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1. Introduction

On June the 5th, 1995, the team led by Eric Cornell and Carl Wieman produced for the
first time a Bose-Einstein condensate (BEC). Using the cooling laser techniques developed
in the previous years, [27, 29, 143], they cooled down a dilute ensemble of Rb atoms to
the quantum degeneracy via evaporative cooling. Slightly later, the team led by Wolfgang
Ketterle obtained a condensate of Na atoms. Their discovery, awarded with the Nobel
Prize in 2001 [31, 85], gave birth to a new research field, at the crossing point of atomic
physics, condensed matter and quantum optics called Quantum gases.

The theoretical prediction of BEC condensation dates back to the works [21, 39] by
Einstein and Bose. We know from quantum mechanics that the particle-wave duality
becomes more and more visible as we lower the temperature. In a system of particles
(bosons) at temperature T, we can define for each particle the De Broglie wavelength
λdB ∝ T−1�2, describing the size of the wave associated to each particle. Lowering the
temperature, λdB increases and will eventually become comparable to the average inter-
particle distance ∝ n−1�3. While fermions tend to avoid each other (Pauli principle),
bosons tend to gather into a single state [105]: this phenomenon is BEC.

The Bose-Einstein condensate represents an interesting system by itself. Its phase
coherence properties were proofed by making two BEC interfere, [5] and by measuring
its long range coherence, [18]. The superfluid nature of the BEC was proofed by the
observation of quantised vortices, [110, 108, 1] and of superfluid flow, [150]. An "atom
laser" was built from a BEC, exploiting the wave nature of this state of matter, [19, 60].
At the same time, the techniques used for producing BEC were extended to fermions,
obtaining the first ultracold degenerate Fermi gas [38].

Dilute systems are characterised by weak interactions, but Feshbach resonances, ob-
served from the early years [72], can be used to change the interaction strength and to
switch from repulsive to attractive interactions and vice-versa. Feshbach resonances were
also used to produce molecules in Fermi gases to observe the crossover from a BEC of
weakly bound molecules to a superfluid composed of Coopers pairs [22, 11].
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The first BEC experiments were based on magnetic trapping. A few years later, the
development of optical trapping, [170, 57], allowed a great control over the trap geometry.
Increasing the confinement along one or two directions permitted the study of systems in
lower dimensionality. In 1D traps, the Tonks-Girardeau regime was observed [90, 136]
and in 2D traps, the Berezinskii-Kosterlitz-Thouless transition was observed [59]. More
recently, a text-book model like the box potential was realised, [49].

In the last years, more complicated trapping potentials have been produced. The light
of different laser beams can be made interfere to obtain periodic potentials in 1,2 and 3
dimensions: the optical lattices. Thanks to these potentials different condensed matter
models were studied, as the phase transition between superfluid and Mott insulator phase
[56, 167, 174, 80] and magnetism on a lattice [177]. Disordered potentials were also
produced and quantum localisation phenomena observed [14].

Spinor Bose Gases

Optical trapping provided also a potential independent from the atomic spin. This enabled
the study of multicomponent gases. In condensed matter superfluid 3He, [185] and some
unconventional superconductors with spin-triplet Cooper pairing [127] are examples of
multicomponent quantum fluids. In Bose gases, mixtures composed by different isotopes
of the same atom [135] and by different atomic species [114] have been studied, alongside
with Fermi gases mixtures, [157], and Bose-Fermi gases mixtures, [46, 155].

Degenerate Bose gases with a spin degree of freedom are called spinor gases and consti-
tute another example of multicomponent quantum fluids. The interplay between external
and internal degrees of freedom in these systems gives rise to phenomena unfamiliar from
studies of single-component ("scalar") quantum fluids. The macroscopic occupation of
the ground state allows to distinguish energy levels whose energy difference ✏ is small com-
pared to the system temperature ✏� kBT . This quantum-statistical Bose enhancement,
[169], allows inter-component interactions, which have typical energies ∼ 1nK, to order
the system just below the Bose-Einstein condensation temperature and makes spinor
condensates a good system to study magnetic phases of matter.

Thanks to spin exchange contact interactions between the internal components, spinor
condensates present coherent spin oscillations [104, 194, 25] and parametric spin amplifi-
cation [92]. Moreover, depending on the nature of the spin interaction, ferromagnetic or
antiferromagnetic, the magnetic ordering of the BEC results in different possible magnetic
phases, [169].
Dipolar interactions, thanks to their long range, give an important contribution to the
physics of the system. Dipolar effects are clearly visible in high spin atoms, as chromium,
erbium and dysprosium, where density deformations [98] and instability [97] were observed.
Dipolar gases present also spin relaxation phenomena [43, 137, 126] and anisotropic exci-
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tations [15]. The anisotropy of dipole interactions favours low-energy states characterised
by spin textures [190].

Spinor Gases and Stepwise condensation

Part of this thesis is devoted to the study of the thermodynamics of a spin-123Na gas. In
particular, we study how the magnetic ordering appear in the system as we lower the
temperature and we cross the critical point. Several studies, [188, 79, 40] indicate that
without additional constraints, the Bose-Einstein statistics favours ferromagnetism. In
our system, however, the longitudinal magnetisation is conserved. This has a deep impact
on the thermodynamic phase diagram. From the theoretical point of view the problem
has been already studied in a certain number of ways, [73, 192, 82, 100, 182, 145, 83] and
the generic solution is that BEC occurs first in one specific component, while magnetic
order appears at lower temperatures, when two or more components condense. In the
thesis we will present the observation of multi-step condensation in our condensate of
sodium atoms.

Spin Domains and Phase transition

In the second part of the thesis we present the study of the spin-1 condensate in an
anisotropic trap. In this configuration, the system presents the formation of domains of
spins, [173]. This system was already studied in [173, 117, 171], but the ground state
configuration of the system in a uniform magnetic field has not yet been studied in detail.
The ground state of spin-1 antiferromagnetic Bose gases presents two magnetic phases,
[76]: an antiferromagnetic phase and a transverse magnetised phase. For a system with
spin domains, the phase transition between these two different phases corresponds also to
the transition, respectively, from the miscible to the immiscible regime.
In the thesis we report on the experimental investigation of the ground state of the system
in a uniform magnetic field as well as on the observation of the phase transition. The
measurement of the response to a magnetic field gradient is also presented.
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Thesis Outline

The manuscript is organised as follow:

Chapter 2 is divided in three sections. The first section is a brief introduction to
3D condensates in a harmonic trap. The second section introduces some notions on 1D
condensates, we will focus on the phase fluctuations and the concept of quasi-condensate.
In the third and final section we introduce the spin-1 23Na spinor condensate.

Chapter 3 is focused on the experimental techniques used to trap, cool down and image
our spinor condensate. After a first part devoted to the experimental sequence to obtain
a 3D condensate, we focus on the methods used to manipulate the internal spin degrees
of freedom of the atoms. A description of the analysis method used for the images follows.
The chapter ends with a description of the transfer of the atoms from the 3D to the 1D trap.

Chapter 4 is devoted to the presentation of the article "Stepwise Bose-Einstein Con-
densation in a Spinor Gas", [48], a work performed at the beginning of my thesis and
already described in [47]. We report the article without modifications.

Chapter 5 is divided into two parts. In the first part we discuss the theory that
predicts the ground state of a spin-1 condensate in an anisotropic harmonic trap. In
the second part we present the experimental characterisation of the ground state, the
measured Equation of State of a polarised cloud (all the atoms in the mF = +1 Zeeman
sub-level) and the observed phase transition.

Chapter 6 presents some measurements on the spin-dipole polarisability of the system.

Appendix A contains a theoretical study of the transfer of our condensate from the
3D to the 1D trap.

Appendix B presents the algorithm used to solve the Gross-Pitaevskii equations for a
spin-1 Bose gas in a unidimensional system.



2. Elements of Bose-Einstein

condensation

Bose-Einstein condensation (BEC) is a second order transition observed in Bose gases
defined by the macroscopic occupation of the ground state of the system. The first time
Bose-Einstein condensation was observed, [36, 4], the atoms were trapped in a magnetic
trap. Nowadays optical dipole traps, produced by focused laser beams, are widely used
and enabled the trapping of atoms in different internal states at the same time.
During this thesis work we studied a spin 1 Bose gas of 23Na atoms that we cool down to the
quantum degeneracy in optical dipole traps. Optical dipole traps can be approximated, in
the neighbourhood of their focus, by a harmonic potential. Hence, we limit our discussion
to Bose gases trapped in a potential:

Vext(r) = 1

2
m�!xx

2 + !yy
2 + !zz

2� (2.1)

where m is the mass of a single atom and !i, with i ∈ {x, y, z}, are the harmonic oscillator
frequencies along the three coordinates axis. The versatility of these kinds of traps
allowed us to study the system in two different geometries: in a 3D configuration, where
!x ∼ !y ∼ !z, and in a 1D configuration, where !x ∼ !y � !z.
This chapter presents the basics elements of Bose-Einstein condensation theory in 3D and
1D geometries before focusing on the spin 1 Sodium condensate. The contents introduced
here constitute a minimal theory reference necessary to understand the experiments
performed on spinor BECs reported in this thesis. We refer the reader to some more
general reviews [33, 141, 169].
The content is organised as follow: Section 2.1 and Section 2.2 present the theory of single
component scalar BEC in 3D and 1D harmonic traps, respectively. Section 2.3 describes
the theory of spin-1 spinor condensates.

2.1. The scalar Bose-Einstein condensate in a 3d harmonic

trap

This Section is devoted to a brief presentation of the Bose-Einstein condensation in 3D
harmonic trap. We introduce the T = 0 theory for an ideal Bose gas, before describing
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2.1. The scalar Bose-Einstein condensate in a 3d harmonic trap 8

the effects of interactions and the local density approximation. The T > 0 theory, with
the Bogoliubov and Hartree-Fock approximations follow.

2.1.1. The ideal Bose gas

The ground state wavefunction of the non interacting Bose gas, trapped of a potential
like (2.1), corresponds to the ground state of the 3-dimensional harmonic oscillator:

Ψ =√N �
x, y, z

�� 1

⇡a2
i,ho

��
1

4

exp
�� − x2i

a2
i,ho

�� (2.2)

where

ai,ho =
� �h

m!i

(2.3)

is the harmonic oscillator length. We need a description of the atoms in the excited
states; we do so by adopting a semi-classical approximation [147]. We obtain an analytical
formula for the density of thermal atoms :

nth = 1

λ3th
g3�2(eβ(µ−Vext)) (2.4)

where λth = h�√2⇡mkBT is the thermal wavelength and g3�2 is a polylogarithmic function,

or Bose function of the general form g↵(x) = ∑+∞j=1 xj

j↵
. If we integrate over the entire

system we find that the total number of thermal atoms is

N = ��kBT�h!̄ ��
3

g3(eβµ) (2.5)

where !̄ = (!x !y !z)1�3 is a geometrical average of the three harmonic oscillator frequencies.
The chemical potential µ < 0 is fixed by the condition Ntot = N +N0, where N0 is the
number of atoms in the ground state. At a fixed temperature, if we increase the number
of atoms in the system, µ grows until µ = 0 in (2.5). The Bose function g3(x) reaches at
x = 1 its maximum value and this corresponds to a maximum value for the number of
atoms in the excited states N . Bose functions are not defined for values x > 1, physically
this means that if we add more particles to the system, they will not populate the already
saturated excited states, but they will start to condense in the ground state N0�Ntot ≠ 0.
This saturation of the excited states marks the onset of Bose-Einstein condensation.

2.1.2. The role of interactions

Even when atomic gases are extremely dilute, they are far from ideal gases. Interactions
play very important roles and must be taken into account to predict the experimental
observations [33]. As soon as the condensate forms, the density inside the degenerate
cloud rises significantly such that the interactions become important to quantitatively



9 Elements of Bose-Einstein condensation

describe the system. We introduce here the nature of interatomic interactions relevant
for this work and the formalism to treat them. Furthermore, we discuss the impact of
interactions on the shape of the condensate and of the thermal component.

Ultracold collisions

Ultracold atom systems have very low particle densities on the order 1013 − 1015 cm−3, so
we can describe them as dilute. In this regime, only two-body collisions are important1.
Collisions between two atoms can be modelled as two colliding plane waves, whose
scattering product is expressed as a superposition of partial waves with increasing angular
momentum. Due to the low energies involved, scattering events are treated in the low
energy limit, for which only the components with low angular momentum can overcome
the centrifugal barrier and explore the interaction region. The lowest angular momentum
partial wave l = 0 (denoted historically by letter s) corresponds to spherically symmetric
scattering. s-wave scattering is entirely described by the scattering length a. When a is
positive, interactions are repulsive, vice versa, for negative a, interactions are attractive.
For sodium atoms, a = 54.54aB = 2.89nm, where aB is the Bohr radius, see [93]. For a
complete treatment of elastic collisions in the slow particle limit, we refer the reader to
[99].
Instead of using the real interaction potential, to simplify the calculation one usually
introduces an effective potential with the same scattering length. A widely used choice is
the contact potential introduced by Fermi:

V̂ (r − r′) = 4⇡�h2a
m

δ(r − r′) (2.6)

where δ(r − r′) is the Dirac delta function and where we define the coupling constant:

g = 4⇡�h2a
m

. (2.7)

2.1.3. The mean-field approximation at T = 0

In the following we address the physics of BEC in many-body systems with interactions
modeled by the potential given in (2.6). The many-body Hamiltonian for the interacting
Bose gas in the second quantisation formalism [147] is:

Ĥ = � dr Ψ̂†(r)�� −
�h2∆
2m
+ V̂ext(r)�� Ψ̂(r) + g2 � dr Ψ̂†(r) Ψ̂†(r) Ψ̂(r) Ψ̂(r), (2.8)

where g is the coupling constant defined in (2.7) and Ψ̂(r) is the field annihilation operator
which destroys a particle at position r. The ground state of the system, in principle,

1Inelastic three-body collisions can be identified in sufficiently dense systems since they are usually
associated with atom loss. Given that the densities of our systems are sufficiently low, we neglect
elastic N-body collisions with N > 2.
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has to be computed starting from the Hamiltonian (2.8), but we need to make some
approximation to solve the problem. We adopt a mean-field approximation at T = 0,
for which all the atoms in the ground state share the same single-particle wavefunction.
Minimizing the Gibbs free-energy G = �H�−µN , we obtain the Gross-Pitaevskii equation,
see [147]:

�
� −
�h2∆
2m
+ V̂ext(r) + g�Ψ(r)�2��Ψ(r) = µΨ(r), (2.9)

from which we can compute this wavefunction for the condensed part. If we set g = 0 we
recover the harmonic oscillator (2.2).
We now focus our attention to an approximated solution of (2.9), in the limit of strong
interactions. The Thomas-Fermi approximation then consists in neglecting the kinetic
energy with respect to the interaction energy. The importance of interactions is described
by the dimensionless ratio:

N
a

aho
, (2.10)

that must be much bigger than one for the Thomas-fermi approximation to hold. For
N = 1.6 ⋅ 104 and !z = 2⇡ ⋅ 4Hz the ratio is ∼ 52, hence for our 1D geometry, we can use
this approximation2. In the Thomas-Fermi limit we obtain an analytic solution for the
ground state wavefunction equal to

Ψ(r) =
����µTF

g
�1 − x2

R2
TF,x

−
y2

R2
TF,y

−
z2

R2
TF,z

�, (2.11)

where µTF > Vext(r) and zero elsewhere. The condensate wavefunction is an inverted
parabola with three principal radii

1

2
m!2

iR
2
TF,i = µTF. (2.12)

The Thomas-Fermi chemical potential µTF is fixed by the total number of atoms,

µTF = �h!̄
2

�
�
15Na

aho

�
�

2

5

(2.13)

We introduce also the healing length ⇠int. For a condensate in a box of volume V, see
[147] , this is equal to:

⇠int =
� �h2

2mgn
(2.14)

This is the length scale on which the condensate wavefunction heals from a perturbation.

2For the 3D geometry the atom number remains the same, but the trap frequencies are !̄ = 2⇡ ⋅ 500Hz:
Na�aho ≈ 580, the Thomas-Fermi approximation can still be applied.
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2.1.4. Mean field approximation at T > 0

To extend our T = 0 theory for the condensate to T > 0, we present two approximations:
the Bogoliubov and the Hartree-Fock approximations. The Bogoliubov approximation is
valid only for very low temperatures, when the number of atoms in the condensate N0 is
approximately equal to the total number of atoms in the system; the gas is considered
formed by the condensate plus a bath of non-interacting quasiparticles whose energy
spectrum is modified by the interaction with the condensate atoms. The Hartree-Fock
approximation, on the other side, is valid at higher temperatures, where we have a non
negligible thermal part; it consists in neglecting all correlations between atoms and only
consider the effect of interactions through a mean-field potential.

The Bogoliubov theory

We illustrate here the method, introduced by Bogoliubov in [20], to describe the low-energy
excitations of weakly interacting condensate. We are more interested to define some basic
concepts which we will use later on than to show the reader a way to compute Bogoliubov
excitations for our particular system. Hence we limit ourself to an homogeneous system
of volume V . For a complete discussion about excitations in trapped gases, we refer the
reader to [140].
First of all, we rewrite the Hamiltonian (2.8) in terms of the operators that create and
destroy a particle in momentum states (plane waves). These can be defined from Ψ̂(r) by

âp = 1√
V
� dr e−ip⋅r�

�h Ψ̂(r). (2.15)

If N0 is the number of atoms in the state with p = 0, in the thermodynamic limit, the
action of the two operators âp=0 and â†

p=0 on the state of the condensate is on the order

of
√
N0, much bigger than the commutator between the two operators of order 1. Hence,

we can treat the two operators as c-numbers and approximate them as âp=0 ≈ â†
p=0 ≈

√
N0.

Following the Bogoliubov’s approach, we divide the Hamiltonian in condensed and thermal
part and we consider only terms at least quadratic in âp=0 and â

†
p=0. The linear terms

disappear since the T = 0 state of the system, given by the GP equation, is stable. The
resulting Hamiltonian can be diagonalised introducing the transformation

↵̂p = upâp + v∗−pâ†
−p (2.16)

where up and vp are amplitudes to determine. In the homogeneous case, up and vp are
plane waves and the diagonalised Hamiltonian has the form

ˆHBOG − µN̂ = E0 − µN +�
p≠0

Ep↵̂
†
p↵̂p (2.17)

with E0 the energy of the ground state, n0 = N0�V the density of particles in the zero
momentum state and ✏p = p2�2m the single particle’s energy. The energy Ep, imposing
µ = gn0, is the spectrum of the Bogoliubov’s excitations

Ep =�(✏p)2 + 2✏pn0g (2.18)
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To understand the nature of these excitations we consider the spectrum at high and low
momenta. At low p values p�mcs,where cs = �n0g

m
, the energy is equal to ✏p = csp and

the excitations are phonon-like. At high values of p (p�mcs), instead, the energy ✏p = ✏0p
is equal to the energy of a single free particle. Looking more carefully at the wave vector
�h

mcs
, we notice that it is the inverse of the healing length defined in (2.14). So the healing

length is also the length associated with the wavevector below which the spectrum is
phonon-like and above which it becomes free particle-like.
Since the Bogoliubov theory works at T > 0, we can use it to find the non-condensed
density:

nnc = 1

V
�
p≠0
�â†

pâp� = 1

V
�
p≠0
�vp�2 + 1

V
�
p≠0
(�up�2 + �vp�2) 1

eEp − 1
(2.19)

where the first term accounts for the quantum depletion of the condensate3, and the
second for the thermal depletion; we call the latter nth. The Bogoliubov amplitudes are
given by

�up�2 = 1

2

�
�
✏p + gn0
Ep

+ 1��, �vp�2 = 1

2

�
�
✏p + gn0
Ep

− 1
�
� (2.20)

where we set µ = gn0. The thermal part of the non-condensed density can thus be written
as

nth = 1

(2⇡)3 � dp
✏p + gn0
Ep

1

eEp − 1
= 1

λ3
th

fBog
�
�↵ = µ

kBT

�
� (2.21)

where

fBog
�
�↵ = µ

kBT

�
� = 4√

⇡
�
+∞

0
dx

x(x2 + ↵)√
x2 + 2↵

1

ex
√
x2+2↵ − 1

(2.22)

where we introduced x = p�th. In the Bogoliubov approximation, we consider the non-
condensed gas to be dilute enough to treat the excitations as an ideal gas.

The Hartree-Fock theory

The Hartree-Fock (HF) approximation was first applied to the study of trapped Bose gas
by [54, 68]; it consists in considering only the average effect of interactions, neglecting all
correlations. Also in this case we limit the discussion to a Bose gas trapped in a box of
volume V . Replacing in the Hamiltonian (2.8), the Fourier components of the density
operators, (2.15), by their thermal averages, the Hamiltonian is given by

ˆHHF − µN̂ = E0 − µN +�
p≠0
(✏p − µ + 2gn)â†

pâp. (2.23)

From the Hamiltonian, we can derive a formula for the density of thermal atoms

nth = 1

λ3th
g3�2(eβ(µ−2gn)) (2.24)

3We neglect it, since it is usually less than 10−2.
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where the chemical potential µ = 2gn − gn0. Eq. (2.24) must be solved self-consistently
for n.
The Bogoliubov and the Hartree-Fock approximations give the same results in the regime
T � gn0. Looking at the Bogoliubov spectrum, this corresponds to the limit where the
spectrum is dominated by single particle excitations. The difference between the two
approximations arise at low temperatures, where the Bogoliubov spectrum is gapless
(✏p → 0 when p→ 0) and the Hartree-Fock spectrum has a gap, ✏p → gn0 when p→ 0. In
3D, this difference can be neglected as long as T � µ.
Considering a quasi-condensate in a elongated harmonic trap, see Section 2.2, if the cloud
temperature and chemical potential are of the order of the radial trapping potential, the
Hartree-Fock approach fails due to the correlations in position that are not taken into
account in the model. These correlations reduce the density fluctuations and allow the
formation of a quasi-condensate, see [180].

The semi-ideal model

The extension of the two approximations discussed above to the case of a trapped Bose
gas can be done easily thanks to the local density approximation. This applies to systems
trapped in a sufficiently smooth potential Vext, so that the density profile n(r) is not
uniform but varies sufficiently slowly in space. We can use the healing length ⇠, given by
(2.14), to divide the systems in cells of size d such that 1�⇠ � d� R. the density in each
cell is then quasi-uniform and we can treat each cell as a quasi-uniform gas with local
chemical potential µloc(r) = µ − Vext.
Here we want to discuss a simple approximation, limit of both the HF and Bogoliubov
theories in the regime where the mean-field due to the thermal component can be neglected.
This is the semi-ideal model, introduced in [124]. It consists in treating the thermal atoms
as a gas of non-interacting particles evolving in an effective potential given by the trap
potential plus the mean-field potential exerted by the condensate Veff = Vext + 2gn0. In
this limit the thermal part can be written as:

nth = 1

λ3th
g3�2(e−β�Vext(r)−µ�), (2.25)

where no self-consistent calculation is needed, but we only need to solve for µ.
In Chapter 3 we use these different models to obtain the temperature and the condensed
fraction of the condensate. In Figure 2.1 we show the difference between the Bogoliubov
approximation and the semi-ideal model for a condensate at T = 10nK and µTF = 120Hz.

Phonon-like excitations and Hydrodynamic excitations

When discussing the Bogoliubov theory, we saw that low momentum excitations of the
condensate are phonon-like. If we consider the condensate in the Thomas-Fermi limit
these excitations are well described by the hydrodynamic theory of superfluids in the
collisionless regime at zero temperature, see [33]. This formalism is needed to treat phase
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Figure 2.1.: Density profile of the thermal component in the Bogoliubov (solid black) and
semi-ideal (dashed blue) approximations. The profiles have been calculated
for a condensate at T = 10nK and µTF = 120Hz.

fluctuations in the unidimensional condensate.
We start rewriting the condensate wavefunction as

Ψ = eiφ(r)�n0(r) (2.26)

Introducing (2.26) in the Gross-Pitaevskii equation (2.9), we find the two hydrodynamic
equations:

@

@t
n + �h

m
∇ ⋅ (∇φn) = 0 (2.27)

and �h @
@t
φ + Vext + gn − �h2

2m

∆
√
n√
n
+ �h2
2m
�∇φ�2 = 0 (2.28)

The first equation is the continuity equation, the second one is the generalised Euler’s
equation for a perfect fluid. The fourth left-handed term in (2.28) gives the contribution
of the kinetic energy and it is called quantum pressure term. In the Thomas-Fermi limit4,
we neglect the contribution of this quantum pressure term.
Linearising the two equations we find

@

@t
δn = − �h

m
∇ ⋅ (n0∇φ) (2.29)

�h @
@t
φ = −g δn (2.30)

4The validity of this approximation in the dynamic equations means that, for sufficiently large N , the
restoring force of the collective mode is mostly due to external forces and to the interactions, the
quantum pressure term playing a negligible role (see [176]).
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The link between the density/phase picture of the excitations and the Bogoliubov’s picture
has been discussed in [142]. Writing the field operator Ψ̂(r) as a function of the density
and phase operators

Ψ̂(r) = �n̂(r) ei ˆφ(r), (2.31)

the authors have found that the phase and density operators obey operator equations
similar to (2.27) and (2.28) . They expanded the density and phase operators in the
terms of the Bogoliubov elementary excitations

δn̂(r, t) = �n0(r)�
p

f−p ↵̂pe
−i!pt + h.c. (2.32)

φ̂(r, t) = 1

2i
�
n0(r)�p f+p ↵̂pe

−i!pt + h.c. (2.33)

where the two eigenfunctions can be written as linear combinations of the Bogoliubov
amplitudesf±p = up ± vp and are normalised by the condition

1

2
� �f+p(r)f−∗p (r) + f−p(r)f+∗p (r)� = 1. (2.34)

To complete the link with the hydrodynamic picture of the excitations, it is then possible to
rewrite δn and δφ of equations (2.27) and (2.28) as δnp =√n0f−p and δφp = (1�2i√n0)f+p .
We will use this formalism in the next section to predict the effect of density fluctuations
on the density matrix of the condensate for a anisotropic dipole trap.

2.2. The scalar Bose gas in a 1D harmonic trap

In this section, we focus our attention on scalar Bose gases in 1D traps, see Figure 2.2.
We are interested in anisotropic traps described by the potential

Vext(r⊥, z) = 1

2
m(!2

⊥r
2
⊥ + !2

zz
2) (2.35)

where !z � !⊥.

z

x

y

Figure 2.2.: Schematic of the density distribution of a BEC trapped in a cylindrically
symmetric harmonic potential with !z � !⊥.

By effectively freezing two of the three spatial degrees of freedoms of the atoms moving
inside the potential we engineer a system kinematically equivalent to a 1D system, [141].
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Quantum 1D systems can not Bose-Einstein condense, but they present an occupation of
the low energy excited states called quasi-condensate. Such systems can be described as
composed by different condensates, each one with a well defined phase, but with very
small correlations between the phases of adjacent condensates. In order to discuss BEC
in an anisotropic harmonic potential, we start by discussing the non-interacting 1D Bose
gas and the concept of quasi-condensate. As a second step, we introduce the 3D system
with the anisotropic potential and we define some important quantities, such as the phase
coherence length Lφ and the phase temperature Tφ. Finally, we discuss how we can
experimentally observe these fluctuations with the time of flight techniques (TOF), see
[86].

2.2.1. Bose gases in one dimension

We start by introducing the 1D ideal Bose gas. In the thermodynamic limit, there is no
Bose-Einstein condensation, see [141]. This is due to the fact that density of states is
constant for a single particle in a 1D harmonic potential, so that the number of atoms in
the excited states never saturates. For finite systems, on the other hand, a phenomenon
very similar to BEC is possible. In their works [87] and [184], the authors found that the
population of the excited states saturate below a temperature

Tc,1D ≈ N �h!
kB log(N) (2.36)

where N is the total atom number and ! is the harmonic oscillator frequency of the 1D
harmonic potential.
As in the 3D case, interactions play a major role to describe a"quasi-condensate" gas. In
the 3D geometry, phase and density fluctuations are small and the condensate has a well
defined phase; this is not true for 1D systems, where phase fluctuations are large5, due
to the large occupancy of low energy excited states, [184]. In order to define properly
these concepts, we introduce the density matrix of the system in the second quantisation
formalism:

⇢(r, r′) = �Ψ̂†(r)Ψ̂(r′)� (2.37)

To study phase fluctuations, it is useful to rewrite the field operator (2.31) as a classical
field Ψ = �n0(r)eiφ(r), where density fluctuations are neglected, such that

�
n̂(r) =�

n0(r) + δn̂(r) � �n0(r) and φ is a classical Gaussian random variable, such that
p2

2m
� �φp � 2� = kBT

2
. The density matrix can then be rewritten as

⇢(r, r′) ��n0(r)n0(r′) �ei(φ̂(r′)−φ̂(r))� = �n0(r)n0(r′)e− 1

2
�[φ̂(r′)−φ̂(r)]2�, (2.38)

where we used the fact that φ obeys a Gaussian statistics. The squared difference between
the phase fluctuations can be rewritten using (2.33) and approximating the operator ↵p

5Density fluctuations remain small also in the 1D case, see [140].
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with another Gaussian random variable ↵p such that � �↵p � 2� = (exp(✏p�kBT ) − 1)−1. We
find �(∆φ)2� = �[φ(r) − φ(r′)]2� = 1

4n0(r)�p �f+p(r)�2(2 � �↵p � 2� + 1) (2.39)

The sum in (2.39) is dominated by the low energy excitations with large excitation number,
such that � �↵p � 2� � kBT �✏p.
In the 1D case [140], it is possible to demonstrate that

⇢(z, z′) ≈�n1D(z)n1D(z′) exp
�� − �z − z

′�
Lφ

�� (2.40)

where Lφ = LTφ

T
= n1D

�h2

mkBT
defines a phase temperature such that L > Lφ if T > Tφ . By

lowering the temperature below Tc,1D, defined in (2.36), the phase is not well defined
along the entire system. The density matrix decays on a length scale Lφ smaller than the
condensate size. Therefore we define this state as a "quasi-condensate". Below Tφ, the
phase is almost uniform across the cloud and the two extrema have a well defined phase
relation.

2.2.2. Quasicondensation in 3D anisotropic trap

We discuss now the case of highly anisotropic harmonic traps with potentials given by
(2.35), where !z � !⊥. These configurations are important because they are realised in
our experiments. Figure 2.3 illustrates the different regimes accessible with ultracold
atoms in optical potentials like (2.35). The critical temperature Tc for 3D condensation
and the phase temperature Tφ divide the diagram in three different regions, see [142]:

Tc < Tφ: in this case, as we lower the temperature, the 3D Bose gas condenses in a
Bose-Einstein condensate;

Tc > Tφ: in this second case the Bose gas, at T = Tc exhibits a macroscopic
occupation of the transverse ground state but the phase fluctuations along the z
axis: it is a quasi-condensate. Then, at T = Tφ, the phase fluctuations become
negligible and the gas finally condenses.

The line µ = �h!⊥ separates the regime of 1D condensation from the regime of 3D conden-
sation. For 1D condensation we want to prevent the promotion of atoms from the ground
state to excited states of the harmonic oscillator in the radial direction, therefore it is
necessary that µ� �h!⊥. A true 1D gas can be produced imposing much strict constraints:
kBT � �h!⊥ together with µ� �h!⊥.
The optical dipole trap in our experiment allows us to prepare anisotropic harmonic
oscillator traps with trap frequencies in the following ranges: !z = 2⇡[3 − 6]Hz, !⊥ =
2⇡[250 − 400]Hz and µ = [100, 200]Hz. The green point in Figure 2.3 gives the resulting
position in the diagram: we are at the edge between the 3D and the 1D regimes.
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To describe properly the system, we have to redefine a coupling constant starting from
the 3D one. In [133], the 3D scattering length has been rescaled to obtain an effective 1D
coupling constants g1D = 2�h2a�ma2ho in the case of a BEC in the 1D regime µ� �h!z
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Figure 2.3.: Different regimes for a Bose gas trapped in an anisotropic trap. For high
temperatures the gas is thermal. Cooling down the system, two regimes are
present, defined by the two temperatures Tc and Tφ, respectively, the critical
temperature for a 3D Bose gas and the phase temperature below which
phase fluctuations are negligible. When Tφ > Tc the gas condenses in a 3D
Bose-Einstein condensate. When Tφ < Tc, a quasi-condensate regime region
is present. Cooling a quasi-condensate at T < Tφ, we obtain a Bose-Einstein
condensate. The line which corresponds to µ = �h!⊥ separates the 3D from
the 1D condensation regime. The green dot denotes the regime of the 1D
condensate we study, the blue dot the regime of the 3D condensate.

When we consider a very anisotropic potential like (2.35), with !z � !⊥, the excitations
of the 3D trapped condensate can be divided in: i.) low energy axial excitations, with
✏p < �h!⊥ and ii.) high energy excitations, with ✏p > !⊥. The axial excitations have
wavelengths longer than the condensate radial size R and exhibit a 1D behaviour, so we
expect these excitations to give the main contribution to phase fluctuations6.
In order to compute the spectrum of these excitations and the wavefunctions corresponding
to these modes, we can use the formalism introduced in Subsection 2.1.4, as done in [176]
and [175].

6High energy excitations have wavelengths much smaller than the condensate dimensions. This is why
they exhibit a 3D behaviour and they are not considered in the calculations for the phase fluctuations.
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Solving the hydrodynamic equations for a BEC in a anisotropic harmonic trap, the author
of [176] found the spectrum of these excitations:

✏j = �h!z

�
j(j + 3)�4 (2.41)

with j positive integer and the wavefunctions of these modes

f+j (r) =
����(j + 2)(2j + 3)g n0(r)

4⇡(j + 1)R2L✏j
P
(1,1)
j �x

L
� (2.42)

where P
(1,1)
j � x

L
� are Jacobi polynomials, n0(r) is the Thomas-Fermi distribution, R and

L are the condensate sizes, respectively, along the radial and weak axial directions. These
excitations are the low energy axial excitations whose give the major contribution to
phase fluctuations.
The authors of [142] obtained a correlation very similar to (2.40) and, from the phase

coherence length, they defined the phase temperature Tφ = Lφ

L
T equal to

Tφ = 15(�h!z)2N
32µ

, (2.43)

For our condensate in the 1D trap, considering !z = 4Hz, N = 20000 and a chemical
potential µ = 150Hz, we find a phase temperature Tφ ≈ 50nK. This means that phase
fluctuations can only be neglected by cooling the condensate below temperatures T <
50nK.

2.2.3. Phase Fluctuations in TOF

Phase fluctuations cannot be identified with in situ absorption imaging, [86], but they can
be detected in time of flight as density modulations along the 1D system, more simply:
they resemble fringes perpendicular to the trap weak axis. To discuss this signature of
phase fluctuations, we follow the work of [63].
The authors model the appearance of phase fluctuations as fringes on the condensate
density profile in time of flight. They describe the time evolution of the Bose-Einstein
condensation order parameter as done in [24], with the self-similar solution

 = √n0
b2⊥(t)e

iφ0 , (2.44)

where b2⊥(t) = 1 + !2
⊥t

2 comes7 and φ0 = m
2�h

ḃ⊥
b⊥
r2⊥, r⊥ is the radial coordinate and n0 is

the Thomas-Fermi density profile. Introducing (2.44) in the Gross-Pitaevskii equation
(2.9), the authors of [63] obtain two equations similar to the hydrodynamic equations

7The scaling factor b⊥(t) from the assumption that the global density evolves following n0(⇢�b⊥, t) =
n0(⇢,0)�b2⊥ and that the time of flight consists in abruptly switching off the trapping potential. This
way of describing TOF has been introduced in [24].
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introduced before. Linearising these equations and expanding the phase density operators
in Bogoliubov modes, they find the equation:

�h2δn̈p + ✏2p(t)δnp = 0, (2.45)

where

✏p(t) =
�
✏2p + 2p✏p

b2⊥(t) , (2.46)

is an instantaneous Bogoliubov spectrum (2.18) in time of flight. Looking at the spectrum
we see that, at short time of flight, the dominant excitations have a phononic nature and,
at long time of flight, the excitations are dominated by the single-particle part of the
spectrum.
Solving the problem at expansion times between these two limits, !⊥�!2

x � t� !−1⊥ , the
authors of [63] provided an analytical solution for the evolution of density fluctuations in
TOF:

δnp

n0
(z, t) = 2δφp(z,0)⌧−�!p

!⊥
�2

sin(!pt) (2.47)

where !p = ✏p��h, ⌧ = !⊥t and from which, using @tδnk = −2!kn0δφk, they obtained a
solution also for the phase fluctuations:

φk(z, t) ≈ φk(z,0)⌧−�!k
!⊥
�2

cos(!kt) (2.48)

To give a more intuitive interpretation of how phase fluctuations become visible in TOF,
we can make an analogy with speckle patterns in optics. As we have already pointed out,
a quasi-condensate can be seen as an ensemble of condensates with different uncorrelated
phases; a similar system is the random distribution of the phases for the components
of a laser field diffused by a rough surface. As the interference between the different
components with different phases creates the speckle pattern, the different condensates
with different phases interfere in TOF creating the density fringes we observe in the
condensate density profile.
Averaging (δn�n0)2 over many realisations, the authors of [63] find an approximated
relation for the mean square density fluctuations, at the centre of the trap, as a function
of temperature:

� ��δn(0, t)n0(0, t)
��
2� � T

✏Tφ

�
log ⌧

⇡

��
����

1 +
�

1 + � �h!⊥⌧
µ log ⌧

�2 −√2��. (2.49)

For ⌧ → 0, the mean square density fluctuations tends to �(δn�n0)2�→ 0. For very long
TOF, instead, the density fluctuations become bigger and bigger with �(δn�n0)2�∝√⌧ .
Eq. (2.49) has been proposed for thermometry of 1D gases, [63]. In Figure 2.4 we
plotted the mean square density fluctuations as a function of T �µ for N = 2 ⋅ 104 atoms,
!z = 2⇡ 4Hz and !⊥ = 2⇡ 400Hz.
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Figure 2.4.: Mean square density fluctuations as a function of T �Tφ computed from (2.49)
for N = 2 ⋅ 104 atoms, !z = 2⇡ 4Hz and !⊥ = 2⇡ 400Hz and tTOF = 3ms.

2.3. The spin-1 Bose Gas

Until now, we have discussed condensates with only one internal degree of freedom,
also called scalar condensates. These were the first to be experimentally produced via
evaporation in magnetic traps, [85, 31, 36]. When optical dipole traps became an accessible
technology [170], it became easier to trap atoms with different hyperfine states in the
same trap. This opened the possibility to study systems in which the interactions between
different hyperfine components enrich the panorama. Degenerate Bose gases with a spin
degree of freedom are called spinor condensates and we refer the reader to [84, 169] for a
general exposition of the subject.
We start this section introducing the atomic structure of the Sodium atoms. From their
properties, we construct the spinor Hamiltonian of the system and we find the ground
state of this Hamiltonian based on a mean-field approach.

2.3.1. Hyperfine structure of Na atoms

The fine and hyperfine structures of Na atoms are sketched in Figure 2.5. The fine
structure is the result of the coupling between the electron angular momentum L and
the electron spin S. We note the levels with the usual spectroscopic notation N2S+1LJ ,
where the total angular momentum J = L+S. In Figure 2.5, see [172], we can observe the
ground state and the two first excited states. D1 and D2 are the name of the transitions
between the ground state and the two excited states.
To obtain the hyperfine structure, the interaction between the total angular momentum
J and the nuclear angular momentum I, where I = 3�2 for 23Na, is needed. At low
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Figure 2.5.: Fine and hyperfine structure of the electronic ground state of a Na atom.

magnetic fields, the good quantum number is the total hyperfine angular momentum
F = J + I. As we can see in Figure 2.5, the ground state splits into two states with
F = 1 and F = 2. The hyperfine splitting is ∆Ehfs ≈ 1.77GHz. The excited states
32P1�2 and 32P3�2 split in 2 and 4 hyperfine levels. Each hyperfine levels F can then be
divided in 2F + 1 Zeeman sublevels corresponding to the projection of the total angular
momentum along the quantisation axis. These levels are degenerate for zero magnetic
fields. In our experiment, we trap 23Na atoms in an optical trap in the F = 1 ground
state and we study the system composed by the three Zeeman sublevels mF = −1, 0 and +1.

Optical dipole traps allow us to create the spin-independent potential we use to trap
sodium atoms in the three Zeeman sublevels of F = 1. The red detuned8 light of the laser
induces an electric dipole moment. The interaction between the induced dipole moment
and the electric field creates the trapping potential. In principle the atom polarisability is
a rank-2 tensor that can be decomposed in a sum of three irreducible operators of rank 0,
1 and 2. The three terms produce, respectively, a scalar, a vector and a tensor light-shift,
see [53]. In our case, if we use far red detuned, linear polarised light, only the scalar term
is important and the potential is spin-independent, see [65].

2.3.2. Two-body scattering between Na atoms

We have already introduced interactions in the low energy limit in the first section of
the chapter. The result was the definition of the pseudopotential (2.6) to describe two-

8Dipole trap can be blue detuned. In that case the laser light produce a repulsive potential for the
neutral atoms.
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body scattering. In the case of a spinor condensate, however, we have to consider also
interactions between atoms in different internal degrees of freedom. In our case, we want
to describe the scattering between two 23Na atoms with S = 1.
First of all, the interaction potential is generated from the Coulomb repulsion between the
electrons, so that it is invariant by spin rotations. This is an approximation, since magnetic
dipole-dipole interactions break this symmetry. We neglect this contribution here and we
justify this choice later. Also an applied magnetic field break the rotational symmetry,
but the longitudinal spin projection Sz along the field direction is still conserved.
When two atoms with S = 1 collide, they combine their angular momenta in a total
angular momentum S = 0, 1 or 2 with mS = −S, . . . , S. Due to the rotational symmetry in
angular momentum space, S is conserved during the collision. Therefore, we define a new
interaction potential

V̂ (r, r′) = δ(r − r′)⊗�
S

gSP̂S (2.50)

where gS = 4⇡�h2aS
m

is the analogue of (2.7) for the S scattering channel and P̂S =
∑mS

�S,mS� �S,mS � is the projection operator on the subspace with total angular mo-
mentum S.
We are discussing scattering events in the s-wave limit, hence the spatial part of the
wave function is symmetric. The 23Na atoms are bosons, therefore, also the spin part of
the wave function must be symmetric. This means that only the S = 0 and 2 collisional
channels are allowed. Thanks to the following two relations9:

1 = P̂0 + P̂2 (2.51)

Ŝ1 ⋅ Ŝ2 = P̂2 − 2P̂0 (2.52)

we can rewrite the potential (2.50) in the form

V̂ (r, r′) = δ(r − r′) @
@r
r ⊗ (ḡ 1 + gsŜ1 ⋅ Ŝ2) (2.53)

where there are two new coupling constant for the spin dependent and spin independent
interactions:

ḡ = gS=0 + 2gS=2
3

, (2.54)

gs = gS=2 − gS=0
2

, (2.55)

The scattering lengths for sodium atoms were measured in [93] combining Feshbach
resonances and coupled-channels calculations. The authors found

ā = 2.8nm, (2.56)

as = 98pm, (2.57)

9The second relation can be derived using the expression of the total spin of the pair: (S1 + S2)2 =
S
2
1 + S2

2 + S1 ⋅ S2 = ∑S S(S + 1)P̂S = 6P̂2.
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The positive sign of as means that the atoms minimise their energy anti-aligning their
spins. Therefore, the 23Na Bose gas exhibits an antiferromagnetic behaviour.
The ratio between the spin independent and spin dependent interaction is small:

as

ā
≈ 0.036. (2.58)

It is interesting to give also the ratio between magnetic dipole-dipole and spin dependent
interactions. Considering two magnetic dipoles µ1 and µ2, the interaction energy between
two permanent dipoles is equal to

Udd = µ0

4⇡r3

������(µ1 ⋅µ2) − 3

r2
(µ1 ⋅ r)(µ2 ⋅ r)

������ (2.59)

where µ0 is the vacuum permeability and, for atomic magnetic dipoles, we can write
µi = µBgjJi, where gj is the Landé factor and Ji is the total angular momentum. Therefore,
for a polarised cloud with � �S� � = 1, the ratio between spin and dipole-dipole interactions
is

gdd

gs
≈ µ0µ

2
Bm

16⇡�h2as ≈ 0.075 (2.60)

From (2.60) it is clear that spin dependent interactions are much stronger than dipole-
dipole interactions for 23Na atoms therefore we are allowed to neglect them. This
approximation is not valid for atomic species with much higher magnetic moment as, for
example, Chromium [178, 16], Dysprosium [97] and Erbium [2].

2.3.3. The Zeeman shift

With interaction energy, another important energy scale for the system is provided by
the magnetic field. Atoms are sensible to the application of an external magnetic field. In
particular, 23Na atoms have a magnetic dipole µ ≈ µB�2. In the limit µBB�∆Ehfs � 1,
where the total angular momentum F is a good quantum number, the effect of an external
magnetic field on a single atom can be obtained via an expansion of the Breit-Rabi
formula, see [172],

Ĥ(1)mag(F,mF ) = (−1)F mFµBB

2
+ (−1)F (µBB)2

4∆Ehfs

�1 − m2
F

4
� + . . . (2.61)

where ∆Ehfs is the hyperfine energy splitting. The first term of (2.61) is the linear
Zeeman energy; as we can see in Figure 2.6, it shifts the mF = +1 and mF = −1 levels,
with respect to the mF = 0 one, by +p and −p, respectively, where

p = µBB
2
≈ h ⋅ 696 KHz

G
⋅B (2.62)

The second term is the quadratic Zeeman energy, see Figure 2.6; it shifts both the mF = +1
and the mF = −1 levels, with respect to the mF = 0 one, by +q, where

q = (µBB)2
4∆Ehfs

≈ h ⋅ 277Hz

G2
⋅B2. (2.63)
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+p

−p

(a) Linear Zeeman shift

+q

(b) Quadratic Zeeman shift

Figure 2.6.: Effect of an external applied magnetic field on the Zeeman sub-levels of the
F = 1 state of a 23Na atom.

2.3.4. The Spinor Many-body Hamiltonian

The potential defined in (2.53) can be used to write the interaction many-body Hamiltonian
for a systems of spin 1 bosons, see [169]:

Ĥint = ḡ

2
� dr n̂(r)2 + gs

2
� dr Ŝ2 (2.64)

where n̂(r) is the number operator and Ŝ = (Ŝx, Ŝy, Ŝz) is the spin density operator. Using
the explicit expressions for the three spin density operators

Ŝx = 1√
2
�Ψ̂†
+1Ψ̂0 + Ψ̂†

−1Ψ̂0 + h.c.� (2.65)

Ŝy = 1√
2
� − iΨ̂†

+1Ψ̂0 + iΨ̂†
−1Ψ̂0 + h.c.� (2.66)

Ŝz = Ψ̂†
+1Ψ̂+1 − Ψ̂

†
−1Ψ̂−1 (2.67)

and after some algebra, we can rewrite the interaction Hamiltonian as

Ĥint = � dr

������
ḡ + gs
2

Ψ̂
†
+1Ψ̂

†
+1Ψ̂+1Ψ̂+1 + ḡ2 Ψ̂

†
0Ψ̂

†
0Ψ̂0Ψ̂0 + ḡ + gs

2
Ψ̂

†
−1Ψ̂

†
−1Ψ̂−1Ψ̂−1

+ (ḡ + gs)
2

Ψ̂
†
+1Ψ̂

†
0Ψ̂+1Ψ̂0 + (ḡ + gs)

2
Ψ̂

†
−1Ψ̂

†
0Ψ̂−1Ψ̂0 + (ḡ − gs)

2
Ψ̂

†
1Ψ̂

†
−1Ψ̂1Ψ̂−1

+ gs �Ψ̂†
+1Ψ̂

†
−1Ψ̂0Ψ̂0 + Ψ̂†

0Ψ̂
†
0Ψ̂+1Ψ̂−1�

������
(2.68)
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The first two lines of (2.68) give an energy shift due to the elastic collisions. The third line
describes the only spin-flip collision allowed in the system. As we can see in Figure 2.7,
two atoms in the Zeeman sub-levels mF = +1 and mF = −1 collide and come out as
two atoms in the Zeeman sub-level mF = 0. Since the Hamiltonian, by construction,
is invariant over rotation in the angular momentum space, the projection of Ŝ along
the quantisation axis must be conserved. This conserved quantity is the longitudinal
magnetisation of the system

Mz = � dr Ŝz(r) = N+1 −N−1 (2.69)

Until now we have considered only interactions. The term of the many-body Hamiltonian
corresponding to the magnetic field effect , using p and q, can be rewritten as:

Ĥmag = pŜz − q�N̂0 + 3N̂� (2.70)

+1

−1

0

0

Figure 2.7.: Inelastic collision permitted for a system of spin 1 bosons. Two atoms, in the
Zeeman states mF = +1 and mF = −1 become two atoms in mF = 0. Since
the Hamiltonian of the system is invariant over rotation in the total spin
state, the projection of the total angular momentum along the quantisation
axis, Mz = N+1 −N−1, must be conserved in the scattering process.

2.3.5. Spinor BEC in the single spatial mode

We can now write the entire total many-body Hamiltonian Ĥtot = Ĥsp + Ĥint + Ĥmag,
where Ĥint comes from (2.68), Ĥmag from (2.61) and

Ĥsp =�
i
� dr Ψ̂

†
i(r)
������ −
�h2∆
2m
+ V̂ext(r)

������Ψ̂i(r) (2.71)

In this section, we want to find its ground state making a mean-field approxima-
tion. This consists in choosing for all the atoms the same single-particle state φ(r) =
�φ+1(r),φ0(r),φ−1(r)�. The mth component φm(r) of φ(r), is the condensate wave

function of the spin component m. The many-body state of the system with all the atoms
occupying the state φ can then be written as

�Ψ�N = 1√
N !
�a†

φ
�N �0� (2.72)
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Table 2.1.: Coupling constants for the possible interactions between neutral atoms in the
F = 1 manifold defined from the Hamiltonian (2.68).

2 ⋅ gAB mF = +1 mF = 0 mF = −1
mF = +1 ḡ + gs ḡ + gs ḡ − gs
mF = 0 ḡ + gs ḡ ḡ + gs
mF = −1 ḡ − gs ḡ + gs ḡ + gs

To find the ground state of the Hamiltonian, we use the many-body state to compute the
expectation value of G = �Htot� − µN . Minimising the resulting functionals over the φm’s,
we obtain the three Gross-Pitaevskii equations for the three components wave functions
φm(r):

i�h @

@t
φ+1 = �� −

�h2
2m

∆ + Vext(r) + p��φ+1 + ��ḡ⇢ + gs�⇢0 + ⇢z���φ+1 + gsNφ2
0φ
∗
−1 (2.73)

i�h @

@t
φ0 = �� −

�h2
2m

∆ + Vext(r) − q��φ0 + ��ḡ⇢ + gs�⇢+1 + ⇢−1���φ0 + 2gsNφ+1φ−1φ
∗
0 (2.74)

i�h @

@t
φ−1 = �� −

�h2
2m

∆ + Vext(r) − p��φ−1 + ��ḡ⇢ + gs�⇢0 − ⇢z���φ−1 + gsNφ2
0φ
∗
+1 (2.75)

where ⇢m(r) = �φm(r)�2 is the density of the spin component m and ⇢z = ⇢+1 − ⇢−1 is the
magnetisation density.

Another level of approximation, that is valid for our condensate in the 3D configuration,
is based on the decoupling of the spatial and of the spin degrees of freedom by imposing,
for the three components, the same spatial wave function. At first, we look at the
miscibility and immiscibility of the different components of the spinor condensate. This
will naturally bring us to introduce the Single Mode Approximation (SMA), which consists
in the decoupling just described above.

Miscible and immiscible mixtures

Following the argument introduced in [168], we consider a mixture of two components in
a box of volume V at T = 0. For simplicity, we restrict ourselves to a mixture of mF = +1
and mF = 0. Considering only the interaction energy of the condensed mixture,

E = 1

2
�n2

0 g0 + n2
+1 g+1 + 2n0n+1 g0,+1�, (2.76)

where the coupling constants for the different interactions are defined from the Hamiltonian
(2.68), see Table 2.1. To understand if the two components overlap or if they phase separate,
we have to compare the energies of the two configurations. We follow the work [6]. We
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consider the two components to have the same number of atoms N. The two energies are:

Eo = N2

2V
�g0 + g+1 + 2g0,+1�, (2.77)

for the overlapped case, and

Eps = N2

2
� g0
V0
+ g+1
V+1
�, (2.78)

for the phase separated case. In the latter case, the two volumes V0 and V+1 are defined
minimising the energy Eps by varying V0 with V+1 = V − V0. This corresponds to have
equal pressure in the two phases:

g0
��NV0
��
2 = g+1�� NV+1

��
2

, (2.79)

so that they can be rewritten as

V0 = √
g0g+1

g+1 +√g0g+1V and V+1 = g+1

g+1 +√g0g+1V. (2.80)

The energy for the phase separated case takes the form

Eps = N2

2V
�g0 + g+1 + 2√g0g+1�, (2.81)

Comparing E0 and Eps, we find that the two components mF = +1 and mF = 0 phase
separate if

g0,+1 >√g0 g+1. (2.82)

For Sodium atoms, from Table 2.1, ḡ + gs > �ḡ(ḡ + gs): the condition is true and the
components phase separate. Considering the different mixtures we can produce with the
three components, we see that the mF = +1 and mF = −1 components are miscible and
the mF = 0 component is not miscible with the other two.

The Single Mode Approximation

As we have just seen, the different components of the condensate separate and form
domains in a trap. We focus now our attention on the 3D geometry; the 1D geometry is
treated in details in Chapter 4. Making an analogy with the healing length (2.14), we
can define the spin healing length

⇠s =
� �h2

2mgsn
(2.83)

This is the length over which the spin wave function recover from a perturbation. If our
condensate size is much smaller than this characteristic length ⇠s, it is not energetically
favourable to form spin domains that would cost a tremendous amount of kinetic energy
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∼ �h2

md2
� µ with d the domain size. Therefore, for atom clouds small enough, we can

consider the three Zeeman components to have the same spatial wave function: this
approximation is called Single Mode approximation (SMA).
In the Thomas-Fermi regime, the condensate size R is given by (2.12), so the condition
for the validity of SMA R� ⇠s, can be written as

µ�h! �
�

ḡ

gs
or gsn�

�
gs

ḡ
�h! (2.84)

In the case of µ ∼ �h! the condensate size is R ∼� �h
m!

and from the condition R� ⇠s we
obtain

gsn� �h! (2.85)

These expressions set an upper limit on the number of atoms for the SMA approximation
to hold. As we will see in Chapter 5, this condition can be valid along some trap axes
and fails along others. For our system in the 3D trap, where densities are on the order
n = 1014 cm−3, the spin healing length ⇠s ∼ 1µm, which is of the same order of the
condensate length. Therefore, the SMA is a good approximation for our 3D system. For
a more involved discussion about the validity of this approximation in our system, we
refer the reader to [32]. In Figure 2.8, we can see an image of the three components after
time of flight in a magnetic field gradient. The profiles, obtained integrating the optical
density along a CCD axis, can be nicely fitted by three Thomas-Fermi distributions with
the same radii.
Introducing the SMA approximation, we write the condensate wave function as

�φ(r)� = φ(r)⊗ �⇠� (2.86)

where the spatial wave function φ(r) is frozen and can be used to minimise G = �H�−µN ,
where we consider only the Hamiltonian Hsp plus the first term of the interaction
Hamiltonian (2.64) to obtain the Gross-Pitaesvkii equation

�
� −
�h2
2m

∆ + Vext(r) + ḡN �φ(r)�2φ(r)��φ(r) = µφ(r), (2.87)

We can parametrise the spin wave function in the following way, see [169]:

�⇠� = ���
√
n+1 e

i✓+1√
n0 e

i✓0√
n−1 e

i✓−1

��� = ei✓0
����
�

x+mz
2

ei
(Θ+↵)

2√
1 − x�

x−mz
2

ei
(Θ−↵)

2

���� (2.88)

where we introduce the reduced quantities

nm = Nm

N
, x = n+1 + n−1, and mz = n+1 − n−1, (2.89)
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R
OD

x

Figure 2.8.: Image of the three components after time of flight. The three profiles, obtained
by integration of the optical density along one CCD axis, are well fitted by
three Thomas-Fermi profiles with the same radii.

and the two relatives phases

Θ = ✓+1 + ✓−1 − 2✓0 and ↵ = ✓+1 − ✓−1. (2.90)

We can use it to minimise the Hamiltonian Ĥtot = gs
2 ∫ dr Ŝ2 + Ĥmag and obtain a spin

energy

Espin = Us

2N
�Ŝ�2 − qN̂0, (2.91)

where
Us = Ngs� dr �φ(r)�4, (2.92)

is the spin interaction energy. For 23Na, gs > 0 and so also the interaction energy is
positive. In the Hamiltonian there is no linear Zeeman energy. The latter is proportional
to the longitudinal magnetisation mz, which has a fixed value and it is a conserved
quantity. Therefore, it only gives a constant shift of the energy that has been omitted.
Only the quadratic Zeeman energy contributes to the spin dynamics of the system.

The equilibrium phase diagram

From the spin wavefunction (2.88) and the spin energy (2.91) we obtain an energy
functional that can be minimised to find the system ground state:

Espin = NUs

2
�m2

z + 2x(1 − x) + 2 cos(Θ)(1 − x)√x2 −mz2� +NUsqx. (2.93)
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All the different states are degenerate with respect to the relative phase ↵. Since Us > 0,
to minimise the energy the other phase Θ locks to Θ = ⇡, independently of the value of x
and mz. This locking of the relative phase enforces the presence of a nematic order in the
system, as we experimentally demonstrated in [196].
The energy functional (2.93) can be minimised by varying the parameter x, with mz and
q imposed experimentally. The result is represented in Figure 2.9: a second-order phase
transition appears as the magnetic field grows . This has been studied experimentally in
[76].
For mz = 0 and q > 0, we obtain a state with energy Espin = NUsqx. The energy minimum
is at x = 0, i.e. the state is characterised by all the atoms in mF = 0. In the case q = 0 we
find a family of states called polar states �Ω� introduced in [65]. They can be written as:

�Ω� =R(✓,φ) ⋅ ���
0
1
0

��� =
����
− 1√

2
sin(✓) e−iφ
cos(✓)

1√
2
sin(✓) eiφ

���� (2.94)

These are states for which all atoms are in the mF = 0 state with respect to a quantisation
axis n, defined by the polar angles (✓,φ), and are all degenerate. A full quantum treatment
of the case mz = 0 and q = 0 can be found in [101].
Looking at the energy functional at mz > 0, we can rewrite it as

Espin

N
= Us(1 − x)�x −�x2 −m2

z� + qx (2.95)

There are two contributions to the energy: i.) the interactions, presented in Figure 2.7,
tend to minimise the energy locking x = 1; this is what we expect from an antiferromagnetic
system as our gas of sodium atoms; ii.) the magnetic field, on the contrary, with the
quadratic term q, tries to reduce the energy transfering as many atoms as it is possible10

in mF = 0. These two effects compete to determine the system equilibrium state. Looking
at Figure 2.9, we see that, for each magnetisation, there is a critical value of q dividing
the equilibrium phase diagram in two regions. This critical value is equal to

qc = Us(1 −
�
1 −m2

z) (2.96)

and it is sketched with a white line in the Figure.
For q < qc, the magnetic field is not high enough to overcome the effect of the interactions
and the ground state of the system is antiferromagnetic, with n±1 = (1±mz)�2 and n0 = 0.
We call this state also quasi-spin nematic (qSN) state. Increasing the magnetic field, it is
more and more energetically favourable for the system to transfer atoms in mF = 0. For
q > qc, n0 starts to grows with q until a maximum value fixed by the conservation of the
magnetisation mz = n+1. We call this ground state transverse magnetised (M⊥).

10The magnetisation is fixed, so there is a maximum number of atoms that can be transferred to the
mF = 0 state from mF = +1 and mF = −1.
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Figure 2.9.: Equilibrium phase diagram for a condensate of 23Na atoms. The two axes
correspond to the longitudinal magnetisation mz and to the ratio between
the quadratic Zeeman term and the interaction energy q

Us
. The color scale

represents the population in the Zeeman state mF = 0. The white line divides
the diagram into two regions: for small magnetic fields, the system is in
the antiferromagnetic state, with n±1 = (1 ±mz)�2 and n0 = 0. For high
magnetic fields, the system is in the transverse magnetised (M⊥) phase, where
mF = 0 becomes populated. Due to the conservation of the longitudinal
magnetisation, there is a maximum number of atoms that can be transferred
in this state.



3. Production and characterization of a

spin-1 Bose-Einstein condensate of

Sodium atoms

In this Chapter, we present in Section 3.1 and Section 3.5 the experimental recipe used to
produce the 3D and the 1D condensate and to probe them. We present also in Section 3.2
the techniques used to manipulate the spin internal degrees of freedom of the spinor
condensate.
The description of the experimental apparatus is reduced to the main parts needed to
understand the experimental recipe. We refer the reader to the PhD Thesis [75, 118] for
a comprehensive description of all the components.

3.1. Experimental Setup and cooling techniques

This section is devoted to the description of the experimental apparatus and the experi-
mental sequence we use to reach quantum degeneracy from a dilute thermal gas of bosonic
23Na atoms and obtain a Bose-Einstein condensate.

3.1.1. UHV chamber and atomic source

Spinor gases are very fragile with respect to stray magnetic fields [66, 8] and this is why
our ultra high vacuum (UHV) chamber is made of Titanium, which has a low magnetic
susceptibility. A schematic of the vacuum chamber is sketched in Figure 3.1.
All cold atoms experiments require an atom source, a magneto-optical trap (MOT) to
collect hot atoms directly from this source and a second trap, where atoms can be cooled
down to the quantum degeneracy by evaporation cooling techniques, see [86].
An efficient loading of the MOT requires an high background pressure, while the evap-
orative cooling of the trapped cloud requires UHV: the collisions between the trapped
atoms and atoms of the background vapour can severely affect the evaporation process.
These two opposite requirements are then matched using a dispenser as atomic source and
light-induced atomic desorption (LIAD) to control the background pressure, see [119].

33
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3.1.2. Magneto-optical trap

The MOT is used to trap Sodium atoms from the background vapour and to cool them.
The minimum temperature achievable is given by the Doppler limit kBT = �hΓ2 ≈ 240µK
for Sodium atoms and the D2 transition, see [140]. The MOT is composed of a pair of
coils in an anti-Helmholtz configuration and an optical field created at the intersection of
6 counter-propagating laser beams spanning 3 orthogonal directions. The beams cross at
the zero of the magnetic field created by the pair of coils. The Sodium transition used for
the cooling is the D2 line between the 32S1�2 and the 32P3�2 levels and has a wavelength
λD2
= 589nm, Figure 3.2. The spontaneous emission rate is equal to Γ = 2⇡ ⋅ 9.8MHz

and the saturation intensity for circularly polarised light is Isat = 9.4mW/cm2. The
cooling beams are red detuned by 20MHz from the �F = 2�→ �F ′ = 3� transition and have
an intensity 0.1 Isat per beam. Together with the 6 cooling beams, we use 6 repumper
beams to bring back in the cooling cycle atoms felt in the hyperfine state �F = 1� after a
non resonant transition �F = 2� → �F ′ = 2�. The repumper beams are resonant with the�F = 1�→ �F ′ = 2� transition and have an intensity ∼ 300µW.
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Figure 3.2.: Cooling scheme for the MOT phase. The cooling light drives the cooling
transition between the �F = 2� and �F ′ = 3� levels. The light is detuned by
20MHz from resonance. The repumper beam, used to bring back into the
cooling cycle atoms felt in the hyperfine state �F = 1� after a non resonant
transition �F = 2�→ �F ′ = 2�, is resonant.

Laser cooling light source

The light for the MOT beams come from an home-made solid state yellow laser. A
complete description of the laser can be found in the thesis of E. Mimoun [118]. Here, we
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limit ourselves to a brief description of its principal characteristics.
Two YAG lasers with wavelengths 1314nm and 1064nm are injected in a cavity that
is resonant for both wavelengths, where they are combined inside a periodically-poled
KTP crystal to produce ∼ 600mW of 589nm laser light. The laser frequency is locked by
modulation transfer spectroscopy, [162], to a molecular transition in a iodine cell, [81].
The cooling light is divided into three beams. One beam is used for the six MOT beams.
S second beam, in combination with a high-frequency acousto-optic modulator (AOM) is
used to produce the repumper beam. The third beam is used for imaging. Optical fibres
guide all beams to the experimental chamber.

Loading of the crossed dipole trap

After the laser cooling stage, the atoms are loaded in the crossed dipole trap (CDT). The
size of the atomic cloud in the MOT phase is ∼ 1mm, significantly larger than the waist
of the dipole trap !0 ≈ 40µm. To maximise the mode matching and to make the loading
as efficient as possible, the MOT is compressed and cooled down. The compression is
obtained by lowering the repumper power: atoms start to occupy the hyperfine state�F = 1� and they are not resonant with the cooling light, hence the multiple atom-light
scatterings inside the cloud are suppressed and the MOT size is reduced. This stage is
called "Dark MOT", see [75, 77]. By further red-detuning the cooling beams to ∼ 38MHz
we can then cool down the cloud to T ≈ 30µK. This technique is called "Cold MOT", see
[34].

3.1.3. The crossed dipole trap and the dimple optical traps

The crossed dipole trap is produced by a single laser beam from a λ = 1070nm high power
fibre laser (up to 40W) with a linear polarisation assured by a Glan-Taylor polariser. The
laser is focused at the centre of the chamber with a waist !0 ≈ 40µm and then folded and
sent again back towards the atoms at an angle ✓ = 45○ with respect to the initial direction,
see Figure 3.1(a). To produce a crossed dipole trap, we rotate the light polarisation by ⇡

2

between the two crossing arms to suppress interferences.

The power of the laser is controlled by a servo loop on the pump diode current in
combination with a motorised λ�2 wave-plate and a Glan-Taylor polariser. The motorised
wave-plate + Glan-Taylor polariser can change the laser power without any distortion of
the beam2 profile and allow us to have powers below the lasing threshold; the drawback of
this method is the low bandwidth of 10Hz limited by the rotation speed of the wave-plate.
The faster servo loop on the pump diode current is used to stabilise the laser power
around a value given by the rotating wave-plate and, thanks to a bandwidth of a few KHz,
it can corrects high frequency fluctuations of the laser power. A thorough description of

2In high power lasers the emitted spatial mode can change with the emitted power, which is not good
for evaporative cooling. The motorised wave-plate allows us to change power without changing the
laser emitted power and solve this problem.
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our stabilisation system for the laser power can be found in the PhD thesis [160].

To continue in our description of the sequence and explain the need for a second cross
dipole trap, we recall here the potential felt by neutral atoms given by a laser beam
propagating along the direction z [57]

VDip(z, x, y) = V 0
Dip

�� !0

w(z)
��
2

exp
�� − 2x

2 + y2
w2(z)

��, (3.1)

where V 0
CDT ∝ I0

Isat
= 2P0�⇡!2

0.
The potential felt by the atoms due to the CDT is given by the sum of two laser beams
propagating as sketched Figure 3.1(a). We also need to account for the gravitational
potential if we want to compute the effective trap depth. The trap frequencies are

proportional to !i∈{x, y, z} ∝
�
V 0

CDT ∝
√
P . At the loading of the CDT trap, the laser

power is P = 25W, which corresponds to V 0
CDT = 1mK.

In this trap we perform evaporative cooling by lowering the laser power, the trap depth is
diminished and the most energetic atoms can escape from the trap. The remaining atoms
can thermalise to a lower temperature due to the lower average thermal energy per atom,
see [88].
Evaporative cooling is efficient only if the collision rate is high enough to let the atoms
rethermalise each time the trap depth is lowered. When we lower the laser power we
also lower the trap frequencies, since !i ∝ √P , therefore reducing the density and the
collision rate. With the CDT laser alone it is not possible to reach quantum degeneracy,
because the collision rate becomes too low and the cloud cannot thermalise anymore at
the end of the evaporation ramp.

Different techniques have been implemented trying to solve this issue. In [89], the
authors increase the atomic density by dynamically reducing the trap size, while the
atoms are evaporatively cooled by reducing the light intensity. In [67], the trap depth of
the dipole trap is controlled thanks to a magnetic gradient, leaving the trap frequencies
unchanged. In [28], the authors used a crossed dipole trap composed by two crossed
beams with different waist: the smaller one is the real trap, while the other is used to
remove the most energetic atoms from the smaller arm. More recently, an AOM has been
used to shape the trap potential of a crossed dipole trap and obtain a condensate in less
than 2 s, [154]. In our experiment, the problem was solved by adding a second crossed
dipole trap, as done in [186]. The second "dimple" dipole trap is composed by two beams
with smaller waists with respect to the CDT trap; hence the trap can have the same
trap depth with higher trap frequencies. In our experiments the "dimple" dipole trap is
composed by an horizontal beam (HDT) and a vertical beam (VDT), see Figure 3.1(b),
both coming from a λ = 1064nm and red-shifted in frequency by a relative frequency
∼ 200MHz thanks to 2 acousto-optic modulators. The different AOMs allow us to control
and servo the power of the two beams independently. In this trap we perform the final
evaporation cooling to reach quantum degeneracy.
Figure 3.3 shows the atom number N , temperature T and longitudinal magnetisation mz
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Figure 3.3.: Atom number N , temperature T and magnetisation mz of the Bose gas
trapped in the dimple trap at different steps of the evaporation ramp.

for different trap depths during the evaporation ramp performed in the dimple trap.

Figure 3.4 summarises a typical experimental sequence used to produce the condensate
in the 3D geometry. After the MOT phase and the loading of the CDT, the evaporation
happens in two steps. At first the atoms are trapped only in the CDT trap, since they
are too hot to be trapped in the "dimple" trap. Here we perform the first evaporative
cooling step. At the end of the evaporation, the atoms are loaded in the "dimple" trap,
where their collision rate increases thanks to higher trapping frequencies. Finally, the
evaporative cooling in the final trap leads to the quantum degeneracy.

3.1.4. Stern-Gerlach time of flight

As described in Chapter 1, we actually reach degeneracy in a spin-1 system. To probe
our spinor system we need a spin dependent imaging technique. We implemented a
Stern-Gerlach (SG) imaging technique, see[51, 144], which consists in applying a spin
dependent force during the ballistic expansion.

We have a total of 4 pairs of coils to generate magnetic fields to manipulate our spinor
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component is given by Fmag = −∇Vmag and can be written as

Fmag = −µBgFmF b
′

2�B�
���
B0,x

2B0,y

B0,z

��� (3.3)

The atoms in the Zeeman sub-levels mF = ±1 feel a force with the same modulus, but
opposite direction; the atoms in mF = 0 do not feel any force. So, when the atoms are
released from the trap and we perform the SG experiment, the three atomic species will
separate allowing us to image all of them at the same time.
To maximise the separation of the atomic clouds during time of flight, we use a bias field
along the y direction, which is the MOT coils axis. Imperfections on the coils, such as
asymmetries in their construction (geometrical or in their number of turns), lead to small
gradients that modify the effective direction of the magnetic force given in (3.3). This
effect becomes more visible in the 1D trap, because of the more relaxed confinement, see
Chapter 5. To compensate any deviation from the desired direction of the force, we fine
tune the current applied to the bias coils.

The two trap geometries studied during these thesis work, the 1D and the 3D geometries,
require two different implementations of the SG experiment.

The study of stepwise Bose-Einstein condensation in a spinor gas, presented in Chapter 4,
required a maximum separation between the different spin components. Our experiments,
ranging from thermal gases at T = 5µK to BECs at T = 40nK, required the careful study
of thermal wings, which expand to up to ∼ 200µm in the typical 3 ms expansion time.
Therefore, maximum separation is very critical to obtain the thermodynamic properties
of the gas. We used a discharge capacitor to implement a fast pulse of current through
the MOT coils during SG imaging. This method is described in the PhD thesis [47].
To study the 1D geometry, we have chosen to use another SG modality, described in
[32, 75] and sketched in Figure 3.5. It consists in reducing the gradient strength used
to separate the atoms with respect to the previous implementation, and in attenuating
the dimple power before time of flight to slow down the cloud expansion. Thanks to this
reduced expansion, we are able to image the atoms at longer time of flights.

3.1.5. Imaging after TOF

To image the atoms after TOF, we use the absorption imaging technique, see [86]. It
consists in illuminating the atoms with resonant light recording the cloud absorption.
We introduce in this Subsection the optical system used to image the condensate and the
absorption technique from which we obtain the condensate column density.

The imaging system

The imaging system is composed by a couple of microscope objective + lens systems,
aligned to work in an afocal configuration. The first microscope has an high numerical
aperture N.A. ∼ 0.33 and an effective focal length f ∼ 40mm and it is followed by an
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sequence, after a 20µs repumper pulse, we send two pulses of resonant light lasting both
10µs and separated by 5ms.
We use light resonant with the transition 3S1�2 F = 2→ 3P3�2 F

′ = 3 to image the atoms.
The imaging pulse propagates along the z axis and it is σ+ polarised. Before the imaging
pulse, a first pulse of light, coming from the repumper laser and propagating along the 6
MOT axes, repumps atoms from 3S1�2 F = 1 to 3S1�2 F = 2.
Absorption imaging

To obtain an image of the atomic cloud by absorption imaging we have to take two
images: a first image I1 with the atoms, and a second image I2 without atoms, see [86].
An example of the two images can be seen in Figure 3.6(a).

We can model the absorption of the first imaging pulse by the atomic cloud via the
Lambert-Beer law:

@I

@z
= −σnI, (3.4)

where n is the atomic density, σ is the atomic cross-section for the atom absorption and I

is the incoming pulse intensity. We can model in a simple way the atom-light interaction
using a 2-level atom model. In this case the cross-section can be written as

σ = σ0

1 + I
Isat
+ �2δ

Γ
�2 , (3.5)

where σ0 = 3λ2

2⇡
is the resonant scattering cross section for circularly polarised light, λ is

the resonant wavelength, δ is the detuning of the probe frequency with respect to the
transition and Γ is the transition natural line width. With this expression, we can solve
the differential equation (3.4) and following the authors of [151], we find

OD(x, y) = σ� dz n(x, y, z) = f(x, y) (3.6)

where the function f(x, y) is equal to:

f(x, y) = − log��I1(x, y)I2(x, y)
�� + I2(x, y) − I1(x, y)

Isat
, (3.7)

OD(x, y) is the optical density and Ii(x, y) refer to the spatial distribution of the probe
beam captured in image i = 1,2.
The model we have just described can be used only if the optical density is lower than unity.
At higher OD, indeed, phenomena like multiple scatterings change the cloud response to
the light impulse, thanks to the high density inside the cloud, and the Lambert-Beer law
is not valid anymore. This problem makes the in situ imaging difficult [151]. To solve
this issue, before imaging the cloud, we release it from the trapping potential. This free
expansion, that we call time of flight (TOF), reduces the cloud optical density to OD ≤ 2.
Using it with the Stern-Gerlach experiment, we can image the atomic density of the 3
Zeeman sub-levels at the same time.
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(a) Absorption images
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(c) Integrated profiles

Figure 3.6.: Process to obtain the clouds density profiles. In (a) we see the sequence of
images taken during the imaging phase to reconstruct the absorption imaging
signal. Upper: probe intensity profile, taken in presence of the atomic cloud.
Middle: probe intensity profile, taken without atom cloud. The colormap
represents the digital scale (counts) coming from the CCD analogical to
digital converter (ADC). Lower: OD, obtained by taking the logarithm of
the ratio between the first two and multiplied by a mask to select the atomic
regions. In (b) we have the three clouds extracted from the initial image and
rotated. In (c) we have the 3 profiles obtained by integration of the clouds of
image (b).
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3.2. Manipulating internal states with spin degrees of

freedom

The study of a spinor condensate requires a very good control on the spin degrees of
freedom of the trapped atoms. In particular the applied magnetic field, which defines the
energy difference between the Zeeman sub-levels of our spin-1 system, must be very well
controlled. In this section, we introduce the methods we use to characterise the ambient
magnetic fields as well as the bias magnetic field generated by our coils. We then present
the methods we use to set the magnetisation of the spinor gas and to change the spin
state of the system.

3.2.1. Magnetic field control

The control of external magnetic field is of paramount importance in spinor condensate
physics. External magnetic fields determine the ground state of the system and a good
control on them is required to prepare the system in any desired configuration. During
the experimental sequence, we need to change magnitude and orientation of the external
magnetic field to perform different tasks; for example, apply a field along x with a certain
magnitude and then rotate it towards z to image. This section is divided into two parts:
in the first one we derive an adiabaticity criterium for any magnetic field variation and
then we illustrate the spectroscopy method we use to characterise the external and applied
magnetic fields.

Adiabaticity and Majorana transitions

We consider a single 23Na atom plunged in a magnetic field B aligned along z. We
use a semi-classical description of the atom, for which its internal degrees of freedom
are described with quantum mechanics and the external degrees of freedom, (r,p), are
described with classical mechanics. Therefore, the internal state of the atom will see a
magnetic field moving with B(r)→B(r0+ pt

m
) and we can describe the system of an atom

moving in a set magnetic field like a fixed atom plunged in a magnetic field changing
in modulus and orientation in time . We suppose the atom to be in the spin eigenstate
mF = +1 at time t = 0. If the magnetic field, at t > 0, starts to rotate in space, the atom
will try to remain in the same eigenstate while the latter will try to follow the magnetic
field movement rotating in spin space. To remain in the same state, the atom must follow
the magnetic field adiabatically.
To obtain a criterium for the adiabaticity, we can confront the velocity at which the
atomic spin can rotate in a magnetic field B, expressed by the Larmor frequency !L = p

�h ,

where p is the linear Zeeman shift (2.62), with the magnetic field rate of change ✓̇. The
atom follows adiabatically the magnetic field if !L � ✓̇, or equivalently, if

�Ḃ���B�� � µBB�h (3.8)
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Figure 3.7.: Resonant magnetic field as a function of the current feed to the bias coils
along the Y direction. The resonance was found looking at the depolarisation
of a polarised mF = +1 sample plunged in a RF magnetic field. A small bias
field of ∼ 30mG was applied along X to obtain a finite resonance frequency
at the current compensation value.

If the condition is not fulfilled, the atom will change its spin state during the evolution.
In a magnetic trap, this usually means loosing the atom. In our dipole trap, where all
the spin degree of freedom are trapped, this translates in a unpredictable variation of the
magnetisation mz. From (3.8), it is clear that for low magnitude of the magnetic field the
criterium is more and more difficult to be satisfied. Indeed in quadrupolar traps, where
a zero of the magnetic field is present, these type of losses are well known, [86], and we
refer to them as to Majorana transitions.
In our experiment we use linear ramps to change the magnetic field and we have to be
careful about the bias field to avoid the field to change at maximum rate when the bias
field is too low for the atoms spin degree of freedom to follow adiabatically.

Calibration of the magnetic fields

As we have already explained in Chapter 2, the magnitude of the external magnetic
field changes the ground state of our system. A precise calibration of the magnetic field
produced by the bias coils and of the environmental magnetic field is then important to
study the state of the system and, as we have just pointed out in the section above, to
change the magnetic field on the atoms without changing the magnetisation.

We perform RF-spectroscopy to calibrate the magnetic environment. During the
evaporation step in the CDT trap, see Figure 3.4, we use the three pairs of bias coils, see
Figure 3.1, along the three directions to apply a uniform magnetic field. The magnetic field
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splits the three Zeeman sublevels accordingly to the Linear Zeeman shift (the quadratic
term is negligible in this case). At the same time, we send an RF field towards the atoms,
via a coil placed on the top of the vacuum chamber. This field is in resonance with the
energy difference between the different Zeeman sub-levels and induces Rabi oscillations
between these levels. We send a pulse of 5ms duration at low intensity. If we prepare the
system with all the atoms in mF = +1, we can look at the depolarisation as a function of
the RF frequency. We calibrate one axis at a time, considering that the three pairs of
coils produce a magnetic field only along its own direction3. Chosen an axis, we apply a
small transverse field B⊥ with the coils along the other 2 directions and we measure the
resonance frequency f as a function of the current feed to the coils of the chosen axis.
We successfully measure �B� varying the current value Ii along one direction, the other
two being fixed, see Figure 3.7,

�B� = ��
i

(Benv,i + biIcoils,i)2, (3.9)

where bi, with i ∈ {x, y, z}, are the magnetic field current parameters of the coils pair.
The minimum of the function is found at Icoils,i = Benv,⊥�bi, which corresponds to the
currents we have to feed to the coils to compensate the environment magnetic field
Benv = (Benv,x,Benv,y,Benv,z). The results of this calibration are reported in Table 3.1.

Table 3.1.: Magnetic field-current characteristics ↵i of the three pairs of coils along the axis
i ∈ {x, y, z} and bias magnetic fields Benv,i obtained by the characterisation
method explained in 3.2.1.

i x y z

bi [mG�A] 1.429(3) 0.498(3) 1.809(3)
Benv,i[mG] 157(2) 15(2) 318(2)

3.2.2. Rabi Oscillations

One of the techniques we use to prepare the system in a chosen spin state is spin rotations.
The basic idea behind this method is to couple to the system an oscillating field, resonant
with some transition, in order to drive it into a precise evolution and stop this evolution
at a specific time, when the system is in the desired state. We discuss here the Rabi
oscillations we induce in our spin 1 system via a sequence like the one sketched in
Figure 3.8. An example of the resulting oscillation is represented in Figure 3.9.
To induce the rotation we apply an oscillating magnetic field along the z axis, see Figure 3.1,
using a coil placed on the flange of the upper microscope in the vacuum system. Via
this coil, we feed to the atoms an RF pulse BRF = BRFe

i!RFtêz, resonant with the energy

3Later, in Chapter 5, we see this is just an approximation and we need to compensate for the non
perfect alignment of the three pairs of bias coils.
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Figure 3.9.: Rabi oscillations starting from the polarised state ⇠ = (1, 0, 0). The solid lines
are a fit to the data with the theory curves of (3.14).

sign indicates the rotated Hamiltonian. In the case δ = 0 the evolution of the system is
described by the rotation

Ry = e−iΩRFtŜy . (3.12)

In the more general case of non-zero detuning, the calculations are more involved. We
refer the reader to the PhD thesis [32] for a more complete discussion of the subject.
We can resolve spin oscillations up to 10ms. However, a good control of the magnetic
field bias, see 3.2.1, and a control over the magnetic noise are required to obtain reliable
population measurements after a Rabi oscillation. Our main source of "noise" was 50Hz
AC field coming from the electronics surrounding the experiment. This spurious signal,
indeed, acts as a noise on the applied field and then on the Zeeman sub-levels detuning δ

with δ!50Hz amplitude and φ50Hz phase.

δ = p − !RF + δ!50Hz cos(2⇡ 50 t + φ50Hz) (3.13)

To address this issue we modified our experimental sequence to start the RF pulse at a
chosen phase of the 50Hz signal. To synchronise the RF pulse starting time with a chosen
value of φ50Hz, we use a Schmitt trigger. The trigger reads a signal synchronised with the
main one and provides a rising edge for the chosen value of the phase. Thanks to the
synchronisation on the phase value φ50Hz, we obtained reproducible Rabi oscillations for
times much shorter than the mains period. The AC field is still present and its effect on
Rabi oscillations is observable for t ∼ 10ms.
In Figure 3.9, there is an example of Rabi oscillations of our spin 1 system starting from
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the state ⇠ = (1,0,0). Using (3.12), we obtain the evolution of this state as

�⇠′�2 = ���
n′+1
n′0
n′−1

��� =
���

cos4(ΩRFt)
sin2(2ΩRFt)�2
sin4(ΩRFt)

��� (3.14)

where the primed symbol indicates the rotated states at t > 0.

3.2.3. Adiabatic rapid passage

The adiabatic rapid passage (ARP), see [30], is another well known technique in NMR with
which we can transfer our atoms from a completely polarised state mF = +1 to a completely
polarised state in mF = −1. The technique consists in dressing the atoms with a field, an
RF field in our case, and making a ramp from one side of the transition to the other. We
used a magnetic field ramp keeping !rf constant. This passage must be slow enough to
be adiabatic with respect to the RF coupling, but faster than the relaxation processes.
To describe the system evolution during the ramp, we can diagonalise the Hamiltonian
(3.11); the eigenvalues of the system are roots of the characteristic polynomial:

λ3 + qλ2 + �δ2 + ΩRF

2
� − qδ2 = 0. (3.15)

We show the three roots in Figure 3.10(b). At δ � 0, the eigenvalues are equal to the
eigenvalues of the Hamiltonian without coupling RF field E ≈ −q,±δ. We start with a
polarised system with all the atoms in mF = +1, that is the state with lower energy in
Figure 3.10(b); following adiabatically the evolution of the eigenenergy, we end up with
all the atoms in mF = −1 for δ � 0.
Experimentally, we implemented the ARP as follows. We prepare a polarised condensate
with all the atoms in mF = +1. We abruptly switch on the RF dressing and we set the
RF frequency !RF at a constant value. Then, a sweep on the magnetic field is responsible
for the populations transfer. In Figure 3.10(a), we can see how the populations change
during the passage. The experimental procedure we used to implement the ARP is very
similar to the one for the Rabi Oscillations and it is sketched in Figure 3.11.

3.2.4. Magnetization preparation

Loading the CDT trap and performing the evaporation in the CDT and dimple trap
leads to a cloud of magnetisation mz ∼ 0.7. As we have already pointed out in sub-
Section 2.3.4, this is a conserved quantity in our system; hence, to study our system at
different magnetisation, we need some techniques to modify mz in a reliable way. Two
techniques have been implemented: the spin-mixing and the spin-distillation techniques.
Here we discuss briefly the physical ideas behind these two methods and we refer the
reader to the PhD thesis [161, 32, 75] and to the ref. [76] for a more involved presentation.
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Figure 3.10.: Typical adiabatic rapid passage implemented on the experiment. We start
from all the atoms in the mF = +1 and, maintaining a constant coupling ΩRF,
we ramp the magnetic in order to change the detuning of the RF field from
δ < 0 to δ > 0. We end up with all the atoms in mF = −1. In Figure 3.10(a)
we can see how the three populations change during the magnetic ramp.
In Figure 3.10(b), the three eigenenergies of the Hamiltonian (3.11) are
sketched. We use the lowest one to perform the ARP.

Spin mixing

This method is based on the dephasing of Rabi oscillations to lower the ensemble magneti-
sation, from its "natural" value mz ∼ 0.7 to zero. We call this technique spin distillation.
During the evaporation in the CDT trap, we set a bias magnetic field B = Bxêx along
the x axis to break the degeneracy of the Zeeman sub-levels and to have an energy
difference between the levels corresponding to ∼ 200KHz. We set also a small magnetic
gradient, to have a inhomogeneous magnetic field inside the atomic cloud. With the
antenna placed on the top of the vacuum chamber, we send a long (∼ 200ms) pulse with
an artificially broadenend ∼ 10KHz-wide spectrum at resonance. The atoms undergo
Rabi oscillations that dephase rapidly due to the inhomogeneities of the Rabi frequencies
at different position inside the cloud and to the spin diffusion due to spin interactions.
For high power, we obtain a randomised sample with the three Zeeman sub-levels equally
populated. Lowering the RF power, ss we can see in Figure 3.12, we can control the
magnetisation from mz = 0.7 down to 0.

Spin distillation

The spin distillation technique is used to produce high polarised samples. The idea behind
this method is to use a magnetic gradient to change the trapping potential for the three
Zeeman sub-levels during the evaporation in the CDT trap. The magnetic gradient,
produced by the MOT coils and by a bias field which determines the gradient direction,
see Subsection 3.1.4, affects the mF = ±1 components trapping potential and leave the
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Figure 3.12.: Magnetisation obtained with different RF pulse strength during the evapo-
ration in the CDT trap. This Spin mixing technique allow us to control the
magnetisation from mz = 0.7→ 0.
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Figure 3.13.: Kapitza-Dirac diffraction observed on the 3D condensate via a 1D lattice
installed on the HDT axis. From the distance dKD between the two peaks
we can characterise the magnification of the imaging system M = 7.64±0.01.
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3.3.1. Magnification characterisation

The magnification of the imaging system is an important parameter if we want to measure
precisely the thermodynamics quantities of our atomic cloud, as the temperature, and
the size of spin domains forming in 1D. To characterise it, we installed along the HDT
axis a 1D lattice with λL = 1064nm, see Figure 3.1. Thanks to the standing wave of light,
the atoms of the 3D condensate in the ground state feel a potential

U(z) = U0 cos
2(kz) (3.16)

where U0 = −�hΩ2
0�∆, Ω0 is the travelling wave Rabi frequency and ∆ is the lattice fre-

quency detuning from the resonance.
For a sufficiently short pulse duration ⌧ � 1�µ the effect of the potential on the atom wave-
function can be described as a phase modulation given by φ(z) = U(z)⌧��h = φ0 cos

2(kz),
where φ0 = Ω2

0⌧�∆ is the peak amplitude. The atoms with zero momenta along z will
therefore be split by the lattice into multiple components of momenta pn = 2�hkn, with
n = 0,±1,±2 . . . This diffraction is known as the Kapitza-Dirac effect and it has already
been observed for the first time on neutral atoms in [134] and on BECs in [55]. Figure 3.13
shows the ±1 diffraction orders from a 1D lattice obtained with a 10µm pulse. After a
TOF of tTOF = 3ms, the two peaks are separated by a distance

dKD = 4h

λLm
tTOF (3.17)

Measuring the distance between the two peaks we obtain a magnification M = 7.64 ± 0.01.
This compares well with the expected value of M = 7.5.
3.3.2. Calibration of spin-dependent cross sections

Sodium atoms present a complex electronic structure with different ground and excited
levels that can be coupled by light, see [172]. A two level atom model is correct only
in particular configurations as, for example, when all the atoms are in the ground state�F = 2,mF = +2�, we send σ+ polarised light to couple only the �F = 2,mF = +2� and
the �F ′ = 3,mF = +3� state and we neglect the possible excitations of atoms to the state�F ′ = 2,mF = +2�, from where they emit a photon to decay into the state �F = 1,mF = +1�.
In our system, we work with cold atoms prepared in the �F = 1� ground state manifold
of 23Na and we image them by illuminating them with light resonant on the cooling
transition �F = 2� → �F ′ = 3�. Before imaging the atomic cloud, we have to transfer the
atoms to the �F = 2� state. We use a pulse of 10µs of repumping light to do that. The
repumper light we use is the same used for the MOT phase: it propagates along the
6 axis and a priori all the polarisations components are present. After this pulse, we
don’t transfer all the atoms in the mF = +2 state; hence, optical pumping effects become
important to determine the density of the atomic cloud from absorption imaging.
To take in consideration all these effects, we model the effective cross-section σ0,i equal to
σ0,i = σ0�↵i and a saturation intensity Isat,i per each Zeeman state i = 0,±1. The total
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Figure 3.14.: Results of the measurements used to obtain the saturation intensity for the
mF = +1 Zeeman state. In (a), we plot the atom number, integrated over a
box of area 60 × 60 pixels, as a function of the imaging probe intensity. In
(b), we plot the integrated atom number after we have minimised the change
of the atom number with the probe intensity by changing the Isat,+1 value.
From these data, we obtained Isat,+1 = 5057 ± 171. The number of counts
are linked to the intensity via I = �h!

A⌧
⌘ ⋅ counts, where A is the pixels area, ⌘

is the CCD detectivity and ⌧ is the imaging pulse duration. See Section 3.4.

cross-section (3.5) becomes then

σ =�
i

σ0

↵i

1

1 + I
Isat,i

+ �2δ
Γ
�2 , (3.18)

where ↵i and Isat,i are effective parameters adjusted from the data.
Since we implemented a Stern-Gerlach imaging, see 3.1.4, from now on we consider the
three Zeeman states separately and we consider their analysis in three separated regions4.
Therefore, for each Zeeman state, we obtain from the Lambert-Beer law a density

ni = −↵i

σ0
log
��I

i
1

Ii2

�� + Ii2 − I
i
1

Isat,i�↵i

(3.19)

where the 3 ↵’s and the 3 saturation intensities have to be characterised experimentally.
In the following we present how we measure these parameters.

The saturation intensities

Following the method presented in [151], we measure the atom number at different imaging
probe intensities. A typical result of this measurement is presented in Figure 3.14(a).
To obtain the saturation intensities we look at (3.19). At low probe intensities, the

4In Chapter 4 we analyse the case of overlapping atomic clouds.
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Figure 3.15.: (a) Rabi oscillations used to determine the spin-dependent imaging cross-
sections; (b) the unweighted spin populations sum to a total atom number
that varies with time and (c) by properly weighting the spin-components by
the spin-dependent imaging cross sections we obtain a total atom number
that is nearly constant. We found the values of the ratios ↵+1�↵0 = 0.88(4)
and ↵−1�↵+1 = 1.39(5) we obtain the lower figure.

logarithmic part of (3.19) dominates, at high intensities the atomic density becomes
ni ≈ ↵i(Ii2 − Ii1)�Isat,i. Hence, since the atom number must be constant with respect to
the probe intensity, if (3.19) describes well the atoms density5 , we identify the saturation
intensity Isat,i as the value at which the atomic density determined by (3.19) gives a
constant atom number as a function of probe intensity . In Figure 3.14(b) we can see the
result of this process on the data for a cloud in mF = +1. We repeat for mF = −1,0.
The spin-dependent cross-sections

To determine the spin dependent imaging cross-sections we take advantage of RF-driven
Rabi oscillations. During the spin rotation, the relative spin populations vary as described
in Subsection 3.2.2. However the total number of atoms, defined as the sum of atoms in
the three Zeeman sub-levels, remains constant.
Being a total number-conserving process, Rabi oscillations allow us to evaluate the spin-
dependent cross-sections in a straight-froward way. We can set the values of the ratio
between different ↵’s to have a constant number of atoms over time. In Figure 3.15(a) we
present an example of this kind of measurement. In Figure 3.15(b), the total number of
atoms is plotted before and after the correction via the ratios ↵+1�↵0 and ↵−1�↵+1.
The Absolute atom number

The final step consists in the calibration of the absolute atom number. To do that, we
need a quantity that we can measure absolutely with the absorption imaging. In our

5We obtain the atom number by simple integration of the measured atomic density.
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experiment we use the Thomas-Fermi radius of the cloud, which depends on atom number
as RTF ∝ N1�5. Typical atom numbers in our experiment are not sufficiently high to truly
reach the Thomas-Fermi regime and therefore we rely on a full 3D Gross-Pitaevskii (GP)
simulation of the density distribution of a pure condensate. Using the imaginary-time
spectral-splitting method, we compute the ground state of the condensate in the trap;
afterwards we use real time evolution to simulate the TOF expansion of the density
distribution. We run the simulation for different atom numbers and we fit the synthetic
data with a Thomas-Fermi distribution.
In the experiment, we produce condensates with different atom numbers by changing the
MOT loading time and we fit the density profile with the same distribution used for the
simulated data.
To make the comparison between the two curves, we fit the simulated Thomas-Fermi
radius as a function of atom number with a power law of equation

RGP = �a2 + b2(↵0N)c. (3.20)

The parameters b and c take into account the mean field potential, while the parameter
a takes into account the quantum pressure which is not negligible for the small atom
number we have in the BEC. In the Thomas-Fermi limit, we have a = 0, b = 2µTF

m!2 and
c = 2�5. We set the parameter ↵0 , the same can be done for ↵±1, by adjusting the
measured curve to the power law fitted on the synthetic data. In Figure 3.16 we can see a
measurement to calibrate ↵0. In Figure 3.16(a) we can see the data obtained from the GP
simulation fitted by the power law (3.20); the two curves correspond to the Thomas-Fermi
radius along two perpendicular axis on the imaging plane. In Figure 3.16(b), we see the
measured Thomas-Fermi radius after the adjustment of the ↵0 parameter.

3.4. Image analysis

Imaging the atoms with laser light allow us to obtain absolute measurements of several
thermodynamic quantities. However, the high spatial coherence of the light entails
diffraction and interference effects that we observe as intensity patterns (fringes) on the
CCD images. Static intensity patterns are directly eliminated by our imaging analysis;
non-static intensity patterns remain visible on the optical density images and represent
a noise source we need to minimise. Taking the two images with the shortest delay
possible helps in reducing the noise on the final images. In this section we model the
noise observed on the absorption images and we present the two methods used to reduce
it when analysing the images.
We write the intensities in counts, such that I = �h!

A⌧
⌘ ⋅ counts, where A is the pixels area,

⌘ is the CCD detectivity, ⌧ is the imaging pulse duration and �h! is the photon energy.
Therefore, the counts are the number of photons arrived on a certain pixel detected by
the CCD divided by ⌘.
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Figure 3.16.: Comparison between the synthetic and measured data for the Thomas-Fermi
radius as a function of atom number. In (a) we can see the data generated
via a GP simulation and fitted with the adhoc function (3.20). In (b), the
measured Thomas-Fermi radius are compared to the result of the synthetic
data fit to obtain a value for ↵0 = 2.44(22). The blue and black curve
corresponds to the radii along the X and Y direction of our experiment. See
Figure 3.1.

3.4.1. Noise modelisation

Looking at the absorption images, we observe two noise typologies: the shot noise, which
comes from the intensity fluctuations of the laser light intensity, and fluctuations of the
intensity profile. The major source of noise comes from a global scaling of the intensity
pattern. This change of probe intensity can be due to several technical sources, as, for
example, fluctuations in the probe fibre coupling efficiency or fluctuations of the probe
polarisation.
We model the probe intensity pattern as:

Ii(r) = fi(r)�I0 + δIi(r)�, (3.21)

where i ∈ {1,2} labels the first and second image for the absorption imaging, I0 is the
average intensity, where the intensity has been averaged over the CCD area considered and
the different realisations, fi(r) are random variables describing the probe light pattern
and δIi(r) is taking into account the shot noise.
We model the shot noise defining for each pixel r a Poisson distribution of standard
deviation

�
I0 �fi(r)�.

The random variables fi(r) are more difficult to model because their properties depend
on the experimental conditions of the moment at which the images have been taken.
Considering a static pattern in which the noise comes from a global scaling of the intensity
pattern, we can set f1(r) = f(r) and f2(r) = (1 + ↵)f(r) where ↵ is another random
variable which describe these intensity fluctuations. From (3.6), at the first order , we
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obtain the fluctuations of the measured column density

∆n(r) = ↵

σ

��1 + f(r) I0

Isat

�� + δI1 − δI2
I0 σ

1

f(r)
��1 + f(r) I0

Isat

��. (3.22)

We now compute the associated error on the atom number. We select on the CCD three
areas corresponding to the three atomic clouds divided in TOF by the Stern-Gerlach
TOF, see Subsection 3.1.4. These rectangular boxes RB have sizes ∼ 30 × 180 pixels for
the 1D trap. In this case6

�N�RB ≈W ×H �↵�σ
�
�1 + I0

Isat

�
� ≈ 2640atoms (3.23)

where we have taken �↵� ∼ 0.01, RB = 30 × 180pixels, I0 = 704 counts and σ is the
cross-section for the mF = +1 Zeeman sub-levels. This spurious offset (which changes
from one pixel to the next) is already comparable to the mean atom number.
We compute the variance of (3.22) paying attention to divide shot noise and speckle
pattern noise; indeed, while shot noise is uncorrelated from pixel to pixel, the speckle
pattern is correlated. Considering the rectangular box RB, we obtain

(∆NRB)2 = (W ×H)2 (∆↵)2
σ2

�
�1 + I0

Isat

�
�
2 + (W ×H) 1

σ2

2

I0

�
�1 + I0

Isat

�
�
2

. (3.24)

where the first term takes into account the speckle pattern fluctuations and the second
one the shot noise. From the previous equation it is clear that, while the speckle pattern
noise variance scales as (∆NRB,speckle)2 ∝ N2, the shot noise scales as (∆NRB,Sn)2 ∝ N .
In Figure 3.17, the standard deviation of the noise on the atomic density is presented as
a function of the RB rectangular box size. We changed RB size by setting H = 30pixels
and changing the box width W . On the x axis, we plot the area divided by 30. In blue is
plotted the noise coming from the integration of the absorption images, it scales linearly
with the area, indicating that the correlated noise is dominant. In red and green we have
the same data corrected in two ways we describe in the next Subsection. The Upper black
line represents the noise we expect from (3.24), the lower black line represents the shot
noise.

3.4.2. Noise reduction

In order to reduce the noise coming from the shot noise and the intensity pattern noise we
use two either of two algorithms: the rescaling algorithm and the best reference picture
algorithm.

The rescaling algorithm is based on the assumption that, during the time between
the two pictures I1 and I2 are taken, the intensity pattern do not change and the main

6We have taken �f(r)� = 1, since the average of the intensity over the considered CCD area for the
different realisations is equal to I0 and since the considered box is large enough. It has been verified
this is true for boxes down to 60pixels area, see [47].
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Figure 3.17.: Standard deviation of the noise on the atomic density measured on empty
images as a function of the rectangular box RB area. The box size W ×H
has been changed keeping the H = 30pixels constant and varying the box
width W . The data were taken at I ∼ 0.1 Isat. In blue we can see the
noise obtained by integrating the absorption images, in red the same data
analysed with the best reference picture algorithm and in green with the
rescaling method7. The upper black lines indicates the noise expected from
(3.24), the lower one the shot noise.

contribution to the noise comes, as in the previous Subsection, from a variation of the
global intensity. This variation can be described by the parameter ↵, definedas↵ =
∑i,j I1,i,j

∑i,j I2,i,j
− 1.(3.25)To obtain the optical density from a couple of images I1 and I2, we

compute ↵ in the region showed in Figure 3.18 and we rescale the intensity of the first
image accordingly. In Figure 3.17 we see that the algorithm reduces down to values
comparable with the shot noise. This is true also for big boxes, where we expect the
correlated part of the noise to be more important and the rescaling algorithm to be less
efficient. This is due to the low imaging intensity at which these data have been taken,
I ∼ 0.1 Isat. In Figure 3.19 we see the algorithm works well at low intensities, where the
shot noise is important, but become less and less effective as the intensity increases and
the correlated noise becomes more important. The rescaling algorithm works better for
low intensities, where the shot noise is dominant and the optical density (3.6) is described
by the ∼ log part.
We implemented the best reference picture algorithm, based on the works [103, 129, 128],

to reduce the noise coming from the intensity pattern variation. The method consists in
constructing a best second image I2 from all the second images composing a particular
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Figure 3.18.: Example of a typical image with the areas considered for the noise reduction
algorithms. The continuous blue region following the image edges and in
the centre of the image represents the area we don’t consider because it
contains the atomic clouds and some unwanted features as diffraction from
the razor blade we use for the frame transfer technique.

data set:

I2,best =�
k

ckI2,k. (3.26)

The ck coefficients are obtained by minimising the quantity ∑(I1 −∑k ckI2,k)2, where the
first sum is over the area showed in Figure 3.18. If there is a correlation between the
intensity pattern inside and the outside the analysed regions, the algorithm is able to
reduce it. In Figure 3.17 we see the algorithm reduces the noise efficiently also increasing
the box size. In Figure 3.19 we see that it works well also at high intensities, where the
optical density (3.6) is described by the I2 − I1 part.
In Figure 3.19 we see a minimum of the noise at I ∼ Isat. The study of the 3D condensate
presented in Chapter 4 is done at I ∼ 0.1 Isat, to minimise the noise coming from the
I2 − I1 part of the optical density and use a fitting procedure to extract temperatures and
atoms numbers. To study the 1D configuration, as presented in Chapter 5 and Chapter 6,
we used instead a I ∼ 0.3 Isat to work with an higher signal-to-noise ratio.

3.5. From the 3d to the 1d geometry

To produce the 1D condensate, we start from the 3D condensate produced following the
sequence sketched in Figure 3.4. Then, we trap the cloud in a single red detuned laser
propagating along the horizontal direction (HDT beam, see Figure 3.1) switching off the
CDT laser. In this Section we describe how we implemented this transfer.

3.5.1. The adiabatic transfer

The transfer from the 3D to the 1D trap is a crucial passage in our experimental sequence
and it has required some effort to produce a 1D condensate with a negligible breathing
motion and low phase fluctuations (low T ).
Breathing modes are easily excited in a quasi-1D trap with trapping frequency !z =
2⇡ 4.6Hz. Therefore, to reduce their excitations as much as possible, we need to align
the two beams (HDT and VDT) to have their focus at the same position and we need to
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Figure 3.19.: Standard deviation of the noise on the atomic density measured on void
images as a function of the probe imaging intensity. In blue we see the noise
obtained by integration of the absorption imaging, in red the same data
analysed with the best reference picture algorithm and in green with the
rescaling method. The black line represents the shot noise. We can see a
minimum of the noise at Isat = 5000 counts, see Figure 3.14.

switch off the VDT laser as smoothly as possible. In this way, making the transfer as
smooth as possible, we reduce the possible heating of the cloud and therefore we reduce
also the phase fluctuations after TOF.
Our intensity lock allows us to control the VDT laser power down to ∼ 2.4µW. At this
power, the VDT beam produces on the atoms a trapping potential with frequency ∼ 4Hz
along the weak axis. This trapping frequency is near to the one due to the HDT laser.
Therefore, if we lower the laser power until this lower bound value and then we switch it
off abruptly, the atoms feel an important sudden change in the trapping potential which
excites breathing modes and heat up the cloud.
There are different techniques we could use to solve this problem: in the work [152], the
authors implemented an adiabatic short cut to freeze the cloud dynamic in a 1D system.
An alternative method to switch off the VDT laser as adiabatically as possible is to lock
the laser power with two photodiodes; one photodiode working at high powers and the
second one at low powers.
We decided to solve the problem in another way, implementing the system sketched in
Figure 3.20. The laser power is controlled by an AOM. The laser lock reads the photodiode
signal and controls the AOM via an AOM driver. We put an attenuator8 after the AOM
Driver and a Sample&Hold circuit between the laser lock and the AOM Driver. In this

8Mini-circuits ZX73-2500-S+
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Figure 3.22.: Cloud dynamic after the attenuation. In blue is represented the breathing
we obtain at 50ms attenuation time. In red and black, respectively, the
dynamic after 500ms and 5000ms. In blue there is also a fit of the breathing
mode by a sinusoidal function multiplied by an exponential. We obtain
an oscillation frequency !b = 2⇡ 7.3Hz and a characteristic time for the
decaying exponential of ⌧ = 1048ms.

Considering a trapping potential similar to (3.1),

VHDT = V 0
HDT

�� !0

!(z)
��
2

exp
�� − 2x

2 + y2
!2(z)

�� (3.27)

where V 0
HDT is equal to V 0

CDT, see (3.1), for the HDT laser. The ratio between the two
trapping frequencies is given by

!z

!⊥
= λ

⇡
√
2!0

≈ 0.012 (3.28)

considering λ = 1064µm and !0 = 20.3µm. Therefore, if we assume a gaussian mode
without imperfections, to characterise our single beam dipole trap, it suffices to measure
the trapping frequencies only along the axial direction. Figure 3.24 shows the results of
the measurements of the trap frequency along z. To measure them, we produce the 1D
condensate and we use a magnetic field gradient along the cloud weak axis to excite dipole
oscillations. We measured also the trap frequencies along the radial direction finding
good agreement with the frequencies calculated from (3.28). Typical axial frequencies are
!z = 2⇡ 4.6Hz and !⊥ = 2⇡ 383.3Hz.
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Figure 3.23.: Mean square density fluctuations after TOF as a function of the attenuation
time. In red we show �δn2� computed from empty images, divided by the
peak density of the average profile measured at each attenuation time.
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Figure 3.24.: Measured trap frequencies and computed trap depth. In (a) we presented
the trap frequencies measured inducing a dipole oscillation of the condensate
along the z axis. Fitting the data, we are able to measure the beam waist
!0 = 20.3µm. In (b) we sketched the trap depth computed from the measured
trap frequencies and the waist. The gravitational potential is taken into
account.





4. Stepwise Bose-Einstein Condensation

in a Spinor Gas

This third chapter is devoted to the presentation of the article "Stepwise Bose-Einstein
Condensation in a Spinor Gas", [48], published during my thesis. Since the work is already
presented in a exhaustive way in the article and since more details can be found in the
PhD thesis [47], we decided here to report the article without modifications, including the
supplementary materials.

4.1. Article

Multi-component quantum fluids described by a vector or tensor order parameter are
often richer than their scalar counterparts. Examples in condensed matter are superfluid
3He [185] or some unconventional superconductors with spin-triplet Cooper pairing
[127]. In atomic physics, spinor Bose-Einstein condensates (BEC) with several Zeeman
components mF inside a given hyperfine spin F manifold can display non-trivial spin
order at low temperatures [65, 131, 173, 169]. The macroscopic population of the
condensate enhances the role of small energy scales that are negligible for normal gases.
This mechanism (sometimes termed Bose-enhanced magnetism [169]) highlights the deep
connection between Bose-Einstein condensation and magnetism in bosonic gases, and
raises the question of the stability of spin order against temperature.

In simple cases, magnetic order appears as soon as a BEC forms. Siggia and Ruckenstein
[163] pointed out for two-component BECs [163] that a well-defined relative phase between
the two components implies a macroscopic transverse spin. BEC and ferromagnetism
then occur simultaneously, provided the relative populations can adjust freely. A recent
experiment confirmed this scenario for bosons with spin-orbit coupling [79]. This conclu-
sion was later generalized to spin-F bosons without [188] or with spin-independent [40]
interactions. These results indicate that without additional constraints, bosonic statistics
favors ferromagnetism.

In atomic quantum gases with F > 1�2, this type of ferromagnetism competes with

67
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spin-exchange interactions, which may favor other spin orders such as spin-nematics [169].
Spin-exchange collisions can redistribute populations among the Zeeman states [26, 159,
96], but are also invariant under spin rotations. The allowed redistribution processes are
therefore those preserving the total spin, such as 2 × (mF = 0)↔ (mF = +1) + (mF = −1).
For an isolated system driven to equilibrium only by binary collisions (in contrast with
solid-state magnetic materials [102]), and where magnetic dipole-dipole interactions are
negligible (in contrast with dipolar atoms [138]), the longitudinal magnetisation mz is then
a conserved quantity. This conservation law has deep consequences on the thermodynamic
phase diagram.

The thermodynamics of spinor gases with conserved magnetisation has been extensively
studied theoretically using various assumptions and methods [73, 192, 82, 100, 182, 145,
83]. A generic conclusion is that Bose-Einstein condensation occurs in steps, where BEC
occurs first in one specific component and magnetic order appears at lower temperatures
when two or more components condense. Natural questions are the number of steps that
can be expected, and the nature of the magnetic phases realized at different temperatures.

In this Letter, we report on the observation of multi-step condensation in an antifer-
romagnetic F = 1 condensate of sodium atoms. Fig. 4.1 illustrates four situations that
occur when lowering the temperature starting from a normal Bose gas. Without loss of
generality, we focus in this work on the case of positive magnetisation, given that the
case of mz < 0 can be deduced by symmetry. In all cases with mz ≠ 0, we find a sequence
of transitions where different Zeeman components condense at different temperatures.
Depending on the applied magnetic field B and on the magnetisation, we find either two
or three condensation temperatures. The purpose of this paper is to explore this rich
landscape of transitions in a bosonic spinor system and to elucidate the role of atomic
interactions.

The present work is to the best of our knowledge the first comprehensive measurement of
thermodynamic properties of spinor condensates with conserved magnetisation. Previous
experimental works exploring finite temperatures in spinor gases mostly studied spin
dynamics in thermal gases [139, 62, 41, 125], or demonstrated cooling of a majority
Zeeman component by selective evaporation of the minority components [132, 126]. The
realisation of dipolar spinor gases with free magnetisation [138] was limited to the study of
spin-polarised condensed phases in equilibrium due to dipolar relaxation. More recently, a
gas of spin excitations in a spin-polarised (mz ≈ 1) ferromagnetic Bose-Einstein condensate
was observed to equilibrate and even condense at sufficiently low temperatures [42].

Our experiments are performed with ultracold 23Na atoms confined in a crossed optical
dipole trap (ODT). The longitudinal magnetisation mz = (N+1 − N−1)�N acts as an
external control parameter independent of the externally applied magnetic field B. Here,
NmF

is the reduced population in Zeeman state mF and N the total atom number. We
vary mz between unmagnetised (mz ≈ 0) and fully magnetised samples (mz ≈ 1) using
a preparation sequence performed far above Tc [76]. An applied magnetic field B shifts
the single-atom energy by ∆EmF

= pmF + q(m2
F − 1). The conservation of magnetisation

makes the linear Zeeman effect ∝ p irrelevant in the equilibrium state. The quadratic
Zeeman energy (QZE), which lowers the energy of mF = 0 with respect to mF = ±1, is
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Figure 4.1.: Illustration of stepwise Bose-Einstein condensation in antiferromagnetic spin
1 gases. Each column is formed by juxtaposing absorption images of spin
distributions with monotonically decreasing temperature T from top to
bottom. The quadratic Zeeman energy q and low-T magnetisation mz are
indicated at the top of each column. a. Only mF = 0 condenses (mF = 0,±1
are the three Zeeman states). b. (c.) For low (high) magnetisations, mF = 0
(mF = +1) condenses first followed by mF = +1 (mF = 0). d. For small q and
high mz, mF = +1 condenses first followed by mF = −1, while mF = 0 does
not condense.

the relevant term, and is given by q = ↵qB
2 with ↵q�h ≈ 277Hz/G2 for sodium atoms.

The depth V0 of the ODT determines the temperature T and total atom number N

for a given V0. We find that the magnetisation mz also varies with V0 (by up to 15%),
a byproduct of evaporative cooling. Once a condensate forms in one of the Zeeman
components, evaporation tends to eliminate preferentially atoms in the other Zeeman
states. The evaporative cooling dynamics is very slow compared to the microscopic
thermalisation time on which the gas returns to thermal equilibrium. As a result, the
kinetic equilibrium state for the quantum gases studied in this work is still determined by
a magnetisation-conserving Hamiltonian. Furthermore, the ODT is tight enough such
that a condensate forms in the so-called single-mode regime [191], where the spatial shape
of the condensate wavefunction is independent of the Zeeman state. In the following, we
characterise our data for a given value of q by an evaporation “trajectory” (N,T,mz)V0

,
taking four experimental realisations for each point in the trajectory.

Absorption images as shown in Fig. 4.1 are recorded after 3ms of expansion in an applied
magnetic field gradient (Supplementary Materials 4.2). We perform a fit to a bimodal
distribution for each component to extract the temperature, the populations NmF

, and
the condensed fraction fc,mF

per component (Supplementary Materials 4.2). We found
that low condensed fractions < 5% are difficult to detect with the fit algorithm due to a
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Figure 4.2.: Evolution of peak optical density with trap depth for a particular evaporation
trajectory with q�h ≈ 69Hz and mz ≈ 0.3 at the highest temperature. For
these parameters, the mF = +1 component condenses first (at a temperature
Tc,1 ≈ 1.8µK), followed by the mF = 0 component (at a temperature Tc,2 ≈
560nK). No condensate was detected in the mF = −1 component. The curves
for mF = +1 and mF = 0 have been shifted vertically by 0.2 and 0.1 for clarity.
The error bars denote statistical uncertainties at a 66 % confidence level. The
solid lines indicate the piece-wise linear fits used to determine the critical
trap depths.

combination of low signal-to-noise ratio and the complexity of fitting the three Zeeman
components simultaneously. The signature of BEC, the appearance of a dense, narrow
peak near the centre of the atomic distribution, can instead be tracked by monitoring
the peak optical density (OD) taken as a proxy for the condensed fraction [181]. This
procedure avoids relying on bimodal fits or other indirect analyses with uncontrolled
systematic biases.

Fig. 4.2 shows such a measurement for a particular evaporation trajectory. The peak
OD increases sharply when Bose-Einstein condensation is reached, demonstrating in this
particular example a two-step condensation where mF = +1 condenses first, followed by
mF = 0. For a given evaporation trajectory, we identify the critical trap depth V0,c where
condensation is reached by a piece-wise linear fit to the data, taking the intercept point
as the experimentally determined V0,c (see Fig. 4.2). We interpolate numerically the atom
number, magnetisation and temperature to obtain the critical values Nc, Tc, mz,c from
V0,c.

Fig. 4.3 summarses the results of this work. We show the peak optical density for each
Zeeman component and each value of q in a (T −mz) plane (Fig. 4.3 a-c, e-g and i-k).
In this plot, all data taken at a given QZE q are binned with respect to magnetisation
and temperature. The domains where condensation occurs appear in light colours. For
convenience, the temperature is scaled to the critical temperature of a single-component
ideal gas kBTc,id = �h![N�⇣(3)]1�3, with ! the geometric average of the trap frequencies
and ⇣ the Riemann zeta function [33]. The same plot also shows the measured critical
temperatures (Fig. 4.3 d, h, l)1. The phenomenon of sequential condensation is always

1In one case, mF = 0 when mz ≈ 0.3 and q�h = 2.8Hz, the lowest temperature images do show a
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Figure 4.3.: Thermodynamic phase diagram of an antiferromagnetic spin F = 1 Bose
gas. The peak optical density of each Zeeman component is reported for
the entire set of data at each value of the QZE – q�h = 8.9kHz (a-c), 69Hz
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temperature of a single-component ideal Bose gas with the same number of
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respectively). The solid (dashed) lines are the predictions of a Hartree-Fock
(HF) model with spin-independent interactions (ideal gas theory). The dotted
line in k shows the expected Tc,2 where mF = 0 condenses according to the
HF model.
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observed for mz ≠ 0, but the overall behaviour changes drastically with q.

We first discuss the cases with largest QZE, q�h ≈ 8.9kHz (Fig. 4.3 a-d) and q�h ≈ 69Hz
(Fig. 4.3 e-h). For q�h ≈ 8.9kHz and highly magnetised samples, the majority component
mF = +1 condenses first at a critical temperature Tc,1, followed by the mF = 0 component
at a lower temperature Tc,2. For low magnetisations, the condensation sequence is reversed.
For q�h ≈ 69Hz, we observe only one sequence, a two-step condensation with mF = +1
first and mF = 0 second.

This behaviour can be understood qualitatively from ideal gas theory, taking the QZE
and the conservation of magnetisation into account [100]. For ideal gases, BEC occurs
when the chemical potential µ equals the energy of the lowest single-particle state [33].
The same criterion holds for a spin 1 gas with µ0 = µ and µ±1 = µ ± λ, where λ is a
Lagrange multiplier enforcing the conservation of mz. For mz = 0 (λ = 0) and q > 0, the
QZE lowers the energy of mF = 0, which is therefore the first component to condense
when µ = −q. For mz > 0, λ is positive and increases with mz. The energetic advantage of
mF = 0 is in balance with the statistical trend favouring the most populated component
mF = +1. Eventually, this trend takes over at a “critical” value m∗z (where λ = q). For
mz >m∗z , the mF = +1 component condenses first.

Coexisting mF = 0 and mF = ±1 components with a well-defined phase relation
correspond to a non-zero transverse spin �Ŝx + iŜy� ≠ 0 (“transverse magnetised” phase
– M⊥). For large q, the condensate is reduced to an effective two-component system
mF = 0,+1 with mF = −1 mostly spectator. The case mz = m∗z (µ0 = µ+1) realises
the Siggia-Ruckenstein (S-R) scenario, where condensation and ferromagnetic behaviour
appear simultaneously. Away from that point, the S-R picture breaks down (µ0 ≠ µ+1)
and sequential condensation takes place.

Figure 4.3 d-h show the critical temperatures and compare them to ideal gas theory.
Although the general trends in the theory are the same as in the experiment, we observe a
systematic shift of Tc,1 and Tc,2 towards lower temperatures, and an experimental “critical”
m∗z ∼ 0.3 larger than the ideal gas prediction. The behaviour for q�h ≈ 69Hz (Fig. 4.3 e-h)
is qualitatively similar to the largest q case, but with a small m∗z that cannot be resolved
experimentally (the ideal gas theory predicts ≈ 0.002).

Repulsive interactions between the atoms can be expected to lower the critical tem-
peratures as in single-component gases [52], with an enhanced shift of Tc,2 due to the
presence of a condensate. We use a simplified version of Hartree-Fock (HF) theory to
make quantitative predictions [83]. Our self-consistent calculations include the trap
potential in a semi-classical approximation, and treat the interactions as spin-independent.
These approximations are valid only above Tc,2, where at most one component condenses
(Supplementary Materials 4.2). As a result, the HF model cannot make any prediction for
the low-temperature behaviour below Tc,2. The results of the HF calculations, performed
for atom numbers and trap frequencies matching the experimental values (Supplementary
Materials 4.2), are shown in Figure 4.3. The HF model qualitatively accounts for the
experimental data, explaining in particular the strong downwards shift of Tc,2 for all q and

condensed component but the critical temperature could not be extracted reliably from the fitting
procedure due to sparse sampling. This particular point is not reported in Fig. 4.3l.
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the shift of m∗z to higher values for q�h ≈ 8.9kHz. The residual discrepancy around 7−8%
could be partially explained by finite-size and trap anharmonicity effects not included in
the Hartree-Fock calculation (Supplementary Materials 4.2).

At the lowest field we studied, q�h ≈ 2.8Hz (Fig. 4.3 i-l), we observe a change in the
nature of Tc,2. For high values of mz, Tc,2 corresponds to condensation into mF = −1 while
mF = 0 remains uncondensed. This phenomenon is incompatible with ideal gas theory
[73, 100] and with our HF model with spin-independent interactions. It corresponds
to a change of the magnetic ordering appearing below Tc,2. While coexisting mF = 0
and mF = +1 components form a M⊥ phase with �Ŝx + iŜy� ≠ 0, coexisting mF = ±1
components correspond to a phase with �Ŝx + iŜy� = 0 but where the spin-rotational
symmetry around z is broken by a non-zero spin-quadrupole tensor (“quasi-spin nematic”
phase -qSN). At T = 0 and in the single-mode regime, the M⊥- qSN transition occurs
at a critical magnetisation mz,c = �1 − [1 − (q�Us)]2, with Us ≤ q the spin-dependent
interaction energy [193]. When q > Us, there is no phase transition and only the M⊥
phase is present. This explains the qualitative difference between the data for q�h = 2.8Hz
and the other two values. We estimate Us�h � 50Hz and mz,crit ≈ 0.3 for a BEC without
thermal fraction [75]. This agrees well with the lowest temperature measurements reported
in Fig. 4.3j-k.

In the experimental data in Fig. 4.3 i-l, the region of the phase diagram occupied by the
M⊥ phase shrinks with increasing temperature. In fact, we find that mF = −1 condenses
at Tc,2 for all parameters we have explored, with mF = 0 condensing at a third, lower
critical temperature (except for mz ≈ 0, where all components appear to condense together
within the accuracy of our measurement). Finally, the dashed line in Fig. 4.3k shows
Tc,2 predicted by the HF model with spin-independent interactions. Although the model
incorrectly predicts that mF = 0 should condense below Tc,2, the predicted transition
closely matches the observed boundary between single-component mF = +1 BEC and
qSN mF = ±1 BEC. This indicates that the transition line itself (but not the magnetic
order below it) is determined by the thermal component alone.

In conclusion, we have studied the finite-T phase diagram of a spin-1 Bose gas with
antiferromagnetic interactions. For condensates in the single-mode regime, we observed
a sequence of transitions, two for high QZE and three for low QZE, with the lower
two leading to different magnetic orders. We have found that a simplified HF model
reproduces the trends observed in the variations of the critical temperatures Tc,1 and
Tc,2 with magnetisation and QZE. A more complete theoretical analysis accounting for
all experimental features –in particular the harmonic trap, which is crucial to stabilise
an antiferromagnetic condensate in a single spatial mode [191]– and elucidating the
exact nature of the low-temperature transitions for low QZE remains open. A natural
extension of this work would be to study the critical properties of the observed finite-T
transitions, in particular near mz = m∗z and between the M⊥ and qSN phases at very
low q. Two-dimensional systems provide another intriguing direction to explore. Several
Berezinskii-Kosterlitz-Thouless transitions mediated either by vortices or spin textures
have been predicted [121, 78]. We expect that such topological features will further enrich
the already complex phase diagram observed in three dimensions.
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4.2. Supplementary Materials

4.2.1. Experimental sequence

Trap geometry

Our experiments start with a thermal gas of ∼ 105 23Na atoms in a crossed dipole trap,
at a temperature around T ≈ 4µK. We set the normalised magnetisation of the cloud mz

between 0 and 1 using the same procedure as in [76], and perform evaporative cooling by
decreasing the power of the optical dipole trap. We found that the magnetisation varies
during the evaporation ramp, typically by 10 − 15% (see Subsection 4.2.2 below). Once
the desired final trap depth is reached, we hold the atoms in the trap for 4 seconds to
ensure thermalisation. We apply a constant bias magnetic field B during the evaporation.
For the data sets with B = 0.1G and B = 0.5G (resp. B = 5.6G), the bias field is along
the x (resp. x + y + z) direction (see Fig. 4.4).

Stern-Gerlach Imaging

We detect the atoms using absorption imaging after a period of expansion in a magnetic
field gradient to spatially separate the Zeeman components (Stern-Gerlach – SG – imaging).
We use in this work a slightly different SG sequence than in [76, 196]. A quadrupole
magnetic field (created by the pair of coils used to operate the magneto-optical trap)
together with a strong bias magnetic field parallel to the y axis produces a magnetic force
along y. We pulse this magnetic force after the trap has been switched off. We trigger
a ∼ 1ms-long pulse by discharging a large capacitor into the coils. A power diode and
a semiconductor switch limit the current pulse to one half period of the resulting L-C
oscillation. After a time of flight of 3 ms, we repump the atoms to the F = 2 hyperfine
manifold and take an absorption image using light resonant on the F = 2 → F ′ = 3
transition.

The magnification of the imaging system is calibrated directly by imaging the Kapitza-
Dirac diffraction pattern from a pulsed optical lattice with known wavelength, and
indirectly by comparison to an orthogonal imaging system calibrated against gravity.
Both methods agree within their uncertainty, on the order of 1 %.

Figure 4.4.: Crossed dipole trap geometry.
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Figure 4.5.: Evolution of trap frequencies in an evaporation trajectory. Filled symbols
indicate frequencies measured with parametric heating, open symbols indicate
frequencies measured with dipole oscillations.

Evaporative cooling in optical traps is performed by lowering the optical power of
the trap laser, which reduces the trap depth but also the trap frequencies [130]. In our
experiments, they change from around 2kHz for the highest power to a few hundred Hz
for the lowest. We calibrate the trap frequencies using two methods, (i) centre-of-mass
oscillations, and (ii) parametric excitation (see Fig. 4.5). For method (i), we use a gas of
atoms polarised in the mF = +1 Zeeman sub-level (mz ≈ 1). We slowly ramp up a magnetic
field gradient that displaces the cloud centre to a new equilibrium position, and then
switch off the gradient to induce oscillations at the trap frequencies. For method (ii), we
modulate the dipole trap optical power to induce parametric heating. When interactions
can be neglected, resonant excitation is obtained when the modulation frequency coincides
with the second harmonic of one of the trap frequencies.

Method (i) is best suited for trap frequencies below approximately 1 kHz, and method
(ii) above. In our experiment, we cannot switch off the magnetic field gradient faster than
approximately a millisecond, which is long compared to the typical oscillation period for
the highest trap depths. Consequently, the switch-off becomes almost adiabatic, and the
induced oscillations of the centre-of-mass are hardly detectable. While the parametric
heating method (ii) should in principle work at all temperatures, once a condensate
is formed the relation between the measured resonant frequencies and the bare trap
frequencies is no longer straightforward. To avoid complicated modelling involving finite
temperature theories of Bose-Einstein condensed gases [146], we restrict method (ii)
to normal gases above the critical temperature, which corresponds typically to trap
frequencies � 1kHz.
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Figure 4.6.: a: Potential V of a crossed optical dipole trap (CDT) formed by two Gaussian
traps of waist w and trap depth V0. b: Classical isopotential contours
V (r) = E for energies E < V0 (blue solid line) and V0 < E < 2V0 (red solid
line). c: Density of state ⇢(e) (red solid line) and maximum radius of classical
trajectory (dashed line). The blue solid line shows the density of states of
the harmonic potential closest to the CDT potential V (r). The grayed area
correspond to classical trajectories bounded within the crossing region. The
vertical solid line shows the energy cutoff due gravity for vertical trajectories,
slightly lower than the energy V0 where the atoms escape from the crossing
region.

4.2.2. Evaporation dynamics

Trap Depth

In this Subection, we discuss how we extract a trap depth for a crossed dipole trap
geometry involving two Gaussian beams, as sketched in Fig. 4.4. For simplicity we
consider here two identical, mutually incoherent beams. The dipole potential for a single
beam is [57] V (x) ≈ −V0e

−2(x2
1+x

2
2)�w

2�[1+ (x3�zR)2], with V0 the single-beam trap depth,
proportional to laser power, with w the beam waist and with zR = ⇡w2�λL the Rayleigh
length. For the geometry we consider, we have x1 =X,x2 = Y and x3 = Z for the vertical
beam 1 and x1 = Y,x2 = Z and and x3 =X for the horizontal beam 2 (see Fig. 4.6a). For
atoms with energies much lower than V0, this leads to an approximately harmonic trap
with frequencies !{X,Y,Z} = {1,√2, 1}�4V0�mw2. In general, we distinguish two different
energetic regimes based on the shape of the isopotential curves V (r) = E (Fig. 4.6b). For
atoms with low energies E < V0, the classical trajectories are bounded within the crossing
region of size ∼ w ×w. Atoms with energies V0 < E < 2V0, on the other hand, experience
classical trajectories extending far in the arms of the CDT, over distances ∼ Rmax many
times greater than the size of the trapped gas in the crossing region (typically � w for
cold clouds with kBT � V0). The high-energy atoms populating the arms of the CDT
thus form a very dilute cloud, not necessarily in equilibrium with the majority of atoms
in the crossing regions. From this simple picture, the trap depth relevant for evaporative
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cooling is on the order of V0, the energy where the isopotential maximum radius and
the density of states ⇢(E) (calculated semiclassically) both increase dramatically (see
Fig. 4.6c). Including gravity, classical trajectories with energies ∼ V0 −mgw can escape
along Z, as indicated by the vertical line in Fig. 4.6c.

It is difficult to make more precise statements about the value of V0, since it depends
on evaporation dynamics, and on the ergodicity of classical trajectories. We did not carry
a detailed kinetic calculation of evaporative cooling in the CDT potential V (r) (as done
in [187] for a truncated harmonic trap), a task that goes well beyond the scope of this
work. We assume here that we can take V0 as the relevant trap depth determining the
evaporative cooling dynamics. This has no impact on our experimental results, as V0 is
merely used as a label for each point on a given evaporation trajectory.
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Figure 4.7.: Evaporation trajectory showing atom number, magnetisation and temperature
versus trap depth. The solid line shows a numerical interpolation which we
use to extract the critical values for each quantity from the critical trap depth
(see Subsection 4.2.3).

Discussion on the conservation of magnetisation

A typical evaporation trajectory is shown in Fig. 4.7. The behaviour of the total atom
number and temperature are expected, but one can also notice a variation of the mag-
netisation mz with trap depth. This behaviour seems at first glance incompatible with
the announced conservation law of mz. However, the argument that microscopic binary
collisions driving the system to thermal equilibrium conserve mz disregards the dynamics
of evaporative cooling. Once a condensate forms in one of the Zeeman components,
evaporation tends to eliminate preferentially atoms in the other Zeeman states.

In spite of this variation, the conservation of magnetisation is still relevant to determine
the state of kinetic equilibrium reached by the system. The evaporative cooling dynamics
is very slow compared to the microscopic thermalisation time on which the gas returns
to thermal equilibrium. The thermalisation time can be estimated from the classical
collision time 1�(nσvth) (here, n is the spatial density of the thermal component, σ the
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4.2.3. Extracting Tc

Bimodal fits

We model the measured column densities using the standard parametrisation, i.e. by the
sum of a Bose-Einstein distribution describing the thermal component and a Thomas-
Fermi profile describing the condensate [86]. We fit the three Zeeman components
simultaneously, with a few assumptions to reduce the number of fitting parameters. We
assume in particular a fugacity z = 1, equal temperatures for all three thermal clouds, and
equal condensate sizes in accordance with the single-mode approximation. From the fit
parameters, one can obtain in principle the temperature, the total population and the
condensate fraction of each component. However, the parametrization is heuristic and
prone to systematic errors. The bimodal fit is sensitive to image noise when the condensate
fraction is below 5 %. Additionnally, systematic deviations from the Thomas-Fermi profile
due to the tight confinement become problematic when the condensate fraction is higher
than approximately 50% [76]. For this reason, we only use the bimodal fits to obtain
the total populations of each component and the geometric centre of each cloud, and
use other methods which we believe more reliable to determine the temperature and the
critical point.

Determination of the temperature from the thermal tails of the atomic distribution

We extract the temperature from the wings of the thermal components. The basic
assumption is that the wings of the time-of-flight distribution are determined by the
wings of the in-trap momentum distribution, which is well approximated by an ideal
Bose-Einstein distribution for large enough momenta. To determine the range of momenta
where this description applies, we apply circular masks at the centre of each cloud, as
shown in Fig. 4.8 a, and fit the outer atomic distribution with a Bose-Einstein distribution

∝ g2 �e−r2�R2
th�, where gn(x) = ∑∞k=1 xk�kn is a Bose-Einstein function. The fitted size

varies when the size of the mask increases, and eventually reaches a plateau (Fig. 4.8 c).
We identify this plateau with the dilute wings of the cloud, well reproduced by an ideal
Bose-Einstein distribution. We extract the temperature from kBT =mR2

plateau�t2, with t

the time of flight and where Rplateau is the average of Rth for five mask sizes between 50
µm and 60 µm.

Determination of the threshold for Bose-Einstein condensation from the peak

density

The critical point is detected by a sudden change in the peak value of the optical density
ODmF

= σ0ñmF
of each Zeeman component mF . We choose a square integration zone of

side 3 × 3 pixels near the centre of each component to evaluate the peak optical density.
The evolution of OD+1 as a function of evaporation time is shown in Fig. 4.9, and shows
an abrupt change at a particular trap depth which we identify as critical point. We
extract the critical trap depth from a piece-wise linear fit to the data near the critical
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Figure 4.9.: Optical density as a function of evaporation time, showing the increase of
optical density at the BEC transition happens only in the centre of the
momentum distribution. The inset shows the correspondence between plot
symbols and integration regions. The black line shows the Bose-Einstein
transition extracted from a fit to the data, and the gray area the 66%
confidence interval.

point. Finally, we use the critical trap depth determined to evaluate the atom number,
temperature, magnetisation and trap frequency (see Fig. 4.7) at the critical point.

We have verified that the sudden increase of the optical density is observed only in
the centre of the distribution. Choosing other off-centred regions is compatible with the
behaviour of a slowly cooling thermal gas (see Figure 4.9).

4.2.4. Theoretical models of spinor gases at finite temperatures

Ideal spin 1 gas

We first calculate the BEC critical temperature of a spin 1 Bose gas with fixed magnetisa-
tion Mz and atom number N [73, 192, 100]. The gas is trapped in a harmonic potential
with frequencies !i (i = x, y, z). The Gibbs free energy is written as

G =Hsp − �
mF =0,±1

µmF
NmF

, (4.1)

with Hsp the sum of the kinetic and potential energies, NmF
the population of Zeeman

state mF , and q the quadratic Zeeman energy. The chemical potentials for each Zeeman
component are given by µ±1 = µ ± λ and µ0 = µ + q, where the Lagrange multipliers µ and
λ ensure conservation of N and Mz on average.

Following the usual method [146], we write the Zeeman population NmF
= Nc,mF

+N ′mF

as the sum of the population of the trap ground state Nc,mF
and of all excited state

N ′mF
. Here and in the following, the prime subscript denotes quantities related to non

condensed atoms. We calculate N ′mF
from the semi-classical formula dalfovo1999theory,
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Condensation order mF = +1 first mF = 0 first

Tc1 µ+1 = 0 µ+1 = λ − q
µ0 = q − λ µ0 = 0
µ−1 = 0 µ−1 = −λ − q

Tc2 µ+1 = 0 µ+1 = 0
µ0 = 0 µ0 = 0

µ−1 = −2q µ−1 = −2q
Table 4.1.: Summary of the conditions of condensation in the ideal case. Here Tc1�2

denotes the first/second critical temperature, µmF
is the effective chemical

potential for the Zeeman component mF , λ is a Lagrange multiplier enforcing
a given magnetisation and q is the quadratic Zeeman energy. Note that λ > 0
when mz > 0.

N ′mF
= (kBT ��h!)3 g3 �eβµmF �, with ! = (∏i=x,y,z !i)1�3. For a given T , mz and q, we find

numerically the chemical potential µ and λ by solving the set of equations ∑mF
NmF

= N
and N+1 −N−1 =Mz.

The BEC transition takes place in the Zeeman component mF when µmF
= 0. As the

temperature is lowered, the Zeeman components condense sequentially. Ideal gas theory
predicts critical temperatures shown as dashed lines in Fig. 4.10. For q > 0, there are two
regimes depending on the magnetisation. For low mz, the mF = 0 component condenses
first at a critical temperature Tc1, and the mF = +1 component condenses second at a
lower critical temperature Tc2 ≤ Tc1. For high mz, the sequence is reversed. We remark
that the mF = −1 component never condenses, except in the limiting case q = 0 where
it condenses simultaneously with mF = 0. The conditions on the chemical potentials for
each condensation temperature are summarised in Table 4.1.

Hartree-Fock model

We now consider the effect of interactions, described by the Hamiltonian [169]

Ĥint = g

2
� d3r n̂2(r) + gs

2
� d3r Ŝ

2(r). (4.2)

Here n̂mF
(r) denotes the spatial density of the mF component, n̂(r) = ∑mF

n̂mF
(r)

the total density, and Ŝ the spin density. In the following we also note n′mF
(r) the

density of non-condensed atoms in state mF , and the total non-condensed density n′(r) =∑mF
nmF
(r).

We make a series of approximations to simplify the problem and compute the thermo-
dynamic properties:

1. We treat the interactions in the Hartree-Fock approximation [52, 95, 83],

2. We neglect the spin-dependent interaction term ∝ gs in comparison with the
spin-independent interactions ∝ g,
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Figure 4.10.: a. Critical temperatures for q�h = 8.9kHz for N = 5 ⋅ 104, ! = 2⇡ × 1200 s−1.
The red and blue lines show Tc1 and Tc2, respectively. The solid lines are
calculated using the Hartree-Fock model and the dashed lines using ideal gas
theory. The and q�h = 69Hz b. Close-up view of the region near m∗z where
Tc,1 and Tc,2 cross for the ideal gas. The dashed line show the prediction of
a so-called “semi-ideal” model intermediate between the ideal gas and the
complete Hartree-Fock treatment.

3. We assume that a semi-classical approximation (for the condensate and for the
excited atoms) is valid.

We restrict ourselves to a regime where at most one Zeeman component condenses. This
component is identified by the label c in the following.

Under these assumptions, the density profile of the condensate is determined by

nc(r) = 1

g
max�µc − V (r) − g �n′(r) + n′c(r)� , 0� , (4.3)

with a BEC index c corresponding to 0 or +1 depending on the particular case under
consideration. The last term describe interactions between condensed and non-condensed
atoms, with a strength 2g for atoms in the same Zeeman component c as the condensate
and g otherwise. The density profiles of the thermal components are determined by the
set of non-linear equations,

n′mF
(r) = 1

λ3
T

g3�2 �eβ�µmF
−WmF

(r)�� . (4.4)

Here WmF
denotes a self-consistent mean-field potential for non-condensed atoms in the

Zeeman state mF ,

WmF
= g �(1 + δmF ,c)nc + n′ + n′mF

� + V. (4.5)

Eqs. (4.3,4.4) must be solved self-consistently for the thermodynamic potentials parameters
µ, ⌘, imposing the constraints of total atom number and magnetisation.

At first sight, it may seem straightforward to extend the model discussed above to
include more than one condensed component and spin-dependent interactions terms ∝ gs.
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However, antiferromagnetic interactions tend to induce phase separation when mF = 0
and mF = ±1 are simultaneously condensed [73, 191]. In the experiment, this trend
is penalized by the high energetic cost of domain walls in a tight trap, stabilizing a
condensate in a single spatial mode. This effect is due to the so-called “quantum pressure”
term neglected in the semi-classical approximation. To include it in a consistent manner,
one would need to solve the complete Gross-Pitaevskii equation as well as Schrödinger-like
equations for the excited modes in a self-consistent manner. We did not attempt to do
such a calculation, which promises to be numerically taxing in three dimensions.

Scaling properties of the Hartree-Fock model

The simplified Hartree-Fock model of Subsection 4.2.4 admits a scaling form. We introduce
the critical temperature of a single component ideal gas, kBTc,id = �h! (N�⇣(3))1�3, and two
associated spatial scales, the thermal De Broglie wavelength λc,id = (2⇡�h2�mkBTc,id)1�2
and the thermal cloud radius Rc,id = (kBTc,id�m!2)1�2. We now introduce dimensionless
variables denoted with a tilde symbol. Energies are scaled by Tc,id, and densities by
1�λ3

c,id.With these notations, any thermodynamic state function can be rewritten as

universal functions of the scaled temperature T̃ , chemical potentials µ̃, ⌘̃ and quadratic
Zeeman energy q̃, and of the dimensionless strength of interactions γ

γ = g

λ3
c,id

kBTc,id

= 2a

λc,id

. (4.6)

This is a natural extension of the scaling behaviour noted for single-component Bose gases
[33]. In three dimensions, this behaviour holds because of the semi-classical approximation.
Including the kinetic energy in the theory would break the universality.

Example of results from the Hartree-Fock model

As an example, the calculated critical temperature for q�h = 8.9kHz is shown in Fig. 4.10a
for fixed atom number and trap frequencies. One observes a significant shift downwards of
the interacting model from the non-interacting one, as expected for repulsive interactions
[52].

In the ideal gas model, the critical temperature curves Tc,1 and Tc,2 are continuous and
cross at a particular point labeled as m∗z . In contrast, the Hartree-Fock model shows a
discontinuity of the second critical temperature near m∗z . To understand this feature, we
turn to a “semi-ideal model”, which is simpler to discuss but preserves the discontinuity
(Fig. 4.10b). In the semi-ideal model [123], one retains only terms proportional to gnc and
neglects terms proportional to gn′mF

in Eqs. (4.3,4.4). Uncondensed atoms experience
a mean-field potential which differs from the harmonic trapping potential only within
the volume of the condensate, and depends on their internal state : either a W−shaped
potential for atoms in the same Zeeman state the condensate (similar to the single-
component case [123]) or a “flat-bottom” potential for atoms in other Zeeman states [42,
91].
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Figure 4.11.: Comparison between the experimental data and the Hartree Fock model
for q�h = 8.9kHz (a,b), q�h = 69Hz (c,d), and q�h = 2.8Hz (e,f). For each
column, the top panel shows the critical temperatures. The bottom panel
shows the value of the interaction parameter γ for each measured critical
temperature (circles), as well as the interpolated curves γ(mz) used as input
for the Hartree-Fock calculation (dashed lines). In each panel, red, gray and
dark blue colors correspond to mF = +1, mF = 0 and mF = −1, respectively.

To explain the discontinuity of Tc,2, we consider the temperature regime Tc,1 > T > Tc,2,
and the case mz <m∗z first. The condensate forms in mF = 0, and the magnetisation is
entirely carried by the thermal component (N ′+1 −N

′
−1 =Mz). The condition for second

condensation is µ+1 = µ + λ = gnc(0), with nc(0) the condensate density in the centre of
the trap. Since µ0 = µ + q = gnc(0), this leads to the same condensation criterion λ = q as
for an ideal gas. Lowering the temperature leads to both a decrease of the total thermal
population N ′ = N ′0 + N ′+1 + N ′−1 and an increase in the degree of polarization of the
thermal component, P ′z = (N ′+1 −N ′−1)�N ′. Note that mean-field interactions compared
to the one of an ideal gas at the same temperature T and chemical potential λ < q. For
“high” temperatures T � Tc,1, when the condensate population is small (N ′ ∼ N), the
conservation of magnetisation amounts to mz ≈ P ′z. The flattening of the mean-field
potential for uncondensed mF = ±1 atoms leads to a slight increase of the atom number
Nc,mF

at which these Zeeman components can condense. Equivalently, the chemical
potential λ must adjust to a value < q in order to maintain a given magnetisation. This
effect prevents condensation in mF = +1 in a wide temperature range, until the condensate
population becomes sufficiently large. In that regime, the conservation law mz = P ′z×N ′�N
is fulfilled if the decrease of N ′�N is compensated by an increase of P ′z. This corresponds
to an increase of λ which eventually reaches the critical value λ = q. As a consequence,
the formation of a condensate in the minority component mF = +1 is delayed to low
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temperatures, when the condensed fraction in mF = 0 is large enough.

In the other case mz � m∗z , the BEC first appears in the mF = +1 component. The
magnetisation is now shared between the condensate and the thermal component, and
mz = Nc�N +P ′z ×N ′�N . As the temperature decreases and the condensate population in
mF = +1 increases, the conservation of mz is ensured by decreasing N ′+1 and increasing
N ′0. As a result, the condensation in mF = 0 is not merely shifted to lower values by
the mean-field potential. The shift depends on the condensate population at Tc,2 and
vanishes for mz =m∗z in the semi-ideal model.

The explanation of the discontinuity in the more complete Hartree-Fock theory is
qualitatively the same in the semi-ideal model.

Comparison with experimental data

In order to make a comparison of the Hartree-Fock model with the experimental data,
we need to account for the variations of the parameters N,! across all data. These
parameters naturally decrease while the evaporation ramp proceeds to lower temperatures.
As a result, for a given evaporation trajectory N,! are smaller at the second critical
temperature than at the first. Additionally, the magnetisation varies as well as evaporation
proceeds (see Sec. 4.2.2). Instead of a couple of critical temperatures Tc1, Tc2 for given
mz,N,!, we have in fact two sets of parameters (Tc1,mz1,N1, !1) and (Tc2,mz2,N2, !2).

One possibility is to do a point-by-point comparison. This results in a sparsely sampled
curve that does not reflect the full behaviour of the critical temperatures. To cure this,
we have performed an interpolation of the experimental parameters to use as input in the
calculation. We used the scaling properties of the thermodynamic functions discussed
in Sec. 4.2.4. We perform a numerical interpolation of the experimentally determined
values of γ calculated from Eq. (4.6), the measured Tc1 and g = 4⇡�h2a�mNa. The s-wave
scattering length a is measured in [94] and mNa is the mass of a sodium atom. We plot
the final results in reduced units. The critical temperature curves shown in the main
article are reproduced in Fig. 4.11, together with the measured values of γ and their
interpolations.

Further corrections to the ideal gas critical temperature

Finite-size effects : The ideal gas theory is computed with the semi-classical formula,
valid in the thermodynamic limit for trapped gases dalfovo1999theory, e.g. when N →∞
and ! → 0 keeping N!3 constant. For finite N and !, corrections to the thermodynamic
limit decrease the critical temperature by δTc�Tc,id � −0.73N−1�3. This correction is
between −1% (Nc = 105) and −4% (Nc = 104) for our experimental parameters.

Trap anharmonicity : The CDT is only harmonic near its minimum and has a finite
trap depth. The most energetic atoms are sensitive to the non-harmonic shape of the
CDT potential and also to the finite trap depth (see Fig. 4.6). The evaporation parameter
⌘ = V0�kBT remains large (⌘ > 7) during the evaporation ramp, so that the fraction of
atoms affected by these effects is small.
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The critical atom number and temperature are affected by two separate effects. First,
the finite trap depth introduces an energy cutoff that reduces the critical atom number
and increases Tc (this effect is likely to be enhanced when gravity is taken into account).
Second, the anharmonic part of the CDT potential tend to increase Nc and thus to reduce
of Tc (Gaussian traps are “looser” than pure harmonic traps near their edges). The second
effect becomes more important for high values of ⌘.

We have estimated the two effects by evaluating numerically the critical atom number
in a CDT potential, using

Nc = � V0

0
⇢(✏)fBE(✏)d✏, (4.7)

with fBE(✏) = (eβ✏ − 1)−1 the critical Bose-Einstein distribution and ⇢(✏) the density of
states. We have taken a potential of the form given in Subsection 4.2.2, with beam sizes
21µm and 25µm for the two arms of the CDT. For an evaporation parameter 7 < ⌘ < 10
as in our experiments, the effect of the anharmonicity is dominant, and we evaluate a
reduction of the critical temperature around -3% for ⌘ = 8. We did not consider in this
calculation atoms possibly trapped in the arm region, which would slightly further the
magnitude of the shift.

Combined effect of the finite-size and anharmonicity corrections: To summarize this
Subsection, the combination of finite-size effects and of the deviation of the CDT potential
from an harmonic one can lower the critical temperature of a non-interacting gas by
∼ −5% compared to the semi-classical prediction in a harmonic trap. The finite-size
effects are not easily incorporated in the Hartree-Fock model. Trap anharmonicity effects
are difficult to evaluate rigorously due to the ambiguity in the precise definition of the
trap depth and of the role of a small, high energy population in the arms of the dipole
trap. As a result, we did not include these effects in the comparison between theory
and experiments. However, the order-of-magnitude estimate presented here show that
they could well explain most of the residual shift between the experimental data and the
Hartree-Fock model.



5. Spin-1 BEC in 1D: Spin domains and

phase transition

In Chapter 2 we saw that, depending on the trap geometry, the single-mode approximation
can hold in some trap directions and not in others. In the 3D regime, the trap frequencies
along the three axes are of the same order and the SMA holds along the three directions.
This is not true, in general, for the 1D geometry, where one of the trap frequencies is

much lower than the other two. The spin healing length ⇠s = � �h2

2mgsn
gives the length

scale for the formation of spin structures in a spinor condensate. In the regime where the
spin-healing length is smaller than the size of the condensate, it becomes energetically
favourable for the system to form spin domains that can be spatially redistributed to
minimise interaction energy. The spinor components can therefore exhibit different spatial
wave functions and form spin structures depending on their miscibility, as we have already
introduced in Section 2.3. For our experimental parameters, we have ⇠s = 5.3µm for a
density n = 100µm−1, a length Lz ≈ 90µm along the axial direction and R⊥ ≈ 1µm along
the radial direction. Therefore spin domains are expected to form along the weak axis.
Figure 5.1 shows typical spin domains observed in our spinor condensate of 23Na, see
[112]. As we can see in Figure 5.1(a), mF = 0 and mF = +1 components are not miscible,
so they phase separate. The mF = 0 components stays in the middle, where the density
is higher, because interactions between mF = 0 atoms are less energetic than between
mF = +1 atoms. The mF = +1 and mF = −1 components are miscible and overlap with
each other Figure 5.1(b).

The study of the behaviour of a 23Na F = 1 antiferromagnetic spinor condensate in
an elongated harmonic trap in the presence of a magnetic field began with the work
[173], where the formation of spin domains was reported for the first time. However, the
spin structures were strongly influenced by the presence of a gradient of magnetic field
intentionally applied along the weak axis of the trap. The only reported configuration
without a magnetic gradient was found to be free of spin domains because it was composed
of atoms in the mF = +1 and mF = −1 states, which are miscible. In following works
[117, 171] the same authors investigate how a system of spin domains equilibrates and the
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At T = 0, the equilibrium state is determined by the minimisation of the Gibbs free energy
G = �Htot� − µN − ⌘Mz = ∫ drG(r), where the Hamiltonian Ĥtot is defined in Section 2.3
as Ĥtot = Ĥsp + Ĥint + Ĥmag. We have introduced two Lagrange multipliers: the chemical
potential µ ensures conservation of atom number while the "magnetic potential" ⌘ ensures
the conservation of magnetisation. As in the 3D case, the linear Zeeman term is just
an energy shift and does not contribute to the determination of the ground state. Due
to the breakdown of the SMA in the 1D regime, we cannot decouple the spatial and
spin degrees of freedom, as done in Chapter 2. Instead, the system is described by three
coupled Gross-Pitaevskii equations, one per Zeeman component:

(µ ± ⌘)φ±1 = ������ −
�h2
2m

∆ + Vext + ḡ1D⇢ + gs,1D(⇢0 ± ⇢z)������φ±1 + gs,1Dφ
2
0φ
∗
∓1 (5.1)

(µ + q)φ0 = ������ −
�h2
2m

∆ + Vext + ḡ1D⇢ + gs,1D(⇢+1 + ⇢−1)������φ0 + 2gs,1Dφ+1φ−1φ∗0 (5.2)

where q denotes the quadratic Zeeman energy, ⇢ = ⇢+1 + ⇢−1 + ⇢0 is the total density and
⇢z = ⇢+1 − ⇢−1 is the longitudinal magnetisation density. The coupling constants ḡ1D and
gs,1D are effective 1D coupling constants introduced in Section 2.2 as ḡ1D = 2�h!⊥a and
gs,1D = 2�h!⊥as. Equations (5.1) and (5.2) need to be solved under the constraints

� dr⇢(r) = N, (5.3)

� dr⇢z(r) =Mz, (5.4)

where N is the total atom number and Mz is the total magnetisation. The two constraints
determine implicitly the chemical and magnetic potentials.

5.1.1. The uniform case

We start by considering the homogeneous case. This will be useful when we introduce
the Bose gas in an harmonic potential in the LDA approximation. Considering a spinor
gas trapped in a unidimensional box of length L, with constant density ⇢ = N�L. In the
thermodynamic limit there are 4 different stable phases, see [113]:

I) transverse quasi-nematic phase, atoms are distributed in the mF = +1 and
mF = −1 states, depending on the system magnetisation. The magnetisation profile
is uniform along the box, with 0 ≤ ⇢z ≤ ⇢:

µI = ḡ1D⇢,
⌘I = gs,1D⇢z = const,

✏I = ḡ1D

2
⇢2 + gs,1D

2
⇢2z

(5.5)

II) demixed "phase", atoms in mF = 0 and mF = ±1. The two atomic species phase
separate and domains of Phase I and Phase III are simultaneously present in the
trap. The longitudinal magnetisation mz is conserved.
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Figure 5.4.: Density and magnetisation profiles for a Bose-Einstein condensate trapped in
a 1D harmonic trap in the LDA approximation. The density are in harmonic
oscillator unit; q = 0.35�h!z and mz = 0.5.

system divides into two spin domains of inhomogeneous density corresponding to Phase I

and Phase III. This means that, at each point of the trap r, we can consider the system
to be in Phase I - III or IV.
We consider now a position r with density ⇢(r). For gs > 0 the following inequality gives
an energy hierarchy between the energy densities of the phases Phase III, Phase I and
Phase IV

ḡ

2
⇢2 − q⇢ ≤ ḡ1D

2
⇢2 + gs,1D

2
⇢2z ≤ ḡ1D + gs,1D

2
⇢2, (5.13)

where 0 ≤ ⇢z ≤ ⇢. This density-dependent energy hierarchy determines the spatial order
of the different phases along the trap axis, starting from the centre. Since the mF = 0
component has the smallest interspecies scattering length, it is generally localised in the
centre of the trap, where the density is the highest. The mF = ±1 components phase
separate from the mF = 0 and, when mz > 0, there is always a magnetised shell of mF = +1
atoms at the edges of the cloud.

Replacing the global chemical potential µ with its local counterpart µ − Vext, we can
write the density profile as

⇢(z) =
�������������

µ+q−Vext(z)
ḡ1D

, z ≤ z1,
µ−Vext(z)

ḡ1D
, z1 ≤ z ≤ z2,

µ+⌘−Vext(z)
ḡ1D+gs,1D

, z2 ≤ z ≤ L.
(5.14)
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and the magnetisation profile as

⇢z(z) =
�������������
0, z ≤ z1,

⌘
gs,1D

, z1 ≤ z ≤ z2,
⇢(z), z2 ≤ z ≤ L.

(5.15)

where z1 and z2 are, respectively, the boundaries between Phase III - Phase I and
Phase I - Phase IV and L is the spatial extent of the system in the LDA approximation.
The profiles for the three components separately are given by

⇢0(z) = �������
⇢(z), z ≤ z1,
0, z ≥ z1. ⇢±1(z) = �������

0, z ≤ z1,
ρ(z)±ρz(z)

2
, z ≥ z1. (5.16)

In Figure 5.4, we present dimensionless density profiles showing the coexistence of Phase

I - Phase III - Phase IV in the harmonic trap 1.
The boundaries between the different domains are usually defined as the surfaces where
the pressures inside the different components are equal. In a 1D system, pressure is
replaced by the density of energy2. Considering now the boundary at z1 between two
components 1 and 2, we can write

g11

2
⇢21(z1) = g22

2
⇢22(z1) → ⇢1(z1)

⇢2(z1) =
�

g22

g11
> 1. (5.17)

Eq. (5.17) implies that there is a density step at the boundary between the two compo-
nents. This effect is visible also in our system, where the profiles of the three Zeeman
component do not sum up to give an overall smooth Thomas-Fermi profile. Looking at
(5.14) indeed, the mF = 0 spin domain is higher than the profile formed by the sum of
the mF = ±1 domains. Experimentally however, we are not able to resolve this feature of
the density profile, which is ∝�g00�g+1,+1 ∼ 0.98, because of the noise on the imaging.
Therefore, in analysing the profiles, we model the domains to form a Thomas-Fermi profile
when summed together.

The boundaries between the different phases can be found by imposing the energy
densities to be equal:

III - I Phases boundary, we find q⇢I = gs,1Dρ2z
2
= η2

2gs,1D
.

The density in Phase I is given by ⇢I(z) = µ−Vext(z)
ḡ1D

, hence the boundary between
these two phases is at:

Vext(z1) = µ − ḡ1D⌘
2

2gs,1Dq
, (5.18)

1Here we work in harmonic oscillator units: lengths are in units of az, defined in (2.3), energies are in
units of �h!z and coupling constants are in units of ḡ(gs) = Nḡ(gs)�(az

�h!z).
2For a 1D system we have dE = P dx, such that the density of energy ✏(x), defined by E = ∫ ✏(x)dx, is

identical to the pressure.
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I - IV Phases boundary, we find ⇢IV = ⇢z.
In this case, the boundary can be obtained from

Vext(z2) = µ − ḡ1D⇢z = µ − ḡ1D⌘

gs,1D
(5.19)

Cloud edge, can be found for ⇢IV = 0.
This is true for

Vext(L) = µ + ⌘. (5.20)

We remind that the two Lagrange multipliers µ and ⌘ are defined by the conservation,
respectively, of atom number, (5.3), and magnetisation, (5.4).

When the system is in the miscible phase, only Phase I and Phase IV are present.
The formula for the density and magnetisation profiles remain the same as before, with
z1 = 0.
5.1.3. The phase transition

To find the Zeeman quadratic energy critical value at which the system undergo the phase
transition from miscible to immiscible, we can use the boundary z1 between Phase III

and Phase I. Imposing z1 = 0 we find

q1(mz) = gs,1D⇢z(0)2
2⇢(0) . (5.21)

Since ⇢z is defined only implicitly by eq.(5.15), it is not possible to find an analytical
formula for q1 = q1(mz) without making any further approximation.
When q < q1, therefore when only Phase I and Phase IV are present, since ḡ1D � gs,1D
for 23Na atoms, we approximate the density profile as ⇢(z) ≈ (µ − Vext)�ḡ1D all along the
density profile. The atom number constraints gives

N = 4

3

µ

ḡ1D
L, (5.22)

where we approximated the cloud Thomas-Fermi radius L ≈�2µ�M!2
z . And the mag-

netisation constraint gives

N−1 = N −Mz

2
= � z2

−z2
dz

⇢(z) − ⇢z(z)
2

. (5.23)

From (5.19) follows, when(q ≤ q1),
��z2L ��

2

≈ 1 − ḡ1D⌘

gs,1Dµ
. (5.24)
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Therefore, from (5.23) and (5.24) we obtain, when(q ≤ q1),
z2 � L(1 −mz)1�3. (5.25)

From (5.24) and (5.25), recalling that ⇢z(0) = ⌘�gs,1D, we can write the magnetisation
density in the centre, when(q ≤ q1), as

⇢z ≈ ⇢(0)
������
1 − (1 −mz)2�3

������
(5.26)

and from (5.26) we can finally obtain a formula for q1:

q1 ≈ gs,1Dµ

2ḡ1D

������
1 − (1 −mz)2�3

������

2

(5.27)

For q < q1 only Phase I and Phase IV are present in the condensate, so that we have a
profile like the one in Figure 5.1(b). Increasing the magnetic field to q > q1, a domain
of mF = 0 atoms appears in the centre of the trap. The profile will be like the one in
Figure 5.1(a).
To find the critical field for the second phase transition, we increase q further: the central
mF = 0 domain grows. To maintain a fixed magnetisation, the Phase I shell where
mF = +1 and mF = −1 are present is reduced accordingly. This means that the boundary
z2 approaches z1 and, at a certain value q2, the boundaries will coincide and Phase I

disappears. This happens when

q ≥ q2 = gs,1Dµ

2ḡ1D
. (5.28)

Figure 5.5 shows the phase diagram at mz = 0.5 for our systems of 23Na atoms in terms
of the density in the mF = 0 component, Figure 5.5(a), as well as the longitudinal
magnetisation, Figure 5.5(b), both as a function of q. We obtained it numerically by
using the profiles (5.14) and (5.15) to satisfy the two constraints (5.3) and (5.4), without
making the approximation gs,1D � ḡ1D, for N = 20000, !z = 2⇡ 4Hz and !⊥ = 2⇡ 400Hz.
In Figure 5.5(a) the ⇢0 density profile, in units of the harmonic oscillator, is plotted as a
function of the quadratic Zeeman energy q��h!z. The dashed white line corresponds to the
critical field computed from (5.27). In Figure 5.5(b), instead, we plotted the longitudinal
magnetisation profile as a function of q��h!z. The dashed line denotes, another time, the
critical field q1; the solid white line corresponds to z1 and the solid yellow line to z2. We
found a critical field q1 ≈ 0.18 �h!z.

5.1.4. GP simulation vs LDA solution

In this section we compare the results of the LDA model described above with the
numerical solutions of the GP equations (5.1, 5.2) . In Appendix B, the reader can find a
description of the algorithm used to solve the GP equation numerically. Figure 5.6(a),
5.6(b) and 5.6(c) show three comparisons between solutions to the GP equations and the
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LDA approximation for q values q = 0.15�h!z, q = 0.41�h!z and q = 1�h!z, respectively.
The GP simulation results are in good agreement with the LDA ones, apart from an
expected smoothing of the profiles in the GP solutions due to the kinetic energy.
The transition happens at higher values of q in the numerical GP with respect to the
LDA. This is due to the kinetic energy cost we have to pay to form a Phase I domain in
the centre of the trap. We can roughly estimate the cost of this domain to be equal to
the difference between the energy cost for the E0,± configuration minus the energy cost
for the E± configuration at which we add an estimation of the kinetic energy cost to form
the mF = 0 domain:

E0,± −E± ≈ �� − q⇢(0) + gs,1D

2
⇢2z
�� z1 +

�h2⇢(0)
2m⇠s

(5.29)

The formation of the Phase I domain occurs when z1 becomes large enough, delaying
the transition to q∗1 > q1. In the example we considered numerically, we have found that
q1 ≈ 0.18 �h!z for the LDA approximation becomes q∗1 ≈ 0.4 �h!z with the GP. In Figure 5.6
we show the 3 Zeeman components profiles at q < q∗1 , q > q∗1 and q � q∗1 .

5.2. 1D-3D crossover

In Section 5.1 we presented the theory that models the spatial distribution of spin domains
in the harmonic trap. However, to make the comparison between the theory and our
experimental data, we need to be more careful when describing our system. While the
theory presented so far is unidimensional, our experimental system consists of a Bose-
Einstein condensate with chemical potential µ ∈ [100,150]Hz, trapped in an anisotropic
harmonic trap with !z = 2⇡ 4.6Hz and !⊥ = 2⇡ 383.3Hz. A truly 1D quasi-condensate
can be observed only if µ� �h!⊥, a condition not perfectly fulfilled given our parameters:
our condensate is in an intermediate regime between the 3D and 1D.
To describe this crossover from the one-dimensional to the three-dimensional regime, a
waveguide model with uniform axial density has been developed for a gas of ultra-cold
bosons in [35]. The impact of the axial trapping on the density profile was then studied
in [115]. In the work [50], an analytical approximation for the "equation of state" of
the quasi-1D gas has been introduced. The approximated equation of state smoothly
connects, in the LDA approximation, the 3D to the 1D mean field regime and gives a
formula for the atomic density in the crossover regime.
The authors of [50] start from a 3D Bose-Einstein condensate trapped in a cylindrical
harmonic trap. The 1D density is defined as the 3D density integrated along the
transverse direction, n1D(z) = ∫ d2⇢n3D(⇢, z) and the radial mode f⊥ is defined as
n3D(⇢, z) = �f⊥(⇢, z)�2n1D(z). Neglecting the density derivatives along the weak axis, the
Gross-Pitaevskii equation is given in cylindrical coordinates:

−
�h2
2m

∆⊥f⊥
f⊥
+ 1

2
m!2

⊥⇢
2 + gn1D(z)�f⊥�2 = µl.e.[n1D(z)]. (5.30)
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(c) q = 1�h!z

Figure 5.6.: Results of the GP simulation for mz = 0.5. In dashed black are sketched the
results of the LDA model for the same parameters. In (a) q = 0.15�h!z; (b)
q = 0.5�h!z and (c) q = 1�h!z.
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Using the LDA a potential V (z) along the axial direction can be taken into account. The
local equilibrium chemical potential µl.e. depends on z through

µl.e.[n1D(z)] + V (z) = µ, (5.31)

The effective equation of state for the quasi-1D gas is then obtained making a gaussian
ansatz for the radial mode f⊥ and minimising the chemical potential µl.e.. This variational
method is not the usual one in which the energy is minimised, but it works well considering
that in the two limits, 1D and 3D, we recover the two correct solutions. The authors
obtained

µl.e.[n1D(z)] = �h!⊥√1 + 4an1D. (5.32)

Introducing as axial trapping potential V (z) = 1
2
m!2

zz
2, from the local equilibrium

condition (5.31) and the equation of state (5.32), one finds

n1D(z) = ↵

16a
(1 − z̃2)�↵(1 − z̃2) + 4�, (5.33)

where ↵ = 2(µ��h!⊥ − 1), z̃ = z�L, L = a2z
a⊥

√
↵ and az and a⊥ are the harmonic oscillator

lengths for, respectively, the axial and transverse directions. The ↵ parameter gives a
measure of how much 1D or 3D is the system. Using the condition ∫ n1D(z) = N , one
can show that it obeys

↵3(↵ + 5)2 = (15χ)2, (5.34)

where the parameter χ = Naa⊥�a2z gives approximately the ratio between the interaction
energy and the radial zero-point energy. In the limit ↵ � 5, mean field interactions
dominates over the transverse confinement strength: the system is 3D, the parameter ↵

is equal to ↵ ≈ ↵3D = (15χ)2�5 and the density profiles is the 3D Thomas-Fermi profile
integrated along the transverse direction. For ↵� 5 the transverse confinement is high
enough to freeze the motion along that direction and the system is 1D. The parameter ↵

is equal to ↵ ≈ ↵1D = (3χ)2�3 and the density profile is the 1D Thomas-Fermi profile.

5.3. Preparation and study of spin domains

In order to produce spin domains as the ones in Figure 5.1, we prepare a condensate in
the 1D trap, as discussed in Chapter 3, with a longitudinal magnetisation m ∈ [0,1].
We want to observe the ground state of the system in the presence of a uniform magnetic
field. Therefore, we have to get rid of magnetic field gradients. In our system we
identify environmental gradients as well as gradients that we directly produce with the
experimental apparatus during the sequence. Environmental magnetic field gradients can
come from the electrical components of the experimental apparatus, as photodiode power
supplies, see [47], vacuum gauges and ionic pumps, but also from sources external to the
lab.
Other magnetic field gradients come from the imperfect alignment of the coils system we
use to produce the magnetic field at the position of the atoms.
In this section we describe how we get rid of these stray magnetic field gradients and we
introduce the techniques used to characterise them.
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5.3.1. Minimisation of magnetic field gradients

In Chapter 3 Subsection 3.1.4 we considered the effect of a magnetic field during the
Stern-Gerlach TOF. However, to describe the magnetic field gradient, we considered the
gradient eigenaxes to correspond to the coil axes. We want now to be more general,
therefore we write a magnetic field gradient in the most general form

B =B0 + ¯̄b′ ⋅ x +O(x2), (5.35)

where, from ∇ ⋅B = 0, we know that Tr ¯̄b′ = 0 and from ∇×B = 0, we know that b′ij = b′ji.
Then, the modulus of the magnetic field is written as

�B� � �B0� �1 + ¯̄b′ ⋅ x�B0� ⋅B0� (5.36)

and the potential felt by the atoms due to the magnetic field gradient is equal to

Vmag = µBgFmF �B� = −µBmF

2
�B0� − µBmF

2

B0�B0� ⋅ (¯̄b′ ⋅ x). (5.37)

If we consider the potential felt by the atoms along the trap weak axis z, we can write

VmF
(z) = 1

2
m!2x2 −

µBmF

2

���α
B0αb

′
αz�B0�
�� z = 1

2
m!2z2 −mF λ̃z, (5.38)

where λ̃ = µB

2

��∑α
B0↵b

′
↵z

�B0�
��. In experiments, we chose B0 to lie in the horizontal plane.

Using the coordinate system recalled in Figure 5.7, this corresponds to B0 = B0zez+B0xex.
The gradient component b′αz has two contributions: stray magnetic field gradients and
parasitic gradients produced by the bias coils used to produce the uniform component
B0. Therefore we can write

b′αz = b′(stray)
αz + �

µ=z,u
γµαzB0,µ. (5.39)

We did not attempt to characterise all the b′
(stray)
αz and γ

µ
αz coefficients, but we determined

the orientation of B0, for a given �B0�, that cancels λ̃.

From (5.38), we can write the potential felt by the atom along a generic direction u as

Vm(u) = 1

2
m!2u2 −mF λ̃u ≈ 1

2
m!2(u − u0)2, (5.40)

where we have defined u0 = λ̃�m!2. The magnetic field gradient changes the harmonic
potential shifting the potential minimum of a quantity u0 along the considered axis.
For our experimental parameters, with magnetic field gradients b′ ∼ 10mG⋅cm−1, we
obtain a shift of z0 ≈ 15µm along the weak axis (u = z) and and a shift x0 ≈ 2nm along
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see Figure 5.7 for the axes definition, for a given value of �B0� looking at the mF = 0
domain position.
In Figure 5.7 we can see the results of such a measurement. In the polar plot, the red
cloud represents the cloud position. The blue points represent the angles (in the (X,Y )
plane) at which the mF = 0 domain is in the trap centre. Each point has a different radial
coordinate, corresponding to the quadratic Zeeman energy at which that measurement
was performed.
The measured angles do not correspond to the axis x perpendicular to the weak axis of
the trap and additionally depend on the quadratic Zeeman shift q. This effect is due to
the fact that, changing the magnetic field bias, we introduce a magnetic field gradient
due to the imperfection of the bias coils alignment, the γ

µ
αz terms. The compensation

angle is constant for very weak (b′
(stray)
αz dominant) or very strong (γµαz dominant) applied

magnetic fields.

5.3.2. Fitting the Spin Domains

In this section we introduce the functions used to fit the spin domains and we present the
results of this study. We have already explained in Section 5.2 that our atomic cloud is in
an intermediate regime between the 1D and the 3D regimes. Therefore to fit the overall
profiles n1D(z), sum of the three Zeeman components profiles, we use the equation (5.33).
To sum them without introducing any alignment error, we separately measured the
positions of the clouds with all the atoms in mF = ±1 or 0 to calibrate the different
cloud centres after TOF. We then use this calibration to recenter all components to mF = 0.

To fit the spin domains composing the overall profile, we use the function sketched
in Figure 5.8. To fit the mF = 0 domain, we multiply the profile (5.33), in the left of
Figure 5.8, by a smoothed step function

s0(z; zc,∆, ⇠) = 1

2
tanh

��z − zc +
∆
2

⇠

�� − 1

2
tanh

��z − zc −
∆
2

⇠

�� (5.41)

which can account for the domain structure predicted by the LDA theory plus the
smoothing expected when we consider the kinetic energy. The parameter zc is the mF = 0
domain centre, ∆ is the width of the domain mF = 0 and ⇠ describes the width of the
boundary between the two species. To fit the mF = +1 profile, instead, we multiply the
overall profile (5.33) with a function s+1(z) = 1 − s0(z). The final fitting functions can be
written as

n1D,0 = n1D(z) ⋅ s0(z; zc,∆, ⇠), (5.42)

n1D,+1 = n1D(z) ⋅ �1 − s0(z; zc,∆, ⇠)�, (5.43)

and are sketched in Figure 5.8. Two examples of the resulting fit on averages profiles are
presented in Figure 5.9. Both profiles result from the average of 4 images. They have
longitudinal magnetisation mz = 0.45(5) and N ∼ 104 atoms. From the fit, we obtained
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Figure 5.8.: Sketch of the functions we use to fit the spin domain profiles. (a) Overall
profile given by (5.33); (b) smooth box function s0(x) given by (5.41); (c) fit
function for the mF = 0 domain, obtained by the multiplication of the profile
(a) by s0(x); (d) smooth box function s+1(x) = 1 − s0(x); (d) fit function for
the mF = +1 domain, obtained multiplying the profile (a) by s+1(x).

Table 5.1.: Results of the fit of the two averaged domains sketched in Figure 5.9 with the
fitting functions sketched in Figure 5.8.

Profile a. b.

↵ 0.66(2) 0.67(2)
µ [Hz] 126(6) 128(5)
∆ [µm] 46(3) 65(3)
⇠ [µm] 20(1) 18(1)

the value listed in Table 5.1. The parameter ↵ is much lower than 5, hence our system
is closer to the 1D regime than to the 3D one. The profile sketched in Figure 5.9(a) is
close to the ground state in a uniform magnetic field. This is not true for the profile of
Figure 5.9(b), which is in the ground state in presence of a magnetic field gradient. It
is interesting to observe how the domain width ∆ changes from one profile to the other.
This is due to the fact that, when the mF = 0 domain forms in the centre, the density is
higher and it has to form two boundaries with the mF = +1 domain.
The boundary width ⇠ is bigger than the one expected. We use the GP theory developed

in Subsection 5.1.4 to simulate the spin domains with the same parameters of the profiles
of Figure 5.9 and we fit them with the same program: we obtain ⇠ ≈ 9µm. We recall that,
at the beginning of the chapter, we computed the spin healing length ⇠s = 5.3µm. We
believe that the difference between the ⇠ obtained from the real data and the one obtained
from the synthetic data is due to the presence of the thermal part. In Figure 5.10 we show
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Figure 5.9.: Profiles obtained averaging 4 images each. In the figures are also sketched
the result of the fit via the functions sketched in Figure 5.8. The results of
the fit are listed in Table 5.1.

the profile for a mF = +1 domain, obtained from the GP simulations for N = 2 ⋅ 104 atoms
and !z = 2⇡ 4.6Hz. In the same figure we also show the self-consistent mean-field potential
for the mF = +1 thermal atoms due to the presence of the condensed atoms and to the
trapping potential, as it has been presented in Section 4.2. The red ellipses highlight
the regions where the thermal atoms sit. It is clear that, as we increase the temperature
from T = 0, the thermal part starts to accumulate in the centre between the two parts
of the mF = +1 domain and at the edges. This increases the penetration depth of the
two condensates one into the other. We expect this effect to be also dependent on the
longitudinal magnetisation mz. At a given temperature and atom number, indeed, as we
increase the magnetisation, we reduce the number of atoms in the mF = 0 domain. As we
have seen in Chapter 4, this reduces the mF = 0 critical temperature for the condensation
and increases the number of thermal mF = 0 atoms. The penetration depth of the two
domains one into the other, as a consequence, increases.

Before fitting the data, we also have to consider the effects of the free expansion in
TOF. Since our anisotropic trap, along the weak axis, has a very low trapping frequency,
we expect the cloud to not expand much during TOF and then to be able to measure
the in situ density distribution. To be sure about the validity of this approximation,
we prepared a cloud as the one in Figure 5.1(a) and we measured the atomic cloud size
and the size of the central mF = 0 domain in TOF. The results of this measurement are
presented in Figure 5.11. The cloud size (in blue), the domain size (in green) and the
boundary width (in red) are plotted for different TOFs. It was not possible to measure
the domain size at TOFs lower than 2ms because, at these short TOFs, the different
Zeeman components are not yet separated enough to fit them separately.

As we can see from the Figure 5.11, the condensate is not expanding and the domain
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Figure 5.11.: Cloud size (blue), mF = 0 domain size ∆ (green) and boundary width ⇠

(red) as a function of TOF ofr mz = 0.5. Since no clear expansion is visible,
we model the profiles as the ones we expect in situ.

the analysis of density correlations in free expansion. The density correlation function
is measured and the "spectrum of density ripples" � �⇢(q) � 2� is obtained by Fourier
transformation. This spectrum presents maxima with amplitude strongly dependent
on TOF and initial temperature. Therefore, the spectrum gives a measurement of the
gas temperature before free expansion. This method cannot be used in our experiment
because, how we described in Section 3.5, we minimised the phase fluctuations fringes to
be of the same order of the imaging fringes.
Another thermometry method is based on the comparison of the in situ profiles with the
one derived in the LDA from a model for Equation of State (EOS) n[µ], see[3, 7, 180].
The authors of [3, 180] considered also that the system is only 1D in an approximate
sense. More precisely, they took into account the fact that the chemical potential µ and
the transverse trapping �h!⊥ are comparable, so that the radial excited states of the trap
are occupied.
To obtain an estimate of our gas temperature we decided to measure the EOS and fit the
thermal part to obtain a temperature. A review of a number of theories that can be used
to model the different EOS regimes can be found in the work [64].

Measuring the potential

In order to measure the EOS we need the exact shape of the potential felt by the atoms.
The first step is the calibration of the trapping frequency along the trap weak axis !z.
In Section 3.5, we have already presented this calibration. The typical value for !z is
!z = 2⇡4.6(2)Hz. To measure the deviations of the exact potential from the harmonic
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Figure 5.12.: Thermal cloud profile trapped in the HDT trap and the resulting potential.

one, we can use thermal atoms whose distribution can be approximated by the Boltzmann
(high T) prediction, n ∝ e−βV . If the Boltzmann approximation is valid, their thermal
distribution allow to directly measure the potential through the following formula:

V (z) = − 1
β
log
��n(z) − nbkg

n0

��, (5.44)

where nbkg represents an average profile taken without atoms, subtracted to the potential
in order to remove possible structures and the temperature of the atoms is determined
fitting the thermal atoms density profile by n(z) = exp� − βm!2

zz
2� after coarse graining.

We experimentally loaded into the anisotropic trap N ≈ 1 ⋅104 thermal atoms at T ∼ 80nK.

Table 5.2.: Results of the fit of the potential shown in Figure 5.13.

A d φ C

[nK] [µm ⋅102] [nK]

2.5(5) 2.0(2)(1) 9.6(5) 1.6(6)

Figure 5.12 shows an example of this measurement. In Figure 5.12(a) we plot the thermal
distribution profile (blue), the gaussian fit (black) and an average profile of 20 images
taken without atoms (green). Fitting the density with an integrated Bose distribution
g 3

2

, we obtain a fugacity z = 3 ⋅ 10−4, therefore the Boltzmann approximation is valid

in the considered regime. In Figure 5.12(b) we plot the potential curve obtained from
(5.44) (blue) and the error on the potential given by the imaging profile (red). The error
− 1
β
δn
n0

comes from the linearisation of (5.44), taking n(z) = n0(z) + δn. Here δn models
deviations of the measured density from its actual value, for instance because of fringes
in the image. From the average of 35 potential profiles, we obtained the potential which
is plotted in Figure 5.13. In black we can see an harmonic fit of the potential, which does
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Figure 5.13.: Potential along the weak axis felt by the atoms. It has been measured
loading into the dipole trap thermal atoms and measuring their density
distribution. The potential profile is then obtained using (5.44).

not captures some deviations on both the potential arms. Plotting the residual of this
harmonic fit we obtained Figure 5.14. It presents a clear sinusoidal shape. The green
fit in Figure 5.13 is the sum of the sinus and the harmonic potential. The final fitting
function can be written as

V (z) = 1

2
m!2

zz
2 +A ⋅ sin �2⇡z

d
+ φ� +C (5.45)

The fit gives the results listed in Table 5.2. Figure 5.13 has been re-centred, but we fitted
also the centre of the potential, on which we have an uncertainty of 1µm. We were not
able to determine precisely the source of the sinusoidal modulation of the potential profile.
It can be due to some light reflection or to some structure on the imaging we are not able
to remove by subtracting the averaged background profile (without atoms). However the
residuals, obtained subtracting to the potential profile the fit, have a standard deviation
of ∼ 0.7nK. Recalling that the chemical potential we measure for the quasi-condensate
is µ ∼ 10nK, we have a ≤ 10% systematic error on the determination of the chemical
potentials along the profile.

The Equation of State

We know the exact potential shape and, in particular, its deviations from the harmonic
potential at V (z) ≈ kBT . The following step is the determination of the EOS by using
this potential. We make the LDA approximation, so that µ = µ0 − V (z). To associate
at each point along the profile a chemical potential, we need a method to measure µ0.
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Figure 5.14.: Residual of the harmonic fit on the potential profile plotted in Figure 5.13.
The sinusoidal modulation can be due to the imaging or to some light
reflection inside the vacuum chamber.

Usually, the low density part is fitted to obtain the value of the chemical potential, see
[189]. We decided to measure µ0 fitting the profiles as described in Subsection 5.3.2.
Plotting the cloud density as a function of the local chemical potential µ, we obtain the
Equation of state (EOS)

n = n(µ) (5.46)

In Figure 5.15 we can see the EOS of a polarised cloud with all the atoms in mF = +1
produced with the typical sequence described in Chapter 3.
The quasi-condensate part and the thermal part join together at µ = 0. As we can

see in Figure 5.16(b), we fitted the condensed part with the EOS formula given by the
1D-3D crossover theory (5.32) (black). We obtained a value for the scattering length
a = 2.6(1)nm, which compares well with the known value ā + as � 2.55nm: our 1D-3D
crossover model works well in the degenerate part of the cloud. We make also the
comparison in Figure 5.16(b) with the purely 1D Thomas-Fermi prediction, n � µ�g1D,m.
We obtain a value for the 1D coupling constant g1D,m = 0.86(3) ⋅ [2�h!⊥(ā + as)].
We recall the 1D-3D crossover formula for the profile density (5.33) and we recall the

typical value that we find for the fitting parameter ↵ = 2�µ��h!⊥ − 1� ≈ 0.6. There is a

∼ 15% difference between the peak density of the 1D Thomas-Fermi model and the peak
density of the 1D-3D crossover theory. We see this difference also in the two different
values for the coupling constant that we find fitting the EOS with the two different models.
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Figure 5.15.: Equation of State of a polarised cloud with all the atoms in mF = +1 at
T � 44nK, see Figure 5.16(a). The cloud is produced with the typical
procedure described in Chapter 3.

Determining the temperature

The part of the EOS for negative chemical potentials can be used to determine the cloud
temperature, [3, 7]. We are using the wings of the measured potential V (z) to determine
the temperature of the degenerate cloud. Different models can be used to capture the
EOS behaviour in different regimes, [64]. If we suppose our system to be purely 1D, we
can use two models to fit the EOS: the ideal 1D model, for which the EOS is given by

n1D,ideal = 1

λth
g 1

2

�eβµ�, (5.47)

where the Bose function g 1

2

(z) diverges at z = 1, and 1D Hartree-Fock model, for which

the EOS is given by

n1D,HF = 1

λth
g 1

2

�eβµ−2g1Dn1D,HF�. (5.48)

In Figure 5.16(a), we reported the fit used to study the thermal part and obtain a
temperature measurement. The temperature we obtain from the 1D ideal model and
from the Hartree-Fock models are, respectively, T = 140(3)nK and T = 152(2)nK. This
temperature T is higher than the radial confinement T � �h!⊥ ≈ 20nK. Therefore, our
initial 1D hypothesis is not valid and we need to take into account the occupation of the
transverse radial excited states, [3, 7].
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Figure 5.16.: Equation of State of a polarised cloud with all the atoms in mF = +1 at
T � 44nK. In (a) the thermal part is shown, together with the results of the
different models used to obtain the cloud temperature. In (b) the condensed
part is shown with two fits corresponding to the 1D-3D crossover and the
purely 1D Thomas-Fermi theories.

Hartree-Fock for the 1D gas in the crossover regime

We want here to discuss the Hartree-Fock (HF) model, presented in [180], to fit the EOS
of a non-degenerate, quasi-1D bosonic gas. We have very briefly introduced the HF model
in Chapter 2, Subsection 2.1.4. In the HF approximation, we consider the motion of
atoms in a self-consistent potential given by the sum of the trap potential V and of a
mean-field potential

Veff = V (r) + 2gn(r), (5.49)

where g = 4⇡�h2a�m is the coupling constant and the factor 2 takes into account both
direct and exchange scattering processes [140]. In our case, the potential V (r) is harmonic
with !z � !⊥. Since kBT ∼ �h!⊥, we can neither use the semi-classical approximation
along the three axis, nor consider the thermal gas frozen in the transverse ground state.
An appropriate way to implement the HF approximation is to treat the axial direction in
the semiclassical approximation and to take into account a discrete set of excited modes
in the transverse direction in a self consistent way [3, 180].
We start modelling the system with the waveguide model, as we have done before in
describing the T = 0 theory of the quasi-1D Bose gas. In particular, we consider a system
of bosons with uniform axial density in the potential V⊥(⇢) = 1

2
m!2

⊥⇢
2, with ⇢ = (x, y) the

radial coordinate vector.
Because of the cylindrical symmetry and of the separability of the potential, the average
density depends only on ⇢. We introduce the transverse eigenstates as the solutions of
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the HF equations, ������
−
�h2
2m

∆⊥ + V⊥(⇢) + 2gn(⇢)������φν = Eνφφ. (5.50)

The wave functions φν are normalised as ∫ d2 ⇢�φν(⇢)�2 = 1. The eigenstates of the full HF
(p2�2m + V⊥) are then products of a plane wave along z and of a transverse eigenstate,

with energy Eν + �h2k2z
2m

. The 3D density of a gas at temperature T and chemical potential
µ is then given by

n(⇢) = 1

λth
�
ν

�φν(⇢)�2 g1�2�eβ(µ−E⌫)�. (5.51)

To obtain a measurement of the temperature from the EOS using (5.51), we solve the
Hartree-Fock problem numerically in an iterative way. We calculate the eigenstates of
(5.50) numerically, starting with n = 0 and we use (5.51) to compute the density and
iterate the procedure. We use a convergence criterion

� d2⇢ �ni(⇢) − ni−1(⇢)�2 < ✏������� d2⇢ni(⇢)
������

2

, (5.52)

to terminate the iteration, where i denote the iteration step and ✏ = 10−4. In Figure 5.16(a)
we show three curves obtained with this model. The curve at T = 44nK reproduce well our
experimental data. The two curves at T = 37nK and 55nK are, respectively, too low or
too high with respect to the data. Therefore, our atomic cloud has a temperature around
T = 44nK with a conservative error bar of ±10nK. This result is in marked contrast with
the pure 1D prediction of T = 150nK. The reason for this difference lies in the number of
available modes, which is much smaller in 1D than when accounting for the transverse
excited modes. To obtain a certain distribution of thermal atoms at a given chemical
potential µ in the 1D model, it is then necessary to artificially increase T quite a lot to
compensate for the “missing” modes.

5.4. 1D Transition

In order to observe the phase transition predicted in Section ?? we prepare the 1D
condensate at different magnetic fields keeping the longitudinal magnetisation mz constant.
We have determined, for each magnetic field value, the angle which minimise λ̃ along the
trap weak axis, as shown in Figure 5.7. A not-compensated gradient, indeed, not only
spoils the spin domain structure of the ground state at that value of the magnetic field,
but also shifts the critical magnetic field value for the transition.
To understand this effect we can make the comparison between the cloud in presence and
in absence of the magnetic gradient. Figure 5.18 shows the results of two GP simulations
for a system with N = 1 ⋅ 104, mz = 0.5 and a quadratic Zeeman energy q = 0.1 �h!z .
In Figure 5.18(a) there is no gradient, in Figure 5.18(b), instead, there is a gradient
λ = gFµBb

′az��h!z = 0.5. For each gradient value are plotted, in this order, the two profiles
for the mF = +1 (red) and mF = −1 (blue) profiles, the longitudinal magnetisation profile
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Figure 5.17.: Magnetic transition in 1D for mz = 0.55(5). The relative number of atoms
in the mF = 0 Zeeman state n0 = N0�Ntot is plotted as a function of the
modulus of the magnetic field. In black are sketched the data taken with
the compensated magnetic field gradient. In blue are plotted the data taken
with a gradient of �∇B� = 12mG�cm along the trap weak axis.

and the ⇢2z. We focus our attention on these last two profiles. The two systems are in the
miscible phase and their interaction energy, at each point along the profile, is given by
the energy of Phase I, which is ∝ ⇢2z. It is clear from Figure 5.18 that the interaction
energy of the gradient configuration is bigger than the one without gradient.
As we have already explained in Section 2.3, the transition arises from the competition
between two terms in the spin energy functional (2.95): the quadratic Zeeman energy and
the interaction energy. Therefore, a higher interaction energy shifts the critical magnetic
field to higher values. This effect can be seen experimentally in Figure 5.17, where is
shown a transition at mz = 0.55(5). The black dots corresponds to the data point taken
when the gradient is compensated, while the blue dots correspond to the data taken when
a gradient of �∇B� = 12mG�cm is applied along the trap weak axis.

We show in Figure 5.19 a measurement of the transition at mz = 0.45(5). The relative
populations for the atoms in mF = 0 (black), mF = +1 (red) and mF = −1 (blue) are
plotted as a function of the magnetic field. The relative number of atoms n0 = N0�Ntot is
fitted with a function of the form

n0 = �������
A0 B < Bc

A0 +A1
B−Bc

B−Bc+∆B
B ≥ Bc

(5.53)

as done in [76] to obtain a value for the critical magnetic field Bc = 57(3)mG. We can
compare the critical field values obtained experimentally with the ones expected from the
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(b) λ = 0.5

Figure 5.18.: Density, magnetisation and ⇢2z profiles for a system with N = 1 ⋅104, mz = 0.5
and a quadratic Zeeman energy q = 0.1 �h!z. In (a) there is no gradient; in
(b) there is a gradient λ = gFµBb

′az��h!z = 0.5.
theory. Using the LDA theory, eq. (5.27) gives a critical magnetic field Bc,LDA = 31mG.
Using the GP theory developed in this Subsection 5.1.4 to simulate the transition for a
system of N = 1.5 ⋅ 104 atoms and mz = 0.55(5) in a 1D harmonic trap with !z = 4.6Hz,
we obtain a critical field Bc,GP = 56.8mG. The critical field obtained from the LDA theory
is lower than the measured one; this is expected since in the LDA approximation the
energetic cost of producing the two domain boundaries of the mF = 0 domain are not
taken into account. The GP model, instead, gives a value which is in good agreement
with the measured one.
In Figure 5.20 we plot averaged profiles of the measurement shown in Figure 5.19. At low
magnetic field (B < Bc), we have only the mF = +1 and mF = −1 components condensed.
Since they are miscible, there is no phase separation. At higher magnetic fields, the
mF = 0 domain appears and the mF = +1 starts to divide into two parts. In Figure 5.20(c)
we don’t observe the structure expected from the LDA and GP theory. This can be due
to the presence of the thermal part, which can mask the double structure of the mF = −1
component, or can be due to the interaction between the condensed and thermal part as
explained in the work [153].
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Figure 5.19.: Transition measurement at mz = 0.45(5). The relative populations of the
atoms in the Zeeman states, mF = +1 (red), mF = −1 (blue) and mF = 0
(black) are plotted as a function of the modulus of the magnetic field. The
solid line is the results of the fit of the n0 = N0�Ntot relative population with
the function (5.53), which gives a critical magnetic field Bc = 57(3)mG.
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(a) �B� = 150mG
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(b) �B� = 70mG
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(c) �B� = 60mG
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(d) �B� = 30mG

Figure 5.20.: Averaged integrated profiles with mz = 0.45(5). The profiles at �B� = 60mG
and �B� = 30mG are averaged over 5 images. The profiles at �B� = 150mG
and �B� = 70mG over 10 images. The profiles come from the measurement
shown in Figure 5.19.



6. Binary mixtures

Chapter 5 was devoted to the characterisation of the spin-1 23Na gas in an anisotropic
harmonic trap. The arrangement of the three Zeeman components along the trap as well
as their presence as a function of the quadratic Zeeman energy in a uniform magnetic
field were characterised.
In this chapter we want to consider the immiscible phase in which essentially only the
mF = 0 and mF = +1 domains are present in the system. More precisely, a small but
detectable population of mF = −1 atoms is present, but they remain purely thermal in the
experiments presented in this chapter. To be sure that this is the case, we set the magnetic
field at �B0� = 600mG, corresponding to a quadratic Zeeman shift q = �h ⋅99.7Hz= 21.7 ⋅ �h!z.
This value is far above both the critical values for all the explored magnetisations, as
explained in Section 5.1. Therefore, our system can be described as a binary mixture of
quasi-condensates in mF = +1 and mF = 0.

The first binary mixture was formed by two different hyperfine spin states of 87Rb
atoms, [122]. The two-component condensate was produced by cooling one component
via sympathetic cooling through interactions with the second one, cooled via evaporation.
Many others binary mixtures were produced using Bose gases, mixing two different hyper-
fine states of 87Rb, as in [37, 107], or of 23Na, as in [117]; mixing different isotopes of the
same atomic species, as in [135], where 85Rb and 87Rb were used together and mixing
different atomic species, as K and Rb in [45] and Ca and Rb in [114]. Binary mixtures
have been studied also using Fermi gases, as in the recent work [183], where mixtures of
6Li atoms have been used to explore the possibility of itinerant ferromagnetism, or in
[157], and using Bose-Fermi superfluid mixtures, as in [46] and in [155].
Two components systems have already been studied extensively both theoretically and
experimentally. The relative phase coherence properties of the two components have
been investigated, [164], as their dynamics [116, 107, 148, 23, 165]. Also the boundaries
between different components have been studied theoretically, [6, 10]. Furthermore, binary
systems can be used to measure external forces, [12]. The sensibility to external forces
typical of BEC, [61], can be enhanced by the interspecies interactions present in binary
systems, making these latter good systems to quantitatively measure these external forces.

117
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Focusing on the mixtures composed by two weakly interacting BEC, their ground state
can be in a miscible, or immiscible phase, [135], depending on the trap and on the intra
et interspecies interactions, as introduced in Section 2.3. In their two works [149] and
[148], the authors described the ground state and the collective excitations of a Bose-Bose
binary system.

The spin-dipole (SD) polarisability of a spin mixture is the response of the system to
a displacement of the trapping potentials of the two components in opposite directions.
This quantity can be used to characterise the system response to an external field. In the
recent works [13] and [44], the authors measured the spin-dipole (SD) polarisability of a
miscible mF = ±1 mixture of 23Na atoms as well as the difference between the response of
the thermal and of the condensed parts. In this chapter we present a detailed experimental
characterisation of the SD polarisability in the opposite case of immiscible components,
mF = 0,+1. Following the proposal in [12], the high measured SD polarisability could be
used to implement a very accurate sensor to magnetic field gradients or more generally,
magnetic forces. As discussed in Section 5.3, we have already used this configuration to
reduce the effects of uncontrolled magnetic fields on the spin domains arrangement.

6.1. Spin-dipole polarisability

We consider a spin-1 Bose gas trapped in a harmonic anisotropic trap. The quasi-
condensate is in the immiscible phase and only the mF = 0 and mF = +1 components
are present. The atoms in the mF = −1 state are purely thermal and we neglect them
in our modelisation of the system. The two components feel an harmonic potential
V (⇢, z) = 1

2
m (!2

⊥⇢
2 + !2

zz
2). We want to describe what happens to the system when

a magnetic field gradient is applied. Recalling Section 5.3, we know that a magnetic
field gradient changes the potential V (⇢, z) by shifting its centre for the mF = +1 and
mF = −1 components in opposite directions. Moreover, if the magnetic field gradient is
small enough, we can consider its effect only along the weak trap axis, see Section 5.3. In
the following, we neglect the radial direction and describe the system as purely 1D for
simplicity.
The potential felt by the atoms in the Zeeman state mF is then equal to

VmF
(z) = 1

2
m!2

zz
2 −mF λ̃z ≈ 1

2
m!2

z(z − z0)2 − 1

2
m!2

zz
2
0 , (6.1)

where λ̃ = µB

2
b′, b′ is the applied magnetic field gradient and

z0 = mF λ̃

m!2
z

. (6.2)

Since we consider only the mF = 0 and mF = +1 components, the potentials felt by the
two components are shifted by z0 one with respect to the other.
As introduced above, the SD polarisability of a binary mixture is the ability of the system
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to reorganise when the potentials felt by the two components are displaced in opposite
directions. Following the definition of SD polarisability given in the recent work [13]1, we
define it as

PSD = SD

z0
= 1

z0
�z̄+1 − z̄0� (6.3)

where

z̄α = 1

Nα
� dz z nα(z) (6.4)

To measure the SD polarisability for the mF = 0,+1 configuration, we have to apply a
magnetic field gradient along the weak trap axis and measure the position of the centres
of mass (COM) of the two components. In the following we present some preliminary
results on these measurements.

6.1.1. Polarised cloud response: z0

If we consider a polarised gas in mF = +1 and we apply a magnetic field gradient, only its
centre of mass will move. Therefore, we expect SD = z0, and PSD = 1. Experimentally
we can change λ̃ by changing the current fed to a pair of coils in the anti-Helmholtz
configuration placed along the HDT axis, as explained is Section 5.3. In the following
we measure z0 directly. We prepare a polarised condensate, all atoms in mF = +1, in a
uniform magnetic field pointing along the direction that minimises uncontrolled magnetic
field gradients, as described in Section 5.3. During the entire sequence, we apply a
constant magnetic field gradient using the coils along the HDT (z) direction and we
record the final cloud position. We repeat this measurement for several values of the
magnetic field gradient.
Figure 6.1 shows the COM of the mF = +1 cloud divided by the cloud size as a function
of the applied magnetic field gradient. We found a response dz0�dI = −31.3(7)µmA−1.

6.1.2. Spin-dipole polarisability vs magnetisation

We show now the measurements of the SD polarisability for the mF = 0,+1 spin domain
configuration for different magnetisations mz. All the experimental data we present are
taken at B = 600mG. For a given value of the magnetisation mz, we repeat the exact
same experimental sequence as in the polarised case described above, the only difference
being the initial system magnetisation.
In Figure 6.3 we show three profiles obtained at a magnetisation mz = 0.47 for different
values of the magnetic field gradient. Figure 6.3(c) shows the ground state of the
mF = 0,+1 configuration in a uniform magnetic field, with the central mF = 0 domain
and two mF = +1 domains at the edges. The mF = +1 distribution is not perfectly
symmetric with respect to the centre of the overall profile, which signal the fact that
the uncontrolled magnetic field gradients were not completely negligible during the data

1There is a difference of a factor 2 between our definition and the definition of SD polarisability given in
[13]. Indeed, in our system, only one component (mF = +1) is affected by the magnetic field gradient.
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Figure 6.1.: Response of a polarised cloud with all the atoms in the state mF = +1 at a
magnetic field gradient generated by a pair of coils placed on the HDT axis.
From the linear fit we found z0 = −31.3(7)µmA−1.

taking. Figure 6.3(a) and Figure 6.3(b) show the two opposite situations in which the
gradient changes the spin domain arrangement. The mF = +1 component feels the
potential shift due to the magnetic field gradient and follows it. The mF = 0 domain does
not feel any direct force due to the gradient, however the interactions between the two
components push the two domains further away.

For each value of the applied magnetic field we use the fitting method presented in
Section 5.3 to obtain the two domain’s centre of mass and cloud size, then we record the
distance between the COMs of the mF = 0 and mF = +1 components: the SD.
Figure 6.3 shows the results of these measurements at mz = 0.37, 0.47, 0.68 and 0.79. The
error bars represent the standard deviations obtained from 4 shots per each magnetic field
gradient. It is already visible from Figure 6.3 that the steepness of the curves increases
with the magnetisation.
Figure 6.4 shows the resulting SD polarisability, obtained by dividing SD by the single
atom response z0.

We want now to measure the response of the domains to the applied magnetic field
gradient at z0 = 0. From Figure 6.4, it is clear that the response is not linear for all z0
values. In the neighbourhood of z0 = 0, where the response is approximately linear, we
define it as RSD:

RSD = dSD

dz0
�
z0=0

. (6.5)

This quantity gives the mF = 0,+1 domains response in unit of the polarised mF = +1
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Figure 6.2.: Profiles of the mF = 0,+1 mixture for different gradients applied along the
HDT axis. The magnetic field gradient is reported in Amperes, corresponding
to the current fed to the coils pair to produce a given �∇B�. We have
characterised the gradient produced by the coils: �∇B� = 21.4(5)mGcm−1 A−1.

cloud response.
The RSD can be obtained from the data shown Figure 6.3 by fitting the experimental
curves with the empirical following function

SD(I) = a + b ⋅ (I − Ic) + d ⋅ tanh��I − Icd

��, (6.6)

where I stands for the current fed to the coils. The black curves in Figure 6.3 are
the results of the fits. Then, to obtain the response of the mF = 0,+1 spin domain
configuration in the curve centre, we compute the derivative of the fitted curve at I = Ic:

dSD(I)
dI

�
I=Ic

= b + d

c
. (6.7)
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Figure 6.3.: Response of the mF = 0,+1 spin domains configuration to an external magnetic
field gradient applied along the weak trap axis. The plots correspond to
different longitudinal magnetisation mz and show the difference of COM,
SD = (z̄+1 − z̄0) as a function of the current fed to the coils to produce the
gradient. In black are sketched the results of the fit of the curves with the an
hyperbolic function, (6.6).

Figure 6.5 shows the mF = 0,+1 response RSD obtained by dividing
dSD(I)

dI �
I=Ic

by

dz0(I)�dI. The y error bars come from the fit while the x error bars represent the
standard deviation of the longitudinal magnetisation of the shots considered for that
point.
There are no points at low magnetisation, mz < 0.2, because at these low mz values the
mF = +1 component is almost completely thermal. This is true at high magnetisation for
mF = 0.
We expect the curve to increase at low magnetisation as it does at high magnetisations.
This is due to the fact that one of the two domains, at high and low mz, becomes smaller
than the other one, so that it becomes more and more easy to push it toward the cloud
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Figure 6.4.: Spin-dipole polarisability measured for different magnetisations.

edge. We do not observe this increase at low magnetisation. We are currently trying to
measure the cloud temperature as a function of mz to see if this effect is temperature-
related.
We defined the response RSD to be in unit of the polarised cloud response. Figure 6.5
shows that the measured response is much larger with respect to the single atom’s one.
This point is currently under investigation, in particular we are implementing T=0, 1D
and a 1D-3D crossover models, based on the spin-1 GP equations (5.1) and (5.2) to make
a first comparison with the experimental data, [156, 109].
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Figure 6.5.: Spin-dipole polarisability of the mF = 0,+1 spin domain configuration as a
function of magnetisation.



7. Conclusions and perspectives

In this manuscript we have studied the thermodynamic of a system of spin-1 23Na atoms
in a 3D trap, where the SMA approximation is valid, and the magnetic ordering in a 1D
trap, where the SMA is broken along the weak trap axis.

In Chapter 2 and Chapter 3 we presented the basics theoretical notions needed to
understand the thesis work and we described the experimental apparatus, the techniques
used to manipulate the spin internal degrees of freedom of the atoms and the analysis of
the absorption images.
In particular, in Chapter 3 we described the characterisation of the atoms’ transfer from
the 3D to the 1D trap. In the Appendix A we studied the transfer supposing it adiabatic
and the traps to be box-like. We have found that, starting from a 3D condensate in
a cross dipole trap with trapping potential depth Vtd = 1.6µK, we would obtain a 1D
condensate at a temperature T ≈ 20nK.

In Chapter 4 we reported the experimental observations of stepwise condensation of
our Bose gas in a 3D trap, where the SMA approximation is valid. We presented the
methods used to obtain the temperature of the clouds, through a simultaneous fit of the
three thermal components masking the condensed parts, and the critical temperatures for
the condensation, using the peak density as a probe. The major result of this study is
the representation of the peak density varying the longitudinal magnetisation mz and
the temperature T . In particular, we explored 3 different regimes corresponding to a
quadratic Zeeman shift q: q � Us (Us spin interaction energy), q > Us and q < Us. For
q � Us we observed the mF = 0 or mF = +1 component to condense first, for low and high
magnetisations, respectively. Lowering further the system temperature, the mF = +1 or
mF = 0 component condenses, respectively. The mF = −1 component does not condense,
in accordance with the ideal gas theory. In the intermediate case the mF = +1 component
is always condensing first, except for mz close to zero, where the mF = 0 component is the
only one to condense. For q < Us the results are completely different. The system is indeed
in the antiferromagnetic phase, for this low value of the Zeeman quadratic shift, and the
production of mF = 0 atoms is not energetically favourable in the system. As a result, the
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mF = +1 is still the component which condenses first, but, depending on mz, we have 2
or 1 more critical temperatures. The mF = 0 component condenses only at low mz, while
the mz = −1 component condenses at all mz, with a critical temperature similar to the
mF = 0 one for the intermediate q case. This is the most striking difference between the
experimental data and the ideal model system. For the latter, indeed, the mF = −1 should
never condense. In order to predict the condensation of the mF = −1 component, we used
an Hartree-Fock model. The model has 3 assumptions: i) spin independent interactions
are negligible, since gs � ḡ; ii) the condensate is in the Thomas-fermi regime and iii) we
use the semiclassical approximation to obtain the condensed and thermal fractions. The
model is in good agreement with the experimental data. The remaining ∼ 10% difference
that we observe for all the data point could be explained by effects such as finite atom
number and trap anharmonicities.

Chapter 5 is devoted to the experimental characterisation of a spin-1 Bose gas in a 1D
harmonic trap. For this system the SMA approximation breaks along the weak trap axis.
At first, we discussed the theory of a spin-1 Bose gas in a box potential: we expect a phase
transition from an antiferromagnetic to a transverse magnetised phase which correspond
to a transition from a miscible to an immiscible phase, respectively. This is due to the
different behaviour of the mF = ±1 mixture (antiferromagnetic and miscible phase) with
respect to the mF = 0,±1 one (now an immiscible phase). A second phase transition is
expected at high q, when the mF = −1 components disappears from the system.
Using the LDA approximation, we extended the uniform results to the harmonic trap
case. The ground state of the spin-1 Bose gas in an harmonic 1D trap in a uniform
magnetic field depends on the magnetic phase: in the antiferromagnetic phase we have two
miscible spin domains, corresponding to the two components mF = ±1 . In the transverse
magnetised phase we have a central spin domain (mF = 0) and the mF = ±1 components
form symmetric spin domains at the two edges. Thanks to the very low trap frequency
along the trap weak axis, we were able to experimentally observe after time of flight the in
situ profile of these two phases. We experimentally observed the system ground state for
a uniform magnetic field as well as the phase transition from a miscible to an immiscible
system. In particular, we developed a method to minimise the influence of uncontrolled
magnetic field gradients along the trap weak axis. The domains are indeed very sensible
to magnetic field gradients to which they respond re-organising themselves in the trap.
We fitted the spin domains in the mF = 0,+1 configuration, obtaining their sizes as
well as the penetration depth of one spin domain in the other one. We think that the
temperature affects strongly the penetration depth, since thermal atoms are miscible with
the atoms of all components. We also used a 1D-3D crossover model to fit the domains:
this allow to take into account the possible occupation of radially excited levels by the
quasi-condensate atoms. We have found that the system is very close to the 1D limit.
In order to obtain the system temperature, we measured the equation of state of a
polarised cloud (all the atoms in mF = +1). We measured the trapping potential loading
thermal atoms into the dipole trap. Then, for a given profile we ordered the atomic density
as a function of the chemical potential µ, obtaining n = n(µ). To obtain a temperature
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from the Equation of State, we fitted the µ < 0 part with a model for the thermal atoms
density, taking into account the occupation of the radial excited states.

Finally, in Chapter 6, we presented the experimental observation of the spin-dipole
polarisability of the mF = 0,+1 configuration. We measured the spin-dipole polarisability
for different magnetisations mz, finding that it is bigger than the single atom response
of a factor ∼ 100. The major result presented in the chapter is the curve presenting the
spin-dipole polarisability vs longitudinal magnetisation.

Perspectives

As already stated above, the short term goal of the experiment is to gain further under-
standing on the spin-dipole polarisability results presented in Chapter 6. We are currently
implementing two T=0 models, 1D and 1D-3D crossover, to make a first comparison with
the experimental results. We are also measuring the system temperature as a function of
the magnetisation, to understand why the measured spin-dipole polarisability at low mz is
lower than the one at high mz. In order to understand why the non-zero temperature can
play an important role, we consider the energy associated to the different configurations
of the mF = 0,+1 domains in the trap. The configuration with the mF = 0 domain in the
centre and the mF = +1 component at the two edges, for example, or the configuration
with the mF = 0 slightly de-centred and two asymmetric mF = +1 side lobes. If the
energy difference between these two configurations is smaller than kBT , then thermal
fluctuations can hide the T = 0 behaviour, preventing us from measuring the expected
spin-dipole polarisability.

As a long term goal of the experiment, the installation of the 1D lattice along the
HDT arm allows the study of the spin-1 system in a 1D lattice. We can observe the
Superfluid-Mott insulator transition in 1D and, in the limiting case of a deep Mott
insulator with negligible tunnelling, the step-like nature of the equation of state. In this
Mott phase, we can explore insulating phases with different magnetic properties due to
the filling [70, 69]. For mz = 0, we expect to see (fluctuating) spin-nematic states for
odd fillings and spin-singlet, [101], states for even fillings. These insulating phases are
visible only at very low magnetic fields, such that the quadratic Zeeman energy q � Us is
way smaller than the spin interaction energy. Increasing the quadratic Zeeman energy,
the spin-singlet states become polar states and the spin-nematic states do not fluctuate
anymore, because they are pinned to the quantisation axis defined by the magnetic field.
For mz > 0, we expect to observe magnetisation plateau depending on the filling: for even
filling we expect ⇢z = 0 magnetisation, since the atoms are in singlet states, and for odd
filling we expect ⇢z > 0.
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we decompose the fluctuations in plane wave modes

δn̂ =�
k

δnk b̂k + h.c. φ̂ =�
k

φk b̂k + h.c., (A.2)

where the b̂k’s are the annihilation operators for the quasiparticles of momentum �hk.
The coefficients of the two expansions can be written as functions of the Bogoliubov
amplitudes uk and vk by

δnk =√n0(uk − vk)e
ikx√
L

δφk = uk + vk
2i
√
n0

.
eikx√
L

(A.3)

In the Bogoliubov theory, as we have seen in Chapter 2 the Hamiltonian is written as the
sum of these independent Bogoliubov modes, see (2.17),

Ĥ = �
k≠0

Ek b̂
†
k
b̂k +E0, (A.4)

where E0 is the ground state energy, Ek = �✏k(✏k + 2µ) is the Bogoliubov excitations

spectrum for each plane wave k, µ is the chemical potential and ✏k = �h2k2

2m
is the free energy

per particle. We recall also the definition of healing length ⇠ given in (2.14), ⇠int =� �h2

2mgn
.

Thanks to the healing length, we can define a characteristic wavevector ⇠−1 below which
the Bogoliuobov modes represent collective excitations of the 1D quasicondensate.

As done by the authors of [120], we can write the equation of state including fluctuation
corrections to n:

µ

gn
= 1 +�2γ F (⌧,↵), (A.5)

where the function F (⌧,↵)1 is equal to

F (⌧,↵) = 1

⇡
�
∞

0
du

������
u√

u2 + 2↵
1

exp �u√u2+2α
τ
� − 1+

1

2

�� u√
u2 + 2↵ − 1

��
������, (A.6)

and where we have introduced the reduced variables

⌧ = kBT

gn
, ↵ = µ

gn
, (A.7)

and the dimensionless interacting parameter

γ = mg�h2n . (A.8)

For our experiment we estimate γ ≈ 5 ⋅ 10−5, with n = 100µm−1. The equation (A.5) must
be solved self-consistently for µ, given the total density n and the temperature T .

1To write the chemical potential as in (A.5), we write the Bogoliubov amplitudes in a box as

u2
k = 1

2
� ✏k+µ

Ek
+ 1� and v2k = 1

2
� ✏k+µ

Ek
− 1�.
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The entropy can be evaluated from S�kB = U−T−µN
kBT

. The entropy per particle, using the
same reduced variables as before, can then be written as

S

NkB
= �2γ G(⌧,↵) (A.9)

where

G(⌧,↵) = 1

⇡
� ∞

0
du

������
u
√
u2 + 2↵

exp �u√u2+2α
τ
� − 1 − ln

��1 − e−u
�

u2+2↵
⌧
��
������ (A.10)

In Figure A.2 we represent the chemical potential and the entropy per particle as a
function of t for γ = 5 ⋅ 10−5.
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Figure A.2.: Chemical potential µ�gn and entropy per particle S�NkB for γ = 5 ⋅ 10−5. In
Figure A.2(a), the blue dashed line represents the T = 0 limit.

A.2. The adiabatic transfer

To model the adiabatic transfer, we need to model the initial state of the 3D condensate.
We suppose the latter to be well described by an ideal gas trapped in a box potential of
volume V. The volume V= 4

3
⇡ ⋅RTF,x ⋅RTF,y ⋅RTF,z is defined such that N = n ⋅V where n

is the 3D gas density and the three radii RTF,i are the cloud Thomas-fermi radii along the
three trap axes. Thanks to the volume V and to the formula for the critical temperature
in a uniform system

kBTc,3D = 2⇡�h2
m

�� n

⇠(3�2)��
2

3

, (A.11)

we can compute the entropy per atom, that for an ideal gas in a uniform system is equal
to

S

NkB
= 5⇠(5�2)
2⇠(3�2) �� T

Tc,3D

��
3

2

(A.12)
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where ⇠ is the Riemann zeta function. If the transfer is adiabatic, the entropy is conserved
and we can find the final thermodynamic state of the system by equating the initial and
final entropies. Looking at Figure A.3, we can visually obtain the result of this procedure.
The upper figure shows the trap depth of the starting 3D trap. The lower figure shows
instead the temperature and the chemical potential, in units of gn, for the condensate
in the 1D trap. All the quantities are plotted as functions of the entropy per particle
S�NkB, which is a conserved quantity in the transfer. Therefore, we can choose a value
for the initial trap depth of the 3D condensate and directly look, after the transfer, at
the temperature and chemical potential we obtain.
Starting from a trapping depth of Vtd = 1.6µK, which is the typical value we start from
in the 3D trap, we end up with a temperature which is equal to T ≈ 3.4 gn. Considering
that we measure gn ≈ 130Hz for the 1D condensate, this means we expect temperatures
T ∼ 21nK from the construction of Figure A.3. In the experiment, we measure temper-
atures T ≈ 44nK, see Chapter 5 Subsection 5.3.3. Both values are compatible up to a
numerical factor, which is not too surprising since we don’t take the trap potential into
account.

It is worth to notice that this model is strictly 1D, but, as we have already pointed
out in Chapter 5, our system is quasi-1D. This because the temperature of the cloud
is of the same order of the radial confinement, kBT ∼ �h!⊥. Therefore, to model the
system in a proper way, we should consider the occupation of the radial excited states. In
this case, atoms have more energy states that they can occupy at a lower temperature.
Therefore, at a given temperature, the entropy is higher in this case than in the 1D case.
Figure A.3 shows that, taking this effect into account, we expect a lower temperature
from the transfer with respect to the one obtained with the 1D model.

It is interesting to see if the evaporation plays or not an important role in determining
the final temperature of the cloud. Evaporation cooling relies on the elimination of
the atoms with energy higher than the trap depth Vtd and thermalisation of the atoms
remaining in the trap via binary collisions. Only a few collisions are required to the atoms
to thermalise and rearrange themselves in an equilibrium distribution, see [88, 166]. A
thermalisation rate Γth can defined as Γth = nσv̄, where n is the 3D gas density, σ is the
cross-section, σ = 8⇡2, and v̄ is the average thermal velocity, v̄ = �8kBT �⇡m. For our
system in the anisotropic harmonic trap, taking n = 100

πa2⊥
µm−1 and T = 44nK, we have

Γth ≈ 37 s−1. We define now the evaporation parameter ⌘ = Vtd�kBT . For value ⌘ � 1, we
can use the formula for the evaporation rate from [88] that is equal to Γev = nσv̄⌘e−η. For
the 1D anisotropic trap we compute Vtd = 0.94µK, from which we obtain ⌘ = 21.5 and a
very small value for Γev = 4 ⋅ 10−7 s−1.
This means that the evaporation cooling is not working from the gas in the 1D trap and
that the temperature is mostly determined by the transfer process. The difference in
temperature could be due to our crude modelling ignoring the trap, but also to heating
(due to technical reasons) occurring during the transfer process.
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Figure A.3.: Construction to determine the temperature of the condensate in the 1D
geometry, after the transfer from the 3D to the 1D trap discussed above.
Upper: Plot to choose the 3D condensate initial conditions. The trap depth
Vtd of the 3D trap is plotted as a function of the entropy per particle S�NkB .
Lower: Plot to obtain the final temperature of the 1D condensate. On
the same graph are plotted temperature and chemical potential of the 1D
condensate, in units of gn, as a function of the entropy per particle S�NkB .
If the transfer from the 3D to the 1D geometry is adiabatic, the entropy
is conserved. The black dashed line on the two graphs indicates the final
entropy per particle for such an adiabatic process starting from a typical
trap depth Vtd = 1.6µK. The green dashed line indicates Tφ.





B. Numerical solution of the spin 1

Gross-Pitaevskii equations

In this appendix we want to briefly present the algorithm we use to solve the three
Gross-Pitaevskii equations (2.73, 2.74, 2.75) for the spin-1 spinor condensate.
We focus our attention on 1 dimensional system with trapping potential V (z) = 1

2
M!2

zz
2.

We use harmonic oscillator units, therefore time and lengths are rescaled according to

t→ t̃ = !zt, (B.1)

z → z̃ = z

σ
, (B.2)

g → g̃ = Nḡ

σz�h!z

, (B.3)

⇢→ ⇢̃ = ⇢σz

N
, (B.4)

Sz → S̃z = Szσz

N
(B.5)

where σ = ��h�M!z is the oscillator length and the wavefunctions Ψ are normalised. We
rewrite the Gross-Pitaevskii equations (2.73, 2.74, 2.75) in a vectorial form

i
@Ψ

@t̃
= L[Ψ] ⋅Ψ, (B.6)

where L is a differential operator defined as L =K +U , with1

K = −1
2

@⋅
@z2

, (B.7)

U = 1

2
z2 + g ⇢ + gs ���

⇢0 + Sz Ψ0Ψ
∗
−1 0

Ψ∗0Ψ−1 ⇢+1 + ⇢−1 Ψ∗0Ψ+1
0 Ψ0Ψ

∗
+1 ⇢0 − Sz

��� (B.8)

1We drop from now on the tilde notation for the sake of readability.
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The ground state is computed using imaginary time evolution, i. e. we look for solutions
of

@Ψ

@⌧
= −L[Ψ] ⋅Ψ, (B.9)

where ⌧ = it̃. This is done numerically, discretising time in steps ∆⌧ and evolving
the wavefunction at each step. Considering infinitesimal evolutions between ⌧n and
⌧n+1 = ⌧n +∆⌧ , we can identify the GP solutions with the solution of the Schrödinger
equation

Ψ(⌧n+1) = e−(K+V )∆τΨ(⌧n), (B.10)

with a potential energy Vn = V [Ψ(⌧n)]. The evolution operator is further approximated
by

e−(K+Vn)∆τ = e−K∆τ e−Vn∆τ e−
1

2
[K,V ]∆τ2 ≈ e−K∆τ(1−Vn∆τ) (B.11)

where we used the Baker-Campbell-Hausdorff (BCH) formula in the first step and we
neglected the commutator and performed a Taylor expansion of the potential term in the
second step. The last term is the one used to propagate the GP equations. The potential
term is propagated in real space, the kinetic term, instead, is propagated in momentum
space using a fast Fourier transform.
In the literature we can found alternative schemes where momentum and potential part
are propagated separately, see [9, 179].
At the end of each propagation step, the components of Ψ are renormalised to ensure the
conservation of total norm and magnetisation, which are not conserved in imaginary time
evolution.The normalisation constants are equal to

A2
0 = 1 −m2

z��Ψ0��2 +�4(1 −m2
z)��Ψ+1��2��Ψ−1��2 +m2

z ��Ψ0��2 (B.12)

A2
± = 1 ±mz −A2

0��Ψ0��2
2��Ψ+1��2 (B.13)

The choice of step size for the evolution is of capital importance, while implementing
these algorithm. The step should be chosen in such a way that all the steps correspond
to a small change of the wave function.
The Taylor expansion of the potential term implies

z2∆⌧ � 1→∆⌧ � 1

(Nz∆z)2 , (B.14)

where is the grid size and Nz is the number of grid points. In the second equation we
choose the grid size as typical distance. A more natural and less restrictive choice would
have been the cloud size. Neglecting the commutator implies

x̃kmax∆⌧2 � 1→∆⌧ �
�

1

2⇡Nz

, (B.15)

where kmax = 2⇡�∆z is the maximum wavevector used in the momentum space propagation.
For the simulations described in Chapter 5, we used ∆z ≈ 0.025 (Nz = 2000 points on a
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grid from −25 to +25) and δ⌧ = 10−3.
If we used also the Taylor expansion of the kinetic term, we would have an additional
criterion

k2max∆⌧ � 1→∆⌧ � ∆z2

2⇡2
. (B.16)

which is more restrictive than the previous one.
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Dans ce manuscrit, nous présentons une étude expéri-
mentale d’un gaz de Bose de spin-1 avec des interac-
tions antiferromagnétiques, réalisée pour des atomes
de sodium ultra-froids dans l’état hyperfin F=1. Gr au
refroidissement évaporatif, nous obtenons un conden-
sat de Bose-Einstein (CBE) spineur, soit dans un piege
tres confinant (“piege 0D”), soit sous la forme d’un
quasi-condensat quasi-unidimensionnel dans un piege
tres allongé. Les deux systemes présentent un ordre
magnétique a tres basse température, qui résulte de la
compétition entre les interactions d’échange et l’énergie
Zeeman quadratique q dans un champ magnétique ex-
terne. Nous étudions dans un premier temps l’ordre
magnétique se forme dans le piege 0D. A tres basse
température deux phases magnétiques sont possible :
une phase dite “antiferromagnétique” pour q < Us, ou
une phase dite “a aimantation transverse” dans le cas
inverse. Dans ce travail, nous nous plas pres de la tem-
pérature critique. Nous mesurons plusieurs scénarios
de condensation séquentielles en changeant la magné-
tisation et le champ magnétique externe, ou une com-
posante Zeeman condense toujours en premier et ou
l’ordre magnétique n’apparau’a une seconde tempé-
rature de condensation. Les résultats expérimentaux
pour les températures critiques sont bien décrits par
une théorie d’Hartree-Fock simplifiée dans les cas ou
une seule composante Zeeman est condensée. Dans
un second temps, nous étudions l’ordre magnétique
du systeme quasi-unidimensionnel a basse tempéra-
ture. On observe la formation de domaines de spin
ou les composantes Zeeman se sépare spontanément
en domaines disjoints en l’asbence de force extérieure
(par exemple, un gradient de champ magnétique). On
étudie l’état d’équilibre du systeme en fonction de
la magnétisation et du champ magnétique. On ob-
serve une transition de phase entre une phase miscible
et une phase immiscible ou la composante Zeeman
mF = 0 forme un domaine séparé de mF = ±1 dans
le centre du piege. L’équation d’état d’un nuage pola-
risé (atomes dans l’état mF = +1) est utilisée pour
mesurer la température du systeme. Enfin, nous me-
surons la réponse mécanique a une force magnétique
appliquée pour un systeme binaire mF = 0,+1. Nous
mesures une exaltation de la réponse par rapport a
l’attente na basée sur l’effet Zeeman habituel, d’un
facteur qui peut varier de plusieurs dizaines a environ
cent. La configuration spatiale des domaines est ainsi
sensible a de tres faibles gradients de champ magné-
tique inférieurs au mG/cm.

Mots Clés
Condensats de Bose-Einstein, magnétisme, spineur,
gaz ultrafroids, thermodynamique, domaines de spin,
équation d’état, polarisabilité de spin.

In this manuscript we present the experimental study
of a spin-1 Bose gas with antiferromagnetic interac-
tions in the F = 1 manifold of Na ultra-cold atoms.
Thanks to evaporative cooling in optical traps we ob-
tain a spinor Bose-Einstein condensates (BEC) in a
strongly confining trap (" 0D trap") and quasi- con-
densates in an elongated trap. Due to the competition
between the exchange energy Us and the quadratic
Zeeman energy q, the two systems present a magnetic
ordering at very low temperatures. The first part of
the manuscript is devoted to the study of the mag-
netic ordering in the 0D trap. At very low temper-
ature, for q < Us the system is in the antiferromag-
netic phase while, for q > Us, is in the transverse
magnetised phase. We study the system near to the
critical temperature. We investigate different conden-
sation scenarios varying magnetisation and external
magnetic field. We observe the condensation of a first
component and the appearing of the magnetic order-
ing at a lower critical temperature, corresponding to
the condensation of a second component. We find a
good agreement between the experimental data and
a simplified Hartree-Fock model when only one Zee-
man component is condensed. In the second part of
the manuscript, we study of the quasi-1D system at
low temperatures. We observe the formation of spin
domains: the Zeeman components spontaneously sep-
arate in the absence of an external force (i.e., magnetic
field gradient). We study the ground state of the sys-
tem varying magnetisation and q. We observe a first
order magnetic transition from a miscible to the im-
miscible phase. The immiscible phase is characterised
by a mF = 0 domain, separated by the mF = ±1 com-
ponents, located in the trap centre. The equation of
state of a polarised cloud (all atoms in mF = +1)
was measured and the system temperature was de-
termined using it. Finally, we prepare the system in
the immiscible phase mF = 0,+1 and we measure
the equilibrium response of the system to a magnetic
field gradient. The mixture present a response much
higher than the response of a single particle. This
latter determined considering only the linear Zeeman
effect. This configuration is sensible to very low mag-
netic field gradients < mG/cm.

Keywords
Bose-Einstein condensates, quantum magnetism, spinor,
ultra-cold gases, thermodynamics, spin domains, equa-
tion of state, spin-dipole polarisability.
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