N
N

N

HAL

open science

Sensitivity of the mixing-current technique in the
detection of nano-mechanical displacement
Yue Wang

» To cite this version:

Yue Wang. Sensitivity of the mixing-current technique in the detection of nano-mechanical displace-
ment. Other [cond-mat.other|. Université de Bordeaux, 2017. English. NNT: 2017BORDO0659 .

tel-01766467

HAL Id: tel-01766467
https://theses.hal.science/tel-01766467
Submitted on 13 Apr 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-01766467
https://hal.archives-ouvertes.fr

universite
“BORDEAUX

THESE PRESENTEE

POUR OBTENIR LE GRADE DE

DOCTEUR DE

L’UNIVERSITE DE BORDEAUX

ECOLE DOCTORALE DES SCIENCES PHYSIQUES ET DE L'INGENIEUR

SPECIALITE : LASERS, MATIERE ET NANOSCIENCES

Par M. Wang YUE

Sensitivité de la méthode dite de mélange des courants
pour la détection du déplacement nano-mécanique

Sous la direction de : M. Fabio PISTOLESI

Soutenue le 8 Septembre 2017

Membres du jury :

M. COLLIN Eddy, Chargé de Recherche, CNRS Grenoble
M. HOUZET, Manuel, Chercheur, CEA Grenoble

M. KISELEV, Mikhael, Professeur, ICTP, Trieste, Italie

M. PISTOLESI, Fabio, Directeur de Recherche, CNRS Talence
M. WURGER Alois, Professeur, Université de Bordeaux,

Rapporteur
Rapporteur
Examinateur
Directeur de thése
Examinateur






Titre : Sensitivité de la méthode dite de mélange des
courants pour la détection du déplacement nano-
mécanique

Résumé : La détection des déplacements nano-mécaniques par les techniques
de transport électronique a atteint un haut niveau de sensibilité et de polyvalence.
Afin de détecter l'amplitude d'oscillation d'un oscillateur nano-mécanique, une
technique largement utilisée consiste a coupler ce mouvement de fagon capacitive a
un transistor a un seul électron ou, plus généralement, a un dispositif de transport, et
a détecter la modulation haute fréquence du courant a travers le mélange non
linéaire avec un signal électrique a une fréquence Iégérement désaccordée. Cette
méthode, connue sous le nom de technique de mélange des courants, est utilisée
notamment pour la détection de nanotubes de carbone suspendus et s'est avérée
particulierement efficace, ce qui a permis d'obtenir des records de sensibilité dans la
détection de masse et de force. Dans cette thése nous étudions théoriquement les
conditions qui limitent la sensibilité de cette méthode dans différents types de
dispositifs de transport. La sensibilité est un compromis entre le bruit, le bruit de
rétroaction et la fonction de réponse. Cette derniére est proportionnel au couplage
électromécanique. Pour ces raisons dans la thése, nous étudions la fonction de
réponse, l'effet des fluctuations de courant et de déplacement (back-action) dans les
dispositifs de détection suivants: (i) le transistor métallique a électron unique, (ii) le
transistor a un seul niveau électronique et (iii) le point quantique cohérent. La
sensibilité optimale est obtenue, comme d'habitude, lorsque la rétroaction du
dispositif de détection est égale au bruit du signal intrinséque, ce qui, dans notre cas,
est le bruit en courant. Nous avons constaté que les valeurs optimales typiques du
couplage sont obtenues dans la limite de couplage fort, ou une forte renormalisation
de la fréquence de résonance est observée et une bistabilité de I'oscillateur
mécanique est présente [comme discuté dans G. Micchi, R. Avriller, F. Pistolesi,
Phys. Rev. Lett. 115, 206802 (2015)]. Nous trouvons donc des limites supérieures a
la sensibilité de la technique de détection de mélange des courants. Nous
considérons également comment la technique du mélange des courants est modifiée
dans la limite ou le taux de transmission tunnel devient comparable a la fréquence de
résonance de l'oscillateur mécanique.

Mots clés : Systémes nano-électromécaniques, transport quantique, bruit actuel,
détection, nanotubes de carbone, fluctuations







Title : Sensitivity of the mixing-current technique in the
detection of nano-mechanical displacement

Abstract :

Detection of nanomechanical displacement by electronic transport techniques has
reached a high level of sensitivity and versatility. In order to detect the amplitude of
oscillation of a nanomechanical oscillator, a widely used technique consists of
coupling this motion capacitively to a single-electron transistor or, more generally, to
a transport device, and to detect the high-frequency modulation of the current
through the nonlinear mixing with an electric signal at a slightly detuned frequency.
This method, known as mixing-current technique, is employed in particular for the
detection of suspended carbon nanotubes and has proven to be particularly
successful leading to record sensitivities of mass and force detection. In this thesis
we study theoretically the limiting conditions on the sensitivity of this method in
different kind of transport devices. The sensitivity is a compromise between the noise,
the back-action noise, and the response function. The latter is proportional to the
electromechanical coupling. For these reasons in the thesis we study the response
function, the effect of current and displacement (back-action) fluctuations for the
following detection devices: (i) the metallic single electron transistor, (ii) the single-
electronic level single electron transistor, and (iii) the coherent transport quantum dot.
The optimal sensitivity is obtained, as usual, when the back-action of the detection
device equals the intrinsic signal noise that, in our case, is the current noise. We
found that the typical optimal values of the coupling are obtained in the strong
coupling limit, where a strong renormalization of the resonating frequency is
observed and a bistability of the mechanical oscillator is present [as discussed in G.
Micchi, R. Avriller, F. Pistolesi, Phys. Rev. Lett. 115, 206802 (2015)]. We thus find
upper bounds to the sensitivity of the mixing-current detection technique. We also
consider how the mixing-current technique is modified in the limit where the tunneling
rate becomes comparable to the resonating frequency of the mechanical oscillator.

Keywords . hano-electromechanical systems, quantum transport, current noise,
sensing, carbon nanotubes, fluctuations
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Chapter 1

Introduction

Macroscopic electromechanical systems are ubiquitous in our daily life. A minimal
definition of an electromechanical system is a mechanical system that is actuated or
detected by an electronic system. In this cathegory we thus have electric motors, loud-
speakers, microphones, high-power relays, etc. At the marcroscopic scale we are used to
exploit electro-mechanical devices. In many cases the miniaturization of such systems
is simply not possible, since the task performed in on a macroscopic scale (like for high
power devices). The current technology allows to fabricate the electro-mechanical devices
on the nanometer scale and the reduction of the size of the device can be very useful.
This is the case, for instance, for the detectors, for which a drastic reduction of the size
can lead to a reduction of the disspation, the increase of the sensitivity, and finally to
completely new functionalities. Nano Electro Mechanical Systems (NEMS) hold thus
promise for a number of technological applications. Their small size of the devices is at
the origin of their sensibility and to their capability of local detection, for instance a tiny

force is sufficient to put into motion a nanometer scale oscillator.

Nano-electromechanical systems have thus great potentials as ultra-sensitive de-
tectors for several physical quantities. Recent advances allowed to reach record sensitivity
in mass sensing [1-3]. This has been possible by the detection of the frequency shift of
ultralight oscillators when an additional mass is attached to it. Other exemples concern
the detection of the tiny magnetic field generated by nuclear spins. This can be done
by the opto-mechanical detection of the force generated by the magnetic dipoles [4], but

1



Chapter 2. An introduction 2

also with electro-mechanical means [5], or by coupling to two-level systes [6-8]. The force
sensitivity of the device is then the limiting factor for the sensitivity, and again recent
advances showed that it is possible to obtain record force sensing with carbon-nanotube
oscillators [9, 10]. At the same time nano-mechanical oscillators can be so small that
interaction between electronic and mechanical degrees of freedom may lead to new and
unexpected phenomena [11-15], like the blockade of the current [16-19], cooling [20-22],
heating [23], phonon lasing [24], noise squeezing [25], or unusual mechanical response

26, 27].

In order to exploit nanomechanical resonators, or to study their properties, de-
tection of mechanical motion is crucial. Most detection methods exploiting electronic
transport are based on the high sensitivity of single-electron transistors (SET) to a varia-
tion of the gate charge. By coupling capacitively the oscillator to the gate of the SET it is
possible to detect the motion of the oscillator with a high accuracy [28]. The method has
been used also to cool the oscillator by the back-action of the electronic transport [29].
The main difficulty of the method stems from the high frequency character of the oscil-
lator motion that is typically in the 100 MHz-1 GHz range. Due to the high impedance
of the SET, it is more convenient to down-convert the signal to lower frequency before
extracting it. This can be achieved by non-linear mixing the mechanically generated
modulation with a second high-frequency signal injected between source and drain. The
signal at the difference of the two frequencies can be extracted and measured. To our
knowledge, for nanomechanical resonators this method was implemented in metallic SET
by the group of A. Cleland back in 2003 [30]. It was later adapted to the detection of car-
bon nanotube by the group of P.L.. McEuen [31]. It then became the method of choice for
carbon nanotubes, leading to several breakthroughs: the observation of the first single-
electron backaction effects in carbon nanotubes [32, 33], ultrasensitive mass detection
2, 3], the detection of the charge response function in quantum dot [34], the detection
of magnetic molecules [35, 36], and the observation of decoherence of mechanical motion
[37]. The same method can also be implemented by frequency modulation [38]. It is clear
that the technique is powerful and that it will continue to be used both for fundamental
research and for applications. The question we want to address in this Thesis is which

is the ultimate resolution that can be reached with this kind of detection. In order to
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do this we investigated three main issues. The first one is how to optimize the response
function, that is the quantity 0lny/0x,, where I, is the measured signal, the mixing
current, and x,, the amplitude of the mechanical oscillation. The second one is to study
the effect of current and mechanical fluctuations. These contribute to the fluctuation of
the measured signal and in the end are at the origin of the signal to noise ratio. The
third is to consider the case of a mechanical oscillator with a resonating frequency w,,

faster than the typical tunneling rate of the electrons I'.

The Thesis is organized as follows. In Chapter 2 we recall few results concerning
the electrostatics of a SET. In Chapter 3 we describe the mixing technique and define the
main quantities that will be calculated in the reminder of the Thesis. In Chapter 3 we
describe the mixing technique and define the response function. In Chapter 4 we describe
the limitations induced by the current fluctuations. We define the main quantities that
will be calculated in the reminder of the Thesis. In Chapter 5 we derive the transport
equations for the case of a fast oscillator, i.e. the case when the resonating frequency
wo of the oscillator is much larger than the electronic tunnelling rate I'. In Chapter 6
we apply the previous definitions and investigate the sensitivity of a detection device
in the incoherent tunnelling regime of I' < kg7, where T' is the temperature at which
the electronic system is operated. In Chapter 7 we investigate the case of a coherent
transport device (valid for kT < I'). This chapter considers in details the presence of a
bistability for strong coupling that has been investigate recently [26]. Finally in Chapter

8 we present our conclusions.






Chapter 2

Electrostatics in a Single Electron

Transistor

The single-electron tunneling and Coulomb Blockade are both important physical
phenomena in the NEMS research field. Firstly, let us gives a shot introduction to the
single-electron tunneling. This phenomenon can be observed in tunnel junctions when
the lateral size of the junction is so small that the Coulomb energy E associated to the
charging of the capacitance by a single electron becomes of the order of the temperature
T at which the experiment is performed. The quantity E¢ is given for a single junction
by simply e?/2C, where ¢ is the electron charge and C' is the capacitance of the junction.
In the case of a double junction, the electron in the central island can also block the
tunneling of a second one. That means one electron tunnels one at a time in such a

junction. We call this sequential tunneling.

We present now a brief derivation of the electrostatic energy variation for the tun-
nelling of an electron in a single electron transistor [39]. The electric scheme is presented
in Fig. 2.1 where the potentials of the left, right, and gate leads are defined as Vi, Vk,
and Vj, respectively. In the same way the charge on each capacitance (on the leads side)

is indicated with @); with ¢« = L, R, and g. Defining V; the potential of the island one has

Qi= (Vi = V)C;. (2.1)
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Cr, Cr
Qr||-C@r —Qr||Qr

FIGURE 2.1: Electric scheme of a single electron transistor

Summing the three equations one obtains immediately the expression for the potential

on the island:

V= (Z CiVi + Q) /Cs, (2:2)

where Oy, = >, C; and Q = — ), Q; is the total charge on the island. The total
electrostatic energy
Q; @
E(Q) = Z 261‘1' =20 + constant, (2.3)

where the constant term is >, C;V;?/2 — (3, C;V;)?/2Cs. From Eq. (2.1) and Eq. (2.2)
one then finds that adding a charge ¢ on the island will change the charge on each

capacitor plate of

qC;
00Q); = — ) 24
Q=% (24)

The total electrostatic energy variation (final energy minus initial energy) for the transfer
of an electron from the left electrode on the island is then given by the variation of the
total electrostatic energy plus the the work done by the voltage sources. These can be
more easily evaluated by treating the sources as large capacitors. The variation of the

charge of each capacitor has to satisfy:

0Q +0QL = —q, (2.5)
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5Q =0, (2.6)
0Q, +0Qr =0, (27)
5@9 + 5@6’ = 0. (28)

Here we indicate @), 4 the charge on the each source where the capacitance in the limit

Cl,r,g — OQ.

This finally gives for the work of the sources: — ). V;0Q);, with
0Q; = eC;/Cy, for i # L and 6Q = eC/Cx —e. (2.9)
We thus find for the total energy variation:

AEf =E(Q—e)— E(Q) — e Vir+eVy. (2.10)

The general expression reads then:

(—e£2Q)

€
+ C_E(Z ‘/ZCZ — OEVL?R) . (2.11)

i
The variation of the energy depends only on the difference of the three potentials, we can
thus choose to express it in terms of :

V=Vg -V, (2.12)

V! =V, — (Vi + Vg)/2. (2.13)

g

For simplicity we write the expressions in the symmetric case of O, = Cgr = C":

(& €

+ / /

ABE = 5 (eFQ)F - (C'V + GV, (2.14)
+ € € s/ !

AE; = s (e$2Q)¢—CE( C'V +C,V)) (2.15)

with C" = C' + Cy /2. Typically V' is very small, while V can be very large, in particular

V,Cy/e = ngy is normally regarded as finite, while C; — 0 and V] — co. In the following
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of the Thesis we will consider position dependent gate capacitance (Cy(x)). For the same
reasons we can normally neglect the displacement dependence induced by Cy(z) in C” or
Cs,, while it is necessary to keep the z dependence in Cy(z) that appears in the expression

CyVi.

Let now focus on the four energy variations associated with the change of the number
of electrons in the dot between the two states N and N 4 1. We need AE] (N) =
—AE} (N +1) that can be explicitly written as:

2
AE*(N)pp = —g—(ng toy— N—1/2), (2.16)
¥

with n, = CyV/ /e and v = C'V/e. The expression of the tunneling rate is obtained then

by the Fermi golden rule:
kT

o+ = iy h(AE /kpT), (2.17)
with h(z) = —z/(1 — €®). In particular for 7" — 0 the expression for the rate becomes
simply

% = —AZ /R, 0(—AF), (2.18)

These expressions allow to obtain the tunneling rates necessary for the calculations pre-

sented in the reminder of the Thesis.

We can now find the region in the space n, — v where the current is blocked with the
island in the state with N electrons. This is defined by the values of n, and v for which
AEY(N)Lr > 0 and AE~(N)Lr > 0, i.e. it costs energy to add or to remove one

electron from the island. Explicitly it reads:

AEf(N)>0 for v<-n,+N+1/2, (2.19)
AE (N)>0 for v>-ns+ N —1/2, (2.20)
AEY(N) >0 for v>n,—N—1/2, (2.21)
AEL(N) >0 for v<n,—N+1/2. (2.22)

Fig. 2.2 shows the region of current blockade. The same shape is repeted periodically by

increasing n;, by one unit each time.



Electrostatics in a Single Electron Transistor

FIGURE 2.2: The region of stability with respect to all possible tunnelling process (the
variation of the energy is always positive)






Chapter 3

Mixing technique and response

function

Let us begin by describing the typical system used to measure the oscillation
amplitude of a mechanical oscillator by detection of the mixing current [30-33]. As
shown in Fig. 3.1 a conducting oscillator is capacitively coupled to the central island
of a single-electron transistor: its displacement modulates thus the the gate capacitance
Cy(z), where z(t) is the displacement of the oscillator. We assume the presence of a single
mechanical mode whose displacement is parametrized by x, a generalized coordinate with
the dimensions of a length. We will consider that the SET is operated in the incoherent
transport regime valid for AI' < kgT', where I" is the electron tunnelling rate and 7" the
temperauture (A and kg are the reduced Planck constant and the Boltzmann constant,
respectively). This is the standard case for nano-mechanical devices. The current [
through the device can be obtained by using the Master equation and in general it can
be expressed as a function of the source-drain bias voltage V' and on the gate charge
ng = Cy(z)V, /e, where V is the gate voltage (see Chapter 2 for a short derivation). The
current reads thus:

I=1(V,n,). (3.1)

In this section we want to obtain the current response of the system when both V' and

V, are modulated at two slightly different frequencies w; and wy, both much smaller than

11
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Cr

Vo + Vi cos(wat)

+

V(t)

Vy(t)

Vy(t) = Vyo + Vg1 cos(wit)

FIGURE 3.1: Schematic of the typical experimental set-up used to measure the dis-
placement of a mechanical oscillator by detection of the mixing current (adapted from

Ref. [31])
I'. We write
where
Vo1 (t) = Vg1 cos(wit), Vi(t) = Vi cos(wat) (3.3)

Choosing w; close to the mechanical resonating frequency w,, allows to drive the resonator,
while wy is choosen close to wy with |w; — ws| < wy 2. In general the requirement is that
|w; — wo| is much smaller than the bandwidth of the electronic circuit that is typically
dominated by the RC-time of the single electron transistor. The variation of the gate
voltage modulates the charge on the suspended part and thus induces an oscillating force

[see also Eq. (7.33) in the following]. For small driving amplitude the oscillator responds

linearly to the external drive:

x(t) = Xy, cos(wit + @), (3.4)

where we always measure x from its equilibrium position. (Note that in general x,, and

¢ depend on the driving frequency w;.) The modulation of V, induces thus the following
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modulation of ny at linear order in the driving:

Ogvgl

C'z,,V.
ng(t) = ngo + Zem's

cos(wqt) + cos(wit + ), (3.5)

where Cf = dC,/dz. 1t is convenient to introduce a length scale by defining L = C,/Cy.
From geometric considerations L has to be of the order of the distance of the gate from
the oscillator, thus typically undreds of nm. The fluctuting part of n, can then be written
as

Vi m
ngi(t) = ngo | —2 cos(wit) + Tm cos(wit + @) | , (3.6)
Vo L

where ngy = CyV,0/e. The mechanical term (z,,/L) has a strong frequency dependence
close to the mechanical resonance, and can thus be distinguished by the back-ground
electrostatic term (Vj1/Vy). The two contributions to the modulation of the gate charge

can be combined in a single cosine term:
ng1(t) = ng cos(wit + @) . (3.7)

Assuming now that the oscillator frequency w,,, and thus also w; and ws, are much smaller
than the typical tunneling rate I', one can use Eq. (3.1) to obtain the time dependent
current in presence of time-dependent V' and n,. For small modulation amplitude we

Taylor expand Eq. (3.1) to second order in V; and ng; obtaining

ol ol

1%, 921 1021
oo (t) + mvl(t)”gl(t) + 56—%%1@) +.

1(t) = I(Vo, Vo)

(3.8)

Only the term proportional to 9?1/9Vdn, has a component that oscillates at the fre-
quency wa = w; — we. This signal can be extracted by a standard lock-in technique that
essentially allows to measure the quantity I,:

. Imdt
I, = —1I(t) cos|wat] . (3.9)
o TIm
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The other quadrature I3 with sin(wat) is defined in a similar way. Averaging over a

mx

long measurement time 7, > 1/wa one obtains:

. v, o ,
Iy, = 1OV [CoVir + ClVgoxm cos @] (3.10)
g
Vi 01
Ihx = _Zlavan CoVaoTm sing . (3.11)
g

The detector gain with respect to the two quadrature of x,, is thus:

1 021
 4e oVon,

ClVgoVi . (3.12)

It measures the sensitivity of the mixing current signal with respect to the two quadratures
of x. This quantity depends on the particular bias conditions of the SET, and will be
studied in some details in Section 6.1 and 6.2 for two explicit models. Note also that
in order to obtain A we need only the static expression for the current. This assumes
that the electronic mechanism is much faster than the time dependence of the driving.
In order to describe the case of a fast oscillator (to be discussed in Chapter 5 we will
need a detailed description of the charge dynamics, and the response function will be
no more expressed only in terms of derivatives of the static non-linear current voltage

characteristics.



Chapter 4

Added Noise to the Signal

Expression (3.12) assumes a deterministic evolution of both the current and the
displacement of the oscillator z(¢). In practice both quantity fluctuate, the first due
to shot or thermal noise, and the second due to stochastic fluctuations induced either
by the bias voltage or by the thermal fluctuations. The fluctuations induced by the
measurement voltage are normally indicated as back-action fluctuations, since they are
due to the measurement process. In general one can then write the value of I, in a

specific time region as follows:

(n+1)Tm,
(I°), = / () + 1(t)] cos(wat)dt, (A1)

Tm

(we write the expression for I¢ , the one for I8 _ is similar) where 61(t) and I(t) are the
stochastic and deterministic (in phase with the external drive) part, respectively. We can
define the time dependent mixing current as I, (t) = (I, 7., Where [o] stands here

for the integer part of a. In terms of that the spectral density of the fluctuation of I

reads:

Sunte) = [ e U5 (015,0)) — (5.7 (42)

o0

We assume that the measuring time is much longer than any correlation time of the

quantity 0/(t). Different sections of the measurement time are thus uncorrelated and we

15
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can write:
T Tmodty [T dty,
_ wt e e
Smx(w) = /0 dte /0 T /0 T
cos(waty) cos(wata) (01 (t1)01(ta)) . (4.3)
Defining
400
Si(w=0) = 2/ dt{61(t)01(0)), (4.4)

here the numerical factor 2 is conventional for the current-noise spectrum,then we have

Smx(w) = isl(w = O)w ~ }lSI(w = O) . (45)

wly,

Thus the mixing-current low-frequency noise is given simply by the low-frequency current
noise spectrum S7;. The factor of 4 comes from a different definition of the correlation
functions and from the fact that we are collecting a single quadrature. The current noise

can have different sources, we consider in the following the two main ones.

4.1 Shot-noise and thermal current fluctuations

The current fluctuates due to the discrete nature of the the charge. This is char-

acterized by the current-spectral function (for time-independent bias and gate voltages):

Sehot () = 2 / dte™ (S1(t)51(0)) , (4.6)

where 01(t) = I(t) — (I). For the case of a SET the current spectral function is well
known [40]. As shown there it has a frequency dependent part at low frequency on the
scale of the typical tunneling rate I'. This implies that the correlation function is short
ranged with respect to the measuring time T},. Actually it is typically even short ranged
with respect to the time dependence of x and of the V' or V, potentials. Its value can
thus be obtained adiabatically, by assuming these parameters to be static. We only need

its low frequency part that can, in general, be expressed in terms of the Fano factor F
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and the current [:

S5hot () = 0) = 2eFI, (4.7)

where F depends on the details of the SET. In the tunnelling limit of uncorrelated

tunneling F = 1, in most other cases the Fano factor is typically of the order of 1.

4.2 Displacement back-action fluctuations

The electrons that cross the structure modify the charge on the gate that in turn
modifies the force acting on the oscillator. This stochastic force, that has the same origin
of the current-shot noise, induces fluctuations of the displacement, that changes in a much
slower way, since the oscillator responds to an external force on the time scale given by
its damping coefficient ~ [13, 18, 41, 42]. In order to keep the assumption that different
averages over the measuring times are uncorrelated one needs 7,7 > 1. In principle, for

very high-@) resonators the approximation should be reconsidered.

Let’s begin by considering the force acting on the oscillator as a consequence of a
variation of the charge on the gate. A recall of the basic expressions for the electrostatic
energy is given in the Chapter 2 and Fig 3.1 there shows the electrical scheme. The force
acting on the oscillator is given by the derivative of the electrostatic energy performed at
constant charge:

,0 1 200

_ - — Y979
F=-Qp, 2Cy(z) 202" (48)

where (), is the charge on the gate voltage (Fig.3.1). The fluctuation of the force 0 F'(t)

due to fluctuation of @), reads thus:

Qg g
02

OF(t) = 0Qq(t) (4.9)

In general the variation of the charge on the gate is proportional to the variation of the
charge on the central island of the SET. By an elementary electrostatic calculation (see
Chapter 2) 6Q,/e = (Cy;/Cyx)on, where Cy, = C,;+Cp+ Cg is the sum of the capacitances

of the central island to all the electrodes and —ne is the total charge on the island. In
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conclusion one finds that

SF(t) = Fyon(t) (4.10)
with
QqeC, Q4 Ec
o 9 _ gWa DO 4.11
T C,Cx e L (4.11)

the force acting on the oscillator when an electron is added to the dot and with Fx =
e?/(2Cs) the Coulomb energy of the SET. Note that Fy is a crucial parameter, since
it constitutes the electro-mechanical coupling constant [18, 26]. One can estimate the

typical value of Fy: Q,/e = 10—100, Ec = 1 K, L = 100 nm, thus Fy ~ 107-1071% N.

The correlation function of the stochastic force acting on the resonator [Sr(t) = (0F(t)0F(0))]
is thus simply proportional to the correlation function of the charge on the island [Ss, () =
(on(t)on(0))]:

that can be calculated by the standard method of the master equation. For the case of a
metallic dot see for instance Refs. [18, 43]. Its Fourier transform has a Lorentzian form

with a width on the scale of I'. Thus this force act as a white noise on the slow oscillator.

Let’s now turn to the displacement correlation function. In order to evaluate it we
use a simple Langevin approach [11, 16]. We neglect the driving, since we are interested

in the low frequency response. The Langevin equation reads
mi +myi + kx = §F(t), (4.13)

where m is the (effective mass) of the oscillator mode considered, v the damping coeffi-
cient, and £ the effective spring constant. The stochastic force generated by the electrons
is also at the origin of the damping coefficient. In general other effects participate, but
close to the degeneracy point of the SET, when the current is maximal, the electron-
ic contribution to the damping can dominate, as observed experimentally in Ref. [35].
We will assume thus that v is due only to the electronic damping. In equilibrium the

fluctuation-dissipation theorem gives

Ssp(w = 0) = 2ymkpgT. (4.14)
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For finite eV > kgT', the system is out of equilibrium and one has to evaluate explic-
itly v and Ssp from a direct calculation of Sp(w). As shown in Ref. [44] 2mhy =
dSp(w)/dw|,_,. One can then always define an effective temperature by the relation
Sr(w = 0) = 2ymkpTeg, since the oscillator has a very sharp response in frequency and
the correlation functions are flat on that scale, one can always interpret the ratio of the
fluctuation and the dissipation as an effective temperature. In the case of the SET it has

been shown that the typical value of kgTeq is of the order of eV, when kgT < eV [13].

The Langevin equation (4.13) can then be solved by Fourier transform giving

F(?Sn(w)
Sa;<w) = <I(M)CL’(—(A}>> = m2|w7%’b w2 — Z’}/W|2 (415)
and in particular in the low-frequency limit:
F2S,(w=0

We can now use the expansion (3.8) to find the lowest order contribution of the stochastic
fluctuations of z(¢) to the current. We denote these fluctuations dx(t) to distinguish them

from the time-dependent average induced by the external driving:

O VG

0l(t) = ox(t e 417
(1) = g~ 0r(0) + (417)
The back-action current noise is then
oI Fyn,\>
P w) =2 st =0). 4.1
i) =2 (G r? ) Sutw=0) (1.18)

As discussed in Refs. [19, 45] the mechanical back-action noise can be very strong and
induce effective giant Fano factors. In Appendix A, we afford another method to obtain
the fluctuations of the mixing current technique through the full counting statistics of
charge transport in SET driven by two harmonic signals. Finally the measurement

added noise can be obtained as is done for the amplifiers [46], by dividing the fluctuation
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of the current signal by the amplifier gain squared. This gives:

Gadd _ Smx Sghet + Spe '

= S =Ty (4.19)

This quantity gives the upper bound on the detection sensibility, since the limitations con-
sidered are intrinsic to the detection method. We will evaluate explicitly these quantities

for two specific models in sections 6.1 and 6.2.



Chapter 5

Fast oscillator

In this chapter we relax the condition w,, < I' for the calculation of the mixing
current. We assume hl', hw,, < kg1, the electronic transport is then decribled by se-
quential transport and we will find the mixing current to lowest non-vanishing order in

the amplitude of the oscillating field by making use of a master equation description.

Let’s begin by introducing in some details the electron tunnelling description. We
assume that the only available charge states on the island are those associated with two
charge states Ne and (N + 1)e. We will call these two states 0 and 1. The state of the
SET is thus fully described by the probabilities of one of these two state to be realized:
P,, with n = 0,1. We define I'**(=) as the rate for adding (subtracting) one electron
on (from) the central island through the left tunnel junction. Similarly we define I'ft+(=)
for the right junction. We define also I'® = I'*® + I'* with o = &, 't = I'!+ 4 TP,
I'® =T+ £ TE~ and I'" =T't + I'~. The master equation for the the probability reads
(P = dP/dt):

Py = -I'"Py+1T° P, (5.1)

P = TP —T7P,. (5.2)

Using the conservation of probability (P, + P, = 1) we are left with

Py=-TTR+T". (5.3)

21
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We consider now that the rate equations are modulated by two oscillating parameters, in
our specific case V' and ny. We expand in power series of the amplitude of oscillation the

rates keeping only the lowest orders:
ro(t) = TO(t) + 1M (1) + 1@ (1) 4 ... (5.4)

where « stands for any of the previously introduced labels, and the term into parenthesis
indicates the order in the expansion. As far as the driving frequency is smaller than
the temperature, hw; < kgT', the explicit expression of the time-dependent rates can
be obtained by that for the static case by substituting the time-dependent fields:[47] for

instance

re(t) = I'*(a(t), b(t)), (5.5)

where a = ag + ay(t), b = by + b1(t), and a1 (t) = a; cos(wit), by (t) = by cos(wat). One can

then expand to second order in the time dependent part of the two parameters to obtain:

or« or« 19%r«
L) = T+ Sa(t) + Sbilt) + 5 a0
82Fa 10%T

T aagp (D1 (0) + 57 bi() +

The expansion up to second order can then be rearranged in a Fourier series:

Fa(t — I‘a0+ Z [ znw1t+F a(1) anQt]
n=-—1,1
+ [F?,(f)le“‘*“*“?’t + cc] +... (5.6)

where the static part I'fj, has contributions of zero and second order in the driving fields.
The notation Fn(m) indicates a contribution of order p in the driving intensity. Concerning
the time dependent second order terms, we keep only the interesting part at the mixing-

current frequency wa.

We look for a solution of the master equation in terms of the stationary Fourier compo-

nents

= 3 Ayt (5.7



Fast oscillator 23

This gives for each Fourier component the equation:

(tnwy + imws) A + Z At — T =0 (5.8)

n’,m’

We will solve the master equation through perturbation theory , expand the A and I'“ in

€,witha="T,—:
[e.e]
Anm = ZA%%E(]’ (59)
p=0
I = ) Igleteitrmortme)t, (5.10)
n,m,q=0

where again ¢ indicates the order in the driving fields, then the master equation becomes

q

> (inwn +imwy) A, + >N TH A, =3, (5.11)
n,m n,m n’ ,m’,q’=0 n,m

This leads to a set of equations that can be solved recursively. The detailed derivation

for each order are as following:

For the zeroth-order (¢ = 0) one reads:

7(0)

0

when n = m = 0, the last term zero order I'y, "’ exists only for n’ =m’ =0,

St LAY, =Ty (5.12)

n',m’

this gives:
(0) I‘(;0(0)
Lo
For the first order:
when n =m =0,q =1,
[Fglg?m’A(flzn’,fn/ + Fflll?m’A(f(]T)n/,fn’ - O, (514)

’ ’

n',m

this equation expands into more terms as following:

0 1 1 0 1 0 0 1 0 1
Thodng + T1oA o + T8 0 ALg + TE1AGp + TipAgy =0, (5.15)
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whenn=1,m=0,q =0,

i A+ S THO A0 =T, (5.16)

n
n',m’

the right term does not exist, then

iw Afy + Y T0 AF =0, (5.17)

n',m/’

n’,m/

then gives AYy = 0, AL, ; = Aj 1, = 0 can be obtained as the same way. Subsititute these

into Eq. (5.15), we obtain A&)) = 0.

when n,m =0,q =0,

iw Al + 3 T4, L =T =0, (5.18)
[niwr + Toa"]A% =0, (5.19)

then
Ay =AY = (5.20)

whenn=1m=0,q =1,

i AQ + 3 [E0AQ, L+ TED A =T, (5.21)
i A + 1o P AN + T AP =17, (5.22)

1 —(1 0
[iw; + Fog )]Agg Fl,(() ) — F{OA((),(%’ (5.23)

we obtain: @ )
Fo 1 FoTle 0
+iwy + FT(O) ’

Al = (5.24)
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the same for the other three terms A_; o, Ag 11, in the end we write the results under this

case as following:
- 0
[t — TH10A6

Al = (5.25)
O +iwy + Foyg )
00 17, A0
Ay = =R (5.26)
’ +Fiw; + oy
whenn=1m=-1,qg=1,
. . Al I Al L) 400 . ) 5.97
Z(Wl WQ) 1,-1 + Z n'm/ n',1—m/ + n'm/ l—n’,—l—m’] - +1,-D ( : )
[i(wr — wa) + g "]41, =0, (5.28)
we obtain Ag?ll = 0.
whenn=2m=0,q=1,
2w AS) + Y [mTOAD -+ TE VA =T, (5.29)
(nwy 4+ ToeM AL = 1,89, (5.30)
we obtain A3, = Aj, = 0, this result can be same for ASO, A(l).
For the second order:
when n,m,q = 2,
i(win—wom)AZ,+ 3 [TE0 AL + T AL - TH ALY | = T2,
’ (5.31)

here for this term FZ,(% need to be the zero order, only FT(O)/ can be satisfied. Then this
term becomes FOTO(O)ASE,%, for the term I’T(}% AW ,, as A o0 =0, A 2, = 0, after been

TLTme

simplified, the term leaves A4 OF(() )11 For FT(Q) A(O)

term Aéo , then this term leaves I',, e )Aé%)

as A,(% = O, we just keep the
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Finally for the mixing term

—(2 7 1) T(1) 1) ~T(1
T AT AT - A
[z(wl —wy) + FT(O)

(5.32)
The non-vanishing terms up to order two are AE)O()), Ag 05 Agl)ﬂ, A((f[)), Ag 0 A(ﬁ +1, and
A(() 1. As usual for the Fourier transform of real functions the following relation holds:

* —
An,m - A—n7—m '

Let us now consider the particle current. It can be expressed in terms of P and I', for
instance, on the left junction (note that this expression does not include the displacement

current):

I(t))e=TPy Tt~ P =T*P) —TF". (5.33)

Substituting the expansion (5.7) into Eq. (5.33) we obtain for I a similar expansion to

Eq. (5.7). The first three orders read:

10 /e = [rggomgg - rgg“’)} SramOno (5.34)
1IN /e = PL“)AgO) + TV AN L= (5.35)
H+TL2 A0 rﬁm< ). (5.36)

The mixing current is given by
IS . =Rely 1/2 , I).=—-Iml; /2. (5.37)

In order to simplify the expressions obtained above we use the fact that in general w; &~

wy = wp so that even in the fast oscillator limit |w; — we| < FOTO(O). This gives the

approximate expressions:

—(1 T(1)~—(0
I'_‘(I)HOFIO( : — 1—‘10( )POO( :
Too” (iwp + Tgi”)
—(2 (1 1 (1 1
) Fl(%_rlé)A(())l_FO(%Ag(%

(5.38)

(2 _ L ) y ) )
AP = T (5.39)
00
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One can see that the residual wp-dependence is due to the relaxation time of the charge

T(O) (1)

in the island. As expected it disappears for wp < I'yg”. The contribution from I; 7,

(1)

vanishes since FL_l = (0. The interesting part is the contribution of second order which

reads:

19, = TEOAD | LMD A0 | Pk 40)
L—(2
TR P L i (5.40)
One can verify that for w < Fgo(o) expression Eq. (5.40) reduces to I%/0adb recovering

the standard results for the mixing-current [cf. expressions (3.11) and (3.10)].

In the opposite limit of w > Foo the first order correction to the charge variation
(1)

vanishes (A;j — 0): the charge has not the time to follow the driving. Only a second
order correction survives Afll = Ff(ﬁ / Fgo(o). The residual time dependence at the mixing
frequency is only due to the direct modulation of the tunneling rates (Fa’( )) The final
expression for /; _; in the limit w — oo reads:

-(2)

r

L(0)*1,—-1 L(2 L—(2

=14 >F o T AL - T (5.41)
00

[(2)

1—1fast

In the following chapter we consider explicitly the case of a metallic dot and of a s-
ingle electronic level dot and we derive explicit expressions for the mixing current, its

fluctuation and the response function in the high-frequency regime.






Chapter 6

Incoherent tunnelling regime

6.1 The metallic dot single-electron transistor

The expression for the tunnelling rate are well known for a metallic dot in the
Coulomb blockade regime [39]. For convenience of the reader, we report in the Chapter
2 a very short derivation of the electrostatic relations. We consider only the two states

with NV and N + 1 electrons.

6.1.1 Low temperature case

We begin by discussing the low temperature case kgl < eV < Eo where Eqo =
e?/2C% is the Coulomb energy. In this case there are only two non-vanishing rates (for

V >0)

THN) = To(v+,)0(v + ity (6.1)

To(N +1) = Tolv—iy)0(v — ity) (6.2)

where I', = 1/RCx, v = (C + C,/2)V/e and 7y = Cy(z)V,/e — N — 1/2, we assume

a symmetric device with tunneling resistance R. The stationary solution to the master

29
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equation (5.3) and the stationary current (5.33) read

- 2 _ ~2
ng—{—v, I:eI’OU —ng’
2v 2v

Pt = (6.3)
both equations valid for |7;] < v. The current vanishes continuosly for |n,| > v while the

probability is 1 for gy > v and 0 for 7, < —v.

The driving amplitudes in terms of the dimensionless variables introduced read v; and
ngi. Note that the dependence of the rates on v and n, is non-analytic for n, = fwv, this
gives a constraint on the amplitude of the oscillations since the Taylor expansions are not
valid if the parameters cross this values. This gives the constraints |7, £ ng| < v and
v — vy > n,, that can be written ng,,v1 < v —ny. Using Eq. (6.1) and Eq. (6.2) we can

readily obtain the non-vanishing coefficients of the expansion (5.6):

Thh =To(v +7y), Tl = Toe™ng /2, T8 = Tov1/2, (6.4)
D =To(v —ny), T = —Toe™n, /2, T =T /2. (6.5)

For wy =~ wy = wp we obtain a very simple expression for the component /; _;:

~ —i
Nngvingie ¥

L, = I'y—=
= W}, + 4v?

(6.6)

here we defined @p = wp/I',. One finds thus a Lorentzian behaviour, the amplification
factor decreases quite rapidly for large frequency driving wp. The main reason for the
reduction of sensitivity is the incapacity of the charge in the dot to follow the driving
signal. The crossover value for the frequency is wp ~ V/Re, above this value one cannot
use anymore the adiabatic approximation for the relaxation of the charge on the dot. It
simply coincides with the frequency for which one electron per driving period crosses the
device. For instance for w, = 100 MHz, R = 10° Ohm, for voltage below a mV the
corrections due to the retardation of the charge on the dot becomes relevant This regime
has been observed in the experiment presented in Ref. [48], where the crossover from

slow to fast oscillator has been investigated by a fine tuning of the tunnelling resistances.
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The amplification factor for the mechanical quadratures is thus:

el's  mgngv;

A= Do Maltgth
L (0% + 4v?)

(6.7)

It is maximum for ny, = +v, but one should also take into account the constraint on the
amplitude of v; < v —|n,|. One way to take that into account is to set v; = v — ||, this
is the maximum allowed value for the driving amplitude, and since the signal increases

linearly with vy, it gives the maximum value for \. This gives:

el'y nghg(v — |7ig))

A pu—
L (@ + 40?)

(6.8)

The maximum of A as a function of the gate voltage is obtained for n, = +v/2 and its
value (for @p < v) is
el'ong

independently of v. For a typical device one has n, ~ 100 L = 1um, I'y = 10" Hz leading
to A~ 0.1 A/m [9, 10].

The gain is only a part of the detection, one has also to evaluate the noise. For that we

need the two contributions considered in the Chapter 4.

Shot noise. The Fano factor has been obtained in Ref. [40] (cf. Eq. 41 there):

B Fz2+l—‘;{2 'U2+77L§

F = = 6.10
(T} +Ty)? 202 (6.10)
it varies between 1/2 and 1. The shot noise becomes thus:
U4 . ,,7L4
Sshot — 21, g (6.11)

203

Charge noise. To obtain the contribution of the displacement fluctuation we need to

calculate the charge noise correlation function:

Su(t) = (5n(t)6n(0)), (6.12)



Incoherent Tunnelling Regime 32

where dn = n — (n) is the fluctuation of the charge,(n) is the average of the charge. First

we calculate the correlation function of the charge:

(n(t)n(0)) = > P(n, tlny, 0)P;* = P(1,t | 1,0)P}" (6.13)
ni,n2
where the conditional probability P(1,¢|1,0) that it was occupied at time ¢ > 0 with the

condition that it was occupied at time 0 can be obtained by solving the master equation
P(1t | 10) = Py(t) = e~ Jo Drdt / INTL R ) (6.14)

with initial condition for ¢ =0, P, = 1, then C' =T'g/I'r

'y

Pl = (FR/FT)e*FTt =+
Ly

(6.15)

Py = T'y /T'p is the satationary solution that is realized for t > 1/I'r, then correlation

function of the charge:
I'p

(n(t)n(0)) = e T+ (L

T3 )2 (6.16)

As Charge noise can be expressed as following:

(on()on(0)) = (n(t)n(0)) — (n(t)){n(0)) (6.17)

then the charge noise can be obtained by Fourier transform:

2I'T

Snlw) = PP = ) =

(6.18)

As expected the correlation function is flat for w < 'Y, the required low frequency

correlator reads then:

Sp(w = 0) = 201 /(T7)". (6.19)
In the specific case of low temperature one obtains thus S, = (v* — 77)/(400%).

In the typical working regime of a SET V <« V,, and n, = N. Using the Eq. (2.1) one
finds that Q;/e ~ n, ~ N. We thus have Fy = 2N E¢/L. Collecting all the terms we can
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substitute into Eq. (4.18) to obtain:

Ec 2 U2 o ﬁ2 ﬁQ
Sha — 22T, N* ( k:L2> ( = ) g, (6.20)
The ratio of the mechanical to the shot noise is thus:
ba 2 42
St _ ( Ee ) ANTH (6.21)
Shot kL? ) v%(v?+ ng)

For large mechanical coupling (L small and N large) the mechanical noise dominate for
1> n, > kL*v?/(2EcN?). At small values of 71, the shot noise always dominates due
to the vanishing of the gain (0/0n, — 0).

From Egs (6.9), (6.11), and (6.20), we obtain the seeked added noise as defined by E-
q. (4.19). In order to study its dependence on the different parameters it is convenient
to introduce the two dimensionless variables v = n,/v and the dimensionless coupling
constant & = (Ec/kL*)(N?/v) = ep/eV, where ep = F}/k is the energy scale of the

electromechanical coupling [13, 14, 18]. The added noise then reads:

E
add __ c
Sx - kJFOf(V7 5) ) (622)

with

f(v,6) = 20+ Vigll((f_t)la)y 1 , (6.23)

and 0 < v < 1. The function diverges for v — 1 due to the fact that we have to limit the
amplitude of the voltage modulation and diverges for v — 0 due to the vanishing of the
amplification factor. The minimum added noise is thus always for values of v between 0
and 1. In the weak coupling limit, for § < 1, one finds that the minimum is at v =~ 0.54
and reads

E./k eV

Sadd 5 14,8~

6.24
T (6.24)

For strong coupling, d > 1, instead the minimum is close to ¥ = 0 with a value for

E €Ep 2
Gadd g —¢ (=) | 6.25
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FIGURE 6.1: S24 as a function of § = ep/eV for v(§) minimizing the function . In a
inset the value of v that minimizes the function for given § [, (0)].

In both cases the noise diverges when 6 becomes very small or very large. In the weak
coupling limit the added noise is dominated by the current noise (imprecision noise), in
the strong coupling it is instead given essentially by the back-action noise. As usual [46]

the optimal situation is in the middle for § =~ 1.

In Fig. 6.1 we plot S34[§, v,,(0)], where 14, () is the value of v that minimizes S244 for
given §. We thus find that the absolute minimum for the added noise is obtained for

v =0.32 and § = 1.857 and reads

E
add — 57.61-— 2
5244 = 57.6 i (6.26)

This is the ultimate sensitivity that can be obtained with this device in ideal conditions,
when all other sources of imprecisions have been eliminated. Inserting typical values of
E.~ 10K, Ty ~ 10" Hz, k = 1075N/m one obtains the value of S ~ 10726m?/H 2.
One should regard this value with some caution. Let’s consider the value of the coupling
that is required to obtain this sensitivity. The optimal value of § is for eV =~ ep. As
discussed in the litterature (see for instance Ref. [18], where this energy is called Ef)
this scale determines the value at which the system undergoes a current blockade. It is
difficult to reach this limit (since one needs also kT < €p) in metallic SETs. On the
other side ep of the order of 0.3 K has been observed in suspended carbon nanotubes
[48]. The dramatic effects expected at low tempereture on the mechanical resonators

have been discussed recently [26, 27]. This extreme limit need to be reconsidered, since
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the resonating frequency of the resonator is renormalized by the coupling, and the added
noise induced by the oscillator is expected to be more effective. In particular the oscillator

becomes strongly non-linear close to the transition.

We can estimate in a simple way the effect of the softening of the mechanical resonator

following Ref. [18]. The correction to the variation of the energy reads [11]:
AE* — AE* + Fyr (6.27)

this changes the form of P;* given by Eq. (6.3) as follows:

ﬁg + xFo/(QEc) + v
20 '

Pt = (6.28)

Substiting into the equation for the average force FyPL and taking the derivative with

respect to x one obtains the renormalized spring constant:
K =k(1-9). (6.29)

The instability appears for 6 = 1, where two new stable solutions bifurcate. The only

change in our previous calculations is the value of k entering Eq. (4.19):

E. 1
Soed = KTol—0 v, 0/(1—0)]. (6.30)

Repeting the minimization procedure we find that the minimum is now for § = 0.48
holding the value of 132.7(E,./kT'y). Thus the renormalization of the resonating frequency

reduces the precision of a factor of 2, leaving space for high sensitivity detection.

The actual limitation in current experiments will be the value of the coupling, since in
practice the typical temperature reached in experiments on metallic quantum dot is much
larger than ep. In the following section we considerthe detection at finite temperature

and low voltage.
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6.1.2 Finite temperature case

Let us now consider the finite temperature case eV < kgT < E¢. In this case we
have to take into account the four possible tunnelling processes that change the charge
on the dot from the N to the N + 1 state (Chapter 2). The respective rates read:

F+

V) = Tmh[(FeV —20,Ec)/kpT], (6.31)

TN +1) = Tmh[(xeV + 20, Eo)/kpT), (6.32)

with h(y) = —y[l — ¢¥] and ', = kpT/e?R. We consider the low bias voltage limit
eV/kpT < 1. In this limit the expression for the current Eq. (5.33) becomes:

eV
I = GFTthBT 9(2nyEc/ksT), (6.33)
where
hyh” 4+ h h_ evy

and hy = h(+y). From the expression of the current we obtain

021 Ec
Vo = T J (2B /kpT), (6.35)
g

(for brevity, we omit in the following the arguments of g and of the other functions of

y = 2ny,Ec/kgT) with the amplification factor:

ngoroevl Iy Vo,
ALksT 7~ 8RkgT?

A= (6.36)

The factor ¢'(z) has a maximum for y = 1.16 for which it holds the approximate value
0.154. Thus tuning n, = 0.58kpT/E¢ allows to obtain the maximum value of the ampli-
fication factor. Comparing this value to Eq. (6.9), valid for kgT < eV, we see that the
amplification factor is reduced by the term eV} /kgT < 1.

The shot noise at low frequency reads [40]:

Pplp +TpTh (Ul — Ty TR)?

Sshot — 2
I 3
I'r I,

(6.37)
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For small V' the first term (thermal noise) dominates and gives:

hih_
St = oy, ——— . 6.38
I € 1 Th h+ + h_ ( )
The charge noise in the same limit reads
1 hih_
S, + (6.39)

" Dn (hy +h_ )3

From the expression of the back-action noise (4.18) we see that for V' — 0 there is
(apparently) no back action of the measurement. It is possible to set V' = 0 and exploit
its modulation around 0 to detect the motion of the oscillator. But in this case we need

to consider the next order in the expansion (3.8). For V' = 0 we have:

oI

0 = ———
Ong,0V

SngVit ... . (6.40)

From this we have for the current-current correlator:

oG

13110} = (5o ) VitV omy (1) 1), (6.41)

where G = dI/dV for V' = 0 is the conductance. The product of the two Vi terms
gives an oscillating term depending on t; + ¢ that averages to zero and a second term

proportional to cos[ws(t1 — t2)]. Using dngy(t) = (C;V,/e)dx(t) we have

. 1/0G\° ,
S}) 25(8_719> (‘/gOCg‘/l/e)QSm<w2)' (6.42)

Typically wy =~ w,,, we thus assume that it is resonant in order to evaluate the case of
maximal back-action:

gba _ 9/2h+h— 2 E%QQ(GVQZ
I

- 4
16(hs + h_)® " (kpT)3Ec’ (6.43)

with AP = (¢/)’hoh_/(hy + h_)? and Q = w,, /7y the oscillator quality factor.
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Adding the two sources of current noise Eq. (6.43) and Eq. (6.38) we obtain for the added

noise:
Ec ep@Q? (kgT)?
Sadd — ba shot 644
v T 1Y EeT Y e (6.44)

with the numerical factors a® = 4h h_/(hy+h_)* and o = 32k h_/[(¢')*(hy+h_)].
Choosing the value 72, = 1.60 that maximizes \ their values are a"® = 0.23 and o't =

449.

The minimum of the added noise is obtained for

ashot 1/2 (kBT)Q
— 6.45
r ( - ) SCAE (6.45)
with a minimum noise of
EC . 1/2 kBT
Sadd — 9 C ba _ shot il 646

Since eV} /kpT < 1, at best we can set this ratio to 0.1. This gives for the optimal value
of the coupling

€p 441
~— 4
T 0 (6.47)
and the minimum of the added noise
E
gadd _ g3 @EC 6.48
. iTs (6.48)

Some comments are at order. First we assumed that the frequency driving the voltage bias
is resonant with the oscillator. This is an upper limit to the back action, in particular
if () > 1 this condition is not fulfilled and the back action will be reduced. For the
non-resonant case it is sufficient to use the above results with @ = w,,/wa, reducing
enormously the minimum added noise, to the expenses of finding a much larger coupling
constant. The limitation is given essentially by the band-width of the device, |w; — ws
should be as large as possible (in particular larger than w,, /@), but yet smaller than
the band width. The second comment concern the value of the coupling constant ep
necessary to reach the minimum. One can see that even with the assumption of resonant

back action it is relatively large. For a typical @ ~ 10* one finds ep/kpT ~ 0.04. To
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our knowledge the largest value of the ratio kgT'/ep is =~ 0.017 has been reported in Ref.
[48]. Since as soon as () > 1 it is possible to avoid resonant back-action, in most cases

the main limitation is to reach large values of ep.

It is interesting to compare the shot-noise contribution of the added noise with the reso-

nant brownian motion fluctuations:
SB (W) = 27— (6.49)

The ratio reads:

add shot E kT 2
St _ @ 07( b ) . (6.50)

SB 2 eply \ ey
Detection of brownian motion can then be done for ep/Ec > 2 x 10%y/Ty (where we
assumed as before eV;/kpT = 0.1). For instance in Ref. [10] v/T &~ 107® allowing the
detection of the brownian motion fluctuations even for very weak coupling. For a rough
estimate of the coupling in that experiment one can use the expression given in Ref. [26]
ep/kpT =~ 20wy, /w,, where dw,, is the modulation of the resonating frequency near the
degeneracy point (see Fig. 3 in Ref. [10]). For Ref. [10] one finds ep ~ 16m K to be
compared to E¢o of the order of 10K. Notwithstanding the low value of the coupling

constant, the resolution is largely sufficient to detect the Brownian motion of the carbon

nanotube.

6.2 The single-electronic level SET

When the temperature and the voltage bias is much smaller than the electronic

level separation the rates for electron transfer reads [49]:

Il = Trowofrl(e = pom)/ksT), (6.51)

FZ(R) = FL(R)O [1 - fF[<€ - NL(R))/]{:BTH s (652)

where fr(y) = 1/(1 + e¥) is the Fermi function, e is the level position, puy(R) is the left

(right) chemical potential, and I'(g) are the transfer rates. This regime can be realised
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for instance to suspended carbon nanotubes where quantum dot forms. For simplicity in
the following we choose I'rg = I'rg = I'g. The modulation of the gate voltage leads to the

time-dependence €(t) = €y + €;(t) of the electronic level energy e with

€ = €40+ ngVgO/C’E s (653)
a(t) = e[ClVyr(t) + CyViu ()]/Cs (6.54)

and €49 the position of the electronic level for vanishing V,. We assume symmetric bias

so that the chemical potential read:

prr)(t) = oo + (—)e(V + Vicoswat) /2. (6.55)

Following the steps of the previous section we can calculate the current

I= 62& [frl(e = pe)/kpT] = frl(e — pur)/ksT]] (6.56)

from which we obtain for vanishing V' the amplification factor:

engl'o eVikc .,

A= 4L (]CBT)2 F(y)7

(6.57)

where the argument of the Fermi function is y = (g — p)/kpT, and will be omitted in
the following. The maximum of f7. is obtained for y = 1.31 with a value of 0.096. The

thermal part of the shot noise and the charge noise read:

St = eTofr(l — fr), (6.58)
_ fr(1— fr)
Sy = —T (6.59)

Using Eq. (6.42) for the back-action noise we obtain

"2 2
ga _ Ir(1 —8fF) F or, <%) ' (6.60)
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The added noise has thus the form:

add __
S = ——

.61
Ko (6.61)

2
bay2 €P shot kBT kBT
“ Q k’BT ta ( 6‘/1 ) €Ep

with o = 2fp(1 — fp) and o™ = 16f(1 — fr)/f2*. Their values for y = 1.31 are
aP® = 0.34 and o™t = 289.2. We find the same value of ep for the minimum of the added
noise in the metallic case [cf. Eq. (6.45)], but the minimum of the noise has a different

expression:
1/2 (kgT)?
kToeVy

5244 = 2 (aP*aht) (6.62)

Essentially the energy scale of the Coulomb blockade is substituted by the temperature,
in principle reducing the added noise. The conclusion is that the single-level SET should
allow a better resolution of the metallic SET by a factor Ec/kgT.






Chapter 7

Coherent tunnelling regime

In this chapter we consider the sensitivity of the device when the electronic trans-
port is realized in the coherent regime. We will model the electronic system as in Ref. [26],
that is relevant for the description of recent experiments [48, 50]. This system has been
shown to be particularly interesting in the strong coupling limit [26, 27]. Defining like in
the previous chapters Fy the additional force acting on the oscillator when an electron is
added to the suspended island and k& the mechanical spring constant, it has been shown
in Ref. [26] that the system undergoes a mechanical bistability at ep = F§/k = " with
an expected universal quality factor ) of the order of 1.71. Since the previous chapters
we found that best sensitivities are obtained for large values of the coupling constant it is
interesting to consider this model and study the condition for an optimal detection of the
oscillation amplitude with the current-mixing technique. The main question is how the
bistability and the unusual fluctuations of the oscillator may influence the sensitivity. We
will find that in most cases increasing the coupling allows to reach a better sensitivity,
and thus the ultimate limit is the onset of the bistability. Once in the bistable regime
both the progressive reduction of the current due to the establishement of the current
blockade and a strong telegraph noise due to the hopping between the two stable minima

reduce the efficacity of the detection device.

43
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7.1 Model

We consider electronic transport through a single electronic level quantum dot
capacitively coupled to a mechanical oscillator, as is the case, for instance, in state of
the art experiments with carbon nanotubes [48]. The system can be describled by the

following Hamiltonian:

p2 ka
H:HL—l-HR—FHT—FEd([K)de—F%—FT. (71)

The first three terms describe the leads and their coupling to the electronic level: H, =
> w(Cak — ,ua)c];kcak with a = L(R) for the left (right) lead, Hr =), takclkd, with ¢ and
€qk the destruction operator and the energy of the electrons in the leads, respectively,
and p, the chemical potential. From these quantities one can define the lead’s tunneling
rate [, = 7t2p, with p, the density of the states and the single-level width I' = 'y +
['g. For simplicity in the following we choose I'/2 = I'y, = T'g. The last two terms
of Eq. (7.1) describle a single mechanical mode of displacement z, momentum p, mass
m, and resonating frequency w? = k/m. The coupling between the electronic and the
mechanical degrees of freedom is encoded in the fourth term, that gives the energy of the
single electronic level €;(z). In order to find the gate voltage dependence of the energy
level we simply calculate the difference in the electrostatic energy and electronic energy

when one electron is added to a quantum dot where a charge @ is already present:
AE =FE(Q —¢€)— E(Q). (7.2)

Using the expressions for the electrostatic energy (cf. Chapter 2 ) one finds

Q- @
2Cs, 2Ck,

AFE = —€ Z ViCi + €a0, (7.3)

i=L,R,g
with Vi, Vg, and Vj the voltage applied to the left, right, and gate electrode. The first
two terms represent the contribution of the local electrostatic energy, the third one is the
contribution of the sources, and the last one is the electronic level energy. (We consider

spinless electrons.) In order to reach the strong coupling regime one will typically work



Coherent Tunnelling Regime 45

in the limit of () > e. Moreover for the same reasons typically V;, — Vg =V < V,. With

these approximations one obtains:
Gd(.%’) = €40 — ecg<$)‘/g/02 (74)

It depends on the displacement of the oscillator, that we assume coupled to the electronic
level through the modulation of a gate capacitance C,(z). The variation of the force

acting on the oscillator can be obtained by calculating the derivative of AFE:

2 _60_2<vg+202_ - ) (7.5)

In the usual regime Q > e, V <V, and QQ = —eN =~ —C,V, one obtains

Fy =

! 2NE¢
=V, m —— .
0 602‘/;] L (7 6)

where Eg = ¢?/2Cy is the Coulomb energy and L = C,;/Cj is the length scale of the
induced coupling. We defined as previously Cyx, = Cf, + Cg + C, the sum of the three
capacitances associated to the three leads (see Fig. 3.1). The bias voltage satisfies the

relation V' = (ur — pr)/e.

We will work in the typical regime of most experiments: w,, < I' and w,, < eV
or kgT'. This allows to use Born-Oppeneimer approximation and to treat the mechanical

mode as a classical degree of freedom [16, 19]. By expanding the z-dependence we obtain:
Ed(l’) = €0 — Fol', (77)

where €y = eg0 — €Cy(0)V,/Cx and Fy = eC(0)V,/Cs.

In a previous Chapter 6, we considered the sensitivity of this detection device in the
incoherent tunnelling regime: kg7 > I'. In the present chapter we consider the opposite
case of coherent tunnelling regime kgT < I'. For the description of the dynamics of

the device we follow Ref. [26, 27]. Since the oscillator is slow one can calculate the
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position-depenent current for given value of x [27]:

Ia) = [ SErGluw) - faw)), (7.9
where
() = sz (7.9)

is the energy dependent electronic transmission factor through the quantum dot, z, =
(w— € + Fyr)/T, and fo(w) = (1 + e@=#)/T)~1 is the lead a Fermi distribution. This
expression depends on the position of the oscillator, and in order to obtain the measured
value one should average over the positions of the oscillator over its statistical distribution.
We are interested in the low voltage limit eV < kgT'. In this case 7 is a smooth function
of w with respect to the Fermi distributions and we can approximate fr(w) — fr(w) =

d(w — p)eV, where for V-— 0 we defined p = py, = pgr. Eq. (7.8) simplifies to

2
I= %T(zx) : (7.10)

where
2y = (u— €9+ Fox) /T (7.11)

The displacement dynamics of the mechanical mode can be described by a Langevin
equation:

m[i +y(z)i + wiz] = £(t) + Fu(2). (7.12)

In Eq. (7.12) the quantity F.(x) = Fyng(eo — Fox) is the average force acting on the
oscillator. It is simply proportional to the average occupation of the dot ng = (d'd). The
fluctuating part of the force generated by the electrons jumping in and out the dot is
modeled by the stochastic force £(t) that is assumed to have gaussian fluctuations with
(E)E(H)) = D(z)d(t — t') on a time scale longer than I'"'. Also originating from the
fluctuation of the charge on the dot (x) is the dissipative coefficient. Both ~ and D
can be related to the spectrum of charge fluctuation on the dot S,,(t) = (n4(t)nq(0)):
D(z) = FESpn(z,w =0), y(x) = —(FZ/m)(0Snn/0w)(x,w) |u=o, The explicit expressions
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for v, F, and D are given in Ref. [27] :

(n) = / T+ e (7.13)

too dw
nn|w 0 — Z/ o F2 _fﬁ)7—27 (714)

and
dSun

dw

_ Z/ Oogjl:;afa T[fam — (1= fa)7]. (7.15)

From Eq. (7.12) one can derive a Fokker-Planck equation for the probability distribution

P(x,p,t) that the oscillator is at position x with momentum p at time ¢:
p D,
P =—0,P — F0,P +~0,(pP) + EOP(P) (7.16)
m

where F(x) = —kx + F(x).

7.2 Current noise sources

We consider now the two contributions to the current noise sources.

7.2.1 Intrinsic electronic current noise

The current fluctuates due to the discrete nature of the charge and due to the
thermal fluctuations. For simplicity and coherence with the notation of Ref. [52], we use
the notation S51°t, even if in practice in the following we will consider only the case of
dominant thermal fluctuations. For a single channel two-terminal conductor the noise
power spectrum (Sy(w) = 2 [ dte™*(I(t)1(0))) of the current fluctuations for V, kg7 < T
reads [51]:

o2
Sshot — — |2k pT7? + eV coth v T(1—-7)], (7.17)
2kgT

where the first term is the equilibrium noise contribution and the second term is the non-

equilibrium or shot noise contribution to the power spectrum. In the regime of interest
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for most experiments in nanomechanical systems, eV < kgT', we are left with

2]€BT€2
™

Sehot () = 7(z). (7.18)

Here z should be averaged over P(z,p,t), but for weak coupling the probability has a
sharp peak at the equilibrium position x, of the oscillator, and one can simply use this

value of x in the definition of z = z,.

7.2.2 Back-action current noise

The coupling of the mechanical oscillator to the electronic detector induces fluc-
tuations even in the quasi-equilibrium limit of eV < kgT'. The fluctuation of the charge
on the quantum dot induces a stochastic force that put the oscillator into motion. The
displacement of the oscillator affects the effective energy level position, through Eq. (7.7),
that in turn generates fluctuations of the current that induces fluctuation of the mixing
current signal I,,,. We call these fluctuations back-action current noise. In the particular

case of vanishing DC bias voltage (V5) the expression of the back-action noise reads [52]:
SPa = 825, (wy) . (7.19)

The factor 8 is due to the definition of the current noise and to the averages entering the
mixing current detection. Once inserted into the definition of 244 it will simply give the
intrinsic fluctuation of the oscillator generated by the electrons. In order to evaluate it

we need to obtain S, (ws), where typically w, is very close to wy.

7.3 Weak coupling regime

Let’s begin to evaluate the behaviour of the device in the extreme weak coupling

regime to be defined more precisely by Eq. (7.56) in the following. The spectrum S, can
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be obtained by solving the Langevin equation (7.12) by Fourier transform:

Su(w) = (2(w)r(—w)) = iC)

— . 7.20
m?|w2, — w? — iy(xe)w|? ( )

The charge noise is given by Eq. (7.14). In the limit eV < kgT one has Zaﬁ fa(l—f5) =~

kpTd(w — p) giving
2kgT
So(w=0) = 3 7%(2) . (7.21)

Assuming the worst case where |wy — wy| < wo/Q, with Q = wy/~y we have

2F2S,
Se(ws) = ¢ kg (7.22)
A convenient way of rewriting it is:
2Q? epkpT
kS, (ws) = % Prf (7.23)

where we introduced the coupling constant energy scale ep = F¢Z/k. The quality factor

induced by the electro-mechanical coupling can be obtained from Eq. (7.15):

7
= — 7.24
@ epwoT?(2¢) ( )
that gives
2rkgT T2
kS, = 7.25
(wo) ep wir2(z) ( )
We calculate the response function from Eq. (7.10):
e?NVy E¢ eVi\ er’(z)
_ 2O ) e By (S ) E) 2
T °<r> im (7.26)

where 7' = dr/dz, L = Cy/C}, N the number of electrons on the dot =~ C,V,/e, Ec =
e?/2Cs, the Coulomb energy of the island (see also 7.1).
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Substituting the expressions for the shot noise Eq. (7.18) and the back-action noise E-
q. (7.19) into Eq. (4.19) we obtain:

2
f§add = ]@TT [abaQ2%P + qehot (;VJ %] (7.27)
with the numerical factors a®® = 47%(z)/7 and o = 3277(2)/(7'(2))®. One can in
principle minimize this expression as a function of z and €p in order to find the best
operational point. (Note that changing ¢, allows to modify z., even if in a non linear way,
since =, depends also on €, as we will see in more details later.) In practice one prefers
first to maximize the response function A in order to have a strong signal, and then look
to the optimal value of the coupling constant that minimizes the noise. The response
function \ is maximized for z, = 1/4/3 where 7 = 3/4 and 7/ = —3+/3/8 ~ —0.65. This

gives aP® ~ 0.716, a*"°* ~ 178.42. Minimizing now with respect to ep we find

shot 1/2 2
opt _ (& I 7.98
a= (") o (7.28)
with a minimum noise of
kT r
RSPt = 278 (abaten)' 2 g (7.29)

T eV,

Since all the previous calculation are performed in the limit eV} <« kT < T, the

minimum value of the ratio I'/eV] is 10. This gives for the optimal value of the coupling

opt
€p 157.8
RS 7.30
T 0 (7.30)
and the minimum of the added noise
kT
JeSOPt — 226.1QI‘? : (7.31)

These expressions holds when the quality factors are controlled by the coupling of the os-
cillator to external degrees of freedom, like the surface phonons generated at the clamping
points, or defects in the structures. In the special case of the damping dominated by the

detection system @ is given by Eq. (7.24) (we neglect the ¢y dependence of @)) and quite
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surprisingly one finds that both the shot and the back-action noise decreases as 1/ep:

pgad — kgT {47r ( r ) N 3271’7’} ' (7.39)

ep | T2 \wp 72

In practice we have to limit the value of €p to the region where the weak-coupling ap-
proximation applies. We will see in the next section that the precise condition for that
is given by Eq. (7.56). For typical values of the other parameters that we will use in the
following for the numerical calculations (wy/T" = 1073, eV /T = 0.1, and kT /T = 107?)
one finds a high value of the added noise of the order of kS ~ 107. Increasing the

coupling reduces this value, but forces us to consider the effect of non-linearities.

7.4 Non-linear regime

When the coupling or the temperature increases the oscillation amplitude induced
by the coupling to the electrons increases. One cannot neglect anymore the non-linear
part of the effective force generated by the electrons on the oscillator. By evaluating

explicitly (ng) for kgT < I" and for eV = 0 one obtains:

1 1 — E
F(z) = —kx + Fy 3 + — arctan Mo~ €0+ ToT

- - (7.33)

The electronic force modifies significantly the equilibrium position of the oscillator that
is no more in z = 0. Once we know the equilibrium position we can calculate the

renormalized spring constant:
K=—-—| =k—=—"7(z) (7.34)

It is convenient now to define new variables:

& = W . and  F=ka/Fy—1/2. (7.35)
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We now write the equilibrium equation for the oscillator, that is F(z.) = 0. In terms of

the newly introduced variables we have:
- 1 . I
— Te + —arctan(éy — 7Z.€p) =0 (7.36)
T

where we have introduced also ép = €p/(n]"). It is convenient to use again the variable

2z = €y — mxeép and write the equlibrium equation as
€ = 2. — €p arctan z. . (7.37)

Written in this form it can be seen as the solution of the equilibrium equation in terms

of z.. The function is plotted in Fig. 7.1. One clearly sees that for ép > 1 there are three

3

~

€0

FIGURE 7.1: €y as function of z with the coupling ep /7" = 3,6. The appearance of
the two extrema signals the appearance of the bistability

solutions, two stable and one unstable. We can find the condition for the appearance of
the bistability by looking for the appearance of a maximum for the function €(z). This

gives déy/dz = 0 that has two solutions

4 = + gp —1 (738)

for €ép > 1. From these values we can find the two functions

€y = z4 — €éparctan(zy) = £[z; — ép arctan(z,)]. (7.39)
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The system has only a single stable solution for |€y| > €., and is instead bistable otherwise

(see Fig. 7.2).

FIGURE 7.2: Stability diagram as a function of €y and ép.The region between e, and
¢_ is bistable. The dashed lines give the values of & for which z = 1/v/3 (cf. Eq. (7.37))
and thus 7 is maximum.

The change of the stable points has an important consequence on the resonating frequency

of the oscillator, that is renormalized (cf. Eq. (7.34)):
wh Jwi =1 —épT?(2e), (7.40)

where 2z takes the equilibrium value. For €y = 0 if €p < 1 the only stable solution is for
z = 0, while for ép > 1 the solution in z = 0 is no more stable, and two new minima
appears for z # 0. The behavior of the system in this case has been discussed in details
in Ref. [26] where also analytical expressions for S, have been derived. But when the
stable solution is at z = 0 then 7/(z = 0) = 0, and thus A = 0. For the purpose of using

the device as a displacement detection we need to work at €, # 0.

7.4.1 Weakly non-linear regime

Here we follow Ref. [26] to derive the analyical form of S, (w) for & # 0 (and thus z. # 0)

when the quadratic part of the oscillator remains dominant. We begin by expanding the
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potential around the equilibrium position x.:

190 VF .
U(r) = Ulze) — Z mmbe@—xe) o (7.41)
n=24

This gives for AU = U(x) — U(z.) in terms of the y = (x — x.) Fy/T
AU (y)/T = ay® + by® + cy* (7.42)
with
a=(1—r7ép)/(2mép), b=—7"/3n, c=—7"/4Ir. (7.43)

All these functions have to be evaluated at z equilibrium. In order to find the effect
of the non-linearities on the spectum a crucial quantity is the energy dependence of the

resonating frequency

2 TR dz
— =2 . 7.44
wp m/xL 2m(E — AU(x))]'/? (74
where AU(zp g) = E and zp < x, < zp.
The resonating frequency is given by Eq. (7.44) that can be recast in the form
27TFO
——— =L+ 7.45
@mD) 2w, 1+ 12, ( )
with
0
L = / dy(E — ay® — by® — cy*) /2 (7.46)

yL

and I, the same integral taken between 0 and yg. Here y,r = (xpp — z.)Fo/I" and
E = E/T. By definition E = ayi g+ by} r+cyi g, we can thus substitute this expression
in the integrals. We then introduce £ = y/y g. This gives:

1
Ly = / défa(l — €*) + by r(1 — &%) + cy%,R(l —eHY2, (7.47)
0

This form is particularly convenient to perform the expansion for y; r < 1. In this limit

the cubic and quartic terms can be treated as a perturbation of the quadratic term. At
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order y?  one has:

! 1
e || G

1— byr.r (1 —&°) B Cy%,R 1-¢ I 352%,3 (1-8)?
2 1—¢&2 20 1—¢&2 8 a?(l—¢&?)?

(7.48)

All the integrals can be performed giving:

™ QbyL R 2 3 45 b2 3¢
Lo=—%|1——— —— = - — 7.49
B2 90172 { e r\\7 76 @ (7.49)

Solving perturvatively the equation for y., r we find at order y} 5 ~ E3/2:

AN b (BN B

c
= — 1+ — [ — - — .
YL.R :|:<a> 2a<a> 2a (750)

In particular in order to evaluate I; 4+ I, we need the sum y;, + ygr = —bE /a. We finally

obtain: B
T E
L+ 1, = pevCh 47T5CL5/2C (7.51)
with
3 b2 A7 2
C(z,ép) =7 |zc— —(—=— - )| . (7.52)

2 a8 T

From this one can readily obtain the derivative of wg:

dwg w 2
0= —=0)=C———=L . 7.53
One can then simply use the expansion
Wg = Wy +wWr(0)E+ ... (7.54)

and find that the spectrum has the same form found in Ref. [26] supplemental materials:

Sm(w) _ 7T(W - ;Um) 6—(W—wm)/w}3(0)kBT ) (755)
mwywy kT
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One relevant difference is that w} can be either positive or negative, the cubic term
induces a reduction of the frequency, while the quartic one an increase. The spectrum
Eq. (7.55) has a maximum for w = wy, + wipkpT and a full width at half height of
Aw = Ao|wi(0)| kT, with Ay & 2.446.

With these expressions we can first compare with the purely dissipative calculation
of the previous section and find for which value of the coupling constant the width induced
by the dissipation (7) is of the same order of the width induced by the non-linearities
(Aw):

- Wo 72

P LT ANC

<1 (7.56)

where the last disequality comes from the classical hypothesis on the oscillator iiw/kpT <
1. Changing the equilibrium position modifies the numerical factor C', but it has not a

dramatic effect. This is also the condition of validity of the weak coupling approximations.

In order to obtain the sensibility of the device in the weakly non-linear regime we need
the maximum of S, (in the usual pessimistic assumption that ws is closer to w; than the

width of the resonance):

me !

feSmax — (7.57)

(1 —épr)wly
Note that the maximum of the spectrum does not depend on the temperature. This
may seem surprising at a first grance, but actually it follows from the fact that the
integral of the spectrum is dominated by the quadratic contribution that is proportional
to the temperature (equipartition theorem), but now the width of the distribution also
is proportional to T', thus the only way to keep the normalization is that the maximum

does not depend on T

We can now obtain the form of the added noise:

ep 7% \ eV}

kT I\’
kS2dd = gpgmax 4 gp "B T (—) . (7.58)

Explicitly:

o T' (1 — épr)t/? kgT' 1 7 (T \°
fSadd = =2 — smt —— =) . 7.59
v eC wy €2 toem I ép7? \el) (7.59)
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We set z = 1/4/3 that maximizes \. We then find that both terms in Eq. (7.59) are
monotonically decreasing as a function of €p. That is normal for the second term, but
unusual for the first one that encodes the back-action of the detection system. The
minimum of the imprecision noise is thus obtained at the maximum value of €p for which

the above expressions are still valid.

In order to find the validity region we evaluate the amplitude of fluctuation of
the variable y. Neglecting the quartic and cubic terms one finds from the equipartition
theorem (y?) = kpT/2al’. The conditions on the smallness of the cubic and quartic terms

read then a > b(y?)"/? and a > b(y?). Explicitly for the cubic term:

]{ZBT (3')2 (1 —Tgp)S

7.60
r < 2m7’? e, ( )
and for the quartic term
kBT 1 (]_ — Tgp)Q
. 7.61
r < 1273|7"| % (7.61)

If we choose as usual the value z =1/ V/3 to maximize A, we have that the quartic term
of the expansion is exactly vanishing at that point, leaving only the cubic part. We see
that the condition given by Eq. (7.60) can be always be satisfied since even for ép = 1 it
reads kpT/I' < 4/3m =~ 0.42. Note that this is not possible for the case z = 0, for which
the cubic term vanishes and the quadratic condition becomes kT /T’ < (1 —ép)?/e%dln?
that vanishes at ép = 1. For this value there is a crossover to a purely quartic behaviour
of the oscillator. For z # 0 the crossover between the quadratic and cubic correction

happens for

1= ]{ZBT gp 7'”2 s

T 1-¢é 7716

(7.62)
that defines a small region around the line z = 0 and é€p < 1.

Coming back to the expression for $294 we set ép = 1 and z = 1/+/3 to obtain the optimal

value:

r L \?kgT
ESOPY — 34— 1140 [ — | 222 7.63
R <ev1 ) d (7.63)

We see that the last term is essentially the same that we calculated in the weak-coupling
regime, where the dissipation determines the width. Here we simply could push the ex-

pression to its limit by calculating the first part that includes the non-linear contribution.
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The first term is large, due to the small value of wy and independent of the temperature
(provided it is finite). The reason has been given above and the consequences are that
for

kgT

< 0.024 (eVi/T)? ~ 2.4 107" (7.64)

the current noise becomes negligible with respect to the intrinsic mechanical fluctuations.
Using the same parameters of before (wo/T" = 1073, V3 /T = 0.1, and kgT/T = 107?) we
find an optimal value of kS & 3400, in good agreement with the numerical results of

the next section.

7.5 Numerical evaluation of the fluctuations

In the previous section we have evaluated the added noise and the response function in
different regimes performing some approximations on the evaluation of the stochastic fluc-
tuations. For instance we evaluated the response function by setting z at the equilibrium

value, but a definition that takes into account the fluctuations reads:

_ Foels
~ 4aThL

/dxdpPst(x,p)T’(zx) . (7.65)

In order to find the stationary Py (x,p) that solves the Fokker-Planck equation we dis-
cretize the equation and solve numerically the associated linear problem. Defining the

Fokker-Planck operator as £ such that
o,P =LP (7.66)

one can also find an explicit expression for the displacement spectrum [19]:

o>

Sy(w) = —2Tr[:%w2 7 TPy, (7.67)

where all the terms with a hat in Eq. (7.67) are super-operators acting in the space of
probability, Py is a vector solution of LP,, = 0 and #(t) = &(t) — (x) (see Ref. [19]

for more details). Using this approach we can calculate explicitly the average of A.
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FIGURE 7.3: (7') as function of €y for different values of the coupling constant ép =
0.2,0.6,1. In this figure and in the following ones the other paremeters are wy/I' =
1073,eV4/T = 0.1 and kgT/T = 1072,

In the following all the figures are plotted for the following values of the parameters:
wo/T' =1073,eV;/T = 0.1 and kgT/T = 1072 We show in Fig. 7.3 the average of 7/, that
is the only part that depends on the fluctuations.

Also the low frequency (w < I") shot noise has to be averaged over the stationaly distri-
bution probability:

shot __
ST =

2kpTe?
Bﬂ ¢ /da:dpP(a:,p, t)r(x). (7.68)

From these two expressions we can study the dependence of S51°'/)\? as a function of &
for different values of the coupling constant. We show the result in Fig. 7.4. One sees that
for higher coupling one reaches higher sensitivity. The main origin of the €, dependence
remains that given by the average of 7/, with a minimum that moves at lower values &

simply by the relation between z and & for given ep [cf. Fig. 7.2 and Eq. (7.37)].

Finally performing the calculation of the spectrum we show in Fig. 7.5 the dependence of
the maximum of the spectrum compared with the analytical approximations for the case

€p = 0 and as a function of €p.

This figure shows the nice agreement between the weakly non-linear approximation (E-

q. (7.57)) with the numerics for till €p ~ 0.7, as expected. At very weak value of the
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FIGURE 7.4: The (1/7%) as a function of & with the coupling ep = 0.2,0.6, 1.

coupling constant ép = 0.1 we believe that our numerical calculation is not sufficiently
accurate to correctly reproduce the value of the maximum of the spectrum, since the peak
is very narrow. The weak coupling (dissipation dominated) analytical result Eq. (7.25)
is shown dashed. Unfortunately we cannot acces with the accuracy of the numerical cal-
culation to the region where the dissipation controls the width, due to the fact that the
response function is very sharp. The value of ep for which the dashed and the full line

crosses is the crossover value when the non-linearities take over.

We can now come to the numerical evaluation of the added noise Eq. (4.19) for two
different values of the coupling constant: €ép = 0.8 and 1. The result is shown in Fig. 7.6
as a function of €. If we compare these results with those shown in Fig. 7.3, for instance
for €p = 1, we see that the position of the minimum moved at slightly lower values of €,
but in particular the absolute value of the fluctuation increased of more than a decade.
This is due to the contribution of the fluctuations induced by the thermal motion in the

non-linear regime.

We can conclude that the best sensibitily of the device is found for the largest coupling

available before the bistability: ép = 1.

One could in principle explore also the bistable region, but the presence of two minima
that are quasi degenerate for ¢y < 1 introduce an additional source of low-frequency

noise. As discussed in Ref. [26] a strong peak at low frequency appears at the transition
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and is due to hopping of the system between the two stable points. The noise persists
for a large region after ép = 1 increasing of 6 orders of magnitude between ép = 1 and
ép = 1.2. A second limitation of the bistable region is the strong reduction of the current.
The two stable points for large value of the coupling corresponds to the empty and full

dot. This is particularly clear for ¢g = 0. From Eq. (7.37) and € > 1 one finds
2o~ igép. (7.69)

leading to a transparency of the junction of the order of 7 ~ (mép/2)~2 < 1. The current

through the device is thus very weak.

1{]? T T T T T T T T T
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2 I I
10
0 01 02 03 0.4 05 06 07 0.8 0.9 1

EPlTrI“

FIGURE 7.5: The maxinmum of the displacement spectrum (stars), S7%* as function
of ep compared to the two analytical expressions valid in the weak coupling regime
(dashed) and in the weakly non-linear regime (full line).
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FIGURE 7.6: The added noise as a function of & for ep = 0.8 (left) and ep =
1.(right).The other parameters are the same of the previous figures
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Conclusions

In this thesis we have studyed theoretically the sensitivity of the mixing-current
technique. We first found general expressions valid when the oscillator resonating fre-
quency is comparable or larger of the transfer rate of electrons. We find that a reduction
of the amplification factor of the order of (I'g/wp)? is expected. This effect should be
relatively small in most practical experimental realizations. We then analysed the funda-
mental limitations due to the intrinsic noise present in the (current) signal and the effect

of the back-action fluctuations.

For the incoherent tunnelling regime (I' < kgT'), on general grounds one finds
that an optimal value of the electromechanical coupling (ep) exists that minimizes the
added noise. This value is larger than what is realized in the present experiments, showing
that increasing the coupling allows to reach higher sensitivity. At finite temperature the
relevant parameter is the ratio ep/kpT and values of the order of 1 are needed to reach
the optimal minimum added noise. At eV > kgT the relevant parameter is instead
ep/eV. In all cases the scale of the sensitivity is given by E¢/Tok. We find that single-
electronic level SET allows for a better resolution than the metallic SET by a parametric
factor E¢/kpT. Optical means can detect CNTs displacement with good accuracy, even
if the small size of the object does not allows to reach the spectacular sensitivity obtained
with macroscopic mirrors. A sensitivity of 5 - 1072 m?/Hz as been reported [53] by

cavity-enhanced optical detection of CNTs.

63
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We considered only classical fluctuations. It seems difficult to use the mixing
technique to reach the quantum limit of detection, since the effective temperature of the
oscillator, even at vanishing temperature, is of the order of eV that typically needs to
be larger than Aw,,. On the other side it may be instructive to compare the sensitivity
found at vanishing temperature with the zero point fluctuations spectrum at resonance:
SSQL — 2hw,, /kvy. One sees that the ratio to the typical mixing-current technique added
noise at zero temperature is 107%(hw,,/Ec)(T/v)(ep/Ec), since T'/y > 1, for sufficiently

large ep the added noise can be of the same order of the zero-point fluctuations.

We conclude that the sensitivity of the mixing technique can still be improved by
increasing the electromechanical coupling till reaching ep of the order of the temperature
or the Coulomb blockade energy where the back-action will be of the same order of the

intrinsic current noise of the device.

For the coherent tunnelling regime (I' > kpT'), we have investigated theoretically
the sensitivity of the mixing current technique when the oscillator is measured by coupling
it to a quantum dot. In order to obtain the best sensitivities one finds that increasing the
coupling is always helpful, mainly for the increase in the value of the response function A,
and thus due to a the reduction of the intrinsic electronic current noise once referred back
to the displacement. In principle the best coupling value is determined by a compromise
between the back-action noise and the electronic noise, but in our case we have shown that
the system undergoes a bistability before reaching this ideal value. We thus considered
in details the behaviour of the device close to the bistability region and found the best
sensitivity that can be achieved with the device, before entering the bistable regions.
We found that the in weak coupling regime the displacement fluctuation has a standard
lorentian form with a width controlled by the electronically induced dissipation. In this
limit the best sensitivity that can be obtained is given by Eq. (7.32). Its validity is
constrained by the condition Eq. (7.56) on the coupling constant, thus limiting its scope
to a very weak-coupling regime and relatively low value of sensitivity. For larger coupling
constant we were able to obtain analytically the form of the displacement spectrum and
thus to obtain the sensitivity of the device along the line in the €y — € — P plane defined
by z=1/ v/3 where ) is maximal. The analytical approach is based on a weak-non linear

expansion, that on the line z =1/ v/3 holds all the way till tht critical value ép = 1. The
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best sensitivity is given by Eq. (7.59) or for ép = 1 by Eq. (7.63). We then performed
numerical calculation of A and of the S244 that allowed to confirm the findings of the
previously describled analytical results and to observe the small deviations. We did not
investigated in details the bistable region, since the telegraph noise and the reduction of

the current appears to deteriorate seriously the quality of the detectors.

In conclusions this study indicates clearly that even in presence of the non-linear
fluctuations close to the bistability one finds that increasing the coupling always improve
the sensitivity of the device for the detection of the amplitude of oscillation. It is interest-
ing to investigate this coherent case in the bistable region and find how higher sensitivity

can be pushed in the strong coupling limit by this mixing technique.






Appendix A

Full Counting Statistics for

periodically modulated system

In this Appendix we derive expressions for the full counting statistics of transport
for a system describled by a Master equation and driven by two harmonic signals. We
develop a formal theory that allows in principle to obtain all the time-dependent cumu-
lants of the number of charges in one of the leads, and thus of the current passed through
the device. This method was developed to obtain the fluctuations of the mixing current
technique Ref. [52] with a higher order accuracy than that was used in the Chapter 4.
In the end we realized that this level of accuray was not needed for the purpose of ob-
taining the sensitivity of the mixing-curren technique, but the the method developed is
interesting by itself and can be applied to any incoherent transport device in presence of
two driving sources. For these resons we report in this appendix these results, that are
part of the work of the thesis but are not necessary for the results presented in the main

part of the manuscript.

A.1 Model and the rate equation

In the section we introduce the charge-transfer probability distribution with the

general model ;, and derive a formal expression for the probability distribution of the

67
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number of transferred particles from one lead, taken as a refence.

Let us consider the probability P,(V,t) that N charges are in the left lead of a SET,

while the central island is in the state n. We define its Fourier transform:
Pu(x) =Y e"NP,(N,t). (A1)
N
We assume that we have an equation for this quantity that can be written as follows:
Po(x:t) = Mum (X, 1) P (. 1) , (A.2)

With the initial condition P,(x,0). In the following we will write the same equation in

vector form:

P(x,t) = M(x,t)P(x.t) (A.3)
here P is a vector.
L'y I';
—> —>
N
Ny R
L'y L'

F1GURE A.1: The charge transfers in the SET, Fi (R) corresponding to four tunnelling
process

This equation can be derived from the master equation for the charge transfer. Specifically
in the case considered in the thesis if we define Py, ,, the probability of that two states

n = 0, 1(see Chapter 5) of the dot with that of left side is N, the equation reads (Fig.A.1):
Prn,o=-T"Pn, o+ T Py,11+ TPy, (A.4)

Py,1=-T_Py, 1+ T} Py, 410+ THPn, 0 (A.5)

here We define F;(_) as the rate for adding (subtracting) one electron on (from) the

central island through the left tunnel junction. Similarly we define F;(f) for the right
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junction, ['* =T9+T% witha =4, =T+, T =T+, and [T =TT+ see
Chapter.5.
take the Fourier transform of the master equation,
Px,n = Z eiiXNPN,n (A.6)
N
we obtain the matrix form of the master equation:
P>'<,O = M(x) Py (A7)
with
—It [y eX+ T
MOO=| o
[Te™x 417 -r
then we can write the solution in the follwing form:
P(x,t) = "' P(x,0) (A.8)
Let’s now assume that the time dependence of M(x,t) is due to two cosine terms:
M(x,t) = M(x, €1 coswit, €5 oS wat) (A.9)

we assume that ¢; are two small dimensionless parameters and we expand the expression

of M.
t) = Z Mo (X)€T ey cos™ wit cos™ wat

We want now write M as a sum of harmonics:

+o0
ipwit+iquat
§ Npg(x)e

pg=—00

Expanding the expression A.10 we have:

M = Z Mnm ;71716—371 ( twrt + e—iwlt)n (6iwgt + e_iUJQt)m

(A.10)

(A.11)

(A.12)
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That can be further be written as:

- €1 €y ~ n m i(n—2k)w i(m—20)w
M= 3 Mgt 337 () () eoemom it oy
n,m=0 k=0 [=0

We can reorder this sum. One should notice that the k& and [ terms can be reordered
independently, and that for each value of n and m there is only one harmonics of order

p appearing for p = n — 2k (remember that 0 < k < n). This gives:

Npg(X) = i": erem p| + 2my etam gl + 2m2
pq 2lpl+2my \ (|p| — p)/2 +my ) 2ld+2m2 \ (|q] — q)/2 + my

) [p[+2m1,]g|+2m2
m1,ma2=0

(A.14)

Note that the order in € increases with |p| and |g|.

A.2 Solution of the equation

Let’s now use the form A.11 to solve the equation of motion. We begin by intro-

ducing the Laplace transform:

P(x,2) = /OOO dte™* P(x, 1) (A.15)

with Re(z) > 0. With this definition of the Laplace transform we have

/ dte ™ P(x, t) = —/ dt(—z)e ' P(x,t) + e P(x, t)[g° (A.16)
0 0

that finally gives:

| dte POt = 2P0 2) - POGO) (A7)
0
The equation of motion becomes thus:

0

2P(x,z2) — P(x,0) = Z Npq(x)/ dte=*tHiPorta)t p(y ) (A.18)
pq
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We introduce the inverse of the Laplace tranform:

P(t) = ;—;eztﬁ(z) (A.19)

the integral has to be performed on a path going from —ioco to +i0co and remaining in

the the positive real semispace (Rez > 0). This gives:

dz' P(2)
211 —z + 2 +i(pwi + qus)

P02) = P0) = Y N0 [ (A20)
pq
where we have used that Re(z — 2’) > 0. Here there is subtle point. We integrate in
the complex plane in a line 2’ = n + is, with s going from —oo to 400, and n > 0 and
infinitesimal. In particular we choose n < Re\,, where ), are the eigenvalues of Ny,
this will be clear later, since we will find that the poles of P(z) are of the form A, + iw.
Thus using this line we leave all the poles of P (z') on the right, we can then deform the
contour to bring it to the left. We will need to avoid the poles in the denominator, that

are all on the imaginary axis. Each pole will contribute with its residue. We thus find:
2P(x,2) = P(x,0) + Y Npy(X)P(x, 2 — ipw; — iqus) (A.21)
pq

That is the final form of the equation of motion.

We proceed now to its solution as an expansion in €. At zeroth order we find

[z — Noo(x)]P(x, 2) = P(x,0) (A.22)

Let’s now introduce the left v, and right w, eigenvectors of Nyy(x) for the eigenvalue

Ao(x). The solution of the equation reads:

(wn, P(x,0))

P(x.2) = [z = Noo )l P(x, 0) = 3 wn =2

n

(A.23)
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where (w,v) is the scalar product, and we assumed a normalization of the states such

that (wy, v,) = dpm. This gives immediately the time dependent solution:
P(x,t) = Zvn(wn, P(x,0))eM! (A.24)

as it can be also found directly without the Laplace transform. We will assume that the
eigenvectors are ordered by real part, so that \g is the one with the smallest real part, and
it is the one that vanishes for y — 0. We can calculate the average number of particles

and its fluctuation as follows:

_O0P(x. 1)
T Oix

_ 9*P(x.t)

W aix?

(N?) (A.25)

The current is simply d(N)/dt, it will in general contain a constant and many oscillating

terms.

Let’s now solve the problem perturbatively at first order in N, with (p, ¢) # (0, 0).
It is sufficient to substitute the zeroth order solution back into the equation for P and
neglect higher order in N. To do this first write A.21 separating the part that vanishes

for small driving:
P(x,2) = (z = Noo) " P(x,0) + D> (2 = Noo) ' Nyg(X)P(z — ipwy —iqua)  (A.26)
Pg#0
We substitute now the zeroth order solution A.23 into this equation:
P(x,2) = (2 - Noo)_IP(XaO)JFZ(Z—Noo)_leq(Z—ipwl—iqw2—Noo)_1P(Xa0) (A.27)
Ppg#0

This equation can be easily Laplace transformed by projecting on the base of eigenvectors

of Nyg. We have:

[eAnt+iw1pt+iw2 qt __ 6)\mt}

(A.28)

P(l)(x,t) = Z Z U (Wi, NpgUn ) (W, P(0))

il An — A+ lwip + iwag
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to be added to A.21. For long time scales we can discard the contributions of all eigen-

vectors but the lowest one. This gives for the full P(¢):

wo, Ngpv wo, Ngpvo) ,
P(x,t) = vo(x)(wo, P(0))e™ (1= > ( - +q1.) 0) > ( > +(IZ" 0) ghipttivzat (A 29)
4.020 WP T a2g 0,020 WP T 1aq
From this expression we can readily calculate the time evolution of the averages of N".
It is sufficient to perform the derivative with respect to iy and then to project the results

over wy for x = 0.
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