉❣❤❧②✱ t♦ r❡✇r✐t❡ ❛ ✭s✉❜✮q✉❡r② ❆✴❇ ✐t r❡♠❛✐♥s t♦ ✜♥❞ ❛❧❧ t❤❡
✐♥❛❝❝❡ss✐❜❧❡ ♣❛t❤s ✶✹ t❤❛t ❝♦♥♥❡❝t ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s ❆ ❛♥❞ ❇ ❛t t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✳ ■♥ ❝❛s❡ ♦❢
r❡❝✉rs✐♦♥✱ t❤❡s❡ ♣❛t❤s ♠❛② ❧❡❛❞ t♦ ❛♥ ✐♥✜♥✐t❡ s❡t ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ✇✐t❤ t❤❡ st❛♥❞❛r❞
❳P❛t❤✳

❋♦r t❤✐s r❡❛s♦♥✱ ❋❛♥ ❡t ❛❧✳ ❬❋●❏❑✵✻✱❋●❏❑✵✼❪ ♣r♦♣♦s❡❞✱ ❛s ❡①t❡♥s✐♦♥ ♦❢ t❤❡✐r ♣r❡✈✐♦✉s ✇♦r❦
❬❋❈●✵✹❛❪✱ t❤❡ ✜rst ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♣✐♥❣ ✇✐t❤ r❡❝✉rs✐✈❡ s❡❝✉r✐t② ✈✐❡✇s✳ ❚❤❡✐r ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥
r❡✜♥❡❞ ❧❛t❡r ❜② ●r♦③ ❡t ❛❧✳ ❬●❙❈+✵✾❪ ❜② ❝♦♥s✐❞❡r✐♥❣ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❉❚❉s ❛♥❞ ❧❛r❣❡r ❝❧❛ss ♦❢
q✉❡r✐❡s✳ ❚❤❡ ❦❡② ✐❞❡❛ ❜❡❤✐♥❞ t❤❡s❡ t❤r❡❡ ✇♦r❦s ✇❛s t♦ ✉s❡ t❤❡ ❘❡❣✉❧❛r ❳P❛t❤ ❧❛♥❣✉❛❣❡ ❬▼❛r✵✹❪
t❤❛t ✐s ♠♦r❡ ❡①♣r❡ss✐✈❡ t❤❛♥ t❤❡ st❛♥❞❛r❞ ❳P❛t❤ ❛♥❞ ♦✛❡rs ♣♦ss✐❜✐❧✐t② t♦ ❞❡✜♥❡ r❡❝✉rs✐✈❡ ♣❛t❤s
❜② ♠❡❛♥s ♦❢ t❤❡ ❑❧❡❡♥❡ st❛r ♦♣❡r❛t♦r ✏✯✑✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♣r❡✈✐♦✉s q✉❡r② ♠❛② ❜❡ r❡✇r✐tt❡♥ ✐♥
❘❡❣✉❧❛r ❳P❛t❤ ✐♥t♦✿

❞❡s❝❡♥❞❛♥t ✿✿♣❛t✐❡♥t ❬♣♥❛♠❡❂✧❍❡♥r②✧❪✴♣❛r❡♥t✴✭✐♥❛❝❝❡ss✐❜❧❡P❛t❤s✮✯✴♣❛t✐❡♥t ❬✇❛r❞◆♦❂✧✹✷✶✧❪

✇❤❡r❡✿

✐♥❛❝❝❡ss✐❜❧❡P❛t❤s ❂ ♣❛t✐❡♥t ❬♥♦t ✭✇❛r❞◆♦❂✧✹✷✶✧✮❪✴✭s❡❧❢ ✿✿♣❛r❡♥t ✉♥✐♦♥ s❡❧❢ ✿✿s✐❜❧✐♥❣✮

❆❧t❤♦✉❣❤ ❘❡❣✉❧❛r ❳P❛t❤ ❡♥s✉r❡s q✉❡r② r❡✇r✐t✐♥❣ ♦✈❡r ❛r❜✐tr❛r② s❡❝✉r✐t② ✈✐❡✇s ✭r❡❝✉rs✐✈❡ ♦r
♥♦♥✮✱ t❤✐s ♣r♦❝❡ss ♠❛② ❜❡ ❝♦st❧② s✐♥❝❡ r❡✇r✐tt❡♥ q✉❡r✐❡s ♠❛② ❜❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧ s✐③❡✳ ❘❡❣✉❧❛r
❳P❛t❤ ❜❛s❡❞ ✐♥✈❡st✐❣❛t✐♦♥s ❝❛♥♥♦t ❜❡ ❡❛s✐❧② ❛♣♣❧✐❡❞ ✐♥ ♣r❛❝t✐❝❡✿ ♥♦ t♦♦❧ ❡①✐sts t♦ ❡✈❛❧✉❛t❡
❘❡❣✉❧❛r ❳P❛t❤ q✉❡r✐❡s✳ ❋✉rt❤❡r♠♦r❡✱ ♠♦r❡ ❝♦♠♠❡r❝✐❛❧ ❞❛t❛❜❛s❡ s②st❡♠s ✭❡✳❣✳ ❖r❛❝❧❡ ✶✶❣✱ ■❇▼
❉❇✷✱ ❡❳✐st✲❞❜✱ ❙❡❞♥❛✮ ♣r♦✈✐❞❡ s✉♣♣♦rt ❢♦r t❤❡ st❛♥❞❛r❞ ❳P❛t❤ ✭❛s ✇❡❧❧ ❛s ❳◗✉❡r② ❬❇❈❋❋+✶✵❪✮
t♦ ♠❛♥✐♣✉❧❛t❡ ❳▼▲ ❞❛t❛✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t ♦✉r ✜rst ♠♦t✐✈❛t✐♦♥ ❛t t❤❡ ♦✉ts❡t ✇❛s t♦ ❞❡✈❡❧♦♣
s♦♠❡ ♣r❛❝t✐❝❛❧ s♦❧✉t✐♦♥s t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧② ❛♥❞ ❡✣❝✐❡♥t❧② ✐♥t❡❣r❛t❡❞ ✇✐t❤✐♥ ❡①✐st✐♥❣ s②st❡♠s
t❤❛t ♣r♦✈✐❞❡ s✉♣♣♦rt ❢♦r ♠❛♥❛❣✐♥❣ ❳▼▲ ❞❛t❛✳

❯♣❞❛t❡ ❆❝❝❡ss ❈♦♥tr♦❧ ▼♦❞❡❧s▼♦st ♦❢ t❤❡ ♥❛t✐✈❡ ❳▼▲ ❞❛t❛❜❛s❡s ♣r♦✈✐❞❡ s✉♣♣♦rt ❢♦r ✉♣❞❛t✲
✐♥❣ ❳▼▲ ❞❛t❛ ❡✐t❤❡r ❜② ✉s✐♥❣ ❛ st❛♥❞❛r❞ ❧❛♥❣✉❛❣❡ ✭❡✳❣✳ t❤❡ ❳◗✉❡r② ❯♣❞❛t❡ ❋❛❝✐❧✐t② ❬❘❈❉+✶✶❪✮
♦r ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♣r♦♣r✐❡t❛r② ❧❛♥❣✉❛❣❡ ✭❡✳❣✳ t❤❡ ❳◗✉❡r② ❯♣❞❛t❡ ❊①t❡♥s✐♦♥ ♣r♦✈✐❞❡❞ ❜② ❡❳✐st✲
❞❜ ✶✺✱ t❤❡ ❙❡❞♥❛ ✉♣❞❛t❡ ❧❛♥❣✉❛❣❡✶✻✮✳ ❚❤❡ ✉♣❞❛t❡ ♣r✐♠✐t✐✈❡s s✉♣♣♦rt❡❞ ✭❡✳❣✳ ✐♥s❡rt✱ ❞❡❧❡t❡✱
r❡♥❛♠❡✱ r❡♣❧❛❝❡✮ ❤❛✈❡ ❛❧♠♦st t❤❡ s❛♠❡ s❡♠❛♥t✐❝ ❜✉t ❞❡✜♥❡❞ ✇✐t❤ ❞✐✛❡r❡♥t s②♥t❛①❡s✳ ❲✐t❤✐♥

✶✹P❛t❤s ❝♦♠♣♦s❡❞ ❜② ♦♥❧② ✐♥❛❝❝❡ss✐❜❧❡ ♥♦❞❡s✳
✶✺❚❤❡ ❡❳✐st✲❞❜ ✉♣❞❛t❡ ❧❛♥❣✉❛❣❡✿ ❤tt♣✿✴✴❡①✐st✲❞❜✳♦r❣✴❡①✐st✴❛♣♣s✴❞♦❝✴✉♣❞❛t❡❴❡①t✳①♠❧✳
✶✻❚❤❡ ❙❡❞♥❛ ✉♣❞❛t❡ ❧❛♥❣✉❛❣❡✿ ❤tt♣✿✴✴✇✇✇✳s❡❞♥❛✳♦r❣✴♣r♦❣❣✉✐❞❡✴Pr♦❣●✉✐❞❡s✉✻✳❤t♠❧✳

✶✸
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http://www.sedna.org/progguide/ProgGuidesu6.html
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❋✐❣✉r❡ ✶✳✻✿ ❊①❛♠♣❧❡ ♦❢ ❍♦s♣✐t❛❧ ❞❛t❛✳

❳▼▲✲❡♥❛❜❧❡❞ ❞❛t❛❜❛s❡s ❤♦✇❡✈❡r✱ ❳▼▲ ✉♣❞❛t❡s ❛r❡ s✉♣♣♦rt❡❞ ❡✐t❤❡r ❜② ✉s✐♥❣ s♦♠❡ ❙◗▲✴❳▼▲
❢✉♥❝t✐♦♥s ✭t❤❡ ✉♣❞❛t❡s ❛r❡ ❛♣♣❧✐❡❞ ❞✐r❡❝t❧② ♦✈❡r t❤❡ r❡❧❛t✐♦♥❛❧ t❛❜❧❡s r❡♣r❡s❡♥t✐♥❣ t❤❡ ❳▼▲ ❞❛t❛✮
♦r t❤r♦✉❣❤ t❤❡ ✉s❡ ♦❢ t❤❡ ❳◗✉❡r② ❯♣❞❛t❡ ❋❛❝✐❧✐t② ❬▲❈❙✶✷❪ ✭t❤❡ ❳▼▲ ❞❛t❛ ✐s ❡①tr❛❝t❡❞ ❢r♦♠ ♦♥❡
♦r ♠❛♥② r❡❧❛t✐♦♥❛❧ t❛❜❧❡s✱ ✉♣❞❛t❡❞✱ ❛♥❞ t❤❡♥ s❤r❡❞❞❡❞ ❛♥❞ st♦r❡❞ ❜❛❝❦ t♦ t❤❡ ❞❛t❛❜❛s❡✮✳ ❲✐t❤
t❤✐s ✇✐❞❡s♣r❡❛❞ ✉s❡ ♦❢ ❳▼▲ ✉♣❞❛t❡ ❧❛♥❣✉❛❣❡s ❝♦♠❡s t❤❡ ♥❡❡❞ ♦❢ ❛ ❣❡♥❡r❛❧ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧
t❤❛t ✇♦✉❧❞ ❜❡ ♦♥ ❞✉t② t♦ s♣❡❝✐❢② ✇❤✐❝❤ ❣r♦✉♣ ♦❢ ✉s❡rs✱ ❝❛♥ ♣❡r❢♦r♠ ✇❤✐❝❤ ❦✐♥❞ ♦❢ ✉♣❞❛t❡s✱ t♦
♠♦❞✐❢② ✇❤✐❝❤ ♣❛rts ♦❢ ❛♥ ❳▼▲ ❞♦❝✉♠❡♥t✳ ❚❤❡ r❡q✉✐r❡♠❡♥t t♦ ✐♠♣♦s❡ s✉❝❤ ✉♣❞❛t❡ r✐❣❤ts ✐s
♦❢t❡♥ ❡♥❝♦✉♥t❡r❡❞ ✇✐t❤ ❝♦❧❧❛❜♦r❛t✐✈❡ ❡❞✐t✐♥❣✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❈♦♥✢✉❡♥❝❡ t♦♦❧✶✼

t❤❛t ❛❧❧♦✇s ❞✐✛❡r❡♥t t❡❛♠s t♦ ❝r❡❛t❡✱ s❤❛r❡ ❛♥❞ s✐♠✉❧t❛♥❡♦✉s❧② ❡❞✐t ❞✐✛❡r❡♥t ✇✐❦✐ ♣❛❣❡s✳ ❋♦r
❡❛❝❤ ♣❛❣❡✱ t❤❡ ❛❞♠✐♥✐str❛t♦r ❝❛♥ ♠❛❦❡ ✐ts ❡❞✐t✐♦♥ ❣r❛♥t❡❞ ♦♥❧② t♦ s♦♠❡ ✉s❡rs✳ ❚❤❡ ✉♣❞❛t❡ ❛❝❝❡ss
❝♦♥tr♦❧ ♠♦❞❡❧ s✉♣♣♦rt❡❞ ✐s ❧✐♠✐t❡❞ ✐♥ t❤❡ s❡♥s t❤❛t t❤❡ ❣r❛♥✉❧❛r✐t② ✐s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ♣❛❣❡s
♦♥❧② ❛♥❞ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ✉♣❞❛t❡ r✐❣❤ts ❢♦r s❡❝t✐♦♥✱ s✉❜s❡❝t✐♦♥✱ ♣❛r❛❣r❛♣❤✱ ❡t❝✳

■♥ t❤✐s ❝♦♥t❡①t✱ ♦✉r ♠♦t✐✈❛t✐♦♥ ✇❛s t♦ ♣r♦♣♦s❡ ❛♥ ❡①♣r❡ss✐✈❡ ❛♥❞ ✜♥❡✲❣r❛✐♥❡❞ ♠♦❞❡❧ t♦ s♣❡❝✐❢②
❛♥❞ ❡♥❢♦r❝❡ ❳▼▲ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s✳ ❚❤✐s ♣r♦❜❧❡♠ ❤❛s ♥♦t r❡❝❡✐✈❡❞ ♠♦r❡ ❛tt❡♥t✐♦♥ s✐♥❝❡ ♠♦st ♦❢
❡①✐st✐♥❣ ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧s ❞❡❛❧ ♦♥❧② ✇✐t❤ r❡❛❞✲❛❝❝❡ss r✐❣❤ts✳ ❋✉rt❤❡r♠♦r❡✱ ♦♥❧② ❛ ❢❡✇
✇♦r❦s ❬❋▼✵✼✱❉❋●▼✵✽✱❉❩✵✽❜❪ ❤❛✈❡ t❛❝❦❧❡❞ t❤❡ ❝♦♥tr♦❧ ♦❢ ❳▼▲ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✳ ■♥ ✇❤❛t
❢♦❧❧♦✇s✱ ✇❡ s❤♦✇ ❜r✐❡✢② t❤❡ ♠❛❥♦r ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡s❡ ♠♦❞❡❧s✳

✶✼❚❤❡ ❈♦♥✢✉❡♥❝❡ t♦♦❧✿ ❤tt♣✿✴✴✇✇✇✳❛t❧❛ss✐❛♥✳❝♦♠✴s♦❢t✇❛r❡✴❝♦♥❢❧✉❡♥❝❡✳
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http://www.atlassian.com/software/confluence


✶✳✷✳ ▼♦t✐✈❛t✐♦♥

❋✐❣✉r❡ ✶✳✼✿ ❊①❛♠♣❧❡ ♦❢ ❞❛t❛ ✈✐❡✇✳

❊①❛♠♣❧❡ ✶✳✹✳ ❉✉❡ t♦ s♣❛❝❡ ❧✐♠✐t❛t✐♦♥✱ t❤❡ ❞✐✛❡r❡♥t ✐♥t❡r✈❡♥t✐♦♥s ❞♦♥❡ ❢♦r patient1 ♦❢ ❋✐❣✉r❡
✶✳✻ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳✽✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❤♦s♣✐t❛❧ ✇❛♥ts t♦ ✐♠♣♦s❡ ❛♥ ✉♣❞❛t❡ ♣♦❧✐❝② t❤❛t
❛✉t❤♦r✐③❡s ❡❛❝❤ ❞♦❝t♦r t♦ ✉♣❞❛t❡ ♦♥❧② t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ tr❡❛t♠❡♥ts s❤❡ ❤❛s ❞♦♥❡✳ ❋♦r ✐♥st❛♥❝❡✱
t❤❡ ❞♦❝t♦r ■♠✐♥❡ ❝♦✉❧❞ ✉♣❞❛t❡ t❤❡ ❞❛t❛ ♦❢ treatment1✱ treatment2✱ ❛♥❞ treatment4 ✭❡✳❣✳ ❛❞❞
♥❡✇ ❞✐❛❣♥♦s✐s r❡s✉❧ts ✐♥t♦ diagnosis4✱ ✐✳❡✳ ✐♥s❡rt ♥❡✇ Dresult s✉❜✲tr❡❡ ✉♥❞❡r diagnosis4❀ ❝❤❛♥❣❡
t❤❡ r❡s✉❧t ♦❢ treatment4✱ ✐✳❡✳ ✉♣❞❛t❡ t❤❡ t❡①t ❝♦♥t❡♥t ♦❢ Tresult4✮✳ ❍♦✇❡✈❡r✱ t❤❡ treatment3 ✐s
❞♦♥❡ ❜② ❛♥♦t❤❡r ❞♦❝t♦r ✭▼✐❝❤❛❡❧✮ ❛♥❞ t❤✉s ❝❛♥♥♦t ❜❡ ✉♣❞❛t❡❞ ❜② ❤✐♠✳ �

❲❡ s❤♦✇ t❤❛t t❤❡ ❢❡✇ ♣r♦♣♦s❡❞ ✉♣❞❛t❡ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧s ❛r❡ ♥♦t ❡①♣r❡ss✐✈❡ ❡♥♦✉❣❤ t♦
s♣❡❝✐❢② ❛♥❞ ❡♥❢♦r❝❡ s♦♠❡ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s✳ ❯s✐♥❣ t❤❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ❜② ❉❛♠✐❛♥✐ ❡t ❛❧✳ ❬❉❋●▼✵✽❪✱
❛♥ ✉♣❞❛t❡ ♣♦❧✐❝② ✐s ❞❡✜♥❡❞ ❜② ❛♥♥♦t❛t✐♥❣ t❤❡ ❳▼▲ s❝❤❡♠❛ ✇✐t❤ s❡❝✉r✐t② ❛ttr✐❜✉t❡s✳ ❋♦r ✐♥✲
st❛♥❝❡✱ ❛ss✐❣♥✐♥❣ t❤❡ ❛ttr✐❜✉t❡ ❅✐♥s❡rt❂❬t②♣❡❂✧❇❧♦♦❞ ❆♥❛❧②s✐s✧❪ ✐♥t♦ ❡❧❡♠❡♥t t②♣❡ treatment
♦❢ t❤❡ ❍♦s♣✐t❛❧ ❉❚❉ ♦❢ ❋✐❣✉r❡ ✶✳✺ s♣❡❝✐✜❡s t❤❛t ♥❡✇ ❡❧❡♠❡♥ts ❝❛♥ ❜❡ ✐♥s❡rt❡❞ ✐♥t♦ treatment
♥♦❞❡s ❤❛✈✐♥❣ ✏❇❧♦♦❞ ❆♥❛❧②s✐s✑ ❛s t②♣❡✳ ❍♦✇❡✈❡r✱ ♦♥❧② ❧♦❝❛❧ ❛♥♥♦t❛t✐♦♥s✶✽ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✇❤✐❝❤
♠❛❦❡s t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧ r❡str✐❝t❡❞ t♦ ♥♦♥✲r❡❝✉rs✐✈❡ s❝❤❡♠❛s ♦♥❧②✳ ❚♦ s❤♦✇ t❤✐s ❧✐♠✐t❛t✐♦♥✱
✇❡ ❝♦♥s✐❞❡r t❤❡ ✉♣❞❛t❡ ♣♦❧✐❝② ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✶✳✹✳ ❯s✐♥❣ t❤❡ ❞✐s❝✉ss❡❞ ♠♦❞❡❧✱ ♦♥❡ ❝❛♥♥♦t
♣r❡✈❡♥t t❤❡ ❞♦❝t♦r ■♠✐♥❡ t♦ ✉♣❞❛t❡ t❤❡ t❤✐r❞ tr❡❛t♠❡♥t ✭✐✳❡✳ treatment3✮✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛ss✐❣♥✲
✐♥❣ t❤❡ ❛ttr✐❜✉t❡ ❅✐♥s❡rt❂❬♣❛r❡♥t ✿✿✐♥t❡r✈❡♥t✐♦♥❬❞♦❝t♦r✴❞♥❛♠❡❂✧■♠✐♥❡✧❪❪ ✐♥t♦ t❤❡ treatment ❡❧✲
❡♠❡♥t t②♣❡ ♠❛❦❡s ♦♥❧② t❤❡ ♥♦❞❡s treatment1 ❛♥❞ treatment4 ♦❢ ❋✐❣✉r❡ ✶✳✽ ✉♣❞❛t❛❜❧❡ ❜② ■♠✐♥❡
✇❤✐❧❡ ❞✐s❝❛r❞✐♥❣ t❤❡ ❛✉t❤♦r✐③❡❞ ✉♣❞❛t❡ ♦❢ treatment2✳ ▼♦r❡♦✈❡r✱ t❤❡ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥ ❅✐♥✲
s❡rt❂❬❛♥❝❡st♦r ✿✿✐♥t❡r✈❡♥t✐♦♥❬❞♦❝t♦r✴❞♥❛♠❡❂✧■♠✐♥❡✧❪❪ ♦✈❡r t❤❡ treatment ❡❧❡♠❡♥t t②♣❡ ♠❛❦❡s
❛❧❧ tr❡❛t♠❡♥t ♥♦❞❡s ♦❢ ❋✐❣✉r❡ ✶✳✽ ✉♣❞❛t❛❜❧❡ ❜② ■♠✐♥❡✱ ✐♥❝❧✉❞✐♥❣ treatment3✳ ❚❤❡ ❛❞❡q✉❛t❡ ✉♣✲
❞❛t❡ ❛♥♥♦t❛t✐♦♥ r❡♠❛✐♥s t♦ ❞❡✜♥❡ t❤❡ ♣❛t❤s t❤❛t r❡❢❡r t♦ ❛❧❧ t❤❡ tr❡❛t♠❡♥t ♥♦❞❡s ❝r❡❛t❡❞ ✉♥❞❡r
❛♥ ✐♥t❡r✈❡♥t✐♦♥ ✇❤♦s❡ r❡s♣♦♥s✐❜❧❡ ❞♦❝t♦r ✐s ■♠✐♥❡✳ ❆s t❤❡ ❍♦s♣✐t❛❧ ❉❚❉ ✐s r❡❝✉rs✐✈❡✱ t❤❡s❡ ♣❛t❤s

✶✽❚❤❡ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥ ❝♦♥❝❡r♥s ♦♥❧② t❤❡ ♥♦❞❡ ❛♥❞ ♥♦t ✐ts ❞❡s❝❡♥❞❛♥ts✳
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❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

❋✐❣✉r❡ ✶✳✽✿ ❚❤❡ ✐♥t❡r✈❡♥t✐♦♥s ❞♦♥❡ ❢♦r t❤❡ ♣❛t✐❡♥t ✏❍❡♥r②✑ ♦❢ ❋✐❣✉r❡ ✶✳✻✳

❛r❡ ✐♥✜♥✐t❡✳ ❯s✐♥❣ t❤❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ✏✯✑✱ t❤✐s ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥ ✇♦✉❧❞ ❜❡ ❞❡✜♥❡❞
❜② ❛ss✐❣♥✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ttr✐❜✉t❡ ✐♥t♦ ❡❧❡♠❡♥t t②♣❡ tr❡❛t♠❡♥t ✿

❅✐♥s❡rt❂❬✭♣❛r❡♥t ✿✿✐♠♣❧✐❡s✴♣❛r❡♥t ✿✿❞✐❛❣♥♦s✐s✴♣❛r❡♥t ✿✿tr❡❛t♠❡♥t✮✯✴
♣❛r❡♥t ✿✿✐♥✈❡st✐❣❛t✐♦♥❬❞♦❝t♦r✴❞♥❛♠❡❂✩❞♥❛♠❡❪❪

❍❡r❡ ✩❞♥❛♠❡ ✐s tr❡❛t❡❞ ❛s ❛ ❝♦♥st❛♥t ♣❛r❛♠❡t❡r❀ ❡✳❣✳ ✐❢ t❤❡ ❝♦♥❝r❡t❡ ✈❛❧✉❡ ■♠✐♥❡ ✐s s✉❜st✐t✉t❡❞
❢♦r ✩❞♥❛♠❡✱ t❤❡♥ t❤❡ ♣r❡✈✐♦✉s ❛♥♥♦t❛t✐♦♥ s♣❡❝✐✜❡s t❤❡ ✉♣❞❛t❡ r✐❣❤t ❢♦r ❞♦❝t♦r ■♠✐♥❡✳ ❚❤✐s
✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥ ❡♥s✉r❡s t❤❛t ❛ ❞♦❝t♦r ✇✐t❤ ♥❛♠❡ ✩❞♥❛♠❡ ❝♦✉❧❞ ✉♣❞❛t❡ ❛❧❧ ❛♥❞ ♦♥❧② t❤❡ ❞❛t❛
♦❢ tr❡❛t♠❡♥ts s❤❡ ❤❛s ❞♦♥❡✳ ❍♦✇❡✈❡r✱ t❤❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡
st❛♥❞❛r❞ ❳P❛t❤ ❛s ♦✉t❧✐♥❡❞ ✐♥ ❬t❈✵✻❪✳ ❚❤✉s✱ t❤❡ ✉♣❞❛t❡ ♣♦❧✐❝② ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✶✳✹ ❝❛♥♥♦t
❜❡ s♣❡❝✐✜❡❞ ❜② ✉s✐♥❣ t❤❡ ♠♦❞❡❧ ♦❢ ❬❉❋●▼✵✽❪✳

❋✉♥❞✉❧❛❦✐ ❡t ❛❧✳ ❬❋▼✵✼❪ ♣r♦♣♦s❡ ❛♥ ❳P❛t❤✲❜❛s❡❞ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧✱ ❝❛❧❧❡❞ t❤❡ ❳❆❈❯✱ ❢♦r
❝♦♥tr♦❧❧✐♥❣ t❤❡ ✉♣❞❛t❡ ♣r✐♠✐t✐✈❡s ♦❢ t❤❡ ❲✸❈ ❳◗✉❡r② ❯♣❞❛t❡ ❋❛❝✐❧✐t② ❬❘❈❉+✶✶❪✳ ❆♥ ✉♣❞❛t❡
♣♦❧✐❝② ✐s ❞❡✜♥❡❞ ❜② ❛ s❡t ♦❢ ❳❆❈❯ r✉❧❡s✱ ❡❛❝❤ ♦♥❡ r❡❢❡rs t♦ s♦♠❡ ♣❛rts ♦❢ t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t t❤❛t
t❤❡ ✉s❡r ✐s ❛❧❧♦✇❡❞✴❢♦r❜✐❞❞❡♥ t♦ ✉♣❞❛t❡ ❜② ✉s✐♥❣ s♦♠❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛♥ ❳❆❈❯

r✉❧❡ ❤❛s t❤❡ ❢♦r♠ 〈♦❜❥❡❝t✱ ❛❝t✐♦♥✱ ❡✛❡❝t〉 ✇❤❡r❡✿ ✶✮ ♦❜❥❡❝t ✐s ❛♥ ❳P❛t❤ ❡①♣r❡ss✐♦♥ t❤❛t r❡t✉r♥s
t❤❡ ❳▼▲ ♥♦❞❡s ❝♦♥❝❡r♥❡❞ ❜② t❤❡ ✉♣❞❛t❡❀ ✷✮ ❛❝t✐♦♥ ✐s ❛♥ ❳◗✉❡r② ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥❀ ❛♥❞ ✸✮ ❡✛❡❝t
t❛❦❡s t❤❡ ✈❛❧✉❡ ✬✰✴✲✬ t♦ s♣❡❝✐❢② ✇❤❡t❤❡r t❤❡ r✉❧❡ ❣r❛♥ts ♦r ❞❡♥✐❡s ✭❝❛s❡ ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡

✶✻



✶✳✸✳ ❈♦♥tr✐❜✉t✐♦♥s

r✉❧❡ r❡s♣✳✮ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛❝t✐♦♥ ♦♥ t❤❡ ♥♦❞❡s r❡❢❡rr❡❞ t♦ ❜② ♦❜❥❡❝t✳ ❚❤❡ ❳❆❈❯ ♣♦❧✐❝✐❡s ❛r❡
❡♥❢♦r❝❡❞ ❜② ✜①✐♥❣✿ ✶✮ ❛ ❞❡❢❛✉❧t s❡♠❛♥t✐❝s ❛♥❞ ✷✮ ❛♥ ♦✈❡rr✐❞❡ ♣♦❧✐❝②✳ ❚❤❡ ✜rst ♦♥❡ s❛②s t❤❛t
❢♦r ❛ ❣✐✈❡♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ❛♥❞ ❛ ❣✐✈❡♥ ♥♦❞❡ t❤❛t ✐s ♥♦t ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❳❆❈❯ r✉❧❡✱
t❤❡ ✉s❡r ✐s ❡✐t❤❡r ❜② ❞❡❢❛✉❧t ❛❧❧♦✇❡❞ ♦r ❜② ❞❡❢❛✉❧t ❢♦r❜✐❞❞❡♥ t♦ ♣❡r❢♦r♠ t❤✐s ♦♣❡r❛t✐♦♥ ❛t t❤✐s
♥♦❞❡✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡♥ ❛ ❣✐✈❡♥ ♥♦❞❡ ✐s ✐♥ t❤❡ s❝♦♣❡ ♦❢ ❜♦t❤ ❛ ♣♦s✐t✐✈❡ ❛♥❞ ❛ ♥❡❣❛t✐✈❡ ❳❆❈❯ r✉❧❡s✱
t❤❡ ♦✈❡rr✐❞❡ ♣♦❧✐❝② s♣❡❝✐✜❡s t❤❛t ❡✐t❤❡r ❛ ♣♦s✐t✐✈❡ r✉❧❡ ♦✈❡rr✐❞❡s ❛ ❝♦♥✢✐❝t✐♥❣ ♥❡❣❛t✐✈❡ ♦♥❡ ✭❣r❛♥t
♦✈❡rr✐❞❡s ♣r✐♥❝✐♣❧❡✮ ♦r t❤❡ ♦t❤❡r ✇❛② ❛r♦✉♥❞ ✭❞❡♥✐❡s ♦✈❡rr✐❞❡s ♣r✐♥❝✐♣❧❡✮✳ ❲❡ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❡①❛♠♣❧❡ t♦ s❤♦✇ s♦♠❡ ❧✐♠✐ts ♦❢ t❤❡ ❳❆❈❯ ❧❛♥❣✉❛❣❡✳

❊①❛♠♣❧❡ ✶✳✺✳ ❈♦♥s✐❞❡r t❤❡ ✉♣❞❛t❡ ♣♦❧✐❝② ♦❢ ❊①❛♠♣❧❡ ✶✳✹ ❛♥❞ t❤❡ ❳▼▲ tr❡❡ ♦❢ ❋✐❣✉r❡ ✶✳✽✳ ❲❡
❞❡✜♥❡ ❛ ♣♦s✐t✐✈❡ ❛♥❞ ❛ ♥❡❣❛t✐✈❡ ❳❆❈❯ r✉❧❡s ❛s ❢♦❧❧♦✇s✿

✭✶✮ 〈❞❡s❝❡♥❞❛♥t ✿✿✐♥t❡r✈❡♥t✐♦♥❬❞♦❝t♦r✴❞♥❛♠❡❂✩❞♥❛♠❡❪✴❞❡s❝❡♥❞❛♥t ✿✿tr❡❛t♠❡♥t✱ ✐♥s❡rt✱ ✰〉✱
✭✷✮ 〈❞❡s❝❡♥❞❛♥t ✿✿✐♥t❡r✈❡♥t✐♦♥❬❞♦❝t♦r✴❞♥❛♠❡ 6=✩❞♥❛♠❡❪✴❞❡s❝❡♥❞❛♥t✿✿tr❡❛t♠❡♥t✱ ✐♥s❡rt✱ ✲〉✳

❇② s✉❜st✐t✉t✐♥❣ ✩❞♥❛♠❡ ✇✐t❤ ✏■♠✐♥❡✑✱ t❤❡ ✜rst ♣♦s✐t✐✈❡ r✉❧❡ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❞♦❝t♦r ■♠✐♥❡
❝❛♥ ✐♥s❡rt ♥❡✇ ❞❛t❛ ✐♥t♦ t❤❡ tr❡❛t♠❡♥ts t❤❛t ❤❡ ❤❛s ❞♦♥❡ ✭✐✳❡✳ treatment1✱ treatment2✱ ❛♥❞
treatment4✮✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ ❉❚❉ ✐s r❡❝✉rs✐✈❡✱ t❤❡ r✉❧❡ ❝♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞ ❢♦r t❤❡ tr❡❛t♠❡♥ts
❞❛t❛ ♦❢ ❛♥♦t❤❡r ❞♦❝t♦rs✱ ✐✳❡✳ t❤❡ treatment3 ♦❢ ❋✐❣✉r❡ ✶✳✽ ❝❛♥ ❜❡ ✉♣❞❛t❡❞ ❜② ■♠✐♥❡✳ ❲❡ tr② t♦
❛✈♦✐❞ t❤✐s ✈✐♦❧❛t✐♦♥ ❜② ❞❡✜♥✐♥❣ t❤❡ s❡❝♦♥❞ ♥❡❣❛t✐✈❡ r✉❧❡ t❤❛t ❢♦r❜✐❞s ❡❛❝❤ ❞♦❝t♦r t♦ ❛❞❞ ♥❡✇ ❞❛t❛
✐♥t♦ tr❡❛t♠❡♥ts ❞♦♥❡ ❜② ❛♥♦t❤❡r ❞♦❝t♦r✳ ❖❜s❡r✈❡ t❤❛t✱ treatment3 ❛♥❞ treatment4 ♦❢ ❋✐❣✉r❡
✶✳✽ ❛r❡ ✐♥ t❤❡ s❝♦♣❡ ♦❢ ❜♦t❤ t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ r✉❧❡s✳ ❇② ❞❡✜♥✐♥❣ t❤❡ ❣r❛♥t ♦✈❡rr✐❞❡s ❛s
❝♦♥✢✐❝t r❡s♦❧✉t✐♦♥ ♣♦❧✐❝②✱ t❤❡ ♥♦❞❡ treatment3✱ ❞♦♥❡ ❜② ▼✐❝❤❛❡❧ ❜❡❝♦♠❡s ✉♣❞❛t❛❜❧❡ ❜② ■♠✐♥❡✳
■♥ ❛❞❞✐t✐♦♥✱ ❛♣♣❧②✐♥❣ t❤❡ ❞❡♥② ♦✈❡rr✐❞❡s ♣r✐♥❝✐♣❧❡ ♠❛❦❡s t❤❡ ❞♦❝t♦r ■♠✐♥❡ ✉♥❛❜❧❡ t♦ ✉♣❞❛t❡
s♦♠❡ ♦❢ ❤✐s ❞❛t❛ ✭✐✳❡✳ t❤❡ ♥♦❞❡ treatment4✮✳ ◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ t✇♦ ❝❛s❡s✱ t❤❡ ✉♣❞❛t❡ ♣♦❧✐❝② ♦❢
❊①❛♠♣❧❡ ✶✳✹ ✐s ♥♦t ❡♥❢♦r❝❡❞✳ �

❉✉♦♥❣ ❡t ❛❧✳ ❬❉❩✵✽❜❪ ♣r❡s❡♥t ❛ ✜♥❡✲❣r❛✐♥❡❞ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧✱ ♥❛♠❡❞ ❙❡❝✉r❡❳✱ ✇❤✐❝❤
s✉♣♣♦rts r❡❛❞ ❛♥❞ ✇r✐t❡ ♣r✐✈✐❧❡❣❡s✳ ❆❧♦♥❣ t❤❡ s❛♠❡ ❧✐♥❡s ❛s ❬❉❋●▼✵✽❪✱ t❤❡ r❡❛❞ ❛♥❞ ✉♣❞❛t❡
r✐❣❤ts ❛r❡ ❞❡✜♥❡❞ ❜② ❛♥♥♦t❛t✐♥❣ t❤❡ ❳▼▲ s❝❤❡♠❛ ✇✐t❤ s❡❝✉r✐t② ❛ttr✐❜✉t❡s✳ ▼♦r❡ ❞❡t❛✐❧ ♦❢
❙❡❝✉r❡❳ ✐s r❡♣♦rt❡❞ t♦ ❈❤❛♣t❡r ✷✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ ♠♦❞❡❧ s✉✛❡rs ❢r♦♠ t❤❡ s❛♠❡ ❧✐♠✐t ❞✐s❝✉ss❡❞
❛❜♦✈❡✿ ♦♥❧② ♥♦♥ r❡❝✉rs✐✈❡ s❝❤❡♠❛s ❛r❡ s✉♣♣♦rt❡❞✳

●✐✈❡♥ t❤❡ ❛❜♦✈❡✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ s❡❝✉r✐♥❣ ❳▼▲ ✉♣❞❛t❡s ❞❡s❡r✈❡s ♠♦r❡ ❛tt❡♥t✐♦♥✳ ❚♦ t❤❡
❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦ ♠♦❞❡❧ ❡①✐sts ❢♦r s♣❡❝✐❢②✐♥❣ ❛♥❞ ❡♥❢♦r❝✐♥❣ ❳▼▲ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s ♦✈❡r
r❡❝✉rs✐✈❡ s❝❤❡♠❛s✳

✶✳✸ ❈♦♥tr✐❜✉t✐♦♥s

❲✐t❤ t❤❡ ✇✐❞❡s♣r❡❛❞ ✉s❡ ♦❢ ❳▼▲✱ t❤❡r❡ ❤❛s ❜❡❡♥ ❛ s✉❜st❛♥t✐❛❧ ❛♠♦✉♥t ♦❢ ✇♦r❦ t❤❛t ❞❡❛❧ ✇✐t❤
t❤❡ ❞✐✛❡r❡♥t ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ ❳▼▲ ❞❛t❛ ✭❡✳❣✳ ❝♦♥✜❞❡♥t✐❛❧✐t②✱ ✐♥t❡❣r✐t②✱
❝♦♥s✐st❡♥❝②✱ ❝♦♥t❛✐♥♠❡♥t✮✳ ❲❡ ❤❛✈❡ ❜❡❡♥ ♠❛✐♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ s❡❝✉r✐t② ❛s♣❡❝t✳ ❲❡ ♣r♦♣♦s❡❞
❢♦r♠❛❧ ♠♦❞❡❧s ❢♦r s♣❡❝✐❢②✐♥❣ ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s✱ ❛♥❞ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s t♦ ❡♥❢♦r❝❡
s✉❝❤ ♣♦❧✐❝✐❡s✳ ❖✉r s♦❧✉t✐♦♥s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ q✉❡r② r❡✇r✐t✐♥❣ ❛♣♣r♦❛❝❤ ♦✈❡r ✈✐rt✉❛❧ ❳▼▲ ✈✐❡✇s✳
❲❡ r❡♠❛r❦ ❛ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ r❡❛❧✲❧✐❢❡ ✉s❡ ♦❢ ❳▼▲ ❞❛t❛ ❛♥❞ t❤❡ r❡s✉❧ts ❢♦✉♥❞ ❛r♦✉♥❞ s❡❝✉r✐♥❣
❳▼▲ ❝♦♥t❡♥t✳ ❲❤✐❧❡ ❛❞♠✐♥✐str❛t♦rs ❛♥❞ ✉s❡rs ❛r❡ ❢❛♠✐❧✐❛r✐③❡❞ ✇✐t❤ s♦♠❡ ✇❡❧❧✲❦♥♦✇♥ ❧❛♥❣✉❛❣❡s
t♦ ♠❛♥✐♣✉❧❛t❡ ❳▼▲ ❞❛t❛ ✭❡✳❣✳ ❳P❛t❤✱ ❳◗✉❡r②✱ ❙◗▲✴❳▼▲✮✱ s♦♠❡ ✐♥t❡r❡st✐♥❣ r❡s✉❧ts r❡♠❛✐♥
✐♠♣r❛❝t✐❝❛❧✱ ♦r ❝♦st❧② t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ t♦ ✐♥t❡❣r❛t❡ ✇✐t❤✐♥ ❡①✐st✐♥❣ s②st❡♠s s✐♥❝❡ t❤❡② ❛r❡

✶✼



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

❜❛s❡❞ ♦♥ ♥♦♥✲st❛♥❞❛r❞ ❧❛♥❣✉❛❣❡s ✭❡✳❣✳ ❘❡❣✉❧❛r ❳P❛t❤✱ ❳❯♣❞❛t❡✮✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t st❛♥❞❛r❞✲
❜❛s❡❞ ♠♦❞❡❧s ♣r♦✈✐❞❡ ♣r❛❝t✐❝❛❧ s♦❧✉t✐♦♥s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ♠♦st ♦❢ t❤❡ ❝♦♠♠❡r❝✐❛❧ ❞❛t❛❜❛s❡
s②st❡♠s ❢❡❛t✉r❡ s✉♣♣♦rts ❢♦r ❳▼▲ st❛♥❞❛r❞s ✭❡s♣❡❝✐❛❧❧② ❳P❛t❤ ❛♥❞ ❳◗✉❡r②✮✳ ❖✉r r❡s✉❧ts ❛r❡
✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ ♣r♦✈✐❞❡❞ ❛s ❛ ❲✸❈ st❛♥❞❛r❞✲❜❛s❡❞ ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ s②st❡♠ ❛♥❞ t❤❡r❡❢♦r❡
❡❛s② t♦ ✐♥t❡❣r❛t❡ ✇✐t❤✐♥ s♦♠❡ ♦❢ ✇✐❞❡❧② ✉s❡❞ ❞❛t❛❜❛s❡ s②st❡♠s✳

❆♥ ❡✣❝✐❡♥t ❛♣♣r♦❛❝❤ ❢♦r ❝♦♣✐♥❣ ✇✐t❤ r❡❝✉rs✐✈❡ ❳▼▲ s❡❝✉r✐t② ✈✐❡✇s ❲❤✐❧❡✱ ✐♥ ❝❛s❡ ♦❢
r❡❝✉rs✐✈❡ s❡❝✉r✐t② ✈✐❡✇s✱ t❤❡ q✉❡r② r❡✇r✐t✐♥❣ ✐s ♥♦t ❛❧✇❛②s ♣♦ss✐❜❧❡ ♦✈❡r t❤❡ ❞♦✇♥✇❛r❞ ❢r❛❣♠❡♥t
♦❢ ❳P❛t❤ ✶✾ ❬❋●❏❑✵✼❪ ✭❝❧❛ss ♦❢ q✉❡r✐❡s ✇✐t❤ ❝❤✐❧❞ ✲❛①✐s✱ ❞❡s❝❡♥❞❛♥t✲❛①✐s✱ ❛♥❞ ❝♦♠♣❧❡① ♣r❡❞✐❝❛t❡s✮✱
✇❡ s❤♦✇ t❤❛t t❤❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ t❤❡ st❛♥❞❛r❞ ❳P❛t❤ ✐s s✉✣❝✐❡♥t t♦ ♦✈❡r❝♦♠❡ t❤✐s r❡✇r✐t✲
✐♥❣ ❧✐♠✐t❛t✐♦♥✳ ❲❡ ❡①t❡♥❞ t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡ ♦❢ ❋❛♥ ❡t ❛❧✳ ❬❋❈●✵✹❛❪ ✇✐t❤ ♥❡✇
❛♥♥♦t❛t✐♦♥ t②♣❡s ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❝♦♠♣❛❝t ❛♥❞ ♠♦r❡ ❡①♣r❡ss✐✈❡ ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s✳
❚❤❡♥✱ ✇❡ s❤♦✇ t❤❛t ❜② ❡①t❡♥❞✐♥❣ t❤❡ ❞♦✇♥✇❛r❞ ❢r❛❣♠❡♥t ♦❢ ❳P❛t❤ ✇✐t❤ s♦♠❡ ❛①❡s ❛♥❞ ♦♣❡r✲
❛t♦rs✱ t❤❡ q✉❡r② r❡✇r✐t✐♥❣ ❜❡❝♦♠❡s ♣♦ss✐❜❧❡ ✉♥❞❡r ❛r❜✐tr❛r② s❡❝✉r✐t② ✈✐❡✇s ✭r❡❝✉rs✐✈❡ ♦r ♥♦♥✮✳
❖✉r r❡✇r✐t✐♥❣ ❛♣♣r♦❛❝❤ ❝❛♥ ❞❡❛❧ ✇✐t❤ ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ ❳P❛t❤ q✉❡r✐❡s t❤❛t ✐♥❝❧✉❞❡s ❞♦✇♥✇❛r❞✲
❛①❡s ✭❝❤✐❧❞✱ ❞❡s❝❡♥❞❛♥t✮✱ ✉♣✇❛r❞✲❛①❡s ✭♣❛r❡♥t✱ ❛♥❝❡st♦r✮✱ ❛♥❞ ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞ t♦ r❡✇r✐t❡
❤♦r✐③♦♥t❛❧✲❛①❡s ✭♣r❡❝❡❞✐♥❣✱ ❢♦❧❧♦✇✐♥❣✮✳ ❲❡ ♣r♦♣♦s❡ ✜♥❛❧❧② ❛♥ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ t♦ r❡✇r✐t❡ ❳P❛t❤
q✉❡r✐❡s ♦✈❡r ❛r❜✐tr❛r② s❡❝✉r✐t② ✈✐❡✇s✳ ❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ✐♥ ❬❋●❏❑✵✻✱❋●❏❑✵✼❪✱
♦✉r ❛❧❣♦r✐t❤♠ ✉s❡s ♦♥❧② t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ✭✐✳❡✳ t❤❡ r❡❛❞✲❛❝❝❡ss ❛♥♥♦t❛t✐♦♥s✮ t♦ r❡✇r✐t❡ ❛♥②
✉s❡r q✉❡r② r❛t❤❡r t❤❛♥ ✉s✐♥❣ ❛♥ ❛✉①✐❧✐❛r② str✉❝t✉r❡✱ ❧✐❦❡ ❛✉t♦♠❛t♦♥s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦st❧② ♦r ❡✈❡♥
✐♠♣r❛❝t✐❝❛❜❧❡ ✐♥ s♦♠❡ ❝❛s❡s✳ ▼♦r❡♦✈❡r✱ ♦✉r ❛❧❣♦r✐t❤♠ r✉♥s ✐♥ ❧✐♥❡❛r t✐♠❡ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ q✉❡r②✳

❆♥ ❡①♣r❡ss✐✈❡ ❳▼▲ ✉♣❞❛t❡ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧ ❲❡ st✉❞② t❤❡ ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ❜②
❝♦♥s✐❞❡r✐♥❣ t❤❡ ♦♣❡r❛t✐♦♥s ♦❢ t❤❡ ❳◗✉❡r② ❯♣❞❛t❡ ❋❛❝✐❧✐t② ❬❘❈❉+✶✶❪✳ ❋✐rst❧②✱ ❛ ✜♥❡✲❣r❛✐♥❡❞
s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡ ✐s ♣r♦♣♦s❡❞ t♦ ❞❡✜♥❡ ❳▼▲ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s ❛♥❞ ✇❤✐❝❤ ❛✐♠s t♦ ♦✈❡r❝♦♠❡
❡①♣r❡ss✐✈❡♥❡ss ❧✐♠✐ts ♦❢ ❡①✐st✐♥❣ ♠♦❞❡❧s✳ ❖✉r ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢
t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡ ♣r❡s❡♥t❡❞ ✐♥ ❬❋❈●✵✹❛❪✳ ■♥ ❛ ♥✉ts❤❡❧❧✱ ✇❡ ❛♥♥♦t❛t❡ ❡❧❡♠❡♥t
t②♣❡s ♦❢ t❤❡ ❉❚❉ ❣r❛♠♠❛r ✇✐t❤ ✉♣❞❛t❡ ❛ttr✐❜✉t❡s t♦ s♣❡❝✐❢② ✇❤✐❝❤ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s t❤❡ ✉s❡r
✐s ✭❝♦♥❞✐t✐♦♥❛❧❧②✮ ❛❧❧♦✇❡❞✴❢♦r❜✐❞❞❡♥ t♦ ♣❡r❢♦r♠ ❛♥❞ ♦✈❡r ✇❤✐❝❤ ♣❛rts ♦❢ t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t✳ ❚♦
❡♥❢♦r❝❡ ♦✉r ✉♣❞❛t❡ ♣♦❧✐❝✐❡s✱ ✇❡ ♣r♦♣♦s❡ ❛ ❧✐♥❡❛r t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t tr❛♥s❧❛t❡s ❡❛❝❤ ✉s❡r ✉♣❞❛t❡
♦♣❡r❛t✐♦♥ op ✐♥t♦ ❛♥♦t❤❡r ♦♥❡ op

′
s✉❝❤ t❤❛t t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ op

′
♦✈❡r ❛♥② ✐♥st❛♥❝❡ ♦❢ t❤❡ ❉❚❉

❣r❛♠♠❛r ♠❛❦❡s ❝❤❛♥❣❡s ♦♥❧② ♦✈❡r ❞❛t❛ t❤❡ ✉s❡r ✐s ❛✉t❤♦r✐③❡❞ t♦ ✉♣❞❛t❡✳

❙❱▼❆❳ ♣r♦t♦t②♣❡ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ t♦ s❤♦✇ t❤❡ ♣r❛❝t✐❝❛❧✐t② ❛♥❞ ❡✣❝✐❡♥❝② ♦❢ ♦✉r r❡s✉❧ts✳
❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❙❱▼❆❳ ✭❙❡❝✉r❡ ❛♥❞ ❱❛❧✐❞ ▼❆♥✐♣✉❧❛t✐♦♥ ♦❢ ❳▼▲✮ ✐s t❤❡ ✜rst s②st❡♠ t❤❛t
s✉♣♣♦rts s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ❡♥❢♦r❝❡♠❡♥t ♦❢ ❜♦t❤ r❡❛❞ ❛♥❞ ✉♣❞❛t❡ ❛❝❝❡ss ♣♦❧✐❝✐❡s ♦✈❡r ❛r❜✐tr❛r②
❳▼▲ ✈✐❡✇s ✭r❡❝✉rs✐✈❡ ♦r ♥♦♥✮✳ ❙❱▼❆❳ ❢❡❛t✉r❡s ❛ ✈✐s✉❛❧ t♦♦❧ t❤❛t ❛❧❧♦✇s✿

✶✳ ❚❤❡ ❛❞♠✐♥✐str❛t♦rs t♦ s♣❡❝✐❢② r❡❛❞ ❛♥❞ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s✱ ❛♥❞ t♦ ❡①tr❛❝t ✈✐❡✇s ✭❜♦t❤ ♦❢ ❞❛t❛
❛♥❞ s❝❤❡♠❛✮ t❤❛t ❛r❡ ♣r♦✈✐❞❡❞ t♦ t❤❡ ✉s❡rs✳

✷✳ ❚❤❡ ✉s❡rs t♦ q✉❡r② ❛♥❞ ✉♣❞❛t❡ t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛ t❤r♦✉❣❤ t❤❡ ✉s❡ ♦❢ ✈✐rt✉❛❧ ✈✐❡✇✱ s✐❣♥✐✜❝❛♥t
❝❧❛ss ♦❢ ❳P❛t❤ q✉❡r✐❡s ❛♥❞ ❛ ❝♦♠♣❧❡t❡ s❡t ♦❢ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✳

❋✉rt❤❡r♠♦r❡✱ ❙❱▼❆❳ ❢❡❛t✉r❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ ♠♦❞✉❧❡ ❡♥❛❜❧✐♥❣ ❡✣❝✐❡♥t ✈❛❧✐❞❛t✐♦♥ ♦❢ ❳▼▲ ❞♦❝✲
✉♠❡♥ts ❛❢t❡r ❡①❡❝✉t✐♦♥ ♦❢ ❲✸❈ ❳◗✉❡r② ♣r✐♠✐t✐✈❡s ✉♣❞❛t❡✳ ❚❤❡ ✇✐❞❡ ✉s❡ ♦❢ ❲✸❈ st❛♥❞❛r❞s ✐♥
♣r❛❝t✐❝❡ ♠❛❦❡s ♦❢ ❙❱▼❆❳ ❛ ✉s❡❢✉❧ s②st❡♠ t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧② ✐♥t❡❣r❛t❡❞✱ ❛s ❛♥ ❆P■✱ ✇✐t❤✐♥
❝♦♠♠❡r❝✐❛❧ ❞❛t❛❜❛s❡ s②st❡♠s ❛s ✇❡ s❤♦✉❧❞ s❤♦✇✳

✶✾❚❤✐s ❢r❛❣♠❡♥t ✐s ♠♦r❡ ✉s❡❞ ❜♦t❤ ✐♥ ♣r❛❝t✐❝❡ ❛♥❞ ✐♥ t❤❡♦r②✱ ❛♥❞ s❡✈❡r❛❧ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞
❛r♦✉♥❞ t❤✐s ❢r❛❣♠❡♥t ❬❲♦♦✵✸✱◆❙✵✻❪✳

✶✽



✶✳✹✳ ❖✉t❧✐♥❡ ♦❢ ❉✐ss❡rt❛t✐♦♥

P✉❜❧✐❝❛t✐♦♥s ❖✉r r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ✴s✉❜♠✐tt❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❢❡r❡♥❝❡ ♣❛♣❡rs✿

❼ ❖✉r ♠♦❞❡❧ ♦❢ r❡❛❞✲❛❝❝❡ss ❝♦♥tr♦❧ ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ ✐♥ ❬▼■✶✷❡❪✳

❼ ❲❡ ♣r❡s❡♥t❡❞ ♦✉r ✉♣❞❛t❡ ❛❝❝❡ss ❝♦♥tr♦❧ ✐♥ ❬▼■✶✷❜❪ ❛♥❞ ❬▼■✶✷❝❪✳

❼ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ r❡❛❞ ❛♥❞ ✉♣❞❛t❡ ♣r✐✈✐❧❡❣❡s ✭❢♦r♠❛❧ s♦❧✉t✐♦♥ ❛♥❞ ❛❧❣♦r✐t❤♠✮ ✇❛s
✜rst ✐♥tr♦❞✉❝❡❞ ✐♥ ❬▼■✶✷❞❪✳ ❆ ❥♦✉r♥❛❧ ♣❛♣❡r ✐s ✉♥❞❡r ♣r❡♣❛r❛t✐♦♥✳

❼ ❚❤❡ ♣❛♣❡r ♣r❡s❡♥t✐♥❣ ♦✉r s②st❡♠ ❙❱▼❆❳ ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ❬▼■❘✶✸❪✳

✶✳✹ ❖✉t❧✐♥❡ ♦❢ ❉✐ss❡rt❛t✐♦♥

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s t❤❡s✐s ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❈❤❛♣t❡r ✸ ♣r♦✈✐❞❡s ❡ss❡♥t✐❛❧❧② ❜❛❝❦❣r♦✉♥❞
❛❜♦✉t ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧✳ ❲❡ s✉r✈❡② ♠♦r❡ r❡❝❡♥t ♠♦❞❡❧s ❛♥❞ ❛❧❣♦r✐t❤♠s ❢♦r s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞
❡♥❢♦r❝❡♠❡♥t ♦❢ ❳▼▲ ❛❝❝❡ss ♣♦❧✐❝✐❡s✱ ❛♣♣r♦❛❝❤❡s ❢♦r ✈❛❧✐❞❛t✐♦♥ ♦❢ ❳▼▲ ❞❛t❛✱ ❛s ✇❡❧❧ ❛s s♦♠❡
♦t❤❡r r❡❧❛t❡❞ ♣r♦❜❧❡♠s ✭❡✳❣✳ ❝♦♥s✐st❡♥❝② ♦❢ ♣♦❧✐❝✐❡s✱ ✈✐❡✇ ✉♣❞❛t❡ tr❛♥s❧❛t✐♦♥✮✳ ❈❤❛♣t❡r ✷ r❡✈✐❡✇s
s♦♠❡ ❜❛s✐❝ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t✐♦♥s t❤❛t ❛r❡ t❛❝❦❧❡❞ t❤r♦✉❣❤♦✉t t❤✐s ♠❛♥✉s❝r✐♣t✳ ■♥ ❈❤❛♣t❡r ✹✱
✇❡ ✐♥tr♦❞✉❝❡ ♦✉r ♠♦❞❡❧ ♦❢ s❡❝✉r✐t② ✈✐❡✇ t♦❣❡t❤❡r ✇✐t❤ ♦✉r ❛❧❣♦r✐t❤♠ ❢♦r r❡✇r✐t✐♥❣ ❳P❛t❤ q✉❡r✐❡s
♦✈❡r ✈✐rt✉❛❧ ❳▼▲ ✈✐❡✇s✳ ❈❤❛♣t❡r ✺ ❡①♣❧❛✐♥s ❤♦✇ t❤❡ s❡❝✉r✐t② ✈✐❡✇ ♥♦t✐♦♥ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦
❤❛♥❞❧❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✳ ■t ♣r♦✈✐❞❡s ❛ ❢♦r♠❛❧ ♠♦❞❡❧ ❢♦r s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❳▼▲ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s✱
❛♥ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ ❢♦r ❡♥❢♦r❝✐♥❣ s✉❝❤ ♣♦❧✐❝✐❡s✱ ❛s ✇❡❧❧ ❛s ❛ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢
r❡❛❞ ❛♥❞ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s✳ ❈❤❛♣t❡r ✻✳✸ ♣r❡s❡♥ts ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❜❛s✐❝ ❢❡❛t✉r❡s ♦❢ ♦✉r s②st❡♠✱
❢♦❧❧♦✇❡❞ ❜② ❛♥ ❡①t❡♥s✐✈❡ ❡①♣❡r✐♠❡♥t❛❧ st✉❞② ❜❛s❡❞ ♦♥ r❡❛❧✲✇♦r❧❞ ❉❚❉s✳ ❈❤❛♣t❡r ✻✳✹ ❝♦♥❝❧✉❞❡s
t❤❡ t❤❡s✐s ❛♥❞ ❞r❛✇s r❡s❡❛r❝❤ ♣❡rs♣❡❝t✐✈❡s✳

✶✾



❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

✷✵



✷

❙t❛t❡ ♦❢ t❤❡ ❆rt

❈♦♥t❡♥ts

✷✳✶ ❇❛s✐❝ ▼♦❞❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✷ ❳▼▲ ❆❝❝❡ss ❈♦♥tr♦❧ ▼♦❞❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✷✳✶ ■♥st❛♥❝❡✲❜❛s❡❞ ▼♦❞❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✷✳✷ ❙❡❝✉r✐t② ✈✐❡✇s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✷✳✸ ❙❝❤❡♠❛✲❜❛s❡❞ s❡❝✉r✐t② ✈✐❡✇s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✸ ❙❡❝✉r✐♥❣ ❳▼▲ ❯♣❞❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

❆❧t❤♦✉❣❤ ❛❝❝❡ss ❝♦♥tr♦❧ ❢♦r tr❛❞✐t✐♦♥❛❧ ❞❛t❛❜❛s❡s ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❢♦r ❛ ❧♦♥❣ t✐♠❡ ✭❡✳❣✳ r❡✲
❧❛t✐♦♥❛❧ ❞❛t❛❜❛s❡s ❬❙❚✾✵✱ ▲❉❙+✾✵✱ ❇❏❙✾✾❪✱ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ❞❛t❛❜❛s❡s ❬❇❏❙✾✸✱ ❇❈❈●❨✾✸❪✮✱ t❤❡
♥❛t✉r❡ ♦❢ ❳▼▲ ❞❛t❛ ✭✐✳❡✳ ❤✐❡r❛r❝❤✐❝❛❧ str✉❝t✉r❡✱ ♥♦❞❡s ❞❡♣❡♥❞❡♥❝②✱ s❝❤❡♠❛ r❡❝✉rs✐♦♥✮ ♠❛❦❡ t❤❡
♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤❡s ❞✐✣❝✉❧t t♦ ❛❞❛♣t ❢♦r ❳▼▲ ❞❛t❛❜❛s❡s✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ♣r♦t❡❝t✐♥❣ ❳▼▲
❝♦♥t❡♥t ✐s r❡❧❛t✐✈❡❧② ♥❡✇ ❝♦♠♣❛r❡❞ ✇✐t❤ tr❛❞✐t✐♦♥❛❧ ❞❛t❛❜❛s❡s ♣r♦❜❧❡♠s t❤❛t ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧②
st✉❞✐❡❞ ❢♦r ♠♦r❡ t❤❛♥ t✇♦ ❞❡❝❛❞❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ s♦♠❡ ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢
❳▼▲ ❞❛t❛ ❛r❡ st✐❧❧ ✐♥ t❤❡✐r ❡❛r❧② st❛❣❡s ✭♦r ✐♥ ❛❝t✐✈❡ st✉❞②✮ s✉❝❤ ❛s ❳▼▲ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s s♣❡❝✲
✐✜❝❛t✐♦♥ ❬❇❈❋❙✶✷❪✱ ❳▼▲ q✉❡r✐❡s ♦♣t✐♠✐③❛t✐♦♥ ❬❍▲✶✸❛✱❲❚❲❙✶✸❪✱ ✉♣❞❛t✐♥❣ ❝♦♠♣r❡ss❡❞ ❳▼▲
❞❛t❛ ❬❇❍❏✶✸❪✱ q✉❡r②✐♥❣ ❡♥❝r②♣t❡❞ ❳▼▲ ❞❛t❛ ❬❈❘❑+✶✸❪✳

❆ s✉❜st❛♥t✐❛❧ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♠❛✐♥ ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧s
♣r♦♣♦s❡❞ ❞✉r✐♥❣ t❤❡ ❧❛st ②❡❛rs✳ ❋✐rst❧②✱ ✇❡ ✐♥t❡r❡st❡❞ ♦✉rs❡❧✈❡s ✇✐t❤ t❤❡ ✉s❡ ♦❢ ❳▼▲ ✈✐❡✇s✱ ♠♦❞❡❧s
❛♥❞ ❛❧❣♦r✐t❤♠s t♦ ❞❡r✐✈❡ ❛♥❞ q✉❡r② s✉❝❤ ✈✐❡✇s✳ ❲❡ ♣✉t ❡♠♣❤❛s✐s ♦♥ t❤❡ str❛t❡❣② ❡st❛❜❧✐s❤❡❞ t♦
q✉❡r② t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛ t❤r♦✉❣❤ ❛ r❡q✉❡st t❤❛t ❤❛s ❜❡❡♥ ❡①♣r❡ss❡❞ ♦♥ t❤❡ ✈✐❡✇✱ ❛♥❞ ✐♥ ✇❤✐❝❤ ❝❛s❡
t❤✐s str❛t❡❣② ✐s ❝❤❛❧❧❡♥❣✐♥❣✳ ❲❡ ✐♥✈❡st✐❣❛t❡ ❛❢t❡r t❤❡ ✐ss✉❡s t❤❛t ❛r✐s❡ ✇❤❡♥ ❝♦♥tr♦❧❧✐♥❣ ❛❝❝❡ss
t♦ ❳▼▲ ❞❛t❛ ❜② ❝♦♥s✐❞❡r✐♥❣ ❳▼▲ ✉♣❞❛t❡s✳ ❋✐♥❛❧❧②✱ ✇❡ ❞✐s❝✉ss s♦❧✉t✐♦♥s ♣r♦✈✐❞❡❞ t♦ ♣r❡s❡r✈❡
✈❛❧✐❞✐t② ♦❢ ❳▼▲ ❞♦❝✉♠❡♥ts ❛❢t❡r ✉♣❞❛t❡s✱ ❛ ❝♦♥str❛✐♥t t❤❛t ✐s r❡q✉✐r❡❞ ❜② ♠❛♥② s②st❡♠s ❛♥❞
❛♣♣❧✐❝❛t✐♦♥s✳

✷✳✶ ❇❛s✐❝ ▼♦❞❡❧s

❖r✐❣✐♥❛❧❧②✱ ♥✉♠❡r♦✉s ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ s♣❡❝✐❢② ❛♥❞ ❡♥❢♦r❝❡ s❡❝✉r✐t② ♣♦❧✐❝✐❡s t❤❛t
♣r♦t❡❝t ❛❝❝❡ss t♦ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ❞❛t❛✳ ❚❤❡ ❆❈▲ ✭❆❝❝❡ss ❈♦♥tr♦❧ ▲✐st✮ ❛♥❞ ❳❆❈▼▲ ✭❡❳t❡♥s✐❜❧❡
❆❝❝❡ss ❈♦♥tr♦❧ ▼❛r❦✉♣ ▲❛♥❣✉❛❣❡✮ ❜❡❧♦♥❣ t♦ t❤❡ ✜rst ❡✛♦rts ❞♦♥❡ ✐♥ t❤✐s ❝♦♥t❡①t✳ ❙✐♥❝❡ t❤❡ ❆❈▲✲
❜❛s❡❞ s❡❝✉r✐t② ♠♦❞❡❧ ✐s ✉s❡❞ ✐♥ ❞✐✛❡r❡♥t ❞♦♠❛✐♥s ✭❡✳❣✳ ♥❡t✇♦r❦✐♥❣✱ ✜❧❡ s②st❡♠s✱ ❞❛t❛❜❛s❡s✮✱ ✇❡
❞✐s❝✉ss s✉❝❤ s❡❝✉r✐t② ❝♦♥❝❡♣t ❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❖r❛❝❧❡ ✶✶❣ ❞❛t❛❜❛s❡ s②st❡♠✳ ❆♥ ❆❈▲ ✐s ❛

✷✶



❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ t❤❡ ❆rt

❧✐st ♦❢ ❛❝❝❡ss ❝♦♥tr♦❧ ❡♥tr✐❡s ✭❆❈❊s✮✳ ❊❛❝❤ ❆❈❊ ✐s ❛♥ ❳▼▲ ❡❧❡♠❡♥t t❤❛t ❡✐t❤❡r ❣r❛♥ts ♦r ❞❡♥✐❡s
❛❝❝❡ss t♦ s♦♠❡ ❞❛t❛ ❜② ❛ ♣❛rt✐❝✉❧❛r ♣r✐♥❝✐♣❧❡ ✭✉s❡r ♦r r♦❧❡✮✳ ❚❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ t❤❡ ❆❈❊s ♦❢
❛♥ ❆❈▲ ❛r❡ st♦r❡❞ ✐s r❡❧❡✈❛♥t✳ ❇❡❢♦r❡ ❛ ♣r✐♥❝✐♣❛❧ ❛❝❝❡ss❡s t♦ s♦♠❡ ❞❛t❛ t❤❛t ✐s ♣r♦t❡❝t❡❞ ❜②
♦♥❡ ♦r ♠♦r❡ ❆❈▲s✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡s❡ ❆❈▲s ✐s ❞♦♥❡ ✜rst ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♦r❞❡r✳ ❋♦r ❡❛❝❤
❆❈▲✱ t❤❡ ❆❈❊s ✐♥ ✐t t❤❛t ❛♣♣❧② t♦ t❤❡ ♣r✐♥❝✐♣❛❧ ❛r❡ ❡①❛♠✐♥❡❞✱ ✐♥ ♦r❞❡r✳ ■❢ ♦♥❡ ❆❈❊ ❣r❛♥ts ❛
❝❡rt❛✐♥ ♣r✐✈✐❧❡❣❡ t♦ t❤❡ ❝✉rr❡♥t ✉s❡r ❛♥❞ ❛♥♦t❤❡r ❆❈❊ ❞❡♥✐❡s t❤❛t ♣r✐✈✐❧❡❣❡ t♦ t❤❡ ✉s❡r✱ t❤❡♥ ❛
❝♦♥✢✐❝t ❛r✐s❡s✳ ❉✐✛❡r❡♥t ❝♦♥✢✐❝ts r❡s♦❧✉t✐♦♥ str❛t❡❣✐❡s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✿ ✶✮ ♦♥❧② t❤❡ ✜rst ♠❛t❝❤❡❞
❆❈❊ ✐s ❝♦♥s✐❞❡r❡❞❀ ✷✮ ❣r❛♥t t❛❦❡s ♣r❡❝❡❞❡♥❝❡ ♦✈❡r ❞❡♥②❀ ♦r ✸✮ ❞❡♥② t❛❦❡s ♣r❡❝❡❞❡♥❝❡ ♦✈❡r ❣r❛♥t✳
❆❧t❤♦✉❣❤ t❤❡ ❆❈▲ ♠♦❞❡❧ ✐s ❝✉rr❡♥t❧② ✉s❡❞ ✐♥ ♠❛♥② ❞❛t❛❜❛s❡ s②st❡♠s s✉❝❤ ❛s ❖r❛❝❧❡ ✶✶❣✱ ✐ts
❡♥❢♦r❝❡♠❡♥t str❛t❡❣② ✐s r❛t❤❡r ❜r✉t❡✲❢♦r❝❡ ✐♥ t❤❡ s❡♥s t❤❛t ✐t ❣r❛♥ts✴❞❡♥✐❡s ❛❝❝❡ss t♦ t❤❡ ❡♥t✐r❡
r❡s♦✉r❝❡✳ ❈♦♥s✐❞❡r ❝❛s❡ ♦❢ ❳▼▲ ❞❛t❛✱ ✐♥ ♣r❛❝t✐❝❡ ♦♥❡ ♦❢t❡♥ ✇❛♥ts t❤❡ q✉❡r② t♦ r❡t✉r♥ t❤❡ ♣❛rts
♦❢ t❤❡ ❞♦❝✉♠❡♥t t❤❛t t❤❡ ✉s❡r ✐s ❛✉t❤♦r✐③❡❞ t♦ ❛❝❝❡ss✱ ✐♥st❡❛❞ ♦❢ r❡❥❡❝t t❤❡ ❛❝❝❡ss✳

❚❤❡ ❳❆❈▼▲ ❬❳❆❈❛❪ ✐s ❛♥ ❖❆❙■❙ st❛♥❞❛r❞✱ ♥♦✇ ❛t ✈❡rs✐♦♥ ✸✳✵✱ t❤❛t ❞❡✜♥❡s ❛ ❧❛♥❣✉❛❣❡ ❢♦r t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ♣♦❧✐❝✐❡s✱ ❛❝❝❡ss r❡q✉❡sts✱ ❛♥❞ ❛ ✇♦r❦✲✢♦✇ t♦ ❛❝❤✐❡✈❡ ♣♦❧✐❝② ❡♥❢♦r❝❡♠❡♥t✳ ❚❤❡s❡ t❛s❦s
❛r❡ ❛❝❝♦♠♣❧✐s❤❡❞ t❤r♦✉❣❤ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts✱ ♣r✐♥❝✐♣❛❧❧②✿ t❤❡ P♦❧✐❝② ❆❞♠✐♥✐str❛t✐♦♥ P♦✐♥t
✭P❆P✮✱ t❤❡ P♦❧✐❝② ❉❡❝✐s✐♦♥ P♦✐♥t ✭P❉P✮✱ ❛♥❞ t❤❡ P♦❧✐❝② ❊♥❢♦r❝❡♠❡♥t P♦✐♥t ✭P❊P✮✳ ❳❆❈▼▲
♣♦❧✐❝✐❡s ❛r❡ ❞❡✜♥❡❞ ❛s ❳▼▲ ❞♦❝✉♠❡♥ts ❡①♣r❡ss✐♥❣ t❤❡ ♣r✐✈✐❧❡❣❡s ❛ ✉s❡r ♥❡❡❞s t♦ ❤❛✈❡ ❢♦r ❛❝❝❡ss✐♥❣
t❤❡ r❡s♦✉r❝❡✳ ❊❛❝❤ r❡s♦✉r❝❡ ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ✇✐t❤ ♦♥❡ ♦r ♠♦r❡ ♣♦❧✐❝✐❡s✳ ❆ ♣♦❧✐❝② ✐s ❛ s❡t ♦❢
r✉❧❡s ✇❤❡r❡ ❡❛❝❤ ♦♥❡ ❞❡✜♥❡s ❛ ❚❛r❣❡t ❛♥❞ ❛♥ ❊❢❢❡❝t✳ ❚❤❡ ❊❢❢❡❝t s♣❡❝✐✜❡s ✇❤❡t❤❡r t❤❡ ✉s❡r
r❡q✉❡st ✐s ✧P❡r♠✐tt❡❞✧ ♦r ✧❉❡♥✐❡❞✧✱ ✇❤✐❧❡ t❤❡ ❚❛r❣❡t ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤❡ s✉❜✲❡❧❡♠❡♥ts ❙✉❜❥❡❝t
✭✐✳❡✳ t❤❡ ✉s❡r t❤❛t ✇✐s❤❡s t♦ ♣❡r❢♦r♠ s♦♠❡ ❛❝t✐♦♥ ♦✈❡r t❤❡ r❡s♦✉r❝❡✮✱ ❆❝t✐♦♥ ✭❡✳❣✳ r❡❛❞✱ ✉♣❞❛t❡✮✱
❘❡s♦✉r❝❡✱ ❛♥❞ ❊♥✈✐r♦♥♠❡♥t ✭❡✳❣✳ t✐♠❡✱ ❞❛t❡✮✳ ❊❛❝❤ s✉❜✲❡❧❡♠❡♥t ✐s ❛❝❝♦♠♣❛♥✐❡❞ ✇✐t❤ ❛ ♠❛t❝❤✐♥❣
❢✉♥❝t✐♦♥✿ ✉s❡❞ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ♣♦❧✐❝② r✉❧❡ ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ ❛ ❣✐✈❡♥ r❡q✉❡st✱ s♣❡❝✐✜❝❛❧❧②✱ ✐t
♠❛t❝❤❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ s✉❜✲❡❧❡♠❡♥t ♦❢ t❤❡ r✉❧❡ ✇✐t❤ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ s❛♠❡ s✉❜✲❡❧❡♠❡♥t ♦❢ t❤❡
✉s❡r r❡q✉❡st✳ ❆ ♣♦❧✐❝② ❛❧s♦ s♣❡❝✐✜❡s ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ❞❡✜♥❡s ✇❤❛t ✐s t❤❡ ✜♥❛❧ ❞❡❝✐s✐♦♥ ❢♦r ❛
r❡q✉❡st ✇❤❡♥ t❤❡r❡ ❛r❡ ✭♣❡r♠✐t✴❞❡♥②✮ ❝♦♥✢✐❝ts ✐♥ t❤❡ r✉❧❡ ❞❡❝✐s✐♦♥s✳ ❯♣♦♥ r❡❝❡✐✈✐♥❣ ❛ r❡q✉❡st✱
t❤❡ ♣♦❧✐❝✐❡s ❛r❡ r❡tr✐❡✈❡❞ ❢r♦♠ t❤❡ P❆P ❜② t❤❡ P❉P✳ ❚❤❡ P❉P ❝❤❡❝❦s t❤❡ ♠❛t❝❤✐♥❣ ❜❡t✇❡❡♥ ❛❧❧
✈❛❧✉❡s ♦❢ t❤❡ r❡q✉❡st ❛♥❞ t❤♦s❡ ♦❢ t❤❡ r❡tr✐❡✈❡❞ r✉❧❡s✱ ✐♥ ♦r❞❡r t♦ ♣❡r♠✐t ♦r ❞❡♥② ❛❝❝❡ss t♦ t❤❡
r❡s♦✉r❝❡✳ ■♥ ❛❞❞✐t✐♦♥ t♦ P❡r♠✐t ❛♥❞ ❉❡♥②✱ t❤❡ P❉P ❞❡❝✐s✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ♥♦t✲❛♣♣❧✐❝❛❜❧❡ ✐❢ ♥♦
♣♦❧✐❝② r✉❧❡ ❛♣♣❧✐❡s t♦ t❤❡ r❡q✉❡st❀ ♦r ✐♥❞❡t❡r♠✐♥❛t❡ ✐❢ t❤❡ P❉P ❢❛✐❧s t♦ ❡✈❛❧✉❛t❡ t❤❡ ❛❝❝❡ss r❡q✉❡st
✭❡✳❣✳ ♠✐ss✐♥❣ ♦❢ r❡q✉❡st ❛ttr✐❜✉t❡s✱ ♥❡t✇♦r❦ ❡rr♦rs✮✳ ❚❤❡ ❛✉t❤♦r✐③❛t✐♦♥ ❞❡❝✐s✐♦♥ ✐s ❡♥❢♦r❝❡❞ ❜② t❤❡
P❊P ✇❤✐❝❤ ❝❛♥ ❤❛✈❡ ♠❛♥② ❞✐✛❡r❡♥t ❢♦r♠s✱ ❡✳❣✳ ♣❛rt ♦❢ ❛ r❡♠♦t❡✲❛❝❝❡ss ❣❛t❡✇❛②✱ ❛ ❲❡❜ s❡r✈❡r✳

❳❆❈▼▲ ✐s ♥♦✇ t❤❡ ❞❡ ❢❛❝t♦ st❛♥❞❛r❞ ❢♦r ❡♥❢♦r❝✐♥❣ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ✐♥ s❡r✈✐❝❡✲♦r✐❡♥t❡❞
❛r❝❤✐t❡❝t✉r❡s✳ ▼❛♥② ❞❛t❛❜❛s❡ s②st❡♠s ♣r♦✈✐❞❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❳❆❈▼▲ s✉❝❤ ❛s ❡❳✐st✲❞❜✳
❍♦✇❡✈❡r✱ ❞❡s✐❣♥✐♥❣ ❳❆❈▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ✐s ❛ ❞✐✣❝✉❧t ❛♥❞ ❡rr♦r✲♣r♦♥❡ t❛s❦✳ ❋♦r t❤✐s
r❡❛s♦♥ s❡✈❡r❛❧ t♦♦❧s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ ♠❛❦❡ ❡❛s② ❡❞✐t✐♦♥ ♦❢ ❳❆❈▼▲ ♣♦❧✐❝✐❡s ❬❳❆❈❜✱❯▼❯❪✳

❚❤❡ ❛❜♦✈❡ ❞✐s❝✉ss❡❞ st❛♥❞❛r❞s ❛r❡ ♠♦r❡ s✉✐t❛❜❧❡ ❢♦r s♦♠❡ ❞♦♠❛✐♥s ❧✐❦❡ ✜❧❡ s②st❡♠s✱ ♥❡t✇♦r❦s✱
❛♥❞ ✭tr❛❞✐t✐♦♥❛❧✮ ❞❛t❛❜❛s❡ s②st❡♠s✳ ❍♦✇❡✈❡r✱ t❤❡② st✐❧❧ r❡♠❛✐♥ s❧✐❣❤t❧② ❧✐♠✐t❡❞ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣
❤✐❡r❛r❝❤✐❝❛❧ ❞❛t❛ ❧✐❦❡ ❳▼▲✳ ❆ ❢❡✇ ✇♦r❦s ❡①✐st t❤❛t ❤❛✈❡ t♦ ❡①t❡♥❞ t❤❡ ❳❆❈▼▲ st❛♥❞❛r❞ ✐♥ ♦r❞❡r
t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❤✐❡r❛r❝❤✐❝❛❧ ❞❛t❛ ❬❑❆✵✽✱❳✐❛✶✷❪✳ ▼♦r❡ s♣❡❝✐✜❝ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧s ❤❛✈❡
❜❡❡♥ ♣r♦♣♦s❡❞ ❞✉r✐♥❣ t❤❡ t✇♦ ❞❡❝❛❞❡s t❤❛t ❛r❡ ❛✇❛r❡ ♦❢ t❤❡ ❳▼▲ ❞❛t❛ str✉❝t✉r❡ ❛♥❞ ❡✣❝✐❡♥t❧②
s❡❝✉r❡ ❛❝❝❡ss t♦ s✉❝❤ ❞❛t❛✳ ❆s ✇❡ s❤❛❧❧ ❡①♣❧❛✐♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❡❛❝❤ ♠♦❞❡❧ ❤❛s ✐ts r❡❧❡✈❛♥t ✉s❡
❝❛s❡ ✇❤❡r❡ ✐t ♠❛② ❡♥s✉r❡ ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡s✳

✷✷



✷✳✷✳ ❳▼▲ ❆❝❝❡ss ❈♦♥tr♦❧ ▼♦❞❡❧s

✷✳✷ ❳▼▲ ❆❝❝❡ss ❈♦♥tr♦❧ ▼♦❞❡❧s

✷✳✷✳✶ ■♥st❛♥❝❡✲❜❛s❡❞ ▼♦❞❡❧s

❚❤❡s❡ ♠♦❞❡❧s tr❛♥s♠✐t ❛❝❝❡ss ♣❡r♠✐ss✐♦♥s ❢r♦♠ ♣♦❧✐❝②✲❧❡✈❡❧ ✐♥t♦ ♥♦❞❡✲❧❡✈❡❧✳ ❆ ♣♦❧✐❝② ❝♦♥s✐sts ♦❢
❛ s❡t ♦❢ ❛❝❝❡ss ❝♦♥tr♦❧ r✉❧❡s✱ ❡❛❝❤ r✉❧❡ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❞✐✛❡r❡♥t s✉❜✲❡❧❡♠❡♥ts ❞❡✜♥✐♥❣✿ ❛ s✉❜❥❡❝t
✭❛ ✉s❡r ■❉✱ ❛ r♦❧❡✱ ♦r ❛ ❣r♦✉♣ ♥❛♠❡✮❀ ❛♥ ♦❜❥❡❝t ❞❡✜♥❡❞ ✇✐t❤ ❛♥ ❳P❛t❤ ❡①♣r❡ss✐♦♥ ❛♥❞ t❤❛t
s♣❡❝✐✜❡s t❤❡ ❳▼▲ ♥♦❞❡s t♦ ❝♦♥tr♦❧❀ ❛♥ ❛❝t✐♦♥ t❤❛t ❝❛♥ ❜❡ r❡❛❞✴✉♣❞❛t❡ ✭✇❡ ❝♦♥s✐❞❡r ♦♥❧② r❡❛❞
❛❝t✐♦♥s ❛s s✉♣♣♦rt❡❞ ❜② ❡①✐st✐♥❣ ♠♦❞❡❧s✮❀ ❛ ♣❡r♠✐ss✐♦♥ ✭❣r❛♥t✴❞❡♥②✮ t❤❛t s♣❡❝✐✜❡s ✐❢ t❤❡ s✉❜❥❡❝t
✐s ✭♥♦t✮ ❛❧❧♦✇❡❞ t♦ ❡①❡❝✉t❡ t❤❡ ❛❝t✐♦♥ ♦♥ t❤❡ ♦❜❥❡❝t ♥♦❞❡s❀ ❛♥❞ ❛ ♣r♦♣❛❣❛t✐♦♥ t❤❛t s♣❡❝✐✜❡s ✐❢
t❤❡ r✉❧❡ ✐s ❧♦❝❛❧ ✭❛♣♣❧✐❡❞ ♦♥❧② ♦♥ ♦❜❥❡❝t ♥♦❞❡s✮ ♦r r❡❝✉rs✐✈❡ ✭❛♣♣❧✐❡❞ ♦♥ ♦❜❥❡❝t ♥♦❞❡s t♦❣❡t❤❡r
✇✐t❤ t❤❡✐r ❞❡s❝❡♥❞❛♥ts✮✳ ❆ ❝♦♥✢✐❝t ❝❛♥ ❛r✐s❡ ✇❤❡♥ t✇♦ ♦r ♠♦r❡ r✉❧❡s ❞❡✜♥❡ ❞✐✛❡r❡♥t ❛❝❝❡ss
♣❡r♠✐ss✐♦♥s ❢♦r t❤❡ s❛♠❡ ❳▼▲ ♥♦❞❡ ✭❡✳❣✳ ❛ ♥♦❞❡ ❝♦♥❝❡r♥❡❞ ❜② ❛ ❧♦❝❛❧ ❛♥❞ ❛ r❡❝✉rs✐✈❡ r✉❧❡s t❤❛t
❤❛✈❡ ❞✐✛❡r❡♥t ♣❡r♠✐ss✐♦♥s✮✳ ❉✐✛❡r❡♥t ❝♦♥✢✐❝t r❡s♦❧✉t✐♦♥ str❛t❡❣✐❡s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✭❡✳❣✳ ❞❡♥✐❛❧
♣❡r♠✐ss✐♦♥ ♦✈❡rr✐❞❡s ❛♥② ❣r❛♥t ♣❡r♠✐ss✐♦♥✱ r❡❝✉rs✐✈❡ r✉❧❡s t❛❦❡ ♣r❡❝❡❞❡♥❝❡ ♦✈❡r ❧♦❝❛❧ r✉❧❡s✮✳ ❚❤❡
❡♥❢♦r❝❡♠❡♥t ♦❢ s✉❝❤ ♣♦❧✐❝✐❡s ✐s ❞♦♥❡ ❜② ❛♥♥♦t❛t✐♥❣ t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t ✇✐t❤ t❤❡ ❞✐✛❡r❡♥t ❛❝❝❡ss
♣❡r♠✐ss✐♦♥s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❢♦r ❡❛❝❤ ✉s❡r u✱ ❡❛❝❤ r✉❧❡ r✱ ❛♥❞ ❡❛❝❤ ♥♦❞❡ n ❝♦♥❝❡r♥❡❞ ❜② r
✭✐✳❡✳ n ✐s r❡❢❡rr❡❞ t♦ ❜② t❤❡ r ❳P❛t❤ ❡①♣r❡ss✐♦♥✮✱ n ✐s ❛♥♥♦t❛t❡❞ ❜② ❛❞❞✐♥❣ ❛♥ ❛ttr✐❜✉t❡ ❅❛❝❝❡ss
t❤❛t ❤❛s ✈❛❧✉❡ ✬✰✬ ✭✐❢ r ♣❡r♠✐ss✐♦♥ ✐s ❣r❛♥t✮ ♦r ✬✲✬ ✭✐❢ r ♣❡r♠✐ss✐♦♥ ✐s ❞❡♥②✮✳ ■❢ n ✐s ❛❧r❡❛❞②
❛♥♥♦t❛t❡❞ t❤❡♥ t❤❡ ❝♦♥✢✐❝t ✐s r❡s♦❧✈❡❞ ✉s✐♥❣ ✉♥❞❡r❧②✐♥❣ str❛t❡❣②✳ ❚❤❡ ❛♥♥♦t❛t✐♦♥ ✐s ♣r♦♣❛❣❛t❡❞
t❤❡♥ ❛❧♦♥❣ ✇✐t❤ n ❞❡s❝❡♥❞❛♥ts ✐❢ r ✐s r❡❝✉rs✐✈❡✳ ❋✐♥❛❧❧②✱ ✇❤❡♥ ❛❧❧ t❤❡ r✉❧❡s t❤❛t ❝♦♥❝❡r♥s t❤❡
✉s❡r u ❛r❡ ♣❛rs❡❞✱ t❤❡ r❡♠❛✐♥✐♥❣ ✉♥❧❛❜❡❧❡❞ ♥♦❞❡s ❛r❡ ❛♥♥♦t❛t❡❞ ✇✐t❤ ✬✲✬ ♣❛r ❞❡❢❛✉❧t✳ ❊❛❝❤
✉s❡r ❳P❛t❤ ❡①♣r❡ss✐♦♥ ✐s r❡✇r✐tt❡♥ ✐♥ ♦r❞❡r t♦ r❡t✉r♥ ♦♥❧② ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s ✭t❤♦s❡ ❛♥♥♦t❛t❡❞
❜② ✬✰✬✮ ❛♥❞ ✇✐t❤♦✉t ❛♥② ❞✐s❝❧♦s✉r❡ ♦❢ s❡♥s✐t✐✈❡ ✐♥❢♦r♠❛t✐♦♥✳ ■♥ ❬▼❚❑❍✵✻❪✱ ❛✉t❤♦rs ✐♠♣♦s❡
t❤❡ ❞❡♥✐❛❧ ❞♦✇♥✇❛r❞ ❝♦♥s✐st❡♥❝② r❡q✉✐r❡♠❡♥t t❤❛t ❞❡♥✐❡s ❛❝❝❡ss t♦ ❛ ♥♦❞❡ ✐❢ ♦♥❧② ♦♥❡ ♦❢ ✐ts
❛♥❝❡st♦rs ✐s ✐♥❛❝❝❡ss✐❜❧❡✳ ■♥ t❤✐s ❝❛s❡✱ r❡✇r✐t✐♥❣ ♦❢ ❳P❛t❤ ❡①♣r❡ss✐♦♥s ✐s q✉✐t❡ s✐♠♣❧❡ ❛♥❞ ❞♦♥❡
❜② ❛❞❞✐♥❣ ❛ ♣r❡❞✐❝❛t❡ ❬❅❛❝❝❡ss❂✬✰✬❪ t♦ t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ ✉s❡r ❳P❛t❤ ❡①♣r❡ss✐♦♥✳ ■♥ t❤❡ ♦t❤❡r
❝❛s❡ ❤♦✇❡✈❡r✱ ✇❤❡r❡ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ r❡q✉✐r❡♠❡♥t ✐s ♥♦t ❛♣♣❧✐❡❞✱ t❤❡ ❡♥❢♦r❝❡♠❡♥t ♠❡❝❤❛♥✐s♠
✐s ♥♦t ❞✐s❝✉ss❡❞✳ ■♥ ♦✉r ✈✐❡✇✱ t❤✐s ❝❛♥ ❜❡ s✐♠♣❧② ❞♦♥❡ ❛s ❢♦❧❧♦✇s✿ ❢♦r ❛ ✉s❡r ❳P❛t❤ ❡①♣r❡ss✐♦♥✱
❡❛❝❤ s✉❜✲❡①♣r❡ss✐♦♥ ❞❡s❝❡♥❞❛♥t ✿✿❧❛❜❡❧ ✐s r❡✇r✐tt❡♥ ✐♥t♦ ❞❡s❝❡♥❞❛♥t ✿✿❧❛❜❡❧ ❬❅❛❝❝❡ss❂✬✰✬❪✱ ✇❤✐❧❡ ❡❛❝❤
s✉❜✲❡①♣r❡ss✐♦♥ ❝❤✐❧❞ ✿✿❧❛❜❡❧ ✐s r❡✇r✐tt❡♥ ✐♥t♦ ❞❡s❝❡♥❞❛♥t ✿✿❧❛❜❡❧ ❬❅❛❝❝❡ss❂✬✰✬❪❬♣♦s✐t✐♦♥✭✮❂✶❪✳

❘❡❣r❡t❢✉❧❧②✱ t❤❡ ❛♥♥♦t❛t✐♦♥ ♣r♦❝❡ss ✐s r❡♣❡❛t❡❞ ❢♦r ❡✈❡r② ✉s❡r✱ ❡✈❡r② ❛❝t✐♦♥ ❛ ✉s❡r t❛❦❡s✱ ❛♥❞
❡❛❝❤ t✐♠❡ t❤❡ ♣♦❧✐❝② ❛♥❞✴♦r t❤❡ ❞❛t❛ ❛r❡ ❝❤❛♥❣❡❞✳ ❚❤✐s ✐s t✐♠❡ ❝♦♥s✉♠✐♥❣ ❛♥❞ r❡q✉✐r❡s ❛ ❧♦t
♦❢ r❡s♦✉r❝❡s ❢♦r ❳▼▲ ❞❛t❛ ♣❛rs✐♥❣ ❛♥❞ ❧❛❜❡❧✐♥❣✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✐♥st❛♥❝❡✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s ❧❡❛❞
t♦ ♣♦♦r ♣❡r❢♦r♠❛♥❝❡s ✐♥ ❝❛s❡ ♦❢ ❤✉❣❡ ❳▼▲ ❞♦❝✉♠❡♥ts s✐♥❝❡ ✉s❡r q✉❡r✐❡s ❛r❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡
✇❤♦❧❡ ❳▼▲ ❞♦❝✉♠❡♥t ✇❤✐❧❡✱ ✐♥ ♣r❛❝t✐❝❡✱ ❛❝❝❡ss✐❜❧❡ ❞❛t❛ ✐s ♠♦r❡ s♠❛❧❧❡r t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✳
❆✉t❤♦rs ♦❢ ❬▼❚❑❍✵✻❪ ♣r♦♣♦s❡❞ ❛ st❛t✐❝ ❛♥❛❧②s✐s ✇❤✐❝❤ ✐s ✐♥ ❞✉t② t♦ ❞❡t❡r♠✐♥❡ st❛t✐❝❛❧❧② ✇❤❡t❤❡r
t❤❡ ✉s❡r r❡q✉❡st ❞♦❡s ♥♦t s❡❧❡❝t ❛♥② ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s✱ ❛♥❞ t❤❡♥ r❡❥❡❝t ✐t ✇✐t❤♦✉t ❛♥② ❡✈❛❧✉❛t✐♦♥✳
❍♦✇❡✈❡r✱ t❤✐s st❛t✐❝ ❛♥❛❧②s✐s ❢❛✐❧s ✐♥ ❞✐✛❡r❡♥t ❝❛s❡s ❛♥❞ t❤❡ q✉❡r② ♠✉st ❜❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡
✇❤♦❧❡ ♦r✐❣✐♥❛❧ ❞❛t❛✳

❆✉t❤♦rs ♦❢ ❬❉❩✵✽❛❪ ♣r♦♣♦s❡❞ ❛ ❞②♥❛♠✐❝ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ t❤❛t ❛✈♦✐❞s r❡✲❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❧❛✲
❜❡❧s ✇❤❡♥ t❤❡ ❳▼▲ ❞❛t❛ ✐s ✉♣❞❛t❡❞✳ ❚❤❡✐r ❛❧❣♦r✐t❤♠ ❝❛♥ ❣❡♥❡r❛t❡ ✉♥✐q✉❡ ❝♦❞❡s ❢♦r ❡✈❡r② ♥❡✇
♥♦❞❡ ✇✐t❤♦✉t r❡✲❧❛❜❡❧✐♥❣ ❡①✐st✐♥❣ ♥♦❞❡s✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ ❜② t❤❡ s❛♠❡ ❛✉t❤♦rs t♦ ♣r♦♣♦s❡
❛ ✜♥❡✲❣r❛✐♥❡❞ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧✱ ♥❛♠❡❞ ❙❡❝✉r❡❳✱ ✇❤✐❝❤ s✉♣♣♦rts r❡❛❞ ❛♥❞ ✇r✐t❡ ♣r✐✈✐❧❡❣❡s✱
✐♥tr♦❞✉❝❡s ✈❛r✐♦✉s ❛❝❝❡ss t②♣❡s✱ ❛♥❞ ♦✉t♣❡r❢♦r♠s ♥❛✐✈❡ ❧❛❜❡❧✐♥❣ ❛♣♣r♦❛❝❤❡s ❜② ❡❧✐♠✐♥❛t✐♥❣ r❡♣❡t✐✲
t✐✈❡ ❧❛❜❡❧✐♥❣ ✇❤❡♥ ✉♣❞❛t✐♥❣ ❞❛t❛✳ ■♥ ❝❛s❡ ♦❢ ❞②♥❛♠✐❝ ♣♦❧✐❝✐❡s ❤♦✇❡✈❡r✱ t❤❡ ✇❤♦❧❡ ❳▼▲ ❞♦❝✉♠❡♥t
♠❛② ❜❡ r❡✲❧❛❜❡❧❡❞ ❛♥❞ t❤❡♥ ❙❡❝✉r❡❳ ♠❛② ❧❡❛❞ ❛❧♠♦st t♦ t❤❡ s❛♠❡ ♣❡r❢♦r♠❛♥❝❡s ❛s ♥❛✐✈❡ ❧❛❜❡❧✐♥❣
❛♣♣r♦❛❝❤❡s✳

✷✸



❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ t❤❡ ❆rt

✷✳✷✳✷ ❙❡❝✉r✐t② ✈✐❡✇s

❚❤❡ s❝❡♥❛r✐♦ ❢♦r t❤✐s ❣r♦✉♣ ♦❢ ♣r♦♣♦s❛❧s ✐s t♦ ❡①tr❛❝t ❛♥ ❛✉t❤♦r✐③❡❞ ❳▼▲ ✈✐❡✇ ✇❤✐❝❤ ✐♥❝❧✉❞❡s ❞❛t❛
r❡❧❡✈❛♥t t♦ t❤❡ ✉s❡r✬s ❝❧❡❛r❛♥❝❡✿ ❛❝❝❡ss ❝♦♥tr♦❧ r✉❧❡s ❛♣♣❧✐❝❛❜❧❡ t♦ t❤❡ ✉s❡r ❛r❡ ✉s❡❞ t♦ ♣❛rt✐❛❧❧②
t②♣❡ t❤❡ ❳▼▲ tr❡❡ ✇✐t❤ Y ✭✰✮ ❛♥❞ N ✭✲✮ ❧❛❜❡❧s✳ ❆❢t❡r t❤❛t✱ ♣❛rt✐❛❧ ❛♥♥♦t❛t✐♦♥ ✐s ❡①t❡♥❞❡❞ t♦
❢✉❧❧ ♦♥❡✳ ❋✐♥❛❧❧②✱ ❢✉❧❧② ❛♥♥♦t❛t❡❞ ❧❛❜❡❧ ✐s s❛♥✐t✐③❡❞✱ ✐✳❡✳✱ N ❧❛❜❡❧❡❞ ❡❧❡♠❡♥ts ❛r❡ ❡✐t❤❡r ❞❡❧❡t❡❞
❝♦♠♣❧❡t❡❧② ❬❇❇❈+✵✵✱❲❑❉✵✹❪ ♦r ♠♦❞✐✜❡❞ ❬❉❞❱P❙✵✷❪✳ ❆ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ t♦ ❳▼▲ s❡❝✉r✐t②
✈✐❡✇s ✇❛s s❤♦✇♥ ✐♥ ❬❙❋✵✷❜❪ ✇❤❡r❡ t❤❡r❡ ✇❛s ❛♥ ❛tt❡♠♣t t♦ ❞❡✜♥❡ ❛ s❡❝✉r✐t② ✈✐❡✇ ❜② ❛ s✐♥❣❧❡
❳P❛t❤ ❡①♣r❡ss✐♦♥✳ ■♥ ❛ ♥✉ts❤❡❧❧✱ ❳▼▲ ❡❧❡♠❡♥ts ♠❛t❝❤✐♥❣ ♥♦♥✲❛st❡r✐s❦ ❧♦❝❛t✐♦♥ st❡♣s ♦❢ ❳P❛t❤
❛r❡ ❛❞❞❡❞ t♦ ❛ ✈✐❡✇✱ ✇❤✐❧❡ ❛st❡r✐s❦s r❡♣r❡s❡♥t ❢♦r❜✐❞❞❡♥ ♣❛rts ♦❢ t❤❡ ❳▼▲✳

✷✳✷✳✸ ❙❝❤❡♠❛✲❜❛s❡❞ s❡❝✉r✐t② ✈✐❡✇s

❙t♦✐❝❛ ❛♥❞ ❋❛r❦❛s ❬▼❙❲✵✺❪ ♣r♦♣♦s❡❞ t♦ ♣r♦❞✉❝❡ s✐♥❣❧❡✲❧❡✈❡❧ ✈✐❡✇s ♦❢ ❳▼▲ ✇❤❡♥ ❝♦♥❢♦r♠✐♥❣
❉❚❉ ✐s ❛♥♥♦t❛t❡❞ ❜② ❧❛❜❡❧s ♦❢ ❞✐✛❡r❡♥t ❝♦♥✜❞❡♥t✐❛❧✐t② ❧❡✈❡❧s✳ ❚❤❡ ❦❡② ✐❞❡❛ ❧✐❡s ✐♥ ❛♥❛❧②③✐♥❣
s❡♠❛♥t✐❝ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❡❧❡♠❡♥t t②♣❡s✱ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ✐♥✐t✐❛❧ str✉❝t✉r❡ ♦❢ ❉❚❉ ❛♥❞ ✉s✐♥❣
❝♦✈❡r st♦r✐❡s✳ ❆❧t❡r❡❞ ❉❚❉ t❤❡♥ ✉♥❞❡r❣♦❡s ✏✜❧t❡r✐♥❣✑ ✇❤❡♥ ♦♥❧② ❡❧❡♠❡♥t t②♣❡s ♦❢ t❤❡ ❝♦♥✜✲
❞❡♥t✐❛❧✐t② ❧❡✈❡❧✱ t❤❛t ✐s ♥♦ ❤✐❣❤❡r t❤❛♥ t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ r❡q✉❡st❡r✱ ❛r❡ ❡①tr❛❝t❡❞✳ ❍♦✇❡✈❡r✱ t❤❡
♣r♦♣♦s❛❧ r❡q✉✐r❡s ❡①♣❡rt✬s ❛♥❛❧②s✐s ♦❢ s❡♠❛♥t✐❝ ♠❡❛♥✐♥❣ ♦❢ ♣r♦❞✉❝t✐♦♥ r✉❧❡s✱ ❛♥❞ t❤✐s ❝❛♥ ❜❡
✉♥❛❝❝❡♣t❛❜❧❡ ✐❢ ❞❛t❛❜❛s❡ ❝♦♥t❛✐♥s ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ s❝❤❡♠❛s ✇❤✐❝❤ ❛r❡ ❝❤❛♥❣❡❞ ♦❝❝❛s✐♦♥❛❧❧②✳
❆♥♦t❤❡r ✈✐❡✇✲❜❛s❡❞ ❛♣♣r♦❛❝❤ ✐s ♣r♦♣♦s❡❞ ❜② ❋❛♥ ❡t ❛❧✳ ❬❋❈●✵✹❜❪✳ ❲❡ s✉♠♠❛r✐③❡ t❤✐s ♣r♦♣♦s❛❧
❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♣r♦❝❡ss ♦❢ ❛♥ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ❡♥❢♦r❝❡♠❡♥t ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿ ✭✶✮
❞❡✜♥❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ❢♦r ❡❛❝❤ ❝❧❛ss ♦❢ ✉s❡rs✱ ✭✷✮ ❞❡r✐✈❡ ❛ s♦✉♥❞ ❛♥❞ ❝♦♠♣❧❡t❡ ❉❚❉ s❡❝✉r✐t②
✈✐❡✇ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥✱ ✭✸✮ s✉♣♣❧② t❤❡ ✉s❡r ✇✐t❤ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ s❡❝✉r✐t② ❉❚❉
✈✐❡✇✱ ✭✹✮ ✉s❡r ✐ss✉❡s ❛ q✉❡r② ✐♥ t❡r♠s ♦❢ ❦❡♣t ❉❚❉ ✈✐❡✇✱ ✭✺✮ ❛ q✉❡r② ♦✈❡r t❤❡ ✈✐❡✇ s❝❤❡♠❛ ✐s
r❡✇r✐tt❡♥ t♦ ❛ q✉❡r② ♦✈❡r t❤❡ ✐♥✐t✐❛❧ s❝❤❡♠❛ ❛♥❞ ♦♣t✐♠✐③❡❞✱ ✭✻✮ t❤❡ ♦♣t✐♠✐③❡❞ q✉❡r② ✐s ❡✈❛❧✉❛t❡❞
♦✈❡r t❤❡ ❳▼▲ ❛♥❞ t❤❡ r❡s✉❧t ✐s r❡t✉r♥❡❞ t♦ t❤❡ r❡q✉❡st❡r✳ ❚❤❡ ❧❛t❡st ❛♣♣r♦❛❝❤ t♦ s❝❤❡♠❛✲❜❛s❡❞
s❡❝✉r✐t② ✈✐❡✇s ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ▼♦❤❛♥ ❡t ❛❧✳ ❬●❇✵✶❪✳ ❚❤❡ s♦❧✉t✐♦♥ ❛❧❧♦✇s ❛ ❝♦♠♣❧❡t❡ r❡str✉❝t✉r✲
✐♥❣ ♦❢ ❛ ❉❚❉ ❛♥❞ r❡❧✐❡s ♦♥ ❛ ❝♦♠♠❛♥❞✲❧✐❦❡ s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡✳ ❍♦✇❡✈❡r✱ ✐t ✇❛s ♠❡♥t✐♦♥❡❞
✐♥ ▼♦❤❛♥ ❡t ❛❧✳ ❬●❇✵✶❪ t❤❛t ♠❛♥② ♦♣❡r❛t✐♦♥s ❛r❡ ♥♦t ❝♦♠♠✉t❛t✐✈❡ ❛♥❞ ❤❛✈❡ r❡str✐❝t✐♦♥s t❤❛t
♠❡❛♥s ❛ ♣♦ss✐❜✐❧✐t② ♦❢ ❡rr♦rs ✇❤✐❧❡ ❞❡s✐❣♥✐♥❣ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s✳
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❆♠♦♥❣ ♠♦st ♦❢ ❡①✐st✐♥❣ ✉♣❞❛t❡ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧s✱ ❢♦r ❡❛❝❤ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥✱ ❛♥ ❳P❛t❤
❡①♣r❡ss✐♦♥ ✐s ❞❡✜♥❡❞ t♦ s♣❡❝✐❢② t❤❡ ❳▼▲ ❞❛t❛ ❛t ✇❤✐❝❤ t❤❡ ✉♣❞❛t❡ ✐s ❛♣♣❧✐❡❞✳ ❚♦ ❡♥❢♦r❝❡
❛♥ ✉♣❞❛t❡ ♣♦❧✐❝②✱ t❤❡ q✉❡r② r❡✇r✐t✐♥❣ ♣r✐♥❝✐♣❧❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✇❤❡r❡ ❡❛❝❤ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥
✭✐✳❡✳✱ ✐ts ❳P❛t❤ ❡①♣r❡ss✐♦♥✮ ✐s r❡✇r✐tt❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✉♣❞❛t❡ ❝♦♥str❛✐♥ts ✐♥t♦ ❛ s❛❢❡ ♦♥❡ ✐♥
♦r❞❡r t♦ ❜❡ ♣❡r❢♦r♠❡❞ ♦♥❧② ♦✈❡r ♣❛rts ♦❢ t❤❡ ❳▼▲ ❞❛t❛ t❤❛t ❝❛♥ ❜❡ ✉♣❞❛t❡❞ ❜② t❤❡ ✉s❡r ✇❤♦
s✉❜♠✐tt❡❞ t❤❡ ♦♣❡r❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s r❡✇r✐t✐♥❣ st❡♣ ✐s ❛❧r❡❛❞② ❝❤❛❧❧❡♥❣✐♥❣ ❢♦r ❛ s♠❛❧❧ ❝❧❛ss
♦❢ ❳P❛t❤✳ ❈♦♥s✐❞❡r t❤❡ ❞♦✇♥✇❛r❞ ❢r❛❣♠❡♥t ♦❢ ❳P❛t❤ ✇❤✐❝❤ s✉♣♣♦rts ❝❤✐❧❞ ❛♥❞ ❞❡s❝❡♥❞❛♥t✲
♦r✲s❡❧❢ ❛①❡s✱ ✉♥✐♦♥ ❛♥❞ ❝♦♠♣❧❡① ♣r❡❞✐❝❛t❡s✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t✱ ✐♥ ❝❛s❡ ♦❢ r❡❝✉rs✐✈❡ ❉❚❉s✱ ❛♥
✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ❞❡✜♥❡❞ ✐♥ t❤✐s ❢r❛❣♠❡♥t ❝❛♥♥♦t ❜❡ r❡✇r✐tt❡♥ s❛❢❡❧②✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❛ s❛❢❡
r❡✇r✐t✐♥❣ ♦❢ t❤❡ ❳P❛t❤ ❡①♣r❡ss✐♦♥ ♦❢ ❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ❝❛♥ st❛♥❞ ❢♦r ❛♥ ✐♥✜♥✐t❡ s❡t ♦❢ ♣❛t❤s
✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❞♦✇♥✇❛r❞ ❢r❛❣♠❡♥t ♦❢ ❳P❛t❤ ✭❡✈❡♥ ❜② ✉s✐♥❣ t❤❡ ✉♣✇❛r❞✲❛①❡s✿
parent✱ ancestor✱ ❛♥❞ ancestor✲or✲self✮✳

❚♦ ♦✈❡r❝♦♠❡ t❤✐s r❡✇r✐t✐♥❣ ❧✐♠✐t❛t✐♦♥✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ✬❘❡❣✉❧❛r ❳P❛t❤✬ ❧❛♥❣✉❛❣❡ ❬▼❛r✵✹❪✱
✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ❛♥❞ ❛❧❧♦✇s t♦ ❡①♣r❡ss r❡❝✉rs✐✈❡ ♣❛t❤s✳ ◆♦t❡ t❤❛t

✷✹



✷✳✸✳ ❙❡❝✉r✐♥❣ ❳▼▲ ❯♣❞❛t❡s

t❤✐s ❧❛♥❣✉❛❣❡ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ ❬❋●❏❑✵✼✱●❙❈+✵✾❪ ❢♦r t❤❡ r❡✇r✐t✐♥❣ ♦❢ r❡❛❞✲❛❝❝❡ss q✉❡r✐❡s✳ ❍♦✇✲
❡✈❡r✱ ✐t r❡♠❛✐♥s ❛ t❤❡♦r❡t✐❝❛❧ ❛❝❤✐❡✈❡♠❡♥t s✐♥❝❡ ♥♦ t♦♦❧ ❡①✐sts t♦ ❡✈❛❧✉❛t❡ ❘❡❣✉❧❛r ❳P❛t❤ q✉❡r✐❡s✳
❚❤✉s✱ ♥♦ ♣r❛❝t✐❝❛❧ s♦❧✉t✐♦♥ ❡①✐sts ❢♦r ❡♥❢♦r❝✐♥❣ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ r❡❝✉rs✐✈❡ ❉❚❉s✳

■♥ t❤❡ s❛♠❡ ✇♦r❦ ❬❋▼✵✼❪✱ ❋✉♥❞✉❧❛❦✐ ❡t ❛❧✳ ♣r❡s❡♥t ❛♥♦t❤❡r ✈❡rs✐♦♥ ♦❢ t❤❡✐r ❧❛♥❣✉❛❣❡ ❳❆❈❯✱
❝❛❧❧❡❞ t❤❡ ❳❆❈❯annot✱ ✐♥ ♦r❞❡r t♦ s♣❡❝✐❢② ✉♣❞❛t❡ ♣♦❧✐❝✐❡s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❉❚❉ ❣r❛♠♠❛r✳ ❚❤❡
❳❆❈❯annot ✐s ❜❛s❡❞ ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ s❝❤❡♠❛ ❛♥♥♦t❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❬❋❈●✵✹❛❪✳ ❆♥ ❳❆❈❯annot

❛♥♥♦t❛t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠ ❛♥♥✭gpath✱ op✮❂Y |N |[Q] ✇❤❡r❡✿ ✭✶✮ ❣♣❛t❤ ✐s ❛ ❢✉❧❧ ❳P❛t❤ ❡①♣r❡ss✐♦♥
❞❡✜♥❡❞ ❢r♦♠ t❤❡ r♦♦t ♦❢ t❤❡ ❉❚❉ ✐♥t♦ t❤❡ ♥♦❞❡ ❝♦♥❝❡r♥❡❞ ❜② t❤❡ ✉♣❞❛t❡✱ ✭✷✮ ♦♣ ✐s ❛♥ ✉♣❞❛t❡
♦♣❡r❛t✐♦♥✱ ❛♥❞ ✭✸✮ t❤❡ ✈❛❧✉❡s Y |N |[Q] s♣❡❝✐❢② t❤❛t t❤❡ ✉s❡r ❝❛♥ ✭Y ✮ | ❝❛♥♥♦t✭N✮ | ❝❛♥ ✐❢ t❤❡
❳P❛t❤ ❡①♣r❡ss✐♦♥ Q ✐s tr✉❡✱ ♣❡r❢♦r♠ ♦♣❡r❛t✐♦♥ ♦♣ ❛t ♥♦❞❡s r❡t✉r♥❡❞ ❜② ❣♣❛t❤✳ ❚❤✐s ♠♦❞❡❧ ❝❛♥
❜❡ ❛♣♣❧✐❡❞ ♦♥❧② ❢♦r ♥♦♥✲r❡❝✉rs✐✈❡ ❉❚❉s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✉♣❞❛t❡ ♣♦❧✐❝② ♦❢ ❊①❛♠♣❧❡ ✺✳✹ ❝❛♥♥♦t
❜❡ ❞❡✜♥❡❞ ❜② t❤❡ ❳❆❈❯annot ❧❛♥❣✉❛❣❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❳P❛t❤ ❡①♣r❡ss✐♦♥s ❞❡♥♦t✐♥❣ tr❡❛t♠❡♥ts
❞❛t❛ ❞♦♥❡ ❜② ❛ ❣✐✈❡♥ ❞♦❝t♦r st❛♥❞ ❢♦r ❛♥ ✐♥✜♥✐t❡ s❡t ♦❢ ♣❛t❤s✳ ❋♦r ❛♥② ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ op✱ t❤❡
❛❞❡q✉❛t❡ ❛♥♥♦t❛t✐♦♥ ❝♦✉❧❞ ❜❡✿

❛♥♥✭✴✴intervention❬doctor✴dname =✩❞♥❛♠❡❪✴
✭treatment✴diagnosis✴implies✮∗✴treatment✱ op✮= Y

❍♦✇❡✈❡r✱ t❤❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ✬∗✬ ✐s ♦✉ts✐❞❡ t❤❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ t❤❡ st❛♥❞❛r❞
❳P❛t❤ ❬t❈✵✻❪✳
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❈❤❛♣t❡r ✷✳ ❙t❛t❡ ♦❢ t❤❡ ❆rt
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✸

❳▼▲ ❇❛❝❦❣r♦✉♥❞

❈♦♥t❡♥ts

✸✳✶ ❉♦❝✉♠❡♥t ❚②♣❡ ❉❡✜♥✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✶✳✶ ❉❚❉ ●r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✶✳✷ ❊①t❡♥❞❡❞ ❉❚❉s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✷ ❳▼▲ ❉♦❝✉♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✸ ❳P❛t❤ ◗✉❡r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✸✳✶ ❙❡♠❛♥t✐❝s ❛♥❞ ❊q✉✐✈❛❧❡♥❝❡s ♦❢ ♦✉r ❳P❛t❤ ◗✉❡r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✹ ❘❡❣✉❧❛r ❳P❛t❤ ◗✉❡r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸✳✺ ❳▼▲ ❯♣❞❛t❡ ❖♣❡r❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ s❡❝✉r✐♥❣ ❳▼▲ ❞❛t❛ ♣r♦t❡❝t❡❞ ✉s✐♥❣ ❛r❜✐tr❛r② s❡❝✉r✐t② ✈✐❡✇s✳
❚❤❡s❡ ✈✐❡✇s ❛r❡ ❞❡✜♥❡❞ ❜② ❛ss♦❝✐❛t✐♥❣ s♦♠❡ s❡❝✉r✐t② ❛ttr✐❜✉t❡s t♦ t❤❡ s❝❤❡♠❛s t❤❛t ❝♦rr❡s♣♦♥❞
t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ ❳▼▲ ❞♦❝✉♠❡♥ts ✭❙t♦✐❝❛ ❛♥❞ ❋❛r❦❛s ❬❙❋✵✷❛❪✮✳ ❚❤❡ ✉s❡r ❝❛♥ q✉❡r② t❤❡ ❞❛t❛
✈✐❡✇s t❤r♦✉❣❤ ❛♥② ❳▼▲ q✉❡r② ❧❛♥❣✉❛❣❡✳ ❚❤❡ ❳▼▲ ✈✐❡✇s t❤❛t ✇❡ ❝♦♥s✐❞❡r ❛r❡ ❞❡✜♥❡❞ ✉s✐♥❣
❉❚❉ ❣r❛♠♠❛rs ✭t❤✉s✱ ❞❡✜♥✐t✐♦♥ ♦❢ ❳▼▲ s❝❤❡♠❛ ❬❳▼▲❪ ✐s ♦♠✐tt❡❞ ❤❡r❡✮ ✇❤✐❧❡ t❤❡ ❳P❛t❤ q✉❡r②
❧❛♥❣✉❛❣❡ ❬❇❇❈+✶✵❪ ✐s ✉s❡❞ t♦ q✉❡r② s✉❝❤ ✈✐❡✇s✳ ❚❤❡ ❝✉rr❡♥t ❝❤❛♣t❡r ♣r❡s❡♥ts s♦♠❡ ❜❛s✐❝ ♥♦t✐♦♥s
❛♥❞ ❞❡✜♥✐t✐♦♥s t❤❛t ❛r❡ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s ♠❛♥✉s❝r✐♣t✳ ❲❡ ❞❡✜♥❡ s♦♠❡ ❦❡② ♣r♦❜❧❡♠s t❤❛t
❤❛✈❡ ♠♦t✐✈❛t❡❞ ♦✉r ❝♦♥tr✐❜✉t✐♦♥s✳

✸✳✶ ❉♦❝✉♠❡♥t ❚②♣❡ ❉❡✜♥✐t✐♦♥s

❉❡✜♥✐t✐♦♥ ✸✳✶ ✭❉❚❉ ❬❘❈❉+✵✽❪✮✳ ❆ ❉♦❝✉♠❡♥t ❚②♣❡ ❉❡✜♥✐t✐♦♥ ✭❉❚❉✮ D ✐s ❛ tr✐♣❧❡ ✭Σ✱ P ✱
Root✮✱ ✇❤❡r❡ Σ ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❡❧❡♠❡♥t t②♣❡s❀ Root ✐s ❛ ❞✐st✐♥❣✉✐s❤❡❞ t②♣❡ ✐♥ Σ ❝❛❧❧❡❞ t❤❡ r♦♦t
t②♣❡❀ ❛♥❞ P ✐s ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥✐♥❣ ❡❧❡♠❡♥t t②♣❡s s✉❝❤ t❤❛t ❢♦r ❛♥② A ✐♥ Σ✱ P ✭A✮ ✐s ❛ r❡❣✉❧❛r
❡①♣r❡ss✐♦♥ α✱ ❝❛❧❧❡❞ t❤❡ ❝♦♥t❡♥t ♠♦❞❡❧ ♦❢ A✱ ❛♥❞ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

α ✿❂ str | ǫ | B | α✬✱✬α | α✬|✬α | α✯ | α✰ | α❄

✇❤❡r❡ str ❞❡♥♦t❡s t❤❡ t❡①t t②♣❡ P❈❉❆❚❆✱ ǫ ✐s t❤❡ ❡♠♣t② ✇♦r❞✱ ❇ ✐s ❛♥ ❡❧❡♠❡♥t t②♣❡ ✐♥ Σ✱ α✬✱✬α
❞❡♥♦t❡s ❝♦♥❝❛t❡♥❛t✐♦♥✱ ❛♥❞ α✬|✬α ❞❡♥♦t❡s ❞✐s❥✉♥❝t✐♦♥✳ ❲❡ r❡❢❡r t♦ ❆ → P✭A✮ ❛s t❤❡ ♣r♦❞✉❝t✐♦♥
r✉❧❡ ♦❢ ❆✳ ❋♦r ❡❛❝❤ ❡❧❡♠❡♥t t②♣❡ ❇ ♦❝❝✉rr✐♥❣ ✐♥ P ✭A✮✱ ✇❡ r❡❢❡r t♦ ❇ ❛s ❛ ❝❤✐❧❞ t②♣❡ ♦❢ ❆ ❛♥❞ t♦
❆ ❛s ❛ ♣❛r❡♥t t②♣❡ ♦❢ ❇✳ ▼♦r❡♦✈❡r✱ P ✭A✮ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡ ♦♣❡r❛t♦rs ✬✯✬ ✭s❡t ✇✐t❤ ③❡r♦ ♦r
♠♦r❡ ❡❧❡♠❡♥ts✮✱ ✬✰✬ ✭s❡t ✇✐t❤ ♦♥❡ ♦r ♠♦r❡ ❡❧❡♠❡♥ts✮✱ ❛♥❞ ✬❄✬ ✭♦♣t✐♦♥❛❧ s❡t ♦❢ ❡❧❡♠❡♥ts✮✳ ❆ ❉❚❉
D ✐s r❡❝✉rs✐✈❡ ✐❢ s♦♠❡ ❡❧❡♠❡♥t t②♣❡ ❆ ✐s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ✐ts❡❧❢ ❞✐r❡❝t❧② ♦r ✐♥❞✐r❡❝t❧②✳

✷✼



❈❤❛♣t❡r ✸✳ ❳▼▲ ❇❛❝❦❣r♦✉♥❞

❚❤✐s ❉❚❉ ❞❡✜♥✐t✐♦♥ ❛❧❧♦✇s ❝♦♠♣❧❡① ❝♦♥t❡♥ts ✭✐✳❡✳ ❝♦♥t❡♥ts ✇✐t❤ ❜♦t❤ ✏,✑ ❛♥❞ ✏ |✑✮✱ ❛s ✇❡❧❧ ❛s
♠✐①❡❞ ❝♦♥t❡♥ts t❤❛t ❛r❡ ♠✐①t✉r❡ ♦❢ t❡①t ❛♥❞ ❡❧❡♠❡♥ts✳ ❊①❛♠♣❧❡s ♦❢ t❤❡s❡ t②♣❡s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣✳

❊①❛♠♣❧❡ ✸✳✶✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞❡♣❛rt♠❡♥t ❉❚❉ ✭Σ✱ P ✱ dept✮ ✇❤❡r❡ Σ❂{ dept✱ course✱
project✱ cname✱ takenBy✱ givenBy✱ students✱ scholarship✱ student✱ sname✱ mark✱ professor✱
pname✱ grade✱ type✱ private✱ public✱ descp✱ results✱ result✱ members✱ member✱ name✱ qualif ✱
theoretical✱ experimental✱ sub✲project }✳ ❚❤❡ ♣r♦❞✉❝t✐♦♥ r✉❧❡s ♦❢ t❤✐s ❉❚❉ ❛r❡ ❞❡✜♥❡❞ ❛s
❢♦❧❧♦✇s✿

dept → ✭course✰✱ project✯✮
course → ✭cname✱ takenBy✱ givenBy✮
takenBy → ✭students✮
students → ✭scholarship❄✱ student✰✮
scholarship → ✭student✰✮
student → ✭sname✱ mark✮
givenBy → ✭professor✰✮
professor → ✭pname✱ grade✮
project → ✭type✱ descp✱ results✱ members✱ sub✲project✮
type → ✭private | public✮
results → ✭str | result✮✯
members → ✭member✰✮
member → ✭name✱ qualif ✱ ✭theoretical | experimental✮✯✮
sub✲project → ✭project✯✮

❚❤❡ ❡❧❡♠❡♥t t②♣❡s ♣r✐✈❛t❡ ❛♥❞ ♣✉❜❧✐❝ ❛r❡ ❡♠♣t②✱ ✇❤✐❧❡ t❤❡ r❡♠❛✐♥✐♥❣ ❡❧❡♠❡♥t t②♣❡s ✭❡✳❣✳ ♠❛r❦✱
r❡s✉❧t✮ ❛r❡ t❡①t ❡❧❡♠❡♥ts✳ ❆ ❞❡♣❛rt♠❡♥t ❡❧❡♠❡♥t ❤❛s ❛ ❧✐st ♦❢ ❝♦✉rs❡ ❡❧❡♠❡♥ts ❛s ✇❡❧❧ ❛s ♦♥❡
♦r ♠♦r❡ ♣r♦❥❡❝t ❡❧❡♠❡♥ts✳ ❆ ❝♦✉rs❡ ❝♦♥s✐sts ♦❢ ❝♥❛♠❡ ✭❝♦✉rs❡ ♥❛♠❡✮✱ ❛♥❞ ❧✐sts ♦❢ st✉❞❡♥ts ❛♥❞
♣r♦❢❡ss♦r ❡❧❡♠❡♥ts ❞❡✜♥❡❞ ✈✐❛ t❤❡ r❡❧❛t✐♦♥s t❛❦❡♥❇② ❛♥❞ ❣✐✈❡♥❇② r❡s♣❡❝t✐✈❡❧②✳ ❆ st✉❞❡♥t ✇❤♦
❤❛s r❡❣✐st❡r❡❞ ❢♦r t❤❡ ❝♦✉rs❡ ❤❛s ❛ ♥❛♠❡ ✭s♥❛♠❡✮✱ ❛ ♠❛r❦ ❛♥❞ ♠❛② ❤♦❧❞ ❛ s❝❤♦❧❛rs❤✐♣✳ ❆
♣r♦❢❡ss♦r ✐s ❞❡✜♥❡❞ ❜② ❤✐s ♥❛♠❡ ✭♣♥❛♠❡✮ ❛♥❞ ❣r❛❞❡✳ ❆ ♣r♦❥❡❝t ✐s ♣r❡s❡♥t❡❞ ❜② ✐ts t②♣❡ ✭t❤❛t ❝❛♥
❜❡ ❡✐t❤❡r ♣r✐✈❛t❡ ♦r ♣✉❜❧✐❝✮✱ ❛ ❞❡s❝r✐♣t✐♦♥ ✭❞❡s❝♣✮✱ s♦♠❡ r❡s✉❧ts✱ ❛♥❞ ♠❛② ❜❡ ❝♦♠♣♦s❡❞ ❜② ♦♥❡ ♦r
♠♦r❡ s✉❜✲♣r♦❥❡❝t✳ ❆ ♠❡♠❜❡r ♦❢ ❛ ❣✐✈❡♥ ♣r♦❥❡❝t ✐s ♣r❡s❡♥t❡❞ ❜② ❤✐s ♥❛♠❡✱ ❛ q✉❛❧✐✜❝❛t✐♦♥ ✭❞❡♥♦t❡❞
q✉❛❧✐❢ t❤❛t ❝❛♥ ❜❡ ♣r♦❢❡ss♦r✱ st✉❞❡♥t✱ ❡①t❡r♥❛❧ r❡s❡❛r❝❤❡r ❡t❝✳✮✱ ❛♥❞ ❛ ❧✐st ♦❢ ❤✐s ❝♦♥tr✐❜✉t✐♦♥s
✭t❤❛t ❝❛♥ ❜❡ ❡✐t❤❡r t❤❡♦r❡t✐❝❛❧ ♦r ❡①♣❡r✐♠❡♥t❛❧✮✳ ◆♦t✐❝❡ t❤❛t results ❡❧❡♠❡♥t t②♣❡ ❤❛s ♠✐①❡❞
❝♦♥t❡♥t ✭❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❡①t ✈❛❧✉❡s t❤❛t s❡r✈❡ ❛s ❝♦♠♠❡♥ts✱ ❛♥❞ result ❡❧❡♠❡♥ts✮✳ ▼♦r❡♦✈❡r✱
member ❡❧❡♠❡♥t t②♣❡ ❤❛s ❝♦♠♣❧❡① ❝♦♥t❡♥t✱ ✐✳❡✳ ❛ s❡q✉❡♥❝❡ ❝♦♥t❛✐♥❡r t❤❛t ❤❛s t❤❡ ❝❤♦✐❝❡ ❝♦♥t❛✐♥❡r
✭theoretical | experimental✮✯✳ �

❆✉t❤♦rs ♦❢ ❬❋❈●✵✹❛❪ ✉s❡ ❉❚❉s ✐♥ ♥♦r♠❛❧ ❢♦r♠ t❤❛t ❞♦ ♥♦t ❝♦♥t❛✐♥ ♠✐①❡❞ ❝♦♥t❛✐♥❡rs ✭✐✳❡✳ t❤❡
❝♦♥t❡♥t ♦❢ ❛♥② ❡❧❡♠❡♥t t②♣❡ ♠✉st ❜❡ ❡✐t❤❡r ❝♦♥❥✉♥❝t✐♦♥ ♦r ❞✐s❥✉♥❝t✐♦♥ ♦❢ s✉❜❡❧❡♠❡♥t t②♣❡s✮✳ ❋♦r
✐♥st❛♥❝❡✱ t❤❡ ❡❧❡♠❡♥t t②♣❡ member ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡ ✐s ❞❡✜♥❡❞ ✇✐t❤ ❛ ♠✐①❡❞ ❝♦♥t❛✐♥❡r✱
t❤✉s t❤❡ ❞❡♣❛rt♠❡♥t ❉❚❉ ✐s ♥♦t ✐♥ ♥♦r♠❛❧ ❢♦r♠✳ ❆ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞❡♣❛rt♠❡♥t ❉❚❉ ❝❛♥
❜❡ ❞♦♥❡ ❜② ❝❤❛♥❣✐♥❣ ♦♥❧② t❤❡ ❝♦♥t❡♥t ♦❢ member ❡❧❡♠❡♥t t②♣❡ ❛s ❢♦❧❧♦✇s✿

member → ✭name✱ qualif ✱ contribution✮
contribution → ✭theoretical ⑤ experimental✮✯

✷✽



✸✳✶✳ ❉♦❝✉♠❡♥t ❚②♣❡ ❉❡✜♥✐t✐♦♥s

✇✐t❤ t❤✐s ♥❡✇ ❝♦♥t❡♥t t②♣❡ t❤❡ ❞❡♣❛rt♠❡♥t ❉❚❉ ❜❡❝♦♠❡s ✐♥ ♥♦r♠❛❧ ❢♦r♠✳ ❆✉t❤♦rs ♦❢ ❬❋❈●✵✹❛❪
❝❧❛✐♠ t❤❛t ❛♥② ❉❚❉ ♠❛② ❜❡ ♥♦r♠❛❧✐③❡❞ ✐♥ t❤❡ ♣✉r♣♦s❡ t♦ ❡❛s✐❧② ❞❡r✐✈❡ ✐ts ✈✐❡✇ ✇✐t❤ r❡s♣❡❝t
t♦ s♦♠❡ ❛❝❝❡ss r✐❣❤ts✳ ❚♦ ❦❡❡♣ ❉❚❉s ✐♥ ♥♦r♠❛❧ ❢♦r♠✱ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❡❧❡♠❡♥t t②♣❡s ♠❛② ❜❡
❛❞❞❡❞ ❛s ✇❡ ❤❛✈❡ ❞♦♥❡ ✇✐t❤ t❤❡ ❝♦♥t❡♥t ♦❢ ❡❧❡♠❡♥t t②♣❡ member✳ ◆♦t❡ t❤❛t ✐♥ ❝❛s❡ ♦❢ ♣♦❧✐❝②
❡♥❢♦r❝❡♠❡♥t✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❡❧❡♠❡♥t t②♣❡s ♠❛② r❡✢❡❝t t❤❡ str✉❝t✉r❡ ♦❢ s♦♠❡ s❡♥s✐t✐✈❡ ❞❛t❛ t❤❛t
s❤♦✉❧❞ ❜❡ ❤✐❞❞❡♥ ✇✐t❤ t❤❡ ❉❚❉ ✈✐❡✇✳

✸✳✶✳✶ ❉❚❉ ●r❛♣❤s

■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ♥♦♥✲r❡❝✉rs✐✈❡ ❉❚❉s ♠❛② ❜❡ ♠♦❞❡❧❡❞ ❛s ❛ ❉❆●✳ ❍♦✇❡✈❡r✱ ❛r❜✐tr❛r② ❉❚❉s
❞❡s❡r✈❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ s♣❡❝✐❛❧ str✉❝t✉r❡ ✐♥ ♦r❞❡r t♦ ♠♦❞❡❧ ♦r❞❡r ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts ❛♥❞
t❤❡✐r ❞❡♣❡♥❞❡♥❝✐❡s ✭❞❡✜♥❡❞ ✇✐t❤ ♦♣❡r❛t♦rs ∗✱ +✱ ❡t❝✳✮✱ ❝②❝❧❡s ❛♥❞ ❛❧❧ ❉❚❉s ✐♥❢♦r♠❛t✐♦♥✳ ❚♦ t❤❡
❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ s✉❝❤ str✉❝t✉r❡ ❡①✐sts ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❑✉♣❡r ❡t
❛❧✳ ❬❑▼❘✵✾❪ ❤❛✈❡ ✐♥❢♦r♠❛❧❧② ✐♥tr♦❞✉❝❡❞ ❛♥ ❡①♣r❡ss✐✈❡ ❣r❛♣❤ r❡♣r❡s❡♥t❛t✐♦♥ t♦ ♠♦❞❡❧ ❛❧❧ ❉❚❉s✳
❲❡ r❡✜♥❡ ❤❡r❡ t❤❡✐r str✉❝t✉r❡✱ ❝❛❧❧❡❞ ❉❚❉ ❣r❛♣❤✱ ❛♥❞ ❣✐✈❡ ❛ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ✐t✳

❇❛s❡❞ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ♠✉❧t✐❣r❛♣❤ ❛♥❞ ❡❞❣❡✲♦r❞❡r❡❞ ❣r❛♣❤ ❬●❨✵✸✱ ❏❇✾✾✱❚❑❈❲✵✾❪✱ ✇❡
❞❡✜♥❡ ✜rst ♦✉r ❣r❛♣❤ str✉❝t✉r❡ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✸✳✷ ✭●r❛♣❤ str✉❝t✉r❡✮✳ ❆ r♦♦t❡❞ ✈❡rt❡①✲❧❛❜❡❧❡❞ ❡❞❣❡✲♦r❞❡r❡❞ ❞✐r❡❝t❡❞ ♠✉❧t✐❣r❛♣❤
✐s ❛ str✉❝t✉r❡ G❂(Σ, V, E, λV , vrt, Order)✱ ✇❤❡r❡ Σ ✐s ❛ s❡t ♦❢ ❧❛❜❡❧s✱ V ✐s ❛ s❡t ♦❢ ✈❡rt✐❝❡s✱
E = {(vi, vj) | vi, vj ∈ V } ✐s ❛ ♠✉❧t✐s❡t ♦❢ ❡❞❣❡s✱ λV ✿ V → Σ ❛ss✐❣♥s ❛ ❧❛❜❡❧ t♦ ❡❛❝❤ ✈❡rt❡①✱
vrt ∈ V ✐s ❛ ❞✐st✐♥❣✉✐s❤❡❞ r♦♦t ✈❡rt❡①✱ Order✿ N × V → V ❞❡✜♥❡s ❛ ✉♥✐q✉❡ ♦r❞❡r ❜❡t✇❡❡♥
❝❤✐❧❞r❡♥ ♦❢ ❛♥② ✈❡rt❡① v ♦❢ V s✉❝❤ t❤❛t✿ Order(i, v) ❞❡♥♦t❡s t❤❡ ith ❝❤✐❧❞ ♦❢ v✳ �

●✐✈❡♥ ❛ ❣r❛♣❤ G = (Σ, V, E, λV , vrt, Order)❀ ❛r✐t②(v) = |{(v, v′) | (v, v′) ∈ E}| ✐s ❛ ❢✉♥❝t✐♦♥
t❤❛t✱ ❢♦r ❛ ❣✐✈❡♥ ✈❡rt❡① v ∈ V ✱ ❝♦♠♣✉t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✐ts ❝❤✐❧❞r❡♥ ✐♥ G✳ ❇❛s❡❞ ♦♥ t❤❡ ❣r❛♣❤
str✉❝t✉r❡ ❞❡✜♥❡❞ ❛❜♦✈❡✱ ✇❡ ❢♦r♠❛❧✐③❡ ♦✉r ♥♦t✐♦♥ ♦❢ ❉❚❉ ❣r❛♣❤ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✸✳✸ ✭❉❚❉ ❣r❛♣❤✮✳ ❆ ❉❚❉ ❣r❛♣❤ ✐s ❛ ❣r❛♣❤ G = (Σ, V, E, λV , vrt, Order) ✇❤✐❝❤
s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✶✳ Σ = Σ1 ⊎ {·, |, ∗,+, ?, str} ✭✇❤❡r❡ Σ1 r❡♣r❡s❡♥ts t❤❡ ❡❧❡♠❡♥t t②♣❡s ♦❢ D✮❀

✷✳ λV (vrt) ∈ Σ1❀

✸✳ ❋♦r ❛♥② A ✐♥ Σ1✱ t❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡ ✈❡rt❡① v ✐♥ V s✉❝❤ t❤❛t✿ λV (v) = A❀

❋♦r ❡❛❝❤ v ✐♥ V ✇❡ ❤❛✈❡✿

✹✳ ❛r✐t②(v) = 0 ✐❢ λV (v) = str ♦r λV (v) ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡❧❡♠❡♥t t②♣❡ ✇✐t❤ ❡♠♣t② ❝♦♥t❡♥t❀

✺✳ ❛r✐t②(v) ≥ 2 ✐❢ λV (v) ∈ {·, |}❀

✻✳ ❛r✐t②(v) = 1 ✐❢ λV (v) ∈ {∗,+, ?}❀

✼✳ ❛r✐t②(v) ≤ 1 ✐❢ λV (v) ∈ Σ1❀

✽✳ ■❢ λV (v) ∈ {·, |}✱ t❤❡♥ Order(i, v) ♠✉st ❜❡ ❞❡✜♥❡❞ ❢♦r ❛♥② 1 ≤ i ≤ ❛r✐t②(v)✳ �

✷✾



❈❤❛♣t❡r ✸✳ ❳▼▲ ❇❛❝❦❣r♦✉♥❞

●✐✈❡♥ ❛ ❉❚❉ D✱ ✐ts ❉❚❉ ❣r❛♣❤ ✐s ❞❡♥♦t❡❞ ❜② GD ✇❤❡r❡ ❡❛❝❤ ✈❡rt❡① v r❡♣r❡s❡♥ts ❡✐t❤❡r ❛♥
❡❧❡♠❡♥t t②♣❡ ♦❢ D✱ ✐❢ λV (v) ∈ Σ1✱ ❛ t❡①t ♥♦❞❡ ✐❢ λV (v) = str✱ ♦r ❛♥ ♦♣❡r❛t♦r ♦t❤❡r✇✐s❡✳ ❋♦r ❡❛❝❤
❡❧❡♠❡♥t t②♣❡ A ♦❢ D✱ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ♥♦❞❡ ✐♥ GD t❤❛t ✐s ❧❛❜❡❧❡❞ ✇✐t❤ A✳ ❍♦✇❡✈❡r✱ t❤❡r❡
✐s ❛ ♥♦❞❡ ❧❛❜❡❧❡❞ ✇✐t❤ ✏·✑✱ ✏ |✑✱ ✏str✑✱ ✏∗✑✱ ✏+✑✱ ♦r ✏?✑ ❢♦r ❡❛❝❤ ♦❝❝✉rr❡♥❝❡ ♦❢ s❡q✉❡♥❝❡ ❝♦♥t❛✐♥❡r✱
❝❤♦✐❝❡ ❝♦♥t❛✐♥❡r✱ str ❞❡✜♥✐t✐♦♥✱ ♦♣❡r❛t♦rs ∗✱ +✱ ♦r ? ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ r✉❧❡s ♦❢ D✳ ❆ ❉❚❉
❣r❛♣❤ ✐s ❝②❝❧✐❝ ✐❢ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❉❚❉ ✐s r❡❝✉rs✐✈❡✳ ❆❝❝♦r❞✐♥❣ t♦ ♦✉r ❉❚❉ ❞❡✜♥✐t✐♦♥ ✸✳✶✱ ❛ B
s✉❜❡❧❡♠❡♥t t②♣❡ ♦❢ ❛♥ A ❡❧❡♠❡♥t t②♣❡ ♠❛② ❛♣♣❡❛r ♠♦r❡ t❤❛♥ ♦♥❝❡ ✐♥ P (A) ✭❡✳❣✳ A → B,C,B✮✳
❚❤✉s✱ t❤❡r❡ ♠❛② ❜❡ ✐♥ GD ♠♦r❡ t❤❛♥ ♦♥❡ ❡❞❣❡ ❝♦♥♥❡❝t✐♥❣ t❤❡ s❛♠❡ ♦r❞❡r❡❞ ♣❛✐r ♦❢ ✈❡rt✐❝❡s✳
❚❤❡s❡ ❡❞❣❡s ❛r❡ ❝❛❧❧❡❞ ♠✉❧t✐♣❧❡ ❡❞❣❡s ✭✐✳❡✳ ❡❞❣❡s ✇✐t❤ t❤❡ s❛♠❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t ✈❡rt✐❝❡s✮ ❛♥❞
❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♠✉❧t✐s❡t E✳ ❆ ❉❚❉ ❣r❛♣❤ ✐s s✐♠♣❧❡ ✐❢ ✐t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ♠✉❧t✐♣❧❡ ❡❞❣❡s✱
♦t❤❡r✇✐s❡✱ ✐t ✐s ❝❛❧❧❡❞ ♠✉❧t✐❣r❛♣❤ ❬●❨✵✸❪✳

❙✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r ♦r❞❡r❡❞ ❳▼▲ tr❡❡s✱ ❢♦r ❛ ❣✐✈❡♥ ♣r♦❞✉❝t✐♦♥ r✉❧❡ A→ α1, . . . , αk ✐♥ ❛ ❉❚❉ D
✭r❡s♣✳ A→ α1+ . . .+αk✮✱ ♦r❞❡r ❞❡✜♥❡❞ ❜❡t✇❡❡♥ ❡❧❡♠❡♥t t②♣❡s ❛♥❞ ♦♣❡r❛t♦rs ♦❢ ❡❛❝❤ αi ♠✉st ❜❡
♣r❡s❡r✈❡❞ ✐♥ t❤❡ ❉❚❉ ❣r❛♣❤ GD ♦❢ D✳ ❆♥ ❡①♣r❡ss✐♦♥ α1, . . . , αk ✭r❡s♣✳ α1+ . . .+αk✮ ✐s ♣r❡s❡♥t❡❞
✐♥ GD ❜② ❛ s✉❜❣r❛♣❤ r♦♦t❡❞ ❛t ✈❡rt❡① v ✇✐t❤ ❧❛❜❡❧ ✏·✑ ✭r❡s♣✳ ✏⑤✑✮✳ ❚❤✐s ✈❡rt❡① ❤❛s k ❝❤✐❧❞r❡♥
vα1 , . . . , vαk

✇❤❡r❡ ❡❛❝❤ ✈❡rt❡① vαi
r❡♣r❡s❡♥ts t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ s✉❜✲❡①♣r❡ss✐♦♥ αi✳ ■♥ ♦r❞❡r t♦

♣r❡s❡r✈❡ t❤❡ ♦r❞❡r ❞❡✜♥❡❞ ❜❡t✇❡❡♥ s✉❜✲❡①♣r❡ss✐♦♥s αi ✐♥ D✱ t❤❡ ❡❞❣❡s (v, vα1), . . . , (v, vαk
) ♠✉st

❜❡ ✉♥✐q✉❡❧② ♦r❞❡r❡❞✳ ❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ ❢✉♥❝t✐♦♥ Order ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✷ ♠✉st ❜❡ ❡①♣❧✐❝✐t❧②
❞❡✜♥❡❞ ❢♦r ❡❛❝❤ ✈❡rt❡① ♦❢ GD ✇✐t❤ ❧❛❜❡❧ ✏·✑ ♦r ✏ |✑ ✭❝♦♥❞✐t✐♦♥ ✭✽✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✸✮✳ ■♥ ❛ ♥✉ts❤❡❧❧✱
❝♦♥s✐❞❡r t❤❡ ♣r♦❞✉❝t✐♦♥ r✉❧❡ A → α ❛♥❞ ❧❡t vA ❜❡ t❤❡ ✈❡rt❡① r❡♣r❡s❡♥t✐♥❣ ❡❧❡♠❡♥t t②♣❡ A ✐♥
❛ ❣✐✈❡♥ ❉❚❉ ❣r❛♣❤ GD✳ ❚❤❡ ✈❡rt❡① vA ❤❛s ♥♦ ❝❤✐❧❞ ✐❢ α = ǫ❀ ♦t❤❡r✇✐s❡✱ ✐t ❤❛s ❛ ❝❤✐❧❞ vα
r❡♣r❡s❡♥t✐♥❣ t❤❡ str✉❝t✉r❡ α ♦❢ A✳ ■❢ t❤❡ ✈❡rt❡① vα ❤❛s ♥♦ ❝❤✐❧❞r❡♥ t❤❡♥ ❡✐t❤❡r λV (vα)❂str ✭✐✳❡✳
A → str✮❀ ♦r✱ λV (vα)❂B ✭✐✳❡✳ A → B✮✳ ■❢ t❤❡ ✈❡rt❡① vα ❤❛s ❝❤✐❧❞r❡♥ v1, . . . , vk ✭k ≥ 1✮✱ t❤❡♥ ❛
✉♥✐q✉❡ ♦r❞❡r ✐s ❞❡✜♥❡❞✱ ✉s✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ Order✱ ❜❡t✇❡❡♥ t❤❡ ❡❞❣❡s (vα, v1), . . . , (vα, vk)✱ ❛♥❞
t❤✐s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❡❧❡♠❡♥t t②♣❡s ❛♥❞✴♦r ♦♣❡r❛t♦rs λV (v1), . . . , λV (vk) ❢r♦♠ ❧❡❢t
t♦ r✐❣❤t ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ α✳ ❉✉❡ t♦ t❤✐s ♦r❞❡r✱ ✇❡ ❞❡✜♥❡ ♦✉r ❉❚❉ ❣r❛♣❤s ❛s ❡❞❣❡✲♦r❞❡r❡❞ ❣r❛♣❤s✳

❊①❛♠♣❧❡ ✸✳✷✳ ❋✐❣✉r❡ ✸✳✶ ❞❡♣✐❝ts t❤❡ ❉❚❉ ❣r❛♣❤ Gdepartment ♦❢ t❤❡ ❞❡♣❛rt♠❡♥t ❉❚❉ ♦❢
❊①❛♠♣❧❡ ✸✳✶ ✭t❤❡ ♥♦❞❡s ❛r❡ ❞❡♣✐❝t❡❞ ❜② t❤❡✐r ❧❛❜❡❧s✮✳ ❲❡ ♦♠✐t t❤❡ ❝♦♠♣❧❡t❡ ❞❡✜♥✐t✐♦♥
(Σ, V, E, λV , vr, Order) ♦❢ Gdepartment s✐♥❝❡ ✐t ❝❛♥ ❜❡ ❡❛s✐❧② ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✸✳✸✳
■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ❡①❛♠♣❧❡✱ ♥❛♠❡s ✐♥ ♣❛r❡♥t❤❡s❡s ❛r❡ ❛❜❜r❡✈✐❛t✐♦♥s ♦❢ ✈❡rt✐❝❡s✳ ❈♦♥s✐❞❡r
t❤❡ s✐♠♣❧❡ ❝❛s❡ ♦❢ ❡❧❡♠❡♥t t②♣❡ givenBy✱ Gdepartment ❝♦♥t❛✐♥s ❛ ✈❡rt❡① ❧❛❜❡❧❡❞ ✇✐t❤ givenBy
✭vgivenBy✮✳ ❙✐♥❝❡ P ✭givenBy✮ ✐s ❡♥❝❧♦s❡❞ ❜② +✱ ✈❡rt❡① vgivenBy ❤❛s ❛ ❝❤✐❧❞ ❧❛❜❡❧❡❞ ✇✐t❤ ⊕ ✭v⊕✮✱
v⊕ ♣♦✐♥ts t♦ ❛ ✈❡rt❡① ❧❛❜❡❧❡❞ professor ✭vprofessor✮ t❤❛t r❡♣r❡s❡♥ts t❤❡ ❡❧❡♠❡♥t t②♣❡ professor✳
▼♦r❡♦✈❡r✱ s✐♥❝❡ P ✭professor✮ ✐s ❛ s❡q✉❡♥❝❡ ❝♦♥t❛✐♥❡r✱ ✈❡rt❡① vprofessor ❤❛s ❛ ❝❤✐❧❞ ❧❛❜❡❧❡❞ ✇✐t❤
⊙ ✭v⊙✮✱ v⊙ ❤❛s t✇♦ ✈❡rt✐❝❡s ❧❛❜❡❧❡❞ ✇✐t❤ pname ❛♥❞ grade ✭vpname ❛♥❞ vgrade r❡s♣✳✮ r❡♣✲
r❡s❡♥t✐♥❣ ❡❧❡♠❡♥t t②♣❡s pname ❛♥❞ grade r❡s♣❡❝t✐✈❡❧②✱ ❡❛❝❤ ♦❢ t❤❡s❡ ❧❛tt❡r ✈❡rt✐❝❡s ❤❛s t❡①t
♥♦❞❡✳ ❚❤❡ ♦r❞❡r ❜❡t✇❡❡♥ ✈❡rt✐❝❡s vpname ❛♥❞ vgrade ✐s ♣r❡s❡r✈❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ Order ❞❡✲
✜♥❡❞ ♦✈❡r ✈❡rt❡① v⊙ ✇✐t❤✿ Order(1, v⊙)❂vpname ❛♥❞ Order(2, v⊙)❂vgrade✳ ❲❡ r❡♠❛r❦ ✜rst t❤❛t
Gdepartment ✐s ❛ s✐♠♣❧❡ ❣r❛♣❤ s✐♥❝❡ t❤❡r❡ ❛r❡ ♥♦ ♠✉❧t✐♣❧❡ ❡❞❣❡s✳ ▼♦r❡♦✈❡r✱ Gdepartment ✐s ❝②❝❧✐❝
❞✉❡ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❝②❝❧❡ ❞❡✜♥❡❞ ♦✈❡r t❤❡ ❡❧❡♠❡♥t t②♣❡s project ❛♥❞ sub✲project ✭✐✳❡✳
❛ ❝②❝❧❡ vproject, v⊙, vsub−project, v∗, vproject ❝♦♠♣♦s❡❞ ❜② s♦♠❡ ✈❡rt✐❝❡s ❧❛❜❡❧❡❞ ✇✐t❤ project✱ ⊙✱
sub✲project✱ ∗✱ ❛♥❞ project r❡s♣✳✮✳ �

✸✵



✸✳✶✳ ❉♦❝✉♠❡♥t ❚②♣❡ ❉❡✜♥✐t✐♦♥s

❋✐❣✉r❡ ✸✳✶✿ ❚❤❡ ❞❡♣❛rt♠❡♥t ❉❚❉ ❣r❛♣❤✳

◆♦t❡✳

◆♦t❡ t❤❛t ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ ❉❚❉ ❣r❛♣❤ ❞✐✛❡rs ❢r♦♠ t❤❡ ♦♥❡s ❞❡✜♥❡❞ ✐♥ ❬❇❙✵✸✱ ▲❙❆❋✵✺❪
✇❤✐❝❤ ❛r❡ s✉✣❝✐❡♥t t♦ ❞❡s❝r✐❜❡ ♦♥❧② s♦♠❡ ❦✐♥❞ ♦❢ ❉❚❉s✳ ▼♦r❡♦✈❡r✱ t❤❡ ♥♦t✐♦♥ ♦❢ ❞❡♣❡♥✲
❞❡♥❝② ❣r❛♣❤ ✉s❡❞ ✐♥ ❬❋▼✵✼❪ r❡♣r❡s❡♥ts ♦♥❧② ♣❛r❡♥t✲❝❤✐❧❞ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t②♣❡s ♦❢ t❤❡
❉❚❉ ❛♥❞ ♥♦t ♦t❤❡r ❝♦♥str❛✐♥ts✳ ❲❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❉❚❉ ❣r❛♣❤ s✐♥❝❡
s✉❝❤ str✉❝t✉r❡ ✐s ❡ss❡♥t✐❛❧✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ ❢♦r ❞❡r✐✈❛t✐♦♥ ♦❢ ❉❚❉ ✈✐❡✇s ✐♥ ❝❛s❡ ♦❢
r❡❛❞✲❛❝❝❡ss ♣♦❧✐❝✐❡s ❡♥❢♦r❝❡♠❡♥t✳ ❚❤❡ ❞✐✛❡r❡♥t st❡♣s ♦❢ ♦✉r ❉❚❉ ❣r❛♣❤s ❝♦♥str✉❝t✐♦♥✱ ❛s
✇❡❧❧ ❛s t❤❡ ❞❡t❛✐❧s ❛♥❞ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❧❣♦r✐t❤♠ ❛r❡ ❣✐✈❡♥ ✐♥ ❆♥♥❡① ❇✳

✸✳✶✳✷ ❊①t❡♥❞❡❞ ❉❚❉s

P❛♣❛❦♦♥st❛♥t✐♥♦✉ ❛♥❞ ❱✐❛♥✉ ❬P❱✵✵❪ ❡①t❡♥❞❡❞ t❤❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ ❉❚❉s ❜② ❛❞❞✐♥❣ t②♣❡s ❛s
✐♥ ❳▼▲ ❙❝❤❡♠❛ ❬❳▼▲❪✳ ●✐✈❡♥ ❛ ❉❚❉ D❂✭Σ, P, root✮✱ ✐♥st❡❛❞ ♦❢ ❤❛✈✐♥❣ ♦♥❧② ♦♥❡ ❝♦♥t❡♥t ♠♦❞❡❧
P (A) ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t t②♣❡ A ✐♥ Σ✱ t❤❡② ♣r♦♣♦s❡❞ t♦ ❞❡✜♥❡ ♦♥ ♦r ♠♦r❡ t②♣❡s ✭❡✳❣✳ A1, . . . , An✮
t♦ r❡♣r❡s❡♥t ❞✐✛❡r❡♥t ❝♦♥t❡♥t ♠♦❞❡❧s ♦❢ ❡❧❡♠❡♥t t②♣❡ A ✭❡✳❣✳ P (A1), . . . , P (An)✮✳ ❚②♣❡s ❛r❡ ❢r♦♠
❛ ✜♥✐t❡ s❡t ❛♥❞ ❡❛❝❤ ♦♥❡ ✐s ❛ss✐❣♥❡❞ t♦ ♦♥❧② ♦♥❡ ❡❧❡♠❡♥t t②♣❡ ♦❢ t❤❡ ❉❚❉✳ ❚❤❡ r♦♦t ❡❧❡♠❡♥t t②♣❡
❤❛s ♦♥❧② ♦♥❡ ♣♦ss✐❜❧❡ t②♣❡✳ ❚❤❡ t❡r♠ s♣❡❝✐❛❧✐③❡❞ ❉❚❉s ✐s ✉s❡❞ ✐♥ ❬P❱✵✵❪ t♦ r❡❢❡r t♦ t❤❡ r❡s✉❧t❡❞
❣r❛♠♠❛rs ✭✐✳❡✳ ❉❚❉s ♣❧✉s t②♣❡s✮✳ ❍♦✇❡✈❡r✱ ✇❡ ♣r❡❢❡r t❤❡ t❡r♠ ❡①t❡♥❞❡❞ ❉❚❉s✱ ❛s ✐♥tr♦❞✉❝❡❞

✸✶



❈❤❛♣t❡r ✸✳ ❳▼▲ ❇❛❝❦❣r♦✉♥❞

students → ✭student✯✮
student → ✭sname✱ degree1✮
degree1 → ✭year✱ title✱ degree2✮
degree2 → ✭year✱ title✱ degree3✮
degree3 → ✭year✱ title✮
sname → ✭str✮
year → ✭str✮
title → ✭str✮

✭❛✮ ❊❉❚❉ E1

students → ✭student✯✮
student → ✭sname✱ degree1✮
degree1 → ✭year✱ title✱ degree2✮
degree2 → ✭year✱ title✱ degree3✮
degree3 → ✭year✱ title✱ ✭degree3✮❄✮
sname → ✭str✮
year → ✭str✮
title → ✭str✮

✭❜✮ ❊❉❚❉ E2

students → ✭student✯✮
student → ✭sname✱ ✭degree1✮❄✮
degree1 → ✭year✱ title✱ ✭degree2✮❄✮
degree2 → ✭year✱ title✱ ✭degree3✮❄✮
degree3 → ✭year✱ title✮
sname → ✭str✮
year → ✭str✮
title → ✭str✮

✭❝✮ ❊❉❚❉ E3

❋✐❣✉r❡ ✸✳✷✿ Pr♦❞✉❝t✐♦♥ r✉❧❡s ♦❢ t❤r❡❡ ❞✐✛❡r❡♥t ❊❉❚❉s✳

✐♥ ❬▼◆❙❇✵✻❪✱ t♦ ❡①♣r❡ss ❝❧❡❛r❧② t❤❛t t❤❡ ♣♦✇❡r ♦❢ t❤❡ ❉❚❉s ✐s ❛♠♣❧✐✜❡❞✳

❉❡✜♥✐t✐♦♥ ✸✳✹ ✭❊❉❚❉✮✳ ❆♥ ❡①t❡♥❞❡❞ ❉❚❉ ✭❊❉❚❉✮ ✐s ❛ t✉♣❧❡ E❂✭Σ,∆, root, P, µ✮ ✇❤❡r❡ Σ ✐s
❛ ✜♥✐t❡ s❡t ♦❢ ❡❧❡♠❡♥t t②♣❡s✱ ∆ ✐s ❛ ✜♥✐t❡ s❡t ♦❢ t②♣❡s✱ ✭∆, root, P ✮ ✐s ❛ ❉❚❉ ❛♥❞ µ ✐s ❛ ♠❛♣♣✐♥❣
❢r♦♠ ∆ t♦ Σ ❛ss✐❣♥s ❛♥ ❡❧❡♠❡♥t t②♣❡ t♦ ❡❛❝❤ t②♣❡✳ �

❙t❛♥❞❛r❞ ❉❚❉s ✭✐✳❡✳ ♥♦♥❡①t❡♥❞❡❞ ❉❚❉s✮ ❝♦rr❡s♣♦♥❞ t♦ t❤♦s❡ ❊❉❚❉s ✭Σ,∆, root, P, µ✮ ✇❤❡r❡
∆❂Σ ❛♥❞ µ ✐s t❤❡ ✐❞❡♥t✐t② ♠❛♣♣✐♥❣✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ❡①❛♠♣❧❡ s❤♦✇s s♦♠❡ ❝♦♥t❡♥t ♠♦❞❡❧s
t❤❛t ❛r❡ ♥♦t ❞❡✜♥❛❜❧❡ ✉s✐♥❣ st❛♥❞❛r❞ ❉❚❉s✳

❊①❛♠♣❧❡ ✸✳✸✳ ❈♦♥s✐❞❡r t❤❡ ❊❉❚❉ E1❂✭Σ,∆, students, P, µ✮ ✇❤❡r❡ Σ❂{ students✱ student✱
sname✱ degree✱ year✱ title }✱ ∆❂{ students✱ student✱ sname✱ degree1✱ degree2✱ degree3✱ year✱
title }✱ µ(degreei)❂degree ✭1 ≤ i ≤ 3✮ ❛♥❞ µ(t) = t ✭t ∈ ∆�{degree1, degree2, degree3}✮✳ ❚❤❡
♣r♦❞✉❝t✐♦♥ r✉❧❡s ♦❢ t❤❡ ❉❚❉ D1❂✭∆, students, P ✮ ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✸✳✷ ✭❛✮✳ ■♥t✉✐t✐✈❡❧②✱ ❊❉❚❉
E1 ❝♦♥s✐sts ♦❢ ❛ ❧✐st ♦❢ st✉❞❡♥ts✱ ❡❛❝❤ st✉❞❡♥t ✐s r❡♣r❡s❡♥t❡❞ ❜② ❤✐s ♥❛♠❡ ✭s♥❛♠❡✮ ❛♥❞ s♦♠❡ ♦❢
❤✐s ❞❡❣r❡❡s✱ ❡❛❝❤ ❞❡❣r❡❡ ✐s ❞❡✜♥❡❞ ✇✐t❤ ❛ ②❡❛r ❛♥❞ ❛ t✐t❧❡✳ ◆♦t✐❝❡ t❤❛t ♦♥❧② t❤r❡❡ ✭❧❛tt❡r✮ ❞❡❣r❡❡s
♦❢ ❡❛❝❤ st✉❞❡♥t ❛r❡ r❡♣r❡s❡♥t❡❞✳ ❚❤✉s✱ ✐♥ ❛♥② ❳▼▲ ❞♦❝✉♠❡♥t s❛t✐s❢②✐♥❣ t❤❡ ❊❉❚❉ E1✱ t❤❡
♥❡st✐♥❣ ❞❡♣t❤ ♦❢ ❞❡❣r❡❡ ❡❧❡♠❡♥ts ✐s ❡①❛❝t❧② 3✳ ❊❉❚❉s E2 ❛♥❞ E3 ✭✇❤♦s❡ ♣r♦❞✉❝t✐♦♥ r✉❧❡s ❛r❡
❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡s ✸✳✷ ✭❜✮ ❛♥❞ ✭❝✮ r❡s♣✳✮ ❞✐✛❡r ❢r♦♠ E1 ✐♥ t❤❡ s❡♥s❡ t❤❛t ❡❛❝❤ st✉❞❡♥t ❡❧❡♠❡♥t
✐s ❞❡✜♥❡❞ ✇✐t❤ ❛t ❧❡❛st 3 ❞❡❣r❡❡ ❡❧❡♠❡♥ts ❢♦r t❤❡ ❢♦r♠❡r ❛♥❞ ❛t ♠♦st 3 ❢♦r t❤❡ ❧❛tt❡r✳ ❚❤❡ t❤r❡❡
❞✐✛❡r❡♥t ❝♦♥t❡♥t ♠♦❞❡❧s ♦❢ st✉❞❡♥t ❡❧❡♠❡♥t t②♣❡✱ ♣r❡s❡♥t❡❞ ❜② ❊❉❚❉s E1✱ E2 ❛♥❞ E3✱ ❝❛♥ ♥♦t
❜❡ ❝❛♣t✉r❡❞ ✉s✐♥❣ st❛♥❞❛r❞ ❉❚❉s✳ �

✸✷



✸✳✷✳ ❳▼▲ ❉♦❝✉♠❡♥ts

❋✐❣✉r❡ ✸✳✸✿ ❚❤❡ ❊❉❚❉ ❣r❛♣❤ ♦❢ ❊❉❚❉ E2 ♦❢ ❊①❛♠♣❧❡ ✸✳✸✳

❉❡✜♥✐t✐♦♥ ✸✳✺ ✭❊❉❚❉ ❣r❛♣❤✮✳ ●✐✈❡♥ ❛♥ ❊❉❚❉ E❂✭Σ,∆, root, P, µ✮✱ t❤❡ ❉❚❉ ❣r❛♣❤ ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ ✐ts ❉❚❉ ✭∆, root, P ✮ ✐s ❝❛❧❧❡❞ ❊❉❚❉ ❣r❛♣❤✳ �

❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❊❉❚❉ E2 ♦❢ ❊①❛♠♣❧❡ ✸✳✸ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❊❉❚❉ ❣r❛♣❤ ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✉r❡ ✸✳✸✳ ❋✐♥❛❧❧②✱ ✇❡ ♥♦t❡ t❤❛t t❤❡r❡ ✐s ❛ ♠♦r❡ ❣❡♥❡r❛❧✐③❡❞ ❡①t❡♥s✐♦♥ ♦❢ ❉❚❉s ❞❡✜♥❡❞ ❜②
❛❧❧♦✇✐♥❣ ✉s❡ ♦❢ ❝♦♥t❡①t✲❢r❡❡ ❣r❛♠♠❛rs ✐♥ ♣❧❛❝❡ ♦❢ r❡❣✉❧❛r ❡①♣r❡ss✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✻ ✭●❉❚❉ ❬●❙❈+✵✾❪✮✳ ❆ ❣❡♥❡r❛❧✐③❡❞ ❉❚❉ ✭●❉❚❉✮ ✐s ❛ t✉♣❧❡ H❂✭Σ, root,Π✮
✇❤❡r❡ Σ ❛♥❞ root ❛r❡ t❤❡ s❡t ♦❢ ❡❧❡♠❡♥t t②♣❡s ❛♥❞ t❤❡ r♦♦t t②♣❡ r❡s♣❡❝t✐✈❡❧②❀ ✇❤✐❧❡ Π ✐s ❛
❢✉♥❝t✐♦♥ t❤❛t ♠❛♣s Σ t♦ ❝♦♥t❡①t✲❢r❡❡ ❣r❛♠♠❛rs ♦✈❡r Σ ∪ {str}✳ �

✸✳✷ ❳▼▲ ❉♦❝✉♠❡♥ts

❲❡ ♠♦❞❡❧ ❛♥ ❳▼▲ ❞♦❝✉♠❡♥t ✇✐t❤ ❛ ✜♥✐t❡ ♥♦❞❡✲❧❛❜❡❧❡❞ s✐❜❧✐♥❣✲♦r❞❡r❡❞ ✉♥r❛♥❦❡❞ tr❡❡✳ ▲❡t Σ
❜❡ ❛ ✜♥✐t❡ s❡t ♦❢ ♥♦❞❡ ❧❛❜❡❧s ✭✇✐t❤ ❛ s♣❡❝✐❛❧ ❧❛❜❡❧ str✮ ❛♥❞ C ❛♥ ✐♥✜♥✐t❡ s❡t ♦❢ t❡①t ✈❛❧✉❡s✳ ❲❡
r❡♣r❡s❡♥t ♦✉r ❳▼▲ ❞♦❝✉♠❡♥ts ✇✐t❤ ❛ str✉❝t✉r❡✱ ❝❛❧❧❡❞ ❳▼▲ ❚r❡❡✱ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✸✳✼ ✭❳▼▲ ❚r❡❡✮✳ ❆♥ ❳▼▲ tr❡❡ T ♦✈❡r Σ ✐s ❛ str✉❝t✉r❡ ❞❡✜♥❡❞ ❛s✿
T❂(N, root, R↓, R→, λ, ν)✱ ✇❤❡r❡ N ✐s ❛ s❡t ♦❢ ♥♦❞❡s✱ root ∈ N ✐s ❛ ❞✐st✐♥❣✉✐s❤❡❞ r♦♦t ♥♦❞❡✱
R↓ ⊆ N × N ✐s t❤❡ ♣❛r❡♥t✲❝❤✐❧❞ r❡❧❛t✐♦♥✱ R→ ⊆ N × N ✐s ❛ s✉❝❝❡ss♦r r❡❧❛t✐♦♥ ♦♥ ✭♦r❞❡r❡❞✮
s✐❜❧✐♥❣s✱ λ : N → Σ ✐s ❛ ❢✉♥❝t✐♦♥ ❛ss✐❣♥✐♥❣ t♦ ❡✈❡r② ♥♦❞❡ ✐ts ❧❛❜❡❧✱ ❛♥❞ ν : N → C ✐s ❛ ❢✉♥❝t✐♦♥
t❤❛t ❛ss✐❣♥s ❛ t❡①t ✈❛❧✉❡ t♦ ❡❛❝❤ ♥♦❞❡ ✇✐t❤ ❧❛❜❡❧ str✳ �

✸✸



❈❤❛♣t❡r ✸✳ ❳▼▲ ❇❛❝❦❣r♦✉♥❞

❚❤❡ r❡❧❛t✐♦♥s R↓∗ ❛♥❞ R→∗ r❡♣r❡s❡♥t t❤❡ r❡✢❡①✐✈❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ R↓ ❛♥❞ R→ r❡s♣❡❝✲
t✐✈❡❧②✳ ❲❡ ✉s❡ R↑ ❛♥❞ R← t♦ ❞❡♥♦t❡ t❤❡ ❝♦♥✈❡rs❡ ♦❢ R↓ ❛♥❞ R→ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❛❞❞✐t✐♦♥✱
R↑∗ ❛♥❞ R←∗ ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❝♦♥✈❡rs❡ ♦❢ R↓∗ ❛♥❞ R→∗ ✳ ❈♦♥tr❛r② t♦ t❤❡ ♠♦❞❡❧ ❞❡✲
✜♥❡❞ ✐♥ ❬▼❛r✵✹❪✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ ν t♦ ❛ss♦❝✐❛t❡ ❞❛t❛ ✈❛❧✉❡s ✇✐t❤ ♥♦❞❡s s✐♥❝❡ ❞❛t❛ ✈❛❧✉❡
❝♦♠♣❛r✐s♦♥ ✐s s✉♣♣♦rt❡❞ ❜② ♦✉r ❳P❛t❤ ❢r❛❣♠❡♥ts ❞❡✜♥❡❞ s✉❜s❡q✉❡♥t❧②✳

❉❡✜♥✐t✐♦♥ ✸✳✽ ✭❱❛❧✐❞❛t✐♦♥ ♦❢ ❳▼▲ tr❡❡s ✇✳r✳t ❉❚❉✴●❉❚❉ ❬▼❛r✵✹❪✮✳ ❆♥ ❳▼▲ tr❡❡ T =
(N, r,R↓, R→, λ, ν)✱ ❞❡✜♥❡❞ ♦✈❡r t❤❡ s❡t Σ ♦❢ ♥♦❞❡ ❧❛❜❡❧s✱ ❝♦♥❢♦r♠s t♦ ❛ ❉❚❉ D❂(Ele, P, root)
✭r❡s♣✳ ❛ ●❉❚❉ G❂✭Ele, root,Π✮✮ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✶✳ ❚❤❡ r♦♦t ♦❢ T ✐s ♠❛♣♣❡❞ t♦ root ✭✐✳❡✳ λ(r)❂root✮❀

✷✳ ❊❛❝❤ ♥♦❞❡ ✐♥ T ✐s ❧❛❜❡❧❡❞ ❡✐t❤❡r ✇✐t❤ ❛♥ ❡❧❡♠❡♥t t②♣❡ A ✐♥ ❊❧❡✱ ❝❛❧❧❡❞ ❛♥ ❆ ❡❧❡♠❡♥t✱ ♦r
✇✐t❤ str✱ ❝❛❧❧❡❞ ❛ t❡①t ♥♦❞❡✱ t❤❡r❡❢♦r❡ Σ ❂ Ele ∪ {str}❀

✸✳ ❋♦r ❡❛❝❤ A ❡❧❡♠❡♥t ✇✐t❤ k ♦r❞❡r❡❞ ❝❤✐❧❞r❡♥ n1, ..., nk✱ t❤❡ ✇♦r❞ λ(n1), ..., λ(nk) ❜❡❧♦♥❣s t♦
t❤❡ r❡❣✉❧❛r ❧❛♥❣✉❛❣❡ ❞❡✜♥❡❞ ❜② P✭A✮ ✭r❡s♣✳ t❤❡ ❝♦♥t❡①t✲❢r❡❡ ❧❛♥❣✉❛❣❡ ❣✐✈❡♥ ❜② Π(A)✮❀

✹✳ ❊❛❝❤ t❡①t ♥♦❞❡ n ✭✐✳❡✳ ✇✐t❤ λ(n) = str✮ ❝❛rr✐❡s ❛ str✐♥❣ ✈❛❧✉❡ ν(n) ✭✐✳❡✳ P❈❉❆❚❆✮ ❛♥❞ ✐s
t❤❡ ❧❡❛❢ ♦❢ t❤❡ tr❡❡✳ �

◆♦t❡ t❤❛t ❡❧❡♠❡♥ts ♦❢ T ❛r❡ ❛ s❡t ♦❢ ♥♦❞❡s ♦❢ N t❤❛t ❛r❡ ❧❛❜❡❧❡❞ ✇✐t❤ Ele✱ ✇❤✐❧❡ ♥♦❞❡s
r❡♣r❡s❡♥t ❜♦t❤ ❡❧❡♠❡♥ts ❛♥❞ t❡①t ♥♦❞❡s ✭✐✳❡✳ ♥♦❞❡s ❧❛❜❡❧❡❞ ✇✐t❤ str✮✳ ❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ✉s❡ t❤❡
t❡r♠s ♦❢ ♥♦❞❡ ❛♥❞ ❡❧❡♠❡♥t ✐♥t❡r❝❤❛♥❣❡❛❜❧②✳ ❲❡ ❣✐✈❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s
❢♦r ❛♥ ❳▼▲ tr❡❡ t♦ ❜❡ ✈❛❧✐❞ ✇✳r✳t ❛♥ ❊❉❚❉✳

❉❡✜♥✐t✐♦♥ ✸✳✾ ✭❱❛❧✐❞❛t✐♦♥ ♦❢ ❳▼▲ tr❡❡s ✇✳r✳t ❊❉❚❉ ❬▼❛r✵✹❪✮✳ ❆♥ ❳▼▲ tr❡❡ T =
(N, r,R↓, R→, λ, ν) ❝♦♥❢♦r♠s t♦ ❛♥ ❊❉❚❉ E❂✭Ele,∆, root, P, µ✮ ✐❢ t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ L

′
✿ N → ∆

s✉❝❤ t❤❛t✿

✶✳ ❋♦r ❡❛❝❤ ♥♦❞❡ n ♦❢ N ✇✐t❤ λ(n) 6= str✱ L
′
(n) = t ✇❤❡r❡ t ∈ ∆ ❛♥❞ µ(t) ∈ Ele✳ ❚❤❡ tr❡❡

T
′
r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ L

′
✐s ❝❛❧❧❡❞ ✇✐t♥❡ss ❢♦r T ❬▼◆❙❇✵✻❪✳

✷✳ ❚❤❡ ✇✐t♥❡ss tr❡❡ T
′
❝♦♥❢♦r♠s t♦ t❤❡ ❉❚❉ ✭∆, root, P ✮ ♦❢ E✳ �

❲❡ ❝❛❧❧ T ❛♥ ✐♥st❛♥❝❡ ♦❢ ❛ ❉❚❉ ✭r❡s♣✳ ❊❉❚❉ ❛♥❞✴♦r ●❉❚❉✮ D ✐❢ T ❝♦♥❢♦r♠s t♦ D✳ ❲❡ ❞❡♥♦t❡
❜② T (D) t❤❡ s❡t ♦❢ ❛❧❧ ❳▼▲ tr❡❡s t❤❛t ❝♦♥❢♦r♠ t♦ D✳ ❋♦r ✐♥st❛♥❝❡✱ ❋✐❣✉r❡ ✸✳✹ ❞❡♣✐❝ts✷✵ ❛♥ ❳▼▲
❞♦❝✉♠❡♥t t❤❛t ❝♦♥❢♦r♠s t♦ t❤❡ ❞❡♣❛rt♠❡♥t ❉❚❉ ♦❢ ❋✐❣✉r❡ ✸✳✶✳

✸✳✸ ❳P❛t❤ ◗✉❡r✐❡s

❲❡ ❞❡✜♥❡ ❤❡r❡ t❤❡ ❞✐✛❡r❡♥t ❢r❛❣♠❡♥ts ♦❢ ❳P❛t❤ ❬❇❇❈+✶✵❪ t❤❛t ❛r❡ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s
♠❛♥✉s❝r✐♣t✳ ❋✐rst❧②✱ ✇❡ ❝♦♥s✐❞❡r ❛ s✐♠♣❧❡ ❝❧❛ss ♦❢ ❳P❛t❤ q✉❡r✐❡s t❤❛t s✉♣♣♦rts ❞♦✇♥✇❛r❞ ❛①❡s
✭s❡❧❢✱ ❝❤✐❧❞✱ ❞❡s❝❡♥❞❛♥t✱ ❞❡s❝❡♥❞❛♥t✲♦r✲s❡❧❢ ✮✱ ✉♥✐♦♥ ♦❢ q✉❡r✐❡s ❛♥❞ ❝♦♠♣❧❡① ♣r❡❞✐❝❛t❡s✳ ❚❤✐s ❝❧❛ss
♦❢ ❳P❛t❤ q✉❡r✐❡s ✐s ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡ ❛♥❞ ♠❛♥② ✐♥t❡r❡st✐♥❣ r❡s✉❧ts ❛r❡ ❢♦✉♥❞ ❛r♦✉♥❞
t❤✐s ❝❧❛ss✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛❢t❡r s♦♠❡ ❡①♣r❡ss✐✈❡ ❝❧❛ss❡s ♦❢ ❳P❛t❤ ✉s❡❞ ❡ss❡♥t✐❛❧❧② t♦ ♦✈❡r❝♦♠❡ t❤❡
q✉❡r② r❡✇r✐t✐♥❣ ❧✐♠✐t❛t✐♦♥ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ❄❄✳

✷✵❲❡ r❡❝❛❧❧ t❤❛t ✐♥❞✐❝❡s ✐♥ ♦✉r ❡①❛♠♣❧❡s ♦❢ ❳▼▲ tr❡❡s ❛r❡ ✉s❡❞ t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts ♦❢ t❤❡ s❛♠❡
t②♣❡✱ ❡✳❣✳ course1 ❛♥❞ course2✳ ▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡ ♦❢ s♣❛❝❡ ❧✐♠✐t❛t✐♦♥ ✇❡ ❢♦❝✉s ♦♥❧② ♦♥ s♦♠❡ ♥♦❞❡s ✇❤✐❧❡

a

❞❡♥♦t❡s t❤❡ r❡♠❛✐♥✐♥❣ ♦♥❡s✳
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✸✳✸✳ ❳P❛t❤ ◗✉❡r✐❡s

❋✐❣✉r❡ ✸✳✹✿ ❊①❛♠♣❧❡ ♦❢ ❞❡♣❛rt♠❡♥t ❳▼▲ ❞♦❝✉♠❡♥t✳

❉❡✜♥✐t✐♦♥ ✸✳✶✵ ✭❳P❛t❤ ❉♦✇♥✇❛r❞ ❢r❛❣♠❡♥t✮✳ ❲❡ ❞❡♥♦t❡ ❜② X t❤❡ ❞♦✇♥✇❛r❞ ❢r❛❣♠❡♥t ♦❢
❳P❛t❤ ❬❏✐❛✵✼❪ t❤❛t ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

♣ ✿❂ α✿✿η | ♣ ❬q ❪· · ·❬q ❪ | ♣ ✴♣ | ♣ ∪ ♣

q ✿❂ ♣ | ♣ ❂c | q ∧ q | q ∨ q | ¬ ✭q ✮

α ✿❂ ε | ↓ | ↓+ | ↓∗

✇❤❡r❡ p ❞❡♥♦t❡s ❛♥ ❳P❛t❤ q✉❡r② ❛♥❞ ✐t ✐s t❤❡ st❛rt ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥✱ η ✐s ❛ ♥♦❞❡ t❡st t❤❛t ❝❛♥
❜❡ ❛♥ ❡❧❡♠❡♥t t②♣❡✱ ∗ ✭t❤❛t ♠❛t❝❤❡s ❛❧❧ t②♣❡s✮✱ ♦r ❢✉♥❝t✐♦♥ t❡①t✭✮ ✭t❤❛t t❡sts ✇❤❡t❤❡r ❛ ♥♦❞❡ ✐s
❛ t❡①t ♥♦❞❡✮✱ c ✐s ❛ str✐♥❣ ❝♦♥st❛♥t✱ ❛♥❞ ∪✱ ∧✱ ∨✱ ¬ ❞❡♥♦t❡ ✉♥✐♦♥✱ ❝♦♥❥✉♥❝t✐♦♥✱ ❞✐s❥✉♥❝t✐♦♥✱ ❛♥❞
♥❡❣❛t✐♦♥ r❡s♣❡❝t✐✈❡❧②❀ α st❛♥❞s ❢♦r ❳P❛t❤ ❛①✐s r❡❧❛t✐♦♥s ❛♥❞ ❝❛♥ ❜❡ ♦♥❡ ♦❢ ε✱ ↓✱ ↓+✱ ♦r ↓∗ ✇❤✐❝❤
❞❡♥♦t❡ s❡❧❢✱ ❝❤✐❧❞✱ ❞❡s❝❡♥❞❛♥t✱ ❛♥❞ ❞❡s❝❡♥❞❛♥t✲♦r✲s❡❧❢ ❛①✐s r❡s♣❡❝t✐✈❡❧②✳ ❋✐♥❛❧❧② t❤❡ ❡①♣r❡ss✐♦♥ q
✐s ❝❛❧❧❡❞ ❛ q✉❛❧✐✜❡r✱ ✜❧t❡r ♦r ♣r❡❞✐❝❛t❡✳ �

❆ q✉❛❧✐✜❡r q ✐s s❛✐❞ ✈❛❧✐❞ ❛t ❛ ♥♦❞❡ n✱ ❞❡♥♦t❡❞ ❜② n � q✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ❤♦❧❞s✿ ✭✐✮ q ✐s ❛♥ ❛t♦♠✐❝ ♣r❡❞✐❝❛t❡ t❤❛t✱ ✇❤❡♥ ❡✈❛❧✉❛t❡❞ ♦✈❡r n✱ r❡t✉r♥s ❛t ❧❡❛st ♦♥❡
♥♦❞❡ ✭✐✳❡✳ t❤❡r❡ ❛r❡ s♦♠❡ ♥♦❞❡s r❡❛❝❤❛❜❧❡ ❢r♦♠ n ✈✐❛ q✮❀ ✭✐✐✮ q ✐s ❣✐✈❡♥ ❜② α✿✿t❡①t✭✮❂c ❛♥❞ t❤❡r❡
✐s ❛t ❧❡❛st ♦♥❡ ♥♦❞❡✱ r❡❛❝❤❛❜❧❡ ❛❝❝♦r❞✐♥❣ t♦ ❛①✐s α ❢r♦♠ n✱ t❤❛t ❤❛s ❛ t❡①t ♥♦❞❡ ✇✐t❤ ✈❛❧✉❡ c❀ ✭✐✐✐✮

✸✺



❈❤❛♣t❡r ✸✳ ❳▼▲ ❇❛❝❦❣r♦✉♥❞

q ✐s ❛ ❜♦♦❧❡❛♥ ❡①♣r❡ss✐♦♥ ❛♥❞ ✐t ✐s ❡✈❛❧✉❛t❡❞ t♦ tr✉❡ ❛t n ✭❡✳❣✳ n � ¬(q) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ q✉❡r②
q ❡✈❛❧✉❛t❡s t♦ ❡♠♣t② s❡t ♦✈❡r n✮✳ ❙❡❡ ❙❡❝t✐♦♥ ✸✳✸✳✶ ❢♦r ♠♦r❡ s❡♠❛♥t✐❝s ♦❢ ♦✉r ❳P❛t❤ q✉❡r✐❡s✳

❊①❛♠♣❧❡ ✸✳✹✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❳▼▲ tr❡❡ ♦❢ ❋✐❣✉r❡ ✸✳✹ ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❳P❛t❤ q✉❡r②✿

↓∗✿✿course❬↓✿✿givenBy✴↓✿✿professor✴↓✿✿pname❂✬❲❡♥❢❡✐ ✬❪

❚❤✐s q✉❡r② r❡t✉r♥s ❛❧❧ ❝♦✉rs❡ ❡❧❡♠❡♥ts ❣✐✈❡♥ ❜② t❤❡ ♣r♦❢❡ss♦r ❲❡♥❢❡✐✱ ✐✳❡✳ t❤❡
♥♦❞❡ course1✳ ■♥ t❤❡ ♦✣❝✐❛❧ ❳P❛t❤ ♥♦t❛t✐♦♥ ❬❇❇❈+✶✵❪✱ t❤✐s q✉❡r② ✐s ✇r✐tt❡♥ ❛s
✴✴course❬givenBy✴professor✴pname❂✬❲❡♥❢❡✐ ✬❪✳ �

❲❡ ❞❡✜♥❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦r❡ ❡①♣r❡ss✐✈❡ ❢r❛❣♠❡♥ts ♦❢ ❳P❛t❤ t❤❛t ❛r❡ t❤❡ ❝♦r❡ ♦❢ t❤❡ ❛❝❝❡ss
❝♦♥tr♦❧ ❛♣♣r♦❛❝❤❡s ♣r♦♣♦s❡❞ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳✶✶ ✭❊①t❡♥❞❡❞ ❢r❛❣♠❡♥t✮✳ ❲❡ ❝♦♥s✐❞❡r ❛♥ ❡①t❡♥❞❡❞ ❢r❛❣♠❡♥t ♦❢ X ✱ ❞❡♥♦t❡❞ ❜②

X ⇑[n,=]✱ ❛♥❞ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

♣ ✿❂ α✿✿η | ♣ ❬q ❪· · ·❬q ❪ | ♣ ✴♣ | ♣ ∪ ♣ | ♣ ❬✶ ❪
q ✿❂ ♣ | ♣ ❂c | q ∧ q | q ∨ q | ¬ ✭q ✮ | ♣ ❂ ε✿✿∗
α ✿❂ ε | ↓ | ↓+ | ↓∗ | ↑ | ↑+ | ↑∗

❲❡ ❡♥r✐❝❤ t❤❡♥ X ❜② t❤❡ t❤r❡❡ ✉♣✇❛r❞✲❛①❡s ♣❛r❡♥t ✭↑✮✱ ❛♥❝❡st♦r ✭↑+✮✱ ❛♥❞ ❛♥❝❡st♦r ✲♦r ✲s❡❧❢ ✭↑∗✮✱
❛s ✇❡❧❧ ❛s t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ♥♦❞❡ ❝♦♠♣❛r✐s♦♥ ♣r❡❞✐❝❛t❡s ❬❇❇❈+✶✵❪✳ �

■♥ ❣❡♥❡r❛❧ ❬❇❇❈+✶✵❪✱ t❤❡ ♣♦s✐t✐♦♥ ♣r❡❞✐❝❛t❡✱ ❞❡✜♥❡❞ ✇✐t❤ ❬k❪✭k ∈ N✮✱ ✐s ✉s❡❞ t♦ r❡t✉r♥ t❤❡ kth

♥♦❞❡ ❢r♦♠ ❛♥ ♦r❞❡r❡❞ s❡t ♦❢ ♥♦❞❡s✳ ❋♦r ✐♥st❛♥❝❡✱ s✐♥❝❡ ✇❡ ♠♦❞❡❧ ❳▼▲ ❞♦❝✉♠❡♥ts ❛s ♦r❞❡r❡❞
tr❡❡s✱ t❤❡ q✉❡r② ↓✿✿∗❬2❪ ❛t ❛ ♥♦❞❡ n r❡t✉r♥s ✐ts s❡❝♦♥❞ ❝❤✐❧❞ ♥♦❞❡✳ ❚❤❡ ♥♦❞❡ ❝♦♠♣❛r✐s♦♥ ✐s ✉s❡❞
t♦ ❝❤❡❝❦ t❤❡ ✐❞❡♥t✐t② ♦❢ t✇♦ ♥♦❞❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ♣r❡❞✐❝❛t❡ ❬p1❂p2❪ ✐s ✈❛❧✐❞ ❛t ❛ ♥♦❞❡ n ♦♥❧② ✐❢
t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ r✐❣❤t ❛♥❞ ❧❡❢t ❳P❛t❤ q✉❡r✐❡s ❛t n r❡s✉❧ts ✐♥ ❡①❛❝t❧② t❤❡ s❛♠❡ s✐♥❣❧❡ ♥♦❞❡✳
◆♦t❡ t❤❛t ✐❢ p1 ❛♥❞✴♦r p2 r❡❢❡r t♦ ♠♦r❡ t❤❛♥ ♦♥❡ s✐♥❣❧❡ ♥♦❞❡ t❤❡♥ ❛ ❞②♥❛♠✐❝ ❡rr♦r ✐s r❛✐s❡❞✳
❚❤❡ ♦r✐❣✐♥❛❧ ❳P❛t❤ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ♣r❡❞✐❝❛t❡ ❬♣ ❂ ε✿✿∗❪ ✐s ❣✐✈❡♥ ❜② ❬♣ ✐s ε✿✿∗❪✳ ❍♦✇❡✈❡r✱ ✇❡ ✉s❡
✏❂✑ ✐♥st❡❛❞ ✏✐s✑ ❢♦r s✐♠♣❧✐✜❝❛t✐♦♥✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ t❤❡ ♣r❡❞✐❝❛t❡ ❬↑∗✿✿∗❬1❪❂ε✿✿∗❪ ✐s ✈❛❧✐❞ ❛t ❛♥②
♥♦❞❡ n s✐♥❝❡ t❤❡ q✉❡r✐❡s ↑∗✿✿∗❬1❪ ❛♥❞ ε✿✿∗ ❛r❡ ❡q✉✐✈❛❧❡♥t ❛♥❞ r❡t✉r♥ t❤❡ s❛♠❡ s✐♥❣❧❡ ♥♦❞❡ ♦✈❡r
❛♥② ❝♦♥t❡①t ♥♦❞❡✳

◆♦t❡✳

❈♦♥tr❛r② t♦ t❤❡ ❣❧♦❜❛❧ ❞❡✜♥✐t✐♦♥s ♦❢ ♣♦s✐t✐♦♥ ♣r❡❞✐❝❛t❡ ✭✐✳❡✳ ❬k❪ ✇✐t❤ k ∈ N✮ ❛♥❞ ♥♦❞❡
❝♦♠♣❛r✐s♦♥ ♣r❡❞✐❝❛t❡ ✭✐✳❡✳ ❬p1❂p2❪✮ ❬❇❇❈

+✶✵❪✱ ❢♦r ♦✉r ♣✉r♣♦s❡ ✇❡ ♥❡❡❞ ♦♥❧② t❤❡ ❢♦r♠s ❬✶ ❪
❛♥❞ ❬p❂ε✿✿∗❪ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❞❡✜♥❡ ❜♦t❤ r❡str✐❝t✐♦♥s s✐♥❝❡ t❤❡ r❡s✉❧t✐♥❣ ♣r❡❞✐❝❛t❡s ❛r❡
s✉✣❝✐❡♥t t♦ ♦✈❡r❝♦♠❡ t❤❡ ❧✐♠✐t❛t✐♦♥ ♦❢ ❳P❛t❤ q✉❡r② ✭r❡s♣✳ ❳◗✉❡r② ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✮
r❡✇r✐t✐♥❣ ❛s ✇❡ s❤❛❧❧ s❤♦✇ ❧❛t❡r✳ ❋✉rt❤❡r♠♦r❡✱ ❜❛s❡❞ ♦♥ t❤❡s❡ r❡str✐❝t✐♦♥s ♦✉r ❢r❛❣♠❡♥t
♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✶✶ r❡q✉✐r❡s ❧❡ss ❡✈❛❧✉❛t✐♦♥ t✐♠❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❣❧♦❜❛❧ ❢r❛❣♠❡♥t ✭❞❡✜♥❡❞
✇✐t❤ t❤❡ ❣❧♦❜❛❧ ♣♦s✐t✐♦♥ ❛♥❞ ♥♦❞❡ ❝♦♠♣❛r✐s♦♥ ♣r❡❞✐❝❛t❡s✮✳

❲❡ s✉♠♠❛r✐③❡ ♦✉r ❡①t❡♥s✐♦♥s ♦❢ ❢r❛❣♠❡♥t X ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡ts✿ X ⇑ ✭X ✇✐t❤ ✉♣✇❛r❞✲

❛①❡s✮✱ X ⇑[n] ✭X
⇑ ✇✐t❤ ♣♦s✐t✐♦♥ ♣r❡❞✐❝❛t❡✮✱ ❛♥❞ X ⇑[n,=] ✭X

⇑
[n] ✇✐t❤ ♥♦❞❡ ❝♦♠♣❛r✐s♦♥ ♣r❡❞✐❝❛t❡✮✳ ■t

s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✇❡ ✉s❡ ❢r❛❣♠❡♥t X t♦ s♣❡❝✐❢② ♦♥❧② s❡❝✉r✐t② ♣♦❧✐❝✐❡s ❛s ✇❡❧❧ ❛s t♦ ❢♦r♠✉❧❛t❡
✉s❡r r❡q✉❡sts ✭✐✳❡✳ ❛❝❝❡ss q✉❡r✐❡s ❛♥❞ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✮✳ ❲❡ ✇✐❧❧ ❡①♣❧❛✐♥ ❧❛t❡r ❤♦✇ t❤❡ ❛✉❣✲
♠❡♥t❡❞ ❢r❛❣♠❡♥ts ♦❢ X ❞❡✜♥❡❞ ❛❜♦✈❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r❡s❡r✈❡ ❝♦♥✜❞❡♥t✐❛❧✐t② ❛♥❞ ✐♥t❡❣r✐t② ♦❢
❳▼▲ ❞❛t❛✳

✸✻



✸✳✸✳ ❳P❛t❤ ◗✉❡r✐❡s

SJα✿✿ηK✭N✮ ❂ α✭N✮ ∩ T ✭η✮

SJp1✴p2K✭N✮ ❂ SJp2K✭SJp1K✭N✮✮

SJp1 ∪ p2K✭N✮ ❂ SJp1K✭N✮ ∪ SJp2K✭N✮

SJ✭p1 ∪ p2✮✴pK✭N✮ ❂ SJpK✭SJp1 ∪ p2K✭N✮✮

SJp❬q❪K✭N✮ ❂ SJpK✭N✮ ∩ ξJqK

ξJpK ❂ {n ∈ T | SJpK✭{n}✮ 6= φ}

ξJq1 ∧ q2K ❂ ξJq1K ∩ ξJq2K
ξJq1 ∨ q2K ❂ ξJq1K ∪ ξJq2K
ξJ¬ ✭q✮K ❂ {n ∈ T} \ ξJqK
ξJp = cK ❂ {n ∈ T | ϕJcK✭SJpK✭{n}✮✮ 6= φ}

ϕJcK✭N✮ ❂ {n ∈ N | ν(n) = c}

ξJp❬i❪K ❂ ✭ξJpK✮❬i❪
ξJp1 = p2K ❂ {n ∈ T | ∃! m ∈ T ✱ SJp1K✭{n}✮❂SJp2K✭{n}✮= {m}}

❚❛❜❧❡ ✸✳✶✿ ❙❡♠❛♥t✐❝s ♦❢ X ⇑[n,=] q✉❡r✐❡s✳

❊①❛♠♣❧❡ ✸✳✺✳ ❈♦♥s✐❞❡r t❤❡ ❞❡♣❛rt♠❡♥t ❉❚❉ ♦❢ ❊①❛♠♣❧❡ ✸✳✶✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ student
s✉❜❡❧❡♠❡♥t t②♣❡s ♦❢ ❡❛❝❤ course ❡❧❡♠❡♥t ❛r❡ s♦rt❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ mark ✈❛❧✉❡s✱ ✐✳❡✳ ❢♦r
❛ ❣✐✈❡♥ course ❡❧❡♠❡♥t✱ t❤❡ ✜rst student ❣❡ts t❤❡ t♦♣ mark ❛♥❞ s♦ ♦♥✳ ❲❡ ❞❡✜♥❡ t❤❡ t✇♦
❢♦❧❧♦✇✐♥❣ X ⇑[n,=] q✉❡r✐❡s✿

Q1❂↓
+✿✿course❬↓+✿✿student❬✶❪✴↓✿✿sname❂✏t♦t♦✑❪

Q2❂↓
+✿✿course❬↓+✿✿student❬✶❪❂↑+✿✿dept✴↓+✿✿student❬↓✿✿sname❂✏t♦t♦✑❪❪

❚❤❡ ✜rst q✉❡r② r❡t✉r♥s ❛❧❧ t❤❡ course ✇❤❡r❡ t❤❡ ❜❡st st✉❞❡♥t ✐s ♥❛♠❡❞ toto✱ ✐✳❡✳ ✇❤❡♥ ❡✈❛❧✉❛t❡❞
♦✈❡r t❤❡ ❳▼▲ tr❡❡ ♦❢ ❋✐❣✉r❡ ✸✳✹✱ Q1 r❡t✉r♥s t❤❡ ❡❧❡♠❡♥t course1✳ ▲❡t ✉s t❛❦❡ ❛ ❧♦♦❦ ❛t t❤❡
s❡❝♦♥❞ q✉❡r②✳ ●✐✈❡♥ ✜rst t❤❡ ❡❧❡♠❡♥t course2✳ ❚❤❡ ♣r❡❞✐❝❛t❡ ♦❢ Q2 ✐s ✈❛❧✐❞ ❛t course2 ✐❢ t❤❡
❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ q✉❡r✐❡s ↓+✿✿student❬✶❪ ❛♥❞ ↑+✿✿dept✴↓+✿✿student❬↓✿✿sname❂✬t♦t♦✬❪ r❡t✉r♥ t❤❡
s❛♠❡ s✐♥❣❧❡ ♥♦❞❡✳ ❚❤❡ q✉❡r② ↓+✿✿student❬✶❪ ♦✈❡r course2 r❡t✉r♥s t❤❡ ❡❧❡♠❡♥t student2 ✇❤♦ ✐s
t❤❡ ❜❡st st✉❞❡♥t ♦❢ ❉❇ s②st❡♠s ❝♦✉rs❡✳ ❚❤❡ q✉❡r② ↑+✿✿dept✴↓+✿✿student❬↓✿✿sname❂✬t♦t♦✬❪ ♦✈❡r
course2 r❡t✉r♥s t❤❡ ❡❧❡♠❡♥t student1✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ♣r❡❞✐❝❛t❡ ♦❢ q✉❡r② Q2 ✐s ♥♦t ✈❛❧✐❞ ❛t
❡❧❡♠❡♥t course2 s✐♥❝❡ t❤❡ t✇♦ s✉❜✲q✉❡r✐❡s r❡❢❡r t♦ t✇♦ ❞✐✛❡r❡♥t ❡❧❡♠❡♥ts student2 ❛♥❞ student1✳
❍♦✇❡✈❡r✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ♣r❡❞✐❝❛t❡ ♦❢ q✉❡r② Q2 ✐s ✈❛❧✐❞ ❛t ❡❧❡♠❡♥t course1 ❛♥❞ t❤✉s✱
t❤❡ q✉❡r② Q2 ♦✈❡r t❤❡ ❳▼▲ tr❡❡ ♦❢ ❋✐❣✉r❡ ✸✳✹ r❡t✉r♥s t❤❡ ❡❧❡♠❡♥t course1✳ ◆♦t✐❝❡ ✜♥❛❧❧② t❤❛t
t❤❡ t✇♦ q✉❡r✐❡s Q1 ❛♥❞ Q2 ❛r❡ ❡q✉✐✈❛❧❡♥t✳ �

✸✳✸✳✶ ❙❡♠❛♥t✐❝s ❛♥❞ ❊q✉✐✈❛❧❡♥❝❡s ♦❢ ♦✉r ❳P❛t❤ ◗✉❡r✐❡s

❙✐♥❝❡ ✇❡ ✉s❡ ♦r❞❡r❡❞ ❳▼▲ tr❡❡s✱ ❡❛❝❤ q✉❡r② ❡✈❛❧✉❛t❡❞ ♦✈❡r ❛ tr❡❡ T r❡t✉r♥s ❛ s❡t ♦❢ ♥♦❞❡s ♦r❞❡r❡❞
✉s✐♥❣ ❞♦❝✉♠❡♥t ♦r❞❡r ❬❈❉✾✾❪✳ ●✐✈❡♥ ❛♥ ♦r❞❡r❡❞ s❡t ♦❢ ♥♦❞❡s N ✱ N ❬i❪ r❡t✉r♥s t❤❡ ith ♥♦❞❡ ✐♥
N ✳ ■♥ ❛❧❧ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✉s❡ ❢♦r s✐♠♣❧✐❝✐t② ♥♦❞❡ s❡t ✐♥st❡❛❞ ♦r❞❡r❡❞ s❡t ♦❢ ♥♦❞❡s✳ ❆❧♦♥❣ t❤❡

✸✼



❈❤❛♣t❡r ✸✳ ❳▼▲ ❇❛❝❦❣r♦✉♥❞

s❛♠❡ ❧✐♥❡s ❛s ❬●❑P✵✷✱❑▼❘✵✾❪✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡♠❛♥t✐❝ ❢✉♥❝t✐♦♥s S ❛♥❞ ξ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢
❳P❛t❤ q✉❡r✐❡s ❛♥❞ ❳P❛t❤ ♣r❡❞✐❝❛t❡s r❡s♣❡❝t✐✈❡❧②✳ ■♥t✉✐t✐✈❡❧②✱ ❣✐✈❡♥ ❛ ♥♦❞❡ s❡t N ♦❢ T ✱ SJpK✭N✮
❣✐✈❡s ❛❧❧ t❤❡ ♥♦❞❡s ♦❢ T t❤❛t ❛r❡ r❡❛❝❤❛❜❧❡ ❢r♦♠ ❛ ♥♦❞❡ ♦❢ N ✉s✐♥❣ t❤❡ ❳P❛t❤ q✉❡r② p✳ ❚❤❡ ξJqK
❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t❡s t❤❡ q✉❛❧✐✜❡r q ♦✈❡r T ❛♥❞ r❡t✉r♥s ❛❧❧ ♥♦❞❡s t❤❛t s❛t✐s❢② q✳ ❇② ϕJcK✭N✮ ✇❡
❞❡♥♦t❡ t❤❡ ❢✉♥❝t✐♦♥ t❤❛t r❡t✉r♥s ❛❧❧ ♥♦❞❡s ♦❢ N ✇❤♦s❡ t❡①t ✈❛❧✉❡ ✐s ❡q✉❛❧ t♦ c✳

●✐✈❡♥ ❛♥ ❳P❛t❤ ❛①✐s α✱ ✇❡ ✉s❡ n α m t♦ s❛② t❤❛t t❤❡ ♥♦❞❡ m ✐s r❡❛❝❤❛❜❧❡ ❛❝❝♦r❞✐♥❣ t♦ α
❢r♦♠ t❤❡ ♥♦❞❡ n✳ ❲❡ r❡❢❡r ❜② α✭N✮ t♦ ❛❧❧ t❤❡ ♥♦❞❡s t❤❛t ❛r❡ r❡❛❝❤❛❜❧❡ ❛❝❝♦r❞✐♥❣ t♦ α ❢r♦♠ ❛
♥♦❞❡ ✐♥ N ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ α✭N✮❂{m ∈ T | n α m for n ∈ N}✳ ❇② T ✭η✮ ✇❡ r❡❢❡r t♦ ❛❧❧ ♥♦❞❡s
♦❢ T t❤❛t ❝♦rr❡s♣♦♥❞ t♦ ♥♦❞❡ t❡st η✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ T ✭η✮ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

T (η) =







{m ∈ T} if η = ∗

{m ∈ T | λ(m) = A} if η is an element type A

{m | λ(m) = str } if η is the t❡①t✭✮ function

❚❤❡ ❝♦♠♣❧❡t❡ s❡♠❛♥t✐❝s ♦❢ X ⇑[n,=] q✉❡r✐❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✸✳✶ ✭✐♥s♣✐r❡❞ ❢r♦♠ ❬●❑P✵✺✱❑▼❘✵✾❪✮✳

❉❡✜♥✐t✐♦♥ ✸✳✶✷ ✭❳P❛t❤ ❡q✉✐✈❛❧❡♥❝❡✮✳ ❚✇♦ X ↑[n,=] q✉❡r✐❡s q1 ❛♥❞ q2 ❛r❡ ❡q✉✐✈❛❧❡♥t✱ ❞❡♥♦t❡❞

❜② q1 ≡ q2✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿ ❢♦r ❛♥② ❳▼▲ tr❡❡ T ✿ SJq1K✭T ✮❂SJq2K✭T ✮✳ ▼♦r❡♦✈❡r✱ ✐❢ t✇♦ X ↑[n,=]
♣r❡❞✐❝❛t❡s f1 ❛♥❞ f2 ❛r❡ ❡q✉✐✈❛❧❡♥t t❤❡♥✿ ❢♦r ❛♥② ♥♦❞❡ n ♦❢ T ✱ n � f1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ n � f2✳ ■♥
♦t❤❡r ✇♦r❞s✱ ξJf1K✭{n}✮❂ξJf2K✭{n}✮✳ �

▲❡t α ❜❡ ❛♥ ❛①✐s ♦❢ t❤❡ ❢r❛❣♠❡♥t X ⇑[n,=] t❤❛t ❝❛♥ ❜❡ ε✱ ↓✱ ↓+✱ ↓∗✱ ↑✱ ↑+✱ ↑∗✳ ❲❡ ❞❡✜♥❡ t❤❡

✐♥✈❡rs❡ ❛①✐s ♦❢ α✱ ❞❡♥♦t❡❞ α−1✱ ❢♦r t❤❡ ♣r❡✈✐♦✉s ❝❛s❡s r❡s♣❡❝t✐✈❡❧② ❜②✿ ε✱ ↑✱ ↑+✱ ↑∗✱ ↓✱ ↓+✱ ↓∗✳ ❲❡
❞❡✜♥❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s♦♠❡ ♣r♦♣❡rt✐❡s t❤❛t ✇❡ ✉s❡ ✐♥ t❤❡ r❡st ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t ✭t❤❡ ♣r♦♦❢ ✐s
❣✐✈❡♥ ✐♥ ❆♥♥❡① ❆✳✶✮✳

Pr♦♣❡rt② ✸✳✶✳ ▲❡t T ❜❡ ❛♥ ❳▼▲ tr❡❡ ✇✐t❤ root ♥♦❞❡✳ ❲❡ ❞❡✜♥❡ s♦♠❡ ❡q✉✐✈❛❧❡♥❝❡s ❜❡t✇❡❡♥
X ⇑[n,=] q✉❡r✐❡s ❛s ❢♦❧❧♦✇s✿

✶✳ ■❢ q1 ≡ q2 t❤❡♥ q1❬f ❪ ≡ q2❬f ❪✳

✷✳ α✿✿η❬f1❪❬ε✿✿∗❬f2❪❪ ≡ α✿✿∗❬f1❪❬ε✿✿η❬f2❪❪ ≡ α✿✿η❬f1 ∧ f2❪✳

✸✳ ❋♦r ❛♥② X ⇑ ♣r❡❞✐❝❛t❡s f1 ❛♥❞ f2✿ ↓
∗✿✿η1❬f1❪❬α✿✿η2❬f2❪❪ ≡ ↓

∗✿✿η2❬f2❪✴α
−1✿✿η1❬f1❪✳

✹✳ α1✿✿η1✴. . .✴αk✿✿ηk ≡ ↓
∗✿✿ηk❬α

−1
k ✿✿ηk−1✴. . .✴α

−1
2 ✿✿η1✴α

−1
1 ✿✿root❪✳

✺✳ m ∈ SJ↓∗✿✿η❬f ❪K✭T ✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ξJε✿✿η❬f ❪K✭{m}✮❂{m}✳ �

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣❡rt② ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ❆✳✶ ♦❢ ❆♣♣❡♥❞✐① ❆✳

✸✳✹ ❘❡❣✉❧❛r ❳P❛t❤ ◗✉❡r✐❡s

❲❡ t❛❧❦ ❛❜♦✉t t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❳P❛t❤ q✉❡r✐❡s ✇✐t❤ t❤❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ✏✯✑✳ ❋♦r
✐♥st❛♥❝❡✱ t❤❡ r❡✢❡①✐✈❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❳P❛t❤ q✉❡r② ↓✿✿A✱ ❞❡♥♦t❡❞ ❜② ✭↓✿✿A✮✯✱ ✐s t❤❡
✐♥✜♥✐t❡ ✉♥✐♦♥ ✭✇❤❡r❡ ǫ ❞❡♥♦t❡s t❤❡ ❡♠♣t② q✉❡r②✮✿

ǫ ∪ ↓✿✿A ∪ ↓✿✿A✴↓✿✿A ∪ ↓✿✿A✴↓✿✿A✴↓✿✿A ∪ . . .
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✸✳✹✳ ❘❡❣✉❧❛r ❳P❛t❤ ◗✉❡r✐❡s

❢✐❣✉r❡s✴❉❚❉●r❛♣❤s✴❳▼▲❉♦❝✉♠❡♥t❋♦r❚❡①t❈♦♠♣❛r✐s♦♥❉❡❢✐♥✐t✐♦♥✲❡♣s✲❝♦♥✈❡rt❡❞✲t♦✳♣❞❢

❋✐❣✉r❡ ✸✳✺✿ ❙❛♠♣❧❡ ❳▼▲ ❞♦❝✉♠❡♥t✳

❚r❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ✐s ❛ ♥❛t✉r❛❧ ❛♥❞ ✉s❡❢✉❧ ♦♣❡r❛t✐♦♥ t❤❛t ❛❧❧♦✇s ❞❡✜♥✐t✐♦♥ ♦❢ r❡❝✉rs✐✈❡ ♣❛t❤s✱
❛♥❞ ♠❛♥② ❧❛♥❣✉❛❣❡s ❢♦r s❡♠✐str✉❝t✉r❡❞ ❞❛t❛ s✉♣♣♦rt ✐t ✭❡✳❣✳ r❡❝✉rs✐✈❡ ❙◗▲ q✉❡r✐❡s ❬❋❨▲+✵✾✱
❑❈❑◆✵✹❪✮✳ ❚❤❡ ♠❛❥♦r ❝♦♥❝❡r♥ ❤❡r❡ ✐s t❤❛t ❳P❛t❤ ✶✳✵ ❬❈❉✾✾❪ ❛♥❞ ❳P❛t❤ ✷✳✵ ❬❇❇❈+✶✵❪ ❞♦
♥♦t s✉♣♣♦rt tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡✱ ❛♥❞ t❤✉s ❛r❜✐tr❛r② r❡❝✉rs✐✈❡ ♣❛t❤s ❛r❡ ♥♦t ❡①♣r❡ss✐❜❧❡ ✐♥ t❤❡s❡
❧❛♥❣✉❛❣❡s ❬t❈✵✻❪✳ ❆♥ ❛tt❡♠♣t ✇❛s ❞♦♥❡ ✇✐t❤ t❤❡ ❙❆❳❖◆ ♣r♦❝❡ss♦r ✭✈❡rs✐♦♥ ✻✳✺✳✺✱ r❡❧❡❛s❡❞ ♦♥
✷✵✵✺✮ t♦ ✐♠♣❧❡♠❡♥t t❤❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦♣❡r❛t♦r✱ ❤♦✇❡✈❡r✱ ❛❧❧ ♥❡①t ✈❡rs✐♦♥s✷✶ ❞♦ ♥♦t s✉♣♣♦rt
t❤✐s ❡①t❡♥s✐♦♥✳

■♥ s♣✐t❡ ♦❢ ✐ts ❝❧❡❛r ♣r❛❝t✐❝❛❧ ❜❡♥❡✜ts✱ ♥♦ ❳▼▲ ❡♥❣✐♥❡ s✉♣♣♦rts t❤❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦♣❡r❛t♦r✳
❚❤✐s ❤❛s ❧❡❞ r❡s❡❛r❝❤❡rs t♦ ❞❡✜♥❡ s♦♠❡ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ❳P❛t❤ ❧❛♥❣✉❛❣❡ ✐♥ ♦r❞❡r t♦ ❡♥❛❜❧❡
❞❡✜♥✐t✐♦♥ ♦❢ r❡❝✉rs✐✈❡ ♣❛t❤ ❡①♣r❡ss✐♦♥s✳ ❆ ✉s❡❢✉❧ st✉❞② ✐s ❣✐✈❡♥ ✐♥ ❬▼❛r✵✹❪ t♦ ❦♥♦✇ ♠♦r❡ ❛❜♦✉t
t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❳P❛t❤ ✶✳✵ ❡①t❡♥❞❡❞ ✇✐t❤ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ❛①✐s✳
❈♦♥❞✐t✐♦♥❛❧ ❛①✐s ❢♦r ✐♥st❛♥❝❡ ❝❛♥ ❤❛✈❡ t❤❡ ❢♦r♠ ❞♦ st❡♣ ✇❤✐❧❡ t❡st ✐s ✈❛❧✐❞ ❛t t❤❡ r❡s✉❧t❡❞ ♥♦❞❡✳
❚❤❡ ❝♦♥❞✉❝t❡❞ st✉❞② ✐s ❜❛s❡❞ ♦♥ t❤❡ ❈♦r❡ ❳P❛t❤ ❢r❛❣♠❡♥t ❬●❑P❙✵✺❜❪✱ ❢♦✉r ❞✐✛❡r❡♥t ❡①t❡♥s✐♦♥s
♦❢ t❤✐s ❢r❛❣♠❡♥t ❛r❡ ❞❡✜♥❡❞ ❜② r❡str✐❝t✐♥❣ ✉s❡ ♦❢ ❛①❡s r❡❧❛t✐♦♥s ❛♥❞ ✜❧t❡rs✱ ❛s ✇❡❧❧ ❛s ❜② ✐♥tr♦❞✉❝✐♥❣
❝♦♥❞✐t✐♦♥❛❧ ❛①❡s ❛♥❞ r❡❣✉❧❛r ♣❛t❤ ❡①♣r❡ss✐♦♥s✳ ❇❛s❡❞ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥s ❞♦♥❡ ✐♥ ❬▼❛r✵✹❪✱ ♦✉r ❝❧❛ss
♦❢ ❘❡❣✉❧❛r ❳P❛t❤ q✉❡r✐❡s✱ ❞❡♥♦t❡❞ ❜② Xreg✱ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

✷✶❚❤❡ ❧❛t❡st ✈❡rs✐♦♥ ♦❢ ❙❛①♦♥ ✐s ✈❡rs✐♦♥ ✾✳✺✱ ❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴s❛①♦♥✳s♦✉r❝❡❢♦r❣❡✳♥❡t✴✳

✸✾

http://saxon.sourceforge.net/
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♣ ✿❂ α✿✿♥tst | ♣✯ | ♣ ❬q ❪· · ·❬q ❪ | ♣ ✴♣ | ♣ ∪ ♣

q ✿❂ ♣ | ♣ ❂c | q ∧ q | q ∨ q | ¬ ✭q ✮

α ✿❂ ε | ↓ | ↓+ | ↓∗

✇❤❡r❡ ♣✯ ❞❡♥♦t❡s ❛♥ ✐♥✜♥✐t❡ r❡♣❡t✐t✐♦♥ ♦❢ t❤❡ q✉❡r② ♣ ❛s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡ ✇✐t❤ ❡①❛♠♣❧❡ ♦❢ t❤❡
q✉❡r② ✭↓✿✿A✮✯✳

❆✉t❤♦rs ♦❢ ❬❋●❏❑✵✻✱❋●❏❑✵✼❪ ✇❡r❡ t❤❡ ✜rst t♦ ♣r♦♣♦s❡ ❛♥ ❡✣❝✐❡♥t t♦♦❧ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢
❘❡❣✉❧❛r ❳P❛t❤ q✉❡r✐❡s✳ ❚❤❡② ❤❛✈❡ s❤♦✇♥ ✜rst t❤❛t Xreg q✉❡r✐❡s ❝❛♥ ❜❡ ❝❛♣t✉r❡❞ ❜② ❛ s♣❡❝✐❛❧ ❝❧❛ss
♦❢ ▼❋❆s ✭▼✐①❡❞ ❋✐♥✐t❡ st❛t❡ ❆✉t♦♠❛t❛s✮✱ ♥❛♠❡❧②✱ ▼❋❆s ✇✐t❤ t❤❡ s♣❧✐t ♣r♦♣❡rt②✳ ❚✇♦ ❛❧❣♦r✐t❤♠s
r❡✇r✐t❡ ❛♥❞ ❍②P❊ ❛r❡ ♣r♦♣♦s❡❞ r❡s♣❡❝t✐✈❡❧② ❢♦r tr❛♥s❧❛t✐♥❣ ❛♥② Xreg q✉❡r② Q ✐♥t♦ ✐ts ❡q✉✐✈❛❧❡♥t
▼❋❆ M ✱ ❛♥❞ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❛✉t♦♠❛t♦♥ M ♦✈❡r ❛ ❣✐✈❡♥ ❳▼▲ tr❡❡ T ✳ ❚❤❡
tr❛♥s❧❛t✐♦♥ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ st❡♣s ❛r❡ ❞♦♥❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ s❡❝✉r✐t② ✈✐❡✇ V❂✭Dv, σ✮✱ t❤❡r❡❢♦r❡
t❤❡ ❢♦✉♥❞❡❞ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❬❋●❏❑✵✼❪ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ s✐③❡ ♦❢ σ ❛♥❞ Dv✳ ❲❡ tr② ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❡✈❛❧✉❛t✐♥❣ Xreg q✉❡r✐❡s ✐♥❞❡♣❡♥❞❡♥t❧② t♦ s❡❝✉r✐t② ✈✐❡✇s✳
❋♦r ❛♥② ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D, ❛♥♥ ✮✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❡❝✉r✐t② ✈✐❡✇ V❂✭Dv, σ✮ ✇❤❡r❡ Dv❂D✱
❛♥❞ ❢♦r ❛♥② ♣r♦❞✉❝t✐♦♥ r✉❧❡ A→ P (A) ❛♥❞ ❛♥② B ✐♥ P (A)✱ σ(A,B)❂B ✭✐✳❡✳ ✐♥st❛♥❝❡s ♦❢ D ❛r❡
❡♥t✐r❡❧② ❛❝❝❡ss✐❜❧❡✮✳ ●✐✈❡♥ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥ ❛♥❞ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♠♣❧❡①✐t✐❡s ✐♥ ❬❋●❏❑✵✼❪✱ ✇❡
❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✿

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ●✐✈❡♥ ❛♥ Xreg q✉❡r② Q ❞❡✜♥❡❞ ♦✈❡r ❛ ❉❚❉ D✱ Q ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦ ❛♥
❡q✉✐✈❛❧❡♥t ▼❋❆ M ♦❢ s✐③❡ ❛t ♠♦st O(|Q|.|D|) ✐♥ ❛t ♠♦st O(|Q|2.|D|2) t✐♠❡✳ ▼♦r❡♦✈❡r✱ M ❝❛♥
❜❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r ❛♥② ✐♥st❛♥❝❡ T ♦❢ D ✐♥ ❛t ♠♦st O(|Q|2.|D|2 + |Q|.|D|.|T |) t✐♠❡ ❛♥❞ s♣❛❝❡✳ �

◆♦t❡✳

❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ s②st❡♠ ❙▼❖◗❊✱ ♣r♦♣♦s❡❞ ✐♥ ❬❋●❏❑✵✻❪ ❢♦r tr❛♥s❧❛t✐♦♥ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ♦❢
Xreg q✉❡r✐❡s✱ ✐s ✉♥❞❡r ✐♠♣r♦✈❡♠❡♥ts ❢♦r ❛❞❞✐t✐♦♥❛❧ r❡s❡❛r❝❤ ❛♥❞ ♥♦ ✇♦r❦✐♥❣ ✈❡rs✐♦♥ ❡①✐sts
✐♥ t❤❡ ✇❡❜✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦ ♣r❛❝t✐❝❛❧ t♦♦❧ ❡①✐sts t♦❞❛② ❢♦r ❡✈❛❧✉❛t✐♦♥ ♦❢
❘❡❣✉❧❛r ❳P❛t❤ q✉❡r✐❡s ♦✈❡r ❳▼▲ ❞❛t❛✳

✸✳✺ ❳▼▲ ❯♣❞❛t❡ ❖♣❡r❛t✐♦♥s

❲❡ r❡✈✐❡✇ ❤❡r❡ s♦♠❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ♦❢ t❤❡ ❲✸❈ ❳◗✉❡r② ❯♣❞❛t❡ ❋❛❝✐❧✐t② r❡❝♦♠♠❡♥❞❛t✐♦♥
❬❇❈❋❋+✶✵❪✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥s✿ ✐♥s❡rt✱ ❞❡❧❡t❡✱ r❡♣❧❛❝❡✱ ❛♥❞ r❡♥❛♠❡✳ ❋♦r ❡❛❝❤
✉♣❞❛t❡ ♦♣❡r❛t✐♦♥✱ ❛♥ ❳P❛t❤ t❛r❣❡t ❡①♣r❡ss✐♦♥ ✐s ✉s❡❞ t♦ s♣❡❝✐❢② t❤❡ s❡t ♦❢ ❳▼▲ ♥♦❞❡s ♦♥ ✇❤✐❝❤
t❤❡ ✉♣❞❛t❡ ✐s ❛♣♣❧✐❡❞✳ ❋♦r ❞❡❧❡t❡ ♦♣❡r❛t✐♦♥s✱ t❛r❣❡t s♣❡❝✐✜❡s t❤❡ ❳▼▲ ♥♦❞❡s ✭❞❡♥♦t❡❞ target✲
nodes✮ t♦ ❜❡ ❞❡❧❡t❡❞✳ ❋♦r t❤❡ r❡♠❛✐♥✐♥❣ ♦♣❡r❛t✐♦♥s ❤♦✇❡✈❡r✱ t❛r❣❡t ♠✉st s♣❡❝✐❢② ❛ s✐♥❣❧❡ ❳▼▲
♥♦❞❡ ✭❞❡♥♦t❡❞ target✲node✮✱ ♦t❤❡r✇✐s❡ ❛ ❞②♥❛♠✐❝ ❡rr♦r ✐s r❛✐s❡❞✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ ❛r❣✉♠❡♥t✱ ❝❛❧❧❡❞
s♦✉r❝❡ ✐s r❡q✉✐r❡❞ ❢♦r ✐♥s❡rt✱ r❡♣❧❛❝❡ ❛♥❞ r❡♥❛♠❡ ♦♣❡r❛t✐♦♥s ✇❤✐❝❤ s♣❡❝✐✜❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
t②♣❡ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥✱ ❡✐t❤❡r ❛ t❡①t ✈❛❧✉❡ ♦r ❛ s❡q✉❡♥❝❡ ♦❢ ❳▼▲ ♥♦❞❡s✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ♥❛♠❡s ✐♥ ❜r❛❝❦❡ts ❛r❡ ❛❜❜r❡✈✐❛t✐♦♥s ♦❢ ♦♣❡r❛t✐♦♥s✳ ❚❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s
t❤❛t ✇❡ ❝♦♥s✐❞❡r t❤r♦✉❣❤♦✉t t❤✐s ♠❛♥✉s❝r✐♣t ❛r❡ ❞❡t❛✐❧❡❞ ❛s ❢♦❧❧♦✇s✷✷✿

■♥s❡rt ❋♦r ✐♥s❡rt ♦♣❡r❛t✐♦♥s✱ t❤❡ ♦r❞❡r ❞❡✜♥❡❞ ❜❡t✇❡❡♥ ♥♦❞❡s ♦❢ s♦✉r❝❡ ♠✉st ❜❡ ♣r❡s❡r✈❡❞ ❞✉r✐♥❣
t❤❡ ✐♥s❡rt✐♦♥✳ ❲❡ ❞✐st✐♥❣✉✐s❤ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ✐♥s❡rt ♦♣❡r❛t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢
t❤❡ ✐♥s❡rt✐♦♥✿

✷✷❲❡ ♦♠✐t ❞❡s❝r✐♣t✐♦♥ t❤❛t ❝♦♥❝❡r♥s ❛ttr✐❜✉t❡ ♥♦❞❡s ✭❡✳❣✳ ✐♥s❡rt✐♦♥ ♦❢ ❛ttr✐❜✉t❡ ♥♦❞❡s✮ s✐♥❝❡ ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r
❛ttr✐❜✉t❡s ✐♥ ♦✉r ❛♣♣r♦❛❝❤✳

✹✵
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• ✐♥s❡rt source ❛s ✜rst✴❧❛st ✐♥t♦ target ❬✐♥s❡rt❆s❋✐rst ✴✐♥s❡rt❆s▲❛st ❪✿ ❍❡r❡ target✲node
♠✉st ❡✈❛❧✉❛t❡ t♦ ❛ s✐♥❣❧❡ ❡❧❡♠❡♥t ♥♦❞❡❀ ♦t❤❡r✇✐s❡ ❛ ❞②♥❛♠✐❝ ❡rr♦r ✐s r❛✐s❡❞✳ ❚❤✐s ♦♣❡r❛t✐♦♥
✐♥s❡rts t❤❡ ♥♦❞❡s ✐♥ s♦✉r❝❡ ❛s ✜rst✴❧❛st ❝❤✐❧❞r❡♥ ♦❢ target✲node r❡s♣❡❝t✐✈❡❧②✳

• ✐♥s❡rt source ❜❡❢♦r❡✴❛❢t❡r target ❬✐♥s❡rt❇❡❢♦r❡ ✴✐♥s❡rt❆❢t❡r ❪✿ ■♥s❡rts t❤❡ ♥♦❞❡s ✐♥ source
❛s ♣r❡❝❡❞✐♥❣✴❢♦❧❧♦✇✐♥❣ s✐❜❧✐♥❣ ♥♦❞❡s ♦❢ target✲node r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤✐s ❝❛s❡✱ target✲node ♠✉st
❤❛✈❡ ❛ ♣❛r❡♥t ♥♦❞❡❀ ♦t❤❡r✇✐s❡ ❛ ❞②♥❛♠✐❝ ❡rr♦r ✐s r❛✐s❡❞✳

• ✐♥s❡rt source ✐♥t♦ target ❬✐♥s❡rt■♥t♦ ❪✿ ■♥s❡rts t❤❡ ♥♦❞❡s ✐♥ source ❛s ❝❤✐❧❞r❡♥ ♦❢
t❤❡ s✐♥❣❧❡ ❡❧❡♠❡♥t ♥♦❞❡ target✲node ✭♦t❤❡r✇✐s❡ ❛ ❞②♥❛♠✐❝ ❡rr♦r ✐s r❛✐s❡❞✮✳ ◆♦t❡ t❤❛t
t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ✐♥s❡rt❡❞ ♥♦❞❡s ❛♠♦♥❣ t❤❡ ❝❤✐❧❞r❡♥ ♦❢ target✲node ❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✲
❞❡♣❡♥❞❡♥t ✷✸✳ ❚❤✉s✱ t❤❡ ❡✛❡❝t ♦❢ ❡①❡❝✉t✐♥❣ ❛♥ ✐♥s❡rt■♥t♦ ♦♣❡r❛t✐♦♥ ♦♥ target✲
node ❝❛♥ ❜❡ t❤❛t ♦❢ ✐♥s❡rt❆s❋✐rst ✴✐♥s❡rt❆s▲❛st ❡①❡❝✉t❡❞ ♦♥ target✲node✱ ♦r t❤❛t ♦❢
✐♥s❡rt❇❡❢♦r❡ ✴✐♥s❡rt❆❢t❡r ❡①❡❝✉t❡❞ ❛t ❝❤✐❧❞r❡♥ ♦❢ target✲node✳

❉❡❧❡t❡ ❚❤❡ ♦♣❡r❛t✐♦♥ ✏❞❡❧❡t❡ target✑ ❬❞❡❧❡t❡ ❪ ❞❡❧❡t❡s ❛❧❧ ♥♦❞❡s ✐♥ target✲nodes ❛❧♦♥❣ ✇✐t❤
t❤❡✐r ❞❡s❝❡♥❞❛♥t ♥♦❞❡s✳

❘❡♥❛♠❡ ❚❤❡ ♦♣❡r❛t✐♦♥ ✏r❡♥❛♠❡ target ❛s source✑ ❬r❡♥❛♠❡ ❪ r❡♣❧❛❝❡s t❤❡ ❧❛❜❡❧ ♦❢ t❤❡ s✐♥❣❧❡
❡❧❡♠❡♥t ♥♦❞❡ target✲node ✭♦t❤❡r✇✐s❡ ❛ ❞②♥❛♠✐❝ ❡rr♦r ✐s r❛✐s❡❞✮ ✇✐t❤ t❤❡ str✐♥❣ ✈❛❧✉❡ r❡♣r❡s❡♥t❡❞
❜② string✲value✳

❘❡♣❧❛❝❡ ❲❡ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ t②♣❡s ♦❢ r❡♣❧❛❝❡ ♦♣❡r❛t✐♦♥s✿

• r❡♣❧❛❝❡ target ✇✐t❤ source ❬r❡♣❧❛❝❡◆♦❞❡ ❪✿ ❘❡♣❧❛❝❡s target✲node ✇✐t❤ t❤❡ ♥♦❞❡s ✐♥ source✳
❍❡r❡ target✲node ♠✉st ❤❛✈❡ ❛ ♣❛r❡♥t ♥♦❞❡❀ ♦t❤❡r✇✐s❡ ❛ ❞②♥❛♠✐❝ ❡rr♦r ✐s r❛✐s❡❞✳ ■❢ target✲node ✐s
❛♥ ❡❧❡♠❡♥t ♦r t❡①t ♥♦❞❡✱ t❤❡♥ source ♠✉st ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥ts ♦r t❡①t ♥♦❞❡s r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ target✲node ✐s ❞❡❧❡t❡❞ ❛❧♦♥❣ ✇✐t❤ ✐ts ❞❡s❝❡♥❞❛♥ts ❛♥❞ r❡♣❧❛❝❡❞ ❜② t❤❡ ♥♦❞❡s ✐♥ source
t♦❣❡t❤❡r ✇✐t❤ t❤❡✐r ❞❡s❝❡♥❞❛♥ts✱ ❛♥❞ ❜② ♣r❡s❡r✈✐♥❣ t❤❡✐r ♦r❞❡r✳

• r❡♣❧❛❝❡ ✈❛❧✉❡ ♦❢ target ✇✐t❤ string✲value ❬r❡♣❧❛❝❡❱❛❧✉❡ ❪✿ target✲node ♠✉st ❡✈❛❧✉❛t❡ t♦ ❛
s✐♥❣❧❡ t❡①t ♥♦❞❡✳ ❚❤✐s ♦♣❡r❛t✐♦♥ r❡♣❧❛❝❡s t❤❡ str✐♥❣ ✈❛❧✉❡ ♦❢ target✲node ✇✐t❤ string✲value✳

• r❡♣❧❛❝❡ ❡❧❡♠❡♥t✲❝♦♥t❡♥t ♦❢ target ✇✐t❤ source ❬r❡♣❧❛❝❡❊❧❡♠❡♥t❈♦♥t❡♥t ❪✿ ❚❤✐s ♦♣❡r❛t✐♦♥
r❡♣❧❛❝❡s ❛❧❧ ❝❤✐❧❞r❡♥ ♦❢ t❤❡ s✐♥❣❧❡ ❡❧❡♠❡♥t ♥♦❞❡ target✲node ✭♦t❤❡r✇✐s❡ ❛ ❞②♥❛♠✐❝ ❡rr♦r ✐s r❛✐s❡❞✮✱
t♦❣❡t❤❡r ✇✐t❤ ✐ts ❞❡s❝❡♥❞❛♥ts✱ ❜② t❤❡ ♦♣t✐♦♥❛❧ t❡①t ♥♦❞❡ source✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✇✐❧❧ ♥♦t ❜❡ ✉s❡❞
✐♥ t❤✐s ✇♦r❦✳

❊①❛♠♣❧❡ ✸✳✻✳ ❈♦♥s✐❞❡r t❤❡ ❳▼▲ tr❡❡ ♦❢ ❋✐❣✉r❡ ✸✳✹ ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡ ♠✐ss✐♥❣ ❝❤✐❧❞r❡♥ ♦❢
♥♦❞❡s project1✱ project2✱ project3 ❛♥❞ project4 ✭❛❜❜r❡✈✐❛t❡❞ ❜②

a
✮ ❛r❡ ❛❧❧ t❤❡ s❛♠❡✳ ❲❡ ❞❡✜♥❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✿

✶✳ ❞❡❧❡t❡ ↓+✿✿course❬¬ ✭↓+✿✿professor❬↓✿✿pname❂✬❲❡♥❢❡✐ ✬❪✮❪

✷✳ ❞❡❧❡t❡ ↓+✿✿scholarship

✸✳ ✐♥s❡rt ❁student❃❁sname❃t♦t♦❁✴sname❃❁mark❃✶✻❁✴mark❃❁✴student❃ ❛s ✜rst ✐♥t♦

↓+✿✿students

✹✳ ❞❡❧❡t❡ ↓✿✿dept✴↓✿✿project✴↓✿✿sub✲project✴↓✿✿project✴↓✿✿sub✲project✴↓+✿✿∗

✺✳ r❡♣❧❛❝❡ ✈❛❧✉❡ ♦❢ ↓+✿✿member❬✶❪✴↓✿✿name✴text() ✇✐t❤ ✬❲❡♥❢❡✐ ✬

✻✳ r❡♣❧❛❝❡ ↓+✿✿sub✲project✴↓+✿✿private ✇✐t❤ ❁public✴❃

✷✸❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❉❛t❛❉✐r❡❝t ❳◗✉❡r② ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴✇✇✇✳❝s✳✇❛s❤✐♥❣t♦♥✳❡❞✉✴

r❡s❡❛r❝❤✴①♠❧❞❛t❛s❡ts✴✱ ✐♥s❡rt■♥t♦ ♦♣❡r❛t✐♦♥ ❤❛s t❤❡ s❛♠❡ ❡✛❡❝t ❛s ✐♥s❡rt❆s▲❛st✳

✹✶

http://www.cs.washington.edu/research/xmldatasets/
http://www.cs.washington.edu/research/xmldatasets/


❈❤❛♣t❡r ✸✳ ❳▼▲ ❇❛❝❦❣r♦✉♥❞

✼✳ r❡♣❧❛❝❡ ↓+✿✿sub✲project✴↓+✿✿name ✇✐t❤ ❁name❃●❛❜r✐❡❧❁✴name❃

❚❤❡ ✜rst ❞❡❧❡t❡ ♦♣❡r❛t✐♦♥ ❞❡❧❡t❡s ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛♥② course t❤❛t ✐s ♥♦t ♣❛rt✐❛❧❧② ❣✐✈❡♥ ❜② ♣r♦❢❡ss♦r
❲❡♥❢❡✐✱ ✐✳❡✳ t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t course2 ✐s ❞❡❧❡t❡❞✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ❞❡❧❡t❡s ❛❧❧ scholarship
✐♥❢♦r♠❛t✐♦♥✱ ✐✳❡✳ t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t scholarship1✳ ❆❢t❡r t❤❡s❡ t✇♦ ✉♣❞❛t❡s✱ dept1 ❤❛s ♦♥❧②
course1 ❛s ❝❤✐❧❞ ♥♦❞❡ ✇❤✐❝❤ ❤❛s ♦♥❧② ♦♥❡ student ❡❧❡♠❡♥t✳ ●✐✈❡♥ t❤✐s ❡❧❡♠❡♥t✱ ✐✳❡✳ student2✱ t❤❡
t❤✐r❞ ♦♣❡r❛t✐♦♥ ✐♥s❡rts ❛ ♥❡✇ student ❡❧❡♠❡♥t✱ ✇✐t❤ ♥❛♠❡ ✬t♦t♦✬ ❛♥❞ ♠❛r❦ ✬✶✻ ✬✱ ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣
s✐❜❧✐♥❣ ♦❢ student2✳ ❈♦♥s❡q✉❡♥t❧②✱ students1 ✐s ❝♦♠♣♦s❡❞ ♥♦✇ ❜② t✇♦ ❝❤✐❧❞r❡♥ ♥♦❞❡s student1
❛♥❞ student2 ✇✐t❤ ♥❛♠❡s toto ❛♥❞ bono r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❢♦✉rt❤ ♦♣❡r❛t✐♦♥ ❞❡❧❡t❡s ❛❧❧ ❞❡s❝❡♥❞❛♥ts
♦❢ t❤❡ ❡❧❡♠❡♥t sub✲project2✳ ❚❤❡ r❡s✉❧t✐♥❣ dept1 ❡❧❡♠❡♥t ❤❛s ♦♥❧② t✇♦ project ❡❧❡♠❡♥ts ✭❡❧❡♠❡♥ts
project1 ❛♥❞ project2 r❡s♣✳✮✳ ❚❤❡ ✜❢t❤ ♦♣❡r❛t✐♦♥ r❡♣❧❛❝❡s t❤❡ t❡①t ✈❛❧✉❡ ♦❢ t❤❡ ♥♦❞❡ name1 ✭✐✳❡✳
✬▼❛rt❡❡♥✬✮ ✇✐t❤ ✬❲❡♥❢❡✐ ✬✳ ❚❤❡ t✇♦ ❧❛st ♦♣❡r❛t✐♦♥s r❡♣❧❛❝❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♥♦❞❡ private2 ✇✐t❤
t❤❡ ♥❡✇ ♦♥❡ public✱ ❛♥❞ t❤❡ ♥♦❞❡ name2 ✇✐t❤ ❛♥♦t❤❡r name ❡❧❡♠❡♥t ❜② ❝❤❛♥❣✐♥❣ ✐ts t❡①t ✈❛❧✉❡
✇✐t❤ ✬●❛❜r✐❡❧ ✬✳ �

❲❡ ❞❡♥♦t❡ ❜② op(T ) t❤❡ ❳▼▲ tr❡❡ r❡s✉❧t❡❞ ❜② ♣❡r❢♦r♠✐♥❣ ❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ op ♦✈❡r ❛♥
❳▼▲ tr❡❡ T ✳ ❖✉r s❡t ♦❢ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ♦♥❡ ✉s❡❞ ✐♥ ❬❇❈❋✵✼❪ ✇❤✐❧❡
♦♥❧② ❛t♦♠✐❝ ✉♣❞❛t❡s ❛r❡ ✉s❡❞ ✷✹✳ ❚♦ s✐♠♣❧✐❢② ♦✉r ♣r♦♣♦s❛❧s✱ ❤♦✇❡✈❡r✱ ✇❡ r❡❢❡r ✇✐t❤ s♦✉r❝❡
t❤r♦✉❣❤♦✉t t❤✐s ♠❛♥✉s❝r✐♣t t♦ ❛ s❡q✉❡♥❝❡ ♦❢ ❳▼▲ ♥♦❞❡s ✇✐t❤ ♦♥❧② t❤❡ s❛♠❡ t②♣❡✳

✷✹■✳❡✳ t❤❡ ❛r❣✉♠❡♥t source ♦❢ ✐♥s❡rt ❛♥❞ r❡♣❧❛❝❡ ♦♣❡r❛t✐♦♥s ♠✉st r❡♣r❡s❡♥t ♦♥❧② ❛ s✐♥❣❧❡ ❳▼▲ ♥♦❞❡✳

✹✷



✹

❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

❈♦♥t❡♥ts

✹✳✶ Pr♦❜❧❡♠ ❙t❛t❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✹✳✶✳✶ ❳▼▲ ❙❡❝✉r✐t② ❱✐❡✇s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✹✳✶✳✷ ❙❡❝✉r✐t② ❱✐❡✇✬s ❉r❛✇❜❛❝❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✹✳✶✳✸ ❙❦❡t❝❤ ♦❢ ♦✉r Pr♦♣♦s❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✹✳✷ ❆❝❝❡ss ❈♦♥tr♦❧ ✇✐t❤ ❆r❜✐tr❛r② ❉❚❉s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✹✳✷✳✶ ❆❝❝❡ss ❙♣❡❝✐✜❝❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✷✳✷ ❆❝❝❡ss✐❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✸ ◗✉❡r② ❘❡✇r✐t✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✸✳✶ ◗✉❡r✐❡s ✇✐t❤♦✉t ♣r❡❞✐❝❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✹✳✸✳✷ ❘❡✇r✐t✐♥❣ ♣r❡❞✐❝❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✹✳✸✳✸ ❈♦♣✐♥❣ ✇✐t❤ X⇑ q✉❡r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✹ ❘❡✇r✐t✐♥❣ ❆❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✹✳✺ ❚❤❡♦r❡t✐❝❛❧ ❘❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✹✳✻ ❈♦♥❝❧✉s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

▼♦st st❛t❡✲♦❢✲t❤❡ ❛rt ❛♣♣r♦❛❝❤❡s ❢♦r s❡❝✉r✐♥❣ ❳▼▲ ❞♦❝✉♠❡♥ts ❛❧❧♦✇ ✉s❡rs t♦ ❛❝❝❡ss ❞❛t❛ ♦♥❧②
t❤r♦✉❣❤ ❛✉t❤♦r✐③❡❞ ✈✐❡✇s ❞❡✜♥❡❞ ❜② ❛♥♥♦t❛t✐♥❣ ❛♥ ❳▼▲ ❣r❛♠♠❛r ✭❡✳❣✳ ❉❚❉✮ ✇✐t❤ ❛ ❝♦❧❧❡❝t✐♦♥
♦❢ ❳P❛t❤ ❡①♣r❡ss✐♦♥s✳ ❚♦ ♣r❡✈❡♥t ✐♠♣r♦♣❡r ❞✐s❝❧♦s✉r❡ ♦❢ ❝♦♥✜❞❡♥t✐❛❧ ✐♥❢♦r♠❛t✐♦♥✱ ✉s❡r q✉❡r✐❡s
♣♦s❡❞ ♦♥ t❤❡s❡ ✈✐❡✇s ♥❡❡❞ t♦ ❜❡ r❡✇r✐tt❡♥ ✐♥t♦ ❡q✉✐✈❛❧❡♥t q✉❡r✐❡s ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞♦❝✉♠❡♥ts✳
❚❤✐s r❡✇r✐t✐♥❣ ❡♥❛❜❧❡s ✉s t♦ ❛✈♦✐❞ t❤❡ ♦✈❡r❤❡❛❞ ♦❢ ✈✐❡✇ ♠❛t❡r✐❛❧✐③❛t✐♦♥ ❛♥❞ ♠❛✐♥t❡♥❛♥❝❡✳ ❆
♠❛❥♦r ❝♦♥❝❡r♥ ❤❡r❡ ✐s t❤❛t q✉❡r② r❡✇r✐t✐♥❣ ❢♦r r❡❝✉rs✐✈❡ ❳▼▲ ✈✐❡✇s ✐s st✐❧❧ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳
❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱ s♦♠❡ ✇♦r❦s ❤❛✈❡ ♣r♦♣♦s❡❞ t♦ tr❛♥s❧❛t❡ ❳P❛t❤ q✉❡r✐❡s ✐♥t♦ ♥♦♥✲
st❛♥❞❛r❞ ♦♥❡s✱ ❝❛❧❧❡❞ ❘❡❣✉❧❛r ❳P❛t❤ q✉❡r✐❡s✳ ❍♦✇❡✈❡r✱ q✉❡r② r❡✇r✐t✐♥❣ ✉♥❞❡r ❘❡❣✉❧❛r ❳P❛t❤
❝❛♥ ❜❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧ s✐③❡ ❛s ✐t r❡❧✐❡s ♦♥ ❛✉t♦♠❛t♦♥ ♠♦❞❡❧✳ ▼♦st ✐♠♣♦rt❛♥t❧②✱ ❘❡❣✉❧❛r ❳P❛t❤
r❡♠❛✐♥s ❛ t❤❡♦r❡t✐❝❛❧ ❛❝❤✐❡✈❡♠❡♥t✳ ■♥❞❡❡❞✱ ✐t ✐s ♥♦t ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡ ❛s tr❛♥s❧❛t✐♦♥
❛♥❞ ❡✈❛❧✉❛t✐♦♥ t♦♦❧s ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ s❤♦✇ t❤❛t q✉❡r② r❡✇r✐t✐♥❣ ✐s ❛❧✇❛②s
♣♦ss✐❜❧❡ ❢♦r r❡❝✉rs✐✈❡ ❳▼▲ ✈✐❡✇s ✉s✐♥❣ ♦♥❧② t❤❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ t❤❡ st❛♥❞❛r❞ ❳P❛t❤✳ ❲❡
✐♥✈❡st✐❣❛t❡ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❞♦✇♥✇❛r❞ ❝❧❛ss ♦❢ ❳P❛t❤✱ ❝♦♠♣♦s❡❞ ♦♥❧② ❜② ❝❤✐❧❞ ❛♥❞ ❞❡s❝❡♥❞❛♥t
❛①❡s✱ ✇✐t❤ s♦♠❡ ❛①❡s ❛♥❞ ♦♣❡r❛t♦rs ❛♥❞ ✇❡ ♣r♦♣♦s❡ ❛ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ t♦ r❡✇r✐t❡ q✉❡r✐❡s ✉♥❞❡r
r❡❝✉rs✐✈❡ ❳▼▲ ✈✐❡✇s✳ ❯♥❧✐❦❡ ❘❡❣✉❧❛r ❳P❛t❤✲❜❛s❡❞ ✇♦r❦s✱ ✇❡ ♣r♦✈✐❞❡ ❛ r❡✇r✐t✐♥❣ ❛❧❣♦r✐t❤♠
✇❤✐❝❤ ♣r♦❝❡ss❡s t❤❡ q✉❡r② ♦♥❧② ♦✈❡r t❤❡ ❛♥♥♦t❛t❡❞ ❉❚❉ ❣r❛♠♠❛r ❛♥❞ ✇❤✐❝❤ ❝❛♥ r✉♥ ✐♥ ❧✐♥❡❛r

✹✸



❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

t✐♠❡ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ q✉❡r②✳ ❆♥ ❡①♣❡r✐♠❡♥t❛❧ ❡✈❛❧✉❛t✐♦♥ ❞❡♠♦♥str❛t❡s t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ ✐s
❡✣❝✐❡♥t ❛♥❞ s❝❛❧❡s ✇❡❧❧✳

✹✳✶ Pr♦❜❧❡♠ ❙t❛t❡♠❡♥t

❲❡ ♣r❡s❡♥t ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ❜❛s✐❝ ♣r♦❜❧❡♠ ✇❡ t❛❝❦❧❡✱ ♥❛♠❡❧② ❛♥s✇❡r✐♥❣ ❳▼▲ q✉❡r✐❡s ♦✈❡r
r❡❝✉rs✐✈❡ s❡❝✉r✐t② ✈✐❡✇s✳ ❋✐rst❧②✱ ✇❡ ❣✐✈❡ s♦♠❡ ❞❡✜♥✐t✐♦♥s ♦❢ s❡❝✉r✐t② ✈✐❡✇s ❛♥❞ ❛❝❝❡ss s♣❡❝✐✜❝❛✲
t✐♦♥s✱ ❛s ✇❡❧❧ ❛s ❛ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❆ s❦❡t❝❤ ♦❢ ♦✉r s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❛t t❤❡ ❡♥❞ ♦❢
t❤✐s s❡❝t✐♦♥✳

✹✳✶✳✶ ❳▼▲ ❙❡❝✉r✐t② ❱✐❡✇s

❚❤❡ ♥♦t✐♦♥ ♦❢ s❡❝✉r✐t② ✈✐❡✇✱ ✐♥tr♦❞✉❝❡❞ ✜rst ❜② ❬❙❋✵✷❛❪✱ ❝♦♥s✐sts ♦♥ ❞❡✜♥✐♥❣ ❢♦r ❡❛❝❤ ❣r♦✉♣ ♦❢
✉s❡rs ❛ ✈✐❡✇ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❳▼▲ ❞♦❝✉♠❡♥t t❤❛t ❞✐s♣❧❛②s ❛❧❧ ❛♥❞ ♦♥❧② ♣❛rts ♦❢ t❤❡ ❞♦❝✉♠❡♥t
t❤❡s❡ ✉s❡rs ❛r❡ ❛❧❧♦✇❡❞ t♦ ❛❝❝❡ss✳ ❬❋❈●✵✹❛❪ r❡✜♥❡❞ t❤✐s ♥♦t✐♦♥ ❜② ✐♥tr♦❞✉❝✐♥❣ ✜rst ❛ ❧❛♥❣✉❛❣❡
t♦ s♣❡❝✐❢② ✜♥❡✲❣r❛✐♥❡❞ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ❛♥❞ ❛ r❡✇r✐t✐♥❣ ❛❧❣♦r✐t❤♠ t♦ ❡♥❢♦r❝❡ s✉❝❤ ♣♦❧✐❝✐❡s✳
❙❡❝✉r✐t② ✈✐❡✇s ❛r❡ ♥♦✇ t❤❡ ❜❛s✐❝ ♦❢ ♠♦st ❡①✐st✐♥❣ ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧s ❬❋❈●✵✹❛✱❋●❏❑✵✻✱
❋●❏❑✵✼✱❘❛s✵✻✱❉❋●▼✵✽✱❉❩✵✽❜✱❑▼❘✵✾✱●❙❈+✵✾✱▲▲▲▲✶✶✱❚❚▲✶✸❪✳

▲❡t T ❜❡ ❛♥ ❳▼▲ ❞♦❝✉♠❡♥t t❤❛t ❝♦♥❢♦r♠s t♦ ❛ ❉❚❉ D✳ ❚❤✐s ❞♦❝✉♠❡♥t ♠❛② ❜❡ q✉❡r✐❡❞
s✐♠✉❧t❛♥❡♦✉s❧② ❜② ❞✐✛❡r❡♥t ✉s❡rs ❤❛✈✐♥❣ ❞✐✛❡r❡♥t ❛❝❝❡ss ♣r✐✈✐❧❡❣❡s✳ ❆♥ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝②✱ ❛s
❞❡✜♥❡❞ ✐♥ ❬❋❈●✵✹❛❪✱ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❞♦❝✉♠❡♥t ❉❚❉ D ❛ss♦❝✐❛t✐♥❣ ❛❝❝❡ss✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s
t♦ ❡❧❡♠❡♥t t②♣❡s ♦❢ D✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s s♣❡❝✐❢② ❡❧❡♠❡♥ts ♦❢ T t❤❡ ✉s❡rs ❛r❡ ❣r❛♥t❡❞ ❛❝❝❡ss t♦✳
▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✹✳✶ ✭❆❝❝❡ss ❙♣❡❝✐✜❝❛t✐♦♥ ❬❋❈●✵✹❛❪✮✳ ❆♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S ✐s ❛ ♣❛✐r ✭D✱ ❛♥♥ ✮
❝♦♥s✐st✐♥❣ ♦❢ ❛ ❉❚❉ D ❛♥❞ ❛ ♣❛rt✐❛❧ ♠❛♣♣✐♥❣ ❛♥♥ s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ ♣r♦❞✉❝t✐♦♥ r✉❧❡ A→ P (A)
❛♥❞ ❡❛❝❤ ❡❧❡♠❡♥t t②♣❡ B ✐♥ P ✭A✮✱ ❛♥♥ ✭A✱ B✮✱ ✐❢ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞✱ ✐s ❛♥ ❛♥♥♦t❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✿

❛♥♥ ✭A✱ B✮ ✿❂ Y | N | ❬Q❪

✇❤❡r❡ ❬Q❪ ✐s ❛♥ ❳P❛t❤ ♣r❡❞✐❝❛t❡✳ ❚❤❡ r♦♦t t②♣❡ ♦❢ D ✐s ❛♥♥♦t❛t❡❞ Y ❜② ❞❡❢❛✉❧t✳ �

■♥t✉✐t✐✈❡❧②✱ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✈❛❧✉❡s Y ✱ N ✱ ❛♥❞ ❬Q❪ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ B ❝❤✐❧❞r❡♥ ♦❢ A ❡❧❡♠❡♥ts
✐♥ ❛♥ ✐♥st❛♥t✐❛t✐♦♥ ♦❢ D ❛r❡ ❛❝❝❡ss✐❜❧❡✱ ✐♥❛❝❝❡ss✐❜❧❡✱ ♦r ❝♦♥❞✐t✐♦♥❛❧❧② ❛❝❝❡ss✐❜❧❡ r❡s♣❡❝t✐✈❡❧②✳ ■❢
❛♥♥ ✭A✱ B✮ ✐s ♥♦t ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞✱ t❤❡♥ B ✐♥❤❡r✐ts t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♦❢ A✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢
❛♥♥ ✭A✱ B✮ ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ t❤❡♥ B ♠❛② ♦✈❡rr✐❞❡ t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ✐♥❤❡r✐t❡❞ ❢r♦♠ A✳

❊①❛♠♣❧❡ ✹✳✶✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞❡♣❛rt♠❡♥t ❉❚❉ ♦❢ ❊①❛♠♣❧❡ ✸✳✶ ❛♥❞ ✇❡ ❞❡✜♥❡ s♦♠❡ ❛❝❝❡ss
♣r✐✈✐❧❡❣❡s ❢♦r ♣r♦❢❡ss♦rs✳ ❆ss✉♠❡ t❤❛t ❛ ♣r♦❢❡ss♦r✱ ✐❞❡♥t✐✜❡❞ ❜② ❤✐s ♥❛♠❡ ✩♣♥❛♠❡✱ ❝❛♥ ❛❝❝❡ss t♦
❛❧❧ ❤✐s ❝♦✉rs❡s ✐♥❢♦r♠❛t✐♦♥ ❡①❝❡♣t t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❞❡♥♦t✐♥❣ ✇❤❡t❤❡r ♦r ♥♦t ❛ ❣✐✈❡♥ st✉❞❡♥t ❤♦❧❞s
❛ s❝❤♦❧❛rs❤✐♣✳ ❚❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥✱ S❂✭dept✱ ❛♥♥ ✮✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡s❡ ♣r✐✈✐❧❡❣❡s ❝❛♥ ❜❡
s♣❡❝✐✜❡❞ ❛s ❢♦❧❧♦✇s✿

❛♥♥ ✭dept✱ course✮ ❂ ❬↓::givenBy/↓::professor/↓::pname = ✩♣♥❛♠❡
︸ ︷︷ ︸

Q1

❪

❛♥♥ ✭students✱ scholarship✮ ❂ N

❛♥♥ ✭scholarship✱ student✮ ❂ ❬↑+✿✿course❬Q1❪❪

✹✹



✹✳✶✳ Pr♦❜❧❡♠ ❙t❛t❡♠❡♥t

❍❡r❡ ✩♣♥❛♠❡ ✐s tr❡❛t❡❞ ❛s ❛ ❝♦♥st❛♥t ♣❛r❛♠❡t❡r✱ ✐✳❡✳ ✇❤❡♥ ❛ ❝♦♥❝r❡t❡ ✈❛❧✉❡✱ ❡✳❣✳✱ Eichten✱
✐s s✉❜st✐t✉t❡❞ ❢♦r ✩♣♥❛♠❡✱ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❞❡✜♥❡s t❤❡ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝② ❢♦r t❤❡ ♣r♦❢❡ss♦r
Eichten✳ ❖❜s❡r✈❡ t❤❛t ❛♥♥ ✭course✱ takenBy✮ ✐s ♥♦t ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✐♥
❛♥ ✐♥st❛♥t✐❛t✐♦♥ ♦❢ t❤❡ ❞❡♣❛rt♠❡♥t ❉❚❉✱ ❛♥ takenBy ❡❧❡♠❡♥t ✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠
✐ts ♣❛r❡♥t ❡❧❡♠❡♥t course✱ t❤✐s ❛❝❝❡ss✐❜✐❧✐t② ✐s ❡✐t❤❡r Y ♦r N ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢
t❤❡ ♣r❡❞✐❝❛t❡ ❬Q1❪ ❛t t❤✐s course ❡❧❡♠❡♥t✳ ❙✐♠✐❧❛r❧② ❢♦r cname✱ students✱ givenBy ❛♥❞ ❤✐s
❞❡s❝❡♥❞❛♥t t②♣❡s✳ ❚❤❡ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭students✱ scholarship✮❂N ♦✈❡r ❛ scholarship ❡❧❡♠❡♥t
♦✈❡rr✐❞❡s t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ✐♥❤❡r✐t❡❞ ❢r♦♠ ✐ts ❛♥❝❡st♦r course t♦ ♠❛❦❡ t❤✐s scholarship ❡❧❡♠❡♥t
✐♥❛❝❝❡ss✐❜❧❡✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭scholarship✱ student✮❂❬↑+✿✿course❬Q1❪❪ ♦✈❡rr✐❞❡s
t❤❡ ❛❝❝❡ss✐❜✐❧✐t② N ✱ ✐♥❤❡r✐t❡❞ ❢r♦♠ scholarship ❡❧❡♠❡♥t✱ ❛♥❞ ✐♥❞✐❝❛t❡s t❤❛t student ❝❤✐❧❞r❡♥
♦❢ scholarship ❡❧❡♠❡♥ts ❛r❡ ❝♦♥❞✐t✐♦♥❛❧❧② ❛❝❝❡ss✐❜❧❡ ✭✐✳❡✳ t❤❡② ❛r❡ ❛❝❝❡ss✐❜❧❡ ✐❢ t❤❡ ♣r♦❢❡ss♦r ✐s
❣r❛♥t❡❞ t♦ ❛❝❝❡ss t♦ t❤❡✐r ❛♥❝❡st♦r ❡❧❡♠❡♥t course✮✳ �

❆❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ❜❛s❡❞ ♦♥ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✶ ❛r❡ ❡♥❢♦r❝❡❞ t❤r♦✉❣❤ t❤❡
❞❡r✐✈❛t✐♦♥ ♦❢ ❛ s❡❝✉r✐t② ✈✐❡✇ ❬❋❈●✵✹❛❪✳ ❆ s❡❝✉r✐t② ✈✐❡✇ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❳▼▲
❞♦❝✉♠❡♥t ❛♥❞ t❤❡ ❉❚❉ t❤❛t✿ ✶ ✮ ♠❛② ❜❡ ❛✉t♦♠❛t✐❝❛❧❧② ❞❡r✐✈❡❞ ❢r♦♠ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥✱ ✷ ✮
❞✐s♣❧❛②s t♦ t❤❡ ✉s❡r ❛❧❧ ❛♥❞ ♦♥❧② ❛❝❝❡ss✐❜❧❡ ♣❛rts ♦❢ t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t✱ ✸ ✮ ♣r♦✈✐❞❡s t❤❡ ✉s❡r
✇✐t❤ ❛ s❝❤❡♠❛ ♦❢ ❛❧❧ ❤✐s ❛❝❝❡ss✐❜❧❡ ❞❛t❛ s♦ ❤❡ ❝❛♥ ❢♦r♠✉❧❛t❡ ❛♥❞ ♦♣t✐♠✐③❡ ❤✐s q✉❡r✐❡s✱ ❛♥❞ ✹ ✮
❛❧❧♦✇s ❛ s❛❢❡ tr❛♥s❧❛t✐♦♥ ♦❢ ✉s❡r q✉❡r✐❡s t♦ ♣r❡✈❡♥t ❛❝❝❡ss t♦ s❡♥s✐t✐✈❡ ❞❛t❛✷✺✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ ❛♥
❳▼▲ s❡❝✉r✐t② ✈✐❡✇ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✹✳✷✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮ ❞❡✜♥❡❞ ♦✈❡r ❛ ♥♦♥✲r❡❝✉rs✐✈❡ ❉❚❉
D✱ ❛ s❡❝✉r✐t② ✈✐❡✇ V ✐s ❛ ♣❛✐r ✭Dv✱ σ✮ ✇❤❡r❡ Dv ✐s t❤❡ ❉❚❉ ✈✐❡✇ ♦❢ D t❤❛t ♣r❡s❡♥ts t❤❡ s❝❤❡♠❛
♦❢ ❛❧❧ ❛♥❞ ♦♥❧② ❞❛t❛ t❤❡ ✉s❡r ✐s ❣r❛♥t❡❞ ❛❝❝❡ss t♦✱ ❛♥❞ σ ✐s ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ❢♦r ❛♥②
❡❧❡♠❡♥t t②♣❡ A ❛♥❞ ✐ts ❝❤✐❧❞ t②♣❡ B ✐♥ Dv✱ σ✭A✱ B✮ ✐s ❛ s❡t ♦❢ ❳P❛t❤ ❡①♣r❡ss✐♦♥s t❤❛t ✇❤❡♥
❡✈❛❧✉❛t❡❞ ♦✈❡r ❛♥ A ❡❧❡♠❡♥t ♦❢ ❛♥ ❳▼▲ tr❡❡ T ♦❢ D✱ r❡t✉r♥s ❛❧❧ ✐ts ❛❝❝❡ss✐❜❧❡ ❝❤✐❧❞r❡♥ B✳ ■♥
♦t❤❡r ✇♦r❞s✱ σ ♠❛♣s ❡❛❝❤ ✐♥st❛♥❝❡ ♦❢ D t♦ ❛♥ ✐♥st❛♥❝❡ ♦❢ Dv t❤❛t ❝♦♥t❛✐♥s ♦♥❧② ❛❝❝❡ss✐❜❧❡ ❞❛t❛✳
�

❚❤❡ ❉❚❉ ✈✐❡✇ Dv ✐s ❣✐✈❡♥ t♦ t❤❡ ✉s❡r ❢♦r ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ q✉❡r✐❡s✳ ❍♦✇❡✈❡r✱
t❤❡ s❡t ♦❢ ❳P❛t❤ ❡①♣r❡ss✐♦♥s ❞❡✜♥❡❞ ❜② σ ❛r❡ ❤✐❞❞❡♥ ❢r♦♠ t❤❡ ✉s❡r ❛♥❞ ✉s❡❞ t♦ ❡①tr❛❝t ❢♦r ❛♥②
❳▼▲ tr❡❡ T ∈ T (D)✱ ❛ ✈✐❡✇ Tv ♦❢ T t❤❛t ❝♦♥t❛✐♥s ❛❧❧ ❛♥❞ ♦♥❧② ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s ♦❢ T ✳

❊①❛♠♣❧❡ ✹✳✷✳ ❈♦♥s✐❞❡r t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭dept✱ ❛♥♥ ✮ ♦❢ ❊①❛♠♣❧❡ ✹✳✶✳ ❋✐rst❧②✱ t❤❡
❉❚❉ ✈✐❡✇ deptv❂✭Σv✱ dept✱ Pv✮ ♦❢ t❤❡ ❞❡♣❛rt♠❡♥t ❉❚❉ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❡❛s✐❧② ❜② ❡❧✐♠✐♥❛t✐♥❣
t❤❡ scholarship ❡❧❡♠❡♥t t②♣❡✱ ✐✳❡✳ Σv ✿❂ Σ \ {scholarship}✱ ❛♥❞ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
dept ❛♥❞ students ❡❧❡♠❡♥t t②♣❡s ❛s ❢♦❧❧♦✇s✿

Pv✭dept✮ ✿❂ ✭course✯✱ project✯✮
Pv✭students✮ ✿❂ ✭student✰✮
Pv✭A✮ ✿❂ P ✭A✮✱ ❢♦r ❛❧❧ r❡♠❛✐♥✐♥❣ ❡❧❡♠❡♥t t②♣❡s A ✐♥ Σv

❚❤❡ ❢✉♥❝t✐♦♥ σ ✐s ❞❡✜♥❡❞ ♦✈❡r t❤❡ ♣r♦❞✉❝t✐♦♥ r✉❧❡s ♦❢ deptv ❛s ❢♦❧❧♦✇s✿ ✭r❡❢❡r t♦ ❊①❛♠♣❧❡ ✹✳✶ ❢♦r
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❬Q1❪✮

✷✺❚❤✐s tr❛♥s❧❛t✐♦♥ ✐s ♥❡❝❡ss❛r② ♦♥❧② ✐❢ t❤❡ ✈✐❡✇s ♦❢ t❤❡ ❞❛t❛ ❛r❡ ✈✐rt✉❛❧✱ ✐✳❡✳ ♥♦t ♠❛t❡r✐❛❧✐③❡❞✳

✹✺



❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

❋✐❣✉r❡ ✹✳✶✿ ❚❤❡ ✈✐❡✇ ♦❢ t❤❡ ❞❡♣t ❳▼▲ ❞♦❝✉♠❡♥t ✇✳r✳t t❤❡ ♣♦❧✐❝② ♦❢ ❊①❛♠♣❧❡ ✹✳✶✳

dept → Pv(dept)✿
σ(dept, course) ❂ ↓✿✿course❬Q1❪
σ(dept, project) ❂ ↓✿✿project

students → Pv(students)✿
σ(students, student) ❂ ↓✿✿student ∪ ↓✿✿scholarship✴↓✿✿student❬↑+✿✿course❬Q1❪

A → Pv(A)✿ ✭❢♦r ❡❛❝❤ r❡♠❛✐♥✐♥❣ ❡❧❡♠❡♥t t②♣❡ A ✐♥ Σv✮
σ(A,B) ❂ ↓✿✿B ✭❢♦r ❡❛❝❤ ❝❤✐❧❞ t②♣❡ B ✐♥ Pv(A)✮

❯s✐♥❣ t❤❡ r❡s✉❧t✐♥❣ s❡❝✉r✐t② ✈✐❡✇ V❂✭deptv✱ σ✮✱ t❤❡ ✈✐❡✇ ♦❢ t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t ♦❢ ❋✐❣✉r❡ ✸✳✹
✐s ❞❡r✐✈❡❞ ❛♥❞ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✱ t❤✐s ✈✐❡✇ s❤♦✇s ❛❧❧ ❛♥❞ ♦♥❧② ♣❛rts ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❳▼▲
❞♦❝✉♠❡♥t t❤❛t ❛r❡ ❛❝❝❡ss✐❜❧❡ ✇✳r✳t t❤❡ s♣❡❝✐✜❝❛t✐♦♥ S❂✭dept✱ ❛♥♥ ✮✳ ◆♦t❡ t❤❛t ❛❧❧ ❞❡s❝❡♥❞❛♥ts ♦❢
t❤❡ ❡❧❡♠❡♥t project1 ❛r❡ st✐❧❧ ✉♥❝❤❛♥❣❡❞✳ �

●✐✈❡♥ ❛ s❡❝✉r✐t② ✈✐❡✇ V❂✭Dv✱ σ✮ ❞❡✜♥❡❞ ❢♦r ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮✱ t❤❡♥✱ ❢♦r
❡❛❝❤ ✐♥st❛♥❝❡ T ♦❢ D ❛♥❞ ✐ts ✈✐❡✇ Tv ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ σ ❢✉♥❝t✐♦♥✱ ♦♥❡ ❝❛♥ ❡✐t❤❡r ♠❛t❡r✐❛❧✐③❡
Tv ❛♥❞ ❡✈❛❧✉❛t❡ ✉s❡r q✉❡r✐❡s ❞✐r❡❝t❧② ♦✈❡r ✐t ❬❑▼❘✵✾✱❋❡❣✶✶❪✱ ♦r ❦❡❡♣ Tv ✈✐rt✉❛❧ ❢♦r s♦♠❡ r❡❛s♦♥s
❬❋●❏❑✵✼✱❉❋●▼✵✽✱●❙❈+✵✾✱▲▲▲▲✶✶❪✳ ■♥ ❝❛s❡ ♦❢ ✈✐rt✉❛❧ ✈✐❡✇s✱ t❤❡ q✉❡r② r❡✇r✐t✐♥❣ ♣r✐♥❝✐♣❧❡ ✐s
✉s❡❞ t♦ tr❛♥s❧❛t❡ ❡❛❝❤ ✉s❡r q✉❡r② Q ❞❡✜♥❡❞ ✐♥ Dv ♦✈❡r t❤❡ ✈✐rt✉❛❧ ✈✐❡✇ Tv✱ ✐♥t♦ ❛ s❛❢❡ ♦♥❡ Qt

❞❡✜♥❡❞ ✐♥ D ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞♦❝✉♠❡♥t T s✉❝❤ t❤❛t✿ ❡✈❛❧✉❛t✐♥❣ Q ♦✈❡r Tv r❡t✉r♥s t❤❡ s❛♠❡ s❡t
♦❢ ♥♦❞❡s ❛s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ r❡✇r✐tt❡♥ q✉❡r② Qt ♦✈❡r T ✳

❊①❛♠♣❧❡ ✹✳✸✳ ❈♦♥s✐❞❡r t❤❡ q✉❡r② ↓✿✿dept✴↓✿✿course ♦❢ t❤❡ ♣r♦❢❡ss♦r Wenfei ❞❡✜♥❡❞ ♦✈❡r t❤❡
✈✐❡✇ ♦❢ ❋✐❣✉r❡ ✹✳✶✳ ❚❤✐s q✉❡r② ❝❛♥ ❜❡ r❡✇r✐tt❡♥✱ ✉s✐♥❣ t❤❡ s❡❝✉r✐t② ✈✐❡✇ ♦❢ ❊①❛♠♣❧❡ ✹✳✷✱ ❛s
❢♦❧❧♦✇s✿

↓✿✿dept✴σ(dept, course) ❂ ↓✿✿dept✴↓✿✿course❬↓✿✿givenBy✴↓✿✿professor✴↓✿✿pname❂✏❲❡♥❢❡✐✑❪

❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤✐s q✉❡r② ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❳▼▲ ❞♦❝✉♠❡♥t ♦❢ ❋✐❣✉r❡ ✸✳✹ r❡t✉r♥s ♦♥❧② ❛❝❝❡ss✐❜❧❡
course ❡❧❡♠❡♥ts✱ ✐✳❡✳ course1✳ �

❙✐♥❝❡ ♠♦st ❡①✐st✐♥❣ ❛♣♣r♦❛❝❤❡s ❢♦r s❡❝✉r✐♥❣ ❳▼▲ ❞❛t❛ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ s❡❝✉r✐t② ✈✐❡✇ ♣r✐♥✲
❝✐♣❧❡✱ ✇❡ ❞✐s❝✉ss t❤❡r❡❛❢t❡r t❤❡ ♠❛❥♦r ❧✐♠✐ts ♦❢ t❤✐s ♣r✐♥❝✐♣❧❡✳

✹✻



✹✳✶✳ Pr♦❜❧❡♠ ❙t❛t❡♠❡♥t

✹✳✶✳✷ ❙❡❝✉r✐t② ❱✐❡✇✬s ❉r❛✇❜❛❝❦s

❘❡❝❛❧❧ t❤❛t s❡❝✉r✐t② ✈✐❡✇s s❤♦✉❧❞ ♣r♦✈✐❞❡ ❡❛❝❤ ❣r♦✉♣ ♦❢ ✉s❡rs ✇✐t❤ ❛ s❝❤❡♠❛ ♦❢ ❛❧❧ ❛❝❝❡ss✐❜❧❡
❞❛t❛✱ ❡①tr❛❝t ✈✐rt✉❛❧ ❛♥❞✴♦r ♠❛t❡r✐❛❧✐③❡❞ ✈✐❡✇s ✷✻ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❳▼▲ ❞❛t❛✱ ❛♥❞ r❡✇r✐t❡ ✉s❡r
q✉❡r✐❡s ♦✈❡r ✈✐rt✉❛❧ ✈✐❡✇s ✭✐❢ ❡①✐st✮ t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✳ ❋♦r ♥♦♥✲r❡❝✉rs✐✈❡
❉❚❉s✱ s❡✈❡r❛❧ ❡✣❝✐❡♥t s♦❧✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ r❡s♣♦♥s❡ t♦ t❤❡s❡ ♥❡❡❞s✳ ❍♦✇❡✈❡r✱ ♦♥❧②
❢❡✇ ✇♦r❦ ❤❛s st✉❞✐❡❞ t❤❡ ✉s❡ ♦❢ s❡❝✉r✐t② ✈✐❡✇s ✐♥ ❝❛s❡ ♦❢ r❡❝✉rs✐♦♥✳ ❆ s❡❝✉r✐t② ✈✐❡✇ ✐s r❡❝✉rs✐✈❡
✐❢ ✐t ✐s ❞❡✜♥❡❞ ♦✈❡r ❛ r❡❝✉rs✐✈❡ ❉❚❉✳ ❚❤✐s ❝❛s❡ ❞❡s❡r✈❡s ♠♦r❡ ❛tt❡♥t✐♦♥ s✐♥❝❡ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢
t❤❡ ❳▼▲ st❛♥❞❛r❞ ❤❛s s♣❛✇♥❡❞ ♠♦r❡ ❝♦♠♣❧❡① ❞❛t❛ t❤❛t✱ ✐♥ ❞✐✛❡r❡♥t r❡❛❧✲❧✐❢❡ s❝❡♥❛r✐♦s✱ ❝♦♥❢♦r♠
t♦ r❡❝✉rs✐✈❡ s❝❤❡♠❛s ❬❈❤♦✵✷❪✳

❲❡ st✉❞② ♦♥❧② t❤❡ ❝❛s❡ ♦❢ q✉❡r②✐♥❣ ✈✐rt✉❛❧ ❳▼▲ ❞❛t❛✱ t❤❡♥ ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ ♠❛♥✐♣✉❧❛t✐♦♥
♦❢ ♠❛t❡r✐❛❧✐③❡❞ ❳▼▲ ✈✐❡✇s ❬❑▼❘✵✾✱❋❡❣✶✶❪ ❛r❡ ♦✉ts✐❞❡ t❤❡ t♦♣✐❝ ♦❢ ✐♥t❡r❡st ♦❢ t❤✐s ✇♦r❦✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ✇❡ ❞✐s❝✉ss s✉❜s❡q✉❡♥t❧② ♦❜st❛❝❧❡s ❡♥❝♦✉♥t❡r❡❞ ✇❤❡♥ ♠❛♥✐♣✉❧❛t✐♥❣ r❡❝✉rs✐✈❡ ❉❚❉s ❛♥❞
t❤✐s ❛t t❤❡ st❛❣❡ ♦❢ q✉❡r② r❡✇r✐t✐♥❣✳ ❲❤❡♥ t❤❡ r❡✇r✐t✐♥❣ ♦❢ ❳P❛t❤ q✉❡r✐❡s ✐s q✉✐t❡ str❛✐❣❤t❢♦r✇❛r❞
❢♦r ♥♦♥✲r❡❝✉rs✐✈❡ ❳▼▲ s❡❝✉r✐t② ✈✐❡✇s✱ s♦♠❡ ♦❜st❛❝❧❡s ♠❛② ❛r✐s❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ r❡❝✉rs✐✈❡ ✈✐❡✇s
t❤❛t ♠❛❦❡ t❤✐s r❡✇r✐t✐♥❣ ♣r♦❝❡ss ✐♠♣♦ss✐❜❧❡ ❢♦r s♦♠❡ ❝❧❛ss ♦❢ ❳P❛t❤ q✉❡r✐❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡
r❡✇r✐t✐♥❣ ♣r♦❝❡ss ✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ σ✳ ■♥ ❝❛s❡ ♦❢ r❡❝✉rs✐✈❡ ❉❚❉s ❤♦✇❡✈❡r✱
t❤✐s ❢✉♥❝t✐♦♥ ❝❛♥ ♥♦t ❜❡ ❞❡✜♥❡❞ ✐♥ ❳P❛t❤ ❛s ✇❡ s❤♦✇ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✹✳✹✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞❡♣❛rt♠❡♥t ❉❚❉ ♦❢ ❊①❛♠♣❧❡ ✸✳✶ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t ❛ ♣❡rs♦♥❛❧
♦❢ s♦♠❡ ❞❡♣❛rt♠❡♥t✱ ✐❞❡♥t✐✜❡❞ ❜② ❤✐s ♥❛♠❡ ✩♣♥❛♠❡✱ ❝❛♥ ❛❝❝❡ss t♦ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛♥② ♣r♦❥❡❝t
✐♥ ✇❤✐❝❤ ❤❡ ✐s ❛ ♠❡♠❜❡r✱ ❛s ✇❡❧❧ ❛s ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛❧❧ ♣✉❜❧✐❝ ♣r♦❥❡❝ts✳ ❚❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥✱
S❂✭dept✱ ❛♥♥ ✮✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡s❡ ♣r✐✈✐❧❡❣❡s ✐s ❞❡✜♥❡❞ ✇✐t❤✿

❛♥♥ ✭dept✱ project✮ ❂ ❛♥♥ ✭sub✲project✱ project✮ ❂
❬↓:: type/↓::public ∨ ↓::members/↓::member[↓::name = ✩♣♥❛♠❡]
︸ ︷︷ ︸

Q2

❪

◆♦t❡ t❤❛t ✐❢ t❤❡ ♣r❡❞✐❝❛t❡ ❬Q2❪ ✐s ✈❛❧✐❞ ❛t ❛ ❣✐✈❡♥ project ❡❧❡♠❡♥t t❤❡♥ ❛❧❧ ✐ts ❞❡s❝❡♥❞❛♥t ❡❧❡♠❡♥ts
✐♥❤❡r✐t t❤✐s ❛❝❝❡ss✐❜✐❧✐t② ❡①❝❡♣t sub✲project ❡❧❡♠❡♥ts t❤❛t ♠❛② ♦✈❡rr✐❞❡ ✐t ✭t❤❛t ❞❡♣❡♥❞s t♦ t❤❡
❡✈❛❧✉❛t✐♦♥ ♦❢ ❬Q2❪✮✳ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣r♦❢❡ss♦r ✏❲❡♥❢❡✐✑✱ t❤❡ ✈✐❡✇ ♦❢ t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t
♦❢ ❋✐❣✉r❡ ✸✳✹ ✐s ❞❡r✐✈❡❞ ❛♥❞ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✷✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss✐❜❧❡ dept ❡❧❡♠❡♥t✱ t❤❡r❡ ✐s
❛♥ ✐♥✜♥✐t❡ s❡t ♦❢ ♣❛t❤s t❤❛t ❝♦♥♥❡❝t t❤✐s ❡❧❡♠❡♥t t♦ ✐ts ❛❝❝❡ss✐❜❧❡ ❝❤✐❧❞r❡♥ ♦❢ t②♣❡ project✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ σ✭dept✱ project✮ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ✏✯✑ ❛s ❢♦❧❧♦✇s✿

σ✭dept✱ project✮ ❂ ✭↓✿✿project❬¬✭Q2✮❪✴↓✿✿sub✲project✮✯✴↓✿✿project❬Q2❪

❚❤❡ r❡❝✉rs✐✈❡ ♣❛t❤ ✭↓✿✿project❬¬✭Q2✮❪✴↓✿✿sub✲project✮✯ ✐s ❞❡✜♥❡❞ ♦✈❡r ♦♥❧② ✐♥❛❝❝❡ss✐❜❧❡ ❡❧❡♠❡♥ts✳
❚❤✉s✱ t❤❡ ❡①♣r❡ss✐♦♥ σ✭dept✱ project✮ ❤❛s t♦ ❡①tr❛❝t✱ ♦✈❡r ❡❛❝❤ ❛❝❝❡ss✐❜❧❡ ❡❧❡♠❡♥t ♦❢ t②♣❡ dept
✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✱ t❤❡ ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥ts ♦❢ t②♣❡ project t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ✈✐❡✇ ♦❢ t❤❡
❞❛t❛ ❛s ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞r❡♥ ♦❢ t❤✐s dept ❡❧❡♠❡♥t✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛♥ ❡❧❡♠❡♥t m ♦❢ t②♣❡ project
✐s s❤♦✇♥ ✐♥ t❤❡ ✈✐❡✇ ♦❢ ❋✐❣✉r❡ ✹✳✷ ❛s ❛♥ ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ s♦♠❡ dept ❡❧❡♠❡♥t n ✐❢ ❛♥❞ ♦♥❧②✿ m
❛♥❞ n ❛r❡ ❜♦t❤ ❛❝❝❡ss✐❜❧❡ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ tr❡❡ ♦❢ ❋✐❣✉r❡ ✸✳✹✱ ❛♥❞ ❡✐t❤❡r m ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞
♦❢ n ♦r s❡♣❛r❛t❡❞ ❢r♦♠ n ✇✐t❤ ♦♥❧② ✐♥❛❝❝❡ss✐❜❧❡ ❡❧❡♠❡♥ts✳ ❚❛❦❡ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❡❧❡♠❡♥ts dept1
❛♥❞ project2 ♦❢ t❤❡ tr❡❡ ♦❢ ❋✐❣✉r❡ ✸✳✹✳ ❆❢t❡r ❤✐❞✐♥❣ t❤❡ ✐♥❛❝❝❡ss✐❜❧❡ ❡❧❡♠❡♥t project1✱ project2
❛♣♣❡❛rs ✐♥ t❤❡ ✈✐❡✇ ♦❢ ❋✐❣✉r❡ ✹✳✷ ❛s ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ dept1✳ ❚❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡ ✐s ❛♣♣❧✐❡❞ ❢♦r
t❤❡ ❡❧❡♠❡♥ts project2 ❛♥❞ project4✳ �

✷✻ ❬❚❚▲✶✸❪ ♣r♦♣♦s❡❞ ❤②❜r✐❞ ❛♣♣r♦❛❝❤ t❤❛t ❞❡✜♥❡s ❜♦t❤ ✈✐rt✉❛❧ ❛♥❞ ♠❛t❡r✐❛❧✐③❡❞ ✈✐❡✇s ♦❢ t❤❡ s❛♠❡ ❳▼▲
❞♦❝✉♠❡♥t✳

✹✼



❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

❬▼❛r✵✹❪ s❤♦✇❡❞ t❤❛t t❤❡ ❦❧❡❡♥ st❛r ♦♣❡r❛t♦r ✏✯✑ ❝❛♥ ♥♦t ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❳P❛t❤✳ ❋♦r t❤✐s
r❡❛s♦♥✱ t❤❡ ❢✉♥❝t✐♦♥ σ ♦❢ ❊①❛♠♣❧❡ ✹✳✹ ❝❛♥ ♥♦t ❜❡ ❞❡✜♥❡❞ ✐♥ t❤❡ st❛♥❞❛r❞ ❳P❛t❤ ✇❤✐❝❤ ♠❛❦❡s t❤❡
q✉❡r② r❡✇r✐t✐♥❣ ♣r♦❝❡ss ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣✳ ❲❡ ❛r❡ ♣r✐♥❝✐♣❛❧❧② ♠♦t✐✈❛t❡❞ ❜② st✉❞❞✐♥❣ t❤❡ ❝❧♦s✉r❡
♦❢ ❛ s✐❣♥✐✜❝❛♥t ❝❧❛ss ♦❢ ❳P❛t❤ q✉❡r✐❡s ✭❞❡♥♦t❡❞ ❜② X ✮ ✉♥❞❡r q✉❡r② r❡✇r✐t✐♥❣✱ ✐✳❡✳ ✇❤❡t❤❡r ❛❧❧
q✉❡r✐❡s ♦❢ t❤✐s ❝❧❛ss ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ♦✈❡r ❛r❜✐tr❛r② s❡❝✉r✐t② ✈✐❡✇s ✭r❡❝✉rs✐✈❡ ♦r ♥♦t✮✳ ❈♦♥tr❛r②
t♦ ❬❋●❏❑✵✼❪✱ ✇❡ ❞❡✜♥❡ ❢♦r♠❛❧❧② t❤❡ ❝❧♦s✉r❡ ♣r♦♣❡rt② ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✹✳✸✳ ❆♥ ❳▼▲ q✉❡r② ❧❛♥❣✉❛❣❡ L ✐s ❝❧♦s❡❞ ✉♥❞❡r q✉❡r② r❡✇r✐t✐♥❣ ✐❢ t❤❡r❡ ❡①✐sts ❛
❢✉♥❝t✐♦♥ R✿ L → L t❤❛t✱ ❢♦r ❛♥② ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱❛♥♥ ✮ ❛♥❞ ❛♥② ❉❚❉ ✈✐❡✇ Dv ♦❢ D✱
tr❛♥s❧❛t❡s ❡❛❝❤ q✉❡r② Q ♦❢ L ❞❡✜♥❡❞ ♦✈❡r Dv ✐♥t♦ ❛♥♦t❤❡r ♦♥❡ R(Q) ❞❡✜♥❡❞ ✐♥ L ♦✈❡r D s✉❝❤
t❤❛t✿ ❢♦r ❛♥② T ∈ T (D) ❛♥❞ ✐ts ✈✐rt✉❛❧ ✈✐❡✇ Tv✱ SJR(Q)K✭T ✮❂SJQK✭Tv✮✳ �

❚❤❡ ❞❡✜♥✐t✐♦♥ ❣✐✈❡♥ ❜② ❬❋●❏❑✵✼❪ ✐s ♥♦t ♣r❡❝✐s❡ ✇❤❡r❡ t❤❡ ❝❧♦s✉r❡ ♣r♦♣❡rt② ♦❢ ❳P❛t❤ ✐s ❝❤❡❝❦❡❞
♦✈❡r s❡❝✉r✐t② ✈✐❡✇s✳ ❆s ✇❡ ❤❛✈❡ s❤♦✇♥ ❤♦✇❡✈❡r✱ s❡❝✉r✐t② ✈✐❡✇s ❝❛♥ ♥♦t ❜❡ ❛❧✇❛②s ❞❡r✐✈❡❞✱ ✐✳❡✳
♣r♦❜❧❡♠ ❢♦r ❞❡✜♥✐♥❣ ❉❚❉ ✈✐❡✇s ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ σ✳ ▼♦r❡♦✈❡r✱ ❣✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥
S❂✭D✱ ❛♥♥ ✮ ❛♥❞ ✐ts s❡❝✉r✐t② ✈✐❡✇ V❂✭Dv✱ σ✮✳ ❙✐♥❝❡ t❤❡② ✐♠♣♦s❡ ♥♦ r❡str✐❝t✐♦♥ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ σ ❢✉♥❝t✐♦♥✱ t❤✐s ❧❛tt❡r ♠❛② ❜❡ ❞❡✜♥❡❞ ✐♥ ❛ ❧❛♥❣✉❛❣❡ t❤❛t ✐s ♠♦r❡ ❡①♣r❡ss✐✈❡ t❤❛♥ ❳P❛t❤ ✭❡✳❣✳
❘❡❣✉❧❛r ❳P❛t❤✮✳ ❚❤✉s✱ ✐t ✐s ❝❧❡❛r t❤❛t ❜② ✉s✐♥❣ t❤✐s ✈✐❡✇ V s♦♠❡ ❝♦♠♣❧❡① r❡✇r✐tt❡♥ q✉❡r✐❡s ♠❛②
♥♦t ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❳P❛t❤✳ ❋♦r t❤✐s r❡❛s♦♥ ✇❡ r❡✜♥❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❧♦s✉r❡ ♣r♦♣❡rt② ❬❋●❏❑✵✼❪
t♦ ❜❡ ❝❤❡❝❦❡❞ ♦✈❡r ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥s✳

◆♦t❡ t❤❛t ❬❋❈●✵✹❛❪ s❤♦✇♥ t❤❛t t❤❡ ❢r❛❣♠❡♥t X ✭❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✵✮ ✐s ❝❧♦s❡❞ ✉♥❞❡r
q✉❡r② r❡✇r✐t✐♥❣ ✐♥ ❝❛s❡ ♦❢ ♥♦♥✲r❡❝✉rs✐✈❡ s❡❝✉r✐t② ✈✐❡✇s✳ ❍♦✇❡✈❡r✱ ✐♥ ❝❛s❡ ♦❢ r❡❝✉rs✐♦♥✱ t❤❛t ✐s ♥♦
❧♦♥❣❡r t❤❡ ❝❛s❡ ❛s s❤♦✇s t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✹✳✶ ✭ ❬❋●❏❑✵✼✱❏✐❛✵✼❪✮✳ ■♥ ❝❛s❡ ♦❢ r❡❝✉rs✐✈❡ ❳▼▲ s❡❝✉r✐t② ✈✐❡✇s✱ t❤❡ ❳P❛t❤ ❢r❛❣♠❡♥t
X ✐s ♥♦t ❝❧♦s❡❞ ✉♥❞❡r q✉❡r② r❡✇r✐t✐♥❣✳ �

Pr♦♦❢ ✹✳✶✳ ❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t t❤❡ ❢r❛❣♠❡♥t X ✐s ❝❧♦s❡❞ ✉♥❞❡r q✉❡r② r❡✇r✐t✐♥❣✱ ✐✳❡✳ ❢♦r
❛♥② ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥✱ ❛♥② q✉❡r② ♦❢ t❤❡ ❢r❛❣♠❡♥t X ❝❛♥ ❜❡ s❛❢❡❧② r❡✇r✐tt❡♥ ✐♥ X ✳ ❲❡ ❝♦♥s✐❞❡r
t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✹✳✹ ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ❳P❛t❤ q✉❡r② Q❂↓✿✿dept✴↓✿✿project✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ q✉❡r② Q ♦✈❡r t❤❡ ❞❛t❛ ✈✐❡✇ ♦❢ ❋✐❣✉r❡ ✹✳✷
♠✉st r❡t✉r♥ ♦♥❧② t❤❡ ❡❧❡♠❡♥t project2 t❤❛t ✐s ❛❝❝❡ss✐❜❧❡ t♦ t❤❡ ♣r♦❢❡ss♦r ❲❡♥❢❡✐ ❛♥❞ ❛♣♣❡❛rs ❛s
✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ ❡❧❡♠❡♥t dept1✳ ❯s✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ σ ❛s ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✹✳✹✱ Q ✐s tr❛♥s❧❛t❡❞
✐♥t♦ ↓✿✿dept✴σ✭dept✱ project✮ ✇❤❡r❡ σ✭dept✱ project✮ ♠✉st r❡♣r❡s❡♥t ❛❧❧ t❤❡ ♣❛t❤s t❤❛t ❝♦♥♥❡❝t
❛❝❝❡ss✐❜❧❡ ❡❧❡♠❡♥ts project ✇✐t❤ ❛❝❝❡ss✐❜❧❡ ❡❧❡♠❡♥t dept1✳ ❊❛❝❤ ♦❢ t❤❡s❡ ♣❛t❤s ♠✉st ❤❛✈❡ t❤❡
❢♦r♠ n1, . . . , nk ✭k ≥ 2✮ ✇❤❡r❡ n1 ✐s dept1✱ nk ✐s ❛♥ ❛❝❝❡ss✐❜❧❡ ❡❧❡♠❡♥t ♦❢ t②♣❡ project✱ ❛♥❞ t❤❡
r❡♠❛✐♥✐♥❣ ❡❧❡♠❡♥ts ❛r❡ ❛❧❧ ✐♥❛❝❝❡ss✐❜❧❡✱ ✐♥ t❤✐s ✇❛② nk ✭✐✳❡✳ project2✮ ❛♣♣❡❛rs ✐♥ t❤❡ ❞❛t❛ ✈✐❡✇
❛s ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ dept1 ❛❢t❡r ❤✐❞✐♥❣ ✐♥❛❝❝❡ss✐❜❧❡ ❡❧❡♠❡♥ts t❤❛t ❛r❡ ❜❡t✇❡❡♥ n1 ❛♥❞ nk✳ ❉✉❡
t♦ t❤❡ ❝②❝❧❡ project → sub✲project → project ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❞❡♣❛rt♠❡♥t ❉❚❉ ♦❢ ❋✐❣✉r❡ ✸✳✶✱
✇❡ ❤❛✈❡ s❡❡♥ t❤❛t σ✭dept✱ project✮ ♠✉st ❜❡ ❞❡✜♥❡❞ ✐♥ ❘❡❣✉❧❛r ❳P❛t❤ ✐♥ ♦r❞❡r t♦ ❝❛♣t✉r❡ t❤❡
✐♥✜♥✐t❡ s❡t ♦❢ ♣❛t❤s t❤❛t ❝♦♥♥❡❝t ❛❝❝❡ss✐❜❧❡ project ❡❧❡♠❡♥ts ✐♥t♦ dept1 ❡❧❡♠❡♥t✳ ❚❤❡ q✉❡r② Q ✐s
tr❛♥s❧❛t❡❞ ✐♥t♦✿

↓✿✿dept✴✭↓✿✿project❬¬✭Q2✮❪✴↓✿✿sub✲project✮✯✴↓✿✿project❬Q2❪

❚❤❡ r❡s✉❧t✐♥❣ q✉❡r② Q
′
♦✈❡r t❤❡ ❞❛t❛ ✈✐❡✇ ♦❢ ❋✐❣✉r❡ ✹✳✷ r❡t✉r♥s ♦♥❧② t❤❡ ❡❧❡♠❡♥t project2✳

❆❝❝♦r❞✐♥❣ t♦ ❬ ❬❚❤♦✽✹✱▼❛r✵✹❪✱ ❛ q✉❡r② ♦❢ t❤❡ ❢♦r♠ ✭q1✴q2✮✯ ✐s ♥♦t ❡①♣r❡ss✐❜❧❡ ✐♥ ❳P❛t❤✳ ❚❤✉s✱
Q

′
❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❳P❛t❤ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❳P❛t❤

❢r❛❣♠❡♥t X ✐s ♥♦t ❝❧♦s❡❞ ✉♥❞❡r q✉❡r② r❡✇r✐t✐♥❣✳ �

✹✽



✹✳✶✳ Pr♦❜❧❡♠ ❙t❛t❡♠❡♥t

❋✐❣✉r❡ ✹✳✷✿ ❚❤❡ ✈✐❡✇ ♦❢ t❤❡ ❞❡♣t ❳▼▲ ❞♦❝✉♠❡♥t ✇✳r✳t t❤❡ ♣♦❧✐❝② ♦❢ ❊①❛♠♣❧❡ ✹✳✹✳

◆♦t❡✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶ ❣✐✈❡♥ ✐♥ ❬❏✐❛✵✼❪ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s♦♠❡ s❡❝✉r✐t② ✈✐❡✇
❢♦r ✇❤✐❝❤ t❤❡ ❢r❛❣♠❡♥t X ✐s ♥♦t ❝❧♦s❡❞✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦♦❢ r❡♠❛✐♥s ✐♥❝♦♠♣❧❡t❡ s✐♥❝❡
♥♦ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ t♦ t❤❡ s❡❝✉r✐t② ✈✐❡✇ ❝♦♥s✐❞❡r❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱
❛s ✇❡ ❤❛✈❡ ❞♦♥❡✱ t❤❡ ♣r♦♦❢ ♠✉st s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ✭✐✳❡✳ ❛♥
❛❝❝❡ss ♣♦❧✐❝② ❞❡✜♥❡❞ ✈✐❛ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ s❝❤❡♠❛ ❛♥♥♦t❛t✐♦♥✱ ❉❡✜♥✐t✐♦♥ ✹✳✶✮ ❢♦r ✇❤✐❝❤
q✉❡r② r❡✇r✐t✐♥❣ ✐s ♥♦t ❛❧✇❛②s ♣♦ss✐❜❧❡ ✐♥ X ✳ ❲❤✐❧❡ ✐♥ ❬❏✐❛✵✼❪✱ t❤❡ ♣♦❧✐❝② ❣✐✈❡♥ ❛s ❝♦✉♥t❡r
❡①❛♠♣❧❡ ❝❛♥♥♦t ❜❡ s♣❡❝✐✜❡❞ ✉s✐♥❣ ❉❚❉ ❛♥♥♦t❛t✐♦♥ ♣r✐♥❝✐♣❧❡✳

❋✐♥❛❧❧②✱ ✇❡ s❤♦✉❧❞ ❡♠♣❤❛s✐③❡ t❤❛t ♥♦ ♣r❛❝t✐❝❛❧ s♦❧✉t✐♦♥ ❡①✐sts t♦ r❡s♣♦♥❞ t♦ ❳▼▲ q✉❡r✐❡s
♦✈❡r r❡❝✉rs✐✈❡ s❡❝✉r✐t② ✈✐❡✇s✳ ❙♦♠❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❡①✐st t❤❛t ❛r❡ ❜❛s❡❞ ♦♥ ❘❡❣✉❧❛r ❳P❛t❤
❧❛♥❣✉❛❣❡ ✇❤✐❝❤ ❛❧❧♦✇s ❞❡✜♥✐t✐♦♥ ♦❢ r❡❝✉rs✐✈❡ q✉❡r✐❡s✳ ❆❝❝♦r❞✐♥❣ t♦ ❬❋●❏❑✵✼✱ ●❙❈+✵✾❪✱ t❤❡
❢r❛❣♠❡♥t Xreg ♦❢ ❙❡❝t✐♦♥ ✸✳✹ ✐s ❝❧♦s❡❞ ✉♥❞❡r q✉❡r② r❡✇r✐t✐♥❣✳ ❍♦✇❡✈❡r✱ s♦♠❡ ♠❛❥♦r ❞r❛✇❜❛❝❦s
❛r❡ t♦ ❜❡ ♥♦t❡❞✿ ♥♦ st❛♥❞❛r❞ s♦❧✉t✐♦♥ ❡①✐st t♦ ❡✈❛❧✉❛t❡ r❡❣✉❧❛r q✉❡r✐❡s✱ ❘❡❣✉❧❛r ❳P❛t❤ ❡✈❛❧✉❛t✐♦♥
✐s ♠♦r❡ ❝♦st❧② t❤❛♥ st❛♥❞❛r❞ ❳P❛t❤ ✐♥ ❣❡♥❡r❛❧✱ ❛♥❞ s✐♥❝❡ ❝♦♥t❡♠♣♦r❛r② ❞❛t❛❜❛s❡ s②st❡♠s ♣r♦✈✐❞❡
s✉♣♣♦rt ❢♦r ❳P❛t❤ ♦♥❧② ❛s ❳▼▲ q✉❡r② ❧❛♥❣✉❛❣❡✱ t❤❡ r❡s✉❧ts ❢♦✉♥❞ ❛r♦✉♥❞ ❘❡❣✉❧❛r ❳P❛t❤ ❛r❡
st✐❧❧ ✐♠♣r❛❝t✐❝❛❧✳

✹✳✶✳✸ ❙❦❡t❝❤ ♦❢ ♦✉r Pr♦♣♦s❛❧

❚❤❡ ♠❛❥♦r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ✇♦r❦ ✐s ❛ s♦❧✉t✐♦♥ t❤❛t ♠❛❦❡s ♣♦ss✐❜❧❡ q✉❡r②✐♥❣ ♦❢ ❳▼▲ ❞❛t❛
✉s✐♥❣ ❛r❜✐tr❛r② s❡❝✉r✐t② ✈✐❡✇s ✭r❡❝✉rs✐✈❡ ♦r ♥♦t✮✳ ❲❡ ♠❛❦❡ ❛ ❜r✐❡❢ ❝♦♠♣❛r✐s♦♥ ♦❢ ♦✉r s♦❧✉t✐♦♥
✇✐t❤ s♦♠❡ ❘❡❣✉❧❛r ❳P❛t❤ ❜❛s❡❞ s♦❧✉t✐♦♥ t❤❛t ✐s st✐❧❧ ✐♥❡✣❝✐❡♥t ❛♥❞ ✐♠♣r❛❝t✐❝❛❧ ✐♥ ❣❡♥❡r❛❧✳

❙❡✈❡r❛❧ ❝♦♠♠❡r❝✐❛❧ ❞❛t❛❜❛s❡ s②st❡♠s ✭❡✳❣✳ ❖r❛❝❧❡ ✶✶❣✱ ▼✐❝r♦s♦❢t ❙◗▲ ❙❡r✈❡r✱ ❡❳✐st✲❞❜✱
❙❡❞♥❛✮ ❛r❡ ❛✇❛r❡ ♦❢ t❤❡ ❳▼▲ ❞❛t❛ str✉❝t✉r❡ ❛♥❞ ♦✛❡r s✉♣♣♦rts t♦ ❡✣❝✐❡♥t❧② ♠❛♥❛❣❡ ❜✉s✐♥❡ss
❛♣♣❧✐❝❛t✐♦♥ ❞❛t❛ ✐♥ ❳▼▲ ❢♦r♠❛t✳ ❚❤❡② ♣r♦✈✐❞❡ ✉s❡ ♦❢ ♠♦st ❲✸❈ st❛♥❞❛r❞s ❛♥❞ ♣❛rt✐❝✉❧❛r❧②
t❤❡ ❳P❛t❤ ❧❛♥❣✉❛❣❡ ❬❇❇❈+✶✵❪✳ ❚❤✐s ❤❛s ♠♦t✐✈❛t❡❞ ✉s t♦ ✜♥❞ ❛♥ ❳P❛t❤✲❜❛s❡❞ s♦❧✉t✐♦♥ ❢♦r t❤❡
q✉❡r② r❡✇r✐t✐♥❣ ♣r♦❜❧❡♠ ❛♥❞ t❤❛t ❝♦✉❧❞ ❜❡ ❡❛s✐❧② ❛♥❞ ❡✣❝✐❡♥t❧② ✐♥t❡❣r❛t❡❞ ✇✐t❤✐♥ s✉❝❤ s②st❡♠s✳
■♥ ❛ ♥✉ts❤❡❧❧✱ ♦✉r s♦❧✉t✐♦♥ ❝♦♥s✐sts ✐♥ ❞❡✜♥✐♥❣ ❛ r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ ❘❡✇r✐t❡ ✿ X → X ⇑[n,=] t❤❛t✱

❢♦r ❛♥② ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮ ❛♥❞ ❛♥② ❳▼▲ tr❡❡ T ∈ T (D)✱ tr❛♥s❧❛t❡s ❛♥② X q✉❡r②

✹✾



❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

Access specification S=(D, ann), XML tree T,      query QX

                     Define a security view V=(Dv , σ)                                           Omit use of the σ function

  where σ is defined in Xreg                 Define exact/correct DTD view Dv           

Security view
derivation

                     Translate Q into an MFA                                                         Rewrite Q into  Qt  defined in X⇑[n,=] 

            Special algorithm to evaluate        over T                              Evaluate Qt  over  T  using any XPath 
                                                 processor

                 O(|Q|.|σ|.|Dv|) space                            
                                and                                                           O(|Q|.|ann| + |Q|.|ann|.|T|) time
O(|Q|2.|σ|.|Dv|2   + |Q|.|σ|.|Dv|.|T|) time

   Regular XPath based solution                                  Our XPath standard based solution

 Query 
rewriting

 Query 
evaluation

Total answering
time

● 

● 

● 

M

M● ● 

VSVS

● ● 

Same complexity for the derivation of Dv  

O(|Q|.|σ|.|Dv|) space                            

                and                                                          O(|Q|.|ann|) time
O(|Q|2.|σ|.|Dv|2) time

VS

O(|Q|.|σ|.|Dv|.|T|) time                               O(|Q|.|ann|.|T|) timeVSVS

❋✐❣✉r❡ ✹✳✸✿ ❈♦♠♣❛r✐♥❣ ♦✉r s♦❧✉t✐♦♥ ✇✐t❤ t❤❛t ♦❢ ❬❋●❏❑✵✼❪✳

Q ❞❡✜♥❡❞ ♦✈❡r t❤❡ ✈✐rt✉❛❧ ✈✐❡✇ Tv ♦❢ T ✐♥t♦ ❛♥♦t❤❡r ♦♥❡ ❘❡✇r✐t❡ ✭Q✮ ❞❡✜♥❡❞ ✐♥ t❤❡ ❡①t❡♥❞❡❞

❢r❛❣♠❡♥t X ⇑[n,=] s✉❝❤ t❤❛t✿ SJ❘❡✇r✐t❡ (Q)K✭T ✮❂SJQK✭Tv✮✳

◆♦t❡ t❤❛t ♦♥❡ ❝❛♥ ✉s❡ ❘❡❣✉❧❛r ❳P❛t❤ ❬▼❛r✵✹❪ t♦ ♦✈❡r❝♦♠❡ t❤❡ q✉❡r② r❡✇r✐t✐♥❣ ❧✐♠✐t❛t✐♦♥ ❛s
❤❛s ❜❡❡♥ s❤♦✇♥ ✜rst ❜② ❬❋●❏❑✵✼❪ ❛♥❞ r❡✜♥❡❞ ❧❛t❡r ❜② ❬●❙❈+✵✾❪✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ❛r❡
❝♦st❧② t♦ ✐♠♣❧❡♠❡♥t ❛s ✇❡ s❤♦✇ s✉❜s❡q✉❡♥t❧②✳ ❋✐❣✉r❡ ✹✳✸ ❝♦♠♣❛r❡s ♦✉r s♦❧✉t✐♦♥✱ ❜❛s❡❞ ♦♥ t❤❡
❳P❛t❤ st❛♥❞❛r❞✱ ✇✐t❤ t❤❛t ♦❢ ❬❋●❏❑✵✼❪ t❤❛t ✐s ❜❛s❡❞ ♦♥ ❘❡❣✉❧❛r ❳P❛t❤✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡
❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥✱ t❤❡ s❛♠❡ ❳▼▲ tr❡❡✱ ❛♥❞ ✇❡ s❤♦✇ ❤♦✇ ❛♥ X q✉❡r② Q ♦✈❡r t❤✐s tr❡❡ ❝❛♥ ❜❡
❛♥s✇❡r❡❞ ✉s✐♥❣ ❜♦t❤ ♦✉r s♦❧✉t✐♦♥ ❛♥❞ t❤❛t ♦❢ ❬❋●❏❑✵✼❪✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ ✐s ❞♦♥❡ ❛❝❝♦r❞✐♥❣ t♦
❡❛❝❤ st❡♣ ❛♥ ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧ ♠✉st ❢♦❧❧♦✇✿

✶✳ ❆❝❝❡ss ♣♦❧✐❝✐❡s s♣❡❝✐✜❝❛t✐♦♥✳ ❆❧♦♥❣ t❤❡ s❛♠❡ ❧✐♥❡s ❛s ❬❋❈●✵✹❛❪✱ ✇❡ ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧
❛♥❞ ❡①♣r❡ss✐✈❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡ ✭s❡❡ ❙❡❝t✐♦♥ ❳❳✮ t❤❛t ❝♦♠❜✐♥❡s ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡
❧❛♥❣✉❛❣❡s ♣r❡s❡♥t❡❞ ✐♥ ❬❋●❏❑✵✼✱❑▼❘✵✾❪ ❛♥❞ ♦✈❡r❝♦♠❡s t❤❡✐r ❧✐♠✐ts✳

✷✳ ❙❡❝✉r✐t② ✈✐❡✇ ❞❡r✐✈❛t✐♦♥✳ ❚❤✐s st❡♣ ❝♦♥s✐sts ✐♥ ❞❡✜♥✐♥❣ ❛ s❡❝✉r✐t② ✈✐❡✇ V❂✭Dv✱ σ✮ ❢♦r
s♦♠❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮✳ ❆s ✇❡ ❤❛✈❡ s❤♦✇♥✱ t❤❡ σ ❢✉♥❝t✐♦♥ ❝❛♥ ♥♦t ❜❡ ❞❡✜♥❡❞ ✐♥
❳P❛t❤ ✐❢ D ✐s r❡❝✉rs✐✈❡✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ ♦♠✐t t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡ ✉s❡ ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥ ✐♥
♦✉r ❛♣♣r♦❛❝❤✳ ❬❋●❏❑✵✼❪ ❝❧❛✐♠❡❞ t❤❛t t❤❡ σ ❢✉♥❝t✐♦♥ t❤❡② ✉s❡ ✐s ❞❡✜♥❡❞ ✐♥ ❘❡❣✉❧❛r ❳P❛t❤ ❛♥❞
t❤✐s ✐s t❤❡ ❜❛s✐❝ ✐❞❡❛ ♦❢ t❤❡✐r s♦❧✉t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❛❧❧ t❤❡✐r t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❬❋●❏❑✵✼✱ ❏✐❛✵✼❪
❛r❡ ❜❛s❡❞ ♦♥ t❤❡ s✐③❡ ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥ ✭✐✳❡✳ |σ|✮✳ ❍♦✇❡✈❡r✱ ♥♦ ❛❧❣♦r✐t❤♠ ✐s ♣r♦♣♦s❡❞ ❢♦r
✐ts ❝♦♥str✉❝t✐♦♥ ✇❤✐❝❤ ♠❛❦❡s ❤❛r❞ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡✐r ✜♥❛❧ r❡s✉❧ts ✇✐t❤ t❤♦s❡ ♦❢ r❡❝❡♥t
s♦❧✉t✐♦♥s✳ ❲❡ ♥♦t❡ ✜♥❛❧❧② t❤❛t t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ✈✐❡✇ Dv ✐s ♣r♦❜❧❡♠❛t✐❝❛❧✱ t❤✉s ✇❡ ❞✐s❝✉ss
♦♥❧② t❤❡ ✉s❡ ♦❢ s♦♠❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r t❤✐s ♣r♦❜❧❡♠✳
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✹✳✷✳ ❆❝❝❡ss ❈♦♥tr♦❧ ✇✐t❤ ❆r❜✐tr❛r② ❉❚❉s

✸✳ ◗✉❡r② r❡✇r✐t✐♥❣✳ ❬❋●❏❑✵✼❪ tr❛♥s❧❛t❡ ❛♥ X q✉❡r② Q ✐♥ ✐♥♣✉t ✐♥t♦ ❛ ♠✐①❡❞ ✜♥✐t❡ st❛t❡
❛✉t♦♠❛t❛ ✭▼❋❆✮M✳ ❚❤✐s tr❛♥s❧❛t✐♦♥ r❡q✉✐r❡s O(|Q|.|σ|.|Dv|) s♣❛❝❡ ❛♥❞ O(|Q|2.|σ|.|Dv|

2) t✐♠❡✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❧❡✈❡r❛❣❡ t❤❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ t❤❡ st❛♥❞❛r❞ ❳P❛t❤ t♦ tr❛♥s❧❛t❡ Q ✐♥t♦
❛♥♦t❤❡r ♦♥❡ Qt✱ ❞❡✜♥❡❞ ✐♥ t❤❡ ❢r❛❣♠❡♥t X ⇑[n,=]✱ ❛♥❞ t❤✐s ✐♥ O(|Q|.|❛♥♥ |) t✐♠❡✳ ◆♦t❡ t❤❛t t❤❡

s✐③❡ ♦❢ Qt ✐s ❜♦✉♥❞❡❞ ❜② O(|Q|.|❛♥♥ |)✳

✹✳ ◗✉❡r② ❡✈❛❧✉❛t✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❚❤❡♦r❡♠ ✹✳✹ ♦❢ ❙❡❝t✐♦♥ ✸✱ ❛♥② X ⇑[n,=] q✉❡r② ❝❛♥ ❜❡ ❡✈❛❧✲
✉❛t❡❞ ✐♥ ❛ ❧✐♥❡❛r t✐♠❡ ✇✳r✳t t❤❡ s✐③❡ ♦❢ t❤❡ ❳▼▲ ❞❛t❛ ❛♥❞ t❤❡ ❳P❛t❤ q✉❡r②✳ ❚❤✉s✱ ♦✉r r❡✇r✐tt❡♥
q✉❡r② Qt ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ ❳▼▲ tr❡❡ T ✐♥ O(|Qt|.|T |) t✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡
♥♦ ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ ❡✈❛❧✉❛t❡❞ ❘❡❣✉❧❛r ❳P❛t❤ q✉❡r✐❡s✱ ❬❋●❏❑✵✼❪ ♣r♦♣♦s❡❞ ❛♥ ❛❧✲
❣♦r✐t❤♠✱ ❝❛❧❧❡❞ ❍②P❊✱ t❤❛t ❡✈❛❧✉❛t❡s ❛♥ ▼❋❆M ♦✈❡r ❛♥ ❳▼▲ tr❡❡ T ✐♥ ❛t ♠♦st O(|M|.|T |) t✐♠❡✳

❙✉♠♠✐♥❣ ✉♣✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮✱ ❛♥ ❳▼▲ tr❡❡ T ∈ T (D)✱ ❛♥❞ ❝♦♥s✐❞❡r
❛♥ X q✉❡r② Q ♣♦s❡❞ ♦✈❡r t❤❡ ✈✐rt✉❛❧ ✈✐❡✇ Tv ♦❢ T ✳ ❲❤❛t❡✈❡r t❤❡ t②♣❡ ♦❢ D ✭r❡❝✉rs✐✈❡ ♦r ♥♦t✮✱
✇❡ ♠❛❦❡ ♣♦ss✐❜❧❡ t❤❡ ❛♥s✇❡r✐♥❣ ♦❢ Q ♦✈❡r T ✐♥ ❛t ♠♦st O(|Q|.|❛♥♥ |.|T |) t✐♠❡✱ ✇❤✐❧❡ ❬❋●❏❑✵✼❪ ❞♦
t❤✐s ✐♥ O(|Q|.|σ|.|Dv|) s♣❛❝❡ ❛♥❞ O(|Q|2.|σ|.|Dv|

2 + |Q|.|σ|.|Dv|.|T |) t✐♠❡✳ ❲❡ s❤♦✉❧❞ ❡♠♣❤❛s✐③❡
t❤❛t |❛♥♥ | ✐s ❜♦✉♥❞❡❞ ❜② O(|D|2) ✭✐✳❡✳ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛t ♠♦st |D|2 ❛♥♥♦t❛t✐♦♥s✮✳ ❍♦✇❡✈❡r✱ t❤❡
s✐③❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ σ ✐s ♠♦r❡ ❧❛r❣❡r ✐♥ ❣❡♥❡r❛❧ t❤❛♥ O(|D|2)✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡
♣❛t❤s ♣r❡s❡♥t❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ σ ♠❛② ❜❡ ❡①♣♦♥❡♥t✐❛❧ ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❉❚❉ ❛s ✇❡ s❤♦✇ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✹✳✺✳ ❈♦♥s✐❞❡r t❤❡ ❉❚❉ D❂✭{Root,A1, . . . , An}✱ P ✱ Root✮ ✇❤❡r❡ n ∈ N ❛♥❞ t❤❡
♣r♦❞✉❝t✐♦♥ r✉❧❡s ❛r❡ ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

P ✭Root✮ ✿❂ ✭A1| · · · |An✮
P ✭Ai✮ ✿❂ ✭A1| · · · |Ai−1|Ai+1| · · · |An✮✱ i ≤ n

❲❡ ❞❡✜♥❡ ♥♦✇ t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮ ✇❤❡r❡ ❛♥♥ ❝♦♥t❛✐♥s ♦♥❧② t❤❡ ❞❡❢❛✉❧t ❛♥♥♦✲
t❛t✐♦♥ ❛♥♥ ✭Root✮❂Y ✱ ✐✳❡✳ ❛❧❧ ❡❧❡♠❡♥t t②♣❡s ♦❢ D ❛r❡ ❛❝❝❡ss✐❜❧❡✳ ■t ✐s ❝❧❡❛r t❤❛t ❢♦r ❛♥② ❡❧❡♠❡♥t
t②♣❡s Ai✱ Aj ✭i ≤ n ❛♥❞ j ≤ n✮✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛t❤s ♣r❡s❡♥t❡❞ ❜② σ✭Ai✱ Aj✮ ♠❛② ❜❡ ❜♦✉♥❞❡❞

❜②✿ Σ1≤i≤n−2
(n−2)!

(n−2−i)! ✳ �

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ♦✉r r❡✇r✐t✐♥❣ ❛♣♣r♦❛❝❤ ✐s ♠♦r❡ ❡✣❝✐❡♥t ✐♥ ♣r❛❝t✐❝❡ t❤❛♥ t❤❛t ♦❢
❬❋●❏❑✵✼❪ ❛♥❞ r❡q✉✐r❡s ❛♥ ❛♥s✇❡r✐♥❣ t✐♠❡ t❤❛t ✐s ❧✐♥❡❛r ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥♣✉t q✉❡r②✱ t❤❡ ♥✉♠❜❡r
♦❢ ❛♥♥♦t❛t✐♦♥s✱ ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ❳▼▲ ❞❛t❛✳ ❚❤✐s ✇♦✉❧❞ ❧❡❛❞ ❢♦r ❛♥ ❡✣❝✐❡♥t ✐♥t❡❣r❛t✐♦♥ ♦❢ ♦✉r
s♦❧✉t✐♦♥ ✇✐t❤✐♥ s♦♠❡ ❡①✐st✐♥❣ ❞❛t❛❜❛s❡ s②st❡♠s ❛s ✇❡ s❤❛❧❧ ✈❡r✐❢② t❤r♦✉❣❤ ❛♥ ❡♠♣✐r✐❝❛❧ st✉❞②
❜❛s❡❞ ♦♥ r❡❛❧✲❧✐❢❡ ❉❚❉s✳ ▼♦r❡♦✈❡r✱ ❜② ✇♦r❦✐♥❣ ✇✐t❤ t❤❡ ❳P❛t❤ st❛♥❞❛r❞✱ ✇❡ ♠❛❦❡ ♣♦ss✐❜❧❡
t❤❡ ✉s❡ ♦❢ ❛ ❜✉❧❦ ♦❢ ✐♥t❡r❡st✐♥❣ r❡s✉❧ts ❢♦✉♥❞ ❛r♦✉♥❞ t❤❡ ❳P❛t❤ ❧❛♥❣✉❛❣❡ ✭❡✳❣✳ ❳P❛t❤ q✉❡r✐❡s
♦♣t✐♠✐③❛t✐♦♥ ❬▼◆✶✵❜✱●❈❱✶✶❪ ❛♥❞ ❡✣❝✐❡♥t ❡✈❛❧✉❛t✐♦♥ ❬❍▲✶✸❜❪✮✳

✹✳✷ ❆❝❝❡ss ❈♦♥tr♦❧ ✇✐t❤ ❆r❜✐tr❛r② ❉❚❉s

❋✐❣✉r❡ ✹✳✹ ♣r❡s❡♥ts ♦✉r ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ❢r❛♠❡✇♦r❦✳ ■t ✐s ❞❡s✐❣♥❡❞ ♣❛rt✐❝✉❧❛r❧② ❢♦r ♥❛t✐✈❡
❳▼▲ ❞❛t❛❜❛s❡s ❬❇♦✉✶✵❪ ✇❤❡r❡ ❳▼▲ ❞❛t❛ ✐s st♦r❡❞ ✐♥ ✐ts ♥❛t✐✈❡ ❢♦r♠❛t✳ ❚❤❡ ❞❛t❛ ♦✉r s②st❡♠ ✐s
s✉♣♣♦s❡❞ t♦ ♣r♦t❡❝t ❝♦♥s✐sts ♦❢ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❳▼▲ ❞♦❝✉♠❡♥ts ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❉❚❉s✳
❚❤❡ ♠♦❞✉❧❡ P♦❧✐❝② ❙♣❡❝✐✜❡r ❛❧❧♦✇s t❤❡ ❛❞♠✐♥✐str❛t♦r t♦ s♣❡❝✐❢②✱ ❢♦r ❡❛❝❤ ❣r♦✉♣ ♦❢ ✉s❡rs✱ t❤❡
❞♦❝✉♠❡♥t t❤❡② ❝❛♥ q✉❡r② ❛♥❞ ❛♥ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝② t♦ ❤❛♥❞❧❡ t❤✐s q✉❡r②✐♥❣✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s
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❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

Policy Specifier

View Generator

Evaluator

Rewriting modules

XPath Queries Rewriter 

SpecificationSpecificationSpecification

Persistent data

Virtual data

Module

Temporary 

data

Internal data 

system

XMLXMLXML
DTDDTDDTD

DTDs StoreXML Store

User interface

Administration

Native database

Other Rewriters

X query

 Q

query QtX⇑[n,=]

Optimization

Query 

results

❋✐❣✉r❡ ✹✳✹✿ ❳▼▲ ❆❝❝❡ss ❈♦♥tr♦❧ ❋r❛♠❡✇♦r❦✳

♣♦❧✐❝②✱ t❤❡ ♠♦❞✉❧❡ ❱✐❡✇ ●❡♥❡r❛t♦r ❝♦♠♣✉t❡s ❛ ✈✐rt✉❛❧ ✈✐❡✇ ♦❢ t❤❡✐r r❡❧❛t❡❞ ❞♦❝✉♠❡♥t ❛s ✇❡❧❧
❛s ❛ ✈✐❡✇ ✭♦r ❛♥ ❛♣♣r♦①✐♠❛t❡❞ ✈✐❡✇✮ ♦❢ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❉❚❉✳ ❚❤✐s ❉❚❉ ✈✐❡✇ ✐s ✉s❡❞ ❜② t❤❡
✉s❡rs t♦ ❢♦r♠✉❧❛t❡ t❤❡✐r q✉❡r✐❡s ❛♥❞ q✉❡r② t❤❡ ✈✐rt✉❛❧ ❞❛t❛ ✈✐❡✇ t❤❛t ✐s ♣r♦✈✐❞❡❞ t♦ t❤❡♠✳ ❘❡❝❛❧❧
t❤❛t t❤❡ ❢r❛❣♠❡♥t X ✐s ✉s❡❞ ❢♦r ✉s❡r q✉❡r✐❡s ❢♦r♠✉❧❛t✐♦♥✳ ❊❛❝❤ X q✉❡r② ✐s r❡✇r✐tt❡♥ ✐♥t♦ ❛ s❛❢❡
♦♥❡✱ ❞❡✜♥❡❞ ✐♥ t❤❡ ❢r❛❣♠❡♥t X ⇑[n,=]✱ ❛♥❞ ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞♦❝✉♠❡♥t✳ ❚❤❡ r❡s✉❧ts ♦❢
t❤✐s ❡✈❛❧✉❛t✐♦♥ ❛r❡ ❣✐✈❡♥ t♦ t❤❡ ✉s❡r ❛s ❛ s❡t ♦❢ s✉❜✲tr❡❡s ✇❤❡r❡ ❡❛❝❤ ♦♥❡ ♣r❡s❡♥ts ❛♥ ❛❝❝❡ss✐❜❧❡
❳▼▲ ♥♦❞❡ r❡❢❡rr❡❞ t♦ ❜② t❤❡ q✉❡r② ✐♥ ✐♥♣✉t✳ ❚❤❡ r♦❧❡ ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♠♦❞✉❧❡ ✐s ❞✐s❝✉ss❡❞
❧❛t❡r✳

❲❡ ♣r❡s❡♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ❤♦s♣✐t❛❧ ❉❚❉ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ❛ r❡❛❧✲❧✐❢❡ ♣❛t✐❡♥t ♠❡❞✐❝❛❧
❞❛t❛ ❬❙❤❛✶✷❪ ❛♥❞ ✇❤✐❝❤ ✐s ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ r❡st ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t✳

❊①❛♠♣❧❡ ✹✳✻✳ ❚♦ ❢❛❝✐❧✐t❛t❡ ❝♦♠♣r❡❤❡♥s✐♦♥✱ ✇❡ r❡❝❛❧❧ ❤❡r❡ t❤❡ ❤♦s♣✐t❛❧ ❉❚❉ ❛♥❞ t❤❡ ❤♦s♣✐t❛❧
❞❛t❛ ♣r❡s❡♥t❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t✳ ❆ ❤♦s♣✐t❛❧ ❉❚❉ ❞♦❝✉♠❡♥t ❝♦♥s✐sts ♦❢ ❛ ❧✐st ♦❢
❞❡♣❛rt♠❡♥ts✱ ❡❛❝❤ ❞❡♣❛rt♠❡♥t ✭❞❡✜♥❡❞ ❜② ✐ts ♥❛♠❡✮ ❤❛s ❛ ❧✐st ♦❢ ♣❛t✐❡♥ts ❝✉rr❡♥t❧② r❡s✐❞✐♥❣ ✐♥ t❤❡
❤♦s♣✐t❛❧✳ ❋♦r ❡❛❝❤ ♣❛t✐❡♥t✱ t❤❡ ❤♦s♣✐t❛❧ ♠❛✐♥t❛✐♥s ❤❡r ♥❛♠❡ ✭♣♥❛♠❡✮✱ ❛ ✇❛r❞ ♥✉♠❜❡r ✭✇❛r❞◆♦✮✱
❛ ❢❛♠✐❧② ♠❡❞✐❝❛❧ ❤✐st♦r② ❜② ♠❡❛♥s ♦❢ t❤❡ r❡❝✉rs✐✈❡❧② ❞❡✜♥❡❞ ♣❛r❡♥t ❛♥❞ s✐❜❧✐♥❣ r❡❧❛t✐♦♥s✱ ❛s ✇❡❧❧
❛s ❛ ❧✐st ♦❢ s②♠♣t♦♠s✳ ❚❤❡ ❤♦s♣✐t❛❧✐③❛t✐♦♥ ✐s ♠❛r❦❡❞ ❜② t❤❡ ✐♥t❡r✈❡♥t✐♦♥ ♦❢ ♦♥❡ ♦r ♠❛♥② ❞♦❝t♦rs
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡✐r s♣❡❝✐❛❧t② ❛♥❞ t❤❡ ♣❛t✐❡♥t ❝❛r❡ r❡q✉✐r❡♠❡♥t✳ ❋♦r ❡❛❝❤ ✐♥t❡r✈❡♥t✐♦♥✱ t❤❡ ❤♦s♣✐t❛❧
❛❧s♦ ♠❛✐♥t❛✐♥s t❤❡ ✐♥t❡r✈❡♥t✐♦♥ ❞❛t❡✱ t❤❡ r❡s♣♦♥s✐❜❧❡ ❞♦❝t♦r ✭r❡♣r❡s❡♥t❡❞ ❜② ✐ts ♥❛♠❡ ❞♥❛♠❡ ❛♥❞
s♣❡❝✐❛❧t②✮✱ ❛♥❞ t❤❡ tr❡❛t♠❡♥t ❛♣♣❧✐❡❞✳ ❆ tr❡❛t♠❡♥t ✐s ❞❡s❝r✐❜❡❞ ❜② ✐ts t②♣❡✱ ❛ ❧✐st ♦❢ r❡s✉❧t
✭❚r❡s✉❧t✮✱ ❛♥❞ ✐t ✐s ❢♦❧❧♦✇❡❞ ❜② ❛ ❞✐❛❣♥♦s✐s ♣❤❛s❡✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐❛❣♥♦s✐s r❡s✉❧ts ✭❉r❡s✉❧t✮✱
❡✐t❤❡r ❛♥♦t❤❡r tr❡❛t♠❡♥t ✐s ♣❧❛♥♥❡❞ ♦r t❤❡ ✐♥t❡r✈❡♥t✐♦♥ ♦❢ ❛♥♦t❤❡r ❞♦❝t♦r✴s♣❡❝✐❛❧✐st✴❡①♣❡rt ✐s

✺✷



✹✳✷✳ ❆❝❝❡ss ❈♦♥tr♦❧ ✇✐t❤ ❆r❜✐tr❛r② ❉❚❉s

❋✐❣✉r❡ ✹✳✺✿ ❚❤❡ ❤♦s♣✐t❛❧ ❉❚❉✳

s♦❧✐❝✐t❡❞✷✼✳ ❚❤❡ ❉❚❉ ❣r❛♣❤ ♦❢ ♦✉r ❤♦s♣✐t❛❧ ❉❚❉ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✺✳ ❆♥ ✐♥st❛♥❝❡ ♦❢ t❤✐s
❤♦s♣✐t❛❧ ❉❚❉ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✹✳✻ ✭s♦♠❡ t❡①t ❝♦♥t❡♥ts ❛r❡ ❛❜❜r❡✈✐❛t❡❞ ❜② ✬✳✳✳✬✮✳ �

✹✳✷✳✶ ❆❝❝❡ss ❙♣❡❝✐✜❝❛t✐♦♥

❬❋❈●✵✹❛❪ ♣r♦♣♦s❡❞ t❤❡ ✜rst ❧❛♥❣✉❛❣❡ ❢♦r t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s t❤r♦✉❣❤
❛♥♥♦t❛t✐♦♥ ♦❢ ❉❚❉ ❣r❛♠♠❛rs✳ ▼♦r❡♦✈❡r✱ ❬❑▼❘✵✾❪ st✉❞✐❡❞ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s✉❝❤ ♣♦❧✐❝✐❡s
✇✳r✳t t❤❡ ❞❡❢❛✉❧t ❛♥♥♦t❛t✐♦♥✱ t❤❡ ✐♥❤❡r✐t❛♥❝❡ ❛♥❞ t❤❡ ♦✈❡rr✐❞✐♥❣ ♦❢ ❛♥♥♦t❛t✐♦♥s✳ ■♥ t❤✐s ✇♦r❦ ✇❡
❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❝❛s❡ ♦❢ t♦♣✲❞♦✇♥ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ✇❤❡r❡ t❤❡ r♦♦t ♥♦❞❡ ♦❢ t❤❡ ❳▼▲ tr❡❡ ✐s
❛❝❝❡ss✐❜❧❡ ❜② ❞❡❢❛✉❧t ❛♥❞ ❡❛❝❤ ✐♥t❡r♠❡❞✐❛t❡ ♥♦❞❡ ❝❛♥ ❡✐t❤❡r ✐♥❤❡r✐t t❤❡ ❛♥♥♦t❛t✐♦♥ ♦❢ ✐ts ♣❛r❡♥t
♥♦❞❡ ♦r ♦✈❡rr✐❞❡ ✐t ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✹✳✶✮✳ ❆❧t❤♦✉❣❤ ❜♦t❤ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡s ❞❡✜♥❡❞
✐♥ ❬❋❈●✵✹❛✱❑▼❘✵✾❪ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡✱ ✐✳❡✳ ❛♥♥♦t❛t✐♥❣ ❡❧❡♠❡♥t t②♣❡s ♦❢ ❉❚❉s
✇✐t❤ Y ✱ N ❛♥❞ ❬Q❪✱ t❤❡r❡ ✐s ❛ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ✉s❡ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❛♥♥♦t❛t✐♦♥s ✭✐✳❡✳
❛♥♥♦t❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ ❬Q❪✮✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✿

✷✼❆❝❝♦r❞✐♥❣ t♦ ❬❙❤❛✶✷❪✱ t❤✐s ♠❛② ❤❛♣♣❡♥ ✇❤❡♥ t❤❡ r❡q✉✐r❡❞ tr❡❛t♠❡♥t ✐s ♦✉ts✐❞❡ t❤❡ ❛r❡❛ ♦❢ ❡①♣❡rt✐s❡ ♦❢ t❤❡
❝✉rr❡♥t r❡s♣♦♥s✐❜❧❡ ❞♦❝t♦r✳
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❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

❋✐❣✉r❡ ✹✳✻✿ ❊①❛♠♣❧❡ ♦❢ ❍♦s♣✐t❛❧ ❞❛t❛✳

❊①❛♠♣❧❡ ✹✳✼✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ❛♥♥♦t❛t✐♦♥s ❛♥♥ ✭A✱ B✮❂❬¬ ✭↓✿✿D✮❪ ❛♥❞ ❛♥♥ ✭C✱
D✮❂Y ❞❡✜♥❡❞ ♦✈❡r ❛ s✐♠♣❧❡ ❳▼▲ tr❡❡ ❝♦♠♣♦s❡❞ ❜② ♦♥❧② ♦♥❡ ♣❛t❤✿

R→ A→ B → C → D

◆♦t❡ t❤❛t t❤❡ ♣r❡❞✐❝❛t❡ ❬¬ ✭↓✿✿D✮❪ ✐s ✐♥✈❛❧✐❞ ❛t t❤❡ ❡❧❡♠❡♥t ♥♦❞❡ B✳ ❆❝❝♦r❞✐♥❣ t♦ ❬❋❈●✵✹❛❪✱ ❛❧❧
t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t t❤✐s B ❡❧❡♠❡♥t ✐s ✐♥❛❝❝❡ss✐❜❧❡ ❛♥❞ t❤✉s t❤❡ s❡❝♦♥❞ ❛♥♥♦t❛t✐♦♥ t❤❛t ❝♦♥❝❡r♥s
t❤❡ ❡❧❡♠❡♥t ♥♦❞❡ D ❞♦❡s ♥♦t t❛❦❡ ❡✛❡❝t✳ ❆❝❝♦r❞✐♥❣ t♦ ❬❑▼❘✵✾❪ ❤♦✇❡✈❡r✱ t❤❡ ❡❧❡♠❡♥t ♥♦❞❡ D
♦✈❡rr✐❞❡s t❤❡ ✈❛❧✉❡ N ✐♥❤❡r✐t❡❞ ❢r♦♠ ✐ts ❛♥❝❡st♦r ❡❧❡♠❡♥t B ❛♥❞ ❜❡❝♦♠❡s ❛❝❝❡ss✐❜❧❡✳ �

■♥ ❣❡♥❡r❛❧✱ ❧❡t n ❜❡ ❛♥ ❡❧❡♠❡♥t ♥♦❞❡ t❤❛t ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❛♥♥♦t❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ❬Q❪✳ ❋♦r t❤❡
❢♦r♠❡r ✇♦r❦✱ ✐❢ n 2 Q t❤❡♥ ❛❧❧ t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t n ✐s ✐♥❛❝❝❡ss✐❜❧❡ ❛♥❞ ♥♦ ❛♥♥♦t❛t✐♦♥ ❞❡✜♥❡❞
♦✈❡r ❞❡s❝❡♥❞❛♥ts ♦❢ n ❝❛♥ t❛❦❡ ❡✛❡❝t✳ ❋♦r t❤❡ s❡❝♦♥❞ ✇♦r❦ ❤♦✇❡✈❡r✱ ❡✈❡♥ ✐❢ n 2 Q✱ ❞❡s❝❡♥❞❛♥ts
♦❢ n ❝❛♥ ♦✈❡rr✐❞❡ t❤✐s ❛♥♥♦t❛t✐♦♥ t♦ ❜❡❝♦♠❡ ❛❝❝❡ss✐❜❧❡✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ t✇♦ ❞❡✜♥✐t✐♦♥s ❛r❡ ✉s❡❢✉❧ ❛♥❞ ✐♥ ♣r❛❝t✐❝❡ ❛♣♣❧✐❝❛t✐♦♥s ♠❛② r❡q✉✐r❡ t❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❜♦t❤ ❦✐♥❞s ♦❢ ❛♥♥♦t❛t✐♦♥s✱ ❡✈❡♥ ✇✐t❤✐♥ t❤❡ s❛♠❡ s❝❡♥❛r✐♦ ❛s ✇❡ s❤♦✇ ❧❛t❡r✳ ❋♦r
t❤✐s r❡❛s♦♥✱ ✇❡ ♣r❡s❡♥t ❛ r❡✜♥❡❞ ❛♥❞ ♠♦r❡ ❡①♣r❡ss✐✈❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡ ✇❤♦s❡ ❛❝❝❡ss
s♣❡❝✐✜❝❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✹✳✹ ✭❊①t❡♥❞❡❞ ❆❝❝❡ss ❙♣❡❝✐✜❝❛t✐♦♥✮✳ ❲❡ ❞❡✜♥❡ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S ❛s ❛
♣❛✐r ✭D✱ ❛♥♥ ✮ ❝♦♥s✐st✐♥❣ ♦❢ ❛ ❉❚❉ D ❛♥❞ ❛ ♣❛rt✐❛❧ ♠❛♣♣✐♥❣ ❛♥♥ s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ ♣r♦❞✉❝t✐♦♥
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✹✳✷✳ ❆❝❝❡ss ❈♦♥tr♦❧ ✇✐t❤ ❆r❜✐tr❛r② ❉❚❉s

❆❝❝❡ss ♣♦❧✐❝✐❡s

❘❡q✉✐r❡❞ s♣❡❝✐✜❝❛t✐♦♥
✈❛❧✉❡s

❘❡♠❛r❦
Y N Nh ❬Q❪ ❬Q❪h

❬❋❈●✵✹❛✱❋●❏❑✵✻✱❋●❏❑✵✼❪ X X X

❬❑▼❘✵✾❪ X X X

❝❛s❡ ♦❢ t♦♣✲❞♦✇♥ ♣♦❧✐✲
❝✐❡s

❬●❙❈+✵✾❪ X X X

❬❉❋●▼✵✽❪ X X X

❬▲▲▲▲✶✶❪ X X

❬❋▼✵✹❪ X X X

❞❡♥② ♦✈❡r✇r✐t❡s ❛s t❤❡
❝♦♥✢✐❝t r❡s♦❧✉t✐♦♥ ♣♦❧✲
✐❝②

❬▼❚❑❍✵✻❪ X X X

✇✐t❤ ❞❡♥✐❛❧ ❞♦✇♥✇❛r❞s
❝♦♥s✐st❡♥❝② r❡q✉✐r❡♠❡♥t

❚❛❜❧❡ ✹✳✶✿ ❈✉rr❡♥t ❛♣♣r♦❛❝❤❡s✬ ♣♦❧✐❝✐❡s s♣❡❝✐✜❡❞ ✇✐t❤ ♦✉r ❧❛♥❣✉❛❣❡✳

r✉❧❡ A → P (A) ❛♥❞ ❡❛❝❤ ❡❧❡♠❡♥t t②♣❡ B ✐♥ P ✭A✮✱ ❛♥♥ ✭A✱ B✮✱ ✐❢ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞✱ ✐s ❛♥
❛♥♥♦t❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✿

❛♥♥ ✭A✱ B✮ ✿❂ Y | N | ❬Q❪ | Nh | ❬Q❪h

✇❤❡r❡ ❬Q❪ ✐s ❛♥ ❳P❛t❤ ♣r❡❞✐❝❛t❡✳ ❆♥♥♦t❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠Nh ❛♥❞ ❬Q❪h ❛r❡ ❝❛❧❧❡❞ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞
❛♥♥♦t❛t✐♦♥s✳ ❚❤❡ r♦♦t t②♣❡ ♦❢ D ✐s ❛♥♥♦t❛t❡❞ Y ❜② ❞❡❢❛✉❧t✳ �

❘❡❝❛❧❧ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✶ t❤❛t ❛♥♥♦t❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ Y ✱ N ✱ ❛♥❞ ❬Q❪ ✐♥❞✐❝❛t❡ t❤❛t ❛♥ B
❡❧❡♠❡♥t✱ ❝❤✐❧❞ ♦❢ ❛♥ A ❡❧❡♠❡♥t✱ ✐s ❛❝❝❡ss✐❜❧❡✱ ✐♥❛❝❝❡ss✐❜❧❡✱ ♦r ❝♦♥❞✐t✐♦♥❛❧❧② ❛❝❝❡ss✐❜❧❡ r❡s♣❡❝t✐✈❡❧②✳
❲❡ ❛❧❧♦✇ ♦✈❡rr✐❞✐♥❣ ❜❡t✇❡❡♥ ❛♥♥♦t❛t✐♦♥s ♦❢ t❤❡ t❤r❡❡ ♣r❡✈✐♦✉s ❢♦r♠s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❡❛❝❤
❡❧❡♠❡♥t ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❛♥♥♦t❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ Y ✱ N ✱ ♦r ❬Q❪ ♦✈❡rr✐❞❡s ✐ts ✐♥❤❡r✐t❡❞ ❛♥♥♦t❛t✐♦♥
✐❢ ✐t ✐s ❞❡✜♥❡❞ ✇✐t❤ ♦♥❡ ♦❢ t❤❡s❡ t❤r❡❡ ❢♦r♠s✳ ❚❤❡ s♣❡❝✐❛❧ s♣❡❝✐✜❝❛t✐♦♥ ✈❛❧✉❡s Nh ❛♥❞ ❬Q❪h ✐♥❞✐❝❛t❡
t❤❛t ♦✈❡rr✐❞✐♥❣ ✐s ❞❡♥✐❡❞ ♦r ❝♦♥❞✐t✐♦♥❛❧❧② ❛❧❧♦✇❡❞ r❡s♣❡❝t✐✈❡❧②✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❧❡t n1, . . . , nl

✭l ≥ 2✮ ❜❡ ❡❧❡♠❡♥t ♥♦❞❡s ♦❢ t②♣❡s A1, . . . , Al r❡s♣❡❝t✐✈❡❧② ✇❤❡r❡ ❡❛❝❤ ni ✭1 ≤ i < l✮ ✐s ♣❛r❡♥t
♥♦❞❡ ♦❢ ni+1✳ ❚❤❡ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭A1✱ A2✮❂Nh ✐♥❞✐❝❛t❡s t❤❛t ❛❧❧ t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t n2 ✐s
✐♥❛❝❝❡ss✐❜❧❡ ❛♥❞ ♥♦ ❡❧❡♠❡♥t ✉♥❞❡r n2 ❝❛♥ ♦✈❡rr✐❞❡ t❤✐s ❛♥♥♦t❛t✐♦♥✳ ❚❤✉s✱ ✐❢ s♦♠❡ ❛♥♥♦t❛t✐♦♥
❛♥♥ ✭Ai✱ Ai+1✮❂Y |[Q] ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ t❤❡♥ t❤❡ ❡❧❡♠❡♥t ♥♦❞❡ ni+1 r❡♠❛✐♥s ✐♥❛❝❝❡ss✐❜❧❡ ❡✈❡♥
✐❢ ni+1 � Q✳ ❍♦✇❡✈❡r✱ t❤❡ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭A1✱ A2✮❂❬Q2❪h ✐♥❞✐❝❛t❡s t❤❛t ❛♥♥♦t❛t✐♦♥s ❞❡✜♥❡❞
♦✈❡r ❞❡s❝❡♥❞❛♥t t②♣❡s ♦❢ A2 t❛❦❡ ❡✛❡❝t ♦♥❧② ✐❢ Q2 ✐s ✈❛❧✐❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❣✐✈❡♥ t❤❡ ❛♥♥♦t❛t✐♦♥
❛♥♥ ✭Ai✱ Ai+1✮❂Y ✭r❡s♣✳ ❬Qi+1❪✮✱ t❤❡ ❡❧❡♠❡♥t ♥♦❞❡ ni+1 ✐s ❛❝❝❡ss✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿ n2 � Q2

✭r❡s♣✳ n2 � Q2 ∧ ni+1 � Qi+1✮✳

◆♦t❡✳

❖✉r ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡ ✐s ♠♦r❡ ❡①♣r❡ss✐✈❡ t❤❛♥ ❡①✐st✐♥❣ ♦♥❡s ✐♥ t❤❡ s❡♥s t❤❛t
t❤❡ ❛❝❝❡ss ♣♦❧✐❝✐❡s ♦❢ ♠❛♥② ❝✉rr❡♥t ❛♣♣r♦❛❝❤❡s ❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ✐♥ ♦✉r ❧❛♥❣✉❛❣❡ ✉s✐♥❣ ♦♥❧②
❢❡✇ ❛♥♥♦t❛t✐♦♥ ✈❛❧✉❡s ❛s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳✶✳

❊①❛♠♣❧❡ ✹✳✽✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❤♦s♣✐t❛❧ ✇❛♥ts t♦ ✐♠♣♦s❡ s♦♠❡ r❡str✐❝t✐♦♥s t❤❛t ❛❧❧♦✇ s♦♠❡ ♥✉rs❡
t♦ ❛❝❝❡ss ♦♥❧② ✐♥❢♦r♠❛t✐♦♥ ♦❢ ♣❛t✐❡♥ts ✇❤♦ ❛r❡ ❜❡✐♥❣ tr❡❛t❡❞ ✐♥ t❤❡ ❝r✐t✐❝❛❧ ❝❛r❡ ❞❡♣❛rt♠❡♥t ❛♥❞
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❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

❋✐❣✉r❡ ✹✳✼✿ ❱✐❡✇ ♦❢ t❤❡ tr❡❡ ♦❢ ❋✐❣✉r❡ ✹✳✻ ❝♦♠♣✉t❡❞ ✇✳r✳t t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✹✳✽✳

r❡s✐❞✐♥❣ ❛t t❤❡ ✇❛r❞ ✹✷✶✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛❧❧ s✐❜❧✐♥❣ ❞❛t❛ s❤♦✉❧❞ ❜❡ ✐♥❛❝❝❡ss✐❜❧❡✳ ❚❤✐s ♣♦❧✐❝② ❝❛♥ ❜❡
s♣❡❝✐✜❡❞ ✉s✐♥❣ ♦✉r s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡ ✇✐t❤ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮ ✇❤❡r❡ D ✐s
t❤❡ ❤♦s♣✐t❛❧ ❉❚❉ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ ❛♥♥ ❞❡✜♥❡s t❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣ ❛♥♥♦t❛t✐♦♥s✿

R1✿ ❛♥♥ ✭hospital✱ department✮❂❬↓::name = “❝r✐t✐❝❛❧ ❝❛r❡′′
︸ ︷︷ ︸

Q1

❪h

R2✿ ❛♥♥ ✭department✱ patient✮❂❛♥♥ ✭parent✱ patient✮❂❬↓::wardNo = “✹✷✶′′
︸ ︷︷ ︸

Q2

❪

R3✿ ❛♥♥ ✭patient✱ sibling✮❂Nh

❆❝❝♦r❞✐♥❣ t♦ t❤✐s s♣❡❝✐✜❝❛t✐♦♥✱ t❤❡ ✈✐❡✇ ♦❢ t❤❡ ❞❛t❛ ♦❢ ❋✐❣✉r❡ ✹✳✻ ✐s ❡①tr❛❝t❡❞ ❛♥❞ ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✉r❡ ✹✳✼✳ ❚❤✐s ✈✐❡✇ ❞✐s♣❧❛②s ❛❧❧ ❛♥❞ ♦♥❧② t❤❡ ❞❛t❛ t❤❡ ♥✉rs❡ ✐s ❣r❛♥t❡❞ ❛❝❝❡ss t♦✳ ❆❧❧ t❤❡ ❞❛t❛ ♦❢
t❤❡ ❊◆❚ ❞❡♣❛rt♠❡♥t ✐s ❤✐❞❞❡♥✱ ✐✳❡✳ t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t t❤❡ departement2 ❡❧❡♠❡♥t✳ ❙✐♥❝❡ R1 ✐s
❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥❞ departement2 2 Q1✱ t❤❡♥ t❤❡ ❛♥♥♦t❛t✐♦♥ R2 ❝❛♥ ♥♦t ❜❡ ❛♣♣❧✐❡❞ ❛t patient6
❡❧❡♠❡♥t ✇❤✐❝❤ r❡♠❛✐♥s ✐♥❛❝❝❡ss✐❜❧❡ ❡✈❡♥ ✇✐t❤ patient6 � Q2✳ ◆♦t✐❝❡ t❤❛t departement1 �

Q1 ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ departement1 ❡❧❡♠❡♥t ✐s ❛❝❝❡ss✐❜❧❡ ❛♥❞ ♦✈❡rr✐❞✐♥❣ ♦❢ ❛♥♥♦t❛t✐♦♥s ✐s
❛❧❧♦✇❡❞ ❢♦r ✐ts ❞❡s❝❡♥❞❛♥ts✳ ❚❤✉s✱ t❤❡ ❡❧❡♠❡♥ts patient1 ❛♥❞ patient3 ❛r❡ ❛❝❝❡ss✐❜❧❡ ❛❧♦♥❣ ✇✐t❤
t❤❡✐r ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞r❡♥ s✐♥❝❡ Q2 ✐s ✈❛❧✐❞ ❛t t❤❡s❡ ❡❧❡♠❡♥ts✱ ✇❤✐❧❡ t❤❡ ❡❧❡♠❡♥t patient2 ✭✇✐t❤
patient2 2 Q2✮ ♦✈❡rr✐❞❡s t❤❡ ❛♥♥♦t❛t✐♦♥ Y ✐♥❤❡r✐t❡❞ ❢r♦♠ patient1 ❛♥❞ ❜❡❝♦♠❡s ✐♥❛❝❝❡ss✐❜❧❡ ❛❧♦♥❣
✇✐t❤ ❛❧❧ ✐ts ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞r❡♥✳ ■♥ t❤✐s ✇❛②✱ patient3 ❡❧❡♠❡♥t ❛♣♣❡❛rs ❛t t❤❡ ✈✐❡✇ ♦❢ ❋✐❣✉r❡ ✹✳✼
❛s ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ parent1✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ sibling2 ❡❧❡♠❡♥t ✐s ❝♦♥❝❡r♥❡❞ ❜② t❤❡ ❞♦✇♥✇❛r❞✲
❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥ R3 ✇✐t❤ ✈❛❧✉❡ Nh✱ t❤❡♥ ❛❧❧ t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t sibling2 ✐s ✐♥❛❝❝❡ss✐❜❧❡ ❛♥❞
❛♥♥♦t❛t✐♦♥ R2 ❝❛♥ ♥♦t t❛❦❡ ❡✛❡❝t ♦✈❡r t❤❡ ❡❧❡♠❡♥ts patient4 ❛♥❞ patient5✳ �

❲❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ♣♦❧✐❝② ♦❢ ❊①❛♠♣❧❡ ✹✳✽ ❝❛♥ ♥♦t ❜❡ s♣❡❝✐✜❡❞ ✐♥ t❤❡ ❢r❛❣♠❡♥t X ✉s✐♥❣
t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡s ♣r❡s❡♥t❡❞ ✐♥ ❬❋❈●✵✹❛✱ ❑▼❘✵✾❪✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✉s✐♥❣ ❛ ♠♦r❡
❡①♣r❡ss✐✈❡ ❢r❛❣♠❡♥t✱ ❧✐❦❡ X ⇑✱ ❜✉t t❤❡ ❛♥♥♦t❛t✐♦♥s ♠❛② ❜❡ ♠♦r❡ ✈❡r❜♦s❡ ❛♥❞ ❞✐✣❝✉❧t t♦ ♠❛♥❛❣❡✳

❚❤❡ ❝♦♠♣❧❡t❡♥❡ss ❛♥❞ ❝♦♥s✐st❡♥❝② ♦❢ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞ ✐♥ ❬❙❞❱✵✵❪ ❛s
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✹✳✷✳ ❆❝❝❡ss ❈♦♥tr♦❧ ✇✐t❤ ❆r❜✐tr❛r② ❉❚❉s

❢♦❧❧♦✇s✳ ▲❡t P ❜❡ ❛♥ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝② ❛♥❞ T ❜❡ ❛♥ ❳▼▲ tr❡❡✳ ■❢ ❛ ♥♦❞❡ n ✐♥ T ✐s ♥♦t
❝♦♥❝❡r♥❡❞ ❜② ❛♥② ❛❝❝❡ss r✉❧❡ ♦❢ P t❤❡♥ P ✐s ✐♥❝♦♠♣❧❡t❡✳ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡r❡ ❛r❡ ❜♦t❤ ❛ ♥❡❣❛t✐✈❡
❛♥❞ ❛ ♣♦s✐t✐✈❡ ❛❝❝❡ss r✉❧❡ ❢♦r t❤❡ s❛♠❡ ♥♦❞❡ n ✭✐✳❡✳ n ✐s ❜♦t❤ ❛❝❝❡ss✐❜❧❡ ❛♥❞ ✐♥❛❝❝❡ss✐❜❧❡✮ t❤❡♥
P ✐s ✐♥❝♦♥s✐st❡♥t✳ ❈♦♥s✐❞❡r ♦✉r ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✹✱ ✇❡ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥s ♦❢
❝♦♠♣❧❡t❡♥❡ss ❛♥❞ ❝♦♥s✐st❡♥❝②✱ ❛❧♦♥❣ t❤❡ s❛♠❡ ❧✐♥❡s ❛s ❬❋❈●✵✹❛✱❑▼❘✵✾❪✱ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✹✳✺✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮ ❛♥❞ ❛♥ ❳▼▲ tr❡❡ T ∈ T (D)✱ t❤❡♥✱
✇❡ s❛② t❤❛t S ✐s ❝♦♠♣❧❡t❡ ❛♥❞ ❝♦♥s✐st❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♦❢ ❡❛❝❤ ♥♦❞❡ ✐♥ T ✐s
✉♥✐q✉❡❧② ❞❡✜♥❡❞✱ ✐✳❡✳ ✐t ✐s ❡✐t❤❡r ❛❝❝❡ss✐❜❧❡ ♦r ✐♥❛❝❝❡ss✐❜❧❡✳ �

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❚❤❡ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ❜❛s❡❞ ♦♥ ❉❡✜♥✐t✐♦♥ ✹✳✹ ❛r❡ ❝♦♠♣❧❡t❡ ❛♥❞ ❝♦♥s✐st❡♥t✳
�

Pr♦♦❢ ✹✳✷✳ ❆✉t❤♦rs ♦❢ ❬❑▼❘✵✾❪ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ❛❝❝❡ss ♣♦❧✐❝✐❡s ❞❡✜♥❡❞ ✇✐t❤ s♣❡❝✐✜❝❛t✐♦♥
✈❛❧✉❡s ♦❢ t❤❡ ❢♦r♠ Y ✱ N ❛♥❞ ❬Q❪ ❛r❡ ❝♦♠♣❧❡t❡ ❛♥❞ ❝♦♥s✐st❡♥t✳ ❚❤❡ ❝❛s❡ ♦❢ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞
❛♥♥♦t❛t✐♦♥s ✐s str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❛tt❡r ✇♦r❦ ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞ t♦ ❤❛♥❞❧❡
t❤✐s ❦✐♥❞ ♦❢ ❛♥♥♦t❛t✐♦♥s✳ �

✹✳✷✳✷ ❆❝❝❡ss✐❜✐❧✐t②

❚❤❡ ❡♥❢♦r❝❡♠❡♥t ♦❢ ♦✉r ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s r❡❧✐❡s ♣r✐♥❝✐♣❛❧❧② ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♥♦❞❡ ❛❝❝❡s✲
s✐❜✐❧✐t②✳ ■♥s♣✐r❡❞ ❢r♦♠ ❬❋▼✵✹✱●❙❈+✵✾❪✱ ✇❡ ❞❡✜♥❡ ❛ s✐♥❣❧❡ ❳P❛t❤ ✜❧t❡r✱ t❤❛t ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞
❢♦r ❛♥② ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥✱ ✇❤✐❝❤ ❝❤❡❝❦s ✇❤❡t❤❡r ❛ ❣✐✈❡♥ ❳▼▲ ♥♦❞❡ ✐s ❛❝❝❡ss✐❜❧❡ ♦r ♥♦t ✇✳r✳t
t❤✐s s♣❡❝✐✜❝❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳✻✳ ▲❡t n ❜❡ ❛♥ B ❡❧❡♠❡♥t t❤❛t ✐s ❝❤✐❧❞ ♦❢ ❛♥ A ❡❧❡♠❡♥t✳ ❆ ❣✐✈❡♥ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭A✱
B✮ ✐s ✈❛❧✐❞ ❛t n ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛♥♥ ✭A✱ B✮❂Y |[Q]|[Q]h ✇✐t❤ n � Q✳ ❖t❤❡r✇✐s❡✱ ✐t ✐s ✐♥✈❛❧✐❞✱ ✐✳❡✳
❛♥♥ ✭A✱ B✮❂N |Nh|[Q]|[Q]h ✇✐t❤ n 2 Q✳ �

■❢ ❛♥♥ ✭A✱ B✮❂[Q]h ✇✐t❤ n � Q ✭r❡s♣✳ ❛♥♥ ✭A✱ B✮❂Nh|[Q]h ✇✐t❤ n 2 Q✮ t❤❡♥ ✇❡ t❛❧❦ ❛❜♦✉t ✈❛❧✐❞
✭r❡s♣✳ ✐♥✈❛❧✐❞✮ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥✳ ●✐✈❡♥ t❤❡ ❛❜♦✈❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ♥♦❞❡ ❛❝❝❡ss✐❜✐❧✐t②
❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✹✳✼✳ ▲❡t S❂✭D✱ ❛♥♥ ✮ ❜❡ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥✱ T ❜❡ ❛♥ ✐♥st❛♥❝❡ ♦❢ D✱ ❛♥❞ n ❜❡
❛♥ ❡❧❡♠❡♥t ♥♦❞❡ ✐♥ T ♦❢ t②♣❡ B ❤❛✈✐♥❣ ♣❛r❡♥t ♥♦❞❡ ♦❢ t②♣❡ A✳ ❚❤❡ ❡❧❡♠❡♥t ♥♦❞❡ n ✐s ❛❝❝❡ss✐❜❧❡
✇✳r✳t S ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✐✮ ❊✐t❤❡r t❤❡r❡ ❡①✐sts ❛♥ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭A✱ B✮ t❤❛t ✐s ✈❛❧✐❞ ❛t n❀ ♦r t❤❡
✜rst ❛♥♥♦t❛t✐♦♥ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ♦✈❡r ❛♥❝❡st♦rs ♦❢ n ✐s ✈❛❧✐❞✳

✐✐✮ ❚❤❡r❡ ✐s ♥♦ ✐♥✈❛❧✐❞ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥ ❞❡✜♥❡❞ ♦✈❡r ❛♥❝❡st♦rs ♦❢ n✳ �

▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❝♦♥s✐❞❡r t❤❡ ❡❧❡♠❡♥t ♥♦❞❡s n1, . . . , nk ✭k ≥ 2✮ ♦❢ ❡❧❡♠❡♥t t②♣❡s A1, . . . , Ak

r❡s♣❡❝t✐✈❡❧② ✇❤❡r❡ n1 ✐s t❤❡ r♦♦t ♥♦❞❡✳ ❚❛❦❡ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❡❧❡♠❡♥t ♥♦❞❡ nk✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✮
♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✼ r❡❢❡rs t♦ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝❛s❡s✿

❛✮ ❖♥❧② t❤❡ ❞❡❢❛✉❧t ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭A1✮❂Y ✐s ❞❡✜♥❡❞ ♦✈❡r t❤❡ t②♣❡s A1, . . . , Ak✳ ❚❤✉s✱ nk

✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ t❤❡ r♦♦t ♥♦❞❡ n1✳
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❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

❜✮ ❚❤❡ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭Ak−1✱ Ak✮ ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❛♥❞ ✈❛❧✐❞ ❛t nk✳

❝✮ ❚❤❡ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭Ai−1✱ Ai✮ ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❛♥❞ ✈❛❧✐❞ ❛t t❤❡ ❡❧❡♠❡♥t ni ✭1 < i < k✮✱
❛♥❞ ♥♦ ❛♥♥♦t❛t✐♦♥ ✐s ❞❡✜♥❡❞ ♦✈❡r t❤❡ t②♣❡s Ai+1, . . . , Ak✳ ❚❤✉s✱ nk ✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t②
❢r♦♠ ✐ts ❛♥❝❡st♦r ♥♦❞❡ ni✳

❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✼ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭Ai−1✱
Ai✮ ❞❡✜♥❡❞ ♦✈❡r ❛♥❝❡st♦r ni ♦❢ nk ✭✇✐t❤ 1 < i < k✮✱ ❡✐t❤❡r ❛♥♥ ✭Ai−1✱ Ai✮6= Nh ♦r ❛♥♥ ✭Ai−1✱
Ai✮❂❬Q❪h ✇✐t❤ ni � Q✳ ❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t ❛ t❡①t ♥♦❞❡ ✐s ❛❝❝❡ss✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ♣❛r❡♥t ❡❧❡♠❡♥t
✐s ❛❝❝❡ss✐❜❧❡✳

❉❡✜♥✐t✐♦♥ ✹✳✽✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂(D, ❛♥♥ )✱ ✇❡ ❞❡✜♥❡ t✇♦ X ⇑[n] ♣r❡❞✐❝❛t❡s A
acc
1

❛♥❞ Aacc
2 ❛s ❢♦❧❧♦✇s✿

Aacc
1 ✿❂ ↑∗✿✿✯❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪✱ ✇❤❡r❡✿
❛❧❧❆♥♥ ✿❂ ε✿✿root ∨ann(A′,A)∈❛♥♥ ε✿✿A✴↑✿✿A′

✈❛❧✐❞❆♥♥ ✿❂ ε✿✿root ∨(❛♥♥ (A′,A)=Y )∈❛♥♥ ε✿✿A✴↑✿✿A′ ∨(❛♥♥ (A′,A)=[Q]|[Q]h)∈❛♥♥ ε✿✿A❬Q❪✴↑✿✿A′

Aacc
2 ✿❂ ∧(❛♥♥ (A′,A)=[Q]h)∈❛♥♥ ¬ ✭↑+✿✿A❬¬ ✭Q✮❪✴↑✿✿A′✮ ∧(❛♥♥ (A′,A)=Nh)∈❛♥♥ ¬ ✭↑+✿✿A✴↑✿✿A′✮

❚❤❡ ♣r❡❞✐❝❛t❡s Aacc
1 ❛♥❞ Aacc

2 s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✼ r❡s♣❡❝t✐✈❡❧②✳�

❚❤❡ ✜rst ♣r❡❞✐❝❛t❡ ❝❤❡❝❦s ✇❤❡t❤❡r t❤❡ ♥♦❞❡ n ✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜② ❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥
✭❝❛s❡ ❜✮ ♦r ✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ ❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥ ❞❡✜♥❡❞ ♦✈❡r ✐ts ❛♥❝❡st♦rs ✭❝❛s❡s ❛
❛♥❞ ❝✮✳ ❲❤✐❧❡ t❤❡ s❡❝♦♥❞ ♣r❡❞✐❝❛t❡ ❝❤❡❝❦s ✇❤❡t❤❡r t❤❡ ♥♦❞❡ n ✐s ♥♦t ✐♥ t❤❡ s❝♦♣❡ ♦❢ ❛♥ ✐♥✈❛❧✐❞
❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥✳ ❚❤❡ ♣r❡❞✐❝❛t❡ ❬❛❧❧❆♥♥❪ ❝♦♥s✐sts ♦❢ ❛ ❞✐s❥✉♥❝t✐♦♥ ♦❢ ❛❧❧ ❛♥♥♦t❛t✐♦♥s✱
✇❤✐❧❡ ❬✈❛❧✐❞❆♥♥❪ ♣r❡s❡♥ts ❞✐s❥✉♥❝t✐♦♥ ♦❢ ♦♥❧② ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢
t❤❡ ♣r❡❞✐❝❛t❡ ↑∗✿✿✯❬❛❧❧❆♥♥❪ ❛t ❛ ♥♦❞❡ n r❡t✉r♥s ❛♥ ♦r❞❡r❡❞ s❡t ♦❢ ♥♦❞❡s N t❤❛t ❝♦♥t❛✐♥s t❤❡ ♥♦❞❡
n ❛♥❞✴♦r s♦♠❡ ♦❢ ✐ts ❛♥❝❡st♦rs s✉❝❤ t❤❛t ❡❛❝❤ ♦♥❡ ✐s ✏❡①♣❧✐❝✐t❧②✑ ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❛♥♥♦t❛t✐♦♥
♦❢ S✱ ✐✳❡✳ N ⊆ {n} ∪ ❛♥❝❡st♦rs (n)✷✽✱ ❛♥❞ ∀m ∈ N ✱ m ✐s ♦❢ t②♣❡ B ❛♥❞ ❤❛s ❛ ♣❛r❡♥t ♥♦❞❡
♦❢ t②♣❡ A ✇❤❡r❡ ❛♥♥ ✭A,B✮ ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ✐♥ S✳ ❚❤❡ ♣r❡❞✐❝❛t❡ ↑∗✿✿✯❬❛❧❧❆♥♥❪❬✶❪ ✭✐✳❡✳ N ❬1❪✮
r❡t✉r♥s t❤❡ ✜rst ♥♦❞❡ ✐♥ N ✱ ✐✳❡✳ ❡✐t❤❡r t❤❡ ♥♦❞❡ n ✭✐❢ ✐t ✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❛♥♥♦t❛t✐♦♥✮✱
t❤❡ ✜rst ❛♥❝❡st♦r ♦❢ n t❤❛t ✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❛♥♥♦t❛t✐♦♥✱ ♦r t❤❡ r♦♦t ♥♦❞❡ ✭✐❢ ♦♥❧②
t❤❡ ❞❡❢❛✉❧t ❛♥♥♦t❛t✐♦♥ ✐s ❞❡✜♥❡❞✮✳ ❚❤❡ ❧❛st ♣r❡❞✐❝❛t❡ ❬✈❛❧✐❞❆♥♥❪ ❝❤❡❝❦s ✇❤❡t❤❡r t❤❡ ❛♥♥♦t❛t✐♦♥
❞❡✜♥❡❞ ♦✈❡r t❤❡ ♥♦❞❡ N ❬1❪ ✐s ✈❛❧✐❞✿ t❤✐s ♠❡❛♥s t❤❛t ❡✐t❤❡r t❤❡ ♥♦❞❡ n ✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜②
❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥ ♦r ✐t ✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ ♦♥❡ ♦❢ ✐ts ❛♥❝❡st♦rs t❤❛t ✐s ❝♦♥❝❡r♥❡❞ ❜②
❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥ ✭❝♦♥❞✐t✐♦♥ ✭✐✮✮✳ ❚❤❡ ✉s❡ ♦❢ t❤❡ s❡❝♦♥❞ ♣r❡❞✐❝❛t❡ Aacc

2 ✐s ♦❜✈✐♦✉s✿ ✐❢ n � Aacc
2

t❤❡♥ ❛❧❧ t❤❡ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥s ❞❡✜♥❡❞ ♦✈❡r ❛♥❝❡st♦rs ✭n✮ ❛r❡ ✈❛❧✐❞ ✭❝♦♥❞✐t✐♦♥ ✭✐✐✮✮✳

▲❡♠♠❛ ✹✳✶✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡
Aacc✿❂Aacc

1 ∧ Aacc
2 s✉❝❤ t❤❛t✿ ❢♦r ❛♥② ❳▼▲ tr❡❡ T ∈ T (D)✱ ❛ ♥♦❞❡ n ♦❢ T ✐s ❛❝❝❡ss✐❜❧❡ ✐❢ ❛♥❞

♦♥❧② ✐❢ n � Aacc✳ �

❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✶ ✐s ❣✐✈❡♥ ✐♥ ❆♥♥❡①✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s ❧❡♠♠❛✱ ❢♦r ❛♥② ❛❝❝❡ss s♣❡❝✐✜✲
❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮ ❛♥❞ ❛♥② ❳▼▲ tr❡❡ T ∈ T (D)✱ t❤❡ q✉❡r② ↓∗✿✿∗❬Aacc❪ ♦✈❡r T r❡t✉r♥s t❤❡ s❡t
♦❢ ❛❧❧ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s ♦❢ T ✇❤❡r❡ Aacc ✐s ❝♦♠♣✉t❡❞ ✇✳r✳t S✳

✷✽❲❡ ✉s❡ ❛♥❝❡st♦rs ✭n✮ t♦ r❡❢❡r t♦ ❛❧❧ ❛♥❝❡st♦rs ♦❢ t❤❡ ♥♦❞❡ n✳

✺✽
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❊①❛♠♣❧❡ ✹✳✾✳ ❈♦♥s✐❞❡r t❤❡ ❛❝❝❡ss ♣♦❧✐❝② ♦❢ ♥✉rs❡s ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✹✳✽ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣
❛♥♥♦t❛t✐♦♥s✿

❛♥♥ ✭hospital✱ department✮❂❬↓::name = “❝r✐t✐❝❛❧ ❝❛r❡′′
︸ ︷︷ ︸

Q1

❪h

❛♥♥ ✭department✱ patient✮❂❛♥♥ ✭parent✱ patient✮❂❬↓::wardNo = “✹✷✶′′
︸ ︷︷ ︸

Q2

❪

❛♥♥ ✭patient✱ sibling✮❂Nh

❆❝❝♦r❞✐♥❣ t♦ t❤❡s❡ ❛♥♥♦t❛t✐♦♥s✱ t❤❡ ♣r❡❞✐❝❛t❡s Aacc
1 ❛♥❞ Aacc

2 ✱ t❤❛t ❝♦♠♣♦s❡ Aacc✱ ❛r❡ ❞❡✜♥❡❞ ❛s
❢♦❧❧♦✇s✿

Aacc
1 ✿❂ ↑∗✿✿✯❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪✱ ✇❤❡r❡✿

❛❧❧❆♥♥ ✿❂ ε✿✿root ∨ ε✿✿department✴↑✿✿hospital ∨ ε✿✿patient✴↑✿✿department ∨
ε✿✿patient✴↑✿✿parent ∨ ε✿✿sibling✴↑✿✿patient

✈❛❧✐❞❆♥♥ ✿❂ ε✿✿root ∨ ε✿✿department❬Q1❪✴↑✿✿hospital ∨ ε✿✿patient❬Q2❪✴↑✿✿department ∨
ε✿✿patient❬Q2❪✴↑✿✿parent

Aacc
2 ✿❂ ¬ ✭↑+✿✿departement❬¬ ✭Q1✮❪✴↑✿✿hospital✮ ¬ ✭↑+✿✿sibling✴↑✿✿patient✮

❈♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ t❤❡ ❡❧❡♠❡♥t patient1 ♦❢ ❋✐❣✉r❡ ✹✳✻✳ ❚❤❡ ♣r❡❞✐❝❛t❡ ↑∗✿✿✯❬❛❧❧❆♥♥❪ ❛t patient1
r❡t✉r♥s t❤❡ s❡t N❂{patient1, departement1, hospital1} ✭❡❛❝❤ ❡❧❡♠❡♥t ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❡①♣❧✐❝✐t
❛♥♥♦t❛t✐♦♥✮✳ ❲❡ ❤❛✈❡ N ❬1❪❂ {patient1} ❛♥❞ t❤❡ ♣r❡❞✐❝❛t❡ ❬✈❛❧✐❞❆♥♥❪ ✐s ✈❛❧✐❞ ❛t patient1 ✭s✐♥❝❡
patient1 � Q2✮✳ ❚❤✉s✱ t❤❡ ♣r❡❞✐❝❛t❡ Aacc

1 ✐s ✈❛❧✐❞ ❛t patient1✳ ■t ✐s ❝❧❡❛r t♦ s❡❡ t❤❛t Aacc
2 ✐s

❛❧s♦ ✈❛❧✐❞ ❛t patient1✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t patient1 � (Aacc
1 ∧A

acc
2 ) ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❡❧❡♠❡♥t

patient1 ✐s ❛❝❝❡ss✐❜❧❡✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❡❧❡♠❡♥t patient2✱ ↑
∗✿✿✯❬❛❧❧❆♥♥❪ ❛t patient2 r❡t✉r♥s t❤❡

s❡t N
′
❂{patient2, patient1, departement1, hospital1}✱ N

′
❬1❪❂{patient2}✱ ❤♦✇❡✈❡r✱ t❤❡ ♣r❡❞✐❝❛t❡

❬✈❛❧✐❞❆♥♥❪ ✐s ♥♦t ✈❛❧✐❞ ❛t patient2 ✭s✐♥❝❡ patient2 2 Q2✮✳ ❚❤✉s✱ patient2 2 Aacc
1 ❛♥❞ t❤❡♥ t❤❡

❡❧❡♠❡♥t patient2 ✐s ♥♦t ❛❝❝❡ss✐❜❧❡✳ ❋♦r t❤❡ ❡❧❡♠❡♥t patient4✱ ❛❧t❤♦✉❣❤ patient4 � A
acc
1 ✱ patient4

✐s ✐♥❛❝❝❡ss✐❜❧❡ s✐♥❝❡ patient4 2 Aacc
2 ✭✐✳❡✳ patient4 ✐s ❞❡s❝❡♥❞❛♥t ♦❢ sibling2 ❡❧❡♠❡♥t t❤❛t ✐s

❝♦♥❝❡r♥❡❞ ❜② ❛♥ ✐♥✈❛❧✐❞ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥✮✳ ❋✐♥❛❧❧②✱ t❤❡ q✉❡r② ↓∗✿✿∗❬Aacc❪ ♦✈❡r t❤❡
❋✐❣✉r❡ ✹✳✻ r❡t✉r♥s ❛❧❧ t❤❡ ❛❝❝❡ss✐❜❧❡ ❡❧❡♠❡♥ts t❤❛t ❝♦♠♣♦s❡ t❤❡ ✈✐❡✇ ♦❢ ❋✐❣✉r❡ ✹✳✼✳ �

✹✳✸ ◗✉❡r② ❘❡✇r✐t✐♥❣

❲❡ ❞✐s❝✉ss ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡ ♦❢ ♦✉r ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ❛♣♣r♦❛❝❤✳ ❲❡ r❡❝❛❧❧ t❤❛t
t❤❡ ❢r❛❣♠❡♥t X ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✸✳✶✵✮ ✐s ✉s❡❞ ✐♥ ♦✉r ❛♣♣r♦❛❝❤ ❢♦r s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛❝❝❡ss ❝♦♥tr♦❧
♣♦❧✐❝✐❡s ❛s ✇❡❧❧ ❛s ❢♦r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✉s❡r q✉❡r✐❡s✳ ❍♦✇❡✈❡r✱ ✇❡ ✉s❡ ♠♦r❡ ❧❛r❣❡r ❢r❛❣♠❡♥ts ♦❢
❳P❛t❤ t♦ ♦✈❡r❝♦♠❡ t❤❡ q✉❡r② ❛♥s✇❡r✐♥❣ ♣r♦❜❧❡♠ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳✷✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
t❤❡ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ❜❛s❡❞ ♦♥ ❉❡✜♥✐t✐♦♥ ✹✳✹ ❛r❡ ❡♥❢♦r❝❡❞ t❤r♦✉❣❤ ❛ r❡✇r✐t✐♥❣ t❡❝❤♥✐q✉❡✳
▲❡t S❂✭D✱ ❛♥♥ ✮ ❜❡ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥✱ T ❜❡ ❛♥ ✐♥st❛♥❝❡ ♦❢ D✱ Tv ❜❡ t❤❡ ✈✐rt✉❛❧ ✈✐❡✇ ♦❢ T
❝♦♠♣✉t❡❞ ✇✳r✳t S✱ ❛♥❞ Q ❜❡ ❛ q✉❡r② ❞❡✜♥❡❞ ✐♥ X ✳ ❖✉r ❣♦❛❧ ✐s t♦ ❞❡✜♥❡ ❛ r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥
❘❡✇r✐t❡ s✉❝❤ t❤❛t✿

X −→ X ⇑[n,=]

Q 7−→ ❘❡✇r✐t❡ ✭Q✮ s✉❝❤ t❤❛t SJ❘❡✇r✐t❡ (Q)K✭T ✮❂SJQK✭Tv✮

✺✾



❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

❋✉♥❞✉❧❛❦✐ ❡t ❛❧✳ ❬❋▼✵✹❪ ♣r♦♣♦s❡❞ ❛♥ ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ❛♣♣r♦❛❝❤ ✇❤❡r❡ ❛❝❝❡ss ♣♦❧✐❝✐❡s ❛r❡
s♣❡❝✐✜❡❞ t❤r♦✉❣❤ ❛ s❡t ♦❢ ❳P❛t❤ ❡①♣r❡ss✐♦♥s✳ ❚❤❡ r❡✇r✐t✐♥❣ t❡❝❤♥✐q✉❡ t❤❡② ♣r♦♣♦s❡❞ ❡♥s✉r❡s
t❤❛t ♦♥❧② ❛❝❝❡ss✐❜❧❡ ❞❛t❛ ❝❛♥ ❜❡ r❡t✉r♥❡❞ ❜② ✉s❡r q✉❡r✐❡s✳ ❚❤✐s ✐s ♥♦t s✉✣❝✐❡♥t s✐♥❝❡ t❤❡r❡
❛♣♣r♦❛❝❤ ❛❧❧♦✇s ❞✐s❝❧♦s✉r❡ ♦❢ s❡♥s✐t✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ❛s ✇❡ s❤♦✇ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✹✳✶✵✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝② ♦❢ ♥✉rs❡s ♣r❡s❡♥t❡❞ ✐♥ ❊①❛♠♣❧❡ ✹✳✽ ❛♥❞
✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❳P❛t❤ q✉❡r②✿

↓∗✿✿patient❬↓✿✿pname❂✏❍❡♥r②✑❪❬↓✿✿parent✴↓✿✿patient❬✭↓✿✿pname❂✏▲❛✉r❡♥t✑✮ ∧
✭↓✿✿wardNo❂✏✸✶✽ ✑✮❪❪

❚❤✐s q✉❡r② ✐s ❛❝❝❡♣t❡❞ ❜② t❤❡ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✐♥ ❬❋▼✵✹❪ s✐♥❝❡ ✇❤❡♥ ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ ❳▼▲
tr❡❡ ♦❢ ❋✐❣✉r❡ ✹✳✻ r❡t✉r♥s ♦♥❧② t❤❡ ❛❝❝❡ss✐❜❧❡ ❡❧❡♠❡♥t patient1✳ ❍♦✇❡✈❡r✱ t❤✐s ❞✐s❝❧♦s❡s s♦♠❡
s❡♥s✐t✐✈❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ✐s ♥♦t s❤♦✇♥ ❛t t❤❡ ✈✐❡✇ ♦❢ ❋✐❣✉r❡ ✹✳✼✿ t❤❡ ♥✉rs❡ ❞❡❞✉❝ts t❤❛t t❤❡
♣❛t✐❡♥t ▲❛✉r❡♥t✱ ✇❤♦s❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ♥♦t ❛❝❝❡ss✐❜❧❡ ❢♦r ❤❡r✱ ✐s r❡s✐❞✐♥❣ ❛t t❤❡ ✇❛r❞ ✸✶✽✳ �

❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ ♠❛❦❡ s✉r❡ ✜rst t❤❛t ♦✉r r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ ❘❡✇r✐t❡ ❡♥s✉r❡s t❤❛t ♦♥❧②
❛❝❝❡ss✐❜❧❡ ❞❛t❛ ✐s r❡t✉r♥❡❞ ❜② ❛♥② ✉s❡r q✉❡r②✳ ▼♦r❡♦✈❡r✱ ❝♦♥tr❛r② t♦ ❋✉♥❞✉❧❛❦✐ ❡t ❛❧✳ ❬❋▼✵✹❪✱ ✇❡
s❛❢❡❧② ❡①❛♠✐♥❡ ❛❧❧ ✐♥t❡r♠❡❞✐❛t❡ ♣❛rts ♦❢ t❤❡ q✉❡r② t♦ ♦✈❡r❝♦♠❡ ❞✐s❝❧♦s✉r❡ ♦❢ s❡♥s✐t✐✈❡ ❞❛t❛✳ ❋♦r
✐♥st❛♥❝❡✱ t❤❡ q✉❡r② ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡ s❤♦✉❧❞ ❜❡ r❡❥❡❝t❡❞✳

✹✳✸✳✶ ◗✉❡r✐❡s ✇✐t❤♦✉t ♣r❡❞✐❝❛t❡s

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r q✉❡r✐❡s ✇✐t❤♦✉t ♣r❡❞✐❝❛t❡s✱ ♣♦st♣♦♥✐♥❣ r❡✇r✐t✐♥❣ ♦❢ ♣r❡❞✐❝❛t❡s t♦ t❤❡ ♥❡①t
s✉❜s❡❝t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ X q✉❡r✐❡s ♦❢ t❤❡ ❢♦r♠ α1✿✿η1✴· · · ✴αk✿✿ηk ✭k ≥ 1✮ ✇❤❡r❡
αi ∈ {ε, ↓, ↓

∗, ↓+} ❛♥❞ ηi ❝❛♥ ❜❡ ❛♥② ❡❧❡♠❡♥t t②♣❡✱ ✯✲❧❛❜❡❧✱ ♦r t❡①t✭✮ ❢✉♥❝t✐♦♥✳ ❚❤❡ ✉♥✐♦♥ ♦❢
q✉❡r✐❡s ✐s ❞✐s❝✉ss❡❞ ❧❛t❡r✳ ❲❡ s❤♦✇ ✜rst t❤❛t t❤❡ r❡✇r✐t✐♥❣ ❧✐♠✐t❛t✐♦♥ ❢♦r t❤✐s ❦✐♥❞ ♦❢ q✉❡r✐❡s ✐s
❡♥❝♦✉♥t❡r❡❞ ✇❤❡♥ ♠❛♥✐♣✉❧❛t✐♥❣ t❤❡ ↓ ❛①✐s✱ ❤♦✇❡✈❡r✱ t❤❡ r❡♠❛✐♥✐♥❣ ❛①❡s ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ ❛
s✐♠♣❧❡ ♠❛♥♥❡r ✉s✐♥❣ ♦♥❧② t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡✳

❊①❛♠♣❧❡ ✹✳✶✶✳ ❈♦♥s✐❞❡r t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t ♦❢ ❋✐❣✉r❡ ✹✳✻ ❛♥❞ ✐ts ✈✐❡✇ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡
✹✳✼ t❤❛t ✐s ❝♦♠♣✉t❡❞ ✇✳r✳t t❤❡ ❛❝❝❡ss ♣♦❧✐❝② ♦❢ ❊①❛♠♣❧❡ ✹✳✽✳ ❲❡ s✉♣♣♦s❡ t❤❡ t❤❡ ♥✉rs❡ ❢♦r✲
♠✉❧❛t❡s t❤❡ q✉❡r② ↓+✿✿departement✴↓+✿✿patient ♦✈❡r ✐ts ❞❛t❛ ✈✐❡✇ ✇❤✐❝❤ r❡t✉r♥s t❤❡ ♥♦❞❡s
patient1 ❛♥❞ patient3✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤✐s q✉❡r② ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧
❞❛t❛ ✐♥t♦ ↓+✿✿departement❬Aacc❪✴↓+✿✿patient❬Aacc❪ ✇❤❡r❡ t❤❡ ♣r❡❞✐❝❛t❡ Aacc ✐s ❣✐✈❡♥ ✐♥ ❊①❛♠♣❧❡
✹✳✾✳ ❖❜✈✐♦✉s❧②✱ t❤✐s r❡✇r✐tt❡♥ q✉❡r② s❡❧❡❝ts ✜rst ❛❝❝❡ss✐❜❧❡ departement ❡❧❡♠❡♥ts ♦❢ ❋✐❣✉r❡ ✹✳✻✱
✐✳❡✳ departement1 ❡❧❡♠❡♥t✱ ❛♥❞ t❤❡♥ r❡t✉r♥s ❛❧❧ ✐ts ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥ts ♦❢ t②♣❡ patient✱ ✐✳❡✳
patient1 ❛♥❞ patient3✳ ❚❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♦❢ t❤❡s❡ ♥♦❞❡s ❛r❡ ❝❤❡❝❦❡❞ ✉s✐♥❣ Aacc✳ ❈♦♥s✐❞❡r ♥♦✇
❛♥♦t❤❡r q✉❡r② ♦✈❡r t❤❡ ❞❛t❛ ✈✐❡✇ ♦❢ ♥✉rs❡s ❞❡✜♥❡❞ ❜② ↓∗✿✿parent✴↓✿✿∗ ❛♥❞ ✇❤✐❝❤ ♠✉st r❡t✉r♥
♦♥❧② t❤❡ ♥♦❞❡ patient3✳ ❙✐♥❝❡ t❤❡r❡ ✐s ❛ ❝②❝❧❡ ❜❡t✇❡❡♥ t❤❡ patient ❛♥❞ parent ❡❧❡♠❡♥t t②♣❡s
♦❢ t❤❡ ❤♦s♣✐t❛❧ ❉❚❉✱ t❤✐s ❧❛tt❡r q✉❡r② ❝❛♥♥♦t ❜❡ r❡✇r✐tt❡♥ ✉s✐♥❣ ♦♥❧② t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐✲
❝❛t❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ↓∗✿✿parent❬Aacc❪✴↓✿✿∗❬Aacc❪ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞♦❝✉♠❡♥t r❡t✉r♥s ♥♦ ❡❧❡♠❡♥t
s✐♥❝❡ ✐t s❡❧❡❝ts ✜rst t❤❡ ❛❝❝❡ss✐❜❧❡ ❡❧❡♠❡♥t parent1✱ ✇❤✐❧❡ ✐ts ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ patient2 ✐s ♥♦t
❛❝❝❡ss✐❜❧❡✳ ▼♦r❡♦✈❡r✱ ❛ ❝②❝❧❡ ❝❛♥♥♦t ❜❡ ❝❛♣t✉r❡❞ ❜② r❡♣❧❛❝✐♥❣ ↓ ❛①❡s ✇✐t❤ ↓∗ ❛①❡s✳ ❚❤❡ q✉❡r②
↓∗✿✿parent❬Aacc❪✴↓✿✿∗❬Aacc❪ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞♦❝✉♠❡♥t r❡t✉r♥s ❜♦t❤ t❤❡ ♥♦❞❡ patient3 ❛s ✇❡❧❧ ❛s
♦t❤❡r ❛❞❞✐t✐♦♥❛❧ ❡❧❡♠❡♥ts✿ pname3✱ symptoms3✱ symptom3✱ ❡t❝✳ �

❲❡ s❤♦✇ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦✇ t❤❛t t❤❡ ✉♣✇❛r❞ ❛①❡s ❛♥❞ t❤❡ ♣♦s✐t✐♦♥ ♣r❡❞✐❝❛t❡ ♦❢ t❤❡ ❳P❛t❤
❢r❛❣♠❡♥t X ⇑[n] ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦✈❡r❝♦♠❡ t❤❡ r❡✇r✐t✐♥❣ ❧✐♠✐t❛t✐♦♥ ❡♥❝♦✉♥t❡r❡❞ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ X
q✉❡r✐❡s ✇✐t❤♦✉t ♣r❡❞✐❝❛t❡s✳

✻✵



✹✳✸✳ ◗✉❡r② ❘❡✇r✐t✐♥❣

❉❡✜♥✐t✐♦♥ ✹✳✾✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮ ❛♥❞ ❛♥ ❡❧❡♠❡♥t t②♣❡ B✱ t❤❡♥ ✇❡

❞❡✜♥❡ t✇♦ X ⇑[n] ♣r❡❞✐❝❛t❡s A
+ ❛♥❞ AB ❛s ❢♦❧❧♦✇s✿

A+ ✿❂ ↑+✿✿∗❬Aacc❪
AB ✿❂ ↑+✿✿∗❬Aacc❪❬1❪✴ε✿✿B

❋♦r ❛♥② ❡❧❡♠❡♥t ♥♦❞❡ n✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ SJA+K({n}) r❡t✉r♥s ❛❧❧ t❤❡ ❛❝❝❡ss✐❜❧❡ ❛♥❝❡st♦rs ♦❢ n✱
✇❤✐❧❡ SJABK({n}) r❡t✉r♥s t❤❡ ✜rst ❛❝❝❡ss✐❜❧❡ ❛♥❝❡st♦r ♦❢ n ✇❤♦s❡ t②♣❡ ✐s B✳ �

❋✐♥❛❧❧②✱ ✇❡ ❣✐✈❡ t❤❡ ❞❡t❛✐❧s ♦❢ ♦✉r r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱

❛♥♥ ✮✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ ❘❡✇r✐t❡ ✿ X −→ X ⇑[n] t❤❛t r❡✇r✐t❡s ❛♥② X q✉❡r② Q✱ ♦❢ t❤❡ ❢♦r♠

α1✿✿η1✴· · · ✴αk✿✿ηk ✭k ≥ 1✮✱ ✐♥t♦ ❛♥♦t❤❡r ♦♥❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❢r❛❣♠❡♥t X ⇑[n] ❛s ❢♦❧❧♦✇s✿

❘❡✇r✐t❡ ✭Q✮ ✿❂ ↓∗✿✿ηn❬A
acc❪❬prefix−1✭α1✿✿η1✴· · · ✴αk✿✿ηk✮❪

❚❤❡ q✉❛❧✐✜❡r prefix−1✭α1✿✿η1✴· · · ✴αk✿✿ηk✮ ♣r❡s❡♥ts ❛ r❡❝✉rs✐✈❡ r❡✇r✐t✐♥❣ ✐♥ ❛ ❞❡s❝❡♥❞❛♥t ♠❛♥♥❡r
✇❤❡r❡ ❡❛❝❤ s✉❜q✉❡r② αi✿✿ηi ✐s r❡✇r✐tt❡♥ ♦✈❡r ❛❧❧ t❤❡ s✉❜q✉❡r✐❡s t❤❛t ♣r❡❝❡❞❡ ✐t ✐♥ t❤❡ q✉❡r② Q✳
■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r ❡❛❝❤ s✉❜q✉❡r② αi✿✿ηi ✭1 ≤ i ≤ k✮✱ prefix−1✭α1✿✿η1✴· · · ✴αi−1✿✿ηi−1✮ ✐s ❛❧r❡❛❞②
❝♦♠♣✉t❡❞ ❛♥❞ ✉s❡❞ t♦ ❝♦♠♣✉t❡ prefix−1✭α1✿✿η1✴· · · ✴αi✿✿ηi✮ ❛s ❢♦❧❧♦✇s✿

✷✾

❼ αi ❂ ↓✿
prefix−1✭α1✿✿η1✴· · · ✴αi✿✿ηi✮ ✿❂ A

ηi−1 ❬prefix−1✭α1✿✿η1✴· · · ✴αi−1✿✿ηi−1✮❪

❼ αi ∈ {↓
+, ↓∗}✿

prefix−1✭α1✿✿η1✴· · · ✴αi✿✿ηi✮ ✿❂ α−1i ✿✿ηi−1❬A
acc❪❬prefix−1✭α1✿✿η1✴· · · ✴αi−1✿✿ηi−1✮❪

❼ αi ❂ ε✿
prefix−1✭α1✿✿η1✴· · · ✴αi✿✿ηi✮ ✿❂ ε✿✿ηi−1❬prefix

−1✭α1✿✿η1✴· · · ✴αi−1✿✿ηi−1✮❪

❆s ❛ s♣❡❝✐❛❧ ❝❛s❡✱ t❤❡ ✜rst s✉❜q✉❡r② ✐s r❡✇r✐tt❡♥ ♦✈❡r t❤❡ r♦♦t t②♣❡✳ ❚❤✉s✱ ✇❡ ❤❛✈❡
prefix−1✭↓✿✿η1✮❂A

root✱ prefix−1✭↓+✿✿η1✮❂↑
+✿✿root✱ ✇❤✐❧❡ ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ❛①❡s✱ α1 ∈ {ε, ↓

∗}✱
prefix−1✭α1✿✿η1✮ ✐s ❡♠♣t②✳

❊①❛♠♣❧❡ ✹✳✶✷✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ q✉❡r② Q❂↓∗✿✿parent✴↓✿✿∗ ♦❢ ❊①❛♠♣❧❡ ✹✳✶✶ ♣♦s❡❞ ♦✈❡r t❤❡
❞❛t❛ ✈✐❡✇ ♦❢ ❋✐❣✉r❡ ✹✳✼✳ ❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✹✳✽✱ t❤✐s q✉❡r②
❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿ ❘❡✇r✐t❡ ✭Q✮❂↓∗✿✿∗❬Aacc❪❬Aparent❪✳ ❇② r❡♣❧❛❝✐♥❣ Aparent ✇✐t❤ ✐ts
✈❛❧✉❡✱ ❘❡✇r✐t❡ ✭Q✮ ✐s ❣✐✈❡♥ ❜②✿ ↓∗✿✿∗❬Aacc❪❬↑+✿✿∗❬Aacc❪❬1❪✴ε✿✿parent❪✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ ♣r❡❞✐❝❛t❡ Aacc ✇✳r✳t t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✹✳✽ ✐s ❣✐✈❡♥ ✐♥ ❊①❛♠♣❧❡ ✹✳✾✳ ❚❤❡
❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ q✉❡r② ↓∗✿✿∗❬Aacc❪ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞♦❝✉♠❡♥t ♦❢ ❋✐❣✉r❡ ✹✳✻ r❡t✉r♥s ❛ ♥♦❞❡ s❡t
N ❝♦♠♣♦s❡❞ ❜② ❛❧❧ t❤❡ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✼✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❬Aparent❪
♦✈❡r t❤❡ s❡t N r❡t✉r♥s ♦♥❧② t❤♦s❡ ❡❧❡♠❡♥ts ❤❛✈✐♥❣ ❛s t❤❡ ✜rst ❛❝❝❡ss✐❜❧❡ ❛♥❝❡st♦r✱ ❛♥ ❡❧❡♠❡♥t ♦❢
t②♣❡ parent✱ t❤✉s t❤❡ q✉❡r② ↓∗✿✿∗❬Aacc❪❬Aparent❪ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞♦❝✉♠❡♥t r❡t✉r♥s t❤❡ ❡❧❡♠❡♥t
patient3 t❤❛t ✐s t❤❡ ♦♥❧② ❡❧❡♠❡♥t t❤❛t s❛t✐s✜❡s t❤❡ ♣r❡❞✐❝❛t❡ ❬Aparent❪✿ SJAparentK({patient3})
r❡t✉r♥s t❤❡ ❡❧❡♠❡♥t parent1✱ ✐✳❡✳ patient3 � A

parent✳ ❚❤❡r❡❢♦r❡✱ t❤❡ q✉❡r② ❘❡✇r✐t❡ ✭Q✮ ♦✈❡r t❤❡
♦r✐❣✐♥❛❧ ❞♦❝✉♠❡♥t ♦❢ ❋✐❣✉r❡ ✹✳✻ r❡t✉r♥s ♦♥❧② t❤❡ ❡❧❡♠❡♥t patient3 ❛s ❞♦❡s t❤❡ q✉❡r② Q ♦✈❡r t❤❡
❞❛t❛ ✈✐❡✇ ♦❢ ❋✐❣✉r❡ ✹✳✼✳ �

✷✾❋♦r αi ∈ {↓
+, ↓∗}✱ α−1

i ❂↑+ ✐❢ αi❂↓
+ ❛♥❞ ↑∗ ♦t❤❡r✇✐s❡✳

✻✶



❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

✹✳✸✳✷ ❘❡✇r✐t✐♥❣ ♣r❡❞✐❝❛t❡s

❲❡ ❞✐s❝✉ss ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ r❡✇r✐t✐♥❣ ♦❢ ♣r❡❞✐❝❛t❡s ♦❢ t❤❡ ❢r❛❣♠❡♥t X t♦ ❝♦♠♣❧❡t❡ t❤❡ ❞❡✲
s❝r✐♣t✐♦♥ ♦❢ ♦✉r r❡✇r✐t✐♥❣ ❛♣♣r♦❛❝❤✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮✱ ✇❡ ❞❡✜♥❡ t❤❡

❢✉♥❝t✐♦♥ ❘❲❴Pr❡❞ ✿ X → X ⇑[n,=] t❤❛t r❡✇r✐t❡s ❛♥② X ♣r❡❞✐❝❛t❡ P ✱ ♦❢ t❤❡ ❢♦r♠ α1✿✿η1✴· · · ✴αk✿✿ηk

✭k ≥ 1✮✱ ✐♥t♦ ❛♥♦t❤❡r ♦♥❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❢r❛❣♠❡♥t X ⇑[n,=]✳ ■♥ ❛ ❞❡s❝❡♥❞❛♥t ♠❛♥♥❡r✱ ❘❲❴Pr❡❞ ✭P ✮
✐s r❡❝✉rs✐✈❡❧② ❞❡✜♥❡❞ ♦✈❡r s✉❜✲♣r❡❞✐❝❛t❡s ♦❢ P ❛s ❢♦❧❧♦✇s✿

❼ αi =↓✿
❘❲❴Pr❡❞✭αi✿✿ηi✴· · · ✴αk✿✿ηk✮✿❂ ↓

+✿✿ηi❬A
acc❪❬❘❲❴Pr❡❞✭αi+1✿✿ηi+1✴· · · ✴αk✿✿ηk✮❪✴A

+❬✶❪❂ε✿✿∗

❼ αi ∈ {↓
+, ↓∗}✿

❘❲❴Pr❡❞✭αi✿✿ηi✴· · · ✴αk✿✿ηk✮ ✿❂ αi✿✿ηi❬A
acc❪❬❘❲❴Pr❡❞✭αi+1✿✿ηi+1✴· · · ✴αk✿✿ηk✮❪

❼ αi = ε✿
❘❲❴Pr❡❞✭αi✿✿ηi✴· · · ✴αk✿✿ηk✮ ✿❂ ε✿✿ηi❬❘❲❴Pr❡❞✭αi+1✿✿ηi+1✴· · · ✴αk✿✿ηk✮❪

❆s ❛ s♣❡❝✐❛❧ ❝❛s❡✱ t❤❡ ♣r❡❞✐❝❛t❡ α✿✿η✴text()❂✬c✬ ✭t❡①t✲❝♦♥t❡♥t ❝♦♠♣❛r✐s♦♥✮ ✐s r❡✇r✐tt❡♥✱ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ❛①✐s α✱ ❛s ❢♦❧❧♦✇s✿

❼ ❘❲❴Pr❡❞✭↓✿✿η✴text()❂✬c✬✮ ✿❂ ↓+✿✿η❬Aacc❪❬self ✿✿∗✴text()❂✬c✬❪✴A+❬✶❪ ❂ ε✿✿∗

❼ ❋♦r α ∈ {↓+, ↓∗}✱ ❘❲❴Pr❡❞✭α✿✿η✴text()❂✬c✬✮ ✿❂ α✿✿η❬Aacc❪✴text()❂✬c✬

❼ ❘❲❴Pr❡❞✭ε✿✿η✴text()❂✬c✬✮ ✿❂ ε✿✿η✴text()❂✬c✬

❊①❛♠♣❧❡ ✹✳✶✸✳ ❈♦♥s✐❞❡r t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✹✳✽ ❛♥❞ t❤❡ ❞❛t❛ ✈✐❡✇ ♦❢ ❋✐❣✉r❡
✹✳✼✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ♣r❡❞✐❝❛t❡ ❬↓:: patient/ ↓:: wardNo = “✹✷✶′′

︸ ︷︷ ︸

P

❪ ✐s s❛t✐s✜❡❞ ♦♥❧② ♦✈❡r t❤❡

❡❧❡♠❡♥t ♥♦❞❡ parent1✳ ❚❤✐s ♣r❡❞✐❝❛t❡ ✐s r❡✇r✐tt❡♥ ✐♥t♦ ❬❘❲❴Pr❡❞ ✭P ✮❪ ❛s ❢♦❧❧♦✇s✿

❼ [❘❲❴Pr❡❞ ✭P ✮] ❂ ❬↓+✿✿patient❬Aacc❪❬❘❲❴Pr❡❞ ✭↓✿✿wardNo❂✏✹✷✶ ✑✮❪✴A+❬1❪❂ε✿✿∗❪

❼ [❘❲❴Pr❡❞ ✭↓✿✿wardNo❂✏✹✷✶ ✑✮] ❂ ❬↓+✿✿wardNo❬Aacc❪❬ε✿✿∗✴text()❂✏✹✷✶ ✑❪✴A+❬1❪❂ε✿✿∗❪

❈♦♥s✐❞❡r t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t ♦❢ ❋✐❣✉r❡ ✹✳✻✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♣r❡❞✐❝❛t❡ ❬❘❲❴Pr❡❞ ✭P ✮❪
✐s s❛t✐s✜❡❞ ♦♥❧② ♦✈❡r t❤❡ ❡❧❡♠❡♥t ♥♦❞❡ parent1✳ �

❋✐♥❛❧❧②✱ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❘❡✇r✐t❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❛❧❧ q✉❡r✐❡s
♦❢ t❤❡ ❢r❛❣♠❡♥t X ✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮✱ t❤❡ ❢✉♥❝t✐♦♥ ❘❡✇r✐t❡ ✿ X −→

X ⇑[n,=] ✐s r❡❞❡✜♥❡❞ t♦ r❡✇r✐t❡ ❛♥② X q✉❡r② Q✱ ♦❢ t❤❡ ❢♦r♠ α1✿✿η1❬p1❪✴· · · ✴αk✿✿ηk❬pk❪ ✭k ≥ 1✮✱ ✐♥t♦

❛♥♦t❤❡r ♦♥❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❢r❛❣♠❡♥t X ⇑[n,=] ❛s ❢♦❧❧♦✇s ✭✇❤❡r❡ pti❂❘❲❴Pr❡❞ ✭pi✮ ❢♦r 1 ≤ i ≤ k✮✿

❘❡✇r✐t❡ ✭Q✮ ✿❂ ↓∗✿✿ηk❬A
acc❪❬ptk❪❬prefix

−1✭Q✮❪

❚❤❡ q✉❛❧✐✜❡r prefix−1✭Q✮ ✐s r❡❝✉rs✐✈❡❧② ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

✻✷



✹✳✸✳ ◗✉❡r② ❘❡✇r✐t✐♥❣

❼ αi ❂ ↓✿
prefix−1✭α1✿✿η1❬p1❪✴· · · ✴αi✿✿ηi❬pi❪✮ ✿❂A

ηi−1 ❬pti−1❪❬prefix
−1✭α1✿✿η1❬p1❪✴· · · ✴αi−1✿✿ηi−1❬pi−1❪✮❪

❼ αi ∈ {↓
+, ↓∗}✿

prefix−1✭α1✿✿η1❬p1❪✴· · · ✴αi✿✿ηi❬pi❪✮ ✿❂
α−1i ✿✿ηi−1❬p

t
i−1❪❬A

acc❪❬prefix−1✭α1✿✿η1❬p1❪✴· · · ✴αi−1✿✿ηi−1❬pi−1❪✮❪

❼ αi ❂ ε✿
prefix−1✭α1✿✿η1❬p1❪✴· · · ✴αi✿✿ηi❬pi❪✮ ✿❂ ε✿✿ηi−1❬p

t
i−1❪❬prefix

−1✭α1✿✿η1❬p1❪✴· · · ✴αi−1✿✿ηi−1❬pi−1❪✮❪

❆s ❛ s♣❡❝✐❛❧ ❝❛s❡✱ q✉❡r② ♦❢ X ♦❢ t❤❡ ❢♦r♠ Q1 ∪ · · · ∪ Qk ✭k ≥ 1✮ ✐s r❡✇r✐tt❡♥ ✐♥t♦ ❘❡✇r✐t❡ ✭Q1✮
∪ · · · ∪ ❘❡✇r✐t❡ ✭Qk✮✳

❊①❛♠♣❧❡ ✹✳✶✹✳ ❈♦♥s✐❞❡r t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✹✳✽✱ t❤❡ q✉❡r②
Q❂↓+✿✿parent✴↓✿✿patient❬↓:: pname = “▼❛rt✐♥′′

︸ ︷︷ ︸

P

❪ ♦✈❡r t❤❡ ❞❛t❛ ✈✐❡✇ ♦❢ ❋✐❣✉r❡ ✹✳✼ ✐s r❡✇r✐tt❡♥

♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛ ♦❢ ❋✐❣✉r❡ ✹✳✻ ❛s ❢♦❧❧♦✇s✿

❘❡✇r✐t❡ ✭Q✮❂↓∗✿✿patient❬Aacc❪❬❘❲❴Pr❡❞ ✭P ✮❪❬↑+✿✿∗❬Aacc❪❬1❪✴ε✿✿parent❪

❘❲❴Pr❡❞ ✭P ✮ ❂ ❬↓∗✿✿pname❬Aacc❪❬ε✿✿∗✴text()❂✏▼❛rt✐♥✑❪✴A+❬1❪❂ε✿✿∗❪

❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ q✉❡r② ❘❡✇r✐t❡ ✭Q✮ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛ r❡t✉r♥s t❤❡ ❡❧❡♠❡♥t ♥♦❞❡ patient3
❛s ❞♦❡s t❤❡ q✉❡r② Q ♦✈❡r t❤❡ ❞❛t❛ ✈✐❡✇✳ �

❲❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❘❲❴Pr❡❞ t♦ ❤❛♥❞❧❡ ❝♦♠♣❧❡① ♣r❡❞✐❝❛t❡s
✐s q✉✐t❡ str❛✐❣❤t❢♦r✇❛r❞✳ ❋♦r ✐♥st❛♥❝❡✱ ❘❲❴Pr❡❞ ✭P1∨P2✮ ✐s ❣✐✈❡♥ ❜② ❘❲❴Pr❡❞ ✭P1✮ ∨ ❘❲❴Pr❡❞ ✭P2✮✳
▼♦r❡♦✈❡r✱ ❘❲❴Pr❡❞ ✭P1❬P2❪✮ ✐s ❣✐✈❡♥ ❜② ❘❲❴Pr❡❞ ✭P1❬❘❲❴Pr❡❞ ✭P2✮❪✮✳

✹✳✸✳✸ ❈♦♣✐♥❣ ✇✐t❤ X ⇑ q✉❡r✐❡s

❲❡ s❤♦✇ ❤♦✇ ♦✉r r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ ❘❡✇r✐t❡ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ r❡✇r✐t❡ t❤❡ ✉♣✇❛r❞ ❛①❡s
{↑, ↑+, ↑∗}✳ ▲❡t S❂✭D✱ ❛♥♥ ✮ ❜❡ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥✳ ❋✐rst❧②✱ t❤❡ ❢✉♥❝t✐♦♥ ❘❡✇r✐t❡ ✿ X ⇑ −→

X ⇑[n,=] ✐s r❡❞❡✜♥❡❞ t♦ r❡✇r✐t❡ ❛♥② X ⇑ q✉❡r② Q✱ ♦❢ t❤❡ ❢♦r♠ α1✿✿η1❬p1❪✴· · · ✴αk✿✿ηk❬pk❪ ✭k ≥ 1✮✱

✐♥t♦ ❛♥♦t❤❡r ♦♥❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❢r❛❣♠❡♥t X ⇑[n,=] ❛s ❢♦❧❧♦✇s ✭✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❝❛s❡ ✇❤❡r❡

αi ∈ {↑, ↑
+, ↑∗} s✐♥❝❡ t❤❡ ❝❛s❡ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❛①❡s ✐s ❛❧r❡❛❞② st✉❞✐❡❞✮✿

❘❡✇r✐t❡ ✭Q✮ ✿❂ ↓∗✿✿ηk❬A
acc❪❬ptk❪❬prefix

−1✭Q✮❪

❚❤❡ q✉❛❧✐✜❡r prefix−1✭Q✮ ✐s r❡❝✉rs✐✈❡❧② ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❼ αi ❂ ↑✿
prefix−1✭α1✿✿η1❬p1❪✴· · · ✴αi✿✿ηi❬pi❪✮ ✿❂
↓+✿✿ηi−1❬A

acc❪❬pti−1❪❬prefix
−1✭α1✿✿η1❬p1❪✴· · · ✴αi−1✿✿ηi−1❬pi−1❪✮❪✴A

+❬✶❪❂ε✿✿ηi

❼ αi ∈ {↑
+, ↑∗}✿ ✭α−1i ❂↓+ ✐❢ αi❂↑

+ ❛♥❞ ↓∗ ♦t❤❡r✇✐s❡✮
prefix−1✭α1✿✿η1❬p1❪✴· · · ✴αi✿✿ηi❬pi❪✮ ✿❂

α−1i ✿✿ηi−1❬A
acc❪❬pti−1❪❬prefix

−1✭α1✿✿η1❬p1❪✴· · · ✴αi−1✿✿ηi−1❬pi−1❪✮❪

✻✸



❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

❚❤❡ ❢✉♥❝t✐♦♥ ❘❲❴Pr❡❞ ✿ X ⇑ −→ X ⇑[n,=] ✐s r❡❞❡✜♥❡❞ t♦ r❡✇r✐t❡ ❛♥② X ⇑ ♣r❡❞✐❝❛t❡ P ✱ ♦❢ t❤❡ ❢♦r♠

α1✿✿η1✴· · · ✴αk✿✿ηk ✭k ≥ 1✮✱ ✐♥t♦ ❛♥♦t❤❡r ♦♥❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❢r❛❣♠❡♥t X ⇑[n,=] ❛s ❢♦❧❧♦✇s ✭♦♥❧② t❤❡

❝❛s❡ ♦❢ ✉♣✇❛r❞ ❛①❡s ✐s ❝♦♥s✐❞❡r❡❞✮✿

❼ αi =↑✿
❘❲❴Pr❡❞✭αi✿✿ηi✴· · · ✴αk✿✿ηk✮ ✿❂ A

ηi ❬❘❲❴Pr❡❞✭αi+1✿✿ηi+1✴· · · ✴αk✿✿ηk✮❪

❼ αi ∈ {↑
+, ↑∗}✿

❘❲❴Pr❡❞✭αi✿✿ηi✴· · · ✴αk✿✿ηk✮ ✿❂ αi✿✿ηi❬A
acc❪❬❘❲❴Pr❡❞✭αi+1✿✿ηi+1✴· · · ✴αk✿✿ηk✮❪

✹✳✹ ❘❡✇r✐t✐♥❣ ❆❧❣♦r✐t❤♠

❋✐❣✉r❡ ✹✳✽ ♣r❡s❡♥ts ♦✉r ❛❧❣♦r✐t❤♠ ✏❘❡✇r✐t❡ ✑ ❢♦r X q✉❡r✐❡s r❡✇r✐t✐♥❣✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜✲
❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮ ❞❡✜♥❡❞ ♦✈❡r ❛r❜✐tr❛r② ❉❚❉ ✭r❡❝✉rs✐✈❡ ♦r ♥♦t✮✱ ❢♦r ❛♥② ✐♥st❛♥❝❡ T ♦❢ D✱ ✇❡
❡①tr❛❝t t❤❡ ✈✐rt✉❛❧ ✈✐❡✇ Tv ♦❢ T t❤❛t ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s ♦❢ T ✳ ❋♦r ❛♥② q✉❡r② Q
❞❡✜♥❡❞ ✐♥ X ♦✈❡r Tv✱ ♦✉r ❛❧❣♦r✐t❤♠ ✏❘❡✇r✐t❡ ✑ tr❛♥s❧❛t❡s ✐t ✐♥t♦ ❛♥ ❡q✉✐✈❛❧❡♥t ♦♥❡ Qt ❞❡✜♥❡❞
✐♥ X ⇑[n,=] ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞♦❝✉♠❡♥t T s✉❝❤ t❤❛t✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ Q ♦♥ Tv ②✐❡❧❞s t❤❡ s❛♠❡
r❡s✉❧t ❛s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ Qt ♦♥ T ✳ ❲❡ ❝♦♠♣✉t❡ ✜rst t❤❡ ♣r❡❞✐❝❛t❡ Aacc ✇✳r✳t S ❛s ✇❡❧❧ ❛s
A+ ✇❤♦s❡ ❞❡✜♥✐t✐♦♥ ✐s ❜❛s❡❞ ♦♥ Aacc✳ ❚❤❡s❡ ♣r❡❞✐❝❛t❡s ❛r❡ ❝♦♥str✉❝t❡❞ ♦♥❧② ♦♥❡ t✐♠❡ ❛❢t❡r t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥✱ t❤❡♥ t❤❡✐r ❝♦♥str✉❝t✐♦♥ t✐♠❡ ✐s ♥❡❣❧✐❣✐❜❧❡✳ ●✐✈❡♥ ❛♥ X q✉❡r②
Q❂α1✿✿η1❬P1❪✴✳✳✳✴αk✿✿ηk❬Pk❪ ✭k ≥ 1✮✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❞❡s❝❡♥❞✐♥❣ ❧✐st ♦❢ s✉❜q✉❡r✐❡s ♦❢ Q✳ ❆❢t❡r✱
✇❡ ♣❛rs❡ t❤❡s❡ s✉❜q✉❡r✐❡s t♦ ❞❡✜♥❡ prefix−1✭Q✮ ✇❤❡r❡ ❡❛❝❤ s✉❜q✉❡r② Qi❂αi✿✿ηi❬Pi❪ ✐s r❡✇r✐tt❡♥
♦✈❡r Qi−1❂αi−1✿✿ηi−1❬Pi−1❪ t♦ ❡♥s✉r❡ t❤❛t ♦♥❧② ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s ❝❛♥ ❜❡ r❡❢❡rr❡❞ t♦ ❜② Qi ❛s ✇❡❧❧
❛s t♦ ♣r❡s❡r✈❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❞❡✜♥❡❞ ❜❡t✇❡❡♥ ηi ❛♥❞ ηi−1 ✭t❤❡ ✜rst s✉❜q✉❡r② Q1 ✐s r❡✇r✐tt❡♥
♦✈❡r t❤❡ root t②♣❡ ♦❢ t❤❡ ❉❚❉✮✳ ■t ✐s ❝❧❡❛r t♦ s❡❡ ✐♥ ❋✐❣✉r❡ ✹✳✽ t❤❛t ❡❛❝❤ s✉❜q✉❡r② Qi ✐s r❡✇r✐tt❡♥
✐s ❛ ❝♦♥st❛♥t ❜② ♠❛♥✐♣✉❧❛t✐♥❣ t❤❡ ♣r❡❞✐❝❛t❡s Aacc ❛♥❞ A+ ❛❧r❡❛❞② ❝♦♠♣✉t❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡
q✉❡r② Q❂↓:: ∗

︸︷︷︸

Q1

✴↓+:: B
︸ ︷︷ ︸

Q2

✐s r❡✇r✐tt❡♥ ✐♥ t❤r❡❡ st❡♣s ❛s ❢♦❧❧♦✇s✿

↓∗:: B[Aacc][↑+:: ∗[Aacc]
︸ ︷︷ ︸

Q2,1

[A+[1]/ε :: root
︸ ︷︷ ︸

Q1,root

]]

︸ ︷︷ ︸

rewriting of Q

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ r❡✇r✐t✐♥❣ ♦❢ ❛ q✉❡r② Q ✇✐t❤♦✉t ♣r❡❞✐❝❛t❡s ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ♣❛rs✐♥❣
♦❢ ❛❧❧ s✉❜q✉❡r✐❡s ♦❢ Q✳ ◆♦t❡ t❤❛t t❤❡ ♣r❡❞✐❝❛t❡s Pi ♦❢ t❤❡ q✉❡r② Q ✐♥ ✐♥♣✉t ❛r❡ ♦♣t✐♦♥❛❧✳ ❚❤❡
♣r❡❞✐❝❛t❡ Pi ♦❢ ❡❛❝❤ s✉❜q✉❡r② Qi✱ ✐❢ ❡①✐sts✱ ✐s r❡✇r✐tt❡♥ ✉s✐♥❣ ♦✉r ♣r❡❞✐❝❛t❡ r❡✇r✐t✐♥❣ ❛❧❣♦r✐t❤♠
✏❘❲❴Pr❡❞ ✑ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✾✳ ■♥ ❣❡♥❡r❛❧✱ ❣✐✈❡♥ t❤❡ ♣r❡❞✐❝❛t❡ f ♦❢ t❤❡ s✉❜q✉❡r② α✿✿η❬f ❪✱
✇❡ r❡✇r✐t❡ f t♦ ♠❛❦❡ t❡sts ♦✈❡r ♦♥❧② ❛❝❝❡ss✐❜❧❡ ❡❧❡♠❡♥ts ❛s ✇❡❧❧ ❛s t♦ ♣r❡s❡r✈❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣
❞❡✜♥❡❞ ❜❡t✇❡❡♥ ❡❧❡♠❡♥t t②♣❡s ♦❢ f ❛♥❞ t❤❡ ❡❧❡♠❡♥t t②♣❡ η✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t t❤❡ ♣r❡❞✐❝❛t❡
Pi ❜❡ p1✴✳✳✳✴pm ✭✇❤❡r❡ pi❂αi✿✿ηi✮✱ ✇❡ ❝♦♠♣✉t❡ ✜rst t❤❡ ❞❡s❝❡♥❞✐♥❣ ❧✐st ♦❢ s✉❜✲♣r❡❞✐❝❛t❡s ♦❢
Pi✱ ❛❢t❡r ✇❡ ♣❛rs❡ t❤✐s ❧✐st ❛♥❞ r❡✇r✐t❡ ❡❛❝❤ s✉❜✲♣r❡❞✐❝❛t❡ ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t ❘❲❴Pr❡❞ ✭Pi✮✳
◆♦t❡ t❤❛t t❤❡ ✜rst s✉❜✲♣r❡❞✐❝❛t❡ p1 ✐s r❡✇r✐tt❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛①✐s α1 ♦❢ p1 ❛♥❞ ✇✳r✳t t❤❡
❡❧❡♠❡♥t t②♣❡ ηi ♦❢ t❤❡ s✉❜q✉❡r② Qi✳ ❍♦✇❡✈❡r✱ ❢♦r ❛♥ ✐♥t❡r♠❡❞✐❛t❡ s✉❜✲♣r❡❞✐❝❛t❡ pi✴✳✳✳✴pm✱ pi
✐s r❡✇r✐tt❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛①✐s αi ♦❢ pi ❛♥❞ ✇✳r✳t t❤❡ ❡❧❡♠❡♥t t②♣❡ ♦❢ pi−1✳ ❚❤❡ ♣r❡❞✐✲
❝❛t❡ ❘❲❴Pr❡❞ ✭pi✴✳✳✳✴pm✮ ✐s ❣✐✈❡♥ ❜② ↓+✿✿ηi❬A

acc❪❬❘❲❴Pr❡❞ ✭pi+1✴✳✳✳✴pm✮❪✴A
+❬✶❪❂ε✿✿∗✱ ✐❢ αi❂↓✱ ♦r

✻✹



✹✳✹✳ ❘❡✇r✐t✐♥❣ ❆❧❣♦r✐t❤♠

❆❧❣♦r✐t❤♠✿ ❘❡✇r✐t❡
✐♥♣✉t ✿ ❆♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮ ❛♥❞ ❛ q✉❡r② Q ❞❡✜♥❡❞ ✐♥ X ✳
♦✉t♣✉t✿ ❘❡✇r✐t✐♥❣ ♦❢ Q ✇✳r✳t S✳

✶ ❝♦♠♣✉t❡ t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ Aacc ✇✳r✳t S❀
✷ ✐❢ Q ❂ Q1∪✳✳✳∪Qn t❤❡♥

✸ r❡t✉r♥ ∪≤i≤n ❘❡✇r✐t❡ ✭Qi✮❀

✹ ❝♦♠♣✉t❡ t❤❡ ❞❡s❝❡♥❞✐♥❣ ❧✐st L ♦❢ t❤❡ s✉❜q✉❡r✐❡s Q1, · · · , Qk ♦❢ Q ✭k ≥ 1✮❀
✺ ❡❛❝❤ s✉❜q✉❡r② Qi ❂ αi✿✿ηi❬Pi❪❀
✻ prefix−1 ✿❂ ǫ❀ ✴✴ ♣r❡s❡♥ts prefix−1✭Q✮

✼ ❢♦r❡❛❝❤ Qi ✐♥ t❤❡ ♦r❞❡r ♦❢ L ❞♦

✽ ❝❛s❡ ✭αi =↓✮ ✿
✾ ✐❢ ✭prefix−1 ❂ ǫ✮ t❤❡♥ ✴✴ case of Q1

✶✵ prefix−1 ✿❂ Aroot❀
✶✶ ❡❧s❡

✶✷ prefix−1 ✿❂ Aηi−1 ❬prefix−1❪❀

✶✸ ❝❛s❡ ✭αi ∈ {↓
+, ↓∗}✮ ✿

✶✹ ✐❢ ✭prefix−1 ❂ ǫ✮ t❤❡♥ ✴✴ case of Q1

✶✺ prefix−1 ✿❂ α−1
i ✿✿root❀

✶✻ ❡❧s❡

✶✼ prefix−1 ✿❂ α−1
i ✿✿ηi−1❬A

acc❪❬prefix−1❪❀

✶✽ ❝❛s❡ ✭αi = ε✮ ✿
✶✾ ✐❢ ✭prefix−1 ❂ ǫ✮ t❤❡♥ ✴✴ case of Q1

✷✵ prefix−1 ✿❂ αi✿✿root❀
✷✶ ❡❧s❡

✷✷ prefix−1 ✿❂ αi✿✿ηi−1❬prefix
−1❪❀

✷✸ ✐❢ ✭Pi−1 ❡①✐sts✮ t❤❡♥

✷✹ prefix−1 ✿❂ prefix−1❬P t
i−1❪❀

✴✯ r❡✇r✐t✐♥❣ ♦❢ ♣r❡❞✐❝❛t❡ Pi ✯✴

✷✺ P t
i ✿❂ ❘❲❴Pr❡❞ ✭Pi✮❀

✴✯ r❡✇r✐tt❡♥ q✉❡r② Qt ♦❢ Q ✯✴

✷✻ ✐❢ ✭Pk ❡①✐sts✮ t❤❡♥

✷✼ Qt ✿❂ ↓∗✿✿ηk❬A
acc❪❬P t

k❪❬prefix
−1❪❀

✷✽ ❡❧s❡

✷✾ Qt ✿❂ ↓∗✿✿ηk❬A
acc❪❬prefix−1❪

✸✵ r❡t✉r♥ Qt❀

❋✐❣✉r❡ ✹✳✽✿ X ◗✉❡r✐❡s ❘❡✇r✐t✐♥❣ ❆❧❣♦r✐t❤♠✳

❜② αi✿✿ηi❬A
acc❪❬❘❲❴Pr❡❞ ✭pi+1✴✳✳✳✴pm✮❪✱ ✐♥ ❝❛s❡ ♦❢ αi ∈ {ε, ↓

+, ↓∗}✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♣r❡❞✐❝❛t❡

❬↓✿✿A✴↓✿✿B❪ ✐s r❡✇r✐tt❡♥ ✐♥ X ⇑[n,=] ✐♥t♦ ❬↓+✿✿A❬Aacc❪❬↓+✿✿B❬Aacc❪✴A+❬✶❪❂ε✿✿∗❪✴A+❬✶❪❂ε✿✿∗❪✳ ❘❡❝❛❧❧

t❤❛t t❤❡ ♣r❡❞✐❝❛t❡s Aacc ❛♥❞ A+ ❛r❡ ❛❞❞❡❞ ✐♥ ❛ ❝♦♥st❛♥t t✐♠❡✳ ❚❤✉s✱ t❤❡ r❡✇r✐t✐♥❣ ♦❢ ❡❛❝❤
s✉❜✲♣r❡❞✐❝❛t❡ Pi ♦❢ ❛ s✉❜q✉❡r② Qi ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ♣❛rs✐♥❣ ♦❢ ❛❧❧ s✉❜✲♣r❡❞✐❝❛t❡s ♦❢ Pi✳

❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② |Q| t❤❡ s✐③❡ ♦❢ ❛❧❧ s✉❜q✉❡r✐❡s ❛♥❞ s✉❜✲♣r❡❞✐❝❛t❡s ♦❢ t❤❡ q✉❡r②
Q ✭❡✳❣✳ | ↓:: ∗[↓+:: ∗/ε :: ∗]|❂3✮✱ t❤❡♥ ✇❡ ❞❡❞✉❝t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

▲❡♠♠❛ ✹✳✷✳ ❋♦r ❛♥② ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮ ❛♥❞ ❛♥② X q✉❡r② Q ❞❡✜♥❡❞ ♦✈❡r s♦♠❡
✈✐rt✉❛❧ ❞❛t❛ ✈✐❡✇✱ ♦✉r ❛❧❣♦r✐t❤♠ ❘❡✇r✐t❡ tr❛♥s❧❛t❡s Q ✐♥t♦ ❛♥ ❡q✉✐✈❛❧❡♥t ♦♥❡✱ ❞❡✜♥❡❞ ♦✈❡r t❤❡
♦r✐❣✐♥❛❧ ❞❛t❛✱ ❛t ♠♦st ✐♥ t✐♠❡ O(|Q|)✳ �
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❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

❆❧❣♦r✐t❤♠✿ ❘❲❴Pr❡❞
✐♥♣✉t ✿ ❆♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮ ❛♥❞ ❛ ♣r❡❞✐❝❛t❡ P ❞❡✜♥❡❞ ✐♥ X ✳
♦✉t♣✉t✿ ❆ r❡✇r✐tt❡♥ ♣r❡❞✐❝❛t❡ Pt ♦❢ P ✳

✴✯ text✲comparaison is optional✱ if it does not exists then ❬ε✿✿∗✴text()❂✬c✬❪ below is omitted
✯✴

✶ Pt ✿❂ false❀
✷ ✐❢ ✭P is a single predicate α✿✿η❬F ❪✴text()❂✬c✬✮ t❤❡♥

✸ F t ✿❂ ❘❲❴Pr❡❞ ✭F ✮❀
✹ ✐❢ ✭α =↓✮ t❤❡♥

✺ Pt ✿❂ ↓+✿✿η❬Aacc❪❬F t❪❬ε✿✿∗✴text()❂✬c✬❪✴A+❬✶❪❂ε✿✿∗❀
✻ ❡❧s❡ ✐❢ ✭α ∈ {↓+, ↓∗}✮ t❤❡♥

✼ Pt ✿❂ α✿✿η❬Aacc❪❬F t❪❬ε✿✿∗✴text()❂✬c✬❪❀
✽ ❡❧s❡ ✴✴ α = ε
✾ Pt ✿❂ α✿✿η❬F t❪❬ε✿✿∗✴text()❂✬c✬❪❀

✶✵ ❡❧s❡ ✐❢ ✭P ✐s P1✴Pr ✇❤❡r❡ P1 ❂ α1✿✿η1❬F1❪ ❛♥❞ Pr ✐s t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt✮ t❤❡♥

✶✶ F t
1 ✿❂ ❘❲❴Pr❡❞ ✭F1✮❀

✶✷ ✐❢ ✭α1 =↓✮ t❤❡♥

✶✸ Pt ✿❂ ↓+✿✿η1❬A
acc❪❬F t

1 ❪❬❘❲❴Pr❡❞ ✭Pr✮❪✴A
+❬✶❪❂ε✿✿∗❀

✶✹ ❡❧s❡ ✐❢ ✭α1 ∈ {↓
+, ↓∗}✮ t❤❡♥

✶✺ Pt ✿❂ α1✿✿η1❬A
acc❪❬F t

1 ❪❬❘❲❴Pr❡❞ ✭Pr✮❪❀
✶✻ ❡❧s❡ ✴✴ α = ε
✶✼ Pt ✿❂ α1✿✿η1❬F

t
1 ❪❬❘❲❴Pr❡❞ ✭Pr✮❪❀

✶✽ ❡❧s❡ ✐❢ ✭P ✐s P1∧✳✳✳∧Pn✮ t❤❡♥

✶✾ Pt ✿❂
∧

i❘❲❴Pr❡❞ ✭Pi✮❀
✷✵ ❡❧s❡ ✐❢ ✭P ✐s P1∨✳✳✳∨Pn ♦r P1∪✳✳✳∪Pn✮ t❤❡♥

✷✶ Pt ✿❂
∨

i❘❲❴Pr❡❞ ✭Pi✮❀
✷✷ ❡❧s❡ ✐❢ ❝❛s❡ ♦❢ ♥♦t ✭P ✮ t❤❡♥

✷✸ Pt ✿❂ ♥♦t ✭❘❲❴Pr❡❞ ✭P ✮✮❀

✷✹ r❡t✉r♥ Pt❀

❋✐❣✉r❡ ✹✳✾✿ X Pr❡❞✐❝❛t❡s ❘❡✇r✐t✐♥❣ ❆❧❣♦r✐t❤♠✳

✹✳✺ ❚❤❡♦r❡t✐❝❛❧ ❘❡s✉❧ts

❲❡ ♣r❡s❡♥t ✐♥ t❤✐s s❡❝t✐♦♥ s♦♠❡ r❡s✉❧ts t❤❛t ❝♦♥❝❡r♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♦✈❡r❛❧❧ ❛♥s✇❡r✐♥❣ t✐♠❡
♦❢ ♦✉r r❡✇r✐t✐♥❣ ❛❧❣♦r✐t❤♠ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r ❛♣♣r♦❛❝❤✳

❆♥ ✐♥t❡r❡st✐♥❣ st✉❞② ❬●❑P✵✷❪ ❤❛s s❤♦✇♥ t❤❛t ❝♦♥t❡♠♣♦r❛r② ❳P❛t❤ ♣r♦❝❡ss♦rs ❛r❡ ✐♥❡✣❝✐❡♥t
❛♥❞ ❝❛♥ ❤❛✈❡ r✉♥♥✐♥❣ t✐♠❡s t❤❛t ❛r❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ q✉❡r② ❛♥❞ t❤❡ ❳▼▲ ❞❛t❛✳ ❇❛s❡❞
♦♥ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✱ ❛✉t❤♦rs ♣r♦♣♦s❡❞ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s ❢♦r ♣r♦❝❡ss✐♥❣ ❳P❛t❤ q✉❡r✐❡s
t❤❛t ❤❛✈❡ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛♥❞ s♣❛❝❡ ❝♦♠♣❧❡①✐t②✳ ❚❤❡✐r r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ✐♠♣r♦✈❡❞ ♥♦t✐❝❡❛❜❧②
✐♥ ❬●❑P✵✺❪ t♦ ❡✈❛❧✉❛t❡ ❛r❜✐tr❛r② ❳P❛t❤ q✉❡r✐❡s ✐♥ t✐♠❡ O(|T |4.|Q|2) ❛♥❞ s♣❛❝❡ O(|T |2.|Q|2)✱
✇❤❡r❡ |T | ❛♥❞ |Q| ❛r❡ t❤❡ s✐③❡ ♦❢ t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ❳P❛t❤ q✉❡r② r❡s♣❡❝t✐✈❡❧②✳
❆♥♦t❤❡r ✐❞❡❛ ❢♦r ❡✈❛❧✉❛t✐♥❣ ❳P❛t❤ q✉❡r✐❡s✱ ❛s ✉s❡❞ ✐♥ ❡✳❣✳ ❬❇P✵✽❪ ❛♥❞ ✐♠♣r♦✈❡❞ ✐♥ ❬❇P✶✶❪✱ ✐s
t♦ ❝♦♠♣✐❧❡ t❤❡ q✉❡r② ✐♥t♦ ✜♥✐t❡✲st❛t❡ tr❡❡ ❛✉t♦♠❛t♦♥ t❤❛t ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ♦♥ t❤❡ ❳▼▲ tr❡❡
✐♥ ❧✐♥❡❛r t✐♠❡✳ ❯s✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠s ♣r♦♣♦s❡❞ ✐♥ ❬❇P✵✽❪ ❳P❛t❤ q✉❡r✐❡s ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✐♥
O(|Q|3|T |) t✐♠❡✱ ♠♦r❡♦✈❡r✱ q✉❡r✐❡s ✐♥❝❧✉❞✐♥❣ ❑❧❡❡♥❡ st❛r ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✐♥ O(2O(|Q|).|T |) t✐♠❡
♦r ✐♥ O(|Q|3.|T |log|T |) t✐♠❡✳

❆ ♣r❛❝t✐❝❛❧ ✉s❡❢✉❧ ❢r❛❣♠❡♥t ♦❢ ❳P❛t❤✱ ❈♦r❡ ❳P❛t❤✱ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✜rst ✐♥ ❬●❑P✵✷❪ t❤❛t
❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✐♥ O(|D|.|Q|) t✐♠❡ ✇✐t❤ r❡s♣❡❝t t❤❡ s✐③❡ ♦❢ t❤❡ ❞❛t❛ ✭|D|✮ ❛♥❞ t❤❛t ♦❢ t❤❡ q✉❡r②
✭|Q|✮✳ ❚❤✐s ❢r❛❣♠❡♥t ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
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✹✳✺✳ ❚❤❡♦r❡t✐❝❛❧ ❘❡s✉❧ts

❋✐❣✉r❡ ✹✳✶✵✿ ❙❛♠♣❧❡ ❳▼▲ ❞♦❝✉♠❡♥t✳

❉❡✜♥✐t✐♦♥ ✹✳✶✵✳ ❬❈♦r❡ ❳P❛t❤ ❬●❑P✵✸✱●❑P❙✵✺❝❪❪ ❲❡ ❞❡♥♦t❡ ❜② CX t❤❡ ❈♦r❡ ❳P❛t❤ ❢r❛❣♠❡♥t
❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❝①♣❛t❤ ✿❂ ♣❛t❤ | ✴♣❛t❤ | ♣❛t❤ ∪ ♣❛t❤

♣❛t❤ ✿❂ st❡♣ | st❡♣ ✴st❡♣
♣❛t❤ ✿❂ α✿✿♥tst | α✿✿♥tst ❬♣r❡❞ ❪· · ·❬♣r❡❞ ❪
♣r❡❞ ✿❂ ❝①♣❛t❤ | ♣r❡❞ ∧ ♣r❡❞ | ♣r❡❞ ∨ ♣r❡❞ | ¬ ✭♣r❡❞ ✮

α ✿❂ ε | ↓ | ↓+ | ↓∗ | ← | → | ←∗ | →∗

✇❤❡r❡ ❝①♣❛t❤ ❞❡♥♦t❡s ❛♥ ❈♦r❡ ❳P❛t❤ q✉❡r② ❛♥❞ ✐t ✐s t❤❡ st❛rt ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥✱ ♣❛t❤ ✐s ❛ r❡❧❛t✐✈❡
♣❛t❤✱ ✴♣❛t❤ ✐s ❛♥ ❛❜s♦❧✉t❡ ♣❛t❤ ✭❡✈❛❧✉❛t❡s st❛rt✐♥❣ ❢r♦♠ t❤❡ r♦♦t ♥♦❞❡✮✱ ♣r❡❞ r❡♣r❡s❡♥ts ❈♦r❡
❳P❛t❤ ♣r❡❞✐❝❛t❡s✱ ❛♥❞ ←✱ →✱ ←∗✱ →∗ r❡♣r❡s❡♥t ❤♦r✐③♦♥t❛❧ ❛①❡s ❛♥❞ st❛♥❞ ❢♦r ♣r❡❝❡❞✐♥❣✲s✐❜❧✐♥❣✱
❢♦❧❧♦✇✐♥❣✲s✐❜❧✐♥❣✱ ♣r❡❝❡❞✐♥❣ ❛♥❞ ❢♦❧❧♦✇✐♥❣ ❛①✐s r❡s♣❡❝t✐✈❡❧②✳ �

❚❤❡ s❡♠❛♥t✐❝s ♦❢ r❡❧❛t✐✈❡ CX q✉❡r✐❡s ❛r❡ t❤❡ s❛♠❡ ❛s t❤♦s❡ ♦❢ X ⇑[n,=] q✉❡r✐❡s ♣r❡s❡♥t❡❞ ✐♥

❚❛❜❧❡ ✸✳✶ ✭❤♦r✐③♦♥t❛❧ ❛①❡s ❤❛✈❡ t❤❡ s❛♠❡ s❡♠❛♥t✐❝s ❛s X ⇑[n,=] ❛①❡s✮✳ ❍♦✇❡✈❡r✱ t❤❡ s❡♠❛♥t✐❝s ♦❢
❛❜s♦❧✉t❡ CX q✉❡r✐❡s ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

SJ/α :: ηK(N) =







α({root}) ∩ T (η) if {root} ∈ N

∅ otherwise

◆♦t❡✳

◆♦t❡ t❤❛t t❤❡ CX ❢r❛❣♠❡♥t✱ ❛s ❞❡✜♥❡❞ ✐♥ ❬●❑P✵✷✱●❑P✵✺❪✱ ❞♦❡s ♥♦t ❛❧❧♦✇ ✉♥✐♦♥ ♦❢ q✉❡r✐❡s✳
❲❡ ❝♦♥s✐❞❡r t❤❡ ✉♥✐♦♥ ♦♣❡r❛t♦r ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✶✵ ✐♥st❡❛❞ s✐♥❝❡ t❤❡ ❝♦♠♣❧❡①✐t② t✐♠❡ ✐s st✐❧❧
♥♦t ❝❤❛♥❣❡❞ ❬●❑P✵✸✱●❑P❙✵✺❝✱❑▼❘✵✾❪ ✭✐✳❡✳ t❤❡ q✉❡r② Q1 ∪Q2 ✐s ❡✈❛❧✉❛t❡❞ ♦✈❡r ❛ tr❡❡
T ✐♥ O(|Q1 +Q2|.|T |) t✐♠❡✮✳

❲❡ ❝♦♥❞✉❝t t❤❡r❡❛❢t❡r ❛ ❝♦♠♣❧❡①✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ❳P❛t❤ ❢r❛❣♠❡♥t X ⇑[n,=] ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥
✳

❈♦♠♣❛r❡❞ t♦ t❤❡ ❢r❛❣♠❡♥t X ⇑ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✶✵✱ CX ❞♦❡s ♥♦t ❛❧❧♦✇ t❡①t ❝♦♠♣❛r✐s♦♥ ✐♥s✐❞❡
♣r❡❞✐❝❛t❡s✳ ❲❡ ❞❡♥♦t❡ ❜② X ⇑noTest q✉❡r✐❡s ♦❢ X

⇑ ✇❤♦s❡ ♣r❡❞✐❝❛t❡s ❞♦ ♥♦t ❝♦♥t❛✐♥ t❡①t ❝♦♠♣❛r✲
✐s♦♥✱ ✐✳❡✳ ♣r❡❞✐❝❛t❡s ♦❢ t❤❡ ❢♦r♠ p = c ❛r❡ ♥♦t ❛❧❧♦✇❡❞✳ ❙✐♥❝❡ ❳P❛t❤ ❛①❡s ❤❛✈❡ ❛❧❧ t❤❡ s❛♠❡
❡✈❛❧✉❛t✐♦♥ t✐♠❡ ❬●❑P✵✺❪✱ ❛♥② s✉❜✲❢r❛❣♠❡♥t r❡s✉❧t❡❞ ❜② ❡❧✐♠✐♥❛t✐♥❣ s♦♠❡ ❛①❡s ❢r♦♠ CX ❤❛s t❤❡

s❛♠❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ❧❛tt❡r✳ ■t ✐s ❝❧❡❛r t❤❛t X ⇑noTest ✐s ❛ s✉❜s❡t ♦❢ CX ✱ ✐✳❡✳ CX ❡①t❡♥❞s X ⇑noTest

✇✐t❤ t❤❡ ❛①❡s ←✱ →✱ ←∗✱ ❛♥❞ →∗✳ ❚❤✉s✱ ❛♥② X ⇑noTest q✉❡r② Q ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r ❛♥ ❳▼▲
tr❡❡ T ✐♥ O(|Q|.|T |) t✐♠❡✳
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❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

▲❡♠♠❛ ✹✳✸✳ ❊✈❡r② X ⇑ q✉❡r② Q ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r ❛♥ ❳▼▲ ❞♦❝✉♠❡♥t T ✐♥ t✐♠❡ O(|Q|.|T |)✳
�

❲❡ ❡♠♣❤❛s✐③❡ ❛ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣r❡❞✐❝❛t❡s α✿✿η❂c ❛♥❞ α✿✿η✴t❡①t✭✮❂c✳ ❚❤❡
❢♦r♠❡r ✐♥❞✐❝❛t❡s t❤❛t ❡❛❝❤ ♥♦❞❡ s❡❧❡❝t❡❞ ♠✉st ❤❛✈❡ ❛ s✐♥❣❧❡ ❝❤✐❧❞ ♥♦❞❡ t❤❛t ✐s ❛ t❡①t ♥♦❞❡ ❤❛✈✐♥❣
✈❛❧✉❡ c✳ ❍♦✇❡✈❡r✱ t❤❡ ❧❛tt❡r ✐♥❞✐❝❛t❡s t❤❛t ❡❛❝❤ ♥♦❞❡ s❡❧❡❝t❡❞ ♠✉st ❤❛✈❡ ❛t ❧❡❛st ♦♥❡ t❡①t ♥♦❞❡
✇✐t❤ ✈❛❧✉❡ c✳

❊①❛♠♣❧❡ ✹✳✶✺✳ ❈♦♥s✐❞❡r t❤❡ ❳▼▲ tr❡❡ ♦❢ ❋✐❣✉r❡ ✹✳✶✵ t❤❛t ❝♦♥t❛✐♥s t❤r❡❡ t❡①t ♥♦❞❡s ✇✐t❤ t❤❡
r❡s♣❡❝t✐✈❡ ✈❛❧✉❡s ✬❚❡①t✶ ✬✱ ✬❚❡①t✷ ✬✱ ❛♥❞ ✬❚❡①t✶ ✬✳ ❚❤❡ ❳P❛t❤ q✉❡r② ↓+✿✿∗❬ǫ✿✿∗❂✬❚❡①t✶ ✬❪ ♦✈❡r t❤✐s
tr❡❡ r❡t✉r♥s t❤❡ ♥♦❞❡ ❧❛❜❡❧❡❞ B✱ t❤❡ q✉❡r② ↓+✿✿∗❬ǫ✿✿∗✴t❡①t✭✮❂✬❚❡①t✶ ✬❪ r❡t✉r♥s t❤❡ ♥♦❞❡s ❧❛❜❡❧❡❞
A ❛♥❞ B✱ ✇❤✐❧❡ t❤❡ q✉❡r② ↓+✿✿∗❬ǫ✿✿∗❂✬❚❡①t✷ ✬❪ r❡t✉r♥s ♦♥❧② t❤❡ ♥♦❞❡ A✳ �

Pr♦♦❢ ✹✳✸✳ ❲❡ s❤♦✉❧❞ s❤♦✇ t❤❛t X ⇑noTest q✉❡r✐❡s ❛✉❣♠❡♥t❡❞ ✇✐t❤ ♣r❡❞✐❝❛t❡s ♦❢ t❤❡ ❢♦r♠ p = c
❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✐♥ ❧✐♥❡❛r t✐♠❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ❞❛t❛ ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ q✉❡r②✳
❈♦♥s✐❞❡r ❛♥ ❳▼▲ tr❡❡ T ❛♥❞ ❛♥ X ⇑noTest q✉❡r② Q✳ ❇② |T | ✇❡ ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ❛❧❧ ❡❧❡♠❡♥t
♥♦❞❡s ❛♥❞ t❡①t ♥♦❞❡s ✐♥ T ✳ ▲❡t τ ❜❡ t❤❡ ❧❛r❣❡st t❡①t ✈❛❧✉❡ ✐♥ T ✳ ▲❡t |N | ❛♥❞ |S| ❜❡ t❤❡ s✐③❡ ♦❢
❡❧❡♠❡♥t ♥♦❞❡s ❛♥❞ t❡①t ♥♦❞❡s ✐♥ T r❡s♣❡❝t✐✈❡❧②✳ ❊❛❝❤ s✉❜q✉❡r② q ♦❢ Q✱ ✇✐t❤ t❤❡ ❢♦r♠ α✿✿η✱ ❝❛♥
❜❡ ❡✈❛❧✉❛t❡❞ ✐♥ O(|T |) t✐♠❡ ❬●❑P✵✷❪ ❛♥❞ r❡t✉r♥s ❛ s❡t ♦❢ ❳▼▲ ♥♦❞❡s ❜♦✉♥❞❡❞ ✇✐t❤ O(|N |)✳ ▲❡t
n1, . . . , nl ✭1 ≤ l ≤ N✮ ❜❡ t❤❡ ♥♦❞❡ s❡t r❡t✉r♥❡❞✱ ❡❛❝❤ ni ♠❛② ❤❛✈❡ m1, . . . ,msi t❡①t ♥♦❞❡s ✇❤❡r❡
Σ1≤i≤lsi ≤ |S|✳ ❇② ❛❞❞✐♥❣ ❛ t❡①t✲❝♦♠♣❛r✐s♦♥ ✐♥t♦ t❤❡ s✉❜q✉❡r② q✱ ✐✳❡✳ q ❜❡❝♦♠❡s q✴t❡①t✭✮❂c✱
t❤❡ ✈❛❧✉❡ ♦❢ ❡❛❝❤ t❡①t ♥♦❞❡ mj ♦❢ ni ✐s ❝♦♠♣❛r❡❞ ✇✳r✳t t❤❡ ✈❛❧✉❡ c ✐♥ O(|τ |) t✐♠❡✳ ❚❤✉s✱ ❢♦r |S|
t❡①t ♥♦❞❡s ✇❡ ❣❡t ❛t ♠♦st |S|.|τ | ❝♦♠♣❛r✐s♦♥✳ ❚❤❡r❡❢♦r❡✱ ❡❛❝❤ s✉❜q✉❡r② ♦❢ Q ❛✉❣♠❡♥t❡❞ ✇✐t❤
t❡①t✲❝♦♠♣❛r✐s♦♥ ♣r❡❞✐❝❛t❡ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✐♥ O(|T | + |S|.|τ |) t✐♠❡✱ ✐✳❡✳ O(|T |.|τ |) t✐♠❡ ✭s✐♥❝❡
|S| ✐s ❜♦✉♥❞❡❞ ❜② |T |✮✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ❛ ♥❛✐✈❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛ q✉❡r② Q✱ ✇✐t❤ t❡①t✲❝♦♠♣❛r✐s♦♥
♣r❡❞✐❝❛t❡s✱ ♦✈❡r ❛♥ ❳▼▲ tr❡❡ T ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ O(|Q|.|T |.|τ |)✳ ❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ s✐❣♥✐✜❝❛♥t❧②
✐♠♣r♦✈❡❞ ❜② ❝❧❛ss✐❢②✐♥❣ ♥♦❞❡s ✇✐t❤ str✐♥❣ ✈❛❧✉❡s ❛s ❞♦♥❡ ✐♥ ❬❇P✶✶❪✳ ❲❡ s✐♠♣❧✐❢② t❤❡ str✉❝t✉r❡
✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ❧❛tt❡r ✇♦r❦ s✐♥❝❡ ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r ✐♥❡q✉❛❧✐t✐❡s ❜❡t✇❡❡♥ t❡①t ✈❛❧✉❡s✳ ❋♦r
❡❛❝❤ ❡❧❡♠❡♥t ♥♦❞❡ ✇❡ ♣❛rs❡ ✐ts t❡①t ♥♦❞❡s ❛♥❞ ✇❡ ❝r❡❛t❡ ❛ ❧✐st t❤❛t ❝♦♥t❛✐♥s ❛❧❧ str✐♥❣ ✈❛❧✉❡s
♦❢ t❤❡s❡ t❡①t ♥♦❞❡s✳ ❊❛❝❤ ❧✐st ✐s ✐♥❞❡①❡❞ ✇✳r✳t t❤❡ t❡①t ✈❛❧✉❡s✱ s♦ ✐t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥ ❝♦♥st❛♥t
t✐♠❡ ✇❤❡t❤❡r ❛♥ ❡❧❡♠❡♥t ♥♦❞❡ n ❤❛s ❛ t❡①t ♥♦❞❡ ✇✐t❤ ✈❛❧✉❡ c✳ ■t ✐s ♦❜✈✐♦✉s t♦ s❤♦✇ t❤❛t t❤❡
r❡s✉❧t❡❞ str✉❝t✉r❡ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ O(|T |) t✐♠❡ ❛♥❞ s♣❛❝❡✳ ●✐✈❡♥ ❛♥ ❡❧❡♠❡♥t ♥♦❞❡ n✱ ✉s✐♥❣
t❤❡ ❛✉①✐❧✐❛r② str✉❝t✉r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡sts ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ❛ ❝♦♥st❛♥t t✐♠❡✿

✶✳ n ✐s s❡❧❡❝t❡❞ ❜② ❛ q✉❡r② ♦❢ t❤❡ ❢♦r♠ α✿✿η✴t❡①t✭✮❂c✿ t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r
t❤❡ ✈❛❧✉❡ c ❛♣♣❡❛rs ✐♥ t❤❡ ❧✐st ♦❢ n✳

✷✳ n ✐s s❡❧❡❝t❡❞ ❜② ❛ q✉❡r② ♦❢ t❤❡ ❢♦r♠ α✿✿η❂c✿ t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r t❤❡
✈❛❧✉❡ c ❛♣♣❡❛rs ✐♥ t❤❡ ❧✐st ♦❢ n✱ ❛s ✇❡❧❧ ❛s ✇❤❡t❤❡r n ❤❛s ♦♥❧② ♦♥❡ ❝❤✐❧❞ ♥♦❞❡✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ♣r❡❞✐❝❛t❡ ♦❢ t❤❡ ❢♦r♠ p = c ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✐♥ ❧✐♥❡❛r t✐♠❡ ✇✳r✳t t❤❡ s✐③❡
♦❢ t❤❡ ❞❛t❛ ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ♣r❡❞✐❝❛t❡✳ ❚❤❡r❡❢♦r❡✱ ❛♥② X ⇑ q✉❡r② Q ♦✈❡r ❛♥ ❳▼▲ tr❡❡ T ❝❛♥
❜❡ ❡✈❛❧✉❛t❡❞ ✐♥ O(|Q|.|T |) t✐♠❡✳ �

❲❡ s❤♦✇ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t ❡①t❡♥❞✐♥❣ t❤❡ ❢r❛❣♠❡♥t X ⇑ ✇✐t❤ ♣♦s✐t✐♦♥ ♣r❡❞✐❝❛t❡s ♦❢ t❤❡
❢♦r♠ ❬✶ ❪ ❛♥❞ ♥♦❞❡ ❝♦♠♣❛r✐s♦♥ ♣r❡❞✐❝❛t❡ ♦❢ t❤❡ ❢♦r♠ p❂ε✿✿∗ ❞♦❡s ♥♦t ❧❡❛❞ t♦ ❛❞❞✐t✐♦♥❛❧ ❝♦sts✳

▲❡♠♠❛ ✹✳✹✳ ❊✈❡r② X ⇑[n,=] q✉❡r② Q ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r ❛♥ ❳▼▲ ❞♦❝✉♠❡♥t T ✐♥ t✐♠❡

O(|Q|.|T |)✳ �

✻✽



✹✳✺✳ ❚❤❡♦r❡t✐❝❛❧ ❘❡s✉❧ts

Pr♦♦❢ ✹✳✹✳ ❲❡ ✉s❡ t❤❡ ❞❛t❛ ♠♦❞❡❧ ♦❢ ❬●❑P✵✺❪ t♦ ♣r❡s❡♥t ♦✉r ❳▼▲ tr❡❡s✳ ❚❤❡ ❞♦❝✉♠❡♥t ♦r❞❡r
✐s ✉s❡❞ t♦ ♣r❡s❡♥t ♦r❞❡r ❜❡t✇❡❡♥ ❛❧❧ t❤❡ ♥♦❞❡s ♦❢ ❛ ❣✐✈❡♥ ❳▼▲ tr❡❡✱ ❛s ✇❡❧❧ ❛s t❤❡ ♥♦❞❡s r❡t✉r♥❡❞
❜② ❡✈❛❧✉❛t✐♥❣ ❛ ❣✐✈❡♥ ❳P❛t❤ ❡①♣r❡ss✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❲✸❈ ❳P❛t❤ s♣❡❝✐✜❝❛t✐♦♥ ❬❇❇❈+✶✵❪✱
t❤❡ ❞♦❝✉♠❡♥t ♦r❞❡r ✐s t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ ♥♦❞❡s ❛♣♣❡❛r ✐♥ t❤❡ ❳▼▲ s❡r✐❛❧✐③❛t✐♦♥ ♦❢ ❛ ❞♦❝✉♠❡♥t✳
❲❡ ✉s❡ < t♦ ❞❡♥♦t❡ t❤❡ ❞♦❝✉♠❡♥t ♦r❞❡r r❡❧❛t✐♦♥ ✇❤❡r❡ n < m✱ ❢♦r t✇♦ ♥♦❞❡s n ❛♥❞ m ♦❢ ❛♥
❳▼▲ tr❡❡ T ✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♦♣❡♥✐♥❣ t❛❣ ♦❢ n ♣r❡❝❡❞❡s t❤❡ ♦♣❡♥✐♥❣ t❛❣ ♦❢ m ✐♥ t❤❡ s❡r✐❛❧✐③❛t✐♦♥
♦❢ T ✳ ❲✐t❤✐♥ ❛♥ ❳▼▲ tr❡❡ T❂(N, root, R↓, R→, λ, ν)✱ t❤❡ r❡❧❛t✐♦♥ < ♠✉st s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s✿

❼ root < n ❢♦r ❛♥② ♥♦❞❡ n ♦❢ N ❬t❤❡ r♦♦t ♥♦❞❡ ♦❝❝✉rs ✜rst❪✳

❼ ■❢ {(n, n1), . . . , (n, nk)} ∈ R↓ t❤❡♥ n < ni ❢♦r ❡❛❝❤ ♥♦❞❡ ni ♦❢ n ✭1 ≤ i ≤ k✮ ❬❡❛❝❤ ♥♦❞❡
♦❝❝✉rs ❜❡❢♦r❡ ❛❧❧ ✐ts ❝❤✐❧❞r❡♥❪✳

❼ ■❢ {(n1, n2), . . . , (nk−1, nk)} ∈ R→ t❤❡♥ n1 < . . . < nk ❬s✐❜❧✐♥❣ ♦r❞❡r ✐s ♠❛✐♥t❛✐♥❡❞❪✳

❼ ■❢ {(n1, n2), . . . , (nk−1, nk)} ∈ R↓ t❤❡♥ n1 < . . . < nk ❬❡❛❝❤ ♥♦❞❡ ♦❝❝✉rs ❜❡❢♦r❡ ❛❧❧ ✐ts
❞❡s❝❡♥❞❛♥ts❪✳

❼ ■❢ {(n,m1), (m1,m2), . . . , (mk−1,mk), (n, p1), (p1, p2), . . . , (pl−1, pl)} ∈ R↓ ❛♥❞ {(m1, p1)} ∈
R→✱ t❤❡♥ mi < . . . < pj ✭1 ≤ i ≤ k ❛♥❞ 1 ≤ j ≤ l✮ ❬❞❡s❝❡♥❞❛♥ts ♦❝❝✉rs ❜❡❢♦r❡ s✐❜❧✐♥❣
♥♦❞❡s❪✳

◆♦t❡ t❤❛t ✉s✐♥❣ t❤❡ ❢♦r✇❛r❞ ❛①❡s ↓✱ ↓+✱ ↓∗✱ t❤❡ r❡t✉r♥❡❞ ♥♦❞❡s ❛r❡ ♦r❞❡r❡❞ ✉s✐♥❣ t❤❡ ❞♦❝✉♠❡♥t
♦r❞❡r✱ ✇❤✐❧❡ ❢♦r t❤❡ ✉♣✇❛r❞ ❛①❡s ↑✱ ↑+✱ ↑∗✱ t❤❡ r❡t✉r♥❡❞ ♥♦❞❡s ❛r❡ ♦r❞❡r❡❞ ✉s✐♥❣ t❤❡ r❡✈❡rs❡
❞♦❝✉♠❡♥t ♦r❞❡r <−1 ✭n <−1 m ✐❢ ❛♥❞ ♦♥❧② ✐❢ m < n✮✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ q✉❡r② ↓∗✿✿∗ ♦✈❡r t❤❡ r♦♦t
♥♦❞❡ R ♦❢ ❋✐❣✉r❡ ✹✳✶✵ r❡t✉r♥s t❤❡ ♥♦❞❡ s❡t {R,A,′ Text1′, C,′ Text2′, B,′ Text1′}✱ ♥♦t✐❝❡ t❤❛t
R < A <′ Text1′ < C <′ Text2′ < B <′ Text1′✳ ❍♦✇❡✈❡r✱ t❤❡ q✉❡r② ↑∗✿✿∗ ♦✈❡r t❤❡ t❡①t ♥♦❞❡
′Text1′ ♦❢ t❤❡ A ❡❧❡♠❡♥t r❡t✉r♥s t❤❡ ♥♦❞❡ s❡t {A,R}✱ ♥♦t✐❝❡ t❤❛t A <−1 R✳

■t ✐s s❤♦✇♥ ✐♥ ❬●❑P✵✺❪ t❤❛t CX q✉❡r✐❡s ❛✉❣♠❡♥t❡❞ ✇✐t❤ ♣♦s✐t✐♦♥ ♣r❡❞✐❝❛t❡s ✭❡✳❣✳
↓✿✿A✴↓✿✿B❬♣♦s✐t✐♦♥✭✮ < k❪✮ ❧❡❛❞ t♦ q✉❛❞r❛t✐❝ t✐♠❡✳ ❍♦✇❡✈❡r✱ ♦✉r ♣♦s✐t✐♦♥ ♣r❡❞✐❝❛t❡s ✭♦❢ t❤❡
❢♦r♠ ❬✶ ❪✮ ❛r❡ s✐♠♣❧❡ ❛♥❞ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✐♥ ❛ ❝♦♥st❛♥t t✐♠❡ ❛s ✇❡ s❤♦✇ ❜❡❧♦✇✳ ❲❡ ❤❛✈❡ s❤♦✇♥
t❤❛t ❡❛❝❤ X ⇑ q✉❡r② Q ♦✈❡r ❛♥ ❳▼▲ tr❡❡ T r❡t✉r♥s ❛ s❡t ♦❢ ♥♦❞❡s✱ ♦r❞❡r❡❞ ✇✳r✳t ❞♦❝✉♠❡♥t ♦r❞❡r✱
✐♥ O(|Q|.|T |)✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛♥ X ⇑ ♣r❡❞✐❝❛t❡ p ♦❢ Q✱ ξJpK ✐s ❜♦✉♥❞❡❞ ❜② O(|Q|.|T |)✳ ▲❡t
N❂ξJpK✱ t❤❡♥ t❤❡ ✜rst ♥♦❞❡ ✐♥ N ✭✐✳❡✳ N ❬1❪✮ ❝❛♥ ❜❡ r❡t✉r♥❡❞ ✐♥ ❛ ❝♦♥st❛♥t t✐♠❡✳ ❙✐♥❝❡ ξJp❬1❪K
❂ ✭ξJpK✮❬1❪✱ t❤❡♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ p❬1❪ ✐s ❜♦✉♥❞❡❞ ❜② O(|Q|.|T |)✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ❡❛❝❤ X ⇑[n]
q✉❡r② Q ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r ❛♥ ❳▼▲ tr❡❡ T ✐♥ O(|Q|.|T |) t✐♠❡✳ ❋✐♥❛❧❧②✱ t❤❡ ♣r❡❞✐❝❛t❡ p❂ε✿✿∗
❝❤❡❝❦s ✇❤❡t❤❡r t❤❡ r✐❣❤t ❛♥❞ ❧❡❢t ❡①♣r❡ss✐♦♥s r❡❢❡r t♦ t❤❡ s❛♠❡ s✐♥❣❧❡ ♥♦❞❡✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✐♥
❛ ❝♦♥st❛♥t t✐♠❡ ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥ <✿ ❛✮ ✐❢ ξJpK r❡t✉r♥s ♠♦r❡ t❤❛♥ ♦♥❡ ♥♦❞❡ t❤❡♥ t❤❡ ♣r❡❞✐❝❛t❡
p❂ε✿✿∗ ✐s ♥♦t s❛t✐s✜❡❞❀ ❜✮ ✐❢ ξJpK r❡t✉r♥s ♦♥❧② ♦♥❡ ♥♦❞❡✱ t❤❡♥ t❤✐s ♥♦❞❡ ♠✉st ❤❛✈❡ t❤❡ s❛♠❡
❞♦❝✉♠❡♥t ♦r❞❡r ❛s t❤❡ ♥♦❞❡ r❡t✉r♥❡❞ ❜② ε✿✿∗✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥ ❛ ❝♦♥st❛♥t t✐♠❡✳ ◆♦t❡
t❤❛t t✇♦ ♥♦❞❡ n ❛♥❞ m ❛r❡ ✐❞❡♥t✐❝❛❧✱ ✐✳❡✳ ❤❛✈❡ t❤❡ s❛♠❡ ❞♦❝✉♠❡♥t ♦r❞❡r✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ n ≮ m
❛♥❞ m ≮ n✳ ❙✐♥❝❡ t❤❡ ❢r❛❣♠❡♥t X ⇑[n,=] ❡①t❡♥❞s t❤❡ ❢r❛❣♠❡♥t X ⇑ ✇✐t❤ ♣♦s✐t✐♦♥ ♣r❡❞✐❝❛t❡s ✭♦❢ t❤❡

❢♦r♠ p❬1❪✮ ❛♥❞ ♥♦❞❡ ❝♦♠♣❛r✐s♦♥ ♣r❡❞✐❝❛t❡s ✭♦❢ t❤❡ ❢♦r♠ p❂ε✿✿∗✮✱ t❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t X ⇑[n,=]

❛♥❞ X ⇑ ❤❛✈❡ t❤❡ s❛♠❡ t✐♠❡ ❝♦♠♣❧❡①✐t② ❡✈❛❧✉❛t✐♦♥✳ �

❚❤❡♦r❡♠ ✹✳✷✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮✱ ❛♥ ❳▼▲ tr❡❡ T ∈ T (D) ❛♥❞ ✐ts
✈✐rt✉❛❧ ✈✐❡✇ Tv ❝♦♠♣✉t❡❞ ✇✳r✳t S✱ t❤❡♥✱ ❛♥② X q✉❡r② Q ♦✈❡r Tv ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✉s✐♥❣ t❤❡
❛❧❣♦r✐t❤♠ ❘❡✇r✐t❡ ❛♥❞ ❡✈❛❧✉❛t❡❞ ♦✈❡r T ❛t ♠♦st ✐♥ t✐♠❡ O(|Q|.|❛♥♥ |.|T |)✳ �

✻✾



❈❤❛♣t❡r ✹✳ ❙❡❝✉r❡ ❳▼▲ ❉❛t❛ ✇✐t❤ ❙❡❝✉r✐t② ❱✐❡✇s

Pr♦♦❢ ✹✳✺✳ ❋r♦♠ t❤❡ ❉❡✜♥✐t✐♦♥ ✹✳✽✱ ✐t ✐s ❝❧❡❛r t♦ s❡❡ t❤❛t ❢♦r ❛♥② ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱
❛♥♥ ✮✱ t❤❡ s✐③❡ ♦❢ t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ Aacc ✐s ❜♦✉♥❞❡❞ ❜② O(|❛♥♥ |)✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣r❡❞✐❝❛t❡
A+ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✾ ✐s ❜❛s❡❞ ♦♥ Aacc ❛♥❞ t❤❡♥ ❛❧s♦ ❜♦✉♥❞❡❞ ❜② O(|❛♥♥ |)✳ ❲❡ ❤❛✈❡ s❡❡♥ ✐♥
❙❡❝t✐♦♥ ✹✳✹ t❤❛t ❡❛❝❤ s✉❜q✉❡r② ♦❢ t❤❡ q✉❡r② Q ✐s r❡✇r✐tt❡♥ ✐♥ ❛ ❝♦♥st❛♥t t✐♠❡ ❜② ❛❞❞✐♥❣ ❡✐t❤❡r
t❤❡ ♣r❡❞✐❝❛t❡ Aacc ❛♥❞✴♦r A+✳ ❚❤✉s✱ t❤❡ s✐③❡ ♦❢ t❤❡ r❡✇r✐tt❡♥ q✉❡r② ❘❡✇r✐t❡ ✭Q✮ ✐s ❜♦✉♥❞❡❞ ❜②
O(|Q|.|❛♥♥ |)✳ ❙✉♠♠✐♥❣ ✉♣✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✹✳✷ t❤❡ q✉❡r② Q ✐s r❡✇r✐tt❡♥ ✐♥ t✐♠❡ O(|Q|)✱
❛♥❞ t❤❡ r❡✇r✐tt❡♥ q✉❡r② ❘❡✇r✐t❡ ✭Q✮✱ ♦❢ s✐③❡ |Q|.|❛♥♥ |✱ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ ❞♦❝✉♠❡♥t T
✐♥ t✐♠❡ O(|❘❡✇r✐t❡ (Q)|.|T |) ❛s s❤♦✇s ▲❡♠♠❛ ✹✳✹✳ ❙✐♥❝❡ t❤❡ r❡✇r✐t✐♥❣ t✐♠❡ ✐s ♥❡❣❧✐❣✐❜❧❡ ✇✳r✳t
t❤❡ ❡✈❛❧✉❛t✐♦♥ t✐♠❡✱ t❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ q✉❡r② Q ❝❛♥ ❜❡ ❛♥s✇❡r❡❞ ♦✈❡r t❤❡ ❞♦❝✉♠❡♥t T
❛t ♠♦st ✐♥ t✐♠❡ O(|Q|.|❛♥♥ |.|T |)✳ �

❚❤❡♦r❡♠ ✹✳✸✳ ❚❤❡ q✉❡r② r❡✇r✐t✐♥❣ ❛❧❣♦r✐t❤♠ ❘❡✇r✐t❡ ✐s ❝♦rr❡❝t ❢♦r ❛♥② q✉❡r② ♦❢ t❤❡ ❢r❛❣♠❡♥t
X ✳ �

❚❤❡♦r❡♠ ✹✳✸ s❤♦✇s t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r q✉❡r② r❡✇r✐t✐♥❣ ❛♣♣r♦❛❝❤✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❢♦r ❛♥②
❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱❛♥♥ ✮✱ ❛♥② ❳▼▲ tr❡❡ T ∈ T (D) ❛♥❞ ✐ts ✈✐rt✉❛❧ ✈✐❡✇ Tv✱ ♦✉r r❡✇r✐t✐♥❣
❛❧❣♦r✐t❤♠ ❘❡✇r✐t❡ tr❛♥s❧❛t❡s ❛♥② X q✉❡r② Q ♦✈❡r Tv ✐♥t♦ ❛ s❛❢❡ ♦♥❡ Qt ❞❡✜♥❡❞ ♦✈❡r T s✉❝❤
t❤❛t✿ SJQK(Tv)❂SJQtK(T )✳ ❚❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ❚❤❡♦r❡♠ ✹✳✸ ✐s ❣✐✈❡♥ ✐♥ ❆♥♥❡①✳

✹✳✻ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤ ②✐❡❧❞s t❤❡ ✜rst ♣r❛❝t✐❝❛❧ s♦❧✉t✐♦♥ t♦ r❡✇r✐t❡ ❳P❛t❤ q✉❡r✐❡s ♦✈❡r r❡❝✉r✲
s✐✈❡ ❳▼▲ ✈✐❡✇s ✉s✐♥❣ ♦♥❧② t❤❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ t❤❡ st❛♥❞❛r❞ ❳P❛t❤✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡
❞♦✇♥✇❛r❞ ❝❧❛ss ♦❢ ❳P❛t❤ q✉❡r✐❡s ✇✐t❤ s♦♠❡ ❛①❡s ❛♥❞ ♦♣❡r❛t♦rs ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ♦r❞❡r
t♦ ♠❛❦❡ q✉❡r✐❡s r❡✇r✐t✐♥❣ ♣♦ss✐❜❧❡ ✉♥❞❡r r❡❝✉rs✐♦♥✳ ❚❤❡ ❝♦♥❞✉❝t❡❞ ❡①♣❡r✐♠❡♥t❛t✐♦♥ s❤♦✇s t❤❡
❡✣❝✐❡♥❝② ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ❜② ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ♠❛t❡r✐❛❧✐③❛t✐♦♥ ❛♣♣r♦❛❝❤✳ ▼♦st ✐♠♣♦rt❛♥t❧②✱
t❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ q✉❡r✐❡s ❢r♦♠ X t♦ X ⇑[n,=] ❞♦❡s ♥♦t ✐♠♣❛❝t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ q✉❡r✐❡s ❛♥✲
s✇❡r✐♥❣✳ ❲❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ❤♦✇ ♦✉r ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ✉♣✇❛r❞✲❛①❡s
✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧ ❝♦st✳ ▲❛st❧②✱ ❛ r❡✈✐s✐♦♥ ♦❢ t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡ ✐s ♣r❡s❡♥t❡❞ t♦ ❣♦
❜❡②♦♥❞ s♦♠❡ ❧✐♠✐t❛t✐♦♥s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s♦♠❡ ❛❝❝❡ss ♣r✐✈✐❧❡❣❡s✳
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✺

❚♦✇❛r❞ ❛ ❙❛❢❡ ❆♣♣r♦❛❝❤ ❢♦r ❯♣❞❛t✐♥❣

❳▼▲ ❉❛t❛

❈♦♥t❡♥ts

✺✳✶ ❯♣❞❛t❡ ❙♣❡❝✐✜❝❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✺✳✶✳✶ ❈♦♠♣❛❝t♥❡ss ❛♥❞ ❊①♣r❡ss✐✈❡♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✺✳✶✳✷ ❘❡✇r✐t✐♥❣ Pr♦❜❧❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✺✳✷ ❙❡❝✉r❡❧② ❯♣❞❛t✐♥❣ ❳▼▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✺✳✷✳✶ ❯♣❞❛t❛❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✺✳✷✳✷ ❯♣❞❛t❡ ❖♣❡r❛t✐♦♥s ❘❡✇r✐t✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✺✳✸ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

❚❤❡ ❳◗✉❡r② ❯♣❞❛t❡ ❋❛❝✐❧✐t② ❧❛♥❣✉❛❣❡ ❬❇❈❋❋+✶✵❪ ✐s ❛ r❡❝♦♠♠❡♥❞❛t✐♦♥ ♦❢ ❲✸❈ t❤❛t ♣r♦✈✐❞❡s
❛ ❢❛❝✐❧✐t② t♦ ♠♦❞✐❢② s♦♠❡ ♣❛rts ♦❢ ❛♥ ❳▼▲ ❞♦❝✉♠❡♥t ❛♥❞ ❧❡❛✈❡ t❤❡ r❡st ✉♥❝❤❛♥❣❡❞✱ ❛♥❞ t❤✐s
t❤r♦✉❣❤ ❞✐✛❡r❡♥t ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✳ ❚❤✐s ✐♥❝❧✉❞❡s r❡♥❛♠❡✱ ✐♥s❡rt✱ r❡♣❧❛❝❡ ❛♥❞ ❞❡❧❡t❡ ♦♣❡r❛t✐♦♥s
❛t t❤❡ ♥♦❞❡ ❧❡✈❡❧✳ ❚❤❡ s❡❝✉r✐t② r❡q✉✐r❡♠❡♥t ✐s t❤❡ ♠❛✐♥ ♣r♦❜❧❡♠ ✇❤❡♥ ♠❛♥✐♣✉❧❛t✐♥❣ ❳▼▲
❞♦❝✉♠❡♥ts✳ ❆♥ ❳▼▲ ❞♦❝✉♠❡♥t ♠❛② ❜❡ q✉❡r✐❡❞ ❛♥❞✴♦r ✉♣❞❛t❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ❜② ❞✐✛❡r❡♥t
✉s❡rs✳ ❋♦r ❡❛❝❤ ❝❧❛ss ♦❢ ✉s❡rs s♦♠❡ r✉❧❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞ t♦ s♣❡❝✐❢② ♣❛rts ♦❢ t❤❡ ❞♦❝✉♠❡♥t ✇❤✐❝❤
❛r❡ ❛❝❝❡ss✐❜❧❡ t♦ t❤❡ ✉s❡rs ❛♥❞✴♦r ✉♣❞❛t❛❜❧❡ ❜② t❤❡♠✳ ❆ ❜✉❧❦ ♦❢ ✇♦r❦ ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥
t❤❡ ❧❛st ❞❡❝❛❞❡ t♦ s❡❝✉r❡ t❤❡ ❳▼▲ ❝♦♥t❡♥t✱ ❜✉t ♦♥❧② r❡❛❞✲❛❝❝❡ss r✐❣❤ts ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ♦✈❡r
♥♦♥✲r❡❝✉rs✐✈❡ ❉❚❉s ❬❋❈●✵✹❛✱❑▼❘✵✾✱❉❋●▼✵✽✱❘❛s✵✻❪✳ ▼♦r❡♦✈❡r✱ ❛ ❢❡✇ ✇♦r❦s ❤❛✈❡ ❝♦♥s✐❞❡r❡❞
✉♣❞❛t❡ r✐❣❤ts ❬❉❋●▼✵✽✱❋▼✵✼✱❉❩✵✽❜❪✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ❛ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ ❢♦r s❡❝✉r✐♥❣ ❳▼▲ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ♦❢
t❤❡ ❳◗✉❡r② ❯♣❞❛t❡ ❋❛❝✐❧✐t② ❧❛♥❣✉❛❣❡✳ ❆❜str❛❝t❧②✱ ❢♦r ❛♥② ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ♣♦s❡❞ ♦✈❡r ❛♥ ❳▼▲
❞♦❝✉♠❡♥t✱ ✇❡ ❡♥s✉r❡ t❤❛t t❤❡ ♦♣❡r❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ♦♥❧② ♦♥ ❳▼▲ ♥♦❞❡s ✉♣❞❛t❛❜❧❡ ❜② t❤❡ ✉s❡r✳
❆❞❞r❡ss✐♥❣ s✉❝❤ ❝♦♥❝❡r♥s r❡q✉✐r❡s ✜rst ❛ s♣❡❝✐✜❝❛t✐♦♥ ♠♦❞❡❧ t♦ ❞❡✜♥❡ ✉♣❞❛t❡ ❝♦♥str❛✐♥ts ❛♥❞ ❛
✢❡①✐❜❧❡ ♠❡❝❤❛♥✐s♠ t♦ ❡♥❢♦r❝❡ t❤❡s❡ ❝♦♥str❛✐♥ts ❛t ✉♣❞❛t❡ t✐♠❡✳

❋♦r ♠♦r❡ ❝♦♠♣r❡❤❡♥s✐♦♥✱ ✇❡ r❡❝❛❧❧ ✐♥ ❋✐❣✉r❡s ✺✳✶ ❛♥❞ ✺✳✷ ♦✉r ❡①❛♠♣❧❡s ♦❢ ❤♦s♣✐t❛❧ ❉❚❉ ❛♥❞
❤♦s♣✐t❛❧ ❞♦❝✉♠❡♥t t❤❛t ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ♠❛♥✉s❝r✐♣t✳

✺✳✶ ❯♣❞❛t❡ ❙♣❡❝✐✜❝❛t✐♦♥s

❲❡ ❢♦❧❧♦✇ t❤❡ ✐❞❡❛ ♦❢ s❡❝✉r✐t② ❛♥♥♦t❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ❬❋❈●✵✹❛❪ ❛♥❞ t❤❡ ✉♣❞❛t❡ ❛❝❝❡ss t②♣❡s
♥♦t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❇❈❋✵✼❪ t♦ ❞❡✜♥❡ ❛ ❧❛♥❣✉❛❣❡ ❢♦r s♣❡❝✐❢②✐♥❣ ❡①♣r❡ss✐✈❡ ❛♥❞ ✜♥❡✲❣r❛✐♥❡❞ ❳▼▲

✼✶



❈❤❛♣t❡r ✺✳ ❚♦✇❛r❞ ❛ ❙❛❢❡ ❆♣♣r♦❛❝❤ ❢♦r ❯♣❞❛t✐♥❣ ❳▼▲ ❉❛t❛

❋✐❣✉r❡ ✺✳✶✿ ❊①❛♠♣❧❡ ♦❢ ❍♦s♣✐t❛❧ ❉❚❉✳

✉♣❞❛t❡ ♣♦❧✐❝✐❡s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❉❚❉s✳ ❆♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❧❛♥❣✉❛❣❡
✐s ❛ s✐♠♣❧❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❞♦❝✉♠❡♥t ❉❚❉ D ❛ss♦❝✐❛t✐♥❣ ❡❧❡♠❡♥t t②♣❡s ✇✐t❤ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s
✭❳P❛t❤ q✉❛❧✐✜❡rs✮✱ ✇❤✐❝❤ s♣❡❝✐❢② ❢♦r ❛♥② ❳▼▲ tr❡❡ T t❤❛t ❝♦♥❢♦r♠s t♦ D✱ t❤❡ ♣❛rts ♦❢ T t❤❛t
❝❛♥ ❜❡ ✉♣❞❛t❡❞ ❜② t❤❡ ✉s❡r t❤r♦✉❣❤ ❛ s♣❡❝✐✜❝ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳ ●✐✈❡♥ ❛ ❞♦❝✉♠❡♥t ❉❚❉ D✱ ❛♥ ✉♣❞❛t❡ t②♣❡ ✭✉t✮ ❞❡✜♥❡❞ ♦✈❡r D ✐s
♦❢ t❤❡ ❢♦r♠ ✐♥s❡rt■♥t♦❬Bi❪✱ ✐♥s❡rt❆s❋✐rst❬Bi❪✱ ✐♥s❡rt❆s▲❛st❬Bi❪✱ ✐♥s❡rt❇❡❢♦r❡❬Bi✱Bj❪✱
✐♥s❡rt❆❢t❡r❬Bi✱Bj❪✱ ❞❡❧❡t❡❬Bi❪✱ r❡♣❧❛❝❡◆♦❞❡❬Bi✱Bj❪✱ r❡♣❧❛❝❡❱❛❧✉❡❬Bi❪✱ ❛♥❞ r❡♥❛♠❡❬Bi✱Bj❪✱
✇❤❡r❡ Bi ❛♥❞ Bj ❛r❡ ❡❧❡♠❡♥t t②♣❡s ♦❢ D✳ �

■♥t✉✐t✐✈❡❧②✱ ❡❛❝❤ ✉♣❞❛t❡ t②♣❡ ✉t r❡♣r❡s❡♥ts ❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ t❤❛t ✐s r❡str✐❝t❡❞ t♦ ❜❡ ❛♣♣❧✐❡❞
♦♥❧② ❢♦r s♣❡❝✐✜❝ ❡❧❡♠❡♥t t②♣❡s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❡❛❝❤ ✉♣❞❛t❡ t②♣❡ r❡♣r❡s❡♥ts ❛ s❡t ♦❢ ✉♣❞❛t❡
♦♣❡r❛t✐♦♥s ❛s ❢♦❧❧♦✇s✿

✼✷



✺✳✶✳ ❯♣❞❛t❡ ❙♣❡❝✐✜❝❛t✐♦♥s

❆♥♥♦t❛t✐♦♥ ❙❡♠❛♥t✐❝

annup✭A✱✐♥s❡rt■♥t♦ ❬Bi❪✮ ❂ Y |N |[Q] ❢♦r ❛ ♥♦❞❡ n ♦❢ t②♣❡ A✱ ♦♥❡ ❝❛♥ ✭Y ✮✴❝❛♥♥♦t ✭N✮✴❝❛♥ ✐❢
n � Q✱ ✐♥s❡rt ♥♦❞❡s ♦❢ t②♣❡ Bi ✐♥ ❛♥ ❛r❜✐tr❛r② ♣♦s✐t✐♦♥
❝❤✐❧❞r❡♥ ♦❢ n✳

annup✭A✱✐♥s❡rt❆s❋✐rst ❬Bi❪✮ ❂

Y |N |[Q]
❢♦r ❛ ♥♦❞❡ n ♦❢ t②♣❡ A✱ ♦♥❡ ❝❛♥ ✭Y ✮✴❝❛♥♥♦t ✭N✮✴❝❛♥ ✐❢
n � Q✱ ✐♥s❡rt ♥♦❞❡s ♦❢ t②♣❡ Bi ❛s ✜rst ❝❤✐❧❞r❡♥ ♦❢ n✳

annup✭A✱✐♥s❡rt❇❡❢♦r❡ ❬Bi✱Bj❪✮ ❂

Y |N |[Q]
❢♦r ❛ ♥♦❞❡ n ♦❢ t②♣❡ A✱ ♦♥❡ ❝❛♥ ✭Y ✮✴❝❛♥♥♦t ✭N✮✴❝❛♥ ✐❢
n � Q✱ ✐♥s❡rt ♥♦❞❡s ♦❢ t②♣❡ Bj ❛s ♣r❡❝❡❞✐♥❣ s✐❜❧✐♥❣ ♥♦❞❡s
♦❢ ❛♥② ❝❤✐❧❞ ♥♦❞❡ ♦❢ n ✇❤♦s❡ t②♣❡ ✐s Bi✳

annup✭A✱❞❡❧❡t❡ ❬Bi❪✮ ❂ Y |N |[Q] ❢♦r ❛ ♥♦❞❡ n ♦❢ t②♣❡ A✱ ♦♥❡ ❝❛♥ ✭Y ✮✴❝❛♥♥♦t ✭N✮✴❝❛♥ ✐❢
n � Q✱ ❞❡❧❡t❡ ❝❤✐❧❞r❡♥ ♦❢ n ✇❤♦s❡ t②♣❡ ✐s Bi✳

annup✭A✱r❡♣❧❛❝❡◆♦❞❡ ❬Bi✱Bj❪✮ ❂

Y |N |[Q]
❢♦r ❛ ♥♦❞❡ n ♦❢ t②♣❡ A✱ ♦♥❡ ❝❛♥ ✭Y ✮✴❝❛♥♥♦t ✭N✮✴❝❛♥ ✐❢
n � Q✱ r❡♣❧❛❝❡ ❝❤✐❧❞r❡♥ ♦❢ n ♦❢ t②♣❡ Bi ❜② ❛ s❡q✉❡♥❝❡ ♦❢
♥♦❞❡s ♦❢ t②♣❡ Bj ✳

annup✭A✱r❡♣❧❛❝❡❱❛❧✉❡ ❬Bi❪✮ ❂

Y |N |[Q]
❢♦r ❛ ♥♦❞❡ n ♦❢ t②♣❡ A✱ ♦♥❡ ❝❛♥ ✭Y ✮✴❝❛♥♥♦t ✭N✮✴❝❛♥ ✐❢
n � Q✱ ❝❤❛♥❣❡ t❡①t✲❝♦♥t❡♥t ♦❢ ❝❤✐❧❞r❡♥ ♦❢ n ✇❤♦s❡ t②♣❡ ✐s
Bi✳

annup✭A✱r❡♥❛♠❡ ❬Bi✱Bj❪✮ ❂ Y |N |[Q] ❢♦r ❛ ♥♦❞❡ n ♦❢ t②♣❡ A✱ ♦♥❡ ❝❛♥ ✭Y ✮✴❝❛♥♥♦t ✭N✮✴❝❛♥ ✐❢
n � Q✱ r❡♥❛♠❡ ❝❤✐❧❞r❡♥ ♦❢ n ✇❤♦s❡ t②♣❡ ✐s Bi ✇✐t❤ t❤❡ ♥❡✇
❧❛❜❡❧ ✏Bj✑✳

❚❛❜❧❡ ✺✳✶✿ ❙❡♠❛♥t✐❝s ♦❢ t❤❡ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s Y ✱ N ✱ ❛♥❞ ❬Q❪✳

✐♥s❡rt■♥t♦ ❬Bi❪ ❂ ④✐♥s❡rt source ✐♥t♦ target \ source ⊂ N (Bi)⑥
✐♥s❡rt❇❡❢♦r❡ ❬Bi✱Bj ❪ ❂ ④✐♥s❡rt source ❜❡❢♦r❡ target \ target✲node ∈ N (Bi)

❛♥❞ source ⊂ N (Bj)⑥
❞❡❧❡t❡ ❬Bi❪ ❂ ④❞❡❧❡t❡ target \ target✲nodes ⊂ N (Bi)⑥
r❡♣❧❛❝❡◆♦❞❡ ❬Bi✱Bj ❪ ❂ ④r❡♣❧❛❝❡ target ✇✐t❤ source \ target✲node ∈ N (Bi)

❛♥❞ source ⊂ N (Bj)⑥
r❡♣❧❛❝❡❱❛❧✉❡ ❬Bi❪ ❂ ④r❡♣❧❛❝❡ ✈❛❧✉❡ ♦❢ target ✇✐t❤ string✲value \ target✲node ∈ N (Bi)⑥
r❡♥❛♠❡ ❬Bi✱Bj ❪ ❂ ④r❡♥❛♠❡ target ✇✐t❤ ✏Bj✑ \ target✲node ∈ N (Bi)⑥

❚❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ✉♣❞❛t❡ t②♣❡s ✐♥s❡rt❆s❋✐rst ❬Bi❪ ✭r❡s♣✳ ✐♥s❡rt❆s▲❛st ❬Bi❪✮ ❛♥❞
✐♥s❡rt❆❢t❡r ❬Bi❪ ❛r❡ ❞❡✜♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ✐♥s❡rt■♥t♦ ❬Bi❪ ❛♥❞ ✐♥s❡rt❇❡❢♦r❡ ❬Bi✱Bj ❪
r❡s♣❡❝t✐✈❡❧②✳ ❈♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡ t❤❡ ❤♦s♣✐t❛❧ ❉❚❉ ♦❢ ❋✐❣✉r❡ ✺✳✶✱ t❤❡ ✉♣❞❛t❡ t②♣❡
r❡♣❧❛❝❡❱❛❧✉❡ ❬Tresult❪ r❡♣r❡s❡♥ts t❤❡ s❡t ♦❢ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s t❤❛t ❝♦♥s✐st ✐♥ ❝❤❛♥❣✐♥❣ t❤❡
t❡①t✲❝♦♥t❡♥t ♦❢ ❡❧❡♠❡♥ts Tresult✳

❇❛s❡❞ ♦♥ t❤✐s ♥♦t✐♦♥ ♦❢ ✉♣❞❛t❡ t②♣❡✱ ✇❡ ❞❡✜♥❡ ♦✉r ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥s ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✺✳✷✳ ❆♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup ✐s ❛ ♣❛✐r (D, annup) ✇❤❡r❡ D ✐s ❛ ❉❚❉ ❛♥❞ annup

✐s ❛ ♣❛rt✐❛❧ ♠❛♣♣✐♥❣ s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t t②♣❡ A ✐♥ D ❛♥❞ ❡❛❝❤ ✉♣❞❛t❡ t②♣❡ ut ❞❡✜♥❡❞
♦✈❡r ❡❧❡♠❡♥t t②♣❡s ♦❢ D✱ annup(A, ut)✱ ✐❢ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞✱ ✐s ❛♥ ❛♥♥♦t❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✿

annup✭A✱ut✮ ::= Y | N | [Q] | Nh | [Q]h

✇❤❡r❡ Q ✐s ❛ q✉❛❧✐✜❡r ✐♥ ♦✉r ❳P❛t❤ ❢r❛❣♠❡♥t X ✳ �

❆♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❛ ❉❚❉ D ❛ss♦❝✐❛t✐♥❣ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s ✇✐t❤
❡❧❡♠❡♥t t②♣❡s ♦❢ D✳ ■♥ ❛ ♥✉ts❤❡❧❧✱ ❛ ✈❛❧✉❡ ♦❢ Y ✱ N ✱ ♦r ❬Q❪ ❢♦r annup✭A✱ut✮ ✐♥❞✐❝❛t❡s t❤❛t✱ ❢♦r A
❡❧❡♠❡♥ts ✐♥ ❛♥ ✐♥st❛♥t✐❛t✐♦♥ ♦❢ D✱ t❤❡ ✉s❡r ✐s ❛✉t❤♦r✐③❡❞✱ ✉♥❛✉t❤♦r✐③❡❞✱ ♦r ❝♦♥❞✐t✐♦♥❛❧❧② ❛✉t❤♦r✐③❡❞
r❡s♣❡❝t✐✈❡❧②✱ t♦ ♣❡r❢♦r♠ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ♦❢ t②♣❡ ut ❛t A ✭❝❛s❡ ♦❢ ✐♥s❡rt■♥t♦✱ ✐♥s❡rt❆s❋✐rst✱ ♦r
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❈❤❛♣t❡r ✺✳ ❚♦✇❛r❞ ❛ ❙❛❢❡ ❆♣♣r♦❛❝❤ ❢♦r ❯♣❞❛t✐♥❣ ❳▼▲ ❉❛t❛

❋✐❣✉r❡ ✺✳✷✿ ❊①❛♠♣❧❡ ♦❢ ❍♦s♣✐t❛❧ ❞❛t❛✳

✐♥s❡rt❆s▲❛st ♦♣❡r❛t✐♦♥s✮ ♦r ❛t ❝❤✐❧❞r❡♥ ♦❢ A ✭❝❛s❡ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ♦♣❡r❛t✐♦♥s✮✳ ❚❛❜❧❡ ✺✳✶ ♣r❡s❡♥ts
♠♦r❡ s♣❡❝✐✜❝❛❧❧② t❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s Y ✱ N ✱ ❛♥❞ ❬Q❪ ✸✵✳

❖✉r ♠♦❞❡❧ s✉♣♣♦rts ✐♥❤❡r✐t❛♥❝❡ ❛♥❞ ♦✈❡rr✐❞✐♥❣ ♦❢ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s✳ ■❢ annup✭A✱ut✮ ✐s ♥♦t
❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞✱ t❤❡♥ ❛♥ A ❡❧❡♠❡♥t ✐♥❤❡r✐ts ❢r♦♠ ✐ts ♣❛r❡♥t ♥♦❞❡ t❤❡ ✉♣❞❛t❡ ❛✉t❤♦r✐③❛t✐♦♥ t❤❛t
❝♦♥❝❡r♥s t❤❡ s❛♠❡ ✉♣❞❛t❡ t②♣❡ ut✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ annup✭A✱ut✮ ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ✐t ♠❛②
♦✈❡rr✐❞❡ t❤❡ ✐♥❤❡r✐t❡❞ ❛✉t❤♦r✐③❛t✐♦♥ ♦❢ A t❤❛t ❝♦♥❝❡r♥s t❤❡ s❛♠❡ ✉♣❞❛t❡ t②♣❡ ut✳ ❆❧❧ ✉♣❞❛t❡
♦♣❡r❛t✐♦♥s ❛r❡ ♥♦t ♣❡r♠✐tt❡❞ ❜② ❞❡❢❛✉❧t✳

❊①❛♠♣❧❡ ✺✳✶✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❤♦s♣✐t❛❧ ❉❚❉ ♦❢ ❋✐❣✉r❡ ✺✳✶✱ t❤❡ ❳▼▲ tr❡❡ ♦❢ ❋✐❣✉r❡ ✺✳✷✱ ❛♥❞
✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s ❢♦r ♥✉rs❡s✿

R1✿ annup✭department✱✐♥s❡rt■♥t♦ ❬patient❪✮ ❂ Y
R2✿ annup✭sibling✱✐♥s❡rt■♥t♦ ❬patient❪✮ ❂ N

❚❤❡s❡ ❛♥♥♦t❛t✐♦♥s ❛❧❧♦✇ ♥✉rs❡s t♦ ✐♥s❡rt s♦♠❡ ❞❛t❛ t❤❛t ❝♦♥❝❡r♥s ♣❛t✐❡♥ts ❛♥❞ t❤❡✐r ♣❛r❡♥ts✱
✇❤✐❧❡ t❤❡② ❞❡♥② ✐♥s❡rt✐♦♥ ♦❢ s✐❜❧✐♥❣ ❞❛t❛✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❛♥♥♦t❛t✐♦♥ R1 ❛❧❧♦✇s ✐♥s❡rt✐♦♥ ♦❢
♥❡✇ ♣❛t✐❡♥ts ✐♥t♦ ❞❡♣❛rt♠❡♥ts ♦❢ t❤❡ ❤♦s♣✐t❛❧❀ ✐✳❡✳ ♥❡✇ patient ♥♦❞❡s ❝❛♥ ❜❡ ✐♥s❡rt❡❞ ✐♥t♦ t❤❡
♥♦❞❡s department1 ❛♥❞ department2✳ ❇② ✐♥❤❡r✐t❛♥❝❡✱ ❛ ♥✉rs❡ ❝❛♥ ♣❡r❢♦r♠ ✉♣❞❛t❡s ♦❢ t②♣❡

✸✵❚❤❡ s❡♠❛♥t✐❝s ♦❢ ❛♥♥♦t❛t✐♦♥s ✇✐t❤ t❤❡ ✉♣❞❛t❡ t②♣❡s annup✭A✱✐♥s❡rt❆s❧❛st ❬Bi❪✮ ❛♥❞
annup✭A✱✐♥s❡rt❆❢t❡r ❬Bi✱Bj❪✮ ❛r❡ ❞❡✜♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s annup✭A✱✐♥s❡rt❆s❋✐rst ❬Bi❪✮ ❛♥❞
annup✭A✱✐♥s❡rt❇❡❢♦r❡ ❬Bi✱Bj❪✮ r❡s♣❡❝t✐✈❡❧②✳
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✺✳✶✳ ❯♣❞❛t❡ ❙♣❡❝✐✜❝❛t✐♦♥s

✐♥s❡rt■♥t♦ ❬patient❪ ❛t t❤❡ ♥♦❞❡s parent1✱ parent2✱ ❛♥❞ parent3✳ ❚❤❡ ❛♥♥♦t❛t✐♦♥ R2 ❞❡♥✐❡s
✐♥s❡rt✐♦♥ ♦❢ ♥❡✇ ♣❛t✐❡♥t ❞❛t❛ ✉♥❞❡r sibling s✉❜tr❡❡s✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ♥♦❞❡ sibling2 ♦✈❡rr✐❞❡s
t❤❡ ✐♥s❡rt✐♦♥ ❛✉t❤♦r✐③❛t✐♦♥ ✭Y ✮ ✐♥❤❡r✐t❡❞ ❢r♦♠ department1 ❛♥❞ ♠❛❦❡s ✐♥s❡rt✐♦♥ ❢♦r❜✐❞❞❡♥ ✉♥❞❡r
✐t✱ s✉❝❤ ❛s ✐♥s❡rt✐♦♥ ♦❢ ♥❡✇ patient ♥♦❞❡s ✐♥t♦ t❤❡ ♥♦❞❡ parent4✳ �

❲❡ s❤♦✉❧❞ ❡♠♣❤❛s✐③❡ t❤❛t ❞✐✛❡r❡♥t s❡♠❛♥t✐❝s ❛r❡ ❞❡✜♥❡❞ ❢♦r s❡❝✉r✐t② q✉❛❧✐✜❡rs✳ ■♥ ❬❑▼❘✵✾❪✱
t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛ q✉❛❧✐✜❡r ❬Q❪ ❛t ❛ ♥♦❞❡ n ✐s ♠❛♣♣❡❞ t♦ ❡✐t❤❡r Y ♦r N ❀ ❛♥❞ t❤✉s t❤✐s s❡❝✉r✐t②
✈❛❧✉❡ ❝❛♥ ❜❡ ♦✈❡rr✐❞❞❡♥ ❜② ❛♥♦t❤❡r ❛♥♥♦t❛t✐♦♥ ❛t ❞❡s❝❡♥❞❛♥ts ♦❢ n ✭❛s ✇❡ ❤❛✈❡ s❤♦✇♥ ✇✐t❤ t❤❡
t✇♦ ❛♥♥♦t❛t✐♦♥s ♦❢ ❊①❛♠♣❧❡ ✺✳✶✮✳ ❲❡ ❢♦❧❧♦✇ t❤✐s s❡♠❛♥t✐❝ ❜② ✉s✐♥❣ q✉❛❧✐✜❡rs ♦❢ t❤❡ ❢♦r♠ ❬Q❪✳ ■♥
❬❋❈●✵✹❛❪✱ ❤♦✇❡✈❡r✱ ❛ ❢❛❧s❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛ q✉❛❧✐✜❡r ❬Q❪ ❛t ❛ ♥♦❞❡ n♠❛❦❡s ❛❧❧ t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t
n ✐♥❛❝❝❡ss✐❜❧❡ ✭r❡s♣✳ ♥♦t ✉♣❞❛t❛❜❧❡✮ ❡✈❡♥ ✐❢ s♦♠❡ ❛♥♥♦t❛t✐♦♥s ✇✐t❤ ✈❛❧✉❡ Y ✭r❡s♣✳ ❛ ✈❛❧✐❞ q✉❛❧✐✜❡r
❬Q′❪✮ ❛r❡ ❞❡✜♥❡❞ ✉♥❞❡r n✳ ❚❤✐s ♣r✐♥❝✐♣❧❡ ✐s ❝❛❧❧❡❞ ❉❡♥✐❛❧ ❉♦✇♥✇❛r❞ ❈♦♥s✐st❡♥❝② ❘❡q✉✐r❡♠❡♥t✱ ✐t
❞❡✜♥❡❞ ✜rst ✐♥ ❬▼❚❑❍✵✸❪ ❢♦r r❡❛❞✲❛❝❝❡ss r✐❣❤ts✱ ❛♥❞ ✉s❡❞ ✐♥ ❬❉❋●▼✵✽✱❋▼✵✹✱❋▼✵✼✱▲▲▲▲✶✶❪
✸✶✳ ❲❡ r❡❞❡✜♥❡ t❤✐s r❡q✉✐r❡♠❡♥t ❢♦r ✉♣❞❛t❡ r✐❣❤ts ❛s ❢♦❧❧♦✇s✿

✏❋♦r ❛♥ ❳▼▲ tr❡❡✴❢r❛❣♠❡♥t T r♦♦t❡❞ ❛t ❛ ♥♦❞❡ n✱ ✇❤❡♥❡✈❡r ❛♥ ✉♣❞❛t❡ ♣♦❧✐❝② ❞❡♥✐❡s t❤❡ ❡①❡❝✉t✐♦♥
♦❢ ❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ❛t n✱ ✐t ♠✉st ❛❧s♦ ❞❡♥② t❤❡ ❡①❝❡❝✉t✐♦♥ ♦❢ t❤✐s ♦♣❡r❛t✐♦♥ ❛t ❞❡s❝❡♥❞❛♥ts ♦❢
n✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❤❡♥❡✈❡r ❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ✐s ❛✉t❤♦r✐③❡❞ ❛t ❛ ♥♦❞❡ n′ ♦❢ T ✱ ❡①❡❝✉t✐♦♥ ♦❢
t❤✐s ✉♣❞❛t❡ ♠✉st ❜❡ ❛✉t❤♦r✐③❡❞ ❛s ✇❡❧❧ ❛t ❛❧❧ ❛♥❝❡st♦rs ♦❢ n′ ✐♥ T ✑✳

❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❞❡♥✐❛❧ ❞♦✇♥✇❛r❞ ❝♦♥s✐st❡♥❝② ✐s t❤❛t ✐t ♠❛❦❡s s❡❝✉r✐t② ♣♦❧✐❝② ❡♥❢♦r❝❡✲
♠❡♥t ❡❛s✐❡r ❡✈❡♥ ♦✈❡r r❡❝✉rs✐✈❡ ❉❚❉s✳ ▼♦r❡♦✈❡r✱ t❤❡ s❡❝✉r✐t② ✈✐❡✇ ❞❡r✐✈❛t✐♦♥ ✭s❡❡ ❬●❙❈+✵✾❪ ❢♦r
t❤✐s ♣r♦❜❧❡♠✮ ❜❡❝♦♠❡s ❛❧✇❛②s ♣♦ss✐❜❧❡✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ♥❡✇ s♣❡❝✐✜❝❛t✐♦♥ ✈❛❧✉❡s
Nh ❛♥❞ ❬Q❪h t♦ ♠❛❦❡ ♣♦ss✐❜❧❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s r❡q✉✐r❡♠❡♥t ❢♦r t❤❡ s❡❝✉r✐t② ❛❞♠✐♥✐str❛t♦r✳

❚❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✈❛❧✉❡s Nh ❛♥❞ ❬Q❪h ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✺✳✷✳ ❚❤❡ ❛♥♥♦t❛t✐♦♥
annup✭A✱ut✮❂Nh ✐♥❞✐❝❛t❡s t❤❛t✱ ❢♦r ❛ ♥♦❞❡ n ♦❢ t②♣❡ A✱ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ♦❢ t②♣❡ ut ❝❛♥♥♦t
❜❡ ♣❡r❢♦r♠❡❞ ❛t ❛♥② ♥♦❞❡ ♦❢ t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t n✱ ❛♥❞ ♥♦ ♦✈❡rr✐❞✐♥❣ ♦❢ t❤✐s ❛✉t❤♦r✐③❛t✐♦♥
✈❛❧✉❡ ✐s ♣❡r♠✐tt❡❞ ❢♦r ❞❡s❝❡♥❞❛♥ts ♦❢ n✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ n ❤❛s ❛ ❞❡s❝❡♥❞❛♥t n′ ✇❤♦s❡ t②♣❡ ✐s
A′✱ t❤❡♥ ❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ✇✐t❤ t❤❡ s❛♠❡ t②♣❡ ut ❝❛♥♥♦t ❜❡ ♣❡r❢♦r♠❡❞ ❛t n′ ❡✈❡♥ t❤♦✉❣❤
t❤❡ ❛♥♥♦t❛t✐♦♥ annup✭A

′✱ut✮❂Y ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ✭r❡s♣✳ annup✭A
′✱ut✮❂❬Q′❪ ✇✐t❤ n′ � Q′✮✳

❆s ❢♦r t❤❡ ❛♥♥♦t❛t✐♦♥ annup✭A✱ut✮❂❬Q❪h✱ q✉❛❧✐✜❡r Q ♠✉st ❜❡ ✈❛❧✐❞ ❛t A ❡❧❡♠❡♥ts✱ ♦t❤❡r✇✐s❡ ♥♦
❛♥♥♦t❛t✐♦♥ ✇✐t❤ ✉♣❞❛t❡ t②♣❡ ut ❝❛♥ ♦✈❡rr✐❞❡ t❤❡ ❢❛❧s❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ Q✳ ❋♦r ✐♥st❛♥❝❡✱ ❧❡t n ❛♥❞
n′ ❜❡ t✇♦ ♥♦❞❡s ♦❢ t②♣❡ A ❛♥❞ A′ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❧❡t n′ ❜❡ ❛ ❞❡s❝❡♥❞❛♥t ♦❢ n✳ ❚❤❡ ❛♥♥♦t❛t✐♦♥
annup✭A

′✱ut✮❂❬Q′❪ ✐♥❞✐❝❛t❡s t❤❛t ❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ♦❢ t②♣❡ ut ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❛t ✭❝❤✐❧❞r❡♥
♦❢✮ n′ ✐✛✿ n′ � Q′✳ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡ ❛♥♥♦t❛t✐♦♥ annup✭A✱ut✮❂❬Q❪h ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ t❤❡♥ t❤❡
❛♥♥♦t❛t✐♦♥ annup✭A

′✱ut✮❂❬Q′❪ t❛❦❡s ❡✛❡❝t ❛t ❞❡s❝❡♥❞❛♥t n′ ♦❢ n ♦♥❧② ✐❢ n � Q✳ ❚❤✐s ♠❡❛♥s t❤❛t
❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ♦❢ t②♣❡ ut ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❛t ✭❝❤✐❧❞r❡♥ ♦❢✮ n′ ✐✛✿ (n � Q ∧ n′ � Q′)✳ ❲❡
❝❛❧❧ ❛♥♥♦t❛t✐♦♥ ✇✐t❤ ✈❛❧✉❡ Nh ♦r ❬Q❪h ❛s downward✲closed ❛♥♥♦t❛t✐♦♥✳

❊①❛♠♣❧❡ ✺✳✷✳ ❙✉♣♣♦s❡ t❤❛t ❡❛❝❤ ♥✉rs❡ ✐s ❛tt❛❝❤❡❞ t♦ ♦♥❧② ♦♥❡ ❞❡♣❛rt♠❡♥t ❛♥❞ ♦♥❧② ♦♥❡ ✇❛r❞
✇✐t❤✐♥ t❤✐s ❞❡♣❛rt♠❡♥t ✭❞❡♥♦t❡❞ ✩♥✉rs❡❉❡♣t ❛♥❞ ✩♥✉rs❡❲❛r❞◆♦ r❡s♣✳✮✳ ◆♦✇✱ t❤❡ ❤♦s♣✐t❛❧
✇❛♥ts t♦ ✐♠♣♦s❡ ❛♥ ✉♣❞❛t❡ ♣♦❧✐❝② t❤❛t ❛❧❧♦✇s ❛ ♥✉rs❡ t♦ ✉♣❞❛t❡ ❞❛t❛ ♦❢ ♦♥❧② ♣❛t✐❡♥ts ❤❛✈✐♥❣
t❤❡ s❛♠❡ ✇❛r❞ ♥✉♠❜❡r ❛s ❤❡r ✭❘✉❧❡✶ ✮ ❛♥❞ ✇❤✐❝❤ ❛r❡ ❜❡✐♥❣ tr❡❛t❡❞ ❛t ❤❡r ❞❡♣❛rt♠❡♥t ✭❘✉❧❡✷ ✮✳
▼♦r❡♦✈❡r✱ ❛❧❧ s✐❜❧✐♥❣ ❞❛t❛ ❝❛♥♥♦t ❜❡ ✉♣❞❛t❡❞ ✭❘✉❧❡✸ ✮✳ ❚❤✐s ♣♦❧✐❝② ❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s ✭ut ❞❡♥♦t❡s ❛ ❣❡♥❡r❛❧ ✉♣❞❛t❡ t②♣❡✮✿

R1✿ annup✭department✱ut✮❂❬↓✿✿name❂✩♥✉rs❡❉❡♣t❪h
R2✿ annup✭patient✱ut✮❂❬↓✿✿wardNo❂✩♥✉rs❡❲❛r❞◆♦❪

✸✶■♥ ❬❋▼✵✹✱❋▼✵✼❪✱ t❤❡ ❞❡♥✐❛❧ ❞♦✇♥✇❛r❞ ❝♦♥s✐st❡♥❝② r❡q✉✐r❡♠❡♥t ✐s ❛♣♣❧✐❡❞ ❜② ❞❡✜♥✐♥❣ t❤❡ ❞❡♥② ♦✈❡rr✐❞❡s ❛s
❝♦♥✢✐❝t r❡s♦❧✉t✐♦♥ ♣♦❧✐❝②✳ ❲❤✐❧❡ ✐♥ ❬▲▲▲▲✶✶❪✱ ✐t ✐s ❛♣♣❧✐❡❞ ❜② ✉s✐♥❣ t❤❡ ❉❊❊P✲❊❳❈❊P❚ ♦♣❡r❛t♦r✳

✼✺



❈❤❛♣t❡r ✺✳ ❚♦✇❛r❞ ❛ ❙❛❢❡ ❆♣♣r♦❛❝❤ ❢♦r ❯♣❞❛t✐♥❣ ❳▼▲ ❉❛t❛

❉♦✇♥✇❛r❞✲❝❧♦s❡❞ ❆♥♥♦t❛t✐♦♥ ❙❡♠❛♥t✐❝

annup✭A✱ut✮ ❂ Nh

✇❤❡r❡ ut ❝❛♥ ❜❡ ❛♥② ✉♣❞❛t❡ t②♣❡
❙❛♠❡ ♣r✐♥❝✐♣❧❡ ❛s annup✭A✱ut✮ ❂ N ♦❢ ❚❛❜❧❡ ✺✳✶✳ ▼♦r❡✲
♦✈❡r✱ ❢♦r ❛ ♥♦❞❡ n ♦❢ t②♣❡ A✱ ❛❧❧ ❛♥♥♦t❛t✐♦♥s ♦❢ t②♣❡ ut
❞❡✜♥❡❞ ♦✈❡r ❞❡s❝❡♥❞❛♥t t②♣❡s ♦❢ A ❛r❡ ❞✐s❝❛r❞❡❞ r❡❣❛r❞❧❡ss
t❤❡✐r tr✉t❤ ✈❛❧✉❡s✳

annup✭A✱ut✮ ❂ ❬Q❪h
✇❤❡r❡ ut ❝❛♥ ❜❡ ❛♥② ✉♣❞❛t❡ t②♣❡

❙❛♠❡ ♣r✐♥❝✐♣❧❡ ❛s annup✭A✱ut✮ ❂ ❬Q❪ ♦❢ ❚❛❜❧❡ ✺✳✶✳ ▼♦r❡✲
♦✈❡r✱ ❢♦r ❛ ♥♦❞❡ n ♦❢ t②♣❡ A✱ ✐❢ n 2 Q t❤❡♥ ❛❧❧ ❛♥♥♦t❛t✐♦♥s
♦❢ t②♣❡ ut ❞❡✜♥❡❞ ♦✈❡r ❞❡s❝❡♥❞❛♥t t②♣❡s ♦❢ A ❛r❡ ❞✐s❝❛r❞❡❞
r❡❣❛r❞❧❡ss t❤❡✐r tr✉t❤ ✈❛❧✉❡s✳

❚❛❜❧❡ ✺✳✷✿ ❙❡♠❛♥t✐❝s ♦❢ t❤❡ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s Nh ❛♥❞ ❬Q❪h✳

R3✿ annup✭sibling✱ut✮❂Nh

❈♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ t❤❡ ♥✉rs❡ ❤❛✈✐♥❣ t❤❡ ✇❛r❞ ♥✉♠❜❡r ✹✷✶ ❛♥❞ ✇♦r❦✐♥❣ ❛t ❈r✐t✐❝❛❧ ❝❛r❡ ❞❡♣❛rt✲
♠❡♥t✱ ❛♥❞ ❧❡t ut ❜❡ r❡♣❧❛❝❡❱❛❧✉❡ ❬symptom❪✳ ❚❤✐s ♥✉rs❡ ❝❛♥ ✉♣❞❛t❡ t❤❡ ✈❛❧✉❡s ♦❢ ❛❧❧ s②♠♣t♦♠s
♦❢ ❋✐❣✉r❡ ✺✳✷ ❡①❝❡♣t t❤♦s❡ ♦❢ ♥♦❞❡s✿ symptom2 ✭s✐♥❝❡ patient2 ❤❛s ✇❛r❞ ♥✉♠❜❡r ✸✶✽ ✮✱ symptom4

❛♥❞ symptom5 ✭r❡♣r❡s❡♥t✐♥❣ s✐❜❧✐♥❣ ❞❛t❛✮✱ ❛♥❞ symptom6 ✭❛❧t❤♦✉❣❤ patient6 ❤❛s ✇❛r❞ ♥✉♠❜❡r
✹✷✶✱ ❤❡ ✐s ❛tt❛❝❤❡❞ t♦ ❊◆❚ ❞❡♣❛rt♠❡♥t✮✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❛♥♥♦t❛t✐♦♥s R1 ❛♥❞ R3 ♠✉st ❜❡ ❞❡✲
✜♥❡❞ ❛s ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ t♦ ❡♥❢♦r❝❡ t❤❡ ✐♠♣♦s❡❞ ♣♦❧✐❝②✱ ♦t❤❡r✇✐s❡ ❛♥♥♦t❛t✐♦♥ R2 ♠❛② ♦✈❡rr✐❞❡ ❛
♥❡❣❛t✐✈❡ ❛✉t❤♦r✐③❛t✐♦♥ ✐♥❤❡r✐t❡❞ ❢r♦♠ R1 ♦r R3 ✇❤✐❝❤ ♠❛② ❛❧❧♦✇ s♦♠❡ ✉♣❞❛t❡s t❤❛t ❛r❡ ❢♦r❜✐❞❞❡♥
❜② t❤❡ ✐♠♣♦s❡❞ ♣♦❧✐❝②✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s✿

R
′

1✿ annup✭department✱ut✮❂❬↓✿✿name❂✩♥✉rs❡❉❡♣t❪
R

′

2✿ annup✭patient✱ut✮❂❬↓✿✿wardNo❂✩♥✉rs❡❲❛r❞◆♦❪
R

′

3✿ annup✭sibling✱ut✮❂N

❙✐♥❝❡ R
′

1 ❛♥❞ R
′

3 ❛r❡ ♥♦t ❞♦✇♥✇❛r❞✲❝❧♦s❡❞✱ t❤❡ ♥♦❞❡ patient4 ♦✈❡rr✐❞❡s t❤❡ ♥❡❣❛t✐✈❡ ❛✉t❤♦r✐③❛t✐♦♥
✐♥❤❡r✐t❡❞ ❢r♦♠ sibling1✱ ✉s✐♥❣ t❤❡ ❛♥♥♦t❛t✐♦♥ R

′

2✱ ❛♥❞ ♠❛❦❡s t❤❡ ✉♣❞❛t❡ ♦❢ s♦♠❡ s✐❜❧✐♥❣ ❞❛t❛
♣♦ss✐❜❧❡ ✭t❤❡ ♥♦❞❡ symptom4✮✳ ❲✐t❤ t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡✱ t❤❡ ♥♦❞❡ patient5 ♦✈❡rr✐❞❡s t❤❡ ♥❡❣❛t✐✈❡
❛✉t❤♦r✐③❛t✐♦♥ ✐♥❤❡r✐t❡❞ ❢r♦♠ department2✱ ❛♥❞ ❛❧❧♦✇s t❤❡ ♥✉rs❡ t♦ ✉♣❞❛t❡ s♦♠❡ ❞❛t❛ ♦❢ ❊◆❚
❞❡♣❛rt♠❡♥t ✭t❤❡ ♥♦❞❡ symptom5✮✳ ❚❤✉s✱ ✉s✐♥❣ t❤❡ ❳P❛t❤ ❢r❛❣♠❡♥t X ✱ ♦✉r ✉♣❞❛t❡ ♣♦❧✐❝② ❝❛♥
❜❡ ❡♥❢♦r❝❡❞ ♦♥❧② ✐❢ t❤❡ ❞❡♥✐❛❧ ❞♦✇♥✇❛r❞ ❝♦♥s✐st❡♥❝② r❡q✉✐r❡♠❡♥t ✐s ❡♥❢♦r❝❡❞ ❢♦r ❘✉❧❡✶ ❛♥❞ ❘✉❧❡✸
✭✇❤✐❝❤ ♠❛② ❜❡ ❞♦♥❡ ✉s✐♥❣ t❤❡ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥s R1 ❛♥❞ R3✮✳ �

❊①❛♠♣❧❡ ✺✳✸✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❤♦s♣✐t❛❧ ✇❛♥ts t♦ ✐♠♣♦s❡ ❛ s❡❝✉r✐t② ♣♦❧✐❝② t❤❛t ❛✉t❤♦r✐③❡s
❡❛❝❤ ❞♦❝t♦r t♦ ✉♣❞❛t❡ ♦♥❧② t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ tr❡❛t♠❡♥ts t❤❛t s❤❡ ❤❛s ❞♦♥❡✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡
❞♦❝t♦r ■♠✐♥❡ ❝♦✉❧❞ ✉♣❞❛t❡ t❤❡ ❞❛t❛ ♦❢ treatment1✱ treatment2✱ ❛♥❞ treatment4 ✭❧✐❦❡ ✐♥s❡rt ♥❡✇
Dresult s✉❜✲tr❡❡ ✐♥t♦ diagnosis4 ♥♦❞❡✮ ❜✉t ♥♦t treatment3✳ ❲❡ s❤♦✇ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t t❤✐s
✉♣❞❛t❡ ♣♦❧✐❝② ❝❛♥♥♦t ❜❡ ❡♥❢♦r❝❡❞ ❜② ✉s✐♥❣ t❤❡ ❡①✐st✐♥❣ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ ❧❛♥❣✉❛❣❡s✳ �

✺✳✶✳✶ ❈♦♠♣❛❝t♥❡ss ❛♥❞ ❊①♣r❡ss✐✈❡♥❡ss

❲❡ s❤♦✇ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❛t ✐♥ s♦♠❡ ❝❛s❡s✱ ♦✉r ♠♦❞❡❧ ❝❛♥ ❜❡ ♠♦r❡ ❡①♣r❡ss✐✈❡ t❤❛♥ t❤❡ ❡①✐st✐♥❣
♦♥❡s ❛♥❞ ❣❡♥❡r❛t❡s ❝♦♠♣❛❝t ✉♣❞❛t❡ ♣♦❧✐❝✐❡s✳

❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❞❡♥✐❛❧ ❞♦✇♥✇❛r❞ ❝♦♥s✐st❡♥❝② ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✉s✐♥❣ ♦♥❧② t❤❡ ❛♥♥♦t❛t✐♦♥ ✈❛❧✉❡s
④Y ✱ N ✱ ❬Q❪⑥ ❜✉t t❤r♦✉❣❤ ❛ ❢r❛❣♠❡♥t ♦❢ ❳P❛t❤ ❧❛r❣❡r t❤❛♥ X ✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✉♣❞❛t❡ ♣♦❧✐❝② ♦❢
❊①❛♠♣❧❡ ✺✳✷ ✭✐✳❡✳ Rule1✱ Rule2✱ ❛♥❞ Rule3✮ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❢r❛❣♠❡♥t X ⇑ ♦❢ ❙❡❝t✐♦♥ ✹✳✺
❛s ❢♦❧❧♦✇s✿

R
′′

1 ✿ annup✭department✱ut✮❂❬↓✿✿name❂✩♥✉rs❡❉❡♣t❪

✼✻



✺✳✶✳ ❯♣❞❛t❡ ❙♣❡❝✐✜❝❛t✐♦♥s

❋✐❣✉r❡ ✺✳✸✿ ❚❤❡ ✐♥t❡r✈❡♥t✐♦♥s ❞♦♥❡ ❢♦r t❤❡ ♣❛t✐❡♥t ✏❍❡♥r②✑ ♦❢ ❋✐❣✉r❡ ✺✳✷✳

R
′′

2 ✿ annup✭patient✱ut✮❂❬✭↓✿✿wardNo❂✩♥✉rs❡❲❛r❞◆♦✮
∧ (↑+✿✿department❬↓✿✿name❂✩♥✉rs❡❉❡♣t❪)
∧ ¬(↑+✿✿sibling)❪

R
′′

3 ✿ annup✭sibling✱ut✮❂N

❍❡r❡ t❤❡ ❞❡♥✐❛❧ ❞♦✇♥✇❛r❞ ❝♦♥s✐st❡♥❝② r❡q✉✐r❡♠❡♥t ♠✉st ❜❡ ❛♣♣❧✐❡❞ ❢♦r ❛♥♥♦t❛t✐♦♥s R
′′

1 ❛♥❞ R
′′

3

t♦ ❡♥❢♦r❝❡ t❤❡ ✉♣❞❛t❡ ♣♦❧✐❝②✳ ❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ ❛♥♥♦t❛t✐♦♥ R2 ♦❢ ❊①❛♠♣❧❡ ✺✳✷ ✐s r❡❞❡✜♥❡❞
✐♥t♦ R

′′

2 ❜② ✐♥❝❧✉❞✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ R
′′

1 ❛♥❞ R
′′

3 ✳ ❚❤❡ r❡❞❡✜♥❡❞ ❛♥♥♦t❛t✐♦♥ R
′′

2 ❞❡♣❡♥❞s ♦♥ R
′′

1 ❛♥❞
R

′′

3 ❛♥❞ ♠✉st ❜❡ r❡❞❡✜♥❡❞ ❡❛❝❤ t✐♠❡ ❛ ♠♦❞✐✜❝❛t✐♦♥ ✐s ♠❛❞❡ ♦♥ R
′′

1 ❛♥❞✴♦r R
′′

3 ✳ ❖❜s❡r✈❡ t❤❛t✱
✇✐t❤♦✉t t❤❡ ✉s❡ ♦❢ t❤❡ ❛♥♥♦t❛t✐♦♥s ✈❛❧✉❡s ④Nh✱ ❬Q❪h⑥✱ ❞❡✜♥✐♥❣ ❛♥ ❛♥♥♦t❛t✐♦♥ annup(A, ut) = val
❛s ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♠♦✉♥ts t♦ r❡❞❡✜♥❡ ❛❧❧ t❤❡ ❛♥♥♦t❛t✐♦♥s ♦❢ t②♣❡ ut ❞❡✜♥❡❞ ♦✈❡r ❞❡s❝❡♥❞❛♥t
t②♣❡s ♦❢ A ✐♥ ♦r❞❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✈❛❧✉❡ val✳ ❚❤✐s ❝❛♥ ❧❡❛❞ t♦ ✈❡r❜♦s❡ ❛♥♥♦t❛t✐♦♥s✱
❧✐❦❡ ❛♥♥♦t❛t✐♦♥ R

′′

2 ✳ ▼♦r❡♦✈❡r✱ ❝❤❛♥❣✐♥❣ ♦♥❡ ❛♥♥♦t❛t✐♦♥ ♠❛② r❡q✉✐r❡ t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ s♦♠❡
❛♥♥♦t❛t✐♦♥s ❞❡✜♥❡❞ ✉♥❞❡r ✐t✸✷ ✇❤✐❝❤ ❝❛♥ ♠❛❦❡ t❤❡ ♣♦❧✐❝② ❛❞♠✐♥✐str❛t✐♦♥ ❝♦♠♣❧✐❝❛t❡❞ ❛♥❞ t✐♠❡
❝♦♥s✉♠✐♥❣ ✐♥ ❝❛s❡ ♦❢ ❧❛r❣❡ ❉❚❉s✳

❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✐♥❤❡r✐t❛♥❝❡ ❛♥❞ ♦✈❡rr✐❞✐♥❣ ♦❢ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s ✭❞❡✜♥❡❞ ✜rst ✐♥ ❬❋❈●✵✹❛❪
❢♦r r❡❛❞✲❛❝❝❡ss r✐❣❤ts✮ ❛❧❧♦✇s ♦✉r ✉♣❞❛t❡ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧ t♦ ❜❡ ♠♦r❡ ❡①♣r❡ss✐✈❡ t❤❛♥ t❤❡

✸✷❚❤✐s ✐s ♥♦t r❡❝♦♠♠❡♥❞❡❞ ❢♦r s♦♠❡ s②st❡♠s ❧✐❦❡ ❝♦❧❧❛❜♦r❛t✐✈❡ ❡❞✐t✐♥❣ ✇❤❡r❡ t❤❡ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s ❛r❡ ❞②♥❛♠✐❝
❛♥❞ ❡❛❝❤ ❝❤❛♥❣❡ ✐s ♣r♦♣❛❣❛t❡❞ t♦ ❛❧❧ t❤❡ ✉s❡rs ❛❝r♦ss t❤❡ ♥❡t✇♦r❦ ❬❈■❘✶✶❪✳

✼✼



❈❤❛♣t❡r ✺✳ ❚♦✇❛r❞ ❛ ❙❛❢❡ ❆♣♣r♦❛❝❤ ❢♦r ❯♣❞❛t✐♥❣ ❳▼▲ ❉❛t❛

❡①✐st✐♥❣ ♦♥❡s✳ ❲❡ s❤♦✇ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❤♦✇ t❤❛t ♦✉r ♠♦❞❡❧ ❝❛♥ ♦✈❡r❝♦♠❡ t❤❡ ❧✐♠✐t❛t✐♦♥s
♦❢ ❡①✐st✐♥❣ ♠♦❞❡❧s ❬❉❋●▼✵✽✱❋▼✵✼❪✳

❊①❛♠♣❧❡ ✺✳✹✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❤♦s♣✐t❛❧ ✐♠♣♦s❡s ❛ ♣♦❧✐❝② t❤❛t ❛❧❧♦✇s ❡❛❝❤ ❞♦❝t♦r t♦ ✉♣❞❛t❡
♦♥❧② ❤✐s ✐♥t❡r✈❡♥t✐♦♥ ❞❛t❛✳ ■♥ ♦✉r ❝❛s❡✱ t❤✐s ♣♦❧✐❝② ❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ❜② ❞❡✜♥✐♥❣ ♦♥❧② t❤❡ ❢♦❧❧♦✇✐♥❣
✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥✿

annup✭intervention✱ ut✮ ❂ ❬↓✿✿doctor✴↓✿✿dname❂✩❞♦❝t♦r◆❛♠❡❪

❲❤❡r❡ ✩❞♦❝t♦r◆❛♠❡ ✐s ❛ ❝♦♥st❛♥t ♣❛r❛♠❡t❡r r❡♣r❡s❡♥t✐♥❣ ❞♦❝t♦r✬s ♥❛♠❡✱ ❛♥❞ ut ❝❛♥ ❜❡ ❛♥②
✉♣❞❛t❡ t②♣❡ r❡❧❡✈❛♥t t♦ t❤❡ ✉♣❞❛t❡ r✉❧❡s ♦❢ ❊①❛♠♣❧❡ ✺✳✹✳ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ t❤❡ ✉♣❞❛t❡
t②♣❡ ✐♥s❡rt❆❢t❡r ❬Tresult✱Tresult❪ ✇❤✐❝❤ ❛❧❧♦✇s ❛ ❞♦❝t♦r t♦ ❛❞❞ ♥❡✇ tr❡❛t♠❡♥t r❡s✉❧ts✳ ❚❤❡
♣r❡❞✐❝❛t❡ ❬↓✿✿doctor✴↓✿✿dname❂✬Imine✬❪ ✐s ✈❛❧✐❞ ❛t ♥♦❞❡ intervention1 ♦❢ ❋✐❣✉r❡ ✺✳✸❀ t❤✉s✱ t❤❡
♥♦❞❡s Tresult1 ❛♥❞ Tresult2 ✐♥❤❡r✐t t❤✐s ♣♦s✐t✐✈❡ ❛✉t❤♦r✐③❛t✐♦♥ ✇❤✐❝❤ ❛❧❧♦✇s ❞♦❝t♦r ■♠✐♥❡ t♦
✐♥s❡rt ♥❡✇ Tresult ♥♦❞❡s ❛s ❢♦❧❧♦✇✐♥❣ s✐❜❧✐♥❣s ♦❢ t❤❡s❡ ♥♦❞❡s✳ ❆t ♥♦❞❡ intervention11✱ t❤❡
♣r❡❞✐❝❛t❡ ❜❡❝♦♠❡s ✐♥✈❛❧✐❞ ✇❤✐❝❤ ❢♦r❜✐❞s ❞♦❝t♦r ■♠✐♥❡ t♦ ✐♥s❡rt ♥❡✇ Tresult ♥♦❞❡s ❛s ❢♦❧❧♦✇✐♥❣
s✐❜❧✐♥❣ ♦❢ ♥♦❞❡ Tresult3✳ ❋✐♥❛❧❧②✱ t❤❡ ♥♦❞❡ intervention12 ♦✈❡rr✐❞❡s t❤❡ ♥❡❣❛t✐✈❡ ❛✉t❤♦r✐③❛t✐♦♥
✐♥❤❡r✐t❡❞ ❢r♦♠ intervention11✱ ❛♥❞ ♠❛❦❡s ♣♦ss✐❜❧❡ ❢♦r ❞♦❝t♦r ■♠✐♥❡ t❤❡ ✐♥s❡rt✐♦♥ ♦❢ Tresult
♥♦❞❡s ❛❢t❡r t❤❡ ♥♦❞❡ Tresult4✳ �

✺✳✶✳✷ ❘❡✇r✐t✐♥❣ Pr♦❜❧❡♠

❆s ✇✐❧❧ ❜❡ s❡❡♥ s❤♦rt❧②✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡❝✉rs✐✈❡ ❉❚❉s✱ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s r❡✇r✐t✐♥❣ ✐s ❛❧r❡❛❞②
❝❤❛❧❧❡♥❣✐♥❣ ❢♦r t❤❡ s♠❛❧❧ ❢r❛❣♠❡♥t X ♦❢ ❳P❛t❤✳

❈♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡ t❤❡ ✉♣❞❛t❡ ♣♦❧✐❝② ♦❢ ❊①❛♠♣❧❡ ✺✳✹✱ ✇✐t❤ ✩❞♦❝t♦r◆❛♠❡❂■♠✐♥❡
❛♥❞ ut❂❞❡❧❡t❡ ❬Tresult❪✳ ❉✉❡ t♦ t❤❡ ❤♦s♣✐t❛❧ ❉❚❉ r❡❝✉rs✐♦♥✱ t❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ❞❡❧❡t❡

↓+✿✿treatment❬↓✿✿type❂✬Chemotherapy✬❪✴↓✿✿Tresult ❝❛♥♥♦t ❜❡ r❡✇r✐tt❡♥ ✐♥ X t♦ ❜❡ s❛❢❡✳ ■♥✲
❞❡❡❞✱ t❤❡ Tresult ♥♦❞❡s t❤❛t ❞♦❝t♦r ■♠✐♥❡ ✐s ❛✉t❤♦r✐③❡❞ t♦ ❞❡❧❡t❡ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛♥
✐♥✜♥✐t❡ s❡t ♦❢ ♣❛t❤s✳ ❚❤✐s s❡t ♦❢ ♣❛t❤s ❝❛♥ ❜❡ ❝❛♣t✉r❡❞ ✐♥ ❘❡❣✉❧❛r ❳P❛t❤ ❜② r❡✇r✐t✐♥❣ t❤❡
♣r❡✈✐♦✉s ✉♣❞❛t❡ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✿

❞❡❧❡t❡ ↓+✿✿intervention❬↓✿✿dname❂✩❞♦❝t♦r◆❛♠❡❪✴
✭↓✿✿treatment✴↓✿✿diagnosis✴↓✿✿implies✮✯✴
↓✿✿treatment❬↓✿✿type❂✬Chemotherapy✬❪✴↓✿✿Tresult

✇❤✐❝❤✱ ✇❤❡♥ ❡✈❛❧✉❛t❡❞ ♦♥ t❤❡ ❳▼▲ tr❡❡ ♦❢ ❋✐❣✉r❡ ✺✳✸✱ ❤❛s t♦ ❞❡❧❡t❡ ♦♥❧② t❤❡ ♥♦❞❡ Tresult2✳
❍♦✇❡✈❡r✱ t❤❡ ❑❧❡❡♥❡ st❛r ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❳P❛t❤ ❬▼❛r✵✹❪✳

❆❧♦♥❣ t❤❡ s❛♠❡ ❧✐♥❡s ❛s ❬❋●❏❑✵✼❪✱ ✇❡ s❛② t❤❛t ❛♥ ❳P❛t❤ q✉❡r② ❧❛♥❣✉❛❣❡ L ✐s ❝❧♦s❡❞ ✉♥❞❡r
✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s r❡✇r✐t✐♥❣ ✐❢ t❤❡r❡ ✐s ❛ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥ F : L→ L t❤❛t✱ ❣✐✈❡♥ ❛♥② ✉♣❞❛t❡
s♣❡❝✐✜❝❛t✐♦♥ Sup = (D, annup) ❛♥❞ ❛♥② ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ♦❢ t②♣❡ ut ✇✐t❤ target ❡①♣r❡ss✐♦♥
❞❡✜♥❡❞ ✐♥ L✱ ❝♦♠♣✉t❡s ❛♥♦t❤❡r ❡①♣r❡ss✐♦♥ F(target) ✐♥ L s✉❝❤ t❤❛t ❢♦r ❛♥② ❳▼▲ tr❡❡ T ∈ T (D)✱
t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ F(target) ✐♥ T r❡t✉r♥s ❛❧❧ ❛♥❞ ♦♥❧② t❤❡ ❳▼▲ ♥♦❞❡s t❤❛t ❝❛♥ ❜❡ ✉♣❞❛t❡❞ ✇✳r✳t✳
Sup ✉s✐♥❣ ut ♦♣❡r❛t✐♦♥s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ st❛t❡s t❤❡ ❝❡♥tr❛❧ ♣r♦❜❧❡♠ st✉❞✐❡❞ ✐♥ t❤❡ r❡st ♦❢
t❤✐s ❝❤❛♣t❡r✿

❚❤❡♦r❡♠ ✺✳✶✳ ❋♦r r❡❝✉rs✐✈❡ ❉❚❉s✱ t❤❡ ❢r❛❣♠❡♥t X ✐s ♥♦t ❝❧♦s❡❞ ✉♥❞❡r ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ r❡✇r✐t✲
✐♥❣✳ �

❲❡ st✉❞② t❤❡ ❝❧♦s✉r❡ ♣r♦♣❡rt② ♦❢ ❳P❛t❤ s✐♥❝❡ ✐t ✐s ♣r❡❢❡r❛❜❧❡ t♦ r❡✇r✐t❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ♦♥
❳P❛t❤ r❛t❤❡r t❤❡ ✉s❡ ♦❢ ❛ r✐❝❤❡r ❧❛♥❣✉❛❣❡ s✉❝❤ ❛s ❳◗✉❡r② ♦r ❘❡❣✉❧❛r ❳P❛t❤✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ✐s
♠♦r❡ ❡✣❝✐❡♥t t♦ ❡✈❛❧✉❛t❡ ❳P❛t❤ q✉❡r✐❡s t❤❛♥ q✉❡r✐❡s ✐♥ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❧❛♥❣✉❛❣❡s ✭❆✉t❤♦rs
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✺✳✷✳ ❙❡❝✉r❡❧② ❯♣❞❛t✐♥❣ ❳▼▲

♦❢ ❬❋●❏❑✵✼❪ ❤❛✈❡ s❤♦✇♥ t❤❛t r❡✇r✐t✐♥❣ ♦❢ ❳P❛t❤ q✉❡r✐❡s t❤r♦✉❣❤ ❛ tr❛♥s❧❛t✐♦♥ ✐♥t♦ ❘❡❣✉❧❛r
❳P❛t❤ ♠❛② ❧❡❛❞ q✉❡r✐❡s ♦❢ ❡①♣♦♥❡♥t✐❛❧ s✐③❡✮✳ ❲❡ ❡①♣❧❛✐♥ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ❤♦✇ t❤❡ ❡①t❡♥❞❡❞

❢r❛❣♠❡♥t X ⇑[n]✱ ❞❡✜♥❡❞ ✐♥ ❈❤❛♣t❡r ✸✱ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦✈❡r❝♦♠❡ t❤✐s r❡✇r✐t✐♥❣ ❧✐♠✐t❛t✐♦♥ ♦❢ ✉♣❞❛t❡
♦♣❡r❛t✐♦♥s✳

✺✳✷ ❙❡❝✉r❡❧② ❯♣❞❛t✐♥❣ ❳▼▲

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❢♦❝✉s ♦♥❧② ♦♥ ✉♣❞❛t❡ r✐❣❤ts ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t ❡✈❡r② ♥♦❞❡ ✐s r❡❛❞✲❛❝❝❡ss✐❜❧❡
❜② ❛❧❧ ✉s❡rs✳ ●✐✈❡♥ ❛♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup❂(D, annup)✱ ✇❡ ❞✐s❝✉ss t❤❡ ❡♥❢♦r❝❡♠❡♥t ♦❢ s✉❝❤
✉♣❞❛t❡ ❝♦♥str❛✐♥ts ✇❤❡r❡ ❡❛❝❤ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ♣♦s❡❞ ♦✈❡r ❛♥ ✐♥st❛♥❝❡ T ♦❢D ♠✉st ❜❡ ♣❡r❢♦r♠❡❞
♦♥❧② ❛t t❤❡ ♥♦❞❡s ♦❢ T t❤❛t ❝❛♥ ❜❡ ✉♣❞❛t❡❞ ❜② t❤❡ ✉s❡r ✇✳r✳t✳ Sup✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❳▼▲ tr❡❡
T r❡♠❛✐♥s ✈❛❧✐❞ ❛❢t❡r t❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✱ ♦t❤❡r✇✐s❡ t❤❡ ✉♣❞❛t❡ ✐s r❡❥❡❝t❡❞ ✭t❤✐s
❝❛♥ ❜❡ ❛ss✉♠❡❞ ✉s✐♥❣ ❛❧❣♦r✐t❤♠s ♦❢ ❬❇P❱✵✹✱❇▲❙✵✻❪✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡♥♦t❡ ❜② Sut t❤❡ s❡t
♦❢ ❛♥♥♦t❛t✐♦♥s ❞❡✜♥❡❞ ✐♥ Sup ✇✐t❤ t❤❡ ✉♣❞❛t❡ t②♣❡ ut ❛♥❞ ❜② |Sut| t❤❡ s✐③❡ ♦❢ t❤✐s s❡t✳ ▼♦r❡♦✈❡r✱
❢♦r ❛♥ ❛♥♥♦t❛t✐♦♥ ❢✉♥❝t✐♦♥ ann ✭s✉❝❤ ❛s annup ♦❢ ❛♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup❂(D, annup)✮✱ ✇❡
❞❡♥♦t❡ ❜② ④ann⑥ t❤❡ s❡t ♦❢ ❛❧❧ ❛♥♥♦t❛t✐♦♥s ❞❡✜♥❡❞ ✇✐t❤ ann✱ ❛♥❞ ❜② |ann| t❤❡ s✐③❡ ♦❢ t❤✐s s❡t✳

✺✳✷✳✶ ❯♣❞❛t❛❜✐❧✐t②

❍❡r❡ ✇❡ ✇❛♥t t♦ s♣❡❝✐❢② ✇❤❡♥ ❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ♦❢ t②♣❡ ut ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❛t ❛ ❣✐✈❡♥ ♥♦❞❡✳
❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r✐✈✐❧❡❣❡s ♦❢ ✐♥s❡rt✱ ❞❡❧❡t❡✱ r❡♣❧❛❝❡ ❛♥❞ r❡♥❛♠❡✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡s❡ ♣r✐✈✐❧❡❣❡s
❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✿

• ■❢ t❤❡ ✉s❡r ❤♦❧❞s t❤❡ ✐♥s❡rt■♥t♦ ♣r✐✈✐❧❡❣❡ ♦♥ ♥♦❞❡ n t❤❡♥ s❤❡ ❤❛s t❤❡ r✐❣❤t t♦ ❛❞❞ ♥❡✇
s✉❜✲tr❡❡ t♦ ♥♦❞❡ n ✭✐♥ ❛♥ ❛r❜✐tr❛r② ❝❤✐❧❞r❡♥ ♣♦s✐t✐♦♥✮✳

• ■❢ t❤❡ ✉s❡r ❤♦❧❞s t❤❡ ✐♥s❡rt❆s❋✐rst ✴✐♥s❡rt❆s▲❛st ♣r✐✈✐❧❡❣❡ ♦♥ ♥♦❞❡ n t❤❡♥ s❤❡ ❤❛s t❤❡
r✐❣❤t t♦ ❛❞❞ ♥❡✇ s✉❜✲tr❡❡ ❛s ✜rst✴❧❛st ❝❤✐❧❞r❡♥ ♦❢ ♥♦❞❡ n r❡s♣❡❝t✐✈❡❧②✳

• ■❢ t❤❡ ✉s❡r ❤♦❧❞s t❤❡ ✐♥s❡rt❇❡❢♦r❡ ✴✐♥s❡rt❆❢t❡r ♣r✐✈✐❧❡❣❡ ♦♥ ♥♦❞❡ n t❤❡♥ s❤❡ ❤❛s t❤❡
r✐❣❤t t♦ ❛❞❞ ♥❡✇ s✉❜✲tr❡❡ ❛s ♣r❡❝❡❞✐♥❣✴❢♦❧❧♦✇✐♥❣ s✐❜❧✐♥❣ ♥♦❞❡s ♦❢ s♦♠❡ ❝❤✐❧❞r❡♥ ♦❢ ♥♦❞❡ n
r❡s♣❡❝t✐✈❡❧②✳

• ■❢ t❤❡ ✉s❡r ❤♦❧❞s t❤❡ ❞❡❧❡t❡ ♣r✐✈✐❧❡❣❡ ♦♥ ♥♦❞❡ n t❤❡♥ s❤❡ ❤❛s t❤❡ r✐❣❤t t♦ ❞❡❧❡t❡ s♦♠❡
❝❤✐❧❞r❡♥ ♦❢ ♥♦❞❡ n✳

• ■❢ t❤❡ ✉s❡r ❤♦❧❞s t❤❡ r❡♣❧❛❝❡◆♦❞❡ ♣r✐✈✐❧❡❣❡ ♦♥ ♥♦❞❡ n t❤❡♥ s❤❡ ❤❛s t❤❡ r✐❣❤t t♦ r❡♣❧❛❝❡
s♦♠❡ ❝❤✐❧❞r❡♥ ♦❢ ♥♦❞❡ n ✇✐t❤ ❛ s❡q✉❡♥❝❡ ♦❢ ♥❡✇ s✉❜✲tr❡❡s✳

• ■❢ t❤❡ ✉s❡r ❤♦❧❞s t❤❡ r❡♣❧❛❝❡❱❛❧✉❡ ♣r✐✈✐❧❡❣❡ ♦♥ ♥♦❞❡ n t❤❡♥ s❤❡ ❤❛s t❤❡ r✐❣❤t t♦ ❝❤❛♥❣❡
t❤❡ t❡①t✲❝♦♥t❡♥t ♦❢ s♦♠❡ ❝❤✐❧❞r❡♥ ♦❢ ♥♦❞❡ n✳

• ■❢ t❤❡ ✉s❡r ❤♦❧❞s t❤❡ r❡♥❛♠❡ ♣r✐✈✐❧❡❣❡ ♦♥ ♥♦❞❡ n t❤❡♥ s❤❡ ❤❛s t❤❡ r✐❣❤t t♦ r❡♥❛♠❡ s♦♠❡
❝❤✐❧❞r❡♥ ♦❢ ♥♦❞❡ n✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡s❡ s❡♠❛♥t✐❝s ❛♥❞ ✉s✐♥❣ ♦✉r ♥♦t✐♦♥ ♦❢ ✉♣❞❛t❡ t②♣❡ ✭❉❡✜♥✐t♦♥ ✺✳✶✮✱ ✇❡ s❛② t❤❛t
❛ ♥♦❞❡ n ✐s ✉♣❞❛t❛❜❧❡ ✇✳r✳t✳ ✉♣❞❛t❡ t②♣❡ ut ✐❢ t❤❡ ✉s❡r ❤❛s t❤❡ ut ♣r✐✈✐❧❡❣❡ ♦♥ ♥♦❞❡ n✳ ❋♦r
✐♥st❛♥❝❡✱ ✐❢ t❤❡ ✉s❡r ❤❛s t❤❡ ✐♥s❡rt■♥t♦ ❬B❪ ♣r✐✈✐❧❡❣❡ ♦♥ ♥♦❞❡ n ✭✐✳❡✳ ♥♦❞❡ n ✐s ✉♣❞❛t❛❜❧❡ ✇✳r✳t✳
✐♥s❡rt■♥t♦ ❬B❪✮✱ t❤❡♥ s♦♠❡ ♥♦❞❡s ♦❢ t②♣❡ B ❝❛♥ ❜❡ ✐♥s❡rt❡❞ ❛s ❝❤✐❧❞r❡♥ ♦❢ n✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✐❢ ❛
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❈❤❛♣t❡r ✺✳ ❚♦✇❛r❞ ❛ ❙❛❢❡ ❆♣♣r♦❛❝❤ ❢♦r ❯♣❞❛t✐♥❣ ❳▼▲ ❉❛t❛

♥♦❞❡ n ✐s ✉♣❞❛t❛❜❧❡ ✇✳r✳t✳ r❡♣❧❛❝❡◆♦❞❡ ❬Bi✱Bj ❪✱ t❤❡♥ ❝❤✐❧❞r❡♥ ♦❢ n ✇✐t❤ t②♣❡ Bi ❝❛♥ ❜❡ r❡♣❧❛❝❡❞
✇✐t❤ s♦♠❡ ♥♦❞❡s ♦❢ t②♣❡ Bj ✳

▼♦r❡ ❢♦r♠❛❧❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ♥♦❞❡ ✉♣❞❛t❛❜✐❧✐t② ♣r♦♣❡rt② ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✺✳✸✳ ▲❡t Sup❂(D, annup) ❜❡ ❛♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ut ❜❡ ❛♥ ✉♣❞❛t❡ t②♣❡✳ ❆
♥♦❞❡ n ✐♥ ❛♥ ✐♥st❛♥t✐❛t✐♦♥ ♦❢ D ✐s ✉♣❞❛t❛❜❧❡ ✇✳r✳t✳ ut ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✐✮ ❚❤❡ ♥♦❞❡ n ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥ ✇✐t❤ t②♣❡ ut❀ ♦r✱ ♥♦ ❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡ ut
✐s ❞❡✜♥❡❞ ♦✈❡r ❡❧❡♠❡♥t t②♣❡ ♦❢ n ❛♥❞ t❤❡r❡ ✐s ❛♥ ❛♥❝❡st♦r ♥♦❞❡ n′ ♦❢ n s✉❝❤ t❤❛t✿ n′ ✐s t❤❡
✜rst ❛♥❝❡st♦r ♥♦❞❡ ♦❢ n ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡ ut✱ ❛♥❞ t❤✐s ❛♥♥♦t❛t✐♦♥ ✐s ✈❛❧✐❞
❛t n′ ✭❝❛❧❧❡❞ t❤❡ ✐♥❤❡r✐t❡❞ ❛♥♥♦t❛t✐♦♥✮✳

✐✐✮ ❚❤❡r❡ ✐s ♥♦ ❛♥❝❡st♦r ♥♦❞❡ ♦❢ n ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ✐♥✈❛❧✐❞ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡
ut✳ �

◆♦t❡ t❤❛t ❛♥ ❛♥♥♦t❛t✐♦♥ annup(A, ut)❂value ✐s ✈❛❧✐❞ ❛t ❛ ♥♦❞❡ n ✐❢ t❤✐s ❧❛tt❡r ✐s ♦❢ t②♣❡ A
❛♥❞ ❡✐t❤❡r value❂Y ❀ ♦r✱ value❂❬Q❪✴❬Q❪h ❛♥❞ n � Q✳

❊①❛♠♣❧❡ ✺✳✺✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥✿

annup✭intervention✱ ❞❡❧❡t❡ ❬Tresult❪✮ ❂ ❬↓✿✿doctor✴↓✿✿dname❂✩❞♦❝t♦r◆❛♠❡❪

❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ✉♣❞❛t❡ ❞❡❧❡t❡ ↓+✿✿treatment❬↓✿✿type❂✬surgery✬❪✴↓✿✿Tresult ♦❢ ❞♦❝t♦r ■♠✐♥❡ ❤❛s
♥♦ ❡✛❡❝t ♦✈❡r t❤❡ ❳▼▲ tr❡❡ ♦❢ ❋✐❣✉r❡ ✺✳✸ s✐♥❝❡ t❤❡ ♥♦❞❡ ❝♦♥❝❡r♥❡❞ ❜② t❤✐s ✉♣❞❛t❡ ✐s Tresult3✱
s♦ ❤✐s ♣❛r❡♥t ♥♦❞❡ treatment3 ♠✉st ❜❡ ✉♣❞❛t❛❜❧❡ ✇✳r✳t✳ ❞❡❧❡t❡ ❬Tresult❪ ✇❤✐❝❤ ✐s ♥♦ ❧♦♥❣❡r
t❤❡ ❝❛s❡✿ ❆❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✺✳✸✱ ♥♦ ❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡ ❞❡❧❡t❡ ❬Tresult❪ ✐s ❞❡✜♥❡❞ ♦✈❡r
❡❧❡♠❡♥t t②♣❡ treatment❀ t❤✉s ♥♦❞❡ treatment3 ✐♥❤❡r✐ts ❤✐s ❛✉t❤♦r✐③❛t✐♦♥ ❢r♦♠ t❤❡ ✜rst ❛♥❝❡st♦r
♥♦❞❡ t❤❛t ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡ ❞❡❧❡t❡ ❬Tresult❪❀ ✐✳❡✳ t❤❡ ♥♦❞❡ intervention11✳
❍♦✇❡✈❡r✱ t❤❡ ♣r❡✈✐♦✉s ❛♥♥♦t❛t✐♦♥ ✐s ♥♦t ✈❛❧✐❞ ❛t ♥♦❞❡ intervention11✳ �

●✐✈❡♥ ❛♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup❂(D, annup)✱ ✇❡ ❞❡✜♥❡ t✇♦ ♣r❡❞✐❝❛t❡s U1
ut ❛♥❞ U2

ut ✭❡①✲

♣r❡ss❡❞ ✐♥ ❢r❛❣♠❡♥t X ⇑[n]✮ t♦ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✺✳✸ ✇✐t❤ r❡s♣❡❝t t♦
❛♥ ✉♣❞❛t❡ t②♣❡ ut✿

U1
ut ✿❂ ↑

∗✿✿∗❬∨(annup(A,ut)=Y |N |[Q]|Nh|[Q]h)∈Sut
ε✿✿A❪❬✶❪

❬∨(annup(A,ut)=Y )∈Sut
ε✿✿A ∨(annup(A,ut)=[Q]|[Q]h)∈Sut

ε✿✿A[Q]❪

U2
ut ✿❂ ∧(annup(A,ut)=Nh)∈Sut

♥♦t ✭↑+✿✿A✮
∧(annup(A,ut)=[Q]h)∈Sut

♥♦t ✭↑+✿✿A[not(Q)]✮

❚❤❡ ♣r❡❞✐❝❛t❡ U1
ut ❤❛s t❤❡ ❢♦r♠ ↑

∗✿✿∗❬qual1❪❬✶❪❬qual2❪✳ ❆♣♣❧②✐♥❣ ↑
∗✿✿∗❬qual1❪ ♦♥ ❛ ♥♦❞❡ n r❡t✉r♥s

❛♥ ♦r❞❡r❡❞ s❡t S ♦❢ ♥♦❞❡s ✭♥♦❞❡ n ❛♥❞✴♦r s♦♠❡ ♦❢ ✐ts ❛♥❝❡st♦r ♥♦❞❡s✮ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ ♦♥❡
❛♥ ❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡ ut ✐s ❞❡✜♥❡❞ ♦✈❡r ✐ts ❡❧❡♠❡♥t t②♣❡✳ ❚❤❡ ♣r❡❞✐❝❛t❡ S❬✶❪ r❡t✉r♥s ❡✐t❤❡r
♥♦❞❡ n✱ ✐❢ ❛♥ ❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡ ut ✐s ❞❡✜♥❡❞ ♦✈❡r ✐ts ❡❧❡♠❡♥t t②♣❡❀ ♦r t❤❡ ✜rst ❛♥❝❡st♦r ♥♦❞❡
♦❢ n ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡ ut✳ ❚❤✉s✱ t♦ s❛t✐s❢② ❝♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✺✳✸✱ ✐t
❛♠♦✉♥ts t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♥♦❞❡ r❡t✉r♥❡❞ ❜② S❬✶❪ ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡ ut❀
❝❤❡❝❦❡❞ ❜② t❤❡ ♣r❡❞✐❝❛t❡ S❬✶❪❬qual2❪ ✭✐✳❡✳✱ n � U1

ut✮✳ ❚❤❡ s❡❝♦♥❞ ♣r❡❞✐❝❛t❡ ✐s ✉s❡❞ t♦ ❝❤❡❝❦ t❤❛t ❛❧❧
❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥s ♦❢ t②♣❡ ut ❞❡✜♥❡❞ ♦✈❡r ❛♥❝❡st♦r ♥♦❞❡s ♦❢ n ❛r❡ ✈❛❧✐❞ ✭✐✳❡✳✱ n � U2

ut✮✳

❉❡✜♥✐t✐♦♥ ✺✳✹✳ ▲❡t Sup❂(D, annup)✱ ut✱ ❛♥❞ T ❜❡ ❛♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥✱ ❛♥ ✉♣❞❛t❡ t②♣❡ ❛♥❞
❛♥ ✐♥st❛♥❝❡ ♦❢ ❉❚❉ D r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❞❡✜♥❡ t❤❡ ✉♣❞❛t❛❜✐❧✐t② ♣r❡❞✐❝❛t❡ Uut ✇❤✐❝❤ r❡❢❡rs t♦ ❛♥
X ⇑[n] q✉❛❧✐✜❡r s✉❝❤ t❤❛t✱ ❛ ♥♦❞❡ n ♦♥ T ✐s ✉♣❞❛t❛❜❧❡ ✇✳r✳t✳ ut ✐✛ n � Uut✱ ✇❤❡r❡ Uut := U

1
ut ∧ U

2
ut✳

�

✽✵



✺✳✷✳ ❙❡❝✉r❡❧② ❯♣❞❛t✐♥❣ ❳▼▲

❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❳P❛t❤ ❡①♣r❡ss✐♦♥ ↓+✿✿∗❬Uut❪ st❛♥❞s ❢♦r ❛❧❧ ♥♦❞❡s ✇❤✐❝❤ ❛r❡ ✉♣❞❛t❛❜❧❡ ✇✳r✳t✳
ut✳ ❆s ❛ s♣❡❝✐❛❧ ❝❛s❡✱ ✐❢ Sut = φ t❤❡♥ Uut = false✳

Pr♦♣❡rt② ✺✳✶✳ ❋♦r ❛♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup❂(D, annup) ❛♥❞ ❛♥ ✉♣❞❛t❡ t②♣❡ ut✱ t❤❡ ✉♣❞❛t❛✲
❜✐❧✐t② ♣r❡❞✐❝❛t❡ Uut ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ ❛t ♠♦st O(|annup|) t✐♠❡✳ ▼♦r❡♦✈❡r✱ |Uut|❂O(|annup|)✳
�

Pr♦♦❢ ✺✳✶✳ ●✐✈❡♥ ❛♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup❂(D, annup) ❛♥❞ ❛♥ ✉♣❞❛t❡ t②♣❡ ut✱ t❤❡ ✉♣❞❛t❛✲
❜✐❧✐t② ♣r❡❞✐❝❛t❡ Uut ♦❢ ❉❡✜♥✐t✐♦♥ ✺✳✹ ✐s ❞❡✜♥❡❞ ♦✈❡r t❤❡ s❡t Sut✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
s❡t Sut ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛rs✐♥❣ ♦❢ ❛❧❧ ❛♥♥♦t❛t✐♦♥s ♦❢ Sup ✭✐✳❡✳✱ t❤❡ s❡t ④annup⑥✮ ✐♥ O(|annup|)
t✐♠❡✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❡❛❝❤ ♣r❡❞✐❝❛t❡ U1

ut ❛♥❞ U
2
ut ♦✈❡r ❛♥♥♦t❛t✐♦♥s ♦❢ Sut t❛❦❡s O(|Sut|) t✐♠❡✳

❚❤✉s✱ t❤❡ ✉♣❞❛t❛❜✐❧✐t② ♣r❡❞✐❝❛t❡ Uut ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ ❛t ♠♦st O(|Sut|+|annup|)❂O(|annup|)
t✐♠❡ ✭s✐♥❝❡ |Sut| ≤ |annup|✮✳ ■t ✐s ❝❧❡❛r t❤❛t ✇❡ ❝❛♥ ❤❛✈❡ ✐♥ ❛t ♠♦st |U1

ut| = 2 ∗ |annup| ❛♥❞
U2
ut = |annup|✳ ❚❤✉s✱ |Uut|❂O(|annup|)✳ �

❊①❛♠♣❧❡ ✺✳✻✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✉♣❞❛t❡ r✐❣❤ts ♦❢
♥✉rs❡s ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✺✳✷✿

R1✿ annup✭department✱r❡♣❧❛❝❡❱❛❧✉❡ ❬symptom❪✮❂❬↓✿✿name❂✩♥✉rs❡❉❡♣t❪h
R2✿ annup✭patient✱r❡♣❧❛❝❡❱❛❧✉❡ ❬symptom❪✮❂❬↓✿✿wardNo❂✩♥✉rs❡❲❛r❞◆♦❪
R3✿ annup✭sibling✱r❡♣❧❛❝❡❱❛❧✉❡ ❬symptom❪✮❂Nh

❆❝❝♦r❞✐♥❣ t♦ t❤✐s ✉♣❞❛t❡ ♣♦❧✐❝②✱ t❤❡ ♣r❡❞✐❝❛t❡ Uut ✿❂ U
1
ut ∧ U

2
ut ✐s ❞❡✜♥❡❞ ✇✐t❤✿

U1
r❡♣❧❛❝❡❱❛❧✉❡ [symptom] ✿❂ ↑

∗✿✿∗❬ε✿✿department ∨ ε✿✿patients ∨ ε✿✿sibling❪❬✶❪

❬ε✿✿department❬↓✿✿name❂✩♥✉rs❡❉❡♣t❪
∨ ε✿✿patient❬↓✿✿wardNo❂✩♥✉rs❡❲❛r❞◆♦❪❪

U2
r❡♣❧❛❝❡❱❛❧✉❡ [symptom] ✿❂ ♥♦t ✭↑+✿✿department❬♥♦t ✭↓✿✿name❂✩♥✉rs❡❉❡♣t✮❪✮ ∧

♥♦t ✭↑+✿✿sibling✮

❈♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ t❤❡ ♥✉rs❡ ❤❛✈✐♥❣ t❤❡ ✇❛r❞ ♥✉♠❜❡r ✹✷✶ ❛♥❞ ✇♦r❦✐♥❣ ❛t ❈r✐t✐❝❛❧ ❝❛r❡ ❞❡✲
♣❛rt♠❡♥t✳ ❚❤❡ ♣r❡❞✐❝❛t❡ ↑∗✿✿∗❬ε✿✿department ∨ ε✿✿patients ∨ ε✿✿sibling❪ ♦✈❡r t❤❡ ♥♦❞❡ patient3
♦❢ ❋✐❣✉r❡ ✺✳✷ r❡t✉r♥s t❤❡ ♦r❞❡r❡❞ s❡t S❂④patient3✱ patient2✱ patient1✱ department1⑥ ♦❢ ♥♦❞❡s
✭❡❛❝❤ ♦♥❡ ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡ r❡♣❧❛❝❡❱❛❧✉❡ ❬s②♠♣t♦♠❪✮❀ S❬✶❪ r❡t✉r♥s patient3
❛♥❞ t❤❡ ♣r❡❞✐❝❛t❡ ❬ε✿✿department❬↓✿✿name❂✬❈r✐t✐❝❛❧ ❝❛r❡✬❪ ∨ ε✿✿patient❬↓✿✿wardNo❂✬✹✷✶ ✬❪❪ ✐s
✈❛❧✐❞ ❛t ♥♦❞❡ patient3 ✭✐✳❡✳ patient3 � U1

r❡♣❧❛❝❡❱❛❧✉❡ [symptom]✮✳ ❆❧s♦✱ ✇❡ ❝❛♥ s❡❡ t❤❛t

patient3 � U2
r❡♣❧❛❝❡❱❛❧✉❡ [symptom]✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♥♦❞❡ patient3 ✐s ✉♣❞❛t❛❜❧❡ ✇✳r✳t✳

r❡♣❧❛❝❡❱❛❧✉❡ [symptom] ✭✐✳❡✳✱ patient3 � Ur❡♣❧❛❝❡❱❛❧✉❡ [symptom]✮✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ✉s❡r ✐s
❣r❛♥t❡❞ t♦ ✉♣❞❛t❡ t❡①t✲❝♦♥t❡♥t ♦❢ symptom ❡❧❡♠❡♥ts ♦❢ patient3 ✭❡✳❣✳ ♥♦❞❡ symptom3✮✳ ❍♦✇✲
❡✈❡r✱ ❢♦r ♥♦❞❡ patient5 ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t t❤❡ ♣r❡❞✐❝❛t❡ U1

r❡♣❧❛❝❡❱❛❧✉❡ [symptom] ✐s ✈❛❧✐❞✱ ✇❤✐❧❡

✐t ✐s ♥♦ ❧♦♥❣❡r t❤❡ ❝❛s❡ ❢♦r t❤❡ ♣r❡❞✐❝❛t❡ U2
r❡♣❧❛❝❡❱❛❧✉❡ [symptom] ✭patient5 ❤❛s ❛♥ ❛♥❝❡st♦r ♥♦❞❡

department2 ✇✐t❤ name 6= ✬❈r✐t✐❝❛❧ ❝❛r❡✬✮✳ ❚❤✉s✱ ♥♦ ✉♣❞❛t❡ ♦❢ t②♣❡ r❡♣❧❛❝❡❱❛❧✉❡ [symptom]
❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❛t ♥♦❞❡ symptom5✳ �

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❋♦r ❛♥② ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup = (D, annup)✱ ❛♥② ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ut✱ ❛♥❞
❛♥② ❳▼▲ T ∈ T (D)✱ t❤❡ ✉♣❞❛t❛❜✐❧✐t② ♦❢ ❡❛❝❤ ♥♦❞❡ ✐♥ T ✇✳r✳t✳ ut ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞✱ ✐✳❡✳✱ ✐t ✐s
❡✐t❤❡r ✉♣❞❛t❛❜❧❡ ♦r ♥♦t ✉♣❞❛t❛❜❧❡✳

✽✶



❈❤❛♣t❡r ✺✳ ❚♦✇❛r❞ ❛ ❙❛❢❡ ❆♣♣r♦❛❝❤ ❢♦r ❯♣❞❛t✐♥❣ ❳▼▲ ❉❛t❛

✺✳✷✳✷ ❯♣❞❛t❡ ❖♣❡r❛t✐♦♥s ❘❡✇r✐t✐♥❣

❋✐♥❛❧❧②✱ ✇❡ ❞❡t❛✐❧ ❤❡r❡ ♦✉r ❛♣♣r♦❛❝❤ ❢♦r ❡♥❢♦r❝✐♥❣ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s ❜❛s❡❞ ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ q✉❡r②
r❡✇r✐t✐♥❣✳ ▲❡t Sup❂(D, annup) ❜❡ ❛♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥✳ ❋♦r ❛♥② ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ✇✐t❤
target ❞❡✜♥❡❞ ✐♥ t❤❡ ❳P❛t❤ ❢r❛❣♠❡♥t X ✱ ✇❡ tr❛♥s❧❛t❡ t❤✐s ♦♣❡r❛t✐♦♥ ✐♥t♦ ❛ s❛❢❡ ♦♥❡ ❜② r❡✇r✐t✐♥❣
✐ts target ❡①♣r❡ss✐♦♥ ✐♥t♦ ❛♥♦t❤❡r ♦♥❡ target′ ❞❡✜♥❡❞ ✐♥ t❤❡ ❳P❛t❤ ❢r❛❣♠❡♥t X ⇑[n]✱ s✉❝❤ t❤❛t

❡✈❛❧✉❛t✐♥❣ target′ ♦✈❡r ❛♥② ✐♥st❛♥❝❡ ♦❢ D r❡t✉r♥s ♦♥❧② ♥♦❞❡s t❤❛t ❝❛♥ ❜❡ ✉♣❞❛t❡❞ ❜② t❤❡ ✉s❡r
✇✳r✳t Sup✳ ❲❡ ❞❡s❝r✐❜❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ r❡✇r✐t✐♥❣ ♦❢ ❡❛❝❤ ❦✐♥❞ ♦❢ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ❝♦♥s✐❞❡r❡❞
✐♥ t❤✐s ❝❤❛♣t❡r✳ ❲❡ r❡❢❡r t♦ ❉❚❉ D ❛s ❛ ♣❛✐r (Ele,Rg, root)✱ ❛♥❞ t♦ source ❛s ❛ s❡q✉❡♥❝❡ ♦❢
♥♦❞❡s ♦❢ t②♣❡ B✳

❉❡❧❡t❡✴❘❡♣❧❛❝❡ ❖♣❡r❛t✐♦♥s✳ ❆❝❝♦r❞✐♥❣ t♦ ♦✉r ♠♦❞❡❧ ♦❢ ✉♣❞❛t❡✱ ✐❢ t❤❡ ✉s❡r ❤♦❧❞s t❤❡
❞❡❧❡t❡ ❬A❪ r✐❣❤t ♦♥ ❛ ♥♦❞❡ n t❤❡♥ ❤❡ ❝❛♥ ❞❡❧❡t❡ ❝❤✐❧❞r❡♥ ♥♦❞❡s ♦❢ n ♦❢ t②♣❡ A✳ ❚❤✉s✱ ❣✐✈❡♥
t❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ✏❞❡❧❡t❡ target✑✱ ❢♦r ❡❛❝❤ ♥♦❞❡ n ♦❢ t②♣❡ Ai r❡❢❡rr❡❞ t♦ ❜② target✱ ♣❛r❡♥t
♥♦❞❡ n′ ♦❢ n ♠✉st ❜❡ ✉♣❞❛t❛❜❧❡ ✇✳r✳t ❞❡❧❡t❡ ❬Ai❪ ✭✐✳❡✳✱ n

′ � Udelete[Ai]✮✳ ❚♦ t❤✐s ❡♥❞✱ t❤❡ target
❡①♣r❡ss✐♦♥ ♦❢ ❞❡❧❡t❡ ♦♣❡r❛t✐♦♥s ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥t♦✿ target❬

∨

Ai∈Ele ε✿✿Ai❬↑✿✿∗❬Udelete[Ai]❪❪❪✳
❈♦♥s✐❞❡r ♥♦✇ t❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ✏r❡♣❧❛❝❡ target ✇✐t❤ source✑✳ ❆ ♥♦❞❡ n ♦❢ t②♣❡ Ai r❡❢❡rr❡❞
t♦ ❜② target ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤ ♥♦❞❡s ✐♥ source ✐❢ ✐ts ♣❛r❡♥t ♥♦❞❡ n′ ✐s ✉♣❞❛t❛❜❧❡ ✇✳r✳t
r❡♣❧❛❝❡ ❬Ai✱B❪ ✭✐✳❡✳✱ n′ � Ureplace[Ai,B]✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ target ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ r❡♣❧❛❝❡ ♦♣❡r❛t✐♦♥
❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥t♦✿ target❬

∨

Ai∈Ele ε✿✿Ai❬↑✿✿∗❬Ureplace[Ai,B]❪❪❪✳

■♥s❡rt ❛s ✜rst ✐♥t♦✴❛s ❧❛st ✐♥t♦✴❜❡❢♦r❡✴❛❢t❡r ❖♣❡r❛t✐♦♥s✳ ❈♦♥s✐❞❡r t❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥
✏✐♥s❡rt target ❛s ✜rst ✐♥t♦ source✑✳ ❋♦r ❛♥② ♥♦❞❡ n r❡❢❡rr❡❞ t♦ ❜② target✱ t❤❡ ✉s❡r ❝❛♥ ✐♥s❡rt
♥♦❞❡s ✐♥ source ❛t t❤❡ ✜rst ❝❤✐❧❞ ♣♦s✐t✐♦♥ ♦❢ n✱ r❡❣❛r❞❧❡ss t❤❡ t②♣❡ ♦❢ n✱ ♣r♦✈✐❞❡❞ t❤❛t ❤❡ ❤♦❧❞s
t❤❡ ✐♥s❡rt❆s❋✐rst ❬B❪ r✐❣❤t ♦♥ t❤✐s ♥♦❞❡ ✭✐✳❡✳✱ n � UinsertAsF irst[B]✮✳ ❚♦ ❝❤❡❝❦ t❤✐s✱ t❤❡ target
❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ❝❛♥ ❜❡ s✐♠♣❧② r❡✇r✐tt❡♥ ✐♥t♦✿ target❬UinsertAsF irst[B]❪✳
❚❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡ ✐s ❛♣♣❧✐❡❞ ❢♦r t❤❡ ♦♣❡r❛t✐♦♥s ✐♥s❡rt❆s▲❛st✱ ✐♥s❡rt❇❡❢♦r❡✱ ❛♥❞ ✐♥s❡rt❆❢t❡r✳

■♥s❡rt ✐♥t♦ ❖♣❡r❛t✐♦♥✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❛ss✉♠❡ t❤❛t✿ ✐❢ ❛ ♥♦❞❡ n ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥
❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡ ✐♥s❡rt■♥t♦ ❬B❪✱ t❤❡♥ t❤✐s ❛♥♥♦t❛t✐♦♥ ✐♠♣❧✐❡s ✐♥s❡rt❆s❋✐rst ❬B❪ ✭r❡s♣✳
✐♥s❡rt❆s▲❛st ❬B❪✮ r✐❣❤ts ❢♦r n✱ ❛♥❞ ✐♥s❡rt❇❡❢♦r❡ ❬B❪ ✭r❡s♣✳ ✐♥s❡rt❆❢t❡r ❬B❪✮ r✐❣❤ts ❢♦r
❝❤✐❧❞r❡♥ ♥♦❞❡s ♦❢ n ✭✐♥s♣✐r❡❞ ❢r♦♠ ❬❋▼✵✼❪✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ ♦♥❡ ❝❛♥✭♥♦t✮ ✐♥s❡rt ❝❤✐❧❞r❡♥
♥♦❞❡s ♦❢ t②♣❡s B ❛t ❛♥② ❝❤✐❧❞ ♣♦s✐t✐♦♥ ♦❢ s♦♠❡ ♥♦❞❡ n ❛s s♣❡❝✐✜❡❞ ❜② s♦♠❡ ❛♥♥♦t❛t✐♦♥s ♦❢ t②♣❡
✐♥s❡rt■♥t♦ ❬B❪✱ t❤❡♥ ♦♥❡ ❝❛♥✭♥♦t✮ ✐♥s❡rt ♥♦❞❡s ♦❢ t②♣❡ B ✐♥ t❤❡ ✜rst ❛♥❞ ❧❛st ❝❤✐❧❞ ♣♦s✐t✐♦♥ ♦❢
n ❛♥❞ ✐♥ ♣r❡❝❡❞✐♥❣ ❛♥❞ ❢♦❧❧♦✇✐♥❣ s✐❜❧✐♥❣ ♦❢ ❝❤✐❧❞r❡♥ ♥♦❞❡s ♦❢ n ✭✉♥❧❡ss ✐❢ t❤❡r❡ ✐s s♦♠❡ ❛♥♥♦✲
t❛t✐♦♥s ♦❢ t②♣❡ ✐♥s❡rt❆s❋✐rst ❬B❪✱ ✐♥s❡rt❆s▲❛st ❬B❪✱ ✐♥s❡rt❇❡❢♦r❡ ❬B❪✱ ♦r ✐♥s❡rt❆❢t❡r ❬B❪
r❡s♣❡❝t✐✈❡❧② t❤❛t s♣❡❝✐❢② ♦t❤❡r✇✐s❡✮✳ ❚❤✉s✱ ♦♥❡ ❝❛♥ ❡①❡❝✉t❡ t❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ✏✐♥s❡rt
source ✐♥t♦ target✑ ♦✈❡r ❛♥ ❳▼▲ tr❡❡ T ✐✛✿ ✭✐✮ ♦♥❡ ❤❛s t❤❡ r✐❣❤t t♦ ❡①❡❝✉t❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s
♦❢ t②♣❡ ✐♥s❡rt■♥t♦ ❬B❪ ♦♥ t❤❡ ♥♦❞❡ n ✭n ∈ TSJtargetK✮❀ ❛♥❞ ✭✐✐✮ ♥♦ ❛♥♥♦t❛t✐♦♥ ❡①♣❧✐❝✐t❧②
♣r♦❤✐❜✐ts ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ♦❢ t②♣❡ ✐♥s❡rt❆s❋✐rst ❬B❪✴✐♥s❡rt❆s▲❛st ❬B❪ ♦♥ ♥♦❞❡ n ✭r❡s♣✳
✐♥s❡rt❇❡❢♦r❡ ❬B❪✴✐♥s❡rt❆❢t❡r ❬B❪ ♦♥ ❝❤✐❧❞r❡♥ ♥♦❞❡s ♦❢ n✮✳ ❲❤❡♥ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ❞♦❡s ♥♦t ❤♦❧❞
✭❡✳❣✳ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ♦❢ t②♣❡ ✐♥s❡rt❆s❋✐rst ✐s ❡①♣❧✐❝✐t❧② ❞❡♥✐❡❞✮✱ t❤✐s ❧❡❛❞s t♦ s✐t✉❛t✐♦♥
✇❤❡r❡ t❤❡r❡ ✐s ❛ ❝♦♥✢✐❝t ❜❡t✇❡❡♥ ✐♥s❡rt■♥t♦ ❛♥❞ ♦t❤❡r ✐♥s❡rt ♦♣❡r❛t✐♦♥s✳

❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ✐s ❝❤❡❝❦❡❞ ✉s✐♥❣ t❤❡ ✉♣❞❛t❛❜✐❧✐t② ♣r❡❞✐❝❛t❡ UinsertInto[B] ✭✇❤❡t❤❡r ♦r ♥♦t

n � UinsertInto[B]✮✳ ❋♦r t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥✱ ❤♦✇❡✈❡r✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣r❡❞✐❝❛t❡ U−1ut ♦✈❡r ❛♥

✉♣❞❛t❡ t②♣❡ ut s✉❝❤ t❤❛t✿ ❢♦r ❛ ♥♦❞❡ n✱ ✐❢ n � U−1ut t❤❡♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ♦❢ t②♣❡ ut ❛r❡
❡①♣❧✐❝✐t❧② ❢♦r❜✐❞❞❡♥ ♦♥ ♥♦❞❡ n✳ ❆♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ♦❢ t②♣❡ ut ✐s ❡①♣❧✐❝✐t❧② ❢♦r❜✐❞❞❡♥ ❛t ♥♦❞❡
n ✐✛ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s✿ ❛✮ t❤❡ ♥♦❞❡ n ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ✐♥✈❛❧✐❞
❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡ ut❀ ❜✮ ♥♦ ❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡ ut ✐s ❞❡✜♥❡❞ ♦✈❡r ❡❧❡♠❡♥t t②♣❡ ♦❢ n ❛♥❞ t❤❡r❡ ✐s

✽✷



✺✳✷✳ ❙❡❝✉r❡❧② ❯♣❞❛t✐♥❣ ❳▼▲

❛♥ ❛♥❝❡st♦r ♥♦❞❡ n′ ♦❢ n s✉❝❤ t❤❛t✿ n′ ✐s t❤❡ ✜rst ❛♥❝❡st♦r ♥♦❞❡ ♦❢ n ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❛♥♥♦t❛t✐♦♥
♦❢ t②♣❡ ut✱ ❛♥❞ t❤✐s ❛♥♥♦t❛t✐♦♥ ✐s ✐♥✈❛❧✐❞ ❛t n′❀ ❝✮ t❤❡r❡ ✐s ❛♥ ❛♥❝❡st♦r ♥♦❞❡ ♦❢ n ❝♦♥❝❡r♥❡❞ ❜②
❛♥ ✐♥✈❛❧✐❞ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥ ♦❢ t②♣❡ ut✳

▼♦r❡ ❢♦r♠❛❧❧②✱ ❢♦r ❛♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup❂(D, annup)✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣r❡❞✐❝❛t❡ U−1ut ✿❂
Cnda∨b

∨
Cndc ♦✈❡r ❛♥ ✉♣❞❛t❡ t②♣❡ ut ✇✐t❤✿✸✸

Cnda∨b ✿❂ ↑
∗✿✿∗❬

∨

(annup(A,ut)=Y |N |[Q]|Nh|[Q]h)∈Sut
ε✿✿A❪❬✶❪

❬
∨

(annup(A,ut)=N |Nh)∈Sut
ε✿✿A

∨

(annup(A,ut)=[Q]|[Q]h)∈Sut
ε✿✿A[not(Q)]❪

Cndc ✿❂
∨

(annup(A,ut)=Nh)∈Sut
↑+✿✿A

∨

(annup(A,ut)=[Q]h)∈Sut
↑+✿✿A[not(Q)]

❚♦ r❡s♦❧✈❡ t❤❡ ❝♦♥✢✐❝t ❜❡t✇❡❡♥ ✐♥s❡rt■♥t♦ ♦♣❡r❛t✐♦♥ ❛♥❞ ♦t❤❡r ✐♥s❡rt t②♣❡s✱ ✇❡ ❞❡✜♥❡ t❤❡
♣r❡❞✐❝❛t❡ CRPB ✭✏❈♦♥✢✐❝t ❘❡s♦❧✉t✐♦♥ Pr❡❞✐❝❛t❡✑✮ ♦✈❡r ❛♥ ❡❧❡♠❡♥t t②♣❡ B ❛s✿

CRPB ✿❂ U−1
insertAsF irst[B]

∨
U−1
insertAsLast[B]

∨

↓✿✿∗❬U−1
insertBefore[B]❪

∨
↓✿✿∗❬U−1

insertAfter[B]❪

❋♦r ❛ ♥♦❞❡ n✱ ✐❢ n � CRPB t❤❡♥ ❛t ❧❡❛st t❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ✐♥s❡rt❆s❋✐rst ❬B❪ ✭r❡s♣✳
✐♥s❡rt❆s▲❛st ❬B❪✮ ✐s ❢♦r❜✐❞❞❡♥ ❢♦r ♥♦❞❡ n ♦r ✐♥s❡rt❇❡❢♦r❡ ❬B❪ ✭r❡s♣✳ ✐♥s❡rt❆❢t❡r ❬B❪✮ ✐s ❢♦r✲
❜✐❞❞❡♥ ❢♦r s♦♠❡ ❝❤✐❧❞r❡♥ ♥♦❞❡s ♦❢ n✳ ❋✐♥❛❧❧②✱ ❣✐✈❡♥ t❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ✏✐♥s❡rt source ✐♥t♦
target✑ ♦✈❡r ❛♥ ❳▼▲ tr❡❡ T ✱ ♦♥❡ ❝❛♥ ✐♥s❡rt ♥♦❞❡s ♦❢ t②♣❡ B ✐♥ source t♦ t❤❡ ♥♦❞❡ n ✭n ∈
TSJtargetK✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿ n � UinsertInto[B]

∧
not(CRPB)✳ ❚❤✉s✱ t❤❡ target ♦❢ t❤❡ ✐♥s❡rt■♥t♦

♦♣❡r❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥t♦✿ target❬UinsertInto[B]

∧
not(CRPB)❪✳

❚❤❡ ♦✈❡r❛❧❧ ❝♦♠♣❧❡①✐t② t✐♠❡ ♦❢ ♦✉r r❡✇r✐t✐♥❣ ❛♣♣r♦❛❝❤ ♦❢ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ❝❛♥ ❜❡ st❛t❡❞ ❛s
❢♦❧❧♦✇s✿

❚❤❡♦r❡♠ ✺✳✷✳ ❋♦r ❛♥② ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup❂(D, annup) ❛♥❞ ❛♥② ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ op ✭❞❡✲
✜♥❡❞ ✐♥ X ✮✱ t❤❡r❡ ❡①✐sts ❛♥ ❛❧❣♦r✐t❤♠ ✏❘❡✇r✐t❡ ❯♣❞❛t❡s ✑ t❤❛t tr❛♥s❧❛t❡s op ✐♥t♦ ❛ s❛❢❡ ♦♥❡ op′

✭❞❡✜♥❡❞ ✐♥ X ⇑[n]✮ ✐♥ ❛t ♠♦st O(|annup|) t✐♠❡✳ �

Pr♦♦❢✳ ❖✉r ❛❧❣♦r✐t❤♠ ✏❘❡✇r✐t❡ ❯♣❞❛t❡s ✑ ❢♦r ❳▼▲ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s r❡✇r✐t✐♥❣ ✐s ❣✐✈❡♥ ✐♥
❋✐❣✉r❡ ✺✳✹✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✷✱ ❢♦r ❛♥② ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup❂(D, annup) ✇✐t❤
❉❚❉ D❂(Ele,Rg, root)✱ t❤❡ s❡❝✉r✐♥❣ ♦❢ ❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ op ❝♦♥s✐sts ✐♥ t❤❡ r❡✇r✐t✐♥❣ ♦❢ ✐ts

target ❡①♣r❡ss✐♦♥ ✭❞❡✜♥❡❞ ✐♥ X ✮ ✐♥t♦ ❛ s❛❢❡ ♦♥❡ target′ ✭❞❡✜♥❡❞ ✐♥ X ⇑[n]✮ ✐♥ ♦r❞❡r t♦ r❡❢❡r ♦♥❧② t♦

❳▼▲ ♥♦❞❡s t❤❛t ❝❛♥ ❜❡ ✉♣❞❛t❡❞ ❜② t❤❡ ✉s❡r ✇✳r✳t Sup✳ Pr♦✈✐♥❣ t❤❛t target′ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥
O(|annup|) t✐♠❡ ✐s ✐♥t✉✐t✐✈❡ ❛♥❞ ❜❛s❡❞ ♦♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣❡rt② ✺✳✶✿

• ❆ ❞❡❧❡t❡ ♦♣❡r❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❜② ❛❞❞✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡❞✐❝❛t❡ ❬
∨

Ai∈Ele

ε✿✿Ai❬↑✿✿∗❬Udelete[Ai]❪❪❪ t♦ ✐ts target ❡①♣r❡ss✐♦♥✳ ❋♦r ❡❛❝❤ ❡❧❡♠❡♥t t②♣❡ Ai ✐♥ ❉❚❉ D✱ Sdelete[Ai]

✐s ❛ s✉❜s❡t ♦❢ ④annup⑥✱ ✐✳❡✳✱
⋃

Ai∈Ele Sdelete[Ai] ⊆ ④annup⑥✳ ❆❧❧ t❤❡s❡ s✉❜s❡ts ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
❜② ♣❛rs✐♥❣ ♦♥❧② ♦♥❡ t✐♠❡ t❤❡ s❡t ④annup⑥✱ ✐✳❡✳✱ ✐♥ O(|annup|) t✐♠❡✳ ◆❡①t✱ ❡❛❝❤ s✉❜✲♣r❡❞✐❝❛t❡
Udelete[Ai] ✐s ❞❡✜♥❡❞ ♦✈❡r t❤❡ s✉❜s❡t Sdelete[Ai] ✐♥ O(|Sdelete[Ai]|) t✐♠❡✱ ❛♥❞ ❛❧❧ s✉❜✲♣r❡❞✐❝❛t❡s ✉s❡❞
✐♥ ❧✐♥❡ ✹ ♦❢ ❋✐❣✉r❡ ✺✳✹ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥ O(

∑

i |Sdelete[Ai]|)❂O(|annup|) t✐♠❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡
♣r❡❞✐❝❛t❡ ❬

∨

Ai∈Ele ε✿✿Ai❬↑✿✿∗❬Udelete[Ai]❪❪❪ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥ ❛t ♠♦st O(|annup|) t✐♠❡✱ ✇❤✐❝❤ ✐s t❤❡
r❡✇r✐t✐♥❣ t✐♠❡ ♦❢ ❞❡❧❡t❡ ♦♣❡r❛t✐♦♥s✳ ❚❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡ ✐s ❛♣♣❧✐❡❞ ❢♦r r❡♣❧❛❝❡ ♦♣❡r❛t✐♦♥s✳

• ❋♦r ❛♥ ✐♥s❡rt❆s❋✐rst ♦♣❡r❛t✐♦♥ ✭r❡s♣✳ ✐♥s❡rt❆s▲❛st ✱ ✐♥s❡rt❇❡❢♦r❡ ✱ ❛♥❞ ✐♥s❡rt❆❢t❡r ✮
❞❡✜♥❡❞ ✇✐t❤ source ♦❢ ♥♦❞❡s ❝♦♥❢♦r♠ t♦ t②♣❡ B✱ ♦♥❧② ♦♥❡ ♣r❡❞✐❝❛t❡ ✐s ✉s❡❞ t♦ r❡✇r✐t❡ t❤✐s
♦♣❡r❛t✐♦♥❀ t❤❡ ♣r❡❞✐❝❛t❡ ❬UinsertAsF irst[B]❪ ✐s ❝♦♥str✉❝t❡❞ ✐♥ ❛t ♠♦st O(|annup|) t✐♠❡✳

✸✸❆s ❛ s♣❡❝✐❛❧ ❝❛s❡✱ ✐❢ Sut = φ t❤❡♥ U−1
ut = false✳

✽✸



❈❤❛♣t❡r ✺✳ ❚♦✇❛r❞ ❛ ❙❛❢❡ ❆♣♣r♦❛❝❤ ❢♦r ❯♣❞❛t✐♥❣ ❳▼▲ ❉❛t❛

❆❧❣♦r✐t❤♠✿ ❘❡✇r✐t❡ ❯♣❞❛t❡s

✐♥♣✉t ✿ ❆♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup❂(D, annup) ❛♥❞ ❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ op✳
♦✉t♣✉t✿ ❛ r❡✇r✐tt❡♥ ♦❢ op ✇✳r✳t Sup✳

✶ ❧❡t D❂(Ele,Rg, root)❀
✷ ❧❡t op ❜❡ ❞❡✜♥❡❞ ✇✐t❤ target ❛♥❞ ♦♣t✐♦♥❛❧ s❡q✉❡♥❝❡ source ♦❢ ♥♦❞❡s ✇❤✐❝❤ ❝♦♥❢♦r♠ t♦ t②♣❡ B❀
✸ ❝❛s❡ ✭❞❡❧❡t❡ ♦♣❡r❛t✐♦♥✮ ✿
✹ target′ ✿❂ target❬

∨

Ai∈Ele ε✿✿Ai❬↑✿✿∗❬Udelete[Ai]❪❪❪❀

✺ ❝❛s❡ ✭r❡♣❧❛❝❡ ♦♣❡r❛t✐♦♥✮ ✿
✻ target′ ✿❂ target❬

∨

Ai∈Ele ε✿✿Ai❬↑✿✿∗❬Ureplace[Ai,B]❪❪❪❀

✼ ❝❛s❡ ✭✐♥s❡rt❆s❋✐rst ♦♣❡r❛t✐♦♥✮ ✿
✽ target′ ✿❂ target❬UinsertAsFirst[B]❪❀

✴✴s❛♠❡ ♣r✐♥❝✐♣❧❡ ❢♦r ✐♥s❡rt❆s▲❛st✱ ✐♥s❡rt❇❡❢♦r❡✱ ❛♥❞ ✐♥s❡rt❆❢t❡r ♦♣❡r❛t✐♦♥s❀

✾ ❝❛s❡ ✭✐♥s❡rt■♥t♦ ♦♣❡r❛t✐♦♥✮ ✿
✶✵ CRPB ✿❂ U−1

insertAsFirst[B]

∨

U−1
insertAsLast[B]

∨

↓✿✿∗❬U−1
insertBefore[B]❪

∨

↓✿✿∗❬U−1
insertAfter[B]❪❀

✶✶ target′ ✿❂ target❬UinsertInto[B]

∧

not(CRPB)❪❀

✶✷ r❡♣❧❛❝❡ target ♦❢ op ✇✐t❤ target′❀

✶✸ r❡t✉r♥ op❀

❋✐❣✉r❡ ✺✳✹✿ ❳▼▲ ❯♣❞❛t❡ ❖♣❡r❛t✐♦♥s ❘❡✇r✐t✐♥❣ ❆❧❣♦r✐t❤♠✳

• ❆♥ ✐♥s❡rt■♥t♦ ♦♣❡r❛t✐♦♥ ❞❡✜♥❡❞ ✇✐t❤ source ♦❢ ♥♦❞❡s ❝♦♥❢♦r♠ t♦ t②♣❡ B ✐s r❡✇r✐tt❡♥ ❜②
❛❞❞✐♥❣ t❤❡ ♣r❡❞✐❝❛t❡ ❬UinsertInto[B]

∧
not(CRPB)❪ t♦ ✐ts target ❡①♣r❡ss✐♦♥ ✭❧✐♥❡ ✶✶ ♦❢ ❋✐❣✉r❡

✺✳✹✮✳ ❚❤❡ ♣r❡❞✐❝❛t❡ UinsertInto[B] ✐s ❝♦♥str✉❝t❡❞ ✐♥ ❛t ♠♦st O(|annup|) t✐♠❡✱ ✇❤✐❧❡ t❤❡ ♣r❡❞✐✲

❝❛t❡ CRPB ✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s♦♠❡ ♦t❤❡r ♣r❡❞✐❝❛t❡s U−1ut ❢♦r ❡❛❝❤ ✉♣❞❛t❡ t②♣❡ ut
✐♥ ④✐♥s❡rt❆s❋✐rst ❬B❪✱ ✐♥s❡rt❆s▲❛st ❬B❪✱ ✐♥s❡rt❇❡❢♦r❡ ❬B❪✱ ✐♥s❡rt❆❢t❡r ❬B❪⑥✳ ❙✐♠✐❧❛r❧②
t♦ t❤❡ ✉♣❞❛t❛❜✐❧✐t② ♣r❡❞✐❝❛t❡✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❡❛❝❤ ♣r❡❞✐❝❛t❡ U−1ut t❛❦❡s ❛t ♠♦st O(|annup|)
t✐♠❡ ✭t❤❡ s❛♠❡ ♣r♦♦❢ ❛s Pr♦♣❡rt② ✺✳✶✮✳ ❚❤✉s✱ t❤❡ ♦✈❡r❛❧❧ ❝♦♠♣❧❡①✐t② t✐♠❡ ♦❢ t❤❡ r❡✇r✐t✐♥❣ ♦❢
✐♥s❡rt■♥t♦ ♦♣❡r❛t✐♦♥s ✐s O(5 ∗ |annup|)❂O(|annup|) t✐♠❡✳ �

✺✳✸ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ ❣❡♥❡r❛❧ ♠♦❞❡❧ ❢♦r s♣❡❝✐❢②✐♥❣ ❳▼▲ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s ❜❛s❡❞ ♦♥ t❤❡ ♣r✐♠✐t✐✈❡s
♦❢ ❳◗✉❡r② ❯♣❞❛t❡ ❋❛❝✐❧✐t②✳ ❚♦ ❡♥❢♦r❝❡ s✉❝❤ ♣♦❧✐❝✐❡s✱ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛ r❡✇r✐t✐♥❣ ❛♣♣r♦❛❝❤
t♦ s❡❝✉r❡❧② ✉♣❞❛t✐♥❣ ❳▼▲ ♦✈❡r ❛r❜✐tr❛r② ❉❚❉s ❛♥❞ ❢♦r ❛ s✐❣♥✐✜❝❛♥t ❢r❛❣♠❡♥t ♦❢ ❳P❛t❤✳ ■♥ t❤❡
❢✉t✉r❡✱ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t❤❡ s❡❝✉r❡ ♦❢ ❳▼▲ ❞❛t❛ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ s❡❝✉r✐t② ✈✐❡✇s✳ ❲❡ ♣❧❛♥ t♦
st✉❞② t❤❡ ✐♥❢❡r❡♥❝❡ ♣r♦❜❧❡♠ t❤❛t ❝❛♥ ❜❡ ❝❛✉s❡❞ ❜② ❝♦♠❜✐♥✐♥❣ r❡❛❞ ❛♥❞ ✉♣❞❛t❡ ♣r✐✈✐❧❡❣❡s✱ ❛♥❞
✇❡ ❛✐♠ ♣r♦♣♦s❡ s♦❧✉t✐♦♥ t♦ ❞❡❛❧ ✇✐t❤ s✉❝❤ ❛ ♣r♦❜❧❡♠✳

✽✹



✻

■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❊①♣❡r✐♠❡♥t❛❧

❙t✉❞②✿ ❚❤❡ ❙❱▼❆❳ ❢r❛♠❡✇♦r❦

❈♦♥t❡♥ts

✻✳✶ ❙❱▼❆❳ P♦❧✐❝✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✻✳✶✳✶ ❘❡❛❞✲❆❝❝❡ss P♦❧✐❝✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✻✳✶✳✷ ❯♣❞❛t❡✲❆❝❝❡ss P♦❧✐❝✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✻✳✶✳✸ P♦❧✐❝✐❡s ❊♥❢♦r❝❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✻✳✷ ❙②st❡♠ ❖✈❡r✈✐❡✇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✻✳✷✳✶ P♦❧✐❝② ❙♣❡❝✐✜❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✻✳✷✳✷ ❱✐❡✇ ●❡♥❡r❛t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✻✳✷✳✸ ❘❡✇r✐t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✻✳✷✳✹ ❱❛❧✐❞❛t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✻✳✷✳✺ ❊✈❛❧✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✻✳✸ P❡r❢♦r♠❛♥❝❡ ❙t✉❞② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✻✳✸✳✶ ❙❝❛❧❛❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✻✳✸✳✷ P♦❧✐❝② ❊♥❢♦r❝❡♠❡♥t P❡r❢♦r♠❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✻✳✸✳✸ ■♥t❡❣r❛t✐♥❣ ❙❱▼❆❳ ✇✐t❤✐♥ ◆❳❉s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✻✳✹ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

❲❡ st✉❞② ✜rst t❤❡ ♣r♦❜❧❡♠ ♦❢ r❡✇r✐t✐♥❣ ❳P❛t❤ q✉❡r✐❡s ❬❇❇❈+✶✵❪ ♦✈❡r ✈✐rt✉❛❧ ✈✐❡✇s t❤❛t
❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✿ ●✐✈❡♥ ❛ ❉❚❉ D✱ ❛ ✭r❡❝✉rs✐✈❡✮ s❡❝✉r✐t② ✈✐❡✇ S❂✭Dv✱ann✮✱ ❛♥❞ ❛♥
❳P❛t❤ q✉❡r② Q ♦✈❡r Dv✳ ❚❤❡ r❡✇r✐t✐♥❣ ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ❞❡✜♥✐♥❣ ❛ r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ R t❤❛t
❝♦♠♣✉t❡s ❛♥♦t❤❡r ❳P❛t❤ q✉❡r② R(Q) ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞♦❝✉♠❡♥t D s✉❝❤ t❤❛t✿ ❢♦r ❛♥② ✐♥st❛♥❝❡
T ♦❢ D ❛♥❞ ✐ts ✈✐❡✇ Tv ❝♦♠♣✉t❡❞ ✇✳r✳t S✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ Q ♦♥ Tv ②✐❡❧❞s t❤❡ s❛♠❡ r❡s✉❧t ❛s
t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ R(Q) ♦♥ T ✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛tt❡♠♣t t♦ s❡❝✉r❡ t❤❡ ✉♣❞❛t❡ ♣r✐♠✐t✐✈❡s ♦❢ t❤❡
❳◗✉❡r② ❯♣❞❛t❡ ❋❛❝✐❧✐t② ❬❇❈❋❋+✶✵❪✳

❲❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ t❤❡ ❙❱▼❆❳✱ ❛ s②st❡♠ t❤❛t ❢❛❝✐❧✐t❛t❡s s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ❡♥❢♦r❝❡♠❡♥t ♦❢
❜♦t❤ r❡❛❞ ❛♥❞ ✉♣❞❛t❡ ❛❝❝❡ss r✐❣❤ts ❢♦r ❳▼▲ ❞❛t❛✳ ■t ♣r♦✈✐❞❡s ❣❡♥❡r❛❧ ❛♥❞ ❡①♣r❡ss✐✈❡ ❛❝❝❡ss
❝♦♥tr♦❧ ♠♦❞❡❧s t❤❛t ♦✈❡r❝♦♠❡ ❧✐♠✐t❛t✐♦♥s ♦❢ ❡①✐st✐♥❣ ❛♣♣r♦❛❝❤❡s ✭s❡❡ ❬▼■✶✷❡✱▼■✶✷❝❪ ❢♦r ♠♦r❡
❞❡t❛✐❧s✮✳ ❇♦t❤ ♦❢ r❡❛❞ ❛♥❞ ✉♣❞❛t❡ r✐❣❤ts ♦❢ ❙❱▼❆❳ ✭❞❡♥♦t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜② annread

❛♥❞ annup r❡s♣✳✮ ❛r❡ ❞❡✜♥❡❞ ❜② ❛♥♥♦t❛t✐♥❣ ❉❚❉ ❣r❛♠♠❛rs✳ ■♥ ❝❛s❡ ♦❢ s❡❝✉r✐t② ✈✐❡✇ S❂✭Dv✱
annread✮✱ t❤❡ ✉♣❞❛t❡ r✐❣❤ts annup ✭❞❡✜♥❡❞ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❉❚❉ D✮ ♠✉st ❜❡ ❡♥❢♦r❝❡❞ ❜② t❛❦✐♥❣

✽✺



❈❤❛♣t❡r ✻✳ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❊①♣❡r✐♠❡♥t❛❧ ❙t✉❞②✿ ❚❤❡ ❙❱▼❆❳ ❢r❛♠❡✇♦r❦

✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡❛❞✲❛❝❝❡ss r✐❣❤ts annread ❛♥❞ t❤✐s ✐♥ ♦r❞❡r t♦ ♣r❡s❡r✈❡ ❝♦♥✜❞❡♥t✐❛❧✐t② ♦❢ s❡♥s✐t✐✈❡
✐♥❢♦r♠❛t✐♦♥ t❤❛t ❝❛♥ ❜❡ ❞✐s❝❧♦s❡❞ ❜② ♣❡r❢♦r♠✐♥❣ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ❬▼■✶✷❛❪✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥
♣r♦❜❧❡♠ ♦❢ r❡❛❞ ❛♥❞ ✉♣❞❛t❡ r✐❣❤ts✱ ❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✿ ●✐✈❡♥ ❛ ❉❚❉ D✱ ❛ ✭r❡❝✉rs✐✈❡✮
s❡❝✉r✐t② ✈✐❡✇ S❂✭Dv✱annread✮✱ s♦♠❡ ✉♣❞❛t❡ ♣r✐✈✐❧❡❣❡s annup✱ ❛♥❞ ❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ op ❞❡✜♥❡❞
♦✈❡r Dv✳ ❆ s❛❢❡ r❡✇r✐t✐♥❣ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥ op ❝♦♥s✐sts ✐♥ ❞❡✜♥✐♥❣ ❛ r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ R t❤❛t
tr❛♥s❧❛t❡s op ✐♥t♦ ❛♥♦t❤❡r ♦♥❡ R(op) ❞❡✜♥❡❞ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞♦❝✉♠❡♥t D s✉❝❤ t❤❛t✿ ❢♦r ❛♥②
✐♥st❛♥❝❡ T ♦❢ D ❛♥❞ ✐ts ✈✐❡✇ Tv ❝♦♠♣✉t❡❞ ✇✳r✳t S✱ ✉♣❞❛t✐♥❣ Tv ✇✐t❤ op ②✐❡❧❞s t❤❡ s❛♠❡ r❡s✉❧t
❛s t❤❡ ✉♣❞❛t❡ ♦❢ T ✇✐t❤ R(op)✳
❙❱▼❆❳ ♣r♦✈✐❞❡s ❛ s❛❢❡ s♦❧✉t✐♦♥ t♦ t❤♦r♦✉❣❤❧② ❝♦♠❜✐♥❡ r❡❛❞ ❛♥❞ ✉♣❞❛t❡ ♣r✐✈✐❧❡❣❡s ✐♥ ♦r❞❡r

t♦ ♣r❡s❡r✈❡ ❝♦♥✜❞❡♥t✐❛❧✐t② ❛♥❞ ✐♥t❡❣r✐t② ♦❢ ❳▼▲ ❞❛t❛✳ ❖✉r ❣♦❛❧ ❛t t❤❡ ♦✉ts❡t ✇❛s t♦ s❡❝✉r❡
❳P❛t❤ q✉❡r✐❡s ❛♥❞ t❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ♦❢ ❳◗✉❡r② ❯♣❞❛t❡ ❋❛❝✐❧✐t②✳ ❙❱▼❆❳ ✐s ✇❡❧❧✲s✉✐t❡❞ t♦
❡✣❝✐❡♥t❧② r❡✇r✐t❡ s✉❝❤ q✉❡r✐❡s ❛♥❞ ✉♣❞❛t❡s✱ ❛♥❞ t♦ ❜❡ ✐♥t❡❣r❛t❡❞ ✇✐t❤✐♥ ❞❛t❛❜❛s❡ s②st❡♠s t❤❛t
♣r♦✈✐❞❡ s✉♣♣♦rt ❢♦r t❤❡ ♣r❡✈✐♦✉s ❲✸❈ st❛♥❞❛r❞s✳
❈♦♥tr✐❜✉t✐♦♥s✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❙❱▼❆❳ ✐s t❤❡ ✜rst s②st❡♠ t❤❛t ♣r♦✈✐❞❡s
❡✣❝✐❡♥t s✉♣♣♦rt ❢♦r s❡❝✉r✐♥❣ ❜♦t❤ ❛❝❝❡ss ❛♥❞ ✉♣❞❛t❡ q✉❡r✐❡s ♦✈❡r ❛r❜✐tr❛r② ❳▼▲ ✈✐❡✇s✳ ❚❤❡
♠❛✐♥ ❢❡❛t✉r❡s ♦❢ ❙❱▼❆❳ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❆❧♦♥❣ t❤❡ s❛♠❡ ❧✐♥❡s ❛s ❬❋❈●✵✹❛❪✱ ❙❱▼❆❳ s✉♣♣♦rts t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r❡❛❞ ❛♥❞ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s
❜② ❛♥♥♦t❛t✐♥❣ ❛ ❉❚❉ ❣r❛♠♠❛r ✇✐t❤ s♦♠❡ ♣r✐✈✐❧❡❣❡s ❞❡✜♥❡❞ ❛s ❳P❛t❤ ❡①♣r❡ss✐♦♥s✳

• ❙❱▼❆❳ ♣r♦✈✐❞❡s ✉s❡ ♦❢ ❛ s✐❣♥✐✜❝❛♥t ❝❧❛ss ♦❢ ❳P❛t❤ q✉❡r✐❡s ✭✐♥❝❧✉❞✐♥❣ ❞❡s❝❡♥❞❛♥t ❛♥❞ ✉♣✇❛r❞
❛①❡s✮✳

• ❆ ❧❛r❣❡ s❡t ♦❢ ❲✸❈ ❳◗✉❡r② ❯♣❞❛t❡ ♦♣❡r❛t✐♦♥s ✐s s✉♣♣♦rt❡❞ ❜② ❙❱▼❆❳✳

• ❙❱▼❆❳ ✐s ❛❜❧❡ t♦ r❡✇r✐t❡ ❳P❛t❤ q✉❡r✐❡s ✭r❡s♣✳ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✮ ♣♦s❡❞ ♦♥ ♣♦ss✐❜❧② r❡❝✉rs✐✈❡
❳▼▲ ✈✐❡✇s t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r ♦r✐❣✐♥❛❧ ❳▼▲ ❞♦❝✉♠❡♥ts✳

• P♦❧✐❝✐❡s ❛r❡ ❞❡✜♥❡❞ t❤r♦✉❣❤ ❛ ✈✐s✉❛❧ t♦♦❧ ✭s❡❡ ❙❡❝t✐♦♥ ✻✳✷✮ t❤❛t ❤❡❧♣s ✉s❡rs t♦ ❛♥♥♦t❛t❡ ❉❚❉
❣r❛♠♠❛rs ❛♥❞ ❞❡✜♥❡ r❡❛❞ ❛♥❞ ✉♣❞❛t❡ ♣r✐✈✐❧❡❣❡s✳

• ❆ s✐♠♣❧❡ ❛♥❞ ❡✣❝✐❡♥t ✈❛❧✐❞❛t✐♦♥ ❛♣♣r♦❛❝❤ ✐s ♣r❡s❡♥t❡❞ ❜② ❙❱▼❆❳ t❤❛t ❤❛s t♦ ❡❧✐♠✐♥❛t❡ ❛♥②
❛✉①✐❧✐❛r② str✉❝t✉r❡ ❛♥❞ t❤❡♥ ❛✈♦✐❞ ♠❛✐♥t❡♥❛♥❝❡ ❛♥❞ st♦r❛❣❡ ❝♦sts✳

• ❯s❡rs ❝❛♥ ❡✐t❤❡r ♣❡r❢♦r♠ st❛t✐❝ ✈❛❧✐❞❛t✐♦♥✸✹ ♦r ❝❤♦♦s❡ t♦ ❛✉t♦♠❛t✐❝❛❧❧② ❡①❡❝✉t❡ ♦✉r ✈❛❧✐❞❛t✐♦♥
❝❤❡❝❦✐♥❣ ❡❛❝❤ t✐♠❡ ❛♥ ✉♣❞❛t❡ ✐s ❜❡✐♥❣ ♣❡r❢♦r♠❡❞✳

• ❙❱▼❆❳ ✐♠♣❧❡♠❡♥ts ❛ ❣❡♥❡r❛❧ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✭❛♣♣r♦①✐♠❛t❡❞✮ ❉❚❉ ✈✐❡✇✳

• ❙❱▼❆❳ ❝❛♥ r✉♥ ❡✐t❤❡r ❛s ❛ s✐♥❣❧❡t♦♥ ♦r ✐♥t❡❣r❛t❡❞ ❛s ❛♥ ❆P■ ✇✐t❤✐♥ s♦♠❡ ❞❛t❛❜❛s❡ s②st❡♠s✳

❲❡ r❡♣r♦❞✉❝❡ ♦✉r ❍♦s♣✐t❛❧ ❉❚❉ ✐♥ ❋✐❣✉r❡ ✻✳✶ ❛♥❞ ✇❡ ❞❡✜♥❡ ✳

✻✳✶ ❙❱▼❆❳ P♦❧✐❝✐❡s

❆♥ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝② ✐s ❛ s❡t ♦❢ r✉❧❡s t❤❛t ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❛ ✉s❡r ✐s ❛❧❧♦✇❡❞ t♦ ♣❡r❢♦r♠
s♦♠❡ ❛❝t✐♦♥ ♦♥ t❤❡ ❞❛t❛✳ ❙❱▼❆❳ ♣r♦♣♦s❡s ❣❡♥❡r❛❧ ❛♥❞ ❡①♣r❡ss✐✈❡ ♠♦❞❡❧s t♦ s♣❡❝✐❢② ❜♦t❤ r❡❛❞
❛♥❞ ✉♣❞❛t❡ ❛❝❝❡ss ❝♦♥tr♦❧ ♣♦❧✐❝✐❡s✳ ❖✉r ♣♦❧✐❝✐❡s s♣❡❝✐✜❝❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❉❚❉
❛♥♥♦t❛t✐♦♥ ✇❤❡r❡ s❡❝✉r✐t② ❧❛❜❡❧s ❛r❡ ❛ss♦❝✐❛t❡❞ t♦ ♣r♦❞✉❝t✐♦♥ r✉❧❡s ♦❢ t❤❡ ❉❚❉ s♣❡❝✐❢②✐♥❣ r❡❛❞
❛s ✇❡❧❧ ❛s ✉♣❞❛t❡ ♣r✐✈✐❧❡❣❡s✳ ❲❡ ✉s❡ t❤❡ ❳P❛t❤ ❢r❛❣♠❡♥t X ⇑ ✭❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✺✮ t♦ s♣❡❝✐❢②
♦✉r ♣♦❧✐❝✐❡s ❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✸✹❱❛❧✐❞❛t✐♦♥ ❢r♦♠ s❝r❛t❝❤ ♦❢ t❤❡ ✇❤♦❧❡ ❳▼▲ ❞♦❝✉♠❡♥t✳

✽✻



✻✳✶✳ ❙❱▼❆❳ P♦❧✐❝✐❡s

❋✐❣✉r❡ ✻✳✶✿ ❊①❛♠♣❧❡ ♦❢ ❛✮ ❍♦s♣✐t❛❧ ❉❚❉✱ ❛♥❞ ❜✮ ♣❛rt ♦❢ ❛ ✈❛❧✐❞ ❳▼▲ ❞♦❝✉♠❡♥t✳

✻✳✶✳✶ ❘❡❛❞✲❆❝❝❡ss P♦❧✐❝✐❡s

❆♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ Sread ✐s ❞❡✜♥❡❞ ❛s ❛ ♣❛✐r ✭D✱ annread✮ ❝♦♥s✐st✐♥❣ ♦❢ ❛ ❞♦❝✉♠❡♥t ❉❚❉ D
❛♥❞ ❛ ♣❛rt✐❛❧ ♠❛♣♣✐♥❣ annread s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ ♣r♦❞✉❝t✐♦♥ r✉❧❡ A→ Rg(A) ❛♥❞ ❡❛❝❤ ❡❧❡♠❡♥t
t②♣❡ B ♦❝❝✉rr✐♥❣ ✐♥ Rg(A)✱ annread(A,B)✱ ✐❢ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞✱ ✐s ❛♥ ❛♥♥♦t❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✿
annread(A,B) := value✱ ✇❤❡r❡ value ❞❡✜♥❡s t❤❡ ✉s❡r ❛❝❝❡ss r✐❣❤t ♦♥ B ❝❤✐❧❞r❡♥ ♦❢ A ❡❧❡♠❡♥ts✱
❛♥❞ ❝❛♥ ❜❡ Y ✱ N ✱ ♦r ❬Q❪ ✭Q ✐s ❛♥ X ⇑ ♣r❡❞✐❝❛t❡✮✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✈❛❧✉❡s Y ✱ N ✱ ❛♥❞ ❬Q❪
✐♥❞✐❝❛t❡ t❤❛t t❤❡ B ❝❤✐❧❞r❡♥ ♦❢ A ❡❧❡♠❡♥ts ✐♥ ❛♥ ✐♥st❛♥❝❡ ♦❢ D ❛r❡ ❛❝❝❡ss✐❜❧❡✱ ✐♥❛❝❝❡ss✐❜❧❡✱ ♦r
❝♦♥❞✐t✐♦♥❛❧❧② ❛❝❝❡ss✐❜❧❡ r❡s♣❡❝t✐✈❡❧②✳ ■❢ annread(A,B) ✐s ♥♦t ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞✱ t❤❡♥ B ✐♥❤❡r✐ts
t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♦❢ A✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ annread(A,B) ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ✐t ♠❛② ♦✈❡rr✐❞❡
t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ✐♥❤❡r✐t❡❞ ❢r♦♠ A✳ ❚❤❡ r♦♦t ✐s ❛❝❝❡ss✐❜❧❡ ❜② ❞❡❢❛✉❧t✳

❖t❤❡r s♣❡❝✐✜❝❛t✐♦♥ ✈❛❧✉❡s ❛r❡ ♣r♦♣♦s❡❞ ❜② ❙❱▼❆❳✱ ❞❡♥♦t❡❞ ❜② Nh ❛♥❞ ❬Q❪h✱ ❛♥❞ ❝❛❧❧❡❞
❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥s✳ ■♥ ❛ ♥✉ts❤❡❧❧✱ ❢♦r ❛ ❝❤✐❧❞ B ♦❢ ❛♥ ❡❧❡♠❡♥t A✱ ✐❢ t❤❡ ❛♥♥♦t❛t✐♦♥
annread(A,B)❂Nh⑤❬Q❪h ✭✇❤❡r❡ B 2 Q✮✱ t❤❡♥ ❛❧❧ t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t B ✐s ✐♥❛❝❝❡ss✐❜❧❡ ❛♥❞ ♥♦
❛♥♥♦t❛t✐♦♥ ❞❡✜♥❡❞ ♦✈❡r ❝❤✐❧❞r❡♥ ♦❢ B ❝❛♥ ♦✈❡rr✐❞❡ t❤✐s ❢♦r❜✐❞❞❡♥ ❛❝❝❡ss✳

❊①❛♠♣❧❡ ✻✳✶✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❤♦s♣✐t❛❧ ❉❚❉ ♦❢ ❋✐❣✉r❡ ✻✳✶ ✭❛✮ ❛♥❞ ❞❡✜♥❡ t❤❡ ❛❝❝❡ss r✐❣❤ts ♦❢
♥✉rs❡s ❛s ❢♦❧❧♦✇s✿

R1✿ annread✭hospital✱ department✮❂❬↓✿✿name❂✩♥✉rs❡❉❡♣t❪h

R2✿ annread✭department✱ patient✮❂❬↓✿✿wardNo❂✩♥✉rs❡❲❛r❞❪

R3✿ annread✭parent✱ patient✮❂❬↓✿✿wardNo❂✩♥✉rs❡❲❛r❞❪

R4✿ annread✭patient✱ sibling✮❂Nh

❚❤❡s❡ ❛♥♥♦t❛t✐♦♥s s♣❡❝✐❢② t❤❛t ❡❛❝❤ ♥✉rs❡ ❝❛♥ ♦♥❧② ❛❝❝❡ss t❤❡ ❞❛t❛ ♦❢ ♣❛t✐❡♥ts ✐♥ ❛ ❞❡♣❛rt♠❡♥t
❤❛✈✐♥❣ ❛ ❝❡rt❛✐♥ ♥❛♠❡ ✭❞❡♥♦t❡❞ ❜② ✩♥✉rs❡❉❡♣t✮ ❛♥❞ ✇❤✐❝❤ ❛r❡ ❜❡✐♥❣ tr❡❛t❡❞ ✐♥ ❛ ✇❛r❞ ✇✐t❤
❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ✭❞❡♥♦t❡❞ ✩♥✉rs❡❲❛r❞✮✳ ▼♦r❡♦✈❡r✱ ♥✉rs❡s ❛r❡ ♥♦t ❛✉t❤♦r✐③❡❞ t♦ ❛❝❝❡ss t♦
s✐❜❧✐♥❣ ❞❛t❛✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t ♦❢ ❋✐❣✉r❡ ✻✳✶ ✭❜✮ ❛♥❞ t❤❡ ❝❛s❡ ♦❢ ♥✉rs❡ ✇♦r❦✐♥❣

✽✼



❈❤❛♣t❡r ✻✳ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❊①♣❡r✐♠❡♥t❛❧ ❙t✉❞②✿ ❚❤❡ ❙❱▼❆❳ ❢r❛♠❡✇♦r❦

❛t ❝r✐t✐❝❛❧ ❝❛r❡ ❞❡♣❛rt♠❡♥t ❛♥❞ ❤❛✈✐♥❣ t❤❡ ✇❛r❞ ♥✉♠❜❡r ✹✷✶✳ ❚❤✐s ♥✉rs❡ ❝❛♥ ❛❝❝❡ss t♦ ♦♥❧②
❞❛t❛ ♦❢ patient1 ❛♥❞ patient3✳ ◆♦t❡ t❤❛t t❤❡ ❛♥♥♦t❛t✐♦♥ R1 ♠✉st ❜❡ ❞❡✜♥❡❞ ❛s ❞♦✇♥✇❛r❞✲
❝❧♦s❡❞✱ ♦t❤❡r✇✐s❡ t❤❡ ♥❡❣❛t✐✈❡ ❛✉t❤♦r✐③❛t✐♦♥ ✐♥❤❡r✐t❡❞ ❢r♦♠ department2 ✇✐❧❧ ❜❡ ♦✈❡rr✐❞❞❡♥ ❜②
t❤❡ ❛♥♥♦t❛t✐♦♥ R2 ❛❧❧♦✇✐♥❣ ❛❝❝❡ss t♦ patient5 ✇❤✐❝❤ ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ ❝r✐t✐❝❛❧ ❝❛r❡ ❞❡♣❛rt♠❡♥t✳
▼♦r❡♦✈❡r✱ t❤❡ ♥♦❞❡ sibling1 ✐s ✐♥❛❝❝❡ss✐❜❧❡ ❛♥❞ t❤❡ ❛♥♥♦t❛t✐♦♥ R4 ✐s ❞❡✜♥❡❞ ❛s ❞♦✇♥✇❛r❞✲❝❧♦s❡❞
✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ♦✈❡rr✐❞✐♥❣ ♦❢ t❤✐s ❢♦r❜✐❞❞❡♥ ❛❝❝❡ss ❛❧♦♥❣ t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t sibling1✳ �

✻✳✶✳✷ ❯♣❞❛t❡✲❆❝❝❡ss P♦❧✐❝✐❡s

❲❡ ❞❡✜♥❡ ❛♥ ✉♣❞❛t❡ t②♣❡ ✭✉t✮ ❛s ❛ r❡str✐❝t✐♦♥ ♦❢ ❛♥ ❲✸❈ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ t♦ ❜❡ ❛♣♣❧✐❡❞ ♦♥❧②
❢♦r ❛ s♣❡❝✐✜❝ ❡❧❡♠❡♥t t②♣❡✳ ●✐✈❡♥ ❛ ❉❚❉ D✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛t❡ t②♣❡s✿ ✐♥s❡rt✲
■♥t♦❬Bi❪✱ ✐♥s❡rt❆s❋✐rst ❬Bi❪✱ ✐♥s❡rt❆s▲❛st ❬Bi❪✱ ✐♥s❡rt❇❡❢♦r❡❬Bi✱Bj ❪✱ ✐♥s❡rt❆❢t❡r ❬Bi✱Bj ❪✱ ❞❡❧❡t❡❬Bi❪✱
r❡♣❧❛❝❡◆♦❞❡❬Bi✱Bj ❪✱ r❡♣❧❛❝❡❱❛❧✉❡❬Bi❪✱ ❛♥❞ r❡♥❛♠❡❬Bi✱Bj ❪✱ ✇❤❡r❡ Bi ❛♥❞ Bj ❛r❡ ❡❧❡♠❡♥t t②♣❡s ♦❢
D✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✉♣❞❛t❡ t②♣❡ ❞❡❧❡t❡❬Bi❪ r❡❢❡rs t♦ ❛❧❧ ♦♣❡r❛t✐♦♥s t❤❛t ❞❡❧❡t❡ ❡❧❡♠❡♥t ♥♦❞❡s
♦❢ t②♣❡ Bi✳ ▼♦r❡♦✈❡r✱ t❤❡ ✉♣❞❛t❡ t②♣❡ r❡♣❧❛❝❡◆♦❞❡❬Bi✱Bj ❪ r❡❢❡rs t♦ ❛❧❧ ♦♣❡r❛t✐♦♥s t❤❛t r❡♣❧❛❝❡
❡❧❡♠❡♥t ♥♦❞❡s ♦❢ t②♣❡ Bi ✇✐t❤ ❛ s❡q✉❡♥❝❡ ♦❢ ♥♦❞❡s ♦❢ t②♣❡ Bj ✳

❆♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup ✐s ❞❡✜♥❡❞ ❛s ❛s ❛ ♣❛✐r ✭D, annup✮ ✇❤❡r❡ D ✐s ❛ ❉❚❉ ❛♥❞ annup

✐s ❛ ♣❛rt✐❛❧ ♠❛♣♣✐♥❣ s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t t②♣❡ A ✐♥ D ❛♥❞ ❡❛❝❤ ✉♣❞❛t❡ t②♣❡ ut ❞❡✜♥❡❞
♦✈❡r D ❡❧❡♠❡♥t t②♣❡s✱ annup(A, ut)✱ ✐❢ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞✱ ✐s ❛♥ ❛♥♥♦t❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✿ annup✭A✱
ut✮ ::= Y | N | ❬Q❪ | Nh | ❬Q❪h✳ ❚❛❜❧❡ ✺✳✶ ♣r❡s❡♥ts t❤❡ s❡♠❛♥t✐❝s ♦❢ ♦✉r ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s
✸✺✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✈❛❧✉❡s Y ✱ N ✱ ❛♥❞ ❬Q❪ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ✉s❡r ✐s ❛✉t❤♦r✐③❡❞✱ ✉♥❛✉t❤♦r✐③❡❞✱
♦r ❝♦♥❞✐t✐♦♥❛❧❧② ❛✉t❤♦r✐③❡❞ r❡s♣❡❝t✐✈❡❧②✱ t♦ ♣❡r❢♦r♠ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ♦❢ t②♣❡ ut ♦✈❡r s✉❜tr❡❡s
r♦♦t❡❞ ❛t A ❡❧❡♠❡♥ts✳

❖✉r ♠♦❞❡❧ s✉♣♣♦rts ✐♥❤❡r✐t❛♥❝❡ ❛♥❞ ♦✈❡rr✐❞✐♥❣ ♦❢ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s✳ ■❢ annup✭A✱ut✮ ✐s ♥♦t
❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞✱ t❤❡♥ ❛♥ A ❡❧❡♠❡♥t ✐♥❤❡r✐ts ❢r♦♠ ✐ts ♣❛r❡♥t ♥♦❞❡ t❤❡ ✉♣❞❛t❡ ❛✉t❤♦r✐③❛t✐♦♥ t❤❛t
❝♦♥❝❡r♥s t❤❡ s❛♠❡ ✉♣❞❛t❡ t②♣❡ ut✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ annup✭A✱ut✮ ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ✐t ♠❛②
♦✈❡rr✐❞❡ t❤❡ ✐♥❤❡r✐t❡❞ ❛✉t❤♦r✐③❛t✐♦♥ ♦❢ A t❤❛t ❝♦♥❝❡r♥s t❤❡ s❛♠❡ ✉♣❞❛t❡ t②♣❡ ut✳ ❆❧❧ ✉♣❞❛t❡s
❛r❡ ❢♦r❜✐❞❞❡♥ ❜② ❞❡❢❛✉❧t✳

✻✳✶✳✸ P♦❧✐❝✐❡s ❊♥❢♦r❝❡♠❡♥t

❆s t❤❡ s❛♠❡ ❧✐♥❡s ❛s ❬❋❈●✵✹❛❪✱ ✇❡ ✉s❡ t❤❡ q✉❡r② r❡✇r✐t✐♥❣ ♣r✐♥❝✐♣❧❡ t♦ ❡♥❢♦r❝❡ ♦✉r ♣♦❧✐❝✐❡s✳ ❲❡
❞❡♥♦t❡ ❜② Sread ❛♥❞ Sup t❤❡ s❡ts ♦❢ ❛❧❧ ❛❝❝❡ss ❛♥❞ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥s r❡s♣❡❝t✐✈❡❧② t❤❛t ❝❛♥ ❜❡
❞❡✜♥❡❞ ✇✐t❤ ❙❱▼❆❳✳ ❲❡ ❞❡✜♥❡ t✇♦ r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥s Rread ❛♥❞ Rup ❛s ❢♦❧❧♦✇s✿

Rread✿ Sread × X ⇑ → X ⇑[n,=]

Rup✿ Sread × Sup × X ⇑ → X ⇑[n,=]

❋♦r ❛♥② ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ Sread❂✭D✱ annread✮✱ ❛♥ ❳▼▲ tr❡❡ T t❤❛t ❝♦♥❢♦r♠s t♦ D✱ ❛♥❞
✐ts ✈✐rt✉❛❧ ✈✐❡✇ Tv ❝♦♠♣✉t❡❞ ✇✳r✳t Sread✳ ❲❡ ✉s❡ t❤❡ ❢✉♥❝t✐♦♥ Rread t♦ tr❛♥s❧❛t❡ ❛♥② X ⇑ q✉❡r②
Q ♣♦s❡❞ ♦✈❡r Tv ✐♥t♦ ❛♥♦t❤❡r ♦♥❡✱ ❞❡✜♥❡❞ ✐♥ X ⇑[n,=]✱ s✉❝❤ t❤❛t✿ Q✭Tv✮ ❂ Rread(Sread, Q)✭T ✮✳
❘❡❝❛❧❧ t❤❛t ✇❤❡♥ ❛ s❡❝✉r✐t② ✈✐❡✇ ✐s ❞❡✜♥❡❞✱ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ♦✈❡r t❤❡ ✈✐❡✇ ♦❢ t❤❡
❉❚❉ s✐♥❝❡ ♦♥❡ ❝❛♥♥♦t ❞❡✜♥❡ ✉♣❞❛t❡ r✐❣❤ts ♦✈❡r ✐♥❛❝❝❡ss✐❜❧❡ ❞❛t❛✳ ●✐✈❡♥ ❛♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥
Sup❂✭Dv✱ annup✮✱ ✇❤❡r❡ Dv ✐s t❤❡ ❉❚❉ ✈✐❡✇ ♦❢ D ❝♦♠♣✉t❡❞ ✇✳r✳t Sread✱ t❤❡ ✉s❡r ✐s ♣r♦✈✐❞❡❞ ❜②
t❤❡ ✈✐rt✉❛❧ ✈✐❡✇ Tv ♦✈❡r ✇❤✐❝❤ ❤❡ ❢♦r♠✉❧❛t❡s ❤✐s ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✳ ❚❤❡s❡ ♦♣❡r❛t✐♦♥s ♠✉st ❜❡
t❤♦r♦✉❣❤❧② r❡✇r✐tt❡♥ t♦ ❜❡ s❛❢❡❧② ♣❡r❢♦r♠❡❞ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✳ ❚♦ ♣r❡s❡r✈❡ ❝♦♥✜❞❡♥t✐❛❧✐t②
❛♥❞ ✐♥t❡❣r✐t② ♦❢ ❳▼▲ ❞❛t❛✱ ❙❱▼❆❳ tr❛♥s❧❛t❡s ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ♣♦s❡❞ ♦✈❡r t❤❡ ✈✐❡✇ ✇✳r✳t ❜♦t❤
r❡❛❞ ❛♥❞ ✉♣❞❛t❡ r✐❣❤ts✳ ❚❤✉s✱ ❢♦r ❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ op ♣♦s❡❞ ♦✈❡r Tv ✇✐t❤ t❛r❣❡t ❡①♣r❡ss✐♦♥

✸✺❚❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ♦t❤❡r ❛♥♥♦t❛t✐♦♥s ❛r❡ ❞❡❞✉❝❡❞ ✇✐t❤ t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡✳
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✻✳✷✳ ❙②st❡♠ ❖✈❡r✈✐❡✇

Policy Specifier

View Generator

Evaluator Validator

SVMAX Rewriters

XPath Rewriter 

XQuery Update 

Rewriter

Additional 

Rewriters

Rewritten

Request

Read 

access

Update

access

SpecificationSpecificationSpecification

Persistent data

Virtual data

Module

Temporary 

data

Internal data 

system

Request
Request

Result

XMLXMLXML
DTDDTDDTD

Schema StoreXML Store

User interface

Administration

Native database

❋✐❣✉r❡ ✻✳✷✿ ❙❱▼❆❳ ❖✈❡r❛❧❧ ❆r❝❤✐t❡❝t✉r❡

❞❡✜♥❡❞ ✐♥ X ⇑✱ ✇❡ ✉s❡ t❤❡ ❢✉♥❝t✐♦♥ Rup t♦ r❡✇r✐t❡ op ✐♥t♦ ❛♥♦t❤❡r ♦♥❡ Rup✭Sread✱ Sup, op✮ t❤❛t✱
✇❤❡♥ ❡✈❛❧✉❛t❡❞ ♦✈❡r T ✱ ♠❛❦❡s ❝❤❛♥❣❡s ♦❢ ♦♥❧② ♥♦❞❡s t❤❛t ❛r❡ ❛❝❝❡ss✐❜❧❡ ✇✳r✳t Sread ❛♥❞ ❝❛♥ ❜❡
✉♣❞❛t❡❞ ✇✳r✳t Sup✳ ▲❡t op

′ ❜❡ t❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ op ✇❤❡r❡ ✐ts target ❡①♣r❡ss✐♦♥ ✐s r❡♣❧❛❝❡❞ ❜②
Rread(Sread, target) ✭✐✳❡✳ r❡✇r✐tt❡♥ ✇✳r✳t Sread✮✳ ❲❡ s❤♦✉❧❞ ❡♠♣❤❛s✐③❡ t❤❛t✿ op′(Tv) ❂R

up✭Sread✱
Sup, op✮✳

❋✐♥❛❧❧②✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ ♥♦ s❡❝✉r✐t② ✈✐❡✇ ✐s ❞❡✜♥❡❞ ✭Sread = φ✮✱ t❤❡♥ t❤❡ ✉♣❞❛t❡
s♣❡❝✐✜❝❛t✐♦♥ Sup❂✭D✱ annup✮ ✐s ❞❡✜♥❡❞ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❉❚❉ D✱ ❛♥❞ ✉s❡r ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s
❛r❡ ♣♦s❡❞ ❞✐r❡❝t❧② ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❳▼▲ tr❡❡ T ✳ ■♥ t❤✐s ❝❛s❡✱ ❢♦r ❛♥② ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ op ✇✐t❤
t❛r❣❡t ❡①♣r❡ss✐♦♥ ❞❡✜♥❡❞ ✐♥ X ⇑ ♦✈❡r T ✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ Rup✭φ✱ Sup, op✮ ♦✈❡r T t❛❦❡s ❡✛❡❝t ♦♥❧②
❛t ♥♦❞❡s t❤❛t ❛r❡ ✉♣❞❛t❛❜❧❡ ✇✳r✳t Sup✳

✻✳✷ ❙②st❡♠ ❖✈❡r✈✐❡✇

❚❤❡ ♦✈❡r❛❧❧ ❛r❝❤✐t❡❝t✉r❡ ♦❢ ♦✉r s②st❡♠ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✷✳ ❙❱▼❆❳ ✐s ❝♦♠♣♦s❡❞ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ♠❛❥♦r ♠♦❞✉❧❡s✿ ✶✮ ❛ P♦❧✐❝② ❙♣❡❝✐✜❡r✱ ✷✮ ❛ ❱✐❡✇ ●❡♥❡r❛t♦r✱ ✸✮ ❛♥ ❳P❛t❤ ❘❡✇r✐t❡r✱ ✹✮
❛♥ ❳◗✉❡r② ❯♣❞❛t❡ ❘❡✇r✐t❡r✱ ✺✮ ❛♥❞ t❤❡ ❱❛❧✐❞❛t♦r✳ ❚❤❡s❡ ♠♦❞✉❧❡s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ❛s ❛♥ ❆P■
❛❧❧♦✇✐♥❣ ❙❱▼❆❳ t♦ ❜❡ ✐♥t❡❣r❛t❡❞ ✇✐t❤✐♥ ❡①✐st✐♥❣ ♥❛t✐✈❡ ❳▼▲ ❞❛t❛❜❛s❡ s②st❡♠s t❤❛t ❛r❡ ❛✇❛r❡
♦❢ t❤❡ ❳▼▲ ❞❛t❛ str✉❝t✉r❡ ❛♥❞ s✉♣♣♦rt ❲✸❈ st❛♥❞❛r❞s ❬❇♦✉✶✵❪✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❙❱▼❆❳ ❝❛♥ r✉♥ ✐♥ st❛♥❞❛❧♦♥❡ ♠♦❞❡ t❤r♦✉❣❤ ✐ts ✈✐s✉❛❧ t♦♦❧✱ ❙❱▼❆❳V ✳
❚❤✐s ❧❛tt❡r ✐s ❛ ●❯■ t♦♦❧ t❤❛t ♠♦♥✐t♦rs t❤❡ ♣r❡✈✐♦✉s ♠♦❞✉❧❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❙❱▼❆❳V ✐s ✉s❡❞
❜② t❤❡ ❛❞♠✐♥✐str❛t♦r t♦ s♣❡❝✐❢② r❡❛❞ ❛♥❞ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s✱ ❣❡♥❡r❛t❡ ✈✐rt✉❛❧ ✈✐❡✇s ♦❢ t❤❡ ❉❚❉
❛♥❞ t❤❡ ❳▼▲ ❞❛t❛✱ ❛♥❞ ♣r♦✈✐❞❡ t❤❡s❡ ✈✐❡✇s t♦ t❤❡ ✉s❡r✳ ❚❤❡ ✉s❡r r❡q✉❡sts ✭❳P❛t❤ q✉❡r✐❡s
♦r ❳◗✉❡r② ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✮ ❛r❡ s❛❢❡❧② ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❳▼▲ ❞❛t❛ ❛♥❞ ❡✈❛❧✉❛t✐♦♥
r❡s✉❧ts ❛r❡ r❡t✉r♥❡❞ t♦ t❤❡ ✉s❡r✳ ❚❤❡ ❙❱▼❆❳V ♣r♦✈✐❞❡s s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❢❡❛t✉r❡s ❧✐❦❡ ✈✐❡✇
♠❛t❡r✐❛❧✐③❛t✐♦♥ ❛♥❞ st❛t✐❝ ✈❛❧✐❞❛t✐♦♥✳ ❆❧t❤♦✉❣❤ t❤❡s❡ ❛❞❞✐t✐♦♥❛❧ ♠♦❞✉❧❡s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r
♣✉r♣♦s❡ ♦❢ ❝♦♠♣❛r✐s♦♥✱ ✇❡ ❦❡❡♣ t❤❡♠ ✐♥ ♦✉r s②st❡♠ ❛s t❤❡② ♠❛② ❜❡ ✉s❡❢✉❧ ✐♥ s♦♠❡ ❝❛s❡s✿ ✶✮ t❤❡
❞❛t❛ ✈✐❡✇ ♠❛t❡r✐❛❧✐③❛t✐♦♥ ✐s ✉s❡❢✉❧ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛ s♠❛❧❧ ❳▼▲ ❞❛t❛ ❛r❡ ❛❝❝❡ss❡❞ ♦♥❧② ❜② ❛
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❈❤❛♣t❡r ✻✳ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❊①♣❡r✐♠❡♥t❛❧ ❙t✉❞②✿ ❚❤❡ ❙❱▼❆❳ ❢r❛♠❡✇♦r❦

❢❡✇ ✉s❡rs✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ♠❛t❡r✐❛❧✐③✐♥❣ ❛❧❧ ✈✐❡✇s ❢r♦♠ t❤❡ s❡r✈❡r ♠❛② ♥♦t ❜❡ ❢❛st✐❞✐♦✉s❀ ✷✮ t❤❡
st❛t✐❝ ✈❛❧✐❞❛t✐♦♥ ✐s ♣r♦✈✐❞❡❞ t❡♠♣♦r❛r✐❧② ❜② ♦✉r s②st❡♠ s✐♥❝❡ ✈❛❧✐❞❛t✐♦♥ ♦❢ ❝♦♠♣♦s✐t❡ ✉♣❞❛t❡s ✸✻

✐s st✐❧❧ r❡♠❛✐♥s ❛♥ ♦♥❣♦✐♥❣ ✇♦r❦✳

✻✳✷✳✶ P♦❧✐❝② ❙♣❡❝✐✜❡r

❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✸✱ ❙❱▼❆❳V ❞✐s♣❧❛②s ❉❚❉s ✐♥ ❜♦t❤ t❡①t ❢♦r♠❛t ❛♥❞ ❣r❛♣❤ ❢♦r♠❛t ✇❤✐❝❤ ❛r❡
✉s❡❢✉❧ ✐♥ ❝❛s❡ ♦❢ s✐♠♣❧❡ ❛♥❞ ❝♦♠♣❧❡① ❉❚❉s r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❣r❛♣❤ ❞❡♣✐❝t❡❞ ✐♥ t❤✐s ✜❣✉r❡ ✐s t❤❡
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♦✉r ❤♦s♣✐t❛❧ ❉❚❉✳ ❋♦r ❡❛❝❤ ❣r♦✉♣ ♦❢ ✉s❡rs ❛♥❞ ❛ ❣✐✈❡♥ ❉❚❉✱ t❤❡ ❛❞♠✐♥✐str❛t♦r
❝❛♥ s♣❡❝✐❢② ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ ❛❝❝❡ss ❛♥❞✴♦r ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥✭s✮✳ ❙♣❡❝✐✜❝❛t✐♦♥s ❛r❡ ❞✐r❡❝t❧②
✇r✐tt❡♥ ✐♥ t❡①t ❛s ❞♦♥❡ ✐♥ ❊①❛♠♣❧❡ ✻✳✶✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❜♦tt♦♠ ♣❛rt ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ♦❢
❋✐❣✉r❡ ✻✳✸ ❝♦♥❝❡r♥s t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❛❝❝❡ss ♣♦❧✐❝✐❡s✳ ❆❢t❡r✱ t❤❡ ❛❞♠✐♥✐str❛t♦r ❝❤♦♦s❡s t❤❡
❳▼▲ ❞♦❝✉♠❡♥ts ✭t❤❛t ❝♦♥❢♦r♠ t♦ t❤❡ ✉s❡❞ ❉❚❉✮ ❢♦r ✇❤✐❝❤ t❤❡ ❞❡✜♥❡❞ s♣❡❝✐✜❝❛t✐♦♥s s❤♦✉❧❞ ❜❡
❡♥❢♦r❝❡❞✳

✻✳✷✳✷ ❱✐❡✇ ●❡♥❡r❛t♦r

❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✷✱ t❤❡ ❱✐❡✇ ●❡♥❡r❛t♦r ♠♦❞✉❧❡ ✐s r❡s♣♦♥s✐❜❧❡ ♦❢ t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ ✈✐rt✉❛❧
✈✐❡✇s ♦❢ t❤❡ ❉❚❉ ❛♥❞ t❤❡ ❳▼▲ ❞❛t❛✳ ●✐✈❡♥ ❛ ❞♦❝✉♠❡♥t ❉❚❉ D✱ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥
Sread❂✭D, annread✮✱ ❛♥❞ ❛♥ ❳▼▲ ❞♦❝✉♠❡♥t T t❤❛t ❝♦♥❢♦r♠s t♦ D✳ ❋♦r ❡❛❝❤ ❣r♦✉♣ ♦❢ ✉s❡rs✱
❙❱▼❆❳V ❣❡♥❡r❛t❡s ❛ ✈✐rt✉❛❧ ✈✐❡✇ Tv ✇✳r✳t Sread ❜② ❤✐❞✐♥❣ ❛❧❧ ✐♥❛❝❝❡ss✐❜❧❡ ♣❛rts ♦❢ T ✳ ❋♦r
✐♥st❛♥❝❡✱ t❤❡ tr❡❡ ❛t t❤❡ r✐❣❤t ♣❛rt ♦❢ ❋✐❣✉r❡ ✻✳✹ r❡♣r❡s❡♥ts t❤❡ ✈✐rt✉❛❧ ✈✐❡✇ ♦❢ t❤❡ ❳▼▲ ❞❛t❛ ♦❢
❋✐❣✉r❡ ✻✳✶ ✭❜✮✱ ❝♦♠♣✉t❡❞ ✇✳r✳t t❤❡ ♥✉rs❡s r✐❣❤ts ♦❢ ❊①❛♠♣❧❡ ✻✳✶✳

■♥ ♦r❞❡r t♦ ♦✈❡r❝♦♠❡ ❝♦sts ♦❢ ✈✐❡✇s ♠❛t❡r✐❛❧✐③❛t✐♦♥ ❛♥❞ ♠❛✐♥t❡♥❛♥❝❡✱ t❤❡ ✉s❡rs ❞❛t❛ ✈✐❡✇s
❛r❡ ♥❡❝❡ss❛r✐❧② ✈✐rt✉❛❧✱ ✐✳❡✳✱ t❤❡② ❛r❡ ♥♦t ♠❛t❡r✐❛❧✐③❡❞ ❛♥❞ ❛r❡ ❛✉t♦♠❛t✐❝❛❧❧② ❡❧✐♠✐♥❛t❡❞ ♦♥❝❡ t❤❡
✉s❡rs ❞✐s❝♦♥♥❡❝t ❢r♦♠ t❤❡ s❡r✈❡r✳

❚❤❡ ✉s❡r ♥❡❡❞s ❛ ✈✐❡✇ ♦❢ t❤❡ ❉❚❉ t♦ ❢♦r♠✉❧❛t❡ ❛♥❞ ♦♣t✐♠✐③❡ ❤✐s q✉❡r✐❡s ❛♥❞ ✉♣❞❛t❡s✳ ❚❤✐s
✈✐❡✇ ♠✉st ❞✐s♣❧❛② ♦♥❧② ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛❝❝❡ss✐❜❧❡ ❞❛t❛✳ ❖♥❝❡ Sread ✐s ❣❡♥❡r❛t❡❞ ❛s ❡①♣❧❛✐♥❡❞
❛❜♦✈❡✱ ❙❱▼❆❳V ❛✉t♦♠❛t✐❝❛❧❧② ❣❡♥❡r❛t❡s ❛ ❉❚❉ ✈✐❡✇ Dv ♦❢ D ✇❤✐❝❤ ✐s ♣r♦✈✐❞❡❞ ❛s ❛ ❣r❛♣❤
t♦ t❤❡ ✉s❡r✳ ❈♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡ t❤❡ ❛❝❝❡ss r✐❣❤ts ♦❢ ♥✉rs❡s ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✻✳✶✳ ❚❤❡ ❉❚❉
✈✐❡✇ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡s❡ r✐❣❤ts ✐s ❝♦♠♣✉t❡❞ ❜② s✐♠♣❧② ❤✐❞✐♥❣ t❤❡ sibling ❡❧❡♠❡♥t t②♣❡ ❛s
❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ❉❚❉ ❣r❛♣❤ ♦❢ ❋✐❣✉r❡ ✻✳✹✳

❲❡ s❤♦✉❧❞ ❡♠♣❤❛s✐③❡ t❤❛t ✐♥ ❝❛s❡ ♦❢ r❡❝✉rs✐✈❡ ❉❚❉s✱ t❤❡ ✈✐❡✇ ❣❡♥❡r❛t✐♦♥ ✐s ♥♦t ❛❧✇❛②s
❣✉❛r❛♥t❡❡❞ ❬●❙❈+✵✾❪✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❤✐❞✐♥❣ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ❉❚❉ ♠❛② r❡s✉❧t ✐♥ ❛
❝♦♥t❡①t✲❢r❡❡ ❣r❛♠♠❛r t❤❛t ❝❛♥♥♦t ❜❡ ❝❛♣t✉r❡❞ ✇✐t❤ ❛ r❡❣✉❧❛r ❣r❛♠♠❛r ✸✼✳ ■♥ s✉❝❤ s✐t✉❛t✐♦♥s✱ ♦✉r
❱✐❡✇ ❣❡♥❡r❛t♦r ♠♦❞✉❧❡ ❣❡♥❡r❛t❡s ❛♥ ❛♣♣r♦①✐♠❛t❡❞ ❉❚❉ ✈✐❡✇✳ ❖✉r ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ ❜❛s❡❞
♦♥ t❤❡ t❤❡ ✇❡❧❧✲❦♥♦✇♥ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r r❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ ❝♦♥t❡①t✲❢r❡❡ ❣r❛♠♠❛rs ❬❆❈❈✵✹❪✳
❲❡ s❤♦✉❧❞ ♥♦t❡ t❤❛t ♥♦ ❛❧❣♦r✐t❤♠ ❡①✐sts ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ r❡❝✉rs✐✈❡ ✈✐❡✇s✳
❖✉r ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ✐♥ t❤✐s ❝♦♥t❡①t ✐s t♦ ♣r♦♣♦s❡ ❛ ❣❡♥❡r❛❧ ❛❧❣♦r✐t❤♠ t❤❛t ❡✣❝✐❡♥t❧② ❝♦♠♣✉t❡s
❡✐t❤❡r t❤❡ ❡①❛❝t ✈✐❡✇ ♦❢ t❤❡ ❉❚❉ ✭✐❢ t❤✐s ✐s ♣♦ss✐❜❧❡✮ ♦r ❛♥ ❛♣♣r♦①✐♠❛t❡❞ ✈❡rs✐♦♥ ♦❢ ✐t✳

✻✳✷✳✸ ❘❡✇r✐t❡rs

❚❤❡ ❙❱▼❆❳ ❧❡✈❡r❛❣❡s t❤❡ ❡①♣r❡ss✐✈❡♥❡ss ♦❢ ❳P❛t❤ t♦ ♦✈❡r❝♦♠❡ t❤❡ q✉❡r② r❡✇r✐t✐♥❣ ❧✐♠✐t❛t✐♦♥
❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✹✱ ❛♥❞ t❤✐s ❜② ✉s✐♥❣ t❤❡ ❢r❛❣♠❡♥t X ⇑[n,=] ✭❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✺✮✳ ❚❤❡ ❜❛s✐❝
r❡✇r✐t✐♥❣ ♠♦❞✉❧❡s ♦❢ ♦✉r s②st❡♠ ❛r❡ t❤❡ ❳P❛t❤ ❘❡✇r✐t❡r ❛♥❞ t❤❡ ❳◗✉❡r② ❯♣❞❛t❡ ❘❡✇r✐t❡r t❤❛t

✸✻❙❡t ♦❢ ❞✐✛❡r❡♥t ❛t♦♠✐❝ ✉♣❞❛t❡s ♦❢ ❙❡❝t✐♦♥ ✸✳✺✳
✸✼■t ✐s ✉♥❞❡❝✐❞❛❜❧❡ ✐♥ ❣❡♥❡r❛❧ t♦ ✜♥❞ ❛ r❡❣✉❧❛r s♦❧✉t✐♦♥ ❢♦r ❛ ❝♦♥t❡①t✲❢r❡❡ ❣r❛♠♠❛r✳
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✻✳✷✳ ❙②st❡♠ ❖✈❡r✈✐❡✇

❋✐❣✉r❡ ✻✳✸✿ ❙♣❡❝✐✜❝❛t✐♦♥ ♦❢ ♣♦❧✐❝✐❡s ✉s✐♥❣ ❙❱▼❆❳V

✐♠♣❧❡♠❡♥t r❡s♣❡❝t✐✈❡❧② t❤❡ r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥s Rread ❛♥❞ Rup ♦❢ ❙❡❝t✐♦♥ ✻✳✶✳✸✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
✇❡ ❞❡s❝r✐❜❡ ❜r✐❡✢② t❤❡ ♠❛✐♥ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s✳

❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ♦❢ ❛❝❝❡ss ♣r✐✈✐❧❡❣❡s✳ ❋♦r ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ Sread❂✭D✱ annread✮✱
✇❡ ❞❡✜♥❡ ❛♥ X ⇑ ♣r❡❞✐❝❛t❡ A✱ ❝❛❧❧❡❞ t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡✱ s✉❝❤ t❤❛t✿ ❢♦r ❛♥② ❳▼▲ tr❡❡
T ∈ T (D)✱ ❛ ♥♦❞❡ n ♦❢ T ✐s ❛❝❝❡ss✐❜❧❡ ✇✳r✳t Sread ✭✐✳❡✳ n ❛♣♣❡❛rs ✐♥ t❤❡ ✈✐❡✇ Tv ♦❢ T ✮ ✐✛✿
n � A✳ ❊❛❝❤ ❳P❛t❤ q✉❡r② Q ✐s r❡✇r✐tt❡♥✱ ✉s✐♥❣ t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡✱ t♦ r❡t✉r♥ ❛❧❧ ❛♥❞
♦♥❧② ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s r❡❢❡rr❡❞ t♦ ❜② Q✳ ❲❡ s❤♦✇ t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ t❤❡ r❡✇r✐t✐♥❣ ♦❢
❞✐✛❡r❡♥t ❛①❡s ♦❢ ❳P❛t❤✳

❊①❛♠♣❧❡ ✻✳✷✳ ❈♦♥s✐❞❡r t❤❡ ♥✉rs❡s ❛❝❝❡ss r✐❣❤ts ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✻✳✶✱ t❤❡ q✉❡r②
↓∗✿✿parent✴↓✿✿patient ♦✈❡r t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t ♦❢ ❋✐❣✉r❡ ✻✳✶ ✭❜✮ ♠✉st ❜❡ r❡✇r✐tt❡♥ ✐♥ ♦r✲
❞❡r t♦ r❡t✉r♥ ♦♥❧② ❛❝❝❡ss✐❜❧❡ patient ❡❧❡♠❡♥ts t❤❛t ❛r❡ ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞r❡♥ ♦❢ ❛♥ ❛❝❝❡ss✐❜❧❡
❡❧❡♠❡♥t parent✳ ❲❡ ❞❡✜♥❡ ❛❧s♦ t❤❡ q✉❡r✐❡s ↓∗✿✿parent❬↓✿✿patient✴↓✿✿pname❂✬Laurent✬❪❀ ❛♥❞
↓∗✿✿symptoms✴↑✿✿patient❬↓✿✿pname❂✬Henry✬❪✳ ❲❡ s❛❢❡❧② r❡✇r✐t❡ t❤❡s❡ q✉❡r✐❡s r❡s♣❡❝t✐✈❡❧② ✐♥t♦
Q1✱ Q2✱ ❛♥❞ Q3 ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

Q1✿ ↓∗✿✿patient❬A❪❬↑+✿✿∗❬A❪❬1❪✴ε✿✿parent❪

Q2✿ ↓∗✿✿parent❬A❪❬↓+✿✿patient❬A❪❬↓+✿✿pname❬A❪
❬ε✿✿∗ ❂ ✬Laurent✬❪✴↑+✿✿∗❬A❪❬✶❪ ❂ ε✿✿∗❪✴
↑+✿✿∗❬A❪❬✶❪ ❂ ε✿✿∗❪

Q3✿ ↓∗✿✿symptoms❬A❪❬↑+✿✿∗❬A❪❬✶❪✴ε✿✿patient❬↓+✿✿pname❬A❪
❬ε✿✿∗ ❂ ✬Henry✬❪✴↑+✿✿∗❬A❪❬✶❪ ❂ ε✿✿∗❪❪

✇❤❡r❡ t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ A ✐s ❣✐✈❡♥ ❜②✿

✾✶



❈❤❛♣t❡r ✻✳ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❊①♣❡r✐♠❡♥t❛❧ ❙t✉❞②✿ ❚❤❡ ❙❱▼❆❳ ❢r❛♠❡✇♦r❦

↑∗✿✿∗❬ε✿✿department✴↑✿✿hospital ∨ ε✿✿sibling✴↑✿✿patient
∨ ε✿✿patient✴↑✿✿department ∨ ε✿✿patient✴↑✿✿parent❪❬1❪
❬ε✿✿department❬↓✿✿name❂$nurseDept❪ ∨
ε✿✿patient❬↓✿✿wardNo❂$nurseWard❪❪❬¬ ✭↑+✿✿sibling✮ ∧
¬ ✭↑+✿✿department❬↓✿✿name 6= $nurseDept❪✮❪

❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ Q1 ♦✈❡r t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t ♦❢ ❋✐❣✉r❡ ✻✳✶ ✭❜✮ r❡t✉r♥s t❤❡ ♥♦❞❡ patient3❀ Q2

r❡t✉r♥s ❛♥ ❡♠♣t② s❡t ♦❢ ♥♦❞❡s❀ ✇❤✐❧❡ Q3 r❡t✉r♥s t❤❡ ♥♦❞❡ symptoms1✳ �

❋♦r ❛♥ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Sup❂✭D✱ annup✮ ❛♥❞ ❛♥ ✉♣❞❛t❡ t②♣❡ ut✱ ✇❡ ❞❡✜♥❡ ❛♥ X ⇑[n,=]

♣r❡❞✐❝❛t❡ Uut✱ ❝❛❧❧❡❞ t❤❡ ✉♣❞❛t❛❜✐❧✐t② ♣r❡❞✐❝❛t❡✱ s✉❝❤ t❤❛t✿ ❢♦r ❛♥② ❳▼▲ tr❡❡ T ∈ T (D)✱ ❛ ♥♦❞❡
n ♦❢ T ❝❛♥ ❜❡ ✉♣❞❛t❡❞ ✇✐t❤ ❛♥ ♦♣❡r❛t✐♦♥ ♦❢ t②♣❡ ut ✐✛✿ n � Uut✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❣✐✈❡♥ ❛♥
✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ op ♦❢ t②♣❡ ut ❛♥❞ ✇✐t❤ target ❡①♣r❡ss✐♦♥✱ ✇❡ r❡✇r✐t❡ op ✐♥t♦ ❛♥♦t❤❡r ♦♥❡ op′

❛♥❞ t❤✐s ❜② s✐♠♣❧② r❡♣❧❛❝✐♥❣ ✐ts target ❡①♣r❡ss✐♦♥ ✇✐t❤ target❬Uut❪✳ ❚❤❡ r❡✇r✐tt❡♥ ♦♣❡r❛t✐♦♥
op′ ❝♦♥❝❡r♥s ♦♥❧② ♥♦❞❡s t❤❛t ❛r❡ ✉♣❞❛t❛❜❧❡ ✇✳r✳t Sup t❤r♦✉❣❤ ✉♣❞❛t❡s ♦❢ t②♣❡ ut✳ ❲❤❡♥ ❛♥
❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ Sread ✐s ❞❡✜♥❡❞ ✐♥ ❛❞❞✐t✐♦♥ t♦ Sup✱ t❤❡ target ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥ op
✐s r❡✇r✐tt❡♥ ✜rst ✇✳r✳t Sread ✐♥t♦ target′ ✭✉s✐♥❣ t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ ❛s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✮✱
target′ ✐s r❡✇r✐tt❡♥ t❤❡♥ ✇✳r✳t Sup ✐♥t♦ target′❬Uut❪✳ ▲❡t op

′ ❜❡ t❤❡ r❡✇r✐t✐♥❣ ♦❢ op ❜② r❡♣❧❛❝✐♥❣
✐ts target ❡①♣r❡ss✐♦♥ ✇✐t❤ target′❬Uut❪✳ ❲❡ ❡♥s✉r❡ t❤❛t t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ op′ ♦✈❡r ❛♥② ❳▼▲ tr❡❡
t❤❛t ❝♦♥❢♦r♠s t♦ D ✉♣❞❛t❡s ♦♥❧② ❛❝❝❡ss✐❜❧❡ ❛♥❞ ✉♣❞❛t❛❜❧❡ ♥♦❞❡s✳ ▼♦r❡ ❞❡t❛✐❧s ♦❢ ♦✉r r❡✇r✐t✐♥❣
❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬▼■✶✷❛❪✳

❋♦r ✐♥t❡❣r❛t✐♦♥ ♣✉r♣♦s❡✱ ❙❱▼❆❳ ♣r♦✈✐❞❡s ❛❞❞✐t✐♦♥❛❧ ♠♦❞✉❧❡s t♦ r❡✇r✐t❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s
♦❢ ❡❛❝❤ ♣r♦♣r✐❡t❛r② ✉♣❞❛t❡ ❧❛♥❣✉❛❣❡ ♦❢ t❤❡ ❞❛t❛❜❛s❡ s②st❡♠s ❙❡❞♥❛ ❛♥❞ ❡❳✐st✳

✻✳✷✳✹ ❱❛❧✐❞❛t♦r

■♥ ♠♦st ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ✈❛❧✐❞❛t✐♦♥ ❛♣♣r♦❛❝❤❡s ❬❇P❱✵✹✱❇▲❙✵✻❪✱ t❤❡ ❳▼▲ ❞♦❝✉♠❡♥t ✐s ♣r❡♣r♦✲
❝❡ss❡❞ ❛♥❞ ❛❧❧ ✐ts ♥♦❞❡s ❛♥❞ t❤❡✐r r❡❧❛t✐♦♥s❤✐♣s ✭❡✳❣✳ ♣❛r❡♥t✲❝❤✐❧❞✱ ✜rst✴❧❛st ❝❤✐❧❞✱ s✐❜❧✐♥❣ ♥♦❞❡s✮
❛r❡ ♣r❡s❡♥t❡❞ ✇✐t❤ s♦♠❡ ✐♥❞❡①❡❞ ✜❧❡s✳ ❚❤❡ r❡s✉❧t❡❞ str✉❝t✉r❡ r❡q✉✐r❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ st♦r❛❣❡
❝♦st✸✽✱ ♠✉st ❜❡ ♠❛✐♥t❛✐♥❡❞ ❡❛❝❤ t✐♠❡ t❤❡ ❞♦❝✉♠❡♥t ✐s ✉♣❞❛t❡❞✱ ❛♥❞ ✐ts s✐③❡ ❣r♦✇s ❧♦❣❛r✐t❤♠✐✲
❝❛❧❧② ✇✐t❤ t❤❡ s✐③❡ ♦❢ t❤❡ ❞♦❝✉♠❡♥t✳

❚♦ ❛✈♦✐❞ t❤❡s❡ ❝♦sts✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❡✣❝✐❡♥t ✈❛❧✐❞❛t✐♦♥ ❛♣♣r♦❛❝❤ t❤❛t tr❛♥s❧❛t❡s ❡❛❝❤ ✉♣❞❛t❡
♦♣❡r❛t✐♦♥ op✱ ❞❡✜♥❡❞ ✐♥ X ⇑ ♦✈❡r ❛ ❉❚❉ D✱ ✐♥t♦ ❛ ✈❛❧✐❞ ♦♥❡ op′✱ ❞❡✜♥❡❞ ✐♥ X ⇑,⇔[n,=]✱ s✉❝❤ t❤❛t✿

op′(T ) ∈ T (D) ❢♦r ❛♥② ❳▼▲ tr❡❡ T ∈ T (D)✳ ❖✉r ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ r❡✇r✐t✐♥❣ ♣r✐♥❝✐♣❧❡

❛♥❞ ❝♦♥s✐sts ✐♥ ❛❞❞✐♥❣ ❛♥ X ⇑,⇔[n,=] ♣r❡❞✐❝❛t❡ t♦ t❤❡ t❛r❣❡t ♦❢ t❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡
t❤❛t t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ❡❧❡♠❡♥ts ❝♦♥❝❡r♥❡❞ ❜② t❤❡ ✉♣❞❛t❡ st✐❧❧ ✈❛❧✐❞ ❛❢t❡r t❤❡ ✉♣❞❛t❡ ✐s ❞♦♥❡✳
❲❤❡♥ t❤❡ r❡✇r✐tt❡♥ ✉♣❞❛t❡ ✐s ❧❛✉♥❝❤❡❞ t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ❜② ❛♥② ❳◗✉❡r② ❯♣❞❛t❡ ♣r♦❝❡ss♦r✱ t❤❡
r❡✇r✐tt❡♥ t❛r❣❡t ❡①♣r❡ss✐♦♥ ✐s ❡✈❛❧✉❛t❡❞ ✜rst t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❳▼▲ ♥♦❞❡s t♦ ❜❡ ✉♣❞❛t❡❞✳ ■♥
❝❛s❡ ♦❢ ❛♥ ✐♥✈❛❧✐❞ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ op ✭✐✳❡✳ op(T ) /∈ T (D)✮✱ t❤❡ t❛r❣❡t ♦❢ t❤❡ r❡✇r✐tt❡♥ ✉♣❞❛t❡
op′ ♠✉st r❡t✉r♥ ❛♥ ❡♠♣t② s❡t ♦❢ ♥♦❞❡s✱ ✐✳❡✳✱ op′(T ) = T ✳

❇❛s❡❞ ♦♥ t❤✐s r❡✇r✐t✐♥❣ ♣r✐♥❝✐♣❧❡✱ ❙❱▼❆❳ tr❛♥s❢♦r♠s ❛❧❧ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ✐♥t♦ ✈❛❧✐❞ ♦♥❡s✱
✇✐t❤♦✉t ✉s✐♥❣ ❛♥② ❛✉①✐❧✐❛r② str✉❝t✉r❡✱ ❛♥❞ ✐♥ ❛ t✐♠❡ t❤❛t ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❞♦❝✉♠❡♥t
❉❚❉✳ ❖✉r ✈❛❧✐❞❛t✐♦♥ ❛♣♣r♦❛❝❤ ✐s ❛♣♣❧✐❡❞ ♦♥❧② ❢♦r ❛t♦♠✐❝ ✉♣❞❛t❡s ✭✐✳❡✳ t❤❡ ♣r✐♠✐t✐✈❡ ✉♣❞❛t❡ ♦❢
❙❡❝t✐♦♥ ✸✳✺✮✳ ❆s t❤❡ ✈❛❧✐❞❛t✐♦♥ ♦❢ ❝♦♠❜✐♥❡❞ ♦♣❡r❛t✐♦♥s st✐❧❧ r❡♠❛✐♥s ❛♥ ♦♥❣♦✐♥❣ ✇♦r❦✱ ❙❱▼❆❳
t❡♠♣♦r❛r✐❧② ♣r♦✈✐❞❡s ❛ st❛t✐❝ ✈❛❧✐❞❛t✐♦♥ t♦ ❛❧❧♦✇ ✈❛❧✐❞❛t✐♦♥ ❛❢t❡r s❡q✉❡♥❝❡ ♦❢ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✳
❚❤r♦✉❣❤ ❙❱▼❆❳V t♦♦❧✱ t❤❡ ✉s❡rs ❝❛♥ ❝❤♦♦s❡ t♦ ❡①❡❝✉t❡ ♦✉r ✈❛❧✐❞❛t✐♦♥ ❛✉t♦♠❛t✐❝❛❧❧② ❛❢t❡r ❡❛❝❤
❛t♦♠✐❝ ✉♣❞❛t❡✱ ♦r t♦ ♠❛♥✉❛❧❧② ♣❡r❢♦r♠ ❛ st❛t✐❝ ✈❛❧✐❞❛t✐♦♥✳

✸✽❚❤✐s ✐s ♣r♦❤✐❜✐t✐✈❡❧② ❡①♣❡♥s✐✈❡ ✐♥ ❝❛s❡ ♦❢ ♥❛t✐✈❡ ❳▼▲ ❞❛t❛❜❛s❡s ✇❤❡r❡ ❝♦❧❧❡❝t✐♦♥s ♦❢ ❧❛r❣❡ ❳▼▲ ❞♦❝✉♠❡♥ts
❛r❡ st♦r❡❞✳

✾✷



✻✳✸✳ P❡r❢♦r♠❛♥❝❡ ❙t✉❞②

❋✐❣✉r❡ ✻✳✹✿ Pr♦❝❡ss✐♥❣ ❳▼▲ ❞❛t❛ ✉s✐♥❣ ❙❱▼❆❳V

✻✳✷✳✺ ❊✈❛❧✉❛t✐♦♥

❈♦♥s✐❞❡r t❤❡ ❛❝❝❡ss r✐❣❤ts ♦❢ ❊①❛♠♣❧❡ ✻✳✶✳ ❋✐❣✉r❡ ✻✳✹ r❡♣r❡s❡♥ts t❤❡ s②st❡♠ ✐♥t❡r❢❛❝❡ t❤❛t ✐s
♣r♦✈✐❞❡❞ t♦ t❤❡ ♥✉rs❡✳ ❚❤❡ ❧❡❢t ♣❛rt ♦❢ t❤❡ ✜❣✉r❡ ❞❡♣✐❝ts t❤❡ ❤♦s♣✐t❛❧ ❉❚❉ ✈✐❡✇❀ ✇❤✐❧❡ t❤❡
tr❡❡ ❛t t❤❡ r✐❣❤t ♣❛rt ✐s t❤❡ ✈✐❡✇ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❳▼▲ ❞❛t❛ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✶ ✭❜✮✳ ❇❛s❡❞ ♦♥
t❤❡s❡ ✈✐❡✇s✱ t❤❡ ✉s❡r ❝❛♥ ❢♦r♠✉❧❛t❡ ❤❡r q✉❡r✐❡s ❛♥❞ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ✇❤✐❝❤ ❛r❡ r❡✇r✐tt❡♥ ❛♥❞
❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✳ ❇② ❞❡❢❛✉❧t✱ ❙❱▼❆❳V ✉s❡s t❤❡ ❙❛①♦♥ ♣r♦❝❡ss♦r✸✾ t♦ ❡✈❛❧✉❛t❡
♦✉r ❳P❛t❤ q✉❡r✐❡s ❛♥❞ ❳◗✉❡r② ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ♦t❤❡r ♣r♦❝❡ss♦rs ❝❛♥ ❜❡ ✉s❡❞ t♦
♠❛♥✐♣✉❧❛t❡ ♥❛t✐✈❡ ❳▼▲ ❞❛t❛❜❛s❡s✿ ❇❛s❡❳✱ ❙❡❞♥❛✱ ❛♥❞ ❡❳✐st ♣r♦❝❡ss♦rs✳

❚❤❡ ❡✈❛❧✉❛t✐♦♥ r❡s✉❧ts ❛r❡ t❤❡ ♥✉♠❜❡r ♦❢ r❡t✉r♥❡❞✴✉♣❞❛t❡❞ ♥♦❞❡s ❛♥❞ ❝♦♥s✉♠❡❞ t✐♠❡✳ ❊❛❝❤
♥♦❞❡ r❡❢❡rr❡❞ t♦ ❜② ❛♥ ❳P❛t❤ q✉❡r② ✐s r❡t✉r♥❡❞ ❛❧♦♥❣ ✇✐t❤ t❤❡✐r ❛ttr✐❜✉t❡s ❛♥❞ ❞❡s❝❡♥❞❛♥t ♥♦❞❡s✳
■♥ ❝❛s❡ ♦❢ ✉♣❞❛t❡s ❤♦✇❡✈❡r✱ ❛ ✈✐rt✉❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ✉♣❞❛t❡❞ ❳▼▲ ❞♦❝✉♠❡♥t ✐s s❤♦✇♥ ✜rst✱ t❤❡
✉s❡r ❝❛♥ ❝❤♦♦s❡ t♦ ❛♣♣❧② t❤❡ ✉♣❞❛t❡s ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✳ ❚❤❡ ✉s❡r ✐s ✇❛r♥❡❞ ❜② ♠❡ss❛❣❡s
❢♦r ❡①❛♠♣❧❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐♥s✉✣❝✐❡♥t ♣r✐✈✐❧❡❣❡s✱ ♦r ✇❤❡r❡ t❤❡ ✉♣❞❛t❡s ♠❛② r❡s✉❧t ❛♥ ✐♥✈❛❧✐❞
❞♦❝✉♠❡♥t✳

✻✳✸ P❡r❢♦r♠❛♥❝❡ ❙t✉❞②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛♥ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❙❱▼❆❳✳ ❖✉r s②st❡♠ ✐s ♣r♦✈✐❞❡❞ ❜♦t❤ ❛s ❛ ❏❛✈❛ ❆P■
❛♥❞ ❛ ✈✐s✉❛❧ t♦♦❧✱ t❤❡ ❙❱▼❆❳V ✳ ❯s✐♥❣ t❤✐s ❧❛tt❡r✱ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ ❛ ❞♦❝✉♠❡♥t ❉❚❉✱ s♣❡❝✐❢②
❛❝❝❡ss ❛♥❞ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s✱ ❛♥❞ ❡♥❢♦r❝❡ t❤❡s❡ ♣♦❧✐❝✐❡s ♦✈❡r ✉♥❞❡r❧②✐♥❣ ❳▼▲ ❞❛t❛✳ ❲❡ ❢♦❝✉s❡❞ ✐♥
♦✉r ❡①♣❡r✐♠❡♥ts ♦♥ t❤❡ ♦✈❡r❛❧❧✲t✐♠❡ r❡q✉✐r❡❞ ❢♦r r❡✇r✐t✐♥❣ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❳P❛t❤ q✉❡r✐❡s ✭r❡s♣✳

✸✾❆✈❛✐❧❛❜❧❡ ❛t✿ ❤tt♣✿✴✴✇✇✇✳s❛①♦♥✐❝❛✳❝♦♠✴✇❡❧❝♦♠❡✴✇❡❧❝♦♠❡✳①♠❧✳

✾✸
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❈❤❛♣t❡r ✻✳ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❊①♣❡r✐♠❡♥t❛❧ ❙t✉❞②✿ ❚❤❡ ❙❱▼❆❳ ❢r❛♠❡✇♦r❦
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❋✐❣✉r❡ ✻✳✺✿ ❙❱▼❆❳ r❡✇r✐t✐♥❣ ❞❡❣r❛❞❛t✐♦♥ ❢♦r ✭❛✮ r❡❛❞ ❛♥❞ ✭❜✮ ✉♣❞❛t❡ r✐❣❤ts✳

❳◗✉❡r② ✉♣❞❛t❡s✮✳ ❚❤❡ st✉❞② ✐s ❝♦♥❞✉❝t❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s♣❡❝ts✿ ✶✮ ♠❡❛s✉r❡ ♦❢ s❝❛❧❛❜✐❧✐t②
❛♥❞ ❞❡❣r❛❞❛t✐♦♥ ♦❢ ♦✉r r❡✇r✐t✐♥❣ ❛♣♣r♦❛❝❤❡s✱ ❛♥❞ ✷✮ ❝♦♠♣❛r✐s♦♥ ♦❢ ❙❱▼❆❳ ✇✐t❤ r❡s♣❡❝t t♦
♥❛✐✈❡ ❛♣♣r♦❛❝❤✳ ❙✐♥❝❡ ♦✉r s②st❡♠ ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ✇✐t❤✐♥ ❡①✐st✐♥❣ ◆❳❉s✱ t❤❡ ♦t❤❡r ❝♦♥❝❡r♥ ♦❢
❡①♣❡r✐♠❡♥t❛t✐♦♥ ✐s ✐♥t❡❣r❛t✐♦♥ ❡✣❝✐❡♥❝②✳

✻✳✸✳✶ ❙❝❛❧❛❜✐❧✐t②

❲❡ ♠❡❛s✉r❡ t❤❡ t✐♠❡ r❡q✉✐r❡❞ ❜② ❙❱▼❆❳ ❢♦r r❡✇r✐t✐♥❣ ♦❢ ❣❡♥❡r❛❧ ❳P❛t❤ q✉❡r✐❡s ❛♥❞ ❳◗✉❡r②
✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✳ ❲❡ ✉s❡ t❤❡ ❝♦♠♣❧❡① r❡❛❧✲❧✐❢❡ r❡❝✉rs✐✈❡ ❉❚❉ ●❡❞▼▲✹✵ ❛♥❞ ✇❡ ❣❡♥❡r❛t❡
r❛♥❞♦♠❧② ✶✵ ❛❝❝❡ss ❛♥❞ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥s ❜② ✈❛r②✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❛♥♥♦t❛t✐♦♥s ✭❢r♦♠ ✷✵
✐♥t♦ ✷✵✵ ❛♥❞ ❢r♦♠ ✶✵✵ ✐♥t♦ ✶✵✵✵ ❛♥♥♦t❛t✐♦♥s ❢♦r ❛❝❝❡ss ❛♥❞ ✉♣❞❛t❡ r✐❣❤ts r❡s♣✳✮✳ ❆❢t❡r✱ ✇❡ ❞❡✜♥❡
❞✐✛❡r❡♥t ❳P❛t❤ q✉❡r✐❡s ♦❢ s✐③❡✹✶ ✹✵✵ t❤❛t ✐♥❝❧✉❞❡ ♠♦st ❢❡❛t✉r❡s ♦❢ t❤❡ ❳P❛t❤ ❢r❛❣♠❡♥t X ⇑✿ ✇✐t❤
↓∗✲❛①✐s ✭Q1✮❀ ✇✐t❤ ↓

∗✲❛①✐s ❛♥❞ ♣r❡❞✐❝❛t❡s ✭Q2✮❀ ✇✐t❤ ↓✲❛①✐s ✭Q3✮❀ ✇✐t❤ ↓✲❛①✐s ❛♥❞ ♣r❡❞✐❝❛t❡s ✭Q4✮❀
✇✐t❤ ↓∗✲❛①✐s✱ ♣r❡❞✐❝❛t❡s✱ ❛♥❞ ∗✲❧❛❜❡❧s ✐♥s✐❞❡ ♣r❡❞✐❝❛t❡s ✭Q5✮❀ ✇✐t❤ ↓✲❛①✐s✱ ♣r❡❞✐❝❛t❡s✱ ❛♥❞ ∗✲❧❛❜❡❧s
✐♥s✐❞❡ ♣r❡❞✐❝❛t❡s ✭Q6✮✳ ◆♦t❡ t❤❛t t❤❡ ✉s❡❞ ♣r❡❞✐❝❛t❡s ❝♦♥t❛✐♥ ❞✐✛❡r❡♥t ♦♣❡r❛t♦rs ✭❡✳❣✳ ∧✱ ∨✱ ❛♥❞
t❡①t ❝♦♠♣❛r✐s♦♥✮✳ ❚❤❡ r❡♠❛✐♥✐♥❣ X ⇑ ❛①✐s ❛r❡ ❞✐s❝❛r❞❡❞ s✐♥❝❡ t❤❡ r❡✇r✐t✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡

✹✵●❡♥❡❛❧♦❣② ▼❛r❦✉♣ ▲❛♥❣✉❛❣❡✿ ❤tt♣✿✴✴①♠❧✳❝♦✈❡r♣❛❣❡s✳♦r❣✴❣❡❞♠❧✲❞t❞✾✽✵✽✳t①t✳
✹✶❚❤❡ s✐③❡ ♦❢ ❛♥ ❳P❛t❤ ❡①♣r❡ss✐♦♥ ✐s t❤❡ ♦❝❝✉rr❡♥❝❡ ♥✉♠❜❡r ♦❢ ❛❧❧ ✐ts ❡❧❡♠❡♥t t②♣❡s✱ ∗✲❧❛❜❡❧s✱ ❛♥❞ t❡①t✭✮

❢✉♥❝t✐♦♥s✳

✾✹
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✻✳✸✳ P❡r❢♦r♠❛♥❝❡ ❙t✉❞②

↓∗✲❛①✐s ✐s ❛❧♠♦st t❤❡ s❛♠❡ ❛s t❤♦s❡ ♦❢ ↓+✱ ↑+ ❛♥❞ ↑∗✳ ❋✉rt❤❡r♠♦r❡✱ ↑✲❛①✐s r❡q✉✐r❡s ❛❧♠♦st t❤❡
s❛♠❡ t✐♠❡ ❛s ↓✲❛①✐s✳

❯s✐♥❣ ❙❱▼❆❳✱ ✇❡ r❡✇r✐t❡ t❤❡s❡ q✉❡r✐❡s ❛❝❝♦r❞✐♥❣ t♦ ❡❛❝❤ ♦❢ t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥s ♣r❡✲
✈✐♦✉s❧② ❣❡♥❡r❛t❡❞✳ ❋✐❣✉r❡ ✻✳✺ ✭❛✮ s❤♦✇s t❤❡ ♦✈❡r❛❧❧ r❡✇r✐t✐♥❣ t✐♠❡s✳ ◆♦t✐❝❡ t❤❛t t❤❡ r❡✇r✐t✐♥❣
t✐♠❡ ♦❜t❛✐♥s ❛ ❝♦♥st❛♥t ♥❛t✉r❡✱ ✐✳❡✳✱ ✐t ❞♦❡s ♥♦t ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❛❝❝❡ss
❛♥♥♦t❛t✐♦♥s✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t✱ ❢♦r ❛♥ ❳P❛t❤ q✉❡r② ✐♥ ✐♥♣✉t✱ ♦✉r r❡✇r✐t❡r
♣❛rs❡s ❛❧❧ ✐ts s✉❜q✉❡r✐❡s ✭✇✐t❤ t❤❡ ❢♦r♠ axis✿✿label✮ ❛♥❞ r❡✇r✐t❡s t❤❡♠ ✉s✐♥❣ ❛ s♣❡❝✐❛❧ ♣r❡❞✐❝❛t❡✱
t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ ✭❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✷✳✸✮✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❢ t❤✐s ❧❛tt❡r ✐s
♥❡❣❧✐❣✐❜❧❡ ✭❧❡ss t❤❛♥ ✶✵ ♠s ❢♦r ❧❛r❣❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥s✮✱ ❛♥❞ t❤✉s✱ ♦✉r r❡✇r✐t✐♥❣ t✐♠❡ ❞❡♣❡♥❞s
❜❛s✐❝❛❧❧② ♦♥ t❤❡ ♣❛rs✐♥❣ ♦❢ t❤❡ q✉❡r②✳ ❙✐♥❝❡ ♦✉r q✉❡r✐❡s ❤❛✈❡ t❤❡ s❛♠❡ s✐③❡✱ t❤❡ ♦✈❡r❛❧❧ r❡✇r✐t✐♥❣
t✐♠❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛❝❝❡ss ❛♥♥♦t❛t✐♦♥s ❛♥❞ st✐❧❧ r❡♠❛✐♥s ❝♦♥st❛♥t ❛t s♦♠❡
♣♦✐♥t✳ ▼♦r❡♦✈❡r✱ ✇❡ r❡♠❛r❦ t❤❛t ✐♥ ❣❡♥❡r❛❧✱ ❛ q✉❡r② ✇✐t❤ ↓+✲❛①✐s r❡q✉✐r❡s ♠♦r❡ t✐♠❡ t❤❛♥ ❛
q✉❡r② ✇✐t❤ ↓✲❛①✐s ✭Q1 ✇✳r✳t Q3✮✱ ❛❧s♦ ❛ q✉❡r② ✇✐t❤ ♣r❡❞✐❝❛t❡s ❝♦♥s✉♠❡s s♦♠❡ ❛❞❞✐t✐♦♥❛❧ t✐♠❡
✭Q2 ✇✳r✳t Q1❀ ❛♥❞ Q4 ✇✳r✳t Q3✮✳ ❚❤❡ ∗✲❧❛❜❡❧s r❡q✉✐r❡ ❧❡ss r❡✇r✐t✐♥❣ t✐♠❡ ✭Q2 ✇✳r✳t Q5❀ ❛♥❞ Q4

✇✳r✳t Q6✮✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ✉♣❞❛t❡ r✐❣❤ts✳ ❲❡ ❡①♣❡r✐♠❡♥t ♦♥❧② ✐♥s❡rt ♦♣❡r❛t✐♦♥s ✇❤✐❝❤ ❤❛✈❡ t❤❡ ❢♦r♠
✏✐♥s❡rt source ❜❡❢♦r❡ target✑❀ ✇❤❡r❡ source ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❳▼▲ ♥♦❞❡s ❛♥❞ target ❝❛♥ ❜❡
❛♥② X ⇑ ❡①♣r❡ss✐♦♥✳ ❊❛❝❤ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ♦❢ t②♣❡ ut ♠✉st ❜❡ r❡✇r✐tt❡♥ ❜② ❛❞❞✐♥❣ ❛♥ ♣r❡❞✐❝❛t❡
Uut ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✷✳✸✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤✐s ✉♣❞❛t❛❜✐❧✐t② ♣r❡❞✐❝❛t❡ ❞❡♣❡♥❞s ♦♥❧② ♦♥
t❤❡ ♥✉♠❜❡r ♦❢ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s ❛♥❞ t❛❦❡s ❛ ♥❡❣❧✐❣✐❜❧❡ t✐♠❡✳ ■♥ ❝❛s❡ ♦❢ ✐♥s❡rt ❛♥❞ r❡♣❧❛❝❡
♦♣❡r❛t✐♦♥s✱ ❙❱▼❆❳ ♣❡r❢♦r♠s ❛♥ ❛❞❞✐t✐♦♥❛❧ t❛s❦ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ❛❧❧ ❳▼▲ ♥♦❞❡s ❞❡✜♥❡❞ ✇✐t❤
♣❛r❛♠❡t❡r source ❛r❡ ✈❛❧✐❞ ✇✳r✳t t❤❡ ❉❚❉✳ ❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s
❛♥❞ t❤❡ s✐③❡ ♦❢ source ❛r❡ t❤❡ ♠❛✐♥ ♣❛r❛♠❡t❡rs ♦❢ ♦✉r ✉♣❞❛t❡ ❡①♣❡r✐♠❡♥t❛t✐♦♥✳

❚❤✉s✱ ✇❡ ❞❡✜♥❡ ❞✐✛❡r❡♥t ✐♥s❡rt ♦♣❡r❛t✐♦♥s ❜② ✈❛r②✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡ ❳▼▲ ♥♦❞❡s t♦ ❜❡
✐♥s❡rt❡❞ ❢r♦♠ ✵▼❇✱ ✶▼❇✱✳✳✳✱ ✺▼❇✳ ❚❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ❞❡✜♥❡❞ ❛r❡ r❡✇r✐tt❡♥ ✇✳r✳t t❤❡ ✉♣❞❛t❡
s♣❡❝✐✜❝❛t✐♦♥s ♣r❡✈✐♦✉s❧② ❣❡♥❡r❛t❡❞ ✭✇✐t❤ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s ✈❛r②✐♥❣ ❢r♦♠ ✶✵✵ ✐♥t♦ ✶✵✵✵✮✳ ❚❤❡
r❡✇r✐t✐♥❣ t✐♠❡s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✺ ✭❜✮✳ ❲❡ s❤♦✉❧❞ ❡♠♣❤❛s✐③❡ t❤❛t ♦✉r r❡✇r✐t✐♥❣ t✐♠❡s ♦❢
✐♥s❡rt ❛♥❞ r❡♣❧❛❝❡ ♦♣❡r❛t✐♦♥s ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ s✐③❡ ♦❢ ❳▼▲ ♥♦❞❡s t♦ ❜❡ ✐♥s❡rt❡❞
✭❞✉❡ t♦ t❤❡ ✈❛❧✐❞❛t✐♦♥ ❝❤❡❝❦✮✳ ❍♦✇❡✈❡r✱ t❤❡ r❡✇r✐t✐♥❣ t✐♠❡ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s
t❛❦❡s ❛ ❝♦♥st❛♥t ♥❛t✉r❡ ✭st✐❧❧ ✐♥❞❡♣❡♥❞❡♥t t♦ t❤❡ ♥✉♠❜❡r ♦❢ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s✮✳

✻✳✸✳✷ P♦❧✐❝② ❊♥❢♦r❝❡♠❡♥t P❡r❢♦r♠❛♥❝❡

❲❡ ♠❡❛s✉r❡ t❤❡ ❡♥❞✲t♦✲❡♥❞ ♣r♦❝❡ss✐♥❣ t✐♠❡ ♦❢ ♦✉r s②st❡♠ ❢♦r ❧❛r❣❡r ❛❝❝❡ss ❛♥❞ ✉♣❞❛t❡ s♣❡❝✐✜✲
❝❛t✐♦♥s ❛♥❞ ❣❡♥❡r❛❧ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✳ ❙✐♥❝❡ ♥♦ t♦♦❧ ❡①✐sts ✐♥ ♣r❛❝t✐❝❡ t♦ s❡❝✉r❡ q✉❡r②✐♥❣ ❛♥❞
✉♣❞❛t✐♥❣ ♦❢ r❡❝✉rs✐✈❡ ❳▼▲ ✈✐❡✇s✱ ✇❡ ❝♦♠♣❛r❡ ♦✉r s②st❡♠ ♦♥❧② ✇✳r✳t s♦♠❡ ♥❛✐✈❡ ❛♣♣r♦❛❝❤ ❛s
❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❲❡ ❞❡✜♥❡ ❞✐✛❡r❡♥t ♣♦❧✐❝✐❡s ❝♦♠♣♦s❡❞ ❜② ❜♦t❤ ❛❝❝❡ss ❛♥❞ ✉♣❞❛t❡ r✐❣❤ts ❛s ❢♦❧❧♦✇s✿ P i❂④Si
read✱

Si
up⑥✱ ✇❤❡r❡ Si

read❂(GedML, annread) ❛♥❞ Si
up❂(GedMLv, annup)✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥

✻✳✶✳✸✱ ❡❛❝❤ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ Si
up ✐s ❣❡♥❡r❛t❡❞ ✇✳r✳t t❤❡ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ Si

read✳ ▼♦r❡♦✈❡r✱
GedMLv ✐s t❤❡ ✭❛♣♣r♦①✐♠❛t❡❞✮ ✈✐❡✇ ♦❢ t❤❡ ●❡❞▼▲ ❉❚❉ ❝♦♠♣✉t❡❞ ✇✳r✳t Si

read✳ ❚❤❡ ❡①♣❡r✐♠❡♥t
❝♦♥s✐sts ✐♥ ❝♦♠♣❛r✐♥❣ ❙❱▼❆❳ ✇✳r✳t t❤❡ ♥❛✐✈❡ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ♠❛t❡r✐❛❧✐③❛t✐♦♥ ❬❑▼❘✵✾❪ ❛♥❞
♥♦❞❡✲❧❡✈❡❧ s❡❝✉r✐t② ❛♥♥♦t❛t✐♦♥ ❬▼❚❑❍✵✻❪✳

◆❛✐✈❡ ♣r♦❝❡ss✳ ❈♦♥s✐❞❡r ❛ ♣♦❧✐❝② P i❂④Si
read, S

i
up⑥✳ ❲❡ ❝♦♠♣✉t❡ ✜rst ❛ ♠❛t❡r✐❛❧✐③❡❞ ✈✐❡✇ T

′

v

♦❢ T ❜② ❡❧✐♠✐♥❛t✐♥❣ ❛❧❧ ♥♦❞❡s t❤❛t ❛r❡ ✐♥❛❝❝❡ss✐❜❧❡ ✇✳r✳t Si
read✳ ❆❢t❡r✱ ✇❡ ❛♥♥♦t❛t❡ t❤❡ ♥♦❞❡s ♦❢

T
′

v✱ ❛❝❝♦r❞✐♥❣ t♦ annup✱ ✇✐t❤ s❡❝✉r✐t② ❛ttr✐❜✉t❡s ✇✐t❤ t❤❡ ❢♦r♠ @ut❂✏✰✑✴✏✲✑✱ s♣❡❝✐❢②✐♥❣ ✇❤❡t❤❡r
✉♣❞❛t❡s ♦❢ t②♣❡ ut ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ♦♥ t❤❡s❡ ♥♦❞❡s✳ ❋♦r ✐♥st❛♥❝❡✱ @insertBefore❬B❪❂✏✰✑ ❛t ❛
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❋✐❣✉r❡ ✻✳✻✿ ❖✈❡r❛❧❧ ❛♥s✇❡r✐♥❣ t✐♠❡✿ ❙❱▼❆❳ ✈❡rs✉s ♥❛✐✈❡ ❛♣♣r♦❛❝❤✳

♥♦❞❡ n s♣❡❝✐✜❡s t❤❛t ✐♥s❡rt✐♦♥ ♦❢ B ❝❤✐❧❞r❡♥ ✐♥ s✐❜❧✐♥❣ ♣♦s✐t✐♦♥ ♦❢ n ✐s ❛❧❧♦✇❡❞✳ ▲❡t T
′′

v ❜❡ t❤❡
r❡s✉❧t❡❞ ✈✐❡✇ ✇❤✐❝❤ ✐s ♣r♦✈✐❞❡❞ t♦ ✉s❡r t♦ ❢♦r♠✉❧❛t❡ ❤✐s q✉❡r✐❡s✴✉♣❞❛t❡s ✭s❡❝✉r✐t② ❧❛❜❡❧s ❛r❡
❤✐❞❞❡♥ ❢r♦♠ t❤❡ ✉s❡r✮✳ ❆♥ ❳P❛t❤ q✉❡r② ✐s ❡✈❛❧✉❛t❡❞ ❞✐r❡❝t❧② ♦✈❡r T

′′

v ❀ ✇❤✐❧❡ ❛♥ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥
♦❢ t②♣❡ ut ✐s r❡✇r✐tt❡♥ ✜rst ❜② ❛❞❞✐♥❣ t❤❡ ♣r❡❞✐❝❛t❡ @ut❂✏✰✑ ✐♥t♦ ✐ts t❛r❣❡t ❡①♣r❡ss✐♦♥✱ ❛♥❞ t❤❡♥
❡✈❛❧✉❛t❡❞ ♦✈❡r T

′′

v ✳

❙❱▼❆❳ ♣r♦❝❡ss✳ ❊❛❝❤ ✉s❡r ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ✐s r❡✇r✐tt❡♥ ✇✳r✳t Si
read t♦ ❡♥s✉r❡ ❝♦♥✜❞❡♥t✐❛❧✐t②

❛♥❞ Si
up t♦ ♣r❡s❡r✈❡ ✐♥t❡❣r✐t② ♦❢ ❞❛t❛❀ ❛♥❞ t❤❡♥ ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞♦❝✉♠❡♥t T ✳

❙❡t✉♣✳ ❲❡ ❣❡♥❡r❛t❡ ❛♥ ❳▼▲ ❞♦❝✉♠❡♥t T ♦❢ s✐③❡ ✶✵▼❇ t❤❛t ❝♦♥❢♦r♠s t♦ t❤❡ ●❡❞▼▲ ❉❚❉✱ ❛
❣❡♥❡r❛❧ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥✱ ❛♥❞ ❞✐✛❡r❡♥t ♣♦❧✐❝✐❡s P i ♦❢ s✐③❡ i ✭i❂|annread|❂|annup|✮ ✈❛r②✐♥❣ ❢r♦♠
✶✵ t♦ ✶✺✵✳ ❋♦r ❡❛❝❤ ♣♦❧✐❝② P i✱ t❤❡ ✉♣❞❛t❡ ✐s r❡✇r✐tt❡♥ ♦✈❡r 2i ❛❝❝❡ss ❛♥❞ ✉♣❞❛t❡ ❛♥♥♦t❛t✐♦♥s
❛♥❞ t❤✐s ✉s✐♥❣ ❜♦t❤ ♦✉r ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ ♥❛✐✈❡ ❛♣♣r♦❛❝❤✳ ❋✐❣✉r❡ ✻✳✻ s❤♦✇s t❤❡ ❛♥s✇❡r✐♥❣ t✐♠❡s
♦❢ ❡❛❝❤ ❛♣♣r♦❛❝❤✹✷✳ ■t ✐s ❝❧❡❛r❧② s❤♦✇♥ t❤❛t ✐♥ ❝❛s❡ ♦❢ ❧❛r❣❡ s✐③❡ ♦❢ s♣❡❝✐✜❝❛t✐♦♥s ❛♥❞ ❳▼▲ ❞❛t❛✱
♦✉r s②st❡♠ r❡q✉✐r❡s ❛ s♠❛❧❧ ❛♥s✇❡r✐♥❣ t✐♠❡ ❛♥❞ ❛❝❤✐❡✈❡s ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♥❛✐✈❡ ❛♣♣r♦❛❝❤
❜② ✉♣ t♦ ❛ ❢❛❝t♦r ♦❢ ✶✵✳

✻✳✸✳✸ ■♥t❡❣r❛t✐♥❣ ❙❱▼❆❳ ✇✐t❤✐♥ ◆❳❉s

❋✐♥❛❧❧②✱ ✇❡ ✉s❡ ❙❱▼❆❳ ❛s ❛ s✐♠♣❧❡ ❏❛✈❛ ❆P■ ❛♥❞ ✇❡ ✐♥t❡❣r❛t❡ ✐t ✇✐t❤✐♥ ❞✐✛❡r❡♥t ♥❛t✐✈❡ ❳▼▲
❞❛t❛❜❛s❡s✿ ✶✮ ❇❛s❡❳✱ ✷✮ ❙❡❞♥❛ ❛♥❞ ✸✮ ❡❳✐st✳ ❚❤❡ s❡❧❡❝t✐♦♥ ♦❢ t❤❡s❡ ◆❳❉s ✐s ❞♦♥❡ ❛❝❝♦r❞✐♥❣ t♦
t❤❡✐r ❣r♦✇✐♥❣ ✉s❡✱ ❛s ✇❡❧❧ ❛s t♦ t❤❡✐r s✉♣♣♦rts ❢♦r q✉❡r②✐♥❣ ❛♥❞ ✉♣❞❛t✐♥❣ ♦❢ ❳▼▲✳ ❚❤❡ ❳P❛t❤
❧❛♥❣✉❛❣❡ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ t❤r❡❡ ◆❳❉s✳ ❍♦✇❡✈❡r✱ ♦♥❧② ❇❛s❡❳ ♣r♦✈✐❞❡s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r t❤❡
❳◗✉❡r② ✉♣❞❛t❡ ❢❛❝✐❧✐t②❀ ❡❛❝❤ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ s②st❡♠s ♣r♦✈✐❞❡s ❛ ♣r♦♣r✐❡t❛r② ✉♣❞❛t❡ ❧❛♥❣✉❛❣❡✳

❚❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❙❱▼❆❳ ❆P■ ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞❛t❛❜❛s❡ s②st❡♠ ✐s ❡♥s✉r❡❞
❜② ✉s✐♥❣ t❤❡ ❆P■s ❳◗❏ ❛♥❞ ❳▼▲✿❉❇✱ ♣r❡s❡♥t ✐♥ ♠♦st s②st❡♠s✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ✐♥t❡❣r❛t✐♦♥ ✐s t♦
♦✛❡r ❡①✐st✐♥❣ ❞❛t❛❜❛s❡s ❡❛s②✲t♦✲✉s❡ ❛♥❞ ❡✣❝✐❡♥t s✉♣♣♦rt t♦ s❡❝✉r❡❧② ♠❛♥✐♣✉❧❛t❡ ✭r❡❝✉rs✐✈❡✮ ❳▼▲
✈✐❡✇s✱ ❛s ✇❡❧❧ ❛s t♦ ❧❡✈❡r❛❣❡ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡s❡ s②st❡♠s ✭❡✳❣✳ q✉❡r② ♦♣t✐♠✐③❛t✐♦♥ t❡❝❤♥♦❧♦❣✐❡s✮✳

❲❡ ❣❡♥❡r❛t❡ ❛ s✐♠♣❧❡ ❳▼▲ ❞♦❝✉♠❡♥t ♦❢ ✷▼❇✱ ❛ ❣❡♥❡r❛❧ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥✱ ❛♥❞ s♦♠❡ ♣♦❧✐❝✐❡s
P 1✱✳✳✳✱P 10 ❞❡✜♥❡❞ ✇✐t❤ t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡ ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✳ ❯s✐♥❣ t❤❡ ❙❱✲
▼❆❳ r❡✇r✐t❡rs ✭t❤❡ ❳◗✉❡r② ❯♣❞❛t❡ r❡✇r✐t❡r ❢♦r ❇❛s❡❳✱ ❛♥❞ ❛ s♣❡❝✐❛❧ r❡✇r✐t❡r ❢♦r ❜♦t❤ ❙❡❞♥❛
❛♥❞ ❡❳✐st ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✷✳✸✮✱ t❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ✐s s❛❢❡❧② r❡✇r✐tt❡♥ ✇✳r✳t t❤❡ ❞✐✛❡r✲
❡♥t ♣♦❧✐❝✐❡s P i ❛♥❞ s❡♥t t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞❛t❛❜❛s❡ ❢♦r ❡✈❛❧✉❛t✐♦♥✳ ❚❤❡ ♦✈❡r❛❧❧ ❛♥s✇❡r✐♥❣ t✐♠❡s

✹✷■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡s✱ t❤❡ ♥✉♠❜❡rs ♦❢ ✉♣❞❛t❡❞ ♥♦❞❡s ❛r❡ ❞❡♣✐❝t❡❞ ❛t t❤❡ ♠✐❞❞❧❡✳
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✶✵5① ✸

✶✵5①

✶✵5① ✺

✶✵5①

❋✐❣✉r❡ ✻✳✼✿ ■♥t❡❣r❛t✐♦♥ ♦❢ ❙❱▼❆❳ ✇✐t❤✐♥ ◆❳❉s✳

✭r❡✇r✐t✐♥❣ ❛♥❞ ❡✈❛❧✉❛t✐♦♥✮ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✼✳ ❲❡ r❡♠❛r❦ ✜rst t❤❛t ❡❳✐st ❞❛t❛❜❛s❡ t❛❦❡s
♠♦r❡ t✐♠❡ t❤❛♥ t❤❡ ♦t❤❡r ✭✷✽✷ s❡❝♦♥❞s ❢♦r t❤❡ s✐♠♣❧❡ ♣♦❧✐❝② P 1✱ ✐✳❡✳✱ ✇✐t❤ ✷✵ ❛♥♥♦t❛t✐♦♥s✮✳ ❚❤❡
❇❛s❡❳ ❳◗✉❡r② ♣r♦❝❡ss♦r ♦✈❡r❝♦♠❡s ♥♦t✐❝❡❛❜❧② t❤❡ ❙❡❞♥❛ ✉♣❞❛t❡ ♣r♦❝❡ss♦r ✐♥ ❣❡♥❡r❛❧ ❜② ✉♣ t♦
❛ ❢❛❝t♦r ♦❢ ✷✳

✻✳✹ ❈♦♥❝❧✉s✐♦♥

❲❡ ♣❧❛♥ t♦ ❡①t❡♥❞ ♦✉r s②st❡♠ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✈❛❧✐❞❛t✐♦♥ ♦❢ ❝♦♠♣♦s✐t❡ ✉♣❞❛t❡s✳ ❲❡ ❛❧s♦
✐♥t❡♥❞ t♦ st✉❞② t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ♦✉r s②st❡♠ ✇✐t❤✐♥ ❳▼▲✲❡♥❛❜❧❡❞ ❞❛t❛❜❛s❡s ❬❇♦✉✶✵❪✱ ✐♥❝❧✉❞❡
❛ ❝♦♥s✐st❡♥❝② r❡♣❛✐r ❛❧❣♦r✐t❤♠✱ ❛♥❞ ❤❛♥❞❧❡ ♠✉❧t✐♣❧❡ ✉♣❞❛t❡s ✐♥ ❝♦♥t❡①t ♦❢ ❝♦❧❧❛❜♦r❛t✐✈❡ ❡❞✐t✐♥❣
❬❈■❘✶✶❪✳

✾✼



❈❤❛♣t❡r ✻✳ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❊①♣❡r✐♠❡♥t❛❧ ❙t✉❞②✿ ❚❤❡ ❙❱▼❆❳ ❢r❛♠❡✇♦r❦

✾✽



❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❋✉t✉r❡ ❉✐r❡❝t✐♦♥s

❳▼▲ ❤❛s ❜❡❝♦♠❡ ❛ st❛♥❞❛r❞ ❢♦r r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❡①❝❤❛♥❣❡ ♦❢ ❞❛t❛ ❛❝r♦ss t❤❡ ✐♥t❡r♥❡t✳ ❈♦❧✲
❧❛❜♦r❛t✐✈❡ ✇♦r❦ ❦♥♦✇s ❛ ❣r♦✇✐♥❣ ❛♥❞ ✐♠♣♦rt❛♥t ✉s❡ ❢♦❧❧♦✇✐♥❣ ❛ ❤✐❣❤ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ ❡✣❝✐❡♥t
❤❛r❞✇❛r❡✳ ❘❡♣❧✐❝❛t✐♦♥ ♦❢ ❞❛t❛ ✇✐t❤✐♥ ❞✐✛❡r❡♥t s✐t❡s ✭❡✳❣✳ ❳▼▲ ❞♦❝✉♠❡♥ts✮ ✐s ✉s❡❞ t♦ ✐♥❝r❡❛s❡
❛✈❛✐❧❛❜✐❧✐t② ♦❢ ❞❛t❛ ❜② ♠✐♥✐♠✐③✐♥❣ t❤❡ t✐♠❡ ♦❢ ✉s❡r ❛❝❝❡ss t♦ s❤❛r❡❞ ❞❛t❛✳ ❍♦✇❡✈❡r✱ t❤❡ s❛❢❡t② ♦❢
s❤❛r❡❞ ❞❛t❛ r❡♠❛✐♥s ❛♥ ✐♠♣♦rt❛♥t ✐ss✉❡ ✐♥ s✉❝❤ s②st❡♠s✳ ❚❤❡ ❛✐♠ ♦❢ t❤❡ t❤❡s✐s ✐s t♦ ❤✐❣❤❧✐❣❤t ❛
❢♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ♠♦❞❡❧ ♦❢ ❛❝❝❡ss ❝♦♥tr♦❧ ♦❢ ❳▼▲ ❞♦❝✉♠❡♥ts t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ t②♣❡
♦❢ ❛❝❝❡ss ✭r❡❛❞ ♦r ✉♣❞❛t❡✮ ❛♥❞ ❞♦❝✉♠❡♥t str✉❝t✉r❡ ✭❡✳❣✳ ❉❚❉ ❣r❛♠♠❛r ❉❚❉ ♦r ❳▼▲ s❝❤❡♠❛✮✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ♣✉t ✐♥ ♣r❛❝t✐❝❡ ♦✉r ♠♦❞❡❧s ♦❢ ❛❝❝❡ss
❝♦♥tr♦❧ ✇✐t❤✐♥ ❛ ❝♦❧❧❛❜♦r❛t✐✈❡ ❝♦♥t❡①t✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❞②♥❛♠✐❝ ❛s♣❡❝t ♦❢ ✉s❡r✴❣r♦✉♣
❝♦❧❧❛❜♦r❛t✐♦♥ ✭❛ ✉s❡r ❝❛♥ ❥♦✐♥ ♦r ❧❡❛✈❡ t❤❡ s❡ss✐♦♥ t♦❣❡t❤❡r ❛t ❛♥② t✐♠❡✮✳

▼♦st ♦❢ ❡①✐st✐♥❣ ✇♦r❦s ❛r♦✉♥❞ t❤❡ ❛❝❝❡ss ❝♦♥tr♦❧ ♦❢ ❳▼▲ ❞♦❝✉♠❡♥ts ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❞❡✜♥✐✲
t✐♦♥ ♦❢ ❛ ✈✐❡✇ s❤♦✇✐♥❣✱ ❢♦r ❡❛❝❤ ❝❧❛ss ♦❢ ✉s❡rs✱ t❤❡ ♣❛rts ♦❢ ❞❛t❛ t❤❡② ❛r❡ ❛❧❧♦✇❡❞ t♦ r❡❛❞ ❛♥❞✴♦r
♠♦❞✐❢②✳ ❚❤✐s ✈✐❡✇ ✐s t❤❡ r❡s✉❧t ♦❢ t❤❡ ❛♥♥♦t❛t✐♦♥ ♦❢ t❤❡ ❉❚❉ ❣r❛♠♠❛r✱ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❳▼▲
❞♦❝✉♠❡♥t✱ ❜② ❞✐✛❡r❡♥t ❛❝❝❡ss ❝♦♥❞✐t✐♦♥s ❡①♣r❡ss❡❞ ❛s ❳P❛t❤ ❡①♣r❡ss✐♦♥s✳ ❚♦ ♣r❡✈❡♥t ❛❝❝❡ss t♦
❝♦♥✜❞❡♥t✐❛❧ ❞❛t❛✱ ❤✐❞❞❡♥ ❜② t❤❡ ✈✐❡✇✱ ❡❛❝❤ ❳P❛t❤ q✉❡r② ♣♦s❡❞ ❜② t❤❡ ✉s❡r ✐♥ t❤❡ ✈✐❡✇ ♠✉st ❜❡
r❡✇r✐tt❡♥ ✐♥ ♦r❞❡r t♦ ❜❡ ❡✈❛❧✉❛t❡❞ s❛❢❡❧② ♦♥ t❤❡ ♦r✐❣✐♥❛❧ ❞♦❝✉♠❡♥t✳ ❍♦✇❡✈❡r✱ t❤❡ r❡✇r✐t✐♥❣ ❳P❛t❤
q✉❡r✐❡s ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡❝✉rs✐✈❡ ❳▼▲ ✈✐❡✇s r❡♠❛✐♥s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱
s♦♠❡ st✉❞✐❡s ❤❛✈❡ s✉❣❣❡st❡❞ ✇♦r❦✐♥❣ ✇✐t❤ ❛ ♥♦♥✲st❛♥❞❛r❞ ❧❛♥❣✉❛❣❡ ✇❤✐❝❤ ✐s ♠♦r❡ ❡①♣r❡ss✐✈❡
t❤❛♥ ❳P❛t❤✱ ❝❛❧❧❡❞ ❘❡❣✉❧❛r ❳P❛t❤✱ ❣✐✈✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❞❡✜♥❡ r❡❝✉rs✐✈❡ q✉❡r✐❡s t❤r♦✉❣❤ t❤❡
❑❧❡❡♥❡ st❛r ♦♣❡r❛t♦r ✭✐✳❡✳ t❤❡ ♦♣❡r❛t♦r ✯✮✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡s❡ st✉❞✐❡s r❡♠❛✐♥ t❤❡♦r❡t✐❝❛❧ ❜❡❝❛✉s❡
♥♦ t♦♦❧ ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ ♣r❛❝t✐❝❡ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❘❡❣✉❧❛r ❳P❛t❤ q✉❡r✐❡s ❛❣❛✐♥st ❳▼▲ ❞❛t❛✳ ❲❡
s❤♦✇❡❞ t❤❛t t❤❡ r❡✇r✐t✐♥❣ ♦❢ ❳P❛t❤ q✉❡r✐❡s ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ ❢♦r r❡❝✉rs✐✈❡ ❳▼▲ ✈✐❡✇s ✇✐t❤♦✉t
✉s✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s t♦ ♦t❤❡r ❧❛♥❣✉❛❣❡s ✭s✉❝❤ ❛s ❘❡❣✉❧❛r ❳P❛t❤✮✱ ❛♥❞ t❤✐s ♦♥❧② ❜② ✉s✐♥❣ t❤❡
❳P❛t❤ st❛♥❞❛r❞✳ ❖✉r s♦❧✉t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♠♦r❡ ✉s❡❞ ❢r❛❣♠❡♥t ♦❢ ❳P❛t❤✱
❝❛❧❧❡❞ ❞♦✇♥✇❛r❞ ❝❧♦s❡❞✱ ✇✐t❤ s♦♠❡ ❳P❛t❤ ♦♣❡r❛t♦rs s✉❝❤ ❛s ♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦♣❡r✲
❛t♦r✳ ❇❛s❡❞ ♦♥ t❤✐s ❡①t❡♥s✐♦♥✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ ❧✐♥❡❛r ❛❧❣♦r✐t❤♠ ❢♦r r❡✇r✐t✐♥❣ ❳P❛t❤ q✉❡r✐❡s
❛❣❛✐♥st ❛r❜✐tr❛r② ❳▼▲ ✈✐❡✇s ✭r❡❝✉rs✐✈❡ ♦r ♥♦t✮✳ ❚♦ s❤♦✇ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ♦✉r s♦❧✉t✐♦♥✱ ❛♥
❡①♣❡r✐♠❡♥t❛❧ st✉❞② ✇❛s ❝♦♥❞✉❝t❡❞ ✉s✐♥❣ ❛ r❡❝✉rs✐✈❡ ❉❚❉ ❛♥❞ s❡✈❡r❛❧ ❢♦r♠s ♦❢ ❳P❛t❤ q✉❡r✐❡s✳
❚❤❡ ❡①♣❡r✐♠❡♥t r❡s✉❧ts ❝❧❡❛r❧② ❞❡♠♦♥str❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✳

❚❤❡ ♠❛❥♦r✐t② ♦❢ ❡①✐st✐♥❣ ✇♦r❦ ❛r♦✉♥❞ t❤❡ ❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ♦♥❧② ❞✐s❝✉ss ❛❝❝❡ss r❡❛❞✳ ❚❤❡
❳▼▲ ❛❝❝❡ss ❝♦♥tr♦❧ ❝♦♥s✐❞❡r✐♥❣ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ❤❛s ♥♦t r❡❝❡✐✈❡❞ ❡♥♦✉❣❤ ❛tt❡♥t✐♦♥✳ ❖✉r s❡❝♦♥❞
❝♦♥tr✐❜✉t✐♦♥ ✐s ❛♥ ❡①♣r❡ss✐✈❡ ♠♦❞❡❧ ❢♦r s♣❡❝✐❢②✐♥❣ ❳▼▲ ✉♣❞❛t❡ ♣♦❧✐❝✐❡s ❜② ♠❡❛♥s ♦❢ ♣r✐♠✐t✐✈❡
✉♣❞❛t❡s ♦❢ t❤❡ ❲✸❈ ❳◗✉❡r② ❯♣❞❛t❡ ❋❛❝✐❧✐t②✳ ●✐✈❡♥ ❛ ❉❚❉ ❣r❛♠♠❛r D✱ ✇❡ ❛♥♥♦t❛t❡ t❤❡
❡❧❡♠❡♥ts ♦❢ D ❜② ❞✐✛❡r❡♥t r✐❣❤ts ♦❢ ✉♣❞❛t❡ t♦ s♣❡❝✐❢② t❤❡ ♣❛rts ♦❢ t❤❡ ❞♦❝✉♠❡♥t t❤❡ ✉s❡r ✐s
❛❧❧♦✇❡❞ t♦ ❝❤❛♥❣❡✳ ❲❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❞❡✜♥❡❞ ❛ ♥♦t✐♦♥ ♦❢ ✐♥❤❡r✐t❛♥❝❡ ❛♥❞ ♦✈❡rr✐❞✐♥❣ ♦❢ ✉♣❞❛t❡
❛♥♥♦t❛t✐♦♥s t♦ ♦✈❡r❝♦♠❡ t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ❡①✐st✐♥❣ ✉♣❞❛t❡ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧s✳ ❖✉r
❛♣♣r♦❛❝❤ t♦ ❡♥❢♦r❝❡ t❤❡s❡ s♣❡❝✐✜❝❛t✐♦♥s ✐s ❜❛s❡❞ ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ q✉❡r② r❡✇r✐t✐♥❣✳ ❚♦ ❞♦ t❤✐s✱
✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ ❧✐♥❡❛r ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥❧② ♦♥ t❤❡ ❳P❛t❤ st❛♥❞❛r❞✱ ✇❤✐❝❤ ❛❧❧♦✇s t♦ r❡✇r✐t❡

✾✾



❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❋✉t✉r❡ ❉✐r❡❝t✐♦♥s

❡❛❝❤ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥✱ ❞❡✜♥❡❞ ♦✈❡r ❛♥ ❛r❜✐tr❛r② ❉❚❉ ✭r❡❝✉rs✐✈❡ ♦r ♥♦t✮✱ ✐♥t♦ ❛ s❛❢❡ ♦♣❡r❛t✐♦♥
t❤❛t ♠❛❦❡s ❝❤❛♥❣❡s ♦❢ ♦♥❧② ❳▼▲ ❞❛t❛ t❤❡ ✉s❡r ✐s ❛✉t❤♦r✐③❡❞ t♦ ✉♣❞❛t❡✳ ❲❡ st✉❞✐❡❞ t❤❡♥ t❤❡
✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❛❞ ❛♥❞ ✉♣❞❛t❡ r✐❣❤ts✱ ❛♥❞ ✇❡ ❞❡s❝r✐❜❡❞ ❛ s♦❧✉t✐♦♥ t❤❛t ♣r❡s❡r✈❡s t❤❡
❝♦♥✜❞❡♥t✐❛❧✐t② ❛♥❞ ✐♥t❡❣r✐t② ♦❢ ❳▼▲ ❞❛t❛✳

❖✉r ❛♣♣r♦❛❝❤❡s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ❛s ❛ ✇♦r❦✐♥❣ s②st❡♠ t❤❛t r❡♣r❡s❡♥ts t❤❡ ✜rst ♣r❛❝t✐❝❛❧
s②st❡♠ ❢♦r s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ❡♥❢♦r❝❡♠❡♥t ♦❢ ❜♦t❤ r❡❛❞ ❛♥❞ ✉♣❞❛t❡ r✐❣❤ts ♦✈❡r ❛r❜✐tr❛r② s❡❝✉r✐t②
✈✐❡✇s✳

❋✐♥❛❧❧②✱ ✇❡ ♣❧❛♥ t♦ ♣r♦♣♦s❡ ❛ t♦♦❧ ❢♦r ❝♦❧❧❛❜♦r❛t✐✈❡ ❡❞✐t✐♥❣ ♦❢ ❞♦❝✉♠❡♥ts ❳▼▲ t❤❛t t❛❦❡s
✐♥t♦ ❛❝❝♦✉♥t ♦✉r r❡s✉❧ts✳ ❯♥❧✐❦❡ ❡①✐st✐♥❣ ✇♦r❦✱ t❤❡ t♦♦❧ ✇✐❧❧ ❜❡ ❜❛s❡❞ ♦♥❧② ♦♥ st❛♥❞❛r❞s ✭❡✳❣✳ t❤❡
❳P❛t❤ st❛♥❞❛r❞ ❛♥❞ t❤❡ ❲✸❈ ✉♣❞❛t❡ ♣r✐♠✐t✐✈❡s✮✳

✶✵✵



❆

Pr♦♦❢s

❆✳✶ Pr♦♦❢s ♦❢ ❈❤❛♣t❡r ✸

Pr♦♣❡rt② ✸✳✶✳ ●✐✈❡♥ ❛♥ ❳▼▲ tr❡❡ T ✇✐t❤ root ♥♦❞❡✱ ✇❡ ❞❡✜♥❡ s♦♠❡ ❡q✉✐✈❛❧❡♥❝❡s ❜❡t✇❡❡♥
X ⇑[n,=] q✉❡r✐❡s ❛s ❢♦❧❧♦✇s✿

✶✳ ■❢ q1 ≡ q2 t❤❡♥ q1❬f ❪ ≡ q2❬f ❪✳

✷✳ ❋♦r ❛♥② ♥♦❞❡ t❡st η 6= t❡①t✭✮✿ α✿✿η❬f1❪❬ε✿✿∗❬f2❪❪ ≡ α✿✿∗❬f1❪❬ε✿✿η❬f2❪❪ ≡ α✿✿η❬f1 ∧ f2❪✳

✸✳ ❋♦r ❛♥② X ⇑ ♣r❡❞✐❝❛t❡s f1 ❛♥❞ f2✿ ↓
∗✿✿η1❬f1❪❬α✿✿η2❬f2❪❪ ≡ ↓

∗✿✿η2❬f2❪✴α
−1✿✿η1❬f1❪✳

✹✳ α1✿✿η1✴. . .✴αk✿✿ηk ≡ ↓
∗✿✿ηk❬α

−1
k ✿✿ηk−1✴. . .✴α

−1
2 ✿✿η1✴α

−1
1 ✿✿root❪✳

✺✳ m ∈ SJ↓∗✿✿η❬f ❪K✭T ✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ m ∈ ξJε✿✿η❬f ❪K✳ �

Pr♦♦❢ ❆✳✶✳ ❲❡ ❝♦♥s✐❞❡r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ❳▼▲ tr❡❡ T = (N, r,R↓, R→, λ, ν)✳ ◆♦t❡ t❤❛t
❛♥ ❳P❛t❤ q✉❡r② Q ♦✈❡r T ✐s ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ r♦♦t ♥♦❞❡ r ♦❢ T ✱ ✐✳❡✳ SJQK✭T ✮❂SJQK✭{r}✮✳
▼♦r❡♦✈❡r✱ ✐t ✐s ❝❧❡❛r t❤❛t n α m ✐s ❡q✉✐✈❛❧❡♥t t♦ m α−1 n✳ ❲❡ ♣r♦✈❡ ♥♦✇ ❡q✉✐✈❛❧❡♥❝❡s ❣✐✈❡♥ ✐♥
Pr♦♣❡rt② ✸✳✶✳

✶✳ ■❢ q1 ≡ q2 t❤❡♥ q1❬f ❪ ≡ q2❬f ❪✳ ❙✐♥❝❡ q1 ≡ q2 t❤❡♥ SJq1K✭T ✮❂SJq2K✭T ✮✳ ❲❡ ❤❛✈❡✿

SJq1❬f ❪K✭T ✮ ❂ SJq1K✭T ✮ ∩ ξJfK ❂ SJq2K✭T ✮ ∩ ξJfK ❂ SJq2❬f ❪K✭T ✮✳

❚❤❡r❡❢♦r❡✱ q1❬f ❪ ≡ q2❬f ❪✳

✷✳ ❋♦r ❛♥② ♥♦❞❡ t❡st η 6= t❡①t✭✮✿ α✿✿η❬f1❪❬ε✿✿∗❬f2❪❪ ≡ α✿✿∗❬f1❪❬ε✿✿η❬f2❪❪ ≡ α✿✿η❬f1 ∧ f2❪✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❳P❛t❤ st❛♥❞❛r❞ ❬❇❇❈+✶✵❪✱ ε✿✿∗ ♦✈❡r ❛ ♥♦❞❡ m ❝❤❡❝❦s ✇❤❡t❤❡r m ✐s ❛♥ ❡❧❡♠❡♥t
♥♦❞❡ ❛♥❞ ♥♦t ❛ t❡①t ♥♦❞❡✱ ✐✳❡✳ m ∈ ξJε✿✿∗K ✐❢ ❛♥❞ ♦♥❧② ✐❢ λ(m) 6= str✳ ■♥t✉✐t✐✈❡❧②✱ ❢♦r ❛♥ ❡❧❡♠❡♥t
♥♦❞❡ m✱ ✇❡ ❤❛✈❡✿

❼ m ∈ ξJε✿✿∗K✱

❼ m ∈ ξJε✿✿lK ✐✛ λ✭m✮❂l✱

❼ m ∈ ξJε✿✿∗❬f ❪K ✐✛ m ∈ ξJfK✱

❼ m ∈ ξJε✿✿l❬f ❪K ✐✛ λ✭m✮❂l ❛♥❞ m ∈ ξJfK✳

✶✵✶



❆✳ Pr♦♦❢s

❋✐rst❧②✱ ❧❡t η ❜❡ ❛♥ ❡❧❡♠❡♥t t②♣❡ l ✭t❤❡ ❝❛s❡ ✇❤❡r❡ η = ∗ ✐s ❜r✐❡✢② ❞✐s❝✉ss❡❞ ❧❛t❡r✮✳ ❲❡ ❝♦♥s✐❞❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❞✉❝t✐♦♥s✿

✭❛✮ ❊✈❛❧✉❛t✐♦♥ ♦❢ α✿✿η❬f1❪❬ε✿✿∗❬f2❪❪ ♦✈❡r T ✿

✲ SJα :: η[f1][ε :: ∗[f2]]K({r})
︸ ︷︷ ︸

A

❂ SJα✿✿η❬f1 ∧ ε✿✿∗❬f2❪❪K✭{r}✮ ❂

SJα✿✿ηK✭{r}✮ ∩ ξJf1 ∧ ε✿✿∗❬f2❪K ❂ SJα :: ηK({r})
︸ ︷︷ ︸

A1

∩ ξJf1K ∩ ξJε :: ∗[f2]K
︸ ︷︷ ︸

A2

✲ A1 ❂ α✭{r}✮ ∩ T ✭η✮ ❂ {m ∈ T | r α m✱ λ(m) = l}

✲ ξJε✿✿∗❬f2❪K ❂ {n ∈ T | SJε✿✿∗❬f2❪K✭{n}✮ 6= φ} ❂ {n ∈ T | λ(n) 6= str✱ n ∈ ξJf2K}✹✸

✲ A2 ❂ ξJf1K ∩ ξJε✿✿∗❬f2❪K ❂ {m ∈ T | m ∈ ξJf1K} ∩ {n ∈ T | λ(n) 6= str✱ n ∈ ξJf2K} ❂
{n ∈ T | λ(n) 6= str✱ n ∈ ξJf1K✱ n ∈ ξJf2K}

✲ A ❂ A1 ∩A2 ❂ {m ∈ T | r α m✱ λ(m) = l} ∩ {n ∈ T | λ(n) 6= str✱ n ∈ ξJf1K✱ n ∈ ξJf2K}❂
{m ∈ T | r α m✱ λ(m) = l✱ λ(m) 6= str✱ m ∈ ξJf1K✱ m ∈ ξJf2K}

❙✐♥❝❡ λ(m) = l✱ ✐✳❡✳ m ✐s ❛♥ ❡❧❡♠❡♥t ♥♦❞❡✱ t❤❡♥ λ(m) 6= str ❝❛♥ ❜❡ ♦♠✐tt❡❞✳ ❚❤❡r❡❢♦r❡✿

A ❂ {m ∈ T | r α m✱ λ(m) = l✱ m ∈ ξJf1K✱ m ∈ ξJf2K}

✭❜✮ ❊✈❛❧✉❛t✐♦♥ ♦❢ α✿✿∗❬f1❪❬ε✿✿η❬f2❪❪ ♦✈❡r T ✿

✲ SJα :: ∗[f1][ε :: η[f2]]K({r})
︸ ︷︷ ︸

B

❂ SJα :: ∗K({r})
︸ ︷︷ ︸

B1

∩ ξJf1K ∩ ξJε :: η[f2]K
︸ ︷︷ ︸

B2

✲ B1 ❂ α✭{r}✮ ∩ T ✭∗✮ ❂ {s ∈ T | r α s✱ λ(s) 6= str}

✲ ξJε✿✿η❬f2❪K ❂ {n ∈ T | SJε✿✿η❬f2❪K✭{n}✮ 6= φ} ❂ {t ∈ T | λ(t) = l✱ t ∈ ξJf2K}

✲ B2 ❂ ξJf1K ∩ ξJε :: η[f2]K ❂ {t ∈ T | λ(t) = l✱ t ∈ ξJf1K✱ t ∈ ξJf2K}

✲ B ❂ B1 ∩B2 ❂ {s ∈ T | r α s✱ λ(s) 6= str} ∩ {t ∈ T | λ(t) = l✱ t ∈ ξJf1K✱ t ∈ ξJf2K} ❂
{s ∈ T | r α s✱ λ(s) = l✱ λ(s) 6= str✱ s ∈ ξJf1K✱ s ∈ ξJf2K}

❙✐♥❝❡ s ✐s ❛♥ ❡❧❡♠❡♥t ♥♦❞❡✱ t❤❡♥ t❤❡ ❝♦♥❞✐t✐♦♥ λ(s) 6= str ✐s ✉s❡❧❡ss ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✿

B ❂ {s ∈ T | r α s✱ λ(s) = l✱ s ∈ ξJf1K✱ s ∈ ξJf2K}

✭❝✮ ❊✈❛❧✉❛t✐♦♥ ♦❢ α✿✿η❬f1 ∧ f2❪ ♦✈❡r T ✿

✲ SJα :: η[f1 ∧ f2]K({r})
︸ ︷︷ ︸

C

❂ SJα :: ηK({r})
︸ ︷︷ ︸

C1

∩ ξJf1 ∧ f2K

✲ C1 ❂ {u ∈ T | r α u✱ λ(u) = l}

✹✸λ(n) 6= str ✐♥❞✐❝❛t❡s t❤❛t n ✐s ❛♥ ❡❧❡♠❡♥t ♥♦❞❡✳

✶✵✷



❆✳✶✳ Pr♦♦❢s ♦❢ ❈❤❛♣t❡r ✸

✲ C ❂ C1 ∩ ξJf1 ∧ f2K ✭✐✳❡✳ ❛❧❧ ♥♦❞❡s ♦❢ C1 s❛t✐s❢②✐♥❣ ❜♦t❤ f1 ❛♥❞ f2 ♠✉st ❜❡ r❡t✉r♥❡❞✮✳
❚❤❡r❡❢♦r❡✿

C ❂ {u ∈ T | r α u✱ λ(u) = l✱ u ∈ ξJf1K✱ u ∈ ξJf2K}

❲❡ r❡♠❛r❦ t❤❛t A❂B❂C✱ ✐✳❡✳ t❤❡ t❤r❡❡ ❡✈❛❧✉❛t✐♦♥s SJα✿✿l❬f1❪❬ε✿✿∗❬f2❪❪K✭T ✮✱
SJα✿✿∗❬f1❪❬ε✿✿l❬f2❪❪K✭T ✮✱ ❛♥❞ SJα✿✿l❬f1 ∧ f2❪K✭T ✮ r❡t✉r♥ t❤❡ s❛♠❡ s❡t ♦❢ ♥♦❞❡s✳ ❋♦r t❤❡ ❝❛s❡
✇❤❡r❡ η = ∗✱ SJα✿✿∗K✭{r}✮ ✐s ❣✐✈❡♥ ❜② {w ∈ T | r α w}✳ ■t ✐s ♦❜✈✐♦✉s t♦ s❤♦✇ t❤❛t t❤❡ t❤r❡❡
❡✈❛❧✉❛t✐♦♥s r❡t✉r♥✱ ✐♥ ❝❛s❡ ♦❢ η = ∗✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ♥♦❞❡s✿

{w ∈ T | r α w✱ w ∈ ξJf1K✱ w ∈ ξJf2K}

❲❡ ❝♦♥❝❧✉❞❡ ✜♥❛❧❧② t❤❛t✱ ❢♦r ❛♥② ♥♦❞❡ t❡st η 6= t❡①t✭✮✱ t❤❡ q✉❡r✐❡s α✿✿η❬f1❪❬ε✿✿∗❬f2❪❪✱
α✿✿∗❬f1❪❬ε✿✿η❬f2❪❪ ❛♥❞ α✿✿η❬f1 ∧ f2❪ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✸✳ ↓∗✿✿η1❬f1❪❬α✿✿η2❬f2❪❪ ≡ ↓
∗✿✿η2❬f2❪✴α

−1✿✿η1❬f1❪✳ ❲❡ ♠✉st s❤♦✇ t❤❛t ❢♦r ❛♥② ♣r❡❞✐❝❛t❡s f1 ❛♥❞
f2 ♦❢ X ⇑✱ t❤❡ q✉❡r✐❡s ↓∗✿✿η1❬f1❪❬α✿✿η2❬f2❪❪ ≡ ↓

∗✿✿η2❬f2❪✴α
−1✿✿η1❬f1❪ ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❋♦r t❤❡ s❛❦❡ ♦❢

r❡❛❞❛❜✐❧✐t②✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② s✐♠♣❧❡ X ⇑ ♣r❡❞✐❝❛t❡s ♦❢ s✐③❡ ♦♥❡✱ ♣r✐♠❛r✐❧② ♣r❡❞✐❝❛t❡s ♦❢ t❤❡ ❢♦r♠
α✿✿η ❛♥❞ α✿✿η = c ❛♥❞ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡s❡ t✇♦ ♣r❡❞✐❝❛t❡s ✭❡✳❣✳ (α1✿✿η1 ∧ α2✿✿η2)✱ ¬(α✿✿η = c)✮✳
❲❡ s❤♦✉❧❞ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ♣r♦♦❢ ❢♦r ❝♦♠♣❧❡① X ⇑ ♣r❡❞✐❝❛t❡s ✭✐✳❡✳ ❢♦r ❛r❜✐tr❛r② s✐③❡✮ ❝❛♥ ❜❡
❞♦♥❡ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳

❼ ❈❛s❡ ♦❢ s✐♠♣❧❡ ♣r❡❞✐❝❛t❡s ✭f1❂α11✿✿η11✱ f2❂α22✿✿η22✮✿ ❲❡ ♠✉st s❤♦✇ t❤❛t
↓∗✿✿η1❬α11✿✿η11❪❬α✿✿l2❬α22✿✿η22❪❪ ≡ ↓

∗✿✿η2❬α22✿✿η22❪✴α
−1✿✿η1❬α11✿✿η11❪✳

✭❛✮ ❊✈❛❧✉❛t✐♦♥ ♦❢ ↓∗✿✿η1❬α11✿✿η11❪❬α✿✿η2❬α22✿✿η22❪❪ ♦✈❡r T ✿

✲ SJ↓∗:: η1[α11 :: η11][α :: η2[α22 :: η22]]K({r})
︸ ︷︷ ︸

A

❂

SJ↓∗✿✿η1❬α11✿✿η11 ∧ α✿✿η2❬α22✿✿η22❪❪K({r}) ❂
SJ↓∗✿✿η1K({r}) ∩ ξJα11✿✿η11 ∧ α✿✿η2❬α22✿✿η22❪K ❂
SJ↓∗:: η1K({r})
︸ ︷︷ ︸

A1

∩ ξJα11 :: η11K
︸ ︷︷ ︸

A2

∩ ξJα :: η2[α22 :: η22]K
︸ ︷︷ ︸

A3

✲ A1 ❂ {m1 ∈ T | r ↓∗ m1✱ λ(m1) ≈ η1}
✹✹

✲ A2 ❂ {m
′

11 ∈ T | SJα11✿✿η11K({m
′

11}) 6= ∅} ❂
{m

′

11 ∈ T | ∃m11 ∈ T ✱ m
′

11 α11 m11✱ λ(m11) ≈ η11}

✲ A3 ❂ {m
′

2 ∈ T | SJα :: η2[α22 :: η22]({m
′

2}) 6= ∅} ❂
{m

′

2 ∈ T | ∃m2 ∈ T ✱ m
′

2 α m2✱ λ(m2) ≈ η2✱ m2 ∈ ξJα22 :: η22K} ❂
{m

′

2 ∈ T | ∃m2,m22 ∈ T ✱ m
′

2 α m2✱ λ(m2) ≈ η2✱ m2 α22 m22✱ λ(m22) ≈ η22}

✲ A ❂ A1 ∩ A2 ∩ A3✱ t❤✐s ♠❡❛♥s t❤❛t m1 ♥♦❞❡s ♦❢ A1 ♠✉st ❝♦✐♥❝✐❞❡ ✇✐t❤ m
′

11 ❛♥❞ m
′

2 ♦❢ A2

❛♥❞ A3 r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡r❡❢♦r❡✿

✹✹λ(n) ≈ η ❞❡♥♦t❡s t❤❛t ❧❛❜❡❧ ♦❢ n ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥♦❞❡ t❡st η✱ ✐✳❡✳ λ(n) = str ❛♥❞ η = t❡①t✭✮✱ ♦r λ(n) = η = l
✭❢♦r ❛♥ ❡❧❡♠❡♥t t②♣❡ l✮✱ ♦r η = ∗ ❛♥❞ λ(n) ✐s ❛♥② ❡❧❡♠❡♥t t②♣❡✳

✶✵✸



❆✳ Pr♦♦❢s

A =






m1 ∈ T

∣
∣
∣

∃m11,m2,m22 ∈ T,
λ(m1) ≈ η1, λ(m11) ≈ η11, λ(m2) ≈ η2, λ(m22) ≈ η22,
r ↓∗ m1,m1 α11 m11,m α m2,m2 α22 m22







✭❜✮ ❊✈❛❧✉❛t✐♦♥ ♦❢ ↓∗✿✿η2❬α22✿✿η22❪✴α
−1✿✿η1❬α11✿✿η11❪ ♦✈❡r T ✿

✲ SJ↓∗:: η2[α22 :: η22]/α
−1 :: η1[α11 :: η11]K({r})

︸ ︷︷ ︸

B

❂ SJα−1✿✿η1❬α11✿✿η11❪K✭SJ↓∗:: η2[α22 :: η22]K({r})
︸ ︷︷ ︸

B1

✮

✲ B1 ❂ SJ↓∗:: η2K✭{r}✮ ∩ ξJα22✿✿η22K ❂
{s2 ∈ T | r ↓∗ s2✱ λ(s2) ≈ η2✱ s2 ∈ ξJα22 :: η22K} ❂
{s2 ∈ T | ∃s22 ∈ T ✱ r ↓∗ s2✱ λ(s2) ≈ η2✱ s2 α22 s22✱ λ(s22) ≈ η22}

✲ B ❂ SJα−1✿✿η1❬α11✿✿η11❪K✭B1✮ ❂
{s1 ∈ T | ∃s2 ∈ B1✱ s2 α−1 s1✱ λ(s1) ≈ η1✱ s1 ∈ ξJα11 :: η11K} ❂
{s1 ∈ T | ∃s2 ∈ B1, s11 ∈ T ✱ s2 α−1 s1✱ λ(s1) ≈ η1✱ s1 α11 s11✱ λ(s11) ≈ η11}

✲ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ B1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✿

B =







s1 ∈ T
∣
∣
∣

∃s11, s2, s22 ∈ T,
λ(s2) ≈ η2, λ(s22) ≈ η22, λ(s1) ≈ η1, λ(s11) ≈ η11,

r ↓∗ s2, s2 α22 s22, s2 α−1 s1 , s1 α11 s11







◆♦t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ s2 α−1 s1 ♦❢ B ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤ s1 α s2✳ ❋✐♥❛❧❧②✱ ✐t r❡✲
♠❛✐♥s t♦ s❤♦✇ t❤❛t A❂B✱ ✐✳❡✳ ❡❛❝❤ ♥♦❞❡ ♦❢ A ❤♦❧❞s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ B ❛♥❞ ✈✐❝❡ ✈❡rs❛✳
▲❡t ✉s ❝♦♠♣❛r❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ s❡ts ♦❢ ♥♦❞❡s A ❛♥❞ B r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡✈❛❧✉❛t✐♦♥s
↓∗✿✿η1❬α11✿✿η11❪❬α✿✿η2❬α22✿✿η22❪❪✭T ✮ ❛♥❞ ↓

∗✿✿η2❬α22✿✿η22❪✴α
−1✿✿η1❬α11✿✿η11❪✭T ✮ r❡s♣❡❝t✐✈❡❧②✿

A =






m1 ∈ T

∣
∣
∣

∃m11,m2,m22 ∈ T,
λ(m1) ≈ η1, λ(m11) ≈ η11, λ(m2) ≈ η2, λ(m22) ≈ η22,

r ↓∗ m1 ,m1 α11 m11,m1 α m2,m2 α22 m22







B =






s1 ∈ T

∣
∣
∣

∃s11, s2, s22 ∈ T,
λ(s1) ≈ η1, λ(s11) ≈ η11, λ(s2) ≈ η2, λ(s22) ≈ η22,

r ↓∗ s2 , s1 α11 s11, s1 α s2 , s2 α22 s22







❲❡ ❞❡✜♥❡ t❤❡ ♠❛♣♣✐♥❣ m1 → s1✱ m11 → s11✱ m2 → s2✱ ❛♥❞ m22 → s22 ❢r♦♠ ♥♦❞❡s ♦❢ A
t♦ ♥♦❞❡s ♦❢ B✳ ❚❤✉s✱ ✇❡ r❡♠❛r❦ t❤❛t A ❛♥❞ B ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❡①❝❡♣t t❤❡ ❛❞❞✐t✐♦♥❛❧
❝♦♥❞✐t✐♦♥s r ↓∗ m1 ♦❢ A ❛♥❞ r ↓∗ s2 ♦❢ B✳ ❚❤✉s✱ ❢♦r ❡❛❝❤ s❡t ✭A ♦r B✮✱ ✐ts ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥
♠✉st ❜❡ s❛t✐s✜❡❞ ❜② t❤❡ ♥♦❞❡s ♦❢ t❤❡ s❡❝♦♥❞ s❡t✳ ❙✐♥❝❡ r ✐s t❤❡ r♦♦t ♥♦❞❡ t❤❡♥ ❢♦r ❛♥② ♥♦❞❡ s❡t
❛♥❞ ❢♦r ❛♥② ♥♦❞❡ t t❤❡ ❝♦♥❞✐t✐♦♥ r ↓∗ t ❤♦❧❞s✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❢♦r ❛♥② s✐♠♣❧❡ ♣r❡❞✐❝❛t❡s
f1 ❛♥❞ f2 ♦❢ X ⇑ ✇✐t❤ t❤❡ ❢♦r♠ α✿✿η✱ t❤❡ q✉❡r✐❡s ↓∗✿✿η1❬f1❪❬α✿✿η2❬f2❪❪ ❛♥❞ ↓

∗✿✿η2❬f2❪✴α
−1✿✿η1❬f1❪ ❛r❡

❡q✉✐✈❛❧❡♥t✳

❼ ❈❛s❡ ♦❢ ♣r❡❞✐❝❛t❡s ✇✐t❤ t❡①t✲❝♦♠♣❛r✐s♦♥ ✭f1 ❛♥❞ f2 ❛r❡ ❣✐✈❡♥ ❜② α11✿✿η11 = c1 ❛♥❞
α22✿✿η22 = c2 r❡s♣✳✮✿ ❚❤✐s ❝❛s❡ ❝❛♥ ❜❡ ♣r♦✈❡♥ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡ ❛s t❤❡ ♣r❡✈✐♦✉s
❝❛s❡ ✭✐✳❡✳ ♣r❡❞✐❝❛t❡s ♦❢ t❤❡ ❢♦r♠ α✿✿η✮✳ ❚❤✉s✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❞✉❝t✐♦♥s s♦♠❡ ✐♥t❡r♠❡❞✐❛t❡
st❡♣s ❛r❡ ♦♠✐tt❡❞✳ ❘❡❝❛❧❧ t❤❛t✿ ξJp = cK❂{n ∈ T | ϕJcK(SJpK({n})) 6= φ}❂{n ∈ T | ∃m ∈ T ✱
m ∈ SJpK({n})✱ ν(m) = c}✳

✭❛✮ ❊✈❛❧✉❛t✐♦♥ ♦❢ ↓∗✿✿η1❬α11✿✿η11 = c1❪❬α✿✿η2❬α22✿✿η22 = c2❪❪ ♦✈❡r T ✿

✶✵✹



❆✳✶✳ Pr♦♦❢s ♦❢ ❈❤❛♣t❡r ✸

✲ SJ↓∗:: η1[α11 :: η11 = c1][α :: η2[α22 :: η22 = c2]]K({r})
︸ ︷︷ ︸

A
′

❂

SJ↓∗:: η1K({r})
︸ ︷︷ ︸

A
′
1

∩ ξJα11 :: η11 = c1K
︸ ︷︷ ︸

A
′
2

∩ ξJα :: η2[α22 :: η22 = c2]K
︸ ︷︷ ︸

A
′
3

✲ A
′

1 ❂ {m1 ∈ T | r ↓∗ m1✱ λ(m1) ≈ η1}

✲ A
′

2 ❂ {m
′

11 ∈ T | ∃m11 ∈ T ✱ m11 ∈ SJα11✿✿η11K({m
′

11})✮✱ ν(m11) = c1} ❂
{m

′

11 ∈ T | ∃m11 ∈ T ✱ m
′

11 α11 m11✱ λ(m11) ≈ η11✱ ν(m11) = c1}

✲ A
′

3 ❂ {m
′

2 ∈ T | SJα :: η2[α22 :: η22 = c2]({m
′

2}) 6= ∅} ❂
{m

′

2 ∈ T | ∃m2 ∈ T ✱ m
′

2 α m2✱ λ(m2) ≈ η2✱ m2 ∈ ξJα22 :: η22 = c2K} ❂
{m

′

2 ∈ T | ∃m2,m22 ∈ T ✱ m
′

2 α m2✱ λ(m2) ≈ η2✱ m2 α22 m22✱ λ(m22) ≈ η22✱ ν(m22 = c2}

✲ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✿

A
′
=






m1 ∈ T

∣
∣
∣

∃m11,m2,m22 ∈ T,
λ(m1) ≈ η1, λ(m11) ≈ η11, λ(m2) ≈ η2, λ(m22) ≈ η22,
r ↓∗ m1,m1 α11 m11,m α m2,m2 α22 m22, ν(m11) = c1, ν(m22) = c2







✭❜✮ ❊✈❛❧✉❛t✐♦♥ ♦❢ ↓∗✿✿η2❬α22✿✿η22 = c2❪✴α
−1✿✿η1❬α11✿✿η11 = c1❪ ♦✈❡r T ✿

✲ SJ↓∗:: η2[α22 :: η22 = c2]/α
−1 :: η1[α11 :: η11 = c1]K({r})

︸ ︷︷ ︸

B
′

❂

SJα−1✿✿η1❬α11✿✿η11 = c1❪K✭SJ↓∗:: η2[α22 :: η22 = c2]K({r})
︸ ︷︷ ︸

B
′
1

✮

✲ B
′

1 ❂ SJ↓∗:: η2K✭{r}✮ ∩ ξJα22✿✿η22 = c2K ❂
{s2 ∈ T | ∃s22 ∈ T ✱ r ↓∗ s2✱ λ(s2) ≈ η2✱ s2 α22 s22✱ λ(s22) ≈ η22✱ ν(s22) = c2}

✲ B
′
❂ SJα−1✿✿η1❬α11✿✿η11 = c1❪K✭B

′

1✮ ❂
{s1 ∈ T | ∃s2 ∈ B

′

1✱ s2 α−1 s1✱ λ(s1) ≈ η1✱ s1 ∈ ξJα11 :: η11 = c1K} ❂
{s1 ∈ T | ∃s2 ∈ B

′

1, s11 ∈ T ✱ s2 α
−1 s1✱ λ(s1) ≈ η1✱ s1 α11 s11✱ λ(s11) ≈ η11✱ ν(s11) = c1}

✲ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ B
′

1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✿ ✭s2 α−1 s1 ✐s r❡♣❧❛❝❡❞ ❜② s1 α s2✮

B
′
=






s1 ∈ T

∣
∣
∣

∃s11, s2, s22 ∈ T,
λ(s2) ≈ η2, λ(s22) ≈ η22, λ(s1) ≈ η1, λ(s11) ≈ η11,
r ↓∗ s2, s2 α22 s22, s1 α s2, s1 α11 s11, ν(s11) = c1, ν(s22) = c2







❘❡♠❛r❦ t❤❛t A
′
❞✐✛❡rs ❢r♦♠ A ✇✐t❤ ♦♥❧② t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s ν(m11) = c1 ❛♥❞ ν(m22) = c2✱

❛s ✇❡❧❧ ❛s B
′
❞✐✛❡rs ❢r♦♠ B ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s ν(s11) = c1 ❛♥❞ ν(s22) = c2✳

❇② ♠❛♣♣✐♥❣mi ♥♦❞❡s ♦❢ A ✐♥t♦ ♥♦❞❡s si ✐♥ B ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t A❂B✱ ❛♥❞ s✐♥❝❡ ❡q✉✐✈❛❧❡♥t ❝♦♥✲
❞✐t✐♦♥s ❛r❡ ❛❞❞❡❞ ✐♥t♦ ♥♦❞❡s ♦❢ A ❛♥❞ B✱ t❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t A

′
❂B

′
✳ ❙✉♠♠✐♥❣ ✉♣✱ ❢♦r s✐♠♣❧❡

X ⇑ ♣r❡❞✐❝❛t❡s ♦❢ t❤❡ ❢♦r♠ α✿✿η ❛♥❞ α✿✿η = c✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ q✉❡r✐❡s ↓∗✿✿η1❬f1❪❬α✿✿η2❬f2❪❪
❛♥❞ ↓∗✿✿η2❬f2❪✴α

−1✿✿η1❬f1❪ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❼ ❈❛s❡ ♦❢ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡s✿ ❲❡ ♠✉st s❤♦✇ t❤❛t t❤❡ q✉❡r✐❡s ↓∗✿✿η1❬f1∧f
′

1❪❬α✿✿η2❬f2∧
f

′

2❪❪ ❛♥❞ ↓
∗✿✿η2❬f2∧f

′

2❪✴α
−1✿✿η1❬f1∧f

′

1❪ ❛r❡ ❡q✉✐✈❛❧❡♥t ❢♦r ❝♦♥❥✉♥❝t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡s ♦❢ t❤❡ ❢♦r♠s α✿✿η
❛♥❞✴♦r α✿✿η❂c✳ ❇❛s❡❞ ♦♥ t❤❡ s❡♠❛♥t✐❝s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✸✳✶✱ ✐t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❛t SJp❬f1∧f2❪K(T )

✶✵✺
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✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ q✉❡r② SJp❬f1❪K(T ) ∩ SJp❬f2❪K(T )✳ ❚❤✉s✱ t❤❡ q✉❡r✐❡s ↓∗✿✿η1❬f1∧f
′

1❪❬α✿✿η2❬f2∧f
′

2❪❪
❛♥❞ ↓∗✿✿η2❬f2 ∧ f

′

2❪✴α
−1✿✿η1❬f1 ∧ f

′

1❪ ❝❛♥ ❜❡ ❡❛s✐❧② tr❛♥s❧❛t❡❞ ✐♥t♦ ❝♦♥❥✉♥❝t✐♦♥ ♦❢ s♦♠❡ q✉❡r✐❡s
❝♦♠♣♦s❡❞ ✇✐t❤ ♦♥❧② ♣r❡❞✐❝❛t❡s ♦❢ t❤❡ ❢♦r♠ α✿✿η ❛♥❞ α✿✿η = c✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡s❡ q✉❡r✐❡s ❝❛♥
❜❡ tr❛♥s❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

✲ ↓∗✿✿η1❬f1 ∧ f
′

1❪❬α✿✿η2❬f2 ∧ f
′

2❪❪ ❂
↓∗✿✿η1❬f1❪❬α✿✿η2❬f2 ∧ f

′

2❪❪ ∩ ↓
∗✿✿η1❬f

′

1❪❬α✿✿η2❬f2 ∧ f
′

2❪❪ ❂

↓∗:: η1[f1][α :: η2[f2]]
︸ ︷︷ ︸

A1

∩ ↓∗:: η1[f1][α :: η2[f
′

2]]
︸ ︷︷ ︸

A2

∩ ↓∗:: η1[f
′

1][α :: η2[f2]]
︸ ︷︷ ︸

A3

∩ ↓∗:: η1[f
′

1][α :: η2[f
′

2]]
︸ ︷︷ ︸

A4

✳

✲ ↓∗✿✿η2❬f2 ∧ f
′

2❪✴α
−1✿✿η1❬f1 ∧ f

′

1❪ ❂
↓∗✿✿η2❬f2❪✴α

−1✿✿η1❬f1 ∧ f
′

1❪ ∩ ↓
∗✿✿η2❬f

′

2❪✴α
−1✿✿η1❬f1 ∧ f

′

1❪ ❂

↓∗:: η2[f2]/α
−1 :: η1[f1]

︸ ︷︷ ︸

B1

∩ ↓∗:: η2[f2]/α
−1 :: η1[f

′

1]
︸ ︷︷ ︸

B2

∩ ↓∗:: η2[f
′

2]/α
−1 :: η1[f1]

︸ ︷︷ ︸

B3

∩

↓∗:: η2[f
′

2]/α
−1 :: η1[f

′

1]
︸ ︷︷ ︸

B4

✳

❲❡ s❤♦✇♥ t❤❛t✱ ❢♦r ♣r❡❞✐❝❛t❡s f1 ❛♥❞ f2 ♦❢ t❤❡ ❢♦r♠ α✿✿η ❛♥❞ α✿✿η❂c✱ t❤❡ q✉❡r✐❡s
↓∗✿✿η1❬f1❪❬α✿✿η2❬f2❪❪ ❛♥❞ ↓

∗✿✿η2❬f2❪✴α
−1✿✿η1❬f1❪ ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♥♦❞❡ s❡ts A1✱ A2✱

A3 ❛♥❞ A4 ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ B1✱ B2✱ B3 ❛♥❞ B4 r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ q✉❡r✐❡s
↓∗✿✿η1❬f1 ∧ f

′

1❪❬α✿✿η2❬f2 ∧ f
′

2❪❪ ❛♥❞ ↓
∗✿✿η2❬f2 ∧ f

′

2❪✴α
−1✿✿η1❬f1 ∧ f

′

1❪ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❼ ❈❛s❡ ♦❢ ❞✐s❥✉♥❝t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡s✿ ❲❡ ♠✉st s❤♦✇ t❤❛t t❤❡ q✉❡r✐❡s ↓∗✿✿η1❬f1∨f
′

1❪❬α✿✿η2❬f2∨
f

′

2❪❪ ❛♥❞ ↓
∗✿✿η2❬f2 ∨ f

′

2❪✴α
−1✿✿η1❬f1 ∨ f

′

1❪ ❛r❡ ❡q✉✐✈❛❧❡♥t ❢♦r ❞✐s❥✉♥❝t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡s ♦❢ t❤❡ ❢♦r♠s
α✿✿η ❛♥❞✴♦r α✿✿η❂c✳ ❚❤✐s ❝❛♥ ❜❡ s❤♦✇♥ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ■♥ ❛ ♥✉ts❤❡❧❧✱ t❤❡s❡
q✉❡r✐❡s ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

✲ ↓∗✿✿η1❬f1 ∨ f
′

1❪❬α✿✿η2❬f2 ∨ f
′

2❪❪ ❂
↓∗✿✿η1❬f1❪❬α✿✿η2❬f2 ∨ f

′

2❪❪ ∪ ↓
∗✿✿η1❬f

′

1❪❬α✿✿η2❬f2 ∨ f
′

2❪❪ ❂ A1 ∪A2 ∪A3 ∪A4✳

✲ ↓∗✿✿η2❬f2 ∨ f
′

2❪✴α
−1✿✿η1❬f1 ∨ f

′

1❪ ❂
↓∗✿✿η2❬f2❪✴α

−1✿✿η1❬f1 ∨ f
′

1❪ ∪ ↓
∗✿✿η2❬f

′

2❪✴α
−1✿✿η1❬f1 ∨ f

′

1❪ ❂ B1 ∪B2 ∪B3 ∪B4✳

❙✐♥❝❡ t❤❡ ♥♦❞❡ s❡ts A1✱ A2✱ A3 ❛♥❞ A4 ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ B1✱ B2✱ B3 ❛♥❞ B4 r❡s♣❡❝t✐✈❡❧②✱ t❤❡♥
t❤❡ q✉❡r✐❡s ↓∗✿✿η1❬f1 ∨ f

′

1❪❬α✿✿η2❬f2 ∨ f
′

2❪❪ ❛♥❞ ↓
∗✿✿η2❬f2 ∨ f

′

2❪✴α
−1✿✿η1❬f1 ∨ f

′

1❪ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❼ ❈❛s❡ ♦❢ ♥❡❣❛t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡s✿ ❲❡ ♠✉st s❤♦✇ t❤❛t t❤❡ q✉❡r✐❡s ↓∗✿✿η1❬¬(f1)❪❬α✿✿η2❬¬(f2)❪❪
❛♥❞ ↓∗✿✿η2❬¬(f2)❪✴α

−1✿✿η1❬¬(f1)❪ ❛r❡ ❡q✉✐✈❛❧❡♥t ❢♦r ♥❡❣❛t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡s ♦❢ t❤❡ ❢♦r♠s α✿✿η ❛♥❞✴♦r
α✿✿η❂c✳ ■t ✐s ❝❧❡❛r t❤❛t SJp❬f ❪K(T ) ✐s ❡q✉✐✈❛❧❡♥t t♦ SJpK(T ) \ SJp❬¬(f)❪K(T )✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡
❜❡t✇❡❡♥ t❤❡ ♣r❡✈✐♦✉s q✉❡r✐❡s ❝❛♥ ❜❡ s❤♦✇♥ ❛s ❢♦❧❧♦✇s✿

✲ SJ↓∗✿✿η2❬¬(f2)❪✴α−1✿✿η1❬¬(f1)❪K(T ) ❂ SJα−1✿✿η1❬¬(f1)❪K(SJ↓∗:: η2[¬(f2)]K(T )
︸ ︷︷ ︸

A

)✳

✲ SJα−1✿✿η1❬¬(f1)❪K(A) ❂ SJα−1 :: η1K(A)
︸ ︷︷ ︸

A1

\ SJα−1 :: η1[f1]K(A)
︸ ︷︷ ︸

A2

✳

✲ A ❂ SJ↓∗:: η2K(T )
︸ ︷︷ ︸

A3

\ SJ↓∗:: η2[f2]K(T )
︸ ︷︷ ︸

A4

✳

✲ A1 ❂ SJα−1✿✿η1K✭A✮ ❂ SJα−1✿✿η1K✭A3 \A4✮ ❂ SJα−1✿✿η1K✭A3✮ \ SJα−1✿✿η1K✭A4✮✳

✲ A2 ❂ SJα−1✿✿η1❬f1❪K✭A✮ ❂ SJα−1✿✿η1❬f1❪K✭A3\A4✮ ❂ SJα−1✿✿η1❬f1❪K✭A3✮ \ SJα−1✿✿η1❬f1❪K✭A4✮✳

✶✵✻
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✲ A1 \A2 ❂ ✭SJα−1✿✿η1K✭A3✮ \ SJα−1✿✿η1K✭A4✮✮ \ ✭SJα−1✿✿η1❬f1❪K✭A3✮ \ SJα−1✿✿η1❬f1❪K✭A4✮✮ ❂
SJα−1✿✿η1K✭A3✮ \ ✭SJα−1✿✿η1K✭A4✮ ∪ SJα−1✿✿η1❬f1❪K✭A3✮ ∪ SJα−1✿✿η1❬f1❪K✭A4✮✮✳

✲ SJα−1✿✿η1K✭A3✮ ❂ SJα−1✿✿η1K✭SJ↓∗✿✿η2K✭T ✮✮ ❂ SJ↓∗:: η2✴α−1✿✿η1K✭T ✮ ❂ SJ↓∗:: η1❬α✿✿η2❪K✭T ✮✳

✲ SJα−1✿✿η1K✭A4✮ ❂ SJα−1✿✿η1K✭SJ↓∗✿✿η2❬f2❪K✭T ✮✮ ❂ SJ↓∗✿✿η2❬f2❪✴α−1✿✿η1K✭T ✮✳

✲ SJα−1✿✿η1❬f1❪K✭A3✮ ❂ SJα−1✿✿η1❬f1❪K✭SJ↓∗✿✿η2K✭T ✮✮ ❂ SJ↓∗✿✿η2✴α−1✿✿η1❬f1❪K✭T ✮✳

✲ SJα−1✿✿η1❬f1❪K✭A4✮ ❂ SJα−1✿✿η1❬f1❪K✭SJ↓∗✿✿η2❬f2❪K✭T ✮✮ ❂ SJ↓∗✿✿η2❬f2❪✴α−1✿✿η1❬f1❪K✭T ✮✳

◆♦t✐❝❡ t❤❛t✿ ✭SJα−1✿✿η1K✭A4✮ ∪ SJα−1✿✿η1❬f1❪K✭A3✮ ∪ SJα−1✿✿η1❬f1❪K✭A4✮✮ ❂
✭SJ↓∗:: η1[α :: η2[f2]K(T )
︸ ︷︷ ︸

B1

∪ SJ↓∗:: η1[f1][α :: η2]K(T )
︸ ︷︷ ︸

B2

∪ SJ↓∗:: η1[f1][α :: η2[f2]K(T )
︸ ︷︷ ︸

B3

✮✳

✲ ❙✐♥❝❡ B3 ⊂ B2 t❤❡♥✿
A1 \A2 ❂ ✭SJ↓∗:: η1❬α✿✿η2❪K✭T ✮✮ \ ✭B1 ∪B2✮ ❂ ✭SJ↓∗:: η1❬α✿✿η2❪K✭T ✮ \ B1✮ \ B2 ❂
SJ↓∗:: η1❬α✿✿η2❬¬(f2)❪❪K✭T ✮ \ B2 ❂ SJ↓∗:: η1❬¬(f1)❪❬α✿✿η2❬¬(f2)❪❪K✭T ✮✳

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ q✉❡r✐❡s ↓∗✿✿η1❬f1❪❬α✿✿η2❬f2❪❪ ❛♥❞ ↓∗✿✿η2❬f2❪✴α
−1✿✿η1❬f1❪ ❛r❡ ❡q✉✐✈❛❧❡♥t

❢♦r s✐♠♣❧❡ ♣r❡❞✐❝❛t❡s ♦❢ t❤❡ ❢♦r♠ α✿✿η ❛♥❞ α✿✿η = c✱ ❛s ✇❡❧❧ ❛s ❢♦r ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡♠ ✭✐✳❡✳
❝♦♥❥✉♥❝t✐♦♥✱ ❞✐s❥✉♥❝t✐♦♥✱ ❛♥❞ ♥❡❣❛t✐♦♥✮✳ ■t ✐s st✐❧❧ str❛✐❣❤t❢♦r✇❛r❞ t♦ ❣❡♥❡r❛❧✐③❡ t❤✐s ♣r♦♦❢ ✐♥
♦r❞❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❣❡♥❡r❛❧ X ⇑ ♣r❡❞✐❝❛t❡s ♦❢ ❛r❜✐tr❛r② s✐③❡✳

✹✳ α1✿✿η1✴. . .✴αk✿✿ηk ≡ ↓
∗✿✿ηk❬α

−1
k ✿✿ηk−1✴. . .✴α

−1
2 ✿✿η1✴α

−1
1 ✿✿root❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❞✉❝t✐♦♥s

♣r♦✈✐❞❡ t❤✐s ❡q✉✐✈❛❧❡♥❝❡✿

✭❛✮ ❊✈❛❧✉❛t✐♦♥ ♦❢ α1✿✿η1✴. . .✴αk✿✿ηk ♦✈❡r T ✿

✲ SJα1✿✿η1K✭{r}✮ ❂ {n1 ∈ T | r α1 n1✱ λ(n1) ≈ η1}

✲ SJα1✿✿η1✴α2✿✿η2K✭{r}✮ ❂ SJα2✿✿η2K✭SJα1✿✿η1K✭{r}✮✮ ❂
{n2 ∈ T | ∃n1 ∈ T ✱ r α1 n1✱ n1 α2 n2✱ λ(n1) ≈ η1✱ λ(n2) ≈ η2}

▲❡t A ❜❡ t❤❡ ♥♦❞❡ s❡t r❡s✉❧t❡❞ ❢r♦♠ t❤❡ ❡✈❛❧✉❛t✐♦♥ SJα1✿✿η1✴. . .✴αk✿✿ηkK✭{r}✮✳ ■♥t✉✐t✐✈❡❧②✱ A
✐s ❣✐✈❡♥ ❜②

A =

{

nk ∈ T
∣
∣
∣
∃n1, . . . , nk−1 ∈ T, ∀1≤i≤k λ(ni) ≈ ηi,
r α1 n1, n1 α2 n2, . . . , nk−2 αk−1 nk−1, nk−1 αk nk

}

✭❜✮ ❊✈❛❧✉❛t✐♦♥ ♦❢ ↓∗✿✿ηk❬α
−1
k ✿✿ηk−1✴. . .✴α

−1
2 ✿✿η1✴α

−1
1 ✿✿r❪ ♦✈❡r T ✿

✲ SJ↓∗✿✿ηkK✭{r}✮ ❂ {nk ∈ T | r ↓∗ nk , λ(nk) ≈ ηk }
︸ ︷︷ ︸

B1

✳

✲ SJ↓∗✿✿ηk❬α−1k ✿✿ηk−1✴. . .✴α
−1
2 ✿✿η1✴α

−1
1 ✿✿root❪K✭{r}✮ ❂

B1 ∩ ξJα−1k :: ηk−1/ . . . /α
−1
2 :: η1/α

−1
1 :: rootK

︸ ︷︷ ︸

B2

✳

✲ ξJα−1k ✿✿ηk−1K ❂ {nk ∈ T | ∃nk−1 ∈ T ✱ nk α−1k nk−1✱ λ(nk−1) ≈ ηk−1}

✶✵✼
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✲ ξJα−1k ✿✿ηk−1✴α
−1
k−1✿✿ηk−2K ❂ {nk ∈ T | ∃nk−1, nk−2 ∈ T ✱ nk α−1k nk−1✱ nk−1 α−1k−1 nk−2✱

λ(nk−1) ≈ ηk−1✱ λ(nk−2) ≈ ηk−2}

■♥t✉✐t✐✈❡❧② B2 ✐s ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

B2 =

{

nk ∈ T
∣
∣
∣
∃nk−1, . . . , n1 ∈ T, ∀1≤i≤k−1 λ(ni) ≈ ηi,

nk α−1k nk−1, . . . , n2 α−12 n1, n1 α−11 r

}

❋✐♥❛❧❧②✱ B ✭✐✳❡✳ B1 ∩ B2✮ ✐s ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

B =

{

nk ∈ T
∣
∣
∣

∃n1, . . . , nk−1 ∈ T, ∀1≤i≤k λ(ni) ≈ ηi,

r ↓∗ nk, nk α−1k nk−1 , . . . , n2 α−12 n1 , n1 α−11 r

}

▲❡t ✉s ♥♦✇ ❝♦♠♣❛r❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♥♦❞❡ s❡ts A ❛♥❞ B ✭❡❛❝❤ r❡❧❛t✐♦♥ n α−1 m ✐♥ B ✐s
r❡♣❧❛❝❡❞ ✇✐t❤ m α n✮✿

A =

{

nk ∈ T
∣
∣
∣
∃n1, . . . , nk−1 ∈ T, ∀1≤i≤k λ(ni) ≈ ηi,
r α1 n1, n1 α2 n2, . . . , nk−1 αk nk

}

B =

{

nk ∈ T
∣
∣
∣
∃n1, . . . , nk−1 ∈ T, ∀1≤i≤k λ(ni) ≈ ηi,

r α1 n1 , n1 α2 n2 , . . . , nk−1 αk nk , r ↓∗ nk

}

◆♦t✐❝❡ t❤❛t t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ A ❛♥❞ B ✐s t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ r ↓∗ nk ✐♥
B✳ ❙✐♥❝❡ r ✐s t❤❡ r♦♦t ♥♦❞❡✱ t❤❡♥ ❢♦r ❛♥② ♥♦❞❡ nk ✇❡ ❤❛✈❡ r ↓∗ nk✳ ❚❤✉s✱ t❤❡ ❝♦♥❞✐t✐♦♥
r ↓∗ nk ♦❢ B ✐s ✉s❡❧❡ss ❛♥❞ ❝❛♥ ❜❡ ♦♠✐tt❡❞✱ ❛s ✐t ❝❛♥ ❜❡ ❛❞❞❡❞ t♦ A ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ ✐ts
s❡♠❛♥t✐❝✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❡♥ t❤❛t A❂B✳ ❋✐♥❛❧❧②✱ ✇❡ ❢♦✉♥❞ t❤❛t t❤❡ q✉❡r✐❡s α1✿✿η1✴. . .✴αk✿✿ηk
❛♥❞ ↓∗✿✿ηk❬α

−1
k ✿✿ηk−1✴. . .✴α

−1
2 ✿✿η1✴α

−1
1 ✿✿r❪ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✺✳ m ∈ SJ↓∗✿✿η❬f ❪K✭T ✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ m ∈ ξJε✿✿η❬f ❪K✳ ●✐✈❡♥ ❛ ♥♦❞❡ m ♦❢ T ✱ ✇❡ ♠✉st s❤♦✇
✜rst t❤❛t ✐❢ m ✐s r❡❢❡rr❡❞ t♦ ❜② t❤❡ q✉❡r② ↓∗✿✿η❬f ❪ ♦✈❡r T ✱ t❤❡♥ m ∈ ξJε✿✿η❬f ❪K✳ ❙❡❝♦♥❞❧②✱ ✐❢
m ∈ ξJε✿✿η❬f ❪K t❤❡♥ t❤❡ ♥♦❞❡ m ♠✉st ❜❡❧♦♥❣ t♦ t❤❡ s❡t ♦❢ ♥♦❞❡s r❡t✉r♥❡❞ ❜② t❤❡ ❡✈❛❧✉❛t✐♦♥
SJ↓∗✿✿η❬f ❪K✭T ✮✳
=⇒ ❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t m ∈ SJ↓∗✿✿η❬f ❪K✭T ✮ ❛♥❞ m /∈ ξJε✿✿η❬f ❪K✳ ❲❡ ❤❛✈❡
SJ↓∗✿✿η❬f ❪K✭T ✮❂SJ↓∗✿✿η❬f ❪K✭{r}✮❂ {m | r ↓∗ m, λ(m) ≈ η, m ∈ ξJfK }✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t
m ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥♦❞❡ t❡st η ❛♥❞ t❤❡ ♣r❡❞✐❝❛t❡ f ✐s ✈❛❧✐❞ ♦✈❡r m✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
❛ss✉♠❡ t❤❛t m /∈ ξJε✿✿η❬f ❪K ✐♠♣❧✐❡s t❤❛t ❡✐t❤❡r λ(m) 6≈ η ♦r m ∈ ξJfK✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r
❛ss✉♠♣t✐♦♥ ✭✐✳❡✳ m ∈ SJ↓∗✿✿η❬f ❪K✭T ✮✮✳ ❚❤✉s✱ ✐❢ m ∈ SJ↓∗✿✿η❬f ❪K✭T ✮ t❤❡♥ m ∈ ξJε✿✿η❬f ❪K✳
⇐= ❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t m ∈ ξJε✿✿η❬f ❪K ❛♥❞ m /∈ SJ↓∗✿✿η❬f ❪K✭T ✮✳ ❚❤❡ ✜rst ❝♦♥✲
❞✐t✐♦♥ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s t❤❛t λ(m) ≈ η ❛♥❞ m ∈ ξJfK✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t
SJ↓∗✿✿η❬f ❪K✭T ✮❂{m | r ↓∗ m, λ(m) ≈ η, m ∈ ξJfK }✳ ❚❤✉s✱ ❛ ♥♦❞❡ m ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦
t❤✐s ♥♦❞❡ s❡t ✐✛✿ ✶✮ m ✐s ♥♦t ❛ ❞❡s❝❡♥❞❛♥t ♦❢ r✱ ✷✮ λ(m) 6≈ η✱ ♦r ✸✮ m /∈ ξJfK✳ ❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥
✐s ♥♦t ❢✉❧✜❧❧❡❞ s✐♥❝❡ r ✐s t❤❡ r♦♦t ♥♦❞❡✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤❡ t❤✐r❞ ❝♦♥❞✐t✐♦♥s ❝♦♥tr❛❞✐❝t ♦✉r
❛ss✉♠♣t✐♦♥✳ ❚❤✉s✱ ✐❢ m ∈ ξJε✿✿η❬f ❪K t❤❡♥ m ∈ SJ↓∗✿✿η❬f ❪K✭T ✮✳

❲❡ ❝♦♥❝❧✉❞❡ ✜♥❛❧❧② t❤❛t ❢♦r ❛♥② ♥♦❞❡m ♦❢ T ✱ m ∈ SJ↓∗✿✿η❬f ❪K✭T ✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢m ∈ ξJε✿✿η❬f ❪K✳
�

✶✵✽
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●✐✈❡♥ ❛♥ ❳▼▲ tr❡❡ T ❛♥❞ ✐ts ❛✉t❤♦r✐③❡❞ ✈✐❡✇ TA ✭s❡❡ ❉❡✜♥✐t✐♦♥ ❄❄✮✱ ❡❛❝❤ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡ n ♦❢
T ♠✉st ❛♣♣❡❛r ✐♥ TA ❛♥❞ ✈✐❝❡ ✈❡rs❛✱ t❤✉s ✇❡ ❞❡✜♥❡ ❛ ♠❛♣♣✐♥❣ ❜❡t✇❡❡♥ ♥♦❞❡s ♦❢ T ❛♥❞ TA✳ ❲❡
❞❡♥♦t❡ ❜② nTA

❛ ♥♦❞❡ ♦❢ TA ❛♥❞ ❜② nT ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ ✐♥ T ✳

❚♦ s✐♠♣❧✐❢② t❤❡ ♣r♦♦❢s ✇❡ r❡❞❡✜♥❡ t❤❡ s❡♠❛♥t✐❝ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ξ ❛s ❢♦❧❧♦✇s✳ ❇② ξJqK✭N✮ ✇❡ ❞❡✲
♥♦t❡ t❤❡ ♥♦❞❡s ♦❢ t❤❡ s❡t N t❤❛t s❛t✐s❢② t❤❡ ♣r❡❞✐❝❛t❡ q✳ ▼♦r❡♦✈❡r✱ ξJq1[q2]K✭N✮❂ξJq2K✭ξJq1K✭N✮✮✱
❛♥❞ SJp❬q❪K✭N✮❂ξJqK✭SJpK✭N✮✮✳

❆✳✷✳✶ ❈♦rr❡❝t♥❡ss ♦❢ ❆❝❝❡ss✐❜✐❧✐t② Pr❡❞✐❝❛t❡

❉❡✜♥✐t✐♦♥ ❆✳✶✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂(D, ❛♥♥ ) ❛♥❞ ❛♥ ❳▼▲ tr❡❡ T ∈ T (D)✱ t❤❡♥✱
❛♥ ❡❧❡♠❡♥t ♥♦❞❡ n ✐♥ T ♦❢ t②♣❡ B ✇✐t❤ ♣❛r❡♥t ♥♦❞❡ ♦❢ t②♣❡ A ✐s ❛❝❝❡ss✐❜❧❡ ✭✐✳❡✳ s❤♦✇♥ ✐♥ t❤❡
❛✉t❤♦r✐③❡❞ ✈✐❡✇ TA ♦❢ T ✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✐✮ ❊✐t❤❡r t❤❡r❡ ❡①✐sts ❛♥ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❛♥♥♦t❛t✐♦♥ ❛♥♥ (A,B) t❤❛t ✐s ✈❛❧✐❞ ❛t n❀ ♦r t❤❡
✜rst ❛♥♥♦t❛t✐♦♥ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ♦✈❡r ❛♥❝❡st♦rs ♦❢ n ✐s ✈❛❧✐❞✳

✐✐✮ ❚❤❡r❡ ✐s ♥♦ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥ ❞❡✜♥❡❞ ♦✈❡r ❛♥② ❛♥❝❡st♦r ♥♦❞❡ n
′
♦❢ n ✇✐t❤ ✈❛❧✉❡

Nh ♦r ❬Q❪h ✇❤❡r❡ n
′
2 Q✳ �

❙♣❡❝✐✜❝❛❧❧②✱ ❝♦♥s✐❞❡r t❤❡ ♥♦❞❡s n1, . . . , nk ✇❤❡r❡ n1 ✐s t❤❡ r♦♦t ♥♦❞❡✱ k ≥ 2✱ ❛♥❞ ❡❛❝❤ ni ❤❛s
❡❧❡♠❡♥t t②♣❡ Ai✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ❆✳✶✱ ❛♥ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡ nj ✭j > 1✮
s❤♦✉❧❞ ❤❛✈❡ ❡✐t❤❡r ✭❛✮ ❛♥ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭Aj−1, Aj✮ t❤❛t ✐s ✈❛❧✐❞ ❛t nj ✭✐✳❡✳
❛♥♥ ✭Aj−1, Aj✮❂Y ⑤❬Q❪⑤❬Q❪h ✇✐t❤ nj � Q✮✱ ♦r ✭❜✮ ❛♥ ❛♥❝❡st♦r ni ❝♦♥❝❡r♥❡❞ ❜② ❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥
✭✐✳❡✳ ❡✐t❤❡r t❤❡ ❞❡❢❛✉❧t ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭Ai✮❂Y ✐❢ ni ✐s t❤❡ r♦♦t ♥♦❞❡✱ ♦r ❛♥ ❛r❜✐tr❛r② ❛♥♥♦t❛t✐♦♥
❛♥♥ ✭Ai−1, Ai✮✮ s✉❝❤ t❤❛t t❤✐s ❛♥♥♦t❛t✐♦♥ ✐s t❤❡ ✜rst ♦♥❡ ❞❡✜♥❡❞ ♦✈❡r ❛♥❝❡st♦rs ♦❢ nj ✭✐✳❡✳ ♥♦
❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭Al−1, Al✮ ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❢♦r i < l ≤ j✮✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥
❆✳✶ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭Ai−1, Ai✮ ❞❡✜♥❡❞ ♦✈❡r ❛♥❝❡st♦r ni ♦❢
nj ✭✐✳❡✳ i < j✮✱ ❡✐t❤❡r ❛♥♥ ✭Ai−1, Ai✮6= Nh ♦r ❛♥♥ ✭Ai−1, Ai✮❂❬Q❪h ✇✐t❤ nj � Q✳

❉❡✜♥✐t✐♦♥ ❆✳✷✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂(D, ❛♥♥ )✱ ✇❡ ❞❡✜♥❡ t✇♦ X ⇑[n] ♣r❡❞✐❝❛t❡s A
acc
1

❛♥❞ Aacc
2 ❛s ❢♦❧❧♦✇s✿

Aacc
1 ✿❂ ↑∗✿✿✯❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪✱ ✇❤❡r❡✿
❛❧❧❆♥♥ ✿❂ ε✿✿root ∨ann(A′,A)∈❛♥♥ ε✿✿A✴↑✿✿A′

✈❛❧✐❞❆♥♥ ✿❂ ε✿✿root ∨(❛♥♥ (A′,A)=Y )∈❛♥♥ ε✿✿A✴↑✿✿A′ ∨(❛♥♥ (A′,A)=[Q]|[Q]h)∈❛♥♥ ε✿✿A❬Q❪✴↑✿✿A′

Aacc
2 ✿❂ ∧(❛♥♥ (A′,A)=[Q]h)∈❛♥♥ ¬ ✭↑+✿✿A❬¬ ✭Q✮❪✴↑✿✿A′✮ ∧(❛♥♥ (A′,A)=Nh)∈❛♥♥ ¬ ✭↑+✿✿A✴↑✿✿A′✮

Aacc
1 ❛♥❞ Aacc

2 s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ❆✳✶ r❡s♣❡❝t✐✈❡❧②✳ �

❚❤❡ ✜rst ♣r❡❞✐❝❛t❡ ❝❤❡❝❦s ✇❤❡t❤❡r t❤❡ ♥♦❞❡ n ✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜② ❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥
♦r ✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ ❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥ ❞❡✜♥❡❞ ♦✈❡r ✐ts ❛♥❝❡st♦rs✳ ❲❤✐❧❡ t❤❡ s❡❝♦♥❞
♣r❡❞✐❝❛t❡ ❝❤❡❝❦s ✇❤❡t❤❡r t❤❡ ♥♦❞❡ n ✐s ♥♦t ✐♥ t❤❡ s❝♦♣❡ ♦❢ ❛♥ ✐♥✈❛❧✐❞ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥✳
▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♣r❡❞✐❝❛t❡ ↑∗✿✿✯❬❛❧❧❆♥♥❪ ❛t ❛ ♥♦❞❡ n r❡t✉r♥s ❛ ♥♦❞❡ s❡t N
t❤❛t ❝♦♥t❛✐♥s t❤❡ ♥♦❞❡ n ❛♥❞✴♦r s♦♠❡ ♦❢ ✐ts ❛♥❝❡st♦rs s✉❝❤ t❤❛t ❡❛❝❤ ♦♥❡ ✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜②
❛♥ ❛♥♥♦t❛t✐♦♥ ♦❢ S ✭✐✳❡✳ ❢♦r ❛♥② ♥♦❞❡ m ∈ {n}∪❛♥❝❡st♦rs (n)✹✺ ♦❢ t②♣❡ B ✇✐t❤ ❛ ♣❛r❡♥t ♥♦❞❡ ♦❢

✹✺❲❡ ✉s❡ ❛♥❝❡st♦rs ✭n✮ t♦ r❡❢❡r t♦ ❛❧❧ ❛♥❝❡st♦rs ♦❢ t❤❡ ♥♦❞❡ n✳

✶✵✾
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t②♣❡ A✱ m ∈ N ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛♥♥ ✭A,B✮ ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ✐♥ S✮✳ ❚❤❡ ♣r❡❞✐❝❛t❡ ↑∗✿✿✯❬❛❧❧❆♥♥❪❬✶❪
✭✐✳❡✳ N ❬1❪✮ r❡t✉r♥s t❤❡ ✜rst ♥♦❞❡ ✐♥ N ✱ ✐✳❡✳ ❡✐t❤❡r t❤❡ ♥♦❞❡ n ✭✐❢ ✐t ✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜②
❛♥ ❛♥♥♦t❛t✐♦♥✮ ♦r t❤❡ ✜rst ❛♥❝❡st♦r ♦❢ n t❤❛t ✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❛♥♥♦t❛t✐♦♥ ✳ ❚❤❡
❧❛st ♣r❡❞✐❝❛t❡ ❬✈❛❧✐❞❆♥♥❪ ❝❤❡❝❦s ✇❤❡t❤❡r t❤❡ ❛♥♥♦t❛t✐♦♥ ❞❡✜♥❡❞ ♦✈❡r t❤❡ ♥♦❞❡ N ❬1❪ ✐s ✈❛❧✐❞✿
t❤✐s ♠❡❛♥s t❤❛t ❡✐t❤❡r t❤❡ ♥♦❞❡ n ✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜② ❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥ ♦r ✐t ✐♥❤❡r✐ts ✐ts
❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ ♦♥❡ ♦❢ ✐ts ❛♥❝❡st♦rs t❤❛t ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥ ✭❝♦♥❞✐t✐♦♥ ✭✐✮✮✳ ❚❤❡
✉s❡ ♦❢ t❤❡ s❡❝♦♥❞ ♣r❡❞✐❝❛t❡ Aacc

2 ✐s ♦❜✈✐♦✉s✿ ✐❢ n � Aacc
2 t❤❡♥ ❛❧❧ t❤❡ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥s

❞❡✜♥❡❞ ♦✈❡r ❛♥❝❡st♦rs ✭n✮ ❛r❡ ✈❛❧✐❞ ✭❝♦♥❞✐t✐♦♥ ✭✐✐✮✮✳

▲❡♠♠❛ ❆✳✶✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂(D, ❛♥♥ )✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡
Aacc✿❂Aacc

1 ∧ Aacc
2 s✉❝❤ t❤❛t✿ ❢♦r ❛♥② ❳▼▲ tr❡❡ T ∈ T (D)✱ ❛ ♥♦❞❡ n ♦❢ T ✐s ❛❝❝❡ss✐❜❧❡ ✐❢ ❛♥❞

♦♥❧② ✐❢✿ n � Aacc✳ �

Pr♦♦❢ ❆✳✷✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱ ❛♥♥ ✮✱ ❛♥ ❳▼▲ tr❡❡ T ∈ T (D)✱ ❛♥❞ ✐ts ❛✉✲
t❤♦r✐③❡❞ ✈✐❡✇ TA✱ t❤❡♥✱ t♦ ♣r♦✈❡ t❤❛t ♦✉r ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ Aacc ✐s ✏❝♦rr❡❝t✑ ✭✐✳❡✳ ✐t ❝❛♥
❜❡ ✉s❡❞ t♦ s❡❧❡❝t ❛❧❧ ❛♥❞ ♦♥❧② ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s✱ ▲❡♠♠❛ ❆✳✶✮✱ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t✿ ✭✐✮ ❢♦r ❛♥②
♥♦❞❡ nTA

♦❢ TA✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nT ♠✉st s❛t✐s❢② Aacc❀ ❛♥❞ ✭✐✐✮ ❢♦r ❛♥② ♥♦❞❡ nT ♦❢ T t❤❛t
s❛t✐s✜❡s Aacc✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nTA

♠✉st ❛♣♣❡❛r ✐♥ TA✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ♦♥❡ ❝❛♥ ❡①tr❛❝t ❛❧❧
t❤❡ ♥♦❞❡s ♦❢ TA ❢r♦♠ T ✉s✐♥❣ ♦✉r ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ Aacc✱ ♠♦r❡♦✈❡r✱ ❛❧❧ t❤❡ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s
♦❢ T ✭✐✳❡✳ s❡❧❡❝t❡❞ ✉s✐♥❣ Aacc✮ r❡♣r❡s❡♥t ❛❧❧ ❛♥❞ ♦♥❧② t❤❡ ♥♦❞❡s ♦❢ TA✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ s❤♦✉❧❞
♣r♦✈❡ t❤❛t✿ SJ↓∗✿✿∗K✭TA✮ ❂ SJ↓∗✿✿∗❬Aacc❪K✭T ✮✳ ❲❡ ❞❡♥♦t❡ ❜② R1 ❛♥❞ R2 t❤❡ ♥♦❞❡s r❡t✉r♥❡❞ ❜②
SJ↓∗✿✿∗K✭TA✮ ❛♥❞ SJ↓∗✿✿∗❬Aacc❪K✭T ✮ r❡s♣❡❝t✐✈❡❧②✳

❈♦♥s✐❞❡r ❛♥ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡ nTA
♦❢ TA ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nT ✐♥ T ✳ ❆❝❝♦r❞✐♥❣ t♦

t❤❡ ❉❡✜♥✐t✐♦♥ ❆✳✶✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ♥♦ ✐♥✈❛❧✐❞ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥ ❞❡✜♥❡❞ ♦✈❡r
❛♥❝❡st♦rs ♦❢ nTA

✱ ❛♥❞ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✐✮ nTA
✐s t❤❡ r♦♦t ♥♦❞❡✳

✐✐✮ nTA
✐s ♦❢ t②♣❡ B✱ ✐ts ♣❛r❡♥t ♥♦❞❡ ✐s ♦❢ t②♣❡ A✱ ❛♥❞ ❛♥♥ ✭A✱ B✮ ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❛♥❞ ✐t

✐s ✈❛❧✐❞ ❛t nTA
✳

✐✐✐✮ ◆♦ ❛♥♥♦t❛t✐♦♥ ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ♦✈❡r t❤❡ ♥♦❞❡ nTA
❛♥❞ t❤✐s ❧❛tt❡r ✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t②

❢r♦♠ ✐ts ♣❛r❡♥t ♥♦❞❡ mTA
✳

■❢ nTA
❤❛s ❛t ❧❡❛st ♦♥❡ ❛♥❝❡st♦rm

′

TA
t❤❛t ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ✐♥✈❛❧✐❞ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥✱

t❤❡♥ ❛❧❧ t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t m
′

TA
✐s ❤✐❞❞❡♥ ✭❛s ✇❡ ❞♦ ✉s✐♥❣ ♦✉r ♠❛t❡r✐❛❧✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♦❢

❈❤❛♣t❡r ✹✮✱ t❤❡ ♥♦❞❡ nTA
❜❡❝♦♠❡s ✐♥❛❝❝❡ss✐❜❧❡ ❛♥❞ ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ TA✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts

♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t nTA
✐s ❛❝❝❡ss✐❜❧❡✳ ❇② ❛ss✉♠✐♥❣ t❤❛t ♥♦ ✐♥✈❛❧✐❞ ❞♦✇♥✇❛r❞✲❝❧♦s❡❞ ❛♥♥♦t❛t✐♦♥

✐s ❞❡✜♥❡❞ ♦✈❡r ❛♥❝❡st♦rs ♦❢ nTA
✱ t❤❡ ♣r❡❞✐❝❛t❡ Aacc

2 ✭t❤❛t ✐s ❞❡✜♥❡❞ ♦♥❧② ♦✈❡r ❞♦✇♥✇❛r❞✲❝❧♦s❡❞
❛♥♥♦t❛t✐♦♥s✮ ✐s tr✉❡ ❛t nTA

❛♥❞ t❤❡♥ ♦✉r ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ Aacc ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ Aacc
1

✭s✐♥❝❡ Aacc ❂ Aacc
1 ∧ Aacc

2 ✮✳ ◆♦✇✱ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t R1 ⊆ R2 ❛♥❞ R2 ⊆ R1 ❢♦r ❛❧❧ t❤❡
❝❛s❡s ✭✐✮✱ ✭✐✐✮✱ ❛♥❞ ✭✐✐✐✮✳

❈❛s❡ ■✿ ✭nTA
✐s t❤❡ r♦♦t ♥♦❞❡✮

❘❡❝❛❧❧ t❤❛t ❢♦r ❛♥② ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ❛♥② ❳▼▲ tr❡❡✱ t❤❡ r♦♦t ♥♦❞❡ ♦❢ t❤✐s tr❡❡ ✐s ❛❝❝❡ss✐❜❧❡
❜② ❞❡❢❛✉❧t ✇❤✐❝❤ ✐s s♣❡❝✐✜❡❞ ❜② t❤❡ s♣❡❝✐❛❧ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭root✮❂Y ✳ ❆ss✉♠❡ t❤❛t nTA

✐s ❛❝❝❡s✲
s✐❜❧❡✱ t❤❡♥ s✐♥❝❡ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nT ✐s t❤❡ r♦♦t ♥♦❞❡ ♦❢ T t❤❡♥ nT ♠✉st ❜❡ ❛❝❝❡ss✐❜❧❡ t♦♦✳
❚❤❡ ♣r❡❞✐❝❛t❡ Aacc ✐s ❞❡✜♥❡❞ ♦✈❡r nT ❛s ❢♦❧❧♦✇s✿

✶✶✵



❆✳✷✳ Pr♦♦❢s ♦❢ ❈❤❛♣t❡r ✹

Aacc ✿❂ ↑∗✿✿✯❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪✱ ✇❤❡r❡✿
❛❧❧❆♥♥ ✿❂ ε✿✿root ∨ann(A′,A)∈❛♥♥ ε✿✿A✴↑✿✿A′

✈❛❧✐❞❆♥♥ ✿❂ ε✿✿root ∨(❛♥♥ (A′,A)=Y )∈❛♥♥ ε✿✿A✴↑✿✿A′ ∨(❛♥♥ (A′,A)=[Q]|[Q]h)∈❛♥♥ ε✿✿A❬Q❪✴↑✿✿A′

❚❤✐s ♣r❡❞✐❝❛t❡ ✐s ✈❛❧✐❞ ❛t t❤❡ ♥♦❞❡ nT ❛s s❤♦✇♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❞✉❝t✐♦♥s✿

✲ SJAaccK✭{nT }✮ ❂ SJ↑∗✿✿✯❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪K✭{nT }✮
❂ ξJ❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪K✭SJ↑∗:: ✯K({nT })

︸ ︷︷ ︸

{nT }

✮

✲ ξJ❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪K✭{nT }✮ ❂ ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭ξJ❬❛❧❧❆♥♥❪K✭{nT }✮✮

✲ ξJ❬❛❧❧❆♥♥❪K✭{nT }✮ ❂ ξJ❬ε✿✿root ∨ann(A′,A)∈❛♥♥ ε✿✿A✴↑✿✿A′❪K✭{nT }✮

✲ ❲❡ ❤❛✈❡ ξJ❬ε✿✿root❪K✭{nT }✮❂{nT }✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡ r♦♦t t②♣❡ ✐s ❝♦♥❝❡r♥❡❞ ♦♥❧② ❜②
❛♥♥ (root)❂Y ✱ t❤❡♥ ❢♦r ❡❛❝❤ ♦t❤❡r ❛♥♥♦t❛t✐♦♥ ❛♥♥ (A′, A)✱ ξJ❬ε✿✿A✴↑✿✿A′❪K✭{nT }✮❂∅✳ ❚❤✉s✿
ξJ❬❛❧❧❆♥♥❪K✭{nT }✮❂ξJ❬ε✿✿root ∨ann(A′,A)∈❛♥♥ ε✿✿A✴↑✿✿A′❪K✭{nT }✮❂{nT }✳

✲ ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭ξJ❬❛❧❧❆♥♥❪K✭{nT }✮✮ ❂ ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭{nT }✮
❂ ξJ❬✈❛❧✐❞❆♥♥❪K✭ξJ❬✶❪{nT }K✮ ❂ ξJ❬✈❛❧✐❞❆♥♥❪K✭{nT }✮✳

✲ ❙✐♥❝❡ nT ✐s t❤❡ r♦♦t ♦❢ T ✱ nT ✐s ♦❢ t②♣❡ root ❛♥❞ t❤❡♥ t❤❡ ♣r❡❞✐❝❛t❡ ❬✈❛❧✐❞❆♥♥❪ ✐s ✈❛❧✐❞ ❛t t❤❡
♥♦❞❡ nT ✭✐✳❡✳ t❤❡ s✉❜✲♣r❡❞✐❝❛t❡ ε✿✿root ✐s s❛t✐s✜❡❞ ❛t nT ✮✳ ❚❤✉s✿ ξJ❬✈❛❧✐❞❆♥♥❪K✭{nT }✮❂{nT }✳

✲ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t✿ SJAaccK✭{nT }✮❂{nT } ✇❤✐❝❤ ♠❡❛♥s t❤❛t nT ✐s ❛❝❝❡ss✐❜❧❡✳

❲❡ s❤♦✇♥ t❤❛t ❢♦r t❤❡ r♦♦t ♥♦❞❡ nTA
♦❢ TA ✐♥R2✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nT ❡①✐sts ✐♥R2✳ ❲❡ s❤♦✇

♥♦✇ t❤❡ r❡✈❡rs❡✿ ✇❤❡t❤❡r ❢♦r ❡❛❝❤ ♥♦❞❡ nT ♦❢ R2✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nTA
∈ R1✳ ❲❡ ♣r♦✈❡ t❤✐s

❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t nT � Aacc ❜✉t nTA
/∈ R1 ✭✐✳❡✳ nTA

✐s ♥♦t ❛❝❝❡ss✐❜❧❡✮✳ ❚❤❡ ✜rst ❝❛s❡
♦❢ t❤✐s ♣r♦♦❢ ❝♦♥s✐sts ✐♥ ❝♦♥s✐❞❡r✐♥❣ nT ❛♥❞ nTA

❛s t❤❡ r♦♦t ♥♦❞❡s ♦❢ T ❛♥❞ TA r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s✱
t❤❡ ♥♦❞❡ nTA

✐s ✐♥❛❝❝❡ss✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛♥ ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭root✮❂N ✳
❙✐♥❝❡ t❤❡ r♦♦t ♥♦❞❡ ✐s ♥♦t ❛❝❝❡ss✐❜❧❡✱ ✇❡ ❡❧✐♠✐♥❛t❡ ε✿✿root ❢r♦♠ ❬✈❛❧✐❞❆♥♥❪ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ Aacc✳
■♥ t❤✐s ❝❛s❡✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ SJAaccK✭{nT }✮ ✐s ❣✐✈❡♥ ❜②✿

✲ SJAaccK✭{nT }✮ ❂ ξJ❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪K✭SJ↑∗:: ✯K({nT })
︸ ︷︷ ︸

{nT }

✮

❂ ξJ❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪K✭{nT }✮
❂ ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭ξJ[❛❧❧❆♥♥]K({nT })

︸ ︷︷ ︸

{nT }

✮ ❂ ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭{nT }✮

✲ ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭{nT }✮ ❂ ξJ❬✈❛❧✐❞❆♥♥❪K✭ξJ❬✶❪{nT }K✮ ❂ ξJ❬✈❛❧✐❞❆♥♥❪K✭{nT }✮✳

✲ ❬✈❛❧✐❞❆♥♥❪ ✐s ❣✐✈❡♥ ❜② ❬∨(❛♥♥ (A′,A)=Y )∈❛♥♥ ε✿✿A✴↑✿✿A′ ∨(❛♥♥ (A′,A)=[Q]|[Q]h)∈❛♥♥ ε✿✿A❬Q❪✴↑✿✿A′❪
❛♥❞ t❤✐s ❜② ❛ss✉♠✐♥❣ t❤❛t ❛♥♥ ✭root✮❂N ✳

✲ ❙✐♥❝❡ nT ✐s t❤❡ r♦♦t ♦❢ T ✱ ❢♦r ❡❛❝❤ ♦t❤❡r ❛♥♥♦t❛t✐♦♥ ❛♥♥ (A′, A)✿ ξJ❬ε✿✿A✴↑✿✿A′❪K✭{nT }✮❂∅✳
❚❤✉s✱ ξJ❬✈❛❧✐❞❆♥♥❪K✭{nT }✮❂∅✳

✲ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t✿ SJAaccK✭{nT }✮❂∅ ✇❤✐❝❤ ♠❡❛♥s t❤❛t nT 2 Aacc✳

❚❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t nT � Aacc✱ t❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t nTA
✐s ❛❝❝❡ss✐❜❧❡✳ ■♥

♦t❤❡r ✇♦r❞s✱ ❢♦r ❡❛❝❤ nT ♦❢ R2✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nTA
∈ R1✳ ❋✐♥❛❧❧②✱ ❢♦r t❤❡ ❝❛s❡ ✭■✮ ✇❤❡r❡

nT ❛♥❞ nTA
❛r❡ t❤❡ r♦♦t ♥♦❞❡s ♦❢ T ❛♥❞ TA r❡s♣❡❝t✐✈❡❧②✱ ✇❡ s❤♦✇♥ t❤❛t R1 = R2✳

✶✶✶
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❈❛s❡ ■■✿ ✭nTA
✐s ✈❛❧✐❞ ✇✐t❤ ❛♥ ❡①♣❧✐❝✐t ❛♥♥♦t❛t✐♦♥ ❞❡✜♥❡❞ ♦✈❡r ✐ts t②♣❡✮

❆ss✉♠❡ t❤❛t t❤❡ ♥♦❞❡ nTA
✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❡①♣❧✐❝✐t ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭A✱ B✮✱ ✐✳❡✳ nTA

✐❢ ♦❢ t②♣❡
B✱ ✐ts ♣❛r❡♥t ♥♦❞❡ ✭✇❤✐❝❤ ♠❛② ❜❡ ❛❝❝❡ss✐❜❧❡ ♦r ♥♦t✮ ✐s ♦❢ t②♣❡ A✱ ❛♥❞ ❛♥♥ ✭A✱ B✮ ✐s ✈❛❧✐❞ ❛t nTA

✭t❤✐s ♠❡❛♥s t❤❛t ❡✐t❤❡r ❛♥♥ ✭A✱ B✮❂Y ✱ ♦r ❛♥♥ ✭A✱ B✮❂❬Q❪|❬Q❪h ✇✐t❤ nTA
� Q✮✳ ❆❝❝♦r❞✐♥❣ t♦

t❤✐s ❛ss✉♠♣t✐♦♥✱ ✇❡ s❤♦✉❧❞ s❤♦✇ t❤❛t nT � Aacc✳ ❲❡ ❞❡♥♦t❡ ❜② B ◦ σ(A,B) ❡✐t❤❡r B ✐❢ ❛♥♥ ✭A✱
B✮❂Y ✱ ♦r B❬Q❪ ✐❢ ❛♥♥ ✭A✱ B✮❂❬Q❪|❬Q❪h✳ ◆♦t❡ t❤❛t t❤❡ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭A✱ B✮ ✐s ✈❛❧✐❞ ❛t nT ✐✛✿
nT � [ε :: B ◦ σ(A,B)/ ↑:: A]✳ ▲❡t ✉s t❛❦❡ ❛ ❧♦♦❦ ❛t t❤❡ ♣r❡❞✐❝❛t❡ Aacc✿

✲ SJ↑∗✿✿✯K✭{nT }✮ ❂ {nT ,m
k
T , . . . ,m

0
T , root}✱ ✇❤❡r❡ mk

T , . . . ,m
0
T ✭k ≥ 0✮ ❛r❡ t❤❡ ❛♥❝❡st♦rs ♦❢

nT t❤❛t ❝♦♥♥❡❝t ✐t ✇✐t❤ root✳

✲ SJAaccK✭{nT }✮ ❂ ξJ❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪K✭SJ↑∗✿✿✯K✭{nT }✮✮
❂ ξJ❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪K✭{nT ,m

k
T , . . . ,m

0
T , root}✮

❂ ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭ξJ❬❛❧❧❆♥♥❪K✭{nT ,m
k
T , . . . ,m

0
T , root}✮✮✳

✲ ❬❛❧❧❆♥♥❪ ✐s ❣✐✈❡♥ ❜② ❬ε✿✿root ∨ ε✿✿B✴↑✿✿A ∨ · · · ❪✹✻

✲ ξJ❬❛❧❧❆♥♥❪K✭{nT ,m
k
T , . . . ,m

0
T , root}✮❂ξJ❬ε✿✿root ∨ ε✿✿B✴↑✿✿A ∨ · · · ❪K✭{nT ,m

k
T , . . . ,m

0
T , root}✮

❂{nT , . . . , root} ✭s✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t ❛t ❧❡❛st t❤❡ ♥♦❞❡s nT ❛♥❞ root ❛r❡ ❝♦♥❝❡r♥❡❞ ❜② s♦♠❡
❛♥♥♦t❛t✐♦♥s✱ ✇❡ ❞❡♥♦t❡ ❜② . . . t❤❡ ❛♥❝❡st♦rs ♦❢ nT t❤❛t ❛r❡ ❝♦♥❝❡r♥❡❞ ❜② s♦♠❡ ❛♥♥♦t❛t✐♦♥s✮✳

✲ ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭ξJ❬❛❧❧❆♥♥❪K✭{nT ,m
k
T , . . . ,m

0
T , root}✮✮ ❂ ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭{nT , . . . , root}✮

❂ ξJ❬✈❛❧✐❞❆♥♥❪K✭ξJ❬✶❪K✭{nT , . . . , root}✮✮ ❂ ξJ❬✈❛❧✐❞❆♥♥❪K✭{nT }✮✳

✲ ❚❤❡ ♣r❡❞✐❝❛t❡ ❬✈❛❧✐❞❆♥♥❪ ✐s ❣✐✈❡♥ ❜②✿ ❬ε✿✿root ∨ ε✿✿B ◦ σ(A,B)✴↑✿✿A ∨ · · · ❪✳ ■t ✐s ❝❧❡❛r
t❤❛t t❤❡ ♣r❡❞✐❝❛t❡ ❬✈❛❧✐❞❆♥♥❪ ✐s ✈❛❧✐❞ ❛t t❤❡ ♥♦❞❡ nT s✐♥❝❡ t❤❡r❡ ✐s ❛t ❧❡❛st t❤❡ s✉❜✲♣r❡❞✐❝❛t❡
ε✿✿B ◦ σ(A,B)✴↑✿✿A ✇❤✐❝❤ ✐s s❛t✐s✜❡❞ ❛t nT ❛❝❝♦r❞✐♥❣ t♦ ♦✉r ❛ss✉♠♣t✐♦♥✳

✲ ❚❤✉s✿ξJ❬✈❛❧✐❞❆♥♥❪K✭{nT }✮❂{nT }✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t✿ SJAaccK✭{nT }✮❂{nT } ✇❤✐❝❤ ♠❡❛♥s
t❤❛t nT ✐s ❛❝❝❡ss✐❜❧❡✳

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r ❛♥ nTA
♦❢ TA t❤❛t ✐s ❛❝❝❡ss✐❜❧❡ ✇✳r✳t ❛♥ ❡①♣❧✐❝✐t ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭A✱ B✮✱

✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nT s❛t✐s✜❡s Aacc✱ ✐✳❡✳✱ ❢♦r ❛♥② nTA
♦❢ R1 t❤❛t ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❡①♣❧✐❝✐t

✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥✱ nT ∈ R2✳ ❲❡ s❤♦✇ ♥♦✇ t❤❡ r❡✈❡rs❡ ❜② ❛ss✉♠✐♥❣ t❤❛t nT � Aacc ❜✉t nTA
/∈ R1✳

❚❤❡ ♥♦❞❡ nTA
✐s ✐♥❛❝❝❡ss✐❜❧❡✱ t❤✐s ♠❡❛♥s t❤❛t ❡✐t❤❡r ✐t ✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ ❛♥ ✐♥✈❛❧✐❞

❛♥❝❡st♦r✱ ♦r ✐t ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ✐♥✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥ ✭✐✳❡✳ ❡✐t❤❡r ❛♥♥ ✭A✱ B✮❂N |Nh✱ ♦r ❛♥♥ ✭A✱
B✮❂❬Q❪|❬Q❪h ✇✐t❤ n 2 Q✮✳ ❚❤❡ ❢♦r♠❡r ❝❛s❡ ❝♦♥tr❛❞✐❝ts t❤❡ ❝❛s❡ ✭■■✮ ♦❢ t❤✐s ♣r♦♦❢ ✇❤❡r❡ ✇❡
❝♦♥s✐❞❡r t❤❛t nTA

✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❡①♣❧✐❝✐t ❛♥♥♦t❛t✐♦♥✳ ❲❤✐❧❡✱ t❤❡ ❧❛tt❡r ❝❛s❡ ❝♦♥tr❛❞✐❝ts ♦✉r
❛ss✉♠♣t✐♦♥ t❤❛t nT � Aacc ❛s ✇❡ s❤♦✇ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ ♣r❡❞✐❝❛t❡ ❬✈❛❧✐❞❆♥♥❪ ✐s ❝♦♠♣✉t❡❞
✇✳r✳t t♦ ♦♥❧② ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥s ❛s ❢♦❧❧♦✇s✿

✲ ❛♥♥ ✭A✱ B✮❂N |Nh✿
❬✈❛❧✐❞❆♥♥❪❂❬ε✿✿root ∨(❛♥♥ (A′′,A′)=Y )∈❛♥♥ ε✿✿A′✴↑✿✿A′′ ∨(❛♥♥ (A′′,A′)=[Q]|[Q]h)∈❛♥♥ ε✿✿A′❬Q❪✴↑✿✿A′′❪✳
❲❤❡r❡ ❢♦r ❡❛❝❤ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭A′′✱A′✮✱ A′′ 6= A ❛♥❞ A′ 6= B✱ ✐✳❡✳ t❤❡ ✐♥✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥
❛♥♥ ✭A✱B✮ ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ ❬✈❛❧✐❞❆♥♥❪✳

✲ ❛♥♥ ✭A✱ B✮❂❬Q❪|❬Q❪h✿
❬✈❛❧✐❞❆♥♥❪❂❬ε✿✿root ε✿✿B❬Q❪✴↑✿✿A ∨ · · · ❪✳

❚❤✉s✱ ✐♥ ❝❛s❡ ♦❢ ❛♥♥ ✭A✱ B✮❂N |Nh✱ t❤❡ s✉❜✲♣r❡❞✐❝❛t❡ ε✿✿B✴↑✿✿A ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ ❬✈❛❧✐❞❆♥♥❪✱
✇❤✐❧❡ ✐❢ ❛♥♥ ✭A✱ B✮❂❬Q❪|❬Q❪h t❤❡♥ ✇❡ ✐♥❝❧✉❞❡ t❤❡ s✉❜✲♣r❡❞✐❝❛t❡ ε✿✿B❬Q❪✴↑✿✿A t♦ ❝❤❡❝❦ ❛t r✉♥✲
t✐♠❡ ✇❤❡t❤❡r ♦r ♥♦t Q ✐s ✈❛❧✐❞ ❛t nT ✳ ❈♦♥s✐❞❡r t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❤❛✈❡ ξJ❬ε✿✿root❪K✭{nT }✮❂∅

✹✻❲❡ ❞❡♥♦t❡ ❜② · · · t❤❡ ❞✐s❥✉♥❝t✐♦♥ ♦❢ ♦t❤❡r ❛♥♥♦t❛t✐♦♥s t❤❛t ❛r❡ ♥♦t ❞❡✜♥❡❞ ♦✈❡r t②♣❡ ♦❢ nT ✳

✶✶✷



❆✳✷✳ Pr♦♦❢s ♦❢ ❈❤❛♣t❡r ✹

s✐♥❝❡ nT ✐s ♦❢ t②♣❡ B✳ ▼♦r❡♦✈❡r✱ ξJ❬∨(❛♥♥ (A′′,A′)=Y )∈❛♥♥ ε✿✿A′✴↑✿✿A′′ ∨(❛♥♥ (A′′,A′)=[Q]|[Q]h)∈❛♥♥

ε✿✿A′❬Q❪✴↑✿✿A′′❪K✭{nT }✮ ❂∅ s✐♥❝❡ ♥♦ s✉❜✲♣r❡❞✐❝❛t❡ ε✿✿B ◦ σ(A,B)✴↑✿✿A ✐s ❞❡✜♥❡❞ ✐♥ ❬✈❛❧✐✲
❞❆♥♥❪✳ ❚❤✉s✱ ξJ❬✈❛❧✐❞❆♥♥❪K✭{nT }✮❂∅✳ ❋♦r t❤❡ s❡❝♦♥❞ ❝❛s❡✱ t❤❡ s✉❜✲♣r❡❞✐❝❛t❡ ε✿✿B❬Q❪✴↑✿✿A
✐s ❡✈❛❧✉❛t❡❞ t♦ ❢❛❧s❡ ❛t nT ✭❛s ✇❡ ❛ss✉♠❡ t❤❛t nT ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ✐♥✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥
❛♥♥ ✭A✱B✮❂❬Q❪|❬Q❪h ✇✐t❤ nT 2 Q✮✱ t❤❡♥ ξJ❬✈❛❧✐❞❆♥♥❪K✭{nT }✮❂∅✳ ■♥ t❤❡ t✇♦ ❝❛s❡s✱ ✇❡ s❤♦✇♥ t❤❛t
ξJ❬✈❛❧✐❞❆♥♥❪K✭{nT }✮❂∅ ✇❤✐❝❤ ♠❡❛♥s t❤❛t SJAaccK✭{nT }✮❂∅✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥
t❤❛t nT ✐s ❛❝❝❡ss✐❜❧❡ ❛♥❞ t❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t nTA

✐s ❛❝❝❡ss✐❜❧❡✳

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r ❛♥② ♥♦❞❡ nTA
♦❢ R1 t❤❛t ✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜② ❛ ✈❛❧✐❞

❛♥♥♦t❛t✐♦♥✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nT s❛t✐s✜❡s Aacc✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛♥② ♥♦❞❡ nT ♦❢ R2 ✐ts
❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nTA

✐s ❛❝❝❡ss✐❜❧❡ ❛♥❞ ❛♣♣❡❛rs ✐♥ TA✳ ❚❤❡r❡❢♦r❡✱ ❢♦r t❤❡ ❝❛s❡ ✭■■✮ t❤❡ ❡q✉❛❧✐t②
R1 = R2 ✐s s❛t✐s✜❡❞✳

❈❛s❡ ■■■✳ ✭nTA
✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ ✐ts ♣❛r❡♥t ♥♦❞❡✮

❆ss✉♠❡ t❤❛t t❤❡ ♥♦❞❡ nTA
✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ ✐ts ❛❝❝❡ss✐❜❧❡ ♣❛r❡♥t ♥♦❞❡✳ ❚❤✐s ♠❡❛♥s

t❤❛t ❡✐t❤❡r ❛✮ nTA
✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ t❤❡ r♦♦t ♥♦❞❡✱ ♦r ❜✮ nTA

❤❛s ❛♥ ❛❝❝❡ss✐❜❧❡
♣❛r❡♥t ♥♦❞❡ mTA

t❤❛t ✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜② ❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r ❡❛❝❤ ♦❢ t❤❡s❡
❝❛s❡s s❡♣❛r❛t❡❧②✿

❛✮ ❚❤❡ ♥♦❞❡ nTA
✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ t❤❡ root ♥♦❞❡✳ ❈♦♥s✐❞❡r t❤❡ ♣❛t❤

root,m0
TA

, . . . ,mk
TA

, nTA
✭k ≥ 0✮ t❤❛t ❝♦♥♥❡❝ts t❤❡ ♥♦❞❡ nTA

✇✐t❤ t❤❡ root ♥♦❞❡✳ ❙✐♥❝❡ nTA

✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ root t❤❡♥ t❤❡r❡ ✐s ♥♦ ❛♥♥♦t❛t✐♦♥ ❞❡✜♥❡❞ ♦✈❡r t❤❡ ❛♥❝❡st♦rs ♦❢ nTA

✭✐✳❡✳ t❤❡ ♥♦❞❡s m0
TA

, . . . ,mk
TA

✮✳ ▲❡t ✉s t❛❦❡ ❛ ❧♦♦❦ ❛t t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ Aacc ❞❡✜♥❡❞ ♦✈❡r
nT ✿

✲ SJAaccK✭{nT }✮ ❂ ξJ❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪K✭SJ↑∗✿✿✯K✭{nT }✮✮
❂ ξJ❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪K✭{nT ,m

k
T , . . . ,m

0
T , root}✮

❂ ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭ξJ❬❛❧❧❆♥♥❪K✭{nT ,m
k
T , . . . ,m

0
T , root}✮✮✳

❙✐♥❝❡ ♦♥❧② t❤❡ root ♥♦❞❡ ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❡①♣❧✐❝✐t ❛♥♥♦t❛t✐♦♥✱ t❤❡♥✿
ξJ❬❛❧❧❆♥♥❪K✭{nT ,m

k
T , . . . ,m

0
T , root}✮❂{root}✳

✲ ❬✈❛❧✐❞❆♥♥❪ ✐s ❣✐✈❡♥ ❜② ❬ε✿✿root ∨ · · · ❪ ❛♥❞ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ♣r❡❞✐❝❛t❡ ❬✈❛❧✐❞❆♥♥❪ ✐s ✈❛❧✐❞ ❛t
root✳ ❲❡ ❤❛✈❡✿ ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭ξJ❬❛❧❧❆♥♥❪K✭{nT ,m

k
T , . . . ,m

0
T , root}✮✮❂

ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭{root}✮❂ξJ❬✈❛❧✐❞❆♥♥❪K✭ξJ❬✶❪K✭{root}✮✮❂ ξJ❬✈❛❧✐❞❆♥♥❪K✭{root}✮❂{root}✳
✲ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t✿ SJAaccK✭{nT }✮❂{root} ✇❤✐❝❤ ♠❡❛♥s t❤❛t nT � Aacc✳

❲❡ s❤♦✇♥ t❤❛t ❢♦r ❛♥ nTA
t❤❛t ✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ t❤❡ r♦♦t ♥♦❞❡✱ nT ∈ R2✳ ❲❡

s❤♦✇ ♥♦✇ t❤❡ r❡✈❡rs❡ ❜② ❛ss✉♠✐♥❣ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t nT � Aacc ❜✉t nTA
/∈ R1✳ ❈♦♥s✐❞❡r✐♥❣

t❤❛t t❤❡ ♥♦❞❡ nTA
✐s ✐♥❛❝❝❡ss✐❜❧❡ ♠❡❛♥s t❤❛t ❡✐t❤❡r nTA

✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ✐♥✈❛❧✐❞
❛♥♥♦t❛t✐♦♥ ♦r ✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ ❛♥ ✐♥❛❝❝❡ss✐❜❧❡ ❛♥❝❡st♦r✳ ❚❤❡ ❢♦r♠❡r ❝❛s❡ ❝♦♥tr❛❞✐❝ts
t❤❡ ❝❛s❡ ✭■■■✮ ♦❢ t❤✐s ♣r♦♦❢ ✇❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♦❢ nT ✭r❡s♣✳ nTA

✮ ✐s ✐♥❤❡r✐t❡❞✳
❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❧❛tt❡r ❝❛s❡ ✇❤❡r❡ nTA

✐s ✐♥ t❤❡ s❝♦♣❡ ♦❢ ❛♥ ✐♥❛❝❝❡ss✐❜❧❡ ❛♥❝❡st♦r✳ ❙✐♥❝❡ ✐♥
❝❛s❡ ✭❜✮ ✇❡ ❛ss✉♠❡ t❤❛t nTA

✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ t❤❡ r♦♦t ♥♦❞❡✱ t❤❡♥ t❤❡ ❧❛tt❡r ❝❛s❡
✐♠♣❧✐❡s t❤❛t t❤❡ r♦♦t ♥♦❞❡ ✐s ✐♥❛❝❝❡ss✐❜❧❡✱ ✐✳❡✳ t❤❡ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭root✮❂N ✐s ❡①♣❧✐❝✐t❧② ❞❡✜♥❡❞✳
❚❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t nT � Aacc ❛s ✇❡ s❤♦✇ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤❡ ♥♦❞❡ nT

✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ t❤❡ r♦♦t ♥♦❞❡✱ t❤❡♥ ♥♦ ❛♥♥♦t❛t✐♦♥ ✐s ❞❡✜♥❡❞ ♦✈❡r nT ♥❡✐t❤❡r ♦✈❡r
✐ts ❛♥❝❡st♦rs ❡①❝❡♣t✐♥❣ t❤❡ root ♥♦❞❡✳ ❚❤✉s✱ ξJ❬❛❧❧❆♥♥❪K✭SJ↑∗✿✿∗K✭{nT }✮✮❂{root} ✭s✐♥❝❡ root
✐s t❤❡ ♦♥❧② ♥♦❞❡ t❤❛t ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❛♥♥♦t❛t✐♦♥✮✱ ❛♥❞ ξJ❬❛❧❧❆♥♥❪❬✶❪K✭{root}✮❂{root}✳ ❲❡
❤❛✈❡ ξJ❬✈❛❧✐❞❆♥♥❪K✭{root}✮❂∅ s✐♥❝❡ root ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ✐♥✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱

✶✶✸



❆✳ Pr♦♦❢s

SJAaccK✭{nT }✮❂∅✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t nT 2 Aacc✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ ✇❤✐❝❤
❝♦♥s✐❞❡rs t❤❛t nT � Aacc✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❡♥ t❤❛t ❢♦r ❡❛❝❤ ♥♦❞❡ nT ♦❢ R2✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣
♥♦❞❡ nTA

∈ R1✳

❜✮ ❚❤❡ ♥♦❞❡ nTA
✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ ✐ts ♣❛r❡♥t ♥♦❞❡ mTA

t❤❛t ✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞
❜② ❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ ♥♦❞❡ m

′

TA
t♦ ❜❡ t❤❡ ♣❛r❡♥t ♥♦❞❡ ♦❢ mTA

✇❤❡r❡ m
′

TA
❛♥❞ mTA

❛r❡ ♦❢ t②♣❡ A′ ❛♥❞ A r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♥♦❞❡ nTA
✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ mTA

♠❡❛♥s t❤❛t
t❤❡r❡ ✐s ♥♦ ❛♥♥♦t❛t✐♦♥ ❞❡✜♥❡❞ ♦✈❡r t❤❡ t②♣❡ ♦❢ t❤❡ ♥♦❞❡ nTA

✳ ❲❡ ❝❛♥ s❡❡ ❡❛s✐❧② t❤❛t t❤❡ ♣r❡❞✐❝❛t❡
Aacc ✐s ✈❛❧✐❞ ❛t t❤❡ ♥♦❞❡ nT ♦❢ T ✳ ❲❡ ❤❛✈❡ SJ↑∗✿✿∗K✭{nT }✮❂{nT ,mT ,m

′

T ,m
0
T , . . . ,m

k
T , root}✱

ξJ❬❛❧❧❆♥♥❪K✭{nT ,mT ,m
′

T ,m
0
T , . . . ,m

k
T , root}✮❂{mT , . . . , root} ✭❛t ❧❡❛st ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❛r❡

mT ❛♥❞ root ✇❤✐❝❤ ❛r❡ ❝♦♥❝❡r♥❡❞ ❜② ❡①♣❧✐❝✐t ❛♥♥♦t❛t✐♦♥s✱ ✇✐t❤ . . . ✇❡ ❞❡♥♦t❡ t❤❡ ♦t❤❡r ♥♦❞❡s
❛♠♦♥❣ m

′

T ,m
0
T , . . . ,m

k
T t❤❛t ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ s♦♠❡ ❛♥♥♦t❛t✐♦♥s✮✳ ■t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t✿

ξJ❬✈❛❧✐❞❆♥♥❪❬✶❪K✭ξJ❬❛❧❧❆♥♥❪K✭SJ↑∗✿✿∗K✭{nT }✮✮✮❂ξJ❬✈❛❧✐❞❆♥♥❪K{mT }✳ ■♥ ❛❞❞✐t✐♦♥✱ ❬✈❛❧✐❞❆♥♥❪ ✐s
❣✐✈❡♥ ❜② ε✿✿root ∨ ε✿✿A ◦ σ(A′, A)✴↑✿✿A′ ∨ · · · ✳ ■t ✐s ❝❧❡❛r t❤❛t ξJ❬✈❛❧✐❞❆♥♥❪K✭{mT }✮❂{mT } s✐♥❝❡
✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♥♦❞❡ mT ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ❡①♣❧✐❝✐t ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭A′✱A✮✱ t❤❡♥ ✇❡
❝♦♥❝❧✉❞❡ t❤❛t✿ SJAaccK❂{mT }✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ nT � Aacc✳

❲❡ s❤♦✇ ♥♦✇ t❤❡ r❡✈❡rs❡✿ ✇❤❡t❤❡r ❢♦r ❡❛❝❤ nT ∈ R2 ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nTA
∈ R1✳ ❲❡

❛ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t nT � Aacc ✇❤❡r❡ nTA
✐s ✐♥❛❝❝❡ss✐❜❧❡✳ ❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ♥♦❞❡

nTA
✐s ✐♥❛❝❝❡ss✐❜❧❡ ♠❡❛♥s t❤❛t ❡✐t❤❡r nTA

✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ✐♥✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥ ♦r ✐♥
t❤❡ s❝♦♣❡ ♦❢ ❛♥ ✐♥❛❝❝❡ss✐❜❧❡ ❛♥❝❡st♦r✳ ❚❤❡ ❢♦r♠❡r ❝❛s❡ ❝♦♥tr❛❞✐❝ts t❤❡ ❝❛s❡ ✭■■■✮ ♦❢ t❤✐s ♣r♦♦❢
✇❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♦❢ nT ✭r❡s♣✳ nTA

✮ ✐s ✐♥❤❡r✐t❡❞✳ ❲❤✐❧❡✱ t❤❡ ❧❛tt❡r ❝❛s❡
❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t nT � Aacc ❛s ✇❡ s❤♦✇ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ▲❡t ❛♥♥ ✭A✱ B✮ ❜❡ t❤❡
✐♥✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥ t❤❛t ✐s ❞❡✜♥❡❞ ♦✈❡r s♦♠❡ ❛♥❝❡st♦r ♦❢ nT ✭❞❡♥♦t❡❞ mi

T ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✮✳ ❲❡
❝♦♠♣✉t❡ t❤❡ ♣r❡❞✐❝❛t❡ Aacc ✐♥ t❤✐s ❝❛s❡ ❛s ❢♦❧❧♦✇s✿

✲ SJAaccK✭{nT }✮ ❂ ξJ❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪K✭SJ↑∗✿✿✯K✭{nT }✮✮
❂ ξJ❬❛❧❧❆♥♥❪❬✶❪❬✈❛❧✐❞❆♥♥❪K✭{nT ,m

k
T , . . . ,m

0
T , root}✮❂

❂ ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭ξJ❬❛❧❧❆♥♥❪K✭{nT ,m
k
T , . . . ,m

0
T , root}✮✮✳

✲ ❙✉♣♣♦s❡ t❤❛t mi
T ✐s t❤❡ ❛♥❝❡st♦r ♦❢ nT t❤❛t ✐s ❝♦♥❝❡r♥❡❞ ❜② ❛♥ ✐♥✈❛❧✐❞ ❛♥✲

♥♦t❛t✐♦♥✳ ❚❤✉s✱ ξJ❬❛❧❧❆♥♥❪K✭{nT ,m
k
T , . . . ,m

0
T , root}✮❂ξJ❬ε✿✿root ∨ ε✿✿B✴↑✿✿A ∨

· · · ❪K✭{nT ,m
k
T , . . . ,m

0
T , root}✮❂{m

i
T , . . . , root} ✭s✐♥❝❡ ❛t ❧❡❛st ✇❡ ❦♥♦✇ t❤❛t mi

T ❛♥❞
root ❛r❡ ❝♦♥❝❡r♥❡❞ ❜② s♦♠❡ ❛♥♥♦t❛t✐♦♥s✮✳

✲ ξJ❬✶❪❬✈❛❧✐❞❆♥♥❪K✭{mi
T , root}✮❂ξJ❬✈❛❧✐❞❆♥♥❪K✭ξJ❬✶❪K✭{mi

T , root}✮✮❂ξJ❬✈❛❧✐❞❆♥♥❪K✭{mi
T }✮✳

✲ ❬✈❛❧✐❞❆♥♥❪ ✐s ❣✐✈❡♥ ❜② ❬ε✿✿root ∨ ε✿✿B ◦ σ(A,B)✴↑✿✿A ∨ · · · ❪ ❛♥❞ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ♣r❡❞✐❝❛t❡
❬✈❛❧✐❞❆♥♥❪ ✐s ♥♦t ✈❛❧✐❞ ❛t mi

T s✐♥❝❡ t❤✐s ♥♦❞❡ ✐s ❝♦♥❝❡r♥❡❞ ❜② ♦♥❧② ♦♥❡ ❛♥♥♦t❛t✐♦♥ ❛♥♥ ✭A✱ B✮
✇❤✐❝❤ ✐s ✐♥✈❛❧✐❞ ❛❝❝♦r❞✐♥❣ t♦ ♦✉r ❛ss✉♠♣t✐♦♥✳

✲ ❚❤✉s✱ ξJ❬✈❛❧✐❞❆♥♥❪K✭{mi
T }✮❂∅✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t SJAaccK✭{nT }✮❂∅ ✇❤✐❝❤ ♠❡❛♥s t❤❛t nT 2

Aacc✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t nT � Aacc ❛♥❞ t❤✉s nTA
✐s ❛❝❝❡ss✐❜❧❡✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♥♦❞❡ nT ✭r❡s♣✳ nTA
✮ ✐♥❤❡r✐ts ✐ts ❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ ✐ts ♣❛r❡♥t ♥♦❞❡✱ ✇❡

❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r ❡❛❝❤ ♥♦❞❡ nTA
♦❢ R1✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nT s❛t✐s✜❡s Aacc ✐♥ T ✱ ♠♦r❡♦✈❡r✱

❢♦r ❡❛❝❤ ♥♦❞❡ nT ♦❢ T t❤❛t s❛t✐s✜❡s Aacc ✭✐✳❡✳ nT ∈ R2✮✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nTA
∈ R1✳ ■♥

♦t❤❡r ✇♦r❞s✱ R1 = R2✳

∵ ∴ ∴ ∴ ∵

✶✶✹
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❙✉♠♠✐♥❣ ✉♣✱ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s ♦❢ ♥♦❞❡s ❛❝❝❡ss✐❜✐❧✐t② ✭❝❛s❡ ♦❢ r♦♦t
♥♦❞❡✱ ❛ ♥♦❞❡ t❤❛t ✐s ❡①♣❧✐❝✐t❧② ❝♦♥❝❡r♥❡❞ ❜② ❛ ✈❛❧✐❞ ❛♥♥♦t❛t✐♦♥✱ ♦r ❛ ♥♦❞❡ t❤❛t ✐♥❤❡r✐ts ✐ts
❛❝❝❡ss✐❜✐❧✐t② ❢r♦♠ ✐ts ❛❝❝❡ss✐❜❧❡ ♣❛r❡♥t ♥♦❞❡✮✱ ❛ ♥♦❞❡ nTA

♦❢ TA ❝❛♥ ❜❡ s❡❧❡❝t❡❞ ❢r♦♠ T ✉s✐♥❣ ♦✉r
❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ Aacc✱ ❛♥❞ ❡❛❝❤ ♥♦❞❡ nT ♦❢ T t❤❛t s❛t✐s✜❡s Aacc ❛♣♣❡❛rs ✐♥ TA✳ ■♥ ♦t❤❡r
✇♦r❞s✱ ❢♦r ❡❛❝❤ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭❛♥♥ ✱D✮✱ ❛♥ ❳▼▲ tr❡❡ T ∈ T (D)✱ ❛♥❞ ✐ts ❛✉t❤♦r✐③❡❞ ✈✐❡✇
TA✱ ✇❡ ❤❛✈❡✿ SJ↓∗✿✿∗K✭TA✮ ❂ SJ↓∗✿✿∗❬Aacc❪K✭T ✮✳ �

❆✳✷✳✷ ❈♦rr❡❝t♥❡ss ♦❢ ♦✉r ❆❧❣♦r✐t❤♠ ❘❡✇r✐t❡

❘❡❝❛❧❧ t❤❛t t❤❡ ❢r❛❣♠❡♥t X ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✶✵ ✐s ✉s❡❞ ✐♥ ♦✉r ❝❛s❡ ♦♥❧② t♦ ❞❡✜♥❡ s❡❝✉r✐t② ♣♦❧✐❝✐❡s
❛s ✇❡❧❧ ❛s t♦ ❢♦r♠✉❧❛t❡ ✉s❡r r❡q✉❡sts ✭✐✳❡✳ ❛❝❝❡ss q✉❡r✐❡s ❛♥❞ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✮✳ ❲❤✐❧❡✱ t❤❡
❡①t❡♥❞❡❞ ❢r❛❣♠❡♥t ♦❢ ❉❡✜♥✐t✐♦♥ ✸✳✶✶ ✐s ✉s❡❞ t♦ s❛❢❡❧② tr❛♥s❧❛t❡ t❤❡s❡ r❡q✉❡sts✱ ❞❡✜♥❡❞ ♦✈❡r
✈✐rt✉❛❧ ✈✐❡✇s✱ ✐♥ ♦r❞❡r t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✳

❉❡✜♥✐t✐♦♥ ❆✳✸✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱❛♥♥ ✮✱ ❛♥ ❳▼▲ tr❡❡ T ∈ T (D) ❛♥❞ ✐ts
❛✉t❤♦r✐③❡❞ ✈✐❡✇ TA✳ ❆ r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ R ✐s s❛✐❞ t♦ ❜❡ ❝♦rr❡❝t ✇✳r✳t S ❢♦r ❛ ❝❧❛ss ♦❢ ❳P❛t❤
q✉❡r✐❡s C ✐❢ ❛♥❞ ♦♥❧② ✐❢✿ ❢♦r ❛♥② q✉❡r② Q ♦❢ C✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ Q ♦✈❡r TA ②✐❡❧❞s t❤❡ s❛♠❡ s❡t ♦❢
♥♦❞❡s ❛s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ r❡✇r✐tt❡♥ q✉❡r② R(Q) ♦✈❡r T ✱ ✐✳❡✳ SJR(Q)K✭T ✮❂SJQK✭TA✮✳ �

❚♦ ♣r♦✈❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r r❡✇r✐t✐♥❣ ❛♣♣r♦❛❝❤ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ♦✉r r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥
❘❡✇r✐t❡ ✐s ❝♦rr❡❝t ❢♦r ❛♥② q✉❡r② ♦❢ t❤❡ ❢r❛❣♠❡♥t X ✳ ❲❡ ❞❡♥♦t❡ ❜② XnoPred ❛❧❧ q✉❡r✐❡s ♦❢ ❢r❛❣♠❡♥t
X ❞❡✜♥❡❞ ✇✐t❤♦✉t ♣r❡❞✐❝❛t❡s✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ XnoPred ✐s ❞❡✜♥❡❞ ❜②✿

♣ ✿❂ α✿✿♥tst | ♣ ✴♣ | ♣ ∪ ♣

α ✿❂ ε | ↓ | ↓+ | ↓∗

❚❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ ❘❡✇r✐t❡ ✐s ♣r♦✈❡♥ ✐♥ t✇♦ ♣❛rts✿ ✜rst ❢♦r q✉❡r✐❡s ✇✐t❤♦✉t
♣r❡❞✐❝❛t❡s✱ ❛❢t❡r ✇❡ s❤♦✇ t❤❛t t❤❡ r❡✇r✐t✐♥❣ ♦❢ X ♣r❡❞✐❝❛t❡s ✉s✐♥❣ ♦✉r ❢✉♥❝t✐♦♥ ❘❲❴Pr❡❞ ✐s ❝♦rr❡❝t✳

▲❡♠♠❛ ❆✳✷✳ ❚❤❡ q✉❡r② r❡✇r✐t✐♥❣ ❛❧❣♦r✐t❤♠ ❘❡✇r✐t❡ ✐s ❝♦rr❡❝t ❢♦r ❛♥② q✉❡r② ♦❢ t❤❡ ❢r❛❣♠❡♥t
XnoPred✳ �

Pr♦♦❢ ❆✳✸✳ ❘❡❝❛❧❧ t❤❛t ✐♥ ♦✉r ❝❛s❡ ✈✐rt✉❛❧ ✈✐❡✇s ♦❢ t❤❡ ❞❛t❛✱t❤❛t ❛r❡ ♣r♦✈✐❞❡❞ t♦ t❤❡ ✉s❡r✱
❛r❡ ♥❡✈❡r ♠❛t❡r✐❛❧✐③❡❞✳ ▼♦r❡♦✈❡r✱ ❛✉t❤♦r✐③❡❞ ✈✐❡✇s ♠❡♥t✐♦♥❡❞ ❤❡r❡ ❛r❡ ✉s❡❞ ♦♥❧② t♦ ♣r♦✈❡
❝♦rr❡❝t♥❡ss ♦❢ ♦✉r ❛♣♣r♦❛❝❤✳ ▲❡t S❂✭D✱❛♥♥ ✮ ❜❡ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥✱ T ∈ T (D) ❜❡ ❛♥ ❳▼▲
tr❡❡ ❛♥❞ TA ❜❡ t❤❡ ❛✉t❤♦r✐③❡❞ ✈❡rs✐♦♥ ♦❢ T ✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ ✉s❡r q✉❡r② Qn ♦❢ ❢r❛❣♠❡♥t
XnoPred ❞❡✜♥❡❞ ♦✈❡r s♦♠❡ ✈✐rt✉❛❧ ✈✐❡✇ ♦❢ T ✇✐t❤ q1/ . . . /qn ✇❤❡r❡✿ qi❂axisi✿✿ei✱ ❛♥❞ ei ❝❛♥ ❜❡
❡❧❡♠❡♥t t②♣❡✱ ∗✱ ♦r t❡①t✭✮ ❢✉♥❝t✐♦♥✳ ❲❡ s❤♦✉❧❞ ♣r♦✈❡ t❤❛t✿ SJ❘❡✇r✐t❡ ✭Qn✮K✭T ✮❂SJQnK✭TA✮✳
▲❡t ✉s ♣r♦✈❡ ✐t ❜② ✐♥❞✉❝t✐♦♥✳

❇❛s✐s ♦❢ ✐♥❞✉❝t✐♦♥✿ ❲❡ s❤♦✇ t❤❛t SJ❘❡✇r✐t❡ ✭Q1✮K✭T ✮❂SJQ1K✭TA✮✳ ❲❡ ❤❛✈❡ Q1❂axis1✿✿e1✱
t❤✐s q✉❡r② ✐s r❡✇r✐tt❡♥ ♣❛rt✐❝✉❧❛r❧② ♦✈❡r t❤❡ root t②♣❡ ♦❢ t❤❡ ❉❚❉✳ ❈♦♥s✐❞❡r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s
♦❢ axis1 ❛s ❢♦❧❧♦✇s✿

❼❈❛s❡ ♦❢ ↓✿✿e1✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t✿ SJ↓✿✿e1K✭TA✮❂SJ❘❡✇r✐t❡ ✭↓✿✿e1✮K✭T ✮✳ ❚❤❡ q✉❡r② Q1

✐s ❡✈❛❧✉❛t❡❞ ❞✐r❡❝t❧② ♦✈❡r t❤❡ root ♥♦❞❡ ♦❢ TA✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ SJ↓✿✿e1K✭TA✮ ♠✉st r❡t✉r♥ ❛❧❧

✶✶✺



❆✳ Pr♦♦❢s

t❤❡ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s ♦❢ TA t❤❛t ❛r❡ ♦❢ t②♣❡ e1
✹✼ ❛♥❞ ❛♣♣❡❛r ✐♥ TA ❛s ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞r❡♥ ♦❢

root✳ ▲❡t SJ↓✿✿e1K✭TA✮❂R1✳ ❙✐♥❝❡ ♥♦❞❡s ♦❢ R1 ❛r❡ ❛❝❝❡ss✐❜❧❡✱ t❤❡♥ ❢♦r ❡❛❝❤ ♥♦❞❡ nTA
∈ R1✱

✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nT ♦❢ T s❛t✐s✜❡s Aacc ✭s❡❡ ▲❡♠♠❛ ❆✳✶✮✳ ▼♦r❡♦✈❡r✱ nT ✐s ❡✐t❤❡r t❤❡
✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ root ✐♥ T ✱ ♦r s❡♣❛r❛t❡❞ ❢r♦♠ root ✇✐t❤ s♦♠❡ ♥♦❞❡s n1, . . . , nk ✇❤❡r❡ ni 2 A

acc

✭1 ≤ i ≤ k✮✱ ❢♦r t❤✐s r❡❛s♦♥ nTA
❛♣♣❡❛rs ❛s ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ root ✐♥ TA ❛❢t❡r ❤✐❞✐♥❣ t❤❡

✐♥❛❝❝❡ss✐❜❧❡ ♥♦❞❡s n1, . . . , nk✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ SJ↓∗✿✿e1❬Aacc❪K✭T ✮ r❡t✉r♥s t❤❡ root ♥♦❞❡ ❛s ✇❡❧❧
❛s ❛❧❧ ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥ts ♦❢ t❤❡ root ♥♦❞❡ ✐♥ T ✳ ❲❡ ❞❡✜♥❡ t✇♦ s❡ts ♦❢ ♥♦❞❡s R

′

1 ❛♥❞ R2 t❤❛t
r❡♣r❡s❡♥t r❡s♣❡❝t✐✈❡❧② ✶✮ t❤❡ ♥♦❞❡s ✇❤✐❝❤ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ root ✇✐t❤ ♦♥❧② ✐♥❛❝❝❡ss✐❜❧❡ ♥♦❞❡s✱
❛♥❞ ✷✮ t❤❡ ♥♦❞❡s t❤❛t ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ root ✇✐t❤ ❛t ❧❡❛st ♦♥❡ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡✳ ■t ✐s ❝❧❡❛r✱ t❤❛t
❡❛❝❤ ♥♦❞❡ nT ♦❢ R

′

1 ❛♣♣❡❛rs ✐♥ TA ❛s ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ root ❛❢t❡r ❤✐❞✐♥❣ ✐♥❛❝❝❡ss✐❜❧❡ ♥♦❞❡s
❜❡t✇❡❡♥ root ❛♥❞ nT ✳ ❚❤✐s ♠❡❛♥s t❤❛t R1 = R

′

1✳ ❚❤✉s✱ SJ↓∗✿✿e1❬Aacc❪K✭T ✮ ❂ {root} ∪ R1 ∪ R2✳

❲❡ ❤❛✈❡ ❘❡✇r✐t❡ ✭↓✿✿e1✮❂↓
∗✿✿e1❬A

acc❪❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿root❪✱ ❛♥❞ SJ❘❡✇r✐t❡ ✭↓✿✿e1✮K✭T ✮ ✐s
❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ SJ↓∗✿✿e1❬Aacc❪❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿root❪K✭T ✮❂ξJ❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿root❪K✭SJ↓∗✿✿e1❬Aacc❪K✭T ✮✮❂
ξJ❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿root❪K✭{root} ∪ R1 ∪ R2✮✳

✷✳ SJ↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿rootK✭{root}✮❂ SJε✿✿rootK✭SJ↑+✿✿∗❬Aacc❪❬✶❪K✭{root}✮✮❂
SJε✿✿rootK✭ξJ❬Aacc❪❬✶❪K✭SJ↑+✿✿∗K✭{root}✮✮✮❂SJε✿✿rootK✭ξJ❬Aacc❪❬✶❪K✭∅✮✮❂∅✳

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♣r❡❞✐❝❛t❡ ❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿root❪ ✐s ♥♦t s❛t✐s✜❡❞ ❛t root✳ ❚❤✉s✿
ξJ❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿root❪K✭{root}✮❂∅✳

✸✳ SJ↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿rootK✭R1✮❂ SJε✿✿rootK✭ξJ❬✶❪K✭SJ↑+✿✿∗❬Aacc❪K✭R1✮✮✮✳
❚❤❡ q✉❡r② ↑+✿✿∗❬Aacc❪ ♦✈❡r ❛ ♥♦❞❡ n r❡t✉r♥s ❛❧❧ ✐ts ❛❝❝❡ss✐❜❧❡ ❛♥❝❡st♦rs✳ ❙✐♥❝❡ ♥♦❞❡s ♦❢ R1 ❛r❡
❝♦♥♥❡❝t❡❞ t♦ root ✇✐t❤ ♦♥❧② ✐♥❛❝❝❡ss✐❜❧❡ ♥♦❞❡s✱ t❤❡♥ ↑+✿✿∗❬Aacc❪ ♦✈❡r ❡❛❝❤ ♥♦❞❡ ♦❢ R1 r❡t✉r♥s
{root}✳ ❚❤✉s✿

SJε✿✿rootK✭ξJ❬✶❪K✭SJ↑+✿✿∗❬Aacc❪K✭R1✮✮✮❂SJε✿✿rootK✭ξJ❬✶❪K✭{root}✮✮❂SJε✿✿rootK✭{root}✮❂{root}✳

■♥ ♦t❤❡r ✇♦r❞s✱ ❛❧❧ ♥♦❞❡s ♦❢ R1 s❛t✐s❢② t❤❡ ♣r❡❞✐❝❛t❡ ❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿root❪✱ ✐✳❡✳
ξJ❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿root❪K✭R1✮❂R1✳

✹✳ ❙✐♥❝❡ R2 ✐s t❤❡ s❡t ♦❢ ♥♦❞❡s t❤❛t ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ root ✇✐t❤ ❛t ❧❡❛st ♦♥❡ ❛❝❝❡ss✐❜❧❡
♥♦❞❡✱ t❤❡♥ ❢♦r ❡❛❝❤ ♥♦❞❡ n ∈ R2✱ t❤❡ q✉❡r② ↑+✿✿∗❬Aacc❪ r❡t✉r♥s t❤❡ s❡t ♦❢ ❛❧❧ ✐ts ❛❝❝❡ss✐❜❧❡
❛♥❝❡st♦rs t❤❛t ❛r❡ ❞✐✛❡r❡♥t t♦ root✳ ❲❡ ❤❛✈❡ SJ↑+✿✿∗❬Aacc❪K✭{n}✮❂ {m1, . . . ,mk, root} ✇❤❡r❡
m1, . . . ,mk ✭k ≥ 1✮ ❛r❡ t❤❡ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s t❤❛t ❡①✐st ❜❡t✇❡❡♥ root ❛♥❞ n ✭❛❝❝♦r❞✐♥❣ t♦ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ R2✮✳

SJ↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿rootK✭{n}✮ ❂ SJε✿✿rootK✭SJ↑+✿✿∗❬Aacc❪❬✶❪K✭{n}✮✮
❂ SJε✿✿rootK✭ξJ❬✶❪K✭SJ↑+✿✿∗❬Aacc❪K✭{n}✮✮✮
❂ SJε✿✿rootK✭ξJ❬✶❪K✭{m1, . . . ,mk, root}✮✮
❂ SJε✿✿rootK✭{m1}✮ ❂ ∅ ✭s✐♥❝❡ m1 ✐s ♥♦t ♦❢ t②♣❡ root✮✳

❲❡ s❤♦✇♥ t❤❛t ❢♦r ❡❛❝❤ ♥♦❞❡ n ∈ R2✿ SJ↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿rootK✭{n}✮❂∅✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t
ξJ❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿root❪K✭{n}✮❂∅✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ♥♦ ♥♦❞❡ ♦❢ R2 s❛t✐s✜❡s t❤❡ ♣r❡❞✐❝❛t❡
❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿root❪✳ ❚❤✉s✿ SJ↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿rootK✭R2✮❂∅✳

✹✼◆♦❞❡ ♦❢ t②♣❡ e1 ♠❡❛♥s✿ t❡①t ♥♦❞❡ ✐❢ e1❂t❡①t✭✮✱ ♥♦❞❡ ✇✐t❤ ❛♥② t②♣❡ ✐❢ e1❂∗✱ ♦r ♦t❤❡r✇✐s❡✱ ♥♦❞❡ ✇✐t❤ ❛♥ ❡①♣❧✐❝✐t
t②♣❡ e1✳

✶✶✻



❆✳✷✳ Pr♦♦❢s ♦❢ ❈❤❛♣t❡r ✹

SJ❘❡✇r✐t❡ ✭↓✿✿e1✮K✭T ✮❂ ξJ❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿root❪K✭{root} ∪ R1 ∪ R2✮✳ ❋r♦♠ ✭✷ ✮✱ ✭✸ ✮ ❛♥❞ ✭✹ ✮ ✇❡
❝♦♥❝❧✉❞❡ t❤❛t✿ ❘❡✇r✐t❡ ✭↓✿✿e1✮❂R1✳

❼❈❛s❡ ♦❢ ↓∗✿✿e1✳ ▲❡♠♠❛ ❆✳✶ s❤♦✇s t❤❛t SJ↓∗✿✿∗K✭TA✮❂SJ↓∗✿✿∗❬Aacc❪K✭T ✮✳ ▲❡t R ❜❡ t❤❡ s❡t ♦❢
♥♦❞❡s r❡s✉❧t❡❞ ❢r♦♠ t❤❡s❡ t✇♦ ❡q✉✐✈❛❧❡♥t ❡✈❛❧✉❛t✐♦♥s✳ ❙✐♥❝❡ R r❡♣r❡s❡♥ts ❛❧❧ t❤❡ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s
♦❢ TA ✭r❡s♣✳ T ✮✱ t❤❡♥ ξJ❬ε✿✿e1❪K✭R✮ r❡t✉r♥s ❛❧❧ t❤❡ ♥♦❞❡s ♦❢ R t❤❛t ❛r❡ ♦❢ t②♣❡ e1✱ ✐✳❡✳✱ ❛❧❧ t❤❡
❛❝❝❡ss✐❜❧❡ ♥♦❞❡s ♦❢ TA ✭r❡s♣✳ T ✮ t❤❛t ❛r❡ ♦❢ t②♣❡ e1✳ ❘❡❝❛❧❧ t❤❛t ❘❡✇r✐t❡ ✭↓∗✿✿e1✮❂↓

∗✿✿e1❬A
acc❪✳

❲❡ s❤♦✇ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t✿ SJ↓∗✿✿e1K✭TA✮❂ SJ↓∗✿✿e1❬Aacc❪K✭T ✮✳

✶✳ ξJ❬ε✿✿e1❪K✭R✮❂ ξJ❬ε✿✿e1❪K✭SJ↓∗✿✿∗K✭TA✮✮❂ SJ↓∗✿✿∗❬ε✿✿e1❪K✭TA✮✳
❇❛s❡❞ ♦♥ Pr♦♣❡rt② ✸✳✶✱ ↓∗✿✿∗❬ε✿✿e1❪ ✐s ❡q✉✐✈❛❧❡♥t t♦ ↓∗✿✿e1✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t✿
ξJ❬ε✿✿e1❪K✭R✮❂SJ↓∗✿✿e1K✭TA✮✳

✷✳ ξJ❬ε✿✿e1❪K✭R✮❂ ξJ❬ε✿✿e1❪K✭SJ↓∗✿✿∗❬Aacc❪K✭T ✮✮❂ SJ↓∗✿✿∗❬Aacc❪❬ε✿✿e1❪K✭T ✮✳
❇❛s❡❞ ♦♥ Pr♦♣❡rt② ✸✳✶✱ ↓∗✿✿∗❬Aacc❪❬ε✿✿e1❪ ✐s ❡q✉✐✈❛❧❡♥t t♦ ↓∗✿✿e1❬A

acc❪✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t✿
ξJ❬ε✿✿e1❪K✭R✮❂SJ↓∗✿✿∗❬Aacc❪❬ε✿✿e1❪K✭T ✮✳

❋✐♥❛❧❧②✱ ❢♦r♠ ✭✶ ✮ ❛♥❞ ✭✷ ✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✿ SJ↓∗✿✿e1K✭TA✮❂SJ❘❡✇r✐t❡ ✭↓∗✿✿e1✮K✭T ✮✳ ◆♦t❡
t❤❛t t❤❡ ❝❛s❡ ♦❢ ↓+✿✿e1 ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ↓∗✿✿e1✳

❼❈❛s❡ ♦❢ ε✿✿e1✳ ◆♦t❡ t❤❛t ❘❡✇r✐t❡ ✭ε✿✿e1✮❂ ε✿✿e1✳ ■t ✐s ♦❜✈✐♦✉s t❤❡♥ t❤❛t✿
SJε✿✿e1K✭TA✮❂SJ❘❡✇r✐t❡ ✭ε✿✿e1✮K✭T ✮✳

■♥❞✉❝t✐✈❡ ❛ss✉♠♣t✐♦♥✿ ❆ss✉♠❡ t❤❛t ❢♦r ❛ q✉❡r② Qn ♦❢ ❢r❛❣♠❡♥t XnoPred ✇✐t❤ s✐③❡ n ✭✐✳❡✳
Qn❂q1/ . . . /qn✮✱ SJQnK✭TA✮❂SJ❘❡✇r✐t❡ ✭Qn✮K✭T ✮✳ ▲❡t R ❜❡ t❤❡ s❡t ♦❢ ♥♦❞❡s r❡s✉❧t❡❞ ❢r♦♠
t❤❡s❡ t✇♦ ❡q✉✐✈❛❧❡♥t ❡✈❛❧✉❛t✐♦♥s✳

■♥❞✉❝t✐✈❡ st❡♣✿ ❇❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥✱ ✇❡ s❤♦✉❧❞ s❤♦✇ t❤❛t t❤❡ r❡✇r✐t✐♥❣ ♦❢ Qn+1

✭✐✳❡✳ Qn✴qn+1✮ ✉s✐♥❣ ♦✉r r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ ❘❡✇r✐t❡ ✐s st✐❧❧ ❝♦rr❡❝t✳ ▼♦r❡ ❢♦r♠❛❧❧②✿
SJQn+1K✭TA✮❂SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮✳ ❈♦♥s✐❞❡r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s ♦❢ qn+1 ❛s ❢♦❧❧♦✇s✿

❼❈❛s❡ ♦❢ ↓✿✿en+1✳ ▲❡t R1 ❛♥❞ R2 ❜❡ t❤❡ s❡ts ♦❢ ♥♦❞❡s r❡s✉❧t❡❞ ❢r♦♠ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢
SJQn+1K✭TA✮ ❛♥❞ SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t R1 = R2✳ ■♥ ♦t❤❡r
✇♦r❞s✱ ❢♦r ❛♥② ♥♦❞❡ nTA

t❤❛t ✐s s❡❧❡❝t❡❞ ❢r♦♠ TA ❜② Qn+1✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nT ♦❢ T ❝❛♥
❜❡ s❡❧❡❝t❡❞ ✇✐t❤ ❘❡✇r✐t❡ ✭Qn+1✮✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳

❛✮ R1 ⊆ R2✳ ❲❡ ❤❛✈❡ SJQn+1K✭TA✮❂ SJqn+1K✭SJQnK✭TA✮✮❂ SJqn+1K✭R✮❂R1✳ ❚❤✉s✱ ❛♥② ♥♦❞❡
nTA

♦❢ R1 ✐s ♦❢ t②♣❡ en+1 ❛♥❞ ❤❛s ❛♥ ❛❝❝❡ss✐❜❧❡ ♣❛r❡♥t mTA
♦❢ t②♣❡ en s✉❝❤ t❤❛t mTA

∈ R✳
●✐✈❡♥ ❛ ♥♦❞❡ nTA

∈ R1 ❛♥❞ ❛ss✉♠❡ ✭✐✮ t❤❛t ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ ✐♥ T ✐s nT ✱ t❤✐s ♠❡❛♥s
t❤❛t nT ✐♥ T ❤❛s t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❛s nTA

✐♥ TA ✭nT ✐s ❛❝❝❡ss✐❜❧❡✱ ♦❢ t②♣❡ en+1✱ ❛♥❞ ❤❛s
❛♥ ❛❝❝❡ss✐❜❧❡ ♣❛r❡♥t ♦❢ t②♣❡ en t❤❛t ❜❡❧♦♥❣s t♦ R✮✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥❞✉❝t✐✈❡ ❛ss✉♠♣t✐♦♥✱
R❂SJQnK✭TA✮❂ SJ❘❡✇r✐t❡ ✭Qn✮K✭T ✮❂ SJ↓∗✿✿en❬Aacc❪❬prefix−1✭Qn−1✮❪K✭T ✮✱ ▲❡t mT ❜❡ t❤❡
❛❝❝❡ss✐❜❧❡ ♣❛r❡♥t ♦❢ nT t❤❛t ❜❡❧♦♥❣s t♦ R✱ mT ∈ R ✐♠♣❧✐❡s t❤❛t mT s❛t✐s✜❡s t❤❡ ♣r❡❞✐❝❛t❡
❬prefix−1✭Qn−1✮❪✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t R1 ⊆ R2 ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ❆ss✉♠❡ t❤❛t ✭✐✐✮ t❤❡r❡ ❡①✐sts
❛ ♥♦❞❡ nTA

∈ R1 ✇❤❡r❡ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nT ✐♥ T ✐s ♥♦t s❡❧❡❝t❡❞ ❜② ❘❡✇r✐t❡ ✭Qn+1✮ ✭✐✳❡✳
nT /∈ R2✮✳ ❲❡ ❤❛✈❡ ❘❡✇r✐t❡ ✭Qn+1✮❂ ↓

∗✿✿en+1❬A
acc❪❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿en❬A

acc❪❬prefix−1✭Qn−1✮❪❪✳
❆❝❝♦r❞✐♥❣ t♦ Pr♦♣❡rt② ✸✳✶✱ nT /∈ SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮ ✐♠♣❧✐❡s t❤❛t✿
SJε✿✿en+1❬A

acc❪❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿en❬A
acc❪❬prefix−1✭Qn−1✮❪❪K✭{nT }✮ 6= {nT }✳ ❈♦♥s✐❞❡r t❤❡

❢♦❧❧♦✇✐♥❣ ❞❡❞✉❝t✐♦♥s✿

✶✶✼



❆✳ Pr♦♦❢s

✲ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✐✐✮✱ nT ❛❝❝❡ss✐❜❧❡ ❛♥❞ ♦❢ t②♣❡ en+1✱ t❤❡♥✿
SJε✿✿en+1❬A

acc❪K✭{nT }✮❂{nT }
SJε✿✿en+1❬A

acc❪❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿en❬A
acc❪❬Aacc❪❬prefix−1✭Qn−1✮❪❪K✭{nT }✮❂

ξJ❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿en❬A
acc❪❬prefix−1✭Qn−1✮❪❪K✭{nT }✮✳

✲ ξJ❬↑+✿✿∗❬Aacc❪K✭{nT }✮❂{m1, . . . ,mk}✱ ✇❤❡r❡ {m1, . . . ,mk} ✭k ≥ 1✮ ❛r❡ t❤❡ ❛❝❝❡ss✐❜❧❡ ❛♥❝❡s✲
t♦rs ♦❢ nT ✭✐❢ k❂1 t❤❡♥ m1❂root✮✳ ▼♦r❡♦✈❡r✿
SJ↑+✿✿∗❬Aacc❪❬✶❪K✭{nT }✮❂ ξJ❬✶❪K✭SJ↑+✿✿∗❬Aacc❪K✭{nT }✮✮❂{m1}✳

✲ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✐✮ nT ❤❛s ❛♥ ❛❝❝❡ss✐❜❧❡ ♣❛r❡♥t mT ∈ R✳ ❋r♦♠ t❤❡ ♣r❡✈✐♦✉s
❞❡❞✉❝t✐♦♥✱ t❤✐s ✐♠♣❧✐❡s t❤❛t m1 ∈ R✳

✲ R❂SJ❘❡✇r✐t❡ ✭Qn✮K✭T ✮❂ SJ↓∗✿✿en❬Aacc❪❬prefix−1✭Qn−1✮❪K✭T ✮✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣❡rt② ✸✳✶✱
m1 ∈ R ✐♠♣❧✐❡s t❤❛t✿ SJε✿✿en❬Aacc❪❬prefix−1✭Qn−1✮❪K✭{m1}✮❂{m1}✳

✲ ❲❡ ❤❛✈❡ SJ↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿en❬A
acc❪❬prefix−1✭Qn−1✮❪K✭{nT }✮❂{m1}✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ s❡✲

♠❛♥t✐❝s ♦❢ ❳P❛t❤ ✭❚❛❜❧❡ ✸✳✶✮✱ ξJ❬Q❪K✭{nT }✮❂{nT } ✐❢ ❛♥❞ ♦♥❧② ✐❢✿ SJQK✭{nT }✮ 6= ∅✳ ❚❤❡r❡❢♦r❡✿
ξJ❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿en❬A

acc❪❬prefix−1✭Qn−1✮❪❪K✭{nT }✮❂{nT }✳

✲ ❙✉♠♠✐♥❣ ✉♣✿ SJε✿✿en+1❬A
acc❪❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿en❬A

acc❪❬prefix−1✭Qn−1✮❪❪K✭{nT }✮❂
ξJ❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿en❬A

acc❪❬prefix−1✭Qn−1✮❪❪K✭SJε✿✿en+1❬A
acc❪K✭{nT }✮✮❂

ξJ❬↑+✿✿∗❬Aacc❪❬✶❪✴ε✿✿en❬A
acc❪❬prefix−1✭Qn−1✮❪❪K✭{nT }✮❂{nT }✳

❚❤✐s ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t nT /∈ SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮✳

❋✐♥❛❧❧②✱ ✇❡ s❤♦✇♥ t❤❛t ❢♦r ❡❛❝❤ ♥♦❞❡ nTA
∈ R1✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nT ∈ R2✱ ✐✳❡✳ R1 ⊆ R2✳

❲❡ s❤♦✇ t❤❡ r❡✈❡rs❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❜✮ R2 ⊆ R1✳ ❈♦♥s✐❞❡r ❛ ♥♦❞❡ nT t❤❛t ✐s r❡❢❡rr❡❞ t♦ ❜② t❤❡ q✉❡r② ❘❡✇r✐t❡ ✭Qn+1✮ ♦✈❡r T ✱
✐✳❡✳ nT ✐s ♦❢ t②♣❡ en+1 ❛♥❞ ❤❛s ❛ ♣❛r❡♥t ♥♦❞❡ mT ♦❢ t②♣❡ en t❤❛t ✐s s❡❧❡❝t❡❞ ❜② ❘❡✇r✐t❡ ✭Qn✮
♦✈❡r T ✭✐✳❡✳ mT ∈ R✱ R❂SJ❘❡✇r✐t❡ ✭Qn✮K✭T ✮❂ SJQnK✭TA✮✮✳ ❆ss✉♠❡ t❤❛t t❤❡ ♥♦❞❡ nTA

✐s t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ ♦❢ nT ✐♥ TA✳ ❚❤✐s ♠❡❛♥s t❤❛t ✭✐✐✐✮ nTA

❤❛s t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❛s nT ✐♥ T ✱
✐✳❡✳ nTA

✐s ♦❢ t②♣❡ en+1 ❛♥❞ ❤❛s ❛ ♣❛r❡♥t ♥♦❞❡ mTA
♦❢ t②♣❡ en t❤❛t ✐s s❡❧❡❝t❡❞ ❜② Qn ♦✈❡r TA✳

▲❡t ❛ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t nTA
/∈ R1✳

❆❝❝♦r❞✐♥❣ t♦ Pr♦♣❡rt② ✸✳✶✱ t❤❡ q✉❡r② Qn❂axis1✿✿e1✴. . .✴axisn✿✿en ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ q✉❡r②
↓∗✿✿en❬axis

−1
n ✿✿en−1✴. . .✴axis

−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪✱ ❛♥❞ Qn+1❂axis1✿✿e1✴. . .✴axisn✿✿en✴↓✿✿en+1 ✐s

❡q✉✐✈❛❧❡♥t t♦ ↓∗✿✿en+1❬↑✿✿en✴axis
−1
n ✿✿en−1✴. . .✴axis

−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪✳ ❆ss✉♠✐♥❣ t❤❛t nTA

/∈
SJQn+1K✭TA✮ ✐♠♣❧✐❡s t❤❛t✿

SJε✿✿en+1❬↑✿✿en✴axis
−1
n ✿✿en−1✴. . .✴axis

−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪K✭{nTA

}✮ 6= {nTA
}

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❞✉❝t✐♦♥s✿

✲ SJε✿✿en+1❬↑✿✿en✴axis
−1
n ✿✿en−1✴. . .✴axis

−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪K✭{nTA

}✮❂
ξJ❬↑✿✿en✴axis−1n ✿✿en−1✴. . .✴axis

−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪K✭SJε✿✿en+1K{nTA

}✮✮✳

✲ ❆❝❝♦r❞✐♥❣ t♦ ✭✐✐✐✮✱ nTA
✐s ♦❢ t②♣❡ en+1✳ ❚❤✉s✱ SJε✿✿en+1K✭{nTA

}✮❂{nTA
}✳

✲ ❬↑✿✿en✴axis
−1
n ✿✿en−1✴. . .✴axis

−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪❂

❬↑✿✿en❬axis
−1
n ✿✿en−1✴. . .✴axis

−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪❪✳

✲ SJ↑✿✿en❬axis−1n ✿✿en−1✴. . .✴axis
−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪K✭{nTA

}✮❂
ξJ❬axis−1n ✿✿en−1✴. . .✴axis

−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪K✭SJ↑✿✿enK{nTA

}✮✮✳

✶✶✽



❆✳✷✳ Pr♦♦❢s ♦❢ ❈❤❛♣t❡r ✹

✲ ❆❝❝♦r❞✐♥❣ t♦ ✭✐✐✐✮✱ nTA
❤❛s ❛ ♣❛r❡♥t ♥♦❞❡ mTA

♦❢ t②♣❡ en t❤❛t ✐s s❡❧❡❝t❡❞ ❜② Qn ♦✈❡r TA✳
❚❤✉s✱ SJ↑✿✿enK✭{nTA

}✮❂{mTA
}✳

✲ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t✿ SJε✿✿en+1❬↑✿✿en✴axis
−1
n ✿✿en−1✴. . .✴axis

−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪K✭{nTA

}✮❂
ξJ❬axis−1n ✿✿en−1✴. . .✴axis

−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪K✭{mTA

}✮✳

✲ ❆❝❝♦r❞✐♥❣ t♦ ✭✐✐✐✮✱ mTA
✐s s❡❧❡❝t❡❞ ❜② Qn ❛t TA ✐♠♣❧✐❡s t❤❛t ✭Pr♦♣❡rt② ✸✳✶✮✿

SJε✿✿en❬axis−1n ✿✿en−1✴. . .✴axis
−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪K✭{mTA

}✮❂{mTA
}✳

❚❤✐s ✐♠♣❧✐❡s t❤❛t✿ ξJ❬axis−1n ✿✿en−1✴. . .✴axis
−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪K✭{nTA

}✮❂{nTA
}✳

✲ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t✿ SJε✿✿en+1❬↑✿✿en✴axis
−1
n ✿✿en−1✴. . .✴axis

−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪K✭{nTA

}✮❂
ξJ❬axis−1n ✿✿en−1✴. . .✴axis

−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪K✭{nTA

}✮❂{nTA
}✳

❲❡ ❢♦✉♥❞ t❤❛t SJε✿✿en+1❬↑✿✿en✴axis
−1
n ✿✿en−1✴. . .✴axis

−1
2 ✿✿e1✴axis

−1
1 ✿✿root❪K✭{nTA

}✮❂ {nTA
}✱ t❤✐s

❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t nTA
/∈ SJQn+1K✭TA✮✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② ♥♦❞❡ nT ∈ R2✱ ✇❡

s❤♦✇♥ t❤❛t ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nTA
∈ R1✳

❋✐♥❛❧❧②✱ ❢♦r t❤❡ ❝❛s❡ ♦❢ qn+1❂↓✿✿en+1✱ ✇❡ s❤♦✇♥ t❤❛t ❢♦r ❡❛❝❤ ♥♦❞❡ ♦❢ TA r❡❢❡rr❡❞ t♦ ❜② Qn+1✱
✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nT ✐s r❡❢❡rr❡❞ t♦ ❜② ❘❡✇r✐t❡ ✭Qn+1✮ ♦♥ T ✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❚❤✐s ♠❡❛♥s
t❤❛t✿ SJQn+1K✭TA✮❂SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮✳

❼❈❛s❡ ♦❢ ↓+✿✿en+1✳ ❇❛s❡❞ ♦♥ t❤❡ ✐♥❞✉❝t✐✈❡ ❛ss✉♠♣t✐♦♥✱ SJQnK✭TA✮❂SJ❘❡✇r✐t❡ ✭Qn✮K✭T ✮❂R✱
SJQn✴qn+1K✭TA✮❂SJqn+1K✭SJQnK✭TA✮✮❂SJqn+1K✭R✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ❘❡✇r✐t❡ ✭Qn+1✮ ✐s ❣✐✈❡♥ ❜②
↓∗✿✿en+1❬A

acc❪❬↑+✿✿en❬A
acc❪❬prefix−1✭Qn−1✮❪❪✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡s ✭✶✮✱ ✭✷✮✱ ❛♥❞ ✭✸✮ ♦❢

Pr♦♣❡rt② ✸✳✶ r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❣❡♥❡r❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❞✉❝t✐♦♥s✿

✲ ↓∗✿✿en+1❬↑
+✿✿en❪❂↓

∗✿✿en✴↓
+✿✿en+1✳

✲ ↓∗✿✿en+1❬A
acc❪❬↑+✿✿en❬A

acc❪❪❂↓∗✿✿en❬A
acc❪✴↓+✿✿en+1❬A

acc❪✳

✲ ↓∗✿✿en+1❬A
acc❪❬↑+✿✿en❬A

acc❪❬prefix−1✭Qn−1✮❪❪❂
↓∗✿✿en❬A

acc❪❬prefix−1✭Qn−1✮❪✴↓
+✿✿en+1❬A

acc❪✳

✲ ❘❡✇r✐t❡ ✭Qn+1✮❂ ↓
∗✿✿en+1❬A

acc❪❬↑+✿✿en❬A
acc❪❬prefix−1✭Qn−1✮❪❪❂

↓∗✿✿en❬A
acc❪❬prefix−1✭Qn−1✮❪✴↓

+✿✿en+1❬A
acc❪✳

✲ ❘❡✇r✐t❡ ✭Qn✮❂↓
∗✿✿en❬A

acc❪❬prefix−1✭Qn−1✮❪✳

✲ ❘❡✇r✐t❡ ✭Qn+1✮❂❘❡✇r✐t❡ ✭Qn✮✴↓
+✿✿en+1❬A

acc❪✳

✲ SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮❂SJ❘❡✇r✐t❡ ✭Qn✮✴↓
+✿✿en+1❬A

acc❪K✭T ✮❂
SJ↓+✿✿en+1❬A

acc❪K✭SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮✮✳
✲ SJQn+1K✭TA✮❂ SJ↓+✿✿en+1K✭SJQnK✭TA✮✮❂ SJ↓+✿✿en+1K✭R✮✳
✲ SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮❂SJ↓+✿✿en+1❬A

acc❪K✭R✮✳
✲ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ❆✳✶✱ SJ↓+✿✿en+1K✭R✮❂SJ↓+✿✿en+1❬A

acc❪K✭R✮ ❛s t❤❡ ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐✲
❝❛t❡ Aacc r❡t✉r♥s ❛❧❧ ❛♥❞ ♦♥❧② ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s✳

❲❡ s❤♦✇♥ t❤❛t SJQn+1K✭TA✮❂SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ ❘❡✇r✐t❡

✐s ❝♦rr❡❝t ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ qn+1 ✐s ❞❡✜♥❡❞ ✇✐t❤ ↓+ ❛①✐s✳ ◆♦t❡ t❤❛t t❤❡ ❝❛s❡ ♦❢ qn+1❂↓
∗✿✿en+1

❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳

❼❈❛s❡ ♦❢ ε✿✿en+1✳ ❲❡ s❤♦✉❧❞ s❤♦✇ t❤❛t SJQn✴ε✿✿en+1K✭TA✮❂SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮✳ ❲❡ ❤❛✈❡
SJQn✴ε✿✿en+1K✭TA✮❂ SJε✿✿en+1K✭SJQnK✭TA✮✮❂ SJε✿✿en+1K✭R✮✳ ▼♦r❡♦✈❡r✱ ❘❡✇r✐t❡ ✭Qn+1✮ ✐s

✶✶✾



❆✳ Pr♦♦❢s

❣✐✈❡♥ ❜② ↓∗✿✿en+1❬A
acc❪❬ε✿✿en❬prefix

−1✭Qn−1✮❪❪✳ ❈♦♥s✐❞❡r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s ♦❢ en ❛♥❞ en+1 ❛s
❢♦❧❧♦✇s✿

❛✮ en❂en+1 ♦r en+1❂∗✳ ❙✐♥❝❡ ♥♦❞❡s ♦❢ R ❛r❡ ♦❢ t②♣❡ en✱ SJε✿✿enK✭R✮❂SJε✿✿∗K✭R✮❂R✳
▼♦r❡♦✈❡r✱ ↓✿✿∗❬f1❪❬ε✿✿e❬f2❪❪ ✐s ❡q✉✐✈❛❧❡♥t t♦ ↓✿✿e❬f1❪❬f2❪✱ ❛♥❞ ↓✿✿e❬f1❪❬ε✿✿e❬f2❪❪ ✐s ❡q✉✐✈❛❧❡♥t t♦
↓✿✿e❬f1❪❬f2❪✳ ❚❤✉s✱ ❘❡✇r✐t❡ ✭Qn+1✮❂↓

∗✿✿en❬A
acc❪❬prefix−1✭Qn−1✮❪❂❘❡✇r✐t❡ ✭Qn✮✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

t❤❛t SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮❂ SJ❘❡✇r✐t❡ ✭Qn✮K✭T ✮❂R✳

❜✮ en 6= ∗✱ en+1 6= ∗✱ ❛♥❞ en 6= en+1✳ ❙✐♥❝❡ R ✐s ❛ s❡t ♦❢ ♥♦❞❡s ♦❢ t②♣❡ en t❤❡♥ ✐t ✐s
❝❧❡❛r t❤❛t SJε✿✿en+1K✭R✮❂∅✳ ▼♦r❡♦✈❡r✱ t❤❡ q✉❡r② ❘❡✇r✐t❡ ✭Qn+1✮ ♦✈❡r ❛♥② ❳▼▲ tr❡❡ T r❡✲
t✉r♥s ♥♦ ♥♦❞❡ s✐♥❝❡ t❤❡ ♥♦❞❡s s❡❧❡❝t❡❞ ❜② ↓∗✿✿en+1❬A

acc❪ ❛r❡ ♦❢ t②♣❡ en+1✱ ✇❤✐❧❡ t❤❡ ♣r❡❞✐❝❛t❡
❬ε✿✿en❬prefix

−1✭Qn−1✮❪❪ ✐s ✈❛❧✐❞ ❛t t❤❡s❡ ♥♦❞❡s ♦♥❧② ✐❢ en+1❂en ✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡✳ ❚❤✉s✱
SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮❂∅✳

❝✮ en❂∗ ❛♥❞ en+1 6= ∗✳ ❲❡ ❤❛✈❡ SJQn✴ε✿✿en+1K✭TA✮❂ SJε✿✿en+1K✭R✮✳ ❆❝❝♦r❞✐♥❣ t♦
Pr♦♣❡rt② ✸✳✶✱ ❘❡✇r✐t❡ ✭Qn+1✮✱ ❣✐✈❡♥ ❜② ↓✿✿en+1❬A

acc❪❬ε✿✿∗❬prefix−1✭Qn−1✮❪❪✱ ✐s ❡q✉✐✈❛❧❡♥t
t♦ ↓✿✿en+1❬A

acc❪❬prefix−1✭Qn−1✮❪✳ ▼♦r❡♦✈❡r✱ t❤❡ q✉❡r② ↓✿✿en+1❬A
acc❪❬prefix−1✭Qn−1✮❪❂

↓✿✿∗❬Aacc❪❬prefix−1✭Qn−1✮❪✴ε✿✿en+1✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮ ✐s ❣✐✈❡♥ ❜②✿
SJ↓✿✿∗❬Aacc❪❬prefix−1✭Qn−1✮❪✴ε✿✿en+1K✭T ✮❂ SJε✿✿en+1K✭SJ↓✿✿∗❬Aacc❪❬prefix−1✭Qn−1✮❪K✭T ✮✮❂
SJε✿✿en+1K✭R✮✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t SJQn+1K✭TA✮❂SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮✳

∵ ∴ ∴ ∴ ∵

❋✐♥❛❧❧②✱ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s ♦❢ qn+1 ♦❢ t❤❡ q✉❡r② Qn+1✱ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t
SJQn+1K✭TA✮❂SJ❘❡✇r✐t❡ ✭Qn+1✮K✭T ✮✳ ❚❤✐s ♠❡❛♥s t❤❛t ♦✉r r❡✇r✐t✐♥❣ ❛♣♣r♦❛❝❤ ✐s ❝♦rr❡❝t ❢♦r
❛ q✉❡r② ♦❢ ❛♥ ❛r❜✐tr❛r② s✐③❡✳ ❋✉rt❤❡r♠♦r❡✱ ♦✉r r❡✇r✐t✐♥❣ ❛❧❣♦r✐t❤♠ ❘❡✇r✐t❡ r❡♠❛✐♥s ❝♦rr❡❝t ❢♦r
❛♥② q✉❡r② ♦❢ t❤❡ ❢r❛❣♠❡♥t XnoPred✳ �

◆♦t❡✳

❚❤❡ ❝❛s❡ ♦❢ ✉♥✐♦♥ ♦❢ q✉❡r✐❡s ✐s ♦❜✈✐♦✉s✳ ❋♦r ❛♥② q✉❡r✐❡s Q1 ❛♥❞ Q2 ♦❢ ❢r❛❣♠❡♥t XnoPred✱
❘❡✇r✐t❡ ✭Q1 ∪ Q2✮❂ ❘❡✇r✐t❡ ✭Q1✮ ∪ ❘❡✇r✐t❡ ✭Q2✮ r❡♠❛✐♥s ❝♦rr❡❝t s✐♥❝❡ ✇❡ ❤❛✈❡ ♣r♦✈❡♥
t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ ❘❡✇r✐t❡ ✐s ❝♦rr❡❝t ❢♦r ❛♥② q✉❡r② ♦❢ XnoPred✳

❲❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t ♦✉r r❡✇r✐t✐♥❣ ❛♣♣r♦❛❝❤ ✐s ❝♦rr❡❝t ❢♦r q✉❡r✐❡s ✇✐t❤♦✉t ♣r❡❞✐❝❛t❡s ✭✐✳❡✳
XnoPred✮✳ ❚♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ♣r♦♦❢ ❢♦r t❤❡ ✇❤♦❧❡ ❢r❛❣♠❡♥t X ✱ ✇❡ s❤♦✇ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t ♦✉r
r❡✇r✐t✐♥❣ ♦❢ X ♣r❡❞✐❝❛t❡s✱ ✉s✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ❘❲❴Pr❡❞ ✱ ✐s ❝♦rr❡❝t✳

❉❡✜♥✐t✐♦♥ ❆✳✹✳ ●✐✈❡♥ ❛♥ ❛❝❝❡ss s♣❡❝✐✜❝❛t✐♦♥ S❂✭D✱❛♥♥ ✮✱ ❛♥ ❳▼▲ tr❡❡ T ∈ T (D)✱ ❛♥❞ ✐ts ❛✉✲
t❤♦r✐③❡❞ ✈❡rs✐♦♥ TA✳ ❆♥ ♣r❡❞✐❝❛t❡ r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ R ✐s ❝♦rr❡❝t ✇✳r✳t S ❢♦r ❛ ❝❧❛ss ♦❢ ♣r❡❞✐❝❛t❡s
C ✐❢ ❛♥❞ ♦♥❧② ✐❢✿ ❢♦r ❛♥② ♣r❡❞✐❝❛t❡ f ♦❢ C✱ ❛♥② ❛❝❝❡ss✐❜❧❡ ♥♦❞❡ nT ♦❢ T ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡
nTA

♦❢ TA✱ ξJ❬f ❪K✭{nTA
}✮❂ξJ❬R✭f✮❪K✭{nT }✮✳ �

❘❡❝❛❧❧ t❤❛t t❤❡ s❛♠❡ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡ n ✐s ❞❡♥♦t❡❞ ❜② nT ❛♥❞ nTA
✐♥ T ❛♥❞ TA r❡✲

s♣❡❝t✐✈❡❧②✳ ❆ ♣r❡❞✐❝❛t❡ f ✐s ❝♦rr❡❝t❧② r❡✇r✐tt❡♥ ✐♥t♦ R(f) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✐t❤❡r✿ ✶ ✮
ξJ❬f ❪K✭{nTA

}✮❂ ξJ❬R(f)❪K✭{nT }✮❂∅✱ ♦r ✷ ✮ ξJ❬f ❪K✭{nTA
}✮❂{nTA

} ❛♥❞ ξJ❬R(f)❪K✭{nT }✮❂{nT }✳
❙✐♥❝❡ {nTA

} ❛♥❞ {nT } r❡♣r❡s❡♥t t❤❡ s❛♠❡ ♥♦❞❡ n✱ t❤❡♥ ✇❡ ❛❜❜r❡✈✐❛t❡ t❤❡s❡ t✇♦ ❝❛s❡s s✐♠♣❧② ❜②
ξJ❬f ❪K✭{nTA

}✮❂ξJ❬R✭f✮❪K✭{nT }✮ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ❆✳✹✳

✶✷✵



❆✳✷✳ Pr♦♦❢s ♦❢ ❈❤❛♣t❡r ✹

❇❛s✐s ♦❢ ✐♥❞✉❝t✐♦♥

F0❂ǫ

■♥❞✉❝t✐✈❡ ❛ss✉♠♣t✐♦♥

ξJ❬F
′

n❪K✭{nT }✮ ❂ ξJ❬Fn❪K✭{nTA
}✮

■♥❞✉❝t✐✈❡ st❡♣

ξJ❬F
′

n❪K✭{nT }✮ ❂ ξJ❬Fn❪K✭{nTA
}✮ 6= ∅

ξJ❬Fn❪K✭{nTA
}✮ 6= ∅

Pr♦✈❡ t❤❛t✿ ❝❛s❡ ✭❛✮

ξJ❬F
′

n+1❪K✭{nT }✮ 6= ∅

ξJ❬Fn❪K✭{nTA
}✮ ❂ ∅

Pr♦✈❡ t❤❛t✿ ❝❛s❡ ✭❜✮

ξJ❬F
′

n+1❪K✭{nT }✮ ❂ ∅

ξJ❬F
′

n❪K✭{nT }✮ ❂ ξJ❬Fn❪K✭{nTA
}✮ ❂ ∅

Pr♦✈❡ t❤❛t✿ ❝❛s❡ ✭❝✮

ξJ❬F
′

n+1❪K✭{nT }✮❂
ξJ❬Fn+1❪K✭{nTA

}✮❂∅

❋✐❣✉r❡ ❆✳✶✿ ❉✐✛❡r❡♥t ❝❛s❡s t♦ ♣r♦✈❡ ❝♦rr❡❝t♥❡ss ♦❢ ❘❲❴Pr❡❞ ❢✉♥❝t✐♦♥✳

▲❡♠♠❛ ❆✳✸✳ ❋♦r ❛♥② ♣r❡❞✐❝❛t❡ F ♦❢ t❤❡ ❢r❛❣♠❡♥t X ✱ t❤❡ r❡✇r✐tt❡♥ ♦❢ F ♣r♦❞✉❝❡❞ ❜② t❤❡
❢✉♥❝t✐♦♥ ❘❲❴Pr❡❞ ✐s ❝♦rr❡❝t✳ �

Pr♦♦❢ ❆✳✹✳ ❲❡ ❝♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ♦❢ s✐♠♣❧❡ ✜❧t❡r Fn❂f1✴. . .✴fn ❞❡✜♥❡❞ ✐♥ X ✭✇❤❡r❡
fi❂αi✿✿ei✱ αi ✐s ❛♥② ❛①✐s ♦❢ X ✱ ❛♥❞ ei ❝❛♥ ❜❡ ∗✱ t❡①t✭✮ ❢✉♥❝t✐♦♥✱ ♦r ❛♥ ❡❧❡♠❡♥t t②♣❡✮✳ ❚❤❡ ♦t❤❡r
t②♣❡s ♦❢ ✜❧t❡rs ✭✐✳❡✳ ♥❡❣❛t✐♦♥✱ ❝♦♥❥✉♥❝t✐♦♥✱ ❞✐s❥✉♥❝t✐♦♥✱ ❛♥❞ t❡①t ❝♦♠♣❛r✐s♦♥✮ ❛r❡ ❞✐s❝✉ss❡❞ ❛t t❤❡
❡♥❞ ♦❢ t❤✐s ♣r♦♦❢✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛♥② ❛❝❝❡ss✐❜❧❡ ♥♦❞❡ nT ♦❢ T ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣
♥♦❞❡ nTA

✐♥ TA✱ ξJ❬❘❲❴Pr❡❞ ✭Fn✮❪K✭{nT }✮❂ξJ❬Fn❪K✭{nTA
}✮✳ ▲❡t ✉s ♣r♦✈❡ t❤✐s ❜② ✐♥❞✉❝t✐♦♥✳

❇❛s✐s ♦❢ ✐♥❞✉❝t✐♦♥✿ ❲❡ ❝♦♥s✐❞❡r t❤❡ s✐♠♣❧❡ ❡♠♣t② ♣r❡❞✐❝❛t❡ F0❂ǫ t❤❛t ✐s ❡✈❛❧✉❛t❡❞ t♦ ❢❛❧s❡
❛t ❛♥② ♥♦❞❡✳ ❚❤✉s✱ ξJ❬❘❲❴Pr❡❞ ✭ǫ✮❪K✭{nT }✮❂ξJ❬ǫ❪K✭{nT }✮❂ξJ❬ǫ❪K✭{nTA

}✮❂∅✳

■♥❞✉❝t✐✈❡ ❛ss✉♠♣t✐♦♥✿ ❲❡ ❛ss✉♠❡ t❤❛t ♦✉r r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ ❘❲❴Pr❡❞ ✐s ❝♦rr❡❝t ❢♦r ❛♥ X
♣r❡❞✐❝❛t❡ ♦❢ s✐③❡ n✱ ✐✳❡✳ ξJ❬❘❲❴Pr❡❞ ✭Fn✮❪K✭{nT }✮❂ξJ❬Fn❪K✭{nTA

}✮✳

■♥❞✉❝t✐✈❡ st❡♣✿ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ξJ❬❘❲❴Pr❡❞ ✭Fn+1✮❪K✭{nT }✮❂ξJ❬Fn+1❪K✭{nTA
}✮✳ ❇❛s❡❞

♦♥ t❤❡ ❛ss✉♠♣t✐♦♥✱ ξJ❬F ′

n❪K✭{nT }✮❂ξJ❬Fn❪K✭{nTA
}✮✹✽✳ ■❢ t❤✐s ❡q✉❛❧✐t② ✐s s❛t✐s✜❡❞ t❤❡♥ ❡✐t❤❡r t❤❡

t✇♦ ♣r❡✈✐♦✉s ❡✈❛❧✉❛t✐♦♥s ✭❞❡✜♥❡❞ ♦✈❡r nT ❛♥❞ nTA
r❡s♣✳✮ r❡t✉r♥ ❛♥ ❡♠♣t② s❡t ♦❢ ♥♦❞❡s ♦r r❡❢❡r

t♦ t❤❡ s❛♠❡ ♥♦❞❡ ✭✐✳❡✳ ❛ ♥♦❞❡ n t❤❛t ✐s ❞❡♥♦t❡❞ nT ✐♥ T ❛♥❞ nTA
✐♥ TA✮✳ ❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣

t♦ t❤✐s ❛ss✉♠♣t✐♦♥✱ ✇❡ ❣♦t t❤r❡❡ ❞✐✛❡r❡♥t ❝❛s❡s t♦ ♣r♦✈❡ ✭❛✱ ❜✱ ❛♥❞ ❝✮ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡
❄❄✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣r♦✈❡ ❢♦r ❡❛❝❤ ❝❛s❡s t❤❛t✿ ξJ❬❘❲❴Pr❡❞ ✭Fn+1✮❪K✭{nT }✮❂ξJ❬Fn+1❪K✭{nTA

}✮✳

❆✮ ❆ss✉♠❡ t❤❛t ξJ❬F ′

n❪K✭{nT }✮ ❂ ξJ❬Fn❪K✭{nTA
}✮ 6= ∅✱ ❛♥❞ ξJ❬Fn❪K✭{nTA

}✮ 6= ∅✿
❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ξJ❬F ′

n+1❪K✭{nT }✮❂{nT }✳ ◆♦t❡ t❤❛t Fn+1❂Fn✴fn+1✱ ❛♥❞

✹✽❲❡ ❞❡♥♦t❡ ❜② F
′

n t❤❡ r❡✇r✐t✐♥❣ ♦❢ Fn✱ ✐✳❡✳ F
′

n❂❘❡✇r✐t❡ ✭Fn✮✳

✶✷✶



❆✳ Pr♦♦❢s

❘❲❴Pr❡❞ ✭Fn✮❂f
′

1❬f
′

2❬. . .❬f
′

n❪. . .❪❪ ✭✇❤❡r❡ f
′

i❂❘❲❴Pr❡❞ ✭fi✮✮✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ s❡♠❛♥t✐❝s ♦❢
❳P❛t❤ ✭s❡❡ ❚❛❜❧❡ ✸✳✶✮✱ ξJ❬Fn❪K✭{nTA

}✮❂{nTA
} ✐♠♣❧✐❡s t❤❛t SJFnK✭{nTA

}✮ 6= ∅✳ ■♥ ♦t❤❡r
✇♦r❞s✱ ❢♦r t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t nTA

✐♥ TA✱ t❤❡r❡ ❛r❡ ❛t ❧❡❛st n ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥ts ♦❢ nTA
✱

m1
TA

, . . . ,mn
TA

s✉❝❤ t❤❛t✿ nTA
α1 m1

TA
❛♥❞ mi

TA
αi m

i+1
TA

✭1 ≤ i < n✮✱ ♠♦r❡♦✈❡r✱ ❡❛❝❤ mi
TA

✐s
r❡❢❡rr❡❞ t♦ ❜② t❤❡ s✉❜✲♣r❡❞✐❝❛t❡ fi ♦❢ Fn✳ ❙✐♥❝❡ nTA

✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ ♦❢ nT ✐♥ TA

✭❡①❛❝t❧② t❤❡ s❛♠❡ ♥♦❞❡✮✱ t❤❡♥ nT ❤❛s ❛❧s♦ n ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥ts ✐♥ T ✱ m1
T , . . . ,m

n
T s✉❝❤

t❤❛t✿ nT α1 m1
T ✱ m

i
T αi mi+1

T ✭1 ≤ i < n✮✱ ❛♥❞ ❡❛❝❤ mi
T ✐s r❡❢❡rr❡❞ t♦ ❜② t❤❡ s✉❜✲♣r❡❞✐❝❛t❡

f
′

i ♦❢ F
′

n✳ ●✐✈❡♥ t❤❡ ❛❜♦✈❡✱ ✇❡ s❤♦✇ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t ✐❢ ξJ❬Fn+1❪K✭{nTA
}✮❂{nTA

} t❤❡♥
ξJ❬F ′

n+1❪K✭{nT }✮❂{nT } ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s ♦❢ fn+1✳

❈❛s❡ ♦❢ ↓✿✿en+1✿ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣❡rt② ✸✳✶✱ ξJ❬Fn✴fn+1❪K✭{nTA
}✮❂ξJ❬fn+1❪K✭SJFnK✭{nTA

}✮✮✱ t❤✐s
♠❡❛♥s t❤❛t fn+1 ✐s ❡✈❛❧✉❛t❡❞ ♦✈❡r ❛❧❧ t❤❡ ♥♦❞❡s r❡t✉r♥❡❞ ❜② Fn✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡
♣r❡❞✐❝❛t❡ ❬Fn❪ ✐s ✈❛❧✐❞ ❛t nTA

❞✉❡ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st s♦♠❡ ♣❛t❤ nTA
,m1

TA
, . . . ,mn

TA
t❤❛t

s❛t✐s✜❡s Fn ❛t nTA
✳ ❚❤✐s ♠❡❛♥s t❤❛t SJFnK✭{nTA

}✮ r❡t✉r♥s ❛t ❧❡❛st t❤❡ ♥♦❞❡ mn
TA

r❡❢❡rr❡❞ t♦ ❜②
fn✳ ❍❡♥❝❡✱ ξJ❬Fn+1❪K✭{nTA

}✮❂ξJ❬fn+1❪K✭ξJ❬Fn❪K✭{nTA
}✮✮❂ξJ❬fn+1❪K✭{. . . ,mn

TA
, . . .}✮✳ ❆❝❝♦r❞✐♥❣

t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❝❛s❡ ✭❆✮✱ ξJ❬Fn+1❪K✭{nTA
}✮❂{nTA

}✱ ✐✳❡✳ ξJ❬fn+1❪K✭{. . . ,mn
TA

, . . .}✮❂{nTA
}

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ♥♦❞❡ ❛♠♦♥❣st {. . . ,mn
TA

, . . .} t❤❛t s❛t✐s✜❡s t❤❡ ♣r❡❞✐❝❛t❡
❬fn+1❪✱ ❧❡t m

n
TA

❜❡ t❤✐s ♥♦❞❡ ✭✐✳❡✳ t❤❡ ♣r❡❞✐❝❛t❡ ❬↓✿✿en+1❪ ✐s ✈❛❧✐❞ ❛t mn
TA
✮✳ ❚❤❡ ♣r❡❞✐❝❛t❡ ↓✿✿en+1

♦✈❡r t❤❡ ♥♦❞❡ mn
TA

r❡t✉r♥s ❛❧❧ ✐ts ❛❝❝❡ss✐❜❧❡ ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞r❡♥ ♦❢ t②♣❡ en+1✳ ❙✐♥❝❡ ❬fn+1❪ ✐s ✈❛❧✐❞

❛t mn
TA
✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❛❝❝❡ss✐❜❧❡ ♥♦❞❡ mn+1

TA
♦❢ t②♣❡ en+1 r❡❢❡rr❡❞ t♦ ❜②

fn+1 t❤❛t ✐s ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ mn
TA

✐♥ TA✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❝❛s❡ ✭❆✮✱ ξJ❬F ′

n❪K✭{nT }✮❂{nT }✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡r❡ ✐s ❛t
❧❡❛st ❛ ♣❛t❤ nT ,m

1
T , . . . ,m

n
T t❤❛t s❛t✐s✜❡s F

′

n ❛t nT ✳ ❙✐♥❝❡ t❤❡ ♥♦❞❡ mn
TA

✭t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

♥♦❞❡ ♦❢ mn
T ✮ ❤❛s ❛♥ ❛❝❝❡ss✐❜❧❡ ❝❤✐❧❞ mn+1

TA
✱ t❤❡♥ mn

T ✐♥ T ✭r❡❢❡rr❡❞ t♦ ❜② f
′

n✮ ♠✉st ❤❛✈❡ t❤❡

s❛♠❡ ♥♦❞❡ mn+1
T ✳ ❍♦✇❡✈❡r✱ ✭✐✮ mn+1

T ♠❛② ❛♣♣❡❛r ✐♥ T ❡✐t❤❡r ❛s ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ mn
T ♦r ❛

❞❡s❝❡♥❞❛♥t t❤❛t ✐s s❡♣❛r❛t❡❞ ❢r♦♠ mn
T ✇✐t❤ ♦♥❧② ✐♥❛❝❝❡ss✐❜❧❡ ♥♦❞❡s✱ ✐♥ t❤✐s ✇❛② ❤✐❞✐♥❣ t❤❡s❡

✐♥❛❝❝❡ss✐❜❧❡ ♥♦❞❡s ✐♥ TA ♠❛❦❡ mn+1
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❛♣♣❡❛r ❛s ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ mn
TA
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r❡❢❡rr❡❞ t♦ ❜② fn+1 ♦❢ Fn+1✱ ✇❡ s❤♦✉❧❞ s❤♦✇ t❤❛t f
′
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′

n+1 r❡❢❡rs t♦ t❤❡ s❛♠❡ ♥♦❞❡ mn+1
T ✳

❲❡ ❤❛✈❡ ❘❲❴Pr❡❞ ✭Fn+1✮❂f
′
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′

2❬. . .❬f
′

n❬f
′

n+1❪❪. . .❪❪✱ t❤❡♥ f
′

n+1 ✭t❤❡ r❡✇r✐tt❡♥ ✈❡rs✐♦♥ ♦❢ fn+1✮ ✐s

❡✈❛❧✉❛t❡❞ ♦✈❡r ❡❛❝❤ ♥♦❞❡ r❡t✉r♥❡❞ ❜② f
′

n✳ ❆s fn r❡❢❡rs t♦ t❤❡ ♥♦❞❡ mn
TA
✱ ✇❡ ❦♥♦✇ t❤❛t f

′

n r❡❢❡rs
t♦ t❤❡ ♥♦❞❡ mn

T ✐♥ T ✳ ❚❤❡ q✉❡r② ↓+✿✿en+1❬A
acc❪ ♦✈❡r mn

T r❡t✉r♥s ❛❧❧ t❤❡ ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥ts ♦❢
mn

T t❤❛t ❛r❡ ♦❢ t②♣❡ en+1✱ ❢r♦♠ ✭✐✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t mn+1
T ∈ SJ↓+✿✿en+1❬A

acc❪K✭mn
T ✮✳ ▲❡t R ❜❡

t❤❡ s❡t ♦❢ ♥♦❞❡s r❡s✉❧t❡❞ ❢r♦♠ t❤❡ ❡✈❛❧✉❛t✐♦♥ SJ↓+✿✿en+1❬A
acc❪K✭mn

T ✮✳ ❚❤❡ ♣r❡❞✐❝❛t❡ ↑
+✿✿∗❬Aacc❪

♦✈❡r t❤❡ ♥♦❞❡s ♦❢ R r❡t✉r♥s ❢♦r ❡❛❝❤ ♥♦❞❡ ❛❧❧ ✐ts ❛❝❝❡ss✐❜❧❡ ❛♥❝❡st♦rs✱ t❤❡ ♣❛r❡♥t ✐s t❤❡ ✜rst
❛❝❝❡ss✐❜❧❡ ❛♥❝❡st♦r r❡t✉r♥❡❞✳ ❚❤❡♥✿ ↑+✿✿∗❬Aacc❪❬✶❪ r❡t✉r♥s ❢♦r ❡❛❝❤ ♥♦❞❡ ♦❢ R✱ ✐ts ♣❛r❡♥t ♥♦❞❡✳
❙✐♥❝❡ mn+1

T ∈ R✱ t❤❡♥ ✭✐✐✮ t❤❡ ♣❛r❡♥t ♥♦❞❡ ♦❢ mn+1
T ❜❡❧♦♥❣s t♦ SJ↑+✿✿∗❬Aacc❪❬✶❪K✭R✮✳ ◆♦t❡

t❤❛t ❬❘❲❴Pr❡❞ ✭fn+1✮❪❂❬↓
+✿✿en+1❬A

acc❪✴↑+✿✿∗❬Aacc❪❬✶❪❂ε✿✿∗❪✳ ❲❡ s❤♦✇ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t t❤❡
♣r❡❞✐❝❛t❡ ❬❘❲❴Pr❡❞ ✭fn+1✮❪ ✐s ✈❛❧✐❞ ❛t mn

T ✳ ❙✐♥❝❡ m
n+1
TA

❛♣♣❡❛rs ❛s ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ mn
TA

✐♥ TA✱

t❤❡♥ mn
T ✐s t❤❡ ♣❛r❡♥t ♥♦❞❡ ♦❢ mn+1

T ✐♥ T ✳ ❚❤❡ ♣r❡❞✐❝❛t❡ ❬↓+✿✿en+1❬A
acc❪✴↑+✿✿∗❬Aacc❪❬✶❪❂ε✿✿∗❪ ✐s

✈❛❧✐❞ ❛t mn
T ✐❢ t❤❡r❡ ✐s ❛♥ ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥t ♦❢ mn

T t❤❛t ❤❛s ❛s t❤❡ ✜rst ❛❝❝❡ss✐❜❧❡ ❛♥❝❡st♦r t❤❡
♥♦❞❡ mn

T ✭✐✳❡✳ ❛♥ ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥t t❤❛t ❛♣♣❡❛rs ❛s ✐♠♠❡❞✐❛t❡ ❝❤✐❧❞ ♦❢ mn
TA

✐♥ TA✮✳ ❋r♦♠ ✭✐✮

❛♥❞ ✭✐✐✮✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ♥♦❞❡ mn+1
T ✱ r❡❢❡rr❡❞ t♦ ❜② ↓+✿✿en+1❬A

acc❪ ❛♥❞ ❤❛✈✐♥❣ mn
T ❛s ♣❛r❡♥t

♥♦❞❡✱ s❛t✐s✜❡s t❤❡ ♣r❡❞✐❝❛t❡ ❬↓+✿✿en+1❬A
acc❪✴↑+✿✿∗❬Aacc❪❬✶❪❂ε✿✿∗❪ ❛t mn

T ✳ ●✐✈❡♥ t❤❡ r❡✇r✐tt❡♥
♣r❡❞✐❝❛t❡ ❬❘❲❴Pr❡❞ ✭Fn+1✮❪❂❬f

′

1❬f
′

2❬. . .❬f
′

n❬f
′

n+1❪❪. . .❪❪❪✱ ✇❡ s❤♦✇♥ t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ♥♦❞❡

mn
T r❡t✉r♥❡❞ ❜② f

′

n ❢♦r ✇❤✐❝❤ t❤❡ ♣r❡❞✐❝❛t❡ ❬f
′

n+1❪ ✐s ✈❛❧✐❞✳ ▼♦r❡♦✈❡r✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥❞✉❝t✐✈❡

❛ss✉♠♣t✐♦♥✱ t❤❡ ♣r❡❞✐❝❛t❡ ❬❘❲❴Pr❡❞ ✭Fn✮❪❂❬f
′

1❬f
′

2❬. . .❬f
′

n❪. . .❪❪❪ ✐s ✈❛❧✐❞✳ ❚❤✉s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

✶✷✷



❆✳✷✳ Pr♦♦❢s ♦❢ ❈❤❛♣t❡r ✹

t❤❡ ♣r❡❞✐❝❛t❡ ❬❘❲❴Pr❡❞ ✭Fn+1✮❪ ✐s ✈❛❧✐❞ ❛t nT ✱ ✐✳❡✳ ξJ❬❘❲❴Pr❡❞ ✭Fn+1✮❪K✭{nT }✮❂{nT }✳

❈❛s❡ ♦❢ ↓+✿✿en+1✿ ❇② ❛ss✉♠✐♥❣ t❤❛t ξJ❬Fn+1❪K✭{nTA
}✮❂{nTA

}✱ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t
ξJ❬❘❲❴Pr❡❞ ✭Fn+1✮❪K✭{nT }✮❂{nT }✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ξJ❬Fn✴fn+1❪K✭{nTA

}✮❂{nTA
} ✐♠♣❧✐❡s

t❤❛t ξJ❬fn+1❪K✭SJFnK✭{nTA
}✮✮❂ ξJ❬fn+1❪K✭{. . . ,mn

TA
, . . .}✮❂{nTA

}✳ ❚❤❡ ♣r❡❞✐❝❛t❡ ❬fn+1❪ ✭✐✳❡✳
❬↓+✿✿en+1❪✮ ✐s ✈❛❧✐❞ ♦✈❡r t❤❡ s❡t {. . . ,mn

TA
, . . .} ✐♠♣❧✐❡s t❤❛t ❛t ❧❡❛st ♦♥❡ ♥♦❞❡ ❛♠♦♥❣st t❤❡

♥♦❞❡s {. . . ,mn
TA

, . . .} r❡❢❡rr❡❞ t♦ ❜② fn ❤❛s ❛♥ ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥t mn+1
TA

♦❢ t②♣❡ en+1✱ ❧❡t

mn
TA

❜❡ t❤✐s ♥♦❞❡✳ ❲❡ s❤♦✉❧❞ s❤♦✇ t❤❛t✱ ✐♥ T ✱ t❤❡ ♣r❡❞✐❝❛t❡ ❬f
′

n+1❪ ♦✈❡r t❤❡ ♥♦❞❡ mn
T ♦❢ f

′

n

r❡t✉r♥s t❤❡ s❛♠❡ ♥♦❞❡ mn+1
T ✱ ✐✳❡✳ ✇❤❡t❤❡r mn+1

T ∈ SJ❘❲❴Pr❡❞ ✭Fn+1✮K✭{nT }✮✳ ❚❤❡ r❡✇r✐tt❡♥
✈❡rs✐♦♥ ♦❢ Fn+1 ✐s ❣✐✈❡♥ ❜②✿ ❘❲❴Pr❡❞ ✭Fn+1✮❂f

′

1❬f
′

2❬. . .❬f
′

n❬f
′

n+1❪❪. . .❪❪ ✇❤❡r❡ f
′

n+1❂↓
+✿✿en+1❬A

acc❪✳

❙✐♥❝❡ mn
TA

✐s r❡❢❡rr❡❞ t♦ ❜② fn t❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ mn
T ✐♥ T ✐s r❡❢❡rr❡❞ t♦ ❜② f

′

n ♦❢

❘❲❴Pr❡❞ ✭Fn+1✮✳ ❆s mn
TA

✐♥ TA ❤❛s ❛♥ ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥t mn+1
TA

✱ t❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

♥♦❞❡ mn
T ♦❢ mn

TA
✐♥ T ♠✉st ❤❛✈❡ ❛♥ ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥t mn+1

T ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ▲❡♠♠❛
❆✳✶✱ ♦✉r ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ ✐s ❝♦rr❡❝t ❛♥❞ r❡t✉r♥s ❛❧❧ ❛♥❞ ♦♥❧② ❛❝❝❡ss✐❜❧❡ ♥♦❞❡s✳ ❚❤✉s✱
SJ↓∗✿✿en+1❬A

acc❪K✭{mn
T }✮ r❡t✉r♥s ❛❧❧ t❤❡ ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥ts ♦❢ mn

T ✱ ✐♥❝❧✉❞✐♥❣ mn+1
T ✳ ❲❡

❝♦♥❝❧✉❞❡ t❤❛t ❬f
′

n+1❪❂❬↓∗✿✿en+1❬A
acc❪❪ ✐s ✈❛❧✐❞ ♦✈❡r ❡❛❝❤ ♥♦❞❡ mn

T ♦❢ T r❡t✉r♥❡❞ ❜② f
′

n✱ ❛♥❞ t❤❡♥✿
ξJ❬❘❲❴Pr❡❞ ✭Fn+1✮❪K✭{nT }✮❂{nT }✳ ◆♦t❡ t❤❛t t❤❡ ❝❛s❡ ♦❢ ↓∗✿✿en+1 ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ❛ s✐♠✐❧❛r ✇❛②
❛s ↓+✿✿en+1✳

❈❛s❡ ♦❢ ε✿✿en+1✿ Fn+1❂Fn✴ε✿✿en+1✱ ❛♥❞ ❘❲❴Pr❡❞ ✭Fn+1✮❂f
′

1❬f
′

2❬. . .❬f
′

n❬ε✿✿en+1❪❪. . .❪❪✳ ◆♦t✐❝❡ t❤❛t
F

′

n+1 ✐s ❝♦♠♣✉t❡❞ s✐♠♣❧② ❜② ❛❞❞✐♥❣ t❤❡ ♣r❡❞✐❝❛t❡ ❬ε✿✿en+1❪ ✐♥t♦ F
′

n✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❝❛s❡s✿

❼ en❂en+1 ♦r en+1❂∗✿ ■t ✐s ❝❧❡❛r t❤❛t ❢♦r ❡❛❝❤ ♥♦❞❡ m ♦❢ t②♣❡ en r❡❢❡rr❡❞ t♦ ❜② fn
✭r❡s♣✳ f

′

n✮✱ t❤❡ ♣r❡❞✐❝❛t❡ ❬fn+1❪ ❣✐✈❡♥ ❜② ❬ε✿✿en❪ ♦r ❬ε✿✿∗❪ ✐s ✈❛❧✐❞ ❛t m✳ ❚❤❡♥✱ Fn❬fn+1❪
r❡❢❡rs t♦ t❤❡ s❛♠❡ ♥♦❞❡s ❛s Fn ✭r❡s♣✳ F

′

n❬fn+1❪ r❡❢❡rs t♦ t❤❡ s❛♠❡ s❡t ♦❢ F
′

n✮✳ ❚❤❡♥✿
ξJ❬Fn+1❪K✭{nTA

}✮❂ξJ❬Fn❪K✭{nTA
}✮❂{nTA

} ❛♥❞ ξJ❬F ′

n+1❪K✭{nT }✮❂ξJ❬F ′

n❪K✭{nT }✮❂{nT }✳

❼ en = ∗ ❛♥❞ en+1 6= ∗✿ ❚❤❡ ♥♦❞❡s r❡t✉r♥❡❞ ❜② fn ♦❢ Fn ✐♥ TA ✭r❡s♣✳ t❤♦s❡ r❡✲
t✉r♥❡❞ ❜② f

′

n ♦❢ F
′

n ✐♥ T ✮ ♠❛② ❜❡ ♦❢ ❛♥② t②♣❡ s✐♥❝❡ en❂∗✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❛s❡
✭❆✮✱ ξJ❬Fn+1❪K✭{nTA

}✮❂ξJ❬fn+1❪K✭SJFnK✭{nTA
}✮✮❂ ξJ❬fn+1❪K✭{. . . ,mn

TA
, . . .}✮❂{nTA

}✳ ❚❤✐s
♠❡❛♥s t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ♥♦❞❡ ❛♠♦♥❣st {. . . ,mn

TA
, . . .} t❤❛t ✐s ♦❢ t②♣❡ en+1✱ ❧❡t m

n
TA

❜❡ t❤✐s ♥♦❞❡✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❛s❡ ✭❆✮✱ ξJ❬F ′

n❪K✭{nT }✮❂ ξJ❬f ′

1❬. . .❬f
′

n❪. . .❪❪K✭{nT }✮❂{nT }✳
❙✐♥❝❡ t❤❡ ♥♦❞❡ mn

TA
r❡❢❡rr❡❞ t♦ ❜② fn ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ ♦❢ mn

T ✐♥ T ✱ t❤❡♥ f
′

n ♦❢ F
′

n

r❡❢❡rs t♦ t❤❡ s❛♠❡ ♥♦❞❡ mn
T ♦❢ t②♣❡ en+1 ❛♥❞ t❤❡ ♣r❡❞✐❝❛t❡ ❬ε✿✿en+1❪ ✐s ✈❛❧✐❞ ♦✈❡r f

′

n✱ ✐✳❡✳
ξJ❬f ′

1❬. . .❬f
′

n❬ε✿✿en+1❪❪. . .❪❪K✭{nT }✮❂{nT }✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t SJF ′

n+1K✭{nT }✮❂{nT }✳

❼ en 6= ∗✱ en+1 6= ∗✱ ❛♥❞ en 6= en+1✿ ❚❤❡ ♥♦❞❡s r❡t✉r♥❡❞ ❜② fn ♦❢ Fn ✐♥ TA ❛♥❞ t❤♦s❡ r❡t✉r♥❡❞
❜② f

′

n ♦❢ F
′

n ✐♥ T ❛r❡ ♦❢ t②♣❡ en✳ ■t ✐s ❝❧❡❛r t❤❡♥ t❤❛t ❛❞❞✐♥❣ ❛ s✐♠♣❧❡ ♣r❡❞✐❝❛t❡ ❬ε✿✿en+1❪ t♦
fn ✭r❡s♣✳ f

′

n✮ ♠❛❦❡s t❤❡ ♣r❡❞✐❝❛t❡ ❬Fn+1❪ ✭r❡s♣✳ ❬F
′

n+1❪✮ ❢❛❧s❡✱ s✐♥❝❡ ✇❡ tr② t♦ s❡❧❡❝t ♥♦❞❡s ♦❢

t②♣❡ en+1 ❢r♦♠ ❛ s❡t ♦❢ ♥♦❞❡s ♦❢ t②♣❡ en ✭✐✳❡✳ ♥♦❞❡s r❡t✉r♥❡❞ ❜② fn ❛♥❞ f
′

n✮✳ ❲❡ ❝♦♥❝❧✉❞❡
t❤❛t SJFn+1K✭{nTA

}✮❂SJF ′

n+1K✭{nT }✮❂∅✳

❈❛s❡ ♦❢ αi✿✿t❡①t✭✮❂c✿ ❘❡❝❛❧❧ t❤❛t ❛ t❡①t ♥♦❞❡ ✐s ❛❝❝❡ss✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ♣❛r❡♥t ♥♦❞❡ ✐s
❛❝❝❡ss✐❜❧❡✳ ❚❤❡ r❡✇r✐t✐♥❣ ♦❢ t❤❡ t❡①t ❝♦♠♣❛r✐s♦♥ ♣r❡❞✐❝❛t❡ ❬αi✿✿t❡①t✭✮❂c❪✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛①✐s αi✱

✶✷✸



❆✳ Pr♦♦❢s

✐s ❣✐✈❡♥ ❜② ❬αi✿✿∗❬A
acc❪✴t❡①t✭✮❂c❪ ❢♦r αi ∈ {↓

∗, ↓+}✱ ❛♥❞ ❬αi✿✿t❡①t✭✮❂c❪ ❢♦r αi ∈ {ε, ↓}✳ ❇❛s❡❞ ♦♥ t❤❡
❛ss✉♠♣t✐♦♥ ♦❢ ❝❛s❡ ✭❆✮ ❛♥❞ ❢♦r fn+1❂αi✿✿t❡①t✭✮❂c✱ ✇❡ s❤♦✉❧❞ s❤♦✇ t❤❛t✿ ξJ❬F ′

n+1❪K✭{nT }✮❂{nT }✳

❼ αi❂↓
∗ ♦r αi❂↓

+✿ ❲❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❝❛s❡ ♦❢ ↓∗ ✭t❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡ ✐s s✐♠✐❧❛r✮✳ ❲❡ ❤❛✈❡
ξJ❬Fn❪K✭{nTA

}✮❂ξJ❬F ′

n❪K✭{nT }✮❂ξJ❬f ′

1❬. . .❬f
′

n❪. . .❪❪K✭{nT }✮ 6= ∅✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡r❡ ✐s ❛t
❧❡❛st ❛ ♥♦❞❡ mn

TA
r❡❢❡rr❡❞ t♦ ❜② t❤❡ s✉❜✲♣r❡❞✐❝❛t❡ fn ♦❢ Fn✱ r❡s♣❡❝t✐✈❡❧②✱ ❛ ♥♦❞❡ m

n
T r❡❢❡rr❡❞

t♦ ❜② t❤❡ s✉❜✲♣r❡❞✐❝❛t❡ f
′

n ♦❢ F
′

n✳ ❚❤❡♥ t❤❡ ♣r❡❞✐❝❛t❡ ❬fn+1❪ ✭r❡s♣✳ ❬f
′

n+1❪✮ ✐s ❡✈❛❧✉❛t❡❞

❞✐r❡❝t❧② ♦✈❡r t❤❡ ♥♦❞❡s r❡❢❡rr❡❞ t♦ ❜② fn ✭r❡s♣✳ f
′

n✮✱ ✐✳❡✳ t❤❡ ♣r❡❞✐❝❛t❡ ❬↓∗✿✿t❡①t✭✮❂c❪ ✐s
❡✈❛❧✉❛t❡❞ ♦✈❡r mn

TA
✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❝❛s❡ ✭❆✮✱ ξJ❬Fn✴fn+1❪K✭{nTA

}✮❂
ξJ❬fn+1❪K✭SJFnK✭{nTA

}✮✮❂ ξJ❬fn+1❪K✭{. . . ,mn
TA

, . . .}✮❂{nTA
}✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ❛t

❧❡❛st ♦♥❡ ♥♦❞❡ ❛♠♦♥❣st {. . . ,mn
TA

, . . .} t❤❛t s❛t✐s✜❡s t❤❡ ♣r❡❞✐❝❛t❡ ❬fn+1❪✱ ❧❡t m
n
TA

❜❡ t❤✐s

♥♦❞❡✱ ✐✳❡✳ mn
TA

❤❛s ❛♥ ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥t ♥♦❞❡✱ ❧❡t ❜❡ mn+1
TA

✱ t❤❛t ❤❛s ❛ t❡①t ♥♦❞❡
✇✐t❤ ✈❛❧✉❡ c✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✭✐✮ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ mn

T ♦❢ mn
TA

✐♥ T ♠✉st ❤❛✈❡

t❤❡ s❛♠❡ ♥♦❞❡ mn+1
T ✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ❆✳✶✱ ♦✉r ❛❝❝❡ss✐❜✐❧✐t② ♣r❡❞✐❝❛t❡ ✐s ❝♦rr❡❝t✱

t❤❡♥ t❤❡ ♣r❡❞✐❝❛t❡ ❬↓∗✿✿∗❬Aacc❪❪ ♦✈❡r mn
T r❡t✉r♥s ❛❧❧ ❛♥❞ ♦♥❧② ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥ts ♦❢ mn

T

✐♥ T ✳ ❋r♦♠ ✭✐✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t mn+1
T ✐s r❡❢❡rr❡❞ t♦ ❜② ❬↓∗✿✿∗❬Aacc❪❪✱ ❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r

mn+1
T ❤❛s ❛ t❡①t ❝♦♥t❡♥t ✇✐t❤ ✈❛❧✉❡ c ✐s ❞♦♥❡ ✇✐t❤ t❤❡ ♣r❡❞✐❝❛t❡ ❬↓∗✿✿∗❬Aacc❪✴t❡①t✭✮❂c❪ t❤❛t

❤❛s t♦ s❡❧❡❝t✱ ❢♦r ❡❛❝❤ ♥♦❞❡ mn+1
T ✱ ❛❧❧ ✐ts ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥ts ❤❛✈✐♥❣ ❛ t❡①t ❝♦♥t❡♥t ♦❢

✈❛❧✉❡ c✳ ❋✐♥❛❧❧②✱ mn+1
T ∈ ξJ❬↓∗✿✿∗❬Aacc❪✴t❡①t✭✮❂c❪K✭{mn

T }✮✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ♣r❡❞✐❝❛t❡
❬❘❲❴Pr❡❞ ✭↓∗✿✿t❡①t✭✮❂c✮❪ ✐s ✈❛❧✐❞ ♦✈❡r ❛ ♥♦❞❡ mn

T r❡❢❡rr❡❞ t♦ ❜② f
′

n ♦❢ F
′

n✱ ❛♥❞ t❤❡♥✿ ❬F
′

n+1❪

✐s ✈❛❧✐❞ ❛t nT ✱ ✐✳❡✳ ξJ❬F
′

n+1❪K✭{nT }✮❂{nT }✳

❼ αi❂↓ ♦r αi❂ε✿ ❲❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❝❛s❡ ♦❢ ↓ ✭t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s s✐♠✐❧❛r✮✳ ❆❝❝♦r❞✲
✐♥❣ t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❝❛s❡ ✭❆✮✱ ξJ❬Fn✴fn+1❪K✭{nTA

}✮❂ ξJ❬fn+1❪K✭SJFnK✭{nTA
}✮✮❂

ξJ❬↓✿✿t❡①t✭✮❂c❪K✭{. . . ,mn
TA

, . . .}✮❂{nTA
}✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ♥♦❞❡

❛♠♦♥❣st {. . . ,mn
TA

, . . .} t❤❛t ❤❛s ❛ t❡①t ♥♦❞❡ ♦❢ ✈❛❧✉❡ c✳ ❇② t❛❦✐♥❣ mn
TA

t♦ ❜❡ t❤✐s ♥♦❞❡✱
t❤❡♥ mn

T ✐♥ T ♠✉st ❛❧s♦ ❤❛✈❡ ❛ t❡①t ♥♦❞❡ ✇✐t❤ ✈❛❧✉❡ c✳ ❚❤✐s ♠❡❛♥s t❤❛t ❬↓✿✿t❡①t✭✮❂c❪ ✐s
✈❛❧✐❞ ♦✈❡r t❤❡ ♥♦❞❡ mn

T r❡❢❡rr❡❞ t♦ ❜② f
′

n ♦❢ F
′

n✱ ✐✳❡✳ ❬f
′

1❬. . .❬f
′

n❬↓✿✿t❡①t✭✮❂c❪❪. . .❪❪ ✐s ✈❛❧✐❞ ❛t
nT ✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t✿ ξJ❬F ′

n+1❪K✭{nT }✮❂{nT }✳

❋✐♥❛❧❧②✱ ❢♦r ❛❧❧ t❤❡ ❝❛s❡s ♦❢ fn+1✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✐❢ ξJ❬Fn+1❪K✭{nTA
}✮❂{nTA

}✱ t❤❡♥
ξJ❬F ′

n+1❪K✭{nT }✮❂{nT } ✇❤✐❝❤ ♠❡❛♥s t❤❛t ♦✉r r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ ❘❲❴Pr❡❞ ✐s ❝♦rr❡❝t ❢♦r t❤❡ ❝❛s❡
✭❆✮✳

❇✮ ❆ss✉♠❡ t❤❛t ξJ❬F ′

n❪K✭{nT }✮ ❂ ξJ❬Fn❪K✭{nTA
}✮ 6= ∅✱ ❛♥❞ ξJ❬Fn❪K✭{nTA

}✮ ❂ ∅✿
❲❡ ❛ss✉♠❡ t❤❛t t❤❡ t✇♦ ♣r❡❞✐❝❛t❡ ❬Fn❪ ❛♥❞ ❬F

′

n❪ ❛r❡ ✈❛❧✐❞ ♦✈❡r t❤❡ ♥♦❞❡s nT ❛♥❞ nTA
r❡s♣❡❝t✐✈❡❧②✱

❛♥❞ t❤❛t ✭✐✮ t❤❡ ♣r❡❞✐❝❛t❡ ❬Fn+1❪ ✐s ♥♦t ✈❛❧✐❞ ♦✈❡r nTA
✭✐✳❡✳ ξJ❬Fn+1❪K✭{nTA

}✮❂∅✮✳ ❚♦ ♣r♦✈❡
t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ♦✉r r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ ❘❲❴Pr❡❞ ✐♥ t❤✐s ❝❛s❡✱ ✐t ❛♠♦✉♥ts t♦ s❤♦✇ t❤❛t✿
ξJ❬F ′

n+1❪K✭{nTA
}✮❂∅✳ ❚❤❡ ♣r♦♦❢ s❤♦✉❧❞ ❜❡ ❞♦♥❡ ❢♦r ❛❧❧ t❤❡ ❝❛s❡s ♦❢ fn+1 ❛s ✇❡ ❤❛✈❡ ❞♦♥❡

✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ✭❆✮✳ ❲❡ s❤♦✇ ❤❡r❡ t❤❡ ❝♦rr❡❝t♥❡ss ❢♦r ♦♥❧② t❤❡ ❝❛s❡ ♦❢ fn+1❂↓
+✿✿en+1

✇❤✐❧❡ t❤❡ ♦t❤❡r ❝❛s❡s ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳ ❚❛❦✐♥❣ fn+1 t♦ ❜❡ ↓+✿✿en+1 ❛♥❞ ❛ss✉♠❡
❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t ✭✐✐✮✿ ξJ❬F ′

n+1❪K✭{nTA
}✮ 6= ∅✳ ◆♦t❡ t❤❛t ❘❲❴Pr❡❞ ✭fn+1✮❂↓

∗✿✿en+1❬A
acc❪✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✐✐✮✱ ✇❡ ❤❛✈❡ ξJ❬F ′

n+1❪K✭{nTA
}✮❂ ξJ❬f ′

1❬. . .❬f
′

n❬f
′

n+1❪❪. . .❪❪K✭{nTA
}✮

6= {nTA
}✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ♥♦❞❡ mn

T r❡❢❡rr❡❞ t♦ ❜② f
′

n ❢♦r ✇❤✐❝❤ t❤❡
♣r❡❞✐❝❛t❡ ❬f

′

n+1❪ ✐s ✈❛❧✐❞✱ ✐✳❡✳ mn
T ❤❛s ❛♥ ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥t ♥♦❞❡ ♦❢ t②♣❡ en+1✱ ❧❡t mn+1

T ❜❡
t❤✐s ♥♦❞❡✳ ▼♦r❡♦✈❡r✱ mn+1

T ❛♣♣❡❛rs ✐♥ TA s✐♥❝❡ ✐t ✐s ❛❝❝❡ss✐❜❧❡✳ ❚❤✉s✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡

✶✷✹



❆✳✷✳ Pr♦♦❢s ♦❢ ❈❤❛♣t❡r ✹

mn
TA

♦❢ mn
T ❤❛s t❤❡ s❛♠❡ ♥♦❞❡ mn+1

T ❞❡♥♦t❡❞ ❜② mn+1
TA

✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❝❛s❡
✭❇✮✱ ❬Fn❪ ✐s ✈❛❧✐❞ ❛t nTA

✱ ✐✳❡✳ ξJ❬f1✴. . .✴fn❪K✭{nTA
}✮ 6= ∅✳ ❙✐♥❝❡ t❤❡ ♥♦❞❡ mn

T ✐s r❡❢❡rr❡❞ t♦
❜② f

′

n ✐♥ F
′

n t❤❡♥ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ mn
TA

✐s r❡❢❡rr❡❞ t♦ ❜② fn ✐♥ Fn✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

s❡❡♥ t❤❛t mn
TA

❤❛s ❛♥ ❛❝❝❡ss✐❜❧❡ ❞❡s❝❡♥❞❛♥t mn+1
TA

t❤❛t ✐s ♦❢ t②♣❡ en+1✳ ●✐✈❡♥ t❤❡ ❛❜♦✈❡✱ t❤❡
♣r❡❞✐❝❛t❡ ❬fn+1❪❂❬↓

∗✿✿en+1❪ ✐s ✈❛❧✐❞ ❛t t❤❡ ♥♦❞❡ mn
TA

✳ ❙✐♥❝❡ t❤❡ ♣r❡❞✐❝❛t❡ ❬Fn❪ ✐s ✈❛❧✐❞ ❛t nTA

❛♥❞ ❬fn+1❪ ✐s ✈❛❧✐❞ ♦✈❡r ❛t ❧❡❛st ♦♥❡ ♥♦❞❡ r❡t✉r♥❡❞ ❜② ❬Fn❪✱ t❤❡♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♣r❡❞✐❝❛t❡
❬Fn+1❪❂❬Fn✴fn+1❪ ✐s ✈❛❧✐❞ ❛t nTA

✳ ❚❤✉s✱ ξJ❬f1✴. . .✴fn✴↓∗✿✿en+1❪K✭{nTA
}✮ 6= ∅ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts

t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ✇❡ ❞❡✜♥❡ ✐♥ ❝❛s❡ ✭❇✮ ✭✐✳❡✳ ❛ss✉♠♣t✐♦♥ ✭✐✮✮✳ ❲❡ ❝♦♥❝❧✉❞❡ ✜♥❛❧❧② t❤❛t t❤❡
❛ss✉♠♣t✐♦♥ ✭✐✐✮ t❤❛t ✇❡ ❤❛✈❡ t❛❦❡♥ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ ✐s ❢❛❧s❡✱ ❛♥❞ t❤❡♥✿ ξJ❬F ′

n+1❪K✭{nTA
}✮❂∅✳

❈✮ ❆ss✉♠❡ t❤❛t ξJ❬F ′

n❪K✭{nT }✮ ❂ ξJ❬Fn❪K✭{nTA
}✮ ❂ ∅✿

❲❡ ❤❛✈❡ SJFnK✭{nTA
}✮❂∅✱ ❛♥❞ ξJ❬Fn✴fn+1❪K✭{nTA

}✮❂ξJ❬fn+1❪K✭SJFnK✭{nTA
}✮✮❂

ξJ❬fn+1❪K✭∅✮❂∅✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ξJ❬F ′

n❪K✭{nT }✮❂ξJ❬f ′

1❬. . .❬f
′

n❪. . .❪❪K✭{nT }✮❂∅✳ ❚❤✐s
♠❡❛♥s t❤❛t t❤❡r❡ ✐s ♥♦ ♥♦❞❡ r❡❢❡rr❡❞ t♦ ❜② t❤❡ s✉❜✲♣r❡❞✐❝❛t❡ f

′

n ♦❢ F
′

n✳ ■t ✐s ❝❧❡❛r t❤❛t ❛❞❞✐♥❣ ❛♥②
s✉❜✲♣r❡❞✐❝❛t❡ f

′

n+1 t♦ f
′

n ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❛♥②t❤✐♥❣✱ ✐✳❡✳ ξJ❬f ′

1❬. . .❬f
′

n❬f
′

n+1❪❪. . .❪❪K✭{nT }✮❂∅ s✐♥❝❡

✇❡ tr② t♦ ❡✈❛❧✉❛t❡ ❛ ♣r❡❞✐❝❛t❡ f
′

n+1 ♦✈❡r ❛♥ ❡♠♣t② s❡t ♦❢ ♥♦❞❡s r❡t✉r♥❡❞ ❜② f
′

n✳ ❲❡ ❝♦♥❝❧✉❞❡

t❤❛t✿ ξJ❬Fn+1❪K✭{nTA
}✮❂ξJ❬F ′

n+1❪K✭{nT }✮❂∅✳

∵ ∴ ∴ ∴ ∵

❙✉♠♠✐♥❣ ✉♣✱ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t ❢♦r ❛♥② s✐♠♣❧❡ ♣r❡❞✐❝❛t❡ Fn+1 ♦❢ s✐③❡ n+1✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢
❬Fn+1❪ ♦✈❡r t❤❡ ♥♦❞❡ nTA

♦❢ TA r❡t✉r♥s t❤❡ s❛♠❡ r❡s✉❧t ❛s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ r❡✇r✐tt❡♥ ♣r❡❞✐❝❛t❡
❬F

′

n+1❪ ♦✈❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nT ✐♥ T ✱ ✐✳❡✳ ❡✐t❤❡r ❜♦t❤ t❤❡ t✇♦ ♣r❡❞✐❝❛t❡s ❬F
′

n+1❪ ❛♥❞ ❬F
′

n+1❪
❛r❡ ✈❛❧✐❞ ♦✈❡r nT ❛♥❞ nTA

r❡s♣❡❝t✐✈❡❧②✱ ♦r t❤❡ t✇♦ ♣r❡❞✐❝❛t❡s ❛r❡ ❢❛❧s❡ ♦✈❡r t❤❡s❡ t✇♦ ♥♦❞❡s✳ ■♥
♦t❤❡r ✇♦r❞s✱ ❢♦r ❛♥② s✐♠♣❧❡ ♣r❡❞✐❝❛t❡ F ♦❢ X ♦❢ ❛♥② s✐③❡✿ ξJ❬F ❪K✭{nTA

}✮❂ξJ❬❘❲❴Pr❡❞ ✭F ✮❪K✭{nT }✮✱
✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ♦✉r r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ ❘❲❴Pr❡❞ ✐s ❝♦rr❡❝t ❢♦r s✐♠♣❧❡ ♣r❡❞✐❝❛t❡s ♦❢ X ✳ ❋♦r t❤❡
♦t❤❡r t②♣❡s ♦❢ ♣r❡❞✐❝❛t❡s t❤❡ ♣r♦♦❢ ✐s ♦❜✈✐♦✉s✳ ❈♦♥s✐❞❡r t✇♦ s✐♠♣❧❡ ♣r❡❞✐❝❛t❡s F1 ❛♥❞ F2✱ s✐♥❝❡
t❤❡ r❡✇r✐t✐♥❣ ♦❢ t❤❡s❡ t✇♦ ♣r❡❞✐❝❛t❡s✱ ✉s✐♥❣ ♦✉r ❢✉♥❝t✐♦♥ ❘❲❴Pr❡❞ ✱ ✐s ❝♦rr❡❝t t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r❡❞✐❝❛t❡s ❛r❡ ❝♦rr❡❝t t♦♦✿

✲ ❬❘❲❴Pr❡❞ ✭F1✮ ∧ ❘❲❴Pr❡❞ ✭F2✮❪ ✭❡q✉✐✈❛❧❡♥t t♦ ❬❘❲❴Pr❡❞ ✭F1 ∧ F2✮❪✮✳

✲ ❬❘❲❴Pr❡❞ ✭F1✮ ∨ ❘❲❴Pr❡❞ ✭F2✮❪ ✭❡q✉✐✈❛❧❡♥t t♦ ❬❘❲❴Pr❡❞ ✭F1 ∨ F2✮❪✮✳

✲ ❬¬ ✭❘❲❴Pr❡❞ ✭F1✮✮❪ ✭❡q✉✐✈❛❧❡♥t t♦ ❬❘❲❴Pr❡❞ ✭¬ F1✮❪✮✳

❲❡ ❝♦♥❝❧✉❞❡ ✜♥❛❧❧② t❤❛t ♦✉r r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ ❘❲❴Pr❡❞ ✐s ❝♦rr❡❝t ❢♦r ❛❧❧ t❤❡ ♣r❡❞✐❝❛t❡s ♦❢ t❤❡
❢r❛❣♠❡♥t X ✳ �

❚❤❡♦r❡♠ ❆✳✶✳ ❚❤❡ q✉❡r② r❡✇r✐t✐♥❣ ❛❧❣♦r✐t❤♠ ❘❡✇r✐t❡ ✐s ❝♦rr❡❝t ❢♦r ❛♥② q✉❡r② ♦❢ t❤❡ ❢r❛❣♠❡♥t
X ✳ �

Pr♦♦❢ ❆✳✺✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛s ❆✳✷ ❛♥❞ ❆✳✸✳ ●✐✈❡♥ ❛♥ X q✉❡r② Qn❂q1✴. . .✴qn
✇❤❡r❡✿ qi❂axisi✿✿ei❬fi❪ ❛♥❞ fi ❝❛♥ ❜❡ ❛♥② ✜❧t❡r ♦❢ X ✳ ▲❡t Q

′

n ❜❡ ❛ ♥❡✇ ✈❡rs✐♦♥ ♦❢ Qn ✇❤❡r❡ ❛❧❧ ✜❧✲
t❡rs ❛r❡ ♦♠✐tt❡❞✱ ✐✳❡✳ Q

′

n❂axis1✿✿e1✴. . .✴axisn✿✿en✳ ❲❡ ❤❛✈❡ ♣r♦✈❡♥ ✐♥ ▲❡♠♠❛ ❆✳✷ t❤❛t ♦✉r r❡✇r✐t✲
✐♥❣ ❢✉♥❝t✐♦♥ ❘❡✇r✐t❡ ✐s ❝♦rr❡❝t ❢♦r ❛♥② q✉❡r② ♦❢ XnoPred✱ ✐✳❡✳ SJ❘❡✇r✐t❡ ✭Q′

n✮K✭T ✮❂SJQ′

nK✭TA✮✳
❙✐♥❝❡ ❡❛❝❤ s✉❜q✉❡r② axisi✿✿ei ♦❢ Q

′

n ✐s ❝♦rr❡❝t❧② r❡✇r✐tt❡♥✱ ✉s✐♥❣ ♦✉r ❢✉♥❝t✐♦♥ ❘❡✇r✐t❡ ✱ ♦✈❡r t❤❡
♥♦❞❡s r❡t✉r♥❡❞ ❜② t❤❡ s✉❜✲q✉❡r② axisi−1✿✿ei−1✱ t❤❡♥ ❢♦r ❡❛❝❤ s✉❜✲q✉❡r②Q

′

i❂axis1✿✿e1✴. . .✴axisi✿✿ei
♦❢ Q

′

n ✭i ≤ n✮ ✇❡ ❤❛✈❡✿ SJ❘❡✇r✐t❡ ✭Q′

i✮K✭T ✮❂SJQ′

iK✭TA✮✳ ❚❤❡s❡ t✇♦ ❡✈❛❧✉❛t✐♦♥s r❡t✉r♥ t❤❡

✶✷✺



❆✳ Pr♦♦❢s

s❛♠❡ s❡ts ♦❢ ♥♦❞❡s ❞❡♥♦t❡❞ RT ❛♥❞ RTA
r❡s♣❡❝t✐✈❡❧②✳ ▲❡♠♠❛ ❆✳✸ s❤♦✇s t❤❛t ❢♦r ❛♥② ❛❝✲

❝❡ss✐❜❧❡ ♥♦❞❡ nT ♦❢ T ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nTA
✐♥ TA✱ ❛♥❞ ❢♦r ❛♥② ♣r❡❞✐❝❛t❡ ❬fi❪

♦❢ X ✿ ξJ❬❘❲❴Pr❡❞ ✭fi✮❪K✭{nT }✮❂ξJ❬fi❪K✭{nTA
}✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② ♥♦❞❡ nT ♦❢ RT

❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡ nTA
♦❢ RTA

✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛❧✐t② ✐s s❛t✐s✜❡❞✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱
ξJ❬❘❲❴Pr❡❞ ✭fi✮❪K✭RT ✮❂ξJ❬fi❪K✭RTA

✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❜② s✉❜st✐t✉t✐♥❣ RT ❛♥❞ RTA
✇✐t❤ t❤❡✐r

✈❛❧✉❡s✱ ✇❡ ♦❜t❛✐♥✿

✲ ξJ❬❘❲❴Pr❡❞ ✭fi✮❪K✭RT ✮❂ξJ❬fi❪K✭RTA
✮✳

✲ ξJ❬❘❲❴Pr❡❞ ✭fi✮❪K✭RT ✮❂ξJ❬❘❲❴Pr❡❞ ✭fi✮❪K✭SJ❘❡✇r✐t❡ ✭Q′

i✮K✭T ✮✮❂
SJ❘❡✇r✐t❡ ✭Q′

i✮❬❘❲❴Pr❡❞ ✭fi✮❪K✭T ✮❂❘❡✇r✐t❡ ✭Qi✮✳

✲ ξJ❬fi❪K✭RTA
✮❂ξJ❬fi❪K✭SJQ′

iK✭TA✮✮❂ SJQ′

i❬fi❪K✭TA✮❂SJQiK✭TA✮✳

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❢♦r ❛♥② s✐③❡ ♦❢ t❤❡ q✉❡r② Qn✿ SJ❘❡✇r✐t❡ ✭Qn✮K✭T ✮❂SJQnK✭TA✮✱ t❤✉s
♦✉r r❡✇r✐t✐♥❣ ❢✉♥❝t✐♦♥ ❘❡✇r✐t❡ ✐s ❝♦rr❡❝t ❢♦r ❛♥② q✉❡r② ♦❢ t❤❡ ❢r❛❣♠❡♥t X ✳ �

✶✷✻



❇

❉❚❉ ●r❛♣❤✿ ❛❧❣♦r✐t❤♠ ❛♥❞ ❝♦♠♣❧❡①✐t②

❇✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ ❉❚❉ ●r❛♣❤

✶✳
●r❛♣❤ (root→ Rg(root), {

⋃

A∈Ele\{root} A→ Rg(A)})

(Ele,Rg, root)

✷✳
(

Σα ∪ {A}, Vα ∪ {vA}, Eα ∪ {(vA, vα)}, λα ∪ {vA
λ
−−→ A}, vA, Orderα

)

;

where :
(

Σα, Vα, Eα, λα, vα, Orderα
)

= ●r❛♣❤ (α, P )

●r❛♣❤ (A→ α, P )

✸✳
(

φ, φ, φ, φ,Null, φ
)

●r❛♣❤ (ǫ, P )

✹✳
(

{str}, {vstr}, φ, {vstr
λ
−−→ str}, vstr, φ

)

●r❛♣❤ (str, P )

✺✳
●r❛♣❤ (B → Rg(B), P \ {B → Rg(B)})

●r❛♣❤ (B,P ) with B → Rg(B) ∈ P

✻✳
(

ΣB , VB , EB , λB , vB , OrderB
)

●r❛♣❤ (B,P ) with B → Rg(B) /∈ P

✼✳
(

{∗} ∪ Σα, {vf} ∪ Vα, {(vf , vα)} ∪ Eα, {vf
λ
−−→ ∗} ∪ λα, vf , Orderα

)

;

where :
(

Σα, Vα, Eα, λα, vα, Orderα
)

= ●r❛♣❤ (α, P )

●r❛♣❤ (α∗, P )

✽✳
(

∪i Σαi ∪ {⊙},∪iVαi ∪ {vf},∪iEαi ∪ {(vf , vα1
), ..., (vf , vαn)},

∪iλαi ∪ {vf
λ
−−→ ⊙}, vf ,∪iOrderαi ∪ {Ordervf (1, vf ) = vα1

, ..., Ordervf (n, vf ) = vαn}
)

;

where :
(

Σαi , Vαi , Eαi , λαi , vαi , Orderαi

)

= ●r❛♣❤ (αi, P )

●r❛♣❤ (α1, ..., αn, P )

❋✐❣✉r❡ ❇✳✶✿ ❚❤❡ ✐♥❞✉❝t✐✈❡ st❡♣s ✐♥ ❉❚❉ ❣r❛♣❤ ❝♦♥str✉❝t✐♦♥✳

✶✷✼



❇✳ ❉❚❉ ●r❛♣❤✿ ❛❧❣♦r✐t❤♠ ❛♥❞ ❝♦♠♣❧❡①✐t②

❲❡ s❤❛❧❧ ♥♦✇ s❤♦✇ t❤❛t ❢♦r ❡✈❡r② ❉❚❉✱ ❛ ❉❚❉ ❣r❛♣❤ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ t❤❛t r❡♣r❡s❡♥ts ❛❧❧
t❤❡ ❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ❜② t❤✐s ❉❚❉ ♦✈❡r s♦♠❡ ❡❧❡♠❡♥t t②♣❡s✳ ❖✉r ❉❚❉ ❣r❛♣❤ ❝♦♥str✉❝t✐♦♥
❛❧❣♦r✐t❤♠✱ t❡r♠❡❞ ✏●r❛♣❤ ✑✱ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ❇✳✶ ❛s r❡❝✉rs✐✈❡ ✐♥❢❡r❡♥❝❡ r✉❧❡s✳ ❚❤❡ ❝♦♥str✉❝✲
t✐♦♥ ✐s ❛ str✉❝t✉r❛❧ ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❉❚❉ ✭✐✳❡✳✱ ❉❚❉ ♣r♦❞✉❝t✐♦♥s✮✳ ●✐✈❡♥
❛ ❉❚❉ D = (Ele,Rg, root)✱ ❢♦r ❛ ♣r♦❞✉❝t✐♦♥ A → Rg(A)✱ ❛❧❣♦r✐t❤♠ ●r❛♣❤ ❝♦♥str✉❝ts ✜rst ❛
❣r❛♣❤ r♦♦t❡❞ ❛t A✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛❧❧ t❤❡ ❝♦♥str❛✐♥ts ❞❡✜♥❡❞ ❜❡t✇❡❡♥ A ❛♥❞ ✐ts ❝❤✐❧❞r❡♥ t②♣❡s✳
❆❢t❡r✱ ❢♦r ❡❛❝❤ ❝❤✐❧❞ t②♣❡ B ♦❢ A✱ ❛ ❣r❛♣❤ ✐s ❝r❡❛t❡❞ ❢♦r t❤❡ ♣r♦❞✉❝t✐♦♥ B → Rg(B)✳ ❚❤❡ s❛♠❡
♣r♦❝❡ss ✐s ❞♦♥❡ ✇✐t❤ ❝❤✐❧❞r❡♥ t②♣❡s ♦❢ B ❛♥❞ t❤❡✐r ❝❤✐❧❞r❡♥ ✉♥t✐❧ ❛❧❧ ❞❡s❝❡♥❞❛♥t t②♣❡s ♦❢ A ❛r❡
♣❛rs❡❞✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✜♥❛❧ ❣r❛♣❤ ✐s t❤❡ ❣r❛♣❤ ♦❢ A✳

❲❡ ❞❡s❝r✐❜❡ ✐♥ ❛ ♥✉ts❤❡❧❧ t❤❡ ❞✐✛❡r❡♥t r✉❧❡s ♦❢ ❉❚❉ ❣r❛♣❤ ❝♦♥str✉❝t✐♦♥ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❇✳✶✳
❲✐t❤ vt ✇❡ r❡❢❡r t♦ t❤❡ ✉♥✐q✉❡ ✈❡rt❡① ❧❛❜❡❧❡❞ ✇✐t❤ t②♣❡ t ✭t ∈ Ele∪{str}✮✳ ▼♦r❡♦✈❡r✱ ❡❛❝❤ t✐♠❡
✇❡ ✉s❡ vf ✱ ✇❡ r❡❢❡r ❜② ✐t t♦ ❛ ♥❡✇ ✈❡rt❡① ❝r❡❛t❡❞ t♦ r❡♣r❡s❡♥t ❛♥ ♦♣❡r❛t♦r ♦❢ t❤❡ ❉❚❉✳

❆❧❣♦r✐t❤♠ ●r❛♣❤ ❤❛s t✇♦ ♣❛r❛♠❡t❡rs✿ ❛✮ t❤❡ ❝✉rr❡♥t ♣r♦❞✉❝t✐♦♥❀ ❛♥❞ ❜✮ t❤❡ r❡♠❛✐♥✐♥❣
♣r♦❞✉❝t✐♦♥s ♥♦t ❛❧r❡❛❞② ♣❛rs❡❞ ✭❞❡♥♦t❡❞ P ✮✳ ❈♦♥s✐❞❡r t❤❡ ♣r♦❞✉❝t✐♦♥ A → α ✭r✉❧❡ ✭✷✮✮✱ ✇❡
st❛rt ❜② ❝r❡❛t✐♥❣ ❛ ✈❡rt❡① vA ✭✐❢ ✐t ❞♦❡s ♥♦t ❡①✐st✮ r❡♣r❡s❡♥t✐♥❣ ❡❧❡♠❡♥t t②♣❡ A✳ ❆❢t❡r✱ t❤❡ ✈❡rt❡①
r♦♦t vα ♦❢ t❤❡ s✉❜❣r❛♣❤ Gα ✐s ❝♦♥♥❡❝t❡❞ t♦ vA t♦ ❝♦♠♣❧❡t❡ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ A ❡❧❡♠❡♥t t②♣❡✳
❚❤❡ s✉❜❣r❛♣❤ Gα ✐s ❝r❡❛t❡❞ ❛s ❢♦❧❧♦✇s✳

• ❋♦r α = ǫ ✭r✉❧❡ ✭✸✮✮✱ Gα ✐s ❛♥ ❡♠♣t② ❣r❛♣❤ (φ, φ, φ, φ,Null, φ) ✹✾✳

• ❋♦r α = str ✭r✉❧❡ ✭✹✮✮✱ ❛ ❣r❛♣❤ ✐s ❝r❡❛t❡❞ ✇✐t❤ ♦♥❧② ♦♥❡ ✈❡rt❡① vstr ✇❤✐❝❤ ✐s ❝♦♥♥❡❝t❡❞ ✇✐t❤
vA ✇✐t❤ t❤❡ ❡❞❣❡ (vA, vstr)✳

• ❋♦r α = B✱ t✇♦ ❝❛s❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ■❢ t❤❡ ♣r♦❞✉❝t✐♦♥ B → Rg(B) ✐s ♥♦t tr❛✈❡rs❡❞ ✭r✉❧❡ ✭✺✮✮✱
t❤❡♥ ❛ ❣r❛♣❤ ✐s ❝r❡❛t❡❞ ✭r♦♦t❡❞ ❛t ✈❡rt❡① vB✮ t❤❛t r❡♣r❡s❡♥ts t❤❡ ❡①♣r❡ss✐♦♥ Rg(B)✳ ❚❤✐s ❣r❛♣❤
✐s ❛❞❞❡❞ ❛s ❛ s✉❜❣r❛♣❤ ♦❢ A✬s ❣r❛♣❤ ❜② ❝♦♥♥❡❝t✐♥❣ vB ✐♥t♦ vA ✇✐t❤ ❡❞❣❡ (vA, vB)✳ ■♥ t❤❡ ♦t❤❡r
❝❛s❡✱ t❤❡ ❣r❛♣❤ ♦❢ B → Rg(B) ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❝♦♥str✉❝t❡❞ ✭✐✳❡✳✱ t❤❡ ❣r❛♣❤ r❡t✉r♥❡❞ ❛t r✉❧❡
✭✻✮✮✱ t❤❡♥ ♦♥❧② t❤❡ ❡❞❣❡ (vA, vB) r❡♠❛✐♥s t♦ ❜❡ ❛❞❞❡❞ t♦ ❝♦♠♣❧❡t❡ t❤❡ ❣r❛♣❤ ♦❢ A✳

• ❋♦r t❤❡ ❡①♣r❡ss✐♦♥ α∗ ✭r✉❧❡ ✭✼✮✮✱ ❧❡t Gα = (Σα, Vα, Eα, λα, vα, Orderα) ❜❡ t❤❡ s✉❜❣r❛♣❤ r❡♣r❡✲
s❡♥t✐♥❣ s✉❜❡①♣r❡ss✐♦♥ α✳ ❚❤❡ ❣r❛♣❤ ♦❢ A ✐s ❝♦♥str✉❝t❡❞ ✐♥ t❤✐s ❝❛s❡ ❜② ❝r❡❛t✐♥❣ ❛ ♥❡✇ ✈❡rt❡① vf
✭❧❛❜❡❧❡❞ ✇✐t❤ ∗✮✱ ❝♦♥♥❡❝t✐♥❣ ✐t ✜rst ✇✐t❤ t❤❡ ✈❡rt❡① vA ❜② t❤❡ ❡❞❣❡ (vA, vf )✱ ❛♥❞ ✇✐t❤ t❤❡ r♦♦t
✈❡rt❡① vα ♦❢ Gα ❜② (vf , vα)✳

• ❋♦r t❤❡ ❡①♣r❡ss✐♦♥ α1, ..., αn ✭r✉❧❡ ✭✽✮✮✱ ❧❡t Gα1 , ..., Gαn ❜❡ t❤❡ s✉❜❣r❛♣❤s r❡♣r❡s❡♥t✐♥❣ s✉❜❡①✲
♣r❡ss✐♦♥s α1, ..., αn r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❣r❛♣❤ ♦❢ A ✐s ❝r❡❛t❡❞ ❛s ❢♦❧❧♦✇s✿ ❝r❡❛t❡ ❛ ♥❡✇ ✈❡rt❡① vf
❧❛❜❡❧❡❞ ✇✐t❤ ⊙✱ ❝♦♥♥❡❝t vf ✇✐t❤ vA ❜② t❤❡ ❡❞❣❡ (vA, vf )✱ ❛♥❞ ❢♦r ❡❛❝❤ s✉❜❣r❛♣❤ Gαi

✱ ❝♦♥♥❡❝t
vf ✇✐t❤ vαi

❜② t❤❡ ❡❞❣❡ (vf , vαi
)✳ ❇② ❞❡✜♥✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ Ordervf ❢♦r t❤❡ ✈❡rt❡① vf ✱ t❤❡ ❡❞❣❡s

(vf , vα1), ..., (vf , vαn) ❛r❡ ✉♥✐q✉❡❧② ♦r❞❡r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♦r❞❡r ❞❡✜♥❡❞ ❜❡t✇❡❡♥ s✉❜❡①♣r❡ss✐♦♥s
αi ✐♥ Rg(A)✳

❋✐♥❛❧❧②✱ r✉❧❡ ✭✶✮ r❡♣r❡s❡♥ts t❤❡ st❛r ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss✳ ❇② ✐♥✈♦❦✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠
✇✐t❤ t❤❡ ♣r♦❞✉❝t✐♦♥ root → Rg(root)✱ ❛❧❧ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❉❚❉ D ❛r❡ ♣❛rs❡❞ ❛♥❞ t❤❡
❣r❛♣❤ ❝r❡❛t❡❞ ✐s t❤❡ ❉❚❉ ❣r❛♣❤ ♦❢ D✳

◆♦t❡ t❤❛t t❤❡ ❉❚❉ ♣r♦❞✉❝t✐♦♥s A → α? ❛♥❞ A → α1 + ... + αn ✭♦♠✐tt❡❞ ❢r♦♠ ❋✐❣✉r❡ ❇✳✶✮
❛r❡ ❤❛♥❞❧❡❞ ✇✐t❤ t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡ ❛s A→ α∗ ❛♥❞ A→ α1, ..., αn r❡s♣❡❝t✐✈❡❧②✳

Pr♦♣❡rt② ❇✳✶✳ ●✐✈❡♥ ❛ ❉❚❉ D✱ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❉❚❉ ❣r❛♣❤ GD ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛t ♠♦st
✐♥ O(|D|) t✐♠❡✳ �

✹✾◆♦t❡ t❤❛t ❛♥ ❡❞❣❡ (vi, vj)❂Null ✐❢ ♦♥❡ ♦❢ ✐ts ✈❡rt❡① ✐s Null✳ ❲❡ ❤❛✈❡✱ E ∪ {Null}❂E✳

✶✷✽



❇✳✶✳ ❈♦♥str✉❝t✐♦♥ ♦❢ ❉❚❉ ●r❛♣❤

❇✳✶✳✶ ❉❚❉ ●r❛♣❤ ❈♦♥str✉❝t✐♦♥ ❆❧❣♦r✐t❤♠

❖✉r ❛❧❣♦r✐t❤♠ ❉❚❉●r❛♣❤ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❇✳✷ t❤❛t✱ ❢♦r ❛ ❣✐✈❡♥ ❉❚❉ D = (Ele,Rg, root)✱
❝♦♠♣✉t❡s ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❉❚❉ ❣r❛♣❤ GD✳ ❲❡ st❛rt ✜rst ❜② ❝r❡❛t✐♥❣ ❛ ♥♦❞❡ nt ❢♦r ❡❛❝❤ t②♣❡
t ✐♥ D✳ ❚❤✐s ❝r❡❛t✐♦♥ st❡♣ ✐s ❞♦♥❡ ♦♥❧② ♦♥❡ t✐♠❡ ❢♦r t❤❡ t②♣❡s ♦❢ D✳ ❍♦✇❡✈❡r✱ ❛ ♥♦❞❡ ✐s ❝r❡❛t❡❞
✐♥ GD ❢♦r ❡❛❝❤ ♦❝❝✉rr❡♥❝❡ ♦❢ ♦♣❡r❛t♦r ✏,✑ ✭r❡s♣✳ ✏+✑✱ ✏∗✑✱ ♦r ✏?✑✮ ✐♥ ❡①♣r❡ss✐♦♥s ♦❢ D✳ ●✐✈❡♥ ❛
♥♦❞❡ nα ❛♥❞ ❛♥ ❡①♣r❡ss✐♦♥ α✱ ♣r♦❝❡❞✉r❡ s✉❜●r❛♣❤ ❝r❡❛t❡s ❛ s✉❜❣r❛♣❤ r♦♦t❡❞ ❛t nα ❛♥❞ ✇❤✐❝❤
r❡♣r❡s❡♥ts t❤❡ str✉❝t✉r❡ ♦❢ ❡①♣r❡ss✐♦♥ α✳ ❚❤❡ s✉❜❣r❛♣❤ ❝r❡❛t❡❞ ❢♦r ❛♥ ❡❧❡♠❡♥t t②♣❡ A ✐s ❝❛❧❧❡❞
✏❆ ❡❧❡♠❡♥t ❣r❛♣❤✑✱ ❝♦♠♣♦s❡❞ ❜② ❛❧❧ t❤❡ t②♣❡s t❤❛t ❝❛♥ ❜❡ r❡❛❝❤❡❞ ❢r♦♠ A ❬❙❚❩+ ✼❪✳ ❚❤❡
❛❧❣♦r✐t❤♠ ❉❚❉●r❛♣❤ tr❛✈❡rs❡s ❛❧❧ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ ❉❚❉ D ❜② ✐♥✈♦❦✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡ s✉❜●r❛♣❤
✇✐t❤ ♥♦❞❡ nroot ✭r❡♣r❡s❡♥t✐♥❣ t❤❡ root t②♣❡✮ ❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥ Rg(root)✳ ■♥ ❛ ♥✉ts❤❡❧❧✱ t❤❡
♣r♦❝❡❞✉r❡ s✉❜●r❛♣❤ ✭nα✱ α✮ ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✳ ❚❤❡ t✇♦ s✐♠♣❧❡ ❝❛s❡s ❛r❡ ❡✐t❤❡r ✇❤❡♥ α = ǫ✱
✐♥ t❤✐s ❝❛s❡ ♥♦❞❡ nα ❤❛s ♥♦ ❝❤✐❧❞❀ ♦r ✇❤❡♥ α = str✱ ✐♥ t❤✐s ❝❛s❡ t❤❡ s✉❜❣r❛♣❤ r♦♦t❡❞ ❛t nα

❤❛s ♦♥❧② ♦♥❡ ❝❤✐❧❞ ❧❛❜❡❧❡❞ str ❛♥❞ r❡❛❝❤❡❞ ❜② t❤❡ ❛r❝ nαnstr✳ ■❢ α ✐s ❛♥ ❡❧❡♠❡♥t t②♣❡ A✱ t❤❡♥
✇❡ ❝r❡❛t❡ ❛♥ ❛r❝ nαnA t♦ ❝♦♥♥❡❝t ♥♦❞❡ nα ✇✐t❤ ♥♦❞❡ nA r❡♣r❡s❡♥t✐♥❣ ❡❧❡♠❡♥t t②♣❡ A✳ ❆❢t❡r✱
t❤❡ A ❡❧❡♠❡♥t ❣r❛♣❤ ✐s ❝r❡❛t❡❞ ❜② ❝❛❧❧✐♥❣ s✉❜●r❛♣❤ ✭nA✱ Rg(A)✮✳ ❲❡ ❛ss♦❝✐❛t❡ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡
✈✐s✐t❡❞ ❬A❪ ✭✐♥✐t✐❛❧❧② false✮ ✇✐t❤ ❡❛❝❤ ❡❧❡♠❡♥t t②♣❡ A ✐♥ D✳ ❲✐t❤ t❤✐s ✈❛r✐❛❜❧❡✱ ✇❡ ❡♥s✉r❡ t❤❛t
❡❛❝❤ ❡❧❡♠❡♥t t②♣❡ ♦❢ D ✐s ♣r♦❝❡ss❡❞ ♦♥❧② ♦♥❝❡✳ ■❢ α = β∗ ✭r❡s♣✳ α = β?✮✱ t❤❡♥ ✇❡ ❝r❡❛t❡ ❛
♥❡✇ ♥♦❞❡ n∗ ❧❛❜❡❧❡❞ ✇✐t❤ ∗✱ ✇❤♦s❡ ❝❤✐❧❞r❡♥ ✭❝♦♠♣✉t❡❞ ✇✐t❤ s✉❜●r❛♣❤ ✭n∗✱ β✮✮ r❡♣r❡s❡♥t t❤❡
str✉❝t✉r❡ ♦❢ ❡①♣r❡ss✐♦♥ β✳ ❆❢t❡r✱ t❤❡ ♥♦❞❡s nα ❛♥❞ n∗ ❛r❡ ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ ❛r❝ nαn∗✳ ❯♥t✐❧
♥♦✇✱ ♥♦❞❡ nα ❤❛s ❛t ♠♦st ♦♥❡ ❝❤✐❧❞ ✭❡✐t❤❡r nstr✱ nA✱ n∗✱ n?✱ ♦r ♥♦ ❝❤✐❧❞✮✳ ❚❤✉s✱ t❤❡ ❧✐st LGD

(nα)
♦❢ ✐ts ✐♥❝✐❞❡♥t ♥♦❞❡s ✐s ❡♠♣t② ♦r ❝♦♥t❛✐♥s ♦♥❧② ♦♥❡ ♥♦❞❡✳ ❚❤❡ ❜❡♥❡✜t ♦❢ t❤✐s ❧✐st ✐s s❤♦✇♥
❝❧❡❛r❧② ✇❤❡♥ α = α1, ..., αk ✭r❡s♣✳ α = α1 + ... + αk✮✳ ■♥ t❤✐s ❝❛s❡✱ ❛ ♥❡✇ ♥♦❞❡ n⊙ ✐s ❝r❡❛t❡❞
✇✐t❤ ❧❛❜❡❧ ⊙ ❛♥❞ ❝♦♥♥❡❝t❡❞ t♦ ♥♦❞❡ nα ✇✐t❤ ❛r❝ nαn⊙ ✭✐✳❡✳✱ LGD

(nα) = [n⊙]✮✳ ❆❢t❡r✱ ❢♦r ❡❛❝❤
s✉❜❡①♣r❡ss✐♦♥ αi✱ ❛ s✉❜❣r❛♣❤ ✐s ❝r❡❛t❡❞ ✇✐t❤ r♦♦t ♥♦❞❡ nαi

✭❧✐♥❡s ✶✽✲✷✵✮✳ ❚❤❡ ❧❛❜❡❧ ♦❢ t❤✐s ♥♦❞❡✱
❡q✉❛❧s t♦ ❧❛❜❡❧ ✭αi✮✱ ✐s ❞❡t❡r♠✐♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ αi ❛s ❢♦❧❧♦✇s✿ ❧❛❜❡❧ ✭str✮❂str✱ ❧❛❜❡❧ ✭A✮❂A✱
❧❛❜❡❧ ✭β∗✮❂∗✱ ❧❛❜❡❧ ✭β?✮❂?✱ ❧❛❜❡❧ ✭β1, ..., βk✮❂⊙✱ ❛♥❞ ❧❛❜❡❧ ✭β1 + ... + βk✮❂⊕✳ ❋✐♥❛❧❧②✱ t❤❡
♥♦❞❡ n⊙ ✐s ❝♦♥♥❡❝t❡❞ t♦ ❡❛❝❤ ♥♦❞❡ nαi

❜② ❛r❝ n⊙nαi
✳ ❚❤❡ ♦r❞❡r ❜❡t✇❡❡♥ t❤❡s❡ s✉❜❡①♣r❡ss✐♦♥s

αi ✐s ♣r❡s❡r✈❡❞ ✐♥ ❉❚❉ ❣r❛♣❤ GD ❜② ❞❡✜♥✐♥❣ t❤❡ ❧✐st LGD
(n⊙) = [nα1 , ..., nαk

]✳ ❚❤✐s ♦r❞❡r
✐s ✐♠♣♦rt❛♥t ❡s♣❡❝✐❛❧❧② ✇❤❡♥ ❝♦♠♣✉t✐♥❣ ❛ ❉❚❉ D ❢r♦♠ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❉❚❉ ❣r❛♣❤ GD ❛s
❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♥❡①t✳

Pr♦♣❡rt② ❇✳✷✳ ●✐✈❡♥ ❛ ❉❚❉ D✱ ❛❧❣♦r✐t❤♠ ❉❚❉●r❛♣❤ ❝♦♠♣✉t❡s ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❉❚❉ ❣r❛♣❤
GD ✐♥ O(|D|) t✐♠❡✳ �

✶✷✾



❇✳ ❉❚❉ ●r❛♣❤✿ ❛❧❣♦r✐t❤♠ ❛♥❞ ❝♦♠♣❧❡①✐t②

❆❧❣♦r✐t❤♠✿ ❉❚❉●r❛♣❤
✐♥♣✉t ✿ ❆ ❉❚❉ D = (Ele,Rg, root)✳
♦✉t♣✉t✿ ❆ ❉❚❉ ❣r❛♣❤ GD = (N,A,L, labN , nroot)✳

✶ (N,A,L) ← (∅,∅,∅)❀
✴✯ In the following✱ nt is the node created for type t ✯✴

✷ ❢♦r❡❛❝❤ t②♣❡ t ∈ Ele ∪ {str} ❞♦
✸ nt ← ♥❡✇◆♦❞❡ ✭t✮❀
✹ ✐❢ ✭t = root✮ t❤❡♥
✺ nroot ← nt❀

✻ s✉❜●r❛♣❤ ✭nroot, Rg(root)✮❀
✼ ❢♦r❡❛❝❤ ♥♦❞❡ n ∈ N ❞♦

✽ L ← L ∪ {LGD
(n)}❀

✾ GD ← (N,A,L, labN , nroot)❀

✶✵ r❡t✉r♥ GD❀

Pr♦❝❡❞✉r❡✿ s✉❜●r❛♣❤
✐♥♣✉t✿ ❆ ♥♦❞❡ nα ❛♥❞ ❛ r❡❣✉❧❛r ❡①♣r❡ss✐♦♥ α✳

✶ ❝❛s❡ α = str

✷ A ← {nαnstr}❀
✸ LGD

(nα) ← [nstr]❀

✹ ❝❛s❡ α = B ✴✯ case of element type B ✯✴

✺ A ← {nαnB}❀
✻ LGD

(nα) ← [nB ]❀
✼ ✐❢ ♥♦t ✭✈✐s✐t❡❞ ❬B❪✮ t❤❡♥
✽ s✉❜●r❛♣❤ ✭nB , Rg(B)✮❀
✾ ✈✐s✐t❡❞ ❬B❪ ← true❀

✶✵ ❝❛s❡ α = β∗
✶✶ n∗ ← ♥❡✇◆♦❞❡ ✭∗✮❀
✶✷ LGD

(nα) ← [n∗]❀
✶✸ s✉❜●r❛♣❤ ✭n∗, β✮❀

✶✹ ❝❛s❡ α = β?
✴✯ same principle as previous case ✯✴

✶✺ ❝❛s❡ α = α1, ..., αk

✶✻ n⊙ ← ♥❡✇◆♦❞❡ ✭⊙✮❀
✶✼ LGD

(nα) ← [n⊙]❀
✶✽ ❢♦r❡❛❝❤ s✉❜❡①♣r❡ss✐♦♥ αi ❞♦

✶✾ nαi ← ♥❡✇◆♦❞❡ ✭❧❛❜❡❧ ✭αi✮✮❀
✷✵ s✉❜●r❛♣❤ ✭nαi , αi✮❀

✷✶ LGD
(n⊙) ← [nα1

, ..., nαk
]❀

✷✷ ❝❛s❡ α = α1 + ...+ αk

✴✯ same principle as previous case ✯✴

Pr♦❝❡❞✉r❡✿ ♥❡✇◆♦❞❡
✐♥♣✉t ✿ ❆ ❧❛❜❡❧ l✳
❖✉t♣✉t✿ ❆ ♥♦❞❡ n ❧❛❜❡❧❡❞ l✳

✶ ❈r❡❛t❡ ❛ ♥❡✇ ♥♦❞❡ nl❀
✷ N ← N ∪ {nl}❀
✸ labN (nl) ← l❀
✹ LGD

(nl) ← []❀
✺ r❡t✉r♥ nl❀

❋✐❣✉r❡ ❇✳✷✿ ❉❚❉ ●r❛♣❤ ❈♦♥str✉❝t✐♦♥✳

✶✸✵



❇✐❜❧✐♦❣r❛♣❤②

❬❆❈❈✵✹❪ ❙t❡❢❛♥ ❆♥❞r❡✐✱ ❲❡✐✲◆❣❛♥ ❈❤✐♥✱ ❛♥❞ ❙❛❧✈❛❞♦r ❱❛❧❡r✐♦ ❈❛✈❛❞✐♥✐✳ ❙❡❧❢✲❡♠❜❡❞❞❡❞
❝♦♥t❡①t✲❢r❡❡ ❣r❛♠♠❛rs ✇✐t❤ r❡❣✉❧❛r ❝♦✉♥t❡r♣❛rts✳ ❆❝t❛ ■♥❢✳✱ ✹✵✭✺✮✿✸✹✾✕✸✻✺✱ ✷✵✵✹✳

❬❇❇❈+✵✵❪ ❊❧✐s❛ ❇❡rt✐♥♦✱ ▼✳ ❇r❛✉♥✱ ❙✐❧✈❛♥❛ ❈❛st❛♥♦✱ ❊❧❡♥❛ ❋❡rr❛r✐✱ ❛♥❞ ▼❛r❝♦ ▼❡s✐t✐✳ ❆✉t❤♦r✲
①✿ ❆ ❥❛✈❛✲❜❛s❡❞ s②st❡♠ ❢♦r ①♠❧ ❞❛t❛ ♣r♦t❡❝t✐♦♥✳ ■♥ ❉❛t❛ ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥ ❙❡❝✉✲
r✐t②✱ ❉❡✈❡❧♦♣♠❡♥t ❛♥❞ ❉✐r❡❝t✐♦♥s✱ ■❋■P ❚❈✶✶✴ ❲●✶✶✳✸ ❋♦✉rt❡❡♥t❤ ❆♥♥✉❛❧ ❲♦r❦✲
✐♥❣ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❉❛t❛❜❛s❡ ❙❡❝✉r✐t②✱ ✈♦❧✉♠❡ ✷✵✶ ♦❢ ■❋■P ❈♦♥❢❡r❡♥❝❡ Pr♦❝❡❡❞✐♥❣s✱
♣❛❣❡s ✶✺✕✷✻✳ ❑❧✉✇❡r✱ ✷✵✵✵✳

❬❇❇❈+✶✵❪ ❆♥❞❡rs ❇❡r❣❧✉♥❞✱ ❙❝♦tt ❇♦❛❣✱ ❉♦♥ ❈❤❛♠❜❡r❧✐♥✱ ▼❛r② ❋✳ ❋❡r♥á♥❞❡③✱ ▼✐❝❤❛❡❧ ❑❛②✱
❏♦♥❛t❤❛♥ ❘♦❜✐❡✱ ❛♥❞ ❏érô♠❡ ❙✐♠é♦♥✳ ❳♠❧ ♣❛t❤ ❧❛♥❣✉❛❣❡ ✭①♣❛t❤✮ ✷✳✵ ✭s❡❝♦♥❞
❡❞✐t✐♦♥✮✳ ❲✸❈ ❘❡❝♦♠♠❡♥❞❛t✐♦♥✳ ❆✈❛✐❧❛❜❧❡ ❛t✿ ❤tt♣✿ ✴✴ ✇✇✇✳ ✇✸✳ ♦r❣✴ ❚❘✴ ✷✵✶✵✴

❘❊❈✲①♣❛t❤✷✵✲✷✵✶✵✶✷✶✹✴ ✳✱ ❉❡❝❡♠❜❡r ✷✵✶✵✳

❬❇❈❈●❨✾✸❪ ◆♦r❛ ❇♦✉❧❛❤✐❛✲❈✉♣♣❡♥s✱ ❋ré❞ér✐❝ ❈✉♣♣❡♥s✱ ❆❧❜❛♥ ●❛❜✐❧❧♦♥✱ ❛♥❞ ❑✐♦✉♠❛rs ❨❛③✲
❞❛♥✐❛♥✳ ▼✉❧t✐❧❡✈❡❧ s❡❝✉r✐t② ✐♥ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ ❞❛t❛❜❛s❡s✳ ■♥ ❙❡❝✉r✐t② ❢♦r ❖❜❥❡❝t✲
❖r✐❡♥t❡❞ ❙②st❡♠s✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❖❖P❙▲❆✲✾✸ ❈♦♥❢❡r❡♥❝❡ ❲♦r❦s❤♦♣ ♦♥ ❙❡❝✉✲
r✐t② ❢♦r ❖❜❥❡❝t✲❖r✐❡♥t❡❞ ❙②st❡♠s✱ ❲♦r❦s❤♦♣s ✐♥ ❈♦♠♣✉t✐♥❣✱ ♣❛❣❡s ✼✾✕✽✾✳ ❙♣r✐♥❣❡r✱
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❆❜str❛❝t✳ ❖✈❡r t❤❡ ♣❛st ②❡❛rs s❡✈❡r❛❧ ✇♦r❦s ❤❛✈❡ ♣r♦♣♦s❡❞ ❛❝❝❡ss ❝♦♥tr♦❧ ♠♦❞❡❧s ❢♦r ❳▼▲ ❞❛t❛
✇❤❡r❡ ♦♥❧② r❡❛❞✲❛❝❝❡ss r✐❣❤ts ♦✈❡r ♥♦♥✲r❡❝✉rs✐✈❡ ❉❚❉s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❆ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ✇♦r❦s
❤❛✈❡ st✉❞✐❡❞ t❤❡ ❛❝❝❡ss r✐❣❤ts ❢♦r ✉♣❞❛t❡s✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧ ❛♥❞ ❡①♣r❡ss✐✈❡
♠♦❞❡❧ ❢♦r s♣❡❝✐❢②✐♥❣ ❛❝❝❡ss ❝♦♥tr♦❧ ♦♥ ❳▼▲ ❞❛t❛ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s ♦❢
❲✸❈ ❳◗✉❡r② ❯♣❞❛t❡ ❋❛❝✐❧✐t②✳ ❖✉r ❛♣♣r♦❛❝❤ ❢♦r ❡♥❢♦r❝✐♥❣ s✉❝❤ ✉♣❞❛t❡ s♣❡❝✐✜❝❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥
t❤❡ ♥♦t✐♦♥ ♦❢ q✉❡r② r❡✇r✐t✐♥❣✳ ❆ ♠❛❥♦r ✐ss✉❡ ✐s t❤❛t✱ ✐♥ ♣r❛❝t✐❝❡✱ q✉❡r② r❡✇r✐t✐♥❣ ❢♦r r❡❝✉rs✐✈❡
❉❚❉s ✐s st✐❧❧ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳ ❲❡ s❤♦✇ t❤❛t t❤✐s ❧✐♠✐t❛t✐♦♥ ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ✉s✐♥❣ ♦♥❧② t❤❡
❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢ t❤❡ st❛♥❞❛r❞ ❳P❛t❤✱ ❛♥❞ ✇❡ ♣r♦♣♦s❡ ❛ ❧✐♥❡❛r ❛❧❣♦r✐t❤♠ t♦ r❡✇r✐t❡ ❡❛❝❤
✉♣❞❛t❡ ♦♣❡r❛t✐♦♥ ❞❡✜♥❡❞ ♦✈❡r ❛♥ ❛r❜✐tr❛r② ❉❚❉ ✭r❡❝✉rs✐✈❡ ♦r ♥♦t✮ ✐♥t♦ ❛ s❛❢❡ ♦♥❡ ✐♥ ♦r❞❡r t♦ ❜❡
❡✈❛❧✉❛t❡❞ ♦♥❧② ♦✈❡r t❤❡ ❳▼▲ ❞❛t❛ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉♣❞❛t❡❞ ❜② t❤❡ ✉s❡r✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s
✇♦r❦ ✐s t❤❡ ✜rst ❡✛♦rt ❢♦r s❡❝✉r❡❧② ❳▼▲ ✉♣❞❛t✐♥❣ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛r❜✐tr❛r② ❉❚❉s✱ ❛ r✐❝❤ ❝❧❛ss
♦❢ ✉♣❞❛t❡ ♦♣❡r❛t✐♦♥s✱ ❛♥❞ ❛ s✐❣♥✐✜❝❛♥t ❢r❛❣♠❡♥t ♦❢ ❳P❛t❤✳ ❋✐♥❛❧❧②✱ ✇❡ t❤♦r♦✉❣❤❧② st✉❞② t❤❡
✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ r❡❛❞ ❛♥❞ ✉♣❞❛t❡ ❛❝❝❡ss r✐❣❤ts t♦ ♣r❡s❡r✈❡ t❤❡ ❝♦♥✜❞❡♥t✐❛❧✐t② ❛♥❞ ✐♥t❡❣r✐t②
♦❢ ❳▼▲ ❞❛t❛✳

❑❡②✇♦r❞s✿ ❳▼▲ ❆❝❝❡ss ❝♦♥tr♦❧✱ ❳▼▲ ❯♣❞❛t✐♥❣✱ ◗✉❡r② ❘❡✇r✐t✐♥❣✱ ❳P❛t❤✱ ❳◗✉❡r②✱ ❈♦♥✜❞❡♥✲
t✐❛❧✐t② ❛♥❞ ■♥t❡❣r✐t②✳

❘és✉♠é✳ ❉✉r❛♥t ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s✱ ♣❧✉s✐❡✉rs tr❛✈❛✉① ♦♥t ♣r♦♣♦sé ❞❡s ♠♦❞è❧❡s ❞❡ ❝♦♥trô❧❡
❞✬❛❝❝ès ♣♦✉r sé❝✉r✐s❡r ❧✬❛❝❝ès ❡♥ ❧❡❝t✉r❡ ❛✉① ❞♦♥♥é❡s ❳▼▲✱ ❜❛sés s❡✉❧❡♠❡♥t s✉r ❞❡s ❉❚❉s
♥♦♥✲ré❝✉rs✐✈❡s✳ ▲❡ ❝♦♥trô❧❡ ❞✬❛❝❝ès ❳▼▲ ❝♦♥s✐❞ér❛♥t ❧❡s ♦♣ér❛t✐♦♥s ❞❡ ♠✐s❡ à ❥♦✉r ♥✬❛ ♣❛s r❡ç✉
s✉✣s❛♠♠❡♥t ❞✬❛tt❡♥t✐♦♥✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥ ♠♦❞è❧❡ ❣é♥ér❛❧ ♣♦✉r s♣é❝✐✜❡r ❧❡
❝♦♥trô❧❡ ❞✬❛❝❝ès ❛✉① ❞♦♥♥é❡s ❳▼▲ ♠♦②❡♥♥❛♥t ❞❡s ♣r✐♠✐t✐✈❡s ❞❡ ♠✐s❡ à ❥♦✉r ❞✉ ❲✸❈ ❳◗✉❡r②
❯♣❞❛t❡ ❋❛❝✐❧✐t②✳ ◆♦tr❡ ❛♣♣r♦❝❤❡ ♣♦✉r ❡♥❢♦r❝❡r ❝❡s s♣é❝✐✜❝❛t✐♦♥s ❞❡ ♠✐s❡ à ❥♦✉r ❡st ❜❛sé❡ s✉r
❧❛ ♥♦t✐♦♥ ❞❡ réé❝r✐t✉r❡ ❞❡s r❡q✉êt❡s ✭q✉❡r② r❡✇r✐t✐♥❣ ❡♥ ❛♥❣❧❛✐s✮✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ réé❝r✐t✉r❡ ❞❡s
r❡q✉êt❡s ❞❛♥s ❧❡ ❝❛s ❞❡s ❉❚❉s ré❝✉rs✐✈❡s r❡st❡ ✉♥ ♣r♦❜❧❡♠❡ ♦✉✈❡rt✳ P♦✉r ♣❛❧❧✐❡r à ❝❡ ♣r♦❜❧è♠❡✱
♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ ❧✐♥é❛✐r❡✱ ❜❛sé s❡✉❧❡♠❡♥t s✉r ❧❡ st❛♥❞❛r❞ ❳P❛t❤✱ ❡t q✉✐ ♣❡r♠❡t ❞❡
réé❝r✐r❡ ❝❤❛q✉❡ ♦♣ér❛t✐♦♥ ❞❡ ♠✐s❡ à ❥♦✉r✱ ❞é✜♥✐❡ ♣❛r r❛♣♣♦rt à ✉♥❡ ❉❚❉ ❛r❜✐tr❛✐r❡ ✭ré❝✉rs✐✈❡
♦✉ ♥♦♥✮✱ ❡♥ ✉♥❡ ❛✉tr❡ ♦♣ér❛t✐♦♥ sûr❡ ❛✜♥ q✉✬❡❧❧❡ s♦✐t é✈❛❧✉é❡ s❡✉❧❡♠❡♥t s✉r ❞❡s ❞♦♥♥é❡s ❳▼▲
♠♦❞✐✜❛❜❧❡s ♣❛r ❧✬✉t✐❧✐s❛t❡✉r q✉✐ ❛ s♦✉♠✐s ❧✬♦♣ér❛t✐♦♥✳ ❈❡ tr❛✈❛✐❧ r❡♣rés❡♥t❡ ❧❡ ♣r❡♠✐❡r ❡✛♦rt
❛✉t♦✉r ❞❡ ❧❛ sé❝✉r✐s❛t✐♦♥ ❞❡s ♦♣ér❛t✐♦♥s ❞❡ ♠✐s❡ à ❥♦✉r ❳▼▲ ❞❛♥s ❧❛ ♣rés❡♥❝❡ ❞❡s ❉❚❉s
❛r❜✐tr❛✐r❡s✱ ✉♥❡ ❝❧❛ss❡ ✐♠♣♦rt❛♥t❡ ❞✬♦♣ér❛t✐♦♥s ❞❡ ♠✐s❡ à ❥♦✉r✱ ❡t ✉♥ ❢r❛❣♠❡♥t r✐❝❤❡ ❞❡ ❳P❛t❤✳
◆♦✉s ét✉❞✐♦♥s ❞❛♥s ❧❡ r❡st❡ ❞❡ ❝❡ tr❛✈❛✐❧ ❧✬✐♥tér❛❝t✐♦♥ ❡♥tr❡ ❧❡s ❞r♦✐ts ❞❡ ❧❡❝t✉r❡ ❡t ❞❡ ♠✐s❡ à
❥♦✉r✱ ❡t ♥♦✉s ❞é❝r✐✈♦♥s ✉♥❡ s♦❧✉t✐♦♥ q✉✐ ♣❡r♠❡t ❞❡ ♣rés❡r✈❡r ❧❛ ❝♦♥✜❞❡♥t✐❛❧✐té ❡t ❧✬✐♥té❣r✐té ❞❡s
❞♦♥♥é❡s ❳▼▲✳

▼♦ts ❝❧és✿ ❘éé❝r✐t✉r❡ ❞❡s r❡q✉êt❡s✱ ❈♦♥tô❧❡ ❞✬❛❝❝ès ❳▼▲✱ ▼✐s❡ à ❥♦✉r ❳▼▲✱ ❱✉❡s ❞❡ sé❝✉r✐té
❳▼▲✱ ❳P❛t❤✱ ❳◗✉❡r②✱ ❈♦♥✜❞❡♥t✐❛❧✐té ❡t ■♥té❣r✐té✳
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