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Chapter 1

Introduction

Cette thèse consiste en deux parties: la première partie est l’étude d’un article de Siu sur la terminaison
effective de l’algorithme de Kohn pour les domaines pseudoconvexes spéciaux dans C3, tandis que la
deuxième partie est l’étude du tenseur de Hachtroudi-Chern-Moser pour les variétés CR.

1.0.1 Première Partie: Méthode de Siu pour l’algorithme de Kohn
En 1979, J.J. Kohn introduit dans son article [Koh79] un algorithme qui établit les relations entre
la géométrie du bord d’un domaine, la régularité des solutions au problème de ∂̄-Neumann, et les
propriétés algébriques des idéaux multiplicateurs.

Soient (z1, . . . , zn, zn+1) les coordonnées holomorphes sur Cn+1, et soient F1(z1, . . . , zn), . . . ,
FN(z1, . . . , zn) des germes de fonctions holomorphes en les n premières variables qui s’annulent au
point origine. Un domaine spécial Ω est décrit par une inéquation définissante donnée par une fonction
analytique réelle de la forme

r := Re(zn+1)−
∑

16k6N
|Fk(z1, . . . , zn)|2 < 0,

dont le bord bΩ de Ω est le lieux d’annulation de r:

Re(zn+1)−
∑

16k6N
|Fk(z1, . . . , zn)|2 = 0.

Une forme différentielle φ de type (p, q) peut s’écrire comme

φ =
∑
|I|=p

∑
|J |=q

φIJ dz
I ∧ dz̄J ,

où les φIJ sont des fonctions sur Ω. Si ces φIJ sont C 1, l’opérateur de Dolbeault, noté ∂̄, agit sur φ
par

∂̄φ =
∑

16j6n+1

∑
|I|=p

∑
|J |=q

∂z̄jφIJ dz̄
j ∧ dzI ∧ dz̄J .

Cette forme ∂̄φ est de type (p, q + 1). Si f est une (p, q + 1)-forme lisse, une question importante est
la recherche des solutions φ qui satisfont l’équation

∂̄φ = f,

assujettie à la condition que ∂̄f = 0. Ce problème, qui s’appelle le problème de ∂̄-Neumann, est
étudié dans un cadre plus général en utilisant la théorie L2 de Hörmander.

Pour tout 1 6 p, q 6 n + 1, l’espace de Hilbert L2
(p,q)(Ω) consiste en les formes différentielles de

type (p, q) dont les coefficients φIJ sont L2-intégrable sur Ω par rapport à dλ la mesure de Lebesgue.
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L’opérateur ∂̄ agit sur une telle forme différentielle au sens des distribution, mais ∂̄φ n’est pas forcé-
ment dans L2

(p,q+1)(Ω). Donc, l’opérateur ∂̄ est une application linéaire non-bornée de L2
(p,q)(Ω) vers

L2
(p,q+1)(Ω), et qui est bien définie sur son domaine Domp,q(∂̄). Ce domaine est dense, parce qu’il

contient les (p, q)-formes lisses à support compact.
Cet espace L2

(p,q+1)(Ω), muni d’un produit scalaire(∑
|I|=p

∑
|J |=q

φIJdz
I ∧ dz̄J ,

∑
|I|=p

∑
|J |=q

ψIJdz
I ∧ dz̄J

)
L2

:=
∑
|I|=p

∑
|J |=q

∫
Ω

φIJψIJ dλ,

fournit un opérateur adjoint ∂̄∗ de ∂̄ au sens de von Neumann. Cet opérateur ∂̄∗ est non-borné de
L2

(p,q+1)(Ω) vers L2
(p,q)(Ω) défini sur un sous-espace dense Dom(p,q+1)(∂̄

∗) de L2
(p,q+1)(Ω), et qui satis-

fait la relation de dualité
(∂̄φ, ψ)L2 = (φ, ∂̄∗ψ)L2

pour tout φ ∈ Dom(p,q)(∂̄) et tout ψ ∈ Dom(p,q+1)(∂̄
∗). L’opérateur laplacien

∆ := ∂̄∂̄∗ + ∂̄∗∂̄ : L2
(p,q)(Ω)→ L2

(p,q)(Ω),

avec son domaine de définition Dom(p,q)(∆), est fermé au sens du graphe, et auto-adjoint au sens de
von Neumann.

La régularité des solutions pour le problème de ∂̄-Neumann se ramène à l’étude de la régularité
du laplacien au bord bΩ de Ω (voir Proposition 1.17). Plus précisément, soit x ∈ bΩ un point dans le
bord. Existe-t-il un voisinage U ⊂ Cn+1 de x et un nombre strictement positif ε > 0 tels que pour
tout φ ∈ Dp,q(Ω) (Définition 1.13), l’estimée suivante

‖|φ|‖2
ε 6 C(‖∂̄φ‖2 + ‖∂̄∗φ‖2 + ‖φ‖2) (1.0.1)

soit satisfaite? Ici, ‖| · |‖2 est la norme de Sobolev tangentielle (Section 1.2.4), et la constante C ne
dépend pas de φ. C’est à ce moment que Kohn introduit la notion de multiplicateurs sous-elliptiques
(Définition 1.19). Ce sont les fonctions-germes lisses g ∈ C∞x en x avec des voisinages U ⊂ Cn+1 de
x, et des nombres strictement positifs ε, C tels que pour toute forme différentielle φ ∈ Dp,q(Ω), une
variante de l’estimée sous-elliptique

‖|gφ|‖2
ε 6 C(‖∂̄φ‖2 + ‖∂̄∗φ‖2 + ‖φ‖2)

soit satisfaite. Les données U , ε, C dépendent de g. L’ensemble Jx des multiplicateurs sous-
elliptiques est un idéal radical réel de l’anneau C∞x (Proposition 1.21). Évidemment, l’inégalité
(1.0.1) est établie si et seulement si 1 ∈Jx.

Comme la fonction définissante r et le déterminant de la forme de Levi Lev(r) sont des multipli-
cateurs avec régularités respectives ε = 1 et ε = 1/2 (Propositions 1.20, 1.24 et remarque avant le
paragraphe 1.2.7), Kohn crée un algorithme qui permet de déduire dans quelles conditions g = 1 est
atteint. L’algorithme pour les domaines spéciaux est le suivant.

Definition 1.0.2. Soit 〈F1, . . . , FN〉 un idéal de l’anneau local OCn,0 des fonctions holomorphes.
Soient g1, . . . , gn des éléments de l’idéal 〈F1, . . . , FN〉, avec le déterminant jacobien

det(g) := Jac(g1, . . . , gn) = det

∂z1g1 · · · ∂zng1
... . . . ...

∂z1gn · · · ∂zngn

 .

L’idéal I#
1 est engendré par les éléments de la forme det(g), et I1 est son radical. Si Ik est déjà

construit, l’idéal I#
k+1 est engendré par Ik avec det(h1, . . . , hn), où hi est une fonction holomorphe qui

appartient à Ik ou bien une des fonctions F1,. . . , FN. Ensuite, soit Ik+1 le radical de I#
k+1.
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Alors il est évident qu’il y a une suite croissante d’inclusions d’idéaux

I1 ⊆ I2 ⊆ · · · ,

et comme l’anneau OCn,0 est noethérien, la suite se stabilise. S’il existe un nombre K tel que 1 ∈ IK,
l’algorithme s’arrête, et l’estimée sous-elliptique est obtenue.

Kohn donne aussi une interprétation géométrique des idéaux de multiplicateurs sous-elliptiques
qui sont produits par cet algorithme. En utilisant le théorème de Diederich-Fornæss (Théorème 1.35),
le fait que l’algorithme se termine avec 1 ∈ IK pour quelque K équivaut à dire qu’il n’existe pas de
germe de variété analytique complexe contenu dans bΩ et passant par x. Dans un domaine spécial
avec x := 0 ∈ bΩ, cela revient à demander que l’intersection des germes de variétes analytiques
complexes

N⋂
i=1

{Fi = 0} = {0} (1.0.3)

consiste uniquement en le point origine. Dans le langage de la géométrie analytique locale,
l’intersection totale des variétés définies par les Fi est équivalente à la finitude de la dimension de
l’espace vectoriel quotient suivant

dimCOCn,0/〈F1, . . . , FN〉 := s <∞. (1.0.4)

Une question pertinente, c’est l’existence d’un processus effectif qui termine l’algorithme de Kohn si
la condition (1.0.4) est satisfaite. Pour un domaine spécial dans Cn, l’énoncé de Siu dans son article
[Siu10] est suivant:

Théorème 1.0.5. Il existe un nombre explicite m qui ne dépend que n et s tel que Im = OCn,0.

Le but de cette partie de la thèse est la vérification de ce thèorème pour le cas n + 1 = 3, avec
approfondissement de la méthode de Siu. Le théorème suivant exprime la régularité ε en fonction de
s:

Théorème 1.0.6. Soient (z1, z2, z3) les coordonnées holomorphes dans C3 avec zi = xi+
√
−1yi. Pour

N > 2, soient F1,. . . , FN des germes de fonctions holomorphes en (z1, z2) dans OC2,0 qui s’annulent
à l’origine, tels que

dimC OC2,0

/
〈F1, . . . , FN〉 := s <∞.

Soit Ω ⊂ C3 le domaine spécial défini par

Ω =

{
(z1, z2, z3) ∈ C3 : 2Re(z3)−

∑
16i6N

|Fi(z1, z2)|2 < 0.

}
Alors, l’algorithme de Kohn se termine en au plus 4s2 − 1 étapes. De plus, pour tout φ ∈ D0,1(Ω) à
support compact,

‖|φ|‖2
ε . ‖∂̄φ‖2 + ‖∂̄∗φ‖2 + ‖φ‖2,

où

ε >
1

2(4s2−1)s+3s2(4s2 − 1)4
(

8s+1
8s−1

) .
En revanche, la même méthode ne peut pas s’appliquer aux dimensions supérieures n+ 1 > 4. Le

problème réside dans l’assertion [Siu10, page 1234]:
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Assertion 1.0.7. Soient F1, . . . , FN des germes de fonctions holomorphes sur Cn qui s’annulent à
l’origine telles que l’idéal engendré par les Fi contient mE pour quelque nombre effectif E (ici,
m est l’idéal maximal unique de l’anneau local OCn,0). Pour tous 1 6 i1 < · · · < iν 6 N et
1 6 j1 < · · · < jν 6 n, soit Jν l’idéal engendré par

∂(Fi1 , . . . , Fiν )

∂(zii , . . . , zjν )
.

Alors il existe un autre nombre effectif E ′ tel que cet idéal Jν contient mE′ .

Cette assertion a un contre-exemple direct: dans C3 avec ses coordonnées holomorphes (z1, z2, z3),
il suffit de considérer l’idéal 〈z1, z

2
2 , z

2
3〉.

La dernière sous-section de cette partie donne des exemples de domaines spéciaux dans C3 avec
terminaison effective de l’algorithme en deux étapes. Soient F et G des polynômes homogènes en
deux variables (z, w). Sous l’hypothèse que l’intersection des variétés

{F = 0} ∩ {G = 0} := {0}

ne consiste qu’en le point-origine, en utilisant des résultant, avec une hypothèse de généricité, deux
étapes suffisent.

Théorème 1.0.8. Étant donné deux polynômes homogènes F, G ∈ C[z, w] génériques tels que

Resultant(F,G) 6= 0,

il existe une transformation linéaire inversible A : C2 → C2 tel que l’algorithme de Kohn se termine
en deux étapes pour F ◦ A et G ◦ A.

1.0.2 Deuxième partie: Tenseur de Hachtroudi-Chern-Moser en géométrie
CR

La deuxième partie est consacrée au calcul des invariants des variétés CR dans diverses situations. La
première situation est de déterminer l’existence des lieux CR-ombilics pour les ellipsoïdes dans C2.
La deuxième partie est la géométrie des hypersurfaces réelles M dans Cn+1 qui sont lorentzienne,
d’après le travail de Bryant [Bry82]. Dans cette partie, en cherchant les équations explicites qui
permettent de trouver les champs de vecteurs possibles pour les courbes holomorphes plongées dans
M , les composantes de l’invariant de Chern-Moser peuvent être calculées. Dans la troisième partie,
étant donné les équations aux dérivées partielles:

yxαxβ = Fαβ(xγ, y, yxδ) (16α,β,γ,δ6n),

nous reconstruisons l’invariant Sβσαρ associé à ces équations, trouvé par Hachtroudi dans sa thèse,
soutenue pendant l’entre-deux-guerres sous la direction d’Élie Cartan. Ensuite, le tenseur Sβσαρ sera
adapté pour le cas où l’hypersurface réelle M est donnée par une équation définissante implicite
r = 0.

1.0.2.1 Les lieux CR-ombilics des ellipsoïdes dans C2 Pour n > 2, l’espace complexe Cn qui
s’identifie avec R2n, est équipé des coordonnées holomorphes (z1, . . . , zn) où zi = xi +

√
−1yi. Un

ellipsoïde est l’image de la sphère de rayon 1:

S2n−1 = {z ∈ Cn : |z1|2 + · · ·+ |zn|2 = 1}
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sous une transformation affine de R2n. Un tel ellipsoïde est donc défini par une équation de la forme∑
16i6n

(
αix

2
i + βiy

2
i

)
= 1, (1.0.9)

où les αi > βi > 0 sont des constantes réelles. En changeant les variables

zi 7→ zi/
√
βi,

puis en posant ai := αi/βi > 1, l’equation (1.0.9) se transforme en∑
16i6n

(
aix

2
i + y2

i

)
= 1. (1.0.10)

Ensuite, avec

Ai :=
ai − 1

2ai + 2
(16i6n).

qui satisfont 0 6 Ai 6 1/2, le deuxième changement de coordonnées

zi 7→
√

1− 2Aizi, z̄i 7→
√

1− 2Aiz̄i,

conduit à l’équation finale d’un ellipsoïde considérée par Webster [Web00]

∑
16i6n

(
ziz̄i + Ai(z

2
i + z̄2

i )

)
= 1.

Avec ce formalisme, pour n > 3, et si les Ai sont choisis génériquement avec 0 < A1 < · · · < An <
1/2, Webster démontre qu’il n’y a pas de point CR-ombilics.

Dans C2 avec z = x+
√
−1y etw = u+

√
−1v, Huang et Ji dans leur article [XS07] ont démontré que

les ellipsoïde de C2 ont toujours au moins 4 points CR-ombilics. La deuxième partie de cette thèse
établit le résultat nouveau suivant, montrant que l’ensemble des points CR-ombilics est de cardinal
infini. Ce résultat, qui est dans un travail en commun avec Professeur Merker et un doctorant The-Anh
Ta, va apparaître dans Comptes Rendus Académie des Sciences:

Théorème 1.0.11 (cf [FMT])). Pour a > 1 et b > 1 avec (a, a) 6= (1, 1), soit γ(θ) la courbe
parametrée par θ ∈ R à valeur dans C2 ∼= R4:

γ : θ 7−→
(
x(θ) +

√
−1y(θ), u(θ) +

√
−1v(θ)

)
où

x(θ) =

√
a− 1

a(ab− 1)
cosθ, y(θ) =

√
b(a− 1)

ab− 1
sinθ,

u(θ) =

√
b− 1

b(ab− 1)
sinθ, v(θ) = −

√
a(b− 1)

ab− 1
cosθ.

Alors son image γ(R) est contenue dans le lieu CR-ombilic

γ(R) ⊂ UmbCR(Ea,b) ⊂ Ea,b,

où Ea,b est l’ellipsoïde défini par

ax2 + y2 + bu2 + v2 = 1.
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L’idée de la preuve est de considérer les fonctions suivantes,

H(ρ) := ρ2
zρww − 2ρzρwρzw + ρ2

wρzz,

L(ρ) := ρzρz̄ρww̄ − ρzρw̄ρz̄w − ρz̄ρwρzw̄ + ρwρw̄ρzz̄.

avec l’invariant

I[w] =

[
L(ρ)

ρ2
w

]3

L̄

(
H(ρ)

ρ3
w

)
−6

[
L(ρ)

ρ2
w

]2

L̄

(
L(ρ)

ρ2
w

)
L̄3

(
H(ρ)

ρ3
w

)
− 4

[
L(ρ)

ρ2
w

]2

L̄2

(
L(ρ)

ρ2
w

)
L̄2

(
H(ρ)

ρ3
w

)
−
[

L(ρ)

ρ2
w

]2

L̄3

(
L(ρ)

ρ2
w

)
L̄

(
H(ρ)

ρ3
w

)
+ 15

L(ρ)

ρ2
w

[
L

(
L(ρ)

ρ2
w

)]2

L̄2

(
H(ρ)

ρ3
w

)
+10

L(ρ)

ρ2
w

L̄

(
L(ρ)

ρ2
w

)
L̄2

(
L(ρ)

ρ2
w

)
L̄

(
H(ρ)

ρ3
w

)
− 15

[
L̄

(
L(ρ)

ρ2
w

)]3

L̄

(
H(ρ)

ρ3
w

)
qui s’annule sur la courbe γ(θ), et par conséquent, l’ellipsoïde contient des points CR-ombilics.

1.0.2.2 Courbes holomorphes dans les hypersurfaces réelles lorentziennes – d’après Bryant
Soit M une hypersurface réelle dans Cn+1 localement définie par une équation définissante r = 0, et
soient (z1, . . . , zn, w = u+

√
−1v) les coordonnées holomorphes de Cn+1. Dans cette partie, la variété

M est supposée rigide, c’est-à-dire qu’elle est de la forme

r := u− F (x1, . . . , xn, y1, . . . , yn) = 0.

Les champs de vecteurs suivants pour 1 6 k 6 n

Lk :=
∂

∂zk
+

Fzk
√
−1− Fv

∂

∂v
,

L k :=
∂

∂zk
+

Fzk
−√−1− Fv

∂

∂v

forment des repères de T 1,0M := CTM∩T 1,0Cn+1 et de T 0,1M := CTM∩T 0,1Cn+1 respectivement.
En revanche, un co-repère de CTM naturel est défini par

θ = −dv +
∑

16k6n

Fzk
√
−1− Fv

dzk +
∑

16k6n

Fz̄k
−√−1− Fv

dz̄k,

θk = dzk,

θ̄k = dz̄k,

où k est compris entre 1 et n. Évidemment, les θk engendrent T 1,0∗M et les θ̄k engendrent T 0,1∗M .
Par un changement des co-repères, la 2-forme dθ peut s’écrire

dθ =
√
−1(±α1 ∧ ᾱ1 ± · · · ± αn ∧ ᾱn) mod θ.

La variété M est dite lorentzienne si la signature de dθ est (1, n− 1), ou autrement dit,

dθ =
√
−1(α1 ∧ ᾱ1 − · · · − αn ∧ ᾱn) mod θ.

Soient Ai et Āi les champs de vecteurs qui sont duaux de αi et αi respectivement. S’il y a une courbe
holomorphe φ : D→M qui est contenue dans M , le champ de vecteurs Lφ(t) qui est tangent à φ(D)
est donné par

Lφ(t) =
∑

16i6n+1
φ′i(t)

∂

∂zi
= f1(t, t̄)A1 + · · ·+ fn(t, t̄)An,
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pour quelques fi correspondant au changement de repères. Ce champ de vecteurs est dans le noyau
de dθ qui est une forme quadratique, et donc

|f1|2 − |f2|2 − · · · − |fn|2 = 0.

Puisque φ est une immersion, la fonction f1 ne s’annule pas à l’origine, et alors en divisant partout
par f1, l’équation d’une sphère est obtenue.

L’idée de Bryant est de traiter les fi/f1 comme des inconnues, et d’introduire de nouvelles vari-
ables λ1,. . . ,λn−1 qui satisfont ∑

16i6n−1
|λi|2 = 1.

Donc, ces λi constituent des coordornées locales du fibré en sphére M ×S2n−3 au dessus de M . Dans
le formalisme des co-repères, le système de Pfaff suivant est établi:

ω0 := θ,

ω1 := α1,

ωk := αk − λkα1,

ω̄k := ᾱ1,

ω̄k := ᾱk − λ̄kᾱk.

Il existe des fonctions Lk telles que si τ est la 1 forme

τ := −
∑

26k6n
λ̄kdλk +

∑
26k6n

λ̄kLkᾱ
1 −

∑
26k6n

λkL̄kα
1,

sa tirée en arrière φ∗τ par φ au disque D est zéro. Pour le cas n = 2, le fibré en sphères est M × S1,
avec |λ| = 1. Si

I+ := 〈θ, α2, . . . , αn, α2, . . . , αn, τ〉,

est l’idéal engendré par ces 1-formes, la 2-forme dτ modulo I+

dτ = −[a2λ
2 + 4a1λ+ 6a0 + 4ā1λ̄+ ā2λ̄

2] ω1 ∧ ω1 mod I+,

est un polynôme en (λ, λ̄), et par la théorie de Chern-Moser, les a2, a1, a0 font partie du composantes
du tenseur de Chern-Moser. La section suivante donne une formule explicite pour ces coefficients.

1.0.3 Tenseur de Hachtroudi-Chern-Moser pour les variétés CR

Dans la dernière partie de cette thèse, soient (x1, . . . , xn, y) les coordonnées de Cn+1. Le but est
l’étude d’un système d’équations aux derivées partielles

yxαxβ = Fα,β(xγ, y, yxδ), (16α,β,γ,δ6n)

avec la condition de compatibilité

F β,α = Fα,β, Dxγ (F
αβ) = Dxβ(Fαγ),

où Dxα est la dérivée totale

Dxα =
∂

∂xα
+ yxα

∂

∂y
+
∑

16β6n
Fα,β(xγ, y, yxδ)

∂

∂yxδ
.
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Dans sa thèse, Hachtroudi [Hac37] utilisait la méthode d’Élie Cartan pour obtenir l’invariant suivant

Sβσαρ = Fα,ρ
y
xβ
,yxσ
− 1

n+ 2

(
δσρ
∑
ε
Fα,ε
y
xβ
,yxε

+ δσα
∑
ε
F ρ,ε
y
xβ
,yxε

+ δβρ
∑
ε
Fα,ε
yxσ ,yxε

+ δβα
∑
ε
F ρ,ε
yxσ ,yxε

)
+

1

(n+ 1)(n+ 2)

∑
ε

∑
δ

(δσρ δ
β
α + δβρ δ

σ
α)F δ,ε

y
xδ
,yxε

.

Pour adapter cet invariant au cas CR, soient (z1, . . . , zn, zn+1 := w) les coordornées holomorphes
de Cn+1 et M l’hypersurface réelle définie par r = 0. Pour 1 6 k, l 6 n+ 1, définissons

Hk,l := −[rwrwrzkzl − rzlrwrzkw − rzkrwrzlw + rzkrzlrww],

Hk,l̄ := −[rwrwrzk z̄l − rz̄lrwrzkw − rzkrwrz̄lw + rzkrz̄lrww].

Notons ∆(r) le determinant de la matrice suivante

∆(r) :=

∣∣∣∣∣∣∣∣∣
rz̄1 · · · rz̄n rz̄n+1

H1,1̄ · · · H1,n̄ H1,n+1
... . . . ...

...
Hn,1̄ · · · Hn,n̄ Hn,n+1

∣∣∣∣∣∣∣∣∣ ,
et soit ∆i,j+1(r) le déterminant mineur de la matrice ∆(r) en enlevant la i-ème colonne et la (j +
1)-ième ligne. En ré-adaptant les raisonnements de la section sur les ellipsoïdes, nous retrouvons
l’invariant associé à l’hypersurface réelle M dans Cn+1 définie par une équation définissante r = 0:

S̃βσαρ |id =
∑
k

∑
l

r3
zn+1
·∆(k,σ+1)(r)

∆(r)
∂z̄k

[
r3
zn+1
·∆(l,β+1)(r)

∆(r)
∂z̄l

(
Hα,σ

r3
zn+1

)]
− 1

n+ 2

{
δσρ
∑
ε

(∑
k

∑
l

r3
zn+1
·∆(k,ε+1)(r)

∆(r)
∂z̄k

[
r3
zn+1
·∆(k,β+1)(r)

∆(r)
∂z̄l

(
Hα,ε

r3
zn+1

)])
+δσα

∑
ε

(∑
k

∑
l

r3
zn+1
·∆(k,ε+1)(r)

∆(r)
∂z̄k

[
r3
zn+1
·∆(k,β+1)(r)

∆(r)
∂z̄l

(
Hρ,ε

r3
zn+1

)])
+δβρ

∑
ε

(∑
k

∑
l

r3
zn+1
·∆(k,ε+1)(r)

∆(r)
∂z̄k

[
r3
zn+1
·∆(k,σ+1)(r)

∆(r)
∂z̄l

(
Hα,ε

r3
zn+1

)])
+δβα

∑
ε

(∑
k

∑
l

r3
zn+1
·∆(k,ε+1)(r)

∆(r)
∂z̄k

[
r3
zn+1
·∆(k,σ+1)(r)

∆(r)
∂z̄l

(
Hρ,ε

r3
zn+1

)])}
+

1

(n+ 1)(n+ 2)

∑
ε

∑
δ

∑
k

∑
l

(δσρ δ
β
α + δβρ δ

σ
α)
r3
zn+1
·∆(k,ε+1)(r)

∆(r)
∂z̄k

[
r3
zn+1
·∆(k,δ+1)(r)

∆(r)
∂z̄l

(
Hδ,ε

r3
zn+1

)])
qui est une formule analogue à celle d’Hachtroudi.
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Chapter 2

Kohn’s Algorithm and Siu’s Effective
Methods

1 Kohn’s Algorithm – Introduction

1.1 The ∂̄-Neumann problem – a survey
1.1.1 The ∂̄ equation One of the most important results in analysis in several complex variables is
the solution to the Levi problem. In summary, the theorem is as follows:

Theorem 1.1. Let OCn be the sheaf of holomorphic functions on Cn. The following conditions are
equivalent for a domain Ω ⊂ Cn:

1. Ω is a domain of holomorphy,

2. Ω is pseudoconvex,

3. for all q > 1, and for all smooth (0, q) forms α such that ∂̄α = 0, there exists a smooth (0, q−1)
form u such that ∂̄u = α. In the language of cohomology, Hq(Ω,OCn) = 0.

Such an equation ∂̄u = α is called the Cauchy-Riemann equation, and Kohn’s works study the
behaviour of the equation near the boundary.

1.1.2 Some settings Let (z1, . . . , zn) be holomorphic coordinates on Cn, and let Ω ⊂ Cn be a
domain. Then a (p, q) form α on Ω can be expressed as

α =
∑

16i1<···<ip6n

∑
16j1<···<jq6n

αi1,...,ip,j1,...jq(z1, . . . , zn) dzii ∧ · · · ∧ dzip ∧ dz̄j1 ∧ · · · ∧ dz̄jq ,

or simply
α =

∑
|I|=p

′∑
|J |=q

′
αIJ dzI ∧ dz̄J ,

where the αIJ ’s are functions on Ω. Then α belongs to C∞p,q(Ω) the space of smooth (p, q) forms if
αIJ ’s are smooth. The space C∞p,q(Ω̄) ⊂ C∞p,q(Ω) consists of smooth (p, q) form α that has a smooth
extension to a slightly larger open neighbourhood of Ω̄. For f and g that are (p, q) forms which are
written as

f =
∑
|I|=p

′∑
|J |=q

′
fIJ dzI ∧ dz̄J and g =

∑
|I|=p

′∑
|J |=q

′
gIJ dzI ∧ dz̄J ,

define the inner product

(f, g) :=
∑
|I|=p

′∑
|J |=q

′
∫

Ω

fIJgIJ dλ,
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where dλ is the Lebesgue measure on Cn. Then the space L2
(p,q)(Ω) consists of (p, q) forms α such

that

‖α‖2 = (α, α) =
∑
|I|=p

′∑
|J |=q

′
∫

Ω

|αIJ |2 dλ < ∞.

1.1.3 The ∂̄ Operator Let α ∈ C∞0,q(Ω). The ∂̄ operator is defined by

∂̄α :=
∑
|J |=q

′ ∑
16j6n

∂z̄jαJ dz̄j ∧ dz̄J .

In the L2 setting, the ∂̄ operator is not a bounded operator as can be seen for L2
0,1(Ω). For example, if

Ω is bounded, let

fn = enz̄i dz̄j, (i<j).

Then

∂̄fn = nenz̄i dz̄i ∧ dz̄j.

Therefore,

‖∂̄fn‖2 = n2‖enz̄i‖2 = n2‖fn‖2,

and so
‖∂̄fn‖2

‖fn‖2
= n2 −→ +∞ as n −→ +∞.

On the other hand, it may happen that there are some elements u ∈ L2
0,1(Ω) such that ∂̄u may not be

in L2
0,2(Ω). For example, in C2 with coordinates (z1, z2), write zi = xi +

√
−1yi for i = 1, 2. Let Ω be

the open set of C2 given by

Ω = {(z1, z2) ∈ C2 : −1 < xi < 1, −1 < yi < 1 for i = 1, 2}.

Let u ∈ L2
0,1(Ω) given by

u =
√

1 + x1 dz̄2.

Under the action of the ∂̄-operator,

∂̄u =
1

2
√

1 + x1

dz̄1 ∧ dz̄2,

which is not integrable since

‖∂̄u‖2 =

∫
Ω

∣∣∣∣ 1

4(1 + x1)

∣∣∣∣ dλ = +∞.

This requires that ∂̄ be defined on a suitable set Dom0,q(∂̄) ⊆ L2
0,q(Ω) given by

Dom0,q(∂̄) :=
{
u ∈ L2

0,q(Ω) : ∂̄u ∈ L2
0,q+1(Ω)

}
.

This set is dense in L2
0,q(Ω) since it contains all smooth (0, q) forms that are compactly supported in

Ω. Also the operator ∂̄ : L2
0,q(Ω)→ L2

0,q+1(Ω) is a closed operator in the sense of graph.
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1.1.4 The Hilbert Space Adjoint ∂̄∗ The Hilbert space adjoint ∂̄∗ of ∂̄ on the other hand needs to
be defined on a certain set Dom0,q+1(∂̄∗) of L2

0,q+1(Ω), given by

Dom0,q+1(∂̄∗) =
{
v ∈ L2

0,q+1(Ω) : the map Tv : Dom0,q(∂̄)→ C
given by u 7→ (∂̄u, v) is continuous

}
.

With this, the action of ∂̄∗ can be found by first applying Hahn-Banach theorem, followed by the
Riesz representation theorem. More precisely, Hahn-Banach theorem allows the unique extension of
Tv to a continuous operator T̃v : L2

0,q(Ω) → C. Then by Riesz representation theorem, there exists
the unique element, denoted by ∂̄∗v, such that for all f ∈ L2

0,q(Ω), T̃v(f) = (f, ∂̄∗v). Then for all
u ∈ Dom0,q(∂̄),

(∂̄u, v) = Tv(u) = T̃v(u) = (u, ∂̄∗v).

1.1.5 Concrete description of ∂̄∗ on C 1
0,1(Ω̄) ∩ Dom0,1(∂̄∗) on bounded domains Ω Let Ω ⊂ Cn

be a bounded domain given by a C∞ defining equation Ω = {r < 0}, and assume that r is C∞.
For φ ∈ C 1

0,1(Ω̄) ∩ Dom0,1(∂̄∗) given by φ =
∑
φidz̄i, the Hilbert space adjoint ∂̄∗ has a geometric

description. In fact,

(∂̄f, φ) =
∑

16j6n

∫
Ω

∂f

∂z̄j
φj dλ

= −
∑

16j6n

∫
Ω

f
∂φ

∂zj
dλ +

∑
16j6n

∫
bΩ

fφj
∂r

∂zj
dS,

where dS is the surface measure on bΩ. Take a sequence of smooth functions fn with compact support
so that fn → f in L2(Ω). By definition that φ ∈ Dom0,1(∂̄∗), the map f 7→ (∂̄f, φ) is continuous on
Dom0,0(∂̄), and hence

(∂̄fn, φ) −→ (∂̄f, φ)

as n→∞. This easily implies that ∫
bΩ

f
∑

16j6n
φj
∂r

∂zj
dS = 0

for all f ∈ Dom0,0(∂̄). Moreover, since φ and ∂zjr are continuous on Ω̄, the function

∑
16j6n

φj
∂r

∂zj

is therefore in L2
0,0(Ω) because Ω is bounded. This defines a continuous map

T : L2
0,0(Ω̄) −→ C

g 7−→
∫
bΩ

g
∑

16j6n
φj
∂r

∂zj
dS.

Here L2
0,0(Ω̄) ⊂ L2

0,0(Ω) is the set of all L2 integrable functions on Ω such that they can be extended
to L2 integrable functions on a slightly bigger open neighbourhood of Ω̄. Hence, every element g
in L2

0,0(Ω̄) may be approximated by elements in C∞c (Ω) ⊂ L2
0,0(Ω̄), and in particular, there exists a

sequence gn ∈ C∞c (Ω) ⊂ L2
0,0(Ω̄) such that

gn −→
∑

16j6n
φj
∂r

∂zj
in L2

0,0(Ω̄).
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Consequently, by continuity of T , and the fact that T (gn) = 0 for all n:

T

( ∑
16j6n

φj
∂r

∂zj

)
= limn→∞ T (gn) = 0,

or ∫
bΩ

∣∣∣∣ ∑
16j6n

φj
∂r

∂zj

∣∣∣∣2 dS = 0.

Hence ∑
16j6n

φj
∂r

∂zj
= 0

almost everywhere on bΩ. Since
∑

16j6n
φj

∂r
∂zj

is continuous on bΩ, it is therefore zero everywhere.

1.1.6 The Laplacian ∆ Having introduced ∂̄ and ∂̄∗, the laplacian ∆ is given by

∆ := ∂̄∂̄∗ + ∂̄∗∂̄ : L2
0,q(Ω)→ L2

0,q(Ω),

defined on the domain

Dom0,q(∆) =
{
f ∈ L2

0,q(Ω) : f ∈ Dom0,q(∂̄), ∂̄f ∈ Dom0,q+1(∂̄∗)

f ∈ Dom0,q(∂̄
∗), ∂̄∗f ∈ Dom0,q−1(∂̄)},

which is also a dense set. It is to be emphasised that this is not to be seen as a differential operator
but rather as an unbounded operator on the Hilbert space L2

0,q(Ω). For example, it is known that ∆
is a closed and self-adjoint operator in the sense of von Neumann. For the self-adjointness, one has
to show that not only ∆ = ∆∗ on Dom0,q(∆) ∩ Dom0,q(∆

∗), one also has to show that Dom0,q(∆) =
Dom0,q(∆

∗). These difficulties disappear if Ω is a closed, compact, complex manifold as every smooth
differential forms on Ω are automatically smooth differential forms with compact support, and hence
the Hilbert space adjoint ∂̄∗ is the same as the formal adjoint. Then the laplacian ∆ as a Hilbert space
operator is in this case the same as the differential operator in the usual sense.

1.1.7 Pseudoconvexity and the closedness of R(∂̄) Let T : X → Y be an unbounded closed
operator from a Hilbert space X to a Hilbert space Y defined on DomX(T ) ⊆ X , which is assumed
to be dense in X . Let R(T ) denote the range of T . Recall that T has closed range if R(T ) = R(T ).
There are several equivalent conditions of closedness of R(T ).

Theorem 1.2 (See [CS01], Chapter 4). Let T be as above. The following statements are equivalent:

1. R(T ) is closed in X .

2. There is a constant C such that ‖f‖X 6 C‖Tf‖Y for all f ∈ DomX(T ) ∩R(T ∗).

3. R(T ∗) is closed in Y .

4. There exists the same constant C such that ‖g‖Y 6 C‖T ∗g‖X for all g ∈ DomY (T ∗) ∩ R(T ).

Let Ω ⊂ Cn be a bounded domain which this time is assumed to be pseudoconvex. The following
result is due to Hörmander:

Theorem 1.3 (Hörmander’s Existence Theorem for ∂̄). Let Ω be a bounded pseudoconvex domain in
Cn. For every α ∈ L2

p,q(Ω), where 1 6 p 6 n and 1 6 q 6 n, with ∂̄α = 0, there exists u ∈ L2
p,q−1(Ω)

such that ∂̄u = α and
q‖u‖2 6 eδ‖α‖2,

where e is the Euler constant and δ is the diameter of Ω.
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As a consequence, there is a very important observation:

Corollary 1.4. Let Ω be a bounded pseudoconvex domain of Cn. The range of ∂̄ : L2
p,q(Ω) →

L2
p,q+1(Ω) is closed.

Proof. Consider the following complex:

L2
p,q(Ω)

∂̄p,q // L2
p,q+1(Ω)

∂̄p,q+1// L2
p,q+2(Ω).

The theorem of Hörmander above implies that ker(∂̄p,q+1) = R(∂̄p,q). Since ∂̄p,q+1 is a closed operator
in the sense of graph, ker(∂̄p,q+1) is a closed subspace of L2

p,q+1(Ω) and hence so is R(∂̄p,q).

1.1.8 Consequence of Hörmander’s theorem and closedness of R(∂̄) Given that ∆ : L2
0,q(Ω)→

L2
0,q(Ω) is a closed operator, its kernel ker ∆ is a closed subspace of L2

0,q(Ω). Therefore, basic Hilbert
space theory shows that there is a decomposition

L2
0,q(Ω) = ker(∆)⊕ (ker ∆)⊥.

Moreover, (ker ∆)⊥ = R(∆∗) = R(∆) where the last equality follows from the fact that ∆ is self-
adjoint in the sense of von Neumann. Therefore,

L2
0,q(Ω) = ker(∆)⊕R(∆).

Hörmander’s theorem implies that ker(∆) = {0} (i.e. the operator ∆ is injective). To see this, observe
that ker(∆) = ker(∂̄) ∩ ker(∂̄∗) since it follows immediately from

(∆u, u) = ‖∂̄u‖2 + ‖∂̄∗u‖2.

Next, observe that ker ∂̄ ∩ ker ∂̄∗ = {0}. This is because if u ∈ ker ∂̄ ∩ ker ∂̄∗, then by Hörmander’s
theorem, there exists v ∈ L2

0,q−1(Ω) such that ∂̄v = u. Hence

‖u‖2 = (u, u) = (∂̄v, u) = (v, ∂̄∗u) = 0,

so that u = 0. Thus the decomposition may be rewritten as

L2
0,q(Ω) = R(∆).

The closedness of R(∂̄) implies the closedness of R(∆). This is because since ∂̄ is closed, its kernel
is a closed subspace of L2

0,q(Ω) so that

L2
0,q(Ω) = ker(∂̄) ⊕ (ker(∂̄))⊥,

and ker(∂̄)⊥ = R(∂̄∗). Since R(∂̄) is closed, by Theorem 1.2, R(∂̄∗) is also a closed subspace of
L2

0,q(Ω), and hence
L2

0,q(Ω) = ker(∂̄) ⊕R(∂̄∗).

By Hörmander’s theorem, ker(∂̄) = R(∂̄) and so

L2
0,q(Ω) = R(∂̄) ⊕ R(∂̄∗).

Let f ∈ Dom0,q(∂̄) ∩ Dom0,q(∂̄
∗) which contains Dom0,q(∆). Hence f may be written as f = f1 ⊕ f2

where f1 ∈ R(∂̄) and f2 ∈ R(∂̄∗). Applying ∂̄ and ∂̄∗ to both sides lead to ∂̄f = ∂̄f2 and ∂̄∗f = ∂̄∗f1.
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Hence both f1 and f2 belong to Dom0,q(∂̄) ∩ Dom0,q(∂̄
∗). By Theorem 1.2, there exists a constant C

such that

‖f1‖2 6 C‖∂̄∗f1‖2

‖f2‖2 6 C‖∂̄f2‖2,

so that

‖f‖2 = ‖f1‖2 + ‖f2‖2

6 C(‖∂̄f2‖2 + ‖∂̄∗f1‖2)

= C(‖∂̄f‖2 + ‖∂̄∗f‖2)

= C
(
(∂̄f, ∂̄f) + (∂̄∗f, ∂̄∗f)

)
= C

(
(∆f, f)

)
6 C‖∆f‖‖f‖.

Dividing ‖f‖ from both sides,
‖f‖ 6 C‖∆f‖,

from which, combining with Theorem 1.2, implies that ∆ has closed range. Therefore,

L2
0,q(Ω) = R(∆)

and ∆ : Dom0,q(∆)→ L2
0,q(Ω) is a vector space isomorphism.

1.1.9 Canonical solution to the ∂̄-Neumann problem Given that

∆ : Dom0,q(∆) −→ L2
0,q(Ω)

is a vector space isomorphism, it has an inverse

N : L2
0,q(Ω) −→ Dom0,q(∆),

so that ∆ ◦N = idL2
0,q(Ω) and N ◦∆ = idDom0,q(∆). From,

f = ∂̄∂̄∗Nf + ∂̄∗∂̄Nf.

by applying ∂̄ to both sides, and noting that ∂̄2 = 0,

∂̄f = ∂̄∂̄∗∂̄Nf,

it follows that
N∂̄f = N∂̄∂̄∗∂̄Nf = N(∂̄∗∂̄ + ∂̄∂̄∗)∂̄Nf = ∂̄Nf.

Therefore, for any α such that ∂̄α = 0, the equation ∂̄u = α has a solution

u = ∂̄∗Nα

as can be easily verified from

∂̄u = ∂̄∂̄∗Nα = ∂̄∂̄∗Nα + ∂̄∗N ∂̄α︸︷︷︸
=0

= ∂̄∂̄∗Nα + ∂̄∗∂̄Nα = ∆Nα = α.

Moreover, the solution u is orthogonal to the kernel of ∂̄ since for every v ∈ ker ∂̄,

(u, v) = (∂̄∗Nα, v) = (Nα, ∂̄v) = 0.

This solution ∂̄∗Nα is called the Kohn’s solution, or the canonical solution to the ∂̄-Neumann prob-
lem.
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1.2 The Cauchy-Riemann geometry of boundary and subelliptic multipliers
1.2.1 The Cauchy-Riemann Geometry of the boundary bΩ Let Ω be a domain in Cn, and sup-
pose that the boundary bΩ is a smooth manifold. Then a smooth real-valued defining function r is a
local defining function for Ω if bΩ is locally given by the zero set of r. More precisely, if p ∈ bΩ,
then r is a local defining function near p if there is a neighbourhood Up ⊆ Cn such that

r : Up −→ R

is C∞, r < 0 on Ω ∩ Up, r = 0 on bΩ ∩ Up, r > 0 on Ωc ∩ Up, and dr 6= 0 on Up.
Assume moreover that r is real-analytic so that r may be expressed in terms of the convergent

power series
r =

∑
ri1,...,in,j1,...,jn z

i1
1 · · · zinn z̄

j1
1 · · · z̄jnn ,

with r(0) = 0 (i.e. 0 ∈ bΩ). The fact that r is real implies that

ri1,...,in,j1,...,jn = rj1,...,jn,i1,...,in .

The first few terms of the expansion of r is given by

r =
∑

16i6n
rizi +

∑
16i6n

ri z̄i + O(|z|2).

By renumbering if necessary, rn 6= 0 may be assumed. Then by a biholomorphic change of coordi-
nates

(z1, · · · , zn) 7−→ (w1, · · · , wn) := (z1, · · · , zn−1, r1z1 + · · ·+ rnzn),

the function r may be re-expressed as

r = wn + w̄n + h(w, w̄)

= 2Re wn + h(w, w̄),

where h(w, w̄) = O(|w|2). Renaming back to z, the real-valued, real-analytic defining function may
be assumed to be of the form

r = 2Re zn + h(z, z̄), (1.5)

with h(z, z̄) = O(|z|2). For 1 6 i 6 n− 1, both

ri = ∂zir = ∂zih,

rī = ∂z̄ir = ∂z̄ih,

vanish at the origin. Based on equation (1.2), for 1 6 i, j 6 n− 1, define the following local frames
of CTCn

Li :=
∂

∂zi
− rzi

rzn

∂

∂zn
,

L̄j := Lj,

Ln :=
1

rzn

∂

∂zn
,

T := Ln − L̄n =
1

rzn

∂

∂zn
− 1

rz̄n

∂

∂z̄n
.

The proposition below describes the commutator properties of the vector fields on bΩ:
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Proposition 1.6. Let M be a real hypersurface of Cn containing the origin. For 1 6 i 6 n − 1, the
vector fields Li, Li and T defined above form a local frame of CTM , and they satisfy the following
properties:

1. For 1 6 i, j 6 n− 1, [Li, Lj] = 0,

2. For 1 6 i, j 6 n− 1, [Li, Lj] = λijT , where

λij :=
rij̄rnrn̄ − rin̄rnrj̄ − rnj̄rirn̄ + rnn̄rirj̄

|rn|2
.

The matrix λ with the coefficients (λij)16i,j6n is called the Levi matrix. For the n − 1 by n − 1
matrix minor λn−1 := (λij)16i,j6n−1, at 0 ∈ Cn, observe that its coefficients are given by λij(0) =
rij̄(0) since ri(0) = rj̄(0) = 0 by equation (1.2). At every point p ∈ bΩ, each X ∈ CT 1,0

p Cn may be
written in terms of the local frames L1, . . . , Ln as

X =
∑

16i6n
xiLi|p (xi∈C),

or sometimes in vector notation, X = (x1, . . . , xn−1, xn). If X is also tangent to bΩ, then xn = 0.
Moreover, the Levi matrix, seen as a bilinear form when restricted to T 1,0

p bΩ×T 0,1
p bΩ, gives for every

X and Y = (y1, . . . , yn) in T 1,0
p bΩ that

XλY ∗ = (x1, . . . , xn−1)λn−1(y1, . . . , yn−1)∗,

which is also called as the Levi form.
The Levi form at a point p ∈ bΩ has other descriptions. Let X and Y be (1, 0) vector fields on a

neighbourhood of p. It is also described as the following map:

λ : T 1,0
p bΩ× T 1,0

p bΩ −→ CTM
/
T 1,0
p bΩ⊕ T 0,1

p bΩ (1.7)

(Xp, Yp) 7−→ [X, Ȳ ](p) mod T 1,0
p bΩ⊕ T 0,1

p bΩ. (1.8)

This map is well-defined, in the sense that this is independent of the choice of vector fields X and Y
whose evaluation at p are respectively Xp and Yp. These two definitions of the Levi forms are related
by the following 1-form

√
−1∂r|CTbΩ =

√
−1

∑
16k6n

rzk dzk
∣∣
CTbΩ.

This is a real differential form because on bΩ, the equation is given by r = 0, and whose tangent
bundle is given by the vanishing of dr. Therefore

0 = dr|CTbΩ = ∂r|CTbΩ + ∂̄r|CTbΩ.

Hence
√
−1∂r|CTbΩ = −√−1∂̄r|CTbΩ =

√
−1∂r|CTbΩ.

The one-form √
−1∂r satisfies the following identities

√
−1∂r(Li) =

√
−1

( ∑
16k6n

rzk dzk

)(
∂

∂zi
− rzi
rzn

∂

∂zn

)
=

√
−1

(
rzi −

rzi
rzn

rzn

)
= 0,

√
−1∂r(L̄i) = 0,

√
−1∂r(T ) =

( ∑
16k6n

rzk dzk

)(
1

rzn

∂

∂zn
− 1

rz̄n

∂

∂z̄n

)
=

√
−1.
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Therefore, for local sections X and Y of the T 1,0bΩ bundle, the Levi form may simply be recovered
by

λ(Xp, Yp) = 〈√−1∂r(p), [X, Ȳ ](p)〉.

Note that by the Cartan-Lie formula applied to √−1∂r,

√
−1d∂̄r(X ∧ Ȳ ) =

√
−1X∂̄r(Ȳ )− √−1Ȳ ∂̄(X)− √−1∂̄r([X, Ȳ ]).

Recognising that ∂̄r vanishes on T 1,0bΩ and T 0,1bΩ sections, an alternative expression of the Levi
form at p can be written as

λ(Xp, Yp) = 〈√−1∂∂̄r(p), Xp ∧ Ȳp〉.

1.2.2 Kernel of the Levi form for pseudoconvex domains Recall that bΩ is pseudoconvex at
p ∈ bΩ if the Levi map in equation (1.7) is non-negative definite at p, and strongly pseudoconvex at
p if the matrix is strictly positive definite at p. The following definitions introduce the notions of the
kernel of the Levi form, isotropic cone of the Levi form, and the kernel of the Levi matrix.

Definition 1.9 (Kernel of Levi form). Let λ denote the Levi form on the boundary bΩ. At p ∈ bΩ, the
kernel of the Levi form is the subspace of T 1,0

p bΩ given by

K1,0
p (bΩ) :=

{
Xp ∈ T 1,0

p bΩ : 0 = λ(Xp, Yp) for all Yp ∈ T 1,0
p bΩ

}
.

Definition 1.10 (Isotropic cone of the Levi form). At p ∈ bΩ, the isotropic cone of the Levi form is
given by

C1,0
p (bΩ) = {Xp ∈ T 1,0

p bΩ : 0 = λ(Xp, Xp)}.

Proposition 1.11. Let bΩ be the boundary of a domain Ω ⊂ Cn. Suppose that it is pseudoconvex at
p ∈ bΩ, then the kernel of the Levi form and the isotropic cone of the Levi form are the same, in other
words

K1,0
p (bΩ) = C1,0

p (bΩ).

Proof. The containment K1,0
p (bΩ) ⊂ C1,0

p (bΩ) is trivial. For the reverse, since λ is pseudoconvex at
p, it follows from the Cauchy-Schwarz inequality

|λ(Xp, Yp)|2 6 |λ(Xp, Xp)| · |λ(Yp, Yp)|

that if Xp lies in the isotropic cone of the Levi form at p, then immediately it belongs to the kernel of
the Levi form.

The following proposition is clear and will be stated without proof.

Proposition 1.12. Let bΩ be the boundary of a domain Ω ⊂ Cn. Suppose that it is pseudoconvex at
p ∈ bΩ, then Xp ∈ C 1,0

p (Ω) if and only if the vector Xp · λ annihilates the first n − 1 columns of the
Levi matrix.

Definition 1.13 (Definition ofNx). For the rest of the introduction, to follow the exposition of Kohn’s
paper [Koh79],Nx will be used to denote the isotropic cone, or the kernel of the Levi matrix, whenever
pseudoconvexity is assumed.
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1.2.3 Subellipticity of ∆ and regularity of the canonical solution As explained earlier, the pseu-
doconvexity condition of the bounded domain Ω ⊂ Cn implies the existence of Kohn’s canonical
solution to the ∂̄-Neumann problem:

∂̄u = α, (∂̄α = 0),

with u a (0, 1)-form. Suppose that x0 ∈ Ω̄, and α ∈ L2
0,2(Ω) (or L2

0,2(Ω̄)) so that it is smooth in a
neighbourhood of x0, then the question is whether Kohn’s canonical solution to the ∂̄ equation is also
smooth in some neighbourhood of x0. A sufficent condition for this to hold is the notion of subelliptic
estimates for the ∆ operator.

Definition 1.14 (Subelliptic Estimates). If x0 ∈ Ω̄, the ∂̄-Neumann problem for (p, q) forms satisfies
a subelliptic estimate at x0 if there exist a neighbourhood U ⊆ Cn of x0, and constants ε > 0 and
C > 0, such that for all

φ ∈ Dp,q(U) :=
{
φ ∈ Domp,q(∂̄

∗) : φIJ ∈ C∞c (U ∩ Ω̄)
}
,

the following estimate holds:

‖φ‖2
ε 6 C

(
‖∂̄φ‖2 + ‖∂̄∗φ‖2 + ‖φ‖2

)
. (1.15)

Here ‖·‖2
ε denotes the Sobolev norm of order ε. To ease some notations, given any two (p, q)-forms

φ and ψ, let Q(φ, ψ) denote the bilinear pairing

Q(φ, ψ) := (∂̄φ, ∂̄ψ) + (∂̄∗φ, ∂̄∗ψ) + (φ, ψ).

A consequence of the subelliptic estimate in equation (1.15) is the following theorem which answers
the question of local regularity of the canonical solution to the ∂̄ equation:

Theorem 1.16 (Kohn-Nirenberg, see [Koh79]). Suppose that Ω ⊂ Cn is a bounded pseudoconvex
domain with C∞ boundary. Assume also that equation (1.15) holds at x0 ∈ Ω̄. If α ∈ L2

p,q(Ω) is
smooth in a neighbourhood of x0, then Nα is also smooth in a neighbourhood of x0. More precisely,
if α is in Hs (which is the Sobolov space of order s) in a neighbourhood of x0, then Nα ∈ Hs+2ε and
∂̄∗Nα ∈ Hs+ε.

A point to emphasise is that the smoothness of the solution is guaranteed only when such an ε > 0
exists. For x0 ∈ Ω, subelliptic estimates always hold with ε = 1, as ∆ is elliptic on the interior of
Ω. The problem appears when x0 ∈ bΩ. The following definition will then be used to explain in
the next paragraph the relation between subelliptic estimates and the tangential subelliptic estimates
when x0 ∈ bΩ:

Definition 1.17. For ε > 0, let E q(ε) denote the subset of Ω̄ consisting of elements x0 such that there
exists a neighbourhood U of x0 on which equation (1.15) holds.

1.2.4 Tangential Sobolev Norm Kohn, in the paper [Koh79], shows that for x0 ∈ bΩ, the subel-
liptic estimate in equation (1.15) can be reduced to the study of regularity property near the boundary
of Ω. For this, the tangential Sobolev norm needs to be introduced. Let Ω ⊂ Cn be a bounded domain
with smooth boundary, and let x0 ∈ bΩ. Assume that in a neighbourhood U ⊆ Cn of x0, the boundary
bΩ∩U may be defined by a defining function Ω∩U = {r < 0} so that dr does not vanish anywhere
on the set {r = 0} = bΩ ∩ U .

By the Implicit Function Theorem, there exists a change of local coordinates on U such that with
the new system (t1, . . . , t2n−1, r) ∈ R2n−1 × R ∼= Cn, the boundary bΩ ∩ U is given by r = 0. The
tangential Fourier transform is then given by

f̂(τ, r) :=
1

(2π)
2n−1

2

∫
R2n−1

e−
√
−1t·τ f(t, r) dt,
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where t := (t1, . . . , t2n−1), τ := (τ1, . . . , τ2n−1), and t · τ :=
∑

16i6n tiτi.
The tangential pseudodifferential operator of order s is given by

Λsf(t, r) :=
1

(2π)
2n−1

2

∫
R2n−1

e
√
−1t·τ (1 + |τ |2)s/2f̂(τ, r) dτ,

and the tangential Sobolev norm of order s is defined as

‖|f |‖2
s :=

∫ 0

−∞

∫
R2n−1

|Λsf(t, r)|2 dt dr.

For a (p, q) form φ =
∑′
|I|=p

∑′
|J |=qφIJ dzI ∧ dz̄J , its tangential Sobolev norm of order s is

‖|φ|‖2
s =

∑
|I|=p

′ ∑
|J |=q

′ ‖|φIJ |‖2
s.

Near the boundary, the subelliptic estimates as in inequality (1.15) can be expressed entirely in terms
of tangential Sobolev norm instead of the Sobolev norm.

Proposition 1.18 (See [Koh79]). For ε > 0, if x0 ∈ bΩ, then x0 ∈ E q(ε) if and only if there exists a
neighbourhood U of x0 and a constant C > 0 such that for all φ ∈ Dp,q(U),

‖|φ|‖2
ε 6 C Q(φ, φ). (1.19)

Since for the rest of the introduction x0 is always assumed to be in the boundary bΩ, equation
(1.19) will also be referred to as the subelliptic estimate of ∆ without much ambiguity. This definition
appears in several literatures such as in [D’A93].

1.2.5 Subelliptic multipliers To solve the ∂̄-Neumann problem for bounded pseudoconvex do-
mains, Kohn introduced the notion of subelliptic multipliers.

Definition 1.20 (Subelliptic multipliers). Let Ω be a smoothly bounded pseudoconvex domain in Cn

and let x0 ∈ bΩ be a point. Let C∞x0
denote the ring of germs of smooth functions at that point. An

element g ∈ C∞x0
is called a subelliptic multiplier for (0, 1)-forms if there is a neighbourhood U ⊆ Cn

of x0, and positive constants C > 0 and ε > 0, such that

‖|gφ|‖2
ε 6 CQ(φ, φ)

for all φ ∈ D0,1(U). The open set U , and the constants C and ε, depend on g.

An example of a subelliptic multiplier is the following:

Proposition 1.21 (See [D’A93]). Let x0 be a point in the smooth boundary bΩ of the bounded pseu-
doconvex domain Ω ⊂ Cn, which has a defining function r defined in a small neighbourhood U ⊆ Cn

of x0. Then there exists a constant C > 0 such that for all φ ∈ D0,1(U),

‖|rφ|‖2
1 6 CQ(φ, φ).

Let J(x0) ⊆ C∞x0
be the collection of all subelliptic multipliers at x0. Then J(x0) is an ideal. In

fact, it is also a real radical ideal in the following sense: for any ideal I ⊆ C∞x0
, the real radical of I ,

denoted by radR(I), is the set of elements g ∈ C∞x0
such that there exists a positive integer N , and an

element f ∈ I so that
|g|N 6 |f |.

More precisely,
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Proposition 1.22 (See [D’A93]). Let Ω ⊂ Cn be a bounded pseudoconvex domain and x0 ∈ bΩ.
Suppose f ∈ J(x0) so that there exist U ⊂ Cn a neighbourhood of x0, and constants Cf > 0 and
ε > 0, with for all φ ∈ D0,1(U),

‖|fφ|‖2
ε 6 CfQ(φ, φ).

If g ∈ C∞x0
be such that |g|N 6 |f | for some positive integer N , then there exists a constant Cg > 0

such that for all φ ∈ D0,1(U),
‖|gφ|‖2

ε/N 6 CgQ(φ, φ).

1.2.6 Vector and matrix multipliers Similar to subelliptic multipliers, there are also vector and
matrix multipliers.

Definition 1.23 (Vector Multipliers). Let x0 ∈ bΩ be a point in the boundary of a bounded pseudo-
convex domain Ω ⊂ Cn with smooth boundary. A (1, 0)-vector field

v =
∑

16j6n
vj

∂

∂zj

is a vector multiplier if there is a neighbourhood U of x0, and positive constants C > 0 and ε > 0
such that for all φ ∈ D0,1(U), ∥∥∥∥∣∣∣∣ ∑

16j6n
vjφj

∣∣∣∣∥∥∥∥2

ε

6 CQ(φ, φ).

An example of a vector multiplier is the following proposition:

Proposition 1.24 (See [D’A93]). Let x0 ∈ bΩ be a point in the smooth boundary of a bounded
pseudoconvex domain Ω ⊂ Cn. Suppose that f ∈ C∞x0

is a subelliptic multiplier, that is there exist
U ⊆ Cn a neighbourhood of x0, and positive constants C > 0 and ε > 0, such that

‖|fφ|‖2
ε 6 CQ(φ, φ)

for all φ ∈ D0,1(U), then there exists a constant C ′ > 0 such that for all φ ∈ D0,1(U),∥∥∥∥∣∣∣∣ ∑
16j6n

∂f

∂zj
φj

∣∣∣∣∥∥∥∥2

ε/2

6 C ′Q(φ, φ).

In other words, the (1, 0)-form ∂f is a vector multiplier. For example, since r is a subelliptic
multiplier by Proposition 1.21, ∂r is also a multiplier with regularity ε > 1/2. Another example of a
vector multiplier is the first n− 1 columns of the Levi matrix.

Proposition 1.25 (See [Koh79], page 97). Assuming the hypothesis as in the definition 1.26. Each of
the first n − 1 columns of the Levi form λ is a vector multiplier. In other words, there exist constant
C > 0 and an open neighbourhood U ⊆ Cn of x0 such that for all φ ∈ D0,1(U),∥∥∥∥∣∣∣∣ ∑

16i6n
λijφi

∣∣∣∣∥∥∥∥2

1/2

6
∑

16j6n−1

∥∥∥∥∣∣∣∣ ∑
16i6n

λijφi

∣∣∣∣∥∥∥∥2

1/2

6 CQ(φ, φ).

Next, let A be an n× n matrix with entries in C∞x0
given by

A = (aij)16i,j6n, (aij∈C∞x0
).

The action of A on (0, 1) forms φ =
∑

φjdzj can then be defined in the usual way of matrix
multiplication

Aφ =
∑

16j6n

( ∑
16k6n

ajkφk

)
dz̄j. =

a11 · · · a1n
... . . . ...
an1 · · · ann


φ1

...
φn

 .
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Definition 1.26. Let x0 ∈ bΩ be a point in the smooth boundary of a bounded pseudoconvex domain
Ω ⊂ C∞. A matrix A = (aij) is a matrix multiplier if there exist a neighbourhood U of x0, and
positive constants C > 0 and ε > 0 such that

‖|Aφ|‖2
ε 6 CQ(φ, φ)

for all φ ∈ D0,1(U).

Also, given that A is a matrix multiplier in definition 1.26, its determinant detA is a subelliptic
multiplier with

‖|(detA)φ|‖2
ε 6 C ′Q(φ, φ).

For details, see [D’A93].

1.2.7 Constructing new multipliers from old ones The properties of subelliptic multipliers, vec-
tor multipliers and matrix multipliers allow the construction of new multipliers from the old ones.
For example, let f1, . . . , fn be subelliptic multipliers. By restricting to a smaller open neighbourhood
U ⊆ Cn of x0 ∈ bΩ, and by choosing suitable constants C > 0 and ε > 0, for all φ ∈ D0,1(U), and
1 6 i 6 n, it may be assumed that

‖|fiφ|‖2
ε 6 CQ(φ, φ).

By Proposition 1.24, each ∂fi is a vector multiplier with for all φ ∈ D0,1(U),

‖|∂fi · φ|‖2
ε/2 6 CQ(φ, φ) (16i6n).

Putting each of the vectors ∂fi as a row of the following matrix

A =

∂z1f1 · · · ∂znf1
... . . . ...

∂z1fn · · · ∂znfn

 ,

it is evident that for all φ ∈ D0,1(U),

‖|Aφ|‖2
ε/2 6 CQ(φ, φ).

Taking the determinant of the matrix,

‖|(det A)φ|‖2
ε/2 6 CQ(φ, φ).

Hence a new subelliptic multiplier det A is constructed from f1,. . . ,fn. Moreover, some of the rows
in A may be replaced by some of the first n− 1 columns of the Levi matrix, or the vector ∂r. Taking
its determinant also constructs a new subelliptic multiplier.

1.2.8 Kohn’s algorithm Let Ω ⊂ Cn be a bounded pseudoconvex domain with smooth boundary
bΩ, and let x0 ∈ bΩ be a point. Let U ⊆ Cn be a neighbourhood of x0 such that bΩ ∩ U has a
real-analytic, real-valued defining function bΩ ∩ U = {r = 0}, and dr does not vanish anywhere on
bΩ∩U . Based on the discussions in paragraph 1.2.7 on constructing new subelliptic multipliers from
old ones, Kohn’s algorithm provides a systematic approach to construct ideals of multipliers.
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Definition 1.27 (Kohn’s Algorithm). The Kohn’s ideals of subelliptic multipliers are inductively de-
fined by

J0(x0) = radR(det(µ0)),

Jk+1(x0) = radR(Jk(x0), det(µk+1)),

where µ0 is a matrix whose rows consist of either one of the first n − 1 columns of the Levi matrix
or the vector ∂r. Let µk+1 denote the set of matrices whose rows are either ∂f for some f ∈ Jk(x0),
one of the first n − 1 columns of the the Levi matrix, or the vector ∂r. The notation det(µk) then
represents the ideal generated by all the determinants of this form.

Observe that there is an increasing sequence of ideals in C∞x0

J0(x0) ⊆ J1(x0) ⊆ · · · ⊆ Jk(x0) ⊆ · · · ad infinitum.

Say that Kohn’s algorithm terminates if there exists k > 0 such that 1 ∈ Jk(x0), and therefore clearly
by definition, subelliptic estimates hold at the point x0. The termination of algorithm is related to the
presence of a holomorphic variety contained in bΩ ∩ U .

1.3 The geometry of Kohn’s algorithm – complex-valued, real-analytic case
1.3.1 The complex-valued, real-analytic case In this subsection, Kohn’s algorithm is to be seen
in the context of germs of real-analytic functions. Let x0 ∈ bΩ, and let Ax0 denote the set of germs
of (complex-valued) real-analytic functions at x0. If S ⊂ Ax0 , then let 〈S〉 denote the ideal of real-
analytic functions generated by S, and let radR(S) denote the set of all g ∈ Ax0 such that there exists
a positive integer m > 1, and f ∈ S such that |g|m 6 |f |.

Let I ⊂ Ax0 be an ideal. Denote V (I) the germ of real-analytic variety defined by I , that is take
f1,. . . ,fk be generators of I . Let U ⊂ Cn be the open neighbourhood of x0 on which fi is defined for
every i. Then

U ∩ V (I) = {x ∈ U : f1(x) = · · · = fk(x) = 0}.

If x ∈ V (I), let Ix(V (I)) denote the germs of real-analytic functions at x which vanish on V (I).
The following results and definitions, which are analogous to those in complex analytic geometry,
will be mentioned without proof, and instead readers are referred to [Koh79]. They will be used to
explain the geometry of Kohn’s algorithm.

Theorem 1.28 (Lojasiewicz (Nullstellensatz)). If I ⊆ A0 is an ideal of germs of real-analytic func-
tions at 0 ∈ Rn, then I0(V (I)) = radR(I).

Proposition 1.29 (Weak form of Coherence). If I ⊆ A0 is an ideal of real-analytic functions at
0 ∈ Rn. Assume that I = radRI . Then there exists a sequence of points xν ∈ V (I) such that xν → 0,
and such that each xν has a neighbourhood Uν such that if y ∈ Uν∩V (I), then Iy(V (I)) is generated
by finitely many elements of I .

Definition 1.30 (Zariski Tangent Space). Let I be an ideal of germs of real-analytic functions at x0,
and let x ∈ V (I). Define Z1,0

x (I) be the Zariski tangent space of I at x by

Z1,0
x (I) = {L ∈ T 1,0

x Cn : 〈∂f(x), L〉 = 0 for all f ∈ I}.

For a germ of real-analytic variety V at x0, define

Z1,0
x (V ) := Z1,0

x (IxV ).

An immediate consequence of the definition of Zariski tangent space is the following lemma:
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Lemma 1.31. If I is an ideal of the ring of germs at x0 and if x ∈ V (I), then

Z1,0
x (V (I)) ⊆ Z1,0

x (I). (1.32)

Moreover, if IxV (I) is generated by elements of I , then the inclusion is an equality.

Suppose that I is generated by f1,. . . ,fl a finite number of real-analytic functions. Then

Z1,0
x (I) = {L ∈ T 1,0

x Cn : 〈∂fi(x), L〉 = 0 for i = 1, . . . , l}.

This is because every f ∈ I may be written as

f =
∑

16i6l
hifi,

and hence
∂f =

∑
16i6l

fi∂hi + hi∂fi.

On x ∈ V (I),
∂f(x) =

∑
16i6l

hi(x)∂fi(x),

which is a linear combination of ∂fi(x). Therefore Z1,0
x (I) is determined by only a finite number

of linear equations. Without ambiguity, Z1,0
x (I) may sometimes be referred to by Z1,0

x (f1, . . . , fl) if
(f1, . . . , fl) generates I .

For the rest of the section, let Jk(x0) be the ideals generated by Kohn’s algorithm for the ring Ax0

instead of C∞x0
. The termination of Kohn’s algorithm is equivalent to the fact that that there exists k

such that 1 ∈ Jk(x0), which in turn is equivalent to saying that V (Jk(x0)) = ∅.

1.3.2 Holomorphic dimension Observe the following proposition:

Proposition 1.33. If x ∈ V (Jk(x0)), then x ∈ V (Jk+1(x0)) if and only if

dimC(Z1,0
x (Jk(x0)) ∩Nx) > 1.

Proof. Given that x ∈ V (Jk(x0)), and suppose that dimC(Z1,0
k (Jk(x0)) ∩ Nx) = 0. Let L =∑

16i6n ζiLi|x ∈ T 1,0
x Cn. Then L ∈ Z1,0

k (Jk(x0)) ∩ Nx if and only if L satisfies the following
linear equations

〈∂r(x), L〉 = 0,∑
16i6n

λijζi = 0, 1 6 j 6 n− 1∑
16i6n

Li(f)ζi = 0, f ∈ Jk(x0).

(1.34)

The first equation says that L ∈ T 1,0
x bΩ, while the first two equation says that L ∈ Nx. The last

equation says L ∈ Z1,0
x (Jk(x0)). The assumption that Z1,0

k (Jk(x0)) ∩ Nx is zero dimensional means
that the intersection of the hyperplanes defined by equation in (1.34) consists only of the origin in
T 1,0
x Cn. Therefore, there exist n hyperplanes from equations in (1.34), say H1,. . . ,Hn, such that their

intersection is only the origin. Let r1,. . . , rn be row vectors that are either ∂r, or one of the first n− 1
columns of the Levi forms, or ∂f for some f ∈ Jk(x0) such that ri(x) defines the hyperplane Hi.
Putting the ri as rows of a matrix A, the discussion above implies that detA(x) 6= 0, hence by the
definition of Kohn’s algorithm, detA ∈ Jk+1(x0). Consequently, there exists an element det(A) in
Jk+1(x0) which does not vanish at x, and so x /∈ Jk+1(x0).

Conversely, if dimC(Z1,0
k (Jk(x0)) ∩ Nx) > 1, then any of the n hyperplanes given by equation

(1.34) cannot be linearly independent at x. Hence for any n hyperplanes H1, . . . , Hn taken from the
same equation, if r1, . . . , rn are row vectors as before, and A be a matrix with row entries ri, then
det A vanishes at x, and therefore x ∈ V (Jk+1(x0)).
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The notion of holomorphic dimension was introduced by Kohn in his paper [Koh79] to further
understand the relation between subelliptic estimates and the presence of holomorphic varieties in the
boundary. The following is the definition found in the same paper.

Definition 1.35. If V is a real-analytic variety contained in bΩ, the holomorphic dimension of V is
defined by

hol-dim V = minx∈V dimC Z
1,0
x (V ) ∩Nx.

1.3.3 Zero holomorphic dimension implies termination of algorithm Let Ω be a bounded, pseu-
doconvex domain with smooth boundary, and let x0 ∈ bΩ. Let U ⊂ Cn be an open neighbourhood of
x0 so that there is a real-analytic, real-valued function r on U , with U ∩ bΩ being the zero locus of r.
Also, by shrinking to a smaller open set U , dr may be assumed to be non-vanishing everywhere.

If for every real analytic variety V ⊂ U ∩ bΩ, its holomorphic dimension hol-dim(V ) = 0, then
Kohn’s algorithm terminates. Note that there is no assumption that x0 ∈ V . More precisely, given the
hypothesis, suppose that at step k, the variety V (Jk(x0)) defined by the ideal Jk(x0) ⊂ Ax0 generated
at the k-th step is non-empty, then it is claimed that

dim V (Jk(x0)) > dim V (Jk+1(x0)).

Suppose otherwise, that is dim V (Jk(x0)) = dim V (Jk+1(x0)). By the weak coherence property,
there exists a point x ∈ V (Jk+1(x0)) ⊆ V (Jk(x0)) and a neighbourhood Wx ⊂ U ∩ bΩ of x in bΩ
such that for every y ∈ Wx ∩ V (Jk+1(x0)), the ideal IyV (Jk+1(x0)) is generated by finitely many
elements of the set Jk+1(x0).

Then choose a smaller neighbourhood W ⊂ Wx which does not necessarily contain x, and such
that bothW ∩V (Jk(x0)) andW ∩V (Jk+1(x0)) are non-empty, and whose dimensions are maximal at
all points. This can be done since the set of singular points forms a thin closed set of W ∩ V (Jk(x0))
and W ∩ V (Jk+1(x0)). From the set inclusion V (Jk+1(x0)) ⊆ V (Jk(x0)) on W , and given that
the dimension of both spaces are equal, there is therefore a set equality W ∩ V (Jk+1(x0)) = W ∩
V (Jk(x0)) := X . Immediate from this, by Proposition 1.33, for all y ∈ X ,

dimC (Z1,0
y (Jk(x0)) ∩Ny) > 1.

Now, the proof concludes by showing that this would imply

hol-dim W ∩ V (Jk(x0)) > 1,

and hence X , which does not necessarily contain x0, is the variety with positive holomorphic dimen-
sion that is contained in U∩bΩ, and this contradicts the hypothesis that there is no variety V ⊂ U∩bΩ
with strictly positive holomorphic dimension. Unravelling the definition of hol-dim W ∩ V (Jk(x0)),
it is equivalent to showing that at all y ∈ W ∩ V (Jk(x0)),

dimC(Z1,0
y (Iy(W ∩ V (Jk(x0)))) ∩Ny) > 1.

By the coherence property, the ideal
Iy(V (Jk(x0)))

is generated by Jk(x0). By Lemma 1.31, there is an equality of vector spaces

Z1,0
y (V (Jk(x0))) = Z1,0

y (Jk(x0)).

By definition 1.30,
Z1,0
y (V (Jk(x0))) := Z1,0

y (Iy(W ∩ V (Jk(x0)))),

and therefore, it follows easily that

dimC(Z1,0
y (Iy(W ∩ V (Jk(x0)))) ∩Ny) = dimC(Z1,0

y (Jk(x0)) ∩Ny) > 1.

After arriving at this inequality, the only possible conclusion is that the dimension of V (Jk(x0)) is
strictly decreasing with respect to increasing k, and hence Kohn’s algorithm must terminate.
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1.3.4 Varieties with positive holomorphic dimension implies non-termination of algorithm
With the same hypothesis as in the previous paragraph, but this time assuming that there exists
V ⊂ U ∩ bΩ of positive holomorphic dimension. The claim is that V ⊂ V (Jk(x0)) for all k > 0, and
the proof proceeds by induction. Since V ⊂ U ∩ bΩ, the variety V lies in the zero set {r = 0}. On
the other hand, since hol-dim V > 1, the dimension of the kernel of the Levi form λ is at least 1 at all
y ∈ V . Let A be the matrix whose rows are either one of the first n− 1 columns of the Levi form, or
the vector ∂r. Therefore det(A) vanishes at y, and V ⊂ V (J0(x0)).

It follows that V ⊂ V (J1(x0)) and the reason is as follows. Since hol-dim V > 1, at each y ∈ V ,
there exists a vector L ∈ T 1,0

y (Cn) which is not zero such that L ∈ Ny and 〈∂g(y), L〉 = 0 for
all g ∈ Iy(V ). Since V ⊂ V (J0(x0)), every function f ∈ J0(x0) also vanishes on V , and hence
V ⊆ {f = 0}, which implies that L is also tangent to f at y. Thus 〈∂f(y), L〉 = 0 for any f ∈ J0(x0)
. For any matrix A whose rows are either ∂r, or any of the first n − 1 columns of the Levi matrix,
or ∂f for some f ∈ J0(x0), by definition of Kohn’s algorithm the determinant detA ∈ J1(x0) lies
in the first ideal, and therefore det(A) vanishes at all y ∈ V . Hence, V ⊂ V (J1(x0)) and the initial
induction step is done.

Now assume that for a certain k, V ⊆ V (Jk(x0)). If g ∈ Jk(x0), then V ⊂ {g = 0} and so
for each y ∈ V , Z1,0

y (V ) ⊆ Z1,0
y (V (Jk(x0))). But from equation (1.32), there is also an inclusion

Z1,0
y (V (Jk(x0))) ⊆ Z1,0

y (Jk(x0)). In summary,

Z1,0
y (V ) ⊆ Z1,0

y (V (Jk(x0))) ⊆ Z1,0
y (Jk(x0)).

By the assumption that
dimC (Z1,0

y (V ) ∩Ny) > hol-dim(V ) > 1,

the inclusion above implies that

dimC Z
1,0
y (Jk(x0)) ∩Ny > 1,

which by Proposition 1.33, shows that x ∈ V (Jk+1(x0)). This completes the induction process.
Hence for all k, the set V (Jk(x0)) can never be empty for all k and therefore the ideal Jk(x0) can
never contain 1. This means that Kohn’s algorithm can never terminate. In summary

Theorem 1.36. Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn, and its
boundary is real-analytic near a boundary point p0. Let Jk(x0) be the sequence of ideals of subelliptic
multipliers at p0 constructed from Kohn’s algorithm. Then there is an integer k such that 1 ∈ Jk(x0)
if and only if there are no varieties of positive holomorphic dimension in any neighbourhood of p0.
Therefore, there is a subelliptic estimate for the ∂̄-Neumann problem at p0 if there are no complex
analytic varieties of positive dimension in any neighbourhood of p0.

1.3.5 The consequences of the Diederich-Fornæss theorem Another notion of the holomorphic
dimension is given in the paper of Diederich-Fornæss [DF78], which is defined as follows. For a
variety V ⊂ U ∩ bΩ, and for p ∈ V , let Z1,0

p (V ) be the Zariski tangent space as before, and Np be
the kernel of the Levi form at p. The holomorphic dimension in the sense of Diederich-Fornaess at a
point p is given by

hol-dimDF,p(V ) := supW=W (p)infw∈W∩V dimC(Z1,0
w (V ) ∩Nw),

where W is an open neighbourhood of p. The holomorphic dimension of V in the sense of Diederich-
Fornaess is then given by

hol-dimDF(V ) := minp∈V hol-dimDF,p(V ).

The Diederich-Fornaess theorem states the following:
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Theorem 1.37 (Diederich-Fornaess). If Ω is pseudoconvex, if r is real-analytic in a neighbourhood
U of x0 ∈ bΩ, and if there is a real-analytic variety V ⊆ U ∩ bΩ with hol-dimDF(V ) > q, then there
exists a complex analytic variety W ⊂ U ∩ bΩ with dim W = q.

The condition that the holomorphic dimension in the sense of Kohn is positive, i.e.

hol-dim(V ) = minp∈V dimC(Z1,0
p (V ) ∩Np) > 1,

implies anyway for any neighbourhood W of p ∈ V , the following inequality holds:

infw∈W∩V dimC(Z1,0
w (V ) ∩Nw) > 1,

and hence it satisfies the Diederich-Fornaess condition that hol-dimDF(V ) > 1.
However, it is important to note that in the theorem of Diederich-Fornaess, it is not assumed that

x0 ∈ V , nor does the conclusion say that x0 ∈ W . The following theorem of Fornaess gives a
sufficient condition for which W contains x0 in the case where W is a complex analytic variety with
strictly positive complex dimension.

Theorem 1.38 (Fornæss). If Wk is a sequence of complex varieties with dim Wk > q, Wk ⊂ bΩ, and
x0 is a cluster point of this sequence, then there exists a complex variety W such that dim W > q,
W ⊂ bΩ, and x0 ∈ W .

Therefore, with these two theorems, the following result of Kohn summarises the discussion on
the geometry of subelliptic estimates:

Theorem 1.39 (See [Koh79]). Assume that Ω is bounded, pseudoconvex with smooth boundary, x0 ∈
bΩ, and r is real-analytic in a neighbourhood of x0. Then the following conditions are equivalent (the
statement differs from the original result in that it is adapted for q = 1):

1. 1 ∈ Jk(x0)) for some k > 1,

2. There exists a neighbourhood U ⊂ Cn of x0 such that U ∩ bΩ does not contain any complex
analytic variety of dimension 1,

3. If W is a germ of a complex-analytic variety at x0 such that W ⊂ bΩ, then dim W = 0.

Proof. The proof proceeds by 3 =⇒ 2 ⇐⇒ 1 =⇒ 3. To show 1 implies 2, the termination of
Kohn’s algorithm is equivalent to the non-existence of real-analytic variety V ⊂ U ∩ bΩ of positive
holomorphic dimension by Theorem 1.36. Since every complex analytic variety X ⊂ U ∩ bΩ of
dimension greater than or equals to 1 is automatically of positive holomorphic dimension, therefore
this implies by contraposition the non-existence of complex analytic variety of dimension 1 contained
in U ∩ bΩ. To prove 2 implies 1, the hypothesis implies that there exists U ⊂ Cn of x0 such that
U ∩ bΩ does not contain any variety V of positive holomorphic dimension by the Diederich-Fornaess
theorem (or otherwise, if U ∩ bΩ contains a variety with positive holomorphic dimension, then it will
contain a complex analytic variety with dimension at least 1). But by the same Theorem 1.36, this
implies that Kohn’s algorithm terminates, and the first set of equivalent conditions is proved.

Next to prove 3 implies 2, the proof proceeds by contraposition. Assume that every neighbourhood
U ⊂ Cn of x0 has U ∩ bΩ containing a complex analytic variety of dimension 1. Choose Uk ⊆ Cn

a sequence of open sets containing x0 that converges to x0. Hence Uk ∩ bΩ contains a complex
analytic variety Wk with x0 as the cluster point. By Fornæss’ theorem, there exists W a complex
analytic variety with W ⊂ bΩ, dim W > 1 and x0 ∈ W , and hence the proof is done. Finally to
prove 1 implies 3, again proceed by contraposition, and this becomes clear: if there exists W ⊂ bΩ a
complex analytic variety with dim W > 1 and x0 ∈ W , then for every neighbourhood U ⊆ Cn of x0,
U ∩ bΩ will contain a variety with positive holomorphic dimension, and therefore by Theorem 1.36,
1 /∈ Jk(x0) for all k.
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1.3.6 Explanation of the Diederich-Fornæss theorem Before the discussion starts, here is an
observation:

Proposition 1.40. On some open subset U of a C 3 hypersurface bΩ ⊂ Cn (pseudoconvexity is not
necessary in this case), if the kernel of the Levi forms at various points p ∈ U gather as a certain
complex vector sub-bundles (identifying U with bΩ upon suitable restriction to a smaller topological
subspace)

K1,0(bΩ) ⊂ T 1,0(bΩ),

then the following three involutiveness conditions are satisfied

[K1,0(bΩ), K1,0(bΩ)] ⊂ K1,0(bΩ),

[K0,1(bΩ), K0,1(bΩ)] ⊂ K0,1(bΩ),

[K1,0(bΩ), K0,1(bΩ)] ⊂ K1,0(bΩ)⊕K0,1(bΩ).

Proof. See [MPS].

Introduce the following notation

Kc
p(bΩ) := Re K1,0

p (bΩ).

The Diederich-Fornaess theorem may be explained without difficulty C∞ submanifold V ⊂ bΩ of a
real analytic pseudoconvex boundary of Ω ⊂ Cn is assumed to have a positive constant holomorphic
dimension (and hence independent of p), that is to say define

hol-dim1(V ) := dim T 1,0
p V ∩K1,0

p (bΩ) > 1.

Here T 1,0
p V is understood to be the (1, 0)-tangent space of V at p, and hence the definition of this

holomorphic dimension differs slightly from Kohn’s definition. On the other hand, if bΩ is pseudo-
convex, by Proposition 1.11, this is equivalent to the null space Np of the Levi matrix at p, so there is
no ambiguity here. The subscript “1” is used to make this distinction, but for convenience, it will be
dropped in the rest of this section.

Given this setting, the main point of the Diederich-Fornaess theorem is the involutiveness of the
Levi kernel when p 7→ dimCK

c
p(bΩ) has a constant dimension, that is Kc

p(bΩ) is a real sub-bundle of
T (bΩ). More precisely,

Proposition 1.41. In a C∞ pseudoconvex boundary bΩ ⊂ Cn, assume that a C∞ submanifold V ⊂
bΩ has the property that the intersection of its tangent bundle with the ambient Levi kernel

T DFV := TV ∩Kc(bΩ)|S

is a real vector sub-bundle of T c(bΩ), then

[Γ(T DFV ),Γ(T DFV )] ⊆ Γ(T DFV ).

The proof of this proposition is done in several stages. To begin, the following lemma describes
the order of vanishing of the Levi form at a point p ∈ bΩ.

Lemma 1.42. Let bΩ = {r = 0} be a C∞ boundary, which is pseudoconvex. Let p ∈ bΩ and let
X ,Y ∈ Γ(T 1,0(bΩ)) be sections of T 1,0bΩ defined in a neighbourhood of p. If

Xp ∈ K1,0
p (bΩ), and Yp ∈ K1,0

p (bΩ)

then the Levi form
bΩ 3 q 7−→ λ(X ,Y )(q)

vanishes at least order 2 at q = p.
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Proof. The proof reduces to studying the following map:

ϕ : bΩ 3 q 7−→ λ(X ,X )(q).

By the pseudoconvexity condition, ϕ(q) > 0 for all q ∈ bΩ. Also ϕ is smooth since r is smooth.
As this map reaches the minimum at q = 0, ϕ and its first derivative vanish at p, and this proves the
simple case.

For the general case, consider the following formulae

Re λ(X ,Y ) =
1

4

[
λ(X + Y , X + Y )− λ(X − Y , X − Y )

]
,

Im λ(X ,Y ) =
1

4

[
λ(X +

√
−1Y , X +

√
−1Y )− λ(X − √−1Y , X − √−1Y )

]
.

Since X + Y , X −Y , X +
√
−1Y and X −√−1Y belong to the isotropic cone, by the discussion

earlier, the order of vanishing of Re λ(X ,Y ) and Im λ(X ,Y ) at p is at least 2. Hence so is
λ(X ,Y ).

Lemma 1.43. Let bΩ = {r = 0} be a C∞ boundary, which is pseudoconvex. Let p ∈ bΩ and let
X ,Y ∈ Γ(T 1,0(bΩ)) be sections of T 1,0bΩ defined in a neighbourhood of p. If

Xp ∈ K1,0
p (bΩ), and Yp ∈ K1,0

p (bΩ),

then there exists Z ∈ Γ(T 1,0(bΩ)) defined in a neighbourhood of p so that

[X + X ,Y + Y ] = Z + Z + µT,

where the order of vanishing of µ at p is at least 2.

Proof. An expansion of the expression on the left side of the equation yields

[X + X ,Y + Y ] = [X ,Y ] + [X ,Y ] + [X ,Y ] + [X ,Y ].

Write Z1 := [X ,Y ] which is a T 1,0(bΩ) section, and hence so is its conjugate Z1 = [X ,Y ]. Next,
write

[X ,Y ] = A + B + µ′T,

for some A and B sections of the T 1,0(bΩ) bundle. By the previous lemma, µ′ vanishes at p up to
order 2. Similarly, [X ,Y ] is just the conjugate of [X ,Y ]. Therefore,

[X + X ,Y + Y ] = Z1 + (A + B + µ′T ) + (A + B + µ′T ) + Z1

= (Z1 + A + B) + (Z1 + A + B) + (µ′ + µ′)T.

Setting Z := Z1 + A + B and µ := µ′ + µ′ finishes the proof.

Finally with these two lemmas, the proof of Proposition proceeds:

Proof of Proposition 1.41. To end the proof, pick p ∈ V and let X , Y be tangent vector field near p
satisfying

X|q ∈ TqV ∩Kc
q(bΩ) and Y |q ∈ TqV ∩Kc

q(bΩ)

for all q near p. Since V is a manifold, obviously [X, Y ]|q ∈ TqV . It remains to show that [X, Y ]|q ∈
Kc
q(bΩ). To this effect, introduce

X = X − √−1J(X) and Y = Y − √−1J(Y ),
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where J is the complex structure on TCn. These are sections of K1,0(bΩ)|V ⊂ T 1,0(bΩ)|V . Let T be
the section of the real tangent bundle T (bΩ) satisfying 1 ≡ √−1∂r(T ), so that T |q /∈ T cq (bΩ) for all q
near p. Hence

C⊗R Tq(bΩ) = T 1,0
q (bΩ)⊕ T 1,0

q (bΩ)⊕ CT |q.
Moreover, by Lemma 1.43 that

[X, Y ] = [X + X ,Y + Y ]

= Z + Z + µT,

where µ vanishes on V with order at least 2. It follows that for p ∈ V ,

[X, Y ]|p = Z |p + Z |p.

It remains to show that Z |V ∈ Γ(K1,0(bΩ)) in order to show that [X, Y ] ∈ Γ(Kc(bΩ)). But equiva-
lently, this amounts to showing that for any q ∈ V that are near p,

λ(Z ,Z )(q) = 0.

Writing ϑ :=
√
−1∂r,

λ(Z ,Z ) = ϑ([Z ,Z ])

= ϑ([Z + Z ],Z ])

= ϑ
([

[X + X ,Y + Y ],Z
]
)− ϑ([µT,Z ]).

The second term on the right vanishes on V , as

[µT,Z ] = µ[T,Z ]−Z (µ)[T,Z ],

and µ vanishes on V along with its first derivatives. For the remaining term, applying the Jacobi’s
identity to Lie brackets[

[X + X ,Y + Y ],Z
]

= −
[
[Y + Y ,Z ],X + X

]
−
[
[Z ,X + X ],Y + Y

]
= −

[
[Y ,Z ],X + X

]
−
[
[Y ,Z ],X

]
−
[
[Y ,Z ],X

]
−
[
[Z ,X ],Y + Y

]
−
[
[Z ,X ],Y

]
−
[
[Z ,X ],Y

]
.

Applying the Levi form ϑ =
√
−1∂r to both sides, the second, third, fifth and sixth terms on the right

vanishes because they belong to the T 1,0bΩ⊕ T 0,1bΩ bundle. For the first term and the fourth on the
right, the argument for both is symmetric, hence it suffices to show the vanishing of the first term.
Write

[Y ,Z ] = A + B + νT.

By the assumption that Y |V ∈ Γ(K1,0bΩ)|V , ν vanishes on V so that V lies in the zero set {ν = 0}.
Also, the assumption X|q ∈ TqV implies that X is tangent to V at q, and so it is also tangent to the
zero set {ν = 0}. Consequently, both ν and X (ν) vanish on V . Therefore, using 2X = X + X ,[

X + X , [Y ,Z ]
]

= [X ,A ] + [X ,B] + [X ,A ] + [X ,B]

+ν[2X,T ] + 2X(ν)T.

Applying the Levi form to both sides, the first and the fourth term vanish because they lie in T 1,0bΩ⊕
T 0,1bΩ, while the second and the third term vanish because X is in the Levi kernel. The last two
terms vanish because ν and X (ν) vanish on V .

Proposition 1.41 is the main step of the Diederich-Fornaess theorem. Let S ⊂ bΩ be a real
hypersurface in Cn which contains V . The rest of the proof involves applying the Frobenius theorem
to the bundle T DFV to obtain a submanifold V ′ ⊆ V . Out of a closed set of V ′ of lower dimension,
there is a variety V ′′ ⊆ V ′ that satisfies the property that locally there is a variety of the form Cs×{0}
which is tangent to V ′′ to infinite order, and hence S contains a complex variety. (c.f. [DF78],
proposition 3)
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1.4 Examples
1.4.1 Example 1: Strongly pseudoconvex domains Let Ω ⊂⊂ Cn be a bounded pseudoconvex
domain with a smooth boundary bΩ, and assume that 0 ∈ bΩ. Let U ⊂ Cn be an open neighbourhood
of the origin so that U∩bΩ has a real-analytic defining function U∩Ω = {r < 0}. By a biholomorphic
change of coordinate, r may be assumed to be of the form

r = Re zn + h(z, z̄),

where h = O(|z|2) for all 1 6 i 6 n− 1, and both ∂zih and ∂z̄ih vanish at the origin. Recall that the
coefficients of the Levi form λ are given by

λij =
rij̄rnrn̄ − rin̄rnrī − rnj̄rirn̄ + rnn̄rirj̄

|rn|2
.

At the origin, all the terms containing ri and rj̄ vanish and hence

λij(0) = rij̄(0).

This time, assume that bΩ is strongly pseudoconvex at the origin 0, that is to say the Levi matrix at 0,
given by the coefficients (λij(0)) = (rij̄(0)), is strictly positive definite. The assertion is that there is
no holomorphic curve ϕ : D→ bΩ contained in bΩ and passes through the origin 0 ∈ bΩ. The reason
is as follows, write explicitly ϕ as

ϕ : t 7−→ (ϕ1(t), . . . , ϕn(t)),

where each ϕi(t) is a holomorphic function in t. Then necessarily,

r(ϕ1(t), . . . , ϕn(t), ϕ1(t), . . . , ϕn(t)) ≡ 0.

Taking the derivative with respect to t,

0 ≡ d

dt
r(ϕ1(t), . . . , ϕn(t), ϕ1(t), . . . , ϕn(t))

=
n∑
i=1

∂r

∂zi
(ϕ(t), ϕ(t)) · ϕ′i(t).

Next, taking the derivative of the equation above with respect to t̄ to obtain

0 ≡ d

dt̄

(
n∑
i=1

∂r

∂zi
(ϕ(t), ϕ(t)) · ϕ′i(t)

)

=
n∑
i=1

n∑
j=1

∂2r

∂zi∂z̄j
(ϕ(t), ϕ(t)) · ϕ′i(t)ϕ′j(t).

At the origin, the following equations are obtained:

n∑
i=1

∂r

∂zi
(0)ϕ′i(0) = 0, (1.44)

n∑
i,j=1

∂2r

∂zi∂z̄j
(0) · ϕ′i(0)ϕ′j(0) = 0. (1.45)

But equation (1.45) will not be satisfied if bΩ is strictly pseudoconvex at 0, as it would have been
strictly positive instead of being 0. Therefore, if bΩ is strictly pseudoconvex at the origin 0, then there
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is no holomorphic curve passing through the origin. By Theorem 1.39, Kohn’s algorithm terminates
for strongly pseudoconvex domains and hence there is a subelliptic estimate. In fact, it has been
calculated before Kohn created this algorithm that there exists a positive constant C such that for all
φ ∈ D0,1(U),

‖φ‖2
1
2
6 CQ(φ, φ).

For details, see [CS01].

1.4.2 Example 2: Special Domains An important class of real hypersurfaces in Cn for the study
of Kohn’s algorithm is the class of special domains. Let F1(z1, . . . , zn),. . . , FN(z1, . . . , zn) be holo-
morphic function germs at 0 ∈ Cn vanishing at the origin of Cn. Let Ω ⊂ Cn+1 be an open set defined
by

Ω :=

{
(z, zn+1) := (z1, . . . , zn, zn+1) ∈ Cn+1 : 2Re zn+1 −

∑
16i6N

|Fi|2 < 0

}
.

Therefore, its boundary

bΩ =

{
2Re zn+1 =

∑
16i6N

|Fi|2
}

(1.46)

contains the origin 0 ∈ Cn+1. Its Levi form is a matrix whose coefficients are given by

λij =
∑

16m6N

∂Fm
∂zi

∂Fm
∂zj

and moreover, bΩ is pseudoconvex. Its determinant can be expressed as

det(λ) =
∑

16i1<···<in6N
|Jac(Fi1 , . . . , Fin)|2.

Therefore, det(λ)(p) = 0 if and only if for every possible combination (i1, . . . , in), Jac(Fi1 , . . . , Fin)
vanishes at p. Kohn’s algorithm may be modified as follows:

Definition 1.47 (Kohn’s algorithm for special domains). Let 〈F1, . . . , FN〉 be an ideal of OCn,0, the
ring of holomorphic function germs at the origin. Associate with it a sequence of nested radical ideals

I1 ⊆ I2 ⊆ · · · ad infinitum.

For each choice of g1, . . . , gn in the ideal 〈F1, . . . , FN〉, consider the Jacobian

det(g) := Jac(g1, . . . , gn) = det

∂z1g1 · · · ∂zngn
... . . . ...

∂z1gn · · · ∂zngn

 .

Let
I#

1 := 〈 det(g) : gi ∈ 〈F1, . . . , FN〉〉

and set I1 =
√
I#

1 the radical (in the usual algebraic sense) of I#
1 . Inductively, once Ik has been

constructed, let I#
k+1 denote the ideal generated by Ik and det A, where A is a matrix whose row is

either of the form ∂g for some g ∈ Ik, or ∂Fi for some 1 6 i 6 N. Then let Ik+1 =
√
I#
k be the

radical ideal. Note that the original functions F1, . . . , FN do not belong to the nested ideals.
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The following subelliptic estimates ε are assigned to the following operations: for the vector mul-
tipliers ∂Fi, let ε = 1/4 (see [Siu10]), and hence by Proposition 1.25, assign 1/4 to Jac(Fi1 , . . . , Fin).
If the subelliptic multiplier f is assigned with ε, and if gm = f for some positive integer m, then
assign ε/m to g. Finally, if every h1, . . . , hn is a subelliptic multiplier that is assigned with ε, then
assign ε/2 to Jac(h1, . . . , hn).

To study holomorphic varieties contained in special domains, let ϕ : D → bΩ be a holomorphic
curve given by ϕ(t) = (ϕ1(t), . . . , ϕn+1(t)). Since bΩ is a special domain as in equation (1.46),
necessarily ϕn+1(t) ≡ 0. The reason is as follows. Since ϕ(D) ⊂ bΩ, there is an identity

ϕn+1(t) + ϕ̄n+1(t̄)−
∑

16i6N
Fi(ϕ(t))F̄i(ϕ̄(t̄)) ≡ 0.

If ϕ̄j(w) is the polarisation of ϕj(t), then necessarily

ϕn+1(t) + ϕ̄n+1(w)−
∑

16i6N
Fi(ϕ(t))F̄i(ϕ̄(w)) ≡ 0.

Setting w = 0 leads to ϕn+1(t) ≡ 0 and this concludes the claim. Hence any holomorphic curve
ϕ : D→ bΩ into special domains passing through the origin must necessarily satisfy∑

16i6N
|Fi(ϕ1(t), . . . , ϕn(t))|2 ≡ 0,

or equivalently, any holomorphic curve ϕ(D) that contains the origin 0 ∈ Cn is contained in the
common zero set of Fi, i.e.

ϕ(D) ⊆
⋂

16i6N

{Fi = 0}.

By a result which is to be seen later, this is equivalent to the finiteness of the intersection multiplicity

dimC OCn,0
/
〈F1, . . . , FN〉 := s <∞.

Question 1.48. The question about Kohn’s algorithm is as follows: are there functions f(s) and g(s)
such that Kohn’s algorithm terminates in f(s) number of steps, and for some open neighbourhood
U ⊂ Cn+1 of the origin

‖|φ|‖2
ε 6 CQ(φ, φ)

for all φ ∈ D0,1(U), with ε > g(s). Here the constant C is independent of φ. If such f and g can be
found, Kohn’s algorithm is said to terminate with effectiveness.

1.4.3 Siu’s effective method for special domains in C3, and problems with generalisation To
gain an understanding of Siu’s effective method for special domains in C3, consider the following
“model” space

bΩ :=

{
2Re z3 = |z1|2 +

∣∣∣∣zλ2 +
∑

06j6λ−1
aj(z1)zj2

∣∣∣∣2},
where λ > 1. Here the aj(z1)’s are holomorphic functions in z1 that vanish at z1 = 0, in other
words, zλ2 +

∑
06j6λ−1

aj(z1)zj2 is a Weierstrass polynomial. Moreover, the intersection multiplicity can

be calculated

dimC OC2,0

/〈
z1, z

λ
2 +

∑
06j6λ−1

aj(z1)zj2

〉
= λ.

The first step in Kohn’s algorithm consists of taking the Jacobian

Jac

(
z2, z

λ
2 +

∑
06j6λ−1

aj(z1)zj2

)
= λzλ−1

2 +
∑

16j6λ−1
jaj(z1)zj−1

2 ,
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whose multiplicity is assigned 1
4
. Then after λ number of steps, the ideal Iλ contains the constant

function λ! which is invertible, and hence 1 ∈ Iλ. Moreover, the subelliptic estimate is obtained with
ε > 1

4·2λ−1 . In this case, Kohn’s algorithm terminates with effectiveness.
This idea can be generalised, as shown in the article of Siu [Siu10]. Given F1,. . . ,FN holomorphic

function germs at 0 ∈ Cn that vanish at the origin. Assume also that their intersection multiplicity is
finite. The first step is to reduce N functions to the case of two functions by taking a suitable generic
linear combinations

A =
∑

16i6N
µiFi and B =

∑
16i6N

λiFi,

where µi and λi are constant complex numbers. Let h̃2 be the reduction of Jac(A,B). Then choose
another generic linear combination

h1 =
∑

16i6N
ciFi

so that
dimCOC2,0

/
〈h1, h̃2〉

has effective upper bound. From h1 and h̃2, a holomorphic function h2 may be constructed so that
h2(0, z2) has an effective vanishing order at z2 = 0. Moreover, h2(h1, z2) has an additional property
that it is a subelliptic multiplier, and hence by Weierstrass preparation theorem applied to h(z1, z2)
(forgetting about the unit),

h2(h1, z2) = zλ2 +
∑

16j6λ
aj(h1)zλ−j2 .

Here λ is effective. The rest of Siu’s argument consists of applying the Kohn’s algorithm to the
premultiplier h1, and the subelliptic multiplier h2(h1, z2), and the case is similar to the model case.
The following theorem appeared on Arxiv:

Theorem 1.49. Let (z1, z2, z3) be holomorphic coordinates in C3 with zi = xi +
√
−1yi. For some

N > 2, let F1(z1, z2),. . . ,FN(z1, z2) be holomorphic function germs in OC2,0 vanishing at the origin
such that

dimC OC2,0

/
〈F1, . . . , FN〉 := s <∞.

Let Ω ⊂ C3 be the domain defined by

Ω =

{
(z1, z2, z3) ∈ C3 : 2Re z3 −

N∑
i=1

|Fi(z1, z2)|2 < 0

}
.

Then by Siu’s method, Kohn’s algorithm terminates in at most (4s2− 1)s steps. Moreover, for any
φ ∈ D0,1(Ω) with compact support,

‖|φ|‖2
ε . ‖∂φ‖2 + ‖∂∗φ‖2 + ‖φ‖2,

where

ε >
1

2(4s2−1)s+3s2(4s2 − 1)4
(

8s+1
8s−1

) .
Siu’s argument in the same paper [Siu10] to generalise this idea to higher dimension has a main

difficulty. The problem lies in Proposition A3, page 1234 in Appendix, which he uses in his main
argument, and it says the following:
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Claim 1.50 (Proposition A3 in Siu). Let F1, . . . , FN be holomorphic function germs on Cn at the
origin, vanishing at the origin such that the ideal generated by F1, . . . , FN contains an effective
power of the maximal ideal of Cn. Let 1 6 ν 6 n. Let Jν be the ideal generated by

∂(Fi1 , . . . , Fiν )

∂(zj1 , . . . , zjν )

for 1 6 i1 < · · · 6 iν < N and 1 6 ji < · · · < jν 6 n. Then the ideal Jν contains an effective power
of the maximal ideal of Cn at the origin.

This claim is true only for ν = 1 as a result of the Briançon-Skoda theorem (see later chapter for
more information). The problem with ν > 2 can be illustrated in the following simple counterexam-
ple: for n = 3, take F1 = z1, F2 = z2

2 and F3 = z2
3 . Take ν = 2. Then

J2 = 〈z2, z3, z2z3〉

which does not contain any powers of the maximal ideal of C3 at the origin. Therefore, this thesis
only treats the calculations for special domains in C3.

In the next part of the thesis, the question is whether there is an example where Kohn’s algorithm
terminates in less than 6 steps for special domains in C3? This is a natural question since if J1 ⊆
J2 ⊆ · · · are ideals generated from Kohn’s algorithm in the real-analytic case, then dim V (J1) >
dim V (J2) > · · · . Hence, Kohn’s algorithm should terminate a finite number of steps. For special
domains of the form

Re z3 = |F (z1, z2)|2 + |G(z1, z2)|2,
where F and G are generic homogenous polynomials so that the intersection {F = G = 0} consists
only of the origin, Kohn’s algorithm terminates in 2 steps. The main idea is find a relationship between
the resultants of homogeneous polynomials and the Jacobian of homogeneous polynomials, and keep-
ing track of the resultants at each step of the Kohn’s algorithm. It also shows why taking radicals is
necessary for Kohn’s algorithm to work. Under the assumption that the resultant Resultant(F,G) is
not identically zero (which then leads to {F = G = 0} = {0}), the first step of Kohn’s algorithm is
to take the Jacobian Jac(F,G) of these F and G, and let JA be the reduction of Jac(F,G) (i.e. the
generator of rad〈Jac(F,G)〉). The next step of Kohn’s algorithm is to take the following Jacobians
Jac(JA, F ), and Jac(JA, G). Kohn’s algorithm terminates if either one of the resultants of any two
of the three JA, Jac(JA, F ) and Jac(JA, G) does not vanish, as this would imply that the solution set
of {JA = Jac(JA, F ) = Jac(JA, G) = 0} consists only of the origin, and hence by Nullstellensatz,
the radical of the ideal generated by these three elements is the maximal ideal 〈z, w〉. Then Kohn’s
algorithm terminates at the next step. Under certain generic conditions, the relationship between the
Jacobian and the resultant is the following formula

Resultant(JA, F ) = (−1)? Resultant(F, JA)Resultant(∂zJA, JA)

Resultant(w, JA)
,

where ? depends on the degree of F and G. The definition of the resultant of 2 homogeneous poly-
nomials may be found in chapter 2, section 9, paragraphs 9.1 and 9.2. Here it can be seen that if JA
is not reduced, then Resultant(∂zJA, JA), which is the discriminant of JA, would have been zero, and
hence so is Resultant(JA, F ). Kohn’s algorithm might then need to take more than 2 steps.

1.4.4 Other results For other examples where Kohn’s algorithm terminate with effectiveness,
D’Angelo and Catlin introduced the triangular system in [CD10], which is defined as follows

Definition 1.51 (Triangular Systems). LetH be a collection of non-zero elements of m ⊂ OCn,0. Then
H is a triangular system of full rank if possibly after a change of coordinates, there exist h1,. . . ,hn in
H such that
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1. For each 1 6 i 6 n, and whenever j > i, the derivative of hi with respect to zj vanishes, that is
∂hi
∂zj

= 0.

2. For each i with 1 6 i 6 n, hi(0, zi) does not completely vanish.

Given that {h1, . . . , hn} ⊂ OCn,0 forms a triangular system, they may be written in the form

h1 = zm1
1 ,

h2 = zm2
2 + z1g21(z1, z2),

h3 = zm3
3 + z1g31(z1, z2, z3) + z2g32(z1, z2, z3),

...
hn = zmnn +

∑
16j6n−1

zjgnj(z1, . . . , zn−1).

(1.52)

The intersection multiplicity of the hi’s is finite, or more precisely, in [CD10],

dimC OCn,0
/
〈h1, . . . , hn〉 = m1 · · ·mn.

This is because the basis of the vector space OCn,0
/
〈h1, . . . , hn〉 is spanned by {zα1

1 , . . . , zαnn : 0 6
αi 6 mi}. The following theorem describes the effectiveness of the algorithm for the triangular
systems:

Theorem 1.53 (See [CD10]). There is an effective algorithm for establishing estimates for triangular
systems. Let h1,. . . ,hn define a triangular system as in equation (1.52) . Then

1. There is a finite list of pairs of subelliptic multipliers (B1, A1),. . . ,(BL, AL) such that B1 =
A1 = det(∂zjhi), and BL = AL where BL is invertible in OCn,0.

2. Each Bj divides a power of Aj , and the power depends on dimension n.

3. The length L equals to m1 · · ·mn.

Since subelliptic estimates depend on the presence of holomorphic variety contained in the bound-
ary, D’Angelo has defined a way to measure the closedness of the all types of holomorphic varieties
that touch the boundary bΩ.

Definition 1.54 (∆1(bΩ, p), see [D’A82]). Let (M, p) be the germ at p of a smooth real hypersurface
in Cn. Let rp denote a generator of the principal ideal in C∞p of functions that vanish on M . Then the
maximal order of contact of complex analytic one-dimensional varieties with M at p is the number

∆1(M, p) = supz
ordp(rp ◦ z)

ordpz

where the supremum is taken over all possible holomorphic curve z : D1 → Cn that passes through
the p, that is z(0) = p.

A point p ∈ bΩ is of finite type (see [D’A82]) if there is a bound on the maximum order of contact
of one-dimensional varieties with the boundary at p, or in other words, ∆1 <∞. With this definition,
Catlin has established in [Cat83]; [Cat84]; [Cat87] that the notion of finite type is a necessary and
sufficient condition for subelliptic estimates to hold:

Theorem 1.55 (Theorem of Catlin). Suppose Ω is a smoothly bounded pseudoconvex domain in Cn,
and p is a boundary point. Then the ∂̄-Neumann problem satisfies a subelliptic estimate on (0, 1)
forms if and only if p is a point of finite type.
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Catlin’s theorem is a generalisation of Kohn’s theorem, as it does not involve anything about the
algorithm. The main idea and also the crucial step in proving Theorem is the following

Theorem 1.56 (Theorem of Catlin). Let Ω be a smoothly bounded domain, defined near a boundary
point p by {r = 0}. Suppose that there is a neighbourhood U of p such that the following holds: for
each δ > 0, there is a smooth function Φδ satisfying

1. |Φδ| 6 1 on U ,

2. Φδ is plurisubharmonic on U , so that its Hessian H(Φδ) > 0 on U , and

3. H(Φδ) > cδ2ε on U ∩ {δ < r 6 0},

then there is a subelliptic estimate of order ε at p.

While the ε obtained for triangular systems via Kohn’s algorithm is probably far from optimal,
Catlin and Cho [CC], and independently Khanh and Zampieri [KG14], have established some sharper
subelliptic estimates for certain specific triangular systems using the ideas in Theorem 1.55.

The problem with Kohn’s algorithm is that it terminates but not always with effectiveness. For
example

Proposition 1.57 (See [CD10]). Let (z, w, z3) be holomorphic coordinates of C3, and let Ω ⊂ C3 be
a pseudoconvex domain whose boundary is defined by the defining function

r(z, z) = Re z3 + |zM |2 + |wN + wzK |2

where K > M > 2 and N > 2. Then the root taken in the radical required in the second step of the
Kohn’s algorithm is at least K, and hence is independent of the intersection multiplicity.

Here, a summary of the reason is given in [CD10] as follows. For simplicity, let g := wN + wzK .
By the assumption that K >M , the intersection multiplicity of zM and g is given by

dimC OC2,0

/
〈zM , g〉 = MN.

If Kohn’s algorithm were to terminate, the expected subelliptic regularity ε would depend only on the
intersection multiplicity MN . The first step of the Kohn’s algorithm consists in taking the Jacobian
of zM and g, which gives

J1 := 〈zM−1gw〉,
and hence its radical I1 is generated by the element zgw. Next by choosing the determinant of the
2× 2 minor of the matrix  zM−1 0

gz gw
zgwz + gw zgww

 ,

the ideal generated by zgw and the two new determinants is given by

J2 = 〈zgw, zMgww, zgzgww − zgwgzw〉.

Let I2 be the radical of J2, and it turns out that

I2 = 〈z, w〉

which is the maximal ideal in OC2,0, but zK−1 does not lie in J2 (see [CD10] for more details). To
calculate the ε, note that for all (0, 1)-forms in D0,1(U) for some suitable set U (for the rest of the
calculation, U will be ignored),

‖|zMgwφ|‖2
1
4
. Q(φ, φ).
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Taking the radical means

‖zgwφ‖2
1

4M
. Q(φ, φ).

The next two determinants give also

‖zMgwwφ|‖2
1

4M
. Q(φ, φ)

and

‖(zgzgww − zgwgzw)φ|‖2
1

4M
. Q(φ, φ).

Since the radical of J2 is the maximal ideal, there exists a large R such that zR ∈ J2. Therefore,

‖|zRφ|‖2
1

4M
. Q(φ, φ),

with R > K − 1. Taking the radical,

‖|zφ|‖2
1

4MR
. Q(φ, φ).

The rest of the calculation is not necessary, as the ε obtained from the algorithm would satisfy

ε >
1

4MR
(R>K−1).

Since K is arbitrary, the ε obtained here is not effective.

2 Local Geometry of Complex Spaces and Local Intersection
Theory

2.0.5 Throughout this section, we will study study the geometry of analytic varieties near the
origin.

2.0.6 Let OCn,0 denote the ring of holomorphic function germs at the origin. It can be canonically
identified with C{z1, . . . , zn} the ring of convergent power series.

2.0.7 The ring OCn,0 is local and let m denote its unique maximal ideal, which can be characterised
by one of the following equivalent properties:

(i)
m := {f ∈ OCn,0 : f(0) = 0};

(ii)
m = 〈z1, . . . , zn〉;

(iii) every holomorphic function germ f may be written as f =
∑

k≥1 fk a sum of homogeneous
polynomials fk of degree k.
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2.0.8 For each l ∈ N, we define ml+1 recursively by

ml+1 = m ·ml

=

{
N∑
k=1

fkgk : N ∈ N, fk ∈ m, gk ∈ ml

}
.

For any fixed l > 1, the following conditions are equivalent:
(i) h ∈ ml;
(ii) for each (α1, . . . , αn) ∈ Nn such that α1 + · · ·+ αn 6 l − 1,

(∂α1
z1
· · · ∂αnzn h)(0) = 0;

(iii)
ml = 〈zk1

1 · · · zknn : k1 + · · · kn = l〉;

(iv) h =
∑

k>l hk where either hk vanishes or is a homogeneous polynomial of degree k.

2.0.9 Multiplicity

Definition 2.1. Let h ∈ OCn,0 be a holomorphic function germ, which can be written as

h =
∞∑
k=0

hk

a sum of homogeneous polynomials hk of degree k. The multiplicity of h, which will be denoted by
mult0 h, is the smallest positive integer k for which hk 6≡ 0.

2.0.10 By Paragraph 2.0.8((i) ⇐⇒ (iv)), the holomorphic function h lies in ml if and only if
mult0 h > l. In section 5, we will study the geometric characterisation of multiplicity of a holomorphic
function, and the extension of this notion to certain ideals.

2.1 Local Analytic Geometry
2.1.1 In this subsection, we let F1,. . . , FN be holomorphic function germs in OCn,0 vanishing at
the origin. For easier exposition, we will not specify the domain of definition of the holomorphic
function germs.

2.1.2 Local Analytic Set, Germs of Analytic Space

Definition 2.2. A set X ⊆ Cn is locally analytic if for any point p ∈ X , there exists an open subset
V of p in C, and finitely many holomorphic functions f1,. . . ,fs defined on V , such that

X ∩ V = {x ∈ V : f1(x) = · · · = fs(x) = 0}.

Definition 2.3. A germ of analytic space (X, 0) is a germ at 0 of a locally analytic subset of Cn.

2.1.3 Any germ of an analytic space (X, 0) may be uniquely written as

(X, 0) = (X1, 0) ∪ · · · ∪ (Xr, 0)

a union of irreducible components1, each of which is also a germ of an analytic space ([JP00, Corol-
lary 3.4.18, p 118]).

1A germ of an analytic space (X,x) is irreducible if whenever (X,x) = (X1, x) ∪ (X2, x) with (X1, x) and (X2, x)
germs of analytic spaces, either (X,x) = (X1, x) or (X,x) = (X2, x).
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2.1.4 (V (F ), 0), (V (IF ), 0) and I (X, 0).

Definition 2.4. Let F ∈ OCn,0. The germ of an analytic hypersurface (V (F ), 0) is defined as follows.
Let U be an open neighbourhood of the origin on which F seen as a power series converges. Consider
V (F ) = {p ∈ U : F (p) = 0}. Then (V (F ), 0) is the germ of V (F ) at zero, and is called the zero set
of F .

Definition 2.5. Let IF = 〈F1, . . . , FN〉 be an ideal of OCn,0. The germ of analytic space (V (IF ), 0)
is defined by

(V (IF ), 0) =
N⋂
i=1

(V (Fi), 0).

Definition 2.6. Let (X, 0) be a germ of an analytic space. Then define

I (X, 0) = {f ∈ OCn,0 : (X, 0) ⊆ (V (f), 0)}.

2.1.5 Properties of (V (IF ), 0) and I (X, 0) Let F1, . . . , FN and G1, . . . , GM be holomorphic
function germs in OCn,0. Let IF = 〈F1, . . . , FN〉 and IG = 〈G1, . . . , GM〉 be the corresponding
ideals they generate. Let (X, 0) and (Y, 0) be germs of analytic spaces.

(i) IF ⊆ IG implies that (V (IG), 0) ⊆ (V (IF ), 0);

(ii) (X, 0) ⊆ (Y, 0) implies that I (Y, 0) ⊆ I (X, 0);

(iii) for any k ∈ N>1, and for any ideal IF , (V (I k
F ), 0) = (V (IF ), 0);

(iv) for any germ of analytic space (X, 0), (V (I (X, 0)), 0) = (X, 0)

(v) (Nullstellensatz) I (V (IF ), 0)) =
√

IF .
For ease of notation, let V (F1, . . . , FN) or V (IF ) denote (V (IF ), 0).

2.2 Local Intersection Theory I

2.2.1 We begin with the characterisation of complete intersections of germs of analytic varieties
at the origin.

Theorem 2.7. Let F1,. . . , FN be holomorphic function germs in OCn,0 at the origin. The following
statements are equivalent.

(i) V (F1, . . . , FN) = {0};
(ii) there exists a positive integer q > 1 such that mq ⊆ IF ;

(iii) the number
dimC OCn,0

/
IF =: s

is finite;

(iv) there exists a positive integer p such that locally

|z|p .
N∑
i=1

|Fi|.

Proof. The proof proceeds in the following manner: (i) =⇒ (ii) =⇒ (iii) =⇒ (i), and (ii)⇐⇒ (iv).
For (i) =⇒ (ii), since V (F1, . . . , FN) = {0} = V (m), there is an equality of ideals

I (V (F1, . . . , FN)) = I (V (m)). By Nullstellensatz, therefore m =
√
m =

√
IF . Hence there

exists q ∈ N>1 such that mq ⊆ IF .
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For (ii) =⇒ (iii), the condition that mq ⊆ IF implies that there is a surjective map of C-vector
space

OCn,0
/
mq −→ OCn,0

/
IF

f mod mq 7−→ f mod IF .

Hence,
dimC OCn,0

/
IF 6 dimC OCn,0

/
mq,

and the proof is complete since dimCOCn,0
/
mq is always finite for q ∈ N>1.

For (iii) =⇒ (i), it is needed to show that the set

{(α1, . . . , αn) ∈ Cn : Fk(α1, . . . , αn) = 0 for all 1 6 k 6 N}

is finite. To this effect, it suffices to show that there can only be finitely many choices for each αi.
Since OCn,0

/
IF is finite dimensional, for each 1 6 i 6 n, there exists ki ∈ N>1 such that the classes

{1, zi, . . . , zkii }

form a linearly dependent set in OCn,0
/
IF . Hence there exist constants {ci,0, . . . , ci,ki} such that

ki∑
j=0

cijz
j
i ≡ 0 mod IF .

Thus there exists a holomorphic function hi(z1, . . . , zn) ∈ IF such that

ki∑
j=0

cijz
j
i − hi(z1, . . . , zn) ≡ 0 (16 i6n).

If (α1, . . . , αn) ∈ IF , then for all 1 6 i 6 n, one has hi(α1, . . . , αn) = 0. Hence

ki∑
j=0

cijα
j
i = 0.

The equation above is a polynomial equation in degree ki, and so there are at most ki distinct solutions
for αi. This holds for all i, and therefore V (IF ) is a finite set. The proof is complete.

The implication (ii) =⇒ (iv) is immediate. The converse will be proved after Skoda’s theorem is
introduced. The proof is reproduced from [Siu10, p 1179]

Theorem 2.8 (Theorem of Henri Skoda). Let D be a pseudoconvex domain in Cn and let χ be a
plurisubharmonic function on D. Let g1,. . . ,gm be holomorphic functions on D. Let α > 1 and
l = min{n,m− 1}. Then for every holomorphic function F on D such that∫

D

|F |2|g|−2αl−2e−χ <∞,

there exist holomorphic functions h1,. . . ,hm on D such that

F =
m∑
i=1

higi,

and ∫
D

|h|2|g|−2αl−2e−χ 6
α

α− 1

∫
D

|F |2|g|−2αl−2e−χ,

where |g| = (
∑m

i=1 |gi|2)
1/2 and |h| = (

∑m
i=1 |hi|2)

1/2
.
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Finishing the proof of Theorem. For any non-negative numbers γ1,. . . ,γn with γ1+· · ·+γn = (n+2)p,
Skoda’s theorem is applied with the following variables: F = zγ1

1 · · · zγnn , m = N + n, χ ≡ 0,
(F1, . . . , FN, 0, . . . , 0) = (g1, . . . , gm), l = n and α = n+1

n
. By the hypothesis in (iv),

|zγ1

1 · · · zγnn |2 . |z|2(n+2)p .

(
N∑
i=1

|Fi|

)2(n+2)

.

(
N∑
i=1

|Fi|2
)(n+2)

where the last inequality follows from Jensen’s inequality. Hence over a small pseudoconvex domain
D, ∫

D

|zγ1

1 · · · zγnn |2(∑2
j=1 |Fj|2

)n+2 .
∫
D

(∑N
i=1 |Fi|2

)(n+2)(∑N
i=1 |Fi|2

)(n+2)
=

∫
D

1 <∞.

Skoda’s theorem applies and therefore zγ1

1 · · · zγnn ∈ IF . Consequently, m(n+2)p ⊆ IF .

From the proof above, we obtain the following corollary.

Corollary 2.9. Let F1,. . . , FN be holomorphic function germs in OCn,0 at the origin, and suppose
there exists p ∈ N>1 such that

|z|p .
N∑
i=1

|Fi|

in a small neighbourhood 0, then m(n+2)p ⊆ IF .

2.2.2 The intersection invariants (p, q, s).

Definition 2.10. Let F1,. . . , FN be holomorphic function germs in OCn,0 at the origin. The ideal
IF = 〈F1, . . . , FN〉 is said to have finite intersection multiplicity with data (p, q, s) if

(i) p is the smallest strictly postive integer satsifying

|z|p .
N∑
i=1

|Fi|;

(ii) q is the smallest strictly positive integer satisfying

mq ⊆ IF ;

(iii) s is following number below

dimC OCn,0
/
IF =: s.

2.2.3 The relations between the intersection invariants.

Proposition 2.11. Let F1,. . . , FN be holomorphic function germs in OCn,0 at the origin so that the
ideal they generate IF has finite intersection multiplicity with data (p, q, s). Then we have the fol-
lowing inequalities:

(i) q 6 s 6
(
n+q−1
q−1

)
,

(ii) p 6 q 6 (n+ 2)p.
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Proof. To prove q 6 s, it is first observed that OCn,0
/
IF is also a local ring with the maximal ideal

m
/
IF . In the chain of inclusion of vector spaces with

OCn,0

IF

⊇ m

IF

⊇
(

m

IF

)2

⊇ · · · ⊇
(

m

IF

)s+1

,

since OCn,0
/
IF is an s-dimensional complex vector space, there exists a positive integer 1 6 k 6 s

such that (
m

IF

)k
=

(
m

IF

)k+1

=

(
m

IF

)(
m

IF

)k
.

By Nakayama’s lemma2, (
m

IF

)k
≡ 0 in

OCn,0

IF

.

Therefore, if g1,. . . ,gk are elements of m in OCn,0, then the class g1 · · · gk belongs to (m
/
IF )k which

is the zero vector space. Hence the holomorphic function g1 · · · gk lies in IF . Since the g1 · · · gk
generate mk, the ideal mk is contained in IF . By the definition of q, the inequality q 6 k 6 s holds.

Next, for s 6
(
n+q−1
q−1

)
, this follows directly from mq ⊆ IF .

In the second set of inequalities, to prove p 6 q, observe that since mq ⊆ IF ,

|z|q .
N∑
i=1

|Fi|.

Hence, by the definition of p, p 6 q.
To prove q 6 (n+ 2)p, it follows from Corollary 2.9.

2.2.4 Application of the relations of the invariants.

Lemma 2.12. Let F1, . . . , FN be holomorphic function germs such that the intersection multiplicity
of IF = 〈F1, . . . , FN〉 is finite with data (p, q, s). If h ∈ OCn,0 is a holomorphic function germ with
h(0) = 0, then hs ∈ IF .

Proof. Since h(0) = 0, the function h lies in m. Consequently, hs ∈ ms. By q 6 s, there is an
inclusion of ideals ms ⊆ mq. Therefore, hs ∈ ms ⊆ mq ⊆ IF .

2.3 Local Intersection Theory II
2.3.1 The case where N = n = dim Cn brings another set of equivalent conditions for complete
local intersection of n holomorphic function germs F1, . . . , FN=n.

2.3.2

Theorem 2.13. Let F1, . . . , Fn be holomorphic function germs in OCn,0 such that Fi(0) = 0 for all
1 6 i 6 n. The following are equivalent:
(i) dimC OCn,0

/
〈F1, . . . , Fn〉 =: s <∞;

(ii) the holomorphic map of germs of analytic spaces

F : (Cn, 0) −→ (Cn, 0)

(z1, . . . , zn) 7−→ (F1, . . . , Fn)

2The following version of Nakayama’s lemma is used: let A be a commutative local ring with 1, and m its maximal
ideal. For any finitely generated A-module M , if mM =M , then M = 0
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defines a ramified s-sheeted analytic covering;

(iii) for each 1 6 i 6 n, let εi be a small strictly positive number, and Γ be given by

Γ = {z : |Fi| = εi}.

Then the residue map of F at the origin equals to s:

Res0 F =

∫
Γ

dF1 ∧ · · · ∧ dFn
F1 · · ·Fn

= s.

Proof. See [D’A93, p 60], [GH94, p 666–667], and [Chi89, p 140, Proposition 1] for discussion.

2.3.3 We will show that given Theorem 2.13, one has mult0 Jac(F ) 6 s− 1.

Theorem 2.14. Let h be a holomorphic function germ. If h ∈ IF , then∫
Γ

h dz1 ∧ · · · ∧ dzn
F1 · · ·Fn

= 0.

Proof. See [D’A93, p 64].

Corollary 2.15. Let F1, . . . , Fn be holomorphic function germs in OCn,0 vanishing at the origin,
whose varieties they define have complete intersection at the origin. Let F be the map in Theorem
2.13(ii). Then Jac(F ) /∈ 〈F1, . . . , FN〉.

Proof. By Theorem 2.13(iii),

0 6= s =

∫
Γ

dF1 ∧ · · · ∧ dFn
F1 · · ·Fn

=

∫
Γ

Jac(F ) dz1 ∧ · · · ∧ dzn
F1 · · ·Fn

.

Hence Jac(F ) /∈ 〈F1, . . . , Fn〉 by Theorem 2.14.

Corollary 2.16. Let F1,. . . , Fn be holomorphic function germs in OCn,0 vanishing at the origin so that
the ideal IF has finite intersection multiplicity with data (p, q, s). Then the multiplicity of Jac(F ) at
the origin cannot be greater than or equal to s.

Proof. Suppose otherwise that mult0 Jac(F ) > s, then Jac(F ) ∈ ms. From the inequality q 6 s, there
is an inclusion of ideals ms ⊆ mq ⊆ 〈F1, . . . , Fn〉. Hence Jac(F ) ∈ 〈F1, . . . , Fn〉, which contradicts
Corollary 2.15.

2.3.4 Miscellaneous Result We will state the following result which will be used later.

Proposition 2.17. Let f1, . . . , fn−1, f , and g be holomorphic function germs in OCn,0 such that

dimC OCn,0/〈f1, . . . , fn−1, fg〉 <∞.

Then

dimC OCn,0/〈f1, . . . , fn−1, fg〉 = dimC OCn,0/〈f1, . . . , fn−1, f〉+ dimC OCn,0/〈f1, . . . , fn−1, g〉.

Proof. See [D’A93, p 60, Theorem 1]
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3 Ideals Generated by the Components of Gradient
3.0.5 In this section we shall study the ideals generated by the components of the gradient of a
holomorphic function. Let f ∈ OCn,0 be a holomorphic function germ such that f(0) = 0. In a first
moment, it will be shown that there exists a positive integer k with

fk ∈
〈
∂f

∂z1

, . . . ,
∂f

∂zn

〉
.

In a second moment, more accurately, it will be shown that k = dim Cn = n works (optimally)
rendering k effective.

3.0.6 Example In 1-dimensional complex analysis, every holomorphic function f(ζ) with f(0) =
0 may be factorised as

f(ζ) = ζkg(ζ),

where g(0) 6= 0. A differentiation yields

f ′(ζ) = ζk−1(kg(ζ) + ζg′(ζ)),

and hence f ∈ 〈f ′〉. Therefore, k = 1 works in this case. In the next few paragraphs we will recall
some notions in algebraic geometry.

3.0.7 Spec, Zariski Topology Let A be a commutative ring with 1. We let

Spec A := {p ⊂ A : p is a prime ideal in A}.

For every ideal I ⊂ A, set
VA(I) = {p ∈ SpecA : I ⊆ p}.

The sets VA(I) are defined as closed sets in Spec A, and the collection

{VA(I) : I is an ideal of A}

defines the Zariski topology of Spec A. For principal ideals 〈f〉, VA(〈f〉) may be written as VA(f).
Therefore,

DA(f) := Spec A\VA(f) = {p ∈ Spec A : f /∈ p}

is open in Spec A. The collection
{DA(f) : f ∈ A}

forms a basis for the open set in the Zariski topology. To see this, for any ideal I , one has

Spec A\VA(I) =
⋃
f∈I

DA(f).

3.0.8 For any ideal I ⊂ A, there is a one-to-one correspondance between SpecA/I and VA(I). On
the other hand, let f ∈ A andAf be its localisation. Every element inAf is a class with representative
a/fk for some a ∈ A and k ∈ N. The two representatives a/fk and b/f l are equal if there exists
j > 0 such that

f j(af l − bfk) = 0 (in A).

It is easily seen that like Q the quotient numbers of Z,Af has a ring structure, and there is a one-to-one
correspondance (as sets) between Spec Af and DA(f).
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3.0.9 Recall that a commutative ring with 1 is semi-local if it has only finitely many maximal
ideals. We state the following Artin-Tate theorem.

Theorem 3.1. Let A be a Noetherian integral domain. Then A is semi-local with dim A 6 1 if and
only if there exists f ∈ A such that Af is a field.

Proof. See [GW10], page 562, Corollary B62.

3.0.10 Recall that the Krull dimension of A is given by

dim A := sup{k : p0 ( p1 ( · · · ( pk}.

Moreover, if A is local, Artin-Tate’s theorem may be restated as follows: there exists f ∈ A such that
Af is a field if and only if dim A 6 1.

3.0.11 For any germ variety V (I ) defined by an ideal I ⊂ OCn,0, the Krull dimension of
OCn,0/I coincides with the usual intuition of dimension.

3.0.12 To see this, recall that the Weierstrass dimension of a germ of complex space (X, x) is the
least number k such that there exists a Noether normalisation π∗ : OCk,x ↪→ OX,x. Both the Weier-
strass dimension of (X, x) and the Krull dimension of OX,x := OCn,x/I (X, x) coincide ( [JP00,
Theorem 4.1.9, pp 131]). The Noether normalisation π∗ is uniquely induced by the projection

π : (X, x)→ (Ck, x)

of the germ variety (X, x) onto (Cn, x) with finite fibres. By [JP00, p 129, Lemma 4.14], dim (X, x) =
dim (Ck, x) = k. Hence to say that dim OX,x 6 1 is to say that either X is of dimension 1 or 0 (but
the dimension need not be pure).

3.0.13 The following lemma is a restatement of the Artin-Tate’s theorem in more geometric terms.

Lemma 3.2. Let A be an integral Noetherian ring, and let (0) be a point in Spec A. Then the set
{(0)} is open in the Zariski topology of Spec A if and only if Spec A is a finite set and dim A 6 1.

Proof. First, it will be shown that the singleton {(0)} is open in Spec A if and only if there exists
f ∈ A such that Af is a field. Then secondly, it will be shown that Spec A is a finite set and
dim A 6 1 if and only if A is semi-local (finitely many maximal ideals) and dim A 6 1.

For the first assertion, suppose that {(0)} is open, then for some index Λ,

{(0)} =
⋃
i∈Λ

DA(fi).

Therefore, (0) ∈ DA(fi) for some i ∈ Λ and hence

{(0)} ⊆ DA(fi) ⊆
⋃
i∈Λ

DA(fi) = {(0)},

so that {(0)} = DA(fi). By paragraph 3.0.8, this means that the ring Af has only (0) as its prime
ideal, and so Af is a field. Conversely, if there exists f ∈ A such that Af is a field, then Spec Af =
DA(f) = {(0)} as sets. Consequently, the singleton {(0)} is open in Spec A.

For the second assertion, suppose that Spec A is a finite set and dim A 6 1. The first condition
implies thatA only has finitely many prime ideals. On the other hand, for any maximal chain of prime
ideals

(0) := p0 ( p1 ( · · · ( pk
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one has k 6 1 by the second condition. If k = 1, then pk is a maximal ideal. If k = 0, then p0 is just
the zero ideal. Hence any non-zero prime ideal p1 is maximal, and since A has finitely many prime
ideals, A is semi-local. Conversely, suppose that A is semi-local and dim A 6 1. By the chain of
inclusion of prime ideals above, any non-zero prime ideal is maximal by second condition. Moreover,
A is semi-local means that there are only finitely many maximal ideals. Hence Spec A is a finite set
and dim A 6 1.

3.0.14 The lemma above is used to prove the following lemma.

Lemma 3.3. Let A be a local integral domain, (0) 6= m, and dim A = n > 1. Let f ∈ A\{0} be a
non-zero element with f ∈ m. Then there exists a prime ideal p such that dim A/p = 1 and f /∈ p.

Proof. We will construct by induction on k a sequence of inclusion of prime ideals

(0) := p0 ( p1 ( · · · ( pk ( m

with the following conditions:
(i) f /∈ pk;
(ii) for every 1 6 i 6 k, the prime ideal pi is of height one over pi−1. In other words, there is no
prime ideal q with pi−1 ( q ( pi;
(iii) either dim A/pk = 1 or dim A/pk 6 (dim A)− k.

Suppose such a pk is constructed, we see that the second condition in (iii) is always a consequence
of (ii). This is because from the definition of height of a prime, one always has k 6 Ht(pk). By [JP00,
p 133, Remark 4.1.15], one always has

Ht(p) + dim(A/pk) 6 dim A.

Therefore,
k + dim(A/pk) 6 Ht(p) + dim(A/pk) 6 dim A,

and consequently dim(A/pk) 6 (dim A)− k.
STEP 1: We let A0 := A/p0 = A. By hypothesis that f 6= 0 in A, therefore (0) ∈ DA(f), and so

the open set DA(f) is non-empty. There are two cases according to whether DA(f) has exactly one
or more than one elements:
(1) Suppose thatDA(f) = {(0)}, then set {(0)} is Zariski open in SpecA. By Lemma 3.2 and remark
in paragraph 3.0.10, one has dim A 6 1. By the hypothesis that (0) 6= m, hence dim A = 1 and the
proof is finished.
(2) Otherwise, the Zariski open set DA(f) contains another prime ideal p′1 in A such that p′1 6= (0).
Moreover, since dim A is finite, Ht(p′) is finite, say h1. Consider a maximal chain of prime ideals

(0) = p0 ( q1,1 ( · · · ( q1,h1 = p′1

whose length is Ht(p′1). By maximality of the chain, Ht(q1,1) = 1. Moreover, f /∈ p′1 implies that
f /∈ q1,1. Therefore, we may let p1 := q1,1.

INDUCTIVE STEP: Once the prime ideals p1, . . . , pk have been constructed, the existence of pk+1

that satisfies the first two conditions (i) and (ii) will be constructed. The idea is to pass through the
quotient πk : A→ A/pk := Ak and repeat the steps as in STEP 1 . This time, since f ∈ m but f /∈ pk,
hence pk 6= m. So in Ak, the zero ideal (0) is not maximal. Also, the hypothesis that f /∈ pk implies
that the class f is not zero in Ak. Therefore, the open set DAk(f) is not empty since it contains the
zero ideal (0). We study the open set DA(f) with the two following cases just as before:
(1) Either DAk(f) is a singleton, meaning DAk(f) = {(0)}. Then {(0)} is open in Spec Ak. By
Lemma 3.2, one has dim Ak 6 1. But since (0) 6= m, dim Ak = 1.
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(2) Otherwise, in Ak we may find a prime ideal Pk+1 ⊆ Ak such that Pk ∈ DAk(f) and Pk+1 6= (0).
Since dim Ak is finite, so is Ht(Pk+1), which is for example hk. We let

(0) := P0 ( Qk+1,1 ( · · · ( Qhk+1,1 := Pk+1

be a maximal chain of prime ideals in Ak corresponding whose length corresponds to the height of
Pk+1. Therefore Qk+1,1 is of height one by the maximality of the chain, and therefore we may let
pk+1 = π−1(Qk+1,1). Moreover, since the class f does not belong to Pk+1, the element f does not
belong to pk+1. Hence pk+1 satisfies the two conditions and the inductive step is complete.

To conclude, since dim A = n, the length of the chain k is at most n− 1. In this case one has

dim A/pn−1 6 1.

But since f ∈ m and f /∈ pn−1, so dim A/pn−1 = 1, and the proof is complete.

3.0.15

Lemma 3.4. Let I ⊆ OCn,0 be an ideal and Y := V (I ) be the variety defined by I . Let f be a
holomorphic function germ vanishing at the origin and X = V (I + (f)) be the variety defined by
I + (f). If the inclusion X ( Y is strict, then there exists an irreducible curve C ⊆ Y passing
through the origin such that f |C 6≡ 0.

Proof. Almost half of the proof is done by the previous lemma. It suffices to observe that if the
inclusion X ( Y is strict, then there exists an irreducible component W ⊆ Y passing through
the origin on which f |W 6≡ 0. Once this is proved, then the condition that f |W 6≡ 0 implies that
f /∈ I (W, 0). Since W is irreducible, the ideal I (W, 0) is prime. Moreover, the dimension of W
is greater than 1, otherwise W will just be the origin but f(0) = 0, which contradicts that f |W 6≡ 0.
Put differently, one has f a non-zero element in OW,0 = OCn,0/I (W, 0), with f ∈ m. Moreover,
OW,0 is a local integral domain with (0) 6= m since dim W > 1. By previous lemma, there exists
a prime ideal P in OW,0 such that the class f does not lie in P and dim OW,0/P = 1. If we let
π : OCn,0 → OW,0 be the usual ring homomorphism by quotient, one has the prime ideal p := π−1P
such that dimOCn,0/p = dim OW,0/P = 1, with f /∈ p. Hence C = V (p) is an irreducible one-
dimensional variety on which f does not totally vanish.

It remains to prove the observation. By Primary decomposition theorem, the ideal I may be
decomposed as an intersection

I =
M⋂
i=1

Pi

of primary ideals Pi, whose radical
√
Pi := pi is prime. Hence

Y = V (I ) =
M⋃
i=1

V (Pi) =
M⋃
i=1

V (pi)

where the last equality follows from Nullstellensatz.
We claim that there exists i such that f |V (pi) 6≡ 0. Otherwise, for every 1 6 i 6 M , one has

f ∈ I (V (pi), 0) = pi by Nullstellensatz. Therefore, there exists a positive integer k such that for all
1 6 i 6M , one has fk ∈ Pi, and hence fk ∈ I . Therefore,

X = V (I + (f)) = V (I ) ∩ V (f) = V (I ) ∩ V (fk) = V (I + (fk)) = V (I ) = Y,

which contradicts our assumption that X ( Y . The proof is complete.
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3.0.16 We have therefore arrived at one of the main results of this section.

Proposition 3.5. Let f ∈ OCn,0 with f(0) = 0. Then there exists k ∈ N such that

fk ∈
〈
∂f

∂z1

, . . . ,
∂f

∂zn

〉
.

Proof. Let X = V (∂z1f, . . . , ∂znf, f) and Y = V (∂z1f, . . . , ∂znf). If X ( Y , by previous proposi-
tion, there exists an irreducible curve C ⊆ Y such that f |C 6≡ 0. Let

n : (C, 0) −→ (C, 0)

be a local normalisation of C. Hence

df ◦ n(ζ)

dζ
=

n∑
k=1

∂f

∂zk
◦ n(ζ)n′(ζ).

Since n(C, 0) ⊆ C, so (∂zkf) ◦ n(ζ) ≡ 0 for all 1 6 k 6 n. Therefore, d
dζ

(f ◦ n) ≡ 0, and hence
f ◦ n is a constant on C. Since f ◦ n(0) = 0, so f ◦ n vanishes identically on C, which contradicts
our hypothesis that f |C 6≡ 0. Therefore, X = Y and by Nullstellensatz, there exists an integer k such
that fk ∈ I and the proof is complete.

3.1 Ideals Generated by Components of Gradients: Effective Aspects

3.1.1 In fact, the exponent k in the previous proposition may be taken to be k = n = dim Cn. We
summarise some of the details in [JP96, p 59].

3.1.2

Definition 3.6. Let I be an ideal in OCn,0. The integral closure of I , denoted by Ī , is the set of
germs u ∈ OCn,0 such that there exist d ∈ N>1 and αs ∈ I s for 1 6 s 6 d with:

ud + a1u
d−1 + · · ·+ ad = 0.

Definition 3.7. Let I = 〈F1, . . . , FN〉 be an ideal of OCn,0 generated by N elements. Let u ∈ R+.
The ideal I

(k)
is defined by

I
(k)

= {u ∈ OCn,0 : |u| 6 C|F |k}

for some constants C > 0, and where |F |2 = |F1|2 + · · ·+ |FN|2.

3.1.3 By [JP96, p 60, Proposition 12.2], for every k, l positive real numbers, I
(k) ·I (l) ⊆ I

(k+l)
.

Moreover, I
(1)

= I which is the integral closure of the ideal I ([JP96, p 61, Corollary 12.5]).

3.1.4 By the Briançon-Skoda theorem (1974), if p = min{n − 1, N − 1}, then I
(k+p) ⊆ I k for

all k ∈ N.



3. Ideals Generated by the Components of Gradient 55

3.1.5 Let f ∈ OCn,0 be a holomorphic function germ at the origin, and let If and J(f) denote the
following ideals:

If :=

〈
z1
∂f

∂z1

, . . . , zn
∂f

∂zn

〉
,

J(f) :=

〈
∂f

∂z1

, . . . ,
∂f

∂zn

〉
.

It is evident that If ⊂ J(f). Moreover, one has f ∈ If = I (1) ([JP96, p 62, Corollary 12.6]).
Therefore, by Paragraph 3.1.3, fk+n−1 ∈ I

(k+n−1)
. By Briançon-Skoda theorem, for all k ∈ N>1

fk+n−1 ∈ I k
f .

By setting k = 1, fn ∈ J(f). This completes the proof of the following proposition which is well-
known in other literatures:

Proposition 3.8. Let f ∈ OCn,0 with f(0) = 0. Then

fn ∈
〈
∂f

∂z1

, . . . ,
∂f

∂zn

〉
.

3.2 Application
3.2.1 Let F1,. . . ,FN be holomorphic function germs in OCn,0 such that intersection multiplicity of
the ideal 〈F1, . . . , FN〉 is finite with data (p, q, s). We will show that the ideal〈

∂Fi
∂zj

: 1 6 i 6 N, 1 6 j 6 n

〉
has an effectively bounded intersection multiplicity. More precisely,

Proposition 3.9. For any n ∈ N>1,let F1,. . . ,FN be holomorphic function germs in OCn,0 vanishing at
the origin such that the ideal 〈F1, . . . , FN〉 has finite intersection multiplicity with data (p, q, s). Then

dimC OCn,0

/〈
∂Fi
∂zj

: 1 6 i 6 N, 1 6 j 6 n

〉
6

(
(n2 + 2n)s+ n− 1

(n2 + 2n)s− 1

)
.

Proof. By Proposition 3.8, for each 1 6 i 6 N,

F n
i ∈

〈
∂Fi
∂z1

, . . . ,
∂Fi
∂zn

〉
.

Evidently,

〈F n
1 , . . . , F

n
N 〉 ⊆

〈
∂Fi
∂zj

: 1 6 i 6 N, 1 6 j 6 n

〉
.

As a result,

dimC OCn,0

/〈
∂Fi
∂zj

: 1 6 i 6 N, 1 6 j 6 n

〉
6 dimC OCn,0

/
〈F n

1 , . . . , F
n
N 〉.

It suffices to estimate the term on the right. By the hypothesis that

|z|p .
N∑
i=1

|Fi|,
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Jensen’s inequality yields

|znp| .

(
N∑
i=1

|Fi|

)n

= Nn

(
N∑
i=1

1

N
|Fi|

)n

6 Nn
N∑
i=1

1

N
|Fi|n

= Nn−1

N∑
i=1

|Fi|n .
N∑
i=1

|F n
i |.

By Theorem 2.7, the ideal 〈F n
1 , . . . , F

n
N 〉 has finite intersection multiplicity with data (p′, q′, s′). By

the definition of p′, one has p′ 6 np. At the same time, by Proposition 2.11,

s′ 6

(
n+ q′ + 1

q′ − 1

)
.

Also by Proposition 2.11, using p′ 6 np, the q′ in the inequality above has a bound

q′ 6 (n+ 2)p′ 6 (n+ 2)np 6 (n+ 2)nq 6 (n+ 2)ns.

Hence

s′ 6

(
n+ (n+ 2)ns− 1

(n+ 2)ns− 1

)
and the proof is complete.

3.2.2 Remark The estimate can be made more precise in N = n. In this case by repeated applica-
tion of Proposition 2.17 ,

dimC OCn,0
/
〈F n

1 , . . . , F
n
n 〉 = nndimC OCn,0

/
〈F1, . . . , Fn〉 = nns.

Therefore,

dimC OCn,0

/〈
∂Fi
∂zj

: 1 6 i, j 6 n

〉
6 nns.

4 Multiplicity of an ideal

4.0.3 Following [Chi89], we will present the notion of multiplicity of an ideal of holomorphic
functions defining a pure dimensional variety. Let F ∈ OCn,0 be a holomorphic function germ. We
may write F as an infinite sum of homogeneous polynomials

F =
∞∑
k=m

Fk,

where each Fk is of degree k, with Fm 6≡ 0.The multiplicity of F at 0 is then equal to m.
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4.0.4 Another way to characterise multiplicity is to look at the order of vanishing of F along
generic lines. Indeed, let

ϕ : C −→ Cn

ζ 7−→ (c1ζ, . . . , cnζ)

be a parametrisation of a line. Composing ϕ with F gives

F ◦ ϕ =
∞∑
k=m

Fk(c1ζ, . . . , cnζ) =
∞∑
k=m

ζkFk(c1, . . . , cn).

Therefore, any vector (c1, . . . , cn) satisfying

Fm(c1, . . . , cn) 6= 0

will imply that ord0 F ◦ ϕ = m = mult0 F . Since every line is a complete intersection of n − 1
hyperplanes H1,. . . ,Hn−1, the multiplicity of F is the intersection multiplicity of V (F ) = {z ∈ Cn :
F (z) = 0} with n − 1 generic hyperplanes. In other words, if Hi = {z ∈ Cn : Li = 0} for some
linear function Li, then

mult0F = dimCOCn,0
/
〈F,L1, . . . , Ln−1〉.

4.0.5 More generally at 0, for 1 6 q 6 n − 1, let IF = 〈F1, . . . , Fq〉 be the ideal generated
by q holomorphic function germs and assume that it forms a regular sequence3. We would like to
find a positive integer m analogous to the multiplicity of a function such that for (n − q) generic
hyperplanes,

m = dimCOCn,0
/
〈F1, . . . , Fq, L1, . . . , Ln−q〉.

The important point about F1,. . . ,Fq being a regular sequence is that the variety V (IF ) defined by
the ideal IF is of pure dimension n− q, due to the property of Cohen-Macaulayness. This allows us
to apply the results in [Chi89, Chapter 2].

Definition 4.1 (Tangent Cones, [Chi89, p. 79]). Let E be an arbitrary set in Rn. A vector v ∈ Rn

is called tangent to E at a point of the closure a ∈ Ē if there exist a sequence of points aj ∈ E and
positive numbers tj > 0 such that aj → a and

tj(aj − a)→ v (j→∞).

The set of all such tangent vectors at a is denoted by C(E, a), and is called the tangent cone to E at
the point a.

4.0.6 The set C(E, a) is a cone with vertex 0: if v ∈ C(E, a), then the vectors tv lie in C(E, a)
for all t > 0. Geometrically, the cone is a set of limit positions of secants of E passing through a.

4.0.7 If V is a pure one-dimensional analytic set in Cn, the tangent cone at any a ∈ V is a finite
union of complex lines ([Chi89, p. 80, Corollary]).

4.0.8 In general, if 0 ∈ V is a pure analytic subset of a domain D in Cn, then C(V, 0) is a pure
p-dimensional algebraic set in Cn (c.f. [Chi89, p. 83, Corollary]).

3Let R be a local ring. A sequence of non-units f1,. . . ,fk is called a regular sequence if for all 1 6 i 6 k, the class fi
is not a zero divisor of R/〈f1, . . . , fi−1〉
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4.0.9 We recall that if a n−p-dimensional variety V is defined by p holomorphic functions F1,. . . ,
Fp which form a regular sequence, then V is a pure (n− p)-dimensional analytic variety.

4.1 Multiplicities of Analytic Sets
We refer the readers to [Chi89, p. 120] for more details.

4.1.1 Let V be a pure p dimensional analytic set in Cn, and let a ∈ V . Let L be an (n − p)-
dimensional complex subspace in Cn, such that a is an isolated point of the set V ∩ (a + L). Then
there is a domain U 3 a in Cn of the form U = U ′×U ′′ ⊆ Cn−p×Cp such that V ∩U∩(a+L) = {a},
and the projection

πL : V ∩ U → U ′ ⊆ L⊥

along L is a ramified k-sheeted analytic cover. This number k is the multiplicity of the projection
πL|V at a, denoted by µa(πL|V ).

4.1.2 For simplicity, suppose that 0 ∈ V and a = 0 in the previous paragraph, the multiplicity of
intersection of V with L is µ0(πL|V ). See [Chi89, p 139, Corollary] and [Chi89, p 140, Proposition 1].

Definition 4.2 (Multiplicity of an Analytic Set at a point). Let V be a pure p-dimensional analytic set
in Cn and let a ∈ V . For every (n− p)-dimensional plane L which contains the origin such that

V ∩ (a+ L) = {a},

the multiplicity of the projection µa(πL|V ) is finite. The multiplicity of V at a is given by

µa(V ) := min{µa(πL|V ) : L ∈ G(n− p, n)}.

Example 4.3. Suppose V = {F = 0} is a principal analytic set in a neighbourhood of 0 ∈ Cn, and
F is the minimum defining function for V . Write F

F =
∞∑

k=ord0F

Fk

as a sum of homogeneous polynomials Fk of degree k. Then by [Chi89, p. 83, Proposition 1],

C(V, 0) = {Ford0F = 0}.

For any complex line L containing 0, by [Chi89, p. 121, Proposition 1],

µ0(πL|V ) = ord0F |L > ord0F,

with equality if and only if L ∩ C(V, 0) = {0}. In other words, if

ζ 7→ (c1ζ, . . . , cnζ)

is a parametrisation of the line L, then the line has trivial intersection with C(V, 0) if and only if

Ford0F (c1, . . . , cn) 6= 0.

This agrees with our intuition in paragraph 4.0.4.



4. Multiplicity of an ideal 59

4.1.3 More generally,

Proposition 4.4. Let V be a pure p-dimensional analytic set in a neighbourhood of 0 ∈ Cn, and let
L ∈ G(n− p, n). The equality µ0(πL|V ) = µ0(V ) holds if and only if the plane L is transversal to V
at 0. In other words,

L ∩ C(V, 0) = {0}.

Proof. See [Chi89, p. 122, Proposition 2].

4.1.4 Combining paragraphs 4.0.8, 4.0.9, 4.1.2, and Proposition 4.4, we obtain

Proposition 4.5. Let F1,. . . , Fp be holomorphic function germs at the origin so that F1(0) = · · · =
Fp(0) = 0. Suppose that the sequence F1,. . . ,Fp is regular so that the variety defined by the intersec-
tion V := V (F1, . . . , Fp) is a pure (n− p)-dimensional analytic variety. Then there exists an integer
µ0(V ) such that for a generic choice of p hyperplanes given by the zeros of n − p linear functions
L1, . . . , Ln−p, one has

dimCOCn,0
/
〈F1, . . . , Fp, L1, . . . , Ln−p〉 = µ0(V ).

4.2 Multiplicity of an Ideal – Case of a Curve

4.2.1 In this section, we will discuss more in depth of Proposition 4.5 in the case where p = n−1.
In other words, the ideal IF = 〈F1, . . . , Fn−1〉 forms a regular sequence in OCn,0 so that the variety
V (F1, . . . , Fn−1) is a pure 1-dimensional analytic variety, which is a union

V (F1, . . . , Fn−1) =
M⋃
k=1

Zk

of its irreducible components Zk.

4.2.2 For 1 6 k 6 M, since each Zk is an irreducible curve, there exists a parametrisation

nk : (C, 0) → (Zk, 0)

ζ 7→ (ζµk1ak1(ζ), . . . , ζµknakn(ζ)),

where for all 1 6 j 6 n, akj(0) 6= 0 (c.f. [JP00, p 164, Theorem 4.4.8]) and [JP00, p 165, Theo-
rem 4.4.10]).

Theorem 4.6. There exist positive integers m1,. . . ,mM such that for any holomorphic function f with

dimCOCn,0/〈F1, . . . , Fn−1, f〉 <∞,

the equality holds

dimCOCn,0/〈F1, . . . , Fn−1, f〉 =
M∑
k=1

mk ord0f ◦ nk.

Proof. See [D’A93, p 78, Theorem 3] for further discussion.
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4.2.3 We begin discussion with a small lemma.

Lemma 4.7. Let Zk be an irreducible 1-dimensional analytic variety and nk : (C, 0) → (Zk, 0) be
its normalisation. Let f be a holomorphic function germ vanishing at the origin such that ord0f ◦ nk
is finite. Then the intersection Zk ∩ {f = 0} is discrete, and hence the origin is an isolated point in
the intersection.

Proof. There is an equality of sets:

{f = 0} ∩ Zk = {nk(ζ) : f ◦ nk(ζ) = 0}.

Now the set on the right is just simply {0}. This is because by hypothesis on the vanishing order of
f ◦ nk,

f ◦ nk(ζ) = ζmg(ζ),

where g(0) 6= 0 and m = ord0 f ◦ nk <∞. Hence

f ◦ nk(ζ) = 0 =⇒ ζ = 0 =⇒ nk(ζ) = 0.

Proposition 4.8. Let f be the holomorphic function such that for each 1 6 k 6 M, the vanishing
order ord0f ◦ nk is finite. Then the intersection multiplicity of the ideal 〈F1, . . . , Fn−1, f〉 is finite.

Proof. The previous lemma implies that

Zk ∩ {f = 0} = {0}.

Hence

V (F1, . . . , Fn−1, f) = C ∩ {f = 0} =

(
M⋃
k=1

Zk

)
∩ {f = 0} =

M⋃
k=1

(Zk ∩ {f = 0}) = {0}.

4.2.4 We are now in a position to prove the following lemma.

Proposition 4.9. Let F1,. . . ,Fn−1 be a regular sequence such that V (F1, . . . , Fn−1) is a pure 1-
dimensional variety. For a generic choice of hyperplane defined by a linear function L,

dimCOCn,0/〈F1, . . . , Fn−1, L〉 =
M∑
k=1

mk min{µk1, . . . , µkn}.

Proof. First of all, L may be written as

L =
n∑
j=1

cjzj (ck ∈C).

Suppose that the intersection multiplicity of the ideal 〈F1, . . . , Fn−1, L〉 is finite, by Theorem 4.6,

dimCOCn,0/〈F1, . . . , Fn−1, L〉 =
M∑
k=1

mk ord0L ◦ nk.

By Proposition 4.8, it suffices to choose an appropriate L such that ord L ◦ nk < ∞. First, observe
that

L ◦ nk =
n∑
j=1

cjζ
µkjakj(ζ)

= ζmin{µk1,...,µkn}
∑

{j:µkj=min{µk1,...,µkn}}

cjakj(ζ) +O(ζmin{µk1,...,µkn}+1).
(4.10)
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If

(c1, . . . , cn) ∈ Cn −
M⋃
k=1

{
(d1, . . . , dn) ∈ Cn :

n∑
j=1

djakj(0) = 0

}
,

then by equation (4.10),
ord0L ◦ nk = min{µk1, . . . , µkn} <∞.

This completes the proof.

5 Generic Selection of Linear Combinations for Effective Termi-
nation

The following proposition appears in [Siu10, p 1190].

Proposition 5.1. Let 0 6 q 6 n, and f1, . . . , fq be holomorphic function germs on Cn at the origin
such that the common zero set {f1 = · · · = fq = 0} is a pure (n − q)-dimensional variety germ in
Cn at the origin. Let m be the multiplicity of the ideal 〈f1, . . . , fq〉 in the sense that for any (n − q)
generic homogeneous linear functions L1,. . . ,Ln−q,

dimC OCn,0/〈f1, . . . , fq, L1, . . . , Ln−q〉 = m.

Let V (f1, . . . , fq, L1, . . . , Ln−q) be a pure 1 dimensional analytic variety and let

V (f1, . . . , fq, L1, . . . , Ln−q) =
M⋃
k=1

Zk

be the irreducible decomposition of V (f1, . . . , fq, L1, . . . , Ln−q). Let F1, . . . , FN be holomorphic
function germs in OCn,0 vanishing at the origin and p > 1 be an integer such that

|z|p .
N∑
i=1

|Fi|.

Then there exist M hyperplanes, H1,. . . ,HM, in CN such that for any

(c1, . . . , cN) ∈ CN −
M⋃
i=1

Hi,

and for any generic (n− q− 1) homogeneous linear functions L1,. . . ,Ln−q−1 the following inequality
holds

dimCOCn,0

/〈
f1, . . . , fq,

N∑
j=1

cjFj, L1, . . . , Ln−q−1

〉
6 mp.

Proof. As in the statement of the proof, let

V (f1, . . . , fq, L1, . . . , Ln−q) =
M⋃
k=1

Zk

be the irreducible decomposition of the pure 1-dimensional analytic variety, and let

nk : (C, 0) −→ (Zk, 0)
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be normalisations of Zk. By Theorem 4.6 and Proposition 4.8, there exist strictly positive integers
m1,. . . ,mM such that for any holomorphic function germs g ∈ OCn,0 with ord0 g ◦ nk <∞ for all k,

dimC OCn,0
/
〈f1, . . . , fq, g, L1, . . . , Ln−q−1〉 =

M∑
k=1

mk ord0 g ◦ nk.

It suffices to find suitable constants (c1, . . . , cN) such that the order of vanishing of the following
function

g ◦ nk :=
N∑
j=1

cjFj ◦ nk

is finite for all k. For each fixed 1 6 k 6 M, the map nk may be explicitly written as

nk : ζ 7−→ (ζµk,1ak,1(ζ), . . . , ζµk,nak,n(ζ)),

where for each 1 6 l 6 n, ak,l(0) 6= 0. Let

sk := min {µk,1, . . . , µk,n} (16 k6 M).

Pulling back the inequality

|z|p .
N∑
j=1

|Fj|

by the normalisations give

|ζ|skp . |(ζµk,1ak,1(ζ), . . . , ζµk,nak,n(ζ))|p

6 A
N∑
j=1

|Fj ◦ nk(ζ)| (16 k6 M).

Consequently, not all Fj ◦nk vanish at the same time. For any Fj ◦nk 6≡ 0, the one-variable holomor-
phic function may be expanded into power series

Fj ◦ nk =
∞∑

l=tj,k

Fj,k,lζ
l

(16 j 6 N, 16 k6 M),

where tj,k = ord0 Fj ◦ nk and Fj,k,l ∈ C. By convention, tj,k = ∞ if Fj ◦ nk ≡ 0. For a fixed
1 6 k 6 M, let

tk := min{tj,k : 1 6 j 6 N, Fj ◦ nk 6≡ 0} <∞.
Hence

|ζ|skp . |ζ|tk (16 k6 M),

which implies that tk 6 skp, since |ζ| � 1. For any (c1, . . . , cN) ∈ CN,
N∑
j=1

cjFj ◦ nk =
N∑
j=1

∞∑
l>tj,k

cjFj,k,lζ
l

=

 ∑
{j: tj,k=tk}

cjFj,k,tk

 ζtk +O(ζtk+1) (16 k6 M).

Therefore, the order of vanishing of
∑N

j=1 cjFj ◦ nk is exactly tk if
∑
{j:tj,k=tk} cjFj,k,tk 6= 0. If

(c1, . . . , cN) ∈ CN −
M⋃
k=1

(d1, . . . , dN) ∈ CN :
∑

{j: tj,k=tk}

djFk,j,tk = 0


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which in the complement of the union of M hyperplanes, then for each 1 6 k 6 M,

ord0F ◦ nk = tk 6 skp.

Consequently,

dimCOCn,0

/〈
f1, . . . , fq, F̃1, . . . , F̃ν ,

N∑
j=1

cjFj, L1, . . . , Ln−q−ν−1

〉

=
M∑
k=1

mk ord0

N∑
j=1

cjFj ◦ nk

=
M∑
k=1

mktk 6
M∑
k=1

mkskp

= p
M∑
k=1

mksk

= p
M∑
k=1

mkmin{µk,1, . . . , µk,n}.

By Proposition 4.9, the number
∑M

k=1mkmin{µk,1, . . . , µk,n} is the intersection multiplicity of the
curve V (f1, . . . , fq, L1, . . . , Ln−q−1) with a generic hyperplane defined by {Ln−q = 0}. By hypothe-
sis,

M∑
k=1

mkmin{µk,1, . . . , µk,n} = m

and this completes the proof.

5.0.5 In dimension 2 We will state the corollary of Proposition 5.1 in the case of dimension 2.

Corollary 5.2. Let F1, . . . , FN be holomorphic functions in OC2,0 such that the ideal IF =
〈F1, . . . , FN〉 has finite intersection multiplicity with data (p, q, s). Then there exist generic constants
(c1, . . . , cN) ∈ CN such that

mult0

(
N∑
j=1

cjFj

)
6 q 6 4p.

Moreover, let V (F̃1) = ∪M
k=1Zk be the irreducible decomposition of the variety. Then there exist M

hyperplanes H1, . . . ,HM in CN such that for all (d1, . . . , dN) ∈ CN − ∪M
i=1Hi,

dimC OCn,0

/〈
N∑
j=1

cjFj,

N∑
j=1

djFj

〉
6 4p2 6 4s2.

Proof. First, there exists 1 6 i 6 N such that mult0 Fi 6 q. Otherwise, if mult0 Fi > q + 1 for every
1 6 i 6 N, then

mq ⊆ 〈F1, . . . , FN〉 ⊆ mq+1,

which is a contradiction. So let (c1, . . . , cN) be constants so that

mult0

(
N∑
j=1

cjFj

)
6 q 6 4p,

where the last inequality follows from Proposition 2.11. Then the existence of M hyperplanes in CN

and constants (d1, . . . , dN) so that the conclusion holds follow directly from the previous propostion,
and the proof is complete.
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6 Proper maps and projections
6.0.6 In this section, let h1,. . . ,hn be holomorphic function germs in OCn,0 vanishing at the origin
with

dimCOCn,0
/
〈h1, . . . , hn−1〉 =: s <∞.

Hence the (n−1)-tuple (h1, . . . , hn−1) forms a regular sequence. By Proposition 4.9, and by a suitable
linear change of coordinates, there exists a positive integer m such that

dimCOCn,0
/
〈h1, . . . , hn−1, zn〉 =: m

which is the multiplicity of the ideal 〈h1, . . . , hn−1〉.

6.0.7 The map

ϕ : (Cn, 0) −→ (Cn, 0)

(z1, . . . , zn) 7−→ (h1(z), . . . , hn−1(z), zn) =: (w1, . . . , wn−1, wn)

is proper and open with finite fibres. Let H = {hn = 0} be the hypersurface defined by the zeros of
hn. By Remmert’s proper mapping theorem4, the image ϕ(H) is also an analytic set. Since the map
restricted to the hypersurface H:

ϕ|H : H −→ ϕ(H)

is surjective with finite fibres, by section 4, paragraph 3.0.12 (or [JP00, p 129, Lemma 4.1.4]), one
has dim H = dim ϕ(H) = n− 1.

6.0.8 Since ϕ(H) is of dimension n − 1, it is a hypersurface locally defined at the origin by a
certain holomorphic function h̃n(w1, . . . , wn), which will be shown to have the following properties:
(i) h̃n(0, . . . , 0, wn) 6≡ 0 with certain order of vanishing λ := ord0(h̃n(0, zn)). By the Weierstrass
Preparation Theorem, h̃n may be expressed as

h̃n(w) = u(w)

(
wλn +

λ−1∑
j=0

aj(w1, . . . , wn−1)wjn

)
,

for some unit u(w), and aj(0) = 0 for all 0 6 j 6 λ− 1.
(ii) λ 6 s.

6.0.9

Lemma 6.1. Let h1,. . . ,hn be holomorphic function germs in OCn,0 vanishing at the origin such that
the intersection multiplicity of the ideal 〈h1, . . . , hn〉 is finite with data (p, q, s). Let H := {hn = 0}
be the hypersurface defined as the vanishing locus of hn. Consider the map:

ψ : H −→ Cn−1

z := (z1, . . . , zn) 7−→ (h1(z), . . . , hn−1(z)).

Then there exists a open neighbourhood U ⊆ Cn−1 of the origin 0 ∈ Cn−1 such that for every
α := (α1, . . . , αn−1) ∈ U , there are at most s distinct elements in ψ−1(α).

4Remmert’s proper mapping theorem may be stated as follows: if M and N are complex manifolds, f : M → N a
holomorphic map and V ⊂M an analytic variety such that f |V is proper, then f(V ) is an analytic subvariety of N .
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Proof. We prove by contradiction. Suppose for every open neighbourhood U ⊆ Cn−1 of the origin
0 ∈ Cn−1, there exists a point α ∈ U such that the number of distinct elements in ψ−1(α) is at least
s+ 1.

By hypothesis, the map

Ψ : Cn −→ Cn

z 7−→ (h1(z), . . . , hn(z))

is a ramified s-sheeted analytic covering map. Hence, there exists a neighbourhood V = V ′ × V ′′ ⊆
Cn−1 × C of the origin 0 ∈ Cn such that for every β := (β1, . . . , βn) ∈ V , the number of distinct
points in Ψ−1(β) is at most s.

But by our assumption, given V ′ a neighbourhood of the origin 0 ∈ Cn−1, there exists a point
α := (α1, . . . , αn−1) ∈ V ′ such that there are at least s+1 distinct points in ψ−1(α). Since (α, 0) ∈ V
and

Ψ−1(α, 0) = ψ−1(α),

there are at least s+ 1 distinct points in Ψ−1(α, 0), which is a contradiction.

6.0.10 We will therefore answer the first claim in paragraph 3.

Proposition 6.2. Let h1,. . . ,hn be holomorphic function germs in OCn,0 vanishing at the origin such
that the multiplicity of the ideal 〈h1, . . . , hn〉 is s ∈ N>1. Suppose that the holomorphic map

ϕ : Cn −→ Cn

(z1, . . . , zn) 7−→ (h1(z), . . . , hn−1(z), zn)

defines a ramified k-sheeted covering for some positive integer k. Let h̃n be a holomorphic function
such that ϕ({hn = 0}) = {h̃n = 0}. Then h̃n(0, zn) 6≡ 0.

Proof. Suppose on the contrary that h̃n(0, zn) ≡ 0. Consider the composition of maps

H
ϕ

−−−−→ ϕ(H)
proj

−−−−−−→Cn−1

(z1, . . . , zn) 7−−−−→ (h1(z), . . . , hn−1(z), zn)

(w1, . . . , wn) 7−−−−−−→ (w1, . . . , wn−1).

Here ϕ is the map in the statement of the proposition and proj is the projection onto the first n − 1
coordinates. Above 0 ∈ Cn−1, since h̃n(0, zn) ≡ 0,

{(0, zn) ∈ Cn : zn ∈ C} ⊆ {h̃n = 0} = ϕ(H).

Moreover, since proj(0, zn) = 0 ∈ Cn−1,

{(0, zn) ∈ Cn : zn ∈ C} ⊆ proj−1(0).

Therefore, proj−1(0) has infinitely many distinct fibre points. Consequently, (proj ◦ ϕ)−1(0) has
infinitely many distinct fibre points. But proj ◦ ϕ = ψ in the previous lemma, has finite distinct fibres,
contradiction.
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6.0.11 Next, we will show that ord0 h̃n(0, zn) 6 s.

Lemma 6.3. Let h̃n be a holomorphic function germ in OCn,0 with h̃n(0) = 0, and h̃n(0, zn) 6≡ 0 so
that ord0 h̃n(0, zn) <∞. If the projection

π : {h̃n = 0} −→ (Cn−1, 0)

(α1, . . . , αn) 7−→ (α1, . . . , αn−1)

is a finite surjective map with at most s distinct fibre points above each point in (Cn−1, 0), then
ord0 h̃n(0, zn) 6 s.

Proof. Suppose on the contrary that λ := ord0 h̃n(0, zn) > s + 1. By the hypothesis that λ <
∞, Weierstrass Preparation Theorem implies the existence of a unit u(z1, . . . , zn) and ord0 h̃n(0, zn)
holomorphic functions aj(z1, . . . , zn−1) vanishing at (z1, . . . , zn−1) = (0, . . . , 0) such that

h(z1, . . . , zn) = u(z1, . . . , zn)

(
zλn +

λ−1∑
j=0

aj(z1, . . . , zn−1) zjn

)
.

Therefore, above a generic point (α1, . . . , αn−1) ∈ Cn−1, the preimages (α1, . . . , αn−1, zn) of π
which must satisfy the following polynomial equation

zλn +
λ−1∑
j=0

aj(α1, . . . , αn−1) zjn = 0

has λ > s+ 1 distinct solutions in zn. This contradicts the hypothesis in the statement of the lemma.

Proposition 6.4. Let h1,. . . ,hn be holomorphic function germs in OCn,0 vanishing at the origin such
that

dimC OCn,0
/
〈h1, . . . , hn〉 = s <∞.

Let H = {hn = 0}. Suppose that the holomorphic map

ϕ : Cn −→ Cn

(z1, . . . , zn) 7−→ (h1(z), . . . , hn−1(z), zn)

is proper, open so that there exists a holomorphic function h̃n(w1, . . . , wn) with ϕ(H) = {h̃n = 0}.
Then ord0 h̃n(0, . . . , 0, wn) 6 s.

Proof. Consider the map

H
ϕ|H

−−−−−−→ ϕ(H)
proj

−−−−−−→ Cn−1

(z1, . . . , zn) 7−−−−−−→ (h1(z), . . . , hn−1(z), zn)

(w1, . . . , wn) 7−−−−−−→ (w1, . . . , wn−1).

By lemma 6.1, there exists a neighbourhood U of the origin 0 ∈ Cn−1 such that for all α ∈ U , there
are at most s distinct points in ψ−1(α) = (proj ◦ ϕ|H)−1(α). Choose a generic point α ∈ Cn−1 as
in the lemma 6.3. Therefore, above α, there are ord0 h̃n(0, wn) distinct fibre points in proj−1(α), and
hence

ord0 h̃n(0, wn)

= number of distinct points in proj−1(α)

6 number of distinct points in (proj ◦ ϕ|H)−1(α) 6 s.
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7 Calculation of Explicit ε in Dimension 2 (Preliminaries)
7.0.12 In this section we will use some of the results in the earlier sections to establish some
preliminary results for the calculation of explicit ε in the case of dimension 2.

7.0.13 Let F1,. . . ,FN be holomorphic function germs in OC2,0 vanishing at the origin such that the
ideal they generate 〈F1, . . . , FN〉 has finite intersection multiplicity with data (p, q, s).

7.1 Ideal Generated by Gradient and Generic Selection in Dimension 2

7.1.1 In C2, Proposition 3.9 implies that

dimC OC2,0

/〈
∂Fi
∂zj

: 1 6 i 6 N, 1 6 j 6 2

〉
6

(
8s+ 1

8s− 1

)
.

Moreover, if N = 2, there is a better upper bound

dimC OC2,0

/〈
∂Fi
∂zj

: 1 6 i, j 6 2

〉
6 4s.

7.1.2 Let h̃2 be any holomorphic function germ in OC2,0 with multiplicity m̃2. Let

V (h̃2) =
r̃⋃

k=1

Zk

be the irreducible decomposition of the pure 1-dimensional analytic variety. By Proposition 5.1, there
exist r̃ hyperplanes H1,. . . ,Hr̃ in C2N such that for all

(λ1, . . . , λN, θ1, . . . , θN) ∈ C2N −
r̃⋃
i=1

Hi,

there is an effective upper bound on the intersection multiplicity

dimC OC2,0

/〈
h̃2,

N∑
j=1

λj
∂Fj
∂z1

+ θj
∂Fj
∂z2

〉
6 m̃2

(
8s+ 1

8s− 1

)
.

7.1.3

Lemma 7.1. Let h̃2 be any holomorphic function germ in OC2,0 that vanishes at the origin, whose
multiplicity is m̃2. Suppose that the vanishing locus {h̃2 = 0} is a union of r̃ irreducible components
(not counting multiplicity). Then there exist 2r̃ hyperplanes H1,. . . ,H2r̃ in CN so that whenever

(c1, . . . , cN) ∈ CN −
2r̃⋃
k=1

Hk

there are r̃ hyperplanes H̃1,. . . ,H̃r̃ in C2 such that if

(α, γ) ∈ C2 −
r̃⋃

k=1

H̃k,

then it holds that

dimC OC2,0

/〈
h̃2,

N∑
j=1

cjα
∂Fj
∂z1

+ cjγ
∂Fj
∂z2

〉
6 m̃2

(
8s+ 1
8s− 1

)
.
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Proof. By paragraph 7.1.1, the ideal〈
∂Fi
∂zj

: 1 6 i 6 N, 1 6 j 6 2

〉
has finite intersection multiplicity with data (p′, q′, s′).

By Proposition 5.1, there exist r̃ hyperplanes in C2N of the form

H ′l =

{
(v1, . . . , vN, w1, . . . , wN) ∈ C2N :

N∑
k=1

σlkvk + µlkwk = 0

}
(16 l6 r̃),

such that if (v1, . . . , vN, w1, . . . , wN) ∈ C2N − ∪r̃l=1H
′
l , then

dimC OC2,0

/〈
h̃2,

2N∑
k=1

vk
∂Fk
∂z1

+ wk
∂Fk
∂z2

〉
6 m̃2

(
8s+ 1
8s− 1

)
.

To conclude the proof, it suffices to choose (c1α, . . . , cNα, c1γ, . . . , cNγ) ∈ C2N − ∪r̃l=1H
′
l , or equiva-

lently for every 1 6 l 6 r̃,

N∑
k=1

σlkckα + µlkckγ 6= 0. (7.2)

To this aim, write

N∑
k=1

σlkckα + µlkckγ =

(
N∑
k=1

σlkck

)
α +

(
N∑
k=1

µlkck

)
γ. (7.3)

If

(c1, . . . , cN) ∈ CN −
r̃⋃
l=1

{
(d1, . . . , dN) ∈ CN :

N∑
k=1

σlkdk = 0

}

−
r̃⋃
l=1

{
(d1, . . . , dN) ∈ CN :

N∑
k=1

µlkdk = 0

}
,

which is in a complement of 2r̃ hyperplanes, the coefficients of α and γ in the equation (7.3) do not
vanish. Once (c1, . . . , cN) is chosen, if

(α, γ) ∈ C2 −
r̃⋃
l=1

{(
N∑
k=1

σlkck

)
α +

(
N∑
k=1

µlkck

)
γ = 0

}
,

which lies in the complement of r̃ hyperplanes in C2, then equation (7.2) holds. Hence the proof is
complete.

7.1.4

Proposition 7.4. Let (z1, z2) ∈ C2 be holomorphic coordinates in C2. Let h̃2 be a holomorphic
function germ in OC2,0 vanishing at the origin with multiplicity m̃2, and suppose that its vanishing
locus {h̃2 = 0} has r̃ irreducible components (not counting multiplicity).

Let F1,. . . ,FN be holomorphic function germs which generate an ideal 〈F1, . . . , FN〉 having finite
intersection multiplicity with data (p, q, s).
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Let (
z1

z2

)
=

(
α β
γ δ

)(
w1

w2

)
be an invertible linear change of coordinates. Then there are 3r̃ hyperplanes H1,. . . ,H3r̃ in CN such
that for each (c1, . . . , cN) ∈ CN − ∪3r̃

k=1Hk, there exist r̃ hyperplanes H̃1,. . . ,H̃r̃ and a hypersurface
defined by a homogeneous polynomial {P = 0} such that whenever

(α, γ) ∈ C2 −
r̃⋃

k=1

H̃k − {P = 0},

the linear combination

h1(z1, z2) =
N∑
j=1

cjFj(z1, z2)

will satisfies the following conditions:
(i) the intersection multiplicity of the ideal 〈h1, h̃2〉 has an effective bound:

dimC OC2,0

/
〈h1, h̃2〉 6 m̃2p 6 m̃2s;

(ii) in the new coordinates (w1, w2),

dimCOC2,0

/〈
h̃2(αw1 + βw2, γw1 + δw2),

∂h1(αw1 + βw2, γw1 + δw2)

∂w1

〉
6 m̃2

(
8s+ 1

8s− 1

)
;

(iii) the holomorphic map induced from the change of coordinates

ϕ : C2 −→ C2

(w1, w2) 7−→
(
h1(αw1 + βw2, γw1 + δw2), w2

)
is a covering map with finite fibres.

Proof. (i) By Proposition 5.1, there exist r̃ hyperplanes H1,. . . ,Hr̃ in CN so that for all

(c1, . . . , cN) ∈ CN −
r̃⋃

k=1

Hk,

one has (in variables (z1, z2))

dimC OC2,0

/〈
h̃2,

N∑
j=1

cjFj

〉
6 m̃2p 6 m̃2s.

This satisfies the first condition, which remains unchanged even after a linear change of coordinates
(z1, z2)↔ (w1, w2).

(ii) After a change of variables,

∂h1(αw1 + βw2, γw1 + δw2)

∂w1

=
∂h1(z1, z2)

∂z1

∂z1

∂w1

+
∂h1(z1, z2)

∂z2

∂z2

∂w1

= α
∂h1(z1, z2)

∂z1

+ γ
∂h1(z1, z2)

∂z2

=
N∑
j=1

cjα
∂Fj(z1, z2)

∂z1

+ cjγ
∂Fj(z1, z2)

∂z2

.
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By Lemma 7.1, there exist 2r̃ hyperplanes Hr̃+1,. . . ,H3r̃ in CN such that whenever

(c1, . . . , cN) ∈ CN −
3r̃⋃

k=r̃+1

Hk,

there are r̃ hyperplanes H̃1,. . . , H̃r̃ in C2 so that if

(α, γ) ∈ C2 −
r̃⋃

k=1

H̃k,

then

dimC OC2,0

/〈
h̃2(z1, z2),

N∑
j=1

cjα
∂Fj(z1, z2)

∂z1

+ cjγ
∂Fj(z1, z2)

∂z2

〉
6 m̃2

(
8s+ 1

8s− 1

)
,

or in other words,

dimC OC2,0

/〈
h̃2(αw1 + βw2, γw1 + δw2),

∂h1(αw1 + βw2, γw1 + δw2)

∂w1

〉
6 m̃2

(
8s+ 1

8s− 1

)
,

and hence the second condition is attained.
(iii) For the last condition, in order for ϕ to be a covering map with finite fibres, it suffices to find

(α, γ) ∈ C2 so that the holomorphic function of one variable

h1(αw1 + βw2, γw1 + δw2)|{w2=0} = h1(αw1, γw1)

has a finite order of vanishing at w1 = 0. To this effect, h1(z1, z2) may be written as an infinite sum

h1(z1, z2) = Pm1 +
∑

k>m1+1

Pk

of homogeneous polynomials Pk of degree k, with m1 = mult0 h1. Hence,

h1(αw1, γw1) = Pm1(αw1, γw1) +O(wm1+1
1 )

= wm1
1 Pm(α, γ) +O(wm1+1

1 ).

If (α, γ) ∈ C2 − {Pm1 = 0}, then h1(αw1, γw1) 6≡ 0 and hence ϕ defines a ramified m1-sheeted
analytic covering.

In summary, there exist 3r̃ hyperplanes H1,. . . ,H3r̃ in CN so that for every

(c1, . . . , cN) ∈ CN −
3r̃⋃
k=1

Hk,

there are r̃ hyperplanes H̃1,. . . ,H̃r̃ and a hypersurface {Pm1 = 0} in C2 such that whenever(
z1

z2

)
=

(
α β
γ δ

)(
w1

w2

)
is an invertible linear change of coordinate satisfying

(α, γ) ∈ C2 −
r̃⋃

k=1

H̃k − {Pm1 = 0},

the three conditions (i), (ii), (iii) are satisfied.
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8 Calculation of Explicit ε in Dimension 2

8.0.5 As before, we work in C2. Let F1,. . . ,FN be holomorphic function germs in OC2,0 vanishing
at the origin whose ideal IF = 〈F1, . . . , FN〉 has finite intersection multiplicity with data (p, q, s).

8.0.6 By [Siu10, p 1182], one has for all φ ∈ D0,1(Ω) with compact support that

‖|dFj · φ|‖2
1
4
. Q(φ, φ) (16 j 6 N).

8.0.7 For any two vectors (λ1, . . . , λN), (µ1, . . . , µN) in CN, if

A =
N∑
i=1

λiFi and B =
N∑
i=1

µiFi,

then by Proposition 1.24
‖|Jac(A,B)φ|‖2

1
4
. Q(φ, φ).

8.0.8 By Corollary 5.2, there exist vectors (λ1, . . . , λN) and (µ1, . . . , µN) such that

dimC OC2,0

/
〈A,B〉 6 4s2.

By Corollary 2.16,
mult0 Jac(A,B) 6 4s2 − 1.

8.0.9 Write

Jac(A,B) = fα1
1 · · · f

αr̃
r̃ (8.1)

as a product of prime elements, and let α := max{α1, . . . , αr̃}. The holomorphic function

h̃2 := f1 · · · fr̃

is also a subelliptic multiplier since

h̃α2 = fα1 · · · fαr̃ = fα−α1
1 · · · fα−αr̃r̃ Jac(A,B)

is a multiple of a subelliptic multiplier. Consequently, by radical property of subelliptic multipliers
Proposition 1.22,

‖|h̃2φ|‖2
1

4α
. Q(φ, φ).

Moreover, by equation (8.1),

mult0 Jac(A,B) =
r̃∑
i=1

αi mult0 (fi) > α.

Hence
1

4α
>

1

4 mult0Jac(A,B)
>

1

4(4s2 − 1)
,

and
‖|h̃2φ|‖2

1
4(4s2−1)

. ‖|h̃2φ|‖2
1

4α
. Q(φ, φ).
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8.0.10 As a remark,

mult0 h̃2 =
r̃∑
i=1

mult0 fi 6
r̃∑
i=1

αimult0 fi = mult0 Jac(A,B) 6 4s2 − 1.

8.0.11 By Proposition 7.4, there exists (c1, . . . , cN) ∈ CN and a linear change of coordinate
(z1, z2) 7→ (w1, w2) via (

z1

z2

)
=

(
α β
γ δ

)(
w1

w2

)
such that if h1 =

∑N
k=1 ckFk, one has

(i)

dimC OC2,0

/
〈h1(αw1 + βw2, γw1 + δw2), h̃2(αw1 + βw2, γw1 + δw2)〉

6 (mult0 h̃2)s 6 (4s2 − 1)s;

(ii)

dimC OC2,0

/〈
h̃2(αw1 + βw2, γw1 + δw2),

∂h1(αw1 + βw2, γw1 + δw2)

∂w1

〉
6 (mult0 h̃2)

(
8s+ 1

8s− 1

)
;

(iii) if we let (C2, (w1, w1)) [resp. (C2, (x, y))] denote C2 with coordinate system (w1, w2) [resp.
(x, y)], the holomorphic map

ϕ : (C2, (w1, w2)) −→ (C2, (x, y))

(w1, w2) 7−→ (h1(αw1 + βw2, γw1 + δw2), w2)

defines a ramified ordw1=0 h̃1(αw1, βw1)-cover over C2, which is therefore open and proper with finite
fibres.

8.0.12 Since h1 vanishes at the origin, by Lemma 2.12,

h1(αw1 + βw2, γw1 + δw2)(4s2−1)(8s+1
8s−1)

∈
〈
∂h1(αw1 + βw2, γw1 + δw2)

∂z1

, h̃2(αw1 + βw2, γw1 + δw2)

〉
.

8.0.13 Let C2 := {h̃2(αw1 + βw2, γw1 + δw2) = 0} be the reduced curve. Since ϕ is a proper
map, by Remmert’s proper mapping theorem, the image C̃2 := ϕ(C2) is an analytic set of dimension
1. There exists an analytic function h2 on C2 such that ϕ(C2) = {h2(x, y) = 0}. By Proposition
6.4, λ := ord0 h2(0, y) 6 (4s2 − 1)s. Hence, by Weierstrass’ preparation theorem, there exist a unit
u(x, y), and holomorphic functions a1(x), . . . , a(4s2−1)s−1(x) that vanish at x = 0 such that h2(x, y)
may be expressed as a Weierstrass polynomial

h2(x, y) = u(x, y)

(
yλ +

λ−1∑
k=0

aj(x)yj

)
λ6(4s2−1)s.
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8.0.14 The holomorphic function h2(h1(αw1 + βw2, γw1 + δw2), w2) is also a subelliptic multi-
plier. More precisely, h2(h1(αw1 +βw2, γw1 + δw2), w2) is a multiple of h̃2(αw1 +βw2, γw1 + δw2)
which is a subelliptic multiplier by paragraph 8.0.9. This follows from the fact (which will be ex-
plained below) that V (h̃2) ⊆ V (h2(h1, w2)) and hence by the Nullstellensatz,

〈h2(h1, w2)〉 ⊆
√
〈h2(h1, w2)〉 ⊆

√
〈h̃2〉 = 〈h̃2〉,

where the equality follows from the fact that h̃2 is reduced.
Now to show that V (h̃2(αw1 + βw2, γw1 + δw2)) ⊆ V (h2(h1(αw1 + βw2, γw1 + δw2), w2)), if

(σ, µ) ∈ C2 satisfies h̃2(ασ + βµ, γσ + δµ) = 0, then

ϕ(σ, µ) = (h1(ασ + βµ, γσ + δµ), µ) ∈ {h2(x, y) = 0}.

Hence
0 = h2(ϕ(σ, µ)) = h2(h1(ασ + βµ, γσ + δµ), µ),

from which we have proved the set inclusion. Consequently,

‖|h2(h1(αw1 + βw2, γw1 + δw2), w2)φ|‖2
1

4(4s2−1)

. Q(φ, φ).

Moreover, since u(h1(αw1 + βw2, γw1 + δw2), w2) is a unit,∥∥∥∥∥
∣∣∣∣∣
(
wλ2 +

λ−1∑
j=1

aj(h1(αw1 + βw2, γw1 + δw2))wj2

)
φ

∣∣∣∣∣
∥∥∥∥∥

2

1
4(4s2−1)

. Q(φ, φ),

where λ 6 (4s2 − 1)s.

8.0.15 To declutter notations, we will set

h1(w1, w2) := h1(αw1 + βw2, γw1 + δw2)

∂h1(w1, w2)

∂w1

:=
∂h1(αw1 + βw2, γw1 + δw2)

∂w1

h̃2(w1, w2) := h̃2(αw1 + βw2, γw1 + δw2)

η := (4s2 − 1)

(
8s+ 1

8s− 1

)
λ := ord0 h2(0, y) 6 (4s2 − 1)s.

By Paragraph 8.0.12, since

hη1 ∈
〈
∂h1

∂w1

, h̃2

〉
,

there is an estimate

|hη1| .
∣∣∣∣ ∂h1

∂w1

∣∣∣∣+ |h̃2|.

8.1 Siu’s method: Starting Point
8.1.1 Since h1 is a pre-multiplier and

dh1 ∧ dh2 =
∂h1

∂w1

(
λwλ−1

2 +
λ−1∑
j=1

jaj(h1)wj−1
2

)
dw1 ∧ dw2,
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the holomorphic function
∂h1

∂w1

(
λwλ−1

2 +
λ−1∑
j=1

jaj(h1)wj−1
2

)
is also a subelliptic multiplier and we will estimate its regularity property. Since∥∥∥∥∥

∣∣∣∣∣
(
wλ2 +

λ−1∑
j=0

aj(h1)wj2

)
φ

∣∣∣∣∣
∥∥∥∥∥

2

1
4(4s2−1)

. Q(φ, φ),

using Proposition 1.24, ∥∥∥∥∥
∣∣∣∣∣d
(
wλ2 +

λ−1∑
j=0

aj(h1)wj2

)
· φ

∣∣∣∣∣
∥∥∥∥∥

2

1
8(4s2−1)

. Q(φ, φ).

Also,
‖|dh1 · φ|‖2

1
8(4s2−1)

. ‖|dh1 · φ|‖4
1
4
. Q(φ, φ),

where the last inequality comes from Paragraph 8.0.6 and the fact that h1 is a linear combination of
the Fi. By the remark after Definition 1.26, the regularity of the subelliptic multiplier is obtained
below ∥∥∥∥∥

∣∣∣∣∣ ∂h1

∂w1

(
λwλ−1

2 +
λ−1∑
j=1

jaj(h1)wj−1
2

)
φ

∣∣∣∣∣
∥∥∥∥∥

2

1
8(4s2−1)

. Q(φ, φ).

8.1.2 Since h̃2 is also a subelliptic multiplier, so is

h̃2

(
λwλ−1

2 +
λ−1∑
j=1

jaj(h1)wj−1
2

)
.

Hence by paragraph 8.0.9,∥∥∥∥∥
∣∣∣∣∣h̃2

(
λwλ−1

2 +
λ−1∑
j=1

jaj(h1)wj−1
2

)
φ

∥∥∥∥∥
∣∣∣∣∣
2

1
4(4s2−1)

. Q(φ, φ).

8.1.3 By the previous two paragraphs and the inequality in 8.0.15,

|hη1| .
∣∣∣∣∂h1

∂z1

∣∣∣∣+ |h̃2|,

there is an estimate∥∥∥∥∥
∣∣∣∣∣hη1
(
λwλ−1

2 +
λ−1∑
j=1

jaj(h1)wj−1
2

)
φ

∣∣∣∣∣
∥∥∥∥∥

2

1
8(4s2−1)

.

∥∥∥∥∥
∣∣∣∣∣ ∂h1

∂w1

(
λwλ−1

2 +
λ−1∑
j=1

jaj(h1)wj−1
2

)
φ

∣∣∣∣∣
∥∥∥∥∥

2

1
8(4s2−1)

+

∥∥∥∥∥
∣∣∣∣∣h̃2

(
λwλ−1

2 +
λ−1∑
j=1

jaj(h1)wj−1
2

)
φ

∣∣∣∣∣
∥∥∥∥∥

2

1
8(4s2−1)

. Q(φ, φ).
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8.2 Siu’s method: Inductive Step

8.2.1 Let h(0)
2 := h2 and

h
(1)
2 := hη1

(
λwλ−1

2 +
λ−1∑
j=1

jaj(h1)wj−1
2

)
.

For 1 6 ν 6 λ, define

h
(ν)
2 := hνη1

(
λ!

(λ− ν)!
wλ−ν2 +

λ−1∑
j=ν

j!

(j − ν)!
aj(h1)wj−ν2

)
,

which will be shown that it is also a subelliptic multiplier and

‖|h(ν)
2 φ|‖2

1
2ν ·4(4s2−1)

. Q(φ, φ).

8.2.2 We will first calculate something analogous to the first paragraph of the previous subsection.
Suppose that the induction statement is true for ν − 1, meaning that

‖|h(ν−1)
2 φ|‖2

1
2ν−1·4(4s2−1)

. Q(φ, φ).

Then

‖|dh(ν−1)
2 φ|‖2

1
2ν ·4(4s2−1)

. Q(φ, φ).

Moreover,

‖|dh1 · φ|‖4
1
2
. Q(φ, φ).

Therefore,

dh1 ∧ dh(ν−1)
2 =

∂h1

∂w1

(
h
η(ν−1)
1

(
λ!

(λ− ν)!
wλ−ν2 +

λ−1∑
j=ν

j!

(j − ν)!
aj(h1)wj−ν2

))
dw1 ∧ dw2,

whose coefficient is also a subelliptic multiplier with

∥∥∥∥∥
∣∣∣∣∣ ∂h1

∂w1

(
h
η(ν−1)
1

(
λ!

(λ− ν)!
wλ−ν2 +

λ−1∑
j=ν

j!

(j − ν)!
aj(h1)wj−ν2

))
φ

∣∣∣∣∣
∥∥∥∥∥

2

1
2ν ·4(4s2−1)

. Q(φ, φ).

8.2.3 Since h̃2 is also a subelliptic multiplier,

∥∥∥∥∥
∣∣∣∣∣h̃2

(
h
η(ν−1)
1

(
λ!

(λ− ν)!
wλ−ν2 +

λ−1∑
j=ν

j!

(j − ν)!
aj(h1)wj−ν2

))
φ

∣∣∣∣∣
∥∥∥∥∥

2

1
2ν ·4(4s2−1)

. Q(φ, φ).
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8.2.4 Combining the inequalities in the last two paragraphs, and using the fact that |hη1| . |∂z1h1|+
|h̃2|,

‖|h(ν)
2 φ|‖2

1
2ν ·4(4s2−1)

=

∥∥∥∥∥
∣∣∣∣∣hνη1

(
λ!

(λ− ν)!
wλ−ν2 +

λ−1∑
j=ν

j!

(j − ν)!
aj(h1)wj−ν2

)
φ

∣∣∣∣∣
∥∥∥∥∥

2

1
2ν ·4(4s2−1)

=

∥∥∥∥∥
∣∣∣∣∣hη1
(
h
η(ν−1)
1

(
λ!

(λ− ν)!
wλ−ν2 +

λ−1∑
j=ν

j!

(j − ν)!
aj(h1)wj−ν2

))
φ

∣∣∣∣∣
∥∥∥∥∥

2

1
2ν ·4(4s2−1)

.

∥∥∥∥∥
∣∣∣∣∣ ∂h1

∂w1

(
h
η(ν−1)
1

(
λ!

(λ− ν)!
wλ−ν2 +

λ−1∑
j=ν

j!

(j − ν)!
aj(h1)wj−ν2

))
φ

∣∣∣∣∣
∥∥∥∥∥

2

1
2ν ·4(4s2−1)

+

∥∥∥∥∥
∣∣∣∣∣h̃2

(
h
η(ν−1)
1

(
λ!

(λ− ν)!
wλ−ν2 +

λ−1∑
j=ν

j!

(j − ν)!
aj(h1)wj−ν2

))
φ

∣∣∣∣∣
∥∥∥∥∥

2

1
2ν ·4(4s2−1)

. Q(φ, φ).

This finishes the induction process.

8.2.5 Setting ν = λ, we get

‖|h(λ)
2 φ|‖2

1

2λ·4(4s2−1)

. Q(φ, φ).

But h(λ)
2 = hηλ1 λ!, therefore

‖|hλη1 φ|‖2
1

2λ·4(4s2−1)

. Q(φ, φ).

8.3 Siu’s method: Conclusion and End of Calculation
8.3.1 Since

dimC OC2,0

/
〈h1, h̃2〉 6 (4s2 − 1)s,

by Proposition 2.17,

dimC OC2,0

/
〈hλη1 , h̃2〉 = ηλ dimC OC2,0

/
〈h1, h̃2〉 6 (4s2 − 1)sηλ.

For i = 1, 2, by the Lemma 2.12,

w
(4s2−1)sλη
i ∈

〈
hλη1 , h̃2

〉
.

Thus w(4s2−1)sλη
i is also a multiplier with

|w(4s2−1)sλη
i | . |hηλ1 |+ |h̃2|.

Hence

‖|w(4s2−1)sλη
i φ|‖2

1

2λ·4(4s2−1)

. ‖|hηλ1 φ|‖2
1

2λ·4(4s2−1)

+ ‖|h̃2φ|‖2
1

2λ·4(4s2−1)

. ‖|hηλ1 φ|‖2
1

2λ·4(4s2−1)

+ ‖|h̃2φ|‖2
1

4(4s2−1)

. Q(φ, φ).
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By radical property of subelliptic multipliers Proposition 1.22, one has for each i = 1, 2 that

‖|wiφ|‖2
1

2λ·4sηλ(4s2−1)2
. Q(φ, φ).

Taking the Jacobian, one obtains by Propositions 1.22 and 1.24 that

‖|φ|‖2
1

2λ+1·4sηλ(4s2−1)2
. Q(φ, φ),

and this terminates the calculation, and therefore the following theorem is obtained:

Theorem 8.2. Let (z1, z2, z3) be holomorphic coordinates in C3 with zi = xi +
√
−1yi. For some

N > 2, let F1(z1, z2),. . . ,FN(z1, z2) be holomorphic function germs in OC2,0 vanishing at the origin
such that

dimC OC2,0

/
〈F1, . . . , FN〉 := s <∞.

Let Ω ⊂ C3 be the domain defined by

Ω =

{
(z1, z2, z3) ∈ C3 : 2Re z3 −

N∑
i=1

|Fi(z1, z2)|2 < 0

}
.

Then by Siu’s method, Kohn’s algorithm terminates in at most (4s2− 1)s steps. Moreover, for any
φ ∈ D0,1(Ω) with compact support,

‖|φ|‖2
ε . ‖∂φ‖2 + ‖∂∗φ‖2 + ‖φ‖2,

where

ε >
1

2(4s2−1)s+3s2(4s2 − 1)4
(

8s+1
8s−1

) .
9 Homogeneous Polynomials in Two Variables

9.1 Some Properties of Homogeneous Polynomials

9.1.1 In this subsection, we will let F and G denote any homogeneous polynomials in variables
(z, w) of respective degrees deg F = m and deg G = n. They may be expressed as

F (z, w) = a0z
mw0 + · · ·+ amz

0wm

G(z, w) = b0z
nwn + · · ·+ bnz

0wn.
(9.1)

There are two ways to dehomogenise F and G:

F (z, 1) := f = a0z
m + a1z

m−1 + · · ·+ am,

G(z, 1) := g = b0z
n + b1z

n−1 + · · ·+ bn,
(9.2)

and
F (1, w) := f̃ = a0 + a1w + · · ·+ amw

m,

G(1, w) := g̃ = b0 + b1w + · · ·+ bnw
n.

(9.3)
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9.1.2 Factorisation of Homogeneous Polynomials

Lemma 9.4. Let F ∈ C[z, w] be a homogeneous polynomial of degree m. Then F can be written as
a product of linear factors:

F (z, w) = wm−r
kF∏
i=1

(aiz − biw)ri .

where
∑kF

i=1 ri = r.

Proof. By dehomogenising F ,

F (X, Y ) = Y mF (X/Y, 1) := Y mQ(X/Y ),

where Q is of degree less than or equals to m. The proof follows by the Fundamental Theorem of
Algebra.

9.1.3 The following lemma gives the expressions of Jac(F,G) in a form which simplifies calcula-
tions in the later sections.

Lemma 9.5. Let F and G be homogeneous polynomials of degrees m and n in equation (9.1). Then

zwJac(F,G) = w(mFGw − nGFw)

= z(nGFz −mFGz).
(9.6)

Proof. From the Euler’s identity applied to F and G,

zFz + wFw = mF,

zGz + wGw = nG.

Multiplying the two expressions together,

(mF )(nG) = z2FzGz + zwFzGw + wzFwGz + w2FwGw

= zw(FzGw − FwGz) + (z2FzGz + zwFwGz) + (w2FwGw + zwFwGz)

= zwJac(F,G) + zGz(zFz + wFw) + wFw(zGz + wGw)

= zwJac(F,G) + zGzmF + wFwnG.

Bringing zGzmF + wFwnG to the left side of the equation,

zwJac(F,G) = (mF )(nG)− zGzmF − wFznG. (9.7)

Using the Euler’s identity for G, in equation (9.7),

zwJac(F,G) = (mF )(nG)− zGzmF − wFwnG
= mF (nG− zGz)− wFwnG
= mFwGw − wFwnG
= w(mFGw − nGFw),

which gives the first formula in equation (9.6). For the second formula in equation (9.6), applying
Euler’s identity for F in (9.7) gives

zwJac(F,G) = (mF )(nG)− zGzmF − wFwnG
= nG(mF − wFw)− zGzmF

= nGzFz − zGzmF

= z(nGFz −mFGz).

The proof is then complete.



9. Homogeneous Polynomials in Two Variables 79

9.2 Resultants
9.2.1 Let F, G ∈ C[z, w] be homogeneous polynomials given as before by

F (z, w) = a0z
mw0 + · · ·+ am−1zw

m−1 + amw
m,

G(z, w) = b0z
nw0 + · · ·+ bn−1zw

n−1 + bnw
n,

The resultant of these two polynomials is given by the following m+ n by m+ n Sylvester matrix

Resultantm,n(F,G) :=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a0 a1 a2 · · · · · · am 0 · · · 0
0 a0 a1 · · · · · · am−1 am · · · 0
...

... . . . . . . ...
... . . . . . . ...

0 0 0 a0 a1 · · · · · · am−1 am
b0 b1 b2 · · · · · · bn 0 · · · 0
0 b0 b1 · · · · · · bn−1 bn · · · 0
...

... . . . . . . ...
... . . . . . . ...

0 0 0 b0 b1 · · · · · · bn−1 bn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Over the field of complex numbers, Resultantm,n(F,G) = 0 if and only if the equations F = G = 0
have a solution (x, y) 6= (0, 0) in C2 (See [CLO05, page 81]). Direct from the definition, therefore

Resultant1,m(z, F ) = am

Resultant1,m(w,F ) = a0.

Moreover, by a result of Jouanolou [Jou91], the resultant of homogeneous polynomials satisfies mul-
tiplicative property:

Proposition 9.8 (Section 5.7, page 154 in [Jou91]). Let F , G and H be homogenenous polynomials
in C[z, w] of respective degrees d1, d2 and d3. Then

Resultantd1+d2,d3(FG,H) = Resultantd1,d3(F,H)Resultantd2,d3(G,H).

9.2.2 Resultant by dehomogenised polynomials Let f(z) = F (z, 1) and g(z) = G(z, 1) be the
dehomogenisation of the homogeneous polynomials F and G respectively. Provided that a0 6= 0 and
b0 6= 0, the resultant of F and G is then given by

Resultantm,n(F,G) =: resultantm,n(f, g, z).

Under this assumption, by [CLO05, Chapter 3, page 78], resultantm,n(f, g, z) = 0 if and only
if f and g have common factors. Moreover, by [CLO05, Chapter 3, page 81, Proposition 1.7],
Resultantm,n(F,G) 6≡ 0 if and only if {F = G = 0} = {(0, 0)}.

9.2.3 The following lemma is crucial for our calculations.

Lemma 9.9. Let a(z), b(z) and c(z) be polynomials in C[z] given by

a(z) := a0z
m + · · ·+ am−1z + am,

b(z) = b0z
n + · · ·+ bn−1z + bn,

c(z) = c0z
d + · · ·+ cd−1z + cd,

with m > n and d = m− n. Suppose a0 6= 0, b0 6= 0 and a0 − b0c0 6= 0, then

resultantm,n(a− bc, b, z) = resultantm,n(a, b, z).
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The proof of this lemma is long and complicated, but an example will explain how the proof should
proceed. For the purpose, let A, B and C be homogeneous polynomials of respective degrees 3, 2 and
1, so that

a = a0z
3 + a1z

2 + a2z + a3,

b = b0z
2 + b1z + b2,

c = c0z + c1,

and hence

a− bc = (a0 − b0c0)z3 + (a1 − b0c1 − b1c0)z2 + (a2 − b1c1 − b2c0)z + (a3 − b2c1).

The resultant of a− bc and b is the determinant of the following 5 by 5 matrix:

∣∣∣∣∣∣∣∣∣∣
b0 b1 b2 0 0
0 b0 b1 b2 0
0 0 b0 b1 b2

a0 − b0c0 a1 − b0c1 − b1c0 a2 − b1c1 − b2c0 a3 − b2c1 0
0 a0 − b0c0 a1 − b0c1 − b1c0 a2 − b1c1 − b2c0 a3 − b2c1

∣∣∣∣∣∣∣∣∣∣
R4+c0R1
R5+c0R2

=

∣∣∣∣∣∣∣∣∣∣
b0 b1 b2 0 0
0 b0 b1 b2 0
0 0 b0 b1 b2

a0 a1 − b0c1 a2 − b1c1 a3 − b2c1 0
0 a0 a1 − b0c1 a2 − b1c1 a3 − b2c1

∣∣∣∣∣∣∣∣∣∣
R4+c1R2
R5+c1R3

=

∣∣∣∣∣∣∣∣∣∣
b0 b1 b2 0 0
0 b0 b1 b2 0
0 0 b0 b1 b2

a0 a1 a2 a3 0
0 a0 a1 a2 a3

∣∣∣∣∣∣∣∣∣∣
= resultant(a, b, z).

This lemma has an easy generalisation to homogeneous polynomials.

Lemma 9.10. Let a(z), b(z) and c(z) be polynomials above with m > n, d = m− n, a0 6= 0, b0 6= 0
and a0 − b0c0 6= 0. Let A(z, w), B(z, w) and C(z, w) be homogenisation of a(z), b(z) and c(z)
respectively so that

A(z) := a0z
mw0 + · · ·+ am−1zw

m−1 + amz
0wm,

B(z) = b0z
nw0 + · · ·+ bn−1zw

n−1 + bnz
0wn,

C(z) = c0z
dw0 + · · ·+ cd−1zw

d−1 + cdz
0wd,

then
Resultantm,n(A−BC,B) = Resultantm,n(A,B).

Proof. By the definition of resultant of homogeneous polynomials and applying the previous lemma

Resultantm,n(A−BC,B) = resultantm,n(A(z, 1)−B(z, 1)C(z, 1), B(z, 1), z)

= resultantm,n(a− bc, b, z)

= resultantm,n(a, b, z) = Resultantm,n(A,B).

Hence the lemma is proved.
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9.3 Resultants and Jacobians
9.3.1 The relationship between the resultant and the Jacobian The following proposition will
be used for Kohn’s algorithm on homogeneous polynomials.

Proposition 9.11. Let F and G be homogeneous polynomials with respective degrees m and n. If
a0 6= 0, a1 6= 0, b0 6= 0, and

Jac(F,G)(1, 0) = nb0a1 −ma0b1 6= 0,

then

amResultantm+n−2,m(Jac(F,G), F ) = (−n)mResultantm,n(F,G) Resultantm−1,m(Fw, F ).

Proof. Using the formula of the Jacobian for homogeneous polynomials,

Resultantn+m,m(zwJac(F,G), F ) = Resultantn+m,m(mFwGw − nGwFw, F )

= Resultant1,m(w,F )Resultantn+m−1,m(mFGw − nGFw, F )

= a0Resultantn+m−1,m(mFGw − nGFw, F )

The coefficient of zn+m−2 in mFGw−nGFw is ma0b1−nb0a1, which is non-zero by hypothesis. Set
as in lemma 9.10 the following polynomials

A = nGFw,

B = F,

C = Gw,

and observe that the coefficient of zn+m−1 in A is nb0a1 which is non-zero by hypothesis. Moreover,
the coefficient of zm in F is a0 which is also non-zero by hypothesis. Therefore,

deg A = deg G+ deg F − 1,

deg B = deg F,

deg C = deg G− 1,

from which it is clear that degC = degA − degB. Furthermore, the hypothesis nb0a1 −ma0b1 6= 0
implies that deg(A−BC) = degA. By lemma 9.10,

Resultantn+m−1,m(mFGw − nGFw, F ) = Resultantn+m−1,m(−nGFw, F )

= (−n)mResultantn+m−1,m(GFw, F ),

from which one obtains

Resultantn+m,m(zwJac(F,G), F ) = a0(−n)mResultantn+m−1,m(GFw, F ). (9.12)

From the multiplicative property of the resultant, therefore

Resultantn+m,m(zwJac(F,G), F ) = a0amResultantn+m−2,m(Jac(F,G), F ) (9.13)

and

Resultantn+m−1,m(GFw, F ) = Resultantn,m(G,F )Resultantm−1,m(Fw, F ). (9.14)

Hence substituting equations (9.13) and (9.14) into (9.12) proves the identity.
Remark: The condition that both a0 6= 0 and a1 6= 0 is equivalent to the fact that both

F (z, 0) and (∂wF )(z, 0)

do not vanish.
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9.3.2 Some generic conditions In view of the previous result, the following lemma ensures generic
conditions:

Lemma 9.15. Let F1, . . . , FN be homogeneous polynomials in two variables z and w. Let (z, w) 7→
(λz + θw, µz + σw) be an invertible linear change of coordinates. Then for a general matrix

A =

(
λ θ
µ σ

)
,

the new homogeneous polynomials Gi(z, w) := Fi(λz + θw, µz + σw) satisfy Gi(z, 0) 6= 0 for all i.

Proof. Simply choose (λ, θ, µ, σ) such that for each i,

Fi(λ, µ) 6= 0,

det(A) = λσ − θµ 6= 0,

which completes the proof.

Proposition 9.16. Let F , G and H be homogeneous polynomials in z and w each of degree greater
than or equals to 1. Then there exists a general change of coordinates A : (z, w) 7→ (λz + θw, µz +
σw) such that if

P = F (λz + θw, µz + σw),

Q = G(λz + θw, µz + σw),

R = H(λz + θw, µz + σw),

the following properties are satisfied:

P (z, 0) 6= 0, ∂wP (z, 0) 6= 0, Q(z, 0) 6= 0, R(z, 0) 6= 0.

Proof. Let θ and σ be chosen so that

θ∂zF (z, w) + σ∂wF (z, w)

doesn’t vanish identically. This is a generic condition on (θ, σ) ∈ C2. Then apply the previous
proposition to F , G, H and θ∂zF (z, w) + σ∂wF (z, w) to obtain the conclusion, while observing that

∂w
(
F (λz + θw, µz + σw)

)
= θ∂zF (λz + θw, µz + σw) + σ∂wF (λz + θw, µz + σw).

9.4 Kohn’s Algorithm Applied to Homogeneous Polynomials in 2 Variables
9.4.1 A recall of Kohn’s Algorithm Let F and G be homogeneous polynomials in (z, w), and
suppose that the common intersection at the origin is 0 dimensional, that is

{F = G = 0} = {0}.

The degree of each of F and G may assumed to be at least 2, otherwise if F is linear, a suitable
change of holomorphic coordinates gives a triangular system in the sense of Catlin-D’Angelo, and
Kohn’s algorithm terminates in 2 steps. Recall the Kohn’s ideal of sub-elliptic multipliers generated
at first step is given by the radical of the Jacobian of the two polynomials

〈radical(Jac(F,G))〉
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Then the next step involves the following Jacobians

Jac
(
F, radical(Jac(F,G))

)
, Jac

(
G, radical(Jac(F,G))

)
.

For Kohn’s algorithm to terminate at this step, it suffices to show that any of the common intersections

{radical(Jac(F,G)) = Jac
(
F, radical(Jac(F,G))

)
= 0} = {0},

{radical(Jac(F,G)) = Jac
(
G, radical(Jac(F,G))

)
= 0} = {0},

consists only of the origin. To this end, by the property of resultant, it therefore suffices to show that
either

Resultant
(
radical(Jac(F,G)), Jac

(
F, radical(Jac(F,G))

))
6= 0

or
Resultant

(
radical(Jac(F,G)), Jac

(
G, radical(Jac(F,G))

))
6= 0

holds. This is exactly the case in Proposition 9.11, except that the generic conditions need to be
fulfilled. This can be overcome by applying a suitable linear change of coordinates A : C2 → C2 by
a general matrix. More details will be explained below.

9.4.2 Intersection multiplicities of homogeneous polynomials at the origin Let F (z, w) and
G(z, w) be homogeneous polynomials with degrees deg F = m and deg G = n. Suppose that the
coefficients of F and G are chosen so that a sufficient condition

Resultantm,n(F,G) 6= 0

is satisfied. By Lemma 9.4, the polynomials F and G may be written as a product of linear factors:

F (z, w) =

k1∏
i=1

(aiz − biw)λi ,

G(z, w) =

k2∏
i=1

(ciz − diw)µi ,

with
∑k1

i=1 λi = m and
∑k2

i=1 µi = n. The condition that Resultantm,n(F,G) 6= 0 implies that

{(z, w) ∈ C2 : F (z, w) = G(z, w) = 0} = {(0, 0)}.

Therefore, for any 1 6 i 6 k1 and 1 6 j 6 k2, the linear factors

(aiz − biw), and (cjz − djw)

are not constant multiples of one another. Otherwise, this means that there exists λ > 0 such that
ai = λcj and bi = λdj , and hence F (bi, ai) = 0 = G(di, ci) = 1

λn
G(bi, ai) is a non-trivial common

solution. Therefore

dimCOC2,0

/
〈F (z, w), G(z, w)〉 =

k1∑
i=1

k2∑
j=1

dimCOC2,0

/
〈(aiz − biw)λi , (cjz − djw)µj〉

=

k1∑
i=1

k2∑
j=1

λiµjdimCOC2,0

/
〈(aiz − biw), (cjz − djw)〉

=

k1∑
i=1

k2∑
j=1

λiµj =

(
k1∑
i=1

λi

)(
k2∑
j=1

µj

)
= mn.
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9.4.3 Let A : C2 → C2 be an invertible change of coordinates given by

A :=

(
λ θ
µ σ

)
∈ GL(2,C).

Firstly, consider F ◦ A and G ◦ A. The first step in Kohn’s algorithm consists in taking the Jacobian
of F ◦ A and G ◦ A, followed by taking its radical. Observe that

Jac(F ◦ A,G ◦ A) = det(A)Jac(F,G) ◦ A.

Set J̃A := Jac(F ◦ A,G ◦ A) and let JA := radical(Jac(F ◦ A,G ◦ A)). Let I be the identity matrix.

Lemma 9.17. One has
JA = det(A)JI ◦ A.

Proof. The first step involves computing JA:

JA = radical(Jac(F ◦ A,G ◦ A))

= radical(det(A)Jac(F,G) ◦ A)

= det(A)radical(Jac(F,G) ◦ A).

Let Jac(F,G) = hα1
1 · · ·h

αk
k be a decomposition of the Jacobian into product of primes (in fact they

are linear factors). Hence

radical(Jac(F,G) ◦ A) = radical((h1 ◦ A)α1 · · · (hk ◦ A)αk)

= (h1 ◦ A) · · · (hk ◦ A)

= radical(Jac(F,G)) ◦ A = JI ◦ A.

The proof is then complete.

9.4.4 The next step in Kohn’s algorithm consists of taking the Jacobians

H1 := Jac(JA, F ◦ A),

H2 := Jac(JA, G ◦ A).

Observe that H1 and H2 cannot vanish simultaneously, or otherwise Kohn’s algorithm will not termi-
nate despite {F = 0} and {G = 0} having complete intersection, which is a contradiction. Assume
without loss of generality that H1 does not vanish. Next, by the lemma in the previous paragraph,

H1 = Jac(JA, F ◦ A)

= Jac(det(A)JI ◦ A,F ◦ A)

= det(A)Jac(JI ◦ A,F ◦ A) = (det(A))2Jac(JI , F ) ◦ A.

9.4.5 Kohn’s algorithm terminates at this point if it can be shown that

Resultant(Jac(JA, F ◦ A), JA)

does not vanish. In order to apply the results in the previous section, the following conditions need to
be satisfied:

Jac(JA, F ◦ A)(z, 0) 6= 0,

JA(z, 0) 6= 0,

∂wJA(z, 0) 6= 0,

F ◦ A(z, 0) 6= 0.



9. Homogeneous Polynomials in Two Variables 85

In order to achieve this, observe that conditions above are equivalent to the following conditions using
the formula in the previous paragraph and Lemma 9.17

(det(A))2Jac(JI , F ) ◦ A(z, 0) 6= 0,

det(A)JI ◦ A(z, 0) 6= 0,

det(A)∂w(JI ◦ A)(z, 0) 6= 0,

F ◦ A(z, 0) 6= 0.

This can be done by a suitable change of coordinates A by Proposition 9.16. Therefore,

Resultant(Jac(JA, F ◦ A), JA) = (−n)? Resultant(F ◦ A, JA)Resultant(∂zJA, JA)

Resultant(w, JA)

9.4.6 Next, it is claimed that Resultant(∂zJA, JA) is not zero. It suffices to prove that JA is reduced.
But from Lemma 9.17, JA = det(A)JI ◦ A, and since JI is reduced, so is JA.

9.4.7 On the other hand, to show that

Resultant(F ◦ A, JA) = Resultant(F ◦ A, radical(Jac(F ◦ A,G ◦ A)))

does not vanish, this is equivalent to proving that

Resultant(F ◦ A, Jac(F ◦ A,G ◦ A))

does not vanish. This is because by the property of resultant and using the decomposition of Jac(F ◦
A,G ◦ A) in the proof of lemma 1.14,

det(A)−mResultant(F ◦ A, Jac(F ◦ A,G ◦ A)) = Resultant(F ◦ A, Jac(F,G) ◦ A)

= Resultant(F ◦ A, (h1 ◦ A)α1 · · · (hk ◦ A)αk)

= Resultant(F ◦ A, (h1 ◦ A)α1) · · ·Resultant(F ◦ A, (hk ◦ A)αk)

= Resultant(F ◦ A, (h1 ◦ A))α1 · · ·Resultant(F ◦ A, (hk ◦ A))αk .

Hence, Resultant(F ◦A, Jac(F ◦A,G◦A)) does not vanish if and only if each of the terms Resultant(F ◦
A, hi ◦ A) does not vanish. Consequently,

det(A)m
k∏
i=1

Resultant(F ◦ A, hi ◦ A) = Resultant(F ◦ A, det(A)(h1 ◦ A) · · · (hk ◦ A))

= Resultant(F ◦ A, det(A)JI ◦ A)

= Resultant(F ◦ A, JA)

does not vanish.

9.4.8 For the non-vanishing of Resultant(F ◦A, Jac(F ◦A,G ◦A)), Proposition 9.11 will be used
again, and hence the following conditions are needed:

det(A)Jac(F,G) ◦ A(z, 0) = Jac(F ◦ A,G ◦ A)(z, 0) 6≡ 0,

F ◦ A(z, 0) 6= 0,

∂w(F ◦ A)(z, 0) 6= 0,

G ◦ A(z, 0) 6= 0.
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Again, this can be achieved by a suitable change of coordinates A. Therefore,

Resultant(Jac(F ◦ A,G ◦ A), F ◦ A) = nm
Resultant(G ◦ A,F ◦ A)Resultant(∂z(F ◦ A), F ◦ A)

Resultant(w,F ◦ A)
.

By hypothesis, the fact that {G = 0} and {F = 0} have complete intersection at the origin means that
Resultant(G ◦ A,F ◦ A) does not vanish. To show that Resultant(∂z(F ◦ A), F ◦ A) does not vanish,
this is equivalent to the fact that the discriminant of the polynomial in one-variable F (z, 1) does not
vanish. This is because

∂z(F ◦ A)(z, 1) =
dF ◦ A(z, 1)

dz
,

and therefore

Resultant(∂z(F ◦ A), F ◦ A) = resultant(∂z(F ◦ A)(z, 1), F ◦ A(z, 1)

= resultant

(
dF ◦ A(z, 1)

dz
, F ◦ A(z, 1)

)
.

Hence the discriminant of F ◦ A(z, 1), which is

resultant

(
dF ◦ A(z, 1)

dz
, F ◦ A(z, 1)

)
,

does not vanish if and only if F ◦ A(z, 1) does not have repeated factors, and thus it is a generic
condition on the coefficients of F .

9.4.9 The discussions in paragraph 9.4.8 leads to the following theorem:

Theorem 9.18. Let F andG be homogeneous polynomials in C[z, w] with respective degrees degF =
m and degG = n such that

Resultant(F,G) 6= 0.

Then for generic choices of F and G, there exists a generic choice of invertible linear transformation
A : C2 → C2, such that Kohn’s algorithm terminates in 2 steps for F ◦ A and G ◦ A.

Corollary 9.19. Let (z, w, v) be holomorphic coordinates on C3. For generic choices of homogeneous
polynomials F and G in C[z, w] with m = degF , and n = degG, let Ω be the special domain given
by

Re(v)− |F (z, w)|2 + |G(z, w)|2 < 0.

Then at the origin 0 ∈ C3, there exists a neighbourhood V ⊆ C3 of 0 such that for all φ ∈ D0,1(V ),

‖|φ|‖2
ε . ‖∂φ‖2 + ‖∂∗φ‖2 + ‖φ‖2,

where
ε >

1

16(m+ n− 2)2(2m+ n− 2)
.

Proof. The first step involves taking the Jacobian Jac(F,G), which gives

‖|Jac(F,G)ϕ|‖2
1/4 . Q(ϕ, ϕ).

Observe that
radical(Jac(F,G))m+n−2 ∈ 〈Jac(F,G)〉,

therefore
‖|radical(Jac(F,G))|‖2

1
4(m+n−2)

. Q(ϕ, ϕ).
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Next, taking the Jacobian of radical(Jac(F,G)) and F gives the following estimates

‖|Jac(radical(Jac(F,G)), F )ϕ|‖2
1

8(m+n−2)
. Q(ϕ, ϕ),

‖|radical(Jac(F,G))ϕ|‖2
1

8(m+n−2)
. Q(ϕ, ϕ).

By considering the degrees, the intersection multiplicities of Jac(radical(Jac(F,G)), F ) and
radical(Jac(F,G)) is at most (2m+ n− 2)(m+ n− 2). Hence

‖|zϕ|‖2
1

8(m+n−2)(2m+n−2)(m+n−2)
. Q(ϕ, ϕ)

‖|wϕ|‖2
1

8(m+n−2)(2m+n−2)(m+n−2)
. Q(ϕ, ϕ).

Taking the Jacobian of z and w in the final step yields the subelliptic estimate with

ε >
1

16(m+ n− 2)2(2m+ n− 2)
.

This therefore provides a special domain in C4 which is a triangular system in the sense of
D’Angelo-Catlin, and yet there is an effective termination of Kohn’s algorithm:

Corollary 9.20. Let (z1, z2, z3, z4) be holomorphic coordinates of C4, and let P (z1, z2), Q(z1, z2) be
homogeneous polynomials of respective degrees m and n so that

dimCC{z1, z2}
/
〈P,Q〉 = mn <∞.

Then for each k, l, m ∈ N>1 and for generic choices of P and Q, Kohn’s algorithm terminates with
effectiveness for the following special domain defined by

Re(z4)− |zk3 |2 −
∣∣zl3 − P (z1, z2)

∣∣2 − ∣∣zm3 −Q(z1, z2)
∣∣2.

Proof. The first step in Kohn’s algorithm consists in taking the Jacobian of the functions F := zk3 ,
G := zl3 − P and H := zm3 −Q, which gives

Jac(F,G,H) = kzk−1
3

∂(P,Q)

∂(z1, z2)
.

LetA1 be the radical of ∂(P,Q)
∂(z1,z2)

. Therefore, the first Kohn’s ideal of sub-elliptic multipliers is generated
by z3 · A1. Now to generate the next ideal, consider

Jac(zk3 , z
l
3 − P, z3 · A1) = kzk3

∂(P,A1)

∂(z1, z2)

which is also a sub-elliptic multiplier. By the previous result, the ideal in C{z1, z2}〈
A1,

∂(P,A1)

∂(z1, z2)

〉
contains 〈z1, z2〉N for some effective number N. Therefore, both z1z3 and z1z2 are subelliptic multi-
pliers. Taking the following Jacobian implies that

Jac(zk3 , z1z3, z2z3) = zk+1
3
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is a subelliptic multiplier, and hence by the radical property, so is z3. It follows that

Jac(z3, z
l
3 − P, zm3 −Q) =

∂(P,Q)

∂(z1, z2)

is a sub-elliptic multiplier, and so is A1. Moreover,

Jac(z3, z
l
3 − P,A1) =

∂(P,A1)

∂(z1, z2)

is also a sub-elliptic multiplier. Again by the previous result, this implies that zN
1 and zN

2 are sub-elliptic
multipliers. Since z3 has been shown to be a sub-elliptic multiplier, the proof concludes.

Another effective example which can be mentioned is the following. Let (x, y, z) be holomorphic
coordinates in C3 and let F , G and H be holomorphic function germs at the origin so that there exists
an effective number k with

〈x, y, z〉k ⊂ 〈F1, F2, F3〉.

Hence there exist holomorphic function germs A1, A2, A3, B1, B2, B3, C1, C2, C3 such that

xk = A1F1 + A2F2 + A3F3, (9.21)
yk = B1F1 +B2F2 +B3F3, (9.22)
zk = C1F1 + C2F2 + C3F3. (9.23)

Proposition 9.24. Let (x, y, z, w) be holomorphic coordinates in C4 and let Ω be the special domain
in C4 given by the defining function

r := Re(w)− |F1|2 − |F2|2 − |F3|2 −
( ∑

16i63
|Ai|2 + |Bi|2 + |Ci|2

)
,

then Kohn’s algorithm terminates with effectiveness.

Proof. The element Jac(xk, yk, zk) lies in the first subelliptic ideal J1 because

Jac(xk, yk, zk) = Jac

( ∑
16i63

AiFi,
∑

16j63
BjFj,

∑
16k63

CkFk

)
=

∑
16i,j,k63

Jac(AiFi, BjFj, CkFk)

=
∑

16i,j,k63

(
FiBjCkJac(Ai, Fj, Fk) + FiBjFkJac(Ai, Fj, Ck)

+FiFjFkJac(Ai, Bj, Ck) + FiFjCkJac(Ai, Bj, Fk)

+AiBjCkJac(Fi, Fj, Fk) + AiBjFkJac(Fi, Fj, Ck)

+AiFjCkJac(Fi, Bj, Fk) + AiFjFkJac(Fi, Bj, Ck)

)
which lies in the first ideal of subelliptic multipliers J1, and hence so is its radical xyz. The next step
involves

Jac(xk, yk, xyz) = Jac

( ∑
16i63

AiFi,
∑

16j63
BiFi, xyz

)
=

∑
16i,j63

(
AiBjJac(Fi, Fj, xyz) + AiFjJac(Fi, Bj, xyz)

+FiBjJac(Ai, Fj, xyz) + FiFjJac(Ai, Bj, xyz)
)
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which lies in the second subelliptic multiplier ideal J2, and hence so is its radical xy. In a similar
manner, so are xz and yz. Finally

xk = Jac(xk, xy, xz) =
∑

16i63
AiJac(Fi, xy, yz) + FiJac(Ai, xy, yz)

which lies in the third subelliptic multiplier ideal J3, and hence so it x. Similarly, so are y and z, and
Kohn’s algorithm terminates at the next step.



Chapter 3

The Hachtroudi-Chern-Moser invariants in
CR geometry (Introduction)

This chapter serves as an introduction to the rest of the thesis, and it consists mainly of the differential
geometry aspects of CR manifolds.

1 Umbilical points in CR ellipsoids in C2

The second part of the thesis consists of the calculation of local invariants of CR manifolds. The
first part being the calculation of the umbilical locus for certain real hypersurfaces in C2. In 1932,
Elie Cartan [Car]; [Car]; [Car32b] has shown that any local real-analytic hypersurface M ⊂ C2 is
determined up to local biholomorphic equivalence, by a single local invariant

IM
Cartan : M → C.

By invariance, it means that any local biholomorphism h : C2 → C2 transforms IM
Cartan by a factor of

a non-vanishing function v : M → C so that

I h(M)
Cartan(h(p)) = v(p)IM

Cartan(p).

This guarantees that the vanishing set

UmbCR(M) = {p ∈ M : I M
Cartan(p) = 0}

called the umbilical locus, is intrinsic. It has been known for a while that the explicit calculation of
such a locus can be notoriously difficult for many cases.

Let (z, w) = (x +
√
−1y, u +

√
−1v) be holomorphic coordinates for C2, and assume that locally

M is given by a real-analytic, real-defining function of the form {r(z, w, z̄, w̄) = 0}. Assume also
0 ∈M and rw(0) 6= 0, so that M is smooth at 0.

Let r(z, w, s, t) be the polarisation of r(z, w, z̄, w̄), which replaces z̄ and w̄ by holomorphic coordi-
nates s and t. Therefore the vanishing locus of r(z, w, s, t) in C4 defines a holomorphic hypersurface,
which is smooth at 0 by rw(0) 6= 0. Holomorphic implicit funtion theorem then implies the existence
of a holomorphic function Θ(z, s, t) such that r(z, w, s, t) = 0 if and only if w = Θ(z, s, t). By
restriction to z̄ = s and w̄ = t, the real hypersurface M can be alternatively described as

M = {w = Θ(z, z̄, w̄)}.

Let L(r) be the Levi determinant

L(r) = det

 0 rz rw
rz̄ rzz̄ rwz̄
rw̄ rzw̄ rww̄


90
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which this time is assumed to be Levi non-zero. Let ∆ be the following expression

∆ = −Θw̄Θzz̄ + Θz̄Θzw̄.

A direct calculation can be done to show that the Levi non-degeneracy condition translates to the
non-vanishing of ∆. If L̄ is the vector field given by

L̄ := − 1

rw

(
−rw̄

∂

∂z̄
+ rz̄

∂

∂w̄

)
︸ ︷︷ ︸

:=L̄

=
∂

∂z̄
− Θz̄

Θw̄

∂

∂w̄
,

a theorem in [Mer10] shows that

Theorem 1.1. At a point p ∈ {Θw̄ 6= 0}, the hypersurface M is spherical if and only if

0 =

(
1

2
L̄

)4

(Θzz), (1.2)

where 2 = − ∆
Θw

.

To recall, a real hypersurface M is spherical if locally it is biholomorphic to |z|2 + |w|2 = 1. It
turns out that the Cartan invariant IM

Cartan is a multiple of
(

1
2L̄

)4
(Θzz) by a non-vanishing factor. An

expansion of (1.2), followed by the substitution of the following identities

Θzz =
−H(r)

r3
w

, H(r) = rzrzrww − 2rzrwrzw + rwrwrzz,

provides the following formula for the Cartan invariant

I[w] =

[
L(r)

r2
w

]3

L̄

(
H(r)

r3
w

)
−6

[
L(r)

r2
w

]2

L̄

(
L(r)

r2
w

)
L̄3

(
H(r)

r3
w

)
− 4

[
L(r)

r2
w

]2

L̄2

(
L(r)

r2
w

)
L̄2

(
H(r)

r3
w

)
−
[

L(r)

r2
w

]2

L̄3

(
L(r)

r2
w

)
L̄

(
H(r)

r3
w

)
+ 15

L(r)

r2
w

[
L

(
L(r)

r2
w

)]2

L̄2

(
H(r)

r3
w

)
+10

L(r)

r2
w

L̄

(
L(r)

r2
w

)
L̄2

(
L(r)

r2
w

)
L̄

(
H(r)

r3
w

)
− 15

[
L̄

(
L(r)

r2
w

)]3

L̄

(
H(r)

r3
w

)
.

In the special case where M is an ellipsoid given by

ax2 + y2 + bu2 + v2 = 1 (a>1, b>1, (a,b)6=(1,1)),

a joint work with Professor Joël Merker and a Ph.D student The-Anh Ta, which is accepted for pub-
lication in Comptes Rendus Académie des Sciences, shows that I[w] vanishes on a certain curve con-
tained in M , and thus verifying the existence of umbilical locus:

Theorem 1.3 ([FMT]). For every real numbers a > 1, b > 1 with (a, b) 6= (1, 1), the curve
parametrised by θ ∈ R valued in C2:

γ : θ :7−→ (x(θ) +
√
−1y(θ), u(θ) +

√
−1v(θ)),

with

x(θ) :=

√
a− 1

a(ab− 1)
cos θ, y(θ) :=

√
b(a− 1)

ab− 1
sin θ
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and

u(θ) :=

√
b− 1

(ab− 1)
sin θ, v(θ) := −

√
a(b− 1)

ab− 1
cos θ.

has image contained in the CR-umbilical locus {I[w] = 0} of the ellipsoid given by ax2 + y2 + bu2 +
v2 = 1.

2 Holomorphic curves in Lorentzian CR manifolds
Let (z1, z2, w = u +

√
−1v) be holomorphic coordinates of C3, and M be a real analytic real hyper-

surface passing through the origin of the form

u = F (z1, z2, z̄1, z̄2).

Recall that its T 1,0M and T 0,1M sections are respectively given by (for i = 1, 2),

Li =
∂

∂zi
− √−1Fzi

∂

∂v
,

L̄i =
∂

∂z̄i
+
√
−1Fz̄i

∂

∂v
.

By means of taking the Lie brackets between the T 1,0M and the T 0,1M sections, the Levi matrix of
M5 is therefore given by

Λ = 2

(
Fz1z̄1 Fz1z̄2
Fz2z̄1 Fz2z̄2

)
.

Definition 2.1. The real hypersurface M5 ⊆ C3 is Lorentzian at 0 ∈ M5 if the Levi form at 0 has
1 strictly positive eigenvalue and 1 strictly negative eigenvalue. Moreover the manifold is said to be
Lorentzian if this happens at every point.

The main objective of this section is to study the holomorphic immersions of curves

φ : D→M

passing through the origin. To this end, it is necessary to look at the contact form of M5, which is a
one form given by

θ = −dv +
∑
k=1,2

(−√−1Fzk)dzk +
∑
k=1,2

(
√
−1Fz̄k)dz̄k.

Therefore,
dθ = 2

√
−1

∑
i,j=1,2

Fziz̄j dzi ∧ dz̄j,

which recovers the Levi matrix. By the Gram-Schmidt process, there is a change of local frames of
T 1,0M and T 0,1M that diagonalises dθ so that

dθ =
√
−1(α1 ∧ ᾱ1 − α2 ∧ ᾱ2) mod θ.

Let A1, A2 (resp. Ā1, Ā2) be the respective duals of α1 and α2 (resp. ᾱ1, ᾱ2). Since a holomorphic
curve φ(D) has tangent space lying in ker θ, its tangent vector may in general be written as

Lφ(t) = f1(t, t̄)A1 + f2(t, t̄)A2.

This tangent vector field must also satisfy the compatibility condition

dθ(Lφ(t) ∧Lφ(t)) = 0,
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and therefore
|f1(t, t̄)|2 − |f2(t, t̄)|2 = 0.

By the assumption that φ is an immersion, f1 cannot vanish anywhere at all t ∈ D, and hence∣∣∣∣f2(t, t̄)

f1(t, t̄)

∣∣∣∣2 = 1,

which implies that f2 = λf1 for some λ ∈ S1. Since the direction λ is not known, therefore it is
natural to set up the following system of differential forms:

ω0 = θ

ω1 = α1 ω̄1 = ᾱ1

ω2 = α2 − λα1 ω̄2 = ᾱ2 − λ̄ᾱ1,

and let I = 〈ω0, ω2, ω̄2〉.
By a reason which will be explained later, Byrant introduces a second prolongation by adding

additional variables µ and thus obtaining the following system of differential forms

ω0 = θ

ω1 = α1 ω2 = α2 − λα1 π2 = dλ− Lᾱ1 − µα1

ω̄1 = ᾱ1 ω̄2 = ᾱ2 − λ̄ᾱ1 π̄2 = dλ̄− L̄α1 − µ̄ᾱ1,

with I2 = 〈ω0, ω2, ω̄2, π2, π̄2〉. The new variable µ will have to satisfy the equation of sphere and a
hyperplane

λ̄µ = λL̄, (2.2)
|µ−B|2 = |B|2 + AL+ ĀL̄+ |L|2 − C. (2.3)

By substituting equation (2.2) into (2.3), this implies that λ will have to satisfy the following equation

|λ2L̄−B|2 = |B|2 + AL+ ĀL̄+ |L|2 − C (2.4)

subjected to |λ|2 = 1. Equation (2.4) describes a hyperbola in R2 and hence its intersection with
the circle |λ|2 = 1 has at most 4 points of intersection. Finally define the following 1-form τ =
λ̄dλ + λ̄Lᾱ1 − λL̄α1, and let I+ := 〈I, τ〉 be the ideal generated by I and τ , the 1-from dτ can be
written as

dτ = −[S221̄1̄λ
2 + 4S211̄1̄λ+ 6S111̄1̄ + 4S211̄1̄λ̄+ S221̄1̄λ̄

2] mod I+.

where the coefficients are components of Hachtroudi-Chern-Moser’s S tensors.

3 The Hachtroudi-Chern-Moser Tensor
The computation of CR invariants in higher dimensions involves the study of the S-tensor, Sβσαρ , which
has its origin traced back to the 1939 Ph.D thesis (thèse de l’entre-deux-guerres) of Mosen Hachtroudi
[Hac37], who was a student of Élie Cartan.

Let K be either C or R, and let (x1, . . . , xn, y) ∈ Kn+1 be its coordinates. The first and second jet
space, denoted respectively by J1(Kn,K) and J2(Kn,K), of the graphing function y(x1, . . . , xn), are
equipped with the following coordinates

(xα, y, yxβ) ∈ Kn+1+n,

(xα, y, yxβ , yxγxδ) ∈ Kn+1+n+
n(n+1)

2 .
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The starting point is to consider the following system of partial differential equations

yxαxβ = Fα,β(xγ, y, yxδ) (16α,β6n),

with the compatibility condition that
Fα,β = F β,α.

Moreover, assume that this system is completely integrable. This means that for any choice of con-
stants

(a1, . . . , an, b) ∈ Kn+1,

there exists a unique K-analytic solution

y = Q(x, a1, . . . , an, b)

satisfying
Qxαxβ = Fα,β(xγ, Q(x, a, b), Qxδ(x, a, b))

with the initial conditions

Qxαxβ(0, a, b) = b, Qxγ (0, a, b) = aγ, (16γ6n).

If

Dxα :=
∂

∂xα
+ yxα

∂

∂y
+

n∑
β=1

yxαxβ
∂

∂yxβ
.

is the vector field on J1(Kn,K), the complete integrability condition is equivalent by Frobenius’
theorem to the following compatibility equation:

DxγF
αβ = DxβF

αγ.

Using Cartan’s method, the following formula of the Hachtroudi-Chern-Moser S-tensor (See
[Bie07]) is therefore reconstructed:

Sβσαρ = Fα,ρ
y
xβ
,yxσ
− 1

n+ 2

(
δσρ
∑
ε
Fα,ε
y
xβ
,yxε

+ δσα
∑
ε
F ρ,ε
y
xβ
,yxε

+ δβρ
∑
ε
Fα,ε
yxσ ,yxε

+ δβα
∑
ε
F ρ,ε
yxσ ,yxε

)
+

1

(n+ 1)(n+ 2)

∑
ε

∑
δ

(δσρ δ
β
α + δβρ δ

σ
α)F δ,ε

y
xδ
,yxε

.

To adapt the tensor above to CR hypersurface case, similar argument in the section on ellipsoid in C2

may be applied to real hypersurfaces in higher dimensions.
To this effect, let (z1, . . . , zn, w) be holomorphic coordinates in Cn+1 and let z := (z1, . . . , zn).

Suppose that the real hypersurface M ⊂ Cn+1 is given by the local real-valued, real-analytic defin-
ing function {r(z, w, z̄, w̄) = 0}, along with the condition that r = r̄ and rw(0) 6= 0. Let
(s, t) := (s1, . . . , sn, w) be the holomorphic coordinates, and r(z, w, s, t) be the polarisation of r.
Then r(z, w, s, t) defines a holomorphic hypersurface in C2n+2. By the holomorphic implicit func-
tion theoreom, there exists a holomorphic function Θ(z, s, t) such that r(z, w, s, t) = 0 if and only if
w = Θ(z, s, t). Hence by restricting to the subspaces s = z̄ and t = w̄, the manifold has an alternative
description M = {w = Θ(z, z̄, w̄)}.

Next, fix the following notation (z, w, wz) which denotes the holomorphic coordinates in C2n+1.
Let ϕ : (C2n+1, (z, s, t))→ (C2n+1, (z, w, wz)) be the holomorphic map given by

ϕ : C2n+1 −→ C2n+1

(z, s, t) 7−→ (z,Θ,Θz).
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An additional assumption that M is Levi non-degenerate means that the determinant of the following
matrix

L(r) := det


0 rz1 · · · rzn rw
rz̄1 rz1z̄1 · · · rznz̄1 rwz̄1
...

... . . . ...
...

rz̄n rz1z̄n · · · rznz̄n rwz̄n
rw̄ rz1w̄ · · · rznw̄ rww̄


︸ ︷︷ ︸

:=L̂(r)

vanishes nowhere. This condition is equivalent to the non-vanishing of the Jacobian of the map ϕ,
and thus the non-vanishing of the determinant

∆(Θ) = det


Θs1 · · · Θsn Θt

Θz1s1 · · · Θz1sn Θz1t
... . . . ...

...
Θzns1 · · · Θznsn Θznt


︸ ︷︷ ︸

:=j(Θ)

.

Therefore, ϕ is a local biholomorphism with the inverse

ϕ−1(z, w, wz) = (z,Λ1(z, w, wz), . . . ,Λn(z, w, wz),Π(z, w, wz)).

If ∆(i,j)(Θ) is the determinant of the matrix ∆(i,j)(Θ) = (−1)i+jdet(j(Θ(j,i))), where j(Θ(i,j)) is the
matrix with i-th row and j-th column removed, then for 1 6 i, j 6 n, an application of Cramer’s rule
shows that the vector field ∂wzj may be given by

∂wzj =
∑

16l6n

∆(l,j+1)(Θ)

∆(Θ)
∂sl +

∆(n+1,j+1)(Θ)

∆(Θ)
∂t.

At this point, Cartan’s method applied to

wzizj = Θzizj(z, s, t)

= Θzi,zj(z,Λ1(z, w, wz), . . . ,Λn(z, w, wz),Π(z, w, wz))

:= Gi,j(z, w, wz)

provides the following Hachtroudi-Chern-Moser tensor

Sβσαρ = Gα,ρ
wzβ ,wzσ

− 1

n+ 2

(
δσρ
∑
ε
Gα,ε
wzβ ,wzε

+ δσα
∑
ε
Gρ,ε
wzβ ,wzε

+ δβρ
∑
ε
Gα,ε
wzσ ,wzε

+ δβα
∑
ε
Gρ,ε
wzσ ,wzε

)
+

1

(n+ 1)(n+ 2)

∑
ε

∑
δ

(δσρ δ
β
α + δβρ δ

σ
α)Gδ,ε

wzδ ,wzε
.

One of the results in my thesis is to translate the formula above in terms of the implicit function
r = 0 instead of the graphing function w = Θ(z, z̄, w̄). For 1 6 i 6 n + 1 and 1 6 l 6 n, let L̂i,l(r)
be the matrix with i+ 1-th row and l+ 1-th column of L̂(r) deleted, and let Li,l(r) be its determinant.
By exploiting the relations r(z,Θ(z, z̄, w̄), z̄, w̄) ≡ 0, the final form of the vector field ∂wzk is given
by

∂wzk =
∑

16l6n
rw

(−1)l+k+1Ll,k+1(r)

L(r)
∂z̄l + rw

(−1)n+1+k+1Ln+1,k+1(r)

L(r)
∂w̄,

and thus the following theorem:
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Theorem 3.1 (Theorem 13.20 in page 234). For n > 2, 1 6 k1, k2 6 n and 1 6 i1, i2 6 n, the
CR-umbilical locus is the zero set

0 = ∂wzi1

(
∂wzi2

Hk1,k2

r3
w

)
− 1

n+ 2

n∑
l=1

(
δk1,i1∂wzl

(
∂wzi2

Hl,k2

r3
w

)
+ δk1,i2∂wzi1

(
∂wzl

Hl,k2

r3
w

)
+δk2,i1∂wzl

(
∂wzi2

Hk1,l

r3
w

)
+ δk2,i2∂wzi1

(
∂wzl

Hk1,l

r3
w

))
+

1

(n+ 1)(n+ 2)

(
δk1,i1δk2,i2 + δk2,i1δk1i2

) n∑
l1=1

n∑
l2=1

∂wl1

(
∂wl2

Hl1,l2

r3
w

)
,

where
Θzizj =

Hij

r3
w

, Hij = −[rwrwrzizj − rzjrwrziw − rzirwrzjw + rzirzjrww].



Chapter 4

Umbilic Points in Ellipsoid in C2

0.0.10 The real-analytic function ρ. Let (z, w) = (x+
√
−1y, u+ i

√
−1v) be holomorphic coordi-

nates of C2, and let

ρ : C2 −→ R
(z, w) 7−→ ρ(z, w, z̄, w̄)

be a real analytic, real-valued function. The real analyticity of ρ means that in a neighbourhood V of
the origin such that V is compact, ρ may be expressed as a power series that converges normally on
V :

ρ(z, w, z̄, w̄) =
∞∑
i=0

∞∑
j=0

∞∑
k=0

∞∑
l=0

aijkl z
iwj z̄kw̄l. (aijkl∈C).

The condition that ρ is real implies that the coefficients aijkl satisfy the following property

aijkl = aklij. (0.1)

Taking derivatives of ρ with respect to z and w:

ρz(z, w, z̄, w̄) =
∞∑
i=1

∞∑
j=0

∞∑
k=0

∞∑
l=0

i · aijkl zi−1wj z̄kw̄l,

ρw(z, w, z̄, w̄) =
∞∑
i=0

∞∑
j=1

∞∑
k=0

∞∑
l=0

j · aijkl ziwj−1z̄kw̄l.

Taking conjugates on both sides,

ρz(z, w, z̄, w̄) =
∞∑
i=1

∞∑
j=0

∞∑
k=0

∞∑
l=0

i · aijkl z̄i−1w̄jzkwl,

ρw(z, w, z̄, w̄) =
∞∑
i=0

∞∑
j=1

∞∑
k=0

∞∑
l=0

j · aijkl z̄iw̄j−1zkwl.

By using (0.1), the identities above become

ρz(z, w, z̄, w̄) =
∞∑
i=1

∞∑
j=0

∞∑
k=0

∞∑
l=0

i · aklij z̄i−1w̄jzkwl,

ρw(z, w, z̄, w̄) =
∞∑
i=0

∞∑
j=1

∞∑
k=0

∞∑
l=0

j · aklij z̄iw̄j−1zkwl.

97
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Switching the indicies i with k, and j with l:

ρz(z, w, z̄, w̄) =
∞∑
k=1

∞∑
l=0

∞∑
i=0

∞∑
j=0

k · aijkl ziwj z̄k−1w̄l,

ρw(z, w, z̄, w̄) =
∞∑
k=0

∞∑
l=1

∞∑
i=0

∞∑
j=0

l · aijkl ziwj z̄kw̄l−1.

The equations above imply the following identities

ρz(z, w, z̄, w̄) = ρz̄(z, w, z̄, w̄),

ρw(z, w, z̄, w̄) = ρw̄(z, w, z̄, w̄).
(0.2)

0.0.11 Real manifold M in C2. Let M be the real hypersurface in C2 given by

M = {(z, w) ∈ C2 : ρ(z, w, z̄, w̄) = 0},

with the assumption that

dρ|M = ρz|M dz + ρw|M dw + ρz̄|Mdz̄ + ρw̄|Mdw̄

does not vanish anywhere on M , and therefore is a manifold of real dimension 3 in C2 ∼= R4. More-
over, ρz, ρw, ρz̄ and ρw̄ do not simultaneously vanish on M . By equation (0.2), this means that ρz and
ρw do not vanish simultaneously on M , and the same conclusion applies to the pair ρz̄ and ρw̄.

Such a defining function ofM is not unique. In fact, if µ(z, w, z̄, w̄) is another real-valued defining
function that does not vanish anywhere on M , then M = {µρ = 0}. Conversely, if ρ̃ is another
defining function of M , then there exists a real-valued function µ that vanishes nowhere on C2 such
that ρ̃ = µρ, as shown in the following lemma below:

Lemma 0.3. Let n > 2 and let r1 and r2 be two local real analytic, real valued defining functions
for M such that both of them vanish at the origin. Assume also that dr1(0) and dr2(0) do not vanish.
Then there exists an open neighbourhood U ⊆ Cn of the origin, and a non-vanishing function h on
U such that r1 = hr2. Moreover, for x ∈ U ∩M , dr1 = h · dr2 for x ∈ U ∩M .

Proof. Since dr2(0) 6= 0, there exists a neighbourhood of the origin U such that after a local change
of coordinates, M = {r2 = 0} = {xn = 0}. Let x′ = (x1, . . . , xn−1). Then r1(x′, 0) = 0 and by the
Fundamental Theorem of calculus,

r1(x′, x) = r1(x′, xn)− r1(x′, 0) = xn

∫ 1

0

r1,xn(x′, txn) dt.

Therefore, h is found, which is real-analytic, and

dr1 = d(hr2) = h · dr2 + r2 · dh,

so that if (x′, x) ∈M , dr1 = h · dr2. At the origin, dr1(0) = h(0) · dr2(0), and by hypothesis, h does
not vanish at the origin. By further restriction to a smaller open set of the origin, h may be assumed
to be non-vanishing everywhere.
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0.0.12 The tangent bundle of M . Let TM denote the real tangent bundle on M , and let CTM =
TM ⊗R C be its complexified tangent bundle. Designate at each p ∈M the following vector spaces

T 1,0
p M = CTpM ∩ T 1,0

p C,
T 0,1
p M = CTpM ∩ T 0,1

p C.

In terms of sets,

T 1,0
p M = {a∂z + b∂w : (a, b) ∈ C2, aρz(p) + bρw(p) = 0},
T 0,1
p M = {a∂z̄ + b∂w̄ : (a, b) ∈ C2, aρz̄(p) + bρw̄(p) = 0}.

(0.4)

Let T 1,0M and T 0,1M be the following complex vector bundles

T 1,0M = tp∈MT 1,0
p M,

T 0,1M = tp∈MT 0,1
p M.

A T 1,0M vector field (or section) is a vector field X of the form

X = a(z, w, z̄, w̄)∂z + b(z, w, z̄, w̄)∂w

where a and b are functions on M such that for all p ∈ M , X(p) = a(p)∂z + b(p)∂w ∈ T 1,0
p M . The

T 0,1M vector field is defined similarly by replacing ∂z (respectively ∂w) by ∂z̄ (respectively ∂w̄). Set

L := −ρw
∂

∂z
+ ρz

∂

∂w
,

L̄ := −ρw̄
∂

∂z̄
+ ρz̄

∂

∂w̄
.

The assumption that dρ|M does not vanish anywhere on M implies that both L and L̄ do not vanish
at any point on M . Moreover, they are complex conjugates of each other by (0.2). They also easily
verify

Lρ = −ρwρz + ρzρw = 0,

L̄ρ = −ρw̄ρz̄ + ρz̄ρw̄ = 0.

By equation (0.4), L (respectively L̄) is a section of the T 1,0M (respectively T 0,1M ) bundle. Since
T 1,0M is a rank 1 complex line bundle, and L does not vanish anywhere on M , L generates T 1,0M at
each point of M . Similarly, L̄ generates T 0,1M at each point of M .

0.0.13 The Levi form L(ρ) By the previous paragraph, the T 1,0M sections X and Y can be ex-
pressed as

X = a(z, w, z̄, w̄)L and Y = b(z, w, z̄, w̄)L

for some complex-valued functions a and b. Assume that X and Y are C 1. At each point p ∈ M ,
there is a bilinear form

Lp(ρ) : T 1,0
p M × T 0,1

p M −→ CTpM mod T 1,0
p M ⊕ T 0,1

p M

(X(p), Y (p)) 7−→ [X, Ȳ ](p) mod T 1,0
p M ⊕ T 0,1

p M.

This map is well-defined for two reasons. First, if at p ∈M , two vectors are given

Ap := σL(p) and Bp := θL(p) (σ, θ∈C).
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Therefore, it is possible to choose two C 1 vector fields

X := σL and Y := θL (σ, θ∈C)

so that Lp(ρ)(Ap, Bp) can be defined for every θ and σ. Secondly, the map Lp(ρ) is independent of the
choice of vector fields X and Y such that X(p) = σL(p) and Y (p) = θL(p). Suppose another set of
C 1 vector fields X̃ and Ỹ are given so that

X̃(p) = σL(p) and Ỹ (p) = θL(p).

There exist C 1 functions ã and b̃ such that

X̃ = ã(z, w, z̄, w̄)L and Ỹ = b̃(z, w, z̄, w̄)L

with
ã(p) = σ = a(p) and b̃(p) = θ = b(p).

Taking the Lie bracket [X, Ȳ ],

[X, Ȳ ] = [aL, b̄L̄]

= aL(b̄)L̄+ ab̄LL̄− b̄L̄(a)L− b̄aL̄L.

At the point p ∈M , taking modulo T 1,0
p M ⊕ T 0,1

p M ,

[X, Ȳ ] ≡ a(p)b̄(p)[L, L̄] mod T 1,0
p M ⊕ T 0,1

p M.

By formally replacing a by ã and b by b̃ in the calculations above,

[X̃, Ỹ ](p) ≡ ã(p)b̃(p)[L, L̄] mod T 1,0
p M ⊕ T 0,1

p M

≡ [X, Ȳ ](p) mod T 1,0
p M ⊕ T 0,1

p M.

Therefore, the Levi map Lp(ρ) is well-defined at every point p ∈M .

0.0.14 Explicit Calculations of [L, L̄] To obtain more information about the bilinear map L(ρ),
[L, L̄] needs to be calculated.

[L, L̄] = [−ρw∂z + ρz∂w, −ρw̄∂z̄ + ρz̄∂w̄]

= [−ρw∂z, −ρw̄∂z̄]− [ρw∂z, ρz̄∂w̄]− [ρz∂w, ρw̄∂z̄] + [ρz∂w, ρz̄∂w̄]

= ρwρw̄z∂z̄ + ρwρw̄∂
2
zz̄ − ρw̄ρwz̄∂z − ρwρw̄∂2

zz̄

−ρwρzz̄∂w̄ − ρwρz̄∂2
zw̄ + ρz̄ρww̄∂z + ρz̄ρw∂

2
zw̄

−ρzρw̄w∂z̄ − ρzρw̄∂2
wz̄ + ρw̄ρzz̄∂w + ρw̄ρz∂

2
wz̄

+ρzρz̄w∂w̄ + ρzρz̄∂
2
ww̄ − ρz̄ρzw̄∂w − ρz̄ρz∂ww̄

= ρwρw̄z∂z̄ − ρw̄ρwz̄∂z − ρwρzz̄∂w̄ + ρz̄ρww̄∂z

−ρzρw̄w∂z̄ + ρw̄ρzz̄∂w + ρzρz̄w∂w̄ − ρz̄ρzw̄∂w
=

ρwρw̄z
ρw̄

ρw̄∂z̄ −
ρw̄ρwz̄
ρw

ρw∂z +
ρz̄ρww̄
ρw

ρw∂z −
ρzρww̄
ρw̄

ρw̄∂z̄

−ρwρzz̄∂w̄ + ρw̄ρzz̄∂w + ρzρz̄w∂w̄ − ρz̄ρzw̄∂w.

Since L and L̄ are sections of the T 1,0M ⊕ T 0,1M bundle, using

ρw∂z ≡ ρz∂w mod T 1,0M ⊕ T 0,1M

ρw̄∂z̄ ≡ ρz̄∂w̄ mod T 1,0M ⊕ T 0,1M,
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to replace ∂z (resp ∂z̄) by ∂w (resp ∂w̄), the calculation continues as follows

[L, L̄] ≡ ρwρw̄z
ρw̄

ρz̄∂w̄ −
ρw̄ρwz̄
ρw

ρz∂w +
ρz̄ρww̄
ρw

ρz∂w −
ρzρw̄w
ρw̄

ρz̄∂w̄

−ρwρzz̄∂w̄ + ρw̄ρzz̄∂w + ρzρz̄w∂w̄ − ρz̄ρzw̄∂w
≡ 1

ρw̄
[ρwρw̄z − ρzρz̄ρw̄w − ρw̄ρwρzz̄ + ρw̄ρzρz̄w]∂w̄

− 1

ρw
[ρwρz̄ρzw̄ − ρzρz̄ρw̄w − ρwρw̄ρzz̄ + ρw̄ρzρwz̄]∂w

≡ [ρwρw̄zρz̄ − ρzρz̄ρw̄w − ρw̄ρwρzz̄ + ρw̄ρzρz̄w] ·(
1

ρw̄
∂w̄ −

1

ρw
∂w

)
mod T 1,0M ⊕ T 0,1M.

Definition 0.5. A smooth hypersurface M3 ⊂ C2 is called Levi non-degenerate at p ∈M if

L(ρ) := −(ρwρw̄zρz̄ − ρzρz̄ρw̄w − ρw̄ρwρzz̄ + ρw̄ρzρz̄w)

does not vanish at p.

The expression L(ρ) coincides with the determinant of a certain matrix

L(ρ) = −

∣∣∣∣∣∣
0 ρz ρw
ρz̄ ρzz̄ ρwz̄
ρw̄ ρzw̄ ρww̄

∣∣∣∣∣∣ .
and its general expression in higher dimensions will be presented in the last chapter.

0.0.15 Action on M by biholomorphism of C2. Let

h : C2 −→ C2

(z, w) 7−→ (f(z, w), g(z, w)) := (z′, w′)

be a local biholomorphism. The vector fields ∂z, ∂w, ∂z′ and ∂w′ are related by

∂z = fz∂z′ + gz∂w′ ,

∂w = fw∂z′ + gw∂w′ .
(0.6)

Let M = {ρ = 0} and M ′ = {ρ′ = 0} be real analytic hypersurfaces such that h(M) ⊆ M ′. The
T 1,0M ′ vector field on M ′ is given by

L′ := −ρ′w′∂z′ + ρ′z′∂w′ .

Upon restriction to a smaller domain of h, h(M) = M ′. Thus,

M = {(z, w) ∈ C2 : ρ′(f(z, w), g(z, w), f̄(z̄, w̄), ḡ(z̄, w̄)) = 0}.

By Lemma 0.3, there exists a nowhere vanishing function µ : M → C\{0} such that

µ(z, w, z̄, w̄)ρ(z, w, z̄, w̄) = ρ′(f(z, w), g(z, w), f̄(z̄, w̄), ḡ(z̄, w̄)).

The T 1,0M vector field tangent to M defined by the function ρ′(f, g, f̄ , ḡ) is given by

L1 := −(ρ′(f, g, f̄ , ḡ))w∂z + (ρ′(f, g, f̄ , ḡ))z∂w.
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Using the chain rule

∂zρ
′(f, g, f̄ , ḡ) = ρ′z′(f, g, f̄ , ḡ)fz + ρ′w′(f, g, f̄ , ḡ)gz,

∂wρ
′(f, g, f̄ , ḡ) = ρ′z′(f, g, f̄ , ḡ)fw + ρ′w′(f, g, f̄ , ḡ)gw,

and the relations between ∂z, ∂w, ∂z′ and ∂w′ in equation (0.6) to obtain

L1 := −(ρ′z′(f, g, f̄ , ḡ)fw + ρ′w′(f, g, f̄ , ḡ)gw)(fz∂z′ + gz∂w′)

+(ρ′z′(f, g, f̄ , ḡ)fz + ρ′w′(f, g, f̄ , ḡ)gz)(fw∂z′ + gw∂w′)

= −ρ′z′(f, g, f̄ , ḡ)fwfz∂z′ − ρ′w′(f, g, f̄ , ḡ)gwfz∂z′

−ρ′z′(f, g, f̄ , ḡ)fwgz∂w′ − ρ′w′(f, g, f̄ , ḡ)gwgz∂w′

+ρ′z′(f, g, f̄ , ḡ)fzfw∂z′ + ρ′w′(f, g, f̄ , ḡ)gzfw∂z′

+ρ′z′(f, g, f̄ , ḡ)fzgw∂w′ + ρ′w′(f, g, f̄ , ḡ)gzgw∂w′

= (fzgw − fwgz)
(
− ρ′w′(f, g, f̄ , ḡ)∂z′ + ρ′z′(f, g, f̄ , ḡ)∂w′

)
.

On the other hand, for the T 1,0M vector field on M defined by the function µρ,

L2 := −(µρ)w∂z + (µρ)z∂w

= −µwρ∂z − µρw∂z + µzρ∂w + µρz∂w

= µ(−ρw∂z + ρz∂w) + ρ(−µw∂z + µz∂w)

= µL+ ρ(−µw∂z + µz∂w).

Since L1 = L2, upon restriction to M = {ρ = 0},

µ(−ρw∂z + ρz∂w) = (fzgw − fwgz)(−ρ′w′∂z′ + ρ′z′∂w′) (on M).

Therefore
µ · L = Jac(h) · L′ (on M).

1 M as a graph of a function
1.0.16 Implicit function theorem and the complex graph of M Let M ⊆ C2 be a real hypersur-
face defined by a real-analytic, real valued defining function ρ such that dρ does not vanish anywhere
on M , or equivalently, M is a smooth real submanifold of C2. Without loss of generality, ρw is as-
sumed to be non-vanishing everywhere on M . Throughout this section, M is also assumed to be Levi
non-degenerate (see Definition 0.5).

Upon polarisation, that is replacing z̄ and t̄ by holomorphic function coordinates s and t respec-
tively, ρ(z, w, s, t) is a holomorphic function on C4 since ρ is real-analytic. By assumption, and by
restricting to a smaller open set if necessary, ρw(z, w, s, t) does not vanish anywhere. Hence by the
Holomorphic Implicit Function Theorem, there exists a holomorphic function Θ(z, s, t) on C3 such
that

ρ(a, b, c, d) = 0 if and only if b = Θ(a, c, d). (a, b c, d ∈C).

Therefore, by restricting to the subspace s = z̄ and t = w̄,

{(z, w) ∈ C2 : ρ(z, w, z̄, w̄) = 0} = {(z, w) ∈ C2 : w = Θ(z, z̄, w̄)},

and hence the following identity holds clearly by definition:

ρ(z,Θ(z, z̄, w̄), z̄, w̄) ≡ 0. (1.1)
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1.0.17 Some Identities Denote F (z, w, z̄, w̄) = (z,Θ(z, z̄, w̄), z̄, w̄). Differentiating equation
(1.1) with respect to z, z̄ and w̄ yields the following set of identities:

0 ≡ ρz ◦ F + Θzρw ◦ F,
0 ≡ ρz̄ ◦ F + Θz̄ρw ◦ F,
0 ≡ ρw̄ ◦ F + Θw̄ρw ◦ F,

(1.2)

while a further differentiation of equation (1.2) gives another set of identities:

0 ≡ ρzz ◦ F + 2Θzρzw ◦ F + ΘzΘzρww ◦ F + Θzzρw ◦ F,
0 ≡ ρzz̄ ◦ F + Θzρz̄w ◦ F + Θz̄ρzw ◦ F + ΘzΘz̄ρww ◦ F + Θzz̄ρw ◦ F,
0 ≡ ρzw̄ ◦ F + Θzρww̄ ◦ F + Θw̄ρzw ◦ F + ΘzΘw̄ρww ◦ F + Θzw̄ρw ◦ F,
0 ≡ ρz̄z̄ ◦ F + 2Θz̄ρz̄w ◦ F + Θz̄Θz̄ρww ◦ F + Θz̄z̄ρw ◦ F,
0 ≡ ρz̄w̄ ◦ F + Θz̄ρww̄ ◦ F + Θw̄ρz̄w ◦ F + Θz̄Θw̄ρww ◦ F + Θz̄w̄ρw ◦ F,
0 ≡ ρw̄w̄ ◦ F + 2Θw̄ρww̄ ◦ F + Θw̄Θw̄ρww ◦ F + Θw̄w̄ρw ◦ F.

(1.3)

These identities will be useful later in translating invariants from the representation of M by graph to
the representation of M by ρ.

1.0.18 The expression ∆ Let ∆ denote

∆ := Θz̄Θzw̄ −Θw̄Θzz̄.

Lemma 1.4. The following identity holds

L(ρ) ◦ F = −(ρw ◦ F )3∆.

Proof. For the rest of the calculation, the notation ◦F will be suppressed. Starting from L(ρ) ◦ F ,

L(ρ) ◦ F = ρzρz̄ρww̄ − ρzρw̄ρz̄w − ρz̄ρwρzw̄ + ρwρw̄ρzz̄,

each of the terms on the right hand side will be replaced by equations (1.2) and (1.3). For example,
for the first term:

ρzρz̄ρww̄ = (−Θzρw)(−Θz̄ρw)ρww̄ = ΘzΘz̄ ρwρwρww̄.

For the second term:

ρzρw̄ρz̄w = (−Θzρw)(−Θw̄ρw)ρz̄w = ΘzΘw̄ ρwρwρz̄w.

For the third term:

ρz̄ρwρzw̄ = (−Θz̄ρw)ρw(−Θzρww̄ −Θw̄ρzw −ΘzΘw̄ρww −Θzw̄ρw)

= Θz̄Θzρwρwρww̄ + Θz̄Θw̄ρwρwρzw + ΘzΘz̄Θw̄ρwρwρww + Θz̄Θzw̄ρwρwρw.

Finally for the last term,

ρwρw̄ρzz̄ = ρw(−Θw̄ρw)(−Θzρz̄w −Θz̄ρzw −ΘzΘz̄ρww −Θzz̄ρw)

= Θw̄Θzρwρwρz̄w + Θw̄Θz̄ρwρwρzw + Θw̄ΘzΘz̄ρwρwρww + Θw̄Θzz̄ρwρwρw.

Therefore,

L(ρ) ◦ F = ΘzΘz̄ρwρwρww̄ −ΘzΘw̄ρwρwρz̄w −Θz̄Θzρwρwρww̄ −Θz̄Θw̄ρwρwρzw

−ΘzΘz̄Θw̄ρwρwρww −Θz̄Θzw̄ρwρwρw + Θw̄Θzρwρwρz̄w + Θw̄Θz̄ρwρwρzw

+Θw̄ΘzΘz̄ρwρwρww + Θw̄Θzz̄ρwρwρw

= ρ3
w(Θw̄Θzz̄ −Θz̄Θzw̄)

= −(ρw ◦ F )3∆.
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It is immediate from the calculation above, and from the definition of a Levi non-degenerate real
hypersurface is the following:

Corollary 1.5. M is non-degenerate at p if and only if ∆ does not vanish at p.

1.0.19 The vector field 1
2L Set

2 := − ∆

Θw̄

,

and let
L :=

∂

∂z̄
− Θz̄

Θw̄

∂

∂w̄
.

The vector field 1
2L comes from the transfer of a certain map between the jet spaces. Let (z, s, t)

and (z, w, wz) be holomorphic coordinates of C3. Here, s and t will represent z̄ and w̄ respectively.
Let ϕ : C3 → C3 be the holomorphic map given by

ϕ : C3 −→ C3

(z, s, t) 7−→ (z,Θ(z, s, t),Θz(z, s, t)).

The Jacobian of this map is

Jac(ϕ) =

∣∣∣∣∣∣
1 0 0

Θz Θs Θt

Θzz Θzs Θzt

∣∣∣∣∣∣ = ΘsΘzt −ΘtΘzs

which is recognised as the polarisation of ∆. By assumption that M is Levi non-degenerate at the
origin, upon restriction to a suitable smaller open neighbourhood of the origin in C3, and by Corollary
1.5, Jac(ϕ) can be assumed to be non-vanishing everywhere. By the inverse function theorem, there
exist functions Λ(z, w, wz) and Π(z, w, wz) on C3 such that

s = Λ(z,Θ(z, s, t),Θz(z, s, t)),

t = Π(z,Θ(z, s, t),Θz(z, s, t)).
(1.6)

Substituting the equations above into the expressions of w and wz to get

w = Θ(z,Λ(z, w, wz),Π(z, w, wz)), (1.7)
wz = Θz(z,Λ(z, w, wz),Π(z, w, wz)). (1.8)

Differentiating equations (1.7) and (1.8) with respect to w and wz and give respectively

0 = Θz + ΘsΛz + ΘtΠz,

1 = ΘsΛw + ΘtΠw,

0 = ΘsΛwz + ΘtΠwz ,

(1.9)

and
0 = Θzz + ΘzsΛz + ΘztΠz,

0 = ΘzsΛw + ΘztΠw,

1 = ΘzsΛwz + ΘztΠwz .

(1.10)

Comparing the first line of (1.9) with the first line of (1.10) and etc, the following system of linear
equations are obtained: (

Θs Θt

Θzs Θzt

)(
Λz

Πz

)
=

(
−Θz

−Θzz

)
,(

Θs Θt

Θzs Θzt

)(
Λw

Πw

)
=

(
1
0

)
,(

Θs Θt

Θzs Θzt

)(
Λwz

Πwz

)
=

(
0
1

)
.

(1.11)
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Applying the inverse matrix(
Θs Θt

Θzs Θzt

)−1

=
1

ΘsΘzt −ΘtΘzs

(
Θzt −Θt

−Θzs Θs

)
to both sides of equations (1.11) gives the following set of formulae concerning the differentiation of
Λ and Π by z, w and wz:

Λz =
ΘtΘzz −ΘzΘzt

ΘsΘzt −ΘtΘzs

,

Λw =
Θzt

ΘsΘzt −ΘtΘzs

,

Λwz =
−Θt

ΘsΘzt −ΘtΘzs

,

Πz =
ΘzΘzs −ΘsΘzz

ΘsΘzt −ΘtΘzs

,

Πw =
−Θzs

ΘsΘzt −ΘtΘzs

,

Πwz =
Θs

ΘsΘzt −ΘtΘzs

.

Let G(z, s, t) be a function on C3. As above, from equation (1.6), G(z, s, t) may be written as

G(z, s, t) = G (z,Λ(z, w, wz),Π(z, w, wz)) .

Therefore,

∂zG(z, s, t) = ∂zG+ Λz∂sG+ Πz∂tG

∂wG(z, s, t) = Λw∂sG+ Πw∂tG

∂wzG(z, s, t) = Λwz∂sG+ Πwz∂tG.

As a result, the vector field ∂wz may be expressed as

∂wz =
1

ΘsΘzt −ΘtΘzs

(−Θt∂s + Θs∂t)

=
−Θt

ΘsΘzt −ΘtΘzs

(
∂s −

Θs

Θt

∂t

)
.

For any G(z, z̄, w̄) a real analytic function on C2, let G(z, s, t) be the polarisation of G(z, z̄, w̄).
Therefore

∂wzG(z, s, t)

is the polarisation of
1

2
L (G(z, z̄, w̄))

simply by looking at the power series expansion of G (in both variables (z, s, t) and (z, z̄, w̄)).

1.0.20 Sphericity of M

Definition 1.12. Call M spherical if M is locally biholomorphic to

S3 = {(z, w) ∈ C2 : |z|2 + |w|2 = 1}.

The following (due to Lie) attributes an equivalent condition to sphericity of M (see [Mer10,
page 20]):

Proposition 1.13. Let M ⊂ C2 be a smooth, real-analytic, real hypersurface which is Levi non-
degenerate at one point p ∈M , and has complex defining equation of the form

w = Θ(z, z̄, w̄)
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for some system of local holomorphic coordinates (z, w) ∈ C2 centred at p. Then M is spherical at p
if and only if the right side of the associated second-order complex differential equation:

wzz = Θzz(z, s, t) = Θzz(z,Λ(z, w, wz),Π(z, w, wz))

satisfies the single fourth order partial differential equation

∂wz(∂wz(∂wz(∂wz(Θzz(z, s, t))))) ≡ 0. (1.14)

Obviously, equation (1.14) implies the vanishing of

0 ≡ 1

2
L

(
1

2
L

(
1

2
L

(
1

2
L
(

Θzz

))))
. (1.15)

On the other hand, as remarked earlier,

∂wz(∂wz(∂wz(∂wz(Θzz(z, s, t)))))

is the polarisation of
1

2
L

(
1

2
L

(
1

2
L

(
1

2
L
(

Θzz(z, z̄, w̄)
))))

.

It is known that ifG is real-analytic and ifG(z, s, t) is the polarisation ofG(z, z̄, w̄), thenG(z, s, t) ≡
0 if and only if G(z, z̄, w̄) ≡ 0. Based on this fact,

Theorem 1.16 (See [Mer10, page 18]). At a point p ∈ {Θw̄ 6= 0}, the real hypersurface M ⊂ C2 is
spherical if and only if near p,

0 ≡ 1

2
L

(
1

2
L

(
1

2
L

(
1

2
L
(

Θzz(z, z̄, w̄)
))))

.

A direct expansion of the expression above gives

Corollary 1.17. On the open set {Θw̄ 6= 0}, the real hypersurface M ⊂ C2 is spherical if and only if

0 =
L

4
(Θzz)

24
−

6
L (2)L

3
(Θzz)

25
− 4

L
2
(2)L

2
(Θzz)

25
− L

3
(2)L (Θzz)

25
+

[L (2)]2L
2
(Θzz)

26
+ 10

L (2)L (2)2L (Θzz)

26

−15
[L (2)]3L (Θzz)

27
.

Proof. The calculations presented below will be done in steps. First,

1

2
L

(
1

2
L (Θzz)

)
= −L (2)L (Θzz)

23
+

L
2
(Θzz)

22
.
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Next for the second application of 1
2L ,

L

(
1

2
L

(
1

2
L (Θzz)

))
= −

[
23L (L (2)L (Θzz))− 3L (2)L (Θzz)L (2)22)

26

]
+

22L
3
(Θzz)− 2L

2
(Θzz)L (2)2

24

=
−23L

2
(2)L (Θzz)−23L (2)L

2
(Θzz)

26

+
3L (2)2L (Θzz)22

26
+

22L
3
(Θzz)− 2L

2
(Θzz)L (2)2

24

=
−2L

2
(2)L (Θzz)−2L (2)L

2
(Θzz)

24

+
3L (2)2L (Θzz)

24
+

2L
3
(Θzz)− 2L

2
(Θzz)L (2)

23
.

Therefore,

1

2
L

(
1

2
L

(
1

2
L (Θzz)

))
= −L

2
(2)L (Θzz)

24
− 3

L (2)L
2
(Θzz)

24

+3
L (2)2L (Θzz)

25
+

L
3
(Θzz)

23
.

Finally for the last application of the vector field 1
2L , the application of L to each of the terms above

are calculated as below. For the first term:

1

2
L

(
L (Θzz)

23

)
=

23L
4
(Θzz)− 322L

3
(Θzz)L (2)

27

=
L

4
(Θzz)

24
− 3L

2
(Θzz)L (2)

25
.

For the second term:

1

2
L

(
L (2)2L (Θzz)

25

)
=

225L (2)L
2
(2)L (Θzz)

211
+

25L (2)2L
2
(Θzz)

211

−5L (2)2L (Θzz)L (2)24

211

=
2L (2)L

2
(2)L (Θzz)

25
+

L (2)2L
2
(Θzz)

25

−5L (2)3L (Θzz)

26
.

For the third term:

1

2
L

(
L (2)L

2
(Θzz)

24

)
=

24L
2
(2)L

2
(Θzz)

29
+

24L (2)L
3
(Θzz)

29

−423L (2)L (Θzz)

29

=
L

2
(2)L

2
(Θzz)

25
+

L (2)L
3
(Θzz)

25

−4L (2)2L
2
(Θzz)

26
.
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For the final term

1

2
L

(
L

2
(2)L (Θzz)

24

)
=

24L
3
(2)L (Θzz)

29
+

24L
2
(2)L

2
(Θzz)

29

−423L (2)L
2
(2)L (Θzz)

29

=
L

3
(2)L (Θzz)

25
+

L
2
(2)L

2
(Θzz)

25

−4L (2)L
2
(2)L (Θzz)

26
.

Therefore,(
1

2
L

)4

(Θzz) =
L

4
(Θzz)

24
− 3

L
3
(Θzz)L (2)

25
+ 6

L (2)L
2
(2)L (Θzz)

26

+3
L (2)2L

2
(Θzz)

26
− 15

L (2)3L (Θzz)

27
− 3

L
2
(2)L

2
(Θzz)

25

−3
L (2)L

3
(Θzz)

25
+ 12

L (2)2L
2
(Θzz)

26
− L

3
(2)L (Θzz)

25

−L
2
(2)L

2
(Θzz)

25
+ 4

L (2)L
2
(2)L (Θzz)

26

=
L

4
(Θzz)

24
− 6

L (2)L
3
(Θzz)

25
− 4

L
2
(2)L

2
(Θzz)

25
− L

3
(2)L (Θzz)

25

+10
L (2)L

2
(2)L (Θzz)

26
+ 15

L (2)2L
2
(Θzz)

26
− 15

L (2)3L (Θzz)

27
.

1.0.21 Explanation by Cartan’s Equivalence Method This subsection gives a very brief sum-
mary of the following differential equation(

1

2
L

)4

(Θzz) ≡ 0

in relation to Cartan’s equivalence method. Interested readers may consult [Olv95]. Set up the fol-
lowing coframes from the defining function in equation

ω1 = dw − wzdz,
ω2 = dwz − Φ(z, w, wz)dz,

ω3 = dz.

Here, Φ is the function Θzz(z,Λ(z, w, wz),Π(z, w, wz)) in the previous paragraphs. The reduced G
structure (after normalisation) is given by

g := Ĝp =


a1 0 0
a2 a1a

−1
6 0

a4 0 a6

 : a1a6 6= 0

 .

The lifted coframes are therefore

θ1 = a1ω
1,

θ2 = a2ω
1 + a1a

−1
6 ω2,

θ3 = a4ω
1 + a6ω

3.
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Upon computing dθ1, dθ2 and dθ3,

dθ1 = ω1 ∧ θ1 − θ2 ∧ θ3,

dθ2 = ω2 ∧ θ2 − (ω1 − ω6) ∧ θ2,

dθ3 = ω4 ∧ θ1 + ω6 ∧ θ3,

(1.18)

where

ω1 = α1 +
a4

a1

θ2 − a2

a1

θ3,

ω2 = α2 − a1a4Φwz + a2a4a6

a2
1a6

θ2 +
a2

1Φw − a1a2a6Φwz − a2
2a

2
6

a2
1a

2
6

θ3,

ω4 = α4 +
a2

4

a2
1

θ2 − a2a4

a2
1

θ3,

ω6 = α6 − a4

a1

θ2 − 2a2a6 + a1Φwz

a1a6

θ3.

Here, α1, α2, α3 and α4 are coefficients that appear in the Maurer-Cartan form dg · g−1. At this
stage the prologation process proceeds. For i = 1, 2, 4, 6, and 1 6 j 6 4, introduce the modified
Maurer-Cartan forms πi that satisfy

ωi = πi −
∑

16j64

zijθ
j. (1.19)

Substituting equation into equation, and setting the torsions in dθ1, dθ2 and dθ3 to zero, the new
Maurer-Cartan forms πi are therefore

π1 = ω1 + z1
1θ

1,

π2 = ω2 + z2
1θ

1 + (z1
1 − z6

1)θ2,

π4 = ω4 + z4
1θ

1 + z6
1θ

3,

π6 = ω6 + z6
1θ

1

(1.20)

The prolonged structure group is therefore a 4-dimensional abelian group with 7× 7 matrix represen-
tation

Ĝ1 =


(
I 0
R I

)
: R =


z1

1 0 0
z2

1 z1
1 − z6

1 0
z4

1 0 z6
1

z6
1 0 0


 .

From equation, the dπi for i = 1, 2, 4, 6 take the following expression after absorption:

dπ1 = ρ1 ∧ θ1 + π4 ∧ θ2 − π2 ∧ θ3,

dπ2 = ρ2 ∧ θ1 + (ρ1 − ρ3) ∧ θ2 + π2 ∧ π6,

dπ4 = ρ4 ∧ θ1 + ρ3 ∧ θ3 + π4 ∧ (π1 − π6),

dπ6 = ρ3 ∧ θ1 − π4 ∧ θ2 − 2π2 ∧ θ3 + Tθ1 ∧ θ2,

where T is the torsion that cannot be absorbed, and has the formula

T =
2z1

1 − 4z6
1 + (2a4Φwz − a6Φwzwz)

a1a6

.

By setting

z6
1 =

1

2
z1

1 +
2a4Φwz − a6Φwzwz

4a1a6

, (1.21)
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T is normalised to 0. Substituting equation into the expression for πi in equation, and recalculating
their differentials dπi, the following system of one forms is obtained:

dπ1 = ρ1 ∧ θ1 + π4 ∧ θ2 − π2 ∧ θ2,

dπ2 = ρ2 ∧ θ1 +
1

2
ρ1 ∧ θ2 + π2 ∧ π6 − Uθ2 ∧ θ3,

dπ4 = ρ4 ∧ θ1 +
1

2
ρ1 ∧ θ3 + π4 ∧ (π1 − π6)− V θ2 ∧ θ3,

dπ6 =
1

2
ρ1 ∧ θ1 − π4 ∧ θ2 − 2π2 ∧ θ3 + V θ1 ∧ θ2 + Uθ1 ∧ θ3.

(1.22)

The essential torsion coefficients U and V are respectively

U =
3

2
z2

1 +
12a2

2a4a
2
6 + 6a2

1a4Φw + 3a1a2a
2
6Φwzwz + a2

1a6DxΦwzwz − 4a2
1a6Φwzw

4a3
1a

2
6

V =
3

2
z4

1 +
6a2a

2
4a6 + 6a1a

2
4Φwz − 3a1a4a6Φwzwz + a1a

2
6Φwzwzwz

4a3
1a

2
6

,

(1.23)

where Dx is the total differential

Dx = ∂z + wz∂w + Φ(z, w, wz)∂wz .

These torsions U and V can be normalised by choosing the appropriate values for z2
1 and z4

1 . With the
values z6

1 , z2
1 and z4

1 chosen, these are substituted back to the expression of πi in equation, and hence
there exist a modified Maurer-Cartan form ρ such that the following structure equations are obtained:

dθ1 = π1 ∧ θ1 − θ2 ∧ θ3,

dθ2 = π2 ∧ θ1 + (π1 − π6) ∧ θ2,

dθ3 = π4 ∧ θ1 + π6 ∧ θ3,

dπ1 = ρ ∧ θ1 + π4 ∧ θ2 − π2 ∧ θ3,

dπ2 =
1

2
ρ ∧ θ2 + π2 ∧ π6 +K2θ

1 ∧ θ2,

dπ4 =
1

2
ρ ∧ θ3 + π4 ∧ (π1 − π6) +K1θ

1 ∧ θ3,

dπ6 =
1

2
ρ ∧ θ1 − π4 ∧ θ2 − 2π2 ∧ θ3.

The only group variable, r1, cannot be absorbed, and hence by adding the final equation

dρ = ρ ∧ π1 − 2π2 ∧ π4 −K3θ
1 ∧ θ2 −K4θ

1 ∧ θ3

to the structure equation above completes Cartan’s method. The torsion K1 is given by

K1 =
a2

6

6a3
1

Φwzwzwzwz

=
a2

6

6a3
1

∂wz(∂wz(∂wz(∂wz(Θzz(z, s, t)))))

with s = Λ(z, w, wz) and t = Π(z, w, wz), is exactly (up to some multiplicative constant) the polari-
sation of ( 1

2L )4(Θzz).
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1.0.22 Translation between {ρ = 0} and {w = Θ} Starting from a defining function ρ of M , it is
possible to derive Θzz, which is useful for determining if M is spherical. Recall that F (z, w, z̄, w̄) =
(z,Θ(z, z̄, w̄), z̄, w̄). Set

H(ρ) = (ρz ◦ F )2(ρww ◦ F )− 2(ρz ◦ F )(ρw ◦ F )(ρzw ◦ F ) + (ρw ◦ F )2(ρzz ◦ F ).

Lemma 1.24. The following identity holds:

Θzz(z, z̄, w̄) ≡ H(ρ)

ρw ◦ F
.

Proof. Starting from the first identity in equation (1.3),

0 ≡ ρzz ◦ F + 2Θzρzw ◦ F + ΘzΘzρww ◦ F + Θzzρw ◦ F,

bringing the last term over to the left side of the identity,

−Θzzρw ◦ F ≡ ρzz ◦ F + 2Θzρzw ◦ F + ΘzΘzρww ◦ F.

Multiplying on both sides of the equation by (ρw ◦ F )2 to obtain

−(ρw ◦ F )3Θzz ≡ (ρw ◦ F )2(ρzz ◦ F ) + 2(Θzρw ◦ F )(ρw ◦ F )(ρwz ◦ F ) + (Θzρw ◦ F )2(ρww ◦ F ).

Using the identities in (1.2), the conclusion follows.

The next proposition is the main ingredient for the study of the umbilics for ellipsoids.

Proposition 1.25. Set

I[w] =

[
L(ρ)

ρ2
w

]3

L̄

(
H(ρ)

ρ3
w

)
−6

[
L(ρ)

ρ2
w

]2

L̄

(
L(ρ)

ρ2
w

)
L̄3

(
H(ρ)

ρ3
w

)
− 4

[
L(ρ)

ρ2
w

]2

L̄2

(
L(ρ)

ρ2
w

)
L̄2

(
H(ρ)

ρ3
w

)
−
[

L(ρ)

ρ2
w

]2

L̄3

(
L(ρ)

ρ2
w

)
L̄

(
H(ρ)

ρ3
w

)
+ 15

L(ρ)

ρ2
w

[
L

(
L(ρ)

ρ2
w

)]2

L̄2

(
H(ρ)

ρ3
w

)
+10

L(ρ)

ρ2
w

L̄

(
L(ρ)

ρ2
w

)
L̄2

(
L(ρ)

ρ2
w

)
L̄

(
H(ρ)

ρ3
w

)
− 15

[
L̄

(
L(ρ)

ρ2
w

)]3

L̄

(
H(ρ)

ρ3
w

)
.

Then

(∆(ρw ◦ F ))7

(
1

2
L

)4

(Θzz) = I[w].

Proof. Observe that

1

2
L = −Θw̄

∆

(
∂z̄ −

Θz̄

Θw̄

∂w̄

)
= − Θw̄

∆ · (ρw̄ ◦ F )

(
(ρw̄ ◦ F )∂z̄ −

Θz̄ · (ρw̄ ◦ F )

Θw̄

∂w̄

)
Substituting

Θz̄ =
ρz̄ ◦ F
ρw ◦ F

,

Θw̄ =
ρw̄ ◦ F
ρw ◦ F

,
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which can be found in equations, into the expression above,

1

2
L =

Θw̄

∆ · (ρw̄ ◦ F )

(
(ρw̄ ◦ F )∂z̄ −

Θz̄ · (ρw̄ ◦ F )

Θw̄

∂w̄

)
=

1

∆(ρ ◦ F )
L̄.

In the calculation of ( 1
2 L̄)4(Θzz) as in paragraph, the expression ( 1

∆(ρ◦F )
L̄4Θzz can calculated by

formally replacing 2 by ∆(ρw ◦ F ), and L by L̄. As a consequence,(
1

2
L

)4

(Θzz) =

(
1

∆(ρw ◦ F )

)4

(Θzz)

=
L̄4Θzz

(∆(ρw ◦ F ))4
− 6

L̄(∆(ρw ◦ F ))L̄3(Θzz)

(∆(ρw ◦ F ))5
− 4

L̄2(∆(ρw ◦ F ))L̄2(Θzz)

(∆(ρw ◦ F ))5

− L̄
3(∆(ρw ◦ F ))L̄(Θzz)

(∆(ρw ◦ F ))5
+ 15

[L̄(∆(ρw ◦ F ))]2L̄2(Θzz)

(∆(ρw ◦ F ))6

10
L̄(∆(ρw ◦ F ))L̄2(∆(ρw ◦ F ))L̄(Θzz)

(∆(ρw ◦ F ))6
− 15

[L̄(∆(ρw ◦ F ))]3L̄(Θzz)

(∆(ρw ◦ F ))7
.

Multiplying on both sides by (∆(ρw ◦ F ))7 (suppressing the notation ◦F as usual),

(∆(ρw))7

(
1

2
L

)4

(Θzz) = (∆ρw)3L̄4(Θzz)− 6(∆ρw)2L̄(∆ρw)2L̄3(Θzz)

−4(∆ρw)2L̄2(∆ρw)L̄2(Θ)zz − (∆ρw)2L̄3(∆ρw)L̄(Θzz)

+15(∆ρw)[L(∆ρw)]2L̄2(Θzz)

+10(∆ρw)L̄(∆ρw)L̄2(∆ρw)L̄(Θzz)− 15[L̄(∆ρw)]3L̄(Θzz).

Finally, using ρw∆ = L(ρ)
ρ2
w

and Θzz = H(ρ)
ρ3
w

, the right side of the equation above is exactly I[w], and the
proof is complete.

Corollary 1.26. Let M be a smooth real hypersurface in C2 with the defining functions {ρ = 0} =
{w −Θ = 0}. Then ( 1

2L )4(Θzz) ≡ 0 if and only if I[w] ≡ 0.

2 Ellipsoids in Cn

2.0.23 Some background For n > 2, in Cn ∼= R2n equipped with the coordinates zi = xi+
√
−1yi,

an ellipsoid is the image of the unit sphere

S2n−1 = {z ∈ Cn : |z1|2 + · · · + |zn|2 = 1}.

under the affine transformation of R2n and hence has the equation of the form∑
16i6n

(αix
2
i + βiy

2
i ) = 1 (Eα,β),

with real constants αi > βi > 0. By Webster, two ellipsoids Eα,β ∼= Eα′,β′ are biholomorphically
equivalent if and only if the following relation is satisfied:

αi − βi
αi + βi

=
α′i − β′i
α′i + β′i

.
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By replacing zi by zi/
√
βi, and setting ai := αi/βi, the equation transforms into∑

16i6n
(aix

2
i + y2

i ) = 1.

For 0 6 Ai 6 1/2, set Ai := ai−1
2ai+2

so that ai = 1+2Ai
1−2Ai

. Subsituting the expression for ai into the
equation above,

1 =
∑

16i6n
(aix

2
i + y2

i )

=
∑

16i6n

(
1 + 2Ai
1− 2Ai

(
zi + z̄i

2

)2

+

(
zi − z̄i
2
√
−1

)2
)

=
∑

16i6n

(
1 + 2Ai
1− 2Ai

(
z2
i + 2ziz̄i + z̄2

i

4

)
− z2

i − 2ziz̄i + z̄2
i

4

)
=

∑
16i6n

1

2

(
1 + 2Ai
1− 2Ai

+ 1

)
ziz̄i +

1

4

(
1 + 2Ai
1− 2Ai

− 1

)
z2
i +

1

4

(
1 + 2Ai
1− 2Ai

− 1

)
z̄2
i

=
∑

16i6n

1

2

(
2

1− 2Ai

)
ziz̄i +

1

4

(
4Ai

1− 2Ai

)
(z2
i + z̄2

i )

=
∑

16i6n

ziz̄i
1− 2Ai

+

(
Ai

1− 2Ai

)
(z2
i + z̄2

i ).

By a change of variables zi 7→
√

1− 2Aizi and z̄i 7→
√

1− 2Aiz̄i,∑
16i6n

ziz̄i + Ai(z
2
i + z̄2

i ) = 1. (2.1)

When n > 3 the Hachtroudi-Chern-Moser invariant IM
Cartan is the tensor Sαβρσ with 1 6 α, β, γ, δ 6 n.

The CR umbilical locus is defined by

UmbCR(M) := {p ∈M : Sαβρσ = 0, 1 6 α, β, γ, δ 6 n}.

A theorem of Webster [Web00] shows that for n > 3, and if 0 < A1 < · · · < An <
1
2
,

UmbCR(M)(EA1,...,An) = ∅.

This motivated Huang-Ji to study real-analytic hypersurface M ⊂ C2, and a result in [XS07] shows
that the umbilical locus of every real ellipsoid Ea,b ⊂ C2 whose equation is

ax2 + y2 + bu2 + v2 = 1,

where z = x+
√
−1y and w = u+

√
−1v, contains a real algbraic curve parametrised by

γ : θ :7−→ (x(θ) +
√
−1y(θ), u(θ) +

√
−1v(θ)),

with

x(θ) :=

√
a− 1

a(ab− 1)
cos θ, y(θ) :=

√
b(a− 1)

ab− 1
sin θ

and

u(θ) :=

√
b− 1

(ab− 1)
sin θ, v(θ) := −

√
a(b− 1)

ab− 1
cos θ.
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2.0.24 The case of the invariant ( 1
2L )4(Θzz) Analogue to the situation above, it can be shown

that the locus of ( 1
2L )4(Θzz) also vanishes on the same curve γ. This time set

ρ = ax2 + y2 + bu2 + v2 − 1.

By corollary, it suffices to prove the vanishing for I[w]. The Levi form of the ellipsoid is given by

L(ρ) =
1

2

(
a2bx2 + ab2u2 + a2x2 + b2u2 + av2 + by2 + v2 + y2

)
.

Also the Hessian H(ρ) has the following expression

H(ρ) =
1

2
ab2u2 − 1

2
b2u2 − √

−1abuv +
√
−1buv − 1

2
av2 +

1

2
v2

− 1

2
a2bx2 − 1

2
a2x2 − √

−1abxy +
√
−1axy − 1

2
by2 +

1

2
y2.

Finally,
ρw = bu− √−1v.

Substituting these equations into the expression for I[w], a quick calculation by Maple gives the fol-
lowing results of each term that appears in I[w]. By substituting the expressions of the curve for x, y,
u and v, the following expressions are obtained

γ∗T1 =
1

8
√
−1(a− 1)

N1

D

γ∗T2 =
3

4
√
−1(a− 1)

N2

D

γ∗T3 =
1

2
√
−1(a− 1)

N3

D

γ∗T4 =
1

8
√
−1(a− 1)

N4

D

γ∗T5 =
15

8
√
−1(a− 1)

N5

D

γ∗T6 =
5

4
√
−1(a− 1)

N6

D

γ∗T7 =
15

8
√
−1(a− 1)

N7

D

with the denominator

D :=
(√

aθ − √−1

√
bsinθ

)8
(ab− 1)

(
b− 1

ab− 1

) 11
2

,

and the following numerators Ni:

N1 := cos7θ[499a3/2b3 + 625a9/2b2 − 233a7/2b3 + 205a9/2b− 631a7/2b2 + 15a9/2 − 415a7/2b− 65a7/2]

+
√
−1cos6θsinθ[2887a4b7/2 + 4401a4b5/2 − 1297a3b7/2 + 1905a4b3/2 − 4059a3b5/2 + 215a4b1/2 − 3327a3b3/2 − 725a3b1/2]

+cos5θsin2θ[−7023a7/2b4 − 13021a7/2b3 + 3013a5/2b4 − 7105a7/2b2 + 11011a5/2b3 − 1075a7/2b+ 11059a5/2b2 + 3141a5/2b]
√
−1cos4θsin3θ[−9267a3b9/2 − 20989a3b7/2 + 3757a2b9/2 − 14101a3b5/2 + 16279a2b7/2 − 2683a3b3/2 + 19891a2b5/2 + 7113a2b3/2]

+cos3θsin4θ[7113a5/2b5 + 19891a5/2b4 − 2683a3/2b5 + 16279a5/2b3 − 14101a3/2b4 + 3757a5/2b2 − 20989a3/2b3 − 9267a3/2b2]

+
√
−1cos2θsin5θ[3141a2b11/2 + 11059a2b9/2 − 1075ab11/2 + 11011a2b7/2 − 7105ab9/2 + 3013a2b5/2 − 13021ab7/2 − 7023ab5/2]

+cosθsin6θ[−725a3/2b6 − 3327a3/2b5 + 215a1/2b6 − 4059a3/2b4 + 1905a1/2b5 − 1297a3/2b3 + 4401a1/2b4 + 2287a1/2b3]

+
√
−1sin7θ[−65ab13/2 − 415ab11/2 + 15b13/2 − 631ab9/2 + 205b11/2 − 233ab7/2 + 625b9/2 + 499b7/2].
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N2 := cos7[−165a9/2b3 − 193a9/2b2 + 93a7/2b3 − 67a9/2b+ 205a7/2b2 − 7a9/2 + 115a7/2b+ 19a7/2]

+
√
−1cos6θsinθ[−925a4b7/2 − 1389a4b5/2 + 505a3b7/2 − 627a4b3/2 + 1341a3b5/2 − 83a4b1/2 + 975a3b3/2 + 203a3b1/2]

+cos5θsin2θ[2177a7/2b4 + 4141a7/2b3 − 1145a5/2b4 + 2359a7/2b2 − 3673a5/2b3 + 395a7/2b− 3367a5/2b2 − 887a5/2b]

+
√
−1cos4θsin3θ[2777a3b9/2 + 6649a3b7/2 − 1397a2b9/2 + 4711a3b5/2 − 5499a2b7/2 + 983a3b3/2 − 6211a2b5/2 − 2063a2b3/2]

+cos3θsin4θ[−2063a5/2b5 − 6211a5/2b4 + 983a3/2b5 − 5449a5/2b3 + 4711a3/2b4 − 1397a5/2b2 + 6649a3/2b3 + 2777a3/2b2]

+
√
−1cos2θsin5θ[−887a2b11/2 − 3367a2b9/2 + 395ab11/2 − 3673a2b7/2 + 2359ab9/2 − 1145a2b5/2 + 4141ab7/2 + 2177ab5/2]

+cosθsin6θ[203a3/2b6 + 975a3/2b5 − 83a1/2b6 + 1341a3/2b4 − 627a1/2b5 + 505a3/2b3 − 1389a1/2b4 − 925a1/2b3]

+
√
−1sin7θ[19ab13/2 + 115ab11/2 − 7b13/2 + 205ab9/2 − 67b11/2 + 93ab7/2 − 193b9/2 − 165b7/2].

N3 := cos7θ[−91a9/2b3 − 109a9/2b2 + 65a7/2b3 − 37a9/2b+ 115a7/2b2 − 3a9/2 + 55a7/2b+ 5a7/2]

+
√
−1cos6θsinθ[−499a4b7/2 − 777a4b5/2 + 349a3b7/2 − 357a4b3/2 + 771a3b5/2 − 47a4b1/2 + 483a3b3/2 + 77a3b1/2]

+cos5θsin2θ[1143a7/2b4 + 2281a7/2b3 − 781a5/2b4 + 1369a7/2b2 − 2143a5/2b3 + 247a7/2b− 1723a5/2b2 − 393a5/2b]

+
√
−1cos4θsin3θ[1407a3b9/2 + 3589a3b7/2 − 937a2b9/2 + 2761a3b5/2 − 3199a2b7/2 + 643a3b3/2 − 3271a2b5/2 − 993a2b3/2]

+cos3θsin4θ[−993a5/2b5 − 3271a5/2b4 + 643a3/2b5 − 3199a5/2b3 + 2761a3/2b4 − 937a5/2b2 + 3589a3/2b3 + 1407a3/2b2]

+
√
−1cos2θsin5θ[−393a2b11/2 − 1723a2b9/2 + 247ab11/2 − 2143a2b7/2 + 1369ab9/2 − 781a2b5/2 + 2281ab7/2 + 1143ab5/2]

+cosθsin6θ[77a3/2b6 + 483a3/2b5 − 47a1/2b6 + 771a3/2b4 − 357a1/2b5 + 349a3/2b3 − 777a1/2b4 − 499a1/2b3]

+
√
−1sin7θ[5ab13/2 + 55ab11/2 − 3b13/2 + 115ab9/2 − 37b11/2 + 65ab7/2 − 109b9/2 − 91b7/2].

N4 := cos7θ[−75a9/2b3 − 91a9/2b2 + 75a7/2b3 − 25a9/2b+ 91a7/2b2 − a9/2 + 25a7/2b+ a7/2]

+
√
−1cos6θsinθ[−391a4b7/2 − 639a4b5/2 + 391a3b7/2 − 285a4b3/2 + 639a3b5/2 − 29a4b1/2 + 285a3b3/2 + 29a3b1/2]

+cos5sin2θ[839a7/2b4 + 1831a7/2b3 − 839a5/2b4 + 1165a7/2b2 − 1831a5/2b3 + 197a7/2b− 1165a5/2b2 − 197a5/2b]

+
√
−1cos4θsin3θ[947a3b9/2 + 2779a3b7/2 − 947a2b9/2 + 2401a3b5/2 − 2779a2b7/2 + 593a3b3/2 − 2401a2b5/2 − 593a2b3/2]

+cos3θsin4θ[−593a5/2b5 − 2401a5/2b4 + 593a3/2b5 − 2779a5/2b3 + 2401a3/2b4 − 947a5/2b2 + 2779a3/2b3 + 947a3/2b2]

+
√
−1cos2θsin5θ[−197a2b11/2 − 1165a2b9/2 + 197ab11/2 − 1831a2b7/2 + 1165ab9/2 − 839a2b5/2 + 1831ab7/2 + 839ab5/2]

+cosθsin6θ[29a3/2b6 + 285a3/2b5 − 29a1/2b6 + 639a3/2b4 − 285a1/2b5 + 391a3/2b3 − 639a1/2b4 − 391a1/2b3]

+
√
−1sin7θ[ab13/2 + 25ab11/2 − b13/2 + 91ab9/2 − 25b11/2 + 75ab7/2 − 91b9/2 − 75b7/2].

N5 := cos7θ[63a9/2b3 + 69a9/2b2 − 45a7/2b3 + 25a9/2b− 75a7/2b2 + 3a9/2 − 35a7/2b− 5a7/2]

+
√
−1cos6θsinθ[339a4b7/2 + 509a4b5/2 − 237a3b7/2 + 237a4b3/2 − 511a3b5/2 + 35a4b1/2 − 315a3b3/2 − 57a3b1/2]

+cos5θsin2θ[−763a7/2b4 − 1521a7/2b3 + 521a5/2b4 − 909a7/2b2 + 1431a5/2b3 − 167a7/2b+ 1143a5/2b2 + 265a5/2b]

+
√
−1cos4θsin3θ[−927a3b9/2 − 2409a3b7/2 + 617a2b9/2 − 1841a3b5/2 + 2139a2b7/2 − 423a2b3/2 + 2191a2b5/2 + 653a2b3/2]

+cos3θsin4θ[653a5/2b5 + 2191a5/2b4 − 423a3/2b5 + 2139a5/2b3 − 1841a3/2b4 + 617a5/2b2 − 2409a3/2b3 − 927a3/2b2]

+
√
−1cos2θsin5θ[265a2b11/2 + 1143a2b9/2 − 167ab11/2 + 1431a2b7/2 − 909ab9/2 + 521a2b5/2 − 1521ab7/2 − 763ab5/2]

+cosθsin6θ[−57a3/2b6 − 315a3/2b5 + 35a1/2b6 − 511a3/2b4 + 237a1/2b5 − 237a3/2b3 + 509a1/2b4 + 339a1/2b3]

+
√
−1sin7θ[−5ab13/2 − 35ab11/2 + 3b13/2 − 75ab9/2 + 25b11/2 − 45ab7/2 + 69b9/2 + 63b7/2].
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N6 := cos7θ[39a9/2b3 + 43a9/2b2 − 39a7/2b3 + 13a9/2b− 43a7/2b2 + a9/2 − 13a7/2b− a7/2]

+
√
−1cos6θsinθ[199a4b7/2 + 315a4b5/2 − 199a3b7/2 + 141a4b3/2 − 315a3b5/2 + 17a4b1/2 − 141a3b3/2 − 17a3b1/2]

+cos5θsin2θ[−419a7/2b4 − 919a7/2b3 + 419a5/2b4 − 577a7/2b2 + 919a5/2b3 − 101a7/2b+ 577a5/2b2 + 101a5/2b]

+
√
−1cos4θsin3θ[−467a3b9/2 − 1399a3b7/2 + 467a2b9/2 − 1201a3b5/2 + 1399a2b7/2 − 293a3b3/2 + 1201a2b5/2 + 293a2b3/2]

+cos3θsin4θ[293a5/2b5 + 1201a5/2b4 − 293a3/2b5 + 1399a5/2b3 − 1201a3/2b4 + 467a5/2b2 − 1399a3/2b3 − 467a3/2b2]

+
√
−1cos2θsin5θ[101a2b11/2 + 577a2b9/2 − 101ab11/2 + 919a2b7/2 − 577ab9/2 + 419a2b5/2 − 919ab7/2 − 419ab5/2]

cosθsin6θ[−17a3/2b6 − 141a3/2b5 + 17a1/2b6 − 315a3/2b4 + 141a1/2b5 − 199a3/2b3 + 315a1/2b4 + 199a1/2b3]

+
√
−1sin7θ[−ab13/2 − 13ab11/2 + b13/2 − 43ab9/2 + 13b11/2 − 39ab7/2 + 43b9/2 + 39b7/2].

N7 := cos7θ[−27a9/2b3 − 27a9/2b2 + 27a7/2b3 − 9a9/2b+ 27a7/2b2 − a9/2 + 9a7/2b+ a7/2]

+
√
−1cos6θsinθ[−135a4b7/2 − 207a4b5/2 + 135a3b7/2 − 93a4b3/2 + 207a3b5/2 − 13a4b1/2 + 93a3b3/2 + 13a3b1/2]

+cos5θsin2θ[279a7/2b4 + 615a7/2b3 − 279a5/2b4 + 381a7/2b2 − 615a5/2b3 + 69a7/2b− 381a5/2b2 − 69a5/2b]

+
√
−1cos4θsin2θ[307a3b9/2 + 939a3b7/2 − 307a2b9/2 + 801a3b5/2 − 939a2b7/2 + 193a3b3/2 − 801a2b5/2 − 193a2b3/2]

+cos3θsin4θ[−193a5/2b5 − 801a5/2b4 + 193a3/2b5 − 939a5/2b3 + 801a3/2b4 − 307a5/2b2 + 939a3/2b3 + 307a3/2b2]

+
√
−1cos2θsin5θ[−69a2b11/2 − 381a2b9/2 + 69ab11/2 − 615a2b7/2 + 381ab9/2 − 279a2b5/2 + 615ab7/2 + 279ab5/2]

+cosθsin6θ[13a3/2b6 + 93a3/2b5 − 13a1/2b6 + 207a3/2b4 − 93a1/2b5 + 135a3/2b3 − 207a1/2b4 − 135a1/2b3]

+
√
−1sin7θ[ab13/2 + 9ab11/2 − b13/2 + 27ab9/2 − 9b11/2 + 27ab7/2 − 27b9/2 − 27b7/2]

Finally, with these expression, the following is obtained

1

8
N1(θ) +

3

4
N2(θ) +

1

2
N3(θ) +

1

8
N4(θ) +

15

8
N5(θ) +

5

4
N6(θ) +

15

8
N7(θ) ≡ 0,

and hence the curve is contained in the invariant ( 1
2L̄ )4Θzz



Chapter 5

Holomorphic curves in Lorentzian rigid
hypersurfaces in C3

1 CR Geometry of Real-Analytic Hypersurfaces M 2n+1 ⊂ Cn+1

1.1 Some Remarks
The purpose of this paper is to study the presence of holomorphic curve in Lorentzian rigid real-
analytic hypersurfaces M5 ⊆ C3. It has been shown in [Bry82] that out of the umbilical locus any
Lorentzian real-analytic real hypersurface M5, there are at most 4 holomorphic curves contained in
M5. This paper follows through the argument of the paper and gives an explicit expression of the
equation that defines the possible tangent vectors of the imbedded holomorphic curve, explaining
why there are at most 4 imbedded holomorphic curves for general cases. Through these calculations,
the explicit expressions of some components of the Hachtroudi-Chern-Moser tensor can be obtained.

Since this paper concerns only rigid real hypersurfaces in C3, only two prolongations are needed,
which simplifies many of the calculations. Therefore, this paper only presents a part of what is
presented in [Bry82], which is sufficient for the purpose.

1.2 Recall on Real-Analytic Functions
Let N ∈ N>1. On an open subset Ω ⊆ CN, a function F : Ω → C is real-analytic if locally it can be
expanded as Taylor series. If z := (z1, . . . , zN) are holomorphic coordinates of CN, then F may be
written as

F (z, z̄) =
∑

a∈NN, b∈NN

Fa,bz
az̄b,

where
Fa,b ∈ C, za := za1

1 · · · zaN
N , z̄b := z̄b11 · · · z̄bN

N .

If F is real-valued, then the coefficients satisfy the relation

Fa,b = Fb,a.

1.3 The Geometry of CN

For N ∈ N>2, let z be the holomorphic coordinates as before, and for 1 6 i 6 N, zi = xi +
√
−1yi.

Therefore CN is to be seen as R2N equipped with coordinates (x1, y1, . . . , xN, yN). The tangent bundle
TCN is a real vector bundle generated by the sections

∂

∂xi
,

∂

∂yi
, (16i6N).

117
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This tangent bundle is equipped with a complex structure J : TCN → TCN, given at each point in CN

by

J

(
∂

∂xi

)
=

∂

∂yi
and J

(
∂

∂yi

)
= − ∂

∂xi
.

The complexified tangent bundle CTCN := TCN ⊗R C decomposes into a direct sum of complex
sub-bundles

CTCN = T 1,0CN ⊕ T 0,1CN,

where at each point p ∈ CN,

T 1,0
p CN := {Xp − √−1J(Xp) : Xp ∈ TpCN},
T 0,1
p CN := {Xp +

√
−1J(Xp) : Xp ∈ TpCN}.

For 1 6 i 6 N, the vector fields

∂

∂zi
:=

1

2

(
∂

∂xi
− √−1

∂

∂yi

)
,

∂

∂z̄i
:=

1

2

(
∂

∂xi
− √−1

∂

∂yi

)
.

generate respectively the bundles T 1,0CN and T 0,1CN. Dually, the differential forms

dzi := dxi +
√
−1dyi, dz̄i := dxi − √−1dyi

generate the respective cotangent bundles T ∗1,0CN and T ∗0,1CN.
For 1 6 p, q 6 N, a (p, q) form is given by

η :=
∑

16i1<···<ip6N

∑
16j1<···<jq6N

ωi1,...,ip,j1,...,jq dzi1 ∧ · · · ∧ dzip ∧ dz̄j1 ∧ · · · ∧ dz̄jq ,

where ωi1,...,jq are functions on CN. The de-Rham differential operator d is defined on η by

dη =
∑

16i1<···<ip6N
16j1<···<jq6N

∑
16i6N

∂ziωi1,...,ip,j1,...,jq dzi ∧ dzi1 ∧ · · · ∧ dzip ∧ dz̄j1 ∧ · · · ∧ dz̄jq

+
∑

16i1<···<ip6N
16j1<···<jq6N

∑
16j6N

∂z̄jωi1,...,ip,j1,...,jq dz̄j ∧ dzi1 ∧ · · · ∧ dzip ∧ dz̄j1 ∧ · · · ∧ dz̄jq .

By the anti-symmetry of the wedge product and commutativity of the vector fields ∂zi , ∂z̄j , the differ-
ential operator is nilpotent, i.e. d2 = 0.

1.4 Defining function of M
Let M ⊆ Cn+1 be a real-analytic real hypersurface passing through the origin. Fix a reference point
0 ∈M . There exists affine holomorphic coordinates in Cn+1

(z1, . . . , zn, w) = (x1 +
√
−1y1, . . . , xn +

√
−1yn, u+

√
−1v)

and a real analytic, real-valued function r(x, u, y, v) such that M may be described by the zero locus
of r:

M = {r = 0}.

Therefore r(0) = 0. If moreover that M is smooth at 0, that is dr(0) 6= 0, by a change of coordinates,
without loss of generality ru(0) 6= 0. By the Implicit Function Theorem, there exists a real-analytic,
real-valued function F (x, y, v) such that M is described by the following equation

u = F (x1, . . . , xn, y1, . . . , yn, v).
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Therefore, the defining function r may be re-expressed as

r = −u+ F.

Such a defining function is not unique, as it can be multiplied by a function on Cn+1 which does not
vanish anywhere. By a bihilomorphic change of coordinates in Cn+1, the defining function −u + F
may undergo further simiplification so that M may be defined by

u =
∑

16i6n

∑
16j6n

aijziz̄j +Oz,z̄(3) + vOz,z̄,v(1),

where aij ∈ C.

Definition 1.1. Let M be a real-analytic, real hypersurface in C3 given by

u = F (x, y, v).

Then M is called rigid if F is independent of v.

For the rest of the section, M is not supposed to be rigid unless otherwise stated.

1.5 CR bundles induced on M
Over M2n+1 ⊂ Cn+1, let ,

T 1,0M := T 1,0Cn+1|M ∩ (C⊗R TM) and T 0,1M := (T 0,1Cn+1|M) ∩ (C⊗R TM).

They form complex vector bundles over M , with T 1,0M = T 0,1M . The common real part of these
two bundles

T cM := Re(T 1,0M) = Re(T 0,1M)

is a real sub-bundle of TM of real rank 2n. It may alternatively be defined as

T cM = TM ∩ J(TM).

At each p ∈M ,

T 1,0
p M = {Xp − √−1J(Xp) : Xp ∈ T cpM},
T 0,1
p M = {Xp +

√
−1J(Xp) : Xp ∈ T cpM}.

1.6 Frames of T 1,0M and T 0,1M

For a real manifold given by
u = F (z, z̄, v),

its extrinsic T 1,0M sections are given by

Lk :=
∂

∂zk
+ Ak

∂

∂w
,

with
∂

∂zk
=

1

2

(
∂

∂xk
− √−1

∂

∂yk

)
,

∂

∂w
=

1

2

(
∂

∂u
− √−1

∂

∂v

)
.

By requiring that Lk(u− F ) ≡ 0, it follows that

Ak =
2Fzk

1 +
√
−1Fv

.
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The projection of Cn+1 onto R2n+1 by

π : (x, u, y, v) 7→ (x, y, v)

gives a local chart on M2n+1 and hence the intrinsic (1, 0) vector fields on M2n+1 become

Lk := π∗(Lk) =
∂

∂zk
+

Fzk
√
−1− Fv

∂

∂v
,

and along with its conjugates

L̄k :=
∂

∂z̄k
+

Fz̄k
−√−1− Fv

∂

∂v
(16k6n)

which form a frame of the T 0,1M bundle. These vector fields satisfy the involutive properties

[Li,Lj] = [L̄i, L̄j] = 0,

while a lengthy calculation (see MPS) gives

[Li, L̄j] =
2
√
−1

|√−1 + Fv|2
(Fziz̄j + F 2

vFziz̄j − FvFz̄jFziv − FvFziFvz̄j + FziFz̄jFvv

+
√
−1Fz̄jFziv −

√
−1FziFvz̄j).

If M is rigid, then
[Li, L̄j] = 2

√
−1Fziz̄j .

1.7 Contact Form

A differentiation of the defining function

r = −u+ F (x, y, v)

yields
0 ≡ dr|TM = ∂r|TM + ∂̄r|TM .

Therefore −√−1∂r|TM =
√
−1∂̄r|TM is a real-valued differential form on M . For any nowhere van-

ishing function c(z, z̄, v) on M ,

∂(cr)|TM = r|M∂c|TM + c|M∂r|TM = c|M∂r|TM .

Therefore, this allows a modification of the defining function r to facilitate calculations later. In fact,
r may be redefined as

r :=
2

1 + F 2
v

(−u+ F ).

With this new defining function, set
θ := −√−1∂r|TM .

Then

θ = −dv +
∑

16k6n

Fzk
√
−1− Fv

dzk +
∑

16k6n

Fz̄k
−√−1− Fv

dz̄k.

This permits the definition of the CR coframe of M .
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1.8 CR frame and CR coframe
In local intrinsic coordinates (x, y, v) on M , the following differential 1 forms form a coframe for
CTM :

θ = −dv +
∑

16k6n

Fzk
√
−1− Fv

dzk +
∑

16k6n

Fz̄k
−√−1− Fv

dz̄k,

θk = dzk,

θ̄k = dz̄k,

where 1 6 k 6 n. If T := − ∂
∂v

, then the following duality relations are obtained:

θ(T ) = 1,

θk(T ) = 0,

θ̄k(T ) = 0,

θ(Lk) = 0,

θi(Lk) = δik,

θ̄i(Lk) = 0,

θ(L̄k) = 0,

θi(L̄k) = 0,

θ̄i(L̄k) = δik.

Given these relations, therefore the bundles T 1,0M and T 0,1M may be re-expressed in terms of dif-
ferential forms: at each point p ∈M ,

T 1,0
p M = {Xp ∈ TpM ⊗R C : 0 = θ(Xp) = θ̄1(Xp) = · · · = θ̄n(Xp)},
T 0,1
p M = {Xp ∈ TpM ⊗R C : 0 = θ(Xp) = θ1(Xp) = · · · = θn(Xp)}.

Moreover,

[Li, L̄j] = −
(

Li

(
Fz̄j

−√−1− Fv

)
− L̄j

(
Fzi

√
−1− Fv

))
T,

Applying the de Rham operator d to θ, the following formula comes directly from the Cartan-Lie
formula:

dθ =
∑

16i,j6n

(
Li

(
Fz̄j

−√−1− Fv

)
− L̄j

(
Fzi

√
−1− Fv

))
θi ∧ θ̄j mod θ.

Setting

hij := −√−1

(
Li

(
Fz̄j

−√−1− Fv

)
− L̄j

(
Fzi

√
−1− Fv

))
= θ(

√
−1[Li,L j]),

therefore,
dθ =

√
−1

∑
16i,j6n

hij θ
i ∧ θ̄j mod θ.

The matrix (hij) is then Hermitian, with the diagonal entries being real-valued functions on M .
In the case of rigid real hypersurfaces,

Li(
√
−1Fz̄j)− L̄j(−√−1Fzi) = 2

√
−1Fziz̄j ,

so that
dθ =

∑
16i,j6n

2Fziz̄j θ
i ∧ θ̄j mod θ.

1.9 The Levi form
There exists a bilinear form on T 1,0M at each point p ∈M given as follows: for any two vector fields
X , Y

Lev : T 1,0
p M × T 1,0

p M −→ CTpM/T 1,0
p M ⊕ T 0,1

p M

(X (p),Y (p)) 7−→ [X , Ȳ ](p) mod T 1,0
p M ⊕ T 0,1

p M.
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This map is independent of the choice of sections, that is if X ′ and Y ′ are another T 1,0M sections
such that X ′(p) = X (p) and Y ′(p) = Y ′(p), then

Lev(X (p),Y (p)) = Lev(X ′(p),Y ′(p)).

Any two sections X , Y can be written as

X = µ1L1 + · · ·+ µnLn,

Y = ν1L1 + · · ·+ νnLn.

Then the Levi form may be expressed as a Levi matrix which is denoted by Λ := (lij):

Lev(X ,Y ) = (ν̄1, . . . , ν̄n)

l11 · · · l1n
... . . . ...
ln1 · · · lnn


µ1

...
µn

 ,

where the (i, j)-th entry lij is given by

lij = θ(
√
−1[Lj, L̄i]) = hji.

The Levi form also has another representation by the contact form. Let

r =
2

1 + F 2
v

(−u+ F )

be the defining function for M as before, and let

θ = −√−1∂r.

By the Cartan-Lie formula,

dθ(X ∧ Ȳ ) = X θ(Ȳ )− Ȳ θ(X )− θ([X , Ȳ ]).

Since θ vanishes on T 1,0M ⊕ T 0,1M sections,

−θ([X , Ȳ ]) = dθ(X ∧ Ȳ ),

and multiplying on both sides by −√−1, the Levi form may therefore be represented by −√−1 dθ.

1.10 Diagonalisation of the Levi form
Let

Aj =
n∑

m=1

amjLm

be a change of frame so that
εiδij = θ(

√
−1[Aj, Āi]),

where δij is the usual Kronecker delta, and εi ∈ {1, 0,−1}. Expanding the expression on the right,

θ(
√
−1[Aj, Āi]) = θ

(
√
−1

[∑
m1

am1,jLm1 ,
∑
m2

am2,iL̄m2

])
=

∑
m1

∑
m2

am2,i θ(
√
−1[Lm1 , L̄m2 ]) am1,j

=
∑
m1

∑
m2

am2,i lm2,m1 am1,j.
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Let a := (aij) denote the matrix, and E be the diagonal matrix whose entries are either 1, 0 or −1.
Then the purpose is to seek the matrix a such that

E = T āΛa.

Let αi =
∑

m bj,mθ
m be a change of coframe. Then

θj =
∑

16m6n
b−1
j,mα

m,

where b−1
i,j are the coefficients of the inverse matrix b−1. Observe that

dθ ≡ √
−1(θ1, · · · , θn)

h1,1 · · · h1,n
... . . . ...

hn,1 · · · hn,n


θ̄

1

...
θ̄n

 mod θ

≡ √
−1(θ̄1, · · · , θ̄n)

 l11 · · · l1,n
... . . . ...
ln,1 · · · ln,n


θ

1

...
θn

 mod θ

≡ √
−1(ᾱ1, . . . , ᾱn)T b−1 · (lij) · b−1(α1, . . . , αn)T mod θ

If b = (bij) is chosen so that for the same matrix E,

E = T b−1 Λ b−1,

then the choice a = b−1 works.

1.11 Explicit Diagonalisation of the Levi form

The process of diagonalising the Levi form involves seeking the new frame Ai (1 6 i 6 n) and the
following triangular linear system of equations

A1 = a1,1L1,

A2 = a1,2L1 + a2,2L2,
...

An = a1,nL1 + · · ·+ an,nLn,

so that with respect to the Levi form Lev,

Lev(Ai,Aj) = εiδij,

where ε ∈ {1, 0,−1} are the signatures of the eigenvalues of the Levi form. At each point p ∈ M ,
define the minor determinant ∆j(p) by

∆j(p) = det

l1,1(p) · · · l1,j(p)
... . . . ...

lj,1(p) · · · lj,j(p)

 .

By Gram-Schmidt process, the following proposition gives the explicit diagonalisation of the Levi
form:
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Proposition 1.2. The closed formulae for a T 1,0M frame which is orthonormal for the Levi form, i.e.

Lev(Ai,Aj) = εiδij,

are given by

Aj =
1√

εj∆j−1∆j

∣∣∣∣∣∣∣∣∣
l1,1 l1,2 · · · l1,j
...

... . . . ...
lj−1,1 lj−1,2 · · · lj−1,j

L1 L2 · · · Lj

∣∣∣∣∣∣∣∣∣ .

2 The Geometry of Lorentzian Real Hypersurfaces in Cn+1

2.1 Holomorphic Curves in Hypersurfaces

Let M2n+1 ⊂ Cn+1 be a real hypersurfaces and let D := {t ∈ C : |t| < 1} be the unit disk in C. Let
φ be the map

φ : D −→ Cn+1

t 7−→ (φ1(t), . . . , φn(t), φn+1(t)),

and suppose that φ(D) ⊂M so that for all t ∈ D,

r(φ1(t), . . . , φn(t), φn+1(t), φ1(t), . . . , φn(t), φn+1(t)) ≡ 0.

Differentiating the equation above with respect to t,

0 ≡ ∂

∂t
r(φ(t), φ(t)) =

n+1∑
i=1

rzi(φ(t), φ(t))φ′i(t)

= ∂r

( n+1∑
i=1

φ′i(t)
∂

∂zi

)
,

(2.1)

from which it is deduced that at each t ∈ D, the vector field

Lφ(t) =
n+1∑
i=1

φ′i(t)
∂

∂zi

lies in T 1,0
φ(t)M ⊕T

0,1
φ(t)M . But since the vector field involves ∂zi and not its conjugates, therefore it lies

in T 1,0
φ(t)M . Moreover,

0 ≡ √−1dθ(Lφ(t) ∧L φ(t)) =
√
−1∂∂̄r(Lφ(t) ∧Lφ(t)) = λ(Lφ(t),Lφ(t)). (2.2)

Definition 2.3. At each p ∈M , the isotropic cone of the Levi form is given by

C1,0
p M := {Cp ∈ T 1,0

p M : Lev(Cp,Cp) = 0}.

The common part of the isotropic cone is then given by

Cc
pM := Re C1,0

p M = Re C0,1
p M ⊂ T cpM.
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2.2 Holomorphic curves in Lorentzian real hypersurfaces
Definition 2.4. The real hypersurface M2n+1 ⊂ Cn+1 is Lorentzian at 0 ∈ M2n+1 if the Levi form
at 0 has 1 strictly positive eigenvalue and n − 1 strictly negative eigenvalues. Moreover, M2n+1 is
Lorentzian if the Levi form has 1 strictly positive eigenvalue and n − 1 strictly negative eigenvalues
at every point p ∈M .

When M is Lorentzian, by a change of frames and coframes in Proposition 1.2, there exist vector
fields Ai and differential (T 1,0M)∗-forms αi such that

dθ =
√
−1(α1 ∧ ᾱ1 − α2 ∧ ᾱ2 − · · · − αn ∧ ᾱn) mod θ, (2.5)

along with the following duality relations

θ(T ) = 1,

αi(T ) = 0,

ᾱi(T ) = 0,

θ(Aj) = 0,

αi(Aj) = δij,

ᾱi(Aj) = 0,

θ(Āj) = 0,

αi(Āj) = 0,

ᾱi(Āj) = δij.

If φ : D → Cn+1 is a holomorphic curve as before, then the vector field Lφ(t) is a T 1,0M vector at
each point φ(t), and hence may be written as

Lφ(t) = f1(t, t̄)A1 + · · ·+ fn(t, t̄)An

for some real-analytic functions fi(t, t̄) for 1 6 i 6 n. By equations (2.1) and (2.2), dθ(Lφ(t) ∧
Lφ(t)) ≡ 0 and θ(Lφ(t)) ≡ 0 for all t. Therefore by equation (2.5),

|f1|2 − |f2|2 − · · · − |fn|2 ≡ 0 (t∈D).

If φ is an immersion, then for all t ∈ D, f1(t, t̄) 6= 0, or otherwise then

|f2(t, t̄)|2 + · · ·+ |fn(t, t̄)|2 = 0,

from which one concludes that f2(t, t̄) = · · · = fn(t, t̄) = 0, which is a contradiction. Consequently,
f1 does not vanish anywhere. Dividing throughout by f1,∣∣∣∣f2

f1

∣∣∣∣2 + · · ·+
∣∣∣∣fnf1

∣∣∣∣2 = 1,

which is an equation of the sphere. More generally, if (µ2, . . . , µn) ∈ Cn−1 be such that |µ2|2 + · · ·+
|µn|2 = 1, then the vector fields

A1 − µ2A2 − · · · − µnAn

lie in the isotropic cone of the Levi form. Conversely, the isotropic cones are generated by vector
fields of the form above, i.e.

C1,0
p M =

⋃
λ∈S2n−3

{Xp ∈ T 1,0
p M : 0 = (αk − λkα1)(Xp), 1 6 k 6 n− 1}.

For the rest, let L1,0
x M and L0,1

x M be the folowing sets at each x ∈ M and for each fixed
(λ2, . . . , λn) ∈ S2n−3

L1,0
p,(λ2,...,λn)M := {Xp ∈ T 1,0

p M : 0 = (αk − λkα1)(Xp), 1 6 k 6 n− 1},

L0,1
p,(λ2,...,λn)M := {Xp ∈ T 0,1

p M : 0 = (ᾱk − λ̄kᾱ1)(Xp), 1 6 k 6 n− 1}.
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2.3 The Sphere Bundle and the First Prolongation
The main idea of [Bry82] is to introduce new unknown variables (λ2, . . . , λn) ∈ S2n−3 to a system of
differential forms, which is known as prolongation in Cartan’s method. Later it will be found that the
variables satisfy certain equations in Rn. Let α1,. . . , αn be sections of T ∗1,0M that diagonalise dθ as in
equation (2.5). Let φ : D→ Cn+1 be a non-degenerate holomorphic curve such that φ(D) ⊂ M2n+1.
Then for each i, there exist real-analytic complex-valued functions aj(t, t̄) such that

φ∗(αj) = aj(t, t̄) dt

and
φ∗(ᾱj) = aj(t, t̄) dt̄.

Moreover, in paragraph 2.1, it has been established that φ∗θ ≡ 0. Therefore

√
−1(|a1(t, t̄)|2 − |a2(t, t̄)|2 − · · · − |an(t, t̄)|2)dt ∧ dt̄ = φ∗(dθ) = d(φ∗θ) = 0.

Since dt ∧ dt̄ is the volume form on D, therefore

|a1(t, t̄)|2 − |a2(t, t̄)|2 − · · · − |an(t, t̄)|2 ≡ 0

for all t ∈ D.

Lemma 2.6. Let φ : D → M2n+1 be an immersive holomorphic curve into a Lorentzian real hyper-
surface in Cn+1. If a1(t, t̄) = 0 at some point t ∈ D, then φ′(t) = 0.

Proof. By the same reasoning as before, if a1(t, t̄) = 0, then so are the rest. Since θ, α1,. . . , αn,
ᾱ1,. . . ,ᾱn form a frame for CTM at every point in M , and the pullback of each of these differential
1-forms is zero, therefore φ′(t) = 0.

Therefore, by setting

λk :=
ak(t, t̄)

a1(t, t̄)
,

the equation of sphere is obtained

|λ2|2 + · · ·+ |λn|2 = 1.

The functions λk = αk/α1 also allow the lifting of the holomorphic curves to a bigger space:

M × S2n−3

pr1
��

D
φ

//

φ̃
99

M

(φ(t), λ(t, t̄))

pr1
��

t

φ̃
99

φ
// φ(t)

Then for 2 6 k 6 n, introduce the 1 forms

ω0 := θ,

ω1 := α1,

ωk := αk − λkα1,

ω̄1 := ᾱ1,

ω̄k := ᾱk − λ̄kᾱ1,

which is the first prolongation by the new variables (λ2, . . . , λn) ∈ S2n−3.
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Lemma 2.7. The lift φ̃ : D→M × S2n−3 of the holomorphic curve φ : D→M satisfies

0 = φ̃∗(ω0) = φ̃∗(ωk) = φ̃∗(ω̄k).

Conversely, if a real-analytic map

φ̃(t, t̄) = (φ1, . . . , φn, Imφn+1, λ2, . . . , λn)

with φ̃ immersive from D to Cn×R×S2n−3 annihilates ω0, ωk and ω̄k after pullback, then its projected
image

φ(D) = pr1(φ̃(D)) ⊂M

is a holomorphic curve in M .

Proof. The direct sense holds by definition of (λ2, . . . , λn) ∈ S2n−3. Conversely, the condition that
0 = φ̃∗(ω0) = φ∗(θ) implies that

φ∗(TD) ⊆ Re T 1,0M |φ(D).

For any fixed (λ2, . . . , λn) ∈ S2n−3, and for all (2 6 k 6 n), the conditions

0 = φ̃∗(ωk) = φ∗(αk)− λkφ∗(α1),

0 = φ̃∗(ω̄k) = φ∗(ᾱk)− λ̄kφ∗(ᾱ1),

imply that
φ∗(TtD⊗R C) ⊂ L1,0

φ(t,t̄),(λ2,...,λn)M ⊕ L
0,1
φ(t,t̄),(λ2,...,λn)M.

Taking the real part, implies that

φ∗(Tt(D)) ⊂ Lcφ(t,t̄),(λ2,...,λn)M = Re(L1,0
φ(t,t̄),(λ2,...,λn)M).

which guarantees that the real 2-dimensional locally embedded submanifold φ(D) ⊂M has a tangent
bundle that is invariant under multiplication by √−1, and hence by the theorem of Levi-Civita [Sha92,
page 99], φ(D) is a holomorphic curve.

2.4 Partial Pullback
At this stage it will be convenient to introduce the notion of partial pullbacks. If φ̃ : D→M × S2n−3

is the lifting as in the previous paragraph

t 7−→ (φ1, . . . , φn, ν, λ2, . . . , λn),

where ν(t, t̄) = Imφn+1(t).

Definition 2.8. The partial pullback of differential forms on M × S2n−3 replaces
x := (φ1(t), . . . , φn(t), ν(t, t̄)) but keeps (λ2, . . . , λn) ∈ S2n−3 as untouched variables.

The same notation φ∗ will be reserved for partial pullbacks. The partial pullbacks of ωk are

φ∗(ωk) = φ∗(αk)− λkφ∗(α1)

= (ak(t, t̄)− λka1(t, t̄)) dt,
(2.9)

while the full-pullback requires λk be replaced by ak/a1, from which it is deduced that the full pull-
back of ωk is identically 0.
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2.5 The Second Prolongation and the Second Lifted Space
Let I denote the Pfaffian system

I := 〈ω0, ωk, ω̄k〉 (26k6n)

on M × S2n−3, which consists of linear combinations of the 1-forms with real-analytic coefficients.
When doing computations, taking modulo the system I is synonymous to pulling back the differential
forms by φ to the disk D. By construction,

dω0 = dθ

≡ √
−1(α1 ∧ ᾱ1 − α2 ∧ ᾱ2 − · · · − αn ∧ ᾱn) mod I

≡ √
−1(1− |λ2|2 − · · · − |λn|2)α1 ∧ ᾱ1 mod I

= 0 mod I,

which is analogous to the fact that φ∗(dθ) ≡ 0. In the later calculations, observe that for every 1-form
β on M , its exterior derivative dβ may be expressed as

dβ ≡ B(x, λ) · α1 ∧ ᾱ1 mod I,

where here x denotes the coordinate system onM , andB is a function. Therefore, for each 2 6 k 6 n,

dωk = −dλk ∧ α1 + dαk − λkdα1

≡ −(dλk − Lkᾱ1) ∧ α1 mod I,

for some function Lk. From equation (2.9), the partial pullback φ∗dωk = d(φ∗ωk) gives

d(φ∗ωk) = ak,t̄ dt̄ ∧ dt− dλk ∧ a1dt− λka1,t̄ dt̄ ∧ dt

= −dλk ∧ (a1dt) +
ak,t̄
a1ā1

(ā1dt̄) ∧ (a1dt)− λk
a1,t̄

a1ā1

(ā1dt̄) ∧ (a1dt)

= −
(
dλk −

[
ak,t̄
a1ā1

− λk
a1,t̄

a1ā1

]
ā1dt̄

)
∧ (a1dt).

(2.10)

When λk is replaced by ak/a1, d(φ∗ωk) ≡ 0. But

dλk = λk,tdt+ λk,t̄ dt̄

involves the term λk,t, which is missing from equation (2.10) since dt ∧ dt = 0. Therefore it necessi-
tates a second prolongation to compensate the loss. For example,

d(φ̃∗λk) = lk(t, t̄) φ
∗ᾱ1 +mk φ

∗α1,

where

lk(t, t̄) =
λk,t̄

ā1(t̄, t)
, and mk(t, t̄) =

λk,t(t, t̄)

a1(t, t̄)
, (2.11)

has to be compared with the corresponding two form

dωk ≡ −(dλk − Lkᾱ1) ∧ α1 mod I

≡ −(dλk − Lkᾱ1 −Mkα
1) ∧ α1 mod I,

for some function Mk. The second prolongation then introduces new variables

µ = (µ2, . . . , µn) ∈ Cn
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together with the new one forms

πk := dλk − Lkᾱ1 − µkα1

on the second lifted space

(x, λ2, . . . λn, µ2, . . . , µn) ∈M × S2n−3 × Cn−1.

The second lift of holomorphic curve also exists

M × S2n−3 × Cn−1

pr2
��

M × S2n−3

pr1
��

t
φ

//
φ̃

77

˜̃
φ

??

M

(φ(t), λ2, . . . , λn, µ2, . . . , µn)

pr2
��

(φ(t), λ2, . . . , λn)

pr1
��

t
φ

//
φ̃

66

˜̃
φ

<<

φ(t),

with ( ˜̃φ∗µk
)
(t, t̄) :=

λk,t(t, t̄)

a1(t, t̄)
= mk(t, t̄). (2.12)

Lemma 2.13. The pullback of Lk by φ̃ gives

φ̃∗(Lk) = lk(t, t̄).

Proof. Starting from
dωk = −(dλk − Lkᾱ1) ∧ α1,

its full pullback is given by

0 = φ̃∗(dωk)

= −(dφ̃∗(λk)− φ̃∗(Lk)ā1dt̄) ∧ a1dt

= −(lkā1dt̄+mka1dt− φ̃∗(Lk)ā1dt̄) ∧ a1dt.

From the fact that dt ∧ dt̄ vanishes nowhere on D, therefore

lk(t, t̄) = φ̃∗(Lk).

2.6 The hyperplane and sphere equation on the fibres (µ2, . . . , µn) ∈ Cn−1

The new variables µk must satisfy a hyperplane equation:

Proposition 2.14. After pullback to D, a non-trivial affine hyperplane relation is satisfied by the fibres
(µ2, . . . , µn) of pr2 : M × S2n−3 × Cn−1 →M × S2n−3:∑

26k6n
λ̄kµk = −

∑
26k6n

λkL̄k.

Proof. From equation (2.12), and the fact that φ̃(L̄k) = l̄k(t̄, t),∑
k
φ̃∗(λ̄k)

˜̃φ∗(µk) +
∑
k
φ̃∗(λk)φ̃

∗(L̄k) =
∑
k
λ̄k(t, t̄)mk(t, t̄) +

∑
k
λk(t, t̄)l̄k(t̄, t)

=
∑
k
λ̄k(t̄, t)

λk,t(t, t̄)

a1(t, t̄)
+
∑
k
λk(t, t̄)

λk,t̄(t, t̄)

a1(t, t̄)

=
1

a1(t, t̄)

∂

∂t

∑
k
|λk(t, t̄)|2,

and since
∑
k
|λk|2 = 1, its derivative ∂t

∑
k
|λk|2 = 0 vanishes.
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Next let τ be the one-form on M × S2n−3 given by

τ := −
∑

26k6n
λ̄kdλk +

∑
26k6n

λ̄kLkᾱ
1 −

∑
26k6n

λkL̄kα
1.

From the relation ∑
26k6n

λ̄kdλk = −
∑

26k6n
λkdλ̄k,

one has therefore
τ + τ̄ = 0.

Lemma 2.15. The full pullback of τ is zero.

Proof. Directly from the expression of τ , using Lemma 2.13 and lk in (2.11), is pullback turns out to
be zero:

−
∑
k
φ̃∗(λ̄k)φ̃

∗(dλk) +
∑
k
φ̃∗(λ̄k)φ̃

∗(Lk)φ
∗(ᾱ1)−

∑
k
φ̃∗(λk)φ̃

∗(L̄k)φ
∗(α1)

= −
∑
k

(
λ̄k[λk,t̄dt̄+ λk,tdt]

)
+
∑
k
λ̄k
λk,t̄
ā1

ā1dt̄−
∑
k
λk
λ̄k,t
a1

a1dt

= −dt
(∑

k
(λk,tλ̄k + λkλ̄k,t)

)
+ 0

= 0.

Since the pullback of πk and π̄k by φ to the disk D is zero, it is natural to introduce an enlarged
Pfaffian system on M × S2n−3 × Cn−1:

I2 = 〈ω0, ωk, ω̄k, πk, π̄k〉.

The following proposition describes the equation of the sphere that is satisfied by (µ2, . . . , µn) ∈
Cn−1:

Proposition 2.16. After pulling back to D, a non-trivial affine sphere relation is satisfied by the fibres
(µ2, . . . , µn) of pr2 : M × S2n−3 × C→M × S2n−3 given by∑

26k6n
|µk −Bk|2 − E = 0

for functions B and E on M × S2n−3.

Proof. By applying the exterior differential operator d to τ ,

dτ =
∑
k
dλk ∧ dλ̄k

+
∑
k
Lkdλ̄k ∧ ᾱ1 +

∑
k
λ̄kdLk ∧ ᾱ1 +

∑
k
λ̄kLkdᾱ

1

−
∑
k
L̄kdλk ∧ α1 −

∑
k
λkdL̄k ∧ α1 −

∑
k
λkL̄kdα

1.

Modulo I the Pfaffian system, there exist complex-valued functions A, B and C such that

dτ ≡
∑
k
dλk ∧ dλ̄k

+
∑
k
Akdλk ∧ α1 −

∑
k
Ākdλ̄k ∧ ᾱ1

+
∑
k
Bkdλ̄k ∧ α1 −

∑
k
B̄kdλk ∧ ᾱ1

+Cα1 ∧ ᾱ1 mod I.
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Modulo the enlarged Pfaffian system I2, replacing in effect dλk by Lkᾱ1 + µkα
1 and similarly for

dλ̄k:

dτ ≡
∑
k

(
Lkᾱ

1 + µkα
1

)
∧
(
L̄kα

1 + µ̄kᾱ
1

)
+

(∑
k
AkLkᾱ

1 +
∑
k
Akµkα

1

)
∧ α1 −

(∑
k
ĀkL̄kα

1 +
∑
k
Ākµ̄kᾱ

1

)
∧ ᾱ1

+

(∑
k
BkL̄kα

1 +
∑
k
Bkµ̄kᾱ

1

)
∧ α1 −

(∑
k
B̄kLkᾱ

1 +
∑
k
B̄kµkα

1

)
∧ ᾱ1

+Cα1 ∧ ᾱ1 mod I2,

and after some reorganisation,

dτ ≡
{∑

k
|µk −Bk|2 −

∑
k

(
|Bk|2 + AkLk + ĀkL̄k + |Lk|2

)
+ C︸ ︷︷ ︸

:=E

}
α1 ∧ ᾱ1 mod I2.

In order that dτ to vanish while requiring that α1 ∧ ᾱ1 to remain non-zero, the equation of the sphere
is obtained.

2.7 Rigid Real hypersurface M 5 and the Hachtroudi-Chern-Moser Tensor in
C3

Let M5 ⊂ C3 be a real-analytic, rigid real hypersurface that contains the origin, and suppose that
it is smooth. Let (z1, z2, w) be holomorphic coordinates with zi = xi +

√
−1yi and w = u +

√
−1v.

Then by a biholomorphic change of coordinates, there exists a real-analytic function F (z, z̄) (here
z := (z1, z2)) such that

u = F (z, z̄).

The fact that M is rigid means that F is independent of v. The intrinsic T 1,0M sections (see section
1.6) are generated in local coordinates (z, z̄, v) by

Li =
∂

∂zi
− √−1Fzi

∂

∂v
, (i=1,2)

while their conjugates generate the corresponding T 0,1M .
The Levi form of M5 is given by the matrix

Λ :=

(
l1,1 l1,2
l2,1 l2,2

)
= 2

(
Fz1z̄1 Fz2z̄1
Fz1z̄2 Fz2z̄2

)
=

(
h1,1 h2,1

h1,2 h2,2

)
.

The coefficients of the Levi matrix, and hence the Levi determinant ∆, are independent of the variable
v. Since M is Lorentzian, −∆ is also strictly positive and hence there is no ambiguity when taking
the square roots.

The contact form of M5 is given by

θ = −dv +
∑
k=1,2

(−√−1Fzi)dzi +
∑
k=1,2

(
√
−1Fz̄i)dz̄i,

with {θ, dz1, dz2, dz̄1, dz̄2} forming a coframe of CT ∗M . By Proposition 1.2 on explicit diagonalisa-
tion of the Levi form, there exist T 1,0M sections A1 and A2 that diagonalise the Levi form. Dually,
there exist T ∗1,0M sections α1 and α2 such that

dθ =
√
−1(α1 ∧ ᾱ1 − α2 ∧ ᾱ2) mod θ.
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Let λ ∈ S1 be an element in the circle in R2, and set up the following system

ω0 := θ,

ω1 := α1,

ω2 := α2 − λα1,

ω̄1 := ᾱ1,

ω̄2 := ᾱ2 − λ̄ᾱ1.

and let I = 〈ω2, ω̄2〉 be the Pfaffian system. Then by earlier discussions, there exists a complex valued
function L such that

dω2 ≡ −(dλ− Lᾱ1) ∧ α1 mod I.

Set the following 1 form
τ = −λ̄dλ+ λ̄Lᾱ1 − λL̄α1.

Then it is clear that τ + τ̄ = 0. Taking the differential dτ , one obtains functions A, B, C such that

dτ ≡ dλ ∧ dλ̄+ A dλ ∧ α1 − Ā dλ̄ ∧ ᾱ1

+B dλ̄ ∧ α1 − B̄ dλ ∧ ᾱ1

+C α1 ∧ ᾱ1 mod I.

The second prolongation gives the following system of differential one-forms:

ω0 := θ,

ω1 := α1,

ω2 := α2 − λα1,

ω̄1 := ᾱ1,

ω̄2 := ᾱ2 − λ̄ᾱ1,

π2 := dλ− Lᾱ1 − µα1,

π̄2 = dλ̄− L̄α1 − µ̄ᾱ1.

The equations of the hyperplane and the sphere are therefore given by

λ̄µ = λL̄,

|µ−B|2 = |B|2 + AL+ ĀL̄+ |L|2 − C.

This time, let I+ be the ideal generated by I and τ . Then it will be seen later that dτ may be written
as

dτ ≡ −[a2λ
2 + 4a1λ+ 6a0 + 4ā1λ̄+ ā2λ̄

2] ω1 ∧ ω̄1 mod I+,

where a2, a1, a0 and their conjugates are independent of λ. By [Bry82, page 217],

a0 = S111̄1̄ = ā0, a1 = S211̄1̄, a2 = S221̄1̄

are the components of the Hachtroudi-Chern-Moser tensor S. Let

K(λ) := a2λ
2 + 4a1λ+ 6a0 + 4ā1λ̄+ ā2λ̄

2.

In classical literature, the points where K(λ) ≡ 0 for all λ ∈ S1 are called the umbilical points of M .
In the later sections that deal with explicit calculations dealing with intersection of lines with circles
for the case of 5-dimensional CR real-hypersurfaces in C3, we will explain the following:

Proposition 2.17 (See Proposition 3.8). Let M be a Lorentzian CR manifold. At each point of M , the
number of possible holomorphic curves that passes through it and contained in M is at most 4.
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3 Lorentzian rigid real hypersurfaces M 5 in C3-Calculations

3.1 Setting
Let M be a Lorentzian rigid hypersurface in C3 containing the origin. In coordinates (z1, z2, z3 := w)
where w = u+

√
−1v, this means that M may be defined by

v = F (z1, z2, z̄1, z̄2),

where F is independent of u. By Proposition 1.2, if L1 and L2 are T 1,0(M) sections, the following
vector fields

A1 =
1√
l11

L1,

A2 =
−1√
−∆l11

〈L2,L1〉L1 +
1√
−∆l11

〈L1,L1〉L2

diagonalise the Levi matrix. The following 2-forms

α1 =
〈L1,L1〉√

l11

L1 dz1 +
〈L2,L1〉√

l11

dz2, (3.1)

α2 =

√
−∆√
l11

dz2 (3.2)

diagonalise the 1-form dθ so that

dθ ≡ √−1(α1 ∧ α1 − α2 ∧ α2) mod θ.

For simplicity, let P , Q, R denote the following coefficients of α1 and α2:

P :=
〈L1,L1〉√

l11

, Q :=
〈L2,L1〉√

l11

, R :=

√
−∆√
l11

,

and observe that each of them is independent of u. Moreover, P and R are real-valued functions.
Equations (3.1) and (3.2) allow the differential 1-forms be written as

α1 = P dz1 +Q dz2,

α2 = R dz2,

with its inversion
dz1 =

1

P
α1 − Q

PR
α2,

dz2 =
1

R
α2,

(3.3)

3.2 The Exterior Derivative
Let G(z1, z2, z̄1, z̄2) be any function that is independent of u. An application of the exterior derivative
to G gives

dG =
∑
k=1, 2

∂G

∂zk
dzk +

∑
k=1, 2

∂G

∂z̄k
dz̄k =

∑
k=1, 2

Lk(G) dzk +
∑
k=1, 2

L k(G) dz̄k.

A direct calculation shows that dG may be expressed in terms of Ak and αk:

dG = A1(G)α1 + A2(G)α2 + A 1(G)ᾱ1 + A2(G)ᾱ2. (3.4)
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3.3 The Pfaffian system
Let λ ∈ S1 be an element in the unit circle. The following system of differential forms

ω0 := θ,

ω1 := α1, ω̄1 := ᾱ1,

ω2 := α2 − λα1, ω̄2 := ᾱ2 − λ̄ᾱ1,

along with the ideal
I := 〈ω0, ω2, ω̄2〉

sets up the Pfaffian system for the existence of holomorphic curves in M .

3.4 Calculations of dα1 and dα2

Using equation (3.3), an application of the exterior differentiation to α1 and α2 gives

dα1 =
∑
k=1,2

Ak(P ) αk ∧ dz1 +
∑
k=1,2

Ak(Q) αk ∧ dz2

+
∑
k=1,2

A k(P ) ᾱk ∧ dz1 +
∑
k=1,2

A k(Q) ᾱk ∧ dz2,

dα2 =
∑
k=1,2

Ak(R) αk ∧ dz2 +
∑
k=1,2

A k(R) ᾱk ∧ dz2.

Substituting the dz1 and dz2 by the inversion formula in equation (3.3) and reorganise:

dα1 =

(
1

R
A1(Q)− Q

PR
A1(R)− 1

P
A2(P )

)
α1 ∧ α2 +

(
−1

P
A 1(P )

)
α1 ∧ ᾱ1

+

(
Q

PR
A 1(P )− 1

R
A 1(Q)

)
α2 ∧ ᾱ1 +

(
−1

P
A 2(P )

)
α1 ∧ ᾱ2

+

(
Q

PR
A 2(P )− 1

R
A 2(Q)

)
α2 ∧ ᾱ2,

dα2 =
1

R
A1(R)α1 ∧ α2 − 1

R
A 1(R)α2 ∧ ᾱ1 − 1

R
A 2(R)α2 ∧ ᾱ2.

Modulo the ideal I , the form α2 is replaced by λα1 and ᾱ2 by λ̄ᾱ1. These replacements transform
dα1 and dα2 into

dα1 ≡ α1 ∧ ᾱ1

[(
−1

P
A (P )

)
λ̄+

(
Q

PR
A 2(P )− 1

R
A 2(Q)− 1

P
A 1(P )

)
+

(
Q

PR
A 1(P )− 1

R
A 1(Q)

)
λ

]
mod I,

dα2 ≡ α1 ∧ ᾱ1

[
−1

R
A 2(R)− 1

R
A 1(R)λ

]
mod I.

(3.5)

Recalling that P̄ = P and R̄ = R, their respective conjugates are therefore

dᾱ1 ≡ α1 ∧ ᾱ1

[(
− Q̄

PR
A1(P ) +

1

R
A1(Q̄)

)
λ̄+

(
− Q̄

PR
A2(P ) +

1

R
A2(Q̄) +

1

P
A1(P )

)
+

(
1

P
A2(P )

)
λ

]
mod I,

dᾱ2 ≡ α1 ∧ ᾱ1

[
1

R
A1(R)λ̄+

1

R
A2(R)

]
mod I.
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3.5 Calculation of dω2 and the expression of L
The exterior differentiation applied to

ω2 = α2 − λα1

yields

dω2 = dα2 − dλ ∧ α1 − λdα1

= −dλ ∧ α1 + (dα2 − λdα1).

Using the expressions of dα1 and dα2 modulo I in equation (3.5), it follows that

dω2 ≡ −dλ ∧ α1

+α1 ∧ ᾱ1

[(
1

R
A 2(R)− 1

P
A 2(P )

)
+

(
Q

PR
A 2(P )− 1

R
A 2(Q)− 1

P
A 1(P ) +

1

R
A 1(R)

)
λ

+

(
Q

PR
A 1(P )− 1

R
A 1(Q)

)
λ2

]
mod I,

and hence the expression of L may be obtained:

L :=

(
1

R
A 2(R)− 1

P
A 2(P )

)
+

(
Q

PR
A 2(P )− 1

R
A 2(Q)− 1

P
A 1(P ) +

1

R
A 1(R)

)
λ

+

(
Q

PR
A 1(P )− 1

R
A 1(Q)

)
λ2,

along with its conjugate:

L =

(
Q̄

PR
A1(P )− 1

R
A1(Q̄)

)
λ̄2 +

(
Q̄

PR
A2(P )− 1

R
A2(Q̄)− 1

P
A1(P ) +

1

R
A1(R)

)
λ̄

+

(
1

R
A2(R)− 1

P
A2(P )

)
.

3.6 Equation of the hyperplane
From section 2.7, the equation of the hyperplane is therefore given by

λ̄µ = λL,

whose solution in u is of the form

µ = λ2L

=

(
Q̄

PR
A1(P )− 1

R
A1(Q̄)

)
+

(
Q̄

PR
A2(P )− 1

R
A2(Q̄)− 1

P
A1(P ) +

1

R
A1(R)

)
λ

+

(
1

R
A2(R)− 1

P
A2(P )

)
λ2.

3.7 The differential forms τ and dτ
Recall that previously, the differential forms τ and dτ are given by

τ = −λ̄dλ+ λ̄Lᾱ1 − λLα1,

dτ = dλ ∧ dλ̄+ Ldλ̄ ∧ ᾱ1 + λ̄dL ∧ ᾱ1 + λ̄Ldᾱ1

−Ldλ ∧ α1 − λdL ∧ α1 − λLdα1.

To obtain the explicit expressions of dτ modulo the Pfaffian system I , the following terms will be
calculated in the following order:
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1. Ldλ̄ ∧ ᾱ1 and Ldλ ∧ α1,

2. λ̄dL ∧ ᾱ1 and λdL ∧ α1,

3. λ̄Ldᾱ1 and λLdα1.

Almost nothing can be for the first pair at this moment. For the second pair,

λ̄dL ∧ ᾱ1 ≡
[(

Q

PR
Ā2(P )− 1

R
Ā2(Q)− 1

P
Ā1(P ) +

1

R
Ā1(R)

)
λ̄+

(
Q

PR
Ā1(P )− 1

R
Ā1(Q)

)]
dλ ∧ ᾱ1

+α1 ∧ ᾱ1{(
A1(A 2(R))

R
− A1(A 2(P ))

P
+

A1(P )A 2(P )

P 2
− A1(R)A 2(R)

R2

)
λ̄

+

(
A1(A 2(R))

R
− A1(A 1(P ))

P
+
QA1(A 2(P ))

PR
− A1(A 2(Q))

R

+
A2(A 2(R))

R
− A2(A 2(P ))

P
+

A1(P )A 1(P )

P 2
− A1(R)A 1(R)

R2

+
A1(R)A 2(Q)

R2
− QA1(R)A 2(P )

PR2
+

A1(Q)A 2(P )

PR
− QA1(P )A 2(P )

P 2R

+
A2(P )A 2(P )

P 2
+

A2(R)A 2(R)

R2

)
+

(
− A (A 1(Q))

R
+
QA1(A 1(P ))

PR
+

A2(A 1(R))

R
− A2(A 1(P ))

P

−A2(A 2(Q))

R
+
QA2(A 2(P ))

PR
+

A 1(Q)A1(R)

R2
− QA1(P )A 1(P )

P 2R

−QA1(R)A 1(P )

PR2
+

A1(Q)A 1(P )

PR
− A2(R)A 1(R)

R2
+

A2(P )A 1(P )

P 2

+
A2(R)A 2(Q)

R2
+

A2(Q)A 2(P )

PR
− QA2(R)A 2(P )

PR2
− QA2(P )A 2(P )

P 2R

)
λ

+

(
QA2(A 1(P ))

PR
− A2(A 1(Q))

R
+

A2(Q)A 1(P )

PR
− QA2(P )A 1(P )

P 2R

−QA2(R)A 1(P )

PR2
+

A2(R)A 1(Q)

R2

)
λ2

}
mod I,

and

λdL ∧ α1 ≡
[(

Q̄

PR
A1(P )− 1

R
A1(Q̄)

)
+

(
Q̄

PR
A2(P )− 1

R
A2(Q̄)− 1

P
A1(P ) +

1

R
A1(R)

)
λ

]
dλ̄ ∧ α1

+α1 ∧ ᾱ1{(
A 2(A1(Q̄))

R
− Q̄A 2(A1(P ))

PR
− A 2(Q̄)A1(P )

PR
+
Q̄A 2(P )A1(P )

P 2R

+
Q̄A2(R)A 1(P )

PR2
− A 2(R)A1(Q̄)

R2

)
λ̄2 + ...
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...

(
A 1(A 1(Q̄))

R
− Q̄A 1(A1(P ))

PR
− A 2(A1(R))

R
+

A 2(A1(P ))

P

+
A 2(A2(Q̄))

R
− Q̄A 2(A2(P ))

PR
− A1(Q̄)A 1(R)

R2
+
Q̄A1(P )A 1(P )

P 2R

+
Q̄A1(P )A 1(R)

PR2
− A 1(Q̄)A1(P )

PR
+

A1(R)A 2(R)

R2
− A1(P )A 2(P )

P 2

−A2(Q̄)A 2(R)

R2
− A 2(Q̄)A2(P )

PR
+
Q̄A 2(R)A2(P )

PR2
+
Q̄A2(P )A 2(P )

P 2R

)
λ̄

+

(
− A 1(A1(R))

R
+

A 1(A1(P ))

P
− Q̄A 1(A2(P ))

PR
+

A 1(A2(Q))

R

−A2(A 2(R))

R
+

A 2(A2(P ))

P
− A1(P )A 1(P )

P 2
+

A1(R)A 1(R)

R2

−A 1(R)A2(Q̄)

R2
+
Q̄A 1(R)A2(P )

PR2
− A 1(Q̄)A2(P )

PR
+
Q̄A2(P )A 1(P )

P 2R

−A2(P )A 2(P )

P 2
+

A2(R)A 2(R)

R2

)
+

(
− A 1(A2(R))

R
+

A 1(A2(P ))

P
− A 1(P )A2(P )

P 2
+

A 1(R)A2(R)

R2

)
λ

}
mod I.

For the final pair,

λ̄Ldᾱ1 = α1 ∧ ᾱ1{(
A 2(R)A1(Q̄)

R2
+
Q̄A 2(P )A1(P )

P 2R
− A 2(P )A1(Q̄)

PR
− Q̄A 2(R)A1(P )

PR2

)
λ̄2

+

(
A 2(R)A1(P )

PR
+
Q̄A 1(R)A1(P )

P 2R
+
Q̄A 2(P )A2(P )

P 2R
− Q̄A 1(R)A1(P )

PR2

−A 2(P )A2(Q̄)

PR
− A 1(P )A1(Q̄)

PR
− QQ̄A 2(P )A1(P )

P 2R2
+

A 1(R)A1(Q̄)

R2

+
Q̄A 2(Q)A1(P )

PR2
+

A 2(R)A2(Q̄)

R2
− Q̄A 2(R)A2(P )

PR2
− A 2(P )A1(P )

P 2

+
A 2(P )A1(Q̄)

PR2
− A 2(Q)A1(Q̄)

R2

)
λ̄

+

(
− A 1(P )A1(P )

P 2
+
Q̄A 1(P )A2(P )

P 2R
− A 2(Q)A2(Q̄)

R2
− QQ̄A 2(P )A2(P )

P 2R2

+
A 2(P )A1(P )

P 2R
+

A 1(R)A1(P )

PR
− A 1(P )A2(Q̄)

PR
− Q̄A 1(R)A2(P )

PR2

−A 2(P )A1(P )

P 2
+

A 1(R)A2(Q̄)

R2
− QQ̄A 1(P )A1(P )

P 2R2
− A 1(Q)A1(Q̄)

R2

+
QA 1(P )A1(Q̄)

PR2
+
Q̄A 1(Q)A1(P )

PR2
+
Q̄A 2(Q)A2(P )

PR2
+

A 2(R)A2(P )

PR

−A 2(Q)A1(P )

PR
+
QA 2(P )A2(Q̄)

PR2

)
+ ...
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... +

(
QA 2(P )A2(Q)

P 2R
+

A 1(R)A2(P )

PR
+
QA 1(P )A2(Q̄)

PR2
+
Q̄A 1(Q)A2(P )

PR2

−A 1(Q)A1(P )

PR
− A 1(Q)A2(Q̄)

R2
+
QA 1(P )A1(P )

P 2R)
− QQ̄A 1(P )A2(P )

P 2R2

−A 2(Q)A2(P )

PR
− A 1(P )A2(P )

P 2

)
λ

+

(
− A 1(Q)A2(P )

PR
+
QA 1(P )A2(P )

P 2R

)
λ2

}
mod I,

and

λLdα1 = α1 ∧ ᾱ1{(
A 2(P )A1(Q̄)

PR
− Q̄A 2(P )A1(P )

P 2R

)
λ̄2

+

(
A 2(P )A1(P )

P 2
− Q̄A 2(Q)A1(P )

PR2
+

A 2(Q)A1(Q̄)

R2
− Q̄A 2(P )A2(P )

P 2R

−Q̄A 1(P )A1(P )

P 2R
+

A 1(P )A1(Q̄)

PR
− A 2(P )A1(R)

PR
+
QQ̄A 2(P )A1(P )

P 2R2

+
A 2(P )A2(Q̄)

PR
− QA 2(P )A1(Q̄)

PR2

)
λ̄

+

(
QQ̄A 2(P )A2(P )

P 2R2
− A 2(P )A2(R)

PR
− QA 2(P )A1(P )

P 2R
+

A 2(Q)A1(P )

PR

−A 2(Q)A1(R)

R2
+

A 1(P )A1(P )

P 2
+

A 1(Q)A1(Q̄)

R2
+

A 2(P )A2(P )

P 2

+
QQ̄A 1(P )A1(P )

P 2R2
− Q̄A 2(Q)A2(P )

PR2
+

A 1(P )A2(Q̄)

PR
− Q̄A 1(P )A2(P )

P 2R

−QA 1(P )A1(Q̄)

PR2
+

A 2(Q)A2(Q̄)

R2
− A 1(P )A1(R)

PR
− Q̄A 1(Q)A1(P )

PR2

−QA 2(P )A2(Q̄)

PR2
+
QA 2(P )A1(R)

PR2

)
+

(
QQ̄A 1(P )A2(P )

P 2R2
− QA 1(P )A2(Q̄)

PR2
+

A 2(Q)A2(P )

PR
+

A 1(Q)A2(Q̄)

R2

−Q̄A 1(Q)A2(P )

PR2
− A 2(Q)A2(R)

R2
+

A 1(P )A2(P )

P 2
− A 1(Q)A1(R)

R2

−QA 1(P )A1(P )

P 2R
+

A 1(Q)A1(P )

PR
+
QA 1(P )A1(R)

PR2
− A 1(P )A2(R)

PR

−QA 2(P )A2(P )

P 2R
+
QA 2(P )A2(R)

PR2

)
λ

+

(
A 1(Q)A2(R)

R2
+
QA 1(P )A2(R)

PR2
− QA 1(P )A2(P )

P 2R
+

A 1(Q)A2(P )

PR

)
λ2

}
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3.8 The expressions A, B, C and the equation of the Sphere

The expressions of A, B and C in section 2.7 are therefore explicitly given by

A = −L̄,

B = −2

(
Q̄

PR
A1(P )− 1

R
A1(Q̄)

)
+ λ

(
Q̄

PR
A2(P )− 1

R
A2(Q̄)− 1

P
A1(P ) +

1

R
A1(R)

)
C = c−2λ̄

2 + c−1λ̄+ c0 + c1λ+ c2λ
2,

where

c−2 = −A 2(A1(Q̄))

R
+
Q̄A 2(A1(P ))

PR
+

2A 2(R)A1(Q̄)

R2
− 2Q̄A 2(R)A1(P )

PR2

+
Q̄A 2(P )A1(P )

P 2R
+

A1(P )A 2(Q̄)

PR
− 2A 2(P )A1(Q̄)

PR
,

c−1 = −A1(A 2(P ))

P
+

A1(A 2(R))

R
+
Q̄A 1(A1(P ))

PR
+
Q̄A 2(A2(P ))

PR

−A 1(A1(Q̄))

R
− A 2(A2(Q̄))

R
+

A 2(A1(R))

R
− A 2(A1(P ))

P
+

A2(P )A 2(Q̄)

PR

−2A 2(Q)A1(Q̄)

R2
+

2A 1(R)A1(Q̄)

R2
+

2A 2(R)A2(Q̄)

R2
− 2A 2(R)A1(R)

R2

−2A 1(P )A1(Q̄)

PR
− 2A 2(P )A2(Q̄)

PR
+

A 2(P )A1(R)

PR
+

A 2(R)A1(P )

PR

+
Q̄A 1(P )A1(P )

P 2R
+

2Q̄A 2(Q)A1(P )

R2P
− 2Q̄A 1(R)A1(P )

R2P
− 2QQ̄A 2(P )A1(P )

P 2R2

+
2QA 2(P )A1(Q̄)

PR2
+
Q̄A 2(P )A2(P )

P 2R
− 2Q̄A 2(R)A2(P )

R2P
+

A1(P )A 1(Q̄)

PR
,

c0 = −A1(A 1(P ))

P
− A (A 2(Q))

R
+

A1(A 1(R))

R
+
QA1(A 2(P ))

PR

−A2(A 2(P ))

P
+

A2(A 2(R))

R
− A 2(A2(R))

R
− A 1(A1(P ))

P

−A 2(A2(P ))

P
− A 1(A2(Q̄))

R
+

A 1(A1(R))

R
+
Q̄A 1(A2(P ))

PR

−2A 2(R)A2(R)

R2
− 2A 1(Q)A1(Q̄)

R2
− 2QQ̄A 1(P )A1(P )

P 2R2
+

2QA 1(P )A1(Q̄)

PR2

+
2Q̄A 1(Q)A1(P )

PR2
− 2A 2(Q)A2(Q̄)

R2
+

2A 2(Q)A1(R)

R2
+

2A 1(R)A2(Q̄)

R2

−2A 1(R)A1(R)

R2
+

A 2(P )A2(R)

PR
+

A 2(R)A2(P )

PR
+
Q̄A 1(P )A2(P )

P 2R

−2A 1(P )A2(Q̄)

PR
+

A 1(P )A1(R)

PR
− 2A 2(Q)A1(P )

PR
+

2Q̄A 2(Q)A2(P )

PR2

+
A 1(R)A1(P )

PR
− 2Q̄A 1(R)A2(P )

PR2
+
QA 2(P )A1(P )

P 2R
− 2QQ̄A 2(P )A2(P )

P 2R2

+
2QA 2(P )A2(Q̄)

PR2
− 2QA 2(P )A1(R)

PR2
+

A 2(P )A1(Q)

PR
+

A2(P )A 1(Q̄)

PR
,
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c1 = −A2(A 2(Q))

R
− A2(A 1(P ))

P
+

A2(A 1(R))

R
+
QA2(A 2(P ))

PR

+
QA1(A 1(P ))

PR
− A1(A 1(Q))

R
+

A 1(A2(R))

R
− A 1(A2(P ))

P

+
A 2(P )A2(Q)

PR
− 2A 1(Q)A2(Q̄)

R2
+

2A 1(Q)A1(R)

R2
+

2A 2(Q)A2(R)

R2

−2A 1(R)A2(R)

R2
− 2A 1(Q)A1(P )

PR
+

A 1(P )A2(R)

PR
− 2A 2(Q)A2(P )

PR

+
A 1(R)A2(P )

PR
+
QA 1(P )A1(P )

P 2R
− −2QQ̄A 1(P )A2(P )

P 2R2
+

2QA 1(P )A2(Q̄)

PR2

−2QA 1(P )A1(R)

PR2
+

2Q̄A 1(Q)A2(P )

PR2
+
QA 2(P )A2(P )

P 2R
− 2QA 2(P )A2(R)

PR2

+
A 1(P )A1(Q)

PR
,

c2 =
QA2(A 1(P ))

PR
− A2(A 1(Q))

R
− 2A 1(Q)A2(P )

PR
+
QA 1(P )A2(P )

P 2R

+
2A 1(Q)A2(R)

R2
− 2QA 1(P )A2(R)

PR2
+

A 1(P )A2(Q)

PR
.

Observe that c2 = c−2, c1 = c−1 and c0 is real-valued function on M . Therefore, C may be
re-expressed as

C = 2Re(c2λ
2 + c1λ+ c0).

On the other hand, µ B and L may be expressed as

µ = µ2λ
2 + µ1λ+ µ0,

B = B1λ+B0,

L = L2λ
2 + L1λ+ L0.

The following expressions are therefore obtained:

|B|2 = 2Re(B1B0λ+ 0.5(|B1|2 + |B0|2)),

|L|2 = 2Re(L2L0λ̄+ (L2L1 + L1L0)λ+ 0.5(|L2|2 + |L1|2 + |L0|2)),

|µ−B|2 = Re(k2λ
2 + k1λ+ k0),

where here k0, k1 and k2 are complex-valued functions whose calculations will not be presented here.
Therefore, the equation of the sphere in the previous section

|µ−B|2 = |B|2 + |L|2 − C, (3.6)

can be in general written as

Re(P2λ
2 + P1λ+ P0) = 0, (3.7)

where again P2, P1 and P0 are complex-valued functions which not be made explicit here.
Suppose that in some neighbourhood U ⊂ M of a fixed point x ∈ M , equation (3.7) is not

identically zero, then it is of interest to find values of λ satisfying the equation of the sphere subjected
to the condition |λ|2 = 1.
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Writing λ as λ = s+
√
−1t; and at x ∈M , write also

P2(x) = X1 +
√
−1X2,

P1(x) = Y1 +
√
−1Y2,

P0(x) = Z1 +
√
−1Z2.

for some real numbers X1, X2, Y1, Y2, Z1, Z2. Hence

0 = Re(P2(x)λ2 + P1(x)λ+ P0(x))

= X1s
2 − 2X2st−X1t

2 + Y1s− Y2t+ Z1,

which can be recognised as the equation of a hyperbola in R2, whose intersection with the unit sphere
|λ|2 = s2 + t2 = 1 provides at most 4 intersection points. This leads to the following proposition:

Proposition 3.8. At each point x ∈M where

|µ−B|2 − (|B|2 + |L|2 − C)

does not identically vanish, there are at most 4 values of λ satisfying

|µ−B|2 − (|B|2 + |L|2 − C) = 0,

|λ|2 = 1.

4 The Hachtroudi-Chern-Moser tensor components

4.1 The components of the invariant tensor

Let I+ be the ideal of differential forms given by

I+ = 〈ω0, ω2, ω2, τ〉.

The reason why τ is taken into consideration is that its pullback to the unit disk is zero. Hence two
equations are obtained:

dλ ≡ Lᾱ1 − λ2L̄α1 mod I+, dλ̄ ≡ L̄α1 − λ̄2Lᾱ1 mod I+.

Thus

dτ ≡ α1 ∧ ᾱ1

[
− AL− ĀL+Bλ̄2L+ B̄λ2L̄+ C

]
mod I+

≡ α1 ∧ α1
(
τ−2λ̄

2 + τ−1λ̄+ τ0 + τ1λ+ τ2λ
2
)

mod I+.
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4.2 Relation to the defining function u = F (z, z̄)

The final expressions of the coefficients τ−2, τ−1, τ0, τ1 and τ2 may be expressed in terms of F as
follows:

τ−2

=
1

F 2
z1z̄1(Fz1z̄1Fz2z̄2 − Fz2z̄1Fz1z̄2)(
Fz1z1z̄1z̄1F

2
z1z̄2
− 2Fz1z1z̄1z̄2Fz1z̄1Fz1z̄2 + Fz1z1z̄2z̄2F

2
z1z̄1

)
+

1

F 2
z1z̄1(Fz1z̄1Fz2z̄2 − Fz2z̄1Fz1z̄2)2(
− Fz1z1z̄1Fz1z̄1z̄1F 2

z1z̄2
Fz2z̄2 + 2Fz1z1z̄1Fz1z̄1z̄2Fz1z̄1Fz1z̄2Fz2z̄2 − Fz1z1z̄2Fz2z̄2z̄2F 3

z1z̄1

−2Fz1z1z̄2Fz1z̄1z̄2Fz1z̄1Fz1z̄2Fz2z̄1 + Fz1z̄1z̄1Fz1z1z̄2F
2
z1z̄2

Fz2z̄1 − Fz1z1z̄1Fz1z̄2z̄2F 2
z1z̄1

Fz2z̄2
+2Fz1z1z̄2Fz2z̄1z̄2F

2
z1z̄1

Fz1z̄2 − Fz1z1z̄2Fz2z̄1z̄1Fz1z̄1F 2
z1z̄2

+ Fz1z1z̄2Fz1z̄2z̄2F
2
z1z̄1

Fz2z̄1

−Fz1z1z̄1Fz2z̄1z̄2Fz1z̄1F 2
z1z̄2

+ Fz1z1z̄1Fz2z̄1z̄1F
3
z1z̄2

+ Fz1z1z̄1Fz2z̄2z̄2F
2
z1z̄1

Fz1z̄2

)
,

τ−1

=
2

(−Fz1z̄1Fz2z̄2 + Fz2z̄1Fz1z̄2)5/2F 2
z1z̄1)(

4F 2
z1z̄1

Fz2z̄1Fz1z̄2Fz2z̄2Fz1z1z̄1z̄2 − 3Fz1z̄1Fz2z̄1F
2
z1z̄2

Fz2z̄2Fz1z1z̄1z̄1 − F 3
z1z̄1

Fz2z̄1Fz1z̄2Fz1z2z̄2z̄2

F 3
z1z̄1

Fz2z̄1Fz2z̄2Fz1z1z̄2z̄2 − 2F 3
z1z̄1

Fz1z̄2Fz2z̄2Fz1z2z̄1z̄2 + F 2
z1z̄1

F 2
z2z̄1

Fz1z̄2Fz1z1z̄2z̄2
+2F 2

z1z̄1
Fz2z̄1F

2
z1z̄2

Fz1z2z̄1z̄2 + F 2
z1z̄1

F 2
z1z̄2

Fz2z̄2Fz1z2z̄1z̄1 + F 2
z1z̄1

Fz1z̄2F
2
z2z̄2

Fz1z1z̄1z̄1
−3Fz1z̄1F

2
z2z̄1

F 2
z1z̄2

Fz1z1z̄1z̄2 − Fz1z̄1Fz2z̄1F 3
z1z̄2

Fz1z2z̄1z̄1 + F 4
z1z̄1

Fz2z̄2Fz1z2z̄2z̄2
−F 3

z1z̄1
F 2
z2z̄2

Fz1z1z̄1z̄2 + 2F 2
z2z̄1

F 3
z1z̄2

Fz1z1z̄1z̄1 + Fz1z̄1Fz2z̄1Fz1z̄2Fz2z̄2Fz1z̄1z̄1Fz1z1z̄2
−3Fz1z̄1Fz2z̄1Fz1z̄2Fz2z̄2Fz1z̄1z̄2Fz1z1z̄1 + 4F 2

z1z̄1
Fz2z̄1Fz1z̄2Fz2z̄2Fz1z1z̄1z̄2 − 2F 2

z1z̄1
Fz2z̄1Fz1z̄2Fz1z̄1z̄2Fz1z2z̄2

−3F 2
z1z̄1

Fz2z̄1Fz1z̄2Fz2z̄1z̄2Fz1z1z̄2 − F 2
z1z̄1

Fz2z̄1Fz1z̄2Fz2z̄2z̄2Fz1z1z̄1 − F 2
z1z̄1

Fz2z̄1Fz2z̄2Fz1z̄1z̄2Fz1z1z̄2 +

F 2
z1z̄1

Fz2z̄1Fz2z̄2Fz1z̄2z̄2Fz1z1z̄1 − F 2
z1z̄1

Fz1z̄2Fz2z̄2Fz2z̄1z̄1Fz1z1z̄2 + 2F 2
z1z̄1

Fz1z̄2Fz2z̄2Fz1z̄1z̄2Fz1z2z̄1
−F 2

z1z̄1
Fz1z̄2Fz2z̄2Fz2z̄1z̄2Fz1z1z̄1 + 3Fz1z̄1F

2
z2z̄1

Fz1z̄2Fz1z̄1z̄2Fz1z1z̄2 + Fz1z̄1Fz2z̄1F
2
z1z̄2

Fz1z̄1z̄1Fz1z2z̄2
+2Fz1z̄1Fz2z̄1F

2
z1z̄2

Fz2z̄1z̄1Fz1z1z̄2 + 3Fz1z̄1Fz2z̄1F
2
z1z̄2

Fz2z̄1z̄2Fz1z1z̄1 − Fz1z̄1F 2
z1z̄2

Fz2z̄2Fz1z̄1z̄1Fz1z2z̄1
+Fz1z̄1F

2
z1z̄2

Fz2z̄2Fz2z̄1z̄1Fz1z1z̄1 − Fz1z̄1Fz1z̄2F 2
z2z̄2

Fz1z̄1z̄1Fz1z1z̄1 + 2Fz2z̄1F
2
z1z̄2

Fz2z̄2Fz1z̄1z̄1Fz1z1z̄1
+F 3

z1z̄1
Fz2z̄1Fz1z̄2z̄2Fz1z2z̄2 + F 3

z1z̄1
Fz2z̄1Fz2z̄2z̄2Fz1z1z̄2 + 2F 3

z1z̄1
Fz1z̄2Fz2z̄1z̄2Fz1z2z̄2

+F 3
z1z̄1

Fz1z̄2Fz1z2z̄1Fz2z̄2z̄2 + F 3
z1z̄1

Fz2z̄2Fz2z̄1z̄2Fz1z1z̄2 − F 3
z1z̄1

Fz2z̄2Fz1z2z̄1Fz1z̄2z̄2
−F 2

z1z̄1
F 2
z2z̄1

Fz1z̄2z̄2Fz1z1z̄2 − F 2
z1z̄1

F 2
z1z̄2

Fz2z̄1z̄1Fz1z2z̄2 − 2F 2
z1z̄1

F 2
z1z̄2

Fz2z̄1z̄2Fz1z2z̄1
+F 2

z1z̄1
F 2
z2z̄2

Fz1z̄1z̄2Fz1z1z̄1 + Fz1z̄1F
3
z1z̄2

Fz2z̄1z̄1Fz1z2z̄1 − 2F 2
z2z̄1

F 2
z1z̄2

Fz1z̄1z̄1Fz1z1z̄2

−2Fz2z̄1F
3
z1z̄2

Fz2z̄1z̄1Fz1z1z̄1 − F 4
z1z̄1

Fz2z̄2z̄2Fz1z2z̄2

)
,



4. Holomorphic curves – Examples 143

τ0

=
1

F 2
z1z̄1(Fz1z̄1Fz2z̄2 − Fz1z̄2Fz2z̄1)3(
− 6F 3

z1z̄1
F 3
z1z̄2

Fz1z1z̄1z̄1 + 12F 3
z1z̄1

Fz2z̄1Fz1z̄2Fz2z̄2Fz1z2z̄1z̄2 − 10F 2
z1z̄1

F 2
z2z̄1

Fz1z̄2Fz2z̄2Fz1z1z̄1z̄2

−10F 2
z1z̄1

Fz2z̄1F
2
z1z̄2

Fz2z̄2Fz1z2z̄1z̄1 − 7F 2
z1z̄1

Fz2z̄1Fz1z̄2F
2
z2z̄2

Fz1z1z̄1z̄1 + 12Fz1z̄1F
2
z2z̄1

F 2
z1z̄2

Fz2z̄2Fz1z1z̄1z̄1
−F 4

z1z̄1
Fz2z̄1Fz1z̄2Fz2z2z̄2z̄2 − 2F 4

z1z̄1
Fz2z̄1Fz2z̄2Fz1z2z̄2z̄2 − 2F 4

z1z̄1
Fz1z̄2Fz2z̄2Fz2z2z̄1z̄2

+2F 3
z1z̄1

F 2
z2z̄1

Fz1z̄2Fz1z2z̄2z̄2 + F 3
z1z̄1

F 2
z2z̄1

Fz2z̄2Fz1z1z̄2z̄2 + 2F 3
z1z̄1

Fz2z̄1F
2
z1z̄2

Fz2z2z̄1z̄2
+4F 3

z1z̄1
Fz2z̄1F

2
z2z̄2

Fz1z1z̄1z̄2 + F 3
z1z̄1

F 2
z1z̄2

Fz2z̄2Fz2z2z̄1z̄1 + 4F 3
z1z̄1

Fz1z̄2F
2
z2z̄2

Fz1z2z̄1z̄1
−F 2

z1z̄1
F 3
z2z̄1

Fz1z̄2Fz1z1z̄2z̄2 − 8F 2
z1z̄1

F 2
z2z̄1

F 2
z1z̄2

Fz1z2z̄1z̄2 − F 2
z1z̄1

Fz2z̄1F
3
z1z̄2

Fz2z2z̄1z̄1
+6Fz1z̄1F

3
z2z̄1

F 2
z1z̄2

Fz1z1z̄1z̄2 + 6Fz1z̄1F
2
z2z̄1

F 3
z1z̄2

Fz1z2z̄1z̄1 + F 5
z1z̄1

Fz1z̄2Fz2z2z̄2z̄2
−4F 4

z1z̄1
F 2
z2z̄2

Fz1z2z̄1z̄2 + F 3
z1z̄1

F 3
z1z̄2

Fz1z1z̄1z̄1
4F 2

z1z̄1
Fz2z̄1Fz1z̄2Fz2z̄2Fz1z̄1z̄1Fz1z2z̄2 + 6F 2

z1z̄1
Fz2z̄1Fz1z̄2Fz2z̄2Fz2z̄1z̄1Fz1z1z̄2

−8F 2
z1z̄1

Fz2z̄1Fz1z̄2Fz2z̄2Fz1z̄1z̄2Fz1z2z̄1 + 4F 2
z1z̄1

Fz2z̄1Fz1z̄2Fz2z̄2Fz2z̄1z̄2Fz1z1z̄1
−6F 2

z2z̄1
Fz1z̄1Fz1z̄2Fz2z̄2Fz1z̄1z̄1Fz1z1z̄2 + 6F 2

z2z̄1
Fz1z̄1Fz1z̄2Fz2z̄2Fz1z̄1z̄2Fz1z1z̄1

+6F 2
z1z̄2

Fz1z̄1Fz2z̄1Fz2z̄2Fz1z̄1z̄1Fz1z2z̄1 − 6F 2
z1z̄2

Fz1z̄1Fz2z̄1Fz2z̄2Fz2z̄1z̄1Fz1z1z̄1
+6F 2

z2z̄2
Fz1z̄1Fz2z̄1Fz1z̄2Fz1z̄1z̄1Fz1z1z̄1 − 2F 3

z1z̄1
Fz2z̄1Fz1z̄2Fz1z̄1z̄2Fz2z2z̄2

−8F 3
z1z̄1

Fz2z̄1Fz1z̄2Fz2z̄1z̄2Fz1z2z̄2 − 2F 3
z1z̄1

Fz2z̄1Fz1z̄2Fz1z2z̄1Fz2z̄2z̄2
−4F 3

z1z̄1
Fz2z̄1Fz2z̄2Fz1z̄1z̄2Fz1z2z̄2 − 4F 3

z1z̄1
Fz2z̄1Fz2z̄2Fz2z̄1z̄2Fz1z1z̄2

+2F 3
z1z̄1

Fz2z̄1Fz2z̄2Fz1z2z̄1Fz1z̄2z̄2 − 4F 3
z1z̄1

Fz1z̄2Fz2z̄2Fz2z̄1z̄1Fz1z2z̄2
+2F 3

z1z̄1
Fz1z̄2Fz2z̄2Fz1z̄1z̄2Fz2z2z̄1 − 4F 3

z1z̄1
Fz1z̄2Fz2z̄2Fz1z̄1z̄2Fz1z2z̄1

+8F 2
z1z̄1

F 2
z2z̄1

Fz1z̄2Fz1z̄1z̄2Fz1z2z̄2 + 6F 2
z1z̄1

F 2
z2z̄1

Fz1z̄2Fz2z̄1z̄2Fz1z1z̄2
+F 2

z1z̄1
F 2
z2z̄1

Fz1z̄2Fz1z2z̄1Fz2z̄2z̄2 + 4F 2
z1z̄1

F 2
z2z̄1

Fz2z̄2Fz1z̄1z̄2Fz1z1z̄2
−F 2

z1z̄1
F 2
z2z̄1

Fz2z̄2Fz1z1z̄1Fz1z̄2z̄2 + F 2
z1z̄1

F 2
z1z̄2

Fz2z̄1Fz1z̄1z̄1Fz2z2z̄2 + 6F 2
z1z̄1

F 2
z1z̄2

Fz2z̄1Fz2z̄1z̄1Fz1z2z̄2
+8F 2

z1z̄1
F 2
z1z̄2

Fz2z̄1Fz2z̄1z̄2Fz1z2z̄1 + F 2
z1z̄1

F 2
z2z̄2

Fz2z̄1Fz1z̄1z̄1Fz1z1z̄2 − 4F 2
z1z̄1

F 2
z2z̄2

Fz2z̄1Fz1z̄1z̄2Fz1z1z̄1
−F 2

z1z̄1
F 2
z1z̄2

Fz2z̄2Fz1z̄1z̄1Fz2z2z̄1 + 4F 2
z1z̄1

F 2
z1z̄2

Fz2z̄2Fz2z̄1z̄1Fz1z2z̄1 − 4F 2
z1z̄1

F 2
z2z̄2

Fz1z̄2Fz1z̄1z̄1Fz1z2z̄1
+F 2

z1z̄1
F 2
z2z̄2

Fz2z̄1Fz2z̄1z̄1Fz1z1z̄1 − 6Fz1z̄1F
3
z2z̄1

Fz1z̄2Fz1z̄1z̄2Fz1z1z̄2 − 6F 2
z2z̄1

F 2
z1z̄2

Fz1z̄1Fz1z̄1z̄1Fz1z2z̄2
−6F 2

z2z̄1
F 2
z1z̄2

Fz1z̄1Fz2z̄1z̄1Fz1z1z̄2 − 6F 2
z2z̄1

F 2
z1z̄2

Fz1z̄1Fz2z̄1z̄2Fz1z1z̄1 − 6F 3
z1z̄2

Fz1z̄1Fz2z̄1Fz2z̄1z̄1Fz1z2z̄1
−6F 2

z2z̄1
F 2
z1z̄2

Fz2z̄2Fz1z̄1z̄1Fz1z1z̄1 + F 4
z1z̄1

Fz2z̄1Fz1z̄2z̄2Fz2z2z̄2 + 2F 4
z1z̄1

Fz2z̄1Fz2z̄2z̄2Fz1z2z̄2
+2F 4

z1z̄1
Fz1z̄2FZ2z̄1z̄2Fz2z2z̄2 + F 4

z1z̄1
Fz1z̄2Fz2z2z̄1Fz2z̄2z̄2 + 4F 4

z1z̄1
Fz2z̄2Fz2z̄1z̄2Fz1z2z̄2

−F 4
z1z̄1

Fz2z̄2Fz2z2z̄1Fz1z̄2z̄2 − 2F 3
z1z̄1

F 2
z2z̄1

Fz1z̄2z̄2Fz1z2z̄2 − F 3
z1z̄1

F 2
z2z̄1

Fz2z̄2z̄2Fz1z1z̄2
−F 3

z1z̄1
F 2
z1z̄2

Fz2z̄1z̄1Fz2z2z̄2 − 2F 3
z1z̄1

F 2
z1z̄2

Fz2z̄1z̄2Fz2z2z̄1 − F 3
z1z̄1

F 2
z2z̄2

Fz2z̄1z̄1Fz1z1z̄2
+4F 3

z1z̄1
F 2
z2z̄2

Fz1z̄1z̄2Fz1z2z̄1 + F 3
z1z̄1

F 2
z1z̄1

Fz1z̄2z̄2Fz1z1z̄2 + F 3
z1z̄2

F 2
z1z̄1

Fz2z̄1z̄1Fz2z2z̄1
−F 3

z2z̄2
F 2
z1z̄1

Fz1z̄1z̄1Fz1z1z̄1 + 6F 3
z2z̄1

F 2
z1z̄2

Fz1z̄1z̄1Fz1z1z̄2 + 6F 3
z1z̄2

F 2
z2z̄1

Fz2z̄1z̄1Fz1z1z̄1

−F 5
z1z̄1

Fz2z̄2z̄2Fz2z2z̄2

)
,

while τ2 and τ1 are conjugates of τ−2 and τ−1 respectively.
The following next few pages are the Maple codes for the calculations. The first Maple file cal-

culates the expression of C in dτ modulo I, whereas the second maple file calculates the S tensor
components in terms of F .















































(3)(3)

(1)(1)

(2)(2)

restart:

with(linalg):
with(PDEtools, casesplit, declare):
with(DEtools, gensys):

declare(F(z[1],z[2],a[1],a[2]));

L1 := proc(fonction) diff(fonction,z[1]) end proc;
L2 := proc(fonction) diff(fonction,z[2]) end proc;

L1bar := proc(fonction) diff(fonction,(a[1])) end proc;
L2bar := proc(fonction) diff(fonction,(a[2])) end proc;

Fz1a1 := L1(L1bar(F(z[1],z[2],a[1],a[2])));
Fz2a1 := L2(L1bar(F(z[1],z[2],a[1],a[2])));
Fz1a2 := L1(L2bar(F(z[1],z[2],a[1],a[2])));
Fz2a2 := L2(L2bar(F(z[1],z[2],a[1],a[2])));

## DECLARER P, Q, R
## DECLARER J, K, L LEURS CONJUGUES COMPLEXIFIES



(4)(4)

(5)(5)

(7)(7)

(6)(6)

Delta := Fz1a1*Fz2a2 - Fz2a1*Fz1a2;

P := sqrt(Fz1a1);
Q := Fz2a1/sqrt(Fz1a1);
R := sqrt(-Delta)/sqrt(Fz1a1);

J := P;
K := Fz1a2/sqrt(Fz1a1);
L := R;

## CHAMPS DE VECTEURS ORTHOGONORMES

U := 1/P;
V := - Q/(P*R);
W := 1/R;



(8)(8)

(7)(7)

(9)(9)

X := 1/J;
Y := - K/(J*L);
Z := 1/L;

Z1 := proc(fonction) U*diff(fonction,z[1])                      
  end proc;
Z2 := proc(fonction) V*diff(fonction,z[1]) + W*diff(fonction,z
[2]) end proc;

A1 := proc(fonction) X*diff(fonction,a[1])                      
  end proc;
A2 := proc(fonction) Y*diff(fonction,a[1]) + Z*diff(fonction,a
[2]) end proc;



(7)(7)

(10)(10)

(11)(11)

## TESTS DIVERS

simplify(  A1(A2(Z1(F(z[1],z[2],a[1],a[2]))))  ):

simplify( Q*Z1(Z2(P))/(P*R) ):

simplify( A1(Z1(R))/R ):

## CALCULS EN FONCTION DE F

newCT[-2] := sort(factor(simplify(K*A2(Z1(P))/(P*R)+Z1(P)*A2(K)/
(P*R)-2*Z1(K)*A2(P)/(P*R)-2*K*Z1(P)*A2(R)/(P*R^2)+K*Z1(P)*A2(P)/
(P^2*R)-A2(Z1(K))/R+2*Z1(K)*A2(R)/R^2)));
nops(op(1,newCT[-2]));
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newCT[-1] := sort(factor(simplify(3*Q*Z1(K)*A2(P)/(P*R^2)+K*A1
(Z1(P))/(P*R)+K*A2(Z2(P))/(P*R)+Z1(P)*A1(K)/(P*R)-3*Z1(K)*A1(P)/
(P*R)+Z2(P)*A2(K)/(P*R)-Z2(K)*A2(P)/(P*R)-3*K*Z1(P)*A1(R)/(P*
R^2)+3*K*Z1(P)*A2(Q)/(P*R^2)-K*Z2(P)*A2(R)/(P*R^2)-Z1(A2(P))/P-
A2(Z1(P))/P-3*Q*K*Z1(P)*A2(P)/(P^2*R^2)+2*K*Z1(P)*A1(P)/(P^2*R)+
Z1(P)*A2(P)/P^2+Z1(A2(R))/R-A1(Z1(K))/R+A2(Z1(R))/R-A2(Z2(K))/R-
Z1(R)*A2(R)/R^2+3*Z1(K)*A1(R)/R^2-3*Z1(K)*A2(Q)/R^2+Z2(K)*A2(R)
/R^2)));
nops(op(2,newCT[-1]));



(7)(7)

(11)(11)



(12)(12)

(7)(7)

(11)(11)46

newCT[0] := sort(factor(simplify(2*Z1(R)*A2(Q)/R^2-4*Z1(K)*A1(Q)
/R^2-2*Z1(R)*A1(R)/R^2-Z1(A2(Q))/R-A1(Z1(P))/P+A1(Z1(R))/R-Z1(A1
(P))/P+Z1(A1(R))/R+Q*Z1(A2(P))/(P*R)-2*Z1(P)*A2(Q)/(P*R)+Z1(Q)*
A2(P)/(P*R)+Z1(P)*A1(R)/(P*R)+Z1(R)*A1(P)/(P*R)+Q*Z1(P)*A2(P)/
(P^2*R)-2*Q*Z1(R)*A2(P)/(P*R^2)+4*K*Z1(P)*A1(Q)/(P*R^2)+4*Q*Z1
(K)*A1(P)/(P*R^2)-4*Q*K*Z1(P)*A1(P)/(P^2*R^2)+Z2(A2(R))/R-Z2(A2
(P))/P+A2(Z2(R))/R-A2(Z2(P))/P-A1(Z2(K))/R-2*Q*K*Z2(P)*A2(P)/
(P^2*R^2)-Z2(R)*A2(P)/(P*R)-Z2(P)*A2(R)/(P*R)+K*A1(Z2(P))/(P*R)
-2*Z2(K)*A1(P)/(P*R)+Z2(P)*A1(K)/(P*R)+2*Z2(P)*A2(P)/P^2+2*Z2(K)
*A1(R)/R^2-2*Z2(K)*A2(Q)/R^2+2*K*Z2(P)*A2(Q)/(P*R^2)+2*Q*Z2(K)*
A2(P)/(P*R^2)+K*Z2(P)*A1(P)/(P^2*R)-2*K*Z2(P)*A1(R)/(P*R^2))));
nops(op(2,newCT[0]));



(7)(7)

(11)(11)

(12)(12)



(13)(13)

(12)(12)

(7)(7)

(11)(11)

79

newCT[1] := sort(factor(simplify(Q*Z1(A1(P))/(P*R)+Q*Z2(A2(P))/
(P*R)-3*Q*Z1(R)*A1(P)/(P*R^2)-Q*Z2(R)*A2(P)/(P*R^2)+3*Q*Z2(K)*A1
(P)/(P*R^2)-3*Z1(P)*A1(Q)/(P*R)+Z1(Q)*A1(P)/(P*R)-Z2(P)*A2(Q)/
(P*R)+Z2(Q)*A2(P)/(P*R)+3*K*Z2(P)*A1(Q)/(P*R^2)-Z2(A1(P))/P-A1
(Z2(P))/P+2*Q*Z1(P)*A1(P)/(P^2*R)-3*Q*K*Z2(P)*A1(P)/(P^2*R^2)+Z2
(P)*A1(P)/P^2-Z1(A1(Q))/R+Z2(A1(R))/R-Z2(A2(Q))/R+A1(Z2(R))/R+3*
Z1(R)*A1(Q)/R^2-Z2(R)*A1(R)/R^2+Z2(R)*A2(Q)/R^2-3*Z2(K)*A1(Q)
/R^2)));
nops(op(2,newCT[1]));



(13)(13)

(14)(14)

(12)(12)

(7)(7)

(11)(11)

46

newCT[2] := sort(factor(simplify(Q*Z2(A1(P))/(P*R)-2*Q*Z2(R)*A1
(P)/(P*R^2)-2*Z2(P)*A1(Q)/(P*R)+Z2(Q)*A1(P)/(P*R)+Q*Z2(P)*A1(P)/
(P^2*R)-Z2(A1(Q))/R+2*Z2(R)*A1(Q)/R^2)));
nops(op(1,newCT[2]));

18



Chapter 6

Hachtroudi-Chern-Moser tensor in CR
geometry

1 First and Second Jet Lifts of Equivalences
Let K = R be the field of real numbers, or the field C of complex numbers. To fix ideas, only
K-analytic objects will be dealt with, although everything will appear a posteriori to be true in the
C 4-smoothness category.

Let n > 1 be an integer, and on Kn+1, consider coordinates:(
x1, . . . , xn, y

)
.

Similarly, on another space Kn+1, consider coordinates:(
X1, . . . , Xn, Y

)
,

and assume that a local K-analytic diffeomorphism is given:

E :
(
x1, . . . , xn, y

)
7−→

(
X1, . . . , Xn, Y

)(
X1
(
x1, . . . , xn, y

)
, . . . , Xn

(
x1, . . . , xn, y

)
, Y
(
x1, . . . , xn, y

))
.

By local is meant thatE is defined in some small open neighborhood of the origin in Kn+1. To lighten
the formalism, open sets and subsets will never be mentioned.

Provided E is close enough to the identity, it transfers graphed K-analytic hypersurfaces {y =
y(x1, . . . , xn)} to similar graphed K-analytic hypersurfaces {Y = Y (X1, . . . , Xn)}.

Notational Convention 1.1. Integer indices running in {1, 2, . . . , n} will be denoted using the (first
letters of the) Greek alphabet:

α, β, γ, δ, ε, ζ, η, θ, ι, κ, λ, µ, ν, ξ, o, π, ρ, σ, τ, υ, ϕ, χ, ψ, ω.

The first and second jet spaces of such graphing functions y(x1, . . . , xn):

J1(Kn,K),

J2(Kn,K),

come equipped with independent coordinates:(
xα, y, yxβ

)
∈ Kn+1+n,(

xα, y, yxβ , yxγxδ
)
∈ Kn+1+n+

n(n+1)
2 ,

175
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which are independent, and correspond of course to partial derivatives of graphing functions. Simi-
larly, the target jet spaces come equipped with coordinates:(

Xα, Y, YXβ

)
∈ Kn+1+n,(

Xα, Y, YXβ , YXγXδ

)
∈ Kn+1+n+

n(n+1)
2 .

The way partial derivatives of such graphing functions are transferred through E:

J2(Kn,K) J2E //

��

J2(Kn,K)

��
J1(Kn,K) J1E //

��

J1(Kn,K)

��
Kn+1 E // Kn+1,

(
xα, y, yxβ , yxγxδ

)
//

��

(
Xα, Y, YXβ , YXγXδ

)
��(

xα, y, yxβ
)

//

��

(
Xα, Y, YXβ

)
��

(xα, y) // (Xα, Y ),

is provided by classical formulas [ML15]; [BK89]; [Mer08], the proof of which will not be redone
here. To present them, introduce the

Definition 1.2. On J1(Kn,K), for each index 1 6 α 6 n, the total differentiation along the xα axis
is the operator:

Dxα :=
∂

∂xα
+ yxα

∂

∂y
+

n∑
β=1

yxαxβ
∂

∂yxβ
.

In the concerned formulas below, a matrix must be inverted.

Proposition 1.3. The first prolongation J1E of the diffeomorphism E to the first jet space expresses
as:  YX1

...
YXn

 =

 Dx1(X1) · · · Dx1(Xn)
... . . . ...

Dxn(X1) · · · Dxn(Xn)


−1 Dx1(Y )

...
Dxn(Y )

 ,

and the second prolongation J2E, for 1 6 α 6 n, as: YXαX1

...
YXαXn

 =

 Dx1(X1) · · · Dx1(Xn)
... . . . ...

Dxn(X1) · · · Dxn(Xn)


−1 Dx1(YXα)

...
Dxn(YXα)

 .

In fact, it can be realized that the diffeomorphism (x, y)
E7−→ (X, Y ) transfers horizontal graphs

{y = y(x)} to horizontal graphs {Y = Y (X)} if and only if the above n× n matrix is invertible.
Because of the presence of such an inverse matrix, these formulas are not handy as soon as n > 2.

In the case n = 1, they become after reorganization:

YX =
Yx + yx Yy
Xx + yxXy

,

and:

YXX =
1

[Xx + yxXy]3

(
yxx

∣∣∣∣ Xx Xy

Yx Yy

∣∣∣∣+

∣∣∣∣ Xx Xxx

Yx Yxx

∣∣∣∣+ yx

{
2

∣∣∣∣ Xx Xxy

Yx Yxy

∣∣∣∣− ∣∣∣∣ Xxx Xy

Yxx Yy

∣∣∣∣} +

+yxyx

{∣∣∣∣ Xx Xyy

Yx Yyy

∣∣∣∣− 2

∣∣∣∣ Xxy Xy

Yxy Yy

∣∣∣∣}− yxyxyx ∣∣∣∣ Xyy Xy

Yyy Yy

∣∣∣∣) .
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Then a direct computation shows after pulling back through E:

J1E∗
(
dY − YX dX

)
= Yx dx+ Yy dy −

Yx + yx Yy
Xx + yxXy

.
[
Xx dx+Xy dy

]
= u

(
dy − yx dx

)
,

with the nowhere vanishing function:

u :=
XxYy −XyYx
Xx + yxXy

.

Furthermore, using:

J2E∗
(
dYX

)
=

∂YX
∂x

dx+
∂YX
∂y

dy +
∂YX
∂yx

dyx,

a direct, although more delicate, computation gives:

J2E∗
(
dYX − YXX dX

)
= v ·

(
dy − yx dx

)
+ w ·

(
dyx − yxx dx

)
,

with the function:

v :=
1

[Xx + yxXy]3

{
XxXxYxy −XxXyYxx −XxXxyYx +XyXxxYx+

+ yx

(
XxXxYyy −XxXxyYy −XxXyyYx −XyXyYxx +XyXxxYy +XyXxyYx

)
+

+ yxyx

(
XxXyYyy −XxXyyYy −XyXyYxy +XyXxyYy

)
+

+ yxyxyx

(
−XxXyYy +XyXyYx

)}
,

and with the nowhere vanishing function:

w :=
XxYy −XyXx

[Xx + yxXy]3
.

In the case of n > 2 independent variables (x1, . . . , xn), similar computations can be achieved,
with some mastered efforts in the algebra of formal matrices.

But it is known [ML15]; [BK89], [Olv95, p. 125] (without much computations) that the corre-
sponding ideals of contact differential forms:〈

dY −
∑
α
YXα dXα

〉
,

and: 〈
dY −

∑
α
YXα dX, dYXα −

∑
β
YXαXβ dXβ

〉
,

have kernels invariant under pullbacks, as stated in the following (admitted)

Lemma 1.4. On the source jet spaces J1(Kn,K) and J2(Kn,K), there exist 1 + n+ n2 functions:

u = u
(
xγ, y, yxδ

)
and uα = uα

(
xγ, y, yxδ , yxεxζ

)
,

vβα = vβα
(
xγ, y, yxδ , yxεxζ

)
,

with u 6= 0 and 0 6= det vβα nowhere vanishing, such that:

J1E∗
(
dY −

∑
α
YXα dXα

)
= u

(
dy −

∑
β
yxβ dx

β
)
,

J2E∗
(
dYXα −

∑
β
YXαXβ dXβ

)
= uα

(
dy −

∑
β
yxβ dx

β
)

+
∑
β
vβα

(
dyxβ −

∑
γ
yxβxγ dx

γ
)
.
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To complete the picture, it is plain that there are functions uα — not to be confused with the
uα — and uαβ such that:

E∗
(
dXα

)
= Xα

y dy +
∑
β
Xα
xβ dx

β

= Xα
y

(
dy −

∑
β
yxβ dx

β
)

+
∑
β
Dxβ
(
Xα
)
dxβ

=: uα
(
dy −

∑
β
yxβ dx

β
)

+
∑
β
uαβ dx

β,

with a nowhere vanishing determinant, as follows from an already mentioned hypothesis:

0 6= detuαβ = det
(
Dxβ

(
Xα
))
.

These three pullback formulas will justify the shape of the initial G-structure associated to equiv-
alences of certain systems of partial differential equations.

2 Completely Integrable Second Order Systems
Still in Kn+1, consider a system of partial differential equations:

yxαxβ = Fα,β
(
xγ, y, yxδ

)
(16α, β6n),

with K-analytic right-hand sides:
F β,α = Fα,β.

Assume that this system is completely integrable, in the sense that for every choice of constants:

b ∈ K, a1 ∈ K, . . . . . . , an ∈ K,

there exists a unique K-analytic solution:

y = Q(x, a1, . . . , an, b),

which satisfies identically:

Qxαxβ(x, a, b) ≡ Fα,β
(
xγ, Q(x, a, b), Qxδ(x, a, b)

)
,

together with the initial conditions:

Q(0, a, b) = b, Qxγ (0, a, b) = aγ (16 γ 6n).

A simple differential characterization of complete integrability exists by means of total differenti-
ations.

Lemma 2.1. The system yxαxβ = Fα,β is completely integrable if and only if:

Dxγ
(
Fα,β

)
= Dxβ

(
Fα,γ

)
(16α, β, γ 6n).

Proof. The known argument — details are skipped — consists in applying the Frobenius theorem
within the second-order jet space J2(Kn,K).
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Next, with the coordinates: (
x1, . . . , xn, y, yx1 , . . . , yxn

)
∈ K2n+1

on the (2n + 1)-dimensional first jet space J1(Kn,K), introduce the 1 + n + n differential 1-forms
(mind index positions):

$ := dy −
∑
β
yxβ dx

β,

$α := dxα (16α6n),

$α := dyxα −
∑
β
Fα,β

(
xγ, y, yxδ

)
dxβ (16α6n),

which are visibly independent at every point, hence constitute a coframe. By assumption of complete
integrability, the Pfaffian system (zero-set):{

$ = $1 = · · · = $n = 0
}

has the family of integral manifolds
{
y = Q(x, a, b)

}
a,b

parametrized by (a, b), while the 1-forms $α

are added to have a coframe.
In what follows, yxαxβ will always be replaced by Fα,β

(
xγ, y, yxδ

)
, which means pullbacking to

the graphed submanifold of J2(Kn,K) defined by:{
(xγ, y, yxδ , yxαxβ

)
∈ J2(Kn,K) : yxαxβ = Fα,β

(
xγ, y, yxδ

)}
,

that corresponds naturally to the considered system of partial differential equations. In particular:

Dxα =
∂

∂xα
+ yxα

∂

∂y
+

n∑
β=1

Fα,β
(
xγ, y, yxδ

) ∂

∂yxβ
(16α6n).

Lemma 2.2. The exterior differential dG of any function G = G
(
xα, y, yxβ

)
:

dG =
∂G

∂y
· dy +

n∑
α=1

∂G

∂xα
· dxα +

n∑
α=1

∂G

∂yxα
· dyxα

re-expresses in terms of the coframe
{
$,$α, $α

}
as:

dG = Gy$ +
∑
α

Dxα(G) ·$α +
∑
α
Gyxα ·$α.

Proof. Indeed, it suffices to plug the inverse formulas:

dy = $ +
∑
β
yxβ ·$β,

dxα = $α,

dyxα =
∑
β
Fα,β $β +$α,

in:
dG = Gy

[
$ +

∑
α
yxα $

α
]

+
∑
α
Gxα

[
$α
]

+
∑
α
Gyxα

[∑
β
Fα,β$β +$α

]
= Gy ·$ +

∑
α

[
Gxα + yxα Gy +

∑
β
F β,αGy

xβ

]
·$α +

∑
α
Gyxα ·$α,

and to recognize the presence of the total differentiation operator.
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Lemma 2.3. The initial Darboux-Cartan structure of the coframe
{
$,$α, $α

}
is:

d$ =
∑
β
$β ∧$β,

d$α = 0,

d$α = −
∑
β
Fα,β
y ·$ ∧$β +

∑
β

∑
γ
Fα,β
yxγ
·$β ∧$γ.

Proof. Starting with the last formula, compute:

d$α =
∑
β
dxβ ∧ dFα,β

=
∑
β
$β ∧

[
Fα,β
y ·$ +

∑
γ
Dxγ
(
Fα,β

)
·$γ +

∑
γ
Fα,β
yxγ
·$γ

]
= −

∑
β
$ ∧$β

[
Fα,β
y

]
+
∑
β

∑
γ
$β ∧$γ

[
Dxγ

(
Fα,β

)]
◦

+
∑
β

∑
γ
$β ∧$γ

[
Fα,β
yxγ

]
,

and observe that the middle term:∑
16β<γ6n

$β ∧$γ
[
Dxγ

(
Fα,β

)
−Dxβ

(
Fα,γ

)
◦

]
,

vanishes due to complete integrability.
Then the first formula:

d$ =
∑
β
dxβ ∧ dyxβ

=
∑
β
$β ∧

[
$β +

∑
γ
F β,γ ·$γ

]
follows from the index symmetry F γ,β = F β,γ .

Corollary 2.4. The complete integrability hypothesis Dxγ
(
Fα,β

)
= Dxβ

(
Fα,γ

)
reads as:

d$ ≡ 0 mod
〈
$,$β

〉
and d$α ≡ 0 mod

〈
$,$β

〉
,

d$ ≡ 0 mod
〈
$,$β

〉
and d$α ≡ 0 mod

〈
$,$β

〉
.

3 Initial G1-structure and Its First Reduction
Lemma 1.4 provides the general form of how such a coframe

{
$,$α, $α

}
transfers through any

local K-analytic equivalence. According to the general procedure of Cartan’s method of equivalence,
it is therefore advisable to replace such functions by independent (fiber) coordinates:

u ∈ K,
uα ∈ K, uαβ ∈ K,
uα ∈ K, vβα ∈ K,

and to introduce the following 1 + n+ n lifted 1-forms:

ω := u ·$,
ωα := uα ·$ +

∑
β
uαβ ·$β,(3.1)

ωα := uα ·$ +
∑
β
vβα ·$β,
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which live on the product space Kn+1+n ×K1+n2+n2+n+n equipped with coordinates:(
xα, y, yxβ ; u, uαβ , v

β
α, u

α, uα
)
.

As is standard, the fiber space with its coordinates (u, uαβ , v
β
α, u

α, uα) has the structure of a matrix
subgroup of GL2n+1(K):

G1 :=


 u 0 0
uα uαβ 0
uα 0 vβα

 ∈ GL2n+1(K) : u, uαβ , v
β
α, u

α, uα ∈ K, 0 6= u, 0 6= det
(
uαβ
)
, 0 6= det

(
vβα
) ,

for which the stability under matrix multiplication can easily be checked, minding how indices refer
to either rows R or columns C:  u 0 0

uαR uαR
βC 0

uαR 0 vβC
αR

 ,

so that the placement, bottom and up, of row and column indices, is not the same in uαβ and in vβα!
Later computations will require to express inversely the $,$α, $α in terms of the ω, ωα, ωα, and

for this, it is necessary to introduce the two inverse n× n matrices:(
u−1α
β

)
=
(
u−1αR
βC

)
and

(
v−1β
α

)
=
(
v−1βC
αR

)
,

also specifying their row R and column C indices. They satisfy by definition:

δδδαβ =
∑
γ
u−1α
γ u

γ
β =

∑
γ
uαγ u

−1γ
β,

δδδβα =
∑
γ
v−1γ
α v

β
γ =

∑
γ
vγα v

−1β
γ ,

employing the Kronecker symbol δδδ•• in a special font to avoid status confusion with the already used
running Greek index 1 6 δ 6 n, which will also several times be used later on.

Back to (3.1), the first line inverts as:

$ = u−1 · ω.

For what concerns then the middle n lines:∑
β
uαβ $

β = −u−1 uα · ω + ωα,

a multiplication-summation by
∑

α u
−1γ
α (·) gives:

$γ =
∑
α

∑
β
u−1γ
α u

α
β $

β

= −
(∑

α
u−1γ
α u
−1uα

)
· ω +

∑
α
u−1γ
α · ωα,

hence changing indices:

$α = −
(∑

β
u−1u−1α

β u
β
)
· ω +

∑
β
u−1α
β · ωβ.

Lastly, for what concerns the last n lines:∑
β
vβα ·$β = −u−1uα · ω + ωα,
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a multiplication-summation by
∑

α v
−1α
γ (·) gives:

$γ =
∑
α

∑
β
v−1α
γ v

β
α ·$β

= −
(∑

α
v−1α
γ u
−1uα

)
· ω +

∑
α
v−1α
γ ωα,

hence changing indices:

$α = −
(∑

β
u−1v−1β

α uβ

)
· ω +

∑
β
v−1β
α ωβ.

In summary, the inversion of the lifting is:

$ = u−1 · ω,

$α = −
(∑

β
u−1u−1α

β u
β
)
· ω +

∑
β
u−1α
β · ωβ,(3.2)

$α = −
(∑

β
u−1v−1β

α uβ

)
· ω +

∑
β
v−1β
α ωβ.

Now, following the general Cartan procedure, the 2-forms dω, dωα, dωα should be expressed in
terms of the lifted coframe {ω, ωα, ωα} in order to chase some essential torsion coefficients.

However here, it is known that such essential (non-absorbable) torsion coefficients already appear
when computing dω, hence it is not necessary for the moment to touch dωα and dωα.

Indeed, applying the exterior differentiation operator to the first line of (3.1):

dω = du ∧$ + u · d$
[Lemma 2.3] = du ∧$ + u ·

∑
α
$α ∧$α

[Equations (3.2)] = u−1du ∧ ω+

+ u
∑
α

(
−
∑
β
u−1u−1α

β u
β · ω +

∑
β
u−1α
β · ωβ

)
∧
(
−
∑
γ
u−1v−1γ

α uγ · ω +
∑
γ
v−1γ
α · ωγ

)
,

hence the result can be abbreviated as:

dω =
(
u−1du+ something

)
∧ ω +

∑
β

∑
γ

(∑
α
uu−1α

β v
−1γ
α

)
· ωβ ∧ ωγ.

Here, none of the coefficients of the 2-forms ωβ ∧ ωγ can be absorbed in
(
something

)
∧ ω, and this

proves that these coefficients are essential torsion coefficients.
According to the general Cartan procedure, they can be normalized by setting:

v−1γ
α := u−1uγα ⇐⇒ vβα = uu−1β

α,

so that the v•• fiber variables disappear, and the above result simplifies as:

dω =
(
u−1du+ something

)
∧ ω +

∑
β

∑
γ

(∑
α
u◦ u

−1α
β u
−1
◦u

γ
α

)
· ωβ ∧ ωγ

=
(
u−1du+ something

)
∧ ω +

∑
β
ωβ ∧ ωβ.

The computation of the unshown 1-form in parenthesis will be done later.
Thus, the initial G1-structure reduces to a G2-structure with new group:

G2 :=


 u 0 0
uα uαβ 0

uα 0 uu−1β
α

 ∈ GL2n+1(K) : u, uαβ , u
α, uα ∈ K, 0 6= u, 0 6= det

(
uαβ
) ,
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of smaller dimension:

dimKG2 = 1 + n2 + n+ n 6 1 + n2 + n2 + n+ n = dimKG1.

After elimination of vβα, the formulas for the lifted coframe become:

ω := u ·$,
ωα := uα ·$ +

∑
β
uαβ ·$β,(3.3)

ωα := uα ·$ +
∑
β
uu−1β

α ·$β,

and the useful inverse formulas are:

$ = u−1 · ω,

$α = −
(∑

β
u−1u−1α

β u
β
)
· ω +

∑
β
u−1α
β · ωβ,(3.4)

$α = −
(∑

β
u−2uβα uβ

)
· ω +

∑
β
u−1uβα ωβ.

In matrix form:  ω
ωα

ωα

 =

 u 0 0
uα uαβ 0

uα 0 uu−1β
α

 $
$β

$β

 ,

with inverse:  $
$α

$α

 =


u−1 0 0

−
∑
β
u−1u−1α

βu
β u−1α

β 0

−
∑
β
u−2uβαuβ 0 u−1uβα


 ω
ωβ

ωβ

 ,

where:

δδδαβ =
∑
γ
u−1α
γ u

γ
β =

∑
γ
uαγ u

−1γ
β,(3.5)

4 Reduced G2-structure and Stabilization

After this first group-parameter normalization vβα = uu−1β
α, the Cartan procedure requires to restart the

computations, to calculate the exterior differentials:

dω = du ∧$ + u · d$,
dωα = duα ∧$ + uα · d$ +

∑
β
duαβ ∧$β +

∑
β
uαβ · d$β

◦,(4.1)

dωα = duα ∧$ + uα · d$ +
∑
β
du ∧ u−1β

α$β +

+
∑
β
u du−1β

α ∧$β +
∑
β
uu−1β

α · d$β,

and to re-express the right-hand sides in terms of the lifted coframe
{
ω, ωα, ωα

}
.

Consequently, beyond Lemma 2.3, it is necessary to re-express at first d$, d$α, d$α in the lifted
coframe. To this aim, in continuation with Lemma 2.2, a preliminary is needed.
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Lemma 4.2. The exterior differential dG of any K-analytic function G = G
(
xα, y, yxβ

)
expresses as:

dG = ω ·
[
u−1Gy −

∑
α

∑
β
u−1u−1β

α u
αDxβ(G)−

∑
α

∑
β
u−2uαβ uαGy

xβ

]
+

+
∑
α
ωα ·

[∑
β
u−1β
αDxβ(G)

]
+
∑
α
ωα ·

[∑
β
u−1uαβ Gy

xβ

]
.

Proof. Back to the expression, given by Lemma 2.2, of dG in the coframe
{
$,$α, $α

}
, it suffices

to replace, using (3.4):

dG = Gy ·$ +
∑
α

Dxα(G) ·$α +
∑
α
Gyxα ·$α

= u−1Gy · ω −
∑
α

∑
β
u−1u−1α

β u
β Dxα(G) · ω +

∑
α

∑
β
u−1α
β Dxα(G) · ωβ −

−
∑
α

∑
β
u−2uβα uβ Gyxα · ω +

∑
α

∑
β
u−1uβαGyxα · ωβ,

to collect terms:

dG = ω ·
[
u−1Gy −

∑
α

∑
β
u−1u−1α

β u
β Dxα(G)−

∑
α

∑
β
u−2uβα uβ Gyxα

]
+

+
∑
β
ωβ ·

[∑
α
u−1α
β Dxα(G)

]
+
∑
β
ωβ ·

[∑
α
u−1uβαGyxα

]
,

and to change indices α←→ β.

Proposition 4.3. In the coframe
{
ω, ωα, ωα

}
:

d$ =
∑
β
u−2uβ · ω ∧ ωβ −

∑
β
u−2uβ · ω ∧ ωβ +

∑
β
u−1 · ωβ ∧ ωβ,

d$α = 0,

d$α =
∑
β
ω ∧ ωβ ·

[
−
∑
γ
u−1u−1γ

β F
α,γ
y +

∑
γ

∑
δ

∑
ε
u−2uεγ u

−1δ
β uε F

α,δ
yxγ

]
+(4.4)

+
∑
β
ω ∧ ωβ ·

[
−
∑
γ

∑
δ

∑
ε
u−2uβγ u

−1ε
δ u

δ Fα,ε
yxγ

]
+

+
∑
β

∑
γ
ωβ ∧ ωγ ·

[∑
δ

∑
ε
u−1uγε u

−1δ
β F

α,δ
yxε

]
.

Proof. Back to Lemma 2.3, for the first work, it is necessary to replace and to expand:

d$ =
∑
β
$β ∧$β

=
∑
β

(
−
∑
γ
u−1u−1β

γ u
γ · ω +

∑
γ
u−1β
γ · ωγ

)
∧
(
−
∑
δ
u−2uδβ uδ · ω +

∑
δ
u−1uδβ · ωδ

)
= −

∑
β

∑
γ

∑
δ
u−1u−1β

γ u
γ u−1uδβ · ω ∧ ωδ −

−
∑
β

∑
γ

∑
δ
u−1β
γ u
−2uδβ uδ · ωγ ∧ ω+

+
∑
β

∑
γ

∑
δ
u−1β
γ u
−1uδβ · ωγ ∧ ωδ,

to reorganize:

d$ = −
∑
γ

∑
δ
u−2

(∑
β
uδβ u

−1β
γ

)
uγ · ω ∧ ωδ −

[Equations (3.5)] −
∑
γ

∑
δ
u−2

(∑
β
uδβ u

−1β
γ︸ ︷︷ ︸

=δδδδγ

)
uδ · ωγ ∧ ω+

+
∑
γ

∑
δ
u−1

(∑
β
uδβ u

−1β
γ

)
· ωγ ∧ ωδ,
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and to realize three sum cancellations:

d$ = −
∑
γ
u−2uγ · ω ∧ ωγ −

∑
γ
u−2uγ · ωγ ∧ ω +

∑
γ
u−1 · ωγ ∧ ωγ,

to reach the first line of (4.4).
Since d$α = 0 trivially, the third and last work starts from Lemma 2.3 as:

d$α = −
∑
β
Fα,βy ·$ ∧$β +

∑
β

∑
γ
Fα,βyxγ

·$β ∧$γ

= −
∑
β
Fα,βy ·

(
u−1 · ω

)
∧
(
−
∑
γ
u−1u−1β

γ u
γ · ω +

∑
γ
u−1β
γ · ωγ

)
+

+
∑
β

∑
γ
Fα,βyxγ

·
(
−
∑
δ
u−1u−1β

δ u
δ · ω +

∑
δ
u−1β
δ · ω

δ
)
∧
(
−
∑
ε
u−2uεγ uε · ω +

∑
ε
u−1uεγ · ωε

)
,

and this becomes:

[γ ←→ β] d$α = −
∑
β

∑
γ
u−1u−1β

γ F
α,β
y · ω ∧ ωγ −

[ε←→ β] −
∑
β

∑
γ

∑
δ

∑
ε
u−1u−1β

δ u
δ u−1uεγ F

α,β
yxγ
· ω ∧ ωε−

[δ ←→ β] −
∑
β

∑
γ

∑
δ

∑
ε
u−1β
δ u
−2uεγ uε F

α,β
yxγ
· ωδ ∧ ω+

[δ ←→ β and ε←→ γ] +
∑
β

∑
γ

∑
δ

∑
ε
u−1β
δ u
−1uεγ F

α,β
yxγ
· ωδ ∧ ωε,

while the left-mentioned changes of indices followed by final reordering concludes.

Corollary 4.5. The complete integrability of Corollary 2.4 reads as:

dω ≡ 0 mod
〈
ω, ωβ

〉
and dωα ≡ 0 mod

〈
ω, ωβ

〉
,

dω ≡ 0 mod
〈
ω, ωβ

〉
and dωα ≡ 0 mod

〈
ω, ωβ

〉
.

Proof. A look at formulas (4.1), (3.4), (4.4):

dω ∈
〈
$, d$

〉
⊂

〈
ω, ωβ

〉
∩
〈
ω, ωβ

〉
,

dωα ∈
〈
$, d$,$β

〉
⊂

〈
ω, ωβ

〉
,

dωα ∈
〈
$, d$,$β, d$β

〉
⊂

〈
ω, ωβ

〉
,

makes the claims transparent.

With these preliminaries at hand, the computation of dω, unfinished in Section 3, can now be
finalized:

dω = du ∧$ + u · d$

= u−1 du ∧ ω + u ·
(∑

β
u−2uβ · ω ∧ ωβ −

∑
β
u−2uβ · ω ∧ ωβ +

∑
β
u−1 · ωβ ∧ ωβ

)
=: ω ∧ ϕ+

∑
β
ωβ ∧ ωβ,

with:
ϕ := −u−1 du+

∑
β
u−1uβ · ωβ −

∑
β
u−1uβ · ωβ.
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5 Unparametric Cartan Lemma Reasonings
Since subsequent computations start to become harder, it is appropriate to employ unparametric rea-
sonings to anticipate and to economize completely explicit computations. All differential forms now
live in the space of variables: (

xα, y, yxβ ; u, uαβ , u
α, uα

)
.

Proposition 5.1. After absorption of torsion, there exist modified Maurer-Cartan 1-forms

ϕ, ϕαβ , ϕα, ϕα,

such that the structure equations for the G2-lifted coframe read as:

dω =
∑
α
ωα ∧ ωα + ω ∧ ϕ,

dωα =
∑
β
ωβ ∧ ϕαβ + ω ∧ ϕα,

dωα =
∑
β
ϕβα ∧ ωβ + ωα ∧ ϕ+ ω ∧ ϕα.

The thing is that no (essential) torsion coefficients remain.

Proof. The first structure equation was already obtained above:

dω = ω ∧ ϕ+
∑
α
ωα ∧ ωα.(5.2)

Next, back to (4.1), replace $, d$, $β:

dωα = duα ∧$ + uα d$ +
∑
β
duαβ ∧$β + 0

= duα ∧
(
u−1ω

)
+ uα

(∑
β
u−2uβ · ω ∧ ωβ −

∑
β
u−2uβ · ω ∧ ωβ +

∑
β
u−1 · ωβ ∧ ωβ

)
+

+
∑
β
duαβ ∧

(
−
∑
γ
u−1u−1β

γ u
γ · ω +

∑
γ
u−1β
γ · ωγ

)
.

All terms here are either multiple of ω or of some ωβ , hence there are 1-forms ϕαβ , ϕα such that:

dωα =
∑
β
ωβ ∧ ϕαβ + ω ∧ ϕα.(5.3)

Without finishing the computation (a task that will be done later), it is visible here that:

ϕαβ = −
∑
γ
u−1γ
β · du

α
γ + something,

ϕα = −u−1 · duα +
∑
β

∑
γ
u−1u−1β

γ u
γ · duαβ + something,

but the choice of ϕαβ , ϕα is not unique, as will be discussed later.
The last work concerns dωα, and is a bit delicate. Complete computations will be done in the next

Section 6. However, it is interesting to see how expanded computations can be somehow avoided,
getting some information about the shape of dωα without replacing $, d$, $β , d$β in the third
group of equations (4.1).

The (indirect) trick is to differentiate (5.2) and to replace dω, dωα, but not dωα, about which an
information is wanted:

0 = ddω

= dω
replace
∧ ϕ− ω ∧ dϕ+

∑
α
dωα
replace
∧ ωα −

∑
α
ωα ∧ dωα

=
(
ω ∧ ϕ◦ +

∑
α
ωα ∧ ωα

)
∧ ϕ− ω ∧ dϕ+

+
∑
α

(∑
β
ωβ ∧ ϕαβ + ω ∧ ϕα

)
∧ ωα −

∑
α
ωα ∧ dωα
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which is:

0 =
∑
α
ωα ∧

(
− dωα +

∑
β
ϕβα ∧ ωβ + ωα ∧ ϕ︸ ︷︷ ︸
=: Ωα

)
+ ω ∧

(
− dϕ+

∑
α
ϕα ∧ ωα

)
.(5.4)

To this identity, with the ideal of 1-forms 〈ωα, ω〉 on the manifold K2n+1 ×Kn2+2n+1 equipped with
the coframe

{
ω, ωα, ωα; du, duαβ , du

α, duα
}

, the Cartan Lemma 12.1 applies and shows that:

Ωα := − dωα +
∑
β
ϕβα ∧ ωβ + ωα ∧ ϕ

≡ 0 mod
〈
ω, ωγ

〉
,

the same being true for:
0 ≡ − dϕ+

∑
α
ϕα ∧ ωα mod

〈
ω, ωγ

〉
,

although this will not be useful for the moment.
On the other hand, since Corollary 4.5 showed that dωα ≡ 0 modulo 〈ω, ωγ〉, it comes:

− dωα +
∑
β
ϕβα ∧ ωβ + ωα ∧ ϕ ≡ 0 mod

〈
ω, ωγ

〉
,

hence from these two conditions:

Ωα mod 〈ω〉 ≡

{
0 mod 〈ωγ〉,
0 mod 〈ωγ〉,

it comes that there are functions Aβα,γ on K2n+1 ×Kn2+2n+1 such that:

Ωα ≡
∑
β

∑
γ
Aβα,γ · ωγ ∧ ωβ mod 〈ω〉.

Assertion 5.5. Index symmetries hold:

Aβγ,α = Aβα,γ (16α, β, γ 6n).

Proof. Indeed, back to (5.4) which becomes:

0 ≡
∑
α
ωα ∧ Ωα mod 〈ω〉,

insert:
0 ≡

∑
α

∑
β

∑
γ
Aβα,γ · ωα ∧ ωγ ∧ ωβ mod 〈ω〉,

collect
∑

α<γ , and identify to 0 the coefficients of ωα ∧ ωγ .

Next, replace:
ϕβα 7−→ ϕβα −

∑
γ
Aβα,γ · ωγ

=: ϕ̃βα,

which, thanks to the above symmetries:

dωα =
∑
β
ωβ ∧ ϕαβ + ω ∧ ϕα

=
∑
β
ωβ ∧

(
ϕ̃αβ +

∑
γ
Aαβ,γ · ωγ

◦

)
+ ω ∧ ϕα

=
∑
β
ωβ ∧ ϕ̃αβ + ω ∧ ϕα,
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leaves unchanged the previously obtained structure equations (5.3), in order that the new 2-form:

Ω̃α := Ωα −
∑
β

∑
γ
Aβα,γ · ωγ ∧ ωβ

= − dωα +
∑
β
ϕβα ∧ ωβ + ωα ∧ ϕ−

∑
β

∑
γ
Aβα,γ · ωγ ∧ ωβ

= − dωα +
∑
β
ϕ̃βα ∧ ωβ + ωα ∧ ϕ,

satisfy:
Ω̃α ≡ 0 mod 〈ω〉,

whence there exist differential 1-forms ϕα such that:

− dωα +
∑
β
ϕ̃βα ∧ ωβ + ωα ∧ ϕ = −ω ∧ ϕα.

Renaming ϕ̃βα simply as ϕβα concludes the proof of the third group of n equations in Proposition 5.1.

In fact, this work — and the previous as well! — is not achieved properly, because Maurer-Cartan
forms should be pointed out precisely, and because starting from:

dωα = duα ∧$ + uα d$ +
∑
β
du ∧ u−1β

α$β +
∑
β
u du−1β

α ∧$β +
∑
β
uu−1β

α · d$β

= duα ∧
(
u−1ω

)
+
∑
β
u−1β
α du ∧

(
−
∑
γ
u−2uγβ uγ · ω +

∑
γ
u−1uγβ · ωγ

)
+

+
∑
β
u du−1β

α ∧
(
−
∑
γ
u−2uγβ uγ · ω +

∑
γ
u−1uγβ · ωγ

)
,

torsion (remainder) terms should be computed before absorption in order to know what ϕ, ϕαβ , ϕα, ϕα
really are.

In particular, it will be necessary to compute:

du−1β
α.

6 Parametric Determination of ϕ, ϕαβ , ϕα, ϕα
Abbreviating (3.3) as:

ω = g ·$,
where g ∈ G2 is a general element of the group G2 parametrized by u, uαβ , uα, uα, equations (4.1)
contract as:

dω = dg ∧$ + g · d$
= dg · g−1 ∧ ω + g · d$,

hence the very first natural task is to compute the Maurer-Cartan matrix:

dg · g−1 =

 du 0 0
duα duαβC 0

duα 0 d
(
uu−1βC

α

)
 ·


u−1 0 0

−
∑
γ
u−1u−1βR

γ u
γ u−1βR

δ 0

−
∑
γ
u−2uγβRuγ 0 u−1uδβR



=


u−1du 0 0

u−1duα −
∑
β

∑
γ
u−1u−1β

γu
γ · duαβ

∑
β
u−1β
δ · duαβ 0

u−1duα −
∑
β

∑
γ
u−2uγβuγ · d

(
uu−1β

α

)
0

∑
β
u−1uδβ · d

(
uu−1β

α

)
 ,
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specifying rows R of the right factor that couple up with columns C of left factor, simply here are as a∑
β . Two entries of the last row incorporate differentials:

d
(
uu−1β

α

)
,

hence the computation is unfinished.

Lemma 6.1. For all 1 6 α, β 6 n:

du−1α
β = −

∑
γ

∑
δ
u−1α
δ · duδγ · u−1γ

β.

Proof. Start from (3.5), rewritten as:
δδδαβ =

∑
γ
uαγ u

−1γ
β,

differentiate it:
0 =

∑
γ
duαγ · u−1γ

β +
∑
γ
uαγ · du−1γ

β,

apply summation
∑

α u
−1δ
α(·):

0 =
∑
α

∑
γ
u−1δ
α · duαγ · u−1γ

β +
∑
γ

∑
α
u−1δ
α u

α
γ︸ ︷︷ ︸

=δδδδγ

·du−1γ
β

[α←→ δ] = −
∑
α

∑
γ
u−1δ
α · duαγ · u−1γ

β + du−1δ
β,

and change indices as indicated on the left to conclude.

Consequently:

dg · g−1 · ω =


u−1du 0 0

u−1duα −
∑
β

∑
γ
u−1u−1β

γu
γ · duαβ

∑
β
u−1β
δ · duαβ 0

u−1duα −
∑
β

∑
γ
u−2uγβuγ · d

(
uu−1β

α

)
0

∑
β
u−1uδβ · d

(
uu−1β

α

)
 ∧

 ω
ωδ

ωδ

 ,

which shows:

dω = u−1du ∧ ω + torsion,

dωα =
(
u−1 duα −

∑
β

∑
γ
u−1u−1β

γ u
γ · duαβ

)
∧ ω +

∑
β

∑
δ
u−1β
δ · du

α
β ∧ ωδ + torsionα,

dωα =
(
u−1 duα −

∑
β

∑
γ
u−2 uγβ uγ · d

(
uu−1β

α

))
∧ ω +

∑
β

∑
δ
u−1 uδβ · d

(
uu−1β

α

)
∧ ωδ + torsionα,

so that Lemma 6.1 helps to finish the computation of the third line:

dωα =
(
u−1 · duα −

∑
β

∑
γ
u−2uγβ uγ

(
u−1β
α · du+ u · du−1β

α

))
∧ ω+

+
∑
β

∑
δ
u−1uδβ

(
u−1β
α · du+ u · du−1β

α

)
∧ ωδ + torsionα

=
(
u−1duα −

∑
γ
u−2uγ

(∑
β
uγβ u

−1β
α

)
· du+

∑
β

∑
γ

∑
δ

∑
ε
u−1uγβ uγ u

−1β
δ · du

δ
ε · u−1ε

α

)
∧ ω+

+
∑
δ

(
u−1

∑
β
uδβ u

−1β
α · du−

∑
β

∑
ε

∑
ζ
uδβ u

−1β
ε · duεζ · u−1ζ

α

)
∧ ωδ + torsionα

=
(
u−1 · duα − u−2uα · du+

∑
β

∑
γ
u−1u−1γ

α uβ · duβγ
)
∧ ω+

+
∑
δ

(
δδδδα u

−1 · du−
∑
ζ
u−1ζ
α · duδζ

)
∧ ωδ + torsionα,
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hence changing indices conducts to a finalization of the Maurer-Cartan part:

dω = ω ∧
(
− u−1 · du

)
+ torsion,

dωα =
∑
β
ωβ ∧

(
−
∑
γ
u−1γ
β · du

α
γ

)
+

+ ω ∧
(
− u−1 · duα +

∑
β

∑
γ
u−1u−1β

γ u
γ · duαβ

)
+ torsionα,(6.2)

dωα =
∑
β
ωβ ∧

(
− δδδβα u

−1 · du+
∑
γ
u−1γ
α · duβγ

)
+

+ ω ∧
(
− u−1 · duα + u−2uα · du−

∑
β

∑
γ
u−1u−1γ

α uβ · duβγ
)

+ torsionα.

The next task is to determine the torsion remainders. For the first (easy) line, this has already been
done at the end of Section 4.

For the second n lines, thanks to (4.4), it is similarly easy:

torsionα = uα · d$
=
∑
β
u−2uα uβ · ω ∧ ωβ −

∑
β
u−2uα uβ · ω ∧ ωβ +

∑
β
u−1uα · ωβ ∧ ωβ.

For the last n lines, the use of (4.4) requires more efforts:

torsionα = uα · d$ +
∑
β
uu−1β

α · d$β

=
∑
β
u−2uα uβ · ω ∧ ωβ −

∑
β
u−2uα u

β · ω ∧ ωβ +
∑
β
u−1uα · ωβ ∧ ωβ +

[β ←→ γ] +
∑
β

∑
γ
ω ∧ ωγ ·

(
−
∑
δ
u−1β
α u
−1δ
γ F

β,δ
y +

∑
δ

∑
ε

∑
ζ
u−1u−1β

α u
ζ
δ u
−1ε
γ uζ F

β,ε
y
xδ

)
+

[β ←→ γ] +
∑
β

∑
γ
ω ∧ ωγ ·

(
−
∑
δ

∑
ε

∑
ζ
u−1u−1β

α u
γ
δ u
−1ζ
ε u

ε F β,ζ
y
xδ

)
+

[(β, γ, δ) 7−→ (δ, β, γ)] +
∑
β

∑
γ

∑
δ
ωγ ∧ ωδ ·

(∑
ε

∑
ζ
u−1β
α u

δ
ζ u
−1ε
γ F

β,ε
y
xζ

)
=
∑
β
ω ∧ ωβ ·

(
u−2uα uβ −

∑
γ

∑
δ
u−1γ
α u
−1δ
β F

γ,δ
y +

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

α u
ζ
δ u
−1ε
β uζ F

γ,ε
y
xδ

)
+

+
∑
β
ω ∧ ωβ ·

(
− u−2uα u

β −
∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

α u
β
δ u
−1ζ
ε u

ε F γ,ζ
y
xδ

)
+

+
∑
β

∑
γ
ωβ ∧ ωγ ·

(
δδδγβ u

−1uα +
∑
δ

∑
ε

∑
ζ
u−1δ
α u

γ
ζ u
−1ε
β F

δ,ε
y
xζ

)
.

When summing up what has been done, put in advance two “+0” terms which are for the moment
inexistent in the computations above, but will soon be replaced with terms that are zero, and are useful
for subsequent computations.
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Lemma 6.3. After absorption of torsion, the structure equations are:

dω =
∑
β
ωβ ∧ ωβ + ω ∧

(
− u−1 · du+

∑
β
u−1uβ · ωβ −

∑
β
u−1uβ · ωβ

)
,

dωα =
∑
β
ωβ ∧

(
−
∑
γ
u−1γ
β · du

α
γ + u−1uα · ωβ + 0

)
+

+ ω ∧
(
− u−1 · duα +

∑
β

∑
γ
u−1u−1β

γ u
γ · duαβ +

∑
β
u−2uα uβ · ωβ −

∑
β
u−2uα uβ · ωβ

)
,

dωα =
∑
β
ωβ ∧

(
− δδδβα u−1 · du+

∑
γ
u−1γ
α · duβγ +

∑
γ

[
− δδδβγu

−1uα −
∑
δ

∑
ε

∑
ζ
u−1δ
α u

β
ζ u

−1ε
γ F

δ,ε
y
xζ

]
· ωγ + 0

)
+

+ ω ∧
(
− u−1 · duα + u−2uα · du−

∑
β

∑
γ
u−1u−1γ

α uβ · duβγ +

+
∑
β

[
u−2uβ uα −

∑
γ

∑
δ
u−1γ
α u

−1δ
β F

γ,δ
y +

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

α u
ζ
δ u

−1ε
β uζ F

γ,ε
y
xδ

]
· ωβ +

+
∑
β

[
− u−2uβ uα −

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

α u
−1ζ
ε u

β
δ u

ε F γ,ζy
xδ

]
· ωβ

)
.

Indeed, to get an appropriate collection of modified Maurer-Cartan 1-forms ϕ, ϕαβ , ϕα, ϕα as in
Proposition 5.1, a final adaptation must be done. The choice is not unique, but a natural choice is as
follows. The first “+0” term will be:

∑
β
ωβ ∧

(
+ 0
)
=
∑
β
ωβ ∧

(
δδδαβ
∑
γ
u−1uγ · ωγ + u−1uβ · ωα +

∑
γ

∑
δ

∑
ε

∑
ζ
u−1ε
γ u

α
ζ u

−1δ
β F

δ,ε
y
xζ
ωγ ,

)
= ωα ∧

(∑
γ
u−1uγ · ωγ

)
+
∑
β
u−1uβ · ωβ ∧ ωα+

[F ε,δy
xζ

= F δ,εy
xζ

] +
∑

16β<γ6n

(∑
δ

∑
ε

∑
ζ
u−1ε
γ u

α
ζ u

−1δ
β F

δ,ε
y
xζ
−
∑
δ

∑
ε

∑
ζ
u−1ε
β u

α
ζ u

−1δ
γ F

δ,ε
y
xζ

◦

)
· ωβ ∧ ωγ

= 0+ 0

which is indeed zero, and the second term will also be null:

∑
β
ωβ ∧

(
+ 0
)

=
∑
β
ωβ ∧

(
− δδδβα

∑
γ
u−1uγ · ωγ − u−1uβ · ωα

)
= 0.

Remind that the 1-form ϕ has already been introduced:

dω =
∑
β
ωβ ∧ ωβ + ω ∧

(
−u−1 · du+

∑
β
u−1uβ · ωβ −

∑
β
u−1uβ · ωβ︸ ︷︷ ︸

=:ϕ

)

has already been defined. Next, adding the mentioned first term:

dωα =
∑
β
ωβ ∧

(
−
∑
γ
u−1γ
β · du

α
γ + u−1uα · ωβ + δδδαβ

∑
γ
u−1uγ · ωγ + u−1uβ · ωα +

∑
γ

∑
δ

∑
ε

∑
ζ
u−1ε
γ u

α
ζ u

−1δ
β F

δ,ε
y
xζ
· ωγ︸ ︷︷ ︸

=:ϕαβ

)
+

+ ω ∧
(
−u−1 · duα +

∑
β

∑
γ
u−1u−1β

γ u
γ · duαβ +

∑
β
u−2uα uβ · ωβ −

∑
β
u−2uα uβ · ωβ︸ ︷︷ ︸

=:ϕα

)
,

provides appropriate 1-forms ϕαβ , ϕα.
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Lastly, adding the mentioned second term in a supplementary line:

dωα =
∑
β
ωβ ∧

(
− δδδβα u−1 · du+

∑
γ
u−1γ
α · duβγ +

∑
γ

[
− δδδβγu

−1uα −
∑
δ

∑
ε

∑
ζ
u−1δ
α u

β
ζ u

−1ε
γ F

δ,ε
y
xζ

]
· ωγ −

− δδδβα
∑
γ
u−1uγ · ωγ − u−1uβ · ωα

)
+

+ ω ∧
(
− u−1 · duα + u−2uα · du−

∑
β

∑
γ
u−1u−1γ

α uβ · duβγ +

+
∑
β

[
u−2uβ uα −

∑
γ

∑
δ
u−1γ
α u

−1δ
β F

γ,δ
y +

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

α u
ζ
δ u

−1ε
β uζ F

γ,ε
y
xδ

]
· ωβ +

+
∑
β

[
− u−2uβ uα −

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

α u
−1ζ
ε u

β
δ u

ε F γ,ζy
xδ

]
· ωβ

)
=
∑
β
ωβ ∧

(
δδδβα ϕ− ϕβα︸ ︷︷ ︸

?

)
+ ω ∧ ϕα,

provides without ambiguity appropriate 1-forms ϕα, but it must be checked that, with the definitions
of ϕ, ϕαβ , ϕα just given, what is underbraced matches (visually) correctly with:

δδδβα ϕ− ϕβα = −δδδβα u−1 · du+ δδδβα
∑
γ
u−1uγ · ωγ

◦

− δδδβα
∑
γ
u−1uγ · ωγ +

+
∑
γ
u−1γ
α · duβγ − u−1uβ · ωα−δδδβα

∑
γ
u−1uγ · ωγ

◦

−

− u−1uα · ωβ −
∑
γ

∑
δ

∑
ε

∑
ζ
u−1ε
γ u

β
ζ u
−1δ
α F

δ,ε
y
xζ
· ωγ,

thanks to a cancellation of two terms.
The gain of this pain is a parametric determination improving much Proposition 5.1. The 1-forms

constructed above will now be denoted:
◦
ϕ,

◦
ϕαβ ,

◦
ϕα,

◦
ϕα.

Proposition 6.4. After absorption of torsion:

dω =
∑
α
ωα ∧ ωα + ω ∧ ◦ϕ,

dωα =
∑
β
ωβ ∧ ◦ϕαβ + ω ∧ ◦ϕα,

dωα =
∑
β

◦
ϕβα ∧ ωβ + ωα ∧

◦
ϕ+ ω ∧ ◦ϕα,

with the explicit modified Maurer-Cartan 1-forms:
◦
ϕ := −u−1 · du+

+
∑
β
u−1uβ · ωβ −

∑
β
u−1uβ · ωβ ,

◦
ϕαβ = −

∑
γ
u−1γ
β · du

α
γ +

+ u−1uα · ωβ + δδδαβ
∑
γ
u−1uγ · ωγ + u−1uβ · ωα +

∑
γ

∑
δ

∑
ε

∑
ζ
u−1ε
γ u

α
ζ u

−1δ
β F

δ,ε
y
xζ
· ωγ ,

◦
ϕα = −u−1 · duα +

∑
β

∑
γ
u−1u−1β

γ u
γ · duαβ +

+
∑
β
u−2uα uβ · ωβ −

∑
β
u−2uα uβ · ωβ ,

◦
ϕα = −u−1 · duα + u−2uα · du−

∑
β

∑
γ
u−1u−1γ

α uβ · duβγ +

+
∑
β

[
u−2uβ uα −

∑
γ

∑
δ
u−1γ
α u

−1δ
β F

γ,δ
y +

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

α u
ζ
δ u

−1ε
β uζ F

γ,ε
y
xδ

]
· ωβ +

+
∑
β

[
− u−2uβ uα −

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

α u
−1ζ
ε u

β
δ u

ε F γ,ζy
xδ

]
· ωβ .
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7 The 1-form ψ

Proposition 7.1. The most general 1-forms ϕ, ϕαβ , ϕα and ϕα that satisfy

dω =
∑
α
ωα ∧ ωα + ω ∧ ϕ,

dωα =
∑
β
ωβ ∧ ϕαβ + ω ∧ ϕα,

dωα =
∑
β
ϕβα ∧ ωβ + ωα ∧ ϕ + ω ∧ ϕα,

express in terms of
◦
ϕ,
◦
ϕαβ ,

◦
ϕα and

◦
ϕα as

ϕ = t · ω +
◦
ϕ,

ϕαβ = bαβω +
◦
ϕαβ ,

ϕα = cα · ω +
∑
β
bαβ · ωβ +

◦
ϕα,

ϕα = dα · ω +
∑
β

(δβαt− bβα) · ωβ +
◦
ϕα.

(7.2)

Proof. The proposition is proved by repeated use of Cartan’s lemma using the two sets of equations:

dω =
∑
α
ωα ∧ ωα + ω ∧ ◦ϕ, (7.3)

dωα =
∑
β
ωβ ∧ ◦ϕαβ + ω ∧ ◦ϕα, (7.4)

dωα =
∑
β

◦
ϕβα ∧ ωβ + ωα ∧

◦
ϕ + ω ∧ ◦ϕα, (7.5)

and

dω =
∑
α
ωα ∧ ωα + ω ∧ ϕ, (7.6)

dωα =
∑
β
ωβ ∧ ϕαβ + ω ∧ ϕα, (7.7)

dωα =
∑
β
ϕβα ∧ ωβ + ωα ∧ ϕ + ω ∧ ϕα. (7.8)

First, subtracting (7.6) from (7.3) yields,

0 = ω ∧ (
◦
ϕ− ϕ).

By Cartan’s lemma, there exists some function t such that

ϕ = t · ω +
◦
ϕ.

Next, subtracting equation (7.7) from (7.4),

0 =
∑
β
ωβ ∧ (

◦
ϕαβ − ϕαβ) + ω ∧ (

◦
ϕα − ϕα).

Therefore, by Cartan’s lemma again, there exist functions bαβ , rαβ , cα, dαβ , such that

ϕαβ = bαβ · ω +
∑
β
rαβ · ωβ +

◦
ϕαβ , (7.9)

ϕα = cα · ω +
∑
β
dαβ · ωβ +

◦
ϕα. (7.10)



194 Wei Guo FOO, Orsay University, Paris, France

Similarly, substracting equation (7.8) from (7.5) gives

0 =
∑
β

(
◦
ϕβα − ϕβα) ∧ ωβ + ωα ∧ (

◦
ϕ− ϕ) + ω ∧ (

◦
ϕα − ϕα).

By Cartan’s lemma, there exist functions gβα, hβα, dα, eβα such that

ϕβα =
∑
β
gβα · ωβ + hβαω +

◦
ϕβα,

ϕα = dα · ω +
∑
β
eβα · ωβ +

◦
ϕα,

or, by switching the indices α↔ β only in the first equation above,

ϕαβ =
∑
α
gαβ · ωα + hαβ · ω +

◦
ϕαβ , (7.11)

ϕα = dα · ω +
∑
β
eβα · ωβ +

◦
ϕα. (7.12)

Next, subtracting equation (7.11) from (7.9) yields

0 = −
∑
α
gαβ · ωα +

∑
β
rαβ · ωβ + (bαβ − hαβ) · ω.

From the linear independence of coframes, it follows that

gαβ = rαβ = 0 and bαβ = hαβ .

Therefore, the expressions of ϕαβ , ϕα, ϕα are obtained below

ϕ = t · ω +
◦
ϕ, (7.13)

ϕαβ = bαβ · ω +
◦
ϕαβ , (7.14)

ϕα = cα · ω +
∑
β
dαβ · ωβ +

◦
ϕα, (7.15)

ϕα = dα · ω +
∑
β
eβα · ωβ +

◦
ϕα. (7.16)

It remains to find eβα and dαβ . To this end, substitute equations (7.14) and (7.15) into (7.7) to get

dωα =
∑
β
ωβ ∧ (bαβ · ω +

◦
ϕαβ) + ω ∧

(
cα · ω +

∑
β
dαβ · ωβ +

◦
ϕα
)

=
∑
β

(bαβ − dαβ) ωβ ∧ ω +
∑
β
ωβ ∧ ◦ϕαβ + ω ∧ ◦ϕα

=
∑
β

(bαβ − dαβ) ωβ ∧ ω + dωα,

and notice that dωα cancels on both sides of the equation. This results in

0 =
∑
β

(bαβ − dαβ)ωβ ∧ ω,

and hence by linear independence of coframes, it comes instantly that dαβ = bαβ .
Finally, replacing the ϕβα, ϕ and ϕα in equation (7.8) by their corresponding expressions in equa-

tions (7.13) to (7.16), the term dωα becomes

dωα =
∑
β
ϕβα ∧ ωβ + ωα ∧ ϕ+ ω ∧ ϕα

=
∑
β

(bβα · ω +
◦
ϕβα) ∧ ωβ + ωα ∧ (t · ω +

◦
ϕ) + ω ∧

(
dα · ω +

∑
β
eβα · ωβ +

◦
ϕα

)
=

∑
β
bαβ · ω ∧ ωβ + t · ωα ∧ ω +

∑
β
eβα · ω ∧ ωβ +

∑
β

◦
ϕβα ∧ ωβ + ωα ∧

◦
ϕ + ω ∧ ◦ϕα

=
∑
β
bβα · ω ∧ ωβ + t · ωα ∧ ω +

∑
β
eβα · ω ∧ ωβ + dωα.
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By a similar observation as before, the term dωα cancels on both sides of the equation to obtain the
following linear relation

0 =
∑
β
bβα · ω ∧ ωβ + tωα ∧ ω +

∑
β
eβα · ω ∧ ωβ

=
∑
β
bβα · ω ∧ ωβ −

∑
β
tδβα · ω ∧ ωβ +

∑
β
eβα · ω ∧ ωβ

=
∑
β

(
eβα − (tδβα − bβα)

)
· ω ∧ ωβ.

By linear independence of ω ∧ ωβ , it follows that

eβα = tδβα − bβα.

Then replacing bαβ = dαβ , and eβα = tδβα − bβα, the proposition is proved.

Proposition 7.17. There is a 1-form ψ such that

dϕ =
∑
α
ωα ∧ ϕα −

∑
α
ωα ∧ ϕα + ω ∧ ψ.

Proof. The argument again relies on Cartan’s lemma. From

dω =
∑
α
ωα ∧ ωα + ω ∧ ϕ,

it is inferred that

0 = d2ω =
∑
α
dωα ∧ ωα −

∑
α
ωα ∧ dωα + dω ∧ ϕ − ω ∧ dϕ.

Then put the last term over to the left,

ω ∧ dϕ =
∑
α
dωα ∧ ωα −

∑
α
ωα ∧ dωα + dω ∧ ϕ.

By replacing dωα, dωα and dω above by their corresponding expressions in equations (7.6) to (7.8),
the right side of the equation may also be expressed as a multiple of ω in a different manner:

ω ∧ dϕ =
∑
α

(∑
β
ωβ ∧ ϕαβ

)
∧ ωα +

∑
α
ω ∧ ϕα ∧ ωα

−
∑
α
ωα ∧

(∑
β
ϕβα ∧ ωβ + ωα ∧ ϕ+ ω ∧ ϕα

)
+

(∑
α
ωα ∧ ωα + ω ∧ ϕ

)
∧ ϕ

=
∑
α

∑
β
ωβ ∧ ϕαβ ∧ ωα −

∑
α

∑
β
ωα ∧ ϕβα ∧ ωβ −

∑
α
ωα ∧ ωα ∧ ϕ

+
∑
α
ωα ∧ ωα ∧ ϕ + ω ∧

(∑
α
ϕα ∧ ωα +

∑
α
ωα ∧ ϕα

)
= ω ∧

(∑
α
ϕα ∧ ωα +

∑
α
ωα ∧ ϕα

)
.

Taking the difference between both sides of the equation above, it follows that

ω ∧
(
dϕ−

[∑
α
ωα ∧ ϕα −

∑
α
ωα ∧ ϕα

])
= 0,

allowing the application of Cartan’s lemma to deduce the existence of a 1-form, ψ, such that

dϕ =
∑
α
ωα ∧ ϕα −

∑
α
ωα ∧ ϕα + ω ∧ ψ,

and hence concluding the proof.
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Lemma 7.18. The 1-form ψ can be chosen to take on the following explicit expression:

ψ = −dt + t
◦
ϕ +

∑
α
dα · ωα −

∑
α
cα · ωα +

∑
β
u−1uβ ·

◦
ϕβ −

∑
β
u−1uβ · ◦ϕβ.

Before starting the proof of the lemma, there is another observation to be made. It is known that

from the previous proposition, there exist 1-forms, ψ and
◦
ψ, such that

dϕ =
∑
α
ωα ∧ ϕα −

∑
α
ωα ∧ ϕα + ω ∧ ψ,

d
◦
ϕ =

∑
α
ωα ∧ ◦ϕα −

∑
α
ωα ∧

◦
ϕα + ω ∧

◦
ψ.

It follows that their difference is a multiple of ω:

(
dϕ −

∑
α
ωα ∧ ϕα +

∑
α
ωα ∧ ϕα

)
−
(
d
◦
ϕ −

∑
α
ωα ∧ ◦ϕα +

∑
α
ωα ∧

◦
ϕα
)

= ω ∧ (ψ −
◦
ψ)

≡ 0 mod 〈ω〉.

The following lemma shows that it is possible to compute ω ∧ (ψ −
◦
ψ) without calculating explicitly

either ψ or
◦
ψ.

Lemma 7.19. The following expression holds:

ω ∧ (ψ −
◦
ψ) = ω ∧

(
−dt + t

◦
ϕ +

∑
α
dα · ωα −

∑
α
cα · ωα

)
.

in which the first four terms of ψ appear.

Proof. From ϕ = t · ω +
◦
ϕ in equation (7.13), taking its differential dϕ and then replacing dω by the

expression in (7.3):

dϕ = dt ∧ ω + t · dω + d
◦
ϕ

= dt ∧ ω + t

(∑
α
ωα ∧ ωα + ω ∧ ◦ϕ

)
+ d

◦
ϕ

=
∑
α
ωα ∧ (t · ωα) + ω ∧ (−dt + t

◦
ϕ) + d

◦
ϕ.

Using ϕα in Proposition 7.1, the term t · ωα may be replaced by

t · ωα = ϕα − dα · ω +
∑
β
bβα · ωβ −

◦
ϕα
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to obtain

dϕ =
∑
α
ωα ∧

(
ϕα − dα · ω +

∑
β
bβα · ωβ −

◦
ϕα

)
+ω ∧ (−dt+ t · ◦ϕ) + d

◦
ϕ

=
∑
α
ωα ∧ ϕα +

∑
α

∑
β
ωα ∧

(
bβα · ωβ

)
+ ω ∧

(∑
α
dα · ωα

)
−
∑
α
ωα ∧ ◦ϕα + ω ∧ (−dt + t · ◦ϕ) + d

◦
ϕ

=
∑
α
ωα ∧ ϕα +

∑
α

∑
β
ωβ ∧

(
bαβ · ωα

)
+ ω ∧

(
−dt + t · ◦ϕ +

∑
α
dα · ωα

)
−
∑
α
ωα ∧ ◦ϕα + d

◦
ϕ

=
∑
α
ωα ∧ ϕα −

∑
α
ωα ∧

(∑
β
bαβ · ωβ

)
+ ω ∧

(
−dt + t · ◦ϕ +

∑
α
dα · ωα

)
−
∑
α
ωα ∧ ◦ϕα + d

◦
ϕ.

The next step is to use ϕα in Proposition 7.1 to replace
∑

β b
α
βω

β by∑
β
bαβ · ωβ = ϕα − cα · ω − ◦

ϕα

to get the conclusion

dϕ =
∑
α
ωα ∧ ϕα −

∑
α
ωα ∧ ϕα +

∑
α
ωα ∧ cα · ω +

∑
α
ωα ∧

◦
ϕα

+ ω ∧
(
− dt + t · ◦ϕ +

∑
α
dα · ωα

)
−
∑
α
ωα ∧ ◦ϕα + d

◦
ϕ

=
∑
α
ωα ∧ ϕα −

∑
α
ωα ∧ ϕα + ω ∧

(
− dt + t · ◦ϕ +

∑
α
dα · ωα −

∑
α
cα · ωα

)
+

[
d
◦
ϕ −

(∑
α
ωα ∧ ◦ϕα −

∑
α
ωα ∧

◦
ϕα
)]

,

(7.20)

and this terminates the proof.

Lemma 7.19 completes part of the proof of lemma 7.18. The rest of the proof lies in computing

d
◦
ϕ −

(∑
α
ωα ∧ ◦ϕα −

∑
α
ωα ∧

◦
ϕα
)

to obtain further terms that are multiples of ω which do not show up in ω ∧ (ψ −
◦
ψ). To this end, the

terms in the parenthesis will be calculated first, then d
◦
ϕ.

7.1 The term
∑

α ω
α ∧ ◦ϕα −

∑
α ωα ∧ ◦ϕα

Lemma 7.21. The following identities hold:

0 =
∑
α

∑
β
u−2uβuα ω

α ∧ ωβ,

0 =
∑
α

∑
β

∑
γ

∑
δ
u−1γ
αu
−1δ
β F

γ,δ
y ωα ∧ ωβ

0 =
∑
α

∑
β

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

αu
ζ
δu
−1ε
βuζ F

γ,ε
yδx

ωα ∧ ωβ.
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Proof. The proof of the first identity relies on the anti-commutativity ωα ∧ ωβ = −ωβ ∧ ωα:

∑
α

∑
β
u−2uβuα ω

α ∧ ωβ =
∑
α<β

u−2(uαuβ − uβuα) ωα ∧ ωβ = 0.

For the second identity, the calculation proceeds in a similar manner, using the symmetry property
F γ,δ = F δ,γ , to obtain

∑
α

∑
β

∑
γ

∑
δ
u−1γ
αu
−1δ
βF

γ,δ
y ωα ∧ ωβ =

∑
α<β

∑
γ

∑
δ

(u−1γ
αu
−1δ
β − u−1γ

βu
−1δ
α) F γ,δ

y ωα ∧ ωβ

=
∑
α<β

∑
γ=δ

(u−1γ
αu
−1δ
β − u−1γ

βu
−1δ
α) F γ,δ

y ωα ∧ ωβ

+
∑
α<β

∑
γ<δ

[
(u−1γ

αu
−1δ
β − u−1γ

βu
−1δ
α) F γ,δ

y

+ (u−1δ
αu
−1γ
β − u

−1δ
βu
−1γ
α) F δ,γ

y

]
ωα ∧ ωβ

= 0,

Finally for the last identity, the vanishing follows from

∑
α

∑
β

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

αu
ζ
δu
−1βεuζ F

γ,ε
yδx

ωα ∧ ωβ

=
∑
δ

∑
ζ
u−1uζδuζ

(∑
α

∑
β

∑
γ

∑
ε
u−1γ
αu
−1ε
β F

γ,ε
y
xδ
ωα ∧ ωβ

)
︸ ︷︷ ︸

=0

, (7.22)

where the expression above the underbrace is zero because it is similar to the second identity. The
lemma is proved.

7.1.1 Calculation of
∑

α ω
α ∧ ◦ϕα Using

◦
ϕα in Proposition 6.4, and by the use of Lemma 7.21 that

the terms in
∑

α ω
α ∧ ◦ϕα containing ωα ∧ ωβ vanish, the following expression is obtained:

∑
α
ωα ∧ ◦ϕα =

∑
α
u−1 duα ∧ ωα −

∑
α
u−2uα du ∧ ωα +

∑
α

∑
β

∑
γ
u−1u−1γ

αuβ du
β
γ ∧ ωα

+
∑
α

∑
β

[
u−2uβuα −

∑
γ

∑
δ
u−1γ
αu
−1δ
β F

γ,δ
y

+
∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

αu
ζ
δu
−1ε
βuζ F

γ,δ
y
xδ

]
ωα ∧ ωβ

+
∑
α

∑
β

[
− u−2uβuα −

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

αu
−1ζ
εu

β
δu

ε F γ,ζ
y
xδ

]
ωα ∧ ωβ

=
∑
α
u−1 duα ∧ ωα −

∑
α
u−2uα du ∧ ωα +

∑
α

∑
β

∑
γ
u−1u−1γ

αuβ du
β
γ ∧ ωα

−
∑
α

∑
β
u−2uβuα ω

α ∧ ωβ −
∑
α

∑
β

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

αu
−1ζ
εu

β
δu

εF γ,ζ
y
xδ
ωα ∧ ωβ.
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7.1.2 Calculation of
∑

α ωα ∧
◦
ϕα On the other hand, using

◦
ϕα in Proposition 6.4 gives∑

α
ωα ∧

◦
ϕα =

∑
α
ωα ∧

(
− u−1 duα +

∑
β

∑
γ
u−1u−1β

γu
γ duαβ

+
∑
β
u−2uαuβ ω

β −
∑
β
u−2uαuβ ωβ

)
=

∑
α
u−1 duα ∧ ωα −

∑
α

∑
β

∑
γ
u−1u−1β

γu
γ duαβ ∧ ωα

+
∑
α

∑
β
u−2uαuβ ωα ∧ ωβ −

∑
α

∑
β
u−2uαuβ ωα ∧ ωβ︸ ︷︷ ︸

=0

,

where the last term in the equation above is zero by anti-symmetry of the differential form ωα ∧ωβ =
−ωβ ∧ ωα.

7.1.3 Calculation of
∑

α ω
α∧ ◦ϕα−

∑
α ωα∧

◦
ϕα Taking the difference of the two terms, it follows

that ∑
α
ωα ∧ ◦ϕα −

∑
α
ωα ∧

◦
ϕα =

∑
α
u−1 duα ∧ ωα −

∑
α
u−2uα du ∧ ωα

+
∑
α

∑
β

∑
γ
u−1u−1γ

αuβ du
β
γ ∧ ωα −

∑
α
u−1 duα ∧ ωα

+
∑
α

∑
β

∑
γ
u−1u−1β

γu
γ duαβ ∧ ωα

−
∑
α

∑
β

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

αu
−1ζ
εu

β
δu

εF γ,ζ
y
xδ
ωα ∧ ωβ,

(7.23)

which terminates a part of the computation, and will be reserved for the computation of d
◦
ϕ.

7.2 The term d◦ϕ

The next step, which is also more difficult, is the computation of

d
◦
ϕ = d

(
−u−1 du +

∑
β
u−1uβω

β −
∑
β
u−1uβ ωβ

)
.

The computation of each of the terms that appears on the right side of the equation above will be
presented here. Notice that

du−1 = −du
u2
,

which gives rise to the following identities concerning the three terms of d
◦
ϕ:

d(u−1du) = −du
u2
∧ du = 0, (7.24)

d(u−1uβ) = uβ du
−1 + u−1 duβ

= −u−2uβ du + u−1 duβ,
(7.25)

d(u−1uβ) = −u−2uβ du + u−1 duβ. (7.26)

Therefore, the term d
◦
ϕ may be re-written as

d
◦
ϕ =

∑
β
− u−2uβ du ∧ ωβ +

∑
β
u−1 duβ ∧ ωβ +

∑
β
u−1uβ dω

β

+
∑
β
u−2uβ du ∧ ωβ −

∑
β
u−1 duβ ∧ ωβ +

∑
β
u−1uβ dωβ.
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Replacing dωβ and dωβ by the expressions in equations (7.5) and (7.6), the term which contains ω
may be partially obtained as below:

d
◦
ϕ =

∑
β
− u−2uβ du ∧ ωβ +

∑
β
u−1 duβ ∧ ωβ +

∑
β
u−1uβ

(∑
γ
ωγ ∧ ◦ϕβγ + ω ∧ ◦ϕβ

)
+
∑
β
u−2uβ du ∧ ωβ −

∑
β
u−1 duβ ∧ ωβ

−
∑
β
u−1uβ

(∑
γ

◦
ϕγβ ∧ ωγ + ωβ ∧

◦
ϕ + ω ∧ ◦ϕβ

)
=

∑
β
− u−2uβ du ∧ ωβ +

∑
β
u−1 duβ ∧ ωβ +

∑
β

∑
γ
u−1uβ ω

γ ∧ ◦ϕβγ

+
∑
β
u−2uβ du ∧ ωβ −

∑
β
u−1 duβ ∧ ωβ −

∑
β

∑
γ
u−1uβ

◦
ϕγβ ∧ ωγ

−
∑
β
u−1uβωβ ∧

◦
ϕ+ ω ∧ A,

where

A =
∑
β
u−1uβ

◦
ϕβ −

∑
β
u−1uβ

◦
ϕβ,

which gives the last two terms of ψ. For the rest of the terms of ψ, it is necessary to use the full
expression of

◦
ϕβγ ,

◦
ϕγβ , and

◦
ϕ. Using equations in Proposition 6.4, therefore

d
◦
ϕ = −

∑
β
u−2uβ du ∧ ωβ +

∑
β
u−1 duβ ∧ ωβ

+
∑
β

∑
γ
u−1uβ ω

γ ∧
(
−
∑
δ
u−1δ
γ du

β
δ + u−1uβωγ +

∑
δ
δβγu

−1uδ ω
δ + u−1uγ ω

β

+
∑
δ

∑
ε

∑
ζ

∑
η
u−1ζ
δu

β
ηu
−1ε
γF

ε,ζ
yxη

ωδ
)

+
∑
β
u−2uβ du ∧ ωβ −

∑
β
u−1 duβ ∧ ωβ

−
∑
β

∑
γ
u−1uβ

(
−
∑
δ
u−1δ
β du

γ
δ + u−1uγ ωβ + δγβ

∑
δ
u−1uδ ω

δ + u−1uβ ω
γ

+
∑
δ

∑
ε

∑
ζ

∑
η
u−1ζ
δu

γ
ηu
−1ε
βF

ε,ζ
y
xδ
ωδ
)
∧ ωγ

−
∑
β
u−1uβωβ ∧ (−u−1 du +

∑
γ
u−1uγ ω

γ −
∑
γ
u−1uγ ωγ) + ω ∧ A.
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Expanding the expressions above, therefore

d
◦
ϕ = −

∑
β
u−2uβ du ∧ ωβ +

∑
β
u−1 duβ ∧ ωβ

−
∑
β

∑
γ

∑
δ
u−1uβu

−1δ
γ ω

γ ∧ duβδ +
∑
β

∑
γ
u−2uβu

β ωγ ∧ ωγ

+
∑
β

∑
γ

∑
δ
δβγu

−2uβuδ ω
γ ∧ ωδ +

∑
β

∑
γ
u−2uβuγ ω

γ ∧ ωβ

+
∑
β

∑
γ

∑
δ

∑
ε

∑
ζ

∑
η
u−1uβu

−1ζ
δu

β
ηu
−1ε
γF

ε,ζ
yxη

ωγ ∧ ωδ

+
∑
β
u−2uβ du ∧ ωβ −

∑
β
u−1 duβ ∧ ωβ

+
∑
β

∑
γ

∑
δ
u−1uβδγβu

−1uδ ω
δ ∧ ωγ −

∑
β

∑
γ
u−2uβuγ ωβ ∧ ωγ

−
∑
β

∑
γ

∑
δ
u−1uβδγβu

−1uδ ω
δ ∧ ωγ −

∑
β

∑
γ
u−2uβu

β ωγ ∧ ωγ

−
∑
β

∑
γ

∑
δ

∑
ε

∑
ζ

∑
η
u−1uβu−1ζ

δu
γ
ηu
−1ε
βF

ε,ζ
yxη

ωδ ∧ ωγ

+
∑
β
u−2uβ ωβ ∧ du −

∑
β

∑
γ
u−2uβuγ ωβ ∧ ωγ +

∑
β

∑
γ
u−2uβuγ ωβ ∧ ωγ + ω ∧ A.

Recognising that some terms cancel each other out, the term simplifies further to give

d
◦
ϕ = −

∑
β
u−2uβ du ∧ ωβ +

∑
β
u−1 duβ ∧ ωβ −

∑
β

∑
γ

∑
δ
u−1uβu

−1δ
γ ω

γ ∧ duβδ

−
∑
β
u−1 duβ ∧ ωβ +

∑
β

∑
γ

∑
δ
u−1uβu−1δ

β du
γ
δ ∧ ωγ

−
∑
β

∑
γ

∑
δ

∑
ε

∑
ζ

∑
η
u−1uβu−1ζ

δu
γ
ηu
−1ε
βF

ε,ζ
yxη

ωδ ∧ ωγ + ω ∧ A

=
∑
α
u−1uα duα ∧ ωα −

∑
α
u−2uα du ∧ ωα +

∑
α

∑
β

∑
γ
u−1uβu

−1γ
α du

β
γ ∧ ωα

−
∑
α
u−1 duα ∧ ωα +

∑
α

∑
β

∑
γ
u−1uγu−1β

γ du
α
β ∧ ωα

−
∑
α

∑
β

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

αu
−1ζ
εu

β
δu

εF γ,ζ
y
xδ
ωα ∧ ωβ + ω ∧ A.

By equation (7.23) in section 7.1, the first 6 terms on the right may be replaced by

∑
α
ωα ∧ ◦ϕα −

∑
α
ωα ∧

◦
ϕα

=
∑
α
u−1uα duα ∧ ωα −

∑
α
u−2uα du ∧ ωα +

∑
α

∑
β

∑
γ
u−1uβu

−1γ
α du

β
γ ∧ ωα

−
∑
α
u−1 duα ∧ ωα +

∑
α

∑
β

∑
γ
u−1uγu−1β

γ du
α
β ∧ ωα

−
∑
α

∑
β

∑
γ

∑
δ

∑
ε

∑
ζ
u−1u−1γ

αu
−1ζ
εu

β
δu

εF γ,ζ
y
xδ
ωα ∧ ωβ + ω ∧ A,

to obtain the final form of d
◦
ϕ:

d
◦
ϕ =

∑
α
ωα ∧ ◦ϕα −

∑
α
ωα ∧

◦
ϕα + ω ∧ A. (7.27)
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Replacing d
◦
ϕ by equation (7.27) in the expansion of dϕ that appears in equation (7.20),

dϕ =
∑
α
ωα ∧ ϕα −

∑
α
ωα ∧ ϕα

+ ω ∧
(
− dt + t · ◦ϕ +

∑
α
dα · ωα −

∑
α
cα · ωα

)
+

[
d
◦
ϕ −

(∑
α
ωα ∧ ◦ϕα −

∑
α
ωα ∧

◦
ϕα
)]

=
∑
α
ωα ∧ ϕα −

∑
α
ωα ∧ ϕα

+ ω ∧
(
− dt + t · ◦ϕ +

∑
α
dα · ωα −

∑
α
cα · ωα

)
+ ω ∧

(∑
β
u−1uβ ·

◦
ϕβ −

∑
β
u−1uβ · ◦ϕβ

)
=

∑
α
ωα ∧ ϕα −

∑
α
ωα ∧ ϕα

+ ω ∧
(
− dt + t · ◦ϕ +

∑
α
dα · ωα −

∑
α
cα · ωα +

∑
β
u−1uβ ·

◦
ϕβ −

∑
β
u−1uβ · ◦ϕβ

)
,

:=ψ

and hence Lemma 7.18 is proved.

8 The S tensor – a review

The following equations are given before:

dωα =
∑
β
ωβ ∧ ϕαβ + ω ∧ ϕα,

dωα =
∑
β
ϕβα ∧ ωβ + ωα ∧ ϕ + ω ∧ ϕα.

Proposition 8.1. There exist 1-forms Φβ
α, Φα and Φα of the following form

Φβ
α = dϕβα −

∑
γ
ϕγα ∧ ϕβγ − ωα ∧ ϕβ + ϕα ∧ ωβ + δβα

∑
σ
ϕσ ∧ ωσ +

1

2
δβαψ ∧ ω,

Φα = dϕα − ϕ ∧ ϕα −
∑
β
ϕβ ∧ ϕαβ +

1

2
ψ ∧ ωα,

Φα = dϕα −
∑
β
ϕβα ∧ ϕβ +

1

2
ψ ∧ ωα,

that satisfy the following relations

∑
β
ωβ ∧ Φα

β + ω ∧ Φα = 0∑
β

Φβ
α ∧ ωβ − ω ∧ Φα = 0.

Proof. Taking the exterior derivative of dωα, then replacing dωα and dω by equations (7.6) and (7.7),
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recovers some of the terms of Φα
β and Φα:

0 = d2ωα

=
∑
β
dωβ ∧ ϕαβ −

∑
β
ωβ ∧ dϕαβ + dω ∧ ϕα − ω ∧ dϕα

=
∑
β

(∑
γ
ωγ ∧ ϕβγ + ω ∧ ϕβ

)
∧ ϕαβ −

∑
β
ωβ ∧ dϕαβ

+

(∑
γ
ωγ ∧ ωγ + ω ∧ ϕ

)
∧ ϕα − ω ∧ dϕα

=
∑
β

∑
γ
ωγ ∧ ϕβγ ∧ ϕαβ +

∑
β
ω ∧ ϕβ ∧ ϕαβ −

∑
β
ωβ ∧ dϕαβ

+
∑
γ
ωγ ∧ ωγ ∧ ϕα + ω ∧ ϕ ∧ ϕα − ω ∧ dϕα

=
∑
β

∑
γ
ωβ ∧ ϕγβ ∧ ϕ

α
γ + ω ∧

(∑
β
ϕβ ∧ ϕαβ

)
−
∑
β
ωβ ∧ dϕαβ

+
∑
β
ωβ ∧ ωβ ∧ ϕα + ω ∧ (ϕ ∧ ϕα − dϕα)

=
∑
β
ωβ ∧

(
− dϕαβ +

∑
γ
ϕγβ ∧ ϕ

α
γ + ωβ ∧ ϕα

)
+ ω ∧

(
− dϕα + ϕ ∧ ϕα +

∑
β
ϕβ ∧ ϕαβ

)
.

On the other hand, to get the rest of the terms, it is necessary to take the exterior derivative of dωα:

0 = d2ωα

=
∑
β
dϕβα ∧ ωβ −

∑
β
ϕβα ∧ dωβ + dωα ∧ ϕ − ωα ∧ dϕ + dω ∧ ϕα − ω ∧ dϕα.

Replacing dωα and dω by the expressions in equations (7.6) to (7.8), and dϕ by the expression in
Proposition 7.17, gives

0 =
∑
β
dϕβα ∧ ωβ −

∑
β
ϕβα ∧

(∑
γ
ϕγβ ∧ ωγ + ωβ ∧ ϕ+ ω ∧ ϕβ

)
+

(∑
β
ϕβα ∧ ωβ + ωα ∧ ϕ+ ω ∧ ϕα

)
∧ ϕ− ωα ∧

(∑
β
ωβ ∧ ϕβ −

∑
β
ωβ ∧ ϕβ + ω ∧ ψ

)
+

(∑
β
ωβ ∧ ωβ + ω ∧ ϕ

)
∧ ϕα − ω ∧ dϕα

=
∑
β
dϕβα ∧ ωβ −

∑
β

∑
γ
ϕβα ∧ ϕ

γ
β ∧ ωγ −

∑
β
ϕβα ∧ ωβ ∧ ϕ −

∑
β
ϕβα ∧ ω ∧ ϕβ

+
∑
β
ϕβα ∧ ωβ ∧ ϕ + ω ∧ ϕα ∧ ϕ −

∑
γ
ωα ∧ ωγ ∧ ϕγ +

∑
β
ωα ∧ ωβ ∧ ϕβ

− ωα ∧ ω ∧ ψ +
∑
β
ωβ ∧ ωβ ∧ ϕα + ω ∧ ϕ ∧ ϕα − ω ∧ dϕα

=
∑
β
dϕβα ∧ ωβ −

∑
β

∑
γ
ϕγα ∧ ϕβγ ∧ ωβ +

∑
β
ϕβα ∧ ϕ ∧ ωβ + ω ∧

(∑
β
ϕβα ∧ ϕβ

)
−
∑
β
ϕβα ∧ ϕ ∧ ωβ + ω ∧ (ϕα ∧ ϕ) −

∑
β

(
δαβ
∑
γ
ωγ ∧ ϕγ

)
∧ ωβ −

∑
β

(ωα ∧ ϕβ) ∧ ωβ

+ ω ∧ (ωα ∧ ψ) −
∑
β

(ωβ ∧ ϕα) ∧ ωβ + ω ∧ (ϕ ∧ ϕα − ω ∧ dϕα)

=
∑
β

(
dϕβα −

∑
γ
ϕγα ∧ ϕβγ − δαβ

∑
γ
ωγ ∧ ϕγ − ωα ∧ ϕβ − ωβ ∧ ϕα

)
∧ ωβ

+ω ∧
(∑

β
ϕβα ∧ ϕβ + ϕα ∧ ϕ+ ϕ ∧ ϕα − dϕα

)
+ ω ∧ ωα ∧ ψ.
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By splitting

ω ∧ ωα ∧ ψ =
1

2
ω ∧ ωα ∧ ψ −

1

2

∑
β

(δαβω ∧ ψ) ∧ ωβ,

into sum of two halves, therefore,∑
β

(
dϕβα −

∑
β
ϕγα ∧ ϕβγ − ωα ∧ ϕβ + ϕα ∧ ωβ + δβα

∑
γ
ϕγ ∧ ωγ +

1

2
δαβψ ∧ ω

)
:=Φβα

∧ ωβ

−ω ∧
(
dϕα −

∑
β
ϕβα ∧ ϕβ +

1

2
ψ ∧ ωα

)
:=Φα

= 0.

Hence the expression for Φβ
α and Φα are recovered. To obtain Φα, the term Φβ

α found has to be
compatible with the following relation∑

β
ωβ ∧ Φα

β + ω ∧ Φα = 0,

which can be obtained from

0 = d2ωα

=
∑
β
ωβ ∧

(
− dϕαβ +

∑
γ
ϕγβ ∧ ϕ

α
γ + ωβ ∧ ϕα

)
+ ω ∧

(
− dϕα + ϕ ∧ ϕα +

∑
β
ϕβ ∧ ϕαβ

)
=

∑
β
ωβ ∧

(
− dϕαβ +

∑
γ
ϕγβ ∧ ϕ

α
γ + ωβ ∧ ϕα

)
+ ω ∧

(
1

2
ψ ∧ ωα

)
+ω ∧

(
− dϕα + ϕ ∧ ϕα +

∑
β
ϕβ ∧ ϕαβ −

1

2
ψ ∧ ωα

)
:=−Φα

,

while recognising that in the first two terms of the right side of the equation above can be further
reorganised: ∑

β
ωβ ∧

(
− dϕαβ +

∑
γ
ϕγβ ∧ ϕ

α
γ + ωβ ∧ ϕα

)
+ ω ∧

(
1

2
ψ ∧ ωα

)
=

∑
β
ωβ ∧

(
− dϕαβ +

∑
γ
ϕγβ ∧ ϕ

α
γ + ωβ ∧ ϕα

)
−
∑
β
ωβ ∧

(
1

2
δαβψ ∧ ω

)
=

∑
β
ωβ ∧

(
− dϕαβ +

∑
γ
ϕγβ ∧ ϕ

α
γ + ωβ ∧ ϕα −

1

2
δαβψ ∧ ω

)
+ 0.

Replacing the 0 above by the following identity∑
β
ωβ ∧ ϕβ ∧ ωα +

∑
β
ωβ ∧

(∑
γ
δαβϕγ ∧ ωγ

)
= 0,

recovers the 1-form Φα
β :

∑
β
ωβ ∧

(
− dϕαβ +

∑
γ
ϕγβ ∧ ϕ

α
γ + ωβ ∧ ϕα −

1

2
δαβψ ∧ ω

)
=

∑
β
ωβ ∧

(
− dϕαβ +

∑
γ
ϕγβ ∧ ϕ

α
γ + ωβ ∧ ϕα −

1

2
δαβψ ∧ ω

)
+
∑
β
ωβ ∧ ϕβ ∧ ωα +

∑
β
ωβ ∧

∑
γ
δαβϕγ ∧ ωγ

=
∑
β
ωβ ∧

(
− dϕαβ +

∑
γ
ϕγβ ∧ ϕ

α
γ + ωβ ∧ ϕα −

1

2
δαβψ ∧ ω + ϕβ ∧ ωα + δαβ

∑
γ
ϕγ ∧ ωγ

)
=−Φαβ

.
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Therefore,
ωβ ∧ Φα

β + ω ∧ Φα = 0,

and this concludes the proof of the Proposition.

Cartan’s lemma applied to
ωβ ∧ Φα

β + ω ∧ Φα = 0,

implies the existence of the S-tensor Sβσαρ (which is also known as the Hachtroudi-Chern-Moser ten-
sor), and a one form ψβα such that

Φβ
α = Sβσαρω

ρ ∧ ωσ + ω ∧ ψβα.

The next section will be devoted to the explicit calculation of this tensor.

9 The S tensor – an explicit calculation
The S-tensor involves extracting the coefficients of ωρ ∧ ωσ in

Φβ
α = dϕβα E

−
∑
γ
ϕγα ∧ ϕβγ

D

− ωα ∧ ϕβ A
+ ϕα ∧ ωβ B

+ δβα
∑
σ
ϕσ ∧ ωσ

C

+
1

2
δβαψ ∧ ω,

where the letters that underlined each of the first 5 terms are used for labelling purposes. The calcu-
lations will start with the following easier terms:

ωα ∧ ϕβ, ϕα ∧ ωβ, δβα

(∑
σ
ϕσ ∧ ωσ

)
, and

∑
γ
ϕγα ∧ ϕβγ .

The term that is the most difficult to calculate here, dϕβα, will be reserved for the last. The underlined
terms are the ones that will be needed for the S-tensor.

9.1 The term ωα ∧ ϕβ

Replacing
◦
ϕβ in

ϕβ = cβ · ω +
∑
η
bβη +

◦
ϕβ

by the expansion of
◦
ϕβ in Proposition 6.4:

◦
ϕβ = −u−1duβ +

∑
η

∑
θ
u−1u−1η

θu
θduβη +

∑
η
u−2uβuηω

η −
∑
η
u−2uβuηωη,

gives

ϕβ = cβω +
∑
η
bβηω

η − u−1duβ +
∑
η

∑
θ
u−1u−1η

θu
θduβη

+
∑
η
u−2uβuηω

η −
∑
η
u−2uβuηωη.

Hence, wedging on both sides by ωα, taking note of the terms of the form ω∗ ∧ω∗ (or ω∗ ∧ω∗), yields

ωα ∧ ϕβ = cβωα ∧ ω +
∑
η
bβη ωα ∧ ωη

(A.ii)

− u−1 ωα ∧ duβ

+
∑
η

∑
θ
u−1u−1η

θu
θ ωα ∧ duβη +

∑
η
u−2uβuη ωα ∧ ωη

(A.i)

−
∑
η
u−2uβuη ωα ∧ ωη.
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9.2 The term ϕα ∧ ωβ

Next, consider the equation of ϕα that appears in Proposition 7.1, and the equation of
◦
ϕα that appears

in Proposition 6.4:

ϕα = dαω +
∑
η

(δηαt− bηα)ωη +
◦
ϕα,

◦
ϕα = −u−1 duα + u−2uα du −

∑
η

∑
θ
u−1u−1θ

αuη du
η
θ

+
∑
η
u−2uηuα ω

η −
∑
η

∑
θ

∑
ι
u−1θ
αu
−1ι
ηF

θ,ι
y ωη +

∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1u−1θ

αu
λ
ι u
−1κ
ηuλF

θ,κ
yxι

ωη

+
∑
η
− u−2uηuα ωη −

∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1u−1θ

αu
−1λ
κu

η
ι u

kF θ,λ
yxι

ωη.

Wedging
◦
ϕα with ωβ , and ϕα with ωβ , give

ϕα ∧ ωβ = dαω ∧ ωβ +
∑
η

(δηαt− bηα)ωη ∧ ωβ +
◦
ϕα ∧ ωβ,

◦
ϕα ∧ ωβ = −u−1 duα ∧ ωβ + u−2uα du ∧ ωβ −

∑
η

∑
θ
u−1u−1θ

αuη du
η
θ ∧ ω

β

+
∑
η
u−2uηuαω

η ∧ ωβ −
∑
η

∑
θ

∑
ι
u−1θ
αu
−1ι
ηF

θ,ι
y ωη ∧ ωβ

+
∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1u−1θ

αu
λ
ι u
−1κ
ηuλF

θ,κ
yxι

ωη ∧ ωβ

+
∑
η
− u−2uηuα ωη ∧ ωβ −

∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1u−1θ

αu
−1λ
κu

η
ι u

κF θ,λ
yxι

ωη ∧ ωβ.

Hence, by substituting the full expression of
◦
ϕ ∧ ωβ into ϕα ∧ ωβ , the following equation is obtained

ϕα ∧ ωβ = dα ω ∧ ωβ +
∑
η

(δηαt− bηα) ωη ∧ ωβ
(B.i)

− u−1 duα ∧ ωβ + u−2uα du ∧ ωβ

−
∑
η

∑
θ
u−1u−1θ

αuη du
η
θ ∧ ω

β +
∑
η
u−2uηuα ω

η ∧ ωβ −
∑
η

∑
θ

∑
ι
u−1θ
αu
−1ι
ηF

θ,ι
y ωη ∧ ωβ

+
∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1u−1θ

αu
λ
ι u
−1κ
ηuλF

θ,κ
yxι
ωη ω ∧ ωβ +

∑
η
− u−2uηuα ωη ∧ ωβ

(B.ii)

−
∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1u−1θ

αu
−1λ
κu

η
ι u

κF θ,λ
yxι

ωη ∧ ωβ
(B.iii)

,

with the necessary terms underlined.

9.3 The term δβα
∑

σ ϕσ ∧ ωσ

The term δβα
∑

σ ϕσ ∧ωσ is the most straightforward, simply by using
◦
ϕα in Proposition 6.4 and ϕα in

Proposition 7.1 to obtain the expressions of ϕα ∧ ωβ , then changing α and β to σ, while taking note
of the sum δβα

∑
σ:
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δβα
∑
σ
ϕσ ∧ ωσ

= δβα

(∑
σ
dσ ω ∧ ωσ +

∑
σ

∑
η

(δησt− bησ) ωη ∧ ωσ
(C.i)

−
∑
σ
u−1 duσ ∧ ωσ

+
∑
σ
u−2uσ du ∧ ωσ −

∑
σ

∑
η

∑
θ
u−1u−1θ

σuη du
η
σ ∧ ωσ

+
∑
σ

∑
η
u−1uηuσ ω

η ∧ ωσ −
∑
σ

∑
η

∑
θ

∑
ι
u−1θ
σu
−1ι
ηF

θ,ι
y ωη ∧ ωσ

+
∑
σ

∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1u−1θ

σu
λ
ι u
−1κ
ηuλF

θ,κ
yxi

ωη ∧ ωσ

+
∑
σ

∑
η
− u−2uηuσ ωη ∧ ωσ

(C.ii)

−
∑
σ

∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1u−1θ

σu
−1λ
κu

η
ι u

κF θ,λ
yxι

ωη ∧ ωσ
)

(C.iii)
.

9.4 Collecting terms with ω∗ ∧ ω∗ from ωα ∧ ϕβ, ϕα ∧ ωβ and δβα
∑

σ ϕσ ∧ ωσ

Collecting the underlined terms, one has:
In ωα ∧ ϕβ: ∑

η
u−2uβuη ωα ∧ ωη = −

∑
η
u−2uβuη ω

η ∧ ωα, (A.i)

∑
η
bβη ωα ∧ ωη = −

∑
η
bβηω

η ∧ ωα. (A.ii)

In ϕα ∧ ωβ: ∑
η

(δηαt− bηα) ωη ∧ ωβ = −
∑
η

(δηαt− bηα) ωβ ∧ ωη, (B.i)

−
∑
η
u−2uηuα ωη ∧ ωβ =

∑
η
u−2uηuα ω

β ∧ ωη, (B.ii)

−
∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1u−1θ

αu
−1λ
κu

η
ι u

κF θ,λ
yxι

ωη∧ωβ =
∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1u−1θ

αu
−1λ
κu

η
ι u

κF θ,λ
yxι

ωβ ∧ωη. (B.iii)

Finally in δβα
∑

σ ϕσ ∧ ωσ:

δβα
∑
σ

∑
η

(δησt− bησ) ωη ∧ ωσ = −δβα
∑
σ

∑
η

(δησt− bησ) ωσ ∧ ωη, (C.i)

−δβα
∑
σ

∑
η
u−2uηuσ ωη ∧ ωσ = δβα

∑
σ

∑
η
u−2uηuσ ω

σ ∧ ωη, (C.ii)

−δβα
∑
σ

∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1u−1θ

σu
−1λ
κu

η
ι u

κF θ,λ
yxι

ωη∧ωσ = δβα
∑
σ

∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1u−1θ

σu
−1λ
κu

η
ι u

κF θ,λ
yxι

ωσ∧ωη.

(C.iii)
By renaming the indices so that each of the terms above are expressed in the following form ωρ∧ωσ

(which means that the use of Kronecker’s delta is necessary here), the corresponding terms become

−
∑
ρ

∑
σ
δσαu

−2uβuρ ω
ρ ∧ ωσ, (A.i)
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−
∑
ρ

∑
σ
δσαb

β
ρ ω

ρ ∧ ωσ, (A.ii)

−
∑
ρ

∑
σ
δβρ (δσαt− bσα) ωρ ∧ ωσ, (B.i)

∑
ρ

∑
σ
δβρu

−2uσuαω
ρ ∧ ωσ, (B.ii)

∑
ρ

∑
σ

(∑
θ

∑
ι

∑
κ

∑
λ
δβρu

−1u−1θ
αu
−1λ
κu

σ
ι u

κF θ,λ
yxι

)
ωρ ∧ ωσ, (B.iii)

−δβα
∑
ρ

∑
σ

(δσρ t− bσρ) ωρ ∧ ωσ, (C.i)

δβα
∑
ρ

∑
σ
u−2uσuρ ω

ρ ∧ ωσ, (C.ii)

δβα
∑
ρ

∑
σ

(∑
θ

∑
ι

∑
κ

∑
λ
u−1u−1θ

ρu
−1λ
κu

σ
ι u

κF θ,λ
yxι

)
ωρ ∧ ωσ. (C.iii)

9.5 The term
∑

γ ϕ
γ
α ∧ ϕβγ

As the expression for ϕ∗∗ is complicated, the calculations can be very involved, starting with

ϕγα = bγαω +
◦
ϕγα

= bγαω +

(
−
∑
η
u−1η
αdu

γ
η + u−1uγωα + δγα

∑
η
u−1uηω

η + u−1uαω
γ

+
∑
η

∑
θ

∑
ι

∑
κ
u−1ι
ηu

γ
κu
−1θ
αF

θ,ι
yxκ

ωη
)
,

and

ϕβγ = bβγω +
◦
ϕβγ

= bβγω +

(
−
∑
λ
u−1λ
γdu

β
λ + u−1uβωγ + δβγ

∑
λ
u−1uλω

λ + u−1uγω
β

+
∑
λ

∑
µ

∑
ν

∑
ξ
u−1ν
λu

β
ξu
−1µ
γF

µ,ν
y
xξ
ωλ
)
.
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Hence a direct expansion yields the wedge product of the two expressions

ϕγα ∧ ϕβγ
= bγαb

β
γ ω ∧ ω −

∑
λ
bγαu
−1λ
γ ω ∧ du

β
λ + u−1bγαu

β ω ∧ ωγ + δβγ
∑
λ
u−1uλb

γ
α ω ∧ ωλ

+ u−1bγαuγ ω ∧ ωβ +
∑
λ

∑
µ

∑
ν

∑
ξ
bγαu
−1ν
λu

β
ξu
−1µ
γF

µ,ν
y
xξ
ω ∧ ωλ

−
∑
η
u−1η
αb
β
γ du

γ
η ∧ ω +

∑
η

∑
λ
u−1η
αu
−1λ
γ du

γ
η ∧ du

β
λ −

∑
η
u−1η
αu
−1uβ duγη ∧ ωγ

− δβγ
∑
η

∑
λ
u−1η
αu
−1uλ du

γ
η ∧ ωλ −

∑
η
u−1η
αu
−1uγ du

γ
η ∧ ωβ −

∑
η

∑
λ

∑
µ

∑
ν

∑
ξ
u−1η
αu
−1ν
λu

β
ξu
−1µ
γF

µ,ν
y
xξ
duγη ∧ ωλ

+ u−1uγbβγ ωα ∧ ω −
∑
λ
u−1λ
γu
−1uγ ωα ∧ duβλ + u−2uγuβ ωα ∧ ωγ

+ δβγ
∑
λ
u−2uγuλ ωα ∧ ωλ

(D.i)

+ u−2uγuγ ωα ∧ ωβ
(D.ii)

+
∑
λ

∑
µ

∑
ν

∑
ξ
u−1uγu−1ν

λu
β
ξu
−1µ
γF

µ,ν
y
xξ
ωα ∧ ωλ

(D.iii)

+ δγα
∑
η
u−1uηb

β
γ ω

η ∧ ω − δγα
∑
η

∑
λ
u−1uηu

−1λ
γ ω

η ∧ duβλ + δγα
∑
η
u−2uηu

β ωη ∧ ωγ
(D.iv)

+ δβγ δ
γ
α

∑
η

∑
λ
u−2uηuλ ω

η ∧ ωλ + δγα
∑
η
u−2uηuγ ω

η ∧ ωβ

+ δγα
∑
η

∑
λ

∑
µ

∑
ξ

∑
ν
u−1uηu

−1ν
λu

β
ξu
−1µ
γF

µ,ν
y
xξ
ωη ∧ ωλ + u−1uαb

β
γ ω

γ ∧ ω

−
∑
λ
u−1uαu

−1λ
γ ω

γ ∧ duβλ + u−2uαu
β ωγ ∧ ωγ

(D.v)
+ δβγ

∑
λ
u−2uαuλ ω

γ ∧ ωλ + u−2uαuγ ω
γ ∧ ωβ

+
∑
λ

∑
µ

∑
ν

∑
ξ
u−1uαu

−1ν
λu

β
ξu
−1µ
γF

µ,ν
y
xξ
ωγ ∧ ωλ +

∑
η

∑
θ

∑
ι

∑
κ
u−1ι
ηu

γ
κu
−1θ
αF

θ,ι
yxκ
bβγ ω

η ∧ ω

−
∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1ι
ηu

γ
κu
−1θ
αF

θ,ι
yxκ
u−1λ
γ ω

η ∧ duβλ +
∑
η

∑
θ

∑
ι

∑
κ
u−1ι
ηu

γ
κu
−1θ
αF

θ,ι
yxκ
u−1uβ ωη ∧ ωγ

(D.vi)

+ δβγ
∑
η

∑
θ

∑
ι

∑
κ

∑
λ
u−1ι
ηu

γ
κu
−1θ
αF

θ,ι
yxκ
u−1uλ ω

η ∧ ωλ +
∑
η

∑
θ

∑
ι

∑
κ
u−1ι
ηu

γ
κu
−1θ
αF

θ,ι
yxκ
u−1uγ ω

η ∧ ωβ

+
∑
η

∑
θ

∑
ι

∑
κ

∑
λ

∑
µ

∑
ν

∑
ξ
u−1ι
ηu

γ
κu
−1θ
αF

θ,ι
yxκ
u−1ν
λu

β
ξu
−1µ
γF

µ,ν
y
xξ
ωη ∧ ωλ.

9.6 Collecting terms with ω∗ ∧ ω∗ in
∑

γ ϕ
γ
α ∧ ϕβγ

Collecting the terms of the form ω∗ ∧ ω∗ (or ω∗ ∧ ω∗) in ϕγα ∧ ϕβγ , the following terms are obtained

δβγ
∑
λ
u−2uγuλ ωα ∧ ωλ = −δβγ

∑
λ
u−2uγuλ ω

λ ∧ ωα, (D.i)

u−2uγuγ ωα ∧ ωβ = −u−2uγuγ ω
β ∧ ωα, (D.ii)

∑
λ

∑
µ

∑
ν

∑
ξ
u−1uγu−1ν

λu
β
ξu
−1µ
γF

µ,ν
y
xξ
ωα ∧ ωλ = −

∑
λ

∑
µ

∑
ν

∑
ξ
u−1uγu−1ν

λu
β
ξu
−1µ
γF

µ,ν
y
xξ
ωλ ∧ ωα, (D.iii)

δγα
∑
η
u−2uηu

β ωη ∧ ωγ, (D.iv)

u−2uαu
β ωγ ∧ ωγ (D.v)

∑
η

∑
θ

∑
ι

∑
κ
u−1ι
ηu

γ
κu
−1θ
αF

θ,ι
yxκ
u−1uβ ωη ∧ ωγ. (D.vi)
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Summing over γ, and re-expressing the terms in the form ωρ ∧ ωσ,

−
∑
λ
uλ

(∑
γ
u−2uγδβγ

)
ωλ ∧ ωα = −

∑
ρ

∑
σ
uρδ

σ
αu
−2uβ ωρ ∧ ωσ, (D.i)(∑

γ
− u−2uγuγ

)
ωβ ∧ ωα =

∑
ρ

∑
σ

[
δβρ δ

σ
α

(∑
γ
− u−2uγuγ

)]
ωρ ∧ ωσ, (D.ii)

−
∑
λ

(∑
γ

∑
µ

∑
ν

∑
ξ
u−1uγu−1ν

λu
β
ξu
−1µ
γF

µ,ν
y
xξ

)
ωλ∧ωα = −

∑
ρ

∑
σ
δσα

(∑
γ

∑
µ

∑
ν

∑
ξ
u−1uγu−1ν

ρu
β
ξu
−1µ
γF

µ,ν
y
xξ

)
ωρ∧ωσ,

(D.iii)

∑
η

(∑
γ
δγαu

−2uηu
β

)
ωη ∧ ωγ =

∑
ρ

∑
σ
δσαu

−2uρu
β ωρ ∧ ωσ, (D.iv)

∑
γ
u−2uαu

β ωγ ∧ ωγ =
∑
ρ

∑
σ
δσρu

−2uαu
β ωρ ∧ ωσ, (D.v)

∑
η

∑
γ

(∑
θ

∑
ι

∑
κ
u−1ηιuγκu

−1θ
αF

θ,ι
yxκ
u−1uβ

)
ωη ∧ ωγ =

∑
ρ

∑
σ

(∑
θ

∑
ι

∑
κ
u−1ι
ρu

σ
κu
−1θ
αF

θ,ι
yxκ
u−1uβ

)
ωρ ∧ ωσ.

(D.vi)

9.7 The term dϕβα

The calculation of this term is very complicated, and will be broken down into steps. From

ϕβα =
◦
ϕβα + bβαω,

and using the expression for
◦
ϕβα,

d(ϕβα) = d

(
−
∑
γ
u−1γ
α du

β
γ

)
Step 1

+ d

(
u−1uβωα

)
Step 2

+ d

(
δαβ
∑
γ
u−1uγ ω

γ

)
Step 3

+ d

(
u−1uαω

β

)
Step 4

+ d

(∑
γ

∑
δ

∑
ε

∑
ζ
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
ωγ
)

Step 5

+ d
(
bβαω
)

Step 6
,

the calculation will be broken down into 6 steps.

9.7.1 Step 1 From

d

(
−
∑
γ
u−1γ
α du

β
γ

)
= −

∑
γ
du−1γ

α ∧ duβγ ,

and using Lemma,
du−1γ

α = −
∑
η

∑
θ
u−1γ
θu
−1η
α du

θ
η,

therefore

d

(
−
∑
γ
u−1γ
α du

β
γ

)
= −

∑
γ

(
−
∑
η

∑
θ
u−1γ
θu
−1η
α du

θ
η

)
∧ duβγ

=
∑
γ

∑
η

∑
θ
u−1γ
θu
−1η
α du

θ
η ∧ duβγ .

Hence there is no term of the form ω∗ ∧ ω∗.
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9.7.2 Step 2 For step 2, replacing dωα by equation (7.8) in Proposition 7.1 to obtain:

d(u−1uβωα) = (du−1)uβ ∧ ωα + u−1duβ ∧ ωα + u−1uβdωα

= −u−2uβ du ∧ ωα + u−1 duβ ∧ ωα

+u−1uβ
(∑

η
ϕηα ∧ ωη + ωα ∧ ϕ+ ω ∧ ϕα

)
= −u−2uβ du ∧ ωα + u−1 duβ ∧ ωα + u−1uβ

∑
η
ϕηα ∧ ωη

+u−1uβ ωα ∧ ϕ+ u−1uβ ω ∧ ϕα.

Any terms that contain ω may be safely ignored, and hence the expression of ω ∧ ϕα may be left
unexpanded. Using equation (7.2) to replace ϕηα and ϕ by

ϕηα = bηαω +
◦
ϕηα,

ϕ = tω +
◦
ϕ,

in the expression of d(u−1uβωα), it follows that

d(u−1uβωα) = −u−2uβ du ∧ ωα + u−1 duβ ∧ ωα + u−1uβ
∑
η

(
bηαω +

◦
ϕηα

)
∧ ωη

+ u−1uβωα ∧ (tω +
◦
ϕ) + u−1uβ ω ∧ ϕα

= −u−2uβ du ∧ ωα + u−1 duβ ∧ ωα + u−1uβ
∑
η

◦
ϕηα ∧ ωη + u−1uβ ωα ∧

◦
ϕ

+ω ∧
(
u−1uβϕα + u−1uβ

∑
η
bηαωη − u−1uβtωα

)
.

To get all the terms of the form ω∗ ∧ ω∗, the terms
◦
ϕηα and

◦
ϕ will be replaced by

◦
ϕηα = −

∑
λ
u−1λ
α du

η
λ + u−1uηωα + δηα

∑
λ
u−1uλω

λ + u−1uαω
η +

∑
λ

∑
θ

∑
ι

∑
κ
u−1ι
λu

η
κu
−1θ
αF

θ,ι
yxκ
ωλ,

◦
ϕ = −u−1 du +

∑
η
u−1uηω

η −
∑
η
u−1uηωη,
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to get

d(u−1uβωα) = −u−2uβ du ∧ ωα + u−1duβ ∧ ωα

+ u−1uβ
∑
η

(
−
∑
λ
u−1λ
α du

η
λ + u−1uηωα + δηα

∑
λ
u−1uλω

λ

+ u−1uαω
η +

∑
λ

∑
θ

∑
ι

∑
κ
u−1ι
λu

η
κu
−1θ
αF

θ,ι
yxκ
ωλ
)
∧ ωη

+ u−1uβ ωα ∧
(
− u−1du+

∑
η
u−1uηω

η −
∑
η
u−1uηωη

)
+ ω ∧

(
u−1uβϕα + u−1uβ

∑
η
bηαωη − u−1uβtωα

)
= −u−2uβ du ∧ ωα + u−1 duβ ∧ ωα + u−1uβ

∑
η

∑
λ
− u−1λ

α du
η
λ ∧ ωη

+ u−2uβ
∑
η
uηωα ∧ ωη +

∑
η

∑
λ
δηαu

−2uβuλ ω
λ ∧ ωη

(E.i)

+
∑
η
u−2uβuα ω

η ∧ ωη
(E.ii)

+
∑
η

∑
λ

∑
θ

∑
ι

∑
κ
u−1uβu−1ι

λu
η
κu
−1θ
αF

θ,ι
yxκ

ωλ ∧ ωη
(E.iii)

− u−2uβ ωα ∧ du

+
∑
η
u−2uβuη ωα ∧ ωη

(E.iv)

−
∑
η
u−2uβuη ωα ∧ ωη

+ ω ∧
(
u−1uβϕα + u−1uβ

∑
η
bηαωη − u−1uβtωα

)
.

9.7.3 Step 3 For Step 3,

d

(
δαβ
∑
γ
u−1uγω

γ

)
= δαβ

∑
γ
d(u−1uγω

γ)

= δαβ
∑
γ

(
− u−2uγ du ∧ ωγ + u−1duγ ∧ ωγ + u−1uγdω

γ

)
.

Replacing dωγ above by
dωγ =

∑
η
ωη ∧ ϕγη + ω ∧ ϕγ

in Proposition yields 7.1

d

(
δαβ
∑
γ
u−1uγω

γ

)
= −δαβ

∑
γ
u−2uγ du ∧ ωγ + δαβ

∑
γ
u−1 duγ ∧ ωγ

+ δαβ
∑
γ
u−1uγ

(∑
η
ωη ∧ ϕγη + ω ∧ ϕγ

)
= −δαβ

∑
γ
u−2uγ du ∧ ωγ + δαβ

∑
γ
u−1 duγ ∧ ωγ

+ δαβ
∑
γ

∑
η
u−1uγω

η ∧ ϕγη + ω ∧
(
δαβ
∑
γ
u−1uγϕ

γ

)
.

Then replacing ϕγη above by
ϕγη = bγηω +

◦
ϕγη ,

the term takes on the following expression.

d

(
δαβ
∑
γ
u−1uγω

γ

)
= −δαβ

∑
γ
u−2uγ du ∧ ωγ + δαβ

∑
γ
u−1duγ ∧ ωγ

+ δαβ
∑
γ

∑
η
u−1uγω

η ∧ ◦ϕγη + ω ∧
(
δαβ
∑
γ
u−1uγϕ

γ − δαβ
∑
γ

∑
η
u−1uγb

γ
ηω

η

)
.
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Making the final substitution using

◦
ϕγη = −

∑
λ
u−1λ
η du

γ
λ + u−1uγωη + δγη

∑
λ
u−1uλ ω

λ + u−1uηω
γ +

∑
λ

∑
θ

∑
ι

∑
κ
u−1ι
λu

γ
κu
−1θ
ηF

θ,ι
yxκ

ωλ,

the following full expression

d

(
δαβ
∑
γ
u−1uγω

γ

)
= −δαβ

∑
γ
u−2uγ du ∧ ωγ + δαβ

∑
γ
u−1 duγ ∧ ωγ

+δαβ
∑
γ

∑
η
u−1uγω

η ∧
(
−
∑
λ
u−1λ
η du

γ
λ + u−1uγ ωη + δγη

∑
λ
u−1uλ ω

λ

+u−1uη ω
γ +

∑
λ

∑
θ

∑
ι

∑
κ
u−1ι
λu

γ
κu
−1θ
ηF

θ,ι
yxκ

ωλ
)

+ω ∧
(
δαβ
∑
γ
u−1uγϕ

γ − δαβ
∑
γ

∑
η
u−1uγb

γ
ηω

η

)
= −δαβ

∑
γ
u−2uγ du ∧ ωγ + δαβ

∑
γ
u−1 duγ ∧ ωγ

− δαβ
∑
γ

∑
η

∑
λ
u−1uγu

−1λ
η ω

η ∧ duγλ + δαβ
∑
γ

∑
η
u−2uγu

γ ωη ∧ ωη
(E.v)

+ δαβ
∑
γ

∑
η

∑
λ
δγηu

−2uγuλ ω
η ∧ ωλ + δαβ

∑
γ

∑
η
u−2uγuη ω

η ∧ ωγ

+ δαβ
∑
γ

∑
η

∑
λ

∑
θ

∑
ι

∑
κ
u−1uγu

−1ι
λu

γ
κu
−1θ
ηF

θ,ι
yxκ

ωη ∧ ωλ

+ ω ∧
(
δαβ
∑
γ
u−1uγϕ

γ − δαβ
∑
γ

∑
η
u−1uγb

γ
ηω

η

)
.

shows that there is only one term that contains ω∗ ∧ ω∗.

9.7.4 Step 4: The term d(u−1uαω
β) To calculate d(u−1uαω

β), using Proposition 7.1

dωβ =
∑
η
ωη ∧ ϕβη + ω ∧ ϕβ,

yields the expansion of d(u−1uαω
β):

d(u−1uαω
β) = (du−1)uα ∧ ωβ + u−1duα ∧ ωβ + u−1uαdω

β

= −u−2uα du ∧ ωβ + u−1 duα ∧ ωβ + u−1uα dω
β

= −u−2uα du ∧ ωβ + u−1duα ∧ ωβ + u−1uα

(∑
η
ωη ∧ ϕβη + ω ∧ ϕβ

)
= −u−2uα du ∧ ωβ + u−1 duα ∧ ωβ + u−1uα

∑
η
ωη ∧ ϕβη + ω ∧

(
u−1uαϕ

β
)
.

Then by using ϕβη = bβηω +
◦
ϕβη , the calculation continues:

d(u−1uαω
β) = −u−2uα du ∧ ωβ + u−1 duα ∧ ωβ + u−1uα

∑
η
ωη ∧

(
bβηω +

◦
ϕβη

)
+ ω ∧

(
u−1uαϕ

β
)

= −u−2uα du ∧ ωβ + u−1 duα ∧ ωβ + u−1uα
∑
η
ωη ∧ ◦ϕβη

+ ω ∧
(
u−1uαϕ

β − u−1uα
∑
η
bβηω

η

)
.
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Making a final substitution of
◦
ϕ by

◦
ϕβη = −

∑
λ
u−1λ
η du

β
λ + u−1uβ ωη + δβη

∑
λ
u−1uλ ω

λ + u−1uη ω
β +

∑
λ

∑
θ

∑
ι

∑
κ
u−1ι
λu

β
κu
−1θ
ηF

θ,ι
yxκ

ωλ,

it follows that the following term

d(u−1uαω
β) = −u−2uα du ∧ ωβ + u−1 duα ∧ ωβ

+u−1uα
∑
η
ωη ∧

(
−
∑
λ
u−1λ
ηdu

β
λ + u−1uβωη + δβη

∑
λ
u−1uλω

λ

+u−1uηω
β +

∑
λ

∑
θ

∑
ι

∑
κ
u−1ι
λu

β
κu
−1θ
ηF

θ,ι
yxκ
ωλ
)

+ω ∧ (u−1uαϕ
β − u−1uα

∑
η
bβηω

η)

= −u−2uα du ∧ ωβ + u−1 duα ∧ ωβ − u−1uα
∑
η

∑
λ
u−1λ
ηω

η ∧ duβλ

+u−2uα
∑
η
uβ ωη ∧ ωη

(E.vi)

+
∑
η

∑
λ
δβηu

−2uαuλ ω
η ∧ ωλ +

∑
η
u−2uαuη ω

η ∧ ωβ

+
∑
η

∑
λ

∑
θ

∑
ι

∑
κ
u−1uαu

−1ι
λu

β
κu
−1θ
ηF

θ,ι
yxκ

ωη ∧ ωλ + ω ∧
(
u−1uαϕ

β − u−1uα
∑
η
bβηω

η

)
.

also has only one needed term.

9.7.5 Step 5 Finally, the following term will be calculated

d

(∑
γ

∑
δ

∑
ε

∑
ζ
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
ωγ
)
,

with

d

(∑
γ

∑
δ

∑
ε

∑
ζ
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
ωγ
)

=
∑
γ

∑
δ

∑
ε

∑
ζ

(
uβζu

−1δ
αF

δ,ε
y
xζ
du−1ε

γ ∧ ωγ
A

+ u−1ε
γu
−1δ
αF

δ,ε
y
xζ
duβζ ∧ ω

γ

B

+u−1ε
γu

β
ζF

δ,ε
y
xζ
du−1δ

α ∧ ωγ
C

+ u−1ε
γu

β
ζu
−1δ
α d(F δ,ε

y
xζ

) ∧ ωγ
D

+ u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
dωγ

E

)
.

Before computing each of the terms A to E, the following formulae will be used

du−1ε
γ = −

∑
η

∑
θ
u−1ε
θu
−1η
γ du

θ
η,

du−1δ
α = −

∑
η

∑
θ
u−1δ
θu
−1η
α du

θ
η,

d(F δ,ε
y
xζ

) =
∑
η
ωη ∧

[∑
θ
u−1θ
ηDxθ(F

δ,ε
y
xζ

)

]
+
∑
η
ωη ∧

[∑
θ
u−1uηθF

δ,ε
y
xζ
,y
xθ

]
+ ω ∧

[
u−1F δ,ε

y
xζ
,y −

∑
η

∑
θ
u−1u−1θ

ηu
ηDxθ(F

δ,ε
yζ

)−
∑
η

∑
θ
u−2uηθuηF

δ,ε
y
xζ
,y
xθ

]
,

dωγ =
∑
η
ωη ∧ ωγη + ω ∧ ϕγ

=
∑
η
ωη ∧ ωγη + ω ∧

(
cγω +

∑
θ
bγθω

θ +
◦
ϕγ
)
,

ϕγη = bγηω +
◦
ϕηη.
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Hence the terms corresponding to (A) to (E) yields by substitution of the terms above the following
expressions:

(A) uβζu
−1δ
αF

δ,ε
y
xζ
du−1ε

γ ∧ ωγ = uβζu
−1δ
αF

δ,ε
y
xζ

(
−
∑
η

∑
θ
u−1ε
θu
−1η
γ du

θ
η

)
∧ ωγ

= −
∑
η

∑
θ
uβζu

−1δ
αF

δ,ε
y
xζ
u−1ε
θu
−1η
γ du

θ
η ∧ ωγ,

(B) u−1ε
γu
−1δ
αF

δ,ε
y
xζ
duβζ ∧ ω

γ,

(C) u−1ε
γu

β
ζF

δ,ε
y
xζ
du−1δ

α ∧ ωγ = u−1ε
γu

β
ζF

δ,ε
y
xζ

(
−
∑
η

∑
θ
u−1δ
θu
−1η
α du

θ
η

)
∧ ωγ

= −
∑
η

∑
θ
u−1ε
γu

β
ζu
−1δ
θu
−1η
αF

δ,ε
y
xζ
duθη ∧ ωγ,

(D) u−1ε
γu

β
ζu
−1δ
αd
(
F δ,ε
y
xζ

)
∧ ωγ =

∑
η

∑
θ
u−1ε
γu

β
ζu
−1δ
αu
−1θ
ηDxθ

(
F δ,ε
y
xζ

)
ωη ∧ ωγ

+
∑
η

∑
θ
u−1ε
γu

β
ζu
−1δ
αu
−1uηθF

δ,ε
y
xζ
,y
xθ
ωη ∧ ωγ

+ω ∧ ωγ
[
u−1ε
γu

β
ζu
−1δ
α

(
u−1F δ,ε

y
xζ
,y −

∑
η

∑
θ
u−1u−1θ

ηu
ηDxθ

(
F δ,ε
y
xζ

)
−
∑
η

∑
θ
u−2uηθuηF

δ,ε
y
xζ
,y
xθ

)]
,

(E) u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
dωγ = u−1ε

γu
β
ζu
−1δ
αF

δ,ε
y
xζ

(∑
η
ωη ∧ ϕγη + ω ∧ ϕγ

)
= u−1ε

γu
β
ζu
−1δ
αF

δ,ε
y
xζ

(∑
η
ωη ∧ (bγηω +

◦
ϕγη)

)
+ ω ∧

(
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
ϕγ
)

= u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ

∑
η
ωη ∧ ◦ϕγη + ω ∧

(
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
ϕγ − u−1ε

γu
β
ζu
−1δ
αF

δ,ε
y
xζ

∑
η
bγηω

η

)
.

In the expression (E), using
◦
ϕγη in Proposition 6.4:

◦
ϕγη = −

∑
λ
u−1λ
η du

γ
λ + u−1uγωη + δγη

∑
λ
u−1uλ ω

λ + u−1uηω
γ +

∑
λ

∑
θ

∑
ι

∑
κ
u−1ι
λu

γ
κu
−1θ
ηF

θ,ι
yxκ

ωλ

yields

(E) u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
dωγ = u−1ε

γu
β
ζu
−1δ
αF

δ,ε
y
xζ

∑
η
ωη ∧

(
−
∑
λ
u−1λ
η du

γ
λ + u−1uγωη + δγη

∑
λ
u−1uλω

λ

+u−1uηω
γ +

∑
λ

∑
θ

∑
ι

∑
κ
u−1ι
λu

γ
κu
−1θ
ηF

θ,ι
yxκ

ωλ
)

+ω ∧
(
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
ϕγ − u−1ε

γu
β
ζu
−1δ
αF

δ,ε
y
xζ

∑
η
bγηω

η

)
= −

∑
η

∑
λ
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
yxη
u−1λ
η ω

η ∧ duγλ + u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
u−1uγ

∑
η
ωη ∧ ωη

+
∑
η

∑
λ
δγηu

−1uλu
−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
ωη ∧ ωλ +

∑
η
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
u−1uηω

η ∧ ωγ

+
∑
η

∑
λ

∑
θ

∑
ι

∑
κ
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
u−1ι
λu

γ
κu
−1θ
ηF

θ,ι
yxκ

ωη ∧ ωλ

+ω ∧
(
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
ϕγ − u−1ε

γu
β
ζu
−1δ
αF

δ,ε
y
xζ

∑
η
bγηω

η

)
.
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Combining the terms A to E, while not forgetting the sums
∑
γ

∑
δ

∑
ε

∑
ζ

, therefore,

d

(∑
γ

∑
δ

∑
ε

∑
ζ
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
ωγ
)

= −
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
θ
uβζu

−1δ
αF

δ,ε
y
xζ
u−1ε
θu
−1η
γ du

θ
η ∧ ωγ +

∑
γ

∑
δ

∑
ε

∑
ζ
u−1ε
γu
−1δ
αF

δ,ε
y
xζ
duβζ ∧ ω

γ

−
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
θ
u−1ε
γu

β
ζu
−1δ
θu
−1η
αF

δ,ε
y
xζ
duθη ∧ ωγ +

∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
θ
u−1ε
γu

β
ζu
−1δ
αu
−1θ
ηDxθ

(
F δ,ε
y
xζ

)
ωη ∧ ωγ

+
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
θ
u−1ε
γu

β
ζu
−1δ
αu
−1uηθF

δ,ε
y
xζ
,y
xθ
ωη ∧ ωγ

(E.vii)

−
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
λ
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
u−1λ
η ω

λ ∧ duγλ

+
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
u−1uγ ωη ∧ ωη

(E.viii)

+
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
λ
δγηu

−1uλu
−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
ωη ∧ ωλ

+
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
u−1uη ω

η ∧ ωγ

+
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
λ

∑
θ

∑
ι

∑
κ
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
u−1ι
λu

γ
κu
−1θ
ηF

θ,ι
yxκ

ωη ∧ ωλ + ω ∧ X,

where X is a one-form which will not concern the calculation of S.

9.7.6 Step 6 Finally, to calculate d(bβαω), using the formula for dω,

d(bβαω) = dbβα ∧ ω + bβαdω

= dbβα ∧ ω + bβα
∑
η
ωη ∧ ωη + ω ∧ ϕbβα

= bβα
∑
η
ωη ∧ ωη

(E.ix)

+ ω ∧ (−dbβα + ϕbβα).

9.7.7 The term dϕβα Combining Steps 1 to 6,

dϕβα
=

∑
γ

∑
η

∑
θ
u−1γ
θu
−1η
α du

θ
η ∧ duβγ

−u−2uβ du ∧ ωα + u−1 duβ ∧ ωα + u−1uβ
∑
η

∑
λ
− u−1λ

α du
η
λ ∧ ωη

+ u−2uβ
∑
η
uηωα ∧ ωη +

∑
η

∑
λ
δηαu

−2uβuλ ω
λ ∧ ωη

(E.i)

+
∑
η
u−2uβuα ω

η ∧ ωη
(E.ii)

+
∑
η

∑
λ

∑
θ

∑
ι

∑
κ
u−1uβu−1ι

λu
η
κu
−1θ
αF

θ,ι
yxκ

ωλ ∧ ωη
(E.iii)

− u−2uβ ωα ∧ du

+
∑
η
u−2uβuη ωα ∧ ωη

(E.iv)

−
∑
η
u−2uβuη ωα ∧ ωη

−δαβ
∑
γ
u−2uγ du ∧ ωγ + δαβ

∑
γ
u−1 duγ ∧ ωγ

− δαβ
∑
γ

∑
η

∑
λ
u−1uγu

−1λ
η ω

η ∧ duγλ + δαβ
∑
γ

∑
η
u−2uγu

γ ωη ∧ ωη
(E.v)

+ δαβ
∑
γ

∑
η

∑
λ
δγηu

−2uγuλ ω
η ∧ ωλ + δαβ

∑
γ

∑
η
u−2uγuη ω

η ∧ ωγ

+ δαβ
∑
γ

∑
η

∑
λ

∑
θ

∑
ι

∑
κ
u−1uγu

−1ι
λu

γ
κu
−1θ
ηF

θ,ι
yxκ

ωη ∧ ωλ...
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...− u−2uα du ∧ ωβ + u−1 duα ∧ ωβ − u−1uα
∑
η

∑
λ
u−1λ
ηω

η ∧ duβλ + u−2uα
∑
η
uβ ωη ∧ ωη

(E.vi)

+
∑
η

∑
λ
δβηu

−2uαuλ ω
η ∧ ωλ +

∑
η
u−2uαuη ω

η ∧ ωβ +
∑
η

∑
λ

∑
θ

∑
ι

∑
κ
u−1uαu

−1ι
λu

β
κu
−1θ
ηF

θ,ι
yxκ

ωη ∧ ωλ

−
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
θ
uβζu

−1δ
αF

δ,ε
y
xζ
u−1ε
θu
−1η
γ du

θ
η ∧ ωγ +

∑
γ

∑
δ

∑
ε

∑
ζ
u−1ε
γu
−1δ
αF

δ,ε
y
xζ
duβζ ∧ ω

γ

−
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
θ
u−1ε
γu

β
ζu
−1δ
θu
−1η
αF

δ,ε
y
xζ
duθη ∧ ωγ +

∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
θ
u−1ε
γu

β
ζu
−1δ
αu
−1θ
ηDxθ

(
F δ,ε
y
xζ

)
ωη ∧ ωγ

+
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
θ
u−1ε
γu

β
ζu
−1δ
αu
−1uηθF

δ,ε
y
xζ
,y
xθ
ωη ∧ ωγ

(E.vii)

−
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
λ
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
u−1λ
η ω

λ ∧ duγλ

+
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
u−1uγ ωη ∧ ωη

(E.viii)

+
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
λ
δγηu

−1uλu
−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
ωη ∧ ωλ

+
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
u−1uη ω

η ∧ ωγ

+
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
λ

∑
θ

∑
ι

∑
κ
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
u−1ι
λu

γ
κu
−1θ
ηF

θ,ι
yxκ

ωη ∧ ωλ

bβα
∑
η
ωη ∧ ωη

(E.ix)

+ ω ∧ Y,

for some one-form Y which will not be concerned in the calculation of the S-tensor.

9.7.8 Terms of the form ωρ ∧ ωσ in dϕβα First, the terms of the form ω∗ ∧ ω∗ are as follows∑
η

∑
λ
δηαu

−2uβuλ ω
λ ∧ ωη, (E.i)

∑
η
u−2uβuα ω

η ∧ ωη, (E.ii)∑
η

∑
λ

∑
θ

∑
ι

∑
κ
u−1uβu−1ι

λu
η
κu
−1θ
αF

θ,ι
yxκ

ωλ ∧ ωη, (E.iii)∑
η
u−2uβuη ωα ∧ ωη = −

∑
η
u−2uβuη ω

η ∧ ωα, (E.iv)

δαβ
∑
γ

∑
η
u−2uγu

γ ωη ∧ ωη, (E.v)

u−2uα
∑
η
uβ ωη ∧ ωη, (E.vi)

−
∑
γ

∑
δ

∑
ε

∑
ζ

∑
η

∑
θ
u−1ε
γu

β
ζu
−1δ
αu
−1uηθF

δ,ε
y
xζ
,y
xθ
ωγ ∧ ωη, (E.vii)∑

γ

∑
δ

∑
ε

∑
ζ

∑
η
u−1ε
γu

β
ζu
−1δ
αF

δ,ε
y
xζ
u−1uγ ωη ∧ ωη, (E.viii)

bβα
∑
η
ωη ∧ ωη. (E.ix)

Rewriting them in the form ωρ ∧ ωσ, therefore the 9 terms are∑
ρ

∑
σ
δσαu

−2uβuρ ω
ρ ∧ ωσ, (E.i)

∑
ρ

∑
σ
δσρu

−2uβuα ω
ρ ∧ ωσ, (E.ii)

∑
ρ

∑
σ

(∑
θ

∑
ι

∑
κ
u−1uβu−1ι

ρu
σ
κu
−1θ
αF

θ,ι
yxκ

)
ωρ ∧ ωσ, (E.iii)
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−
∑
ρ

∑
σ
δσαu

−2uβuρ ω
ρ ∧ ωσ, (E.iv)

δαβ
∑
ρ

∑
σ

∑
γ
δσρu

−2uγu
γ ωρ ∧ ωσ, (E.v)

u−2uαu
β
∑
ρ

∑
σ
δσρω

ρ ∧ ωσ, (E.vi)

−
∑
ρ

∑
σ

(∑
δ

∑
ε

∑
ζ

∑
θ
u−1ε
ρu

β
ζu
−1δ
αu

σ
θu
−1F δ,ε

y
xζ
,y
xθ

)
ωρ ∧ ωσ, (E.vii)

∑
ρ

∑
σ

(
δσρ
∑
γ

∑
δ

∑
ε

∑
ζ
u−1ε
γu

β
ζu
−1δ
αu
−1uγF δ,ε

y
xζ

)
ωρ ∧ ωσ, (E.viii)

bβα
∑
ρ

∑
σ
δσρ ω

ρ ∧ ωσ. (E.ix)

9.8 The S tensor

From the calculations above, Sβσαρ comes from the following

Φβ
α =

∑
σ

∑
ρ

(
(E.i + E.ii + E.iii + E.iv + E.v + E.iv + E.vii + E.viii + E.ix)

−(D.i + D.ii + D.iii + D.iv + D.v + D.vi)

−(A.i + A.ii) + (B.i + B.ii + B.iii) + (C.i + C.ii + C.iii)
)
ωρ ∧ ωσ

+ω ∧ ψβα

Therefore,

Sβσαρ

= δσαu
−2uβuρ + δσρu

−2uβuα +
∑
θ

∑
ι

∑
κ
u−1uβu−1ι

ρu
σ
κu
−1θ
αF

θ,ι
yxκ
− δσαu−2uβuρ

+δαβ δ
σ
ρ

∑
γ
u−2uγu

γ + δσρu
−2uαu

β −
∑
ε

∑
ζ

∑
δ

∑
θ
u−1ε
ρu

β
ζu
−1δ
αu

σ
θu
−1F δ,ε

y
xζ
,y
xθ

+δσρ
∑
γ

∑
δ

∑
ε

∑
ζ
u−1uγu−1ε

γu
β
ζu
−1δ
αF

δ,ε
y
xζ

+ bβαδ
σ
ρ

+uρδ
σ
αu
−2uβ + δβρ δ

σ
α

∑
γ
u−2uγuγ + δσα

∑
γ

∑
µ

∑
ν

∑
ξ
u−1uγu−1ν

ρu
β
ξu
−1µ
γF

µ,ν
y
xξ

−δσαu−2uρu
β −

∑
θ

∑
ι

∑
κ
u−1uβu−1ι

ρu
σ
κu
−1θ
αF

θ,ι
yxκ
− δσρu−2uαu

β

+δσαu
−2uβuρ + δσαb

β
ρ − δβρ (δσαt− bσα) + δβρu

−2uσuα

+
∑
θ

∑
ι

∑
κ

∑
λ
δβρu

−1u−1θ
αu
−1λ
κu

σ
ι u

κF θ,λ
yxι
− δβα(δσρ t− bσρ) + δβαu

−2uσuρ

+
∑
θ

∑
ι

∑
κ

∑
λ
δβαu

−1u−1θ
ρu
−1λ
κu

σ
ι u

κF θ,λ
yxι
.
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After cancellations, rearranging of terms, and relabelling the indices,

Sβσαρ

= u−2(δσρu
βuα + δσαu

βuρ + δβρu
σuα + δβαu

σuρ) + (δαβ δ
ρ
σ + δβρ δ

σ
α)
∑
γ
u−2uγuγ

−
∑
ε

∑
ζ

∑
δ

∑
θ
u−1ε
ρu

β
ζu
−1δ
αu

σ
θu
−1F δ,ε

y
xζ
,y
xθ

+

[
δσρ
∑
θ

∑
ι

∑
κ

∑
λ
u−1uκu−1θ

αu
β
ι u
−1λ
κF

θ,λ
yxι

+ δσα
∑
θ

∑
ι

∑
κ

∑
λ
u−1uκu−1θ

ρu
β
ι u
−1λ
κF

θ,λ
yxι

+ δβρ
∑
θ

∑
ι

∑
κ

∑
λ
u−1uκu−1θ

αu
σ
ι u
−1λ
κF

θ,λ
yxι

+ δβα
∑
θ

∑
ι

∑
κ

∑
λ
u−1uκu−1θ

ρu
σ
ι u
−1λ
κF

θ,λ
yxι

]
− (δβρ δ

σ
α + δβαδ

σ
ρ )t+ (δσρ b

β
α + δσαb

β
ρ + δβρ b

σ
α + δβαb

σ
ρ).

(9.1)

In Proposition 7.1, when t = bαβ = dα = cα = 0 so that

ϕ =
◦
ϕ, ϕαβ =

◦
ϕαβ , ϕα =

◦
ϕα, ϕα =

◦
ϕα,

then immediate from Sβσαρ , the following tensor is obtained

◦
Sβσαρ := Sβσαρ |t=bαβ=dα=cα=0

= u−2(δσρu
βuα + δσαu

βuρ + δβρu
σuα + δβαu

σuρ) + (δαβ δ
ρ
σ + δβρ δ

σ
α)
∑
γ
u−2uγuγ

−
∑
ε

∑
ζ

∑
δ

∑
θ
u−1ε
ρu

β
ζu
−1δ
αu

σ
θu
−1F δ,ε

y
xζ
,y
xθ

+

[
δσρ
∑
θ

∑
ι

∑
κ

∑
λ
u−1uκu−1θ

αu
β
ι u
−1λ
κF

θ,λ
yxι

+ δσα
∑
θ

∑
ι

∑
κ

∑
λ
u−1uκu−1θ

ρu
β
ι u
−1λ
κF

θ,λ
yxι

+δβρ
∑
θ

∑
ι

∑
κ

∑
λ
u−1uκu−1θ

αu
σ
ι u
−1λ
κF

θ,λ
yxι

+ δβα
∑
θ

∑
ι

∑
κ

∑
λ
u−1uκu−1θ

ρu
σ
ι u
−1λ
κF

θ,λ
yxι

]
.

10 Normalisation of the S tensor

Therefore, the transformation in Proposition 7.1 changes
◦
Sβσαρ into Sβσαρ in the following way:

Sβσαρ =
◦
Sβσαρ + δσρ b

β
α + δσαb

β
ρ + δβρ b

σ
α + δβαb

σ
ρ − δβαδσρ t− δβρ δσαt, (10.1)

The normalisation of Sβσαρ involves finding an appropriate bβα so that the trace is zero∑
σ
Sβσασ = 0.

The term
∑

σ S
βσ
ασ can be expressed as

∑
σ
Sβσασ =

∑
σ

(
◦
Sβσασ + δσσb

β
α + δσαb

β
σ + δβσb

σ
α + δβαb

σ
σ − δβαδσσt− δβσδσαt)

=

(∑
σ

◦
Sβσασ

)
+ nbβα + bβα + bβα + δβα

∑
τ
bττ − nδβαt− δβαt

=

(∑
σ

◦
Sβσασ

)
+ (n+ 2)bβα + δβα

∑
τ
bττ − (n+ 1)δβαt,

(10.2)
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where τ is used to avoid confusion of notations. To choose an appropriate bβα so that
∑
σ
Sβσασ = 0, first∑

τ
bττ has to be calculated, and this can be done by taking trace with respect to α and β on

∑
σ
Sβσασ :

∑
σ

∑
ρ
Sρσρσ =

(∑
σ

∑
ρ

◦
Sρσρσ

)
+ (n+ 2)

∑
ρ
bρρ +

∑
ρ
δρρ
∑
τ
bττ − (n+ 1)

∑
ρ
δρρt

=
∑
π

∑
τ

◦
Sπτπτ + 2(n+ 1)

∑
τ
bττ − (n+ 1)nt,

where π is used so as to avoid confusion of notations. Since bβα is assumed to satisfy
∑
σ
Sβσασ = 0,

therefore
∑
ρ

∑
σ
Sρσρσ = 0 and hence

∑
τ
bττ =

1

2(n+ 1)

(
−
∑
π

∑
τ

◦
Sπτπτ + (n+ 1)nt

)
=

−1

2(n+ 1)

(∑
π

∑
τ

◦
Sπτπτ

)
+
n

2
t. (10.3)

Substitute equation (10.3) into (10.2),

0 =
∑
σ
Sβσασ =

(∑
σ

◦
Sβσασ

)
+ (n+ 2)bβα + δβα

(
−1

2(n+ 1)

[∑
π

∑
τ

◦
Sπτπτ

]
+
n

2
t

)
− (n+ 1)δβαt

=

(∑
τ

◦
Sβτατ

)
+ (n+ 2)bβα − δβα

1

2(n+ 1)

(∑
π

∑
τ

◦
Sπτπτ

)
− n+ 2

2
δβαt,

and therefore the expression of bβα is obtained:

bβα =
−1

n+ 2

(∑
τ

◦
Sβτατ

)
+ δβα

1

2(n+ 1)(n+ 2)

(∑
π

∑
τ

◦
Sπτπτ

)
+ δβα

t

2
, (10.4)

along with the other set of coefficients

bβρ =
−1

n+ 2

(∑
τ

◦
Sβτρτ

)
+ δβρ

1

2(n+ 1)(n+ 2)

(∑
π

∑
τ

◦
Sπτπτ

)
+ δβρ

t

2
,

bσα =
−1

n+ 2

(∑
τ

◦
Sστατ

)
+ δσα

1

2(n+ 1)(n+ 2)

(∑
π

∑
τ

◦
Sπτπτ

)
+ δσα

t

2
,

bσρ =
−1

n+ 2

(∑
τ

◦
Sστρτ

)
+ δσρ

1

2(n+ 1)(n+ 2)

(∑
π

∑
τ

◦
Sπτπτ

)
+ δσρ

t

2
.

(10.5)
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Substitute equations (10.5) and (10.4) into (10.1),

Sβσαρ =
◦
Sβσαρ + δσρ

(
−1

n+ 2

(∑
τ

◦
Sβτατ

)
+ δβα

1

2(n+ 1)(n+ 2)

(∑
π

∑
τ

◦
Sπτπτ

)
+ δβα

t

2

)
+ δσα

(
−1

n+ 2

(∑
τ

◦
Sβτρτ

)
+ δβρ

1

2(n+ 1)(n+ 2)

(∑
π

∑
τ

◦
Sπτπτ

)
+ δβρ

t

2

)
+ δβρ

(
−1

n+ 2

(∑
τ

◦
Sστατ

)
+ δσα

1

2(n+ 1)(n+ 2)

(∑
π

∑
τ

◦
Sπτπτ

)
+ δσα

t

2

)
+ δβα

(
−1

n+ 2

(∑
τ

◦
Sστρτ

)
+ δσρ

1

2(n+ 1)(n+ 2)

(∑
π

∑
τ

◦
Sπτπτ

)
+ δσρ

t

2

)
− δβαδ

σ
ρ t− δβρ δσαt

=
◦
Sβσαρ −

1

n+ 2
δσρ

(∑
τ

◦
Sβτατ

)
+ δσρ δ

β
α

1

2(n+ 1)(n+ 2)

(∑
π

∑
τ

◦
Sπτπτ

)
− 1

n+ 2
δσα

(∑
τ

◦
Sβτρτ

)
+ δσαδ

β
ρ

1

2(n+ 1)(n+ 2)

(∑
π

∑
τ

◦
Sπτπτ

)
− 1

n+ 2
δβρ

(∑
τ

◦
Sστατ

)
+ δβρ δ

σ
α

1

2(n+ 1)(n+ 2)

(∑
π

∑
τ

◦
Sπτπτ

)
− 1

n+ 2
δβα

(∑
τ

◦
Sστρτ

)
+ δβαδ

σ
ρ

1

2(n+ 1)(n+ 2)

(∑
π

∑
τ

◦
Sπτπτ

)
.

11 Explicit calculation of Sβρασ|id

The calculation starts with the explicit expression of
∑
τ

◦
Sβτατ and

∑
π,τ

◦
Sπτπτ . For the term

∑
τ

◦
Sβτατ which

is the first trace of
◦
Sβρασ, using equation (9.1),

∑
τ

◦
Sβτατ =u−2

∑
τ

(δττu
βuα + δταu

βuτ + δβτ u
τuα + δβαu

τuτ ) +
∑
τ

(δαβ δ
τ
τ + δβτ δ

τ
α)
∑
γ
u−2uγuγ

−
∑
ε

∑
ζ

∑
δ

∑
θ
uβζu

−1δ
α

(∑
τ
u−1ε
τu

τ
θ

)
u−1F δ,ε

y
xζ
,y
xθ

+

[∑
τ

∑
θ

∑
ι

∑
κ

∑
λ
δττu

−1uκu−1θ
αu

β
ι u
−1λ
κF

θ,λ
yxι

+
∑
τ

∑
θ

∑
ι

∑
κ

∑
λ
δταu

−1uκu−1θ
τu

β
ι u
−1λ
κF

θ,λ
yxι

+
∑
τ

∑
θ

∑
ι

∑
κ

∑
λ
δβτ u

−1uκu−1θ
αu

τ
ι u
−1λ
κF

θ,λ
yxι

+ δβα
∑
θ

∑
ι

∑
κ

∑
λ
u−1uκ

(∑
τ
u−1θ
τu

τ
ι

)
u−1λ
κF

θ,λ
yxι

]
=(n+ 2)u−2uβuα + (n+ 2)u−2δαβ

∑
γ
uγuγ −

∑
ε

∑
ζ

∑
δ
uβζu

−1δ
αu
−1F δ,ε

y
xζ
,yxε

+ (n+ 2)
∑
θ

∑
ι

∑
κ

∑
λ
u−1uκu−1θ

αu
β
ι u
−1λ
κF

θ,λ
yxι

+ δβα
∑
θ

∑
κ

∑
λ
u−1uκu−1λ

κF
θ,λ
y
xθ
.

The expressions
∑
τ

◦
Sβτρτ ,

∑
τ

◦
Sστατ and

∑
τ

◦
Sστρτ are obtained by changing appropriate letters. Next, taking

the second trace,∑
π

∑
τ

◦
Sπτπτ = u−2(n+ 2)

∑
π
uπuπ + (n+ 2)u−2

∑
γ
uγuγ

(∑
π
δππ

)
−
∑
ε

∑
ζ

∑
δ

(∑
π
uπζu

−1δ
π

)
u−1F δ,ε

y
xζ
,yxε

+(n+ 2)
∑
θ

∑
ι

∑
κ

∑
λ
u−1uκ

(∑
π
u−1θ
πu

π
ι

)
u−1λ
κF

θ,λ
yxι

+

(∑
π
δππ

)(∑
θ

∑
κ

∑
λ
u−1uκu−1λ

κF
θ,λ
y
xθ

)
= u−2(n+ 2)(n+ 1)

∑
γ
uγuγ −

∑
ε

∑
δ
u−1F δ,ε

y
xδ
,yxε

+ 2(n+ 1)
∑
θ

∑
κ

∑
λ
u−1uκu−1λ

κF
θ,λ
y
xθ
.
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By using the explicit expressions of
∑
τ

◦
Sβτρτ ,

∑
τ

◦
Sστατ ,

∑
τ

◦
Sστρτ , and

∑
π

∑
τ

◦
Sπτπτ , after much cancellations

and reorganisation of the terms,

Sβσαρ = −
∑
ε

∑
ζ

∑
δ

∑
θ
u−1ε
ρu

β
ζu
−1δ
αu

σ
θu
−1F δ,ε

y
xζ
,y
xθ

+
u−1

n+ 2

∑
ε

∑
ζ

∑
δ

(
δσρu

β
ζu
−1δ
α + δσαu

β
ζu
−1δ
ρ + δβρu

σ
ζu
−1δ
α + δβαu

σ
ζu
−1δ
ρ

)
F δ,ε
y
xζ
,yxε

−
[

u−1

(n+ 1)(n+ 2)
(δσρ δ

β
α + δσαδ

β
ρ )

]∑
ε

∑
δ
F δ,ε
y
xδ
,yxε

.

Finally, let µ, κ, λ and ν be new indices. Then

Sλµκν := −u
∑
α

∑
β

∑
σ

∑
ρ
uρνu
−1λ
βu

α
κu
−1µ
σS

βσ
αρ

=
∑
ε

∑
ζ

∑
δ

∑
θ

(∑
ρ
u−1ε
ρu

ρ
ν

)(∑
β
u−1λ
βu

β
ζ

)(∑
α
u−1δ
αu

α
κ

)(∑
σ
u−1µ
σu

σ
θ

)
F δ,ε
y
xζ
,y
xθ

− 1

n+ 2

∑
ε

∑
ζ

∑
δ

(∑
β
u−1λ
βu

β
ζ

)(∑
α
u−1δ
αu

α
κ

)(∑
σ

∑
ρ
δσρu

ρ
νu
−1µ
σ

)
F δ,ε
y
xζ
,yxε

− 1

n+ 2

∑
ε

∑
ζ

∑
δ

(∑
β
u−1λ
βu

β
ζ

)(∑
ρ
u−1δ
ρu

ρ
ν

)(∑
σ

∑
α
δσαu

α
κu
−1µ
σ

)
F δ,ε
y
xζ
,yxε

− 1

n+ 2

∑
ε

∑
ζ

∑
δ

(∑
σ
u−1µ
σu

σ
ζ

)(∑
α
u−1δ
αu

α
κ

)(∑
ρ

∑
β
δβρu

ρ
νu
−1λ
β

)
F δ,ε
y
xζ
,yxε

− 1

n+ 2

∑
ε

∑
ζ

∑
δ

(∑
σ
u−1µ
σu

σ
ζ

)(∑
ρ
u−1δ
ρu

ρ
ν

)(∑
α

∑
β
δβαu

α
κu
−1λ
β

)
F δ,ε
y
xζ
,yxε

+
1

(n+ 1)(n+ 2)

∑
ε

∑
δ

(∑
ρ

∑
σ
δσρu
−1µ
σu

ρ
ν

)(∑
α

∑
β
δβαu
−1λ
βu

α
κ

)
F δ,ε
y
xδ
,yxε

+
1

(n+ 1)(n+ 2)

∑
ε

∑
δ

(∑
σ

∑
α
δσαu
−1µ
σu

α
κ

)(∑
ρ

∑
β
δβρu
−1λ
βu

ρ
ν

)
F δ,ε
y
xδ
,yxε

,

from which one obtains

Sλµκν := −u
∑
α

∑
β

∑
σ

∑
ρ
uρνu
−1λ
βu

α
κu
−1µ
σS

βσ
αρ

= F κ,ν
y
xλ
,yxµ
− 1

n+ 2

(
δµν
∑
ε
F κ,ε
y
xλ
,yxε

+ δµκ
∑
ε
F ν,ε
y
xλ
,yxε

+ δλν
∑
ε
F κ,ε
yxµ ,yxε

+ δλκ
∑
ε
F ν,ε
yxµ ,yxε

)
+

1

(n+ 1)(n+ 2)

∑
ε

∑
δ

(δµν δ
λ
κ + δλν δ

µ
κ)F δ,ε

y
xδ
,yxε

,

or in the standard notation in [CM75],

Sβσαρ = Fα,ρ
y
xβ
,yxσ
− 1

n+ 2

(
δσρ
∑
ε
Fα,ε
y
xβ
,yxε

+ δσα
∑
ε
F ρ,ε
y
xβ
,yxε

+ δβρ
∑
ε
Fα,ε
yxσ ,yxε

+ δβα
∑
ε
F ρ,ε
yxσ ,yxε

)
+

1

(n+ 1)(n+ 2)

∑
ε

∑
δ

(δσρ δ
β
α + δβρ δ

σ
α)F δ,ε

y
xδ
,yxε

,

which is the expression of the invariant.
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12 Appendix: Cartan Lemma for 1-Forms and for 2-Forms
Lemma 12.1. On KN>1 equipped with a number 1 6 M 6 N of independent (local) differential
1-forms

{
τ1, . . . , τM

}
, if given differential 1-forms

{
λ1, . . . , λM

}
satisfy:

0 = τ1 ∧ λ1 + · · ·+ τM ∧ λM =
∑

16i6M

τi ∧ λi,

then:
λi ≡ 0 mod

〈
τ1, . . . , τM

〉
(16 i6 M),

and more precisely, there exist functions Ai,j such that:

λi =
∑

16j6M

Ai,j · τj.

Observe that when M = N, the statement is void, since
{
τ1, . . . , τN

}
is then a coframe along which

any 1-form decomposes.

Proof. Complete {τ1, . . . , τM} as a coframe
{
τ1, . . . , τM, χ1, . . . , χN−M

}
, decompose:

λi =
∑

16j6M

Ai,j · τj +
∑

16k6N−M

Bi,k · χk,

insert in the hypothesis:

0 =
∑

16i6M

τi ∧ λi

=
∑

16i6M

∑
16j6M

Ai,j · τi ∧ τj +
∑

16i6M

∑
16k6N−M

Bi,k · τi ∧ χk◦,

and conclude that all Bi,k = 0, since all 2-forms τi∧χk are independent, and do not mix linearly with
the others τi ∧ τj .

Lemma 12.2. On KN>1 equipped with a number 1 6 M 6 N of independent (local) differential
1-forms

{
τ1, . . . , τM

}
, if given differential 2-forms

{
Ω1, . . . ,ΩM

}
satisfy:

0 = τ1 ∧ Ω1 + · · ·+ τM ∧ ΩM =
∑

16i6M

τi ∧ Ωi,

then:
Ωi ≡ 0 mod

〈
τ1, . . . , τM

〉
(16 i6 M),

and more precisely, completing {τ1, . . . , τM} as a coframe
{
τ1, . . . , τM, χ1, . . . , χN−M

}
, there exist

functions Ai,j1,j2 and Bi,j,k such that:

Ωi =
∑

16j1<j26M

Ai,j1,j2 · τj1 ∧ τj2 +
∑

16j6M

∑
16k6N−M

Bi,j,k · τj ∧ χk.

Proof. Observe that wedge products between its elements are:〈
τj1 , χk1

〉
∧
〈
τj2 , χk2

〉
=
〈
τj1 ∧ τj2

〉
+
〈
τj1 ∧ χk2

〉
+
〈
χk1 ∧ τj2

〉
◦

+
〈
χk1 ∧ χk2

〉
=
〈
τj1 ∧ τj2

〉
+
〈
τj ∧ χk

〉
+
〈
χk1 ∧ χk2

〉
,
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whence there are functions Ai,j1,j2 , Bi,j,k, Ci,k1,k2 such that:

Ωi =
∑

16j1<j26M

Ai,j1,j2 · τj1 ∧ τj2 +
∑

16j6M

∑
16k6N−M

Bi,j,k · τj ∧ χk +
∑

16k1<k26N−M

Ci,k1,k2 · χk1 ∧ χk2 ,

insert this in the hypothesis:

0 =
∑

16i6M

τi ∧ Ωi

=
∑

16i6M

∑
16j1<j26M

Ai,j1,j2 · τi ∧ τj1 ∧ τj2 +
∑

16i6M

∑
16j6M

∑
16k6N−M

Bi,j,k · τi ∧ τj ∧ χk +

+
∑

16i6M

∑
16k1<k26N−M

Ci,k1,k2 · τi ∧ χk1 ∧ χk2◦
,

and conclude that all Ci,k1,k2 = 0, since all 3-forms τi ∧ χk1 ∧ χk2 with k1 < k2 are independent, and
do not mix linearly with the others τi ∧ τj1 ∧ τj2 , τi ∧ τj ∧ χk.

13 Hachtroudi-Chern-Moser tensor in CR geometry
In the previous section, the S-tensor is an invariant associated to the second order PDE systems

yxαxβ = Fα,β(xγ, y, yxδ).

This chapter will discuss the application of the S tensor to CR geometry, notably the case of real
hypersurfaces in Cn+1. The exposition closely follows the previous chapter on the umbilic locus of
the CR ellipsoids in C2, except with a few differences.

13.1 Some preliminaries
Let (z1, . . . , zn, w) be holomorphic coordinates on Cn+1, with

zi = xi +
√
−1yi

w = u+
√
−1v

(16i6n),

which at the end, w will be denoted by zn+1. Also, set z := (z1, . . . , zn), and let

r : Cn+1 −→ R
(z, w) 7−→ r(z, w, z̄, w̄),

be a real-analytic, real-valued function with r(0) = 0. By analyticity condition, r may be expressed
as a converging power series in a neighbourhood of the origin

r =
∑

(i1,...,in+1)∈Nn+1

∑
(j1,...,jn+1)∈Nn+1

ai1,...,in+1,j1,...,jn+1 z
i1
1 · · · zinn win+1 z̄j11 · · · z̄jnn w̄jn+1 .

Since r is real, the conjugation of the coefficients permutes the indices:

ai1,...,in+1,j1,...,jn+1 = aj1,...,jn+1,i1,...,in+1 , (13.1)

and hence just as before, for every 1 6 k 6 n, the following relations are obtained:

rzk(z, w, z̄, w̄) = rz̄k(z, w, z̄, w̄),

rw(z, w, z̄, w̄) = rw̄(z, w, z̄, w̄).
(13.2)
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13.2 Real Manifold M 2n+1 ⊂ Cn+1

Let r be a real-analytic, real-valued function as before, and letM2n+1 ⊂ Cn+1 be the real hypersurface
passing through the origin defined by

M2n+1 = {r = 0}.

Assume that the following differential form restricted to M

dr|M =
∑

16k6n
rzk |M dzk + rw|M dw +

∑
16k6n

rz̄k |M dz̄k + rw̄|M dw̄

does not vanish anywhere, therefore M is a real manifold of real dimension 2n+ 1. By renumbering
the coordinates and restricting dr|M to a smaller subset if necessary, without loss of generality, rw
may be assumed to be non-vanishing anywhere on M .

13.3 Tangent bundle on M , extrinsic version
Let TM be the real tangent bundle on M , and let CTM = TM ⊗R C be its complexified tangent
bundle. At each p ∈M , denote the following vector spaces

T 1,0
p M := CTpM ∩ T 1,0

p Cn+1,

T 0,1
p M := CTpM ∩ T 0,1

p Cn+1,

or more explicitly, they can be written as

T 1,0
p M =

{ ∑
16k6n

ak∂zk + a∂w : (a1, . . . , an, a) ∈ Cn+1,
∑

16k6n
akrzk(p) + arw(p) = 0

}
,

T 0,1
p M =

{ ∑
16k6n

ak∂z̄k + a∂w̄ : (a1, . . . , an, a) ∈ Cn+1,
∑

16k6n
akrzk(p) + arw(p) = 0

}
.

Since each of the vector spaces above is defined by a non-degenerate (because rw does not vanish
everywhere) hyperplane equation in Cn+1, the complex dimension of each of them is n, and hence
the rank of each of the following vector bundles

T 1,0M =
⊔
p∈M

T 1,0
p M,

T 0,1M =
⊔
p∈M

T 0,1
p M,

is n. The vector fields
Lk := −rw∂zk + rzk∂w (16k6n)

form a frame of T 1,0M bundle because rw is assumed to be non-vanishing everywhere, and they
annihilate r at every point in M . Their respective conjugates L̄k form a frame for the T 0,1M bundle.

13.4 Commutator properties and the Levi matrix
A quick calculation shows that for 1 6 i, j 6 n,

[Li, Lj] = [L̄i, L̄j] = 0.
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In contrast, the commutators of T 1,0M and T 0,1M vector fields are not zero in general:

[Li, L̄j] = [−rw∂zi + rzi∂zi ,−rw̄∂z̄j + rz̄j∂w̄]

= [−rw∂zi ,−rw̄∂z̄j ]− [rw∂zi , rz̄j∂w̄]− [rzi∂w, rw̄∂z̄j ] + [rzi∂w, rz̄j∂w̄]

= rwrziw̄∂z̄j − rw̄rz̄jw∂zi − rwrziz̄j∂w̄ + rz̄jrww̄∂zi
−rzirww̄∂z̄j + rw̄rz̄jzi∂w + rzirwz̄j∂w̄ − rz̄jrziw̄∂w

=
rwrziw̄
rw̄

rw̄∂z̄j −
rw̄rz̄jw

rw
rw∂zi − rwrziz̄j∂w̄

+
rz̄jrww̄

rw
rw∂zi −

rzirww̄
rw̄

rw̄∂z̄j + rw̄rz̄jzi∂w + rzirwz̄j∂w̄ − rz̄jrziw̄∂w.

By using the following relations

rw∂zi ≡ rzi∂w mod T 1,0M ⊕ T 0,1M,

rw̄∂z̄i ≡ rz̄i∂w̄ mod T 1,0M ⊕ T 0,1M,

the Lie bracket of the two vector fields takes on the final expression:

[Li, L̄j] ≡ [rwrw̄rziz̄j − rwrz̄jrziw̄ − rzirw̄rwz̄j + rzirz̄jrww̄]

(
1

rw
∂w −

1

rw̄
∂w̄

)
mod T 1,0M ⊕ T 0,1M.

Definition 13.3. The Levi matrix L(r) = (λij) is a matrix whose entries are given by

λij = rwrw̄rziz̄j − rwrz̄jrziw̄ − rzirw̄rwz̄j + rzirz̄jrww̄.

Definition 13.4. A smooth real manifold M2n+1 ⊂ Cn+1 defined by a real-analytic, real-valued
defining function r is Levi non-degenerate at p ∈ M if det(L(r)) does not vanish at p. The manifold
is Levi non-degenerate if det(L(r)) does not vanish anywhere.

13.5 M as a graph of complex-valued function
The assumption that rw does not vanish anywhere on M means that M may be expressed as a graph
of a complex-valued function, like in the case of C2. More precisely, let (s, t) := (s1, . . . , sn, t) be
holomorphic coordinates that complexifies (z̄1, . . . , z̄n, w̄). Then r(z, w, s, t) is the polarisation of
r(z, w, z̄, w̄). Since rw does not vanish anywhere on M , its polarisation rw(z, w, s, t) does not vanish
anywhere in a small neighbourhood of the origin in C2n+2. By the Holomorphic Implicit Function
theorem, there exists a holomorphic function Θ(z, s, t) such that

{r(z, w, s, t) = 0} = {w = Θ(z, s, t)}.

Upon restriction to {s = z̄, t = w̄}, the manifold M may be represented in two ways:

M = {r(z, w, z̄, w̄) = 0} = {w = Θ(z, z̄, w̄)}.

Based on the definition, the following trivial identity holds:

0 ≡ r(z,Θ(z, z̄, w̄), z̄, w̄). (13.5)

13.6 Some identities between r and Θ.
Let F (z, w, z̄, w̄) := (z,Θ(z, z̄, w̄), z̄, w̄). By differentiating equation (13.5) with respect to zi, z̄i and
w̄, the following identities are obtained:

0 ≡ rzi ◦ F + Θzirw ◦ F, (13.6)
0 ≡ rz̄i ◦ F + Θz̄irw ◦ F, (13.7)
0 ≡ rw̄ ◦ F + Θw̄rw ◦ F . (13.8)
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Since the assumption that rw vanishes nowhere, by equation (13.8), the function Θw̄ vanishes
nowhere. Differentiating equation (13.6) with respect to z̄j and w̄ yields

0 ≡ rziz̄j ◦ F + Θz̄jrziw ◦ F + Θzirwz̄j ◦ F + ΘziΘz̄jrww ◦ F + Θziz̄jrw ◦ F, (13.9)
0 ≡ rziw̄ ◦ F + Θw̄rziw ◦ F + Θzirww̄ ◦ F + ΘziΘw̄rww ◦ F + Θziw̄rw ◦ F. (13.10)

There is also another identity coming from differentiating equation (13.6) with respect to zj , which
will be used later:

0 ≡ rzizj ◦ F + Θzjrziw ◦ F + Θzizjrw ◦ F + Θzirzjw ◦ F + ΘziΘzjrww ◦ F. (13.11)

In what follows, the notation ◦F may sometimes be suppressed, and at the end of this chapter the
variable w may be replaced by a new notation zn+1.

13.7 The expression δij.
Just as in the previous chapter, let δij denote the following expression

δij := Θz̄jΘzi,w̄ −Θw̄Θziz̄j .

A similar proof shows that

Lemma 13.12. The following identity holds

λij ◦ F = −(rw ◦ F )3δij.

Proof. The proof is carried out verbatim as in the C2 case, replacing z by zi and z̄ by z̄j . Starting
from

λij ◦ F = rzirz̄jrww̄ − rzirw̄rwz̄j − rz̄jrwrziw̄ + rwrw̄rziz̄j ,

using equations (13.6) to (13.9) concludes the proof.

13.8 The Levi non-degenerate condition
Fix the following notation (z, w, wz) := (z1, . . . , zn, w, wz1 , . . . , wzn) which will be one of the holo-
morphic coordinates on C2n+1. Let ϕ : (C2n+1, (z, s, t)) → (C2n+1, (z, w, wz)) be the holomorphic
map given by

ϕ : C2n+1 −→ C2n+1

(z, s, t) 7−→ (z1, . . . , zn,Θ(z, s, t),Θz1(z, s, t), . . . ,Θzn(z, s, t)),

whose Jacobian matrix is

J(Θ) =



1 · · · 0 0 · · · 0 0
... . . . ...

... . . . ...
...

0 · · · 1 0 · · · 0 0
Θz1 · · · Θzn Θs1 · · · Θsn Θt

Θz1z1 · · · Θz1zn Θz1s1 · · · Θz1sn Θz1t
... . . . ...

... . . . ...
...

Θznz1 · · · Θznzn Θzns1 · · · Θznsn Θznt


.

Let j(Θ) be the lower right block of the matrix

j(Θ) :=


Θs1 · · · Θsn Θt

Θz1s1 · · · Θz1sn Θz1t
... . . . ...

...
Θzns1 · · · Θznsn Θznt

 . (13.13)
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Therefore, the Jacobian of the map ϕ is the determinant of the lower right block matrix

∆(Θ) := Jac(ϕ) = det j(Θ).

Proposition 13.14. Let M2n+1 ⊂ Cn+1 be a smooth, real hypersurface given by the vanishing locus
of a real analytic, real-valued function r. Then the following identity holds on M

det
(
(λij)16i,j6n

)
= (−1)n(rw)3n(Θw̄)n−1∆(Θ|M).

Therefore, M is Levi non-degenerate if and only if ∆(Θ|M) vanishes nowhere on M .

Proof. The proof involves formal manipulation of matrices. By lemma 13.12,

det
(
(λij)16i,j6n

)
= det

(
(−r3

wδij)16i,j6n

)
= (−1)n(rw)3ndet

(
(δij)16i,j6n

)
.

It remains to calculate det
(
(δij)16i,j6n

)
. Observe that

det
(
(δij)16i,j6n

)
=

∣∣∣∣∣∣∣
Θz̄1Θz1w̄ −Θw̄Θz1z̄1 · · · Θz̄nΘz1w̄ −Θw̄Θz1z̄n

... . . . ...
Θz̄1Θznw̄ −Θw̄Θznz̄1 · · · Θz̄nΘznw̄ −Θw̄Θznz̄n

∣∣∣∣∣∣∣
= (−1)nΘn

w̄

∣∣∣∣∣∣∣
Θz1z̄1 −

Θz̄1
Θw̄

Θz1w̄ · · · Θz1z̄n −
Θz̄n
Θw̄

Θz1w̄

... . . . ...
Θznz̄1 −

Θz̄1
Θw̄

Θznw̄ · · · Θznz̄n −
Θz̄n
Θw̄

Θznw̄

∣∣∣∣∣∣∣
= Θn

w̄

∣∣∣∣∣∣∣∣∣∣

Θz̄1
Θw̄

· · · Θz̄n
Θw̄

1

Θz1z̄1 −
Θz̄1
Θw̄

Θz1w̄ · · · Θz1z̄n −
Θz̄n
Θw̄

Θz1w̄ 0
... . . . ...

Θznz̄1 −
Θz̄1
Θw̄

Θznw̄ · · · Θznz̄n −
Θz̄n
Θw̄

Θznw̄ 0

∣∣∣∣∣∣∣∣∣∣
= Θn

w̄

∣∣∣∣∣∣∣∣∣
Θz̄1
Θw̄

· · · Θz̄n
Θw̄

1

Θz1z̄1 · · · Θz1z̄n Θz1w̄
... . . . ...

Θznz̄1 · · · Θznz̄n Θz1w̄

∣∣∣∣∣∣∣∣∣
= Θn−1

w̄

∣∣∣∣∣∣∣∣∣
Θz̄1 · · · Θz̄n Θw̄

Θz1z̄1 · · · Θz1z̄n Θz1w̄
... . . . ...

Θznz̄1 · · · Θznz̄n Θz1w̄

∣∣∣∣∣∣∣∣∣ = Θn−1
w̄ ∆(Θ|M),

which proves the proposition.

Under the assumption thatM is Levi non-degenerate, by restricting ϕ to a smaller subset of C2n+1,
the map ϕ is a local biholomorphism. Hence there exist n + 1 functions Λ1, . . . ,Λn,Π such that for
1 6 i 6 n,

si = Λi

(
z,Θ(z, s, t),Θz1(z, s, t), . . . ,Θzn(z, s, t)

)
,

t = Π
(
z,Θ(z, s, t),Θz1(z, s, t), . . . ,Θzn(z, s, t)

)
,

as well as

w = Θ
(
z,Λ1(z, w, wz), . . . ,Λn(z, w, wz),Π(z, w, wz)

)
, (13.15)

wzi = Θzi

(
z,Λ1(z, w, wz), . . . ,Λn(z, w, wz),Π(z, w, wz)

)
. (13.16)
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By differentiating equations (13.15) and (13.16) with respect to w and wzi , the following system of
equations is obtained for 1 6 i, j 6 n:

1 = Θs1Λ1,w + · · ·+ ΘsnΛn,w + ΘtΠw,

0 = Θs1Λ1,wzj
+ · · ·+ ΘsnΛn,wzj

+ ΘtΠwzj
,

0 = Θzis1Λ1,w + · · ·+ ΘzisnΛn,w + ΘzitΠw,

δij = Θzis1Λ1,wzj
+ · · ·+ ΘzisnΛn,wzj

+ ΘzitΠwzj
.

Consequently, the equations above may be expressed in terms of matrix multiplication:
Θs1 · · · Θsn Θt

Θz1s1 · · · Θz1sn Θz1t
... . . . ...

...
Θzn−1s1 · · · Θzn−1sn Θzn−1t

Θzns1 · · · Θznsn Θznt




Λ1,w Λ1,wz1

· · · Λ1,wzn

Λ2,w Λ2,wz1
· · · Λ2,wzn

...
... . . . ...

Λn,w Λn,wz1
· · · Λn,wzn

Πw Πwz1
· · · Πwzn

 = Idn×n.

Let ∆(i,j)(Θ) be the determinant of the matrix

∆(i,j)(Θ) := (−1)i+jdet
(
j(Θ)(j,i)

)
,

where (j(Θ))(i,j) is the matrix with i-th row and j-th column of j(Θ) removed. Therefore by Cramer’s
rule, for 1 6 i, j 6 n,

Λi,w =
∆(i,1)(Θ)

∆(Θ)
,

Πw =
∆(n+1,1)(Θ)

∆(Θ)
,

Λi,wzj
=

∆(i,j+1)(Θ)

∆(Θ)
,

Πwzj
=

∆(n+1,j+1)(Θ)

∆(Θ)
.

13.9 Translation between Θ and r

The functions Λi,w, Πw, Λi,wzj
, Πwzj

and Θzizj may be expressed in terms of the defining function r.
To this end, let zn+1 := w (in some places w may also appear), and for 1 6 k, l 6 n + 1, define on
M the following functions

Hk,l := −[rwrwrzkzl − rzlrwrzkw − rzkrwrzlw + rzkrzlrww],

Hk,l = −[rwrwrzk z̄l − rz̄lrwrzkw − rzkrwrz̄lw + rzkrz̄lrww],

Proposition 13.17. For 1 6 i, j 6 n and 1 6 k, l 6 n+ 1, the following identities hold on M :

Θzizj =
Hi,j

r3
w

,

Θzkzl =
Hk,l

r3
w

,
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Proof. Moving Θzizjrw in equation (13.11)

0 ≡ rzizj + Θzjrziw + Θzizjrw + Θzirzjw + ΘziΘzjrww

over to the left gives

−Θzizjrw ≡ rzizj + Θzjrziw + Θzirzjw + ΘziΘzjrww.

Multiplying on both sides by r2
w, and then using equations (13.6) to (13.8), yields

−Θzizjr
3
w ≡ rzizjr

2
w +−rzjrziwrw − rzirzjwrw + rzirzjrww.

Therefore, the first identity is proved. The rest of the proof is done in the same way.

Let ∆(r) denote the determinant of the following matrix:

∆(r) :=

∣∣∣∣∣∣∣∣∣
rz̄1 · · · rz̄n rzn+1

H1,1 · · · H1,n H1,n+1
... . . . ...

...
Hn,1 · · · Hn,n Hn,n+1

∣∣∣∣∣∣∣∣∣ .
Based on the identities above, the determinants ∆(i,j+1)(Θ) and ∆(Θ) can be expressed in terms of r
when restricted to M . More explicitly, applying equations (13.6) to (13.8) and proposition 13.17 to
each of the coefficients in ∆(i,j+1)(Θ|M):

∆(i,j+1)(Θ|M) = (−1)i+j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Θz̄1 · · · Θz̄i−1
Θz̄i+1

· · · Θz̄n Θw̄

Θz1z̄1 · · · Θz1z̄i−1
Θz1z̄i+1

· · · Θznz̄n Θz1w̄
... . . . ...

... . . . ...
...

Θzj−1z̄1 · · · Θzj−1z̄i−1
Θzj−1z̄i+1

· · · Θzj−1z̄n Θzj−1w̄

Θzj+1z̄1 · · · Θzj+1z̄i−1
Θzj+1z̄i+1

· · · Θzj+1z̄n Θzj+1w̄
... . . . ...

... . . . ...
...

Θznz̄1 · · · Θznz̄i−1
Θznz̄i+1

· · · Θznz̄n Θznw̄

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
−(−1)i+j

(rw)3n−2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

rz̄1 · · · rz̄i−1
rz̄i+1

· · · rz̄n rzn+1

H1,1 · · · H1,i−1 H1,i+1 · · · H1,n H1,n+1
... . . . ...

... . . . ...
...

Hj−1,1 · · · Hj−1i−1 Hj−1,i+1 · · · Hj−1,n Hj−1,n+1

Hj+1,1 · · · Hj+1,i−1 Hj+1,i+1 · · · Hj+1,n Hj+1,n+1
... . . . ...

... . . . ...
...

Hn,1 · · · Hn,i−1 Hn,i+1 · · · Hn,n Hn,n+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=:

−1

(rzn+1)3n−2
∆(i,j+1)(r).

The restriction of ∆(Θ) to M is also written in a similar way:

∆(Θ|M) =
−1

r3n+1
zn+1

∆(r).

Consequently, their quotients are related by a factor of a non-vanishing function on M :

∆(i,j+1)(Θ|M)

∆(Θ|M)
=

∆(i,j+1)(r)

∆(r)
r3
zn+1

.
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13.10 The vector field ∂wzk and the Hachtroudi-Chern-Moser tensor for CR
geometry

For any differentiable function

G(z, s, t) = G
(
z,Λ1(z, w, wz), . . . ,Λn(z, w, wz),Π(z, w, wz)

)
,

its derivative with respect to wzj for each 1 6 j 6 n gives

∂wzjG(z, s, t) = Λ1,wzj
∂s1G(z, s, t) + · · ·+ Λn,wzj

∂snG(z, s, t) + Πwzj
∂tG(z, s, t)

=
∑

16l6n

∆(l,j+1)(Θ)

∆(Θ)
∂slG(z, s, t) +

∆(n+1,j+1)(Θ)

∆(Θ)
∂tG(z, s, t).

By restriction to M and again adopting the notation zn+1 := w yields

∂wzjG(z, z̄, w̄) = (rw)3

( ∑
16l6n

∆(l,j+1)(r)

∆(r)
∂z̄lG(z, z̄, w̄) +

∆(n+1,j+1)(r)

∆(r)
∂w̄G(z, z̄, w̄)

)
= (rzn+1)3

∑
16l6n+1

∆(l,j+1)(r)

∆(r)
∂z̄lG(z, z̄, z̄n+1).

At this point, Cartan’s method applied to

w = Θ(z1, . . . , zn, s1, . . . , sn, t)

along with the associated second order PDE

wzizj = Θzizj(z1, . . . , zn, s1, . . . , sn, t)

= Θzizj(z,Λ1(z, w, wz), . . . ,Λn(z, w, wz),Π(z, w, wz))

:= Gij(z, w, wz)

provides the following Hachtroudi-Chern-Moser tensor

Sβσαρ |id = Gα,ρ
wzβ ,wzσ

− 1

n+ 2

(
δσρ
∑
ε
Gα,ε
wzβ ,wzε

+ δσα
∑
ε
Gρ,ε
wzβ ,wzε

+ δβρ
∑
ε
Gα,ε
wzσ ,wzε

+ δβα
∑
ε
Gρ,ε
wzσ ,wzε

)
+

1

(n+ 1)(n+ 2)

∑
ε

∑
δ

(δσρ δ
β
α + δβρ δ

σ
α)Gδ,ε

wzδ ,wzε
.

whose restriction to M gives

S̃βσαρ |id =
∑
k

∑
l

r3
zn+1
·∆(k,σ+1)(r)

∆(r)
∂z̄k

[
r3
zn+1
·∆(l,β+1)(r)

∆(r)
∂z̄l

(
Hα,σ

r3
zn+1

)]
− 1

n+ 2

{
δσρ
∑
ε

(∑
k

∑
l

r3
zn+1
·∆(k,ε+1)(r)

∆(r)
∂z̄k

[
r3
zn+1
·∆(k,β+1)(r)

∆(r)
∂z̄l

(
Hα,ε

r3
zn+1

)])
+δσα

∑
ε

(∑
k

∑
l

r3
zn+1
·∆(k,ε+1)(r)

∆(r)
∂z̄k

[
r3
zn+1
·∆(k,β+1)(r)

∆(r)
∂z̄l

(
Hρ,ε

r3
zn+1

)])
+δβρ

∑
ε

(∑
k

∑
l

r3
zn+1
·∆(k,ε+1)(r)

∆(r)
∂z̄k

[
r3
zn+1
·∆(k,σ+1)(r)

∆(r)
∂z̄l

(
Hα,ε

r3
zn+1

)])
+δβα

∑
ε

(∑
k

∑
l

r3
zn+1
·∆(k,ε+1)(r)

∆(r)
∂z̄k

[
r3
zn+1
·∆(k,σ+1)(r)

∆(r)
∂z̄l

(
Hρ,ε

r3
zn+1

)])}
+

1

(n+ 1)(n+ 2)

∑
ε

∑
δ

∑
k

∑
l

(δσρ δ
β
α + δβρ δ

σ
α)
r3
zn+1
·∆(k,ε+1)(r)

∆(r)
∂z̄k

[
r3
zn+1
·∆(k,δ+1)(r)

∆(r)
∂z̄l

(
Hδ,ε

r3
zn+1

)])
.
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13.11 An alternative formulation
There is in fact a more natural expression of the vector field ∂wzi . For 1 6 i, j 6 n, let
λij = rziz̄jrww̄ − rzirw̄rwz̄j − rz̄jrwrziw + rwrw̄rziz̄j be the components of the Levi form as previ-
ously mentioned, and let (λij) denote the matrix with coefficients λij . (Here the convention w = zn+1

is adopted).

Proposition 13.18. Let L̂(r) be the following matrix

L̂(r) :=


0 rz1 · · · rzn rw
rz̄1 rz1z̄1 · · · rznz̄1 rwz̄1
...

... . . . ...
...

rz̄n rz1z̄n · · · rznz̄n rwz̄n
rw̄ rz1w̄ · · · rznw̄ rww̄

 ,

and let L(r) := det(L̂(r)). Then

det(λij) = −(rwrw̄)n−1L(r).

Proof. The first and the important step is to observe that

det(λij) =
−1

rwrw̄
det


0 rz1 · · · rzn rw
rz̄1 λ11 · · · λn1 0
...

... . . . ...
...

rz̄n λ1n · · · λnn 0
rw̄ 0 · · · 0 0

 ,

then the rest follows from repeated use of column and row operations of the matrix to remove multi-
plies of rzi and rz̄j in λij to obtain rziz̄j . For example,

det


0 rz1 · · · rzn rw
rz̄1

rz1rz̄1rww̄−rz1rw̄rz̄1w
−rz̄1rwrz1w̄+rwrw̄rz1z̄1

· · · rznrz̄1rww̄−rznrw̄rz̄1w
−rz̄1rwrznw̄+rwrw̄rznz̄1

0
...

... . . . ...
...

rz̄n
rz1rz̄nrww̄−rz1rw̄rz̄nw
−rz̄nrwrz1w̄+rwrw̄rz1z̄n

· · · rznrz̄nrww̄−rznrw̄rz̄nw
−rz̄nrwrznw̄+rwrw̄rznz̄n

0

rw̄ 0 · · · 0 0



= det


0 rz1 · · · rzn rw
rz̄1 −rz̄1rwrz1w̄+rwrw̄rz1z̄1 · · · −rz̄1rwrznw̄+rwrw̄rznz̄1 rwrw̄rz̄1w − rwrz̄1rww̄
...

... . . . ...
...

rz̄n −rz̄nrwrz1w̄+rwrw̄rz1z̄n · · · −rz̄nrwrznw̄+rwrw̄rznz̄n rwrw̄rz̄nw − rwrz̄nrww̄
rw̄ 0 · · · 0 0



= det


0 rz1 · · · rzn rw
rz̄1 rwrw̄rz1z̄1 · · · rwrw̄rznz̄1 rwrw̄rz̄1w
...

... . . . ...
...

rz̄n rwrw̄rz1z̄n · · · rwrw̄rznz̄n rwrw̄rz̄nw
rw̄ rwrw̄rz1w̄ · · · rwrw̄rznw̄ rwrw̄rww̄



= rnwr
n
w̄det


0 rz1 · · · rzn rw
rz̄1 rz1z̄1 · · · rznz̄1 rz̄1w
...

... . . . ...
...

rz̄n rz1z̄n · · · rznz̄n rz̄nw
rw̄ rz1w̄ · · · rznw̄ rww̄

 .
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By Proposition 13.14,

−(rwrw̄)n−1L(r) = det(λij)

= (−1)n(rw)3nΘn−1
w̄ ∆(Θ|M)

= (−1)(rw)3n r
n−1
w̄

rn−1
w

∆(Θ|M)

= −(rw)2n+1rn−1
w̄ ∆(Θ|M).

Consequently,
L(r) = rn+2

w ∆(Θ|M).

13.12 A direct approach to the alternative formulation
A direct approach may be done using the following formulae

0 ≡ rziz̄j + rziwΘz̄j + rwz̄jΘzi + rwwΘziΘz̄j + rwΘziz̄j ,

0 ≡ rziw̄ + rziwΘw̄ + rww̄Θzi + rwwΘziΘw̄ + rwΘziw̄.

Therefore

L(r) = det


0 rz1 · · · rzn rw
rz̄1 rz1z̄1 · · · rznz̄1 rwz̄1
...

... . . . ...
...

rz̄n rz1z̄n · · · rznz̄n rwz̄n
rw̄ rz1w̄ · · · rznw̄ rww̄



= rn+2
w det



0 −Θz1 · · · −Θzn 1

−Θz̄1
− rz1w

rw
Θz̄1−

rwz̄1
rw

Θz1
− rww

rw
Θz1Θz̄1−Θz1z̄1

· · · − rznw
rw

Θz̄1−
rwz̄1
rw

Θzn
− rww

rw
Θz̄1Θzn−Θznz̄1

rw z̄1
rw

...
... . . . ...

...

−Θz̄n
− rz1w

rw
Θz̄n−

rwz̄n
rw

Θz1
− rww

rw
Θz1Θz̄n−Θz1z̄n

· · · − rznw
rw

Θz̄n−
rwz̄n
rw

Θzn
− rww

rw
ΘznΘz̄n−Θznz̄n

rwz̄n
rw

−Θw̄
− rz1w

rw
Θw̄− rww̄rw Θz1

− rww
rw

Θz1Θw̄−Θz1w̄
· · · − rznw

rw
Θw̄− rww̄rw Θzn

− rww
rw

ΘznΘw̄−Θznw̄

rww̄
rw



= rn+2
w det


0 0 · · · 0 1
−Θz̄1

− rz1w
rw

Θz̄1−
rww
rw

Θz1Θz̄1−Θz1z̄1 · · · − rznw
rw

Θz̄1−
rww
rw

Θz̄1Θzn−ΘznΘz̄1
rwz̄1
rw...

... . . . ...
...

−Θz̄n − rz1w
rw

Θz̄n−
rww
rw

Θz1Θz̄n−Θz1z̄n · · · − rznw
rw

Θz̄n−
rww
rw

ΘznΘz̄n−Θznz̄n
rwz̄n
rw

−Θw̄ − rz1w
rw

Θw̄− rwwrw Θz1Θw̄−Θz1w̄ · · · − rznw
rw

Θw̄− rwwrw ΘznΘw̄−Θznw̄
rww̄
rw



= rn+2
w det


0 0 · · · 0 1
−Θz̄1 −Θz1z̄1 · · · −Θznz̄1

rwz̄1
rw...

... . . . ...
...

−Θz̄n Θz1z̄n · · · −Θznz̄n
rwz̄n
rw

−Θw̄ −Θz1w̄ · · · −Θznw̄
rww̄
rw


= rn+2

w (−1)n+3(−1)n+1∆(Θ|M)

= rn+2
w ∆(Θ|M).

On the other hand, for 1 6 i 6 n+ 1 and 1 6 l 6 n+ 1, let L̂il(r) be the matrix with i+ 1-th row and
the l-th column deleted, and let Li,l(r) be its determinant. By a slight modification of the calculations
above, directly the following proposition holds:
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Proposition 13.19. The following identity holds for 1 6 i 6 n+ 1 and 2 6 l 6 n+ 1:

Li,l(r) = rn+1
w det

(
j(Θ|M)(l,i)

)
,

This follows immediately from inspecting the matrix in the calculations of the previous page.
Therefore,

(−1)i+lLi,l(r) = rn+1
w (−1)l+idet

(
j(Θ|M)(l,i)

)
= rn+1

w ∆(i,l)(Θ|M).

Hence,

rn+1
w ∆(i,l)(Θ|M)

rn+2
w ∆(Θ|M)

=
(−1)i+lLi,l(r)

L(r)
,

or
∆(i,l)(Θ|M)

∆(Θ|M)
= rw

(−1)i+lLi,l(r)

L(r)
.

Therefore, the vector fields ∂wzk are given by

∂wzk =
∑

16l6n

∆(l,k+1)(Θ|M)

∆(Θ|M)
∂z̄l +

∆(n+1,k+1)(Θ|M)

∆(Θ|M)
∂w̄

=
∑

16l6n
rw

(−1)l+k+1Ll,k+1(r)

L(r)
∂z̄l + rw

(−1)n+1+k+1Ln+1,k+1(r)

L(r)
∂w̄.

Theorem 13.20. For n > 2, 1 6 k1, k2 6 n and 1 6 i1, i2 6 n, the CR-umbilical locus is the zero
set

0 = ∂wzi1

(
∂wzi2

Hk1,k2

r3
w

)
− 1

n+ 2

n∑
l=1

(
δk1,i1∂wzl

(
∂wzi2

Hl,k2

r3
w

)
+ δk1,i2∂wzi1

(
∂wzl

Hl,k2

r3
w

)
+δk2,i1∂wzl

(
∂wzi2

Hk1,l

r3
w

)
+ δk2,i2∂wzi1

(
∂wzl

Hk1,l

r3
w

))
+

1

(n+ 1)(n+ 2)

(
δk1,i1δk2,i2 + δk2,i1δk1i2

) n∑
l1=1

n∑
l2=1

∂wl1

(
∂wl2

Hl1,l2

r3
w

)
.
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Titre: Calculs explicites pour la terminaison effective de l’algorithme de Kohn d’après Siu, et
tenseurs de Hachtroudi-Chern-Moser en géométrie CR.

Résumé: La première partie présente des calculs explicites de terminaison effective de l’algorithme
de Kohn proposée par Siu. Dans la deuxième partie, nous étudions la géométrie des hypersurfaces
réelles dans Cn, et nous calculons des invariants explicites avec la méthode d’équivalences de Cartan
pour déterminer les lieux CR-ombilics.
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Title: Explicit Calculations of Siu’s Effective Termination of Kohn’s Algorithm, and the Hachtroudi-
Chern-Moser Tensors in CR Geometry.

Abstract: The first part of the thesis consists of calculations around Siu’s effective termination of
Kohn’s algorithm. The second part of the thesis studies the CR real hypersurfaces in complex spaces
and calculates various explicit invariants using Cartan’s equivalence method to study CR-umbilical
points.
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