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Résumé

Nous présentons trois résultats dans cette thése.

Dans le chapitre 2 nous montrons 'existence d’un zéro-cycle ¢, sur une
hypersurface X de type Calabi—Yau dans une varieté homogeéne projective
complexe. Plus précisement, nous montrons que l'intersection de n diviseurs
sur X, ou n = dim X, est proportionnelle a la classe d’un point supporté sur
une courbe rationnelle dans X.

Dans le chapitre 3 nous donnons une nouvelle preuve du théoréme de
Beauville et Voisin portant sur la décomposition de la petite diagonale d’une
surface K3 notée S. La preuve que nous donnons est explicite et utilise
le plongement de degré 2g — 2 de S dans P9. Elle est différente de celle
donnée par Beauville et Voisin, qui repose sur l'existence d'une famille a un
parameétre de courbes elliptiques.

Le chapitre 4 est consacré a ’é¢tude des similitudes entre la variété de
Fano des droites d’une cubique de dimension 4, qui est une variété hyper-
Kaéhlerienne étudiée par Beauville et Donagi, et la variété hyper-Kéhlerienne
de dimension 4 construite par Debarre et Voisin dans [11]. Nous introduisons
un analogue de la notion de triangle pour ces variétés et prouvons que la var-
iété des triangles, qui est de dimension 6, est une sous-variété Lagrangienne
du cube de la variété hyper-Kéhlerienne construite par Debarre et Voisin.



Abstract

We present in this thesis three results.

In Chapter 2 we prove the existence of a canonical zero-cycle cx on a
Calabi—-Yau hypersurfacee X in a complex projective homogeneous variety.
Namely, we show that the intersection of any n divisors on X, n = dim X is
proportional to the class of a point on a rational curve in X.

In Chapter 3 we give a new proof of the theorem of Beauville and Voisin
about the decomposition of the small diagonal of a K3 surface S. Our proof
is explicit and uses the degree 2g — 2 embedding of S in P9. It is different
from the one used by Beauville and Voisin, which employed the existence of
one-parameters familie of elliptic curves.

Chapter 4 is devoted to the study of similarities between the Fano varieties
of lines on a cubic fourfold, a hyper-Kéahler fourfold studied by Beauville and
Donagi, and the hyper-Kéahler fourfold constructed by Debarre and Voisin in
[11]. We exhibit an analog of the notion of "triangle" for these varieties and
prove that the 6-dimensional variety of "triangles" is a Lagrangian subvariety
in the cube of the constructed hyper-Kéahler fourfold.
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Chapter 1

Introduction

1.1 Chow groups

1 Basic definition

First of all we introduce the basic invariant that we will work with. This
invariant, the Chow ring, is associated with a projective algebraic variety.
All varieties will be defined over the field of the complex numbers C.

Let X be an algebraic variety. A cycle of dimension ¢ is a formal finite
sum of irreducible subvarieties of X of dimension i. The free abelian group
generated by the cycles is denoted by Z;(X). We define Z;(X),q as the
abelian subgroup of Z;(X) generated by elements of the form W (0) — W (o0),
where W is a subvariety of X x P! (flat over P!) and W (0) and W (oo) are
fibers over 0 and oco. Two cycles are called rationally equivalent if their
difference is contained in the group Z;(X),q-

Definition 1.1. The Chow group of dimension ¢ of the variety X

CHi(X) = Zz'<X)/Zi(X)mt
is by definition the group of algebraic cycles of dimension ¢ modulo rational
equivalence.

Assuming X is smooth and projective of dimension n, we can also define
Chow groups of codimension 7 as:

CH(X) = CH,,_s(X).

The intersection product constructed in [14] defines a structure of a ring on

the Chow groups:
dim X

CH*(X) = €p CH'(X).

=0

9
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Example 1.2. If X is a smooth variety, then CH'(X) is just the Picard
group Pic(X). For instance, if X is a smooth projective connected curve, we
have

0—— Jac(X) —= CHY(X) %o 7 — 0.

Cycle class map. For variety X defined over C, one can compare the
Chow ring CH*(X) and the cohomology ring H*(X) of an algebraic variety
X by considering the cycle class map. The cycle class map associates to
every subvariety Y C X the class which is Poincaré dual to the fundamental
class [Y] in the homology of X:

cl: CHY(X) — H*(X, 7).

Example 1.3. [32] The long exact sequence associated to the following short
exact sequence of sheaves of holomorphic functions in the analytic topology

erp

0—=7 —— Oxan

O%an —0

gives a map

HY (X O%an) — H*(X,7Z),

where

HY (X", O%an) = Pic(X") = Pic(X) = CH!(X),

where the second equality follows from Serre’s GAGA principle. One can
prove (|32, Chapter 4]) that the first Chern class coincides with the cycle
class map:

c1: Pic(X) — H*(X,Z).

Correspondences. Let us consider a morphism f : X — Y of smooth
proper varieties. We have the push-forward f, : CH,.(X) — CH,(Y") and the
pull-back f*: CH*(Y) — CH?*(X) maps. Treating the graph I'y C X x Y of
f as a cycle of X xY we can describe these two maps in another way:

a € CH,(X), fu(a) = (my)(mx(a) - Ty), (1.1)

f e CH(X), f1(B) = (mx)«(my(8) - Ty), (1.2)

where mx and 7y are the natural projections of X x Y to its factors. Sub-
stituting I'y with any cycle I' € CH, (X x Y') the construction leads to the
following definition.

Definition 1.4. Let X and Y be smooth projective varieties. A correspon-
dence from X to Y is an element of the Chow group CH(X x Y).
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A correspondence v defines two maps 7, and v* given by the formulas
(1.1) and (1.2). We notice that correspondences as well as morphisms can
be composed. Namely, for v, € CH,.(X x Y) and 72 € CH.(Y x Z) we have
the natural projections:

X xY xZ

TX,Y - j TX,Z
Y,Z

X xY Y x Z X xZ

the composition can be defined as

Moy = (mxz)«((mxy)*(12) - (my2)" (1)) € CH.(X x Z).

It follows from the properties of the pull-backs and the push-forwards that
this operation is associative. One can check thatif f: X - Y andg:Y — Z
are morphisms then I'yoI'y = I'yos. In particular, on the group CH*(X x X)
the composition defines a structure of a graded associative algebra with the
class of the diagonal Ax as the unit.

2 Mumford’s theorem, conjecture of Bloch and Beilin-
son

While CH'(X) is relatively simple due to the exponential exact sequence, the
higher codimensional Chow groups are less understood, which can be seen
from the following theorem proved by Mumford in [24].

Theorem 1.5. Let S be a projective smooth surface over the complex num-

bers. If H°(S,Q%) # {0} then CHy(S) has infinite dimension.

Originally, this theorem was formulated in another way: the dimension of
constant cycle subvarieties in Sym™S is restricted above (cf. Remark 1.23).
The theorem of Mumford was generalized for higher dimensional varieties by
Roitman, see [30].

The following conjecture of Bloch can be viewed as a complement of a
result of Mumford and Roitman.

Conjecture 1.6. Let S be a surface. If h*9(S) = 0 then the Albanese map
CHo(S)nom — Alb(S) is an isomorphism.

This conjecture is a particular case of the most general conjecture of Bloch
and Beilinson ([6], see also [33]).
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Conjecture 1.7. For any smooth irreducible projective variety X over the
complex numbers there exists a filtration on the Chow groups with rational
coefficients:

FCHM(X)q,
0<k<n,n=dimX, such that

a. F" is stable with respect to the action of correspondences, in particular,
with respect to push-forwards and pull-backs,

b. FOCH*(X)g = CH*(X)g and F*'CH*(X)g = CH*(X)g.hom
¢. FICH*(X)q - FICH*(X)g C FHCH*(X)q
d. Gr.CH*(X)q is controlled by the Hodge structure. Namely,
Cr,CH*(X)g = 0
if H*=7(X) is of coniveau greater than k —r,

e. FFICH*(X) =0.

1.2 Varieties with trivial canonical bundle

In this section we make an introduction to the theory of manifolds (com-
pact Kéhler or complex projective manifolds) with trivial canonical bundle.
These varieties are the main geometric context of our work. Although we
are interested into their properties as algebraic varieties, their theory started
more naturally in the context of compact Kéhler geometry. So in this section
X will denote a compact Kéhler manifold.

1 The decomposition theorem

The starting point of the theory of Calabi-Yau manifolds is the theorem of
Yau [40].

Theorem 1.8. Let X be a compact Kdhler manifold. If the topological first
Chern class ¢1(X) is zero then in each Kdhler class on X, there ezists a
unique Kdhler form w such that the Ricci curvature of the corresponding
Kihler metric is zero: Ric(X,w) = 0.

Remark 1.9. For a Kdhler manifold the Ricci curvature is just the curvature
of the Chern connection of the induced metric on the canonical bundle. Thus
an equivalent way of formulating the theorem is to say that the representation
of the restricted holonomy group is in the special unitary group SU(n), where
n is the dimension of the variety.
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Using the classification of holomony groups, Beauville decomposes vari-
eties with trivial canonical bundle in the product of irreducible factors.

Theorem 1.10. (/2/). Let X be a compact Kihler manifold such that ¢;(X) =
0. There exists a finite étale cover X of X such that X is isomorphic to a

product
X=Tx[[vix][]%

where T is a complex torus, Y; are simply connected Calabi—Yau manifolds
and Z; are compact hyper-Kdhler manifolds.

Complex tori are simply the quotients V/A of a complex vector space V'
by a lattice A of maximal rank. We continue with the other types of varieties
in the next two subsections.

2 Calabi—Yau manifolds

By definition, a compact Kéhler manifold X is a Calabi—Yau manifold if it
is simply connected, the canonical bundle K is trivial, and H°(X, Q%) =0
for all 0 <17 < n, where n = dim X. By Yau’s theorem we have the following
equivalent definition in terms of holonomy group.

Lemma 1.11. (/2]) Let X be a simply connected compact Kdihler manifold
of dimension n. Then X is a Calabi—Yau manifold if an only if it admits a
Kahler metric with holonomy group equal to SU(n).

Here are some examples of Calabi—Yau manifolds.

Example 1.12. a. If X is a complete intersection of hypersurfaces of
degrees dy,ds, ..., d; in a projective space P" such that d; +dy + ...+
dp =n+ 1 and dim X > 2, then X is a Calabi—Yau manifold.

b. If X is a hypersurface in the anti-canonical linear system | — Ky | of a
Fano variety Y, then X is a Calabi-Yau manifold.

3 Hyper-Kahler manifolds

By definition a compact Kéhler manifold X is a hyper-Kahler manifold (or
irreducible symplectic manifold) if X is simply connected and H°(X, Q%) is of
dimension 1, generated by a holomorphic 2-form o, which is non-degenerated
at any point of X. The 2-form o is called the symplectic holomorphic form
of X. It is defined up to a multiplicative constant.

There is an equivalent definition in terms of holonomy group.
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Lemma 1.13. /2] Let X be a simply connected compact Kihler manifold of
dimension 2n. Then X is a hyper-Kdahler manifold iof and only if it admits a
Kdhler metric whose holomony group is Sp(n).

One can then prove that H°(X,Q3%) = C- ¢, for 0 < i < m = dim X/2.

Beauville in [2] provides two series of families of examples, for each even
complex dimension: (a) the n—punctual Hilbert scheme S of a K3 surface
S and (b) the fiber at the origin of the Albanese map of the (n + 1)—st
punctual Hilbert scheme of an abelian surface. All of the irreducible hyper-
Kéhler manifolds constructed later on are deformation-equivalent to one of
Beauville’s examples, with two exceptions: O’Grady examples in dimension
6 and in dimension 10 (see |26, 25]).

We note that the varieties in Beauville’s examples have Picard number
two, while a general algebraic deformation of a hyper-Kéhler manifold has
Picard number one. There are not so many available explicit constructions of
these general deformations with Picard number one. Only four such families,
each of which is 20-dimensional and parametrizes general polarized deforma-
tions of the second punctual Hilbert scheme of a K3 surface, are known:

a. (Beauville and Donagi, [4]) The Fano variety of lines of a cubic fourfold.
It was proven in [4] that the variety F'(X) of lines on a smooth cubic
hypersurface £ C P® is an algebraic hyper-Kihler fourfold. It gives a
20-dimensional moduli space of fourfolds.

b. (Iliev and Ranestad, [17, 18]) The variety V(X) of sum of powers of
a general cubic X C P°. It was proven in [17, 18] that it is another
algebraic hyper-Kéhler fourfold, with 20 moduli.

c. (O’Grady, [27]) O’Grady constructed a 20-parameter family of hyper-
Kéhler algebraic fourfolds. They are quasi-étale double covers of certain
singular sextic hypersurfaces constructed by Eisenbud, Popescu, and
Walter.

d. (Debarre and Voisin, [11]) Using Grassmann geometry another 20-
dimensional family of hyper-Kéahler varieties which are deformations
of S for S of genus 12 is constructed in this paper.

The last example will be studied in Chapter 4.
There was found recently a new family of hyper-Kéhler varieties of di-
mension 8, see [19].
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1.3 Chow groups of varieties with trivial Kx

1 Around a result of Beauville and Voisin

The following theorem, which contrasts with the results of Mumford (Theo-
rem 1.5), is the starting point of this work as well as many other researches
(I3, 12, 13, 22, 28, 29, 35, 36, 37, 38|).

Theorem 1.14 ([5]). Let X be a K3 surface.

a. All points of X which lie on some (possibly singular) rational curve
have the same class cx in CHy(X).

b. The image of the intersection product
Pic(X) ® Pic(X) — CHy(X)
18 contained in Zcx .

c. The second Chern class co(X) € CHo(X) is equal to 24cx.

Originally, the proof of (b) was done separately from the proof of (c).
The proof of (b) used the existence of a rational curve in any ample class
L € Pic(S) (see [23]). It allows to represent the intersection of two divisors
Ly and Ly as a cycle with support on rational curves. Taking into account
that all points on any rational curve represent the same class cy, the result
(b) follows.

The proof of (c) involves the idea of the decomposition of the small diag-
onal (|5, Proposition 2.1]):

Proposition 1.15. The following equality holds in CHy(S x S X S)q

A123:A12X03+A23X01+A13X02
—Sxoxo—oxSxo—oxoxS, (1.3)

where o is any point representing the canonical zero cycle, Ais3 is the small
diagonal in S®, and the notation Ay x oy stands for w(A)-mro, A € CHy(S %
S) being the class of the diagonal.

Considering the small diagonal as a correspondence between X x X and
X, we can use (1.3) to control the intersection product on X. For example,
applying this correspondence to mj Ly - w5 Lo we get the intersection product
of L; and Ly on one hand and something proportional to cx on the other,
which proves (b). Similarly (this is the argument in [5] to get (c)), applying
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the correspondence to the diagonal A C X x X we get co(X) on one hand
and something proportional to ¢y on the other, which proves (c).

These two results led to extensive study of Chow groups for Calabi-
Yau varieties and hyper-Kéahler manifolds, and we will focus on them in the
rest of the introduction. One of our results in this thesis is a new proof of
Proposition 1.15, see Section "K3 surfaces and an invitation to Chapter 3"
and Chapter 3.

2 Hyper-Kahler varieties

From now on we work with rational coefficients: CH'(X) = CH,,_;(X) ® Q.
The Theorem 1.14 can be restated as saying that any polynomial relation

P(Cl(L)) =0

in H*(S) already holds at the level of Chow groups. In [3] Beauville put this
statement in a more general framework and proposed a conjectural expla-
nation for hyper-Kéhler manifolds: the class map ¢l : CH(X) — H*(X) is
injective on the subring generated by divisors.

Conjecture 1.16. (/3]) Let Y be an algebraic hyper-Kdhler variety. Then
any polynomial cohomological relation

P(ler(Ly)]) =0

in H*(Y,Q), where L; € Pic(Y), already holds at the level of Chow groups :
P(ler(Ly)]) = 0

in CH*(Y').

Beauville proved this conjecture in the case of the second and third punc-
tual Hilbert scheme of an algebraic K3 surface. A stronger version, which
involves Chern classes of tangent bundles, was formulated by Voisin:

Conjecture 1.17. ([35, Conjecture 1.3]) Let Y be an algebraic hyper-Kdhler
variety. Then any polynomial cohomological relation

P([er(Ly)]; [es(Ty))]) = 0

in H**(Y,Q), where L; € Pic(Y), already holds at the level of Chow groups:
P([er(Ly)]; [es(Ty))]) = 0

in CHF(Y).
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This conjecture was proven for (a) Y = S with n < 2b5(S),,+4 and any
k and for (b) Y the Fano variety of lines of a cubic fourfold (|35, Theorem
0.4]).

The next result has been obtained by Fu for a generalized Kummer va-
riety. We recall that a generalized Kummer variety K, can be defined in
the following way: if A is an abelian surface, s : AT — A is the nat-
ural morphism defined by the composition of the Hilbert—Chow morphism
Al 5 A+ and the summation AFY — A using the group of law of A,
then s is an isotrivial fibration and a generalized Kummer variety is a fibre
K, = s7%(04) (cf. [2] and [13, Example 1.3]). We note, that the following
result is stated for numerical equivalence, i.e., in a slightly stronger version
than the conjecture above.

Theorem 1.18. (/13]) Let = € CH(K,,)g be an algebraic cycle, which is a
polynomial with rational coefficients of the first Chern classes of line bun-
dles on K, and the Chern classes of the tangent bundle of K,, then z is
numerically trivial if and only if z is (rationally equivalent to) zero.

The reader can find some other results about hyper-Kéhler manifolds in
22, 37, 38].

3 Calabi—Yau varieties and an invitation to Chapter 2

The following example from |[3]| shows that Conjecture 1.16 does not hold
for Calabi-Yau varieties, namely, the class map may be not injective on the
subring DCH*(X) C CH*(X) generated by divisors if X is a Calabi—Yau

variety.

Example 1.19. ([3, Example 1.7]) Let X be the blow-up of IP3 along a curve
C of degree d and genus g. Let X be the Calabi-Yau variety, obtained as
a double cover of X ramified over an element of | — 2K x|. We have the

following diagram:

Let H be the class of a hyperplane section on P? and put He = ifH. The
space DCH?*(X) C CH(X)q is generated by

e*H? ¢*H - [E] =i.p"He, [E])? =i.p ci(N) — *[C],
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where N is the normal bundle on C for the embedding i, : C' — P3. Since
c1(N) =4H¢ + Ko, DCH?(X) contains the elements i,p* Ho and i,p* Kc.

The map i,p* : CH'(C)g — CH?*(X)g induces an isomorphism of the
subspace of degree 0 divisor classes on C' onto the subspace of homologically
trivial classes in CH?(X)q. If we choose C in such a way that H¢ is non
proportional to K¢ in CH'(C)g then the class Z = i,p*(dK¢ — (29 — 2)He)
in DCH?(X) is homologically trivial, but not trivial. Finally, its pull-back
7*(Z) is non-trivial in DCH(X) (because ,(7*(Z)) = 2Z is not trivial in
CH(X)g), but it is homologically trivial.

However, this example deals with cycles of strictly positive dimension and
still there is a hope of existence partial results in this case. More precisely,
results of Voisin [36] provide a decomposition of the small diagonal for a
Calabi—Yau hypersurface X in P". This result is similar to Proposition 1.15
(although it contains an extra term) and allows to control the intersection
product on X.

Theorem 1.20. (/36, Theorem 3.1]) Let X be a Calabi—Yau hypersurface in
P and let F(X) be the variety of lines contained in X. We denote the class
of a hyperplane section on X by H and put o = H™X /deg (H4™X). For
t € F(X) we denote P} C X C P" the corresponding line.

The following relation holds in CH** %(X x X x X)g :

A= Ap-o03+ (perm.)+ Z + 1TV,

where Z is the restriction to X x X x X of a cycle on P* x P* x P" and I
1s a multiple of the following effective cycle of dimension n — 1:

I = Uep)P x Py x Py

Corollary 1.21. (/36, Theorem 3.4]) Let X be as above and let Z; and Z! be
cycles of codimension greater than 0 on X such that codim Z; + codimZ! =
n — 1. Then if we have a cohomological relation

> nideg (Z;- Z)) =0,
this relation holds at the level of Chow groups:



1.3. CHOW GROUPS OF VARIETIES WITH TRIVIAL Kx 19

This theorem and its corollary were generalized by Fu in [12] for a Calabi—
Yau complete intersection in projective space which is general for a given
degrees of hypersurfaces.

The results above suggest that despite the counterexample given by Ex-
ample 1.19, it is true that the cycle map is injective on zero-cycles which are
intersections of divisors or, equivalently, that the intersection of any dim (X)
divisors on X is proportional to a canonical zero-cycle cx in CHo(X). The
existence of such a cycle is trivial if Pic(X) is generated by one element H:
we can put cy = H9™X /deg (HU™X).

Our result of Chapter 2 provides evidence for the existence of such a
canonical zero cycle cy for some Calabi—Yau manifolds with higher Picard
rank (see also [1]):

Theorem 1.22. (= Theorem 2.1) Let Y be a complex homogeneous variety
of dimension n + 1 which is a Fano variety and let X be a general element
of the anti-canonical system | — Ky| on Y.

a. There exists a constant cycle subvariety (cf. Definition 1.25) of positive
dimension n — 1. All points of X which lie on such a constant cycle
variety have the same class cx in CHy(X).

b. The image of the intersection product
Pic(X)®" — CHy(X)
18 contained in Zcx .

c. The top Chern class ¢, (X) € CHo(X) is proportional to cx.

Result (a) shows that a constant cycle subvariety can be a divisor in
a Calabi-Yau manifold. This is not possible in hyper-Kéahler manifolds of
dimension at least 4 by the following fact.

Remark 1.23. (|24, 38|) If X is a hyper-Kéhler manifold and Y C X is a
constant cycle subvariety, then Y is Lagrangian for the holomorphic 2-form
ox, hence 2dimY < dim X.

4 K3 surfaces and an invitation to Chapter 3

Chapter 3 is devoted to a new proof of the decomposition of the small diag-
onal, which is stated in Proposition 1.15 (cf. Theorem 3.1). The presented
proof is short and there are some related ideas that are not involved and not
reflected in the proof.
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At first, we would like to emphasise that our proof is very different from
the original proof. The original proof uses the existence of a one-parameter
family of elliptic curves and the theorem of Bloch and Srinivas [7].

Our proof uses only projective geometry; it is similar in spirit to the proof
of the decomposition of the small diagonal for a Calabi-Yau hypersurface
(Theorem 1.20). Namely, we use the degree 2g — 2 embedding of a K3 surface
S in projective space P9. It is based on the study of the set of pairs of points
(z,y) in S x S such that two hyperplane sections intersect exactly at these
two points with given multiplicities. Specifically, we choose the multiplicities
2g — 3 and 1.

Now we are going to explain the philosophy behind this approach, which
formally is not involved in the proof.

Chow groups of SI"l. Let S be a K3 surface, and P(n) be the set of
all partitions of n. For any such a partition u = (u1,..., 1), we denote as
k, its length. Put S* = Sf» = S x S x ... x S (k, times). We also have a
natural morphism to a symmetric product:

St — S

(w1, k) = Ty + o T

Now define E,, = (S 7] g(n) S“) to be the reduced incidence variety in S (]

S#. The variety E, can be viewed as a correspondence between S "l to SH, it
defines maps: E; : CH(S") — CH(S) and E,, : CH(S") — CH(S"). Let
= (1, .., pug) = 191292 k% be a partition of n, we put

1
n—k

Theorem 1.24. (/10]) The group CH(S™) has the following decomposition:

CH(S") = €P cuE; o E,. (CH(S™M)).
REP(n)

This theorem allows us to relate cycles in CH(S™) and cycles in CH(S*).
In particular, we will consider the following construction. If S is embedded in
P9 by a primitive linear system |L|, then the intersection of S with a general
linear subspace P92 C P9 is a zero-cycle of degree 2g — 2 on S. The set of
all P = P92 C P9 is the Grassmann variety Gr(g — 1,9 + 1) and we have a
birational map:

Grig—1,g+1) - -5Ps-2,
P—PnNS.
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Let Gr denote the class in CH(S2972)) of the image of Gr(g — 1,9 + 1) in
S129-2] - Using the theorem above, we can relate Gr with its components in
SH. and, particularly, if we take p to be the partition in 2g — 3 and 1, we
expect to get a surface in S x S as a component of the decomposition for Gr.

Voisin showed that every term FE(P) of the decomposition of a poly-
nomial expression P € CH(S™M) in ¢;(OM) and ¢;(T,) is a polynomial ex-
pression in 77 (o) and 7;;(Ag) (see |35, Propostion 2.4]): all these cycles as
well as the decomposition of the diagonal are cycles defined globally over the
moduli space. Since G can be represented as a polynomial in ¢;(L?972), the
elements of its decomposition are expected to be polynomials in 7} (0), 7} (L)
and 7;;(Ag). A careful consideration of relations between polynomials gives
a relation which turned out to be the decomposition of the small diagonal up
to multiplicative constant. The relation itself can be obtained in a simpler
way, which does not involve Theorem 1.24 visibly.

1.4 Owur main tool: constant cycle subvarieties

The notion of constant cycle subvarieties was introduced in [15] and used
in 22, 38] to study CHg(X) for hyper-Kédhler manifolds. Constant cycle
subvarieties will play a crucial role in our proofs.

Definition 1.25. A subvariety Z C X of positive dimension is called a
constant cycle subvariety if for any two points z, 2’ € Z one has [z] = [¢] in
CHy(X). If, moreover, codimyx(Z) = 1, we call Z a constant cycle divisor
(or CCD for short). We will denote by ¢z € CHy(X) the common class of
the points z € Z.

Example 1.26. Let S be surface and let C' C S be a rational (possibly,
singular) curve. Clearly, C' is a constant cycle subvariety. More generally,
any rationally connected subvariety Y of X is a constant cycle subvariety.

Example 1.27. Let 7 : X — P" be a ramified double cover. Clearly, the
class in CHy(X) of the degree two cycle x1 + z9 = 7 '(p) does not depend
on the choice of p € P", and if, moreover, x; and x5 coincide, then the class
[z1] = [z2] is determined in CHy(X) uniquely. The locus, where the two
preimages x; and xy coincide is the divisor D of ramification. So, D is a
constant cycle divisor on X.

Example 1.28 (The curve of hyperflexes, cf. [15] and [39]). Recall that for
a quartic X C P3 a line [ C P? is called bitangent of X if at every point
r € X N1 the intersection multiplicity is at least two, a bitangent [ is a
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hyperflex if there is a unique point of an intersection. We can consider the
universal family of bitangents:

B4 X cp3

|

F

here F' C Gr(P!,P?) is the variety of all bitangents and B is the variety of
pairs (I, z), where x is a point of contact of [ and X. The map p: B — F
has degree two and let D be the ramification divisor. The curve Cy C X is
defined as q(p~*(D)).

The curve Cjy is a constant cycle curve in X because every point in Cjs
has class (I|x)/4 in CHy(X) and there is no torsion in CHy(X) by [30]. It is
is a singular and irreducible curve in the linear system |Ox (20)]| of geometric
genus 201, in particular, Cjs is not rational.

Construction 2.2 in Chapter 2 generalizes Example 1.28 for Calabi—Yau
hypersurfaces in Fano manifolds with trivial Chow groups.

1.5 Debarre—Voisin hyper-Kahler fourfolds and
Lagrangian subvarieties

Remark 1.23 states that any constant cycle subvariety Y in a hyper-Kéhler
manifold X is Lagrangian for the holomorphic 2-form oy and hence 2dim Y <
dim X.

Example 1.29. Let S C P9 be a K3 surface and S?9~2 be the Hilbert
scheme of 2¢g — 2 points on it. The image of the map

Gr(g—1,g+1)--~5%,

which sends a subspace P92 C IPY to the intersection P9=2N S, is a constant
cycle subvariety. We note that the dimension of the Grassmanian is 2g — 2,
i.e., half of the dimension of S?9~2

Example 1.30. ([35, Proof of Lemma 2.2]) Let X C P° be a cubic fourfold
and F'(X) be its Fano variety of lines. If Y C X is a hyperplane section
then the set F'(Y) of all lines contained in Y forms a Lagrangian subvariety
in F(X). If, moreover, Y has 5 nodal points then F(Y) is birational to the
projective plane P? and, in particular, is a constant cycle surface.
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In Chapter 4 we study a hyper-Kéhler four-dimensional manifold F' con-
structed by Debarre and Voisin from a hyperplane section X in Gr(3,10) (see
[11]). Similarly to the case of Fano variety of lines, we introduce a notion of
triangle on X and define a corresponding subvariety I3 C F' x F' x F. The
result of Chapter 4 is the following theorem.

Theorem 1.31. The 6—dimensional subvariety I3 is Lagrangian for 2-form
Zle miop, where m; © F3 — F are the natural projections and or is a
holomorphic 2-form on F.

Our proof uses the fact that the cycle [W;]+[Ws]+[Ws5] on X correspond-
ing to a point of I3 is constant in CHg(X) (i.e., does not depend on a choice
of point in I3). The similar result is obviously true for a cubic fourfold: any
triangle is just a restriction of some plane to the cubic hypersurface.

However, we do not expect that I3 is a constant cycle subvariety, because
there is no similar result for a cubic fourfold (see |31, Theorem 20.5] for
details).






Chapter 2

Result for some Calabi—Yau
varieties

2.1 Introduction

Example 1.19 shows that Conjecture 1.16 does not hold for Calabi—Yau va-
rieties, namely, the class map may be not injective on the ring generated
by divisors if X is a Calabi—Yau variety. Fortunately, this example deals
with cycles of strictly positive dimension and still there is a hope that the
class map is injective on zero-cycles or, equivalently, that the intersection of
any dim (X) divisors on X is proportional to a canonical zero-cycle cx in
CHy(X). The existence of such a cycle is trivial if Pic(X) is generated by
one element H: we can put cx = H4™¥X /deg (HdimX). We aim to show the
existence of cx prove the following analog of the Theorem 1.14 at least for
some Calabi—Yau varieties with higher Picard rank.

The natural candidate for Calabi-Yau variety X is a Calabi—Yau hy-
persurface in a Fano variety Y. In this case we can study Pic(X) using
an existence of an identification between Pic(X) and Pic(Y') due to the
Grothendieck—Leftschetz theorem. In the result below we concentrate on
the case when Y is a homogeneous variety, because of the wonderful struc-
ture of its Picard group. We recall that variety Y is homogeneous if its
automorphism group acts transitively on Y.

Theorem 2.1. (= Theorem 1.22) Let Y be a complex homogeneous variety
of dimension n + 1 which is a Fano variety and let X be a general element
of the anti-canonical system | — Ky| on Y.

a. There exists a constant cycle subvariety (cf. Definition 1.25) of positive
dimension. All points of X which lie on such constant cycle variety
have the same class cx in CHg(X).

25
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b. The image of the intersection product
Pic(X)®" — CHy(X)
18 contained in Zcy .

c. The top Chern class ¢, (X) € CHy(X) is proportional to cx.

We have a hope that, using the construction and ideas presented in this
chapter, it is possible to generalize Theorem 2.1 for wider classes of Fano
varieties Y. Our principal requirement for Y, the triviality of Chow groups,
will be stated in Construction 2.2 and fulfilled not only for rational homo-
geneous varieties but also for other classes such as smooth toric varieties or
varieties admitting a stratification by affine spaces. We use few properties of
homogeneous varieties in our proof and one can probably avoid using them
to generalize the result.

The chapter is organized as follows. Firstly, we briefly recall basic facts
about homogeneous spaces. Then, we construct a constant cycle divisor
associated with an effective class of curves in Y. Using these divisors we
finish the proof in the last section.

The main point of our proof is an existence of a constant cycle divisor
in an ample class (in the situation of K3 surface, the analog is the existence
of rational curves in an ample class). Our result (b) also shows that the
restriction to our Calabi—Yau hypersurface of any curve in a homogeneous
space is proportional to the canonical cycle cx (cf. Proposition 2.8). Indeed,
by the hard Lefschetz theorem, any curve class in Y is an intersection of
divisor classes in Y and furthermore the cycle class CH"(Y) — H?"(Y) is
injective, so any element of CH"(Y) is an intersection of divisors.

2.2 Homogeneous varieties

We recall that a projective variety Y is called homogeneous if there is an
algebraic group acting transitively on Y. Due to a fundamental theorem of
Chevalley, any projective homogeneous variety is isomorphic to a product of
an abelian variety and a rational homogeneous variety. Examples of rational
homogeneous varieties include Grassmann varieties, flag varieties and their
products.

In the present work we deal with Y which is a homogeneous Fano variety,
therefore Y is a rational homogeneous variety. For the sake of simplicity, the
notion of a homogeneous variety will refer to a rational homogeneous variety.

We recall some basic facts about homogeneous varieties (see [8] and the
references therein). For a projective homogeneous variety Y the cone of
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effective divisors Eff(Y"), which is the closure of the cone of ample divisors, is
a polyhedral cone. Every rational point in it represents a globally generated
line bundle, which is (very) ample if and only if the point belongs to the
interior of Eff(Y'). Since Y is Fano, its anti-canonical class —Ky belongs to
the interior of Eff(Y).

For every face o C Eff(Y) of codimension one, one defines the extremal
contraction

y -y,

of the primitive class 3 € ot of curves, where 3 is the unique integral positive
generator of the rational line o+, and Y} is a homogeneous variety of smaller
dimension and fp is a fibration. There is the natural identification

gt = f5(Pic(Ys)) C Pic(Y).

Vice versa, for any extremal ray R.of3 there is a face o = S+ N Eff(Y) of
codimension one and we can define a contraction fz. We denote the set of
all primitive effective classes of curves on extremal rays by R.

A general fiber Yj of fsis a generalized Grassmann variety in the following
sense: it is a homogeneous space G/P, where P is a maximal parabolic
subgroup of GG. We use only one fact: Pic(Y}) is generated by the class of an
ample bundle Oy, (1) and the unique primitive effective class § € CH;(Yp)
has degree 1 with respect to it (we call § the class of a line).

2.3 Constant cycle divisors

The notion of constant cycle subvarieties was introduced in [15] and used in
[22] and [38]. The goal of this section is to construct constant cycle divisors
on Calabi—Yau hypersurfaces expanding the idea of examples from the intro-
duction: having a family of zero-cycles on X, all of the same class and degree,
we are looking for cycles represented by one point (with the corresponding
multiplicity).

Construction 2.2. Let Y be a Fano variety of dimension n+1 and assume
that'Y has trivial CHy(Y) group, which means the following.

(x) The natural class map
cl: CHy(Y)g — H*"(Y,Q)

18 1njective.
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(Varieties with trivial Chow groups include projective homogeneous spaces,
smooth toric varieties, and varieties admitting a stratification by affine spaces.)

Let 5 be any effective class in CH1(Y) and Mgz be the space of all (ir-
reducible) rational curves C C'Y representing class 5. Denoting by Cs the
universal curve we have the natural diagram:

Cs——=Y (2.1)

lp

Mpg

where p and q are the natural projections.
For a given hypersurface X C'Y we can construct the following variety:

Vxg={(Cix)€Cs:CNX =deg(CNX) -z},

where the equality is an equality of zero-cycles on C' (or even of subschemes
of C if C is smooth). The subvariety p(Vx ) in Mg describes all curves inter-
secting X in one point with the mazximal multiplicity. Due to our assumption
(x), the class of the zero-cycle C|x in CHy(X) does not depend on the point
C in Mg. By [30], a family of torsion cycles in a variety has to be constant,
hence the subvariety q(Vx g) C X is a constant cycle subvariety.

If X is a smooth Calabi—Yau hypersurface in'Y, and furthermore there is
no obstruction for deformation of curves in'Y, then denoting d = deg (C'N X)
we have

dim Vs > dim My — (d—1) = (—Ky - B+ (n+1) —3) — (d — 1)
— (X -C+dimX —2)—d+1=dimX — 1,

and we expect that ¢(Vx ) is a CCD on X.

Notation 2.3. Continuing with the settings of Construction 2.2, we put

Hg =q(Vxp) C X.

Lemma 2.4. Let Y be a projective homogeneous variety with Picard number
one and dimension at least two and let 3 be the class of a line. If X € |— Ky |
is general, then Hg is a non-empty effective divisor on X.

Proof. First of all, Hz cannot be the whole of X, because it would imply
that all points in X are rationally equivalent. In order to show that Hj is a
non-empty effective divisor, it thus suffices to show that its class is non-zero.
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We denote the class of the standard polarization on Y by H; and notation
as in (3.2), let H, = ¢*Hj be the corresponding divisor on the universal curve.
We also put Hy := p.(H?) = p.q*H?, let Hy = p*H,. Denote by K, the
class of the relative cotangent bundle on the universal curve, it is easy to see
that K, = —2H, + H}, where H} = p* H} for some divisor H} on Mj.

Let us show that Hy, = H,. By the Grothendieck-Riemann—Roch formula,

. . 5 /. - 1 -
&1 (R°p-Oc(1)) = p. (Hf + 2 (H - Hh) + EH%) ,
but the left-hand side can be calculated geometrically: it is the locus of

all curves C in My such that the restrictions of two general sections in
H°(Y, Oy (H})) to C coincide. Hence the left-hand side is equal to p.q*(H?) =

P <}~[12> Since p, <ﬁ22> =0, we get

5 /- -
P, (6 (Hf - H1H;>) —0.

Since H; has degree one on fibers of p : C — Mpg, we get p, (HJI;) = H)
and

The subvariety Vy g C C is the intersection of d divisors of classes (0 <
r<d-1) )
dHl + rKrela

where the divisor number r is to say that the r—th derivative of the restriction
fx|c is zero at a point on the curve C, where fx is the defining equation
for X; all together they mean that fx|c is one point with the maximal
multiplicity. So, the degree of Hz = ¢.(Vx ) can be calculated as the degree
of the following intersection on Y (we recall dim X =n, dimY =n + 1):

H Vg, [dﬁ[l : (dE + Kml) . (dE +(d— 1)Kml)}
= g [Hy iy - (A 4 K)o (a4 (4= DR )|
d—1
= [dHfg (dH1 +r (-2]‘11 + H2>>]

d—1
- . d—2 - -
= q. [d! (H?H;H +> ( . T) H?“Hg—?)] :

r=1
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Clearly, points of p,(HI') = p.g*(H"') in My correspond to curves
which pass through a point of the intersection H™ in Y. Since H, is ample
on Mg, the intersection H {‘Hﬁg_Q is not empty. To finish the proof, we note
that the coefficient of ' HZ=2, which is the sum %"} (d/r — 2), is strictly
positive if d > 2. n

Lemma 2.5. LetY be a homogeneous variety and X € |— Ky | be general. If
B € R such that fg: Y — Yz is not a P*—fibration, then Hg is a non-empty
effective CCD on X.

Proof. It is enough to show that Vx 5 is non-empty of the expected dimension
and a general fiber of ¢ : Vx g — q(Vx ) C Hp is finite.

A general fiber Yj of fz: Y — Y3 is a Schubert variety in Y, hence the
restriction map H°(Y, Oy (X)) — H°(Yy, Oy (X)|y,) is surjective (|9, Section
3] or [8, Theorem 2.3.1]). Applying the previous lemma to Yy and Xy,
we see that Vy g is non-empty and the projection ¢ has some finite fibers,
hence a general fiber is finite. The dimension of Vx 3 is expected because the
dimension of My is expected. O

Example 2.6. Let Y = P? x S, where S is a Fano variety of positive di-
mension and let 3 be equal to [l X point], where [ is a line in P2. If X is a
general Calabi-Yau hypersurface in Y then the restriction of Hz to a fiber of
P2 x S — S is the union of nine Weierstrass points on a plane elliptic curve.
In particular, Hg is non-empty and effective.

Example 2.7. Let Y be as in Construction 2.2 and assume that
fﬁ Y —— Yg

is a P!'—fibration (again f is the class of contracted curves, i.e, the class
of a fiber). If X is a general Calabi-Yau hypersurface then Hg has class
(=Ky + Kyy,)|x = f3(—=Ky,)|x in Pic(X) and Hp is trivial on fibers of f3
(in contrast to Lemma 2.5 and Example 2.6).

Example 1.28 from Introduction is another example of our construction.

2.4 The proof of Theorem 2.1

Let us first prove the following.

Proposition 2.8. In the setting of Theorem 2.1, there exists a class cx in
CHo(X) such that the restriction Clx of any curve in'Y is proportional to
cx in CHo(X).
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Proof. Because of the linearity of the intersection, it is enough to prove the
statement only for curves with class 8 € R. By construction of Hg, the
corresponding zero-cycles can be represented by points (with multiplicities)
on Hg for 8 € R. Let us show that the class cg, does not depend on the
choice of g € R.

Case 1: dimYs < n for any B € R. We may assume that the dimension of
X is at least three and thus by the Grothendieck-Leftschetz theorem, we can
identify Pic(X) and Pic(Y’) by the restriction map. Let Hg be the restriction
of a divisor H s on Y. We claim that the divisor

F[Z: Zﬁ[ﬁ

BER

is ample on Y. This is equivalent to H - 8 > 0 for all 8 € R. To see this, it
suffices to prove the inequalities

ﬁ/glﬁ/ZO and Hg|5>0

for any 3, ' € R. Since the fibers of fg : X — Y have positive dimension,
any curve C' contained in a fiber /' C X of X — Y has its class in ¥V
a non-zero multiple N3’. For smooth F, the curve C' can be chosen to be
movable in F' and thus we get

NHg -8 =Hz-C = Hglp-C >0,

because Hg|p is effective in F'. The second inequality follows from Lemma
2.4. Thus the claim is proved.

The divisor H := H |x is thus ample on X, hence it is connected and any
point on the divisors Hp represents the same class cx = cp, in CHp(X).

Case 2: dimYz = n for some f € R. In this case, fz|x : X = Yz is a
double cover (out of some codimension two subvariety, where X contains a
whole fiber of fz). Due to Example 2.7, the divisor H := Hp is a pull-back
of an ample divisor on Y3, so H meets Hg for any §'. It thus follows that
CHy = CHy for any ' and we can take cx as the class of a point on H. [

Note that in a situation where Y is not homogeneous, but still satisfies
assumption (x) the following alternative lemma could be used.

Lemma 2.9. If there exist an ample divisor H on'Y such that H = HN X
is a CCD on X with associated class cy, then for any curve C on'Y, C|x
s proportional to cy and, in particular, the intersection of any n divisors is
proportional to cy.
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Proof. We have the following commutative diagram:

H . CHY(Y) — CH"(Y)

| |

H(Y) —— H*(Y)

The vertical arrows are isomorphisms due to condition (%), the bottom arrow
is also an isomorphism by the hard Lefschetz theorem, hence the top arrow
is an isomorphism. Therefore the restriction C|x is equal to (L - H"1)|x
for some divisor L on Y. But the last restriction can be represented by a
zero-cycle with the support on H, hence is proportional to cg. O

Proof of Theorem 2.1. The divisor H constructed in the proof of Lemma 2.8
does not intersect a constant cycle subvariety Z only if Z is a rational curve
contracted by fz and dim Y3 = n. But in this case the class of a point on Z
is proportional to §|x and hence is proportional to cx. Let D; be a divisor
on Y such that D;|x = D; in Pic(X); we then have in CHy(X)

Di-...-Dy=(Di-...- D)

X
The intersection in the right-hand side is a (reducible) curve in Y, we proved
that the restriction of any curve in Y to X is proportional to cx in Proposition
2.8.

The top Chern class of X can be represented by a combination of Chern

classes of Y and Chern classes of line bundle Oy (X ). This is again a restric-
tion of some (reducible) curve on Y. O

Remark 2.10. There is another strategy to prove Theorem 2.1 b. If dim Y3 <
n for some [ then
Dy-...-D,=0

for any divisors D; on Y. The same is true for divisors f5(D;)[x on X.
Since Hg and f5(Pic(Yp))|x generate Pic(X) @ Q, any intersection of n di-
visors on X is proportional to a zero-cycle with support on Hgz and hence is
proportional to cx.



Chapter 3

A new proof of decomposition of
a small diagonal for K3 surface

3.1 Introduction

The canonical zero cycle on a K3 surface S is defined in [5] as the rational
equivalence class of any point lying on a rational curve C' C S. The paper
[5] shows that the intersection of any two divisors in S is proportional to the
canonical cycle in CHg(.S). It is also shown that the second Chern class ¢5(.5)
is proportional to this canonical zero cycle 0. Both results can be obtained
as consequences of the following theorem.

Theorem 3.1. (= Proposition 1.15, [5, Proposition 4.2]) Let S be a K3
surface. In CHy(S?)q there is a decomposition

Aoz = Ajg X 03 + Aoz X 01 + A1z X 09
—Sxoxo—oxSxo—oxoxS, (3.1)

where o is the canonical zero cycle, Aoz is a small diagonal in S*, and the
notation Ay X oy stands for mj;(A) - mfo.

The goal of this paper is to give a new proof of Theorem 3.1 for a K3
surface S with Pic(S) = Z[L] with L? = 2g—2. The result can be generalised
for K3 surfaces with higher Picard rank using the specialisation argument (cf.
Remark 3.7). Our proof is very explicit using the embedding of S in P9. Tt is
based on the study of the set of pairs of points (z,y) in S x S such that two
curves in the linear system |L| intersect exactly at these two points with given
multiplicities. Specifically, we choose the multiplicities 2g — 3 and 1. In other
words, we are studying the surface ¥ parameterising complete intersections

33
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subschemes of S consisting in the union of two points, one of them with
multiplicity 2g — 3. We will prove that this is a surface and will establish two
relations (3.6) and (3.7), from which we obtain the relation (3.1) up to some
multiplicative factor u, which is non-zero if the surface ¥ C S x S dominates
factors. The second part of the paper is then devoted to the proof that
i # 0. In order to prove this non-vanishing we will interpret the surface ¥
in a slightly different way: as Pic(S) = Z[L], the curves in |L| are irreducible
hence the intersection of any two different curves in the linear system |L| is
a zero-dimensional subscheme of S of length deg(L), so we have a morphism
Gr(2, H°(S, L)) — S9-2 and we let Gr denote the image. Using techniques
from [10, 20, 21, 35| to work with cohomology groups of the Hilbert scheme
S92 one can define the pieces E},(Gr) € CH(S™) of the decomposition
of the class of Gr in CH(S2972), where M is a partition of {1,...,2g — 2}
and m = |M|. The proof that p # 0 involves the study of this class E},(Gr)
in the case where M is a partition into two integers.

3.2 The proof of Theorem 3.1

1 Surface X.

Let us recall that a K3 surface with a very ample linear system L of degree
2g — 2 > 4 generating Pic(S) can be embedded in P9 by |L| and the intersec-
tion of S with any linear subspace P92 C P is a zero-cycle of degree 2g — 2
on S (cf. [16, Chapter 2|). The set of all P = P9=2 C PY is the Grassmann
variety Gr(g — 1,9 + 1) and as already mentioned this provides a morphism

Grig—1,9+1) — 5[29_2],

which maps [P] to PN S for [P] € Gr(g — 1,9 + 1). We denote by Gr the
image of this map. We introduce the incidence scheme = C S x S?9-2;

=2 Sl (3.2)
|
S
Let £2972] denote the vector bundle (my),m#(Og(L)) on S?9-2 The image
Gr is the locus in S?921, where the rank of the map

HO(S, L) & Os[zg—z] — £[2gi2]
is at most g — 1 and it follows by [14] that its class is given by
(Gr] = 2 (£2572) — ¢, (£B52)c,(£29-2). (33)
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Let us also define a subset Gj, C Gr(g — 1, ¢+ 1) in the following way:
Gy={[Pl€Gr(g—1,9+1): PNS = (29— 3)p; + paas a cycle}.

We also define the variety ¥y C S x S as

So = {(p1,p2) €S xS :(29—3)p1 +p2=SNP
for some [P] € Gr(g —1,g+1)}.

If we construct the following diagram

GE)/ C Egg_371 2. 5[2g72} (34)

Lp

E()CSXS

where Ey,_3 1 represents schemes of the form (2g—3)p;+p2 on S, we then have
Gy = ¢ Y(Gr) and Xy = p(¢ ' (Gr)). We expect that the natural morphism
G — Gj is an isomorphism, but since we will not use it, we omit a proof.
Let us prove the following facts about the geometry of .

Lemma 3.2. The following holds:
a. Yo is a non-empty surface, possibly reducible,

b. there is a component ¥ C Xy such that ¥ dominates both factors of
S x S.

Proof. Let us first prove that dim Yy < 2. Indeed, from the equality
P+ (29 = 3)p2 = L7,

valid in CH?(S) for any pair (p1, p2) € %o, and the theorem of Mumford [24],
it follows that
mos + (29 — 3)m505 =0 (3.5)

on Yy, where og is a non-vanishing 2-form on S. Therefore dim ¥y < 2.
Notice that equation (3.5) characterises K-correspondences in the termi-
nology of [34|. This equation implies that for any irreducible component X
of ¥y the morphism 7|y is dominant if and only if the morphism m|y is
dominant. Indeed, these conditions are respectively equivalent to the generic
non-vanishing of 7fog. This argument also shows that (a) and (b) are im-
plied by the fact that the first projection 7 |5, is dominant. In order to prove
this last statement we observe that the cycle Q = p.q*(Gr) has for support
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the surface ¥y although this cycle could be non-effective due to the fact that
even if 3y has the right dimension the scheme G = ¢~!(Gr) could be of a
higher dimension leading to excess formulas in the computation of the cycle
). Nevertheless we can argue that if ) can not be represented by a cycle
supported on the union of divisors of the form D x S, then one component
of the support supp 2 has to dominate S by the first projection, that is, one
component of ¥y dominates S by the first projection. The next section is
devoted to the proof that the class €2 can not be supported on the union of
D x S, see Proposition 3.10. O]

Remark 3.3. Let us note that we expect dim G, = 2, ¥ is irreducible and
the projection p : Gfy — Xy is a one-to-one correspondence. In this case we
get [So] = Q in H(S x S) (actually, we can consider the equality even in
CH?(S x S)). Unfortunately, the author does not know how to prove these
facts and we avoid them in our proof by introducing below a surface G’ as a
substitute of Gj,.

Let ¥ be a surface as in the last lemma and let G' C G{, be any surface
dominating ¥ after the projection m : Gy — Xy. We can consider G’ as a
subvariety of Gr(g—1, ¢+ 1) and define [Iy C P9 x P9 and 113 C P9 x P9 x P9
as the universal varieties:

[y := {(z1,22) € P! x P9 : 21, 29 € P for some[P] € G'},

3 := {(z1, 22, 23) € P x PY X P9 : 21,29, 23 € P for some [P] € G'}.
We have dim Iy = dim G'+2(g—2) = 2g—2 and dim II3 = dim G'+3(¢9—2) =
3g — 4. Clearly, ¥ C I, N (S x 9).

2 Key lemma
A key observation for our proof is the following lemma.

Lemma 3.4. a. There is a decomposition in CHy(S x S) which, in fact,
1s an equality of effective cycles

ILlsxs = aA+ 3 (Z+ 7)), (3.6)
where A is the diagonal in S x S.
b. There is a decomposition in CHy(S x S x 5)
IT3|5x5%5 = YA123 + (8124 + Go3s + 031.) (S + E7), (3.7)

where A1o3 is the small diagonal in S3, and 615(x,y) = (x,x,y), das(x,y) =
(y7 Z, IE), (531(3:’ y) = (ilf, Y, .CIZ')
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Proof. The proof of (3.6) follows from the facts that IIs|gxs is symmetric
and supported on the union of the diagonal, ¥ and X7, and that 3 and X7
are chosen to be irreducible. The proof of (3.7) is similar. O]

Lemma 3.5. We have:

a. the denominators of the ratios G and 1 are non-zero and both ratios

B
are non-negatwe,

b. the following relation holds:

v 3a (a )

———=—|=+4+a+b]), 3.8

-3 5 (3.8)
where a and b are the degrees of the projections of ¥ C S x S to its

factors.

Proof. a. As numbers «, 3,7, are non-negative, we need only to show
that §,e # 0. We will use the fact that S has some transcendental
cohomology. Let us consider the actions on H*(S) of Ils|sxs and of
A viewed as correspondences between S and S. Since Ilp|g«s can be
supported on divisors, it acts as zero on the transcendental cohomology
of S. Since A always acts as identity, it is not proportional to Ils|gxs.
It implies B # 0. Using a projection S x S xS — S x S, the fact ¢ > 0
can be proved in a similar way.

b. Projecting (3.7) to S x S and taking cohomology classes, we easily

conclude that » = %a — a — b, which is equivalent to (3.8).

]

Proof of Theorem 3.1. We chose a surface ¥ as in Lemma 3.2. Due to [5,
Proposition 2.6], 0;;.(II2|sxs) can be represented by a sum of Z’|gs and oy, x
A;;. We also recall that 6;;.(A) = Ajes. So, putting (3.6) and (3.7) together,
we get a decomposition of the small diagonal:

3

where Z C P9 x P9 x PY.

Projecting to S x .S and taking the cohomology classes, we easily conclude
that a; = as = a3 = v/e —3a/, and by previous lemma, oy = —(a/f+a+
b). Since the decomposition of the small diagonal holds in cohomology (due
to [5] and more generally [29]), we can deal with the term Z|gs as follows:
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this term is a polynomial in L;, Lo, L3, where L; := pr;L and on the other
hand it is cohomologous to

—o1(Sxoxo+oxSxo+oxox59).

By [5] it is thus rationally equivalent to —a; (S xoxo04+0x S xo0+o0x0xS).
Since a,b > 0 by choice of ¥ and a/f is non-negative, we can divide the
equation by —a/f — a — b to get the result. The theorem is proved. O

Remark 3.6. We would like to emphasise that this proof is very different
from the one used by Beauville and Voisin, which uses the existence of one-
parameters families of elliptic curves. It is much more along the lines of the
method used by Voisin in the Calabi-Yau hypersurface case, and Fu in the
Calabi-Yau complete intersection case (see |36, Theorem 3.1, [12]). Namely,
to study the case of Calabi-Yau varieties, one needs to replace G’ by the set
of lines intersecting the hypersurface in two points, the result [5, Proposition
2.6] used in our proof, corresponds to [36, Lemma 3.3|.

Remark 3.7. The Picard number one condition can be removed using the
following specialization argument. For a given K3 surface S, consider a
family of projective K3 surfaces such that the general member is of Picard
number one. The expression of decomposition of the small diagonal provides
a (universal) relative 2-cycle of this family and by the proof above we know
that it vanishes on general fibers. Since the specialization of the diagonal
(resp. small diagonal) is the diagonal (resp. small diagonal), we can conclude
that the decomposition holds in the special fiber.

Remark 3.8. As proved in [5], the decomposition of the small diagonal im-
mediately gives the fact that cy(.S) is proportional to the canonical cycle o.
From our proof we can easily get another more direct proof of this fact, using
only (3.6). Indeed, let us apply A* : CHy(S x S) — CHy(S) to the decom-
position (3.6). Since A*(A) = c(.S), we get that acy(S) is a combination
of a canonical zero cycle (corresponding to the term A*(Il3|s«s)) and zero
cycle A*(X + XT) which is supported on X N A and X7 N A. But clearly the
points on X N A are rationally equivalent to o. This proves the statement
concerning ¢, once we prove that o # 0, which can be derived from the
following remark or from the proofs of Lemma 3.2 and of Proposition 3.10 in
the next section.

Remark 3.9. Let us present a relation between a/3, a, and b. We see from
the definition of ¥ that for any (z,y) € X, we have the equality

(29 — 3)z +y = L* in CHy(S).
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It follows that we have for any x € S
Yu(x) = —a(2g — 3)x + C in CHy(S),
where C'is a constant multiple of L?. Similarly

b
TN s
Y, (z) = 29— 3x—|— C" in CHy(S).

Applying (3.6) and the fact that Il is restricted from P9 x P9, we thus
conclude that for any x € S

b a .
2 = 37 + Bx in CHy(S5),

where C” is a constant multiple of L2. It follows that

C" = —a(29 — 3)x —

b

a/ﬁza(29—3)+2g_3.

3 Proof of the fact that supp (2) dominates factors

The goal of this section is to prove the following lemma.

Proposition 3.10. The class Q = E5 5 ,(Gr) in H*(S x S) cannot be
represented by a cycle supported on the union of divisors of the form D; x S
and S x Dj, and hence its support has non-trivial projections to both factors

of S x S.

To prove Proposition 3.10 we study H*(S29-2) and introduce the follow-
ing notation. Let
M = (mq,ma,...,my)

be a partition of {1,...,2g — 2}. Such a partition determines a partial diag-
onal

Sy =2 Sk c §%2

defined by the conditions
x=(21,...,099-2) € Sy = x; =x;if i,j € my, for somel.
Consider the quotient map

g 2 SF 2 Sy — S92,
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and denote by E); the following fibered product:
EM = SM X g(2g-2) 5[29_2] C Sk X 5[29_2].

We view Ej; as a correspondence between S* and S?9~2 and we will denote
by E%, : CH(SP92)) — CH(S™) the map

a — (s (a) - Eyp).

The main point of the proofs is considering E},(Gr) for the partition M =
({1,...,2¢9 — 3},{2¢9 — 2}) and the intersection

T (Er) - (03_1(£[2g—2}) _ Cg(£[2g—2])cg_2(£[29—2]))

We now turn our attention to the cup product on the Hilbert scheme S[29-2,

4 Cup product on S

The paper [21] gives a description on the ring structure on H*(SM); the
following theorem holds (cf. [21, Theorem 3.2]):

Theorem 3.11. Let S be a smooth projective surface with numerically trivial
canonical class. Then there is a canonical isomorphism of graded rings

(H*(S;Q[2D)" — H*(S!"; Q)[2n].
In the theorem above we define A" as
A= (A{S,})5".

It is the subspace of invariants of the ring A{S,}, which has the following
grading by permutations in .S,

A{Sn} = @WGSnA(g(W)\[n} e

where (7)\[n] denotes the orbit space for the action on {1,2,...,n} of the
group generated by permutation 7. The action of o on {1,2,...,n} induces
a bijection:

o: (m)\[n] = (ocro™H\[n], x> oz

for each 7 and hence an isomorphism of A{S, }:

o A{S,} = A{S,}, ar — o*(a)omo".

To describe ¢;(O?972) in these terms, let us introduce the following no-
tation. If 0 € S, is a permutation, then let ¢(o) be the number of cycles in
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o and [(0) = n — ¢(o). The number [(0) is the minimal number of transpo-
sitions needed to generate o.
The statement [21, Proposition 4.3] (see also [20]) gives

¢;(0P972) = ¢, wheree; := (—1)° Z o€ H*(S)P~2, (3.10)
I(o)=t

The class of Ey for M = ({1,...,2¢9 — 3},{2¢ — 2}) is proportional to
the sum of all permutations which contains one cycle of length 2g — 3 (cf.
21, 2.10]).

5 Two technical lemmas and end of the proof

Before we start the proof of Proposition 3.10, we would like to state two
lemmas about transpositions. Let us enumerate all transpositions in Sy,_3
by 51,52, ... 8(2g—3)(g—2) in such a way that

1(31'...'829_4):29—4

and define A(k) as the set of all permutations o € Sy,_5 such that I(os;) >
(o) for any i < k. We note that for 0 € A(k) one has 0 € A(k + 1) or
0 = 0'sg4y for some o' € A(k + 1) with I(¢/) = I(0) — 1.

Let us define set of pairs Fy(i, j, 7):

{(01,02) € A(k) x A(k) : l(01) = i,l(02) = j,l(01027) =i+ 5+ 1(T)}.
And let F(i, j, 7) be the number of elements in Fy(i, 7, 7).
Lemma 3.12. Ifi+ 1 < j, one has

Fi(i,j,7) < Fyli+ 1,5 — 1,7). (3.11)

and the inequality is strict in the casei =g —3, j=9g—1, k=0, 7 =id.
Proof. The set Fi(i,j,7) can be divided in four subsets:

a. pairs (01, 09) such that 01,09 € A(k + 1). This subset coincides with
Fk+1(i7j> T)‘

b. pairs (01, 09) such that o1 € A(k+1) and oy ¢ A(k+1), so 02 = 04Sk41
with [(¢4) = j — 1. This subset is in bijection with pairs (oy, ) of
Fr1(t, 7 — 1, 8517).

c. pairs (01, 09) such that o1 ¢ A(k+1) and 09 € A(k+1), so 01 = 0]Sk11

with [(¢]) = i—1. This subset is in bijection with pairs (o7, Sk+1025k+1)
of Fr1(i — 1,7, Sk417)-
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d. pairs (01,09) such that 01,00 ¢ A(k + 1), so 07 = 08,41 and o9 =
Sk4104 for some o7, 0 € A(k +1). Since

(o1027) = (0} s741057) = l(0y04T) < l(01) — L+ 1(02) — 1L+ (1),
this subset is empty.
So we have
E(i,5,7) = Fiey1 (6,5, 7) + Fra (i — 1, 4, Sk 7)+
Fri1(iyg — 1, s5417). (3.12)
The proof easily follows by induction if we prove that
Fi(0,5,7) < Fp(1,7 —1,7)

for all j, k and all 7. Inequality follows from the fact that any permutation
o9, where (id,oq) € F(0,7,7), has (more than one) decomposition o}d,
where (01,0}) € Fr(1,j — 1, 7). Different o5 have different decompositions.
We note that for

09 = Sg—1...52g—4, T = (Sl e Sg_g)il

the pair (id,o9) will be an element of F, 5(0,¢g — 2,7) and therefore the
inequality is strict. [

Let G(4,7) be the set of all pairs (0q,02) € Sag_9 X Sag_o such that the
following three conditions hold:

a. (o) + l(o2) — 2 = (0109),
b. o104 preserves the point 29 — 2: (0102)(2g — 2) = 29 — 2,
c. o1 and o9 do not preserve the point 2g — 2 : 012(2g9 — 2) # 29 — 2.
Let G(i,j) be the number of elements in G(3, 7).
Lemma 3.13. One has
Glg-19-1)>Gg—29)

Proof. Let us define a map of sets f : 5, — 5,_1 in the following way: if
o' € S, has a cycle (..., k,n,m,...) we replace it by a cycles (... . k,m,...).
Clearly, if 0'(n) # n than l(0) = I(¢’) — 1 for 0 = f(o’).
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We claim that f(G(4,j)) is (29 — 3)—fold covering of Fo(i — 1,7 — 1,1id),
where Fo(i—1, j—1,id) was defined before Lemma 3.12. Indeed, let (oy, 02) €
Fo(i—1,j—1,id) and 1 < k < 2g — 3. If 0y contains a cycles (..., k,my,...),
then let o] be the same permutation, but with the cycle (...k,2g9 — 2, my, ...).
Similarly, if oy contains cycles (..., ms, k, ...) we put o} the permutation con-
taining the cycle (...mg, 2g—2, k, ...). Particularly, f(o}]) = o1 and f(o}) = 0.
Now condition I(oy02) = l(07)+((02) provides that I(c})+1(c)) —2 = l(0]0})
and so (07,0%) € G(i,7). Any element of G(i, j) can be obtained in this way.
Due to Lemma 3.12, we get the result. O

Proof of Proposition 3.10. Let us recall, that we are going to understand the
product
Ey - (cz_l(£[29—2]) _ 0972(£[29—2})69(£[2g—2]))’

which is a polynomial in the ring H*(S,Q)[2]?9~2. Some terms of this poly-
nomial are divisible by L;, and eventually, they will correspond to classes
supported on divisors of S x S. Therefore we are interested only in the re-
maining terms. Since c¢(£297%) has a uniform representation for all L (cf.
|20, Theorem 4.6]), we can conclude that the part without L; coincides with
c(O29721). The classes ¢;(O?972) are given by (3.10). Then, the class of Ey;
is proportional to the sum of all permutations which contains one cycle of
length 2g — 3, i.e., all permutations conjugated to o) = (1,2,...,2g — 3).
For simplicity, we study the part involving o, only (the total sum would be
greater in (2g — 4)! - (2g — 2) times):

E OopO1092 — E OopO109.
lo1)=g—1,l(02)=g—1 lo1)=g—2,l(02)=g

Every summand in the sum above correspond to a class of ¢3(S5) x S (or
S X (9)) or Ain S x S. To distinguish the classes of the diagonal, we
need to require that the factor e?(?»:91:92) appearing in the triple intersection
and corresponding to c2(.S) should be equal to one (cf. |21, Proof of Lemma
2.13|). It implies that the three following conditions must hold

a. l(o102) = l(oy), in particular, I(o102) = l(o7) + l(02) — 2, because
l(oa) =29 —4 and [(07) + U(02) = 29 — 2,

b. (0109)(2g9 —2) = 29 — 2,
c. 01(29 —2) # 29 — 2 and 09(2g — 2) # 29 — 2.

The pairs (o1, 09) with I(01) = 1, [(02) = j satisfying these requirements
are precisely the set G(i,7) defined previously. Since G(g — 1,9 — 1) >
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G(g — 2,9) by Lemma 3.13, we get that the representation of 2 = E},(Gr)
as a sum of A, ¢5(S) x S, S x ¢2(5), and L x L contains the diagonal with a
non-zero coefficient. Therefore €2 viewed as a self-correspondence of S does
not act trivially on H?°(S) and can not be supported on divisors of the form
D; x S and S x D;. O



Chapter 4

Results for hyper-Kahler varieties

1 Introduction

In this section we study a 20-dimensional family of hyper-Kéhler fourfolds
described in [11]. An irreducible hyper-Kéahler manifold is a simply connected
compact Kéahler manifold whose space of holomorphic 2-forms is generated
by an everywhere non-degenerated form. In each dimension 2n, Beauville
constructed in [2] two families of such varieties: (a) the n—punctual Hilbert
scheme S of a K3 surface S and (b) the fiber at the origin of the Albanese
map of the (n + 1)—st punctual Hilbert scheme of an abelian surface. All of
the irreducible hyper-Kéhler manifolds constructed later on are deformation-
equivalent to one of Beauville’s examples, with two exceptions: O’Grady’s
examples in dimension 6 and in dimension 10 (see [26, 25]).

We noted in the introduction that the varieties constructed by Beauville
have Picard number two, while a general algebraic deformation of a hyper-
Kéhler manifold has Picard number one. We also listed four families of
hyper-Kéahler manifold with Picard rank 1.

Two of them were the Fano variety of lines of a cubic fourfold and the
hyper-Kéhler manifold constructed by Debarre and Voisin in [11]. These two
varieties have very similar constructions and we start in this section the study
of their common properties. We hope that this start will allow to attack the
Beauville-Voisin conjecture for the hyper-Kéhler manifolds constructed by
Debarre and Voisin, which is already proved for Fano varieties of lines of
cubic fourfold [35].

Let us recall the construction of [11]. Let G(3, Vi) be the Grassmann
variety of 3-dimensional vector subspaces in a 10-dimensional vector space
Vio and let X be a hyperplane section in Gr(3, Vip). The variety X is defined
by a 3-form

ax = E Q‘ijkef VAN 6; A 6;; S A3‘/1*0

45
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*

where (ef) is a basis of the dual vector space V.

The variety F/(X) is then defined as the subvariety of Gr(6, Vig) of all 6-
dimensional spaces Vg C Vig such that the form ij, ax € A*V{" is zero, where
iy, - APV — APV is that natural map. Equivalently, for any 3-dimensional
V3 C Vs the restriction 4y, ax is zero and hence Gr (3, Vs) C X. We thus have

a natural universal diagram:

U 1 X C Gr(3, Vi) , (4.1)

p

F(X) c Gr(6, Vi)

where U is the universal variety consisting of pairs (V3, V5) such that Vi C Vj
and iy, ax is zero. For [Vs] € F(X) we will denote Zy, := Gr(3,V5) C X, a
nine-dimensional subvariety of X whose class is U,[Vg).

Theorem 4.1 ([11]). For ax general, the variety F(X) is an irreducible
hyper-Kdhler manifold of dimension four. More precisely, endowed with
the Pliicker line bundle, it is deformation-equivalent to the second punctual
Hilbert scheme S of a @rface S of genus 12, endowed with the line

bundle whose pull-back to S x S is (Og(1) K Og(1))0(—33E).

In this theorem S xS — S x S is the blow-up of the diagonal, E is
the exceptional divisor, and the pull-back is via the canonical double cover
§ x5 — S,

The goal of this section is to study the variety F'(X) and its similarities
with the variety of lines of a cubic fourfold, which has the following similar
construction. Let Y C P5 = Gr(2,6) be a smooth hypersurface of degree 3,
and F(Y) C Gr(2,6) be the variety of lines contained in Y

U 1 vy P,

|

F(Y) C Gr(2,6)

here U is the universal variety consisting of pairs (z,[l]), where 2 € X, the
line [ is contained in Y, and x € [.

The notation F'(X) for the fourfold constructed by Debarre and Voisin
and F(Y) for the Fano variety of lines may look confusing, but the author de-
cided to use them in order to emphasise the similarity between two varieties.
The Fano variety of lines does not appear below, so F'(X) will unequivocally
refer to the fourfold constructed by Debarre and Voisin.



47

2 Statements of main results

In this subsection we announce Theorems 4.2 and 4.3, which provide evi-
dences of similarities between the Fano varieties of lines on a cubic fourfold
and the hyper-Kahler fourfold constructed by Debarre and Voisin. The rest
of the chapter will be devoted to the proofs of these theorems.

Following the ideas used in [35] for the Fano variety of lines in a cubic four-
fold, we are going to consider the incidence variety I of pairs ([W1], [Ws]) €
F(X) x F(X) such that the corresponding subvarieties Zy, and Zy, on X
have a common point. This common point, represented be a 3—dimensional
space, can be viewed as a point on the diagonal Ax in X x X, and since
we expect that (p,p)(q,q) 'Ax is reducible and contains a diagonal as a
component, we then define I in the following way:

IC (p.p)(g.q9) 'Ax,

I'=((p,p)(q,9) ' Ax) N Apcx),

where p and ¢ were defined by the diagram (4.1). The variety I has a strat-
ification:

IT=I®UIWyI6 Y [(6),

where I is the subvarity of I consisting of pairs (W;, Ws) with i-dimensional
intersection. For general ax, calculations give

dimI® = dim 7 =6, dim I =4, dimI® =3,

and away from Ap(x) which could be contained in I, we have dim / ©) < 3.
We define the variety of "triangles" as the closure of I:

I3 = {(W], We], [Ws]) |dim (W; N W) > 3 Vi, j
and dim (Wl N Ws ﬁWg) = 0} C F(X) X F(X) X F(X),
Ii=1I3C F(X)x F(X) x F(X).

In Lemma 4.7 below we will show that the natural projection 75 : I3 — [
has degree one. One can also consider a bigger variety defined as

I = {([WA], [Wa], [Ws])|dim (W; N W;) > 3 Vi,j} C F(X) x F(X) x F(X).
and show that I3 is an irreducible component of .

Theorem 4.2.  a. There exists a cycle v € CHyo(Gr(3,10)) such that for
any ([Whl, [Wa], [Ws3)]) € I3, the sum Zyw, + Zw, + Zw, € CHgo(X) is the
restriction to X of 7.
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b. The 6—dimensional subvariety Iy C F(X) x F(X) x F(X) is a La-
grangian subvariety for the (2,0)—form priopx)+priopx)+prioex),
where op(x) denotes a (2,0)—form on F(X) generating H*°(F(X)).

The proof of Theorem 4.2 starts in the next subsection and goes until the
end of the chapter.

Another similarity between Fano varieties of lines and Debarre-Voisin
fourfolds is given in the next theorem (see [35, Proposition 3.3| for the cor-
responding results for the Fano variety of lines).

Theorem 4.3. There is a quadratic relation in CH*(F(X) x F(X)) of the
form
I2 = OéAF(X) + 51(4) +1- Fl + FQ + q*p*Fg,

where Ty € CH?(Gr(6, 10))|rexyxr(x), a2 € CH*(Gr(6, 10)) | px)xr(x) and
['3 is proportional to Ax.ce(Gr(3,10)) € CH(X x X).

We prove Theorem 4.3 in the next subsection.

3 Proofs of main results
We start with the proof of Theorem 4.2.

Proof of Theorem 4.2. Ttem (a) will be proved in Proposition 4.5 below.
From Lemma 4.6 and Lemma 4.7 below it is follows that I3 is a 6—di-
mensional subvariety. Let us show that (a) implies (b).
Let f3 be a desingularisation of I3. Let T" be the natural correspon-
dence between I3 and F(X). In particular, we have a map T, : CHy(I3) —
CHy(F(X)). Note that, by (a), the image of the composition

U, 0T, : CHy(Is) — CHo(F(X)) — CHo(X)
is Z. Therefore, by the generalisation of Mumford’s theorem [24], the map
(UoT)* : HY(X) — H>(I;)

is zero. But U*H'(X) = H*°(F(X)) by [11], so opx) = U*nx for some
nx € H'?(X) and thus (pr]‘ap(x) + prioex) +pT§UF(X)) 7, = (UoT) nx =
0, which proves that the subvariety I3 is Lagrangian. O]

Proof of Theorem 4.3. We follow the line of the proof of the similar statement
for the Fano variety of lines (see [35, Proposition 3.3]).
We are going to establish a relation of the following form:

[3:[O~F1+F2—I—F3,
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in CHY(F x F\ (Apxx) UI®W)), where I, is the restriction of I to (F x F'\
(A rx)Ul (4))). The result will follow by the localisation exact sequence.
We recall that I is the image in F' x F' of I = (¢,q)"'Ax under the
projection (p,p) : I — I. Since (p,p) is an isomorphism away from Apx) U
I™ | we have a local isomorphism between I, and I, = (p,p)~'(1,).
We denote some Chern classes in the following short way:

cl(3) = prici(Gr(3,10)) € CH;(Gr(3,10)),

cl(6) = pric;(Gr(6,10)) € CH;(Gr(6, 10)).
When we speak about CH,(U x U), where U is the universal variety in the

diagram (4.1), to keep notation simple we will denote (p,p)*(c}(6)) as ! (6)
and (g, ¢)"(c;(3)) as ¢ (3).

1
We have the normal sequence:

0— TU><U/FxF|I~0 — NfO/UXy — (pap)*Nlo/FxF — 0,
therefore (p, p)* Ny, /rxr can be expressed as a polynomial in the Chern classes

of the normal bundle N JUXU and in Chern classes of Ty rxr|; - The later

ones are polynomial in ¢/ (6) and ¢/(3). Next, we see that I = (g,q) " '(Ax),
therefore

Ci<Nf0/UxU) = (q,9)"ci(Tx),
but ¢;(Tx) are polynomial in ¢;(Gr(3,Vip)). So we have that

]g = (p7p)*(Pj)a

where P is a quadratic polynomial in CZ (6) and CZ (3). The polynomial P can
be divided in three parts:

a. the part containing only ¢ (6). Since all these terms have from (p, p)*(c)
for some ¢ € CHy(F(X) x F(X)), the intersection with I and projection
(p, )« gives the term I'; - [,,.

b. the part divisible by ¢ (3). The term ¢(3) has the from (g, q)*(c), for
some ¢ € CHy(X x X), and its intersection with I can be represented as
(¢,9)*(c-Ax). Since ¢1(Gr(3,10))- Ax is proportional to Agy 10)| xxx,
it is a cycle coming from CH(Gr(3,10) x Gr(3,10)). Therefore this part
gives the term I's in the final relation.

c. the part proportional to ¢}(3). It will lead to the term
(p:P)+(4,0)T's = (p,)(q: 9)"(c2(Gr(3,10)))

in the final relation.
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4 Technical lemmas: open part

We start with the study of the local geometry of I3. Let ([W;], [Wa], [W3]) be
a general point of I3. By definition of I3, the three spaces

Ky =WynWs, Ko=WsnNWy, Ks=W;NW,
are pairwise transversal. In particular, we have decompositions
Wi=Ky® K3, Wo = K36 K1,W3 =K, ® Ky, Vo =K, ® K, ® K3,

and since ax vanishes on Wy, Wy, W3, the restriction o = iy, O belongs to
K{® K;® Kj. We note that o defines a hypersurface X’ in Gr(3, Vy) and X’
contains Zy,, Zw,, and Zy,, where the notation Zy, was introduced above.
Let O be an open chart of Gr(3, K; & Ky & K3) defined in the following
way:
O ={V :dimng, (V) =3}.

We note that O is naturally isomorphic to the affine space Hom (K7, W7) or
to Hom(K, K3) @ Hom (K, K3). The following lemma shows that o/|¢ is a
quadratic form and hence X'|¢ is a quadratic hypersurface in O.

Lemma 4.4. Let o/ € K{ ® K ® K}. Its restriction o/|o defines a pairing
between Hom (K7, Ky) and Hom(K7, K3), which in some basis can be repre-
sented by a 9 X 9—matrix

0 —Q3 —Qs
Qs 0 —-Qi],
Q2 Q1 0

where Q1, Q2, Q3 are 3 x 3-matrices. Moreover, this pairing is non-degenerate
for a general choice of o.

Proof. Let (eq,es,e3) be a basis of Kj, (e4,es5,66) be a basis of Kj, and
(e7,es,e9) be a basis of K3. Let a point p € Hom(K7,W;) be given by the
matrix (4.2). We evaluate o’ on the trivector

(e1 + (n1es + noes + nseg) + (Mmier + moes + msey))
A (62 + (n4e4 —+ Ny€sx + TL666> + (m4e7 + mges + mﬁeg))

A (e3 + (nreq + nges + noeg) + (mrer + mges + moey))
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As o € K7 ® K5 ® K3, we can as well evaluate o’ on

e1 A (ngeq + nses + ngeg) A (mrer + mges + mgeg)
—e1 A (nreq + nges + ngeg) A (myer + mses + megeo)
+ €9 A (n7eq + nges + ngeg) A (mier + moeg + mseg)
— ey A (n1eq + nges + nzeg) A (mre; + mges + moey)
+ e3 A (nyeq + nges + ngeg) A (myer + mses + mgeyg)

— €3 N (n4e4 + nses + n666) A (m167 + moeg + mgeg).

On the other hand, o’ can be written as ef A Q1 + 5 A Q2 + €5 A Q3, where
Q; € K; ® K3. This gives the desired matrix presentation.

Assuming that ()3 is non-degenerate and using operations on lines, we
can transform the matrix to

01 Q3' Qs
10 —Q5' Q1
00 —Q2Q§1Q1+Q1Q§1Q2

Now we see that the pairing is non-generate if and only if —Q.Q7 Qs +
@Q3Q7 Qs is non-degenerate. This condition is an open condition and it is
true for the following choice:

100 010 100
Q=102 0],Q=1001],03=10 10
0 0 3 100 0 01
Hence it is true for a general choice of ()1, Q2, Q3. O

Proposition 4.5.  a. The 9-dimensional cycle Zy,+Zw,+Zw, in CHo(X")
is the restriction of a cycle Z of Gr(3, K1 & Ky & K3).

b. The 9-dimensional cycle Zw, + Zw, + Zw, in CHo(X) is the restriction
of a cycle Z' of Gr(3,10). In particular, Zy, + Zw, + Zw, is constant in
CHy(X), i.e., it does not depend on the choice of ([W1], [Wa], [Ws]) € I3.

Proof. The statement (b) is an immediate consequence of (a). We prove (a).
Let us represent Gr(3, K; @& Ky @ K3) as the union of the chart O (as
above), and subvarieties Dy, Dy, D3 where

O ={V :dim7g, (V) =3},

Dy ={V : dimmg, (V) =3 —k}.
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Due to Lemma 4.4, the form o/|op defines a non-degenerate quadratic
hypersurface ) = X’|p. Using this fact we are going to represent cycle
(Zw, + Zw,)|o as the sum

(By — By + Bs — ...+ By)|o,
where B; are 10—dimensional subspaces of O. We can take

* *
Bi = <Ui,’UZ'+1,...,’Ug,Ul,...,Ui>,
where (v, vs,...,v9) is an arbitrary basis of K3 and (v}, v},...,v3) is the
dual basis in K3. Now if A; = K3, Ajg = K3, and

* *
A; = <vi,vi+1, N T ,vi_1>

for 2 < ¢ < 9, it is easy to see that A; are 9—dimensional affine spaces
contained in hypersurface ). We also have A; = Zy,|o and A1y = Zy,|o-
Moreover, the restriction B;|q is A; U A;4; for each i. Therefore (By — By +
By —. "__l_ B9)|Q = (ZWQ + ZW3)|O'

Let B; C Gr(3,Vy) be the Zariski closure of B; C O. We are going to
take the cycle (B; — By + Bs — ... 4+ Byg) as the desired cycle in Gr(3, Vy).
To finish the proof we need to investigate the boundaries B;], = B; N Dy.
For k = 1,2, we will prove in Lemma 4.8 that the intersection of Bj, and
X'N Dy, has dimension at most 8 for a general choice of the basis (v, ..., vy).
For k = 3, we note that Zy, identifies to Hom(K7, K3), via the isomorphism
Wy = K, & K3, therefore the cycle Zyy, is contained in the complement of O
and in fact equal to D3. We have an inclusion:

B,NX C (Zi UA U Zwl) U (lower dimensional terms) .

Therefore the restriction to X’ of the closure of By — By + B3 — ... + By
defines a cycle of the form dZy, + Zw, + Zw, for some d > 0. Permuting
the W; and adding up, we conclude that (d + 2)(Zw, + Zw, + Zw,) is the
restriction of a cycle of Gr(3, Vy), which concludes the proof. O]

In the end of this subsection, we are going to present a lemma about the
relation of I and Is.

Lemma 4.6. For a general X the expected dimension of I is 6.

Proof. The codimension of A is 20, therefore the codimension of (¢, ¢) ' Ax
is also 20. Since U x U has dimension 26, the dimension of (q,q) 'Ax as
well as the dimension of (p,p)(q,q) 'Ax should be 6. ]
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Lemma 4.7. For a general choice of ax, the natural projection w9 : IS — I
has degree one. As a consequence, there exists a birational map:

¢p=m30my : [-—->F(X).

Proof. We are going to understand the fiber 715 (p) for a general point p =
([Wl], [WQ]) € I. Let Kg = W1 N WQ, K2 C W1 such that K2 N Kg = 0, and
K1 C W2 such that KlﬂKQZO, %:Kl@KQ@Kg

Any point of I3 N 75 (p) belongs to the following open char of G7(6, Vy):

{V:dim7g,ar, (V) =6} C Gr(6, V).

This chart can be identify with Hom (K} @& K», K3), and its point (¢ @ )
belongs to I3, if and only if the following equations hold:

o/ ((v1 + @(v1)) A (v2 + @(v2)) A (wi + 1p(w1))) = 0,
o ((v1 4 @(v1)) A (wy + h(wr)) A (wa + (wy))) =0

for any vy,vy € K; and any w;,ws € Ky. Since, i, o = ¥, o/ = 0, these
) ) YW Wa )
equations are equivalent to

(01 A p(v2) Awy) + ' (P(v1) Avg Awy) = —a (v A vy A wy).

o (v A (wr) Aws) + ' (vg Awy Ap(ws)) = —a (01 A wy A ws).

The equations define two linear systems: for ¢ and for . Since the coef-
ficients in the left hand sides of equations are defined only by the part of
o/ which belongs to K7 ® K; ® Kj, we may apply Lemma 4.4 to see that
the matrix of coefficients in the linear system for ¢ € Hom (K, K3) is a
non-degenerate 9 x 9—matrix. Similarly, the matrix for v is non-degenerate.
Therefore there is a unique solution and the natural projection mo : I§ — I
has degree one. O

5 Technical lemmas: boundary

The goal of this subsection is to prove the following lemma. We continue
with the notation from the previous subsection.

Lemma 4.8. For a general choice of basis (v;) of Ki and for any choice of
integer i between 1 and 9, let B C O be the 10-dimensional vector space

*

*
(Ui, Vig1y -, Vo, Uy, ..., 0T,

where vi denotes the dual basis of K3 with respect to o/|o. Then the inter-
section BN D, N X' has dimension at most 8 for k =1,2.
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The proof of Lemma 4.8 will rest on Lemma 4.9 for £ = 1 and Lemma
4.11 for k = 2. Before the proof we introduce local coordinates on O and
relate them to the local coordinates on D; and on Ds. In particular, we show
that any point on Dy is the limit point of some affine line in O. Finally, we
show that the intersection B N Dj, N X’ has dimension at most 8 by proving
that any 9—dimensional component of B N Dy, is not contained in X".

We recall that a point in Gr(3,9) can be represented by three independent
vectors, i.e., 3 x 9 matrix (both up to GL(3)—action). Fixing basis of K7, Ko,
and K3, we have in chart O a representation

1 00 n no ng my mo ms
Po = 010 Nng N5 Mg MMy M5 Mg | - (42)
0 01 Ny nNg MNg M7 Mg Mg

In this notation, n; correspond to an element of Hom(K7, K3) and m; cor-
respond to an element of Hom(K7, K3). Unfortunately, it is not possible to
relate coordinates n; and m; with the basis (v;, Uj) in a simple way, because
the quadratic form o/|p is not a general quadratic form on O (its form was
explained in Lemma 4.4).

Now we are going to study the boundaries D; and D,. According to the
definition of Dy, a point p € Dy can be represented by a 3 x 9—matrix, whose
rank of the first three columns is equal to 3 — k.

For k = 1, we need another chart O" where the rank of the first three
columns may be two. Without loss of generality, we may assume that the
columns number 1,2, and 4 are linearly independent in O’. On O’ N O we
have

!/ / / / / /
1 0 np 0 ny ng my msy my
/ / / ’ / / .
01 ng 0 nyg ng my mg mg| =
/ !/ / / / !/
0 0 n, 1 ng ng my mg my
1 0 _ni 0 nan7—ning N3N7—nNing MiNy—nimy  MoN7—ni1ms msny—nims
ny ny nr nry nr nr
0 1 _n4 0 NnsnN7—n4ng NgN7—N4nNg  MAN7—N4M7  M5NT—T4MS meny—mn4ims
ny ny nr nry nr nr
00 L 1 ng o mr ms mg
nr ny nr ny nr nr

The intersection D] = O’ N D; is the 17—dimensional affine space defined by
n, =01in O'. Any point p € D/ can be represented as the (t — oo)-limit of
the affine line

[ =1 (0| No|Mo) + (id|Nr| M)

in O, where the 3 x 3—matrices Ny, N1, My, M; are defined by the coordinates
n; and m; of p. Moreover, since the coordinates n), ns, n, ng and mf, ..., mg
are well-defined as ¢t — oo, the direction (Ny|My) must satisfy the condition
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rk(No|My) = 1. Conversely, a choice of (No|My) with rk(No|My) = 1 and a
point (Ni|M;) € O defines a line, whose limit point p belongs to Dy. The
coordinates

W
of the limit point p € D} are defined only by the choice of (Ny|My) and the
remaining coordinates

/ / !/ / / /
Ny, N3, N, Mg, VY, « . ., Mg

are defined by (N1|M;), while (Ng|Mp) is fixed. The projection of D] along
the coordinates ni, n4, nk, ng, mi, ..., mg defines the structure of a fibration
on D}, which can be extended to D;.

Lemma 4.9. Let F be the intersection of B with a fiber of Dy. Then there
exists a point p € F, such that p ¢ X'.

Proof. A choice of fiber is equivalent to the choice of (Ny|Mp) such that
rk(No|My) = 1. We note that o’ (id|No|My) = 0, therefore (Ny|My) belongs
to BN X', which is the union of two subspaces

* * * *
<Ui7vi+17"'7v97v17"‘Ui—1> and <Ui+17"'7v97v17"'vi> :

Without loss of generality, we may assume that (Ny|Mj) belongs to the first
subspace. In this case v} is not related with (Ny|My) and can be chosen arbi-
trarily (more precisely, there is a choice of basis (v;) providing the given choice
of vf). Tt allows to take a point (N1|M;) in B corresponding to v}. In this case
Ny = 0 and M, is arbitrary, which makes the coordinates m/,...,mg arbi-
trary (while nf, nl, nt, ng, ng, m-, mg, mg are fixed by the choice of (Ny|Mp)).
Representing o as Q] A ek 4+ Q5 A eg + Q5 A e, where Q) € KT ® K, we see
that

o (p) = miQi((0,1,m}), (1, ng,mg)) + ma@5((0,1,m5), (1, g, mg))+
m3Q35((0,1,n)), (1,ng,ng)) + other terms.

Since (0,1,n/) can not be orthogonal to (1,ng, ng) with respect to all three
forms @}, at least one of the first three terms is not zero. Therefore a general
choice of m/, ..., mg provides a point p with a(p) # 0 and thus p ¢ X'. O

For k = 2, we need a chart O’, where the rank of the first three columns
may be one. Without loss of generality, we may assume that the columns
number 1,4, and 5 are linearly independent in O’. On O" we have coordinates

1 nf ny 00 ny my my mj
/ / !/ / /

0 ny ng 1 0 ng my my mg
/ / !/ / /

0 n, ng 0 1 ng my, mg my



26 CHAPTER 4. RESULTS FOR HYPER-KAHLER VARIETIES

The intersection D) = Dy N O’ is the 14—dimensional affine subspace in
O’, defined by njy = ny = n, = ng = 0. Again, any point on D) can be
represented as the limit of the affine line

[ =1 (0| No[Mp) + (id| N1 M)

in O and, similarly to the case k = 1, we have rk(Ny|My) = 2. Conversely, an
affine line ¢ (0| No| My) + (id| N1| M7) with rk(No|My) = 2 defines a limit point
p € Dy. We also have the structure of a fibration on Dsy: we can fix (No| M)
and then vary (N;|M;). A fiber has the following matrix presentation in O’

1 nf ny, 00 * % %
00 0 10 ng my myg mg|,
0 0 0 01 ny miy mg myg

where n’; and m/ are fixed. We note that such a fiber of D, is entirely
contained in X’ or has an empty intersection with X’. It makes sense to
consider a projection

7:0 — P,

along the coordinates nf, m/, mb, ms, where P C O’ is the linear subspace
defined by n} = m/| = m,, = m}; = 0. Then, any point p(t) on the line

¢ (0| No|Mo) + (4d|0]0) ,
passing through the origin of O with rk(Ny|My) = 2, can be represented as

ny ny 0 0 0 0 0 0
1 0 tng tng tng tma tms tmg
0 1 tny tng tng tmy; tmg tmyg

or, for t # 0,

I nf ny, 0 0 0 O 0 0
0 1/t 0 ng mns ng my ms Mg
0 0 1/t ny ng ng my mg My

In this notation the value o/(p(t)) does not depend on t. Therefore the limit
point of such a line belongs to X’ N D, if and only if the line is contained in
X'

We are going to show that the intersection BN D, is not contained in X'.
We need the following auxiliary lemma.
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Lemma 4.10. Let 1 <1 <9 and let

* *
A= <U7;7...,U9,U1,...,’Ui_1>.

Then w(AN DY) has dimension at most four.

Proof. The dimension of 7(AND}) depends only on the variety of "directions"

in A:

M = {(N0|M0) S A T]{?(N0|M0) = 2}

Let Mj be an irreducible component of M. There are two possibilities:

a. My = 0 for general (Ny|Mj) € My. In this case we have m} = m} =

. = mj; = 0 for the corresponding component of 7(A N D}). Hence
its dimension is at most 4.

My # 0 for general (No|My) € My. Let Mon be the image of the pro-
jection of My to K3, i.e., Moy is the variety of Ny in pairs (No| M) €
M. We note that My is contained in the cubic hypersurface defined
in (v;,...,v9) by det(Ny) = 0. In particular, dim Moy < 9 — 7. Simi-
larly, we can define Moy, as the image of the projection of M to K3.
We also have dim Mgy, < i — 2. There are two possibilities:

(a) dim Moy = 9—1 or dim Mgy = i — 2. Without loss of generality,

we may assume that dim Moy = 9 —i. We are going to show
that the fiber of My — My over a general point of Mgy has
dimension at most ¢ — 4. This will imply that dim My < 5 and
therefore dim (A N Dy) < 4.
Let Ny be a general point of Mox C (v;,...,v9). The fiber of M,
over Ny is the subvariety of

ANKS = (v,...,v])
consisting of all matrices My such that rk(Nyg|My) = 2. It can
be defined by 3 linear equations (depending on Ny) and hence it
can be represented as the subspace orthogonal with respect to the
quadratic form o/|p to some 3—dimensional subspace

(fi, f2r f3) T K3 = (v1,..., v9),

where f1, f2, f3 depend on Ny. It can be also seen as the subspace
of

Kg): (v}, ..., v8)
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orthogonal to
<f17 f2a f37via Vit1y- - aU9> .

For a general choice of o and a general choice of Ny, the vectors

No, f1, f2 3

are linearly independent in K3. Moreover, we claim that all 13—
vectors

f17f27f3avi7"'7v9

are linearly independent. Indeed, this condition is an open condi-
tion, and it is enough to show the result for some choice of v;. We
can fix Ny in K3, take v; = Np, then define v; for j # ¢ in such a
way that the desired 13 — ¢ vectors are linearly independent. It is
possible, while the dimension of (fi, fa, f3,vi, ..., vg) is less than
9. The assumption of the existence of non-zero My in the fiber,
provides that dim (fi, fo, f3,v;,...,v9) < 8.

The independence of fi, fo, f3, v, ..., v9 will imply that the di-
mension of a fiber over Ny is at most 7 — 4. Hence dim My < 5
and therefore dim (AN D)) < 4.

(b) dim Moy < 8—1 and dim Moy < i—3. In this case, dim My < 5
and therefore dim7(A N D}) < 4.

O
Lemma 4.11. No 9—dimensional component of B N Dy is contained in X'.

Proof. We prove the lemma by contradiction. Assume that there is a com-
ponent B’ of BN Dy contained in X’. Hence 7(B’) is contained in X’ and
therefore each point of 7(B’) is the limit of a line contained in BN X'. Since
BNX' = AUA, where

A= (vs,...v9,0f,..., 071 ), A" = (vig1, ... v, 0], ..., 0}) .

) Ve

We have that 7(B’) is contained in 7(AUA’). Due to Lemma 4.10, dim 7(AU
A') < 4, but dim7(B’) > 5. We have a contradiction, which proves the
lemma. [l

Proof of Lemma 4.8. For k = 1 the result follows from Lemma 4.9. The in-
tersection F of B with a fiber of D; is irreducible and therefore it is contained
in one irreducible component of BN D;. Conversely, any component contains
such a fiber. Since each fiber contains a point which does not belong to X',
each irreducible component of B N Dy is not contained in X’

For k = 2 the result follows from Lemma 4.11. O
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