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Résumé

Les besoins grandissants de prévisions robustes pour des systemes complexes con-
duisent a introduire des modeles mathématiques considérant un nombre croissant de
parametres. Au temps s’ajoutent, ’espace, ’aléa, les échelles de dynamiques, donnant
lieu & des modeles stochastiques multi-échelles avec dépendance spatiale (modeles spa-
tiaux). Cependant, I'explosion du temps de simulation de tels modeles complique leur
utilisation. Leur analyse difficile a néanmoins permis, pour les modeles a une échelle, de
développer des outils puissants: loi des grands nombres (LGN), théoreme central limite
(TCL), ..., puis d’en dériver des modeles simplifiés et algorithmes accélérés. Dans le
processus de dérivation, des modeles et algorithmes dits hybrides ont vu le jour dans
le cas multi-échelle, mais sans analyse rigoureuse préalable, soulevant ainsi la question
d’approximation hybride dont la consistance constitue I'une des motivations principales
de cette these.

En 2012, Crudu, Debussche, Muller et Radulescu établissent des criteres d’approxima-
tion hybride pour des modeles homogenes en espace de réseaux de régulation de genes.
Le but de cette these est de compléter leur travail et le généraliser a un cadre spatial.

Nous avons développé et simplifié différents modeles, tous des processus de Markov
de sauts pures a temps continu. La démarche met en avant, d’une part, des conditions
d’approximations déterministes par des solutions d’équations d’évolution (type réaction-
advection-diffusion), et, d’autre part, des conditions d’approximations hybrides par des
processus stochastiques hybrides. Dans le cadre des réseaux de réactions biochimiques,
un TCL est établi. Il correspond a une approximation hybride d’un modele homogene
simplifié & deux échelles de temps (suivant Crudu et al.). Puis, une LGN est obtenue
pour un modele spatial a deux échelles de temps. Ensuite, une approximation hybride
est établie pour un modele spatial a deux échelles de dynamique en temps et en es-
pace. Enfin, des comportements asymptotiques en grandes populations et en temps long
sont présentés pour un modele d’épidémie de choléra, via une LGN suivie d’une borne
supérieure pour les sous-ensembles compacts, dans le cadre d'un principe de grande
déviation (PGD) correspondant.

A Tavenir, il serait intéressant, entre autres, de varier la géométrie spatiale, de
généraliser le TCL, de compléter les estimations du PGD, et d’explorer des systemes
complexes issus d’autres domaines.

Mots clés: Systemes complexes multi-échelles; Réaction-advection-diffusion stochas-
tique; Processus de Markov; Théoremes limites fonctionnels; Approximation par des
systemes hybrides stochastiques en dimension infinie; Générateurs et probleme de mar-
tingale; Différences finies.
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Abstract

The growing needs of precise predictions for complex systems lead to introducing
stronger mathematical models, taking into account an increasing number of parameters
added to time: space, stochasticity, scales of dynamics. Combining these parameters
gives rise to spatial — or spatially inhomogeneous— multiscale stochastic models. How-
ever, such models are difficult to study and their simulation is extremely time consuming,
making their use not easy. Still, their analysis has allowed one to develop powerful tools
for one scale models, among which are the law of large numbers (LLN) and the central
limit theorem (CLT), and, afterward, to derive simpler models and accelarated algo-
rithms. In that deduction process, the so-called hybrid models and algorithms have
arisen in the multiscale case, but without any prior rigorous analysis. The question of
hybrid approximation then shows up, and its consistency is a particularly important
motivation of this PhD thesis.

In 2012, criteria for hybrid approximations of some homogeneous regulation gene
network models were establised by Crudu, Debussche, Muller and Radulescu. The aim
of this PhD thesis is to complete their work and generalize it afterward to a spatial
framework.

We have developed and simplified different models. They all are time continuous pure
jump Markov processes. The approach points out the conditions allowing on the one
hand deterministic approximations by solutions of evolution equations, and, on the other
hand, hybrid approximations by hybrid stochastic processes. In the field of biochemichal
reaction networks, we establish a CLT. It corresponds to a hybrid approximation of a
simplified homogeneous model (due to Crudu et al.). Then a LLN is obtained for a spatial
model with two time scales. Afterward, a hybrid approximation is established, for a two
time-space scales spatial model. Finally, the asymptotic behaviour in large population
and long time are respectively presented for a model of cholera epidemic, through a LLN
followed by the upper bound for compact sets, in the context of a corresponding large
deviation principle (LDP).

Interesting future works would be, among others, to study other spatial geometries,
to generalize the CLT, to complete the LDP estimates, and to study complex systems
from other fields.

Keywords: Multiscale complex systems; stochastic reaction-advection-diffusion; Markov

process; functional limit theorems; Approximation by infinite dimensional stochastic hy-
brid systems; Generators and martingale problem; Finite difference method.
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Some general notation

Let (Z,||-||z) and (Z, || -||;) be Banach spaces. The product space Z x Z is equipped
with the norm || - ||z + || - || ;. We introduce:

e L(Z,Z): the space of continuous linear maps from Z to Z. If Z = Z, one simply
writes £(Z). The operator norm is denoted || - ||,_, 7 and when there is no risk of
confusion, we denote it || - ||.

e 7': the space of continuous linear forms on Z. It is the topological dual space of Z.

e B(Z) (resp. By(Z)): the space of Borel-measurable (resp. bounded Borel-measurable)
real valued functions on Z. The space B,(7) is endowed with the supremum norm

Il = sup L F@)] =

o C¥(Z), k € N: the space of real valued functions of class C*, i.e. k-continuously
Fréchet differentiable, on Z which are bounded and have uniformly bounded suc-
cesive differentials. It is equipped with the norm

k K
1fllcpz) = Z 1D, =: Z 1 f1li,005
=0 =0

where D'f is the i-th differential of f € CF(Z), C(Z) = Cy(Z) is the set of
bounded continuous real valued functions on Z, and we are using the notation
[ fllico == D" flloo-

o CY%(Z x Z), 1,k € N: the set of real valued functions ¢ of class Ci w.r.t. the first
variable and of class C* w.r.t. the second. In particular, C*°(Z x 2)) = C(Z x Z)).

For (z,%) € Z x Z, we donote by D"*(z, 2) the (Fréchet) differential of ¢, of order
[ w.rt. z and of order k w.r.t. Z, computed at (z, 2).

Also, a subscript b can be added - to obtain C’é’k(Z x 7 ) - in order to specify that
the functions and their succesive differentials are uniformly bounded.

e D(I): the set of right-continuous, left-limited (or cadlag') real valued functions defined
on I = [0,1]. It is endowed with the Skorohod topology.

"From French continu & droite et admettant une limite & gauche.
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C(I) (resp. C*(I)): the set of periodic continuous (resp. C*) real valued functions
defined on I = [0, 1].

Cy(I): the set of piecewise continuous real valued functions defined on I = [0,1]. It is
equipped with the supremum norm.

C(IR+, A ): the set of continuous processes defined on R, with values in Z.

AC(R4, Z): the set of absolutely continuous processes (or functions) defined on Ry
and taking values in Z.

D(]R+, Z): the set of cadlag processes defined on R, and taking values in Z. It is
endowed with the Skorohod topologie.
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CHAPTER O

Introduction

La cellule est I'unité biologique structurelle et fonctionnelle fondamentale de tous les
étres vivants connus [Wik]. Au coeur de son fonctionnement, se trouvent les genes',
qui en constituent la source d’information génétique nécessaire [Saul7|. Sa vie est régie
par des machineries moléculaires complexes. Elles interviennent, d’une part, dans la
transmission de l'information portée par le gene d’une cellule mere a sa descendance
pendant la division cellulaire: la succession des bases de ’ADN est recopiée de facon tres
fidele (réplication de 'ADN), et, d’autre part, lors de 'expression de cette information
au cours de la vie cellulaire: les génes sont codés en ARNm (transcription de I’ADN),
puis l'information génétique est convertie en outil fonctionnel (traduction de 'ARNm en
protéine).

L’expression des genes est controlée en amont, par une batterie de protéines mo-
biles (activateurs, represseurs) qui s’attachent & I’ADN, lui aussi mobile, et stimu-
lent ou au contraire empéchent l'initiation de la transcription. Il y a auto-régulation.
D’autres systemes de controle traquent la survenue de mutations et veillent a la cor-
rection d’erreurs potentielles de codage lors de la réplication. Certaines mutations de
I’ADN ou erreurs de transcription/traduction sont sans conséquence. D’autres en re-
vanche peuvent conduire a la production de protéines inactives et générer un défaut
partiel du fonctionnement de la cellule (inhibition de 'apoptose” par exemple). Cela
peut provoquer la perte de contrdle de 'expression d’'un gene ou d’un groupe de genes,
et, dans une situation extréme, déclencher la prolifération cellulaire et ’apparition d’un
cancer.

Les réseaux de surveillance et de régulation sont donc primordiaux pour assurer le
cours normal de la vie cellulaire. Ils permettent non seulement d’assurer la production de
protéines actives en quantités voulues et au moment opportun, en réponse a des besoins
d’origine interne ou externe a la cellule, mais aussi d’assurer la pérénité du patrimoine
génétique. Si les biologistes représentent ces réseaux a l’aide de diagrammes expliqués
et interprétés a partir d’observations expérimentales, leurs intuitions sont rapidement
dépassées par la taille et la complexité grandissantes des réseaux, au fil des progres
scientifiques. La mise en place de modeles de représentations plus élaborés devient alors
indispensable.

1Un geéne est une petite portion, une unité opérationnelle d’information stoquée dans ’ADN.
2L’apoptose est le processus par lequel une cellule déclenche son auto-destruction en réponse & un
signal. On parle aussi de mort cellulaire programmée.



CHAPTER O : INTRODUCTION

Ainsi, la biologie moléculaire moderne met I'accent sur I'importance de la modélisa-
tion mathématique et la simulation des réseaux de régulation de genes [DLO05], [SLO5],
[IMW11], [EO14]. 1l s’agit de comprendre les mécanismes et contraintes physiques sous-
jacents a des phénomeénes importants tels que la division cellulaire de bacteries [FE0G]
ou le développement embryionnaire [GTWB07]. Comme plusieurs systemes dynamiques
dans des branches aussi variées que la biochimie, I’épidémiologie, ’écologie, la microflu-
idique, les finances, la sociologie, ... les réseaux de régulation de genes font partie de la
grande classe des systemes de réactions chimiques (ou biologiques, ou biochimiques) ou
encore systémes complexes [Hak78],[NP77]. Aussi, le terme systéme est parfois remplacé
par le terme réseaux dans ces terminologies.

Dans le processus de modélisation, un niveau d’observation doit étre fixé d’emblée,
afin d’identifier les entités qui intéragissent. Pour les réseaux de genes par exem-
ples, nous nous placons au niveau intra-cellulaire. Il est intéressant de noter que les
modeles développés s’adaptent facilement a des niveaux différents, allant des moléculaires
(réactions biochimiques intra-cellulaire) aux organismes entiers (dynamique de popula-
tions, épidémiologie). Aussi, des choix d’optimisation s’imposent sur la robustesse ou le
réalisme du modele, et sa simplicité en terme d’analyse et d’interprétation. Enfin, des
simulations sont effectuées afin de confronter les prédictions du modele avec les observa-
tions expérimentales.

0.1 Une revue des modeles mathématiques de ré-
seaux de réactions biochimiques

Différentes approches existent dans la modélisation mathématique des systemes de
réactions biochimiques. D’un coté il existe des modeles qualitatifs souvent utilisés par
les biologistes et les informaticiens [dJ02], [BAJG'06]. IIs sont discrets, graphiques.
Beaucoup reposent sur les réseaux de Thomas [Tho73, Tho83|, [CTEFT09], d’autres
sont liés au réseaux de Petri [VLM96], [CRRT04]. Pour la régulation des genes par
exemple, ils capturent des niveaux d’expression de genes. Ces modeles sont adaptés aux
situations de données expérimentales manquantes, ils requieérent peu de parametre mais
son plutot simplifiés par rapport a la réalité.

D’un autre coté, on a les modeles quantitatifs, privilégiés par les mathématiciens. Ils
peuvent étre discrets (certains modeles stochastiques par exemples) ou continus (utilisent
des équations différentielles). Si ces modeles sont trés robustes, ils souffrent parfois du
manque de données expérimentales pour des simulations, car ils tiennent compte de
beaucoup de parametres. Ils restent néanmoins les plus courants, car ils sont précis et
faciles a interpréter, étant donné que les variables considérées sont en méme temps les
variables d’intérét biologique (concentrations, proportions, nombre d’individus de chaque
espece), et les parametres pris en compte sont ceux qui régissent les intéractions.

Nous nous intéressons aux modeles quantitatifs de réactions chimiques dans la suite.
En plus d’étre robustes et réalistes, ces modeles ont a disposition une panoplie d’outils
analytiques mathématiques et méme informatiques. Les modeles mathématiques de
réactions chimiques ont été décris par [GMWMT76] [NP77],[Hak78] et [Arn80], entre
autres. Nous commencons par en présenter ’abstraction courante.
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0.1.1 Abstraction et formalisme général

Un systeme de réactions biochimiques est la donnée d’un domaine spatial I C R?
pouvant étre borné ou pas, d’un ensemble fini d’especes chimiques mobiles, indexées par
i=1,---,M, M € IN*, et d'un ensemble fini R = {r € R} de réactions chimiques
possibles. On peut penser au domaine I comme la cellule, aux especes chimiques comme
les geénes et/ou les produits de régulation (ARN, protéines,...), et enfin, aux réactions
chimiques comme les différents mécanismes qui font varier le nombre de représentants
des différentes especes présentes dans la cellule (synthése d’une protéine ou destruction
d’une protéine en réponse a un signal, mort naturelle d'une protéine...).

Les variables t € Ry et © € I désignent respectivement le temps et une position
(ou coordonnée) dans le domaine spatial I. Pour toute espece ¢ = 1,--- , M, pour tout
couple (z,t) de coordonnée espace-temps, parfois noté (¢, x), désignons par X;(t, z) I'état
moléculaire (nombre d’individus, concentration ou proportion) de I'espece i a l'instant ¢
et a la position x dans la cellule, et soit X (¢, x) = (X1 (t,z), -+, Xul(t, x)) le vecteur de
INM qui donne ’état ou encore la composition moléculaire spatio-temporelle de la cellule
ou du systeme, en (¢, z).

D’une part, si a un instant ¢ une réaction chimique r € R se produit a la position z,
alors I’état du systeme évolue a cet endroit, selon

X(t,z) — X(t,z) + v, (x),

ot Y, (z) = (1 (@), - (x)) € ZM est le vecteur steechiométrique associé a la réaction
r lorsqu’elle se produit a la position z. Il décrit comment la composition moléculaire
est affectée par la réaction r. L'état X;(¢,z) de 'espece i varie de la quantité v, ;(z). Si
cette quantité est négative, alors la réaction r consume (ou tue) des molécules ou de la
quantité de matiere de ’espece i lorsqu’elle se produit en x. Dans le cas contraire, elle
en produit (fait naitre) plutot. Les réactions chimiques consistent donc en des processus
de naissance et de mort.

D’autre part, si a un instant ¢ une molécule ou de la quantité de matiere d’une espece
1 se déplace d'une position x a une autre y, alors la distribution spatiale de ’espece 1
change, notamment en x et en y selon

Xi(t,z) = X;(t,z) — 1 et X(t,y) — X(t,y) + 1.
L’état du systeme en est affectée suivant les relations

X(t,x) — X(t,x) —e; ala position z,
X(t,y) = X(t,y) +e; ala position y,

ol e; est le ieme vecteur de la base canonique de R; toutes ses composantes sont
nulles, exceptée la teme qui vaut 1. Dans ce transport de matiere, les vecteurs stoe-
chiométriques 7, (%) et v,,(y) en = et y sont explicites et valent —e; et +e; re-
spectivement. Les indexations par "z — y” indiquent que les vecteurs stoechiométrique
dépendent de I’événement qui s’est produit.

Ce type d’événement est appelé transport. Le transport peut étre de nature advective
(ou convective) lorsque le milieu ambiant se meut et transporte, dans son mouvement,
des molécules ou de la matiere relative aux especes présentes (une protéine ou une masse
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peut étre transportée par le mouvement du cytoplasme a l'intérieur de la cellule par
exemple). Si au contraire, des molécules (ou de la masse des especes présentes) se
déplacent "d’elles méme” indépendamment d’une éventuelle mobilité de I’environnement
ambiant (sous leffet de I'agitation thermique), alors le transport est de nature diffusive.

La description générale du modele devient quasi-complete si on spécifie les regles qui
régissent 'arrivée des événements (réactions chimiques et transports). On définit le tauz
instantané (ou simplement taur, ou intensité) d’'un événement comme étant le nombre
de fois que cet événement se produit par unité de temps. C’est un parametre essentiel
dans la modélisation. Il est estimé par des méthodes statistiques, a partir de mesures
et observations expérimentales de biologistes. Tout comme le vecteur stoechiométrique,
I'intensité d’un événement dépend de I’événement en question et du lieu ou il se pro-
duit. Elle est en plus, une fonction scalaire positive de I’état du systeme (la composition
moléculaire du systeéme), au moment ou la réaction se produit. Ainsi, la description du
modele est complete si 1’état initial du systeme est précisé.

Objectif général. Partant d’une distribution spatiale initiale (instant ¢ = 0) des
molécules des différentes especes dans la cellule, on s’intéresse a 1’évolution de la composi-
tion moléculaire de la cellule dans le temps et dans ’espace, a mesures que les événements
se produisent. Autrement dit, étant donné un état ou une configuration {X(0,x),xz € I}
du systeme, on souhaite évaluer précisément X (¢, x) pour tout (¢,z) € R x I, au fil des
réactions chimiques et du transport des molécules.

Definition 0.1.1. (Fonction débit)

Nous définissons le débit d’un événement comme étant la fluctuation de I'état du
systeme due a cet événement, par unité de temps. Dans notre formalisme, il correspond
au produit du taux de ladite réaction avec le vecteur steechiométrique associé, ou encore,
en d’autres termes, c’est le vecteur steechiométrique pondéré par le taux correspondant.
Par exemple, si A, (X (t,2)) et v,(z) sont respectivement le taux et le coeficient d'une
réaction r € R, alors le débit de cette réaction vaut A, (X (¢, z))v,(z) que nous notons
souvent 7y, (z)A, (X (¢, ). Ensuite, nous définissons le débit d'un ensemble d’événements
comme la somme des débits des différents événements considérés. Dans la suite de
I'exemple précédent, le débit de ’ensemble PR de toutes les réactions chimiques vaut
> e e (2)A (X (t,2)). La notion de débit apparaitra naturellement dans la suite, dans
les équations décrivant les évolutions des différents modeles que nous présenterons.

Suivant [NP77, Hak78, Arn80], il existe deux principaux criteres selon lesquels les
réseaux biochimiques sont modélisées: 1'aléa, qui permet de distinguer les modeles
déterministes des modeles stochastiques, puis, I’homogénéité, qui met en avant les mode-
les homogenes en espace ou tout simplement homogenes et les modeles inhomogenes en
espace encore appelés modeles spatiaux. La combinason de ces deux criteres permet
d’obtenir quatre modeles mathématiques.

0.1.2 Homogénéité et Modélisation spatiale

L’homogénéité en espace signifie que le systeme est bien mélangé. Elle se traduit par

X(t,z)=X(t) V()€ R, x I.
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Ainsi, qu’il soit déterministe ou stochastique, le modele ne dépend que de la variable
temporelle et plus de la variable spatiale. Cela suppose que, spatialement, les molécules
sont uniformément réparties dans le systeme. Une description globale du systeme devient
suffisante, donnant la concentration globale de chaque espece. De telles conditions sont
satisfaites lorsque le taux de transport moléculaire est beaucoup plus important que le
taux de réactions chimiques. Sous cette condition, Arnold montre dans [Arn80], que le
modele spatial coincide avec le modele homogene, justifiant ainsi la consistance de ces
modeles.

Tandis que le modele homogene est encore dit global, le modele spatial est dit local.
La modélisation spatiale est devenue importante dans I’étude de I'influence du transport
des molécules sur le comportement des systemes biologiques. On a des modeles spatiaux
de morphogenese (ou d’effets de communauté) [Bat14], [Mur07] en biologie moléulaire.
IIs ont été introduits par Turing en 1952 [Turb2], puis développés par Prigogine et ses
co-auteurs [NP77]. En neuroscience, on peut citer des extensions spatiales [Kat66b],
[INLI1], [Aus08], [Riell], [Gén13] , du modele de Hodgkin et Huxley pour la propagation
de potentiels d’action dans les neurones. En plus, des modeles en épidémiologie et
écologie sont proposés par [MPV08] and [BCGT10]. Les modeles spatiaux retiendront
plus particulierement notre attention dans la suite. En absence de précision, le terme
modele est utilisé pour désigner un modele spatial. Dans les sections suivantes, nous
discutons des modeles dérivés du premier critere, 1’aléa.

0.1.3 Modélisation déterministe

Les modeles déterministes rendent compte d’'un comportement moyen observé a
un niveau macroscopique. Ils décrivent notamment 1’évolution des concentrations des
différentes especes, par des équations différentielles dont les champs de vecteurs sont les
débits de tous les événements impliqués dans la dynamique. Les modeles déterministes
sont encore appelés modeles macroscopiques. Dans ce contexte, les molécules, qui se
situent a un niveau microscopique, ne sont pas observées. On parlera donc de transport
de quantité de matiere ou de masse, en ce qui concerne les événements de type transport.
Pour chaque i = 1,--- | N, X;(¢, x) désigne donc la concentration de I’espece i a 'instant
t et a la position x et le modele, I’état du systeme X (¢,z) = (Xi(t,x))KKM donne la
distribution de toutes les concentrations. Selon le critere d’homogénéité, on distingue
deux cas.

Modele déterministe homogene

Le modele global satisfait X (¢t,z) = X(t). Les seuls événements qui font varier
les concentrations sont les réactions chimiques. A chaque instant ¢, une réaction r €
MR se produit & un taux instantané \,.(X(t)) et change I’état du systeme d'un vecteur
steechiométrique ~,. L’évolution de X () sur une courte durée At > 0 est alors quantifié
par AtA.(X(t))7,, de sorte que X (t+ At) — X (t) = At (X (t))v,. Ainsi, I’évaluation de
la variation sur une durée infinitésimale montre que le modele évolue suivant I’Equation
Différentielle Ordinaire (EDO)
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ot le champ de vecteur R, de RM, est le débit des réactions chimiques: R(y) =
> e VrA(y) pour tout y € RM.

Notons qu’en pratique, le calcul limite effectué ci-dessus n’est valide que si les taux des
réactions sont assez élevés et les réactions assez rapides, pour se produire continument sur
des durées de temps infinitésimales. En outre, les équations de réactions étant décrites
a I’état d’équilibre, selon la loi d’action des masses, les vitesses des réactions chimiques
sont de l'ordre des concentrations des réactifs, lorsque les réactions sont assez rapides.
Autrement dit, les taux des réactions sont proportionnels aux concentrations des réactifs,
et ces grandeurs doivent étre élevées. Ainsi, le modele décrit ci-dessus n’est adapté que
lorsque les différentes especes chimiques présentes sont suffisamment abondantes et les
réactions assez fréquentes et rapides. Si certaines especes sont peu concentrées, ce qui est
le cas pour une classe suffisamment importante de sytemes biologiques, alors le modele
rend mal compte de leur évolution effective, et n’est plus adapté du tout.

Modele déterministe spatial

Une description locale de I’évolution du systeme est effectuée. Le principe repose a
nouveau sur de la discrétisation. On commence par subdiviser le domaine spatial, de
facon réguliere, en N sous-domaine. Ces derniers ont la méme taille et sont considérés
comme des systemes homogenes qui évoluent au fil des réactions chimiques, suivant le
mécanisme décrit précédemment. En outre, un échange de matiere s’effectue entre les
sous-domaines voisins, par transport advectif et/ou diffusif de matiere, avec un taux de
l'ordre de N2. Des conditions limites (au bord du domaine spatial entier) doivent étre
spécifiées afin de décrire le phénomene de transport dans ces régions limites. Ensuite,
pour recouvrir la continuité en espace, on passe a la limite N — oo en rendant les
domaines locaux de plus en plus petits. La composition moléculaire évolue alors suivant
’Equation aux Dérivées Particlles (EDP)

0X(t,x)
ot

ol V(V . X(t,x)), est le débit local des transports advectifs, DAX(¢,z) le débit lo-
cal des transports diffusifs, et R(X(¢,z)) le débit local des réactions chimiques. Les
opérateurs V et A sont le gradient et le Laplacien respectivement, v est la vitesse de
déplacement du milieu, c’est le coefficient d’advection ou de convection, et D est le co-
efficient de diffusion. Dans le modele d’épidémiologie du choléra [BCGT10] de Bertuzzo
et al., ces deux coefficients sont non nuls. L’EDP d’évolution est alors dite de réaction-
advection/convection-diffusion. Lorsque le terme de convection n’apparait pas, c’est le
cas de nombreux modeles [Kat66b, NLI1, Aus08, Hak7§], 'EDP d’évolution est dite
de réaction-diffusion. Cela peut étre interprété par le fait qu’il n’y a effectivement pas
d’advection (si le mileu n’est pas fluide ou gazeux par exemple), ou alors, que I’advection
est négligeable devant la diffusion, et on considere v = 0.

La modélisation spatiale est plus précise et apporte de la lumiere dans le proces-
sus de formation de motifs spatiaux (morphogenese), notamment par la description des
mécanismes classiques qui conduisent a ces motifs: les instabilités de Turing pour les
transports diffusifs [Tur52], [Mur07], et les instabilités de flots différentiels pour des
transports advectifs [MPV08]. Néanmoins, de 'homogénéité locale en espace est req-
uise dans les modeles spatiaux. Cela signifie que localement, le systéme est supposé

= —v(V-X(t,z)) + DAX(t,x) + R(X(t, z)),
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bien mélangé, les différentes especes sont abondandes et les taux et vitesses de réactions
élevés. De plus, les concentrations doivent étre suffisamment importantes et les réactions
fréquentes et rapides, pour que I'approximation du continu soit valide. Cette approxima-
tion est nettement moins précise dans des régions de faibles concentrations. Le champ
d’application des modeles macroscopiques aux processus physiques est plutot restreint,
ce qui renforce l'intérét d’une description microscopique [SPT10].

0.1.4 Modélisation stochastique

De nombreuses observations conduisent a introduire une approche stochastique plus
approfondie dans la dynamique des réseaux de genes en biologie moléculaire KEO1],
[KvOO07]. Suivant [RMCO07a], on peut citer la variabilité épigénétique (niveaux d’expres-
sion des genes dépendant des conditions externes), le faible dosage (genes de faible ac-
tivité, haploinsuffisance, promoteurs transcriptionels de faible activité), la production in-
termittente par paquets des protéines, les phénomenes de bistabilité, ou la différenciation
cellulaire en morphogénese (Voir [RMCOT7a] pour des références plus détaillées). Dans le
cas du cancer, sous l'incidence du meéme stimulus, certaines cellules développent le cancer,
d’autres non [IMNO4]. Par ailleurs, & un niveau microscopique, les observations mon-
trent que les densités ou concentrations évoluent de maniere discrete, et conduisent a des
fluctuations autour du comportement moyen décrit de maniere continue au niveau macro-
scopique. Cela rend davantage compte du caractere stochastique de la dynamique des
réseaux de réactions biochimiques, notamment au niveau microscopique des molécules,
ce qui motive davantage la modélisation stochastique de tels systemes.

Sur les sources d’aléa

Il est utile d’identifier les natures et origines des fluctuations ou du bruit au niveau
microscopique dans ces systemes de réactions chimiques [SPT10]. On distingue ([vK92],
[SES02]): le bruit intrinseque ou interne, provenant des intéractions stochastiques in-
ternes entre les individus ou molécules, et, le bruit extrinseque ou externe ou envi-
ronnemental, dii aux échanges potentiels du systeme avec l’environnement extérieur.
Les fluctuations environnementales sont intégrées dans la modélisation comme un bruit
multiplicatif dans une Equation Différentielle Stochastique (EDS) pour un modele ho-
mogene, ou une Equation aux Dérivées Partielles Stochastique (EDPS) pour un modele
spatial [GOS99],[DHI13]. Le bruit externe s’illustre bien dans le cadre de la variabilité
épigénétique, ou on observe que les niveaux d’expression des genes dépendent des con-
ditions externes [RWAO02]. Les fluctuations internes, quant a elles, sont intégrées dans
la modélisation en terme de loi de probabilité de ’état du systeme, utilisant 1’équation
maitresse de réaction-transport [vK92, vK07],[BM98],[Gar04]. L’état du systeme est
alors décrit par un processus de Markov [Arn80].

Tel que souligné dans [SPT10], des progres considérables ont été faits concernant la
modélisation du bruit externe, dans la caractérisation, I’approximation et la simulation
des EDPSs [GOS99, Sha05, MPVO08]. Cependant, tres peu de travaux vont dans le sens
de la modélisation du bruit intrinseque. De nouvelles méthodes expérimentales mettent
I’accent sur le role important du controle des fluctuations internes dans le développement
embryonnaire [GTWBO07] et la propagation de front [KL98, HNL06, HHRN07]. Selon
[TvOO01], 'analyse des fluctuations internes révele les roles biologiques des réseaux de
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genes et peut éclairer sur leur origine évolutive. Dans le cadre homogene, cette anal-
yse donne lieu a des comportements nouveaux, qui n’ont pas encore été observés dans
les modeles déterministes correspondants [WL03, SHIO7]. Les cas les plus marquants
sont ceux ou les fluctuations engendrent des dynamiques plutot ordonnées, comme des
oscillations régulieres de systémes déterministiquement stables [SZK03, MN05, KGGO07,
PKBDDO07], ou les switching stochastiques entre différents états déterministes stables
fixés [WOWO05], [RMC07a, CDR09]. Dans le cadre inhomogene, I’ajout du dégré de lib-
erté spatial offre encore plus de possibilités, parmi lesquelles de nouveaux états stables
[TKO04], les phases de séparation dans les systemes bistables [EE04], et, un cas partic-
ulierement important, la formation de motifs spatiaux (morphogenese) pour des modeles
de réaction-diffusion déterministiquement stables [HR03, MN04, FE06, BG09, BEDP10].
Cette these s’inscrit dans 1’élan de modélisation du bruit interne.

Les modeles stochastiques classiques sont markoviens. Partant des idées pionnieres
de Delbriick en 1940 [Del40], ils ont été formalisés plus tard par Rényi [Ré54] et Bartholo-
may [Barb7]. Les événements (réaction chimique entre les molécules ou transport des
molécules) sont discrets et sont aussi appelés sauts. L’aléa se situe a deux niveaux
indépendants: les événements qui se produisent, et, les instants auxquels ils se produisent
ou de maniere équivalente, le délai (temps d’attente) entre deux événements consécutifs.
Les événements sont identifiés de sorte que deux événements distincts se produisent si-
multanément avec une probabilité nulle. En d’autres termes, presque stirement, un seul
événement arrive a la fois. Dans les prochaines sections, nous présentatons les modeles
stochastiques selon le critere d’homogénéité.

Modele stochastique homogene

Le systeme évolue suivant des processus de naissance et de mort a travers les réactions
chimiques, et on a X (¢,z) = X (¢). Partant d'un état X (0), on attent le premier instant
de saut 7. L’état du systeme reste constant jusqu’a U'instant 7} avant le saut: X (¢) =
X (0) pour tout ¢ € [0,7} ). A I'instant 7}, une réaction r € R est choisie avec probabilité

taux de la réaction r A (X(t))
taux global des réeactions  A(X(t))’

ot A(X (1)) = > ,cq Ar(X(t)). L'instant de saut 7} est une variable aléatoire exponen-
tielle de parametre A(X (7)) = A(X(0)). Sa fonction de survie est donnée par

H(t) =P{T, >t} = exp <— /Ot )\(X(s))ds) — o tA(X ),

Apres ce premier saut, la composition moléculaire passe a un nouvel état X (77). Puis
on attend le prochain événement partant de la. Dans ce procédé, les instants de sauts
sont strictements croissants et les délais entre les sauts sont des variables aléatoires
indépendantes. L’évolution future de I’état du systeme ne dépend de ses états passés
que par son état présent. Le processus est alors sans mémoire, propriété qu’il hérite de
la loi exponentielle choisie pour les délais d’attente. Le modele est alors un processus
markovien de sauts & temps continu, & valeurs dans IN™ (espace d’états). La loi d'un tel
processus est caractérisée par son générateur infinitésimal [EK86, Dav93], ou alors par
I’équation maitresse des réactions chimiques [Hak78, Arn80, vK07], par dualité.

P{choisir la réaction r} =
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0.2 Modélisation multi-échelle, approximation hybride

Modele stochastique spatial

En plus des réactions chimiques, les transports de molécules entrent en jeu. Le
schéma est le méme que dans le cadre déterministe. Le domaine spatial I est discrétisé
de facon réguliere, en N sous domaines [;, j = 1,---, N appelés sites. Ces derniers
sont supposés homogenes et évoluent au fil des réactions chimiques. Parallelement, mais
indépendemment, les molécules sont transportées entre les différents sous domaines suiv-
ant des processus de marche aléatoire. Le principle d’évolution du systéme est le méme
que dans le cadre stochastique homogene, ou il faut remplacer "réaction chimique” par
"événement”, car il y a aussi des transports dans le cas présent.

Pour chaque i = 1,---, M, j = 1,--- ,N on note Xij(t) le nombre de molécules
de T'espece i@ sur le site j a linstant ¢. Le nombre de molécules de 'espece i sur le
domaine spatial tout entier est alors donné par X;(t) = (X;(t)), <j<n- Clest un vecteur

A valeurs dans INV. On remonte alors jusqu’a état complet de tout le systeme X (t) =
(Xi(t))l sy Qui est un vecteur a valeurs dans IN**N. Le modele X (t) ainsi obtenu
représente entierement la dynamique stochastique. C’est un processus markovien de
sauts a temps continu, & espace d’états N>V Sa loi peut également étre caractérisée
par son générateur infinitésimal [Kot88b, Gar04] ou par I’équation maitresse de reaction-
transport [vK92, BM98, vKO07].

Le modele intermédiaire X (t) est équivalent au modele de départ X (¢, z) dans lequel
la coordonnée spatiale x apparaissait clairement. En effet, toute coordonnée = € I se
trouve sur un unique site [;, de sorte que pour chaque espece i, X;(t,z) = Xij(t), pour
x € I;. 1l est alors commode d’introduire la définition générale

Xi(t,x) = ZXz‘j(t)ﬂlj (z),

ot 1y,(x) vaut 1 si x € I; et 0 sinon, est la fonction indicatrice du domaine local I;.
Ainsi, le modele de départ X (¢, x) = (Xi(t, :lc))Z définit un processus markovien de sauts
en temps et en espace, a valeurs dans IN. Ensuite, ce dernier est identifiable & un pro-
cessus markovien de sauts X (¢) en temps seulement, mais a valeurs dans un espace
fonctionnel, notamment 'espace des fonctions étagées définies sur le domaine I, et ayant
exactement N valeurs vectorielles dans INY. Ce dernier espace étant isomorphe a INM >V,
les processus X (t) et X (t) s’identifient trés bien.

0.2 Modélisation multi-échelle, approximation hy-
bride

0.2.1 Approximation, quasi-approximation, simulation

Des théoremes mathématiques d’approximation permettent de simplifier les modeles
stochastiques. La Loi des Grands Nombres (LGN) stipule qu'une fois remis a échelle
(renormalisés suivant I'ordre de grandeur des populations), les modeles stochastiques sont
des perturbations sans conséquence des modeles déterministes correspondants, lorsque
les molécules des différentes especes sont abondantes. En poussant I'approximation a
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l'ordre suivant, sous les mémes conditions, le Théoreme Central Limite (TCL) permet
d’obtenir une vitesse de convergence dans la LGN et stipule qu’a I’échelle de cette vitesse,
les fluctuations du modele stochastique renormalisé sont gaussiennes. D’apres le TCL, le
modele stochastique est proche d'une diffusion solution de 1’équation de Langevin. Une
alternative au TCL est une approximation de diffusion. Elle consiste a montrer que le
modele stochastique est proche d’une diffusion obtenue a partir d’un développement de
Taylor tronqué de son générateur inifinitésimal, et permet aussi d’obtenir des vitesses
de convergence. Pour ces différents résultats, on peut citer plusieurs travaux: [Kur70,
Kur71, EK86, BKPRO06] dans le cadre homogene, et [AT80, Kot86b, Kot88a, Blo93,
Blo96] dans le cadre spatial. Ces approximations permettent de dire que le modele
stochastique bien que discret, est proche d’'un modele continu. Toutefois, elles restent
valides uniquement en grandes populations.

D’un point de vue numérique, des solveurs permettent de calculer ou d’approcher
assez rapidement la solution des équations différentielles obtenues pas la modélisation
déterministe des réseaux de réactions biochimiques. Notons tout de méme que les temps
de calculs sont beaucoup plus importants en cas d’inhomogénéité spatiale, ce qui n’est
pas surprenant, avec une variable a discrétiser en plus. Cependant, I'implémentation des
solveurs repose sur des méthodes mathématiques de discrétisation-approximation du con-
tinu, comme celles utilisées pour construire les modeles mathématiques macroscopiques.
Des lors, ces solveurs souffrent de n’étre adaptées qu’a des situations ou toutes les especes
sont abondantes, comme souligné plus haut.

Plusieurs méthodes de simulation des modeles stochastiques ont vu le jour: les algo-
rithmes de simulation stochastiques (Stochastic Simulation Algorithm-SSA) encore ap-
pelés First Reaction method de Gillespie [Gil76, Gil77| dans le cadre homogene, basés sur
I'équation maitresse CME. Puis, [ABDV 04, EE04, LGP09] dans le cadre inhomogene.
S’ils sont adaptés dans des situations exclusives de faible concentrations et intéractions,
un probleme d’envergure est que ces algorithmes de simulation directe (ou exacte) sont
extremenent cotiteux en temps des que le nombre d’individus est grand et les réactions
rapides par conséquent, méme pour les modeles homogenes les plus simples. Pour se
faire une idée, le module de production d’une seule protéine, par exemple, implique des
dizaines de variables et réactions biochimiques, et un nombre équivalent de parametres
[KZZ01, KBRS05]. Et c’est bien pire encore, concernant les modeles inhomogenes.

De nombreuses améliorations sont proposées. Pour SSA, on peut citer [LSHT9§]
pour le cas particulier mais important des réactions de surface, [GB00] qui introduit
I’algorithme Next Reaction method. D’autres traitent le modele stochastique comme
un modele continu mais qui reste stochastique: [Gil01] avec l'algorithme 7-leap qui
utilise I’équation de Langevin obtenu par approximation a partir du TCL. Le champ
d’application des résultats d’approximation étant limité a des cas de grandes popula-
tions et réactions rapides, des algorithmes dit hybrides on été introduits. Ces derniers
prennent en compte les différences d’abondance entre les especes qui intéragissent. Citons
[PK04] avec I'algorithme Maximal Time Step Method, qui combine 7-leap pour simuler
les réactions rapides (réactions a taux élevé) et Next Reaction method pour les réactions
lentes (a faible taux). Une autre approche hybride repose sur la LGN. Elle consite a
simuler les réactions rapides suivant des équations différentielles déterministes [RMCO07a,
CDRO09, ZFWLO08]. Les algorithmes hybrides sont en plein essor en biologie moléculaire.
Ceci vaut également pour les modeles spatialement inhomogenes: [FME12, FWLP14,
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SGAT15, SGL*16, NCS15]. Les défis sont bien plus grands dans ce contexte, car il faut
bien choisir les approximations a considérer, sachant qu’elles peuvent ne pas étre les
mémes d’'une région a une autre.

La simulation d’un modele stochastique par des équations différentielles (resp. dif-
fusions) repose sur la LGN (resp. TCL), lorsque les conditions requises sont satisfaites.
Les algorithmes hybrides sont fortement inspirées de ces théoremes limites classiques
en mathématiques. Ils produisent des résultats plutot satisfaisants, qui corroborent les
observations expérimentales. Cependant, il n’existe en général pas de cadre théorique
rigoureux soutenant les approximations effectuées en amont. Deux questions a propos
des modeles hybrides dérivés et simulés méritent réflexion:

1) Les modeles hybrides dérivés restent-ils markoviens?
2) Les modeles hybrides dérivés sont-ils effectivement proches des modeles
stochastiques initialement construits?

Meéme si intuitivement les réponses semblent évidentes et affirmatives, des investigations
théoriques rigoureuses manquent en amont, concernant ces questions qui sont tres impor-
tantes dans 'implémentation des algorithmes hybrides, d’un point de vue approximation
(premiere question) et d’un point de vue méthode numérique (deuxiéme question).

(1) Propriété de Markov pour les modéles hybrides dérivés. La réponse a la
question (1) est "oui”. Elle repose essentiellement sur la théorie des processus de Markov
déterministes par morceaux (Piecewise Deterministic Markov Processes-PDMPs). Cette
théorie a été développée par Davis [Dav84, Dav93] en dimension finie et est bien adaptée
aux modeles homogenes de réseaux de genes. Les PDMPs ont été utilisés et développés
davantage un peu plus tot en recherche opérationnelle en relation avec le control optimal,
dans les transport aériens, et dans beaucoup d’autres applications technologiques [BL04,
GB05a, BKP05, BLE06, CE06]. La notion plus générale de processus stochastiques
hybrides a été introduite et inclue des processus diffusifs par morceaux. Typiquement,
dans les cas d’algorithmes hybrides cités ci-dessus, ceux basés sur la LGN ont des PDMPs
comme modeles hybrides dérivés, tandis que ceux basés sur le TCL conduisent a des
processus diffusifs par morceaux. Dans le cadre spatialement inhomogene, le formalisme
des PDMPs de Davis en dimension finie ne suffit plus. La réponse est apportée par
Buckwar et Riedler [BR11, Riell, RTW12], qui ont généralisé le formalisme des PDMPs
a la dimension infinie, pour des applications en neurosciences.

Les modeles hybrides sont encore appelés modeles mésoscopiques, ou modeles multi-
échelles, car ils combinent des dynamiques a la fois macroscopiques et microscopiques.
Une réponse affirmative a la question (1) n’est pas suffisante a elle seule, pour donner de la
consistance aux approximations hybrides computationnelles ou mathématiques souvent
effectuées. Par contre, elle permet d’obtenir des propriétés capitales du modele hybride,
par exemple la propriété de Markov forte qui est utile dans les méthodes de simulation.
Cette propriété de Markov forte s’averera aussi tres utile pour répondre a la question (2).

(2) Consistance de l’approximation hybride. Dans le contexte d’homogénéité
spatiale, I’approximation de la dynamique des réseaux de genes par des PDMPs a été pro-
posée par Radulescu, Muller et Crudu [RMCO07al, puis Crudu, Debussche et Radulescu
[CDRO09]. Ensuite, Crudu, Debussche, Muller et Radulescu [CDMR12] le démontrent

rigoureusement, apportant ainsi une réponse affirmative a la question (2). Une telle
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réponse donne de la consistance a 1'usage général des modeles stochastiques hybrides
(PDMPs notamment) pour les systémes biologiques (ou des systemes équivalents) dans
le contexte homogene. Le point de départ pour y arriver a été la considération effective
de la différence d’abondance des différentes molécules, et de la différence d’échelle des
vitesses et des taux des événements. Ces considérations sont faites des la modélisation
mathématique stochastique initiale, et le systeme est séparé en fonction de ces échelles.
On parle alors de modélisation stochastique multi-échelles, avec des échelles différentes
d’évolution en espace et en temps.

La question (2) demeure toutefois ouverte, en ce qui concerne les modeles spatiaux.
Une réponse affirmative donnerait, de la consistance a 'usage des modeles hybrides pour
les systemes biologiques ou des systemes équivalents, avec dépendance spatiale. Les
challenges allant de pair avec la robustesse des modeles, ils sont de loin plus nombreux et
plus grands dans ce contexte. Au niveau de la modélisation par exemple, les possibilités
sont décuplées méme pour les modeles déterministes. S’agissant des défis mathématiques,
beaucoup découlent du passage de la dimension finie a la dimension infinie. Dans le
premier cadre, les éléments de réponses a des questions mathématiques telles que la
convergence de suites, la compacité d’ensembles, les propriétés d’opérateurs linéaires,
I’existence et d’unicité de solutions d’équations différentielles, les méthodes numériques

. sont relativement simples et plutot bien compris, et les usages sont assez rodés. En
dimension infinie en revanche, les mémes questions sont d’'un tout autre ordre. FElles
requierent I'usage d’outils d’analyse beaucoup plus élaborés et en plein essor.

0.2.2 Objectif de la these

Le but de cette these est d’établir une base théorique mathématique renforcée, de
modélisation stochastique, d’analyse et de réductions consistantes des modeles en vue
de simulations plus efficientes, pour des systéemes multi-échelles de réactions biochim-
iques avec dépendance spatiale. Sur la base de critéres variés, différents modeles sont
développés. Des méthodes adéquates sont élaborées afin d’étudier et de simplifier ces
modeles. La démarche suivie nous permet d’apporter une réponse assez précise a la ques-
tion (2) posée ci-dessus. Notamment, des criteres d’approximations hybrides de modeles
stochastiques multi-échelles spatiaux sont mis en avant.

0.2.3 Des champs d’application

Les systemes de référence dans le présent travail sont les réseaux de régulation
génique. Cependant, nous insistons sur le fait que le champ d’application des modeles
développés et proposés ne s’y restreint pas. Leur portée va bien au-dela de la biolo-
gie moléculaire, et, moyennant quelques adaptations éventuellement, ils peuvent étre
exploités pour la modélisation des systemes complexes dans des domaines tres variés:
épidémiologie, micro-fluidique, trafic aérien, écologie, toxicocinétique, finances, assur-
ance, démographie, hydrologie, les sciences sociales, les écosystemes, les processus de
matériaux, ...
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0.3 Présentation des résultats

Dans cette section, nous présentons les résultats obtenus durant la these. Ils sont
répartis dans les différents chapitres qui meublent le présent manuscrit, a la suite de ce
chapitre introductif. Chaque chapitre est autonome et possede les définitions et les pro-
priétés des outils mathématiques utiles pour répondre aux questions qu’il traite. Pour
les modeles spatiaux, nous travaillons dans le cadre simplifié unidimensionnel (d = 1), le
domaine spatial est projeté sur le segment unité (I = [0, 1]) et des conditions périodiques
sont considérées sur le bord. Le caractere Markovien et ’existence des processus stochas-
tiques manipulés relevent de leur construction (voir Section 0.1.4). De tels proces-
sus sont bien définis (cf. [EK86, Kot88b]) jusqu’a un temps d’explosion potentiel, a
partir duquel il prennent des valeurs cimetieres. Toutefois, par les nombreuses LGNs
[Kur70, AT80, Kot86a, Blo92], on sait que les modeles stochastiques convergent vers les
modeles déterministes. Donc pour N assez grand, les processus n’explosent pas si leur
limites n’explosent pas. De plus, des hypotheses naturelles sur leur taux de sauts perme-
ttent de garantir la positivité des grandeurs évaluées (nombre d’individus, proportions,
concentrations) si ces derniéres sont positives a I’état initial.

0.3.1 TCL dans le cas homogene

Dans le chapitre 1 de cette these, un TCL est obtenu dans le cadre homogene pour
un modele stochastique multi-échelle simplifié de réseaux de réactions biochimiques. On
reste en dimension finie. Le résultat obtenu est tres différent des résultats usuels obtenus
pour des LGNs classiques. Les fluctuations du modele multi-échelles initial autour de
I’approximation hybride sont décrites par un processus de Markov diffusifs par morceaux
(Piecewise Diffusion Markov Process - PDifMP). Les PDifMPs sont une généralisation
des PDMPs au cas ou entre deux sauts consécutifs, le processus évolue suivant une EDS
a la place d’une EDO [BLE06, GBO05a]. Ces processus sont bien définis et entierement
caractérisés par leur générateur étendu. Ils sont dit réguliers ou standards lorsqu’ils
n’explosent pas. Nous ne considérons que des processus hybrides standards.

Le point de départ pour le TCL présenté dans ce chapitre est 'approximation hybride
de modeles multi-échelles homogenes de réseaux de genes par des PDMPs, due a Crudu,
Debussche, Muller et Radulescu [CDMR12]. Le cadre général est celui introduit a la
Section 0.1.4: M > 1 especes chimiques intéragissent suivant un nombre fini de réactions
chimiques dans un ensemble R. Il y a un nombre My d’especes abondantes de 'ordre
d’'un N, elles sont dites continues, et un nombre Mp d’especes rares de 'ordre de 1,
dites discretes. L'indice C' fait référence au premier groupe et l'indice D au second. Le
vecteur X qui décrit 1’état du systeme s’écrit X = (X¢, Xp), le vecteur steechiométrique
s'écrit v, = (79, 7P) pour la réaction r € R. On pose z¥ = N1 Xo et X5 = Xp. Le
processus remis & échelle 2V = (2, X¥) vit dans F = RMe x N¥p,

L’ensemble R est divisé en trois sous-ensembles

R =NRec URpe UNRp.

Les réactions dans R¢ (resp. Rp) impliquent uniquement les molécules de C' (resp. D),
sont rapides (resp. lentes). Celles dans Rpe impliquent les deux especes. Il faut ensuite
spécifier les différentes réactions. On fait I’hypothese suivante.
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Hypothese 0.3.1.
(i) Il y a de la dépendance a la densité pour les réactions dans Re: pour tout r € Re,

~ - /X
il existe A, telle que \.(X¢c, Xp) = N, (WC,XD)

(ii) Il existe S; C Rpe tel que pour tout r € Sy: vP = 0 et il existe N, vérifiant
N

~ (X
M(XeN, XYY = p), [ =<, X5 ).
o
(i11) Les réactions dans (Rpc\S1) URp sont lentes.

En particulier, les réactions r € R U Sy sont rapides.

En passant a la limite dans I’expression du générateur infinitésimal du processus remis
a échelle 2V, on obtient formellement le générateur d'un PDMP continu et avec switching
x = (x¢, Xp), suggérant ainsi que 2V converge vers z en loi. Cette convergence est
justifiée rigoureuseument par Crudu et al., et a lieu dans l'espace de Skorohod D(R., F)
(Theorem3.1 [CDMR12]).

Le TCL obtenu dans ce cas n’est pas standard. La méthode utilisée par Kurtz [EK86]
pour prouver le TCL dans le cadre d’'une LGN pour un modele a une échelle ne marche
plus. Les raisons sont liées a la nature stochastique de la limite et la présence de deux
échelles de dynamique. La LGN obtenue pour la composante rapide suggere pour cette
derniere un TCL. Seulement, le couplage de la dynamique rapide avec la dynamique
lente crée des difficultés mathématiques, car les composantes associées ne convergent pas
a la méme vitesse. En effet, dans les développements, une vitesse de convergence choisie
pour la variable rapide se retrouve comme coefficient de la variable lente, créant ainsi
un terme qui diverge. Une autre difficulté majeure est de pouvoir obtenir, d’emblée, une
convergence forte (presque stre) pour le processus vectoriel formé du processus initial,
et de la partie martingale renormalisée de sa composante continue.

Le premier résultat implique en particulier un TCL partiel pour la martingale men-
tionnée ci-dessus. Il permet aussi d’apporter une solution au probleme de convergence
forte mis en avant. La partie martingale de la composante rapide z¢ s’écrit (voir [Kur71])

ZY(t) = 25 (t) — 25 (0) — /0 FN (2N (s))ds

ott, pour (yc,yp) € RMctMo PN — F 4 FN est le debit des réactions qui affectent
I’espece continue, avec

F(ye,yp) = Y 7 A (we) + > 1Ay, up)

rERc reSy
comme débit des réactions rapides, et

|
Fl(ye.yp) = D 9 Alue. up),

reRpc\St

celui des réactions lentes impliquant ’espece abondante.

On s’intéresse ensuite au processus UL (t) = VNZY(t) et YN = (z¥, XN, UY). On
prouve que Y converge vers un PDifMP avec switching Y = (z¢, Xp, Uc), qui hérite
de la nature hybride du PDMP (z¢, Xp). Entre deux sauts consécutifs de Xp lorsque
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ce dernier a pris une valeur v, le couple (z¢,Uex) évolue suivant le systeme stochastique
diffusif _
to(t) = F(zc(t),v)

dUc(t) = > a(zc(t),v)dB(t) + Y _ a,(zc(t), v)dB,(1),

ou B,, r € RcUS, sont des mouvements browniens vectoriels standards et indépendants,
et chaque matrice de diffusion a, (xc(t), V) satisfait

VSHSJ'/\T(QC) if reRe
WENTCJAr(yc, yp) if re Sy,

(araz)ij(yCayD) = {

pour (yc,yp) € RMc+Mp,

Le systeme limite est clairement et facilement identifié, en calculant formellement le
générateur limite du processus markovien de saut Y». On prouve plus précisément ce
qui suit.

Théoreme 0.3.1. On suppose que les taux des réactions sont bornés, et que le débit F
des réactions rapides est une fonction Lipschitz de sa premiére variable. Alors, quand
N — o0,

YN =Y dans D([0,T],RMetMotHe),

En particulier, on a un TCL pour la martingale ZY . Il est donné par
Ul = Uc dans D([0,T],RM).

La preuve s’inscrit dans une démarche classique a trois étapes. On commence par
montrer la tension du processus YV en s’appuyant sur les travaux de [CDMR12] pour le
couple (xY, X¥), puis sur les travaux de [Kur71] pour Us. On obtient la tension pour
le triplet par des résultats de [JS87]. A la deuxieme étape, on identifie la limite par
passage a la limite dans le probleme de martingale. On conclut enfin en montrant que
le probleme de martingale limite est bien posé.

Une conséquence immédiate du Théoreme 0.3.1 et du théoreme de représentation de
Skorohod est qu’on obtient une convergence presque stire d’une version de YV vers une
version de Y, moyennant eventuellement un grossissement de ’espace de probabilité.
Ainsi, on considere dans la suite que la convergence de YV vers Y est presque stire.

Pour résoudre le probleme lié aux échelles, 1'idée est de faire un changement de
temps aléatoire pour lequel la limite Xp de la composante discréte X3 coincide avec
cette derniere. Nous y parvenons pour I'instant, en supposant qu’'une seule réaction lente
existe. On note A\; son taux, et on suppose en plus que la fonction A; est minoré par une
constante strictement positive A\g. En s’appuyant sur le changement de temps aléatoire
introduit par [EK86], on construit alors une fonction gy telle que

gn (1) t
/0 M (zc(s), Xp(s))ds = /0 A (2o (s), XD (s))ds,
de sorte que Xp(gn(t)) = XN (¢).
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On considere ensuite les processus vy et h"¥ définis par
o) = VN(@N({t) —zc(t)) et hV(E) = VN(gn(t) —1).
N
c

Alors, vY se met sous la forme v} (t) = v (0) + U (t) + AX(t), on
AN(t) = /0 VN [F(z¥(s), XN (5)) — F(zc(s), Xn(s))] ds.

Un développement limité permet de voir que ces processus sont solution d'un systeme
de deux équations couplées, qui suggere pour (vY, hY), le couple limite (vc, h), ol

" DYON (2c(s), Xp(s))

ht) = 0o M (xc(s), XD(S))

[ve(s) = Flzo(s), Xp(s))h(s)] ds,

et
ve(t) =wve(0) 4+ Uc(t) + /0 DYYF(zc(s), Xp(s))ve(s)ds

—/O DY F(zc(s), Xp(s))F(xa(s), Xp(s))h(s)ds

- [ Flacts), xXp(s) P A0

Mi(zo(s), Xp(s))
x [ve(s) — F(zc(s), Xp(s))h(s)]ds
+F(zc(t), Xp(t))h(t).

On observe que le probleme a la limite est bien posé, car (ve, h, zc, Xp) = (Veo, Xp)
est un PDifMP & valeurs dans R2Mc+! x INMp,

En absence d’especes discretes, le TCL standard (voir [EK86]) se fait uniquement avec
le processus v, et sa limite est une diffusion donnée par les trois premiers termes dans
I’'expression de ve ci dessus. En présence d’especes discretes, des termes additionnels
non intuitifs doivent étre pris en compte. Le résultat prouvé est le suivant.

Théoréme 0.3.2. On suppose que l'ensemble (Rpc\S1)URp contient une seule réaction
ry, de taux Ay minoré par une constante \g > 0. On suppose aussi que:

(i) les tauzx de sauts sont bornés, continus par rapport a la seconde variable, de classe
C' par rapport a la premicre variable,

(ii) leurs dérivées par rapport a la premiére variable sont bornées et sont aussi con-
tinues par rapport a la seconde variable.

Si v¥(0) — veo € RMe en probabilité, alors pour tout T > 0,

(v, hY) = (ve, h), dans D([0,T], RM™) quand N — oco.

La preuve est relativement simple. En utilisant des propriétés de la dérivée (faible)
du changement de temps gy, on montre d’abord que la suite vV est bornée uniformément
en temps. La diffusion Us étant continue et gy uniformément proche de l'identité sur
[0, 7], un lemme de Gronwall permet ensuite de conclure.
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0.3.2 Un modele spatial multi-échelle: limite déterministe

Au chapitre 2, une LGN non usuelle est obtenue en norme infinie, pour un premier
modele spatial multi-échelle de réactions biochimiques. Nous commencons par préciser
les modeles spatiaux déterministe et stochastique a une échelle. Dans ces cas, les con-
centrations de toutes les especes ont la méme dynamique et il est commode de n’en
considérer qu’une seule: on prend M = 1.

Modéle déterministe. Les réseaux de régulation génique sont tres souvent modélisés
dans le cadre macroscopique spatial, par I’équation de réaction-diffusion:

ow = DA v+ R(v), (0.3.1)

L’inconnue v = v(t,z) € RM décrit les concentrations locales du réactif, t > 0 (resp.
x € I) est la coordonnée temporelle (resp. spatiale), A est le laplacien et D le coeficient
de diffusion. Dans la suite, on considere D = 1. Enfin, R représente les fluctuations dues
aux réactions chimiques. C’est un polynome de la forme

Ry) = awy® =b(y) — d(y),

ou b (resp. d) est un polynome traduisant les variations dues aux naissances (resp.
morts) du réactif.

Pour l'existence et 'unicité, on suppose que d(0) = 0 et a,, < 0. Par le principe du
maximum, la premiere (resp. deuxieme) condition assure que les concentrations restent
positives (resp. bornées) si elles le sont initialement. Ainsi, pour toute condition initiale
v(0) = vy € C3(I) telle que 0 < vy(x) < p; < o0, il est bien connu (voir par exemple
[Kot86a]) que le probleme de Cauchy associé a (0.3.1) admet une unique solution mild
v € C(Ry; C3(I)) qui s'écrit

v(t) =T (t)vo + /0 T(t—s)R(v(s))ds

et telle que 0 < v(t,x) < p(p1, p2) < oo, pour tout ¢, x. Ici, T(t) = e?! est le semigroupe
engendré par le Laplacien.

Par des arguments heuristiques probabilistes on obtient facilement que le générateur
infinitésimal de 'EDP (0.3.1) est formellement donné par

Ap(u) = (Dp(u), Au+ R(u)),,
oll < -, - >y est le produit scalaire L?(I). Enfin, le débit s’écrit ¥(u) = Au + R(u).

Modéle stochastique. Pour une modélisation stochastique, suivant [AT80], on discréti-
se le segment unité en N sites [; = (%, %}, 7 =1,---,N de longueur % On définit
X JN le nombre de molécules sur le site j, XV = (X JN ); le vecteur qui donne l'état du
systeme, et SR I'ensemble supposé fini des réactions chimiques possibles. Il est standard

(voir [Kur70, Kur7l, EK86]) que {X¥(¢),t > 0} est un processus de Markov & sauts
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homogene, & temps continu, & valeurs dans INVV, et admettant les transitions

XN — XN 4y, e; au taux A, (XV),
XN —>XN+ej_1 —e; au taux NZXJN
X —>XN+ej+1 —e; au taux NQXJN,

pourr € Retj=1,--- N, ofl {ej,7=1,--- N} est la base canonique de R". Par
périodicité, on con51dere que X A; = Xj N pour tout j.

On suppose que chaque X' est de lordre d’un parametre p grand, et que les taux
des réactions dépendent des den31tes. pour tout r € R, il existe une fonction A, telle que
- (XN
)\T(XJN):,u/\T TJ pour tout j=1,---,N.
Comme g est grand, toutes les réactions sont rapides. On suppose alors que toutes les
réactions sont homogenes en espace, ie

Vi = Vro Vr € R,

En général, u dépends de N, mais on omet de mentionner la dépendance en p dans les
notations. Le processus a échelle

XN
M

UY = UM =

a les sauts 2= et prend ses valeurs dans RY.
Le modele spatial homologue du modele déterministe précédent est alors

N

Nit,z) =Y UN)L(z), >0, €, (0.3.2)

j
j=1

ot 1;(+) := 1,(-) est la fonction indicatrice du j—eme site I;. Par I'identification stan-

dard u™N(t) = u™(t,-), le processus u”¥ = {u™(¢),t > 0} est & valeurs dans 'espace

HY des fonctions 1-périodiques de L*(I) qui sont constantes sur les intervalles ;. Ses

transitions sont:

( r

u — N+ L —1;, au taux u:\r(ué\[), pour r € ‘R,
L1
uN—>uN+L, autauxu]\ﬂj, pour 1 <j3 <N,
1 g 1
uN—>uN+L, au taux MNZ , pour 1 <5< N,
. H

ou ujv =U jN est la j-éme coordonée de u obtenue par la projection canonique
Py : L[> — HY

u»—>PNu—Zuj j» where w; ._N/

7=1

(0.3.3)
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La LGN peut a nouveau étre justifiée de maniere heuristique par un développement de
Taylor dans le générateur infinitésimal de u¥. En effet, on voit que ce générateur con-
verge formellement vers celui du modele déterministe v.

Multiscaling. Nous présentons maintenant le cadre général de nos modeles. Comme il
sont multi-échelle, plusieurs especes sont indispensables (M > 2). Pour simplifier, deux
especes C' et D sont considérées (M = 2). La premiere est abondante et dite continue, la
deuxieme est plus faiblement concentrée, et dite discrete. Suivant [CDMR12], I'ensemble
R des réactions possibles est divisé en trois sous-ensembles

9{::9%0LJ9%D67LJ9%D.

Les réactions dans Re (resp. Rp) impliquent uniquement les molécules de C' (resp. D).
Celles dans Rp¢e impliquent les deux especes. Le vecteur stoechiométrique de la réaction
r qui affecte C' (resp. D) sur le site j est noté <, (resp. 7))

On définit X jN © (resp. X jN P} le nombre de molécules de C' (resp. D) sur le site
j, ensuite les compositions moléculaires X% := (XJN’C)]- et XN = (X JN ), de chaque
espece, puis I’état global XV := (Xév XN ) du systeme. Les échelles sont telles que pour
chaque 7, X]N’C ~ n tandis que XJN’D ~ Kk, avec it > k. Comme précédemment, on

remet le processus a I'échelle et on définit le modele spatial vV = (ud,ul) a valeurs
dans HY x HY, par

ud (tr) =Y ) OL(x) et up(tx) =Y uP(t)l;(x), (0.3.4)

j=1 j=1

ot u) (t) = Pyuld (t) = N [, u(t,z)dz, et u}"" est défini de fagon analogue.

Spécifions a présent les différents types de réactions. On suppose que:

Hypothese 0.3.2.

(i) Il y a de la dépendance a la densité pour les réactions dans Re: Pour tout r € Re,

- - N,C
il existe A\, telle que /\,«(XJN’C) = u\, (XJ ) pour tout j.

(i1) Il existe Sy C Rpc tel que pour tout r € Sy: ”yf, = 0 et il existe )\, vérifiant
5 N,C
)\T(XJN’C,XJN’D) = u\, (Xj ,XJN’D>, pour tout j.

I

(11i) Les réactions dans (Rpc\S1) URp sont lentes.

En particulier, les réactions r € R U Sp sont rapides. Comme précédemment, on les
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suppose homogenes en espace (’ijT, = ~%). Les transitions du processus u” s’écrivent:

p
(ug,ug) — <uc + 7,; ]lj,uD> au taux o, ( NC> r € Re,

c
(ug,ug) — (ug + %]lj,ug]lj>, au taux pA, (uj»v’o,uév’D), r e S,
~<¢
(ug,ug) — ug + Zj ]lj,ug + Vfﬂlj , au taux A, (uév’c,ujy’D>, r € Rpc\S1,
Uy, upy) — (u%,u%#—vﬂl ), au taux A, < ND) r € Rp,
1,.,—1;
(ug,ug) — (ug + %,ug), au taux N2u§\7’c,
N N v, Lina—1 N2y NoC
(uC,uD) — | ue + T,uD , au taux u;
(

(0.3.5)

A ce stade, la limite N — 0o pose des difficultés mathématiques a cause des réactions
lentes. Si on les suppose homogenes en espace, on s’en rend bien compte. A moins d’avoir
uj-V’D = ( pour presque tout j, 'espece discrete D est en fait globalement abondante avec
une population totale de 'ordre de N, de sorte que la composante u} converge aussi vers
un model continu. La limite attendue pour u¥ est une EDP pour u¢ couplée & une EDO
pour up. Cependant la convergence semble se produire dans des espaces irréguliers (de
distributions) avec tes topologies faibles. On introduit alors de la dépendance spatiale
pour ces réactions, en considérant qu’elles déclenchent des réactions simultanées sur les
sites voisins de sa source. Il faut alors faire attention a ce que les proportions et nombres
de molécules restent des quantités positives. De tels phénomeénes précedent 1’activation
d’un gene sur PADN. On obtient a la limite une EDP couplée avec une EDO non locale.

Dans ce chapitre, on suppose que:

Hypothese 0.3.3. Une réaction r € (Rpc\St) Uf)‘iD qui se produit sur le site j affecte

. . N,C s
ses voisins suvant (ud,ud) — (uc + 9,0 up + ’yN ), ou

N,C _ _N,C NN.’Yr N rNC’ N.,D
ij,r :’yj,r (UC»UD T § Yij 19 y Uy )7

N.D _ _N.D . Ny or NC N,D
Vip =V (uoqu : 71” § %]]16 ) Uy )7

avec

C
fyz];[ = / a (,_'L’ — N) dr et HT( NC,UiVD) - 0( + %VZJ)Q(UZ{\LD +,y7‘D,yZ];])
I;

Les réactions lentes ont donc des sauts de l'ordre de N—! sur chaque site, avec un
effet global de I'ordre de 1. La fonction a dans I'expression de 75}7 décrit I'intensité avec
laquelle Deffet de ces réactions se propage. C’est une fonction C,(I), 1-périodique et
positive. Il est naturel de la considérer maximale en 0 et décroissante en |z| pour que
I'effet de la réaction s’amenuise a mesure qu’on s’éloigne de la source. La fonction 6 est
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une fonction lisse nulle sur (—oo, 0], égale a 1 sur [1,00) et croissante sur [0,1]. Elle
garantit la positivité des proportions.
Un développement de Taylor dans le générateur du processus u” = (uY, ul) permet
d’obtenir une limite formelle v = (v¢, vp), solution du systéme
dUD

ov

8250 = Ayvc + F(ve,vp) (PDE) couplée & (ODE) = G(ve, vp),
ou F' est la limite du débit des réactions qui affectent C, et GG est la limite du débit des
réactions qui affectent D. Le premier correspond au débit des réactions rapides et est

donné par
UC, uD E 71” uC + § ’Yr uCa UD)
reReo resy

et le second est donné par

G(uc, up)(z) := 0(uc(x))0(up(x)) /0 9(uc, up)(y)alz — y)dy (0.3.6)
pour tout x € I, avec

g(uc,up) = Z % r(uc, up) Z%«

T‘Efﬂpc\sl réRp

Dans cette limite déterministe, pour l'instant formelle, on voit que la composante
continue uY converge vers le correspondant déterministe qui évolue suivant I'équation de
réaction-diffusion. On remarque aussi que la composante discrete se régularise et perd
les sauts. Le fait que ’espece D soit en petit nombre est compensé par le fait qu’il y a un
grand nombre de sites. Les réactions lentes se produisent finalement assez fréquemment
et I'aléa est moyenné comme dans le cas d’une seule échelle, et la limite évolue suivant
des EDOs locales, puisqu’il n’y a pas de transport des molécules de D.

De plus, cette limite formelle montre qu’'une convergence éventuelle est possible dans
'espace L%(I), avec la condition ' N? — 0. Dans le cas & une échelle, ce résultat est
prouvé par [AT80, Kot86b]. [Kot86b, Blo87] montrent que la convergence peut avoir lieu
dans des espaces duaux d’espaces de Sobolev abstraits, ceux ci obtenus comme domaines
de puissances du Laplacien. Les conditions sont discutées selon la puissance considérée.
Ces espaces duaux sont des espaces de fonctions a régularité négative, dont le cadre n’est
pas adapté aux problemes non linéaires auquels nous sommes confrontés. Ensuite dans
[Blo92], Blount prouve le résultat en norme uniforme en espace, sous la condition plutét
faible p~'log N — 0. Nous généralisons [Blo92] au cas multi-échelle.

Pour ce qui est de la résolution du probleme limite, on garde des conditions périodi-
ques sur les bords. Des hypotheses générales telles que Hypothese 0.3.3 sont possibles
pour la fonction F' qui est la méme que celle du modele déterministe correspondant. Ce
n’est pas le cas de la fonction G qui est une convolution. On considere plutot ’hypothese
moins générale des accroissements linéaires. On introduit la fonction

|9l (uc,up) = Z 7P (A (uc, up) Z 7 )

réeRpc\S1 re€Rp

et on suppose:
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Hypothese 0.3.4.
(C1) F est localement Lipschitz et pour y = (y1,y2) € R? tel que y; =0, F(y) >0 .
(C2) 1l existe 0 < pc < oo tel que |y| > pc entraine F(y) < 0 pour tout y € R™.
(D1) 6(y) =0 pour y < 0.
(D2) g est localement Lipschitz, et |g| est a accroissement au plus linéaire par rapport
a sa seconde wvariable: pour tout ¢ > 0 il existe My(¢) > 0 tel que pour |y1| < ¢,

\9(y1,92) < Mi(©)(Jy2| + 1).

Pour toute condition initiale vg = (vc0,vpo) € C*(I) x C*(I) dont les composantes
sont a valeurs positives et bornées, par une application directe de [Kot86a], le probleme
de Cauchy associé au systeme limite admet une unique solution mild v = (v¢,vp) €
C(R4;C3(I) x C¥(I)) dont les composantes sont & valeurs positives et bornées uni-
formément en espace.

On considere la norme ||(f,h)|lcoco = |[flloo + ||P]|oo. Le résultat principal est le
suivant.

Théoreme 0.3.3. On considere [’Hypothese (0.3./ et on suppose en plus que
(i) N, — oo avec p~tlog N — 0,
(ii) uX(0) > 0, up(0) > 0 et ||[u™(0) — v(0)]|oo.co — O en probabilité.
Alors, pour tout T' > 0,

sup [|[u¥ (1) — v(t)|looco — O en probabilité.
t<T

La preuve est basée sur celle de [Blo92], dont nous reprenons une partie. Elle se fait
en trois étapes principales. Dans un premier temps, on construit par différence finie une
approximation discrete vV = (v, vl) € C(Ry; HY x HY) du probleme limite telle que

sup ||[v™ (t) — v(t)]s0.00 — 0.
t<T

La preuve du Théoreme 0.3.3 se ramene alors & comparer u” et vV,

Ensuite, on tronque le processus en rapport avec v qui est borné. Le processus
tronqué @” est alors borné et on montre qu’il suffit de le comparer avec v". Le controle
de la composante continue est identique a celle de [Blo92] et basée sur le principe
du maximum discret. L’hypothese des accroissements au plus linéaires sert ensuite
a controler la composante discrete. De plus, le controle sur les sauts de @ permet
d’exploiter différentes martingales associées a un processus de Markov et a ses sauts
[Kur71, Kot86b, Blo87].

On peut alors conclure par un lemme de Gronwall a partir des représentations milds
du processus tronqué et de 'approximation discrete du processus limite. Une premiere
différence avec le cas a une échelle est le besoin de la convergence de la fonction débit
GV relative & lespece discrete. Le plus intéressant est de montrer que la partie martin-
gale tend vers zéro. Ce terme est une intégrale stochastique de type convolution (voir
[Kot86a]) contre I'une des martingales exhibées plus haut. La clé est un lemme de [Blo92]
qui permet d’avoir un controle de l'espérance d’une classe particuliere de martingales,
en terme d’exponentielle des débits associés au processus défini par la somme des carrés
des sauts de ces martingales. C’est essentiellement de la que provient la condition sim-
plifiée ;~'log N. Mais alors, on utilise de maniere cruciale le controle des sauts de la

22



0.3 Présentation des résultats

composante continue par p~ comme dans [Blo92], et ceux de la composante discréte par
N~1 dans le cas multi-échelle. Nous reprenons la construction de la martingale utilisée
de maniere déterminante a ce stade, pour la composante continue. Les arguments de
[Blo92] ne sont pas détaillés et il semble manquer des étapes. Nous proposons une preuve
détaillée.

0.3.3 Un modele spatial multi-échelle: limite PDMP

A I'opposé du chapitre 1 ot une limite déterministe est obtenue, le chapitre 3 présente
un résultat d’approximation d’un modele spatial multi-échelle par un processus hybride:
un PDMP continu avec switching, a valeurs dans un espace de Banach de dimension
infinie. Des arguments de bonne définition et de caractérisation d’un tel processus par
son générateur étendu sont donnés dans [Riell, BR11].

Le modele de ce chapitre et le précédent partagent bien des aspects, mais plusieurs
difficultés supplémentaires sont rencontrées dans le cas présent. Premierement, la mise
en place d'un modele consistant pour lequel on garde des sauts a la limite. En partic-
ulier, il faut s’assurer que la limite obtenue est bien définie et le probleme limite bien
posé. Par exemple, on s’attend a un processus dont la composante discrete vit dans un
ensemble dénombrable. De plus, montrer que le probleme limite est bien posé est com-
pliqué par lirrégularité du processus limite. Ensuite, comme la limite est stochastique
il faut prouver la tension. Cependant, les diffusions se font a des taux non bornés et
la troncature classique ne marche pas, car le processus est non borné. Le passage a la
limite a ’étape d’apres est difficile pour la méme raison, a laquelle s’ajoute l'irrégularité
en espace du processus.

Le modele est le suivant. On reprend le cadre général de modélisation multi-échelle
introduit au chapitre 2. On considere le processus u” = (uX,ul) donné par (0.3.4). On
garde 'Hypothese 0.3.2, de sorte que les transitions du processus u” sont données par
(0.3.5). Rappelons (confere chapitre 2) qu’a ce stade, le passage a la limite pose des
difficultés mathématiques.

Au chapitre 2, une certaine dépendance spatiale a été introduite, conduisant a une
EDP couplée avec une EDO non locale a la limite.

Dans ce chapitre, une situation différente est considérée, ot 'espece D reste discrete
a la limite. Une hypothese de multiscaling en espace est introduite: le domaine spatial 1
est divisé en un nombre fini de macrosites Ji, ..., J, ou k € IN*, et la population de up
est observée a 1’échelle spatiale des J,. Un tel cadre décrit une situation dans laquelle
I’espece discrete D est de taille plus grande que 'espece continue C.

Pour simplifier les notations, on suppose que les macrosites sont de méme taille et
on considere N comme un multiple de k. Ainsi, chaque macrosite J, est une réunion de

microsites
Ny

= U L, =1k

J=Ng—1+1

avec Ny = (N/k. La composante discrete ul¥ est homogene sur chaque Jy, et donnée par

k
up(tow) =Y up ()1 (x),
=1
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ot 1¢ = 1, est la fonction indicatrice du ¢-éme macrosite J,. Par conséquent, I'espace
de phase s’identifie bien a HY x N* ¢ HY x R*.
On suppose que:

Hypothese 0.3.5. Une réaction v € (Rpc\S1) URp qui se produit sur J, affecte le

macrosite comme suit:
Ny

C,N
N N N e N Dq? N,C | N,D
o (ug,up) — <u0+ . ,up + 7,1 ) au taux A\, E aj Nu; Uy

J
J=Ng_1+1

pour r € Rpc\S1,
° (ug, ug) — (ug, ug + Wf?]lg) au tauxr \, (uéV’D>, pour r € Rp.
lca,

Ny

a;N:/ a’(x)dx et ”yfl}N:'er Z il avec ;}N:N/ b (z)dx,
I

I G=Np_1+1

pour des fonctions positives a”, 0" € C([0,1]), avec fol a"(x)dr = 1.

Il est naturel de considérer que les réactions r € Rpc\S1 qui se déclenchent sur
Jy affectent 'espece C' sur J; tout entier. Les fonctions b" décrivent les effets de telles
réactions a 1’échelle microscopique. Leurs taux dépendent de uéV’D, et de moyennes
locales des valeurs u;v,c prises par uY sur J; tout entier. Ces moyennes sont calculées
avec des pondérations données par les fonctions a”.

Dans ce modele, les réactions lentes sont indépendantes de la discrétisation initiale
du domaine spatial I, de sorte que la limite N — oo est sans effet sur leur fréquence,
méme d’un point de vue spatial. Ces réactions restent peu fréquentes et la composante
discrete garde les sauts a la limite.

Formellement, le générateur de u” converge vers celui d'un PDMP v = (vc,vp) a
valeurs dans £ = C(I) x K (on s’appui sur [BR11]). Etant donné vN(0) = wvp, les
valeurs possibles de vp sont de la forme

M k
vp =vp(0) + Z Z ZQZT%D]IZ,

m=1 rE(%Dc\Sl)UmD (=1

ou les coefficients a7, sont des entiers. On voit que K est dénombrable.

Pour toute valeur v prise par v¥, la composante continue est solution de

d

%vc(t) = Avc(t) + F (ve(t),v). (0.3.7)
Avec des conditions limites périodiques, on résout (0.3.7) sous I'Hypothese 0.3.4 (C1)
et (C2), et une condition initiale positive et bornée vy € C?(I) C W2*°(I). A laide
des propriétés du noyau de la chaleur, on obtient une solution unique globale mild ve €
C([0,T]; W*°(I)), positive et bornée.

Le PDMP v démarre en vy = (vc,vp,). Le résultat obtenu est le suivant.

Théoréme 0.3.4. On suppose que F' satisfait I’Hypothése 0.3.) (C1) et (C2). On sup-
pose en plus: (i) N,y — oo avec p~tlog N — 0,

24



0.3 Présentation des résultats

(i1) ||u™ (0) — vollsoco — O en probabilité.
Alors, pour tout T > 0,

uV = v dans D([0,T);D(I) x K).

La preuve est basée sur celle de [CDMR12], Theorem 3.1, mais la démarche est
beaucoup plus compliquée. L’idée est de montrer la tension dans I'espace des fonctions
cadlag, puis identifier la limite dans le probleme de martingales. L unicité de la solution
du probleme de martingale limite entraine celle de la limite et permet de conclure.

Tout d’abord on montre I'unicité de la solution du probleme de martingale pour un
PDMP en dimension infinie, suivant [CDMR12]. Une premiere différence est qu’a la
place du générateur infinitésimal nous considérons le générateur plein (full generator,
[EK86]) dont le domaine caractérise le probleme de martingale. L’avantage d’utiliser ce
dernier est qu’il a un domaine plus gros. D’autre part, le domaine considéré est affiné du
fait de la dimension infinie. Si dans [CDMR12] des fonctions tests Cp° suffisent, ici des
différentielles H' en la premiere variable sont requises en plus, afin avoir une expression
adéquate du générateur, conformément a [BR11].

Pour montrer la tension, on combine des idées de [Blo92, DN17] et des arguments
spécifiques a la dimension infinie, notamment pour la composante continue uY. Comme
indiqué plus haut, les arguments de troncature classique ne marchent pas: les taux des
diffusions explosent et uY n’est pas borné. On tronque les taux des réactions, puis on
arréte uy et on montre sa tension a I'aide du processus arrété a et d’une version discrete
vy bien choisie de la limite formelle de uY, i.e. la composante continue du PDMP (voir
[Blo92, DN17]).

Le processus arrété )y s’écrit comme somme de deux termes. Le premier converge
vers 0 en probabilité par les arguments de [Blo92, DN17|. Le second, qui est étagé, est
uniformément approché par des fonctions continues linéaires par morceaux, de sorte que
la tension est ramenée & ces dernieéres. Comme elles sont C! au sens faible, elles vivent
dans I'espace W1°(I) des fonctions Lipschitz. Puis, on utilise I'injection compacte de
ce dernier dans C'(I), due au théoreme d’Ascoli.

Que la composante discrete soit tendue repose sur sa représentation en changement
de temps a l'aide de processus de Poissons indépendants ([EK86]), et la tension de ces
derniers.

La tension prouve l’existence d'une sous-suite convergente dans ’espace de Skorohod.
On veut passer a la limite dans le probleme de martingale pour cette sous-suite. Cela
pose des soucis a plusieurs niveaux. La martingale considérée contient le terme de
diffusion qui est linéaire en u’v. Il est difficile d’avoir sa limite dans ’espérance, car
on n’a pas d’estimée des moments de u”, la tension étant obtenue & l’aide de bornes
en probabilité. On introduit alors le processus w¥ = (vY,ud,uly). On remarque assez
facilement ([Dav93]) que w" est un PDMP de dimension finie (vY est solution d’une
EDO). En observant que {w¥}y est tendue, on ramene le probléme de martingale pour
la sous-suite précédente a ce dernier, qui a la particularité que ses points d’accumulations
ont leur deux premieres composantes égales. Puis on passe a la limite pour des fonctions
test ne dépendant que de vV = (vY, ul).

Cette nouvelle limite fait face au terme Ayvl () qui converge vers Ave(t) mais pour

des topologies tres faibles et inappropriées. La raison est que vy converge dans I’espace
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de Skorohod. Une solution est de régulariser vY par une perturbation des fonctions tests.
L’opérateur régularisant
AE = (Id - EA)_Z

est alors introduit, et les fonctions tests ¢ sont perturbées comme suit:

¢e(uc,up) = p(Acuc, up).

On passe une premiere fois a la limite quand [ — oo dans le probleme de martingale
avec les fonctions test perturbées. Puis une seconde fois quand ¢ — 0, en s’appuyant sur
les propriétés régularisantes du semigroupe de la chaleur.

Pour conclure la preuve du Théoreme 0.3.4, on leve I’hypothese de troncature sur les
taux des réactions, avec les arguments de [CDMR12].

0.3.4 Un modele issu de 1’épidémiologie

Le chapitre 4 a pour but essentiel de prouver une LGN puis d’investir un principe de
grande déviation (PGD) pour un modele spatial explicite d’épidémie de choléra. C’est
un travail en collaboration avec Boris KOUEGOU KAMEN de Marseille.

Le choléra est une infection intestinale aiglie causée par une bactérie appelée vibrio
cholerae et transmise oralement, par ingestion d’eau ou d’aliment souillé, ou par contact
avec un liquide provenant d’une personne infectée (salive, sueur, etc...). Le vibrio cholerae
vit et se diffuse préférentiellement dans des réservoirs d’eau souillés, ou elle est dotée
d’une incroyable capacité de survie.

Nous partons du modele déterministe spatial de [BCGT10]. C’est un modele SIRB.
Les susceptibles (S) peuvent étre infectés directement au contact des bactéries (B) ou des
infectés (I), les infectés peuvent guérir et sont dit remis (R), et ces derniers sont immu-
nisés pendant un certain temps. Les auteurs se concentrent sur la période épidémique de
la maladie et cette derniere est plus courte que le temps avant la perte d'immunité. Par
conséquent, la classe (R) n’est pas considérée. En vue du PDG, nous sommes intéressé
par des temps longs, donc nous considérons le compartiment (R). En outre, les transports
des bactéries sont orientés, donc les probabilités et les taux de transport ne sont pas les
mémes dans toutes les directions. Le modele possede deux échelles de population, celle
des humains que nous notons H, et celle des bactéries que nous notons K. Ce sont les
parametres de renormalisation et remise a échelle.

Dans une premiere partie, une loi des grands nombres (LGN) est obtenue en ex-
ploitant les techniques du chapitre 1. La grosse différence est que dans le chapitre 1,
on a un modele de réaction-diffusion, alors que dans le cas présent, il y a de 'advection
en plus. On montre que si le rapport % est constant et tel que H 'log N — 0, alors
le modele stochastique converge vers le modele déterministe correspondant. D’autres
asymptotiques intéressantes paraissent clairement suivant la valeur du rapport des deux
échelles, et sont discutées. Nous commencons par présenter les modeles. Ils sont tres
proches de ceux étudiés aux chapitres 1 et 2.

Modéle déterministe. C’est un vecteur v = (S, I, R, B) qui donne les proportions des
différents compartiments dans I’ensemble de la population et du domaine spatial (voir
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[BCGT10]). Comme dans les chapitres précédents, nous nous plagons en dimension 1
en espace, sur le segment unité J = [0, 1]. Le modele v = v(t, x) évolue alors suivant le
systeme

(B0~ rten) + (o pR0) — s
oI(t, ) B(t, )
ot BH—B—(t,x)S(t’ 7) =~ (et o) (0.3.8)
—aRgt’ z) = ~I(t,x) — (p+ p)R(t,x)
\ % — —MBB(t,x)+£—£/I(t,x)—VaBgE’JE) +@a Bgit;x)’

ou® > 0 et v > 0 sont respectivement le coefficient de diffusion et la vitesse d’advection
des bacteries, u, p, 8, 7, «, pup et p/W sont des coefficients positifs qui correspondent
essentiellement a des taux individuels suivant lesquels les processus de naissances et
de morts (les échanges entre compartiments sont inclus) affectant les populations des
différents compartiments évoluent.

Sous une forme compacte, le systeme (0.3.8) s’écrit

du(t)

o= Av(t) + F(v(t)), (0.3.9)

ou F' = (Fg, F'1, Fr, Fp) est le débit des intéractions non spatiales du modele, Au(t) est
le débit des transports, A est 'opérateur matriciel de taille 4

A = diag(0,0,0, A) avec A=-vV+DA

sur (L2)4 = (LQ(J))4, 0 étant 'opérateur identité.

L’opérateur A, sur C(.J), hérite des bonnes propriétés de Popérateur A, et engendre
un semigroupe analytique de contraction T (t) = At, de sorte qu’une résolution mild
de 'EDP parabolique de réaction-advection-diffusion (0.3.9) comme au chapitre 1 est

possible. Pour vy = v(0) € (C3(J))* positive et bornée, on obtient une solution mild
globale v € C'(Ry; (C*(J))*), positive et bornée, et satisfaisant

t
o(t) =T(t)vo + / T(t—s)R(v(s))ds V.
0
On dérive de méme, respectivement, le générateur infinitésimal et le débit associés:

Ap(u) = (Dp(u), Au+ F(u)) et Y(u) = Au + F(u).

Modeéle stochastique. Le principe est le méme qu’aux chapitres 1 et 2. On procede
a une discrétisation réguliere du segment unité J en N sites indexés par i = 1,--- | N
et notés J;. On regarde les proportions d’individus de chaque compartiment sur chaque
site: ug;, up’;, up, et uy, pour les susceptibles, les infectés, les remis et les bactéries,

27



CHAPTER O : INTRODUCTION

respectiveent. L’évolution du systeme est homogene sur chaque site, et les bactéries
peuvent diffuser entre les sites. On définit les processus ”spatiaux” par

uf(t) = D u(OLi(a),

pour les susceptibles, et de maniere concoordante pour les autres compartiments. Le
modele spatial global est alors donné par v = (uf, u}, u},u%). Son espace d’états est
(£2()*

Le générateur infinitésimal et le débit sont déduits selon les méme principes que
dans les chapitres précédents, de méme que les heuristiques pour la LGN dans la limite
N,H,K — co. Le terme I?—V"’, dans I’équation limite (0.3.8) suggere un rapport H/K
constant et positif & la limite. S’ajoute a cela la condition K~*log N — 0 comme dans
la LGN du chapitre 1 (voir Théoreme 0.3.3), qui dans ces conditions est équivalente a
H™'log N — 0. Le résultat est le suivant.

Théoreme 0.3.5. On suppose que:

(i) Le probléme limite (0.3.9) est bien posé.

(ii)) N,H,K — oo de sorte que le rapport H/K reste constant et positif a la
limite, et K~'log N — 0.

(iii) uN (0) € (H'IN)® x K'IN et [|u™(0) — v(0)||lc = O en probabilité.
Alors, pour tout T > 0,

sup [|[u™ (t) — v(t)||lo —> O en probabilité.
t<T

Ici, la norme || - ||o est la somme des normes infinies des différentes composantes du
processus.
La preuve du Théoreme 0.3.5 est une adaptation de celle du Théoreme 0.3.3.

Dans une seconde partie, nous investissons un PGD, correspondant a la LGN obtenue
ci-dessus, pour % > 0 constant. Il s’agit d’établir des estimées de la probabilité, bien
que faible étant donné la LGN, que notre modele stochastique s’éloigne de sa limite
déterministe. Pour ce faire, nous utilisons les outils usuels des grandes déviations, et
en particulier 'approche convergence faible. Ce travail est inspiré par ceux de [DEWOI,
DK95, KL95, KOV89, PSK17, KP16, JLLV93, Tra06], qui traitent de modeles & valeurs
mesures, et se rapprochent du notre, entre autres, par une variable d’évolution en plus
du temps et par la dimension infinie de I'espace des états.

Un PGD est en général satisfait a travers deux conditions: une borne supérieure
(borne sup) pour les sous ensembles fermés, et une borne inférieure (borne inf) pour les
sous ensembles ouverts. Ces bornes sont estimées a partir d’une fonctionnelle appelée
fonction(nelle) de taux. Dans le schéma classique, on identifie une fonction de taux,
on retrouve les différentes formes qu’elle peut prendre (voir par exemple [DK95]), on
s’assure qu’elle est une "bonne fonction de taux” (BFT) en utilisant sa forme la plus
appropriée, et, a partir de la forme la plus adéquate on établit les estimées de grandes
déviations.
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Dans le présent travail, nous parvenons a établir une borne sup pour les sous en-
sembles compacts. La borne sup pour les sous ensembles fermés s’en déduit facile-
ment, s’il est prouvé, en plus, que le processus est exponentiellement tendu. Des efforts
supplémentaires sont requis pour obtenir la tension exponentielle dans notre cas.

Remarque. Les techniques usuelles pour la tension exponentielle ne marchent pas,
notamment & cause les taux de diffusion qui sont de I'ordre de N? et font exploser le
processus. La grosse difficulté est d’obtenir une borne exponentielle du processus, en
probabilité, de 'ordre de e . Pour se faire une idée du challenge, une borne similaire
a été obtenue dans la preuve de la LGN, mais dans ce cas la, la borne est de l'ordre de
e . ce qui a permis d'utiliser la condition H~*logN — 0 pour la LGN. Afin de gérer
les diffusions, 'argument a été d’accélérer le temps en observant la dynamique sur des
intervalles de temps de longueur N 2. Cependant la démarche ne semble pas s’adapter
facilement dans le nouveau cadre mais encore, il n’est pas garanti que la méthode four-

nisse un ordre de grandeur satisfaisant.
Nous commencons par représenter le processus u’

aléatoire présenté dans [EKS86]:

1 N 14 i ¢
ull = u) + = S Gl <H/O N (ud) ds) : (0.3.10)

i=1 j=1

avec le changement de temps

ou les (B'J)z‘j sont des processus de Poisson standards mutuellement indépendants. On
note

Piizi=PFPipia3et P14 := P4
les processus de Poisson capturant les transferts spatiaux des bacteries, M; ;(a) = P j(a)—

a les processus de Poisson compensés (qui sont en fait des martingales centrées).
On distingue, d’'une part, les directions de sauts compartimentales

g1 = (1a07070> g2 ‘= (17()’ 070) g3 = <1a07070) g4 := <_170a070)
g5 :=(—1,1,0,0) g¢:=(0,-1,0,0) g7:=(0,—1,0,0) gs == (0,—1,1,0)
1
g9 ‘= (Oa 07 _170) gio ‘= (1707 _170) g11 ‘= (anaoa _ﬁ) g12 ‘= (anaoa
1

g13 ‘= (07 Oa 07 %)7

et, d’autre part, les directions de sauts spatio-compartimentales

g;1; pour 5 =1,...,12
éi,j = (]1¢+1 - ]li) 913 sij=13
(L1 —1;) g1z sij =14,

pour ¢ = 1,..., N. Le parametre d’échelle R apparaissant dans les directions des sauts
qui modifient le compartiment des bacteries est di au scaling H/K =: R™L.

Les taux de sauts Z]\g : (]HIN )4 — R, sont des fonctions positives définies par
NNy =8N (V@) Vi=1,...k
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4 :
pour tout u" = (ug,uﬁv,u%,ug) € (]HIN) , ou les BJN ; Ri — R, sont des fonctions

positives explicites définies comme suit: pour tout y = (y1, Y2, Y3, ya) € Ri,

Bl(y) =y By (W) =pye By (y)=pys B (y) =y B5'(y) = B i4y4y1

Be(y)=py> By (y) =oays  BY(y) =y B (y) = pys Bro(y) = pys
BN(y) = npys BYW) = 2oy BNY) = Pows BR(Y) = (Pinys

w
(0.3.11)
On remarque que les taux de sauts non spatiaux 5;»\7, j=1,...,12, ne dépendent
pas de N. Ils s'étendent & (L2 (]0,1]))":
8;(9) (x) = B (6(x)), Vo e (L*([0,1])". (03.12)

On fixe T > 0. Rappelons que u” est cadlag, a valeurs D ([O,T]; (L?0, 1])4>, et
sa limite LGN v est absolument continue, & valeurs AC ([0, T7; (C*[0,1])*). Pour ¢ €
AC ([O, TJ; (L?0, 1])4), on note ¢(t,-) = ¢(-) la dérivée faible de ¢ en t. Notre premicre
forme de la fonctionnelle de taux est

/0 Lignd)dt  side AC(0,T] (o, 1))

Ir(¢) = (0.3.13)

+00 sinon,

avec ) .
L(énd) = sup {(buf) =MD},
feeso.?
ou
12

Aoy, f) = Zwﬂ.(@)’ elaslf) 1) + (13 | b¢) e_(913|f)A*e(913|f)), (0.3.14)

Jj=1

(-,-) étant le produit scalaire sur L2[0,1] ou sur (L2[0,1])*, de facon conséquente. On
note que Ir(¢) = 0 si ¢ est solution de I’équation limite (0.3.9). Meéme si elle suit la
démarche classique qui consiste a calculer la transformée de Legendre de ’'Hamiltonien
du systeme, 'identification de Iy n’est pas évidente. Avant de procéder aux estimées
annoncées, on introduit la notation

Ir(B) = inf I VB D(OT-L2014>.
T( ) ¢1>I€13 T(¢)7 C [ ) ]7( [ ) ])
Ensuite, a partir d'un résultat utile plutot classique de la théorie du controle et de la
formule d’It6 comme notre processus est a variation bornée, on retrouve une forme plus

adéquate de la fonction de taux, en permutant le symbole > et I'intégrale dans (0.3.13):
pour ¢ € AC ([0, 77; (C[0, 1])),

(@)= sup {<¢T,fT> ~ton. o) - [ o2y - / " Ao ft)dt} |

feets(0.17x(0.1)
(0.3.15)
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A ce stade, il n’est pas difficile de voir que la fonction I est positive et semicontinue
inférieurement.

La borne sup du PGD pour les compacts est donnée par le résultat suivant, ou

UN’H = UN.

Theorem 0.3.1. Soit K un sous ensemble compact de D ([O,T]; (L?|0, 1])4>.
Siug € (L2(0,1]))* est tel que

lim ||UN’H(O) — U0||2 =0

N,H—oc0
et
sup ||ud[[o.0o < Co pour un  Cy > 0, (0.3.16)
NeN
alors
: 1 N
limsup — log P [u" € K| < —I(K) (0.3.17)
H,N—o0 NH
Ici, || - ||2 est la somme des normes L? des différentes composantes.

Le schéma de preuve demeure plutot classique. On commence par retrouver certaines
martingales exponentielles associées au processus et faisant intervenir la fonction de
Young 7(x) = €* — 1 — x. On en déduit une borne sup dite locale. Il s’agit de montrer
que pour toute trajectoire cadlag ¢ et toute perturbation d’ordre 6 > 0 de la fonction de
taux, on sait construire un voisinage ouvert Uy 5 de la trajectoire, pour lequel une borne
sup est satisfaite, avec la fonction de taux perturbée. L’obtention de la borne sup pour
les sous-ensembles compacts s’en déduit relativement facilement.

0.4 Perspectives

Conditions aux limites spatiales. Nous travaillons avec une condition périodique au
bord de notre domaine spatial. D’autres conditions aux limites peuvent étre explorées.
Par exemple, la condition de Dirichlet (voir [Arn80]) pour laquelle on s’intéresse aux
solutions d’EDPs nulles (ou plus généralement constantes) sur le bord, ou la condition
de Newmann (voir [Kot88a]) pour laquelle les solutions admissibles sont de dérivée nulle
(ou plus généralement, constantes) sur le bord. Selon la problématique abordée, I'une
ou l'autre de ces conditions pourrait étre plus appropriée.

Dimensions supérieures en espace. Il serait également intéressant d’étendre les
modeles a la dimension 2, puis 3, en espace, afin de les rendre plus réalistes. Nous pen-
sons cela possible sans trop d’effort, mais au moins au prix de notations beaucoup plus
complexes. Il faudra aussi faire attention aux résolutions des EDPs dans les différents
chapitres concernés. Pour des travaux dans ce sens nous renvoyons a [Kot88a, Blo94].

Autres géométries spatiales. Les modeles pourraient aussi étre généralisé a d’autres

types de géométrie spatiale: disque, cylindre, sphere, etc ... Ce point vient en quelque
sorte compléter les deux précédents.
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Approximations d’ordre 2. Une question naturelle apres des approximations d’ordre
1 telles que développées pour les modeles spatiaux (résultats de type LGN) est celle des
approximations a ’ordre suivant. Tout d’abord, améliorer le TCL obtenu dans le cadre
homogene (chapitre 1) & des cas a plusieurs réactions lentes.

Puis un TCL peut étre investi pour la limite déterministe obtenue au chapitre 2
et la limite hybride du chapitre 2. Par ailleurs des approximations par des diffu-
sions seraient aussi intéressantes. Heuristiquement, ces dernieres sont obtenues a partir
d’un développement de Taylor dans le générateur infinitésimal, en remarquant que le
générateur tronqué a 'ordre deux est celui d'une diffusion (voir [EK86], chap. 11).

Autres types d’intéractions. Apres avoir séparé ’ensemble des réactions R = Re U
RpcURp selon les especes qu’elles induisent dans la modélisation multi-échelle, plusieurs
cas d’intéractions sont envisageables pour les réactions mixtes r € Rpc. Dans cette
these, nous avons considéré le cas d’intéractions ou certaines de ces réactions, dans un
ensemble S; sont rapides et affectent seulement ’espece continue C, tandis que les autres
sont lentes et affectent C' et D (voir Hypothese 0.3.1 pour le chapitre 1, et Hypothese 0.3.2
pour les chapitres 2 et 3).

Cela correspond au cas ot un PDMP continu est obtenu a la limite dans [CDMR12].
D’autres cas y sont discutés. Par exemple, en considérant que les réactions mixtes dans
S affectent aussi 'espece discrete D (ie v # 0, r € Sp), les résultats obtenus ne sont
plus valides. La limite formelle du générateur n’est plus possible car la variable discrete
Xp a désormais une dynamique rapide. Pour simplifier un tel modele combinant les
dynamiques lentes et rapides, 1'idée est de faire de la moyennisation en la variable Xp.

Obtenir un PGD complet. Il s’agit tout d’abord de généraliser aux sous ensembles
fermés la borne sup obtenues pour les compacts, en prouvant la tension exponentielle de
la suite de processus.

Puis c’est au tour de la borne inf, qui est assez souvent la partie la plus difficile
dans I’établissement d’'un PGD. L’approche standard consiste a obtenir une forme ”non-
variationnelle” de la fonction de taux, puis d’appliquer un changement de mesure de
probabilité de Girsanov adéquat pour conclure. La pratique usuelle pour avoir cette
forme non-variationnelle ([PSK17, KP16, Tra06, KL95, DK95]) consiste a utiliser un
théoreme de représentation (de Riesz, généralisé parfois) sur des espaces tels que I'espace
d’Orlicz. Nous n’y sommes pas arrivés, mais pensons que cela est possible.

Une autre approche ([KOV89, JLLV93]) consiste a perturber le modele initial, nota-
ment ses taux, et a établir une borne inf correspondant. Les taux sont perturbés en vue
du changement de mesure de Girsanov, de sorte que tout se passe bien. La perturbation
arrive avec de nouveaux challenges. Il faut s’assurer que le probleme limite perturbé
est bien posé, et qu'une LGN est toujours satisfaite pour le modele perturbé. Cette
approche nous parait la plus appropriée.

Plus encore sur les temps longs. On pourrait s’intéresser au différentes approxima-
tion en grandes populations, mais pour des observations du processus sur des fenétres
de temps [0, T, lorsque T' = +o0.

Simulation. Des exploitations pour dériver de nouveaux algorithmes.
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Extension a d’autres domaines. Idéalement, nous visons une base beaucoup plus
générale de modélisation, intégrant des sytemes complexes issus d’autres domaines que
nous n’avons pas abordés ici, chacun avec ses spécificités (voir par exemple les champs
d’application, Section 0.2.3).
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CHAPTER 1

Central limit theorem for a multiscale stochastic
homogeneous gene network

Abstract. In a recent work, a multiscale stochastic homogeneous gene network has been rigor-
ously approximated by a continuous piecewise deterministic Markov process. In this chapter, a
central limit theorem is performed for that hybrid approximation. The classical methods that
are used to derive central limit theorems corresponding to the standard laws of large numbers
in the one scale case fail in the multiscale context, due to the presence of discrete species. A
time change is introduced, in order for the discrete component to coincide with its limit. A
unique slow reaction is considered, and an unexpected central limit theorem is obtained, with
many additional terms compared to the usual case. The limiting process is a part of an easily
identified piecewise diffusion Markov process with jumps.

1.1 Introduction

The importance of stochastic modeling for gene regulatory networks has become an evi-
dence, as pointed out by [KEO1], [KvO07] and [RMCO07b]. One of the great challenges when
dealing with the related stochatic models is their simulation, which appears very often to be
very prohibitive when using directly stochastic simulation algorithms (SSA) of Gillespie [Gil76].
We refer, for instance, to [KZZ01] and [KBRS05]. Different solutions are then proposed. Some
of them are based on mathematical simplification theorems such as the Law of Large Num-
bers (LLN), the Central Limit Theorem (CLT) and diffusion approximation. Others rely on
different algorithmic acceleration techniques.

A gene network can be modeled as a biochemical system of interacting molecules that can
move within a spatial domain (see e.g. [SHMC13] or [RMC07b, CDR09, CDMR12]). Following
pioneer works of Delbriick [Del40], the standard stochastic models are markovian. We are
interested in systems with the homogeneous and multiscale properties. Homogeneity is related
to the space. It holds when the spatial effects are negligible beside the interactions between the
molecules. Multiscaling takes into account the difference of abundance between the molecules.
In standard one scale systems, all the molecules have the same order of population. In order to
simplify the model, we study the behaviour of such systems, when the global initial population
is large.

First order approximations of one scale large population stochastic biochemical systems
usually lead to deterministic limits. The principle behind these results is known as the LLN.
This latter states that, with an appropriate renormalization, the stochastic model asymptot-
ically behaves like its deterministic counterpart, in a large population limit. A CLT often
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follows a LLN and is complementary to it. It is a second order approximation result which
gives the speed of the convergence indicated by the LLN. The CLT captures the fluctuations of
the stochastic model around its deterministic homologue. It is a very useful tool when dealing
with the question of quantifying what size of the population is ”large enough” in order to get
a LLN, and a very powerful tool in statistics. The LLN as well as the corresponding CLT
have been investigated and established by Thomas G. Kurtz in several papers, for one scale
homogeneous models (see [Kur70, Kur71, Kur81, EK86]). Application fields are various, and
include chemical reaction systems, epidemiology and finance.

The multiscale framework started being investigated later and is still being explored (see
e.g. [AEZ16] for cell regulatory networks and enzyme cascade, or [NCS15] for molecular com-
munication). Widely motivated by computational and optimal control purposes, its expansion
has given birth to the concepts of hybrid algorithm and hybrid approximation. Several hy-
brid algorithms are accelerated by treating fast biochemical reactions as continuous variables
([HRO2], [ACT*04]). This is motivated by the LLN, by the Langevin’s approximation which
is related to the CLT, and/or by the diffusion approximation for Markov processes [BKPROG].

In [RMCO07b, CDR09], the authors proposed that the dynamic of gene networks with well-
separated abundances can be well approximated by Piecewise Deterministic Markov Processes
(PDMPs). These latters were introduced by Davis [Dav84, Dav93]. They are used in opera-
tional research, in relation with optimal control and various technological applications. They
are generalized by Stochastic Hybrid Systems (SHS) [PBLB03, BL04, BLE06, CE06], which
provide a natural way of approximating and thus modeling multiscale systems. However, the
justification of that consideration is not always rigorous.

In a recent work [CDMRI12], the authors of [RMCO07b, CDRO09] have rigorously approxi-
mated a multiscale stochastic homogeneous gene network by a continuous PDMP. Though it
is a first order approximation result, this hybrid approximation differs from a classical LLN
in that the limit remains a stochastic process. The aim of this chapter is to proceed to the
approximation at the second order in the case of that hybrid approximation. That is we give
a corresponding CLT.

Compared to the classical LLNs obtained in one scale contexts, there are two main dif-
ficulties in the present multiscale context. They are related to the stochastic nature of the
dynamic of the low scale component at the limit. The first difficulty is to obtain, on the same
probability space, an almost sure convergence for both components and the martingale defined
by the jumps of the high scale one. Secondly, one naturally expects a CLT for the high scale
component whose limit behavior is deterministic. The problem is then the coupling between
the dynamics of both components which have different speeds of convergence. In fact, a chosen
speed of convergence for the high scale component creates a term of the product of that speed
with the low scale component, and that term diverges. We handle this problem with a time
change that we introduce in order for the low scale component to coincide with its limit. This
somehow accelerates the slow dynamic which reaches its limit faster. However, we can only
proceed when the model has a unique slow reaction.

The rest of this chapter is structured as follows. In section 2, we briefly discuss some classes
of Stochastic Hybrid Systems we are interested in. Section 3 is devoted to the different hybrid
approximation results. We first recall the hybrid approximation of [CDMR12]. Afterward,
we prove a weak convergence for the process whose components are the initial model and the
martingale defined by the jumps of its high scale component. This provides a solution to the
first difficulty mentionned above. It also provides a partial CLT for the related martingale. We
finally state and prove a more general CLT for the high scale component of the model.
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1.2 Stochastic Hybrid Systems in finite dimension

We discuss two particular classes of General Stochastic Hybrid Systems (GSHS) in finite
dimension: Piecewise Deterministic Processes (PDPs) and Switching Diffusion Systems (SDS)
that we call Piecewise Diffusion Processes (PDifPs). We give summary descriptions. For in
depth discussions, we refer to [Dav93] for PDPs in particular, and, to [BLE06], [CE06] or
[Bec07] for GSHS in general, among others. The formalism of Blom, Lygeros and co-authors in
[BLEO6] is sufficient for our purpose, since we are not concerned with jump diffusions as Lévy
processes in this work (that case is treated in [CE06]). The approach is based on a construction
as in [Dav93], and the idea is to extend Davis’ considerations, allowing ” continuous” diffusions,
in addition to deterministic motions between consecutive jumps.

1.2.1 Piecewise Deterministic Processes

We start with PDPs on which we collect useful results. Let (Q,]:, (]:t)t>0,IP> denote

a filtered probability space. We define a standard PDP with values in F = R" x N? as a
non-exploding stochastic process (ﬂ:(t))t>0 = (:L‘C(t),XD(t))t>0 determined by its three char-
acteristics:

(1) Vector fields. For all v € IN%, there exists a vector field F,, of class C' in R", which
determines a unique global flow ¢,(t,y) in RN such that, for ¢t > 0,

T out) = Fuaulty),  6,000) =y VyeR™ (1.21)

We often use the notation: F(y,v) = F,(y) and ®,(t,y) = ®(¢,y,v).
(2) A jump rate. X\ : E — R4 measurable, and Vo = (y,v) € E, VI € R

/00 )\(gbl,(t,y), V)dt = oo while /T)\(gbl,(t,y), V)dt < 00.
0 0

Often, we also use the notation A, (y) = A(y,v).

(3) A transition measure. Q : E — P(E), x — Q(-;x), where P(E) denotes the set
of probability measures on E. We assume that Q({x},x) = 0 for each z € E, and Q(A4;") is
measurable as a mapping x = (y,v) — Q(A;x), for every fixed Borel subset A of E. We may
also use the notation Q,(A;y) = Q(A4;y,v).

Between jumps, © = (z¢, Xp) has a deterministic dynamic. While Xp is constant, z¢
evolves according to the flow satisfying (1.2.1). Then, a jump occurs with respect to the jump
rate, and the target state after a jump is determined by the transition measure.

Ezxistence and extended generator. A cadlag sample path {x(t),¢ > 0} starting at x(0) =
(2¢(0),zp(0)) = (y,v) = " € E can be constructed for such a process with usual methods.
The process is given by z(t) = ((Z)l,(t, x), 1/) for 0 <t < T, where T} is the first jump time.
Denoting 7 the waiting time of the first jump, 7, = 77 and

t
Py, (11 >t) = exp <—/ Mou(s,y), I/)dS) = Hi(t,x0), teRy. (1.2.2)
0
At time t = 77, 2(T7) = (¢u(T1,y),v). Next, the target state (1) has the distribution

P, {x(Tl) € A|T1 = t} =Q (A; ((Z),,(t,y),y)) ,

zo can be either an Fy-measurable random variable or a constant

1
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for every Borel set A of E, and t > 0. Afterward the process restarts at 2(7}), and one proceeds

recursively according to the same procedure to obtain a sequence of independent jump waiting

times 7, 7o, - -, a sequence of jump times 11,75, -+, with Ty, =7 + -+ - + 7% for all k£ > 1.
Such a process is a PDP. The number of jumps that occur between the times 0 and ¢ is

denoted by
Ne=> <o
k>1

Non-explosion is insured (see [Dav93], p.60) by
Assumption 1.2.1. E,[Ny] := E[N¢|z(0) = 2] <00, Vaz€E Vt>0.

Furthermore, a PDP can be constructed as above in some probability space, to be a strong
Markov cadlag process (see [Dav93], p.62-64 and Theorem 25.5). Thus it is called a Piecewise
Deterministic Markov Process (PDMP). Its extended generator A is then given by

(@) =, (@) Fla) + M) [ () = Fla))Qldzi), (1.2.3)
E

for x = (y,v) € E, for test functions f : E — R of class C! w.r.t. 3. Here, V, is the gradient

w.r.t. the variable y € R™. We do not need to consider the whole domain of the operator A,

and just note that A is well defined for f € C;’O(E) as considered in [CDMRI12]. Still, the

generator has a much larger domain as shown by Davis in [Dav93], Section 26.

Remark 1.2.1. The PDMPs we have described are quite general, in the sense that they allow
jumps for both components. When the continuous component has continuous trajectories, the
PDMP is said to be continuous. Otherwise, it is a jumping PDMP. One can distinguish other
levels of specificity for PDMPs (see e.g. [CDR09, CDMR12]).

1.2.2 Piecewise Diffusion Processes

Here, we briefly present GSHS (see [BLE06, CE06, Bec07]). We call them Piecewise Diffu-
sion Processes (PDifPs) in comparison with PDPs introduced in the previous section.

Let (Q, F, (]:)tzo’ IP) denote a filtered probability space. We define a standard PDifP with

values in E = R"™ x IN? as a non-exploding stochastic process (a:(t))tzo = (xc(t)7XD(t))t20
determined by its three characteristics:
(1) A family of drift and diffusion coefficients. For all v € IN?, there exists a vector field

b, in R™ and an n X n matrix a, with real coefficients, which determine a unique Ité diffusion
flow ®,(t,y) = ®(t,y,v) € R™, solution to the initial value SDE

{ 8@, (t,y) = by (Dy(t,y))dt + a, (D, (t,y))dW (t)

,(0.) = 3, (1.2.4)

given any initial data y € R™. Here, W = (W (t),t > 0) is the standard n-dimensional brownian
motion. We often adopt the notation b,(y) = b(y,v) and a,(y) = a(y,v) for (y,v) € E,
considering b and a as functions defined on E. It is well known (see e.g. [Arn74] or [Kun90])
that the flow satisfying (1.2.4) exists and is unique when the drift vector b and the diffusion
matrix a are Lipschitz continuous in their first variable y, for instance.

(2) A jump rate. A : E — R measurable, and such that Vo = (y,v) € E, VT € RY,

T 00
/ M@y (t,y),v)dt < oo  while / M@y (t,y),v)dt = oco.
0 0
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The notation A\, (y) = A(y,v) is also used often.

(3) A transition measure. Q : E —» P(]Nd), where P(]Nd) denotes the set of probability
measures on IN% equipped with the discrete topology. We assume that Q({:U}; :L‘) = 0 for each
x € E, and Q(A4;") is measurable as a mapping x = (y,v) — Q(A;x), for every fixed Borel
subset A of E. We may also use the notation @, (A;y) = Q(A4;y,v).

Between jumps, z = (z¢, Xp) has a diffusion dynamic. While Xp is constant, z¢ evolves
according to the flow satisfying (1.2.4). Then, a jump occurs with respect to the jump rate,
and the target state after a jump is determined by the transition measure.

Existence and extended generator. A cadlag sample path {x(t),t > 0} for such a process
can be constructed as follows.

e One starts from an initial value z(0) = (z¢(0),Xp(0)) = (y,v) = zo € E which can
be an Fp-measurable random variable or deterministic. Then, for ¢t € [0,T7), Xp(t) = v is
constant and z¢(t) satisfies

dzc(t) = b(ze(t),v)dt + a(zc(t),v)dW (t)
zc(0) = v,

that is
zo(t) = ®(t,y,v) = D,(t,y), Vte|0,T1).

Here T} is the time of the first transition. The corresponding waiting time 7 satisfies 71 = T}
and has the survivor function

P, (71 > t) = exp <— /Otk(q)u(s,y),w)ds> =: Ha(t, x), (1.2.5)

defined for all (¢,z) € Ry x E.

e At time t =17 , z(1y ) = (<I>Z,(T1, Y), 1/). When a transition occurs at time 77, the target
state z(T1) = (z¢(T1), Xp(T1)) is determined by the target state of Xp(T1) (which is the only
jumping component). It has the distribution

P, (Xp(Th) € A| Ty =t) = Qu(4; 9, (t,y),v),

for all A ¢ IN?, ¢ > 0.

e We then restart the process at z(77) and proceed recursively according to the same pro-
cedure to obtain a sequence of independent transition waiting times 71, 7o, - - -, and a sequence
of times of transition 17,75, - -, satisfying T, = 7 +--- + 75 for all k£ > 1.

Such a process is a PDifP. The number of jumps that occur between the times 0 and ¢ is

denoted by
Ne= Lir.<p-
k

Again we ensure non-explosion by assuming, as a standard condition:
Assumption 1.2.2. E;[V;] := E[N;|2(0) = 2] <00, VzeE VteRj.

Also, a PDifP can be constructed as above in some probability space, to be a strong Markov
cadlag process (see Proposition 5, Section 4, Chapter 1 of [BLE06]). We then call it a Piecewise
Diffusion Markov Process (PDifMP). Its extended generator A reads

() = Aug ) + M@0 [ (P09 = Fo)QUsny). (1260
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for all (y,v) € E, for test functions f of class C? w.r.t. y. Here, setting = = (y,v),

n

A f(x) = 3 bl@)ef (@) + 5 3 (aa®), (2)050 7 ()
i=1 ij=1 (1.2.7)

= V(@) b(a) + 5T [(0a” ) () (Vy97) £(2)] = Aai (3,0)
where V, f(z) = (&-f(x))iggn, with

Ouf(2) = if (1.0) = B0) = S0

fory=(y1,-- ,yn), foralli=1,--- ,n. Next, V, f(z) - b(x) is the inner product between the
two vectors of R™, a(x)T is the transpose matrix of a(z), VZ is the transpose vector operator
of V,, and

0 f,
(Vy¥y) (@) = (aiajf(x))i’jzl’""" - (ayiayj (y)>i,j=1,...,n

is the Hamilton operator.

Remark 1.2.2. As one would expect, PDifMPs extend PDMPs in that the latter is formally
obtained from the former by letting the diffusion matrix a vanish. The drift vector of the
PDifMP are exactly the vector fields of the PDMP. More rigorous comparisons are made in
[PBLBO03]. As for PDMPs, when the continuous component of a PDifMP has continuous
trajectories, that PDifMP is said to be continuous. Otherwise, it is a jumping PDifMP. The
different states of the discrete component Xp are often denoted modes (see e.g. [BLEOG,
CE06]). When X p jumps from one mode to another, the dynamic of the continuous component
xc changes. This phenomenon is usually called a switching.

1.2.3 Multiscale homogeneous stochastic regulatory networks

We present a multiscale stochastic homogeneous model for gene regulatory networks. It is
a real vector valued pure jump Markov process, and thus, in particular, a very simple example
of a jump PDMP with a zero vector field.

Markov jump model: known results. We consider a finite set of chemical reactions r € R,
involving species indexed by aset S =1,--- , M. The population size of the species 7 is denoted
by n;, and X € INM ig the vector consisting of the n;’s. Each reaction r has a rate A\,(X) which
depends on the state of the system, described by X, and corresponds to a change X — X 4+, ;
v € ZM gives informations about the stocheometric coefficients of the reaction . We call ~,
the jump height associated to the reaction r, and x — ¥, (z) = v, A, (x) is the debit associated
with 7. The vector field ¥ : RM — RM defined by

U(2) = 3 v (@) (1.2.8)
reR

is the global debit function of the model.
Mathematically, this evolution can be described by a Markov jump process based on a
sequence (Ui)z'>1 of random waiting times with exponential distribution. Setting Sy = 0,
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1.2 Stochastic Hybrid Systems in finite dimension

Sk =01+ -+ op, X is constant on [Sx_1,Sk) and has a jump at S;. The parameter of 7 is
given by >, et Ar(X(Sk—1)), and one has

IP(O’k>t —exp( Z)\ Skl )

reRr

At time Si, a reaction r € R is chosen with probability A, (X(Sk,l))/zrem Ar (X(Sk,l)), and
the state changes according to X — X + ,, that is X(Sx) = X(Sk_1) + 7. Such a Markov
process admits the infinitesimal generator

Afw) =Y [f+7) = F)] A (),

reR

for test functions f € Cy(RM) (see [EKS6]).

Moultiscaling. Now, we take into account the fact that the populations may have different
size scales. Some species may be abundant while others may not. Accordingly, we devide the
set of species in two sets C' and D, with cardinals Mc and Mp respectively. This induces
the decompositions NV = NMe x NMp | X = (X, Xp), v = ('yrc,%p). For i € D, n; is
of order 1 whereas for ¢ € C, n; is proportional to a large number N. For ¢ € C, setting
nfv =n;/N, nY is of order 1. We define $g = N"'X¢, Xg = Xp and 2V = (:ng,Xg). Then
N € B = RMo x NMp and species in C' (resp. D) are said to be continuous (resp. discrete).
As it lies in a continuous (resp. discrete) space, 2 (resp. X5 ) is called the continuous (resp.
discrete) component of the scaled process.
We also decompose the set of reactions according to the species involved:

R =RcURpc URp.

Reactions in Re (resp. Rp) as well as their rates depend only on X¢ (resp. Xp), and they
are fast (resp. slow). We call R¢ (resp. Rp) the set of pure fast reactions (resp. pure slow
reactions). On the contrary, reactions in R pc have rates depending on both X and Xp. They
produce or consume species from C, D or both. The set Rp¢ is that of mixed reactions. These
reactions can be either fast or slow, depending on their specificities, in relation to a specific
model.

We assume the following.

Assumption 1.2.3. Density dependence holds for fast reactions. Namely, if a reaction r € R
1s fast, then there exist a function A, such that the rate A\, of r satisfies

M (X) =M (X, Xp) = N, ()]‘;[C XD> = NM\ (28, XD) = N, (27),

so that the rate of the reaction r for the rescaled process is N, (xg, Xg) =N\, (;UN)

Below, we omit the ”tilde” (7) in our notation. The rate of a fast reaction can be recognized
with its proportionality to the parameter NN, thanks to Assumption 2.2.2. In particular, the
rate remains \,(X%) for a reaction r € Rp, while it becomes N\, (z) for a reaction r € Re,
since reactions of the latter set are fast while those of the former set are slow. In addition,
the jump heights of the rescaled component xg are N _177,0 , for reactions r € R which affect
species in C.
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The generator of the rescaled process ¥ has the form

Afg) = 3 [f (y+ }Vvﬁ%u> - f(y,w] NA()

reRc

+ Y [f <y+;7%?,u+#j>f(yw)] Ar(y,v)
r€Rpc

+ ) v +P) = Flum)] A ).

reERp

It is not difficult to see that the two sets of species decouple in the limit N — oo, if the
scaled rates (\,), are continuous with respect to the first variable y. In fact, the limit is simply
a set of differential equations for the continuous variable y, evolving without any influence of
v. This result has been shown by Kurtz in models with a unique large scale population size
(see [Kur7l, Kur78]), and is known as the Law of Large Numbers (LLN). By its side, the
discrete component has its own dynamic made of jumps, with some rates depending on both y
and v. The two dynamics decouple because reactions in SRpc do not happen sufficiently often
to considerably change the continuous component. Below, we discuss a situation where some
reactions r € R pe are such that A\, needs to be rescaled.

1.3 Approximation of multiscale homogeneous sto-
chastic gene networks

From now on, we fix 7' > 0 and consider our processes within the time window [0, 7).

We are interested in the asymptotic behavior of the rescaled process 'V, as N — co. We
rely on the study in [CDMR]12] and focus on the case of continuous PDMPs with switching.
A LLN-type result was given in [CDMR12], and we are seeking for the corresponding Central
Limit Theorem (CLT). Unless we specify a different one, any limit is taken w.r.t. N.

1.3.1 Law of large numbers: toward a continuous PDMP

We first make the following

Assumption 1.3.1. There is a subset of reactions S1 C Rpc such that:
1
. (mg,Xg) — (J:g + N%C,Xg) at rate N)\T(mg,Xg), forr e Sy.
1

° (xg,Xg) — (zg+N7§,Xg+7,P>, at rate )\T(xg,Xg), forr € Rpc\Si.

Reactions in S; are fast and called mixed fast reactions. They affect only continuous
species. On the opposite, reactions in Rpc\S; are slow and called mixed slow reactions.
They affect species of both C' and D. Note that this situation is possible and even frequent
in molecular biology, meaning that reactions of the type S; recover the reactant, like in the
reaction A — A + B, with A discrete and B continuous.

The new scaled generator now has the form
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A5 = X |1 (4 30Er) = )| vt

reRe

3 [1 (v 6or) - 10| M)

resSy

b X (vt s nin

reRpc\St

+ 3 [ v +9P) = f )] M)

réRp

(1.3.1)

For f € C}(E), we may let N — oo and obtain the limiting generator

Aoof(yal/) = vyf(yv V) ’ Z ’YTC)\T(Z/) + Z ’)/TCAT(y, V)
reRe resSy
+ > v +P) - fun)] My v) (1.3.2)
r€Rpc\Si
+ 3 [Flyv+47) - Fy )] A ).

reRp

From (1.2.3), we know that A is the generator of a continuous PDMP with switching, and
whose characteristics are (F,A,Q): for x = (y,v) € E, f € CL(E), the vector field F is given
by
Fly,v)= > M@+ D My, vnf, (1.3.3)
T‘Gmc resSh
the jump intensity A is given by

A(z) = > Ar(2), (1.3.4)

TE(XRDc\SﬂUmD

and finally, the transition measure @) is given by

/ . Qe y.v)
E

1 (1.3.5)
= X fur N+ Y fyr M)

A@) r€Rpc\S1 r€Rp

This formal argument indicates that 2V converges to a continuous PDMP with switching.
The following result rigorously justifies it.

Theorem 1.3.1. ([CDMR12], Theorem 3.1)

Let 2V = (xg,Xg) be a sequence of E = RMc x INMb _yqalued jump Markov processes start-
ing from 2V (0) = (:L‘g(O),Xg(O)), and with the infinitesimal generator AN given by (1.3.1).
Assume the jump rates \p, 1 € Ro U Sy and A\, r € Rpc\S1 are C functions of their first
variable y € RMe.

Now, let x = (xc,Xp) be the PDMP starting at vo = (zco0,Xpo) € E and with the
generator A given by (1.3.2), and denote by Py, its law. Suppose that Assumption 1.2.1
holds, and =¥ (0) = o (weak convergence) as N — co.

Then,

N =2z in D([O,T],E), as N — oo

for every fixred T > 0.
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Comments. It is well known (see e.g. [Kur71] Proposition 2.1) that the process

ZN() = 2N (1) — 2V (0) — / "N (o (5)) ds
0

defines an RM-valued martingale —under additional assumptions such as bounded jump rates—,
where ¥V = (FN, G) is the debit of the process 2”V. Here, for (yc,yp) € RMo+Mp,

Glyc,yp) = > Y A(e.up) + Y ¥ A (up)
Tempc\sl reRp

is the debit of reactions affecting the discrete species —they are all slow—, and FN = F + FlN is
the debit of reactions affecting the continuous species, with F' given by (1.3.3) standing as the
debit of fast reactions, and

1
F¥(yc,yp) = N > (e yp), (1.3.6)
TE%Dc\Sl

the debit of slow reactions involving abundant species.
Thus, ZN(t) = (ZJ(t), ZX (t)) € RMctMp and 2V (t) = (2 (¢), X} (t)) is solution of the
system of stochastic differential equations (SDEs)

() = zN(0) + /0 FN(2d(s), XD (s))ds + Z (1)

X5t = x5(0) +/0 G(zd(s), XD (s))ds + Z] (t).

The counterpart of this system of SDEs at the limit reads

zo(t) = w00 + /0 F(2c(s), Xp(s))ds
Xp(t)=Xpo+ /OtG(xc(S),XD(S))dS + Zp(t),

where Zp is an RMP-valued martingale defined by the relation in which it appears here above,
with the PDMP x = (z¢, Xp) given in advance.

Hence, a formal understanding of Theorem 1.3.1 is that the continuous component xg
of the scaled jump Markov process =V asymptotically follows a LLN, while the dynamic of
the discrete component X g does not change basically and remains stochastic. We have in
particular that the continuous marginal Zg of the accompanying martingale vanishes in that
limit, realizing in turn a LLN, while the discrete marginal Z g converges to another martingale
Zp and keeps jumps.

All these lead to seek for a CLT for Z(]JV , and more generally for xg , as it is usually suggested
by a LLN. These will be the aims of the next two sections.

In the sequel, we assume that 2V(0) = .

1.3.2 A martingale central limit theorem: toward a diffusion

In this section, we show that the continuous component Z]CV of the martingale ZV accom-
panying our jump Markov process z¥ converges to a diffusion, when suitably renormalized.

44



1.3 Approximation of multiscale homogeneous stochastic gene networks

Recall Zév is given by

t
zy(t) = 28 t) — 2X(0) — /0 FN (mg(s),Xg(s))ds. (1.3.7)

More specifically, setting
Ul (t) = VNZE (),

we prove the stronger result stating that the Markov jump process YV := (xg , X g ,Uév )
weakly converges to a continuous PDifMP with switching. This implies in particular that Uév
weakly converges to a diffusion obtained by interlacing pieces of diffusion processes.

Some heuristics. Let us denote by AN the generator of YV, Then,

AN o(ye,yp, 2c)

~C Ne
= [<P <yc+ =YD, 20 + —F > - <P(yc,yD,Zc)} NA-(ye)

reRe N \/N
~C ~C
+> [90 (yc + A Upsze + \/;V> - @(yc,yD,zc)] N (ye, yp)
resSy
o i o (1.3.8)
+ Y [90 (yc + YD + % s e+ — > - <P(yc7yD,Zc)} Ar(Ye, YD)
N N
reRpc\S1
+ Z l¢ (vesyp + 4, 2¢) — ¢(ye. yp, z¢)] Ar(yp)
rERp

- <ch¢(yCa YD, zC)v \/NFN(yC)yD)> )

for p € Cl?’o’l (RMC+MD+MC) the space of functions that are bounded, continuous w.r.t. the
first and second variables, of class C! w.r.t. the third variable, with bounded differentials.
Here, (-,-) is the inner product of RMc,

It is not difficult to see that AN admits the limit

A=(yc, yp, 2c)
= (D" (yc,yp, 2c), F(yc, yp))

1
+ > 5D e(ye.yp. 2c) - (v 77 M)
7’69‘01
+> 5D (ye,yp, 20) - (v 77 ) e (yes yp) (1.3.9)
resSi
+ > e ey +P.20) — ewe,yp, 20)] Me(ye, yp)
reRpc\S1

+ 3 e (wesup +4P. 2¢) — e(yo,yp, 20)] Mr(yp),
reRp

on the domain T = C’bl’o’2 (RMC+MD+MC) of test functions that are bounded, C' w.r.t. the first
variable, continuous w.r.t the second variable, C? w.r.t. the third variable, and have bounded
sucessive differentials.

This limit suggests the weak convergence of YV to some process Y = (z¢, Xp, Uc), whose
generator is given by A%. It may be convenient to swich the second and third coordinates,
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and on the one hand, identify YV with (l’g, Uév, Xg), and, on the other hand, identify Y with
(:170, U C, X D)‘

With that configuration, Y clearly appears to be a PDifMP as introduced in Section 1.2.2.
Its discrete component is Xp, the discrete component of the PDMP z = (x¢, Xp) previously
obtained as the limit of zV = (xg, Xg). The continuous component of the PDifMP Y is the
couple (z¢, Ug). For any value v taken by Xp between two of its consecutive jumps, (z¢, Uc)
evolves according to the system of differential equations

to(t) = Flxe(t),v)
dUc(t) = Z ay (xc(t), u)dBr(t) + Z a, (mc(t),u)dBr(t), (1.3.10)

reERc resSi

where B,, r € Rg U S; are independent standard Meo-dimensional brownian motions, and
ar(zc(t),v) is a real coefficient Mc x Mc matrix satisfying

YA (ye) if reRe

(aray ), (yesyp) = {

VACiaye,yp) i 7€ S,

for (yo,yp) € RMetMp,
As (z¢,Uc) does not jump, Y is a continuous PDifMP with switching.

In order for (1.3.10) to be well posed given an initial condition, we make the

Assumption 1.3.2.
(i) Reaction rates are bounded with upper bound .
(ii) F is Lipschitz continuous w.r.t. the first variable, with constant L.

Remark 1.3.1. [t should be emphasized that (1.3.10) indicates that Uc is a diffusion which is
entirely determined by the PDMP (xc, Xp).

The result is the following.

Theorem 1.3.2. (4 martingale Central Limit Theorem)
We consider the Markov process Y = (mg,Xg, Uév) whose generator is given by (1.3.8), and
the PDifMPY = (z¢, Xp,Uc) with generator given by (1.3.9).

Then under Assumption 1.5.2 and Assumption 1.2.2,

YN =Y in D([0,T]),RMcHtMpHMc) " g5 N — oo,
In particular, the central limit theorem for the martingale Zév given by (1.3.7) reads

Uy = Uc in D([0,T),RM¢), as N — cc.

Proof. The idea follows that of [CDMR12], Theorem 3.1, and is divided in three steps. We
first prove the tightness of {Y"}y in D([0, T], RMcTMp+Mc)  Afterward, we identify the
limit through the associated sequence of martingale problems. We then conclude by showing
well-posedness for the limiting martingale problem.

Before getting started, we use Skorohod representation theorem and consider that the con-
vergence of 2V to z is a.s. This causes no problem since we are interested in the laws of our
processes, and implies in particular, that Zév vanishes a.s.
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Tightness. From [CDMR12], we already know that {ng}N is C-tight in D([O, T7; IRMC) and
{Xg}N is tight in D([O,T];IRMD). Now, we show that {Uév}N is tight in D([O,T];IRMC),
using arguments of [Kur71], section 2 essentially.

By martingale inequalities, for all § > 0,

P {ssgwsn > 6} —p {ssgrzév ()] > WN}
< [0V B o(2¥ )],

for every 0 <t < T and every convex function ¢. Next, one has to estimate the expectation
on the r.h.s.

We notice that (arc XN ZC) almost has the same generator as YV. The difference is that
the jumps of Zc are ¢ /N while those of UC are 4¢/v/N. Thus, taking Cl 0.2 test functions
€ T satistying ©(yo, yp, zc) = ¢(z¢), we easily get from (1.3.8), that the generator AN of
(zN, XN, ZY) reads

AN o(ye, yp, 20)
C

= > [w(chr’;Q)—w( c) — De(zc) - }Y{}

reRc

+ Z [ <zc + C) —(zc) — Dp(z¢) - 7]5] NA(ye, yp) (1.3.11)

res

N)\r(yC)

c

b 3 [o(ror ) ey poteo) -

reRpc\S1

)\r(yC7 yD)'

Furthermore, for such test functions that are non-negative and convex, one has (see Lemma
(2.9) of [Kur71))

t
E [o(25(1)] - 0(0) = /0 B[ AV (a™ (s), 28 (5))] ds. (1.3.12)
Choosing in particular the convex test functions

¢u) =u® and  p(zc) = ¢(|2cl)
respectively, one has
C c C 2
w7 |

C
Tr Tr 1 2 7 T |’77‘
— - D L — 2D (L Iy =

for all r € R URpce.
Therefore, since there is a finite number of reactions and since sup,<r |28 (t)] — 0 a.s.
—this follows from 2% — x a.s. in D([0,T]; E)— , by dominated convergence, (1.3.12) yields

B[22 0] = [ B4, x5 0,2 <s>>} s

= [ S e £ REPE [ (@ (5), X5 (5)

reReo resSy

Y PPe i e xB@) pas

r€Rpc\S1
ctAY? 1 ct
< 1+ — < —
U)o e
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for 0 <t < T, where ¢ is a generic constant and 7 = max{|y"|, |[yP|,r € R}.
Hence,

N
P{sup|Ug(s)| > 5 o d

< — — < = 0.
up } < 52XN < 5 (1.3.13)

for every § > 0. C-tightness is then easily derived for {UY}x using Aldous’ criterion. Indeed,
on the one hand, for all € > 0, we choose A := v/c¢T'//e and get that for every a > A,

lim sup P {sup }Uév(t)’ > a} <€,
N t<T

thanks to (1.3.13). On the other hand, we denote the jump by sUZ (t) := UN (t) — UY (t7).
Note that sUY (t) = \/N&Ug(t) Now, let 7 be a stopping time such that 7 < T. Then by the
strong Markov property, for all €, > 0, choosing By := ne2/c, we get that for every 3 < o
and every NV,

P{|U& (7 +8) — U (B)] > €}

_ T8 N ( N N N
P FN(xd(s), XD (s))ds + > dadi(s)| > €

T<s<7+p

8
=P / FN(Qj‘g(S),Xg(S))dS-f- Z oxN(s)| > €
0 0<s<p

=P {|U¥(5) - UX (0)| > ¢}

SP{sup\UéV(S)\Ze} <

s<pB

since UY (0) = 0 and thanks to (1.3.13). This yields the tightness of {U&} .
We finally get the tightness of { X5, Ug}N in D([0,T]; RMp+Mc) since

sup ‘5Ug(t)‘ < 1 — 0,

t<T ~ VN

and then the tightness of the whole process {YN}N, thanks to [JS87], Chapter 6, Lemma 3.32
and Corollary 3.33, respectively.

Identification of the limit. On D ([0, T]; RMcTMp+Mc) et w = {w;,t > 0} be the canonical
process and let Py be the law of YV = (2, XN, U') on this space. We know (see e.g. [EK86])
that for each N, Py is solution of the martingale problem for AY on the domain 7. That is
forall p € T,

() — p(uwp) — / AN g (w,)ds

is a Py-martingale. Equivalently, for each n € IN*, ¢;,--- ¢, € [0,s], 0 < s < t, ¢ €
(Cp(RMe+Mp+Mc))™ and p € T,

B | (st = otwn) = [ AVt ) vt )]

=Epy [(w(ws) — p(wo) — /Os A%(%)c&;) b(wyy, - ,wm} ' (1.3.14)
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We consider a subsequence (P, ) weakly converging on D ([0, T]; RMc+MpHMc) 6 4 prob-
ability measure P, the law of some process Y = (m%o, Xy, Ugo) on that space, with Y*°(0) =
(c,0,XDp0,0). We know that w is Ps-almost surely continuous at every ¢ except for a count-
able set Dp _ and that for ¢;,--- ,t, outside Dp__, PNk77t_1~1~tn converges weakly to Pooﬂ; ~1~~tn7
where 7.4, is the canonical projection that carries the point z € D([O, T];]RMC+MD+MD) to
the point (x4, ,x,) on R™.

Therefore, it is not difficult, using the dominated convergence and weak convergence prop-
erties, to let k — oo in (1.3.14) and obtain for ¢,¢,- - ,t,, s outsite Dp__:

t
e | (o)~ olun) = [ Aptg)dn ) wtwn )]
0 . (1.3.15)
= Er | (1w~ olun) = [ Aptur)de ) vl )|
0

If t € Dp,_, we choose a sequence (t*) outside Dp_ such that t* — ¢ with t* > ¢. Then
Poow;l converges weakly to Paom, Lsince w is Ps-a.s. right-continuous in ¢ and Wk CONVETEES
almost surely to w;. Then, we use (1.3.15) with t* instead of ¢, let & — oo and deduce that

(1.3.15) also holds for t € Dp_ . Similarly, we show that t1,--- ,t,,s may be taken in Dp_.
This shows that P, —and thus Y °°— is a solution of the martingale problem associated to

the generator A on the domain 7.

Conclusion. We conclude by showing that on D([0,T]; RMctMp+Mc) the law P of the
PDifMP Y = (xz¢, Xp,U¢) is the unique solution of the martingale problem for A® on T,
with the initial state Y (0) = (zc,0, Xp,0,0). This is equivalent to showing that the process Y
is the unique solution of the specified martingale problem.

Clearly, Y is solution of that martingale problem. Another meaning of thisis: for all o € T,

t
@(xC(t)aXD(t)vUC(t))—90($C,07XD,0,0)—/0 A®p(zc(s), Xp(s), Uc(s))ds  (1.3.16)

defines a P-martingale.

Let a process Y = (¢, X p, Uc) be another solution such that Y (0) = (z¢,0, Xp,o,0).

On the one hand, we identify £ := C’bl’o with C;’O’OO, and view £ as a subspace of C;’O’Q =T.
It is the subspace of test functions in T that are independent of the third variable. Then, we
observe that the generator A% of the PDMP z = (z¢, Xp) given by (1.3.2), coincides with the
restriction to & of the generator A given by (1.3.9).

Therefore, it is clear that the marginale 7 := (Z¢, X p) of Y is a solution of the martingale
problem associated with the generator .A°° on the domain £. Indeed, with the preceding
remark, (1.3.16) written with test functions ¢ € T such that ¢(yc,yp, 2c) = ¢(yc,yp) for
(o, yp, zc) € RMo+Mpt+Mce yeads

e(To(t), Xp(t) — ¢(Tco, Xpo) —/0 A®p(zo(s), Xp(s))ds

is a P-martingale. Our claim then holds, thanks to the identification introduced above.
Hence, T has the same law as the PDMP =z, since this latter is the unique solution of the
martingale problem associated with A% on £ (see [CDMRI12], Theorem 2.5). In other words,
on an eventually different probability space, (Z¢, X p) is a PDMP with the same characteristics
(F,A,Q) as (z¢, Xp).
On the other hand, using the same reasoning as previously, we identify C’E (RMC ) with
Cpo°? (RMe+Mp+Mc) and consider test functions ¢(yc, yp, 2c) = ¢(2c). Thus, we obtain
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that
SO(UC’(t)) (()ZC(S) XD(s)) (Uc(s))ds
is a IP-martingale, where for all (yc, yD) € RMc+Mp 5 ¢ RMe,
S 1
"4 (vewp)¥ (ZC) = Z §D2‘P(ZC) : (’Yf,'yf)kr(yc)
reRe
+ Z r)/r s Vr ))‘T(yC>yD)
7’651

Me (1.3.17)
= ! CrC A (yc)0i0;
- Z Z PVr,z’Yr,] r(yC) 3 g(P(ZC)

T‘EDQC INES 1

+ Z Z 77' ’L’Y’F,] yC’,yD)a 8]<p(zc)

TESI 7‘7 1

is the generator of a continuous process. Two particular types of test functions are used in order
to successively derive the martingale property of Uc and the associated quadratic variation
and cross-variations.

Firstly, we consider the test functions . (2¢) = (2¢, ), @ € RM¢ where (-,-) stands for
the RM¢ inner product. Observing that Dy, (z¢) - b = (h, @) and D%p,(zc) = 0, the above
martingale problem states that (Uc(t), a) is a P-martingale for every o € RM¢. Thus, taking
o within the vectors (e;) of the canonical basis of RM¢ successively, one easily sees that U¢ is
a martingale.

Therefore, given the PDMP T = (T¢, Xp), Uc is a centered continuous martingale.

Secondly, we consider the test functions ¢, (2¢) = (2¢, a)?. Observing that Dy, (2¢) - h =
2(h,a){zc,a) and D%p,(2c) - (h, k) = 2(h,a)(k, @), the above martingale problem then states
that

<UC(t)7a>2 _/ Z <7rc7a>2>‘r (EC'(S)) =+ Z <’Yrcva>2)‘r (EC(S)aXD(S)) ds

0 reRce resSt

is a IP-martingale for every a.
This says —having the previous type of test functions in mind—, that for every «, the
quadratic variation of the martingale (U (t), «) is given by

<{(Uc(-),a) >t—/0 Z ('yrc,a>2)\r(fc(s)) + Z <’yrc,oz>2)\r(fc(s),YD(s)) ds.

TE%C resSh

Thus, for all 4,5 = 1,---, M¢, for convenient choices of o, namely a = (e; £ €;)/2, and,
using the identity

Uci(t)Ugj(t) = i [(UCi(t) +Uc;i(t)? — (Ueilt) - UCj(t))Q]

and the same identity with Ug(t) replaced by 7¢, we get the cross-variations

- t
<Uci,Ugjy >t:/ Z WT(’;%CJ»)\T( Z %Z%] c(s),Xp(s)) | ds  (1.3.18)

reRo reSy
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for the vector valued process Uc. As these are P-almost surely absolutely continuous functions
of ¢, we know from the martingale representation theorem (see e.g. Theorem 4.2 of [KS91])
that on some extended probability space (Q,f , If’), are defined independent Mc-dimensional
standard Brownian motions B,, r € R U S, with a corresponding associated filtration F;, and
some Mc x Mc matrix o, (Zc(t), X p(t)) = (orj (fc(t),YD(t)))m, r € ReUS1, of measurable

and Fp-adapted processes with

t
P {/ (amj(fc(t),fp(t))zds < oo} =1, 4,j=1,---,Mo, 0<t<T,
0

such that we have, P-almost surely, the representations

Z / or(ZTc(s ))dBy(s) + Z/ or(Tc(s), Xp(s))dBy(s) (1.3.19)

reRo resS;

for U, and

<Uei,Ugj>= 3 / 0v0T)i; (Fo(s), X p(s))ds + Z/ 0v0T)i; (Fo(s), X p(s))ds

reRe resS

for the cross-variations.
From (1.3.20) and (1.3.18), it is clear that

’ygi’ygj)\r(yc) if refRe

(0r07),; (e yp) = {

’V%’Y%Ar(yo,y/a) if res,

for (yo,yp) € RMexMp,

Hence, the matrices (o), are the same as the matrix (a, ), driving the evolution of Ux and
defined by (1.3.10). Furthermore, between two consecutive jumps of the discrete component
Xp of the PDMP T = (Z¢, Xp), where Xp = v € RMP_ it is not difficult to see that Up
weakly satisfies —as T¢ has the same law as xo— the same SDE as Up. That SDE is given
by (1.3.10) and has a unique weak solution under Assumption 1.3.2.

Therefore, conditionally to the PDMP (Z¢, X p) which has the same law as (z¢, Xp),
the process U has the same law as Ug, and is a diffusion. It follows that the process Y =
(Tc, Xp,Uc) is a PDifMP, with the same characteristics as Y = (z¢, Xp, Zp). Since they both
start at (zc 0, Xp,0,0), they have the same law, and this concludes the proof of Theorem 1.3.2.

O

We now emphasize a trivial consequence of Theorem 1.3.2, resulting from a direct applica-
tion of the Skorohod’s representation theorem.

Corollary 1.3.1. One can always assume that YN = (mC,Xg, UC) converges almost surely
toY = (z¢, Xp,Uc), in D([O,T],RMC+MD+MC), as N — oo, with an appropriate change of
probability space.

In the sequel, we use Corollary 1.3.1 and choose our original probability space (€, F,P)
such that the convergence of Y = (28, X§, Z8) to Y = (z¢, Xp, Zp) is P-almost sure.
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1.3.3 A more general central limit theorem : toward a jumping

PDifMP
In this section, we establish a CLT for the continuous component xg of the scaled jump
Markov process zV = (.%g , X ]g ) More specifically, we prove that the process defined by

ve (t) = VN (2 (1) — e (1)

admits a weak limit that we clearly identify and characterize.

We make use of the time change representation that was used in the proof of Theorem 1.3.1
for V. We denote that representation 2. In what follows, underlined objects are defined on
that time change probability space. In fact, from Theorem 4.1 of Chapter 6 in [EK86], we know
that given any sequence Y, r € R of independant standard Poisson processes, there exists, on
some probability space (Q, F,P), a version z”V = (gg , X g ) of 2V, satisfying

0=+ 3 L (v [ ne o))

reRe

c t ‘
+ > %YT (N/O Ar(xg(s),X%(s))ds> +/0 F(z(s), XB())ds  (1.3.21)

resSt

b Y T ([ e xbe)s)

r€Rpc\S1

and

X0 - x50+ 3 o8 ([ o xB )

r€Rpc\S1

+ ) 3PV </OtAT(X%(s>)ds>,

reRp

(1.3.22)

where Y} : u — Y;(u) — u is the centered (or compensated) Poisson process associated with Y;.,
and F given by (1.3.3) is the debit function for 2V corresponding to the fast reactions.

Using the same arguments, the limiting PDMP z = (z¢, Xp) has a version z = (2o, X p)
satisfying

zo(t) =zcp + /0 F(zo(s), X p(s))ds (1.3.23)

and

Xp)=Xpa+ 3 P ([ A(eels Xps))as)

0

refoc\st (1.3.24)
£ 3028w ([ m o).
reRp 0
: N Y, (Nt)
Let us introduce W," (t) = /N for r € Ro U Sy, 0 <t <T. From the very standard
CLT for Poisson processes,
WN —= W, as N — oo, (1.3.25)

where W,., r € R U S are independent standard Brownian motions. We then set
N N
ve (t) = VN (2o (t) — 2 (1),
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for 0 <t¢ < T. From (1.3.21) and (1.3.22),
ve () = v (0) + A (1) + US (#), (1.3.26)

where

t
AN(t) = VN /0 F(zd(s), XX(5)) - F(ze(s), X p(s))ds,

uo - 3wy ([ by (w2 e)as) + 0w ([ t (a2 (), XB(9)s

resy

> }%K"(/OtAr(xg(S)aX%(S))ds)

reRpc\S1

and 3(0) = VA (2 (0) — aca).

Remark 1.3.2. It should be emphasized that, thanks to Theorem 1.5.2, (gg,gg,gg) weakly
converges to some PDifMP (zq, Xp,Us), where (o, Xp) has the same law as our PDMP
(xcy, Xp), and Ue is some diffusion process uniquely determined by (zo, X p), and defined on
the space (2, F,P).

In one scale models, there is no discrete component and the limit —in the LLN— is almost
sure and globally deterministic (see [EK86], Part 11, Theorem 2.1). In that situation, observing
that xg =xc+ N *1vg one can write a Taylor expansion at order 1 of F' in the integrand
on the r.h.s. of (1.3.26). All these combined with (1.3.25) suggest the following weak limit
equation for (1.3.26):

vo(t) = ve(0) + Ac(t) + Ue(t), (1.3.27)

where v (0) stands for the limit in distribution of v (0),

Ac(t) = /Ot DI’OF(Xc(S))Vc(S)dS,

and

Uo(t) = Y AW, (/Ot Ar(xc<s>)ds> + ) AW, (/Ot Ar(xc<s>)ds> :

reRo res

In our notation, for all (y,v) € E,

DY F(y,v) = (95 Fi(y, V))1§@',j§MC

is a square matrix of size Mc, with real coefficients. Recall that given any v € NMp 4 —
F,(y) = F(y,v) is a —smooth— vector field in RMc. For 1 <i,j < Mg, 0;F;(y,v) is the
partial derivative of the i-th component of the image vector F'(y,v), with respect to the j-th
component of the vector y.

The limit (1.3.27) is no more adapted to the present multiscale situation. Indeed, the con-
vergence in the LLN-type approximation only happens in distribution, so it is weak. Moreover,
a Taylor expansion at order 1 of F lets the factor v/ N(XN — X)) appear, and this latter
diverges in the limit N — co. Furthermore, a bound of vg is hardly obtained by direct meth-
ods. We overcome these difficulties and show that when fast and slow dynamics are coupled,
complementary terms appear at the limit corresponding to (1.3.27).

Consider the following
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Assumption 1.3.3.

(i) The set (Rpc\S1) URp of slow reactions contains a unique reaction. We denote it ri
and denote its rate \1.

(ii) There exists Ao > 0 such that \y > Ag.

(iii) Reaction rates: are bounded, continuous w.r.t. their second variable, of class C* w.r.t.
their first variable, and, they have uniformly bounded first differentials that are also continuous
w.r.t. the second variable.

When Assumption 1.3.3 is satisfied, F' is bounded and Lipschitz w.r.t. its first component.
We let My be a uniform bound of F, and let Ly be a uniform bound of its differential DOF.
The rate A; is also Lipschitz, and we introduce the Lipschitz constant L; for it. Finally, we
denote by A a bound common to all the reaction rates.

In what follows, ¢ denotes a generic constant independent of N and ¢ € [0, 7], but that may
depend on T', Ly, M and L; eventually.

Since it is usually assumed that the initial value X g (0) converges to Xp g, we may also
assume for simplicity, that XN (0) = X p,0- Therefore, the time change representations corre-
sponding to (1.3.22) and (1.3.24) are respectively

XP(t) = Xpo+1'N ( /0 gt (2 (5), XD <s>)ds> : (1.3.28)

and
Xp(t)=Xpo+1Y (/0 Al(xc(s),XD(s))aLs) , (1.3.29)

where 'le = ’yg, Y1 =Y., and A1 = Ay

Identification of the limit

On (2, .F,P), consider the initial condition problem:

;o Az (1), XB (1))
I = N oley () X (g, ()
QN(O) =0,

(1.3.30)

on R;. Under Assumption 1.3.3 and since the processes 2V = @g,gg) and z = (2, Xp)
are cadlag, (1.3.30) admits a weak” local solution g, Which is an R-valued random function
that is piecewise C! and piecewise satisfies,

9y (®) ! N N

/ M (20(5), X p(s))ds = / M (2 (5), XN (s))ds
0 0

XD(QN(t)) = Xg(t)

By Assumption 1.3.3 (ii), the map ¢t — fo A (zX (s), X (s))ds is non decreasing. Therefore,
g N( ) > 0 and thus, the solution g, is non decreasing, uniquely defined up to equivalence class,
piecewise bijective and global. Below we consider —by abuse— that g N is simply the derivative

(1.3.31)

of We also consider its piecewise inverse function g = as its inverse function.
IN* N N

Then gy s also piecewise C'! and as for gy» We denote g its derivative Hence, we proceed
to Changes of variable by abuse, since these are actually piecewise possible only. Clearly,

g, (0)=0.

2Not weak in the stochastic sense, but in the sense of deterministic differential equations.

o4



1.3 Approximation of multiscale homogeneous stochastic gene networks

Let us switch now to the initial space (€2, F,P), and consider the counterpart
M (zc(gn(t), Xp(gn(t)))
gn(0) =0,

of (1.3.30). Obviously, the solution gy of (1.3.32) has the same regularity as g, the solution
of the former problem. In particular,

t>0, (1.3.32)

gn (t) t
/ M (zc(s), Xp(s))ds = / A (2 (s), XD (s))ds,
0 0
and it is not difficult to see that gy has the same law as g N
Thus,
1= P {Xp(gy(t) = XF®) } = P{Xp(gn(t) = X (1)}

and
Xp(gn(t) = XN(t) P —a.s., forall t>0. (1.3.33)

The above discussion shows that computations as above can be made either on the time
change representation space (2, F,P), or on the original space (£, F,P). From now on, this
latter space is considered, where the whole process Y is assumed to converge P-a.s. Due to
(1.3.33), most of our considerations hold P-a.s. However, that is sufficient for our purpose.

Further computations (see the proof of Lemma 1.3.1) show that

v (t) — 1] < er / ¥ (s) — zo(s)|ds (1.3.34)

for all ¢ € [0,T], for some constant ¢y independent of N. A similar inequality also holds for

Jn, the inverse of gy. Since a:g — x¢ a.s. in D([O,T],]RMC) as N — oo, and since z¢ is

continuous, the almost sure convergence % — z¢ is uniform (see [Bil99], p. 124). Hence,
sup |gn(t) —t] — 0 and sup |gn(t) —t| — 0 (1.3.35)
t<T t<T

as N — oo.

A limit candidate. By a change of variable, IP-a.s.,

t gn(t)
/ F(ac(s), Xp(s))ds = / Flac(gn(s)), X1 (s)gh (s)ds.
0 0

Thus, P-a.s.,

/0 N
¢ (1.3.36)
/0
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From (1.3.36), we see that the evolution of vg depends on that of the quantity
WV (t) = VN(gn (1) —t).

Thus we may consider hy together with vg . Furthermore, a Taylor expansion of Ug (t) shows
that we may need to control

ul(t) = VN(zc(gn(t) — zo(t).

However this latter can be controled as soon as bV does. In fact,

t

[zc(t) —zo(gn ()] < / " |F(zc(s), Xp(s))lds < Mplgn(t) —

easily follows from (1.3.23). Hence, we only need to consider the couple (v, ") which is an
RMc+1_yalued process.
Now, since

Mg (1), XP (1) — A

gn(t) —1=

1 Dl’oAl(xc(
VN M (ze(gn(t)

x [vd () —

S
—~ |
~+
~— | ~—
~— | ~—

F(zo(t), Xp&)hN (t) + o(hN (1)] + o(vd (1)),

P-a.s., we obtain that vg satisfies IP-a.s.

o (1) = v (0) + UY (1)
+ /0 DYOF (e (s), XN ()0 (5) + o(vd (s))ds
- /0 DY (zc(s), X5 () F(xc(s)Xp ()R (5) + o(h¥ (5))ds
| Flanan(s), XN (s D10A1<xc<> G
| Flectonts). x5 ) s Gaclon(s)) X8 G)
% [0 (5) — F(zc(s), Xp(s)h <> o(hN (5))] + o(u (s))ds

+F(zo(t), Xp(t)h" (t) - \/N/t » F(zc(s), Xp(s)) — Fze(t), Xp(t))ds,

(1.3.37)

)
)
h

and h¥ satisfies P-a.s.

' DO\ (2 (s), X (8))
0 A(zclgn(s)), XN(s)) (1.3.38)
x [vg(5) — Fla (8)7 Xp(s))h™ (s) + o(h™ (5))] + o(u™ (s))ds.

RN (t) =

Both evolutions are coupled, and from what preceeds, a suggested limiting system of equations
for (1.3.26) may be

vo(t) = vo(0) + Ua(t) + Ac(t), (1.3.39)

o6



1.3 Approximation of multiscale homogeneous stochastic gene networks

where Ug is the limit of Ug = \/ﬁZg given by Theorem 1.3.2,

Ac(t) = /Ot DI’OF(SEC(S),XD(s))vc(s)ds

- / DY F(wo(s), Xp(s) F(wo(s), Xp(s))h(s)ds

DY\ (zc(s), Xp(s))
M(zc(s), Xp(s))
x [ve(s) — F(ze(s), Xp(s))h(s)]ds

0
- /O F(ze(s), Xp(s))

+F (zo(t), Xp(t))h(t),

and

EDLON (2o (s S
o) = [ 2RO ) Flac(s), Xo(s)h(s)] ds. (1.3.40)

M (zo(s), Xp(s))

Well-posedness. The system of equations (1.3.39)-(1.3.40) has a unique solution. This relies
on the piecewise deterministic nature of z = (x¢, Xp) and the fact that Ug is an interlacing of
diffusions. A solution can be uniquely constructed as follows. Between two consecutive jumps
of Xp, this latter is constant: Xp(t) = v € NMp and (1.3.39)-(1.3.40) is a quite standard
SDE in RMc+1 which is linear w.r.t. vo and ho. Under Assumption 1.3.3, F, A\;, D"OF and
DO\, are bounded, and continuous w.r.t. their first variable. This ensures the existence of a
unique solution (vc , hy) to that system of linear equations (see e.g. Theorem 8.1.5, Chapter 8
of [Arn74], or [GB05b]), and that solution is a diffusion. At a jump time of Xp, since h is con-
tinuous, only ve switches to another mode because of the last term of Ac(t). A new equation
is obtained and solved similarly and independently, starting from the new state. The global
solution (v, h) is the pieced together process, obtained by concatenating the ((vq,,, h,,))u.
Link with PDifMPs. Now, we consider the process V = (Uc, h,zc, Xp) with state space
E = RMo+t1+Me o« NMp  and write it as

V(t) = (Ve(t),Xp(t)), where Ve(t) = (ve(t), h(t), zc(t)).

From the discussion above, one easily sees that V is a jumping PDifMP with switching as
discussed in Section 1.2.2. TIts discrete component is Xp € INMp | the same as that of the
PDMP 2 = (x¢, Xp). Its continuous component is Vo = (ve, b, z¢) € R2Me+1 This latter
has discontinuous trajectories since vo jumps with Xp, and, between the jumps, it satisfies
systems of equations made of an SDE satisfied by v, coupled with two ODEs satisfied by
h and by z¢ respectively. We could as well construct the solution relying on PDifPs theory,
instead of PDPs one.

The general central limit theorem

In this section, a CLT is proved. It corresponds to the LLN-type result of Theorem 1.3.1.
Let us introduce the processes

V& = (v, ™) and Vo = (v, h).

We will need the following

o7
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Lemma 1.3.1. There exists a constant cp independent of N, depending on T, L1, Lr and
Mp, such that

sup |[VZ (t)] := sup (|Ug(t)| + |hN(t)|) < cr in probability.
t<T t<T

Proof. Throughout this proof, the constants ¢;, ¢ = 1,2, --- are generic, independent of N and
t, but eventually dependent of 7', Lrp, Mp and L;.
Let t € [0,T]. We already know that

[z (t) — zo(gn (1)) < Mp|gn(t) — ¢,
from (1.3.23). Then, (1.3.32), Assumption 1.3.3 (ii) and Gronwall lemma lead to

g (8) = 1] < MG Lalagi (8) — zc(gn (1))

t t
<o / ¥ (s) — 2 (s)|ds + 1M / lgn(s) — slds
0 0

t t t
€1 N / 1 N e T?
< — ve (s d8+clT/ gn(s) —1lds < (/ lv (5)|ds> et
\/N/O | C( )’ 0 ‘ N \/N 0 C
t
Cl N
< — [ |vo(s)|ds.
\/N/o ¢

Therefore,

WV ()] = VN|gn () — o] < VR / lgh(s) — 1lds < &, T / W (s)ds
0 0

t
SCQ/ [wd (s)|ds.
0

Afterward, from (1.3.36), it is not difficult to see that
t
AT (1)) < LF/ (08 (5)| + |z (s) — wc(gn(s))|ds + 3Mp|h™ (1))
0

t
< 03/ vl (s)|ds.
0

Now by assumption, vY(0) < ¢4 in probability for some constant ¢; depending on vc(0).
Moreover, UX (t) < e5 a.s., uniformly in ¢ on [0, 7], for some constant c5 depending on 7'. This
follows from the convergence of U} to the diffusion Uc, which is continuous.

Hence,

o @]+ 1Y ()] < (ea + e5) + (e2 + 03)/0 [0 (5)]ds

in probability. The proof of Lemma 1.3.1 is completed by Gronwall lemma, with ¢y = (¢4 +
cs)eleates)T,

O]
We now state and prove the general CLT.

Theorem 1.3.3. (The general Central Limit Theorem)

Consider the PDMP x = (xc,Xp), the processes ¥ = (:cg,Xg), Vév = (vg,hN) and
Vo = (vo,h). Assume that Assumption 1.2.1 and Assumption 1.5.3 hold, and v (0) — vcy
in probability as N — 0o, for some vc € RMc | Then for all T > 0,

V& — Vo in probability, in D([(]’TL]RMc-H)’

as N — oo.
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1.3 Approximation of multiscale homogeneous stochastic gene networks

Proof of Theorem 1.3.3

We want to estimate
[VE' () = Ve (t)] = [o8 (t) — ve ()] + [R™Y () = h(1)].
From (1.3.37) and (1.3.39), resp. (1.3.38) and (1.3.40),
[v¢ () = ve(t)] < [vg (0) — v (0)] +|UE (1) — Uc(t)] + |Ag (1) — Ac(t)]-

We set
e (t) = [vg (0) —vc(0)] and &3 (t) == [UZ (1) — Uc(t)].

By assumption, £Y(#) — 0 in probability, uniformly in ¢ on [0,T]. Also, €} (¢) — 0 a.s., and
the convergence is uniform in ¢ on [0, 7], since Ug is continuous. We recall that

u (t) = VN (zc(gn(t)) — zo(t)).
One has
[AS () = Ac(t)]
</0 |DYOF (z0(s), X (5)) v (s) — DYOF (zc(s), Xp(s))ve(s)| ds
+ [ [DYOF (wc(s), X5 () F (w0 (s), Xp(s)) AV (5)

—DYF(zc(s), Xp(s))F(zc(s), Xp(s))h(s)| ds
t DY Oz\l(xc D N(s))
+ X5 (s))

M (zc(gn(s)
x [vg 8) F(zc(s), Xp(s))h™ (s)]
Dl’o)\l ($C( ),XD(S))

A (zc(s), Xp(s))
x [ve(s) = F(zc(s), Xp(s))h(s)] | ds

+RN (1) + ey (t) +ep () + 8 () + €5 () + &7 (1),

F(zc(gn(s)), X5 (5))

—F(zc(s), Xp(s))

and

[N (1) — h(t)]

X [vg(s) — F(:Uc( ) XD(S))hN(S)]
DYON (zc(s), Xp(s)
el X ) T (), X))
x [vc(s) = F(zc(s), Xp(s))h(s)] | ds

+eg (1) + &g (£) + e1(t),

where the constant c¢r is given by Lemma 1.3.1,
t
= \/N/ ()IF(xc(t)aXD(t)) — F(zc(s), Xp(s))lds,
gn (¢
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N(t) = o / VN P (d(s), XB(s)) — Fac(s), XB(s)
o 0N (s)]
1

———=D"F (zc(s), X1 (s)) v (5)

ds,
VN

ey (t) = er N \F(:vc (9 (5)), XD (5)) = F(zc(s), X (s))
0 |Uc(

ds,

—ﬁDl’OF(ﬂfC(S)»Xg(S))ug(S)

6?(75) = LFCT/O WV\/JZ) xo(gn(s)) — zo(s) — VlﬁF(xc(s),XD(s))hN(s) ds,
(0 =2 Mper || S M6 XB0) ~ M a9, X5 (0)
— D M), X8 () (5
+ | \g/; A1 (zo(gn(s)), XD (5)) = Ai(zo(s), XD (5))

DO (e (s), X B (5))uld ()| ds,

1
VN
eév(t) = AalMlecT/O WV\/]Z’)’ zco(gn(s)) — zo(s) — \;ﬁF(:Uc(s),XD(s))hN(s)

es (t) = Mp'eg' (t), ) (t) = Mp'ed'(t) and  efo(t) = Mp'ep (¢).

ds,

By definition of the differential and dominated convergence, every E,fv (t),: = 3,---,14
converges to zero a.s., and the convergence is uniform in ¢ on [0,7] by Dini theorem, since
every efv ,4 =3,--+,14 is an increasing function.

Firstly observe that
/0 |D1’0F(xc(s),Xg(s))Ug(s) — Dl’OF(acC( ), Xp(s ) ‘ )| ds
< ; ‘Dl’OF(xC(s), Xg(s)) [Ug(s) — vc(s)] ‘
+ | [DI’OF(ZL'C(S), Xg(s)) - DLOF(:BC(S), Xp(s))] vc(s)| ds
< LF/O [l (s) — ve(s)|ds + e ().
Secondly,

[ 1D ) X5 6) Flros) Xp(6) (5
—D"YF(zc(s), Xp(s))F(zc(s), Xp(s))h(s)| ds

< /0 ‘DI’OF($C(5), Xg(s))F(zC(s), Xp(s)) [hN(s) — h(s)] ‘
+| [DYOF (z¢(s), Xg(s)) — D" F(z¢(s), Xp(s))] F(zc(s), Xp(s))h(s)|ds

< LF/ ’hN ‘dS +512( )
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1.3 Approximation of multiscale homogeneous stochastic gene networks

Thirdly, with the same principle,

[

1,0 2(s N
Flro(gn(s)), XN ()2 L el ),X,]DDVE

A1 (wc(gN(S)), X

—F(mc(s),XD(s))

<Xy ' MpLy /0 |08 (5) — v (s)] + [h™ (s) — h(s)|ds + egh () + ey (¢)

t
<N MLy [ VA () - Vels)ids +ls(0) + <3 (o)
0
where

z—:ﬁ(t) = /0 HDI’OF(xC(S),Xg(s)) — DI’OF(wc(s),XD(s))] vc(s)‘ ds,

en(t) = /0 |[DYOF (xo(s), XD (5)) — DYOF (za(s), Xp(s))] F(zo(s), Xp(s))h(s)| ds,

o= [

DYON (zc(s), X[ (s))
A (zo(gn(s)), XB (s))

Dl’o)\l(acc(s),XD(s))
~Flec(), Xp(s)) Ai(zc(s), Xp(s)) ] (S)

F(zc(gn(s)), X5 (5))

ds

and

F(zc(gn(s)), X (5))

(
A (zc(gn(s)), X5 (s))

DO (zc(s), Xp(s))
—F(zc(s), Xp(s Flxc(s),Xp(s))| h(s)]|ds.
By Assumption 1.3.3 (iii) and dominated convergence, the terms e (¢),i = 11,--- , 14 vanish

as N — oo, and again, as these are increasing functions of ¢, their convergences are uniform in
t on [0,7], by Dini theorem.
Now, put

14
eN(t) = Zsfv(t) and e =supe¥(t),
— t<T

and let ¢ denote a generic positive constant independent of N and t, but eventually dependent
of T, L, M and Li. From what preceeds,

¢
VE'(#) = Ve(t)] < RN (1) + (1) + C/ [V (5) = Ve (s)lds
0
and by Gronwall lemma,

sup ]Vév(t) —Ve(t)] < (RN + 6N)eCT,
1<T
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where RY = Sup;<p RN (t). Hence, the proof of Theorem 1.3.3 ends if we show that RV — 0.
One has

RY(t) < \/N/ [F(zc(s), Xp(s)) — F(zo(t), Xp(s))|ds

gn(t)

VN [P, Xo(s) ~ Flec(), Xp(®)lds
gn(t

= RN (t) + RY (t).

The uniform convergence of R} (t) follows from RY () = 0 as the integrand is zero, for N large
enough, thanks to (1.3.35). Our claim is clear if Xp does not jump at ¢. If ¢ is a jump time of
Xp, since t — R2V(t) is cadlag, we approximate ¢ from above by a sequence (43), in [0, 7] such
that for all k, tp > ¢ and Xp is continuous at t5. Our claim is justified for the sequence and at
the limit £ — co. We then conclude by density, since the set of jump times of a cadlag process
is countable -it is even finite on every finite time window- and therefore, its complementary set
is dense.
Recall that gy = gg,l. Then using a change of variable,

gn (1)
RﬁwSLF[g Mpv/Nlgw(s) — t] + o(V/Nlgw(s) — t])ds
< clgn(t) —t| +o(|gn(t) —t]) — O

unifomly in, on [0, 7], thanks to (1.3.35). This completes the proof of Theorem 1.3.3. B
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CHAPTER 2

A law of large numbers in the supremum norm for a
multiscale stochastic spatial gene network

Abstract. In this chpater, we study the asymptotic behavior of multiscale stochastic spatial
gene networks. One major difference with chapter 1 is the modeling of space. Multiscaling takes
into account the difference of abundance between molecules, and captures the dynamic of rare
species at a mesoscopic level. We introduce an assumption of spatial correlations for reactions
involving rare species and a new law of large numbers is obtained. According to the scales,
the whole system splits into two parts with different but coupled dynamics. The high scale
component converges to the usual spatial model which is the solution of a partial differential
equation, whereas, the low scale component converges to the usual homogeneous model which is
the solution of an ordinary differential equation. Comparisons are made in the supremum norm.

This chapter is the object of a submitted article (Cf. arXiv:1711.06010, [DN17]).

2.1 Introduction

Modern molecular biology emphasizes the important role of the gene regulatory networks in
the functioning of living organisms (see [DLO05], [SL0O5] or [MW11]). As many other dynamical
systems in a great variety of fields (e.g. biology, chemistry, epidemic theory or physics), gene
regulatory networks belong to the large family of chemical reaction systems, which has been
highly investigated in mathematics, for modeling. We refer to [Kur70, Kur71], [AT80], [Arn80],
[EKS86], [ET89], [RMCO07b], [CDR09], [CDMR12], and many other references therein. Following
Arnold in [Arn80], there are two main criteria according to which reactions in a spatial domain
are modeled:

(C1) global description (spatially homogeneous, ”well-stirred” case excluding diffusion) versus
local description (spatially inhomogeneous, ”spatial model” including diffusion);

(C2) deterministic description (macroscopic, phenomenological, in terms of concentrations)
versus stochastic description (mesoscopic, taking into account fluctuations, at the level of par-
ticles or molecules).

The combination of these two criteria gives rise to four mathematical models:
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e Deterministic-Homogeneous: the concentration is solution to an Ordinary Differential Equa-
tion (ODE).

e Stochastic-Homogeneous: the number of particles is a (time) jump Markov process.

e Deterministic-Spatial: the concentration is solution to a Partial Differential Equation
(PDE).

e Stochastic-Spatial: the number of particles is a (space-time) jump Markov process.

There is a restrictive assumption for deterministic and many of the stochastic models, in the
literature. Namely, the different species (or reactants) have the same order of population size,
which is large, meaning that the whole system has a fast dynamic. There are many biological
situations for which this is not true. In some situations (gene regulatory networks are typical),
some molecules are present in much greater quantity than others, and reactions rate constants
can vary over several orders of magnitude (see [CDMR12] or [BKPRO06]). A third criterion of
modeling then shows up:

(C3) one scale description with a unique and large population size scale, with only high reaction
rates and fast dynamics, versus multiscale description with at least two population size scales,
with high and low reaction rates, and, fast and slow dynamics.

Now, with the three criteria (C1), (C2), and (C3) in hands, we can derive: the

(M1) Deterministic Homogeneous Model,

(M2) Deterministic Spatial Model,

(M3) Stochastic Homogeneous Model,

(M4) Stochastic Spatial Model,

(M5) Multiscale Stochastic Homogeneous Model,
(M6) Multiscale Stochastic Spatial Model.

It should be emphasized that criterion (C3) has been introduced at the mesoscopic level and
thus suggests to preferentially consider a stochastic description for multiscaling. This stresses
the importance of, and our focus on, the multiscale stochastic modeling.

All these models are not independent one from another. The relation between (M1) and
(M3) has been thoroughly investigated by Kurtz (among others, see [Kur70, Kur71] or [EK86]
with Ethier). A law of large numbers (LLN) and the corresponding central limit theorem (CTL)
have been proved, showing convergence of (M3) to (M1). The consistency of (M1) and (M2) as
well as of (M3) and (M4) have been proved in [Arn80]. In [AT80], Arnold and Theodosopulu
compared (M2) and (M4) in the L? norm, through a LLN. Blount after Kotelenez did the
same comparison, but much more extensively. Under more and more relaxed assumptions,
they proved different LLNs and the associated CLT's in spaces of distributions. Blount showed
a LLN in the supremum norm. We refer to [Kot86a, Kot86b, Kot87, Kot88al, [Blo87, Blo92,
Blo93, Blo94] among others.

In [RMCO7b], [CDR09] and [CDMRI12], Crudu, Debussche, Muller and Radulescu stud-
ied (M5). In the latter article, they proved that the model (weakly) converges to a finite-
dimensional Piecewise Deterministic Markov Process (PDMP). In finite dimension, PDMPs
are hybrid processes which follow between consecutive jumps, the flows of ODEs whose param-
eters can jump. They have been well formalised and studied by Davis in [Dav93]. Depending on
the interactions and the scaling, Crudu et al. distinguished various types of limiting PDMPs.
Stochasticity does not disappear in that hybrid simplification, and multiscaling appears to be
a tool for estimating asymptotically at the first order, the noise lost in the LLN. Furthermore,
PDMPs increase computational efficiency. This is very useful, since direct simulation of Markov
processes is extremely time consuming for models we are dealing with (see [CDRO09] or [Gil76]).

In this chapter, we start the study of (M6) and generalize Crudu et al. to a spatially
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dependent situation. Depending on their abundance, we distinguish abundant (”continuous”)
and rare ("discrete”) species. Also, there are different speeds of reactions, according to their
rate scale and the species involved. When only abundant (resp. rare) species are involved,
the reaction is fast (resp. slow). Otherwise, the speed depends on the specification of the rate
scale. We assume that only abundant reactants diffuse. Also, a spatial correlation for slow
reactions is considered. Its effects are inversely proportional to the distance to the location
where the reaction occurred. In this context, we prove a new law of large numbers, showing
the convergence of (M6) to (M2) coupled with (M1), in the supremum norm.

The structure for the rest of the chapter is as follows. In Section 2, we present local mod-
els, starting with the existing ones. We emphasize the notions of infinitesimal generator, debit
functions, scaling and density dependance. Then we present our model of interest (M6). After-
wards, we identify its limit through the asymptotics of its debit function and of its generator.
We state and prove our main result in Section 3. Finally, Section 4 is dedicated to the proofs
of some intermediate results.

2.2 Modeling and Asymptotics

2.2.1 One scale spatial models

Since we are not concerned with the homogeneous models, we only review the mathematical
details of the local models as given by Arnold and Theodosopulu in [AT80].

Deterministic Spatial Model

One scale chemical reactions with diffusion in a spatial domain I € R? are modeled deter-
ministically, at a macroscopic level, by the reaction-diffusion equation

v _ DAv + R(v), (2.2.1)

ot
where v = v(¢, x) is an M-dimensional real vector which gives the concentrations for the M > 1
reactants involved in the interactions, = € I is the spatial coordinate, t > 0 is the time. The
domain I can be bounded or unbounded, v is subjected to boundary and initial conditions, A
is the Laplace operator, D is a diagonal matrix of size M, with non-negative coefficients on the
diagonal, called the diffusion matrix. As it is often the case, we consider for simplicity D = I,
the idendity matrix (in the sequel, D is the differential operator). Reactions are represented
by R, a polynomial vector field in RM, defined by

R(y) = (Ri(y),---, Ru(y)) with Ri(y):= Y aby®,

|| <n

where n € N*, @ = (aq,--+,ay) € NM is a multi-index, |a| = a; + - + ay, d, € R,
o

y=(y1, - ,ym) € RM and y* ==y - -y}
Well-posedness, generator and debit function. For simplicity, we work on a one dimen-
sional domain, d = 1, that we project on the unit interval I = [0, 1] with periodic boundary
conditions: v(t,0) = wv(t,1), V& > 0. Since concentrations are positive quantities, a positive
initial data is considered: Vz € I, v(0,z) > 0 in the sense v;(0,2) > 0, V1 < ¢ < M. In
order to have some control on the concentrations, it is assumed that v(0) = v(0, -) is bounded:
v(0,x) < p1 < 00, Yz € I, for some p; > 0, and that:
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Assumption 2.2.1.
(i) For ally = (y1,--- ,yn) € RM, R;(y) > 0 when y; =0 for some 1 <i < M.
(i) There exists py > 0 such that (R(y),y) <0 for ally € RM satisfying |y| > po.

We have denoted by |-| and (-, -) the vector norm and the inner product of RM respectively. As-
sumption 2.2.1 is natural, and ensures the consistency of the model through a priori estimates
for (2.2.1). In fact, (i) yieds positiveness: v;(t,z) > 0, Vt, x, Vi, whereas (ii) yields boundedness:
v(t,z) < p, Vt > 0,V with p := max(p1, p2) + 1, thanks to the maximum principle.

As species all have the same dynamic in one scale models, a unique reactant is often
considered, i.e. M = 1. The function R is written in the form R(y) = b(y) — d(y), where b and
d refer to variations due to births and deaths respectively. They are real valued polynomials
with non-negative coefficients, such that d(0) = 0 and a,, < 0. We consider this case in this
section.

We now consider an initial condition v(0) = vy € C3(I). In [Kot86a], Kotelenez showed
that, under the preceding conditions, the Cauchy problem associated with (2.2.1) has a unique
mild solution v € C' (Ry; C3(I)) satisfying

v(t) =T(t)vo + /0 T(t — s)R(v(s))ds,

and 0 < v(t) < p for all £ > 0. Here, T(t) := e is the semigroup associated with the Laplace
operator A. We notice that vg € C3(I) is not necessary if the purpose is to solve the equation.
Well-posedness still holds for much more general vyg. For more details, see [CH98], Section 5,
or [AT80], Lemma 2 (based on [Kui77]).

Informally, the (weak) infinitesimal generator of the PDE (2.2.1) reads

Ap(u) = (Dugo(u), Au + R(u)) = (Dyp(u), Au+ R(u)),, (2.2.2)

for test functions ¢ € C} (C*(I)). The bracket (-,-)2 is the inner product of L? := L*(I), the
space of square integrable real valued functions on I, and (-, -) denotes the duality pairing. We
give some probabilistic heuristics for understanding (2.2.2). Let X (-) be a solution to (2.2.1),
and denote by ®(-,u) the solution starting at u € C3(I). Viewing (X (t)) ., as a C3(I)-valued

deterministic - thus Markov - process on some filtered probability space (Q, F., (Ft)e=0, ]P), its
semigroup (P);>0 on B(C>(I)) reads

Pip(u) :==E [p(X(t)) ‘X(O) =u| = o(®(t,u)).

Then as usual, we interpret the generator A as the derivative of the semigroup w.r.t. ¢, at
¢t = 0. Thus, for every test function ¢ € C} (C(I)), the chain rule leads to

Aptu) 1= S (®(t.u)| = (Dt Aut Riw).

Finally, Dy(u) being the differential of ¢ at u, it belongs to (CI(I)),. We identify it with the
(abstract) gradient of ¢ at u since C1(I) C L?, and write

(Dp(u), Au+ R(u)) = (Dp(u), Au+ R(u)),

thanks to the Riesz representation theorem. Relation (2.2.2) then follows. O
After all, we define the corresponding debit function as

P(u) = Au+ R(u).

It is the vector field, in C'(I) here, determining the flow of the equation. More precisely,
u+— Au (resp. u— R(u)) is the debit function related to diffusions (resp. reactions).
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Stochastic Spatial Model

Following [AT80], we divide the unit interval into N smaller intervals of equal length N~1:
I; = ((] — 1)N_1,jN_1], for j = 1,---, N, called sites. Molecules are produced - birth -
or removed - death - on each site according to chemical reactions. They also diffuse between
sites by simple random walks, at rates proportional to N2. This couples the site reactants and

extends Kurtz’s model (M3) to the spatially inhomogeneous case (M4). Define:
° XN' the number of molecules on site 5, j=1,---,N,
o X N (X N)

1<j<n € INY: the molecular composition of the whole system,

e R: the set of possible onsite reactions (we assume that R is finite).
Consider the natural completed filtration {]-"tN ,t 2> 0}, where .7-"tN is the completion of the
o-algebra o ({XN(S) 15 < t}) with null probability measure sets. That will be the filtration
considered by default, for each process we will define. From [Kur70, Kur71] or Chapter4,
Section2, p.162-164 of [EK86], we know that {XN(t), ¢t > 0} is a time homogeneous INY —valued
jump Markov process, with the following transitions on any j:

Onsite reactions. A chemical reaction r € R occurs on the site j:

XJN — XJN + Y V- €4, atrate A, (XJN) .
Diffusions. A molecule moves from the site j to the site j — 1 or to the site j + 1:
{ (XNl,XN) (XNl—i—lX 1), at rate NQX]N7
(X, X)) — (XY -1,X%, +1), atrate N2X".
At the level of the whole vector, we get for 1 < j < N

XN —>XN+fyj7Tej at rate A\, (XJN),
XN —>XN+ej,1 —e;j at rate N2XJN
XN —>XN+ej+1 —ej at rate NQXJN,

where {ej,j =1, , N} is the canonical basis of R.
In all the article, we assume that the rates of onsite reactions are polynomial functions and
that there are a finite number of reaction in fR.

Two types of events are clearly distinguishable: onsite or chemical reactions, and diffusions.
We sometimes say reaction for each of them, but we avoid any possibility of confusion. The
vectors vjre;, €j—1 — €j, --- appearing in the transitions are the stocheometric coefficients of
the corresponding event. They point out the different possible directions that the jump due to
an event can take. We also denote them by jump height or simply jump.

We insist on the fact that the directions of jumps are actually characterized by two param-
eters: a "true” event - reaction or diffusion - and a location - site - where that event occurs.
Furthermore, they are independently chosen and the total jump rate, denoted by AV, is the
sum of the rates over all the possible directions of jump:

N
W) = 30 [0 () (0 2] X |
j=1 LreRr
In general, the jump height of an onsite reaction may depend both on that reaction and on
the site where it occurs. In the present model, onsite reactions are assumed to be spatially
homogeneous, that is
Yjr =y forall 1<j<N.
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Well-posedness, generator and debit function. Such a Markov process can be con-
structed, relying on a sequence (7;);>1 of independent random waiting times with exponential
distributions. We set Tp = 0 and Ty, = 71 + --- + 7% for k > 1. {T},k > 1} is a family of
{.7-"5\7 }—stopping times such that X is constant on each [Ti—1,Tk), and has a jump at Tj. The
parameter of 73, is the total jump rate AV (XN(Tk_l)), at time Tj_q. For t > 0,

P {7, > t|Tp_1} = exp {—t\N (XN(T}_1)) }.
At time T}, a given event (or direction of jump) is choosen with probability

“rate of the direction of jump at time Ty_1”

"total rate of jump at time Tj_1”

Periodic boundary conditions are considered on the spatial domain, and X JN is viewed as a
sequence satisfying X ]Aj_ =X JN for all j (as in [Blo87], see p.10). The infinitesimal generator
of our jump Markov process then reads

AVo(X) = %Ex [0 (X™(®))] = %EX o (XN () = p(X)]
= Z Z (X +rej) — (X)) Ar (X;) (2.2.3)
j=1lreR

N
+Y o (X +ejo1—¢j) + o (X +ejp1 — e5) — 20(X) N*X;.
j=1

We need not specify the complete domain of the generator AY. The limit above holds, for
test functions ¢ € Cy (]RN) (see [EK86] p.162-164).

In this stochastic description, the global debit is the function which sums the jump heights
weighted with the corresponding rates, under the possible directions of jump. It is a vector
field in the state space. If we denote it by ¥¥, then

ZZ% - ej—I—N (ej—1 —2ej +€j41)X;
j= 17“6% (224)

= Z (Z YrAr( (Xj—l —2X; +Xj+1)> e

reRr

for X € INV, thanks to periodicity and a change of subscript. We clearly identify the debit
of onsite reactions, and that of diffusions. The latter, the linear part in X, defines a discrete
Laplace operator that we introduce later.

Scaling and density dependence: The following are parts of the main assumptions in the
framework of one scale models.

e On each site, the reactant has a population size of order p. Typically, u is large and
represents the initial average number of particles on each site.

e Density dependence holds for the reaction rates. That is: for all 7 € R, there exists A,
satisfying

M o5 (X .
)\T(Xj):u)\r 7 forall j=1,---,N.
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Density dependence is a natural assumption when dealing with chemical reaction systems (see
[Kur70], or Chapterll of [EK86]). It clearly holds for linear rates for instance, and can be
understood as the fact that reducing the scale is somehow increasing the density, and results
in speeding up the dynamic.

In general u depends on N and we omit to mention the dependance on .

We rescale our process, setting

N N. ‘(jN N N
- [ — —
U =U" = o and U = (U}"), ;>

and do not distinguish A, from )\, in the sequel, for all » € RR. The new scaled process UN
has values in RY and gives the proportions of the reactant on each site. With some abuse, we
often say concentration instead of proportion.

In order to achieve a pointwise modeling over the whole spatial domain, a space-time jump
Markov process is constructed, which is the stochastic counterpart of the solution to (2.2.1).
As in [AT80], [Kot86b] or [Blo87, Blo92], we introduce the step function

N
uN () =) UN (1), t>0, z€1j (2.2.5)
j=1

where 1;(-) := 1y,(-) is the indicator function of the j—th site ;. Note that for all £ > 0,
N > 1, the function u™¥ (¢, -) can be identified with the vector U (¢) of R". Furthermore, since
we consider a periodic framework we have Uﬁ N = UjN and u!V(t,-) is 1—periodic. Below,
we use the standard identification u® (¢) := u™ (¢, -).

Let HY denote the subspace of L2 which consists of real-valued and 1-periodic step functions
that are constant on the intervals I;, 1 < j < N. Therefore, ulN = {uN(t),t > 0} is a cadlag
(time-space) Markov process, with values in HY and jumps given by:

uV — W+ &]lj, at rate pA, (uév), for r € R,
1

]13;1 —1;

N J at rate MN2U§V, for 1<j <N,

U —)uN+

uN—>uN+M, at rate MN2u§V, for 1 <j < N.

1
Here, uév = UJN is the j—th ”coordinate” of u, obtained by the canonical projection
Py : L[> —HY
u+— Pyu = iuj]lj, where u; := N/[ u(z)dz. (2.2.6)
j=1 j

The infinitesimal generator AN := AN* of uV is given by

)= o (0 21 = et i )

J=lren (2.2.7)

N -1 —1; Ly — 1, 2
+Z @ U+T + u+T — 2p(u)| pN<uy;,
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on the domain CY (IHN) It can be extended to (Y (LZ) by
AN o(u) := AN o(Pyu).

Such a Markov process does exist and is unique (see [Kot88b] whose result is based on [EK86])
until a possible blow-up time. In addition, under natural assumptions on the reaction rates,
we have u'¥(t) > 0 for all ¢, as soon as uN (0) > 0.

As already mentioned, the convergence of 4V to u solution of (2.2.1) has been the object
of several articles. This implies in particular that for N large enough there is no blow-up.

For f,g € HY the L? inner product reads (f, g), = N1 Zjvzl fjg;. We denote by || -||2 the
L? norm. Also, the supremum norm is given by || f||cc = supy<j<n | fjl. Setting H := Uns1HY,
the following obviously holds.

Proposition 2.2.1.

(i) (]HN, (-, )2) is a finite dimensional Hilbert space with {\/N]lj, 1<5< N} as an or-
thonormal basis.
(it) lim |[Pyu—ulls — 0 for u € L?, and (H,|| - ||2) is dense in (L2, || - ||2).
N—o00

)
(i) Py is a contracting linear continuous operator on (Cp(I), ||-|loc) such that A}im || Pyu—
—00

l|oe —> 0 for u € Cp(I), and (H, || - ||o) is dense in (Cp(I),]| - [loc)-

2.2.2 Multiscale Stochastic Spatial Model

Now we wish to generalize [CDMR12] to a spatially dependent context. We consider two
orders of population sizes and repeat the previous procedure. Note that at least two types of
reactants are needed, i.e. M > 2 is necessary. For simplicity, we consider exactly two reactants,
i.e. we take M = 2, that we denote by C' and D. The former is abundant and the latter is
rare. Henceforth, the super/subscript C' (resp. D) refers to the species C' (resp. D).

The set PR of possible onsite reactions is divided in three disjoint subsets

R =Rc URpc URD.

Reactions in R¢ (resp. Rp) involve only molecules of C' (resp. D) as reactants and products,
whereas, reactions in RRp¢ involve both types of reactants and/or products. We assume:

Assumption 2.2.2.

(i) Density dependence holds for reactions in Rc.

(ii) Reactions r € R are spatially homogeneous and fast ( "pure fast reactions”), while
reactions r € Rp are slow ("pure slow reactions”).

(iii) The molecules of C' diffuse, while those of D do not.

Now, we define

. X]].V’C <resp. X]N’D ) as the number of molecules of C' (resp. D) on the site 7,
o XN = (X].V’C> XN = (XN’D>

© i )igient 7P I Jigj<n
Scales are set such that on every site, the initial average number of molecules for C' is of or-

der p, while it is of order s for D, with p > k. Namely, if the total initial population is
M = Mo + Mp, then Mo ~ N x p while Mp ~ N x k. We set

and XV := (XY, X})) e N*V.
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2.2 Modeling and Asymptotics

N,C

X
UN»C = UNnuyo = J , UN’D = UNuusz = XN:D’
J J n J J J
O = (U¥) o= ()
7 J1gisN 7 J1gisN

and finally
uNr = UM = (Uf,Up).

The new scaled process UV has values in R x IN"V. Its generator has the form

=305 fo (e Zee o) — et v 05)
j=1 reRce H
~C
+ Z 4 (UC + %ej,UD +’Yfrej) — (Uc,Up) | A (US,UP)
reRpc

+ Z [ (Uc, Up +75re5) — o(Uc, Up)| A (UP)
reERp

N
—l—z { [90 (UC + %, UD> + @ <UC 4 %, UD) —20(Ug, UD):| MNQU]-C
j=1

for test functions ¢ € C} (]R2N) and U = (Ug,Up) € R?VN,

Below, we discuss the nature of the reactions in Rpc, and consider situations where ’y;’D
and A, need to be rescaled, for r € SRp and some r € Rpc.

Next, we introduce the step function
N
uN(t,x) =Y UN$)1;(x), >0, z€1, (2.2.8)
j=1

which belongs to HY x HY. It involves the following functions for each component

N N

ud (t,2) =Y u)C()1;(x) and up(t,x) = u) P (t)1;(x),
j=1 Jj=1

where

W () = Pyul(t) = N/] uld (t,2)de = UM (1),
J

and a similar relation holds for the reactant D. Therefore, u” := {uN (t),t > O} is a HY x HN-
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valued cadlag jump Markov process, with the transitions:

C
’7'
(ug,u%) — <ug + ZL’T ]lj,u%>, at rate pA, (ujy’o), for r € Re,

C
0%
(uga Ug) - <Ug + Zf ]ljvug + ’Yj?'r]lj>v at rate A, <UN’C uN,D)7 r € Rpc,

g0
(ug,ug) — (UCqu + 5 7,]l ) at rate A\, ( jVD> for r € Rp, (2.2.9)
1,1 —1;
(ug,u%) — (ug + T,u%), at rate N2u§V’C, for1<j <N,

T — 1,

(u%,u%)—)(ug—k N> atrateN2 No ,for 1 <j <N,

We endow HY x HY with the norm

(1 F)lloooo = L filloo + I felloos  for fu, fo € HY.

As before, we assume that onsite reactions in fi¢ are spatially homogeneous, that is
'yfT:'yf forall 1<j <N, refic.
Let us specify the description of the mixed reactions.

Assumption 2.2.3. In some S1 C Rpc, reactions are spatially homogeneous, fast and do not
affect the discrete species:

° VJT—O and the rate is ,u)\ ( NC, ND) forr e S1 CRpe

Again we omit the tilde below.

The limit N — oo of the above system creates mathematical difficulties (see Remark 2.3.3
and Remark 2.4.1 below). We introduce some spatial correlations for reactions in (Rpc\Sy) U
Rp.

All reactions in (Rpc\S1) URp are slow. We assume that when such a reaction occurs
on a site, it affects the neighboring sites. A natural way to do this is to assume that when
the reaction r € (Rpc\S1) URp occurs at a site j € {1,..., N}, each site i € {1,..., N}, is
affected in the following way:

N,C N,D N,D
(Uj ) Uy ) — ( + 7%]57 U + ’YrD%];f) (2'2'10)

A first possibility is to take ’yg = % for |i — j| < A, describing the case when a reaction at site

1 triggers simultaneously the same reaction at sites at distance less than %, while keeping the
global effect of order 1. The above model corresponds to A = 1 but below we assume that A
has the same order as N. More generally, we choose a 1-periodic Cy(I) function a and choose:

. )
Vij —/Iia<x—N>dm

It is natural to assume that a is maximum at zero, and is even decaying with respect to |z|.
The preceding case is recovered with a being an indicator function. Note that we should require
that 2 fym is an integer, but it is complicated to write general conditions to ensure this.
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This modeling has a problem. Indeed, the positivity of the proportion of molecules is
ensured by the fact that the rate vanishes when the proportion vanishes, but now, since we
have a nonlocal effect this is not true. It would not be realistic to consider a rate which depends
on the proportion at all neighboring sites. Instead, we simply assume that when a reaction
occurs at site 7, it has an effect at a site ¢ only if the reaction is possible. Thus we would like
to replace (2.2.10) by

N,C N,D 7
(uj ) Uj ) — ( + IT’YU 0:]7 + Yr 75;[9:]) (2211)
_ NC | NDy _ c _ .
with 6, = 6;; ( U ) = ]luN o € N>0]lu] 1PN 200 where v, = 0 for r € Rp. Again,

w Jig =

this creates mathematical difficulties, since the indicator function is not smooth. We replace it
by a smooth function 6 equal to 0 on (—o0,0], to 1 on [1, 00) and smoothly increasing on [0, 1].
We are now able to write the multiscale model we consider.

Assumption 2.2.4. When a slow reaction r € (Rpc\S1) URp occurs on a site j, it affects
C and D on a site 1 <1 < N in the following way:

c _  NC N NC N,D
Vj,r:’}/j’r (u07uD = nylj]l 97‘ 7“1 )

and

Vo =100t (u u) =y Z%@Vn 07, (uNC WMDY,
were) = [ o (= L) o, and 0 (¥0"0) =0 + Ea)au P 4P
I;

Remark 2.2.1. Assumption 2.2./ points out some spatial correlation for slow reactions. These
latter start on a source site j, and then, their effect spreads inside the system. This is a natural
assumption in molecular biologie. In the cell, the synthesis of some rare proteins is the launch
for a sequence of chemical reactions in chain. This kind of phenomenon preceeds the activation
of a gene on DNA (DeoxyriboNucleic Acid) for instance.

a()

Since 1;(x) is nonzero only on I; and ’yi]}f < , we clearly have:

C D
7€la(0) 7Pla(0)
el >HOOS|N and \’Vfr’D(“g’“g)Hooﬁ‘N (22.12)
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The infinitesimal generator of v’ on C, (]HN x HY ) then reads

A¥¢(uc, up)
N c
= Z Z {@ <UC’ + ’Lr]lj, UD> — o(uc, UD)] pAr (uf)
=1 \ reRc H
C
resS; H
’YN#C(UC,UD) N.D
+ Z [(;0 (UC + L—a up + 7]71: (UC’7UD)> - QO(UC, UD)]
reRpc\Si H

+ > [90 (UC7UD +7ﬁlD(UC,UD)> - SO(UCaUD)] Ar (UJD)}

reRp

1; -1, Tjyg —1;
+Z [90 (Uc + JIMJ,UD> te <UC + ]HMJ,UD> - 2@(“0#@)} MNQUJC
j=1

(2.2.13)
It can be extended to C} (L2 X L2) by

.ANQO(Uc,UD) = AN“LL(,O(PNUC,PNUD).
For u := (uc,up) € L* x L?, we may often use the notation Pyu := (Pyuc, Pyup).

Again, such a process exists until a possible blow-up time. If the process blows up,
we say that from this time it takes a cemetary value A whose distance to any point is 1.

2.2.3 Convergence of (M6)

We discuss the asymptotic behavior of the sequence u” of Markov processes repre-
senting (MG6), as N and g go to the infinity, for polynomial (onsite) reaction rates.

Identification of the limit

Some preliminaries: a discrete Laplace. For f € C,(I) and for z € [0, 1], we set

Vif(x):=N [f (w—l— %) —f(x)} and Vyf(z):=N {f(x) —f (x— %)] )
Then, we define the discrete Laplace

Anf(x) == ViV f(z) 1 1
= VyVif(z) = N? [f (x— N) —2f(z)+ f (x+ N)}
If f € HY in particular, then
N
Anyf(r) = Z [IN?(fjm1 =25 + fivn) ] 15(2).
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From the spectral analysis of Ay, it is well known that, if N is an odd integer,
letting 0 < m < N — 1 with m even, letting pon = 1, @mn(x) = ﬂcos(wij’l)
and ¥, n(x) = \/§sin(7rmj]\f_1) for x € I;, then, {gOm’N,Q/Jm’N} are eigenfunctions of
Ay with eigenvalues given by —f3,, y = —2N? (1 — cos (me‘l)) < 0. If N is even, we
need the additional eigenfunction ¢y n = cos(mj) for x € I;. The following (classical)
properties are derived from [Blo87], Lemma 2.12 p.12, [Blo92], Lemma 4.2 for the parts
(i)-(vi), and from [Kat66al, chapter 9, Section 3 for the part (vi).

Proposition 2.2.2. (Some properties of the discrete Laplace)
(i) The family {pm n,Ymn} forms an orthonormal basis of (H, (-, -)5).

Consider f,g € HN and let T (t) = N denote the semigroup on HY generated by Ay.
(1) Tn(t)f = Z e Pmt ((fs emn)20mn + {f, Y n)2¥m,n)-

(i55) (VN f.9)2 = (f,Vyg)2 and Ty(t)Anf = AnTn(t)f.

(iv) Ay and Ty (t) are self-adjoint on (HY, (-,-)5).

(v) Tn(t) is a positive contraction semigroup on both (HY, (-,-)2) and (H", | - ||)-
(vi) The projection Py commutes with Ay, and VT > 0, f € C3(I),

IANS — Af|leo — 0 as N — oo,
IANPNf — Aflloc — 0 as N — o0,

sup [Ty (t)Pnf =T () flloo — 0 as N — oo.
te[0,7]

Ax 0

We introduce the operator Ay = ( 0 0

) on HY x HY, and denote by TN(t) = Bt

the associated semigroup.
(vii) Ay is a bounded linear operator on (HY x HY, ||+ lac00) -
ey Tn(t . . .
(viii) Ty (t) = ( ]\6( ) IO> , and defines a bounded positive contraction semigroup on
d

(HY x HY, ||+ |lscoc)- We have denoted by 1, is the identity operator on HY .

Debit functions and formal limit of the generator. We consider the generator
AN of (M6) given by (2.2.13), applied to a CZ(HY x HY) test function . We use a
Taylor expansion of order 2 of ¢. From Section 2.2.1, we know that the generator is
(informally) obtained as the image of the corresponding debit by the differential of the
test function.

In Section 2.4.1, we give heuristics showing that the terms related to the second
order of the Taylor expansion vanish, under the very strong condition g *N? — 0 as
N, ;n — oo. In our rigorous proof below, we only assume g~ !log N — 0.

Concerning the first order terms, we identify the differential operator with the gra-
dient as usual, and get

(Dgo(uc,up),\I/N(uc,uD))

= <D1’0@(UC7“D)’Z (Z ’)/TC)\T(UJC) + Z vaT(ujC,uf)> ]lj>
2

7j=1 \reRc resSt
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N N,C
Yip (uc,u
—|—<D1’0 oluc,up) 72 ( Z %(CD))\T(U]C,u;?)) ]1j>

J=1 \reRpc\Si a 2
N
+ <D170 o(uc,up ,Z 1= 215 + ]1j+1)ujc>
J=1 2
N
N.D N,D
+ <D0’1§0(UCyuD)az Z 7_],73 (uc,UD))\r(U]C,U]D) + Z 7]773 (UcauD))\r(u]D) > 5
J=1 \reRpc\Si r€RD 2

where D' (resp. D%!) denotes the differential with respect to uc (resp. up).
On the one hand, we derive the debit function WY : HY x HY — H”, related to
the reactant C' and defined by

U (ue,up) == Anuc + F(ue,up) + FN (ue, up). (2.2.14)

The first term on the r.h.s. is the debit of the diffusions of molecules of C. Asin (2.2.4),
it is obtained using the periodicity and a change of index:

Z N1, =21, 41,1 u Z N2 (uSyy —2uf +uf ) 1; = Ayue.  (2.2.15)
7j=1
The second term is associated with fast onsite reactions (they all influence C). It is given
by
F(UC,UD Z(Z’Y )"_Z/yrc/\r (ujC’uJD)> ]lj

=1 remc 7'651 (2.2.16)
Z ’Vr UC + Z 77‘ uCa uD
reRe resSy

The third term corresponds to slow onsite reactions influencing C' and vanishes at the
limit. It is defined by

FN(ue,up) Z Z ng]l 05 ( (ul, uP )\, (ujc,uf) (2.2.17)
] 1 reRpc\Si i=1

On the other hand, we have ¥ : HY x HY — HY, the debit related to D. It
corresponds to slow onsite reactions - only them has an effect on D - and is given by

uCauD ZZ% i9ij UC,UD) G (uC7uD)a (2218)
7=1 =1
where
dolic ) = 3 AP0 P () + 3 AP uP)A (o).
TG‘ﬁDc\Sl reRp

The global debit on HY x HY then reads
\IJN(U“CJ UD) = (\Pg<U07 uD)v \Pg(u07 UD)) .
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We finally define the extra debit type function G : C,(1) x C,(I) — C,(I), by

1
G(uc,up)(z) := Q(Uc(fﬁ))Q(UD(m))/ 9(uc, up)(y)alz — y)dy (2.2.19)
0
for all z € I. Tt is the limit of GV (see Section 2.4.4). Here,

g(uc,uD) = Z ’YrD)‘T(uCWU’D) + Z ’yrD)‘T’(uD)'

TE%Dc\Sl réRp

Remark 2.2.2. We notice that Ay, F, FY and G~ map C,(I) x Cy(I) on C,(I).
This follows from the definition of the discrete Laplace, and from we are considering
polynomial reaction rates. Here above, we have considered these three functions on HY x
HY, as they were introduced to define the debit function, on HY x HY.

Besides, the debit can be extended to C,(I) x Cp(I), not by taking Ay, F, F{¥ and GN
as maps on Cy(I) x C,(I), but using the projection Py introduced earlier, in a similar
way as for extending the generator. Namely, the global debit extends to

(UC,UD) — (\I/g(PNUC,PNUD), \Ifg(PNUC, PNUD)) .

Furthermore, it should be emphasized that each of F, FN and \., r € R is a function
of real variables, actually. Still, we use the notation F(u) for uw € C,(I) x C,(I). That
is, for a given u, we define a function f(u): I — R by

f(u)(z) = F(u(z)), Vxe€][0,1].

If F is (locally) Lipschitz, then f is (locally) Lipschitz too, accordingly, with the corre-
sponding norms. We do not distinguish between F' and f in our notation, and do the
same for the functions FN and \,, r € R.

Fix u = (uc,up) € Cp(I) x Cp(I) and let N, u — oco. Clearly, F{V(PNU) — 0. From
Proposition 3.2.1 and the continuity of F, F(pNu) — F(u). Therefore, if uc € C3(I),
vy (ISNu) — Aue + F(u) thanks to Proposition 3.2.2 (vi). We also prove below that
vy (pNu) =GV (PNU) — G(u). Therefore, under the strong assumption p 'N? — 0
and uc € C3(I), we obtain the limit generator

A>¢ (uc,up) = (D" p(uc, up), Auc + F(uc, up)),

+ <DO’1gp(uc,uD), G(uc,uD)>2. (2.2.20)

The condition g~ 'N? — 0 was used By Arnold and Theodosopulu in [ATS80], to
prove a LLN for (M4) in the L? norm. However, that condition is not optimal. In-
deed, in [Blo92], Blount proved a LLN for (M4) in the supremum norm, requiring only
ptlog N — 0. Our convergence result for (M6) falls within the latter framework.

We now look for a process admitting A defined by (2.2.20) as infinitesimal generator.
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The limiting problem
Well-posedness. Proceding as in Section 2.2.1, we see that to A, corresponds

ov

dUD

8750 = Avc + F(ve,vp) (PDE) coupled to (ODE) e G(ve, vp).
Hence, we shall consider the following system of differential equations, for z € I, t > 0,

with periodic boundary conditions and initial data vy = (vg Lo )

(

%Uc(t, z) = Ave(t,z) + Flve(t,z), vp(t, x))

] %vD(t,m) = G(vo(t, ), vp(t, x))

vo(t,0) =ve(t, 1) and  wvp(t,0) =ovp(t,1) VE>0
vo(0,2) = 0§ (x) >0 and vp(0,7) =v)(z) >0 V.

\

A compact form of the system is:

—v(t) = Av(t) + R(v(t))

dt
o(t,0) =v(t,1) Vt>0 (2.2.21)
v(0) = vy >0,
X A0 : :
where A = R E Co(I) x Cp(I) — Cy(I) is a linear operator we define on the
domain C%(I) x C,(I), and whose associated semigroup T'(t) := €2 is of contraction.

For u € Cy(I) x Cy(I), R(u) @%) with G(u) = 0(uc)0(up)a * g(u).

Before, we give the counterpart of Assumption 2.2.1 for (2.2.21), let us introduce
the HY-valued function |g| defined by |g|(u) = Zjvzl lgl;(w)1; for u = (uc,up) €
Cp(I) x Cp(I), where

lgli(uc,up) = D PG ul) + > P Ae(u

TERDc\Sl TERD

so that
glw) = > P (uc,up) + Y 7P A (up).
r€Rpc\St re€Rp
Below, we introduce different quantities and functions such as |g|, related to debit type
functions, and explain the intuition behind them. We call |g| the ”"amplitude function”
associated with the debit type function g. Then as usual, we may view |g| as a real
valued function defined on R?. Now, we make the following

Assumption 2.2.5.
(C1) F is locally Lipschitz and F(y) > 0 for y = (y1,42) € R* such that y; = 0.
(C2) There exists 0 < pc < 00 such that |y| > pc yields F(y) < 0 for ally € R™.
(D1) 6(y) =0 for y <O0.
(D2) g is locally Lipschitz, and |g| has at most linear growth w.r.t. its second
variable: for all ¢ > 0 there exists Mi(¢) > 0 such that, for |y1| < ¢, |g|(y1,y2) <
Mi(e)(ly2| + 1)
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Concerning the reactant C', Assumption 2.2.5 (C1) and (C2) correspond to Assump-
tion 2.2.1. These conditions are met in particular, as soon as the rate of each fast reaction
satisfies (C1) and (C2) in the place of F. Yet, there is difference with D. First of all,
in order to ensure positivity for its concentration, we have introduced the function # in
Assumption 2.2.4. Moreover, the debit associated with D involves a convolution product
at the limit. It seems difficult to write an assumption similar to (C2) and we assume
linear growth which is less general.

The upcoming result states that A> is the generator of a unique process. It is a
straightforward adaptation of the result of Kotelenez in [Kot86a], about well-posedness
for the one scale deterministic spatial model.

Proposition 2.2.3. Assume that:

(i) the rates of onsite reactions are polynomial and such that Assumption 2.2.5 holds,
(i) vo = (v§,vg) € C3(I) x C3(1),
(i13) pc, pp > 1 such that ||v§]|e < pc < 00 and ||v ]| < pp < 00.

Then, (2.2.21) has a unique global mild solution v := v(t,vy) satisfying

v = (ve,vp) € C(Ry; C*(I) x C¥(1)) (2.2.22)
and .
o(t) = Tty + / T(t — s)R(v(s))ds ¥t > 0. (2.2.93)
0
Moreover,
ve(t) >0, wvp(t) >0 vt >0,
HUC t)”oo S pPc Vit 2 0, (2.2.24)

)llso < (pp + 1)edOMale)t g > .

A discretization of the limit. We define a discrete version v = (v¥,v}) of the
limiting problem. Henceforth, v = (ve,vp) denotes the solution to (2.2.21) given by
Proposition 2.2.3. For z € I, t > 0, we consider the system:

/

%vg(t, z) = Anvd (tx) + F (vl (¢, z), ) (K, )

0

avg(ta 31') =G (Ug(t, l’), Ug@a .’L’)) )

ve (t,0) = v (t,1) and vj(t,0) = vp(t, 1),
N(0,2) = Pyvc(0) and v¥(0) := Pyvp(0) .

(%
\

Note that v™(0) = Pyv(0), where we recall Pyv := (Pyve, Pyvp). Using the operators
introduced in Proposition 3.2.2, a compact version for this system of ODEs reads

d N X N N N
EU (t)—ANU (t>+R(U (t),U (t))

’UN(t, O) _ UN(t, 1) (2225)
v (0) = Pyv(0).
The next result gives a relation between the limiting problem and its discretization.

Its proof is reported to Appendix 2.4.2.
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Theorem 2.2.1. If the rates of onsite reactions are polynomial and Assumption 2.2.5
holds, then (2.2.25) has a unique global mild solution v = (v, v}) € C(Ry; HY x HY)

satisfying
N (1) = T () Pyo(0) + /0 Tw(t—s) (g EzNEZD ds (2.2.26)

for allt > 0. Furthermore, for any fixed T' > 0,

08 () lloo < (p+1)/2 Vvt >0, (22.27)
10N ()]l < p = ép(My, T, a(0)), YO<t<T, -
and
sup [[o™(t) —o(t)]| _ — 0. (2.2.28)

00,00

te(0,7

2.3 The Law of Large Numbers

Now, we state and prove our main result.

Theorem 2.3.1. Consider a sequence u” = (ug,ug) of Markov processes starting at

u™(0) = (ug(O), ug(O)), with infinitesimal generators AN given by (2.2.7). Assume that
the assumptions of Proposition 2.2.3 hold and:

(i) N, — oo in such a way that p~*log N — 0,

(it) wN(0) >0 and |u™(0) — v(O)HOOOO — 0 in probability.
Then, for all'T > 0,

sup ||u™(t) — v(t)HOO . — 0 in probability. (2.3.1)
t€[0,T] ’

Proof. Let T > 0 be fixed. Our goal is to show that,

Ve>0, P {sup | (t) — U(lf)“oom > e} — 0.

(0,7]

It follows from Theorem 2.2.1 that it is sufficient to prove

Ve>0, P {sup |u™(t) - vN(t)HOO’OO > e} — 0. (2.3.2)

(0,77

The rest of the proof is divided in two principal steps. In the first step, we successively
consider some martingales associated to our model (M6) and, an adequate truncation
of our process in time, using the properties of these martingales. The aim is to work
only with the truncated model in the place of the initial one. Next, we conclude using a
Gronwall-Bellman argument.
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2.3.1 Accompanying martingales

Different types of martingales are associated to jump Markov processes such as u'.

Before specifying some of them, we introduce:

Some useful notation. Let j =1,--- | N and v = (uc,up) € C,(I) x Cp(I) be fixed.

e X (u) (resp. AP(u)) is the rate for fast (resp. slow) reactions on site j:

X (ue, up) = (Z)\ + 3 A (uf uf) + 2N%u C)

Témc resSi
and
D
Ve = 3 M) T A
réRpc\S1 reERp
o \j(u) := A§ (u) + AP(u) is the total rate for reactions on site j.
N
o \W(u):= Z Aj(u) is the total rate for reactions in the system:
j=1
N
Wiacran) =3 ( 30 20) + X (5.00) #2000 )
7=1 \refic resy
N
2 2 M)+
j=1 TE%Dc\Sl reERp

e If the reaction rates are bounded, we set A := max (5\0, XD) where,

do= Y [ with A% = sup { Al € Re U S}

reRcUS1

The notation \p is the counterpart of Ao for slow reactions.

JYP) and 5 :=max (3¢, p).

= D D : D
Yp = max Y, v , with |y7]:= sup Y,
"’ reg\SH ‘ | TGZWD | ‘ | ‘ r€(Rpc\S1)URp } ‘

e |y| := max (hc

The notation 7¢ and hc‘ are the counterparts for fast reactions.

Recall that the debit of a process is defined as the sum of its jumps weighted by the
corresponding rates, over all its possible jump directions. Let

5u§v(t) =l () —u (t7)

J J

be the jump of u} at time ¢, and denote by [éu} (¢)| the amplitude of that jump, where
|(y1,92)| = |y1| + |y2|. Firstly, we define the "amplitude” [¥¥|; (resp. |¥¥];) of the debit
\Il?/’c (resp. \Ifj-V’D), as the debit function of the process

<Z léujvc(t)o resp. (Z |(5u§V’D(t)})
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As a fact, that notion of ”amplitude” is perfectly adapted to any of the specific debit
functions Ay, F, F{N, or GV. Especially, we have for the part related to C:

o [Ax|; (uc ):N2<U§j1+2“c+uac+1)
o |Fly(uc.un) = 3 REA () + 3 hEIA (o).

rei)%c resSy

o |F{"]j(uc, up) Z Y IO u?)A (uf u ),

1=1 TGERDc\S1

° |\Ilg|j (uc,up) = [An|; (u) + [F|;(u) + |F1N‘] (uc,up).

For the part related to the reactant D, we have

d |g|ij<u07uD) = Z "VT ’9 zcv zD) ]a ] Z |7rD‘0 gD)v

réeRpc\S1 rERp
forall 1 <i <N,

o (W3] (ucup) = D illgl(uc, up) =: |GV (ue, up).
N
Then we set | U™, (u) := [W¥] (u) + [0}, (u) and [V] (u) := 37 [0V (w)

Next, we analogously define the “square amplitude” [¥g[* (resp. [WF[5) of \II;-V’C
(resp. \Ifj»v’D), as the debit function of the process

(Z |5u§-v’o(t)‘2> resp. <Z ‘(5u§V’D(t)’2,>
s<t >0 s<t >0

Then,
o |AN\2.(u ) == N? (u-o 1 —|—2u-c+u]c+1)
o [Fli(uc,up) = > WP (uf) + Y i PA (ufuf),

reRco resy

o [F"}(uc, up) = Z Y I PIeg (uf )P (),

i=1 reRpc\S1
o U5 () = |AN|§ () + |F2(u) + |FN\2. uc,uD>.
.|g|12j(u07uD) = Z }’77" | |9 z y Ug )| Ar ]’ ] Z }77”D| |9 (U']D)’

TE%‘DC‘\SH réERp
forall 1 <i <N,

o U5 [2 (e, un) = 3 19 Plol (ue, up) =: |G (ue, up).
=1

N
And we set ‘\IINE (u) == ’\Ifg‘j (u) + }\I/gﬁ (u) and ‘\IJN‘2 (u) == Z ’\IJN‘j (u).
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In addition, we introduce at last, the very useful ”square amplitude function” asso-
ciated with the debit . It is defined by

P zwww

We also denote it by |¥V]?, as the "square amplitude”. Both functions are defined on
HY x HY. But still, if the former is HY — valued, the latter has non-negative real values.
In order to avoid any confusion in the sequel, the notation |¥¥|? refers to the "square
amplitude function”, unless another precision is made.

Moreover, as for the "square amplitude” introduced first, the ”square amplitude
function” can be easily derived for each of the specific debit functions we have introduced
above. For instance, the "square amplitude function” corresponding to F is just

|F[*(u ZIF|

The so-called accompanying martingales. 1t is well known from [Kur70] or Propo-
sition 2.1 of [Kur71] that, if the total reaction rate AV and the global ”amplitude” - that
of the global debit ¥ - of 4" are bounded, or in other words if

sup  AV(u) < oo and sup |\IJN(u)| < 00 (2.3.3)
(uw)eHN xHN (uw)eHN xHN

respectively, then the processes defined by

ZY () == ud (t) —ud(0) — /Ot U (uM(s)) ds (2.3.4)

are F} = F"*—martingales, with Z"(t) = (Z&(t), Z5 (1)) taking values in HY x HY,
for all ¢ > 0. Note that (2.3.3) holds when the reaction rates are bounded for instance.
Furthermore, if 7 is a ]-'tN -stopping time such that

sup Hu t/\T)” < C(T,N,p) < oo, (2.3.5)
[0,7] e

then v (¢ A 7) has a bounded total jump rate, and Z¥(t A7), ZY(t A7) and ZX(t A T)
are martingales. In all these, t A 7 denotes the infimum between ¢t and 7.

The following result is similar to Lemma 2.2, p.8. in [Blo87|. It presents a first type
of martingales related to . We give its proof in Section 2.4.3.

Lemma 2.3.1. Assume there exists T satisfying (2.3.5). Then, for all j € {1,--- N}
and all t > 0, the following define mean zero F}N -martingales:
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Mz > [ ) = [ (8 17 ) 0 0) s
(Mg2)-(Mg3) > |0u) ()] [T (s)] +% /0 e () + w5 (5)) ds,
(Mg4) Z [5U§Y’D(S)r - /OMT \Ifj-V’D i (uM(s)) ds.

We move on to the second martingale type. The result is a variant of Lemma 2.16,
p.19 in [Blo87], and Lemma 1.1 in [Kot86b]. Find the proof in Section 2.4.3.

Lemma 2.3.2. Consider p € HY and 7 satisfying (2.3.5). Then fort > 0, the following
are mean 0 martigales:

(Mg5) Y [6(28(s),¢),)" — NLM/OW Kug(s), (Vo) + (VW)2>2

_ +<<|F|2+M}F1N‘2) (uN(s)) ,g02>2} ds,

1 tAT

(Mg6) 3" [6<Zg(s),gp(s)>2}2—ﬁ 0 <\\P%\2(uN(s)),<p2>2 ds.

s<tAT

Now we look for a stopping time with the same properties as at (2.3.5).

2.3.2 Truncation

Set
7 :=T(N, ¢) = inf {t =0: HUN(t) - UN(t)HOO»OO = EO} ’

N

for fixed ¢y € ]0,1[. By definition of 7, the process u" exists and takes finite value on

[0,7] . Now, define @™ = (ay,up) by

a(t) = uN(tAT) for 0 <t <7< o0,

a™ (t) :uN(t/\T)—i—/

tAT

t

(ANGN(S) + RN (ﬂN(s))> ds for T <t < oo, (2-3.6)

F(u)
¥ (u)
vV until time 7 and then running it deterministically afterwards, if 7 < oo.

Note that 7 is a stopping time such that

where R (u) := ( ) for u € C,(I) x Cp(I). The process " is obtained by running

[0,T] [0,T7]

P {sup HuN(t) — UN(t)Hoo,oo > 60} <P {sup HuN(t AT) — UN(t/\T)Hoo,oo > (—:0}

<P {[soujl?] HﬂN(t) - UN(t)Hoo,oo > eo}.
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Therefore, it follows from (2.3.2) that showing
IP{supHﬂN(t)—vN(t)Hoooo > 60} — 0 (2.3.7)
(0,7 ’

is sufficient for proving the main result.

Boundedness. From Proposition 2.2.3, we know that [[v(t)|cce < pr with pr =
pc+ (pp+1)e?@MeT for all t € [0, T]. Since we are assuming [|u™(0) — U(O)Hoo w0

in probability, we may, by conditioning on HuN (O)”C>o < pr + 1 if necessary, assume
without loss of generality that

|u™(0)|| .. <pr+1 forall N. (2.3.8)

00,00

From Theorem 2.2.1, we also have

sup [0 ()| < pe, sup [[uB ()] < (pp + 1)e2 @Ml
te[0,T] t€]0,7]

Therefore, by definition of 7, for ¢ < 1,

[up (AT e < petls JlupE AT o < (ppA1)e@MEIT LT for 0<t<T.

Thanks to Assumption 2.2.5, we obtain
@V )|, o < Br = pc + 1+ (pp + 2)eOMileetUT for 0 <t < T. (2.3.10)

Indeed, given (2.3.9), we prove (2.3.10) if for 7 <t < T, we show the inequalities

”ﬂg@)Hm <pc—+1 (C)
! =D i *).
” g(t)Hoo < (pp +2)e a(0)Mi1(pc+1)T (D)

Suppose that aj.\”c(t) > pc + 1 for some t € [7,T],1 < j < N. Since ) (t) € HY, there
is 1 <i < N and t; satisfying

uY(ty) = sup |a&(s)]| . > e (t) > pe + 1.

se[r,T) oo =
Therefore, Assumption 2.2.5 (i) yields
F(a¥(to)) = F(a) " (to),a) " (ty)) < 0.

Moreover
Ayt C (o) = @y (to) — 2 (to) + @ ¢ (to) < 0.

71—

Combining these two arguments with (2.3.6), we get
d
—u, " (to) = Anul“(to) + F (a) (to)) < 0.
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By (2.3.9) to > 7 and necessarily < ; NC(ty) > 0 in contradiction with the above. Thus,
(Cx) follows.

Now, let 7 <t < T and 1 < ¢ < N be fixed. Let 7 < s < t. Observing that
1955 (u™ (s)] < [[|g](uN ())]]o0, Assumption 2.2.5 (ii) and (C) yield

‘GN ND ‘ <Z|%g||gw |<Z Hgl (5)lloo

(O)Ml(PC +1)(llap(s )Hoo +1).

(@p ()], < a(0)Mi(pc + 1)(||ap(s), + 1), and, (2.3.6) with (2.3.9) lead

to

lab )l < lupE AT, +

’GN ND(S))H ds
§<pD+1)ea(0)M1(PC) _|_1—|—M1 pc—|— / HuD —|—1d$

The result follows from Gronwall lemma. (Dx) follows, and (2.3.10) is proved. [
In the sequel, we consider ¢ as a generic constant depending on pr and 7.

Remark 2.3.1. As we are considering the truncated process " in the following, we
consider that reaction rates are bounded and Lipschitz as functions defined on R?. Indeed,
thanks to (2.3.10), we know that the family {u™(t),t > O}N lies in the bounded set

S, = {u e HY x HY : [t 00,00 < ﬁT}

Thus {EN(t, x),t >0,x € [}N C B(0, pr), where B(0, pr), the closed ball of R? of radius
pr, and centered at zero. Now, since reaction rates are functions of the concentrations of
the truncated process, we only consider their restrictions to the compact B(0, pr). These
latter are bounded and Lipschitz, as the rates are polynomial. Their bounds depend on
pr and are also denoted \(pr). O

We have the following result, proved in Section 2.4.4.

Proposition 2.3.1.

(i) The debit functions F, FN, G and GV are Lipschitz.
(ii) For allu € C(I) x C(I), ||G" (u) — G(u)”oO — 0.

Martingale and jumps. The stopping time 7 satisfies (2.3.5). Thus,
InT
ZNtAT) = uN(tAT) —uN(0) - / (ANuN(S) + RN (uN(s))) ds
0
is a mean 0 martingale. From the definition of u",
t
a™(t) = u™(0) + / (ANaN(s) + RN (aN(s))) ds+ ZN(t A T). (2.3.11)

0

In fact, if £ < 7, then
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a (1) — u (0) — /0 t (ANaN<s) + RN (aN(s>)) ds
=Nt AT) — N (0) /Ot (ANuN(s A7)+ RN (uM (s A T))> ds
=uN(tAT) —uN(0) — /0W (ANuN(s) + RN (uN(s))> ds = ZN(tAT).
Otherwise t > 7 and, since "V and u are the same before time 7,
aV (1) — u(0) — /0 t (ANaN(s) +RY (ﬂN(s))> ds
= uN(t/\T)—l-/t

tAT

(ANaN(s) + RN (aN(s))) ds
N (0) — /O t (ANaN(s) + RV (a%))) ds

(ANaN(s) + RN (aN(s))) ds

tAT

V(AT — N (0) — /

=uV(tAT)—uN(0) - /OMT <ANUN(S) + RY (UN(S))> ds = ZN({tAT). O

Also, setting §f := ((5fj)1§j§N for f € HY, the jumps related to u" and a" satisfy

(2.3.12)

o0

uc = c g = ||9uc T > Yol SR
loac )] = 928 AT, = lloue @A), < AV T <u7!
loas (@) = 628 A || = [|sud(t A r)|| < Fpa(0)Nt < 4N

for all ¢ > 0, for some constant v > 0. We refer to (2.2.12) in particular for the bound
related to D.

2.3.3 A Gronwall-Bellman argument

We want to study the difference

M) =™ (1) = (ac(t) —va(t), ap(t) —vp (1))

N

Using variation of constant at (2.3.11), we get

- t . F (@™ (s
a® (t) = T (t)u™ (0) + /0 Tn(t —s) (GN< (UN((;))) ds + YN (1), (2.3.13)

' ' ZN (snT, L
where YV (1) :/ Tn(t—s)dZN(sAT). Note that ZV (s/\T,i> = 7¢ ( N) 7
0 N ZN (snT,4)

1 < j < N, is of bounded variation in s, and TN may be viewed as a 2N x 2N matrix-
valued function. Tl is indeed identified to an N x N matrix-valued function. Hence,

YN (¢, %), 1 < j < N, is defined as a Stieltjes integral. From the mild forms of vV

and @V at (2.2.26) and (2.3.13) respectively,
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i () — o (t) = Ty (t) (u(0) — v™(0))

t F (ﬂN(s)) - F (UN(S)) ) N
TN — S Y .
+/0 (t =) (GN (ﬂN(s)) -G (UN(S)) YO

Since the semigroup Ty (t) is of contraction,
127 () = v (0)]]

< [[u™(0) =™ ()]

/
0

We have

[(ov oo ~ 6~ i) | =221 =0l

s R U]

0,00

SN Mov oo o]

and

< ||GN (vN(s)) — GN ( v(s))Hoo +[|GY (v(s)) — G (v(9))]|
+ HG (v(s)) — G (UN(S)) Hoo

< 2L||v"(s) — v(s)”oo’oo +||GY (v(s)) = G (v(s))Hoo
where L is a Lipschitz constant common to F, G and G¥. Therefore,

|127@) = ¥ ()]

t
< [ (0) = oM (O] o + 1YY D0 + 2L/O 127 (5) = 0™ (5)]| o o s

b [ LI 6 = o)+ 16 0060~ GLL) ds

Taking the supremum in time on [0, 7] and applying Gronwall lemma, we obtain

sup [[a™ (8) = v (1)
0] |

s{HuN(m—vN(O)IIOO +sup [YV()]|
0,1 '

(2.3.14)
+2LT sup ||o™ (t) — v(t)Hoo’oo + /0 |G (v(s)) = G(u(s))]| . ds} x 2T,

(0,7]
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2.3 The Law of Large Numbers

Now, by assumption,

|u™(0) — UN(O)”oo,oo < [[u™(0) - U<O)Hoo,oo + || Pnv(0) — v(0) —0

Hoo,oo

T
in probability. Also, / |GN (v(s)) — G(U(S))Hoo — 0, thanks to Proposition 2.3.1 and
0
dominated convergence. Moreover, Theorem 2.2.1 yields sup HUN (t) — v(t)Hoo o —0.
(0,7] 7

Finally, we claim that:

sup HYN(t)HOO - — 0 in probability. (2.3.15)
[0,7] ’

The proof of Theorem 2.3.1 is completed, if our claim is justified. We write

YN (1) = /Ot Bt — 5)d (ZJCV(S A T)) _ <f0 Tn(t —s)dZY (s A 7')) . (Yg(t)) |

ZN(s A T) ZN(@tNT) YA (t)
where ZY (t A7) and Z} (t A7) are HY —valued martingales. It follows that

sup [V (1), < sup Y (0|, +sup |[Z5 (AT, -
[0,77] ’ [0,7] [0,7)

Therefore, it is sufficient to show that each term on the r.h.s. of the inequality converges
to zero in probability. For that purpose, we need the subsequent results, whose proofs
are differed to Section 2.4.5.

Lemma 2.3.3. (Lemma 4.3, [Blo92]) Set f = N1,. Then
t

<(V}TN(t)f)2 + (VaTn) ) + (Tn () f)?, 1>2 < hy(t), with / hy(s)ds < KN +t.

Lemma 2.3.4. (Lemma 4.4, [Blo92]) Let m(t) be a bounded martingale of finite vari-
ation defined on [to, 1], with m(ty) = 0, and satisfying:

(i) m is right-continuous with left limits.

(ii) [om(t)] < 1 forty <t <t.

t

(iit) Z [6m(s)]? —/ g(s)ds is a mean 0 martingale with 0 < g(s) < h(s), where
to<s<t to

h(s) is a bounded deterministic function and g(s) is F}\ -adapted.

Then,
3 [
E [em(tl)] < exp (—/ h(s)ds) :
2 Ji,

Let us go back to the proof of 2.3.15.

Martingale continuous component term

We want to show that

P < sup HYév(t)Hoo > 60} — 0.
(0,7]
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Fixt € (0,T] and j € {1,--- ,N}. For 0 <t <, set

f:=N1;, and me(t) = </OtTN(t—s)dZéV(s/\T),f> :

2

Then, me := {mc(t),0 <t <} is a mean zero martingale such that

Me(f) = N/O1 /OtTN(t— Az (s A7) 1,(x)de

; J - J
—/0 Tn(t — s)dZl <s/\T,N> = Yy (t, N)'
We need the additional upcoming result, that we prove in Section 2.4.5.

Lemma 2.3.5. (A third type of accompanying martingale)

> [ome(s)?

e [ (0 (T 907 + (T o)),

(PR 4l FYP) (0(9) @l 9)02) ] ds

2

defines a mean 0 cadlag martingale for 0 <t < t.

Remark 2.3.2. In [Blo92], Blount uses this result and claims that it is a consequence
of Lemma 2.5.2, whose proof uses Lemma 2.5.1. We have not been able to reproduce his
proof. Our proof uses Lemma 2.3.1 directly.

From (3.2.2), we know that Ty (t) is a contraction on (H", || - ||«). Thus, (2.3.12) yields
Sme(t)] = |Tw(E — )25 (t AT %) ‘ < [T — 1528 (¢ A )|

< ||6z& (75/\7')”0o = ||6ug (t A 7')HOO <u Tt
For § € [0, 7_1}, the process m¢ defined by
me(t) = Oume(t) for 0<t<t

is a mean 0 cadlag martingale such that [0mc(t)| = Ou |6me(s)| < 1. Thus,

S [bme(s)]? - / " g (s)ds

s<tAT

is a mean 0 cadlag martingale thanks to Lemma 2.3.5, where for 0 < s <t AT,

) = L (). (VT = 1) + (Vi = 1)°),
(1P + BT @) (v - 90 |
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2.3 The Law of Large Numbers

Since uly is positive and the reaction rates are bounded, (2.3.9) and Lemma 4.3.3 yield

g(s) < =2 (1, (VATW(E = 5)f)" + (VATw(E = 9)f)" + (Tw(i = 5)f)?)

02 _
< Wuéhi\ﬂc (t—s),

where we know from (2.4.1) that we can take h)"“(t) = 1+4 Z e 2N (B, N+ 1),

m>0

¢
and it satisfies / mYC(t — s)ds < KN +t, for 0 < t < t. Hence, g is an FN-adapted

2

0
process such that
0 < g2 (s) < hel(s),

0? _
where hY(s) = EWth[ C(t — s) is a bounded deterministic function on [0,7]. Since

N — oo and t < T < 0o, we may assume tN ' < 1 and get
t . _ _
/ ho(s)ds < b (K +tN~Y) < éfp.
0

Therefore, Lemma 2.3.4 implies [emC@] < exp (E@Q,u). By Markov’s inequality,
P {YC{V (f, %) > 60} =P {mc (t) > e} =P {mc () > Opeg} =P {emc(ﬂ > eé‘“o}
< e~ Oty [emC(t)] < exp [éu (69_ — eo)}.

Thus we can choose @ such that
’ {Yg (f’ %) g 60} < e, for o =c(pr,T) > 0,

independently of N, u, j and t (one may solve ¢0? — ey + ae? < 0 in é). The same
relation holds for P {—Yév (t, %) > eo}, by replacing the processes m¢c and Y2 by

their opposites —m¢ and —Y2 respectively, and repeating the argument. Therefore,

"

Since HYéV(t)HOO = sup
1<j<N

| t,i > € §2e_°‘53“, for 0<t<T and je{l,---,N}
“\'N

y§<u%>
P{Wﬁﬁwm>m}:P{ﬁe{anN}

- o)

1<j<N
91

and Y2 (0) = 0,

(4))-+

> 60} < I Ne etk

2|

(2.3.16)
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for 0 <t <T,a=a(p) > 0. We now show that (2.3.16) holds with HYév(t)HOO replaced
by supjg 7 HYCN(t)HOO and N - on the r.h.s. - replaced by N3. From Duhamel formula,

t
Y (t) = /0 Tn(t — s)dZ5 (s A7) satisfies the Stochastic Differential Equation (SDE)

dYZ (t) = ANYY () +dzE (t A T).

whose integral form is

YA (t)=ZY(tAT) + /Ot ANYE (s)ds. (2.3.17)

We subdivide [0, 7] into N? subintervals I,,(T) := [X[—E, (”;12”], 0 <n < N?—1. Then
taking ¢ = 2% in (2.3.17) yields
nT
nT nT’ NZ
5 (ﬁ) =75 (— /\T) - i ANYE (s)ds.
One writes

L’lz"
YCN(t):ZfCV(t/\T)+/N ANYéV(s)ds—i—/
0

n

t

ANYY (s)ds
T

N2
nT nT t
=ZN(tAT)+ {ng <W> o/ (m /\7')] +[LT AnYZH (s)ds
NT
T t
— v (2 ) o [ AnYE(s)ds +molt),
N2 nT
N2
where T
- n
me(t) =25 tnT) - 28 <m A 7')

defines a mean 0 martingale, for t € I,,(T"). Thus,

nT’ K ~
ol < v (55)| v [ 26l + mctol
o0 Nz
since [|An|lo < 4N?. With the notation sup = sup, a Gronwall argument leads to
tel(T)  In(T)
N N (T N AT
sup [|Y{) (t)Hoo < | |Ye B + sup ||me(t)], | e - (2.3.18)
In(T) oo In(T)

We now want to proceed as previously, by finding a suitable martingale associated with
me. Fix j € {1,--- ,N}, 0 € [0,]7]7"] and set

_ ' T nr
me(t) = Oumc (t,%), for tejn(T):[%7(n]+\72) }

T _ _
For s € I,(T), s > % yields |dme(s)] = Oulome(s)| = G,u‘éZJN’C(s/\T)‘ < 1. By

Lemma 2.3.2,
tAT
S lmel) - [, s
%/\Tﬁsgt/\T NQ/\T

92



2.3 The Law of Large Numbers

is a mean 0 martingale for t € I,,(T"), where
= 2
g8 () = 0% | N (w5 (s) + 20 (s) + X5 (s)) + (1P + BV (¥ ()]

Now, 0 < g&(s) < hY(s) by (2.3.9) and the local boundedness of the reaction rates,

where
tAT

ho(s) = 0% (AN?pr + A A(pr)  satisfies / hi(s) < e0*uT.

nT
N2 AT

Lemma 2.3.4 then implies

B [exp {mg (mjv—j)T) H < exp (02uT)

Applying Doob’s inequalities, we have

. j Ope (n+1)T
P {Isnl(l% me (t, N) > 60} < e7VHOE {exp {mc (T

< exp [éu(éé — 60)} < e—ae3u7

where a = &(pr, T) > 0, independently of N, u and j. We have choosen a suitable § as
previously. Again, the same inequality holds for —m¢ (t, %) and consequently,

P { sup ||me(t)||,, > 60} < 2Ne %, (2.3.19)
In(T)

From (2.3.16), (2.3.18) and (2.3.19),

Qe a0l 2 a <v{ [ ()] - mpioeior. - of
I(T) e

T € €
<pllyN (2 s9olyp e > 2 2.3.20
<e{|v (52)| > 5} reiem i o

52 62 €2
< 2Ne @ HH 4 2Ne @ HH = 4Ne @HH < ANe 0k,

Hence,
N2-1
P< e sup HYC H >epp < Z P{e T sup HYCN(t)Hoo > 6o < AN3eocon,
(0,71 n=0 In(T)
where a = a(pr, T) > 0. We deduce
P {sup HYC || > eo} < 4N3exp <— 1677 e%u) < exp(log4 + 3log N — ap),
0,7

with o = a(pr, T, €). The r.h.s. vanishes, since we are assuming p~ ' log N — 0. This
proves the convergence of the continuous part. [J
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Martingale discrete component term
We want to show that

P ¢ sup HYl])V(t)HOO > 60} — 0.
[0,7]

We use the same procedure as for the continuous part. Fixt € (0,7] and j € {1,--- ,N}.
For 0 <t <t, set

f:=N1;, and mp(t):= <Zg(t/\r),f>2.

Then, the process mp := {mp(t),0 <t <t} defines a mean zero martingale, such that

mp(t) =YY <t_, %) Taking ¢ = f in Lemma 2.3.2 yields
1 tAT 9
_ 2 N|2( N 2
S<§MT [0mp(s)] N/ <|G " (uN(s)) . f >2ds (2.3.21)

is a mean 0 martingale for 0 < ¢ <¢. From (2.3.12),

S (t)] = ‘MDV (t/\r, %)‘ < 625 A =[Sl am)|. <N,
Since N — oo, we may assume N ! < 1. Then, For § € [0,7_1},

defines a mean 0 cddldg martingale such that |§mp(t)] < 1 and [fmp(s)]* = 62N? [§mp(s)]?
for 0 <t <t. Thus, from Lemma 2.3.2,

S o (s)? - / " gl(s)ds

is a mean 0 cadlag martingale, where
gp(s) == PN (|G| (u"(s)) ,f2>2 = >N? ‘Gﬂz (u™(s))
N

=Ny 1 Plgli (u¥(s)) < %N,
i=1
thanks to the boundedness of the reaction rates. It follows that 0 < gN(s) < h¥(s),

t
where h}y(s) := §’EN satisfies / hN(s)ds < 6%¢N for 0 < t < £ < T. Therefore,
0

Lemma 2.3.4 implies [ [emD@] < exp (0_25]\7 ) Markov’s inequality yields

P {Yff (f%) > eo} =P {mp () > o} = P {mp () > INeg} = P {2 > ™o |
< e R [m00] < exp [N (e — eo)].
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2.3 The Law of Large Numbers

We can choose 0 such that

. {Yé\’ (E’ %) g EO} < e, for a =My p,T) >0,

independently of N, i, j and ¢. The same relation holds for P {—Ylj)v <t_, %) > 60}.

Therefore,

"

. N =
Since [[Y5/(0)]], = sup

Y[])V (h%)‘ >€0} §26_a6(2]N for 0<t<T and je{l,---,N}

N (t%)
P{||vY @) > e} —]P{Hj c{l,---,N}:

SZIP{

1<j<N

and YA'(0) =0,

()
Yy (t, %) ‘ > eo} < INe 2N

for 0 < ¢ < T. We now show that (2.3.22) holds with ||Y'(t) HOO replaced by sup ||Y) ()|
[0,7]

=

(2.3.22)

[e.o]

and N (on the right) replaced by N®. With the introduced subdivision of [0, 7] into N?

subintervals I,,(T") = [X/—TQ, (”;lf], 0 <n < N? —1, one can always write

Y () = p(t) + 2N (% A T) — () + Y (%) |

T
where mp(t) == ZN(tANT) — ZD (n_ A 7') is a mean zero martingale for ¢ € I,,(T).

N2
Thus,
nl
Y (ﬁ) H : (2.3.23)

As previously, we now want to find a suitable martingale associated with mp. Fix
je{l,---,N}, 6€[0,77"] and set

sup HYéV(t)HOO < sup [[mp(t) ., + '
In(T) In(T)

mp(t) = 0N (t, %) for t € I,(T) = {nT M} .

N2’ N2

nT

For s € I,(T), s > RE yields [0mp(s)| = ON ‘5ZJN’D($ /\7')‘ < 1. From Lemma 2.3.2,

tAT

S o) - [ abs)ds

5N\
]’;—Egsgtm N2

is a mean 0 martingale, with g3 (s) = §°N? }GN‘j (uN(s)) < #*eN. Since reaction rates
tAT
are bounded, 0 < gN(s) < h¥(s), where hl¥(s) = §?¢N satisfies / h(s) < @@ N.

%TQ/\T
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(n+1)T

Thus, Lemma 2.3.4 implies [E [exp {mD ( e

) H < exp (E§2N). Doob’s inequal-

ities, lead to

- ' _GNe n+1)T
fegsels2) ) zeelonfoo (S50

< exp [ON(c — €)] < e—oN,

where a = &(pr, T) > 0, independently of N, y and j. We have choosen a suitable 0 as

previously. Also, the same holds for —mp | t, % . This shows that

P { sup ||mp ()| > 60} < 2Ne N, (2.3.24)

I,(T)

From (2.3.22), (2.3.23) and (2.3.24), we have

nT’ -
IP{ sup YA ()| >60} SIP{‘Yg <N2>H + sup |[|[mp(t)| >60}
In(T) oo In(T)

T € €
<pllyN (I s9ol,p @) > 2y (2395
<e{|vs (5)|_>3) o ol > 5 a2)

62 62
< INe @3N 4 oNe @3N < 4NN,

Hence,
N2-1
IP{ [souIPHYN o eo} < Z ]P{ s1(1£ HYN H > eo} < 4N3e —agN
Setting ¢ := ae *'¢y > 0, it follows that
P {sup”YN || > eo} <4N3e N 50 as N — 0,
0,7]

which shows the convergence for the discrete part. This completes the proof of (2.3.15)
and ends the proof of Theorem 2.3.1. W

Remark 2.3.3. In this proof we have used in a crucial way that at each point, the

Jump of the discrete component is of order % For the original model, without spatial
correlation of the slow reactions, this does not hold since the jump of discrete components

are of order 1.

Concluding remarks.

The law of large numbers we present in this chapter differs from the existing one,
essentially with the additional presence of discrete species, which leads to multiscaling.
That consideration complements classical one scale stochastic spatial models, which were
already very useful, to a more reallistic model.
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We believe the multiscale model can be extended to higher dimensions at the level
of both the space and the number of species, at the prize of very cumbersome notation.
That will be one of the directions for future works, the extension to a larger number of
species being more of less trivial. For spatial higher dimensions, one has to be careful
about particular points such as the resolution of partial differential equations.

The possibility of a spatial correlation for slow reactions, as considered, supposes that
the discrete species is present enough to react sufficiently frequently and get homogenized
as the sites get closer.

If the initial model (M6) is a typical hybrid stochastic system, its limit looks like
one, but this latter has no discrete variable anymore, and jumps totally disappear. In
furthcoming works, we will study the fluctuations of the model around its deterministic
limit, in order to get the speeds of the convergence of the initial fast and slow dynamics,
through a central limit theorem.

Also, we will present other multiscale stochastic spatial models, with a stronger
stochasticity that does not vanishes in the approximation at the first order. The limit
will remain a stochastic hybrid system.

2.4 Appendix

2.4.1 Formal limit of the generator

We consider the sequence AY = AM# of generators defined by (2.2.13). We consider
a L*(I) framework and consider test functions ¢ € CZ(L*(I) x L*(I)) . Each line is ex-
panded at order two thanks to Taylor expansion. The first order expansion has already
been examined to understand the limiting generator. For k = 1,--- 5, denote by Tj(N)
the second order term corresponding to the k-th line in the expression of the generator.
Let u = (uc,up) € Cp(I) x Cy(I) be fixed and let N, u — oo.
We assume that the reaction rates are bounded.

At order 1. We already know that the whole terms together read

AiVQO(]BNU> = <D1’OQO(PNU),ANPNUC + F(pNU) + FlN(pNU)>2
01, (P N(P
+ <D go(PNu), G (PNu)>2.
For uc € C3(I), it converges to

A%p(u) = (D"p(u), Auc + F(u)), + (D™p(u), G(u)), ,
requiring GV (PNU) — G(u), which follows from Proposition 3.2.1, Proposition 2.3.1 and
HGN(PNU) - G(u)H < HGN(ﬁNu) - GN(u)H + |G () — G|
< Lo||Pvu — t|so,00 + HGN(u) — G(U)H

(e 9]

oo’

where we use the same notation as in Section 2.4.4.
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At order 2. We introduce ¢; := /N1, for 1 < j < N. Since the functions (1;)i<;<y
are pairwise orthogonal in L? and of norm [|1;| = \/Lﬁ, the family {e;,1 < j < N} forms

an orthonormal basis of (H",| - ||2). Also, ¢ denotes a generic constant and || D"
denotes a uniform bound of D", for 0 < I,k < 2, I + k < 2. Let us treat the term
appearing from the second line,

1 N - N ,VC ,YC D
=52 (P (1 ) o (i)

resS; j=1
PN mzogl L N2
< 10l 5 el

The first term is similar and also vanishes at the limit, using the same argument. Next,
the third term reads

N . c c
T3<N)=% > ZDQ%(PNu)-<%ﬂj,7—"ﬂj>>2Ar(uj>

reRpc\S1 j=1 K

Y ZD“ Pyu) -<:]1],er (PNU)> A (u;)

re%Dc\Sl J=1 ’
N
S 3 De(Pun) - (5 (P 5 () ()
reRpc\S1 j=1
We have
c c

1 Y -
T35 (N) := N Z ZDQ’OSD(PNU) : <%€j, %€j>2 Ar (uj)

reRpc\S1 j=1

1 N c
<Dl 7z o llelly < 5 —o.
j=1

Observing that

for all 1 < 5 < N, we deduce from the inequality of Cauchy-Schwarz

WP (P <m|2m Il < ]22] 2 f

Ty (N) = 2\/_ > ZD“ Pyu -<,ue],7]r (PNU)>2AT(uj)

reRpc\S1 j=1

c
< el D loo—em S el [ (P, < 0,
3l <
on the one hand, and, on the other hand
Ty(N) =5 3, ZDM (Pyu) - <7ﬁ»’D(PNU)WﬁiD(PNU)>2/\r (1)

Tempc\sl j=1
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Recall that, setting Pyu = u®,

Tl (u uly) = Z%JIL 07 (" uP),

™ C )
where fyg = /[ a <x — N) dx, and 0] ( N, uND) = 9( %fj)e(uf.” + fy?{jfyi]}f).
Define the operator A, by:

—VE A @ = Zvﬁ% A e

Then, using standard property of the trace,

Tys(N) = Z ZDOQ (Avej, Aves),

TEfﬁpc\Sﬁ j=1

1
:W Z Tr (A:D%?p(u™)A,)
reRpc\St

Do) > Tr(4A).

reRpc\S1

_2N

Also
Tr (A7 A, Z 1Are; |15 < Mpr)y Z e

7j=1

, 1 j 2
and since [y ]* = / a (m — i) dr = — <a ( — —) ,e,-> we have by Parseval

1dent1ty:
= N |2 1 ’ 1 2
E i 17 = N

a(._%)z_

Tr(A2A,) < 2A7°al2,

It follows that

and as a result, 75(N) — 0. The fourth term also vanishes at the limit, using the same
argument.

Remark 2.4.1. Again, we see why we had to consider some spatial correlation in our
model. Indeed, the case without spatial correlation for the discrete species corresponds to
%z;/ =1 fori =7 and is 0 otherwise, obtained with a being the Dirac mass. In this case
Tr (AXA,) is of order N and T3(N) does not converge to 0.

Let us consider the fifth. From
2 2 2
(101 — 1llz = N 111 — 1,3,

we have
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N
:12|:D20 <]1j+1—]1j ]1j+1—]1j>
2 poop )

7=1
# 00p(Py) (=D B 2L g
o K 2
U N? &
SHzm@Wﬁﬂk7;§jwuﬂ—nmawmfr—%%>

j=1
< c,zfl.i\f2 — 0,

if f7'N? = 0as N,y — oo.
Hence, under the additional condition ' N? — 0, all the terms of the second order

in the Taylor expansion vanish at the limit and hence, A is indeed formally the limit
of AN. [

2.4.2 Relation between the limit and its discretization

Proof of Theorem 2.2.1. Let T > 0 be fixed. Since the operator Ay is linear, it is
Lipschitz. Next, the vector field R = (F, ) is locally Lipschitz continuous. Therefore,
the initial value problem (2.2.25) has a unique local solution vV thanks to the Picard-
Lindel6f theorem. The bounds (2.2.27) are proved thanks to the discrete maximum
principle and Gronwall lemma as in section 2.3.2 and we deduce that vV is in fact a
global solution.

Thanks to (2.2.27) and (2.2.24), we may assume that F' and G are globally Lipschitz
and we choose L such that

1F (ugy up) = F(ug, uh)lloe < Lil(ug, up) = (ugs uh)lloo,cos
G (ue, up) — Gug, up)llee < Ll (ug, up) = (ug uh)lloo.o0;

provided |[uclso < pos |tnllos < (pp + 1)edOMilec)T
we have

=) =Tl Pye0) - TOu)
+/0 N(t_s) (G(UN<S)

for all t > 0. Then,

=79 (Gt

lo™ @) = u(®)]]

< ||t Bxa(0) - Tayuto)
e o (EET) A )
+/0t TN(t_S)NN(
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Since HY is stable by F and G, we rely on Proposition 3.2.1 and Proposition 3.2.2 to
find an upper bound for each term on the right hand side of the inequality above.

s [ () E]_weo [ 170 e
and

Ty(N) = / ITw(t = )Py F(u(s)) = T(t — ) F(u(s)l|, ds.

Hence,

[ (0) = 00| < || T(®)Pro(0) = T(e)(0)

. ,00
+ / [T (t = s) Py F(v(s)) = T(t — s)F(v(s))l ds
0
t
+ 2L/ o™ (s) — U(S)Hoooo ds.
0 b
Taking the supremum in ¢ on [0, 7] and using Gronwall lemma leads to

sup ||UN(t) - v(t)”
[0,7]

00,00

[0,7]

SO N

+/0 sup (|| Tw(t — s)PyF(v(s)) = T(t — s)F(v(s))]| Ls<p)) d3> % e2LT

t€[0,T]
Firstly,
sup HTN(t)PNU(O) . T(t)v(O)H
[O’T] 00,00

< aup 1T (8) Pyuc(0) = T (t)uc(0)] o + [|Pxup(0) — up(0)] o — 0,
0, T

where the first term vanishes thanks to Proposition 3.2.2 (vi), since uc(0) € C3*(I).
Secondly, we fix t € [0,7] and s € [0,¢]. Since F(u(s)) € C*(I), we have

[T (t = 8) Py F(u(s)) = T(t = s)F(u(s))]l o — 0,

thanks to Proposition 3.2.2 (vi) again. Moreover, the convergence is uniform with
respect to ¢, on [0,7]. Thus,

il (ITn(t = s)PxF(u(s)) = T(t = 5)F(u(s))|l o L(s<p)) — 0.

T

Hence, / sup ([|[Tn(t — s)PnF(u(s)) — T(t — s)F(u(s))| . Ls<t)) ds — 0,
0 telo,T]

thanks to the dominated convergence theorem. [J
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2.4.3 The accompanying martingales

Proof of Lemma 2.3.1. Fix 1 < j < N and define Y™ () = (V¥ (¢),- -, Y3 4(t)) by

YVN(t) == up (t) for 1<k<N,
Y/VVH =3 o) [0 9)]

V() =Y [0 (s)
V() =3 [0 (s)] [u)i (s)]

V=Y 0u)P (5)

s<t

\

YV is a Markov process with values in R*Y**. From (2.2.9), Assumptions 2.2.3 and
2.2.4, we know that YV enjoys the following transitions:

1
Y]f,VH — Y]f,VH > at rate puN? ( u;’y + uN C) so that the corresponding debit is

2
—N7 (ujc,l + ujc) =: ‘\I/]_VC

* ().

J

1
Similarly, Yat.; — Ya,s — 2 at rate N2 ( + uﬁ?) and the associated debit is

N? Nel|?
—7 (’LL +Uj+1 =: ‘\IJ+’ ‘ (U,])
Now,

‘,YC‘Q LAy (uN’C> for r € Re

Yo = Yao + 5 at rate
p? LN, ( Nc,uij> for r € Sy,

’%C‘ N,C uvP

Yo = Yalo + 2 at rate A, (uj for r € Rpc\Si

1
Yo — Yo + 2 at rate pN? <u§vj + 2u “+ uﬁl) for a diffusion.

The joined debit is

1
_[N2(uf_1+2u?+uj+1 > R @) + 3 P A ()
K reRc resS
+— Z Z v 12105 (S u?) P (uS uf
i=1 reRpc\S1
1

1
= 1 <|AN‘2 (u ) + |F|}(uc, up) + ‘FN’ UC,UD)) = ‘I’N| (uc,up).
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Finally, for i = 1,--- , N, Y., — Y&\, + i (N))? ‘%{3‘2 107 (ul’, ul)|? at rate
Ay (ujv’c, uj-V’D) for r € Rpc\Si
A (u;-v’D> for r € Rp.

Theses transitions admit as debit function
N
2 2
}\I’gb(uC?uD) = Z ‘7@7’%9‘%(“07 'LLD) = |GN}J(uCa ’LLD)-
i=1
Furthermore,

sup sup ‘YkN(t A 7')‘ =sup sup ’ukN(t A T)|
(0,77 1<k<N [0,T] 1<k<N

< esupmax (|Jug (¢ A T)|

[up (¢ A7)0
0.7

< csup ||uN(t A T)H
[0.,7]

since u® satisfies (2.3.5). Therefore, YV satisfies (2.3.5) too, and has a bounded total
jump rates when stopped at 7. Applying Proposition 2.1 of [Kur71] to Y ends the
proof. [

IN

C(Tn, p)

00,00

Proof of Lemma 2.3.2. Set ¢; := ¢ <%) for 1 < j < N. Since Zg has the same jumps

N
as U,

s, s[5 (+3)o (3)]

K9] [ )] s+ 5 00)]

+ |0u) ()] [0u) ()] wreiia )

=
N
Qz
—
»
~
S
~
i
[\
I
2
[\
=
—
VRS
(o9
<
<
—

By Lemma 2.3.1,
2
> [6(28(5),0),)
s<tAT
tAT
{wg /0 N2 () () + 20 (s) + )" (5))

+ <|F|3 + M{FIN}j> (uN(s))] ds

tAT
—<pjg0j1/0 N? (ujvc(s) + uf_?(s)) ds

1
= N

WE

J=1
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—PiPir1 /OM N2( TCs) +up (s )> ds} + M(t),

where M (t) is a martingale. Therefore, using the 1—periodicity of our processes with
respect to the space variable and proceeding to a change of superscript in j, we get

UCACTN

S<tAT

1 int [ N Ne
= N%/ [Z uy ()N (951 + 207 + @1 — 20521905 = 2050541)
0 o

+§: (IFI? +u\F1N{j) (u™(s)) 2
“si [ R0 (= )+ o - )
ﬂlvN (112 + B (@V(9))

= Niﬂ /0 . [<u§(s),(VW) + (VW)2>2
(1P + | BYP) (0¥ 60) )| ds + M),

This shows that (Mgh) defines a martingale. The case of (Mg6) is treated similarly,

ds + M(t)

ds + M(t)

replacing | F|> by |GN ‘2. There is no term with the discrete gradient. [

2.4.4 Regularity and convergence of the debits

Proof of Proposition 2.3.1. Denote by L, the Lipschitz constant common to all the re-
actions rates. Fix u = (u¢,up),v = (ve,vp) € Cp(I) x Cp(I).

We start with the debit F' defined by (2.2.16).

|F(u(x)) — F(o())]

< ] (uo(x) — N+ Y ] e (ul@) = Ar(v(2))]
reRe resy
< Ly <|Uc —ve(z |Z Y| + u(z |ch‘)
reRe resSy

< Lyyo [Juc(z) = vo(2)] + |up(x) = vp(z)[ + [up(z) — vp(@)[]
< Lp(Jlue =vollo + llup =vplle) = Lellu—vl,

Thus, F is Lipschitz. The Lipschitz property of the debit F¥ given by (2.2.17) imme-

diately follows from that of the reaction rates, as F}" is a linear combination of some of
them.
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The function g defined by (2.2.19) is Lipschitz. Indeed,

|9 (u(z)) — g(v(z))]
< X PP (@) = 2 @@)]+ Y [P (un () = Ar(op(@)|

reRpc\St r€Rp
< Lyyp [luc(z) — ve(@)| + [up(x) — vp(@)| + |up(x) — vp()]]
< Lg(||uC_vC||oo+ ||UD_UDHOO) = LQHU_UHOO,oo’

and ¢ is Lipschitz. As a result, it follows easily that G is Lipschitz.

Recall
= Z %]}[gij(u)]li, where  g;;(u Z fyDQT (u;),
0]

with j,i = 1,--- N and r € (Rpc\S1) URp. Fix j, i, let x € I; and let Ly be a
Lipschitz constant for the function 6. We successively have

|e:j<u@->—ez-;<vz>r<\ (u N/; 2N) — 8(uf Nf%) DU + AP

+0(C + %%) 10 (ui” +7775) — 0(v7 +9775 )|

< Lo(luf’ —vf |+ |u = v7]) < Lollu — ulloc,cc,

195 (1) — gi5(v)| < Z [ (167 (s) = 07 (vi) A () + 655 (03) [ A () = A ()]
< Le%(pT)llu = Voo + LnYluy = vjlelju = vlfoc,co,
and it easily follows that G* is Lipschtiz uniformly in N.
Since GV and G are Lipschitz with a uniform constant and using a density argument,
we may assume that v = (uc,up) € C1(I) x C1(I). Also, G and GV are continuous with

respect to a for the L' topology. Indeed, since @ is bounded by 1 and g is a bounded
function

IG¥ (W)l < 7A(52) max ZN / / a(z——) dzxdy = lgllsllall e

The same bound holds for G and by linearity, we deduce the continuity property. By
density of periodic C''(I) function in L'(I), we may assume that a € C'(I).
Write for = € I;, and r varying over (Rpc\S1) U Rp:

at ZZV %J))@(U? +7?%ZV))N/I]_ Ar(uy) /I a (z - %) dzdy,
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and
Z Z YPO(uc(x uD(x))N/I. Ar(u(y)) /] a(z — y)dzdy.

Thus, since 6 is bounded by 1, a by a(0) and is a bounded function,
|G (u) )—G(U)(ﬂf)\

<a(0 ZhﬂZ/}g% ()] dy

+a(0)7A(pr) |0 (uf + ,Z ¥ )0 (ui” +77753)) — Q(UC(IL“))@(UD(QC))‘

) wéN/Ij/h a(z—%) —az—y)

This clearly goes to zero when N — oo thanks to (2.3.12) and the Lipschitz property
of 0, g, a and u. J

dz dy

2.4.5 On the Gronwall-Bellman argument

Proof of Lemma 4.3.3. From Proposition 3.2.2 and the observations at the beginning of
Section 2.2.3,

(VETw@)F)* 1) =

(Tn(2)f, Anf),
Z |:<|f SOmN ‘ + <‘f ¢m,N>2|2:| e_2ﬁm,Nt6m7N
Z

(e (3) s (3))

S Z e 2ﬁm,Nt/8m7N.
Similarly,
(Tn(t)f)?, 1), <14+2) e ?mat,
m>0
The result then holds for
hn(t) =144 Z e~ 2Bm Nt B + 1), (2.41)

m>0

since Bon = 0 and B, v > em? for m > 0 and ¢ > 0, where ¢ is independent of m and
N. O

Proof of Lemma 2.3.4. Let f(x) = ¢” and note

0<f(z+y)=f2)fly) <3f(x) if |yl <1.

Using change of variables for functions of bounded variation, we have for ¢, <t <,
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<t [ ) dn(s) + 5 3 (mls) (Gmls)?

to<s<t

by Taylor’s theorem, (ii) of Lemma 2.3.4 and our observations at the start of the proof.
Note that /t f'(m(s7)) dm(s) has mean 0 and after applying (iii) of Lemma 2.3.4 and
taking expef:otations, we have
3 t
Efn(1) <1+ 5 [ Bftm(s)h(s)ds

The result then follows form Gronwall’s inequality. [J

Proof of Lemma 2.3.5. We want to identify the martingale part of Z [(57710(15)}2. Inte-

s<t

grating mc(t) by parts leads to

me(t) = <TN(E— NZYENT) + /0 ANTN (T —8)Z8 (s A T)ds, f>

2

= (Tn({E=1)ZEENT), [, + </0t ANTN(E—$)ZY (s A T)ds, f>2.

Since t — | AnTn(t— 8)Z5 (s A T)ds is continuous, the corresponding term does not

0
jump and consequently

Smc(t) =0 (Tn{E =) Z5(tAT), [, = [6Tn(E — t)ug (t A T)]

j7
where j has been fixed within {1,---, N}. Observing that

N

we have

We need the forthcoming.
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Lemma 2.4.1. We have [Tn(t)1;]; = [Tn(t)1;]; for all1 <i < N.

Proof. Let 1 <1 < N and t > 0 be fixed. We first remark that
(Li,p)2 = @; = v(j/N) VpeH".
Then, from the spectral decomposition of Ty () on (HY, (-,-)5) (see Proposition 3.2.2),
[Tn ()1 Ze PN (L P )Py + (Lis Yy )
= Z eIV (b, N (L, omn Yy + U v (L mav),) = [T (t)1;];. O

Now, from Lemma 2.3.1, there exists a martingale M (t) such that, using periodicity and
Lemma 2.4.1, we get

>[0T = 5)ud (1))

- N 1 [t ) N
:;;/0 {[N ( z—‘,—l( )+2U ( )ui—l(s))
+ (IF + | FY]Y) (u¥()] [T (E = 5)02
SN (] () 4w () [Tl = )L [T (F = )11
N2 (M (s) + ull (5)) [T (E = )L T (E = s)Liyly b ds + M(2)
:%/0 T{Zufv’c(s)NQQTN(t—s)]li_1]§+2[TN(t—s)]li]J2»+[TN(t—s)]liH]?
Z 2T (F = )L [T (E = )1 4],
2T (F— )Ll (T (F — )11;)
37 (1P 1l FYY) (0 (9)) [T = )1 }ds + M(#)
il {% > (NN = 9N i — [Tl - )V’
+(N[TN<LT— S)N]lj]l — [TN<LT— S)N]lj]l_1>2
+]1V (|F|2 || ) (u¥(s)) [TN@—S)NM?}CZS + M)
1 tAT

2

-5/ [<uc<s>,(v;TN<f_s>f> + (TN - 1))
+<<|F|2+”}F1N‘2) (" () . (TN(E—S)f)2>2] ds + M(t). O

uN
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CHAPTER 3

A piecewise deterministic limit in the supremum
norm for a multiscale stochastic spatial gene network

Abstract. We perform in this chapter a hybrid approximation in the supremum norm, for a
multiscale stochastic spatial gene networks involving chemical reactions and diffusions. As in
chapter 2, the model is Markovian and the transitions are driven by Poisson process clocks. We
consider that the slow dynamics are spatially localized at a macroscopic level, on the opposite
of chapter 2 where the whole spatial dynamics were happening at a microscopic level. We prove
that in a large global population weak asymptotic, in this new context, the part of the system
involved in the slow dynamics is not affected too much, and stochastic jumps are kept with the
same driving clocks. Contrarywise, the part corresponding to the fast dynamics converges to
the solution of a reaction-diffusion equation, which is deterministic. This is not really surprising
as in chapter 2. However, the two dynamics are coupled so that the global weak limit is an
infinite dimensional continuous piecewise deterministic Markov process.

3.1 Introduction

Within the last decades, the importance of spatial and stochastic modeling has been widely
motivated for systems of biochemical reactions. A commonly used model is the reaction-
diffusion one, where reactants undergo chemical reactions and can diffuse in the considered
spatial domain. It is used either deterministically or stochastically. Deterministic models are
solutions of the so-called reaction-diffusion equations, which are partial differential equations
(PDEs). These equations are solved analytically, and/or simulated numerically in which case
results are obtained relatively fast.

However, these models capture a macroscopic dynamic and are valid only in high concentra-
tions contexts. When some of the interacting species are present in small quantity, a stochastic
description is much more accurate. Still, the direct computation of stochastic models is ex-
tremely time consuming. Therefore, in order to speed up these latter simulations, it is usual to
compute abundant species as continuous variables that follow deterministic motions. Species in
low number are directly simulated and one talks about hybrid approximation. Lately, hybrid
algorithms have been proposed for the simulation of multiscale spatial models arising from
cellular biology or related fields. We refer to [AEZ16] for cell regulatory networks and enzyme
cascades, or [NCS15] for molecular communication.

Stochastic hybrid systems (SHS), and especially piecewise deterministic Markov processes
(PDMPs), form a class of systems that has got very popular throughout the past decade, as it
proposes a quite natural simplification of multiscale systems. PDMPs theory was initiated in
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finite dimension by Davis [Dav84, Dav93] and is adapted to spatially homogeneous situations.
Recently, Buckwar and Riedler [BR11, Riell] have extended PDMPs to the infinite dimensional
case, in order to model the propagation of action potentials in neurons (see also [RTW12,
Génl3]). Mathematical settings about stochastic hybrid systems rigorously ensure existence,
well-definiteness and, more importantly Markov property, for the hybrid systems considered in
hybrid simulations.

Such rigorous mathematical considerations are missing, concerning the fact that these well
defined hybrid systems approximate indeed, or not always, multiscale stochastic sytems. For an
analogy, we know that the law of large numbers allows one to approach a one scale stochastic
system by a corresponding deterministic version, in the presence of many individuals. Rad-
ulescu, Muller and Crudu in [RMCO07a], then Crudu, Debussche and Radulescu in [CDR09] have
proposed hybrid approximations by finite dimensional PDMPs, for some multiscale stochastic
homogeneous gene networks. Afterward, the four authors rigorously proved these approxima-
tions in [CDMR12].

The question is more complicated in the spatially inhomogeneous case, where there are
much more possibilities of modeling. In chapter 2, assumptions of spatial correlations for
reactions involving low numbered species were introduced, and a deterministic approximation
was obtained for a multiscale spatial biochemical reaction system. The limit was a reaction-
diffusion PDE for the continuous component modeling abundant species, coupled to an ordinary
differential equation (ODE) driving the discrete component modeling species in low numbers.

In this chapter, we give a new set of conditions, under which a hybrid approximation holds
for a model such as the previous. Unlike in chapter 2, an essential element here is that the
system has two spatial scales. While the abundant species evolves at a microscopic spatial
level, the discrete species is of larger size and evolves at a macroscopic spatial level. With
similar, but more suitable, spatial correlations compared to chapter 2, the obtained limit here
is a continuous infinite dimensional PDMP. Its continuous component satisfies, between the
jumps of its discrete component, a reaction-diffusion equation parametrized by the value of the
discrete component between the considered jumps.

The rest of this chapter is organized as follows. In section 2, we briefly recall the definition
of an infinite dimensional PDMP and collect some useful result about them. Then, we develop
our model of interest and present heuristics allowing to identify its limit. The main result of
convergence is stated and proved in section 3. The tightness of the process is proved first,
then the limit is rigorously identified through the martingale problem, and we conclude by a
truncation argument. Section 4 is an appendix where intermediate technical computations and
prooves have been postponed.

3.2 Modeling and asymptotics

3.2.1 Infinite dimensional Piecewise Deterministic Processes

Piecewise deterministic processes (PDPs) form a class of processes that has been formalized
in the finite dimensional case in [Dav84, Dav93] among others. We briefly define infinite
dimensional (continuous) PDPs and give some useful results about them. We refer to [Riell]
or [BR11] for an in depth presentation.

Consider a Banach space B endowed with a norm ||-|| g, a countable set of isolated states K
equipped with the discrete topology, and set E := B x K. Then, let (Q,S, (&)tzo,IP) denote
a filtered probability space satisfying the usual conditions.

In this article, a standard ”continuous” PDP with values in E is a non exploding cadlag
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stochastic process {u(t) = (uc(t),up(t)),t > 0}, determined by its four characteristics:

(1)-(2) Linear and nonlinear operators: for every v € K, there is given an abstract evolution
equation

d

ﬁuc(t) = Lyuc(t) + Fy(uc(t)), (3.2.1)

where F, : B — B is a (possibly nonlinear) operator and L, : B — B is an unbounded
linear operator, which is m—dissipative with dense domain. Let {S,(t) := e®*!,t > 0} be the
semigroup generated by L. We assume that there exists a unique global mild flow ¢,( -, @) to
(3.2.1), satisfying ¢, (- ,a) € C(Ry, B) and

Ou(t,a) = Sy (t)a + /0 Sy(t—s)F, (cb,,(s, a))ds,

for periodic boundary conditions, every initial value o € B, and all v € K. We often use the
notation L,(a) = L(«,v), F,(a) = F(a,v) and ¢, (- ,a) = ¢( -, a,v).

(3)A jump rate: A : E — Ry, which is measurable, and such that for all (o, v) € E, the
function ¢ — A(gb,, (t, @), V) is integrable over every finite time interval, but divergent over R .
In other words, V(a,v) € E, VT > 0,

T 0o
/ A(¢V(t, a), V)dt < oo while / A((bl,(t,a), V)dt = 0.
0 0

Also, we often use the notation A, (qﬁu(t, a)) = A(d),,(t, w), 1/).

(4)A transition measure: @ : E — P (K) which is measurable, such that for every fixed
A C K, the function («o,v) — Q,(A4;«) is measurable, and satisfies Qy({u};a) = 0 for all
(a,v) € E. Again, we often denote Q,(4;a) = Q(A4; o, v).

The second component up of the PDP takes (discrete) values in K, and is called the dis-
crete component. It has right continuous piecewise constant sample paths and is often denoted
the piecewise constant or jump component. The first component uc takes (continuous) values
in B, and is called the continuous component. It has continuous sample paths and justifies
the name ”continuous” PDP. The mechanism which governs the evolution of the process is as
follows. While up is constant, uc evolves according to the flow determined by the operators
L and F through (3.2.1) with up = v. Then, a jump occurs at a random time with the jump
rate A, and the target state after that jump is determined by the transition measure Q.

Construction. A cadlag sample path {v(t),t > 0} starting at
v(0) = (UC(O)avD(O)) =(a,v)=v9 € FE

can be constructed for such a process as follows.
e For all t € [0,T1),
’U(t) - (¢V(t7 Oé), V)a

where 717 is the first jump time of vp. Denote by 71 the waiting time of the first transition.
Then 7 = 11, and, conditionally to the starting point, 71 has an exponential distribution. Its
survivor function H, : Ry x B — R4, is defined by

Hy (1) = Py {1 > t} — exp (_ /O "M 65, ), y)ds) | (3.2.2)

It is often convenient to use the notation H (¢, o, v) = H,(t, «).
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o At time 717,
U(Tl_) = (¢V(T17 a)7 V)'
e A transition occurs at time 7). The target state v(7T}) = (vc(Tl), vD(Tl)) satisfies

ve(Th) = ¢u(Th, ) = ve(Ty ) = o,
and vp(71) has the distribution

]PUO{UD(Tl) € A|T1 = t} = QV(A; ¢V(t’a))a

for every measurable subset A C K, and ¢ > 0.

e After that first transition, the jump component vp remains constant and equal to the
chosen target state vp(71) = v, until its next jump. The continuous component v then
evolves according to the "updated” abstract evolution equation, starting from vo(Th) = oy
with vp = v1. The procedure is repeated independently starting from (aq, 1), and the process
is recursively constructed. One obtains a sequence 71, T2, - - - of independent transition waiting
times and a sequence of jump times 17,715, -+, with T; =71 +--- 4+ 7; for all ¢ > 1.

The constructed process is a ”continuous” PDP. The number of jumps that occur between

times 0 and ¢ is
Ne= Tz,
i>1
The non explosion of the process is usually refered to, as the regularity of the PDP. It means
an almost sure finite number of jumps until finite times, and is characterized by T; — oo
as i — oo. However, that condition is not easy to check in practice. Still, it is satisfied in
particular when the expected number of jumps is finite on any finite time interval (see [Dav93],
p.60). Therefore, in order to make sure our PDP is regular, we assume, as part of the standard
conditions, that

Assumption 3.2.1. E, ) [Ni] <00, VY(a,v)€E,t>0.

Next, a PDP characterized by a quadruple (L, F, A, Q) can be constructed as above in
some probability space, to be a strong Markov cadlag process ([BR11], Theorem 4). It is thent
called a PDMP, meaning piecewise deterministic Markov process. Only standard PDMPs are
considered in the sequel.

The full generator and the martingale problem. Consider a PDMP v = (v¢,vp) with
the characteristics (L, F, A, @) and let (P;) = (P;)i>0 be the corresponding semigroup on E =
B x K. For all t >0, P, : By(F) — Bp(F), and

PtSO(OQ V) = E(a,z/) [@(u(t))]

for all ¢ € By(F), (a,v) € E. We have denoted by [, ,) the conditional expectation given
u(0) = (a, v). Clearly, (P;) is a semigroup of contraction and is measurable in the sense that
the map ¢ — P, is measurable for all ¢ € B,(E). Associated with (P;) is its full generator

A={(00) € Bu(E) < BE): Prp 0 = /O Puvds}.

This operator is in general multi-valued, i.e. given any ¢, there needs not be a unique % such
that (¢, ) € A. Hence, for a given semigroup, the associated full generator can not be viewed
as an operator on By(E) in general. Find more details in [EK86], Part 1, Section 5. However,
we show below that PDMP semigroups are part of exceptions.
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Now, denote by P,, the law of the PDMP v when it starts from vy € E. It is well known
that P,, is a solution of the martingale problem associated with A in the sense:

mmm—mw—éwm@mS

defines a P, -martingale, for all (¢,v) € A. We have denoted by {w(t),t > 0} the canonical
process on the probability space (D(R4, E), D, P,,). An equivalent formulation is:

Mﬁ%zﬂ%W—wMﬁ—Aww@Ms (3.2.3)

dAeﬁnes a P, -martingale, for all (p,7) € A. One is easily convinced that the full generator
A is exactly the subset of all the couples (p, ) € By(E) x By(E) for which the martingale
problem above is satisfied.

The extended generator. We notice that the martingale problem is an essential tool for
characterizing the law of a PDMP. However, it is directly related to the full generator of the
process, which in turn is very often not easy to determine explicitely. With that idea in mind,
the extended generator associated with the PDMP is considered, which is the operator A,
whose domain is

D(A) :={p € B(E),F € B(E) : Ny(t) defines a P, — local martingale},

where again
Nolt) = p(0(6) = p(un) = [ bl0(s))as. (3.24)

Clearly, it is an extension of the full generator. This justifies the name ”extended” generator.
It should be emphasized, see [Dav93] pp 32-33, that the extended generator is a single-
valued operator on B(E), up to sets of zero potential, these are sets A C B(F) such that

o
/ Ta(v(s))ds =0 P,, —a.s. forevery wvy€ E.
0

The process ”spends no time” in A, regardless of the starting point. Thus, we can set: Ap = 1.
Therefore, the full generator is in particular also single-valued up to sets of zero potential.
Thus, it may be considered as an operator A on B(E), with the domain

D(A) = {cp €B(E): Pp—¢= /Ot Psfitpds} .

Furthermore, if the test function ¢ is such that N, (t) given by (3.2.4) is bounded, then N, (t)
defines a martingale and hence, the restriction of A to such test functions coincides with A.

The domain of the extended generator is characterized in [Dav93]|, Theorem 26.14, for
finite dimensional PDMPs. The infinite dimensional case is considered in [BR11], Theorem 4.
Following their arguments, we know that, for well chosen test functions ¢, the generator may
be identified with the operator

Ap(a,v) = <D1’Ocp(a, v), L(a,v) + F(a, 1/)>

+A&%V)/;[@&u@-—@&%VﬂQOEALV% (3:2:5)
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CHAPTER 3 : PDMP LIMIT FOR A MULTISCALE SPATIAL GENE NETWORK

where (-,-) is the duality paring between B and its topological dual B’, and D'Yp(a,v) the
Fréchet differential of ¢ w.r.t. its first variable.

In the case when there is an underlying Hilbert space H such that B C H, one identifies
DYy (a,v) with the corresponding gradient, and the duality paring with the inner product
(,-) of H. The main difference with the finite dimensional case is that the expression above
contains an unbounded operator and in general L(«,v) is not in B. We need to restrict the test
functions so that the duality pairing <D1’Ogo(oz, v), L(«, u)> is meaningful. Another possibility
is to restrict the values of « to a smaller set than B.

Below, we identify a subset £ of the domain of A such that for ¢ € £ equation (3.2.5) holds.

3.2.2 Multiscale stochastic spatial regulatory networks with a
slow dynamic independent of the space discretization

Molecules of two species C' and D are submitted to reactions and diffusions in the unit
interval, the spatial domain I. Following [AT80], we devide I into N smaller intervals, called
sites, of equal length N1 I; = ((j — 1)N*1,jN*1], for j =1,---,N. Molecules are produced
(birth) or removed (death) on sites at rates which depend on the local current number of
particles. Moreover, molecules of C' can diffuse between sites by simple random walks (one at
once), with jump rates proportional to N? and linearly depending on the current local state.
In this framework, an event can be either an onsite chemical reaction or a diffusion. We often
say "reaction” for "event”, and use the super/subscript C' (resp. D) in reference to C' (resp.
D).

The species C has a large population size scale while that of D is small. Molecules of D do
not diffuse. As in [CDMR12], we divide the set SR of possible onsite reactions in three disjoint
subsets:

R =Rc URpc URD.

Reactions in R¢ (resp. Rp) involve only reactants and products of type C' (resp. D), whereas,
reactions in SRpe involve both types of reactants and/or products. Also,

° X]N’C (resp. XJN’D ) is the number of molecules of C' (resp. D) on the site j;

N ._ N,C N ._ N,D N . 2N
o x¥=(x )1§j§N, Xy = (X, )@SN and XV = (XY, X}) e N2V,
We consider periodic boundary conditions, extended to X + N = JN , V4. Hence, the molecular

composition of the system X% := {XN )yt > 0} is a IN?N_-valued Markov process with the
transitions:

( (XC, g) — (Xév—l—’yfrej,Xg) at rate A, ( ]NC>, for r € R,
(XC ,Xg) — (Xév +yfrej,Xg +yfTej) at rate A, <XJN’C,XJN’D> , forr € Rpce,
(XC,Xg) — (X]CV,Xg—F’yfTej) at rate A, (XJND> , forr € Rp,
(X, XD) — (XY +ejo1 —€;, XB) at rate N>X."C, for a diffusion j — j + 1,
(XC ,Xg) — (Xév +ejp1 — ej,Xg) at rate N2XJN’C, for a diffusion j — j — 1,

where {e;,j =1,---, N} is the canonical basis of RY, and 7].67;,7]% €Z,VreR V1 <j<N.
Scaling and Density dependence. We reset scales so that on every site, the initial average

number of molecules for C is of order p with p large. Namely, if 9T = Mo + Mp is the total
initial number of molecules, then Mo ~ N x p. The size of Mp is precised below.
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3.2 Modeling and asymptotics

Then, we make the

Assumption 3.2.2.
(i) Density dependence holds for the rates of reactions in Re. That is, for all v € Re,
there exists A\, satisfying

N,C
Ar (XJN’C) = U <]> forall j=1,--- N.
1

(ii) Reactions r € R are spatially homogeneous: 'yfr = fyrc, 'yj% =~P.
(iit) The molecules of C' diffuse, while those of D do not.

It follows that reactions in ¢ are fast ( ”pure fast reactions”), while reactions in Rp are
slow ("pure slow reactions”). Below, we will distinguish two types of mixed reactions in Rp¢,
some will be fast.

For notational convenience, we omit the tilde for reaction rates obtained by density de-
pendence, as described in Assumption 3.2.2 (i). Moreover, we consider the parameter p as a
function of N which grows to the infinity with IV, and omit the superscript g when it should
appear with N.

The assumption of spatial homogeneity is not essential and allows to simplify notation.

Now, we rescale X~ by setting

xNe
UJN»C = U]]V,'LL,C = j , UJ]V’D = U]]VUU'7D = X]]'VaD’
i
then,
N,C N N,D
UN;:<U») U::(U.’)
© 7 Jigjen’ b I J1<i<N’
and

UMt = UN = (U, U)) e RY x NV,

As UY (vesp. UY) has continuous (resp. discrete) values, C' (resp. D) is said to be continuous
(resp. discrete). The generator of the new scaled process UV is given by

AYoU) =SB [p N 0)]| = lim %EU [0 (UY(#) = 0(U)]

dt =0 t—0
N ryc
- Z Z {90 <UC + T6j7UD> —¢(Ug, UD)] . (UJC)
j=1 reRe K
C
+ Z [‘P <UC + %ej, Up + 'yf)ej> — SD(UCS UD):| A (ch7 U]D)
rERpc

+ Y e (Ue,Up +4P¢;) — o(Uc,Up)] Ar (UP)

réRp
N
+>° { [so <UC TR UD) o (Uc TR UD> ~ 2¢(Ue, UD)] MNQUJC},
j=1

on the domain By, (]RQN) (see [Kur71] or [EK86] ppl162-164).
In order to achieve a pointwise modeling over the whole spatial domain, we introduce the
step function

N
uN(t,x) =Y UN(t)1(z), t>0, =€l (3.2.6)
j=1
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where 1(-) := 1p,(-) is the indicator function of the j—th site I;. Note that for all £ > 0, the
function u™ (t) = u™(t,-) can be identified with the vector UN(t) of R?V. It is a 1—periodic
function, since Uﬁ Ny=U JN for all j. Now, let HY denote the subspace of L?(I) which consists
in real-valued step functions defined on I, and constant on every site I;, 1 < j < N. We extend
functions in HY to be periodic. Moreover, consider the canonical projection

Py LQU)AA»]HN

u+— Pyu = Zu] j, Wwith wu; = N/ (3.2.7)
7j=1

Then,

N N

N,C N,D
uN (t,x) = Zuj (t)1;(x) and up(t,z) = Zuj (t)1(x),

j=1 j=1

where

uj‘vyc(t) 1= Pyud (t) = N/I ug (t, z)de = UJMC(t)’
i

and a similar relation holds for D. The process, u” := {uN (t),t >0} is a HY x HY-valued
cadlag Markov process, with the transitions:

(ug,u%) — (ug—i— i ]l],uD> at rate uA, ( Nc), for r € Re,

(ug,u%) — (u%% ]lj,uD—i—'y ]1) at rate A, ( Nc,uij) r € Rpc,

(ug,u%) — (uC,uD +%« 1, ) at rate A, ( ;V ), for r € Rp, (3.2.8)

(ug,ug) — <Ug + %’,u%), at rate ,uNzu;.V’C,

N . N N J+1 J N 2 N,C
k (uc,uD) — <uc+u,uD>,at rate uN u;

Such a Markov process does exist and is unique (see [Kot88b], which is based on [EK86]) until
a possible blow-up time. In addition, under natural assumptions on the reaction rates, we have
uN () > 0 for all ¢, as soon as u™ (0) > 0.

We now specify the description of the mixed reactions r € Rpc.

Assumption 3.2.3. In some S1 C Rpc, reactions are spatially homogeneous, fast and do not
affect the discrete species:

e vP = 0 and the rate is \, ( Nc,uij> = ,u)\ ( NC,uND) for r € Sy (fast mized

reactions).

Again, below we omit the tildes.

This model leads to mathematical difficulties as explained in chapter 2. Unless ujVD is

zero for almost all j, the discrete species are in fact also abundant since the total number is of
order N, hence they also converge to a continuous model. The limit model is expected to be
a PDE for u¢ coupled to an ODE for up. As explained in chapter 2 the difficulty is that the
convergence seems to hold in bad topologies, and this limit is probably difficult to justify for
nonlinear reaction rates. Thus, in chapter 2, a spatial correlation in the reaction involving the
discrete species has been introduced and the limit model is described by a PDE coupled to a
nonlocal differential equation.
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3.2 Modeling and asymptotics

In this chapter, we introduce another situation where the discrete species remain discrete at
the limit. We introduce an assumption of spatial multiscaling: the spatial domain [ is split into
a finite number of macrosites Ji, ..., J, where k is a fixed finite number, and up is constant
in each Jy. This describes a situation where the discrete species are of much larger size than
the continuous species.

In order to avoid complicated notation, we assume for simplicity that all J, has the same
length and consider N as multiples of k. Thus each Jy is the union of microsites:

Ny
Jo=|J IL.e=1,...k
Jj=Ng_1+1

with Ny, = %. On each Jy, ug is constant and takes the value uéV’D

where 1¢ =1 J, is the indicator function of the /—th macrosite Jy.

It is then natural to consider that when there is a slow reaction between discrete and
continuous species, i.e. in Rpc\S1, on Jy, it may affect uc on all Jp:

c M
N N N 7 N Dq?
(ue, up) — | ue + = E b nLj,up + 10 |,
J=Np_1+1

for some non negative b; ~- Below we use the notation:

Ny

N _ _C r )
Tre = r Z bi N1
J=Ng_1+1

We choose b} = Nflj b" (z)dx for some positive function b” € C([0,1]).

We also assume that the rate of such reaction depends on uéV’D, and on ug (consid-

ered all over Jy) through a local average. In other words, the rate of such reaction is of

the form A, (Z;V:ZNZ,IH a’; Nuj.v’c, u?’ﬁ) where a7 \; are non negative numbers summing to 1:

ij:‘sz 105y = 1. We choose af y = [, a’(x)dz for some positive function a” € C([0,1])
—_ b b J

such that fol a"(z)dx = 1.
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In this framework , (3.2.8) becomes

N N,C
]lj,uD>, at rate uA, (uj ), for r € R,

J

C
(ug,ug) — <ug + i ]lj,ug>, at rate uA, (uN’C,uZ’D>, for r € 51,

C,N Ny
Trt N,C  N,D
(ug,ug) — [ ud + ,u Jul 4+ P18 |, at rate A, g ajNu;

Jj=Np_1+1
for r € %Dc\sl,

(ug,ug) — <ug,ug + ’yrD]ﬂ), at rate A, (uéV’D>, for r € Rp,

1,_1—-1;
(Ug,ug) - (Ug + ‘m,u%>, at rate uNzujy’C,

P11 — 1.
(ug,ug) — (Ug + T,u%), at rate uNzu;V’C,

‘ (3.2.9)
where here and below ¢; is the upper integer part of % In other words: N1 +1 <7 < Ny,.

Note that this system has a problem since it does not ensure positivity of ug In general,
this is ensured by the fact that the rate vanishes when the concentration vanishes. But this
is not possible for the type of rate considered for the mixed reactions in Rpc\Si. A more
realistic rate for such reactions would be:

Ny Ny
r NC N,D
Ar § a5 NUs 5 Uy H ]luly,c+76b§,N >0
J=Ng_1+1 j=Ng_1+1 7 w =

. Ny Np
When p — oo, this further factor converges to szNz,ﬁrl ]luN‘CZO or szNg,ﬁl ]luj.v*c>0 de

pending on the sign of 4¢. This extra factor has no effect at the limit since uc is positive
for 4 = oo. Indeed, positivity is ensured by the other reactions acting on the continuous
component.

Moreover, due to the lack of smoothness of the indicator function, we should replace 1,>9
by a smooth function approximating it. This creates further notational complexity but no
mathematical problems (see chapter 2) and we do not consider such extra factor.

We follow the spatial distribution of the discrete component at the level of the macrosites
Jo. We may identify the space of such functions with R¥ thanks to the formula: up(t,z) =
Z’Zzl uP (t)1%(x). Thus, with this new framework, the phase space is HY x N¥ ¢ HY x RF
and the infinitesimal generator for «”V has the form

AV (uc,up)
N ’yc
= Z Z [4,0 <uc + ;]lj,uD> - go(uc,uD)} I (ujc)
=1 | reRe
gl c D
o5 [ (oo ) ot i (5.2)
resS
S Lj—1— 1 Ljy — 1 5
+Z ¢luc+ ——up | +¢|uc+ ———=,up | —2p(uc,up)| pN u;
: [ 7
j=1
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Ny

k C,N
Y
Sy [go (uo+ a ,uDﬂ?nf)—@(uC,uD)] N S

/=1 Téfﬁpc\SH J=Ng—1+1

+ Z [gp (uc,uz) +’YTD]1€> - SD(UC,UD)} Ar (“?)

réERp
(3.2.10)
on the domain Cj, (]HN X Rk). It can be extended to an AN on C, (L*(I) x Rk) by
ANo(uc,up) = AN p(Pyuc, up). (3.2.11)
Again, we omit the tildes: AN = AN. Also we write Pyu := (PNUC,Z§:1 u,P]lf) for

u = (uc,up) € L2(I) x RE.
For f,g € HY, the L? inner product reads (f,g), = N~! Z;vﬂ fjg;, and the supremum
norm is given by || f|lcc = maxi<j<n |f;|-

Proposition 3.2.1.
(i) (HY,(-,-)2) is a finite dimensional Hilbert space with {\/N]lj, 1<j< N} as an or-
thonormal basis.
(i) lim ||Pxf—flla—0 for f € L%,
—00
(iit) ]\}im IPNf— flloo — 0, for f e C(I) .
—00

Henceforth, HY x R* is endowed with the norm

(£, 9)llso0 = I Flloc + llgllo, ~ for fe MY, g€ R

3.2.3 Convergence tools

Formal limit of the generator

We seek for the asymptotic behavior of the process u” presented above, as N, u — oo.

Some preliminaries: a discrete Laplace. For f € D(I) and for z € [0,1], we set

Vis@ =N | (ot 5) - 1@)] md Vs =N @ -1 (o 5|

Then, we define the discrete Laplace on D(I) by
Anf(z) = VEVyf(z)
Vi@ =3 |1 (2= ) ~20@ 1 (o4 5 )]

If f € HY in particular, then

Anf(a) = [N*(fi-1 =25 + fi11)]1;(x).

J=1

From the spectral analysis of Ap, it is well known that, if N is an odd integer, let-
ting 0 < m < N — 1 with m even, letting ooy = 1, omn(z) = \/icos(ﬂijfl) and
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Y N(T) = ﬁsin(ﬂij_l) for x € I;, then, {(pmJ\[,’lﬁm,N} are eigenfunctions of Ay with
eigenvalues given by —f,, v = —2N? (1 — cos (Wmel)) < 0. If N is even, we need the addi-
tional eigenfunction ¢ n = cos(wj) for « € I;. The following (classical) properties are derived
from [Blo87], Lemma 2.12 p.12, [Blo92], Lemma 4.2 for the parts (i)-(v), from [Kat66a], Chap-
ter 9, Section 3 for the part (vi), and from [Hen81], Chapter 1, Sections 1.3 and 1.4 for the parts
(viii)-(ix). Consider f,g € HY and let Ty (t) = ¢*~* denote the semigroup on HY generated
by An.

Proposition 3.2.2. (Some properties of the discrete Laplace)
(i) The family {@m N, ¥m N} forms an orthonormal basis of (IHN, (-,)2).
(ii) Tn(t)f =Y e PN ((f, omn)20m N + (f2m N )2tm, ).
(iii) (VN f,9)2 = (f,Vyg)2 and Ty(t)Anf = AnNTn(t)f.
(iv) An and Ty (t) are self-adjoint on (IHN, (-,)2).
(v) Tn(t) is a positive contraction semigroup on both (]HN, (-,")2) and (]HN7 - lloo)-
(vi) The projection Py commutes with Ay, and Vf € C*(I), t > 0,

IANf — Af|loc — 0 as N — oo,
IANPNf —Aflloo — 0 as N — oo,
N1 Tn(E)PNf—T(t)flloo — 0 as N — oo.

(vii) Let fn, f € C*(I).
If  lim ||fn = flle2(r) = o0,  then lim [[AxnfN — Af]lec — 0.
N—00 N—o0
(viti) For all n > 0, there exist a constant ¢; = c1(n) > 0 independent of N, such that
HTN(t)( — AN)nHLOO(I)ﬁLOO(]) <ct ™ for t>0.
(iz) For all 0 < n <1, there exists ca = ca(n) > 0 independent of N, such that

H(TN(t) —1I) (- AN)inHLOO(I)HLOO(]) <ot for t>0.

We wish to identify the limit as N, u — 0o, of our sequence u”¥ of Markov processes with
generators A given by (3.2.10), we compute a formal limit of the sequence of the extended
generators defined by (3.2.10), for test functions ¢ € 6’2 O(L2(I) x R¥). As already mentioned
the rigorous proof below is done for a stronger topology than L2(I), but this latter space being
Hilbert the formal argument is clearer.

We first proceed to a Taylor expansion at order 2 of ¢ for the part of the generator corre-
sponding to the fast dynamic, that is the first three terms in the right hand side of (3.2.10). We
identify the differential with the corresponding gradient, the debit functions appear naturally.
With the notation v = (u¢, up), we have:

For the first order terms.

N
1200 = (D06(Pen). 3 [ 3000+ T a0 0508 | 11)

7=1 \reRc resSy 2

N
+ <D1’0<,0(PN’LL), ZNz (]1.];1 — 2]1]' + ]lj+1) UJC>
2

=1
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= <D1’0¢(PNU),F(]5Nu) + ANPNUC>2.

Here Ay is the discrete Laplace introduced above and corresponds to the debit function corre-
sponding to the diffusions. Its expression is obtained using a change of index and periodicity.
The function F is the debit related to fast onsite reactions. It also maps D(I) x R¥ on D(I),
and is given by

F (uc,up) Z YEN (ue) + Z ¥ Ar (uc,up) . (3.2.12)
reReo res

These allow to define the debit of the whole fast dynamic (uc,up) — AnPyuc + F(PNu) on
D(I) x R¥. If F is continuous, then for uc € C%(I),

Tie (N) — (DY (uc, up), Auc + Fluc,up)), = Ay (3.2.13)
as N — oo, thanks to Proposition 3.2.2 (vi) and Proposition 3.2.1 (iii).

For the terms of order 2. We give heuristics indicating that they converge to zero in
the L?(I) topology. For these heuristics, we assume that the concentration of the species
C' is bounded (uniformly in N) on every site. Say 0 < uc(z) < p for all z € I for some
p > 0. Then in particular, the rates of fast onsite reactions are bounded too, if these latter are
continuous. Let us introduce e; := \/N]lj, for 1 < j < N. Since the fonctions (1;)1<j<n are
pairwise orthogonal in L?(I) and of norm ||1;]]2 = N~Y2 the family {e;,1 < j < N} forms
an orthonormal basis of (IHN .| -1l2). Also, ¢ denotes a generic constant and |[D*Y¢||« denotes
a uniform bound on the norm of D*%p(u) as a bilinear operator on L2(I) for v € L?(I) x R¥.

For fast onsite reactions, we have the following term for the second order term in the Taylor
expansion

(2) e 2,0 & A c
TfastOn(N) = 5 Z Z D= (PNU) ’ 7]1.7" 711' QM)\T (uj )

~ NC O
+ Z DZ’OQO(PNU) . <;;]lj, ;]lj> .- ( ¢ u?)
2

resy

C
<etdo [Pl g3l < £~
j=1

Here, 7¢ is an upper bound for the amplitudes of fast onsite reactions and A¢ is an upper
bound for the rates of fast onsite reactions.
We now treat the diffusion part. From |[1;11 — 1,]|3 = 2N "' = |11 — 1,3,

N

(2) 1 2,0 (D Ly —1; 1,1 -1, 20

TfastDiff(N)_2Z[D go(PNu).< J . ’ J— . ) uN“u
j=1

2,0 N2 2
< CPHD ’ SOHOO 72 111 — 1|3
<ep'N? — 0,

if 47'N? = 0 as N, — oo. The other term related to diffusions converges to zero, using the

same argument.
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Below, we will see that the condition u~!N? — 0o can be weakened, even in the supremum
norm framework.

Let us then treat the slow dynamic part. With our choice of br TC éN are clearly

C N
bounded and =4 0. Also, since a” is continuous, it is not difficult to see that if uc and

N.D t d tively, then A Ne NC NP t
UZ converge O uc an UDyg respective Y, en A, j= =Np_1+1 a] NU ,ué Converges (0]

< [, a 7 (x)dx,up g) Since here, we work at a formal level, we do not need to precise

in Wthh sense the convergences hold.
We deduce that the limit generator is given by

A ¢(uc,up)

= <DUCQD(U’C?UD)7AUC + F(UC’7UD)>2

k
Dyt
+Z Z [@(UC,UDJF’Y ]1> SO(U07UD (/Jﬁa dCCuDg)

=1 \reRpc\S1

+ Z [ (uc,up +ij]le) — p(uc,up)| Ar (up )
reRp
(3.2.14)

As seen above, this is the generator of a continuous PDMP.

The problem at the limit

From Section 3.2.1, we know that (3.2.14) is the (extended) generator of a continuous
PDMP v := {v(t) = (ve(t),vp(t)),t > 0} as given by (3.2.5). The evolution of its discrete
component vp(t) is governed by the slow dynamic part in the limiting generator. It is a jump
process, and some of its jump rates depend on both components. The possible values of vp(t)

are of the form
M k
ACES DR DI o0
m=1 TE({RDc\Sl)UmD /=1

where the coefficients o} are integers. This describes a countable set denoted by K.

Contrariwise, the continuous component ve(t) has values in C(I), and has continuous
trajectories. More precisely, for any value v € K of vp(t) —fixed between two consecutive
jumps of this latter—, v (t) evolves according to

d

Jve(t) = Ave(t) + F (vo(t),v), (3.2.15)

the reaction-diffusion equation with a parameter v. It is supplemented with periodic boundary
conditions. We use the same symbol for the Laplace operator A as an operator in the C-theory
framework, w.r.t. the terminology used in [CH98] (Chapter 2, Section 6), where Dirichlet
boundary conditions are considered, the case of periodic boundary conditions considered here
is similar. In other words, we consider the Laplace is defined on C'(I) and its domain is

{ueC(): AueC(I)}.

This latter domain is dense, and the Laplace is also m-dissipative. We use the same notation
for this unbounded operator and the differential operator.

122



3.2 Modeling and asymptotics

Henceforth, unless other precisions are made, we define the Laplace on C'(I). From Hille-
Yosida-Phillips theorem, it is well known that the Laplace generates on C(I) a strongly con-
tinuous semigroup of contraction we denote {T'(t)} = {T =ttt > 0}.

Consider the

Assumption 3.2.4.
(i) For ally = (y1,42) € R?, F(y) >0 if y1 = 0.
(ii) There exists p; > 0 such that F(y) < 0 for all y € R? satisfying |y1| > p1.

Under Assumption 3.2.4, and given any initial condition vc(0) = veo € C(I) such that
0 <wvep(x) < po, for all z € I, for some pg > 0, there exists a unique global mild solution v¢
o (3.2.15), satisfying ve € C(R4;C(I)), and 0 < ve(t,z) < p = (p1 V p2) + 1: for all t > 0,
x el

By mild solution, we mean for all ¢ > 0:

ve(t) = T(t)veo + /Ot T(t—s)F(vc(s),v)ds.

Recall that F is polynomial. It is classical that for all v € R¥ this equation has a unique
solution in C'(R™ x I) for any initial data vco € C(I). We use the notation ve () = ¢, (t)ve
for the associated flow.

Then henceforth, we consider that the ”limiting” PDMP v = (vg,vp) starts at vy =
(ve0,vp0) € C(I) x R¥, has values in

E:=C(I)x K endowed with the norm ||, ||cc,c0,

and the following characteristics: the linear and nonlinear operators are respectively the
Laplace operator A and the debit of fast onsite reactions F' given by (3.2.12), the transition
rate A, defined by

k
Aluc,up) :== ; Z Ar </Jla (y)uc(y dy,uDg) Z A (upye) s (3.2.16)

reRpc\S1 r€Rp

and, the transition measure @), defined by

/ o(uc, v)Q(dv; (uc, up))
K

Mw

> ¥ (uc,up +71 )A (/J ar(y)uc(y)dy,um> (3.2.17)

(uc,u
C’ p) =1 |\ reRpc\S1

+> 0 (uc, up + %D]lz) Ar (up,e)

reERp

We assume that Assumption 3.2.1 holds. Then, vp is a cadlag process which is almost surely
in D([0,T],R¥). Using Assumption 3.2.4, it is classical that the continuous component v
which solves equation (3.2.15) with v = vp(t) is uniquely defined and belongs to C([0,T] x I).
Note that if veg € W%°(I) then ve belongs to C([0,7]; W*°°(I)). This can be seen from
Assumption 3.2.4 using standard properties of the heat kernel. Moreover, there exists a constant
depending on p and F' such that:

lve ()|l < c(p, F, H’qu”wz,oo), t > 0. (3.2.18)
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Below, during the main proof, we take the additional assumption that all reaction rates are
bounded. Then, arguing as in [Dav93] or [BR11], we prove that the law of (v, vp) solves the
martingale problem in the sense that for all ¢ € &:

o(we(t), vp(t)) — p(veo,vpo) — /0 A% (vo(s), vp(s))ds

is a martingale. The set of test functions £ is the set of functions ¢ on E = C(I) x R*
which are bounded, continuous with respect to the second variable, differentiable with bounded
differential with respect to the first variable and such that the differential can be extended
continuously to H~!(I). Recall that this is the dual space of H{(I), and there exists c,, such
that

| Duc p(uc,up) - hl = [(Ducp(uc, up), hya| < collbll -1y

for all (uc,up) € C(I) x R¥, h € L>(I). We denote by |p|e the smallest constant c,, such that
the above inequality holds and

lelle = llellopogeqyms + ele.

The forthcoming result states that, under the boundedness assumption, the martingale
problem for A is well-posed.

Theorem 3.2.1. Assume that the reaction rates are bounded, the (law of the) PDMP v is the
unique solution of the martingale problem associated with A% on &.

The proof is posponed to Appendix 3.4.1. It relies on that of Theorem 2.5 of [CDMR12].

3.3 A Piecewise deterministic limit

The following is our main result.

Theorem 3.3.1. (Hybrid simplification)

Let uN = (ug,ug) define a sequence of Markov processes as above, starting at uN(O) =
(ug(O),ug(O)) e HY x K, with the corresponding sequence of infinitesimal generators AN,
defined by (3.2.10). Assume the jump rates A\, v € R are polynomial, and the rates \,,
r € Ro U ST are such that F satisfies Assumption 3.2.4.

Now, consider the E—valued PDMP v = (vc,vp) started from vy = (v§,v8) € C*(I) x K,
whose characteristics are (A,F, AP, Q). Assume Assumption 3.2.1 holds so that the PDMP is
standard.

In addition, assume that: (i) N, — oo such that ptlog N — 0.

(11) ‘uN(O) - UOHoo,oo — 0 in probability.

u =v in D([0,T);D(I) x K),

Then for all'T > 0,

where => means convergence in law.

Proof. Relying on the proof of Theorem 3.1 in [CDMRI12], we proceed as follows. We first
assume that the reaction rates corresponding to onsite reactions are bounded, as well as their
derivatives with respect to their first variable. In this case, we prove tightness for the sequence of
Markov processes and identify its limit through the associated sequence of martingale problems.
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3.3 A Piecewise deterministic limit

At the end of the proof, we relax the additional hypothesis of boundedness and conclude
by a truncation argument.

In the whole proof, T' > 0 is fixed and we take all the limits as N — oo if there is no further
precision.

3.3.1 Tightness

We want to show that the family of processes {uN = (ug ) u% ) } v 1s tight in the Skorohod’s

space D([0,T], D(I) x RF). This has to be understood in the sense that the family {Py}, of
their laws —where Py is the law of u® for all N— is tight in the space P(D([0, T, D(I) x Rk))
of probability measures (see [Bil99], page 8). We treat both components one after another,
starting with the continuous one.

Tightness for the continuous component

We first prove that {ug } w is C-tight. That is (see [JS8T7], Chapter 6, Section 3, Definition
3.25, page 351), the family is tight in D([0,T], D(I)), and each converging subsequence con-
verges to a limit whose law has its support in C([0,T], D(I)), i.e. the limiting law charges
only continuous trajectories. In fact we even prove that each limit point has support in
c([0,7), C(1)).

From Proposition 2.1 of [Kur71], we know that u2 is solution to the SDE

t
w(0) = o0+ [ Avud(9)+ P (s)ds + ZE D)

where ZY is a TV -valued martingale on [0, 7.
Duhamel’s formula yields

0 =Ty O+ [ Tyle = )P (N (0)ds + 720,

¢
where Y& (t) = / Tn(t — 5)dzZY (s) is a stochastic convolution.
0

As in [Blo92] and chapter 2, we need to introduce a stopping time to control Yéy . Define
N
v by

ol (t) = T (H)ud (0) + /0 Tn(t— S)F(vg(s), ug(s))ds. (3.3.1)

It is classical to prove that v} exists on R* and since F is bounded and (T (t))s is a contraction

semigroup, we have:
& Ol < lluc (0)lloo + TMp, ¢t €[0,T], (3.3.2)

where Mp is a bound on F.
We also introduce

a (t) = Ty (t)ud (0) + /0 T (t — s)F(ag(s), up(s))ds + Y& () Li<ry (3.3.3)

where the stopping time 7 is defined by

™ = inf{t >0, |[ud(t) — v ()]s > 1}.
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Using the same arguments as in [Blo92] and chapter 2, we prove

sup HYéV(t)HOO — 0 in probability,
te[0,TATN]

under the assumptions of Theorem 3.3.1. Using a Gronwall type argument, we deduce:

sup ||aN (t) — v¥(t)||oo —> 0 in probability.
t€[0,T

Then, we write

P ( sup [|a¢h (t) — ug () [l > 6) <P ( sup [|ach (t) — v¢ (1)l 0 > 1> — 0,

te[0,7) t€[0,T

when N — oo and, by Lemma 3.31, Section 3, Chapter 6 of [JS87], tightness of {uX } v follows
form tightness of {u }n
Let us write the first term of a2 (t) as

Tn (H)ud (0) = T (t) (u (0) — Pyve(0)) + T (t) Pyoe(0),

and note that

sup [Tw(@) («0) = Pyec() | < [[4(0) = Prec®)]

< ||ud (0) = ve(0)||, + [lve(0) = Pyvc (0|, — O,

by assumption (ii) of Theorem 3.3.1, and the contraction property of the semigroup T (t).
Therefore

sup HBg(t)HOo — 0 in probability, (3.3.4)
te[0,7
where BJ (t) = T (t) (u (0) — Pyvc(0)) + Y& (#) Li<ry -
Now, set AN( t) := ad (t) + bV (t), with

t
al(t) := T (t)Pnvc(0) and bV (t) = / Tn(t— s)F(ﬂN(s), ug(s))ds.
0
With these settings and results in hand, equation (3.3.3) reads
aci(t) = AS(t) + BE (1),

and it remains to prove that the family {Ag}  is tight. Tightness for {ﬂg } o and thus of
{ug}N and {vg}N, will then follow again from (3.3.4) and Lemma 3.31, Section 3, Chapter 6
of [JS87]. Moreover, the laws of three sequences have the same limit points.

Since AN € C ([0,T], D(I)) for all N, we use Arzela-Ascoli theorem to get relative com-
pactness and derive tightness from Prohorov theorem, since C([0,77], D(I)) is separable and
complete.

Seeking for equicontinuity (in time). Fix t1,ty € [0,T]. For all ¢t € [0, T,

Cal=analt) [ S avalt)=ax (Aval(0)
ag(O) = Pch(O), ANCLC (0) = ANPN’Uc(O).

126



3.3 A Piecewise deterministic limit

The second equation yields

up a0 = [wad O] = [AxPyecO]
t€[0,To)

thanks to the discrete maximum principle. Together with the first equation, we derive

to d
|ad (t2) — a&t (t1)]| . < / dtag@)H dt < |ty — t1]|| AN Pyve (0) ||
t1 %)

< clty — t1],

where the constant ¢ = c(vg(O)) > 0 is independent of IV, and exists thanks to Proposition 3.2.2
(vi). Hence, since ||-|| defines a stronger distance than the Skohorod distance on D(I), uniform
equicontinuity holds for {ag } n in D(I).

Henceforth, we may consider only generic constants, when these do not depend on N. Let
I; be the identity operator on D(I), and let 0 < n < 1 be a real number. We have

oY (ta) — BN (1) = /Otl (T (s — t1) = Ia) T (t1 — ) F (@gh (), upd (s))ds
v [ I P o), w0

Under the additional assumption of boundedness for the reaction rates and their derivatives,
we know that the function F' is bounded by a constant Mp. From Proposition 3.2.2 (iii), (viii)
and (ix),

6% (22) = 6™ (1)
g/o (Tw(tz — 1)~ L) [( — An) "I [(— An)" Tty — )P (35 (5). ufy () | _ ds

o[ e P @) ) s

t1
SCQ‘tQ—tllnMF/ Cl(tl—s)_nd8+‘t2—t1’MF, Vo< n<l1,
Ot77
< clty — t1|"Mp <1 - t11_77>, c=c1Vcy =max(cy,ca)
-n
SC’tZ_tlwv C:(MF,Cl,CQ,T),

and the family {bN } 18 uniformly equicontinuous.
To conclude about equicontinuity, we have
|AS (t2) — Al (ta2)||, < clta —ta]”, 0<np<1 (3.3.5)
and it follows that {Ag }  is uniformly equicontinuous with values in D(I).
Seeking for compactness (in space). Fix t € [0,T]. Recall that AN(t) € HY, it is a

piecewise constant functNion of the spatial variable. We approximate it by a continuous function
of the spatial variable AY (t) € C(I), using piecewise linear interpolation.

We first prove compactness for {flg (t)}N in C(I).
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To that aim, we use Sobolev injections. In particular, we are interested in the space
WHe(I), of functions of L (I) which are Lipschitz. It is equipped with the norm

I fllwreecry = [ fll ooy + IV £l Loo 1)

for f € W1°°(I). We have denoted by L>(I) the usual space of essentially bounded real
functions measurable on I, and Vf is the (weak) derivative of f. We refer to [Brell], Chapter
4; and Section 8.2 in Chapter 8, for more details. Moreover, from Theorem 8.8, Chapter 8 in the
same book, we know that W1°°(I) is compactly injected in C(I), as I is bounded. Therefore,
we end by proving boundedness in Wl’OO(I ), which is sufficient for getting compactness on
c(I).

Observe that

[aZ o] =swlafwn| = sw |a7w]| =420l

oo zel &

In addition, A (t) is piecewise C! on I. Tt is then in W*°(I) and one has VAN (t) = VL AN (t).
Thus,
o

4]

Then, it only remains to find an upper bound which is uniform in N, for each term in the r.h.s.
This is the content of the following.

e = AE @+ 5420

Lemma 3.3.1. There exists constants cs,cq,cs,c6 > 0 independent of N (but which may
depend on T'), such that:

(i)  sup Hag(t)Hoo < s, (i) sup HVX,ag(t)Hoo < cy.
te[0,T) t€[0,T7]

(#ii) sup HbN(t)HOO < cs, (iv) sup HV}CbN(t)HOO < cg.
t€[0,T] t€[0,T7]

The proof is reported to Appendix 3.4.2.
With Lemma 3.3.1 in hands, the family {flg(t)}N is tight in C(I).

Lemma 3.3.2. sup HAg(t) - flg(t)” — 0, as N — oo.
te[0,7 o

The proof of this result is an immediate consequence of

AB® - AN || <~ |vEAN Il
N

[e.e]

and of Lemma 3.3.1.
Tightness follows for { AN} ~ i C([0,T]; D(I)). Hence, it finally follows that {a} N 18
C'—tight and as claimed the limit points are in C([0, 7], C(1)).

Tightness for the discrete component

We prove that {ug} v is tight. Let (€2, F,P) be the abstract probability space where our
stochastic processes u” are defined. Let {Y']-JF,YJ-,,YM,Y;C,T, 1<j<N1<EkEL<mre iﬁ}
be a family of independent standard Poisson processes. We know that for all N, the Markov
process u!¥ = {uN (t),t > 0} is progressive, since it is cadlag. Moreover, its generator is AYN.
Thus, by Proposition 1.7, Part 4 of [EK86], u! is solution to the martingale problem associated
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3.3 A Piecewise deterministic limit

with A" (on the specified domain), in the sense that for all measurable and bounded ¢, the
process M, defined by

Mév(t) = p(uN(t)) — p(uN(0)) — /Ot AN o (uM (s))ds (3.3.6)

for all ¢ > 0, is a IP-martingale with respect to the (usual) natural associated filtration.

In addition, A" is bounded on the domain consisting of bounded measurable functions,
since reaction rates are bounded. Hence, by Theorem 4.1, Part 6, of [EK86], we know that, there
exists a sequence (&N = (ug,dg))N of cadlag stochastic processes in D ([O,T],D(I) X Rk>
such that

a(t) =¥ +§: </ s>

j=1 rGERCUSl

o[y (C o)

DD oI ( /0 @mws»ds),

/=1 Te(mpc\sl)Umg

for t > 0. Moreover, for each N, u"¥ and 4" have the same distribution. In that representation
of u"V as multiparameter random time changes,

° 'yjj\i and BAﬁ are respectively the jump height of the process u!¥, and the corresponding

rates, relative to diffusions of reactants from the microsite j onto the microsite j £ 1,

° 'Vj]Yr and BJJ\Q are respectively the jump height of the process u®Y

rates, relative to the fast (onsite) reactions on the microsite j,

, and the corresponding

° 72[, and Bévr are respectively the jump height of the process u”, and the corresponding

rates, relative to slow reactions having their source on the macrosite /.

Since we are interested only in the distributions of the processes, we only consider the version

@ in the following, and use the same notation for both processes. Using the decomposition

u = (ug , ug ), one can represent each component as a multiparameter random time changes.

However, since we want to prove tightness for {u%} n» We write out only its representation :

k + N,
B =0+ Y L1y, / M @), ul P s) | ds
=1 | reRpc\Si 0 j=Ng_1+1
t
+ > WY, (/ A (P (s )))ds
0

reRp
Let us show that for each £, r, the laws of Zév( ) =Y, fo )\N (s)ds) for N € IN are tight in
D([0,T],R) where AN (s) is either )\r( ;VNZ - ]’NUNC(S) uéVD(SD or A, ( ND( )>
From Theorem 1.3, Section 1, Chapter 1 of [Bil99], we know that the law Y, is tight in
D([0,T]; R) for all T > 0. Hence, for every £ > 0, there exists a compact set K. in D([0, T]; R)
such that
P(Yy, € KI)>1—e
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From Theorem 6.3, Remark 6.4, part 3 in [EK86], we may assume that
K ={f e D([0,T};R) : [f(t)| < M[, w'(f,6,T) < al(s) for all § > 0},

with lims_,0 ol (§) = 0. The modulus of continuity w’ is defined in section 6, part 3 of [EK86].
Since w’(ZéYT,cS, T) < w' (Y, Ao, AT), where A is an upper bound of all reaction rates, we
deduce that .
P(Z). e KI)>1—¢
with ) B
KI' ={feD(0,TR) : |f(t)| < ML, w'(f,6,T) < a2l (N\o) for all § > 0}
which is a compact set in D(][0,T]; R).

Since u%(0) converges in probability, we deduce that the laws of ul for N € IN are tight

in D([0,T],R¥).

Conclusion about tightness

From Corollary 3.33, Section 3, Chapter 6 of [JS87], we derive that {uN = (ug, ug)}N is
tight in D ([0, 7], D(I)) x D([0,T],R*) = D([0, T], D(I) x R¥). In other words, { Py} is tight
in P(D([0,T], D(I) x R¥)).

3.3.2 Identification of the limit

For all N, "V is a Markov jump process, and thus, is solution to the martingale problem
associated with its generator A", in the sense given by (3.3.6). In particular, for all ¢ € & for
alln > 1, for all 0 < ty,--- ,t, <s <t <T, and for all ¢ € Co((D(I) x RF)™),

Ep [MJ (60 (u™ (01), -+ u™ (t)]
= Ep [My(s) 0 (u™ (1), u™ (ta))]
where

M;V(t) = cp(uN(t)) - go(uN(O)) — /0 .ANcp(uN(s))ds.

Since the family { Py} is tight in P(D([0, T], D(I) x ]R’“))7 it is relatively compact there, by
Prohorov theorem. Therefore, there exists a subsequence (PNL) , and a probability measure
P e P(D([0,T],D(I) x R¥)), such that

Py, = P (weakly) as | — oc.

Equivalently, there exists a process u with sample paths in D([O, T],D(I) x R¥ ) and whose law

is P, such that the subsequence (uNl)l satisfies uM = w as | — oo. The law of vV is denoted
by Py, for each [. The induced subsequence of martingale problems reads

Ep [MZ" (0w (u™ (t), - u (tn))]

3.3.7
:E]p [M;Vl(s)lﬁ(uNl(tl),-" ,UNl(tn))} . ( )

There are several difficulties if we try to take the limit in (3.3.7), as [ — oco. In particular,
M, g ! contains the diffusion term which is linear in «”V. This creates difficulties when taking lim-
its inside the expectation since we do not have any estimates on the moments of ©”~. Tightness
was obtained through bounds in probability.
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3.3 A Piecewise deterministic limit

To avoid this problem, we consider the process w® = (v uN,ulN), where v was intro-
p ) p cHrYc>Yp)s C

duced in Section 3.3.1. It is a Markov process. In fact it is a finite dimensional PDMP with
generator

ANo(vd, ud, upy)
<D N (v, udt, upy), ANvy +F(vc,ug)>2

+Z Z [90 <vg,ug+% ]ljqu) SD(UC”UC’UD):| P ( NC)

j=1 | reRc

. NC ND
+Z[ <UC'7’U’C+;ﬂjvug>_¢(vC7UCauD):| A ( P Uy, )
resSy

N
1, —1; NC
+Z{|}P<vgaug+]ﬂj7ug>(p(vcququ)] N2
N N, Lin—1; § ch
+ |p UC,UC‘F#,UD —20(v, ur, uly) | pN?u

k C.N
N N 7 ¢ N
+ > [‘P (U07u0+ TM Jup + 1 ) (UC7u07uD)]

=1 \ reRpc\S1

Ny
N, N.,D
X Ay Z ajNu;’ ¢ Uy
J=Ng—1+1
N,D
+ 3 [0 (o wlul +4P10) — ool ulf u)] A ()

reERp

The laws of w™ are tight in D(]0,T]; D(I) x D(I) x RF). By the discussion of the begining
of Section 3.3.1, we know that the limit points are concentrated on the set {(uc,vc,up) €
C([0,T);C(I) x C(I)) x D([0,T); R¥) : uc = vg}. We repeat the argument above for w¥ and
deduce the existence of a subsequence such that w’t = w as | — oo

Using the representation theorem of Skorohod, there exist versions of the stochastic pro-
cesses, WM, W on a probability space (Q, F , IP), such that

oM —w P —as.!
in the Skorohod topology. Also, we know that w is of the form (a¢, 4c,Up) for some processes
ic, ip in C([0,T); C(I)) and D([0,T]; R¥). Below, we write & = (iic, ip)-

Since we are interested in the laws of the processes, we consider these new versions in the
sequel, and conserve the initial notation (without the "tilde”). Moreover, there exists a subset
Q C Q such that P(Q) = 1 and for all w € Q, w"*(w) — w(w) in the Skorohod topology.

In addition, we know that ||w™!(t) — w(t)||ec — 0 if and only if w is continuous at ¢ € [0, T]
(see Section 12, Chapter 3 of [Bil99]). Thus this holds almost everywhere in (¢,w) € [0, 7] x €.
Also, from Lemma 1, Section 12, Chapter 3 of [Bil99], w is P-a.s. continuous at every ¢, except
for a countable set Dp = Dp(w). The set Dp is the complementary of

Tp =Tp(w) :={t € [0,T]: P(w(t) =w(t")) =1}.

Thus, for all t € Tp, there is a subset €; C Q with P(€2;) = 1, such that w(w) is continuous at
t for all w € ;. Note that 0,7 € Tp.

labbreviation for almost surely.
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To consider the limit [ — oo, we consider particular test functions depending only on

oV = (vc ,ul¥). For such functions we have the following expression for the generator:

AN (o ul, ull)

<Dwﬂ%ﬂm)&wC+ﬂ%m%»2

LS () e [ 3 el
=1 | reRpc\S1 J=Ng_1+1
5 e (o +221) — )] 0 (uéV’D)}
r€Rp
(3.3.8)
In particular, for all p € £ for all n > 1, for all 0 < #1,--- ,t, < s <t < T, and for all

¥ € G((D(I) x R,
B [N (1) (o (02), 0 ()]

(3.3.9)
= Be [My(s) 0 (0" (0), -+ 0" (1))

where .
Mév(t) = np(vN(t)) - @(UN(O)) - /0 jng(wN(s))ds.
This follows from the fact that functions in £ are in the domain of the finite dimensional PDMP

w™ (see [CDMR12]).
For t1,--- ,t,,s,t € Tp, the set

(U Qtl> (2, UuQUQ)

is of probability 1, and, working w by w on that set, we have the following asymptotics as
[ — .

o Firstly, (v (t1), -, o™ (t)) —1 ¥ (v(t1), - ,v(tn)), since v™E(t;) —; v(t;) for all
i1=1,---,n, and 1 is continuous.

e Secondly, v (0) —; v(0) and QO(UNZ(O)) — ¢(v(0)), since ¢ is continuous. By the
assumption (ii) of Theorem 3.3.1, we necessarily have v(0) = vy.

e Similarly, v™(t) —; v(t) and ¢(v™(t)) — ¢(v(t)). The same results hold when ¢ is
replaced by s.

We cannot let | — oo directly in (3.3.9). Indeed .,Zngo(le (t)) contains the term Ay, Ugl (t)

which converges to Ave(t) but in very bad topologies. This is because the convergence of vgl
holds only in D(I).

In order to overcome this difficulty, we regularize Uc through a disturbance of the test
functions.

Regularization. For all ¢ € £ and ¢ > 0, we introduce the linear operator A; on D(I), and
the function ¢, : D(I) x R¥ — R, defined by

A = (Id — EA)_2 and P == @O (Ae X Id)7 (3310)
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where A, ® I;: D(I) x R¥ — D(I) x R¥ denotes the tensor product defined by

A @ 14(f. 9) = (A-f,9)  VY(f,9) € D(I) x R*.

Remark 3.3.1. Recall that in the definition of A., we consider the Laplace defined in the
C-theory with periodic boundary conditions.

It is well known that A. is a bounded linear operator of contraction (see e.g. [CH98|,
Chapter 2). Also, it commutes with A and with Ay, and is self-adjoint in L?-theory. Moreover,
it maps L*°(I), and in particular D(I), into W*°(I). The following result states further
properties fulfilled by A, and (..

Lemma 3.3.3.
For all gn,g € D(I) such that ||gn — gllec —> 0 as N — oo,
(i) HAEQN - Az—:g||c2(1) — 0 as N — o0,
(i1) |ANAcgn — AAcglloo —> 0 as N — oo.

The second point (ii) immediately follows from the first (i), thanks to Proposition 3.2.2
(vii). Point (i) is a consequence of the fact that A. is a continuous operator from L*>°(I) to
W4 and therefore to C%(I).

Let us consider (3.3.9), with the disturbed test function ¢, rather than . Explicitely,

Ep [Mé\iz (t)w(UNl (t1),--- ,UNl (tn))j|

v (3.3.11)
= B [F () (0™ (), 0™ (1)

where

Msoé\’l (t) = e (UNl (t)) — Pe (UNZ(O)) - o -’ZNISOE (le (T))d?‘.

We start keeping ¢ fixed, and let [ — oco. Clearly, ¢ is continuous on D(I). Since s,t € Tp, it
follows from the preceding discussion that

Pe ('UNl (O)) —1 (PE(UO) a.s.

cpg(le (s) ) — gpa(v (s) ) a.s.

cpa( H(t ) — goa(v t)) a.s.
It is rather straightforward to prove that A o, (wN H(t) —1 A% (v(t)). Also, it is uniformly
bounded in N on [0,7]. This follows form the boundedness of the reaction rates, the bound

(3.3.2) and the fact that A, is a bounded operator on D(I).
Therefore, by dominated convergence, we may let [ — oo in equation (3.3.11) and obtain

Ep [M () (v(t1), -, v(tn))] (3.3.12)
=Ep [MZ(s)0(v(t1), - ,v(tn))],
with .
ME® = 0:(o0) = peo0) = [ A% (ol0)ir (33.13)
where A is the generator defined by (3.2.14).

We now want to let € — 0. Except for the one containing the Laplace operator, all terms
in the (3.3.12) are easily seen to converge. To treat the remaining term, we observe that we
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may take the limit in equation (3.3.1) along the subsequence N; and deduce that uc satisfies
almost surely:

uc(t) = T(t)vco + /0 T(t — s)F(uc(s),up(s))ds, a.s.

The easiest way to do this is to take the limit in the weak form of the equation. From the
smoothing property of T'(¢):

_1
| T Loo(ry—wroe(ry S e(t™2 +1), £ >0,

we deduce that uc(t) is bounded uniformly in W1°°(I), and in particular in H}(I) for t € [0, T
and w € Q. We deduce that Auc(t) is bounded uniformly in H~! and thanks to the property of
the differential of functions in £ we may let ¢ — 0 in the term containing the Laplace operator.

We obtain:
Ep [MP () (v(t1), - ,v(tn))]

- (3.3.14)
= E]P [Mtp (S>¢(U(t1)7 o 7U(tn))] 5
with .
Mgo(t) = (p(v(t)) — ¢(vp) _/0 Aoogo(v(r))dr, (3.3.15)
for all p € €.
Now, if any of ¢1,--- ,y,s,t does not lie in Tp, let us say ¢t ¢ Tp for instance, we choose a

sequence (tl)l in Tp such that ¢! —; t with ¢ > ¢. Since v is cadlag, it is right-continuous at
t, and v(tl) —; v(t). Then, we use (3.3.15) with ¢ instead of ¢, let | — oo and deduce that
(3.3.15) also holds for t ¢ Tp.

We have proved that the probability measure P, the law of v, is a solution of the martingale
problem associated with the generator A on the domain £. Since the reaction rates are
bounded as well as their derivatives, Theorem 3.2.1 holds and the martingale problem for A%
—restricted to £— admits a unique solution, which is the law P,, of the PDMP v characterized
by (A, F,AP,Q), and which starts at vg. It follows that P = P,,, and the whole sequence of
the laws of vV converges to P,,. This implies the convergence of (Py)n to Py,.

3.3.3 Conclusion

Now, we free ourselves from the additional assumption of boundedness of the process, and
prove Theorem 3.3.1 by a truncation argument.
Let n € C*°(R4) such that

For n > 1 and r € R, define

2
Y
m(y) =1 <|n|2> and  A!(y) = m(y) A (y)
for y € R2. Since (we have in particular) y — |y|?> belongs to C1(R?) and 5 € Cg(IR_Jr), we
also have 1, € C}(Ry). Furthermore, 7, and its derivative vanish outsite the compact B(0, n),
which is the closed ball in R? centered at 0 and of radius n. Then, the problem with Al instead
of A, fulfills the additional asumptions of the previous steps,.
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We define u) = (ug" ug ") the (truncated) jump Markov process associated to the (trun-
cated) jump intensities A?, and starting at ¥ (0). By the preceding results, we know that, for

alln > 1,

uN" =N 0", in D(Ry; E),

where v" is the (truncated) PDMP whose (truncated) characteristics (A, F,, AP, Q,,) are ob-
viously defined, w.r.t. the truncation.
It remains to argue as in [CDMR12] to conclude and to end the proof of Theorem 3.3.1. W

3.4 Appendix

3.4.1 Well-posedness of the martingale problem for the gener-
ator of an infinite dimensional PDMP

Proof of Theorem 3.2.1. Let (P;) := (P,);>0 be the semigroup on E = C(I) x R¥ associated
to the PDMP {v(t) = (vc(t),vp(t)),t > 0} starting at (vey0,vp,0) We need the following:

Lemma 3.4.1. For allt > 0, ¢ € £, P,y is bounded differentiable with respect to the first
varibale on C(I) and satisfies:

[Pelloo < llplloo; (3.4.1)
|DaPrio(a,v) - hl < cllellee™||hlloe, a€C(I),reRF heC()

for some constants ¢ and M depending only on the characteristics of the PDMP v.

Proof of Lemma 3.4.1. The part (3.4.1) immediately follows, from the definition of the semi-
group and the fact that the expectation is increasing. For ¢ € £ and ¢ € B(R4 x E), let us
define

Golt, U) Ey [¢ ( ())1t<T1+¢(t_TI7 (T)) iz
V) H (t,u)

e
/ / Bt — 5,0, )QE; 65, 0), V) A(u(5, ), v) H(s, u)ds

for (t,u) € Ry x E, with u = (o, v) and v the PDMP starting at u. Then, according to Lemma
27.3 of [Dav93],

Gb(t,u) = By [o(v(t)Lecr, +¢(t = To,v(Th))Lezm,)
and

lim G" w(t u) = Po(u),

n—oo

where

Gop(t,u) == Gy (G 0(t, u))
= @(¢u(t, ), v)H(t, u)

/ H(s,u { KAV(qﬁy(s,a))Gg_lw(t—3,a,§)Q(d§;¢y(s,a),V) ds.
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Thus, our assumptions allow us to use dominated convergence, and we deduce
Pio(u) = (o (t, o), v)H(t, u)

(3.4.3)
/ / Py (0, )QUAE; (5, 0), V)M (6 (5, @), v) H(s, u)ds.

That is, Py : t — Py is a fixed point of G .
For T > 0, we introduce the Banach space & := L*°([0,T], C’I}’O(C(I) x R¥), with the norm

[¥ller = sup e ([l (t, oo + [1Datp(t,-)lloo),

t€[0,T]

where [ will be fixed hereafter.
For t € [0,T], (o,v) € E, set

Qap(ta «, V) = (P(d)v(t? a)> V)H(t7 «a, V)'
We claim that
gp it qu(t,-) isin Ep. (3.4.4)

Indeed, let 0 <t < T, u= (a,v) € E be fixed. Then
[H(t a,v)| <1,
from the definition of the survivor function H by (3.2.2). Since ¢ is bounded, we have

ot oo < llellc and  gy(t,-) € Bp(E).

Next, we show that g, (t,-) € €. Let D, denote the differential operator w.r.t. the variable a,

and set
U,(t)-h=Duyoy(t,a) - h.

From our assumptions, F' € C;’O(E). It follows that for h € C(I) the map t — W, (¢t)-his a
global mild solution of

8875 ( - (t) ~h+ DaFu((bu(t,a)) o \I/V(t) -h

2. )h . (3.4.5)

It satisfies .
U, (t)-h=T(t)h+ /0 T(t — s)DoF, (¢u(s,a)) o ¥y (s) - hds.

Since the semigroup {T'(¢)} of A is of contraction, the Gronwall Lemma yield,
t
100 (8) - hlloo < [lloc + LF/o 1@, (5) - hlloods < €7 ||Allo

Thus,
[Dadu(t, @) - hlloo < €"F||h]|oo

The chain rule leads to
t

|DoH (t, v, v) - hlloo §/ | Da [A(S0(s,0),v)] - hH ds < LA/ |1Dady (s, @) - hl|sods
0

< La (el7t — 1) || A o

~
|
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Therefore q,(t,-) € £ , since
[1Dagy(t, o, v) - hllos < [Dap(n(t, @), v) - hlloo + [DaH(t, a,v) - hllo

L
< <||Da<p|]oo R (e 1)) Alloe.

Finally, for 8 > L,
Ly
laoller < olee + (1Dl + ol ). (346

Similar arguments will allow us to get the upcoming upper bounds. If ¢ € &p, then
Gy € Er. In fact,

GoY(t, o, v) = qu(t, o, v) + Gy (t, o, v),
with .
ioltian) = [ Hls,00) [Mou(s0)0) [ 00~ 5.0.0Q (0656, (5,0) | s

It is standard to prove that this defines a function in £7. Moreover, observing that ||y (t, -)||cc <
MYt < c1t, and recalling the definition of A and @ (see (3.2.16) and (3.2.17)), which in
particular imply their differentiability,

t
_ L s
[ Dady(t,a,v) - hlleo < /0 [LF ("7 = 1) Mall9o(t — 5, ) |loo +LQ||¢||£T] ds||h]oos

it follows from (3.4.6) and (3.4.1) that
LA Lpt
1PaGotpt, 0, v) - hlloo < { IPalloo + Ielloo T e

L L t
(0 72 el 4 2o [ Lugods ) Wil

which yields (using Gronwall lemma)

t
[DaG e (t,)|loc < C|’SD||C;’0(C([)XIRk)6LFt + LQ/O [Datp(s, ) [loods < CH‘PHC;O(C([)XRk)eMt’

(3.4.7)
and we conclude that G, maps &r into itself. The constants ¢ and M depend only on
(L, F,A, Q) and will turn out to be the constants appearing in (3.4.2).

Moreover, if ¥y, € E7, we prove similarly
t
[Gotpi(t, ) = Gpiha(t, ) lloo < MA/O [1(t = s,-) = ha(t = s,°)[|codls,

t
‘|DaGSD77Z)1(tv )= DOleﬂb?(t’ Moo < K1 /0 eLFsHl/}l(t —s,0) —Pa(t — s, ')”C’;’O(C'(I)><]Rk)ds7

where k1 is a constant depending only on (L, F, A, Q).
Then, it is not difficult to deduce that

HG@% - G¢¢2HST
< K2 SUPyefo 7] e Pt (fg ePl=5)ds + fg eﬁ(tfs)eLFsdé’) 11 — oller

< K2 (% + ﬁ) 1 = Yaller,
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where again, k9 depends only on (L, F, A, Q). We now choose ( sufficiently large and deduce
from the Picard theorem that G, has a unique fixed point in &r. This fixed point is the limit
of Gy for any ¢ € Ep. Thus, P.p — Py is that fixed point.

The Lipschitz constant Lp,, of Py is obtained from (3.4.7), by taking ¢» = P.¢. O

Lemma 3.4.2. For allt >0, p € &, Pip € £ and satisfies:

| Do Pip(a,v) - h| < E(t_% + 1)6MtH<pHthHH*1, aeC(I),ve R hecC() (3.4.8)
for some constants ¢ and M depending only on the characteristics of the PDMP wv.
Proof. If we prove (3.4.8), it follows that D,Pip can be extended to H~1(I) and using

Lemma 3.4.1 the result follows. The proof of (3.4.8) relies on the smoothing properties of
the heat kernel. Indeed, we have for ¢ > 0

_3
| TE) -1 (1)—peeory < c(t™ 2 +1)

for some constant ¢ > 0. It follows:
19, () - koo < e(t™% + DI g-1() + L /Ot 1W,(s) - hlloods
and by Gronwall Lemma:
[9,(t) - Blloe < (™% + De D hl g, t € (0,71,
We end the proof with similar computations as in the proof of Lemma 3.4.1. [J

Remark 3.4.1. In fact, we have proved a slightly stronger result. Indeed, we have not used
that o € € bu t only that ¢ € C;’O(C(I) x R¥). Therefore for t >0, P, maps Cg’O(C(I) x RF)
into &.

Corollary 3.4.1. (One more characterization of A%)
(i) For all p >0, R(p— A>®) =&, and

(n— A®) Lo = /0 e M Ppdt Yo € E.

(i) If p > K = max{M, M}, then for all o € €, ¢ := (u— A®) o € €.
Proof. Since the domain of A* is &£, under our assumption we already know that
A®p(u) = A%p(u) = A%p(u), Vpe&, ueckE.
Therefore, we conclude the part (i) by the Proposition 5.1, Section 5, Part 1 of [EK86], since

the semigroup (P;) is measurable and of contraction on €& by Lemma 3.4.1, and observing that,
thanks to Fubini theorem, the condition

PS/ e M Ppdt = / e M P, pdt
0 0
holds for all p € £, u > 0 and s > 0.
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Concerning the part (ii), take ¢ € £. From (ii), it is clear that 1 := (u—.A>)~! is bounded.
Moreover, a derivation under the integral shows that ¢ is of class C! w.r.t. its first variable.
At last, for all « € B and v € K, it follows from Lemma 3.4.1 that

‘Daw(aa V) : h’ =

/ e M Dy Pip(a, v) - hdt‘
0

< clllle ( /0 e—w—M)fdt) T

<cl¥lle [12loo

w—M

which yields boundedness for the differential of ). Similarly:

D, v) - h| < &e ( G 1>e—<ﬂ—M>tdt) T
0

1
<C —
< ||¢||g( I

1Pl -1 (1)

W=

for some constant C. [J

We now use a classical argument to prove uniqueness. Let P, be another solution of the
martingale problem for A%. Let ¢ € &, u € K and ¢ := (1 — A>®)"Lp. Then

B(o(t)) — (u) — /0 Ay (0(s))ds

is a Pu—martingale. In particular,

i (w00 - | t A p(0(s))ds ) = ).

Multiply this identity by pe™#* and integrate on [0, 00) yield
- o [o.¢]
B ([ eretuoiar) = v = [ e ppw,
0 0

for p > K, since A is the full generator A By injectivity of the Laplace transform, this
implies

Eule(v(t))] = Pro(u) = Eufp(v(t))],

for almost all ¢ > 0.
We have proved that the laws of the solutions to the martingale problem are the same at

every fixed time ¢ in a dense set of Ry. This implies uniqueness for the martingale problem
(see [Bil99], Section 14), and the proof of Theorem 3.2.1 ends. W

3.4.2 About tightness
Proof of Lemma 3.3.1. Recall that
t
al(t) = Tn(t)Pyvc(0)  and V(1) = /0 Tn(t— S)F(ﬂg(s), ug(s))ds.
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Part (i). Since the semigroup {Tn(t)} is contracting on (HY,|| - [|«), it easily follows from
Proposition 3.2.1 (iii), that

sup lag ()]l < [[Pyvc(0)lloo < e,
t€[0,70)

where c3 is a constant independent of V.

Part (ii). Now, V1aX(t) satisfies on HV the initial condition problem

d
SVhad () = Avhad (1)

Viad(0) = Vi Pyve(0).

From the maximum principle, we have

sup [[Viad ()lloe = [VEPrve(0)]lso < ca,
te[0,7

where ¢4 is some constant independent of N since vc(0) is C1(I).

Part (iii). Under the additional assumption of boundedness for the reaction rates and their
derivatives, we know that the function F' is bounded by a constant M. Using the contraction
property of T (t) we get

sup [0 ()]0 < TMp =: c5.
te[0,7)

Part (iv). An elementary proof shows that there exists a constant ¢ such that, for all v € HY,
[Vivlleo < ch||ééz|]ANvHéé2. By Proposition 3.2.2 (viii), we deduce that for all ¢ > 0,

IVETN ()| oo (-1 (1) < ct=1/2 for some constant ¢ independent of N. Since F is bounded,
we have

t
IV () oo < /0 IV TN (¢t — $)F @ (s), ul(5)) loods
t
< /0 IV 5T (t = 8)l| o (1) ooy | F (@Y (5), ()1

¢

< cMF/ (t —s)"Y2ds
0

< cMpV't

and we can conclude, with cg = cM wVT. O
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CHAPTER 4

A spatial model of cholera epidemic: large
population and long time behaviour

Abstract. This chapter is devoted to some applications of chapters 2 and 3 in the field of
epidemiology, with an extension to some study of the long time behavior. We develop a more
specific model of interactions, compared to those of chapters 2 and 3. It is actually a stochas-
tic spatial model of cholera epidemic, where three types of human populations (susceptibles,
infectious and recovered) are interacting with a population of bacteria in some spatial domain.
Moreover, the system is multiscale since human population scales differently from bacteria.
Jump intensities and steechiometric vectors now have determined parametric forms. The spa-
tial transport is not symmetric, and this creates a gradient additional term. We are interested
in the large population and the long time asymptotic behaviours of the system. With respect
to the former, different configurations of scaling are pointed out and their corresponding to
either a deterministic or a hybrid approximation is argued, relying on chapters 2 and 3. Us-
ing the technics of chapter 2, we rigorously prove a law of large numbers with details, in the
particular case when the two population scales are proportional. Afterward, study the long
time behaviour of the system in that case. More specifically, we establish an upper bound for
compact sets, in the sense of a weak large deviation principle.

This chapter is the result of a conjoint work with KOUEGOU KAMEN Boris (I2M,
Marseille).

4.1 Introduction

We are interested in modeling the spreading of Cholera in an endemic area where it is
usually known there is little hydraulic hygiene. Cholera is an acute intestinal infection caused
by a bacterium called vibro cholere which is most commonly transmitted orally by ingestion
of water or contaminated food, or by contact with any liquid of an infected host (saliva, sweat,
etc...). Vibro cholere lives and spreads in the water where she’s endowed with an incredible
capacity for survival. Rivers, streams and groundwater or any source of water contaminated by
Human defects are its preferred reservoirs. Several deterministic works showed the importance
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of the spatial distribution of humans and reservoirs in the spread of this disease in endemic
areas.

A deterministic model is proposed by [BCG'10], where spatial dynamic is effectively con-
sidered for bacteria only, through water reservoirs. As their spatial transport is asymmetric,
bacteria population evolves according to a reaction-advection-diffusion partial differential equa-
tion. The model is of type SIRSB, where susceptible (S) can be infected directly by contact
with bacteria (B) or infectious (I). Infectious can recover and are called recovered (R). These
latters are immune within a period. In [BCGT10], the authors focus on the epidemic period of
the disease, which is shorter than the period of immunity, so that they need not consider the
compartment (R) of recovered people. Furthermore, bacteria transportation are oriented and
their probabilities and rates depend on the directions.

In this chapter, the stochastic counterpart of the model of [BCG'10] is developped. We
study its large population and long time asymptotic behaviours. With respect to the long time
behaviour, we explicitly consider the compartment (R) of recovered people, since they can loose
their immunity with time, and become susceptible again. The model has two population time
scales, the one of humans denoted H, and the one of bacteria denoted K. The main results are
stated under the condition that H scales with K. However, other possibilities are discussed
and other deterministic limits are identified as well as hybrid limits.

The rest of the chapter is organised as follows. Section 2 is devoted to modeling. After
recalling the model of [BCG™10], we present our model, which is its stochastic counterpart.
In section 3, a law of large numbers (LLN) is established. Relying on chapter 2 or [Blo92],
we prove that the stochastic model well renormalized converges, in large populations limit, to
its deterministic corresponding, in the supremum norm. In section 4, a corresponding large
deviation principle (LDP) is investigated. We first present a rate function candidate. Then, we
proceed to the upper bound estimates. Technical computations are posponed to the Appendix
section at the end.

4.2 Modeling and convergence tools

We first present existing deterministic models as given in [BCG110], where the authors
study the disease spread in a population of Humans interacting with a population of bacteria
in reservoirs, in some endemic area J C R?. We consider a one dimensional spatial domain -
d =1 - and take J = [0, 1], the unit interval. We also consider periodic boundary conditions.
That is we are interested in functions that are 1-periodic w.r.t. the space variable.

Given any spatio-temporal coordinate (¢,z) € R4 x J, human living population is subdi-
vided into classes, according to their disease status:

e S(t,z) : is the number of humans who are susceptible to catch the disease,
e [(t,x) : is the number of humans who are infected and therefore are infectious too,
e R(t,z) : is the number of infected humans who received treatment and are still alive.

Human total population is H(t,z) = S(t,z) + I(t,x) + R(t, x). Its average initial value

oo /JH(O,x)dac

will turn out to be of particular importance. In addition, we denote by B(t,z) the population
of wibrio cholere for every time-space coordinate (¢t,x) € Ry x J. Bacteria live in water
reservoirs. Commonly, S, I, R and B are refered to, as the compartments of the model. We
often use the notation S(t) = S(t,-), and similar notation for the other compartments. The
functions S(t), I(t), R(t) and B(t) are considered to be periodic, of period 1.
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In [BCG™10], the class R of recovered is not considered, since the authors focus on the
population behavior over the epidemic period, and this latter is less important than the time
before the loss of immunity. Contrariwise, we have to consider that class, as we are interested
in large deviations study, which involves a long time behavior.

4.2.1 Deterministic models

Deterministic homogeneous model

Only a global description of the system is needed, and the quantities of interest are concen-
trations. Human and bacteria are assumed to be spatially homogeneous, meaning that for all
(t,x) € Ry xJ, one has S(t,z) = S(t). A similar relation holds for I, R, and B. In this context,
the human average initial population is simply the human total initial total population:

H =H(0).

The figure below describes the transition mechanisms that the different compartments undergo.

| i gt & |
Ay S
| wS+I+R— S & I o R |
| . 1 |
| o R |
| b |
1
| MBB |
| |

Here,

e ;i is the natural death and birth rate per human.

e « is the cholera-mortality rate per infected.

e 7 is the rate at which infected recover health.

e p is the rate at which a recovered loses his immunity.

e p/W is the rate at which an infected contributes to the concentration of vibrios. Bacteria
produced by an infected person reach and contaminate a water reservoir of volume W, at rate

.
* \(p) (t) = B%é)(t) is the rate at which susceptible people become infected. Therein, S
is the rate of contacts with contaminated water per susceptible, K is the capacity of bacteria

. B(t) . .
concentration in the area, and B i the logistic dose-response curve. Such a curve links

K+B()
the probability of becoming infected to the concentration of vibrios B in water (see [Cod01]).
e 1 is the death rate per vibrio cholere. This parameter actually takes into account both
the reproduction and the death of free-living vibrios. However, these latter reproduce in water

at a smaller rate than that of their mortality. So basically, they "only” die.
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In such context, the spread of the disease is described by the system of ordinary differential
equations (ODEs) of concentrations:

di?) = pl(t)+ (n+ p)R(t) — A(p)(t)S(t)

d;i’f) = Am®BSE) = (v+ o+ ()

o (4.2.1)
o= ) = (ut p)R()

dfzit) — _upB() + ﬁl(t)'

Renormalization. Proportions are often described in practice, in the place of the number of
individuals. One switches from the latter to the former by setting
I
S*(t) = Sg), I"(t) = [(}L)’ R*(t) = R}Sﬁ) and B*(t) = BI(;)
As a result, the rates of events for the rescaled variable are of order H (resp. K) for humans
(resp. bacteria). The rescaled variables also depend on the parameters H and K, but we do
not mention these latter throughout this work. The renormalized version of (4.2.1) is given by

dS;t(t) = pl* () + (u+ )R () — Ay (£)S™(1)
dld*t(t) = ABH(0)S*(t) = (v + o+ p)I*(t)
dR*(t) (4.2.2)
i = AI*(t) — (p+ p)R*(1)
BO - s 2,
where A« (t) = ﬁ%(*t()t).

Well-posedness, generator and debit function. Set X* = (S*,I*, R*, B*) € R*. One
puts (4.2.2) on the compact form
dX*(t)
dt
where F = (Fg, Fy, Fr, Fp) is the vector field in R* given for y € (1,92, y3,y4) € R* by

= F(X*(t)), (4.2.3)

Ya
+ (n+ -
py2 + (1 + p)ys — B e

Fs(y)
Fly) = Fi(y) | _ B i (v + o+ )y
Fr(y) Yy2 — (1 +p)ys
Fulw) —HBY4 + b Y2
KW
We say that the vector y is positive and write y > 0, when y; > 0 for ¢ = 1,---,4. For

consistency, only positive initial conditions are considered. Let RY = {y ceRY:y > 0}. Then
it is not difficult to see that the restriction of F' to Ri is of clags C'°. Furthermore, F satisfies

(2) FS(Z/)ZOlf ylzov vy:(y17"'>y4)eRi'
(i) In (i), (S,91) can be replaced by (I,y2), (R,ys) or (B,ys). (4.2.4)
(24i) IM >0, such that |F(y)| < M|y| Yy >0,
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where | - | is the norm of R*, and the constant M depends on pu, p, 3, a, v, p, H/K and p/W.
Relations (i) and (ii) are trivial. Concercing (iii), for y = (y1,--- ,y4) > 0, ya > 0 yields Hy_‘; - <
1. Then, one easily sees that there exists constants Mg = Mg(u, p, 8), My = M(8,~, a, p),
Mp = Mg(y,p,p) and Mp = Mg (up, 12 ), such that [Fs(y)| < Mslyl, |Fi(y)] < Milyl,
[Fr(y)| < Mgly| and |F(y)| < Mplyl, for all y > 0.

It is very standard that for all yo = (So, Io, Ro, Bo) € Ri, the initial condition problem
(4.2.3) with X (0) = 5o admits a unique global solution X € C! (IR+; IR4), satisfying

t
X(t) = yo + / F(X(s))ds (4.2.5)
0
and X (t) > 0 for all ¢ > 0, and, for all " > 0,
sup | X(0)] < er = lyole™T. (42.6)
t<T

The generator and the debit of this model are respectively given by

Ap(y) = (De(y), F(y)) and  ¢(y) = F(y) (4.2.7)
for y € R* and ¢ € C} (IR4). We have denoted < -,- > the inner product of R*.

Deterministic spatial model

In this context, a local description is given, and compartments are now functions of the
space variable that are not necessary constant. Human and bacteria are initially distributed
all over the unit interval J. Periodic boundary conditions are considered. We discretize J
w.r.t. the well known one dimensional lattice regular subdivision in N parts. There are NV
nodes, indexed by 7, and the subintervals J; = ((z — 1)/N,i/N], 1 < ¢ < N are called sites.
We view each node as a site which has been concentrated at a point in such a way that the
distance between two neighboring nodes is constant and equal to the length of each site. We
equivalently consider the two notions and say node as well as site.

In accordance with the precedent notation, S;, I;, R;, and B; are the number of susceptible,
infectious , recovered, and bacterium on node ¢, respectively. Note that these quantities actually
depend on the parameter N of the subdivition. Also, on a node 7, the human total population
is H;, and the water volume is W;. Periodicity at the boundary allows us to consider that
Siyn = 5; for all ¢ € Z. The same holds for I;, R;, ...

As previously, proportions are captured by rescaling. The average initial human total

population on each site is
_ H(0)
H;(0) = ——~
Z N

and we set S;(t) = S;(t)/H, I (t) = I; )/H, R;(t) = R;(t)/H, and B;(t) = B;(t)/K. Hence-
forth, only rescaled variables are considered. Thus, we forget about the superscript * in our
notation and write .S;, I;, ... , instead of S*, I, ... We make the following

Assumption 4.2.1.

(i) The lattice is oriended and we fix an orientation, in order to perform precise computa-
tions: the direction of the edges follows the increasing numerical order of nodes index

c(i=1)—i—(+1)---

(ii) Vibrios can move with a certain probability from a node to a connected node, through
an inward or an outward edge, at a certain rate £.
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Assumption 4.2.1 is not restrictive from regarding to the dimension of the spatial. In fact,
the following tools we introduce are usable in a higher spatial dimensional context. We define:

e d; (i) the number of inward edges of node 1,

® dyyi(7) the number of outward edges of node 1,

e P;, the transmission probability by an inward edge,

e P, the transmission probability by an outward edge.

Clearly, di (i) =1 = dpy (i) for all i = 1,--- | N in a one dimensional framework.
The probability that a propagule transits from a node ¢ to another one j has the form:

7Dout‘ ep . .
- - if 1 —

Poutdout (7/) + Pzndm (Z) J

Pij = Pi s . (4.2.8)

- - if ¢ +

Poutdout (l) + Pzndzn (Z) J

0 otherwise.

Of course, we have Zjvzl Pij = 1, since Pip, + Pour = 1.

Infectious propagules are removed at every node — at rate £ — and transported through
the network following the transition probabilities (4.2.8). Hence, replacing probabilities with
frequencies, the corresponding — in this spatial context — to the rescaled system (4.2.2) reads

4 dscét(t) = uli(t) + (n+p)Ri(t) — 5%&@)
d[cllit) = Bl—?é?(]f)sz(t) — (fy + o+ N)Ii(t)
‘ (4.2.9)
d‘Fith(t) = (t) —(u+p)R; (t)
A N |
dlzzt(t) = —ppBi(t) + ;‘%I(t) — (By(t) + ; (P;iB; (t)gz‘

In order to derive a continuous-space model, we introduce b = P,y — Py, = 2P, — 1,
the bias of the transport to follow the edge direction (the reader is refered to [BCG'10] and
references therein, for more details about the parameter b). We take the limit N — oo under
the conditions:

Assumption 4.2.2.
(i) Water reservoir volume is constant on each site: W; = W for alli=1,--- | N.
(i) The transport rate £ scales with N? and we put ® = ¢/2N?.
(iii) The product b- ¥ is of order N and we put v =">0-¢/N.

Then, as the site length goes to zero, we obtain the limit system of partial differential
equations (PDEs)

( 0S(t,x) B(t, z)

B2~ urtea) + o DR () — S
a](t,l') _ M xr) — o x
ot B B1+B(t,m‘)s(t’ )= Ot i) (4.2.10)
MO~ 14,0) ~ (o + (L)
z x ? x
WD) pBlta) + L 1(t,) - PPED | 9 TB0T)
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where ® > 0 and v > 0 are respectively the diffusion coefficient and the advection velocity of
the bacteria.

Well-posedness, generator and debit function. A compact form of (4.2.10) reads
do(t)
dt

where v = (S,I,R,B), F = (Fg, F, Fr, Fp) is the debit of the homogeneous model and is
given by (4.2.3), and, A is the diagonal matrix operator of size 4 on (L2)4 = (L2(J))4, given
by

= Av(t) + F(v(t)), (4.2.11)

A = diag(0,0,0, A) with A=—vV+DA.

In our notation, 0 is the identically zero operator, V is the gradient, A is the Laplace, and
L?(J) is the space of square integrable real valued functions defined and periodic on J. It is
endowed with its usual inner product

(f,9)2 = /Jf(z:)g(:r)d:z: and the induced norm || f|l2 = /< f, f >2.

It is well known (see e.g. [Hen81], Chapter 3, or Chapter 2 of [Dial3]) that the differential
operator A generates on C'(J) an analytical semigroup {T (t) = et t > 0} which is of contrac-

tion. Thus, A also generates an analytical semigroup on C(J)*, and we denote it T(t) = e’

The following result of existence and uniqueness is derived then.

Proposition 4.2.1. Consider (4.2.11) on C(J)*, with an initial condition v(0) = vy € C(J)3 x
C3(J)such that vg > 0 and ||lvollc(pys < co for some co > 1. We also consider periodic boundary
conditions: vo(t,0) = vo(t,1) for all t > 0.Then, the described Cauchy problem has a unique

global mild solution v € C’(IR+; C(J)3 x 03(J)) satisfying
t
v(t) =T (t)vo + / T(t— s)F(v(s))ds (4.2.12)
0

and v(t) > 0 for allt >0, and, for all T > 0,

sup [[v(t)]|o()r < er = coe™™. (4.2.13)
t<T

We notice that in this context, one has in particular that v € AC (]R+; C(J )4).

Proof. Positivity follows from (4.2.4) (i)-(ii), vo > 0 and the continuity of any solution. We
restrict F' to RY. Thus, F is locally Lipschitz and from (4.2.4) (iii), there exists a unique
local mild solution to (4.2.11), which lies in C([0,T], C(J)*) for all T' € (0,7T(co)] for some
T(co) > 0. This follows using a Banach fixed point argument. Then, we obtain the bound
(4.2.13) through a Gronwall bellman lemma, thanks to (4.2.4) (iii). Therefore, the solution is
global. Finally, the solution actually lies in C'(R4;C(J)? x C3(J)), since the initial condition
satisfies vg € C(J)? x C3(.J) and —the considered restriction of — F is of class C°. O

The infinitesimal generator of the model, or of (4.2.11), is given by
Ap(u) = (Dip(u), Au + F(u), (4.2.14)

on the domain Cy (C(J)* x C*(J)). The associated debit function is the vector field in C(.J)*
defined by }
Y(u) = Au+ F(u).
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More precisely, u — F(u) is the debit related to the fluctuations of v due to events that
are spatially homogeneous, while u — Au is the debit related to the fluctuations created by
spatial motions. A much more specific decomposition is possible for . It consists in writing
Y = (Ys,¥r1, ¥R, ¥B), where Ys(u) = Fs, ¥r(u) = Fr(u), Yr(u) = Fr(u) and ¢p(u) =
Aup + Fp(u) are the debits related to the fluctuations of S, I, R, and B respectively, defined
for all u = (ug,us,ur,up) € C(J)* x C3(J).

4.2.2 Stochastic spatial model

We now introduce the stochastic counterpart of v = (S, I, R, B). The preceding subdivision
of the spatial domain is considered. In order to model event randomness, as it is usual we use
Poisson processes as random clock to capture events. For each site ¢ € {1,--- , N}, proportions
for compartments are denoted ug 0> us 0> ug’i, ugl Recall that the parameter of renormalization

is K (resp. H =H(0)/N) for bateria (resp. humans), so that

N number of bacteria on i N  number of susceptible on i
uB,i = K ? uS,i = H )

We have ugﬂ-,u?fi,u%i € H'IN and ugﬂ- € K7'IN, where
H'W={H 'm,neN} and K 'N={K 'nnel}.
As previously, we are omitting the parameters H and K in our notation.

A pointwise modeling over the whole spatial domain is achieved for susceptible through the
step function

N
uf () =Y uf;(Ol(x), t>0, wel
=1

where 1;(-) = 1(-) is the indicator function of the i-th site .J;. For the compartments (in-
fected, recovered and bacteria), ul (t,z), u® (t,x) and u}(¢,x) are defined in a similar way
as ud (t,x). Using the standard identification uf (t) := uf (¢,-), ul (t) := uM(t,-), ... we have
ul (t), ul (), u (t),uly (t) € L?(J). Finally, a global description including all the compartments
is given by

ul(t) = (u§ (1), uf (1), ug (t), up (1)),

which is our stochastic model. In absence of precision, we consider the natural completed filtra-
tion {F¥,t > 0}, where F}¥ = ]-}N’H’K is the completion of the g-algebra o ({u™N(s) : s <t})
with null probability measure sets.

Let HY := HY(J) be the subspace of L?(J) which consists of real valued step functions
that are constant on each site J;. Introduce the canonical projection

Py : I[?2—mHY

N
fr—Pnf= Zfiﬂi, where f; := N/ f(z)da. (4.2.15)
i=1 Ji

Then, (]HN s (- )2) is an N-dimensional Hilbert space. An orthonormal basis of it is {e; :=
VN1;,1 < i < N}. The restriction on HY of the inner product of L%(J) is (f,g)2 =
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% vazl figi. Setting H = UNleHN, it is not difficult to see that (I, (-,-)2) is dense in L2(.J).
Indeed, every function f € L?(J) can be approximated by the sequence (Py f)y C H.
Furthermore, (H,|| - ||s) is dense in (Cp(J), | - ||lsc), the set of piecewise continuous real
valued functions defined on J, endowed with the supremum norm || f|jcc = sup,cy|f(x)|. As
our goal is to perform approximations in the supremum norm, we systematically consider

(HY, || - |lso), unless we specify another topology.
In addition, we define Py on (L2(J))4 by (u®, - ( )) = Pyu = (Pyu®, - Pyu®),
and introduce the notation Ex = (]HN ) E=C(J)4, (LQ) The former and the latter

are clearly Hilbert spaces when endowed with the inner product

4 4
= Z(u(j), @), and the induced norm lullz = Z w2,

j=1
defined for u = (u u(4)) U = (11(1) ~(4)) € E. Moreover, the space Uy>1EN is
dense in (E, || - E) On the contrary, Enx and F are just Banach spaces, when equipped with
the norm

4
lullz = u¥|
j=1

Still, density holds for Uy>1En in (E, |- E) Below, the Banach topology is considered by
default.
Now, for all ¢ > 0, the i-th coordinate of u™¥ (¢) with respect to the projection Py is

_N / (b, 2)d = (ud(8), (), ull (1), s 1),

so that Pyu™(t) = uN(t) and

N
Nt z)=> uN(t)li(z), Vrel
i=1
Therefore, u” = {uV(t),t > 0} is an Ey-valued jump Markov process. Its infinitesimal

generator is given on the domain Cy(Ey) by

AN p(u) = AF o(u) + Agre(u) + A7 p(u)

(4.2.16)
+ANR(u) + AR p(u) + ARsp(u) + AR p(u),
where u = (ug,ur, ug, up),
A p(ug,ur, ur, up)
al 1
=> { [90 <us + H]lmul,uR,uB) — ¢(us, U17UR>UB)} Hpus,
=1
1
+ | @\ us + g lisur, ur, up | = (us, ur, up, up)| Hpur (4.2.17)
+ ¢ | us + =1, ur,ug,up | — p(us, ur, ug,up)| Huug;

H
1
+ |p <us - H]liaul,uRyuB) — p(ug, ur, ur, up) HUUSJ} 7
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Agﬁ(us, U, UR, URB)

1
= Z [ <us — glourt H]li,uR,uB> - @(US,UI,UR,UB)] Hp

UB;

———ug;
1+up; w

(4.2.18)

AN o(ug, ur, ur, up)
1
= Z; { [90 <U57’U«I - E]lu UR, UB> - SD(US7UI7UR7UB)] Hpug ; (4.2.19)
1=

1
+ {90 (USaUI - Hﬂi;UR7UB> - ‘P(USauIauRauB):| Hau[,i} s

App(ug, ur, up, up)

1 1 4.2.20
=> [90 (USaUI — g Liur + H]li,u3> — p(us, ULUR,UB)} Hryury, ( )
Ag(p(“’S? ur,UR, UB)
1 4.2.21
= Z [80 <USaUIaUR - H]lz',uB) - SO(USaU]:uR;UB)] Hypupg, ( )
i=1
A%S@(“SaulyuRyuB)
1 4.2.22
Z [ (us + gL, ur, up — H]li7UB> - @(USWI,UR,UB)] Hpup,, ( )
and finally
AN e(ug,ur, ug, up)
1
= Z { [90 (US,UI,UR, up — KL) - SO(US>UIauRaUB)] Kppup,
i=1
1 Hp

+ ¢ | us,ur, ur, uB + g]ll - SO(US,U],UR,UB) Wuf,i (4223)

11 — 1

+ ¢ | us,ur, uR, up + % - QO(US,U[,UR,UB) Kf,Pout“B,i
1i -1,
+ @ U/S,“I,”R,”B"‘ T —QO(US,U[,UR,UB) KZPI’TL“BJ .

The generator A" can be extended to a generator AN on Cj, (E), using the projection Py
as follows:

AN p(u) = AV p(Pyu),

foru e E = (L2(J ))4. We do not distinguish between the two generators and use the notation
AN for both.

By construction, when started at a positive state u¥(0) € (H _1]N) x KN, the process
u™V lies in the same set, and thus keeps positive values. We assume that our process starts from
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such a state in the sequel.

From preceding discussions, we know that the debit function of u” is the vector field
PN = (Tﬂ]svﬂﬂ}vﬂﬁg,wg) in Ex = (HY)4, such that:

N

UB
U§ (ug,ur, up,up) = [Mum + (b +p)ur — 51+’Z,US,¢] 1;
i=1 UB;i (4.2.24)
up
= pur + (p+ pur = f7 us = Fg(us,ur,ugr,up)
+up
is the debit related to susceptibles,
al U
B
Op (us, ur,upyup) =y B —us; — (4 o+ y)uri| 1
; l+up;
i1 ) (4.2.25)
u
:61 B US—(M—FOPF’Y)UI - FI(“S?“IauRauB)
+up
is the debit related to infected,
N
VR (us, ur, ug,up) = yuri — (b + p)ur| L
A ( ) Z; uri = (1 + p)ur] s (4.2.26)
= yur — (M+P)UR — FR(uS)ulauRauB)

is the debit related to recovered, and lastly,

VN (ug, ur, up, up)

I
.MZ

Hp
|:_MBUB7i]1i + ——ur;l; + (L1 — L)l Pourup, + (Li—1 — ]12‘)577171”3,1‘]

KW
=1
N Hy
= |—ppup; + it Uup,i-1 — up,i)Pout + {(up,it1 — upi)Pin| L;
i=1
N
H 14
= Z {—MBUB,i + Kg/uf,i + 52 [N?(up,i—1 — 2up,; + up,i+1)]

1

<.
I

4 N
—N(Pout — Pin) E(“BJ—H — uB,i—l)] }
Hp
= —upup + WUI—F(—I/VN-F@AN)’U,B = Fg(us,ur,ur,up) + Ayup
(4.2.27)

is the debit related to bacteria. The second equality of (4.2.27) is obtained using a change
of index and periodicity, and the next one follows from the identity P, + Pour = 1. The
coefficients v = £ - b/N and ® = £/2N? are the advection and diffusion coefficients introduced
in Assumption 4.2.2. The operator Ay = —vVy + DAy is a discretization of the operator
A defined by (4.2.11). Here, Vy and Ay are respectively the centered, discrete, gradient and
Laplace operators, defined on L?(J). The former is given by

swo- o))

Concerning the latter, we first introduce the uncentered discrete gradients
1 1
Vj(,f(:):)—N{f (w—i-N) —f(x)] and VNf(x)—N[f(@—f(x_N)].
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Then, we define the centered discrete Laplace by
A f(z) = ViV f(=)
_ 1 1
=VyVif(z) =N? [f (x—i— N) —2f(x)+ f (m - N)] )

If f € HY in particular, then periodicity yields

NN N

Vnf=+ D (firn—fi)li and  Anf=N?Y"(fir1 —2fi+ fio1) 1.

i=1 i=1
Hence, a compact formulation of the debit is
N (u) = Ayu + F(u)

for all w € Exy = (]HN )4, where F' is the homogeneous case debit given by (4.2.3), and Ay =
diag(0,0,Q, Ap) is a diagonal matrix operator on Ey. This latter is a dicretization of the
operator A given by (4.2.11).

The debit ¢V can also be extended to E = (LQ(J))4, by u — N (PNU)

Formal limit of the generator

We study the asymptotic behavior of the sequence A" of generators defined by (4.2.16),
as N, H(0), and K go to infinity, since we are interested in space-continuous and in large
population asymptotics. The asymptotic H(0) — oo is studied through the parameter H =
H(0)/N. For a start, we consider H — oo and H/K — constant > 0. The former condition
means that H(0) grows to the infinity much faster than N. The latter condition states that
human population scales with that of bacteria.

We consider L?(J) framework, and the domain 7 = C} (E) of test functions ¢ € Cj (E’)
such that:

(T1) ¢ is twice continuously Fréchet-differentiable w.r.t. each of its variables,
(T2) ¢ is bounded and has bounded successive differentials.

For all ¢ € T, denote by :

¢ || Dyl|s a uniform bound common to the differentials of ¢ w.r.t. its variables,
e | D%p|| the counterpart of || Dl for the second differentials of .

Then we proceed to a Taylor expansion of the test function ¢ € T. Then we plug
it into the expression of AN and derive term by term, a formal limit for this latter. Let
u= (ug,ur,ug,up) € E be fixed.

At first order. We already know that all the terms put together correspond to the product
of the differential of  and the debit ¥)". From (4.2.24)—(4.2.27), we have:

ANLo(u) = <D<,0(]5Nu),¢N (PNU)>2 = <D<p(f~’Nu),le]5Nu + F(PN’U,)>2
= (Dusp(Pyu), Fs(Pyu) )+ (Dugip(Pvu), Fr (Pavu) ),

+ <DuR<,D(PNU),FR(pNU)>2 + <DuBQ0(pNU)7ANPNUB + Fp (PNU)>2 .
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If u is C3(.J), then from the continuity of ' and that of the differential, A™:'y(u) converges to
A®p(u) = (Dugp(u), Fs(u)), + (Duyp(u), F1(u)),

+(Dugp(u), Fr(u)), + (Dugp(u), Fp(u) + Aup), (4.2.28)
= (Do(w), Au+ F(u)), = (Dp(u), v(u))y

In the limit above, N, H, K — oo and the ratio % remains constant. The second condition
gives consistency to the limit obtained in the deterministic spatial model, for the coefficient
[?—VT[’, appearing in the expression of the debit function related to bacteria. That coefficient is
involved in the transfer of bacteria from infected people to water reservoirs. It is the rescaled

rate at which one person contribute to the population of bacteria.

At the second order. We prove that each term vanishes at the limit, under the additional
assumtion that u™(¢) is bounded uniformly in N, on each interval [0,7] and denote by @
an upperbound of the u". Further, we free ourselves from that ad hoc assumption which is
not needed to prove our result. In the upcoming, ¢ denotes a generic constant. Recall that

= v/N1; is an orthonormal basis of (IHN, < oyr o ) Let us get started with the part .A][VR
of the generator given by (4.2.20). We have

N
1 1 1 1 1

=1

- 1 1
—i—DgR(p(PNU) . <H]l N7 > ] Hryug;

_ N
ury 1 c
< 7\‘D2¢\\mm2\|ei\|g < T — 0.
i=1

The limit above only requires H — oc.
The other parts of the generator AY, Aéyl, A, Ar and Ags given by (4.2.17)-(4.2.22),
without (4.2.20), are similar and also vanish at the limit H — oo, using the same argument.
Now we treat the part AN given by (4.2.23). For k =1,--- 4, denote by év i the second
order term corresponding to the k-th line in its expression. Flrstly, 1 vanishes, using the
same argument as above, however, requiring K — oo instead of H — co. Next,

1 1 H
TBQ = ZDUB(‘O PNU <K]li,K]li> Wpuﬂi
2

up H
_2nmmmNZwm < om0,

The limit above holds in particular when H/K is kept constant as H, K — oo. Afterwards,
observing that ||1;+1 — 1;||3 = 2/N,

Tivg — 15 Tirq — 1
T]B\f?): ZDuBSD Pyu) < z+1K i z+1K z> KOPyus
2
U l 12
< §HD2<PHOOE ; [Lix1 — 143 < C 0,
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if (/K — 0 as K — oo. According to the considerations in the deterministic model, ¢ should
be tought as being of order N2. Therefore, the term Tg’g vanishes if N?/K — 0as N, K — co.

The last terms T év 4 also converges to 0, using exactly the same argument as for T’ ]]3\[ 3

Hence, if N, H, K — oo such that K~!N? — 0 and H/K > 0 is kept constant, then all the
terms of the second order in the Taylor expansion vanish at the limit and consequently, A is
the limit of AY. Note that the condition K~1N? — 0 is equivalent to H ' N? — 0 as soon as
H/K — constant > 0. Below, we will see that the preceding condition in not needed at all.

The limiting problem

The limit generator A> given by (4.2.28) is well defined on the domain C} (C(J)? x C3(J)).
It coincides with the generator A given by (4.2.14). Therefore, the differential equation as-
sociated with A is the same as equation (4.2.11), and thus, has a unique solution v under
the assumptions of Proposition 4.2.1. These observations strongly suggest that the stochastic
spatial model u!V converges to the corresponding deterministic spatial model v. We rigorously
prove this below, replacing the strong condition K ~'N? — oo by the much weaker condition
K~ 'logN — oo.
Instead of working directly with v, we consider a discrete version vV = (vév , U}V , vg , Ug ) of
it, defined by the ODE:
N
W) _ Ao () + F oV (1)

UN(O) = pNU().

(4.2.29)

Let T (t) = e“N! be the semigroup of Ay, and let T (t) = eANt be that of Ay. These are of
contraction on (HY, | - [c) and on (Ey, || - || ) respectively, and we claim the following.

Theorem 4.2.1. The initial condition problem (4.2.29) has a unique global mild solution v™ €

C(Ry; En), satisfying v™ (t) >0 and

oV (t) = T (t) Pyuvo + /Ot Ty (t — S)F(UN(S))dS (4.2.30)

for allt > 0. Moreover, for every T > 0,

sup o™ ()| g < er = coe™” (4.2.31)
t<T
and
lim sup |o™(t) = v(t)||g = 0. (4.2.32)
N—=00 (0,77

The proof is posponed to Section 4.5.1.

4.3 The law of large numbers

We state and prove the result about the convergence of the stochastic spatial model to the
corresponding deterministic one.
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4.3 The law of large numbers

Theorem 4.3.1. Consider a sequence u™N = (ug, uﬁv, ug, ug) of Markov processes starting at

u™N(0) = (ud (0),uf (0), ul (0),ul¥ (0)), with the infinitesimal generators AN given by (4.2.16).
Assume that:

(i) NH, K — oo in such a way that H/K remains constant and nonnegative, and
K~'log N — 0 or, equivalently, H 'log N — 0.
(i) The assumptions of Proposition 4.2.1 hold and v is the solution of (4.2.11).
(iii) uN (0) € (H™IN)? x K~'IN and [|[uN (0) — v(0)|| g — O in probability.
Then, for all T > 0,
sup [ (t) — v(t)||g — 0 in probability.
t<T

Proof. Fix T > 0. We want to prove that for all € > 0,
P {sup u () —v(t)|p > e} — 0.
t<T

In view of Theorem 4.2.1, we may work with v"V rather that v.
The rest of the proof is divided in two steps. We first truncate the stochastic model and
replace it by its truncation. Then, we conclude with a Gronwall argument.

4.3.1 Truncation

Set
7=7(N,e) =inf {t > 0: [[u" (t) — o™ ()| > €0},

for fixed €y € (0,1), and define @V = (ﬂg,ﬂﬁv,ﬂ%,ﬂg) by
a™(t) = u™N(t A T) for 0 <t <71 < o0,

aN(t):uN(t/\T)—i-/t

tAT

(ANEN(s) + F(ﬂN(s))) ds for + <t < co. (4.3.1)

Then, 7 is a stopping time such that

P {sup |u () —oN ()| g > eo} <P {sup [N @EAT) =N (EAT)E > eo}
t<T t<T

<P {sup @ (t) — o™ ()| > eo} .

t<T
Therefore, we may work with @ instead of u™.

Boundedness and Lipschitz debits. The truncated process @V has the same dynamic as
v until time 7, and follows the flow of an ODE after time 7 if 7 < co. We then can derive
that,

0<a(t,z) <Cr=(co+1)e*MT, vt <T Vxel (4.3.2)

Indeed, vV (0) > 0 and from Proposition 4.2.1, we know that 0 < v(t,z) < cp = coeMT for
all (t,z) € [0,T] x J. Since we are assuming ||u’¥(0) — v(0)||z — 0 in probability, we may, by
conditioning on ||u™(0)||g < cr + 1 if necessary, assume without loss of generality that

0<uMN(0,2) <er+1 Vo e, ¥N.
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From Proposition 4.2.1 and Theorem 4.2.1, we have sup;< [[v" (t)|| g < cr + %. Therefore, by
definition of 7, for ¢y < %,

|luM(t AT, z)||p <er+1, for 0<t<T.

Now, if 7 < T < o0, for all t € (7,77, (4.2.4) (iii) yields

t
1z ®)lle < ™ (7)le + M/ 1@ (s)|pds < (er +1)eT < (co + 1)e*MT,

using Gronwall lemma. [

As a result, we consider the restriction of the function F to the compact set [0, Cr]* of R?,
and consider that F' is bounded in the following, by a constant Mz (Cr) > 0. Furthermore, F
is globally Lipschitz on that compact set and we let Ly (Cr) be a consequent Lipschitz constant.

Accompanying martingales. Let us introduce some useful notions and notation. First, for
every node ¢ = 1,--- , N and all ¢ > 0, define the jump
oul (t) == ulN (t) —ul¥ (t7)

7

of ul¥ at time ¢. Then denote by |6u¥ (t)| the amplitude of that jump, where |(y1,- - ,y4)| =
ly1| + - - + |ya|. Next, we define the square amplitude |15 |? (resp. [¢¥|7) of ¥Y, (vesp. ¥ ,),
as the debit function of the process

HY 68N (s)? resp. [ K |6BN(s)[?

s<t >0 s<t >0

We similarly define the square amplitudes related to the compartments of infected and recov-
ered, accordingly. We have:

o [W§ 7 (u) =|FslF(u) = pur; + (1 + p)ur, + ﬁTUS,i
UBi

o W) =Rl (u) = ﬁ%USzﬂL(quaJrv)uu

o [vnli(u) =|Frl;(u) = yuri + (n+ p)ur,

o [WB 7 (u) =|ANIF(u) + |Fal}(u),

where

p
|Fp|3(u) = pup; + oy U and  |AN|F(u) = U Pimup it1 +up; + Poutup,i-1)-

Also, we set [[F (u) = ([g[f + 07" [F + [WR [ + W5 7) ().
Therewith, since spatial correlations induce simultaneous jumps on the nodes ¢ and ¢ £+ 1,
the process

K [6BY(s)][0BLi(s)] |

s<t >0

with crossed products, is also of interest. Its debit [ [;|1F |i+1 is given by

b Wgwwghﬂ(u) = _g('PoutuB,i + PinuB,it+1)
o ¥R iV li-1(w) = —U(Piup,; + Powtp,i-1)-
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4.3 The law of large numbers

In addition, we introduce at last, the square amplitude function ™ |2 associated with the
debit V. Tt is the H-valued function defined by

[N (w) Z\w

The square amplitude function can be easily derived for each of the specific debit functions
introduced above. Concerning wév = Fg for instance, it is given by

N

0§ [P () (@) = | FsP(w)(2) = Y [Fslf(w)Li(a).

i=1

The others are derived accordingly.

Now, we move on to the so-called accompanying martingales. As the stopping time 7
satisfies

sup [[u™N (t A7) ||l < sup @ (b)|| g < oo < Cr,
t<T t<T

various types of martingales can be pointed out, that are associated to the stopped Markov
process u'Y (t A 7). Define the process ZV = (ZS ,ZI ,ZR , ZB) by

ZN@t) = u(t) —uN(0) — [ N (uN(s))ds, (4.3.3)
where

0

and the other components are defined accordingly. It is well known that ZV (¢ A 7) defines an
En-valued mean zero F7¥ -martingale, so that ZY (tAT), ZN(tAT), ZN (tAT) and Z5 (tAT) are
HV-valued mean zero F}'-martingales. We denote these as Zero-type associated martingales.
In other words, debit functions are martingale parts of the Markov processes they are associated
with. This statement is the basis of what follows.

Lemma 4.3.1. (Martingales of type 1)

For everyi=1,---, N, the following are mean zero f,gv—martingales:

(i) Z [5Us,i H/ATWS\ (s))ds

) Y ol -5 [ s

tAT

(i) buf ) - | WRIE (" (s)ds,
() Y )~ 5 [ AR ()ds,

(v)
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Lemma 4.3.2. (Martingales of type 2)

Let f € HN. For alli=1,--- ,N, the following are mean zero F}¥ -martingales:
@3 e o RPN ). ), ds

@ 3 e o NN ). ), ds

) S NS g [P ).y

) Y O v [ (6D (V50 P+ (T50)P)),

o (B2 (5)), £2),] ds.

The prooves of Lemma 4.3.1 and of Lemma 4.3.2 are similar to those of their counterparts
in chapter 2: Lemma 2.3.1 and Lemma 2.3.2 respectively.
Jump estimates. By definition, the truncated process satisfies

a™ (t) = uN (0) + / t (ANaN(s) - F(ﬂN(s))> ds + ZN(t A T), (4.3.4)
0

and its jumps have the bounds:

10a5 () lloo = 1025 (t AT) oo = 16ug; (t A T)lloo = H™
6 ()l = 1623 (¢ ATl = 150t ATl = H )
16k (#)lloo = 1025 (t AT) oo = gz (¢ A T)l|oo = H !
16 (#)lloo = 1025 (t AT)lloo = |00 (¢ A T)l|oo = K
for all ¢t > 0.
From now on, we consider the truncated process and write @" = u in order to simplify
our notation.
4.3.2 A Gronwall-Bellman argument
We study the difference
uM(t) — o™ (t) = (u§ (1) — of (), uf (1) — o (1), ug (8) — R (8), u (t) — vE (1))
where we recall u” is the truncated process. Variation of constant at (4.3.4) yields
t
u™ (t) = T (H)u™ (0) + / T (t —s)F(uM(s))ds + YN (1), (4.3.6)
0

where YV (t) = fg Tn(t—s)dZN (sAT). Tt should be noted that s — ZN (sAT,+) is of bounded
variation for i = 1,--- , N, and Ty may be viewed as a 4N x 4N matrix-valued function. Hence,
YN (t, ﬁ), 1 <i < N, is defined as a Stieltjes integral.

From (4.2.30) and (4.3.6),

u (1) — o™ (t) = T () (u (0) — ™ (0))

+ /Ot Tn(t—s) [F(uN(s)) = F(v™(s))] ds + YN (2).
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4.3 The law of large numbers

Since F is Lipschitz and T (t) is of contraction, we get from Gronwall lemma

sup [[u™ () — o™ (8)[|p < <HuN(O) — oM (0)|| g + sup YN (#)||5 ) TLr(Cr)

t<T
By assumption,
1™ (0) = v ()] < [[u™ (0) = v(0) ||z + || Pyo(0) = v(0) ||z — O
in probability. Therefore, the proof of Theorem 4.3.1 is completed if we show that

sup [YN(t)||g — 0 in probability. (4.3.7)
t<T

As YN = (YS ,YI ,YR Y ) it suffices to prove that

sup || Y. (1)l — 0 in probability, for index = S,I, R, B,
t<T

N
where szndem

() =z,

index

(t A7) for index = S, I, R, and Y2 (¢ fo Tn(t—s)dZN (s A T).

Below, each component is treated at once.

Components related to human

Let us start with the component Yév related to susceptibles. We want to prove that

P {sup 1Y () ||loo > 60} — 0.
t<T

Fixt € (0,T],i € {1,--- ,N}, and, for 0 <t <, set

f:=N1, and ms(t) = <Zé~v(t/\7),f>2.
Then, mg = {ms ),0<t< t} is a mean zero martingale such that

ms(t) = Z&HENT) = Y5(2).
From Lemma 4.3.2,
1 t

> s = 57 | (B (@ (6)), 1%), ds
S<tAT
is a mean 0 martingale for 0 <t <. Now, (4.3.5) yields

|6ms ()] < 1628 (t AT) oo = [[6ug (EAT) oo < H .

Then, for 6 € [0,1],
’mg(t) = QHﬂ_’LS(t)

defines a mean zero cadlag martingale such that [dmg(t)| < 1 and [0mg(s)]? = 02H?[ms(s)]*.

Thus, from Lemma 4.3.2,
tAT
Sms(s) ~ [ o (s

s<t
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defines a mean zero cadlag martingale, where

Ny L PH 2( N 2\ _ g2 2 (N 2
95 (5) = — (|1Fs|* (ug (5)), f*), = O°H|Fs[7 (ug (s)) < c0*H

for 0 < s <tAT. Here ¢ = ¢(u, p, 3,Cr), and below, ¢ is considered as a generic constant that
depends on 7T'. It follows that 0 < g (s) < h¥ (s), where hY (s) = c§>H satisfies f(f hY (s)ds <
¢0?H for 0 < t <t < T. Therefore, Lemma 2.3.4 implies E[e"™s®] < exp(c#2H), and from
Markov’s inequality,
P {Yé\i(ﬂ > e} =P{mg(t) > e} =P{mg(t) > 0Hey} =P {ems(f) > eeHgO}

< e—@HGOE[emS(E]

<exp[0H (cl — €)] .
Thus we can choose 6 such that

P{YN(E) > e} e for  n=n(T,Cr) >0,

independently of N, H, i and t. Indeed, one may solve c6? — eof) + ne2 < 0 w.r.t. 6. Below, 7
is generic. The relation above holds for ]P{ — Ysj\g(f) > eo}, repeating the argument with the

processes mg and YS{V replaced by their opposites —mg and —YSN . Therefore,
P{|Y&(1)] > e} <277 for 0<t<Tandi=1,---,N.
Since HYsN(t)Iloo = SUPj=1,...,N ’Ysj\i(t)’ and YSN(O) =0,
P{|Y& W), > e} = IPN{EIi =1, N :[Ygy(t)] > e}
<Y P{[¥Ei(t)] > eo} (4.3.8)
< ;7\1767776%}[

for 0<t<T,n=n(Cr)>0.
Now, we show that (4.3.8) holds with ||[Y(t)||o replaced by sup,<r [V (t)]|c and N
replaced by N3 on the r.h.s. Indeed, we subdivide [0, T] into N? subintervals denoted I,,(T') =

[nT (n+1)T

NI T NT ], 0 <n < N? —1. Observing that we can always write

V(0 = ms(t)+ 2 (5 A7) = ms(0+ Y (53 ).

where g (t) = ZY(t A7) — ZY (%5 A7) is a mean zero martingale for ¢ € I,,(T), we get

N2
N ~ N (nT
sup [|[¥s" (t)lloc < sup sl + | Ys {52 )| - (4.3.9)
We are using the notation sup for sup . As previously, we fix i = 1,--- N, 6 € [0,1] and

In(T) teln(t)
set mg(t) = 0Hmg (t,+) for t € I,(T). Thus, for s € I,(T), we have |smg(s)| < 1, and
Lemma 4.3.2 yields

9 tAT N
> lmsF - [, o¥(s)as
T[\%/\Tﬁsgt/\T m/\‘r
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4.3 The law of large numbers

is a mean 0 martingale, with g (s) = 62H|Fs|*(u"(s)) < 6?Hc = h(s). Then 0 < gJ(s) <
hY (s) and ft/\T N(s)ds < f]n(T) hY (s)ds < cH?H since hY is positive. Thus, Lemma 2.3.4

nl nr

yields E[exp{mg( nH) )}] < exp(cQ2H), and from Doob’s inequalities,

- ? —6He n+1)T
gl ) o) e ol ()
< exp[0H (cf — €)] < e~ neoll

where n = n(Cr) > 0, independently of N, H and i. A suitable 6 has been chosen as previously.
Also, the same holds for —mg( ) This shows that

P { sup ||mgs(t)]|oco > eo} < 2Ne oH (4.3.10)
I,(T)

From (4.3.8), (4.3.9) and (4.3.10),

IP{sup HYSN(t)HOO>60} <IP{ < )H + sup ||ms(t)] oo >€0}
In.(T) In.(T)

coff ()] 5} )

< 9Ne MHG/2 | o NemHG/2

< 4Ne mH<,

Hence,

N2-1
P {Sup 1Y (#)]|00 > 60} <> P { sup [|[Y (1) oo > 60} < 4N3enH<G
t<T )

n=0

n

and it follows that
P {sup 1Y ()]0 > 60} < 4N3exp (—negH) < exp(log4 + 3log N — nH).
t<T

The r.h.s. in the second inequality vanishes, since we are assuming H~'log N — 0. The ex-
pected result for the component related to susceptible is then proved. [

Concerning the other human compartment components YIN and Yév related to infected

and recovered respectively, we treat them using exactly the same argument as for Yév , and we
prove that they vanish in probability at the limit. [J

Component related to bacteria

Theorem 4.3.1 is proved if we show that

P {sup YA )|l > 60} — 0.
t<T
A similar approach to that of the previous section is used. We will need the additional
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Lemma 4.3.3. (Lemma 4.3, [Bl092]) Set f = N1;. Then
t

<(V;TN(t)f)2 + (V]_VTN(t)f)Q + (Tn(t)f)?, 1>2 < hn(t), with / hy(s)ds < EN +t.
0

Fixte (0,T)andi=1,--- ,N. For 0 <t <t{, set
t —

f=N1; and mB(t):</ TN(t—S)ng(SAT),f>.

0 2

The process mpg = {mB(t), 0<t< f} is a mean 0 martingale such that

1

mo(® =¥ (& ) = Y20
The subsequent result is also needed. It follows from [Blo92] and chapter 2.

Lemma 4.3.4. (Martingales of type 3)

S [Fmp(s))?

) —N%L (f/w [<ug(s), D(VLTn(t - S)f)2pout +D(VyIn(t - s)f)zpm>2
+ <|FB\2(uN(s)), (Tn(t— s)f)2>2} ds

defines a mean 0 cadlag martingale for 0 <t < t.

From (4.3.5), |[6mp(t)] < |6ZN(t AT)|lso = [[6uN (t AT)|loo < K. Thus, for 8 € [0,1], the
process mp defined by
mp(t) =0Kmp(t) for 0<t<t

is a mean 0 martingale such that |[0mp(t)| < 1. Therefore, from Lemma 4.3.4
tAT N

Sloma(s) - [ g(s)ds

s<t 0

is a mean 0 cadlag martingale, where for 0 < s <t A T,

2
gi(s) = HTK (U (), D(VETN (T = )1)*Pous + D(VR T (T = 5)f)

+ (12w (5)). (Tn (T = 5)5)°) |
Y (I - )f)°),

7Dm>2

2
< S e (1, (VTN 9)1) + (VR Tx(E— 9)/)

< 092th71(f— s)

where fg hg’l(f— s)ds < éN +t, thanks to Lemma 4.3.3. The constant c is generic and depends
on D, T, Cr and Mp(Cr). Moreover, from the proof of Lemma 4.3 [Blo92], one can take
hg,l(t_— s)=1+4> ., e~ 20m N0 (B, n + 1), where {— By, x = 2N? (cos(mm/N) — 1) }m>0
are eigen functions of the discrete Laplace Ay. More details can be found in [Blo87], Lemma
2.12, p12. Hence, g¥ defines an F;¥-adapted process such that 0 < g5 (s) < h%¥(s), where
R (s) = CQ;thyl(t_— s) is a bounded deterministic function on [0,]. As N = oo and t < T <
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4.3 The law of large numbers

00, We may assume % < 1 and get fghg(s)ds < eh?’K <E+ %) < ¢0?K. Lemma 2.3.4 then
implies E[emB(ﬂ} < exp (092K ), and by Markov’s inequality,
P {Yévl(f) > e} < e_eKEO]E[emB(D] < exp[0K(cd — )]
Thus, we can choose 6 such that
P {Y2,() > e} < eT"K, for n=n(T,Cr) >0,

independently of N, K, i and ¢. The constant n = n(T,Cr) is generic in the following. A
similar relation is derived, for —mp and —YEJ;V , so that

P{VY(t) > e} <2¢"K, for 0<¢<T and i=1,---,N.
Since | Y2 (t)lloc = supi—y.... w [YA;(t)] and YZ'(0) = 0,
P {|[VA (t)oo > €0} <2Ne 7K for 0<t<T. (4.3.11)

We now show that (4.3.11) holds when ||V (f)|| is replaced by sup,<r Y2 (t)]|ls and

N replaced by N®. From Duhamel’s formula, Y2 () = fot Tn(t — s)dZN (s A ) satisfies the
stochastic differential equation (SDE)

dYR (t) = ANYE (t) + dZN (t A 1),

whose integral formulation is

YA () =Z5@tnT)+ /Ot ANYE (s)ds. (4.3.12)

We subdivide [0,7] into N2 subintervals I,,(T) = [2%, ®t)T] 0 <n < N?—1. Taking t = 2%
in (4.3.12) yields

nT
T nT NZ
YA (n) =z5 ( /\7'> +/ AnYE (s)ds.

Thus, we can write

t

nT
Y () = ZN @A) + / T anyd s+ [ Anvh (s)ds
0

~z
T T t
= ZN(tAT)+ [Yé\’ <nN2> —zZN <nN2 /\T>] +ﬁT AnYE (s)ds
NZ
T t
=Yy (”) + [ ANYY(s)ds + mp(t),

where mp(t) = ZN(t A7) — Z5 (%5 A7) defines a mean 0 martingale, for ¢ € I,,(T), such that
|0 (t)] < K~*. Thus,

Y5 (Do <

nT t 5
v ()| e [, O leds + (0,

N2

where c is a constant independent of N, such that ||Ax|le < ¢N?. From Gronwall lemma,

T
Yy <”N2>H + sup HmB(t)Hoo> e (4.3.13)
00 I,

sup IV (1)oe < (‘ w

I,(T)
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As previously, for i =1,--- | N and 0 € [0, 1], we set

0 = (). o e nry = 25,0501

The new defined mean zero martigale mp satisfies |dmp(t)| < 1, and by Lemma 4.3.2,

5 tAT N
> P [, s
%/\TSSSt/\T NZAT

is a mean 0 martingale for ¢ € I,,(T'), where

g5 (s) = 0°K [2DN?(Pinuiy ;11 () + ups () Pourus i —1(5)) + | Fpl} (u” (5))]
< c9?KN? =: b (s),

and ftm M(s)ds < fln(T) h¥(s)ds < c0?KT for all t € I,(T), since h¥ is positive. The

constant ¢ depends on Cp and Mp(Cp). Lemma 2.3.4 then implies E[exp{m( "H)T)}] <
exp(ct92KT). One chooses 6 such that

- i _ (n+1)T
P< sup mp (t, > > e p < e KR [exp {m () H
{IH(T) N N2
< exp [OK(CH — 60)] < e_UEgK,
applying Doob’s inequalities. Here, n = n(T, Cp, Mp(Cr)) > 0 and is going to be generic in

the following. A similar inequality is easily derived for —mp (t W) As a result,

P { sup ||mp(t)]lco > 60} < 2Ne 9K, (4.3.14)
I.(T)

From (4.3.11), (4.3.13) and (4.3.14),

P {e_CT sup ||Y]§V(7f)||OO > 60} <P {‘
In(T)

n (nT .
Y3 <N2> Hm + Iil(lilz) M5 (t)]leo > Eo}

T €0 - €0

YA (n)H >}+IP sup ||mp(t > —

B N2 - 2 L(T) ” ( )Hoo 9
K

Hence,

N2-1

P{S_CT o IYE' (t)llo > 60} < Z IP{ <t e IYE' (t)llo > 60} < ANPemook
0, T

and it follows that

P {Sup 1Y ()00 > 60} < 4N3e K,
(0,7

The r.h.s. vanishes, as we are assuming that K~!log N — 0. This proves the convergence of
the part related to bacteria, and the proof of Theorem 4.3.1 ends. H

164



4.3 The law of large numbers

Concluding remarks and further discussion

In the LLN given by Theorem 4.3.1, we consider that
H -1
H=—F—> o0, ?—>7">0, and K “logN — 0

as H(0), N, K — co. We have seen that due to r > 0, the condition K ~'log N — 0 is equivalent
to H~'log N — 0. There are many other interesting possibilities of scaling.
The next one we consider is

H =" oo, %—w:@, and K 'logN — 0.

This case is very close to the previous one and a similar LLN holds, with two main differences.
First of all, the equivalence between K ~*log N — 0 and H~'log N — 0 is lost, since H/K — 0.
Therefore, one needs consider the assumption that both conditions hold, instead of any of them
as previously. Furthermore, the limit process changes. In fact, H/K — 0 means that the human
population is negligible besides that of bacteria, and the contribution of the former to the latter
vanishes at the limit. The evolution of vibrios population is autonomous and influences that
of humans at the limit.

The last case in the context of infinite local human population (H — o0) is when H/K —
R~ = co. In this case, the human population is too abundant and their contribution to vibrios
population is of order of the infinity. The population of bacteria then explodes and the model
does not converges.

Now, we discuss a second class of scaling, when the local human population is of order of a
constant: H — h = constant. Notice that h = 0 would yield H(0) = 0, meaning that there is
no human inside the system, which is not really interesting as a situation to model. We shall
then assume that A > 0. This immediately yields H/K — 0, and we already know that the
contribution of human to vibrio population will vanish at the limit. Thus, the related term
disappears in the limit equation. Human compartments need not be renormalized anymore.

The hypothesis H — h = constant > 0 we are considering is very reallistic actually, and
requires a different spatial correlation for humans to be considered, independently of the initial
space discretization (.J;);. In fact, as humans has bigger sizes than bacteria, both species evolve
on two different space scales. The scale of the former being larger than that of the latter. A
natural way to proceed is to consider human spatial dynamics on a macroscopic discretization
of the domain —macrosites may refer to regions in the domain, such as communities in the real
life—. On the one hand, every region undergoes independently the interactions (birth, death,
infection, recovering) with rates depending on the entire region and with jumps given by a
function that depends on the region. On the other hand, the regions communicate in a way
that has to be specified. One should also keep in mind that the dynamic of humans remains
coupled to that of bacteria.

From Chapter 3, we know that PDMPs shall be obtained at the limit in this context,
as soon as the chosen jumps and rates describing human compartments dynamics are con-
vergent. In that limit, human populations follow a pure jump dynamic whose parameters
depend on bacteria population. Human compartments then represent the discrete component
of the limiting PDMP, while vibrio population represents its continuous component. Between
human compartments consecutive jumps, the vibrio population follows an appropriate reaction-
advection-diffusion PDE, parametered by the state taken by the human compartments between
the considerated jumps.
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4.4 On Large deviations estimates

In this section we investigate a weak large deviation principle (LDP) for the sequence
of stochastic processes {u’¥}y defined above, using the weak topology on the 4-vector space
(L* ([o, 1]))4 and relying on the Hilbert structure derived from the natural inner product defined
on this latter space as introduced in the previous section. We recall that L2[0,1] is the space
of square integrable 1—periodic functions defined on [0, 1].

A general LDP is usually established through an upper bound for closed sets and a lower
bound for open sets. These estimates are made with respect to a function named rate function.
A standard way of proceeding is to identify such a function, find its possible representations
(see e.g. [DK95]) and choose the most suitable one in order either to verify that it is a good
rate function or to establish the required estimates indeed.

In the present work, a nice rate function candidate is proposed, and an upper bound for
compact sets is perfomed. The more general upper bound for closed set can be derived easily,
if one proves that the sequence of process is exponentially tight. This latter part is not yet
ready.

Remark 4.4.1. Further work is needed in order to prove exponential tightness and achieve
an upper bound for closed sets. The principal difficulty to deal with is spatial diffusions which
happen at rates of order N2. In the proof of the LLN, we have proceeded to an acceleration
of time by observing the dynamics over time intervals of length N~2. The approach has led
us to obtain an esponential bound of the process u” in probability, the bound being of order
e~ where ¢ is a constant and H the scale of local human population size. However, these
arguments are difficult to use in the present context because of the topology we are working
with. Furthermore, they might not be sufficient even. In fact, we are looking for a LDP with
speed N H, meaning that we want an exponential bound of order e=“N this time.

Our strategy for obtaining upper bound estimates for compact sets is to have some local
upper bound estimates, which heuristically consists in showing that for every cadlag trajectory
and every perturbation of order 4 > 0 of the rate function, one can always find an open
neighborhood of the trajectory —depending on §—, which satisfies an upper bound with the
perturbed rate function. To that aim, we will need some standard exponential martingales
associated with the process and involving the Young function 7(z) = e* — 1 — x.

Before we get there, let us recall and specify a bit more, the context we are working in. We
want to use the random time change representation of the process u”, as introduced by [EKS6.
As there are two species involved in the system and whose population sizes (H for human and
K for bacteria) have the same scale, we make the hypothesis that there is a constant ratio
Rl = H/K, R > 1, according to the LLN given by Theorem 4.3.1.

Now from [EKS86], it is well known that the process u” whose generator is given by (4.2.16)
admits an explicit version that can be written using independent Poisson processes as clocks to
catch the randomness of the events we are studying. As it is standard, these Poisson processes
count the number of jumps of our process ulV. By event, we mean any instantaneous event
susceptible to change the population of any compartment of either human (S, I and R) or
bacteria (B).

We thus keep in mind that we can rewrite ¥ on the following form :

N 14
1 t

i=1 j=1
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= +ZZQH/5 dS+HZZg” ’]< /B )

=1 j=1 i=1 j=1

where (Pi,j) .

;; are mutually independent standard Poisson processes. Here, we adopt the no-
tation

P13 := Piiy1,13 and Py 114 := P; 14

for those Poisson processes counting bacteria transfer between sites according to outward or
inward nodes respectively, M; j(a) = P;j(a) — a are the asociated compensated Poisson pro-
cesses, which in fact are centered martingales. For ¢ = 1,..., N, we distinguish, on the one
hand, compartmental jumps directions, given by

g1:=(1,0,0,0)  g2:=(1,0,0,0)  g3:=(1,0,0,0) 94 :=(=1,0,0,0)
g5 :=(—1,1,0,0) g¢:=(0,-1,0,0) g7:=(0,—1,0,0) gs :=(0,—1,1,0)
1
g9 ‘= (Oa Oa _170) gio ‘= (170’ _170) gi11 ‘= (0,0,0, _E) g12 = (070707 ﬁ)
1
3= (OaOaOa ﬁ)a

and, on the other hand, spatio-compartmental jumps directions, given by

9;1; forj=1,...,12
Gij =14 (Ligi—1;)qiz ifj=13
(]li—l — ]li) gi13 lf] = 14.

Recall that the scaling 1/R in the jump directions that modify bacteria compartment is due
to our scaling K = RH.
The jump rates sz\g are positive functions defined from (HN )4 to R4 as follows:

NNy =8N (WN@)  Vi=1,...k (4.4.2)

for all uVN = (ufgv ,uﬁv ,ug ,ug ) € (HN )4, where BJN are positive functions explicitly defined

from Rﬁ_ to Ry by

Bly) =y B () =py2 B3 (y) = BNy =pyn BN(y) =5 1 _yfy 1
BY () =y BN (y) = B (y) = BN(w) = pys  BN(Y) = pys
ﬁﬁ(y) = UBY4 512( ) = %92 ﬁ13( ) = Pouty4 514( ) =lPinys ,

(4.4.3)
for all Yy = (yla ?/2,y37y4) € Ril‘r

Remark 4.4.2. We note that " non spatial " jump rates BJN, 7 =1,...,12, do not ex-
plicitly depend on N. They extend to the space (L? ([0, 1]))4 through B; : (L*([0, 1]))4
(L2 ([0, 1])), defined by

B (¢) () = B (¢(x)), (4.4.4)

for ¢ € (L2 ([0, 1]))4. Furthermore, these " non spatial " jump rates are all linear, except
for j =5, both in terms of the B;s and in terms of the ﬁfyjs.
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Here follows a useful representation of u”. For fN e C! ([O,T]; (]I-]IN )4>, for every s,t €
[0,T] we have :

N
Wl 1)~ 5N = 3 [ AN — @) 7Y )
=1
N t
S DN RO AT SR DEG M]
i=1 s<r<t

Furthermore, we have for every i

12 t r
Niy—u @) - N1 = = - fN(i)dP i (ul)) da
> @@= @) 20 = 5> [ ¥0ary (1 [ 6 ) )

s<r<t 7=1

+H/ 913+ FN(1)dPy1i04 <H/ B4 (u)) dl’)

H/g13 fN@GYdP;- 1—>113< /@113 )d>
1 t
— | 9 N ()dP;—yi11 .13 ( B, 13 dm)
1
T 913 FN()dP;—i1.14 ( / /81 14 ( x) .

Therefore, periodicity leads to

Wy = o e [0 B LSS [ 2 s

i=1 j=1

+ l iv:/t g13 - (fN(’L + 1) — fN(Z)) Bi13 (UN) dr
N . s s r (2 T

N ¢
n 1 Z/ g13 - (i — 1) — f£N(3)) Bina (u)) dr

N
+ MmN (4.4.5)
where
NN
Ms,tf T ZZ/ g] f'r dM’L]< / Bz] >
i=1 j=1

+ NI Z/ 913 (i4+1)— sz 13 < /T Bi13 (uév) ds)
+ Z/ g3 (FN G+ 1) — £N(3)) dM; 14< / Bina (ul) ds> (4.4.6)

is a mean zero martingale for ¢ > s and s fixed.
Note that if f € C ([O,T]; (L* ([o, 1]))4), we always have

LN
(uf', f) = Zut /J fi(x)dx NZ ) - Py fi(i)
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where Py is the projection defined by (4.2.15) and hence (u, f) has the same form as in
(4.4.5), with fV := Py f .

4.4.1 The rate function

Here we define a rate function candidate for the large deviations we want to estimate.
It is the functional that governs the energy that the system needs to go far away from its
deterministic limit prescripted by the LLN in the previous section. We derive that function in
a quite non standard way, although we follow the idea of taking the Legendre Transform of the
Hamiltonian of the system. Heuristic arguments are given about that, in Section 4.5.2.

We start by adopting formal notation and definitions. Let T > 0 be fixed. Recall our
process u™ lives in D([0,T]; (L?[0, 1])*) and its LLN limit is in .AC([0, T]; (C[0, 1])* x C?[0, 1]).
We adopt the convention that for ¢ € AC([0, T]; (L?[0,1])*), b(t,-) = ¢¢(-) denotes the weak
derivatives of ¢ at t which is a 4-vector of L?[0, 1] components.

Our rate function canditade is the following:

/ CLinddt  if 6 € AC(0,TT: (C[0, 1))
0

Ip(¢) = (4.4.7)
400 otherwise,
with ' '
L(ond) = s S(ondi:f),
feco.a)*
where
(e des f) = (6, f) — Mo, f)
and
12
Aoy, f) = Z<6j(¢t>,e(9j‘f) — 1)+ (13 | ¢1), e~ @1311) A*elonslhy, (4.4.8)
j=1

In our notation, (-, -) may denote the inner product either on L? ([0, 1]) or on the 4-vector space
(L?0, 1])4, accordingly.

One can notice that I7(¢) = 0 if ¢ satisfies the limiting system (4.2.1).

For any subset B of D ([O, T); (L*[0, 1])4) we introduce the notation

I7(B) := inf [ .
7(B) Inf 7(¢)
We now rely on a useful result of control theory to prove that we can interchange the
supremum and integration in (4.4.7). We found that result very useful since it allows to have
an appropriate form for the rate function while proving the Upper bound LDP estimates.

Lemma 4.4.1. (Interchange supremum and integration)
Consider the map
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where X is a separable normed space and such that: t — ®(t,u) is measurable Vu € X, and
u s O(t,u) is continuous on X for a.et. Then assuming that the set

L= {u(-) € L'([0,T]; X) such that t — ®(t,u(t)) is integrable with possibly infinite value}
is nonempty, we have
T T
sup / O(t,u(t))dt :/ sup @ (¢, u)dt . (4.4.9)
u(-)eL JO 0 ueX
Proof. Since we obviously have for all u(-) € L,
T T
/ B(t, u(t))dt < / sup (1, u)dt,
0 0 ueX

the first inequality is immediate.
For the other one, as there exists a countable dense subset in X, we will have

sup @ (¢, u) = max O (¢, u;) vt.
ucX i>1

Then Ve, Vt , i =i(t,€) such that

sup (¢, u) —e < O(t, u;).
ueX

Fixing e, given t, choose the smallest indext i(¢) such that the previous inequality holds. Thus
the application ¢ — w;() is at least Lebesgue measurable, since

m(v)
Vv € X,3m(v) € N such that {¢: Uiy < v} = U {t: Uiy = ug}
(=1
and

{t + iy = ue} :ﬁ{t DD (tuy) +e< sup@(t,u)}ﬂ{t DD (tug) +e> supcb(t,u)}.

k=1 ueX ueX
Let u*(+) € L since this space is assumed to have at least one element, and denote for all n
Iy = {tE[O,T] |]ul(t)]|X<n}

Thus we have that
R L Ui(t) ifte Fn
u(t) = { (1) olse (4.4.10)

belongs to £ and we can compute

T T
/ sup ®(t,u)dt < / D(t, uiy)) +edt
0 ueX 0

< /@(t,ﬁ(t))+edt+/ D(t, uip) + € dt
n I

c
n

T
< /0 @(t,ﬁ(t))dt+eT+/F Bt wiy) + € — B(t, u(t)) dt.

C
n

Taking n to infinity first, and then letting € go to 0 lead to the result.
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We use this lemma with X = (C?0, 1})4 to show that the rate function takes the form
T .
@) = sw [ (o (14.11)
feLl([0,T;X) Jo
Vo € AC([0,T]; X).

As C ([0, T]; X) is dense in L' ([0,7T]; X) and since f ~ / b, ¢; ft> dt is at least lower

semicontinuous, the supremum in (4.4.11) can be restricted to smooth functions ¢ +— f; of ¢.
Therefore (4.4.7) takes the form

Ir(¢) = sup Sr(¢5 f) (4.4.12)

fech3([0,T]x[0,1])

for ¢ € AC ([0,T];(C[0,1])*), where

T
S0(6: ) = (b0, fr) — (b0, fo) — / (60, )y - / Aor, £)d

Moreover, for every fixed f, the map ¢ — ET(qb; f) is continuous for the Skorohod Topology
on D ([0,T7]; (L?[0,1])*) and the weak topology on (L?[0, 1])4. This follows, as usual, from the
continuity of integration of cadlag functions.

Furthermore, the rate function I is positive and lower-semicontinuous under the weak
topology of L2[0,1], respectively by its definition at (4.4.7), and, as it is the supremum of
lower-semicontinuous functions thanks to the representation (4.4.12).

4.4.2 An exponential local martingale

We start by pointing out a useful standand exponential martingale process, used in the
LDP theory, and involving Young function 7(z) = e* — 1 — z.

Lemma 4.4.2. Let f € C! ([O,T]; (L2 ([0, 1]))4> be fized. For arbitrary positive constant A,

the process
ZtN’f’/\ = exp {)\NHMéYZfN - HGé\,{}/fN’/\} (4.4.13)

s a mean one martingale, where

ENALIN ol o / (0 gy - £V (0)BY @ (r))dr

i=1 j=1
N

" Z/mglg P+ 1) = 1Y) Bl )dr

N

N ZI/ST(Aglg,-(fﬁ(i—l)—fm)))ﬁm( P )dr
(4.4.14)

where
T(z)=€"—1—2

and fN := Pnf; denotes the canonical projection of fi on (]I-HN)4 defined by (4.2.15).
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N
Proof. Since Giv /72 has bounded variation, by It6’s formula

ZtN’f’A:ZNfAJr)\NH/ gNIr MY H/ NI aaN

. (4.4.15)
+3° [2NA - 20 - 2NN HIMET
r<t
where
MY = MY — MY
Since
SMYI™ = (N — Wl 1Y), (4.4.16)

and since the jumps of (u”, f,.), according to spatio-compartemental coordinates (i,j) are
of the form

ﬁgj'fﬂv(i) ifj=1,...,12
|
ﬁ@zﬁja fr) = NlH g13 - (fzv(l +1)— f,{v(z)) if j =13
o G0 - fY@) =14

we can compute the jump terms of (4.4.16):

3 { ENIA _ ZNFA L ZNI NS Mév}fN}

r<t
N
- pP-AL [eANH‘WéVIrf — 1= ANHIMY! N]
r<t
=y 2 gy any (1 [ i)
i=1 j=1 0

. é/ﬂtzNﬂAT(Aglg-<f§<i+1>—fiv< ) dra (# [ 5o )
+ Zﬁ;/otzﬁf’ (Agua- (SN —1) = 1N @) szl4< /5@14 >
=2 [, ([ )

i=1 j=1
N
0 [ 2 O (6 - ) s (4 [ a0
N t .
+ ;/0 ZNIAr (Agj - (FNG—1) = FN@))) dM; 1 (H/O 52.{\f14(u{j)dg>

t
+H / A (eI
0
We then conclude the proof of Lemma 4.4.2 using this in (4.4.15), since the last term above

vanishes and the other terms are martingales as integrals against martingales.
O
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4.4.3 Upper Bound for compact sets

One of the most common approaches for the general upper bound estimates —that is upper
bound for closed sets— is to prove the upper bound estimates for compacts sets and exponential
tigthness for the sequence of processes. As mentioned earlier, we only show the first part in the
present work, which is already good enough and encouraging for the next step. With respect
to the announced strategy, we specify and prove the introduced local upper bound.

Lemma 4.4.3. Let ¢ € D ([O,T]; (Z2[0, 1])4).
For every 6 > 0 we can find an open neighbourhood Ug.s such that

1 —Ir (Ugs) +6  if Ir() < o0
limsup ——logP [u”" € Uyy] < (4.4.17)

N,H—r+00 - -4 else

Proof. Let 6 > 0 and ¢ be fixed. .
Using the fact that for every f € C%3([0,T] x [0,1]), the map ¢ + X7 (¢; f) is continuous on

D <[O, TY; (LQ[O, 1])4>, there exists a neighbourhood Uy 4.5 of ¢ such that
S0 (61f) = S (Wi )] <8/3 for all ¥ € Upgg

Let f be fixed and let us note by f{¥ := P f its projection on (IHIN)4 as define in (4.2.15).
Noting that if we denote by

~ N N

SN N ) = Mo -Gt
we have the computations

N, fN
1 > E [ZT ]1{uNeUf’¢;5}}
> E {exp {NH (E]N (uN; fN) -y (UN; f) +y (uN; f) -y (0 f) + » (¢; f))}]l{UNEUf7¢;5}:|

thus as we can find a rank Ny such that

‘ZN)N (uN;fN) -3 (uN,f)‘ <6/3,
we have for all N > Ny

20 -
P[u € Upps] < exp {NH <3 — 3 (¢ f)> } : (4.4.18)

If I7(¢) < +00, we can find an f5 such that

(@) < S (o) +

and then for N > Ny, (4.4.18) gives the result.
Suppose I7(¢) = +oo then we can find a sequence of f(® € 3 ([0,T] x [0,1]) such that

S <<z5; f(")> — +00 as n — +oo.

then we have for n > ny,
S (¢57) > 26

and the result follows the same taking U Fn) g5
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The next result states the upper bound for compact sets.

Theorem 4.4.1. Let K be a compact set of D ([O,T]; (L?[0, 1])4>.
If ug € (L2([0, 1]))4 is such that

li NH(0) — ug|| =0
ol [[u(0) = uol

and the initial condition satisfies

sup [|ud]]0.00 < Co for some Cpy >0, (4.4.19)
NeN
then
1
limsup —— log P [u"" € K] < —Ir(K) (4.4.20)
H,N—oc0 NH

proof. Since K is compact, for any fixed 6 > 0

m
K C U U¢z;5'
=1

and then we have that: V¢ > 0,

1 1
limsup —— logP [uY € K] < max limsup —— logP [uY € U, 5
N,Hai.)o H® [ ] I=1,..m N,Hﬁjo)o H [ o)

—Ip(K)—4¢6  if for some I, It(¢;) < 400

IN

) else

and then we conclude. [ |

4.5 Appendix

4.5.1 Proof of Theorem 4.2.1

Since Ay = diag(0,0,0, —vV + DAy) is linear, it is Lipschitz. Next, the vector field
F = (Fs, Fr, Fr, Fp) is locally Lipschitz continuous. Thus, the initial value problem (4.2.29)
has a unique local solution v”, thanks to the Picard-Lindel6f theorem. That solution satisfies
(4.2.30). The bound (4.2.31) is obtained from (4.2.4) (iii) and Gronwall lemma as in the
previous sections, and we deduce that v” is in fact a global solution.

Now, let T' > 0 be fixed. From (4.3.2), we may assume that F' is globally Lipschitz and we
choose L such that ||F(u) — F(@)||g < L||lu — || g, provided |lu| g < Cr = max(co, 1)e*MT,

From (4.2.12) and (4.2.30), we have

for all ¢ > 0. Then,
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[ () — ()|, . < HTN(t)PNv(O) — T(t)v(0)
+ /Ot |t = ) (P (5)) — PuFw(s))| ds

t
+/ HTN(t — $)PnF(v(s)) —T(t — s)F(v(s))HE ds.
0
Observing that HY is stable by F and the projection Py is a contracting linear operator on
E= (Cp(J ))4, the second and third terms on the r.h.s. of the inequality above satisfy

T5(N) < /Ot

P (PN (6) = Fo) | s <2 [ () = v(s) s

and
t
Ty(N) = /0 ITx(t = )P F(v(s)) = Tt = )F (u(s))l|. ds.

Thus, taking the supremum in ¢ on [0, 7] and using Gronwall lemma leads to

sup HUN(t) — v(t)H

t<T 00,00
< (sup HTN(t)ISNU(O) - T(t)v(O)HE
t<T
T
+/ sup (||[Tn (t — )Py F(v(s)) = T(t — s)F(v(s))]l o Lis<t)) ds) x el
0 t<T

Firstly,

sup || T (£) Py (0) — T(£)v(0) H 0,

t<T E

since v(0) = vy € (03(1))4 yields ||AxPyvo — Avgllz — 0 (see [Kat66a], chapter 9, section
3). Secondly, we fix t € [0,T] and s € [0,t]. Since F(v(s)) € (03(1))4, the same argument as
previously yields

sup [T (t = s) PN F(v(s)) = T(t = s)F(v(s))l[p — O,

and we conclude by dominated convergence. [

4.5.2 Heuristics on the Rate function

Remember our process is of the form

N 14 t
1 -
ud = ud + T E E Gi,iPi (H/o 55,\2 (uév) d5> (4.5.1)

i=1 j=1
N 14 t 1 N 14 t
= uév + Z ng /0 z],\g (uév) ds + E Z Zgi’ij’ (H/O ZJ’\; (uév) dS) y
i=1 j=1 i=1 j=1

and we are interested in deriving a rate function for the large deviations principle we want to
prove. for every ¢ € D <[O, TY; (Lz[O, 1])4> such that its projection ¢ on (HN)4 satisfies that
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equation, we have at each time ¢,

1 N 14 t t—
N ol = S| (1 [ ey as) - py (1 [ o o) as)].

i=1 j=1

In what follows we denote by ¢ both the trajectory ¢ and its projection ¢”v. But we keep
in mind that the notation ¢ (i) refers to the projection ¢} (i) while ¢;(z) refers to the original

o.

Computing the laplace transform of the variation ¢; — ¢;— at a jump of ¢ that happens at
a time t, we have

N 14
B[N0 0] = B expd NS (Gis s NP (HBY (60-)
i=1 j=1

for all f € (C[0,1])*, and denoting as before fN = Py f, the projection of f on (]HIN)4.

Then, we use the mutual independance of the Poisson processes (P j);;«n 1 <j<14 tO get

N, 12
E[eMi@oc 0] = | ] Eleo{N(Gg, £)Pyg (HEY (0)}]
i=1,j=1
N,14
x TI Elexp{N@i;. »Pi; (HBY (6:))}]
i=1,j=13

The first term directly comes as follows:

N, 12
( H E [exp {(f]i,j , [P (Hﬁz]\; (¢t))}]>

=1, j=1
N, 12
= e H/BZJ,V(CZ’—) (971 £ (@) _q
L el (c )}

12 N

e {50 ) (o)1)
ETRE

=exp{ NHY [N 38N () (e(gj NG _ 1)] } ,

j=1 i=1
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For the other one, we have :

N, 14
' H [exp {N g’L]> f> 1,J (Hﬁ (cbt,))}]
Iy
= exp HBZ{V (¢ 7) eN<§i,.7'7f> -1
= 11—;[ 13 { ! t ( >}

= exp {HZ br( [ ot (6N<(1i+1*11‘)913 - 1) + (P (i) (€N<(ﬂ¢71*1i)9137f> — 1) } }

— exp {H S 60 (1) [tPau (ela2 | X HD=IYO) 1) gy, (elara | 7Y E=D=1Y0) 1) ] }
{HZ b g13 | FN (i) [E’Pout (6(913 | N (i+1)) _ e(913 | fN(i)))

= exp

1 0P, (6(913 | N G-1)) _ 6(913 \ fN(i))> } }

= e {H GG

i=1

gPOUt ;— Pin <€(913 LN HD) _ 9p(1s | V() + (o1 fN(i—l))>

elors | PN (D) _ (913 [ SN (i-1))
+ 4 (Pout - Pm)

2

using the fact that £ = 2DN? and ¢ = vN

— exp{NH [N2¢t (913|f (1)) (DAN6(913|fN)(i) —|—1/VN6(913|fN)(i))] }

=1

If we show that Vj=1,...,12

lim Zﬁ (%‘f —1 /,ngz)t 9J|f>>—1)dx, (4.5.2)

N—+oco N

and also that

NETOO N Z Go—(i)elors 177 @) (DAN6(913 ) (6) + vV el lfN)(i))

/@ 13 11D ( DAL 1) (2) 4 0931 (2)) dr, (4.5.3)

then, the log-Laplace transform takes the form given in Section 4.4.1 by (4.4.8).

As it is common in Large deviations theory, the rate function (4.4.7) is obtained by taking
the Legendre Transform of the log-Laplace transform. There are other approaches to derive
(4.4.8). One of them is somehow to the one we are using. The approach is to derive the
Hamiltonian (4.4.8) from the infinitesimal generator of the process (see for instance [KL95],
[DK95] and [KOV89]).

It is now left to prove our claims (4.5.2) and (4.5.3) above. For (4.5.2), we use the fact
that jump rates have a suitable form and for both clalms we need to assume more regularity
in space for test functions f and ¢;. ¢ € (C'[0, 1]) and f € C3([0,1]). We prove only (4.5.2).
The second claim one is treated accordingly.
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Recall that the jump rates defined by (4.4.3) and (4.4.4) satisfy

Bij(de—) = Bi(de—) () < (¢) [(d_ (1) — d_ () + -+ + (¢1_(i) — ¢1_(2))]

forj=1,...,12,Vi=1,...,N and x € [0,1]. Therefore we have that

Zﬁf\ﬁ (¢s—) ( 95 | IV () //3] dr—( elgi | f(z 1)dx
< Z/ N (o) oloi 11N @) _ 1) — Bi(dr—(x)) (e(gjlf(x))_lﬂ dx

Z; /J [(5% (¢1-) — Bj(dr—(x))) (e(gj NG _ 1)
+ Bj(¢—(7)) (e(gj [FN@) _ o] f(x)))} dx‘

Y Ny

; /J Z_ (gz)f,(i) —¢>f,(x)) (@(fh\f M) _ 1) o

N
+ ‘;/JZ Bi(d—()) (e(gj LN @) _ o9 |f(l"))> dz|

IN

Cste

and we conclude.

178



4.5 Appendix

179



CHAPTER 4 : A SPATIAL MODEL OF CHOLERA EPIDEMIC

180



Bibliography

[ABDV*04] M. Ander, P. Beltrao, B. Di Ventura, J. Ferkinghoff-Borg, M. Foglierini,

[ACTT04]

[AEZ16]

[Arn74]

[Arn80]

[ATS0]

[Aus08]

[Bar57]

[Bat14]

[BCG*10]

[BAJG*06]

C. Lemerle, I. Tomas-Oliveira, and L. Serraro. Smartcell, a framework to simu-
late cellular processes that combines stochastic approximation with diffusion and
localisation: analysis of simple networks. Syst. Biol., 1:129-138, 2004.

A. Alfonsi, E. Cances, G. Turinici, B. Di Ventura, and W. Huisinga. Exact sim-
ulation of hybrid stochastic and deterministic models for biochemical models for
biochemical systems. Research report RR-5435, INRIA, 2004.

A.Duncan, R. Erban, and K. Zygalakis. Hybrid framework for the simulation of
stochastic chemical kinetics. Journal of Computational Physics, Elsevier, 326:398—
419, 2016.

L. Arnold. Stochastic Differential Equations: Theory and Application. John Wiley
and Sons, 1974.

L. Arnold. Stochastic Systems: The Mathematics of Filtering and Identification
and Applications, volume 78 of Nato advanced study institutes, chapter 3, Math-
ematical models of chemical reactions. Dordrecht, 1980.

L. Arnold and M. Theodosopulu. Deterministic limit of the stochastic model of
chemical reactions with diffusion. Adv. Appl. Prob., 12:367-379, 1980.

T. D. Austin. The emergence of the deterministic hodgkin-huxley equations as
a limit from the underlying stochastic ion-channel mechanism. The Annals of
Applied Probability, 18(4):1279-1325, 2008.

A. Bartholomay. A Stochastic Approach to Chemical Reaction Kinetics. PhD
thesis, Harvard University, 1957.

K. Batmanov. Modélisation spatiale des effets de communauté. PhD thesis, Uni-
versité de Lille 1, 2014.

E. Bertuzzo, R. Casagrandi, M. Gatto, I. Rodriguez-Iturbe, and A. Rinaldo. On
spatially explicit models of cholera epidemics. J. R. Soc. Interface, 7:321-333,
2010.

G. Batt, H. de Jong, J. Geiselmann, J.-L. Gouzé, M. Page, D. Ropers, T. Sari,
and D. Schneider. Analyse qualitative de la dynamique de réseaux de régulation
génique par des modeles linéaires par morceaux. TSI, 26(1-2), 2006.

181



[Bec07]

[BFDP10]

[BGOY]

[Bil99]

[BKPO05]

[BKPROG6]

[BL04]

[BLEO06]

[Blo87]

[Blo92]

[Blo93]

[Blo94]

[Blo96]

[BM9S]

[BR11]

[Brell]

BIBLIOGRAPHY

J. Bect. Processus de Markov diffusifs par morceaux: outils analytiques et
numériques. PhD thesis, Université Paris-Sud XI, Faculté des Sciences d’Orsay,
2007.

T. Biancalani, D. Fanelli, and F. Di Patti. Stochastic turing patterns in the
brusselator model. Phys. Rev. F, 81, 046215, 2010.

T. Butler and N. Goldenfeld. Robust ecologycal pattern formation induced by
demographic noise. Phys. Rev. E, 80, 030902, 2009.

P. Billingsley. Convergence of Probability Measures, Second Edition. Wiley series
in Probability and Statistics, 1999.

O. Boxma, O. Kaspi, H. Kella, and D. Perry. On/off storage systems with state-
dependent input, output, and switching rates. Probab. Engrg. Inform. Sci., 19,
2005.

K. Ball, T. G. Kurtz, L. Propovic, and G. Rempala. Asymtotic analysis of mul-
tiscale approximations to reaction networks. The Annals of Applied Probability,
16(4):1925-1961, 2006.

M. Bujorianu and J. Lygeros. General stochastic hybrid systems: Modelling and
optimal control. In Proc. 43th Conference in Decision and Control, 2004.

H. A. P. Blom, J. Lygeros, and (Eds.). Stochastic hybrid systems. theory and
safety critical applications. In Berlin Springer, editor, Lecture Notes in Control
and Infromation Sciences. 2006.

D. J. Blount. Comparison of a stochastic model of a chemical reaction with dif-
fusion and the deterministic model. Ph.d., The University of Wisconsin-Madison,
1987.

D. J. Blount. Law of large numbers in the supremum norm for a chemical reaction
with diffusion. In The Annals of Applied Probability, volume 2, pages 131-141.
1992.

D. J. Blount. Limit theorems for a sequence of nonlinear reaction-diffusion sys-
tems. In Stochastic Processes and their Applications, volume 45, pages 193-203.
1993.

D. J. Blount. Density-dependent limits for a nonlinear reaction-diffusion model.
In The Annals of Probability, volume 22, pages 2040-2070. 1994.

D. J. Blount. Diffusion limits for a nonlinear density dependent space-time pop-
ulation model. In The Annals of Probability, volume 24, pages 639-659. 1996.

F. Baras and M. Mansour. Microscopic simulations of chemical instabilities. Adv.
Chem. Phys., 100:393-475, 1998.

E. Buckwar and M. G. Riedler. Exact modeling of neuronal membranes including
spatio-temporal evolution. J. Math. Bio., 63((6)):1053-1091, 2011.

H. Brezis. Functional Analysis, Sobolev Spaces and Partial Differential Equations.
Springer, 2011.

182



BIBLIOGRAPHY

[CDMR12]

[CDRO9]

[CEO06]

[CHOS]

[Cod01]

[CRRT04]

[CTEFT09)]

[Dav84]

[Dav93]

[Del40]

[DEWY1]

[DHI13]

[Dial3]

[dJ02]

[DK95]

[DLO5)]

A. Crudu, A. Debussche, A. Muller, and O. Radulescu. Convergence of stochastic
gene networks to hybrid piecewise deterministic processes. The Anals of Applied
Probability, 22(5):1822-1859, 2012.

A. Crudu, A. Debussche, and O. Radulescu. Hybrid stochastic simplifications for
multiscale gene networks. BMC' Systems Biology, 3:89, Septembre 2009.

C. Cassandras and J. Lygeros (Eds). Stochastic hybrid systems. In Boca Raton
CRC Press, editor, Control Engeneering. 2006.

T. Cazenave and A. Haraux. An Introduction to Semilinear Evolution Equations.
Clarendon Press - Oxford, 1998.

C. Codeco. Endemic and epidemic dynamics of cholera: the role of the aquatic
reservoir. BMC' Infect. Dis., 1:1, 2001.

C. Chaouiya, E. Remy, P. Ruet, and D. Thieffry. Qualitative modelling of genetic
networks: from logical regulatory graphs to standard petri nets. In Application
and Theory of Petri Nets, volume 3099 of Lecture Notes in Computer Science,
pages 137-156. 2004.

F. Corblin, S. Tripodi, D. Ropers E. Fanchon, and L. Trilling. A declara-
tive constraint-based method for analyzing discrete genetic regulatory networks.
Biosystems, 98:91-104, 2009.

M. Davis. Piecewise-deterministic markov processes: A general class of non-
diffusion stochastic models. Journal of the Royal Statistical Society, Series B
(Methodological):353-388, 1984.

M. H. A. Davis. Markov models and optimization. In Chapman and London Hall,
editors, Monographs on Statistics and Applied Probability, volume 49. 1993.

M. Delbriick. Statistical fluctuations in autocatalytic reactions. J. Chem. Phys.,
8:120-124, 1940.

P. Dupuis, R. S. Ellis, and A. Weiss. Large deviations for markov processes with
discontinuous statistics, i: General upper bounds. Ann. Probab., 19(3):1280-1297,
07 1991.

A. Debussche, M. Hogele, and P. Imkeller. The dynamics of nonlinear reaction-
diffusion equations with small heavy-tailled Lévy noise. Lecture Notes in Mathe-
matics, Springer Verlag, 2085, 2013.

T. Diagana. Almost Automorphic Type and Almost Periodic Type Functions in
Abstract Spaces. Springer, 2013.

H. de Jong. Modeling and simulation of genetic regulatory systems: A literature
review. Journal of Computational Biology, 9(1):67-103, 2002.

B. Djehiche and I. Kaj. The rate function for some measure-valued jump processes.
Ann. Probab., 23(3):1414-1438, 07 1995.

E. Davidson and M. Levine. Gene regulatory networks. Proc Natl Acad Sci USA,
102(14), 2005.

183



[DN17]

[EE04]

[EK86]

[EO14]

[ET8Y]

[FEO6]

[FME12]

[FWLP14]

[Gar04]

[GBO0]

[GBO05a]

[GBO5b]

[Gén13]

[Gil76]

[Gil77]

[Gilo1]

[GMWM?76]

BIBLIOGRAPHY

A. Debussche and M. J. Nguepedja Nankep. A Law of Large Numbers in the
Supremum Norm for a Multiscale Stochastic Spatial Gene Network. ArXiv e-
prints, November 2017.

J. Elf and M. Ehrenberg. Spontaneous separation of bi-stable biochemical systems
into spatial domains of opposite phases. Syst. Biol., 1:230-236, 2004.

S. N. Ethier and T. G. Kurtz. Markov Processes, Characterization and Conver-
gence. John Wiley and Sons, Inc, 1986.

R. Erban and H. G. Othmer. Editorial: Special issue on stochastic modelling of
reaction-diffusion processes in biology. Society for Mathematical Biology, 76:761—
765, 2014.

P. Erdi and J. Théth. Mathematical models of chemical reactions: theory and
applications of deterministic and stochastic models. Nonlinear science, Manchester
University Press, 1989.

D. Fange and J. Elf. Noise-induced min phenotypes in E. coli. PLoS Comput.
Biol., 2:637-648, 2006.

D. Fange, A. Mahmutovic, and J. Elf. Mesord 1.0: Stochastic reaction-diffusion
simulations in the microscopic limit. Bioinformtics, 28(23):3155-3157, 2012.

J. Fu, S. Wu, H. Li, and L. R. Petzold. The time dependent propensity function
for acceleration of spatial stochastic simulation of reaction -diffusion systems. J.
of Comp. Phys., 274:524-549, 2014.

C. W. Gardiner. Handbook of stochastic methods, 3rd edn. New York, NY:
Springer, 2004.

M. A. Gibson and J. Bruck. A probabilistic model of a prokaryotic gene and its
regulation. J. Phys. Chem. A, 104, 1876, 2000.

M. K. Ghosh and A. Bagchi. Modeling stochastic hybrid systems. IFIP, 166,
2005.

M. K. Ghosh and A. Bagchi. Modeling Stochastic Hybrid Systems, pages 269-280.
Springer US, Boston, MA, 2005.

A. Génadot. Etude multi-échelle de modéles probabilistes pour les systémes ex-
citables avec composante spatiale. PhD thesis, Université Pierre et Marie Curie,
2013.

D. T. Gillespie. A general method for numerically simulating the stochstic time
evolution of coupled chemical reactions. J. Comput. Phys., 22:403-434, 1976.

D. T. Gillespie. Exact stochastic simulation of coupled chemical reactions. J.
Phys. Chem., 81:2340-2361, 1977.

D. T. Gillespie. Approximate accelerated stochastic simulation of chemically re-
acting systems. J. Chem. Phys., 115(4):1716-1733, 2001.

C. W. Gardiner, K. J. McNeil, D. F. Walls, and I. S. Matheson. Correlations in
stochastic theories of chemical reactions. J. Statist. Phys., 14:307-331, 1976.

184



BIBLIOGRAPHY

[GOS99)]

[GTWB07]

[Hak78]

[Hen81]

[HHRNO7]

[HNLOG]

[HRO2]

[HRO3]

[IMNO4]

[JLLV93]

[JS87]

[Kat66a]
[Kat66b]
[KBRS05]
[KEO1]

[KGGO7]

[KL95]

[KL98]

J. Garcia-Ojalvo and J. M. Sancho. Noise in spatially extended systems. New
York, NY: Springer, 1999.

T. Gregor, D. W. Tank, E. F. Wieschaus, and W. Bialek. Probing the limits to
positional information. Cell, 130:153-164, 2007.

H. Haken. Synergetics. Springer, Berlin-Heidelberg-New York (second edition),
1978.

D. Henry. Geometric theory of semilinear parabolic equations. In Lecture Notes
in Mathematics. Springer, 1981.

O. Hallatschek, P. Hersen, S. Ramanathan, and D. R. Nelson. Genetic drift at
expanding frontiers promotes gene segregation. PNAS, USA, 104:19926-19930,
2007.

J. S. Hansen, B. Nowakowski, and A. Lemarchand. Molecular-dynamics simula-
tions and master-equation description of a chemical wave front. J. Chem. Phys.,
124, 034503, 2006.

E. L. Haseltine and J. B. Rawlings. Approximate simulation of coupled fast and
slow reactions for stochastic chemical kinetics. J. Chem. Phys., 117:6959-6969,
2002.

M. Howard and A. D. Rutenberg. Pattern formation inside bacteria: fluctuations
due to the low copy number of proteins. Phys. Rev. Lett., 90, 128102, 2003.

Y. Iwasa, F. Michor, and M. A. Nowak. Stochastic tunnels in evolutionary dy-
namics. Genetics, 166:1571-1579, 2004.

G. Jona-Lasinio, C. Landim, and M. E. Vares. Large deviations for a reaction
diffusion model. Probability Theory and Related Fields, 97(3):339-361, Sep 1993.

J. Jacod and A. N. Shiryaev. Limit Theorems for Stochastic Processes. Springer-
Verlag, Berlin Heidelberg GmbH, 1987.

T. Kato. Perturbation Theory for Linear Operators. Springer-Verlag, Berlin, 1966.
B. Katz. Nerve, Muscle and Synapse. McGraw-Hill, New York, 1966.

S. Krishna, B. Banerjee, T. Ramakrishnan, and G. Shivashankar. Stochastic
simulations of the origins and implications of long-tailed distributions in gene
expression. PNAS, 102, 2005.

T. B. Kepler and T. C. Elston. Stochasticity in transcriptional regulation: Origins,
consequenses, and mathematical representations. Biophys. J., 81:3116-3136, 2001.

R. Kuske, L. F. Gordillo, and P. Greenwood. Sustained oscillations via coherence
resonance in sir. J. Theor. Biol., 245:459-469, 2007.

C. Kipnis and C. Léonard. Grandes déviations pour un systeme hydrodynamique
asymétrique de particules indépendantes. In Annales de I'IHP Probabilités et
statistiques, volume 31, pages 223-248. Elsevier, 1995.

D. A. Kessler and H. Levine. Fluctuation-induced diffusive-instabilities. Nature,
394:556-558, 1998.

185



[Kot86a)

[Kot86b]

[Kot87]

[Kot88a]

[Kot88b]

[KOV8Y]

[KP16]

[KS91]

[Kui77]

[Kun90]

[Kur70]

[Kur71]

[Kur78]

[Kur81]

[KvO07]

[KZZ01]

[LGP09]

BIBLIOGRAPHY

P. Kotelenez. Gaussian approximation to the nonlinear reaction-diffusion equa-
tion. Report 146, Universitdt Bremen Forschungsschwerpunkt Dynamische Sys-
temes., 1986.

P. Kotelenez. Law of large numbers and central limit theorem for linear chemical
reactions with diffusion. In The Annals of Probability, volume 14, pages 173-193.
Universitat Bremen, 1986.

P. Kotelenez. Fluctuations near homogeneous states of chemical reaction with
diffusion. In Adv. in Appl. Probab., volume 19, pages 352—-370. 1987.

P. Kotelenez. High density limit theorems for nonlinear chemical reactions with
diffusion. In Probab. Theory Related Fields, volume 78, pages 11-37. 1988.

P. Kotelenez. A stochastic reaction-diffusion model. In University of Ultrecht.
1988.

C. Kipnis, S. Olla, and S. R. S. Varadhan. Hydrodynamics and large deviation for
simple exclusion processes. Communications on Pure and Applied Mathematics,
42(2):115-137, 1989.

P. Kratz and E. Pardoux. Large deviations for infectious diseases models. ArXiv
e-prints, February 2016.

I. Karatzas and S. E. Shreve. Brownian Motion and Stochastic Calculus. Springer,
1991.

H. J. Kuiper. Existence and comparison theorems for nonlinear diffusion systems.
J. Math. Anal. and App., 60:166—181, 1977.

H. Kunita. Stochastic flows and stochastic differential equations. Cambridge Uni-
versity Press - Cambridge, 1990.

T. G. Kurtz. Solutions of ordinary differential equations as limits of pure jump
markov processes. J. Appl. Prob., 7:49-58, 1970.

T. G. Kurtz. Limit theorems for sequences of jump markov processes approxi-
mating ordinary differential processes. J. Appl. Prob., 8:344-356, 1971.

T. G. Kurtz. Strong approximation theorems for density dependent markov chains.
Stochastic Processes and their Applications, 6:223-240, 1978.

Approximation of population processes, volume 36 of CBMS-NFS Regional Con-
ference Series in Applied Mathematics, Philadelphia, 1981.

B. Kaufmann and A. van Oudenaarden. Stochastic gene expression: From sin-
gle molecules to the proteome. Current Opinion in Genetics and Development,
17:107-112, 2007.

A. M. Kierzek, J. Zaim, and P. Zielenkiewicz. The effect of transcription and
translation initiation frequencies on the stochastic fluctuations in prokaryotic gene
expression. J. Biol. Chem., 276:8165-8172, 2001.

S. Lampoudi, D. T. Gillespie, and L. R. Petzold. The multinomial simulation
algorithm for discrete stochastic simulation of reaction-diffusion systems. J. Chem.
Phys., 130, 094104, 2009.

186



BIBLIOGRAPHY

[LSH*08]

[MNO4]

[MNO5]

[MPV08]

[Mur07]

IMW11]

INCS15]

INLO1]

INP77]

[PBLBO3]

[PKO04]

[PKBDDO7]

[PSK17]

[Riell]

[RMCO7a)

[RMCOT7b]

J. J. Lukkien, J. P. L. Segers, P. A. J. Hilbers, R. J. Gelten, and A. P. J. Jansen.
Efficient monte carlo methods for the simulation of catalytic surface reactions.
Phys. Rev. E, 58, 2598, 1998.

A. J. McKane and T. J. Newman. Stochastic models in population bioloby and
their deterministic analogs. Phys. Rev. F, 70, 041902, 2004.

A. J. McKane and T. J. Newman. Predator-prey cycles from resonant amplifica-
tion of demographic stochasticity. Phys. Rev. Lett., 94, 218102, 2005.

H. Malchow, S. V. Petrovskii, and E. Venturino. Spatiotemporal patterns in ecology
and epidemiology. London, UK: Chapman and Hall, 2008.

J. D. Murray. Mathematical biology, 3rd edn. NY: Springer., New York, 2007.

L. T. MacNeil and A. J. M. Walkout. Gene regulatory networks and the role of
robustness and stochasticity in the control of gene expression. Genome Res., Cold
Spring Harbor Laboratory Press, 21:645-657, 2011.

A. Noel, K. C. Cheung, and R. Schober. Multi-scale stochastic simulation for
diffusive molecular communication. In Communication ICC, London, UK, June
2015. IEEE.

R. Nossal and H. Lecar. Molecular and Cell Biophysics. Addison-Wesley, Redwood
City, CA, 1991.

G. Nicolis and I. Prigogine. Self-Organization in Nonequilibrium Systems. Wiley,
New York, 1977.

G. Pola, M. L. Bujorianu, J. Lygeros, and M. D. Di Benedetto. Stochastic hybrid
models: An overview. In IFAC Conference on Analysis and Design of Hybrid
Systems 2003, volume 36 of 6, pages 45-50. St Malo, Brittany, France, 2003.

J. Puchalka and A. M. Kierzek. Bridging the gap between stochastic and deter-
ministic regimes in the kinetic simulations of the biochemical reaction networks.
Biophysical Journal, 86:1357-1372, 2004.

M. Pineda-Krch, H. J. Blok, U. Dieckmann, and M. Doebeli. A tale of two cycles:
distinguishing quasi-cycles and limit cycles in finite predator-prey populations.
Oikos, 116:53-64, 2007.

E. Pardoux and B. Samegni-Kepgnou. Large deviation principle for epidemic
models. Journal of Applied Probability, 54(3):905-920, September 2017.

M. G. Riedler. Spatio-temporal Stochastic Hybrid Models of Biological Excitable
Membranes. PhD thesis, Heriot-Watt University, 2011.

0. Radulescu, A. Muller, and A. Crudu. Théorémes limites pour des processus
de markov a sauts. synthese des résultats et applications en biologie moléculaire.
Tech. Sci. Inform., 26:443-469, 2007.

O. Radulescu, O. Muller, and A. Crudu. Théoremes limites pour des processus
de markov a sauts: synteses de résultats et applications en biologie moléculaire.
Tech. Sci. Inform., 26:443—-469, 2007.

187



[RTW12]

[RWA02]

[Ré54]

[SaulT]

[SES02]

[SGAT15]

[SGLT16]

[Sha05]

[SHIO7]

[SHMC13]

[SLO5]

[SPT10]

[SZK03]

[Tho73]

[Tho83]

[TKO4]

BIBLIOGRAPHY

M. G. Riedler, M. Thieullen, and G. Wainrib. Limit theorems for infinite-
dimensional piecewise deterministic markov processes. applications to stochastic
excitable membrane models. Electron. J. Probab., 17(55):1-48, 2012.

C. V. Rao, D. M. Wolf, and A. P. Arkin. Control, exploitation and tolerance of
intracellular noise. Nature, 420:231-237, 2002.

A. Rényi. Betrachtung chemischer reaktionen mit hilfe der theorie der stochas-
tichen prozesse. Magyar Tud. Akad. Alkalm. Mat. Int. Kézl., 2:93-101, 1954.

C. Sauter. Le gene, de 'ADN aux protéines http://www.futura-sciences.com/
sante/dossiers/genetique-gene-adn-proteines-1130/. Avril 2017.

P. S. Swain, M. B. Elowitz, and E. D. Siggia. Intrinsic and extrinsic contributions
to stochasticity in gene expression. In Proc. Natl. Acad. Sci., volume 99, pages
12795-12800, USA, 2002.

F. Spill, P. Guerrero, T. Alrcon, P. K. Maini, and H. Byrne. Hybrid approches for
multiple-species stochastic reaction-diffusion models. J. of Comp. Phys., 299:429—
445, 2015.

J. C. Schaff, F. Gao, Y. Li, I. L. Novak, and B. M. Slepchenko. Spatial
deterministic-stochastic models arising in cell biology. PLoS Comput Biol, 12,
2016.

T. Shardlow. Numerical simulation of stochastic pdes for exitable media. J.
Comput. Appl. Math., 175:429-446, 2005.

M. Scott, T. Hwa, and B. Ingalls. Deterministic characterization of stochastic
genetic circuits. PNAS, USA, 104:7402-7407, 2007.

M. Sturrock, A. Hellander, A. Matzavinos, and M. A. J. Chaplain. Spatial
stochastic modelling of the hesl gene regulatory network: intrinsic noise can ex-
plain heterogeneity in embryonic stem cell differentiation. J. R. Soc. Interface,
10:20120988, 2013.

A. Stathopoulos and M. Levine. Genomic regulatory networks and animal devel-
opment. Dev. Cell., 9(4), 2005.

M. Scott, F. J. Poulin, and H. Tang. A comparison of bimolecular reaction mod-
els for stochastic reaction-diffusion systems. Society for Mathematical Biology,
76:922-946, 2010.

R. Steuer, C. Zhou, and J. Kurths. Constructive effects of fluctuations in genetic
and biochemical regulatory systems. Biosystems, 72:241-251, 2003.

R. Thomas. Boolean formalization of genetic control circuits. J. Theor. Biol.,
42:563-585, 1973.

R. Thomas. Logical description, analysis, and synthesis of biological and other
networks comprising feedback loops. Adv. Chem. Phys., 55:247-282, 1983.

Y. Togashi and K. Kaneko. Molecular discretness in reaction-diffusion systems
yields steady states not seen in the continuum limit. Phys. Rev. E, 70, 020901,
2004.

188


http://www.futura-sciences.com/sante/dossiers/genetique-gene-adn-proteines-1130/
http://www.futura-sciences.com/sante/dossiers/genetique-gene-adn-proteines-1130/

BIBLIOGRAPHY

[Tra06]

[Turb2]

[TvOO01]

[VK92]

[vKO7]

[VLMO6]

[Wik]

[WL03]

[WOWO05]

[ZFWLOS]

V. C. Tran. Stochastic particle models for problems of adaptive evolution and for
the approximations of statistical solutions. Theses, Université de Nanterre - Paris
X, December 2006.

A. M. Turing. The chemical basis of morphogenesis. Phil. Trans. R. Soc. Lond.,
237:37-72, 1952.

M. Thattai and A. van Oudenaarden. Intrinsic noise in gene regulatory networks.
PNAS, 98(15):8614-8619, 2001.

N. G. van Kampen. Stochastic processes in physics and chemistry. The Nether-
lands: Norht-Holland, Amsterdam, 1992.

N. G. van Kampen. Stochastic processes in physics and chemistry. Norht-Holland,
Amsterdam, 3rd edition, 2007.

V.Reddy, M. Liebman, and M. Mavrovouniotis. Qualitative analysis of biochem-
ical reaction systems. Computers in biology and medicine, 26(1):9-24, 1996.

Wikipedia.  Cellule(biologie).  https://fr.wikipedia.org/wiki/Cellule_
(biologie).

H. S. Wio and K. Lindenberg. In modern challenges in statistical mechanics:
patterns, noise and the interplay of nonlinearity and complexity (eds v. m. kenkre
and k. lindenberg). New York, NY: American Institute of Physics, 2003.

A. M. Walczak, J. N. Onuchic, and P. G. Wolynes. Absolute rate theories of
epigenetic stability. PNAS, USA, 102:18926-18931, 2005.

S. Zeiser, U. Franz, O. Wittich, and V. Liebscher. Simulation of genetic net-
works modelled by piecewise deterministic markov processes. IET System Biology,
2(3):113-135, 2008.

189


https://fr.wikipedia.org/wiki/Cellule_(biologie)
https://fr.wikipedia.org/wiki/Cellule_(biologie)

BIBLIOGRAPHY

190



Résumé

Les besoins grandissants de prévisions robustes pour des
systemes complexes conduisent a introduire des modéles
mathématiques considérant un nombre croissant de paramétres.
Au temps s’ajoutent, I'espace, I'aléa, les échelles de dynamiques,
donnant lieu a des modéles stochastiques multi-échelles avec
dépendance spatiale (modéles spatiaux). Cependant, I'explosion
du temps de simulation de tels modéles complique leur utilisation.
Leur analyse difficile a néanmoins permis, pour les modéles a une
échelle, de développer des outils puissants: loi des grands nombres
(LGN), théoréme central limite (TCL), ..., puis d’en dériver des
modeles simplifiés et algorithmes accélérés. Dans le processus
de dérivation, des modeles et algorithmes dits hybrides ont vu
le jour dans le cas multi-échelle, mais sans analyse rigoureuse
préalable, soulevant ainsi la question d’approximation hybride
dont la consistance constitue I'une des motivations principales de
cette thése.

En 2012, Crudu, Debussche, Muller et Radulescu établissent des
criteres d’approximation hybride pour des modéles homogénes en
espace de réseaux de régulation de génes. Le but de cette these
est de compléter leur travail et le généraliser a un cadre spatial.

Nous avons développé et simplifié différents modeles, tous des
processus de Markov de sauts pures a temps continu. La démarche
met en avant, d'une part, des conditions d’approximations
déterministes par des solutions d’équations d’évolution (type
réaction-advection-diffusion), et, d’autre part, des conditions
d’approximations hybrides par des processus stochastiques
hybrides. Dans le cadre des réseaux de réactions biochimiques,
un TCL est établi. Il correspond a une approximation hybride d’'un
modéle homogéne simplifié & deux échelles de temps (suivant
Crudu et al.). Puis, une LGN est obtenue pour un modele spatial 3
deux échelles de temps. Ensuite, une approximation hybride est
établie pour un modéle spatial a deux échelles de dynamique en
temps et en espace. Enfin, des comportements asymptotiques
en grandes populations et en temps long sont présentés pour
un modele d’épidémie de choléra, via une LGN suivie d’une borne
supérieure pour les sous-ensembles compacts, dans le cadre d’'un
principe de grande déviation (PGD) correspondant.

Al'avenir, il serait intéressant, entre autres, de varier la géométrie
spatiale, de généraliser le TCL, de compléter les estimations
du PGD, et d’explorer des systemes complexes issus d’autres
domaines.

Mots-clés

Systémes complexes multi-échelles, Réaction-advection-
diffusion stochastique, Processus de Markov, Théorémes
limites fonctionnels, Approximation par des systémes hybrides
stochastiques en dimension infinie, Générateurs et probléme de
martingale, Différences finies.
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Abstract

The growing needs of precise predictions for complex systems
lead to introducing stronger mathematical models, taking
into account an increasing number of parameters added to
time: space, stochasticity, scales of dynamics. Combining
these parameters gives rise to spatial --- or spatially
inhomogeneous--- multiscale stochastic models. However, such
models are difficult to study and their simulation is extremely
time consuming, making their use not easy. Still, their analysis
has allowed one to develop powerful tools for one scale models,
among which are the law of large numbers [LLN) and the
central limit theorem (CLT), and, afterward, to derive simpler
models and accelarated algorithms. In that deduction process,
the so-called hybrid models and algorithms have arisen in
the multiscale case, but without any prior rigorous analysis.
The question of hybrid approximation then shows up, and its
consistency is a particularly important motivation of this PhD
thesis.

In 2012, criteria for hybrid approximations of some homogeneous
regulation gene network models were establised by Crudu,
Debussche, Muller and Radulescu. The aim of this PhD thesis is
to complete their work and generalize it afterward to a spatial
framework.

We have developed and simplified different models. They all are
time continuous pure jump Markov processes. The approach
points out the conditions allowing on the one hand deterministic
approximations by solutions of evolution equations, and, on
the other hand, hybrid approximations by hybrid stochastic
processes. In the field of biochemichal reaction networks, we
establish a CLT. It corresponds to a hybrid approximation of a
simplified homogeneous model (due to Crudu et al.). Then a LLN
is obtained for a spatial model with two time scales. Afterward,
a hybrid approximation is established, for a two time-space
scales spatial model. Finally, the asymptotic behaviour in
large population and long time are respectively presented for a
model of cholera epidemic, through a LLN followed by the upper
bound for compact sets, in the context of a corresponding large
deviation principle (LDP).

Interesting future works would be, among others, to study other
spatial geometries, to generalize the CLT, to complete the LDP
estimates, and to study complex systems from other fields.

Keywords
Multiscale complex systems, Stochastic reaction-advection-
diffusion, Markov process, Functional limit theorems,

Approximation by infinite dimensional stochastic hybrid systems,
Generators and martingale problem, Finite difference method.
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