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Résumé

Dans la premiére partie de cette thése on étudie les systémes abed qui ont été dérivés par J.L. Bona,
M. Chen et J.-C. Saut en 2002. Ces systémes sont des modéles approximant le probléme d’ondes
hydrodynamiques dans le régime de Boussinesq, a savoir, des vagues de faible amplitude et de grande
longueur d’onde. Dans les deux premiers chapitres on considére le probléme d’existence en temps long &
savoir la construction de solutions pour les systémes abed qui ont leur temps d’existence minoré par 1/e
ou ¢ est le rapport entre une amplitude typique de vague et la profondeur du canal. Dans un premier
temps on considére des données initiales appartenant aux espaces de Sobolev qui sont inclus dans
I’espace des fonctions continues qui s’annulent & l'infini. D’un point de vue physique cette situation
correspond a des vagues localisées en espace. Le point clé est la construction d’une fonctionnelle non
linéaire d’énergie qui controle certaines normes de Sobolev sur un intervalle de temps long. Pour y
arriver, on travaille avec des équations localisées en fréquence. Cette approche nous permet d’obtenir
des résultats d’existence en temps long en demandant moins de régularité sur les données initiales. Un
deuxiéme avantage de notre méthode est que ’on peut traiter d’'une maniére unifiée presque tous les
cas correspondant aux différentes valeurs des paramétres abed. Dans le deuxiéme chapitre on montre
des résultats d’existence en temps long pour le cas des données ayant un comportement non trivial
a linfini. Ce type des données est pertinent pour 1’étude de la propagation des mascarets. L’idée
qui est & la base de ces résultats est de considérer un découpage convenable de la donnée initiale en
hautes et basses fréquences. Dans le troisiéme chapitre on emploie des schémas de volumes finis afin de
construire des solutions numériques. On utilise ensuite nos schémas pour étudier I'interaction d’ondes
progressives.

La deuxiéme partie de ce manuscrit est consacrée a ’étude des problémes de régularité optimale
pour le systéme de Navier-Stokes qui régit 1’évolution d’un fluide incompressible, inhomogéne et pour
le systéme Navier-Stokes-Korteweg utilisé pour prendre en compte les effets de capillarité. Plus précisé-
ment, on montre que ces systémes sont, bien-posés dans leurs espaces critiques, a savoir, les espaces qui
ont la méme invariance par changement d’échelle que les systémes eux-mémes. Pour pouvoir démontrer
ce type de résultats on a besoin d’établir de nouvelles estimations pour un probléme de type Stokes
avec des coefficients variables peu réguliers.

Mots clés systéemes de Boussinesq ; existence en temps long; propagation de mascarets ; systéme de
Navier-Stokes-Korteweg ; systéme de Navier-Stokes pour un fluide incompressible inhomogéne ;
regularité critique ; coordonnées lagrangiennes ;

MSC : 35Q35, 76B15, 35A01, 76B03, 35Q30, 76D05






Abstract

The first part of the present thesis deals with the so -called abed systems which were derived by J.L.
Bona, M. Chen and J.-C. Saut back in 2002. These systems are approximation models for the water-
waves problem in the Boussinesq regime, that is, waves of small amplitude and long wavelength. In the
first two chapters we address the long time existence problem which consists in constructing solutions
for the Cauchy problem associated to the abcd systems and prove that the maximal time of existence
is bounded from below by some physically relevant quantity. First, we consider the case of initial
data belonging to some Sobolev spaces imbedded in the space of continuous functions which vanish at
infinity. Physically, this corresponds to spatially localized waves. The key ingredient is to construct
a nonlinear energy functional which controls appropriate Sobolev norms on the desired time scales.
This is accomplished by working with spectrally localized equations. The two important features of
our method is that we require lower regularity levels in order to develop a long time existence theory
and we may treat in an unified manner most of the cases corresponding to the different values of the
parameters. In the second chapter, we prove the long time existence results for the case of data that
does not necessarily vanish at infinity. This is especially useful if one has in mind bore propagation.
One of the key ideas of the proof is to consider a well-adapted high-low frequency decomposition of the
initial data. In the third chapter, we propose finite-volume schemes in order to construct numerical
solutions. We use these schemes in order to study traveling waves interaction.

The second part of this manuscript, is devoted to the study of optimal regularity issues for the
incompressible inhomogeneous Navier-Stokes system and the Navier-Stokes-Korteweg system used in
order to take in account capillarity effects. More precisely, we prove that these systems are well-posed
in their truly critical spaces i.e. the spaces that have the same scale invariance as the system itself. In
order to achieve this we derive new estimates for a Stoke-like problem with time independent variable
coefficients.

Keywords Boussinesq systems; long time existence; bore propagation; Navier-Stokes-Korteweg sys-
tem; Inhomogeneous Navier-Stokes system; critical regularity; Lagrangian coordinates;
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Introduction

0.1 Premiére partie : ’étude des systémes abcd

0.1.1 Origine des modéles abcd et résultats connus

L’étude de la propagation des ondes non linéaires en hydrodynamique est trés importante & cause
des nombreuses applications dans les domaines de I'océanographie, de la météorologie, de l'ingénierie
cotiére, etc. En tant qu’exemples de phénoménes physiques concrets ol ce comportement non linéaire
joue un role trés important, on pourra mentionner la propagation des tsunamis, le changement du fond
de 'océan aprés un orage ou 1’érosion des plages.

Dans la suite, on s’intéresse a ’écoulement potentiel d’un fluide homogeéne, incompressible et non
visqueux dans un canal & fond plat de hauteur h > 0 représenté par le plan horizontal :

{(l‘vyaz) 2= _h} (0.1.1)

Supposons que la surface libre de I'eau qui résulte d’une perturbation initiale de 1’état d’équilibre
puisse étre décrite par une fonction 7 au-dessus du fond plat. En toute généralité ’évolution de la
surface libre 1 et du champ de vitesses de ’écoulement, u = V¢ est régie par les équations des ondes
hydrodynamiques (water waves en anglais) :

Ap+0?¢p=0 dans —h<z<n(tazy),
0,0=0  sur —h,
oOn+Ve-Vn—0.0=0 sur ), Www)

6+ % (IV6F +10-01") +92 =0 sur

IN

(t,x
(t,x
ol g est accélération de la pesanteur. En dépit d’'un grand nombre de progrés théoriques sur ce
modeéle, il reste encore trés difficile & employer dans la pratique. Citons l’exemple de [37] que l'on
trouve trés éclairant : en cas d’un tsunami on aimerait avoir des modéles permettant de prédire son
comportement dans un temps assez court, de ’ordre de dizaines de minutes, afin de pouvoir émettre des
avertissements pertinents. Il va sans dire que pour étre capable de faire de telles prédictions on aurait
besoin de schémas numeériques trés précis. Cependant, le traitement numérique du systéme (WW)
reste trés délicat. De plus, dans de nombreuses situations, il faut utiliser le systéme (WW), couplé
avec d’autres modéles.

Une idée, remontant & Boussinesq [25] pour surmonter les difficultés mathématiques et pratiques
est d’approcher le systéme (WW) selon les particularités du phénomeéne physique en question. On va
détailler ci-dessous cette idée, en suivant la démarche formelle employée par Bona, Chen et Saut [15] et
obtenir une nouvelle famille de systémes permettant d’étudier des ondes de surface de faible amplitude
et de grande longueur d’onde. Ce régime physique particulier des ondes a la surface de I'eau s’appelle
régime de Boussinesq. Plus précisément, soit A une amplitude typique, respectivement [ une longueur
d’onde typique et considérons les quantités suivantes :

A R\ > @



L’aspect faible amplitude est modélisé en supposant que o < 1, la petitesse est comprise par rapport
a la profondeur du canal. Les vagues de grande longueur d’onde sont caractérisées par 8 < 1. De plus,
on supposera qu’il y a une balance entre ces deux rapports, a savoir S =~ 1. En fait, pour alléger les
notations on va prendre S = 1 et donc o = 3 = ¢, sans perdre de vue 'ordre formel des quantités
impliquées.

Le premier pas vers la simplification du modeéle (WW) est de faire un changement de variables qui
rend toutes les nouvelles inconnues d’ordre formel O (1). Ainsi, si 'on considére :

x=I1%, y=1y, z=h(Z-1), n=Aq, t = ¢ = gAl

g~
>

tl
Vgh'
on obtient que

eAp+9%2p=0 dans 0<

IS 3
IN
—
+
m
=i
—~

~—

4“2
ISH
| <

) 82% =0 sur 3=
Oi+evVe-Vi—10.6=0 sur Z=1+eq(t,& g) (WW.)
~ ~12 ~12
at¢+;<e‘v¢) + |0-9) >+ﬁ=0 sur z=1+eq(i,7,9).

Remarquons que dans les nouvelles variables, 77 représente la déviation de la surface libre par rapport a
I’état d’équilibre z = 0. Pour des soucis de clarté, dans la suite, on va renoncer & la notation tilde. On
suppose qu’il est, possible d’écrire le potentiel ¢ comme une série par rapport a la variable de hauteur :

b (t,z,y, 2 ka (t,2,y) 2 (0.1.3)

En utilisant la premiére équation de WWW,) on en déduit que :
—eAfr=(k+1)(k+2) fryo

La deuxiéme équation de (WW,) implique que

par conséquent, on a :
oo
¢= Z A(’“)f 22k, (0.1.4)
=0
En remplagant la formule (0.1.4) dans la troisiéme respectivement dans la quatriéme équation de
(WW,), on obtient

{ oun + leVo — gAdivVp +ediv (UVO) 0 (52) ) (0.1.5)

(Id— ¢ )atVo+vn+EV|Vo| =0 (?),

ot Vo = V fo. Grace & la formule (0.1.3) on voit que fo = ¢|.—¢ et donc Vj est une renormalisation du
champ de vitesses au fond du canal. On peut introduire un degré de liberté dans le systéme (0.1.5) en
exprimant V; a l’aide du champ de vitesses corespondant au plan situé a la hauteur z = — (1 —0) h
ou 6 € [0, 1]. Plus exactement, en vue du (0.1.4) on a :

2
17 de:f'vo—%AVﬁo(a?),

formule que ’on peut formellement inverser afin d’obtenir :

92
Vo=V + - AVa+0 (). (0.1.6)



En remplacant la formule (0.1.6) dans (0.1.5) on obtient

{ om+divVy + 5 (62 — 3) AdivVy +ediv (nVp) = O (¢7) (0.1.7)

(Id—5 (02— 1) A) 8,Vs + Vn + 5V [Vol* = O ().
Ensuite, il est possible d’introduire deux autres degrés de liberté en observant que

AdivVy = —Adm+ O (¢),
AdVy = —AVn+ 0 (e),

donc on peut remplacer A div Vp dans la premiére équation de (0.1.7) par AAdiv Vy — (1 — X\) Adin +
O (e) respectivement Ad;Vy dans la premiére équation de (0.1.7) par pAd;Vy — (1 — p) Adn + O (e)
sans affecter I'ordre de ’approximation. En utilisant les notations

o= (G-t o=(5 -1 a-v,

et en négligeant les termes d’ordre O (£2) on obtient le systéme suivant :

{ (I —beA) Oy + divV + acdiv AV + ediv (nV) = 0,

(I —deA)oV +Vn+ceVAn+ §V|V|2 =0. (0.1.8)

Les systémes (0.1.8) sont connus sous le nom de systémes abed. La famille des paramétres vérifie la
contrainte :

1
a+b+c+d= 3
Dans la littérature, on distingue certains membres de cette famille :

e le systéeme "classique" de Boussinesq qui correspond au choix
a=b=c=0,d= - (0.1.9)

Ceci est une version régularisée du systéme originellement dérivé par Boussinesq dans [25] ;

la famille de Bona-Smith,
b=d>0,c<0,a=0, (0.1.10)

dérivé pour la premiére fois dans [23];

e le cas générique :

b,d >0, a,c<0. (0.1.11)
e le systeme BBM-BBM :
a=c=0, b,d> 0; (0.1.12)
e le systeme KdV-KdV
b=d=0, a,c<0oua=c>0. (0.1.13)

Il faut déja souligner deux simplifications majeures des nouveaux modéles. D’une part, on étudie
les systémes (0.1.8) sur un domaine fixe tandis que JWW,) est un probléme a frontiére libre. D’autre
part on voit que pour décrire une situation physique en trois dimensions, il suffit de résoudre un
systéme bidimensionnel. Signalons que Chazel [33] a obtenu des modéles qui approchent le probléme
(WW.) en prenant en compte des topographies plus compliquées que (0.1.1). Dans cette situation on
doit distinguer deux autres régimes : de grandes, respectivement de petites, variations du fond. Des



modéles qui autorisent des changements topographiques du fond du canal au cours du temps ont été
obtenus par Chen en [36]. Pour un traitement systématique de modéles approchés pour le probléme
(WW,) dans différents régimes physiques ainsi que leur justification on pourra consulter ’ouvrage de
Lannes [70].

D’un point de vue pratique, il est essentiel qu’'une théorie d’existence des solutions soit valable sur
des temps d’ordre ¢! : on voit que les effets dispersifs et les effets non linéaires ont une contribution
d’ordre O (1) a I’évolution des vagues dés que ¢t ~ 1/¢.

Formellement, les zéros du membre de droite du (0.1.8) peuvent étre vus comme une erreur qua-
dratique en € que I’on obtient par le processus d’approximation présenté ci-dessus. Ainsi, on s’attend &
ce que l'erreur entre les solutions de (WW;) et (0.1.8) s’accumule au cours du temps comme O (52t).
On voit que méme sur des temps longs, & savoir de I'ordre ¢!, lerreur d’approximation doit rester
petite, de 'ordre O (¢). En fait, en continuant ce raisonnement, sur des échelles de temps de 'ordre
€72 les systémes (0.1.8) n’ont plus aucune raison de rester des approximations pertinentes du systéme
de départ.

La justification mathématique rigoureuse de la validité du systéme (0.1.8) en tant qu’approximation
du probléme WWW,) se fait en trois étapes :

e montrer que le probléeme (WW.) est bien-posé dans un certain espace de fonctions et que ’on
peut borner inférieurement le temps d’existence des solutions par une quantité qui est d’ordre
O (£71). Ce pas fut accompli par Alvarez et Lannes en [5];

e montrer que le probléme (0.1.8) est bien-posé dans le méme espace que (WW,) et que l'on peut
borner inférieurement le temps d’existence par une quantité d’ordre O (6*1) ;

e finalement, trouver des estimations optimales d’erreur. Ce pas fut réalisé en [19] par Bona, Colin
et Lannes. Plus précisément, si 'on considére la solution du systéme (0.1.8) on peut reconstruire
une fonction tridimensionnelle en utilisant la formule (0.1.4). La différence entre cette nouvelle
fonction et la solution de (WW,) au temps ¢ > 0, mesurée dans une certaine norme de Sobolev
est de ordre O (2t).

Dans cette thése on s’est intéressé d’abord au deuxiéme point exposé ci-dessus, parfois appelé le
probléme d’existence en temps long, & savoir, la construction des solutions pour les systémes abcd
sur des temps d’ordre O (5*1). Citons, d’aprés J.-C. Saut, une facon plus abstraite de formuler ce
probléme : étant donné que € représente un paramétre petit, on peut regarder les systémes (0.1.8)
comme des perturbations dispersives du systéme hyperbolique :

{ o+ divV +ediv(nV) =0, (0.1.14)

OV +Vn+sV|V]P=0.

Il est connu dans la théorie des systémes hyperboliques que le temps d’existence des solutions régu-
lieres du systéme (0.1.14) est borné inférieurement par une quantité d’ordre O (¢71). Donc le probléme
d’existence en temps long peut étre reformulé de la fagon suivante : si 'on considére des perturba-
tions dispersives de (0.1.14), les solutions du nouveau systéme vont-elles hériter du temps d’existence
hyperbolique, & savoir d’ordre O (5‘1) ? Une autre question qui se pose naturellement est alors de com-
prendre si I’on peut améliorer, au moins pour un certain choix de ces perturbations, la borne inférieure
sur leur temps d’existence.

Meme si tous les membres de la famille des systémes (0.1.8) sont, d’un point de vue formel, équiva-
lents, ils possédent des propriétés mathématiques bien différentes. Pour mettre en évidence cet aspect,
on pourra regarder la matrice de dispersion du linéarisé du systéme (0.1.8) en dimension 1 :

1—a&?
< 0 : 1+b£2 >
1—c€
1+de? 0



qui admet les valeurs propre réelles

. ¢ (1—ag) (1 —c€)
(14 b82) (14 dg?)’

dans les deux cas

a<0,¢<0,b>0,d>0 (0.1.15)
ou a=c>0et b>0,d>0. (0.1.16)

Passons en revue les résultats d’existence et unicité connus pour le systéme (0.1.8). Précisons
d’abord qu’il y a deux types de résultats. Grace a la présence des opérateurs de dispersion du (0.1.8),
on arrive & montrer 'existence et l'unicité de solutions (pour certaines valeurs des parameétres) dans
le cas de données initiales ayant un niveau de régularité plus bas que le niveau hyperbolique classique,
a savoir 4 + 1. Par contre, si on cherche a montrer I'existence en temps long, d’ordre e~!, on a besoin
au moins de la régularité hyperbolique.

Dans [15], Bona, Chen et Saut ont étudié le linéarisé du systéme (0.1.8) en dimension 1. Les mémes
auteurs, [16], montrent que le systéme non linéaire est bien posé dans des espaces des Sobolev dans les
deux cas (0.1.15) et (0.1.16). De plus, ils regardent des systémes d’ordre plus grand.

Dans [53], Dougalis, Mitsotakis et Saut montrent que le systéme bidimensionnel est bien posé pour
des données initiales dans Hstsen(@)=sen(e) (R?) x [H* (R?)]? pour s > 0 avec b,d > 0, a = c > 0 ou
a,c < 0. Ils montrent que le temps d’existence est minoré par une quantité d’ordre O (¢”) pour tout
B € (0,1/2). Les autres cas sont traités dans [7].

Linares, Pilod et Saut dans [71] ont traité le systéme KdV-KdV (0.1.13) en dimension 2, et ont
montré qu’il est bien posé au sens de Hadamard dans H* (R?) x [H* (R?)]? pour s > 3/2 et que le
temps d’existence est d’ordre O (¢71/2).

L’existence globale des solutions est connue seulement pour trois cas en dimension 1 d’espace. Le
systéme classique de Boussinesq (0.1.9) a été étudié par Schonbek [83]. Plus précisément, pour des
données initiales qui sont essentiellement de classe C?, & support compact, et telles que

iréfR{l +eno (z)} >0, (0.1.17)

elle construit des solutions faibles. L’hypotheése (0.1.17) est tout a fait raisonnable du point de vue
physique : 1 + en représente la hauteur totale de l’eau et donc sa positivité exprime qu’il n’y a pas
de portions séches dans le canal. L’idée clé, dans ce cas, est que le systéme posséde la fonctionnelle
d’entropie :

o0

/ ((1 +en)log (1 +en) —en+&2V2 4 & (Vz)Q)d:v,

— 00
qui fournit des estimations a priori dans un certain espace d’Orlicz pour 7, et dans H' (R) pour la
vitesse. L’unicité des solutions réguliéres a été étudiée par Amick [6].

Les deux autres cas pour lesquels I'existence globale des solutions est connue appartiennent a la
famille des systémes de Bona-Smith [23] et [16] avec b = d > 0, a < 0 et ¢ < 0. A nouveau, en supposant
que la donnée initiale vérifie (0.1.17) et en utilisant la structure hamiltonienne du systéme pour le cas
b = d, a savoir :

Ty = [~ (F+ Qe v —cc@m® - ca(0.0))ds,

d — 00
—H =
o (n,V)=0,

(0.1.18)

les auteurs arrivent & montrer que le systéme (0.1.8) est globalement bien posé pour des données
(n0, Vo) € H*—%&"(@) (R) x H* (R) avec s > 1 si, de plus, H (19, Vp) est suffisamment petite.



Le premier résultat d’existence en temps long fut obtenu par Ming, Saut et Zhang [74] pour BBM-
BBM dans le cas générique (0.1.11). Leur preuve est basée sur un théoréme de type Nash-Moser, et
donc les solutions construites ont moins de régularité que la donnée initiale.

Ce défaut fut corrigé par Saut et Xu [82] respectivement Saut, Wang et Xu [81]. Donnons quelques
détails sur leur approche. En considérant U = (7, U1, 02) = (en, V), ils mettent (0.1.8) sous la forme :

(I —ebA)O,U+ M (U,D)U =0,
{ U|t=0 :5(7707%)3 (0119)
ou _
eV -V (1+7+acA)01 (1+7+acA)dy
M U,D)=| ¢g(D)(1+ccA)0 g (D) (v101) g (D) (v201) ; (0.1.20)
g(D)(1+ceA)d>  g(D)(v102) 9 (D) (020,)
respectivement

g(D) = (1—beA) (1 —deA)".

L’idée est que si € est petit par rapport a |[(70, Vo)|| . alors le systéme (0.1.19) n’est pas loin "d’étre
hyperbolique" par conséquent on peut attaquer sa résolution dans cette optique. En fait, pour €
suffisamment petit les auteurs montrent que l'opérateur M (U, D) peut étre symétrisé en un certain
sens a ’aide de

14 ceA 1 U2
Sy (D) = U1 147+ aA 0 sib=d,
U 0 1+ 74 aeA
respectivement
(1+ceA)?g(D)  g(D) (o (1+ceA))  g(D) (@1 (1 +ceA))
Su(D)=1 g(D) (1 (1+ceA)) (1+7+ae)(l+ceA) 0
g (D) (v2 (1 + ceA)) 0 (1+7+ae)(1+ceA)
0 0 0

+ 0 V1U1 U102 (g (D) — 1) s sib 75 d
0 v172 UoUsy

et que la fonctionnelle d’énergie
E (U) = (I —beA) AU, Sy (D)A°U) -
se comporte comme une norme sur les espaces de la donnée initiale. Le cas exceptionnel
a=b=d=0, c<O0,

ne peut pas étre traité de cette maniére. Des estimations d’énergie encore plus fines, incluant les
dérivées temporelles de U, doivent étre prises en compte. De plus, leurs résultats restent valables

quand on considére de petites variations du fond du canal par rapport au plan z = —h. Pour des
résultats prenant en compte des variations plus importantes on renvoie au travail de Mésognon-Gireau
[73].

Les résultats d’existence en temps long mentionnés ci-dessus sont obtenus en supposant que les
données initiales se trouvent dans des espaces de Sobolev H® avec un exposant de régularité qui
satisfait :

n
> —+ 1.
S 2+

De ce fait, les données initiales doivent s’annuler & ’infini :

lim  [p(z,y)|= lim [V (z,y)]=0.

|z]+|y|—o0 || +|y[—o0



Cette restriction nous empéche de considérer des données modélisant la propagation des mascarets.
Les mascarets sont des vagues formées a cause de l'interaction des fleuves avec le flux d’une marée.
Physiquement, ils se présentent comme une surélévation brusque d’eau qui remonte le cours d’un fleuve.
En laboratoire, ils peuvent étre créés par le soulévement brusque d’une porte séparant deux niveaux
différents d’un fluide dans un bassin. Une des premiéres études en ce sens fut menée par Favre [54].
Au niveau de la modélisation mathématique les mascarets sont représentés a ’aide de fonctions qui
manifestent un comportement non trivial & I’infini.

On retrouve des études numériques des mascarets dans le travail de Peregrine [77]. Dans ce papier,
on considére I’évolution de données du type :

1 1
U= §u0 [1 — tanh (2)] ,NM=u+ ZUQ’

en utilisant I’équation BBM :
(I— 58596) Oru + Opu + udyu = 0, (0.1.21)

et le systéme classique de Boussinesq (0.1.9).
Des résultats théoriques sont obtenus par Benjamin, Bona, Mahony [12]. Ils montrent ’existence
et unicité des solutions de I’équation (0.1.21) pour des données initiales :

h e C*(R), lim 7 (x) =Cy et I/ € L*(R).
T—r 00
Ces résultats sont étendus par Bona, Rajopadhye et Schonbek [22] pour les équations BBM-Burgers,
respectivement KdV-Burgers, & savoir

(I —e02,) Opu + Opu + udyu = Vo1, u,

respectivement
Opu + Opu 4 02w+ udpu = v0? u

ot v > 0. Iorio, Linares, Scialom [65] ont étudié I’équation de KdV et de Benjamin-Ono avec des
données de type mascaret. Plus récemment, Bona, Colin et Guillopé [17] ont étudié le probléme de
Cauchy pour le systétme BBM-BBM en dimension 2, en considérant des données initiales qui sont
seulement continues et bornées. Bien évidemment, cette classe contient des données de type mascaret.
De plus, ils montrent que 1’on peut transporter, au moins localement en temps, certaines structures
présentes au temps initial dans 'asymptotique |y| — oo. Pendant la finalisation de ce manuscrit on
a été informé de 'existence de l’article [18] ou les auteurs continuent ’étude initiée dans [17] et ils
montrent en utilisant une autre méthode ’existence en temps long de solutions pour le probléme de
Cauchy pour le systéme BBM-BBM avec des données initiales modATlisant des mascarets.

Comme on a précisé avant, les systémes abcd se montrent trés utiles dans des situations pratiques.
C’est pour cette raison qu’un nombre important d’études numériques ont été meneés parallélement &
des résultats théoriques.

On a déja cité le travail de Peregrine ou il fait des expériences numériques en considérant des
données de type mascaret.

Bona et Chen [13] ont étudié le probléme aux limites pour le systéme BBM-BBM en une dimension.
En utilisant la formulation intégrale du systéme, ils construisent un algorithme d’approximation qui
est précis & l'ordre 4 en temps et en espace. Ils emploient leur algorithme pour trouver des ondes
progressives généralisées et étudient leur interaction.

Un grand nombre d’études ont été menées en utilisant des méthodes de type Galerkin pour la
discrétisation spatiale combinée avec l'algorithme de Runge-Kutta pour la discrétisation temporelle.
Bona, Dougalis et Mitsotakis [20], [21] ont traité le probléme périodique pour le systéme KdV-KdV,
b=d=0,a=c=1/6 et ont étudié I'interaction de solitons généralisés.

Dans [9], Antonopoulus, Dougalis et Mitsotakis ont étudié la semi-discrétisation en espace du
probléme périodique pour une plage assez large de paramétres. Ils ont étendu leurs résultats dans [9]



pour la famille des systémes de Bona-Smith (0.1.10) en considérant des conditions auz limites de type
Dirichlet non homogénes ainsi que des conditions de réflexion. Dans [8], Antonopoulus et Dougalis ont
considéré le probléme aux limites avec conditions de Dirichlet pour le systéme classique de Boussinesq.

Pour le cas bidimensionnel, Dougalis, Mitsotakis et Saut [53] ont abordé le probléme aux limites
avec conditions de Dirichlet. Plus précisément ils regardent le systéme BBM-BBM et de Bona-Smith
a=0,c<0,b=d > 0. Le systtme de BBM-BBM (0.1.12), pour le cas ou le fond du canal n’est
pas nécessairement plat est investigué en [37] par Chen en employant un algorithme Crank-Nicolson
semi-implicite en tandem avec des méthodes spectrales.

Dans un article assez récent, Bona et Chen [14] ont réalisé quelques expériences numériques qui
suggérent que la solution du systéme BBM-BBM explose en temps fini pour certaines données initiales.
L’explosion semble avoir lieu aprés la collision de deux ondes progressives du systéme.

0.1.2 Présentation des résultats obtenus
Notre premier but sera de raffiner les résultats théoriques connus sur les systémes abcd :

{ (I —bed) O+ divV + aediv AV +ediv (V) =0,

.1.22
(I —deA) 0V 4 Vn+ceVAn + §V|V|2 =0. (© )

Plus précisément, on va construire des solutions pour le systéme (0.1.22) avec un temps de vie minoré
par une quantité d’ordre e !. Le point clé est la construction d’une fonctionnelle non linéaire d’énergie
qui controle une certaine norme de Sobolev. Pour réaliser cela on va travailler avec des équations
localisées en fréquence. Par rapport aux résultats présentés en [82] respectivement en [81], nos résultats
ont deux grands avantages :

e on a besoin d’un niveau de régularité plus bas pour montrer ’existence et unicité des solutions
en temps long;

e notre méthode nous permet de traiter d’une maniére uniforme la plupart des cas correspondant
aux différents choix des paramétres a, b, ¢, d.

De plus, méme si cet aspect n’est pas trés important dans la pratique, pour une certaine plage
d’indices on montre que ’hypothése
1+en(x) >a>0, (0.1.23)

n’est pas cruciale. Comme on a déja précisé, la condition (0.1.23) signifie d’un point de vue physique
que le canal ne devient pas sec dans certaines régions.

Avant d’énoncer notre premier résultat, on va introduire quelques notations. Etant donnés s €
R, a,c <0, b,d > 0, on considére les indices suivants :

Spe = S + sgn (b) — sgn (C) ,
{ Sad = $+sgn (d) —sgn (a), (0.1.24)
ou la fonction sgn est définie par :
1 si >0,
sen(@) =4 0 s a—0,
-1 si z<0.

De plus, soit 0 < e < 1 et r € [1,00). Pour tout (n,V) € H®< (R") x (H® (R"))", on considére :
2
U2 .V) = 0l +2 (=) IVl + < (=) b]|V2n] . (0.1.25)

VI, +2(d—a) [VV]2. + &2 (—a) d||V2V[5,. .

Bien évidemment, I'espace H®t< (R™) x (H*e¢ (R™))" muni de Us . (.,.) est un espace de Banach. Dans
le premier chapitre, on montre le résultat suivant :



Théoréme 1. Soit a,c <0 et b,d > 0 en excluant le cas a =b=d =0, ¢ < 0. Considérons un entier
n>1etseR tel que :

s>g+2—sgn(b+d).

Soit (no, Vo) € H®ve (R™) x (H%a (R™))" 0% Spe, Sqa sont définis par (0.1.24). Alors, il existe deux
constantes o et T (1o, Vo) qui dépendent de s, Us1 (0, Vo) et de la dimension n tels que pour tout
€ € (0,e9) il existe une unique solution de (0.1.22) :

(1,V) € C ([0,67T (0, Vo)) , ™ x (H4)") avec
(8n,0,V) €C ([0,6_1T (1o, VO)] 7Hs—2+sgn(b+d) % (Hs—2+sgn(b+d)> )

qui vérifie :
i€ann {1+en(t,x)}>0. (0.1.26)

De plus, on a :

sup 1Cn (&), V- ()lls.c < 411(n0, Vo)l c -
t€[0,e 1T (no,Vo)]

Le résultat du Théoréme 1 est une mise & jour de notre travail antérieur [27].

Le point de départ du deuxiéme chapitre de cette thése est le travail de [17] ot Bona, Colin et
Guillopé ont abordé le probléme de ’existence et unicité des solutions pour le systéme BBM-BBM en
autorisant des données initiales qui peuvent manifester un comportement non trivial & I'infini.

On se propose d’enrichir leurs résultats avec une théorie d’existence en temps long pour des données
de type mascaret. De plus, on va considérer les deux autres systémes qui présentent un terme de
dispersion de type BBM, & savoir :

{ (I —ebA) Oy + divV +ediv (nV) = 0, (0.1.27)

(I —edA) O,V +Vn+eV-VV =0,

ou les paramétres b, d vérifient :
b,d>0, b+d>0.

On souhaite résoudre les systémes (0.1.27) dans des espaces qui contiennent des fonctions continues

neP telles que :
lim 7} Pz)=ny.

r—too

Dans le cadre bidimensionnel, le scénario envisagé est une perturbation de la situation précédente, a
savoir on veut considérer des données

{ " (2,y) +o(2,9),

=" (z) + ¢ (
udP (z) + 1 (z,y) Y2 (2, ))
ou on demande que

lim |¢(z,y)|=0et lim |o; (z,y)] =0 pouri=1,2.
(@) |00 (@) =00

Donnons plus de détails. Pour tout s € R soit

Sb:S+Sgn(b)v
{ o n(d), (0.1.28)

On considére 'espace

E§ 4 (R) ={(n,V) € L™ (R) x L®(R) : (9;1,0,V) € H* " (R) x H** " (R)}



muni de la norme :
100Vl = 100 V)l e+ Us e 0, 8.

ot 0 < € < 1. Evidement, E; 4 (R) est un espace de Banach. Un exemple de fonction qui appartient a
cet, espace est
et —e”
z) =tanh (—2) i = ——.
o () (-0) = S5
Pour 7y ainsi définie, on a
lim ng (z) =—1et lim ng(x)=1.
Tr—00 xr—r—00
On peut vérifier que la fonction 79 est dans ﬂEZ’; mais qu’elle n’appartient & aucun espace H?®.
s>0
Les espaces de fonctions f € L (R) telle que 9, f € H*® (R) s’appellent espaces de Zhidkov et ils
ont été utilisés dans un autre context pour etudier I’équation de Gross-Pitaevskii (voir [56])
Notre résultat principal pour les mascarets 1-dimensionnels est le suivant :

Théoréme 2. Soits > 3 et considérons (1o, ug) € E; 4 (R). Il existe deux réels positifs g, C dependant

de s,b,d, et de || (no, UO)HEE*; et une constante C' tels que pour tout € < gq, le probleme de Cauchy pour le

systeme (0.1.27) avec la donnée initiale (ng, uo), admet une unique solution (7°,a*) € C ([0, g] 7E,id).
De plus, on a lestimation suivante :

sup (77 (8) . a* ()|l gze + sup (1077 (D) 1 < C |0, 10))|

ESE -
te[0,<] tef0,<] nd

Le cas bidimensionnel est un peu plus technique. Soit o > % et s > 1 et considérons M;"; I'espace
des fonctions (n,V) € C (R?) x (C (JRQ))2 telles que

n(z,y) =n'P () +n*P (2,y),
{ V(w,y) = (VP (@) + V2P (2,9), V3P (2,9)) . (0.1.29)

pour tout (z,y) € R? ou (n'?,V1'P) € E7 ; (R) respectivement (>, V2P) € H* (R?) x (H* (RQ))Q.
L’espace X ; = H® (R2) X (Hsb (Rz))z sera muni de la famille de normes

||(¢vw)||X;’E(]R2) =0l e +e0IVRll e + 1l e +ed IV e

pour ¢ € (0,1). Soit i : B ; (R) = C (R?) x (C (RQ))2 definie pour tout (z,y) € R? par
i((n,w) (z,y) = (n(z), (u(x),0)).

Bien sir, & cause de i (Eg,d (R)) N X; 4 (R?) = {0}, les fonctions de la décomposition (0.1.29) sont
uniques. Pour tout € > 0, soit

161z = 1P V) e oy + 102 VP2) e oy -

0,8
L’espace (Mhd, H”Ml(;dE) est un espace de Banach.

Maintenant, on est en mesure d’énoncer le résultat suivant :

Théoréme 3. Soit s et o deux réels tels que

3 1
5> 2, o>5+3 etafieR\N.
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Considérons (no,uo) € Ef 4 (R) et (¢,9) € H* (R?) x (H*» (]RQ))2 Alors, il existe g9, C dépendant
de s,b,d et de ||(no,uo)]
probléme de Cauchy pour le systeme (0.1. 27) avec la donnée initiale

{ 7?0(377?4) Zno(x)‘f‘fb(%y),
Vo(.T,,y) = (UO (x),0)+1/)(a:,y),

prrt I(o, 1/))||Xs 1(r2) @insi qu'une constante C tels que pour tout € < &g, le

admet une solution unique (775, ‘_/5) eC ([0, %] ,M;j). De plus, on a lestimation suivante :

sup ([ (1, 7% (0) gz ) + 5w (1067 Ol ) < € (m0,w0) L gges + 1659z

tef0,<] te[0,<]

L’idée qui est a la base des deux résultats, Théoréme 2 respectivement Théoréme 3, est de considérer
un découpage convenable de la donnée initiale en hautes et basses fréquences. Ainsi, on montre que
Pon peut essentielllement se ramener & la résolution d’un systéme un peu plus général que (0.1.27)
mais qui peut étre traité dans l’esprit des résultats du premier chapitre. La démonstration que 1’on
présente dans le deuxiéme chapitre provient de notre article [26].

Dans le troisiéme chapitre on s’intéresse a I’analyse numérique des systémes abed en dimension 1.
En utilisant des schémas de volumes finis, on montre la convergence et on établit des estimations de
stabilité. Pour traiter numériquement les systémes on va prendre € = 1. Rappelons que dans ce cas les
systémes abed se réduisent & :

I—002,) 0+ (I +ad2,) dyu+ 0, (nu) =0,
(I — d@%m) Ot + (I + c@%x) Oxn + %8,0112 =0, (Sabed)
Mt=0 = "o, Ujt=0 = UO-

On suppose que les paramétres vérifient
a<0,c<0,b>0,d>0,
et on va exclure de notre analyse les cinq cas :

=0=0,d<0,c<0; a=b=c=d=0;
=d=0,0>0,c<0; a=b=d=0,c<0; (0.1.30)
=d=0,c<0,a<0.

0“@@

Considérons At et Az deux nombres réels strictement positifs. Soit ¢, = nAt et 2; = jAz. On va
munir espace ¢2 (Z) du produit scalaire et de la norme suivante :

1
(v, wy := Avajwj, ||v||£2A = (v,v)2.
JEZ

Pour tout v = (v;)._, € £°° (Z) on va considérer les opérateurs de décalage :

JEL
(S1v); = vjx1.
Pour v = (vj) 5 € £ (Z) on introduit Div, D_v, Dv les opérateurs discrets de dérivation :
Div= ﬁi (Syv —v),
D_v=xs(v—5S_v),
Dv =1 (Div+D_v) = 71 (Sqv—S_v).
De plus, soit

def

E(e, /) = llellzz + (b= ) [Dyelzz +b(—c) |DyD_elz,
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+ 7%, + (d = a) [ Dy £l +d(~a) | DD f? - (0.1.31)

On va considérer d’abord le cas ot b > 0 et d > 0. De ce fait, on obtiendra un controle £ sur
les dérivées discrétes ce qui nous permettra d’imiter la démarche du cas continu afin de montrer
des estimations d’énergie. De plus, le schéma que 1’on propose sera inconditionnellement stable. Soit
(no,ug) € H®<(R) x H%1(R) 0l Sp¢,8qq sont définis par (0.1.24) et s est un réel suffisamment grand.
On considére :

u” un+1
37 =0D.D ) =) 4+ (I +aDy Do) D (M +D ) =0, 0132
L(I—dD D_) (™' —u") + (I + ¢DyD_) D ("”;7"“ ( ) — o
pour tout n > 0, avec
m) = az fy "m0 () dy, (0.1.33)
) = 55 Jy) " o (1) dyr. -
Soit (n,u) la solution du systéme (Supeq) €t pour tout n > 1, soit n&,u’k € ¢% (Z) donnés par :
n tn Tj
MR = miaz Ji, e (snun) dyads, (0.1.39)
UA; = NiAs ftt:H f;j“ u (s1,1) dyrdsi . o

pour tout j € Z. De plus, on considére (n&,uOA) = (no,uo). Pour tout n > 0, ’erreur de consistance
(€1, €x) € (% est définie par :

A (I =bDiD_) (X —nR)+ 3 (I +aDiD_) D (ui +uxt") + D (nauk) = €7, 0135

L (1D, D) (" —ud) + 3T+ eDy D) D (g + i) + 40 (1)) =g, (01
L’erreur de convergence est donnée par la relation suivante :

e’ =n"—nX, P =u" —uX. (0.1.36)

Enoncons maintenant notre premier résultat :

Théoréme 4. Soit a <0, b >0, ¢ <0 etd > 0. Considérons s > 6, (ng,ug) € H (R) x H? (R)
et (n,u) € Cp(H?® x H**) la solution du systéme (Saped). Soit N € N, Ax > 0 et At =T/N. On
considére le schéma (0.1.32) couplé avec la donnée initiale (0.1.33). De plus, soit (%, uX) définie
par (0.1.85).

Il existe une constante eo qui dépend de sup |[(9(t), w(t))| gove x goaa telle que si U'on choisit le
t€[0,T)

nombre de pas de temps N et le pas d’espace dx tels que At = T/N < eq et Ax < &g alors, le schéma
numérique (0.1.32) est convergent a l'ordre un en espace et temps, & savoir, l'erreur de convergence
definie par (0.1.36) verifie :

nel,N

sup € (€”, f™) < Caped {(At)2 n (Aw)Q}, (0.1.37)

ne0,N

0t Cupea dépend des parameétres a,b,c,d et du sup ||(n(t), W) gove s reaa -
t€[0,T7]

Pour traiter le cas ot bd = 0, on considére le schéma :
& (I—bD.D_) (" =) + (I +aD,D_) D (") + D (y"u")

= 3 (1 =50 () { AcDLD_ (1),

& (I =dDy D) (urtt =) + (I + Dy D) D (™) + ( )
=1(1—sgn(d)) s AacD+D u™

(0.1.38)

~—
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pour tout n > 0, o

(0.1.39)

Zjt1

77? = ﬁffﬂl no (y1) dyu,
uf = a7 [, uo (y1) dyr.

Soit (n,u) la solution du systéme (Supeq) €t pour tout n > 1, on considére nik, u} € ¢4 (Z) definis par
(0.1.34). Comme avant, pour tout n > 0, 'erreur de consistance (€7, €%) € £ est définie par

2 (I =bD.D_) (" — ) + (I + aDy D) D (ux") + D (n3u)

=€ + 5 (1 —sgn(b)) f'AzDD_ (n}),
L(I—dDyD_)(ukt" —ui)+ (I+cDyD_)D (i) + 1D ((uZ)Q)

=8 + 4 (1 —sgn(d)) 73’ AxD  D_ (u™).

(0.1.40)

L’erreur de convergence (e, f™) est définie par (0.1.36). Notre deuxiéme résultat est :

Théoréme 5. Soit a <0,b>0,¢c<0etd>0 ot bd =0, sans prendre en compte les cas (0.1.30).
Considérons s > 6, (no,ug) € Ho (R) x H%d (R) et (n,u) € Cp(H® x H%), 'unique solution du
systéme (Sgpeq). Soit N € N et Az > 0, At = T/N. On considére le schéma numérique (0.1.38)
couplé avec la donnée initiale (0.1.39). De plus, on considére (nZ,uZ)neL—N définie par (0.1.40). Soit
a € (0,1) et T, 73 tels que :
[ llge + o < min{7y", 75} .

Il existe une constante eo qui dépend de o, B, 7", 73 et de supycio 11 [|[(1(t), ()| grope x preaa telle que si
le nombre de pas de temps N, le pas de discrétisation spatiale et les viscosités numériques sont choisies

tels que :
At < g, Az < g

respectivement
max{(1 —sgn(b)) 71", (1 — sgn(d)) 73’ }At < (1 — B) Az,

alors le schéma numérique (0.1.38) est convergent a lordre un, & savoir, l'on a :

sup & (en’ fn) S Cabcd (Ax)Q )
ne0,N

0t Copea dépend des parameétres a,b,c,d et de sup ||(n(t), w(t))|| gove « groad -
te€[0,T
Les résultats du Théoréme 4 et Théoréme 5 font partie d’un travail, en cours de finalisation, réalisé
en collaboration avec C. Courtés.
Enfin, on utilise ces schémas pour simuler I'interaction d’ondes progressives. Les résultats sont
présentés dans la Section 3.5 du troisiéme chapitre. En particulier, nos résultats semblent indiquer que
Pon a explosion en temps fini pour le choix de parameétres a =c=d =0, b = 3/5.

0.2 Deuxiéme partie : méthodes Lagrangiennes en mécanique
des fluides incompressibles

0.2.1 Introduction

L’évolution de ’écoulement d’un fluide non homogeéne, incompressible est régi par le systéme de Navier-
Stokes :

Orp + div (pu) = 0,

O (pu) + div (pu @ u) — div (1 (p) D (u)) + VP =0,
divu = 0,

Ult=0 = U0,

(0.2.1)
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ol p > 0 est la densité du fluide, u € R™ représente le champ de vitesses tandis que P est la pression.
La viscosité p = p (p) est une fonction C'*°, strictement positive qui dépend de la densité et

D (u) = Vu+ Du

représente le (double du) tenseur de déformation.

Ce systéme est utilisé pour étudier le mélange de deux ou plusieurs fluides de densités différentes
comme par exemple des mélanges eau/vapeur ou eau salée/eau douce, etc. Il existe une trés vaste
littérature consacrée a I’étude de l'existence et unicité des solutions du systéme de Navier-Stokes
(0.2.1). On essayera de résumer les grands résultats d’existence et unicité des solutions ci-desous dans
le cas ot le fluide remplit tout ’espace ambiant R™.

L’existence des solutions faibles avec énergie finie pour le cas ou la viscosité est constante fut
démontrée pour la premiére fois par Kazhikov en [67] (voir aussi [10]). Le cas & viscosité variable fut
abordé par Lions [72]. Des solutions faibles plus réguliéres ont été construites par Desjardins en [52].
Récemment, des solutions faibles ont été étudiées par Huang, Paicu et Zhang [64]. La question de
P'unicité faible-fort a été adressée en [39].

L’existence et unicité du probléme (0.2.1) fut initiée par LadyZenskaja et Solonnikov [69]. Lorsque
la viscosité est constante et 2 domaine borné, en considérant ug € W2 P (Q), ot p > 2, est un champ
solénoidal dont la trace est 0 sur 9 et py € C! (Q) strictement positive ils construisent une solution
globale dans le cas bidimensionnel et une solution locale en dimension trois. De plus, si ug est petite
dans W2~ 5P (©) alors la solution est globale méme en dimension trois.

Dans les derniéres années, des efforts considérables ont été menés pour étudier le systéme (0.2.1)
dans les espaces critiques, c’est-a-dire les espaces qui possédent la méme invariance d’échelle que le
systéme lui-méme :

{ (po (x),uo (x)) = (po (Ix) , lug (Ix)) ,
(p(t,x),u(t,x),P(t,x)) = (p (th, la:) Ju (lzt7 lx) JI2P (th, lm)) )

Pour plus des détails sur cette approche classique on renvoie & [42] ou [51]. Les espaces de Besov
critiques (voir I’Appendice A) pour la donnée initiale sont

L .
po — p € Byl respectivement uy € BpZ,, , (0.2.2)

ol p est une constante et n représente la dimension de ’espace.

Dans la suite on va passer en revue des résultats d’existence et unicité pour le cas des fluides presque
homogénes, & savoir pour le cas ou la densité est proche d’une constante quand on la mesure dans une
norme adéquate. Lorsque la viscosité est constante, Danchin [42] montre que le systéme (0.2.1) est
globalement bien posé pour

n
2

po—pEL®NBS  up€ By

sous I’hypothése que ||po — ’EHmeB% soit petite. Abidi [1] généralise ces résultats en permettant un
2,00

certain degré de liberté pour I'indice d’intégrabilité :
.n .n_q
po—pEB) etu€ By, pell2n).

Neéanmoins, dans ce papier 'unicité des solutions est assurée seulement pour p € [1,n). Ces résultats
ont été encore raffinés par Abidi et Paicu [4] en observant que pg — p peut étre choisie dans un espace
de Besov plus grand. Dans [59], Haspot obtient des résultats dans le méme esprit mais en autorisant
des champs de vitesses non lipschitziens (cependant, ses résultats sont en dehors des vrais espaces
critiques). Quand la viscosité est supposée constante, R. Danchin et P.B. Mucha obtiennent un résultat
d’existence et d’unicité des solutions en considérant des densités trés générales. Plus exactement, ils
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.n_q .n_q
peuvent construire une solution locale si pg — p € M(B;l ), ug € By, .p€ [1,2n), sous la condition
de petitesse :
oo =l 51, < 1 (0:2.3)

p,1

ou M(B; ; 1) représente ’espace de multiplicateurs de I’espace B; ; 1. Cet espace contient en particulier
des fonctions qui présentent des discontinuités. De plus, si la vitesse est petite alors la solution devient
globale. Leur méthode repose sur la formulation lagrangienne du (0.2.1) ce qui leur permet de se
débarrasser de I’équation de la densité. Ainsi, ils obtiennent I'unicité pour toute la plage d’indices
p € [1,2n) et ils peuvent montrer que le probléme de Cauchy (0.2.1) est bien posé a la Hadamard.
Dans les articles [75], [63], [62], [64] les auteurs ont amélioré la condition de petitesse (0.2.3) utilisée
pour obtenir 'existence globale. Pour résumer, tous les résultats ci-dessus utilisent d’une maniére
fondamentale ’hypothése de fluide "presque homogeéne", la densité étant proche d’un état constant.

Dans de nombreuses situations physiques on doit prendre en compte des variations arbitraires
de la densité autour d’un état d’équilibre. L’analyse mathématique de cette situation s’avére étre
plus délicate. Pour que I’on puisse développer une théorie d’existence et unicité des solutions on doit
considérer des données initiales plus réguliéres. De ce fait, pour le cas de la viscosité constante, Danchin
[43] obtient des résultats locaux et globaux dans le cas bidimensionnel pour des données appartenant
aux espaces de Sobolev non homogénes :

(po — pyug) € HETY x HZ 7148 ayec o, B > 0.

Ce résultat est généralisé par Abidi [1] pour des lois de viscosité générales. Le cas de champs de vitesses
non lipschitziens a été étudié par Haspot [59]. Danchin et Mucha [50] construisent des solutions locales
en autorisant des densités assez générales py € L>(R?) et des champs de vitesses ug € H? (R?). A
nouveau, en dimension 2, si la variation de la densité autour d’un état d’équilibre est supposée petite

et la vitesse ug € Biﬂ N L? alors la solution est globale. En dimension 3, la vitesse doit étre considerée
2

petite en Bs;a o p € (1,00) respectivement ¢ € (3,00). Leurs résultats ont été ensuite généralisés
par Paicu, Zhang et Zhang [76] en autorisant des vitesses moins réguliéres ainsi que des variations
arbitraires de la densité autour d’un état constant. Plus précisement, en 2D ils montrent ’existence
et unicité d’une solution globale avec la densité initiale py € L> (R?) et la vitesse uo € H*® (R?) avec
s > 0. Dans le cas 3-dimensionnel la vitesse doit étre petite en H* (R3) pour que la solution soit
globale.

Dans les vrais espaces critiques (0.2.2) du systéme de Navier-Stokes, il y a peu des résultats connus.
Récemment, pour le cas bidimensionnel avec viscosité variable, Xu, Li et Zhai [86] construisent une

.2 .2 9
solution locale de (0.2.1) pour des données initiales po—p € B, (R?) respectivement ug € By, = (R?).
2

De plus, si la viscosité est constante et pg —p € LP N le (Rz) alors la solution devient globale. Dans
le cas 3-dimensionnel, les résultats les plus proches des espaces critiques sont ceux de [2] et [3] (pour
un résultat similaire dans le cas périodique voir Poulon [78]). Plus précisément, en supposant que

po—pE€L*NB3, et ug € B,

et en prenant la viscosité constante, Abidi, Gui et Zhang [2], montrent que le systéme (0.2.1) est
localement bien posé. De plus, si la vitesse initiale est suffisamment petite alors la solution est globale.
Dans ’article [3], ils montrent qu’il est possible de prendre la vitesse dans des espaces plus grandes, le
prix & payer étant la régularité de la densité :

.3 .3 _q
po—pE€ L NBY, et ug € B,

ou X € [1,2], p € [3,4] sont tels que%+%>%et %—%g%.
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Un modéle classique pour I’étude de ’écoulement d’un fluide compressible en prenant en compte
la capillarité est le systéme de Navier-Stokes Korteweg :

Orp + div (pu) = 0,
O (pu) + div (pu @ u) — Au+ V (P (p)) = —div K, (0.2.4)
Ujt=0 = U0,
Au =div (1 (p) D (u)) + V (A (p) div w)

est le tenseur de diffusion, et

K=V (pk (p) Ap+ % (k (p) + K’ (p) IVp|2)> —div (k(p) Vp® Vp),

est le tenseur de Korteweg.

Le cas des coefficients de viscosité et capillarité constants fut étudié par Danchin et Desjardins
dans [47] o ils mettent en avant le fort couplage entre la partie potentielle du champ de vitesses
et la densité, couplage qui fournit une régularisation parabolique de la densité. Plus exactement, ils
montrent que si 'on prend . ;

poflEBgl,uoEle_l

alors le systéme (0.2.4) admet une unique solution locale (p,u) telle que :

{ p—1e CT(BQEJ) ﬂLlT(BZ;_Q)ﬂ

we COp(Bi N LL(BE™).
De plus, si P’ (1) > 0, les données initiales sont petites et la fluctuation de la densité est un peu plus
réguliére, alors la solution est globale. On pourra mentionner ici les généralisations dues & Haspot
[58], [57], [60] dans la direction de la régularité minimale sur les données initiales et des coefficients de
viscosité et de capillarité plus généraux.
La capillarité peut étre modélisée par des termes non locaux comme cela a été suggéré par Van der
Waals [85] ou plus récemment par Rhode [79], [80] :

Op + div (pu) = 0,
O (pu) +div (pu @ u) — Au+ V (P (p)) =k (p) pVL[p], (0.2.5)
Ult=0 = U0,
ou l'opérateur L est donné par
Llp=¢*p—p,
¢ étant une fonction paire, positive telle que

¢ (x)dr =1 et <|x\ + |:c|2) ¢ (z) € L' (R™).
o

Des résultats d’existence et unicité des solutions ainsi que la convergence des solutions du systéme
(0.2.5) vers la solution du modéle local ont été obtenus par Charve et Haspot en [30],[31],[55] et [32].
Dans sa version incompressible :

Op + div (pu) = 0,
O¢ (pu) + div (pu ® u) — div (1 (p) D (u)) + VP = —div K,
divu =0,

U|t=0 = U0,

(0.2.6)

le systéme Navier-Stokes-Korteweg est beaucoup moins étudié. On pourra citer les deux travaux [84]
et [87] pour le cas de la viscosité et capillarité constantes. Dans [84], les auteurs montrent le caractére
localement bien-posé du systéme (0.2.6) pour des données (pg,ug) € W2P () x WLP (Q) pour p > 1
et ) un borné convexe. Dans [87], Yang, Yao et Zhu montrent que le probléme est localement bien
posé dans H* (R3) x H? (R3) et ils étudient le probléme de la viscosité et capillarité évanescentes.
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0.2.2 Les résultats obtenus

Dans la deuxiéme partie de la thése, on s’intéresse & des questions de régularité optimale pour le pro-
bléme de Cauchy associé aux systémes de Navier-Stokes et Navier-Stokes-Korteweg, ot ’on autorise :

e la viscosité u = p(p) & dépendre de la densité;
e des variations arbitraires de la densité autour d’un état d’équilibre.
Les résultats principaux que 1’on obtient sont :
e l'existence et unicité de solutions dans les vrais espaces critiques :
pe(L,4) sin=3,
{ po—p B (RY), up € BE, (R,
pour le systéme (0.2.1)
e l'existence et unicité de solutions dans les espaces critiques
pe(2,4) sin=3oupe(1,4) sin=2,
{ po— 7, Vpo € BY (R), ug € BY, ' (R"),
pour le systéme (0.2.6).
On commence par :
Théoréme 1. Soit p € (2,4). Supposons qu’il existe des constantes positives (p, px, p*) telles que
po—p € BEI (R3) et 0 < px < po < p*. De plus, considérons ug un champ solénoidal 4 coefficients

.39
dans By (R3). Alors, il existe un temps T > 0 et une unique solution (p,u, VP) du systéme (0.2.1)
avec

.3 .3 .3
p—peCr(Br(R%), uelr(B}, Y(R3)) et (8, V?u, VP) € L (B}, L(R)).
Le résultat analogue pour le systéme (0.2.6) est le suivant :

Théoréme 2. Considérons p € (1,4) sin =2 oup € (£,4) si n = 3. De plus, considérons (po,uo)
tels que
: : L1 _ L
divug = 0, zlean” po () >0, ug € By etpo—p,Vpo € By,
ot p est une constante positive. Alors, il existe un temps T > 0 et une unique solution (p,u, VP) du
systeme (0.2.6) telle que
.3 .31 2 1,7 3_q
p—p,VpeCr(BL(R%), ueCr(BL) (R%) et (du,V’u,VP) € Lp(BL, (R?)).

En supposant que la densité est proche d’une constante, on peut récupérer une plage plus grande
d’indices d’integrabilité, & savoir :
Théoréme 3. Considérons p € [1,2n) et (po,uo) tels que
: : 521 _ 2
divug = 0, zleann po () >0, ug € By1  etpo—p,Vpo € By,
ol p est une constante positive. Il existe une constante ¢ > 0 tel que si
llpo — 1”351 <c

alors il existe un temps T > 0 et une unique solution (p,u, VP) du systéme (0.2.6) tels que

.3 ; .3 1 P R |
p—p,VpeCr(BL(R*), ueCr(By, (R*) et (du,V?u,VP) € Ly(B}, (R?)).
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Les preuves que 'on présentera ci-dessous sont empruntées de nos travaux [28] et [29]. Les résultats
des Théorémes 1 et 2 sont obtenus en étudiant les systémes correspondants dans leur formulation
lagrangienne. Dans le cadre des espaces de Besov, une premiére forme de cette méthode fut utilisée par
Hmidi [61] pour étudier un probléme de type transport et diffusion. Dans la mécanique des fluides non
homogeénes Danchin et Mucha [49] construisent une théorie rigoureuse de changement des coordonnées
eulériennes en coordonnées lagrangiennes. A partir de 1a, on utilise parfois cette formulation pour
montrer 'unicité des solutions, voir [38], [75], [76] etc. Le grand avantage mathématique de cette
approche dans la mécanique des fluides incompressible est que dans ces nouvelles coordonnées la
densité demeure indépendante du temps. Le prix & payer se voit au niveau des opérateurs de viscosité
qui dépendent d’une fagon non linéaire du champ de vitesses. Ainsi, on peut montrer que le probléme
se réduit a I’étude d’un systéme linéaire de type Stokes :

Oru — adiv (bD(u)) + aVP = f,
divu = div R, (0.2.7)
U|t=0 = U0,

ou les coefficients a,b sont variables. On va regrouper les résultats obtenus pour ce systéme dans le
théoréme suivant :

Théoréme 4. Considérons n € {2,3} et pe (1,4) sin=2ou p€ (2,4) sin=3. On suppose qu’il

existe des constantes positives (a*7 by, a*,b*,a, 5) telles que a — a € B;l (R"), b—be Bﬁl (R™) et

0<ay <a<a”,
0<b, <b<b.

.n_q
De plus, on considere les champs vectoriels ug et f a coefficients dans B, (R™) respectivement dans

L1, (B2 (R™). De plus, soit R € (S' (R™)" vérifiant! :

loc
QR € C([0,00); B}, (R™), (O,R,VdivR) € LL (B}, (R"))

respectivement :
divug =div R (0, ).
Alors, le systéme (0.2.7) admet une solution unique (u, VP) vérifiant :

n

we C(0,00), BT (R™)) et dyu, V2u, VP € L (BY ' (R™)).

De plus, il existe une constante C = C (a,b) telle que l’on ait :

2
n _ P n _
||u||L?C(B;1 ot | (O, V2u, ¥ )HL%(BPle 3
< (nuong;;l I ORT dv R (B:n) exp (C(t+1)), (0.2.8)
p,1 t p,1

pour tout t € [0, 00).

Le résultat du Théoréme 4 peut étre vu comme une généralisation des résultats de Danchin et
Mucha, [51] qui ont étudié le systéme (0.2.7) dans le cas des coefficients constants.

La grande difficulté par rapport au cas a coefficients constants est que le champ de vitesses et la
pression sont fortement couplés. En effet, si ’on suppose que a et b sont des constantes (ou s’ils sont
proches d’une constante), en appliquant 'opérateur Q dans la premiére équation de (0.2.7), on obtient
la formule de la pression. Ensuite la vitesse vérifie une équation classique de la chaleur. Dans le cas

LP est le projecteur de Leray sur les champs & divergence nulle (ou solénoidaux) et Q = Id — P
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a coefficients variables, la pression dépend de la vitesse et pour I'estimer on utilisera un découpage
hautes-basses fréquences comme en [44] ainsi que des nouvelles estimations pour 1’équation elliptique :

div (aVP) = div f. (0.2.9)
Pour estimer VP qui satisfait ’équation (0.2.9) on remarque que
Q(aVP) = Qf.
La partie solénoidale de aV P satisfait I'identité suivante :

P(aVP)=P((a—a)VP)=P((a—a)VP)— (a—a)P(VP)
=[P,a—a]VP
qui nous permettra de montrer la continuité de l'operateur solution f — VP de (0.2.9) dans les
espaces de Besov qui ont la méme invariance par changement d’échelle que L2. Un autre ingrédient

qui interviendra d’une maniére cruciale dans la construction des solutions de (0.2.7) sera une variante
perturbative d’un résultat de Danchin et Mucha [51] pour le systéme & coefficients constants.
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Chapter 1

Long time existence results for
Sobolev initial data

1.1 The main result
In this chapter, we address the long time existence issue for the abcd Boussinesq systems:

(I —ebA) O+ divV + aediv AV + ediv (nV) =0,
(I —edA)OV +Vn+ ceVAn+eV -VV =0, (1.1.1)
M=o = Mo > Vit=o = Vo.

Our aim is to generalize most of the results presented in [82] and [81]. More precisely we wish to
construct solutions for (1.1.1) for which the lifespan is bounded from below by a O (1)-order quantity.
The key ingredient is the construction of a nonlinear energy functional which controls appropriate
Sobolev norms. This is accomplished by working with spectrally localized equations. The two most
important features of our method are:

e we require lower regularity levels than the ones used to develop the long time existence theory
in [82] and [81]

e as opposed to the previous works, our method allows us to treat in a unified manner most of the
cases corresponding to the values of the a, b, ¢, d parameters.

Also, we mention that, although not relevant from a practical point of view, we may avoid using
the non-cavitation condition
1+en(x) >a>0. (1.1.2)

Remark 1.1.1. Let us observe that we consider the nonlinearity €V - VV instead of 5V |V|2 in the
second equation of system (1.1.1).The two formulations are equivalent provided that curlV =0 at any
time, i.e. for all I,k € 1,n:

oV =g,V (1.1.3)

First, let us establish some notations. The spaces LP (R™) with p € [1, 00] will denote the classical
Lebesgue spaces. Consider
a<0,¢<0,b>0,d>0. (1.1.4)

Given s € R we will consider the following set of indices:

Spe = S+ sgn (b) — sgn (C) ,
{ Sed = S + sgn (d) — sgn (a), (1.1.5)
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where the sign function sgn is given by:

1 if z>0,
sgn (z) = 0 if z=0,
-1 if =<0,

We will denote by H?® (R™) the classical Sobolev space of regularity index s with the norm

Il = [ (1+16) T ) de. (116)

R

For any vector, matrix or 3-tensor field with components in H*® (R™) we denote its Sobolev norm by
the square root of the sum of the squares of the Sobolev norms of its components. For any pair
(n,V) € Hsv (R™) x (H** (R™))" we will use the notation
2 2 2 2 2112
10 V)Ils . = Illzge + (0 = ) [Vl +*(=e)b ||V . +
2 2 2
+ VI +e(d=a) IVV 5. +*(—a)d [V2V . .

where V3 = (3%77)1‘,3‘ and V2V = (97V")

ik Clearly, H?® (R™) x (H® (R™))" endowed with

|(-, )]l is a Banach space which is continuously imbedded in L? (R") x (L? (R"))n
We are now in the position of stating our long time existence result:

Theorem 1.1.1. Consider a,c < 0 and b,d > 0 excluding the case a = b =d = 0, ¢ < 0. Also,
consider an integer n > 1, s such that

s>g+2—sgn(b+d),

and Spe, Sqq defined by (1.1.5). Let us consider (ng, V) € H*v (R™) x (H%+ (R™))". Then, there exist
two constants €o and T (1o, Vo) depending on ||(no, Vo)ll, 1, s and on the dimension n such that the
following holds true. For any ¢ € (0,e0) there ezists a unique solution

(n,V) € C([0,e7T (no, Vo)] , H™= (R") x (H** (R™))")

of (1.1.1) which satisfies
ieann {14+en(t,x)} > 0. (1.1.7)
Moreover,
sup 1(n (), V- @)l < 41l(m0, Vo)ll.c -

te[0,e 1T (no,Vo)]

Remark 1.1.2. In our proof, we use the non-cavitation condition (1.1.7) to show uniqueness for some
values of the parameters. However, from a practical point of view this is not restrictive as all physical
acceptable solutions will verify (1.1.7). If c=0 or ¢ < 0 and

sgn (b) 4+ sgn (d) + sgn (—a) > 2
then we show that uniqueness holds even in the regions where (1.1.7) is not valid.
Remark 1.1.3. Our proof also works for the "dispersionless” case a =b=c=d = 0.

Remark 1.1.4. As it will be seen in the following, Theorem 1.1.1 can be formulated in the context of
the more general Besov spaces.
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Our approach is based on an energy method applied to spectrally localized equations. We first
derive a priori estimates and we establish local existence and uniqueness of solutions for the general
abed system. The rest of this chapter is organized as follows. In Section 1.2, considering a nonlinear
energy functional, we establish a priori estimates. In section 1.4, for technical reasons, we are forced to
consider a non-classical Friedrichs-type family of regularizations of the system 1.1.1. We prove that the
solutions of this regularized systems uniformly satisfy the estimates established in Section 1.2 on time
intervals that are of order e~!. Finally, we show that we can pass to the limit thus proving Theorem
1.1.1. We end the chapter with Section 1.4.3 where we discuss the possibility of applying our method
to the abed systems in the case of a more general bottom topography (see [33], Section 2).

Notations

Because our proof makes use of elementary tensor calculus let us introduce some basic notations. For
any vector field U : R™ — R" we denote by VU : R” — M,,(R) and by VU : R" — M,,(R) the n x n
matrices defined by:

(VU),; = 9,07,
(V'U),, = o;U".
In the same manner we define V2U : R® — R™ x R” x R" as:

(V?U),., = o5U".

ijk

We will suppose that all vectors appearing are column vectors and thus the (classical) product between
a matrix field A and a vector field U will be the vector!:

(AU = AU
For two vector fields U and V' we define the following matrix operators
(VUV)-V),; = 03UV,

and _
(U-V(VV)),; = U a7,V

If U,V :R" - R" are two vector fields and A, B : R" — M, (R) two matrix fields we denote:
UV =UV' A:B=A;Bi;,
(U V)2 = /UiVi, (A,B),. = /AMBM
1UN72 = (U U) s N1All72 = (4, A)
V20|, :/VU : VU:/(&«jUk)z

Also, the tensorial product of two vector fields U, V is defined as the matrix field U@V : R” — M,,(R)
given by: o
(UeV),, =0V

We have the following derivation rule: if u is a scalar field, U, V are vector fields and A : R” — M,,(R)
then:

V div (uU) = V*uU + VudivU + VUVu + uV div U

1From now on we will use the Einstein summation convention over repeted indices.
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V(UV)=vVUV +VVU
V(AV)=V?A:V +VV A

Also, the following integration by parts identity holds true:
(U-V(VV),VV),. :/(U-V(VV))U VI = /U’“a,ﬁivjaivj
- _% /8kUk (0,V7)* = _% /divU(VV V). (1.1.8)
For all m € N; let us consider E,,, the low frequency cut-off operator defined by:
Enf=F" (13(0,2m+3/3)]5) ; (1.1.9)
where, in general, 1 4 represents the characteristic function of the set A. We define the space
12 = {f € L?: Suppf C B (o,2m+3/3)} (1.1.10)

which, endowed with the [|-||  .-norm is a Banach space. Let us observe that due to Bernstein’s lemma,
all nonhomogeneous Sobolev norms are equivalent on L2, .

Let C be the annulus {¢ € R™ : 3/4 < |£] < 8/3}. Let us choose two radial functions x €
D(B(0,4/3)) and ¢ € D(C) valued in the interval [0, 1] and such that:

VEER™, X(§)+ ) (279 =1.
j=>0
Let us denote by h = F~1p and h = F~1x. For all u € &', the nonhomogeneous dyadic blocks are
defined as follows:

Aju=0 if j<-—2,
A_qu=x(D)u=hx*u, (1.1.11)
Aju=¢(279D)u =2 [, h(29y)u(z —y)dy if j>0.

The high frequency cut-off operator S; is defined by
Sju = Z Aju.
k<j—1
Let us define now the nonhomogeneous Besov spaces.

Definition 1.1.1. Let s € R, r € [1,00]. The Besov space B3, is the set of tempered distributions
u € S’ such that:
< 0.

lullsg, += |27 N8sul12) sz [, o

Let us mention that H* (R") = B3, (R") and that we have the following continuous embedding
B, < H® < Bj , — H,

for all s < s. Some basic properties about Besov spaces can be found in the Appendix. For more
details and full proofs we refer to [11].

Let us consider e < 1 and s > 0, 7 € [1,00). For all (1,V) € By% (R") x (B3 (R™))" we introduce
the following quantities:

Uj2 = Uj2 (n, V)= /17]2 +e(b—2c) |V77j|2 +2(—c)b (V?n; : V2n;) (1.1.12)
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+/ij +e(d—a)(VV;: VV)) +e*(—a)d (V?V; : V?V;),

and

Uy = U, (n,V) = H(stUj) (1.1.13)

J'GZHW’

where (n;,V;) := (A;n, A;V) are the frequency-localized dyadic blocks defined by relation (1.1.11). It
is easy to check that U, (-,-) is a norm on the space B3% (R") x (Bja¢ (R™))". Also, it transpires that:

U =~ |In|

By, b =) Vnl5 +* (=) b]|V0]

2
Bs .
2 2 2
+ Vg, +e(d—a)[VVIp + e?(—a)d HVQVHB; r
We will sometimes use the notation

1, V)lls = Us (0, V),

for all (,V) € B3t (R") x (B3%! (R™))" . We observe that (B3’ (R™) x (B3 (R™)"™,[|(,-)]l,) is a
Banach space. In order to ease the notations we will rather write B3 . instead of B3 . (R"). Another
quantity that will play an important role in the following analysis is:

zﬁ=ﬁmvhjﬁ+uw@WWﬂﬁkmw%me
+/(1 +en) ij +e(d—a+den) (VV; : VV;) + % (—a)d (V?V; : V2V;) , (1.1.14)

Denote )
Ny = No(.V) = |[(2°N; (0. )

) . 1.1.15
JEZL 07(7) ( )

1.2 Energy estimates
We begin by localizing equation (1.1.1) in Fourier space thus obtaining that:

(I —ebA) Oy +divVj + acdiv AV, +eVVn; +endivV; = eRyj
(I —edA) 0V + Vn; +ceVAn; +eV -VV; =eRy; (1.2.1)
Njlt=0 = Ajno » Vije=o = A;Vo

where the remainder terms are given by?:

{ Rij = [V, 4]V +[n,A;]divV

Ray = [V, Aj] VV. (1.22)

Let us establish our first useful identity. We multiply the first equation in (1.2.1) by 7; and the second
one with V; and by adding them up and integrating in space we get that®:

1d

2dt (Hnj”QL? +eb [Vl + V572 Jr5d||VVj||2L2) + aﬁ/ﬂj div AV +cs/VjVA77j (1.2.3)

2From now on, we agree that if A, B are two operator then the operator [A, B] is given by:

[A, B] = AB — BA.

3Observe that here we use the fact that curl V = 0. Indeed, under (1.1.3) we have

1 1
/vvjvvj = §/VV\VJ-|2 :—E/divij\?.
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+5/7777jdiVVj:%/divV(nJ2-+Vj2)+s/R1jnj+5/R2jVj.

Let us denote by 77 the right hand side of the above identity:

T, = %/dlvv (77]2 + ‘/;2) +5/R1jnj +5/R2j‘/j. (124)

Next, we wish to derive higher order estimates. In order to do so, let us observe that applying V to
the first equation in (1.1.1) gives us:

(I —ebA) oy Vn+VdivV + aeVdivAV +eVdiv(nV) =0
and that by applying A; we end up with:

(I —ebA) 9, Vn; + VdivV; + aeV div AV, + V20,V +eA; (nV div V) (1.2.5)
+edivV;Vn + eVV;Vn = eRg;,

where
Rs; = [V, A;] V20 + [V, Al divV + [V, Aj] VV.

We multiply (1.2.5) with —ceVn; and by integration we get:

—ce d

R (/ (Ianl2+ebv2nj : V%)) —cs/vcnvvjvnj —acaQ/VdivAVjan (1.2.6)

fcsz/Aj MV divV) Vn; =Ty,
with T5 given by
Ty = ce? /(V277jV)V77j + ceQ/div V;VnVn; + cs /(VVJ-VT))VUJ- - csz/joan. (1.2.7)
We proceed similarly with the second equation in (1.1.1) and we obtain:
(I —edA)O,VV + V2 +ecViAn+e(VV : V) - VV + eV - V(VV) = 0.
We localize the last equation and we get that:
(I —edA) O, VV; + V2; +ecV2An; + eV - V(VV;) = eRyj, (1.2.8)
where:
R4j = [V . V,Aj] VvV + Aj ((VV : V) . VV) .
We contract (1.2.8) with —aeVV; and by integration we get that:

—ae d
¥£ (/ VV; : VV; +edV?V; : v2vj> ~ aa/VQm VYV, — ac52/v2m7j (VV; =T (1.2.9)
with T3 given by:

Ty = asQ/(V -V(VV;)): VV; — a52/R4j 1 VV;. (1.2.10)
Let us add up identities (1.2.6) and (1.2.9) to get that:

d

= (/ {_265 (1,1 +ebv2n; V2, ) + = (VY5 VY, + V2V, ¢ v2vj)}>

40Observe that by integration by parts we get

—GCSZ/VdiV AVj :Vn; — acaQ/VQAnj 1 VV; =0.
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7a5/V27]j :VV; — cs/Vdiv ViVn; — cez/Aj (nVdiv V) Vn; =Ty + T5.

Finally add up (1.2.3) to the last identity in order to obtain®:

1d
3o ([ 0= IV 4 2-0p (72 9%y))

*%% (/ Vil* + & (d—a) (VV; : VV;) + % (=a)d V2V : Vsz))

+E/7]’f]j le‘/J - 082 / AJ‘ (’I]V div V) an =T +T1T>+Ts5. (1.2.11)

1.3 Refined estimates

The identity (1.2.11) cannot by itself provide the desired result. Indeed, we observe that the terms
e [ divV;, —ce? [nV div V;Vn; prevent us from directly applying a Gronwall type argument and
establishing long time existence. In this section, we establish a refined energy-estimate which proves
to be crucial for establishing Theorem 1.1.1.

Let us multiply the second equation of (1.2.1) with enV;. We thus get:

= d8) o) ot e [V +eet [avany; = [ @ 9v) v+ [are;
Observing that the first term can be put in the form:
1 d 2 2 € 2
(e (1= dB) Vi nVy) o = 520 [ enlVil +2an¥V; : VY5 ) = 5 [ om]v|
d
—325 /atnvvj :VV; +e2d(0:VV;, V@ V;) .,
we write that
1d 2 o . 9 B
L en|V;|" +e%dnVV; - VV; | +e | nVn;Vj+ce® | nV A V; =Ty (1.3.1)
with Ty given by:
T, = —g? / (V- VVJ)HVJ +€2/77R2jvj‘+
d
+g /5}17 Vi + 825 /athVj 1 VV; = 2d (0, VV;, V@ V}) . (1.3.2)

We add up (1.2.11) and (1.3.1) in order to obtain:

1d
335 ([ 12+ 0= 0T+ 2 an (2 7))
1d
t57 (/(1 +en) V" +e(d = atden) (VV; : VV)) + €2 (—a)d (V2 : V2Vj>)
=To+Th +To+ T3 + T4, (1.3.3)

with
Ty = 5/V7777jVj — CEQ/nVAnjVj + c£? / A; (nVdivV) V. (1.34)

5Observe that the terms ae [ n; div AV; —ae [ V2, : VV; and ce [ V;VAn; —ce [ VdivVj : Vn; are both 0.
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1.3.1 Estimates for the 7;’s

Having established the energy identity (1.3.3), we proceed by conveniently bounding the right hand
side term. We want to obtain a bound of the form:

T()+T1 +T2+T3+T4§5P(UjaUS)

with P (x,y) some polynomial function with coefficients independant of e. We suppose that

s>g+10rs:g+1andr:1.

Moreover, C' > 0 will denote a generic positive constant depending only on the dimension n and on s.
We claim that we can bound Ty +T1 + T2 + T35+ Ty in such a way that the following estimate holds
true:

1d
BV (/ 2 +eb—o)|[Vn|* +e2(—c)b (V2n; : Van))

1d
+5 (/ (L+en) V7 +e(d—a+den) (VV;: VV;) +*(—a)d (V?V; : VQVJ-))

< eCabeal; {U; (Us + UZ) + ¢;(¢)(UZ + U}, (1.3.5)
where Cypea > 0 only depends on a,b,c,d,n and s but not on ¢, (¢; (t)), is a sequence with (27%¢; (t))j €

¢"(Z), having norm 1. Let us detail this below.
Regarding Tp, we begin by observing that:

[y <19l Il 1V, < U3
If d — a > 0, then, using Proposition 1.2.5, we write®:
— ce? / nAVY;V; + ce? / Aj (nVdivV) Vn;
= —052/ (VZr]Vj) Vn; — ce? / (VV;Vn) Vn; — CEZ/Vnan divV;

—ce? /nV div V; Vi, + ce? / A; (nVdivV) Vn;

< ez (| V2]l o 1Vill o 1903112 + 19l 9V 2 1905
1902 (A1) ¥ div Vi) .)
< e (|V20)] o Vil o 190511 + 190l o 9V o 95,
¢ (O V052 1Vl v V] )
—C —C
S ECmaX (b—c, d— a) (UJZUb +Cj (t) U]Uf) s

where (27%¢; (t))jEZ € 0" (Z). Next, if a = d = 0 then b > 0 and we get that:

- ce2/17AV77jVj + 662/Aj (nVdivV) Vn;

= ch/VanAnj + ceQ/ndiv ViAn; — ch/Aj (VndivV) Vn; — cez/Aj (ndiv V) An,

0 —.

8From now on, we adopt the convention o
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= ceQ/VanAnj +ce2/ndiv V;An; +052/Aj (V2nV) Vi,

+ cg? / V2,0, (VnV) — ce? / Aj (ndiv V) An,

= ch/VanAnj +ca2/[77,Aj} div V An; +052/[Aj,V] V23 Vn; —l—caZ/VanVan
+052/V277jV17jV+052/V277j [A;, V]V

< —ce® (IVnll oo 18D 2 Vil o + I[A;, 1] div V|| 2 | An; ]| 2
+ [ div V| oo V051172 + || V05| 1o 1185, V] VnIILz)

< eC'max (b__cc, ,/_bc> (U2U, + ¢; (t) U;U2) .
where (27%¢; (t))jEZ € (" (Z). We choose

max | —=,4/5°) ifd—a =0,
cl be b) (1.3.6)

bed =
e max | —=< ’C>ifd—a>0.

b—c’ d—a

Consequently, we have:

To < eCCyeq (UZUs + ¢; (1) U;UZ) (1.3.7)

Next, we analyze T7. According to Proposition 1.2.5 and Proposition 1.2.1 we get that:
1Rl 2 < Ccb @) (I9V gt Il + [Vllgyr VI ) < CE U2, (138)
|Rojll e < CE WV gyt [VIgy < CE(H)UR, (1.3.9)

with (2jsc§ (t)) € £"(Z) , i = 1,2, with norm 1. In order to avoid mentioning each time, from now on,
for all natural number, i € N, (¢} (t))j will be a sequence such that (27¢c% (t))jEZ € ("(Z) with norm

€z J
1. We get that

T = g/divV(n]2+‘/j2) +e/lenj +e/R2jVj
< elldiv Vil (Il + 1313 ) + O} () U;U2 + O (1) U0
< Ce (VU + ¢ (1) U;UZ) (1.3.10)
We turn our attention towards 15
Ty = ce? / (V2 V)V + ce? / div V;VnVn; + ce? / VV;VnVn; — ce® / R3; V.
According to Proposition 1.2.1 and Proposition 1.2.5 we get that
1Bagllza < Cet (6) (IVV Il g 19l + [ 920] gy 1V 5. ) (13.11)

Let us observe that: )
/(VQHjV)an =—3 / \an|2 divV.
If d — a > 0 then:

Ty = ce? /(V277jV)an + ce? /div V;VnVn, + ce? / VV;VnVn, — 052/R3jan
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—C . 2
< - UV VI oo V03172 + 2190l e 19512 [V
2

+Cct () 190l (I V Iz 19

gs T HVzn‘

2,r

s Vliag, )}
) (U2U, + ¢ () U;U?) . (1.3.12)

—C —C

<eC —_—,
<e max(b—c’d—a

Ifd—a=0,c<0and b >0 then, we write that
Ty = ce? /(V277jV)an + ce? /div V;VnVin; + CEQ/VV]-Vnan — cg? /Rg,jan

=ce? /(VQr]jV)an - caQ/VjV (VnVn;) — cez/Vj div(Vn ® Vn,) — caQ/joan (1.3.13)

—c 1
We let
max (=%, =) ifd—a >0,
Caped = (b_c ‘ ) (1.3.15)

max (b_TCcv %) otherwise.
Let us estimate T3. As above, owing to Proposition 1.2.5 we may bound Ry; in the following manner:

1Rl 2 < 5 ) [V

B3t! vV

By, - (1.3.16)
Then, using the integration by parts identity (1.1.8) and the last estimate, we get that:

T3 :a52/(V-V(VVj)) 1 VV; +—a52/R4j :VV;

1, ..
< a2 (S0 Vi 9V 1+ 6 01V 19V sy 15310

a

< C’ed: - (U?U, + ¢ (1) U,;U2) (1.3.17)

and as before, let us denote by
[o; Np— 1.3.18
abed d—a ( )

Finally let us turn our attention towards T. Let us observe that integration by parts and (1.3.9) gives
us

—52/(vv;-V)nv;- +52/nR2jVj

2
£ .
<5 [ div(nV) ViI* 4+ C%¢ () Vil o l1mll oo U
< Ce (eUFUZ +ec; (t) U;U?) . (1.3.19)

Next, we write that

g 2 2 3
[ omIVil® << ol Vil < 507 10wl

We observe that:

[ H(I ~beA) M (I + aeA) div V + e div (nva

Lo
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< [T =bed) T+ aen)aivy|| e (= vea) T aivv))|

< H(I— beA) " (

(1.3.20)

Ifb>0ora=>b=0, then because the operator (I —beA)™ " (I 4+ acA) maps L? to L? and has its
norm bounded by a quantity independent of €, we get that:

||3t77HLoo < C'max (1, _ba> (US + Us2) )
Ifb=0,a <0 and d > 0 and we observe that

[—a
<3/ —Us. .o,
< ] Us (1.3.21)

Finally, if =0, a < 0 and d = 0 then s > n/2 4 2 with equality if » = 1 and, consequently, we get:

—ae ||d1VAVH < —ae HVQVH g < —ae||V?

—ag ||div AVH < —ae ||VV|| 32 < +v—aUs. (1.3.22)

We set
max ,T“) ifb>0 ora=b=0,

Oy ={ max (1 /=2 ) ifb=0,d>0a<0, (1.3.23)
V—aifb=d=0and a < 0.

Thus, we get that

€
3 /atn [Vj|* < eCChUZ (U + U?) . (1.3.24)
In a similar fashion we can treat the second term of By thus obtaining
£ f/amvv vV < Co— C4bchj2 (Us +U2), (1.3.25)
and we set p
Cobed = mcffbcd- (1.3.26)

Finally, the last term of By is estimated as follows:
—2d (0, VV;, V@ Vj) 12 < E2d[[Vl| 1o 10V Vi 12 1V ] 2

and using
OVV; = — (I —edA) "V (Vn; + ceVAn; + eV - VVj — eRy;)

we observe that

ed |0, VVj| 2 < Vd|lnyll 2 — cVde ||V77jHL2 +ed ||V Lo [VVil 2 + ed || Roj]l 2
< CCheq (U; (1 +€Us) + (t) U?),

where
—cVd d
S,., = max | Vd, < 1.3.27
bed ( sgn(d) Vh—c Vi—a ( )
thus, we conclude that
—2d (0, VV;, V@ V;) 2 < eCCleaU; (U; (Us 4+ UZ) + ¢ (1) UZ) . (1.3.28)
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Combining estimates (1.3.24), (1.3.25), (1.3.28) we obtain:

d
%/am Vil® + 525 /amvvj 1 VV; —2d (0, VV;, V@ V;) . (1.3.29)
< eCCabeal; {Uj(Us + U2) + 3 (1) U2}, (1.3.30)
where ~ .
Cabcd = malC;bcd (1331)
i=1,

is the maximum of all constants depending on a, b, ¢, d that appear in relations (1.3.6), (1.3.15), (1.3.18),
(1.3.23), (1.3.26), (1.3.27).

Finally, after adding up the estimations (1.3.7), (1.3.10), (1.3.12), (1.3.17), (1.3.19), (1.3.29) we
obtain that there exists a positive constant C' > 0 depending only on n and s but not on € such that

1d
5@ (/ 7]?— +e€ (b — C) |V’I7]‘|2 +€2(—C)b (VQ’OJ' . VQT]j)>

1d
sy ([ Qv V2t e@—atden) (VW3 9 + 2-aa (7275 92

< eCCueaU; (Uj (Us + UZ) + ¢; (1) (U2 + U?) (1.3.32)
where (c; (t)); is a sequence with (27°c; (t))j € (7(Z), having norm 1 and Cypeq is defined in (1.3.31).
Actually for the sake of simplicity, from now on we will not carry on the distinction between constants

that depend on the parameters a,b,c,d and the ones depending on the dimension n and regularity
index s.

1.3.2 Another useful estimation

In [27], we showed that the non-cavitation hypothesis:
1+en(x) >a>0, (1.3.33)

is not essential for some of the values of the parameters. (although, all physically relevant data will
verify (1.3.33) as 1 +en represents the total height of the water over the flat bottom). The idea is that
we can consider "a positive version" of the energy functional N, (n,V). We will recall how to derive
such a functional although we will not be using it in the following sections. Let us stress out that
the estimates established in this section are only available for the parameters a, b, ¢, d verifying that
whenever ¢ < 0, then

sgn (b) + sgn (d) — sgn (a) > 2.

Let us give some details for obtaining. We will investigate the following quantity:

€
O (5 [l Uf) =1+ Iy,
where
26 = € ||n| o ath and 2[5 = EUJ~2(9t 17l o -
Owing to (1.2.11) we see that:

£ oo 3 I . .
I = % (Ty + 1>+ T3) + % <s/rmj div V; +c52/nv dwvjvnj)

< C* (UFUZ + ¢; () U U) + O |l e lmgl o l1div Vil
2 .
+C [l IV div Vil 2 V0]l 2
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< O (UPUZ + ¢ (1) U;UR) + Ce3URUR + Ce3URU?
< Ce* (UFU2 +¢; (t) U;U?) (1.3.34)

Remark 1.3.1. Let us notice that the term ce* [ nV divV;Vn; raises some important issues. When
¢ < 0, in order to successfully estimate it, we need the following restriction on the parameters:

sgn (b) + sgn (d) — sgn (a) > 2.

This ensures that one of the unknown functions n,V has at least Bgﬁ—regularity level while the other
one has Bg’tl-regularity level. Thus, the following cases are excluded:

a=d=0,b>0,¢<0;,a=d=0,06>0, ¢c<O.
a=b=d=0,¢<0,b=d=0, a<0, c<O0.

In order to handle I we use the fact that the function t — || (t)|| ~ is locally Lipschitz we get
that a.e. 0;]|n(¢)]| .~ exists and besides, a.e. in time we have

. U)o — S| oo . t)—n(s
s—t t—s s—t t—s Lo
<0 Ol < N0 Dl 5 -
2,1
Thus, owing to (1.3.20), (1.3.21) we get that:
1
I < §8Uj26t [nll - < CeUZ (Us +UZ) . (1.3.35)
Combining (1.3.34) and (1.3.35) we get that
3
B, (5 17l o U}) < Ce (U2 (Uy + U?) + ¢ (1) U;UP) . (1.3.36)
Finally let us observe that by adding (1.3.5) with (1.3.36) we obtain that:
1d 9 2 2 2, .2
52 ([ el {3+ =) [Vnl +2(=e)b (V2 : V) | (1.3.37)
1d
+5o (/ (L +en+elnllpe) Vi +e(d—a+den+dellnll ) (VV : VVj)) (1.3.38)
1d
4y [ECade el (927 v21) (1339
< eCabed (U} (Us + UZ) +¢; () U; (U2 + U?)) . (1.3.40)

1.4 The proof of Theorem 1.1.1

Once the estimates (1.3.32) are in hand we proceed with the construction of the solution announced in
Theorem 1.1.1. A classical way to proceed would be to consider a Friedrichs regularization, i.e. solve
the system”

(I —ebA) 0y + B, divV + aeE,, div AV + €E,, (div (V) = 0,

(I —edA) 6V +E,,Vn+ ceE,,,VAn + ¢k, (V- VV) =0, (1.4.1)

Mt=0 = IEmnO ) Vit:O =E,Vo.

Tsee (1.1.9) and (1.1.10) for the definitions of the operator E,, and the space L2,.
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and use the estimates previously obtained in order to obtain uniform bounds of the solution. There is
a technical detail that prevents us from adapting directly this method namely the energy functional
appearing in (1.3.32) is nonlinear and thus we do not obtain this estimate for solutions of (1.4.1)
proceeding as in the previous section. In order to bypass this problem, we will prove first that the
following system is well-posed:

(I — ebA) 0+ By, divV + aeE,, div AV + €E,, (div (V) = 0,
(I —edA)OV +Vn+ceVAn+eV -VV =0, (1.4.2)
Nit=0 =No » Vjt=o = Vo.

with (no, Vo) € L2, x (B;aﬂ)n Owing to the fact that E2, = [E,,, solutions of system (1.4.2) do verify

the estimates (1.3.32). In a second time we will study the limit when m — oo for the solutions of
(1.4.2).

1.4.1 Approximate solutions of the abcd system
The main result of this section is summarized in the following:

Proposition 1.4.1. Let a,b,c,d be chosen as in (1.1.4), r € [0,00) and s € R such that:

s>g+1ors:g+1andr:1. (1.4.3)

Furthermore, let us consider sp. and sqq defined by relation (1.1.5) and let us fix m € N. Then, for all
(n0, Vo) € L2, x (B‘;frd)n there exists a positive T'> 0 and an unique solution

(n.v) € (0.10.13, x (B3)") ne* (0,70, 22, x (12 @)").

of the system (1.4.2). Moreover, if we denote by T (no, Vo) the maximal time of existence then, if
T (no, Vo) < 00, we have that:

limsup Us (t) = oo. (1.4.4)
t*}T(no,Vo)

For all m,p € N such that p > m > 1, we consider the following differential equation on L2, x (L?)

o= Fyu V),
0V =Gp(n,V), (1.4.5)
M=o = Emno, Vji=o = EpWo,

where (Fi,, Gp) 1 L2, x (L2)" — L2, x (L2)" are defined by:
Fp (V) = —E,, ((1 —ebA) "M (I + aeA) div V + e div (nV)]> : (1.4.6)
G, (V) = —E, ((1 — edA) T (I + ceA) Vi + £V - VV]) . (1.4.7)

It transpires that due to the equivalence of the Sobolev norm, (F,,,G,) is continuous and locally
Lipschitz on L2, x (Lf,)n. Thus, the classical Picard theorem ensures that there exists a nonnegative
time T}, > 0 and a unique solution (n™?, V™) : C* ([0, Ty ), L2, x (L2)"). Moreover, if T}, , is
finite, then:
li mp 17m.p - .

im0,V = oo
Another important aspect is that because of the property E2, = E,, we get that the identity obtained
in (1.2.11) still holds true for (p™?, V"P) namely

1d
Sdt </ (n?l’py +e(b—c) |V77;n’p|2 +e2(—e)b (V207 : V%;””’)) (1.4.8)
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1d mp|2 m, m, 2 2y,m, 2ym,
tyas (V2P @) (V7 99) 4 2-a)a (T3 920)
—|—8/77m’p17;n’p div V;™? — ce? /nm’pv div V" VP =Ty + Ty + T3
with Ty, T», T5 defined as in relations (1.2.4), (1.2.7), (1.2.10) but with (n™?, V"™P) instead of (n, V).
Also, we let U™ = U; (n™P,V™P) and U™ = Ug (n™P,V™P), see (1.1.12) and (1.1.13). Taking
advantage of the estimates (1.3.10), (1.3.12) and (1.3.17) we gather that:
Ty + T+ Ty < CUPP (UTPUR + 5 (1) (UF9)?)
Let us notice that an integration by parts combined with Bernstein’s lemma 1.1.1 yields:
—E/nm’pn;”’p div ij’p < g2™mC (U;”’:”)2 ump.
Next, observe that
ce? / WPV div VPPV < (—e) 2280 (UP) U
We thus gather that:
m,p 2
14(U;™")
2 dt
which implies that for all ¢ € [0,T}, ,):

< e2'nC ((U7P) U + ¢ () U (U)?)

- J

t
U™ () <U™P(0) + 623mC’/ (Ujm’pU;”’p +c;(t) (U:”’)Q) dr, (1.4.9)
0
thus multiplying with 2/¢ and performing an ¢"(Z)-summation, owing to Minkowski’s theorem, we get
that:
t
Uumr(t) <U™MP(0) +£23mC/ womr (7))2 dr. (1.4.10)
0

The Gronwall’s lemma along with the blow-up criterion for ODEs gives us that:

1
<T,
ECngUS (1’}07V()) -y

Moreover, for each time 7" > 0 such that
eTC22™U, (0o, Vo) < 1, (1.4.11)

we obtain due to Gronwall’s lemma that for all ¢ € [0, T

1
—e23mCT’

U (t) <

T (1.4.12)
Us(10,V0)

and thus, the solution (n™?, Vm*”)pzm is uniformly bounded with respect to p in LY (Lfn X (B‘;‘Td)”)
Next, we prove that there exists a time 75, > 0 such that (n™P, V"P) is a Cauchy sequence in

Cry (L2, x (Hsg“(d))n). First of all, let us fix T}, by

p>m

26T, C2™ U, (10, Vo) = 1, (1.4.13)
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which, of course, verifies (1.4.11). Then, the uniform estimates (1.4.12) simplifies into
UgmP (t) < 2Us (10, Vo) -
We consider p > ¢ > m and let us denote by:
(650, 6V) = (™0 — g, v — yma),

where, for the sake of simplicity, we drop the dependence on p and ¢ in the notation. Observe that
(6, V) verify the equation

(I —beA) 0:on + (I + acA)E,, divdV + cE,, (div (dnV™P) + div (n™26V)) = 0,
(I —deA) 00V + (I + ceA)Von +€E, (VTP . VV 40V - VV™1 + (I —E,) (V™. VV™1)) = 0.
(1.4.14)
Multiplying the first equation with 7, the second with §V, integrating in space and adding up the
results yields:

Ld
2 dt
< e(=a =) 2" [|6nl| 2 18V ]| 12 + C l|div V2| o 81172 + €27 C ™| o 160l 2 16V 2

+eC ||div V™| o 8V I[72 4+ €C VY™ e 6V (172 + (B = Eg) (V™9 - YV ™) 1, |6V 2
(1.4.15)

{(577)2 +b|Von + (6V)? +d |v5vﬁ} dz

where the constants 2,23 appearing above come from applying Bernstein’s lemma. Next, we see
that
||<]Ep _ ]Eq) (V. vvmﬂ)”Lz < Z HAijﬂ . VVM,QHLQ < o2~ %
—24+q<j<p
_an 2
<C27> ||Vm’q||B%+1-
2,1

Ve . VV’”"’H n
322,1

The last relation along with (1.4.12), (1.4.13) and (1.4.15) imply that for all ¢ € [0,T},] we have:

t
Y (t) < C27 5 U2 (o, Vo) + C(2°™ + 2™ U, (no, VO))/ Y (1)dr
0

. CU, (o, Vi '
S 27% Z;Z'(r)r: 0) + 0(23m + 2mUs (’qu VO)) / Y (T) dTa
0
where 1
v ()= sup (160 ()3 + 16V (7)]2:)°
T€[0,¢]
Let us denote o "
M, . = max (65;:1,0) C(2%™ 42U, (o, Vo>)> - (1.4.16)
Observe that by taking
* . 1 1
Tm = min { 2Mm’8 hl <1 —+ Z\MS) ,Tm} , (1417)
this ensures us that .
27 *
<1 + Mm) e TmMms 150, (1.4.18)
Gronwall’s lemma implies that for any ¢ € [0,7},], one has:
1
Y () <

Q%Ty*n, T* M. ’
() v
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Obviously, this implies that (n™?, Vm*p)pZm is a Cauchy sequence in the space Cr;. (L2, x (H2 Sgn(d))”).
Moreover, using interpolation and the uniform bounds (1.4.12) we see the sequence is in fact Cauchy in
Cry (L2, x (B;;d_"’)n) for any v > 0. Also, using the equations (1.4.14), we see that (9;n™", 9,V "™P)
is a Cauchy sequence in the space Cr: (L2, x (H2%%(®)"). Therefore, we conclude the existence of a
pair (0™, V™) € (1) Crs (L2, x (B33™7)") M LS (L2, x (B3sh)™) such that

1>~>0

(™, V™) = limysoe (™7, V™) in O, (L2, x (B3z™")") and
(O™, V™) = limysoc (O™, V™) i Cry (2, x ((H252@)")7),

for all 1 >~ > 0. This implies that (n™, V™) is a solution, in the sense of distributions, of the system
(1.4.2).
It remains to show that V™ is continuous in time with values in B3%¢. As a consequence of the fact

that V'™ € Cps (B3’ ") we obtain that S;V™ € Cp, (B34?) for all | € Z. The conclusion follows as
the sequence of B3’ —valued functions (S;V™),, tends uniformly to V™. First, let us observe that
proceeding as above (™, V™) obeys the estimate (1.4.9):

J

Ut (t) < U (0) + 523’”0/ (U}"U;" +¢; (1) (U§")2> dr, (1.4.19)
0

and thus performing an ¢" (Z)-summation for j > [ + 2, we obtain that

127U () 1si49) [, < [[(27°UF (0) 1(js142))

o

+€23m0/ (H (QjSU]m (T) 1(j>l+2)) or U;ﬂ (T) + || (2jscj (7’) 1(j>l+2)) ||ZT (U;n (7'))2) dT.
0

The result is obtained by combining the last inequality with the dominated convergence theorem and
the following inequality:

V™ =SV l[pgea < (27 1AV 2 Lsam) o < 1207 (0 L)),
Let us also mention that the estimate of (1.4.10) holds true for (n™, V™), i.e.:
t
U™ () < U™ (0) + £2°mC / U™ (1))? dr. (1.4.20)
0

The uniqueness of such a solution follows from basic L2-energy estimates.
Let us consider T/"®*  the maximal time of existence of the solution (™, V") and let us assume
that
TR < o0, (1.4.21)

We claim that
limsup U, (™ (), V™ (1)) = 0. (1.4.22)

t—Tmax

The argument is standard, we assume by contradiction that there exists a constant M > 0 such that
Us(n™ (t), V™ (1)) < M

for all ¢ € [0, T/m**). Of course, the above process of constructing a solution can be carried out with
any (n™ (t),V™(t)), t € [0,T/7**) as initial data. We observe that the above uniform estimate enables
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us to find a positive lower bound which is independent of ¢ € [0, T/52*) and U (n™ (t), V™ (t)) for the
times appearing in (1.4.13), (1.4.17). Thus, for ¢ sufficiently close to T)7®* we can reiterate the above
process in order to produce a solution having the required regularity on a time interval that is strictly
larger than T7** — ¢ which is in contradiction with the maximal character of T,**. This concludes
the proof of Proposition 1.4.1.

1.4.2 The proof of Theorem 1.1.1

Having established the existence of solutions for system (1.4.2) we proceed with the proof of Theorem
1.1.1. Thus, let us consider (no, Vo) € By% x (B32?)". For any m € N, let us consider (1, V) €

Cr,, (L2, x (B;;d)n) the solution of (1.4.2) with initial data (E,,no, Vo). Proceeding as in Section 1.2
we deduce that:

d
dt</(n]) +e(b—rc) |V77 ‘ +&%( )b(V%}":V%}”))

1d
+2ﬁ(/}L+mmﬂmmf+au—a+dmmﬂvmm:vwﬂ+f%—@dcﬂmmeWﬁ»

| —

<50Um( (Um (U?))+qﬂ)«Um) (ny). (1.4.23)

where C'is a constant that depends on s,n,a,b, c,d but is independent of €. Let us consider

Ty, =supq T € (0,72 : sup U (1) <aUs(0)p,
T€[0,T]

where a will be chosen in the following. Let us consider Cy the constant of the embedding 32%,1 — L™
which depends only on the dimension n. We may suppose that ¢ is sufficiently small such that

eaCylUs (0) < K < 1,
for a certain K that will be specified in the following. Then, for all ¢ € [0,T,], we have
1-K<1l4en™<1+4+K.

Using the notation introduced in (1.1.15), we get that

[N

(1= K)* Uy (™, V™) < Ny (™, V™) < (1+ K)2 U, (", V™), (1.4.24)

and

SIS

(1= K)2 U, (", V™) < N (", V™) < (14 K)
Using the last relation and (1.4.23) we get that

U; (p™, vm). (1.4.25)

NI (8) < NJ* (0) +2C (14 K)’? / (O (U + ) + 0@ + WY dr,

which implies that

< TR O reoy T [ (o (o e ) ey ) an

for all t € [0,T},]. Multiplying by 27¢ and performing an ¢"(Z) summation, we obtain that:

1+ K 1+ K
< m m
<\ 0+ oyt [+ @
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1+ K 1+ K 2 ¢
< — U m
1/ - K S(O)+50¢C1/ 1— K (Us (0) + aU; (O))/O Ugtdr,

which implies, by Gronwall’s lemma that

1+ K 1+ K 9
m < —_— B 2
Ur@) < T % KUS (0) exp <5aTmC T % (Us (0) + aU? (0))) (1.4.26)
for all t € [0,T,]. If the right hand side of (1.4.26) is strictly smaller than aUs (0) then, a continuity
argument gives us
T =T,

The fact that the solution is bounded on the maximal time of existence implies that 7~ = oco. Let
us suppose that this is not the case. Then, we have that
In (a ﬂ)
1+K
el > h .
aC\/ 15 (Us (0) + alZ (0))

16—e?

Terez in order to transform the last inequality into

We may chose, for example o =4, and K =

(& not

S TeA EE O AL

el

This shows that the time of existence of solutions of (1.4.2) is bounded below by a quantity that is
independent of m and that is of order e~!. In the following, we denote T. = 71T (19, Vo). The
sequence of solutions (7, Vi), ey is uniformly bounded in Cr, (B3 x (BS:’f)n) ie.

Us (n™ (t), V'™ (t)) < 4Us (o, Vo) (1.4.27)

for all t € [0, 7] Also, from the fact that (n™, V™) is a solution of we deduce that:

/(nm, (I —€bA) 0y@) 2 + / (V™, (I +acA)E,, V), . + s/ (nmV™ E, V), .
0 0 0
= ("(1), (1 = bA) 6(0)) 12 — {10, (I = £bA) 6(0)) 12 (14.28)

respectively
¢

t
/ (V™ (I —edA) Oy, 2 + / ™, (I +ceA)divey) ;. +¢
0

0

(V™ V™ dive) .

—

— o

= (V™(t), I —deA)Y(t)) ;2 — Vo, I — deA)(0)); 2, (1.4.29)

for all (¢,¢) € C' ([0,T:],S8 x S™). We observe that (8;n™),,cy is uniformly bounded on [0,7;] in
B§ ;- Indeed, the first term is
(I —beA)™ (I +aeA)divV™ € By,
with n
84 = 8+ 2sgn(b) + sgn (d) + sgn(a) — 1 > 5
with equality if » = 1. Using that BQ%,1 is an algebra, the term V™ - VV™ belongs to 32%1' Thus, in
view of the uniform estimates (1.4.27), we get that

(10 @1, )
21/ meN

39



is uniformly bounded on [0,T]. Next, considering for all p € N a smooth function ¢, such that:

{ Supp (6p) € B(0,p+1),
¢p=1on B(0,p),

it follows, in view of Proposition 1.2.4 that for each p € N, the sequence (¢,n™), . viewed as

oo™ : [0, T] — B2§,1

is uniformly equicontiniuous on [0, T;] and that for all ¢ € [0, T], the set {¢,n™ (t) : m € N} is relatively

compact in Bf 1- Thus, the Ascoli-Arzela Theorem combined with Cantor’s diagonal process provides

us a subsequence of (™), .\ %and a tempered distribution 1 € C([0,7:],8’) such that for all ¢ €
D (R™):

o™ = ¢n in C ([O,TE] ,Bgl) .
Moreover, owing to Proposition 1.2.2 and (1.4.12) we get that n € L5 (BSZ’;) and using interpolation

we get, that
o™ — ¢nin C ([OvTE] 7B;flc_7)

for all 1 > v > 0. Of course, by the same argument one can get V' € L% ((B;a;i)n) such that for all
Y € (D(RM)":

$v = oV in € ((0.72], (B3 )"
for all 1 > v > 0. We claim that the properties enlisted above allow us to pass to the limit when

m — oo in the equations (1.4.28) and (1.4.29) verified by ™ and V™. It remains only to verify that
(n,V) € Cr, (B3t x (B34)"). As in the case of Proposition 1.4.1, this a consequence of the fact that

(Sm, S1V) € Cr. (B3 x (B3)") and
(S, S1V) = (n,V) in LT (B3t x (Bsa)").

This completes the proof of existence.
Uniqueness, is a consequence of the following stability estimate: let us consider two solutions of
(1.1.1), (771, Vl), (772, V2) and observe that the difference

(On,6V) = (n =,V = V?)
satisfies the following system:

(I —ebA) 0y6n + div oV + ae div AdV + ediv (dnV?) + ediv (n?6V) =0
(I —edA) 08V +Vén+ ceVAS) +eVi-V(V) +edV -VV2=0 (1.4.30)
onjt=0 = 0, 6V}4=0 = 0.

We consider U} = U, (n*,V*') and U2 = U, (n?,V?), see (1.1.13). For the sake of simplicity we will
prove stability estimates in the classical Sobolev space X = H™ x (H"+4)" with:

{ The = SGN (b) — sgn (C) ’
Tad = sgn (d) — sgn (a).

We endow X with the norm:

2 2 2 2
0, VIIx = lInllzz +e b =) IVallgz — e2be || V20| .

8Still denoted (N™) men for the sake of simplicity.
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2 2 2
+VIlze +¢(d = a) [V — 2da || V2V,
Observe that due to the fact that spe, sqq are chosen so as to satisfy (1.1.5) with s chosen as in (1.4.3),
we have that H" x (H"*¢)" is continuously embedded in B"s x (Bgaf)n Multiplying the first equation

in (1.4.30) with (I + ceA) dn, the second equation with (I + acA)§V and adding up the results we get
that:

1d

537 (1801 4 (b= &) [Vonl3. — e [V26][5, + 18V 32 + 2 (d = ) VOV - da |92V 7, )

s/div (6nV1) (I 4 ceA) on + a/div (n*6V) (I 4 c=A) on
+e / VI.V(V) (I +aeA)dV +¢ / SV -VV2 (I + asA) V. (1.4.31)

The first term of the right hand side is treated as follows. Suppose first that b > 0 and ¢ < 0. Then,
we have:

a/div (V) (I + ceA) o < e ||div VY| o 100172 — e ||div (5nV) || 12 | A7) -
<OVl + 19V o) o, 6V -
< CUs (n, V') 1m0V |k - (1.4.32)
If b =0 and ¢ < 0 then d — a > 0 which implies that
Sbe = g + 2a

with equality if » = 1. Then, we write that

/le onV )Aén = <V div (677V ) V577>
—(V*npV' + VV'Von+ Vindiv V' + 6V div V', Vén)
= %<d1vV Vén, Vén) — (VVVon,Von) — (6nV divV?', Von).
Finally, we observe that
E/div (nV?) (I + ceA) on < (||div V|, + ||V div V?]]) [|6n, 6V |5
< CU; (nt, V1) [|on, 8V )% - (1.4.33)
In the following we use that a < 0 implies that
Sbe Z g + 2a
with equality if » = 1. We begin with:
g/vl -V(OV) (I +acA) sV
£ 2 1 —ag? . 1 2
<3 [VV| o 18V 52 + (—a)e? [[VVY| Lo 16V ]| 2 VOV 2 + — |div V|, . V6V
< CU; (n', V1) [|on, 6V )% - (1.4.34)

Next, we compute

s/éV-VW (I +ach) av:5/5v.vv25v+a52/5V~vv2A5v
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fs/év-VV%VfaeQ/V(5V~VV2) L V6V

<IVV|, . 16V72 — ac? ||VV]|, . VoV 72
—a? [|[ V2V L 16V 2 [IVOV |
< OU, (i1*, V?) ||6n, 6V - (1.4.35)

The remaining term is a bit more delicate to treat. First, it is easy to show that
e/div (1%0V) &1 < CU, (%, V2) |0n,6V |5 -

Next, if ¢ < 0, then supposing that
sgn (b) 4+ sgn (d) + sgn (—a) > 2, (1.4.36)

eventually integrating by parts, we may prove that
662/div (n*6V) Adn < CU; (n?,V?) ||(577,5VH§( . (1.4.37)

The estimates (1.4.32), (1.4.33), (1.4.34) and (1.4.35) yield:
I(6n (2), 6V ())IIx < C sup, {U: (" (), V(7)) + Us (0 (), V? (T))}/O 169 (), 8V (7)| dr.

Hence, Gronwall’s lemma ensures the desired result.
If (1.4.36) is not true then, let us multiply the second equation of (1.4.30) with en?dV, integrate in
space and add the result to (1.4.31) in order to conclude that

1d
2.dt

(/ 14 en?) |6V + ¢ (d (14 en?) —a) vav:vw—a?dav?av;v?av))

2
(190122 +< (b = &) [9anI12: — <2be | V280
<e /le (6nV1) (I + c=A) 577+5/V1 V(6V) (I +en’ +acA) sV
+a/5v.vv2 (I+en®+asA)sV + g/am? 16V [? (1.4.38)
d
+%/am2v5v : vav-m/atvav :Vn? ®4V. (1.4.39)

The first three terms of the right hand side of the above inequality are treated exactly as in (1.4.32),
(1.4.33), (1.4.34) and (1.4.35). Next, we know thanks to relations (1.3.20)-(1.3.24) that

|02 < € (U (2 V2) + [U, (2, V2)]?)

and thus we get that
/am 6V + = /aﬂfvav VoV < C ( (n?,V?) + [Us (n2,v2)]2) 16,0V % . (1.4.40)
The last term of (1.4.38) is treated as follows:

st/ath L Vn? @6V = —52d/8t5V 1V (VP ®6V)
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< &2d 010V || 2 |V o 18V ]| 2 + €2 108V || 2 [|[ V[ o IVOV ]2
< CUs (1, V2) 108V || 12 16, 6V || . -
The time derivative is treated in the following lines
10,6V 0 = H(I —edA) N (I + csA) Vo + & (I — edA) ™ (VE-V(8V) + 6V - VV2) H
< CIVl e+ C ||V oo IVOV] 2 + C[[VVZ| Lo 16V 2
< C (1 + US (771, Vl) + Us (7727 VQ)) Hénﬂ 6V||X :

Combining the last two relations yields

L2

I |

52d/8tV5V LV @6V < (Us (2 V) + U2 (', VY + U2 (2, V?)) |60, 0V |5 - (1.4.41)
The estimates (1.4.32), (1.4.33), (1.4.34), (1.4.35), (1.4.40) respectively (1.4.41) yield
2
Inl1Z2 + & (b= ) | Vonl|Z. — *be || V2an][ . +

+/ ((1+2n?) |0V + & (d (14 en) — a) VOV 2 VoV — 2daV26V : V25V )

< C sup {P(Us (n' (1), V(7)) + P (Us (0 (), V? (T)))}/ 16n (7) 8V (7)1 dr,
T€[0,t] 0

where P (1) = 2 + 22. This concludes the proof of the announced result.

1.4.3 The abcd systems with non flat topography

As we have mentioned in the introduction, approximate models taking in account general topographies
of the bottom have been established in [33]. In the case of small variations with respect to a reference
plane i.e. the bottom is given by the surface:

{(z,y,2) : 2= —h+eS(z,9)},
where S is smooth enough, these models are not very different from those we studied above:
(I —ebA) Oyn + divV + acdiv AV +ediv ((n — S)V) = 0,
(I —edA)OV +Vn+ceVAn+eV -VV =0, (1.4.42)
Mi=0 = Mo, Vji=0 = Vo.
We claim that our method applies to this system with some minor modifications. Let us give a few

details. By localizing the above equation in Fourier space and proceeding in the same manner as in
Section 1.2 we can see that the terms preventing us from establishing long time existence are

5/(77—5’)77jdiij and —052/(77—S)VdiijV77j.

In order to repair this inconvenience we multiply the localized equation of V' with (7 —.S)V; rather
than simply nV;. Thus, we can obtain an estimate similar to (1.3.32), namely:

1d
3 ([ 0= IV 4 -0 (72 9%0y))

%% </ (1+en—28) V7 +e(d—a+de(n—195))(VV;: VV)) +&*(—a)d (VV; : vzvj))

< eG(Us)

where G should be some polynomial function with coefficients not depending on . Afterwards proceed-
ing like above, provided that S € B3, with some s large enough, one can obtain long time existence
results for (1.4.42) similar to those obtained in Theorem 1.1.1.
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Chapter 2

Long time existence results for bore
type initial data

2.1 The main results

Bores are water waves resulting from the interaction of a river with the flux of a tide. Physically, they
appear as a sudden rise of the water level which is propagating against the river’s current. In the case
of the whole space R™, n € {1, 2}, bores are modeled by functions that manifest a non trivial behavior
at infinity. Recently, Bona, Colin and Guillopé, [17] studied the Cauchy problem associated to the
BBM-BBM type system, a = ¢ = 0 with initial data that can be used to model bores. More precisely,
they establish well-posedness results for data that are continuous and bounded. They show that if
there exists some discernible structure at infinity at the initial time:
L o (@,y) =ns (@), lim Vo (2,y) = (v2(2),0),
then it can be transported in time, i.e. for all time ¢ > 0 where the solution is defined, there exists a
limit function
lim n(t,z,y) =n+(t,z), lm V(t,z,y)= (v (¢t,2),0)
y—+oo

y—Foo

which turns out to be the solution of the one dimensional system.

In this chapter we wish to supplement the results of the previous cited paper with a long time
existence theory for all the BBM-type systems. We recall that the long time existence problem has
been studied for initial data belonging to Sobolev function spaces H® with the index of regularity
satisfying (at least):

n
> —+ 1.
S 2+

This corresponds to initial perturbation of the rest state that are essentially localized in the space
variables. Indeed, when s is chosen as above, H® is embedded in Cy the class of continuous bounded
functions which vanish at infinity. Of course, if we aim at studying bore propagation, we need to change
the functional setting of the initial data. This is exactly this issue that we address in the following.
As far as we know, these are the first l.t.e. results for data that are outside the Sobolev functional
setting. More precisely, the methods that we employ here will allow us to construct solutions of the
BBM-type systems, i.e. we take a = ¢ = 0, which live on time intervals of order O (5_1) where, for
the 1-dimensional case, we might consider general disturbances modeled by continuous functions® 7P
such that:

: 1D —

lwith some extra regularity on its derivative
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In the two dimensional setting, the situation in view is that of a 2-dimensional perturbation of the
essentially 1-dimensional situation, more precisely we consider:

{ 770 ( ) = 0P () + ¢ (2,9),
(ug? (@) + 1 (z,9) , Y2 (z,9))

where we ask
lim |¢(z,y)|=0and lim [|¢;(x,y)] =0fori=1,2.

Let us formulate all of the above in a more precise manner. In the present chapter we will focus
our attention only on the so called BBM-type Boussinesq systems of equations:

{ (I — ebA) 8,7 + div V + e div (7V) = 0, (2.1.1)

(I —edA) O,V + Vij+eV - VV =0,

where the parameters b, d obey:
b,d > 0.

We address the long time existence problem for the general (2.1.1) system with initial data that can be
used to model bore-type waves. Before stating our results, let us fix the functional framework where
we are going to construct our solutions.

We fix two functions x and ¢ satisfying:

VEER, x(O)+ Y w2778 =1,
§>0

(see Proposition 1.1.1 from the Appendix) and let us denote by h respectively h their Fourier inverses.
For all u € 8, we recall that the nonhomogeneous dyadic blocks are defined as follows:

Aju=0if j<-2,
A_ju=x(D)u=hx*u, (2.1.2)
Aju=¢ (Q’jD) u=27d fR" h(2%y)u(z —y)dy if j>0.

Let us define now the nonhomogeneous Besov spaces. In all that follows, unless otherwise mentioned,
the j-subscript for a tempered distribution is reserved for denoting the frequency localized distribution
ie.

u; "2 Aju. (2.1.3)

The following remarks will be used in the following.

Remark 2.1.1. Taking advantage of the Fourier-Plancherel theorem and using (1.1.9) one sees that
the classical Sobolev spaces H® coincide with B3 5.

Remark 2.1.2. Let us suppose that s € RT\N. The space B3, .« coincides with the Holder space
Clsls=b1 of bounded functions u € L™ whose derivatives of order |a| < [s] are bounded and satisfy

0% (x) — 8%u (y)] < Clz —y|" ¥ for |z —y| < 1.

For all s € R, we define?:

Sp = S+Sgl’l(b),
{ sqa = s+ sgn(d). (2.1.4)
Let us denote by

Xpar (R") = B3, (R") x (B3, (R™))"

2Here, we use the convention sgn (z) = for x # 0 and sgn (0) = 0.

- IZI
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For any ¢ > 0, we consider the norm:

10V, = |05 V) e, where
2 2
Uf(n,v>=/<|nj|2+eb > o+ X |V +ed X oV )
k=1,n k=1,n k,l=1n

Rn
The space
Eyar B) = {(n,V) € L% (R) x L (R) : (9, 0,V) € X;3h },

endowed with the norm
10 V)lgs = 100 V)l + 102,02V e

is a Banach space. An important aspect is that the space Ep o, (R) admits functions that manifest
nontrivial behavior at infinity, see Remark 2.1.3. Let us point out that in some sense, the change of
the functional setting in order to study bore propagation corresponds in solving a Neumann problem.
Indeed, solving the BBM-BBM systems with an initial data in Cyp amounts in solving a Dirichlet-type
problem whereas solving it with initial data which is bounded with its gradient belonging to Cy amounts
to solving a Neumann-type problem.

Our first result, pertaining to the 1-dimensional case is formulated in the following theorem.

Theorem 2.1.1. Consider r € [1,00) and s € R such that
3 3
5>§ ors=g and r =1.

Consider (10, uo) € Ej 4, (R). Then, there exist two real numbers €9, C depending on s,b,d, and on
l(no, u0)||E§,i ~and a numerical constant C such that the following holds true. For any e < o, System

(2.1.1) supplemented with the initial data (no,uo), admits an unique solution

(ﬁevﬂs) eC <|:07 §:| 7Eg,d,r) .

Moreover, the following estimate holds true:

sup (17 (1), O)llgee + sup 107 )l e < Cll(0s0)ll e -
tef0,<] T tef0, €] -

Remark 2.1.3. Let us give an example of function that fits into our framework but is not covered
by previous works dedicated to the long time existence problem. A reasonable initial data for modeling
bores would be:

e’ —¢e”
=tanh (—2) ;= ———.
Mo (.’)3) an ( SL‘) eT - e~ 7
which is smooth and manifests nontrivial behavior at +oo, i.e.
lim 7o (z) = =1 and lim ng (x) = 1.
T—r00 r—r—00

One can verify that tanh € ﬂE;’;’T but does not belong to any Sobolev space H®.
5>0
Let us consider o > %, s > 1 with the convention that whenever there is equality in one of the
previous relations then r = 1. We denote by M; ;. the space of (1,V) € C (R?) x (C (}RQ))2 such that
there exists (n'?,V1P) € Ef 4 (R) and (n?P,Vv?P) e Xp dor (R?) for which

{ n(z,y) =P (x) + 0P (z,9),

V(z,y) = (VP () + V2P (2,y), V2P (2,v)) (2.1.5)
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for all (z,y) € R®. Let us introduce i : Ef ; . (R) — C (R?) x (C (]RQ))2 such that for all (z,y) € R?

we have:
i((n,u) (z,y) = (n(2), (u(z),0)).

Of course, because of the fact i (Eg,d,r (R)) N X; 4, (R?) = {0}, the functions appearing in the de-

composition (2.1.5) are unique. For all € > 0, let us consider on M} ., the norm

10 V) aggee = | (0P, V) + (102 V) | e

||E5,’§,7-(R) boa,r(R?)

It is easy to see that (M st |l M;";‘f) is a Banach space. We can now formulate the result pertaining
to the 2-dimensional case: -

Theorem 2.1.2. Consider s,0 € R, r € [1,00) such that
s>2o0rs=2andr=1 (2.1.6)

and 5 1
U>s+§ andofieR\N. (2.1.7)

Also, consider (no,uo) € Ef ;. (R) and (¢,v) € Xj ;.. (R?). Then, there exist two real numbers o, C
depending on s,b,d, and on ||(no, uo)ll g1+ 1I(¢, w)HXs ! (r2) and a numerical constant C such that
the following holds true. For any ¢ < 50; system (2.1.1) supplemented with the initial data

{ O(x,y):n()(‘r)—,_gb(x’y)v
o(l',y) = (uO (w)a0)+¢($»y)7

13SI

admits an unique solution
- C
(7°,Ve) eC ([0, } ,M;jjr> )
c .d,
Moreover, the following estimate holds true:

sup (H( t)) HM;’;f) + sup (Hatﬁe (t)HLOO) < é (\\(7707U0)HE§;;’T + H(QS?’L!J)HX;';T)

tef0,<] & te[0, <]

The results presented in Theorems 2.1.1, 2.1.2 are a by-product of a general result that we obtain
later in this chapter (see Theorem 2.2.1 ). The method of proof consists of conveniently splitting the
initial data into two parts and of performing energy estimates on a slightly more general system than
(2.1.1). The estimates are a refined version of those obtained in [27] and they allow us to handle the
fact that the bore type functions do not belong to L2.

2.2 Some intermediate results
The method of proof of the main results naturally leads us to study the following system:

(I —ebA) O +divV +ediv(nWy + RV + V) = ef,
(I —edA)OV +Vn+e(Wa+ V) -VV 4V - VW3 =¢g (S: (D))
M=o = Mo, Vjt=o = Vo

where ¢, 8 € [0,1] and D = (no, Vb, f, g, h, W1, Wy, W5) are given. The above system captures a very
general form of weakly dispersive quasilinear systems. Let us consider s € R such that

s>g+1or5:g+1and7":1. (2.2.1)
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Let us fix the following notations:

U2(8) = 0y (0), V3 ()2 + < | (VB¥n, (6, vavy; @)
Us(0) = |0 0), |, o U 0 = 10,90V IV e Fa ) = 1(70), ()
Wi (6) = I (8) = + IV R (1)

s )
B3 .

m, + 10ROl + X5, (1 0 + VW Ol )

(2.2.2)
In order to ease the reading we will rather skip denoting the time dependency in the computations
that follow. We are now in the position of stating the following:

Theorem 2.2.1. Consider b,d > 0, two real numbers with b+d > 0, (p1,7) € [2,00] x[1,00), pa such

that
1 1 1

P op2 2
and s, sp, sq > 0 defined in (2.2.1) and (2.1.4). Let us also consider

{ (f,9) €C([0,7),B5, x (Bs,)"),

h e C([0,T],L>) with Vh € C([0,T], B Oih € L™ ([0,T], L)

;Dl T)

and for i = 1,3 consider the vector fields

Wi € C([0,T), (L>)") with VW; € C ([0,T), (Bs,.,)") -

p1,7

Then, for all (1o, Vo) € B3’ x (B;:‘T)n, writing D = (no, Vo, f, g, h, W1, Wa, W3), there exists a T € (0,T)
such that S. (D) admits an unique solution

00T B (55)).
with (8t7778t ) ([ T} Bs 1+2ignb>< (B;T1+25gnd) )

Moreover if T* € Rt is such that
T
/ U (1)dr < o0, (2.2.3)
0

then the solution (n,V') can be continued after T*.

Of course, in what the existence and uniqueness of solutions of S, (D) is concerned, the results
presented in Theorem 2.2.1 are not optimal. However, the aspect that we wish to emphasize in this
paper is the possibility of solving the above system on what we named long time scales and with
regards to this matter the extra regularity is necessary in order to develop the forthcoming theory.
The next result is the main ingredient in proving the l.t.e. results announced in Theorem 2.1.1 and
Theorem 2.1.2.

Theorem 2.2.2. Let us fiz (no, Vo) € X;; 4, For e € (0,1] we consider

{ (f*.9°) €C([0.T7), B3, x (B5,)") .
he € C([0,T¢], L) with Vhe € C ([0,T¢], B, ), &:h® € L ([0,T¢], L>)

p1,7

and for i = 1,3 we consider the vector fields

Wg € C([0,T¢],(L>)") with VIWE € C ([0,7°], (B3, .)") -

p1,7

Assume that

sup sup W5 (1) <oo, sup sup Fg (1)< oo,
e€]0,1] 7€[0,T<] e€[0,1] 7€[0,T]
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where

We () = [1h° @)l +IVEZ (Ol gy | +110:h7(0)] o

Pl”‘) ’

3
+ 3 (100 @)l + I9WE ()]

=1

and

FS (@) = 11056, 97 (@)l gy

We denote by D= (no, Vo, £, 9%, b, Wi, W5, W5). Then, there exist two real numbers o, C depending

on s,n,b,d, \\(7707\/E))||X 1, sup - sup WS (r), sup sup FZ(7) and a numerical constant C =
4T eg0,1] r€[0,T¢] e€[0,1] 7€[0,T¢]

C (n) such that the following holds true. For any ¢ < &g, the mazimal time of existence T, e ax Of the

unique solution (n°, V<) of system S, (D°) satisfies the following lower bound:

Te . > T° " min {TE, C} . (2.2.4)
€
Moreover, we have that:
sup (" (8), VE(®)llxse + sup [0 ()l e < C (1) | (n0, Vo)l o - (2.2.5)
te[0,T¢] bdir te[0,T¢] bid,r

Of course, when the data D¢ does not depend on € we obtain the following:

Corollary 2.2.3. Let us fix (o, Vp) € Xy ar and s and p1 as above. Also, consider

{ (f,9) €C([0,7],Bs, x (Bs,)"),

h e C([0,T],L>) with Vh € C([0,T], B d¢h € L* ([0, T], L>)

D)
and for i = 1,3 consider the vector fields
W; € C([0,T], (L>)") with VW; € C ([0, T], (B3, ..)") -

We denote by D = (no, Vo, f, g, h, W1, Wa, W3). Then, there exist two real numbers e, C both depending

on s,n,b,d H(no,VO)HXs v, sup W (1), sup Fy(7) and a numerical constant C = C (n) such that
4T refo,1] T€[0,T]

the following holds true. For any € < g, the mazimal time of existence TF .. of the unique solution

(n%,Ve) of the system S. (D) satisfies the following lower bound:

Te. > T¢ " min {Tf, S} : (2.2.6)
Moreover, we have that:
smp 0 (0, VS @)l + swp 1007 Ol <O Wz, (227
t€[0,7¢] 4T e[0T, d.r

Remark 2.2.1. The choice of s according to relation (2.2.1) ensures that we have the following
embedding: B3, — LP? and B3, — L*. In particular, we also have

U(t) <n Us (1),
a fact that will be systematically used in all that follows.
Remark 2.2.2. The explosion criterion (2.2.3) implies that the life span of the solution does not
depend on its possible extra regularity above the critical level B2+1.

The plan of the proof of Theorem 2.2.1 is the following. First, we derive a priori estimates using a
spectral localization of the system (S. (D)). Then, we use the so called Friedrichs method in order to
construct a sequence of functions that solves a family of ODE’s which approximate system (S. (D)).
Finally, using a compactness method we show that we can construct a solution of the system (S, (D)).
Theorem 2.2.2 is obtained using a bootstrap argument.
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2.2.1 A priori estimates

Firs of all we will derive a priori estimates. Thus, let us consider (n,V) € C ([0,7], B’ x (B3%)")
a solution of (8. (D)). As announced, we proceed by localizing the system (S. (D)) in the frequency
space such that we obtain:

{ (I —ebA) dyn; + divV; +eVn; (Wi + BV) + e (h+ Bn) divV; = ef; + eRyj,

(I —edA),Vj + Vn; + ¢ (Wa + BV) - VV; = eg;j + Ryj, (2.2.8)

where
Ry = BV, A;] Vi + W, Aj] Vi + B, Al divV + [h, Aj] divV = A; (VRV) — A (ndiv V),
Ryj = [(Wa+ BV) -V, Aj]V = A; (V- VW),
(2.2.9)

We multiply the first equation of (2.2.8) with n; and the second one with 1+ ae (h+ 8n) V;, we
add the results and by integrating over R™ we obtain that:

7
[/n5+sban|2+<1+ae<h+/3n>><Vf+edvvj:VV;)] =3

i=1

1d
2 dt
where:

iy =—/(1+s(h+ﬁn))njdiij—/(1+0<5(h+577))v’7jvﬂ"

T, = fs/vnj (W1 + BV)n;,

Ty = —e((Wo+ BV)-VV;,(1+ac(h+B0) Vi) s,
T4=€/fj77j+5/(1+a5(h+ﬂn))gjvj’

Ts :s/RUnj +s/(1+as(h+ﬁn))szVj7

1 1
Ts = =50z (V;, (9h + BOm) Vj) 1, — 5ade® (VV;, (9ph + BOm) VVj) 1z

Ty = —ade? (9,VV;,V (b + ) @ V}) . -

Here, we use « as a parameter in order to obtain the desired estimates from a single "strike". Indeed
only the values a € {0,1} will be of interest to us and, as we will see, @ = 0 will give us the estimate
necessary to develop the existence theory while o = 1 will lead to an estimate that is the key point in
finding the lower bound on the time of existence.

Let us estimate the T;’s. Regarding the first term, we write that:

T1:—/(1+6(h+677))77jdivV}-—/(1+a6(h+ﬂn))vmVj
=a8/(Vh+ﬂVn)UjVj—E(l—a)/(ﬂnJrh)njdiij
< aeC (IVhl o + 81Vl ) 15l 1V o

+ Cimax(\/l;, Vi) U; (Ws+8U)

< aeCU; (W+pU) + Cme (Ws+pU) . (2.2.10)

Let us bound the second term:

9 . .
7=~ [ W1 +6V)Vuyny < 5 [ (Idiv Wil + Bdiv V] ) 7
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< ZU? (Ws+BU). (2.2.11)

N ™

Using the Einstein summation convention over repeated indices, the term T3 is treated as follows:
Ty =—e((Wa+BV)-VV,(1+ac(Bn+h)) Vi) .
=== [ as(an-+ ) BV £ W) 2,V

=5 [ 2 (U as(Bn 4 m) BV W) VIV

€ / div (1 + ag(Bn + b)) (BV + W) [V;?

U_]2 (HW2||L°° +ﬁ HVHLOC + Qg ||(6nvﬁvn7hth)||L°0 ||(6‘/’/BVV5 W27VW2)HL°°)

IN
(KON SINOR ]

IN

~U? (ws AU +ae (WS+BU)2). (2.2.12)

Next, we bound the term T} :
Ti=< [ g+ [+ (b 0) g,

<ellfillpz il + €@+ ag bl + aBe 0l o) 951 2 [Vl 12
< eC277%¢; (t) U;Fy (1 + ae (W, + BU)) . (2.2.13)

Treating the fifth term is done in the following lines. First we write that:

Ts Zf/lem +€/(1+0¢6(h+ﬂ77))32jvj
< eCU; (14 ac W + BU)) (Rl > + | Rojll 12) - (2.2.14)

Next, let us estimate the remainder terms R;; and Ry;. In order to do so, we apply Proposition 1.2.5
and Proposition 1.2.1 from the Appendix in order to get:

|Rijl e < €277 () {BIVV Il IVl gr + BV e [TV ]y +
VWi o [[V] B3t + IVl o, VW]
BV e 9V I gt + BIVV e 9]l -1 +
IRl 9V I gt + IV e [V

s—1
BFl T +

s—1
Bplvr +

I9Al o 19V gt 4+ 1Vl [Vl +
[div Wil e [[ V] B3 ;! + (17l po [[div Wh Bf;pr} (2.2.15)
and consequently: .
[ Rijll 2 < C277°¢5 (t) WU + Uy (Ws + BU)) .
Proceeding as above, we get a similar bound for Ry;. Thus, we get that:
Ty < eC277°¢ () U; (1 + ae Ws + BU)) (WU + Uy (W + BU)) (2.2.16)

When a = 0, Ty = T7 = 0 and we are in the position of obtaining the first estimate. Combining
(2.2.10), (2.2.11), (2.2.12), (2.2.13) and (2.2.16) we get that:

d —Js
ﬁUf < VECU] (W + BU) + eC27753U; (Fy + WU + U (Ws + BU)). (2.2.17)
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Time integration of (2.2.17) reveals the following:
t
U3 ()< Uy (0) + VEC [ U5 (7) W% (7) + BU (r) dr+
0
t
\EC/ 2_j"c§? () (Fs (1) +Ws (M) U (1) + Us (1) (W5 (1) + BU (1))) dr.
0
Multiplying the last inequality with 27¢ and performing an (" (Z)-summation we end up with:
t t
Us (t) <Ug(0) + \@C/ F, (1) dr + ﬁC/ Ws (1)U (1) dr
0 0
t
+VeC | Us (1) (Ws () + BU (7)) dr.
0 . t
< U, (0) + ﬁc/ F,(t)dr + ﬁc/ Us (1) W (1) + BU (1)) dr. (2.2.18)
0 0

Obviously, relation (2.2.18) and Gronwall’s lemma imply the explosion criteria.
Let us now bound the term T§:

1 1
To = =50z (V, (9ih + BOm) Vj) 12 — 5ae*d (VV;, (Ouh + BOm) VV;) 1,
< assz ([[0ch]| Lo + B 1O Lo ) -

Using the first equation of (S, (D)) we write:
Om=e(I—ebA) " f—(I—ebA) " div(V +e (Wi +hV + V)

and using again relation (2.2.1) combined with the fact that (I —ebA)™" has at most norm 1 when
regarded as an L? to L? operator, we obtain that:

10]] Lo < Hs (I —ebA) ™ f— (I —ebA) " div (V + & (W1 + hV + BnV))HB%

2,1

< e fllpg, +1Vllng, +2 Wi + RV + BV 5,
<ellfllgg, + Vs, +eBlmVIIE; +el0.V)]
+ e[ V)llzee (VA VW) ge

< C(Us +eFs +eUg (Ws + BUY)). (2.2.19)

py (W)

Thus, putting together the last estimates, we find that:
Ty < acl2 (Ws + AU, + eBF, +¢ (W, + BUS)Z) . (2.2.20)
Finally, let us estimate the last term:

Tr = —ade® (0,VV;, V (B + h) @ Vi) 12 < ade® [0Vl [Vill 2 (BIIVAll Lo + [V o) -
Using the second equation of (S; (D)) we write that:

OV =e(I—edD) "'V (g) — (I —eA) ' V2 —e(I —eA) ' VA [(Wa+ V) -VV]
—e(I—eA)"'VA; (V- VW)
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and because (ed)? (I —edA) ™" V and ed (I — edA) ™" V2 have O (1)-norms when regarded as operators
from L? to L?, we can write that

ed[|0,VV;| . < €3C (\/ﬁllgjllp + ||77j||L2)
(szxqu (Wa+ BY) - YVl + 23V 2 (V- IWa)] )
ax {1, ﬁ} (Uj + 27k (er FeOW, + 5U8)2>) .
Thus, we get that:
Ty < aeU; (Ws + BU) + acC277%¢; () U; (st Ws + BU) +eUs (W5 + BUS)2) i (2.2.21)

Let us consider o = 1. Putting together estimates (2.2.10)-(2.2.16) we get that:

d
an +5b|Vn]\ +(1+e(m+h) (Vf+sdvvgsvvj)}

dt
< eCU? (eﬁFs + W, + BU, + ¢ (W + ﬁUS)z) (2.2.22)
+eC2795¢; () U; (Fs (14 (Ws + BUs)) + Us Ws + BUs) (1 + & (Ws + BUY))) . (2.2.23)

2.2.2 Existence and uniqueness of solutions

We are now in the position to prove the existence and uniqueness of solutions for system (S; (D)). We
will use the so called Friedrichs method. For all m € N, let us consider E,, the low frequency cut-off
operator defined by:

Emf = ]:_1 (XB(O,m)f) .
We define the space
= {f eL?: Suppf C B(O,m)}

which, endowed with the [|-||, .-norm is a Banach space. Let us observe that due to Bernstein’s lemma,
all Sobolev norms are equivalent on L2,. For all m € N, we consider the following differential equation
on L?:

om="Fnn,V),

OV =G (0, V), (2.2.24)

MNt=0 = E.mno, ‘/|t:0 =K, Vo,

where (F,,Gy,) : L2, x (L2))" — L2, x (L2,)" are defined by:
F(n,V) = —E,, ((I — bA) M [div V + ediv (gWy + BV + ByV) — 5f]> : (2.2.25)

G (0, V) =-E, ((I — sdAf1 Vn+e(We+8)-VV +eV - VW5 — Eg]) ) (2.2.26)

It transpires that due to the equivalence of the Sobolev norm, (F,,,G,,) is continuous and locally
Lipschitz on L2, x (Lgl)n Thus, the classical Picard theorem ensures that there exists a nonnegative

time 7, > 0 and a unique solution (™, V™) : C* ([0, Ty}, L2, % (Lfn)n) Let us denote by

1
2 2
L2> ’

070 = (I @) A @01 + ¢ | (VBT 8,07 () VAT AV 1)
v ) = || oy 1)

JEL|¢r(7) U = ”(nm’vnm’vm’vvm)||L°°mLPz :
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Thanks to the property E2, = E,,, we get that the estimate obtained in (2.2.18) still holds true for
(n™, V™), namely:

Um () < U (o)+\@c/th (7) d7+\/gc/t U™ () (U™ (7) + W (7)) dr
0
2 ¢ m 2
<>+fc/( (7) + W2 () dr + VEC [ (U7 (7))
We consider )
T’:sup{T>0:\ﬁC/O (FS<T)+W2(T))dT§US(O>}

and
T =sup{T > 0: U, (1) < 3U, (0)}.

Gronwall’s lemma ensures the existence of a constant C' = C (s, b, d) such that:

T, > min{ }

and thus, the sequence (n™, V™) € C ([0, T7, B3, x (B;QT)H) is uniformly bounded i.e.
(™, V™) |lg < 3Us (0). (2.2.27)
From the relation

o™ = —E,, ((1 — ebA) T [div V™ 4 e div (W + RV 4 BV ™) — e f])

and from (2.2.27) we get that the sequence (9;7™),, ¢y is uniformly bounded in B3 " on [0,T]. Next,
considering for all p € N a smooth function ¢, such that:

Supp ¢, C B(0,p+1),
¢p =10n B(0,p)

it follows that for each p € N, the sequence ((bpnm)meN is uniformly equicontinuous on [O,T] and

that for all ¢ € [O,T], the set {¢,n™ (t) : m € N} is relatively compact in B;;l. Thus, the Ascoli-
Arzela Theorem combined with Proposition 1.2.4 and with Cantor’s diagonal process provides us a
subsequence of (™), .y and a tempered distribution n € C ([0,77,S") such that for all ¢ € D (R"™):

¢n™ — ¢nin C ([0,T], B5,) .

Moreover, owing to the Fatou property for Besov spaces, see Proposition 1.2.2, we get that n €
L> ([0, T], B5".) and thus, using interpolation we get that:

on™ — ¢nin C ([O,T], B;f’;”) (2.2.28)

for any v > 0. Of course, using the same argument we can construct a V € L* ([0,T7], (B3%)") such
that for any ¢ € (D (R"))":
$V™ =V in C ([07T]7 (B;jl;”)") (2.2.29)

for any v > 0. Also, by the Fatou property in Besov spaces we get that

(n,V) € L= ([0,T], B!, x (B34)").
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We claim that the properties enlisted above allow us to pass to the limit when m — oo in the equation
verified by ™ and V™. Let us show on two examples, how this process is carried out in practice. Let
¢ € D(R™) and let us write that:

\ [oaviem—nw

:/( le¢>’ ‘/ ) (S,W1) ng‘ ‘/ ((Id - S9) W) Vo

< / (™ — 1) (S4W1) V| + C |(Id — S,) W]

BifL ” (Um - 77) V‘ZS”B;/S;}

<|[ = m(sw) el + C (1~ 5,) VW

g ™ =n) Vol o
P17 p) 00

< /(nm—n) (SgW1) V| + Cl(Id = Sg) VWillg, (1™l vz + 17l o) VOl 2

< | [ =) (S, W) V| + CUL )1~ ) TWil 5,96 (2.2.30)

The fact that the first term of (2.2.30) tends to zero as m — oo is a consequence of (2.2.28). The
second term tends to zero as ¢ — oo owing to the fact that VW, € B .. Let us also show how to
deal with the nonlinear terms. We write that

'/¢>div G —m] = ’/(an”‘ —V) w’ < ’/n’" (v —v) w‘ " ’/(77"‘ ) vw»'

< CIV™V6 = V9ol oy + | G =) V99

< CIV™V6 = V9l I, +| [ (7 =) V0]

< QU (0) [[V™"Ve = VVg|

g+ ’/ (n™—mn) VV¢‘ . (2.2.31)

The first term of (2.2.31) tends to zero as m — oo, owing to relation (2.2.29). In order to show that
the second term of (2.2.31) tends to zero as m — oo one proceeds exactly like we did in (2.2.30).

Recovering the time regularity of (n, V') is again classical. One can show for example that for all
j € Z we have

Sine C([0,T],B3)
and by using energy estimates:
Jim = Sinll e 5y, ) = 0-

As for the uniqueness of solutions let us consider (n', V'), (9% V?) two solutions of (S (D)). The
system verified by

(6n,0V) = (771 T - V2)
is the following:
(I — ebA) 3,61 + div 6V + e div (&;Wl + iusv) -
(I — 2dA) 9,6V + Von + Wy - V6V + 6V - VI3 = 0 (2.2.32)
M=o = 0, Vii=o =0,

with _ _
{ h= h+5777 W1:W1+6V17
Wo=Wa+ BV, Ws=W;+ V2

56



Let us multiply the firs equation of (2.2.32) with d7 and the second one with 6V such that by repeated
integration by parts, one obtains:
1d

5aéU"’ (t)<C (5‘

dileHLx +5\
VE (], + A )
max{\/g, ﬁ}

div VT/QHLOO) SU2 (t) (2.2.33)

SU? (t)

+C|e HVWP’”LOQ +
with
5U2 (1) "2 / 161, 6V) |12 + | (6617, dVV)| |2

As 60U (0) = 0, uniqueness follows by Gronwall’s Lemma and thus the proof of Theorem 2.2.1 is
achieved.

2.2.3 The lower bound on the time of existence

In this section we prove Theorem 2.2.2. Let us consider (1o, V) € le,d,r and let us denote by

t.
Ry "= (00, Vo)l xes -

Then, according to Theorem 2.2.1, for all £ > 0, there exists an unique maximal solution of S, (D7)
which we denote by (n° (t),V*® (t)) € Xj ;,. We introduce the following notations:

U3(et) = |0, Vi 0) 1. + || (VBVs (), vavvy )

2
A HL2 ’ (2.2.34)
107 ),V @) lxes = Us (5:8) = || (27°U; () e

(@)

Let us consider

T? = sup {T 0,7 sw [0 (), VEW)llxpe < (1+ev7) Rs},

te[0,T
and
€0 = min {€o1, €02, €03, €04}
where
01 = 3 Eno = 1
ot 401(1+8\ﬁ)Ré+4 sup sup [|h¥(T)|l oo’ 02 2(1+e\ﬁ)Ré+2 sup sup  WE(7)’
€€[0,1] refo,T¢] €€[0,1] refo, 78]
(1+e\ﬁ)R8+ sup  sup W3(7)
z€(0,1] re[o,7¢] 1
£ = = £ = = .
03 2 sup  sup FZ(r) » S04 T 514 eVT)Ri+2 sup sup  Wi(T)
€€[0.1] refo, 7€) €€[0,1] r¢[o,T¢]

where (] is the constant appearing in the embedding BQ%’1 — L™ i.e.

[fll e < Ch HfIIBi-

Let us put
~ R 1 1
C' = mi 0 . . 2.2.35
i 3eC sup sup FE(7) 16C (1 + e\ﬁ) R%’ 16C" sup  sup W: (1) ( )
£el0,1] T7€[0,T¢] £€[0,1] 7€[0,T¢]
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where C' is the universal constant appearing in (2.2.23). We claim that for all € < gq

c
szmin{,TE}.
g

Let us suppose that this is not the case. Then there exists an ¢ > 0 such that

T; < min {C, TE} . (2.2.36)
€
We begin by writing that
1 7
Z é 1 "‘5(775 (t,iﬂ) +h8 (t,l’)) S ia
for all (¢,2) € [0,T¢] x R™, owing to the fact that
3 § £01- (2237)

Thus, denoting by
N2 (e,1) = / (1) (&) + 2 [V (O + (L (o (&) + b () ([V7 | (8) + 2dV V7 (1) VY5 (1)

we see that for all ¢ € [0,TF] we get that:

%Uj (e.8) < N, (e,8) < ng (1), (2.2.38)

Recall that according to (2.2.23) we have that:
%Nf (6.1) < eCUZ (e.1) (£F5 (1) + W5 (1) + Us (1) +& (W5 (1) + Us (2.0))°) (2.2.39)
+eC2775¢5 () U (e, 1) FE (1) {1+ (Ws (t) + Us (e, 1))} (2.2.40)
+eC277°¢E (1) Uy (e,8) Us (e, ) WE (£) + Us (6,8)) {1 + & (W5 (t) + Us (e, 1)) } (2.2.41)

and using (2.2.38) we get that:

U (g,t) < VTU;j (¢,0) + 2¢C /Ot Uj (e, 1) (eF (T) +WE (1) + Us (e, 7))

+ QeQC/t OWE (1) + U, (e, 7))° (2.2.42)
0
+2e02 s / ¢S (7) (1 + & W (1) + U, (e,7))) (2.2.43)
0
+2:0278 /t Us (e, 1) WS (1) + Us (6,7)) 1+ e (W (1) + Us (8, 7))) - (2.2.44)
0

Multiplying (2.2.43) with 2/ and performing an ¢" (Z)-summation we end up with
t
U, (e,) < VU, (2,0) + 250/ FE(r) (14 & WE (7) + Us (6, 7)) dr
0
t
+ 480/ Us () (2F2 (7) + W3 (7) + U (2.7) + 2 W5 (7) + U (2,7))°) dr
0

< VTR§ +3¢CTE sup sup Fe ()
£el0,1] 7€[0,T¢]
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+ 460/0 Us (e,7) (£F2 (r) + W2 (1) + Us (e,7) + € W5 + Ui (e,7))°) d,

(2.2.45)
owing to the fact that ¢ has been chosen such that:
e < £02- (2.2.46)
Using the definition of C' we get that
T < R - Ut (2.2.47)
* " 3ceC sup sup Fi(r)  3eeC sup sup FE(1) -
£e[0,1] r€[0,T¢] £e[0,1] r€[0,T2]

and consequently, we get that:

Us (e,t) < (e_l + \ﬁ) RS + 8:C ((1 + e\ﬁ) RS+ sup sup WS (7')) /Ot Us (g,7)dr, (2.2.48)

£el0,1] 7€[0,T¢]

where we have used that ¢ < g3 respectively e < go4. The estimate (2.2.48) along with Gronwall’s
Lemma imply that:

Us (e,t) < <e*1 + \ﬁ) R§ exp <86CTf <(1 + e\ﬁ) RS+ sup sup WS (7’))) .

£€[0,1] 7€[0,T¢]

Owing to
P 1 1
— min , =
* e 16C (1 + eV7) R}’ 16C Suwp swp We (1)
1
<

£€(0,1] T€[0,T9]

8eC ((1+eﬁ)R5+ sup sup Ws (T))

we obtain that

sup Us (e,t) < (1 + e\ﬁ) Ry
te[0,T¢]

which in view of the time continuity of (n°, V<) is a contradiction. Thus, our initial suppositions is

false. Thus, if € < g9 we get that
C
TS > min {TE, 6} .

sup | (1), VE (O)llxze < (1+evT) R (2.2.49)
te(0,T¢] T

By the definition of T we have that

Observe that according to the uniform bounds of (2.2.49) and relation (2.2.19) we get that

sup_ (190" (2)]~ < 2C (14 eVT) RS

tel0,T¢

where C” is the constant appearing in relation (2.2.19). This ends the proof of Theorem 2.2.2.
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2.3 Proofs of the main results

2.3.1 The 1d case: proof of Theorem 2.1.1

In the following lines we prove the 1-dimensional result announced in Theorem 2.1.1. For the reader’s
convenience, let us write below the system:

(I —ebd2,) Oy + Oyt + €0, () = 0,
(I —edd?,) 0y + 0,7 + eud,u = 0, (2.3.1)
Njt=0 = Mo, Ujt=0 = U0-
The strategy of the proof is the following. First, we split the initial data into low-high frequency parts
l1.e. :

(10, u0) = (A—1m0, A—1ug) + ((I = A—1) o, (I — A_1) ug)

not. ( low , low high _ high
= (o™, ug )+<770 » Ug .

We solve the linear acoustic waves system with initial data (n{®”, u{*). Searching for a solution (77, %)
of (2.3.1) in the form (n 4 1z, u + ur) we observe that in fact (n, u) verifies a system of type (S: (D)).
In view of the uniform bounds (with respect to time) of (7, ur) we obtain the existence of the pair
(n,u) as a consequence of Corollary 2.2.3. Finally, we prove the uniqueness property by performing
classical L?-energy estimates with respect to the system of equations governing the difference of two
solutions with the same initial data.

Owing to Bernstein’s Lemma (1.1.1) we have:

16 ug™ )| oo < Ca ll (0, 10) | o (2.3.2)

Moreover, it transpires that (n(}l’gh, ugigh> € Xj 4, and that

high  high
| ()|

< 02 |‘(8z77076wu0)”}(;;175 . (233)

s,
Xb,d,r

Let us consider (n,ur) € C ([O7 00), B} 4.r (R)) the unique solution of the linear acoustic waves system:

o + Oyur, =0,
Oyur + Oz, = 0, (2.3.4)

_ low _ low
NLjt=0 = Mo » UL|t=0 = Ug

which is given explicitly by the following relation:

{ 2 (t, @) = (0™ (z 4+ 1) + 1 (¢ — 1)) + (ul™ (x + 1) — uf™ (x — 1)), (2.3.5)
2ur, (t,x) = (™ (z 4+ 1) —ni™ (z — 1)) + (uf™ (z + 1) + uff™ (z —t)) -

for all (t,z) € R*xR. From (2.3.5) we conclude that:

1z (8) s ur ()]l e < 2C [[(n05 w0) || e
121z (t) , Ozur, ()|l gy < 2C1 [[(Datho, Dzuo)l gy (2.3.6)

for all ¢ > 0. In particular, we also have
[tz @) s ur (D)l gs s < 2C1 [[(n0, wo)ll g (2.3.7)
for all ¢ > 0. Let us consider:

fr = -—nLdyur —urdymy — b3, ur,
arL = —uLawuL — d(f?;”mn,;.

60



Owing to the fact that (7, ur) is supported in a ball centered at the origin, we obtain that

12 (892 @Dllg < Co {1, wn)ll e (Do, Orur)
by ]2

B3, + ”(aana aacuL)”Loo I1(0enr, aw“L)HBg;l

BS,T}

< Cu 1m0, Ot | g _ (1103 w0) | + 11(Bor0, Dyl g +b+) . (2:3.8)

+0 H mqu’

Owing to the uniform bounds of (7, ur, fr,gr) announced in (2.3.6) and in (2.3.8) we can apply
Corollary 2.2.3 with p; = 2, p; = 0o in order to obtain the existence of two positive real numbers
€0, C depending on s,b,d and the norm of the initial data such that for any ¢ < ¢y we may consider

(n°,u®) eC ([O ], X;dr) the solution of

(I —ebd2,) O+ Opu+ 0, (qur, + nru+nu) = efr,
(I —ddz,) Oru+ Opn + & (u 4 ur) Dpu + udyur, = egr, (2.3.9)

_ . high _hig
Mt=0 =Tlp = » Ut=0 = Ug

which satisfies

sup (107 (1) )l + 1007 O ) < € (who, )|

tef0,<] e Xya

< CC, 1m0, Do) - 1.c (2.3.10)

for some numerical constant C. Considering
n=n"+nr, u =u" +ug

we see that (7°,u°) € C ( [0,00), B} 4. (R)) and for all ¢ € [0, €] we have that:

17 &) s @ () e + 1007 ()]

<" @), u® @Ol gge + 11060 Ol oo + (e (8) s ur )l gz + 1962 )] oo
< 2C1[[(no, uo)ll gg s+ 10xur ()]l + CC2 || (8zmo, Ozio)l| xz-1.¢

< Cs [ (no, uo)|

s,€ 5
Eb,d,r

where we used (2.3.6), (2.3.7) and (2.3.10).
Proving the uniqueness of the solution is done in the following lines. Let us suppose that (771, ﬂl),

(7?,u%) e C ([O,T] aEzf,d,r) are two solutions of (2.3.1). Then, we observe that:

I —€bd3,) 067 + 000 + €0, (u'67] + 71260) = 0,
I — edd?2,) 0,61 + 0,01 + et 0,0u + £6ud,u* = 0, (2.3.11)
0Mj¢=0 = 0, dUj=o = 0.

Writing the first equation of (2.3.11) in integral form we get that
t
67 (t) = / (I- sbazm)_l (0,01 + 670, u" + ' 0,00 + 720,00 + ud,7°) dr
0

and because
0,01 + 070, " + 10,07 + 720,00 + 6ud,7? € L? (R)

we get that
67 € H?**#(®) (R).
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Similarl
' 6u € H?**#"4 (R).

Thus, multiplying the first equation of (2.3.11) with 677 and the second one with §u and using Gron-
wall’s lemma will lead us to the conclusion (67, du) = (0,0) on [0,7T]. This ends the proof of Theorem
2.1.1.

2.3.2 The 2d case: proof of Theorem 2.1.2

For the reader’s convenience, let us rewrite below the problem that we wish to solve:

(I —ebA) 9y + divV +ediv (7V) =0,
(I —edA) O,V +Vin+eV-VV =0,
fje=o (2,y) =m0 (x) + ¢ (2, ),
Vie=o (2,y) = (uo (2),0) + ¥ (z,y) .
According to Theorem 2.1.1, there exist g9, C'” > 0, depending on o,b,d and the norm of the
initial data (no, u) such that for any £ < ¢ we may consider (n='?,u1P) € C ([0, g], Ey (R))

the unique solution of the 1-dimensional system (2.3.1) with initial data (ng, ug) and

sup 77571D us 1D
oy I )]

(2.3.12)

sup |0 tP (1), < Cilltno,wo)llgee »  (2:3.13)
fe[O —] "’

o,e
b,d,r

with C’l some numerical constant. Let us observe that if we consider

{ 05 (tz,y) =n'P (t,2),
‘/16 (ta Z‘,y) = (U'lD (t,.’l?) s 0) )

for all (¢,z,y) € [0, ?] x R2, then:

(I —ebA) 0§ + div VF +ediv (niVy7) =0,
(I — 2dA) ,VF + Vi + eV - VVE =0,
Miji—o (@, y) =m0 (x), Vij;_o = (uo (2),0).

Observe that .
O™ P (t) € BN (R) — BL 2 (R).

Let us observe that for all (z1,y1),(z2,y2) € R? such that
|21 — 2o + |1 —go)? < 1
the following holds true

|V77i (ta X1, yl) - Vni (ta T2, y2)| = lawnE,lD (ta Il) - awne,lD (t; IQ)’

<C Haﬂle,lD (t)H "*5(11@) |21 — $2|(afg),[g,%] '

Using the fact that Bgo‘i (R?) = com 303 [o—3] (R?), see Remark 2.1.2 and relation (2.1.7), we get
that Vn§ (t) = (8.0 (t),0) € BS,, (R?) with

IVt (Dl 5

o @) < Coan™? (t)\yBg;l(R) : (2.3.14)

Similarly, we get:
Vv

Be 2) < O 0eu™'? (2.3.15)

HBg;l(R) :
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It is also clear that:
|‘(77§7V16)||Loo(11§2) = ||(77€’1D7U8’1D)HL00(R) and ”atni”LOO(]R?) = ||at775’1D||Loo(R)v (2.3.16)

and thus, using (2.3.14), (2.3.15), (2.3.16) respectively the uniform bounds of (2.3.13), we get that:

sup s (1055 (8),VE (O wuy + 1OV95 (0, VVE (D)l )+ SUp 19075 ()]

=€l0-€0l vefo, AR | tef0, %22

< Co || (0, o)l gz 1 - (2.3.17)
Let us consider the system:

(I —ebA) O+ divV +ediv(nVE + nfV +nV) =0,
(I —edA)8,V +Vn+e(VE+V)-VV +eV - VVE =0,
Nt=0 = ?, V\t:O = 1.

Using the uniform bounds of (15, V) and owing to Theorem 2.2.2, there exist two real numbers

EL T ”((b’d))”Xzf,’;,r such that for any

e<ep

C?P < CP, &y < gy depending on s,0,b,d and on ||(no,uo)]

. 2D
e < 1 we can uniquely construct (n*2P, Ve2P) eC ([O7 ), sz,d,r) and, moreover,

sup | (™27 (1), V2P (1)) || .o

S,&
b,d,r
efo.222] ’

€

< Cs (m0, w0l gzs + (60 xz ) (2.3.18)

ES

s,€
b,d,r

where Cj is numerical constant. Then, we see that defining

e (tz,y) = n=tP (¢ x) + 0P (t,2,y),
Ve (t,z,y) = (ustP (t,2),0) + V2P (¢ 2, y)

for all (¢,z,y) € [0, g] x R? is a solution of (2.1.1) which, by construction, belongs to M .

Moreover, owing to (2.3.13) and (2.3.18) there exists a constant Cy such that:

1V gz < Ca (o wo)lgzs . + 18 0)xzs ) -

d

We proceed by proving the uniqueness property. Consider two solutions (ni + ¢, (ui + wi,wé)) €

C ([O, T); M, ir) with the same initial data and we introduce the following notations:

on=mn"—n*0u=u" —u?
6 = ¢t — 2,60 = Y} — Y2

For any p € C ([0,T];S (R?)) we get that:
/ / (60 +3¢) (I — ebA) dp + / / (e (O +0¢) (u' + 1) + (L+e (n® + %)) (Su+ dv1)) Oup
0 JR2 o JRr2

[ 50y u+ (12 (4 6%) 80 Dy — [ (50(0)+56 (0)) (1 = <b) p(8) =0,
(2.3.19)

Taking for any m € N*



with g € C([0,T];S (R)) and x € S (R) with

/Xdaczl,
R

t
/ / on (I —ebd2,) dp+ / (ednu’ + (1 +en?) 6u) 8up
R

/ 6n (t) (I —ebd2,) p(t) = o(m) when m — occ.

we find that

Indeed, let us observe that the first term of (2.3.19) rewrites
¢
[ [ onta) + 0w, (1 = 2b8) 216 (8.
0

R
= /t / on(z) (I —ebd2,) 0ip(t, x) + /t /]Rz 5¢(z,y) (I —ebd2,) 3tﬁ(t,x)%x (%) dxdy

/ / (9(a) + 50(z, ) (e, )" (L) dady
R2 JR2
A [ dnto) (1 = eb,) ayje.a) + / 56(, my) (I — £b02,) Dy(t,)x (y) dedy

0 JR2

i m*/o /R | (0n(@) + 00z, my)) Dep(t w)x” (y) ddy.

However owing to d¢ € B3’ — 32 1 we have that

lim  66(z,y) =0,

| +]y|—o0

which combined with the dominated convergence theorem yields

t
lim Sp(x, my) (I — sbagz) Op(t, z)x (y) dedy = 0.

m—oo Jg  Jp2
Owing to
|(0n(x) + 0 (z,my)) ep(t, 2)X" ()| < (10nllLe + 160 L) [9ep(t, )X ()],
one gets that:
lim / / (0n(z) + d¢p(z,my)) Oep(t, z)x" (y) dzdy.
RrR2 JR2

m—r oo

Proceeding similarly we get that for any p € C ([0,7];S (R))

t t t
/ / Su (I —eddz,) Oup + / / (6n + eu'du) O, + / / edu (9,ut — ,u?)
0o Jr o Jr o Jr

—/ Su (t) (I —eddZ,) 1 (t) = o(m) when m — oco.
R

We thus recover that the pair (én,du) € C ([0, T Ef 4, (R)) is a solution of

(I — edOyy) Op0u + Opn + eulOpdu + edud,u? = 0, (2.3.20)

{ (I — eb0yy) Or0n + Opdu + €0, (57]u1 + n25u) =0,
6f]‘t:0 = 0, 6ﬂ|t:0 =0.
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According to Theorem 2.1.1 this implies that (dn, du) = (0,0). It follows that

(I — edD) 8,80 + V¢ + e - V&b + &8t - Vb2 = 0, (2.3.21)
5¢\t=0 =0, 5w|t=0 =0,

which by Theorem 2.2.1 implies that (d¢, d1») = (0,0). Thus we obtain that the two solutions coincide.

{ (I — ebA) ;60 + div 6¢p + £ div (60 + ¢26¢) =0,
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Chapter 3

Numerical solutions for the abced
systems

3.1 Statement of the main results

In this chapter, attention is given to the numerical analysis for some of the abcd systems in the 1D
case. We implement finite volume schemes, and we prove convergence and stability estimates, using a
discrete variant of the "natural" energy functional associated to these systems. One practical advantage
of our approach is that it allows us to treat explicitly the nonlinear terms.

Let us recall that the Cauchy problem associated with the one dimensional abcd-systems reads:

I—b02,) 0+ (I +ad?,) d0yu+ 0y (nu) =0,
I—do2,) Opu+ (I 4 cd2,) 0y + 30,u =0, (Sabed)
Nit=0 = Mo, Ujt=0 = U0-

We will treat the case where the parameters verify:
a<0,¢c<0,b>0,d>0, (3.1.1)

excluding the five cases:

a=b=0,d<0,c<0;a=b=c=d=0;
a=d=0,0>0,c<0; a=b=d=0,c<0; (3.1.2)
b=d=0,c<0,a<0.

Given s € R we will consider the set of indices defined by (1.1.5). The notation, Cp(H?® x H®d)
stands for the space of continuous functions on [0, 7] with values in the space H® (R) x H*< (R). Let
us recall in the following lines, the existence result of regular solution that can be found for instance
in the first chapter:

Theorem 3.1.1. Consider a,c <0 and b,d > 0 excluding the cases (3.1.2). Also, consider an integer
s such that

5> g —sgn(b+ d),

and Spe, Sad defined by (1.1.5). Let us consider (no,up) € H® (R) x H?® (R). Then, there exists a
positive time T and a unique solution

(n,u) € Cr(H®* x H%)

Of (Sabcd) .
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Consider At and Az two positive real numbers. In the following, nAt :=t,, and z; = jAz. We
endow ¢? (Z) with the following scalar product and norm

(v,w) := A:I:Zvjwj, ||v||€2A = (v,v)2.

JEZ

For all v = (vj),, € £°° (Z) we introduce the spatial shift operators:

(Siv)j = Uja,

If v = (vj) ey € £>° (Z) we denote by Dyv, D_v, Dv the discrete derivation operators:

Dyv= $ (Syv—w),
D_v=x;(v—5_v),
Dv =1 (Div+D_v) = 71 (Sqv—S_v).

Also, we consider the following discrete energy functional

def 2 2
E (e, f) = llelizy + (b =) [ Dyellgy +b(—c) [|D+D-elljy

+11£117, + (d = a) | D+ fllgs +d(=a) [ D+D—fl7 - (3.1.3)

The case when b > 0 and d > 0: The fact that b,d > 0 ensures an ¢2-control on the discrete
derivatives: this makes it possible to implement an energy method that mimics the one from the
continuous case. Moreover, it allows us to close the estimates even without considering numerical
viscosity. Moreover, no CFL-type condition is needed.

Consider (19, ug) € H®<(R) x H%4(R) with s large enough. Also, consider the following numerical
scheme:

& (I =bDyD_) ("t — ™)+ 5 (I + aDyD_) D (u" 4+ u™™') + D (n"u™) = 0, -
L (I—dDD_) (u*' —u") + L (I+cDyD_) D (" +5"*1) + 1D <(u”)2> _o (L9
for all n > 0, with
= ar fg;.’“ 1o (y1) dys, (5.15)
uf = x5 [ w0 (y1) dy. o
Let (n,u) be the solution of (Sapeq) and for n > 1, we consider n,u’k € (A (Z) given by:
n tn Tj
Naj = RiAz S ij T (s1,y1) dyrdsy, (3.1.6)
UR; = miAz fti7+1 f;;”l u(s1,y1) dyrdsi, o

for all j € Z. Also, we let (ng,qu) = (no,uo). For all n > 0, we will consider (€},€}) € (4 the
consistency error defined as:

ar (I =bDyD_) (nx™ = nR) + 5 (I +aDy D) D (uk +ux*") + D (nkuR) = €, (3.17)
L ([ —dDyD_) (u z“ up)+ (I +eDy D) D (g +nx") + 30 (wh)?) =5 b
The convergence error is defined as:
e" =" —nx, M =u" —ul. (3.1.8)

We are now in the position of stating our first result.
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Theorem 3.1.2. Let a < 0,b >0, ¢ <0 and d > 0. Consider s > 6, T > 0, (no,up) € H% (R) x

Hsed (R) and (n,u) € Cp(H® x H%) the solution of the system (Sapea). Let N € N and Az > 0,

At = T/N. We consider the numerical scheme (3.1.4) along with the initial data (3.1.5) as well as

the approzimation (nZ,uZ)nelTV defined by (3.1.7). Then, there exists a constant ey depending on

sup ||(n(t), w(t)|| grove x reaa Such that if the number of time steps N and the space discretization step
0,T

are chosen such that
At =T/N < ¢gg and Az < g

then, the numerical scheme is first order convergent i.e. the convergence error defined in (3.1.8)
satisfies:

sup & (", /™) < Cupea {(At)2 + (AJ:)Q} , (3.1.9)

ne0,N

where Cqpeq depends on the parameters a,b,c,d and on sup ||(n(t), w())|| gove x 55w -
te[0,T]

The case when bd = 0 As above we consider(ng, ug) € H®<=(R) x H*®d(R) with s large enough
along with the following numerical scheme:

& (I=bD2D_) ("' =) + (I +aD;D_) D (') + D (n"u")

=1 (1 —sgn (b)) ' AzD,D_ ("),
ﬁ (I o dD+D7) (unJrl _ un) + (I + CDJFD,) D (nnJrl) + %D ((un)Q) (3.1.10)
=1(1—sgn(d) 8 AzD D_ (u).

for all n > 0, with

)= uo (y1) dy. (3.1.11)

uj =
Let (n,u) be the solution of (Sapeq) and for n > 1, we consider n%,uk € ¢4 (Z) as defined by the
relation (3.1.6). Also, we let (n%,ul) = (n° u®). For all n > 0, we will consider (e}, e}) € (4 the
consistency error defined as:

9 = 2z [ o (1) dyn,
LJMJJ‘Fl
Az

G (I~ bD D) (n At =nR) + (I +aDyD-) D (ux™) + D (nRui)
e?+ (1 —sgn(b)) ' AzD D (nn),
¢ (1= dD.D-) (W™ — i) + (1 + D D-) D (13™) + D (w4
€5 + 1 (1 —sgn(d)) 73 AzD D (u™).

(3.1.12)

[

Of course, the convergence error is defined by (3.1.8). We are now in the position of stating our second
main result.

Theorem 3.1.3. Leta <0,b >0, ¢ <0 and d > 0 with bd = 0, excluding the cases (3.1.2). Consider
$>8,T>0, (n,ug) € H (R) x H?4 (R) and (n,u) € Cp(H?® x H*), the solution of the system
(Saped)- Let N € N and Az > 0, At = T/N. We consider the numerical scheme (3.1.10) along
with the initial data (3.1.11) as well as the approxzimation (N}, u’}) defined by (3.1.12). Choose
a>0,0€(0,1),7, 73 such that:

nel,N

[uAllgoe + e < min{r{", 73}

Then, there exists a constant €y depending on o, 3,71, 73" and on sup ||(n(t), w(t))|l geve « groaa SUCh
t€[0,T]

that if the number of time steps N, the space discretization step and the numerical viscosities are

chosen in order to verify

At < g, Az < gg,
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respectively
max{(1 — sgn(b)) 71", (1 — sgn(d)) 7' }At < (1 - §) Az,

then the numerical scheme is first order convergent i.e. the convergence error defined in (3.1.8) satis-
fies:
sup & (en’ fn) < Cabcd (Ax)Q )
ne0,N

where Cqpeq depends on the parameters a,b,c,d and on sup ||(n(t), w(t))|| gove « mroad -
te[0,T]

Our results owes much to the technique developed by Courtés, Lagoutiére and Rousset in [41]. Let
us give some more details. For the Korteweg-de-Vries equation

O+ v+ 02 _v=0

they employ the following #-scheme

1 n\2 n A
— (" = ") + D Dy D_((1— O + ") + D ((“ ) ) =T 2D D,

At 2 2

With the aim to study the order of convergence, they consider the finite volume discrete operators:

tn+1

. 1 Tj41
(vA); = AfAn . /Ij v (s,y) dsdy

and the convergence error
n n n

e" =0v" — R,
which obeys the following equation:
" L OALD, D, D_(e"Th) = Ae",
with
Ae" =e" — (1 —0)AtDy D D_(e"th) — AtD (e™v)

n\2 n
~ AtD <(6 ) ) L TIATAL L D en At

2 2

€" being the consistency error. In order to establish ¢2-estimates, they show that under the CFL
condition
AL < Az, 7" < |[vR ]| and
3
(1-20) At < B2

the following holds true:

A2 < [l + (1+ CAR) [[e" +6AtD, D, D_ ()% (3.1.13)

provided that ||€"||, is sufficiently small. Thus, they are able to use the discrete Gronwall lemma and
loop their estimates. The proof of (3.1.13) is rather technical and tricky. Essentially, using some clever
identities when computing ||Ae”||?2A they get several negative terms which, under the above CFL and
smallness conditions, are used to balance the "bad" terms.

In Section 3.3.1 we study a discrete operator which appears in hyperbolic systems and we provide
a bound on its ¢4 norm, the proof being largely inspired from [41]. As a consequence, we establish a
higher order estimate which proves to be crucial in the analysis of some of the abcd systems. Among
the systems in view, we distinguish three situations:
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e when bd > 0, establishing energy estimates for the convergence error can be done by imitating
the approach from the continuous case. The structure of the equations provides enough control
such that we do not need to impose numerical viscosity or CFL-type conditions.

e when at least one of the weakly dispersive operators does not appear, we have to work only with
estimations established in Section 3.3.1 (see for instance the case a < 0, b = ¢ = d = 0) either

e combine the techniques of Section 3.3.1 with "continuous-type" estimates like those established
for the case when bd > 0 (see for instance the case a =b=c¢=0, d > 0).

In order to validate the theoretical results regarding the order of convergence we compare the
numerical solutions with the exact travelling wave solutions established by Chen in [34] and [35].

Finally, we use our results in order to study exact traveling waves interactions. We perform three
such numerical experiments. Recently, in [14] Bona and Chen pointed out that finite time blow-up
seems to occur at the head-on collision of the two exact solutions:

(=)

0 () = Ssec® (g (=0 % §1)) — e’ (G5 (0 =20 F )
Utz (£, @) = £ sech® (\/%(m — T F %t)> .

More precisely, the numerical solution that they construct for the Cauchy problem with initial data

770(55) = N+,20 (O’x) + -~z (07x) ’
o) = s g (0,2) 11y (0,)

sees its L°°-norm growing arbitrarly large. In order to build confidence in our codes, we repeated their
experiment and roughly obtained similar results. We performed a second experiment, for the BBM-
type system a = ¢ = d = 0, b = 3/5 which poses exact traveling waves of the above form. Our results
point out that finite time blow-up also holds for this system. Finally, we perform an experiment witch
shows that, as opposed to the "dispersionless" case a = b = ¢ = d = 0, the total quantity 1+ n(¢, x)
which represents the water height at x at time ¢, could become negative even if at the initial time it
is strictly positive.

The plan of the rest of this chapter is the following. In the next section we give a list of the main
notations and identities that we use all along in this manuscript. Section 3.2 is devoted to the proof of
Theorem 3.1.2. The proof of Theorem 3.1.3 is more involved as we cannot treat in a uniformly manner
all the cases when bd = 0. First, we establish in Section 3.3.1 some estimates for discrete operators
appearing in hyperbolic systems. The rest of Section 3.3 is dedicated to the proof corresponding to
the different values of the abcd parameters appearing in Theorem 3.1.3. Finally, in Section 3.5, we
present some simulations performed in Scilab using our schemes.

Notations: In the following we present the main notations that will be used through the rest of the
paper. Let us fix Az > 0. For v = (vj) ez, w = (w));c4 € % (Z) we define the product operator:

vw = (VjW;) ;g € (7).

Also, we denote by

1}2 = 0.

We endow ¢? (Z) with the following scalar product and norm

(v,w) := Az Z vjwj,

JEz

1
ol = (.0t
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The following identity describes the derivation law of a product

1
D (vw) = vDw + B (SywDiv+ S_wD_v),
D (vw) = StvDw + DvS_w,
D, (vw) = SyvDiw +wDiw.

We observe that we dispose of the following basic integration by parts rules:

<D+Ua w> = - <U7 D_’U)> )
(Dv,w) = — (v, Dw).
In particular, we see that:
(Dv,v) =0,
and

Az
(v, Dyv) = —7||D+U||/?’Z-

More elaborate integration by parts identities are the following
1
<U7 D (’U’LU)> = 5 <D+U},1}S+’U> )

respectively

1 1
(D+D_v,D (vw)) = A (Diw,vS4v) + Aa?

Also, it holds true that
Az

(v, D (v*)) = 3 <v, (Dyv)? — (D_v)2> )
and
2 4 2 4 2
1D+ D-ullyz = A5 1D+ulliy — 15 1Dullis -

In the following we will frequently use the notations:

e" =n" —n%, B (n) ="t £en,
fr = =, FE(n) = frH L o,

(Dw, S_vSyv).

(3.1.14)

(3.1.15)
(3.1.16)

(3.1.17)

(3.1.18)

(3.1.19)

(3.1.20)

(3.1.21)

We end this section with the following discrete version of Gronwall’s lemma, a proof of which can be

found in [40]:

Lemma 3.1.1. Let v = (v"),cy, a = (a"),cz, b= (V") ey be sequences of real numbers with b" >0

for all n € N which satisfy
n—1
v <a"+ Z bl

Jj=0

for all m € N. Then, for any n € N, we have:
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3.2 The proof of Theorem 3.1.2

Using the notations introduced in (3.1.8) and (3.1.21) we see that the equations governing the conver-
gence error (e”, f™) are the following:

(I-bD.D_)(E~ (n))+ &t (I +aDyD_)D(F* (n)) + AtD (e"u})
+ALD (nAf") + AtD (e f7) = —Atey,

(I—dD D_)(F~ (n))+ 4t (I +cDyD_) D (E* (n)) + AtD (f*u}) (3.2.1)
+41D (")) = —Ateg.

Let us recall the energy functional:

def.
E (e, f) = llellzz, + (b =) [ Daellzy +b(—c) [|D+D-elzy

2
T I£1% + (d—a) [ D fI% +d(~a) [ D+D_f|% - (3.22)
As we announced in the introduction, we will establish energy estimates imitating the approach

from the continuous case. Let n € 0, /N — 1 and observe that by multiplying the first equation by
(I +¢DiD_)E* (n), the second by (I +aDyD_) F* (n) and adding up the results, we find that:

E (et )y —g (e, 1) =

= —At(e},(I+cDiD_)E" (n)) — At (e}, (I +aD;D_) F* (n))
— At (D (e"uR) + D (mxf"),(I +cDyD_)E* (n))

— At(D(e"f"),(I+cDyD_)E" (n))

— At(D (f"up),(I +aDiD_)F" (n)) (3.2.3)
5
A2t< ((f") ),(I+aD+D,)F+ (n)> ne- ;Ti.

Let us arbitrarily fix v € (0, 1). Suppose that

2 2\ 177
E(e", fm) < ((Aa:) +(Ab) ) . (3.2.4)
In particular, using the inequality:
el < eI 1Dsem1 -
we get that for sufficiently small Az and At one has:
" lw <1 and [|f"] e < 1. (3.2.5)

We begin by treating 77. We denote

le"ll e, = argma {l€lll el }
and we write that
— At{e,(I+cDiD_)E* (n)) — At{ey,(I +aDyD_)F" (n))
<At (1B ()] — e DsD-E ()] )

+ Al (1F @)l —al|DeD-F* ()] 5)
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2 ni2 n2 n n
< At el% + 288 ("1 + 171 + DD + a2l D2D_ | )

+ 24t (He"“ Iz + 1/ 1% + 1Dy D_e™ 2 + a2||D+D,f"+1\|§2A) (3.2.6)

< At ||6"||?2 + 2At max {1, %C, 7;} E(€", ) + 2At max {1, %C, 7;} E (et ). (3.2.7)
Let us treat Tz. Using (3.1.15), we first write

At|[D (e uR )2
= At ||S_e" Dux + SyuxDe"|| 2
< At[|Dullp [1S-€" g2 + At 1S un g [|1De™ (|2

1 n n n n
< atmax {1, L b (1Dl 1+ 03l V5= D" )
n n 1 n n
< Atmax {Ju |~ | DA } max {1, F} (le" Nl + Vo= De| ) -

Proceeding in a similar fashion with the other terms we arrive at

— AH(D (") + D (A ") (I + D D_) E* (n))
< AL(ID (R + 1D 03I ) (| BT )], — e[| D D-EF ()] ,)

< ALC1LE (€7, ) + AtCo € (e, 1) (3.2.8)

where C 1 and Cy; can be written, for example, as numerical constants multiplied with:
max {1, v/=¢/bp {max {||u | . [ DuA~ } max {1,1/v6 = c} (3:29)
o+ max {104l g , 1DWA ll e } ma {1,1/Vd = a}}. (3.2.10)

We treat T, in same spirit as above in order to obtain that
—At(D (f"uX),(I+aDyD_) FT (n)) < AtC1 € (", f™) + AtCy € (et f71) (3.2.11)
where C' 2 and Cs 2 are multiples of :
max {|[u || , [| DU ]| o0 } max {1, m/ﬂ} max {1, fa/d} . (3.2.12)
In order to treat T3 and T5 we first observe that
1D (" f" )2 = 1S-€" Df" + Sy " De™ |2 < || goo 1D F" g2 + 1 oo 1DE™ ]2
< max {1/\/1) —e1/Vd— a} (w —allDf" + Vb —c \|Den||£2) .

Thus, we obtain

T3 = —At(D(e"f"),(I+cDyD_)ET (n))

< AtC13E (€7, ™) + AtCo3E (e, ) (3.2.13)
where (' 3 respectively (5 3 are proportional with
max{l/(b—c),l/(d—a)}max{l, _c/b}. (3.2.14)
The same holds for T, namely, we get that
f% <D ((f”)2> (I +aD,D_)F* (n)> < AtCy4E (€7, 1) + AtCh4E (€71, 71 (3.2.15)
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where (' 4 respectively (5 4 are proportional with

max{l, \/T/d}. (3.2.16)

1
Vvd—a

Gathering the informations from (3.2.3), (3.2.7), (3.2.8), (3.2.11), (3.2.13) and (3.2.15) we obtain the
existence of two constants C; and Cy that depend on a,b,c,d, and the £*°-norm of (n},uw}) and
(Dn%, Du’k) (dependence which we can track using relations (3.2.9), (3.2.12), (3.2.14) respectively
(3.2.16)) such that

E ("M, frH) = E (e 1) < At |72 + ALCLE (€7, f7) + AtCHE (enF, frH)

which rewrites as

At At (Cr + Cy)
n+l pntly ~ n 22 1 1 2) nofmy 2.1
() < e e+ (14 SO e (32,17
Of course, if we suppose the stronger induction hypothesis
1—
£ (e, f¥) < ((Ax)2 + (At)2) " (3.2.18)

for all k € 0,n, then, inequality (3.2.17) is available for any all k¥ € 1,n. Thus, taking the sum of all
these inequalities, we end up with

S(e”“,fnﬂ) < (n—i—l)At 5

At C1+C2 -
= 1-AtCy & E,n Z

ax [|€" ||z + —— o
k=1

Applying the discrete Gronwall lemma 3.1.1 and using the fact that the consistency error is order one
accurate in time and space, see Section 3.4, we get

5 (6n+1’ fnJrl)

max [|€" |7,
n

(n+1) At ox (n+1)At(C1 + C3)
1—AitC, P 1= AiC,

< qu(’g’;gz) exp (Tl(cl Atg?) {(Aw)2 + (At)2},

where C' (10, ug) is some constant depending on the initial data (1o, uo). Thus, for Az, At small enough
such that

TC (o, uo) T(Ci+Cy) 2 2\7
N ( 1— ALC, ((AI) HN)) <L

we can assure that the inductive hypothesis (3.2.18) holds for all £ € 0,n + 1. Obviously, this allows
to close the estimates and provide the desired bound.
This concludes the proof of Theorem 3.1.2.

3.3 The proof of Theorem 3.1.3

As announced in the introduction, in this section we aim at providing a proof for our second main
result. As opposed to the previous result, the proof of Theorem 3.1.3 is rather sensitive to the different
values of the abcd parameters. First, we establish a technical result that interferes in a crucial manner
in establishing the a priori estimates.
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3.3.1 Burgers-type estimates

Let us state the first result of this section:

Proposition 3.3.1. Let u € {*°(Z), A\ > 0 respectively o > 0, 8 € (0,1). Fiz 7 such that
[ullgee + < 7.

Then, there exists a sufficiently small positive numbers €g,€1 such that the following holds true. Con-
sider two positive real numbers At, Ax such that

At
T2 21— 8, Ax < e, At Dyl < 0
X

and a € (% (Z), such that
Mallge < &1

Then, there exists a positive constant C depending on the {*°-norm of Dy (u) such that

Ha—AtD((u+/\a)a)+%AxAtDJFD_aH[z < (1+CAt) |all 5 -
A

Proof. We define
Ba=a— AtD ((u+ Aa)a) + %AxAtDJrD_a.

We compute the square of the ¢4 -norm of Ba :

1Ball%, = llall?, + (A0 D (@)%, + 32 (202 ]|D (a2) |32
+(72/4) (Ax)* (A1) | Do D_al% +2A (A1) (D(au), D(a?))

—2At(a, D ((u+ Aa)a)) + TAzAt (a, Dy D_a) — 7Az (A (D ((u+ Aa)a), DL D_a) .
(3.3.1)

We use the derivation formula (3.1.15) in order to get:
AP||D (au) ||y = (At)* ([|S+uDallzz + 2 (SyuDa, S—aDu) + | S—-aDu| )
< AL {|[ullf + Atllulli } [|Dallzz + At {||Dullfee + Atl|Dul[z } lall7 - (3-3.2)
Using again relation (3.1.15), we write
A2 (AL)? HD(&)H;A <4 (A1) [lalli= [ Dallzy - (3.3.3)
Owing to (3.1.20), we have

T2At? Ax?

——|ID+D_all}y = T*A8||Dyalfy — 72 A2 | Dal ;. (3.3.4)

We treat the next term as it follows:

2X (A1) (D(au), D(a®))
= 2)\ (At)* (SyuDa + S_aDu, (Sya + S_a)Da)
< 4A (A1) [[ullgoe llall g [ Dallzs + 42 (A0)* allye || Dul g llallyz | Dalle,
< AN (A [[ul g [lall g [ Dallfy + 477 (A8)? [lallf [1Dallzz + (At)* | Dulz llallzs - (3.3.5)
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Next, observe that (3.1.17) and (3.1.19) imply that:

—2At (a, D (au+ Aa®)) = —At (D u,aS a) + % (a,(Dya)?* — (D_a)?)
ANATAL
< AL 1Dyl e ol + 52 ol Dl (3.3.6)
Obviously, we have
TAzAt{a,D;D_a) = fTAtAa:||D+aH?2A. (3.3.7)

Next, using (3.1.16) combined with (3.1.17), let us write that
—7Az (At)? (D (au), Dy D_a)
= 7Az (A)? (D(SyaDyu+uDya), Dya)
= 1Az (At)* (D(SyaDyu), Dia) + 7Az (At)* (D(uD.a), D a)
Az (At)?
2
Az (At)?

= 7Az (At)* (D_(SyaDyu), Da) + (Dyu, D aS,D,a)

2
< 7 (862 Dsullyw llall s [Dal s +

2 (At)?
4
The last term of (3.3.1) is treated as follows:

2
1D+l oo ||D+a||ng

Az (At)’

IN

2 2 2 2
[Dallps + At || Diully llallg + 1D+ullges 1D+ allpz - (3-3.8)

—~7AAz (A)? (D (a®), D4 D_a) = TAAz (At)* (D ((a + Sya)Dia), Dya)
= T)\AQ;(At)Q (Dya+ SyDya,S+DyaD.a)
< 7AAz (At)? [ Dyall e || Dy allfy
<TA (A |la]l o [1D+all7s -
< AALAT [la| oo | D4 a7 - (3.3.9)
Using the estimates (3.3.2)-(3.3.9) with (3.3.1) we get that

2 2 2
1Ballfy < At(2(1+ A1) IDyulfx + I1Dyul ) llaly
+7AzALC: | Dyalzs + Ca (A1) || Dallzy

where At ) At
-
Ly M

D o
A 37 | +U||z

respectively

T2AL

2
Co = |[ullf= = 72 + Atllul[fe + 4N Jullp lall e + 83 alliee + —

We obtain that - At
Gy < 361 Tt I Dyullpe — B

and
Co < Atl|u[ges + 41 1] goo +8A7e] + - o (J|ul|e= + 7).

Then, it becomes clear that we may chose At, Az and ¢; sufficiently small such that C; and Cs are
negative. This concludes the proof of Proposition 3.3.1. O
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Proposition 3.3.2. Consider u € £ (Z), A > 0 respectively o > 0, 5 € (0,1). Fiz T such that
ufl e +a <.

Then, there exists sufficiently small positive numbers £y, 1 such that the following holds true. Consider
two positive real numbers At, Ax such that

TAL
Az

and a € (* (Z), b € £>° (Z) such that

S 1 — ﬁ’ AJ’,‘ S €0, At HD+’U’||Z°° S €0

Mallgse s [bllge < €1 and [[D4b]lpe < 1.

Then, there exists a positive constant C depending on the {*°-norm of u and Dy (u) such that:

Ha —AtD (a(u+b+ Aa)) + gAxAtD+D,a

L <+ CAYja]z - (3.3.10)

LA

Proof. Let us suppose that €1 is chosen small enough such that o« —e; > 0. Then, for all b € (> (Z)
such that
[P

we have
|u+ bl +a—e1 <7

Then, taking sufficiently small At and Az, we may apply Proposition 3.3.1 in order to establish the
existence of e > 0 such that if
Allall e < &2

then the estimate (3.3.10) holds true. O

Proposition 3.3.3. Consider u € £ (Z), A > 0 respectively o > 0, 5 € (0,1). Fiz T such that
lullpe +a < 7.

Then, there exists a sufficiently small positive numbers £g,€1 such that the following holds true. Con-
sider two positive real numbers At, Ax such that

TAL
Az

and a € (* (Z), b € £>° (Z) such that

< 1-— IB, Ax < €0, At HD+U||£0° < &g

Mlallg Al Dsall o . [l < 1 and [ Dyl [ DD ()]l < 1. (3.3.11)

Then, there exist positive constants C1,Co depending on the {°-norm of u, D (u) and DD (u) such
that:

HD+a — AtDyD (a(u+b+ M) + %A:vAtD+D+D,aH€2 < C1At ]l + (1+ CoAAt) | Doall s
A
Proof. Let us observe that

Dia—AtD,D(a(u+b+Aa)) + gAmtmmD, (a)
=Dia— AtD (D4 (a) (u+ b+ Aa)) — AtD (S4 (a) Dy (u+ b+ Aa))
+ gAmwm_ (D (a))
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= Dia— AtD (Dy (a) (u+b+ S+ (a) + Aa)) + %AmAtDJrD_ (D4 (a))
— AtD (84 (a) Dy (u)) — AtD (S5 (a) D+ (b))

Owing to the hypothesis (3.3.11) and Proposition 3.3.2 with b+ AS;a+ Aa instead of b and A = 0, we
may choose ¢p and 1 small enough which ensures the existence of a positive constant Cs such that:

< (L+ C2AL) | Dy (a)ll 3
(3.3.12)

HDW — AtD (D4 (a) (u+ b+ AS4 (a) + Aa)) + gAmtmD, (s @),

A

Moreover, using the derivation formula (3.1.15) it transpires that
I=AtD (84 (a) Dy (u)) — AtD (S5 (a) Dy (b))l g2
S At([[DDy (u)llgoe + [1DD1 (0)[lg) llall 2 + At (D4 (w)llgoo + 1D+ (0)llgoe) 1D+ (@) |z - (3.3.13)

The conclusion follows from estimates (3.3.12) and (3.3.13). O

3.3.2 Thecaseb=d=0

The case a <0, b=c=d =0 The convergence error satisfies:

entl 4 AtDfmH 4 gAtD, D_Dfrtl
=e" — AtD (e"u}) — AtD (e"f") — AtD (g3 f*) + L AtAzD D_e™ — Atet,
P+ AtDertt = fr — AtD (f™ (ux + 5/")) + FAtAzD D_f* — Atey,

where, we chose At, Az, 7{", 73 such that

{ max{Tg,mTZ"}At <1,
[uAll g < min{7i", 75}

We consider the energy functional

def.
E (e, 1) = lellzz + 1117 + (—a) | Dy fII7s -

Let us suppose that
& (en7fn) S Ax2—2'y

which is sufficient in order to assure the hypothesis of Proposition 3.3.2 and Proposition 3.3.3. In order
to recover a H'-type control for f”, let us apply v/—aD_ to the second equation. We get that:

V—=aD, f" + Aty/—aD, De™ !

—v=aDf = v=ason, (1 (as+ 317 )

+ —a%znAtAa:DJrDJrD,f" —V—aAtD €y,
Next, we compute

|[V=aDy f"** + Aty/=aD, De" |2,
A
= —a|| Dy "7 — a(A8)? || Dy D2, + 208 (Dy D fT, DY
A A

We observe that

lem+t + At (1 +aDy D) DF 3, + || £ + AtDen 7,
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+ || V=aDy £ + Atv=aD D[,
= & ("1, fY) + (A0 ||(I + aDy D) Df™H ”j’g
+ (A% | Dem [, = a (A8)? || Dy De |l .
On the other hand, we have that
le™*t + At (1 +aD D) DF" 7,
+ £+ ADE [ + [V=aDy ! + Atv/=aDy D,

< (At (@07 et + (At +(A0%) el + (—a) (At +(A0°) I1Dse3 7y
2

n
+ (14 A2 ||em — AtD (e"u) — AtD (" f™) + %AtAxD.,_D_e"

A
2
+(1+At)‘

7~ AtD ( J (uz + % f”>> + %AtAxD+D_ fm

A

+ (At + (A8 1D (A
2
+ (14 At) (—a)

Owing to Proposition (3.3.1) and Proposition (3.3.2) we have that
2

< (14 CiAd) [len|l7

’ e — AtD (e"uR) — AtD (e f") + %AtAzD+D_e"
A

respectively that
2

1 n
f* — AtD ( fm <uz +3 f")) + %Amxmp, fn

< (1+CoAt) || "Iz -
A
Proposition (3.3.3) ensures the existence of constants Cs, Cy such that:

n 2

‘D+f” — AtD, D (f” (ug + 2)) + %AtAxD+D+D_f”

(—a)
< (1+ Co2t) (=) [ D fI1% + Ca(—a)At | £
Finally, we have that

n pny (|12 ny |2 n|2 n 12 nA (12
1D A" Wz < 201D A g 1/ 12, + 2 [mA e 1D (F) Iz,

A

wrz IR | o
ggmax{np(m)njm,f; Ee™ ).
Gathering relations (3.3.14), (3.3.15), (3.3.16), (3.3.17) and (3.3.18) yields
£ (e, 1) < (At +(207) (el + sy +(—a) D251, )

+ (1 + C‘At) E(em, f)

A

(3.3.14)

(3.3.15)

(3.3.16)

(3.3.17)

(3.3.18)

(3.3.19)

From this point, one can argue as in Theorem 3.1.2 in order to conclude to the validity of Theorem

3.1.3inthecase b=c=d =0 and a < 0.

Remark 3.3.1. In fact, from now on, we show only how to derive estimates similar to (8.3.19)

claiming that they are sufficient in order to prove Theorem 3.1.3.
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3.3.3 The case b=0,d >0

The case a = b =c=0,d > 0. In this case, without any difficulties, we are able to prove a more
general result. Indeed, we will show that the following general scheme:

AT =0") + D (1= 0)u" + 0u ) + D (n"u") = BREDLD_ (i1") (3320
L (I—dDyD_) ("' —u") + D ((1 - O)y" + 6" *1) + 1D ((u”)Q) =0. e

is adapted for studying the classical Boussinesq system. The convergence error verifies:

E~(n)+ AtD (1 —0) f* +0f"') + AtD (e"uk) + AtD (n f™)
+ALD (e"f") = T AtAzD, D_ (e") — Ate?,

(I —dDyD_)F~ (n)+ AtD ((1 - 0) " + 0e™+1) + AtD (f u}) (3.3.21)
+4D (7)) = —Ate.

Recall that in this case: , , ,
E e, f) = llelZy + £ +d D fI% - (3.3.22)

and let us suppose that )
€™ lgoo s 1D+ F" [lgoe s 1f g < AzZ77.

Multiply the second equation of (3.3.21) with F* (n) and proceeding as we did in Section 3.2, we
obtain that there exists two constant C;; and C} 2 depending on d, |[u} [|,e, [|[DuR|/,~ and 6, such
that:

74+l De ™ = 171 — AP
_ <F+ (n), AtD (1 = 0) " + 0e™1) + AtD (f ul) + %D ((f”)Q) - Ateg>
< At €5l + AtCLIE (€7, 1) + AtCoE (e, fmHY) (3.3.23)
Next we rewrite the first equation of (3.3.21) as
et =e" — AtD (e" (uk + ™)) + %AtAxDJFD, (e™)
— AtD ((1—0) f" 4+ 0f™t1) — AtD (nk f") — Atey.
Thus, using the Proposition (3.3.2) we get that

e |y < |le — AtD (" (uh + /") + 5-AtAZDL D (")

A

+AE|[D (1= 0) f* +0F" )| g + ALID MAF") g + Atlle} ]l 2

< At + 1+ CAD [l + At (=)D () +6]D ()]0

+ Atmax {[InAllgee 1D (Rl } (IIf”ngA +1D (f”)HezA)

< At[fll s + (1+ CAL) "]l 5 + AtCL2E (€7, f7) + CapAtES (e f7H1) . (3.3.24)
From (3.3.24) we deduce that

et [7 < (At+(A0%) bl + (1 + Cratdt) e
+ (At + (At)2) C15E (€™, ™) + (At + (At)Q) Coa€ (enHL, Y. (3.3.25)
Adding up the estimates yields
(1 - C‘lAt> £ (ent!, 1) < (At + (At)2) Pl + Atllegl + (1 + égm) £ (e, fY.
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The case a < 0,b=0,c=0,d >0 In this case, the convergence error satisfies:

et + AtD " + aAtD, D_D frtl

=e" — AtD (e"uk) — AtD (e f) — AtD (nk f*) + Z-AtAzD D_e™ — Atel',
(I —dD4D_) f**! 4 AtDen+!

= (I —dDyD_) f" — AtD (f™ (uk + 3/™)) — Ate.

In this section, we will work in the following with the energy functional:
E(e. ) =dlel} +(~a) |(I —dDLD_) | .

which is better adapted to the system corresponding to the particular values of the parameters in view
here. Of course, £ is equivalent to the energy from (3.2.2). As before, by induction, we may suppose
that

E(em, fm) < Ax??7,

By summing up the square of the ¢ -norm of the first equation by d, the square of the ¢4 norm of the
second one by (—a), we get that:

£ (en+17fn+1) + 2(d—|— a)At <Dfn+1,€n+1>

< (At+ AR)Cd [|€}]|7 + (At + A)C (—a) [l€5 172
2

(14 AtC)d ||e" — AtD (" (uh + f)) + %AtAa:D+D_e”

5N
+ (At +A2) d||ID (A f™)]17
+ (14 AtC) (—a) [[(I = dD D) f"7

P ()

2AHd+a) (f*1, De™) > —At(d — a)||DF % - Atd— o)l 2
> _AtCE (6n+1,fn+1) )

+ (At + At?C) (—a)

A

We notice that

Using Proposition 3.3.2 we get that

2

(1+ AtC)d ||e" — AtD (" (uk + f)) + %AtAxD+D_e”

‘A

<(1+CAL)E(e™, fM).
Also, we have:
1D (& f )z < 1D @R o [1£7 117 + [ [ 7 1D (f") 1172 < CE (€7, 7).

Proceeding as above, we get that:

P (arar))

Adding up the above estimate gives us:
(L= CAHE (", f7) < (At + (A1)?) Cd |6} |72 + (At + (A1)%) C (—a) lle5 |7z
+ 14+ CAt)E (e, fT).

2
SCE(E 1)

A
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The case a < 0,b=0,c < 0,d >0 In this case, the convergence error satisfies:

et 4 AtDfm 4 aAtD, D_Dfn+!

— ALD (e"u}) — AtD (e"f) — AtD (i f") + D-AtAzD, D_e™ — Atel,
(I —dD,D_) f+! + AtDe"+! 4+ cAtD, D_Demt!
= (I —dDyD_) f" — AtD (f™ (u} + 3 /")) — Ate}.

Again, in order to close the estimates and prove the convergence of the scheme, we will use the following
energy functional:

def

E (e, 1) "L el + (—ed) | Dsell?y +(~a) (I —dDD_) fII% . (3.3.26)

which is equivalent to that one from (3.2.2). In order to derive a H' control on e"*!, let us apply
v —cdD, in the first equation, to obtain

V—cdDye" + AtD D" 4 V/—cdaAtD, D, D_Df"+!
= V—=cdDye" — Atv/—cdD, D (e"u}) — Atv/—edD,. D (" f™)
+ %\/TaiAtA:sDJFDJFD_e” — V—=cdAtD, D (g% f™) — V—cdAtD, €Y.
Let us observe that
L = ||t + AtD ™! 4+ aAtD DD,
= [lem 5 + Q02 DR + e (02 |DaDoDgmH 7
— 2a(At)? ||D+Df”+1 ||£2A +2At (™ DY) + 2aAt (e, DL D_D (3.3.27)
along with
I = (—cd) | Dye™™ + AtD. D™ + aAtD+D+D_Df"+1H?2A
= (—cd) | D™ |7, + (—ed) (AD|D4DF 7, + (=ed) a® (A)? | Dy D4 D-DF™ 5
+ 2acd(At)? || D4 D— Df"“HL,Q —2cdAt(Dye" ™, D D)
— 2acdAt (Dye™, D Dy D_Df"t) (3.3.28)
and
Iy = (=a) | (I = Dy D) f**' + AtDe™*! 4 cAtD, D-De |7,
= (—a)|(I —dD4D_) f"“sz —a) ¢ (At)? | DyD- De”+1||£2 +(At)® )7 [[De™ [ 5
+ 2ac (At) y|D+De"+1|\€2 + 2At <(I dD,D_) f**!, De"tt)
— 2acAt (f**", Dy D_De" ™) + 2acdAt (D, D_ f"*', Dy D_De™ ) . (3.3.29)
Observe that the last term from (3.3.28) cancels with the last term of (3.3.29) such that:

L+ I+ I3 > € (", ") — 2aAt (D™, DL D_f"*)
—2¢dAt (D e, Dy D" — 2dAt (D D_ f"* De" )
— 2acAt (D, D_ L De”+1>
> (1—CAt)E (e"th, f11).
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As before, we suppose that

E(em, fm) < Az, (3.3.30)
for some v € (0, 3). In view of the definition of our energy functional, (3.3.26), we claim that (3.3.30)
implies that the hypothesis of Propositions 3.3.2 and 3.3.3 are verified such that we may perform the
following manipulations. Using Proposition 3.3.2, we get that

I <||e" — AtD (e"ur) — AtD (" f") + %AtAmD+D,e"

‘A
+ALD (RS + At
<L+ CAL) ez + ALID (A Sz, + Atller ez (3.3.31)
Using the triangle inequality, we get that
VIs=+/(=a)||(I =dDyD_) f"** + AtDe" ™ + cAtDy D_De™ || .
A
22

< V(=) (I = dDy D) [ g + Aty/(=a) ’D (fn (uz i ;f» .

< AtvV=al|éslls + 1+ CAYE? (€7, f7). (3.3.32)
Using Proposition 3.3.3 and the triangle inequality, we get that
VI =V—cd||Dye"™ + AtD " + aAtDy D D_Df"*| ,
A

<+V—cd

+ Al

n
’D+e" — AtD.D (e"(uk + f™)) + %Amwmm,e”

A

+V=aA| DD (3 ") + V=l Dl

< V=l Dyl + Ve (A1 el + (1 + G0 D" )

+V—cdAt|| DD (MRS

< V=edAt[| D} 5 + (1+ AtC3) € (", )2 (3.3.33)
From (3.3.31)- (3.3.33) we get that

€ (e, 1) (1= Crat) < (At + A) (lef 7, + (—a) g 7, + (—e)d | DyelllZy)
+ (1 + Atéz) Ee", )

3.3.4 The case d=0,b>0

The case a = ¢ = d = 0,b > 0. In this case, as for the classical Boussinesq system we derive
estimates for a more general scheme:

(™ =1") + D (1= 0)u" + 6u™*) + D (n"u") =0,
& (1= dDy D) (@ —u) + D (1= 0)y" + 0y1) + 1D (w")?) = 282D, D_ ("),
(3.3.34)
The convergence error verifies:

E= (n) + AtD (1= 0) f* + 07+1) + ALD (e"u) + AtD (3 f*) + AtD (e" f)
= -AtAzDD_ (e") — Atel,

(I—dDyD_)F~ (n)+ AtD (1 — 0) e + fe™+1) + AtD (fu}) + AtD ((f”)2>
= —Atey.

(3.3.35)
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(I —=bD.D_)(E~ (n))+ AtD ((1-6) f" +6f)
+AtD (e"u}) + AtD (nX f) + AtD (e f™) = —Ate},
F~(n) + AtD (1 —0) e + ™) + AtD (f u}) (3.3.36)
+AtD ((f”)Q) = ZAtAzD,D_ (f*) — Atel.
We work with
Ele f)= HeII?zA +0[Dy (e)llig + IIfII?zA : (3.3.37)

and we suppose that
€™ goe s 1™ ]l ge < A2

Multiply the first equation by ET (n) in order to get that

(e 113 + b [ DemH2.) = (HlenIZ + by em )

=-At(D((1=0) f"+0f"") + D (e"ux) + D (nAf") + D (" f") + €, E* (n))

= —At (e}, ET (n)) + At (1 —0) "+ 0f"" + e™uk +nxf* +e"f", DET (n))

< Atef[7y + ALCIE (€7, 1) + AtCHE (e, [ . (3.3.38)

Using the second equation of (3.3.36), the triangle inequality along with Proposition 3.3.1 we get that:

At 5
17 < 7~ 24 7 = G0 (7)) + G AvdepD (1)
+ At[|Sll g + AL =0) D (€M)l g + A0 D (") 0

< Atllezll + 1+ CAYf" Iz + At (1= 0) D (")l 2 + Ato | D (")

42

lgz - (3:3:39)

Thus, by adding up estimate (3.3.38) with the square of the estimate (3.3.39) we get that

(1— CANE (e, 1) < Atlle % + (At + AR) g% + (L+CADE (", 7).

The case a < 0,b > 0,c=d=0. The convergence error satisfies:

(I —bDyD_) e + AtD " 4+ aAtD,D_Df"! = (I —bD,D_)e"
—AtD (e™u}) — AtD (e ) — AtD (9% f) — Ate’f,n (3.3.40)
[+ AtDemtt = fr — AtD (f™ (uik + 3f7)) + ZAtAzD D_ (f") — Ate}.

Consider the energy functional we will work with will be
2 2 2 2
£ (e, f) = lellZs +blIDsells + (£ + (~a) DSl -

By induction, we may suppose that
& (en’fn) < Am2_27.

Let us multiply the first equation with 2e"*! to obtain:
2|3 +2b ]| Dae™ [ + 288 (DF e 20 A8 (D4 DD e
=2{((I—bDyD_)e", e"™") —2At (D (e"uR) + D (e" f*) + D (X f™) + €7, ")
< [le™ I, +blIDse [ + lle I3 +bIDse 1

+ont(e e, M+ els ) el
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and thus
e 3, +b[[Dyem 5, + 248 (DF"F, ") 4+ 2aAt (D4 DD )

ni2 ny2 1 n n n
< Nl +bIDsenZy +CAt(E2 (e, ™)+ lef g ) e - (3.3.41)

Next, taking the square of the ¢4 -norm of the second equation of (3.3.40) and using Proposition 3.3.2
we get that

17 s + 288 (f7, D) + (A | D7y
2
< (at+(A0°) gl + 1+ A1) \

fm—AtD (f" (uz + ;f”» + gAtAng)_ (f™)

A
< (At + (At)Q) lesl72 + (1+CAL) [ £7]7: - (3.3.42)

Applying v/—aD into the second equation of (3.3.40) and taking the square of the ¢4 -norm of the
resulting equation yields

(=) [|D4 "3, +2(=a) AL(Dy ", Dy De™ ) + (—a) (A0 | Dy D7,

< (At+(a0°) (-a) D45l
2
+ (1 + At) (—a)

‘D+f" —AtD. D <f” <ug + ;f")> + %AtAxD+D+D, (f™

‘A
< (At 4+ (AD) (~a) [DoeglBy + (1 -+ CAD (~a) Doy + MO (~a) [/ . (3:3.43)
Adding up the estimates (3.3.41), (3.3.42) and (3.3.43) and noticing that leads to
£ ("1 1) < At + (At + (A07) (Ies1 + (—a) D151 ) (3.3.44)
+(14+ CAt)E (e, fM). (3.3.45)

The case a < 0,b > 0,c < 0,d =0. Finally, in this case, the convergence error satisfies:

(I —bD D_)e"t + AtDf" + aAtD, D_Df"tl = (I —bD, D_)e"
—AtD (e"u}k) — AtD (e f) — AtD (nx f) — Atey,

[T+ AtDe™ T 4 cAtD D_De™! = fm — AtD (f™ (ui + 3/))
+ZAtAZD D_ (f) — Atey.

(3.3.46)

In this case, we will use the energy functional:
2 2 2
E(e, f) = (=) I =dDyD)elly +flly + (=a)blIDy fllz -

By induction, we may suppose that
£ (", ") < Az?2,

which is sufficient in order to assure the hypothesis of Proposition 3.3.2 and Proposition 3.3.3. Taking
the square of the first equations of (3.3.46) and multiplying the result with (—c) yields

I = (o) [|(T =D D_) e[y, + (=) (AD* | DF" 1, + (—e)a® (A)* | DL D_DF" 5,
+2ac (A8)? | D D[, — 2eAt (I —bDyD_) ™', D)
A
—2acAt (e", Dy D_D ") + 2acbAt (DyD_e" ™', Dy D_D ™)

86



< (—c) (At+ (At)2> ||e7f||§3A + (14 At) (=) |[(I — bD+D_)e”||§2A + CALE (e, f*).  (3.3.47)

Taking the square of the ¢3-norm of the second equation of (3.3.46) and applying Proposition 3.3.2,
we get that

L = |77 5 + (A0 [|De™ [y, + (A | D4 D-Dem [y, — 2¢(A0)? || Do D[,
2At (f*1, De" ) 4 2¢At (f*1, Dy D_De™ 1)

— AtD (f” (uz + ;f”>) + %AtAa:D+D_ (f™)

2
< (At+(A6%) 5l + (1 + A

A
< (At+ (A0%) 5l + (1 +CAt) /17 + (At + (A6)7) [ De|l, (3.3.48)
Let us observe that the terms
2At <f"+1, De"+1> , —2acAt <e"+1, D+D_Df"+1> and 2cAt <f"+1, D+D_De"+1>
can be controlled by the energy so that they do not raise any issues. In order to get rid of the term
2acbAt (D D_e" ™', D, D_Df"*") (3.3.49)

we will apply 1/(—a)bD; into the second equation of (3.3.46) and consider the square of the ¢4 -norm
of the result. First, let us compute:

Iy = (=a)b || D f™*! + AtDy Det! 4 cAtD,. Dy D_Dem [y
—a)b [ Dy f 3, + (=) b(AO® | D4 D5, + (=a) b (cAD)? || Dy Dy D-Dem |,
+2(—a) bAt(Dy f**1 Dy De™) + 2(—a)beAt (D f*, Dy DL D_De™ )
+ 2abe (At)? | D4 D- De”'HH[Q . (3.3.50)
Of course the problematic term from (3.3.49) will cancel with
—2abcAt (D4 f"*', Dy D, D_De" )
appearing in (3.3.50). Moreover, using Proposition (3.3.3) we get
Iy < (~a)b (At + (A0 ) 1Dy 3 7y + CAL=a)b || f" 1y
+ (14 CAl) (—a) b[| Dy "7 (3.3.51)
Putting together the estimates (3.3.47), (3.3.48) and (3.3.51) we get that
(1—CAt)E (e"Th, [t
< (At + A8) (=) eIy + (At + (A0%) (e iFy + (—ab) IDse5 72 )
+(1+CAE (e, f7).

3.4 Consistency error

In this part we aim at providing estimates for the consistency errors. For all functions f appearing

below, we will denote by (f)x
1

(fa); = AiAz Jon f(t x)dxdt
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for all j € Z where Q} = [nAt, (n+ 1)At] x [jAz, (j + 1)Az]. We recall that the consistency errors
are defined as:

1 n n
€ = — (I =bD D) (™ = k) + (I +aDyD-) D (uj™)

At
- 1 —sgn(b)) " n
+ D (nXuk) — %A$D+D7 (&) ;
respectively:
1 n n I
¢ = 5; U~ dDoD2) (ui™ —wR) + (I + D D) D (x*)
1 n 1—sgn(d)) 3 n
+ §D ((UA)Q) - %AID+D— (upA)

where (n,u) : [0,T] = H* (R) x H*(R) is a solution of (Sgped)-

Proposition 3.4.1. There exists a sufficiently large s > 0 such that the following holds true. There
exists a positive constant C' depending on ||(n, u)HL%c(Hs) such that

I el + ll(eDsei aDyed)l < C (At + Ad).

The proof of Proposition 3.4.1 is rather standard and in the following we will only sketch a proof.
Obviously, we have:

€5l < |7 = 0D D) &7 = m) = (1~ b02,) Dun) s

€A

+ H(I+aD+D_)D (ux +uxt) = (I +adZ,) &cu)z

A
+Az DD (")l z + 1D (mAuA) = (9 (nu)3)l 3 -
In the following, we detail how to treat the term containing the nonlinearity. We begin with:

Proposition 3.4.2. Let us consider the sequence defined by

oo / <u(t,x +Az) —u(t,e— Az) &m(t,x)) ot 2)dtds,

= AtAz A

for all j € Z. Then
”a”[{i S ||v||L%°(L°°) ||8§rzu||L%0(L2) (Am)z

In view of Taylor’s formula with integral remainder, we get that

u(t,x + Azx) —u (t,z — Ax)
2Ax

2 1
= @ / (2 pu(t,x + TAZ) + 02 u(t,x — TAz)) (1 — ) dr " a(t, ).
0

— Opu(t,x)

Thus, we have that
A
a; = —m/ a(t, x)v(t, z)dtdz,

such that using Cauchy’s inequality yields

z)3 ’
a?Ax = ((it))z (/Qn U (t,x)v(t,x)dtdm)

88



Af) / dtdx/ (t, ) v2(t, z)dtdx

Az)* ~2
Al ||U||Loo(Loo)/Qnu (t,z) dtdz.

J

/\,\

IN

Taking the sum over all j € Z, yields

2 (AZU)4
laly < ‘S5

tn-f—l

o1l (109 / e de < (A ol ey 197 )

Next, we observe that

i3 = [ @ (b2 do

/ / 3 ot (B, 2+ TAZ)] ®drdr + = / / 3 ou(tr — TA.’,E)]Q drdzx
/ / Szt (8, + TAT)] ® dwdr + = / / et (t, 2 — TA.I)]de‘dT

H ot (¢, - ||L2'

I /\

Using the last two estimates, we get
lalley, < Nollpe oy 1080t e gy (D22,
This concludes the proof of the proposition.
Proposition 3.4.3. The following estimate holds true
1D (AuR) = (D (nu)A)ll 2
< (Az)? ||7]||Loo o) H zmu’|L§9(L2) + (Ax)? ||U||L;°(L°°) Hazan”L%o(LQ)
(14 82) (10, 000l e oy + 100, 0l 1)) 0o Doty (BA1)

First, we notice that

1D (&) — (D (u)a 2

< ISenR Duly — (n0su)all + IS—uh DRk — (udan)al s

< [[SynADuR = SpnR (Qaw)pllg + 1544 (Ozu)x — (0au) Al

IS uk Dnk — S_ulk (Qan)All + 115 (Qun)a — (uan)All -
Using Proposition 3.4.2, let us write that

[S+maDup — Syma (awU)ZHpA + [[S—upr Dnx — S—up (@:U)ZH@?A

2 2 2
( ) HnHL‘X’(LOO) H xmzuHng(LZ) + (A'T)2 |u||L%°(L°°) ”amza:nHL%O(L?) . (342)

In order to treat the remaining two terms, we write that:

(S4mA (Ozu) A — (NOuu)A);
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1
=— Oz (t, / t', 2’ + Ax) —n(t,z))dt'ds’ | dtd
(aiae) Jo: u( x)( ; (2" + Az) —n(t,x)) w) x

At + Ax
S TAtAr /Q 00 (t,2)] (19010 + 1911551 ) e

n
J

The last relation along with Cauchy’s inequality implies that

Az (S4n3 (Dpu)n — (n0su)x )’

(A1)? + (Az)?

2 2 2
< BB (o) ey + 1013 1)) /Q NI

We perform a summation over Z in order to get that

I1S:4m (1) — (o) A7z

tn+1

(At)® + (Az)? ) , )
S At (HamllL;o(Lw) + ||8x77HL<;o(Loc)) /tn /R\@wu(t,mﬂ dtdx
< (0% + (20)) (1001 () + 102025 101 ) 19030 1) - (3.4.3)

Of course, proceeding in a similar manner we get that
1S-uR (@) — (@Al S (At +A2) (|00l e gy + 100l p 1o ) 100l e z0)- (3:44)

Combining the estimates (3.4.2), (3.4.3) and (3.4.4) we get the validity of (3.4.1).

3.5 Numerical simulations

3.5.1 Accuracy tests

Throughout this section we present the results of some numerical tests we performed in order to
numerically verify the accuracy of our schemes. Unless mentioned otherwise, we use the computational
domain [—20,20] with the time discretization step At = 0.0001 respectively the space discretization
step Az = 10 x 27 with j € 4,8. We perform computations up to the time 7' = 2. We gather the errors
between exact solutions for the abed systems (obtained for instance in [35] and [34]) and the solutions
build with our numerical schemes in order to estimate the order of convergence. To our surprise, in
many situations, the order of convergence that we obtain is 2.

The case of proportional 7 and v Assuming the conditions
a—b+2d=0,a=c, d>0,
it has been showed in [35] and [34] that the family

{ n(t,x) =no sechQ()\(a: +x9 — CFH)),

1 (t,x) = £y / == sech2()\(x + 0 — C’Sit)),

3 (3.5.1)
no+3

where

’ V3B +m) 2

(no — 1) (no — b/d) > 0.

3+277() 1 27’]0
Ci=+=+ A=
\/3(a —b) + 2b(no + 3)

g € R and 79 > —3 with
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Below we will take xy = 0.
We perform a first test choosing:

a=c=0,b=2d=1/9,

with
No = 0.5.

The results are gathered in the table bellow.
Az (%-error | E-error | (3-order | E-order
272=10.25 0.0285 0.0325
273 =0.125 0.0073 0.0083 | 1.9649 1.9692
2=%=10.0625 0.0018 0.0021 | 2.0198 1.9827
275 =0.03125 | 0.00045 | 0.00052 | 2.0000 2.0138
275 =10.015625 | 0.00011 | 0.00013 | 2.0324 2.0000

The next case we treat is
a=c=-1/6,b=d=1/6,
with
Mo = —0.5.

We obtain the following results:
Ax 0% -error | E-error | (% -order | E-order
272 =0.25 0.0799 0.2554
273 =10.125 0.0211 0.0735 | 1.9209 1.7969
2=1=10.0625 0.0053 0.0179 | 1.9931 2.0377
275=10.03125 | 0.0013 0.0044 | 2.0274 2.0243
276 =10.015625 | 0.00032 | 0.0011 | 2.0223 2.0000

In this case, b = d and thus, the continuous system poses the conserved quantities

I(n,u) = [1nu+ §9:mdyu,
H(nu)= [ (A +n)u?+n0?+ §(0:1) 4 §(0pu)?.

In figure (3.1) we represent the time evolution of the discrete quantities

Im = <nnaun>€i + <D+nnaD+un>£2A )
H" = (14 ") u,u) g + [0 + 6 1D+ + 5 [1D+u" s -

Next, we present the results obtained for

and
Mo = —0.5.

At every time step we set the artificial viscosity coefficient
T = 2[|u" || oo - (3.5.2)

The results are gathered below

Az (% -error | E-error | (% -order | E-order
272=10.25 0.0467 | 0.057

273 =0.125 0.0239 0.0293 | 0.9664 0.9600
2-1=10.0625 0.0122 0.015 0.9701 0.9659
277 =0.03125 | 0.0062 0.0076 | 0.9765 0.9808
270'=10.015625 | 0.0031 0.0039 | 1.0000 0.9625
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Hamiltonian functional Impulse functional
0587215 035744
035743
058721

035742
0587205
0.35741 o

05872
0.3574 o

0.587195 0.35739

0.35738
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0.35737
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0.35736

0.58718 -
0.35735

0.587175 T T T T T T T T T 1 0.35734 T T T T T T T T T 1
0 0.2 0.4 06 08 1 1.2 14 1.6 1.8 2 0 02 04 06 0.8 1 12 1.4 1.6 18 2

Figure 3.1: Time variation of the energy (left) and impulse (right) functionals defined in (3.5.1),
computed with dxr = 0.125

The classical Boussinesq system The couple

{ n(ta‘r) =-1,
u(t,z) = 3sech’ (3(z —t)),

is an exact solution for the abed system with
a=b=c=0,d=1/9.

We chose the numerical viscosity coefficient 7J* as in (3.5.2). The errors between the numerical solution
and the discretization of the exact solution, at time 7' = 2, are gathered below.

Ax (% -error | E-error | (% -order | E-order
272=10.25 0.338 0.4394

273 =0.125 0.088 0.1174 | 1.9414 1.9041
2=1=0.0625 | 0.0221 0.0296 | 1.9934 1.9877
277 =0.03125 | 0.0056 0.0073 | 1.9805 2.0196

The a <0, b=c=d =0 In this case, an exact solution is given in [35]:
n(t,x) = —1— % + % sech? (@(x — T — C’st)> ,
u(t,x) = Cs + sech (@(m -z — Cst)> .
We perform a comparison with the numerical solution, using
a = —0.25, p = 16.
At every time step we set the artificial viscosity coefficients
=71y = 1.5 % [|[u"|| oo -

We obtain the results gathered in the next table:

Ax (% -error | E-error | (% -order | E-order
272=025 0.2675 | 0.323
273 =10.125 0.0622 0.0765 | 2.1045 2.0780
2=1=10.0625 | 0.0134 0.0165 | 2.2146 2.2129
275 =10.03125 | 0.0032 0.0039 | 2.0660 2.0809
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An exact solution of the BBM-BBM system:

1
a=c , 5
is given by
Nt (t,x) = %sech2 (\/% (m — Ty F %t)) - % sech? (\/% (x —ToF gt)) )

5 57 3 5 (3.5.3)
u (t,2) = £ sech (\/—To(ac — Ty F 575)) .

The following table gathers the ¢4 -error and the energy error between the numerical solution and the
exact solution (94, us) where At = 0.0001.

Ax (% -error | E-error | (A-order | E-order
272 =10.25 1.5846 2.1113

273 =10.125 0.3928 0.5345 | 2.0122 1.9818
2-1=10.0625 0.0734 0.0993 | 2.4199 2.4283
275 =10.03125 | 0.0255 0.0311 | 1.5252 1.6748
276 =10.015625 | 0.0397 0.0519 | —0.6386 | —0.7588

The last estimations of the order of convergence may seem strange. The explanation is the following:
as the order seems to be 2, the two last values are explained by the value of At which is not sufficiently
small in order to capture the quadratic order for Az = 276, Refining the time step to At = 0.00001

we obtain the following:

Az (% -error | E-error | (4-order | E-order
272 =0.25 1.6111 2.1467

273 =10.125 0.4254 0.5791 | 1.9211 1.8902
2-1 =0.0625 0.105 0.1437 | 2.0184 2.0907
275 =10.03125 | 0.0235 0.0322 | 2.1596 2.5579
276 =10.015625 | 0.0037 0.0048 | 2.6670 2.7459

451

45.2 -

45.3

45.4 -

45.5 -

45.6 -

45.7

22.56

22.58

2262

22.64

22.66

22.68

Impulse functional

Figure 3.2: Time variation of the energy and impulse functionals defined in (3.5.1) and computed with

dz = 0.0625

When

a=c=d=0,b=
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the exact solution reads:

Nt (t,x) = 1—Q‘E’sechz (% (ac — 20 F @t)) — %sech4 (% (m — 20 F \/Tfot)> ,

ut (t,z) = :I:@ sech? (% (:1: — 20 F @t)) ) (3.5.4)

Taking in account that d = 0, we set the artificial viscosity coefficient to be
Ty = 1.5 X |[u"][ o

We obtain the following results:

Ax (%4 -error | E-error | (4 -order | E-order
271 =0.0625 0.9067 | 1.1202

27° =0.03125 0.4864 0.6023 | 0.8984 0.8952
275 =10.015625 0.2587 0.3188 | 0.9108 0.9174
97
2 8

=0.0078125 | 0.1364 0.1665 | 0.9234 0.9371
= (0.00390625 | 0.0711 0.0858 | 0.9399 0.9564

3.5.2 Traveling wave collision
The case a=c=0,b=d=1/6

Recently, J.B. Bona and M. Chen, [14], studied the interaction between the traveling waves (3.5.3)
of the BBM-BBM system with a = ¢ = 0 and b = d = 1/6. Their results point out that finite time
blow-up might hold up. More precisely, considering the spatial domain [—14, 14], they construct the
numerical solution corresponding to the initial data:

(774- (O,I’ - $+) y Uy (07I - ‘T+)) + (T’— (Oa T — I—) s U— (O,I - l‘_)) (355)
where x4 = £7. We repeated their experiment using our codes: we perform the computations on the
domain [—14, 14] starting with the initial data (3.5.5). The time and space steps are At = 0.0001 and
Axz = 0.001. The program stops at 7" = 3.71 the first time when

| D", + | D™, > 40000.

The results we obtained are gathered in the next figures:

T=0 T=0

T T T T T T T T T T T T T T
44 42 .0 8 8 4 2 0 2 4 8 8 M 12 14 A4 2 0 8 8 4 2 0 2 4 & 8 W0 12 14

Figure 3.3: n (left) and u (right) at time T'=0
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Figure 3.4: n (left) and u (right) at time T'=1
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Figure 3.5: n (left) and u (right) at time 7' = 2
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Figure 3.6: n (left) and u (right) at time 7' = 3.5
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timeT=3.7 time T=3.7
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Figure 3.7: n (left) and u (right) at time T' = 3.7
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Figure 3.8: time variation of the Impulse functional (left) and the hamiltonian (right)
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Thecasea:c:d:(),b:%

As we have seen earlier, in the case a =c=d =0, b = g traveling waves of the same form as for the
previous case are available i.e. (3.5.4). As in the later case, the computations are performed on the
domain [—14, 14] starting with the initial data (3.5.5) where, this time, (94, u4) are given by (3.5.4)
and z+ = +5. The time and space steps are At = 0.0001 and Az = 0.001. The program stops at
T = 4.83 the first time when

ID+nllz, + I1D4ullz > 100.000.

Our results are illustrated in the following figures:

44 12 0 8 8 4 2 0 2 4 & 8 W 12 14 14 2 0 8 & 4 2 0 2 4 & 8 0 12 14

Figure 3.9: 5 (left) and v (right) at time T' =0

timeT=15 time T=15

Figure 3.10: n (left) and u (right) at time 7' = 1.5
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time T=3

timeT=2

Figure 3.11: 7 (left) and u (right) at time T' = 3
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Figure 3.12: 7 (left) and u (right) at time 7' = 4.5
time T=4.8344223 time T=4.8344223
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Figure 3.13: n(left) and w (right) at time T' = 4.83
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The case a=c=—-1/6,b=d=1/6

The last test that we performed is the traveling wave interaction when the value of the parameters
area =c=—1/6,b=d =1/6. As before, we will consider the initial data in the form (3.5.5) where
(n+,u+) are given by (3.5.1) and 79 = —0.7 and x4+ = £5. As in the other case, we consider the
spatial domain [—14, 14] and we chose At = 0.001 and Az = 0.001. We let the program run up until
time 7" = 15. What we want to emphasize in this case is that, as opposed to the "dispersionless" case
a=b=c=d=0, the quantity 1+ n (which in physical variables should represent the total height of
water above the flat bottom) although positive at the initial time, it becomes negative when the two
depression waves interact. The results are gathered in the following figures.

1e-07 2172

82-08 |
217 4
62-08 |

42-08 - 21881

2e-08 -

2166 -
0200
2164 -
2008

-42-08 - 2162

-6e-08 |

216 4
-2e-08 |

le07 2158

Figure 3.15: 7 (left) and u (right) at time T'=0
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time T=5

timeT=5

Figure 3.16: 7 (left) and u (right) at time T' =5
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Figure 3.17: i (left) and u (right) at time 7' = 6.2

timeT=7

Figure 3.18: n (left) and u (right) at time T'=7
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time T=2
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timeT=12.5
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Figure 3.19: 7 (left) and u (right) at time T'= 8
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Figure 3.20: n (left) and w (right) at time 7' = 13.5

time T=15

Figure 3.21:  (left) and u (right) at time 7' = 15
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Chapter 4

Lagrangian methods for
incompressible fluid mechanics

In this chapter, we gather the results obtained in [29] and [28]. We aim at providing well-posedness
results under optimal regularity assumptions for some mathematical models describing the dynamics of
inhomogeneous, incompressible viscous fluids. The plan of the chapter is the following: in Section 4.1
we study a linear Stokes-type system with variable coefficients which naturally arises when studying
the Lagrangian formulation of different models from fluid mechanics. These new estimates prove to be
the key ingredient when studying the Navier-Stokes and the Navier-Stokes Korteweg systems. More
precisely, in the second part of the chapter, we prove that these systems are well-posed in the so-called
critical spaces (see Introduction).

4.1 The Stokes system with nonconstant coefficients

4.1.1 The main result

In this section consideration is given to the following Stokes problem with time independent, noncon-
stant coefficients:
Ou — adiv (bD(u)) + aVP = f,
divu = div R, (4.1.1)
’Ul‘t:O = Ug-
This system is encountered in the study of the Lagrangian formulation of systems of partial differential
equations issued from fluid mechanics. We establish global well-posedness results for System (4.1.1).
This can be viewed as a first step towards generalizing the results of Danchin and Mucha obtained in
[51], Chapter 4, for the case of general viscosity and without assuming that the density is close to a
constant state. The main result reads:

Theorem 4.1.1. Consider n € {2,3} and p € (1,4) ifn =2 or p e (£,4) if n = 3. Assume there
exist positive constants (a*, by, a*, b, a, B) such that a — a € Bp;1 (R™), b—b € B;l (R™) and

0<ay, <a<a*,

0<b, <b<b.
Furthermore, consider the vector fields ug € Bp?;l (R™) respectively f € L}OC(BEII (R™)). Also,
consider the vector field R € (S’ (R™))" with!

QR € C([0,00); BY, ' (R™)) and (9,R,VdivR) € Ll (B¥, ' (R"))

LP is the Leray projector over divergence free vector fields, Q = Id — P
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such that:
divug =divR (0, ).

Then, system (4.1.1) has a unique global solution (u,VP) with:
u € C([O,oo),BEl_1 (R™)) and dyu, V>u, VP € L}OC(Bp?l_l (R™)).
Moreover, there exists a constant C = C (a,b) such that:

[lee]| 21, + || (8yu, V?u, VP) ||

. L
e, E

< D (luoll 51+ I(F RR VAR, 2 ), (4.1.2)

p,1 p,1 )
for all t € [0, 0).

The difficulty in establishing such a result comes from the fact that the pressure and velocity are
"strongly" coupled as opposed to the case where p is close to a constant see Remark 4.1.3 below. The
key idea is to use the high-low frequency splitting technique first introduced in [44] combined with the
special structure of the "incompressible" part of aV P i.e.

P(aVP)=P((a—a)VP)=P((a—a)VP)— (a—a)P(VP)
=[P,a—a]VP.

which is, loosely speaking, more regular than VP. Let us mention that a similar principle holds for «
which is divergence free?: whenever we estimate some term of the form Q (bM (D) u) where b lies in
an appropriate Besov space and M (D) is some pseudo-differential operator then we may write it

Q(bM (D)u) =[Q,b)M (D) u

and use the fact that the later expression in more regular than M (D) u, see Proposition 1.3.14.

The rest of this section is devoted to the proof of Theorem 4.1.1. The strategy is the following.
First we prove some new estimates regarding the elliptic equation div (aVP) = div f. These estimates
are used in order to prove a weaker variant of 4.1.1 by demanding an extra low-frequency information
on the initial data. Finally, using a perturbative version of Danchin and Mucha’s results of [51] we
arrive at constructing a solution with the optimal regularity. Uniqueness is obtained by a duality
method.

4.1.2 Pressure estimates
Before handling System (4.1.1) we shall study the following elliptic equation:
div (aVP) =div f. (4.1.3)

For the reader’s convenience let us cite the following classical result, a proof of which can be found,
for instance in [45]:

Proposition 4.1.1. Let us consider a € L> (R™) and a constant a, such that
a>a, >0

For all vector field f with coefficients in L? (R™), there erists a tempered distribution P unique up to
constant functions such that VP € L? (R™) and Equation (4.1.3) is satisfied. In addition, we have:

ax [VP 2 < [|QFf L2 -

2and thus Qu = 0.
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Recently, in [86], regarding the 2D case, H. Xu, Y. Li and X. Zhai studied the elliptic equation
(4.1.3) with the data (a — a, f) in Besov spaces. Using a different approach, we obtain estimates in
both two dimensional and three dimensional situations. Let us also mention that our method allows
to obtain a wider range of indices than the one of Proposition 3.1. i) of [86].

We choose to focus on the 3D case. We aim at establishing the following result:

Proposition 4.1.2. Let us consider p € (2,2) and q € [1 00) such that - —= Assume that there

q — 2

exist positive constants (G, ax,a*) such that a —a € Bq71 (R3) and 0 < a, < a < a*. Furthermore,
.3_3 .

consider f € B, 2 (R‘S). Then there exists a tempered distribution P unique up to constant functions

.3_3
such that VP € B, 2 (R3) and Equation (4.1.3) is satisfied. Moreover, the following estimate holds
true:

VP s ) 12/

.3-3 5(1/a+||1/a—1/a|| JA+ (1/ay) [la—all s g (4.1.4)
BP Bq

_ 3
5P
)2 ql BP

]
Remark 4.1.1. Working in Besov spaces with third index r = 2 is enough in view of the applications
that we have in mind. However similar estimates do hold true when the third index is chosen in the
interval [1,2].

.3 3
Proof. Because p < 2, Proposition 1.3.4 ensures that By, 2
4.1.1, we get the existence of P € &' (R?*) with VP € L? and

< L? = BY, and owing to Proposition

ax VP2 < 1Qfll 12 (4.1.5)
Moreover, as Q is a continuous operator on L? we deduce from (4.1.3) that
Q(aVP)=0Qf . (4.1.6)

Using the Bony decomposition (see Definition 1.3.1 and the remark that follows) and the fact that
P (VP) =0 we write that:

P(aVP) =P (Typla—a) + [P, Tua| VP.

Using Proposition 1.3.10 along with Proposition 1.3.4 and relation (4.1.5), we get that

. B 1
[P (7ora—a)| 2s SIVPIla—al sy < 197 laal,s LD
P,2 p ,2
where
11,1
p 2 p
Next, proceeding as in Proposition 1.3.13 we get that:
H[P Ta- a} VPH s s SIVall s 5 VP 5 HQf||L2 la—all = . (4.1.8)
By, B, By,

Putting together relations (4.1.7) and (4.1.8) we get

IP@VP)| s
Bp’2

1
< = —a| s .
S 1Qfl 2 [la aIIBﬁl

Combining this with (4.1.6) and Proposition 1.3.4, we find that:

1
JaVP| s g (1+a—a|| g)IIQfII
p2

3 _
BP
p2
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Of course, writing

1
VP = —-aVP
a
using product rules one gets that:
IVl 2y S (/a+lja=1/al 2 )0+ (e lo=al 2 )10 5y (19)
Bp12 Bq,I <1 p
This concludes the proof of Proposition 4.1.2. O

Applying the same technique as above leads to the 2 dimensional estimate:

Proposition 4.1.3. Let us consider p € (1,2) and g € [1,00) such that % — L <1 Assume that there

1

) q

exists positive constants (@, a.,a*) such that a —a € B;l (Rg) and 0 < a, < a < a*. Furthermore,
.2

consider f € By, (RQ). Then there exists a tempered distribution P unique up to constant functions

such that VP € Bﬁ;l (]Rz) and Equation (4.1.3) is satisfied. Moreover, the following estimate holds
true:

IVP|| 2o S (/a+I1/a=1/a] 2 )1+ (1/as)lla—all 2 ) Q] 2. (4.1.10)
Blf)z 4{1 qu, B'p
Let us point out that the restrlctlon P > # comes from the fact that we need 2 — 5 < 0 in relation
(4.1.8). In 2D instead of 2 — 5 we will have £ — 2 which is negative provided that D > 1.

The next result covers the range of integrability indices larger than 2 :

Proposition 4.1.4. Let us consider p € (2,6) and q € [1,00) such that %—i—% > % Assume that there
.3
exists positive constants (@, a4,a*) such that a —a € Bq (R?’) and 0 < a* < a < a*. Furthermore,

consider f € B[f ( ) and a tempered distribution P with VP € B 2 (]R?’) such that Equation
(4.1.8) is satisfied. Then, the following estimate holds true:

IVP[ 53 S (1/a+|1/a—1/a| s )1+ (1/as)la—all, g)IIQfH g (4.1.11)

3
5P
B,

— 3
3 q
p,2 Bq

“'c\w

,2
Proof. Let us notice that p’ the conjugate Lebesgue exponent of p satisfies p’ € (g, 2) and i

.33
Thus, according to Proposition 4.1.2, for any g belonging to the unit ball of SNBJ, , ? there exists a

3

.32
Py € §' (R?) with VP, € SN B}, , * such that
div (aVP,) =divg

and
VP, H 3

7

g S (Wat|l/a—1/a] 2 )1+ 1/a)lla—al s ).

2 q,1 q,1

’”'u

We write that

(VP,g) = — (P,divg) = — (P,div (aVFP,))
= _<diVQf>Pg> = <Qf,VPg>a

and consequently

VP SIQSI a3 IVEll i
p2 p ,2
S (a+|1/a—1/a] s )1+ (1/a)lla—all s ) [1Qf it
qul Bq 1 p
Using Proposition 1.3.5 we get that relation (4.1.11) holds true. O
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As in the previous situation, by applying the same technique we get a similar result in 2D:
Proposition 4.1.5. Let us consider p € (2,00) and q € [1 o0) such that + > 1. Assume that there

exists positive constants (@, ax,a*) such that a —a € B (RZ) and 0 < a* < a < a*. Furthermore,

consider f € B" (R2) and a tempered distribution P with VP € B (R2) such that Equation
(4.1.3) is satzsﬁed Then, following estimate holds true:
IVP] 2 < (1/a+]1/a—1/a], 5 )+ (1/ax) lla —all 8, )IIQfH (4.1.12)
p 2 q

4.1.3 Some preliminary results

In this section we derive estimates for a Stokes-like problem with time independent, nonconstant
coefficients. Before proceeding to the actual proof, for the reader’s convenience, let us cite the following
results which were established by Danchin and Mucha in [48], [51]. These results correspond to the
case where a and b constants:

Proposition 4.1.6. Consider uy € Bﬁ;l and (f,0:R,VdivR) € LlT(BpEJI) with QR € CT(BZEII)
such that
divug =divR (0, ).
Then, the system
Oyu — abAu 4+ aVP = f,
divu = div R,
U|t=0 = U0,

has a unique solution (u, VP) with:

u € C([O,T);B;;l) and dyu, V*u, VP € LlT(B;II)
and the following estimate is valid:

Oyu, abV?u,aV P ny < n_ Oy R,abV div R ny .
il 3, + @b aP)| oo S ol oo+ (AR AT AR,
As a consequence of the previous result, one can establish via a perturbation argument:

.. . .n_q . . n_q . .n_q
Proposition 4.1.7. Consider ug € B}, and (f,0;R,VdivR) € Ly(B}, ") with QR € Cp(B}, ")
such that

divug = divR (0, ).

Then, there exists a n =n (a) small enough such that for all c € pl with

n <
IICIIBPI <7,
the system ~
Oy — abAu+ (a+c¢) VP = f,
divu = div R,
u|t:0 = Uo,

has a unique solution (u, VP) with:

u € C([O,T);B;;l) and dyu, V*u, VP € LlT(B;II)
and the following estimate is valid:

Ju ”mBP o+ (0w, @bV, aVP) || e S O|| 5 1+||(f,8tR abv div R) | "
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In all what follows we denote by Ej,. the space of (u, VP) such that:
we C([0,00); BY ) and (V2u, VP) € Lho (B ) x Lo (BY 5 * B2,
Also, let us introduce the space Er of (u, VP) with
weCr(Byy ), V2ue LL(B? ') and VP € LL(B?; * N B, )
which we endow with the norm:

1P gy =l o, 92l s FUVPI, g s < oo

BP L(BP, 1) L1 (B% NBP, )

The first ingredient in proving Theorem 4.1.1 is the following:

Proposition 4.1.8. Consider n € {2,3} andp € (1,4) ifn=2or p€ (2,4) if n = 3. Assume there
exists positive constants (a*, by, a*, b, a, E) such that a — a € le (R™), b—b € Bfl (R™) and
0<ay,<a<a*,

0<b, <b< D"

Furthermore, consider ug € BE;I (R™), f € LZOC(B%7% (R”)OBEII (R™)) respectively R € (S" (R™))"

n

with (O, R,V divR) € LZOC(B§;2 (R™ )OB" (R”)) and QR € C([O,oo);BEfl (R™)) such that
divug =div R (0,-).

Then, there exists a constant Cyp depending on a and b such that any solution (u,VP) € Er of the
Stokes system (4.1.1) will satisfy:

lll o 53 LV HU(B; HIVPI, aog e
< gCab(t+1) n_ O,R.VdivR n_n  om_ 4.1.13
<e (IluOI\BP,111+I\(f, R,V div )”L%(B:,z zﬂBill))v ( )

for all t € (0,T).
Before proceeding with the proof, a few remarks are in order:

Remark 4.1.2. Proposition 4.1.8 is different from Theorem 4.1.1 when n = 3. Indeed, in the 3
dimensional case the theory is more subtle and thus, as a first step we construct a unique solution for
the case of more regular initial data.

Remark 4.1.3. The difficulty when dealing with the Stokes system with non constant coefficients lies
in the fact that the pressure and the velocity u are coupled. Indeed, in the constant coefficients case,
in view of

divu = div R,
one can apply the divergence operator in the first equation of (4.1.1) in order to obtain the following
elliptic equation verified by the pressure:

aAP = div (f — &R+ 2abV div R) . (4.1.14)

From (4.1.14) we can construct the pressure. Having built the pressure, the velocity satisfies a classical
heat equation. In the non constant coefficient case, proceeding as above we find that:

div (aVP) = div (f — &R + adiv(bD(u))). (4.1.15)

therefore the strateqy used in the previous case is not well-adapted. We will establish a priori estimate
and use a continuity argument like in [46]. In order to be able to close the estimates on u, we have

to bound ||aVP u_y in terms of |u® n Vu or some 3 € (0,1). Thus, the
P, 5 P o 920l s for some 3 € 0.1
difficulty is to ﬁnd estimates for the pressure which do not feature the time derivative of the velocity.
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In view of Proposition 4.1.6, let us consider (uy, VP ) the unique solution of the system

Owu — adiv(bD(u)) + aVP = f,
divu = div R, (4.1.16)
Ujt=0 = U0,

with
uy, € C([O,oo);Bp;,l_l) and (Qyur, Vur, VPr) € Llloc(Bp;,l_l)'

Recall that for any ¢ € [0, 00) we have

||U,L||L?O(B;Ffl—1) + ||(atuL,an2uL,aVPL)||L%(B§1,1 < O(HuonBE;l +1|(f, 0:R, abV div R)||L%(35;1)).
(4.1.17)
In what follows, we will use the notation:
i=u—up, VP=VP—-VPy. (4.1.18)
Obviously, we have
diva = 0. (4.1.19)
Thus, the system (4.1.1) is recast into
Oyt — adiv (bD(@)) + aVP = f,
diva = 0, (4.1.20)
ﬂ|t:0 = 07
where ~ -
f=adiv(bD(up)) —adiv(bD(ur)) — (a —a)VPp.
Using the last equality along with Proposition 1.3.11, we infer that:
HfHB,, < ||adiv(bD(uy)) ddiv(l_)D(uL))|‘Bf;1 +le - VP 5
< (a —al .2 )b+]||b—b] .= n —a|.» [|[VPL|| . 2. 4.1.21
S (@t fa=al 5 )6+ [b=F] 5 ) IVusl 5 +lla=al 5 IVPLll 5. (@120
Let us estimate the pressure aVP. First, we write that
098] 5+ <[ (@¥P)| 5+ + [P (a¥P)] 5+
pr,l Bpljl Bpp,l
Applying the Q operator in the first equation of (4.1.20) we get that
o) (avﬁ) — Of + Q(adiv (bD(@))).
Thus, we get that:
P ny < ||Of|] .2 i i P 1.
HQ (aVP)HB;jl L < HQfHB;l o 1Qadiv GD@N) 5 (4.1.22)
Let write that:
0 (adiv (bD(7))) = Q (D(a)sm (aVb)) o (Sm (ab — ab) Aﬁ) (4.1.23)
+0 (D(a) (Id - Sm) (aVb)) (4.1.24)
+Q((1a-8,) (ab—ab) Aq) (4.1.25)
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where m € N will be chosen later. According to Proposition 1.3.11 we have:

HQ( m (@Vh )H S HS Wb)H s IVall a-y - (4.1.26)

Owing to the fact that @ is divergence free we can write that
Q (S (ab— ab) Ait) = [Q, $yn (ab — ab)]AG, (4.1.27)

such that applying Proposition 1.3.14 we get that

| (S (ab— ab) Aa) H 2 5 (8 (VD). 8 0V 0) HB, I8l 5y

< H ( (aVb) , S (bva)) HB ||va||B;1; . (4.1.28)

The last two terms of (4.1.23)-(4.1.25) are estimated as follows: | |
H Q ((Jd - s) (aVb) D (a)) o) ((Id - Sm) (ab — ab) Aﬂ) HB, (4.1.29)
< (H (Id . Sm) (avz))HBfl,l v H (Id - sm) (ab — ab) H 3 > IVl (4.1.30)

Thus, putting together relations (4.1.22)-(4.1.30) we get that:
o (985 ol (5050 8 090 15015
+19al s (H (1d=5n) (a¥b, bVa)HBEI_l + || (2= i) (ab - aB)HBfl

(4.1.31)

Next, we turn our attention towards P (aVP). The 2D case respectively the 3D case have to be
treated differently.

The 3D case
Noticing that
P (avﬁ) =P ((Id - Sm) (a —a) VP) [P, S (a—a)|VP,

and using again Proposition 1.3.14 combined with Proposition 4.1.2 and Proposition 4.1.4 we get that:

oHl 5 0+ I () e
< vaﬂz_gg = Sua-avP o [ Sute-aeF]
<H (Id— S, H : B%;1+(1+HS,,,WH, HVPH 33 (4.1.34)
<H (Id— S, H, (1/a+1/a=1/al HaVPH (4.1.35)
+C (a) (HHSmV“HBP ; HfH ; +||ad1v(bD( ))HBE;%)’ (4.1.36)
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where

C (a) = (1/a+ ||1/a—1/d||Bg ) +1/alla—al s ).
p,1 p,1
We observe that
ladiv GD@)] 33 S @+la=al s )b+ ||| s IVl sy (4.1.37)
Pp,2 p p pl
Putting together (4.1.32)-(4.1.36) along with (4.1.37) we get that
HVPH ss +HP aVP)H‘s NH (Id — $p)(a a)H 3 (fa+tfa=1/a] HaVPH
Bp Bpp
+C (a) 1+Hs’*mVaH 3 HfH sy + @+l Yo+ |[b—B| s ||Vu|| ). (4.1.38)
BP p p 5 p,l
Combining (4.1.31) with (4.1.38) yields:
HVPH,L;+HWPH, L < T (a,b) HaVPH s 1+T2 (a,b) Hf” PR
By, * B By, *NBY,
+ T, @B IVl  + T (0. Ival
Pl p,
where
T (a,b) *H (Id— 8, H /a+1/e—1/al %),
T2 (a,b) = C (a 1+HS VaH a1)
By, ”
(a,b) = H (@YD), S (bVa))‘B% .
+C(a 1+Hs VaH @+ la-al s )b+ |[b—B|| 5
T4 (a,b) = | (Td = $)(a¥0, bVa)H_s || a5 )(ab—ab)H ]
P

Observe that m could be chosen large enough such that T, (a,b) and T2 (a,b) can be made arbitrarily
small. Thus, there exists a constant Cy;, depending on a and b such that:

V2| 2s 2o < Cu HfH i F IVl s+l s (4.1.39)
p,1

3
3 3
Bp ﬂBp o1 B;l

where 7 can be made arbitrarily small (of course, with the price of increasing the constant Cy;). Let
3

.33 _
us take a look at the BJ, “-norm of f; we get that:

|7l 24 < ladiveD(us)) — adiv@D(uL))| 3 5 +ll@~@VPL 3
35,2 B;)? p2

S(a+|la—al s bJerfbH ) [[Vur . 1 +]la—all :

B B

3
p
p,1 p,1

ol

||VPL||B%_% . (4.1.40)

3 3 _
P P
Bpl Bp p,2

.3 1 . 341
As ug, € C([0,00), By, ) N L*([0,00), B;I ) and Q is a continuous operator on homogeneous Besov

spaces from
div (ur, — R) =0,

we deduce that
P(ur — R) =ug — R,
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which implies
Qur, = OR.
By applying the operator Q in the first equation of System (4.1.16) we get that:
aV P, = Qf — Qowuy, + abQAuy, 4+ abV div R
= Qf — QR+ 2abV divR

3 .
2

(4.1.41)

(4.1.42)

and thus 1
VP a-g < Z QSN aog + 2 HatQRH s g +2b[|[VAivR| s
p2 a BKQ p2 ;2
In view of (4.1.39), (4.1.21), (4.1.40) and interpolation we gather that there exists a constant Cy, such
that:
[9P] ss 30 < CanlVusll sy + IVPL s 5+ (V2ur, VL) s,
3 Br 2 P
P,2 B p,1 pl p2 Bpl
+Cull il 5y +ulVal
p 1 pl
< Cu ||[(Qf,0:QR,Vdiv R)| 523 +Cab\|uL|| F
p2 pl

+ Cap [|(V?ur, VP)|| sy + Capll] s, + 20| Val| |
BT‘)"Y1 Bﬁl B

3
P
P
where, again, at the price of increasing Cgp, 77 can be made arbitrarily small.

The 2D case

(4.1.43)

(4.1.44)

In this case, using again Proposition 1.3.14 combined with Proposition with Proposition 4.1.3 and

Proposition 4.1.5 we get that:

HVPH A HP aVP)H L
B;l

[pl g+ e sura-a)

BETN
=

< || = S$ma—a) 2

VPH 414 HVS’maH - )HVPH G
B:l B£2 B;’z

st ol
+C(a) (1 + HvsmaH (HfHBf; +lQadiv D@ 20)

where, as before }
Cla)=(/a+lt/a—1/a] )1+ 1/a)la—al z2).

P p,1

As we have already estimated ||Q(adiv (bD()))| .2_, in (4.1.31), we gather that:
BP

p,2

V2| 2i+]|avP| 2 STh @b [aVP|| 2+ TR @07 2

BY, BY, BY, BY,

T @) [Vl 2y + T (@.0) [V
p,1

)
p,1

where

T (a,b) = H(Id— Sm)(a—a)H ,

2
P
Bp,I

(1/a+1/a=1/al 5 )

p,1
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T2 (a,b) = C (a) (1 + HVSWHB%)
T3 s (a,b) = H(S‘m(aVb),Sm(bVa))HB%l

+C (a)(1 + HVSW“HB% )

(S @VD), 3092
T4 (a,b) = H(Id - Sm)(aw)HB%;l n H(Id — $,) (ab — ab) HB,

+ 61+ HvsmaHBi)(H(m - SM)(aVb)HB%1,1 +

(1d— Su) (ab—ab) | ).

5P
prl

First, we fix an > 0. Let us fix an m € N such that T}, (a, b) HaVP .21 Can be "absorbed" by the

‘ B

p,1

left hand side of (4.1.45) and that

H(Id - Sm)(aVb)HB%I,I + H(Id — $n) (ab— aé)‘

Next, we see that by choosing M large enough we have
T;%L,M (CL, b) S -
Thus, using interpolation we can write that:

_1)+2n||v2a||3%_1. (4.1.46)

2
3P
Bp,l

Hvﬁ” ot HavPH oy < Cu([|(V2up, VP 2oy + [
B;2 Bﬁl B,l_,p)1

p,1

End of the proof of Proposition 4.1.8

Obviously, combining the two estimates (4.1.41)-(4.1.44) and (4.1.46) we can continue in a unified
manner the rest of the proof of Proposition 4.1.8. First, choose m € N large enough such that
a.by,

5

ab + S, (ab — ab) >
We apply A; to (4.1.20) and we write that:

Oriiy — div ((ab + Syn(ab — ab)) Vi, ) = f; = A; (aVP
+ A, div ((Id — 8)(ab — aE)va) + div [Aj, S (ab — aé)] Vi
+A, (DaSm(bVa)) +A, (Da(fd - Sm)(bw))
+A; (Vadn(av)) + A; (Va(ld - $,)(av))

Multiplying the last relation by |11j|pf1 sgn i, integrating and using Lemma 8 from the Appendix B
of [45], we get that:

t
WNU+MMWCAH%MP

t t
s )16l
0 L 0

+ /Ot Hdiv (A5, Sm(ab — ab)] Vﬂ(

1

A; (avP)|

Lr

Lt /Ot HA]- div ((1d ~ $yn)(ab - az‘))va)‘

Lr
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Lp

/HA a(Id — S, )(bVa))‘
+/O HAj Vﬂ(ldem)(aVb))’

/HA DuS bVa

t
+ /
0
) peIf()IIIllIlg an 1? (Z)—Sulnmatlon and uSlng PrOpOSll 10n 13.12

Multiplying the last relation by 27(%
div {Aja S (ab — @B)} V@HBﬂ,l along with (4.1.41)-(4.1.44) and (4.1.45) to deal with
p,1

e

A, (vasm(avz;)

to deal with ‘

the pressure, we get that:

T A R ||V2a||L1(B%’1)
N L WP

t

S (bVa), S (aVb) ) || = ,,1T b) ||v?
+ [ (3uva) @90) |5 195+ T 0[928, 50
< Cas (1+0) (ol 31+ I(F, 0P VdWR)“Lg(BE;%mBPI D) (4.1.47)
t
~ 2~
+Cab/0 ||u||B§1_1+ m (a,b) + 1) || V@ HLl(Bp - (4.1.48)
where
T (a,8) = | (Td - S’m)(bVa)HB%,l +||za - Sm)(aVb)HB%,l

+ H(Id — $,)(ab - aE)HB%,I .

p,1

Assuming that m is large enough and 7 is small enough, we can "absorb" (7}, (a,b) + 1) HV2 HLl(B% :

in the left hand side of (4.1.47). Thus, we end up with
C
U n_y 4 ayb,— V2u n
- 2 IVl 2 )

p,1 t P,

t
C || . n—
+ ab/O ||uHBpp1 B

such that using Gronwall’s lemma, (4.1.17) and the classical inequality

1+t* < Cyexp(t)

S Cab (1 + t) (”UOHB 1+ ||(f, atR VdIVR)”Ll(B;gmBZl)>
2 p,1

yields:
|| - + ayby— Hv2 I (4.1.49)
LOO(BF Ll(BP b
< Cupoxp am <Huo|| G AR VAR, g ) (4.1.50)
Using the fact that u = ur + @ along with (4.1.17) and (4.1.49) gives us
o2
[|ul| - +adbg |V uHL%(BEl_l) (4.1.51)

L°°(Bp
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<C, bl n_ s d n_n n_y ), 4.1.52
< Cavexp (Cant) (fuoll 32 + (AR VAVR 5y 5) (4.1.52)
Next, using (4.1.41)-(4.1.44) and (4.1.46) combined with (4.1.17), we infer that:
IVPI, ag oo SCallaVPL, oaoy aVP‘ pin n, (4.1.53)
LI(BF, 2nBF, ) BP mBP LY(BE, *nBP, )
< Capexp (Capt) ( |uo|| 2+ ||(f, &R Vdiv R)|| n_n  n_y ). (4.1.54)

. T
pl 1(BPP,2 ﬂB:l )

Combing (4.1.54) with (4.1.51) we finally get that:

el 5o Jr||v2 H Jr||v [ I
Ly(BY, B, LI(BF, *nBP, )
< Car(t+D) n 8R Vdiv R won ay). 4155
<e (||U0H gt H(ﬁ s iv )”L},(B;z - 1)) ( )

Obviously, by obtaining the last estimate we conclude the proof of Proposition 4.1.8.
Next, let us deal with the existence part of the Stokes problem with the coefficients having regularity
as in Proposition 4.1.8. More precisely, we have:

Proposition 4.1.9. Let us consider (a,b,ug, f, R) as in the statement of Proposition 4.1.8. Then,
there exists a unique solution (u, VP) € Ej,. of the Stokes system (4.1.1). Furthermore, there exists a
constant Cyp, depending on a and b such that:

|| HL‘”(BP -1t H HLl(Bi_l + || ‘lL%((sz_%ﬁBfl_l)
n_y d n_n n_q w (t+1)). 4.1.
(HUOHBP,,1 +I(f, 0.8,V div R)|| LB i Fosd, ))GXP(C p(t+1)) (4.1.56)

for allt > 0.

The uniqueness property is a direct consequence of the estimates of Proposition 4.1.8. The proof
of existence relies on Proposition 4.1.8 combined with a continuity argument as used in [46], see also
[68]. Let us introduce

(ag,bo) = (1 — 0) (a,b) + 0 (a, b)

and let us consider the following Stokes systems

O — ag(div (bgD(u)) — VP) = f,
divu = div R, (Se)
’LL|t:0 = Ug.

First of all, a more detailed analysis of the estimates established in Proposition 4.1.8 enables us to
conclude that the constant C,,p, appearing in (4.1.55) is uniformly bounded with respect to 6 € [0, 1]
by a constant ¢ = c4p. Indeed, when repeating the estimation process carried out in Proposition 4.1.8
with (ag,bg) instead of (a,b) amounts in replacing (a — a) and (b—b) with 6 (a —a) and 6 (b—b).
Taking in account Proposition 1.3.9 and the remark that follows we get that there exists

c:= sup Cgpp, < 00.
0€10,1]

Let us take T > 0 and let us consider Er the set of those § € [0,1] such that for any (uo, f, R)
as in the statement of Proposition 4.1.8 Problem (Sp) admits a unique solution (u, VP) € Er which
satisfies

n no_q

no
nBTf’,1 )

n _
p

[ | ([ VR 7-1)+IIV |

LEBr LH(B),
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< (fuoll 2+ +lI(f, 0B,V div B)] |

pl

—g noa )(exp(e(t+1)), (4.1.57)

for all ¢ € [0,T]. According to Proposition 4.1.6, 0 € &r.
Let us suppose that 6 € Er. First of all, we denote by (ug, VPy) € Er the unique solution of (Sp).
We consider the space

Eraw = {(w, v@) € By : diva = 0}

and let Sy be the operator which associates to (11'1, VQ) € Er div, (11, VP) the unique solution of

v — ag(div (by D(@)) ~ V) = guor (g, VP) + gowr (10, VQ)

divu =0, (4.1.58)
U‘t:[) =0.
where
rra (U, VP) = (ag — ag/) VP + Qg div (bg/D (u)) — ag div (bgD (U)) . (4159)

Obviously, Sper maps Er qiy into Er giv. We claim that there exists a positive quantity e = & (T') > 0
such that if |§ — 0’| < e(T) then Sy has a fixed point (1]*, VI:’*) in a suitable ball centered at the
origin of the space Er 4. Obviously,

(a* + ug, VP* + VPQ)

will solve (Sp/) in Er.
First, we note that, as a consequence of Proposition 4.1.8, we have that:

i, P)‘ < / , VP, .n_n H /< )‘ non  om c(T+1).
H(“ v By = (Ilgeer (ug, V 0)||L1T(Bpp’2 203,) -1 + ||goer | W, V@ s b ash; ))e
(4.1.60)
Let us observe that
lao—ao) VPl , zog 2o SIO=0lla=all s VP, ooy 5o (4.1.61)

i NBF, ) BY BP nBEl )
Next, we write that:

agr div (bg' D (u)) — ag div (bp D (u)) = (ag: — ag) div (bg: D (u)) + ag div ((bgr — be) D (u)) .
The first term of the last identity is estimated as follows:

r — ag) div (bg: D ay <|0—0|la—al.2 (b+]|b—0b].2)[D(u EA
e = as) div by D), p5s) <16 =llla—all g B+ [lo=Bl ) ID@I,

Regarding the second term, we have that:

e div (b = b0) D),z <18 =01[o=B] 2 (@t llo=al 5 D@, oo
and thus:
l|agr div (ber D (u)) — ag div (bg D (u))HLlT(Bffl)
<10—0|(a+||la— a\|B§1)(b+ o — bHBi ||Du||L1T(B§1). (4.1.62)
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3
2

.3
The only thing left is to treat the L%(B; )- norm of agr div (bg: D (1)) — ag div (bg D (u)) in the case
where n = 3. Using the fact that Vu € L (Bp E) write that:

l(agr — ag) div (bg D (u))[| =~ s_3
Lir(Bgs®)
<lo—0a—al s ldivbeD @) sy
I;:’ 1(BP )
<|0—0llla—al s O+ |b—0| = HDuH 31
B, B}, (BL1 )
3
<|0—0|lla—al s (b+]|b-0| = VT3 ||u||4 3 Jull* s, (4.1.63)
BY, B, L(BP )
pl T\"p,1
<10-01C(T,a,0) (Jlul sy + ||V ‘ﬁ_l) (4.1.64)
LE (B, ) Ly(Bpy )
and, proceeding in a similar manner we can estimate |lag div ((bgr — bg) D (u))|| . 2_3 .
Li(By, )
Combining (4.1.61), (4.1.62) along with (4.1.64) we get that: ’
llgeor (w, VP)I | oy aoa <10=01Crap(lull 2 +HVQUH s HIVPIL as sy )
Ly(Byy “NBJy ) FBr ) (By1 ) Ly(By, "NBJy )
(4.1.65)

Let us replace this into (4.1.60) to get that

H (11, Vﬁ) Er

<0 —0'|C(T,a,b)(||(ug, V)| 5, + H (w’VQ)‘

Er

and by linearity

H(al—aZ,vﬁl—vﬁ2)HE <10-6|C(T,a b)H(w — 52 v@l—véf)‘

(@, vP) = So0r (@', 9Q"))

Thus one can choose € (T') small enough such that |§ — 6’| < e (T') gives us a fixed point of the solution
operator Sgg: in BET,div (0, 2| (ug, VPy) HET)

Thus, for all T' > 0, Ep = [0, 1] and owing to the uniqueness property and to Proposition 4.1.8, we
can construct a unique solution (u, VP) € Ej,e to (4.1.1) such that for all ¢ > 0 the estimate (4.1.13)
is valid. This ends the proof of Proposition 4.1.9.

Er

where for £k =1, 2:

4.1.4 The proof of Theorem 4.1.1 in the case n =3

As it was discussed earlier, in dimension n = 3, Proposition 4.1.8 is weaker than Theorem 4.1.1 as one

.3_3
requires additional low frequency informations on the data (f,0; R, Vdiv R) € Ltl(B;2 ?). Thus, we
have to bring an extra argument in order to conclude the validity of Theorem 4.1.1. This is the object
of interest of this section.

The existence part
We begin by taking m € N large enough and owing to Proposition 4.1.7 we can consider (u', VP?!)

the unique solution with u! € C(R*; B” ) and (Qpu', V?u!,VP') € L (Bp ) of the system

loc

Byu — abdiv D(u) + (a + 9 (a— a)) VP = f,
divu = div R,
u\t:O = Uo,
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which also satisfies:

1 1 =7v72 = _T
|u ||L;°(B§;1) + || (0pu*, abv ul,aVPl){|LlT(B§;1) < C(||u0HB§1,1 +||(f. 0:R, adeWR)”LIT<B§;1>)’

for all T > 0. Let us consider
G (u', VP = adiv (bD(u")) — adiv(bD(u)) — ((Id — S—,)(a — a))VP".
.33 .3
We claim that G (u!, VP') € L}, (BZ,? N B2, ). Indeed
adiv (bD(u")) — adiv(bD(u")) = (a — @) div (bD(u")) + adiv ((b—b) D (u'))
and proceeding as in (4.1.62) and (4.1.63) we get that

|ladiv (bD(u")) — adiv(bD(u"))||

)
,1
< Cap(Uttn)(Ju'fl o+l )
L (Br, ) LEBY, )
< ¢Cab t+1>(uu0|| s+ (S 0RVAVR)| sy ). (4.1.66)
pl T(B;il )
Next, we obviously have
H((Id—S’_m)(a—a))VPl‘ o <Cla-a) ||vp1|| (4.1.67)
Ly(BYy ) Ll(B”l h
3_1 .31 .3_3
Using the fact that the product maps B” x By, — BJ,” we get that:
H(([d—S,m)(a—a))vpl‘ a3 SCH(Id—SLm)(a—d)H L [IvP . (4.1.68)
Li(B), °) g
Of course
. _ (3L _ m A _
H(Id—S,m)(a—a)HB%;% <o Y 20-) HAJ(a—a)‘LQ < 2% ‘Aj( a)‘ "

so that the first term in the right hand 51de of (4 1. 68) is finite. We thus gather from (4.1.66), (4.1.67)

and (4.1.68) that G (u',VP!) € LZOC(Bp n BP ) and that for all ¢ > 0 there exists a constant Cgy
such that

6 (', VP

i tgiony ST ol A I AR VAV 1o ).

3_ . 3
s NBr1 ) By LBy, )

According to Proposition 4.1.9, there exists a unique solution (u2, VPQ) € Ej,c of the system:

Ou — adiv(bD(u)) + aVP = G (u', VP),
divu =0,
u|t:0 = Oa

which satisfies the following estimate

2 2 2 2 )
921, o, 2T
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S HG (ul’vpl) ||L1(B§7§OBP 1) exp (Oab (t T 1))

< (uoll 3+ + (AR VAR s Jexp(Con(t+1)).

pl t\Bp1 )

We observe that
(u, VP) := (u' + u® VP' + VP?)

is a solution of (4.1.1) which satisfies

[l 3 1)+H(V2u VP)H L83 <e ab<t+1>(\|u0|| s +I(f OB, deR)H s, ). (4.1.69)

L (By (Bya B}, Li(Byy )

Of course, using again the first equation of (4.1.1) we get that

1Owull sy < Cup|[(f,V?u, VP)| =~ s,

Liy(Byy ) Ly(BYy )
and thus, we get the estimate
[l L O VP VP s <e “b(t+1)(||u0|| s+ (fORVAVR)| sy ).
L?(Bpl ) Li(B, ) Brs LB, Y
(4.1.70)

Uniqueness

Next, let us prove the uniqueness property. Let us suppose that there exists a T' > 0 and a pair (u, VP)
that solves

O — adiv(bD(u)) + aVP =0,
divu =0, (4.1.71)
Ujg=0 = 0,
with

L3
u e CT(Bp1

) and (8yu, V?u, VP) € LT(B" )
Observe that we cannot directly conclude to the uniqueness property by appealing to Proposition
3 3

4.1.9 because the pressure does not belong (a priori) to L%F(BK , 2). Recovering this low frequency
information is done in the following lines. Let us suppose that 3 < p < 4. Applying the operator Q in
the first equation of (4.1.71) we write that:

O((a+ S’_m(a —a))VP) =Q(adiv(bD(u))) — Q((Id — S’_m) (a —a)VP)
where m € N will be fixed later. We observe that:

|2+ 8 n(a—a)vp)

3_3
Ly (By, )
<QadivbD@))| 5.5 + HQ((Id — 50— a)VP)‘ as
LEBEL®) LB, )
STi(a+ la—all = )b+ ||b—bH MVal| 5 sy
L3 P 2)
pyl T\"p,1
+ H (rd=$)(a- a)H S IVP| sl
By, * Ly By, )
Consequently, we get, that
. .3_3
Q@+ S_m(a—a))VP) e Ly(B}, *). (4.1.72)
.3
Let us observe that the condition p € (3,4) ensures that By, is contained in the multiplier space of
Bp_ AR = B”, 2 - More precisely, we get
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oy . .3 341 . 349
Proposition 4.1.10. Let us consider p € (3,4) and (u,v) € By x B, . Thenuv € B,,%  and

Jwoll —s0 S llull |
B

vl _3.,.
" || ”B 341

3
P
p,1 p’,2

N 52 =241 . .
Proof. Indeed, considering (u,v) € By ; x B, and using the Bony decomposition we get that

T,v

341 Su vl _s4q-
g S Wl ol

Next, considering

1 1 1
P2
we see that
i(=341) || A 7 —341)(G—0)o(—2+1)¢ A
9i(-% )HAJ'T“HLP/ =5 o(=3+)G-09(= 3+ |5, 0], AWHW
>j—3
= Z 2(_%“)(]'_[)27%@H5z+1v||L2 Q%ZHAZUH L
£>j-3 £

such that, with the help of Proposition 1.3.7, we get

., <
L P T

Sl s lull,
X B B

3
p*
* ! .2

3
P
P p,

1

O

.3
Proposition 4.1.11. Let us consider p € (3,4). Furthermore, consider a constant ¢ > 0 and ¢ € Bp.
Then there exists an universal constant n > 0 such that if

lell s <,
B,
3.3 3.9 NN R
then for any ¢ € B, .~ N By, 5 there exists a unique solution VP € BJ, .~ N BJ, ,  of the elliptic

equation
div ((¢+ ¢) VP) = div .

Moreover, the following estimate holds true

IVP|| s, S1Q¢I 5.,
BP? BP
p’,2

p’,2
where o € {%,2}.

.3
Proof. The proof is standard. Under some smallness condition on ¢ € B, the operator

VR — VP = %Q(w—cVR)

3

.33 .3
has a fixed point in a suitable chosen ball of the space Bpp, 9 N B;’, 5 - O
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We choose m € N such that HS_m (a —a) H is small enough such that we can apply Proposition

.3
P
Bp

4.1.11 with @ and S_,, (a — a) instead of ¢ and c. Let us consider ¢ a vector field With coeflicients in
3 3

.32
S. As the Schwartz class is included in Bp, 2 N B”, 2 let us consider VP, € B N B 5 the
solution of the equation

div ((a + 8 (a— a)) VPw) — divep,

the existence of which is granted by Proposition 4.1.11. Then, using Proposition 1.3.5 and Proposition
1.3.6, we write that?:

(VP W)gs =D <Ajvp, Aj¢> =3 - <Ajp, A, divw> (4.1.73)
- i@jp, A, div ((;+5‘_m (a-a) VP,)) (4.1.74)
(a8 (5 8- o) .

j <A (a + S (a— a)) VP, Ajvpl/,> (4.1.76)
i< ((a + 8 m(a—a) VP),A;VP,) (4.1.77)
HJQ ((a+5 mta—a)vP) H oy VP s (4.1.78)
sle((a+s-nte-a)vr)| .- SLUESE (4.1.79)

Taking the supremum over all ¢ € S with [|¢)|| 3 _3 <1, owing to (4.1.72) and Proposition 1.3.5, it

p’,2

follows that VP € LT(Bp ) and that

||VP|| .8
L (Bya

s |o@+5 wta—apvp)

Njw

é, .
B, °® )
According to the uniqueness property of Proposition 4.1.9 we conclude that (u, VP) = (0,0).

.31
Let us observe that in the case p € (£,3], owing to the fact that B?| <> B, for any q € (3,4)

.3
and u € CT(B;1
(3tu, V2U,VP) € L} (Bq ) Thus, owing to the uniqueness property for the case ¢ € (3,4) we

conclude that (u, VP) is identically null for p € (£,3].

pl

_ .3
1) along with (9yu, V2u,VP) € L} (B;1 ) we get that u € Cr(B¢

1 1) along with

4.2 Applications of Theorem 4.2.1

In this section we will apply the result established in the previous section in the study of the well-
posedness of the inhomogeneous, incompressible Navier-Stokes-Korteweg system:

Op + div (pu) = 0,

O (pu) + div (pu @ u) — div (u (p) D (u)) + VP + vdivK = 0,
divu = 0,

Ujt=0 = Uo-

(4.2.1)

3We denote AJ = A] 1+ A + AJ+1
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where, IC is the Korteweg tensor:
K =—div(k(p) Vp® Vp) (4.2.2)

and v € {0,1}. Of course, this simplified form of K comes from the incompressibility assumption which
allows us to absorb into the pressure the potential part. In the above, p > 0 stands for the density of
the fluid, v € R™ is the fluid’s velocity field while P is the pressure. The viscosity coefficient u = p (p) is
supposed to be a smooth, strictly positive function of the density. The capillarity coefficient k = k (p)
is a smooth function of the density while

D (u) = Vu+ Du

is the deformation tensor. This system is used to study fluids obtained as a mixture of two (or
more) incompressible fluids that have different densities: fluids containing a melted substance, polluted
air/water etc.

We aim at proving local well-posedness with initial data:

= 55T mon 5% 1 mon
po—p€ By, (]R),uoeBp,1 (R™),
€ (1,4) ifn=2,
pe(8,4) ifn=3.

for system (4.2.1)

e with general smooth variable viscosity and capillarity laws p = u(p) > 0, k = k (p),

e without any smallness assumption on the density i.e. we authorize arbitrarily large variations of
the density around a constant state,

When v = 0, then system (4.2.1) is the classical Navier-Stokes system for an incompressible,
inhomogeneous viscous fluid. In dimension 2, the well-posedness result in critical spaces was first
proved in [86] by H. Xu, Y. Li and X. Zhai. In the 3 dimensional situation, this result in proved in
[28] thus achieving the critical regularity (see also [88] for a different approach).

As was mentioned in the introduction, when v = 1, this system is less studied than its compressible
counterpart. The only well-posedness results that we are aware of are those presented in [84] respec-
tively in [87] which treat the case of constant viscosity and capillarity. In [84], the authors prove that
(4.2.1) is locally well-posed for (pg,ug) € WP () x WP (Q) where p > 1 and Q C R? is bounded
and convex. In [87], Yang, Yao and Zhu construct a local unique solution with initial data drawn from
H* (R?) x H? (R?) and they study the limit of vanishing viscosity and capillarity.

Our result is the following:

Theorem 4.2.1. Consider p € (1,4) ifn =2 orp € (2,4) if n = 3. Assume there exist positive
constants (p, px, p*) such that pg — p € Bp%:_'y (R™) and 0 < p, < po < p*. Furthermore, consider ug

a divergence free vector field with coefficients in Bpgl_1 (R™). Then, there exists a time T > 0 and a
unique solution (p,u, VP) of system (4.2.1) with

= 5yt n 5% "L imn
p—pECr(BY(RY), uecCr(By, (R"))
and (9yu, V?u, VP) € LL(BE, " (R™)).

As in [49] we will not work directly with system (4.2.1) instead we will rather use its Lagrangian
formulation. One salutary feature of working in the Lagrangian coordinates is that the density becomes
independent of time. More precisely, considering (p,u, VP) a solution of (4.2.1) and denoting by X
the flow associated to the vector field w:

Xty =vy +/O u (T, X(7,y)) dy (4.2.3)
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we introduce the new Lagrangian variables:

pty) = p(EX (L), @(ty) = u(t.X (t,y)) and P(t,y) = P (£ X (t,y)). (4.2.4)

Then, using the chain rule and Proposition 1.4.2 we gather that g (¢,-) = po and

poditt — div (1 (po) AaDa, (W) + ATV P + v div (k (po) Aa (AL Vpo) ® (ALVpo)) =0,
div (Agu) =0,  (4.2.5)
ﬂ|t:0 = U,

where Ay is the inverse of the differential of X, and
Dy, (u) = DuAy + AL va.

Note that we can give a meaning to (4.2.5) independently of the Eulerian formulation by stating:

X(t,y)=y+/0 a(r,y)dr.

Let us note that in the Lagrangian formulation (4.2.5) the density appears just like a known variable
coefficient. Of course, the price to pay is that the dissipative term depends now in a nonlinear manner
on the velocity. However, for a sufficiently small amount of time, we do have

div (i (po) AaDa, (@) = div (1 (po) D (w)) .

Using this idea, which was developed in [49] (see also [61] in another context), it turns out to be
possible to solve (4.2.5). More precisely, we get

Theorem 4.2.2. Consider p € (1,4) ifn =2 orp € (2,4) if n = 3. Assume there exist positive

constants (p, px, p*) such that po — p € B;;W (R™) and 0 < ps < po < p*. Furthermore, consider ug

a divergence free vector field with coefficients in B;;l (R™). Then, there exists a time T > 0 and a
unique solution (a,VP) of system (4.2.5) with

aeCr(BY,(R") and (9ya,V?a, VP) € LL(BE] (R")).
Moreover, there exists a positive constant C' = C (pg) such that:

-1 .

n 2 n C(T+1) n
a0, (PP TP, gz < @0 ol

LE(BY, )

Of course, the estimates of Theorem 4.1.1 are the key element of the proof of Theorem 4.2.2 which
in turn implies Theorems 4.2.1 by returning in the Eulerian formulation.

We end this paragraph by remarking that opposed to the case when p is a small perturbation of
a constant state, when considering the linearized system of the Lagrangian formulation i.e. system
(4.1.1) we obtain the estimates (4.1.2) which have a time-dependent right hand side term. This in
particular prevents us from adapting the arguments from [49] to our situation and obtaining a global
solution for system (4.2.5) and consequently for the system (4.2.1). In fact, even if we were able to
construct such a solution for system (4.2.5) it is not clear how we could go back into the original
formulation as passing from the Eulerian formulation to the Lagrangian one needs some smallness
condition on the ||-|| = .= -norm of the velocity.

LY(BP))

t p,1
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4.2.1 The proof of Theorem 4.2.2

In this section we aim at proving Theorem 4.2.2. In order to fix the ideas we will work in the 3
dimensional framework. y 5
Let us fix some notations. The space Frr consists of (121, VQ) with

.3 1 ~ .3 1
@ € Cr(B2, ') and (atw,v%,vcg) e LL(Br ),

which we endow with the norm

|(#v@)]

For any time dependent vector field v we denote

Ly (By, )

=l aee + H (atw,v%,vc?)(

Fr L2 (B,

. (4.2.6)

t
X5 (t,x) ::ch/ o (1, z)dr,
0

and Ay = (DX3)~". Also, let us denote by adj (DX5) the adjugate matrix (i.e. the transpose of the
cofactor matrix) of DXy and Jp = det (DX5).
Before attacking the well-posedness of (4.2.5), we first have to solve the following linear system:

000t — div (11 (po) AsDa, (1)) + ATV P = v div (k (po) As((ALVpo) @ (ALVpy))),

div (adj (DX5) @) = 0, (4.2.7)
’lj‘t:[) = Up-

.3 1 .3
Proposition 4.2.1. Consider v € Cr(By; ) with Vv € L%F(B;”l). Assume there exist positive con-
.3
stants (p, ps, p*) such that pg — p € Blfj’y (R3) and 0 < py < pg < p*. Furthermore, consider ug

.3 1
a divergence free vector field with coefficients in By, (R3). Then, there exists a constant o small
enough such that if

Vol s +IVEl
L L

< 20 (4.2.8)
(BE) R(BE)

3
2 P
T
then the following holds true. There exists T > 0 and a unique solution (a,VP) € FT of system

(4.2.7).
Proof. Let us observe that (4.2.7) can be written in the form
Oyt — L div (u(po) D () + - VP = - F; (a, VP),
diva = div ((Id — adj (DX3)) a),
Ut—0 = UQ-
with
Fy (,9Q) = div (1 (p0) AsDa, (@) — 1 (po) D (@) + (Id — A7) VQ (4.29)
— ydiv (k (po) As (A5V o) ® (A5Vpo)) - (4.2.10)

.3
Owing to Theorem 4.1.1 let us consider (ur, VPr) with uy, € C(R™, By 1) and (8tuL7 Vaur, VPL) €
Ll

.31
loc(Bj1 ) the unique solution of

Byur, — o= div (p (po) D (ur)) + =V P =0,
divuy, =0, (4.2.11)
UL|t=0 = U0,
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for which we know that:
Iz, VPE)l gy < ol g2 exp (o (T+1)).
p,1

Moreover, for any a we see that T' can be chosen small enough such that

V| sy + || (Owur, V2 uL,VPL)H <a. (4.2.12)
L3(BP, )

T p,1 (Bpl )

Following the idea in [49], and owing to Theorem 4.1.1, we consider the operator
o (w,v@) — (a,vﬁ) (4.2.13)
which associates to (u?, VQ) € Fr, the unique solution (a, VT:’) € Fr of:

Ovit — & div (1 (po) D (@) + £V = LF, (wy + 0, 9P, +VQ),
dlvu—dlv((ld—adJ (DX5)) (up, +w)),
U‘t 0 =0.

We will show in the following that for any R > 0 there exists a sufficiently small 7' > 0 such that there
exists a fixed point for @ in the ball of radius R centered at the origin of Frp. More precisely, according
to Theorem 4.1.1 we get that

U ) < = 0, ) 3
| (2.vQ)||,, <|a/e0)Fs (u +@. VP, +VQ)HL1T(B§;1) +
101 (14— adj (DX) (wr + D, 3o+ Vv (1d = adj (DX) (w4 D], 3+ (4219

We begin by treating the first term:

|@/p0)Fotur, + @,V Py +VQ)’ G (4.2.15)
Ly(BJy )
S/ I/m =1/l 3 ) [Folwn + 0. VP4 9Q) s (4.2.16)

We write that

Ty =div (u (po) AsDa, (ur, +w)) — div ( (po) D (ur, + 0))
=div (u (po) (Ap — Id) Da, (ur +w)) + div (1 (po) Day—r14 (ur, + 0))
=div (4 (po) (As — Id) Da,—1a (ur + w)) + div (u (po) (As — Id) D (ur, + 0))

+div (1 (po) Day—r1d (ur +W)) .

Thus, using (1.4.11) of Proposition 1.4.4 along with product laws in Besov spaces (see Proposition
1.3.11) we get the following bound for T7:

1T a0 SCpy l|As — Id|| s (I+||As—Id| s )([Vur| s +HV~|| )
LBr Po LE(B)) LE(BP)) LL(BP,) LL(B)
S Oy IV s (L+[|Voll s )([[Vurl s + [V s )
r LL(BP)) LL(BP)) LL(BP,) LL(BY)
<Ca ~)‘ ). (4.2.17)
Fr

The second term is estimated as follows:

H (Id— AT) (VP + vQ)\

.31
Ly(Byy )
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Shra=Adl_ o (VP o +]|9 ] ) (4.218)
LE (B 1) (B” )
SIVal, 3 (VP so H e (4.2.19)
ala+ H w,VQ ‘ ). (4.2.20)
Fr
The last term of (4.2.9) is treated as follows. First, we write:
(AT Vo) @ (A7 Vo)
= (A = Id)Vpo @ (A7 = 1d)Vpo + Vo ® (A — 1d)Vpo
+ Vpo ® (AT — Id)Vpo + Vpo ® Vo
such that using the last relation along with Proposition 1.4.4, estimate (1.4.11), we get that:
1(A5 Vo) @ (AT Vp0)| L od) S CT(|(AT = 1) s +1D*[Veoll” 5
1 p,l p 1
< CT(@@+17 Va3 <CT [Vl s (12.21)
p 1 p,1
Next
div (k (po) As (A7 Vo) @ (A7 Vo))
=div ((k (po) — k (p)) As (AL Vpo) ® (AL Vo))
+k (p) div ((Ag — Id) (A7 Vpo) ® (A7 Vo)) ,
thus, with the help of Proposition 1.3.9 and estimate (4.2.21) we get
o & oo s (4700) © (ATT),, s
p,1
< Ik (po) =k @),z +k(P)(1As = Id]| s +1)[|(ATVpo) ® (A7 Vpo)|| s
B, By, Ly (By1)
CoT IVl 5 (12.22)
such that combining (4.2.15), (4.2.17), (4.2.20) and (4.2.22)we get that:
|a/po)F @L+wYUQ+VQ) i, <Cpa +M1quH )+ﬂ%ﬂWVmH%.(42%)
P

Lr(Byy )

In order to treat the second term of (4.2.14) we use the estimates (1.4.12), (1.4.13) of Proposition 1.4.4
along with Hdlder’s inequality in order to obtain:

|0: (Id — adj (DX5)) (uL+w)|| 3,
LL(BE, )
S (ur + )0 adj (DX5)|| s, +[|(Id—adj(DX5)) (Qpur + 0p)|| s,
N0 10 LL(BP, )
< |0y adj (DX5)]] 3y lup + @ 3+ |[Id—adj (DX5)]] ||8tuL—|—8tw|| 3_,
(B, L3.(B, 1) L (B ) LL(BP, )
< ||V a_ +‘~,V~‘ +H ”,V~‘
Sl vIILQT(lel)(a (0, VQ) FT) (o + ||(w,VQ) FT)
gMa+(vaﬂFy (4.2.24)
T
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Treating the next term of (4.2.14) is done with the aid of Corollary 1.4.1:

div ((Id — adj (DX3)) (ug, + ®)) = (Dug, + D) : (Id — J5Az)
= Js (Dug, 4+ D) : (Id — Ag) + (1 — Jg) (divug, + div ).

Thus, using the estimates (1.4.11), (1.4.15) of Proposition 1.4.4, we may write:

|V div ((Id — adj (DX5)) (ur, +w))||  .2_,
Ly (B )

<||Js (Dug + D@) : (Id — A9 2 + |1 = Jo) ivug, +dive)| =
LL(BY)) LL(BE,)
SA+ =1 s )|Hd—=Asl| s [[Dup+Dol| s
L (BE,) LF(BY,) LL(BY)
P =Dl s |divar +diva] s
Ly (BY, LL(BE,)
Sa(l+a)(a+ ‘ (w,vq})‘ ) (4.2.25)
T

Combining the estimates (4.2.23), (4.2.24), and (4.2.25) we get that:

H@(w,vé)‘

_ sala+||[@ Q)| ) +1CT Vsl

Fr

(4.2.26)

2
3
BY,

Thus, for a suitably small « the operator @ maps the ball of radius R centered at the origin of Fr into
itself. Due to the linearity of ® one can repeat the above arguments in order to show that for small

values of o, ® is a contraction. This concludes the existence of a fixed point of @, say (11*, Vﬁ*) € Fr.
Of course,
(a,VP) = (@, 9P*) + (ur, VPL)

is a solution of (4.2.7). This concludes the proof of the Proposition 4.2.1. O

We are now in the position of proving the results announced in the beginning of Section 4.2

Proof of Theorem 4.2.2: We consider the closed set:

Fr(a,R) = {(av@) € Pr: ji—o =0, H (@,VQ)‘ L=< Ra} (4.2.27)
T
with R sufficiently small such that:
Vol s, +IVE s <e (4.2.28)
L3(Byy ) Li(BY,)

Consider T small enough such that (ur, VPr) the solution of (4.2.11) satisfies

IVur| s, +|[[Vur] <a. (4.2.29)
LZ(BP, ) L

.3
7(Bya r(By 1)
Using relations (4.2.28), (4.2.29) along with Proposition 4.2.1, let us consider the operator S which
associates to (17, VQ) € Fr (a, R), the solution of:

Orit — & div (s (po) D (@) + VP = L Fu, vy (ur +, VP, +VP)

PO
div (adj (DX, +5) (ug + @) = 0,
=g = 0.
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We will show that that for suitably small T and o, the operator S maps the closed set Fip (o, R) into
itself and that S is a contraction. First of all, recalling that (ﬂ, VP) is in fact the fixed point of the
operator ® defined in (4.2.13) and using the estimates established in the last section we conclude that

v,
for some small enough T
Next, we will deal with the stability estimates. For ¢ = 1,2, let us consider (ﬁi, VQi) € Fr(a,R)

and (ai,vﬁi) =5 (@,VQZ-) € Fr (a, R). Denoting by

< Ro (4.2.30)
Fr

=[5 (#.ve)]

(65, V8Q) = (31 = 5, V@1 - ¥Qs),
(5@, v5f>) - (al s, VP, — vﬁz) :
we see that: ~ ~
800 — —=div (u (po) D (6@)) + =V6P = - F,
divéu = div G,
dtj=o = 0,
where
F = F(86,uz, + 1) + Fi(ug, + 0, 04) + F (517, VP + vﬁl)
_ + Fy(ug + 8, VP) +vF3 (01,72) ,
G=- (adJ (DX(uL_;’_,Dl)) — Id) on
— (adj (DX (uy 451)) — adj (DX (up 1)) ) (ur +@i2) := G1 + Go

and
div (1 (po) AgDa, (w) — p(po) D (w)),

Q) = (Id— AT)vQ,
) le ( (:00) AUL+U1 (AuLJer VPO) (AZL+'U1 VPO))
—div (k (p()) AU«LJrUz (IA'Z—‘L"‘UQVpO) ® (AuL+v2Vp0)) .

According to Theorem 4.1.1 we get that

’U

/\

<O 5o ). (4.2.31)

H(au vap) )

)

= —|—HVd1VG‘
LL.(BP,

. +H8G’

LL(B},

LL(B]
We begin with
Fy (01,02) = div (k (po) (Aup 45, — Aug+as) (Ad, 45, Vo) @ (A, o Vo)) (4.2.32)

+ div (k (po) Aup ((AgLJFUl - Auz,+vz) Vpo) ( ur 401 Vpo))
+ div (k (PO) A“L+1~’2 (AULJerVpO) ((AZL+'U1 - uL+v2) VPO))
4.

Using the last relation along with Proposition 1.3.9, the estimates (1.4.11) and (1.4.16) yields:
Hle (k (pO) (AUL+171 - AU«L+772) (AuL+'ulvp0) (AZL—HHVPO)) || Il (B%_l)
1
S ||AuL+171 - AuL+f12 ” .3 H (AuL+v1 vpo) (A{L“"Ul Vpo) || 2
LE (B, (BJ1)
S IVéo AL Al sV
SVl 4T Vooll, 2 AT Vo0l
STIvee| | s (lAuss —1d] s +1)° IV poll” s
Ly (B, LF(Bga By,

128



S Co T || VD 3
STV, s
Proceeding in a similar manner with the rest of the terms of Fj5 (91, 02) form relation (4.2.32), we get
that
1Esll om0 S CoTIVOOI
Li(By ) s 1)

Next, using the last estimate and proceeding as in relations (4.2.15) and (4.2.17) we get that

ol -
LB, )
SIVes| s [[Vup + V| s (4.2.33)
LL(BY) LL(B])

HIVur + Vol o 190 o+ VS vaﬁva\

LlT(B; LL p,1 L;(B:1 )
+||vuL+v02|| Hvap\ s +7(J,,0T2 ||V§v||

LL(BF, ) Bm)
<(C OWTHV&)H i ) H(vaaan)‘ B JraH((sa,wP)‘~ (4.2.34)
(BXy) Li(B}L) Fr

Of course, we will use the smallness of « to absorb « H (Vdﬂ, V&f’) ’ 3 into the left hand side of

Ly (By 1)
(4.2.31).
Next, we treat Hlev GH . Using Corollary 1.4.2, we write that
)
l
—div éz

= div ((adj (DX (uy+51)) — adj (DX (uy455))) (ur + @i2))

= div (adj (DX (4, +5,)) (ur + G2)) — div (adj (DX (4, +5,)) (ur + G2))

= Jup+o, D (up + U2) : Awup+on) = Juptoa) D (UL + 2) : Ay 152

= (Jupton = Jup+oe)) D (ur +G2) : Ay g,) + Jug+o0) D (ur + 12) : (Aupto,) — Aun+o))

and thus, using Proposition 1.4.4 and Proposition 1.4.5 we get that

HVdivG‘z‘

.31
Ly(Byy )

(O A s ||(Dug, D s (14 |[Id = A, 4o, 4.2.35
[ (g1 = Jur o) | seqp IPue DB I (ur+3 >||LQO(BPI)) (4.2.35)
+ 1+ [[(Jup 4, = Dl ) [(Dur, D) || Aug+o1) — Aqup+o .3

L+02 °°(Bp1) T(Bppl) || L+01) = A(ur+ 2)||L§9(B:1)

Salve, (4.2.36)

3
(Bgy)
Next, using again Corollary 1.4.2 we see that
—divGy = div ((adj (DX 4y 45,)) — 1d) 0@) = DStz (Juy 45, Auy +50) — Id)
= uL+171D5ﬂ : (A(UL+51) - Id) + (JUL+51 — )le(SU

and consequently

.31
Ly(Bgy )

S s D3 (Ao = 1D, 3+ Wusey — Divaal, (4.2.37)
T\Pp1 1

HVdivél‘

129



<1+ ||Juy 45, — 1 Déu : (A, v — Id 3

N( ” L+71 ” T(Bp ) H ( (ur+701) )HLlT(BEl)

([ Ty 5 — 1]l ldiv o] (4.2.38)
r(By1) (Bp1)

< a|(5i, VSP)| 5, (4.2.39)

Combining (4.2.36) with (4.2.39) yields

v di GH s, <allVes| s +all(d6, VOP)| 5. . 4.2.40
[vave],, o3 salvsel, .z +alGnvers, (42.40)

Again, we will use the smallness of o to absorb « H (Vdﬂ,VéP)’ into the left hand side of

.3
LL.(BP))
(4.2.40) .

Finally, we write that

0; [(adj (DX (u451)) = adj (DX uy 1)) (wr + 1i2)]
= (6} adj (DX(’uL+’D1)) — Oy adj (DX(uL_sz))) (uL + ﬂg)
+ adj (DX(uL+171)) — adj (DX(uL+172)) (8tuL + 8t112) .

Using Proposition 1.4.5 gives us

10: [(adj (DX (up450)) = adj (DX (up45))) (ur + @2)] || i
1
S |00 adi (DX (up 45,)) — 01 adj (DX<uL+ﬁz>)HL2T(B;1) heel, 53 )
+[|0vadj (DX uy 15,)) — Ovad (DX(uL+ﬁz))||L1T(B§1) ||1~L2||L%O(B§1—1)
i (DX, 1o0)) — adj (DX (u, 15 . i
+”ad.]( (UL+v1)) ad.]( (UL+v2))|| 00(351)||8tUL+8tU2||L%(B§1_1)

Saldl,, 3
1

The conclusion is that

3, Sald 11|| (4.2.41)
LL(BE, ) (Bp)

o],

Gathering the information of (4.2.34), (4.2.40) and (4.2.41) we get that if « is chosen sufficiently small

(s, = 31 w52)

the operator S is also a contraction over Fr (a, R). Thus, according to Banach’s theorem there exists
a fixed point (ﬂ*, VP*) of S. Obviously,

(4.2.42)

Fr

(@, VP) = (ug, VPL) + (a*, VP*)

is a solution of -
poditt — div (1 (po) AzDa, (@) + ALVP =0,
div (adj (DX4) @) =0, (4.2.43)
ﬂ|t:0 = Ug-

In view of Proposition 1.4.3 we also get that J; = 1. Thus, the second equation of (4.2.43) becomes
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The only thing left to prove is the uniqueness property. Let us consider (ﬁl, VPI), ('FLQ, VPQ) € Fr,
R
two solutions of (4.2.43) with the same initial data uo € B}, ' With (ur, VPr) defined above we let

(ai,vﬁi) — (@, VP') = (uy, VPy) fori=1,2
such that the system verified by (ﬂi, Vﬁ’i) is

9yt — L div (s (po) D (@) + VP = LF,, 4an (uL L@, VP4 vPi) ,
div (A(UL+7‘li)(uL + 17,1)) =0,
ﬂ|t:0 - O

We are now in the position of performing exactly the same computations as above such that we obtain
a time T sufficiently small such that:

(a',VP') = (a*,VP?) on [0,1].

Tt is classical that the above local uniqueness property extends to all [0, 7.
This concludes the proof of Theorem 4.2.2

Return to the Eulerian coordinates and proof of Theorem 4.2.1: Finally, we are in the

3 3
position of proving the result announced in Theorem 4.2.1. Considering (pg, ug) € Bﬁ;ﬂ X Bp;’;l and
applying Theorem 4.2.2, there exists a positive 7' > 0 such that we may construct a solution (u, VP)
to the system (4.2.5) in Frp. Then, working with a smaller T if needed and considering X, the "flow"
of @ defined by (1.4.6), by using Proposition 1.4.3 from the Appendix, one obtains that for all ¢ € [0, T],
Xy is a measure preserving C'-diffeomorphism over R®. Thus we may introduce the Eulerian variable:

p(t,x)=po (Xg' (t,2)), ult,z) =u(t,X;" (t,)) and P(t,z) = P (t, X; " (t,2)).

3

Then, Proposition 1.4.2 ensures that (p,u, VP) is a solution of (4.2.1). As DXy — Id belongs to B;l,
using Proposition 1.4.1, we may conclude that (p,u, VP) has the announced regularity.

The uniqueness property comes from the fact that considering two solutions (pi, u?, VPi) of (4.2.1),
i = 1,2, and considering Y,,; the flow of u’ we find that (u’ (,Y,: (t,y)), VP’ (t,Y,: (t,y))) are solutions
of the system (4.2.5) with the same data. Thus, they are equal according to the uniqueness property
announced in Theorem 4.2.2. Thus, on some nontrivial interval [0,7"] C [0,7], (chosen such as the
condition (1.4.8) holds), the solutions (p’, u’, V.P?) are equal. This local uniqueness property obviously
entails uniqueness on all [0, T1.

This concludes the proof of Theorem 4.2.1

4.2.2 Extending the range of integrability indices for the case v =1

Let us mention that if we consider almost homogeneous fluids, we may apply the maximal regularity
results for the Stokes problem established by Danchin and Mucha, [48], [51], in order to obtain a
larger range of integrability coefficients. These approach produces new well-posedness results for the
Navier-Stokes-Korteweg system i.e. v = 1. More precisely:

Theorem 4.2.3. Consider p € [1,2n) and (po,up) such that
d. o 0 . f 0 B%—l d _ B%-‘,—l
ivug =0, wleanpo(x) >0, u€B,; andpy—p€E B, ,
where p is a positive constant. Then, there exists a constant ¢ > 0 such that if

||p0 - ]‘HB% S C7

p,1
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then the following holds true. There exists a time T > 0 and an unique solution (p,u, VP) of the
system (4.2.1) with v =1 such that

{p peCr(B! (R3)), u € Cr(BY (RS)) and (dyu,V?u,VP) € LlT(BE;l(RS)).

As the proof is very similar to the one given in the last section we do not give details of the
computations. Indeed, in order to take advantage of the results of Proposition 4.1.6 we observe that
system (4.2.5) can be written in the form

Oyt — pu (p) div D(a) + VP = Fy (4, VP),
div (@) = div ((Id — adj (DX,)) @),
Ujg=0 = U0
where

Fy (0,VQ) = (po — 1) 9w + div (1 (po) AsDa, (@0)) — p (1) div D(w)
+ (Id — ATYVQ + div (k (po) A5 (A5Vpo) @ (ALVpy)) .
As above, considering -
Our, — 0] (1) div D(uL) + VP, =0,
div (’LLL) = 07
UL|t=0 = U0-

we first solve the system

8yt — pu (p) div D(@) + VP = F, (uL + 4, VP + vﬁ)
div (@) = div ((Id — adj (DX )

by considering the operator ® : Fr — Fy, defined as ® (1]), VQ) = (11, VP) the unique solution of

i — p(1)div D(a) + VP = F, (uL @, VP + VQ) :
div (@) = div ((Id — adj (DX,)) @) ,
ﬂ|t:0 = Uop,

the existence and estimation of which is provided by R. Danchin and P.B. Mucha’s result, Proposition
4.1.6. The rest of the proof follows closely the one presented in the previous section.
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Appendix A

Appendix: Littlewood-Paley theory

We present here a few results of Fourier analysis used through the text. The full proofs along with
other complementary results can be found in [11]. In the following if  C R™ is a domain then D ()
will denote the set of smooth functions on 2 with compact support and S will denote the Schwartz
class of functions defined on R™. Also, we consider S’ the set of tempered distributions on R".

1.1 The dyadic partition of unity

Let us begin by recalling the so called Bernstein lemma:

Lemma 1.1.1. Let C be a given annulus and B a ball of R™. Let us also consider any nonnegative
integer k, a couple p,q € [1, 00]2 with p < q and any functions u,v € LP such that Supp(i) C AB and
Supp(9) C AC. Then, there exists a constant C such that the following inequalities hold true:

sup [[9u] o < CHEINHGE) ul (L1.1)
|a|=k
respectively - 1
O ol < sup (9705, < €A ol (11.2)

o=
Next, let us introduce the dyadic partition of the space:

Proposition 1.1.1. Let C be the annulus {£ € R™ : 3/4 < |§| < 8/3}. There exist two radial functions
X € D(B(0,4/3)) and ¢ € D(C) valued in the interval [0,1] and such that:

VEER", x(§)+ > 2778 =1, (1.1.3)
7>0
VE e RM{0}, D (2778 =1, (1.1.4)
JEZ

2 < |j — 5/l = Supp(p(277-)) N Supp(p(277)) = 0

j > 1= Supp(x) N Supp(p(277-)) =0 (L1.6
the set C = B(0,2/3) + C is an annulus and we have
j—j'l>5=2cn2/C=9. (1.1.7)
Also the following inequalities hold true:
1
YR, o <xP(E)+ e <, (1.1.8)

7>0
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vE R0}, 5 <Y <1 (1.1.9)
JEZ

From now on we fix two functions x and ¢ satisfying the assertions of Proposition 1.1.1 and let us
denote by h respectively h their Fourier inverses. For all u € &', the nonhomogeneous dyadic blocks
are defined as follows:

Aju=0 if j< -2,
A_ju=x(D)u=hx*u, (1.1.10)
Aju=¢p (Z_jD) u =274 fR" h(29%y)u(x —y)dy if j>0.

The high frequency cut-off operator S; is defined by

Sju: Z Aku.

k<j—1

The following lemma shows how to reconstruct a tempered distribution once we know its nonhomoge-
neous dyadic blocks:

Lemma 1.1.2. For any u € S’ we have:
u= ZAju in S’ (R").
J€z
Let us define now the nonhomogeneous Besov spaces.

Definition 1.1.1. Let s € R, r € [1,00]. The Besov space B ,. is the set of tempered distributions
u € S’ such that:

< 00.
r(z)

e [CR PN

The homogeneous dyadic blocks Aj and the homogeneous low frequency cutt-off operators S’j are
defined below:

Aju: @(2_jD)u: 2j”/ h(2jy)u(x—y)dy

n

Sju=x(277D)u= 2j"/ h(2y) u (e —y) dy
for all j € Z.
Definition 1.1.2. We denote by S; the space of tempered distributions such that:
j——o0

‘ —0.
LDO

Let us now define the homogeneous Besov spaces:

Definition 1.1.3. Let s be a real number and (p,r) € [1,00]. The homogenous Besov space B;T 18
the subset of tempered distributions u € S, such that:

< 00.
£7(Z)

Aju’

o = ||(27¢ )
el H( ) o
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1.2 Properties of nonhomogeneous Besov spaces

The following propositions list important basic properties of Besov spaces that are used through the
paper.

Proposition 1.2.1. A tempered distribution u € S’ belongs to By . if and only if there exists a sequence
(cj); such that (2j5cj)j € ("(Z) with norm 1 and a constant C (u) > 0 such that for any j € Z we have

1Aull, < C (u)cj.
Proposition 1.2.2. Let 5,5 € R and r,7 € [1, o0].

e By . is a Banach space which is continuously embedded in S'.

The inclusion By, C B, ; is continuous whenever s < s or s =5 and 7 >r.
,

We have the following continuous inclusion B;l C Col(C L™).

(Fatou property) If (un),cy is a bounded sequence of B
and

. which tends to u in S then u € B, ,

Jull gy < T inf fun |, -

o Ifr < oo then

Jlgrolo lu — Sjul By, = 0.

Proposition 1.2.3. Let us consider m € R and a smooth function f : R® — R such that for all
multi-index o, there exists a constant C,, such that:

VEER™ |97/ ()] < Ca (141"
Then the operator f (D) is continuous from B, , to B, ™.

Proposition 1.2.4. Let 1 <r < oo, s € R and e > 0. For all p € S, the map u — ¢u is compact
from B3 . to B3 ~.

The next result deals with product estimates in nonhomogeneous Besov spaces.

Theorem 1.2.1. A constant C exists such that the following holds true. Consider a real number s > 0
and any (p, p1,p2,p3,p4,7) € [1, 00}6 such that

For any (u,v) € LP? x (Lp4 NnB; ) such that Vu € B;;TI we have:

p1,7

lwollp, < llullpes [0l ps |+ [1Vullgs o]l e -

All the above statements are given or immediate consequences of the results presented in [11], pages
107 — 108.

¢y is the space of continuous bounded functions which decay at infinity.
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1.2.1 Commutator estimates

This section is devoted to establish commutator-type estimates both in homogeneous and in nonho-
mogeneous Besov spaces. We begin by stating the following basic, yet very useful lemma:

Lemma 1.2.1. Let us consider 0 a C' function on R™ such that (1+ |-|)0 € L*. Let us also consider

p,q € [1,00] such that:

11 1
Si=s4 o<
rp g

Then, there exists a constant C such that for any Lipschitz function a with gradient in L?, any function
b e L9 and any positive \:

I (A" D) ,a] 3]

o SCXTHIVal L (1ol g -
In particular, when 0 = ¢ and A = 27 we get that:
1145, a] bl < C277 || Val| , 1Bl o -

Proposition 1.2.5. Let us consider s > 0 and (p,p1,7) € [Loo]3 such that p < p1. Also, let us
consider two tempered distributions (u,v) such that w € BY  (R™), Vu € L> (R") N B} (R") and

P17
Vv € LP? (R")N By . (R™) where M is some strictly negative real number and L= L We denote
by 4 p2

1_ 1

P p1
R; = [Aj,u]0% = Aj (ud*v) — ul;0%,

where a € 1,n. Then, the following estimate holds true:

127 1Rl o) |y S 1Vl e V0l ot + 190 o [Vl s -

Proof. The main ingredients of the proof are Lemma 1.2.1 and the Bony decomposition of the product
into the paraproduct and remainder. For the definitions and some properties we refer to [11] pages
106-108. We begin by considering

u=u—S_1u

R; = .;6 R}

and we write that

where
le = Aj (Tﬁ@a’U) - TﬂA]@O‘v, R? = A]‘ (Taavﬂ) 5
R3 = TAjanvﬂ, R;l = AjR (12, 8“1}) y
R; = R (4,A;0%). RY = [A;,S_yu] 9*v.

We begin with R}. We notice that (2™ [[S;_1a4;0%v]| « ),o_, € £ and

| @ Si-aaa0 o) ) < Cllulgy _ V0]l

lZ—lHew

such that the series ) ,~ ;| S;_1uA;0%v is convergent. Thus, owing to Lemma 1.2.1 we may write that

978 ||le||Lp < Z 9(i=1)sgls 1A, Si—1@l] 20|, < C |Vl oo Z 9(i=D(s=1)9l(s—1) 1AV, -
li—i<4 li—tl<4

From Young’s inequality we conclude that

| 1#1..)

< _
iy S 190l 90l
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Let us pass to Rjz.. We have that:

20 |3, < D0 20702 1S 0%vA L, < C VD Y 2070528 Al
l7-11<4 li—1|<4

<OVl Y 20702170 AV, .

l7—1<4

From Young’s inequality we conclude that

(2 17#21),,.)

The third term is treated similarly:

iy 5o 19050 [l

20° | R3], < 3 2U0heal 18, 0vAi| L, < CVullpe, Y 2070921670 | AV, -
J—1<5 j—1<5

Because s > 0 we can apply Young’s inequality and obtain that
j 3
|@ 1881,0)]), 0, S+ 1900 [Vl

As for the fourth term

2Ry, € D0 2072 A g A0
j—1<5

‘LP

<C 2U=Dslls=1) | A, Vi °°HA o~
| =< 2 1AV || A

Because s > 0 we can apply Young’s inequality and obtain that:

| 1221,)

In a similar manner we get that:

< _
iy S 190l 90l

s—1 .
BPvT

js 5
(2 y|RjHLp)HM) <. IVl o V0]
Finally, the sixth term is treated as it follows. First we write that there exists a integer Ny such that:

[Aj,s_lu] ro=Y [Aj,s_lu] INVIEEDS [Aj,s'_lu] NG

1>-1 ll—§1<No

This comes from:
. . . 2 . 2
Supp (A; (S-1uaov)) c2/en (B (0,5 ) +2'¢) c 2en2' (B (0,5 ) +¢
3 3
and from the fact that B (O, %) + C is an annulus. Thus from Lemma 1.2.1 we get that :
2° | Rl < 3020002 198 qul| a0l

and consequently

<, ||V -~ ||V
iy o 19l 190

| 1=51,,)

By putting together the estimates for R},R?,R3,R},R?, RS, we end the proof of Proposition 1.2.5. [

s—1 .
By
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1.3 Properties of the homogeneous Besov spaces

The next propositions gather some basic properties of Besov spaces.

Proposition 1.3.1. Let us consider s € R and p,r € [1,00] such that

s<ors=— andr=1. (1.3.1)
p p

Then (B;T, ”'HBS,T) is a Banach space.

Proposition 1.3.2. A tempered distribution u € S}, belongs to B;yr (R™) if and only if there exists a
sequence (c;); such that (2j‘gcj)j € 0"(Z) with norm 1 and a constant C' = C (u) > 0 such that for any
j € Z we have
A < Cb;.
|85, < e,

Proposition 1.3.3. Let us consider s1 and sg two real numbers such that s; < sg and 6 € (0,1).
Then, there exists a constant C > 0 such that for all r € [1, 00] we have:

0 1-6
A o

C 1 1 9 1-6
il < =S (5 + 1 ) e,

Proposition 1.3.4. 1) Let 1 < p; < ps < oo and 1 <1y <ry < oco. Then, for any real number s, the

1 1
. SN - — =
s . . . - (m P2 )
space B, . s continuously embedded in By, r, .

2) Let 1 < p < oo. Then, 3151 is continuously embedded in (Co (R™), ||-|| ) the space of continuous
functions vanishing at infinity.

Proposition 1.3.5. For all1 <p,r < oo and s € R,
B;’T X B;fT, = R,
(u,v) — Z <Aju, Ajv> , (1.3.2)
J

where Aj == A; 1 + Aj + Ay, d.eﬁnes a continuous bilinear functional on B;)T X B;fr,. Denote by
Q" the set of functions ¢ € SNB,,°. such that HQS”B,}S.,-/ <1. Ifu€S,, then we have

\T

”uHB; N 5 sup <u7 ¢>S’><S :
TeQ,

Proposition 1.3.6. Let us consider 1 < p,r < oo and s € R. Furthermore, let u € Bs  wve B;f,,,

p,'l"’
and p € LN M (B;T) nM (B_S ) Then, we have that

7ot
p,T

(o) = 3~ (A(pu). Byv) = 37 (A, By(pv) ) = (. pv). (13.3)

The proof of Proposition 1.3.6 follows from a density argument. Relation (1.3.3) clearly holds for
functions from the Schwartz class: then we may write

/ puv = (pu,v) = (u, pv) .
The condition 1 < p,r < oo and s € R ensures that v and v may be approximated by Schwartz

functions.
An important feature of Besov spaces with negative index of regularity is the following:
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Proposition 1.3.7. Let s <0 and 1 < p,r < co. Let u be a distribution in S;. Then, u belongs to

By, . if and only if

-

Moreover, there exists a constant C' depending only on the dimension n such that:

1
<C (1 + ) [l
() sl

The next proposition tells us how certain multipliers act on Besov spaces.

Sju‘ e (z).

LP)jeZ

C-lsl+1 ||UHB;)T < H (st

$jul

LP)J'GZ

s A
BPVV‘

Proposition 1.3.8. Let us consider A a smooth function on R™\{0} which is homogeneous of degree

m. Then, for any (s,p,r) € Rx[1, 00]2 such that

n n
s—m< —ors—m=—andr=1
p p

the operator* A (D) maps Bfm. continuously into B;;.m.

The next proposition describes how smooth functions act on homogeneous Besov spaces.

Proposition 1.3.9. Let f be a smooth function on R which vanishes at 0. Let us consider (s,p,r) €

Rx [1,00]* such that

O<s<ﬁors=ﬁandr:1.
p p

Then for any real-valued function u € B;ﬁ,, N L, the function fou € B;’T N L*> and we have

I[f © ul

5y, < C () lulls,

Remark 1.3.1. The constant C (f’,||u||;~) appearing above can be taken to be

sup Hf(i)
i€1,[s]+1

Lo (| [=Mllull oo ;= M]|ull oo ] )

where M is a constant depending only on the dimension n.

1.3.1 Commutator and product estimates

Next, we want to see how the product acts in Besov spaces. The Bony decomposition, introduced in
[24] offers a mathematical framework to obtain estimates of the product of two distributions, when the

later is defined.

Definition 1.3.1. Given two tempered distributions u,v € S}, the homogeneous paraproduct of v by

u 1s defined as:
Tu’U = Z ijluAj’U.
jez
The homogeneous remainder of u and v is defined by:
R (u,v) = Z AjuA;v
jez

where ) . ) .
A; =A; 1+ A+ A

2AD)w = F~ 1 (AFw)
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Remark 1.3.2. Notice that at a formal level, one has the following decomposition of the product of
two (sufficiently well-behaved) distributions:

ww = Ty + Tyu + R (u,v) = Tyv + T'u.
The next result describes how the paraproduct and remainder behave.
Proposition 1.3.10. 1) Assume that (s, p,p1, ps,7) € Rx [1,00]" such that:
1 1 1
—= =4 —, s<Zors=" andr=1.
p P11 P2 p p

Then, the paraproduct maps LP* X B;w, into B;T and the following estimates hold true:

7o .. <17 Nl
B; ..

o .
Bz)zm

2) Assume that (s,p,p1,p2,7,71,72) € RX [1,00]6 and v > 0 such that
1 1 1 1 1 1
+

p p op2r T T

and n n
s<——vors=——vandr=1.
p p
Then, the paraproduct maps Bp’l‘jn X B;;;fz into B;,r and the following estimate holds true:
g < - oty
7], %10, Do,

8) Let us consider (s1,82.p,p1,P2,7,71,72) € R% X [1,00}6 such that

n n
0<s1+8<—o0rs;+so=—andr=1.
p p
Then, the remainder maps Bst  x B%2_ into B;}TJF” and

p1,T1 P2,T2

Je0s.0),

< £z, llgl

s1+s2 P17 Bigﬂ‘z ’
o
As a consequence we obtain the following product rules in Besov space:
Proposition 1.3.11. Consider p € [1,00] and the real numbers vy > 0 and v > 0
n . [nn
v+ < +m1n{,/}.
p p P
Then, the following estimate holds true:

< it _py .
18053 -o1-0n S 151 3o gl

P
p,1

Proposition 1.3.12. Assume that s,v and p € [1,00] are such that

n . [n n n
0§V§und—1—m1n{,,}<sg—y.
p pp p

Then, there exists a constant C depending only on s,v,p and n such that for all | € 1,n we have for

(Cj)jez

some sequence (¢;) e, with

e

Jox [o. 8] ], < Ces2se 19l o
e Bp’fl

Ss+v
BPJ

for all j € Z.
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For a proof of the above results we refer the reader to the Appendix of [46], Lemma A.5. and
Lemma A.6.

Proposition 1.3.13. Consider a homogeneous function A : R™"\{0} — R of degree 0. Let us consider
seR, 0<v <1 andp,r,r,re € [1,00] such that

1 1 1
- = — 4+ —
T T1 )

and

s<ﬁ—yors:ﬁ—uandr2:1. (1.3.6)
p p

Moreover, assume that w € B;J;;’ and that a € L*° with Va € Bo’o’jﬁ. Then, the following estimate
holds true:

|i4(D) Zuluw

S IVall gz, llwl

Hs4+1 Y
BPu"‘

Byt (1.3.7)

As this result is of great importance in the analysis of the pressure term, we present a sketched
proof below (see also [11], Chapter 2, Lemma 2.99)

Proof. The fact that a € L> along with relation (1.3.6) guarantees that A (D)w € B;;t” and that

the paraproducts T,w and T,A (D)w are well-defined. We observe that there exists a function @
supported in some annulus which equals 1 on the support of ¢ such that one may write (of course it
is here that we use the homogeneity of A):

[A(D), TuJw =3 [(A2)(277D), & 1a] Ajuw.

J
But according to Lemma 1.2.1 we have

9i(s+1) H [(A@)(z—jD),Sj_la} Ajw‘

< 9~V
e ™

ng_la" 2j(s+u)

A

L LP.

The last relation obviously implies (1.3.7). O

As a consequence of the above proposition and Proposition 1.3.10 we get the following:

Proposition 1.3.14. Let us consider a homogeneous function A : R"\{0} — R of degree 0, s € R,
0<v<1andp,rmry,ry €[l,o0] such that

and

—1—min{n,n/}<s<n—uors:n—uandr:r2:1. (1.3.8)
p p p

assume that w € Bt and that a € L with Va € Bp;;lu Then, the following estimate hold true:

p,r2

I14(D), aJw] g 5 IVall s
p,T1

w||3;;ﬁ.; :
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1.4 Properties of Lagrangian coordinates

The following results are gathered from papers [46] respectively [49]. More precisely, a proof of Propo-
sitions 1.4.1, 1.4.2, the estimate (1.4.15) of Proposition 1.4.4 respectively the estimate (1.4.20) of
Proposition 1.4.5, can be found in [46], pages 782 — 786. Propositions 1.4.4 and 1.4.5 can be found in
the Appendix of [49]. Proposition 1.4.3 is inspired from [49].

Proposition 1.4.1. Let X be a globally defined bi-lipschitz diffeomorphism of R® and 7% <s<

Then a — ao X is a self map over B, ; whenever

3
.

1) s€(0,1);
2) s> 1 and (DX —Id) € B?,.

The following result interferes in a crucial manner in the proof of the well-posedness result for the
inhomogeneous incompressible Navier-Stokes system.

Proposition 1.4.2. Let m be a C! scalar function over R® and u € R® a C! vector field. Let X
be a C1 diffeomorphism and we denote by J := det (DX). Suppose that J > 0. Then, the following
relations hold true:

(Vm) o X = J~ ! div (adj(DX)m o X), (1.4.1)
(divu) o X = JHdiv (adj(DX)uo X). (1.4.2)

Corollary 1.4.1. Let m be a C' scalar function over R® and u € R? be a C' vector field. Let X be a
C! diffeomorphism and J := det (DX). Suppose that J > 0. Then, we have that

J~1div (adj(DX)u) = Du : (DX) ™", (1.4.3)
J~1div (adj(DX)m) = [(DX)—I}T V. (1.4.4)

Proof. In order to ease reading we denote by F|, := I’ (x). Writing u as uo X o X!, using the chain
rule and Einstein convention over repeated index we write that

(diva), = O(u’ 0 X) x 12O (X’l)\kz

=D (uoX)x-1(p: D(X7Y),

=D (uoX)x 14 (DX) X1

and thus, we get that
(divu)o X =D (uo X): (DX)™". (1.4.5)

Thus, using (1.4.2) and (1.4.5) we get that:
J1div (adj(DX)u) = J ' div (adj(DX)uo X ' o X) = (divuo X ') o X
=D(uoX 'oX):(DX) ' =Du:(DX) .
In a similar manner we prove (1.4.4). O

For any v a time dependent vector field we set:
t
X;(t,x)==x +/ v (7, x)dr (1.4.6)
0

and we denote
Ay = (DX5) . (1.4.7)

It is crucial to know (in order to pass back in Eulerian coordinates, for instance) when X is a global
diffeomorphism. In order to achieve this, we will use the following theorem due to Hadamard
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Theorem 1.4.2 (Hadamard). Let X : R® — R" a function of class Ct. Then, the following affirma-
tion are equivalent:

1) X is a local diffeomorphism and limg_, o | X (x)| = oco.

2) X is a global C*-diffeomorphism over R™.

For a proof of this result one can consult for instance [66].

.3 .3
Proposition 1.4.3. Let us consider v € Cy([0,77], B}, 1) with 9,0, V*v € Li(B,, 1). Then, there
ezists a positive « such that if
||V’U|| 3 < a, (1.4.8)
Ly(Bp,)

then, for any t € [0,T], X;(t,-) introduced in (1.4.6) is a global C'-diffeomorphism over R® and
det (DX3) > 0. Moreover, if
div (adj(DX,)7) = 0 (1.4.9)

then, X3 is measure preserving i.e.
det DXz = 1. (1.4.10)

Proof. Differentiating X5, we obtain
t
DX5(t,) = Id+/ Do (r
0

.3
and because of the embedding of B} into the space of continuous functions, see Proposition 1.3.4, we
conclude that X3 € C* ([0,7] x R?). We observe that

D04~ Fall ey < [ 199l

<C|Vo| 2 <aC
Li(Byy)

thus choosing « sufficiently small ensures that X (¢,-) is a local C!-diffeomorphism over R®. The
second condition of Hadamard’s Theorem is verified in the following lines. Using the triangle inequality

we get that:
X (t,2)| = la| - /|vm|df>|x\ [ 126G i

> 2| - C ||v | 2 dr
1-7
P

> |a| = C\f\lvll

3
5 P
p

The conclusion is that Xj (¢, -) is a global Cl—diffeomorphism over R3. Let us denote J; := det DX #
0. Using Jacobi’s formula we get that

¢
Jo(ta) =1+ / tr (D3(r, ) adj (DX5) (. 7)) dr-
0
Recall that according to [49], Lemma A.4. we may write
¢ ¢
Id — adj (DX,) = / (Do — divold)dr + P < / Dl_}dT)
0 0

where the coefficients of the matrix P, : M,, (R) — M, (R) are at least quadratic polynomial functions

of degree n — 1. Using this identity combined with the embedding L> — B pl and the smallness
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condition (1.4.8) we get that J; > 0. In order to prove the second part of the proposition, let us

denote by
v(t,x) " v (t, X, (t2)).

Using relation (1.4.9) combined with (1.4.2) we get that
0= J,; " div(adj(DX5)v) = div (0 X; ) 0 X5

which implies that
dive = div (00 X; ') = 0.

Since X can be viewed as being the flow of v, using Jacobi’s formula we can conclude the validity of

(1.4.10). Indeed, we have that
t t
X,;(t,a:)—x—i—/ v (T, x)dT—Q?—&—/E(T,X51(77X@(T,m)))dr
0 0
t
=z+ / v (1, X5 (1, 2)) dr.
0

Then, Jacobi’s formula implies that

da@Xﬁ@mzam([mww@XMﬂmozL

O

.3 .3
Proposition 1.4.4. Let us consider v € Cy([0,T], B}, 1) with 0,0, V*0 € Lyp(B), 1) satisfying the
smallness condition (4.2.8). Let Xy be defined by (1.4.6) and J; = det DX, Then for all t € [0,T] :

Hd = Az @) s SV

Ll(Bpl)

S Vel
Ll(B”l)

Vo) s, if p <6,
BP

p,1

|1d - adj(DX.)

A

In order to establish stability estimates we use the following

.3_ .2
Proposition 1.4.5. Let 1,92 € Cp([0,7], B, 1) with 0,01, 0402, V201, V20, € LlT(B;

satisfying the smallness condition (1.4.8) and 6v = vo — v1. Then we have:

A@ —Af, 3 < Vév

e = Al 3 SIO0I, s
2 Slveell

LF (B 1) (Bpl)

7 (B
ladj(DX5,) — adj(D X, )|

10 adj(D X5, ) — Oy adj(D X, )] | s : S ||V5v||

.3
BF)
T pl p,1

|@mm&w@mw&my

175 (8 = o, 0]

3
P
B,y

3, §||V5@|| ERR if p<ob,
Pl ) ( pl )
S ||V5v||

3
(BJ1)
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